


B. A. 3opuu

MaTeMaTUuYeCcK1U aHaIu3
33/lau ecTeCTBO3HaHUA

JJNIEKTPOHHOE U3JjaHue

MockBa
NsgatenbctBo MITHMO
2018



VJIK 517
BBK 22.16
386

3opuu B. A.

MaTeMaTUYeCKUH aHaIN3 3314 €CTECTBO3HAHMUA.
DJIEKTPOHHOE U3JaHUE.

M.: MIJTHMO, 2018.

155 c.

ISBN 978-5-4439-3225-5

DTa KHUTA COAEPKUT 3alMCH TOO0BOr0 SKCIIEPUMEHTAIbHOTO CIIell-
Kypca ecTeCTBeHHOHay4JHOI'o coJep:KaHuA. B HEM IpeZcTaB/lIeHBl TPU Te-
MBI:

— aHa/IM3 pasMepHOCTeH (pU3NIECKUX BEIMYHH C IPUMEPaMH IpH-
JIOXEHHH, BKJIFOYasA MoZiesb TypOy/IleHTHOCTH 110 KoJIMOroposy;

— QYHKIUYU OYeHb MHOTHX IlepeMeHHBIX U ABJIeHHe KOHIIeHTPAllUH:
HeJIMHeNHBIN 3aKOH GONBLINX YHCesl, FeOMeTPUYeCKUI CMBICI pacipese-
nenuii T'aycca u Makcsesuia, Teopema KorenpHukosa—IlleHHOHa;

— KJIaccuyeckas TepMOJAMHAaMUKa U KOHTaKTHasA reOMeTpHA: JBa Ha-
yajla TepMOAMHAMUKU Ha f3blke GOpM, pacnpezeneHus U Teopema dpo-
6eHnyca, MeTpruka Kapao—Kapareozopu.

Crnenkypc npejHa3HaueH B IIepBYIO odepeJb MaTeMaTHKaM, HO MO-
XKeT OBITh TaKXKe IOJIe3€H CTYZeHTAM U CIeIMalUCTaM MHBIX CIelHasb-
HOCTeH.

B mpuiokeHun noMelneHa o6IIeA0CTYIIHAsA CTaThsA aBTopa «MareMa-
THKa KaK fA3bIK U METO/».

IToAroToBJIEHO HA OCHOBE KHUIM:
3opuu B.A. MareMaTW4ecKUll aHAIW3 33Ja4 ecTecTBo3HaHWSA. — HoBoe wu3f,.,
pom. — M.: MITHMO, 2017. — 160 c. — ISBN 978-5-4439-1225-7

W3paTenpcTBO MOCKOBCKOIO IIeHTpa
HeIIPePHIBHOI'O MAaTeMaTHYeCKOro 06pa3oBaHus
119002, MockBa, bonpiioit BiaceeBckuii nep., 11,
Tes. (499)241-08-04.

http://www.mccme.ru

© 3opua B.A., 2018.
ISBN 978-5-4439-3225-5 © MIIHMO, 2018.



OrmnaBjeHue

[IpefVIC/IOBHUE K TIEPBOMY M3JAHMIO . . « o o v o v v v e et e e oo e oo

[TpesVic/IOBHE K HOBOMY HIBZIAHUIO . « « & v o e v v e ot e e e e e e e e e e

Tema I
AHanmm3 pasMmepHocTeil PU3NYECKUX BEJTUYMH

I'masa I. D1eMeHTHI TEeOpUH
§1. PasamepHOCTh GU3UYECKON BETUIYMHBI (HaYalbHbIE MPECTABIEHIS)
1.1. VismepeHue, eIVHUIA U3MEPEHUS, IPOIIECC U3MEPEHUS . . . . . .
1.2. OCHOBHBIE Y IPOU3BOAHBIE €AUHULBL . . . v« v v v oo v v v v
1.3. 3aBUCHMBbIE Y HE3ABUCHUMBIE €IMHUIIBI . « + o v v v v v v v v v e e s
§2. dopmyna pa3aMepHOCTH QUIUIECKON BEMUYUHBL . . . o o o o v o v v o . .
2.1. VI3MeHeHHMe YUCIOBBIX 3HAUeHUH PU3NIECKOIN BETUYMHBI IPU
W3MeHEHHUU Pa3MepOB OCHOBHBIX €IUHUIL . . . . . . . o« . . . . . .
2.2. TlocTynaT MHBapHaHTHOCTH OTHOIIEHUA 3Ha4YeHUN
OZTHOMMEHHBIX GU3NYECKUX BETMUUH . . o ¢ v v oo v v e v vv e o
2.3. ®yHKuUA pasMepHOCTH U GopMyna pasMepHOCTH Gpu3nUecKoit
BEJIMYUHBI B IAHHOM GA3HMCE . .+« v v v v vt oo e oo e e e e v
§3. OcHOBHas TeopeMa TEOPUU PA3MEPHOCTEM . . . . . . . . oo v v oo .
3L TI-TEOPEMA . . v v vt et e e e e e e e e
3.2. TIpUHIU TOAOOMS « . « « v v v oo e e e e e e e e e e e e

I'masa II. IIpuMepsI NPpUIOKEHMH
§1. Ilepuoa obpaieHus Teja Ha KPYroBoii opoute (3aKOHBI TTOA06)
§2. I'paBuTanMOHHadA MmocTrosgHHasA. TpeTuii 3akoH Keriepa v mokasaTesb
CTEeleH! B 3aKOHE BCEMUPHOI'O TAroTeHua HproToHa . . . . . ... ...
§3. Ilepuog KonebaHUM TKENTOTO MassTHUKA (BKIIOYEHUE ) . . . . . . . .
§4. Pacxon 060BbEMA M MACCHI HA BOJOCHHBE . . v v v v v e v e e e e e e u s
§5. Cuia COnpOTHBIEHU TP ABIKEHUU 1Iapa B HEBA3KOH cpefie . . . . .
§6. Cuia COnpOTHBIEHUA IIPY ABIKEHUU ITapa B BA3KOH cpefie . . . . . .
87. VIIPAKHEHM . . . o v v o it i e et e e e et e e e e e e e e e e
§8. BaKIIOUYUTENBHBIE 3AMEUAHMT . « « « v v v v e v v e e e e e e e e e

I'masa III. JlaspHelnIne NpUIOKeHN: TUAPOANHAMUKA

U TypOyJI€HTHOCTh

§1. YpaBHeHUA rUApOAUHAMUKYU (OOIIME CBEAEHUA) . . . . . . . . v . . . .

§2. INoTeps yCTOWYMBOCTU TEUYEHHS M 3aMeYaHUSA 0 OMPypKaIUiIX B Ju-
HAMHUYECKHMX CHUCTEMAX  « v v v v v v vt e v e e e e e e e e e e e e e et

14
14
14
15
15

15
16
16
18

18
19

20



4 OryasieHue
§3. TypOyneHTHOCTb (HaYajbHBIE MPEACTABMEHUA) . . o « o v v v v v v v . . 36
§84. Mozenb KOIMOTOPOBA . . . . o vt vt oot ettt et e e e 36
4.1. MHoromMacmtaGHOCTb TYpOYJIEHTHBIX ABMKEHANR . . . . . . . . . . 36
4.2. PasBuTas TypOy/leHTHOCTb U UHEPIIMOHHBIN UHTEpBaT . . . . . . . 38
4.3. YOETBPHAA DHEPTHIA .« . ¢ v v v v v v e e e e e e et e e e e e e e e e s 38
4.4, Yucio PeliHonbAca ABKEHNM JaHHOro Macmraba . .. . .. . . . 39
4.5. 3akoH KomMoropoBa—OO6yX0Ba . . . « ¢ . oo vt e 39
4.6. BHyTpeHHUI MacIITab TYPOYIEHTHOCTH . . . .« o v v v v v v e o o 40
4.7. DHepreTUYecKuil CIIeKTp TypOyIEeHTHBIX MyAbCAalUd . . . . . . . . 40
4.8. TypbOyseHTHOe TlepeMellnBaHKe U PACXOKIeHNe JYacTHIl . . . . . 40

Tema II
MHoromMepHasi TeoMeTpus U QyHKIUHU
O4YeHb MHOI'UX IIepeMeHHBbIX

I'naBa I. HekoTopble npuMepbl GYHKINH 04€Hb MHOTHX IIepEeMEHHBIX
B €CTEeCTBO3HAHHH U TEXHUKE
§1. Iudposas 3anuck curHana (KMIM — KOZOBO-UMITYJIbCHASA MOAYIALNA) 46

§2.

1.1. JluHelHbIN TPUOOP U €r0 MaTeMaTUYECKOe onrcaHue (CBEPTKA)
1.2. ®yppe-ABolicTBEHHOE (CIIeKTPaJbHOE) ONKCaHUe JIUHEHHOro
TIPHOODA .« ¢ v oot e e e e e e e e e e e
1.3. ®yHKIMYU U TPUOOPHI ¢ GUHUTHBIM CIIEKTPOM . . . . . . o o o . .«
1.4. VigeanpHBIN QUIBTD U €T0 annapaTHast QYHKIUA . . . . . . . . . .
1.5. Teopema otcuéroB (dpopmyna KorenbHukoBa—IlleHHOHA)
1.6. KozoBo-umnynbcHass mozgymsanusa curdana (KMIM) . .. .. ... ..
1.7. TIpomycKHasi CIIOCOOHOCTD HZIeaTbHOrO KaHala CBA3M . . . . . . .
1.8. Ouenka pasMepHoCcTU TV-CUTHaIA . . . . . . oo v v v v v v v v
HexkoTopble apyrye 061acTé MHOTOIIapaMeTPUIECKUX SABIEHUH
Y TIDOCTPAHCTB OOJNBIION PA3MEPHOCTH .« « « v v v v e e e e e e e e
2.1. MoneKynApHaA TEOPUA BEIIECTBA « « « « ¢ v ¢ v v v v v v o v e w e v s
2.2. ®a3oBoe IMpOCTPaHCTBO B KJIaCCUYECKOM raMHIBTOHOBOM MeXxa-
HUKE . v vttt et et ettt e e e e e e e
2.3. TepmoguHamMudeckue aHcambau 'mb66ca . . . . . ... ... ....
2.4. TeopUs BEPOATHOCTEM . . . . . v v v v vt ittt it e e e

I'masa II. IIpyHIIMI KOHIIEHTPALU U €r0 IIPOABJIEHUSA

§1.

ITap u cdepa B eBKJINAOBOM IpocTpaHcTBe R mpun>1.. ... ...
1.1. KoHueHTpanus o6bEMa Mapa MPU N —>®© . . . . v v v v v v v v n . .
1.2. TepMOAMHAMUYECKUH TIPEAETT . « o ¢ v v e o v e e e e e e e e e e e
1.3. KoHIleHTparys IWIOIAZAM COEPBL . . . o ¢ v oo v e e e e e e e e
1.4. V3onepuMeTpuieckoe HEPABEHCTBO U IIOYTU IIOCTOSHCTBO
byHkuuK Ha chepe oueHb GONBIION Pa3MEPHOCTA . . . . . . . . .
1.5. KoHUeHTpauysa Mepsl, IPOSBIeHUA U GOPMaIU3alUI . . . . . . .

46



OryaBieHue 5

§2.

HeKOTOpBIE 3aMEYAHMA . . . . . v v v v vttt et et et e 61
2.1. Pa3/IUYHBIE CPEIHME . « . v o e v v e e e e e e e e e e e e e e e 61
2.2. MHOTOMEpHBIH Ky6 U MPUHIUT KOHIEHTPAIMH . . . . . . . . . . . 62
2.3. TIpyHOMI KOHIEHTPALUY, TEPMOANHAMUKA, SPrOANYHOCTE . . . . 64
2.4. TIpyHIUI KOHILIEHTPALUU U NpeJejbHble pacupeseNeHusd . . . . . 66

I'masa III. CBA3H NpH HAIUYUH IIOMEX

§1.

§2.

§3.

§4.

JlucKpeTHasA 3aluch HENPEPBIBHOI'O CUI'HAIa — KOHKpeTHsauusd . . . . 67
1.1. DHeprua U CpeAHAA MOLUTHOCTD CUTHAMA . « « « « « « o o v o v v v . 67
1.2. KBAaHTOBAHME TIO YPOBHAM . . « & v v v v v vv e et e e e e e e e 69
1.3. VizeanbHBI MHOTOYPOBHEBBIA KAHA CBASH . . . . « v o o o . . . . 69
1.4. TloMexut (GENBIA IIYM) « « + v v v v v e e e e e e e e e e e e 69
[TpomyckHas CroCOOHOCTh KaHaIa CBA3M C IIYMOM . . . . « . . . . . . . 70
2.1. I'pybas oLeHKa MPOIyCKHON CIIOCOOHOCTU KaHaJa C IyMOM . . . 70
2.2. TeOMeTpUA CUTHAZIA U TIOMEXM . .+ « « v v v vt v oe e e e e s 71
2.3. Teopema IIeHHOHA . . . . . . . . . v i ittt e e 72
O6cyxzeHne TeopeMsl! [lleHHOHA, IPUMEDHI U IOTOMHEHUA . . . . . . . 74
3.1. KommenTapuii IIIeHHOHA . . . . . .. ... oo v it i it 74
3.2. Cabblil CUTHAT B GOMBIIOM IIIYME . . . .« v v e o v v e e v v oo 75
3.3. VI3OBITOYHOCTD A3BIKA . « « ¢ v v o vv e e e et e e e e e e 76
3.4. ToHKVe M3MepeHUs Ha IPyOOM IIPUOOpE . . . . o o o v v v v .. . 76
3.5. KoglllenHoHa—®aHO . . . . . . . . . . . . ittt i i ii 76
3.6. CrartucThyeckye XapaKTepHUCTHUKU ONTUMAaJbHOIO KOJa . . . . . . 77
3.7. KoaupoBaHue U JeKOJUPOBAHUE — £-OHTPOMNUA U §-6MKOCTh . . 78
MaremaTtryeckas MoJesb KaHala CBA3K C IOMeXaMH . . . . . . . . . . . 81
4.1. TIpocTenmas MOZeb U IOCTAHOBKA BOMPOCA . « . . « o v o o o o . . 81
4.2. Vlubopmarnysa u dHTponusA (IpeJBapUTeIbHbIE PACCMOTPEHUA) . 82
4.3. YcoBHAs SHTPONUA U MHQOPMALIMA « « « v o v v v v v vvaw e e e 85
4.4. VIHTepIpeTanua NoTepy MHGOPMALIMY B KaHase C IIyMOM . . . . 87
4.5. PacyéT IpomycKHOH CIIOCOOGHOCTH abCTPAKTHOIO KaHaua CBA3u . 89

Tema III
Kiaccuyeckada TepMOAMHaAMUKA U KOHTaKTHadA reoMeTpuUs

I'masa I. Kmaccuyeckasa TepMoAnHaMuKa (HadyajabHble IIpe/ICTaBIeHU)

§1.

§2.

JlBa Hayasa TEPMOAUHAMUKHIL . . o . v vt v v v oo e e e e e v e 94
1.1. DHeprus ¥ BEYHBIA IBUTATEIID . « . « « ¢ o v e v v e e e e o e e e e 94
1.2. BeuHBlii fBUTaTeNb BTOPOI'O pOJa U OHTPOIMA . . . . « . o . . . . . 94
Matemartudeckoe opopMIeHNe ABYX Hadal TEPMOAUHAMUKY . . . . . . 96
2.1. IuddepenuransHas GopMa TEIUIOOOMEHA . . . . . . . . v v v v . . 97
2.2. /Iea Havaja TepMOAWHAMUKY Ha s3bIKe AuddepeHInanbHbX GopMm 98
2.3. TepMOAMHAMUKA O€3 TETIIA . « « « v v v v v v o ve e e e e e e 100

2.4. Apnabatuyeckue mepexoAsl U akcuoma Kapareogopu . . . . . . . 101



6 OrnaBiieHue

I'masa II. TepmoanHaMuKa U KOHTaKTHasA reoMeTpHUA

§1. KOHTAKTHBIE PACHPEAETIEHUT . « « o v o o v v e e e e e e e e e e e e e e 104
1.1. AxnabaTU4ecKui pollecc ¥ KOHTAKTHOE paclpesiesieHue . . . . . 104
1.2. QOPMANHBAIMA « « « v ¢ v v v e e e e e e e e e e e e e e e 104
§2. VIHTerprpyeMOCTb PACIIPEAETEHIM . « . o« ¢ v v e v v e oo e e e e e e e 105
2.1. TeopeMa PPOOEHMYCA . . . . v v v v v v e e et e e et e e e e 105
2.2. VlHTerpupyeMocCTb, CBA3HOCTD, yIIPABAAEMOCTD . . . . . . . . . . . 106
2.3. Metpuka Kappo—Kaparteogopy . . .. ... ............. 107
2.4. KonraktHas dopmaI'mbbca . . .. ... ... 108
2.5. 3aKJIIOYUTENIbHBIC 3AMEYAHUA .« « « ¢ v o v v v v v e v v e e e e e e 109

I'masa III. TepmogmnHaMuKa Kiaccudyeckas U cTaTUCTUYeCKas

81. KHHETHYECKHUE TEOPHH . « « . v v v v e e e e e e e e e e e e e e e e e 112
1.1. MONEKYIBL ¥ JABIIEHUE . . « .« e v v v e vt e et e e e e e e e e 112
1.2. Pacnpezenerrie MaKCBOIIA . . .« v v v v v o v v v e e e 112
1.3. DHTPOIMA O BOJBIMAHY . . . . . . . v v v i it e e i e e 113
1.4. Ancamb6iu 'nb6ca v TepMOAUMHAMU3ALUSA MEXaHUKH . . . . . . . . 114
1.5, DPTOAMYHOCTD  « . v v v v v et et et e et e et e e e 115
1.6. TTapaioKChl, TPOGIEMBL, TPYAHOCTH . « « ¢« v v v v v e e e v v n e 117
§2. KBaHTOBas CTaTUCTHUCTHYECKAs TEPMOJUHAMUKA (ZBa CJIOBA) . . . . . 121
2.1. C4yéT COCTOSIHUM U YCIOBHBIN BKCTPEMYM . . « « o v v v v v v o . 121
2.2. YTOUHAIOIIYE 3aMeYaHUA U JOIMOMHEHUA . « + v v v v v v v v v e s 123
JIUTEPATYPA - « v ¢ o v o e e e e e e e e e e e e e e e e e e e e e 131
[Tpunoxxenue. MaTeMaThKa KaK A3BIK U METOL . « . « v v v v v v o v v v v v o 145

HempeABUAEGHHBIN DITHIOT .« . o ¢ & v v e v e e e e e et e e e e e e e e e e 155



IIpeaniciaoBUe K IEPBOMY M3JaHUIO

OTO HebOJIBINOH KypC eCTeCTBEHHOHAYYHOI'O COZIEpKaHMUsI, TIpeHa-
3HaYeHHBIA MaTeMaTHuKaM. OH ZIOIyCKaeT pa3BUTHUS PAa3HOU HaIpaBJeH-
HOCTH.

3zech mpe/CTaBIeHO Koe-4To U3 Haciuenaus [amwnes, HpioToHa, Jii-
nepa, bepuy/utu, KapHo, Knaysuyca, MakcBenia, Boiabimana, 'n66ca,
[Tyankape, JiiHmTeMHa, [U1anka, [lIpéaunrepa, Kapateozopu, Koimo-
roposa, KorenbHukosa, [lleHHOHA...

HaszBanue «MareMaTH4YeCKUI aHaMU3 3a/la4 eCTeCTBO3HAHUA», pa3y-
MeeTcCsl, OTpaKaeT JIUIIb TEHEHIINIO, a He 00elllaHue KaKoW-TO BCeoOI-
HOCTH THUIIA «BCE, Cpas3y U AapoM». [IpounsBeséH oueHb YCIOBHBIH 0TGOD
TPEX TEM.

3aMeTHM, 4TO Te, KTO OCOOEHHO YTHM HaMH, MaTeMaTUKaMu, Ap-
xume/, HototoH, JletiGuuIl, Ditnep, layce, [lyankape, 6bLIH He TOIBKO
MaTeMaTHKaMHU, HO YY4EHBIMU, HaTypbrIocopamu.

B MaTemaTuKe pellleHMe Ba)XKHBIX KOHKPETHBIX HayYHBIX BOIIPOCOB
U TIOCTpOeHHe abCTPaKTHOM 061Iel TEOPHUU — IIPOIIECCH HEPA3PHIBHEIE,
Kak BJOX W BBIIOX. [ITUTeIbHOE HapyIlleHre 3TOTo H6aaHca OmacHo.

He cTouT momazaTth B MONOKEHUE phibaka, IPOAOIKAIONIETO C yBIIE-
yeHWeM JAEPraTh JEeCKy 1 JIOBUTb PBIOKY Ha y)kKe OTOpBaBIleiics oT bepe-
ra JbJAuHe.

l'epmaH Beiib oTMedast, 9TO «IIOTMHHO peaTucThYecKas MaTeMaTu-
Ka [IOJDKHA MBICJIUTHCS B OZHOM CTPOIO ¢ GU3UKOM KaK YacTh TEOPETHYE-
CKOU KOHCTPYKIMHU €JUHOTO PeaJbHOr0 MHpA...». MeXAy MPOoYuM, 3TO
TOKa elé yKasaHo Jake B HaIIUX AUIUIOMaX KaHAWAATOB U JOKTOPOB
¢$U3MKO-MaTEMaTUYECKUX HAYK.

B 3axutroueHue g xoTes 661 NO6IAar0AapUTh BCEX, KTO CIIOCOOCTBOBA
MpaBKe TIEPBOHAYATBHOTO TEKCTa, 0co0OeHHO B. V1. ApHOJIB/IA, HE MPOTY-
CTMBIIETO HYU eMHOTO ab3alla CTOCTPAHUIHOM pacleyaTKu’, c/ieaBie-
IO Maccy oCTphIX Hab/IIOleH i, CONPOBOXKad UX KOMMeHTapuamu 2. Ec-

19710 HE npeyBesnuyeHue: dai, npegHasHavyeHHbIH i1 B. U., ciydaiiHo GbLT TociaH
Ha IIPUHTEP, KOTOPbII HEKOTOPbIe OYKBbI KUPWUTHLBI CHCTEMATHIECKU 3aMEHSUT APYTUMU
(kcTaTH, MHOTA TIPU 3TOM IIOJy4YalUCh ZOBOJIbHO 3ab6aBHble Bewn). Tak BoT, B. U. 3a04HO
[TOBCIOZY UICTIPABILI U ieEKTHI IIeYaTH.

2Har[pnmep, YTO paccyxzeHus TeMsl I «MpakobecHbl». O6 3TOM 1 IOJDKEH IpeAyIipe-
AWTh yuTaTesA. CM. TaKKe CHOCKY Ha c. 29.



8 [TpeaucioBYe K IIEPBOMY U3JaHUIO

JIU 1 He BCe 3aMeYaHUs WIN NToXKeJIaHNs KOJUIeT 3/leCh y4éJi, TO 3TO BOBCe

He 3HaYUT, YTO 5 UMU MMPEeHeOPET, CKopee, KOe-4TO CYEN MPEMETOM pas-
MBIIUIEHUSA U 00CYKIEHMUs.

B. Bopuu

Mocksa, 2007



IIpeaucioBre K HOBOMY U3JaHUIO

B 5TOM HOBOM M3AaHUM KHUTH, IOMHUMO HUCIIPABIEHUS 3aMe4YeHHbIX
TIOT'PENTHOCTEN MPeAbIAYIero 3aHus, CAeIaHO HECKOTbKO U3MEeHEHUHN
u pobasieHuii. B ocCHOBHOM 3TO KacaeTcsl TeMbl II, TouHee eé BTOPO-
ro maparpacda, MOCBSIIEHHOI0O MHOTOMEPHOM reoMeTpuu U GpeHOMeHY
KOHIIEHTpalMH MePHI, UMeIOIeMy pPa3HoOoOpasHble MPosBIeHUs (TTOMU-
MO CaMO¥ reOMETPUH, HAllpUMEpP, B TEOPUU BEPOSATHOCTEM, CTaTUCTU-
yecKkol ¢usrKe, Teopuu nepeAaduu MHGOPMAIUU 10 KaHATy CBA3U MPU
HaJIUYUY TIOMeX, TEOPUU GOMBIIMX MHPOPMAIIMOHHBIX CUCTEM...). DTa
TeMaTHKa CTajia MpeAMeTOM MHOTOYHMCIEHHBIX Ty buKarui. [l cBese-
HUS 3aUHTEPECOBAHHOI'O YUTATEJIS MBI ITOMOJTHWIN COOTBETCTBYIOIIYIO
6u6IorpaduIo COBCEM CBEKEH JIUTEPATyPOIA.

Tewma III, nocBAmEéHHAA TepMOAVHAMUKE, 34€Ch [IOYTHU HE U3MEHEHaA.
Ha camoM ke Ziejie OHa paciupuiach GpakTUIECKH A0 pa3Mepa He6ob-
IIOM HEe3aBUCHMOMW KHIDKKM. KHUTra, BO3MOXKHO, OyzeT omybauKoBaHa
1ozl Ha3BaHWeM «MaTeMaTHYecKUe acleKThl KJIaCCHYeCKOM TepMOAMHA-
MUKWN».

Tema I ocTasach mpakTU4YeCKH HeM3MEHHOW, ec/ii He CUMTaTh He-
CKOJIBKMX HOBBIX KOMMEHTapUEB.

B. 3opuu
Mocksa, 2017






TEMA

AHAJINI3 PA3SMEPHOCTEM
®U3NYECKUX BEJIUYUH






JlBa BBOJAHBIX CJIOBa

. 2
A6cTpakTHOe (OTBIEYEHHOE) YKCII0, HampuMep 1 wiu 25, u apud-

MeTHKa abCTPaKTHBIX YHCEJI, HAallpUMep, TO, 4TO 2+ 3 =15, BHe 3aBUCH-
MOCTH OT TOTO, CKJIAJbIBAIOTCH JIM A0JOKHA WIN CJIOHBI, — BEJIHKOE JI0-
CTIKEeHNE IUBWIM3AIUH, COTIOCTaBUMOE C TPHOOpeTeHNEM ITUCbMEHHO-
ctu. K 3ToMy MBI TaK MIPUBBIKJIM, YTO Y)KE U He 3aMedaeM 4y/ia, Jexarle-
r'0 I/le-TO B CaMOM OCHOBE YAUBUTEIbHOHN 3P PEKTUBHOCTH MaTEMATHKH.

Ecnm ke BBl 3HaeTe, K KaKOMY OOBEKTY OTHOCUTCS YMCJIIO, TO, KakK
MpaBUJIO, Cpa3y OAHOBPEMEHHO IIOSIBJAIOTCA U JAOIOJHUTETbHBIE BO3-
MOXXKHOCTH, U OTPaHUYEHUA. BCIIOMHUM JieTcKue CTUIIKU: «V BBIIUIO
y MeHs B OTBETE: /IBa 3eMJIEKOTIa U ZIBe TPeTU». Jla, amnciio 2% ZIOITyCTUMO
B apudMeTHKe, HO HEJOITYCTUMO B 3TOM KOHKPETHOU CUTYaIlUU.

Kak rmosbp3oBaThCs TeM, 9YTO B KOHKPETHBIX 33/[1a4aX Mbl UMEeM /IeJi0
He C OTBJI€YEHHBIMHU YHUCIAMHU, a C Pa3MEPHBIMU BETUYNHAMU ?

EcTb i1 Kakaf-TO HayKa Ha 3TOT cuéT? — Hebosbias, HO ecTh. Eé
(a Takke OITACHOCTY HEYMEJIOT'O €€ MCIOIb30BAHNYSA) 3HAET KaXK/bI KBa-
JTUPUIIMPOBAHHBIA €CTEeCTBOUCITBITaTENb. O HEHM U MOUAET peyb.

K cBezeHMIO uMTaTeNA: HyMepanus Cl)OpMyf[ B Kaﬁ(ﬂoﬁ IJ1aBe€ CKBO3HaA M HE3aBUCH-
Mad.



I'maBa I

JJIeMeHTHI TeOpUU

§1. PaamepHOCTh PU3NIECKOI BEITUNIHUHBI
(HavyanbHBIe IIpeJcTaBIeHU)

1.1. 3mepeHue, eAUHNIIA U3MepPEeHN, IIPOLecC U3MepeHus

Bce mepeurcieHHble MOHATHA (yHAaMEHTAIbHBI U IIOBEPrajuCh
aHaIN3y JYYIIUMU TPEeJCTAaBUTENAMU Hayku, PU3UKU U MaTeMaTHUKU
B IIEpPBYI0 ouepesib. Takol aHa/ju3 MPUBOAUT K aHAMNU3Y MTOHATUH MPO-
CTpaHCTBa, TBEPJOTO Teja, IBWKEHUSI, BpeMeHHU, IPUIYUNHHOCTH U T. II.

MeI 37ech He cobupaeMcs OTPYKAThCS TaK MIy6oko. OTMeTHM, Of-
HaKo, YTO KaXKJas TEOPHUA XOPOIIO MOZEJINPYET HEKOTOPYIO cdepy sB-
JIEHUH TOJMBKO B KAaKUX-TO Machitabax. B KakuX MMEHHO, MBI, K COXKa-
JIEHUIO, TIOPOH Y3HAEM TOJIBKO TOTZIA, KOT/Ia TEOPUS MTEPECTAET COIIaco-
BBIBATbCSA C ZIeHCTBUTEIbHOCTHIO. VIMEHHO B 3T MOMEHTBI MbI OOBIYHO
BHOBb BO3Bpailaemcs K GpyHJaMeHTy TEOPHH, IToABeprast €ro THIaTelb-
HOMY aHaJIN3y U JAOKHON PEKOHCTPYKITUH.

A celfyac zjaBaliTe HAYHEM C HAKOIUIEHUS ZOCTYITHOTO HAM I10JIE3HO-
ro KOHKPETHOT'O MaTepuaia.

1.2. OcHOBHBIE U IPOU3BOAHBIE €IMHUIIbI

B 6bITy MBI IIOCTOAAHHO IIOJIb3yeMCA KaKUMU-TO €ANHUITaMU U3Mepe-
HUA AJIMHBI, MaCCbl, Bp€EME€HHU, CHJIbI, CKOPOCTH, SHEPTHMH, MOITHOCTH...
Kakue-To M3 HHUX MBI BBIZE/NsAEM KakK OCHOBHBIE, @ KaKHe-TO IIPpU 3TOM
YK€ OKa3bIBAlOTCA ITPOM3BOAHBIMU.

IIpumepbl 0CHOBHBLX eOUHUY;:
L — eguHUmIAa AMUHB Memp (M WIX m);
M — eguHMIIa Macchl Kiwozpamm (Kr wiu kg);
T — eauHUIIA BpeMEHHU ceKyHOa (C WU §).

ITpumepst Npou38oOHbLX eOUHUY;:
v — ckopocThb (M/c wm m/s) [v]=LT"!;
V —o06bém (M° wm m®) [V]=L3;



§ 2. Popmysa pa3aMepHOCTH GU3NIECKON BeTUYNHBI 15

a — yckoperue (M/c? wm m/s?) [al=LT?%;
[ —cBetoBoit rog [I] =[cT]=L;
F —cuna, F =ma, [F]=[ma]l=MLT 2.

Hameuaetcsa obuiee HabmozeHre o dopmyne LEM%“T% pasmepro-
CTH MeXaHWYeCKOU QpU3ndecKkol BequduHsl; {d;, d,, d3} — BeKTOp pas-
MepHoCTH B 6asuce {L, M, T}.

Pa3oBbEM 3Ty BEKTOPHYIO aire6po-reoMeTpUIecKyio aHAJIOTHIO.

1.3. 3aBucHuMbIe 1 He3aBHCHMbIe €IHHUIIbI

IIpumep. EAUHUILI BEJTUYWH U, d, F HE3aBUCUMBI U TOXKE MOTYT OBITh
IIPUHATHI 3@ OCHOBHBIE, TaK KakK

[L]1=v%a!, [M]l=Fa !, [T]l=val.

HameuaeTcss aHAJIOTHsS ¢ BEKTOPHBIM MTPOCTPAHCTBOM, €ro 6asmucom
U CHUCTeEMaMU He3aBHCHUMBIX BEKTOpPOB. (Bosee IiIyOOKWI CMBICI 3TOM
AaHAJIOTUU OTKPOETCS HIKeE.)

§2. ®opmysa pasamepHOCTU PU3UIECKOI BETHIYNHBI

2.1. i3MeHeHNe YHUCIOBbIX 3HAYeHUH PU3NIEeCKON BETMINHBI
NpU U3MEHEHNHU Pa3MepOB OCHOBHBIX €INHMUIL

IIpumep. Ecnu paccrosHusA u3MepATh B KwioMeTpax (T. e. BMECTO O/I-
HOT'O MeTpa 3a eJUHUILY U3MePEeHU JTUH MPUHATH B 1000 pa3 60bIIyIo
eAVHUILY, 1 KM), TO OZiHA U Ta e dusudeckas ATHHaA OygeT UMeTh pa3Hble
YHCJIEHHBIe 3HAYeHUs 110 OTHOIIEHUIO K 3TUM JBYM eJVHUIIAM JJIFHEI,
a umenHO: 1 kM=10% M, L km=10°L M, 1 M=10"3 km, L M=10"3L xm.
Takum 06pa3oM, U3MeHeHHUe eVHUIIEL JJINHBL B @ Pa3 MPUBOJUT K U3-
MeHEeHHIO YHCI0BOTO 3Ha4eHHsA L M BceX M3MepseMbIX JJIMH B @ © pas,
T. €. 3HaueHue L 3aMeHuTCA Ha o ‘L.

OTO XK€ OTHOCUTCSI U K BO3MOXXHOMY WU3MEHEHHIO eIWHUIl MacChl
¥ BpeMeHM (TOHHA, IPaMM, MWLINTPAMM; 4ac, CyTKU, TOJ, MUJLIHCE-
KyHJa...).

3HauMT, ecv pusndeckas BequynHa B 6asuce {L, M, T} uMeeT pas-
mepHocTb LU M%T% 1. e. {d;, d,, d;} — eé BeKTOp pasMepHOCTH, TO U3-
MeHeHUe eIMHUL] USMePEHUS JJINHBI, MacChl U BpEMEHHU B A, Ay, A3 Pa3s
COOTBETCTBEHHO, I10-BUIMOMY, ZOIKHO IIPUBOAUTD K U3MEHEHUIO YHC-
JIOBOT'O 3HAYEHUS STOU BEJUIMHEI B al_dlaz_ ds a, 4s pas.
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2.2. IMocTynaT UHBaPUAHTHOCTH OTHOIIIEHUS 3HAYEeHUH
OAHOUMEHHBIX PU3UIECKUX BEJTUINH

ITpumep. [iomazss TpeyroabHUKA ecTb GYHKIUA Y = f(Xq, Xq, X3)
JUIVH TPEX ero cTOpoH. BO3bMEM ZpyTroii TpeyrONbHUK U ITOACIUTAEM ETO
wiomwazns y = f (X;, Xq, X3).

[Ipu U3MeHeHUHU pa3Mepa eAWHULbI JJIUHBI YUCIOBBIE 3HAYEHUT Y
U y uamensTes. OfHAKO UX OTHOLIEHUE Y /Yy TIPU 3TOM OCTAHETCS HEM3-
MEeHHBIM.

[TycTh Temepb UMeeTCs ABE OFZHOTUIIHBIE GU3NYECKHe BeTHYUHBL,
y=f(xy, Xy, ..., Xp), ¥ = f (X1, Xo, ..., X;,), 3ABUCALINE HE OT TPEX, a OT
JM060T0 KOHEYHOT'O Habopa TONMBKO JJTUH, WIK Macc, U BPEMEH...

B Teopum pasMepHOCTell MPUHUMAETCS CIEAYIOUME OCHOBHOM IO-
CTYyJIaT.

ITocmynam abcontomHocmu OmHoOUleHUL:

Yy _ fX), Xy, .0 %) flaxXy, axy, ..., ax,,)
y f g, X9y eeny X)) flaxy, axy, ..., ax,) "

M

VHBIMU CJIOBaMM, TIOCTYJIMPYETCs, YTO NMPH M3MEeHEeHUU MaciiTaba
OCHOBHOM €JWHMWIILI (JJIMHBI, MAcChl, BDEMEHH...) OJHOTHUITHBbIE (HU3U-
YecKHe BEJUYUHBL ¥, Y (Bce IUTOIa U, Bce 06bEMBI, BCE CKOPOCTH, BCE
CUJIBL...) MEHSIIOT CBOE YKCJIOBOE 3HAYeHHWeE B OFHO U TO K€ YUCJIO pa3
(cBOE A1 KaKZoro TUIIA BEJIMYUH).

2.3. ®yHKOMA padaMepHOCTH U dopMysia pa3MEPHOCTH
¢dusmyeckoil BeIMYUHBI B JAHHOM Oasuce

PaBeHcTBO (1) IMOKa3bIBAET, UTO OTHOIIIEHME

flaxy, ax,y, ..., ax,,)
f(xth: -'-7xm)

=:p(a)

3aBUCHUT TOJIBKO OT Q. DTO MO3BOJIAET YKa3aTh BUZ GyHKIUU ¢ (a).
3aMeTUM cHavaja, YTo

play) a
rl o =) 2
p(ay) (p(az) @)
JefcTBUTENBHO,
a a a
cp(al) _ f(alxb Xy, ..., alxm) _ f(a_le’ a—ZXz, ceey a—ZXm) _ (ﬁ)
p(ay) flagxy, ayXy, ..oy 0y Xy) f g, X, oeny Xp) a,/’

3zech KpaliHUe PaBEHCTBA HENOCPEACTBEHHO CJIEAYIOT U3 OIpefe-
JneHus QYHKIMM (; a YIUTHIBAA HE3aBUCUMOCThb ( OT IepeMeHHBIX
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(X1, X9, +vvy X;y), MOKHO HEPEHTH K NEpeMEHHBIM oy L(X7, Xy, ..., X;)
Y TIOJIyYUTH CpeZiHee PaBEHCTBO.

Cuuras, 4To p — peryaapHas QyHKIuA, npoauddpepeHIIpyeM COOT-
HolneHue (2) 1Mo a4, U, IOJIOXKUB 3aTeM O] = Oy, IPUAEM K YPABHEHUIO

1 do 1
i da = 2.
¢(a) da a

[Mockonbky ¢ (1) =1, pemeHne 3TOTO ypaBHEHUs IIPU TAKOM yCJIO-
BUM MMeEET B/

_ d
p(a) =a".

UTak, HaliileHHbIN BU/ QYHKIUHU ( ABIAETCA C/IeZICTBUEM IIPUHATOTO
MOCTYJIaTa TEOPUM Pa3MePHOCTEN (QU3NYECKUX BEJIUYHH. B popmynu-
POBKe TIOCTYJIaTa MBI ISl IIPOCTOTHI HAYaIbHBIX PACCMOTPEHUM CYUTA-
JI, YTO BCe IepeMeHHbIe (X7, Xy, ..., X;,) IMEIOT OJUHAKOBBIN XapaKTep
(ATVHBL, UM MACCHI, WIM BpeMEHU, WIU CKOPOCTH...). Ho sicHO, 4To J1to-
6y10 GYHKIIMOHATbHYIO 3aBUCHMOCTDb pU3NUIECKOH BETMUYUHEBI OT Habopa
$U3NIECKUX TEPEMEHHBIX MOKHO TIPEJCTAaBUTh B BU7IE

Y = (X105 Xy coes Xinys Y15 V2o oo0s Ymys <5 B15 825 ++05 Zmy )

IJle OMHOTHUITHBIE PpUNUYECKHE TIEpeMEHHbBIE COOPaHbI B I'PYIIIBI U 0003-
Ha4YeHBI OOLIMM CUMBOJIOM (MBI HE XOTEIM BBOAUTH HyMepaI[HIO IPYTIII).
JTO 03HAYaeT, YTO

flagxy, anxy, ooy 01X, ooy QiZy, ApBa, oo, AgZiy) —aq.h .
—_ 1 Ceel " A
FO01, Xgy e Xy s vvs B15 25 wves By ’
€CJ/IM IIEPpEMEHHBIE pa3HbIX I'PYIII AOITYCKAaIOT HE3aBHUCHMOE U3MEHEHNE

MacmTaboB. B TakoM cirydae B paMKax JeHCTBUS IOCTY/IaTa Mbl HAIIUTH
3aKOH

flagxy, 0yXg, oy QX s wees ApZ15 QB2 oees AeZm, ) =

d

d
= o f (X, Xy ey Xy s B15 B2 000 2 ) (3)

W3MEHEHHA YHMCJI€HHOTI'O 3HaYE€HUA CI)HBH‘{ECKOﬁ BEJIMYMHBI

Y = F 01, Xgy vns Xy +oes B15 225 -5 By

IpY M3MeHEeHUW MaciTaboB eAWHUI] GU3NIECKU He3aBUCHMBIX IIepe-
MEHHBIX.

Ha6op (dy, ..., di) Ha3bIBAIOT 8eKMOPOM PA3MeEPHOCMU VI TPOCTO
PA3MEPHOCMBK BEJIMYMHBI Y 110 OTHOILIEHUIO K BhIJEIEHHBIM HE3aBUCH-
MbIM PU3UIECKUM €JUHHUI[AM U3MEPEHNA.
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d . dy

dynxuuto @ (aq, ..., ) =a;
MepHocmu.

CumBosioM [y] B 3aBUCUMOCTHU OT KOHTEKCTa 0603HAYaIOT KOO0 BEK-
TOp pa3MepHOCTH, JTUO0 PYHKIHIO pa3MEPHOCTH.

®dU3NYeCKyI0 BETUYUHY Ha3bIBAIOT be3pasmepHoll, ecid e€ BEKTOP
Pa3MepHOCTH HYJIEBOU.

Hampumep, ecnu ¢ (aq, ..., ) = o - o % — dyHKuMA pasmep-
HOCTH PpU3NYIECKOM BEJIMYUHEI Y TI0 OTHOIIEHUIO K HE3aBUCHMBIM QU3HU-
YeCKUM BeJIWYMHaM {Xq, ..., X}, TO OTHOIIEHHE

Y
hi=—
Xl 1'...'Xk k

.+ ot Ha3BIBAIOT yHKUUell pas-

dp .

sBJseTCA 6e3pa3sMepPHON BETUIMHON OTHOCUTENBHO {X1, ..., Xi ).

§3. OcHOBHasa TeopeMa TeOpUHU pa3MepHOCTEN

3.1. II-reopema’

Temepb pacCMOTPUM OOIIMH C/Ty4Yail 3aBUCUMOCTHU

Y = f(X1, Xoy eeny Xicy eoes Xp) 4
¢bu3MYecKol BEJIMYUHEI ¥ OT EPEMEHHBIX BEIUYUH X1, X3, ..., X, CPEAN
KOTOPBIX TOJIBKO MepBbie k ABAAIOTCA GU3UUecku (pa3MepHO) He3aBU-
CUMBIMH B CMBICJIE 0OCYKZaeMOl HaMU TEOPUU pa3MepHOCTel r3myie-
CKHUX BEJIMYHH.

[IpUHAB X1, X3, ..., X} 32 AUHUIBI U3MEPEHUA COOTBETCTBYIONIUX Be-
JIMYWH, T.€. MEeHss MaciiTab, monaras a, :xl_l, e, O = xk_l, MBI U3
paBeHCTBA (3) MOJIYYMM COOTHOIIEHME

H =f(1,, 1, Hl’ Hz,..., Hn—k) (5)
MeXxXay 6e3paBMeprIMI/I BE&JIMYMHaAMU
Y Xieti .
II= n=——- Fel:]....rl—k.
X0 S Zh RN A T

1Eé Take HA3BIBAIOT TeopeMoil BakuHTeMa, CBA3HIBAA €€ MOABJIEHHE ¢ PAbOTAMIL:
Buckingham E. On physically similar systems; illustrations of the use of dimensional
equations // Phys. Rev. 1914. Vol. 4. P. 345—376; u Buckingham E. The principle of simi-
litude // Nature 1915. Vol. 96. P. 396—397.

B nesBHOU ¢opme [I-TeopeMa M NPHUHLUI NOZOOUA cozepkarcs Takxke B pabore:
Jeans J. H. Proc. Roy. Soc. 1905. Vol. 76. P. 545, He ToOBOpsI 0 TOM, YTO 3aKOHAMU ITOZ00US 110
CylIecTBY Birazienu yxxe HoroToH u l'aymeii. MicTopuio Bolpoca MOXXHO HaiTu B pabote [5]
BMeCTe CO CChUIKOM Ha paboTy [6], rae yxKe ecTb BCE, KpoMe HasBaHus [1-meopema. B aToit
CBSI3U YKaXKeM elé Ha JoboneiTHbIE Tybnukauuu [7] u [8].
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PaBeHcTBO (5) MOXXHO IlepemnucaTh B BUZie
y=x% % fQ, ..., 1,10, O, ..., IL,_,). 6)

WTakK, Moib3ysich MacIITabHOM OZHOPOJHOCTHIO 3aBUCIMOCTEHN MeXK-
ay GU3NYECKUMU BeJTUYMHAMM, BBHIPAXKEHHOUW B CHOPMYJIHPOBAHHOM
BBIIIIe ITOCTYJIaTe, MBI MOXKeM IlepelTH OT COOTHolleHud (4) K COOTHO-
menuio (5) Mexxay 6e3pasMepHbIMU BETUUMHAMU, YMEHBIIUB IIPU 3TOM
YHCJIO TIePEMEHHBIX; WM MBI MOXeM IepPeUTH K paBHOCWIbHOMY (5)
COOTHOIIEHUIO (6), BBIZEIUB IBHO BCIO Pa3MEPHYIO COCTABJISIONIYIO Be-
JIMYWHEI Y 110 OTHOIIEHUIO K MAaKCUMATIbHOU CUCTEME X1, Xy, ..., X} Pa3-
MepPHO He3aBUCUMBIX ITePEMEHHBIX.

B0O3MOKHOCTh TaKOTO Mepexo/ia OT 06Iero cooTHouieHus (4) k 60-
Jiee IPOCTHIM cooTHouIeHUAM (5) wiu (6) U cocTaBsgeT coepKaHue Tak
HasbIBaeMoU [1-meopembl — OCHOBHOM TEOPEMBI TEOPUHU Pa3MepHOCTEN
dU3NIECKUX BEIUYMH, KOTOPYIO MBI cefiyac JoKa3aJu.

3.2. IIpHUHIHII TOA00OMS

Cozep:xaHue, CMBICJ, BOSMOXKHOCTH [I-TeopeMbI U IOABOAHBIE KaM-
HU, CBI3aHHbIE C Hel, 6YAyT pacKpHIBATHCS HIDKE 10 Mepe paccMoTpe-
HUA KOHKPeTHBIX IIPUMEPOB eé HCIIOIb30BaHuUs.

Ho oxHa uzes BecbMma 3¢dekTuBHOTO (M 9P PEKTHOTO) MPUIOKEHUA
JIOKa3aHHOW TeOpEMBI JIEXXUT MPAMO Ha IOBEPXHOCTU W OYEBHJHA: HE
JloMasi cCaMOJIETHI, KOpabiu U Mpoyre 06BHEKThI, MHOTHUE SKCIIEPUMEHTHI
MOXXHO IIPOBOJUTH B JIaBOpAaTOPUU HAJ MOZEJSIMU, IEPECUUTHIBAA 3a-
TeM ¢ IoMo1IbIo [I-TeopeMsl pe3y/bTaThl (HalpuMep, SKCIepUMeHTab-
HO HaliieHHy10 6e3pasMepHyI0 3aBUCUMOCTH (5)) K KOHKPETHBIM HATy-
paJbHBIM pazMepaM 06beKTOB (1o popmyse (6)).



I'masa II

IIpuMepsl NPUTOKEHUN

PaccmoTpuM Tenepb HEKOTOPBIE IPHMePHI, Ha KOTOPBIX IIPOACHATCA
pa3JInyHble CTOPOHHI J0Ka3aHHOMU [I-TeopeMsl.

§1. Ilepuoa oOpaleHHUsa Tejla Ha KPYyrOBOi opouTe
(3aKOHBI MOAO00OMA)

Teno mMaccel m yAep:KMBaeTcs Ha KPyroBoil opbuTe pajuyca I LjeH-
TpasbHOU cwioli F. Hago HaliTy meprog obparieHus

P = f(r,m,F).

3aech u gajnee GUKCUPYEM CTaHZAPTHBIM A MEXaHUKH 6asuc oc-
HOBHBIX pU3MUECKUX eJUHUI] (IJMHA, Macca, BpeMs), KOTOPHIE, CIIeAYs
MakcBesuty, Mbl Oyzem obosHayats {L, M, T}. (B TepMoAMHAMUKE CUM-
Bos T mcmonb3yeTcs A 0603HaYeHUs abCOMOTHOM TeMIepaTyphl, HO,
ec/ii He OTOBOPEHO MHOE, MBI ITOKA UCIIONb3yeM 3TO 0O03HAYeHUe I
€ZIHUI] BpeMEeHH. )

Hatiiém BeKTOpHI pa3MepHOCTH BeTuauH P, r,m, F B 6a3uce {L, M, T}.
3anuieM UxX CTONOIaMU CIIeAYIONIel TabmInIlbL:

|P r m F
L 0O 1 0 1
M|O0O O 1 1
T 1 0 0 -2

[TockonbKy QYHKIIUA pa3MepHOCTU, KaK MBI IIOKa3ajH, Bcerja uMe-
eT CTeleHHOW BU/, TEPEMHOKEHUIO TaKUX (GYHKIIUI OTBEYAET CJIOXKe-
HUe COOTBETCTBYIOLINX IOKa3aTejiell CTeleHH, T.€e. B UTOr'e OTBEYAIOT
JIMHEWHbIe Ollepalluy Ha/Zl BEKTOPAMU Pa3MEPHOCTH COOTBETCTBYIOIINX
$U3MIEeCKUX BEJIUYUH.

3HAYUT, UCIIOIB3YS CTAHAAPTHYIO JMHEHHYIO anrebpy, MOXKXHO Haxo-
JUTh CUCTEMBI HE3aBUCHUMBIX BEJIMYMH IO MaTpuIle, 06pa3oBaHHON UX
BEKTOpaMU Pa3MepHOCTH, a TaKXKe, PACKJIAZBIBAs BEKTOP Pa3MePHOCTH
KaKOM-TO BEIMYMHBI II0 BEKTOPAaM Pa3MepPHOCTH BEIOPAHHBIX He3aBUCHU-
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MBIX BEJIMYMH, HAXOAUTh GOPMYJTy pa3MepPHOCTU 3TOM BETUYUHBI B CU-
cTeMe He3aBUCUMBIX BEJTMYMH KOHKPETHOH 3a/lauH.

Tak, B HallleM cJIy4ae BeJIUIUHE I, m, F He3aBUCUMBI, 100 MaTpHUIIa,
obpasoBaHHas UX BeKTOpaMu pasmepHocTH [r], [m], [F], HEBRIpOXKAEH-

Ha. Haiigga pasnokeHue [P] = %[r] + % [m] — %[F 1, Ha ocHOBaHUU dHop-
Mysibl (6) riaBel | MOXKHO cpa3y HammMcaTh, YTO

p= (%)1/2-f(1, 1,1).

TakuM 06pa3oM, € TOYHOCTHIO /0 TOCTOSTHHOTO MHOXUTENS C =
=f(1,1,1) (koTOpbI!i MOXKHO HAaNTH B €IMHUYHOM J1aGOPATOPHOM SKC-
IIepuMeHTe), Mbl HAllT! 3aBUCUMOCTb P oT r,m, F.

KoHeuHo, 3Has 3akoH HrioToHa F =m - a, B JaHHOM CjIy4ae JIerKO
MOXHO OBLTO GBI HAMTHU ¥ OKOHYATENbHYI0 GOPMYITY, TAe ¢ = 27.

OnHako BCE, YTO MBI KCITOMb30BaU, — 3TO JIUIIL 0blllee yKazaHue
0 CyllecTBOBaHUM 3aBUcUMOCTU P = f(r,m, F).

§2. I'paBUTaIIUOHHAA TOCTOSTHHASA.
Tpetwuii 3akoH Keruiepa u rnoka3saresb CTeleHU
B 3aKOHe BCceMUPHOro TAroreHus HbpoToHA

Beien 3a HploTOHOM HaWAEM IIOKasaTeIb CTEIIEHH A B 3aKOHE Bce-

MHPHOT'O TATOTEHUA
mym,
re

F=G

Hcnonb3yeM NpeAbIAYIYIO 3aZlady U U3BeCTHBIM HbBIOTOHY TpeTuit
3akoH Kerutepa, KOTOPBIM TPUMEHUTETBLHO K KPYTOBBIM OpOUTaM O3Ha-
YaeT, YTO KBapaThl IEPHUOJOB 0OpallleHus IIaHeT (OTHOCUTENbHO IeH-
TPaJbHOTO Tejla Macchl M) OTHOCATCA KaK KyObl paJuycOB UX OpPOUT.
B cuny pesynbrara npeapiayinel 3ajady U 3aKOHa BCEMUPHOTI'O TATOTe-
HU C TIOKA ellé He HaliZIeHHBIM I0Ka3aTejieM o MMeeM

(" - (/) - (23 (28) - @)
P, F Fy ml% / mz% b} '
2

1

Ho no 3akony Kermnepa (%)2 = (:—:)3

3HA4uT, o0 = 2.
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§3. Ilepuoa KoebaHUI TAKEIOTO MAITHUKA
(BxiroueHue g)

[Mocse cAenaHHBIX TIPU PellleHUH MePBOH 3aZauul TMOAPOOHBIX pasb-
SICHEHHI MBI MOXXEM Tellepb MO3BOIUTH cebe Ooee KOMIAKTHOE U3JI0-
JKEHHe, C OCTAHOBKAMMU TOJBKO Ha KAKUX-TO HOBBIX 0OCTOATEIHCTBAX.

Hatigém nepuoz xonebanuii MmaaTHUKa. TouHee: Tpy3 Macchl m, 3a-
KPEIUIEHHBIM Ha KOHIle HEBECOMOTO ITOBECA JJIMHBI [, OTKIIOHSETCS OT
TIOJIOXKEHMSI PABHOBECHS Ha HEKOTOPBIM HavalbHBIN YTOM @, OCBOOOK-
JlaeTcs U TI0f IeICTBUEM CHUIBI TAKECTH HauMHaeT COBepIaTh TepUOAU-
yecKue KojebaHus. MBI uilleM Tepuos P 3TuX KonebaHuH.

Hamnucatb, uto P = f (I, m, ¢,), 66U10 6BI O1IMO0YHO, 6O Ha 3emiie
1 Ha JIyHe MasiTHUK MMeeT PasHble TePHO/bI KOJieOaHMi BBUAY PasHUIIBI
B CUJIE TSKECTH Ha IMMOBEPXHOCTHU THX Tesl. Cila TSHKeCTH Ha TTOBEPXHO-
CTH TeJjla, HapyuMep 3eMJIH, XapaKTepU3yeTCs BEJIMYNHON g YCKOPEHHS
cBOOOIHOTO TaZIEHVsT Y IIOBEPXHOCTH STOr'O TeIa.

[TosToMy BMeECTO HEBO3MOXKHOTO cooTHomeHus P = f (I, m, ¢,) cie-
AyeT cuuTath, 94To P=f(l, m, g, ¢,).

HamuiieM BeKTOpPHI pasMEpPHOCTH BCEX 3THX BEJIMYMH B 6asuce
{L,M,T}:

[P I m g
L|{o 1 0 1 o0
M|l0o 0 1 0 o0
T|1 0 0-2 0

Buzto, uro Bektops [I], [m], [g] He3aBucuMEL U [P] = %[l] — %[g].

B cuy TI-reopemsbl B popme cooTHomrenus (6) miasel I oTciona ciie-

[YeT, 4TO
_ I 1/2

p= (g) (1,1, 1, @)

Msbi Hauwy, 910 P = c(¢pg) - 4/ é, rae Ge3pa3MepHBI MHOMXUTEb

c((pg) 3aBUCHUT TONBKO OT 6e3pa3MepHOro yria (¢, HadaabHOTO OTKJIO-
HeHUA (M3MepsIeMOro B paJlaHax).

TouHoe 3HaueHue c(y,) TOXKe MOXXHO HaMTH, XOTd Ha cell pa3 3To
yKe He TakK IPOCTO. DTO MOXKHO C/IeJIaTh, pellas ypaBHeHUe KoiebaHui
TSKEJIOTO MasgTHUKA U UCIIONb3YA SJUTUNITUYECKUY UHTerpal

K do

Fk,p) =\ ———.
’ §v1—kzsin29

A nmMenHo, c(py) = 4K(sin( % 4,00)), rae K(k) := F(k, %7‘5)
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§4. Pacxos 06béMa M Macchl Ha BOJOC/INBE

Ha mupokom ycTyte, umerolieM GpopMy CTyleHbKH, HaxXOAascsa
Ha BepxHeli wiaTdopme Boja, majast Mo AeHCTBUEM CHIBI TSKECTH, 00-
pasyert Bogomnaz. [JTy6rHa BoJbl Ha BepxHel aTgpopMe U3BeCTHA U PaB-
Ha h. Hazio HaiiTu yzZeabHbIH (32 eAMHUIYY BpEMEHH Ha eANHUIIE HIUPU-
HBI yCTyTIa) OOBEMHBIN pacxos Bozbl V.

Ecii MBI TpaBWIBHO cebe MpecTaBisseM MeEXaHU3M SIBJIEHUs, TO V =
=f(g h.

[ToCKONBKY 3TO SIBJIEHUE OIpeZesaeTcs TPaBUTaIiel, IOMUMO pa3-
MEepHOM ITOCTOSTHHOM g — YCKOpEHUs CBOOOAHOTO MafleHHs — MOXKHO OBl
JUIs1 OCTOPOXXHOCTH BBECTH U IUIOTHOCTD KUAKOCTHU Q, T. €. CUUTATh, YTO

V=Ff(g,gHh.

[TpogenaeM cTaHZAPTHYIO NPOLEeAYyPy HaXOX/EeHUSA BEKTOPOB pas-
MEPHOCTEW:

| V. o g h
L 2 -3 1 1
M 0O 1 0 O
T -1 0 -2 O

BuzHo, yto BekTopH! [0], [g], [h] He3aBucuMbI U [V] = %[g] + %[h].
B cuty II-TeopeMsl Teneps I0Iydaem, 4To

v =g"?n%2.f(1,1,1).

Takum o6pasom, V = c- g"/?h%/2, re ¢ — IOCTOAHHBINA MHOXHTEb,
MO/IIEXKAIIUH OTIpe/IeIEHUIO, HallpUMep B JTabOpaTOPHOM 3KCIIEPUMEHTE.

YaenbHBIN pacxog Macchl QQ Ipy 3TOM, 04eBHUJHO, paBeH pV. K aToit
ke dopmysie MOXKHO ObLTO OBl MIPUNATH, TPUMEHUB MPOIEAYPY MeToAa
pa3MepHocTeil K cooTHoueHuw Q = f(p, g, h).

§5. Cua conpoTuUBIeHNS NIPU ABUKEHUU IIapa
B HEBA3KOU cpee

[Tap paguyca r mepeMmeliaeTcs cO CKOPOCTbIO U B HeBA3KOH cpeze,
“MeloIed IWIOTHOCTh ©. Hazlo HaliTu cuily CONPOTUBIIEHUS, IeMCTBYIO-
myto mnpu 3ToM Ha irap. (KoHeyHo, MOXHO OBLTIO GBI CYMTATh, YTO HA
MTOKOSIIUICA IMIap CO CKOPOCTBIO U HaberaeT IOTOK, — TUIIMYHASA CUTY-
alys UCTBITAHUM B a3poJIMHAMUYECKOH Tpy6e.)
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Hanmmem obiee cootHomenue F = f(p, v, r) U NpoaHaIUu3upyeM
€ro II0 Pa3MePHOCTSIM:

| F e v T
L 1 -3 1 1
M 1 1 0 O
T |-2 0-1 0

Buzno, uto BekTOpHI [p], [V], [r] He3aBucumsnl u [F]=[p]+2[v]+
+2[r].
B cuty II-TeopeMbl Temeph MoiydaeM, 9To

F=pv*?f(1,1,1). o)

Takum obpasom, F = c- pv?r?, rae ¢ — 6e3pa3MepHbIil TOCTOAHHEIH KO-
a¢ouLmeHT.

§6. Cua conpoTuBjeHUs IIPU JBIKEHUU HIapa
B BA3KOU cpeje

[Mpexzie yeM nepexoguTh K GOPMYINPOBKe 3TOU 331a4¥, HATTOMHUM
MIOHATHE BA3KOCTU CpeZbl U HalIéM pa3MepHOCTb BA3KOCTH.

Eciii Ha MOBEPXHOCTH TYCTOTO MEZAA IMOJIOXUTH JIUCT Oymaru, To,
YTOOHI TepeMEIATh JTUCT BAOIb TOBEPXHOCTH, IPUAETCS IPUKIA/[BIBATh
oTnpeZenéHHbIE YCUINA. B epBoM mpubkeHuu cwia F, mpuKIaibiBa-
eMas K IPWINIIIEMY K IOBEPXHOCTH MéEza JUCTY, OyZeT IPOIOpPIHO-
HaJbHa IUIOIAAM S JINCTA, CKOPOCTU U €ro mepeMellneHus U ob6paTHO
IIPOIOPIIMOHANIBHA PACCTOSTHUIO h OT IOBEPXHOCTU O AHA, Ife MEA
TOXKe IPWINII ¥ OCTaéTcsA HEMOABMKHBIM, HECMOTPS Ha IlepeMeleHue,
TIporCXOZslee HaBepxy (KakK peka).

Utak, F =1 - Sv/h. KoadpduimeHT 1 B 3TOM COOTHOIIEHUU 3aBUCUT
OT cpezsbl (MEX, BoZa, BO3AYX...) U Ha3bIBaeTCA KOIPPUUUEHMOM 853KO-
cmu cpedbl WIN IPOCTO 8S13KOCMBIO.

OtHoleHue v =1/, The, Kak BCeTAa, @ — IUVIOTHOCTb CPeJbl, 4a-
CTO BCTpeYaeTcs B 33/ja4ax THAPOJMHAMUKY U HA3bIBAETCSA KUHeMamu-
Yeckoll 8513KOCMbIO Cpedbl.

Hatizém pa3aMepHOCTH 3TUX BEJIMYUH B CTaHAapTHOM 6asuce {L, M, T}.
[Tockonbky [1]= [FhS~1v~1], dYHKIIMSA pa3MEPHOCTH, OTBeYalomast Bsi3-
KOCTH, B yKasaHHOM Gasyice uMeeT Buj ¢, =L 'M'T~', a BekTop pas-
mepHocTH — [N] = (-1, 1, —1).
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JliA KuHeMaTHdecKoi Baskoctu [v]=[n/p], nostomy ¢, =L2M°T 1
u[v]=(,0,-1).

Terneps monpobyeM PeIuTh IPeAbAYIIYIO 3aady O CHJIe COPOTHB-
JIeHYs, BO3HUKAOIIeH TIPY JABKEeHNH TOTO ke apuKa, HO ke B BA3KOH
cpeze.

VcxozHas 3aBUCUMOCTD Telleph 6yzIeT BHIIAAeTh Tak: F=f (1, o, v,1).

I[IpoaHaIu3upyeM eé 110 PasMePHOCTSM:

| F n o v
L 1 -1-3 1
M 1 1 1 O
T -2 -1 0-1 O

[N B

BuzHo, uro BexkTopsl [], [v], [r] He3aBucumer; [F1=[p]+2[v]+2[r]
ulnl=I[el+[v]I+I[rl].
B cuty II-TeopeMsl Teneps IoIydaeMm, 4To

F=pv*r’ f(Re™',1,1,1), 2

rie ocTanach HeusBectHas yukuua f(Re™!, 1, 1, 1), saBucaAmas ot of-
HOro 6e3pa3MepHOro mapamMeTpa
Re= 20 = U1 ©)
n v
WUTPAIOIIETO KJIIOUEBYIO POJIb B BOIIPOCAX THAPOAUHAMUKH.

Ora 6e3pa3mepHas BerurHa Re (Toka3aTesrb COOTHOLIEHUS CHJT MHED-
LIIMA U BA3KOCTK) HA3BIBAETCS ulic/1oMm PeiliHonbO0ca O UMeHU aHTJINM-
ckoro ¢usuka u umxeHepa OcbopHa Peiinonbaca (Osborn Reynolds),
BIlepBBEIe OOpaTHUBIIETO Ha Heé BHHUMaHUe B cBoux paborax 1883 r. mo
TypOy/JIEHTHOCTH.

OxasbIBaeTcs, IpU yBeIMUeHUU 4ucia PeliHomb/ca, HallpuMep Ipu
POCTE CKOPOCTH TEUEHUS WIH [TPYU YMEHBIIIEHUH BA3KOCTH CPEBI, XapaK-
Tep TeYeHUs IMpeTeprieBaeT CTPYKTYPHBIE MpeBpalieHusi (Ha3bIBaeMble
6HbypKaLMsIMU), SBOTIOIHOHUPYS OT CIIOKOMHOTO YCTOHYMBOIO JIaMU-
HapHOT'O T€YeHUsA K TYpOYJIEHTHOCTHA U Xaocy.

BecpMa MOy4YnTETFHO IPUOCTAHOBUTHCS HA 3TOM MECTE U YAUBUThH-
¢ KaKyleMycs IPUHITUIINAIbHOMY COBITaZieHuto pesyabTatoB (1) u (2)
TIOCJIeTHUX ABYX 3a/a4.

YavBIeHNE UCYe3aeT, eCJIM IOBHUMAaTEIbHEE PACCMOTPETD IIeEpEMEH-
Hyto BemmuuHy f(Re™ 1,1, 1, 1).

B mpemnonoykeHUAX, KOTOPBIE HA COBPEMEHHOM SI3bIKE PABHOCHIBLHBI
VCJIOBHIO OTHOCUTENIBHOM MasiocTy yuciaa PefiHonbaca, CToke (Stokes)
emé B 1851 r. Hamén, 4yto F = 67nur. 3TO He IPOTUBOPEYUT HOPMY-
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Jsie (2), a JIUIIb TOBOPUT O TOM, UTO TIPY MaJIbIX YHcIax PeitHombaca GyHK-
mua f(Re™!, 1, 1, 1) acuMnToTHYecKH BeAéT ceba Kak 6tRe ™. JleficTBu-
TeJIbHO, TTO/ICTABJIAA 9TO 3HaueHUe B GopMyity (2) v BCIOMUHAs OIIpeZie-
nenue (3) yucia PeifHonbaca, TonydaeM yka3daHHyto ¢opmyny CTokca.

§7. YnpaxkxHeHUA

1. Ecitu CyIIecTBYIOT OPKeCTPHI, TO, HaBepHOe, CKOPOCTh 3BYKa CJ1ab0
3aBUCUT (WIM He 3aBUCHUT) OT JJINHBI BOJIHBI?

(BcioMHUTE IpHpPOAY 3BYKOBOM BOJIHBI, BBeAWUTE MOAY/Ib YIPYIo-
cTu cpegsl E u uicxozd U3 3aBUCUMOCTH U = f (o, E, A) TIOKaXXuTe, 4TO
v=c-(E/p)"*)

2. KakoB 3aKOH M3MeHEHH:A CKOPOCTH PacCIpOCTPaHEHUA yAApHOU
BOJIHBI, BOHUKAOIIEH IMPpYU O4YeHb CHJIBHOM B3pBIBe B aTMochepe?

(Beegute snepruio B3pbiBa Ej. [laBneHueM nepes yZapHoil BOTHOU
MOXKHO TIpeHe6peyb; YIIPyrocTh BO3ZAyXa y)Ke poiu He urpaet. Hatiaure
cHavasa 3akoH r = f (p, Ey, t) pacIpocTpaHeHus yAapHOU BOIHBL.)

3. Monyuure popmyny v = c - (Ag)/? ckopocTu pacmpocTpaHeHUA
BOJIHEI 110 IIIyOOKOMY BOZOEMY IT0Z AeHCTBUEM CIUIBI TSKECTH (37eCh ¢ —
YUCIOBOU K03 UIIMEHT, g — yCKOpeHHe CBOOOAHOrO MazieHus, A —
JJINHA BOJIHBL).

4. CKOpOCTb pacIpoCTpaHeHUs BOJH B MeJIKOM BoZie He 3aBUCHUT OT
JUIVHBI BOJTHBI. [IpUHAB 3TO HabmofeHne Kak GakT, MOKaXXUTe, YTO OHA
IIPOIOPIIMOHATIBHA KBAZIPATHOMY KOPHIO U3 INIyOMHEL BOJOEMA.

5. ®opmyrna, ucmonb3yemas s OnpeeseHUs KOMUYEeCTBa JKUIKO-
CTH, TIPOTEKAIONIEN MO IWIMHAPUIECKON TpyOKe (Hampumep IO apTe-
pum), UMeeT BUJ

_ mePrt
T8yl

IZie U — CKOPOCTh ITOTOKA, 0 — IUVIOTHOCTD KUJKOCTH, P — Pa3HOCTH JjaB-
JIEHWH Ha KOHIaX TPYOKH, I — pajuyc cedeHus TPYOKHU, 1) — BA3KOCTb
JKUZKOCTH, | — JTMHA TPYOKU.

BriBeguTe 3Ty dopMysy (C TOYHOCTBIO ZI0 YMCIOBOTO MHOXKUTENA),
MIPOBEPUB IPEABAPUTENIHHO COIIACOBAHHOCTh pa3sMepHOCTel 06enx eé
JacTen.

6. a) JKMBOTHBIM ITyCTBIHM MPUXOAUTCS IIPEOOIEBATh OOJbIIIHE pac-
CTOSTHUS MEXAY UCTOYHUKAMU BOJbl. Kak 3aBUCHUT MaKCHMaslbHOE Bpe-
Ms, KOTOPO€e MOXeT 6eXaTh JKUBOTHOE, OT pa3Mepa JKUBOTHOTO L?
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(CuuraiiTe, 4TO HCIIapeHUE IIPOUCXOAUT TOMBKO C TIOBEPXHOCTH, Be-
JIMYMHA KOTOPO# IPOIIOpPIMOHAIbHA L2.)

6) Kak 3aBHCHUT CKOPOCTb 6era >KMBOTHOTO 110 POBHOMY MECTY U B
ropy OT pa3Mepa JKUBOTHOTO?

(CyuraiiTe, 4TO pa3BHBaeMas MOIIHOCTb W COOTBETCTBYIOIIAS WH-
TEHCUBHOCTD TEIUIOBbIENEHU (IIyCTh UCITAPEHUS) TPOTIOPIIUOHATBHBI,
a cujaa CONPOTHUBJIEHUS TOPU3OHTAJIBHOMY JABMKEHUIO (BO3AYX W TIp.)
MIPOIOPIIMOHATbHA KBaZ[paTy CKOPOCTH U IUIOMaAyd (pPOHTATBHON II0-
BEPXHOCTU.)

B) Kak 3aBuCHT OT pa3mepa >KMBOTHOI'O PAacCTOSHHE, KOTOPOE OHO
MOXKET MpobekaTh?

(CormocTaBbTe OTBETHI Ha /[Ba MPEABIAYIINX BOIIPOCA.)

r) Kak 3aBUCUT OT pa3Mepa KMBOTHOT'O BBICOTA MPBDKKA?

(KpuTtuyeckass Harpyska, KOTOPYIO BbIIED)KUBAET HE CIUIIKOM BBI-
COKas KOJIOHHA, MPOIOPIIMOHAIbHA IUIOMIAAN CeYeHUs KOJMOHHBI. JIomy-
CTUTE, YTO OTBET Ha BOIPOC YIHMPAETCS TOJBKO B MPOYHOCTb KOCTEM,
a BO3MOXKHOCTHU MBIIII] KaK pa3 MPOYHOCTU KOCTEM U COOTBETCTBYIOT.)

37ech BCIOZy pedb UAET O JKUBOTHBIX MaciiTaba yesoBeka: BepOIIio-
[IBI, JIOMIaZv, cOOaKY, 3aMlibl, KEHTypY, TYUIKAaHYUKA B UX MIPHUBBIYHOM
cpene obutanus. CM. B 3TOM CBSI3U IIUTUPYEMbBIE HIKE KHUTH APHOJIbJA
u CMmura.

7. Bcien 3a topaom PajieeM HaliiuTe TIEPUO/ MaJbIX KonebaHui Ka-
TieJieK XKUJKOCTH IO, IEMCTBUEM HMX ITOBEPXHOCTHOT'O HATKEHUs, CUU-
Tast, YTO BCE MPOUCXOJUT BHE I'PaBUTALIMIOHHOTO MMOJA (B KOCMOCE).

(OtBeT: ¢ - (or®/s)/?, Tme o — IVIOTHOCTb YKUAKOCTH; I'— PAZHYC
KaIlUIH; s — ITIOBEPXHOCTHOe HaTskeHue, [s] = (0, 1, —2).)

8. HatizuTe nepuioz obpaieHus JBOMHOM 3BE3/IbI.

lMeeTcs B BUZY, YTO ZIBa Tejla C MaccaMU My U M, BPaLIAIOTCA IO
KpPYrOBBIM OpOHTaM BOKpPYT uX 06Iero ieHtpa macc. Cucrema Haxo-
JUTCA B ITyCTOM IIPOCTPAHCTBE U YAEPKUBAETCSA CWIAMHU B3aWMMHOI'O
TATOTEHUs STUX TeJl.

(Ecsii BO3HUKHYT HEZOYMEHUS, BCIOMHUTE O TPaBUTAIIMOHHOH TIO-
CTOSIHHOM U e€ pa3MepHOCTH. )

9. «OTKpoOiiTe» 3aKOH cMelleHus Buna (v, T) = v3F(v/T) u 3aKkoH
Panes—lxuHca (v, T) =v2TG(v/T) pacrpejeneHus UHTeHCUBHOCTH
U3JTy4eHUs abCOMIOTHO YEPHOTO TeJia KakK GYHKITUY YaCTOTHI ¥ abCOIOT-
HOU TeMITepaTyphl.

[OcHoBHOM 3akoH BuHa (He 3aKOH CMeIleHUs, MPUBEAEHHBIN BEBI-
mre) umeet Buz (v, T) =v3 exp(—av/T) u cupaBegmus npu v/T > 1,
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a 3axoH Pamea—/xuHca (v, T) = 8nv2kT/c® cripaBesMB IIpU OTHO-
CUTEJIBHO MAJIbIX 3Ha4eHusx v /T.

O6a 3Tu 3aKoHa (yZeTbHON MHTeHCUBHOCTH U3/Iy4eHUA B UHTEpBaJIe
4acToT OT v 70 v +dV) 06beuHAET 3HAMEHHUTAS, OTKPLIBAIONIAA SIIOXY
KBaHTOBOM ¢pusrku, popmyna [ranka (1900 r.)

hv

_ 87,2
e(v,T) = =v T 1

CS
re ¢ — CKOpOCTh CBeTa, h — moctosHHasa IlraHka, k — moCTOsSHHAs
Bonbimana (k= R/N, R—rasoBasa nocrosHHas, N —4ucio ABoraj-
po). 3akoHbI BuHa u Panes— JI>kuHca momyJatoTrcsa u3 Gopmyssl I[LiaHka
cooTBeTCTBeHHO TIpu hv > kT u kT > hv.]

[IycTh vy — Ta YacToTa, pu KoTopoit dyHKuuA (v, T) = Vv3F (v /T)
JOCTUTAeT MaKCUMyMa Mpyu GUKCHUPOBAHHOM 3HAaYEHUU TeMIIepaTyphi T.
Beiien 3a BuHOM IIpoBephbTe, UTO MMeEeT MECTO 3aMevaTe/bHbIA 3aKOH
cmenenus vy /T = const. Haiizure 9Ty KOHCTaHTY, UCIONb3ys GOPMYITy
[L1anka.

10. TIpuHAB rpaBUTAIIMOHHYIO MOCTOAHHYIO G, CKOPOCTh CBETa C U
rocTosiHHyIo [taHka h 3a OCHOBHbBIE €JUHUIIBI (MX 3HAYE€HUs CM., Ha-
npumep, B kHure [12]), HaiiiuTe yHUBepcajJbHbIe ILUIAHKOBCKUE eU-
HuUs! AnuHb L = (hG/c®) V2, Bpemenu T* = (hG/c®)Y? u macesr M* =
= (he/G)Y2.

(Bnauenus G = 6,67 - 10~ H-m?/kr?, ¢ =2,997925-10% m/c, h=
=6,625-1073* JIx - ¢, apyrue dusMUecKUe KOHCTAHTHI, a TAKXKe CBeJe-
HUA 0 eZIMHUIIAaX U3MepeHua MOXXHO HaiiTu, HalpuMep, B KHUrax [4a],
[46], [48].)

MHoOT0 3a/1a4, pa300paHHbIX IPUMEPOB, TIOYIUTETbHBIX PACCYKAEHUI
U TIpeIOCTEPEIKEHNH, CBA3aHHBIX C aHATU30M Pa3MepPHOCTEHN U MPUHIIU-
[aMu IToA00UA, MOXKHO HalTU B KHurax [1—3].

§8. 3axsrounTeIbHBIE 3aMeYaHHud

YKe TO HEMHOTOe, 4TO GBUIO CKa3aHO 00 aHasuM3e pa3MePHOCTEH u
€ro NMpUMeHeHU!, TI03BOJIIET CAeNaTh CAeyIore HabaIAeH .

O¢ddeKTUBHOCTD HCIIONB30BAaHUSA METOZA B OCHOBHOM 3aBUCHUT OT
MIPaBWIBHOTO MOHMMAHUA CaMON INPUPOZABI SABJIEHUA, K KOTOPOMY OH
npumMensercs. (Kcratu, BHaYase TONBKO JitoAu ypoBHA HeioToHa, 6pa-
TheB BepHy/UIM 1 Dilepa yMenu IPUMEHATh aHAIN3 OECKOHEYHO Ma-
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JIBIX, 06X0AsICh 6e3 mapaJoKCcOB, YTO TPe6GOBAIO AOTIOTHUTEIBHOMN TIPO-
30pauBoCTH )

AHanu3 pasMepHOCTell 0COOEHHO IMOJe3eH, KOTAa 3aKOHBI ABIEHUA
emé He omucaHbl. VIMEHHO B 3TOM cuTyalluu OH JaéT, XOTA U O4YeHb
obImpe, MOTyYeHHBIE MTOTYIBPUCTUIECKUM IyTEM, CBSI3U, TIOJIE3HBIE, Of-
HAaKoO, JJIs IIOHMMAaHWsA MeXaHH3Ma SBJIeHHs U BRIOOpa HaIpaBIeHUA
JaJIbHENUIITNX UCClIeJOBaHUN U yTouHeHNU. (MBI TIOTOM ITpOJeMOHCTPU-
pyeM 3TO Ha mpuMepe Ioaxoza KoiMmoropoBa K ONMCAaHUIO BCE el
TaWHCTBEHHOT'O GyHIAMEHTAIBHOTO IBJIEHUA TYPOYJIEHTHOCTH.)

OCHOBHOH IIOCTy/IaT TEOPUHU Pa3MePHOCTEHN CBA3aH C IMHENHO Teo-
pueii mpeobpa3oBaHui Mog00us, TeOpUelH U3MePEHUH, TOHATHEM TBED-
JIOTO Tejla, OAHOPOAHOCTHIO MPOCTPAHCTBA U T.I. B rumepbommudeckoit
reomeTpuu JlobaueBCKOro ToZOOHBIX GUTYp, KaK HM3BECTHO, BOOOIIE
HET, XOTs JIOKAJIbHO 3Ta T€OMETPUA BIIOJIHE JOMyCKAeT eBKINJ0BO IIPU-
OmkeHre. 3HAYUT, KaK U BCE 3aKOHBI, IIOCTYJIAT TEOPUU Pa3MEPHOCTU
Y OHA caMa IIPUMEHUMBI B KAKUX-TO MacIITabax, 3aBUCSIINX OT 3aJja4H.
3apaHee 3TH MacIITabbl peAKO GBIBAIOT M3BECTHHI U Yallle BCero obHa-
PY’KUBAIOTCA TOIZIA, KOTZLAa BOSHUKAIOT HECOOTBETCTBHUA.

MeToz OKa3bIBaET, YTO YeM 60JIblile pa3MepHO He3aBUCHUMBIX BEJTH-
YUH MBI UMeeM, TeM OOJIbllle YIIPOIlaeTcsl U KOHKPETU3UPYeTC s UCCIe-
ayemas GyHKIIMOHAIbHAA 3aBUCUMOCTh. Ho ueM Gosiblile OTKPBIBAETCS
¢bu3nyecKux cBA3€eH, TeM MeHbIIE OCTAETCS pa3MEPHO He3aBUCHUMEIX Be-
qvunH. (HampuMep, paccTosiHe MOXXHO Tellepb U3MePATh CBETOBBIMU
rogamu.) [Tomydaercs, 4To yeM OOJIbllle MBI 3HAEM, TEM MEHbIIIE HaM /Jja-
éT 061U aHaIN3 pa3MEPHOCTEH. B MPOTHBOBEC 3TOMY TPOHUKHOBEHHE
B IPUHIAMTUAIHHO HOBBIE chePHI 0OBIYHO COTPOBOKAAETCS MOSIBIEHUEM

Ipouurupyio onpasaanHsle onacenus B. V1. ApHOMBAA TI0 TIOBOAY BO3MOKHOM Ilepe-
oueHKH [I-TeopeMbl: «Takoil MOAX0 KpaiiHe oIlaceH IIOTOMY, YTO OTKPBIBAET BO3MOXKHOCTD
6e30TBETCTBEHHBIX CIIEKY/IALMH (110 Ha3BaHUEM , TEOPUS Pa3MEPHOCTEN) TaM, I/ HYKHO
OBLTO GBI HKCIIEPUMEHTAIBHO TIPOBEPATH COOTBETCTBYIOLIVE 3aKOHBI TO00US, BeZlb OHU BO-
BCe He CJIeZlyI0T U3 pa3MEPHOCTEN ONMCHIBAIOIINX U3yIaeMOe SIBJIeHVE BeJIMYUH, a SBJII0TCS
IIyOOKUMU U HE OYEBHUHBIMYU €CTeCTBEHHOHAYYHBIMU QaKTaMu». Bripouem, 3T0 OTHOCUTCA
U K HEYMeJIOMY MCIIOJIb30BaHUIO TabIUIbl YMHOMKEHUsI, CTATUCTUKY WA TEOPUH KaTacTpod.

B cBoeit kHIKKe «MaTeMaTHuecKoe IIOHUMaHue npupobl» (M.: MITHMO, 2009), 06-
cy’kaasi Togo0HyI0 GU3UYECKYIO TEOPHUIO aZnabaTHYeCKUX UHBApUAHTOB, B. . ApHOIBA
Ha cTpaHulle 117 noamedaet: «Teopus asnabaTUYeCKUX WHBapUAHTOB — 3TO CTPAaHHBIN
npuMep GU3NIECKOM TEOPUH, IPOTHBOpPeYallell Ha BU/ JIETKO IIPOBEPSIEMBIM MaTeMa-
TU4eckUM ¢akTaM. HecMOTpsA Ha Takoe HENpHUATHOE CBOMCTBO STOH ,, TEOPUM”, OHA ZO-
CTaBWIA 3aMedyaTesbHble GpU3MYECKUEe OTKPHITHS TeM, KTO He TOOO0SUICS UCIIOIb30BaTh eé
BBIBOJBI (XOTS OHU U OBUIM MaTeMaTHYeCKX HeO60CHOBaHHBIMU)».

CnoBoM: «/lymaliTe caMu, peliaite caMu, UIMeTh WIU He UMeTb».
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HOBBIX pa3MePHO He3aBUCUMBIX BeTMYUH (06 3TOM, 06 anre6pandecKoM
acmekTe pasMepHOCTell U MHOI'OM JpyroM CKas3aHo, HallpuMep, B KHU-
re [15]).

Eciu He cuutaTh 3azad 9 u 10, MBI 3/1eCh OrPaHUYWINCH PACCMOT-
peHueM fABJIeHUH, ONUChIBAeMBIX B PaMKax BeJIMUUH KJIacCUYeCcKOoU Me-
XaHUKU. JI79 Havyaja 3Toro, BO3MOXHO, U XBaTUT. Ho ucTuHHOe Hacsa-
XJeHUe MOXXHO ITOMyYWUTh, YUNTasg B OpUTHHAJe pacCyXAeHUs YUEHBIX,
MBICTUTENIEN U BOOOIIIEe MPodecCOHANOB, CIOCOGHEIX K MacIITabGHOMY,
MHOI'OIUIaHOBOMY U OZHOBPEMEHHO eJUHOMY B3IVIA/ly Ha MUP WIH IIpeJ-
MeT. DTO OTHOCUTCS K pasHbIM cdepaM. DTO CPOAHU CUMGOHUU. DTO
3axBaTblBaeT!

[Ecyii BBI CMUPHIINCE C «MPaKOOECHOCTBIO» aHAIN3a Pa3MepHOCTEH,
HO U3JIOKEHHOE elllé He KaXXeTCs BaM JOCTaTOYHO 6€3yMHBIM, TO, Y/IbIO-
HYBIIVCh, IPUBEAY CIeAYIOIIYIO BBIIEPKKY U3 KHIKKU U3BECTHOrO QU-
3uKa (KOTOpOTO He HasbiBalo, YTOOBI HEHAPOKOM He TOABEPTHYTH €ro
Jobpoe UM HamagKkaM Jrofeil MeHee CBOGOOMBICIIAIINX).

«DU3NKN HAUMHAIOT W3y4YeHWe SBJIEHUS C BBeAEHUA IOAXOAAIINX
eZIMHUL u3MepeHua. HepasyMHO U3MepsTh paZiyCc aToMa B MeTpax Win
CKOPOCTb JIEKTPOHA B KWIOMETPax B 4ac, HeOOXOAMMO HAWTU ITOAXO-
JAle eJUHULBL. YKe U3 OJHOTO TAaKOT'O BBEJEHUs eQWHUIL cpa3y e
BO3HUKAIOT BakHble cieAcTBuA. Tak, U3 3apsAja a/eKTPOoHa e U ero Mac-
CBI M HeJIb3s51 COCTABUTD BEIMUUNHY, UMEIOIIYIO pa3MePHOCTb JJIUHEL. DTO
3HAUUT, YTO B KJIACCUYECKON MeXaHHKe aTOM HeBO3MOXKeH — 3JIeKTPOH
He MOXeT JBUraThCA cTalloHapHo. [TonoxeHne H3MeHWIOCh C IOABJIe-
HueM noctossuHou [Inanka i (F=h/(27)). Kak BUAHO 13 OIpeaeIeHu,
f1=1,054-1073% JIx - c UMeeT pasMepHOCTb SHEPIMH, YMHOXKEHHOM
Ha BpemA'. Temepb MOKHO COCTaBUTh BEIMYMHY PasMEPHOCTH JJHMHBI
ao="H/(me?).

Ecn B 3TO COOTHOIIEHUE MTOACTAaBUTh 3HAYeHHUA BXOAALIUX CIOJa TI0-
CTOSHHBIX, TO MBI JIOJDKHBI ITOJIyYUTh BeJWYNHY [TOPAAKA Pa3MepoB aTo-
Ma; momygaeTcea 0,5 - 10710 m. Tak u3 IpocToil pa3MepHOH OLeHKH Ha-
mIéscst pa3Mep aToMa.

Jlerko yBUZIeTh, 4To e?/H uMeeT pasMepHOCTb CKOPOCTH, OHA IIpH-
GIU3UTENHHO B CTO pa3 MeHbIlEe CKOPOCTU CBeTa. ECM MOAeTUTh 3Ty
BEJIMYMHY Ha CKOPOCTb CBETA C, IOMYYUTCS Oe3pasMepHas BeIHMYHHA
a=e? /(fic) = 1/137, xapakTepusyoolas B3auMOJEHCTBHE 3JeKTPOHA

1PasmepHOCTE I MOXHO YCMOTpeTh U3 GopMyiIs! [naHka, IpHBeAEHHOM B 3a7ade 9.
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C 2JIEKTPOMAarHUTHBIM IIOJIEM. DTY BEJIWYMHY HA3BIBAIOT NMOCMOSHHOI
MOHKOIl cmpyKmypbl.

Mel czenany OLiEHKU JJIA aToMa Bogopoza. HeTpyZAHO NOMydYUTh UX
JUJI aTOMa C 3apAfoM Ze. JIBIDKEHUE /IEKTPOHA B aTOMeE OIpeZiessaeTcs
€ro B3aUMOJeNCTBUEM C ALPOM, KOTOpOe MPONOPIMOHAIBHO IIPOH3Be-
JIEHUIO 3apsAza AApa Ha 3apAf aeKTpoHa. [loaTomy A AApa ¢ 3apAnoM
Ze B popMysax IJjid Q@ U d, Hy>KHO 3aMEHUTD e? Ha Ze?. B TAXENBIX JTe-
MeHTax npu Z ~ 100 CKOPOCTh 3JIeKTPOHOB MPUOIMIKAETC K CKOPOCTH
cBeTa». ]

CrenaeM HaKOHel] HECKOJIBKO IIPAKTUYECKUX 3aMeYaHUH.

AnHanus paaMepHOCTel SABIAETCS XOPOIIMM KOHTPOJIEPOM:

a) ecau pa3MepHOCTHU JIeBOM U IIpaBoOM yacTeil paBeHCTBa He COBIIa-
JIaloT, TO HAJI0 UCKATh OIIHOKY;

6) eciu TIOZ 3HAKOM OTJIMYHOM OT CTeleHHO! QyHKIUU (HalpuMep,
o/] 3HAaKOM JiorapudMa WK 3KCIIOHEHTHI) MOSBWIACh He Oe3pa3MepHast
BEJIMYMHA, TO HAZ0 UCKAThb OUIMOKY (WIM M36aBJsiolee OT 3TOrO IIpe-
obpasoBaHue);

B) CKJIaJbIBaTh MOXKHO TOJBKO BEIWYMHBI OJMHAKOBOU pasMepHO-
CTH.

(Ecnu v = at — cKOpoCTh, a §= %at2 — IyTh B PaBHOYCKOPEHHOM

1
JBIDKEHUH, TO GOPMaTbHO, KOHEYHO, BEPHO, UTO U +s=at + Eatz. Oxn-
HaKo ¢ pU3NIECKON TOYKH 3PEHUS 3TO PABEHCTBO MMPUBOAUTCS K JBYM:

1 o .
v=atus= Eatz. BpumkMeH, B IUTHPYEMOI KHUT'e KOTOPOT'O IIPUBEJEH
STOT IIpMMep, yKasblBaeT 3/eChb Ha IOJHYI0 aHaJOTHI0 C PaBEeHCTBOM

BEKTOPOB, MOPOXKAAIOIINM PABEHCTBA OZHOMMEHHBIX KOOPDAUHAT.)



I'masa III

JanbHellIne NPWIOXKEeHM:
ruipoJAHaMHKa U TypOyJIeHTHOCTh

§1. YpaBHeHHs rupoAuHAMUKH (0OIIHEe CBeAeHMS)

OCHOBHBIMU KJIACCHYECKUMH XapaKTEPUCTUKAMMU ABIKYIIEHCS CILIO-
ITHOM cpeZbl (KUAKOCTH, ra3a), Kak U3BeCTHO, SIBJISAIOTCA CKOPOCTh U =
=v(x,t), AaBneHue p = p(x,t) U IJIOTHOCTb cpeArl p = p(x,t) Kak
GYHKITMY TOYKM X 06J1aCTH TEYEHUS U BPEMEHU L.

Anajorom ypaBHeHus: HpioToHa ma = F B ciy4ae ABMKEHUS HAeab-
HOU CIUIOIIHOW Cpe/bl ABJISAETCS YpaBHeHUe Diinepa

0% =—vp. o)

Eciu cpeza Bsi3kasi, TO B IIPAaBOM YacTH K CUJe, CBSI3aHHOU C Iepe-
maZioM ZiaBjieHus, J0OAaBUTCA CWIa BHYTPEHHETO TPEHUSA U TOMYIUTCS
ypaBHeHUe p
05 = —Vp+nAv, @
rJie 1) — BA3KOCTb CpeJbl.

[Nocnentiee ypaBHeHue 6bL10 BhIBeZeHO B 1827 1. HaBbe (Navier)
B HEKOTOPOM CIIEITMAJbHOM CJIydae, a 3aTeM II0CIeJ0BaTEIbHO 0600-
meHo Ilyacconom (Poisson, 1831), Cen-Benanom (Saint-Venant, 1843)
u Croxcom (Stokes, 1845). IToCKONBKY U — BEKTOPHOE IIOJIE, 3TO BEK-
TOpPHOe ypaBHEHUEe PaBHOCWIBHO CHCTeMe YpaBHEHHH Ha KOOpPAUHATHI
IoJiAg v. JTa CUCTeMa HasbIBaeTcsa cucTeMoli ypaBHeHU HaBpe—CToOKCca
1 9acTo obo3HavyaeTcs Kak NS-cucrema.

[Tpu 1 = 0 MBI BO3BpalaeMcsa K ypaBHeHHUIO Diliepa, OTHOCALEMYCS
K HJieaJbHON (HEBA3KOH) KUAKOCTH, JJIS1 KOTOPOU MOXKHO TpeHebpeyb
MIOTEPAMU SHEPIUU IIPU BHyTPeHHEM TPEHUU.

K NS-ypaBHeHMIo m06aBiseTcs elé obllee ypaBHEHWE HEpPa3pPhIB-

HOCTHU 30
T +div(pv) =0, 3

BEIpakawollee B guddepeHINANbHON dopMe 3aKOH COXpPAaHEHUA MacChl
(M3MeHeHUe KOIMYECTBA BellecTBa B TI000H 061acTy TeueHUs COBIaa-
€T C ero IIOTOKOM 4epe3 I'PaHuIly 3TOU 0061acTH).
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i ofHOPOZHON HeCKMMaeMOMW JXHAKOCTH o = const, div(v) =0,
ypaBHeHHEe Hepa3PBIBHOCTH BBHITIOTHEHO AaBTOMATUYECKH, a ypaBHe-
Hue (2) HaBbe—CTOKCa IpUHUMAET BUZ,

Z—l; = —V(£)+VAU, (€)]

rae v =1/ — KuHeMaTU4ecKas BI3KOCTh CPeJbL.

Ecnu TeyeHume NMPOMCXOAUT B IMPUCYTCTBUM MacCCOBBIX CWI (Halpu-
Mep, B TPAaBUTAIIMOHHOM TI0JIE), TO B MPaByko 4acTb NS-ypaBHeHUs (2),
€CTEeCTBEHHO, 06aBUTCS IUIOTHOCTD f STUX CHIL.

Jlanee, ecu TOTHYI0 TIPOU3BOJHYIO, CTOSAIIYIO B JIeBOM YacTy NS-ypas-
HEHWUs, pPACKPBITh, YYUTHIBAsA, YTO X = U, TO IOJIYYUM UHYIO GpopMy 3amu-
cu NS-ypaBHeHUA

v+ @Vv =vAv+é(f—Vp). (®)]

Eciu TevyeHMe cTallMOHAPHO, T. €. TIOJ€ CKOPOCTU U HE 3aBUCUT OT
BpEMEHH, TO TOoC/Ie/iHeE YpaBHEHe TIPUoOpeTaeT BUL

WV :vAv+é(f—Vp). 6)

MBI He UMeeM 3/1eCh IIETTBIO Ziajiee TIOTPYKaThCsS B OTPOMHYIO 001aCTh
paboT, cBA3aHHBIX ¢ ypaBHeHueM HaBbe—CTOKca. HallOMHHM JIHIIIB,
YyTO C/IeAyIolNas 3aZladya BKJIIOYEHA B CIIMCOK IpobseM Beka (M 3a eé
pellleHNe JaXe Ha3HaueHa Heluloxas IpeMUs): eI HadyalbHble U Tpa-
HUYHBIE YCIOBUSA TpéxMepHOro NS-ypaBHeHUs (2) GbUIM MIAJKUMU, TO
GyZeT I TIaIKOCTD PEIeHUs COXPAHATHCA BEYHO WM 3a KOHEYHOE Bpe-
Ms MOTYT BO3HUKHYTb ocobeHHOCTH? (B AByMepHOM ciydae BOIIPOCa,
Kak ¥ 0cobeHHOCTER, yKe HeT.)

C dusmveckoil TOYKU 3peHMsI, BEPOATHO, OOMBIINI MHTEPEC Tpes-
CTaBJIIOT MHBbIE TTPOGIEMBI, HAIIPUMEDP BOIIPOC O TOM, Kak 13 NS-ypaB-
HEHUs TOJIYYUTh YAOBIETBOPUTEIHHOE ONKCAaHUE TYpOYJIEeHTHBIX Teue-
HUM ¥ KaK IIPOUCXOAUT MePEX0]] K TYpOYJIEHTHOCTH U Xaocy.

Urak, ypaBHeHUA JUHAMUKY CIUIOITHOM CpeJbl CYIecTBYIOT (A1 pe-
QIBHBIX CpeZl UX AOMOJIHAIT TePMOAMHAMUYECKNMU YPaBHEHUAMU CO-
CcTosIHUA). B psAze ciyyaeB 3T ypaBHEHUS AWHAMUKU MOXKHO PEIIUThb
AIBHO. B ApyTux cay4asax yAa€Tcsa NpOBeCcTy pacyéT KOHKPEeTHBIX TeYeHUN
Ha KommbloTepe. Ho B 11eJIoM TyT elié MHOTOe TpebyeT AaJbHENIINX U,
BO3MOXXHO, IPUHIMIIHATBHO HOBBIX HCCIE0BaHUM.

BepHéMcs Temmeph K caMOMy HayvaIy W IpeJCcTaBUM cebe, 4TO y HaC
emé HeT ypaBHeHU# HaBbe—CTOKCa, a MBI BCE Ke NHTEPeCyeMCs Tede-
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HUeM CIUIOIIHOM cpezpbl. IycTh, HaIpUMep, IOTOK OZHOPOAHOU HECKU-
MaeMOU KUJKOCTH, UMesl Ha 6ECKOHEYHOCTU CKOPOCTH U, HaberaeT Ha
IpeaMeT, UMEIONIMI HeKWi XapaKTepHbIM pa3mep [. Hac mHTepecyeT
CTaI[MOHAPHBIN peXXUM OOTeKaHUs, T. €. BO3HUKAIOIIEE MTPU 3TOM BEK-
TOpHOeE TI0JIe CKOPOCTH U = v(r) Kak QYHKUMA paguyc-BeKTOpa I TOY-
KM X TPOCTPAHCTBA OTHOCUTEIHHO KaKOU-TO GUKCUPOBAHHOM CUCTEMBI
ZleKapTOBBIX KOOpAWHAT. [IycTh 0 — IVIOTHOCTD JKUAKOCTH, 1) — €€ BA3-
KOCTb, a Vv =1)/ 0 — KUHEeMaTh4IeCKas BA3KOCTb.
Cuwuras, uto v = f(r,n, o, |, u), monpobyeM MpHUBIEYs aHAIN3 Pa3-
MepHOCTeH:
|l v r n o | u
L 1 1-1-3 1 1
M 0 01 1 0 O
T|-1 0-1 0 0-1

Orcroza B cuty [1-TeopeMbl BBITEKaeT cleZlytoliiee COOTHOIIEHNEe MeX-
ny 6e3pa3MepHBIMU BeTMYNHAMU:

2 =5, 9—“1, 1,1), %)

eul _ ul
B KOTOPOM MBI OOHapyKMBaeM YuCI0 PeliHombzca Re := =— = —

MpbI oTyunsIn OBl TO JKe camoe, cuuTas, uto v = f (r, vn o, l u) WIn
ecay GBI UCXOAWIU U3 COOTHOIIeHus v = f(r, v, [, u), B KOTOpOM IUIOT-
HOCTb CIIpATaHA B KUHEMAaTHUYECKYIO BA3KOCTH V.

Takum 06pa3oM, MOXKHO MEHSTb 3HAYEHUA Q, U, [, 1), HO eC/lu Mpu
STOM He MeHsSeTCs UX KOMOMHALV, BhIpaXKeHHas YHUCIOM PeiiHosbzaca
Re, To XxapakTep TeUeHUsA OCTAHETCSA TEM JKe, C TOUHOCThIO [0 3aMeHbI
MaciTaba u3MepeHUs AJTUHbBI U BpeMeHU (WIH AJUHBI M CKOPOCTH). 3a-
MedaTesibHO!

§2. IToTepst yCTOMYMBOCTH TE€YEHHS U 3aMeYaHUs
0 OudypKanuuax B AMHAMUYIECKUX CHCTEMAX

XapakTep TeueHUs IIPU Pa3IMYHBIX 3HAUeHUSAX yucia PeifHombica,
BooOIIe roBops, pasnudeH. [Io Mepe Bo3pacTaHusa yucia PefiHombACA
MIPOUCXOAAT TepecTpoiiku (6udypkauuu) Tomogoruu TedeHus. Ero xa-
paKTep MeHSETCs OT YCTOMYMBOIO IAMUHAPHOTO TeYeHUs K TypOyIeHT-
HOCTH 1 xaocy: mpu Re < 10° Teuenue naMuHapHoe; 3aTeM npu Re < 10!
MOSABJIAIOTCS IIepBOe KPUTHYECKOe 3HaYeHe Re; 1 mepBas budypranusa
(mepBas mepecTpoMKa TOIIOJIOTUY TeYeHYs1) U T. 1. [locieoBaTeIbHOCTD
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Re; <Re, <...<Re, <... KpUTUUECKUX 3HAYEHUIN OBICTPO CXOAUTCA,
YTO, BIIPOYEM, ABJIAETCA ZOBOJBHO YHUBEPCATbHEIM ABIEHUEM.
(BriepBBle onpezieNéHHAA YHHBEPCAJIbHOCTh ObUIa OOHapy)XeHa B
1978 r. ®eitren6aymom (M. J. Feigenbaum), ona HocuT ero ums (yHusep-
canvHocms PelizeHb6ayma) U COCTOUT B TOM, UTO CYIECTBYET Mpesest

lim Ripn— R, _ 51

n—o R, —R,_; ’
rae {R,,n € N} —ociezoBaTe/lbHOCTh KPUTUYECKUX 3HAUYeHUH, IpuU
KOTOPBIX ITPOMCXOAUT IepecTpoiika AUHAMUYECKON CUCTEMBI, Ha3blBa-
emas 6udypkalueil yaBoeHus mepruoaa, a 6 =4,6692...)

Urak, nociezoBaTeIbHOCTD ynices Re, numeet npegen Re,,.

[Ipu manpHelIeM yBequdeHuUe MapaMeTpa 3aadu Re 3a 3HaYeHUe
Re,, BO3HUKAeT PEXXUM, KOTOPHIM B IUAPOAUHAMUKE Ha3bIBAIOT TYpOy-
JeHTHOCThIO. [Tpy oueHb OOJIBIINX 3HAYEHUSIX 4uciIa PefiHONMbACA ABU-
JKEHHe CTAHOBUTCS COBCEM XaOTHYECKUM (KaK ObI He JeTepMIHHUPOBAH-
HBIM CJIy4aliHBIM IIPOI[ECCOM).

Jlo cuX IIOp OTKPHIT IPUHIIUNNAJIBHEIM BOIIPOC O TOM, B KaKoi Me-
pe BooOIIe MOXXHO TIOZONTH K ONMUCAHUIO TYpOYJIE€HTHOCTH, UCXOAI U3
KJIaCCUYecKUX rHpoArHaMHuyecKux ypaBHeHui HaBre—CToKCa.

3zech BcOMHUHalOTcA cyioBa Puuapzga deitHmaHa, KOTOPHIY 10 Jpy-
TOMY TIOBOZY, €CJIM 51 He OIINOaloCch, TOBOPWI, YTO, MOXET OBITh, YpaB-
HeHue lIpéauHrepa yxe U COAepXUT B cebe GopMysy KU3HHU, HO 3TO
He OTMeHsIeT OMOIOTHIO, KOTOPask UCCIEAYET XKUBYIO KJIETKY, He JoXKU/a-
ICh, TIOKA CYyIIeCTBOBAHME XU3HU OyZeT 0O0CHOBAHO Yepe3 ypaBHEHHE
MIpéaunrepa.

[IposBUB ce6s1 HCTUHHBIM ecTecTBOHCIbITaTeneM, A. H. Kommoropos
B 1941 1. Ipe/IOKWI MOJENh Pa3BUTOHN TypOyJIEHTHOCTH, KOTOpast, XOTs
Y YTOYHSIACh BIIOCJIEACTBUH, OCTaIAach 6a30BOM U 3aC/TyKHUBAIOIIIEH CIie-
[[UaIbHOTO 06CyKaeHusA. ViMeHHO Mozenb KonmMoroposa Mbl BeIGpaiu
JJI IeMOHCTPAIlU HeTPUBUAIbHOI'O IIPUMEHEeHUs aHaln3a pa3MepHo-
CTel P UCC/IeZJ0BAHUH SIBJIEHUS, HUKAaKUM QyHAaMeHTaJIbHBIM OIIHCA-
HHEM KOTOpPOI'O MBI [IOKa He pacrosaraem.

KoHewHO, cepbé3HBIM HOBBIM OOLIMM JOCTIKEHHEM TEOPUU AVHA-
MUYECKUX CHUCTEM OBLIO OTKPHITHE CTpPaHHBIX aTTpaKTOpoB (JlopeHIl,
E.N. Lorenz, 1963). 3To 103BONWIO KOHKPETU3UPOBATh UE0IOTHIO BO3-
HUKHOBEHMS XaOTUYeCKUX MIPOSABIeHUN leTepMUHUPOBAHHOMN CUCTEMBI
KakK e€ 4yBCTBUTEJIbHOCTU K MaJbIM U3MEHEeHUAM Hada/lbHbIX YCIOBUH,
a Takke JaTh BO3MOXKHOe OOIeNHAMHYECKOe OOBACHEHUEe SBJIEHUA
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Typ6ymentHocTy (Pioanb u TakeHc, D.Ruelle & F. Takens, 1971). (Cm.
TaK)ke KOMMeHTapui K craTtee [5]).

§3. TypOysieHTHOCTDh (Hadya/IbHbIE MPEACTABICHHU)

B cbopHuKe crareii o TypOyseHTHOCTH [12] akazemuk O.M. Beno-
IIepKOBCKUI BCIOMHHAET, YTO, KOTAA OH yuuicad Ha ¢usudeckoMm da-
KynbreTe MOCKOBCKOIO YHUBEDPCUTETA, JIEKIIUU 10 3JE€KTPUYECTBY UM
yuTain npodeccop C.T. KasaurtHUKOB, KOTOPBI Ha IEPBOU Ke JIEKIUU
pacckasai ciegytomiee. OgHaxAbl Ha sk3aMeHe oH (KanamHukoB) cripo-
CWJI CTyZAEHTA: «UTO TaKoe 2IeKTpU4ecTBOo?» CTYZeHT 3aép3ajl, 3aCyeTHII-
¢ ¥ TOBOPHUT: «BoT emé BYepa 3Hai, a 3a6but». Ha 3T0 KanalHuKoB
3aMeTwI: «BBUI OZIMH YeoBeK, KOTOPBIA 3Ha, U TOT 3abwui!» CuTya-
1[UA ¢ TypOYIEHTHOCTHIO IPUMEPHO TaKas JKe, XOTs 06 3TOM Pa3MBIIILIS-
IOT JIIOAY Pa3HBIX CIIENHAIbHOCTEH, U, KOHEYHO, GU3NKY, MaTEMATUKU,
U aCTPOHOMBI B IIEPBYIO OUepeb.

BricTpas peka, o6Tekas Onopel MOCTa, 06pa3yeT BUXPU, KOTOPHIE PU-
CcoBaJI IPOHUKAaBIINMI BO Bc€ JleoHapso Aa BuHuu. Buxpu MoXHO Ha-
6oaTh M B BO3AyXe IO OOJaKaM IBUIM 3a MYalleics MallHON WU,
YTO Topaszo IpUATHeE, IPOCTO Mo obIaKaM, MPUIYIAIUBO AebOpMUPY-
IOIIMMCA Ha Ia3ax. Kocmuyeckue BUXpU MOPOXKAAIOT rajakTUKU. Boga
M3 KpaHa IlepecTaéT Teub CIOKOMHO, KOIZa KpaH OTKPHIBAIOT CIUIIKOM
cuabHO. MaseHbKOMy caMOJIETY He paspelaT B3JET cpasy 3a KPyIHBIM
JaiHepoM. A Yepe3 WITIOMUHATOP CaMOJIETa UHTePECHO HAOII0AaTh Ka-
XyI[Hecsa cBepXy KPOXOTHBIMU OKeaHCKUe CyZa, 38 KOTOPBIMU TSHETCSA
OTYETIMBO Pa3TNIMMBIA TYypOyJIeHTHBIN Cies.

B Hayke TepMUH myp6ysieHMHOCMb 3aKPEWICS, IO-BUAUMOMY, I10-
cie MakcBena, topga KenpBuHa u PeitHonb/ca k koHITy XIX Beka, XOTs
€ro aIeKBaTHO yIoOTpeOsa yxe JleoHap/o Aa BuHym.

§4. Mogennb Konmoroposa

4.1. MHOroMacuITabHOCTh TYpOYIEHTHBIX JBIKEHUH

PaccMoTpuM, Kak U BBhIIIE, OOTEKaHUE TeJa, T.e€. MOTOK, Haberato-
MU Ha Teylo, MMelolllee XapaKTepHbIM pasmep [. Ecau CKOpoCTh IT0-
TOKa GOJbIIast WIN B3KOCTb CPEbl MaslleHbKas, T. €. [P O4eHb 6OJIb-
[UX 3HAYEHWsSX YKcia PeiHomb/Zca, B HEKOTOPOM OOGBEME 3a TeIOM
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BO3HHUKHET 06/1acTh pasBUTOMN TypOyJIeHTHOCTU. B Hell TeueHue KpaitHe
HEYCTONYMBO, XaOTUYHO, HOCUT XapaKTep My/IbCAITUH pPa3HBIX MaCIIITa-
60B, pacrpezieJIéHHBIX 10 06acTu TypOyJeHTHOCTH. V3MeHeHUe TOA
ckopocTed v = v(x,t) HAallOMWHAET 3/IeCh CTAI[MOHAPHBIN CIIy4aiHbIN
Tpolfecc, Korja cTal[ioHapHO He camo mose v = v (x,t), a HEKOTOphIe
€ro ocpeJHEHHbIE BEPOSITHOCTHBIE XapAKTEPUCTUKY (BhIpaskaeMble, Ha-
pHUMep, TUCTOIrpaMMaMU paclipe/ieIeHUs] BEPOSITHOCTEH TeX WIN MHBIX
CBA3aHHBIX C IIOTOKOM BEJIMYMH).

A. H. KoIMOropoB 3aMeTWJI, YTO [TPU OUY€Hb OOMbITHUX 3HAYEHUAX YHC-
ja PefiHonbzca B obsacTu TypOyJIEHTHOCTH KapTWHA TEYeHHUS XOTh U
CJIOKHA, HO JIOKAJbHO OHOPOAHA Y M30TPOITHA.

TypOy/IeHTHOCTh MOXKHO (WM HYXXHO) pacCMaTpHBaTh KakK IPOSIB-
JIEHWEe B3auMO/IEHCTBYA ABMKEHUI pa3HbIX MaciiTaboB. Ha ABMmKeHUA
6OJBIINX MAacHITabOB HaK/Ia[bIBAIOTCA IMyJbCALIMM MEHBIIHX MAacIITa-
6OB, ¥ OHM TIEPEHOCATCS ABKEHUAMU GOJIBINTUX MacIITaboB (raccau-
PBI MO€3/1a, TTepeMeIasich M0 BarOHy-peCTOPaHy, KOHEYHO, YIacCTBYIOT
B [IBIDKEHWM MacIITaboB pacCTOSHUA MEXAY TOpPOoAaMu, HO MIPU STOM
€CThb Ha YTO IIOCMOTPETh U B MaciiTabax BaroHa).

IMosacuuM. KieTka )KUBET cBoel »x13HbI0. COOOIIeCTBa KJIETOK, B3au-
MOZIECTBYsI, 00pa3yloT ONpeAeNEHHYIO TKaHb. I'pyIna TKaHeH COCTaBIIs-
eT oprad. ['pynma opraHoB — opraHuamM. OpraHusM CaJUTCA B MalIuHY
U eZleT Ha paboTy. Ha yuiax ropoja BO3HUKAeT TPAaHCIIOPTHBIN ITOTOK.
Bce oTu mMOTOKM BMeECTe ¢ TOPOJAaMU U CTpaHAMU MEPEHOCATCA B IPO-
CTpaHCTBe Bpallaroieiica 3eMaén u T.A. Emé 6mke K TeMe MOr Obl
OBITH IPUMEP, OTHOCANIUNCA K MHOTOMACIITAOHOW KM3HU OKeaHa WU
aTMocdepsl.

Korza MbI TOBOpUM O TepeMelleHNH TaccaXupa, TO, PasyMeeTcs,
“MeeM B BUAY XapaKTEepPHUCTHUKU ero ABIDKEHMM B MaciuTabax Barosa.
MBbI He pas3indaeM WHAUBUAYAJIbHOTO ITacCaXupa, KOrJia TOBOPUM O CKO-
pocTy B MaciiTabax ABIKEHUs BCETo oe3a.

TypOy/IeHTHOCTb — 3TO IIPEXK/IEe BCETO OTHOCUTEJbHBIE ABUKEHUA B
y4acTKe JKUJKOCTH, a He abCOMOTHOE MePEHOCHOE BUKEHUE, B KOTO-
POM OH y4YacTBYeT KaK dJIeMEHT ABM)KeHUs 6ojiee KPYITHOTO Maciiraba.

Ecnu Tak, To B TypOyJIEHTHOCTH TIepe/i HaMHU IeJIbIN CIIEKTP JBYDKE-
HUM pasIMYHbIX MaciiTaboB U MBI, HAIPUMED, XOTUM YKa3aTh KaKue-TO
XapaKTepHbIE TTapaMeTPhl JBIKEHUM PasIUYHBIX MacIITaboB: pacrpe-
JeJleHre SHepPTUM TYypOyJIeHTHOTO IIOTOKA IO MaciiTabaM JBMKEHUH,
OTHOCHTEJIbHBIE CKOPOCTH JBIKEHUM PA3TMYHbIX MacIITab0B, CKOPOCTh
PacXoXKAeHUA YacCTHUI] B TypOYJIEHTHOM MOTOKE U T. II.
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4.2. PazBuTas TypOYJIEHTHOCTb U MHEPIIHOHHBIN MHTEPBAJI

Temeps nepeliiéM Kk 6osiee KOHKPETHOMY Pas3roBOpY.

PaccMOTpUM TIOTOK, HalpuMep, KaK U BHIIIE, OOTEKalOI[Uil TeJo
XapaKTepHOro pasMepa [, mpu 60IbIINX 3HAUEHUAX Yucaa PeifHombCa
(Re> 1). Bosuukaroiyto mnpu Re > 1 TypOyJIeHTHOCTh IPUHATO Ha3bI-
BaTh paszeumotl myp6yieHmHoCcmsHo.

Pa3BuTyio TypOyJIeHTHOCTh B ABIKEHUIX MaciiTaboB A < [ U BAa-
JIU OT TBEPABIX CTEHOK (T.e. Ha PacCTOSTHUM OT HUX, MHOTO OOJIbILIEM,
4yeM BenudyuHa A) 6yzem Beies 3a KOIMOropoBbIM CYMTATh U30TPOITHOM
U OJHOPOZAHOM.

YcnoBue Re > 1 MOXXHO TpPaKTOBaTh KaK MaJOCThb BA3KOCTH.

BsI3KOCTb CKa3bIBaeTCs TOMBKO B CAMBIX MEJKOMACIITAOHBIX JIBHIKE-
HUAX HEKOTOPOTo MacmTaba Ay, Tak Kak BHyTPeHHee TpeHUe BO3HUKA-
eT JINIIb MeXAY OIU3KUMU yIacTKaMU XUAKocTU. [Ipu mepeHoce 60ib-
IIUX MACC )KUJKOCTH BA3KOCTb HECYIIECTBEHHA, TAaK KaK AUCCUTUPyeEMast
B TPEHUU SHEPTUS B ITOM CJIydae mpeHeOpeXrMo Majia Mo CpaBHEHUIO
C KUHETUYECKOM sHeprueil MHEPIMOHHOTO ABM)XEeHUS OOJIIION MacCH.

ITpomexkyToK MacmTaboB Ay <K A < | HA3BIBAIOT UHEPUUOHHBLM UH-
mepsanom. B IBMKEHUAX dTHUX MaciiTabaX BSI3KOCThIO MOXKHO IIpeHe-
6perarsb.

BenuuuHa A, Ha3bIBAETCSA 8HYMPEHHUM MACWmadom mypoyieHmHo-
20 0sunceHusl, a | — sHeWwHUM maclumabom 08uUNCEHUS.

4.3. YaenpHas dHeprusa

YcTaHOBUBIIUMCSA TYPOYJIEHTHBIN PEXXUM MO PKUBAETCS 3aTPATON
BHEIIHEN SHEPTUHU, KOTOPas AUCCUITHPYETCA 3a CYET BA3KOCTH.

[lycTh € — yzenbHasd MOIIHOCTD AUCCUTIAIIUY, TOYHEE, 3TO SHEPIus,
JVCCUTIIPyeMasi eIMHUIIEN MAcChl )KUJKOCTU B eJUHUITY BpeMeHH. B co-
OTBETCTBUM C 3TUM OIIpeieJieHNeM BeJIMYMHA € UMeeT CIeJYIOIIni BeK-
TOp pasMepHOCTH B cTaHzapTHoM 6asuce {L, M, T}: [e]=(2, 0, —3).

[Cuna F =ma umeeT paamepHocTh (1, 1, —2). DHeprus, pabora, mo-
TeHI[UaNbHas 3Heprus F - h umetor pasmepHocTh (2,1, —2). 3Hauwr,
[e]=(2,0,-3).]

Kuternueckast sHeprusi IMOTOKAa, HaOeraroIlero co CKOPOCTHIO U,
YMEHBIIIAeTCSA BCIEACTBUE IUCCUTIAIIUY SHEPTUU MIPU BHYTPEHHEM Tpe-
HUU B BA3KOM KUJKOCTU. VI3MeHeHMe Au cpelHEN CKOPOCTU OCHOBHOTO
JBIDKEHUS IPOUCXOAUT Ha MPOTHKEHHOCTHU Mopsaka | (10 BCTpeuu ¢ Te-
JIOM U IIOCJIE 3TOrO).
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BenmumHa € IO/DKHA OTIPEZe/ISIThCA STOM TOTepeii KWHETUYECKOL SHep-

MY OCHOBHOTO IBMKEHMS, T. €. ZIOJDKHA ObITh GyHKIMEH € = f (0, Au, [).

Ha ocrHoBanuu I1-TeopeMbl TOTZIA 3aK/II0YaEM, UTO TI0 TIOPAIKY BeJH-
YUHBI

Au)®

e~ B0 ®

AHATOTHYHO 1A TIepernazia AaBIeHy st MOXKHO ITOJIyYUTb COOTHOIIEHHE

Ap ~ (Au)zg. ()]

4.4. Yuciao PeiiHojbjca ABMKEHHH JaHHOrO Maciirada

[ToCKOMBKY MHTEpPEC MPEACTABIAIOT ABWKEHU PasHBIX MacIITaboB,
C KaXbIM MacIiTabom A CBSI3BIBAIOT COOTBETCTBYIOIIEE EMY YHCIO Peii-
HOJIBZICA
U A
v

Re, = (10)

B oTuX TepMHHAX BHYTPEHHUM MaciiTab TypOyJIeHTHOCTH, T. €. BEJIU-
YuHa A, JODKEH ONPEeZAEesATHCS YCJIOBUEM, UTO IO IOPSAKY BeMYUHEI
Re; ~ 1, HOCKOIbKY 6oJbIlie 3HaUeHUs YKcia PefiHob/ica paBHOCHIb-
HBbI MaJIOH BI3KOCTH.

4.5. 3akoH KoimmoropoBa—O6yxoBa

Hatigém Teneph cpeZiHue CKOPOCTH U, ABWKEHUM MaciTaba A (v,
YTO TO K€ caMoe, U3MeHEHUE CpeJHel CKOPOCTU TYpOyIEHTHOTO TOTOKA
Ha MPOTSKEHUU PACCTOSHUIN MOpsiaKa A).

B vHepImoHHOM HHTepBase, Korga Ay <K A < [, MOXXHO CYUTATh, YTO
v,=f(p, ¢, A).

Ha ocHoBaHuu II-Teopemsbl TOrza 3aK/ato4aeM, YTo I10 [IOPAJKY Belu-
YUHBI

Uy ~ (61)1/3. 1D

DTo coOTHOLIIeHNE HasblBaeTcs 3akoHom Koamozoposa— Obyxosa.

(A. M. O6yxoB — yueHUK A. H. KommoropoBa 1940-x To10B, BIIOCJIE-
CTBUU aKaZleMUK, JupekTop MHcTuTyTa Pusrku atmocdhepsl B Mockse.
Jpyroii yaernuk A.H.Konmoroposa To#i ke mopbl A.C. MoHUH, TOXe
cTaj akaZieMUKOM, HO fJupekTopoM MHcTuTyTa oKeaHorpaduu. [To ato-
My nosogy A.H.KoaMoropos LIyTwi, 4YTO OAVH €ro y4eHUK 3aBeAyeT
OKeaHOM, a pyroii — aTMmocdepoii.)
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4.6. BHyTpeHHUIT MacIITab TypOyJI€HTHOCTU

Hatizém Temeph BHYTpeHHUI MaciiTab A, TypOyJI€HTHOTO TeUeHU.
Kak MBI 3HaeM, ero Hazlo UCKaTh U3 yCJIOBUA, YTO Re;LO ~1.

Jlia gucia PefiHonbaca Re OCHOBHOTO ABIXKEHMS MaciiTaba [ B co-
OTBETCTBUM C OOIIMM OIpeZieIeHHeM Yrcia PelfHoNMbICa U B COTJIaCUU
¢ ¢opmysoii (10) umeem Re ~ (Au -1)/v. YuuTteiBas cooTHoIeHus (8)
u (11), moryyaem

. 1/3 ()43 4/3
Rey ~ U, - (EA)PA N Au-(A) _ e(%) .

v L% Vll/s
[Tomarasa Re, ~ 1, Haxogum
l

A’O ~ —Re3/4 . (12)
JlJIsl COOTBETCTBYIONIEN CKOPOCTH UMEEM
N 3, Au 1P Au
Vo (eAo) 113 Rel/4 ~ Rel/4” (13)

4.7. DHepreTUYecKUii CIEKTpP TypOY/JIEHTHBIX IIy/IbCAIUHi

Maciutaby ATUHBL A, KaK JJIMHE BOTHBI, COIIOCTaBUM BOJTHOBOE YHCIIO
k:=1/A. llyctp E(k)dk — kuHeTUYECKAs SHEPrUA B MyJabcanusax (IBU-
JKEHUAX) C BOMHOBBIM YMCJIOM k B MPOMEXYTKe dk, OTHECEHHAS K €1U-
HUIIE MaCChl XKUAKOCTH.

Hatigém miotHocTs E (k) aToro pacnpenenenus. [Tockonbky E(k)dk
HMMeeT pa3MepPHOCTb SHEPTUHU, OTHECEHHON K eIMHUIE Macchl, a [dk] =
= (-1, 0, 0), saxomzumM, uto [E(k)]=(3,0, —2).

Kombunupys € u k, U3 coobpaskeHUl pa3MepHOCTH Beies 3a KoiMo-
TOPOBBIM HaXOAUM

E(k) ~ e*k>3, (14)

CuuTasi, 4To U; OIpejesifeT NOPAAOK BeTMYNHbBI KNHETUIECKOH sHep-
WU ABWKEHUN BCeX MacIITaboB, He MTPEBOCXOAAIINUX A, OTCIOZIa MOXKHO
BHOBb IIOMYyYUThb 3aKOH KoimoropoBa— O6yxoBa

)

vf ~ S E(k)dk ~ e2Pk™23 ~ (eX)?® u Uy~ (eX)V/3,
k=1/2

4.8. TypOyneHTHOEe TepeMeITUBaHNEe U PacX0oK/IeHHe YaCTHI]

JlBe JacTUIlbI, HaXOAsIIMeCS B TypOy/IEHTHOM ITOTOKE Ha B3aMMHOM
PacCTOSTHUU A, Yepe3 MIPOMEKYTOK BPEMEHU t OKAXKyTCS Pa3BeJEHHBI-
Mu Ha paccrosgaue A(t). Haiizém ckopocts A’ () pacxoxAeHna JaCTHII.
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Kax u mipu BhIBoZle 3aKoHa Konmoroposa—Q6yxoBa, cuuTaem, 410 A’ =
=f(p, €, A), 4 B IOJIHOM COOTBETCTBUU C cooTHOoIIeHreM (11) HaxoaUM

ar 1/3
dt (eA)=. (15)

Kak BHZHO, CKOPOCTb PAaCXOXKJEHUs PaCTET BMeCTe ¢ A. DTO 0OBsC-
HAETCS TeM, YTO B pacCMaTPUBAEMOM IPOLIeCCe YUaCTBYIOT JIUIIb JBU-
JKeHUSI MaciTaboB, MeHbIINX A. JIBIDKEHUA OOMBIINX MACIITab0B Iepe-
HOCSIT YaCTHUI[BI, He TIPUBOAA K UX PACXOKIEHHIO.






TEMA 11

MHOTOMEPHAA TEOMETPUA
N OYHKIIMMM OYEHBb MHOTI'UX
ITEPEMEHHBIX






BBegeHue

[Mouty Bech 06'bEM MHOTOMEPHOI'O TeJIa COCPEAOTOYEH Y ero rpaHu-
1el. Hampumep, eciiu ¢ 1000-mepHoro apbysa paguyca OANH METP CHATD
KOPKY TOJIIIIMHOM OZNH CAHTUMET], TO OCTaHeTCsI MeHblIIle THICAYHOH J10-
Jiv Bcero apOya3a.

JTo ABJIEHNE JOKAJIN3aluU WK KOHIIEeHTpallii Mephl UMeeT MHOI'0-
YylCIeHHble TIOPOY HeoXXUAaHHbIe IPOABIeHN .

Hampumep, 1r06as 6ojee win MeHee peryasapHas QYHKIUMSA Ha MHO-
TOMepHOU cdepe IIOYTH ITOCTOSTHHA B TOM CMEICJIE, YTO €CJIH B3SITh CITy-
YaliHO ¥ He3aBUCHUMO Mapy To4eK chepsl U MOACIUTATh 3HaYeHNUA QyHK-
I[UU B 3TUX TOYKAX, TO OHU C OOJIBIION BEPOATHOCTBIO OKAXKYTCSA IIOYTH
COBIIAZAIOIIVIMU.

C TOYKM 3peHHs MaTeMaTHKa, IPUBBIKIIEr0 K QyHKIIUAM OZHOIO,
JIByX 1 HECKOJIbKUX (He oueHb MHOTHX) IlepeMeHHBIX, TO MOXKEeT II0Ka-
3aThCs HEIMpaBAONOAOOHBIM. HO MMEHHO 3TO O6ecleYnBaeT CTaGMIIb-
HOCTb OCHOBHBIX ITapaMeTpOB CpeAbl Hamlero oburaHus (TemMmepary-
PBL, ZIaBJIEHUA...), JIEXXUT B OCHOBE CTAaTUCTUYECKOH (PU3HKHU, U3ydaeT-
Cs1 B TEOPUU BEPOATHOCTEN 107 Ha3BaHWEM 3aKOHOB OOJIBIINX YHCE
U UMeeT MHOTO IIpUMeHeHul (HanpuMmep, Ipu nepeiade WHPOpMaLU
10 KaHaJIy CBAI3U IIpX HAJIWYUU TIOMeX).

flBneHne KOHLIEHTpaluu Mepbl B HEKOTOPOM OTHOIIEHUU INOACHAET
KaK CTaTUCTUYECKYIO YCTOMYUBOCTb 3HaUeHNUU TepMOJAMHaAMUYeCKUX Be-
JINYWH, TOPOAUBIIYIO 3proJUYeCcKyIo rMIoTe3y bonbliMaHa, Tak U 3aMe-
YyaTe/NbHbIE dPTOJUIECKUE TEOPEMBI, BOHUKIIUE B €€ 060CHOBaHUE.

[IpuHIUI KOHILIEHTPALU U3JI0XKEH B Iase II, KOTOpyr0 MOXKHO YU-
TaTh HE3aBUCHMO OT IVIaBHI I, TZle IpUBeAeHEI IPUMEpPH! 0bJacTeil 3Ha-
HUM, B KOTOPBIX QYHKIIMH OYeHb MHOT'MX IIepeMEeHHBIX IIOSBIAIOTCS ec-
TECTBEHHBIM 06pa3oM.

B rnase I (koTopyto, pasymeeTcs, ToXe MOKHO YUTaThb HE3aBUCHUMO)
MBI ToZipoOHEee OCTAaHOBUMCSA HA OHOM MeHee IOMy/IAPHOM IpuMepe —
nmepegave uHbOpPMAIIUU TI0 KaHAIy CBA3U. BriBezeM U o6CcyauM Teope-
My OTC4€TOB — opMyrny KoTelbHIKOBAa — OCHOBY COBPeMEHHOM IHb-
poBol 3amnucu curHana. B miase III MBI ZOMIOHUM 3TU pacCMOTPEHUS
TeopeMoii lIleHHOHA O CKOPOCTH NlepeAayy NHGOPMAaLIUY 110 KaHATY CBS-
3U IIpY HAJIWYUU TTIOMEX.



I'maBa I

HexoTopsie npuMepsbl
$yHKIIUI OYeHb MHOTHX IIepeMEeHHBIX
B €CTE€CTBO3HAHUU U TEXHUKE

§1. ludposas 3anuch CUTHaJIa
(KM — K0Z0BO-UMIyJIbCHASI MOAY/AINA)

1.1. JIuHeiiHbIH IPpHUOOP U €ero MaTeMaTH4YecKoe OIHCaHue
(cBépTka)

Xopolieit MaTeMaTUIeCKON MOZETbI0 MHOTUX MPUOOPOB U ammapa-
TOB SIBJIIETCS JIMHEWHBIA OIIEPaTOP.

CioBa «IMHEHHBIN MPHUOOP ¢ UHBAPUAHTHBIMU BO BPEMEHU CBOKCT-
BaMU» Ha MaTeMaTHYeCKOM sI3bIKE O3HAYalOT, YTO ITO JIMHEMHBIN olle-
paTop A, AeUCTBYIOIIUNA Ha QYHKITMU OT BPEMEHU M KOMMYTHUDPYIOIIHI
c orteparopoMm capura T, T.e. AT=TA, tne T=T,, a (T.f)(t) = f(t — 7).

Hanpuwmep, eciiu A — IpOUTpEIBATENb, TO OH 3aBTPA JOKEH BHIJATh
C TOTO XK€ AMCKA TY K& MY3BIKY, YTO U CETOZHs, JIUIIb C €CTeCTBEHHBIM
CZIBUT'OM BO BpEMEHU.

B cooTBeTCTBUM C MPUHATON Y PaZIMOMHXEHEPOB TEPMUHOJIOTHUEH,
byHKIMIO f, HAa KOTOPYIO AeHCTByeT omepaTop A, 6yAeM HasbIBaTh cu2-
HAJIOM, TOUYHEE — B8XOOHbILM CUZHAJIOM WU 8X000M, a pe3yabTaT Af 06-
paboTku curHazia f mpubopom A GyzeM Has3bIBATh CUZHAJIOM HA 8blX00e
YIN 8b1X000M ¥ 06O3HAYATH .

[ToCKOMBbKY HEMPEPHIBHYIO GYHKIUIO f MOXXHO XOPOIIIO alllIPOKCUMHU-
pOBaTh CTyIIeHYaTON QYHKIMEH, JIerKO IIOHATh, YTO eC/IM 3HATh OTKJIUK
TaKoro mpubopa A Ha IeMeHTapHYIO CTYIIEHbKY, TO MOXKHO HAalTH ero
OTKJIMK U Ha 1060 BXOAHOM curHain f.

B uzease cTymeHbKa MpeBpaNiaeTcs B € IMHUYHBIA UMITYIbC — O-QyH-
k0. Ecou HammcaTh TOXAecTBO f(t) = S f(tr)o6(t —t)drt, TO cpasy
HaWzéM, 9yTo

Af () = (f(DAs(t—1)dr = (f(£)6(t—T)dT =: f*5,

Tie * — CHMBOJI OTIepaIuy CBEPTKU QYHKIUNA. 3HAUUT, Af = f * 5.
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®yHKIUA AS =&, T.e. OTKINK IPUGOpA HA €JMHUYHBIA MMIIYJIbC
(6-byHKIIMIO), Ha3BIBaeTCA annapamuoll @yHkyuell npubopa ¥ 4acTo
obo3HavyaeTcsa cUMBOJIOM E.

WTak, c MaTeMaTUIECKOUM TOYKU 3pEeHUS MPUOOP A €CTh He YTO UHOE,
KaK IPOCTO OIepaTop CBEPTKU Af = f 5= f*E.

PemeHvie ypaBHEHHUI B CBEPTKax KMMeeT, TAaKMM 00pa3oM, BecbMa
KOHKpeTHbIe IIpsAMble IPUIOXKeHUA (HapuMep, BOCCTaHOBJIEHUE Iiepe-
JAHHOTO CUTHANA f 110 IIPHHATOMY CUrHamy Af = f).

1.2. ®ypre-gBoMicTBEHHOE (CIIEKTpaJIbHOE)
omnucaHHe JUHEHHOro npubopa

HamomHMM, 9TO 4acTOTy v IEePUOAUIECKOro Ipolecca OObIYHO M3Me-
PAIOT KOTUYECTBOM IOTHBIX IIMKJIOB B €IUHULLY BpeMeHU (oauH [epi; —
3TO OZIHO TIOJIHOE KojebaHue B ceKyHAy; obo3Havaetcsa 1 Iy wiu 1 Hz).
YIyoBas Wiv KpyroBast 4acToTa w = 27TV OTIMYAETCS OT YaCTOTHI V TOJIb-
KO MHOXXUTeJIeM 27T, OTBEYAIOUINM 3a IIepeXoZ K U3MEPEHHIO B pajua-
Hax B eMHUITY BPEMEHU.

ToacunTaeM OTKIMK f IpuGopa Ha BXOAHOM curHai f =e'®’ (Tem
caMBIM, B CHITY GOpMYJBI Ditmepa e/t = cos wt +i sin wt y3HaeM OTKIHK
mpubopa U Ha MPOCTeiIIre rapMOHUYeCKIe KoJebaHus sin wt KpyroBoi
YaCTOTH ; KOMIUIEKCHBIN S3BbIK YA00€EH):

Af = f*6 = f+E = Sf(t—'v)g('r)d'r:
— Seiw(t—’r)E(T)dT — (SE(T)e—in)dT)eiwt — P(w)eiwt.

Mgl oTyumiu Kose6GaHue TOM JKe 4aCcTOThI, UYTO M Ha BXOZ€E, HO, BO3-
MOJKHO, M3MeHEHHOe 10 aMIuiuTyZe B |P(w)| pa3 u mo ¢ase Ha apry-
MeHT arg P (w) xomIutekcHoro yncia P(w).

BenuunHa P kak GYHKIMS OT ¢ HA3BIBAETCA CNEKMPANbHOL XapakK-
mepucmuxotl npubopa. CrekTpaibHas XapaKTEPUCTHKa MpHbopa, Kak
BH/HO, ABJIAETCA (C TOYHOCTBIO 0 HOPMUPYIOLIETrO MHOKUTEIA) Peos-
pasoBanueM ®ypoe E annapatroii dyrkiuu E sToro mpuGopa: P = 21E.
YenoBumesd, uto p(v) :=P(2nv) =P(w).

_ Hamomuum, 4TO B TepMUHAX YacTOT w U v npeobpasoBanne Pypbe
f u f coorBeTcTBeHHO 1 HMHTerpan Pypbe GyHkuuH f (PopMyna o6pa-
menus npeobpasoBanusa Oypre B IpOCTpaHCTBE L,) UMEIOT BUJ,

f© = §fl@e do, e few) = 5= § fOe " dt;
f) = va(v)eizmtdv, e f(v) = Sf(t)e—nmtdt
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[MockonbKy mpeobpasoanrie ®ypbe obpaTMo, 1o GyHKIHK P (Win
10 p) BoccTaHaBiIuBaeTcs GyHkys E. 3HaUWT, ceKTpanbHas XapakKTe-
PUCTHKA WU creKTpaiabHasa ¢yHkuus P (wim p) mpubopa, Tak ke Kak
U ero annapatHas GyHKIUA E, MOTHOCTBIO ONpezienseT mpubop A.

Beruncium Teneps Af, 3Has P. [Ipeacrapnas f uHTerpaniom ®ypeoe,
HaxoJuM npezcTapieHue Af B Buge uHTerpana dypoe:

FO = {f@e“do u Af@©) = fP(w)e do.

B wactHOCTH, eciu f =6, TO

E@M) =6() =A5(t) = % SP(w)ei“’tdw (= Sf(w)ei“’tdw).

1.3. ®yHKIUU U IPUOOPHI ¢ UHUTHBIM CIIEKTPOM

[TpubOpEL, ¢ KOTOPHIMU PEATbHO MIPUXOJUTCA UMETH A€JI0, MOA0GHO
ylllaM ¥ 171a3aM, CIIOCOOHBI BOCIIPUHUMATh CUTHAJ TOJIBKO B OIPeZeTéH-
HOM Juala3oHe 4acToT. [I03TOMy NpeJCTaBiIsgeTCs eCTeCTBEHHBIM 006-
paTUTh ocoboe BHUMaHHe Ha QYHKITUU U MPUOOPHI ¢ GUHUTHBIM CITEK-
TPOM.

Ecnu ciekTp (mpeo6pasoBanue Pypoe f) byukuyy f GuHUTEH (TOXK-
JIECTBEHHO paBeH HYJII0 BHE HEKOTOPOTrO KOMITaKTa), TO B €€ Ipe/CcTaB-
neHuu B Buzie unterpaia Oypbe yuacTByeT UHTErPaI, B3ATHIN TOMBKO 110
KOHEYHOMY IPOMEXYTKY:

a
oo = flwe dw.
—a
®OyHKIMY ¢ GUHUTHBIM CIEKTPOM BBHU/Y WX Ba)XKHOCTH OBUIM IIpeJ-
METOM CaMOCTOATENBHOI0 MaTeMaTU4eCKOTO UCCIeNOBaHUA.
Ecnu GyHKIMSA g TPUHAAIEKUT IPOCTPAHCTBY L, (R), To, KaK U3BeCT-
HO U3 Teopuu mpeobpaszoBanusa Pypre, GyHKIUA

fo0) = § glw)e do

TOXXe IIPUHAJIeKUT IPOCTPaHCTBY L, (R). Bosee Toro, mpuMeHuB Hepa-
BeHCTBO Komn—bByHAkoBckoro—IIllBapia, 1erko yBUzZEeThb, YTO OHa Or-
paHnYeHa Ha BeIeCTBEHHOW OCH U PacCIpOCTPaHAETCA Ha BCIO KOM-
IUIEKCHYIO IUIOCKOCTD Kak Iiesiasd GYHKLINA U IPU 3TOM

|f e +iy)| < e,

Kiacc 1esibix GyHKIME Takoro Bua Has3bIBalOT KiIaccoM BuHepa u 060-
3"avaroT W, (cm., HanipuMep, [4]).
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Teopema [Tanmu—Bunepa (Paley—Wiener) yTBepxzaet, uro f € W,
TOTZA U TOIBKO TOTZA, KOTZA 3Ta GYHKIWS ZOIYyCKAaeT IIpeCTaBIeHNe

flz) = S g(w)e*dw, Ttae g€ Ly(R).

—a

1.4. UpeansHbIl GUIBTP U ero anmnapatHas GyHKIus

Teneps o6paTUMCA K TpU60pPYy ¢ GUHUTHBIM crieKTpoM. [IpocTeiinm
YU OCHOBHBEIM IIPUMEDPOM TYT MOXET CJIYKUTb IPHUOOp, CIIeKTpabHasd
¢dyHKMA KoToporo P(w) paBHa eANHUIIE HA IPOMEXYTKE

[—a,a]l =[-9, Q]

¥ paBHA HYJIIO BHE DTOr'O ITPOMEKYTKA.

Tako#t mpubop, Kak MbI Telepb [MOHUMaeM, OyZEeT IPOIMyCKaTh 6e3
HCKaKeHUH BCe FapMOHUKHY 9acTOTHI, He 6osbieii 2 (|w| <Q=a), u He
6yaeT pearupoBaTh Ha 60jiee BHICOKKE YaCTOTHI.

Takoii mpu6OP HA3BIBAIOT PUALMPOM HUBKUX HACIIOM C 8epXHell 2pd-
HuuHotl uacmomoti ).

Haiizém anmapatHyio GYHKIMIO TaKOro GUIbBTPa HU3KUX YacTOT C
BepXHeU I'PaHUYHON 4acTOTOU a (IIOZHOPMHUPOBAHHYIO OCPEAHSIIOIINM
MHOXKUTEIEM) :

a

1 i sinat
E((0) = 52 § e“'dw = 32

—a

Ba)XHOCTB 5TOM QYHKIIUM B 2IEKTPOTEXHUKE M TEOPUU ITEpefadu UH-
dbopmaluu 1Mo KaHasy CBSI3UW MPUBEIA K TOMY, YTO MOSIBUIOCH CJIEAYIO-
1iee creruajlbHoe 0003HAYeHNe:

. sinx
sincx := ——.

HekoTopoe 06bsiCHEHHE TOTO, MIOYEMY BAPYT Ha KOHIIE TYT IOSBU-
Jack 6yKBa ¢, OyZIeT JaHO HITKE.

1.5. Teopema orcuétoB (popmyna KorenrpHukoBa—IlleHHOHA)
[IpogenaeM ciieAyrouye BHIKIAJKU CHaYaIa B Haubojiee IpoCTOM Ba-
pHaHTe, He 3aTEMHAIOUIEM JETATISAMU CyThb Aejia. MBI BO3bMEM peryIsp-
1
Hyto QyHKIHIO f ¢ QUHUTHBIM CIIEKTPOM f = 5> COCPEIOTOYCHHBIM
Ha oTpe3ke [—7, ], pasnokuM ¢ B psag Oypbe u noacyuTaeM Koadpdu-
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IOWEHTHI:

0

FO == S P dx; () = D e

c, = % _Sn Lp(x)ei”xdx = f(n).

[Moxcrasiasa B MEPBBIM MHTErpa BMeCTO GyHKINU ¢ eé psig Pypre u mpo-
BO/IS TIOWIEHHOE MHTErpUpoBaHUe (cuuTas QYyHKIUIO ¢ «XOPOLIEH»),
HaXoAUM

f(t) = Z Cn(% §TE eix(t—n) dx) —

smn(t __sinmt S =n"
—Zf() mem = w2

Tenepb BITOJTHE aHAJIOTUYHO 151 061IIeH (byHKuHH ¢ GUHUTHBIM CITEK-
TpOM

a

f) = S 0 (x)e™dx,

packiazbiBas GYHKIMIO ¢ B psf dbypbe Ha oTpeske [—a, a], HaxoAUM

hd T a s
w) = cheﬂanx, rae ¢, = Zl_a S cp(x)elanx dx = f(gn),
— o0 —a
Y IoMydaeM ciefylolee NpejcTaBleHne GyHKINN ¢ GUHUTHBIM CIIEK-
TPOM, U3BECTHOE 107, Ha3BaHueM ¢opmynsl KomenvHuko8a, Win opmy-
2ot Komenvnukosa—IlleHHOHA, WV MeOpeMbl OMCUEMO8:

f0=3( )S‘““j‘g;;).

Orta popmysna 6pu1a TomydeHa KotepHUKOBBIM B 1933 1. B pabote [1] u
mepeoTKphITa [llenHoHoM B 1949 1. B pabote [2]. Kak MHTepHONAIMOHHASA
dopmyia (crenuaabHBIA caydail GopmMyssl JlarpaHxka A 1eTbX GyHK-
1M KOHEYHOU CTEMEeHU) OHA y)Ke ObUIa M3BeCTHa MaTeMaTHuKaMm (CM.,
HanpuMmep, [4] u nuTHpyeMyIo TaM JuTepaTypy). 3aciayra KotenbHuko-
Ba U llleHHOHA COCTOUT B MHTEPIIPETALIUU 3TOU GOPMYJIEI C TOUKH 3pe-
HUA KOAVMPOBAHUA CUTHAJIA U Nlepefayd MHGOPMAaIHHU 10 KaHaTy CBA3H.

PazymeeTcs, GopMysIy MOKHO npeo6pasoBaTb U K BUAY

FO) = sinat Zf( )( 1_):1

OZIHaKO HaM ceifuac BaykHee ucxogHas Gopmysia.
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1.6. KogoBo-umMmmynbcHasa Moayasauua curHaga (KMM)

®opwmyna KorenpHrkoBa—IlleHHOHA MTOKa3bIBAET, YTO PETYIAPHBIN
curHaj ¢ QUHUTHBIM CIIEKTPOM YaCTOT, JIEXKAIINX B IPOMEXYTKe [—a,a],
MOXKET OBITh ITOJTHOCTHIO BOCCTAHOBJIEH TI0 HAOOPY €ro AUCKPETHHIX 3HA-
YeHHU, OTCYUTHIBA€MBIX C MHTEPBAIOM A = %. (Otcroza u Ha3BaHUe

«TeopeMa OTCYETOB»).

Bosee Toro, curHa BOCCTaHABIMBAETCS IIOCPEACTBOM KOMOMHAINY,
COCTaBJIEHHON M3 CABUTOB amIapaTHOU QYyHKIIUKM IPOCTEHIIEro GMib-
Tpa HU3KUX YaCTOT C BepXHel I'PaHUYHOM YacTOTOH a, T.e. 3TO elé
Y OTHOCHUTEJTHHO IPOCTO TEXHUYECKU peasnusyeMas ¢opMysia AUCKpeT-
HOTO KOAMPOBAHUs U TepeAayuu curHajia. (B mpuHuuIe, HallpuMep, Ie-
PHOAMYECKUH CUTHAJ MOXKHO 3a7aTh Koadduiinentamu ero psga ®ypee,
a aHAIUTUYECKYIO QYHKIUIO — KO3QPUIIMeHTaMU eé TeWIOpOBCKOTO
pa3JIoXKeHUsI, HO 3TO He BCErZa yAOOHO C TOYKU 3pEHUST BO3MOXXHOCTHU
anmapaTHOM peaau3aliyuu.)

OnucaHHas uzes JUCKPETHOTO KOAVPOBAHMUSA CUTHAJIA JIEXKUT B OCHO-
Be COBPeMeHHBIX ITUGPOBBIX TEXHOJIOTUH 3aMUCH, XpaHEHU, lepejadn
Y Boclipou3sBeAeHus nHpopmanyu (My3blKa, BUAEO, GUOIMOTEKH, TTOKC-
KOBBIE CHCTEMBI U T. JI.).

3aMeTHM Teleph, YTO yKa3aHHOE BHIIIE Cel[uaabHoe 0603HaUeHNEe

. sinx
sincx := ——
X
ceZlyeT UHTePIIPeTUPOBaTh KaK «CUHYC CYUTAIOIIMN»: ¢ 3/leCh OT CJI0oBa
count.

1.7. HPOHYCKHaH CIIOCOOHOCTh nacajibHOro KaHajyla CBA3HU

TeopeTuueckas pa3paboTka NMOHATHUA WHGOPMAIUM U €€ Kouude-
CTBEHHOTO OIKCaHuUsA ObUIa CTUMYIMPOBaHa OABIEHUEM B Havase XX B.
Tenerpada u pazuocssasu. Emé go nossrenus ¢opmyssl KoTerbHUKOBA
CIeMaNKUCThl HALYIIBIBAIU ITOAXOABI K PELIEHUIO 3TUX BOMPOCOB (CM.,
Hampumep, c6opHUK craTeit [3]). Tak, B yecTh HatikBucra (Nyquist)
OTCUETHBIM MHTEpBaI A = g He 6e3 OCHOBaHMH YacTo (IO-BUAUMOMY,

BcJieZi 3a [IleHHOHOM) Ha3bIBalOT UHMepsanom Haiikeucma.

3a Bpemsa A TnepefaéTcs 0JHO OTCUETHOE 3HAUYeHHEe QYHKIIUM f, T. €.
A~ — 3T0 KOMMYECTBO OTCYETHBIX 3HAYEHMIA, Tepe/laBaeMbIX B eIUHHU-
11y BpeMeHHU (CeKyHAY).

®opmyna KorenpHukoBa—IlleHHOHA, MMO-BUAMMOMY, JAE€T HAM, HE
3HAIONIMM €Il€, YTO MbI Ha3biBaeM WHpOpMAaIMel U KaK eé U3MepSTh,
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SIBHYIO CBSI3b MEX/Y LIMPHUHOM UCIIONb3yeMOU I0JIOCH YaCcTOT U CKOPO-
CTBIO Iepefadyu WHGOPMAUK N0 KaHaly cBia3u. Ho 06 aToMm MEI emmé
6yZieM TOBOPUTD HIDKE.

1.8. Ouenka pasmepHoctu TV-curHana

[IycTh, HannpuMep, kak U llleHHOH, MBI paccMaTpuBaeM TV-cursai,
uMeromuii yactory W =5 MHz (1 merarepi = 100 T'ep1) U NpoOAOIKU-
tenbHOCTh T =1 vac. [TogcunTaem, Kakoi JJUHBI JODKEH OBITh BEKTOP
OTCYETHBIX 3HAYEeHUU, OTBEYAIOUIUM TaKOMY CUTHAIY, T.€e. HahJéM KO-
snudecTBO N =T /A =2WT 0OTCUETHBIX 3HAUEHUIA:

N =2.-5MIn-14ac=2-5-10°-60% = 3,6-10'°.

OTo BekTOp B mpocTpaHcTBe RY orpomHoit pasmepHocTH. TeomeTpus
TAKOIr'0 MPOCTPAHCTBA MMeeT CBOIO crenuduky. O Hell B OCHOBHOM U
oMAET peusb B rase II.

§2. HekoTopsle aApyrue o6iacTu
MHOTOIapaMeTPUIEeCKUX SIBJI€HUN
¥ MIPOCTPAHCTB OOJIBIION pa3MePHOCTH

Jlyis TOro YTOOBI MMOHATD, YTO I[UGPOBAst 3aMUCh CKOTb-HUOYAb CII0XK-
HOT'O CUTHAJIa WIN Coo0IeHNA TpebyeT 60MBIIOro KOMIUYECTBa 3HAKOB,
KOHEYHO, He 00513aTeIbHO 3HATh BCE U3JIOXKEHHOE BHILIE, BKIOYas $Hop-
myny KotenbHukoBa—IIleHHOHA. MBI OCTaHOBWJIMCh Ha 3TOM IOAPO6-
Hee [TOTOMY, YTO 3/leCh BIIOJIHE COZep)KaTeJbHbIE BELIN MOXXHO paccKa-
3aTh, He Tpebys OT YUTaTeNs TOYTH HUKAKOM CephEé3HO IpejBapUTeb-
HO¥ noAroToBKuU. C APYyToi CTOPOHBL, 3TH CBEAEHMS AaEKO He TaK 4acTo
M3BECTHHI IIMPOKOMY KPYTy MaTeMaTHUKOB, KaK TO, YTO Mbl HaMepEeHBI
JIUIIb YIIOMSHYTh HIDKE B KaUeCTBE UHBIX U Jaxe 6oee dyHAaMEHTab-
HBIX 06J1aCTeH, T/le OMMCHIBAEMbIE BETUYUHBI U PYHKITUU OOBIYHO TOXKE
3aBUCAT OT OY€HBb OOJIBIIOTO YKCJIA TAPAMETPOB, T. €. IO CYLIECTBY TOXe
CBfA3aHBI C IPOCTPAHCTBOM OOJBUION Pa3MEePHOCTH.

2.1. MonekyasapHasa Teopusd BellecTBa

TepMoaMHAMMYecKre GYHKIUH, HAIPEMep JaBleHHe Ta3a, C TOUKU
3pEeHMA CTATHCTUYECKOH GH3MKM, a He peHOMEHOMOTHUeCKOi TepMOIH-
HAMUKH, 3aBHCAT OT OTPOMHOTO KOJIYECTBA HepeMeHHEIX. (BcrmoMHu-
Te, HampuMep, yncio Aporazpo N, =6,022-10%3 momp 1)
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YauBuTeIbHO (BO BCAKOM CJIy4ae 0 CAeJTaHHBIX HIUXKe pasbsicHe-
HUH, CBA3aHHBIX C MHOTOMEPHOM reoMeTpuel W MPUHITUIIOM KOHIEH-
TpaIUu), YTO MPHU 3TOM (TIOTOM BBICHUTCS, YTO Gyarozaps 3ToMy) 3Ha-
YeHUs 3TUX QYHKIMI MOTYT OCTaBaThCs CTAOIHHBIMU.

Huxe MBI KOCHEMCS KUHETUYECKOHN TeopUH U Jaxke paKTUIeCKH TI0-
JIy9UM 3HAMEHUTOe pacipezeneHue MakcBesia.

2.2. ®a30Boe NPOCTPAHCTBO B KjIacCUYeCKOU raMUIBTOHOBOM
MeXaHUKe

da30Boe MPOCTPAHCTBO CKOMb-HUOYAb CIOKHOU MEXaHMYECKOU CH-
CTEMEHI, KaK IIPaBWIO, MHOTOMEPHO.

MHorue QyHKIIUM, CBA3aHHBIE C CUCTEMOM, OKa3bIBAIOTCA TEM ca-
MbIM GYHKIHMAMU OYeHb OOJIBIIOTO YUCIa IeEpeMEHHBIX.

2.3. TepmoauHaMuYeckue aHcamo6au ['n66ca

O6beAUHUB WU TEPMOAVMHAMUKKA M TaMUIBTOHOBON MEXaHUKHW,
T'u66¢ (Gibbs) BHeApWI B cTaTUCTUYECKYIO GU3UKY 3aMedaTeabHyI0 Ma-
TeMaTUYeCKYI0 CTPYKTYpPY — I'aMWIBTOHOBY CHUCTeMY, HaJleIEHHYIO Me-
PO, 3BOMOLIMOHUPYIOLIEH (MHOTAA K PABHOBECHIO, YTO MHTEPECHO) 10/,
JeHCTBIEM TaMIUIBTOHOBA IIOTOKA B $a30BOM IIPOCTPAHCTBE CUCTEMBL.

Cratuctudeckas ¢usuka (paboramu BosnbiiMana) u 3agada Hbio-
TOHa TPEX W MHOrux Tesa (paboramu IlyaHkape) MHUIIMMPOBAIU IIO-
sBJIeHre U 6ypHOe pasBUTHE MaTEMaTUYeCKON TeOpUH AMHAMUYECKUX
CHUCTEM C €€ MHOTOYMCJIEHHBIMHU, Pa3HOOOPa3HBIMU M MOPOU BCE emé
OTKPHITHIMU BompocamMu. (Hampumep, Bompockl 06 onvicaHuu GpasoBBIX
[IepPeXoZ0B, TypOyJIeHTHOCTH, Xaoca.)

2.4. Teopusa BepoATHOCTeMH

U, xoHeYyHO, OosbInKe uKciaa (MCIBITaHUM), UX OCPeHSIoNee B3a-
MMOJENCTBUE, XapaKTEPUCTUKKU PEAKUX 3aMETHBIX OTKJIOHEHUN U T.II.
cocTaBaAT yHAAMEHT GUIOCOPUU TMOHATUHN U SAAPO IeJoH obmacTu
MaTeMaTUKH — TEOPUU BEPOSITHOCTEH.

Hinke MBI Ha MUT KOCHEMCS TEOPHUM BEPOSITHOCTEH, paccMaTpuUBas
B KauecTBe MpUMepa IpUMeHEeHHU U3/IaraeMbIX TeOMEeTPUYECKUX CO00-
paXeHUH ToMydeHHe BeieZ 32 [ayccoM HOPMasbHOTO paclipefieleHUs
mpu 06paboTKe MOTPENTHOCTEH HABTIOqeHUH.



I'masa II

[IpyuHIMII KOHIEHTPALIUU U €Tr0 MPOSBJIEeHU

§1. lllap u cdepa B eBKJINAOBOM IIpOCTPAHCTBe R"
npun>1

1.1. Konnentpanus o6béMa mapa mpu n— o
Paccmotpum map B"(r) paguyca r B €BKIMJOBOM MpPOCTpaHCTBe R”
60:bI0# pasmepHocTy n. ITycts Vol B™ (r) — ero o6bém. Torzaa

VolB"(r+A) _ (r+A)" (1+é)n
VolB*(r) =~ ™ B r/ -
DTO 3HAYUT, YTO €CJIH Pa3MEpPHOCTh N BEJIUKa, TO CTOUT YBEJIUUUTD

pazuyc mmapa Bcero Ha A = %r, KaK ero 00béM yBeTUIUTCS OOJbIIe YeM
BABOE.

Hanpumep, eciu B poctpasctse R1°° y apbysa paguyca 1 M Ton-
IIKMHA KOPKU 1 CM, TO TOCJIe yAaneHUs KOPKY OT ap6y3a OCTaHeTCsI MEHb-
1IIe THICAYHOM oMU ero oobéMa.

Takum obpa3oM, MoJaBAOIasd 4acTh 06béMa MHOTOMEPHOTO Ilapa
cocpeZioToYeHa B MaJOi OKPECTHOCTHU €r0 TPaHMULIBL.

1.2. TepmoaMHaAMUYECKMII Ipeze

Kak u3BecTHO, MaKcBeJUI, 3aHUMAasICh CTATUCTUYECKON GUBUKOM, TOY-
Hee KMHETUYECKOU TeopHrel, IepBBHIM HAIIEN 3aKoH (3axoH Maxceena)
pacripezieJieHUs: MOJIEKY/I JaHHOTO 06BhEMa rasa mo CKOPOCTAM U, Kak
CJIe/ICTBUE, [0 KUHETUYECKON SHEPTUH.

[TycTh B AaHHOM 00bEMeE IIPU JAHHOM TEMIIEPATYPE UMEETCS N MOJIe-
KyJI ra3a Macchl m; v; — CKOpPOCTb i-M MOJeKyIbl, a E, — cymMMapHas Ku-
HeTH4YecKad sHepruda Monekysi. C pocToM n BelnduHa E, pacTéT U UMeeT
nopagox n: E, <n.

B dopmanbpHOI 3anucy cka3aHHOE 03HAYaeT, YTO

n
%mv12+...+ %mvf =E,; Zviz = % =n
i=1

Wiy Tes cTaTUCTUYECKHE XapaKTEPUCTUKY TaKOTO aHCaMOJIA 4acTull,
Korzia n — o IIpU ycJIoBUH, uTO E, <n. IIpesenbHbIl epexos ¢ TaKUM
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YCJIOBUEM Ha3bIBAIOT MepMOOUHAMUUECKUM NpedeibHbIM Nepexodom WiIn
KODOTKO, HO MeHee TOYHO, mepmoouHamuueckum npedesnom. (TouHble
omnpeZiefieHUs U COBPEMEHHYIO MaTeMaTUYeCKyH0 TPaKTOBKY TepPMOZAU-
HaMUYECKUX TPeJesioB CM., HanpuMep, B kaure [20].)

C MaTeMaTH4yecKoi TOYKM 3peHUA Mbl UMeeM 37ech Aeyo ¢ (3n—1)-
MepHOIi chepoii B R, paguyc KOTOpoit pacTéT kak n'/? mpu n— .

B ciydae craTHCTUYeCKOTO HCCAeZOBaHHUSA 3aKOHA paclipefesieHus
HEe3aBUCUMBIX OIINOOK A; U3MepeHs IIPU BEIBO/E 3aK0oHa ['aycca cuuTa-
eM aucnepcrio D KOHeYHOH U MMeeM abCOMIOTHO ITOX0XKYI0 CUTYAIUIO:

n
%(A§+ C A =Dy D AZ=n,
i=1

ECJTH MOJEKYJIbl, KaK ¥ OIMOKU HaGIOAEHHsA, CIUTATh PABHOIPAB-
HBIMM, 2 COOTBETCTBYIOIIIE UM TOYKH cpephl paBHOMEPHO pacIpeje-
NEHHBIMH TI0 €€ TTIOBePXHOCTH, TO U CTATHUCTHKA MOJIEKYJ Ia3a, ¥ CTATH-
CTHKA OIIMOOK U3MepeHHs IPUBOJATCA K CTATHCTHKe TIpoeKuu (n — 1)-
MepHOIi cpephl Ha IPAMYIO B IPOCTPaHCTBe R IIpH 1 — o, KOTJa paju-
yc cdepr pacTéT kak n'/2.

MBI yTOUHMM CKa3aHHOE ¥ IIPOBEAEM COOTBETCTBYIOLIME BHIUMCIIE-
HUA HIDKE.

1.3. KoHueHTpanusa mwiomazau chepbl
B eBKIMZOBOM HpocTpaHcTBe R™ paccMoTpuM rumepcdepy S™1(r)
pazuyca r ¢ eHTPOM B Hauaje KoopAuHAT. BBeaém B R” chepuueckue
KOOD/ZIMHATBI, OTCYUTHIBAS YTOJ 1) OT IOJOKUTEJbHOTO HAalpaBIeHUS
KOOPAWHATHOM OCH, KOTOPYIO MbI 6yZieM 0603Ha4YaTh KaK OCh X. 3HAYUT,
) . (rz_xz)l/z x\2 1/2
x=rcosy, dx=—rsiny dy u siny = f:(l — (?) ) .
[LrouiaZib 2MeMeHTapHOro chepUYECKOro CJIOsA, OTBEYAOUIErO IPO-
MeXyTKy yrioB (Y, 1) + dap), zaércsa dopmysoit
0o (rsiny)rdiy = c,_,(rsiny)" *rdy = 5
n—o
= ¢, Isin" B prsiny dyp = ¢,_,r" (1 — (x/r)H 2 (=dx). (D)

3nech 0,,_,(0) — mwiomags (n—2)-MepHO# chephl paguyca Q, a C,_o=
=09 (1) .
[To popmysie (1) HaXoAMM Temeph IUIOIMAAb ChepUIeCKOTo CJI0s, IPO-
eKTHUpYIoIlerocs B oTpe3ok [a, b] C [—r, r] ocu x:
b n-3
o™ 2§ = /D 7 dx. 2

a
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Jlonsi, KOTOPYIO 3Ta TUIOM[AZlb COCTAB/IAET OT IUIOmAAU Beeit cdephl
S"1(r) paguyca r, paBHa

n—3
(1-(x/r? 2 dx
n—3 : (3)

1-(x/rN?» ? dx

P,[a,b] :=

IR

r

[lepexozs 3zech K TepMOAMHaAMUYECKOMY IIpefieny, KOorZa n — o,
1/2

ar=on'/%, Hol1y4uM HOpMaJbHOE paclpeaeIeHHe
b _ x2
2
Se 207 dx
a
P la,b] i= ————. @
0 _ X
2
S e 297 dx

—o0

Kak yxe OBUIO OTMEYEHO BHINIE, OHO OJHOBPEMEHHO MOSBIAETCS
U KaK pacrpezenenue [aycca B CTaTUCTUYECKOM Teopur 06paboTKu pe-
3y/IbTaTOB HaOIOAEHU (TEOPUH OIINOOK), U KaK pacupezeneHue Makc-
BeJlJIa B CTaTUCTUYECKOU ¢u3uKe (B KUHETUYECKON TEOPHUH). 34€Ch XKe
COZEPKUTCA U IleHTpajbHas INpeZenbHas TeopeMa TeOPUU BepOSATHO-
crei.

Ecnu sxe pUKCHUpOBaTh ' ¥ YCTPEMUTH N K 6€CKOHEYHOCTH, TO BEJU-
yuHa Pla, b] B popmysne (3) 6yaeT SKCIIOHEHITUATBHO OBICTPO CTPEMHUT-
cak Hymo npu 0<a<b<r.

[IpoBeséM MOATBEPKAAIOIIME 3TO BHIKIAAKH.

HamoMHUM cHavasia KJacCUYeCcKue pe3yIbTaThl OTHOCUTETHHO aCUM-
NITOTUKU UHTerpasa Jlamwiaca

F(A) = S f(x)e“(") dx.
I=[a,b]

[IycTh 06e pyHKIMU f ¥ S onpeziesieHbl U PETYIAPHBI Ha IIPOMEXKYTKE
WHTErpupoBaHus I, npuuéM PyHKIUA S BellleCTBEHHA M MMEET elUH-
CTBEHHBII abCOMIOTHBINM MaKCUMyM Ha I, KOTOPBIM JOCTUTAETCs B TOUKE
xXo€I, u f(xy) #0.

Torzma mpu A — 40 acUMITOTHKa WHTerpasa Jlaraca Takas ke, Kak
ecy ObI MHTErpaJsi ObLT pacIpOCTPAHEH TOMBKO HA CKOJIb YTOAHO Masylo
OKPECTHOCTb TOYKH X B I (3TO Tak Ha3bIBaEMBIN NPUHYUN JIOKAAUZAUUL).

[Nocsie Tako¥ JIOKaJIU3aIluK BOTIPOC CBOAUTCS K PACCMOTPEHUIO CITe-
IIHaNbHOro ciay4asd, koraa I = [xg, xo+¢e] wm/ul =[x, —¢€,xy], a € —
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CKOJIb YTOZHO MaJjioe IOMOKUTENTbHOE YUCIIO. VICIOoMb3ys Tenephb Teio-
POBCKUE Pa3JIOKeHHUsA, HAXOAUM, YTO TIPU A — o0

f(x0)
—5'(xo)

ecm xo=a u S’ (xy) #0 (3Hauwr, S’ (x,) <0, HOCKONBKY a < b);

_ 2AS(xp) 4 —1/2 1/2
F) =\ 5o a5ty (o)A (1+o), (B)

ecm xo=a, S’ (xy) =0, S”(x,) #0 (3Hauut, S” (x,) <0);

F(A) = M (1+0( D), (A)

F(O) = fx)eMEIA"12(1+0(7Y?), (©)

S//( )
ecmn a<xy<b, §'(xy) =0, S”(xy) #0 (1.e. S”(xy) <0).
CriezoBaTesNbHO, B COOTBETCTBUU ¢ popmysoit (C) mpu n — © uMmeeM

r

n n-3 =3 |e(1—(x/r)?
S(l—(x/r)z) 2 dx=Se2 g(l(/))dx~r‘/27n, (5)

-r

a B coOTBeTCTBUU ¢ popmysnion (A) mpu n — o u 6 > 0 HaX0AUM

n n-3 L B3 01— (x/r)? n-1
(a-G/m? 2 dx=e? " anrla-syT.
or or

[TosTOMYy, KakuM GBI MaJBIM HU O6bUTO & > 0, TIPU N — % MBI UMEEM

sz,
P.[6r,r] ~ J_(l 5)2~51/%e 2°

DTo 03HayaeT, 4YTO IOAABJAIONIASA YacTh IUIOLWAZAN MHOI'OMepHOM
cdeprr S cocpeoToueHa B MasIoii OKPECTHOCTH SKBAaTOPA.

YkazaHHOe 0OCTOATENBCTBO IO3BOJISIET OOBACHUTD TOT, Ka3aJI0Ch ObI,
IapaZloKCalIbHBIN GaKT, YTO BEIOpAHHbIE HAyraj ABa €IWHWYHBIX BEK-
Topa B IpocTpaHcTBe R" GOMBIION Pa3MEPHOCTH N C OYEHBb OOJBIION
BEPOATHOCTBIO OKXKYTCSA MTOYTH OPTOTOHAIBHBIMU (HaIIpuMep, BEpPOSIT-
HOCTb TOTO, YTO MX CKaJsIpPHOE IIPOU3BEAEeHUEe CKOJIb-HUOYAb 3aMETHO
OTKJIOHUTCS OT HYyJIsA, OBICTPO YOBIBAET C POCTOM BEIUYHHBI OTKJIOHE-
HUs). YTOUHUM CKa3aHHoe. Bce HampaBsieHus B IpocTpaHcTBe R" cunTa-
I0TCS paBHOIIPABHBIMU. BEeKTOPEI Maphl CaydaiiHel U He3aBUCUMEL. Eciu
OVH W3 HUX BbIOpaH, TO BTOPOH C GOJBIION BEPOATHOCTHIO OKAXKET-
¢l B OKPECTHOCTH 3KBATOpa, CONPSKEHHOTO MEPBOMY BEKTOPY, O UéM
roBoput ¢opmyna (7). OHa Ke IO3BOJIAET AATh OLEHKY BEPOSATHOCTU
OTKJIOHEHUA OT OPTOTOHAIbHOCTH.

— 0. @
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1.4. M3omepuMeTpHUYecKOe HEPAaBEHCTBO U MOYTHU MOCTOSTHCTBO
JyHkuuu Ha chepe odyeHb GOJIBIIONH pa3MepPHOCTH

OTMeTUM U OOBACHUM eIll€é OAUH He MeHee MapaZloKCAIbHBIN U 60-
Jiee TOHKUM GakKT, CBI3aHHBIH ¢ MHOTOMEPHOCTHIO.

IIycTh S™ — eauHMYHAA cdepa B €BKINZOBOM ITpocTpaHcTBe R™H1
o4yeHb OosbIION pasmepHocTH m + 1. IlycTb Ha cdepe 3azaHa AOCTa-
TOYHO peryipHasa (HalpuMep, U3 HEKOTOPOTo pUKCHPOBAHHOTO KJIacca
Jlvummuna) BelecTBeHHO3HaYHaA QYHKIINA. BepéM cirydaliHo U He3aBU-
CHMO ZIPYT OT ZpyTa Mapy Touek Ha cdepe U BEIYUCISIEM B HUX 3HAYEHUS
Hamel pyHKIUK. C 60BN BEPOATHOCTIO 3TU 3HAUYEHUS OYAYT TOYTH
O[MHAKOBBI U O/IM3KK K HEKOTOPOMY YMCITYy M.

[OTo moka emeé rumoTeTHIECKoe YUCI0 M, HaA3BIBAIOT MEOUAHHbBILM
3HaueHuem ¢yHkyuu wiun meduaroll dyHkyuu. Ero Taxke Ha3BIBAIOT
cpedHUM 3HaueHUeM PYHKUUU 8 cmblce Jlesu. MOTUBUPOBKA TEPMUHOB
BCKODE MPOSICHUTCA BMECTE C TOYHBIM ONpeAesieHneM uncia My.]

OO6BSACHUM 3TO SBJIEHUE.

BBeziémM HeKOTOpBIe 0603HAYEHUS U COTVIalIeHUs . JJorOBOpUMCS pac-
CTOSTHHE MeXJy ToukaMmu cdeprl S™ NOHUMATh B CMBICIIE €€ reoze3mnye-
CKO¥ MeTpuKku Q. Yepe3 A5 0603HAUNM §-OKPeCTHOCTh B S™ MHOXKeCTBa
A C S™. HopMmupyeM CTaHAApTHYIO Mepy chepbl, 3aMeHUB €€ paBHOMEP-
HO pacIipeZieIéEHHOM BEPOATHOCTHOM Mepoii U, T.e. u(S™) =1.

CripaBeUIUBEI CJIEYIOLIME YTBEPXKAeHUA (ZOKA3aTeNbCTBA CM. B KHU-
re [3D).

Jns mobbix 0 <a<1u d >0 cywecmsyem

min{u(Az): A C S™, u(A) =a},
u oH docmueaemcsl Ha chepuueckoil wanouxe A° mepul a.

3pece A° = B(r), rae B(r) =B(x,,r) ={x € S™: p(x,,x) <r} mu
u(B(r)) =a.

=1
Hpna—z,

Ecau noomroxcecmseo A C S maxoso, umo u(A) =1/2, mo ulAs) =
2
>1—+/m/8e /2, (ITpu n — o 31€ech 4/ 7T/8 MOXKHO 3aMeHUTh Ha 1/2.)

O603HauMM Yepe3 My TaKoe YHCIIO, /i KOTOPOTO

T. e. korjga A° — monycdepa, MmosydyaeM TaKoe CIeICTBUE.

,u{xeSm:f(x)SMf}Z% u ,u{xeSm:f(x)ZMf}Z %

Ero-To ¥ Ha3bIBalOT MeOUAHOIL WU CPeOHUM 8 cCMbicae Jlegu 3HAUEHU-
em gynkyuu f: S" —R. (Ecim My-yposenb Gynkuuu f Ha chepe umeer
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HYJIEBYIO MepY, TO Mepa Ka)k[0TO U3 YKa3aHHBIX AByX MHOXKECTBa OyZeT
B TOYHOCTY PaBHA IOJIOBUHE U-IUIOMIAAN Chephl.)

Jlemma JleBu [2], HemocpeACTBEHHO BhITeKaloL[as U3 MPUBEJAEHHOTO
BBIIIIE YTBEP)KJAEHUA U €T0 CIe[CTBUA, IJIacCUT cllefyioliee.

Ecnu feC(S™) u A={xes": fx)=M;}, mo

w(As) =z 1—+/ 7'5/26752”/2.

Iyctb Temepdb w(8) = sup{|f(x) — f(¥)]: o(x,y) < 6} —modynn
HenpepbleHocmu gyHKyuu f.

3naueHus QyHKIMU f HA MHOXeCTBe As Onmsku k M. Tounee, ecin
wr(0) <e, TO |f () — Mfl < ¢ Ha As. Takum ob6pasom, jiemma JIeBU TO-
KasbIBaeT, YTO «XOPOoliirie» GYHKIMK Ha CAMOM-TO /ieJie TTOYTH ITOCTOSTH-
HBI Ha MOYTH BCel 06/1acTy onpeeieHus S™, Koraa eé pasMepHOCTb m
OYEeHb BEJIMKA.

VHTepecHO, OAHAKO, MTOCMOTPETh Ha 3TO SBJEHUE KOHIIEHTPAIlUH,
HalpuMep, C TOYKHU 3peHUsA IPTOJUYECKUX TEOPEM MPU TEPMOAMHAMU-
YEeCKOM TpeZeIbHOM MepPEXOZie, a TAKXKE C TOUYKU 3PEHUSI BO3MOKHOCTH
reoOMeTPUYECKOT0 TONTKOBAHUSA 3aKOHA OOMBIITNX Yuces (y)Ke U HEJTUHEH-
HOTO) U TpeAeNbHbIX paclpeieleHuii TeOpUH BeposiTHOCTeH. Bechbma
KPaCHUBBI ¥ BO3MOXKHBIE QU3MUECKUe MPWIOKEHUA (CM. HapuUMep, CTa-
ThIO [24]).

1.5. KoHLleHTpanus Mepsl, IPosiBiaeHus U ¢opMaru3anus

deHOMEH KOHUeHmMpayuu Mepbl MMeeT MHOT'OYNCIeHHble IIpOosBIe-
HUA (B MHOTOMEPHOU IeOMETPHUH, TEOPUH BEPOSITHOCTEH, CTaTUCTHYe-
CKOM QU3UKe, TeOpUU TepeAady HHPOPMAIMH 110 KaHATY CBSI3U IIPU Ha-
JIUYUY TIOMEX, TEOPHUH GONMBIINX UHPOPMAI[MOHHBIX CUCTEM...). Jlaxke B
reoMeTpUHU OH IIPOsBJAeTCH, KOHEYHO, He TOJIbKO Ha pPacCMOTPEHHOM
BhIIlle MHOrOMepHO# cdepe (cM., HampuMmep, [3] u [11]). Pazymeercs,
OZHAKO, KOHLIEHTpalLUs Mephl UMeeT MeCTO He /I BceX NMPOCTPAHCTB,
byHKITUE 1 Mep.

fIBnenue cTabwiMsauuu 3HaYeHUH QYHKIMI OUYeHb MHOTHUX Iiepe-
MEHHBIX, II0-BUUMOMY, y2Ke OBUIO 3HAaKOMO TakuM ¢usmkam, kak Makc-
Besu1 ¥ bonbiimaH. CoBepIlleHHO OTYETIMBO ero oTMeuaeT JlopeHts [15].
B Teopuy BepoATHOCTEH BCsA MAEONOTHA 3aKOHOB OOJIBIINX YHCET B I'e0-
MeTPUYeCKOM aclleKTe eCThb TO JKe IposiBieHre peHOMeHa KOHILIeHTpa-
Uy Mepbl. CaM TepMUH NPUHUUN KOHUEeHMPAYUU Mepbl, €CJIU 5 He OIIN-
6atoch, B MaTeMaTUKy BBEI Burtanuii MwibMaH, KOTOPBIH jal OCHOBAH-
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HOe Ha HEM HOBOE [JOKAa3aTeThCTBO U3BECTHON TeOpeMbI JIBOPELKOTO O
TIOYTH eBKJIMZIOBBIX IMOJIPOCTPAHCTBAX B JIMHEMHBIX HOPMMPOBAHHBIX
MpocTpaHcTBax GobINoi pasmMepHocTd. CM. B 3TOMU CBA3u KHUTY [3],
KOTOpas TakKXKe COZEPKUT HanmucaHHoe M. ['poMOBBIM reoMeTpudeckoe
MIPUIOXKEHWE, BKIIOYAIOIIee U30IIEPUMETPHUYECKOE HEPABEHCTBO HA PU-
MaHOBBIX MHOroob6pasusx. Tam ke mMmeeTcsa OuGIUOrpadusa ¢ ykasa-
HUEM IePBOHNCTOYHUKOB, HampuMmep pabotsl I1.JleBu [2], rie B ABHOM
dopme chopMyIHPOBAH TPUHIMI KOHIIEHTPAIIUH. B KaKOM-TO BH7IE 3TO
siBJIeHUe oTMedal yxke u [IlyaHKkape B CBOUX JIEKIUAX 10 TEOPUU BEPOSIT-
Hoctel [1]. Celiuac TeMaTHKa, CBA3aHHAA C MIPUHIIMIIOM KOHIIEHTPaIU1
MepBHI, CTaJIa TPeAMETOM MHOTOYHMC/IEHHBIX UCCIe0BaHUM. VICTOUHUKHA
[4]—[14] — 5TO OYeHb HEMoJHAadA, HO OTHOCUTEJIbHO CBexXad OMOIIMO-
rpadus, KOTOPYIO MbI TPUBOAUM /ISl CBEJIEHUs 3aUHTEPECOBAHHOTO YH-
TaTessd.

CoBpeMeHHbIE MaTEMaTHUYECKHUE UCCIeAOBAHNSA, OTHOCAIIVECS K SIB-
JIEHWIO KOHIIEHTPAITMU MEPHI, OOBIYHO HAYMHAIOTCS C BBEIEHUS CIeNy-
FOIITHUX MCXOAHBIX 06beKTOB: (X, d, U) — MpOoCTpaHCTBO (MHOXeCTBO) X
¢ MeTpuKol d U BEPOATHOCTHON Mepoiul u. [IpeaMeT vccieZoBaHUSI —
B3aUMO/IEHiCTBe METPUKHU U Mephl. DTOMY CIYKUT CleAyiomas dyHk-
Uusl KOHUeHmMpayuu Mepbl:

1
0, (1) = @ 0,0() = sup{1—pu(4): p(A) = 7},
TJe CyIIpeMyM GepéTcs 1Mo U3MEPUMBIM MHOXKecTBaM A C X, a
A ={xeX: dx, A <r}.

[IpoBeAEHHBIE BHINIE PACCMOTPEHUS, OTHOCUBIIMECA K MHOTOMEp-
HOM cdepe, Temeph MO3BOMAIOT YUTATENIO TIOHATb CMBIC U KOHKpPETHOE
coZiep:KaHUe 3TUX, Ka3aJoch Obl, aOCTPAKTHBIX TOHATHM.

CBs3b KOHI[EHTpAIMM Mephl Ha mpocTpaHcTBe (X, d, 4) ¢ KOHIIEH-
Tpanuuel 3HauyeHUH 1-munmmiieBoi GyHKIMKU f HAa METPUYECKOM IIPO-
crpaHcTBe (X, d) OKOJIO €€ MeJMaHHOTO 3HaYeHusA M, coBceM Mpo3pad-
Ha: et A:={xeX: fSMf}, TO

A,c{xeX: f<Mp+r} u plA) <u{xeX:f<Mg+r}

[ToBTOPUB 3TO paccy:kZeHue ¢ 06paTHBEIMU 3HaKaMU HEPABEHCTBA, IPH-
XOZVIM K CJIeZIyIOIIel 3aK/II0UUTENbHON OLlEHKE:

ux € X: |f —Mg| = 1)) < 2a,().

MOJKHO TaKKe MOKa3aThb, YTO QYHKIIUA KOHIIEHTPAIIMU MephI TO3BO-
JIET /IaTh CJEAYIONIYI0 OLIEHKY BO3MOXXHOT'O OTKJIOHEHUS MeJUaHHOTO
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3Hauenusa M 1-munmmneBoit yHKuuu f oT 3HaYeHus E; e€ MaTeMaTu-

0

9eCKOTO OXMAAHUA: My — Ef| <2 S a,(t)dt.
0

§2. HekoToprbie 3ameuyaHus

2.1. PaznuyHbIe cpegHue

KaKoBO B3aMMOOTHOIIEHHE CTAHAAPTHOTO CPeIHETo 3HAUYeHHs [ QyH-
KLIWU U BBEIEHHOTIO BhILIE €€ cpeHero 3HadeHusa M £ B CMBICTIE JleBu?

Iepexoas, ecnu Hazo, Kk Gynkuuu f — My, 6e3 orpaHndeHns oOL-
HOCTH MOXXHO CYMTaTh, YTO i GyHKUMM f MeAWaHHOe 3HadeHue M
paBHo Hyi0. O603HaunM depe3 |S"| wioas (CTaHZAPTHYIO EBKIUZOBY
n-mepy) cdepsrt S”, 1 mycTh T — BepXHsSA I'paHb 3HaYeHUN QyHKINU | f |
Ha 2TO# cdepe (T.e. MaKCHUMaTbHOE 3HAYeHHE |f| B cIydae HelpephIB-
HOH QYHKIIHMM).

[TycTh € — MaJioe MOIOKUTENBHOE YUCIO0. BhIKIagKu

Ifl < 1( { Iflcodx+ Ifl(x)dx)s

STI
15 [fO)|<eT [fOA|>eT

S£T+Tﬁ S dx:(s+|51—n| S dx)T
[fOA[>eT |fG|>eT

TTOKA3BIBAIOT, UTO 3HAaYeHwUe | f| Maso B cpaBHeHHH ¢ T, €C/TH MOCTeHIIA
WHTErpal B KPyIJIbIX CKOOKax Maj B cpaBHeHud c |S"|. HbIMU cii0Ba-
MU, 3TO TaK, €CJU Iuomags obnactu D, C S", tae |f(x)| > €T, mana
B CPaBHEHWH C IUIOMAAbI0 Beel coepsl. [To yemouto My =0, mosTomy
obmacth D,p JI€KUT BHE HEKOTOPOM §-OKPEeCTHOCTH MEJUAHHOTO YPOB-
HA QYHKLINUU, OKOJIO KOTOPOTO, KaK OBLIO ITOKa3aHo, COCPeZOTOYeHA TI0-
JaBJIAIOMAsA 0/ BCell MOBEPXHOCTU chEPHI, eIy, KOHEYHO, caMa 3Ta
OKpeCTHOCTh He CIMIIKOM MajleHbKasd. BernunHa 6, XxapaKTepU3ylolas
OTHOCUTEJIbHYIO IIMPUHY 3TON OKPECTHOCTH, KaK pa3 U 3aBUCUT OT MO-
ZyJis HEPEPHIBHOCTY GYHKUNM f, CBA3BIBAIOIIErO BeJTMYUHEL € U 0.

Ecnu paccmaTtpuBaTh GyHKIIMM ¢ GUKCUPOBAHHOM KOHCTaHTOM JIUTI-
muna L Ha chepe paauyca r, To i vux T <Lr, § <L e umpun>>1
€ MaJIol OTHOCHUTEIbHOM OTPelTHOCThI0, KOHEYHO, UMeeT MeCTO PaBeH-
CTBO f =M.



62 I'maBa II. [IpMHIUI KOHIIEHTPALUMK U €T'0 NPOABJIECHU

OJHaKO ¢ POCTOM n ciaeAyeT AaTh pactu u L. Hampumep, ansa tep-
MOAWHAMUKHU TUITUYHBI TaK Ha3bIBaeMbIE CYMMAMOPHble PYHKUUU BUIA
fx)+...4+f(x,) (cymma sHepruii 4aCTHI] U T. 11.) . Y>Ke JJIA TpoCTeHIei
MvHeRHOU GyHKIMU X; + ... + X, uMeeM L = ,/n (a5 m0oKa3aTeNnbCTBA
JIOCTaTOYHO CMECTUTbCA M3 Havyajla KOOpAUHaT B TOUKy (1, ..., 1) €R™).

B MHTepecHBIX /I TEPMOJMHAMUKY CJIy4asX, KaKk MbI y>Ke OTMeva-
JIY, ECTECTBEHHO CYUTATh, YTO paguyc cheprl S™ () pacTéT BMeCTe C po-
CTOM 11, IPUYEM 7 =< /1. ECTECTBEHHO [TO3TOMY CUMUTATD TAKXKE, YTO Pas-
Max 3HauYeHMI CyMMaTOpHOUM QYHKITMU Ha Takoi cdepe OyzeT mopsiaka
L-r=4/n-y/n=n. B 3ToM ciIy4ae TOXe MOXXHO YCTAHOBUTD CIIPaBEJIN-
BOCTb OITMCAHHOTO SIBJIEHUS KOHIIEHTPAI[UU, 3TOM GOpPMBI 3aKOHA 6OJIb-
IIMX YKCEJI.

OTMeTUM B 3aKIiodeHue, 4To B R" cTaHAapTHAas eJUHUIIA 00BbEMA,
n-MepHLIi «Ky6», ¢ pPOCTOM pasMepPHOCTH N CTAHOBUTCS BCE Bojiee KpyTI-
HOI: IaMeTp N-MePHOro «Kyba» paBeH /1.

BrivicaHHBIN B TAKOH «Ky0» IIap 3aHUMaeT HIYTOXHYIO J0JII0 06bEMa
Kyba, ecnu n>> 1.

[None3Ho Takke 3aMETHTh (9TO HCIOIB3YETCS B TEOPUM KOJUPOBA-
HUS, CM. IJIaBy 3), YTO eCIW B3ATh JiBa IIapa OAWHAKOBOIO pajuyca
M PACIIONIOXKUTh MX TaK, YTO PACCTOSTHHE MEXAY IIeHTpaMU PaBHO pa-
JIUyCy, TO IIaphl GyAyT ImepeceKaThCsd, OAHAKO ecau n>> 1, To obnacTh
UX MepeceyeHus 6yeT UMeTh 00hEM, HUITOXXHO MaJIbIii IO CPaBHEHUIO
¢ 06BEMOM KaXKIOTO 13 IapOB.

2.2. MHOTOMEpPHBIH Ky0 U IPUHITUN KOHI[€HTPAaIu1

PaccMoTpuM cTaHZAapTHBIN eIMHUYHBIN n-MepHbINA 3aMKHYTHIH ITpo-
MexXyToK I" C R", KOTOpBIM jIA KPaTKOCTH TO3BOJMHUM cebe Ha3bBaTh
n-mMepHeIM Kybom. ITounctum ky6 I", Kak amejbCHH, YAAJIUB U3 HETO

o
HEKOTOPYIO 7 -OKPECTHOCTh TPAHMIIbI Kyba. OcTtaHeTcsl CHOBa Ky6, HO

ke ¢ pebpom amunbl r =1 — &. Ero o6bém r" Mai, eciu n > 1. Me
yaamui 06béM 1 —r" =1 — (1 — 6)", KOTOPHBIH COCTABIAET OCHOBHYIO
yacTh Bcero o6béMa 1 eAMHUYHOTO Kyba.

Ecir 661 MBI UMeJIU N HE3aBUCUMBIX CJIYYAHHBIX BEJIUYUH X;, IPU-
HUMAIOUINX 3HAUeHUs Ha eAMHUYHOM oTpe3ke [0, 1] u umeromux pac-
npeziesieHHsa BepoaTHocTel p;(x), KOTopble paBHOMEPHO 110 i OT/eIeHbl
OT HYyJIA, HAlpUMep eciu Bee p;(X) OAMHAKOBEL, TO C POCTOM N MOJAB-
JIAIOINAs YacTh CAYYAMHBIX TOUEK (X1, ..., X,,) €I" OKaxKeTcs B HETIOCPe-
CTBEHHOM OJIM30CTH T'PaHUILEI Kyba.
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Tako¥ MPUHIMI KOHIEHTPALMKU B COOTBETCTBYIOIIEH GOPMYIUPOB-
Ke, KOHEYHO, CIIpaBeZJIVB U /J1s1 obracTeli 06IIero THUIIA B IPOCTPAHCTBE
R" mpu n>>1.

Jlo6aBUM elé HECKOJIBKO CJIOB O MHOTOMEDHOM KyO0e.

B eBKIMZOBOM IpocTpaHcTBe R" pacCMOTPUM n-MepHBIM eIUHUY-
HBIN Ky0

= {x = (1, .., XM eR: x| < 1, i=1,2, ...,n}.

Ero o6béM paBeH 1, XoTa AuaMeTp paBeH /n. (HamoMHMM, KCTaTH,
yTO 06'bEM N-MEPHOTO IIapa paJuyca r B €BKIMA0BOM IIpocTpaHcTBe R”
BhIpakaeTcss GOpMyJIOn

o2
Vn(r) = EF(E)T‘H,
2 2
M3 KOTOPOM ciiefiyeT, UTO IVIaBHBIM WieH aCUMITOTUKH BeJIUYWHEI I, pa-
JUyca n-MepHOro Iapa eIMHUYHOr0 00bEMa MpU n — +© UMeeT BHI

T. €. 9TO BeJIMYMHA TOPsAZKA 4/N.) BysieM cuntaTh CTaHZAPTHYIO

ome’
Mepy BEPOSTHOCTHOM paBHOMEPHO pacipeeéHHON Mepoii Ha Kybe I".
[IycTs a = (a', ..., a") — eAUHUYHEIA BekTop, a x = (x!, ..., x") —

MIPOU3BOJIbHAA TOYKa Kyba I".
CripaBeZIJIMBO cilefiytolllee HepaBeHCTBO (OlleHKa BEPOATHOCTHU THUIIA
HepaBeHcTBa bepHiTeitHa):

Pn{ Zn:ax‘ } 2exp(— 6t2)

i=1

n
VHTeprpeTupys cyMmmy . a'x' Kak cKajJspHOe NpousBefieHue (a, X),
i=1
[IOHMMAEeM, YTO OHO MOKET OBITb GOJBIUIUM (TTOPSAAKA /1), eCIU BEKTOP
a HaTIPaBUTb He BJIOJIb KAKOTO-TO OHOTO pebpa Ky6a, a BAOIb TIaBHOM

AvaroHaar, CMEIIrBasA BCE KOOpAMHATHBIEC HAIIpaBJICHUA B paBHOﬁ CTe-

(-

YaeM, 4TO 00hEM n-MepHOTOo Kyba I" ¢ pocTOM n KOHIIEHTPUPYETCS B OT-
HOCUTEIBHO MaJol OKPECTHOCTH I‘I/IHepl'UIOCKOCTI/I Hpoxo,aﬂmeﬁ Yyepes

B ominuue ot ciydas mapa wiu cdepbl, Ha Kybe peryasapHas QyHK-
I[Us1 MOXKET TEPATH CBOMCTBO KOHI[EHTPAI[UY 3HAUEHUH, IOHUMAeMOe B

neHu. BasaB a = ) Ha OCHOBaHUH YKaBaHHOI/I OII€HKH 3aKJIIO-

Havyaso KOOpAUHAT OPTOTOHAIBHO BEKTOPY (
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MIPEKHEM CMBICJIE, KOTZIa BEPOATHOCTb OTKJIIOHEHUS 3HaYeHUS GYHKIUU
OT MeAVaHHOI'0 3HA4YeHUs YOBIBaJIA SKCIIOHEHINATIBHO: B3ATh XOTS OBI
byHKIMIO, 3HaUeHEe KOTOPOU B TOUKE COBIIaZAeT CO 3HAYeHUEM TIEPBOM
KOOPZAWHATHI 3TOH TOUKH. [Ipoeks mapa Ha 1r00yIo IIPsIMYI0 YCTPOeHa
OMHAKOBO, a B CIydae Kyba 3To He TaK. PABHOIIPAaBHOCTh BXOXKAEHUS
KOOD/ZIMHAT TOYKH Kyba B QYHKIIHIO, OIIpeIeIEHHYI0 Ha Ky0e, TOCTUTaeT-
¢ KaK pa3 Torza, Korza GpyHKuus GaKTHIECKU 3aBUCUT TOJIBKO OT IIPO-
eKIIMY TOYKU Ha ITIaBHYIO AUaroHanb (OJHY M3 pPaBHOIPABHBIX [TIAaBHBIX
nuaroHasned) kyba. FiMeHHO Takue QYHKIMH OOBIYHO WHTEDPECHBI NMPU
paccMOTpeHUU GOJBIINX CUCTEM PAaBHOIPABHBIX IEPEMEHHBIX (YaCTHII
B TepMOAMHAMUKe WIN CIy4alHbIX BEeJIMYHUH B TEOPUU BEpOSATHOCTEl).
Jlns Takux GyHKUMI Ha Kybe
I":= {x = (., eRY: x| < %, i=12,..., n},

KaK MBI BUJIIM, TOXXe OyZeT AeiicTBOBATh MPUHIINII KOHI[EHTPALMY 3Ha-
yeHuH. TUIMYHBIM OKaXKETCs 3HAUEHUeE B LIeHTpe Kyba.

[Tpu uccieZOBaHUM KOHIEHTPALUY 3HAYEHUH JIUIIIHUIEBBIX QYHK-
Ui Ha KyOe TOJIe3HO UMETh B BUAY CJIeAyIollee 0OCTOSATENbCTBO: Ka-
Kue OBl [Ba MHOXXeCTBA B Kybe I" HU B3ATh, €CJIU UX 0OBEMBI OOIbIIIE
HEKOTOPOU BEJIMYUHBI £, TO PACCTOSAHUE MEXIY HUMH He MPEBOCXOAUT
BesuuuHbl d(€), 3aBUCAIIENH TOMBKO OT €, HO He OT pa3sMepHOCTH Kyba.
HeTpuBHAaNIbHOCTD YTBEPKIEHUA B TOM, YTO IIPU STOM JUaMeTp Kyba /n
MOXKET OBITh CKOJIb YTOAHO 60bIIMM. TO )K€, KOHEUHO, OTHOCUTCA U K
1rapy eIMHUYHOTO 06bEMa.

Mgl BuZiesi Ha mpuMepe chephl, YTO TUITHUYHbIE 3HAUeHUsT GYHKIIMU
JieXXar BOIM3W 3HAUYeHWs], KOTOpoe ObLUIO HAa3BAHO MeAUAHHBIM. Boib-
IIYIO POJIb TYT UT'pajia reoMeTpust chephl U pABHOMEPHOCTH paciipeserie-
HUA Mepsl. [l obacTel, MOMyYeHHBIX MaJIbIM [IaZKUM BO3MYyIleHUEeM
cdepsl, IPUHITUIT OCTAETCA, HO AJIA GONbIIUX AehopManuii chepbl WiIn
MepHI, KOHEYHO, B MIpeXkHel GpopMe OH He UMeEET MeCTa.

EcTb Ji1 ero pasymHOe 06061eHNEe, B KOTOPOM POCT Pa3MepHOCTHU
B KOHIIe KOHIIOB BCE K€ OKA3bIBAETCS ONpeAeIAIoIUM GaKTOpoM?

(Hampumep, 11060€e JOCTATOYHO MHOTOMEDPHOE BBHIITYKJIOE TEJIO [IO-
MyCKaeT MOYTH cepuvecKre cedeHUs pacTyiieil pasMepHOCTH, U 3TO
«IIOYTH» TeM JIydllle, YeM OOJIbllle UCXOAHAS Pa3MepHOCTb.)

2.3. IIpuHIUI KOHIEHTPAI[UH, TEPMOANHAMHUKA, SPTOAUIHOCTh

Bce oCHOBHBIE TepMOAWHAMHYECKUEe (QYHKIMHM (HAlpUMeED, JAaBie-
HUe), KOTOpbIe C TOYKU 3PeHUs CTATUCTUIECKON QU3UKU SBIAIOTCSA THU-
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MUYHBIMU 3HAaYEHUAMY QYHKIUN, 3aBUCAIINX OT OIPOMHOTO YHCJIa Tie-
peMeHHBIX ((a30BBIX KOOPAVHAT OTAETHHBIX MOJIEKYI), IOBCEJHEBHO
JEMOHCTPHUPYIOT HaM 3aKOHBI OOJIBIINX YUCET U TPUHIIMITH KOHI[EHTPA-
IUN.

Bonee Toro, eciu 3BOMIOLMIO COCTOSIHUS TepMOAWHAMUYECKOU CH-
CTEMEI MBI pacCCMaTpUBaeM KaK ABIKEHUE TOUKHY 110 IIOBEPXHOCTU YPOB-
HA SHEPTUU WIX B OYeHb MHOTOMEPHOM 06/1aCTH, OTPaHUYEHHOM TaKoi
MTOBEPXHOCTHIO, TO B CHIY NMPUHIUIIA KOHIEHTPAIUX OGONBIIYIO YacThb
BpeMeHH TOUYKa OyzZeT HaXOAUThCSA B 06/1aCTH MeAaHHBIX 3HAYeHU JIT0-
6011 1OCTaTOYHO PETY/IAPHON QYHKIINY, 3aJlaHHOM Ha 5TOH TOBEPXHOCTH
WM B OrPaHUYEHHOH elo obyacTy npocTpaHcTBa. [Ipy 3ToM mpakTude-
CKU BCE paBHO, CYMTATh JIM 3HAUYEHUE CPEAHUM II0 TIOBEPXHOCTHU WIU IO
OTpaHUYeHHOH el0 00IaCTH IPOCTPAHCTBA.

[TycTh ABWXKEHUE TPOUCXOAUT B 06JIACTH MHOTOMepPHOTro ($Ha30BOro
mpocTpaHcTBa R", ompezensemoii yciaoBueM H < E (rae H — raMmuib-
ToHMAH cucreMsel). ObmacTe yxxke He map. Ciaol Mexzay ypoBHAMH H
u H + A yxe uMmeeT HepaBHOMepHyI0 Tomuuy: A/|VH|. [Ipu como-
CTaBJIEHUH CPeJHUX IO 06JIaCTH U CPeJHUX II0 TIOBEPXHOCTU 3TO CJIeAy-
eT y4ecTb. EC/IM Tpy MHTETpUPOBAHUU IO OOJACTH B KaueCTBE OJHOM
13 IepeMeHHbIX MHTerPUPOBAHNA GUIypHUpPYeT KPUBOIMHEHHAs KOop-
auHata H, To Ha MOBepXHOCTHM paBHOMepHas CTaHAapTHas Mepa do
3amenuTca Ha do /|VH|.

B cwry Teopembl JINyBWIISA 5TO UHBapUAHTHAsA Mepa COOTBETCTBYIO-
et cucrembl laMuibToHa (MUKpOKaHOHUYECKast 1o ['166cy).

Onnako ¢yukimio |VH| Toxke MOXKHO OBl CYMTATh IIOYTH IIOCTOSH-
HOW, ecyii ypoBeHb H = E moxox Ha cdepy.

Oproauyeckas rUIOTe3a CTATUCTUYECKON MeXaHUKH, KaK U3BECTHO,
nuzét ot BospIiMaHa 1 cBA3aHa ¢ AByMs criocobaMu HabimogeHus (U3Me-
peHus) BeIUYuH: 6paTh cpeZiHee 3HAUeHUE BEJTMYUHBI TI0 BCEH COBOKYII-
HOCTU OJHOTUITHBIX OOBEKTOB WIK CJIEJUTH 3a CAyYaliHO BbIOpaHHBIM
TUIIMYHBIM 00beKTOM U 6paTh cpeiHee 10 BpEMEHU OT 3HAYEHUS dTOH
BEJIMYUHBI BOJIb TPAEKTOPUH ITOTO OO'BEKTA.

ZlOBOTIBHO CKOPO OBLIO IIOHATO, YTO JJI BEIBOZIOB TEOPHH CTOJIb CHIIb-
HOe TpeAINoNoXKeHre, KaK ProUYHOCTb AMHAMUYECKON CHUCTEMBI, CO-
BCeEM He 00s13aTenbHO. BaKHA TOMHKO KOHILIEHTPAIUA MepEl, CBI3aHHAA
C TEM, YTO TUIIMYHEIE CUCTEMBI CTATUCTHUIECKON TEPMOANHAMUKHU COZEP-
’KaT OYeHb MHOT0 YacTHull (0O4eHb MHOTOMepHBI). JIOpeHI] 3TO OTMedaeT
COBEPIIEHHO SIBHO: «MaKCUMyMbI K€ BEPOSITHOCTH, BXOZSIIVE B TEOPUH,
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KOTOPBIMHU MBI 3aHUMaeMcsl, Ype3BbIYaiiHO OCTpbI». (CM. iekiuu JIopeH-
1a «CTaTucTU4eckre TeOpUH B TepMOJVHaMUKe», YKa3aHHbIe B CIIHCKe
JIUTepaTyphl.) 3TO U 3HAYUT, YTO IVIOTHOCTU pacIpesiesieHUs BEPOATHO-
CTU COCTOSTHUH CUCTEeMBI Y 3HAUYEHUH HaOJI0[aeMbIX BEIMIUH O9eHb KOH-
LEHTPUPOBAHEI, TO3TOMY MBI TIOTy4aeM CTaGMIbHbIE 3HAYEHUSI U3MePsI-
eMBbIX GYHKITIH COCTOSHIS CUCTEMBIL, XOTS B OT/INYKe OT GeHOMEHOJIOTH-
YeCKOM TepMOAWHAMUKU, CTATUCTUYECKAT MeEXaHUKA He UCKITIOUaeT 60JIb-
IINX YKJIOHEHUM, YKa3bIBasA OZHOBPEMEHHO MAJIOCTh UX BEPOATHOCTH.

2.4. IIpuHIUII KOHIIeHTPaLMU U IIpeZebHble pacipejeleHus

[TpUHITUTT KOHI[EHTPAIIMN — 3TO T€OMETPUUIECKUM aHaIor, BO3MOX-
HO Y HEJIMHEMHBIN, 3aK0HA OOJIbIIKMX YKcesl. [TocieHNH B KIacCUYeCKON
TEOPHUU BEPOSATHOCTEN OOBIYHO OTHOCUTCS K JUHEHHOM KOMOWHAIUN
CJIyYaiHBIX BEJIMYWH, HATIPUMED K UX CyMME.

[IpenenbHbBIE TEOPEMBI TEOPUU BEPOATHOCTEL YCTaHABINBAIOT 3aKOH
GOJBINNX YKCEN, a TAKXKE TIpe/leIbHbIE 3aKOHBI pacIpeesieHrs BEPOSIT-
HOCTel.

Beliite, paccMaTpuBasi IPUHIUIT KOHIIEHTPAITUY Ha IIpUMepe IUTola-
J1i MHOTOMepHOi cdephl S™(r) C R™!| MBI 3a0HO IOMyYMIN U Tpejenb-
HBIH 3aKOH pacIipeie/ieHUsI 9TOMH IUIOIA1, KOT/a pa3MePHOCTh n chephl
U eé paauyc r = /N HeorpaHU4eHHO pacTyT. [loaydaeMeIii 34eCh Pesyiib-
TaT COOTBETCTBYET IIEHTPaIbHOM MpeeIbHOM TeopeMe TEOPUH BEPOSIT-
HOCTEH.

Il Bo3aMyIEHHOM cdephbl, KaK Mbl TOJIHKO YTO OTMETHIU, I0-BHU-
JVMOMY, TOXeE AeHCTBYeT MPHUHIIUI KOHIIEHTPAIHUM, TIOSTOMY JOJKHEI
OBITb U TIpeJebHbIE pacIpeaeeHus, KOTOPbIE, B YaCTHOCTH, JOIKHBI
COOTBETCTBOBAThH PA3IMYHBIM M3BECTHBIM BapHaHTaM IeHTPaIbHOM mpe-
JIeTbHOU TEOPEMBI.

DTO 3a0[JHO MOXKET JaTh HEKOTOPYIO aZieKBaTHYIO (pOPMYIHPOBKY
U TIOATBEPXKJEHUE OOIIEro CY)KAEHUS O TOM, YTO €CJU Ha OOJBIIyIO
CHCTEMY HaKJIaJbIBA€TCs KaKoe-TO IIobajbHOe orpaHuyeHue (Hampu-
Mep, OrpaHUYeHHe TIOTHONM SHEPTUH), TO 3TO B ONMPEAETEHHOM CMBICIIE
MIPEAOIPEAETUT €€ MUKPOCKOITMYECKYIO BEPOATHOCTHYIO CTPYKTYPY.

[Ipexzie 4eM NEPEUTH K CIeAyIolel IIaBe, OTMETHUM, YTO Pa3ind-
HbIe aCITeKThI 0OCY)KAABIIUXCA 3/IeCh BOTIPOCOB SBHO WJIM HESIBHO IIPU-
CYTCTBYIOT BO MHOTHX MCCJIEI0BaHHUAX, OBITh MOXKET, GOpManbHO OTHO-
CAIMXCS K Pa3HbIM 0061acTIM MaTEMAaTUKU WIK €€ MPUIoKeHusAM. CM.
B 9TOU CBsI3U, HAIPUMeP, KHUTH U cTaThu [1—3,15—24].



I'masa III

CB43b IIp1 HAJINIUH ITIOMEX

§1. /luckpeTHasa 3anuch HENPEPHIBHOTO
CUTrHaJIa — KOHKpeTHU3auus

1.1. DHepruda u cpeAHAd MOLIHOCTB CUTHAJIa

HamomHuuMm, uyto Teopema oTcuéToB (popmyna KorerbHUKOBA)

hd in2nWit— -
© \sin2mw(e- o)
Fo =3 () 22 ) w
2w ZTEW(t - L)
o 2W
BOCCTaHaBJIWBaeT curHai — GpyHKiumw f €L, (R) ¢ QUHUTHBIM CIIEKTPOM
4acToT v, He mpeBbimatonux W I'epiy, — 10 COBOKYITHOCTU OTCYETHBIX

3HaueHuH f(t;) B TOUKax t, =kA, rae A= ﬁ — OTCYETHBIA UHTEPBAJ
BpemeHU (uHTepBan HalikBucTa), 3aBucAmuii ot W.

YeM IIMpe MOJOCA YACTOT, TEM CJIOKHEE MOXKET OBITb QYHKIMS f,
TeM Yallle HaZlo 6paTh OTCUYETH A €€ afleKBaTHOTO AMCKPETHOTO KO-
JAVIDOBAHUS U BOCCTAHOBJIEHHUsI, HO 3aTO TeM Oosblile HHPOPMAIU OHA
(T. e. TakoOM cUTHAJI) MOXKET HECTHU. .

bazoBoii B pasnoxeHuu (1) sApngerca QyHKIUA sinct = s1_nt, KOTO-

t
pad, Kak MbI y>ke 3HaeM, UMeeT IIOCTOSIHHBIHN CIIeKTp, paBHBIN 1, Ha eau-
HUYHOM IIPOMEXYTKE YacTOT U ABJAETCA allapaTHOM GyHKUMeH uze-
aympHOro GUIBTPA HU3KUX YaCTOT C €MHUYHOH MOJIOCOH MPOITYyCKAHUA.
Takum o6pa3oM, GyHKIMS OTCIETOB Sinc peanusyeTcs KaK OTBET TAKOTO
¢bwibpTpa Ha eIVHUYIHBIN UMITY/IbC, OCYLIECTBIEHHEIA B MOMEHT t = 0.
CooTBeTCcTBeHHO PYHKITUA

. k
sin2nW(t— ==
e, (t) = sinc 27rW(t— %) = ékzw)
ZTEW(I'— ﬁ)
y 1 . T
— i <v<
nmeet crekTp €, (v) W exp( kav) B nosoce 4actor 0 <v < W

(Ivlsw).
W3 opToroHaabHOCTH GYHKIUM €, Ha mpoMexyTke [—W, W] (wiu
JM060M MpoMexyTKe AauHbI 2W) u paBeHcTBa [TapceBass A mpeobpa-
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30BaHUA ch‘pbe MOXHO 3aKJIFOYUTDh, YTO CaMU (I)YHKI_[I/II/I €, OPTOr'OHaJIb-

HEI B TIpOCTpaHcTBe L, (R), mpuuém ||e; || = 2%/\/

0

3Ha4YUT U3 PaBE€HCTBa f = Z Xj€ MOXXHO 3aK/JIIOYUTD, 9YTO
— 00

2 _ 1 2
FI? = 5 D 2,

Ha mpakTuke curHas f MMeeT HEKOTOPYIO KOHEUHYIO IIPOZAOJDKU-
TenbHOCTh T, T. €. f(t) =0 BHe orpe3ka 0 <t < T. DTo yCIOBUE HECOBME-
CTHMO C ycjaoBHeM GUHHUTHOCTH ciieKTpa ¢yHKIuU f. OZHAKO MOXKHO
cuMTaTh, 4YTO 3HavueHud f(t) GyHKUIMM Majbl BHe oTpe3ka [0, T] u oT-
CUETHBIE 3HAUeHUS QYHKIIUM BHE 3TOTO OTPE3Ka MOJAraloTcs paBHBIMU
HYJIIO.

0 2WT
Torza paBeHCTBO f = Zxkek 3aMeHUTCS Ha f(t) = Z xiex(t), rae
—o k=1
te [O T] Xk—f(kA) A_m

Takoli curHan f 3amuchiBaeTcss BEKTOPOM X = (X1, ..., X,,) € R" ero
OTCYETHBIX 3HAYEeHUU, U 1Ipu 3ToM n =2WT.
[Tpu Tex ke yCI0BUAX paBeHCTBO [lapceBasa

§ F20de =" xell? = 50 > x?

3aMEHHTCA Ha paBEHCTBO

T n n
2 _ 2 2 _ 1 2 _ 1 2
\fiode = Zxknekn = ZWZX" = 7l

VHTerpas 37ech, C TOYHOCTHIO 10 KOHKPETHOT'O pa3MEPHOTO MHOXKHUTE-
s, faéT sHepruio (paboty) curHana f (Hampumep, Korzaa f peaausyet-
¢ TIepenajoM HampsKeHUs Ha eAMHUYHOM COTPOTUBJIEHUU). 3HAYUUT,
CpeAHss MOIHOCTD P curHaia f Ha BpeMeHHOM npoMekyTke [0, T] ecTb

P=31 sz(t)dt = s ? = Ljx 2.

TakuM 06pasoM, ||x||>=nP =2WTP, 1 MOXHO UHTepPIIPeTUPOBaTh P Kak
CPeZHIOI0 MOIIHOCTh, KOTOPAs MPUXOAUTCSA HA OAHY KOOPAUHATY BEKTO-
pa X, T.e. Ha OZHO OTCYETHOE 3HAYEHHE CUTHAJA f.

CurHass! f npopomkuTeabHOCTU T ¢ GUHUTHBIM CIIEKTPOM B ITOJIO-
ce yacToT W, cpeZiHsisi MOIHOCTh KOTOPBIX He Gosblie P, B BEKTOPHOM
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IpeACTaBlIeHuu X = (Xy, ..., X,) OKa3BIBAIOTCS, TAKUM 0Opa3oM, pacIo-
JIOXKEHHBIMU BHyTpH Itapa B(o, r) = B(r) C R" paguyca r = +/2WTP =
= +/nP c LeHTPOM B Hayajle KOODJAWHAT €BKIN/0BA MPOCTpaHCTBA R"
pasmepHocTU n=2WT.

1.2. KBaHTOBaHUeE 110 YPOBHAM

V3MepeHMe OTCYETHOTO 3HAYEHUA CUTHAJA f ITPOU3BOAUTCA C HEKO-
TOPO¥ IOPOTOBOM (TIpeZeTbHOM) TOYHOCTRIO €. Ecyin amMIutuTyza 1o60-
ro nepezaBaeMoro curuaia He 6onpiie A (T.e. |f|(t) <Aupute [0, T]),
TO, pa3ZieuB oTpe3ok [—A, A] paBHOMepHOU ceTKoi Touyek (ypoBHeil)
C IIIaroM &, MbI B KadecTBe f(t) 6yzem 6paTh OMMKAUIIYIO K 3HAYEHUIO
f(t) Touky aTOl ceTku. 3HaueHUA f(t) OKa3bIBAIOTCA NMPOKBAHTOBAH-

2A
HBIMHU I10 YPOBHAM, KOJIMYECTBO KOTOPBIX QA = T (C‘{I/ITaeM a 1IeJIbIM

u 66mpmuM 1). OTBevaronee curHany f cIoBo X = (Xy, ..., X,), COCTOSI-
mee 13 n 6YKB X, 6yZeT 3anMcaHo B andaBuTe, UMEIOIIEM O PA3IHYHBIX
6yKB. Bcero umeercs @ TaKuX pasjIudHBIX CI0OB X. Ecmu n=2WT,a W
u T — 6osbllie Yucia, TO YUCI0 o' OFPOMHO.

1.3. VgeanbHbII MHOTOYPOBHEBBIN KaHaJ CBA3U

TIpu 5THX yca0BUAX 3a BpeMaA T MoxHo pasauuutb M = a?"T (1 He
6osiee) pa3JIUYHBIX CUTHANOB f ~ X = (Xq,...,X,), T.€. YKa3aTh OAWH
ompeeNIEHHBIN CUTHAJ/CJIOBO/co0bIieHe U3 M BO3MOXKHBIX.

JlBonuHas samuchk x° = (x9, ..., x2), pasnuyatomasn M 06beKTOB, Tpe-
6yer m =log, M cumBosnoB 0,1 (cumtaem m nenpiM). VHbOpMaIuio
0 3HAYE€HUU OYEPEJHOM KOOPAWHATHI ABOMYHOTO BeKTOpa (ecau Koop-
[AVHATEL PAaBHOIIPABHEI, a UX BO3MOXKHEIe 3HaueHus 0, 1 paBHOBepoOAT-
HbI) IPUHUMAIOT 32 JJIEMEHTaPHYIO eANHUITY UHGOPMAIIUU U HAa3bIBAIOT
6um. Eciix MBI MomTu ObI 6€3 KaKMX-THO0 OIMIMOOK TONTydYaTh U Mepesa-
BaTh BEKTOPHI (C/I0BA), KOAUPYIOIKe Hati M cooOmieH i, TO 3a BpeMs T
MbI MOIVIM ObI pa3iuduTh M 0OBEKTOB (CUTHAJIOB, coobIineHuit). CKo-
POCTb nepegayu nHdopmaluu (0 BbIbope oHOTO M3 M BO3MOXKHBIX 00'b-
€KTOB) TI0 TAKOMY U/ieaIbHOMY KaHaly CBA3U (U IPU TaKOH KOAUPOBKE),

M3MepeHHas B 6UTax B CeKyHAY, Obla ObI paBHA % log, M =2W log, a.

1.4. Tlomexwu (OesIblii IyM)

Byzem Tenepsr paboTaTh ¢ BeKTOpamu X = (Xq, ..., X,) € R". 31ech
n=2WT > 1, u M 3HaeM, uTo ||x||*> = 2WTP =nP, rae P — cpeguas
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MOIIHOCTb Ha OJHY KOOPAWHATY BEKTOpa X, T.€. CPeAHAA MOIIHOCTHb
COOTBETCTBYIOIETO X CUTHAjA f.

JomycTuM, Kak 9TO Ha caMOM Jejie U ObIBaeT, YTO B KaHa/e CBI3U
nMerorcs nomexu. OHU MOPOAAT BeKTop momex & = (&, ...,5,) €R”,
¥ Ha IPUEMHOM KOHIle KaHaJla CBA3U BMECTO BEKTOpA X OyZET MOMydeH
CMeIEHHBIN BEKTOP X + &. TakuM 06pa3oM, OKOJIO KaXKA0H TOUKU x € R"
BO3HHUKaeT 06acTh HeonpeaenéHHocTu U (x), B TOYKHU KOTOPOI IIOMeXH
MOT'YT CMECTUTB X.

[Tomexu MOTYT OBITb Pa3HOM NPUPOABI U B COOTBETCTBUU C ITUM
MOT'YT UMeTb pa3Hble XapaKTEePUCTUKU. ByZeM cuuTaTh, YTO y HAC IO-
Mexa coydaiiHa, He 3aBUCUT OT X U SBJSETCA OeNbiM (TEIUIOBBIM) Y-
MOM, T.e. BekTop £ € R" ciydaeH, a ero KOOpAUHATH — He3aBHUCHUMEIE
CJTyJaiiHbBle BeJIMYUHBI, OZWHAKOBO PacHpe/eéHHbIe 10 HOPMaTbHOMY
rayccoBCKOMY 3aKOHY (C HyJIEBBIM MaTeMaTUYeCKUM OXXHUAAHUEM U JVC-
repcuent a?). [Tycts N — cpepnssa (Ha OTCUETHOE 3HAUYEHNE) MOIIHOCTD
nomexu. Torza ||€||> =nN = 2WTN (3zech o6o3HaueHHe N OT cjIOBa
noise, B To BpeMs Kak P Ipousonuio ot power) u v/ N = 0 — cTaHaapr-
HOe OTKJIOHEHUE OT HyJIf CIy4alfHOro 3HaUYeHUs KaXKA0HM U3 KOOpAUHAT
BekTopa &. Kak u npexze, Ml cantaeM, 410 2WT =n> 1.

§2. IIponryckHas crOCOOHOCTh KaHaJIa CBSI3U C LIIyMOM

2.1. I'py6ast olleHKa NMPOITyCKHOM CITIOCOGHOCTH
KaHaJa ¢ LIyMOM

CoBMecTHas CpeJiHAs MOITHOCTb CUTHaJIa U IiiyMa He 6osbiie P+ N,
[I03TOMY KOODAMHATHI BEKTOpA X + & 10 MOZYMIIO B CpeZiHEM He JOJDK-
HBI IIpeBOCX0oAUTh v P+ N U OH JOJDKeH JiekaTh BHYTPH IlIapa pajguhyca
v/n(P+N).

[TocKoMbKy OXXKHUZaeMoe cMellleHWe KaXJOoW M3 KOOpAMHaT BeKTopa
(coobrrenus) x moj AekicTBreM momexu (6esoro myma) UMeeT OPSI0K
0 = +/N, 4HCJI0 XOPOILIO Pa3TMYMMBIX HA MIPHEMHOM KOHIIE 3HaYeHUH

Ka)X/I0f U3 KOOPAMHAT MPOMOPIMOHAIBHO 4/ %. Koaddunuenr mpo-
MOPIMOHATBHOCTH k 3aBHUCUT OT TOTO, KaK MCTOJKOBBIBAETCA TEPMUH
«XOPOIIIO Pa3IUYUMBbIN». ECu TpebyeTcs yIydIluTh paspelleHue, To k
HaJ0 YMEHbIIUTb.

3a Bpema T umeercsa n=2WT He3aBUCHUMBIX 3Ha4YeHUN (OTCYETOB)
KOOpZVHAT, II03TOMY IIOJTHOe YKCI0 K pa3jIuYMMBIX CHUTHAIOB Oyzer



§ 2. [IpomyckHas CIIOCOOHOCTh KaHala CBA3H C IIyMOM 71

2WT
(k‘/ #) . Yucrno log, K IBOMYHBIX eUHUII, KOTOPBIE MOXHO IIe-

peznath 3a Bpems T, 6yzieT, Takum 06pa3oM, cocTasiats WT log, k2 %.
P+N

N OGUT B CEKYHAY.

3HauMT, CKOpOCTh Nepeaauu Gyzet W log, k2

2.2. TeomeTpusa curHajga u NnoOMexu

Tenepp HammOMHUM cJeAyioriee. Ha BekTop x € R" HakIaAbIBaeTCsA
moMexa & € R" B Buge 6ejoro myma. DTO O3HA4aeT, YTO JaH BEKTOP
x € R™ ¥ He 3aBUCAIIMH OT X CIyYalHbBIN, UMEIOIINN paBHOMEPHOE pac-
IpeZieJieHUe 10 HalpapjJeHUAM B mpocTtpadcTBe R" BekTop § € R™. Pas-
MEepHOCTh n mpocTpaHcTBa R" orpomHa. Torzia U3 MpUHITUIIA KOHIIEH-
TpaIuy, KOTOPBIA MBI 00CY:Kany B miaBe II, ciefyeT, 94TO ¢ HUYTOXHO
MaJIoi BEpOATHOCTBIO OIIUOKY BEKTOP & GyAET MOUTH OPTOTOHAIEH BEK-
TOpy X (T.e. CKaJIApHOE MPOU3BeeHNEe 1 KOPPEJAIUIO BEKTOPOB X U &
cIefyeT CYUTaTh paBHBIMU HYJIO).

Jlo6aBUM K 3TOMY, YTO B CHJIy KOHIIEHTPALIY OCHOBHOM YacTy 00b-
éMa MHOTOMEPHOTO IIapa B MaJIOM OKPECTHOCTH ero I'PaHUYHON chepsl
MOXXHO CYWTaTh, YTO €CIU caydaliHas ToukKa JIeXKUT B TaKOM liIape, To,
CKOpee BCero, OHa paclojIoKeHa IIOYTH Ha ero rpaHulle.

Urak, B Hamleil curyauuu, koraa n =2WT > 1, uMeeM OCHOBaHUeE
CYUTATh, YTO

x> =nP, |I€I*=nN, [x+&l*=nP+N).

O6actu HeonpezenénHocTy U (X)), BO3HUKAIOIIME Ha IPUEMHOM KOH-
I1e OKOJIO KaXKJOM TOUKH x € R" B pesyibTaTe [eiicTBUS IOMEXH, B Ha-
IIeM cIydae cleflyeT CIMTaTh mapaMu B(x, r) paguyca r = /no = +/nN.

CKOJIbKO TIPY TaKHX YCJIOBUAX MMEETCS Pa3IHYMMBIX CUTHAJIOB X,
nexamux B mape B(o, vnP)? TIoHATHO, 94TO He Go/ee YeM OTHOLIEHHE
o6béma mapa B(o, 4/n(P+N)) k 06béMy mapa pazuyca v/nN. Takum
ob6pasom, A1 urciaa M pasIuIMMBbIX CUTHAIOB UMEEM OLIEHKY CBEPXY

s (VIR = (5" @

OTKyZza A ckopoctu C nepezadu MHOGOPMAIUHY [TOTy4aeM OLeHKY

log, M P+N

_ _ P
C =222 <wilog, ZEN = wiog,(1+£). (3)

TYT CTOUT ITPUOCTAaHOBUTLCA U CAE/IATh CJIEAYIOLIEE 3aMedaHue. Eciu

HOIBITaThCA B map pazauyca 4/ n(P+ N) ymakoBaTb Kak MOXHO 0OJb-
Ile mWapoB paguyca v nN ¢ Bpoze OblI IpeAIIosaraeMbeIM YCJIOBUEM, YTO
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BKJIaZIBIBa€MBIE LIAPHI ABIAIOTCA KaK ObI )KECTKUMHU U He ITepeceKaroTcs,
a MOT'YT JIUIIb IPUMBIKATD APYT K ApyTy, TO npu n=2WT > 1 Konuye-
CTBO TaKHUX IIApPOB OyZeT KaTacTpoduiecKu Maid 1Mo CPaBHEHUIO C YKa-
3aHHBIM BBIIIE OTHOIIEHHEM 00BhEMOB. TeopeMma IlleHHOHA (CM. HUXKE),
K ZI0Ka3aTeJbCTBY KOTOPOM MBI TEMEPh BCE MOATOTOBWIH, YTBEPIKIAET,
YTO, TEM He MeHee, IIPU JOCTAaTOYHO OOMBIIKNX BpeMeHax T MOXHO J0-
GUTHCS CKOPOCTH TIEpeZiaud, CKOJIb YTOAHO OGJIM3KOM K YKa3aHHOM Bepx-
Heli OlleHKe BeJUYUHBI C, UMes IIPU 3TOM CKOJb YTOAHO MaJIyIO BEPOAT-
HOCTH OLITMOKY MPU Mepe/iavye COOOIIEeHHIA.

VIMEHHO BO3MOXXHOCTh ZIeIaTh OIIUOKU, XOTS ObI CKOJb YTOAHO pef-
KO, TI03BOJIIET OCBOOOAUTBCS OT YCJIOBHS, YTO BKJIAbIBAEMEIE IIAPHI HE
mepecekatoTcsa. Eciv pasaMepHOCTb MPOCTPAHCTBA BEJIUKA, TO, KaK MBI
oTMevanay B yacTd I, meHTpHl MIapOB MOXKHO COJIDKATD, IMIApHl OyAyT
mepeceKaThCsl, HO OTHOCUTENbHBIM 00bEM MepeceyeHuss Ipu 3TOM MO-
KeT OBITh OYeHDb MaJl, Ja)Ke KOI/la IIeHTPEI IIapOB OAUMHAKOBOTI'O PagUyca
cOMU3MINCE Ha paccTossHue pazuyca. [Ipu cOMmKeHNN EHTPOB KOIUJe-
CTBO IOTPY’KAaeMBIX LIAPOB PACTET, HO PACTET U BEPOSATHOCTH OIIUOKU
IIPY JeKOAVIPOBAHUY NIPUHATOTO CUTHAJA.

YuéT B3auMOeHCTBIUA YKa3aHHBIX 0OCTOATENBCTB U COCTABJISET I'e0-
MeTPUYECKYIO OCHOBY TeopeMH! llleHHOHa.

2.3. Teopema IllenHOHa

Teopema. ITycmb P — cpedHsas MOWHOCMb nepedamuuxkda, U Nycmb
nomexa ecms Genblil wym ¢ moujHocmsto N 8 nonoce W. Ipumenss 0o-
CMAmMOoYHO CLONCHYH CUCTEMY KOOUPOBAHUSL, MOJICHO Nepedagams 080UY-
Hble Yu@psl co CKOPOCMbIO
P+N

N
€O CKOJIb Y200HO Manoll uacmomotl owubok. Hukakoii memod koduposa-
HUs He donyckaem nepedauul ¢ 6osbluell cpedHell CKOpOCMbH NPU NPOU3-
801bHO Manoll uacmome owUOOK.

Bo3pMméM umcio M, paBHOE YUCITY, CTOSIIEMY B IIPABOM 9acCTHU OIleH-
ku (2). DTo 6oMbIIIOe YKUCIIO, U, TIpeHebperast ero Apo6HOM YacThio, 6y-
JieM CIUTaTh, 9TO OHO Iiesoe. B mape B(o, vnP) CR", I/ie JOMKHEI HaXo-
JUThCS TIEpeJaBaeMble BEKTOPHI (C/I0Ba, CUTHAJBI) X, BRIOepeM Hayraj
M Touek. «Hayraj» 3HaYUT, YTO TOYKU CJIyIalHbI, HE3aBUCHMBI U Be-
POSATHOCTH TIOMAZaHUA TOYKU B KaKyIO-TO 06JacTh MPOIMOPIHOHATbHA
06bEMy 06J1aCTH, T. €. paBHa OTHOIIEHUIO 3TOT0 06bEMa K 00BEMY BCETO
urapa B(o, vnP). (Ecmu ciydaitHeri Bei6op M Touek mapa MOBTOPUTE

C = Wlog,
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MHOTO pas, TO, KaK IPaBIIO, TOYKU OYAYT paclpezessaThcs Tak.) Y Hac

n=2WT,aM=(%

00BEM BETUYNHEI % |B|, rme |B| — 06B€Mm Bcero mapa B(o, vnP), a 3Ha-

wT
) , I03TOMY OZfHa TOYKA OyZeT MPUXOAUTHCA Ha

YUT, BEPOSTHOCTD IOMAZIaHUsS B ITY Ke 00JIacTh eIlé OJHOM TOYKU U3
WT

Hamwmx M Touek 6yzeT paBHA % = (P-i-LN) .IIpu T — + 3Ta BEpoAT-
HOCTb, KOHEYHO, CTPEMHUTCA K HYJIIO Jake He3aBUCHUMO OT COOTHOIIEHUA
MIOJIOKUTEJIbHBIX BeJIU4YUH P u N.

Ecnu Hamu M TodYeK BBIGPAHBI CIyYalHO, TO, YIUTHIBAs, UYTO N =
=2WT > 1 u 06béM mapa B(o, vVP) CKOHIIEHTPHPOBAH y €ro rpaHuy-
HOH cheprl, MOXKHO C HUYTOXKHOM OTHOCUTENBHOU IIOTPEITHOCTHIO (KO-
TOpas TeM MeHbIIIe, yeM 6osbine T) CYNTaTh, YTO BCe BEIOPAHHEBIE TOUYKU
OKaXXyTCA B CKOJIb YTOZHO MaJIO¥ OKPeCTHOCTH 3TON IT'PaHUYHOMN chepHI.

HanomHuM emé, 4To BeKTOp & IOMeXU, KaK MBI ITOKA3aJIy BHIIIE,
mpu n > 1 CO CKOJIb YTOAHO OIM3KOM K eAUHMUIIE BEPOSITHOCTHIO OPTOTO-
HaJieH BeKTopy X curHaia. Utak, npu n=2WT >1 (1.e. ipu T — +x)
mel umeeM! ||x||2=nP, ||E||*>=nN, ||x+&||?=n(P +N).

Teneps poBeZiEM 3aKIIOUNTEIbHOE pacCyKAeHNe U BHIIIOTHUM KOH-
KpeTHyIO OlLleHKY. [IpeAnnonoxuM, YTo MBI cZejald TUIUYHBIN Cciydan-
HbIH BRIGOp M Touek B mape B(o, vnP). ByZeM cauTaTh MX OTBEYalo-
muMH M pasiaugHBIM COOOIEHUAM, KOTOPbIe MBI COGMpaeMCcs IOCEUIATh
yepe3 KaHas CBA3W. Takoil BEIOOP TOUEK B ILIape IUIIOC TAKOE HUX COOT-
BETCTBUE COOOIIEHNAM 03HAYAET OIpeieIEHHOe KOAUPOBAHUE MIPeAIIo-
JlaTaeMBbIX K mepegade coobinenuii. Mbl 3apaHee coryiacyeM ¢ IpUHUMA-
IOIIIUM YCTPOKCTBOM BbIOpaHHBIH Ko/, Eciii GBI He OBUTO TOMEX, TO TIPU-
éMHUK, IPUHAB HE MCKAXKEHHBIM CUTHAJ X, OAHO3HAYHO OBI €ro Aeimnd-
pOBaJI B OTBEYAIOIIEe eMYy B CHJIy COIVIACOBAHHOTO KOZia COODIIEHHE.

[Tpu Hanmuuuy B KaHaje LIyMa Ha NpHHUMalollee YCTPOHCTBO BMe-
CTO X TOCTyHAaeT curHaia X + &. [IpuéMHUK uiieT bmnkaiiyo K x + &
Touky mapa B(o, v/nP) cpeau M Todek GUKCHMPOBAHHOTO KOJAa M CIUTA-
eT eé TepeZlaHHBIM CUTHaIOM. OUInbKa Ipy 3TOM BO3MOXKHA, T. €. MOXK-
HO IIPOYMTATH He TO cooblneHre, KOTopoe OpUI0 mocjaaHo. Ho 3To BO3-
MOXKHO JIUIIb Torza, Koraa B (||€]| = vnN)-okpecTHOCTh TOYKU X + &
TIIOMMMO X IIOIIAZET elé KaKasd-To 13 M Touek Koja.

OueHNM CBepxXy BepOSTHOCTb TaKOrO COOBITHA. J[JIs 3TOro ole-
HUM 06bEM Tepecedenus (v/nN)-OKPeCTHOCTH TOYKH X + £ ¢ IIapoM

Ecim P u N MHTepIpeTHpOBaTh KaK AUCIIEPCHU Dy, Dy curnana u momexu, TO
MBI 3/leCb UMeeM KJIacCH4ecKoe TeOPeTHKO-BEPOATHOCTHOE COOTHOIIEHNE JJIA AUCTIEPCUN
CYMMBbI He3aBHUCUMBIX CJIy9aiHbIX BeTMYUH: D)zc e =Dx2 +D€2.
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B(o, v/nP). Tlockonsky ||x + &||> =n(P + N), aTo npocTas reoMeTpude-
cKas 3afada. PaccMOTpUM ByMepHYIO IIOCKOCTD, TIPOXOAANIYIO Yepes3
Hayvasio KOOpAWHAT 0 U TOYKU a = X, b = x + £. TpeyroabHuk oab —
IPAMOYTO/IbHEIH € IIPAMBIM YIJIOM IIPY BepIIMHE d, U3BECTHLIMU ZJINHA-
MU KaTeToB |oa| = v/nP, |ab| = +v/nN, u runotenyss |ob| = 4/n(P+N).
BhIMC/IAA €ro IUIoIAAb ABYMS CIoco6aMu, JeTKO HaXOAUM JJIMHY h
PN

P+N’
TEIIEPb B3ATb IIap paguyca hc LOEHTPOM B OCHOBaHWHU 3TOM BBICOTEI, TO

OH, OYEBU/IHO, TOKPOET BCI0 MHTEPECYIOIIYIO HAc 06J1acTh MepecevyeHus
mapa B(o, vnP) u (v/nN)-okpecTHOCTH TOUKH b = x + £. 3HA4UT, Bepo-
SITHOCTh TOTO, YTO ITOMHUMO TOYKH X, JIeXKalllel Ha rpaHulle 3TOH obiia-
CTH, B Heé TOMaeT elé Kakas-HUOyAb U3 M KOZOBBIX TOYEK, MEHBIIIE,
yeM OTHOIlleHHe 00bEéMa mapa paguyca h k o6béMy Irapa paauyca VnP.

BBICOTHI, or[ymeHHoﬁ 13 BEPIINHLI d Ha TUIIOTEHY3Y: h=4/n Eciu

N n N wT
TeM caMbIM 3Ta BEpOATHOCTb MeHbIIIe YeM ( ) = ( ) U OHa
P P+N P+N/ °
CTpPEeMUTCA K HyIo Ipu T — + .
TakuM 06pa3oM, IpU AOCTATOUHO GONBUIMX 3HAYEHUSIX T CO CKOJIb

YTOZHO MAaJol BepOSTHOCTBHIO OMIMOKHM B TAaKOM KaHaje CBA3U 3a Bpe-

P+N\WT
MA T MOXXHO pasjinyUTh OgUH u3s M = N Pa3JNYHBbIX OOBEKTOB,

TOuHee, WAeHTHUIINPOBATh OJHO 13 M BO3MOMKHBIX Pa3IMYHBIX CO00-
ImeHUH. B mepeBoze Ha JBOMYHbIE eIWHULEI 3TO log, M 6ut mHbopMma-
1I1Y 3a BpeMsaA T. 3HAYUT, MBI J€HCTBUTENBHO MOXKEM JOCTUYD CKOPOCTHU
mepeiaun, CKOJIb YTOAHO OJIM3KOM K 00Iel BepXHel OIleHKe CKOPOCTH,
yKa3aHHOM B HepaBeHcTBe (3).

TeopeMa JoKasaHa.

§3. Oocyxgenue TeopeMmsl llleHHOHA,
IIpUMepbI U JOIIOJTHEeHUS

3.1. KommenTapumii lllenHoHa

JIyqInuM KOPOTKUM KOMMEHTapUeM K 3TOU TeopeMe, IIPOTUBAIOLINM
CBET Ha HEKOTOPhIE €€ CTOPOHBI, KOTOPHIE TIPU MEPBOM UYTEHUU PEIKO
GBIBAIOT 3aMeYEHHBIMHU, ABJSIOTCS CIeAyIolIre coBa camoro [leHHOHa
[2, c.103].

«MpbI 6yZieM Ha3bIBaThb CHUCTEMY, IEPEAIoNyio0 6e3 OIUOOK CO CKO-
poctbio C, uzeanbHOM cucTteMoii. Takas cucTeMa He MOXET OBITh OCy-
IIeCTBJIEHA HU IIPY KAKOM KOHEYHOM IIPOIiecce KOAMPOBAHUS, HO K Hel
MOXKHO HACKOJIbKO YTOHO MpU6Iu3uThes. [1o Mepe IpuOImKeHUs K Hzie-
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aJTy TIPOMCXOAUT ciefytomee: 1. CKOpocTh ! mepesiaun IBONYHBIX YHCENT
npubmmkaercsa Kk C = Wlogz(l + %) 2. Yacrora omu60K NpubmKaeT-

¢ K Hymo. 3. IlepeaBaeMBIl CUTHAJI IO CBOMM CTATHCTHUYEeCKUM CBOH-
cTBaM npubmkaercd K 6esoMy myMmy. DTo ClIpaBeAInBo, Ipy60 roBops,
[IOTOMY, 4YTO IpUMeHseMble GYHKINM CUTHAjA JODKHBI OBITH pacipe-
JleJIeHbl CIyYaiiHO BHYTpH liapa paguyca v 2WTP. 4. Iloporoseiii 3¢-
bekT cTaHOBUTCA OCTPHIM. Eciy momMexa mpeB30HAET 3HaUeHUE, I KO-
TOPOTO IIOCTPOEHA CHUCTEMA, YaCTOTa OMHUO0K BO3PACTET OYEHb OEBICTPO.
5. TpebyeMble 3aZlep:KKU B IlepeZlaTirKe U IPUEMHUKe HeOTPaHUIeHHO
BO3pacTaioT. KoHeuHO, B IIMPOKOIIOJIOCHOU CHUCTeMe 3aZiepKKa B OZHY
MWUIACEKYHY MOXKET y)Ke pacCMaTpPUBAThCA KaK OeCKOHeUHasT».

31ech, BOBMOXKHO, TpeOyeT MOsSICHEHUS JIUIITh epBas ¢pasa 1. 5, 4To
320[HO TIOSICHUT U PeajIbHbIM CMBICJ BETMYUHEL C, GUTYPUPYIOLIEH B TEO-
peMe KaK CKOpOCTh Iepezauu. YTo6Hl 3amycaTh JBOMYHBIMY CHMBOJIA-
MU Ka)XJbIH U3 M pasnindHbIx 06BeKTOB, Tpebyercs log, M ABOMYHBIX
3HaKOB. MHAMBHAYanbHOe coobineHre U3 M BO3MOXKHBIX IOCBUIAETCS
WY TIOCTYTIAeT TOIBbKO IIOC/Ie TOTO, KaK IepeZilaH WK, COOTBETCTBEHHO,
IIPUHAT BeCh €ro JBOMYHEBIN Koz AauHE log, M. Ha ato BMecTe Tpeby-
ercs BpeMs 2T, KOTOpoe U IoApa3yMeBaeT 3aIepiKKy B IIepeZade caMo-
ro coobIeHus, B TO BpeMs KaK CpeAHss CKOPOCTh Iepeadn ABOUYHBIX
3HAKOB, T. €. 6UT B ceKyHAy, IpU T — + 0 1eHACTBUTENIBLHO IPUOIIIKaeTCsA
K YKa3aHHOMY B TeopeMe BepXHeMy IIpeiery.

Jasbiie MBI IpUBeZEM HECKOIBKO MIPUMEPOB, KOTOPhIE, BO3MOXHO,
MIPOSACHAT eIllé HEKOTOPHIE aCMEKTH 3aTPOHYTOI'O KPyra BOIIPOCOB.

3.2. Cna6blif curHal B GOJIBIIOM IIIyMe

3 mocTpoeHus ONTUMAJIBHOTO KOZA BUAHO (M 3TO ABHO OTMEYEHO
[llerHoHOM B 1. 3 IIpMBEeAEHHON BBINIEe ITUTATHI), YTO IIO CTATHUCTHYe-
CKMM CBOMCTBAM TaKOM KOJ TMOXO)X Ha Oesbli myM. OTO 3HAYUT, YTO
YCTaHOBUTh (0OHAPYKUTh) KOHTAKT C OY€Hh YMHOHN BHE3€MHOU ITUBU-
Jav3alyeli, moceUtarolleii HaM CHUrHajIbl, HEOTIMYMMBIE OT ILIyMa, Jo-
BOJIBHO TPYZHO.

Ho maBatiTe paccMoTpuM cieAyronlyto curyanuio. K HaMm mocTymaer
OYeHb CJIa0bIN TIEpUOAUIECKUH cUTHaI Ha GOHe GONBUINX TIOMEX, KOTO-
pBIe, OfHAKO, caydaliHbl. Hampumep, B KaHaje GOJbIION Gesblil IIyM.
MO>KHO JI1 BBIZIETTUTD TIOIe3HbIN curHail f u3 uryma? JJomycTHM, YTO MBI
3HaeM WIM CMOIVIM y3HaTb nepuiof T curHana f. JlaBailiTe MpocayliaemM

onHoe coBmazenue ¢ hpopmysoit Memepckoro— LIHOMKOBCKOro!
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Y 3alUllIeM CUI'HaJl BMecTe ¢ IyMoM n > 1 pas. IloTom BocnipousseaémM
BCE OTU 3aIUCU CUHXPOHHO, T. €. CIOXKUM. Torza cryJaiiHeIf myM Gyzer
cam cebs OZAABIATD, a CUTHAMI OyZieT ycuiuBarhesd. Tak 4To co caydait-
HBIM LOTyMOM WHOTZA MOXKHO IIBITaThCsA 60POTHCS, UCIIONMB3YS €ro JKe.

3.3. U306bITOYHOCTD A3BIKA

C urymMoM B KaHajie CBS3U MbI OU€Hb YacCTO CIIPABJIAEMCS OZOOHBIM
MyTéM, KOTOPHBIY HayKa Ha3bIBaeT YCIOKHEHUEM KOZIa WU €0 U30bITOY-
HOCTBIO.

B 1. 4 IlleHHOH OTMeYaeT OCTPHIM MOPOTOBEINA 3P PeKT OnTUMANBHO-
ro koza. Mel k aTOMYy ellé BepHEMCSA 9yTh [103XKe, HO Koe-YTo Ha IIpuMe-
pe MOSACHUM Y3Ke 37eCh.

Ecnmu B TesedbOHHOM pasroBope BBl YTO-TO AUKTYETe COOECETHUKY,
a OH KaKoe-TO CJIOBO He paccibllnaj UK He 3HAaeT, BBl HaunHaeTe IOBTO-
PATb WIM COOOIIaTh CJI0BO MO GyKBaM, a GYKBbI COOOINATh, MTPOU3HOC
IleJIble CJI0Ba TUMa AHHa, Mapus, banbec, ApucToTes...

Bl 6opeTech ¢ moMexaMu, koaupys A, M, B... 3aBeoM0 M36BITOY-
HBIM KoZioM. ONTMMaJbHO S3KOHOMHBIYM KOJl, KOHEUHO, 3aMedaTeseH, HO
TaK ke OIaceH, KaK BCAKUN MaKCUMyM IOTEHI[HaJTbHBIX BO3MOXHO-
cTell, — OH HEYCTONYMB.

JIt0601i pasTOBOPHBIM S3BIK, KAK MBI JIETKO 3aMedyaeM, M3OBITOYEH
(mpumepHo Ha 50 %), HO 3aTO IPUTOZEH AJI HOBCEAHEBHOI'O OOIIEeHMUs.

3.4. Tonkue u3MepeHus Ha rpyooM mpudope

Kak u3mMepuTh TOJIIUHY JHcTa OyMaryd Ha Ipubope, Te TOMIbKO YTO
¢ To4yHOCThIO 10 0,5 cM m3Mepwau Baul pocT? BecmoMHUM npuBeAEHHBIN
BHIIIIE TTPUMeEDP CI1aboro MePUOJUIECKOr0 CUTHAJIA B GOJIBIIIOM IIIyMe Ka-
Hasia cBsi3u. Eciii ecTh BO3MOXKHOCTD B3SITh HECKOJIBKO ITaYeK 3TOi 6yMa-
TY U, CJIOKUB UX, HAUTH, HATIPUMED, YTO THICSYA JIUCTOB UMEET TOJIIU-
Hy 20 cM ¢ abCcoMOTHOM TOTPEIIHOCTRIO B TIpefenax 0,5 cM, To, cunTas
JINCTBHI MPUMEPHO OJUHAKOBBIMH, HAWJEM, UTO TOJIIMHA OAHOTO JIMCTA
0,2 MM ¢ BO3MOXKHOM OImubKkoi B mpegenax 0,005 mm.

Wpen paccMOTpPEeHHBIX IPUMEPOB PACIPOCTPAHAIOTCS U Ha CO3/laHUe
HaZEXHBIX KOHCTPYKIUI (TpHUOOPOB, anmapaTtoB) U3 HEHAJAEKHBIX dJIe-
MEHTOB.

3.5. Koz IllennoHa—®ano

CrnpATaHHasg B MHOT'OYHCIEHHBIX JeTaldX JoKasaTelbCTBa BeposAT-
HOCTHadA CTPYKTypa OITHMaJbHOr'O KoZia TeopeMsbl llleHHOHA OTYETIN-
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BO pasjMyMMa BO BCEX MOAPOOHOCTAX B CieAyrolleli 06HaXKEHHON Hzee
ONTUMAaJIbHOTO KOZa, Ha3beiBaeMoro kozoMm [llennona—®dawno.

JlJ1s1 5)KOHOMUY MeCTa U CJIOB MBI PACCMOTPHUM IIPOCTOH IMOKa3aTeb-
HBIM TTpUMep, BO3MOXHOCTb 0006IIEHNST KOTOPOTO OyZIeT OYeBH/HA.

Y Hac ecTb anpaBUT U3 YETHIPEX GYKB, U3 KOTOPHIX COCTABJISAIOTCS
ctoBa. Ilo KaHaIy CBS3W C OAMHAKOBOM CKOPOCTBIO U HAJEXKHOCTHIO
MOXKHO T€peJaBaTh JBOMYHBIE CUMBOAB O U 1. VIMU MOXXHO 3aKOJU-
poBatb OykBHI andasuTa, Hampumep Tak: (0,0), (0, 1), (1,0), (1, 1).
[Mocsie 3TOrO MOXKHO TepeAiaBaTh TEKCT Mo OyKkBaM. 3abyZieM IOKa IIpo
MTOMEXU U T103a60TUMCsI 06 SKOHOMHOCTH KOZa, YTO BIUAET Ha CKOPOCTh
nmepeAavyyd MHPOpPMaIuH.

JloTTyCTHM, YTO CTaTUCTUIECKUI aHaIU3 A3bIKa YCTAHOBWII, UTO YETHI-
pe 6ykBBI anipaBUTa BCTPEYAIOTCSA B TEKCTAX C PAa3HOM 4acTOTOM. ITycTh,

HallpuMep, UX BEPOATHOCTU COOTBETCTBEHHO %, %, %, %

Torga pasymHee moCTynuTh Tak. CHavana paszenuM OYKBBI Ha JBe
PaBHOBEPOATHBIE TPYIIIEI (3/1eCh 3TO MepBas 6yKBa U BCE OCTAJNBHBIE),
KOTOpBle pa3inyuM cuMBosiaMu O 1 1 cooTBeTcTBeHHO. [IoTOM MOBTO-
PHUM TaKylo Ke MPOLeAypPYy B KaXJOW M3 TPYII U e€ IOATPYIII, MoKa
TIOATPYIIIEI HE CBEAYTCA K €JUHCTBEHHOMY 3JIeMEeHTY. JTO U eCTh ujes
koga lllernoHa—®aHo. B HamieM ciydyae 3TOT kKof, BHIIAAUT Tak: (0),
(1,0),(1,1,0), (1,1, 1).

CpaBHUM /JBa MPUBEAEHHBIX KOJA HA JOCTAaTOYHO AJUHHOM TEKCTe
u3 T 6ykB. B mepBoM ciiyuae Ham moTpebyeTrcs nepegath 2T ABOUMYHBIX
CUMBOJIOB. Bo BTOpOM citydae

1 1 1 1 _7
(3:1+5-2+53+5-3)T=1T.

Bonee Toro, aake 6€3 3HAKOB NMpENUHAHUA B ONTUMAJBLHOM KOJE
MOXXHO BOCCTAHOBUTDH IOC/IE€NOBATEIbHOCTh OYKB (pacimudpyiitTe, Ha-
mpumep, 10011000111110). Ho cTouT caenath ouinbKy B Iepegade Win
mpuéme XoTsg OB OZHOTO ABOMYHOT'O CHMBOJA, KaK TEKCT CTAHOBUTCS
HEYUTAEMBIM.

3.6. CrarucTuuecKre XapaKTepUCTUKH OIITMMAaJILHOTO KOoJa

PaccMOTpeHHBIH TIpUMep, AeMOHCTPUPYIOMINi ueio koga [lleHHO-
Ha—®aHo, TTOKAa3bIBaET, YTO ONTUMAJBHBIN KO CTPEMUTCS paBHOMEP-
HO pacnpezenuTh UHGOpMaIUIo Mo MepeaBaeMbIM CUMBOJIAM. DTOrO
MOXKHO JOCTHYb MIPU Tepeziade JIUHHBIX COOOIIEHNUM, eciu IpeAiBapu-
TEJIbHO OCYIIECTBJIATh UX CTATUCTHUYECKYIO 06paboTKYy.
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OnacHOCTH ONTUMaJbHO SKOHOMHOTO KO/Ia Tellepb TOXKe SCHBL.

OtmeTuM e1g, uTo TeopeMa llleHHOHa OTHOCHUTCA K ITIOMeXe, IIPEATIO-
Jarapieiics 6enbiM myMoM. [ToMexu MOTYT GBITh pa3HOM IPUPOABL, KaK
CTydyaliHBIMU, TaK U JeTepMUHUPOBAaHHBIMU. [Ipu 3TOM Jaxke ciydaii-
Hble TIOMEeXUW MOTYT MMeTb pa3Hble CTaTUCTHUYECKHUe XapaKTepUCTUKMU.
PazymeeTcs, B KOHKpeTHON CUTyallUM HaZO JelcTBOBaTh KOHKPETHO.
Ob1mas Teopus AT yKa3aHUs O Pa3yMHOM IOpsAKE TaKUX AE€NCTBUIA,
HO He pellaeT Bce IPOOIeMbl Pa3oM.

3.7. KoaupoBaHue u jeKoaupoBaHUue —
£-DHTPOIHUA U O-EMKOCTh

PaHee MBI y)Ke YIIOMSHY/IN O KBAHTOBAHUM HENIPEPBIBHOTO CUTHAJIA
II0 IVICKpeTHOMY Habopy ypoBHeii. CTaHZapTHAs POLeAypa, T03BOJIAIO-
Imas mepeiTy K AUCKPETHOMY KOHEYHOMY OIMCAHUIO JIF060T0 KOMITAKT-
HOTO ITOJMHOXECTBA METPUYECKOT'O IPOCTPAHCTBA, COCTOUT B IIOCTpOe-
HUU €T0 KOHEYHOU £-CETH, T. €. TaKOH KOHEYHON COBOKYITHOCTH TOYEK,
YTO J1106ass TOYKA KOMITAKTa MOXKET OBITh C TOYHOCTBIO ZI0 €-CMeEIIeHUs
anmpoKCUMUpOBaHa (3aMeHeHa) OZHOM U3 TOYeK ceTH. BenuunHa € xa-
paKTepu3yeT TOYHOCTh MPUOIIDKEHNUA, JOMYCKAEMYIO WIH JOIIyCTUMYIO
omm6Ky. Eciiu ucmonb3yeMble IPUOGOPH He CIIOCOOHBI pa3indaTh 06bek-
TH B MaciiTabax, MEHbIINUX €, TO 6€3 0co60M HYXAbI HET CMBICTA BO-
3UTHCSA CO BCEMU TOYKAMM KOMIIAKTa, JOCTATOYHO 3aMEHUTh KOMIAKT
KaKOM-TO ero e-cetbio. CaMy £-CeTb MOXKHO CYMTATh AUCKPETHBIM KO-
ZIOM, OTIMICBIBAIOIINM KOMIIAKT C TOYHOCTBIO JIO €.

PaszymeerTcs, jKelaTebHO MMETh IO BO3MOXKHOCTU Haubosee 3KO-
HOMHYIO £-CE€Tb, T.€. COAep:Kallyl0 BO3MOXXHO MeHbIle TodeK. Korza &
CTPEMUTCA K HYJTIO, KOMUYIeCTBO N, TOYeK B TaKOM Hanboree SKOHOMHOMH
€£-CeTH, BOODOIIle TOBOPsI, HEOTpaHUYEHHO pacTET. CKOPOCTh 3TOTO POCTa
CBsi3aHa €O crrelu$UKON KOMIIAaKTa U METPUKH IIPOCTPAHCTBA.

Benmuuuny log, N, Kommoropos HasBas e-asnmponueil KOMIIaKTa.

Eciu, HatmpuMep, B3SATh €AMHUYHBIN Ky6 [" vwin Ji06yio orpaHUdYeH-
HYI0 06JIaCcTh B €BKJIUAOBOM MpocTpaHCcTBe R", To, KaK HETPYAHO IIPO-

BEPUTH, Ipejes oTHouleHusA logN, u log% mpu € — 0 gacT pa3aMepHOCTb
n IpOoCTPaHCTBa.

Kcratu, 3T0 06CTOATENBCTBO MOXKHO TIPEBPATUTh B OIpefeseHUe
pa3MepHOCTH U UMeTh BO3MOXXHOCTh T'OBOPUTH He TOJIBKO O LIeJIBIX pas-
MEpHOCTIX.
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Jpyroii, 6o1ee UHTEPECHBIN IPUMEP UCIIONb30BaHUA OHATHS £-JH-
TPOIIUH, O KOTOPOM 37eCh CTOUT YIOMSHYTb, CBA3aH C TPUHAALIATOMN
npo6nemoii I'unbbepta [3]. Orpy6biiss cuTyaluio, BOIIpoc MOXKHO chop-
MYJIMPOBATh B CJIEAYIOIIEM PEKJIAMHOM BH/IE: CYIIECTBYIOT JTU GYHKIIMHI
MHOTUX IlepeMeHHbIX? [loTouHee: BCAKYIO 1 QYHKIIMIO HECKOIBKUX
MepeMeHHBIX MOXKHO cOOpaTh U3 GYHKIIMM MEHBIIEro YnciIa MepeMeH-
HBIX, T. €. IPeACTABUTD B BUZe CYIIEePIIO3UINHU (KOMIIO3UIIUN) KOHEYHOTO
YycIa TaKuX QYHKITAHA?

A.H. Konmoropos u B. V1. ApHoib/, foKa3any, 4To BCAKAA HEIIPEPHIB-
Hasg QYHKIIMSA MHOTHUX ITepEMEHHBIX MOXET OBITh IIpe/CTaBI€HA B BU-
Jle CYyTIEPIIO3UITUY HENTPEPHIBHBIX QYHKIIMH OJHOMN U [IBYX MEPEMEHHBIX,
pu4éM, Kak 3aMeTwI KomMoropos, B kauecTBe GYHKINH ABYX ITepeMeH-
HBIX IOCTATOYHO UMETBD JIUIIDb GYHKIHIO X + ¥ (cM. [6,7]).

Ho emé go storo A.T.BUTyIIKMH MOKa3aj, 4YTO He KaXJas IJaj-
Kasg QYHKITUA MHOTHX TIePEMEHHBIX SBJISETCA CYTIEPIIO3UIIUEN CTOMD XKe
IaAKuX QYHKINU MEHBIIEro 4uciIa NepeMeHHbIX, ¢M. [4]. YTo6k chop-
MYJIMPOBATh 3TO TOYHO, PACCMOTPUM BeJie] 32 BUTYIIKMHBIM YUCIIO U =
=n/p — OTHOIIIEHNE KOJIMYECTBA [TEPEMEHHBIX GYHKIMH K IOPSAKY €€
HeIpephIBHBIX POU3BOAHBIX. OHO CIIY’KUT IIOKa3aTesleM CJIOKHOCTU QyH-
KIMH B cMBIc/le Burymkusa. O603Ha41nM, Kak Beeraa, depes CP) kiace
p-DaaKux QYHKIIWMM OT N TIePEMEHHBIX, ONPeAeNTEHHBIX Ha €JUHUIHOM
n-mepHoM kKyb6e I" C R". Ilycth k < n. CrnpamuBaeTcsi, KOTAa JIIOOYIo
cbyHKumo KJIacca C(p) MOXXHO TIPeJCTaBUTh Cylepro3uniell GpyHKIUn
knacca C, @y BI/ITY].LIKI/IH MoKasaJj, 4TO JJIA 3TOr0 HeOoOXOAMMO, YTOOBI
6GBUTO BBHITIOJIHEHO COOTHOIIEHUE (— = v) < (v = k).

JokasaTenbcTBO BuTymkuHa I/Ii)CHOIIBBOBaJIO, B YaCTHOCTH, OILIEHKH
OsteitHuk uucen BeTTu anre6paniyecKux MHOT000pasuii, MOTydeHHbIe
B CBA3U C €€ 1 [1eTPOBCKOI'0 UCCIeJOBAHUAMH IIECTHA/IATOM TPO6IeMBbI
TwibbepTa o YKcjie U pacloyoKeHNU OBaJIOB BEIeCTBEHHOM anrebpau-
YyecKoU KpUBOU.

Konmoropos fan uHoe, mpsMoe U, 0-BUANMOMY, CaMO€e eCTeCTBEH-
HOe 00bsiCHeHUe (JOKA3aTeIbCTBO) pe3yabTaTa BUTYIIKKHA, CBI3aHHOE
Kak pa3 ¢ uHpopManuel u sHTponuen [9].

[IpocTpaHcTBa Cr(lp), Clgq) GecKOHEeYHOMEpPHBI, HO, KakK Mmokasan Koi-
MOTOPOB, €CJIA B 3TUX IIPOCTPAHCTBAX 6paTh KOMIIAKTHI, COCTOAIIVE K3
Bcex (QYHKIIUN, MPOU3BOAHBIE KOTOPBIX OTPAaHUYEHBI (PUKCUPOBAaHHOM

n
1\p 1\q
KOHCTaHTOH, TO UX £-OHTPOIHUA NpH € — 0 6yZeT pacTu Kak ( )p u (E) 1

cooTBeTCTBEHHO. Ecim Bee GyHkumm u3 C; (P) momyckaroT mpeZicTaBIeHUEe
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B BHU/IE CYIIEPITO3UIIUY KOHEYHOTO urcaa GYyHKIMHN Kiacca C,Eq), TO

(2) =o((2)?).

Takum OGpaBOM, AOJI’KHO BBITIOJIHATHCA HEPABEHCTBO

(%:@s(a:%).

[To moBoay camoii mpo6ieMbl I'Mab6epTa CTOUT BCE jKe 3aMEeTHTh,
YTO B paMKax airebpamveckux QyHKIUH (KOTOpHIE, BO3MOXKHO, TOXKE
vMeJ B BUAYy ['wibbepT, roBOps B CBOEl TpUHAZIIATOM pobieMe o mpes-
CTaBJIEHUM PENIEHUM alirebpanyecKoro YpaBHEHHS CeIbMOU CTENeHH)
mpobiiema elié ocTaéTcss OTKPBITOM. CM. B 3TOI CBSI3W UCTOYHUKH [3, 9].

MeI He cobupaeMcs yIIyOIaThCS 34eCh B 3TH BOIIPOCH! U BCETO JIMIIb
YIIOMSHY/IA TIPUMEP WHOTO HETPUBUAIBHOTO HCIIONb30BAHUA TMOHATUS
[VICKPETHOT'O KOJIa ¥ €-OHTPOIINU.

BepHéMcs ellé HEHAZOTO K IUCKPETHOMY KOAMPOBAHUIO U JOOABUM
HECKOJIBKO CJIOB O JEKOJUPOBAHUH. DKOHOMHAs £-CETh MOXET CIYKUTh
SKOHOMHBIM JUCKPETHBIM KOJZOM 00BbeKTa (MeTPpUYecKOTO KOMIIAKTa),
OTMCHIBAIOIIUM €r0 C TOYHOCTBIO /10 €. [IpeArmoIoKUM, YTO TaKOH K-
3eMIULIp KoZla eCcTh Ha 000MX KOHI[aX KaHasa cBsa3u. Ecmu npu nepeza-
Ye coobIeHNIT HEeT OMMOO0K, TO Ha MPUEMHOM KOHIIE MOTyYatoT CUTHAJ
0 TOH TOYKe &-CeTH, KOTOPYIO BhIGpasn Ha IepezaromieM KoHue. Ho ec-
JIU TIO TEM WIX WHBIM IPUYMHAM B KaHajle CBS3W BO3MOXKHBI OLTMOKH
Y Tlepe/laHHast TOUKa Ha MPUEMHOM KOHIIE MOXKET OBITh BOCIIPHUHATA CO
CMeIlleHeM B IIpefiesiax e€ §-OKPeCTHOCTHU, TO, OYEBUJHO, BO3MOXKHBI
ONIMOKYU TIPU AE€KOAWPOBAHUU, O YEM MBI y)Ke€ W BBIIlE TOBOPWIH. Ec-
JII MBl HAMEPEHHI TIOMTHOCTBIO UCKTIOYUTh BO3MOXXHOCTD OLTHOKH, TO OT
SKOHOMHOTO KOZIla B BUZI€ £-CETH NMPUAETCA OTKa3aTbesa. Temepsh yke Ha-
000pOT, HAZI0 UCKATb MAaKCUMaJbHOE KOJIMYECTBO Ns TOYEK KOMIIAKTA,
yAQIEHHBIX APYT OT Apyra He MeHee yeM Ha 20. TolbKO Tako# Ko (OH,
OYEBUAHO, OyzZeT 26-CeThi0) MPHU YKa3aHHBIX YCJIOBUAX MOXET obecrie-
YUTb 6€30ITMO0YHOCTD MepeAayuH.

Ecnu BenmunHa log,N,, Kak MBI y>Ke 3HaeM, Ha3bIBaeTCsA £-9HMPO-
nueil KOMITaKTa, TO BeJM4nHA log,ns Ha3BIBAETCA €ro §-6MKOCMbI0 WIN
O-8MeCMUMOCMbIO.

TToACYET £-5HTPONUU U O-EMKOCTU Pa3JIUYHBIX KJIAcCOB (PYHKIUN
U ZlabHEHIITNE CChIKM MOKHO Ha#Tu B pabotax [10, 11].

HekoTopble ganbHelIe cCBeAeHUA, OTHOCAIIMECST K 06paboTKe CUT-
HaJIOB, MOXKHO HalTH B paborax [11—16].
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§4. MaremaTudeckasa MOJeIb
KaHaJIa CBA3H C IIOMeXaMH

4.1. TIpocTeiiliasg Mo/ieIb U IIOCTAHOBKa BOIIpoca

Kak 06bIYHO, /15T 5KOHOMHU BCETO Ha CBETE pacCMOTPUM CHavasa
[IPOCTEMINYIO MOJENb, KOTOPAst, OAHAKO, VIKE COAEPIKUT ITOUTH BCE caMoe
I[eHHOe M3 HY)XKHOTO HaM ceMyac W IpH JKeJTaHHUU JIETKO MOXKET OBITh
obobeHa.

B xaHase cBA3U Nepe/jlaTuUK MOChUIaeT Ha IPUEMHUK cUMBOJEBL O 1 1.
[Tomexy IPUBOZAT K TOMY, UTO IPUEMHUK ITOPOH MOXKET pacindpoBaTh
nocmanubiél cumBon O kak 1, a 1 kak 0. ITycTh p — BEpPOSITHOCTD TIpa-
BWIBHOTO IIPOXOX/JE€HUA llepeJaHHOTO CUMBOJIA.

TTo KaHaJTy TIOCBUTAIOTCS COOBITIEHHS (TEKCT, CJTIOBA), COCTOAIIUE U3 TIO-
CJIe[0BaTeIbHOCTH OYKB — CUMBOJIOB 0, 1 Hallero mpoCcTeHIIero AByX-
6ykBeHHoOro andasuta. CauTaeM, YTO KaHaI JeHCTByeT Ha KaXKAYIO OyK-
BY CJIOBA HE3aBUCHUMO, T. €. 3TO KaHA1 b6e3 namsamu.

KakoBa mporryckHas CltocoGHOCTh TAKOTO KaHaja CBA3U?

Bompoc nocrasieH. IHTYUTHUBHO MOHATHO, YTO OH padyMeH. OmHO-
BpEMEHHO TMOHATHO, YTO JJIA OTBETA Ha HEro Hazlo cebe YSCHUTH, YTO
MMEeHHO MMeeTcs B BUAY .

Brime, mpexzie 4eMm foka3biBaTh Teopemy llleHHOHA, MBI (BCiIen 3a
[IleHHOHOM) /IO/DKHBI OBLIM CHayajia pa3o6paThCs B CMBIC/IIE U TOUHOM
coZiepKaHUM HEKOTOPHIX JOTYIIEHHBIX Halllel UHTYUIUEH K yIoTpebiie-
HUIO TEPMUHOB U TMTOHATHM.

BeimosHuM U Tereph (omATh Been 3a [llenHoHoM) aTy paborty. Ko-
HEYHO, MPEJBIAYIIUNA OMBIT HaM e€ CHIbHO 0bserdyut. COGCTBEHHO, BO
MHOT'OM OHa U 6yzieT ero abCTpaKTHBIM 0pOpMIEHUEM.

YTo ke KacaeTcs 6osee obIel abcTpaKTHOM MOZETN KaHala CBSI3U
¢ II[yMOM, TO, OYE€BHU/HO, BMeCTO ajidaBUTa U3 ABYX OYKB MOXKHO UMETh
J060# KOHeYHBIH (He 0JHOOYKBEHHBIH) andaBUT U UMETh BEPOITHOCTU
Pp;j lepexoza i-i Moc/IaHHo GYKBBI B j-F0 HA IPUEMHOM KoHIe. MaTpu-
na (pij) BepOATHOCTel ITepexoioB MOJeNIUpyeT HEKOTOPHIM KaHaJl CBA3U
C IIOMEeXaMH.

1PacckaspIBaIM, YTO KOTO-TO M3 BU3UTEPOB M3BECTHOTO IIPHHCTOHCKOrO MHCTHTYTA
[IEPCIEKTUBHBIX HccienoBanuii (IAS) mocazuiy B MyCTOBABIUUI B TOT MOMEHT KaOUHET
Tépena. Ye3xas, BUSUTEP OCTABWI Ha CTOJIe OJaroZlapCTBEHHYIO 3alUCKY XO35MHY C BHI-
paXXeHUEM COXKaJeHus, YTO eMy c [ézeeM He yganoch MO3HAKOMUThCS mobike. Yepes
KaKoe-TO BpeMsI OH TI0JIydaeT BeX/INBOE ITMCbMO OT IIPOYUTABIIEro 3aUCKy [€7e11, KOTo-
PBIii IPOCUT YTOYHUTD, YTO UMEHHO TOT UMeJ B BUAY.
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Eciu 6yKBBI MCKAYKAIOTCS C PAa3HOM BEPOATHOCTHIO, TO CKOPOCTH IIe-
penauy nHOpMAIMK MOXKET 3aBUCETh (M 3aBUCHUT) OT PasyMHOCTH KO-
[la, UCIIOIb3yeMOro ISl 3aIIMCH TiepeJaBaeMbIX coobieHui. fIcHo, 4TO
JIydllle ITovallle MCIOoIb30BaTh Te CUMBOJIBIL, KOTOPbIE MeHbllle [T0JBep-
raloTcsa UCKaXeHUAM. Kpome Toro, kak MbI y>Ke 3HaeM II0 OIBITY KoZa
[ITennona—®aHo, 1MOJIE3HO y4eCcTh CTATUCTUYECKHE OCOOEHHOCTH TeK-
CTa caMoro cooblIeHNs, IoIeXKallero nepeiade.

[IpomyckHas Croco6HOCTh KaHasa, 3aJaHHOTO MaTpuue (p;), Tmo-
BUJVIMOMY, ZOJDKHA OBITH IPOCTO BEPXHEH I'PaHbI0 BO3MOXXHOMN CKOPO-
CTH Tlepeiadyy OTHOCUTEIHHO BCETO, YTO OT caMoro KaHasna (mpubopa)
y>e He 3aBUCUT, Hallp¥Mep, BepxHell I'PaHblo 110 BCEM BO3MOXHBIM KO-
JVPOBKAM IIOChUIA€MBIX TEKCTOB.

fIcHO, YTO OJWH U TOT Ke IPUOOp Pa3HBIE IIOIB30BATETN MOTYT HC-
MIOJIb30BATh C Pa3HOU cTeleHbI0 3QPEKTUBHOCTH. BO3MOXKHOCTH caMOTO
mpubopa AOIKHEI OLlEHUBAThCSA B MIPEAIONIOXKEHUH, YTO OH UCIIOIb3yeT-
¢S MaKCUMaJIbHO 3GGEKTHUBHO.

[Toce Toro Kak MakCHUMaJbHas CKOPOCTH MPU ONTHMAaJbHOM Ko7le
6yZeT ZOCTUTHYTa, KOHEYHO, MOTYT IIOSIBUTHCS HOBEIE BOIIPOCHL. MBI BU-
Jlev, HallpuMep, KaKye ONacCHOCTU CKPBIBAIOTCA 3 MIpeZiesIbHO SKOHOM-
HBIMH KoZiaMu. Ho oTmoxkuMm 31O Bcé B cTopoHy. Celfyac HaZlo mocTe-
MIEHHO Pa306paThCs CO CKOPOCThIO Mepegaurt UHGOPMALIUK U C TEM, YTO
Ke MBI BOOOIIle TOHNMAEM 1107, TEpPMUHAMHY UHGOPMAYUSL U KOUUECT80
uH@opmayuu.

4.2. Nadopmanusa U SHTPOIIUA
(npeaBapuTeIbHbIE PACCMOTPEHMS)

Kak MBI y)ke oTMeuasu, MmosiBjieHue Tejaerpada U paguoCBiI3y CTH-
MYJIMPOBAJIO pa3paboTKy MOHATHSA HHGOPMAIMH U €€ KOTUIeCTBEHHOTO
OTIMCaHUS.

Mepoii nHbOpMaIUH, IO-BUAUMOMY, Pa3yMHO CYMTATh MEPY U3Me-
HEHUS HEOIPeAeTEHHOCTH, CBI3aHHYIO C TIOMYYeHHOH nHbOpMalKeii.

B mpocrTeiinieit cuTyaiuy, Korja UMEIOTCA ABE PaBHOIIPABHBIE BO3-
MOXKHOCTH, HAalIPUMep, KOr/ia cayJaiiHas BeTudrHa MOXKET UMETh POBHO
[IBa pPaBHOBEPOATHBIX 3HaYeHUs O U 1 (BBIKIIOUEHO, BKJIIOUEHO), CO00-
IIeHUE 0 eé KOHKPETHOM 3HaueHUU (COCTOSTHUM) JIUKBUAUPYET HEOIIpe-
JeNéHHOCTb. HamoMHuM, 4TO Mepa Takoi MHbOpMaluyu TPUHUMAETCS
3a eIMHUITY U HasbiBaeTcsa 6umom (bit — cokpamieHue oT binary digit —
ABouyHas nudpa).
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YT1o6Bl HAEHTUGUIMPOBATh OAUH U3 M 06EKTOB, 3aZiaBast BOIIPOCHL,
Ha KOTOpBbIE OTBEYAIOT TOJNBKO «a» (1) mam «HeT» (0), KaK U3BECTHO,
TpebyeTcs log,M ABOWYHBIX CUMBOJIOB (ITOPUTM JeJIeHUs MOIOTIaM).
Takas cucreMa (ciy4aiiHas BeqwunmHa) crocobHa 3amactu m = log,M
6ut uHdopmaiu (B COOTBETCTBUU C MepOi €€ HeoIpeAenéHHOCTH).
TouHee, ecit Bce M BO3MOXXHBIX 3HAaUYeHUN (COCTOSHUM) paccMaTpuBa-
eMOoM CiIyJalfHO! BeJIMYMHBI PaBHOBEPOATHEI, TO MAeHTUGUKAIMA (BbI-
JeeHre, coobleHre 0 peann3aliy) OJHOTO M3 HUX MPU YKa3aHHOM
COOTBETCTBUM PABHOCWIbHA 3aZaHMIO 10g,M ABOWYHBIX HUOP, T.e. CO-
obwenuto log, M 6ut nHGopMaum.

Tenepb dopManbHee: MycTb X — MPOU3BOIbHASA IUCKPETHAS CITydai-
Hasd BeJIMYMHA, KOTOpas MOXKeT IPUHUMAaTh M pa3JIuYHBIX 3HAYEHUN X;
C BEPOATHOCTAMU p; COOTBETCTBEHHO.

Kak ydecTp BeposATHocTU? Kakyro mMepy HeollpeZel€HHOCTU (M WH-
dbopmalu) pasyMHO CBSI3BIBATh C TAKOM CIyJalHON BEJTUYUHOMN?

3amuiieM TOJbKO 4TO ITOMy4eHHBIM HaMU pe3yJbTaT B ciefyrolleM
BUJE:

_ M- L N1 SN N O P
m=logM =M MlogM—ZMlogM— ZMlogM,

1
rae M 6y,ZLeM TpaKTOBaTb KaK BEPOATHOCTb ITOABJIICHUA (peanﬂsaum/l,

BbIOOpA) KOHKpETHOro U3 3TuX M 06bekToB. (31ech u ganee log =log,.)

Torga, HaBepHOe, B O0IIEM CIy4ae MbI O/KHBI IIPUHTH K BETMYUHE
M

— > pilog p;. MblI cefiuac IOAKPENUM 3TO HPEATIONOKEHHE.
i=1
Benmuuna H(X) =— . p; log p; HaseBaeTcs anmponueil AUCKPETHOM
crydaitHoit BemanHEbL X . (ITo HenpepeiBHOCTH cunTaeM, yTo 0log 0=0.)

[ToskcrieprMeHTHPYeM ¢ Hell. EC/iu BEpOSATHOCTh p; COOBITUA X; Ma-
JIa, TO, Ha/[0 IoJIarath, THPOPMAIUA O TOM, YTO IPOU3OLUUIO OYEHD PeJ-
Koe cobpiTHE, 04eHb 6ombias (—log p;). C Apyroii CTOPOHEL, eciiy COOBI-
THE peZKOe, TO Ha IPOTIKEHUH [JIUTETBHOTO Ieproa HabMoAeHU OHO
MOSABJIAETCA CO CBoell nHdopManueil B 3ybax KpaiiHe pezako (B gone p;
OT BCero BpeMeHU HabmrozieHuil). [ToaToMy ocpesHEHHAsA 1O GOIBIIO-
My IIPOMEXYTKY HabmofeHni nHbOpMaIua, KOTOPYIO IPUHOCUT TaKoe
cobbITHE (Takoe 3HAUEHUE X; CIydaliHON BequduHbl X), OyZeT paBHA
—pilogp;.

Tax uto eciu — log p; ecTh Mepa HeonpeAeNEHHOCTU U MHGOPMAIIUH,
CBA3BIBaeMasi C COOBITHEM X;, BEPOATHOCTb KOTOPOTO p;, TO —p;log p;
€CTh CpeJHeCTAaTUCTUYECKOe KOJIUYECTBO MHPOPMAINU, KOTOpOe MpU-
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HOCHT IIOABJIEHHE TaKOI'O CO6BITI/IH, a Torga

M
H(X) = - p;logp,
i=1

(MaTremaTHUeckoe oxuzaHue —logp;) ecTb cpeiHee KOTUYECTBO WH-
dbopmalu, KoTopoe HECET eTMHUYHOE COObITHE (3HAaUEHUE) CAYIaiHOM
BEJIUYUHEL X.

O6paTuTe BHUMaHUe Ha TO, YTO MBI He MHTepecyeMCs 37Zech TeM,
B 4éM MMEHHO COCTOUT peajbHOe COOBITHE X;, XOTA i APYTUX Lieeit
3TO, MOXKET OBITh, I €CTh CAMO€ IJIaBHOE.

dukcHpyeM Temepb B TOYHOU GOPMaTbHOM 3aTTUCH CTaTUCTUIECKUH
XapaKTep SHTPOIUU: JJIs JTIOOBIX TIOMIOKUTENbHBIX YUCEN €, O HalAETCA
TakKoe YHCJIO N5, YTO IIPU 1 = N, 5 BBHIIOJIHAETCA HEPAaBEHCTBO

1 n
P{‘—Hzlogpxi—H(X)‘<5}>1—e, @

r7e, Kak 0OBIYHO, P — BEPOSATHOCTD YKa3aHHOTO B CKOOKaX COOBITHS, HO
Temnepsb X;, i1=1, ..., n,— n He3aBUCUMBIX 3HaUeHUHN cillyyaliHON Belndu-
HbI X, & p,. — BEPOATHOCTHU TUX 3HAYEHUH.

Kak cBA3aHa HTpONMA ¢ KOAUPOBAHUEM?

PaccMoTpuM cOO6IIEHHsA/CTOBA/BEKTOPH X = (X1, ..., X,), 06pa3o-
BaHHBIE N TIOCJIEZOBATENbHBIMU HE3aBUCUMBIMU 3HAYEHUSIMH CIIydani-
HOI BesnuuHbl X. BepoATHOCTD py MOABIEHUA CJIOBA X paBHA

Dx = Dx, " -+ " Px,-
B cwty cooTHomeHus (4) MpU n = n,5 C BEPOITHOCTBIO, OOJbIIEN YeM
1 — ¢, 6yaem uMeTh

2—n(H(X)+5) < Ps < 2—n(H(X)—5)‘ 5)

C/I0BO X HA3bIBAIOT &-MUNUYHLIM, €CIU JJIA HErO BHIIIOIHEHBI 3TU
OlLIeHKH. SICHO, 4TO cymecTByeT He Gomee 270 raypyx §-TumMaHBIX
CJIOB, a €CJIU N > N5, TO UX elé ¥ He MeHbIIe deM (1 — g)2"HE0=9)
Y TIPY 3TOM BCE MHOECTBO He §-TUIIMYHBIX CJIOB MMEET BEPOSTHOCTD,
He GOJIBINYIO YeM €.

B NpUHIMIIE TEePh yXKe MOXXHO HCIIOIb30BaTh JBOMYHEIE IIOCIEN0-
BaTeIbHOCTH JyTUHBL N (H (X)+06), 4TOOBI 3aKOAMPOBATh BCE O -TUMTUYHBIE
cioBa. Jlaxke eciv Bce OCTa/lbHBIE CIOBA 3aKOAUPOBATh OJHUM CHMBO-
JIOM, BEPOSITHOCTD OIIHUOKY IPH IIepeade CJIOB X AJIMHBL N, BEI3BAHHAS
TaKUM KOZIOM, Gy/IeT MeHbIIIE €.
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C apyroii cTopoHHI (1 3TOT 3¢ deKT HeyCTOMYMBOCTH S9KOHOMHBIX KO-
JTOB MBI y2Ke OTMEYaJIN), TF0O0H KOJI, MCTIONb3YIOMIHI B TOU JKe CUTyaI[uu
JBOWYHBIE TIOCIEA0BATEIHHOCTH OTHOCUTENBHO YYTh MEHBIIEH JIMHBI
n(H(X) — 6) (uanpumep, 26n u3 n(H(X) + &) MOCTaHHBIX CUMBOJIOB
MOTEPSIOCHh B LIyMe), OyZeT UMEeTh aCUMIITOTUYECKH HEHCYe3aloIlyio
BEPOSITHOCTH OMIMOKH, CTPEMSIIYIOCS K eAMHHUIIE IIPYU 11 — +00.

UTakK, CBS3b SHTPOIMUU U KOAUPOBAHUA MHGOPMALIUU COCTOUT, Ha-
MpUMeEDP, B TOM, ITO 3GPEeKTUBHOE KOAUPOBaHHE aCUMITOTUIECKU TIPU
n— +o Tpebyet N ~ 2"1X) cnop u suTponua H(X) MoxeT UHTepIIpe-
THPOBaThCA KaK Mepa KomudecTBa MHboOpMaIvy B 6UTax Ha mepegaBa-
€MBIA CUMBOJI, T. €. Ha OZHO 3HaYeHUe CIyYalHOU BeSUIUHBI X .

Ortcioga, B YaCTHOCTH, CJIEAYET, YTO SHTPOIIHS UCTOUYHUKA UHPOpMa-
IIUY He JO/DKHA NPEBBIIIATh IPOIYCKHYIO CIOCOOHOCTh KaHaua CBS3U,
€C/Ii Mbl XOTUM aZleKBaTHO U 6e3 3a/iepKeK IepeZaBaTh MOCTYIAIIYIO
MHGOPMALIHIO 110 3TOMY KaHAJIY CBS3U.

4.3. YcnoBHas sHTponud U uHpopmanusa

BepHéMcs OCTeNneHHO K nepejade MHPOPMAIUU 110 KaHATY CBS3U.
[TepesaTyuK ITOCEUIAET COOOILIEHNE X = (X1, ..., X,), IPUEMHUK IOTy4aeT
y=0n, .-, ¥,). Kak 1o nomyuyeHHOMy BOCCTaHOBUTH NocyiaHHoe? Ecin
HUKAaKUX UCKOKEHUU HeT, T. . BCersaa y;=X;, TO ¥ Bolpoca HeT. [loaTomy
OyZieM CYMTaTh, 9TO KaHAJ XapaKTEPHU3YEeTCs HEKOTOPOU MaTpuuei (p;;)
BEPOATHOCTEH Tepexosa MOCIAHHOTO CUTHANA X; B IPUHSATHIA CUTHAT Y.

TNocTaBuM Borpoc uHave. Kakyto uHbopMaIyio o COO6IEHUH X CO-
JIEPXKUT coobieHre y? Vimu mo-Apyromy: Kak MeHsAeTcs (YMEHbIIAeTCs)
HeOoIpeJeJIEHHOCTD X, KOIZZa Mbl y3HaéM y?

O6paTuMCs K YCIOBHBIM BEPOSITHOCTSIM U BBEAEM IIOHATUE YCJIOB-
HO¥M sHTponuu H (X | Y) ciy4aiiHoi BeMnduHbl X Ha BXOZe KaHaja CBI3U
OTHOCHUTEIBHO CIYIalHOU BEJTMYMHEI Y Ha BBIXOJE.

Torza Beies 3a [lleHHOHOM MOXKHO OYZET PaCCMOTPETH BETUYNHY

IX;Y)=HX)-HX|Y), ©)

U cyuTaTh €€ 3pGeKTUBHBIM KONUUeCMBOM UHPOpMAYUL, KOTOPOE B CpeJi-
HEM IePEHOCUTCS OHUM IOChUIAEMbIM CUTHAJIOM (3HaYeHUEeM CIIydaii-
HOHU BeJMUYMHEL X) B TaKOM KaHaJjle CBA3U.

3HAYUT, NPONYCKHASA CNOCOOHOCMb KAHALA C8A3U OTIPEAETUTC KaK

C=supl(X;Y), @
{py}
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Te cympeMyM 6epéTcs o BCEBO3MO)KHBIM KOZIaM, T. €. IT0 BCEBO3MOXKHBIM
pacnpeziesleHuAM BepoaTHOCTel { p, } BXOAHOM ciydaliHON BeIUYMHEL X,
“Merolei GUKCUPOBAaHHBIM KOHEYHBIN Habop 3HaYeHUH (andaBuT).

WTak, onpeennM yCIoBHY0 sHTponuio H (X |Y) ogHoit ciy4yaitHoi
BeJIUYUHBI X OTHOCUTENBHO APYTrou ciydaliHON BEJUYUHH Y.

Iycts {p, }, {py} 1 {py,, } — pacnpezeneHys BEPOATHOCTEH CIydaii-
HBIX BeJIMYuH X, Y U COBMeCTHOU ciay4aiiHoi Benuuunsl Z = (X, Y) co-
OTBETCTBEHHO.

Ecy BepoATHOCTD MOABIEHU Ha BXOoZle 3HaUeHUA X; Cay4alHoOU Be-
JuarHBEl X paBHA Pyx,» @ BEPOSITHOCTb p(yj | x;) mepexoza x; B Yj AaHa
Y paBHA D;j, TO BEPOATHOCTD Dy, , COBMECTHOTO COOBITUA Zij = (x;, yj)
paBHa p(yj | x;) J 006111251 BEpOSITHOCTD Py, TIOAB/IEHNA Ha BBIXO/Ie 3HA-

YeHUsl y; CIy4alHOW BEIMYUHEL Y paBHa > Py [x)py.-
i

Jlna obneryenus samuceidl GopMysn U 6e3 TOTepU UX SACHOCTU MBI
He 6yzeM 6oJblile THUCATh AOIONHUTENbHBIE HIDKHUE WHAEKCH. Hampu-
Mep, CTaHZAPTHEIE GOPMYJIbI YCIIOBHOM BEPOSITHOCTH OyZieM IUCcaTh TaK:
Pxy =P |x)p, wmu p, , =p(x|y)p,, MOCKONBKY Py, =Py -

Hatizém cHavasa ycinoBHYI0 aHTpomnuio H(X | Y = y) ciay4daitHoii Be-
JUYUHE X NIPU YCJIOBUY, YTO CJIyJYaiiHasA BeJIMYMHA Y MMeeT 3HaYeHue
y. VIHBIMU cjl0BaMH, MbI cefiyac HalZiéM, KaKol CTaHOBUTCS SHTPOIUA
(HeomnpeziennéHHOCTD) X TIPU YCJIOBUH, UTO CIy9aliHasA BeIWYWHA Y 1IpU-
HsIa 3Ha4eHue Y.

Pey  Px
HX|Y=y)= —Zp(XIy)Ing(XIy) = —Zp—’ylogp—’y-
X X Y Yy

Teriepp MOXXHO HaWTH M MHTEPECYIOLIYI0 HAC YCIOBHYIO SHTPOIMIO
H(X|Y) crydaiiHoii BeTMYMHBL X OTHOCUTETBHO CTyIaiiHOM BETMUUHEL Y

_;pyH(XIYzy)=_;pny:P;;y logi);—;v _

= _pr,ylogpx,y +Zpy Ingy =H(X,Y)—H(Y).
X,y y

HX|Y)

3aech H(X,Y) — coBMmecTHas sHTponud mnapel Z = (X,Y) ciaydaliHBIX
BeNUMYMH X U Y; pacnpezieneHne BEpOATHOCTEH napsl ects {p, , }.

Mpsi1 Hanwiu, yto H(X |Y)=H (X, Y)—H(Y). Ho mOCKOIBKY Px,y =Pyx
up,,=py|xX)py=p(x|y)p, =Py, CIPaBEIUBEI TAKXKE COOTHOIIE-
una H(X,Y)=HY,X)un HX,Y)=H(X|Y)+HY)=H(Y|X)+H(X).
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UrTak,
HX,Y)=HX|Y)+HY)=H{ | X)+H(X) =H(Y, X). 8

YuutbsiBasg Gopmyny (6) (ompezaeneHue IlleHHOHA) KonuyecTBa UHOOP-
Malllu, HaXOAUM, UYTO

IX;Y)=HX)-HX |Y)=HX)+HY)-H(X,Y). 9
IMockonbky H(X,Y)=H (Y, X), oTctoza cjiefyeT, 4TO
IX;Y)=1(X;Y). 10)

4.4. NaTepuperanys norepu nHGopMany B KaHajIe ¢ ITyMOM

OcTaHOBUMCS KOPOTKO Ha UTOTOBOM HehOPMaJIbHOM OCMBICIEHUU
BBeJIEHHBIX [TOHATUH M 06GHAPYKEHHBIX B3aNMOOTHOIIEHUH.

Sutpormsa H(X) = —>.p,logp, AUCKpeTHOM cydaliHON Benudu-
X
HBl X ABJAETCA HEKOTOPOM CTAaTUCTUYECKOM, OCpeJHEHHOU eé Xapak-

TepucTtukoi. Ecim —log p, TpaKTOBaTh KaK BEIPAXKEHHYIO B JBOMYHBIX
eanHMIax (buTax) Mepy HeOompeaeNéHHOCTU, PEAKOCTU COObITHA (3Ha-
YeHUs X CIyYalHOU BeNWYWHBI X) U MPOMOPIIMOHAIBHO 3TOMY H3Me-
PATH KOMIMYEeCTBO MHGOPMAaLKH, coepKallelics B COOOIIEHNN O HACTYII-
JIeHUH coObITHA X, To H(X) OGyeT MaTeMaTHYeCKUM OXXUAAHUEM 3TOU
BeJIMYUHBI —log p, .

DHTpoONNsA ecTh HeKas CpefHAA Mepa HeolpeleJéHHOCTH CIydalHo’
BeJIMYMHEI X, IpUX0AAIIaAcA Ha OfHO e€ 3HaueHue. B apyroii TpakToBKe
3TO cpefHAA Mepa MHGOPMAIUU, KOTOpas MIPUXOAUTCSA Ha OZHO 3Have-
HUe cIydaifHoi BennuuHbl. [Ipy aTOM npenonaraeTcs, 4TO MBI IIOIy4a-
eM JJIMHHYIO CepHI0 He3aBUCHUMBIX 3HaUeHUH ciIydaliHON BeTWYrHBI X
U OCpeZfHseM KOJIMYECTBO IIONYIeHHOH MHQPOPMAIMHU MO KOIUYECTBY
TIPUHATHIX 3HaUeHUU cIydaliHOM BeIM4YuHEL. [1o yMoryaHuio npeanona-
raeTrcs Takke, YTO 3HaAUeHUA IlepeZaloTcs U IOCTYIaloT PaBHOMEPHO —
OJHO 3HaueHMe B KaKylo-TO OJHY U Ty XKe eJUHUIy BpeMeHHU. VIMeHHO
[I0O3TOMY B CJIy4dae, KOTZa pedb UAET O IepeZade HHGOPMAIMH 110 KaHAJTY
CBA3M, SHTPOIINIO UCTOYHUKA NPEAIIOYNTAIOT TPAaKTOBAaTh KaK cpeJHee
KOI4ecTBO MHGOPMAIIUU, KOTOPOE CO3ZaéT UCTOYHUK 3a eANHUILY Bpe-
MEeHHU.

Eciu kaHas criocobeH poyCcTUTh 6e3 MCKaXKeHHi TaKoU MOTOK HH-
¢dopmanum, To Bcé B mopsigke. Eciy xKe MOTYT BO3HUKATh OIIMOKH, TO
BO3HUKAIOT HOBEIE IIpobseMbl. Ha npumepe Teopems! llleHHOHA BUAHO,
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YTO B KOHKPETHOM CUTYaIlUM MPUXOAUTCA UMETh JIeJI0 C KOHKPETHBIMU
¢dusmyeckuMu mapameTpaMu (Iosoca 4acTOT, YPOBEHb CUTHAaa, ypo-
BeHb IIyMa, CTaTUCTUYECKHe XapaKTepUCTUKU MoMexyu U T.1.). I[lpa-
BWIBHO y4YeCTb U 33/IeliCTBOBATh 3TU IapaMeTPhl — CaMOCTOSTeIbHAs
BakHad 3ajjava.

MBI pacCMOTpeIN HEKOTOPYIO abCTPaKTHYIO MOZEIh KaHajla CBSI3U
C TMoMexaMy U MPUILIA K II0JIe3HOMY TOHATUIO YCJIOBHOM 3HTPOIIUU
H(X|Y). Eé cMmbICT B TOM, YTOGBI OIIEHUTD CPEHNU YPOBEHD HeOIpee-
JIEHHOCTH CJTy4aiiHOW BeIMYUHBI X, KOTOPHIN OCTAETCs, €CJIU Y BaC eCTh
BO3MOXKHOCTh HaOJII0ZIaTh 3a COCTOSTHUEM CTy4YaiiHOM BenunHb! Y. Eciu
X v Y He3aBUCHUMEI, TO SICHO, YTO Hab/toleHre 3a Y HUYErO He TOBOPUT
o0 X u HX|Y)=H(X). C apyroi#i ctoponsl, eciu X =Y (Hampumep,
Korza uzét 6e3omuboyHast mepegava o KaHasy cesisu), To H(X |Y) =0.

Taxkum obpasoM, Benuuuny H(X |Y) B 3agaue mepezaun nHdpopma-
LIWU 110 KaHATy CBA3W MOXKHO TPAaKTOBATh KaK CPEAHIOIO Ha IepesiaBae-
Moe 3HaueHue (Ha CUMBOJI WIM Ha €JUHUIY BpEMEHHM) MOTEPIO UHGOP-
Maluy B 3TOM KaHaJjie CBA3U.

Torga nmeHHO

IX;Y)=HX)-HX|Y)

ecTeCcTBeHHO NPHHATH 32 CPeAHIOI Mepy MHQOpMAalUM, KOTopas Ipo-
XOZIUT TI0 KaHAJIy CBSI3U IIPU IepeZade 10 HEMY 3HAUYeHUU CITydailHOM!
BeMMUUHB X, KOAUPYIOMIUX HCXOAHBIE coobiieHus. Cozep:kaTenbHast
yacTh CcOOOIIeHUII HAac He WHTepecyeT. MHbOpMaLUi0 MBI U3MepPsIeEM
B OMTax, a CKOPOCTh €€ CO3ZaHusA, Mepefiadyd WIM MpUéMa H3MepseM
B OMTax Ha CUMBOJI WM B OUTax Ha eAVHUIY BPEMEHU.

3Ha4YeHUs1, KOTOPbIe MOXKeT IPUHUMATH CIyJaliHas BeTndrHa X, MOX-
HO CUUTATh anpaBUTOM, B KOTOPOM 3aNUCHIBAIOTCA (KOAUPYIOTCA) MOJ-
Jnexarye mnepegade coobiieHus. COOOIIEHUS CUUTAIOTCS JOCTATOYHO
JUIMHHBIMH, YTOOHI B 3aiaye BOOOIIe MOXKHO OBUTO UCIIONb30BaTh CTATH-
CTUYEeCKUe XapaKTepPUCTUKU. PacropsaauTbes andaBUTOM JJ KOLUPO-
BaHUs COOOILIEHMU, KaK MBI BUJenu Ha npuMepe koga [llennona— ®a-
HO, MOXXHO TIO-pa3HoMy. OTITUMAaJbHBIN KOJ AJIA Mepejayut COOOIe U
BBIOMpAETCs C YIETOM XapaKTePUCTHUK UCIIOIb3YEMOr0 KaHaja CBS3U.

[pomyckHas crmocobHOCTh (7) KaHajma CBA3W €CTh MaKCHUMasbHas
CpeAHss CKOPOCTh Iepesady NHGOPMAaLUHY 110 3TOMY KaHAIIy CBsI3U, KO-
TOPOH MOXHO JOCTHYb WIK K KOTOPOH MOXKHO CKOJIb YTOAHO IpUbIU-
3UTHCA IIPU NepeZiade JIMHHBIX TEKCTOB COOOIIeHUH, IpeABapUTEIbHO
Pa3yMHO 3aKOAVPOBAHHBIX UCIOIb3yeMBIM B KaHasle andaBUTOM.
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4.5. Pac4éT IpOIyCKHOM CIIOCOOHOCTH
abCcTpaKTHOTO KaHajia CBSA3H

®opmysnoii (7) MBI OIIpeZAesIIN IIPOITYCKHYIO CIOCOGHOCTD abCTPaKT-
HOTO KaHasa cBsi3u. TOMBKO YTO MHEI B OOIIKX YepTax o6CyAMIN cozep-
)KaHUe BBeAEHHBIX MOHATUHN. Tenepb, B 3aK/Ii0UeHNe, IIPOBEAEM BCE Ke
OVH KOHKDETHHBIN pacyéT. HaiiiéM MpOIyCKHYIO CIIOCOGHOCTh HAIero
abCTpaKTHOTO KaHasa CBSA3U B MPOCTEHIIEM IIPUMEPE, C KOTOPOT'O MBI
BOOOIIle HaYaIu BECh 3TOT abCTPAKTHBIN pa3roBop. HalmoMHUM yCIOBUA.

B kaHaJsie cBA3U IlepefaTYrK ITOChUIaeT Ha MPUEMHUK CUMBOJIBI O 1 1.
[ToMexu MPUBOJAT K TOMY, YTO MPUEMHUK ITOPOM MOXKET pacimdpoBaTh
nocnanHbi cuMBoi O kak 1, a 1 kak 0. [TycThb p — BepOSTHOCTD IIpa-
BWJIBHOTO NIPOXOXK/eHUA IepeJaHHOr'0 CUMBOJIA.

I[To KaHaIy MOCHUIAIOTCA COOOUIEHUS (TEKCT, CJIOBA), COCTOSIUE U3
MOCJIEZI0BATENBHOCTH GYKB — CUMBOJIOB 0, 1 Halllero mpoCTeHIIIETO ABYX-
6ykBeHHoro andasuta. CauTaeM, YTO KaHaI [eHCTByeT Ha KaXKAYIO OyK-
BY CJIOBa HE3aBUCHUMO, T. €. 3TO KaHas 6e3 aMATH.

KakoBa mporyckHasi CHOCOGHOCTh TaKOT'O KaHasia CBA3U?

B manHOM cirygyae MaTpuIla BEPOSTHOCTEN Iepexo/ia yIpolieHa /10
mpeziesia He TOJMBKO JBYXOYKBEHHOCThIO aysdaBuTa, HO U Te€M, YTO oba
nepezaBaeMbix cuMBosia O ¥ 1 UMEIOT OANMHAKOBYIO BEPOATHOCTH ITPO-
XOXKIeHUs 6e3 uckakeHus. VITak, ciydaliHas BenuduHa X Ha BXOJe Ka-
Hajia MOXKeT MIPUHUMATh Ba 3HadyeHud. [IycTh KOAUPOBKA MTOChLIAEMOTO
COOOIIEHNS TAKOBA, YTO BEPOSATHOCTH MOsABIeHMS 3HaueHuH 0, 1 cooT-
BETCTBEHHO PaBHHI Py, P;-

Ha BeIXOZle KaHaa ciy4JaifHas BeJIMYrMHA Y TOXKe MOXKET IPUHUMATh
TOJBKO 3TU JBa 3HaueHUs 0 win 1, HO, BO3MOXKHO, C JPYTUMU BEpOST-
HOCTSIMH (), ;. Hatizém ux.

3HaueHue O Ha BBIXOZE MOJIYIUTCA C BEPOATHOCTBIO P, €CIU Ha BXO-
ge 0, u ¢ BepoATHOCTBIO 1 — p, ecaiu Ha BxoZe 1. B cBoro odepenp, Ha
Bxozie 0 ¢ BEpOATHOCTBIO Py U 1 ¢ BEpOATHOCTBIO p;. [lo3TOMY BepoAT-
HOCTb NOABJIE€HUA Ha BbIXoZe 3HaueHusa O paBHa ppy + (1 — p)p,. CooT-
BETCTBEHHO, 1 Ha BBIXOZe MOABJAETCA C BEPOATHOCTBIO pp; + (1 — p)po.

PacnpeziesieHrie BepoATHOCTEN COBMECTHOM CiIydaliHOW BeTWYUHBI
Z =(X,Y) ToxXe JIeTKO BBHIIIKCATh:

(0,0) ~ppy, O,1)~A—-p)p;, (1,0 ~A-p)py, (1,1)~ pp;.

Tenepp MOxkHO moAcunTaTh 3HTponmu H(X), H(Y), H(X,Y) u mo
BTOPO# 13 dopmyi (9) HANTU CKOPOCTH Nepegadyn uHbopMmanuu. B Ha-
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IeM caydJae MoJIydaeTcs, YTo
I(X;Y) =H(Y) —h(p),

rae h(p) =-plogp—(1—-p)log(1-p)=H(X,Y) —HX)=H(Y | X).

MaxkcumasnbHoe 3HaueHue BenrauHa [ (X;Y) gocruraer mpu H(Y) =1,

T. €. KOT/]a pacmpe/ieieHne Ha BhIX0/ie PABHOMEPHO: §o = q1 = . Hoqy=

=ppo+ (1 =p)p1, a gy =pp; + (1 —p)po, M03TOMY ycioBUe o =q; = 3
BBINIOJTHAETCS] B TOYHOCTH TOTZA, KOTZa BXOAHOE paclpezeieHue PaBHO-
MEpHO: Dy =Pp; = %

(MBI 37ech BOCIIOJNIb30BAJINCh TEM, YTO, KaK HETPYAHO IIPOBEPUTEH,
OIIMPAsiCh Ha BBITYKJIOCTD Jlorapudma, ecyii JUCKpeTHAs CIydaiiHas Be-
qrurHa X uMeeT M pasiauuHbIX 3HaveHud, To 0 < H(X) <logM, mpu-
4éM paBeHCTBO CJIeBa peayu3yeTcs Ha BBIPOXKAEHHBIX paclipeziesleHu-
SIX, KOrZla Kakoe-TO OJHO 3HaueHHe MPUHUMAETCA C BEPOATHOCTHIO 1,
a OoCTaJIbHBEIE C BepOSTHOCTBIO O, a PABEHCTBO CIPaBa JOCTUTAETCS HA
PaBHOMEDHOM pacIipe/ieIeHUH. )

WTak, MBI HAallUTH, YTO TIPOIIyCKHAs CTIOCOGHOCTh pacCMaTPHUBAEMOr0
MIPOCTEMINETO MO/IETBHOTO KaHasia CBA3M ¢ moMexamu paBHa C=1—h(p).
3mech h(p) = H(Y | X) xapakTepusyeT moTepio nHGopMaIiuy Ha rmepeza-
BaeMblIii cuMBoJI. (Cm. Taxke [18].)

BrrunciieHre CKOPOCTH, pasyMeeTcs, BCErZa BeAyT C TOYHOCTBIO 10
IIOCTOSTHHOT'O MHOXKUTEJIST, OTBEYAOIIEr0 BEIOPAHHOMH eINHUIE BpEMEHH.

Hanpumep (cm. [17]), mycTh kaHan GU3UYECKU CITOCOOEH MPOITyC-
kaTh 100 gBOoMYHBIX cuMBOIOB 0, 1 B eAMHNUIY BpEMEHU, IIPUIEM KaXK-
JBIH TepeflaBaeMblii CHMBOJI MOXXeT 3aMeHUTBbCS IIPOTHUBOIOIOXKHBIM
¢ BeposiTHOCTbIO 0,01. B aTom ciryyae h(p) =h(1—p)=h(0,01)~0,0808,
u C=100(1—-0,0808) =91,92~ 92 ABOUYHBIX 3HAKOB — OUT B €IVHHU-
IIy BpeMeHH.

O6paTtuTe BHUMaHHeE Ha TO, YTO Pe3yJbTaT He paBeH 99.

VMes 3a 1leyaMy HAKOIUIEHHBIM OIBIT, MOXKHO TEIEPh MOIBITAThCSA
CaMOCTOATENbHO [IOKa3aTh CIeAYIONIYI0 UHTYUTUBHO MOHATHYIO Teope-
My IlTeHHOHA.

Teopema. ITycmsb umeemcsi UCMOUHUK UHPOpmayuu X, sSHmponus Ko-
mopoeo 8 eduHuuy epeMeHU pasHa H(X), u kaHan c8s3uU ¢ NPOnyckHoll
cnocobHocmsio C. Tozda ecau H(X) > C, mo HU npu kakom KoOUpos8aHuul
nepedaua coobujeHuil 6e3 3adepicek U UCKaNCeHUL HeB803MOxucHA. Ecau Jice
H(X) < C, mo scezda moxcHO 00CmMamouHo ONUHHbIE COOOUeHUST 3AKO-
duposamsb mak, umobsl OHU Nepedasanucy b6e3 3adepicek U NPU IMOM
8ePOAMHOCMb OWUO0K 6bL1a bl CKOIb Y200HO OUKA K HYJO.

=






TEMA III

KJIACCYECKAA TEPMOJMHAMMKA
N KOHTAKTHAA I'’EOMETPUA



BBegeHue

«JTa TepMOAUHAMHKA 06pasyeT HbIHE 3aMeYaTebHYI0 HayIHYIO CH-
CTEMY, IETAJIU KOTOPOH HU IO KpacoTe, HY 110 OJecTAeH 3aKOHIEHHO-
CTU He YCTYIIAIOT BCEH CHCTEME B I€JIOM; OHA 3aCIy)KUBaeT UMSA TEPMO-
JVUHAMUWKY KJIaccudecKoii». Tak Besrukuii JIopeHI| mucas o KJIacCUIecKon
TepMOJVHAMUKe, OTKPhIBasA CBOU «CTaTUCTUYECKHUE TEOPUHU B TEPMOAM-
HaMuKe» [2].

MEI 3lechb OCTAaHOBUMCS Ha HEKOTOPBIX MaTEeMaTHYECKUX aclleKTax
TepMoAWHaMUKHU. OMUIIEM /[Ba HaYaja TEPMOAMHAMUKY Ha A3bIKe AUd-
depeniuanpHbix GopM (raBa I). laauM npecTaBieHUe O CBA3M Kac-
CUYEeCKOU TepMOAMHAMUKY C KOHTAaKTHOM reoMmeTpueii (rmasa II). Hako-
Hell, 106aBUM KO€e-UTO M3 CTATUCTHYECKOM GHU3UKU U CKaXKEM HECKOIHKO
CJIOB O KBAaHTOBO-MeXaHUYeCKOU cTOpoHe TepMoguHaMuky (rrasa IIT).



I'maBa I

Kitaccuuyeckada TepMmoguHaMuUKa
(HayanbHBIE IpeACTaBIEHUS)

§1. /IBa Hauasia TepMOAMHAMUKH

1.1. DHeprus U BeUHbIl JBUTaTEb

KTo He 3HaeT CJIOB U CJIOBOCOYETAHUN «3HEPTHs», «3aKOH COXpaHe-
HUs SHEPTUN», «<BEYHBIN JBUraTeIb»? MHOrHE [laske CIIBIIAJIM, YTO Ta-
KO IBUTaTeNb BpoZie 6B HEBO3MOXKEH.

A Begp 37O (TTOC/IE HEKOTOPOTO YTOYHEHUSA) U €CTh MEePBBIN U3 ABYX
dyHIaMeHTaTbHBIX 3aKOHOB TEPMOJAMHAMUKY, HA3bIBAEMBIX OOBIYHO /IBY-
M HavaJIaM¥ TePMOJUHAMUKY (M HAYYHOTO MHPOBO33DEHUs).

3aKOH COXpaHeHUsA SHepruy HEOTPhIBEH OT HAIIEro HbIHEIIHEro COo-
3HaHusA. Jlaxke TPYZAHO MOBEPUTH, YTO B TAKOH HopMe OH ITOSIBIJICS JIUIIb
BO BTOpoi nonoBuHe XIX cronerus (Matiep, Jxoynb, Knaysuyc, l'enbpm-
rosbil). ITogpo6HOCTH CM., Hampumep, B [4].

Haubonee nomynsapHas GpopMyIHPOBKA IIEPBOTr0 Havasa TeEPMO/MHA-
MUKHU COCTOUT KaK pa3 B TOM, UTO B IPHUPO/JiE He CYIIeCTBYeT M Heocylle-
CTBUM MeXaHU3M (MCTOYHUK MeXaHW4YeCKOW dHEPruu, BEYHBIN JBUTA-
TeJIb), eAMHCTBEHHBIM IIPOAYKTOM LIMKINYECKOU [eATeTbHOCTH KOTOPO-
ro 6bUIO0 6B HEOTPAHUYEHHO IIOBTOPSIONIEECS COBEPIIeHNe MeXaHJe-
CKOM paboThl (HanpuMep, HOAHATHE Ipy3a B 1 MIJUIUTPaMM Ha BBICOTY
1 MmwuInMeTp).

1.2. BeuHblii ABUTaTEJb BTOPOr0 PO/ia U SHTPONIUS

«/13BeCTHO OCHOBHOE 3Hau€eHHe, KOTOPBIM 06JIa/IaeT HE TOIBKO B 3TOM
OT/lesie HayKW, HO U Cpeid HaIlUX OOIIMX 3HAaHUI O BCEJIEHHOM, BTOpOe
Hayasjao TepMOJAVHaMUKH, win Hadano KapHo—Kiaysuyca. Bo Bcakom
cJTydae MOXKHO CKa3aTb, YTO OHO LIAPCTByeT Oojiee 4eM HaZ ITOJIOBUHOM
¢dusmkm». JTO ToKe caoBa JIopeHIa U3 yKe YIIOMAHYTOH BO BBeAeHUU
KHuru [2].

BTopoe Hauano TepMOAMHAMUKY, XOTA U He 3aceKpeueHo, U3BECTHO
He TaKOMY IIMPOKOMY KpyTy OOBIBaTesei, KaK [ePBOe, XOTS OHO UMeeT
emeé 6osee MHOTOYHCIEHHBIE U JIIOOOMBITHEIE 1T0 HEITOXOXKECTH, HO JK-
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BUBAJIEHTHEIE T10 coZiepKaHuio GopMynupoBku. CaMas mpocTas U, Kasa-
Joch 6vl, baHambHas (GopmynupoBka Kiaysuyca) yTBEp)KIAET, YTO MPU
KOHTaKTe TeJl TEIUTO (SHEPTHUsA) EPEXOAUT OT HoJiee rops4ero Teja K 60-
Jlee XOJIOZHOMY (IIepBOe OCTHIBAET, a BTOPOE HArpeBaeTcs) U caMo II0
cebe He MOXKET TepelTH B 0OpaTHOM HallpaBJIeHHH.

Jlpyrass popma BTOpOro Havyasa, CO3ByYHas MIPUBEAEHHOM BHIIIEe GOp-
MyJIMPOBKe IIEPBOTO Hayaja, yTBEP)KJAeT, YTO He CYIIeCTByeT BEYHO-
ro JBUTATeJIsI BTOPOT'O POAA, T. €. IMKINYEeCKH JeHCTBYIOUIel MaIlHHI,
€/IMHCTBEHHBIM pe3yJIbTaTOM pabodyero IMKJIa KOTOPOU ObUIO 6B Tpe-
BpallleHHe B3ATOM U3 TEIJIOBOro pe3epByapa (OKeaHa TeIluia) TEILIOBOM
SHepPruu B MexaHu4decKyto sHepruio (Yuibam Tomcon; ¢ 1892 r. 3a Hay4-
Hble 3acyTH JopZ KenbBUH).

He BHUKas 371ech IIyOXKe B U3BECTHBIE U IIPeJCTABIEHHbIE B II0O0M
COMUAHOM y4eOHUKE TEPMOAVMHAMUKHU JeTajH, J06aBUM JIUIIIb, YTO KC-
TOPUYECKHU BTOPOE Havyajo, KaK HA CTPAaHHO, GOPMAaTbHO OBLIO OTKPHI-
TO paHbllle IEPBOrO POAZOHAYAIBHUKOM TepMoauHamuku Cazu KapHo
(1824 1.). OH oTBeuas Ha Bompoc Ixkeiimca YaTTa (1765 r.) 0 BOSMOXXHOM
Ko3bUIIMEeHTe TONE3HOTO AEHCTBUA TEIUIOBOHN (ITapOBOM) MaIlWHBHI.
(BBLT MepUoZ MOABIEHUA U PAacIpOCTPaHEeHU IMAaPOBBIX MAIIWH U ABH-
raTeyeil. YaTT CIpaliuBaj BIIOJTHE KOHKPETHO: CKOJIBKO HY)KHO VIVIA,
YTOOHI TaKas MalllMHa BHITIOMHWIA 3aZaHHYI0 MEXaHUYeCKyI0 paboTy.)

Pa6ora Kapno (3abeitas u obHapy:xeHHas B 1834 r. KianelipoHom)
6buta pasBuTa B 1850—60-x rogax Kiaysuycom u puBesia K MOSBIEHUIO
BBeJEHHOrO UM B 1865 r. BTOpOro mocje 3Hepruu GyHJaMeHTaTbHOTO
MOHATHS TEPMOJUHAMUKY — SHMPONUU TEPMOAUHAMIYECKOH CUCTEMBL.

B HeKOTOpPOM CMBICTIE /1B HAaYala TEpPMOANHAMUKY B pe3yJibTare I0-
poxzaioT ABe yHZAMeHTAJbHbIE XapPAKTEPUCTUKU COCTOSHUS TEPMO-
JVHAMUYECKOU CUCTEMBI: €ro IHep2uio U 3HMPOnuUio.

BTopoe Hayaso MOXXHO IIPUBECTU K YTBEPKAEHUIO O TOM, YTO Jt0bast
3aMKHyTas (M30JIMPOBaHHAsA OT BHELTHUX BO3ZeCTBHUI) TepMoAHaAMIYe-
CKas cHCTeMa 3BOTIOLMOHHPYET B CTOPOHY POCTa SHTPOIINH €€ COCTOSHUA.

Hanpuwmep, ras, ocBOOOXAEHHBIHN U3 COAEPKABIIETO €r0 COCYAa, pac-
MIPOCTPAHUTCA IO BCel KOMHATe, T. €. TepeiAET u3 6o/iee OpraHU30BaH-
HOro (CO6GPaHHOTO B COCY/I) COCTOSTHUA B MEHee OpraHnu3oBaHHoe (1 60-
Jlee BepOATHOE, YeM ecii 6bI OH BAPYT caM BHOBb cobpajica B cocyze) L

130MMepdenba, ToguEpKUBas polb BTOPOro Havyaia, HUTHpyeT [6] Pobepra DMaeHa:
«B ruranTckoil ¢pabprKe eCTECTBEHHBIX IPOLIECCOB IPHHIIUI SHTPOIUH 3aHIMA€eT MECTO -
PeKTOpa, KOTOPHIN NPeANUCHIBAET BI/ U TeUeHHe BCEX CAETOK. 3aKOH COXPaHEHUs SHep-
TMY UTpaeT JIMLIb Pojb OyXrantepa, KOTOPHII IPUBOJUT B PaBHOBECHUE A€0ET U KPEUT».
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K koHny XIX — nHavanmy XX cToleTusa, ¢ OZHON CTOPOHBI, POAWIACH
cTaTUCTUYecKass TepMmoauHamuka (MakcBeswt, Borbuman, T'u66c, ITy-
aHKape, DUHIITENH), ¢ JPyroil CTOPOHBI — Ha4yajaoch MaTeMaTU4eckoe
odbopmieHre, bopManusaIusa KIacCu4ueckoi TepMoauHamMuku (Makc-
Bes, 'u66c¢, [lnank, KapaTteozopi).

§2. MaremaTndyeckoe opopMmieHHE
JIBYyX Ha4ya/l TEPMOAUHAMUKHU

B xaxk70i1 HayKe eCTb CBOM JIIOOUMBIE UTPYIIKA. B TepMOogUHAMUKE
3TO ra3 B LWIMHApPE IO/ MOopIiHeM. [lopuieHb MOXXHO JBUTaTh, MEHASA
06BéM raza. CTeHKY LWINHAPA MOLYT IIPOBOAUTH TEIUIO, @ MOTYT U Ha-
060pOT — M30/UPOBATh ra3 OT TEIUIOOOMEHA C BHEIITHEH cpesoi.

Urpas Ha Gymare B 3TOT mpubop (K/II0YEBOU 3M€MEHT KaK Iapo-
BOY MalllMHBI, TaK U COBPEMEHHOT'0 ABUraTe/Id BHyTPEHHero CropaHus),
C. KapHo npoBés oZiH U3 NepBhIX B GU3MKe reHUAMbHBIX (M HeZJOPOTHX)
MBICJIEHHBIX 3KCIIePUMEHTOB. /IBuras InoplieHb, IIOZorpeBasd, a Korza
HaJl0 — OXJIAXKJas WIM TEIUIOU3ONUPYs IWINHAD, OH NpUAYMasl IIHK-
JINYEeCKUU TPOollecc, Ha3bIBAEMBIN Temnephb (IOcjie HEKOTOPHIX CZeIaH-
HbIX KnanelipoHom Bapuanuii) uukiaom KapHo. KapHo Hamén oTBeT Ha
BOIIPOC YaTTa O BO3MOXXHOM K03(dUIMEHTE MOJIE3HOTO AeNCTBUA JIIO-
601 TETUTOBOH MAIllMHBI, a 3a0HO, KaK 3TO CIYJYaeTCs, CAeal BETUKOe
OTKpHITHE, KOTOpOoe (mocie pas3paboTku KiaysuycoMm) cTajio BTOPBIM
HavyajoM TepMoAuHaMuku. (Mzes mepBoro Havasa IIO CyLIECTBY TOXe
IIpUCYTCTBOBAJA B paccyxAeHuax Kapuol.)

[Tourpaem 1 MBI 4yTh-4yTh. DTO IIOMOXET HaM Kak IIPUHAThH I10JIe3-
Hble MaTeMaTH4YecKHe CXeMBl, TaK U He IOTepATh IOTOM (uandecKoe
cozilep’kaHre B BOBHHUKAIOIMIUX aOCTPAKIIUAX.

Krnaccuueckuii 3akoH KiamelipoHa yTBep)KAaeT, YTO MeEXKIY 00BE-
MoM V rasa, ero gaBneHreM P u Temmeparypoit T, XapaKTepHU3yIOIIUMHI
paBHOBeCHOe TepMOJVHaMU4ecKoe COCTOSIHUE ra3a, NMeeTcs CBA3b

H=c
(naspiBaemas ypaBHEHUEM COCTOSHNA), Iie TocTossHHaA C 3aBUCUT TOJb-
KO OT KOJIM4ecTBa rasa, cM. [7, 8al.

TpodeccuonanbHble HCTOPUKY HAyKHM MOTYT CKa3aTh, U He 06e3 OCHOBAHMUA, YTO MbI
TYT HECKOJIBKO YIIPOIIaeM ZeJI0 U YTo B paborax KapHo He Bcé GbUIO TakK yXX IVIAZKO.
OGBEKTUBHOCTH Pafyd OTMeYaeM 3TO, OTChUIAs 3aMHTEPECOBAHHOIO YUTATENS K OPHUIH-
HalbHBIM paboram KapHo u k paboTaM MX KOMMEHTATOPOB.
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Eciu HaflaBUTh Ha TOpPIIEeHb, TIOHEMHOTY (YTOOBI He BBIXOAUTH 3a
DaBHOBECHBIE COCTOSIHVS) IOMEHSAB OOBEM raza Ha HEKOTOPYIO BeU-
yuHy dV (oTpHULaTeTbHYIO, €CJIA MBI CXKMMaeM ra3), TO Mbl COBEPLINM
paboty —P dV. YacTb e€ MOHAET HA yBeTUYeHHe BHYTPEHHEH sHepruu E
rasza (KOTOPBII MBI KaK IPYKHHY CXKaJlH), a 4acThb B BuZe Teria 6 Q Mo-
JKeT YHTU BO BHEIIHIOIO cpeZy, €CIM Hall UWIWHAD IIPOBOJUT TEIUIO.
Eciu ke oH azinabaTudeH, T.e. He TPOBOJUT TEIUIO, TO TEIIOOOMeHa
C BHeIIHEM cpeioi HET, TEIUIOBHIX MOTeph He 6yzeT (6Q = 0) u mpo-
CTO BHYTPEHHAA 5Heprud rasa E yBeJWYUTCA B TOUHOCTU Ha BEIUYUHY
dE = —P dV nipogenaHHoOM HaM¥ paboThL. ECTeCTBEHHO CUUTATD, YTO CaM
ra3 Ipu 3TOM coBepiaeT pabory OW = P dV. (Hampumep, eciu 661 OH
BBIZIABUJI TTOPIIEHD, YBEIUIHUB 00bEM Ha dV > 0, TO, OYeBHUAHO, OH CO-
Bepurwi 6sl paboty SW =P dV.)

B ob1ueMm ciiyyae sHepreTUUecKuii 6asaHc COCTOUT B TOM, UTO

6Q=dE+o6W. )

3aMeTHM, ¥ 3TO BeCbMa Ba)KHO, YTO B OTIn4Me oT dE auddepeHIH-
anpHble popMbl 6Q u 6 W He ABJAIOTCA TOYHBIMU. JTO He AuddepeHIN-
asel GyHKIMH. PaboTa, KOTOPYIO HaZIo COBEPIIUTH, HAIPUMED, TIPU U3Me-
HeHuM 00BEéMa ra3a BABOe, 3aBUCUT He TOIbKO OT HAYaJIbHOT'O ¥ KOHEYHO-
To 3HauUeHUH 06bEMa, TaK JKe KaK ¥ BO3HUKAIOIIMI IIPH 3TOM MHTErPajib-
HBII TeIUIOOOMEH C BHeIIHel cpefoii. O6e 3TH BEUMYNHEL CYIECTBEHHO
3aBHCAT OT YCJIOBUM, B KOTOPBIX COBEPIIIAETCS MEPEXO U3 OFHOTO TEPMO-
AVHAMUYECKOT'0 COCTOSTHUA B ipyroe. Hampumep, eciu mporiecc aguaba-
TUYeCKUi, TO Teluioo6MeHa Boobine HeT. B TakoM mpoliecce (Ha TaKOM
IIyTH Ilepexofia) uHTerpas ot Gopmel 6 Q paBeH Hymo. Ha apyrom mytu,
COEeIVHSIONIEM Te Ke TEPMOAUHAMUIECKUE COCTOSHISA, MHTErpaj oT Gpop-
MbI §Q, KaK IIPaBWIO, OTIMYEH OT HYJISI, €CJIM CTEHKU LWINHIPA ITPOBO-
[T TeIwIo. SICHO, YTO 3TO aBTOMATHYECKU OTHOCUTCA U K AruddepeHnn-
anbHOM popme paboTel 6 W. IMEHHO ITO3TOMY MBI yIIOTPeOUIN pasind-
Hble cCUMBOJIH JuddepeHnnana B pyHgaMeHTaIbHOM paBeHcTBe (1).

Bcé, uTo moka 65110 ckasaHo (6e3 06CyKAeHUH U TOUHBIX GOPMYIHUPO-
BOK), IMeJIO LIeJIbI0 BOCKPECHUTD B ITaMATHU YUTATEJI CAMBble OOIIve cBeZe-
HUA U3 TepMoguHaMUKU. OHU CTy»KaT MOTUBUPOBKOI TOTO GOPMaTbHOTO
oTpeZiesieHUs TEPMOJUHAMUYIECKOH CUCTEMBI, KOTOPO€E MBI JaéM HIDKE.

2.1. fudpdepennuanbHas popma TelwroooMeHa

B koHie XIX — Havane XX B. Tpyzamu MakcBesia, I'ub6ca, [htaHka,
KapaTteozopu u Apyrux y4€HbIX, GU3MKOB ¥ MATEMAaTHUKOB, 6OraThIi Ma-
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Tepuaj TEpMOJUHAMUKY OBUT IOJBEPTHYT MaTeMaTHUIECKOM CCTeMAaTH-
3a1uy. Bo3HUKIIN, KaK 3TO OBIBAET B ZIOCTATOYHO IPOABUHYTOM dopMa-
JIN30BaHHOM TeOpUU, OCHOBHBIE TIOJIOXKEHUSA, TIOHATUS, TPUHIUIIHI, aKCH-
OMBI, TEOPEMBI, KOMITAKTHO BKJIIOUUBINNE B Ce651 MHOTOYKUCIEHHBIE KOH-
KpeTHBIE ZOCTIDKEHUA, TIOTyYEeHHBIE TPYAOM MHOTHUX UCC/IeA0BaTENEH.

BoT K TaKOMy MaTeMaTHYeCKH 6osiee CUCTeMAaTU3UPOBAHHOMY M3JI0-
JKEHUIO MBI TEIIEPh U MTEPEXOANM.

Byzem cuuTtarh, 9YTO paBHOBECHOE COCTOSIHUE HaIllell TEpMOANMHAMMU-
YeCKOH CHCTeMEI onpeZessiercs HabopoM napaMeTpoB

(Ty al: ceey an) = (Ta a))

rze T >0 6yzeT urpath posb abcontomuoli memnepamyput T,aa=(ay, ...
..., @,;) — HabOp BHeUHUX napamempos, KOTOPble MOXHO MeHATh, KaK
06BEM rasa MmoJ IOPITHEM B PACCMOTPEHHOM BHIIIE «UT'PYLIEYHOM>» IIPH-
Mepe.

CaMy TepMOAMHAMHUYECKYIO CHCTEMY B pacCMaTpUBaeMOM MaTeMa-
TUYECKON MOJETH OTOXKAECTBUM ¢ QyHAaMeHTaIbHOU AU PepeHITUATD-
HOH dpopmoii

n
w:=dE +ZA1' da;, 2
i=1
HasbIBaeMoi hopmoil mennoobmeHa Wi gopmoil npumoka menad. 3aech

E — gHympeHHsis 3Hepeusi cucmemsl (110 ompezeneHuio), a A; — 0606-
n

WéHHAA cuna, OTBEYaKoLlas BapUaluKM KOOpAUHATHL q; (T.e. Y. A;da;
i=1

oTBedaer pabore 6W CHCTEMBI, CBA3aHHOM C M3MEHEHHEeM BHEIIHUX
IapaMeTpoB, a cama popMa w COOTBETCTBYeT AU PepeHITHATBLHOM Gop-
Me TerwioobMena 6Q paseHcTBa (1)). Benuunnsl E U A;, eCTECTBEHHO,
3aBUCAT OT (T, dyq, ..., d,). DTU 3aBUCUMOCTHU BXOAAT B ONIpe/ieIeHHE Tep-
MOJMHAMUYeCKOH cricTeMbl. POpMaIbHO OHU U COCTABJAIOT 3TO OIIpe-
nenenve. CooTHomenus A; = f;(7,ay, ..., a,) Ha3BIBAIOT YPABHEHUAMU
COCMOAHUSL.

dopma w, OIpeesAoNias TEPMOJUHAMUIECKYIO CUCTEMY, JOIKHA
VZIOBJIETBOPATH HEKOTOPHIM TPEOOBAHUAM, KOTOPhIE MBI ceiidac yKaxKeM.

2.2. /Ia Hayajia TepMOAVHAMUKU
Ha s3bIKe AuddepeHIHATBHBIX PpopM

PaccMOTpUM OpUEHTHUPOBAHHBIN MYTh ¥ B MIPOCTPAHCTBE PaBHOBEC-
HBIX COCTOSTHUH (T, @), OTBEYAIOUIUH ITepPeXo/ly CUCTEMBI U3 OJHOT'O PaB-
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HOBECHOTO cocTosAHuA (T, ay) B Apyroe (7, a;). Toraa nuHTErpanl

fw=1{5q, § A;da; = 5w

Y Y Y i=1
JaZyT COOTBETCTBEHHO KOJIMYECTBO TeIlIa, IToJIydieHHOe CUCTEMOM, 1 pa-
60Ty CHCTEMBI, CBI3aHHYIO C BHEITHUMU CWIaMH, IIPU TaKOM IepeXoJe,
a unrerpan ot dE (cm. (1), (2)) gacT u3aMeHeHHEe BHYTPEHHEH dHEPTUH
CHCTEMEL.

Bropoe Havaso TepMoAMHAMUKY, OTKphITOe KapHo, Tpyzamu Kiay-
3HMyca CBEJIOCh K TOMY, YTO /IS IIO60TO OCYIECTBUMOTO TEPMOANHAMU-
YECKOTO IIMKJIA Y UMeET MeCTO 3aMedyaTeIbHOe HEPAaBEHCTBO

(%2 <o,

~
Y
rae T — peanbHas ¢usndeckas abCoOMOTHAA TeMIlepaTypa, IpuIéM pa-

0 o
BEHCTBO S TQ =0 peamm3yeTcda B TOYHOCTU TOrJa, KorJga 3aMKHYTbIX
Y

MyTh Y WAET B MPOCTPAHCTBE PABHOBECHBIX COCTOSHHUIN TEPMOAMHAMU-
YeCcKOM CHUCTEMBEL.

6
OTo o3HauaeT, 4To AuddepeHIMambHasg popma TQ saBnsgercsa aud-

dbepeHIIaIOM HEKOTOPOUM GYHKIIMKM S PaBHOBECHOT'O COCTOSTHUS CHCTE-
Mbl. ViMeHHO eé Kiaysuyc u HasBaJsl aHmponueil TepMOANHAMUYECKOTO
COCTOSTHMSA CUCTeMBI. [Ioka uTo GYHKIMA S olpefeeHa C TOYHOCTBHIO
[I0 aJANTUBHON IocTossHHOU. Ho yare Bcero 6pIBaeT HyXKHA JIMIIb Pas-
HOCTb 3HaUeHUH 3Tol QYHKUMU IIPU Mepexo/ie U3 OZHOTO COCTOSHUA B
Zpyroe. B aToMm ciyyae agAiuTUBHAA IOCTOSHHASA HUKAKOM poiy He Ur-
paet. (EcTb, 0fHAKO, IPUYMHBL, 10 KOTOPBIM CJIeyeT CIUTATh, YTO MPU
T =0 sHTpOIUA CUCTEMEBI BO BCEX COCTOSHUAX OFHA U Ta Ke. DTO Teo-
peMa HepHcTa, win, Kak TOBOPAT, TPeThe Hadyalo TepMOAUHAMUKH. [1o-
aromy npu T =0 nosnaratot S =0. Ha 3ToM 1 MHOTOM JAPyroM MEI 37eCh
He ocTaHaBnuBaeMcsa. Cm. c¢.123, 127.) Utak abcomoTHas TeMIlepary-
pa T xak GYHKUMA COCTOAHUA TepPMOJWHAMUYECKOM CHCTEMBI 3aMeda-
Te/bHa TeM, uTo T~ ! AB/IAeTCA MHTErPUPYIOIMM MHOKUTEIEM IS AUG-
depennmanbaoi popmbl 6Q Tertoo6MeHa, MPeBpAIAIOIINM €€ B TOY-
Hy10 popMy — B aiubdepeHIan GyHKIUN S — SHTPOIUHU CUCTEMBL.

dopmanusys ckazaHHOe, OyZeM CYMTATh, YTO B MaTeMaTUIeCKOH
MOZIeJTM OllpeZiesiAoNas TepMOJUHAMUYECKYI0 cucTteMy dopma w Ta-
KOBa, uTO popma T 'w saensemca mouwoii. Oynkiuio S, A1 KOTOPOLA
dS=1"'w, ecTecTBeHHO, Ha30BEM 3HMpoNeil CUCTEMEL.
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PaccMoTpuM Tenephb aguabatudeckuit mpouecc. Ceiyac 3To IyTh Y
B IIPOCTPAHCTBE PABHOBECHBIX COCTOSHUU (T, a), UAYIIUI BAOIb HyJe-
BbIX mpocTpaHcTB (ker w) auddepenumanpHolt dopmel w. (B cTapsix
0003HAYEHUAX ITO CBOAUTCA K TOMY, 4To 6Q =0 BZOJB 7, T. €. HET Tell-
Jloo6MeHa ¢ BHeIIHEeH cpeoii.)

Torza

n n
Sw=de+{> Ada,=E —E+ (D> Ada;=0, @3
Y

Y Y i=1 Y i=1

YTO ABJAETCA 3aKOHOM COXpaHEHUS MeXaHW4eCKON 3Hepruu, KOTOPHIH
nogpasyMeBaeT IlepBoe Hayajao TepMOJUHAMUKH.

3aBepliias olipe/iesieHe MaTeMaTUYecKoi Mozeny TepMoAruHaMuye-
CKOM cucTeMbl Kak AuddepeHInanbHol GopMel (2), MbI TEIIEPD TPaHC-

¢dbopMupyeM mepBoe HavyaJao TEPMOAWHAMUKY B TpeboBaHue, YTOOBI (hop-
n

Mma pabomst Y. A; da; npu nOCMOAHHOM 3HAUEHUL MeMnepanmypbl T Obl-
i=1

sa 3amkHyma. (B cuny temmsl [TyaHkape oHa Torjga M TOYHa B JII0O0H
OHOCBSI3HOK 00JIaCcTH MapaMeTpoOB d. 3HAYMT, 3aMKHYTHIH paboumit
IUKJI J1I060¥ MeXaHM4eCKOM MalllMHbI, paboTarolleil B Takoi obiacTu
IapaMeTpOB IIPU OZHOH U TOM Ke TeMIlepaType, He MOXKET CTaTh UCTOY-
HUKOM MeXaHU4YeCKOU SHEPTUY — BEYHBIM JBUraresneM.) VITak, ykazaHa
IpoCTelmasn MaTreMaThuyeckas MoZiesIb TEpPMOJAUHAMUYECKON CHUCTEMEI.

JIuddepeniupys bopmy (2), ¢ y4ETOM CKa3aHHOTO HAXOAUM
n n BA
dw:dzleidai:Za—Tdmdai. )
i= i=

Eciy BcmoMHUTB, 4TO w = T dS, To u3 ¢dopmynsl (4) mpu 1 <i<n
rosiyJyaem

04 _ S

T da;’

5

2.3. TepmoguHamMuKa 6e3 Teria

C dpopMaTbHO-IOTMYECKON TOUKY 3PEeHUS II0C/Ie TOTO, KaK MBI B IITKO-
Jle y3HaJIM, YTO HUKAKOro 0COOOTO Teliopoja WIH IepeluBaroIeics
TeIUIOBOM XKUAKOCTU He CYILeCTBYeT, YTO TeIUIO — 3TO SHEeprusd, YTo 1Me-
eTCsI MEXaHWYECKUN SKBUBAIEHT TEIUIOTHI, TO3BOJIAIOIINI 3a0BITh O KaJIO-
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PUAX, U T. ., IOCJI€ BCETO 3TOT'0 ECTECTBEHHO CTPOUTH GOPMATBHYIO TEO-
puio 6e3 M36BITOYHBIX, 3aBUCUMBIX TIOHATUM, KAKUM B QyHAaMEeHTaTbHOM
paBeHcTBe (1) oka3asock Teluio, GUTypUpyollee B ero JeBOl YacTH.

[ToaToMy, pa3BuBas MOCJIEAOBATENbHBINA GOPMaTU3M KIaCCUIECKOU
TepMOAWHAMUKH, KaK 3TO Ha IEePBBIN B3IVIAJ HU MMapaZloKCaIbHO, OTKa-
3BIBAIOTCA OT CAMOTO MOHATHA TEIUIOTH (cM., HanpuMmep, [11a]).

HmeHHO mpaBas yacTh cOOTHoIIeHUd (1) U TOMBKO OHa ompezeia
HCXOJHYIO B MaTeMaTUYeCKUX MMOCTPOeHUsX AuddepeHIInanbHy0 Gop-
My w B ¢popmyie (2). B dopmysne (2), B ominune ot cooTHomeHus (1),
CTOUT He PaBeHCTBO, a ompeZeneHre GopMHI w. dTa GpopMa BEIpakeHa
B TEPMUHAX SHEPTUU CUCTEMEI U e€ paboThl, T.e. TOIBKO B TEPMUHAX
SHEepruu.

VuTerpan 3Toit GOpMEI BAOJIb IIyTU Telleph yXKe IO OIpeeseHUI0
MOXXHO Ha3BaThb NOMOKOM menid WIN mMeniom, IOJTy4eHHBIM CUCTEMOM
13 BHEITHeH cperl IPU YKa3aHHOM U3MeHEHUH COCTOSTHUSA TePMOJMHA-
MHWYECKON CUCTEMBI.

2.4. AguabaTtuyeckue nepexossl u akcuoma Kapareogopu

Oco6yi0 posib B 3TUX IOCTPOEHUAX MMEIOT aduabamuueckue npo-
yeccnl, IpoucxoAsdalue 6e3 TeriooOMeHa C BHEITHENH cpefioii. DTO, KaK
MBI y’Ke€ OTMevasy IIPH BBIBOZIE paBeHCTB (3), paBHOCH/IBHO TOMY, 4TO
MyThb Y B IIPOCTPAHCTBE COCTOSHUU WJET, Kacasch szapa ker w audde-
pEeHITMaNbHOM GOPMBI w B TeKylel Touke. VIHBIMM CIOBaMU, BEKTOD
CKOPOCTH JBWIKEHUSA BCEr/[a HAXOAUTCS B COOTBETCTBYIOLIEM IIPOCTPAH-
cTBe ker w.

BcrmomuHas, 4To @ = T dS, MOXXHO 3aKJIIOYUTh, YTO PABHOBECHBIE
agmabaTHYecKye MPOLECCHl IIPOUCXOAAT IPU HEM3MEHHOM 3HAYeHUU
SHTponuu. IIyTh Yy JIeXXUT Ha MMOBEPXHOCTH YpoBHA ¢yHKIMU S. Bosee
TOTO, CaMO pacupezeyeHue sifiep ker v KacaTeJbHO K IIOBEPXHOCTAM
YPOBHSI SHTPOIIHH.

UTak, yepe3 paBHOBECHBIE COCTOSHUSI HEBO3MOXKHO auabaTuiecKn
nepelTU U3 OJHOT'O0 TepMOAWHAMUYECKOTO COCTOAHUA CHUCTEMBI B JApY-
roe, eCIv 3TU COCTOSHUA UMEIOT Pa3Hble 3HaYeHUs SHTPOIIUH.

B cBoeli akcmoMaTHKe KjIaccuyeckol TepMoguHaMuKu KapaTeozo-
pu [11a] npuHAT 3TO 0OCTOATENHCTBO B KAYeCTBE UCXOAHOT'O SKBUBAJIEH-
Ta BTOPOTO Havajia TEpMOJUHAMUKHU. A UMeHHO, BBeAs dopmy (3), BMe-
CTO NMPUBEJEHHEBIX BhINE MaTeMaTUIeCKUX TPeOOBAHMI OH IPUHUMAET
6osee 3HaKOMOe (HH3UKaM TIONOXKEHUE: 8 JIH0601l 0OKpecmHocmu pagHogec-
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HO20 mepMoauHamuqec;coao COCMOAHUA cucmembsl UMerMmcsAa pasHoBeCHble
COCMOAHUS, 8 KOMOpble HeJlb3: nepeﬁmu aduabamuueckum npoueccom 1.

[locne aToro HauMHaeTCsd MaTeMaTHKa, KOTOopasd NIIpUuBOAUT K TOMY,
YTO OBLIO M3/IOXKEHO BEHIIIE. DTAa MaTeMaTUKa HMeeT I‘COMETPI/I‘{ECKI/If/i
apoMaT U UHT€peCHa caMa I10 cebe TeMH BOIIpoCaMH, KOTOpbI€ OHAa CTa-

BUT U pemaeT. O6 3ToM OyZeT CKa3aHO B ClIeAyIollel IIaBe.

A 31ech MBI IOOAaBUM TOJIBKO CJIEAYIOIIEE, YTO U3BECTHO GU3MKAM, HO
MOXKeT ObITh HEM3BECTHO KOMY-TO M3 MaTeMaTuKoB (He Kapareomopw).
MezieHHBIE PaBHOBECHBIE aZiiabaTHUYeCKUe TEPEXOAbl MEXAY TEPMO-
AUHAMWUYECKUMU COCTOSTHUSIMH JE€UCTBUTENBHO COXPAHSIOT SHTPOITHIO
u obpaTuMbl. Ho 6e3 Telmioo6MeHa MOTYT COBEPIIAThCA M HEPABHOBEC-
HbIe TTepeX0/ibl MeXX/y PABHOBECHBIMU COCTOSHUAMU. Hanpumep, mycThb
ra3 HaxXxoJUTCS B ITOJIOBHMHE TEIUIOM30JUPOBAHHOTO cocyza (Tepmoca),
Pa3ropOXKeHHOT0 IeperopogKon. Brl yzansaere neperopozaxy. I'a3 3amosn-
HseT Bech cocyZ. Yepe3 Kakoe-TO BpeMs OH, YCIIOKAWUBasACh, MIPUXOAUT
B CBOE HOBOE PaBHOBECHOE COCTOsIHHE. MOXXHO I0Ka3aTh, YTO SHTPOIIUS
DTOTO COCTOSTHUS GOJIbIIle SHTPOIINH HCXOAHOTO PAaBHOBECHOT'O COCTOSI-
HUS Ta3a, Koryla OH 3aHUMaJl TOJbKO TOJIOBUHY 06bEéMa cocyza.

[loAcurMTaeM 3HTPONHUIO HJeaJbHOTO OAHOATOMHOIO rasa. Hamom-
HUM H3BECTHBIN U3 LIKOJbI 3aKoH Kiameiipona (Kiameiipona—MeHze-
JieeBa)

p=DRRL_ nkz,

NV \%4
rae P — gaBnenue, V — o6béM, T — abcomoTHass TeMIlepaTypa rasa;
R —rasoBada nocroaHHasa, N —uucio ABorazpo, n — KOJIU4EeCTBO MO-

R
JIEKYJI rasa, k= N noctosiHHas bosbiiMaHa.
HanomHuMM Takke, 4TO CpeaHAA KMHETUYECKaA SHEPIruad MOJIEKYJIbI

3
rasa pasHa EkT , II0O3TOMY BHYTpPE€HHAA 3Heprus E Bcero rasa pasHa

%nkT uT= (%nk)ilE.

1910 moNOXeHMe MOYTH B TOIf ke pOpMe M C aHATM30M HEKOTOPHIX €ro CJIeACTBHEL
HPUCYTCTBYeT yKe B JeKiuax Ilyankape [4] (paszen 193). Takum o6pasoM, 3TO IOJIOXKe-
HYe, BBIZIEIEHHOE B Ka4eCTBE MCXOAHOIO, MOXKHO OBUIO ObI HA3hbIBATh TAKXKe aKCHOMOM
Kaparteogopu—IlyaHkape Wi, B XpOHOJIOTMYECKOM IOpsAAKe, akcuomol ITyankape—Ka-
pareozopu.

HapyiieHune 3TOro noso)keHus HellocpeJCTBEHHO BeJET K IIOCTPOEHUIO BeYHOI'0 IBU-
raTejisi BTOporo poga. Hampumep, e B3ATh [jBa COCTOSHHA Ha OZHOM HM30TepMe, TO
aanabaTUYecKuii epexo/ U3 COCTOSHUA € GOJIblIIel SHTPOMNUEH B COCTOSTHIE C MeHbIIei
SHTpPOIIMEN HEBO3MOXKEH.
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Tenepb, yunutbiBasd, uto 6Q =dE+PdV,a dS= STQ, HaxXoIUM
(30 E 4 e dV
ds = (Snk) % + ks,
OTKYy7Ia C TOYHOCTBIO ZI0 aAIUTUBHOU MOCTOSTHHOH ITOTy4yaeM
3 3
S =nkIn(VE?) =kIn(V"E2n).

B yacTHOCTM, €C/iM TIPU COXPaHEHWM BHYTpPEHHelH >Hepruu rasa eMmy
[IPEAOCTaBUTh BO3MOXXHOCTD 3aHITh BABOE OOMBIINI 06BbEM, TO SHTPO-
MM HOBOT'O COCTOSTHUSA ra3a yBeIuuuTces Ha nkln 2.

HHTepecHo, 4To 6e3 Tertoo6MeHa BEPHYTHCSA 06paTHO yKe He TIOoNy-
YUTCA Jake C HapyIIeHUEM PaBHOBECHOCTU IIPOMEXKYTOUHBIX COCTOSTHUT.

Takum obpasom, akcruoMy KapaTeozopu MOXKHO ObLIO ObI OTHECTU
¥ K HEPAaBHOBECHHIM IE€pPeX0OZiaM, COBepIIaeMbIM 6e3 oOMeHa TEILIOM.
Kcratu, 6e3 HUX, HO-BUAUMOMY, AaKe HEBO3MOXKHO JOCTATOYHO IIOJ-
HO€ aJIeKBaTHOE ONKCAaHUE PABHOBECHOM TEPMOAUHAMUKH (CM. HAMPH-
Mep, [11a]).



I'masa II

TepMOZ[I/IHaMI/IKa N KOHTAKTHadad reoMeTpud

§1. KoHTakTHbIE pacipeseaeHus

1.1. AgnabaTudyecKuii pouecc 1 KOHTaKTHOE pacipejeleHue

[IpuBeaéHHas Bhillle akcuoMa KapaTeozopu KoHCTaTupyeT Gusnde-
CKYI0 3aKOHOMEPHOCTD, Kacarollylocsa afinabaTHIeCcKUX MePEX0A0B MEX-
ZIy TEPMOAVHAMUYECKUMU COCTOSHUAMU.

Jlazgym eé MoJHy0 MaTeMaTHIeCKy 0 GOPMYIHPOBKY U IIPOAHATIM3UPY-
eM, K KaKUM MaTeMaTH4eCKUM BOIIpOcaM U IOC/IeACTBUAM OHA IIPUBOJUT.

Y Hac umeetca auddepeniranbHas 1-dopma w, onpezaenénnas dop-
mynoit (1) rassl 1.

B kaxxz0M KacaTeJIbHOM IIPOCTPAHCTBE K IIPOCTPAHCTBY COCTOAHUMN
TepMOAWHAMUYECKOUN CUCTEMBI UMeeTCs IUIIePIVIOCKOCTD ker w, Ha BeK-
Topax KOTopo# ¢popmMa « paBHa HY/II0. ITU KacaTeJbHbIE TUIIEPILIOCKO-
ctu ker w, saapa Gopmbl w, pacrpezieseHbl IO BCEMY MTPOCTPAHCTBY M
cocTossHui. O603HAUUM 3TO pacnpedesieHue CUMBOJIOM H. BosHukaer
mapa (M, H) — IpOCTPaHCTBO C paclpeieJieHHeM KacaTelbHbIX TUTIED-
wiockocTei. [TyTh ¥ B M 6yzieM cYuTaTh 00nyCcmumbiM, €CIU OH B TI0O0M
cBOel TOUKe KacaeTcs COOTBeTCTBYIOelH IVIOCKOCTH pacnpezeneHusa H.

Bormpoc: Bcerza i MOXXKHO COeAMHUTH /IBE TOUKU IMpocTpaHcTBa M
JomycTuMbIM myTéM? (Cuutaem, uro M — IiaZikoe, CBA3HOE MHOT006-
pasue.)

Akcroma Kapareozopu yTBep:KZaeT, 9YTO OTBeYAlOIIasl TEPMOJMHA-
MuKe ¢opMa w TAaKOBa, YTO B OKPECTHOCTHU JIIOOOH TOYKU IIPOCTPAH-
cTtBa M ecTb TOYKH, B KOTOPHIE U3 Halllel TOYKHU HeJb3s MOIMACTh JOIy-
CTUMBIM ITyTEM.

1.2. ®opmanusanusa

3abbIBas Tenepb O TEPMOAWHAMUKE, OOPATUMCSA K BO3HUKIIUM YH-
CTO MaTeMaTUYECKUM TOHATUAM, CTPYKTypaM, 00beKTaM 1 BOIIPOCaM.

[Tycts M — maziKoe, CBA3HOE n-MepHOe MHOroobpasue u H — pac-

Tipe/ie/ieHe KacaTeJlbHBIX TUIEPIUIOCKOCTed (pa3mepHocTd n — 1) Ha
HEM.
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[Lnockoctn pacipeaejleHnuA H 4acTo Ha3bpIBaoT 20pU30OHMAJbHbIMU,
a yuaymye BAOIb HUX aOleCTl’lLLMble IIyTX 4aCTO TaKXX€ Ha3bIBAIOT 20pU-
30HMAJIbHbIMU WU UHMeZPpAJIbHbIMU.

Hanpumep, ecin Ha M TpaH3UTUBHO M cBO6OAHO (T.e. 6e3 Hemo-
JBIDKHBIX TOYEK) AEMCTByeT HEKOTOpas rpymmna AubdeoMopdusMoB, TO
KacaTrejibHas TUIEPIUIOCKOCTh B OAHOMN TOUYKe, pa3HecéHHas o M mpe-
06pa3oBaHUSAMMU TPYIIIEL, TOPOAUT pacnpeseneHue H va M.

Hurge He BeIpOXKZaroIiasacsa B HyseByo auddepernmanpHan 1-gpopma
w Ha M, Kak MbI BUJIEJIH, TIOpoXkaeT pacnpezaenenue H = {ker w} Ha M.

§2. IHTerpupyeMocCTh pacupegeieHu

2.1. Teopema ®pobennyca

Pacripenenenvie H Ha M HasblBaeTCA UHMe2PUDPYEeMbIM, €CIIU Yy HET'O
€CTh WHTerpajbHasg MOBEPXHOCTb, T.€. TaKOe MOAMHOroobpasue, 4To
B KaXXJOU ero Touke COOTBETCTByIOLIaA IUIOCKOCTb paclpeseneHus H
SIBJISIETCS KacaTelbHOMU IVIOCKOCTHIO IIOAMHOT000Pa3Hsl.

Hampumep, eciu 651 pacnpezeneHve H 6bU10 OTHOMEPHBIM, TOUHEE
3a/laBajioCh BEKTOPHBIM ITOJIEM, TO IO OCHOBHOM TeOpeMe CyIeCTBOBa-
HUSA peleHul auddepeHIMaNIbHIX ypaBHEHHM OHO Beeraa 6bUTo ObI MH-
TerpupyeMsiM (depe3 KaXKAYI0 TOYKY MIPOXOAUT MHTErpaIbHasa KpUBast).

B obmiem ciydae 3TO, Kak U3BECTHO, He Tak. [Ipumep: H = {ker w},
e w =y dx +dz B R® (06xX07y 3aMKHYTOr0 KOHTYpa B ILIOCKOCTH KOOP-
JUHAT X, y OTBeYaeT He3aMKHyTas MHTerpaibHas Kpusasd B R — «Bu-
TOK CIIMPAJIU» C IIAarOM, PaBHBIM IUIOIIA/IM, OXBa4YeHHOU KOHTypoM.) Ilo-
pOXKZaeMoe HEBBIPOXKAEHHOU miazkoi anddepeHiuaapHon 1-popmoit w
pacripeziefleHrie KacaTeJbHBIX runepiviockocreit H = {ker w} uHTerpu-
pyeMo, Jiniib Koraa dw =0 Ha COOTBETCTBYIOLINX IUIOCKOCTAX ker w.

DTo ycI0BHe PaBHOCWIBHO cieayouieMy ycrosuio OpobeHnyca MH-
Terpupyemoctu pacnpegenenud H = {ker w} B R>:

wAdw =0.

s pacrpesenenns k-MepHBIX IUIOCKOCTEH, 3aJaHHOTO Ha N-MEPHOM
MHOT000pasuu B Buze OOIIMX Hy/el n — k BCIOAY HE3aBUCUMBIX IJIaj-
kux auddepeHuanbHeX 1-dopM Wy, ..., W, _i, T.€. KOTZAA IUIOCKOCTU
3TOro pacnpefeyneHuss H IOMydYeHB! IepecedyeHreM T'MIIEPILIOCKOCTeN
ker w9, ..., ker w,_;, KpUTEpUN WHTErPUPYEMOCTU pachpeleneHus H
COCTOUT B TOM, uTO dw; =0 Ha IUIOCKOCTSX pacipezenenus H ays kax-



106 I'maBa II. TepMoarHaAMKKa U KOHTaKTHasA reOMeTPUs

ZIo¥ 13 GOpM w;. DTO PAaBHOCWIBHO BHITOJHEHUIO CJIEAYIOMINX YCIOBUM
(cm. Hampumep, [4]):

WA AWy ANdw; =0, 1<i<n—k.

2.2. NHTErpUpyeEMOCTb, CBA3ZHOCTb, YIIPABJIAE€MOCTh

Tenieps BepHEMCA K BOIIPOCY COEAUMHUMOCTU TOUEK IIPOCTPAHCTBA ZI0-
ITyCTUMBIMU ITyTAMU. TaKol BOMIPOC BO3HMKAET U B TEOPUHM YIIPABJIEHUS,
IZle CJIOBO «COeANHUMOCTD» 3aMeHAeTCA TEPMUHOM «yIIPaBIieMOCTb».

Y Hac 3TOT BOIPOC BO3HUK B CBSI3W C TEDMOAUHAMUKOU, aguabaTu-
YyeCcKMMHU IIpolieccaMu U akcuomoii Kapareozopu.

JTOT BOIIPOC HEIIOCPeACTBEHHO CBA3aH C BOIIPOCOM MHTEIPUPYyeMOCTH
COOTBETCTBYIOIIETO pacipeenedus H runepruiockocTeil. A UMeHHO, WH-
TErpyupyeMOCTh M COeJUHUMOCTb B3aUMHO JOIIONHUTEIbHbBI: UHTETPU-
PYEMOCTb — HECOeJUHUMOCTb, COEAMHUMOCTh — HEUHTET PUPYEMOCTb.

B camom gene, ecnu pacnpezeneHre H rumnepruiockoctelt UHTErpU-
pyeMo, To Jt060¥ KOHTAaKTHBIN K HEMY ZOIMyCTUMBIH IyTh HE MOXKET IT0-
KUHYTb UHTErpaJbHyIO IOBEPXHOCTD paclpezeneHNa. 3HaUUT, B OKpecT-
HOCTH JITOO0M TOYKM €CTh TOYKHU MHOT000pa3us, HEAOCTIKUMBIE U3 Heé
JOIyCTUMBIM IIyTEM.

KapaTeozopu fokasan, 4To AJjs pacupezeeHusa I'MIIepILIOCKOCTEN
JIOKJIbHO CITPaBEAJIHUBO U 0OpaTHOE YTBEPXKAEHUE: HECOEMHUMOCTD —
UHTEerpupyeMocTs [11].

(TTocne 3TOTO ZOKa3bIBaeTCs, YTO GpopMa w, 3azalolas pacipeze-
neHue ker w, JIOKaJbHO AOMYyCKAaeT MHTETPUPYIOMIUI MHOXUTENb, YTO
771w =dS, uT0 S — DHTPONHUA U BHIIOTHEHO BTOPOE HAdajlo0 TePMOJH-
HaMUKHU.)

leomeTpoB, MHTepecoBaBIIUXCsA PU3NKOM, Takux kak I1. K. PamieB-
CKWM, MaTeMaTHU4ecKoe cojiep)kaHue paboTel Kapareozopw, mo-BUAM-
MOMY, CTUMYJIUPOBAJIO K 00IIEeMY MCCIEA0BAHUIO STOTO MOJIE3HOTO T'e0-
METPUYECKOT'0 BOIIPOCA O COEAMHUMOCTH TOYEK IMPOCTPAHCTBA MY TSIMH,
JIOITYCTUMBIMU JIJIS 3aZJaHHOT'O paclpesiesieHUs.

[epBeIiii 0O OTBET B TEPMUHAX CKOOOK JIu 6bU1 monnyueH I1. K. Pa-
IeBCKUM B paboTe [5], HOo HaskiBaeTcss Teopemort Yoy, cM. [6,7]. Jlto-
JIY 3Halole roBOPAT «TeopeMa PameBckoro—Yoy». McenenoBanue Bo-
Ipoca, ero pacuIiMpeHue, MOAKIIOUYEeHNE CI0/Ia aClIEKTOB TEOPUU YIIpaB-
JIeHUs TIPOAOJKAeTCsA 1o celt iIeHb, CM. HampuMmep, [7, 8].

B TepMuHax cko60K JIu yCIOBUS UHTETPUPYEMOCTU U COEAMHUMOCTH
dopmymupytoTcs cienyromuM obpasom (cMm. Hampumep, [9—11]).
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[IycTb ey, ..., e, — IMIaJKHe JUHEHHO He3aBUCHMBbIE B KaXKJ0M TOUKe
BEKTOPHBIE MO Ha MHOT0O6pasuu M, IopoXKJaloniye pacnpeaeieHue
H cemelicTBa k-MepHBIX KacaTeTbHbIX IIJIOCKOCTEH.

[l MHTErpUPYyeMOCTH pacipezeieHus H Heo6XoAMMO U J0CTaTO4-
HO, 4TO6BI ckobKU JIu [e;, € j] MIOPOXKJAIOIINX paclipeziesieHUe Mojlel He
BBIXO/IWUTH 3a TUIOCKOCTH Paclpe/ieeHHUs.

Il Toro 4TOOBI JIOKaNbHO (2 Ha CBA3HOM MHOT006paswu U IJIO-
6abHO) JI00Oble TOYKM MHOT000pasust ObLTH COEAMHUMBI AOMYCTHMBIM
ZUts pactipesienenus H myTém, foctaToyHo, YTO6H UTepanuu [[e;, e ]-] ]
CKOOOK MCXOHBIX TIONEl ey, ..., e, TIOPOXKAaIN 6a3uc BCero KacaTejabHO-
ro MPOCTPAHCTBA K MHOTOOOPa3uio B KAXKJOM TOYKE MHOT0O00pasys.

Otu dopmyIHpoBKH U yeioBus PpobeHnyca CBA3BIBAIOT U3BECTHHIE
B UCUUCIEHUH AU PepeHITHaIbHBIX GOpM cOOTHOIeHU. (Boobiie, S3bIK
mubdepeHIMaNbHBIX GOPM AyasneH sI3bIKY BEKTOPHBIX moneit.) Eciu X
U Y — rajikvie BEKTOPHBIE TI0JIs, a w — 1-¢popMa Ha MHOTOO6Gpa3uu, TO

do(X,Y) = X)) -Yo(X) - (X, YD,

rae Xw(Y) n Yw(X) — npousBogusbie Jiu dyHkimii w(Y) u w(X) BAOIH
mosield X u Y COOTBETCTBEHHO, a [X, Y] — cko6ka (KOMMYTaTop) 3THX
BEKTOPHBIX TOJEeH.

B o61eM crydae GopMBbI w MOpsAKa M MBI UMEEM

m+1

Aoy oees Epet) = (D TE@(E, s Eor s Es) +

i=1
+ Z (_1)I+Jw([£u 5]]7 gl: ooy gi; [EXY) gj; [EXY) §m+1)7
1<i<jsm+1

IZle CMMBOJI — OTMeYaeT BbIIlyCKaeMbld wieH, [&;, §;] — ckobka JIu 1o-

nett &;, &5, a §;w —npousoaHas GyHKIMHU W (Ey, ..., &, -y Eppy1) TIO
momio &;.

2.3. Metpuka Kapuo—Kapareoaopu

IIycTh M — puMaHOBO MHOTO0O0Opa3ue ¢ MeTpuKol g. [IycTh pacmpe-
Jgenenve H B M TakoBo, 4TO JIt06YI0 Mapy ToYeK MHOT0O6pasusa M Mox-
HO COeIMHUTH JOMYCTUMOMU /st H KPUBOU.

Torza B M (a Tounee, B (M, g, H)) MOXXHO BBECTU HOBYIO METPUKY,
B KOTOPOU paccTosTHUE MeXAy TOYKAaMU HU3MepseTCs HUKHEH I'paHblo
JJIVH IOIIyCTUMBIX KPUBBIX, CO€IMHAIOMINX 3TH TOUKHU.
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JTa MeTpuKa (IIo-BUAUMOMY, ¢ 1€rkor pyku M. ['(pomoBa) Ha3bIBaeT-
cst mempuxoti Kapro— Kapameodopu wiu CC-mempuxotl.

OnHa BO3HHMKAaeT U [10JIe3Ha B Pa3/IMYHBIX CUTYallUAX, I/ie IOABIAI0TCA
Tpotiku Buga (M, g, H). HanpuMep, B KOMIIEKCHOM ITPOCTPAHCTBE KOM-
IIJIeKCHBIe KacaTeJbHble K HeTPUBHUAJIbHBIM T'MIIePIIOBEPXHOCTAM (Ha-
puMep, K rutiepchepe) 06pasyroT HeMHTerpupyeMble KOHTaKTHEIE Pac-
npeze/eHus.

[Tone3HO HATIOMHUTD, YTO B CHIY TeopeMbl Jlap6y robas koHmakm-
Hasa ¢opma (T.e. Takas mazkasa popma w, 4To dpopma d ¢ HEBBIPOXKAEH-
Ha Ha ker w) TIaZikoil 3aMeHOM KOOPAMHAT JIOKaJIbHO IPUBOJUTCS K BU-
ay x;dy; + ... + x, dy, + dz. Hanpumep, B ciydae R® momydaem dopmy
xdy +dz.

3aMeTHuM, 4TO 37€Ch ABWKEHUA 110 MPSIMBIM, Tapa/lIEbHBIM OCH X,
JOTIYCTUMBIL. B IJIOCKOCTSX X = ¢ ZIOMyCTUMBI ABM)XEHUA BAOJb HAKJIOH-
HBIX TIPAMBIX. HaKJIOH TMHEMHO 3aBUCUT OT C. ITOTO JOCTATOYHO, YTO-
6B cTala OYEBUAHON BO3MOXKHOCTD COEIUHUTD JIFOObIE [BE TOUKH IIPO-
crpaHcTBa R® myTéM, IOMYCTHMBIM 7715 pacipeieleHU

H = {ker(xdy +dz)}.

KoHeuyHO, HEMHTErprupyeMOoCTh paclipefie/ieHUs, IOPOXKAEHHOIO KOH-
TakTHOH popMoii x dy + dz, MOXXKHO IIPOBEPUTH, COCJIABIIVCH HA YCJIOBHE
dpobeHuyca.

O KOHTaKTHBIX CTPYKTypax cM., Harpumep, [10—13].

2.4. KonraktHasa popma I'mb66ca

Msbl yxe 3HaeM (yHJaMeHTaJIbHOE, OTBEYarllee BTOPOMY Hadasy
TepMOAWHAMUKH, COOTHOIIIEHHE w = T dS Aya popMmel (2) riassl I. 3aech
@ UMeeT CMbICT pOPMBI TEIZIOOOMEHA, T — abCOMOTHOM TeMITEPaTyPHI,
a S — 3HTpONNHU.

Paccmotpum Bestes 3a T'nb6com dopmy

n
Q=-1dS+ Y Ada +dE,
i=1

WU, KOHKpEeTHee, Kak ¥ ['ub0c, KOHTaKTHYIO GopMy

Q=-TdS+PdV+dE,

C IPUBBIYHBIMU /IJIS1 KJIACCUYECKON TEPMOANHAMUKY TTapameTpamu: T —
abconoTHasA TeMIepaTtypa, S — sHTpomnus, P — aaBieHue, V — 00bEM
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u E — BHYTPEHHSAS SHEPrus rasa, KUJKOCTU WX UHOU TepMOJAWHAMU-
YeCcKOU CHUCTEMBI.

OcHOBHOE, BhIpakalolllee SHEpPreTHYecKuit 6ananc, cooTHoiexwme (1)
maBhl I, Tie Terepb 6Q =T dS, TOBOPUT, YTO paBHOBECHBIE TEPMO/JUHA-
MMYeCKHe Ipoliecchl (y:ke He 06s3aTenbHO aZuabaTUdecKre) IPOUCXO-
JAT Tak, 4YTo Ha HUX 2 =0, T. e. OHU UAYT BAOJIb pacnpeaenenus {ker Q}
B mpocTpaHcTBe R® mapamerpos (T, S, P, V,E). Ho 3To He mpocTpaH-
ctBO M cocrosauuit (1, a), wim (T, V), win, Hanpumep, (S, V).

CBOOOZHBIMM Ha CAMOM JIEJIE 3/IeCh OCTAIOTCS TOJMBKO /[BA MTapaMeTpa,
Y peasibHO paBHOBECHEBIE IIPOLIECCH TPOTEKAIOT Ha J1e#caHOpo8oll nosepx-
Hocmu (MHTErPaJIbHOM ITOAMHOT000pa3uu M MaKCHMAaIbHOU pa3MepHO-
CTH) KOHMAKMHOIL cCmpyKmypbl, onpezenseMoii GopMoii £ B MpocTpaH-
ctBe R°. DTO OJUH U3 OCHOBHBIX TeOMETPUYECKUX Te3ucoB I'ub6ca.

B ciygae o6uieit Gopmb

n
Q=-7dS+ Yy Ada+dE
i=1
MBI UMeeM 2n + 3 nepeMeHHble BenuduHH (E, S, A4, ..., Ay, 7,41, ..., Ay),
HO COCTOSIHHE CHCTEMEBI OIpeZesAoT TONbKO MapaMeTpsl (T, dy, ..., d,)
(W1u SKBUBAJIEHTHBIN UM Habop U3 n + 1 He3aBUCHMBIX BEIUYKH). Tak
YTO B OOII[EM C/Tydae paBHOBECHBIE TEPMOAMHAMUYECKUE IIPOIECCH UAYT
BJIOJIb JiexkaHapoBa (n + 1)-MepHOTO MHOTro06pasus (MHTErPaJTbHOTIO
MHOTro0o0pasus MaKCHMalbHOM pasMepHOCTH) paclpeeleHus TUIIEp-
nosepxHocreit H = {ker Q}, koTopoe B mpocTpaHcTBe R2"" nopoxzaaer
(xoHTakTHas1) dpopMma .

2.5. 3akirounTebHbIE 3aMeYaHUuA

3aBepras 3TOT naparpad, OTMETHUM, YTO MbI KOCHYJIUCH 3/I€Ch TOJIb-
KO OZJHOTO KOHKPETHOT'O TeOMETPUYIECKOTO BOIIPOCA, CBA3aHHOTO C KJIac-
CHUYeCcKOM TepMOAMHAMUKOMU, Mpapja, MOTOBOPWIN M O TOM, KaK Ha Co-
BpPEMEHHOM MaTeMaTHU4YeCKOM si3bike popMynupyoTcsa GpyHIaMeHTalb-
Hble Havyajia TepMOANHAMUKU.

CylmecTBYIOT U Jpyryde HalpaBieHUs COBPEMEHHBIX MaTeMaTHhde-
CKUX HCCJIeIOBAaHUM, TMOPOXKAEHHbBIE KJIACCMYECKON TepPMOAMHAMUKOM,
HaIpuMep IOMNbITKa (GopMasn3oBaTh (aKCHMOMAaTHU3HUPOBATh) IOHATHE
sHTponuu [14] wiu cucTeMaTH3ausa U 060OIIeHUe MPOLEAYD, CBA3bI-
BaIOIUX OCHOBHBIE TePMOAMHAMUYECKHE GYHKIUY (TToTeHIManer) [15].

Bcé ke OCHOBHOM, QpU3MYECKU COAEpPKATETbHBIM MaTeMaTHYECKUN
IUTAaCT KJIACCUYECKON TEPMOJWHAMUKH, TIOAHATHIN ['nb6com [la], [16],
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[1B], cBA3aH ¢ KOHTAKTHOM reoMmeTpueii. [IpezcraBieHne 06 3TOM MOXK-
HO TIOJIy4UTb, IIPOCMOTPEB TOM TPYZOB KOHGEPEHIHH, ITOCBAIEHHON
150-yeTuto co AHsA poxkaenus ['m66ca [2]. OHa mpoxoawia B TOM CaMOM
HenbckoM yHUBepcuTeTe, rae I'nb66c u paboTal.

[TpouuTtupyto (B MOeM PycCKOM IlepeBoZie) TONMBKO cileAytomyto ¢pa-
3y u3 ctatb¥ B. V. ApHonbza [3], moMeIléHHOM B 3TOM COOpHUKeE: « ay-
Mato, ['nb66¢ ObLT TePBBIM, KTO MTOHST 3HaYeHEe KOHTAKTHON CTPYKTYPBI
7151 GU3UKY U TEPMOANHAMUKI».

dyHzaMeHTaIbHOE TePMOJHAMUYEeCKOe PaBEHCTBO

dE =TdS—PdV

k 1873 r., korza nosswica TpyzA ['mb6ca [la], 6e3 comHeHwUs, y:xe OBI-
JIO CTaHZAPTHOM OCHOBOM MpPU MOCTPOEHUU TepMoAuHaMUku. Ho zake
Kiaysuyc, cdopmympoBasuruii B 1850 . BTOpoe Hayaao TepMOANHAMU-
KM, KOHIIENTYaJbHO OIlpeZle/IMBIINI SHTponuio B 1854 r. u faBumii eit
vMs B 1865 T., HUKOT/ZIa He OTBOAWI €if IIeHTPaJbHOM POIU B U3JI0KEHUU
TepMoauHaMuKu. [y Kiaysuyca 1 ero cCoBpeMeHHUKOB TePMOJUHAMU-
Ka CBOAWIACH K U3yYEHUIO B3aUMOCBS3HU TEIUIOTHI U PabGOTHL.

T'u66c MmepBBHIM MCKIIOYWI TEIUIO U paboTy U3 OCHOBAHUH TepMOJH-
HaMWKH, OTJaB IpeArouTeHre GYHKIUAM TEPMOAUHAMUYECKOTO COCTO-
STHUS: SHEPTUU U SHTPOIIHU.

TepMogMHaAMUKa CTajla TeOpUEN CBONCTB BeI[eCTBa, HAXOAAIIEr0Cs
B COCTOSIHUM TePMOJAMHAMHUYECKOTO paBHOBecuA. [M66cC, B YaCTHOCTH,
MOKa3aJi, YTo JJiA paBHOBecus AByX ¢a3 1 u 2 ogHOU M TOH Ke CyO-
CTAHIIMU MaJjIo paBeHCTBA TEMIIEPATYP U AaBiaeHui. Eé Hy»HO, YTOOBI
SHEpPruy, SHTponuu U o6BEMEI da3 (OTHeCEHHBIE K eJUHUIlE MacCHI)
YAOBIETBOPsUIU cOOTHoueHuto: E, — E; =T (S, —S;) —P(V, —V;), npu-
4éM paBHOBECHOE COCTOSTHUE U30JIMPOBAHHON TepPMOAUHAMUYIECKOH CU-
CTEMBI YCTOMYMBO, €CJIU U TOIBKO €CJIU OHO COOTBETCTBYET JIOKATHHOMY
MaKCUMyMy SHTPOIIUU.

T'u66c cTpeMwIcs HalTH 061U rpaduIecKUii (TeoMeTPUYECKUET) Me-
TOJI, KOTOPBI GBI MOT B LI€JIOM OIUCHIBATh TEPMOAMHAMUYECKUE CBOM-
cTBa cpeZibl (Bo Beex eé dpazax) mpu oOpaTHMBIX MTPOIIECCax.

B 1873 r. ['166¢ BBEJ CBOIO 3HAMEHUTYIO QYHAAMEHTATBHYIO IIOBEPX-
HOCTb, CBSI3bIBAIOIIYIO SHEPTUIO E TepMOAMHAMHYECKOM CHUCTEMEI C eé
sHTponHeli S u 06bémoM V: E=E(S, V). OH mokasaj, Kak Ipupoza eé
KacaTeJbHBIX IUIOCKOCTEHN CBA3aHA C COCYLIeCTBOBaHUEM (a3 U KPUTU-
YEeCKHUX TOYeK.
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OTa paboTa BocxuTwia MakcBe/ia ¥ CTUMYJIUPOBasa ero K mocTpo-
€HUIO U3BECTHOU MoZieni MaKcBeJsa 3TOM MMOBEPXHOCTH.

I'u66c mokasai, uto E(S,V) sapadeTcs mopoxaaroiiei (xapakrepu-
cTUYecKoi) (yHKIMeH, 3HaHUEe KOTOPOU OIpe/iesisieT Bce TepMOJUHA-
MHYECKHE CBOMCTBA CHCTEMBI.

OTMmeuau, 4TO, MOJOOHO TOMY Kak «AHAIUTHYECKas MeXaHHKa» Jlar-
patka 6blIa BEHIIOM HayKM BOCEMHA/IIATOTO CTOMETHsI, MeMyap ['ub6ca
1876, 1878 romoB «O paBHOBeCHU I'eTepOTeHHBIX cpe/» [1B] B 3HaUUTEb-
HOM cTeIeHu ObLI BEHIIOM KJIaCCUYECKOI'0 eCTECTBO3HAHMA JeBITHA/IIA-
TOT'O CTOJIETHUS.



I'masa III

TepMmoavHaMHuKa
KJlaccu4eckada U CTaTUCTHYecKad

§1. KuneTu4eckue Teopuu

VcxopHas uzes CTaTUCTUYECKOH (QU3UKU — MOMYYUTh TEPMOJHMHA-
MUKY U3 MEXaHUKU.

«ABcTpuiickoMy ¢usmKy bonblMaHy IPUHAZJIEXUAT YECTh I1epBOTO
yCIIENTHOT'0 MTOAX0AA K 3TOM 3a/laye U yCTAHOBJIEHUA CBA3U MEXAY IOHS-
THeM BepOSATHOCTH, ONIpeZieIEHHBIM 00pa3oM IOHUMAaeMOM, ¥ TEPMOZAU-
HaMHUYeCKUMU QYHKIMSAMHY, B YACTHOCTH SHTPOIHEN. PAOM ¢ HUM HYX-
HO CYMTATh OJHUM M3 OCHOBATeJiel 3TOW HOBOU BETBU TEOPETHUYECKON
UBUKY — CTaTUCTUYECKONM TepMOAMHAMUKKU — Ywinapga 'nb6ca. Ja-
Jiee ciefyeT yIoMsaHyTb paboTel [TyaHkape, Itanka v DiiHIITERHa» (JIo-
pesit, 1915 r., [5]).

1.1. Mosaekysibl U AaBjeHUe

3apoxxZeHNe KHHeTUYeCKON TeopuHy ra3oB BocxoauT K Jlanuwnty Bep-
Hy/LTU. B ero kaure «['ugpoannamuka» (Crpacbypr, 1738 r.) y:ke BhIBe-
JleHO JlaBjieHUe rasa 13 u3MeHeH!a UMITy/Ibca MOJIeKyJI ra3a, CTaJKuBa-
IOIIUXCA CO CTeHKOM cocyza. B 1746 r. Januwn u Morans bepHyuiu gaxe
OBUTH yZIOCTOEHBI TpeMUH [TapKCKOM aKkaJeMuu HayK 3a paboTy Ha 3Ty
TeMy.

B 1856 r. ABryct KpéHur cBasan TeMmieparypy HWJeaabHOI'O rasa co
cpefHel KUHeTUYEeCKOU sHeprueii ero MojaeKyl.

JanpHelmme NpoABIKEHNA B KUHETUYECKOH TEOPUH U CTaTUCTHYe-
CKOU TepMOAMHAMUKE OTHOCATCS yKe KO BTOPO# nmonoBuHe XIX — Hava-
gy XX Beka U cBA3aHbl ¢ UMeHaMmu Kiaysuyca, Makcsesia, bonbiimaHa,
T'u66ca, [Tyankape, DUHIITEHHA.

1.2. Pacnpeaenenue MakcBesuia

HauBHO MO)XHO 6bUTO GBI ITpeAIIONaraTh, YTO MOJEKY/IBI Ta3a, HaXoas-
IIETrocs B COCTOSTHUY TEPMOAMHAMIYECKOTO PABHOBECHS, BCE UMEIOT IIPU-
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GIM3UTEHHO OAHY U TY K€ CKOPOCTh (KMHETHYECKYIO SHEPTUI0) B PE3YJIb-
TaTe MHOTOYUCJIEHHBIX COyZapeHul U IepepaciipeZiesieHUs UMITYIbCOB.
Tem 6ostee BrieuaT/IAIONIMM ObUIO OTKPHITHE MakcBesuia (1866 T.), IpOCTHI-
MU COOOPAKEHUAMHY MOKA3ABILIETO, YTO MPOEKIINU CKOPOCTEH MOJIEKYIT
W7leaJbHOTO raza Ha Jroboe HampapJeHMe paclpeje/eHbl HOPMAaIbHO.
CoOTBeTCTBEHHO BO3HUKAET KJlaccuyeckoe paclipefiesieHre MakcBesna
MOJIEKYJI [T0 UX KMHeTUYeCKOU sHepruu.

(TeomeTpuueckuil cMbICa pacupezeneHusa MakcBesia Kak HOpMasib-
HOTO paclipefieJieHHsA B OTHOIIEHNY CKOPOCTel MOJIeKyJl UziealbHOro ra-
3a KpaTKo OTMedYeH Ha c. 54.)

1.3. duTponua no bosabsiMany

Bonbiman (1868—1871 rr.) pasBui pe3ynbTaT MakcBesia v moKasall,
YTO pPaBHOBECHOE pacIlipeZieieHre YaCcTHI] UeaTbHOro ra3a 1o SHepTu-
sIM BO BHEIITHEM CWJIOBOM Tiojie (HallpuMep, B IoJie TATOTEeHUS) onpese-
nsgercs ¢ynuknueit pacnpegenenus exp(—E/kT), roe E — cymMma KuHe-
TUYECKOHN U MOTEHITUAJbHONU SHEPTUM YacTHIlbl, T — abCOMOTHASA TEM-
nepatypa, k — moctossHHas bosbIiMaHa.

OtkpeiToe BonbumanoMm B 1872 1. cooTHomenue S = klogIl mexay
SHTpOIUEN S ¥ B ONPeAENTEHHOM CMBICIE TTOHUMAeMOUM BEPOATHOCTHIO
TepPMOJAMHAMUYECKOTO COCTOAHHUA ' HA3LIBAIOT IPUHIMIIOM BombIMaHa
win popmysnoii BoibiiMaHa. OHO Za€T CTAaTHCTUYECKYIO MHTEPIIpeTa-
IIMI0 BTOPOI'O Havaja TePMOAWHAMUKU, CBOASIIYIOCT B KOHIIE KOHIIOB
K TOMY, 9YTO TepMOJVWHaMUYECKHe MPOIeCChl UMEIOT TeHJEHITUIO Tepe-
BOAUTH CHCTEMY 13 MeHee BEPOSATHOTO COCTOSHUsA B 6oee BEPOATHOE,
T. €. B Hall[paBJIeHUY BO3PACTAHUA SHTPONNU. PABHOBECHOMY COCTOSTHUIO
OTBEYaeT YCIOBHBIM MaKCUMyM QYHKITUHU S.

OcHoBHas 3aciyra bonbIMaHa COCTOUT B IOCIEAOBAaTEIbHOU pea-
JIU3aIUU UeN UHTEPIIPETUPOBATh KJIACCUYECKYIO0 TEPMOAUHAMUKY KakK
CTaTUCTUYECKYI0 MEXaHUKY, cM. [1].

OH BBIBEJI OCHOBHOE KMHETUYECKOe YpaBHEHHUE JJIA Ta3a, ONpesessi-
I0lllee TIPY HEKOTOPBIX IPEATIONOKEHHUAX €ro SBOMIONUI0 KaK MeXaHU-
YeCcKOU CHCTEMBI, ¥ TIOJYIWJI CBOIO 3HAMEHUTYI0 H-TeopeMy o TOM, 4TO
SBOJTIOLYS TPOUCXOJUT B CTOPOHY BO3pacTaHUs SHTPOIHU.

13nech I1— YKMCIO MHUKPOCOCTOSHMEL CHCTEMBI, HAIIPUMEpP COCTOAHMI MOJIEKy/ Tasa
B /IaHHOU €MKOCTH, COOTBETCTBYIOIMX MaKPOCOCTOSHUIO, SHTPOIMA KOTOPOTrO paBHa S.
CoBpeMeHHOe 3HavYeHre MOCTOsTHHOM Bonpimana k = (1,38044 +0,00007) - 10728 /K.
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BonbllMaH yKasaJl U IIUPOKO M3BECTHOE HBbIHE BBIpaKeHHMEe H =
= —S o log p aHTpoMImMYU Yepe3 IVIOTHOCTD pacIpesiesieH s, KOTOPOe BMe-
cte ¢ obosHaueHreM H TiepekoueBaso U B Apyrue chephl, CTaB, HAIPU-
Mep, QyHJaMeHTAJTbHBIM ITOHATHEM COBPEMEHHON TEOPHUU Iepenayu
uHpopmanyu. (bosmbiiMaH, B oTindue oT Kiayauyca, KaXkeTcs, CHadaia
0603Havaym 3HTPONMUIO OYKBOUM E, OTAaHHOUM HBIHE SHEPruu. MBI, KaK
Telepb IPUHATO, 0603HAYAEM SHTPOIMIO Yepe3 S, OCTaB/sAs CUMBOI H
3a raMWIbTOHHAHOM T'aMHJIBTOHOBOI MeXaHUYeCKOH CHCTEMEL.)

1.4. AHcam6sin I'n66ca ¥ TepMOANHAMU3AINA MEXaHUKHA

Tu66¢ mpeanoXKuI Harbosee oOIIyI0 U CTPOMHYIO MaTEMaTUYECKYTO
OCHOBY CTaTUCTUYECKON MEXaHUKU U TEPMOANHAMUKH.

He cxioHHBIN K BocTopram 3oMMepdesb Ha3biBaeT ['Mb6ca «Benu-
KUM TEPMOAWHAMUCTOM U CTaTUCTUKOM». Ero mepBble paboThI, 3aTepsiB-
mmecs B Tpyzax Akagemuu mrata KonHekTukyt ot 1876 u 1878 rr., ctamu
06IIIeM3BECTHEI ITOCJIE TOro, Kak B 1902 r. OcTBajib/ M34ajl UX Ha HEMEII-
KOM fA3bIKe TI0J, Ha3BaHUeM «TepMoArHaMuyecKue 3Tiogbl» [17, ¢. 67].

3a rog go cmeptu B 1902 r. 'ub66¢ omy6imkoBas cBoio «CTaTuCTHYe-
CKYIO MEXaHUKY», ITOCTY>KHUBIIYI0O MaTeMaTUIeCKUM (PpyHAaMEHTOM II0-
CJIeIYIOIIVIM TIOKOJIEHUAM, cM. [2].

Kak Mbl y’ke oTMedanu, T'nb6¢c o6beIUHII UAEU TEPMOAUHAMUKU
Y raMWIbTOHOBOM MexaHUKU. OH BBET 3aMedaTeJTbHYI0 MaTeMaTHh4e-
CKYIO CTPYKTYPY CTaTHCTUYECKON (QUIUKU — IaMUJIBTOHOBY CHUCTEMY,
HaZleJIEHHYI0 BEePOSTHOCTHOM Mepol, 3BOJIOIMOHUPYIOIIEN Iof Aei-
CTBHEM TaMWIBTOHOBA MOTOKA B ()a30BOM MIPOCTPAHCTBE CUCTEMBI.

DTa MoZiesib CcTajla UICTOYHUKOM MHOTOYHC/IEHHBIX 3a7a4 U UCCIel0-
BaHUU TEOPUHU AMHAMUYECKUX CHCTEM, aKTUBHO BEAYIIUXCA U ceiJac.

HamoMmHUM BKpartiie, 4TO B pa30BOM IIPOCTPAHCTBE I' raMMIIBTOHO-
BOM crcTeMbl ['166C BBOAUT HasbiBaeMOe Telleph KAHOHUUECKUM pacIpe-
JeJIeHNE BEPOSITHOCTEHN COCTOSTHUM. IJIOTHOCTD © 3TOTO paclpeAeneHUs
ompezesisgeTca raMwibToHUaHOM (oHeprueit) H = H(q, p) cucTeMbl

0 = cexp(—fH),

-1
rae ¢ = (S exp(—BH)dq dp) — HOPMUPYIOIIUN MHOXKHUTEND, a B ¢U-
T
suveckux cucremax 3 =1/(kt), k — nocrosunas Bonbimana, T — ab6-

COJIOTHAsE TEMIIEPATYPA.
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(TlogpobHOMY 06CY)XAEHUI0 U 0OOCHOBAHUIO KaHOHUYECKOTO pac-
Tpe/ie/IeHUs TIOCBsIeHa 3HAYUTeIbHAsA YacTh KHUTHU [12].)

KaHoHUYecKoe pacrpeeneHrie MHBAPUAHTHO OTHOCUTEIBHO JeHCT-
BUA TaMWIBTOHOBA IIOTOKA, ITIOCKOJIbKY UHBApPUAHTHBEI Mepa U IaMUb-
TOHHAH.

FaMUIbTOHMAH MOXKET 3aBUCETD OT MapaMeTpoB a :=(dy, ..., d,), T. €.
H=H(g, p,a). DTo MOTYT OLITh TapaMeTPHl BHEIIHUX BO3JEHCTBUM TU-
a mepeMeleHui OPIIHA U U3MeHeHUs 06béMa rasa.

T'u66c, B 4aCTHOCTH, yKa3asl CIeAyIOUIUH KPACHUBBIK €CTeCTBEHHBIN
TIpoliecc TepMOAUHAMU3AIUY TaMUJIBTOHOBOM MeXaHU4eCKOH CUCTEeMBI.

PaccMoTpyM cpeiHIOI0 SHEPTUI0

E(B,a) = (Hodqdp
T

nu OCpe,Z[HéHHbIe CWJIBI p€aKIIn CBHBefI, OoTBe€Yarouye rnapaMeTpam a;,

oH
A = —lga—ai dqgdp.

[TocsenHvie cOOTHOLIEHYs OyEM UHTEPIIPETUPOBATh KaK YPaBHEHUS CO-
croauusa A; = f;(f,a),i=1,...,n.
HeTpyaHo npoBepuTs, uto 1-dpopma

w = dE+ZAldal

i=1

VZIOBJIETBOPSIET aKCOMaM /ZIBYX Hadyasl TepMOAMHAMUKH (cM. c. 124).

1.5. dprogudHOCTH

VcxopHas uzes CTaTUCTHIeCKo GU3NKU, KAK yKe YIIOMHUHAIOCh BBI-
Ile, — MOJIYYUTh TePMOAVHAMUKY M3 MeXaHWKU. Hampumep, paccmar-
pUBasd ra3 B cocyZle Kak MEXaHUYeCKYI0 CCTEMY, COCTOSIIYIO U3 OTPOM-
HOTO YMcia ¢1abo B3auMOAEHCTBYIOIUX XaOTUYECKU JBIDKYIUXCS Ya-
CTHII, MOXXHO HAliTH ero BHYTPEHHIOIO SHEPTUIO, CBA3ATh CPEAHIONI KU-
HETUYEeCKYI0 SHEPTUIO YaCTHUIL C TeEMIIepaTypol rasa, HaluTH AaBjleHUE
Y SHTPOIUIO.

DYHKIIUN KIacCHYECKON TePMOAMHAMUKY IIPU 3TOM IIOIYYAIOTCA KaK
CTAaTUCTUYECKU CPeJHUE BEJUYMHEBI, BO3HUKAIOUINE B PE3YJIbTaTe CyM-
MUPOBaHUA OTPOMHOT0 YK CJIa MEJIKUX BKJIAZIOB OTAENbHBIX YaCTHUI] 3TON
MHOTOIIapaMeTPUYECKON MeXaHU4IeCKOH cucTeMsl. TyT HaYMHAIOT pabo-
TaTh BEPOSTHOCTHBIE W€, 3aKOHBI OONBLINX YHCEN, IIPUHIIUIBI KOH-
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LeHTpaluu. JTO HOBas WZEOJOrHsA. B Hell BTopoe Hayaso TepMOAUHA-
MUKH (1 MHOTOE ZPYyToe) yKe He pacCMaTpPUBAEeTCs KaK abCOTIOTHAS HC-
THHA, B CWIy KOTOPOH caMa 1o cebe cucTeMa HUKOIZA He IIEPEXOAUT
B COCTOSIHME C MeHbIIIEH SHTPOIINEH WIN TEIUIO HUKOTa He MOXET CaMo
1o cebe MepeiTH OT XOJIOAHOIO Tejla K ropsgyeMy. Telrepb Bce MOJIEKYJIBL
B IIPUHIINIIE MOT'YT cOOpAThCs B YTy KOMHATH, HO BEPOSITHOCTD 3TOTO
COOBITHUS OKa3bIBAETCS HUYTOXKHOM, KaK ¥ BPEMS ero BO3MO)XHOT'O CyIIle-
CTBOBaHUA. MBI MPaKTUYECKU HE B COCTOSTHUY HabBII0AATh 3TO COOBITHE.

BosHukaeT MHOTO ¢yHAaMeHTaJbHBIX BOIPOCOB. Hampuwmep, 4to,
cOOCTBEHHO, U KaK MBI HabII0jaeM U U3MepseM?

Korza Mbl XOTHM TIpeICTaBUTh ce6e Bce BO3MOKHbBIE COCTOSTHUSA JaH-
HOM CHCTEMBI, MOYKHO JI60 CIeUTh 3a €€ SBOMIONKEN BO BpEMEHH, JIH-
60 TIpeACTaBUTh cebe IeNbIll aHCamb/ib CUCTEM, KOTOphIE CYTh KOIIMU
Halllel CCTEMBI, B3ATHIE B OAUH U TOT YK€ MOMEHT BPEMEHH U IIPE/ICTaB-
JITIOIIVIE BCE BO3MOJYKHBIE COCTOSTHUS HAIlleH CMCTEMBI.

C mo3uInii MeXaHWKH TaKoi aHcaMmbjb IIPOCTO ecTh (HasoBoe IIpo-
CTPAHCTBO CHUCTEMBI, B KOTOPOM KaK/[as MHAWBU/yaIbHAs TOYKA MPEJ-
CTaBJIsIET CUCTEMY B KOHKPETHOM COCTOSTHUU. DBOJIIOINS CUCTEMBI M300-
PasUTCS TPAEKTOpHel TOYKU B (Ha30BOM IIPOCTPAHCTBE. JIBIIKEHME TO-
YeK MOPOoXKAaeT ABIDKeHe Bcero $a3oBOro IMpOCTPaHCTBA, YAaYHO Ha-
3BaHHOE (A308bLM NOMOKOM.

Knaccuueckan Teopema JIMyBWLIS TOBOPHUT, YTO (HA308blll NOMOK
2aMUTBMOHOB0L cucmembl coxpansem ¢asoswiil 06EM, T.e. TEIET KaK
HECKUMaeMast KUJKOCTb.

EcTecTBEHHO ITOSTOMY CUMTATh, YTO BEPOSTHOCTh HAWTH CHUCTEMY
B OZIHOM M3 COCTOSIHMM, OTHECEHHBIX K KaKOH-TO obnactu ¢$Ha3zoBOro
MIPOCTPAHCTBA, ZOCTYITHOMN ABIKEHHUO, TIPOITOPIIMOHATbHA 06bEMY STOM
obacTu.

C ApyToii CTOPOHBI, MOXXHO IIPOCJIEIUTD BCIO SBOJIOLNI0 WHAUBUIY-
aJbHOM CHCTEMBI ¥ BEPOSITHOCTh COCTOSTHUS CYMTATD IIPOTIOPIIHOHATD-
HOI BpeMEeHH, B Te€YeHHe KOTOPOI'O OHO CYIIECTBYeT.

BonbliMaH B 5TOH CBsSI3M CHavasla Jaske CUMUTAJ, YTO CUCTEMA B CBO-
el BOJIOIMH TpoberaeT BCce BO3MOXKHbBIE COCTOSHHUS Ha IIOBEPXHOCTU
VPOBHsI aHHOM SHEPTMM U YTO MOSTOMY 06a IoAXoAa K M3MepeHUIM
CPEJIHUX U CTATHCTUYECKOMY OIIMCAHMIO COCTOSIHUM CHCTEMBI SKBUBA-
sleHTHBI. Ho 5T0 6B 03HaYasI0, YTo ¢pa3oBas TpaeKTOPUSI IPOXOAUT YEPE3
BCE TOYKH YKa3aHHOM IIOBEPXHOCTH, YTO HEBEPHO. TeM He MeHee caM
[IPUHIUIINAIBHBIA BOIPOC 00 M3MEPEHUH CpefHuX ocTaércs. OH MpH-
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06pE HECKOMBKO GOPMYIHUPOBOK, 00BeAMHEHHBIX TEPMUHOM 9p200uHe-
ckas 2unome3a Bosbumana, v IPUBEN K PSAAY 3aMedaTe/bHbIX MaTeMa-
TUYECKUX TEOPEM, TI0 Cel [JeHb yKpallaiollnX TEOPUI0 JUHAMHUYECKHX
CHCTEM.

HamoMHuM, HanpuMep, sprofudeckyto Teopemy bupkroga (1931).

Ilycms V — uHgapuanmuas uacms aso8020 npocmpanHcmed omHo-
cumesibHo (hazoe8020 NOMOKA, COXPAHSIOWE20 Mepy U, U f — U-uamepu-
mas pynxyus 8 V. Eciu mepa uacmu V KoHeuHd, mo 011 U-noumu ecex
mouexk p €V cywecmayem speMeHHGe cpedHee 80016 MpaeKkmopuil; oHO
sensemest U-usmepumotl yHkyuet f, cpedee 3Hauenue A komopoii 8 V
cognadaem co cpeOHUM 3HaueHuem A camoll pyHkyuu f 8 V.

Ecnu, kxpome mozo, V mempuuecku Hepa3aonumo OmHoCUMesbHO Imo-
20 $a308020 Nomoka, mo GyHKYUA f NOCMOSHHA U-NoUmu 8ciody

(T. e. TOTZA CpeHUE TI0 TPAEKTOPUSAM /IS U-TIOYTH BCeX Todek p €V oau-
HAaKOBBI U COBITAJIAIOT C IIPOCTPAHCTBEHHEIM cpeHUM A ¢yHkumH f B V).

(ToBOpAT, UTO MPOCTPAHCTBO X C MepoH |, ”THBapUaHTHON OTHOCU-
TeJIbHO JelcTByrollero Ha X IIOTOKA, Mempuuecku Hepa3ioncumo OTHO-
CUTENIbHO IIOTOKA, a MOTOK 3apzoduueH B X, ecnu X He NpeACTaBiAeTCs
KaK oO0beIMHEHNE HelepeceKalonuxcsi MHOXKeCTB X, X,, MHBapHUaHT-
HBIX OTHOCUTEJIBHO ITOTOKA Y UMEIOIIHX II0JI0KUTENbHbIE MepHhI.)

CrneayeT 3aMEeTHUTbD, YTO /Is LieJiell TepMOANHAMUKY BaXXHBI HE CTOJb-
KO MHZMBU/yaJIbHbIE SPTOAUIECKUE TEOPEMBI O IUHAMUYECKUX CHCTEMaX
Ha GUKCUPOBAHHBIX IIPOCTPAHCTBAX KOHEYHOM PasMepHOCTH, CKOIBKO,
OBITh MOXeET, Ziaske GoJiee rpyOble acCHMNITOTHYECKHE GAKThI O CPEAHUX,
CBsI3aHHBIE C TIpPeJEeNbHBIM TIepexoqoM (TepMOAWHAMHYECKUM Ipeie-
JIOM), KOTZIa KOJIMYECTBO YaCTHI] U COOTBETCTBEHHO pa3MepHOCTH $azo-
BOTO TIPOCTPAHCTBA HEOT'PAaHUYEHHO BO3PACTAIOT. B 9TO# CBA3M MMeeT
CMBICJI BHUMATeJIbHee TPOaHaIu3UPOBaTh BOSMOXKHEIE MHTEPIIPETALIUHU,
MIPOSIBJIEHUS, IPUMEHEHUS U PAa3BUTHE PACCMOTPEHHOTO B TeMe 11 mpuH-
I[UIIa KOHIIEHTPALIUHU.

1.6. ITapaaoKchI, IPO6JIEMBI, TPYAHOCTH

OOBIYHO Jaxke OYEHb KPACHBAs TEOPUS — 3TO YIPOIIEHHAT MOZEIb
SIBJIEHHSI, XOPOILIO paboTarolnas TOMbKO B KAKUX-TO MpefieiaX, KOTOPHIE,
Kak IIpaBWIO, MbI y3HaéM, BBII/IA Ha T'PaHUIILL JO3BOJIEHHOI'O U CTOJK-
HYBIINCH C HOBBIMM TIPOOIEMaMHU.

[l craTucTUYeCcKol Teopru, CBOJAIIel TepMOJUHAMUKY K MeXaHH-
Ke U IpeZpeKalolleil Bcjes 3a BTOPHIM HavyaoM TepMOAWHAMUKU 3BO-
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JIFOLIMIO 3aMKHYTHIX CICTEM B CTOPOHY POCTa SHTPOIINH, IIEPBBIM CEPhE3-
HBIM MPOOHBIM KaMHEM OBUI BOIIPOC, MOCTABJIEHHBIN yunuTeaeM BosbIl-
MaHa U Ha3bIBaeMbIi Tenepb napadokcom Joumuoma (1876 r.). OH dop-
MYJIUPYETCS TIPeETbHO MTPOCTO M COCTOUT B CJIEAYIOIIEM.

Jltobass TaMUIbTOHOBA MeXaHMYecKas CHCTeMa JIoMycKaeT obpaiie-
HUe BpeMeHU. Kak e Takas cHUCTeMa MOKET MPUBOJUTD K N30paHHOMY
HalpaB/IeHHIO SBOMIONMHI? Beb eciv TIOMEHATD HallpaBjieHHEe BpeMeHH,
TO MU3MEHUTCA Y HallpaBJeHUe 5BOIIOLUN? !

Bompoc 3ToT 06Cy>KAaIICA JIYYIINMY YMaMU CBOETO BpeMeHH (CM. Ha-
mpumep, kHuru [1,4] u xraccudeckuii 063op [6]).

Maciio B orous gob6asui Lepmeno. (Ilapadoxc Ilepmeno 1896 r. Toro
camoro JpHecTa Llepmesno, KOTOPHIM MaTeMaThKaM 6ojblile U3BECTEH
10 HajesnaBlled nymy akcuoMme llepmeno.) OH, anennupys K TeopeMe
[Tyankape o BO3BpallleHUH, CKa3aJs, YTO MOJIEKYJ/IbI HE TOIBKO MOTYT, HO
Y HEeIIpeMeHHO JIOJDKHEI OyAyT B KAaKOM-TO MOMEHT Bce co6paThCs B YIIIy
KOMHATHI.

U BooOGI1ie, M06as OKPECTHOCTD JIt0OO0H TOUKU $a3oBOro MPOCTPaH-
CTBa TaMIJIBTOHOBOM MeXaHUYECKOU CHCTEMBI, OIyKAaromuas Moz Aek-
cTBUEM (Ha30BOro MOTOKA B OTPAHUYEHHOM 00/1aCTH MPOCTPAHCTBA, Oec-
KOHEYHOe YMCJIO pa3 OyzZeT BO3BpaIlaThCs, IepeceKasach CO CBOUM HKC-
XOOHBIM TIONOXKEHUEM. (DTO CTOJb JKe MIPOCTOE, CKOJb U BayKHOE HabIIio0-
Jenue Ilyankape 1883 r. mo4yTu O4eBHAHO, €CJIM BCIOMHUTBL TEOPEMY
JIMyBWLIA O TOM, YTO (Ga30BBIM NMOTOK TeYET KaK HeCKUMaeMas KHZ-
KOCTb, coxpaHssi ¢pa3oBbili 06béM. Eciu 661 Bce 06pa3bl UCXOAHOM OK-
PECTHOCTH, pacCMaTpUBaeMble Yepe3 paBHbIE MHTEPBAJIbI BpEMEHH, I10-
MapHO He MepPeCceKaNTUuch, TO UX OOIMMH 06bEM ObUT GBI GECKOHEUHBIM.
Eciy 'xe ecTh IepeceyeHne m-ro U n-ro o6pasoB u m < n, TO eCTh Iepe-
ceuerue (n —m)-To o6pa3a OKPECTHOCTH C Hell caMoii.)

Hazo cka3atp, 4TO «MeXaHW4YecKash TeOpHUs TEIUIOTH IPOXKUIA TPYA-
HYIO *KM3Hb U OKOHYAaTeJbHO TpUobpesa mpaBa rpakJaHCTBa B HaykKe
JIUITh K KoHITy XIX cTosmeTus, Ipexe Bcero 6iarogapsa paboram Makca
ITnanka 1887—1892 rr.» [20, c. 236].

OTmMeTUM elé, YTO KJIACCUKH, Kak IIpaBWIO, Jydllle JPYTUX IOHU-
Ma/Id ¥ JJOCTOMHCTBA, U HEJOCTAaTKU CBOHX TEOPUM, HAa UTO CaMH XXe
yaile Bcero W ykaseiBaiu. [IpuBezném, HanpuMmep, cioBa Kapareogopu
0 Kjaccuyeckolt TepmoauHamuke. (CioBa Kapareozopu, HamnucasIIero
pabory [18, c. 236], KOTOpYIO0, KCTAaTH, BLICOKO OIleHII [IaHK, CTUMYJIH-
POBABIIMNI MOCIEAYIONIYIO MyOauKaIuio pabotsl [19].)
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«MOHO TIOCTaBUTh BOIIPOC: KAKUM 0Opa3oM JO/KHA OBITh ITOCTPO-
eHa ($eHOMEHOMOTUYECKAs TepMOJUHAMUKA, YTOOBI MPU pacyéTax McC-
ITOJIb30BATh JIMIIb HETIOCPEACTBEHHO U3MeEPSIEMbIE BETUUUHEL, T. €. 00b-
éM, ZlaBJieHre M XUMHUYeCKUH cocTaB Tena? Teopus, KOTopas Mpyu 3TOM
BO3HHKAET, JIOTUYECKX HEOCIIOpHMa M MaTeMaTU4eCKU COBepIIeHHa,
TaK KaK OHa, MCXOAs U3 peajbHO HabiogaeMbix GaKTOB, 06XOAUTCA
MUHHUMAaJbHBIM KOJUYECTBOM TuroTe3. OJHAKO MMEHHO 3TO MPEUMY-
IIIECTBO JIeJIaeT e€ Maso IPUTOJHON C TOYKM 3PEHMS HCCIel0BaTelsd,
HE TOJBKO MOTOMY, YTO B Hel TeMIepaTypa IOSBJISETCI B KavyeCTBe
MIPOU3BOAHOM BEJMYUHBI, HO MPEXKE BCETO IMOTOMY, UYTO IJIaAKUE CTe-
HbI UCKYCCTBEHHO BO3/IBUTHYTHIX B 3TOW TEOPUU 3/]aHUH HE MO3BOJISIOT
YCTaHOBUTh KAKOW-TMOO CBS3U MEXAY MUPOM BHAMMOM U OCsA3aeMOi
MaTepUu U MUPOM aToMa».

BoT nounmanue H606XO,ZLI/IMOCTI/I Y BOXHOCTU CTAaTUCTUYECKOM Tep-
MOAWMHAMUKMH.

YIVUBUTENTHHO, YTO IEPBBIM PEAJbHbIM IOATBEDKAEHUEM aTOMU3-
Ma U MOJIEKYJIAPHOTO CTPOEHUs BEMECTBA, KaK CUYUTAETCS, OKA3aJI0Ch
OPOYHOBCKOE ZIBI)KEHHE, OTKPBITOE aHIVINMCKUM 60TaHuKOM PobepToM
Bpoynom (Bpoys, Bpays, Brown) Bcero-to B 1828 r. MaTemaTuueckue
OCHOBBI TEOPUH OPOYHOBCKOT'O ABIKEHUS C BAXKHBIMU i1 GU3UKU BhI-
BOZlaMU OBUTH 3a/I0}KEHBI DUHINTEHHOM B 3HaMeHHTOM 1905 rozay ero
WHTe/IEKTyalbHOTO B3phiBa paboToil [3a] u mociemoBaBuieit 3a Hel
paboroii [36], KoTopas y:ke Tak 1 HasbIBajach «K Teopuu 6pOyHOBCKOTO
ABYVKEHUA».

Bo MHOTrUMX OTHOIIEHHUAX WHTEPECHBI U ITOKAa3aTeJIbHbI CIEAYIOINe
BBOJIHBIE CTPOKHU paboThl [3a].

«B 201 paboTe OyeT MOKa3aHo, YTO COTIACHO MOJIEKY/ISIPHO-KUHETH-
YECKOM TeOPUH TEIUIOTH B3BEIIEHHBIE B JKUJKOCTH TeIa MUKPOCKOITHYe-
CKUX Pa3MePOB BCIEJCTBUE MOJIEKY/IIPHOTO TEIUIOBOTO ABWIKEHUS JOJDK-
HBI COBEPIIATD ABMKEHUA TaKOH BEJMYUHBI, YTO JIETKO MOTYT OBITH 00-
Hapy>KeHBI 10/ MUKPOCKOIIOM. BO3MOKHO, YTO pacCMaTpHBaeEMBbIE JIBIDKE-
HUS TOX/IECTBEHHBI C TaK Ha3bIBaeMBIM OPOYHOBCKUM JABH)XEHHEM; O/I-
HaKO [JOCTYIIHbIE MHeE JaHHbIE OTHOCHUTENBHO IOCHEAHETO HACTOIBKO
HETOYHBI, YTO 51 HE MOT COCTaBUTb 00 3TOM OIpeAeTEHHOTO MHEHNA.

Ecnm paccMaTpuBaeMoe JBIDKEHHE BMECTE C OXXKUJAEMBIMU 3aKOHO-
MEpPHOCTSIMHU IeICTBUTENBHO OyeT HabII04aThCsI, TO KIacCUYecKast Tep-
MOAMHaMUKa He MOXKET CYMTAThHCS BIIOJTHE CITPAaBEAIUBOM YIKe I MUK-
POCKOITMYECKU PA3TUIMMBIX 00TacTel, ¥ TOT/Ia BO3MOXKHO TOYHOE OITpe-
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JleJieHHe UCTUHHBIX aTOMHBIX pasMepoB. Eciu ke, Ha060pOT, Tpe/cKa-
3aHHeE 3TOTO ABMKEHUSA HE OTPABAAETCS, TO 3TO OyZIeT BECKUM apryMeH-
TOM IIPOTUB MOJIEKY/IIPHO-KMHETUYECKOTO IIPEACTABIEHUS O TEIUIOTE.

([CTaTucTHYeckoe MOHNMMaHKEe BTOPOTO HaYajia TEPMOANHAMUKY TyB-
cTBOBa/M M oTcTauBanu Kiaysuyc, MakcBemt, Bombiiman, ['n66¢c. Ho
X OOBSCHEHUS OCHOBBIBAJIUCH HA MBICJIEHHBIX dKCIIEPUMEHTaX, MCXO-
JUBIINX U3 ITOCTYJIaTa CyIleCTBOBAHUSA MOJIEKY/I. JIUIIb IIOC/IE€ OTKPBITHS
OGPOYHOBCKOT'O ABI)KEHHA MHTEPIIPETAIisA BTOPOro Hayala TepMOJHUHA-
MWKU KaK abCOTIOTHOrO 3aKOHA CTAHOBUTCS HEBO3MOXKHOM. BpoyHOB-
CKHE YaCTHUIIbI, IOAHUMASCh M OITYCKAsCh 33 CYET TEIUIOBOT'O ABMIKEHUS
MOJIEKYJI, BOOYUIO JEMOHCTPUPYIOT HaM BEYHBIM JBUTATENb BTOPOTO
poza. ITosTomy B kKoHile XIX B. vccieqoBaHre GPOYHOBCKOTO ABHKEHUS
MPHUOOPETI0 OTPOMHOE TEOPETUYECKOE 3HAUEHUE U IIPUBJIEKIO BHUMAa-
HUe MHOTMX GU3NKOB-TEOPETUKOB, BKItoYasa JDifHIITeHa.] Tak cka3aHO
B kuure [20]1)

PaboTh! DiHIITEHA IO 6POYHOBCKOMY /IBWXKEHHIO TTIOTOM CTaIM TI0Y-
BOM /IS OOIIMPHOI MaTeMaTUYECKON TEOPUH.

T'u66c ToXKe He OCTaBUJI CIEAYIOIINE MTOKOoMeHus 6e3 paboThl. He ro-
BOPsI 0 MaTeMaTUYECKUX MTPOOIEMax, CBA3aHHBIX C COBPEMEHHBIM ITOHH-
MaHUEM PaBHOBECHBIX COCTOSTHUHN (KaK WHBAPUAHTHBIX MEP) U IBOJIO-
UM K HUM, HalIOMHUM JIUITb napadokc [u66ca u3 KIacCuIecKoi TeEpMO-
JVHAMUKM, IPUBOAALINHI K HEM36€KHOCTH JAayke KBAHTOBOM TPAaKTOBKHU
COCTOSIHUM.

B cepesnHe TOpU3OHTANIBHOI'O HWINH/PA CTOAT ABE IOMYIIPOHULIae-
Mble IIOJBIKHEIE IIEPErOpPOAKU A U B, B TakoM nopsazke. JleBas I10J10BU-
Ha IWIVH/PA 3al0JHeHa ra3oM d, IPOHUKAIUINM depe3 MeMOpaHy A
U He IIpOHUKAIIUM 4depe3 B. IlpaBad yacTh HWIMH/pA 3all0OJHEHA ra-
30M b, IpoHUKaNUM Yepe3 MeMOpaHy B 1 He MPOHUKAIOIINM 4Yepe3 A.
Eciu nocteneHHoO cBUraTh I1I€PEropoAKy A A0 ylopa HajleBo, TO a3 a
oCTaHeTcs TaM, rze ObLI, a ra3 b paclpocTpaHUTCSA [0 BCEMY IMUIUHADY.
DHTPONHUS €r0 COCTOSHUS YBEIUYUTCS, IIO3TOMY YBETUYUTCI M 06Ias
SHTPONMA CUCTEMBI JBYX OTHX ra30B, pPaBHad CyMMe SHTPONUHN UX CO-
crossHui. Teneps pozeraeM To JKe caMoe C IIeperopoAKoii B, MeZJIeHHO
OTOZBVHYB €€ /10 yIopa Hanpaso. [a3 a pacrnpocTpaHuTCa Ha BecCh LIU-
JIVHZAP. DHTPOIUA CUCTEMEI €Illé BHIPACTET Ha Ty JKe GUKCHPOBAHHYIO
Besimumny (k1n2).

lKaK TOBOpUI BOp, «HEe AJIA CIIopa, HO AJIA BbIACHEHUA MCTUHBI»: HpI/IBeﬂéHHaH BBIIIIE
ouTaTta U3 pa6OTbI DHHIITENHA IIOKAa3bIBAET, 4YTO JaKe€ TYT HE BCE OBLIO TaK IIpOCTO.
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ByzeM Temeph MOBTOPATh SKCIIEPUMEHT, HETPEPHIBHO COMIMIKAsA Xa-
PaKTEpUCTUKU Ta3oB. B mnpezese nomyyuM oAuH ras. Torga HadyajabHOE
COCTOSIHME U KOHEYHOE COCTOSHUE CUCTEMBI Hepa3JIu4UMBL. A UX DHTPO-
MY OKAa3aJIuCh Pa3HbIMU?!

[To-BuzanMoMmy, pr3ndecKre XapaKTEPUCTUKU He HenpepblBHE?! Ha-
IIPUMED, 3TO MOXET OTHOCUTHCA K SHEpruu. IlonpobyeM 3TO yIecTb.

§2. KBanToBas craTUCTUCTUYECKAs] TePMOJUHAMUKA
(aBa cioBa)

2.1. C4éT coCcTOSIHUI U YCIOBHBIN SKCTpeMyM

KBaHTOBBIE pACUETHI TYT B HEKOTOPOM OTHOLIEHUH JaXKe [Tpo3pavHee
kinaccndeckux. [IpoBezném ux, cineays LIpéxunrepy [16].

PaccMoTpuM aHcaM6ib U3 N OJMHAKOBBIX, HO ITepEHYMEPOBAaHHBIX
CUCTEM, KaXKJasA 13 KOTOPBIX MOXKET HaXOAUTHCSA B OZHOM U3 IlepeHyMe-
POBaHHEBIX cocTosHMH 1, 2, ..., [, ... [TycTb £, <6, <... < g <... — 3Haue-
HUA SHepryuy MHANBUAYAJIbHON CHUCTEMBI B 3TUX COCTOSHUAX U dq, do, ...
«ess @[, ... — KOJIMYECTBO CUCTEM aHCAMOJIS, HAXOASAIIUXCS B COCTOSTHUAX
1,2,...,1,... COOTBETCTBEHHO.

Taxkoit Habop a,, as, ..., d, ... MOXKET PEaTN30BaThCsI MHOTUMH CITO-
cobamu. A ToYHee, YUCIIO CTIOCOGOB PaBHO

N!
alay!...ql...”

COBOKyHHOCTb qucen a,, dy, ..., d, ... AODKHA YAOBJIETBOPATDH YCIOBUAM
ZQZZN, ZElale,
l l

rae E — monHas COBOKYITHAS SHEPTUA CUCTEM aHCaMOJIA.

ByzeM mckaTh MakcUMaibHOE 3HaYeHHe P IpU yKa3aHHBIX OTpaHU-
YeHUsIX, YTO ZaCT HaM Haubosee BEPOSTHBIN HA6OD a4, Ay, ..., dj, ... UH-
ceJI 3aII0JTHEHYA.

(TosicHUM, YTO B MUHTEPECHBIX I TEPMOAMHAMUKH CIy4asx, KOrga
N o4eHb BETMKO, UMEET MECTO sSIBJIEHNE KOHIIEHTpaluu. MoXXHO MoKa-
3aTh, 4TO OOIIee YHUCIO BCEX BO3MOXKHBIX [IPU HAIIMX YCJIOBUAX COCTOS-
HUI aHcaMOJIs TIOYTU COBIIaZIaeT ¢ MAaKCUMaJIbHBIM 3HaYeHHueM P, KOTo-
poe MBI HaMepEeHBI UCKaTh. 3HAYUT, MBI J€HCTBUTENBHO HAWAEM U HaU-
6osee BepoATHBIN HAOOD a4, Ay, ..., d;, ... YHUCET 3ATIOTHEHMUS.)
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n n
[Tpu 60bITNX 3HAYEHUAX N 110 hopmysie CTUpaUHTa n! ~ +/ Znn(g)

[MoaTomy MOXkHO cuuTath uto log(n!) ~n(logn —1). (3aeck log=1n.)
Torga, AeiicTBys MeTOZOM JlarpaH:ka OTBICKaHUS YCJIOBHOT'O DKCTpe-
MyMa, HalUIIeM, YTO

Zlogal dal+AZ dal+,uZ£l da; =0,
! ! !

OTKyZIa CJIE/IYET, YTO MPU JIFOOOM [ BBIOMHSETCSA PABEHCTBO
loga;+A+pug =0 u a =e *7Ha,

MpUYEM A U U TIOAYMHEHBI YCJIOBUAM

Ze‘l_“gl =N, Zsle_l_“gl =E.
1

l
O6o3Hauas yepe3 E/N = U cpeAHIOI0 SHEPTHUIO, TPUXOAAILYIOCST Ha OAHY
cucTeMy aHcaMO0JIs1, MOXKEM 3aIKCaTh ITOJIyIeHHbIH pe3ylbTaT B CJIEAYIO-
meM BUZe:

Zse per
E _ — UE
N=U= Ze we logze g

—puey
o= z— =~ log D et
e U 9g .

JloTmoTHUTETbHBIE PACCMOTPEHMSA, BRIACHSIONIME GU3NIECKHIT CMBIC Be-
JIUYUHBI ) B TEDMOAUHAMUYECKOM CUTYaIlUU, IPUBOAST K TOMY, YTO
-1
M=
rae k — nocTtosHHas BonbiiMana, a T — abcomoTHas TemiepaTypa. Bos-
HUKaeT BakKHas BeJIMYMHA, Ha3bIBaeMast Cmamucmuueckoil cymmotl:

Z:Ze
l

Ter[epb MOXXHO HaItMcaTb, KAK UME€HHO 4YHCjIa 3allOJIHEHWA paCIIpEC/IEHbI

10 SHEPreTUYECKUM YPOBHSAM IIPH JaHHOMN abCOMIOTHON TeMItepaType:
£l
kT
a = N VA
BHTpOHI/Iﬂ CHUCTEMBI C TOYHOCTBIO 40O aﬂﬁ[I/ITI/IBHOf/’I IIOCTOSIHHOM UMeeT BU[

£]

& Zsle kT
S = klogZ—l———klogZ L —gl
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OcTanbHble TepMOJMHaAMHUYECKHE (I)YHKI_[I/II/I (HOTeHHI/IaJIbI) TOXE A0ITyC-
KaloT aHaJIOTUYHBbIC BbIPpAXKE€HUA.

[MoacunTaeM, pajy UHTepeca, KaK BeJéT cebs yKazaHHAs SHTPOIHA
mpu T — 0. ITycTh 4715 OGIIHOCTU HIDKHEMY YPOBHIO SHEPTHUU OTBEYAET
N BO3MOKHBIX COCTOSHUM CHUCTEMBI, T. €. £ = &, = ... = &,, U IIyCTb CJIe-
Aylolllre m ypoBHel TO)XXe OAUHAKOBEL, T. €. €, 1= E,40= .. = Eypm-

Torza pu T — +0 MBI UMeeM

_& _&nt1
)+ 1nee T +me, e KT

£1 _¢nt1 2
kT

_&a nt1

S~ klog(ne T {me kT

ne ¥ +me
OTKyza ciezyer, uto S ~ klogn npu T — +0. B yactHOCTH, B QU3NIECKU
3HAaYMMOM CJIy4ae, Korga n = 1, IpeZiesn TOYHO paBeH Hymo. Ho gaxe

ectd n#1 ¥ n He TpaHAWO3HO, BeJMYMHA k logn MoOYTH paBHA HYIIO,
BBU/y MaJIOCTH TIOCTOAHHOM Bonprmana (k~1,38-1072% Ix/K).

2.2. YTouHAIONIME 3aMeYaHus U JAOIIOJHEHUS

1. CHayaa cKkakeM /[Ba CJIOBA O TOJIBKO UTO MPOZeJIaHHbIX BEIYHCIIE-
HUSX.

Pe3ypTaThl, KOTOPBIE MBI CPAaBHUTEJBHO 3J€MEHTApHO IOMYIHIN
BBIIIe, OCHOBEIBAJIMICh Ha YTBEPXKAEHUH, YTO JOCTATOYHO HAUTU YCIOBUA
MakcuMyMma GYHKIIMU P, IOCKOJIBKY B MaJOH OKPECTHOCTH MaKCHUMyMa
JIEKUT TOAABAIONAA YacTh BO3MOXKHBIX COCTOSTHUU BCEro aHCamOJIsa
HaIllNX CUCTEM, T.€. 3TO U eCTh Haubosee BEPOATHbIE COCTOSHUSA aH-
cambs.

3HauUTENbHO OoJIee TIAaTeNbHOE, JeTaTbHOE HCCIe0BAaHKE BOIIPOCca
(HO C TeM Ke MPUHITUITHATBHBIM Pe3yIbTaTOM) GBUIO MTPOZAEIaHO B CTaB-
mei kiaccudeckod pabore JapsuHa u Paynepa. OHM KCHONBb30BAIH
KOMIUIEKCHBIM aHaiu3, TpousBozAnye GyHKIWH, BEIYETH U aCUMIITO-
TUKW. DTO MOXXHO IIPOYUTATh, HAIIPUMED, B LIecTol miaBe KHUTH [IIpé-
auHTrepa [16].

2. JlobaBuM, uTO, ciaeays I'mb0cy, BBOAAT cmamucmuueckuil uHme-
2pan
Z(B,a) = S e PH dqdp,
r
aHaJIOTUYHBIN PacCMOTPEHHOM BhIlIe CTATUCTUYECKOH CyMMe, Tae, Kak
u B pacupegenennu ['m66ca, H(q, p, a) — ramwibronuas, a 3 =1/(k7)
C MPEXXHUM CMBIC/IOM BCEX IIepPEMEHHBIX.
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Torza BHyTpEHHSASA SHEPTUA CUCTEMBI U YPaBHEHUS COCTOSTHUS CHUCTE-
MBI (cM. c. 98, 115) BeIpasATcs B BUZE
dlogZ _ 19logZ

o’ "t B da
a eé sHTponHsa — B popMe peobpasoBanusa Jlexanapa ot log Z
dlogZ
S = k(logZ+ PE) = k(logZ — ag ).

OHTpoONUsA AOMyCcKaeT M Apyroe, U3BecTHOe y)xe BonbiMaHy, mpe-

CTaBJIEHHUE:

E=-

<i<n,

S=—kSQlOgQ
r

Yepe3 IVIOTHOCTh KAHOHMYECKOTO paciipeesnienus 'nboca. VIMeHHO B 3TOM
06J11Ke OHa MTOSIBJIAETCS B TEOPUU MHPOPMAIIMH YIKe AJIST TPOU3BOIBHOM
IJIOTHOCTH PacIpeziesieHus.
[TpoBepum 3Ty Gpopmyiy. I[IOCKOIBKY Q = e PH /7 umeem
- Sglogg =logZ+pf SHe’ﬁH/Z.
r r
. dlogZ
[Tocnepnuii MHTErpal €CcTb — . Y4uTHIBasg 3TO U BCIIOMMHAA yKa-

op

3aHHOE BHIIIE BHIpAKEHHE SHTPOIMMU KaK MpeobpasoBaHusa JlexkaHapa
ot log Z, y6exxaaemcs B CIIpaBeATUBOCTH MTPOBEPAEMOii GOPMYIIBL.

3. TIpoAeMOHCTPUPYEM Ha MPHUMEPE 3aMeYaTeNbHYI0 KOMIIAKTHOCTD
U 3P PEKTUBHOCTh TEXHUKU CTATUCTAYECKUX MHTETPAOB.

IIycTh B HameM oOkIYHOM TpocTpaHcTBe R mmeercs cocys D 06b-
éma V, 3alloHEHHBIM HAeaNbHBIM I'a30M, MPEACTABISIONNM U3 cebs
n cnabo B3aMMOJEHCTBYIONINX IMOJABMKHBIX YaCTHUI[ OMHAKOBOM Mac-
cel m. COCTOSTHUE KQXK/J0H YaCTHUIIbI OIpeesieTcs e€ ooXKeHueM (Tpu
KOOPZAWHATHI) ¥ UMIYAbcoM (enié Tpu uncia). [aMuIbTOHUAH CUCTEMBI
(kmHeTHYecKas SHeprvs) UMeeT BUf

Rl

H= 2m’
i=1

Y CTaTUCTUYECKUI MHTETPa
Z = Se‘ﬁH = S dq S e PHdp =vn S e PH dp
N D" R3n R3n
B cepuyecKux KOOpArUHaTax JIETKO A0 KOHIIA CUUTAETCS:

n.,,3n/2
Z — cvm—’
ﬁSn/Z

rae MTOJIOXKUTETbHBINM MHOXXUTEJb C 3aBUCUT TOJIBKO OT 1.
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Takum ob6pasom,
logZ =nlogV — 37'1 log 8 + 3771 logm +logc.

Orcroza cpasy HaXOAUM CBA3b SHEPTUU U aOCOMIOTHON TeMIIepaTypHL CU-

CTEMBI
_dlogZ _3n _ 3

E= B 2 2

nkt,

a TaKXKe JaBJIeHHe
. lalogz __ nkt
B eV TV

KakK 00006IIEHHYIO CHITY, OTBEYAIOIIyI0 mapameTpy V.

Eciu nepeiiTyl K 0603HaYEHUAM KIaCCHYECKOH TepMOAUHAMHUKHY, 3a-
menuB T Ha T, k Ha R/N, nk Ha vR, rie R — yHUBepcajbHas rasoBas
nocrosHHasg, N — 4ucio ABorazpo, v — KOJIMYeCTBO ra3a B MOJIAX, TO
MTOJTyYeHHBIE COOTHOIIEHHUS MTPEBPATATCS COOTBETCTBEHHO B 3aKOH JI?KO-

yna E = %’VRT u 3akoH Kiamneiipona PV =vRT.

O6paTuTe BHHUMaHUE HA TO, YTO MCXOAHO T'aMIJIBTOHHUAH CHUCTEMBI
HaM 37ecCh Jake He ObLI JaH Kak QYHKIMS TeMIepaTyphl U BHEIIHETO
mapameTpa.

Bosee Toro, BBIKJIAZKU He 3aBUCAT OT KOJIMYECTBA N MoseKys. ITo-
ciefHee MOXeT 03aJa4uuTb GU3MKa, MOHUMAIOILIETO, YTO O JaBIeHUU
¥ TeMIepaType rasa, Kak ¥ O rase BooOIle, NUMEET CMbICT T'OBOPUTb,
TOJIBKO KOT/]a N IOCTATOYHO BEJTHKO.

Taxoe e COBMeIleHHEe JOCTOMHCTBA ¥ CTPAHHOCTHU COAEPIKUTCS B aK-
cruomaTHyeckoii Mogenu Kapareozopy kiraccudeckoil ¢peHOMEHONOTH-
4eCKOU TEPMOJMHAMUKH, O KOTOPOI1 MbI roBOpwu panee. Ha aTo o6pa-
T BHUMaHue [[TaHK, BBICOKO IeHUBIIMH paboTel KapaTeozopu.

He nomo6Hoe 111 06CTOSTENBCTBO, IOMUMO MHOTOTO IPYTOT'0, CMYIIa-
Ji0 1 MakcBesLIa, KOTOPBIH Jal HECKOIBKO /J0OKa3aTelIbCTB CBOEro 3aKOHA
pacrpe/esieHUs: MOJIEKYJI Ta3a 10 CKOPOCTAM (KMHETUYECKAM SHEPTHUSIM) ?
OZHO U3 ZJ0Ka3aTeNlbCTB, COBCEM IEMEHTAPHOE, IIPOXOAUT IIPHU JTI060M
KOJIMYECTBE N MOJIEKYI. JIpyroe MPUBOAUT K PE3YJIbTATY TIPU 11— 0.

4. Temepb CKa)keM HECKOJIBKO CJIOB O CAMOM IIPeAMETE U STHX 3aITUCHX.
[MouTy 3a KaXXABIM, JaXKe OYeHb MeJKUM, pPaszZesioM U MOA3aroyioB-
KOM 3THX 3amucell CTOUT OOBIYHO He TOJMBKO CIOXKET, a Iiejias obacThb
WCCIeJOBAaHUM, TOAPOOHOE U3JIOXKeHUe KOTOPOH SBJIAETCA IIpeIMeTOM
CaMOCTOSATEIFHOTO IIOJTHOBECHOI'O Kypca. Mbl MOCMOTpeNI Ha MHOTOE,
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HO C BBICOTBI ¥ B TEMIIE ITUYbEro MoMéTa. B aToM Hazgo cebe oTaaBaTh
OTYET, TIOTIOJHSAS U YTOYHSASA CBeZleHUs 110 3auHTepecoBaBIIeEMY Bac BO-
IIpoCy B cHelnanabHON nuTepaType. Onpeel€HHbIN BBIXOZ Ha Heé JacT
oMeNIéHHasA HIke 6ubmrorpadus.

durocodpus CTaTUCTUIECKOH TEePMOAMHAMUKHY, TIyOUHHbIE CBI3U U
cofiep:KaHue eé MOHATHUM Y TIPUHITUIIOB OBUTO MPEAMETOM IO CEH JieHb
IIUTUPYEMOIi KJlaccudyecKoi paboTei-o63opa I1. u T. Opendecros [6].

CoBpeMeHHBIM MaTeMAaTUIECKUM SI3BIKOM MBI OOPHCOBAIU JIUIIb CKe-
JIeT ByX QyHAaMEHTAJbHBIX Havyal TEPMOAMHAMUKU, He Kacasich MHO-
roobpasust UX KOHKPETHBIX MPOSBIEHUN U caMOil GU3UIECKO TepPMO-
AvuHaMuKY (CM. Hampumep, [21—24]).

5. HakoHerl, 06aBUM /iBa CI0Ba TUIIA CHOCKH, HE IOMEIIEHHOU B
HYXKHOM MecTe. MBI Havasu ¢ IByX GyHAaMeHTaTbHBIX IIOHATUHA TEPMO-
JUHAMUKM, SHEPTUH U SHTPOIIUY, UMM XKe Y 3aKOHIHM.

3abaBHO, 4TO, KorZa B 1841 r. PobepT Matiep mbITalCsA OMyOIUKO-
BaTh CBOIO IEPBYI0 paboTy O 3aKOHe COXpaHeHWs 3Hepruu, llerreH-
nopd — pemakTop KypHana «Annalen der Physik» oTkaszasncsa eé my6-
JIUKOBaTh. MeXZy TeM 3TOT OTKa3 II0 CYLIECTBY IOCTYXWI Ha Oiaro,
MMOTOMY 4YTO B TIEPBOI peJaKIMU CTaThs COAep)Kaja CTOMbKO OUIMOOK,
YTO MOIVIa CEPbE3HO CKOMIPOMETHPOBATh CaMy HZElo, JeKallylo B eé
OCHOBe, cM. [20].

[IpumMmepHO TO Ke, HO IO Apyroil mpu4uHe, CIy4unaoch u ¢ Kiaysu-
yCOM C €ro BTOPHIM HA4YaJIOM TepMOJMHAMUKH. [IpUIIOCh OTCTaUBaTh
Y BeJINYVHY, Ha3BaHHYIO UM [IOTOM aHmMponue.

(Bribop Kinaysuycom TepMuHa 3HTpOIUs 00bACHAIOT [20] Tak.

[OTta BemnuMHA MaTeMaTUYECKH CTPOTO OIpejeseHa, HO (usuye-
CKM MaJjio HamisgjgHa. Bomee Toro, eé abCOMIOTHOE 3HAYEHHE OCTAETCS
HeoIpeZieJIEHHBIM, OIpeZiesieHbl JUIllh €€ U3MeHeHUA B TepMOAUHAMU-
YeCKU M30JMPOBAHHBIX HEOOPATUMBIX CHCTEMAaX; B M€aJbHOM CIIydae
06paTUMBIX MPOIECCOB SHTPOIUS OCTAETCS MOCTOSHHOMA.

[TocKoMbKy €€ M3MeHeHre PaBHO HY/IIO IS WAeaabHbIX 06paTUMBIX
TIPOIECCOB U TMOJMIOXKUTEIBHO /ISl PealbHbIX, SHTPOIUS €CTh Mepa OT-
KJIOHEHMUS PEaJbHOTO IIpoliecca OT HAealbHOT0. DTUM OOBACHAETCS AaH-
Hoe Kitay3uycom Ha3BaHUE 3TON BEJIUYUHBI, KOTOPOE 3TUMOJIOTUYECKN
O3HavaeT «U3MeHeHUe». |

ITo mpaBze TOBOPs, MHE 3TO He Ka)XeTCs O4eHb ybeanTenbHbIM. s
0003HaYeHUsT OTIMYKSA CYIIECTBYIOT KyZa OoJiee TOUHbIe TEPMUHEL, XapaK-
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TepU3yollre OTKIOHEHNE, a He U3MeHeHe, IlepeMeHy U IIpeBpalleHue.
«DH»3PTUS — 3TO BeZlb coiepKalasics «B» 06beKTe CIIOCOOHOCTh COBEP-
IIUTH paboTy, a «3H»TPOIUA — IIpeobpa3oBaHue, IpeBpalleHe, Iepe-
pacrpezesieHne, IepeMelIMBaHue «B» 4eM-T0. HegapoM Ty 4acTh aTMo-
cdephl, T7ie IPOUCXOJAT CaMble aKTUBHBIE TOBCEJHEBHO HaMU HabToa-
€eMble SIBJIeHUs, U3MEHEHsI, TPeBpaIleHNs, Ha3bIBAIOT mponochepoii.)

6. Emé fBa cjioBa o ByX Hauajaax TepMOAUHAMUKHU.

TlepBOe HaYaJIO TEPMOAMHAMUKY — 3TO U OOIIHUIT 3aKOH COXpaHEHUSA
SHepruu, 1, KOHEYHO, UCXOJHOE OTKPHITHE SKBUBAJIEHTHOCTU TEIUIOTHI
1 paboThl, BKIIOYAIOIee MEXaHUIECKUH SKBUBAJIEHT TEILUTOTHI.

BTopoe Havyasio KI1accHYecKoi TepMOAMHAMUKY — 3TO YTBEPXKJEeHUe
0 HaTIPaBJIEHHOCTH SBOJTIOIUY 3aMKHYTOM CUCTEMBI B CTOPOHY pOCTa €€
SHTPOIINH IIPU Ilepexo/ie U3 OJHOTO PABHOBECHOT'O COCTOSIHUA B IPYTOE.
(Ta3, comeprkaBIIMiiCcA B MIOJIOBUHE COCYZa, TIOCJIe CHATHA MePEropoKU
3amOTHUT Bech cocyZ. CaM mo cebe oH 06paTHO B MOJIOBUHY COCyZa HE
cobepétcsi.)

[Tog BAWsTHWEM BHEIIHUX BO3JEUCTBUM (Hampumep, KOTZAA, ABUTAS
MTOpIIEHDb, MBI MEHAEM OOBEM rasza B IWIMHAPE) crucTeMa (Tas) yxKe Mo-
JKET MEHATh CBOE COCTOSIHME U B MHOM HarpabieHUH. Eciu Bcé mpouc-
X0AUT GEeCKOHEYHO MeJJIEHHO, TO MOXKHO CYMTaTh, YTO MBI BCE BpeMs
MIPOXOAHM TOJIBKO Yepe3 PaBHOBECHbIE COCTOSHUS CUCTEMBI U BECh IIPO-
1ecc o6paTum.

MaTreMaTHU4YeCKU 3TO BHIpAXKAeTCs B TOM, UTO i 0OpaTUMBIX IIPO-
meccoB MHTerpan oT ¢opMel T '6Q wmm T~ 'w mpuBeséHHOrO Tema
BJIOJIb IIyTH IIEpeX0/ia paBeH NMpHpalleHUI0 SHTPOIINHU CUCTEMBL.

Ecim ke ycoBHe paBHOBECHS IO XOAy MpoIlecca Hapyllaaoch, TO
mpUpalieHNue SHTPOIUN CUCTEMBI OKaXKETCS GOJMBIINM, YeM 3TOT UHTE-
rpajn. OTo HepaBeHCTBO (Kiay3uyca) — XxapakTepUCTHYECKOE CBOMCTBO
HeOoOpPaTUMBIX MPOIIECCOB (HaIpUMep, KOHTaKTHOT'O TEIUIOOOMeHa TeJl C
pasHoM TeMIiepaTypoii).

Jlnis mo60ro OCyecTBUMOIO TEpPMOAMHAMUYECKOTO ITUKJIA (3aMKHY-
TOrO IyTH) Y HepaBeHCTBO Kiaysuyca nmeeT BUJ,

{5 <o,

; T
MpUYEM PABEHCTBO 3/IECh PeaNn3yeTcs JHUIIb Ha OOpaTHMBIX II€pPeXO-
Jax y. OHU UAYT Yepe3 paBHOBECHBIE COCTOSTHUSA TEPMOJUHAMUYIECKOM
CHUCTEMBI, KOTOPBIE MBI M1 PACCMAaTPUBAJIH BhIIIe (CM. . 99).
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OTtMmeTuM, 9TO GOpPMaNBbHO SHTPOIUSA OIpeZesieHa TOIbKO s paB-
HOBECHBIX COCTOSHHUM TepMoAMHaMU4YeCKON cucTeMbl. Pacrpoctpane-
HU€e 5TOTO MOHATHSA Ha HEPAaBHOBECHBIE COCTOSHUA OOBIYHO COMTPOBOX-
JaeTcsl pa3bueHneM CUCTEMBI HA MUKPOCUCTEMEI, HAXOASAIIVECH 10 IIpeJ-
TI0JIOXKEHUIO B PABHOBECHOM COCTOSTHUM, U CYMMHPOBaHUEM SHTPOIUHN
3THUX CUCTEM.

[NoguepkHEM TaKXe, 4TO B GOPMYJIHPOBKE BTOPOTO Hayaja TEPMO-
ZvHaMmukd (B opme Kitaysuyca o KOHTaKTHOM IlepexoZe Tella OT Tops-
Yero Tesa K xomogHoMy win B popme Kapareozopu 06 aanabaTruieckoi
HeZIOCTMKMMOCTU HEKOTOPBIX COCTOSHUI) HeIJlacHO MToZpa3syMeBasoCh,
YTO pedb UAET O TEPMUYECKH OZHOPOJHBIX CHUCTEMaX, T.€. TAKUX, Tep-
MUYecKoe paBHOBecHe B KOTOPBIX BO3MOXXHO TOJIBKO IIPU OJVMHAKOBOM
TeMIlepaType BceX 4yacTell chuCcTeMBl.

HapyiieHne 3TOro ycaoBHUA MOXET NMPUBOAUTH K KaXKYIIMMCS IIPO-
TUBOpEYUAM U IapafokcaM. BospMuTe, HanpuMep, apy OAWMHAKOBBIX
6pyckoB. OguH npu Temneparype O rpagycoB, a Apyroi IpH TeMIle-
patype 100 rpagycoB. Eciu mpuBecTM UX B TEIUIOBOM KOHTAaKT, TO
paBHOBECHe HACTYIIUT TOTZa, Korza oba 6yayT MMeTh TeMIlepaTypy
50 rpazycos. Bospiie Temta nmepesaTh OT BTOPOTO Teja IIepBOMY He
nonygurcs. Ho ecyii pas3ziesuTh KKABIH U3 OPYCKOB IIONOJIAM TEILIO-
HEIIPOHUIIAeMOH ITIeperopoAKoii, TO HEOOMBIIMMYM MaHUITY/IALUIMU,
CBSI3aHHBIMU C IIOC/I€ZOBATEIbHBIMU CABUTAMHM U KOHTaKTaMu Opyc-
KOB, MOXXHO IIPUBECTH JeJ0 K COCTOSHUIO, KOTZa IIOJIOBUHKU IIep-
Boro 6pycka 6yayT mMeTh TemmepaTypsl 75 u 50 TpaZycoB COOTBET-
CTBEHHO, B TO BPeMs KaK IIOJIOBUHKH HCXOJHO ropsyero 6pycka 6yzayr
nMeTh TemuepaTypbl 50 u 25 rpazycos. Ilocie 3TOro MOXHO Iiepe-
TOPOZKY yAanuTh. TeMmepaTypbl KaXXJoro U3 GPYCKOB CTaHYT IOCTO-
SIHHBIMU, TIPUYEM TEpBBIN Opycok OyZeT ropsdyee BTOPOTO, KOTOPBIi
OBUT HMCTOYHMKOM TeIUIa. Kaylneecs HapyleHue mpuHIuNa Kiay-
3uyca!

[IpuBezném apyroil mpuMep, oTHocAmuiica yxe K npuHuuny Kapa-
TeoZopHU. /IBa MAeanbHBIX rasa C pa3Iu4YHBIMU TEIUIOEMKOCTAMMU, B3f-
Thie B KOJIMYECTBE OFHOTO MOJISI KKIBIN, pa3jeieHbl afnabaTuiecKuM
CKOJIB3SIIIUM TIOpIIHeM. Mo)keTe mpoBeputh (Beies 3a T. A. AdpaHacbe-
BoU-JpeHdecT), YTO I ITOM TePMUYECKH HEOJHOPOJAHON CHCTEMBI
(4acTu KOTOPOH B paBHOBECHOM COCTOSIHUM CHCTEMBI MOT'YyT UMEeTh pas-
HyI0 TeMnepaTypy) ¢opma 6Q He UMeeT UHTETrPUPYIOIIEro MHOXHUTESA
Y, 3HAYUT, HET 3allpeTa Ha aznabaTudecKue Iepexobl MeX/Y JI06EIMU
COCTOSIHUSIMH CHCTEMEI [22, ¢. 59].
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7. Hekotopsle gaThl (MuHys Bosnbioit B3pwiB, poxzeHue ComHIla
u noasur [TpomeTes).

deHOMEHOJIOTHYEeCKasa TepMOJANHAMHUKA

1680—1705 I3obpeTeHue MapoBOi MaIIUHEL.
[lepBBIi AaTEHT HA MMApPOBOM ABUTaTeNb BbIZAH B 1705 r. aHIIUN-
ckomy ciecapro Tomacy HeiokomeHny [T. Newcomen].

1765 Bonpoc [Ixxeiimca Yarta [J. Watt (1736—1819)] o koadduruieHTe
IOJIE3HOT'O JEMCTBUA TEIUIOBOM MAIIMHBI (BIIOCJIEACTBUNA MEXaHHU-
YeCKHI S9KBUBaJIEHT TEIUIOTHI).

1824 Pa6ora Cazu Kapho [S. Carnot (1796—1832)] «O ABWXKYIIEeH cre
OTHA...» (BIOCJIEACTBUU BTOPOE HA4auo TEPMOAUHAMUKH).

1834 O6HapykeHnue Benya Knameiiponom [B. Clapeyron (1799—1864)]
pabortsl C. KapHo u 3akoHa KianetipoHa (06beAMHUBIIETO 3aKOHBI
Teii-Jlroccaka u boina—MapuorTa).

1840—1850 PopmynnpoBKa U yTOYHEHHE 3aKOHA COXPAaHEHUA DHEPIUU:
IOnuyc Pobept Maiiep [J. R. Mayer (1814—1878)]1,
Zxeiimc [peckotT [Ixkoyib [J. P. Joule (1818—1889)],
T'epman l'enbmronbi [H. Helmholtz (1821—1894)1,
Pynonsd Knaysuyc [R. Klausius (1832—1888)].

1850—1925 OdopmreHne Kraccudeckol ¢HeHOMEHOJIOTUIeCKOW TepMOAMHA-
MUKH.
PaBHOBecHas TeEpMOAWHAMUKA Kak Hayka (Kmaysuyc [Klausius]).
KonTtakTHas reometpus tepmoanHamuku (I'n66c [Gibbs]).
Akcuomatusanusa TepmoguHaMuku (Kaparteomopu [C. Carathéo-
dory]).

MosnekynAapHasa TeOpUs TEILIOThI

Viies 0 MOJNEKY/ISAPHOM CTPOEHUU BeEIECTBa ApeBHAA. Vziesd 0OBSICHUTD TEIUIO
MOJIEKYJIIPHBIM JIBIDKEHUEM MOMOJOXKE: ..., PpaHcuic B3koH [F.Bacon (1561—
1626) 1, Vlorauu Kemep [Kepler (1572—1630)], Jleonapza diinep [L. Euler (1707—
1783)], ...

1738 Januwmn Bepuymnu [D. Bernulli (1700—1782)].
MornekyssipHoe 0ObsiCHEHUE jaBieHus (B Tpyae «['uapoauHaMuKa»).
1856 Asryct Kpénur [A. Kronig (1822—1879)].
CBsizaHbI TEMIIEPATypa U KUHETUYECKAast SHEPTHS.
1857—1865 Pyzmonsd Kinaysuyc [R. Klausius(1832—1888)].
Pa3BépHyTass MeXaHUYECKasA TEOPHUA TEIUIOTHI.

VccnenoBaHue MPUWHIKIA 3KBUBAJIEHTHOCTU TEIUIOTEI U PabOTHI
(1850).
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[NoHATHE BHYTpeHHE! SHepruu;
bopMynrpoBKa 3akoHa coxpaHeHus B popme 6Q =dE +PdV;
TIOHATYE SHTPOIIUY U BTOPOe Hadayno TepMmoanHaMuku (1865).

CraTucTuyeckas MeXaHuKa, TepMOANHAMUKA, Gpu3uka

1860—1866 /[Ixetimc Knepk Maxkcsemnn [J. C. Maxwell (1831—1879)].

3axoH MakcBesuia pacnpeziesieHusa MOJIEKYJI IO CKOPOCTAM U KUHe-
THUYeCKON SHEepruy; JJIMHA CBOOOAHOTO Mpobera MOIEKYII.
JleMoH MakcBesiia, BOIPOCH! 06PaTUMOCTH.

1868—1906 Jlroasur BonbiMmad [L. Boltzmann (1844—1906)].

Pacnipezsenenue bonbliMaHa MOJIEKYJ I10 SHEPIUAM B IIOTEHLIUAIb-
HOM IIoJIe.

INocnexoBaTenbHBIN CTaTUCTUIECKUY IIOAXOA K TEPMOJHAMUKe.
YpaBHeHue BonbpIiMaHa U 3BOIOUNA TEPMOANHAMUYECKUX CUCTEM.
OHTpOIUA U BEPOATHOCTb COCTOSIHUA. H-Teopema o pocTe 3HTpO-
Y.

[Tpo6seMbl BTOPOTO Havyajia TEPMOJUHAMUKH.

dproaudecKkas rumnoresa.

1883—1892 Amnpu Ilyankape [H.Poincaré (1854—1912)].

1896

1902

1905

JliHaMMU4YecKre CUCTEMBI.

Teopema 0 BO3BpallleHUH.

T'a3 Kak 6eCCTOIKHOBUTENbHAA CIVIOIIHAA CPeZia Y €€ SBOJIOLUA.
Opuect llepmeno [E. Zermelo (1871—1953)].

[TapafoKChl TEPMOJMHAMUKH.

Jbxosatia Ywinapa I'n66c¢ [J. W. Gibbs (1839—1903)].
MareMartuyeckas TeOPUA CTATUCTUYECKON MeXaHUKH.

Meptl, pacipezeneHus U UX 3BOTIOUMA B TaMIJIBTOHOBBIX CHCTe-
Max.

PaBHOBeCHBIE COCTOSTHUA KaK MHBAPUAHTHBIE MEPBI.

Anpbept DtininTeiiH [A. Einstein (1879—1955)].

Teopust 6POYHOBCKOTO ABW)KEHHUS K BTOPOE HAYaIo TEPMOJUHAMU-
KH; pa3Mepbl aTOMOB, YMCJIO ABOTAZIpO.

KBaHTOBas craTucTU4ecKkas MeXaHWKa, TepMOAUHaAMUKa, (lmsmca

1887—1892 Makc ITnank [M. Planck (1858—1947)].

1902

1926

PoxkZieHrie KBAHTOBOM TEOPUH.
bxosatia Ywrnapa I'n66c¢ [J. W. Gibbs(1839—1903) 1.
TepMogHAMUYECKUH TTApaZIOKC.

OpsuH IlIpéaunrep [E. Schrodinger (1887—1961)].
KBaHTOBasA craTucTUYeCcKasd MeXaHUKa...
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Homnpzca // Mécanique de la turbulence: Actes du Colloque International
du CNRS (Marseille, aofit-sept. 1961). Paris: Editions du CNRS, 1962.
P.447—458 (uHa pyc. u ¢pann. f3.). [Omybn. Takxke B KH.: Konmozo-
pos A. H. 36paunbie Tpyzsl. T.1: MatemaTuka U MexaHuka. M.: Hayka,
1985. C.348—352. Omy6s1. Takke Ha aHMI. fA3.: A refinement of previous
hypotheses concerning the local structure of turbulence in a viscous incom-
pressible fluid at high Reynolds number // J. Fluid Mech. 1962. Vol. 13, N21.
P.82—85.]

. Konmozopos A. H. MaTemaTu4ecKyie MOZETU TYpOYIEHTHOTO JBMKEHUA BA3-

KoH xuzkoct // YMH. 2004. T. 59, N21. C.5—10. [[locmepTHas mybiuka-
1us. Bech atot Beimyck YMH nocesamién A. H. Komoroposy. B HéM omy6:iu-
KOBaHBI TEKCTHI pAZa JOKIAZ0B, CAeaHHBIX Ha I'PaHANO3HOMN MeXAyHapoa-
HO KoHpepeHIMN «KOIMOropoB U COBpeMeHHasA MaTeMaTUKa», IPOBeJEH-
Hoii B 2003 r. B MockBe u npuypodeHHOHN k 100-1eTuio co AHA pOXJeHUs
A. H. Konmoroposa. Tam ke Ha c. 25—44 ecTb TeKcT Aokuaza B. V. ApHOb-
Zia «KoJIMoropoB U ecTecTBO3HaHUeE», Ie, B YaCTHOCTH, IBHO cHOpMyIHpo-
BaHbI 06IIMe TuApoAnHaMuYeckue mpuHIuns! A. H. Konmoroposa, nHUIIY-
HMPOBaHHEIE HCCIEZOBaHUEM TypOyIEHTHOCTH. |

. O6yxoe A. M. O pacmpezieJieHUU SHEPTUU B CIEKTpe TypOyIeHTHOTO MOTO-

ka // V13B. AH CCCP. Cep. T'eorp. u reodus. 1941. C.4—5.

. Obukhov A.M. Some specific features of atmospheric turbulence // J.

Fluid Mech. 1962. Vol.13, N21. P.77—81; J. Geophys. Res. 1962. Vol. 67.
P. 3011—3014.

. O6yxoe A.M. Teuenue KonmMoropoBa u ero yabopaTopHOe MOZeIHPOBa-

Hue // YMH. 1983. T. 38, N°4. C.101—I111.

. Otiogel o TypbynentHocTu. M.: Hayka, 1994. [C60pHUK cTaTell aBTODOB,

y4JacTBOBaBIIUX B pabore cemuHapa A. M. O6yxoBa u A. C. MonuHa. ITocss-
méH mamaty A. M. O6yxoBa. [IpeaucioBue akazemuka O.M. Benonepkos-
CKOTO C BocroMuHaHueM o mpodeccope Cepree I'puropbeBuue KamaurHu-
KOBe, YUTaBIlIeM JeKIuy Ha ¢pusdake MI'Y.]

Jlanoay JI. Z1., Jlupwuy U. M. TuapoauHamuka. M.: Hayka, 1988.

Kouun H. E., Kubens U. A., Poze H. B. TeopeTnueckas rugpoguHamuka. 4. I1.
M.: ®dusmatiut, 1963.

I'uapoarHaMuyeckas HeycToWduBocTb. COOpHUK craTedl. M.: Mup, 1964.
[Cratbu D6eprapaa Xomda (Hopf E.), Tappera Bupkroda (Bupkxoda)
(Birkhoff G.), XK. Kammne-ze-®epre (Kampé de Fériet J.), Pobepra KpeiiuHa-
Ha (Kraichnan R.) u gp. CM. 6ubauorpaduio B CTaThX. |
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13. Jlaspenmses M. A., Illabam B. B. [Ipo6eMbl TUAPOAVHAMUKH U UX MaTeMa-

14.

15.

16.

Tryeckue mozenu. M.: Hayka, 1977.

Visions in mathematics — Towards 2000. GAFA 2000 (Tel Aviv, 1999). Geom.
Funct. Anal. Special Volume. Basel: Birkh&user, 2000.

Kupiainen A. Lessons for turbulence // GAFA 2000 (Tel Aviv, 1999). Geom.
funct. anal. Special Volume, Part I. Basel: Birkhauser, 2000. P. 316—333.
Frish U. Turbulence. The legacy of A. N. Kolmogorov. Cambridge: Cambridge
University Press, 1995. XIV+299 p. [Pyc. nepes.: @puws Y. TypOyneHTHOCTb.
Hacneaue A.H. Konmoroposa / Ilep. ¢ anri. A. H. Co6omeBcKoro 1oz pes.
M. JI. Bnanka. M.: ®a3suc, 1998. XIV+346 c.]

17. Kommoropos. I06uneiinoe uszanve: B 3 k. Ku. 1. Bruobubiarorpadus. M.:

18.

19.

20.

duzmataut, 2003. C. 225, 78—80, 342.

Ruelle D. Hasard et chaos. Paris: Editions Odile Jacob, 1991. [Pyc. mepeB.:
Pioanw /]. CrrygatinocTs u xaoc. M.; Vbxesck: PX/I, 2001.]

Mallat S. A wavelet tour of signal processing. Academic Press, 1999. [Pyc.
nepeB.: Manna C. BetiBneTsl B 06paboTke curHanos. M.: Mup, 2005.]

(CM. c. 236 o paboTax Kommoroposa 1941 u 1962 rozoB 1o TypOy/IeHTHOCTH.

OrMeuaeTcs, YTO MOZe/Nb IOKAa HE YYUTHIBAET BUXPEBOH IpoIecc
U HabIIoZaeMyr0 IEpPEMeXaeMOCTh BUXPEBBIX M OTHOCUTEIBHO CIIOKOM-
HBIX 00Os1acTeil TeueHuit. HeT 06bsicHEHU MeXaHU3Ma 06pa3oBaHus BUXpeit
1 oOMeHa Hepruel Mex/y MeJKOMAaCIITaOHBIMU U KPYITHOMACIITaOHBIMU
CTPYKTYPaMH.

«[IoHMMaHue CBOWCTB TUAPOAUHAMHUYECKOH TYpOYJIEHTHOCTH — BaX-
Helas 3a/ja4a COBpeMeHHON GUBUKH.

Hu oauH dopManusM He B COCTOSTHUH IIOCTPOUTH GU3UKO-CTaTUCTHIEC-
KOe OIMCaHMe, OCHOBAaHHOe Ha ypaBHeHUAxX HaBbe—CTOKCa, KOTOpOe OB
ZlaBaJo HaM BO3MOXKHOCTb ITOHATH IVIOOATbHOE MOBeJeHNe TYPOYIEHTHBIX
Te4eHUH, KaK 3TO CZeJaHO B TEPMOANHAMUKE>. )
uraTa us rasetsl «/3Bectua» ot 15 anpesna 2005 r., ¢.17.

[Akazemuk Anekceil JIunaHos, AupekTop VIHCTUTyTa IpUKIaAHON MaTeMa-
THUKY, B UHTEPBBIO KOPPECIIOHAEHTY «/I3BeCTUIi» TOBOPUT:

«HaMm yzanoch co3JaTh MaTeMaTUYeCKyl0 MOJeNb TypOy/lIeHTHOCTH —
PeLIUTh MPo6IEMY, CIUTABLIVIOCS Ha MPOTHKEHUH CTOMETHS Hepa3peInMoii,
TaK Kak Mpolecc TypOyIeHTHOCTH CUUTAIICA CIydaiiHeiM. Ham yzanoch Zoka-
3aTh, II0KAa3aTh, YTO 3TO 3abIy:KJeHYeE U YTO JAHHBIN IIPOIIeCC MoALAETC YET-
KOMy MoZie/IMpOBaHuIo. [IpakTiyeckoe NpuMeHeHHe 3TOr0 OTKPHITHA OYeBU/I-
HO, KOHCTPYKTOPBI CAMOJIETOB U KOpabJiei OyAyT Terepb I0Ib30BaThCA 3TOU
METOAUKOM, YTO O3BOJIUT IIPEJOTBPATUTD KaTacTpodsl...» 113 KasuHuHrpaza
¢ MexzyHaponHO# KoHbepeHIIUY N0 N30paHHBIM BOIIPOCAM COBPEMEHHOM
MaTeMaTHUKH, IpUypodeHHOM K 200-1eTHio co AHA poxkaenus Kapia Axo6w.]

ByzeMm HazieATbCA, 9YTO KOHTAaKT aBTOPOB MCTOYHUKOB 19, 20 cocTouTca
U He NIPUBEJET K TypOyIeHTHOCTH.
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21.

22.

23.

24.

KcraTi, BO3MOXKHO, 3a0/[HO YK pellleHa 1 MHTepeCcoBaBIlias MHOTUX THJ-
POMeXaHUKOB, GHU3NKOB U NH)XXEHEPOB ITPaKTUYECKU BayKHAA 3aZia4a pacyé-
Ta [epernaza AaBleHys Ha KOHIAX TPYObI C y4ETOM BO3MOXKHOTO TypOy/IEHTHO-
r'O CONPOTHBJIEHUS IIPOTOHAEMOro Yepe3 TPyOy IOTOKA KUAKOCTH WK ra3a?

(B oTOI1 CBA3M CM., HAIpUMeD, CTaThio bapeH6iarTa B yIOMAHYTOM BEI-
re Beimycke YMH (cm. [5]). B cBs3u ¢ TypOy/JIeHTHOCTBIO BOOOIIE UHTEPE-
CyrolIyecss MOTyT HOCMOTPETh TeMBI IOKJIaZIOB Ha MeXAYHAPOAHOM CHMIIO-
3uyme «Hamiltonian Dynamics, Vortex Structures, Turbulence», mpoBeaéH-
HoM MaTtemarudeckuM MHCTUTYTOM uM. B. A. CtexsoBa B aBrycte 2006 T.
B MocKBe, a TakKe TeMblI I0K/1aZIoB MexayHapoaHoit koHdepeHuuu «MaTe-
MaTHYecKas '’MApOoANHAMUKA», TPOXOAuBIIEl B MaTeMaTHieCKOM UHCTUTY-
Te uM. B. A. CteksoBa B utoHe 2006 r.)

MaTematrkaM 6yZieT MONE3HO MIOCMOTPETDh TAKXKe CJIEAYIONINE UCTOUHUKM.
Shiryaev A. On the classical, statistical, and stochastic approaches to the
hydrodynamic turbulence. Thiele centre for applied mathematics in natural
science. Research report N2 02, January 2007.

FOdosuu B. H. TnobanpHas pa3pelIMMOCTh MPOTUB KOJLIAINCA B JMHAMUKE
HeCKHMMaeMOH XKUAKOCTH // MateMaTudeckue cobbiTus XX Beka. M.: ®a-
3uc, 2003. C. 519—548.

Friedlander S., Yudovich V. Instabilities in fluid motion // Notices of the AMS.
1999. Vol. 46, N211. P.1358—1367.

Arnold V. I., Khesin B. A. Topological methods in hydrodynamics. New York:
Springer-Verlag, 1998. (Applied Mathematical Sciences; Vol.125). [[omos-
HEHHBIH pyc. mepeB.: ApHoasd B. U., Xecun B.A. TommojoruvecKkue MeTOABI
B rugpozuHamuke. M.: MITHMO, 2007.]

Tema II
I'masa I
IlepsoncTOYHUKU
. KomenvHuxoe B.A. O NpONyCKHOH CIIOCOGHOCTU «3¢upa» U IPOBOJIOKU

B 2JIeKTPOCBA3U // Bcecolo3HBINl dHepreTUYecKuil KOMUTET. MaTepuasbl
K IepBOMYy BcecorosHOMy cbe3fy IO BOIpOcaM T€XHHUYECKOH PEKOHCTPYK-
I[WU JieJia CBsI3U U Pa3BUTHUA C1abOTOYHOM MPOMBIIIEHHOCTH. M.: YpaBie-
Hue cBa3u PKKA, 1933.

. Shannon C.E. A mathematical theory of communication // Bell System

Tech. J. 1948. Vol. 27. P. 379—423, 623—656. [Pyc. nepes.: IllenHoH K. Pa-
60THI 110 Teopuy MHPOpManUy U KubepHeTHKe. M.: W1, 1963.]

. Teopus nndopmaruu u eé npwiokeHus. M.: dusmatiur, 1959.

COOpHUK II€PEBO/IOB BKJIIOYAET CTATHU:
Xapmau P.B.JI. Tlepeaaua nadopmanuu. (Hartley R.V.L. Transmission of
information // BSTJ. 1928. Vol. 7, N2 3. P. 535—563.)
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Onugep b. M., ITupc Zixc. P., Illennon K. E. TIpUHIUIIBI KOZOBO-UMITY/IbCHOM
mogaynsaiuu. (Oliver B. M., Pierce J.R., Shannon C.E. The philosophy of
PCM // Proc. I.R.E. 1948. Vol. 36, N211. P.1324—1331.)

Tannep B./[nc. TeopeTUvecKue OorpaHHUYEHUs CKOPOCTHU TepeAadu WHPOp-
mauuu. (Tuller W. G. Theoretical limitations on the rate of transmission of
information // Proc. I. R. E. 1949. Vol. 37, N25. P. 468—478.)

Illenton K. CBsizb mpu Hamuuuu imyma. (Shannon C. E. Communication in
the presence of noise // Proc. I. R. E. 1949. Vol. 37, N21. P.10—21.)

JIu Y. B., Yumewm T. I1., Bucrep /[lnc. b. [IJppuMeHeHre KOPPEJIALMOHHOIO aHa-
Jii3a A1 oOHapyKeHUs IepUoJNYeCKUX CUTHAJOB B myMe. (Lee Y. W., Chea-
tham T. P., Wiesner J. B. Application of correlation analysis to the detection
of periodic signals in noise // Proc. L. R. E. 1950. Vol. 38. P. 1165—1171.)

00630p ¢ pa3BuUTHEM U OUbIHOTpadueit

4. Xypeun A. ., fxoenes B.II. PunuTHble GyHKIUU B GU3MKe U TeXHUKe. M.:
Hayxa, 1971.

I'maBa II

MaremaTu4ecKye IEPBOUCTOYHUKHI
1. Poincaré H. Calcul des probabilités. Paris: Gauthier-Villars, 1912. [Pyc. me-
peB.: Ilyankape A. Jlekuuu 1o Teopuu BeposiTHocTed. M.; VbxeBck: PX]I,
1999.]
2. Levy P. Problemes concrets d’analyse fonctionnelle. Paris: Gauthier-Villars,
1951.

OOHOBJIEHHOE U3JIOXKEHNE U MaTeMaTUYecKre IPUMeHeHUs

3. Milman V., Schechtman G. Asymptotic theory of finite dimensional normed
spaces / With an appendix by M. Gromov. Springer-Verlag, 1986. (Lecture
Notes in Mathematics; Vol.1200). (Appendix I. Gromov M. Isoperimetric
inequality in Riemannian manifolds. P.114—129.)

4. Talagrand M. Concentration of measure and isoperimetric inequalities in
product Spaces // Inst. Hautes Etudes Sci. Publ. Math. 1995. Vol. 81.
P.73—205.

5. Ball K. An elementary introduction to modern convex geometry // Flavors
of geometry. Cambridge: Cambridge Univ. Press, 1997. (Math. Sci. Res. Inst.
Publ.; Vol. 31.) P.1—58.

6. Munvman B. /]. fIBneHuys, BO3HUKAIOIIVE B BBICOKUX pa3MepHoOCTax // YMH.
2004. T.59, N21. C.157—168.

7. Milman V.D. Geometrization of probability // Geometry and dynamics
of groups and spaces. Basel: Birkhduser, 2008. (Progress in Mathematics;
Vol. 265). P. 647—667.

8. Milman E. On the role of convexity in isoperimetry, spectral gap and concen-
tration // Invent. Math. 2009. Vol. 177, N21. P.1—43.
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9.

10.

11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

21.
22.

23.
24.

Boucheron S., Lugosi G., Massart P. Concentration inequalities. A nonasymp-
totic theory of independence / With a foreword by M. Ledoux. Oxford:
Oxford University Press, 2013.

Van Handel R. Probability in high dimension. Lecture notes. Princeton Uni-
versity. 2014.

Ipomos M. JI. Kpacounsle kateropuu // YMH. 2015. T. 70, N°4. C.3—76.
Croxactndeckuii aHanu3 B 3azadax. Y.1 / Ilog pex. A.B.TacuHukoBa. M.:
Wsa-0 MOTU, 2016.

Bozauée B. . Cnabast cxogumocTb Mep. M.; MbxeBck: VIKU, 2016.

3opuu B. A. TeomeTtpusa u BepoaTHocTs // TBIL. 2017. T. 62, N2 2. C. 292—310.

dusnyeckre UCTOYHUKHU M UX MaTeMaTH4eckoe pa3BuTHE

Jlopeny I A. CTaTucTrAYecKre TeoOpyuu B TepMmoguHaMuke. M.; IxxeBck: PX/I,
2001.

IIpédunzep 3. Jlekuyu o pusuke. M.; VikeBck: PX/I, 2001.

Xunuun A. 4. CuMMeTpudeckrie GyHKIIMY HA MHOTOMEPHBIX IIOBEPXHOCTAX //
[Tamatu A.A.AnzponoBa: C6opHuK cTareif. M.: M3a-Bo AH CCCP, 1955.
C. 541—576.

Onotiueg B. 1. HeJluHeHHBINM 3aKOH GOJIBINMX YKCe] // ABTOMAT. U TeleMeX.
1994. N2 4. C. 65-75.

Manun FO. M. MaTtematuka u ¢usuka. M.: 3HaHue, 1979. (HoBoe B Hay-
ke u TexHuke. Cepusa «MaremaTnka, KubepHeTHKa»; Boim.12). [CM. Tak-
’Ke B KH.: Manun FO. M. MaremaTuka Kak Metadopa. M.: MITHMO, 2010.
C.149—230.]

Mumnnoc P.A. BBeZileHUe B MaTeMaTUYECKYIO CTaTUCTUYECKYIO Puauky. M.:
MIHMO, 2002.

Kay M. BepoATHOCTb U CMeXHBbIe BoIIpockl B ¢usnke. M.: YPCC, 2003.
Kosznoe B.B. TeroBoe paBHOBecue 1o I'mb6¢ey u [lyankape. M.; VkeBck:
PX1I, 2002.

Proansw /l. CnyaatinocTb U Xaoc. M.; bxesck: PX/I, 2001.

Kurchan J., Laloux L. Phase space geometry and slow dynamics // J. Phys.
A: Math. Gen. 1996. Vol. 29. P.1929—1948.

I'maBa III

ITepBOMCTOYHUKH

. Shannon C.E. A mathematical theory of communication // Bell System

Tech. J. 1948. Vol. 27. P. 379—423, 623—656. [Pyc. nepes.: IIlenHoH K. Pa-
60ThI IO Teopuy HHPoOpManuy U KubepHeTuke. M.: WJI, 1963.]

. Teopus unpopmanuu u eé€ npwioxkerus. M.: ®dusmariut, 1959. C60pHUK

MepeBOJOB BKJIOUaeT craThio: Illewnon K. CBA3b NMPU HAJWUYMM IIyMa.
(Shannon C. E. Communication in the presence of noise // Proc. L. R. E. 1949.
Vol. 37, N21. P.10—21.)
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OTcTymieHue 06 £-3HTpPONUM U mpobieme I'mibbepTa

3. Hilbert D. Mathematische Probleme // Gesammelte Abhandlungen. 1935.
Vol. III. P. 290—329.

[po6aemsr ['mnbbepta // C60pHUK cTaTei mog o6, pe. 1. C. AnekcaH-
zZpoBa. M.: Hayka, 1969.
Cum. Taxke: [unsbepm /I. 3bpauusie Tpyasl. T. 2. M.: ®axTopua, 1998.

4. BumywxuH A. I K TpunagnaToii npobneme I'mnbbepra // JJAH CCCP. 1954.
T. 95, N24. C.701—704.

5. BumywxkuH A.I. 13-a npobiema I'mnpbepTa u cMexxHble Bonpockl // YMH.
2004. T. 59, N21. C.11—24.

6. Konmozopos A. H. O1ieHKM MUHMMAaJIbHOI'O YHCJIa TodeK £-ceTell B pasind-
HBIX QYHKI[MOHAIBHBIX KJIACCaX ¥ UX IIPUMEHEHVE K K BOIIPOCY O IpeZCTa-
BUMOCTH (PYHKIIMIH HECKOJBKUX MEPEMEHHBIX CYIEepPHO3UIMAMU GYHKIIUN
MeHbllero yrcia rnepeMeHHsx // JIAH CCCP. 1955. T. 101, N2 2. C.192—194.

7. Konmozopos A. H. O mpeAcTaBIeHUN HeNPEPHIBHBIX QYHKIVI HECKONTbKUX
IIepPeMEHHEBIX CYNEePIO3NIUAMY QYHKIVII MEHBIIETO YHCIa IEPEMEHHBIX //
JIAH CCCP. 1956. T.108, N22. C.179—182.

8. Kosmozopos A. H. O TipeficTaBlIeHUN HENPEPHIBHBIX QYHKIIMI HECKOTbKUX
IIepeMEeHHEBIX B BUZIe CYIEePIIO3UIIN HellpephIBHBIX GYHKINN OZHOTO Iepe-
MeHHoOro u cioxenus // JIAH CCCP. 1957. T.114, N2 5. C. 953—956.

9. Arnold V.I. From Hilbert’s superposition problem to dynamical systems //
The Arnoldfest (Toronto, ON, 1997). Providence, RI: AMS, 1999. (Fields Inst.
Commun.; Vol. 24). P.1—18.

Pycckuii TEKCT 3TOTO AOKIaJa eCTh B KHUTe: MaTeMaTHUIecKre COOBITHS
XX Beka. M.: ®asuc, 2003. C.19—48.
ApHoaw0 B. H. O dyHKIUAX TpEX nepemeHHbIX // JAH CCCP. 1957. T. 114,
Ne4. C.679—0681.
10. Koamozopos A. H., Tuxomupog B. M. e-sHTponuA U £-EMKOCTb MHOXKECTB
B QYHKIIMOHAIBHBIX TpOCcTpaHcTBax // YMH. 1959. T. 14, N2 2. C. 3—86.

JlonoTHuTeIbHAA IUTEepaTypa

11. Bumywxkun A.T. OueHKa CJIOXHOCTH 3aZiayu TabynupoBaHusa. M.: duzmat-
T, 1959.

12. Bycnaes B. U., Bumywxun A. I. O1leHKa JJIWHBI KOZa CUTHAJIOB C KOHEYHBIM
CIIEKTPOM B CBA3M ¢ 3aZayaMu 3Bykosanucu // M3e. AH CCCP. Cep. Marem.
1974. T. 38. C. 867—895.

13. Bnammep K. BeiiBneT-ananu3. OcHoBHI Teopuu. M.: Texaocdepa, 2004. (Ce-
pusa «<Mup MaTeMaTUKW»).

14. Manna C. BetiBneTsl B 06paboTke curaanos. M.: Mup, 2005.

15. Higgins J. R. Five short stories about the cardinal series // Bull. Amer. Math.
Soc. (N.S.). 1985. Vol. 12, N2 1. P. 45—89.
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16.

17.
18.

9]

11.

Xypeun A. 1., Axosnee B. II. dunHuTHBIEe GYHKIMY B QU3UKe U TeXHUKe. M.:
Hayxka, 1971.

Benmuenws E. C. Teopus BepoaTHocTel. M.: Hayka, 1964.

Xoneso A. C. BBeieHHEe B KBAaHTOBYIO TeopHio uHbopmaiuu. M.: MIITHMO,
2002.

Tema III

I'maBa I

ITepBOMCTOYHUKY, IIePEBOABI U OIIUCAHUA

. Bropoe nHauano tepmozuHamuiku. M.; JI.: Tocrexusgat, 1934. C6. pabort:

C.KapHo, B.Tomcon-KenbBuH, P.Kinaysuyc, JI. bombuman, M. CMmoinyxoB-
CKUM.

. Jlopeny I A. CTaTucTUYeCcKHe Teopuu B TepMoauHamuke. M.; Vbxesck: PX/I,

2001.

. Ehrenfest P., Ehrenfest T. Begriffliche Grundlagen der statistischen Auf-

fassung in der Mechanik. Enzyclopddie der Math. Wiss. Bd. IV. 1911.

. JIvoyyu M. Vicropus ¢pusuku. M.: Mup, 1970.

HekoTopble pyKOBOACTBA U JIEKIIUH 10 TEPMOANHAMUKE

. Planck M. Vorlesungen {iber Thermodynamik. Leipzig: Veit, 1917.
. Bommepdensd A. TepmoarHAMUKA U cTaTUCTHYecKas pusmka. M.: VI, 1955;

M.; MxeBck: PX]], 2002.

. Jleonmosuu M.JI. BBeeHue B TepMoAnHaMUKy. CTaTuctuieckas $u3UKa.

M.: Hayka, 1983.

. a) Peiinman P. PeitnmaHOBCKUE JeKIuHU 1o pusmke. KH. 4. KuneTtuka, Ter-

JI0Ta, 3ByK. M.: Mup, 1967.
6) Peiinman P. CTaTrcTUYeCcKass MexaHHKa. Boirorpaz: [naton, 2000.

. IIpéduneep D. Jlexiuu no ¢usuke. M.; Vxkesck: PX/I, 2001.
10.

Depmu 3. Tepmoguuamuka. M.; Vxesck: PX/I, 1998.

K dopmanusauyu kiaccudecKoil TepMOJUHAMUKI

a) Carathéodory C. Untersuchungen iiber die Grundlagen der Thermo-
dynamik // Math. Ann. 1909. Vol.67. S.355—386. BxitoueHo B: Cara-
théodory C. Gesammelte Mathematische Schriften. Bd.2. Miinchen, 1955.
S.131—166. [Pyc. nepeB.: Kapameodopu K. O6 ocHOBaxX TepMOJUHAMUKH //
Pa3Butue coBpeMeHHOU ¢u3uku. M.: Hayka, 1964. C.188—222. Tam xe:
Bopu M. KpuTndeckuie 3aMeYaHus II0 [TOBOAY TPAAUIIMOHHOTO U3JI0KEHUS
TepmoanHaMuku. C. 223—257.]

6) Carathéodory C. Uber die Bestimmung der Energie und der absoluten
Temperatur mit Hilfe von reversiblen Prozessen // Sitzungsberichte der
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ITpuinoxeHnue
MaTteMaTHUKa KakK A3bIK U METOJ,

qu, nouemy u 3auem? TloacHeHue Ol OUEeHDb He ]\/lClJleI'lel,LX'1

1. CornacHo siereHzie (MMOMY/ISIPHOCTBIO KOTOPOM, II0 HEKOTOPHIM CBe-
JEHUSM, MBI 00513aHBI 3HAMEHUTOMY QpaHITy3y Apya, U3BECTHOMY 6OJIb-
11e 107 TiceBZioHMMOM Bombrep?) Ha ronmoBy HbioToHa ymano s6J0KO.
[ToCKONBKY K TOMY BpEMEHU B 3TOH T'OJIOBE Y2KE COZEPKATUCH U 3aKOHEI
Kemepa, ¥ o4eHb MHOTOE ZIPyroe, Pe3y/IbTaT OKa3ajcsA OTIUYHBIM OT
TOTO, YTO TOJTy4YaeTcs, KorJa si6J0Ko MaZilaeT Ha APYyTHUe TOMOBHI.

Koe-4To 13 TOroO, YTO NMPOM3OLUIO B MaTeMaTHKe KaK HayKe IIOCiIe
3TOTO COOBITHSA, 3a MUHYBILIKE TPU CTOJIETUs CTAJI0 a36yKOU eCcTeCcTBO-
3HAHUIA.

JlabupUHT, pacCMaTpPUBAaEeMbIi CBEPXY, BCETAA MPEACTABIAETCS TIPO-
CTBIM.

2. HamepeBasich cka3aTh 34€Ch KOe-UTO O MaTeMaTHKe BOOOIIe, Had-
Hy C U3BeCTHOTO IIpuMepa.

Crapire HbIOTOHOBaA sI6JI0Ka JieTeHJa O GeryiieM TobimoM 1o Cu-
pakysam ApxuMejie, BOCKIHIapIeM «IBpuka! OBpukal» (Hamén! Ha-
mén!). OHa UMeeT HECKOIbKO BapuaHTOB. MbI IpUBeJEM ABa, a IOTOM
cZlelaeM HEKOTOpble HAOMIOAEeHNS U BEIBOJHL.

IIponuTupyeM akazemuka M. JI. Tacnaposa®.

«Jlesio 6sUT0 BOT B 4éM. CHpaKy3cKuii TUpaH ['MepoH MOIydniI OT 30-
JIOTBIX ZleJl MacTepa 30JI0TOU BeHell ¥ XOTesl IIPOBEPUTh, He [ToAMelIal
JIU MacTep B 3070TO cepebpa. HyxHO 6BUIO CpaBHUTH OOBEMBI BEHIIA
M KycKa YMCTOrO 30JI0Ta C TeM JKe BecoM. Apxumes, OIycKasdch B 3a-
JIUTYIO 0 KpaéB BaHHY U IVIA/A, KaK IleperBaeTcs dyepe3 Kpas BhITec-
HAeMasd ero TeJoM BoZJa, BAPYT IIOHAI, YTO MMEHHO TaK MOXKHO JIETKO
M3MePUTb 0OBEMBI ZIBYX TeJ pa3HOi GOPMbI».

1B pomane Muxamna ApanackeBrda BynrakoBa «Macrep U Maprapura» ceaHc Maruy,
KaK M3BECTHO, 3aKaHYMBaJICA pa3obiadeHueM. [TomysspHas OACHUTeNbHAA CTaTha «Ma-
TeMaTHKa Kak A3BIK U MeTOZ» UMeeT K «MaTeMaTU4ecKoMy aHalIu3y 3afad ecTeCTBO3Ha-
HUA» CXOZIHOE OTHOLIEHNE.

2@amwmua Arouet ¢ yTodsenyeM L(e) J(eun) B TATHHCKOM HAITMICAHUY BBIIIAZUT KaK
AROVETLI. ITepecTtaHOBKOM OYKB OTCIOZA IToTy4eH nceBnoHuM VOLTAIRE.

3Tacnapoe M. JI. 3anumatensHas [penus. M.: ®opTyna Jlumutes, 2002. C. 362.
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Heckonbko 6osee HpO,Z[BI/IHYTbeI BapHaHT COCTOUT B cne,ayromeMl.

Mactepy ObUIH JaHBI OTAETBHO 30JI0TO U Cepebpo, KOTOPHIE B CILIABE
006pa3yIoT IpOYHOe n3zenre. ApXUMeZy, He TIOBPeJUB BeHIIa, HaZlo ObUIO
y3HaTb, He 3aMEHWI JIU MacTep 4acThb 30JI0Ta cepebpoMm.

ITycThb X, X5 — COOTBETCTBEHHO KOJIMYECTBA TPAMMOB 30JI0Ta U Ce-
pebpa B roToBOoM BeHIle. Ero Bec x; + X, = A JIeTKO U3MEPUTh U IIPOBE-
PUTDb COBIMaZIeHUe C OOIIMM BECOM TOTO, YTO OBUIO ZaHO MacTepy. Ma-
CTep He Aypak, coBmazeHue Gyzet. [logBecuM BeHel] Ha AMHAMOMETD,
IIOTPY3HM €ro B IOJHYIO BaHHY, COOepéM BBEUIMBIIYIOCSA BOAY, U3MEPUM
eé 00béM V U Bec P, a TakKe IIPOYMTAaEM HOBOE TIoKa3aHue B BecoB. CBs-
JKeM TToJIydeHHbIe AaHHble. KoMy 9TO 3aTpyAHUTETHHO, MOXET OITyCTUTh
mapy absaries.

[L1oTHOCTH P, Po (Macchl eAUHUI] 06bEMa B TEpPMHUHAX Beca Ha 3eM-
Jie) HaIWX JParoleHHBIX METAJLIOB ZAaBHO XOPOIIO U3BECTHEI.

Torza BeMUYUHEL X1 /p; =V;, X5/ py =V, AalOT 06BEMBI KQK/JOTO Me-
Tajia B BeHUe. 3Hauut, V; +V, =V.

TeM caMbIM MBI YK€ MeeM COOTHOIIEHUS

X1+ x, =A,
0% _y
P11 D2

Ecnm maTeMaTHKa Hac Haydwia He TOIBKO IIMCAaTh, HO U pellaTh CH-
CcTeMbl ypaBHEHUU BU/A

ay1X1 +ajpx; = by,

Ag1X1 + AgpXy = by,

TO MBI HalZIEM Heu3BeCTHbIE HAaM X, X5, BBIIIOJHUM T'OCyZAApCTBEHHBIN
3aKas, IOJIyYUM HeKOTOpOe BO3HarpaxJeHUe JJid IIPOJO/DKEeHUs Cylile-
CTBOBAHUsA, CMOXXEM OTBEYaThb Ha JApyrue mogoOHBIe BOIPOCH W, YTO,
HaBepHoe, IVIaBHOe, [TOJIyYUM TaKoe HaclaXJeHre OT OTKPBITHA, YTO, He
YyBCTBYyA oz cob0ii 3emity, onetuM 1o CHpakysam, IIOBTOPSIA «DBPU-
Ka! OBpukal»

(YuéHnle, KaK IpaBWwIO, HAPOZ CBOOOOMIOOUBEINA, HO TOTOBBI XKU3Hb
OTZAATh 3a TO, YTOOBI YTO-TO C YEM-TO CBS3aTh.)

1B03MOXXHO, OH MeHbIle TOAXOAMWI VI JOCTYIIHOH, BEICOKOIPOdECCHOHANBHOM, 3a-
BOPaXUBAIOIIE yBJIeKaTeNbHON KHUTH CBETION maMATH Muxawia JleoHoBru4a ['acrapoBa
(1935—2005), HO 6oJIbIlEe TOAXOAUT CEYac HaM.
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He monenuBiuck 06paboTaTh OCTaabHBIE JaHHbIE SKCIIEPUMEHTa,
MBI HaizéM, 9TO A — B =P, T.e. Tejo, MOrPy’KEHHOE B BOAY, TepseT
B Bece CTOJIbKO, CKOJIBKO BECUT BBITECHEHHAs UM BOJa.

Ho Beasw a10 xe 3AKOH APXVIME/JIA!

(EcTecTBeHHO, BCE MOXXHO IOBTOPUTH U C APYTOM *KUJKOCTbIO WU
Jaxke c ra3soM.)

DTO CTOMT JOPOKE BeHIa CHpaKy3cKoro TupaHa I'mepona! Cracu6o
eMy 3a 3aJauy, MOOOYHBIN MPOAYKT KOTOPOH 3aTMeBaeT BOIMPOC.

Jla, TUTOTBI, JIOAKK, KOpabyu IutaBaiu u 7o Apxumezna. Ho Temeps
MBI MOXKEM IIPOEKTHPOBATh KOpabjb, MOXKEM [0 CITyCKa €ro Ha BOZAY
TIpeJIBU/IETh €r0 I'Py30NOABEMHOCTD. Tenepb MBI MOXXEM CIPOEKTHPO-
BaTh U AUPWKAOIb I TIepeHoca 10 BO3AYXY OOMBIINX KOHCTPYKIUH
(Ipu cTpoUTENbCTBE OYPOBBIX, 0OCEPBATOPUII) B HEAOCTYITHBIX JJIA Ha-
3€MHOT0 TPaHCIIOpPTa MeCTax M T. J.

3. MBI IpUBEJH 3TOT MPUMED, YTOOBI Ha €ro pOHE CKa3aTh HECKOIBKO
CJIOB O crenuduKe MaTeMaTUKU Kak Hayku. He 6yzeM mbITaThCsA 371€Ch
JlaTh OIpefielieHre MaTeMaTHKU. [IpocTo moHabIogaeM 3a IpUMepoOM
Y KOHCTaTUPyeM KOe-4To JiexKallee y)ke Ha IIOBEPXHOCTH.

MareMaTyKa I03BOJIIUIA HAM [IEPEBECTH BOIIPOC Ha KAKOU-TO CIHEIH-
anbHBIN A3bIK. (Kakue-To CHMBOJIBI, paBeHCTBA...) 3HAYUT, MaTeMaTHKa
vMeeT aTpUOYTHI A3blKA.

Ho TyT ecTh 3aMeTHOe OTJIMYHE OT IIPOCTO IIEPEBOZIA UCXOLHOTO BO-
Ipoca, HallpuMep, C TPeuecKoro Ha pycCKUlM win KuTaickuii. ITo kax-
ZIOMy U3 TaKUX IIEPEBOZOB, C OZHOU CTOPOHEL, XyZ0-0€ZHO MOXKHO BOC-
CTaHOBUTDH UCXOJHBIN TEKCT U coZleprKaHue UCXOAHOT0 BOIIPOCa, a C ApY-
r'Oli CTOPOHEL, IIPU TAKOM IIepeBO/Ie JIUIIb MeHAETC HallUCaHNe, BOIIPOC
ocTaércs.

[Mepexo/s K MAaTeMaTHYECKOMY TEKCTY, T. €. K MaTeEMaTUIeCKOH 3amu-
CH, MbI a6COJTIOTHO JIUIIaeMCs BO3MOXKHOCTU BEPHYTHCS K KOHKPETHOMY
YaCcTHOMY BOIIPOCY, €CJIM MBI IIOTEPSIIN €TI0 UCXOAHBIHN TeKcT. Ho 3aTo MBI
TIOJTy9aeM OIpeZie/IEHHBIN MaTeMaTH4YeCcKUH BOIIPocC (371ech 3TO pelieHue
CUCTEeMBI YpaBHEHUIT), KOTOPHIH, Oyayun pa3peléHHbIM, OTBETUT U Ha
HaIll ICXOAHBIN YacTHHEIH BOIIPOC, U HA BCe IOZOOHEIE BOIIPOCH Pa3oM.

MaTeMaTHUKKU HaXOZAAT CIIocoObl (METOZABI) peliaTh M CUCTEMBI YpaB-
HEHUI, 1 MHOTHE JPyTHe 3aZja4i, KOTOPhIe Ha IEePBHIi B3IVIAZ He WHTe-
PECHBI HUKOMY, KPOMe caMUX MaTeMaTHUKoB. Ha camoM ke fete, 1ogo6-
HO YUCITY, OHU OOCTYKUBAIOT OIPOMHYIO chepy KOHKPETHBIX OO'bEKTOB
U SIBJIEHUH.
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WTak, MaTeMaTHKa Jallle BCETO JaéT He TOJbKO CITENUANbHBIA A3bIK
(Ha KOTOPOM CTapaloTCsA 3aMMcaTh BO3HUKIINN BOIIPOC, OTOpachiBast BCE
BTOPOCTEIIEHHOE), HO TaK)Xe U Memo0d pellleH!s BO3HUKAIOUIEN YIKe UU-
CTO MaTeMaTHUYeCKOH 3a/ja4Hu.

PentvB €€, MbI, B YaCTHOCTH, ITOJly4aeM OTBET M Ha MHTEPECYIOIIHH
HaC CITeI[MaJbHBIA BOIIPOC.

Temepb MBI y)Ke MOXXEM IIPUBECTH U OLIEHUTh CJIEAYIOIIKE BHICKA3bI-
BaHUs:

Benukas kHu2a npupoobl HANUCAHA A3bIKOM MAMeMAMUKU.
(Tanueii)

Ecnu o6o3HaueHusi y0oOHbL Ot omkpbimuil, mo NopasumenbHo co-

Kpawjaemca nyms K ucmuHe. .
pawy ym (JIet16HM1I)

Mamemamuka — amo ucKyccmeo Ha3bleams pa3Hble geljl 00UHAKO-
8bLMUL UMEHAMLUL.

(ITyaukape)

JlobaBUM eIé IUTaTy U3 yKe YIIOMUHABIIEHCS BhIllle KHUTH [acma-
posa:

«Ha mMorwre Apxume/a II0 ero 3aBelllaHUIo BMECTO TaMATHHUKA OBUIO
[IOCTaBJIEHO N300pakeHre IWINH/PA C BIVICAHHBIM B HETO IIIAPOM U Ha-
YepTaHO OTKPBITOE UM OTHOIIIEHKE UX 06bEMOB — 3 : 2. [TosTopacra JieT
CIycTs, Koraa B CUITWINY CIYKWJI 3HAMEHUTHIN pUMCKUIN nucaTenb Lu-
LIEPOH, OH eIlé BUJEN STOT IMaMATHUK, 3a0BITBI U 3apOCIINN TEPHOB-
HUKOM>.

Tam, rze pasblie XUl I'peK Apxume[, yKe AaBHO He I'penusd. Hc-
ye3aloT He TOJbKO MOTWIBI BeJMKUX, HO Iiejble CTpaHbl U IIMBUIMN3A-
uuu. A 3aKOH ApxuMe/ia KUBET BMeECTe C MPUPOJAON U MUPO3LAHUEM.
B sTOM efuHEeHNY HellpeXoAAmas IeHHOCTh U IIpeJiecTb UCTUHHOTO 3Ha-
HUA U HAyKU.

B MmaTemMaTuke, KOHEYHO, MOXXHO YCMOTPETh U MHOI'O IPDYT'MX CTOPOH.
Hanpumep, JIoMOHOCOB He 6€3 OCHOBaHUII OTMETHII, YTO «MaTeMaTHKa
YM B HNOPAAOK IpUBOAUT». OHA € YYUT C/BIIIATh apryMeHT U I[€HUTh
HUCTUHY.

4. MaTemaTHKa, IIpYU BCEH CBOEH Kaxylelicsa abCTPaKTHOCTH, MTHTAa-
eTcq 3aZlauaMy eCTeCTBO3HAHMA U Ie[po BO3BpalllaeT BhlpallleHHble Ha
3TOU IUIOZOPOAHOM TOYBe IUIOABI. JTO KakK BAOX U BBIZOX. HapyieHue
aToro OajiaHca OIacHO U B HayKe, U B e€ IIpeloZlaBaHUU. BricymeHHas
CXOJTaCTUKOM HayKa MoTUbaeT.
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5. U emé xoe-4To B 5TOM CBA3U.

TUNUYHOE MaTeMaTUIECKOE BHICKA3bIBaHUE BBHITJIAZUT TaK:

Teopema. Eciu mo-mo, mo mo-mo.

JTo0 Ke B pyroi 3anucu: A=> B (u3 A cnezayet B).

YueOHUKY MaTeMaTHUKU OOBIYHO OYeHb TIATENTbHO UCCIeAYIOT dpar-
MeHT (= B), T. €. M3/1araioT [0 BO3MOXHOCTHU MTOZIPOOHOE, IOTHIECKH Oe3-
YKOpU3HEHHOE [I0Ka3aTeIbCTBO TOTO, UYTO B JIEACTBUTENIBHO CIEAYET U3 A.

TobKO OUYeHb HAMBHBIE U HEOTIBITHBIE JIFOAU, B TOM YHCJIE U HEKOTO-
pble MaTeMaTHUKH, MOTYT MTO3BOJINTh cebe paZioBaThCs TaKOW TEOPEME,
€CJIM caMO MCXOAHOe TPEeAIoNoKeHe A MaloCoJep:KaTeTbHO, HEMHTE-
PECHO, HEECTECTBEHHO. BO BCIKOM citydyae, Halo UMETb B BUAY, YTO A —
abCoMIOTHO paBHOIMPABHBEI M BeCbMa CYIIeCTBEHHBIN HehOpMabHBIH
JIeMEHT MaTEMaTHUYECKOH TEOPEMBIL.

[TosicHUM 3TO, HAIIOMHUB OJHY M3 peAkux ¢pas, 0 CBUAETETHCTBY
OYEBH/IIIEB TTPOU3HECEHHYIO MOTYAIHUBBIM ['MO6COM (co3zaTeseM MaTe-
MaTHYEeCKUX OCHOB KJIACCUYECKOW TEPMOAMHAMUKU U CTaTUCTUYECKOM
MexXaHUKH) BO BpeMdA obcyxeHns (B VeIbckoM YHUBEpCHUTeTe, T7e OH
paboTas) poiv U MecTa MaTeMaTUKW, €€ aKCHOMaTUYeCKOTO METO/a,
a TakkKe e€ B3auMOJENCTBUSA ¢ PU3UKOU M eCTECTBO3HAHUEM.

I'u66¢ Beran. Ckasai:

«MaTeMaTHK MOKET ITO3BOJIUTh cebe JAOMyCTUTh BCE, UTO eMy 3abJa-
ropaccyfuTcs, HO GU3NKA-TO 3/PaBhIil CMBIC/ MIOKUIATh HE JODKEH».

Cen. V1 Ha 3TOM 3aKOHYWI CBOE€ y4acTUe B JUCKYCCUU.

Koneuto, I'n66c He 6e3 UPOHUH BHIPA3WI TO, O YEM Uepes TI0JICTOIe-
THS TIHCAJ BBIZAIOIIUICS MaTeMaTUK U MBICIUTENb [epMaH Beiinb:

«IToCTpOeHUsI MaTeEMaTUIECKOTO YMa SIBJISIIOTCS OAHOBPEMEHHO U CBO-
6OAHBIMU, ¥ HEOOXOAUMBIMU. OTAETbHBIM MaTeEMAaTHK CBOOOAEH OIpe-
JIeJIITh CBOM MOHSTHSA M YCTaHABIMBATh CBOU aKCUOMBI KaK €My YTOZHO.
Ho Bompoc — 3auHTepeCyeT U OH CBOUX KOJUIET-MaTEMAaTUKOB IPOAYK-
TaMH CBOero BoobpaxeHus. Mbl He MOXKEM He UyBCTBOBATh, YTO HEKO-
TOpBIE MaTeMaTHUYeCKHe CTPYKTYPhI, pasBUBINMeCs 6arogaps COBMeECT-
HBIM YCWJIHSM MHOTHX YYEHBIX, HECYT Ie4aTh HEOOXOAUMOCTH, KOTOpas
He 3aTparuBaeTcsA CIYYalHOCTAMU UX UCTOPUYECKOTO MOSABIeHNA. Kax-
JIBI, KTO CO3€epliaeT 3peullle COBPEMEHHOM anreOphl, OyzeT mopaskéH
STOM B3aMMOZOIIOIHHUTENHHOCTbIO CBOOOABI I HEOOXOAUMOCTH».

[NorsnonieHre MaTeMaTUKON HOBBIX 33/a4 (BAOX), UX IMOCeAyIoliee
OCMBIC/IEHHE, pellieHre, 0000IIeHre 1 Ha 3TOH OCHOBE IIOCTPOEHHE HO-
BOU abCTPAaKTHON MaTeMaTHYECKOW TeopuH (BBIZOX) — eCTECTBEHHBIN
3aMKHYTBIA ITUKJI pabOThl 3TOM HAayKU. B OZIHM MCTOpUYECKUE TIEPUO/IBI
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JOMUHHUPYET IPOIeCcC HaKOIUIeHUS GaKTUIECKOTO MaTeprasa, B Ipyrue
TIepHOJE — NOZBEIeHHe UTOTOB M paclpejeeHHe BCero MO MecTaM
WIK JIoTHYecKoe yropsazodeHre u dopmanmsanusa. Bosee Toro, mopoi
3TO MOXKHO HabIIOJATh U B OTAETBHBIX 00IaCTAX, U JaXKe B TBOPUYECTBE
OJTHOT'O U TOT'O JK€ KPYITHOT'O MaTeMaTHKa (KOTOPHIH B OZ/HU TIEPHOABI MOT
JleJlaTh Y IIPOTIOBEAOBATh OJHO, B IPyrUe NEePUOABI — IPYTOe; B 3TOM
JaKe HeT JINIeMePHs, eC/id, KOHEYHO, He OTPULIATh caM GaKT).

6. DTanHoe MPOABIKEHNE B HAYKe YaCTO OCYLIeCTBsAeTCs (WK, Tyd-
e cKa3aTb, 0GOPMIISAETCS) MHTEPEeCHBIM U XapaKTepHBIM CIOCO60M,
0CcOOEHHO SIPKO IPOSBJSIOMIUMCA B TaKUX €€ aGCTPaKTHHIX 061acTAX,
KaK TeopeTudeckas GpU3MKa U MaTeMaTHKa.

[IpeacraBbTe cebe mecoyHble Yackl. YTOOBI OHU paboTaiu, UX BpeMs
OT BpEMEHU MEPEBOPAYUBAIOT «C HOT Ha TOJIOBY».

B maremaruke Tak xe. CHavasa Ioiy4aT MHOTO HOBBIX HHTEPECHBIX
¢dakToB. O6GHapyXaT CpeAr HUX YTO-TO B TOM WIM WHOM OTHOIIEHUU
LEHTPaJbHOE, Y3JI0BOE, CBS3bIBAIOIlee MHOIO IpexHero. [IpHHUMAIOT
3TO 3a WCXOAHBIN IPUHIIUII, TIepeBOpavynBas BCE ¢ HOT Ha rojioBy (Ha-
IIpUMeED, CZeIaB TEOPEMY aKCHOMOIL), ¥ IPOJO/IKAIOT PA3BUTHE, OIIUPA-
SICh YoKe Ha 5TOT HOBBIM IPUHITUII, 06beMIIoNri 60blIyIo chepy dak-
TOB MaTEMaTUKU U MUPO3ZAaHUS.

Hampumep, 3akoHbsr HpI0TOHA BEIPOCY U3 OTKPBITUM ['anmies u Kemn-
nepa. Ho, mpuHsaB 3akoHbl HbIOTOHA B KaueCTBe OCHOBHI, MBI MOYKEM I10-
JIYYUTH U3 HUX U 3aKOHEI Keruiepa, u MHoroe gpyroe. [Tociegyroiiee pas-
BUTHE GU3UKH MIPUBEJIO K HOBBIM, YK€ BapHAIMOHHBIM IPUHIUIIAM MeXa-
HUKM, BKJTIOYAIOIIUM B ce6s1 OOBIINIA KPYT SBJIEHUN U B3aUMOJEHCTBHUIH,
OTINYHBIX OT B3aMMOZAEHCTBU, ONTUCHIBAEMBIX [[EHTPATbHBIMU CHJIAMU.

B HEKOTOpPOM CMBIC/IE B TaKHe MOMEHTHI IIePEBOPOTA IIPOUCXOAUT
cMeHa MacurTaba. 3zech OHa COCTOUT Kak pa3 B CMeHe U COKpallleHU!
KOJIMYEeCTBA OCHOBHBIX IPUHIIMIIOB NIPY OZHOBPEMEHHOM PaCIIMpPEeHUU
0711 OOBEKTOB U SABJIEHUM, KOTOPEIE OHH OXBATBIBAIOT M OOBEIUHAIOT.

(Kctatu, o meperpyske y4eGHBIX POTpaMM, KaK IPaBUIO, TOBOPAT
Te, KTO He YCJIeIWI 32 CBOEBPEMEHHOM CMeHOU MaciiTaba.

U emé, BO3MOXKHO, HeKcTaTU. EcTh Ba crocoba 6oraTeTh: MpUOU-
paThb 706po K pykaM — BOIHA, pa3boii; co3zaBaTh IIeHHOCTH — IIOBCe-
[MHEBHas 06pocoBecTHas pabora.

IHanpumep, Ha py6exe XIX—XX BeKOB B «DHIMKJIONEANHM MaTeMaTHUeCKUX HAyK»,
uszaHHol B 'epmanuu no nHunuaTtuse P. Kaiina.
2B emé cBeXXUX MHOTOTOMHEIX Tpyzax H. Byp6aku.
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TaM, rZie 4acTo rOBOPAT O BEJIUYUU, CKOPEE HCIIONb3YIOT IEPBBIN
crocob.

Brizaromuiica rosiaHzel], yIuTeab MHOTUX GHU3UKOB, JIopeHI] IO
noBozy IlepBoii MUpPOBOIl BOHHBI, KaK CBHUETENLCTBYeT DHHIITEiH
CKPOMHO 3aMeTWI: «fI c4acTiIuB, 4TO IPUHAZJIEXKY K HAIUU, CIULIKOM
MaJIEHbKOH JJISl TOTO, YTOOBI COBEPIIATh OOJIBIINE [IYIIOCTH».

T'oBopAT, UTO elé cpaBHUTEIBLHO HelaBHO (a BO3MOXKHO, U ceiiuac) B
GyKBapsxX SMOHCKUX JeTeli 6bUI0 HaMMCAaHO IIPUMEPHO cieAytolee: «Ha-
Ila CTpaHa MajieHbKas U 6eHasA. HaM HaJjo MHOTO U XOpOIIIo paboTaTh,
YTOOHI OHA cTaja boraye».

Hexkorza otcranas npoBuHImsa Poccuy — OUHIAHANA ZeMOHCTPUDPY-
eT HaM 3QpPEeKTUBHOCTD YeCTHOTO TPyZa U YBaXKeHU: 3aKOHOB.

VIHAYKTUBHBIN MeTOZ HayKU KaK-TO COMMJHee 1 HaZIéKHee, YeM IIPYH-
LIMII «BCE, Cpas3y U Japom».)

7. Teriepb HECKOJIBKO CJIOB O Tak Ha3blBaeMOM BRICIIel MaTeMaTHuKe.

YTO Ke XapaKTepHO /I 3TOH BHICIIEN MaTeMaTHUKU, 0GOPMUBIIEH-
s, YCJIOBHO TOBODsI, B TpyZax HpioToHa u Jlel6HUIIa U 6YpHO pa3BUB-
IIeiics 3a TpU MUHYBIINX C TE€X ITOP CTOMETUA?

OTa MaTeMaTHKa Hay4ImwIach UMETh ZIeJI0 He TOJBKO C TIOCTOSTHHBIMU
BeJIMYMHAMH, HO U C Npoyeccamu 8 passumuul.

Bo3Hukio u nocreneHHo opopMunock GpyHzaMeHTaNbHOE I HayKU
BooOIIe MOHATHE PYHKIMOHATBHON 3aBUCUMOCTH, WIN PYHKUUU.

CKOpOCTh M3MEHEHUA OO0 TepeMeHHON BEJUYUHBI U YCKOPEHHE
MOTYyYWIN aZleKBAaTHYIO MaTeMaTHYeCKyl0 (pOpPMYJIMPOBKY B TepMUHAX
NpoU3BOOHBLX.

Bo3HUK HOBBIN A3BIK U HOBOe UcHucieHue (QupgdepeHyuansHoe, KO-
IZla 110 3aZlaHHOM 3aBUCUMOCTH HIIETCS OTHOCUTEIbHASA CKOPOCTh HU3Me-
HEHUs BEJIMYMH, U UHMezpaibHOe, KOTZa pellaeTcsd obpaTHas 3ajadva:
HaIpuMep, IO 3aIKCAM CKOPOCTU WIN YCKOPEHUS UIIETCS MECTOHAXOX-
JleHUe TIOABIKHOTO 06beKTa, MyCTh XOTh TOABOAHOM JIOAKH).

OcHOBEHI 3TOT0 AN PepeHIINaTEHOTO U HHTETrPATBHOTO UCIHUCIEHNS,
KaK Tabaulla yMHO)XXEHUs, ABJAIOTCA Teleph 00s3aTeTbHBIMUA KOMIIO-
HEHTaMH JII060r0 eCTeCTBEHHOHAyYHOT0 0Opa3oBaHUsA, €CU He 00pa-
30BaHUA BooOIIeE.

[Tosacuum noyemy. Eciu

x = x(t)

L3iinwmeiin A. Co6panue HayaHbIx TpyAoB. T. 4. M.: Hayka, 1967. CtaTbs «I'. A. JlopeHI]
KaK TBopell U JesnoBek». C. 334—336.
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— 3aKOH [IBW)KEHMS, T. €. 3aBUCHMOCTh KOOpAWHAT 06BEKTa OT BpeMe-
HU, To AudPepeHITMaTbHOE UCUUCIEHNE TTO3BOISET HAUTH €ro CKOPOCTh
v =x'(t) u yckopenue a =x"(t).

Ecnu u3BecTHa Macca m o0beKTa U JIeHCTByIoIasa Ha Hero cwia F,
TO TI0 3aKOHY HbIOTOHA ZIOJKHO OBITh BBITOJHEHO COOTHOIIEHNE

mx” =F,

KOTOpPOe SIBJIAETCS PABEHCTBOM, COZePKaIM IIPOU3BOAHEIE (B JAHHOM
cIlydae BTOPyIO pousBogHyto x” () nexoguoi Gyukiuu x (t)). Ecam ac
HMHTEpEeCYeT, Kak OyZeT JBUraThbCsA 3TO TEJO MO BO3JEUCTBUEM 3a/aH-
HOI cuibl F (t), To MBI 6yZieM HCKAaTh HEM3BECTHYIO B OTOM CJIyyae 3aBU-
CUMOCTb X = X (t), yZIOBIETBOPSIOIIYI0 HATMCAHHOMY YPaBHEHUIO.

[MosBwiach HEOOXOAUMOCTb UCCIEJOBAHUA U PElIeHUs YpaBHEHUs
COBCEM HOBOTO THUIa — Ju@PepeHlUa1bH020 YPABHEHUS.

OTO yXe OmATh YHUCTO MaTeMaTW4YecKuil Bompoc (OTBIEUYEHHBIH OT
JBIDKEHUH TUTaHET, SBOMIOIUY 3BE3/IHBIX CHCTEM, pabOThI IAEPHBIX pe-
AaKTOPOB, BHITIEUYKH XJeba, pocTa GAHKOBCKUX cOepexeHU U MHKPO-
OpraHU3MOB, CTPAXOBBIX 0053aTENLCTB, MOMYJIAIMN PbI6 M JKUBOTHBIX,
XUIITHUKOB U JXEPTB U TaK Jajee, U TOMy mmofobHoe...). Ho Bompoc,
KOTOPHIN MeeT KO BCEMY 3TOMY IIPSIMOE OTHOIIEHHUE.

WTak, Korja MaTeMaTUKa CTPOUT TEOPHIO, TIpeIaratoily0 MeTOIbI
pellleHusT ompeAeNEéHHOTO Klacca MaTeMaTUYecKHUX 3a/ad, OHa IIpeso-
CTaB/seT HaM ammapar, OOCTyKUBAIOIIUI Pa3oM Ieayi0 HOBYIO chepy
KOHKDETHBIX SIBJIEHUU. SIBJIeHUsI, BOBMO)XHO, OBLTM U paHbIIle, KaK IUIO-
THI 10 3aKOHa ApxuMeza. Ho Termepb MbI MIOHUMAaeM UX Jjydiie. TouHee,
MBI ITOCTPOMJIM MaTeMaTUIECKYI0 MOJIENb JJIST HUX, KOTOPYIO MBI TIOHH-
MaeM M KOTOPOH C ITOMOIIbI0 MaTeMaTUYECKOTO allapaTa B KaKOH-TO
CTEMIEHU YMEEM pacCIopsDKaThCS. YK€ OHO 3TO, KaK MPaBUIO, UMEET
TaKye IPWIOKEHUS, KOTOPhIE C IMXBOM OKYIIAIOT IeAphlie 3aTPaThl ITH-
BWIM30BaHHOTrO 00IecTBa Ha MeJ A1 MaTeMaTHUKOB.

I'. Betinb oTMeuast: «Bo Bcex ecTeCTBEHHBIX HAyKax 3HAHUE OCHOBAHO
Ha Habmogenun. Ho HabofeHre JUITb KOHCTATUPYET MOIOMKEHNE Be-
med. Kak mpeaBuzeth 6yayiee? [lnid 3Toro HabmoAeHUEe HEOOXOIUMO
coyeTaTh C MaTeMaTHUKOM».

Bbe3 maTemaTuku, pasymeercs, He 6bU10 661 HU HbioTOHA, HU Makc-
BeJIIa, HU JDWHINTelHa, HU Bopa..., KAKUMM MBI UX 3HaeM. 3HAUUT, He
6BUTO OBI TOM ITUBIIN3AIIUH, IUIOAAMU KOTOPOH MBI TaK OXOTHO U JIETKO
€XeTHEBHO TI0/Ib3yeMCcs1. YTOOBI 3TO CTaIO COBCEM SICHO, TIPEJICTABbTE Ce-
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6e Ha MUT, YTO MBI (JIIOM) YTPaTUIM CJIOBO—A3BIK—pedb . S He 06cyx-
Jlal0 BOIIPOC XOPOUIO-IUIOXO0. Sl IPOCTO XOTes MOACHUThH albTepHaTHUBY
U MeCTO MaTeMaTUKHU.

K ckazaHHOMy 0 MaTeMaTHKe J00aBJIO HAMOCAEAOK KOE-YTO OYEHb
obiee. [TpOLUTUPYIO CTPAHUYKY U3 JKUBOU, IPKOU U COAEP)KATENbHOMN
KHIKKU Pudapga ®elinmana «Bbl, KOHe4yHO, miyTute, mucrep Peiin-
mau!» (M.; MbxeBck: PXJI, 2001. C.298). eno 6psuto B IlIBelnu B AeHb
BpyueHusa HobeneBckux npemuii. Jlajee uaéT uurara.

«[locye yx1iHA MBI [IEPENUIU B KOMHATY, I7Zle 3aBA3aJIUCh PAa3INIHbIE
Geceapl. 3a CTOJIOM CHZesa AaTcKas IpuHiecca Kakas-To B OKpy>KeHUU
HECKOJIbKUX YeJIOBEK. fI YBUZEN, YTO OKOJIO UX CTOJIA €CTh IIyCTOH CTYII,
U TOXKe TIPHCEI.

Ona noBepHy/nach KO MHe M ckasazna: ,,O! Bel oquH u3 jaypeatoB
HobeneBckoii mpemuu. B kakoii obsacTtu Bel paboTaere?*

— B ¢usuke, — oTBETHUI 1.

— O, Hy 06 3TOM HHUKTO HUYEro He 3HaeT, IO3TOMY MBI HE CMOXKeM
06 3TOM TTOTOBOPUTE.

— HanpoTtus, — oTBeTUI . — MBI HE MOXKEM T'OBOPUTb O (U3HKe,
MIOTOMY YTO KTO-TO Urmo-mo O Hel 3HaeT. M160 MBI moxcem OGCYXAaTh
TOJIBKO TO, O YéM HHUKTO HHUYero He 3HaeT. MBI MOXXeM F'OBOPHTH O ITOr0-
Zie; MOXKeM 00CyKJaTh COITMaIbHbIE TIPOOIEMBI; MbI MOXKEM Gece10BaTh
0 TICUXOJIOTHH; MOXEM TaK)Ke 0O6CYKAaTh MEXKAyHapoAHble pUHAHCOBBIE
Jienia, — 30JI0ThIE TIEPEBOZABI MBI OOCYXAATh He MoXceM, TIOCKOIBbKY BCe
UX TIOHUMAIOT, — TaKUM 006pa3oM, MBI BCE MOXKEM T'OBOPHUTH TOJIBKO Ha
TeMy, 0 KOTOPOH HUKTO HUYero He 3HaeT!

{1 He 3HaI0, KaK OHU 3TO ZenaioT. CyllecTByeT criocob MPUHATD Jie-
0s1HOe BBIpAXKEHUe JINIA, Y OHA 3TO clesiana! OHa OTBEepPHYJIACh, YTOOBI
mobecesoBaTh C KEM-TO JPYTHM.

Yepe3 HEKOTOPOE BpeMs 5 IIOHSJI, 9YTO MeHS ITOJHOCTHIO UCKITIOUWIN
U3 pasroBOpa, MO3TOMY f BCTal U Mowén npoys. [Tocon Amonuun, Ko-
TOPBIH CHZEJN 32 CTOJIOM, BCKOYWI U IOCJIe0Bas 3a MHOU. ,,IIpodeccop
deliHMaH, — CcKa3aj OH, — eCTh KOe-4To, YTO MHe XOTeJIOCh ObI paccKa-
3aTh BaM O JUIUIOMaTHN".

OH myCcTWICA B AJMHHYIO HCTOPUIO O TOM, KaK MOJIOZIOH YeIOBeK
B fIMOHUU MOCTyIaeT B YHUBEPCUTET, U3yIaeT MeXAyHapOJAHbBIe OTHO-

1B03aMOKHO, 11 KOTO-TO y6euTebHee 3BYIHT OTeps MOGIILHOTO TeledoHa, Tese-
BUZIEHUs U Tpovero, mpo 4yto Cokpar roBopui: «Kak MHOTO ecTh Belleii, 6e3 KOTOPBIX
MOXXHO OOGXOAUTHCS».
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II€HUs, IOCKOIBKY CIUTAET, YTO MOXKET CZeJIaTh CBOM BKJIaZ AJA Ojara
cBoell ctpaHbl. [lepeiiis Ha BTOPOUM KypC, OH HayWHAET WCIBITHIBATH
JIETKYe TIPUCTYIIBl COMHEHHUS OTHOCUTENBHO TOTO, UYTO u3y4daeT. [To OKoH-
YaHUM KOJUIeZKa OH 3aHMMaeT CBOM IIepBBIM IIOCT B IIOCOJILCTBE U HC-
MIBITBIBAET elllé OOJbIe COMHEHNs OTHOCUTENTBHO CBOETO MOHUMAaHUA
JUIUIOMaTuH, [I0Ka HaKOHell He OCO3HAaeT, YTO HUKMO HUYero He 3HaeT
0 MeXZyHapOoAHBIX OTHOIIEeHWAX. U Torza OH MOXeT CcTaTh IocjoM!
»[loaTomMy, mpodeccop PeitHMaH, — ckasan OH, — KOIZla B CJIeyIOUii
pa3 BeI OyzZieTe IPUBOAUTH IPUMEPEI TOTO, O Y€M BCe TOBOPAT, HO HUKTO
He 3HaeT, MOXXaIyiCcTa, BKIIOUUTE U MeXAyHapOoAHble OTHOLIEHHUs !

OH okasajcd O4YeHb MHTepPeCHBIM 4YeJOBEKOM, U MbI IIPOAO/LKWIN
pasrosop. f Bcerza mopaxkajucsi TOMY, Kak II0-pasHOMY pPa3BHBAIOTCA
pasHble CTpPaHBEI U pasHble JIOAU. fI cKa3as MOCKy, YTO ecTh GpeHOMEH,
KOTOPBIY BCer/a VAUBIIAI MEHA: TO, KaKuM obpa3oM SAmoHusA cymesa Tak
OBICTPO ZOCTUYD TAKOH BBHICOKOM CTEIIeHW PAa3BUTHUA, YTO CTaja Ur'PATh
B MUpe CTOJIb BRXXHYIO POJb. ,,Kakas yepTa Win 0COOEHHOCTD SIOHIIEB
obecIieunia TaKyto BO3MOXXHOCTB?“— CIIPOCHIT .

MHe o4eHb NIOHpaBWICA OTBET nocaa. OH ckasai: ,,fl He 3Haro. I Mmory
TOJIBKO IIPeAIIONOKUTE, HO He 3Hal0, HACKOIBKO 3TO COOTBETCTBYET HC-
THHe. SINOHIIBI BEPWIN, YTO €IWHCTBEHHBIA CII0COO MOAHATH CTPaHy —
3TO AaTh CBOUM JETAM JIydlllee oOpa3oBaHHe, YeM HMMeNIU OHU CaMy;
CaMBIM BaXKHBIM /IS HUX OBUIO YHTU OT CBOErO IOJIOXKEHUA KPECThbSH
Y TIONYyYUTh Oo6pasoBaHue. [109TOMy B CEMbsX OTPOMHBIE YCHIUS TIPH-
KJIAZIBIBAJIUCH K TOMY, YTOOBI TIOOU[PATH JETEH XOPOIIO YIUTHCS B KO-
Jie, 9TOOBI OHKU MOIVIM Yero-To JOCTUYb. VI3-3a 3TOro CTpeMJIEHUA II0-
CTOSIHHO YEMY-TO VUUTHCS, Yepe3 CUCTEMY 0Opa30BaHUS OYEHb JIETKO
pacnpoCTpaHAINCh HOBBIE HZled U3 BHEIIHEero Mupa. BeITb MoXxeT, 3To
Y €CTh OZHA U3 MPUYMH CTOJIb OBICTPOTO Pa3BUTUA ATOHUN ».



HemnpeaBueHHbBIN SITAIOT

AHTIMICKUH TTepeBoJ, KHUTH OGBUT Y2Ke TTOYTH 3aBEPIIEH, KOTAA CKO-
POIIOCTM>KHO CKOHUazcA Biragyumup Mropesud ApHoibz. He 3Haro, KTO
6yZeT YUTaTh 3TY KHUTY, HO OAHOTO, IPUYEM CaAMOT0O APKOTO, TIHIATEb-
HOTO U TPodeCCHOHATIBHOTO €€ YUTaTeNA, KOTOPOMY C APY’KeCKO YIbi6-
KO SIBHO WIY HEeSIBHO OBLTH aZjpecOoBaHEbI OTAENbHbIE MECTA TEKCTA, KHU-
ra JUMWIach, KakK JULIWINCh U BCE MBI, MaTeEMaTUKMU.

O B. 1. ApHosb/ie, KOHEYHO, elllé OyZeT CKa3aHO U HAMMCAaHO MHOTO.
Ero Hay4YHBIE 3aCIYTH OLIEHUT 0O BEKTUBHOE BPEMS U CJIEAYIOIINE TIOKO-
neHusa. Ho ciefyronyM MOKOJIeHUsIM He JaHO ObITh COBpEMEHHUKAMU.
Vim He 6yZeT JaHO TOHATD, YTO MOTePsi APHOMbAA Il MAaTEMATHUKU, BO
BCSIKOM ci1ydae B Poccuy, 0coO€HHO IIPU HEIHEITHEM IOJIOXKEHUU HayKU,
6/113Ka K TI0Tepe cpebl OGUTaHus. !

Jlo6asiaenne 2017 r. B camoM KoHIe sToro 2017 roza coCTOUTCA
6osblllasg MeXAyHapoAHass KOHbepeHIUs, MpUuypovYeHHas K 80-TeTHio
co AaHA poxgeHusa Bnagumupa ropesnya ApHoibZa, a B CaMOM Hadase
3TOTO roZila B aBTOMOOMILHOM KaTacTpode morub Burtanuii JIMUTpueBUY
ApHonbz — meMaHHUK BragumMupa Mropesuya, HeyéMHOM 3Hepruu de-
JIOBEK, DHTY3MaCT MaTeMaTU4eCKOr0 NIPOCBEIeHNUA, OAUH U3 OCHOBHBIX
OpraHM3aTOpPOB 3HAMEHUTOM Telephb eXerofHOH JieTHel MaTreMaTude-
cKo¥ mKoibl «CoBpeMeHHas MaTeMaTHKax, Iie Beyline IpodeccroHa-
JIBI paccKasblBalOT Ha JOCTYIIHOM CTYZ€HTaM U CTapIIUM IIKOJIbHUKAM
ypOBHe 0 TIpobjieMax, KOTOPHIMH OHU 3aHUMAIOTCS. B aTOM rofy mikosna
IIOCBALIEHa IaMATU Burtanua ApHosibza.

13t0T 3mmor BrepBrle GLUT HameyaTaH (Ha aHITMIACKOM fA3BIKE) B aHIIMICKOM M3/a-
HUU 3TOH KHUTH, BhlegmeM B 2011 rogy (Zorich V. Mathematical Analysis of Problems in
the Natural Sciences).
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