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IMPE/INCJIOBUE KO BTOPOMY N3JAHNIO

Becnoio 1945 r. ogHOMY HWHTepecyroleMycsi MaTeMaTUKO# Moc-
KOBCKOMY C€MUKJIACCHUKY BBITIAJI CUACTJIUBbINA YKPEeOUil BCTPETUTHCS
CO CTYZAEHTOM-MaTeMaTUKOM IOCJIeTHero, naToro kypca MockoBcKo-
ro yauBepcutera. OT/JaJleHHBIM Pe3yJIbTATOM 9TOU BCTPEUH CTAJIa 3T
KHUTa, BbIIIEIIIasl MepBbIM u3JanueM Gosiee moayBeka Hazaa. Cama
’Ke BCTpeda MPOM30ILIA B OAHONH U3 OGOMBHINX ayJAUTOPUN OJHOTrO
u3 cTapbix 3naHuii MockoBckoro yuuBepcutetra Ha MoxoBoit ymuile
(a HOBBIX 37aHMI Ha JIEHWHCKMX TOpPaxX, TOPYKECTBEHHO OTKPBITHIX
1 centsibpst 1953 ., Torga u B momMuHe He GbLIO).

CeMUKJIACCHUK TPUIIL HA JIEKIUIO IJIs ITKOJLHUKOB. B aynuTo-
pusix MI'Y Takue JIEKIIMM YUTAJUCh TOTJIa BEJAYITUMHU MOCKOBCKU-
MU MaTEeMaTUKAMHU B Te4YeHUe y4eOHOrO roja, pa3 B JIBE HEIEJIN.
OObsiB/IeHNST O JIEKIIUSAX JABAJIUCH B PACKJIEEHHBIX 1O TOpoay adwu-
max, OJHAa W3 KOUX — B TOM Y4eOHOM TrOay yiKe, K COXKAJIEHHIO,
MOCJIeIHsIsT — W TIPUBJIEKJIa BHUMAHUE HaIlero ceMukaaccuuka. Io-
cJie JIEKIUW TIKOJIbHUKOB MPUTJIACUIN 3aJIePXKATHCS, U Tepe]] HUMU
BBICTYTIUJIN PYKOBOJMTEJIN €)KEroIHO paboTalomnx npyu Y HUBepcuTe-
Te MATEMATHYECKUX KPYXKKOB [IJIs1 MKOJbHUKOB. DopManbHo — yiK
HE YIIOMHIO, TI0 KAaKUM TPUYUHAM, — CYUTAJIOCh, 4TO npu MI'V neii-
crByer onuH [IIkonbHBIN MaTeMaTnyecknii Kpy»KoK, a BCe peaibHO
paboTarorue Kpy>KKHU sIBJISTFOTCS CEKIUsIMU TOr0 eauHoro Kpy»kka.
Kaxkgasi cekiusi mpoBoauJia 3aHATUS PA3 B HEJMENIO, B OIHOU u3
YHUBEPCUTECTKUX Ay IUTOPUIA.

B BoICTymIeHUSIX KAXK/IbIi U3 PYKOBOIUTEEH PACCKA3bIBAJI, YEM
ero cekusi (Kpy»KOK) NpeJrnoaraeT 3aHMMaThCsl B Oy 1y1ieM y4eGHOM
rogy. Cekuuu paznuyaliuch TEMaTUKON; ObLIN KPYXKKH 10 aJrebpe,
10 F€OMETPUU, UHOT/IA, JarKe 110 Teopun MHOXKecTB. Pazinvanucey onu
U TeM, JJisl KAKUX KJACCOB Oblan mnpegHasHaveHbl. Cpean oObsiB-
JIEHHBIX TOU BECHOU HA MPEACTOSIINi y4eOHbIN rom KPy»KKOB ObLIa
u tak HasbiBaemasi «Cekiusi 00IIero Tunas JJjisi BOCbMUKJIACCHU-
KOB, HE OIPAHUYMBAIOIIAs Ce0sT KAKON-1M00 CrieruaIbHON TeMATHKOI].
YnoMsiHy TBI BbIIIE CTYAEHT-IISITUKYPCHUK BBICTYIIAJ B KAYECTBE PY-
KOBOJUTEJIsI 3TOM cexkiuu. Kro BbICTyIJIEHHE NOHPABUJIOCH HAIIEMY
ceMuKJIacCcHUKY OoJibire apyrux. [locse BoicTymnienuit Bcem npucyT-
CTBYIOIIUM ObILjIa MPEJOCTaBJIEHA BO3MOXKHOCTH TYT K€, Ha MeCTe,



6 ITpeducaosue Ko 6mopomy u30aHUIN0

[OrOBOPUTH C JIIOOBIM M3 BBICTYNUBIIUX. Halll MKOJBHUK BOCHOJIb-
30BAJICST 9TON BO3MOXKHOCTBIO, MIOTOBOPUJI CO CTYJEHTOM W MOJTYYUIT
npuranienue nocemarh CeKIuo 0bIIero TUMa B MpeICToseM yueb-
HOM TOJY.

B 1945/46 yu4eGHom romy, Oyay4uM BOCBMHMKJIACCHUKOM, WU
B 1946 /47 y1uebHOM rofy, Gy 1y um 1eCATUKIIACCHUKOM, HAII ITKOJBHUK
3aHUMAJICS B HA3BAHHOMW ceKIUU. A ObIBIIUI NATUKYPCHUK, CTABIIUH
Ternepb ACMUPAHTOM Y HUBEPCUTETA, MPOJOIXKAJ ITOU CEKIHeit
PYKOBOIUTb.

Exxerognast pabora YHUBEPCUTETA C MHTEPECYIOMIMMUCS MATEMAa-
TUKOM MOCKOBCKMMHU HIKOJbHUKAMU COCTOSIJIA U3 TPEX CUUTABIIUXCS
B3aMMOCBSI3aHHBIMH YaCTEl: JIEKINY, KPY>KKHU, OJTUMIIAAJA — U [IPO-
BOJUJIACH TIOJI TUJO0M ABYX JIET€HJAPHBIX WHCTUTYLU, MepBasi u3
KOTOPBIX Obla 4acThio MOCKOBCKOTO YHHUBEDCUTETA, a BTOpasi MPH
HEM COCTOsIIa: MeXaHMKO-MaTeMaTudeckoro ¢daky/brera (MexMara)
MI'Y n1 MoCKOBCKOTO MaTeMaTu4eckoro oomecrsa. PakTuuecku ra
paboTa OpraHU30BBIBAJIACH W YIPABJISAJACH T'PYNIOH DHTY3UACTOBR,
0OpMIIEHHO B BUAE OPTKOMUTETa odepeaHoi onumnuaabl. Q6 aToii
TPUEAUHON PaboTe CKA3aHO M HAMKUCAHO JIOCTATOYHO MHOTO, HO 60JIb-
e 00 OJIMMITHAAX, YeM O KPYXKKaX.

Mex tem B 40-e¢ u 50-e rogpt XX B. MMEHHO MaTeMaTUYECKUE
Kpy>KKU Ob1/11 HanboJiee npuMedaTe/ibHbIM siBjienueM. Camo nocerie-
HUE CTAPOr0 YHUBEPCUTETCKOTO 3/IaHUSI [10]] CTEKJISTHHBIM KYTIOJIOM 110
agpecy Moxosasi, gom 11 (ceiiuac sror gom umeer Homep 9, u B HEM
HAXOIUTCs1 (paKyJIbTET YKYPHAJIUCTUKHY ), BHI3BIBAJIO Y MIKOJbLHUKA He-
BoJibHOE BosiHeHHEe. OOCTAHOBKA B KPY?KKaX BBIMOHO OTJIUYAIACH OT
MPUBBIYHOI IIKOJBHOI CBOMM yBaXKUTEJbHBIM JIeMOKpaTu3Mom. [le-
MOKpPATUYIeCKNe TPAJUILINN TIIATEIHLHO obeperaynch. K ydacTHukam
obpamaanck ToOabKo Ha «BbI»; B mKkomax Takoe obpalieHne ObLIO
peakocthio. K pykoBoguTesito 00palaanuch Mo yMeHbIIUTEIbHOMY
uvenn (Cama, ?Kensi, 'puina), a He 1m0 MMeHM U OTYECTBY, Kak
K yunTesio (B MOJAB/SAIONIEM HHCIe CIyYaeB — K ydaurenbHue *) ).
MaremaTuka — 1 B 3TOM C HEl MOIJIM CPABHUTHCS, CKAXKEM, IIaX-
MaTbl — MPEJCTaBJsIIa co00i OJiarogaTHoOe MoJie [1Jisi B3PAILUBAHUS
U NPOLBETAHUSI UJIefl PABEHCTBA: Bellb B HEll HAIISIAHBIM JIJIsl BCEX
o0pa3oM MpaB He TOT, KTO CTapIlle TI0 BO3PACTY WJIH MO MOJIOXKEHUIO,
a TOT, KTo yTBepxkJaer ucruny. (B Guonornu, Hanpumep, geso o6-
CTOSLIIO Y Ke MHAve: IKCIEePUMEHTHI MOITBepK1au Teoputo Menies,
HO UX B T€ TOJbI MPUKA3aHO OBLIO TPAKTOBATH KAK MOATBEPYKIAIONINE
Ge3ymHOe yueHre akajgeMuka JIbiceHKo.)

*) I3 BCex MpeiMETOB, KOTOPBIM ABTOPA 3TUX CTPOK 0Byuann B CpegHeil mKoae,
TOJIBKO OJVH BeJl yUuTeJlb, a He yUUTeJbHUIA — 3TO BOEHHOE JeJI0.
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B cranuackoe Bpewmsi, mpuxois B YHHUBEPCUTET HA MATEMATHU-
9YeCKMil KPY>KOK, IIKOJIBHUK (pa3yMmeercsi, He OoTJaBasi cebe B 9TOM
orvera) ouryman cebsi Kak Obl HA W30JMPOBAHHOM OCTPOBE, B CO-
BEpPIIIEHHO HeOObIYHOM aTMocdepe cBOOOIHOTO TBOPUYECTBA, UyKJIOi
Kakoii Obl TO HU OBLIO uaeoJornyeckoil danbinu. B He menbeii
crernenu 3Ta armocdepa ObLIa BaXKHA U [JIsi CAMOOIIYIIEHHUsT PYKO-
BOJUTEJIEH KPYXKKOB: OHA [1aBaJjia UM BO3MOXKHOCTH JEJIaTh YTO-TO
pa3yMHOe, U TIPUTOM T10 COOCTBEHHOMY yCMOTpeHHI0, 6e3 GropoKpa-
Tuvecknx ykazauuii. (CkazaHHOE OTYACTH OO'BbSICHSIET, [OYeMy Hau-
OoJIbITIETO paclBeTa B cepeande XX B., T. €. B MOCJIEBOEHHbBIE TOIHI,
nocrursin B CCCP uMeHHO MaTeMaTnKa ¥ IAXMATHI. )

Taxkum obpazom, IlIkonbHBII MaTeMaTHYeCKuit Kpy»KoK ripu MY
CJIY?KWJI KU3HEYTBEePXKJAIoIIel NMoAAep>KKON KaK JJisl y4aCTHUKOB,
Tak W JJIs PYKOBOOUTEJEN ero ceKIuii U, HECOMHEHHO, OKa3bIBaJIu
OTpeJIeJIEHHOE BJIMSIHUE HA, PA3BUTHE JIUYHOCTH U Te€X, U JIPyTrUX.
CroJib K€ HECOMHEHHO, YTO JIMYHOCTh PYKOBOJUTEJIsI OKA3bIBAJIA
pemiaroriee BausiHue Ha pabory ceknuu. K guciy naunbosiee sipkux
PYKOBOAUTEJIEH, OKA3ABIIUX BJIUSHUE HA JEATEJIHHOCTH HE TOJHKO
cBoeit cexiuu, HO u Beero lllkonbaoro kpyxka npu MI'V B nesowm,
npuHajIeXxkas pykopsoaureas Cekiuu oburero tuna. Hacrano Bpemsi
Ha3BaTh ero ums: 2Kenst JIbiHKUH.

41 masBas ero mpocro «2KeHsi» — Tak, KaK Ha3bIBAJIM €r0 y4acT-
Huku Kpykka. Teneps umsi Errenunst Bopucosuua /Ipiakuna xopo-
10 U3BECTHO B MUPOBOI Maremaruke. /|bIHKMH CTAaJl BBIJAIOMIMMCS
yY€HBIM, PAOOTAIOIINM OJHOBPEMEHHO B JIBYX OOJIACTSX MATEMATH-
Ku: B ajarebpe m B TEOPUU BEPOSITHOCTEH — peuaiiiiiee codeTaHue
MaTeMaTnueckux cnenpanabuocreii! C 1954 mo 1968 r. on 6611 ipodec-
copom Mockorckoro yuusepcutera. C 1977 r. E. B. J/Ibiakun, oH xe
Fugene B. Dynkin, coctout npodeccopom 0HOro u3 KpynHeHRmmx u
U3BECTHEHMINX aMepPUKaHCKUX YHUBEPCUTETOB — KopHeIIcKoro yHu-
BepcuTeTa; ¢ 1985 r. oH siBnsiercst yneHom HarmonaabHOM akageMun
nayk CIIIA.

A ceMUKJIACCHUKOM, TO3HAKOMUBIIUMCS C JIBIHKMHBIM BECHOIO
1945 r., 6bu1 s1. EBrennit BopucoBud ceirpaJji orpoMHyo poJib B Moeii
)kuzHu. Bo-mepsbix, Gnarogapst emy s (4, JymMaio, HE TOJBKO 1)
el Ha KaXKJ0€ 3aHsSTHE KPY»KKA, KaK Ha MPa3JHuK. Bo-BTOpBIX,
[0 €r0 WHWIMATUBE U C ero OPraHU3AIMOHHON MOMOIIBI0 MOe 00y-
YeHWe B IIKOJIE OBLIO COKPAIEHO HA TOA: MHE OBbLIO pa3perieHo
jgerom 1946 r. cmaBaTh dk3ameHbl 3a 9-i Kjaacc W, TakuM 06pa3oMm,
g u3 8-ro Kjgacca cpagdy momaj B BblmyckHoii 10-ii. B-Tperbux, mo
€ro WHUIMATHUBE, O] €r0 PYKOBOJCTBOM U TIPU €r0 TEPIEJUBOM pe-
JAKTUPOBAHUU s1 HAMKCAJ CBOIO MEPBYID MATEMATUYECKYIO CTATHIO
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«J'eomeTpudeckuii BbIBO/ OCHOBHBIX CBOMCTB rapMOHUYECKUX (DYHK-
uity, onyoankoBaHHyo BecHoit 1949 1. B »KypHaje «Ycrnexu mare-
MATUYEeCKUX HAyK». B-4eTBepThIX, TO OT HErO O MOEM CYIIeCTBOBA-
HUW y3HaJ BeJUKNit KOJIMOropoB, cKa3aBInii MHE TTPU 3HAKOMCTRE,
cocrosiBiieMcst B OKTsiope 1949 r.: «A, BbI TOT camblii JHIHKUHCKUI
Ycenenckuii!y; B aasape 1950 1. KoiMoropos npuHsJ MeHsl B 4HUCIO
CBOMX yYE€HHUKOB.

Haxkowner, B-nateix, EBrenuit BopucoBud npuriacui MeHs CTaTh
COABTOPOM TPHU HAMWCAHUWM HACTOSIEH KHUTH, SIBUBIIEHCS KaK
Obl MaTEepUAJIbHBIM PE3yJbTaTOM PabOThl ABIHKUHCKOW CEKIUU
[LIxonbHOTO Kpy>)kKa. [leproe ee n3nanue OHLIO MOANUCAHO K TIEYATH
23 uionsi 1952 r. 3a py6GekKOM BBIILJIO HECKOJIBKO €€ MEePEeBOJIOB
Ha MHOCTpaHHbIe si3bIKU. Tenepb M3marensckast dupma «DPusznko-
MaTeMaTUYecKasl JIUTEPATypay TPEIJOXKHUIA BBIMTYCTUTh BTOPOE
uzganue. OHO BBIMYCKAETCsI TPAKTUIECKU 0e3 U3MEeHEHUIA: Oy IIeHbI
JIWIIIb, KAK YCTAPEBIINE, «3aKJII0YEHUsT», KOTOPHIMU ObLIN CHAOXKEHbI
paszesibl KHUTH.

®eppans 2003 . B. Yenencxudi

IMTPE/IICJIOBUE K ITEPBOMY U3JAHWUIO

OTa KHUra HATIMCAHA [0 MATEPUAJIAM OJHOM U3 CEKLIMI IITKOJIBLHOTO
MAaTEeMATHIECKOr0 KPY>KKa pu MOCKOBCKOM IOCyJapCTBEHHOM YHU-
Bepcurere um. M.B. Jlomonocosa, pa6orasiueit 8 1945 /46 u 1946 /47
y4ebnbix rogax. OuH u3 aBTOPOB OLLT PYKOBOAUTEIEM 3TOI CEKIIUH,
apyroit — ee yudacrHukom. Ceklusi Ha3bIBAJACh CEKLMEH OOLIEro
tuna. Ha ee 3aHATHSX paccMaTpUBAJIMCh BONPOCHI U3 PA3JIMYHBIX
obsiacteit maTemaTuku. OCHOBHOI 11€J1bI0 OBLIO HE CTOJILKO COOOIIUTE
y4aCTHUKAM HOBBIE CBEJIEHHS, CKOJILKO HAYYUTh UX AKTUBHOMY, TBOP-
YeCcKOMY OTHOIIEHMIO K MaTeMaTnKke. Hanbosee yaaunbie TeMbl CKJa-
IBIBAJICH B MPOLECCE CaMOil paboThl cekuuu. B npeanaraemyo KHUTY
BOIIIA — B 3HAYUTEJILHO IEePEePA00TAHHOM M PACIIMPEHHOM BHJE —
TPU TAKWE TEeMbI: 3aJJa49X O MHOTOI[BETHON pacKpacKe KapT, 3aJa4n
U3 TEOPUN HHCEJI, PelIaeMble ¢ IIOMOILI0 apu(pMETHUKHA BLIYETOB, U
3a/la4il U3 TEOPUU BEPOATHOCTEH, CBA3aHHbIE ¢ TaK Ha3bIBAEMbLIMU
CyYaiHBIMU OJIY KIAHUSMMU.

Kaxk 101 u3 3Tux Tem Oblia NOCBsIIeHa [eJas cepus MoCaeJ0Ba-
TeIbHbIX 3aHATUi cekuuu. OHa HayuMHAIACh OOBIYHO C 3a/a4, KOTO-
phle He TpeboBa I HUKAKMX HOBBIX [TOHATHIA 10 cBoel (bOpMYIUPOBKE,
HO pelleHne KOTOPHIX JOJIYKHO OBbIJIO Cpa3y BRECTH YYACTHUKOR CEK-
11U B HOBBII KPYT Bonpocos. U B nanbHeiinem 6ecebl PyKOBOJUTE/ IS
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TECHO MEPEIJIETAJINCH C 33/1a9aMi, KOTOPbIE JIJABAJIUCH B XOJI€ CAMOM
Oeceibl, MHOT/IA PEIIAJUCH HA MECTE, a 4alle OCTABJISIIUCH [JIsl JI0-
MAIIHEro peIIeHusl 0 CJIeYIOIIero 3aHsThsl. JHAYUTENbHAST YaCTh
BCEro Marepuajia TeMbl MpPeJiarajach B BUJE LUKJIOB CBSIBAHHBIX
Mexx Iy coboit 3amaqa *) . Ha kaXk[1oM 3aHATHM CEKIIUK OTPEIeeHHOe
BpeMsi OTBOJIMJIOCH pa3b0py pelleHuil, KOTOPbIe CIY KUJIM 3aTEeM Ma-
TepuasioM IJisi 000OIIEHUI 1 BBHIBOMIORB, JEJIABIINXCS PYKOBOJUTEIEM.
B cBoux Geceax pykoBoamMTE b M3JIarajl Takyke Oosiee TPyaHBbIE BO-
MPOCHI, MEHEE TIOAAAIOIINECS] PACUJIEHEHUIO HA OTIE/IbHbIE 3a0a4u.

Dopma Gecefibl, TPEPHIBAOIIENCsST TOCTAHOBKON 3a/a4, pelleHne
KOTOPBIX CYIIECTBEHHO JIJIsl JAJbHEHINEro W3JI0YKEeHUsl, PUHSTA U
B 9TOI KHUTE.

JJist areHust nepBbIX JBYX Pa3/ieioB JJOCTATOYHO 3HAHKSI MATEMa-
TUKKA B 00beMe 7 KJIAaCCOB CPeHel IIKOJIbI; TPeTHii pasjes Tpedyer
HECKOJIBKO OOJIbIIell MaTeMaTu4iecKoil Ky abTypbl. KHura paccaurana
B OCHOBHOM Ha IIKOJIbHUKOB CTapIIUX KJIACCOB, HO MOYKET ObITh MC-
MOJb30BAHA TAKXKE B CTYJEHUYECKUX KPY2KKAX HA MJIAJIINX KypCcax.

Mbl  nojb3yeMcst  cjlydaeM BbIPA3UThb Hallly 0OJIAroJapHOCTD
A_.H. Konmoropogry, COBETHI KOTOPOTO CIOCOOCTROBAIN 3HAUYUTE T h-
HOMY YJIyYIIEHUIO KHUTU. Mbl TPUHOCUM TakykKe 0JIarojapHoCTb
9.9. Banamy, 3ajaun kortoporo Jiersiu B ocHoBy § 2 u 3 i IV
BTOpOro paszjena. Hakower, mbl npusnatenbubl M.A. Haiimapky
u WN.M. {rpomy, mnpoduTaBminMm PYKOMUCH U CIEJIABIIAM  Psifl
3aMmeyanuii. B 3akirodyeHre HaM XOTeI0Ch Obl OTMETUTD TIIATEIBHY O
pabory Hamiero pegakropa A.3. PeiBkuHa.

E. Jlvnxun

Mapt 1952 1. .
P B. Venencxut

*) [ToMUMO TOr0, HA KAXKIOM 3aHATHH JABAIOCH JOCTATOYHOE YHUCIIO 33,184 (Tuna
MepBbIX TPEX BBIMYCKOB «BUOINOTEKN MaTeMaTHYecKoro Kpy>KKa» ), He CBA3aH-
HBIX HETNOCPEJCTBEHHO C TeKYyIeil TemMoii.

[[TepBbiMu Tpems Boimyckamu «BubinoTekn MaTeMaTHIeCKOrO KPY>KKa» sB-
JIAI0TCA TPU OTIeJbHO u3gaHubie yactu kuuru J1.0. [lknspckoro, H.H. Yenro-
Ba n .M. Arnoma «MN3bpanHble 3a7a4n 1 TEOPEMBI JIEMEHTAPHON MaTeMaTH-
ku». ([pumen. Ko 2-my usdanuso.) |



VKA3AHUY K IIOJIb3OBAHUIO KHUT' O

Bce Tpu paspena He3aBUCUMBI IPYT OT Apyra, MOITOMY YHWTATH
UX MOXKHO B JIFOOOM TOPsIAKE; OJHAKO TIPU 9TOM CJIEIyeT MOMHUTH,
YTO MEPBBIA pa3es siBJIsSeTCs HanboJsiee JIETKUM, a TPeTHii — Haubo-
Jiee TpyaubiM. JlobaBieHne K nepBoMy pasesy CONEpP:KUT PelleHHe
OJHOM 3aJja4M, MPUMBIKAIOIIEH MO CBOEMY XapakKTepy K TeMaTHUKe
9TOro paszesa; BIpoydeM, J00aBJIEHNE MOXKET YUTATHCS HE3aBUCHMO
OT MEpPBOro pa3jielia, TaK KaK JJIsi €ro MOHUMAaHUs He HY>KHO HAYEro,
KpOMe ompe/ieJIeHusl IPAaBUIbHON pacKpPaCKU.

Kaxkawiit pasgen mocssiliieH OAHON TeMe; OTAeJbHbIE ero 4acTh
TECHO CBsI3aHbI MeXK 1y co0o0ii. [ToaTomy KarkIblit pa3aes HaJ0 YNTAThH
MOC/IEIOBATEIHHO, OT HadvaJia J0 KOHIA. VICK/IoueHue COCTaBJISIOT
tonbko 1. II u IV BTOporo pasnena, oTmedeHHBIE 3Be3/I0UKAMU.
OHM HECKOJIBKO OTCTYIAIOT OT OCHOBHOIO IJIAHA Pas3jesia U MOIyT
OBITh OMyIIEHbl TIPW TIEPBOM YTeHWHU 0e3 yiiepba st TMOHUMAaHUS
nanbeiimero (1. I siBsiercst mo cymiecTBy JononHeHneM K L. |,
a . IV — nononuennewm x ru. I1I).

Kuura paccuurana Ha akTHUBHYIO pabory uuraresisi. B kakbiit
paszies BXOAST B KAUECTBE ero OPraHnvIecKoil yacTu 3aa4u. Bénbimnas
YacTh 3aJ1a4 TPYNNUPYETCsl B IUKJIBbL. KaXIblil I[UKJI COCTaBJSIET
enHoe mesoe. Yale Bcero oTnaenbHbIE 33Jla4u, OMUPAsiCh OJHA HA
JPYTYIO, BEIYT YUTATEs] K OKOHYATEJIbHOMY Pe3yJIbTaTy, KOTOPBIH
COJIEPYKUTCSI B 3aKJIIOUYUTENILHON 3aja4ue UKJa (CM., HANpuMep, 3a-
nmaun 21-27, 38-41 nepBoro paznena, 3agaun 84-88, 127-131 BToporo
pazaesa u ap.). UHoraa o6 beanHsIomel Hesbio SBJISIeTCS He TIOJTy Ye-
HUE KAKOTO-HUOY b ONPE/IEJIEHHOTO PE3yJIbTaTa, a OBJIAJEHUE HOBBIM
meroziom (Hampumep, B 3agadax 11-14 neproro paszgena). Hakoner,
B HEOOJIBIIIOM YHCIE CIydaeB 3aJadd HOCAT XapaKTep TPEeHUPOBOY-
HBIX YIPa’KHEHUM, KOTOPbIE JOJKHBI MOMOYb YUTATEJIO OBJIAJAETH
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HOBBIMM NOHsATUsIMU (3ajaun 57—64 BrOporo paszena, 3agaqau 186—
188 Tpernero pasgena u ap.).

[Ipuctynasi Kk perieHuto 3aja4, MOJE3HO MPOCMOTPETH (hOpPMYy-
JIMPOBKM BCeX 3aJad JAaHHOIO IUKJa. PekoMeHOgyeM dYuTaTe o He
3arIsSiAbIBATHL B PEIeHusl, TIOMEeIlleHHbIe B KOHIIE KHUTH, O Te€X TMOop
[IOK& OH HE PELIUT BCE 3a/a49y UUKJIA: PEIIEHUs], KOTOPbIE MbI IIPUBO-
JIM, HATIPABSIT €r0 HA OMPEIEJIEHHbIN Ty Th, MEXK/TY T€M, PA3MbBIIILIsIs
CaMOCTOSITEJILHO, OH MOYKET MPUATH K HOBBIM, OPUTHUHAJIBHBIM pe-
meHusaM. [IpakThKa MKOJBHOIO KPYy»KKa MOKA3bIBAET, YTO IPU ITOM
UHOTIA TMOJIyYaloTCst 60Jiee MPOCThIe W UBSIIHBIE PEIIEeHUs, HEXKEeJIn
Te, KOTOPbIe OXKUJAJINCH ABTOPAMU 3a4a4. PazimyHble MUKJIBI 33034
3HAYUTENBHO OTJIMYAIOTCA APYT OT APYTa Mo cBoeii Tpyanoctu. OaHa-
KO OIBIT YHUBEPCUTETCKOTO MIKOJIHHOTO KPY2KKA MO3BOJISIET HA3BATH
HEJIEJTI0 B KA4eCTBEe MIPUMEPHOI0 CPeIHEro CPOKa paboThl HAJl OTHUM-
JIBYMsI IUKJIAMU 32/1a4.

BeposiTHO, unTaTesito He Beerja yaacTcsi CAMOCTOSITETbHO PEITNATh
BCe 3aJa4yd [MKJa. Kcau mepBble 3afadu pelleHbl, HO B JaJibHEii-
[IeM YUTATE/Ib HATAJKUBAETCS HA TPYAHOCTH, KOTOPbIE €My HUKAK
HE yJAeTcCsl TPeoAoeTh, TO TMOJEe3HO TPOYECTh PEIIeHUs] TEPBBIX,
yIKe pelleHHbIX 3aa4. VIHOTIa 9T0 OKaXKeTCst JOCTATOYHBIM, YTOObI
HATOJIKHYTH Ha PEIIeHNE 33149, PAHEE He MO/ IaBABIIENCsT YCUTUSIM.
Elcau e TpyIHOCTH OKayKyTCsl HEMIPEOIOJUMBIMU, TO CJIEIyeT O3Ha-
KOMUTBCsI C PEIIeHNEeM TPYAHON 3a/a49u U MOCJIE ITOTO MPOI0JIXKATH
pelilieHue J1aJjibHeNIuX 3a/4a4.

Hecvmorpst Ha dyHIaMEHTAIBHYIO POJIL 33Ja4, KHUTA OTHIOIh
HE SIBJISIETCs 3aJIAYHUKOM. PaBHOMPABHYIO ¢ 3a/Ja4aMu POJIb UTPAET
MOMEIIEHHBI B Hell TeopeTudecKuii Marepuaj. BzanmooTHoleHne
9TOr0 MaTepHasIa C 33JaYaMHi PA3JIUYHO B PA3JIUYHBIX IJIABAX KHUTH.
NHorma ocHOBHOE cofepKaHWe COCTABJASIIOT YCJIOBUST 3aJa4, U POJIb
OCTAJBLHOI'O TEKCTa CBOAUTCS JIUIIb K TOMY, YTOObI BBECTH HEOOXOIH-
Mbl€ MIOHSITHSI U ToABeCTH UToryu (cM., Harnpumep, § 1 nepsoro pasaena,
rin. V Broporo pasnena u np.). B apyrux cayuasx (ra. II Broporo
pasjieJia v oYTH BeCh TPETHil pas/ies) Beaylast pojib MPUHAIJIEHKUT
TEOPETUYECKOMY MATEPUAJLY, 3a/a4aM YK€ OTBOJMUTCS IOJYUHEHHOE
MecTo. Bo BCcsIKOM ciiydae TEKCT M 3aJadid TECHO CBSA3AHBI MEXKTY
€000 1 HEOOXOIMMO YUTATH WX TOJPSIJ B TOM MOPsIIKE, B KAKOM OHU
[PUBEAEHBI B KHUTE.

Cy11ecTBEHHYI0 YaCTh COJEPYKAHWS KHUTU COCTABJISIOT perie-
HUs 33/1a9, COMPOBOXK/IAIOIIUECS YACTO BBIBOJAMHU U 3aMEYAHUSIMU
NPUHIUIHAILHOTO XapakTepa. C peleHusiMu ciegyeT O3HAKOMUThCS
HE3ABUCUMO OT TOT'0, HACKOJBKO YIAJIOCh CIPABUTHLCS C 3aJad9amMu
CaMOCTOSITEJIHHO.
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B zaksiioueHue mocoBeTyem 4UMTATENI0 HE 2KAJETh BPEMEHHU Ha
pemenue 3amad. Kaxkapiil muki 3agad, KaXk/ast 3a/1a9a, PelieHHbIe
CaMOCTOSITETLHO, OyAyT 000ramaTh apceHas CpeicTB, KOTOPbIMU pac-
nojiaraet unrtaresib. OHa CaAMOCTOSITE/ILHO HaiifleHHasl UJesi CTOUT
JlecsiTKa Ujel, YCBOEHHBIX € Yy»KUX cJIOB. J/laxke B TOM cjydae, Ko-
r7jla HaCTONYMBbBIE MOMNBITKN PENINTh 33Ja4y He NPUBEAYT K YCIIEeXy,
MOTPAYEHHOE BPEMs HE MPOMaJIeT JApOM: OCHOBATEIHLHO MOpaboTaB
HAJI 33/1a4eii, Bbl Oy/ieTe YUTATH €e PelleHre COBEPIIEHHO APyTruMu
ria3amu, Oy/eTe UCKATh MPUYUHBI CBOEH HEyIadyu U CyMEEeTe BhIe-
JIUTh Cpedy paccyKJeHMii BCOMOTaTeJbHOIO0 XapaKTepa Ty OCHOB-
HYIO UJIEI0, KOTOPast 0DECTIEYNBALT yCIeX.



PABJIEJI TEPBHKIN
3AJIAYN O MHOTOIIBETHO PACKPACKE

Pazsimunbie crpanbl Ha reorpaduyeckoil KapTe OKPAaITUBAIOTCs
st ynoberBa B pasuble 1nsera. [Ipu 3Tom obbidHO He Tpebyercs,
9TOOBI KaXK/1as1 CTPAHA NMeJIa CBOi 0cobbIii 11BeT. JlocTtaTouno, 4T0ObBI
B pa3/InyHbIE [IBeTa ObLIN OKPAIIIEHbI COCEIHIE CTPAHBI, T. €. CTPAHBI,
uMerolre ofIyI0 MPAHNILLy, HAllpUMep cTpaHbl S1 1 So Ha puc. 1 *).

N Y

Puc. 1 Puc. 2

Takyio packpacky KapThl Mbl OyjeM Ha3blBaTh nNpasuabhol. Fcre-
CTBEHHO MOCTABUTH BOIMPOC, KAKOE YHCI0 KPACOK HYXKHO UMETD [1Jisi
TOro, YTO0BI MPAaBUJILHO PACKPACUTh JaHHYIO KapTy. flcHo, 4TO Hac
YCTPOUT YUCI0 KPACOK, PABHOE YKCIY CTPAH KapThl; B 3TOM CJIydae
MBI TIPOCTO KaXKJIyl0 CTPaHy BBIKpAcUM B CBoOi mBeT. OJHAKO MbI
He yJIOBJIETBOPUMCSI TAKUM DeIlleHreM: Hac OyJeT UHTEPEeCOBATh M-
HUMAADHOE TNCIIO KPACOK, JOCTATOYHOE /1151 TPABUJIBLHOM PACKpPaCcKu
JaHHOH KapThl. Jlerko mocTpouTs KapTy, /st KOTOPOU TAKUM MWHU-
MaJIbHBIM YHMCJIOM KPAcOK siBjsiercst 2 (puc. 2).

Kapra Ha puc. 2 sBJIIeTCS KapToOil OCTPOBA, PACMOJIOYKEHHOTO
B MOpE, KOTOPOE MOKA3aHO MTPUXOBKO. Mope Mbl He 3aKpacujiv HU
ONHON M3 Kpacok a u b. OpgHako OOBIYHO MOpE Ha KapTax TaKKe
3aKpalluBaeTcsi, nmpuyeM TpedyeTrcsi, 9ToObl MPUOpPEXKHBIE CTPAHBI,

*) Crpanbt S1 u S3 HE ABJIAIOTCS COCEHUMU, XOTS U COTPUKACAIOTCS B TOUKe A
(obweit zpanuyb, y HUX HET).
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T. €. CTPaHbl, 'PAHUYAIINE C MOPEM, ObLJIM OKPAIIEHbI B OTJUYHbIM
ot Mopst 11BeT. Mope, TakuM 00pa30M, HUYEM HE OTJINYAETCS JJIs1 HAC
OT MpOoCTOit cTpanbl. 10, 9TO OHO HE OrPAHUYEHO, [Jisi HAC HE CY-
mectBenno. [losromy B ganbHeiieM Mbl HE OyAeM BbIIEJATH MOpe
0c0060, a BKJIIOYUM €ro B 4ucio crpad. Kaprei, KoTOpbie Mbl Oy1eM
paccMaTpuBaTh, HE OyIyT, TAaKUM 00pa30M, KapTaMu OCTPOBOB; MbI
OyleM cudTaTh MX PACHPOCTPAHEHHBIMH HA BCIO ILIOCKOCTH. [lpum
TAKOI TOYKE 3PEHUST KAPTA HA PUC. 2 yXKe HE MOXKET ObIThH MPaBUJIHLHO
pacKpallleHa JIByMsl KDACKAMU.

a 9] 6

Puc. 3

Bepnemcsi Tenepp K BOMPOCY O MHUHUMAJBHOM HYHCIE KPACOK,
JIOCTATOYHOM JIJIs TTPABUJILHOM packpacku KapThl. Ha puc. 3 uzo06-
paXkeHbl KAPThI, JJjisi KOTOPBIX TAKUMU YUCIAMU SIBJISIOTCS COOT-
BercTBeHHO 2, 3, 4. Ha 3TOM Hamm npumepnl obpwiBaiores. Jlo cux
[Op HE MOCTPOEHA KAPTA, [IJisi KOTOPOi MUHUMAJIBHOE YUCI0 KPACOK
06110 Ob1 5 MM GOJIbINIE, UHBIMU CJIOBAMH, KOTOPYIO HEJIb3s1 OBLIO
Obl MPABUJIBLHO PACKPACUTDb Ye€ThIPbMsI Kpackamu. FcTb npeamosioxe-
HUE *3 , UTO BCSIKYIO KAPTY MOXKHO TTPABUJIBHO PACKPACUTH YE€ThIPbMSI
Kpackamu (B Tpe6OBAHUYU JOKA3ATH MJIU ONIPOBEPIHYTH 3TO TPEIONO-
JKEHME COCTOUT 3HAMEHWTAsT «IPOBJIeMa YeThIpex Kpacok» ). OqHako
9TO HUKeM ele He goka3ano **) . C apyroil CTOPOHBI, JOKA3AHO, YTO

*) Mpumeuarue Ko 2-my usdanuro. OHO GBLIO BriepBhIe BhICKa3aHo B 1852 ., nmpu

PaCKpAaIIMBAHNK KapPThl aHIVIMACKUX rpadCTs.

**) Mpumevarue Ko 2-my usdanuro. Tak 6bI0 Hanmucano B 1952 r., B mepBom
uznanuu. C Tex mop curyanusa usMenuaach. B 1976 r. Anmens (K. Appel) un
Xaken (W. Haken) anoncuposanu, a B 1977 1. omy6GuKOBaIM TOJOXKUTETBHOE
peleHre MPOOJIEMBI YETHIPEX KPACOK, T. €. JI0KA3aTEJbCTBO TOrO, 4TO Jt06ast
KapTa MOXKeT OBbITh NMPABUJILHO PACKpAllleHa dYeThIpbMsi Kpackamu. Kaszamnocs
6b1, TeM caMbiM mpobJiema OblLia 3akpbita. OIHAKO BCE OKA3aJ0Ch HE TAKUM
npocTeiM. JlokazaTesbcTBO 06J1a4a10 ABYMsI HEPUSATHBIMYU 0cobeHHOCTSIMU. Bo-
HepBbIX, paccym,qeﬂnﬂ a.BTOpOB 6bIJII/I CTOJIb JJIMHHBIMUA U C.TIO)KH])IMI/I, qT0 HPIKOMy
He yZaJIoCh UX MPOBEPUTH BO BCell nxX nosiHOTe. BO-BTOPHBIX, CylieCTBEHHAsT YaCTh
JI0Ka3aTeJIbCTBA COCTOSIJIa B UCTIOJIBL30BAHUM KOMITBIOTEPA; UMEHHO KOMITBIOTED, &
HE qu'lOBeK, HpOBepSIJI, 4TO KarXKJgasd U3 1mo4YTu ABYX ThICAY CrieguaJIbHO OTO6pa,H-
HBIX KapT 06JIaZIaeT HEKOTOpbIM TpebyembiM cBOiicTBOM. [lepBasi 0coGEHHOCTH
Obl1a BMOC/ECTBUN yCTpaHeHa (ecJM He MOJIHOCThIO, TO B OY€Hb OOJIBIION CTe-
NEeHU) JPYTMMU aBTOPAMH, 3HAYMTENBHO YNPOCTUBIIMMY NE€PBOHAYAJIBHBIE PAC-
cyxnenus Annenst u Xakena. A BOT u36e>KaTh TOTO, YTO B UCTUHHOCTU DOJIBIIIOTO
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BCSIKYIO0 KAPTY MOXKHO MPABUJILHO PACKPACUTD NATHIO KPACKAMU (MBbI
nokaxkem 310 B § 4). Takum 06pa3oM, Mbl MO’KEM BBICKA3ATH TOJILKO
CJleflyOLIUe JIBA YTBEPXKEHUSsI, JJOCATHBIN MPOGEsT MEXKy KOTOPbIMU
HUYEM HE 3AI0JIHEH:

He BCcsiKyio Kapry MOXKHO MPABUJIBHO PACKPACUTH TP €M sl
Kkpackamu (cMm. puc. 3, 6).

Bcsiky o KapTy MOXHO MPABUJIBHO PACKPACUTH M Th K KPac-
KaMu.

B cinenyromux naparpadax Mbl 3aiiMeMCsi BOIIPOCOM O TOM, [IJisi
KAKHMX KAPT JIOCTATOYHO ABYX Kpacok (§ 1) u Tpex kpacok (§ 2). B § 3
MbI TIOCTAPAEMCSI BBIBECTH HEKOTOPbIE KPUTEPUU JIJIs Y€ThIPEXI[BET-
HOU pacKkpacku, B § 4 — JIOKaXKeM Teopemy O MsITH KPACKAX.

§ 1. 3amaua o AByX Kpackax

1. Ha mtockoctu npoBegeHo n npsimbix. Jlokaxkure, 910 KapTy,
“MH1 00pa30BaHHYIO, MOYKHO MTPABUJILHO PACKPACHTh JABYMST KpacKa-
mu (puc. 4).

Puc. 4

2. Ha nnockoctu npoBegeno n okpyxxkuocreil. Jlokaxkure, aro
KapTy, MU 00pa30BaHHYI0, MOYKHO TIPABMJILHO PACKPACUTh JIBYMSI
Kpackamu (puc. 5).

3. [lnockocTh pas3dbuta Ha TpeyrosbHuku. [1pu sToM Jir0ObIE 1BA
TPeyroJabHUKa JINOO BOBCE HE UMEIOT OOIUX TOYeK, JHOO MMErT

qucsia (paKTOB yAOCTOBEPSIETCS HE YEJIOBEK, 8 KOMIIBIOTED, HE yAaJ0Ch. A 4To eciiu
koMmmboTep omubesa? Beab Takoe ciydaercs. [1o9ToMy yTBEp>KIEHUE O TOM, YTO
npobJieMa JYeThIpex KPACOK PeIleHa, y MHOTUX Bbi3biBaeT comueHune. [lonysnsipHoe
OCBELIEHNE CUTYalMd MOXKHO HANTHU B CJEAYIOMIUX MyOJINKALMAX:

Thomas R. An update on the Four-Color Theorem // Notices of the American
Mathematical Society. 1998. V.45, Ne7. P. 848-859.

Camozun A.B. Tlpobjema 4yeTbipex KpACOK: HEOKOHUYEHHAsI UCTOPUSl JTOKA-
satesancrBa // Copocosckuii obpasoBarenbubiii xxypaana. 2000. T. 6, Ne 7 (56).
C. 91-96.

Venenewuii B.A. Tpyabt no nemaremaruke. M.: OT'U, 2002. C. 102-106.
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ofyio BepimHy, 1160 MMeloT ofyo cTopoHy *). B BepmmHax
9THUX TPEYTOJBHUKOB paccTrasiienbt nudps 0, 1, 2 Tak, 9TO BEPIUIUHBI,
NpUHa/IJIeXKalllie OQHOU U TOM »Ke CTOPOHE, HyMEPYIOTCsl Pa3JIMYHbI-
mu nudpamu (Takyo HyMepamuio Mbl 6y/1eM Ha3bIBATh NPasuAbHO )
(puc. 6). Tokaxkure, 9TO B TAKOM CJIy4ae IOy YEHHYIO KAPTY MOYKHO
MPaBUJILHO PACKPACUTh JBYMSI KPACKaMHU.

Puc. 5 Puc. 6

4. FEcnu Ha kapre mmeercss CTpaHa, y KOTOPOM YHCJIO T'DAHULL
HEe JIeJIUTCs Ha M, B TO BPeMsl KakK [Jisd BCEeX OCTaJbHbIX CTPaH
YHUCJI0 TPaHUI] JIeJIUTCS Ha M, TO TaKyl0 KapTy Hesb3sl NMPaBUJIBHO

PacKpacuTh AByMs KpacKamu **) .

3agaym HA maxmaTHO gocke. OObIYHAasi pACKPACKA IAXMAT-
HOIi JIOCKM MOYKET CJIy>KUTh TPUMEPOM MPaBUJILHOI packpacku (eciun
He YUYUTHIBATh BHeENIHeil o0siacTu). 3a/Javyu Ha IIaXMATHON JOCKe,
KOTOPbIE MbI [IPUBO/UM, IOMOT'YT HAM BIOCJIEACTBUH PEIIUTH OO0
3a/la4y O ABYX KpacKax.

[IlaxmMaTHBIM KOHb MOXKET TepelTH 3a OJUH XOoJ C mons S Ha
noboe u3 noneit S1 — Sy (puc. 8). Jlagbst o npaBUIaM MAaXMaTHOM
WUTPhI MOYKET TMOMAacTh OJHUM XOZOM C MoJsi S Ha J1000e 1oJie Toi ke

*) PasGuenne Ha TPEyroJbHUKH, yAOBJIETBOPSIONIEE STUM YCJIOBUSIM, HA3BIBA-
ercst mpuarayaayuedi. [Ipumepsr pa3duenunii, He SIBJISAIOIINXCS TPUAHTYJISLUSIMHA,
n300parkeHbl HA puc. 7.

Puc. 7

**) TouHOe ONpesesIeHne IPAHMLbI YUTATEb HAALET Ha C. 19.
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BEPTUKAJIM WJIK HA JI000e 1oj1e Toit ke ropusontasu (puc. 9). Tlpu
peniennn 3a/1a4 yCJIOBUMCSL CYMTATD, YTO €CJIM JIaJbs MEPEILIa ¢ Mo-
ns1 S wanone S’ (puc. 9), To oHa MOGBIBATA U HA BCEX IPOMEKY TOUHBIX
TOJISAX.

Nol s 5

/ \

Puc. 8 Puc. 9

5. OboiiguTe KOHEM BCe T0JIs IAXMATHON JOCKH, COCTOALLEH U3
5 X b KJIeToK, He MoOhIBaB HI HA KaKOM T0JIe IBa pasa.

6. SanyMepyiiTe mojst 25-KJAETOYHON MAaXMaTHON JOCKU B TOM
MOpsiIKe, B KAKOM BbI OOOIIIN WX KOHEM B TPEAbIIyIIei 3ajade.
3alTpuxyuTe MmoJis, oy YHUBIINE YeTHbIE HOMepa. Y KayKUTe, KaKast
MOJIyYNUTCST PACKPACKA, €CJIU TPOJeaTh Te Ke OmNepanud He Ha
25-KIeTOYHOI JOCKe, a Ha MIaXMaTHON [JOCKEe C TMPOU3BOJILHBIM
YHUCJIOM KJIETOK, KOTOPYIO MOXKHO ODONTH KOHEM Tak, KAK yKa3aHO
B 33ja4e 5.

7. MoxxHo 1 060iTH KOHEM TIO OHOMY pa3y Bce moJist 49-ke-
TOYHON [TOCKM W TMOCJIEJHUM XOJOM I[OMACTh HA TIOJE, COCEIHEee
C UCXOIHBIM?

A

Puc. 10 Puc. 11

8. JlokakuTe, 4TO HeJb3si OOOHUTH KOHEM TI0 OJHOMY pa3y Bce
nosist 49-ks1eTouHoii qocku, ecam BoifiTu ¢ noast S (puc. 10).
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9. KoHb cenan n Xoq0B M BepHYJICA Ha McxojHoe mnoJie. Jloka-
JKUTE, 4TO M, — YUCJI0 YETHOE.

10. Jlokarkure, 4T0 HEJB3s MPOATH Jaabelt u3 yriaa A 64-kje-
TOYHOI TOCKHU B IIPOTHUBOIOJIOXKHBIN yroa B, oboiifs Bce Mois u He
NoObIBAB HU HA KAKOM T10J1e ABaxk/abl (puc. 11).

11. Mo>KHO 11 BBUIOXKUTH B IIENb BCE 28 KOCTEl JOMUHO Tak,
9TOOBI HA OJJHOM M3 KOHI[OB LMK OKA3aJIOCh IIECTh, a HA JIPYTOM
ST OYKOB?

12. Kaxxaprit u3 jgrogeit, korga-1nbo »KUBITAX Ha 3eMJIe, ¢Iesall
B CBO€li YKU3HU HEKOTOPOE BIOJIHE ONPeAeeHHOE YIC/I0 PYKOIOYKa-
Tuit. Jlokaxkute, 9TO YKCIIO IO, CASTABIINX HEYEe THO e YHUCIO

B PYKONOXKATUl, Y€ THO.
13. Ha cobpanuu mpucyTcTBOBa-
J10 225 yenoek. 3HAKOMbIE OOMEHU-
BaJINCh pyKonoxkatusamu. Jlokaxkure,
YTO XOTs1 ObI OIMH U3 yYACTHUKOB CO-
A OpaHust MOXKAJI PYKY YETHOMY HHUCITY
3HAKOMBIX *) .
4 c 14. Ha puc. 12 u306parkeHo 1miecth
Trouek A, B, C, D, E, F, npuuem
Puc. 12 KaXXJasd U3 JTUX TOYEK COEJUHEHA
C TpeMsl U3 OCTAJIbHBIX NATH. JloKaykuTe, YTO ecii JaHO He IIeCTh,
a MsATh TOYEK, TO HEJIb3s1 TPOBECTU KPUBBIE TaK, YTOOBI Karkaasi 13
TUX TISITA TOYEK ObLJIA COEIMHEHA POBHO C TPEMS U3 OCTAJbHBIX.

HauepTtum Ha miockocTu Kakyo-HUOYOb ceTh Kpubbix. Fcenn us
HEKOTOPOI TOYKHU 3TON CETH MOXKHO JBUTATHCS 10 €€ KPUBBIM B K
Pa3/IMYHBIX HaIpPaBJIEHUSX,
TO MbI OyJIEM MOBOPUTH, UTO
KPAMHOCMDH ITON TOYKHU PaB-
Ha k. Hanpuwmep, nns ceru,
n300paskeHHol Ha puc. 13,
KpaTHOCTh TOYkU A pasHa 1,
kpatHoctu Toye B u F' pas-
Hbl 2, KpPaTHOCTU TO4YeK F
u D paBHbl 3 U, HaKOHeIl,
kpatHocTh Touku C paBHa 7.
Mg OyieM Ha3bIBATH GEPULU- Puc. 13
HAMU CETH T€ TOYKU, KPATHOCTh KOTOPbIX He paeHa 2. CeTb, npuse-
JIleHHAas HAMU B Ka4eCTBe MPUMepa, UMEET BCETO YeThIpe BEPIIUHbBI A,

F

*) HyJjib — ueTHOe YMCII0, TaK YTO YeJIOBEK, HU C KEM He 3JI0POBABIIMNICS 33 PYK,
H b H
cZiesiajl YeTHOe YUCJI0 PYKOMOXKATHH.
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E, D u C. Yyacrok Kakoii-1ubo KpUBOl U3 CETU MeXK/y JBYMsi
MOCJIeIOBATETbHBIMU BEpIINHAMY Ha3bIBaeTCst 2panuyeti. Kaxxmast
rpaHniia, TaKUM 06Pa30M, COAEP’KUT [BE BEPIIMHBI (B OTIEJIBHBIX
CJIy4yastx 9TH JIB€ BEpIIUHBI MOTYT CJIWBATHCS B OAHY). Ha wameii
ceru (puc. 13) cemb rpanuny ABC, ED, CaE, CbE, CeD, CdD
u C'FC. B nociennem ciydae JiBe BEpIIUHBI, 3AKJI0YAOIINE MEXK Ty
coboit rpanuny C'FC, coBnagator. Yucio BepiinH ceTd Mbl Bceria
Oyaem 0003HAYATH ¥, & YUCJI0 TPAHULl — g.

15. [TocTpouTh ceTh KPUBKIX, JIJisi KOTOPOi
a)v=3,g=506v="7,g=11.

16. IlycTb ceTh KPUBBIX UMEET g IPAHULL U ¥ BEPIIUH C KPATHO-
cramvu ki, ko, ..., ky. Jlokaxkure, 9o

ki+ ko4 ...+ k, =2g.

17. [Jokaxkure, 4TO B J1IOOOI CETH KPUBBIX YHCIO BEPIIHUH,
UMEIINX HEYETHYIO KPATHOCTh, Y€THO.

He Bcsikasi ceTh KpUBBIX MOXKeT ObITh Ha3BaHa Kaprtoit. Ha kap-
Te Kakjasi TpaHUIa 00sI3aTeIbHO pa3fiesisieT JABe COCEeTHUE CTPAHBI.
[TosTomy, HarpumMep, Ha KapTe He MOXKET ObITh BEPIIUH KPATHOCTH 1
(na puc. 13 rpannna A BC, ucxopsimast n3 Bepimabl A kpaTHocTy 1,
HE pa3esisieT HUKaKue JBe cTpanbl). Ynesao crpal KapThl Mbl Beeraa
Oymem 0003HAYATH Yepe3 S.

18. [TocTpouts KapTy, [Jisi KOTOPO
a)v=5 g=8, s=05;
6)v=11, g=19, s=10;
B)v=6, g=12, s=09.
19. Kapra umeer g rpanui u § CTpaH C YuUCJIAMU I'DAHHUIL] N7,
na, ..., ng. JJokaxkure, 9ro

ni+ne+...+ns=2g.

20. JlokaxkuTe, 4TOo B JIIOOOI KapTe YHUCIO CTPaH, UMEIOIINX
HEYETHOE YHCJIO TPAHUIL, YETHO.

Mbi yc/i0BUIMCh HA3BIBATH BEPIIMHAMU T€ TOYKU CETH KPUBBIX,
KPATHOCTb KOTOPBIX He paBHa 2. OgHAaKO MHOT[A ObIBAaeT YI00HBIM
CYNTATH BEPIIMHAMY U HEKOTOPBIE TOYKY KpaTHoCTH 2. ['panutieii mo-
MpeXKHEMY Ha3bIBAETCS YYaCTOK KaKOW-TMO0 KPUBOHM U3 CETH MeXK-
Iy JBYMsl TIOCJIeI0BaTe/IbHbIMU BepiuHamu. Hanpumep, kapra Ha
puc. 14 umeer pessite Bepuiun A, B, C, D, F, F', G, H, I u 11
rpanuy AB, BC,CD, DE, EG,GF, FA, BI, [H, HD, HG.



20 3adauwu o mHozoueemtoti packpacke

Jlerko mpoBepuTb, UTO yTBEPXKAECHHUSI M PEIIEHUs] BCEX 3a/ad,
dOopMyJIMPOBABIINXCST PaHee, OCTAIOTCS BEPHBIMU U TPU HOBOM TO-
HUMAaHWU CJIOBA «BEPIINHAY.

9

Puc. 14 Puc. 15

3amadya 0 AByX KpackKax AJisd MPOM3BOJIbHOU KapThl. [1o
AHAJIOTUHU C IIaXMATHON TOCKOI BBelleM JIaJblo Ha IPOU3BOJIBLHOM
kapre. Jlagbsi XOqUT MO cTpaHaM, MPU STOM OHA MOXKET 32 OJUH XOJI
nepeiiTi U3 Jiroboii cTpaHbl B JI0OYI0 coceano (u3 S B S1 — S5,
puc. 15).

21. O6oiigure Jaabeit Bce CTpaHbl KApThl, N300PAXKEHHON HAa
puc. 16, He mMOObIBAB JBaXK/hl HU B OJHOIN CTpaHe. 3aHyMepyHTe
CTPaHbl B TOM MOPsi/IKe, B KAKOM Bbl MX OOOILIU. 3alITPUXYUTE
CTPaHBbI, MOJIYYUBIIIAE Y€THBIE HOMEDPA.

22. JlokaxkuTe, 9YTO HeJIb3s 0O0ONTH JaJbeil Bce CcTpaHbl KapThl,

uzobpaxkennoit va puc. 17, ne no-
ObIBAB HU B KAKOI CTPaHE JIBAXKIbI.

Puc. 16 Puc. 17

23. Kapra npaBuibHO packpaiiieHa AByMsi Kpackamu. Jlokaxku-
Te, 9TO BCE €€ BEPIIUHbI UMEIOT Y€THYIO KPATHOCTb.

24. Bce BepmMHBI KapThbl UMEIOT YETHYIO KPATHOCTH. Jlagbs
oboria psif CTpaH 9TONW KapThl, He MOOBIBAB HU B OJHOW M3 HUX
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JBaXK/bl, ¥ BEPHYJIACb B UCXOJHYIO cTpany. Jlokakure, 9ro OHa
c/ieJiajia YeTHOE YUCJIO XOOR.

25. Bce BepmuHbl KapThl UMEIOT YETHYIO KPATHOCTh. Jlagbsi
oboIa psiJi CTpaH 3TOM KapThl U BEPHYJIACh B MCXOJAHYIO CTPaHY
(mpu 3TOM OHa MOIJIa B HEKOTOPBIX CTpaHax MoObIBaTh U Gosiee
oziHOTO pa3a). Jlokaxkure, 9TO OHA Ce/1aIa YeTHOE YNCIO0 XOJ0B.

26. Bce mepmmHBI KapThl UMEIOT YETHYIO KPATHOCTh. Jlagbs
npuiia u3 crpaHbl Sy B cTpaHy Si OAHUM IyTeM, 3aTPATHB P
XOZOB, U IPYTUM, 3aTPATUB ¢ XOJ0B. JlokaykuTe, 4TO YnCIa p U q
0ba yeTHbIE U 00a HEYETHBIE,

27. Bce BepiimHbI KApThl UMEIOT YETHYIO KPATHOCTh. JloKaskuTe,
YTO ee MOXKHO MPaBUJIBHO PAaCKpPacUTh JABYyMsi Kpackamu (cp. 3a-
naay 23).

Bagaun 23 u 27 AT CIEAYOUYI0 TEOpeMYy, MOJHOCTbIO pe-
MAIOIIYI0 33/1a4y O MPaBUJILHON pacKpacke JBYMs KpaCKaMU:
Kapmy mootcHo npasusvro packpacums 08YMs KPACKAMU 6 MOM
U MOADKO 8 MOM CAYYAE, ECAU BCE €€ BEPULUHDL UMEIOM UEMHYO
KPAMHOCTD.

§ 2. TpexmnBeTHass pacKkpacka

28. Ha mnockocTtu HapucoBaHO n OKpy»kKHocTeil. B kaxkmjoii
OKPY>KHOCTH TIPOBEJIEHO T10 XOP/I€ TaK, YTO XOP/Ibl JIBYX PA3JIUUYHBIX
OKPY?KHOCTE UMEIOT MeX,Ty coboii camoe GombIiiee OHY ODIIYIO

Puc. 18

TouKy. Jlokaxkure, 4TO MOJYUMBIIYIOCST KapTy (NpuMep Takoil Kap-
ThI CM. Ha puc. 18) Bcerga MOXXHO MPaBUJILHO PACKPACUTb TPEMsi
KpacKaMHW.
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3amauym Ha HIecTUYroabHON jocke. [llectuyronpuast gqocka,
n3obparkeHHasi Ha puc. 19, uMeer Takoe »Ke 3HAUYEHUE [JisT 3a/a-
YU O TPeX KpacKaxX, KaK IMIaxMaTHasi JOCKa — s 3aJa4d O JIBYX
kpackax. OHa B OT/iM4Me OT OOBIYHON MIAXMATHON JOCKU COCTOUT
HE U3 KBaJIPATOB, & U3 MPABUJIbHBIX MIECTUYTOJbHUKOB M IIPABUJIb-
HO PACKpAIllUBAaeTCsl TPeMsi KpacKaMmu: OeJioi, YepHOUl U KPACHOI
(puc. 20) *) . MoxkHO 651710 6bI MPUIYMATh MPABUIA UIPbl HA TAKOIl
JIOCKE TIO0 AHAJIOTUM C MPABUJIAMU OOBIYHON MaXMATHOW UTPhl. MbI
OTPAHUYMMCS TEM, UYTO BBEJEM OAHY (pUrypy, KOTOPYIO HA30BEM GEP-
6a1000m **) . OHUM XOI0M BEPOJIIOT MOYKET TIEPEeRTH HA OFHO TIOJIe
B JIFOOOM U3 TpeX HAMpPAaBJIEHUM, YKa3aHHBIX CTpeJKaMu Ha puc. 19:
BBEPX, BHU3 BJIEBO WM BHU3 BipaBo. Hanpumep, ¢ nosst S on moxker
nepeiitTu Ha J000e u3 noaeit S1, Sz, S3. Ha puc. 20 nokazan myTh
BepOJII0/Ia U3 HIXKHErO YIJia JOCKM B BEPXHUU W U3 BEPXHErO yIJIa
B HUXKHU.

Hama nocka, cocrositiiasi u3 mecTuyroJbHUKOB, caMa uMmeeT hop-
My tectTuyroabanka. CTOpoHA 9TOro GOJBIIOTO MECTUYTOJLHIKA —
CTOPOHA JOCKU — MOXKET COJEPKATH PA3JIUIHOE YUCJIO MIECTUYTO/b-
HbIX T10J1e#i (Ha puc. 19 cTOpoHa JOCKU COCTOUT U3 MSITH MIECTUYTOJIb-
HUKOB).

29. CocuuTaiiTe 4uCa0 MOJIEH MECTUYTOJIbHON JOCKU, CTOPOHA,
KOTOPO# 00pa3oBaHa MSIThIO, MIECTHIO, M ECTUYTOJIbHUKAMU.

30. HapwucyiiTe mecTnyroabHy JOCKY CO CTOPOHON W3 Tpex
[IECTUYTOJBHUKOB. BbliiuTe BepO/IIOIOM U3 IIEHTPA ITOH JTOCKU U
oboiiuTe BCe 10Jis1, He TOOBIBAB BA Pa3a HU HA KAKOM IIOJI€.

31. 3aHymMepyiiTe MoJist MEeCTUYroJbHONW TOCKU B TOM TOPSIJKE,
B KAKOM BBI oborn ux BepOiaogoM B 3agade 30. Okpacbre yepHOii
KPacCKOii MoJiss ¢ HOMepaMu, KPaTHBIMHU TPeM, U KPACHOI KPacCKoi
MoJisi, HOMepa KOTOPBIX MPU JIeJIEHUU Ha TPU JAIOT B ocTaTke 1.
Kakasi y Bac nosyumiacek packpacka? Kakasi mojiydaurcsi pacKpacka,
€CJIV MPOJEATH T YKe OTIEPAIINK HA IPYTOii T0CKE, KOTOPYIO MOYKHO
oboiiTu BepOJIFOJOM TaK, KAK yKazaHo B 3aja4de 307

32. BepbOutioa ciesiaa n XOAOB U BEPHYJICA HA UCXOIHOE MOJIE.
Hoxkaxkure, uTo n genurcs Ha 3.

33. JlokarkuTe, 94TO HEJIH3s1 000UTH BEPOJIIOIOM 10 OJHOMY pasy
BCe TOJIsT MIECTUYTOJBHON OCKU CO CTOPOHO# 3, eclu BBIATH U3
YTJ1I0BOT'O 110OJIA.

34. MoxHo Jin, 060iiasT BEpOJIOIOM 10 OJHOMY Pa3y BCE MOJIst
HIECTUYTOJIBHOM JIOCKU CO CTOPOHOU M, NONACTh MNOCAEAHUM XOJOM
Ha 10JIe, COCEHEE C UCXOMAHBIM?

*) Ha puc. 20 KpacHbIii I[BET MOKa3aH rOPU30HTAJILHON MITPUXOBKOMA.
**) Takoe Ha3BaHue 5Ta (bUrypa MOy YA B IKOJLHOM MATEMATHIECKOM KPYKKE.
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OTmeTuM HEHTP KaxKI0r0 U3 MOJIEi MIEeCTUYTOIBHON JOCKHU, N300~
pakeHHoit Ha puc. 19. CoelMHUM 0TPE3KOM [IEHTPbI KaXK/ 101 TTapbl CO-
ceauux nojeil. Kciu reneps yHUYTOXKUTH KOHTYPBI MIECTUYTOJIbHBIX
oJiell ¥ OCTABUTH TOJIbKO OTMEYEHHbIE HAMU LIEHTPBI U COeJUHSIIONINE
UX OTPE3KH, TO MOJIYUUTCS CXeMa, HapucoBaHHas Ha puc. 21. Touku Ha
puc. 21 coorBeTcTBYIOT MosiM gocKu puc. 19. Cxema, KOTOPYIO MbI
HAYEPTUIN, BeChMa yHdoOHA IJIsl PeIleHnst 3aJa4d Ha XOi BepOJIioaa
(HanpaBJieHUs, TI0 KOTOPbIM MOXKET XOAUTH BepOJIio[], 0603HAYEHbBI
CTpesIKamu).

35. [okarkure, 9TO HEBO3ZMOXKHO 000OUTH BEPOJIIOAOM BCE MMOJIst
IECTUYTOJIbHOM JOCKK Ha puc. 19 (nam, 9To BCe paBHO, BCE TOUKM

-~
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Puc. 21

cxeMbl puc. 21), He NOOBIBAB JBAXK bl HA KAKOM-HUOY/b MOJIE.

Ha puc. 22 uzobparkena cucrema 25 To4UeK, COEIMHEHHBIX OTPE3Ka-
MM, Ha KOTOPBIX paccTaBjieHbl crpesku. Hazosem Tenepnb BepbJogom
durypy, KoTopast IepeMenaeTcst o TOUKAM CXEMbI, IEPEX0/IsI 38 OJTUH
XO/T U3 HEKOTOPO# TOYKU CXEMBI 110 JIIOOOMY U3 HATTPABJIEHUI, yKA3aH-
HBIX CTPEJKAMU, B JIIOOYIO APYTYI0 TOYKY, COEJJUHEHHYIO OTPE3KOM
¢ nepBoit Toukoil. Mbl Buzen, 4To 0€3pa3jindHO, MEPEMEIIATD Jin
BepOJIIO/Ia 0 TIOJIAM IECTUYTONBHON JOCKUA WJIU 10 TOYKAM CXEMbI
puc. 21. B sTom cmbicie cxema puc. 21 u gocka puc. 19 aBoiicTBeHHBI
npyr apyry. Ha puc. 23 uzobpaxkeHna J0CKa, ABOMCTBEHHAsi CXeMe
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puc. 22. DTa J0CKa COCTOUT U3 MOJIEH IBYX POJIOB: BOCBMUYT'OJIbHUKOB
U KBaJIpaToB. Ecaum OoTMETHTbL B KaXKJOM U3 BOCBMHUYTOJHLHUKOB U
KBQJIPATOB I[EHTP, COEJIMHUTH OTPE3KAMU IIEHTPhI COCEJTHUX TMOJeil 1
3aTeM CTEPETh KOHTYPHI MOJIEl, TO MOJYYUTCA CHOBA CXeMa puc. 22.

A 4

Puc. 22 Puc. 23

36. O6oiiauTe BepOIIOOM BCE TOUKY CXEMBI pUC. 22, HEe MOOLIBAB
HU B KaKOl TOYKe [[Ba pa3a. 3aHyMepyiiTe TOYKHU CXeMbl B MOPSIIKE
cileloBaHusi BEPOJIIOJa. 3aMEHUTE KaXKIblii HOMED €ro OCTaTKOM
OT JeneHusi Ha Tpu. PackpacbTe depHOIl KpPacKoil Te MOJs TOCKU
puc. 23, KOTOPBIM COOTBETCTBYIOT TOYKU CXEMbI pHUC. 22, OTMe-
gennble mudpoit 0. PackpachTe KpacHOU KpacKoil 1moJisi, KOTOPbHIM
COOTBETCTBYIOT TOYKHU, OTMedeHHbIe [udpoii 1.

37. JlokakuTe, 94TO HEJIH3s1 000UTH BEPOJIIOIOM 10 OJHOMY pasy
BCe TOJIsT JOCKU pUC. 23, ecjii HAYMHATH 00XO/T ¢ BOCBMUYTOJIBHOTO
TOJIst.

MozkHO paccmaTpuBaTh BepOJIIOIa HA CXeMax, 3HAYNTEIHLHO bosiee
00IuX, YeM CXeMbl, n300parkeHHbie Ha puc. 21 u 22. Hanomuuwm, aTo
mpuaHaysauueti MHOTOYTOJIbHUKA HA3bIBAETCsl TAKOE ero pasbueHue
Ha TPEYyroJbHUKU, MPU KOTOPOM JIHOObIe JBa TPEYroJbHHUKA JIHOO
COBCEM HE UMEIOT ODMINX TOYEK, JINOO UMEIOT TOJIHLKO OJHY OOIIYIO
BepIINHY, JIMb0 UMEIOT 00111y CTOPOHY (CM. TaK>Ke CHOCKY Ha c. 16).
[Tpeanonokum, 9T0 HEKOTOPBIA MHOTOYTOJIbBHUK TPUAHTYJIMPOBAH
(nnu naxke BCsi TJIOCKOCTh TPUAHTYJIMPOBAHA), U TPEYTOJIbHUKHU, HA
KOTOpBIE OH Pa3buT (COOTBETCTBEHHO — Ha KOTOpBIE pa3buTa IMioc-
KOCTB), MPABUJIBHO PACKPAIIEHbI AByMsl KpackaMu: 6esioii u depHoii
(cm. mpumep Ha puc. 24). Hasosem eepbatodom durypy, koropas
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repeMenjaeTcs Mo CTOPOHAM U BEPUIMHAM TPEeyroJbHUKOB, MepexXois

3a OJIUH XOJ, U3 BEPIINHBI B OJHY U3 COCETHUX *) BepumH. [Ipu sTom

HaITpaBJICHWE JOBUXKEHUA JJOJIXK-

HO OBITH TaKUM, YTOOBI TO OT-

HOIIIEHNIO K 3TOMY HalpaBJIEHUIO
YepHbBIl TPEyroJbHUK OCTABAJICSH
crpaBa, a Gesblii — cjieBa OT CTO-
/  POHBI,

MPOXOAUMON  BepOJIIOIOM
(na puc. 24 BO3MOXHBIE HAIPAB-
JIEHUsT IBU>KeHWsT BepOJtoma 006o-
3HAYEHbI CTPEJIKAMM ).
B ominune or 3amau npembi-
Puc. 24

IYIIUX I[WKJIOB HWXKECJeayoIne
3agaun 38—41 cTaBaTca He s
MBI, a JIJIsI IPOU3BOJILHON CXeMbl OMMCAHHOIO HAMU TUIIA.

KaKoOW-HUOYIb CITelnaabHON CcXe-
38. JlokaxkuTe, 4TO BepOIIO MOXKET U3 J1000i1 BEPIINHBI CXEMEI
MOTIACTh B JIIOOYIO IPYTYIO BEPIIUHY.

39. Bepbutios cienat n maroB U BEPHYJICS B UCXOIHYO BEPIIUHY.
Hokaxkure, uro n genurcst Ha 3 (cM. 3ajady 4).

40. Ilycts A u B — kaxwe-

HUOY/Ib [IB€ BEPUIMHBI CXEMBI.

BepOston moker mepeiitTu uz A

B B pasauuHbIMEH crnocobami.
[TycTb mpu 0JHOM M3 TaKHMX CIIO-

p
cODOB YHCJIO XOJOB PaBHO P, a

npu apyrom — ¢q (puc. 25). [lo-

A
KayKUTe, 4TO p — ¢ NEJUTCH Ha 3.

Puc. 25
41. MHOroyroJbHUK TPUAHTYJIMPOBAH (MJIM MJIOCKOCTH TPUAH-
IyJIMPOBaHA) U TPEYrOJbHUKN Pa30MeHnsl MPaBUIbHO PACKPAIIEHbI

pamu **) (cpaBuute 3agauy 3).

ABYM< KpaCKaMH. ,ZIOK&)KI/ITG, YTO BEpHINHBI BCEX TPEYTOJIbHHUKOB
ceHrEe BEPIINHBI OKa3aJINCh 3aHYMEPOBaHHBIMU PA3JINYHBIMU L[I/I(b—

MOXKHO 3aHyMepoBaTh nudpamu 0, 1, 2 Tak, 9T00bBI JIOOBIE BE CO-

>K€ CTOPOHE.

Yucto Kpacok, He0OXOAMMOE JIJIsl TPABUIBHON PACKPACKH KapThI,
OYEBHU/IHO, HUCKOJBKO HE 3aBHCUT OT Pa3MepoB cTpaH, oT (hOPMbI U
JuHbl rpaaul. OHO onpeaeasieTcs: TOJIbKO B3aMMHbBIM PACIIOJI0XKEHU-

€M CTpaH, rpanuil u BepimuH. Fciu HapucoBaTs KapTy HA PE3UHOBOM

*) JIBe BEPUINHBI HABBIBAIOTCS COCEOHUMU, €CITV OHU TIPUHAIJIEYKAT OLHOMN 1 TOM

**) HanoMHMM, 4TO TAKYI0 HyMEpALUIO Mbl YCJIOBUJINCh HA3BIBATH NPAGUNLHO.
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IJIEHKE M KAK yTOJIHO HEPABHOMEDPHO PACTATUBATD ITY IJIEHKY (JIHMIIb
Obl OHa He Pa3pbIBAJacCh), TO BCE KAPThl, KOTOPbIE MOJYYATCsl U3
MepBOHAYAIBLHON KapThI, C HAIIIEH TOYKU 3PEHHsI, COBEPIIIEHHO PABHO-
CHJIBHBI ApYT Apyry. TakoBbl, HAIpUMep, JBe KapThl, U300parKeHHbIE
Ha puc. 26 n 27.

&

Puc. 26 Puc. 27

B dbopmynuposkax 3agau 3 u 41 roBopusiock 0 Kaptax, oopaso-
BAHHBIX MPSIMOJIMHEHHBIMU TPEYTOJBHUKAME; OJTHAKO PEIIEHUE STUX
3a7a4 HUCKOJIBKO HE U3MEHUTCs, €CJIM BMECTO MPsIMOJIMHENHBIX Tpe-
YTrOJIbHUKOB pacCMaTpuUBAaTh TPEYTOJBHUKN C KPUBBIMU CTOPDOHAMU.
[ToaTromy pesysbrar 3aga4un 41 M0oKHO cHOPMYJIUPOBATH TAK:

Kapma cocmoum u3 cmpan, kasicdaa u3 KOMOPwvLL UMEEM POGHO
mpu eparuybe *) . Tozda, ecau cmparst SMot Kapms. MONHCHO NPAGUNL-
HO PACKPACUMDB 08YMA KPACKAMU, MO €€ BEPUWUHDL MOHCHO NPABUALHO
BAHYMEPOBAMD MPEMA UUPPAMU.

1
Touno Tak ke 0000wWAET- 2
csi u pesyJsbrar 3amaum 3. Pe- 2
IIEHUE TOJIHOCTBIO COXpaHsieTcs, |
TaK KaK JIBA COCEJHUX TPEYrOjib- ) 1
a 0

HUKA TMO-TIPEXKHEMY HMEIOT pas-
HYI0 OPHUEHTAIMIO, XOTSI Terepb

OHM MOTYT y»Ke I'PaHUYUTL [IBY- Puc. 28

Ms Pa3HBIMU CTIOCOOaMU, N300PAXKEHHBIMU Ha, puc. 28, a u 6.

JIBoilicTBeHHBbIe KapThl. PaccmoTpum kapTy, n306pa>keHHYIO
Ha puc. 29, 1 OTMETUM BHYTPHU KaXKJOU ee CTPaHbl TOUKY — CTOJIUILY
9T0it cTpanbl. CTOMUIIBI KAaXK/T0M Mapbl COCETHUX CTPAH MbI COETUHUM
JKeJIe3HOI JI0poroii (MyHKTUPHBIE JJUHUK Ha PUC. 29), He BBIXOASIIEH
3a MpeJeabl ATUX JBYX CTPaH W He MPOXO[sIeil HU 4Yepe3 KaKyko
BepinHy. Ecim kakne-HUOy b ABE CTPAHBI UMEIOT HECKOJIHKO OOIINX

*) Takue cTpaHbI MBI GyIeM HA3BIBATH MPEY2OALHUKAMU. BooBie Mbl HA30BEM
CTpaHy 7T-Y20AbHUKOM, €CJIA y Hee 7, TPAHUL.
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rpaHull, KaK, HAlpUMep, cTpaHbl S u S Ha puc. 29, To MbI IpOBEEM
MEXK/Ty UX CTOJUIIAMU HECKOJBKO YKEJIE3HBIX JIOPOT, 10 OJHOU Yepe3
Kaxk1yio rpanuiy. [lozaboTumcs emie 0 TOM, 9TOOBI Pa3/INYHbIE YKe-
JIe3HbIE JIOPOTH HE MepeceKasu IpyT Apyra.

3amMeHUM Terneph Ha, HAIllEM PUCYHKE BCEe MYHKTUPHBIE JIMHUU
CIJIOLIHBIMU U BCE CIJIONIHBIE MYHKTUPHBIMU. Y HAC MOJIYYUTCsI Kap-
Ta, nzobpaxkennast Ha puc. 30. [Ipu 3ToM mepBoHavYabLHAST KapTa
U KapTa YKeJIE3HBIX JOPOr MOMEHSIFOTCS POJISIMU: [IEPBOHAYAJIbHASI

Puc. 29

KapTa CTaHET KapTOW >KeJIE3HBbIX JOpOr JJisi CBOEH KapThl KeJje3-
HbIX gopor. Takum obpa3oM, JBe KapThl, n300pa’keHHbIe HA puC. 29
(nnu Ha puc. 30) ofHA MYHKTUPOM, Ipyras CIUIONIHBIMU JTUHUSIMHU,
UTPAIOT BIOJIHE CUMMETPUYHbBIE POJIM: KaXKJasi U3 HUX €CTh KapTa
JKEJIE3HBIX JI0POr AJist APYToit. Mbl Oy/1eM HA3bIBATH TAKUE JIBE€ KAPThI
dsoticmeennvimu *) . Mexxkay ABOWCTBEHHBIMYM KapTaMU CYIIECTBYIOT
Ba)KHbIE€ COOTHOIIEHUSI:

1) Kaxkaasi rpanuna oJjHOl U3 KapT TepeceKaeT POBHO OJHY Tpa-
HUIY JBOMCTBEHHOI KapThI.

2) Kaxxjasi ctpana OfHOl M3 KAPT COAEPXKUT BHYTPU cebsi POBHO
O/JIHY BEepIINHY JABONCTBEHHO! KapTHI.

DTuM Mex1y d1eMeHTaMu (CTPAHAMU, TPAHUI[AMM, BEPIIMHAMMY )
JIBYX NBOUCTBEHHBIX KapT YCTAHABJIUBAETCS] B3aUMHO OJTHO3HAYHOE
cOOTBETCTBHE **) | pUUeM CTpaHAM OHON M3 KAPT COOTBETCTBYIOT

*) IocTpoenne, MOCPESCTBOM KOTOPOTO Mbl MOJIyYUJIN U3 KapThl puc. 19 kapty
puc. 21, oTIM4YaeTcss 0T NOCTPOEHUsI, KOTOPOe Mbl IIPOBEU Ceivac, TOIbKO TeM,
YTO TAM MBI HE YUUTBIBAJIN BHEIIHEH obsiactu. [loaTomy, 4TobbI mOMyUnTsh KApTy,
JIBOMCTBEHHYIO KapTe puc. 19, 10CcTaTo4yHO NMpHUCOeaMHUTHL K Kaprte puc. 21 eme
OJIHY BEpPIIUHY, COEJUHUB €€ CO BCEMU BHEIIHUMU BePIINHAMY 3TOH KapThl. To ke
caMoe MOYKHO CKa3aTh O KapTax, n300pa’keHHbIX Ha puc. 22 u 23.

**) STO 3HAYUT,9TO Ka>KJOMYy JIEMEHTY OAHOﬁ U3 KapT MoCTaBJIEH B COOTBETCTBUE
OJIVH BIIOJIHE ONpPEeEJIEHHBIN 3JIEMEHT JIBOMCTBEHHOUN KAPTHI.
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BEPIINHbBI, BEPIIMHAM — CTPAHbI ¥ TPAHULIAM — IPAHULBI ABONCTBEH-
HOIl KapThl.

3) Coceqnum cTpaHam OJHOl U3 KAPT COOTBETCTBYIOT COCEHHE
BEPIINHBI JBOWCTBEHHON KapThl 1 0OPATHO.

4) Ecim KpaTHOCTb HEKOTOPOH BEPIIMHBI OJJHON U3 KAPT PaBHA K,
TO COOTBETCTBYIOIIAs ITON BeplIMHE CTPaHa JBOMCTBEHHON KapThl
UMeeT TO K€ YUC/I0 k rpaHul], Win, KAK Mbl YCJIOBUJIUCH TOBOPUTD,
SIBJISIETCS k-yTOJBHUKOM.

Ecnu mbl monbiTaemcsi Tenepb CTPOUTH CXEMbI YKEJIE3HBIX JOPOT
JlJIs TIPOU3BOJIBHBIX KAPT, TO HATOJKHEMCSI HA HEMPUATHOCTH JIBYX
PO/IOR:

a) MoxKeT CIIyunThCs, YTO CXeMa YKeJIe3HBIX JOpOor Boobiie He Oy-
JIeT KapToil B TOM CMBIC/IE, KAK Mbl MPUBBIKJIN 3TO MOHUMAThL. Pac-
CMOTPHM, HAIPUMEP, CXEMY YKEJIE3HBIX JOPOT Il KapThl, n300pa-
»keHHO Ha puc. 31 (oHa HapucoBaHa oTAeJbHO HA puc. 32). Ha sroit

A

Puc. 31 Puc. 32

cxeme ecTh «rpaauipi» (AB n AC), KOTOpble HUYEro He OrpaHNINBa-
I0T: 110 06€ CTOPOHBI TUX MPAHULL IPOCTUPAETCST OJJHA U Ta, YK€ CTPAHA.
6) Cxema »KeJie3HbIX JOPOT /sl KAPThI, N300parkeHHOI Ha puc. 33,
SIBJISIETCS  HACTOSILIEN KapTOii,
HO 3]1€Ch BHEITHSISI 00JIACTh Kap-
ThI YKEJIE3HBIX JTOPOT COIEPIKUT
nee mepmnabl A u B nepgo-
Ha4YaJIbHON KapThl. Takum 06-
pa3oM, JABOMCTBEHHOCTb MEXKy
epBOHAYAJIbBHON KapTOil U Kap-
TOI ee YKeJIE3HBIX JIOPOT 3/1ECh
HEe UMeeT MeCTa.
HenpusitHoctn 6) MOXKHO
u306eXKaTh, eC/IU PACCMAaTPUBATh
TOJIBKO c68a3nvie KapTol. [lpu Puc. 33
9TOM Mbl HA3bIBAEM KAPTY C6A3HOM, €CJIi HUKAKasi CTPAaHA He pas-
JleJIsieT OCTAJIbHBIX CTPAH HA JIBE€ UJIM HECKOJIbKO HE COODIIAOIIMXCSI
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Mexkmy coboit rpynm. MHbiMu cjioBamMu, €Cjiu Mbl HAPUCYEM KapTy Ha
Jgmucre Oymarw, To, KAKyi0 Obl CTPAaHy Mbl HU BbIPE3ajid HOXKHHUIIA-
MM, OCTABIIAsICS YacThb He pachajeTcs Ha oTAebHble KycKu. Kapta
puc. 33 He SIBJISIETCsl CBSI3HOM (<«pa3fessiiolasiy cTpaHa 3TOH KapThl
3amTpuxoBata). CBS3HYIO KAPTYy MOXKHO OIPEJIEJIUThH ellle U TakK: U3
JI000I BepIINHBI MOXKHO, JIBUTAsiCh 10 TPAHUIAM, TIOMACTh B JIOOYIO
JPYTYIO BEPIIUHY.

HenpusiTHocT! a) Mbl MOTIM Obl M30€XKATH TEM Ke CIoCOBOM,
9TO M HEMPUSITHOCTH 6), POCTO UCKJIIOUUB U3 PACCMOTPEHNS KAPTHI,
MpUBOsIIME K 3TON HenpusTHocTu. OIHAKO MBI MOWAEM IO MPO-
TUBOTIOJIO>KHOMY TyTH W BBEJIEM B PACCMOTPEHUE KAPThI, MOJ00HBIE
«KapTe» puc. 32, T. €. KAPThI C HEPA3AEJSIOMNMA TPAHUIAMU. Takne
KapThI TIOYTH HUT/IE HE BCTPETSTCS HAM B JTIAJIbHEHIIIEM U MbI BBOJIUM
UX TOJBKO JJIsi TOr0, YTOObI HE HAPYMIATh CTPONHOCTH MPUHIUIIA
JIBOMCTBEHHOCTH, KOTOPBIA MbI ceiidac cchopmynupyem J1Jisi CBSI3HBIX
KapT:

a) CXeMa >KeJIe3HBIX JJOPOI CBSI3HOW KapThl €CTh CHOBA KapTa M
MPUTOM CBSI3HASI.

0) BCsikast CBsI3HAsSI KAPTA SIBJISIETCS] CXEMOI YKeJIe3HBIX J0POT sl
CBO€Ii KapThl »KeJIE3HBIX JI0POT.

Takum obpazom, CBsi3HAsi KAPTA U KAPTA €€ KEJIE3HBbIX [10Por
SABJISIIOTCS JIBOMCTBEHHBIMU JIPYT JIPYTY U JJisl HUX BBITIOJIHSAIOTCS BCE
COOTHOIIIEHUS MEXK/Iy JBONCTBEHHBIMU KapTaMu, IPUBEJIEHHbIE HAMU
noz Homepamu 1) — 4) *).

MpbI B coCTOsSIHMY BBICKA3aTh TeePh CISAYIOIIYI0 TeopeMy, He-
MOCPEICTBEHHO CJIEIYIONIYIO U3 CBONCTBA 3) JIBOWCTBEHHBIX KAPT:

Ecau cmparst nexomopoti Kapmovl MOACHO NPABUALHO PACKPACUMD
N KPACKAMU, MO 8EPUUHDL 080TLCMBERHOT KAPMBL MOHCHO NPABUABHO
3AHYMEPOBAMD N YUPPAMU; 00PAMHO, ECAU BEPULUHBL HEKOTNOPOT Kap-

*) HeTpyaHO YCMOTPETh, YTO A5l TOTO, YTOBbI
yTBepxkaeHue 4) ocTaBajoch CHpPaBeAJUBBIM,
Ipy MOJACYETe YHUCIa IPAHULl y JAHHOHU cTpa-
Hbl KaXKJYyI0 HepasJesdIollyl0 T'DaHULy cieay-
eT CUMTATh ABAXKJAbL. '1ak, HANpuMmep, CTPaHa,
u3obparkeHHasi Ha puc. 34, sIBJISETCS BOCbMMU-
YTOJIBHUKOM (KPaTHOCTb COOTBETCTBYIOLIEH BEp-
wmnbl A gBOiicTBeHHOI KapThl paBHa 8). C 9Toil
OTrOBOPKOIl OCTAIOTCsI BEPHBIMU BCE 3aJa4H, Ka-
carolyecs rnojcyeTa Yucjiaa rpaHull y CTpaH, Ha-
npumep 3aza4u 19 u 20.

Puc. 34
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ML MONHCHO NPABUABHO 3AHYMEPOBAMS N, UUPPAMU, O CMPAHVL 080T
CIMBEHHOT KAPMbL MOICHO NPABUALHO PACKPACUMD T, KPACKAMU *) .

TpexmnBerTHass pacKpacka HOPMAaJIbHBIX KapT. Hopmarvrot
Kapmoti Ha3bIBAETCS KapTa, Ha KOTOPOH KPATHOCTH KayK/10# BEPIITUHbI
pasaa 3. [lpumepom HOpMaIBHOI
KapThl MOYKET CJIY>KUTh KapTa, nu300-
paxkeHHasi Ha puc. 3b. 3HaveHue
HOPMaJIbHBIX KapT Oy/eT BbIsSICHEHO

B § 3.

42. JToka>kuTe, 4TO HOPMaJib-
HYIO KapTy MOKHO ITPaBUJIbHO Pac-
KPaCUTh TPeMsi KpaCKaM# B TOM U
TOJIBKO B TOM CJIy4ae, €CJId BCe ee
CTpPaHbl YETHOYTOJBHUKH (T. €. Ka-
JKJ1asl CTpaHa UMeeT YeTHOe YUCJIO0

rpaHu).

Cnegyer OTMETUTH, YTO TEO-
pema, chOpMyTUPOBAHHAS B 3aja- Puc. 35
ye 42, He pelaeT MOJHOCTHIO 3aJa4d O MPABUILHON TPEXIBETHOM
packpacke, TaK KaK OHa KaCaeTCsl JIUITh HOPMAJIbHBIX KapT.

§ 3. O nmpobJieme YeThIpEeX KPacoK.
Teopema BosbiHCcKOTO

B sTom maparpade Mbl paccMOTPUM BOTPOC O Y€THIPEXIIBETHOMN
packpacke KapT (1c4eprarh ero J0 KOHIa HaM, KOHEYHO, He YJaCTCst).

Jnst perierust obmieil 3aa4u 0 YeThbIpeX KpPacKaxX JOCTATOYHO
pPacCMOTPETh HOPMAJIBLHBIE KAPTHI, MO0 €CIM Mbl yMeeM MPABUILHO
pPacKpaIuBaTh YeThIPbM$ KPacKaMU BCe HOPMaJbHbIE KAPTHI, TO MbI
MOXKEM PaCKpPaCHUThb U Bce BooOIIIe KapThl. JleficTBUTEIBHO, OKPYXKUM
B IIPOU3BOJILHOI KapTe KaK1yIo BEPIINHY, KPATHOCTH KOTOPOii GoJiee
4eM 3, MaJIeHbKUM KPY>KOYKOM, COTPEM BCE I'DAHUIIbI, MONABIIUE

*) BaMeTHM, YTO /M KapTa COTepIKUT Hepas3JeJIsioly0 TPaHuILy, TO HE NMeeT
CMbICJIa TOBOPUTH O €€ MPaBUJILHON packpacke. B camowm zene, B Takoii kapre Haii-
[IeTCsl CTPaHa, MPOCTUPAIOIIASICS 10 00€ CTOPOHBI OT OHOM U3 CBOMX IPAHMII, T. €.
CTpaHa, COCeJHsIs caMa C CODOI; M0 TOUHOMY CMBICIIY OTpeJIe/IeHUs TPABUILHOM
PaCKPaCKM OHA [IOJI’KHA OBITH BHIKPAIIIEHA B LIBET, OTJINYHBII OT LIBETA CAMO Cebsi.
B To0 >xe Bpemsi 1151 ABOMCTBEHHOM KAPThI GECCMBICJIEHHO TOBOPUTD O MPABUJIbHON
HyMepaluK: y TaKOi KapThl 00513aTEILHO Oy/1eT BEPIIUHA, SBJISIOMIAsICSA OJHOBPE-
MEHHO M Ha4YaJIOM M KOHLIOM OAHOﬁ "3 CBOUX I'paHUl, T. €. BEPHINHA, COCEOHAA
cama ¢ coboii.
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BHYTPb 3TOI0 KPY?KOYKa, U TPUCOEJAMHUM €ro BHYTPEHHOCTb K OjI-
HO m3 mpuieralomumx crpan (puc. 36). Mbl nosyuum HEKOTOPYIO
HOPMAJIbHYIO KAPTY, NPUYEM, €CJIM €€ MOYKHO TPABUJIBLHO PacKpa-

Puc. 36

CUTh YeTbIPbMsl KPacKaMH, TO, OYEeBHUJHO, TO »Ke MOXKHO CJeJsaTh
u ¢ nepBoHadasibHOU kKapToil. [losTomy B masbheiimeMm mbl Oyaem
paccMaTpuBaTh TOJBKO HOPMAaJIbHbIE KAPTHI.

o cux nop Mbl paccMaTpUBAJIM TOJBKO MPABUJIBHYIO PACKPACKY
CTPaH U MPAaBUJIbHYIO HyMepaluio BepimnH. Beegem Teneps rnpasuiib-
HYIO HyMepaIyio paHull.

JlBe rpaHuLbl HA3BIBAKOTCS COCEOHUMU, €CJIU OHU UMEIOT ODIIYIO
BEPIINHY.

Hymepaltiusi rpaHul] Ha3bIBAETCS NPAGuUAbHOL, €cid Jbble ABe
cocCeJIHVe TPAHUIIBI TTOJIYUAIOT Pa3JndHble HoMepa. [Ipumep npaBuib-

HOIl HyMepalli¥ TpaHUIl MpUBe-

/\/‘1 JeH Ha puc. 37.
3 2 w\ [Ipobiema uYeThIpeX Kpacok
A 3 9KBHUBAJIEHTHA 3aJ1a4€ O IPABUJIb-
1 3 3 HOI HyMepallud TPaHUI] TPeMs
/Ll nuppaMu. DTa 3KBUBAJIEHTHOCTD
3 YCTaHABJIUBAETCSI TeE€OpPeMO i
3 1
T

BoablHCKOTO *):
Hopmaavhyio xapmy mostcHo

2

. \{/3 NPABUADHO PACKPACUMD 4EMBLPD-
MA KPACKAMY 6 TOM U MOALKO
8 MOM CAYYAE, ECAU €€ 2PaHU-
Puc. 37 Ubl MOAHCHO NPABUALHO 3AHYMEPO-

68aMb MPEMS UUPDPAMU.
lokazaTeshbCcTBO 3TOI TeopeMbl BbhiTeKaeT u3 3aaa4d 43—45. Ham
Oynmer ymobHee He PaCKpAIMBATHL CTPAHBI YETHIPbMsSI KPACKaMH, a

HyMEepPOBATh UX YEThIPbMsI HOMEPAMM; B KAUeCTBE TAKNX HOMEPOB Mbl
Bo3bmem mapsl uncen (0, 0), (0, 1), (1, 0), (1, 1). ITapsr 3111 MOXkHO

*) Bnagumup Bukroposnd BonbiHCK T i (1923-1943) — TanaHTAMBBIA MoO-
sonoit maremaruk. C 1939 no 1942 r. yuuncs na MexaHuko-mareMaTn4eckom
dakynbrere MI'Y. B 1943 r. noru6 ua ¢pponre Benukoit OreyecTBeHHO BONHBI.
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[OYJIEHHO CKJIAJIbIBATH; YTOOBI DU 3TOM He BBIATU 3a Npejielibl BBe-
JIEHHBIX HAMW YETHIPEX TMap, CJIeyeT MOJIYUAIONINecs: TIPU CJIOXKEHUN
YHC/Ia 3aMEHSITh OCTATKAMU OT JIeJIEHUs UX Ha 2, HAlpuMep

(1, 0) + (1, 0) = (0, 0),

0, 1)+ (1, 1)= (1, 0).

43. Jloka3aTh, 4TO eCJIi HOPMAJIbHYO KAPTY MOYXKHO MPABUILHO
PAaCKPaACUTh YETHIPbMST KPACKAMHU, TO €€ TPAHUIIBI MOYKHO TPABUJIb-
HO 3aHYMEpPOBaTh TPEMsl HOMEPAMHU.

44. T'paHuibl HOPMAJIBHON KapThl MPABUJIBHO 3aHYMEPOBAHbI
rpemst Homepamu (0, 1), (1, 0), (1, 1). Jlages obomuta psix crpan
9TOI KapThl M BEPHYJIACh B UCXOJAHYIO cTpaHy. /lokaxkuTte, 9To eciu
MbI CJIOXKUM HOMEpa BCEX TPAHUIL, KOTOPbIE JIaJbs MEPECEK/Ia Ha
cBoeM TyTH, TO B pesybrare noayunm (0, 0).

45. I'paHuibl HOPMAJIBHON KAapThl MPABUJIBHO 3aHYMEPOBAHbI
Tpemsi HoMepamu. JlokaxkuTe, 9TO €e MOXKHO MPABUJILHO PACKpa-
CUTb YEThIPbMsi KDACKAMU.

46. [TycTs B HOpMaJIBbHON KapTe YMCI0 TPAHULl KAXKA0U CTPaHbI
nenutcs Ha 3. Vcnonb3yst Teopemy BosbiHCKOrO, JOKaXKUTE, 9TO ee
MOXKHO TIPABUJIBHO PACKPACUTH YE€THIPbMsI KPACKAMMU.

B konie ciegyromero naparpada, mocjie Toro Kak YuTaresib Io-
3HAKOMUTCHA C TeopemMoii Jitaepa, npobJieMa 4eThipex Kpacok Oyer
pelieHa st KapT € YUCJIOM CTPaH, MEHBIITUM JIBEHA/IIIATH.

§ 4. Teopema Ditrepa. Teopema o AT Kpackax

["'paHuIlbl HEKOTOPOIT CTPAHbl MOTYT PaCMaJaThCcsl HA HECKOJIBKO
KOHTYpOB (puc. 38, a u 6). OgHaKo B 9TOM clay4ae, KaK BUIHO U3

Puc. 38

PUCYHKOB, cTpaHa OyaeT 06513aTe/IbHO pa3aesIsIoNeil U, CJIeI0BATE b=
HO, KapTa — HeCBs3HOU. Fcin ke orpaHnduThCsl CBSI3HBIMHM KapTa-

2 E. Jeinkun, B. Yeneuncknit
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MM, TO TPAHULIBI KAXK/I0 cTpaHbl 00pa3yioT OAUH KOHTYP, [MOXOXKUM
Ha KOHTYP MNPSMOJUHEHHOI0 MHOIOYTOJIbHUKA U OTJWYAIOMUNCA OT
[OCJIE/THET0 TOJBKO TEM, Y4TO YYACTKH MEXKJ/Yy BeplinHaMu OyayT,
BOOOI1Ie TOBOPS1, KPUBOIMHENHHDI. (B 0T/IeIbHBIX TOYKAX 3TOT KOHTYP

MOXKeT OBIThb CKJIeeH caM € co0oii, KaK IOKa-
% 3aHO Ha puc. 39.) Bocmonb3oBaBmmch sTuM
CXOJICTBOM MeXKJy CTpaHaMU CBA3HOI KapThl U

/ \
/[ \
/
[

\

OOBIYHBIMY MHOTOYTOJTLHUKAMHU, MBI JIOKasKeM
3HAMEHHUTYIO TeopeMy Diiaepa *):

ITycms s — wucao cmpan, v — wucao eep-
WUH U & — HUCAO 2PAHUY, CBAZHOT KapmbL.

Tozda
Puc. 39 s+v=g+4+2.

JTokakeM cHaYaJIa 3Ty TEOPEMY JIJIsi KAPT, BCE CTPaHbl KOTOPO —
MHOTOYTOJIbHUKM C MPSAMOJIMHEHHbIME cTOpoHaMu. Mope B Takoii
KApTe — BHEIHssI 4aCTh HEKOTOPOro MHOrOyrosibHuka (Ha puc. 40
MOPE 3alITPUXOBAHO).

e

~
™~

<
T

Puc. 40

*)Jleonapn Ditnep (1707-1783) — menvkuii MaTemaTik, AeHCTRUTENLHBI
unen [leTepbyprekoii akagemMun HayK.
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Cocuntaem CyMMy BCEX BHYTPEHHUX YTJIOB BCEX MHOTOYTOJIbHU-
KOB, N3 KOTOPBIX COCTOMT Halla KapTa. YncjIo 3Tux MHOTOyTOJLHUKOB
paBHO s — 1 (Bce cTpanbl, Kpome Mopst). Ficsim MHOTOYroJIbHIK nMeer
N CTOPOH, TO, KAK M3BECTHO, CyMMa €ro BHYTPEHHHMX yTIJIOB PaBHA
2d (n —2), rae d — npsimoii yros. TToaToMy cymMMa BHYTPEHHUX YTJIOB
BCEX MHOTOYTOJLHUKOB €CTh

T:2d(n1—2)+2d(n2—2)—|—...+2d(n571—2),
rae ni, N, . . ., Ns—] — YACIA CTOPOH HAIINX MHOTOYTOJIBHUKOB. DTa
CyMMa paBHa
T=2d[n+na+...+n1—2(s—1)].

O603Ha4NM Y€epe3 g UNCJI0 BHENIHUX IPaHMI] (BBIXOJSAMINX K MOPIO)
v 9epe3 g; YNMCJI0 BHYTPEHHNX TPaHuIl (He BBIXOASIINX K MOPIO), TaK
aro g = g; + ge (Ha puc. 40 g; = 32, g. = 10). B cuny 3azaun 19
ny+nog+...+ns 1+ g =2g,
ni+ne+...+ns1 =28 — ge.
[TosTomy
T =2d[2g — ge —2(s —1)].

Cocuuraem teneps 3Ty ke cymmy 1’ apyrum criocobom. [Tycrs v; —
YUCJI0 BHYTPEHHUX BEPIIUH, Ve — YHUCJIO BEPIINH, TPUHAIEKAIINX
mopto (Ha puc. 40 v; = 19, v, = 10). OueBuano, v = v, + v;,
ge = Ve. CyMMa BHYTPEHHUX YTJIOB MHOTOYTOJIbHUKOB BOKPYT KaK-
moit BepimHbl paBHa 4d. [losTromy cymMma Tex BHYTPEHHHUX YTJIOB
MHOTOYTOJIbHUKOR, KOTOPBIE HE BBIXOST K MOPIO, paBHa 4dv;. Y100k
nosiyautsb 1, HA/I0 K 3TOMY NPUDABUTDH €Ille BCE YIJIbI, BHIXOMSIINE
K Mopio (oHU oTMedveHbl Ha puc. 40), MHBIMU CJIOBAMHU, CyMMY BCEX
BHYTPEHHUX yryioB MHOroyrosbuuka ABC ...J, 1. e. 2d (v, — 2).
Takum obpazom,

T = 4dv;+2d (ve —2) = 4d (v —v,) +2d (ve —2) = 2d (20 — v, —2).

[IpupaBHuBas Apyr Apyry JBa BbIpaKeHUs, MOTydeHHble Aas T,
nMeeM

2d[2g —ge —2(s —1)] = 2d[2v — v, — 2],
28 —ge—2(s—1)=2v— v, — 2.
Tak Kak g = Ve, TO
26 —2(s—1)=2v -2,
g—s+1l=v-1,
s+v=g+2.

Paccmorpum Teneps obmumit crydail, Korga CTpaHbl MOTYT UMETh

u KpuBojinHeliHble rpaHulpl. [lycTs mo-npexkuemy v — 49HCIO Bep-

o*
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IIMH, § — YUCIO CTPaH, g — YMCJIO0 rpaHull. Beegem Ha rpaHunax
CTpaH HOBbIE, BCIIOMOTaTeJIbHbIe BEPIIMHBI KpaTHocTu 2 (Ha puc. 41
BCIIOMOTATEJIbHbIE  BepIIN-
wel A, B, C, D, E, F,
G, H, I). Y nac nosiBsitcst
NpHU 3TOM HOBBIE TPAHWIIbI
(yuacTku CcTapbiX TpaHuI
MeyKy HOBBIMU BepIIUHA-
MM), IPUYEM UX TOSIBUTCS
CTOJIBKO K€, CKOJIbKO WU
HOBBIX BEpUIMH. 3aMEeHUM
Tenepb Ha BHOBb 00pa-
30BaHHOI KapTe KaxK/yio
KPWUBOJIMHEHHYIO TpaHUIly
NPAMOJIMHEHHBIM OTPE3KOM
¢ Temn ke KoHiamu. Fcan
PaCCTaBUThL BCIIOMOTATENb-
HBbIE€ BEPIIUHBI JOCTATOYHO
6m3K0 Apyr K Apyry (Mbl
MOYKEM BBOJIUTDH UX B CKOJIb
YrOAHO GOJIBIIOM  4uCJIE),
TO 3TU OTPE3KHU He Tepe-
ceKyTcsa. Y Hac MOJYYUTCs
HOBasi kapra (puc. 42 —
MyHKTUPHBIE JWHWHK), BCE
CTpaHbl KOTOpO#  OyayT
yxKe NPSAMOJIMHEAHBIMI
Puc. 42 MHOTOyTOJLHUKaMu. Fcn
YUCIO  BCIIOMOTATEbHBIX
BepuiuH v', a BHOBb BO3HMKILUX I'paHull g’', TO 4ucja BepUIMH U
rpaHull HOBO KapThl OyjayT cooTBeTcTBeHHO v + v’ u g + g’, uncio
JKe CTpaH OCTaHeTcst TeM »Ke. [1o J0oKa3zaHHOMY [IJisi HOBOW KapThl
BBITIOJIHSAETCS TeopeMa JDiiepa, T. e.

(v+0)+s=(g+8)+2
Tak kak v’ = g’, T0o umeem
v+s=g+2,

49TO U TPeOOBAJIOCH [I0KA3ATh.

Puc. 41

4'7. Ha njiockocTH JaHO MIeCTh ToYeK. KaXk 1y TOUKy coeInHu-
JIN C 9eThIPbMSI APYTUMHU TOYKAMU TOMAPHO HE MePEeCeKAOIINMUCS
KpuBbIMHU. JloKazaTh, 9YTO Ha MOMYyYHUBIIEHCs] KapTe BCE CTPAHbI —
TPEyTroJbHUKH.
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48. Ilycth Ha mmockocTu aHbl ceMb TouekK. JloKazaTh, 4TO MX
HeJIb3sI COeIMHUTH MOMAPHO He IMepeCceKarolNMICs] KPUBBIMU TaK,
9TOOBI KaXK/1as1 TOYKA ObLIa COeIUHEHA TOYHO C Y€ThIPbMSI JIPYTUMU
ToYKaMu (BOCIIONB30BATHCs 3aaa4eii 4).

49. Nmeercst Tpu JoMa U Tpu KoJsioana. Jlokarkure, 9TO HEJb3s1
MPOBECTH HEMEPECEKAIOINECs: JOPOrU TAK, YTOObI KAXK/IbIH TOM ObLI
COeIMHEH C KayKJIbIM KOJIO/IIIEM.

60. Ha nyiockocTu faHo naTh To4uek. /lokazaThb, UTO UX HEJb3s
COEJMHUTDH TOMAPHO HE IMEPECEKAIONUMNUCS KPUBBIMHM TaK, YTOObI
KaXK7lasi TOYKa ObLIa COeIMHEHA € KaXK/I0i.

51. J/lokasaTh, YTO HM HA KAKON KapTe HE CYIIECTBYeT TSITH
CTpaH, MOMAapHO TPAHUYAIINX APYT C IPYTOM.

3agada 51 y»Ke HaABOAWT HA MBICIH O TOM, YTO YETHIPEX KPACOK
JIOCTATOYHO JIJIsi IPABUJILHON packpacku Jjitoboit kaptel. Ha pesysibra-
Te ITOi 33]a41 OCHOBAHO JJOKA3aTEJbCTBO TEOPEMBI O ST KPACKAX.
Od4eBHUHO, YTO TPU I0KA3ATETHCTBE ITOU TEOPEMBI MOXKHO BOBCE
UCKJIIOYNTh U3 PACCMOTPEHUsi BEPINWHBI KparHocTtu 2. B 3amagax
52-54 MbI OyJIeM MpeanoiaraTh, YT0 KPaTHOCTD JIFOOOI BEpIIUHBI HE
MeHblie 3.

52. /lokazars, 4T0 Ha JII0OO! CBSI3HON KapTe, KPATHOCTH JIIODO
BEPIIMHBI KOTOPOl HE MeHbIe 3, CYIIeCTBYET CTPAHA C YHCJIOM
rpaHuUll, MEHBIINM 4eM 6.

53. JlokazaTh, YTO BCAKYIO KAPTy MOXKHO MPABUJIBHO PACKpa-
CUTD IIECThIO KpackaMu *) .

54. Teopema o nmsaTu Kpackax. /lokazarh, 4TO BCAKYIO
KAPTy MOXKHO TPABUJIBHO PACKPACUTH MSTHIO KpacKamu *) (BoC-
10JIb30BaTHCs 3a1a4eit 51).

MerosaMu, aHAJOrMYHBIMU TE€M, KOTOPBIMU PEMIAeTCs 3aa4ua
O MATH KPAaCKaxX, MOYKHO PEIIUTH MPODJIEMY YeThIpeX KPACOK [IJIsi
YACTHOTO Cjydasl. JDTO Jejaercs B 3ajadax bb u 56. Kak u npwu
pellleHnyu 33Jla4u O MATH KPacKaX, Mbl MPEJNoJaraeM, 4To KapTa
HE COJIePKUT BepIINH KPATHOCTH 2.

55. JlokaxkuTe, 9TO sl CBSI3HON KapTbl, KPATHOCTh KaXKJOM
BEPIIMHBI KOTOPOII HE MeHbIIe 3, ClIPABE/IJIMBO HEPABEHCTBO

g < 3s—6.

56. /lokakure, 910 JIFOOYIO KAPTY C YUCJIOM CTPAH, MEHBIUM 12,
MO>KHO TIPABUJIbHO PACKPACUTh YeThIpbMsI Kpackamu *) .

*) Mpeanonaraercs;, 9To KAPTA HE COAEPYKUT HEPA3AESIOLIMX rpanuL (CM. Mos-
CTPOYHOE MpuMedanue K ¢. 31).



JOBABJITEHUE
O TPEXIIBETHOI1 PACKPACKE C®EPEI

Iycrs cepa *) pazéura Ha HEKOTOPOE YMCIIO OBIACTEH, APY UMK
cji0BaMu, Ha cgepe HAPUCOBAHA KapTa. 3aJaUMCsi BOITPOCOM, CyIIie-
CTBYET JIM CTPaHa, CoJepyKalllasi aHTUIIOAbI, T. €. JIBE JMaMeTPAJIbHO
MIPOTUBOIOIOXKHBIE TOYKN cepnl. Ecnn
o0I1iee 9ncJI0 CTpaH PABHO YETHIPEM, TO
MOYKET U He HAMTHUCh CTPaHbl, CO/ieprKa-
weit antunoas! (puc. 43). Takoii crpanb
MOJIABHO MOXKET HE CYIIEeCTBOBATH, €CJIN
YUCJI0 CTPaH TpeBbImaer 4verwipe. Ha-
MPOTUB, €CJIM HA KAPTE TOJIBKO JIBE CTPa-
HBI, TO HEIIPEMEHHO XOTsI ObI OJIHA U3 HIUX
COAEP>KUT [IBAa KOHIIA OJHOTO JAMaMeTpa
cepni **) (nmpaBaa, MHOrJa MOXKET CJIy-
YUTBHCSA, YTO KarkKJas Takas Iapa TO4YeK
MPUHAIEIKAT T'PAaHUIE 00ENX CTpaH —
MPUMEPOM MOXKET CJIYXKUTH cepa, pas-
OuTast Ha JBa MOJIYHIAPHS ).

Bceraer Bonpoc, kak obcrout Jesio B ciaydae Tpex crpaH. Bymger
JIOKA3aHO, YTO W JIJIs TPEeX CTPaH, KaK U JJs IBYX, BCeraa Haiigercs
cTpaHa, cogepkalias napy JuaMeTpaabHO MPOTURBOTMOIOXKHBIX TOUEK.
Boitee Toro, 6yaer mokazaHo ropasjio OoJiee obiree yTBep K aeHue:

Ecau cepa pasbuma na xaxoe y200H0 wucao obaacmeti, npuuem
amu obaacmu pazdesenvl KAKUM-HUOYOb Cnocobom Ha MPU 2pynnot,
mo natidymecs 06e JuaMempasvbHO NPOMUBONONOHCHBLE TMOYKU, NPU-
nadaesrcauyue cmpanam 0dnot u moti sce 2pynnve ***) .

Hnst HarnmsganocTn Mbl OyZeM [PeACTaBJIATh cebe, YTO CTPaHbI
KaKJI0il TpYyNIIbl OKpAallleHbl OJHON U TOWU »Ke KpacKOW, Hallpumep

ORTTIN!
OO
KRR

*) Hanomuum, 4o chepoii HA3BIBAETCS MOBEPXHOCTh MIAPA.

**) Jlnist JOKA3ATENLCTBA JOCTATOUHO B3ATh JIOGYIO TOYKy A HA PPAHUIE MEXK-
oy obenmu crpanamu. Ee anTumnon Touka A’ MpuHAAIEKUT HEKOTOPOi CTpaHe.
Tak kak A npuHaAIEKUT ITOI >ke CTPaHe (TOUKY 'PAHULbI Mbl CIMTAEM IIPUHAJ-
nexkameii obenm rpanmgamum crpanam), To A u A’ u obpazyiorT uckomyio napy.

***) Jra Teopema (B ropaszno 6osiee obmeit hopmynupoBKe) Gblia MoTydeHa co-
Berckumu maremarnkamu JI.A. Jliocrepuukom (1899-1981) u JI.T'. [T an-
peasmanoM (1905-1938).
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CTPaHbI IEPBOi IPyMIibl — CUHENH KPACKOM, CTPaHbl BTOPOI IPyHITbl —
4EepPHOU KPaCKOW U CTpaHbl TPeTheil IPyINbl — KPACHON KPaCKOii.

1. Jlokaxkem TeopeMy OT TpOoTHUBHOrO. [Ipeamosiookum, 4To Ha
cdepe HapucoBaHa kapTa K, packpallieHHasi TpeMsi KpacKaMu, Ha,
KOTOPO# HET Tapbl JUAMeTPaJbHO MPOTUBOIMONOXKHBIX TOYEK, MPHU-
HaJIJIEXKAIMX CTPAHAM OJHOTO I[BeTa (TaKylo Mmapy Mbl HA30BEM OfI-
HOLIBETHOI1).

[Tocsie 3Toro mpujeM K MPOTUBOPEYUMIO CJIEAYIOMIMM OOpPa30oM:
JIOKaXKeM, UTO JJsi KaXKJOoW KapThl, He cojepyKallleil OJHOIIBETHBIX
nap, MOYXKHO MOCTPOUTH HOBYIO KapTy, CHOBA HE COJIEPXKAIIYI0 OJIHO-
[IBETHBIX TIAP, HO COCTOSINYIO M3 MEHBIIErO YHUCIa CTPaH, HEXKeu
nepsasi kKapra. Ornpasisisicb or KapTbl K, CyleCTBOBAHUE KOTOPOU
MbI TIPEJINONOXKUJIN, Mbl TIOCTPOUM KapTy K{ ¢ MEHBIIUM YUCIOM
CTPaH U He CoZIePYKallyIo OJTHOIIBETHRIX nap. Ho Torga nist K1 MoXKHO
TeM e crocobom moctponTh Ko m T. 1. Mbl noaydunM GECKOHEYHY O
[0CJI€/I0BATEIbHOCTh KapT

Ka K17K27 K37"'7Kma"'7

KaXkK/1asi U3 KOTOPBIX He COIEePKUT OJHOLBETHLIX map. Kciu obosHa-
YUTh YUCTI0 CTPaH KapThl K depes3 n, a uncio crpad K; yepe3 n;, TO

n>nNnp >Ny >N3 > ... >Ny > ...

Takum o6pazom, Moy dnTCs GECKOHEYHAsT TTOCJIEJ0BATEIHHOCTD YObI-
BAIOIIUX LIEJIbIX MOJIOYKUTEIbHBIX YUCEJ, YTO HEeBO3IMMKHO. V3100Kken-
HBI 371eCb METO/T JI0KA3aTEIbCTBA OT MPOTUBHOIO My TEM MOy YeHUsT
OGECKOHEYHOI MOC/IEIOBATETHHOCTH YOBIBAIOIINX EJIBIX MTOJIOYKUTETh-
HBIX YUCEJT HA3bIBAETCS MEMOJOM 6E32PAHUYHO20 CNYCKQ.

Wrak, mycts nana npousBosibHasi Kapra K, He cogepKkaiias OqHo-
1BeTHBIX nap. Hy»kHo mocTpouTs Kapty K, TaK)Ke He COIEPIKAIIYIO
OJIHOIIBETHBIX TMap, HO COCTOSIIYIO W3 MEHBINEro YUC/Ia CTPaH, Y4eM
kapra K.

2. Bamerum, uro ecjiv kKapra K He sIBJIsSIeTCsi IPABUJIBHO PACKPa-
[IIEHHOM, T. €. CYIIECTBYIOT I'PAHUIIbI, PA3/IeJIONe CTPaHbl OHOTO
[[BETA, TO, CTEPEB 3TH T'PAHUIILI, MBI CPa3y TMOJYy4YUM TpPeOyemMyio
kapry K. Ilosromy B ganbheiiem Mbi OyemM pacCMaTPUBATD TOJIBKO
ciydaii, Korga kapta K npaBUJIbHO pacKpallieHa.

JlokaxkeM CJIeIyIoNyo JeMMYy:

Touxa, JuamMempParbHO NPOMUBONOAOHCHAA K 2PAHUNHOT, €Cb
BHYMPEHHAS, M. €. AEHCUM, CMPO20 BHYMPU HEKOMOPOT, CMPAHDL.

eiicTBUTENbHO, HA TPABUJIBHO PACKPAIIEHHON KapTe KaXKjaasl
TOYKA TPAHUIIBI TPUHAJJIEXKUT CTPAHAM M0 KpaiiHeil Mepe IByX pa3-
JindHbIX 1BeTOB. [lycTh, HanpuMmep, rpaHnyHasi TOYKa A npuHaje-
>KHUT cuHeil u kpacHoii crpanaMm. Torja ee antunoy touka A’ ne moxer
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MpUHAJJIEXKATh HU CUHEH, HU KPAaCHOH cTpaHe, cTajo ObITh, OHA Jie-
JKUT CTPOrO BHYTPH YEPHOI CTPAHbI.

3. Ilycte B — Touka, Jexkalllasi Ha IpaHUlle HEKOTOPO# CTpaHbI,
BBIKpAIIIEeHHOH, CKaykeM, B KpacHbIil 1BeT. Bruiiinem u3 touku B u
OylleM IBUTraThCsl MO IPAHUIAM KapThl TaK, YTOOLI CJIeBa OT HAIIEro

Puc. 45

MyTH BCE BpPEMsi HAXOJWJIKUCH Kpac-
Hple crpasbl (puc. 44) *). Jlsuske-
HUE MbI TMPOJOJIKAEM JI0 TeX Iop,
MoKa He TOMajJeM B KaKylo-HUOyIb
Touky C, B KOTOPOil MbI y¥XKe
Oobun. BozbMeMm 3aMKHYTHINH camo-
nenepecekaromuiics kouryp CfgC
(puc. 44), KOTOpHBIH MbI 0603HAYNM
qepe3 I'. Kapty cdepnt Oymem pu-
COBATh OTIEJNBHO JIJIsI «CEBEPHOTO»
U OTHEJBHO [JIsl <FOYKHOTO» TIOJIY-
mapuii. Jlas HarasgHOCTH TIpEANo-
JIOKUM, uto KoHTyp [ wmenukom
YMEIIAETCs] B CEBEPHOM TMOJIyIIIaPUU
(puc. 45). Ha obuHocTs joKa3aTesb-
CTBa 3TO HUCKOJIBKO HE BJIUSIET.

[Moctpoum koutyp IV, cocrosi-
UM U3 TOYEK, JIMaMeTPaJibHO MPO-
TUBOIOJIOXKHBIX K TOUKaM KOHTypa I’
(puc. 45). Konrtyp I cocrour co-
[JIACHO JIEMME U3 OJIHUX BHYTPEHHUX
TOYEK, T. €. HUTJIE HE TIEPECEKAET I'Pa-
HuUl, KapThl. B yacrHOCTH, OH HE TIie-
peceKaeT u COCTABJIEHHOTO U3 IPAHUIL]
koHTypa I.

Koutyp I' pazbuBaer cdepy Ha
ape gactu U n V' (puc. 45). Touno
tak ke [” paszbusaer cdepy Ha yac-
™ U' u V', npuuem U’ coctour us
TOYEK, JAUAMETPAJBHO MPOTUBOIIO-
noxHeIX Toukam U, a V! — us to-
YeK, JUAMETPATBLHO TPOTUBOIOIONXK-
upix ToukaM V. Tak kak [' u [ ne

nepecekaloTcd, To KoHTyp I pacmonoken B omHoii u3 uacrteit U
unu V, nycts, Hanpumep, B V. Torga kontyp I' pacnonoxken B V.

*) Ha puc. 44, 46, 47 KpacHBI} LBET MOKA3aH FOPM3OHTAIBHON IITPUXOBKO, a
CUHUI IBET — HITPUXOBKOH B KJIETKY.
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4. Tak kak koutyp I He nepecekaeT rpaHull KAPThI, TO OH JIEXKUT
[[eJTAKOM BHYTPHM HEKOTOpOi cTpaHbl. Bece Touku kontypa I mpu-
HaJI/IeXKaT KPacHbIM CTpaHaM, MO3TOMY HUKakas TOukKa KoHTypa I’
He TIPUHA/JIEXKUT KPACHOI CTpaHe W CTpaHa, B KOTOPOi pPacroso-
ken [, He MoykeT GbITH KpacHoii. [ljisi onpejeseHHOCTH TpeJIno-
JIOXKMM, 9TO 9Ta CTpaHa OKpallieHa [epHoi Kpackoil (puc. 46) *).
B rakom ciiyyae Hukakasi Touka KOHTypa [’ He moxker mpuHajjie-
’KATh CTPAHAM YEepPHOrO IBETA; JAPYTUMHU CJIOBAMU, BCE TPDAHUIIbI, U3
KOTOPBIX COCTaBjieH KOHTYp [', mpuHaaiexkaT TOIbKO CUHUM U Kpac-
HBIM cTpaHaM. Tak Kak 1Mo OJHy CTOPOHY KOHTypa [’ jexkar ToabKo
KPAaCHBbIE CTPAHBI, TO 10 JPYTIYI0 — TOJBKO CHHME (KapTa MpaBUJILHO
packpamena). [Tycts, Hanpumep, KaKk ¥ Ha HaIIeM PUCYHKE, CO CTO-
poubl U siexkaT KpacHbIe CTPaHbl, a co croponbl V' — cunue (puc. 46).

Puc. 46 Puc. 47

[lepekpacum Teneps Bce cTpaHbl, Jexaiue BuyTpu U, B cunuii
IBET U OJIHOBPEMEHHO CTpaHbl, Jexkaie BayTpu U’, — B uepHbiii.

%) [TynkTupom Ha puc. 46 mokazaHbl JTUHNHN, COCTOSIIIAE U3 TOYEK, JUAMETPAIHLHO
MPOTUBOIOJIOXKHBIX K TOUKAM I'DAHULL, PACTIOJOXKEHHBIX B obyactu U.
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Teneps k koHTYpY [' ¢ 06€UX CTOPOH MPUMBIKAIOT CTPAHBI OJHOTO U
TOTrO e IBeTa, a UMEHHO cuHero (puc. 47).

3aMeTuM, YTO OFHOIBETHBIX Map MPHU ITOU MepeKpacke He TOo-
SIBUJIOCH, n60 1) ToukM, pacrnosioxkenHbie B U, cranmm cuHUMH, a UX
aaTunonl B U’ — uepHbiMu, 2) Bce oCTalbHbIE TOYKH BMECTE C WX
AHTUIOJAMU HEe U3MEHUJIM CBOErO I[BETA.

Cortpem Teneps kouTYp I 1 Bce rpanuipl, Jexaime BHyTpu U
u U'. Tlpu 3TOM 4mca0 cTpan ymMeHbuTCst (MOTOMY, 9TO KOHTYp [’
HaBEPHAKA pa3/ieJisijl o KpaliHeit Mepe JBe CTpaHbI).

WNrak, myst mpousBosibHON KapThl K, He cofeprKaliieii OTHOIBET-
HBIX Map, Mbl NOCTpoMJM Kapty K7p, CHOBa HE COmEpKAIIyI0 OJIHO-
[[BETHBIX Tap, HO MMEIOIIYI0 MEHbIIIee YUCIO0 CTpaH, yeM kaprta K.
Kak y»ke ormedajioch B 1. 1, 370 1 JI0KA3bIBAET HAIILY TEOPEMY.









PA3JEJ BTOPOTM
SAITAYN N3 TEOPUN YUCEJI

'TABA I
APNOMETUKA BBIYETOB

§ 1. ApudmeTuka BbIYETOB 110 MOJYJIIO M,
nan m-apudmeTnka *)

[Ipu ciaoxkeHUN ABYX OJHO3HAYHBIX YMCES MOXKET IOJIYUUThCS
Jnbo ogHO3HAYHOE uncyo, Hanpumep 1 +4 = 5, 7+ 2 = 9, qubo
JIBy3Ha4YHOE 4ucjio, Hanpumep 3+ 9 = 12,54+ 8 = 13, 7+ 9 = 16,
4 4+ 6 = 10. YcmoBuMcs, ecai CyMMa IBy3HaYHasl, OCTABJIATH TOJIHKO
MOC/IeTHIO Py U MHUCATh

3+9=2,
548 =3,
749 =6,
4+6=0.

[Ipu TakoM HOBOM ONpeJe/IeHUN ONEPAIH CJAOYKEHHUS CyMMa, JIIOOBIX
JIBYX OJJHO3HAYHBIX YUCEJ €CTh CHOBA OJHO3HAYHOE YUCJIO.

HpI/I NEePEMHOXKEHNU NIBYX OAHO3HAYHBIX YUCEJI MO2KET IOy YUTh-
cs1 b0 ogHO3HAYHOE yncao: 2 -3 = 6,1-8 = 8, 3.3 = 9, ymbo
JIBy3Ha4YHOe uncyio: 6 -7 =42, 7-8 = 56,9 -9 = 81. B cayuae, ecnu
MpOM3BeJIeHNe ABY3HAYHO, Oy/IeM OpaTh TOJHKO MOCJIEIHION Py
U IMUcCaThb

6-7=2, 7-8=6, 3-3=09.

[Tpu 3TOM HOBOM OIpe/Ie/IeHUH ONIEPALIMHI YMHOXKEHUsI IPOU3BE/IeHUE
JIBYX OJIHO3HAYHBIX UUCEJ BCEr/la SIBJSIETCS] OJHO3HAYHBIM YUCJIOM.
Bregenubie HaMu onepaluy OTJINYAIOTCSA OT JIeHCTBUI, KOTOPhIE MbI
MPUBBIKJIN HA3bIBATH CJIOXKEHUEM M YMHOXKEHHEM U 0003HAYaTh 3HA-
Kamu «—+» u «-». CTporo roBopsi, CjieI0BaJIo ObI IOITOMY BBECTH JIJIs]
9TUX HOBBIX OIepaluii HOBble Ha3BaHWs U HOBble 3Haku. OJHAKO
OKa3bIBaeTCsi, 4To Bce (hOpMyJibl OOBIYHOM aJredpbl, cojeprkaline
TOJIBKO 3HAKHU «—+», «-» U JIIOD0E YUCI0 CKOOOK, COXPAHSIOTCS U [IJIs1

*) B ra1. I-1V GykBoii m oGo3nagaercs 11060€e HATYpajbHOE (uenoe nono>xkurenn-
HOE) YuCyI0, GOJbIIee €ANHULBI.
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HOBBIX Ollepanuii *).B YaCTHOCTH, OCTAIOTCsI BEPHbIMU (POPMYJIbI

a+(b+c)=(a+b)+e,
a+b=>b+a,
a(be) = (ab)e,
a(b+c) = ab+ ac,
a Takxke (hopMy.JIbl
(a+b)* = a® + 2ab + b2,
(a+ b)® = a® + 3a%b + 3ab® + b3,
(a+b)(c+d)=ac+ bc+ ad+ bd

u gapyrue. [losromy ymnorpebJieHre NPUBBIYHBIX 3HAKOB <«—+», «-»
B HOBOM CMBICJIE HE MOXKET IMOBECTU K HEIOPa3yMeHUSIM.

Nrak, MbI MOCTPOUIN HOBYIO apuMETHUKY, OTJIUIHYIO OT aprdme-
TUKU, U3y14aeMoii B IIIKOJIe, HO TIPU BCEM 3TOM BO MHOT'OM MOXO0XKYIO Ha
Hee. DTa HOBasi apu(PMETHKA OKAYKETCs] HAM TOJIE3HOU MPU PerieHun
MHOI'UX 33/1a49 U3 00bIYHOM apudMeTuKu u aredpsbi.

Hamy HoByto apndmeTnky mMbl OyjgeM Ha3bIBaTh apugmemurot
eviuemos no modyamo 10, unu 10-apudmemuroti, moTomy 4TO B Heii
tosibko 10 aucen: 0, 1, 2, 3,4, 5,6, 7, 8, 9.

CocraBuM TabIULbI CIOXKEHUsT U yMHOXKeHus1 B 10-apudmernke:

Tabauna cjao>KeHust Tabnuma yMHOXKEHUsI

01 2 3 45 6 7 8 9 01 2 3 45 6 789
0|0 1 23 45 6 7 8 9 0|0 OO OOO0OO0OTO0OTUO0O0
111 2 3 45 6 7 8 90 1/0 1 2 3 45 6 7 8 9
212 3 45 6 7 8 9 01 210 2 4 6 8 0 2 4 6 8
3/!3 45 6 7 8 9 01 2 3/0 3 6 9 2 5 8 1 47
414 5 6 7 8 9 01 2 3 410 4 8 2 6 0 4 8 2 6
5/5 6 7 8 9 01 2 3 4 5/0 5 05 0 5 0 5 0 5
6|6 7 8 9 01 2 3 4 5 6/0 6 2 8 4 0 6 2 8 4
77 8 9 01 2 3 4 5 6 710 7T 41 8 5 2 9 6 3
88 9 01 2 3 4 5 6 7 8/0 8 6 4 2 0 8 6 4 2
919 01 2 3 45 6 7 8 910 9 8 7 6 5 4 3 2 1

Caenaem ewie OJHO BayKHOE 3aMeYaHue: €CIu B JIIOOOM IPaBUJIb-
HOM YHCJIOBOM PABEHCTBE M3 OOBIKHOBEHHOU apuMETUKY, COAEPIKA-
eM, KPOMe YHUCEJ, TOJBKO 3HAKU CJIOYKEHUsI, YMHOYKEHUST U CKOOKH,

*)Dtn dOpMyJIBI MOTYT COIEPYKATH TaK»Ke BO3BEJIEHUE B LIEJIYIO MOJIOXKUTE b
HYIO CTeNeHb, MOTOMY YTO IieJlasi MOJIOYKUTEIbHAsI CTENEeHbh eCTh IMPOCTO COKPa-
[IeHHAsl 3aMUCh JIJIsl IPOU3BEIEHNUS] HECKOJIbKUX OJIMHAKOBBIX COMHOXKUTEJIE.
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3aMEHUTh KAXK0€e YUCJI0 ero nocjaegHeil nudpoii, To moayduTcs pa-
BEHCTBO, BepHOe B cmbiciie 10-apudmeruku. Hanpumep, u3 BepHbBIX

paBeHCTB
(18 + 15)(123 + 1341) = 11 - 8 - 549,

1004+ 11+12+ 13+ 14+ 15 = (10 + 15) 3,

210 1151 = 1175
MBI MTOJTy9aeM 3TUM criocoboM BepHbie 10-apudmMeTndeckre paBeHCTBA

(8+5)(3+1)=1-8-9,

0+14+2+3+44+5=(0+5)3,
20 +1=5%).
57. Paznoxxure Bcemu Bo3aMOXKHBIMU criocobamu qucyio 0 B po-
W3BeJeHNe AByX cOMHOXKuUTe el (B cmbicie 10-apudmernkn).

58. Hanummure BceBO3MOXKHbBIE PA3JIOYKEHNST HA MHOYKUTEJU 1151

ynciaa 1.
59. Ha kakyio 1indpy OKaHIMBAIOTCS YNUCTIA

6811, 21000, 3999?

B 7-apudmeruke cempb yncen:
0,1,2,3,4,5,6.

CoxkeHue u yMHOXKEHUE B T-apuMeTuKe OnpeaesIsiioTCs CIe Y FOIIi-

MU TPABUJIAMH: YTOOBI CJIOXKHUTH JBA YUC/IA, HAJO0 HAUTU UX CyMMY

B CMbICJ/Ie OOBIYHOI apru(pMETUKN U 3aTe€M B3STh OCTATOK OT JIeJIEHUSs

9TOI CyMMBbI Ha 7; 4TOOBI MEPEMHOXKUTH [IBA YUC/IA, HAO0 HAUTH WX

O6bI‘-IHO€ IpoOU3BEAEHUE N B3ATH OCTATOK OT JeJIeHUsd €ro Ha 7
[IpuBeeM HECKOIBKO IPUMEPOB:

3+5=1, 5.3=1,
4+6=3, 3.6=4,
3+4=0, 2.6 =5.

60. CocraBbre TAbJ/IMILY CJIOKEHUsT U TAOJIMIY YMHOXKEHUs B T-
apudmeruke. Bpmummre Bce pasznoxkenusi uncesn 0 u 1 Ha aBa
COMHOXKUTEJISI.

61. Onpenesinre 0CTATOK OT JIeJIEHUs HA 7 YUCIIA

3100

*) Camo coGoii pasyMeercsi, 9TO MOKA3ATEJb CTENEHM HE CJIELYeT 3aMEeHSTh
nocnenueit yudpoit. IMokazarens crenenn wrpaer B (opmysie Opyryio podb,
HEXKEJIM 4YNCJIA, HE SIBJISIOLIMECS] MTOKA3ATEJsIMUA: OH €CTh MPOCTO COKPAIEHHOE
0603HAaYEHNE TOrO, CKOJIBKO Pa3 HAJIO0 B3siTh COMHOXKUTEJIEM OCHOBAHUE CTENEHU.
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Pazobpanubie namu 10-apudmernka u 7-apudmMeTnka siBISIIOTCs
YACTHBIMU BUJaMU apudMEeTHUKU BHIYE€TOB MO MOAYJIO M,
win m-apudmvmeruku. [lyctb m — Jsir060e 11e10€ MOJOXKUTEIHHOE
YUCI0. DJjeMenTamu m-apudMeTuku sapjsiores yucaa 0, 1, 2, ...,
m — 1. CyoxeHue u ymMHOXKeHUEe B m-apudMeTHKe ONpeIessioT-
csl CEAYIONUM 00pa3oM: YTOObI CJIOXKUTH (MJIN MIEPEMHOYXKUTD) JBa
YUCIA, HAJO B3ATb OCTATOK OT JEJIEHUSI HA M UX OOBIYHOI CyMMbI
(COOTBETCTBEHHO TPOU3BEEHNS ).

62. CocrtaBuTh TabAWIy CJIOXKEHUs] W TaOJWILy yMHOXKEHWsI
B 2-apudwmeruke, 3-apudmeruke, 4-apucdpmeruxke u 9-apudcdme-
THKE.

63. Boiunciuth B 11-apudmeTnke BhIpaXkKeHUsI
1-2-3-4-5-6-7-8-9-10;
210. 310. 410. 510. 610. 710. 810. 910. 1010.

64. Onpegesnth octatkn ot genennsi uanciaa 21900 wa 3, 5,
11, 13.

Borauranue B m-apudmernke, nogobHo oObIIHON apudMeTHKe,
OTIpeJIeisieTCsT KaK JIefiCTBIE, 0OPATHOE CIOXKEHHIO: YNCJIO & HA3BIBA-
eTcst Pa3HOCThIO uncen b u a (z = b — a), ecn

a+x =5
Hanpuwmep, B 7-apudmernke

2-5=4, ubo 5 +4 = 2,
1-6=2, ubo 6 +2 = 1.

Camblil ObICTPBII €OCOO /i BBIYUCIEHUS] PA3HOCTU JBYX YUCE
B m-apudmMeTuke CIeAyoOmUil: HAJA0 HANTU Pa3HOCTb B OOBIYHOM
CMBICJIE U, €CJIU OHA OTPULIATE/IbHA, YBeIn4InuTh ee Ha m. Hanpumep,
B T-apucdmeruke

1-5=—4=23,
2-3=—1=6.

Boruuntanne B m-apudgMeTnKe BCerga BO3MOXKHO U IPUBOIUT K €JUH-
CTBEHHOMY OTBeTy. ¥Y1oTpebseHue 1jisi m-apudMeTudecKoii onepa-
Uil BHIYUTAHUSI OOBIYHOTO 3HAKA «— » OINpAaBJAHO TEM, YTO €CJIU
dopmyJia u3 00bIYHON anrebpbl BEPHA U COINEPYKUT TOJIHKO 3HAKHU «+
+», «—», «» U JI000e YUCI0 CKOOOK, TO Takas (opMyJia OCTAETCs
BEPHOI 1 1Ipu M-apudMETUIECKOM HUCTOJKOBAHUM BCTPEYAIOLIUXCS



§ 1. Apupmemura eviuemos no modyaro m 47

B Heil 3HakoB. B wacTtHOCTH, coxpaHsitoTcst (hopmyib

_(_a) =a *) )

a Tak>ke (POpMyJIb
a? —b% = (a—b)(a+0b),
(a —b)* = a® — 2ab + b2,
(a —b)® = a® — 3a%b + 3ab® — b3

U JIpyrue.

m-apudMeTnKa MpUMeHsieTCst K 00bIMHOIN apudMeTuKe st Tpo-
BEPKU JEUCTBUIl CJI0YKEHUsI, BbIYUTAHUS W yMHOXKeHusi. [Ipu sTom
MOJIB3YIOTCS TEM, Y4TO BEPHOE PABEHCTBO U3 O0bIYHON apudmeruxu
npeBpalllaeTcsi B BEPHOE PABEHCTBO U3 M-apuMeTHKH, eCTU 3aMe-
HUTH KaXKJI0€ YHCJI0 €ro OCTaTKOM OT jejenusi Ha m. [Ipoepum,
HANpUMep, C MOMOIIBI0 T-apudMeTHKN PABEHCTBO

74218 - 21 363 — 81835 = 1585446 299. (1)

SaMeHssl KaK/I0€ YUCJIO €ro OCTATKOM OT JeJeHUusl Ha 7, Mbl
MOJIy YU M:

4.6 -5=1.

OTO0 PaBEHCTBO HE SIBJISIETCS BEPHBIM B T-apudMeTuKe M, 3HAUNT,
UCXOJHBIN npuMep cojepxkut omubky. Hale Bcero st npoBepkKu
none3ytoTes 9-apudmernkoit. emo B Tom, uTo Jsoboe unciao N u
cymma ero 1udp AaT NpU JejJeHUn Ha 9 OJMHAKOBbIE OCTATKU, U
3TO 0UEHb 0BJIErYaeT HAXOXKIEHUE OCTATKOB OT JeJeHust Ha 9 **) .

3amMeTuM, YTO MpOBepKa ¢ MOMOIIbI0 Mm-apudMeTuKn He Bcerga
MO3BOJIsIET 0OHAPYXKUTH OMHKOKY. Tak, ecyi 661 MBI CTAJIN TTPOBEPSATH
HesepHoe paBeHcTBO (1) ¢ nomoupio 9-apudmernku, To npuiLM ObI
K BepHOMY 9-apudmMeTnieckoMy paBeHCTBY

4.-6-7=8.

II.HH TOr'0 YTOObI CAeJIaThb IPOITYyCK OILINOKHN MeHee BEPOATHBIM, MO2K-
HO MPOU3BOAUTH MPOBEPKY OJHOBPEMEHHO MOCPEACTBOM HECKOJIBKUX

*) —a, Kak u 06bIYHO, 0603HauaeT uncio 0 — a. Tak, Hanpumep, B 8-apudmeTn-
Ke —3 = 5.
**) Unena 10, 102, 10°, . .. mator npu gesennn Ha 9 B octatke 1. [TosTomy umcna
N=a -10"+b-10""+... 4+ fua+b+...+f

AT TIPU JeJIEHUU HA 9 OUHAKOBBIE OCTATKH.
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pPa3/IMYHBIX M-apu@MeTUK, HAIPUMED MMOCPEACTBOM T-apudmMeTuku
u 9-apudmernku.

65. Tokaxxkute, 9yTo cymma Ky0oB Bcex unces u3z 1001-apucdme-
TUKU PABHA HYJIIO.

66. a) [Tokaxkure, 9TO €C/aM KAXKJI0€ U3 Yuces m-apudMeTnKu
(Npu HEYEeTHOM M) BO3BECTH B OJIHY U Ty YK€ HEUETHYIO CTeneHb k
U BCe PE3YJIbTATHI CJIOXKUTH, TO MOJYyIUTCS HYJIb.

6) JJokakure, 4T0, KAKOBBI ObI HU ObIJIM HEUETHBIE Yncaa M U k,

cymma 18 4 2% + 4+ (m — 1)* penurest na m.

§ 2. ApudMmeTuKka BBIYE€TOB IO MOLYJIIO P,
niu p-apudMernka *)

Cxembl ymMHOXxkKeHus. Mainas reopema @epma. Mzo6paszum
qucna 0, 1, 2, 3, 4, 5, 6 u3 T-apucdmernku B Bule TOYEK HA PUCYHKE
U yKaXKeM CTPEJIKAMH, BO YTO TEPEXOAUT KaXKJ0€ UKCJIO TIPU yMHO-
ennn Ha 4. Y Hac moaydnTes cxema **) | mzoGpaskeHHast Ha puc. 48.
DToil CXeMOii MOXKHO TIOJIh30BaThCsI KaK TabuIell yMHOXKeHusT Ha 4
B 7T-apudmeruke. [Toaromy mbl Ha-
30BeM ee cremoli ymHooicenus Ha 4 3 —,OQ

B T-apudmeruke.
1 4,7 N6 9
—> 0 O -—m

[ S S
O \/ \/ g_,2o>\/o8<_ !
; S

[e]
2 6
Puc. 48 Puc. 49

Touno Tak ke crpoutcsi cxema ymHokeuusi Ha 4 B 10-apudme-
tuke (puc. 49). INocnegoBaresbHOCTH N YnCes, N300PaXKEHHBIX Ha
HEKOTOPO# cXeMe, HAa3bIBAETCS UUKAOM, €CJIA OT KaXKJOTO U3 ITUX
YUCeN K CTIeIYIONIEMY U OT TIOCJIeTHETO K TTIepBOMY BeJleT cTpeska. Ha
MMOCTPOEHHBIX HAMHU CXEMaX UMEIOTCSI TAKUE [TUKJIbI:

cxema Ha puc. 48: 0; 1,4,2; 3,5, 6.

cxema Ha puc. 49: 0; 4, 6; 2, 8.

*) B 1. I-1V GykBoii p 06o3nadaeTcst MI060E MPOCTOE YUCIO, T. €. HATYPAJHHOE
4ncs0, OosbIee eQUHULBI U HE UMEIOIIee JPYTrUX JeJuTelei, KPOMe eqUHULbI 1
camoro cebsi.

**) [T0CKOMIbKY PACIIONIOYKEHIE HA PUCYHKE TOYEK, COOTBETCTBYIOMIX uncaam 0,
1, 2, 3,4, 5, 6, coBepiiieHHO 6€3pa3JIMYHO, Mbl PA3MECTUIN ITU TOUYKU TAK, YTOOBI
He MPUIIJIOCH TPOBOJIUTH IJIMHHBIX CTPEJIOK.
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OTMerum CylecTBEHHOE Pa3/jdydnie MEXK/Ay 3TUMU CXeMaMU: Ha
MEPBOii KAXK/I0€ YUCJIO TIONAJAET B HEKOTOPBIN IUKJI (U IPUTOM TOJIb-
KO OJIMH); Ha BTOPOii ecTb uncaa 1, 3, 5, 7, 9, He npuHajIeKalme
HUKAKOMY ITAKJTY.

67. [TocTpoiiTe cxembl ymHoxkenusi Ha 0, 1, 2, 3, 4, 5, 6 B T-apud-
MeTHuKe, CXeMbl yMHOXKeHusi Ha 2 u H B 10-apucdmeruke u cxemy
yMHOXKeHust Ha 3 B 9-apudmernke.

68. Tokaxkure, 4To eciiv @ u b — 4uciaa u3 p-apudMeTuku u
ecan ab = 0, To mbo a = 0, 6o b = 0.

69. [lycts a — n1060e He paBHOE HYJIIO YUCJIO U3 P-apupMEeTUKH.
[okarkure, 94TO CX€Ma, yMHOXKEHUsI HA @ O0JIAJAET CJIeIYIOMINMU
CBOMCTBaMU:

a) HM K KAKOMY YUCJIy HE MOTYT MOJXOAMUTD [IBE CTPEJIKH;

6) K KaXKIOMY YHCIIy TIOJXO/AUT HEKOTOPAsi CTPEJIKA.

70. Ilycts @ u b — JitoOble 4ducia u3 p-apudmeTuku, TpuueM
a # 0. Vcnosib3yst npeapIAyLLy o 3a1a4y, 10Ka3aTh, 9TO B p-apud-
METHKE HaliIeTCsl U TPUTOM TOJIBKO OJHO YUCJI0 T TAaKOe, 9YTO axr = b.

71. [lycte @ — oTaM4HOE OT HyJIsT YUCIO U3 P-apudMeTuKu.
[okaxkure, 4TO:

a) CXeMa yMHOXKEHHUsI HA 0 PACTIAJAeTCsl HA [MKJIbI;

6) Bce 3TM UMKABI (McK/ouYast UK () MMEIOT OJMHAKOBYIO
[JIAHY.

BriBeanTe orciona, uro aP 1 = 1.

72. Managa teopema Pepma. [Jokaxkure, 4To e€cim p —
IPOCTOE UMCJIO U @ He AeuTcs Ha p, To aP~! — 1 genurcs na p.

Jenenne. Teopema BunabcoHa. /lenenne B m-apudmernke
OTIpeJIEJISIETCSl KaK JeficTBIe, 00pATHOE YMHOYKEHUIO: YUCJIO T Ha3bl-
BAETCsl 4aCmHbLM OT JesieHnst b Ha a (v ommnowenuem b K a), ecn
ax = b. [lenenue B m-apnudmMeTnke MOXKET OKa3aThCsT HEBO3MOYKHBIM.
Hanpuwmep, B 10-apudmernke HeJib3s1 TOJ00paTh TAKOro 4YHUCIA T,
yr00bl 42 = 5. C APYroii CTOPOHBI, €CJIN IeJIEHUE BO3MOYXKHO, OHO MO-
JKET He TIPUBOJIUTH K euHcTBeHHOMY oTBeTy. Hanpumep, B 10-apud-
MeTnke 4 -8 = 2wu 4.3 = 2, Tak 4T0 Yucaa 8 U 2 ¢ paBHbIM MTPABOM
MOT'YT OBbITh Ha3BaHbl YAaCTHLIMU OT jJejeHusi aByX Ha 4. OpHako
u3 3agaun 70 caeayer, uro B p-apudmernke (p — YUCIO MPOCTOE)
JejieHre Ha Jroboe yuciio a # 0 Bcerga BO3MOXKHO U OJHO3HAYHO *) .

*) Jlenenue Ha Hysb unciaa a # 0 B p-apudMeTHKe TAK YK€ HEBO3MOYKHO, KAK U B
06bIYHOM apudmMeTrKe, MO0 He CyIIECTBYET YNUCIIA T, yAOBJIETBOPSIOLIErO YCJIOBUIO

a
0 -z = a. OgHako nHOTIA OBIBAET LEIECO00PA3HO YyCIOBHO MHUCATH 6 = 0. [Ipu

3TOM CJIeJyeT MOMHHUTh, YTO CHUMBOJI OO HE SIBJISIETCS YNCJIOM M C HUM HEJIb3s
OTepUpOBaTh, KAK C YHCJIOM.
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Baiarogapsi aTomy BakKHOMY 0DCTOSITEILCTBY JiI0OOE€ PABEHCTBO U3
OOBIYHOM aaredbpwl, codeprkallee TOJIHKO 3HAKW CJIOYKEHHUsI, BhIYUTA-
HUsl, YMHOXKEHUsI U JleJIeHUsT (UM 3aMeHsIIOLIYI0 3HAK JIeJIeHUs1 dep-
TY), OCTAETCs] BEPHBIM TPH P-apruMETHIECKOM MCTOJKOBAHUN ITHUX
3HaKOB. B wactHOCTH, B p-apudMeTnKe COXPAHSIOTCS (DOPMYJIbI

ac

a

o= 8
b b
a a
_:c:—’
b be
a c_ ac
b d  bd’
a,c_ad
b'd be’
a ¢ ad+be
b+d_ bd

u Ipyrue.

Ucnonn3yst p-apudmeTnky, MOXKHO MPOBEPSThH IEHCTBUSA C APO-
O6siMM TIOOOHO TOMY, KaK MOCPEICTBOM M-apu@MEeTUKHN MTPOBEPSIOT
JeicTBrst ¢ tenabiMu uncaamu (cm. c. 47). Hanpumep, 9to6s! npose-

pPUTbL paBEHCTBO
3 4 _ 739

17 15 5610’

3aMEHSIIOT B 9TOM PABEHCTBE KAXKJ0€ IIeJI0E YUCJIO €ro OCTATKOM
OT [leJIeHUsi HAa HEKOTOPOE MPOCTOe YWCIO p, HAmpuMmep Ha T *).
[Tony4aercst

5
o
22

5 3 4 4
242 2 =Z,
1 3 1 3

DTO pPaBEeHCTBO HE SABJSETCS MPABUJIBHBIM T-apr]pMeTHYeCKUM pa-
BencToM. Clie10BaTeIbHO, B UCXOJHOM TIPUMeEpE JOIYILIEeHa OIIUOKa.

73. CocraBbre Tab/uIbl 0OPATHBIX BEJIUIUH % B T-apudmeruke,
11-apudmeruke n 13-apudmernke.

B kadecTBe 0Opa3sua npuBoguTcst TabJIUIA OOPATHBIX BEJUYUH
B b-apudmeruke:

|1 2 3 4

1 3 2 4

x| =

[Tokaxkute, uTo B J1I060I p-apudmernke camu cebe oOpaTHDLI
TOJIBKO dj1eMeHTh 1 u —1.

*) Unesio p HaJ0 BHIGUPATE TaK, YTOBbI OHO He BXOIMJIO MHOYKATE/IEM HU B OUH
u3 3HameHaTesiei. B npoTuBHOM citydae Mbl puiiv Obl K p-apudMeTudeckomy
BEHCTB prKalleMy JieJIeHue Ha HYJIb.
aBEHCTBY, COAEPKAIIE eJIEHUE HA
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74. a) JlokaxkuTe, YTO MPOU3BE/IEHNE BCEX IJEMEHTOB p-apud-
METUKH, OTJIMYHbBIX OT HyJld, paBHO —1.

6) (Teopema Buancona). /lokaxknure, 94To eciiv p — npocroe
ancio, 1o (p — 1)! + 1 genurcs va p *) .

75. (ObparHas k 3azave 746). Jokaxkure, uro ecam (m — 1)1+ 1
JEeJUTCs Ha M, TO M — YUCJO0 IIPOCTOe.

76. JlokaxkuTe, 9TO €C/IN KaXK/10€ U3 9nces p-apuMEeTUKU BO3-
BECTH B OJIHY U Ty K€ CTENeHb k U BCE PE3YJIBTATHI CJIOXKHUTh, TO
nonyuurca 0 niu —1.

§ 3. N3BjIeuenne KBaJApaTHOTO KOPHH.
KBanparHbie ypaBHeHUs

Kak u panbiie, 6yaem u3obpakarh 4ucia p-apudMETUKN TOY-
kamu Ha pucyHke. [locTpoum cxemy BO3BejeHusi B KBajJpaT [Jisi

5-apudmernkn (puc. 50). -
N4 !
OQ o—»oC)
3 o/

Puc. 50

77. IocrpoiiTe cxeMbl BO3BEJEHUs B KBaApaT B T-apudmMeTnkKe,
12-apudmeruke u 24-apudmernke. (CrapaiiTech mpu 3TOM MO0~
OpaTh PACHOJIOXKEHNE TOUEK HA PUCYHKE TaK, YTOObI CXEMbl BBITJIsi-
ZIeJIV TI0 BO3MO>KHOCTH TIPOLIIE. )

78. Jlokaxkure, 94TO €CJId OCTPOUTH CXEMY BO3BEJIEHUsI B KBAJl-
par B p-apudmeTke **) | T0 K Ka)I0# TOUYKE ITOi CXEMbI (kpome
rouku () 1160 He TOAXOAUT HU OFHOMN CTPEJIKH, JTUOO TOIXOSAT JBe
crpenku. Ipyrumu cioBamu: Jokakure, 4to npu a # 0 ypaBHeHUEe
x* = a uMmeer B p-apudMeTHKe J[Ba PA3TUIHBIX DEIIeHUs] WA He
UMEET HU OJHOIO PEelIeHMUsI.

79. JlokaxkuTte, 4YTO KOpEHb KBAAPATHBIN U3RJIEKAETCS POBHO U3
p+1

unces p-apudmMeTrku (¥, CIeJ0BATEHLHO, HE N3BJIEKAETCS U3
p—1

OCTAJIbBHBIX ‘II/ICGII) .

Ecam Ha cxemax, MOCTPOEHHBIX B pelieHnn 3agadn 77 (cM. B pe-
wennu 3aga4u 77 puc. 134-136), n3amMeHuTh HANIPABJIEHUsS] BCEX CTPe-

) n! ecTnb COKpallleHHasl 3aMMuCh 11 mpousBegenust 1 -2 -3 -4 ... n Bcex LesbIx
ances or 1 gon, rak uro (p —1)!=1-2-3-4---(p—1).
**) B 3ajauax 78-81 Gyksa p 0603HAYAET NPOCTOE YKUCIIO, HE PABHOE 2.
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JIOK HA MIPOTUBOIIOJIOXKHBIE, TO MOJIyYATCs CXEMbI U3BJICYEHUsI KOPHSI
B 7-, 12- u 24-apucdmerukax. VI3 3Tux cxem BuHO, 9TO B m-apudme-
TKe /a Moxker umeth 0, 2, 4 u bosee pasinunbix 3HadeHuit. OqHaKO
corylacHO 3ajade 78 B p-apudMeTHKe U3 BCEX ITUX BO3MOXKHOCTEN
OCTAIOTCS TOJBKO CIeLyIomue ABe: ubo /a BoOOIE He N3BJIEKAETCS,
b0 OH MMeET JIBa Pa3JIMUHBbIX 3HadYeHusi. (Mbl Bce BpeMsi mpeno-
naraem, 9to a # 0; v/0 HMeeT TOIBKO OJHO 3HAYEHHE, PABHOE HYJTIO. )

80. a) /lokakure, 4TO KBaJAPATHBI KOPeHb U3 — | U3BJIEKAETCS
B p-apudmeTnke, ecii p = 4k—+ 1, u He nsBnekaercst, ecam p = 4k+ 3.

Ykazanue. cnoneayiite 3anaun 71 u 74.

6) JokarxuTe, 4TO BCE MPOCTBIE HEYETHBIE e TUTe I Yncaa a’ + 1
(npu siro6om a) nmeror Bug 4k + 1. Besikoe npocroe uncsio Buja
4k + 1 BcTpedaeTcsi B pa3/ioyKeHUM HA MPOCThIe MHOXKUTEN XOTSI
6b1 otHOrO uncaa Buga a’ + 1.

81. Briseaure dopmyity st peiieHusi B p-apugMeTnuke KBa-
pPATHOrO ypaBHEHUsI )
az®+bxr+c=0
(a, b n ¢ — uncaa u3 p-apudmernkn, a # 0).

[Tonwaysick 31Ol bopMyJIOit, TOKAKUTE, ITO

ecn Vb2 — dac *) He usBIEKACTCS B p-apudMeTrnKe, TO ypaBHe-
HUE HE UMEET HU OJHOTO KOPHSI;

ecn b2 — 4ac = 0, TO ypaBHEHIE UMEET OJUH KOPEHb;

ecin b2 — dac # 0 u Vb% — dac u3BIEKaeTCs, TO ypaBHEHUE
HUMeEET JIBa PA3JIMYHBIX KOPHSI.

82. Pemure B T-apudmeruke cieaymoiire KBaJPATHbIE yPaB-

HEHUdA:
522 +3z+1=0,
22 4+324+4=0,
z2—2x—-3=0.
83. Kaxkj0oe kBajJipaTHOE ypaBHEHUE MOYKHO TMPUBECTH, pa3je-
JIUB ero Ha Ko3(p@PUIUEHT MpU CTapileM dJjeHe, K BUIY

224+ cx+d=0.

OO61ee 4KC/I0 PA3JIMYHBIX MPUBEJIEHHBIX KBAJIPATHBIX ypPABHEHUM
B p-apudmernke pasuo p2. CocunrtaiiTe, CKOIBKO M3 HUX HE HMEIOT
KOpHeii, CKOJIbKO UMeIOT OJJH KOpPeHb U CKOJBKO MMEIOT JBa pa3-
JIMYHBIX KOPHSI.

*) Beipaskenne b? — 4ac nasnipaercss QuCKpUMURGHMOM ypaBHeHus az> + bz +
+c=0.
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§ 4. N3BjIeuenne KyOnM4eCcKOro KOpHs.
IIpocTeie geautenu unces suga a’ + 3

84. Ilocrpoiite cxembl Bo3Benenusi B Ky0 B 7-, 11-, 13- u 17-apud-
MeTHKe (CpaBHUTE C 3a1ad4eit 77).

Ecam Ha cxemax, noCTPOEHHBIX B pemenun 3agaun 84 (cm. B pe-
menun 3agaun 84 puc. 137-140), 3aMeHUTH BCe CTPEJIKH MPOTH-
BOTIOJIOYKHO HAIPABJIEHHBIMU, TO MbI MOJIyYUM CXE€Mbl U3BJICUEHUS
Kybudeckoro kopusi. V3 cxem BuaHo, uto B 11- u 17-apudmernkax
KyOUdeCcKuii KOPeHb U3BJIEKAETCs U3 JIIOOOTO YKC/Ia U UMEET TOJIHKO
0J1HO 3HAueHue, a B 7- u 13-apudmernkax /a b0 BOBCe He U3BJIEKA-
eTcs1, MO0 MMeeT TPU Pa3IMYHbIX 3HAYeHUSsT (UCKITIOUEHUEM SIBJISIeTCST
a = 0, KopeHb KyOUYeCcKHit U3 KOTOPOTrO UMEeT eJUHCTBEHHOE 3HAYe-
HUE HyJIb).

85. [lycts p — mpocrtoe yucno Buga 3k + 2 *). okazaTh, 4TO
B p-apudmMeTuke:

a) /1 umeer TonbKO 0aHO 3HAueHMe (paBHOE eaumuue) (BOC-
N0JIb30BaTHCs 3aaa4veii 71);

6) HU I KAKOM a +/a He MOXKeT UMeThb 6ojiee 4eM OJIHO 3Haue-
HYE;

B) {/a U3BJIEKaeTCa MpH JIO6OM a.

86. IMombaysich pasenctsom 23 —1 = (2 —1) (22424 1), pernure

ypaBHEeHUe 5

z°—1=0.
[Ipumensiss monydenHble (hopMyJbl, HailJuTe TpU 3HAYEHUS 91
B 103-apucmeruke.

87. Ilycts p > 3. Jokaxkure, 4to B p-apudMeTnKe \?’/T nMeeT
MO0 TPU Pa3IMYHbIX 3HAYEHUSI, TUO0 TOJIHKO OJTHO 3HAUYEHUE, CMOT-
Pt TI0 TOMY, M3BJIEKAETCS UJIN HE N3BJIEKAETCs v/ —3.

88. FEcau mpocToe 9ncyio p siBasieTcst AeJnTeeM KaKoro-unubyab
yncna Buga a’ + 3, To p mmbo pasHo 2 win 3, 6o uMeet Bug 3k + 1.

§ 5. MHoro4JjieHbl 1 ypaBHEeHUs BBICIIIUX CTeIeHeil

Byaem paccmaTpuBaTh MHOTOWIEHBI ¢ KoddpuimeHtamu u3
p-apudmMeTuku

1

apz” + a1z + ...t an_12 + an. (1)

*) Uncnamu Takoro BuAa sBAsIOTCS, Hanpumep, 11 =3 -3 42,17 =3 -5 + 2.
Hanporus, npocteie uncna 7 u 13 umeror Bug 3k + 1.
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[Tpu Takoii 3anucu Mbl Beerpa Oyaem npeanojarars ag 7% 0; B 3ToM
CJydae 1 Ha3bIBAETCsl cmenenblo MHorodsena (1).
Kopnem mHOrouneHa

apz™ + a1z™ Y4 .. Fapn_1z + an
Ha3bIBAETCs KOPEHb YPaBHEHUSI
apz” + a1z '+ .. +apn_1x +ap =0,

T. €. 9YUCJIO () TaKoe, 9TO

1

apxy + a1y 4+ ...+ apn_129+ a, =0.

B npeabiaymmx naparpadax Mbl BUJEN, YTO YPABHEHUST 2-1 CTeneHn
WJIU, YTO TO YK€ CaMOe, MHOIOUJIeHbI 2-11 CTeleHr UMEIOT He oJiee IBYX
KopHeii. Mbl pacnpocTpaHuM ceiiuac 3TOT Pe3yJabTaT Ha MHOIOYJIEHbI
JI000M CTerneHu.

89. /lokaxxkuTe, 4TO €Cc/ii MHOTOYJIEH UMeeT Oojiee KOpHeii, yeM
€ro CTerneHb, TO BCe ero KoIhMUIMEHTH — HyJm *) .
90. [Jokaxxure, 4TO ecu zF =1 nna Beex ne PaBHBIX HYJIIO T,

10 k pnenurcs Ha p — 1.

p—1
91. Ilycts a # 0, p # 2. Jlokaxkure, uto @ 2 = 1, ecin
~1

Vva wsBnekaercss B p-apudmeruke, u a 2 = —1, eciu (/a nHe
W3BJIEKAETCSH.

92. Jlokaxkute, 9TO €C/iM MHOTOYJI€H N-U CTEleHu HMEeT 1
KOpHEeN T1, T2, ..., Tp, TO
apr” + a1z '+ .t an_1z + an, =

=ap(z —z1)(x —22) ... (T — Ty).
93. /lokaxkure, 4TO B p-apudpMeTHKE
(z—1)(z—-2)...[x—(p—1)]=2P ! -1,

U BbIBeUTE OTCIOAA Teopemy Busbcona (cp. 3agaay 746).

*) CTporo roBopst, O HAIIEMY ONPEEIEHNIO CTENEeHN MHOIOYJIEH CO BCEeMU
HyJIeBBIMU KO3 dUIeHTaMu BOOOIIE HE UMEET HUKAKOM cTeneHu. TOYHbIi CMbIC
3aJ1a4M CJIeAYOIINA: MHOTOYJIEH HE MOYKET UMETh DOJIee KOPHEH, YEM ero CTeneHb.

VrBepKaeHue 3TOl 3a1a4M CIPaBeInBO U B 00braHOM apudmernke (cm. Ku-

cenes A.Il. Anre6pa. Y. 11, § 145).



*TITABA 11
m-AJINYECKUE N p-AINYECKUE YNCJIA *)

§ 1. IIpumenenue 10-apudMeTuKu K IEJIE€HUIO
MHOTO3HAYHBIX YMCeJI

B nHauaabHOI 111K0JIE 00yYat0T MTPOU3BOANTH HAl MHOMO3HAYHBIMU
qUCJaMU YeThipe apudMeTudecKuX AefiCTBUs: CJIOXKEHHE, BbIUUTa-
Hue, yMHOXKeHune u gesienne. ClioykeHne W yMHOXKEHHE MHOTO3Had-
HBIX 9UCeJI TTOJTHOCTHIO CBOAATCA K CJIOKEHUIO 1 YMHOX>KEHUIO YUCEJT
OJHO3HAYHBIX: OJId TOr'O ‘{TO6LI CJIOXKUTH NJIN MEPEMHOXMUTbH
[IBa 9UCJIa, TPEOYETCsT TOIBKO IPOU3BOIUTE B OMPE/IEJIEHHOM MMOPSIIKE
JefCTBUS HaJ WX OTAEILHBIMU IUdpamMu, He 3a0biBasi MPU ITOM
0 rpaguJie nepenoca. /st Toro 4Tobwsl Bl Y e CT b JIIOObIE MHOTO3HAY-
HbIE€ 9UCJIa, JOCTATOYHO YMETDH IMPOU3BOAUTHL BbIYUTaHUE B IIpeeIax
naamaru. CoBceM He TO NpU JeJeHUU: OOMENPUHATHIA crocob
AEJIEHUA ABJIAETCA MO CYLIECTBY HE YE€M WHBIM, KaK yHOpSIrHO‘{eHHOIl/‘I
cucremoit mogbopa. Hanbosiee HanBHBIM criocoboM 1ejieHus ObLT Obl
caeyonuil: MPUKUHEM HA IJ1a3, KAKOBO MOXKET ObITh YaCTHOE, U
YMHOXKHM 3TO MPeAnojaraeMoe 4acTHOe Ha AeJuTeNb. Eciu npo-
U3BEJ/IEHNE PABHO JEJMMOMY, TO OTBET HaiimeH. Kciu oHo Gosibiie
WJIn MEeHbIIe OJeJNMOro, TO HaJ0 COOTBETCTBEHHO YMEHBIIUTHL WJIA
YBEJIMYUTD B3siTOe Hayraj dactHoe. [locie konednoro yucia npod Mbi
Hen30eXKHO MpUJeM K oTBery. B ciydae, Korga 4acTHOE OJHO3HAY-
HO, CTI0C00, KOTOPBI MbI Ha3BaJNW HAWBHBIM, B TOYHOCTHU COBMAJAET
co crocobom, KOoTopoMmy o0ydvaloT B mkosax. Fcjiu gacrHoe MHOrO-
3HAYHO, TO IIKOJbHbBIE [IPABUJIA MO3BOJSIOT PACUJIEHUTDH PUMEP Ha
HECKOJIbKO TIPpUMEPOB, B KaXXJI0OM M3 KOTOPHIX YaCTHOE OJHO3HAY-
HO W KaXK[IbIli M3 KOTOPBIX peIrnaercs: mytem momdopa. [Ipumenenue
10-apucpmeTnku MO3BOJISIET [EJUTH MO-UHOMY, HAYMHAS C HOCIeqHEN
1 poI JeTUMOr0 U JeJIUTENs, TOJOOHO TOMY KaK 9TO JIeJIaeTCs Ipu
CJIOKEHUU UJIN YMHO>KEHUHN.

CocraBum Tabsmiy obpatabix Besnand B 10-apudmernke:
k| 1(3]7]9

JEHEE
k

Yucna 3Toit TabauIbl, CTOSIIIME B OJHOM CTOJIOIE, JAIT TpU
nepemuoykenuu 1. B mabauity ve monanu uwmciaa 2, 4, 6, 8, 5, 0. [las

%) I'naBbl, oTMedeHHBIE 3BE30YKOI, COMEPIKAT [IOMOJHUTENbHBIA MaTepuaa u
MOTYT OBbITH OIYIIEHBI IPU IEPBOM YTEHHU.
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HUX OOpaTHOro He cymecrByeT. Hanpumep, Ha kakoe Obl 4ucC/iO U3
10-apucpmeTnku Mbl HU YMHOXKAJIUA H, MbI mtosrydnm jub6o 0, jmbo 5,
HO HuKorda He mosayuum 1. J/lenenune B 10-apudmerrike BO3MOXKHO
ne Bcerga (10-apudmernka He siBasiercs p-apudmernkoit). Oanako
BCerja BO3MOXKHO jejeHue Ha umciaa 1, 3, 7, 9: mast Toro 4robbi
[OJEJIUTh @ HAa OJHO U3 TUX YMCEJI, JOCTATOYHO YMHOXKUTbH G Ha
obpaTHOe YnCIIO.

[Tepexoaum K esieHUI0 MHOMO3HAYHbIX dnces. O0bscHenus y100-
HO TIPOBECTH Ha KaKOM-HHOyah nipumepe. [lycTh, ckaxkem, TpebyeTcst
pasaenutsb 74 646 na 957. denum B cmbiciie 10-apudmveruku nmocue-
HIOIO [Py JJTUMOTO0 Ha TOCJIEAHIO NPy AeJTUTes

6:7=6-3=8.

Mbs1 nostyunsin nocsaegHIO0 nudpy 9acTHOTro. Y MHOYXKaeM 3Ty nudpy
Ha, JIeJIUTEIb U BBIYUTAEM pe3yabTaT u3 geanmoro. [Tomydaem 66 990.

Henum mocaegHo0 OTIUYHYIO OT HyJisd Hudpy pelysabrara, T. e. 9
Ha 7, B cmbicie 10-apudmernku

9:7=9.-3=T.
Nrak, Bropasi cripasa 1udpa 9acTHOTO 7. Y MHOXKAEM 7 Ha JIEJIUTEH

u BbiuuTaeM pesyabtar u3 66 990. [lomyuaem (0. CuoemoBaTesbHO,
JleJieHre 3aKOHYEHO, U YaCTHOe paBHO 78. BhIKJiajKu pacrnosiaraiorcst

CTAeIYIOIIM 00pa3oM:
74646957 2
~ 7656 78

6699
6699

0

Crepxy OKOJIO [JeJUTe/Isl TUIINETCS] YUCI0, O0pPaTHOE B CMBICIE
10-apudmvernkn nocaenneit uudpe msenurtens. lenenue Ha mocnen-
HIOIO 1Py AesuTessi 3aMEHSIeTCs YMHOXKEHHEM Ha 9TO oOpaTHoe
YHCJIO.

[IpuBeem ere aBa npuMepa:

61730684|7459 > 21732
© 44754|8276 2711739

6168593 19
52213 ~
611638 T
14918 ~ 91
59672 e
59672

0



§ 2. BeckoneuHo3HauHble YUCAQ a7

Bo BTOpOM npumepe Mbl NPUXOAUM K OTPULATEILHOMY OCTATKY. DTO
MOKA3bIBAET, UYTO [EJIEHNE HalleJI0 HEBO3MOKHO. K sTOMy mpumepy
MbI €Ille BEPHEMCsI B cJiejytomeM naparpade.

Crocob genennst, KOTOPHIM Mbl TTOJIB30BAJINCh, HETTOCPEICTBEHHO
HEMMPUMEHUM, €CJIM JeJUTEb OKAHIUBAETCS HAa YETHYI0 nudpy uiam
Ha 5. B saToMm ciyuae menmmoe u IeUTENb TPEJBAPUTEHHO COKPA-
IAOT HA 2 WJW Ha D *). B caydae HaJIOOHOCTU TaKOe COKpAIleHUe
MOBTOPSTIOT HECKOJILKO pa3, MOKa, HAKOHEIl, He TPUXOIAT K IeJINTe-
JI0, OKaH4uBammemycss na oguy u3 uudp 1, 3, 7, 9. [locie sroro
MPOM3BOISAT JIeJIeHNe TaK, KaK 3TO ObIJIO ONMUCAHO.

Onucanublii cnocob JejieHusi B Ppsijie CAydaeB MPOLIe U y100-
Hee oObIYHOrO cnocoba. OgHako OOBLIYHBIN CIIOCOO MMeeT mepe HUM
OIHO YPE3BBIYANHO Ba>kKHOE MPEUMYIIECTBO: €CJIU JeJIeHre Halleso
HEBO3MOXKHO, TO OOIIENPUHATHIA crocob IesieHNs MO3BOJIsSeT HaTh
JacTHOE ¢ JiT00O0i Hamepe] 3aJaHHON CTENEeHbIO TOYHOCTH, HATIPUMED
¢ Ttounoctbio 10 0,1 mau 0,001; onucaHHBIN >Ke HAMHU CIIOCOO TaKoM
BO3MOYKHOCTH HE JaeT.

94. Vcnonb3ys 10-aprdpMeTuky, Mpous3BecTy JeIeHue:
a) 37233:189,

6) 36408 : 328,

B) 851 :74.

§ 2. BeckoHeyHO3HaYHbIE YNCJIA

B HauanwnHO# 11KOJIE€ 00yYal0T MPOU3BOAUTEH BBIYUTAHUE TOJBKO
B TOM CJIy4ae, KOrJa BhIYUTaeMoe MeHbllle yMeHbiaeMoro. [lonbiTa-
eMCsT IPUMEHUTH Te YK€ TIPABUJIa K BHIYUTAHUIO OOJIBIIEr0 YUCIa U3
MeHblIero. [IycTb, HanpuMep, HAJ0 BBIYUCIUTh PAa3HOCTh 398 — 536.
Haxoanm
0398
~ 536

1862

Onepainmn HaYMHAIOTCS, Kak 0ObIYHO, ¢ mociaemuanx mudp. Kanx-
CTBEHHBIM HOBIIIECTBOM SIBJISIETCSI TO, YTO MbI pa3periaem cebe «3aHu-
MaTb» U3 HYJIsI U B COOTBETCTBUY C ITUM MOy YaEM B KAYE€CTRE ITEPBOA
uudpbl pesybrata dncio —1 (Mbl numem 1 BMecto —1, cTaps 3HaK
«—» Hajg uudpoit 1, 9To6bI OBLIO SICHO, YTO ITOT 3HAK OTHOCUTCS

*) Ilenenne Ha 5 MOXKeT GbITH 3AMEHEHO YMHOMKEHUEM Ha 2 C IOCIeLyOIUM Je-
snennem Ha 10. TouHo Tak >ke BMeCTO TOTo, 4TOObI JEUTH Ha 2, MOXKHO YMHOXKHUTh
Ha b u pazgesmth Ha 10. Fcau genumoe He genuTest Haueso Ha 2 Wi HA 5, TO
[0CJIe COKPAIIEHUST MBI TIOJIy UM JECITUIHYIO APO0b.
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TOJIBKO K NepBoil nudpe, a He KO BeeMy 4uciy). Pe3ysbrar MoxKHO
3aMmcaTh Tak>kKe B BUJIE

(=1)-10% +8-102 4+ 6 - 10 + 2 mom — 1000 + 862.

HpI/IBe,Z[eM elle HECKOJIbBKO IIPUMEPOB!

0010901 000001 01889
T 134521 T 10002 2354

1876380 189999 19535

Bepnemcs Teneps K npumepy nesienus 217 : 3, KOTOPBIil MBI yKe
pasbupajm U OCTAHOBUJINCH, MPUIsl K OTPHUIATEILHOMY OCTATKYy U
KOHCTATHUPOBAB, YTO [leJieHNe HalleJl0 HeBO3MOXKHO. Ternepb MbI Mpo-
JIOJDKUM TIPEPBAHHBIE PAHEE BBIYKMCJIEHUs, TPUYIeM OyJemM MpPOou3BO-
JIUTH BHIYUTAHUE TAK, KAK 3TO OBIJIO TOJBKO UTO OMUCAHO.

217|3 L
27/...66739
19
9
001
21
018
18
018
_18
18

[Tpu nanbHeiimeM TPoJOPKEHAN NEJIEHNA MBI Oy1€M BCE BPEMS TTOJTY-
JaTh oquHakoBble octaTky (18) u ogqunakosbie undps! yactHoro (6).
Takum obpaszoM, pe3yJLTATOM JeJeHUsl ABJsSeTCs Leaoe DeCKOHed-

HO3HAYHOE MEPUOANYECKOe Fuco . ..6666739. [IpoBepum, uro 3To
YUCJIO TIPU YMHOXKeHUU Ha 3 naet 217. JleficTBUTENIBHO,
... 6666739
3
...0000217

Bce nudpsbl npoussesenust, Kpome MoCJeIHUX TPEX, CYyTh HYJIH.

Takum ob6paszoM, HOBBLIN crOCOO JeeHus], TOUHO TaK »Ke KaK U
OOIIENTPUHATHIN CII0CO0, MOXKET MPUBOAUTH K OTBETY, 3aMUCHIBAIO-
memMycsi 6eCKOHEYHOI MoC/Ie0BaTe/IbHOCTRI0 TU(P; TOJBKO Terephb
9Ta MOCIeJ0BATEILHOCTh DECKOHEYHA He BIIPABO, a BJIE€BO: BMECTO
OECKOHEYHO AeCATUYHON APOOU MbI MOIyYaeM OGECKOHEYHO3HAYHOE
LI€JI0€ YKCIIO.
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Haj 6eckoHevHO3HAYHBIMY YHUCIAMEU MOYXKHO ITPOU3BOAUTD ONEPa-
AW CJIOXKEHUsI, BBIYUTAHUS U YMHOXKEHUsI TI0 TEM K€ CAMBIM Ipa-
BUJIAM, YTO W HaJ 4YHUCJIaMU MHOro3HadyHbIMU. [Ipu sTom gms BwI-
YUCJIEHUSI [TOCJIeIHUX N P pPe3y/braTa JOCTATOYHO 3HATH TOJHKO
nocsearvie n i p KaXk/I0ro u3 4ucesi, KOTopbie TpedyeTCst CJIOKNTh,
BBIYECTH WJIU [TePeMHOKUTH. [IpuBemnem npumepsbi:

...100010010 ... 175321
+...000990090 X . ..531498
. 101000100 T 102568
... BT7889
o +...701284
_...00000 ... 175321
...00001 ...525963
99999 ... 876605
... 760858

Ob6parumcst Tenepb K gesenuto. Ecau genuresns okaHYMBAETCS Ha
onny w3 mudp 1, 3, 7, 9, To AeseHNE MOXKHO MPOU3BECTH METOIOM,
onucanubiM B § 1. Hanpumep,

..23517|...85143 L
... 66287]...40619

..0723
.5143

.. 058
...858
.20
2
PeSy.anaT JeJIEHNA CHOBaA fABJIAETCA IEeJIbIM 6eCKOHe‘-IHO3Ha‘-IHI)IM qu-
ciom. CrioykHee 0OCTOUT AEJI0, eCIV JeJINTENIh OKAHYNBAETCS OJIHOM
uz uucdp 0, 2, 4, 6, 8, 5: B 3TOM Ciydae JajieKO He BCerga yja-
ercst momobpaTh 1e10e OECKOHEYHO3HAYHOE YUCI0 TaK, YTOObI Mpu
YMHOXKEHUM Ha JeJIUTesh OHO AaBajo genumoe. [lycts, Hampumep,
JenuMoe okaHunpaetcs mudpoit 1, a geaurens papen 10. Kakoe 6b1
1ies10e 6ECKOHEYHO3HAYHOE YNCI0 MbI HU yMHOXKaJsu Ha 10, pe3yJsibrar
BCerga OKaHYUBaETCdA HYJIEM U, 3HAYUT, 3aBEAOMO HE€ paBEH [OeJIN-
momy. Takum obpaszom, pazmennts HA 10 4KMCI0, OKAHYUBAIOIIEECS
eJIUHUIEIl, OCTaBasiCh B 00JIACTH EJIbIX OECKOHEUHO3HAYHBIX YHCe,
HEBO3MOXXHO. ECTeCTBeHHbIM BBIXOOM MPeaCTaBJIAETCA BBECTHU B pac-
CMOTpeHMe HelleJible 6eCKOHEeYHO3HadH bl e YiCa, TAKUE, KAk,
Hanpumep, ...66739,1 wm ...56429,0000017 u T. n., T. e. 4ucia,
UMeEIOIIe KOHEYHOE YKCJIO 3HAKOB mociie 3ansaToil. CioxkeHue, BbI-
YUTaHUE U YMHO>KEHHE 3TUX IUCEJI IPOU3BOJATCA IO TEM K€ CaMbIM
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[paBUJIaM, YTO U ONEPAIUHU HAJT OOBIYHBIMU I€CATUIHBIMU JPOOSIMU,
U HE HYXKJAIOTCS HU B KAKUX JOTIOJHATEIHLHBIX O0bSICHEHUSIX.

[Tocsie BBegeHUsT HelLEAbIX OECKOHEYHO3HAYHBIX YUCEs JIeJICHUE
Ha 10 cTaHOBUTCS JIETKO BBITOJHUMBIM: OHO CBOJUTCA K IepeHece-
HUIO 3aIsTON HA OJWH 3HAK BJIEBO. BMecTe ¢ TeM CTAHOBUTCS JIEMKO
BBITIOJIHUMBIM U Ji€JIEHUE HA 2 1 HA H: OHO CBOAMTCS K JejeHuro Ha 10
U yMHOXKEHUIO Ha b uyin Ha 2. Y Mesl IeJTUTh Ha 2, Ha b 1 Ha Jiroboe duc-
JI0 a, okaH4uBaroieecs nudpamvu 1, 3, 7,9, Mbl TEM CAMBIM MOy Ya€M
BO3MOXKHOCTB JEJIUTH Ha JII000e nponsseienne Buja 25" a: 1si Toro
qToOBI TIoAenuTh Ha 2"5™a, MOCTATOYHO M pa3 TMOJEJUTh Ha 2, N
pa3 moJeJiuTh HA H U 3aTEM MOAEIUTh HA G. 1aK KaK B YIIOMSIHYTOM
BH/Ie MOYKHO IPE/ICTABUTH MTPOU3BOJbLHOE KOHEUHO3HAYHOE YUCTIO0, TO,
CTAJIO OBIThH, JeJIeHNE HA KOHEYHO3HAYHOE YNCJIO BCETJA BHITOJHUMO.
O1HAKO ecJu IeJIUTeJIb — YUCI0 DECKOHEYHO3HAYHOE, TO HET HUKAKUX
OCHOBaHUI 0XKUJATh, YTO €ro yAacTcs MPeJICTaBUThH B Buje 2™5H"a,
rae a okanuuBaercs nudgpamu 1, 3, 7, 9; neficrBUTEILHO, TPUMEDDI
NOKA3bIBAIOT (CM. HUKe 3a1ady 97), uTo deaeHue Ha 6eCKoOHe HO3HAY-
HOE YUCAO BLINONHUMO HE 6Ce20a, TAXKe eCJIN UCTIOIb30BAThH HelleJIbie
HeCKOHeYHO3HAUHbIe Yncia *) .

OTmeTuM B 3aKJIFOUYEHUE CXOJCTBO MeXKaAy apudMeTuKoi 6ecko-
HEYHO3HAYHBIX unces u 10-apudmeTnkoii: B KaXk 10 n3 3tux apud-
METHK BCETr'/Ia BBITOJIHUMbI OMEPAIUHU CJI0XKEHUSI, BBIYUTAHUS U yMHO-
JKEeHWUsI, TPUYEM JIJIsT TUX OMePalliil ClipaBe/TUBbI BCe 3aKOHbBI 00bIY-
Hoil apudmernku (cMm. dopmyabl Ha c. 44, 47); B Kaxka0it U3 3TNX
apudMeTuK JejeHue BbIMOJHUMO HE BCEr/a.

95. HaiiTu nesble HeCKOHEUHO3HAYHBIE MMEPUOIUUECKIE UHCIIA,
BhIpazkatomiue otuornenus 1:3, 1:7, 1:9. [IpoBeputh pe3yibraThbi
YMHOYKEHHEM.

96. /lokaxkuTe, 9TO B MOMEIIEHHON HUXKe TabJ/IuIe

*) Unraresh MOYKET CMPOCHTH, MIOUEMy He PACCMATPUBAIOTCS YMCIIA, NMEIOLNEe
OECKOHEUHOE YHCJIO 3HAKOB TOCJE 3aMlsiTON, T. €. YNCJIa, OECKOHEYHble B 00e
cTopoHbl. [/lesio B TOM, YTO /Jis1 TAKUX YHCEJ] HEBO3MOXKHO Pa3yMHO OMpPEIesUTh
apudmernueckne onepauuu (CJIOXKEHUE U T.J.); BBIPAXKAsCh (PUrypabHO, K HUM
«HEOTKY/IA MOJCTYTUTHCS».



§ 8. m-aduneckue u p-aduveckue wuUCAaQ 61

B KOTOPOI KaxKJ0e YMCJI0, HAYMHAsI CO BTOPOro (CBepxy), mosy4a-
€TCsl BO3BBIIIIEHNEM B KBAJIPAT YNCJIA, CTOSIIIETO HAJ| HUM:

a) GeckoHeuHO3Ha4uHOe umciao d = ...90625, 3aki04YeHHOE
B PaMKy, PaBHO CBOEMY KBaJpaTy, T. e. d? = d;

6) Tem ke cBoiicTBOM obGnazaer yncio e = 1 —d = ...09376
(1. e. €2 = e);

B) de = 0.

Ykazanue. [Ipeasapurensno nokaxkure, 9to y n-ro u (n + 1)-ro uncen
TabJIMLbI COBMAJAIOT MOCJIeHUE N IUdP.

97. Jlokaxknute, 9T0 4nCI0 d, MOCTPOEHHOE B TMpEbIAYIIeil 3a-
Jade, He UMeeT OOPATHOrO, T. €. HEeJIb3s M0A00PaTh HUKAKOTO Oec-

KOHEYHO3HAYHOr0 Yncaa & (HU LeJIOoro, Hu ApOOHOro) Tak, 4ToObI
xd = 1.

98. JlokaxkuTe, UTO YCJIOBHIO T2 = & y/OBJETBOPSIOT TOJIBKO
JeTbIpe OecKoHedyHO3HaYHbIX yncaa: 0, 1 u yncna d = ... 90625 u
e =...09376, nocrpoenunnie B 3aa4e 96.

§ 3. m-agndecCKue n p-aandecKue dmcjia

Cucremsbl cuyuciienud. B npeabIayinx naparpad)ax yucay 10
NpuHaAJIe>KaJa UCKJIIOYUTEJIbHaA POJIb. an/I‘{I/IHa 9TOro0 B TOM, 4YTO
10 — ocHOBaHUE cUCTEMBI CUUCTEHUS, KOTOPOI Mbl OOBIYHO MOJIb3yeM-
Csi: €CJIM MHOTO3HAYHOE YUCJI0 3AMUCHIBACTCH TUMPAME Gpy Ay 1, - - -
..., a1, ag, TO OHO paBHO

ap - 10" +an 1-10"' + ... +ay-10 + ao.

[Ipeanourenue, KOTOPOE TPU ITOM OKazbiBaeTcst Ynucay 10, oObsicHsI-
€TCsl, KOHEYHO, HE KAKUMU-HUOYIbh OCOOEHHBIMU MATEMATHYECKUMU
MPENMYIeCTBAMU ITOTO YNCIA TEePeJ]] BCEMU OCTAJILHBIMU YUCTIaAMU
HATYpaJIbHOTO psijJia, & UICTOPUE BOSHUKHOBEHUsI HYMepaIun, Hepas-
PBIBHO CBSI3aHHOM CO CYETOM Ha maJbliax. BmecTo gecsaTu MOXXHO
MPUHSITH 33 OCHOBAHUE CUCTEMbBI CUHCIEHUS JII000e HATYpaJbHOE YH-
CJIO ™, U CPEJIN BCEX ITUX M-UYHBIX CUCTEM CUMCJIEHUs JECATUIHAS
CHUCTEMA HE BbIJIeJISIETCS] PEIIUTEIbHO HUYeM, KpOMe TOr0, 4TO K Heil
MBI TTPUBBIKJIN.

[ToznakomuMcst OJuKe ¢ KaKON-HUOYJAb W3 CHCTEM CUYHCIEHUs,
OTJINYHBIX OT JE€CATUYHON, HAPUMED C sITUPUIHO. B 310l cucreme
ToabKo naTh uudp 0, 1, 2, 3, 4; 3anuck 122 B NATUPUYHON CHUCTEME
o3Ha4aeT 4ucio 1 - 5i + 2.5+ 2, 1. e. TpugUATH cemb; 3anuch 2001
obozravaer uncio 2-53+0-5240-5+1, T. e. ABECTH MATHIECST OINH.
Boobiie gucio, 3anuceiBaromieecs: mudpamMu an, Gp 1, - .., G1, GQ
B M-UYHOI CUCTEME, PABHO

1

an-m"+an_1-m" " +...+a1-m+ag.
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[Tokarkem, kak mepeiiTu OT JECATUYIHON 3aMUCU YUC/IA K MSITU-
puunoii. PaccMoTrpum B kadectBe npumepa ducio 1666. Beinumem
paBeHCTBA!

1666 = 5-333 + 1,
333="5- 66+3,

66="5- 13+1,
13=5- 2+3,
2=5. 0+2.

[lepBoe u3 3TUX PaBEHCTB BbIPAYKAET, UTO MPU AeJeHUU HA H YUCIO
1666 paer B dactnom 333 u B ocratke 1. AHAJOrMYHO OCTAJILHBIE
PaBEHCTBA BHIPAXKAIOT PE3YJIbTAThI JAEJEHNUS HA H TOCJIe0BATETbHBIX
yacTHbIx 333, 66, 13, 2. 3anuck uncia 1666 B nsiTupuyHOii cucreme
cuncaenust umeet By 23 131; ero nudpamu ciry>kaT HallJeHHbIE HAMU
octarku. Omeparuu CI0XKEHUsI, BbIYUTAHUSI U yMHOXKEHHs] MHOTO-
3HAYHBIX YHCEJI MPOU3BOJIATCS B MATUPUYHON CUCTEME CYUCIIEHUS 11O
TeM YKe TIPABUJIAaM, YTO U B IECATUYHOM cucTeme. [1pu ux BeImoiHEHUN
yA0OHO MOJIb30BATHCS TAOJIUIAME CJIOXKEHUST U YMHOXKEHUsI, COCTAB-
JIEHHBIMU B MSATUPUYHOM >Ke CHCTEMe.
[IpuBoauM 5TU TaOAUIIBL:

Tabauna ciio>keHust Tabauna ymHO>XXeHUSA

| 0 1 2 3 4 | 0 1 2 3 4
010 1 2 3 4 00 0 0 0 0
1|1 2 3 4 10 110 1 2 3 4
2|2 3 4 10 11 2(0 2 4 11 13
313 4 10 11 12 310 3 11 14 22
414 10 11 12 13 410 4 13 22 31

[IpuBegem mnpumMepsbl, WIIIOCTPUPYIOIINE JAEHCTBUSI B MATAPUIHON
CcHCTeMe CUUCJIeHUS:

4302 1340 421
3043 T o441 X432
12400 344 L 1342

2313
3234
403422

Bce, 9T0 MBI TOBOPUJIN O TIITUPUYIHOM CUCTEME CUUCIEHUsT, MOXKHO
ObI1I0 OBl MOBTOPUTH [1JIs1 IPOU3BOJILHON M-UYIHONU CUCTEMbI CUUC/IE-
Hust. KauHCTBEHHOE TOTIOJHUTEIHLHOE 3aMedaHue, KOTOpoe HEeoOXo-
IUMO CAesaTh, Kacaercs obo3nadeHuss uudp. B m-u4unoit cucreme
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cunuciaenuss m uucdp. Ecim m > 10, to obbrunbix 3uadkos 0, 1,
2,3, 4,5,6, 7, 8, 9 ne xBartut misi ux obosHadeHus. [Ipugercs
BBECTH [JIOTIOJTHUTEIbHBIE 3HAYKU. Hampumep, B 12-pudnoit cucreme
CUYUCJIEHUs TIOTPEOYIOTCsI HOBBIE 3HAUKM [1Jis1 0003HadYeHus: ducesn 10
u 11. B kadyecTBe TaKMX 3HAYKOB MOXKHO MPUHSATH, HAIIPUMEDP, OyKBbI

auf.

m-aaudeckue uncia. Cuenaem Teneps elle oJuH Iar u 0yaem
paccMaTpuBaTh B M-UYHON CHUCTEME CUUCEHUsI HE TOJBKO MHOIO-
3HAYHbIE, HO U OECKOHEYHO3HAYHBIE YUCIA, T. €. OECKOHEYHbIE CIIPABA
HAJIEBO TOC/IEAOBATEIHLHOCTH UMD 1M-UYHON CUCTEMBI CUNC/IECHUS.
Tak kak TepMUH «HECKOHEYHO3HAUYHBbIE YUCJIA» HUYErO HE TOBOPUT
0 TOM, KaKasi IMEHHO CUCTEMA CYUC/ICHUSI [TOJIO?KEHA B OCHOBY, BMECTO
HEro ynorpebJisitoT Jpyroii, bojiee onpee/ieHHbli TEPMUH <M -aduye-
ckue wucaay. CJloykeHNe, BHIYUTAHUE U YMHOXKEHUE 11-aJUYECKUX
YUCesT OTJIMYAETCsl OT COOTBETCTBYIOMINX onepanuii Hajg 10-agude-
CKUMU YUCTIAMU, PACCMATPUBABIIUMUCS B MpeAbIAyIeM naparpade,
He OOoJibllle, YeM OTJIMYAIOTCH MEXJy COOOi aeiicTBusi HAJ MHOIO-
3HAYHBIMU YUCIAMHU B M-UIHOU U JECATUIHON CUCTEMAX CUUC/ICHUSI.
[IpuBegem a1 WILTIOCTPALIMY HECKOJIBKO TMPUMEDPOB HA CJIOXKEHUE,
BBbIUNTAHUE U YMHOXKEHUE H-aJUIeCKUX UUCesT

...3333,1034 _...13203,1  ...43001

... 1111,432 ...21403,2 ...32104

_..0000,0404 ... 41244 4 ... 32004

.. 001

.. 02

.3
.14104

+

Mpur1 yrke oT™Meda i B mpeAbIayineM naparpade cxoacTBo Mex Iy
apudmernkoii 10-agndeckux dncen u 10-apudmerukoii. Termepb Mbl
MOYKEM CKa3aTh, YTO B TAKOM K€ CAMOM OTHOIIIEHUN HAXOISATCS MEXK-
1y coboit apudmeTnka m-aguuecKux Yuces u m-apudmMeTnkKa.

p-agndeckne dnciaa. Cpeaym BCEBO3MOXKHBIX M-apudMeTUK
0COGEHHOE MECTO 3aHMMAIOT, KaK MblI BUJEJH, p-apudmernkn (p —
npocToe 4ucyio). EcTecTBEHHO MOITOMY OXUIATH OCOGEHHO WHTe-
PECHBIX CBOMCTB U OT p-afgudeckux uuces. U, peiictBuresibHO, 91U
CBOICTBA 0OHAPYKUBAIOTCS, KAK TOJILKO Mbl 00PAILaeMCs K orepalun
JeJeHust: 8 0bAaCmU P-a0UdeCKUT Yuces deaenue 6ce20a 6binoAHUMO.
OnuieM, Kak ero Npou3BOANTL. Eicau mocnennsis mudpa genuTests He
HYJIb, TO MbI Hax0quM Hudpy, 00paTHyIO A5 3TOH UPHI B CMbIC/IE
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p-apudmeTnky (Takas BCerga CylecTByeT ), MOANUCHIBAEM 3Ty 06paT-
HY10 Py CBEPXY OKOJIO TEIUTEJIsI U MPOU3BOAUM JeJIeHUe COBEp-
[IIEHHO AHAJIOTUYHO TOMY, KaK MbI JIEJTUJIN B IIPEbIIyIeM naparpade
HA YnCI0, OKaH4YnBaomeecs nudpavu 1, 3, 7, 9. [lpusegem npumepsbi
AJIs1 T-aJu9eCKUX IrCeI:

001 [IpoBepka
21 o445
015 _ 3
15 ...001
15

[Tposepka

...346

..163]...346 & 064
T ...053]...064 ...053
o +...11
11 ...0
... 163

Ecnu menurens okanyuBaeTcst k HYJIsIMH, TO OH UMeeT B/ p* - a,
rje nocjaegHsist nudpa Yncaa a OTaAuYHa oT HyJs. Jlenenue Ha Takoe
YHUCJI0 CBOAUTCS K JEJIEHUIO Ha P°, YTO JOCTUTAETCsl MPOCTHIM Tie-
PEHOCOM 3amsITOi Ha k 3HAKOB BJIEBO, U K MOCJEIYIOMIEMY JIEJICHUIO
HA @, KOTOPOE BBIMOJIHAETCS Y2Ke U3BEeCTHBIM criocobom. Hampuwmep,
JejeHue 7-agudeckoro 4ucia . . . 163 Ha 7-agudeckoe 9ucio . . . 34600
MPOU3BOIUTCS CJIEIYIOIINM 00pPa30M:

. 163: ...34600 = (...163:100): ...346 =
=...1,63:...346 = ...0,64.

Takum obpazom, p-aguyeckue Yncia — meJibie U Heleibie — 00pa-
3yIOT CUCTEMY, B KOTOPOIA, KAK 1 B P-apu(pMeTUKe, BCET 1A BHITIOTHUMbI
4JeThIpe NEeHCTBUSI: CJI0XKeHNe, BhIUNTaHNe, YMHOXKEHUE U JIeJIeHNe.

Teomerpuyeckue mporpeccuu. llocienoBaresbHOCTL p-ajau-
YEeCKUX YnCce

bo, b1, bay oo b, ...

HA3BIBAETCS 2eomempuieckoti npozpeccueti, eCaV KaXKIblil ee dJieH,
Ha4YuHas ¢ by, MOlydaercs: u3 NpeblayIIero YMHOXKEHUEM Ha OJHO
U TO XK€ YUCJI0 ¢ — 3HaMEeHameAas nporpeccuu, T. €. b, = b,_1q
(n > 1). Mb1 6yaem Bcerga npeanonarats, uto b # 0, ¢ # 0 (unave
IPOrPECcCHsi BBIPOXKJIAETCS B IOCJIEI0BATEIBHOCTD HyJiel ). B 3agauax
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99-101 usyyaroTcs reoMeTpruyecKUe NMporpeccur, YIeHaAMU KOTOPbIX
SBJISIIOTCS 1IeJIble P-aJJUYeCKue YHCIia.

99. Ilycts @ — npou3BoJIbHOE LIEJI0E P-aIUU9EeCKOe YHUCIIO0, TIOCIE /-
Hsist (udpa KOTOPOro OTJINYHA OT HyJisA. JlokaykuTe, 4TO NMOC/IeHSsT
nudpa uncia aP~! — 1 ecrs 0. ([na crydas, Korga a 3Ta 3ajaya
coBmnajaer ¢ 3axaqeii 72.)

100. IIycts a — npou3BOJIbLHOE 1eJI0e P-aIudecKoe HUHCJIOo, TOo-
ciepnsist qudpa KOTOPOro OTJAUYHA OT HyJisd. JlokaxkuTe, 9T0 9uC/I0

a?* " (P=1) _ 1 okamamsaercs k HYJISTMU.

101. /lokarkure, 4TO €C/id B KAXKJOM HUJIEHE T'€OMETPUYIECKON
nporpeccun by, by, ..., by, ... (Bce b; — uesable p-aguueckue
YKCIa; 3HAMEHATE b MIPOTPECCUU He JIEJIUTCS HA P) OCTABUTH JIUIIh
nocaeanve k undp, TO MOJYyUIUTCs TIEPUOANYECKast OCIeI0BATE b
HOCTb, JIJTMHA KOTOPOii ecTh AenuTtens uncaa pF~!(p —1). JIpyrumu
CIIOBaMM, JIOKAXKUTE, ITO by M by, | jk—1(,_1) MMEIOT OfHY U T€ ke k

nocjieiHuX Hudp.

V3Biieuenne KkBagpaTHOrO KOPHSI.
KBaagparHble ypaBHeHUsI

102. /lokaxkuTe, uTO yparHeHue x> = q J160 nMeeT B apudme-

THKE p-aJInYeCKUX YKCe ABa PA3JMIHBIX PelleHus, Ju00 He MeeT
HU OJJHOT'O PEIIEeHUSI.

103. BoiBeaure popmyty ajs1 pelleHnst KBaJpaTHOrO ypaBHe-
HUSs

ar’+br+c=0

(a, b u ¢ — p-aguyeckue uncna, a # 0).

[TonbrTaemcst Teneps HAWTH CIIOCOD U3BJIEUYEHUsT KOPHS U3 P-a/ld-
yecKux 4Yuces. J{ocTaTouHO pacCMOTPETh U3BJIEUEHUE KOPHS JIUIIh
u3 meibix 4uces. Ecam gucio wmeer k uudp nociae 3ansToii, To
MOCTYTaeM TaK: yMHOXKaeM ero Ha p2F (umcno cTaHOBUTCS HEabIM),
10CJIe Yero u3BJjeKaeM KOPeHb U pe3yJibTaT JeJIUM Ha pk.

104. /JokaxkuTe, YTO KBaJpaTHBI!l KOPEHb U3 IEJIOTO P-aIudec-
KOI'0 4UCJIa €CTh YUCJIO LIeJIOe.

105. /lokazaTh, YTO €CliM U3 HEKOTOPOTO P-aIMYECKOro UHUCIa
M3BJIEKAETCST KBAAPATHBIN KOPEHb, TO B p-apudMeTHKe N3BJIEKAETCS
KBAJAPATHBII KOPEHb M3 €ro MoCaeaHel Indphl.

Ecnu uenoe p-anuyeckoe 4nciio OKAHYUBAETCsSI HEUETHBIM YKCIIOM HYJIEH, TO
W3 HEro Hesb3si U3BJ€Yb KBAJIPATHBIN KOpeHb. /leficTBUTENbHO, €Cin HEKOTOPOe
1I6JI0€ YKCJI0 OKAHYUBAETCS Kk HYJISIMM, TO KBaJPAT €r0 OKAHYNBAETCs 2k HYJISIMHU.

3 E. Oeinkun, B. Yceneuncknit
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[Iycts Temepp 4mMcI0 OKAHYMBAETCsE 2k HYJSIMM; TOTAAa BCE STH HYJH MOXKHO
0oT6poCuUTh (MHBIMU CJIOBAMM, PA3AEIUTH HA p%), 13 TOJIyYUBIIErocs 4ucsa u3-
BJIEYb KOPEHb U K PE3yJIbTATy NMPUMUCATH k Hysei (yMHOXKHUTH HA pk). [TosTomy
U3BJIeYE€HUE KBaJPATHOI'O KOPHSA U3 MPOU3BOJIbHBIX P-aJUYecKUuX Yucesl CBOAUTCS
K U3BJIEYEHUIO KOPHS U3 LEJbIX P-aAMUeCKUX YUCeJI, T0CeHsist udpa KOTOPbIX
OTJINYHA OT HYJIA.

MpI okaxkeM ceifuac, Kak U3BJIeUb KBAIPATHBII KOPEHb U3 P-a/Ti-
YECKOT0 YUCJIA, €CJTU MOCIeJHsIs [TUdpa 3TOro Yucia OTANYHA OT HYJIs]
¥ U3 Hee U3BJIEKAETCSl KBAJIPATHBIN KOpeHb B p-apudMeTKe (crydaii
p = 2 uckmovaercsi). HayuuMcst cHayasia u3B1eKaTh KOPEHb € TOYHO-
cTbio 10 1 1 p. Mbl HazoBeM p-ajudeckoe ducio By, xeadpammvim
KOpHEM ¢ MOouHOCmbI0 00 N Yudp U3 p-aguaeckoro uucia A, ecim B2
u A UMEIOT OJIHU U Te »Ke NocjaeaHue n udp.

106. TIposepbTe, uTo B 3-agmdeckoit apudmvernke 201 sBJIsI-
eTcsl KBaJpaTHBIM KOPHEM C TOYHOCTBIO 10 Tpex nudp U3 ducia
.. 112101 %).

[Tycts mbl yxe vHamm B,,. [Tokaxkem, Kak B 9TOM Cydae HAlTH
B, 11 — xBagparHblii KopeHb u3 A ¢ ToyHOCTBIO 10 N + 1 udp.
Nwmem B,, 11 B Buje

Bpy1= B, +2-10"*),

rae £ — OJHO3Ha4dHOe p-aamdeckoe yncyio (z - 10™ = z00...00).
i b p-a ( )

n HyJei
BosBoasi B,,41 B KBaJIpaT, Moaydaem
B2, , = B2+2B, z-10" +z%-10°",
OTKYJa
2B, -z -10" = B2, — B2 — 2*- 10°". (1)

Ham Hy>KHO, 4TOOBI Y B72L+1 u A cosmaganu n + 1 nocieanux udp.
U3 dbopmy.iel (1) ciaeayer, 94To /151 STOr0 HEOOXOJUMO U IOCTATOYHO,
4T00BI y uncaa 2 - By, - x - 10™ 6bL1u Te ke nocyienuue n + 1 mudp,
uto n y uncia A — B2 — 22 . 10%", wmm, uTo To e camoe, y 4HCIa
A — B2 (tax xax z2 - 10>™ okanunsaercsi 2n HyJsMHu).

Urak, n + 1 nocaeaunx mmbp y uncen 2B, - - 10" n A% — B%
JIO/KHBL coBnagath. Kak 2B -z - 10, tak u A2 — B?L OKaHYNBAOTCS

*) Mb ynorpebasiem 3amuch 201 Bmecto . . . 000201. Karkmoe KOHEIHO3HAUHOE
YHUCI0 B M-UYHON CUCTEME CUYUCIIEHUS] MOYXKHO, TAKUM 00Pa3oM, pacCMaTpPUBATh
KaK M-aJnyecKoe.

**) BaMeTHM, YTO YMCIIO P B P-aguuecKoii apudMeTUKe 3anuchBaeTcs, Kak 10.
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Ha N HyJIeH, TAK 9TO MOCJeJHUE N (PP COBNAJAIT ABTOMATUYECKU.
[Tycrs nocneausiss uudpa uncna B, ectb b (Tak Kak 1m0 yCJIOBUIO
nocsieausisi uupa A ornmana or uyassi, to u b # 0). Torpa nocaennsis
uudpa uucna 2B, ectb ¢ = 2b (p-apudmernyueckoe npousBeaeHNE
2ub), npuuem ¢ # 0, tak kKak p # 2 u b # 0. B takom ciyuae
¢ ectb (n + 1)-a cnpaBa uudpa uncaa 2B, - 10", a (n + 1)-u
uudpa uucna 2B, - 10"z ectb cx (p-apudmernyeckoe npousseaeHne
¢ u z). O6osnauus (n + 1)-10 mudpy uncia A% — B2 uepes d,
nMeeM

cr =d,

d
oTKyna x = - B p-apudmernke (Tak Kak ¢ # 0, TO JejeHne BO3MOXK-
C

Ho). Takum o6pa3om, mbl Hamu B, 1. 3amerum, uroy Bpi1 u By,
nocsiegare N udp COBNAIAIOT.

[T puwmep. HaiiTu kBagpaTHBIT KOPEHb C TOYHOCTBIO /10 YeThIpEX
undp u3 3-agudeckoro dmcaa . ..112101. Kopenb ¢ TouHOCTBIO A0
TPeX 3HAKOB MbI y2Ke 3HaeM (3a1a4a 106); on ects 201. Vmem Hy>kHOe
Ham uucyio B Buge (201 + z - 10%). Umeem

(201 4+ - 10%)% = 2012 +2-201 - z - 10% 4 2% - 106 =
= 111101 + 1102000 - = + z* - 10°.

[Tocnennne dernipe U pPbI 3TOrO YUCIA JOJXKHBI COBIAJATH C CO-
oTBeTCTBYIOMUMH I pamu yucia . . . 112101. 9To paBHOCHIBHO TO-
My, 4TO nocaegrue derbipe nudps! uncaa 1102000 - z 101KHBI OBITH
paBHBI MMOCTEJHIUM YeThbIpeM Iy pam ducia

... 112101 — 111101 — 22 - 10% = ... 001000; (2)

derBepras cripasa uudpa uncna 1102000 - z ecrs 2z (B 3-apudme-
THKe), a y uncaa (2) sta iudpa 1, otkyna

2z =1 (B 3-apudmernke)

n z = 2. [pegcraBisieM YuTaTEIO MPOBEPUTH, uTo 201 4+ 2 - 103 =
= 2201 ne#icTBUTEHLHO SIBJSIETCS KBQIPATHBIM KOpHeM u3 . . . 112101
C TOYHOCTBIO JI0 YeThIpeX Hudp.

Terepb MBI B COCTOSIHUU TIOCTPOUTH KBAaJPATHBIN KOPEHb U3
p-aguueckoro uncaa A. [lycrs nocinegusisi undpa unciaa A ectb aq.
FEcmn /a1 nssnekaercs B p-apudmernke, To a1 = b? (B p-apudpmern-
ke). Torpa p-aanveckoe uucio By = ... 00b; siBisieTcst KBaApATHBIM
KopHeM u3 A ¢ TouHOCTBIO 110 ofHOU Hudpbl. [loap3ysice HammM
[pUEeMOM, TIOCTPOUM mocaegoBaresbuo By, By, ..., By, ...

3%
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Breimuiiem atu aucna ogHO MOJ APYTUM:

. . b1=B,
ceo . . bybi=DBs,
... . bgboby=Bs,

...bgbgbo by = b4,

Hudpsel, crosimue 1o ryiaBHON guaroHau 3Toi Tabsiuibi, 06-
pasyioT p-aguueckoe yuciao B = ...bgb3baby. Jlerko Bugern, uTo
B*=A

[Ipunumast Bo BHuManue 3aa4y 105, MbI mostydaem, Takum oopa-
30M, CJEIYIOIINA Pe3yIbTaT:

Iyems p # 2 u nocaednssn yugpa p-aduyeckozo wucaa A omauvura
om HYyAR; mozda u3 A MOdHCHO U3BAEHD KEAOPAMHBLT KOPEHb 8 oM
U MOABKO 8 OM CAYHae, ecal u3 nocaednet yudpovr A ussrexaemcs
K6adpammbil KOpEHD 6 P-apudmemure.



FJTABA III

IMPMNJIOZKEHN A m-APUOPMETUKN
N p-APUOMETUKN K TEOPUN YNCEJI

§ 1. Paag ®ubonauyun

HOCJ’IG,E[OBaTeIII)HOCTb quceJi
Ug, UL, U2, U3y « ooy Up, - ..

HaszbiBaercst padom Pubonavwu (cokparieHHO psigoM @), ecanm Kaxk-
IIbIii ee YJIeH, HAYUHAS C U2, PABEH CYMME JIBYX MMPEIblIYIINX YJEHOB,
4JIEHOB, T. €.

Up = Up—2 + Up—1 (A1 1 > 2).

Takum obpazom, psify @ MOTHOCTHIO OMPEIEISIETCs, eC/U 3aJaTh IBa
€ro HA4YaJIbHBIX YJIEHA U U U7.

Bribupast mo-pasHoMy 49uciia ug ¥ %1, MbI TOJIYYIUM PA3TUIHBIE
psiapl Pubonauuu. V3 sTux psiioB 0COOYI0 POJIb UTPAET psijl, HAYM-
Hatomumiica yuciaamu 0, 1, T.e. psan

0,1,1,2, 3,5, 8,13, 21, 34, 55, 89, 144, 233, ...

YenoBumes HasbBaTh 9TOT psaa pagom 0 u Gyaem obosHauars
€ro 4JjeHbl OyKBamMu ag, a1, a2, - . .:

ag=0,a1=1,a3=1,a3=2,a4=3,a5=5, a6 =8, ...

HexkoTopbie cooTHOIIeHUs1 MeX 1y uncjiamu psga ®Pubo-
HaYYN.

107. Ilycts ug, w1, 2, - - -, Up, - . . — KAKOH-HUOY AL psig Pubdo-
Hauduu. [lokaxkure, 4T0 n-if Y4jieH STOrO PsiJla BhIPAYKAETCS YEPE3 1
u u1 o popmyJie

Uy = Ap_1UQ + AnU1.
(dnst Toro uTobel 31a dhopmyJia ocranack BepHoil npu n = 0, Hag0
MOJIOKUTE a_1 = 1.)
108. Jlokaxkure dhopmyty

Antm—1 = Gp—-10m—1+ Gl

109. /TokaxxkuTe, 9TO CyMMa, KBaJIPATOB JBYX COCEIHUX UJIEHOB
psana &0 (T e. a%,l + a%) €CThb YHCI0 U3 TOro e psga D0,
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110. Jlokaskure, uto ecan B psige PO BrIGpaTh MH06BIE TPU TIO-
CJIe[IOBATE/IbHDBIX YJICHA Gy 1, Gy, Gpt1, IEDEMHOXKUTH KpaiiHue u3
HUX U BBIYECTh U3 MMPOU3BE/ICHUST KBAAPAT CPEJHEr0, TO MOy IUTCs
1 wmm —1. JlokaxkuTe, 4TO 1Jisi TPOU3BOJIBHOTO psifa Pubonadu-

un (He obsi3aTesbHO HaumHaromerocs: uncaamu 0, 1) BbIparkeHue

Up—1Upt] — u% MMeeT TIpu JII0OOM 71 OfHY U Ty >Ke abCOIOTHYIO

BEJIMYUHY.

111. Jlokaskute, uto ecam BbiOpaTh B psige PO uerhipe mocie-
JTIOBATEJIbHBIX YJI€HA U1, Gy, Gpil, Gpt2 U BBIYECTh U3 MPOU3BE-
JIeHUsT KPAUHUX YJIEHOB (105, +2 NPOU3BEJEHUE CPEJHUX UJIEHOB
AnQpi1, TO TOTyauTcess 1 win —1. /lokaxkute, 94TO B ciiydae Mpo-
u3BOILHOTO psiia Pubonavuyun abCOMIOTHAST BEJUYUNHA, BHIPAYKEHUST
Up—1Upt2 — Uplpyt] HE 3ABUCUAT OT 7.

m-apudpmerndeckue paabl Pudonauuun. [locienosaresib-
HOCTh

V0, V1, V2, -y Up,y - ..

3JIeMeHTOB m-apudmeTnku (cM. ¢. 46) HasbIBaeTCs m-apudmemue-
crkum padom Qubonauwu (cokpaieHHo padom P, ), ecau st n > 2

Up = Up—2 + Un—1

(cnoxkeHne moHUMaeTcsi B cMbiciie m-apudmerukn). Kak u B 06bI4-
Holi apudmMeTnke, psi @, MOJHOCTHIO OMPEEISIETCS] CBOUMHU JBYMs]
HAYAJbHBIMU YjieHaMu Vg, v1. Hanpuwmep, psg @11, HaunHaomumiics
¢ ances 4, b, umeer Bu/

4,5,9,3,1,4,5, ...

OcobenHoe 3HAYEHVE UMEET Psijl, HAYWHALUCs dj1emenTamu 0,
1. Ero mul Gygem naseieath padom 0 . a ero wmenwr obosnavaTh

OykBamu cg, €1, C2, - . ., Cn, . .. Hanpumep, psiz ¢g 3arnnIneTcst Tak:
0,1,1,2,3,0,3,3,1,4,0,4,4, ...

®opMyJibl, BbIBeJIeHHBIE B 3a1adax 107-111, cipaBel/INBbI U )11
m-apudMeTHIECKUX PsIJIOB, €CIM B HUX 3aMEHUTb OYKBBI Ug, U1,
u3, ..., ag, @1, A2, ... COOTBETCTBEHHO OYyKBaMHU Vg, U1, V2, ...;
€0, C1, €2, - - .

3aMeTHM elIle, YTO eC/IH MO KasKIbIM U3 urces psaga $0

0,1,1,2, 3,5, 8,13, 21, 34, ...

HAMKUCATH OCTATOK OT JIeJIEHUSI TOr0 YUC/Ia HA M, TO OCTaTKu 00pa-
3ytoT m-apudmerndeckuii psg Pubonauun @0 .
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Pacnipenenenue B page @uboHAUYM YUCET, JEJIANIAXCS
HaA M.

112. Y6eaurecs, uro nocneanue mudps uncen psaaa ¢0 mopro-
psitoTcst epuoanyvecku. Yemy pasHa jyinHa nepuoga’?

113. (O606menne 3amaun 112.) Jlokaxkure, 9o Bce m-apudme-
Tudeckue psigbl PuboHAYYY SIBJISIIOTCS EPUOJUIECKUMU, TTPUIYEM
JJIVHA TIePHO/Ia HEe MPEBOCXOANT m2.

114. [Tycts m — m060e tesnoe gucio. Jokaxkure, uro B psge P°

0,1,1,2, 3,5, 8, 13, 21, 34, ...

HalieTcss 6ECKOHEYHO MHOTO YHCeJI, JeJISAIINXCsT Ha, M *).

Cucrema m 9JIEMEHTOB M-apUMMETUKH, BHITUCAHHBIX TIO KPY-
Iy, Ha PaABHBIX PACCTOSIHUSIX IPYT OT JPYyra, HA3hIBAETCS KPY206biM
m-apupmemuveckum padom Pubonauuu, WM COKPAIIEHHO PSIOM

@, (amraercs: «Pp, ¢ gyroiiy), ecau Npu ABUXKEHMU IO 9ACOBOM
CTpesiKe KarkK[blii 4jleH psijia paBeH CyMMe JIByX 4JIHOB, eMy Ipe/l-

mectByomux. Ha puc. 51 manbl npumepsl psios @s.

3

Puc. 51

Mpu1 6ygem HaswiBaTh psag D, padom b6e3 noemopenuli, ecin OH
HE MOYKET COBMECTUThCsT ¢ OO0 TIpM MOBOPOTE HA, yroJ1, boJibImumii 0°,
HO MeHbImit 360°.

N3 npuBefeHHbIX HA puC. H1 psiIOB MEPBbIM U TPETUI SABJISIOTCS
psigamu 6e3 moBTOpeHuit. BTOpoii psif1 siBJIsIeTCsT psiJIOM C TIOBTOPEHU-
siMu, 10O OH COBMeEIaeTcst ¢ coboii mpu moropoTe Ha 180°. 3ameTnm,
YTO €CJIU B HEKOTOPOM KPYTOBOM psifie P, BCTpedaeTcst JBaXKIbl OHA

*) Bo BTOpOM Type IX MockoBckoii maTemaTnyeckoi onummnuagbl ajis 9-10-x
KJIaCCOB ObLII PEJIOXKEH CJIeAYIOMNA YACTHBIA CIydai 9TON 3a1a4un:
Jlokaskure, uro cpegu nepsbix 108 + 1 unenos paga PuGonauun
0,1,1,2,3,5,8,13, 21, 34, ...

HaﬁﬂyTCH 4qucjia, OKaH4YUBaUyecsa 4€TbipbMd HYJIAMUA.
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U Ta K€ [apa COCEJHUX JIEMEHTOB, TO ITOT Psif] sIBJISIETCS PSIAOM C I10-
BTOpEHUSIMU. J|eliCTBUTEILHO, €CIU Psijl UMEET BU/I, W300Pa KEeHHbIN
Ha puc. b2, rme * = u, Yy = vV, TO OH COBMEIIAETCs] C COOOM mpu
MOBOPOTE, TIEPEBOSIIEM T B U U Y B .

Corunacuo 3agade 113 m060it m-apudmernde-
ckuii psij; PuboHAYYM SABJISIETCS TIEPUOJUIECKUM.
[TosTomy npu u3y4eHUn TAaKOTO Psijia JOCTATOYHO
UMETh [IeJI0 C €ro TMEPBbIMU YJEHAMH, COCTAB-
Jisiomumu nepuos. Keyin Beinucars 9t gucia mno
KpyTy IO YacOBOil CTPEJIKE, TO TOJYyYUTCS KPY-
rooit m-apudmerndeckuii psig PudboHauum 6e3
Puc. 52 [NOBTOPEHUI.

x Y

<

115. Beinumnre KPyrosble psijbl 45(2), @g, 452, @g, ¢g, 45(7), ¢g,

@9 ¢(1]0, 45(1)1 (6ykBoii @, 0b03HAUAETCST KPYTOBOil m-apudMeTu-
veckuii psig Pubonavaun 6e3 nosropennii, cogepkamuii napy 0, 1).

116. Ilycts  u y — jaBa snaemenTta psiga D,,. Jokaxkwure,
4TO ecau B psaae P, HalAeTcs HyJib, OTCTOAIINNA Ha OJUHAKOBBIX
paccrostamsix or x u y *) (puc. 53), To mbo = + y = 0, qmbo
z—y=0.

0 Y
€ Y
T z
Puc. 53 Puc. 54

117. IlycTs Tpu j1emMenTa &, 4, 2 Kpyrosoro psiga @, pacmnoso-
2KEeHbI TaK, YTO PACCTOSHUE MEXKIY T U Y PABHO PACCTOSTHUIO MEXKIY
y u z (puc. 54). Jokaxure, uro ecim x =y = 0, 10 2 = 0.

118. [Jokaxkure, 9T0 HYy.JU, BCTpedatomuecs B psae P ,,, pa3du-
BAIOT ITOT PsiJl HA YACTU PABHOM JJTUHBI.
119. Jlokaxure, uro B psige PO

0,1,1,2,3,5, 8,13, ...

quciia, geJdluecd Ha 1, PacCliOJIO’KEHbI Ha PAaBHBIX PACCTOAHUAX
JIPYT OT JpyTa.

*) B TOM cMBbICIe, 9TO nyru x0 u y0 comep>KaT OAMHAKOBOE YUCJIO UJIEHOB PSAJA.
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120. /lokarkuTe, 4TO ecii KPYroBoii psi 6e3 moBTopeHuit P,
COJIEP>KUT HYJIb U COCTOUT U3 HEYETHOTO YUCJIA JJIEMEHTOB, TO YUCJIO
€ro 3JeMEeHTOB PABHO TPEM.

121. TokaxxkuTe, 94TO 4UCJIO HyJI€ll, BCTPEYAIONINXCSI B KDYTOBOM

psize 6e3 nosropennii @ ,,,, pasro 0, 1, 2 wian 4. (Orcroga creayer,
49TO B niepuose m-apudmerndeckoro psga PuboHaqan 9ucsio nyJseit
pasro 0, 1, 2 nim 4.)

Pan ®ubonayum m reomerpudeckas rporpeccud. [locue-
J0BaTE€JIBHOCTDH 3JIEMEHTOB

bo, b1, bay ..., b, ...

u3 m-apudMEeTUKU HA3bIBAETCS 2€0MEeMPUYECKOT npoepeccuet, ecnu
KaXK/Iblii ee YieH, HaunHasl ¢ by, MoJydaeTcs U3 MpebIAyIIero dieHa
YMHOXKEHHEM Ha, OJHO U TO K€ IMOCTOsIHHOE YHCJIO ¢ — 3HAMEHATE b
nporpeccuu. Hanpumep, B T-apudmeruke npu by = 5, ¢ = 3 umeem
reOMEeTPUUIECKYIO TIPOTPECCHI0

5,1,3,2,6,4,5,1,3,2,6,4,5,...;
B 12-apucdmeruke npu bg = 1, ¢ = 2
1,2,4,8,4,8,4, ...

Ob61muii uneH b,, reoMeTPUYIECKO TPOTPECCUN BBIPDAXKAETCST Yepe3
HAYAJIbHBIN YjieH by u 3HAMeHaTesb ¢ 1o opmyJie

bn = boqna

KOTOpasi BBIBOJIUTCS, KAK B OOBIYHOM IIKOJIBLHOM KypCe.

Mpb1 GyzieM paccMaTpuBaTh TOJBKO TAKME MEOMETPUYECKUE TPO-
rpeccun, y Kotopbix by # 0 u ¢ # 0 (MHA4e nporpeccust BbIPOXKAAETCsI
B [10CJI/I0BATEbHOCTD HYJI€H).

122. Tlepuoaundeckasi mocjaeq0BaATEILHOCTE
1,4,5,9,3, 1,4,5,9,3, 1,4,5,9,3, ... (1)

semeHTOoB 11-apudmerukn sBJIsSIETCS OJHOBPEMEHHO reOMeTpude-
ckoit mporpeccueit u psigom Pubonadun. Temu ke cBolicTBaMu 06-
JIAJIAET TOCIeJ0BATENLHOCTh

b, 4b, 5b, 9b, 3b, b, 4b, 5b, 9b, 3b, b, 4b, 5b, 9b, 3b, . ..,

noJIyyalolasicss U3 mnocjegoBareabHoctu (1) yMHOXKEHHEM Ha Mpo-
U3BOJIbHBIN jieMeHT b u3 11-apudmernkn.
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a) Haiiaure Bee 11-apudmernveckue nocsie0BaTeIbHOCTH, sB-
JISTFOIIVECS] OJTHOBPEMEHHO T€OMETPUYECKUMU MPOTPECCUSIMU U Psi-
namu PuboHayun.

6) okaxkure, uro B 7T-aprudMeTHKe HYU O/IHOI TAKOH MOC/e]0Ba-
TEeJIbHOCTU HE CYIIECTBYET.

123. Pazyioxure psg 69,

0,1,1,2,3,58,2,10,1, 0,1,1,2,3,5,8,2,10, 1, ...

B cymmy aByx 11-apudmerndecknx psigos OuboHaUYIN, SIBISIOMINX-
Cs1 B TO K€ BPEMsI I€OMETPUYECKUMHM IIporpeccusimu *) .

124. /lokaxkure, 4TO:

a) Eciu B p-apudmernke **) Hesb3sl u3Biedb /b, TO B 9TOM
apudMeTHKe HeJIb3sl MOCTPOUTH TOCIEI0BATETHHOCTH, SIBJISTIOIIEH-
Csl OHOBPEMEHHO KaK IeOMeTPHUYECKOi Mporpeccueil, Tak U psaoM
Ddubonauuun.

6) Ecin B p-apudmernke V5 M3BJIEKAETCSI, TO B 9TOI apudme-
TUKE CyIIeCTBYIOT psifgbl PubOHAUYIN, SABJISIONIMECS B TO YKe BpeMs
reOMEeTPUYECKUMHU TTPOTPECCUSIMU, U TTPOU3BOIBHBIN psig Dubonay-
Y1 MOYKHO TIPEJICTABUTH B BUJE CYMMBI IBYX TaKUX PsIJOB.

125. [JokakunTe, 9TO €CIU B HEKOTOPOH p-aprpMeTnKe U3BJIe-
KaeTcda v/ u ecan

Vo, V1, V2y « ooy Uny ...

— npousBOJIbHbINA psig PuboHayqum u3 310 apudmeruxu, TO
VUp—-1 = Vo, Vp = V1, Up4+1 = V2 -« vy Vkpp—1 = Uk, - - -

126. Eciu B p-apndmernke MOKHO u3Bjiedh /5, TO umcio
9JIEMEHTOB BCSIKOrO KPyroBoro psiga Pubdonaddum 6e3 moBTOpeHuUit
ABJIAETCS JleJinTesieM yncaa p — 1

p-apudmMerndeckue psaabl Pubonaudwm. Ilycts vy, v1, va,
..+, Upn, ... — MPOU3BOJIbHBIN p-apudmernyeckuii psig PudboHaqIuH.
[TocTpoum mocie0BaTEIHHOCTE
V2 Un

(%Y
="ty =2ty = A
Vo U1 Un—1

9Ty MOCAe0BATENBHOCTh MbI YCJIOBUMCST HA3BbIBATH PAJOM OMHOULE-
Hul JJist psiga vg, Ui, U2, ..., Un, ... FCJAM HEKOTOPbIE U3 YUCE]I

**) IHpIMHU CJI0BaMU Tog6epHTe [Be nocjienosateabHoct bo, by, ba, ..., by, . ..
u by, by, by, ..., b, ..., ABIAIOMIKMECS OJHOBPEMEHHO MeOMEeTPHYECKIMH ITPOrpec-
cusimu ¥ pagamu Pubonauyu, Tak, 4T0OLI

Cozbo—f—blg,01=b1+b’1,02=b2+b’2,...,cn=bn—‘f—b:.”...

**) B 3ajauax 124-126 p o6o3HAYAET IPOCTOE YUCIIO, OTIMUHOE OT 2 U 5.
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V0, V1, V2, - -+, Up, - .. PABHBI HYJIIO, TO B PsiJie OTHOLIEHUi, Kpome
ances u3 p-apudMETHKN, BCTPEYAETCs CHMBOJI 00 *) (ecm Kakwe-
HUOYb JBA COCEJHMX 3JIEMEHTA PAfa vy, U1, ..., Up, ... PABHBI
HYJIIO, TO BCE 3JIEMEHThI 3TOTO Psia PABHBI HYJIO; 3TOT CIydail Mbl
UCKJIIOYAEM U3 PACCMOTPEHHS ).

127. Boraucianre neprbie 15 4jeHOB psigoB OTHOIIEHW, COOT-
BETCTBYIOIIUX PSAJAM @g, P9 P0 PY 45(1]1, 47(1)3.

128. a) /lokaxkure, 9TO NOCJIEA0BATENLHbBIE YJIEHBI PsiJja OTHO-
IIEHUI, OTBEYAIOIIEr0 MPOU3BOJbHOMY psiy PuboHaYYM, CBA3AHBI

dopmy.oii

tp=1+4 1.
tnfl
Ucnonb3yst 3Ty (popmyJty, JOKaKuTe, 9TO psig t1, to, ..., ty, . . . SIB-
JISETCS TePUOAUYECKUM U Ha, MPOTSYKEeHUH MePUoAa HUKAKOe YUCIIO
HE MOBTOPSAETCS JBAYKbL.
6) BeiBeguTe u3 3ajaum a), 4TO, KAKOBO ObI HM OBLIO MPOCTOE
4qucyio p, B psge Pubonaqan

0,1, 1,2, 3, 5, 8,13, 21, 34, 55, 89, 144, . ..

BCTpeYaeTcsi 66CKOHEYHO MHOTO YUCEJI, JEJISAIINXCS HA P, U BCE ITU

qucjia pacriojsio?2KeHbl Ha PaBHBIX PACCTOAHUAX APYTr OT Apyra.
129. IlycTs
/ ! !
UO, vl, UQ, s eey vo, Ul, v2,...

— JIBa, TPOU3BOILHBIX p-apudmerndecknx psiga Oubonauadu un

U1 V2 v
t1=—,ta=—, ..., th, = ——, ..., (2)
Vo V1 Un—1
! ! !
! _ Uy ! __ U2 /1 v
po=" g =2 = O (3)
Vo Uy Up—1

— OTBeYaloIMe UM Psilibl OTHOIIEeHui. Jlokaykure, 49To eciu 3Tu
psiibl OTHOILIEHU COZepXKaT XOTs1 Obl OAMH O6Imuil 31eMeHT (T. e.
ecau JJist KaKnX-Hubyab k v [ nmeeT MecTo paBeHCTBO tj, = t;), TO
OHM COCTOSIT U3 OJHUX U TEX YK€ 3JIEMEHTOB, T. €. KaXKJbIil 9/IEMEeHT
psina (2) Berpeuaercs B psage (3), u o6paTHo.

130. ITycTs
U1 V2 v
t1=—,tao=—=, ..., th = ——, ... (4)
Vo V1 Un—1
1 / Ui / Ué ! v,
—_— — - n
th=—sty=—, oty ==, (5)
Vo Uy Up—1

— psiJbI OTHOLIEHUH, COOTBETCTBYIOIINE KAaKUM-HUOYIb ABYM p-apud-

*) CM. moAcTpouHOe TIpUMeyaHue Ha c. 49.
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MeTn4deckuM psigaM Pubonayun. Jokaxkure, 9To ecau Hu t1, HA t)

He y/I0BJIETBOPSIOT ypaBHenuio z2 — x — 1 = 0, To oba psga (4) u

(5) MMeT OANHAKOBYIO JJINHY TIEPHOJA.

Y kazanue. Paccmorpure psisi oTHOIIEHUHI

¥1=C—1200,z2=c—2=1,..., (6)
Co C1

OTBeYaIOUINil PsiAy co=0,c1=1,¢c0=1
=0,c1=1,c0=1, ...,

u BbiBeUTE (POPMYITY ot (145t
T r)l1

1+ frtl

BBIPAYKAIOLIYIO 9JIEMEHTHI TIPOM3BOJILHOTO Psifia OTHOLIEHUIT (4) Yepe3 a/1eMeHTbI
cnenmanbaoro psiga (6).

tr+1 =

131. a) Ilycts 7 — qnuHa nepuoja psifia OTHOIIEHUI, TIOCTPOEH-
HOTO 1715l HEKOTOPOro p-apudmernyeckoro psiga Pubonaqun (p # 2
up #5). lokaxkure, 4ro:

1) ecin B p-apudMeTHKe He U3BIEKaeTcs /5, TO T ABISETCS
JenutesieM qucia p + 1;

2) ecin B p-apudMeTHKe U3BIeKaeTcs /5, TO T ABJSETCS e
TejieM 4ducsia p — 1.

6) /lokaxkure, 4TO, KAKOBO ObI HM OBIIO TIPOCTOE HYUCIO P, HE
paBHOe 2 u He paBHOe 5, B psige Pubonaqu4du

ag=0,a1=1,a9=1,a3=2,a4=3,a5=5,a6=8, ...
13 0OBIKHOBEHHOI aprdMeTUKN b0 Ap41, MO0 Ay 1 JEJTUTCS HA P.
[lepBsiit ciay4dait umeeT mMecTo, ecu V5 He U3BJIEKAETCsl, BTOPOI, —
ecn /5 u3BIekaercs *) (cpaBuuTe 3amady 125).

§ 2. Tpeyroapnuk Ilackasns

Tpeyzoavnurom [lackars Ha3BIBAETCS ClIeayiomas 6€CKOHEYHASsT
TabIUIA YUCEJI:

*) Moxkro nokazars, uto /5 ussiexaercs B p-apudnvernke (p # 2, p # 5) 8 Tom
U TOJIBKO B TOM CJIy4ae, ecyid p umeer Bug Sk + 1.
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Kaxkgoe qnciio B 3T0i1 Tabsiniiie paBHO CymMMe JBYX YHCEJI, CTOsI-
[IUX HaJ| HUM cJieBa U crpaBa. T'peyronbpauk [lackans cummerputien
OTHOCHUTEJILHO cBOel buccekTpuchl. CTpoku TpeyrojabHuka [lackasis
HYMEPYIOTCs CJIEIYIOUIUM 00Pa3oMm:

1 HyJleBas CTPOKA
1 1 repBasi CTPOKa
1 2 1  BTOpas cTpoka

Yyten Tpeyrosbuuka [lackans, crosimumit B n-it cTpoke Ha k-m mecTe
cieBa, cuuTasi OT HyJeBoro, oboznauaercss oberano CF (manpumep,
Cg = 10). I'lo onpeaenennio Tpeyronbuuka Ilackass
k k+1 _ ~k+1
Cp,+Cpm =Cr1y.

Tpeyronbauk I[lackassi MO2kHO, TAKMM 00Pa30M, 3aIIUCATH B BUIE

3 cBoiicTBa cuMMeTpun ciegyer, uto CF = Cn=F,

Byaem n3yvarth cBoiicTBA [€IMMOCTH 4JIEHOB TpeyronbhHuka [la-
ckagist. C 9T0i 1[eIbI0 PACCMOTPUM M-apUMDMETHIECKUIT TPEYTOIb-
Huk [lackans, KoTopblil onpefenseTcss COBEPLIEHHO TaK YKe, C TOM
TOJILKO Pa3HUIIEH, YTO €ro djeHamu OyJIyT y>Ke He OObIKHOBEHHbBIE
qucsaa, a dmeMeHTel m-apudmeruku. Hanpumep, 6-apudmvernaeckuii
rpeyrosbHuk [lackass nmeer Buj

Ynensl m-apudmernyeckoro Tpeyronbauka [lackans 6ymem obo-
snavaTh uepes P¥ rne PF — ocrarok ot mpenennst CF wa m.

132. JlokaxkuTe, 9TO B N-ii cTpoKe 2-apudMeTUYECKOro Tpey-
roabHUKa [lackasst Bce WiieHbl, KpoMe KpaitHuX (HyJIeBOro U m-ro),

CyYTh HYJIMU B TOM U TOJIBKO B TOM CJIy4dae€, KOorjga 1 = 2k
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CocraBum 3-apudmernveckuit Tpeyroabuuk Ilackass

Mpsr BuauM, 9To OH (MO KpaiiHeil Mepe B TOW €ro 4acTH, KOTOpasi
n300parkeHa Ha CXeMe) COCTABJEeH W3 TPEYroJbHUKOB TPeX THIIOB,
oOpallleHHbIX BEPIINHAMU BBEPX

(Takne TpeyroJbHUKM Mbl OyjleM Ha3bIBATH IAEMEHMAPHHLMU), U,
KPOME TOr0, U3 TPEYTrOJbHUKOB, O0PAIIEHHBIX BEPIINHAMU BHU3, KO-
TOPbIE CILIONIb 3AI0JHEHbl HYJISIMA W HAC CelYac He WHTEPEeCyIOT.
ElcrecTBeHHO BBECTH ONEpaIUIO CJIOXKEHUST HJIEMEHTAPHBIX TPEYTOJIb-
HukoB. CymMMa TPEyroJIbHUKOB €CTh TPEYroJjIbHUK, YJIEHbI KOTOPOrO
[OJIyYaI0TCs CyMMHPOBAHUEM COOTBETCTBYIOIIMX UJIEHOB CJIAra€MbIX
TPEYroJibHUKOB. T0rma, KaK BUTHO U3 CXEMbI, KAXKIbII 9/IeMEHTAPHbI
TPEYrOJIbHUK €CTh CyMMa JIByX 3JIEMEHTAPHBIX TPEYTrOJIbHUKOB, HA/I
HuM crositux. [Ipyrumu cinoBamu, 3-apudmerndeckuii TpeyroibHUK
[Tackasisi cocTaB/ieH U3 JIEeMEHTAPHBIX TPEYTOJIbHUKOB TaK K€, KaK U
u3 yucel. DToT haKT, yCTAHABJIUBAKOIIUI U3BECTHYO IEPUOUIHOCTh
B crTpoeHuu tpeyrosibHuka [lackass, HocuT obmiumit xapakrep, T. €.
BBINOJTHSIETCSE B J1I000I m-apudmeruke. Tounee o dopmyupyercs
B 3aja4e 133.

O06061MM HECKOJIBKO TOHsITUE TpeyrosibHuKa llackasisi, uMeH-
HO, OyZileM paccMaTpuBaTh YUCIOBBIE TPEYTOJIbHUKHU, Y KOTOPBIX MO
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CTOPOHAM CTOWT He 00s13aTeJibHO 1, a Jiroboe Yucio a:

Takoit TpeyroJbHUK TOJYy9IaeTCss U3 OOBIKHOBEHHOTO TPEYTOJbHUKA
[TackaJisi yMHOXKEHMEM BCEX €ro 4jeHOB Ha 4ucio a. B manbHeii-
meM Hac OyJeT MHTEePecoBaTb HE BeCh ODOOIIEHHBIN TPEyroJIbHUK,
a ero BepxHsisi 4aCThb J0 HEKOTOPON orpenesieHHON cTpoku. Takwe
TPEYrOJIbHUKK (C OJMHAKOBBIM YHCJIOM CTPOK) MOXKHO CKJIA/IbIBAThH
MeXK1y co00il U yMHOXKATH HA YUCJIO

133. I[lycTs Bce, KpoMe KpaitHUX, YJIEHbI $-if CTPOKM m-apudme-
Tu4yeckoro Tpeyroybauka [lackasst — mysu. JJokakure, 9T0 B TAKOM
CJIydae OH MMeeT BUJ, n3obpa-
JKeHHbIN Ha puc. b5. Kaxkaprii
U3 TPEyTroJIbHUKOB Afl, Ha KO-
TOpble Pa3bUT OCHOBHOI Tpey-
TOJILHUK, COCTOUT U3 § CTPOK.
3almTpUXOBAHHBIE TPEYTOJib-
HUKU COJEPXKAT TOJIbKO HYJIU.
TpeyronsHuku Afl MOTYNHEHBI
CJIETYIOIIUM COOTHOIIEHUSIM:

a) AR+ Ak = Ak AZ@}‘ AINT/AS A&

O 8% ST
134. Ilycts B s-it cTpo- -

Ke m-apudmeTniecKoro Tpey- Puc. 55

ronbHuka [lackasnst Bce aJie-

MEHTBI, KpOMe KpaiHuX, HyJu. /loka3aTh, 4TO TeM »Ke CBOHCTBOM
00/1aJaI0T CTPOKU C HOMEpaMu §°, §°, ..., §
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135. Jlokarkure, 4TO ecau JABy4JieH 1 4+ x BO3BECTH B N-10 CTe-
MNEeHb 1 3alliCaTh €ro 1o BO3pacTalommnM CTEIEeHAM T, TO MOJIYyIUTCA
PaBEHCTBO

0 1 2.2
1+z)"=C,+Crx+Crx*+ ...+ C}z",
wii B m-apudmMeTnke:
0 1 2,2
(1+=z)"=P,+ P,x+ Piz"+ ...+ P z".

136. Jlokaxkute, uro B p-apudmernydeckom Tpeyroabunke [la-
CKaJist BCsL P-51 CTPOKA (KpOMe KPallHUX YJIEHOB) COCTOUT U3 HyJIEi.
(Orcrona Ha ocHoBannu 3aaa4u 134 ciemyer, 9TO STUM ke CBOHCT-

BOM 061aJ4a10T CTPOKH ¢ HoMepamu p2, p3, ..., pF))

§ 3. pob6Ho-nuHelinbie pyHKIIUN
Bripakenue ax+b, rae a u b — kakue-HUOy1b YMCIIA, HA3BIBAETCSI
aunetinoti pyrxyueti or x. Hanpumep,
3
Sx+3, x+1, T

OTHolleHrne JBYX JIMHEHHBIX (DYHKIUNA HA3BIBAETCS OPOOHO-AU-
Hetinot Pynryued. [lpumepamu ApoOHO-JIMHENRHBIX (DYHKIUNA MOTYT
CJTY>KUTh BbIPAYKEHUsI

5z + 3 T 4x + 6

§m+5’ z+1 1z +2°
pobHo-nuHeiiHas (pyHKINA 00I1ero BUAa 3aluIIeTcs TaK:
ax + b
cx+d

JIpobuo-nuneiinyo dyHKuuio Mbl Oyaem obo3nadars vepes f(z). Ec-
N4 B Apo6GHO-uHelHy0 hyHKIUoO f () MOACTAaBUTbH BMECTO T YUCTIO

an +b
7, TO NOJIYyIUTCA YUCJI0O —
cn +d

Jluneitnast pyHKINS €CTh YACTHBIN CIydail IpOOHO-TUHENHOI:

, KOTOpOoe MbI 0603Ha4YnM uepes f(n).

axr +b= ar+b
0-z+1

Bynem paccmarpuBats p-apudmerndeckue JuHeiiHbe U APOOHO-
JnuHeitHble hYyHKIUU, T. €. OpaTh Bce YHCIa TOJBKO U3 p-apudmeru-
KU ¥ ONepaliu CJIOXKEHUsI, YMHOXKEHUsI U JeJIeHUsI TOHUMATh TOXKE
B p-apudmernyeckom cmbicie. [logcraBisisi BMecTo = B JUHEHHYIO
byukuio ar + b duciao n u3 p-apudMETUKU, Mbl MOJYyUYUM HYUCIIO
an—+b onsitb n3 p-apudmeruku. Takum o6pazom, uHeiiHas QyHKIINsA
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KaKJOMY YUCIY U3 p-apudMETHKU CTABUT B COOTBETCTBUE HYHCIIO
u3 p-apudmernku. Hanpumep, nna 11-apudmerndeckoii TuHeiHOM
dbynkunn f(z) = 7Tz + 4 umeem

F0) =4 f(1) =0; f(2) =7 F(3)
F(5) = 6; f(6) = 2; f(7) = 9; f(8)
DTO MOXKHO 3aIIUCATL B BUJIE TAOJIMUIIBI
0123 456 78 9 10
<40731062951 8)’
rjle B BepXHell CTpPOKE BBINUCAHBI BCE BO3MOXKHbIE 3HAUYEHUS T, a
B HUXKHEN CTPOKEe Mmnoa KaXJIbIM M3 HHUX CTOUT COOTBETCTBYIOIICE

3; f(4) = 10;
5, £(9) = 1; £(10) = 8.

zuadenne byukiuu 7T + 4. Bmecrto Tabsiu- 0

bl MOXKHO HapucoBaTh cxemy (puc. 56). lo7°ox 4
Crpesiku yKasblBalOT, BO YTO MepeiIeT mpu 90/ \010
npumenennu pyHkuuu 7r + 4 kaxkjgoe us 3{) T ¢
qucen 1l-apudpmernku. U3 cxembl BUIHO, 70 08
gro 11-apudmernyeckas auHeiinas QyHk- \o 0/
uusi 7T + 4 umeeT OfHY HETNOABUXKHYIO TOY- 2 \8/ 5

Ky 3; OCTaJlbHble TOYKH OOpa3yiT OIUH
UMK (ONpejesieHne [UKJIa CM. Ha . 48). Puc. 56

C 4vacTHBIM Clly4YaeM JIMHEHHON (DYHKIUU MbI YK€ BCTPEUYAJIUCH
B § 2 . I, rue u3ydanoch yMHOXKEHUE Ha YUCIO @, T. €. JIMHEeHHas
byukus ax. [loBropsisa Te ke paccyXKJaeHust, Jerko yoeaumMcst, 9To
U CXeMa MPOU3BOJILHON JIMHEHHON (DYHKI[UN PACTIAJIAeTCs HA [UKJIbI,
KOTOPbIE, KPDOME HEIMOJABUYKHBIX TOYEK, BCE UMEIOT OJUHAKOBYIO JIJIU-
Hy. MBI BepHEMCST K 9TOMY HUXKE, PACCMATPUBast BOMIPOC AJIsT APOOHO-
JINHEHHBIX DYHKIWI.

PaccmoTpum Teneps pou3BoJIbHYIO IPOOHO-JIMHEHHY IO Dy HKIINIO

ar +b
cx+d

Ecnau ad = be, To

ax+b _aclax+b) _acax+cb _a
cx+d c alcx +d) ¢ acx + ad ¢’
ar +b
crano ObITh, Ipu ad = bc BbIpaykeHune n HE 3aBUCUT OT I.
cx

[TosTomy MBI OyeM MOCTOSIHHO MpeAmoaaraTh, 4to ad 7 be.
FEcyin Mb1 6y 1eM TToACTaBASThH B APOOHO-TUHEHHY IO (DYHKITUIO BMe-
CTO T YUCA U3 P-apudMETUKH, TO MbI y>Ke He MOXKEM ObITh YBEPEHbI,

9TO 3Ta NOACTaHOBKa BCerJa MMpuBeJeT HaC CHOBa K YHUCITY U3 p—apI/Id)—

ar +b

MeTuku. B camom JeJie, Ipu moacCTaHOBKE B (byHKIII/I}O qucjaa n
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3HaMeHaTe b cn + d MoxkeT oOpaTuthcst B 0, ¥ B KA4eCTBE 3HAYEHUS
an+b
bYHKIUU MBI TO/KHBI IPUHSITH 0 (u3 ycnosus ad # be cnenyer,

qro B 9TOM ciayvae an + b # 0). Jlesnenne ke na 0 B p-apudmernke
HEeBO3MOXKHO. [loaToMy pacimupum p-apudmeTnuKy, BBE/Isi B HEE€ CUM-
BOJI OO *), U YCJIOBUMCSI CYUTATH 0O 3HAaUYeHHEeM (DYHKIIUU B HAIIEM
ciaydae. Hakoner, ycjioBUMCsl cauTaTh 3HAYEHUEM IPOOHO-JTUHENHOM

bynxmum mpr & = oo uncao 2, . e. monokum f(oo) = £ **). Tak
C

(&
onpeJiesieHHasi poOHO-TnHelHast DYHKIUsS KaxkaoMy u3 (p + 1)-ro
anemenTa 0, 1, ..., p — 1, 0O cTaBUT B COOTBETCTBUE CHOBA OJWH U3
rux 3emeHToB. Hanmpuwmep, 7-apudmerndeckast npobHO-uHeliHAs

_xr+2
dbynkunsa f(z) = o

f(0)=2;f(1)=5;f(2) =6; f(3) =3; f(4) = 4
f(5) =0; f(6) = oo; f(o0) = 1.
STO MO>KHO 3alliCaThb B BUJE Ta6J'II/ILH)I
0o 2

O —> O

/4 \ 01 2 3 45 6 o0
3@40 50\ o6 2 5 6 3 4 0 oo 1

NPpUHUMAET CJIeJYI0ne 3HAYeHUA:

I  u300pasuTh B BUIE CXEMbI

A (puc. 57).
N3 mnpuBeneHHoil cxemMbl BUIHO,
Puc. 57 uyto T-apudmernueckasi APOOHO-IN-
Heitnast pynkuns f(x) = Lﬁ WMEET JIBe HEMOIBM>KHBIE TOYKN 3
T

n 4, BCe OCTaJIbHbI€ TOYKH O6p33yIOT OAWH IUKJI.

*) Cp. cHOCKY Ha ¢. 49. Eme pa3 HanomMuHaeM, 4TO CHUMBOJI OO HE €CTh YHUCJIO
U C HUM HEJIb34d OrnepupoBaTh, KaK C YUCJIOM. C.Hy‘{al/l, B KOTOPBIX MPUXOOANTCA
CTAJIKUBATBCS C 00, CJIEIyeT BCErJa PaCCMATPUBATL 0C000.

a
**) B caMoM JieJie, ecTecTBeHHO cuntath — = 0. Ho

00
b
az +b a—l—;
f(z) = = d’
cr+d ct+ 2
T
[TosTomy
b
a—l—; a+0 a
e+ L c+ c
oo
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137. CocraBbTe CXeMbl, COOTBETCTBYIOLIME T-apuPMETUIECKIUM
IPOOHO-TMHEHHBIM (DYHKIUSIM
4z +1 2z 4+ 1 3z —1
20 4+3"  3zx+2°  z4+1°

Paccmorpum nBe apobHO-snHeHbIe (hyHKIMHN

f(m) _ar+b " g(x) _ fdm—}—b‘
cr+d cr —a
Herpyano Bugers, uto ecau f(2) mepeBoaMT 4YUCIO M B YUCIO N,
T. e. f(m) = n, To g(z) nepeBogur n obpatHo B m, g(n) = m.
Cxema dynkumu g () nonyqaercs uz cxembl hyHkuun f () npocToii
3aMeHOi HaNpaBJIeHUsT BCEX CTPEJIOK Ha 0OpaTHOe.

Takast dynkunst g(x) HaspiBaercs: obpamnot k f(z) (pynknms
f(z) B cBOIO OUEpeap sBIsIETCsE O6paTHOM K g(x)). PyHKUMIO, 06paT-
Hyo K f(x), mbl Oyzem oboznadars f_1(x).

ar+b

138. Ilycrs f(x) = i POU3BOJIbHAST APOOHO-TMHERHAS
Ccx

dyukius. /lokaxkute, 9TO B ee cxeMe K KaXKJIOH TOYKe MOAXOIUT
HEKOTOpPAsl CTPEJIKA U MPUTOM TOJILKO OHA.

139. JlokaxkuTe, 94TO cxemMa JpOOHO-THHEHHOM DYyHKINY Beeraa
pacnajiaeTcsi Ha [UKJIbI: KaXK/1asi TOYKA CXEMbI MMOMNAJAA€T B OJUH U
TOJIHLKO OJIVH IMKJI (CpaBHUTE ¢ 3ajad4eit 71).

140. Jokaxxkute, 94TO eciau APOOHO-JnHelHAsT (DYHKIUS UMEEeT
TPU HEMOABUXKHBIE TOYKHU, TO OHA OCTABJISIET HA MeCTe Bce 0e3
UCKJTIOYEHUST TOUKU.

[1pu uzyvenun ApoOHO-TMHENHON (DYHKIUN A1 HAC CyIIECTBEH-
HO TO COOTBETCTBHE, KOTOPOE OHA YCTAHABJIMBAET MEX/y YUCIAMU
p-apudMeTUKH, T. €. ee TabDJIUIA WU CXeMa, U HECYyIIeCTBEHHA €€
ajirebpanyeckasi 3anuch. OQJjiHa U Ta XKe ApOoOHO-JIuHEHAsT (DYHKIMS
MOYKET 3AMMCHIBATHCS PA3JIUYHBIMU BhIPAYKEHUSIMU: YMHOYKAsT YUCITU-
TeJIb ¥ 3HAMEHATEJIb OJJHOT0 TAKOI'0 BHIPAYKEHUSI HA HEKOTOPOE YHCJIO,
MBI BCET[Ia MOXKEM TIOJIyYUTh JIPYTYIO0 3aMuch TOM ke (DYHKINU, He
coBmaJaollyo ¢ nepsoit. Hanpumep, Boiparkenusi

2¢ + 1 - Tx —2

Tx+5 8x +1
CyTb 3aucu OHOH u Toit ke 11-apudmernyeckoii 1poOHO-TUHEHHOI
yukuun (B 3TOM JIerKO y6e UThCs, HATIMCAB COOTBETCTBYIOLIYIO Ta-

Gany).
[TycTb qaHbl ABe ApoOHO-MHEHHbIE (DyHKIMHI

__ar+b _adz+v
fla)="—7F m glz)=—"——0.
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Hogasi npo6uo-nuneitnas dynkuus f(g(x)) obpasyercs npu nomouu
nojcraHoBku B f(x) BMecTo = dbyHkuyn g(x):

aa'm +v
Flg(x)) = cr+d _ (aa'—|—bc')m+ab'+bd"
ca'm—}—b' ‘d (ca’ +dc)z + cb’ + dd’

cr+d

141. /lans! aBe T-apudmerndeckue pyHKINN

_z+5 4z +3
flz) = 5z 4+ 1’ g(z) = 6z +3°

Beruncnure f(g(x)) u g(f(z)).

142. Tlogbepure 7-apudmernteckyio n1pobHO-IMHEHHY IO DyHK-
umio f(x) Tak, urober f(0) =0, f(1) =4, f(4) =

143. 3azana Tpoiika pas3jM4HbIX TOYEK X1, T2, T3. Haiigure
npobHo-uHelHy0 GyHkumio f () Takyio, 9To

f(wl) = 07 f(xQ) = 1’ f($3) =

144. 3anana TpoMKa pazjMIHbIX TOYEK Y1, Y2, Y3. Jlokarkure,
9TO BCErjla CyIIeCTBYeT ApoOHO-nvHeliHast ¢yHkumst f(x) Takas,
qTo f(O) = Y1, f(l) = Y2, f(OO) = U3.

145. 3ajaHbl JIBe TPOWKM Pa3JUYHBIX TOYEK T1, T2, T3 U Y1,
Y2, y3. JlokaxkuTe, 94TO BCerga MOXKHO MOIOOPATh U MPUTOM €JUH-
CTBEHHBIM 06pa3oM Apo6HO-MHElHYI0 hyHkuuio f(z) Tak, 4To0b!
f(@1) = w1, f(z2) = y2, f(x3) = ys3.

146. CocuuraiiTe, CKOJBKO BCEro Pa3jM4IHbIX p-apudmernde-
CKUX IPOOHO-TMHEHHBIX (DYHKIIHIA.

®yukuuio f(f(z)) oboznauum qepe3 f2(x). Ananoruuno Beesem
I pOOHO-JIMHEHHBIE (byHKLu/II/I f3( , Ja(z), ..., fn(x), monoxkun

A
\_/
\&h
/-\A \/
/\
8
V\_/
~——

Hanpuwmep, )
r +
flz) = ,
T
z+1
et R P
falz) = z+1 z+1
€T
2¢ +1
oz +1 3z +1
fs(w) = 2z +1 2z +1
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NeiicrBue Bcex dbynxkumii fp () MOXKHO MpoCIEaUTH HA CXEME,
nocrpoennoii aus byuakuuu f(x). Jleiticreue dbyukuuu f(x) 3akmo-
9aeTCs B TOM, 9TO KayK/Jasl U3 TOYEK €€ CXEMbI MIEPEXONT B CJIEIYI0-
IIYIO, T. €. JIeJIAET OJIMH HIAT MO HATPABJIEHUIO CTPesioK. [Tpu npume-
nenun dbyHkun fo(r) Kaxkaas Touka Ha cxeme f () menaer yxe qBa
mara, nomnajgasi BO BTOpyo Touky. Boobuie npu npumenennn fp(x)
KaXK/1ast U3 TOUeK Ha cxeme f(x) menaer mo cBOEMy LUKJIY 7 IIAroB
B HANpPaBJIEHUN CTPEJIOK, MEPENphIruBas 9epe3 n — 1 Tovek B n-io.
D710 mo3BosisieT cTPoUTh 1o cxeme dbyHKUU f(x) cxembl dyHKIMI

fa(z), f3(x), ... 6e3 BoIYMCICHUI.

147. Cocrasbre cxembl giist T-apudmernueckux dyukuuii fo(x),

fa(z), fa(x), ecin
f(a:) _ 3x—1

x+1 )

148. Tlycts Ha cxeme dbyHKMU f(z) TOYKa x() NPUHAIIEKUT
UKy JauHbl §. Jlokaskure, 9To ecam ymucnao k gennres Ha S, TO
fr(xzo) = xo. Obparho, ecnu f(zo) = g, TOo k genuTcs Ha S.

149. [Tycrs f(x) — npoussonbHas p-apudmernveckas ApOOGHO-
auHeiHas yuknus. /lokaxkure, 9TO €Ciu Kakas-HUOyIb n3 (hyHK-
wmit fo(x), f3(z), ..., fr(x) umeer xoTst GBI OJHY HENOABUIKHYIO
TOYKY, HE SIBJISIONLYIOCS HEMOABMXKHOM auist f (X), TO OHA ocTaB/sIeT
HEeU3MEeHHBIMU BCE TOUKHU.

150. [Tycrs f(x) — npousBonbHas p-apudmernveckas APOOHO-
smneiinas dpynknmsa. JokaXkure, 4To IUKJIBI, HA KOTOPBIE pacmna/a-
eTcsl ee CXeMa, MMEKT BCE OJIMHAKOBYIO JIMHY (HE CuuTasi OHOM
TOYKH, T. €. HEMOJIBIXKHBIX To4ek yHkumn f(x)) (cpaBHuTe € 3a-
naqeit f(x)) (cpaBaure c 3axaqeit 71).

151. Ilycrs 3agana p-apudmernyeckasi 1MocjieI0BaATEIbHOCTh

arg+b
zg, x1= f(zo)= cmzﬁ’

ari+b axri_1+b
ro = xr = —\ ..., L = T = —0\ ...
2 f( 1) caﬁ—i—d’ )y Lk f( k 1) cmk,1+d’

(nm, 9aTo To ke camoe, T = fr(zo)). Jokaxkure, uro

1) ecm /(a — d)? + 4bc we m3Bnekaercs B p-apudmeTnke, TO
Tpi+1 = X0;

2) ecm (a — d)? + 4be = 0, To x, = 0;

3) ecmu (a — d)? + 4bc # 0 u \/(a — d)2 + 4bc usBNeKaeTcs
B p-apudmeTnKe, T0 Tp_1 = Zo.
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152. Boruncaure dyukuun fo(z) u f3(z) ans p-apudmernde-
" -3
ckoit bynkunm f(z) =

r+1
f(z)? Tlokaxkure, 9TO CyLUIECTBYET LUKJI JJIUHBI 3.

153. a) [lycts p — npocroe uucio, 6oabiiee Tpex. Jlokaxkure,
uro B p-apudMernke \/—3 MOXKHO M3BJI€Yb TOIJA U TOJIBKO TOI/A,
Kormga p umeer Bua 3k + 1.

6) /lokaxkure, 4TO, KAKOBO Obl HU OBLIO IeJOe YUCIO a, BCE
npocTeie gesuTesnn unciaa a’ + 3, Gosbine Tpex, uMeroT Bua 3k +
+ 1. O6parno, aus Joboro npocroro yuciaa p suga 3k + 1 MoxKHO
n0106paTh a TaK, 4Tobbl a2 + 3 JenuI0ch Ha P.

154. Beruncavre byukuun fa(x), f3(z) v fi(x) ans p-apud-
MeTUYecKol (pyHKINM

. KakoBnl MOTYT ObITh JJINHBI [TUKJIOB

fe)=""1

z+1
KakoBbl Mory T ObITH IJinHBI €€ HUKJIOB? [lokarkuTe, 4TO CyiecTByer
LMKJI JJIMHBI 4.

155. a) Ilycts p — npocroe uucio, Gosbinee aByx. JJokaxkunre,
49TO B p-a,pl/l(bMeTI/IKe MO>KHO U3BJIE€YH \/—_1 TOTAa U TOJIBKO TOT/a,
korga p = 4k + 1.

6) Jokakure, 4To /17151 JIFOGOTO LEJIOTO @ BCE MPOCThIE HEYETHbIE
nenuten gnciaa a® + 1 umeror Bua 4k + 1. Kaxxaoe mpoctoe unciio
Buza 4k + 1 BcTpedaeTcs: B pa3/ioyKeHUHU HA MPOCTbIE COMHOXKUTETN
x0Ts1 661 0JjHOTO uncyia a? + 1.



*TITABA IV

AJOINIOJIHUTEJIbHBIE CBEAEHNA O PAE
®UMBOHAYYU N TPEVIOJIbLHUKE ITACKAJIS *)

§ 1. IIpusoxkeHne p-aUnvIecKMUX YUCeJI
K paay PuboHavdm

Boiie (c. 74) 6bL10 MOKA3aHO, YTO B TOM YaCTHOM CJIy4dae, KOT-
1a /5 usBiexkaercst B p-apudMeTrKe, BONPOC O JEJUMOCTH 9JIEHOB
paga OPuboHAYYM Ha P JIEMKO pellaeTcss CBeJeHHeM 3TOro psga K
reoMeTpuyueckum nporpeccusiv. [Tokaykem Teneph, 9To Te e caMble
paccy>kJIeHusI, eCJIM TOJBKO MOJIb30BAThCS BMECTO p-apuMeTHKH
apudMeTUKOil p-aMYecKuX YUCeJ, MPUBOAAT K OTHICKAHUIO B PsiJIe
®ubGoHauYM YUCeI, JeNANMXCA Ha TIPOU3BOJIbHYIO CTENeHb MPOCTOro
ancia pF.

[MocnenoBaTENILHOCTD P-aAMIECKUX YUCEIT

U, UL, U, U, « -+, Un,y - - -
HazbIBaeTcs padom DPubonavyu, ecan 4ad n > 2
Up = Up—2 + Up—1.

156 **) . Haiiaure Bce p-agmueckue psigbl PuboHATM, SBJISIO-
II[UECST B TO YK€ BPEMSI TeOMETPUIECKUMU rporpeccusimu. Jlokakure,
YTO TaKUe PsiJibl CYyIIECTBYIOT B TOM W TOJIBKO B TOM Cjly4ae, ecjiu
/5 u3BJeKaercst B p-apudmeTHKe.

157. Tlycrs /5 nssaexaercs B p-apudmernke. Jlokaxkure, 4To
MPOU3BOJILHBIN p-agudeckuii psig PubOHATIN MOXKHO MPEICTABUTH
B BU/IE CYMMBbI JIByX T€OMETPUYECKUX MTPOTPECCHIA.

158. ITycrs /5 usBnekaercs B p-apudmernke. JJokaxkure, 9To
y WIEeHOB p-aaudeckoro psiaa Pubonauyuu nocinegnue k mudp me-
PUOUYECKY TOBTOPSIIOTCS; JJIMHA NEPUOAA €CTh JeJIUTEe/b YUCIA
p*~1(p—1), Tak uro unennt ¢ Homepamu n 1 n+pF =1 (p—1) (urens
Uy U Un+pk—1(p_1)) UMEIOT OIHU U Te e k nocaeganx udp.

%) I'maBbl, OTMeueHHBle 3BE3JOUKOl, CONEPIKAT IOMOJHUTENbHBIA MaTepuas U
MOTYT ObITh OIMYIEHBI DU TIEPBOM YTEHUU.

**) B 3ajauax 156159 p 0B603HAYAET IPOCTOE YUCIIO, OTIMYHOE OT 2 U 5.
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159. Jlokaxkure, uro ecn /5 n3Bjekaercst B p-apudMeTnke, T0
B psizie PubOHAYUYN U3 OOBIKHOBEHHBIX IIEJIBIX YNCE
0,1,1,2,3,5,8, ...
k—1 k
aten ¢ Homepom p(p — 1) (T. e. apk-1(,_1)) AesmTes Ha p-.

§ 2. CBa3b Mexkay TpeyrojgbHUKOM Ilackass
u pagoMm PuboHadun

160. /lokakuTe, 4TO 4JieHbI TpeyroiabHuka [lackaist MoXKHO
BBIYUCJIATE MO (POpMYJIe

k n!
Cn = k! (n — k)!

(n! o6oznauaer nponssepenne 1-2-3 ... (n—1)-n; nog cumsosom 0!,
He MMEIOIINM, BOODIIe TOBOPSI, CMBICJIA, YCJIOBHO MOHUMAIOT 1).

3amerum, uto ecoiu kK < pun — k < p, o k! u (n — k)! ne paBubl
Hysio B p-apudmeruke. CreoBaTesbHO, B 3TOM cilydae jejenue Ha k! (n — k)!
BO3MOXKHO B p-apudMeTuKe, U PaBeHCTBO, yCTAHOBJIEHHOE B 3aJa4e, COXPAHAETCs
U 1pu p-apupMeTUYECKOM TOJKOBAHUH, T. €.

ko n! *
P"’k!(nfk)! )-

161. J/lokaxkure, 94TO B p-apudMeTudeckoMm TpeyroabHuke [lackass
-1
PE = (—1)* Pk, (npukzg 32;7).

162. /lokarkure, uTo B p-apudmernyeckom tpeyrosbauke [lackass

n n n - 1
Py, = (—4)"Pp_1 (npu n < pT) .
2

ITo ocu cummerpun Tpeyrosbauka [lackans crost unenst suga Cgl,: 1, 2, 6,

20, 70, 252, .. . MO>XHO BBIJIEJIUTH B TPEYTOJBHUKE U APYTHUe JUHUNA — JUaroHau
(puc. 58). Hanpumep, no 3-if guaronamu croar unensl 1, 1, no 4-ii — «yens
. 1
1, 2 u BoOBIIE TIO N-# guaroHamyu croar umensl CO_y, O _, ..., Ck . ...

(oHM TPOAO/KAIOTCS IO TEX MOP, TIOKA CUMBOJI C’::,lc “MeeT CMBICJ, T. €. MOKa

1
kgn—l—kjkgn—Lk<n2 )

*) PaBencTro 910 p-apudMeTnIecKoe, T. €. Bce AeHCTBUS B NIPABOi 9acTy HAZL0
NOHUMATL B cMmbicyie p-apudmeruku. CumsBosa n! Takxke cieyeT MNOHUMATH
B p-apudMeTHYeCKOM CMbIC/Ie, UMEHHO, 3aMEHUTh Ka K/ blii MHOXKHTEJb B MPO-
m3geaennn 1-2-3...(n — 1) - n (n camo npousBejeHNE) OCTATKOM OT JEJIEHUSsI
Ha p.
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3amaua 161 nokaswiBaer, uro k-ii ujeH p-ii quaroHaau p-apudMeTUuYecKoro

TPEYyroJIbHUKA PaBeH k-My 4YjeHy OCH CUMMETPHUM, YMHOXXEHHOMY HA (—1)’“.
3agaya 162 ycraHaBIuBaeT CBSI3b

p—1.
MeXy OCbIO CUMMMETpUHu " 2 -u 1-a JIMaroHanab
CTPOKOI p-apupMeTndeckoro Ttpe- ,

YTOJIbHUKA.

VYMHOXKUM 4YHCNIA, CTOSIINE Ha
ocH CUMMeTPUH P-apudMeTUIecKoro
TpeyrosbHuKa [lackans, Ha dseHsl
MPOU3BOJIbHON reOMeTPUYeCcKOi Tpo-
rpeccun

15q7q25"'

U CJI02KUM NnepBbIX YJIEHOB I10-

CTPOEHHOHN TaKUM 00pa30oM IMOCIIeI0-
BaTeJLHOCTH. MBI TIOJIyYnM CymMmy Puc. 58

p=1 51

S=142¢+...+Phg"+...+P, % q 2 .
163. /lokarkure, uTo p-apudmernyeckast CymMma

p=1 51

S=14+2g+...+Ppg"+...+P,% q 2
paBua 0, +1 wiu —1, npuyem OHA paBHA HYJIO TOJBKO B TOM CJIyd4ae, KOrJa
1

q=—.
4
YcTaHOBUM Tenepb CBsi3b MexKIy TpeyrojbHukoMm [lackans u psimom ®Pubo-
Ha4Y4Yu. DTa CBsA3b, IOMUMO TOrO, YTO OHA JIOOONBITHA cama No cebe, MO3BOIUT
HaM 0OHAPY>KUTb HOBbIE CBOMCTBA psiga PuboHauyn.

164. Ilycts b, — cymma uucen TpeyronbHuka [lackas, crosmux Ha n-i
auaronaau. [lokakure, uro b, = an, rae a, — n-i dien psga Pubonayuun

[10:0, a1:1, 0,2:1,a3:2,
165. Haiigure BbhiparkeHue JJjisi p-ro djeHa p-apudmerndeckoro psga Pu-
p—1
6oHATYM (,uoxamnTe, 9TO Cp = H 2 )

W3 3agaun 165 cnenyer, uto ¢, = 1, ecniu V/5 u3Bnekaercs B p-apudMeTuKe, 1

¢p = —1, eciiu /5 He uzrnexaercs (3amaua 91). B neprom ciyudae, Kak Mbl 3HAEM
u3 3agaun 1316, c¢p—1 = 0; y psagoB Pubonauun ¢ = 0, ¢4 =1,¢c2 =1, ... 1
Cp—1, Cps Cp+1, - . . COBIIAJAIOT NIEPBBIE JIBa YJl€Ha; HO TOT/a 3TU PSANbI COBMIAJAIOT
LIEJINKOM, T. €. Cp—1+4k = Ck; JAJIMHA MEPUOAA B ITOM CJIydae SIBJISIETCS JAeJINTEIeM
gucna p — 1. Bo Bropom ciayuae cpy1 = 0, cpp2 = ¢p + cpt1 = —1; y psagos
Oubonauun co = 0,¢c1 =1,c2 =1, ... ¥ Cpt1, Cpt2, Cp+3, - . . IEPBIE JABA YJIEHA
OTJINYAIOTCS MHOXKUTEJIEM —1, MO3TOMY BECh BTOPOIT Psif] MOJIy4YaeTCs U3 MePBOro
yMHOXKeHueM Ha —1: C¢pp14k = —Ck, OTKYHA Copy2 = 0, Copy3 = —Cpt2 = 1
NJIVHA TIepUoJia B 9TOM CJIydae sIBJISIETCS eJIMTelieM Jyucia 2p + 2.

VYkakeM Terneps Jpyroe NpuMeHeHne CBOMCTB TpeyronbsHuka [lackass k psiay
PuboHauYIn.
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166. [lycTs gaHbI 1 MIPOU3BOMLHBIX Yucen dg, . . ., d,—1. Cocra-
BUM CyMMBbI
dV =do+dy, dY =dy +da, ..., d, = dn_o+ dnoy.
Y nac BozaukHeTr n — 1 qucesn d(()l), dgl), R dg}Z. [Ipogoskum 3TOT
MPOLIECC U JAJIbIIIE
d§? = d) +a, . dPy = dD g+ dll,
MpbI noayuuM TpeyroJbHyo TabJIuIy
do " dq ()dz oo dp_3 ( dp_2 ( dn_1
1 1 1 1
d; iy’ ... d,’ 4 d,
a? d?,
ot
dO

Jokazkute, 4T0
d" ™V =% do+C)_di+...+C"Md, .

167. Tlokaxkute, 9TO CymMMa KBaJPATOB CTPOKHU TPEYroOJIbHUKA
[TackaJist ecTh CHOBaA YMCJIO U3 TpeyroiabHuka [lackass.
168. JlokaxkuTe, 94TO BO BCAKOM p-apudMeTudeckKoM psijge Pu-
boHaUIM
VO, V1, V2, «ovy Upy oo

MMeeT MECTO PABEHCTBO
Vg + Vgp = Ukt2p (pw Jx06OM k).

169. /lokaskuTe, uTo B p-apudmerndeckoM psize Pubdonauun
4JIeHbI, HOMepa KOTOPBIX JEJSTCS Ha p, 00pa3yloT CHOBa p-apud-
Meruveckuil psig Oubonautn.

§ 3. Yuenn! paga Pubonauyun,
KpaTHbIe 3aJaHHOMY YNCJLy

Nzy4aum Teneps pacnpenesenue B psige Oubonaudu qucet, messi-
[[UXCs HA TTPOU3BOJILHOE YHUCJIO 171.

170. Jlokaxkure, 4To eciiv a u b — ueJibie 4uciia, TO
(a+b)™=a™+ ma™ b+ b2S,

rae S — HEKOTOPOEe LIEJIOe YUCIIO.
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171. Jlokaxkure, uto ecan k-it anen psga @uboHaudIn a ) JEIUT-
cq Ha d, TO KaXKJasl U3 pasHocTeil

l

Apl—1 — Ap_q,
l

Apl4+1 — Apyq

npu 06om | menauTcst Ha d2.

Y kazanue. Bocnonb3ayiitech 3anagamu 108 u 119.

172. Jlokaykure, 9T0 €Cnu aj AEJTATCST Ha M™, TO Pas3sHOCTh
m _ ,m n+1
ap’,, —ayp' | Aenurcs Ha m" T
173.1 Joka>kute, 9T0 eciu aj AEJUTCA HA M™, TO AL,y AEJIUTCSH
Ha m"t1
174. Jlokaxkute, 4YTO €CJIN ajf JEeJUTCS HA 1M, TO BCE YHUCIA

¢ Homepamu km™ " !s (mpu moGom s) genarca va m™ (cM. 3agady
119).

Bagaua 174 nospossier HaM ykasaTb 4jieHbl psiga PuboHavywM,
JIeJISAINECsT Ha JIIOOYIO CTEerNeHb MPOU3BOJIBHOTO MPOCTOrO YUCIA P.
st p, oTAMYIHOTO OT 2 1 5, MBI MOXKEM BOCIIOIB30BATHCSI PE3YJIHTATOM
3agadn 1316):

ecnn /5 u3BNeKaeTcs B p-apudMeTHKe, TO ap_1 JEJINTCA HA P,
MOITOMY B CHJly 3ajaun 174 BCe UJIEHBI BUAA G(,_1)pn—1, JEIATCS
Ha p";

ecin /5 He nsBiekaercst B p-apudmeTnke, To Ha p" NeNATCS
YJIEHBI BUJA A(py1)pn-—1s-

Hnst p = 2 m p = 5 HOMepa YJIEHOB, JEJSIINXCs] Ha CTENEHb P,
HalizeMm HernocpeacTBeHHO. Boinumewm psin @ubonauan

0,1,1,2,3,5, ...

p—1

Mpu1 BUANM, 9TO a3 AeanTcs Ha 2 U as JeqanTtcs Ha b. [ToaTtomy ag.on-1,4
nenutcst Ha 2™ a a5.5n-14 = G5ng AEJIATCH HA H™.

Ms1 B cocTosTHUM Temneph AJs KayKJIOTo YUCIa M YKa3aTb B psje
OuboHaYYM YJIEHBI, HA HETO feJsimuecst. B kauecTBe npumepa Haiigem
HOMepa 4/1eHoB, Aeasmmxcs Ha 10 000 (cm. caocky k ¢. 71). Paznaraem
10000 na muoxwresm: 10000 = 2% - 5% Ha 2% pensrcst unensr
¢ Homepamu 3 - 247 1s = 245, 1. e. wseHbI, HOMEPA KOTOPBIX [€JSITCS
Ha 24; Ha b? mensTest wiaensl ¢ HoMepamu 5%t = 625¢, T. e. Bce UsIeHbl,
HOMEPA KOTOPBIX JessaTcs Ha 625. HieHbl, HOMEpa KOTOPBIX JIeJISATCs
v Ha 24 u Ha 625, 6GyayT gesuThes n Ha 24 v HA 54, T.e. Gy ayT HesuTHCH
Ha 10000. Homepa Takux 4jI€HOB UMEIOT BU/I

24 - 625r = 150007.



92 3adavu uz meopuu wucea. I'n. IV

3ameTuM, 4TO yKa3aHHbII HaMu criocoh He jaeT, BooOIle roBops,
HOMEpPOB BCeX WIeHOB psiga PuboHauum, AESIINXCA Ha JaHHOE
qucao m. Tak, B pa3oOpaHHOM HaMM IpUMepe 4jeH ¢ HoMepom 12
(a12 = 144) penurces na 24, Tlosromy ma 24 GyayT nemurcs Bee deHb!
¢ nomepamu 12s, a va 10000 — ajennl ¢ HOMepamu

12 6257 = 75007

Paccmorpum emte ogun npumep. Tpebyercsi onpenesinTb, KaKue
wieHnl psiga Oubonauun gensitest Ha 45 566. Paznarast ma MHO>KWTE-
1, nonydaem 45566 = 2 - 34 . 73, Ha 2 gensTcst 4ieHsl ¢ HOMepaMu

3s. B 3-apudmeruke /5 osnauaer /2 (2 — ocrarok or gesnenus 5
Ha 3), HO V2 B 3-apudmeTnKe He U3BJIEKAETCS, CJIEIOBATENBHO, HA 34
JeJIATCST YJIeHbl ¢ HoMepamu (3 + 1)34_1t = 108t. B 7-apudmernke
/5 TakIKe He U3BJIEKAETCSI, HA 75 [EJISITCS YJIeHbI ¢ HOMEPaMH

(7+1)73 g = 376q.

Ha 45566 nmenstcs dinennl ¢ Homepamu 105847, rome 10584 —
ob1iee HanMeHbIree Kparuoe ducest 3, 108 u 376.

Yurarento, 3aMHTEpECOBABIIIEMYCsi CBOWCTBaMM 4jieHOB psiga Pubonaduwn,
MOX>KHO MOPEKOMeHA0BaTh KHury: Bopobves H.H. «Hucna @Pubonayuu». M.—J1.:
locrexuzpar, 1951. Cepusi «[lonynsipHble JIeKIIUU MO MaTEMaTUKE ».



' TABA V
YPABHEHUE z? — 5y%2 =1

ITocTaBum nepenj coboi 3aJa4qy: HalTHU Bce [eJible pelieHusd ypaB-

HEHUA
a2 =5y =17, (1)
T. €. HAlTH BCE MapPhI LEJIbIX YUCeJT G, b, JisT KOTOPBIX
a? —5b% =1.

Kaxxoit nape a, b Takux mejbiX 9ucesi Mbl IIOCTABUM B COOT-

BETCTBVE MPPALMOHAILbHOE unciio a + by/5, KoTopoe Gymem ycIoBHO
Ha3bIBaTh peweruem ypasuenus (1). Huxe Gyzer nokazano, 1o Bee
uesble perienust ypasrenusi (1) nosydatorcest o dpopmysie

x4+ yvVh = £(9+4V5)",
rje rmokasaresib n mpoberaeT Bce Iresble (He 06s13aTesIbHO MOJIOXKHU-
Te.HI)HI)Ie) qucJjia. PeKOMeHﬂyeM quTaTeJIto, IIpexxae 4eM YuTaThb JaJjib-
e, TMonbITATHCA caMomy J0Ka3aTh 9TO.
yCTa.HOBI/IM CHa4vaJla HEKOTOpbIe CBOICTBA oeJibIX 4YuceJr BHUJIa

p+qvh ).
175. Jokaskute, uro ecim a+bv5 = c+dv/b, toa = cu b = d.

176. TIposepsre, uro npoussenenue (a+ bv/5)(c+ dv/5) moxuo

CHOBA NPeACTABUTHL B BUAE P + ¢v/5. Y6eaurecs, uro eciu a > 0,
cz20,d>0,toup>0uq=>0.

177. Jlokaxkurte, 4TO €ciau

m 4+ nv5 = (a + bV5)(c + dV/5),
m —nv5 = (a — bV/5)(c — dv/5).

[lepeiigem Tenepb K pacCMOTPEHHUIO pereHnit ypasaenust (1).

TO

*) Yparuenue (1) siBsleTCS YaCTHBIM CITy9aeM ypaBHEHUST
2 2
" — Ay” =1,
B KOTOPOM A — LEJI0e MOJIOKUTEJIbHOE YHUCJI0 Takoe, 4To v A ecTh 4ucyio wup-
panmoHasibHOE. 3aJa4un, KOTOPBIE Mbl CTaBUM ajs1 ypasHenusi (1), pematorcs
aHAJIOTUYHO W i1 obuiero ypaHeHusi. JIpyroéi merop peineHusi ypaBHEHUsI

2% — Ay? = 1 gau B kunre: eavgpond A.O. Pemmenve ypapHEeHNIA B LEJIBIX YHCIAX.
M.: Tocrexuzaar, 1952. Cepusi «[Tonysisipable leKuun 10 MaTeMaTHKeE.

**) B rat. V Bce GyKBbI (B 4ACTHOCTH, p U q) OG03HAYAIOT LIEJIbIE YUCIIA.
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178. Iycts a+ by/5 — pemenne ypaBHeHus (1). IokaxkuTe, 4To
a) a— b\/_ — ToxKe pelenne ypasHenusi (1);
6 =a—0>
) a+ b\f V5.
179. Mycte a + by/5 u ¢ + dv/5 — pemenns ypasuenus (1).
okaxxkurte, 4T0
a) UX Npou3BeeHne

m +nV5 = (a + bV5)(c + dV/5)

ectb penienue ypasHenus (1);

6) ux yacTHOe + V5
c+dvs

pemenne ypasaenusi (1).

180. IMposepnre, uto 9+4+/5 ects pemenne ypasuenus (1). To-
KaykKuTe, 9YTo ypaBHenue (1) umeer GeCKOHEYHOE YHUCIIO PA3JIUIHBIX
LIeJIbIX PEeLIeHUI.

181. Tycts a + by/5 u ¢ + dv/5 — pemenns ypasuenus (1),
npudem a > 0,06 > 0, ¢ > 0, d > 0. /lokaxkure, 4to eciun

a+bVE < c+dvb,

NpeJiCTaBUMO B BUjie P+ q\/g 1 TOXKe eCTh

Toa < cub<d.
182. IMycrs a+by/5 — peurenne ypasuenus (1). Jokaxure, 910

a) ecim 0 < a + bv/5, 10 a > 0;

6) ecn 1 < a+by5, 100 >0,b> 0.

183. IlokarkuTe, 4TO HE CYIIECTBYET I[€JIOTO peIleHus] ypaBHe-
aust (1), yZIOBJIETBOPSIONIETO HEPABEHCTBY

1<a+b/5<9+4V5

184. /Jokarkure, 49TO BCe L€JIblE PelieHust p + q\/g ypaBHeHus
(1), y xoropsix p > 0 u ¢ > 0, noayuarorcst mo popmy.ie

p+qVh=(9+4VH)",

rJe mokKas3aTesb N MPUHUMAET BCE BO3MOXKHBIE IIejIble HEeOTPUIla-
TeJIbHbIE 3HAYEHHUS.

185. Jlokaxkute, 9TO BCe pelleHus ypaBHeHns: x> — hy? =
B LEJIbIX YUC/IAX MMOJIy9al0TCs 10 hopmyie

z +yvh = £(9+4V5)",

rae rnokKkasaTeljlb 1 IPUHUMaeT BCE€ BO3MO2KHBIE II€JIbl€e 3HaYC€HUA 0,
+1, £2, 43, 44, ...









PA3BJEJI TPETUN

CJIVUAVHBIE BJIYKJIAHUS
(IIEIIA MAPKOBA)

[IInpoko m3BecTHa HacToJibHAs AeTcKas urpa «llupks. /IBoe nr-
patoiux 6POCAIOT MO OYEPEar KOCTh C 3aHyMEPOBAHHBIMU TPAHSIMU
U KaxK/Iblil iepegBuraeT cBoio (pUIIKY BIEPE] 110 KBaAPaTHOMN JI0CKe,
pa3aesenHoii Ha 100 3aHyMepoBaHHBIX KBAJApaToB (moseit). Purnka
NEePEBUTAeTCs Ha, CTOJILKO TOJIEH, CKOJIBKO OUKOB BBIMAJET HA KOCTH.
B nauagie urpsr obe duiiku craBsTcst Ha nepBoe nojie. Beiurpeisaer
TOT, KTO paHbllle JOCTUTHET nocieHero noJist ¢ Homepom 100. lonon-
HUTEJILHOE MPABUJIO COCTOUT B CJIEYIOIIEM: eCiin (PUINIKA MONAaAeT Ha,
110J1€ C KPaCHBIM HOMEPOM, TO OHA MEPEBUraeTCsl Ha APyroe moJe (-
6o Briepes, OO HA3aJ), HOMEP KOTOPOro 0603HAYEH CUHUM [IBETOM:
KyJla UMEHHO — yKa3bIBAIOT HAPUCOBAHHBIE HA JTOCKE U300parkeHust
LUPKOBBIX ATTPAKIMOHOB. QUYEBUIHO, YTO MPU ITON UrPE IBUIKEHUE
KaXKI0i (PUIKKA HUCKOJBKO HE 3aBUCUT OT YMEHWs] UIPAIOIINX, a
3aBHCHUT TOJBKO OT CJiydasl (MIpeJrioJiaraeTcsi, KOHEUYHO, U4TO KOCTh
1100PACHIBAETCST «YECTHO» ). DTO ABMXKeHNE (DUIIKU JaeT HAM OIUH
U3 IPOCTHIX PUMEPOB CJIyYARHOTO OJIy>KJAHUSI.

[IpuBegeM elie mpuMep CIydaiiHOTO OJIyKIAHUS.

[Ba mpusiTesisi >KUBYT B ropoje, TMJIaH KOTOPOTO TMpUBEIEH Ha
puc. 59. OHU BBIXOAAT M3 CBOErO J0Ma, PACIOJOXKEHHOI'O Ha Tepe-
kpectke A, U HaMepeBaloTCsl MPOrynsaThes. OJHAKO MeXKy HUMU
BO3HUKAET CTIOP O BIOOPE HANPABJIEHUS U OHU PA3PEIIAIOT €ro, J0ro-
BOPUBIIKUCH O TOM, YTO Ha KaXKJIOM MEPEKPECTKe, HauuHasi ¢ A, OHU
OyayT ABaXKJbl OPOCATH MOHETY U B 3aBUCUMOCTH OT YETbIPEX BO3-
MOXKHBIX MCX0/10B (repb repb, repb pelerka, pemieTka rep6, pemerka
pemieTka) GyyT WATH COOTBETCTBEHHO HA CEBEP, BOCTOK, 3aMajl Uin
for. Tak HAYMHAIOT OHM CBOIO MPOTYJIKY C nepekpecrka A, moxomsit
[0 CJIEIYIONIEro MepeKpecTKa, Ie ONATb ABaXKJIbl OPOCAIOT MOHETY
U CHOBA B 3aBUCUMOCTH OT UCX0[a OpOCaHUsi BLIOUPAIOT CBOW IMyTh.
FEcin onn poxomsar g0 kpasi ropona (Hanpumep, 10 Toukun X ), TO
MOBOPAYUBAIOTCA M UAYT Hazaj. 3/1eCh Mbl TAKXKe MMeeM JIeJIO CO
CIyYaiHbIM OJTy>KIaHUEM.

[Tpoueccr, mogoGHBIE PACCMOTPEHHOMY CITyYaiiHOMY OJ1y K JAHUIO
(TonbKO ropasgo Gosee CIIOXKHBIE), BCTPEYAlOTCst U B ipupoge. [pu-
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Me p M MOXKe JIy)K b Opo y ckoe jBrkenne. Kak u3 CTHO, «€ec-
B300JIT B BOJI€ KaKOI 6y/:1 JIETK Ui p IIOK, HAIPUMEP
Kp CKY yMMI/I YT, X IOMECTUTh KATLITIO BOJIBI BIMU B Heil

Oooon
ApE(EE)
RN |
g
e

Puc. 59

aaaaaaaaaaaa )1 MMOKPOBHOE CTEKJIBIIIKO MUKPOCKOTIA, TO MOXKHO Ha-
6101aTH MIMMAsi B MUKPOCKOIT YACTUYIKA TIOPOLIKA (3HAYUTE/Ib-

HO Oostee prHH , IeM Mojte Ky.n a) HAXOAWTCSl B HENPEPHIBHOM [[BUI-
JKEHUU TI0 31 6p 3HOI TpaekTOpuUn *) (puc. 60). Cayuaiinoe
Oy K 1aH CTUIIBI 6 oJiee CJIOXKHBINA XapakTep, deM OJIy>K-
JaHue ny HUKa, TI0 p )1y [EePBLIX, YacTUIla MOXKET U3MEHUTD
HallpaBJIEHNE CBOETO JBWYKEHUS B .mo60171 MOMeHT, B TO BpeMsi KakK
MYTHUK — TOJIHKO JIOWIST 10 TEPEKPECTKA; BO-BTOPHIX, TPU N3MEHEHN N
HAMNPABJIEHUS y MYyTHUKA UMEETCS BbIOOP TOJBKO MEXK/y YeThIPbMs

B sTom pazgesie Mbl 3aiiMeMcst U3y YeHUEM MTPOCTENIITNX TPUMEPOB
CIyYalHBIX OJTy>KIaHUI

Bepuemcs k urpe <<LII/IpK>>, onmcaHHOI‘/’I BbI[He, U IIOCTaBUM BOIIPOC

O JUINTEHLHOCTHA TaKoi urpbl. Y100 €TUTh HAa HEro, 3aMeHUM

JIOCKY MEHee CJIO)KHOP’I AOCKOI‘/'I (puc. 61), COCTomuef/i uz 25 nosei;
24

cxo/iHOe ToJie 1; HUKaKuX JPYTUX MepexojoB He K aK JIOJIT! 6y,z1 eT
npoaonxafrbca Hrpa Ha Takoil mocke? MoXKeT CIyduThbCs, 9TO yKe
rocJie bIpeX MoA0pachbIBaHUI KOCTH OVH U3 UTPAIOIINX JOCTUTHET

*) Coxonoe M.M. Kypc dusukn. Y. 2. Yz, 5-e. M.: Yunegrus, 1943. C. 74.



97

MOCJIEHErO TMOJsT 25: JIJIsT 3TOr0 JOCTATOYHO, YTOOBI KOCTh BBITIAJIA
y Hero 4derbipe pasa moapsi mectepkoil. C apyroi cTOpoHBI, ec/in
GUIIKT KayKJI0ro U3 UrPAOIKUX OYIyT MHOTOKPATHO IMONAJATh Ha
nmosie 24, To Urpa MoOXKeT He 3aKOH-

quThca 1 3a 1000 XOO0B. Boaee TOTO, 21 292 23 | 24 | 25
MOXKET CIY4YUTHCA, YTO Urpa Boo6me //
HUKOI'Ta HE€ 3aKOHYUTCA: JJId ITOro 20 19 1y 17 16

11 12//13 14 | 15

10//9 8 7 6

Puc. 60 Puc. 61

JIOCTATOYHO, HAIIPUMEP, YTOOBI Y KaXKJ0r0 M3 UT'PAIOIIUX KOCTH BbI-
najiajav B CJIeYIONIEil MOCIeI0BATETbHOCTH:

6,6,6,5 6,6 6,5 6,6,6,56,6,6,5,6,6,6,5,...

Takum obpazom, st MPOJOXKUTEJHLHOCTH WIPhl HEJIB3sT YKA3aTh
HUKAKWX JOCTOBEpHBIX rpanuil. [lonpobyiiTe, oqHAKO, CHITPATH OAHY-
npyryio naprtuto. Bl ybeautech, 9TO uUrpa KOHYAETCS U MPUTOM
JI0BOJIBHO ObIcTPO. B 1em ke 3aech gesno?

Kak ormeuasioch BbIllie, He/b3sl YKAa3aThb HUKAKUX aOCOIIOTHO
JIOCTOBEPHBIX I'PAHUI] JJIsI TPOAOKUTEThHOCTH UTPbI. Ho onoxxenue
B KODHE M3MEHUTCsl, €C/Ii He THAThCS 3a abCOJIIOTHON JOCTOBEPHO-
cTbi0. YTOOBI MOSICHUTH TO, PACCMOTPUM HECKOJBKO TIPUMEPOB.

[Tpumep 1. [lpeacraBum cebe ypHy, B koTopoii jiexkat 1000 mra-
poB. U3 Hux oguH depHbIil, a ocTajbHbie 6esbie. [1ycTh u3 310l ypHbI
BBIHMMAETCs HAy1aqy OAuH map. MoXKeT Jiu CJIyauThCsl, 9TO ITOT II1ap
oKakeTcs1 YepHbiM? KOHEUHO, MOYKET, HO 9TO MaJjiO0 BEPOSITHO.

[Ipumep 2. [Ipeamnosoxkum, 9T0 4e/I0BEK, HE 3HAIOMINI PYCCKOTO
s13bIKa, OECIOPsI0YHO yJapsieT M0 KJIABUATYPE MUIIYIIeil MAIIUHKA
¢ pycckum asihaButoM. MoXKeT Jid CAYyUYUTHCS, YTO MPU ITOM OH
HeYasiHHO HamedartaeT noBecTh llymkuna «Kamuranckas moukas?
Od4eBHUIHO, YTO U ITO HE SIBJSIETCST ADCONIOTHO HEBO3MOXKHbIM. OHA-
KO BPsIJT JIX XOTsI ObI OJWH YEJI0BEK CTAHET Obl OJUH YEJIOBEK CTAHET
MPAKTUYECKNA CUUTATHCS C ITUM, KaK C PEAJbHON BO3MOXKHOCTHIO.
(Beab n GykBasbHOE COBNAJEHME COUMHEHUIT JBYX IK3aMEHYIOLMX-
Cs1 IMIKOJIbHUKOB TOXKE€ MOTJIO Obl, CTPOrO TOBOPSsi, MPOU30UTH UKUCTO
cay4daiino. VI Tem He MeHee TakOe COBIAJIEHHE C TOJTHBIM OCHOBAHUEM
CUNTAETCS JOKA3ATEJHLCTBOM TOIO, YTO OJHO U3 COYMHEHMUIA CIIUCAHO. )

4 E. Jqemnkun, B. Yeneuncknit
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[ITpumep 3. CoryiacHO MOJIEKYJISIDHOI TEOpUM Ia30B BO3YX
MPEACTABJSIETCS B BUJE COBOKYITHOCTH OIPOMHOTO YHUC/IA XAa0TUIECKU
JBUDKYIIUXCST MOJIEKYJT. B3anMogeiicTBre Mexkay OTAeIbHBIMEA MOJIe-
KyJIaM¥ MMOYTH OTCYTCTBYET, U MOTOMY TOJIOXKEHNE B MTPOCTPAHCTBE
KaXK/IO MOJIEKYJIbl HE BJIUSIET HA TIOJIOXKEHUE OCTAJbHBIX. Pa3zgennm
MBICJIEHHO O0'beM KOMHATBI, B KOTOPOU MbI HaXOAUMCsI, HA JIBE IO-
JIOBMHBI: BEPXHIOIO M HIKHIOKW. He MCKi09eHa BO3MOXKHOCTH (3TO
BBITEKAET W3 OCHOBHBIX TMPEANOCHIIOK MOJIEKYJISIPDHON TeOpHn), 9To
BCE MOJIEKYJIbI BO3/IyXa, UMEIOIINECs: B KOMHaTe, cOGEpyTCsi B BEPX-
Heil TOJIOBWHE, U TOTa OOUTATEN KOMHATHI MOMHOHYT OT YIYIIbS.
DTOT BBIBOJ KaxKeTcsl HeJienbiM. He o3HavaeT Jiu oH KpylneHue Beei
MOJIEKYJIIpHOIT Teopun ra3oB? Hao HagesaThbCs1, 9TO moc/ie mpeabiay-
IUX TIPUMEPOB UUTATEb HE CIeJIaeT TaKOro 3aKJIIOUEHUs: sIBJIEHUE,
KOTOPOE MbI cebe BOOOpa3nin, XOTS U He SABJISIETCsS] aDCOTIOTHO HEBO3-
MOXKHBIM, HO C MOJIHBIM OCHOBAHUEM MOYKET CUUTATHCST TPAKTUIECKU
HEBO3MOXKHbBIM. OCHOBaHMIA [1JIs1 9TOTO e11le HEU3MEPUMO DOJIbIIIE, YeM
B MPEJbIAYINEeM NpuMepe, nO0 MOJIEKYJT BO3yXa B KOMHATE HEU3Me-
puMo OO0JIbIIIe, YE€M MEYATHBIX 3HAKOB B « KanuTaHckoi go4kes.

Nrak, masoBeposiTHbIE COOBITHSI MOTYT C TOJHBIM IPAaBOM pac-
CMaTPUBATHCS KAK MPAKTUYIECKU HEBO3MOXKHbIe. Bmecte ¢ Tem cy-
[IECTBYIOT Pa3/IMYHbIE YPOBHU TAKON HEBO3ZMOXKHOCTHU: 3TOT YPOBEHH
HEBO3MOXKHOCTU TOPA3J0 BhINIE B MpuMepe 2, 4yem B npumepe 1, u
ropas/io BbIIlIe B MPUMepPe 3, 4eM B TpuMepe 2.

Bosspaiasich cHOBa K HaIeil 3ajade, Mbl CTAaBUM €€ TeNeph
MMO-HOBOMY: KaKyI0 I'PAHHUITY JJs1 TIPOJOKUTETBHOCTH UTPbl MOYXKHO
yKa3aTh, €CJIU YKeJaTh, 9TOObI OIMOKa Oblla MPaKTUIECKH HEBO3MOXK-
Ha B TAKOil »Ke Mepe, B KAKOIl HEBO3MOXKHbBI COOBITHSI U3 PACCMOTPEH-
HbBIX HAMU [IPUMEPOB?

Kak pemaercst 3ta u nmojgobHbIe € 3a1a4i — YUTATEI0 CTAHET
SICHO IIOCJIE TOIO, KAK OH IPOYTET HACTOALIMNA pasjes. 3JeCh rKe
MBI TIPUBEJIEM TOJBKO OTBET. Kcu ckasaTh, 94TO Urpa 3aKOHYNTCS He
6osee, uem 3a 200 x010B, TO OIMIMOKA TIPU ITOM YTBEPXKA€HUN OY/I€T
npubIN3UTENIHLHO TAK YK€ HEBO3MOXKHA, KaK U COObITHE U3 npumMepa 1.
Fcnn yncino xogos yeeanauth 10 30 MUIINOHOB, TO omubKa Oymer
MpUOIN3UTEIHLHO TAK YK€ HEBO3MOXKHA, KAK COOBITHE U3 TTpUMeEpa 2, u
npu uncie xonos, pasHom 10%°, — kak cobbITne u3 npumepa 3.

§ 1. OcHoBHBIE CBOIiCTBA BEPOATHOCTH

[Ipexke Bcero Mbl JOMKHBI HAYUUTHCS BHIYUCTISITH BEPOSTHOCTH.
[IpeacTaBum cebe 1Be YpHBI, B KaXK/10# U3 KOTOPBIX JIeXKUT 1o 100
mapoB. B nepBoii ypHe oiuH map 6eiblit, a octanbabie 99 depHbie. Bo
BTOpOit ypHe umeercs 10 6esbix mapos u Y0 depubix. U3 kakoii ypHbI



§ 1. Ocnosnuie ceoticmea sepoamuocmu 99

osee BEpOsTHO BBIHYTh Geatblif map *) 7 Ynraresn, He 3a/[yMbIBAsICh,
oTBeTUT, 4TO U3 BTOpoil. Kcjim Mbl cripocum, BO CKOJIBKO Pa3 3To
6oJiee BEpOSITHO, YUTATE/Ib, HAJO MOJAraTh, orBeTut, uTo B 10 pas.
[IpeacraBum cebe Tereph TPeThIO ypHY, B KoTopoii Bce 100 mapos
6ennie. [logobHO mpeabiayIeMy, Mbl CKaXkeM, YTO BBIHYTH OeJiblii
map u3 Tperbeit ypusl B 100 pa3 6ojiee BEpOSATHO, YeM U3 MEPBOI.
Ho miap, BbIHYTBIN U3 TPETbell yPHBI, OKAXKETCsT OeTbIM HABEPHSIKA.
Ecnu npuHSTH BEPOSITHOCTD JOCTOBEPHOTO COOBITHSI PABHOI €TUHUIIE,
TO U3 CKAa3aHHOI'O BBITEKAET, UTO MbI JOJ’KHbI CYUTATH BEPOSTHOCTH

. . . 1
BBIHYVTH 66.HI)II/I I1a n3 1epBou HBbI aABHOU ——, a BEPOATHOCTDH
100’

. " . 1
BBIHYTH O€JIbIi [1ap U3 BTOPOU YPHBI PABHOM T00°

Paccmorpum obmumii ciiydaii, Korja ypHa COAEpP>KUT 7 IIApOB,
u3 KOTopbix m Oesibix. Te ke coobpakeHusi 3aCTABJISIIOT MPUHSATH

o I - m
BEPOSITHOCTH BbIHYTh O€JIbIil IAp U3 TAKOW YPHBI PABHOM — .
n

CxeMa ypH Ype3BbIYAIHO yA00HA TEM, YTO K HEl CBOASITCS MHOT'HE
3a/1a4u.

[Tpumep 1. Bpocaercsi moHeTa. KakoBa BepOSITHOCTb, UTO BbI-
najiet rep6? PaccMoTpuM ypHY € ByMs [IapaMu: GEJIbIM U YepPHBIM.
BeJiblit map cooreercrByer repby, dyephbiit — pernerke. QueBuIHO,
BEPOSITHOCTH BBIMA/IeHUsI repba paBHA BEPOSITHOCTH BBIHYTH OeJibliii

" 1
Wap U3 Hallleil ypHbI U, CJIE/J0BATEIILHO, PABHA .

[Ipumep 2. Bpocaercsa urpanbuas Koctb. KakoBa BEpOSITHOCTH
BbIMajieHust 5 oukoB? 3ajlada paBHOCWJIbHA Cleayrolleit: B ypHe 6
mapoB, u3 KoTopbix 1 Oesbiit. KakoBa BeposiTHOCTH BbIHYTH GeJibiii

1
map? Orser: .

[Tpumep 3. N3 smuka ¢ JOMUHO HayraJl BHIHUMAETCS KOCTh.
KakoBa BeposiTHOCTh, YTO XOTsl Obl Ha OJHOI ee MOJOBUHKE Oymer
6 oukoB? Paccmorpum Paccmorpum ypHy ¢ 28 mapaMu, U3 KOTOPBIX

7 wapos (cooTBeTCTBYIOIME 7 KOCTSAM, Y KOTOPBIX XOTs1 Obl OJIHA U3
MOJIOBUHOK COZIEPKUT 6 04KOB) — Geibie. BeposiTHOCTD BBIHYTH KOCTD

. 7
YKa3aHHOTI'O BUJJa paBHA BEPOATHOCTU BHIHYTh OenbIit miap v paBHa 2— .

[Ipumep 4. B ypue nexar 5 kpacubix, 7 cuauxX u 13 4epHbIX
mapoB. KakoBa BEposSITHOCTH TOT0, YTO BBIHYTHIN IIAP OKAXKETCST UJIN
KkpacHbIM un cuaum? [lepekpacum KpacHbie U CUHUE TApbI B GeJIbIii

*) [Ipennonaraercsi, 9To mWapbl B ypHAX COBEPIIEHHO OJJUHAKOBBI, XOPOLIIO Mepe-
MeIIaHbl ¥ YTO BHITACKMBAIOT 1IaPbI HE IJIsi/isl; TAKUM 00pa30M, UMEIOTCsI PaBHbIE
BO3MOKHOCTH BBIHYTh U3 YPHBI JIIOOOH map, Wi, JIPYTMMU CJIOBAMH, BBIXO[
KayKJIOTO [1apa PABHOBEPOSITEH C BBIXOJIOM JIIOOOTO JApyroro.

4%
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LBET, WJIM, WHAYe, PACCMOTPUM HOBYIO YPHY, B KOTOpOil b + 7 =
= 12 6enbix u 13 gepHbIix mapoB. BeposTHOCTH BBIHYTH KPACHBIN
WU CUHUI 1ap U3 TEePBOii YPHBI PaBHA BEPOSITHOCTHU BBIHYTH OeJblii

1ap U3 HOBOI ypHBI, T. €. PaBHA 5

[lycTs BOODIIIE HEKOTOPBIA OMBIT MOXKET WUMETh 7. PABHOBEPO-
SITHBIX HCXOJOB U W3 HUX M OJaronpusiTCTBYIOT coObITHIO A, a
oCTajbHbIE He 0JaronpusTCTBYIOT. JI1060i Takoil ONBIT PABHOCUJIEH
BBIHUMAHWIO IIapa U3 YPHbI, COAEpKallleil . [apoB, U3 KOTOPBIX M
OeJibix, a ocrajibHble depHble. Hacryrmenue cobbrtusi A umeer Ty

m
YK€ BEPOSITHOCTh, YTO W BBIXO 0€JI0ro mapa u3 ypHbl, T. €. —. Win
n

CJIOBAMU: 8EPOAMHOCTG COObIMUA A pasHa omHouweruro “ucra baa-
20NPUAMCMBYOUWUT UCT0008 K 00UWeMY YUCAY UCT0006. BeposiTHOCTH
cobbiTusi A obosnauaercss P(A).
Cdopmynupyem ciegyoriye CBOWCTBAa BEPOSITHOCTH:
CeoticTtro 1. Ecniu uz cobbitusi A caedyem cobbitue B, T. e.
HacTymieHue cobbitusi A Bjieder 3a coboit HacTyieHue cobbitusi B
TO

P(A) < P(B).

CgoiicTtBo 2. Ecmm cobertust A u B mecosmecmun, (T. e. He
MOYKET CJIyUUThCsl TaK, 4TO npoucxonsat u A u B), To

P(A+ B)=P(A) +P(B), (1)

rae nog A + B noHuMaercss coObITUE, COCTOALLEE B TOM, YTO IPOUC-
XOJUT XOTs ObI OIHO U3 cobbiTnii A n B.

Ceoiicrro 3. Eciu cobbitust A u B npomueononostchol, T. e.
HaCTyrIeHue A paBHOCUJILHO HEHACTYILIeHno B, To

P(A) +P(B) = 1. 2)

Ceoiictro 4. Kciau cobeitrie F docmosepho, T. €. HEIPEMEHHO
MMPOU30IJIET, TO

P(E) = 1.

CeoiicTto 5. Eciiu cobbirue O HE803MONHCHO, T. €. HE MOXKET
HACTYMUTh, TO

P(0) = 0.

BI)IBOIZI 9TUX CBOMCTB U3 PacCMOTPEHNA YPHOBBIX CXEM HECJIO?KEH,
N 9UTaATEJIb MPU 2KEJIAHUU MOXKET JIE'KO €ro nmpoBecTu *) [Tosicaum
TOJIBKO HEKOTOPLBIE Oolpeae/IeHUdA: IpUuMep HeCOBMECTHbBIX coObITUI —
BbIXO CUHEr0 M BBIXOJ KPaCHOro miapa (eC.HI/I BbIHUMAETCA TOJIBKO

*) BaMeTHM, U4TO CBOKCTBO 2 GbLIO (baKTHUECKH BHIBEJEHO HAMU B mpuMepe 4.
3nmece A — «BbIXOA KpacHOro mapas, B — «Bbixox cunero mapay, A + B —
«BBIXOJ] KDACHOTO MJIM CHHETO IIapay.
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O/IVH 1IAD M3 YPHBI); IPUMEP NPOTUBOIMOJIOXKHBIX COOBITHIl — nona-
JIaHUe W HEMOMNaJaHue B IeJb MPU BHICTPEJIe, BhIMaJeHue repba nin
perieTku nipu 6pocanuu MOHETHI. JI0CTOBEPHBIM COOBITHEM SIBJISIETCS,
HANpuMep, nosiBjieHue 6eI0ro mapa u3 ypHbI, HAOJHEHHON OJHUMU
OeJIbIMU IIIApaMK, HEBO3MOXKHBIM — TMOSIBJIEHNE YEPHOTO I1apa u3 Toi
YK€ yPHBL.

Hecmorpst Ha TO, 4TO MHOrWe 3aJla4u CBOASATCS K CXEME YPH,
MHOrHe (M IpUTOM Haubosee MHTEPECHbIE) 3a/1a49K K ITON cXxeMe He
cBopsiTcst. OHAKO CBONCTBA BEPOATHOCTH 1—H COXpaHSIOTCS W [Jist
9TOro KJIacca 3a/1ad.

VYcnoBHada BeposiTHOCTh. HeszaBucumnbie cobbiTud. [losna-
KOMUMCSI Teleph C TaK HA3bIBAEMON Yc.a06H0U 8eposmmnocmovro. Hau-
HEM C mpuMepa.

[Tocie ypoKoOB y4eHUKM TIEPBOrO ¥ BTOPOT'O KJIACCOB COOMPAIOTCSI
urparh B npsatku. B urpe ydactsyoT 11 nepBOKIaCCHUKOB, U3 KOTO-
pbIX 8 MAJIBYUKOB U 3 JIEBOYKU, U 6 BTOPOKJIACCHUKOB, U3 KOTOPBIX 2
Masipauka U 4 neBouku. C MOMOIIbI0 XKpeOusi OMpeeisieTcst, KOMY
BoauTh *) . KakoBa BEpOSITHOCTB, YTO BOUSIIMH OKAXKETCsl IMEPBO-
KJIACCHUKOM 7

[ns BBIYMCTIEHUS 3TOM BEPOATHOCTH HYXKHO YHCJIO MEPBOKJIACC-

11
HHUKOB NIOJEJIUTH Ha 06mee YUCJI0 UI'paroiinx. PeSyJ’IbTaT pPaBEH ﬁ

[Ipeanonokum Temepsb, YTO HAM MU3BECTHO, YTO BOAUT MAJIBbIUK.
[ToBJiusier i1 Ji 9TO HA MHTEPECYIOLLYI0 HAC BeposaTHOCTL! [TocMoT-
pUM, KAKOBa Telepb BEPOSTHOCTH TOTO, UTO BOASIINNA YUUTCS B TI€p-
BOM KJIACCE.

Bopgsimuit MajibauK MOXKeT ObITH C PABHOI BEPOSITHOCTHIO JIIOOBIM
u3 10 MabunKoB, ydacTByomux B urpe. Cpean stux 10 MaabanKoB 8
ydarcst B mepBoM kJiacce. [103ToMy BEpOSATHOCTH TOTO, YTO BOASIINHA

8
YYUTCS B MTEPBOM KJlacce, paBHA TerNephb 0 M&bI BUIMM, 9TO BEPOSIT-
HOCTb U3MEHUJIACH.

M1 nostyausu Yca08HYy10 8EPOAMHOCMS TOTO, YTO BONSIIAN yIUT-
cs B [IEPBOM KJIacce, NPy YcA08Ul, YTO BOAAUINN — MaJIbUUK.

186. Brruncaure ycJIOBHYIO BEPOATHOCThH TOTO, UTO BOASIIINIA
YUUTCS B IEPBOM KJlacce, IIPU YCJIOBUH, YTO BOJUT JIEBOYKA.

BepositHocTs coObiTust B 1ipu yc/ioBUM, 9TO MPOU3OIILIO COObI-
tne A, oboznaqaercs P(B/A). B namem npumepe B — «BoauT nep-

*) 2Kpebuit J0oKeH 0BecreunTs Ayisi BCEX YYaCTHUKOB UI'Dbl paBHblE BEpOsAT-
HOCTH OKaszaThcsi BoasiiuM. Cpeay pasinyHbIX BO3MOXKHBIX (hOpM >KepebheBKU
Hawjyd4meil JOJ>KHA ObITh MPU3HAHA Ta, IPU KOTOPOIl Takasi pABHOBEPOSITHOCTH
OCYIIECTBJISIETCS] ¢ HAUOOJIbIIEH TOYHOCTHIO.
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BOKJIACCHUK», A — «BoanT Masbuuky». Kak mbr nogcunramu, P(B) =
11 8
=5 P(B/A) = o WNrak, B namewm ciyuae P(B/A) # P(B). 91o
[OKA3bIBAET, YTO HACTyIJIeHHe COObITUsI A CyIIECTBEHHO BJIMSIET HA
BEPOSITHOCTH COOBITUS B.
K nepeunciieHHBIM BBIIIE TISATH CBOMCTBAM BEPOATHOCTH MpHba-
BUM Terephb elrje OJIHO.

CsBoiicTBO 6.
P(AB)=P(A)P(B/A), (3)

rae noj A B nonumaercst cOObITHE, COCTOSILEE B TOM, UTO HACTYIIAIOT
0ba cobwbiTusa: u A u B.

DTO CBOWCTBO BBIBOJUTCSI C MOMOILIBIO pacdera, KOTOPbIA Mbl
IpoBeseM Ha TOM »Ke IpHUMepe JETCKOI Urphl, I/e BOISIINIA oIpe-
nensiercs: sxpedbuem. [lycrs cHoBa A — «BoguT Majkuuk» u B —
«BOAWT MEPBOKJIACCHUK». B Takom ciiyuae AB o3Ha4aeT <«BOAUT
MaJIBYUK, KOTOPBIA y4YUTCA B IEPBOM KJacce». M3 17 BO3MOXKHBIX
MCX0/10B COOBITHIO A B 6J1aronpusiTCTBYIOT 8 NCXO0B (8 MaJIbunKOB-
IEPBOKJIACCHUKOB), a cobbrtnio A —10 ncxonos. IMosromy P(AB) =

= %; P(A) = 1—2 Kak y»e Beraucasinocs, P(B/A) = % Mt
BUUM, YTO

s _10.s

17 17 10’

P(AB) = P(A)P(B/A).

Ecnu cobbirusi A u B HeE3aBUCUMBI, TO HACTYIJIEHUE WJIU He-
HACTyIJIeHHE coObITusi A He M3MeHsieT BeposiTHOCTU coObiTusi B, u
Mo3TOMY ycI0BHast BepositHocTh P (B /A) cobbrtust B npn ycaosun A
JoJoKHaA ObITh paBHa 6e3yciioBHOl BepositHocTn P(B):

P(B/A) = P(B).
B rakowm cay4vae dopmysna (3) npunumMaer Buj
P(AB) =P(A)P(B).

Takum obpazom, umeeT MeCTO
CsoiicTtBo 6a. Eciu cobbitusi A u B He3aBUCUMBI, TO

P(AB) = P(A)P(B). (4)

Hanpuwmep, Boimajenust repOoB Mpu ABYX OPOCAHUSIX MOHETHI —
9TO coObITUsT He3aBUCUMBbIE. [109TOMY BEPOSITHOCTE IBYKPATHOTO BbI-
najieHust repba paBHa
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P («npu nepsom 6pocanuu Beinaj repb» u «npu BTOPOM OpocaHum

Bbinas rep6s» ) = P («npu nepsom Gpocanuu Bbimas rep6s ) - P («upu

1 1 1
BTOPOM OpocaHUU BbINas repb» ) = Rt

®opmyana (1) — dopmyna cinoxkenus BeposiTHOCTENH — 1 hopMyIa
(4) — dbopmyna yMHOXKEHUST BEPOATHOCTENH — JIErKO 0000IAIOTCS HA
caydail 6osbitiero, dem 2, ynciaa cobbituii. I[lycts mano n cobbiTuii
A1, Ag, ..., A,, U3 KOTOPBIX KaXK/Ible JIBa HECOBMECTHBI. 'Toraa

P(A1+A2+A3+...+An)=
= P(Al) + P(Ag) + P(Ag) +...+ P(An) (5)

Hoxkaxxem sty popmyny ais n = 3. Cobbitue As, Gymydn HeCOB-
MECTHO Kak ¢ Ag, Tak u ¢ A1, 04eBU/IHO, HECOBMeCTHO U ¢ A1 + Ajg.
[Tosromy B cuiy kak ¢ Az, Tak u ¢ Ay, O4eBUIHO, HECOBMECTHO U

c A+ As.

P(A1+A2+A3) :P(A1+A2)+P(A3) (5,)
Tak kak A1 u A9 HECOBMECTHbBI, TO
P(A1 + Ag) = P(Al) + P(Ag) (5”)

U3 (5') u (5”) Boirekaer dopmyana (5) ayis cyqas n = 3; aHAJOTUYHO
dbopmyna (5) gokasbisaercs u agist ioboro n. Touno Tak xe, ecin Aq
u Ao HesaBucumbl 1 A1 A u Az HE3aBUCUMBI, TO

P(A; Az As) = P(A1Ay)P(A3) = P(A)P(A3)P(As).

Boobmie, ecim A1 u Ao nesaBucumbl, A1 As u Az He3aBUCUMBI,
A1A9A3 n Ay nesaBucumbl u T. a., A1A2A3 ... A, 1 n A, He3a-
BUCHUMBI, TO

P(A Az As ... Ay) = P(A)P(A2)P(A;) ... P(A,).  (6)

Hanpuwmep, eciiu Ay, — Bbinajenue repba npu k-m 6pOCAHUM MOHETHI,
TO BEPOSITHOCTH BBHITIAJEHUSI OJHUX repOOB Mpu 1 GPOCAHUSIX paBHA

o opmy.e (6)
P(A1Az... A,) =P(A))P(Ay)...P(A,) =

1 1
2 T2 on

n pas

:

Tewm ke 4ucIoM BhIpaXkaeTcsi BEPOSITHOCTD BBITIAJIEHUsT OTHUX Dellie-
TOK U BOOOIIE BEPOSITHOCTB BbIMajeHUs JIIOOOH Hamepes 3aJaHHOI
[OCJIEIOBATEJILHOCTY IepOOB U PEIIeTOK 1pu N OpocaHusix.

187. KakoBa BEpOSITHOCTb, 4TO MpU G-KPaTHOM OPOCAHUHU WI-
paabHOI KOCTH HU pa3y He BbinajgeT 6 0ukon?
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188. O60o3HauMM 4Yepe3 P BEPOSITHOCTDb MONAJJAHNS B LEJIb [IPU
OJTHOM BBICTpeJie. BhIYUCIUTH BEPOATHOCThH TOTO, YTO TPU 7 BhI-
cTpenax efab OyJeT MmopakeHa, T. €. MPOU30HAET XOTsi Obl OHO
ronajiaHue.

B nauaJie paszgesia oTMe4dasioch, 9TO MaJIOBEPOSITHBIE COOBITHS MO-
I'YT C MOJTHBIM OCHOBAHUEM CUUTATHCS MPAKTUYECKUA HEBO3MOYKHBIMU
1 9TO OBIBAIOT PA3HBIE CTEMEHN TAKONH HEBO3MOYKHOCTH. Y TOUHUM JTO.

Ecnu pnist u3ydeHusi KaKOro-HuOYib PEATbHOTO SIBJIEHUST TIpUMe-
HSIFOTCSI METO/Ibl TEOPUY BEPOSITHOCTEM, TO KaXK/Ibli pa3 MPUXOIUTCS
BBIOMPATh KAKOe-HUOYIbh MaJioe YHUCI0 € B KadecTBe Jonycmumoti
BEPOAMHOCTIU OWUOKY. DTO 03HAYAET, UTO, MPEJICKA3BIBASI METOJAMU
TEOPUU BEPOSITHOCTEN XOJI PEAJIbHOTO sIBJIEHUsI, Mbl BbIHY>K/I€HBI J10-
MyCTUTh HEKOTOPYIO BO3MOXKHOCTH OIIMOOYHOCTU HAIIEr0 MPOTHO3a
u TpebyemM TOJBKO, YTOObl BEPOSITHOCTH OIIUOKY HE TTPEBOCXOINIA E.
[Tpu Takom AomyIieHUN MbI UMeeM OCHOBAHUSI BCSIKOE COOBITHE, BEPO-
SITHOCTh KOTOPOI'O MEHBIIE €, CAUTATH NPAKMUUECKU HEBOZMOHCHDLM,,
a BCSKOE COOBITHE, BEPOSITHOCTH KOTOPOro Oosbiie 1 — &, cuurarh
npaxmuyecky docmoseprvim. UUCIO € MOXKET OBITH TaK)Ke HA3BAHO
JOIYCKAeMOl cmenensvio (nam yposHem) HEJOCTOBEPHOCTH, a YUC/IO
1 — & — rpebyemoit cmenenvio (nam yposrem) docmoseprocmu. Camo
c000ii pa3yMeeTcsi, YTO 3HAYEHUE € BLIOUPAETCS B KAXKJION OTIEIBHOM
3ajlave ¢ yIeTOM MPAKTUIeCKUX TPeDOBaHUil K [IOCTOBEPHOCTH BBIBO-
noB. Hacro npumensitorcs 3uadenus 0,015 0,005; 0,001; 0,0001.

NnniocTpupyem ckazaHHOe HA MpUMEpPE 3aJ1a9u O YKCJIE BBICTPE-
JIOB, HEOOXoAMMOM [ijisi mopakenusi nesn (cMm. 3azgady 188). Tlycrs
JlJTs1 OTIPE/IEIEHHOCTU BEPOSITHOCTD TMOTA/JaHUsI TTPU KaXKJOM BbICTpe-
jie pasHa 0,2. CKOJNBKO HY>KHO 3aTPATUThb BBICTPEJIOB, YTOOBI MO-
pasuTh 1eab? fICHO, YTO HUKAKOrO abCOIIOTHO JOCTOBEPHOIO YHC-
Jia BBICTPEJIOB YKa3aTh HEJIb3sl: MOXKET CJIYyYUTbCsI, YTO 1eb OyaeT
[OPAYKEHA MEPBbIM YK€ BBICTPEJIOM, U B TO YK€ BPEMsi He UCKJIIYEHA
BO3MOYKHOCTh, 4TO, cKaxkeM, 100 nan 200 BbICTpPEJIOB HE 13Ty T HU O/I-
HOTro TIonafanusi. Vitak, He Oyaem ruaThest 3a abCOJIIOTHO JOCTOBEP-
HOCTBIO U BBeJIEM KaKyIO-HUOY/b JOMYCTUMYIO CTElleHb HEJI0CTOBEP-
voctu e. [IpakTudecku BrHoJiHE IPUEMJIEMBIM SIBJISIETCSI, HATIPUMED,
snavenue £, pasHoe 0,001. YTBep:Kaasi, 4To 1eJb OyJeT MmoparkeHa
IIPU N BBICTPeJIaX, MbI ¢JieJIaeM OMIMOKY ¢ BeposiTHOCThIo (1—0,2)" =
= (0,8)™ (cm. pemenue 3agaun 188). [TogbGepem Tenepn N Tak, 4TOODI

(0,8)™ < 0,001.

Haumenbiriee 3HavyeHue n, yJIOBJIETBOPSIOIIEEe 3TOMY HEPABEHCTRY,
paBHO 31 (OHO JIErKO HAXOJUTCS C MOMOIIBIO TaBIUIIB JIorapudMOoB).
Urak, yrBepxkmasi, aro 31 BbICTPEs JOCTATOYEH JJisi MOPAYKEHUsI
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LEJId, MBI MOXKEM OIIUOUTHCS JIUIIb C BEPOSATHOCTHIO, HE MPEBOCXO-
nsmeit gomycrumoit rpanunbt 0,001. Takum obpazom, npu NPpUHATHIX
TpeOOBaHUSX K YPOBHIO JJOCTOBEPHOCTU MOXKHO CUUTATH MOPAXKEHHE
uesiv 31 BBICTPEJIOM NPAKTUYECKHU JOCTOBEPHbBIM.

Haiigennoe 4uciio BbICTPEIOB U3MEHUTCSI, €CJIM U3MEHUTH IOy C-
KaeMyIo CTeleHb HenocToBepHocTH. B npuBogumoil Huxke tabsuie
yKa3aHbl 3HAYEHUs 7, COOTBETCTBYIOIIME PA3JIUYHBIM JIOMYCTUMBIM
YPOBHSIM HEJOCTOBEPHOCTH

€ n
0,01 21
0,005 24
0,001 31
0,0001 | 42

3agada. BeraucanTs BEpOSITHOCTh TOTO, 4TO MPU HEOTPDAHUYEH-
HOM OpPOCAHUM UTPAJBHON KOCTH HU pa3y HE BHIMAJET 6 OYKOB.

Pemenne. Boruncanm cHadaa BEpOSTHOCTh coObITUsS B, «3a n
Opocanuii H1 pa3y He BhInaio 6 0ukoBy. [1pu permenun 3aga4uu 187 Mbi

obuapyxum, uro P(Bg) = (5)6. AHaIOrm4IHO NMPU NPOU3BOJLHOM 7
(B cuity dopmyanr (6))

P(Bn) = <g)"
O603HaYNM UHTEPECYIOIIEE HAC COOBITHE «TTPY HEOTPAHUYEHHOM OpO-
CAHWM KOCTH HU pa3y He BbImageT 6 oukoB» vepe3 B. U3 cobbitus B

caegyer Kaxkaoe u3 coowituii By, Ba, ..., By, ... [lostomy B cuty
1-ro croiicTBa BEPOSATHOCTHU
5
P(B) < P(B;) = P
5\2
P(B) <P(By) = (2] .

5 (5)2 5\" .
Ho yucna a\e) o o\g) KaK 4JIeHbl 6ECKOHEYHO yObIBAIOIIEH

reOMEeTPUUIECKON MPOTPeCcCun JEeJaloTCsl ¢ BO3PACTAHUEM 7 MEHBIIE
M06Oro Hamepes 3aJaHHOTO TOJIOKUTEbHOro uncaa *) . Orciona n
P(B) menbine m060ro nosoknreapuoro uncia, T. e. P(B) = 0.

Wrak, BEpOSITHOCTH TOTO, YTO MPU HEOTPAHWUYEHHOM OpOCAHUU
KOCTH HU Pa3y He BHIMAJET 6 OUKOR, PaBHA HYJIIO.

*) Kucenes A.T1. Anrebpa. Y. 2. U3y, 23-e. M.: Yunearusz, 1946. C. 78.
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CobbITHsI, ¢ KOTOPBIMU Mbl BCTPEYAJIUCH JI0 CUX 0P, ObLIN JIiu-
060 HEBO3MOXKHBI, JINOO, €CJU BO3MOXKHBI, TO WUMEJIM BEPOSTHOCTh,
O6bIIYIO HyJIsi. 3J1eCh Mbl BIEPBbIE CTAJKUBAEMCsl C COOBITHEM,
UMEIOIINM BEPOSITHOCTh HYJIb U TEM HE MEHEE MPEACTABJISIOMINMCS
JIOTUYECKU BO3MOXKHBbIM. Mbl He MOrju Obl MOJIy4UTh TAKOTO pe-
3y/bTATA, €CJiM Obl BEPOSITHOCTH HAIIEr0 COOBITHSI MOXKHO OBLIO ObI
[OJICYUTATD 10 TPABUJIY, YKA3AHHOMY B Hauajie naparpada, iMeHHO
KaK OTHOIIIEHWE 4YHUC/Ia OJIArOMPUSITHBIX MCXOIOB OMbBITa K OOIEMY
YUCJIY BCEX BO3MOXKHBIX PABHOBEPOSITHBIX HCXOJI0B.

PesysibTaT, KOTOPHI MBI TOJIYYN/IN, PEIIas HAILY 3329y, MOXKHO
UCTOJIKOBATH TAKKE CJIEIYIOIMM 00pa30oM: KAKYH Obl BBICOKYIO CTe-
MEeHb JIOCTOBEPHOCTU Mbl HU TIOXKEJIAJIN UMETh, MOYKHO YKa3aTh TAKOE
quc0 6pocanuil, 4ro BeinajeHue 6 04YKOB X0Ts ObI OJuH pa3 Oyzer
NPAKTUYECKH JOCTOBEPHBIM *) . B 9TOM M COCTOMT peasbHbIi CMBICI
YTBEPXKIAEHUsI, YTO MPU HEOTPAHUYEHHOM OpPOCaHUU KOCTU 6 OYKOB
BBITIAJIET C BEPOSITHOCTHIO 1.

Dopmysia moaHolM BepositTHocTu. Cucrema codbituii Ay, Ag,
Az, ..., A, HasbiBaeTCcsi noaHol, eciiu XOTsi Obl OJHO U3 HUX He-
MPEMEHHO MPOou30iieT (apyrumu cioBamu, ecin coobitie A + Ag +
+As3+. ..+ A, nocrosepHo). Bamernm, uTo ecau cobbitust Aq, Asg, . ..

., A, 00pa3yIOT MOJHYIO CUCTEMY U TIONAPHO HECOBMECTHBI, TO

P(A)) +P(A2) + ...+ P(4,) =1 (7)

(caemyer u3 popmyast (5) u ceoiicTsa 4).

CsoiictBo 7 (dbopmysa nonuoii Beposaruoctu). [lycrs
JlaHa TIOJIHAsl CUCTEMa TMOMapHO HECOBMECTHBIX cobbitmii Ay, Ag,
Az, ..., A,. Torga BeposaTHOCTEL 106010 COOLITUA B MOXKeT ObIThL
HaligeHa mo gopmyJie
P(B) = P(A1)P(B/A1)+P(A2)P(B/A2)+.. .+P(An)P(B/AEL)).

8

Jsisi 1oKAa3aTeIbCTBA 3aMETUM, YTO TAK KAK OJHO u3 cobbituit Ar, As, ...

., A, HenpeMeHHO TpoM30iigeT, TO HacryrieHue cobbitusi B paBHOCHIIBHO
HACTYTJIEHUIO OJHOTO u3 cobbituii BA1, BAa2, ..., BA,; nostomy

P(B) = P((AB) + (A2B) + ... + (A, B)).

Tak xax coberrmsi A1 B, AB, ..., A,B nonapro necoBmecTHbl (nG0 y>Ke
Ai, Aa, ..., Ay, mONapHO HECOBMECTHBI), TO 1o dopmye (5)

P(B)=P(AB) + P(A3B) + ...+ P(A.B).

%) JeiicTBuTeNbHO, yTBEpXKaasi, YTO 6 OYKOB BBIMAJET 3a N OpoCcaHWl, MbI
n
ommnbaeMcsi ¢ BEPOSITHOCTHIO E . Ilpu pocraroyHo GOJILIIIOM N BEPOSITHOCTH

OmMOKU MOXKET OBITh CAEAHA CKOJIb YTOJHO MAJION.
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Wcnonp3ysa cBoiicTBo 6, nosyyaeM
P(B) =P(A1)P(B/A1) + P(A2)P(B/A2) + ...+ P(A,)P(B/Ay).

Boraucium no 3Toit popmysie BEepOSITHOCTH TOrO, YTO B HUIPE,
onmcanHoil Ha c¢. 101, BOAUT NMEPBOKJIACCHUK. 3aeCh B — «BOgUT
MEPBOKJIACCHUK Y, A1 — «BOAUT MajbunK», Ag — «BOJUT JIEBOYKAS.
Nmeem

P(A1) = . P(4:) = o, P(B/A)) = ISO,P(B/AQ):_

17

P(B) =P(A1)P(B/A1) +P(A2)P(B/Az) =
_10 8 7 3_8 3 11

T TR T A T AT AT ¢
B COOTBETCTBUH C TEM, 4TO OBLIO BhIUMCIeHO Ha c. 101.

189. JIBoe moouepeHo GpocaioT MOHETY. Bhiurposisaer ToT, y Ko-
ro nepsoro Bbinager repd. Kakosa BepossTHOCTDb, 4TO UI'Da HUKOI/IA
He koHunTcsi? KakoBa BEPOSITHOCTD, YTO BBIUIPAET HAYMHAKOIINIAT
KakoBa BEpOSITHOCTb, YTO BBIUI'PAET BTOPOil UTPOK?

190. Yacruua, Haxoas1asicss B TOY-

ke A (puc. 62), yepe3 equHUIy Bpeme- A
HU C BEPOATHOCTBIO P11 OcTaercs B A, puc/\QPm
a C BEpOSITHOCTHIO P12 TIEPEXOANT B B. Doy
Haxonsick B B, oHa 4epe3 eIUHUILY Bpe- Puc. 62
MEHU C BEPOSITHOCTHIO Pog OcTaeTcst B B )
U C BEPOSATHOCTLIO paq mepexoauT B A. KakoBa BepOSTHOCTB, 4TO
4epe3 n maros (eJMHWI] BDEMEHH) OHA OKaXkeTcsi B TOUke A, ecau
B HAYAJbHbBI MOMEHT BPEMEHU OHA HAXOIIUTCS

a) B Touke A7

6) B Touke B?

K cxeme 3agaun 190 MOXKHO CBECTH MHOYKECTBO Pa3JIMYIHBIX SIB-
senuit. Ciieryst 3HAMeHUTOMY pycckoMmy maremaruky A.A. Mapkosy,
paccmorpum repsbie 20 000 6ykB «EBrenuns OHerntas, He CIUTAS <bY
u «b». Bymem nomemars ¢uiliky B Touky A, eciu OyKBa rjacHasi, u
B TOuKy B, ecim GykBa corsacHasi («it» cumraercst riuacHoit). Yepe-
JIOBAHUE [VIACHBIX U COIVIACHBIX M300pa3uTCs ABUKEHUEM (DUIIIKH 10
cxeMme puc. 62. QOueBuIHO, MOCIE TJIACHON OYKBBI 60J1€€ BEPOSITHO MO~
SIBUTDHCSI COTJIACHO, YeM CHOBa rJiacHoil. M meficTBuTEIEHO, IOICYUETHI
MapkoBa MOKa3bIBaIOT, YTO BEPOSTHOCTH P12 MOSIBJEHUsI COTJIACHOMN
[IpU YCJIOBUH, UTO MPeIbIayInast 6ykBa ObLTa riacHasi, paBHa pubJIn-
sutesbHO 0,872, B TO BpeMsi KaK BEPOSITHOCTH TIOSIBJIEHUs TJIACHOI
npu 3ToM ke yciaoBum py1; = 0,128. Touno Tak ke po; = 0,663;
P22 = 0,337
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Anajioruanbie nojcuersl, nposeeHHbie st neppbix 100 000 6yks
nosectu AkcakoBa «/lerckue rognl Barposa BHyKa», 1a/u HECKOJIbKO
UHbIE Pe3yJIbTaThL: P11 = 0,147; po1 ~ 0,695; p12 =~ 0,853; pa2 = 0,305.

Toit ke cxeme MOAYUHSIIOTCST C M3BECTHBIM MPUOJVIKEHUEM U
HEKOTOPbIE METEOPOJIOTUYECKUE sIBJIEHWSI, HATIPUMED YepeoBaHue
SICHBIX M MTACMYPHBIX AHel. [leHb, cieayonuii 3a macMypHbIM, UMEeT
O6JIBITYI0O BEPOSITHOCTH OBITH TACMYPHBIM, HEXKEJW [I€Hb, CJEdYIO-
uuil 3a SICHBIM, a [I€Hb, CJIEIYIONIUN 33 SICHBIM, UMEET OOJIBbIIYIO
BEPOSITHOCTH OBITH $ICHBIM, Y€M [I€Hb, CJIEIYIOMINI 3a MacMypPHBIM.
BeposiTHOCTH Tepexofia OT MacMypHOTO [IHSI K SICHOMY, OT $ICHOTO
K MaCMypPHOMY ¥ T. /. (3TUM MepexoJaM OTBEYAIOT MepeMenleHus]
umkn B 3amaue 190) oka3bIBAIOTCS MPUGJIU3UTEIHHO TOCTOSTHHBIMA
[UIs TAHHOW MECTHOCTH W JAHHOI'O BPEMEHU T'0Ja U MOIyT ObITh
BBIUNCJIEHBI 13 HAOIOJEHUIA.

191. TlpousBoguTcs caenyromuii onbIT. B KOMHATe OCTABIEHBI
JIBe OJIMHAKOBBIE C BUIY yPHbI. B JieBOil U3 HUX JIEXKUT @ IIAPOB,
B mpaBoifi — b mapoB. B koMHaTy 1o ouepeau BXOAST JIIOIU U
KaXK/JIbIif M3 HUX IepeKJaJbIBaeT Map uU3 JIeBOil ypHbI B IpPaBYIO
WM U3 TIpaBoii B JeByio. [Ipeanonaraercst, 9To BEpOSITHOCTh TOTO,
4TO IIap INePeKJIAAbIBAETCSI U3 JIEBOH yPHBI B IIPABYI0, TaK K€ KaK
BEPOSITHOCTH TOT'0, YUTO IIap NEPEKJAAbIBAETCS W3 MPABOil YPHBI

1
B JIEBYIO, PaBHa . OnbIT TPOIOIKAETCS 10 TEX TOp, MOKa OJHA

u3 ypH He omycTeeT. KakoBa BepOSTHOCTD,

2 B uro omycreer nemast ypua? Kakora BeposiT-

HOCTb, YTO OIycTeeT NpaBas ypHa? Kakoba

1 A BEPOSITHOCTh, UTO ONBIT HUKOIJA HE 3aKOH-
quTcs?

192. Ilo pebpam mnpoBosounoro kyba

(puc. 63) monzaer rycennna. oiiast 1o Bep-

1
IINHbI, OHa C BEPOATHOCTBIO g IIOJI3ET I10 Ka-

0 5
JKJIOMY U3 pebep, UCXOSIIINX U3 9TOM BepIIu-
Puc. 63 T Au B I
Hbl. Touku A u B nama3zanbl kjieem. ['ycenuna
BhInoJizaeT u3 Toukn (). KakoBa BeposSITHOCTh, UTO OHA TIPUKJIEUTCST
B Touke A7 KakoBa BEpOSITHOCTb, YTO OHA MPUKJIEUTCsI B TOYKe B7

§ 2. Samaum o GJyKJaHUM IO OECKOHEYHOI IPAMOIi.
TpeyronbHUK BepOSITHOCTEMN

Otmerum Ha npsaMoii Toukn 0, +1, 2, 43, ... u mpogenaem cie-
nyromuii oneIT. [ToctaBum B TOUKy, momedeHnyio yuciaom 0, dpumky.
[Tonbpocum MOHETY, U €C/in OHA yMAaJeT BBEPX repboM, repeBuHeM
buIKy Ha OJHO [eJIeHHE BJIEBO, €CIN YK€ MOHEeTa YMaJeT BBepX
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PELIeTKOM, TO HA OIHO JeJieHue BipaBo. [loBropum 6pocanvie MOHETbI
BTOpPOIi, TPETHIi pa3 v T. 1.  OyIeM KaXKJbIil pa3 MepeIBUraTh (puiiky
B COOTBETCTBUU C PE3YJIHTATOM OpPOCAaHUs. 3aKOHHO MPENOJOXKUTH,
9TO 00a BOZMOYKHBIX UCXO/a OPOCAHUST MOHETBI OTUHAKOBO BEPOSITHBI,
U TaKnM 00pa30M Mpu KaxKA0M OpocaHuu (BUIKa CABUTAETCS C BEPO-

ATHOCTBIO 5 BJIEBO M C BEPOATHOCTHIO E BITPDABO.

3akoH oO6pa3oBaHMs TPeyrojbHUKA BeposiTHOcTel. Oue-
BU/IHO, TOCJIE TIEPBOTO Mara (hUIIKa MOXKET OKa3aThCsi B TOYKax —1
i 1, mocsie BTOpOro 1ara B o/iHoOM n3 Toyek —2, 0, 2, mocjie TpeThero
B —3, —1, 1, 3 u 1t n Harnan-

HOoe n306parkeHne BO3MOXKHBIX mojlo- —4-3-2-1 0 1 2 3 4
JKeHUH UINKA B KaXKJIbIi MOMEHT .
BPEMEHU JTaeT cXema, U300paskeHHasi . .
Ha puc. 64.

Toukn, n3zoOparkeHHLIE Ha 3TOM ° ° °
cxeme, 06pa3yioT TPEyroJIbHUK (3TOT o . . o
TPEYTrOJbHUK MOXKHO HEOTPAHUYEHHO o N o o o

NpoJ0JKaTh BHU3). Bepiuuna Tpey-
rOJIbHUKA HAXOAWTCS MO YUCIOBOM
ormerkoii 0, u 3T0 coorBeTcTBYeT TOMY (hakTy, 4To () — HAYAIBHOE
noJsioxkenue Hareil purnku. [lepBast cTpoka TpeyroibHUKA COCTOUT U3
nByx Touek. Crosiiue HaJ STUMU ToUuKamMu uncia — 1 u 1 nokasbiBamoT
BO3MOXKHbIE TOJ0XKeHus1 dutnku depe3 1 mar. Cheayroiasi cTpoka
3a/12€T BO3MOYKHBIE MOJIOYKEHUsT (DUIITKYU Yepe3 2 mara u T. JI.

Cxema, nzobparkenHasi Ha puc. 64, yka3blBaeT BCE BO3MOXKHbBIE
MoJIOXKeHus1 (PUIIKY, HO CPEIN ITUX MOJOYKEHUIT OfHU Oosiee, npyrue
MeHee BepOsATHBI. [lombITaeMcsi BBIYUCIUTD UX BEPOATHOCTH. B Ha-
YaJIbHBI MOMEHT (DUIITKA HAXOAUTCS ¢ BeposiTHOCThIO 1 B Touke 0.
[Tocste onHOro noAGpachIBaHWST MOHETHI OHA HAXOJUTCS C BEPOSATHO-

Puc. 64

1 . .
CTBIO . B KaXJI0i 13 TOUeK —1, 1. PegysibraTh! 1Byx nogbpachiBaHmit
MOTyT OBITh CJIE/yIOIINE:
IT, TP, pPr, pp

(BykBa «r» coKpaleHHO obo3HavaeT «repb», a OyKBa «p» — «pe-
MIETKY» ). DTU YeTbIPe WCXO/Ia PABHOBEPOSITHBI U, CJIEJJOBATENBHO,

. 1 .
KaXXIBIA WMeeT BepOATHOCTE - [lepBoiit ucxom mpuBOAUT (PUIIKY
B nojioykeHue —2, Bropoit u rperuii B 0, a yerBeptoiii B +2. [losromy

1
mocJie JIByX IIaroB 4acTulia OyJaeT HAXOAUThCsT ¢ BEPOSITHOCTHIO 1

2 1
B —2, C BEPOSATHOCTHIO 2B 0 ¥ ¢ BEpPOATHOCTHIO 4B +2. Anasiornano
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MOXKHO BBIYUC/IUTH BEPOSATHOCTU KAXKJIOTO U3 BO3MOXKHBIX TTOJIOXKE-
Huii Uik nocae 3, 4 u T. . XOI0B. 3aMEHsIsT KaXKIyI0 TOUKY CXEMbI
COOTBETCTBYIOMIELA BEPOATHOCTBHIO,

-4-3-2-10 1 2 3 4 "
—0—0—"0—0—0—0—0—0—0— NOJIyduM  YHUCJIOBOU  TPEYTrOJIbHHUK,

1 n300parkeHHbI Ha puc. 65. DrTor

1 1 .
0 0 YUCJIOBOU TPEyrojlbHUK (MbI OymeMm
% % % Ha3bIBATh €ero MmpeY20AbHUKOM
1 3 3 1 eepOﬂmuocmeﬁ) obsamaer  3ame-
. 8 . 8 6 8 . 8 . YaTeabHBIM  CBOWCTBOM:  Kaostcovil
16 16 16 16 16 €20 WAECH PAGEH NOAYCYMME O06YT
CMOAWUT HA0 HuUM Haenos. Jlerko

Puc. 65

MMPOBEPUTH 3TO CBOUCTBO JIJIA BCEX
YJIEHOB, BBIMUCAHHBIX Ha puc. 65. OmQHAKO sICHO, YTO TaKas IPOBEPKa
ele He JOKA3bIBAET, 4TO TO K€ CBOMCTBO COXPAHUTCS MPHU JOOOM
MPOJIONI>KEHUN HAIIIEr0 TPEYTOJILHUKA.

193. Tlonb3ysick (opmyioii nosHo# BepositHOcTH (CBOTICTBO 7,
c. 106), mokaxkure, 94To

E_ 1/ 57k-1 k+1
Zn - E(anl—i_anl)? (1)
rje Zﬁ 0603HAYAET BEPOSITHOCTH TOTO, UYTO B MOMEHT 1 (pUIIKa
HAXOJUTCS B TOYKE k.

C moMOIIBI0 «TPABUJIA TOYCyMMbI» JIEMKO MPOIOIKUATE TPEy-
roJibHUK BepositHocTelt. Ha puc. 66 Bbinmucanbl nepBbie JEBATH CTPOK

1 0-s1 cTpoka
1 1
3 3 1-s1 cTpoka
1 2 1
Y 2-51 CTpOKa
r 3 3 1 3
8 8 8 8 -1 CTpOKa
1l 4 6 4 1 4
16 16 16 16 16 -4 CTpoKa
1l 5 10 10 5 1 5
32 32 32 32 32 39 -s1 CTpOKa
16 15 2 15 6 1
64 64 64 64 64 64 064 6-s1 cTpoka
1 7 21 3 3 21 7 1
128 128 128 128 128 128 128 128 7-s cTpoKa
: S e g = B 1 8-11 cTpoka

256 256 256 256 256 256 256 256 256
1 9 36 8 126 126 84 36 9 L 9.4 crpoka

512 512 512 512 512 512 512 512 512 512

Puc. 66
TPEYroJibHUKA BEPOsSITHOCTE (He cumTasi HyJeBoi, cocrosimieil n3
OZIHOI BepIIMHBI TpeyroibHuKa). [logcuuTaTh UX TPSMBIM MyTEM
(KaK 9TO OBLIO CIIEJIAHO C MEPBBIMU YETHIPHMSI CTpOLIKa,MI/I) OB110 ObI
HeJIerKOou 3a/]a4eii.
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194. /Jokakute, 9TO B TPEYTOJILHUKE BEPOSITHOCTEH CyMMa, dJ1e-
MEHTOB KayK/I0il CTpOKU paBHa 1.

3aMeTuM, 9TO «IMPABUJIO MOJYCYMMbI» PABHOCUJIBHO CJIEAYIOIIe-
My <«IPaBUJLY JeJieHus mornojaMy. PaccMoTpum Kakyo-HUOYIb CTPO-
Ky TpeyroJbHWKa, Pa3/ieJuM TIOToJaM Kayk/i0e YHUCIO ITOW CTPOKH
M CABUHEM OJHY IIOJIOBUHKY BHHU3 BJIEBO, a JIPYT'YI0 BHU3 BIIPABO
(cm. puc. 67, rae 1o caenano ans 4-ii crpoku). Ilocne croxenust
4qKcesi, TIONABIINX B OJHY TOYKY, MBI MOJYYNM CJIELYIONIYI0 CTPOKY

TpeyroabHUKA.
1 4 6 4 1

16 16 16 16 16

/N /N /N SN /N

1 1,4 4,6 6,4 4,1 1

33 32732 32T 2T 32T 32

Puc. 67

Boobpasum Tenepsh, 9TO B HAYAJILHBIH MOMEHT BPEMEHU B TOUY-
ke () HAXOIUTCsl €IMHUYHAST MACCa U YTO B TEYEHHUE OJHOU CEKYHIbI
OHa JIEJIUTCSl Ha JB€ PaBHbIE MOJIOBUHBI, KOTOPbIE CMEIIAITCS OJHA
BIIPaBO, IpyTasi BJ1eBO (Ha 0/IHO jesieHne). B Tevenne BTopoii cekyH b1
KaXK/lasl U3 MOJOBUHOK B CBOIO OYepe/ib JEJUTCS MOMOIaM, U OJHA ee
YaCTh CABUTAETCSI BIIPABO, JPYTrasi BJIEBO U T. 1. fICHO, 94TO CymMma
Macc, coOpaBIIuxXCcs B TOUKe k, 4epe3 n CeKyHJ OyleT paBHA HJIeHY
HAIIEro YUCJIOBOIO TPEYTOJbHUKA, CTOSIIEMY B n-il CTpoke moj k-ii
OTMETKOU YUCJIOBOM MIKAJIbI. DTa CBsI3b MEXK/IY 3a/a4eil 0 CIryYaitHOM
Oy ganun (QUITKU U 337a49€il 0 TepeMeIeHnn JPoOsIIeiicss MacChl
ObIBAET I0JIE3HA, TIPU PEIIEeHUN Pja 3a1a4 *) .

Elcnm NoMHOXKUTB NEPBYIO CTPOKY TPEyTrobHUKA BEPOATHOCTEI Ha 2, BTOPYIO
na 2%, rperwio Ha 23, . . ., n-10 Ha 2™, TO MbI NI0JLy UMM TPEYTOJIbHUK, COCTABJIEHHbII
U3 HeJsbIX 4ucesl. YuTaTesp Jerko MpOBEPHUT, YTO B 3TOM HOBOM TPEYTOJIbHUKE
KayK/I0€ 4MCJI0 PABHO CyMMe ABYX YHCEJI, CTOSIIAX HAJ HUM. Takoil TpeyroabHUK
HOCUT Ha3BaHue mpeyzoavrura Ilackana. Ham yrke mpuxonusiocb UMeTb ¢ HUM
nesio Bo Bropom paszaese (cm. § 2 ro. II).

[Togennm B TpeyroJbHUKE BEPOSTHOCTEN KaXKIbIii JJIEMEHT Ha
COCeHUM 3JIEMEHT cJieBa. UTO >Ke KacaeTcsl JeMEHTOB, CTOSIIINX
Ha JIEBOM KpAalo TPEyroJbHWKA, NIJIsT KOTOPHIX JIEBOTO COCela He Cy-
[IECTBYET, TO UX MbI MPOCTO OTOPOCcUM. MbI TTOIyIuM TpPEyroabHUK
OTHOIIIEHNi, n300paykKeHHbIi Ha puc. 68. Jlerko ycMoTpeTh 3aK0H, 10

*) AHasormdHas cxema paccMaTpuBajach B ogHON u3 3agad VIIT MockoBckoii
MaTeMaTUYECKON onmmmnuaabl. B 9Tol 3a1a4e roopusiocsk o 2" J0asix, KOTOPhIe
BBIIIJIA U3 BEPIIUHBI TPEYTOJBHUKA HA puc. 64, mpryeM MOJOBUHA U3 HUX MOILIA
BHU3 HaJIEBO, a TOJIOBUHA — BHU3 HampaBo. /lasee B KaXkJ0il TOUKe OHU CHOBA
JEJVJIMCh TI0 «IpaBuily JaejieHusi nornojams. Crnpammpajochk, CKOJIbKO Jroaei
MPUZIET B KAXKJAYIO TOUKY M- CTPOKH.
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KOTOPOMY COCTaBJIEH 3TOT TPEYTOJIbHUK: B N-ii CTPOKE 3HAMEHATeJ N
apobeii mpoberaioT 1Mo MOpsiAKY BCe Yucaa oT 1 10 n, a YUCIAUTETN —

1
1

2 1
T 2
3 2 1
1 2 3
4 3 2 1
I 2 3 1
5 372 1
1 3 4 5
6 5 4 3 2 1
1 2 3 4 5 &6
r 6 5 4 3 2 1
1 2 3 4 5 6 7
8 7+ 6 5 4 3 2 1
1 2 3 4 5 6 71 38
9 8 ©» 6 5 4 3 2 1
1 2 3 4 5 6 7 8 9
Puc. 68

BCe uncyia or n 10 1. Mbl mipegocraBiisieM 9uTaTe l0 TPOBEPUTH ITOT
3aKOH, OTNpaBJsisick ot dpopmyasl (1).
[To TpeyrojibHUKY OTHOIIEHUIT HETPYJHO OOPATHO BOCCTAHOBUTH

. 1
TPEYroJIbHUK BePosATHOCTEH. Mbl HAaUMHAEM N-10 CTPOKY YHUCJIOM — , &
on’

3aTeM BOCCTAHABJIMBAEM BCE JIEMEHTHI 3TO CTPOKU OJWH 33 JIPYTUM,
YMHOXKasl y2Ke TIOJTy4YeHHbII 3/IeMEeHT Ha COOTBETCTBYIOIIUI d/T€MEHT

1

o=
o=
]

1 1.2 121
1 11 TR
1 1.3 132 1321
3 81 § 12 81723
1 1 4 143 1 432 14321
16 1671 1612 166123 161234
Puc. 69

13 N-i CTPOKM TPEYTOoJbHUKA OTHOIIIEHWH. Taknm 06pa3om, Tpeyrob-
HIUK BEPOSITHOCTEH MOXKeT ObITH 3ammcan B (popme, N300paskeHHOo Ha,
puc. 69.

Orcroga BUAHO, 9TO k-ii 971eMEHT N-ii CTPOKM TPEYroJbHUKA Be-
POSITHOCTEl paBeH

1 n n-1 n-2 n—k+1 (2)
2n 1 2 3 ko
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llenTpasibHbIE 3JIEMEHTblI TPEYTOJbHUKA BEPOSATHOCTEINA.
Hac 6yayT ocobeHHO MHTEpecoBaTh LEHTPaJbHbIE 3JIEMEHTBI TPey-
IOJIbHUKaA BepOﬂTHOCTeﬁ, T. €. 9JIEMEHTHI, CTOAIIINE Ha €r0 BEPTUKaAJIb-
HOI1 6I/ICC6KTpI/IC6. Ta,KI/Ie JIEMEHTHI UMEIOTCA TOJIBKO B CTPOKaX C 4€T-
HbiMu HOMepamu. lleHTpasibHBII d/1eMeHT ng, CTOSALIUI B CTPOKEe
¢ HoMepoM 2k, 03Ha4YaeT BEPOSITHOCTb COOBITHSA: «Iocie 2k XomoB
durika BepHyJIaCh Ha UCXOMHOE 1oJie». Mbl 0003HAYNM €ro Yepe3 woy,
TaK 49TO

_1 2 6 20 70
wo = 7w2_15w4_ﬁaw6_6_4aw7_ﬁa"'

niu u3 puc. 69

ol w2 143
L L T T L
Ecnu Bocnonb3oBatbesi 061UM BbipazkeHueM (2) u y4dectb, uto 2k-s
cTpoka comep>kut 2k + 1 4jaeHoB, u3 KoTopbix k crosaT cripasa u k
CJIeBA OT CPEIHEro YJIEHA Wy, TO MBI MPUAEM K hopmyie
1 2% 21 2k-2  k+1

W2k = 5ok " 2 3 Tk (3)

[To sToit bopmyse HETPYAHO BBIYUCISATH 3HAYEHUE Wap, MOKA k He
cauikoM Benko. Fenn »xke k ctaHoBUTCSt GOJIBINTUM, TO 9TH BBIYUC-
neHust nesarorcsi BecbMa Tpyaoemkumu. (IMonpo6yiite, nanpumep,
cocumnrath wig0oo!) s TOro 4TOGHI OLIEHUTD BEMYUHY W), HE BbI-
YUCIIsIsT €€ TOYHOTO 3HAYEHHUsI, MOXKHO BOCIIOJIB30BAThCS CJIELY FOIITUMU
3aMeYaTe bHBIMU HEPABEHCTBAMMU:

1 1
1 L (k=1,2,3,..). 4
var S Wk < ( ) (4)

Hokaxkem stn HepaBeHcTBa. [Ipexkae Bcero mpeobpasyem opmy-
ay (3):

wgp = L2k 21 22 kAl
22k 2 3 k
1 2%k 2%-1 2k-2  k+1 k k-1 1 _
T2 1 2 3 Tk k k-1""1
B 1-3:.5...2k—1-2-4-6...2k _
T o926 1.2.3.. . k-1-2-3...k
_ 1 135 212 46 2k_
T2k 1 9 3] E 1 2 3 Tk
1 13 5 2-1 1 2% 1
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Hanumewm Teneps 04HO 10/ APYTrUM TPU HPOU3BEACHUS:

11,234,567 8 9  2%-2 2%-1 (5)
2 2 3 4 5 6 7 8 9 10  2k-1 2k
1,138,355 7.7 9 9 2% 12% 1
2 2 4 4 6 6 8 8 10 10 2k 2k
1,2.83.4567 8 9 10 2—1 2%
2 3 4 5 6 7 8 9 10 11 2k 2k +1

Yurareab JIErKO 3aMETUT, 9TO U3 KAXKIBIX TPEX UUCEJI, CTOSMINX
B OJHOM CTOJIOIIE, BTOPOE HOJIBITIE YeM ITEPBOE UJIV PABHO €MY, & TPEThE
6oJibIIIe YeM BTOpOE W paBHO emy. [loaToMy M3 Tpex HanmMCaHHBIX
MPOU3BE/ICHN HAMMEHBIIIUM SIBJISIETCSI BEPXHEE, & HAUOOJIbIIINM HIXK-
Hee. OHAKO CpejHee TPOU3BEIeHNE PABHO

B -C)-C) - () =

2 4 6/ "\ 2 2k>
BEPXHEE T0CJIe COKPAIEHUI PaBHO i, a HUXKHEE PaBHO
clo/1a

2k +1°

2 1
Swh < 1

4k 2% +1°

N nopasHo

W3Briekast u3 Kaxk10i 9acT STOr0 HEPABEHCTBA KBAIPATHBIN KOPEHbD,
MOJIyYUM
1 1

'?ji S wy < ——,

V2k
9TO U TPeOOBAJIOCH [I0KA3ATh.
Tem »ke MeTOHOM MOXKHO BBIBECTH elle 00jiee TOYHbIE OIEHKU
JUIST Woy.

195. lokaxxkure, 4TO:
[LJIsT BCEX 3HAYEHUN k, HAUWHAS C 2,

1\2 3 1 1\2 1
) L2« N
\/3 (2) 1 ap SWk <3 (2) 2%’ (8)

[lJIs1 BCeX 3HadYeHuil k, HaumHasi ¢ 3,

1 3\2 5 1 1 3\2 1
B B A e (EL2) LA
\/5 (2 4) 6 2k S W2k < \/5 (2 4) 2%’ (9)
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BOOOIIIE /1151 BCeX 3HAYeHul k, HAYMHAs C a,

1 3 2¢ —3\2 2a -1 1
2a—1<—-—... ) P
\/( ) 2 4 2a-2 2¢ 2k

< wap < \/(2@—1) (1-§.. 2“*3)2-# (10)

2 4 " 2a-2 2k

Ykazanue. amenure B kaxkaoMm n3 npoussegennit (5) u (7) HavaibHbIe
4JIEHBI TaK, YT00bl OHU COBNAJM C HAYAJbHBIMU 4YjleHamMu npoussenenust (6).

Sagaua 195 gaer nocjieJoBaTeIbHOCTD Bee HoJiee U Gosiee TOUHBIX
OLICHOK JJI51 W2k : MEPO TOYHOCTU MOYKET CJIy>KATh OTHOIIEHNE KPaii-
HEro JIeBOT0 4JIeHA HEPABEHCTBA K KpailHeMy MpaBoOMYy, KOTOPOe

B ouenke  (4) paBHO ,

B onenke (8 »

Bouerke (9) paBHO

1
2a

1, cleJoBaTeNIbHO, Bee bosee n bosee pubankaercst k 1. Kenn nog-
cCHUuTaTh 4YUCJIEHHOE 3HA4Y€HUe HpOH3BeﬂeHHI>i, CTOAIIX B HEpPaBEH-
crBax (8) m (9), To MBI MOy YHM

1

— cﬂ%‘»&lwwl%’

—_ ~— ~—

B ouenke (10 »

1

< = 2), 11

saor © U2 S oo (s k> 2) (11)
1 1

< R > 3). 12

sk~ 2k S s (ana k > 3) (12)

Hanee, noncransisi B obiiee HepareHcTBO (10) yacTHBIE 3HAYEHMS
a =4, 5, 60, 150, Haitgem

Tan S U2 < gy (ki 24), (13)
3,131k S wak < 2,198k (k> 5), (14)
\/?)’lm < way < \/311W (st k > 60), (15)
\/3,11W < wy < \/3,11—4k (mnst k > 150). (16)

[TocsienoBaTeibHOCTH KO (PUIIMEHTOB B JIEBOiT YacTH BCe BPeMsi yObi-
BAaET, a MOCIeI0BATEILHOCTh KO (PUIIMEHTOR B MPaBOil YacTn BCe
Bpemsi Bo3pactaer. MOXKHO CTPOro j0Ka3aTh (Mbl 3TOrO [€JIaTh HE
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Oyaem), 9To 06e 3T MOCJIEI0BATEIBHOCTH MPUOJINAKAIOTCA K OJHOMY
¥ TOMY K€ [IPeJIeJTy, U 9TOT peJie]l — U3BECTHOE YUCJIO T (OTHOIIEHNE
JUTMHBI OKPYKHOCTH K quamerpy). Takum obpazom, mpu GobIImx
3HAYEHUAX 2k MOYKHO BBIYUCIATH Wy, IO CAEIYIONIEH MPUOINYKEHHOM
dopmy.e:

Wop A ——. (17)
Vrk
Mo»kHO moka3aTh (YuTaTesb MOXKET TONpPOGOBATH CIEJATH 3TO
CaMOCTOSITEJIbHO), YTO 3Ta (HOpMyJsa JaeT BEPHbIE JBe 3HAYALINE
uudpsl yke HauuHas ¢ k = 25, a npu gajbHeiinem pocre k TOYHOCTH
Oyner Bce OoJiee u GoJiee yJTydIIATHCS.

196. Beruucauts ¢ AByMs AECATUYIHBIMU 3HAKAMU 3HAYEHUE
wW10000-

B TpeyrosbHuKe BEPOATHOCTE YncjIa BO3PACTAIOT OT KPAeB K Ce-
peaune. [losromy, onupasicb Ha HepaBeHCTBO (4), HETPYJHO HANTH
BEPXHIOI0 IPAHMUILY JI/JIs1 YUCEN N-il CTPOKH.

197. JlokaxkuTe, 4TO BCe YHUCA, CTOSIINAE B N-ii CTPOKE Tpe-

. 1
YroJIbHUKa BEPOATHOCTEN, HE IPEBOCXOAAT T
n

Onenka mpoOM3BOJILHOTO 3JIEMEHTa TpeyrojgbHuka. [lo-
cjle TOro KaK MbI JIOCTUTJIA TAKOTO TIOJHOrO ycrexa B MPHUOJIMYKeH-
HOM BBIYHC/IEHUH IIeHTPAJIbHBIX YJIEHOB TPeyTro/NbHUKA BEPOSTHOCTEN,
€CTECTBEHHO TMOMBITATHLCA HANTU Takue YKe yao0Hbie (hopMybl [1Jist
OCTAJILHBIX €r0 4JIeHOB.

PaccMmorpum crpoky ¢ deTHbiM HOMepoMm 2k. O6Go3HauuM LieH-
TPaJIbHBI YJIeH TOi CTPOKM uepe3 vy (paHblile Mbl €ro 0603HAYAIN
4epe3 woy) W, HAYMHAS C ITOTO YJIEHA, TIEPEHyMEePYeM MO MOPSIAKY
BCe YUCJIa Hallleil CTPOKHU, CTOsALIME IIpaBee Hero:

Vo, V1, V2, -+, Vg2, Vg1, Vk-

Beinumiem Teneps npaByio MoJOBUHY 2k-fi CTPOKH TPEyroJibHUKA

OTHOIIIEHUIA:
k k—1 2 1

E+1 k+2 770 21" 2k
[To onpesesieHnIO TPEYTOIBHUKA OTHOIIEHU

vi .k wva k-1, o Uk—1 2 vy 1
T ke 2k—17 w1 2k

Vo k:—}-l, V1 k+2
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Boibepem Ternepb Kakoi-HUOY1b HOMEpP S, 3aKJIIOYEHHbIN MEX/y Hy-

v
JieM u k, u nocrapaemcsi OoueHuThb orHoeHue — . Mmeem
Vo

Vs _ V1 V2 Vs_1 Vs kE k-1 k—s+2k—s+1

Vo vgvlulvsfzvsfl k+1k+2 " k+ts—1 k+s
I/IBMeHI/IB IIOPAJOK MHOXKUTeJIE B 3HaMeHaTe e Ha O6paTHI)II>'I, IoJ1y-
qUuM

vs _ k k-1 k—s+2k—-—s+1

vo_k—{—sk—{—s—l“. k+2 k+1

:(1_kj—s> (1—&)...(1—,&2) (1_kj—1)'

Jlerko BuAeThb, 9YTO Cpeiu BceX CKOOOK HanbOOIbIIE sIBJISIETCS IepBast,
a HanMmeHblIneil mocyaenuss. [loaTomy ecan Mbl 3aMeHUM BCe CKOOKU
Ha, TIepBYIO, TO OT JTOTO Hallle MPOU3BE/IEHNE YBEJUUNTCS, a €CJIU
3aMEHUM BCE CKOOKM HA MOCJIEIHIOI, — OHO YMEHBIIUTCS, T. €.

(R (s

k+1 o k+ s

(—’“+1_s)s<”_8<( k )S (19)
k+1 v \k+s/

’ 198. B kakux npejesax 3aKJI0Y€HA BEPOSITHOCTH Z12200?

nJjin

AHH,JIOFI/I‘{HbIe OILIEHKNW MO>XHO 6BIJIO 6])[ MOJIYYUTHh U [OJId SJIEMEH-
TOB CTPOKH C HEYETHBIM HOMEPOM, OJHAKO MBI 3TUM 3aHUMATHCA HE
OymeM.

§ 3. 3akoH 6OJIBIITUX YMCEJ]T

[Ipeanonoykum, 9TO HAII ONBIT C MOJOPACHIBAHUEM MOHETHI U
nepeBrKeHneM (QUIIKU MPOIOJIXKAETCS JTOCTATOYHO JIOJITO, CKAYKEM
1000 pa3. Hackonbko [JajeKko OT HAYaIbHOTO MOJIOXKEHUsT YT npu
srom ¢umika? Bo Besikom ciydae He jasibine, yem Ha 1000 gesenuii
BJIEBO WJiK BIIpaBo. U 3T0 e AUHCTBEHHOE, YTO MBI MOYKEM TTPEABUIETH
¢ abCOJIIOTHOM yBEPEHHOCTHIO. FKcau MBI MOTIBITAEMCS TIPEICKA3ATh,
uyro dumka yiiger meree uem Ha 1000 genenuii, T. e. He Jajee, yeM
Ha 998 mesneHuii, TO BO3MOXKHOCTb OIIMOKHU IIPU 9TOM y»Ke He Oyaer
HCKJII0UeHa: MOoHeTa MoKeT BhInacTh Bce 1000 pa3 omHoil cTOpoHOII:
repbOM MJIM PemnieTKo, u Toraa Guiika okaxkercs B Toukax — 1000

uiu +1000. OHaKO BEPOSITHOCTD 3TOrO | paBHasi 2 -

91000 ) HaCTOJIBKO
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MaJjia, 9TO DECCIIOPHO MOXKHO CUHUTATH OMINUOKY MPAKTUIECKU HEBO3-
MoxkHOM. Heresnka GyeT BeposiTHOCTE OMUOKY U 1ipu 60JIee CMeIoM
yTBepKAeHNH, 4T0 bulKa yihger He gasbiie, dem Ha 990 nesenwuii.
ist Toro 9To6bI MBI OMIUOJINCH, MOHETA JIONI2KHA OKA3aThCsl B OJTHOI
U3 TOYEK

—1000, —998, —996, —994, —992,

4992, +994, 4996, +998, +1000.

YT106bI MOACYNUTATE BEPOSATHOCTH OMMUOKN, Hamo paccmoTpers 1000-10

CTPOKY TPEYTOJIbHUKA BEPOSITHOCTEN U HANTHU CyMMY JIECSITH €ro dJie-

HOB: TISITU CAMbIX JIEBBIX W MATH CaMbIX MpaBbiX. BBuay cumMerpun

TPEyroJIbHUKA BEPOSITHOCTEN 3Ta CymMMa paBHa YIBOEHHOW CymMMe

[SITH JIEBBIX YJIEHOB:

(1 41 1000 11000 999 . 1 1000 999 998
91000 ' 91000 1 91000 1 2 91000 1 2 3

11000 999 998 997

21000 1 2 3 4

)z0,00...O...
——_——

290 nynei

Takum obpazoM, u 37eCh OMMOKA MOYKET CUYUTATHCS MPAKTHYECKU
HEBO3MOXKHOI. B 9TOM pe3ysibrare HET, KOHEYHO, HUYEr0 YIUBUTEIb-
HOTO, 100, pejicKa3biBas, 4To nocyae 1000 maros oTKIoHeHHE (PULIKY
ue npesbicuT 990 nmesiennii, mbr penedbpersin u3 1001 BO3MOXKHBIX
noJsioxkenuii gactunbl 10 cambiMu mMaJioBepositHbiMu. ['opazo Gosiee
PUCKOBAHHBIM OBLIIO OBl yTBEPKIEHUE, UTO OTKJIOHEHUE (DUTIIKY OyaeT
menbie 100 gesennii (1. e. me Gosee 98 nenenwmii). 3pech Mbl Mpe-
HebOperaeM OOJBINEH YacThio BOBMOXKHBIX Tosioykennii: 902 n3 1001.
Hackonbko 310 gonycrumo? Hackonbko madia niamn, Hao60poT, O1m3Ka,
K 1 BEeposSAITHOCTH OMIMOKHU MPU 9TOM yTBepxKaennn?! Ha 3Tu Bompochl
HEBO3MOXKHO OTBETUTH 0e3 Bhraucjenusi. Jljist Toro 4Tobbl mpoBecTu
9TO BbIYMC/IEHUE, Mbl JOKHBI HailTu cymmy 902 unenoB uz 1000-i
CTPOKM TpeyrojibHUKa BeposiTHOCTel: 451 kpaitnero Jjieroro u 451
KpaifHero mpaBoro. XOTsl [Jist 3TON BBIKJIAJKU He TpebyeTcst HUu4ero,
KpOMe 3HAHUSI YeThIpeX apudMeTUIeCKuX JEHCTBUil, BPs JIU KTO-
HUOY b U3 HAIIIMX YATATESEH CMOT ObI IOBECTH €€ [0 KOHIIA: CAUIIKOM
MHOTO BPeMEHH ¥ CIJI IPHILIOCH Obl Ha Hee 3aTpaTuTh *) . [TlosTomy
MBI TIOTTBITAEMCS OLIEHUTDh BEPOSITHOCTH OIIUOKH, HE BHIUUC/IsisI €€ TOY-
Ho. Hamm paccy»kaenust OyayT MMeTh COBEPIIEHHO ODIINIA XapaKTep.
O1HaKO /1l TPOCTOTHI BHIYUCIEHUIT Oy 1eM BCIOY MPEINoJaraTh, YTo
YUCJI0 N XOA0B (PUIIKY SIBJISIETCST YETHDBIM.

*) KOHEYHO, Mbl MOTVIM OBl COCUMTATD 3Ty CYMMY M TaK: BBIYECTh U3 €IUHUIIBI
cymmy 99 cpenHux 4sieHOB. B 910 nociienHei cymMMe 4ucsIo cyiaraeMbiX MEHbIIe
(99, a me 902), omHAKO CAMU 3TH CJIATAEMbIE BBIYUCIUTD 3HAYUTEIHHO TPYIHEE.
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Paccmorpum 2k-10 ¢TpOKy TpeyrojibHUKA BEPOSITHOCTEN U 3aHy-
MepyeM ee UJIeHbI, HAUWHAasI OT [IEHTPAJILHOTO 10 KPAHEro mpaBoro

vo, V1, V2, ..., Uk.

OueHuM cymmy
S=vp+Vpp1+ ...+ v

Bocrosnbayemcst uist 97oii nesin vepaseHcreoM (19) u3 § 2. Corutacuo
9TOMY HEPABEHCTRBY

v (A
o k+r

Vg1 ( k )r+1
Vo =k +r+1 ’

N

k
O603HaUNM 17151 COKPAIIIeHNs] P yepes g. O4eBUIHO, YTO KayKaast

+7r
u3 1pobeil, CTOsIIUX B CKOOKAX B MIPABBIX YaCTSIX HAIIUX HEPABEHCTB,
He npesocxoaut g. [losTomy

CKJ’[a,Z[bIBaﬂ 9THU HEpaBEHCTBa, MbI IIOJIYYUM

S
_ggr+gT+1+gr+2+“.+gk.

Vo
B npaBoit yacTu HanucaHa reomerpudeckasi nporpeccusi. CymMmMupyst
ee, HailjieM

S r_ _k+1
P Q- S - S
Vo 1—-g
[Tockombky g = k. <1,101—g > 0, U MBI TOJILKO yCUJIUM HEPA-

k+r
B gk+1
BEHCTBO, €CJIM OTOPOCUM B MTPABOI YaCTH OTPUIIATEILHBIN YJIeH 1

— 8
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[TosTomy
LR

Vo 1—g.

VYMHOXKasT TO HEPABEHCTBO HA V(g U 3AMEHsIsI g €r0 3HAYEHUEM, TIOJTY-
YUM OKOHYATEJHHO

§<wpttr (L ) (1)
r k+r

Temnepb Mbl B COCTOSTHUY OLIEHUTH BEPOSITHOCTD P COOBITUS «ITOCJIE
n = 2k nepexo0B (bUIIKa OTKJIOHUIACH OT HAYAJBHOIO MOJIOXKEHUS
HE MEHbIIIE YeM Ha M = 27 JejeHuil». JTa BEPOSATHOCTb PABHSETCs
YABOEHHOI BEPOSITHOCTH COOBITHUSI: «TOCTIe 1. = 2k mepexom0B hurika
OTKJIOHIJIACHh OT HAYaJIbHOIO MOJIOYKEHUsT BT P & B O HE MEHbIIIE YeM Ha
m = 2r genennii». [lociennsisi ke BEpOSITHOCTD KaK pa3 U PaBHA CYyM-
Me S, KOTOpyto MblI olleHu M. 3aMeHuM B hopmysie (1) obosHavenue vy
[UTsI TEHTPAJIBHOrO 4JieHa 2k-ii cTpOKu Ha cTapoe 0003HAYEHHE Wo,
KOTOpOE yl100Hee TeM, YTO SIBHBIM 00Pa30M OTPa’kaeT 3aBUCUMOCTH
LEHTPAJILHOTO YJIeHA OT HOMEPA CTPOKH. YMHOKUM HepaBeHcTBo (1)

n m
Ha 2" noaCTaBUM B HETO 5 BMeCTO k n E BMeCTO 7. MBI MOJIyYUM

P<2wn-”+m( n )7. (2)

m n—+m

HenTpanbHblil 4ieH Wy, = Waj MOXKHO OLEHUTD 10 OHOH 13 hopMy.JI
(4) mm (11)-(16) § 2. U3 stux dopmya

1
Wop < —(— 3
riae B — 4ucio, KOTopoe MOXKHO BbIOMpATh TeM 0ojiee OJU3KUM K T,
yem Goabue k. (B nepasencre (4) B = 2, B nepasencrse (11)

B=266ur 1)
Bamenum B HepaBeHcTBe (3) k Ha g ConocraBuisist 970 HEpaBeH-

CTBO C HEPABEHCTBOM (2), MOy YnuM

Bn m n+m

Bocnonb3yemcst BbiBefeHHOM (hopMyIoii, 9TOOBI paccuuTaTh YUCIO-
BOW MpuMep, 0 KOTOPOM IIJIa pedb B Hadaje mnaparpada. [lycts
dumka caenana 1000 mepexomor. KakoBa BeposiTHOCTH, YTO OHAa
orkjoHuTCA He MeHee 4dem Ha 100 gesieHmit oT CBOEro HavaJlbHOI'O
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nosoxkenusi? [MogacraBum B hopmyaty (4) n = 1000, m = 100:

50
P<2/- 2 .11 (9) .
1000B 11

TMockombky k = = > 150, Mbr MOskeM B cormacuu ¢ dhopmyaoit (16)

§ 2 nonoxkuts B = 3,14. locie Bbruucienuii nojtyunm
P < 0,0048.

Takum obpazom, cobbiTue «dumka nocsie 1000 maroB OTKJIOHUIACH
He MeHee yeMm Ha 100 meneHnit» oKa3bIBAETCs MAJOBEPOATHBIM. Fcamn
TpebOBaHUST K YPOBHIO JJOCTOBEPHOCTU HE CJUIIKOM BEJIUKU U MOYKHO
MPUHATH B KaYecTBe JIOMYCKAeMOTO YPOBHSI HEJIOCTOBEPHOCTH, CKa-
»keM, 0,005, TO 3aKOHHO CKa3aTh, YTO <«MPAKTUYECKH HEBO3MOYKHO,
qro6bl mocsie 1000 1maroB ¢uilKka OTKJIOHHIACH Oojee dyeMm Ha 98
JeJIEHU» WU «TTPAKTUYECKU TOCTOBEPHO, 9TO (PUITKA OTKJIOHUTCS
Menee yem Ha 100 pesienmniis.

«3aK0OH KOpHsI KBaJAPaTHOTO U3 n». /s gansueiinero usy-
YeHMs! OTKJIOHEHUH (DUIIKU BBIFOJHO 3aMeHUTbH OuleHKy (4) apyroii
OIleHKOM, Oosiee rpyb6oii, HO 3aT0 6GoJiee MPOCTON U yAOOHON [JIs
Bbrancsiennii. Ham morpebyercst oHO BCrioMoraTe/ibHOE HEPABEHCTBO,
KOTOPOE MBI [IpejijlaraeM JOKa3aTh YUTATENIO B BUE 3aJauM:

199. /lokaxkuTe, 9TO AJs1 JIOO0TO TOJOKUTETBLHOTO P U IEJI0r0
[IOJIOYKUTEJIBHOTO T

(IT+p)">1+rp. (5)

[TycTs m 1 m — 4YeTHbIE MOJOYKUTEJbLHBIEC YUCIA. 3JAMEHUM B He-

m m
pasencrse (5) r Ha S MpHa MsI nosyuum
n

m 2 2
<1+T)2 >14+ 7 >
n 2n 2n
Orcroga
m
O 0
m\ 2 m
(+%)
n

13 nepasencts (2) u (6) BeiBoguM, 4TO

P < 2wp(n +m) 2" (7)

m3
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3amerum Tenepk, uTo B cuity HepaseHcTBa (4) § 2 w,, < % Kpowme
n

Toro, m < n. [loaTomy 3 HepaBeHCTBa (7) BhITEKAET OIIEHKA
)

3
2 2n 2y/n
P<—-2n-— = (—‘/_> .
Vvn m? m
Urak, eciu yTBEp>K/JaTh, YTO MOCJE N IEPEXOA0B (PUIIKA OTKJIO-
HUTCSI OT HAYAJBHOIO MOJIOXKEHUsI MEeHee YeM Ha m JIeJIeHUil, To pu
2\/5)3
=)
Bribepem kakoe-HUOYIb MOJOKUATETLHOE YUCIIO t 1 OLEHUM BEPO-
SITHOCTB OIIMOKU MIPU CJIE/IYOIIEM YTBEPXK/IECHUN:
(A) «mocne m nepexonoB OTKJIOHeHWE (UITKK OT Havaga Oyaer
MeHbILE YeM t1/T».
O603HaYMM Yepe3 m HaNMEHbIIee YeTHOE YNCIIO, YIOBIETBOPSIIO-

1Iee yCJI0BUIO
m > ty/n.

Tak kak OTKJIOHEeHUEe (DUIIKK 32 YETHOE YUCJIO LIATOB SIBJISIETCS
YETHBIM YUCIOM, TO yTBepXKiaeHne (A) paBHOCHIILHO CJeLyIOIeMy
Y TBEPXKJIEHUIO:

(B) «nocne n nepexooB (hulliKa OTKJIOHUTCSI OT HAYaJa MEHbIIe
4yeM Ha M JIeJIeHU».

Caie10BaTENIBHO, BEPOATHOCTU OMIMOOK Npu yTBepkaeHusx (A)
u (B) paBHbI Mexxy coboii. VIx 3HaueHne MeHbIIe YeM

3
<2ﬁ)3< 2/n _(2)3
m /) = \tvn t)
Nrak, MbI JJOKa3aJIM CJAEYIONINI 3aMedaTeTbHbIN 3aKOH:
«3aKOH KOPH#A KBagpaTHOro us n» C eepoammnocmuvio

9TOM BEPOSITHOCTH OIMMOKN OyJeT MEHbIe YeM (

L (2)?
OUL’U,67€U, MEHDUWEU (E) , MONMCHO ymeepofcdamb, Ymo OommrAOHEHUE

Puwry om nauasa 3a n xodos bydem menvuwe wem ty/n (1. e. pumka
OyZeT HaXOAUThCS MEXKIY —t\/ﬁ u —i—t\/ﬁ).

BribepeM Kakoii-HUOY/Ib OTMIPe/IeJIEHHBIN YPOBEHb HEJOCTOBEPHO-
ctu, vanpumep 0,005, u mogdbepem ¢ Tak, YTOOHI

3
(%) — 0,005.

Pa3zpermast 370 cooTHOITIIEHNE OTHOCUTEJHLHO t, HaligeM

—_ 2 12 %)
30,005 '

*) [Ipubnunxenue B3ATO ¢ U3OBITKOM.
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N3 «3akoHa KOPHSI KBAJPATHOIO U3 7M» BBITEKAET, YTO MPU JIIOOOM
3HAYEHUU N SIBJISIETCS IPAKTUYECKHU JJOCTOBEPHBIM yTBEDXKIEHUE:
Yepes n x0006 Puwika 0MKEAOHUMCSA OM UCTOOHO20 NONOIHCEHUS
menee uem wa 124/n.
CocraBuM TabINUKY:

n n' =12y/n ” =12
n_ yn
2500 600 0,24
10000 1200 0,12
250000 6000 0,024
1000000 12000 0,012

Bropasi rpada atoii Tabsinuku JaeT nIpaKTUYeCKU JOCTOBEPHBIE

IPaHUIbI OTK.HOHeHI/IIt/'I7 COOTBETCTBYIOIIIWE PA3JIUMIHBIM 3HAYECHUAM 77.

i
n 12
OTHolleHre — = —= ¢ POCTOM N, yObIBAET, HEOrPAHUYEHHO NPUDOJIK-
n

2KasfdCb K HYJIIO.
Hpe}lHOIIO)KI/IM, 49TO 3a N XOJ0B CbI/IIHKa OTKJIOHHWJIaCb OT Ha-

I m
YaJIbBHOT'O IIOJIO?KEHHNA Ha 1™ OEeJIEHUU. OrHomlenne — MbI Ha30BEM
n

npusedernoti ckopocmovio (PUIIKU: eC/IU BbIMTYCTUTh 3 To4Ykn () ya-
CTUILY, ABUXKYIIIYIOCS C 3TOI CKOPOCTHIO, HE MEHsIsl HATpaBJIeHUsl, TO
Jepes N eUHUI] BDEMEHU €€ OTKJIOHEHUE TAKKe COCTABUT M, JIeJIEHUIA.

Hanpuwmep, ecsiu mocsie 100 xonos duika okaxkercs B Touke —20, To

1
ee IpUBEIeHHAas1 CKOPOCTh PaBHA 3) [IpuBeaerHasi CKOPOCTb (DUIIKH

MOXKET U3MEHsThCs 0T 1 (ecom pumka ABUXKETCST BCE BPEMs B OJIHOM
Hanpassenun) 10 0 (ec/iu oHA BO3BPALAETCS B UCXOJHOE TOJIOXKEHHME,
CTaJI0 ObITh, IEJIAET BJIEBO CTOJILKO YK€ XOJ0B, CKOJIBKO M BIPaso). 13
«3aKOHa KBaJAPAaTHOIO KOPHA U3 Tv» HETPYJAHO BBIBECTHU, YTO

FEeau ¢uwra deusicemes docmamouno 00420, Mo NPaKMUMECKU
00CMOBEPHO, YO €€ NPUBEIEHHAA CKOPOCTNL DAU3KA K HYAIO.

eficTRUTEILHO, TIPAKTUYECKU JIOCTOBEPHO, YTO OTKJIOHEHUE
dumku Gymer menbme 124/n u, ciemoBaTesNbHO, €e NMpHUBEJACHHASA
lovn _ 12 g,

n Vn
TO 3Ta rpaHuIia OyIeT CKOJIb YrOAHO OJIN3Ka K HYJIIO.

1o cux mop MbI MPUHUMAJHN B KAYECTRE JOMYCTUMOH BEPOSITHOCTH
ommbku 0,005. O 1HAKO BCe HAIIN PAcCyKIeHNUsT MOYKHO 6€3 KaKHUX-JTi-
00 CyIIeCTBEHHBIX U3MEHEHUI TOBTOPUTD U JIJIs1 JIIOOOr0 3HAYEHUS €
sroit ommbku. B pe3ysibTaTe MbI puieM K Ceay0nemMy BbIBOY:

CKOpPOCTb OyJIeT MeHbIIe JIM N TOCTATOYHO BEJIMKO,
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C BepOSITHOCTBIO OMIMOKU, MEHBIIIEH YeM €, MOXKHO yTBEPXKIATh,

qTo
2 .
a) OTKJIOHeHHEe (DUIIKH 38 N XOJOB MEHBIIIE YeM 5 Vn;
6) ee MpUBeIEHHAsSI CKOPOCTH 34 1 XOJIOB MEHBIIIE 110 aBCOTIOTHOI
2
= :y/n.
=

200. Ilpuaumasi JOMYyCTUMYIO BEPOSITHOCTH OMMOKKM pPaBHOM
0,05, ykaxknTe MpaKTUYECKN JTIOCTOBEPHYIO T'PAHUILY [IJI OTKJIOHE-
HUs ¥ Jjisi npuBe/ieHHO0 ckopocTu duinku 3a 1000 xo108B.

201. ITycts a@ — mpou3BOJIbHOE MOJIOXKUTEJIbHOE 4ncio. Jloka-

B€JIMYNHE, YeM

ay\/N
YTBEPXKJATh, 9TO MPUBEIEHHAsI CKOPOCTH (DUIIIKY 33 1 XOJ0B OyAeT
MEHBIIIE YEM (.
202. Ykaxkure 4YuUCI0 MAroB, AOCTATOYHOE JJjisi TOr0, YTOObI
C BEpPOATHOCTHIO ommbku, He mpesbimaomeit 0,001, Moxkuo 6b1IO0
YTBEPK/IaTh, UTO MPUBEJEHHAsT CKOPOCTh dutiku menbiie 0,01.

3
. 2
KUTE, YTO C BEPOATHOCTHIO OHII/I6KI/I, MEHBIIIEN YEM () , MO>KHO

BcnomunM Tenepsb, 9TO Kaykgoe nepemertienne (UK 00yCcJI0B-
JIEHO Pe3yJIbTaToOM ToAOpaChIBaHUsI MOHETHI. Kicjin nipu n noadpackl-
BaHMSIX MOHETHI BeINagaeT [ pa3 pelrerka u n — [ pas rep6, To ¢puiika,
caenaer | aros BIPaBO U N — | 1IaroB BJIEBO W NONAJET B TOYKY

I—(n—1)=2l—n.

[TpuBegennast CKOPOCTh (DUIIKY 32 N MIATOB BHIPA3UTCST ADCOTIOTHOMN
BEJINYUHOM OTHOIIEHUS
2l —n

n

=25 1. (8)

l
Jpobb — xXapaKTepusyeT 4acTOTy BBIMAJEHNST PEIETKH.
n

[lycts 3aaHa Kakasg-HUOYAb TOMYCTUMAsT BEPOSITHOCTh OIIMOKH.
Kak mbl 3Haewm, [Jisi OOIbIINX 3HAYEHUI N MOXKHO C MPAKTUYIECKON
JIOCTOBEPHOCTBIO YTBEPK/IaTh, YTO MPUBEJEHHAsI CKOPOCTH OJIM3KA
K Hys110. VI3 Beiparkenus (8) BUHO, UTO ecsin MPHUBEIEHHAsi CKOPOCTh

l
MaJjia, TO 2— npubJn3nTeSIbHO PaBHO 1 U, CJIeJ0BATE/ILHO, YACTOTA —
n
1
O6m3Ka K 2 Takum obpazom:

Ecau monema modbpacvieaemes 60oAbULOE HUCAO PA3, MO NPAK-
Mudecky d0CMOBEPHO, MO “ACTNOMA BVINAJEHUSA Pewemru oydem

1
bauska K 7
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['py60o TOBOpPSI, MPAKTHUYECKN IOCTOBEPHO, YTO PeIieTKa Oyaer
BbIIIAJATh PUMEPHO B MOJIOBUHE Cly4aeB. BoJiee Tounas (popmysiu-
POBKa, I'JIACUT:

Buibepem npouseosvHyo donycmumyro 6EPOATMHOCTG OULUOKY € U
3a0a0uM cKOAb Y200H0 Ma.noe wucao . Eeau wucao 6pocaruti mornemot
npesocrooum
1

a2 {e?’

mo c 6epoAMHOCIMBIO OULU6’I€U, MEHDULET, UeMm g, MOIHCHO YMBEEPIHC-

N =

1
damov, YMo 4acmoma 8uNAICHUS PEUWEMKY OMAUNAGEMCS OM 5 MeHo-
uLe Yem Ha o
okazaTesibecTBO 3TOH TOUHON (DOPMYJIMPOBKY JIETKO BHITEKAET U3

1
npejsioxkenusi 6) Ha c. 124: ecom n > v
2
1 3
L ca¥en V& <.
vn n

Urak, ¢ BEpOSATHOCTHIO OIMMOKHU, MEHBIIEH €, TPUBEJEHHAST CKOPOCTh

PUIIKN MEHBIIE TT0 aDCOIIOTHOM BenunHe, uem 2a.. Ho mpusenennas

. 20 —n
CKOPOCTH B HAIllEM CJIy4da€ paBHa a6COJIIOTHOI/I BeJINYUHE =
n

l "
= 2- — 1. IlosToMy C BEpPOSAATHOCTHIO OLIMOKHU, MEHbIIEH €, MOXKHO
n

l
YTBEPXKJATh, YTO 2— OTJIWYAETCA OT | MeHbIlle 4eM Ha 2 WJH,
n

1
ApyrumMu CJI0BaMu, — OTJINYAE€TCHA OT 5 MEHBIIIE YEM Ha .
n

203. CkoJbKO pa3 [0CTATOYHO OPOCUTH MOHETY, 4TOOBI C Be-
posiTHOCTBIO OmnOku, Menbineit 0,01, MOXKHO OBLIO YyTBEpK/IaTh,
9TO YaCTOTa BBIMAJEHUsT PerieTku OyaeT 3aksodena mexay 0,4
u 0,67

[TycTs Teneph moabpachiBaeTCsi HE MOHETA, & UIPAJIbHAST KOCTh.
C kakoii 4acroroit Oymer BbimajaTh miectepka? Fcam mposectn
JlJIsT 3TOrO HOBOTO CJIydasi PAacYeTbl U PACCyKJIeHUs, aHAJIOTMIHbIE
TeM, KOTOpPbIe ObLTN MPOBEJEHbI /sl CJydasi MOHETBI, TO TOJIYYUT-
Csl CJIeYIOIINil pe3yJibTar: mpu OOJIbIIOM d4ucjie Opocanuii KOCTU
MPAKTUYECKU JJOCTOBEPHO, YTO YaCTOTA, BBIMAIEHUs IECTEPKY OyaeT

1
OJIn3Ka K P

Paccmorpum etrie ous onbiT. Bepercst ypHa, cofep2Kalijasi BCero
a mapoB, U3 KOTOPbIX b GeJibix, a ocTajibHbe YepHbie. M3 310l ypHbI
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N pa3 U3BJIEKAETCsl 1IAp U KaXK/Iblil pa3 onyckaercs: obparno. C ka-
KO 49acToTOl OyayT MOsIBAATHCS Gesbie mapbi? MoOXKHO 10Ka3aTh,
9TO 11pu OOJIBIIIOM YHUCJ/Ie BBIHUMAHUN MPAKTUYECKU JOCTOBEPHO, 9TO

b
YaCTOTa MOsIBJIEHUSI OeJIbIX MapoB Oyaer OJin3ka K Jpodu —.
a

Cdopmynupyem Ternepb 00Ul pe3yJibTAT, KOTOPbIA COJEPHKUT
KaK YaCTHbIE CJIydYan BCE MPUBEIEHHbIE BhIIIEe (hOPMYTUPOBKHU.

ITyems npodeavisaemcesa xaxoti-nubyds onvim, 6 peaysbmame Ko-
MOP020 MOIHCEM HACTYNUMS UAU HE HACTYNUMb HEKOMOPOe cObbL-
mue A (BbIaJeHue pemerku npu O6POCAHMM MOHETBI, BbINAJEHUE
[eCTePKU Mpu OPOCAHWYM KOCTHU, TMOsIBJIEHUE OEJIoro Imapa Mpy Bbi-
HUMaHUM M3 YPHBI U T. J.), U NYCMb 8EPOAMHOCTNG Hacmynienus A
pasra p. (B Hammx npumepax p paBHO, COOTBETCTBEHHO, %, % u S)
ITycms amom onvim nosmMopAEMCEs MHO20KPAMHO , TPUYEM HA PE3YND-
mam Kagc0020 HOB020 UCNVIMAHUA He OKA3HLBAIOM BAUAHUSL UCTOOL
scex npeduecmeyrowur ucnvmanut. Tozda npu boavwom wucae uc-
NHMAHUG NPAKMUYECKY, JOCTMOBEPHO, MO “ACTMOMA HACTNYNACHUT
cobvimus A 6ydem 6AU3KA K BEPOAMHOCTIU P IMO20 COOBIMUS.

DTa obmasi (GopMyIMPOBKA YTOUHSIETCST TAKUM YK€ 00pa3oM, KakK
1 hOPMYJIMPOBKA [IJIsl CJIy4Yasi MOHETHI.

OnucaHHBIN PE3YJIBTAT COCTABJSIET COJIEPXKAHUE U3BECTHOU TEO-
pembl Beprysm *) | npeacrasisiomeit coboii npocreiinyio dhopmy
OJIHOTO U3 OCHOBHBIX 3aKOHOB TEOPUH BEPOSITHOCTEN — 3aK0HaA 004D~
wux yucea. Mbl He UMeeM BO3MOXKHOCTH OCTaHABJIMBATHCS Ha 00600-
mienusix reopembl beprysin. CkaXkeM TOJIBKO, 4TO BaKHeillee u3
HUX TIPUHAJJIEXKUT BEJIMKOMY pycckomy Mmarematnky [1.J1. YebwI-
IIEBY.

Yurateno A0KHO OBITH MOHSATHO OTPOMHOE 3HAYEHHE 3aKOHA
6onbmux yuces. Begb yTBepkaasi, 9TO ¢ MPaKTUYECKON TOCTOBEP-
HOCTBIO BEPOSITHOCTH COOBITUST A NpPUOJUIUTENHHO paBHA YaCTOTe
€ro TOsIBJIGHUS B JJIMHHON CEPUU UCIIBITAHUN, 3aKOH OOJIBIINX YHCesI
OTKPBIBAET BO3MOXKHOCTH IKCIEPUMEHTAJBHOTO BbIYUCJIEHUsI BEPO-
ATHOCTH. BO MHOrMX cilydasiX 9TOT IKCIEPUMEHTAJILHbBINA MyTh BbI-
YUCJIEHUsI BEPOSITHOCTH sIBJISIETCSI €[JUHCTBEHHO BO3MOXKHbIM. JlaJiee,
3HAHWE CBSI3N MEXKY BEPOSITHOCTHIO M YACTOTOI MO3BOJISIET U3 TeOpe-
TUYECKU BBIYKMCIEHHON BEPOSITHOCTU COOBITUS JEJIATh MPAKTUIECKUE
BBIBOJIbI O YHCJIE €ro HACTYIJIeHWi B [JIMHHOW CEPUU UCIBITAHUIL.
Casi3b MeX/ly BEpPOSITHOCTHIO U YACTOTOU SIBJISIETCSI OCHOBON BCEX
MHOTOYMCJIEHHBIX MIPUJIOXKEHU I TEOPUY BEPOSITHOCTEN K (DU3KKE, TeX-
HUKE U T. [I.

*) Axos Bepryau (1654-1705) — 3HAMEHHTHII MTBEANAPCKUH MATEMATHK.
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§ 4. BayxgjaHus ¢ KOHEYHBIM YMCJIOM COCTOSTHUM

B npeapiayuinx naparpadax Mbl paccMOTPEIN TPOCTERIINI TpU-
Mep caydaitHoro 6J1yKaaHust — OJIy»KJIaHue 1Mo npsiMoil Jinaun. 3aa-
YU, KOTOPBIMUA Mbl 3aHUMAJIUCH TIPU STOM, UMEJIN CJIEIYIOIN XapaK-
Tep: (PUKCUPYsT HEKOTOPBII MOMEHT BPEMEHU, Mbl CIIpAIIUBAJIU Cebsl,
r/ie MOYKET HaAXOIUThCs (PUITIKA, B 3TOT MOMEHT, C KAKOi BEPOSITHOCTHIO
OHa HaXOJIUTCsSI B JAHHOI TOYKe, HACKOJBKO OHA OTKJOHWJIACH OT
ucxoaHoro noJjoxkenusi? B arom naparpadge mbl paccmorpum 6osiee
CTIOXKHBIE CXeMbl OJTY»K/JaHUil, BKJIIOYAIOIIHEe B cebsl U CIIyUaiiHYIO
NpOryJIKy MO TOpPOAy, U JETCKYI0 UIPY, O KOTOPBIX I'OBOPUJIOCH BO
BReJIEHNUN. 3aJlaun, OTHOCSIIHMECS K STUM CXeMaMm, OyAyT HOCUTh
HECKOJIBKO UHO XapakKTep, YeM Te, KOTOpble Mbl u3ydaju B § 2-3.
MmenHo, BRIOpAB HEKOTOPYIO TOYKY, MbI CIIPOCUM Ce0s1, TIOMAAET JIn
B Hee KOrJa-HUuOyIb YacTUIla U e/ TonajieT, To Kak ckopo? Ilepssrii
M3 ITUX BONPOCOB pemaercst obuwieii Teopemoii (c. 135). Yro xe
KacaeTcsi BTOPOro BOIMPOCA, BOMPOCA O YUCHE IIAr0B, HYXKHOM [IJIsl
TOro, 9YTO0ObI C 33/IAHHON BEPOSITHOCTHIO MOOBIBATH B JIAHHON TOYKE,
TO TOYHO OTBETUTH HA HErO YAAETCs JIUIIb [IJIsl TPOCTEHIINX CIIyYaen
(cm. 3amaay 205). Ins obumiero ke cayvasi Mbl CMOXKEM TOJIyYUTh
JIUIIB OIIEHKY HY>KHOI0 YKC/Ia Iaros.

Haunem ¢ HeGOJMBIIOrO M3MEHEHUsI CXeMbl OJIy>KIaHUs IO Ipsi-
moii. TlocTaBuM Ha MyTH ABMYKEHUs] YaCTHUIIBl B TOYKAX M{ U Mo
(puc. 70) orpakawuue 3KpaHbl. /lefictBue 3TNX KpaHOB 3a-

o ]
l) my+1 my—1 ‘)

my my

Puc. 70

KJIIOYAEeTCs B TOM, YTO YaCTHIIA, MOMAB B M1, CJEIYIOUIUM IIaroM
nepexoauT B mi + 1, a monas B My, CJEAYIOUUM IIAroM MEPEXOIUT
B mo — 1. Takum 06pa3oM, NBUXKEHUE YACTULILI OYIEeT MPOUCXOIUTH
MEK/Ty TOYKAMU M1 U My.

Mps1 Moryin O6b1 OrPAHUYUTD JBUXKEHUE YaCTUIIbI, TIOCTABUB B TOY-
Kax mi U My He OTparkarollue, a MOIVIoLIAiole 3KpaHbl. B aToMm
cJydae, OMaB B M1 WM Mg, 9acTuia ocraercs Tam Hasceraa. (C ra-
KOI CXeMOii MBI y»Ke BCTpevasnch npu perennu 3agaqan 191.)

Hakonerr, Mbl MOX@KeM TIOCTABUTH B OJJHY U3 TOYEK OTPAKAIOIINIA,
a B APYTYIO — TOTJIOMIAOIINIT SKPAH.

204. JlokaxkwTe, 9TO BEPOSITHOCTH TOTO, YTO YaCTULA 33 1
[IaroB XOTh pa3 MONaJeT B TOYKY M, HE 3aBUCUT OT TOrO, CTOUT
JI1 B TOUKE T dKPaH, U €CJIU CTOUT, TO KAKON.
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[ToctaBum B TOuky 0 oTparkarouuii s3xkpan. Hacruna Bbinuia u3
Touku 1 u caesana n maros. KakoBa BEpOSITHOCTh, YTO OHA XOTh Pa3
nobbiBasia B Touke 37 [lyis1 BbIYMC/IEHNST 9TON BEPOSITHOCTA B CUJIY

zagaun 204 MBI UMeeM NpPaBO TOCTABUTH

1 0 5 B TOUKy 3 moryiomaomuii skpan (puc. 71).
. . W Ho Torma cobbiTe «3a n maroB 4acTuia
0N—"T—"2 3 x0Ts1 O6b pa3 mobbiBaja B TOYKE 3» PaBHO-

2 2 CUJIBHO COOBITHIO «Uepe3 N MIAroB YacTHIa

Puc. 71 HAXOUTCs B TOUKe 3» (nbo ecyi oHa nonaJia

TY/1a, TO OHA TaM U 0CTaJIach). BepositHocTh
TOrO, YTO YACTHIA Yepe3 N MIAroB HaXoAuTCst B Touke 3 (0603HAYNM
ee yepes dy, ), Mbl 1 BeruucauM. OBGO3HAUNM Yepes Gy, by, ¢, BEPOsIT-
HOCTH COOBITUI «4aCTULA YePEe3 N MIArOB HAXOAUTCA B ToUKe 0y, «4a-
CTHIIA YepPe3 N AroB HAXOAUTCS B TOYKE 1», «4aCTUIA YEPE3 N [IAroB
HAXOJUTCS B TOUKE 2.
YT0o6bl 0Ka3aThCsl Yepe3 n maroB B To4ke () (BEPOSTHOCTH Yero
eCcThb ay), YacTUUA JO0JDKHA ObITh 4yepe3 n — 1 maroB B Touke 1
(BeposiTHOCTB 3TOr0 paBHa by,_1) u 3arem nepeiitn u3 1 B 0 (uro

1 .
CJIYYUTCSI C BEPOSITHOCTHIO 5) B cuny ceoiicTBa 6

(1)

1
Ap = bnfl . 5.

AHa.HOl"I/ILIHO, UCIIOJIb3YyA cBoiicTBa 6 1 7, MO>KHO BBIBECTH COOTHOIIIE-
HUA

bn:an—l'l_*'cn—l'%a (2)
1

Cp = bnfl : Ea (3)

dp=dp 1-1+cp 1~ (4)

205. Brisectn u3 coornomenwii (1)—(4), aro

3 k
dop = dopy1 =1 — (Z) : (5)

PaBencTBO (5) MOXKHO MCTOJIKOBATH U TaK: YTBEPK/asi, YTO MOCJIE
2k maroB gactuma XOoThb pa3 mobObIBaja B TOYKE 3, MbI OMIMOAEMCs

3 k
C BEPOATHOCTRIO (- | - [Torpebyem, 4T0OBI BEPOSITHOCTH OMIUOKU ObI-

Jjia Menbie 0,01. CKobKO maroB HaAo JJist 9TOrO CAEJATh?!
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ko
Permas nokasarenbHOe ypaBHEHUE <Z> = 0,01, monyunm kg =
= 16,006. OTcroga 3aka09aeM, 9To Mpu

k > 16,006 (6)

BBITIOJTHAETCA HEPABEHCTBO

(g)k < 0,01, (7)

Urak, npu Jyitobom k, naduunasi ¢ 17, 1. e. npu JirobOM 4uCje MIaros,
HauuHasi ¢ 2- 17 = 34, gactuia mobbIBaeT B TOYKE 3 C BEPOSITHOCTHIO,
Gonbieii, yem 0,99 (cpaBHUTE ¢ BHIYMCIEHUSIMU Ha ¢. 134)

O6mias 3azmava. 3aiimemcsi Ternepb U3y4eHUEM CJIyYaiiHOM TIPo-
IYJIKK [0 TOPOJy, OMUCAHHOW BO BBEIEHWM K JAHHOMY pPa3ieJry
(cm. puc. 59). TToctaBum Boripoc, AOHIYT i KOrJa-HUOYAb PUSITEN
1o nepekpectka F. [lokaxkeMm, 9TO eciiu He OrpaHUYNBATL BPEMEHU
ux OJ1y>K/JaHNsI, OHU C BEPOSITHOCTHIO 1 moOBIBAIOT HA nepekpectke F,
KaK U Ha BCAKOM JIpyrom mepekpectke. Hapsigy ¢ sTum onenum
BEPOSITHOCTh, C KOTOPOil OHU TOOBIBAIOT B F| ciesaB JaHHOE YUCIIO
[IAroB.

Bynem BecTu paccy»kaeHust cpa3y B 00IIIEM BU/IE, HE [TPEINOIarasi,
YTO FOPOJT UMEET HEITPEMEHHO BU/T, 1300pakeHHbIit Ha puc. 59. [lycts
o ropoay 6poaut myTHuk. Jloiias 10 nepekpecTka, u3 KOTOPOro ucxo-
AT k yJInIl, OH C BEPOSITHOCTBIO P1 BHIOMPAET JJIsT TPOIOIXKEHUSI [Ty TH
MEPBYIO YJIUILY, C BEPOSITHOCTHIO P2 BHIOUPAET BTOPYIO U T. 1., C BEPO-
SITHOCTBIO Py, BHIOUPAET k-10 (B TOM YHCIIe OH MOYKET C OTpe/IeJIeHHOMN
BEPOSATHOCTBIO MONTHU MO TOH yJunlle, T0 KOTOPOH OH TOJILKO YTO MPU-
miest). MBI ipeAnosiaraem, 9To 3T BEPOSITHOCTH P1, P2, - - -, Pk OTJINY-
HBI OT HYJISl 1 OCTAIOTCS MOCTOSTHHBIMHU JIJTs1 TAHHOTO MePEKPECTKA, TaK
9TO €CJIU My THUK KOTZa-HUOY/Ib CHOBA IMOMA/IeT HA HEro, OH Oy1eT BbI-
OupaTh CBOI JaJbHEHIINI MyTh C TEMU K€ CAMBIMU BEPOSITHOCTSIMU
HE3aBHCHMO OT TOTO, OTKY/Ia OH Ha 9TOT MePEeKPEeCTOK Npuiies (B npu-
Mepe OJIy2KAaHusi, IPUBEJEHHOM Ha C. 95, //1si KaXK/I0r0 TIEPEKPECTKA

k=4wnp = py =p3 =ps = i) Hotins no kpasi ropoaa,

MyTHUK TIOBOPAYMBAET U UAET Ha3ad. MbI JOMyCKaeM, 9TO OH MOXKET
OJ1y>K1aTh TaKUM 0OpPa30M HEOTPAHWYEHHO JOJT0. Y TBEpPKIaeTcs,
YTO, OTKYyJa Obl HU BBIIIE] MyTHUK, OH HAa KAXKJOM MEPEKPECTKe
OOBIBAET C BEPOSITHOCTHIO e0UHUYA.

Nrak, mycts Fy — HEKOTOPBI MEPEKPECTOK; MOKAYKEM, UTO C Be-
posiTHOCTBIO | TyTHUK Ha HeM MoObiBaeT. OcTajibHbIE MEPEKPECTKU
ropoja oboznauum Ky, Fa, ..., F,.

5 E. Jqeinkun, B. Yeneuncknit
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1-s1 yacTh gokazarenabcrTBa. [lpeanosokum, 94To Mbl Ha-
i asa uncyia N n o > 0, obsagaromme cieayomruMn CBONCTBAMU:
OTKyJla Obl HM BBIIIEJ MYTHUK, OH C BEPOSITHOCTHIO, OOJIBINEH WJIn
paBHoii o, 3a N maros *) xorsi 661 pas noGsisaer B Fy. (Kak naxoguTs
yncia N u «, GyIeT yka3aHo BO 2-ii 4aCTH JI0Ka3aTe/IbCTBA. )

Bcro mociie1oBaTe/IbHOCTh 111aroB MyTHUKA pa300beM Ha CEepuu
o N 1maror B KaXKJoi:

¢ 1-ro mo N-it mar BKJIOUUTENbHO — 1-51 cepusi,

¢ (N + 1)-ro no 2N-ii mar BKJIIOYUTEJIBHO — 2-51 CEPHsl U T. .

O06o3nauum yepe3 Dy cobbiThe «3a nepebie k cepuil MyTHUK XOTh
pa3 nobwiBasl B Fg» u depe3 D) MPOTUBOMOJIOKHOE COObITHE «3a Kk
cepuil MyTHUK HU pa3y He MoObIBaJI B Fg».

Henpb 1-it yacTu 10Ka3aTEIHLCTBA — YCTAHOBJIEHUE HEPABEHCTBA

P(Ek) < P(Ek_l)(l — Cl).

6 F(s) .
Hns sToro paccmorpum cobbrtus F77)
«3a nepsbie k — 1 cepuii myTHUK Hu paly He 1oObIBaJI B Ky u

ouyTuiicst uepe3 (k — 1) N maros B Fg».

1 2
Cobbrrust Dy, _1, F,E_)l, F,E_)l, cen F’,Ei)l MOTIAPHO-HECOBMECTHBI U

00pa3yroT MOJIHYIO0 CHCTEMY; B CHJIy CBOMCTRA 7

P(Dy) = P(Dy_1)P(Dy/Dy_1) + P(FV)P(Dy /) + . ..
A P(F)P(DL/FY). (8)
OueBuiHO,

P(Dy/Dg-1) = 1. (9)

Hanee, P(Dk/Flgl_)l) €CTh BEpOATHOCTD NOObIBATE B F 3a k-10 cepuio
[IaroB MPU YCJIOBUM, YTO B HA4YaJe ITON CEPUU MYyTHUK HAXOJUJICS
B Fj. /Ilpyrumu cioBamu, 3TO €CTh BEpPOSITHOCTh, BhIIA n3 K,
nobbiBaTh 3a N maroB xotsi 661 pa3 B Fg. B cuny Beibopa « sTa
BEpPOSATHOCTH OOJIBIIE WJIN PABHA (U

P(Di/FY)) > a. (10)
Touno Tak »xe

P(Dy/FP) > a, ..., P(Dy/FY) > a. (11)

%) Jnst kpaTkocTu Mbl OyZ€eM FrOBOPUTH, UTO KOTJA [Ty THUK U3 OAHOIO MEPEKPECT-
Ka nepexojuT B COCeIHUI, OH JeslaeT OAUH <«Illars.
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[Tosromy u3 dopmya (8)—(11) BeiTekaer

P(Dy) > P(Dp_1) +P(FM)a+P(FE))a+... + P(FY))a =

= P(Di 1) + [P(F, + P(FP) + .+ P(F)]a. (12)
Ho cymma BeposiTHOCTEH mNoOmapHO-HECOBMECTHBIX cOObITHH Dy _ 1,
F,El_)l, F,EZ_)I, ey F,Eqi)l, 0obpa3yomux MOJTHYI CHCTEMY, paBHa 1
(dopmyna (7) uz § 1). IMosromy cymma, crosimasi B KBaJAPATHBIX

ckobOKax, paBHa
1- P(Dkfl)a

u dhopmyna (12) npunumaer Bu
P(Dy) > P(Dg-1) + [1 = P(Dg-1)]a. (13)
B cuny cBoiicTBa 3
P(Dy) = 1—P(Dy),
P(Dj_1) =1—P(Dy_y).

Orcroza u n3 (13) BeiBOAUM

P(D}) =1-P(Dy) <1—-P(Dy 1) —[I =P(Dj 1) =
=P(Dy 1) = P(Dg-1)a =P(Dy1)(1 - a).

2-g yacThb noKa3aTeabcTBa. Haiigem Teneps uncna N u a,
obJiaarolre yKa3aHHbIMU CBOMCTBAMU.

BosbpMem nipousBosibHBIN TIepekpecTok F;. VI3 Hero myTHUK Mo-
ket nipoiitu B Fy pazupimu myTsimu. Beibepem oinH u3 Takux myTei
FE;FE;Ey ... E.E;Ey. Yucno maros B 3TomM myTn oboznaunm ;.
Bbrauciium BeposiTHOCTb (v; TOTO, YTO MyTHUK, BbliiAs u3 F;, nomen
nonyta E; B Ey ... E.EEy.

BeposiTHOCTL TOTO, dYTO
My THUK, BBIU/Is U3 TIEPEKPECT-
ka F;, noiiger no nytu F; F;
(pmc. 72), obosnaunm p;;. Be-
POATHOCTBL P;j — 3TO YCJIOB-
Hasi BEPOSITHOCTH OKA3aThCs
Ha n-m mary B F; npu ycnio-
BuM, 4to Ha (n — 1)-m xo-
[y TYyTHUK Haxoguics B Fi;.
Torga BeposiTHOCTB TOTO, UTO,
BBIiAs n3 Fj, mytauk noiger mo mytn F; E;F) (puc. 72), pana
PijPjk. efictBuTensHo, B cuily cBoiicTsa 6 3Ta BEPOATHOCTL paBHA
NPOU3BEJEHUIO IBYX MHOXKUTEJIEl: 1) BEPOATHOCTH OKA3aThCsl Yepe3

5*
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oauH war B E; 1 2) BEPOSATHOCTH IPU 9TOM yCJIOBUY OKA3aThCsl €Ilje
gepes mar B K. [leppbiit MHOXKHUTENIH paBeH pjj, BTOPOit — Pk, MO~
9TOMY MCKOMasi BEPOATHOCTb PaBHA P;;P;k. Boobile BepoaTHOCTh TO-
ro, 4To MyTHUK, Bbliifa u3 E;, noitner no nymu E; E; Ey, ... E. E, Ey,
PaBHA P;iPjk - - - PrsPs0 = Q-

[IpoBenem Takoe mnocTpoeHue [Jisi KaXKJ0ro mepekpecrka F,
FEso, ..., Ey. Mb1 nonyaum uncia N1, Na, ..., Ny; a1, ag, ..., Q.
[Ipumem 3a N maubonbmee u3 gyucea Ny, ..., Ny, a 3a a —
HaWMEHBIII € e U3 YUCET O, . . ., Ay JlOKakeM, uTo N 1 a 061a5a10T
HY>XHBIMH HaM CBOMCTBaMU.

[Ipexx e Bcero Bce uncia aq, g, . .., ., OOIbIIE HYJISI, CJIeJOBA-
TeJibHO, U @ > (.

[lycTts myTHUK BbImen u3 nepekpectka F; u caenan N maros.
Hy»kHO moka3aTh, 4TO ¢ BEPOSITHOCTBIO, DOJIBbIIEN WM PABHON
OH XOTh pa3 mobbiBaa B Fj. [eiicTBuTeibHO, U3 COOBITHSI «IIE€PBBIE
N; maros nytHuka 6elmu no nyta F;E;Ey ... E.E;Ep» cnegyer
cobbiTHe «3a N IMIAaroB MyTHUK XOTh pa3 nobbiBan B Fy» (n6o, ecan
MPOU30IILIO TIEPBOE cOObITHE, TO MyTHUK nonaJ B Fy, caenas NV; ma-
rog). [Tosromy B cuity mepBOro CBO#CTBA BEPOSITHOCTH BEPOSITHOCTH
BTOPOI0 U3 3TUX COOBITHIT OOJIBIIE WJIM PABHA BEPOSITHOCTH TIEPBOTO,
KOTOpasi eCTh Q5 = Q.

3-s1 yacTh gokazaTeabcTra. OUEHUM MOCIeJ0BATELHO Be-
poatnoctu P(D1), P(D3), ..., P(Dy),

Ipex e Bcero P(D1) > a u nosromy, B cuity ceoiicra 3 (§ 1),

P(ﬁl) =1- P(Dl) < 1-—a.
ﬂanee, C IMOMOIIBIO (bOpMy.HbI
P(Dy) <P(Dy_1)(1— o),

BbIBEJIEHHOUN B aCTU JOKA3aTeJbCTBA, HAXOJUM:

1-it 4

P(D2) <P(D1)(1—a) < (1—a)?
u))<Pbe1—aygu—aP,
e (14)

Paccmorpum cobbitre D «IyTHUK HUKOTAA He 1o6GbiBaeT B Fo».
U3 D crnenyer kaxkgoe u3 coowituit Dy, Do, ..., Dy, ... [losromy
B cuiy croiicrea 1 P(D) He mpeocxoanT BeposiTHOCTEN COGBITHIA
P(Dy), P(Dy), ..., P(Dg) u, cienosaTesibHO, HE TPEBOCXOIUT KarK-
JIOTO U3 YUCETT

l—a,(1—a)? ..., (1=-a)k, ... (15)
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Tak kak @ > 0 u 1 — @ < 1, 10 usens! nocaegosaresbHocru (15)
00pa3yoT GECKOHEYHO YOBIBAIOIIYID MEOMETPUYUECKYIO MPOTrPECCUI0
n C BO3paCTaHHUEM k JeJalTCcd MEHbIIIEe .HIO6OFO ITOJTIOZKHUTEJIBHOI'O
ancaa *) . OTciona BepOSITHOCTh HUKOTIA He 00bIBaTh B Fy MeHbIe
.HIO6OFO MMOJIO2KHUTEJIbHOI'O 9Y1CJjia, CJleJoBaTeJIbHO, OHa €CThb 0. B CUJTy
CBOICTBa 3 BEPOSITHOCTh KOoTda-HMUOYy a6 mobsBaTh B K paBHa 1.

Teopema fgokazaHa:

Om%‘y()a b6bL HU BbLULEN nymHux, Ha E(lOdeOM nepexpecmrke OoH
77/06'bt6(1,€m C BEPOAMHOCIMBIO 1.

3ameuanue 1. Paccmorpum srobbie aBa nepekpectka u 0DO3HAYUM MX
qepe3 Eo u Fi. [Ipeanonokum, 4To NyTHUK HAYUHAET MPOTYJIKY C MEPEKPECTKA
E{ ¥ BLIUNCIUM BEPOATHOCTH CJIeTyIOMUX COOBITHIA:

Ap: «nyTHUK Korga-Hubyan nonajger B Fo»,

Ap1: «myTHuk nobsiBaer B Eg u nocsie aroro nobsisaer B Fi»,

Ap1o: «yTHUK nobbiBaeT B Ky, mocie sToro nobuiaeT B F1 1 3aTeM noGbIBaeT
B Eo» ut. g

Cornacuo nokazaunnoii reopeme, P(Ag) = 1. 1o ceoiicty 6 § 1 BeposTHOCTD
coberrnsi Ag; pasna npoussegenunio P(Agp) Ha BEPOSITHOCTBH TOrO, YTO NyTHUK,
nonaswmuii B Fo, nobsiaeT nociie sroro B K. [To Hameit reopeme 06a MHOXKUTENS
pasubl 1, cnenosarenbho, P(Ag1) = 1. anee, sepoaraocts P(Ag1p) no tomy
ke cBoiicTBy 6 pasna npousseaennio P(Agi) Ha BEPOSTHOCTD TOrO, 4TO My THUK,
nonasumii B E1, nobeiBaer nocie atoro B Ey. OTcioga BuaHo, 94TO P(A010) =1.

Amnanoruuno gokaswiBaercs, uto P(Agpi01) = P(Aoi010) = ... =1

3agaaum npousBobHOE dncio k. VI3 qoka3aHHOTO BBITEKAET, UTO:

a) ¢ BEPOATHOCTHIO 1 MyTHUK BEPHETCS HA MCXOHBINA MEPEKPECTOK HE MEHEE
k pas;

6) ¢ BeposiTHOCTBIO 1 myTHUMK nmoBbIBaeT Ha JI000M Hanepes 3aJaHHOM Mepe-
kpectke Foy He menee k pas.

Bameuanue 2. Popmyna P(Dy) < (1 — a)* (cp. ¢ (14)) gaer
OLIEHKY [IJIsl BEPOSITHOCTH OIMUOKU MPU yTBEpXKAeHUU «3a, kN 1maros
MyTHUK XOTh pa3 nobwiBajg B Fy». Beibepem npon3BosibHYIO0 BEPOSIT-
HOCTH £. MBI MOYKEM HANTH TaKoe YUCao k, 4TOOBI OBLIO

(1-a) <e.

Torma Tem 6osee

P(Ek) <eg,

, yTBep2KJas, 9To 3a kN maros myTHUK XOTb pa3 mnodbiBaer B Fj,
MBI MBI JIeJJaéM OIMUOKY C BEPOSITHOCTHIO, MeHbIIel, ueM £. Takum
00pa3omM, 1pu JI0ObIX CKOJIb YTOJIHO BBICOKUX TPEOOBAHUSIX K CTEIIEHU
JIOCTOBEPHOCTHU MOXKHO yKa3aTh TAKOE YUCJIO [IAr0B, YTO, C/IEJIaB €ro,
NyTHUK MOOBbIBaeT B Ky ¢ TPAKTUYECKOil JOCTOBEPHOCTHIO.

®opmyaa (14) yHuBepcasibHa, T. €. MO3BOJISIET OLUEHUThH BEPOSIT-
nocts P(Dy) ans smo6oro koukperHoro ropoga. OqHaKo oHa gaeT

*) Kucenes A.T1. Anrebpa. Y. 2. U3y, 23-e. M.: Yunearusz, 1946. C. 78.
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JIMIb TPYOYIO OLEHKY [IJisl 9TUX BepositHOCTeil. B camom jgese, npu-
MEHHM 3Ty OLIEHKY K PACCMOTPEHHOMY paHee nipumepy (cm. puc. T1).

1
B sTrom npumepe moxkuo npunate N = 3, a = e [ToaTromy BeposiT-

HOCTB TOT'0, YTO IIyTHUK 3a k -3 1aroB HU pal3y He MOOBbIBAJ B TOUKE 3,
YIOBJIETBOPSIET HEPABEHCTRY

P(Dy) < (%)k

[Torpebyem, 9TOOBI
k
(5) <0,01.
4

Hauwmenbiiee 3nadenue k, [1jisi KOTOPOrO BBITIOJIHSIETCSI 9TO HEPABEH-
cTBO, paBHO 17 (cm. ¢. 129). Vtak, MUHNMAIBHOE OAXOSIIIEE YUCIO0
cepwmii paBHo 17, u, cnenas 17 - 3 = 51 mar, MbI MOOKIBaEM B TOUKE 3
C BEpOSITHOCTBIO, Gosibinieit, yem 0,99. Ho, kak mokazaHo paHee, [Jist
9TOrO JOCTATOYHO cAenaTh u 34 mara (MeHbIIe yke Hesb3st). Taknum
00pa3oM, y>Ke B 9TOM MPOCTOM CJIydae HAIlla OLEHKA JAET B MOJTOPA
pasza Gojiee TpyOBIli pe3yJIbTAT, YeM TOYHOE BhluucjieHue. B Gosee
CJIOKHBIX MPUMepax pe3yJibTaT OydeT ere rpyoee.

Ham nyTHMK BOBce He 00si3aH XOAWTH TEIIKOM — OH MOXET
MOJIb30BAThCSI BCEMU BHUAAMU TOPOJCKOTO TPAHCIIOPTA: TPAMBAEM,
aBToOycoM, TpoJuieitbycom, merpo. Ha ocranoBke oH ¢ ompejeseH-
HOI1 BEPOSITHOCTBIO CAJUTCs, CKaxkeM, B aBToOyc. [lasee, Ha KaxK o
CaeyIomIeil OCTAaHOBKE OH C OMPEIE/IEHHON BEPOSTHOCTHIO CXOAUT U
C OIPE/IEJIEHHON BEPOSATHOCTBIO €JET JaJIbIIIe.

[1pu Takom moaxoje OJiy>KIaHue MyTHUKA 110 TOPOIY HUYEM I10
CyIIECTBY HE OTJIMYAETCS OT YIIOMSIHYTON BO BBEI€HUU JE€TCKOM UTPbI
«Ilupk». BMecTo Hee MOKHO ObLIO ObI TPEIJIOKUTL WIPY IOJ Ha-
3BanueM «llyrermecrBue o ropoays. Ilomst qocku mzobpaskaiu Ob
nepekpecTku. MecTo LMPKOBBIX aTTPAKIMOHOB 3aHsAJU Obl JIMHUU
rOpoJICKOTO TpaHcnopTa. BHe3amHbie nepeMeleHust Ha JIpyroii Kpai
JIOCKH TIPOUCXOAU/IN Obl, KOHEYHO, MPU TIOMAJAHUU HA CTAHIINIO MET-
po. ?KenaresnibHo ObL10 ObI, pa3yMeeTcsl, UCIOJIb30BaTh B KadecTBE
>Kpebust 9To-Hubyah 60sIee HoraToe BO3MOYKHOCTSIMU, YEM UT'DAJIHHAS
KOCTh. MOXKHO, HalpuMep, NPpUOErHyTh K IOMOIM yPHbI U OIpe/e-
JISITh, KyJla JBUTATHCS, BHITACKUBAsI OMJIETUKN C HA3BAHUSIMU TIEPE-
KPeCTKOB. fICHO, Of/HAKO, YTO OJHOI YyPHBI HE XBATUJIO Obl, TOTOMY
YTO MYHKT, Ky/la Mbl MONaJaeM, JOKEH KaK-TO 3aBHUCETH OT TOTO,
rje Mbl HaxXoAuUMCs. Jlydie Bcero mMerh CTONBKO Pa3IUYHBIX YPH,
CKOJIBKO T10JIeli Ha JIOCKE.
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Paccmorpum, HakoHell, TPOU3BOJIBHYIO CXEMY, COCTOSIIIYIO U3 TO-
yek Fy, Fa, ..., E,, npudeM HEKOTOPbIE U3 HUX COEJUHEHbI CTPEJI-
KaMU, YKa3bIBAIOIINMU HaIlpaBJieHe BO3MOXKHBIX MepexonoB. Takas
CHUCTEeMA U3 N TOYEK UJIU COCTOSIHU, JJ1s1 KOTOPBIX YKA3aHbI BO3MOXK-
HBIE TePEX0/Ibl MEXK/Ty HUMU U 33/1aHbI BEPOSITHOCTH, C KOTOPBIMU STU
nepexoAbl MPOUCXO/AT, Ha3biBaeTcs uenvio Maprosa. BeposaTHOCTD,
HAXO/sICb B HEKOTOPbI MomeHT BpemeHu B F;, okazarbcsi mociie
oanoro mepexoga B Fj, 0bo3HauaeTcss 0OBITHO P;j *) (B wacTHOCTH,
Pi; O3HAYAET BEPOSITHOCTH OCTAThCs 3a oauH war B E;). [lepexon u3
E; B E; Bo3amoxeH, ecim p;; > 0 (B 9T0OM cily4ae Mbl U IPOBOAUM
3 F; B Fj crpenky). llenms Mapkopa Ha3bIBaeTcst c6a3HOl, ecan
MOCPE/ICTBOM IIEMIOUKH BO3MOXKHBIX Tepe-

XO/IOB MOXKHO TOMACTh U3 JIIOOOr0 COCTOsI- Q
aua F; B moboe cocrosane F;. Ha a3bike

CTPEJIOK 3TO 03HAYAET, YTO U3 JIIOOOTO CO- j
crosuusa E; B moboe cocrostnue F; MoxHO -
MpONTHU MO HAIpaBJIeHUIo cTpesiok. [1pu- 1 E,

Mep HECB3HOI 1enu npuBeieH Ha puc. 73 Puc. 73

(n3 E Hesb3st MPOWTH MO HANPABJIEHUIO '

crpesiok B E7). Ilpumeps! cBsi3HBIX 1eneii JaHbl HUXKe Ha puc. T4-T8.
[Henns MapkoBa u3 AByX COCTOsIHMII y»Ke pacCMaTpPUBAJIACh HAMU
B 3aga4e 190 (puc. 62).

Nwmeer mecTo caeayromasi obiasi Teopema:

Ipu bayorcdaruu wacmuyst no A10601 cucmeme cocmosnutl, 06-
pasyrouseti ceaznyro uenv Maprosa, sma wacmuya wacmuya ¢ 6epo-
ammnocmuro 1 nonadaem 6 awboe cocmosnue (He3a8uCuUMO om mozo,
omxyda oHa 6bULAG).

DTa Teopema 1o CyIIecTByY ObLIA yKe JOKa3aHa HAMK KaK TEOpeMa,
0 6Ty KJJaHUU Ty THUKA 110 Topoty. B camom jiene, untaresns 6e3 Tpyaa
ybeauTcsi, 9TO MPOBEIEHHOE HAMHY JOKA3ATEIbCTBO MIPOXO/IUT 1Al 33
maroMm 0e3 BCAKUX W3MEHEHWiH W [JIsl TTPOU3BOJILHON CBSI3HOM ILemnu
Mapkosa.

[Henn MapkoBa Ha3BaHbI 110 UMEHM 3HAMEHUTOTO PYCCKOTO MaTe-
maruka Auzapest Anapeesnda Mapkosa (1856-1922), orkpeiBiero
u usyuwusiiero ux. llenu MapkoBa umeroT 0osbIilioe 3HaAUYeHHE KaK
B CAMOIi TEOPUU BEPOSTHOCTEMN, TAK U B €€ MPUJI0KEHUAX K €CTECTBO-
3HAHUIO W TEXHUKE.

O—>0

-

Hoe—0

*) BamMeTnM, UTO [JIs1 BCSKOTO 4
pi1+piz+ ...+ pii+ ...+ Din=1,
Tax Kak Pi1, Pi2, - - -, Pin — BEPOATHOCTHU cobbITHIl (nepexon u3 E; B E1, nepexon,

u3 E; B Es, ..., nepexogu3 E; B E,,), KOTOpbIE NONAPHO HECOBMECTHBI 1 06Pa3yoT
MIOJIHYIO CUCTEMY.
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[Ipu pemienun 3amauu 190 ObL10 3aMedeHO, YTO AJisl LENH U3
JIBYX COCTOSIHWI1 BEPOSITHOCTh OKA3aThCsl B [JAHHOM COCTOSIHUU Yepe3
7, TIIATOB C YBEJIMYEHUEM 71 BCE MEHBIIIE ¥ MEHbIIIE 3aBUCUT OT TOTO, U3
KaKO# TOYKM MbI BBINLJIM BHAYAJE. ITO OOCTOSATETHLCTBO CIIpaBeIIN-
BO JIJIs1 BceX (C HE3HAUUTEIbHBIMU OMPAHUYEHUSIMU) CBSI3HBIX Ilemneit
Mapxkoga.

3amava o BcTpede. BepHemcs emre pa3 K IJIaHy Tropoja Ha
puc. 59. I[lycTs npusTenu, ryjsoliye Mo ropoay, Mo-Mpe>kKHeMY Bbl-
XOIAT U3 nepekpecTka A, HO OJ1y»KJAI0T 110 TOPO/Y Y»KE HE BMECTE,
a TMOpO3Hb, T. €. KAXKIbIM M3 HUX HE3ABUCUMO OT JPYTrOro JABarK.Ibl
OpocaeT MOHETY W B 3aBUCHMOCTU OT HCXOJa OpOCaHusi BHIOMPAET
cBOil myTh. CrmpalliuBaeTcsi, BCTPETATCSA JIM OHU CHOBa IIOCJIE TOTO,
Kak BbIiayT u3 A. Mbl IoKaxkeM, 4To ¢ BEPOSTHOCTBIO 1 3Ta BCTpeya
KOrJa-HuOy b mpousoiiger u jgaxke Oojiee TOro, eciau (UKCUPOBAH
KaKOU yTrOJIHO MEPEKPECTOK F/, TO MOXKHO YTBEPXK/IATh, 9TO C BEPOSIT-
HOCTBIO | MpuUsiTe/ N KOrga-HudyIb BCTPETATCS HA 9TOM MTEPEKPECTKE.

Haaum 3amade o611yo (popMyanpoBKy.

[Tycts 1o cBsizHOM e K OJ1y>KAAI0T ABE YACTUIIBI, BBIIIEIIINE
OJIHOBPEMEHHO U3 KAKOr0-HUOYAh COCTOSIHUSI. 3a OAWH IIar KaXkasi
YACTUIA HE3ABUCUMO OT APYTOil TMEPEeXOAUT W3 OJHOTO COCTOSIHUS
B apyroe. [lokaxkeM, 94T0 ¢ BepOATHOCTHIO 1 OHU BCTPETATCS CHOBA
B JII000OM Hallepe/] 3aJaHHOM COCTOSIHUM.

[IpeaBapuTe/bHO MBI ONMUIIIEM OJIHO BaXKHOE MOCTPOEHHUE.

[Tycts nens K coctout uz n cocrosiuuit Fiy, Fa, ..., F,. Pac-
cmoTpuM n? Touek n obosnaunm ux K11, Eia, . . ., Ein, Fo1, Faa, . ..
o Bon, ..., Epy, Epoa, ..., By Tonoxkenne napbl yactuil B ienu K

Oynem oTMedaTh (PUIITKONW MOMEIIEHHON B OJHY
@ 02 u3 touex Fq1, ..., E,,. IMenno, eciu nepsas
Puc. 74

YACTHUIA HAXOIUTCS B cocTostHuu F;, a Bropast —

B cocTosinuu Ej, To Mbl moMecTuM (hUIIKY B TOU-

022 Ky Fjj. Ilepexon 1-it vactune uz E; 8 K nponc-

1 / XOJIUT C BEPOATHOCTRIO Pjj, a nepexof 2-i uz Ky,

0 B F; — ¢ BepoaATHOCTBIO Pi;. OAHOBPEMEHHBINH

nepexop neppoit u3 E; B Ej, a Bropoii us Ej,

B E| npoucxoauT ¢ BEPOSITHOCTBIO PijiPri (110

120 =——509] dbopmyne (4) uz § 1), cregoaresnbHo, uiika

Puc. 75 u3 cocrosinusa F;, nepexogut B Fj; ¢ BeposT-

‘ HOCTBIO D;j Pkl MBI momyunam, TakuM ob6pa3om,

HOBYIO 1enb Mapkosa, koTopyio oboznaunm K2, Jlnst nermm K, u306-
pakenHoii Ha puc. 74, nens K2 npusesena na puc. 75.

CornacHo ob1eMy paBuLy MbI IPOBOAUM CTpeJKy u3 Fji B Fjj,

ecyii BeposATHOCTh nepexofa u3 K, B K nonoxurensna. OTtciona
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BbITEKaeT, 4To u3 F;; B Ej; uger crpeska B TOM U TOJbKO B TOM
citydae, eciiu 00e BePOATHOCTH P;j U Pk TOJIOKUTEJIBLHEI, T. €. €CJIU U3
E; B Ej uper crpenka u u3 Fy 8 ) nger crpenka. Takum obpazom,
cucTeMa cTpesiok nermu K2 cTpouTCs 10 CHCTeMe cTpesiok mern K,
NpHyeM 3HaHUE BEPOSTHOCTeEl P;; HECYyIeCTBEHHO.

206. a) Cucrema crpesok nenu K wuzoGpaxkena na puc. 76.
[TocTpouTh cucTeMy cTpesoK st menu K 2,

2
o
10 =——=0°3 10 <——03 Q
Puc. 76 Puc. 77 Puc. 78

6) Ta »e 3a7a4a st CUCTEMbBI CTPEJIOK Ha PUC. 77.

B) Ta ke 3a1a4a /sl CHCTEMBI CTPEJIOK Ha puc. 78.

Paccmorpum coBokynHocTs L Tex cocrosinuii u3 K2, B KoTopbie
MOXKHO mpoiTu u3 F1, ABUrasiCh MO HANIPABJIEHUSIM CTPEJIOK.

207. Hokasars, uro L
a) comepKuT cocrosiuvsi Fag, Fsz, ..., Fpy,
6) cBsI3HAS LEIb.

lokazaTesibcTBO TEOPEMBI O BCTPede MOJydaeTCsl TEeIepPb B HEC-
koJibKO cyioB. Ilycrs K — mnpousBosibHAsi CBsi3HAsl [eb U IyCTh
00e YacTuibl BBIXOJAT OJAHOBPeMeHHO u3 coctositusi F11. [locTpo-
um menh K2, OHa MOXeT 0OKa3aThCsl HECBSA3HON (KaK TOKA3BIBAET
sagaga 2066). Beygenum us K? pens L. Kak nokasbiBaer 3aja-
gya 2076), 9Ta Uenb CBA3HA, U Mbl MOXKEM NPUMEHUTH OOIIYI0 Teo-
pemy, chopmyaupoBannyio Ha c. 135. [loatomy ¢ BepositHOCTHIO 1
durika mocie Beixona u3 K11 nobviBaer B JitoOOM coctosiHuu u3 L,
B ToM umcie B Fy1, Fa, ..., Epp. OTO U 03HAYAET, YTO HAIIN
YACTUIIBI C BEPOSITHOCTHIO 1 BCTPETSTCST B JIIOOOM Harepe] 3aJJaHHOM
COCTOSIHUU.

CoOBepIIIEHHO TaK YKe JJOKA3bIBAETCsl, UYTO TPU, YeThIPE U BOODILIE N
YACTUI[, OHOBPEMEHHO BBIMIEININX U3 HEKOTOPOTO COCTOSIHUST CBSI3-
HOI [Ienu, ¢ BEPOATHOCTHIO 1 KOrma-HUOYJh CHOBA BCE COMIYTCS U
JIaxke boJiee TOTO, ¢ BEPOSITHOCTBIO 1 coliiyTcst Ha J060M Harmepe.
3a/IAHHOM TEPEKPECTKE.
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§ 5. Bay>xgauusa ¢ 6€CKOHEYHBIM YMUCJIOM COCTOSTHU

enu MapkoBa, KOTOpble MbI PACCMATPUBAJN B MPEIbIAYIIEM
naparpade, nMesn KOHEYHOe 4YHMCI0 cocTosinmii. [lepelimem Tenepnb
K HeMsIM ¢ 6ECKOHEYHBIM YKMCJIOM COCTOSTHUIA (€ OJJHOM TAKOi 1ENbI0 —
cxeMoii GJIy>KJaHusI Mo TPsSIMON — Mbl yKe BeTpedasuch). Kak u
B nipefpiayiem naparpade, Hac Oy1eT WHTEpecoBaTh BOMPOC, MOTa-
JIeT JIN YacTWIla B JTAHHYIO TOYKY W €CJIM TMOMaJeT, TO KaK CKOPO.
Buty>k jaHne 9acTuiibl 1o 6eCKOHEYHOM 1NN Ka4eCTBEHHO OTINYaeTCs
ot Outy>k1aHust 0 KoHe4uHo# tenu. Hanpuwmep, 371eck Hesb3s1, BOOOIIIE
rOBOPsi, YTBEPXK/IATh, YTO B KAXKJOM COCTOSIHMM YaCTUIA OObIBAET
C BEPOATHOCTBIO 1 (XOTsl 9TO U BEp-
HO B OT/IEJIbHBIX CIYYasix).

OrpaHuvnMcst JUIIL TTPOCTENi-
UMY [ENsAMU ¢ OECKOHEYHBIM M-
caom cocrosinuii. [lpexxge Bcero
M3YYUM YK€ 3HAKOMYIO HAM CXeMy
61y 2K IaHWs [0 IPSIMOTA JINHUH (ITY
1ernb Mbl OyJIeM HA3bIBATH TAKIKe
«becKoHeuHOit  Joporoity ). 3arem
paccMoTpuM Jpyroii NpoCToit Mpu-
Mep Lenu ¢ GeCKOHEYHBIM YHUCJIOM
COCTOSTHUIT — OECKOHEYHBIH Tropoj
C IIAXMATHBIM TLIAHOM (OH U300-
pakeH CXeMaTH4ecKu Ha puc. 79).

Puc. 79

. 1
[Tonap Ha Kakoi-HUOYAbL MEPEKPECTOK, MyTHUK C BEPOSITHOCTHIO 1

nAeT Mo KaXKJOMY U3 YeThIpeX HaIlpPaBJIEHUIA.

3amaun o 6JIy2KIAHAU 10 HPAMOIA.

208. Ha npsimoii ormeuens Touku 0, £1, £2, +3, ... (puc. 80).
1 1 1 1 1 1
2 2 2 2 2 2
73/‘{2/‘\(1/‘\0/‘\1/‘\2/‘\3_
A S WA S N ST g

1 1 1 1 1 1
2 2 2 2 2 2

Puc. 80

1
Yacruua, nonas B TOYKY 7, 3 €IMHUILY BPEMEHU C BEPOSITHOCTHIO 5

1
MepexXoauT B TOUYKY N + 1 U ¢ BEPOATHOCTHIO , B Touky N — 1.
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B nHavayibHBIE MOMEHT BpemMeHu dYacTuia HaxoauTcs B Touke ().
Haiitu:

a) BEPOSITHOCTh & TOTO, YTO YaCTHMIA KOTJa-HUOyab MobGbiBaeT
B TouKe 1;

6) BEPOSITHOCTL Y TOrO, YTO YACTULIA KOIJA-HUOY/b MOOBIBAET
B Touke —1;

B) BEPOSITHOCTB Z TOTO, YTO OHA KOTJa-HUOY/b CHOBA BEPHETCSI
B Touky 0 (T. e. nobwiBaer B TOuke () B MOMEHT, OTJIMUHBIH OT
HAYAJTBHOTO).

209. [lokarkure, uro yactuna u3 3aga4du 208 nobbIBaeT B KaXK-
JIoif TOYKe ¢ BEPOSATHOCTHIO 1.

210. Ilycth Ha cxeme puc. 81 yacTuiia U3 TOUKH N C BEPOSAT-
HOCTBIO P TOMAJAET 32 €IUHUILY BpemeHH B Tquy n + 1, ¢ Toii ke

(73gp@pgfjgpgog p(1g pg2g ()

‘_/‘_/‘_/‘_/\_/‘_/

p

Puc. 81
BEPOSATHOCTBIO P — B TOYKY 1 — 1, C BEPOSATHOCTBIO T OCTAETCs Ha
1
MecTe (B 3agade 208 p = 2 r = 0. Hokaxkure, ato eciiu p > 0, TO

YaCTUIA B KAXK/ION TOYKE MOOBIBAET C BEPOSITHOCTHIO 1, OTKyAa ObI
OHA HHU BBINLIA.

Hnst neneit, pazobpanubix B 3aga49ax 209212, 66110 yCTaHOBJIEHO,
9TO, OTKY/1a Obl HU BBIIILJIA YACTUIIA, B KAXKJIOM COCTOSTHUU OHA MOObI-
BaeT C BEPOSITHOCTHIO €UHUIA. ITUM CBOHCTBOM y>kKe He obsazaer
1ernb, n300parkeHHast HA puc. 82, rae YacTUla C BEPOSATHOCTHIO P

-3 P _ P _1 P o P 1 P P 3

/_\/_\/_\ /_\/_\/_\

Y xS
q q q q q q

Puc. 82

nepexonuT u3 n B n + 1 u ¢ BepositHOCTHIO ¢ = 1 —pu3 nBn — 1,
npuvem p > q. MoxkHO gokazarh (Mbl 9TOro genars He Oyaem), 9To
€CIM 9acTHIa BLIXOAUT 13 0, TO y»Ke BEPOSATHOCTD MOOBIBATHL KOT/Ia-
HUOyAbh B —1 MeHbINe eJnHUIIbI.

211. ITonp3ysich TEM, UTO Ha cxeMe puc. 82 BepOSITHOCTD, BbIHIs
u3 (0, monacts Korga-unbyapr B —1 MeHbIe eUHULIbI, HAUTH BEPO-
SITHOCTH , Y, 2z (0D03HauUeHNns1 Te XKe, uTo U B 3aja4e 208).
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Msr nonyuniu B 3agade 208, yro dactuna, OJIy2KAaomasi o
MPSIMO#i JIMHUU, C BEPOSITHOCTHIO 1 BO3BPAIIIAETCSI B UCXOIHYIO TOUKY.
CKOIBKO 2Ke I1IaroB JO/KHA OHA CJesaTh, YTOObI ee BO3BpAIlleHUE
CTaJI0 MPAKTUYECKU JOCTOBEPHBIM? Pacuer nokasbiBaer, 4To mnorpe-
OyeTcst HECKOJILKO THICSAY IAroB, YTOOBI BEPOSITHOCTH BO3BPAILIEHUST
crasia 6ouibie 0,99; moTpebyeTcst HECKOJIBKO COT ThICAY [IATOB, YTOObI
9Ta BEPOATHOCTH ctaja Gosbiire (0,999.

0,2
MoxkHO JAO0Ka3aTh, 9YTO €CJU 4YacCTulla CcAe/laeT MEHbIIIEe YeM ;2 mraros, TO

BEPOSITHOCTK €€ BO3Bpalenns Oyaer mennire 1 — . Ecin >xe ona caenaer 6osibine

I

qyem [IATOB, TO TA BEPOSTHOCTH Oymer Gosbine 1 — €.

Bruto nokazano, gaJiee, YTO YaCTUIIA C BEPOSITHOCTHIO 1 MOOBIBaET
B KaXkg0il Touke. CHOBa TMOCTABUM BOMPOC, CKOJILKO IAroB HAJO
cJeJiaTh, YTOOBI MOMAIaHUE YaCTHUIbI B JAHHYO TOYKY CTAJIO MTPAKTH-
YECKU JOCTOBEPHBIM. $ICHO, YTO HY>KHOE YHUCJIO IIArOB TeM OOJIbIIIE,
yeM JaJibIlle NHTEPECYOIas HaC TOYKa yAaJieHa OT UCXOaHOi. HYToOb
mobOBIBATH ¢ BeposiTHOCTHIO 0,99 B Touke 10, yacTuiia JoKHA Cae1aTh
cpimre 100000 maros, a 4ToObI MOOLIBATH C ITOM YK€ BEPOSATHOCTHIO
B Touke 100, — HECKOJIKO JIeCSITKOB MUJIJIMOHOB TIIATOB.

[Monoxxum

3 2
2(1’“71) 10k 6
Ny=—2 /7 Ny="T 12409
€2 €2 €

MOo>KHO [I0OKA3aTh, YTO €CJIM YACTULA CAesiaja MeHee [N 1IaroB, TO BEPOSITHOCTh
TOro, 9TO OHa TOBKIBAJIA XOTh pa3 B Touke 2k, Menbine dem 1 — ¢ *) . Ecn e ona
caenana 6omee N2 maros, TO BEPOATHOCTD 3Ta cTaHeT OoJibiie 1 — €.

3amada o BcTpede. 3aiimemcsi Teneph 3aja4eil 0 BEPOSITHOCTH
BCTPEYM JIBYX IyTHUKOB, WAylIIMX 1o GeckoHeunoit nopore K (cm.
puc. 80). B mpeapiaymem maparpade Mbl pelimiv aHAJOTHYHYIO
3aja4dy ajs Jboi menn MapkoBa ¢ KOHEYHBIM YHCJIOM COCTOSTHUIA,
CBeJIsI €€ K 3a/1a4e 0 OJTy K JaHWY OJHOM YaCTHUIIHI [TO HEKOTOPOi HOBOIA,
00J1€€ CI0XKHOM, LeNU ¢ KOHEYHbIM YUCJIOM COCTOSHUI. DTOro cBeje-
HUST OBLIIO TOCTATOYHO [JIsl PEIIeHNsT 3aJa4n 0 BCTPEYE, TaK KaK Mbl
UMeJIH OOIIYI0 TeopeMy O OJIyKIaHUU YaCTUIIbI, CIIPABEJIUBYIO [IJIs
BCEX CKOJIb YTOIHO CJIOXKHBIX CBA3HBIX Heneil MapkoBa ¢ KOHEUHBIM
YUCJOM COCTOSAAHUI. B ciydyae »ke 6eCKOHEYHOro 4YHC/Ia COCTOSIHUM
3ajJla4a O BCTpeYe He MOXKET OBbITh pellleHa TaKUM CITI0COOOM, Tak
KaK Yy HAC HET COOTBETCTBYIOIIE TeopeMbl, CIIPaBeIJINBOM JJis BCEX

>l w

*) Dro yTBEPXKEHNE CpaBelJiuBo npu k > 2, € <

|-
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uerneit ¢ 6eCKOHEYHBIM 9UCJIOM cOCTOsTHUNI. [109TOMY MBI BBIHYK/1€HbI
pemiaTh 3a7a4y 0 BCTpede MpsiMbIM METOZO0M.

B ciydae 6eckoHedHOro 4mcja COCTOsiHMET yI0OHO HE 33724y O
O/y>KIJaHUKM JBYyX YaCTHUI] CBOOUTH K 3aJade O OJIy>KIaHUU OHHOU
YACTHUIIBI IO DOJIee CIOXKHOM IeMu, a Ha0bOPOT, 3a4ady 0 OIyKIaHUH
OJTHOW YACTHUIIbI TIO CJIOXKHOH [eMU CBOAUTDH K 3ajade O OJyKIaHUU
NByX (MJIM HECKONBKUX) YacTull 1o Gosiee mpocThiM wensiM. MmeH-
HO TaK MbI MOCTYMUM B JAJIbHEHIEM MpPU U3y4eHUUu OECKOHEUHOTO
maxMaTHOro ropoja. By aanue no Hemy ofiHO# YacTuilbl (buikn)
MBI CBeJIeM K OJ1y?KJaHUIO JABYX YacTul] (IlyTHUKOB) M0 GECKOHEUHOM
nopore K.

Hawm nonazobutcs ciemyrolasi BCioMoraTeabHash 3aa4a;

212. JJoka3aTb, YTO BbIpakeHHE

1
k-1
BO3pacTasi C yBeJUYeHHeM Jucia k, MOXKeT cTaTh 0oJbIiie JII060T0
qucjia.

1 1 1 1 1
Sp=1+ gttt + o

[Tycrs nmyTHuku BeiiM ogHOBpeMeHHO u3 Touku 0. Jlokaxkewm,
9TO C BEPOSITHOCTHIO | OHU CHOBA BCTPETSITCSI B 9TOM TOUKE.

1-s1 wacTh nokazareabcTBa. Paccmorpum cobbrTust

Ag: «0ba myTHUKA HAaxXoAsATCs B Touke () yepes3 s miaroBs;

Bg;: «oba nyrtHuka HaxoasaTcs B Touke () 4epe3 S maros, Npudem
paHee *) OHU B 9TOI TOUKE HE BCTPEYAJIUCHY |

Cl: «J10 $-TO Iara BKJIIOUMTENbHO IyTHUKH HU pa3y *) He BeTpe-
THIKCH B TOUKe (.

CobwiTust B1, Ba, Bs, ..., Bs_1, Bs, C's nonapHo-HECOBMECTHBI
1 00pa3yIoT MOJHYIO CUCTEMY, TI09TOMY (CBOCTBO 7)

P(A,) = P(B1)P(As/B1) + P(By)P(A,/Ba) + . ..
.+ P(B)P(A,/B,) + P(COP(A,/Cy). (1)

OueBugHo,

P(AS/CS) =0, P(AS/BS): L.

HNanee P(A;/B;) ecTb BepOsITHOCTb TOrO, 4TO 00a TMyTHHUKA OymyT
Ha s-M xoay B () mpu ycjoBHM, YTO OHU 0D HAXOAWJIUCH TaM Ha
1-M XOJy, T. €. BEepPOSTHOCTh TOr0, 4YTO, BhIiijsa n3 (), oHn yepe3 s — 1
maros cHoBa npuayt B 0. Crnemorarennno, P(As/B;) = P(A,_;).
Flcnu Teneph moioXKuTh

P(A;) =as, P(B;)=bs,

*) Kpowme, pa3yMeeTcsi, Ha4ajJbHOI'0O MOMEHTAa BPEMEHU.
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To paseHcTBo (1) nepenumercs B Buje

as = bias_1 +bsas_9+...+bs_1a1+ bs.

Beinuiem takue paBencTsa mist S = 1, 2, 3, ..., N U CJIOXKUM UX:
a] = bla
az = by + a1by,
a3 = bs + a1ba + azby, (2)

an = bn +a1bn_1 + a2bp_2+ ...+ an—1b1
Rn=Qn+a1Qn-1+a2Qn-1+...+an-1Q1
Mpb! o603HaUNIU
R,=a1+as+as+...4+an, Qn=0b1+bs+bs+ ...+ by,.

OueBuiHO, (), €CTh BEPOSITHOCTD COObITUSI D)@ «IyTHUKU XOTh Pa3
BcTpetsiTcs B () B TeUeHMe n MepBhIX MAaropy. JleiicTBUTENHHO,

D,=B1+By+Bs+...+B,,
=by+bys+...+b,=0Qn.

BepositHocTh () TOro, 4TO MyTHUKU KOrJga-HUOYIb BCTpersaTcs B ()
(3TY-TO BEPOSITHOCTH MBI U WIEM), B CHJIy CBOiicTBa 1 Gosbliie uau

paBHa Q,:
Q> Qn, (3)
autst Besikoro . VI3 (2) u (3) coenyer
R, <Q+ta1Q+aQ+...+an1Q = (14 Ry1)Q,

R
> fn 4
Q> 15— (4)

HepagsenctBo (4) cipaBeuBo [Jjisi 11000r0 n.

2-s vacTh goKasarteabcTBa. [lokaxkem, aro R, ¢ yBejmde-
HUEM 1 MOXKET OBITh cliesiaHo OosbIne Jiroboro ynciaa. B camowm gene,
R, = a1 +a3+ a3+ ...+ ay, vOe Gy, — BEPOATHOCTH TOrO, UTO
oba myTHUKA Yepe3 N maros okaxKyTcs B Touke (). Tak Kak myTHUKH
01y 2K Jal0T HE3aBUCUMO JPYT OT APYTa, TO G, Haiijgercs mo dopmye
YMHOXKEHUST BEPOSITHOCTEI:

2
ap = W,,

rae Wy, — BEPOSITHOCTH TOTO, YTO OJWH IMYTHUK OKAXKETCsT Yepe3 N
maroB B Touke (. BeposiTHOCTE wag 41, OUeBNAHO, parHa HYyJ0. Kak
OBLIO NIOKA3AHO B § 2,

Wop =

1
Vak®
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[TosTomy
a =0 asp = —.
2k+1 3 2k = 1k
Orcrona

Rog+1 = Ror > - Sy,

1
4
rae S, = 1+ % + % +...+ % Tak kak S HEOrpaHUYEHHO BO3PACTAET,

TO HEOIPAHWYEHHO Bo3pacTaeT u R,,.

3-s1 yacTh goKazaTeabcTBa. [Jokaxkem Tenepn, uro Q = 1.
[Tpexx e Beero, kak Besikast BepositHOCTh, (@ < 1. [1pegnonoxum, aro
Q=1-—d, raed > 0, unpugem K nporusopeuunio. [eiicrBurennHo,
B CuJly HepaBeHCTBa (4)

1_d2 Rn :Rn71+an’
1 +Rn71 Rnfl +1
Ry 1+1-— d(Rnfl + 1) = Ry 1+ an,
1-— an > d(Rnfl + 1)’
1> an—la Rn—l < %7

9TO HEBEPHO, TaK KaK R, 1 ¢ pOCTOM N HEOTPAHUYEHHO yBeJIMYNBa-
eTcsl.

Beckoneunsrii imaxmaTtubrii ropoa. Kak yxke rosopusiocs, Mmbl
Oynem u3ydaThb OsyKAaHUE 110 DECKOHEYHOMY MIAXMATHOMY TOPOAY,
CBOJIs1 €ro K OJIy>KTaHWIO IBYX MMyTHUKOB 10 6ecKoHe4YHOo# mopore K.

WNrak, npeacraBum cebe, uTo no gopore K Oay»KAal0T aBa MyT-
Huka. [lo pementy mpeapiaymero maparpada moctpoum nenb K2,
conepxamryio cocrosaust (0, 0), (0, 1), (0, —1), (1, 1), (1, —1),
(=1, 1), (=1, =1) u . g. Lens K2 uzobpakena na puc. 83.

[Tycrs myTHUKYM HaxogsTest B Toukax m u n nenu K. C BeposiTHO-
CThIO MEPBbIH MYyTHUK MEPEXOJUT U3 M B M + 1, C BEPOATHOCTHIO 5

BTOpOil MyTHUK mepexoauT u3 n B n + 1. IlosTromy BeposiTHOCTH
TOro, 4To 00a MyTHHWKA MEepPexXOolsAT W3 mapbl To4eK (m, n) B mapy

(m+1, n+1), paua %% = i Hpyrumvu ciosamu, puika, 601y 1axo-

mast o nermn K2 m oTparkaiomiasi moJioyenne 060nx MyTHUKOB B K,
¢ BeposiTHOCTHIO K2 M OTpakaromiasi ToJIoyKeHne 060MX IyTHUKOB

1 .
B K, C BEPOATHOCTHIO 3 dbumka nepeitger u3 (m, n) B Kaxgoe U3

OCTaJIbHBIX COCTOHHHﬁ, CO€IMHEHHBIX C (m, TL) OTPE3KOM:

(m+1,n—1),(m—-1,n+1), (m—1,n—1).
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3amMeTuM, 4TO ¢ KaXK/IbIM [IArOM PACCTOSIHUE MEXK/Iy Iy THUKAMU
JinbO BOBCE HE MEHSIETCsI, IMOO M3MeEHsIeTCst Ha 2 equHuiibl. [loaTomy,
ecyin B HaYaJIbHBIT MOMEHT MYTHUKNW HAXOAUJIUCh B TOYKaAX k n l, TO
B JlaJIbHEIIIEM OHU MOT'YT OJJHOBPEMEHHO OKA3aThCsl TOJBKO B TAKUX

N

(3.2)

(3.1)

(3,0)

Puc. 83

TOYKAX M U N, JJIsi KOTOPBIX PA3HOCTH 1M — T WUMEET Ty YK€ 4YeT-
HoCTh, uTo U k — [. OTciona creayer, uro nens K2 HecBs3HA; oHA
pacnasaercst Ha aBe cBsisHble nenu: L, cogepxkamugyio napbr (m, n)
C YETHOI Pa3HOCTHIO (TOYKH, COEJAMHEHHBIE TOJICTHIMH JMHUSAMU HA
puc. 83), u M, comeprKaliyio napbl ¢ HEYETHOW Pa3HOCTHIO (TOYKH,
COeJMHEHHbIE TOHKUMU JINHUSIMU ).

Mp1 6y em npegnosiarars, 9ro dpuika Bbinia us cocrosiaus (0, 0)
ueru L (910 cooTBeTCTBYET TOMY, 4TO 00a MyTHUKA BBINUIA OJHO-
BpemenHO n3 cocrostiust 0 nenn K). Tlpu ganwreiimem Gy janun
duika He MoXKeT BbliiTH 3a npefdenbt L. llens [ u3zobpaxkeHa ot-
nesbHO Ha puc. 84 (nosepHyTom orHOCHTENBHO puc. 83 Ha 45°). Ho
puc. 84 cosmagaer ¢ puc. 79. Takum 06pa3oM, MbI MOJIYUUIHU, UTO
3aja4a 0 O/Iy»KIAAHWKM BYX MyTHUKOB MO jopore K 3SKBUBAJIEHTHA
3aj1a4e 0 OJIyKJaHUU OAHOrO NyTHWKA ((UIIKHU) 10 GeCKOHEYHOMY
maxmaTHoMmy ropoay L.

Mps1 gokaszaiu, 94TO C BEPOSTHOCTHIO 1 /Ba IMyTHUKA, BBIIIEIINE
oaHOBpeMeHHO n3 Touku () Joporu K, CHOBa BCTPETSATCS B 9TOI TOUKE.
B nepeBojie Ha s13bIK TOpoJa L 9T0 03Ha4YaeT, 9To (DUIIIKa, BbIIIe/Iast
u3 (0, 0), ¢ BeposTHOCTBIO 1 CHOBA MOGBIBAET HA ITOM MEPEKPECTKE.
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Takum 06pazom, NpocToii MepeBo] pe3yJ/IbTaTa MPeAbIAYIIero MmyHKTa
Ha HOBBII SI3bIK JIOKA3bIBAET, UTO ¢ 8epoamuocmovio 1 duwra 603epa-
WAEMEeA HA UCTOOHBLT NEPERPECTOK.

Boszspaiienue dumiku B ucxo- Ny, Ny N Ny Ny
HOE TI0JI0’KEHUe PU OJIy2KJaHUHY 110
OECKOHEYHOMY TIaXMATHOMY TOPO-
[y TIPOUCXO/IUT T'OPA3/I0 Me/JICHHEE, (L)
geM npu OJIyKJaHuM 10 OeCKOHEY-
HOW jgopore, T. €. Hy>KHO CJieJIaTh
ropaszo OoJibIlle MIaroB, YTOObI
BO3BpAIlIEHUE CTAJIO MPAKTUYECKU
JIOCTOBEPHBIM. (—1,-1)

Hanpumep, 910061 BEPOSTHOCTH
BO3BpalleHust crana 6oawire (0,99,
duiika Ao/KHA COesaTh COBEP-
[IEHHO ACTPOHOMUYECKOE YHUCJIO0

(0,0)

maros: ceeime 1088 (B cayuae Ny Ny NN N
noporu K 3aeegomo xBartajo 10000 Puc. 84
IIArOB).

0,9
= _1,7

Boob1iie MmoxkHO 0Ka3aTh, uTO ecyu uika caenana mesee 10 ¢ ~ ' maros,

TO BEPOSITHOCTH TOTO, YTO OHA XOTh Pa3 MOOBIBAJIA B UCXOJHOU TOUYKE, MEHbIIE

1 — &. DTa BepoOATHOCTH cTaHOBUTCA Gosbiie 1 — g, ecnu umka caenaer Gosee

2
L]
10= ~"® maros.

Hokaxxkem Tenepb, uTo puIKa, 6JIy>KIaro1as mo 6eCKOHEIHOMY
[IaXMaTHOMY TOPOJY, HEe TOJBKO C BEPOSTHOCTBIO 1 BepHETCsS Ha
UCXOJHBIN NMEPEKPECTOK, HO YTO OHA U HG A000M Haneped 3adaHHOM
nepexpecmxe nobvisaem ¢ 8epoAMHocmbo 1.

[Mycrs Fgu 1 — aBa coceguux nepekpecrka. ObozHaunm yepes
BEPOSATHOCTD TOTO, YTO (PUIIKA, BHIXOASIASA U3 TOUKH Fy, Korma-Hu-
O6yap monajier B ToUky K. B cuy ogHOpogHOTO yeTpoiicTBa HAIEro
[IaXMaTHOI'O FOPOA, 9Ta BEPOSTHOCTbH UMEET OJUHAKOBYIO BEJTUUNHY
IUTs1 TF000I mapbl COCETHUX MEPEKPECTKOB.

[lycTb (puiika BuIXoauT u3 Touku Fy. 3a OAWH IIAr OHA MOXKET
nornacTh Ha OJIUH U3 YeThipex nepekpectkor 01, O, O3, Oy, sBJsIIO-
IIUXCsl COCEIHUMU 151 iepekpecTka Fy. Paccmorpum cobbiTust

A;: «3a ogun mar ¢umka nonager B O;»,

B: «bumka korga-unbyab BepHeTcst B Fy».

[To croiicTBy 7 § 1

P(B) = P(A)P(B/A1) + P(A2)P(B/As) + P(A3)P(B/As)+
+P(A)P(B/AL). (5)



146 Cayuatinoe 6ayotcdanus (uenu Maprosa)

[To onpesesieHuno maxMaTHOrO rOPoOIA

1

P(A;) =P(A2) =P(A3) =P(Ay) = e
Hacrynsienue B nipu ycinosuu A; o3Hauvaer, uro (PUIlKa JOJIXKHA KO-
raa-auby b nonactb u3 Touku O; (KyJa OHA NONAJIa TIEPBBIM XOI0M )

B Touky B. [ToaTomy
P(B/A1) = P(B/As) = P(B/As) = P(B/A4) = 2.

Haxowner, no nokazannomy Beie, P(B) = 1. [loacrasnsisi Bce a1
3HaveHus B popmyay (5), Haligem

1 1 1 1
l=-2z24+-2+-2+ -2z,
4 4 4 4

oTrkyna x = 1.

[lycts Tenepp E — NpPOU3BOJBHBIN MEPEKPECTOK IMIaXMATHOTO
ropoaa. Paccmorpum kakoi-uubyap myTh, Begymmit uz Fg B K un
[epeHyMepyeM M0 TMOPsi/IKY BCE TMEPEKPECTKHU, JIEXKAILUE HAa ITOM
nytu: Fy, K1, Fa, ..., B, = FE.

O6o3nauum yepes D cobbiTue:

«urka, Boimieaias u3 Fg, Korga-uuoyas nodbiBaeT B F1, mocie
9TOro Korga-Hubyab moObiBaeT B Fjo M T. A. W, HAKOHEIl, MOObIBAET
B E, = E».

Kaxk 0b1JI0 MOACUNTaHO, BEPOSITHOCTH TOTO, YTO (DUIIKA, BHIIIEI-
mwasi uz F;, korga-uubyaes nonajer B F; .1, pasua 1. CorsnacHo ¢op-
MyJie YMHOXKEHUsT BEPOSITHOCTEMH, TEPEMHOKAST 9TU BEPOSITHOCTH [IJIs]
i=0,1,2,..., n—1, nonyaum P(D). Ouesnano, us HacTynjenus
cobbiTust D cienyer Hactymniaenue cobbitust C':

«urika Korga-uubyabL nonajgeT B F».

B cuny cBoiicrea 1 § 1

P(C)>P(D)=1

u, ciaegosaresnbho, P(C) = 1.

HpOBe,aeHHoe nsyvdenue 6J'Iy)K,E[aHI/Iﬂ Mo maxMaTHOMY ropoay aa-
€T BO3MOXKHOCTh YCUJINTH (DOPMYJIUPOBKU, OTHOCSIINECS K OECKOHEe -
HOI1 mopore. Panee ObL10 TOKa3aHO, 4TO MyTHUKH, OJIy>KIAIOIIUE 110
Jopore, ¢ BEepOSITHOCThIO 1 BCTpeTsTcs B MCxXOmHOI Touke. 'Tereph
MbI MOYXKEM YTBEPXK/ATh, YTO C BEPOSITHOCTHIO 1 My THUKYU BCTPETATCS
B JIIOOOM Haniepea 3aJaHHOM ITYHKTE 7. IIGI';ICTBI/ITQIIBHO, 3TO paBHO-
CHJTBHO YTBEPYKIEHUIO O TOM, 9TO (DUINKA, OJTy>KIA0IIast 1O IaxMar-
HOMY TOPOJLY, TIONMAJET ¢ BEPOSTHOCTHIO 1 HA MepeKpecToK (n, n).

DTOT pPe3yJbTAT, OIHAKO, He 00001IAETCs HA CJIyYaii JIIDOro YUC/Ia My THUKOB,
Kak 3T0 ObLIO B ciydyae KOHeuHbIX Ieneii Mapkosa. /Ijs dyeTbipex u 6oJibiero

YKCsIa My THUKOB, OJ1y>kgaomux no gopore K, BEpOsSITHOCTH TOTr0O, YTO OHU KOTr/1a-
HUOYIb CHOBA cOBEpyTCst Bce BMecTe, MeHble 1. /17151 Tpex My THUKOB BEPOSITHOCTD
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KOTJ]a-HUOYb CHOBA BCTPETUTHCSI BCEM TPOUM paBHA 1, HO [IJIsl KAXKJION JAHHOM
TOYKU BEPOATHOCTH TOT'O, YTO BCTpeYa npon301‘z’me’r HUMEHHO B 3TOM TOYKEe, MEHb-
mre 1.

WNrorn wnamero uzydeHusi 3a7a49u O BCTpede U OJIy»KJAHUU I10
[IAXMATHOMY TOPOJIy MOXKHO ChOPMYJIUPOBATH B BHJIE CJEIYIOIIUX
TeopeM:

1. lyemov A u B — mobwvie dea nynxma dopoeu K. /[ea nymnuxa,
sviueduue odnospemento us nyukma A, ¢ seposmmuocmsro 1 ecmpe-
mamcsa 6 nynkme B.

2. [Iyemw» A u B — aobwuie dea nepexpecmuxa 2opoda L. [Tymnuxk,
eviwedwuti us nepexpecmra A, ¢ eepoamuocmoio 1 nobveaem na
nepexpecmxe B.

JlokazaresibCcTBa 3TUX TEOPEM OBLIIN TECHO CBSI3aHBI MEXK 1y CODOii.
/lokazaTebrCTBO BTOPOI T€OPEMbI BHIBOJUJIOCH U3 YACTHOTO CIydasi
nepBoii Teopembl, Korja nyHkTbl A u B coBnajgaror. Obumast popmy-
JINPOBKA Te€OpeMbl 1 BBIBOAMIACH B CBOIO OYEPEb U3 TEOPEMBI 2.

YacrHblii ciydail TeopeMbl 1, COCTABUBIINIA TIEPBOE 3BE€HO B I[ENH
HAIUX PACCYXKAEHUH, MoTpedoBaJsl /1Jisi CBOEro JOKA3aTe/bCTBA BbI-
KJIAJIOK. DTUX BBIKJIAJ0K MOXKHO U30€XKaTh, €CJIN JJOBOJIhCTBOBAThCS
6osiee ciabbiM, YeM Teopema 1, yTBEPXK/IEHUEM.

la. /leéa nymuuka, sviuwedwue 00HOBPEMERHO U3 HEKOMOPO20 He-
Komopozo nywkma n dopozu K, ¢ seposmmuocmuio 1 ecmpemsamcs.

Ecnu nepeBectu 310 yTBEp)K/I€HNE HA SI3BIK MIAXMATHOTO TOPO/IA,
TO OHO MPUMET BUJ:

2a. ITymnuk, evauedwut us nepexpecmra (n, n) 2opoda L, ¢ e-
poammnocmoio 1 cnosa nonadem na npamyro NN (puc. 84).

JlokazaTresibcTBO yTBEPXKEHUST 22 MOXKHO MPOBECTH, ONUPASICh
ToJIbKO Ha 3ajady 210. MbI npejjiaraeM Mmo3ToMy CIEAYIONIYIO 3a-
Jaqay:

| 218. BeiBecTu yrBepKaeHue 2a u3 3aga4uu 210.












PEIITEHNA 3ATAY

PAB3JIEJ MEPBHIN
3AJIAYU O MHOTOIIBETHOI1 PACKPACKE

1. JTokaxkem 3Ty TeOpeMy MeTOJ0M MaTeMaTHYeCKON MH/yKIUH.
Kapry, obpazoBanHyio 0HOIl NpsiMOil, MOXKHO MPABUJILHO PaCKpa-
cuth AByMsi Kpackamu. [lycTs Teopema yxke gokazaHa JJjsi M Npsi-
mbix. Jlokaxkem, 9To oHa BepHa u misi n + 1 npsameix. Paccmor-
puM kKapty K, obpa3zoBaHHYyIO n + 1 NPSAMBIMH, 1 OTKUHEM OJIHY U3
9TUX MPAMBIX — MpsiMyto [. Mbl nmonyuum Kapty K*, kortopyro, mo
MPE/INOIOYKEHUIO, MOYKHO TTPABUJILHO PACKPACUTh JBYMsI KpacKaMU.
Breikpacum ee B 4epnblii u Genbrii 1Beta. [lociae sToro mbr cHOBa
MPUCOEMHUM OTKMHYTYIO nipsimyio [. Ona pa3buBaeT MjiIocKoCcTh Ha
JiBe ‘{aCTI/I KaXk/1ast 1/13 KOTODPBIX TPAaBUJIBHO DPacCKpallleHa JBYyMsi
kpackamu (puc. 85, a). OcraBuM B OJHON M3 HUX LIBETa BCEX CTPaH

A LA A S

Puc. 85

T~
P—

al

HEU3MEHHBIMU, a8 B JAPYroil — M3MEHUM OeJIblil I[BET HA YEPHBIH, a
depHbIii — Ha Gesbiit (puc. 85, 6). T1pn 9TOM KarXkjast MOy TJIOCKOCTh
OCTAHETCSI MPABUJILHO PACKPAIIIEHHOIT; €CJIN »Ke JIBE COCEJTHUE CTPAHbI
kapThl K HaXOsITCsl B PA3HBIX MOJYIIJIOCKOCTSIX, TO 9TO 3HAYUT, 9TO
OHU IPAHUYAT M0 YYACTKY MPsiMOii [ 1 00pa30BaHbI pacCceUeHUEM ITOM
NpsiMOil HEKOTOPOI cTpanbl KapThl K*. DTa crpana kaprtel K* Obuia
OKpAaIlleHa B KAKOU-TO IIBET; MOC/e pa3breHus ee Ha IBE HOBbIE CTPAHBI
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MbI U3MEHUJIH [[BET OJIHOM U3 3TUX MOJIOBUH. Takum 00pa3oM, 1 B 3TOM
caydae JBe cocellHue CTpaHbl u3 K OKpallleHbl B pa3juYHbIE I[BETA,
T. €. Mbl HOJyYWJIM MPABUJIbHYIO packpacky. Teopema BepHa [Jisi
n = 1, no nokazaHHOMY OHa BepHa U Aas 1 + 1 = 2 npsambIx, Ajs
241 = 3 npsAMBIX ¥ T. . [Jis1 JJIOOOTO YHCJIa MPSIMBbIX.

2. 91y 3aga4y, KaK U MPEIbIIYIIYI0, MOXKHO PEIIUTh METOIOM
MaTeMaTUu4ecKoil wHAyKIunu. Mbl 9TOro, 0oHAaKO, JejaTh He OyaeM
(mpeocTaBisieM 3TO YATATENIO B KAUECTBE MOJIE3HOrO YIPAaYKHEHMUs ),
a poBezieM caejyollee paccyskaenue. J1st kaxk o n3 obaacreit, Ha
KOTOPbIe pa30UTa MJIOCKOCTb, COCUUTAEM, CKOJBKO U3 MPOBEIEHHBIX

HaMW OKPYXKHOCTE colepkaTr ee

BHyTpH ce0st (/151 KapThl puc. 5 pe-

3yJIBTATHI TAKOTO TOJCYETa TPUBE-

nenbl Ha puc. 86). 3amerum, 4TO

0 YHCIA, OTBEYAIOIINe COCEeJHUM 00-

</ JIACTSIM, BCerga OTau4arTcs Ha 1.

pﬁ JeiicTBuTeNnbHO, ecu Be coceqHUe

obnactu A u B pasgeseHbl Iyroii

okpy»xkHoctu C', TO OflHA U3 HUX Jie-

JKAT BHYTpPH, a apyrasi Bue C, 1o

Puc. 86 OTHOIIEHUIO YKe K JTI000# OKPYKHO-

cru, orsmmanoii or C', 06e obaactu A

u B nexar ognoBpemenHo jinbo BHyTpH, b0 cHapyxku. JlocraTouno

OKPACUTh OIHON KPACKOI BCE CTPAHbBI C YETHBIMU HOMEpPAMU U JPY-

roif Kpackoii Bce CTpaHbl ¢ HEYETHBIMM HOMEPAMU, YTOObI MOy YUTh
MPABUJIBHYIO PACKPACKY HAIEeil KapThl.

3. Ilpu Takoit Hymepaluu BEPIIMHbBI JOOOrO TPEYTrOJIbHUKA OKa-
JKyTCsT 3aHyMepOBaHHBIMU BceMmu Tpemsi iudpamu 0, 1, 2. PaccraBum
Ha, CTOPOHAX TPEYTrOJbHUKOB CTpesiku B HampasJyenuu ot 0 k 1, ot 1
K 2 1 oT 2 k 0. Kaxk/1p1it TpeyrobHUK MOIYUUT IPU STOM OIpeiesieH-
HyI0 OpreHTanuio (HanpasseHue obxona). Tpeyrosbankn 6y gy T ABYX
THUIOB: OpI/IeHTI/IpOBaHHbIe no 4acoBoii crpesike (puc. 87) u mpoTuB
4acoBoii crpesikn (puc. 88). Okpacum TPeyroJibHUKU MEPBOro TUMA

2
:: |
4\ 1 )
Puc. 87 Puc. 88 Puc. 89
B OeJiblii 1IBET, & TPEyroJbHUKU BTOPOrO TUIA — B 4YepHbIid. Tak

KaK Ba COCEJJHNX TPEYyTOJbHUKA BCErga MMeEIOT MPOTUBOIMOJIOXKHYIO
opuenTauuio (puc. 89), TO MbI IOy YMM NPABUJILHYIO PACKPACKY.
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4. TlpeanosoKum NpoOTUBHOE U PACKPACUM HAIIy KAPTY IIPABUJIb-
HO B OeJiblii 1 4epHbiil iBeTa. [lycTs npu 3TOoM mostyanocs k Gesibix
CTPaH € YUCTAMU TPAHUI] 01, N9, . . ., T U [ YEPHBIX CTPAH C YUCTAMU
TPaHuL N, N, . . ., n;. Kaxkaas rpannua npuHa/Ie>KnuT pOBHO OQHON
6esoit 1 pOBHO OJHOWM YEPHOI CTpaHe; ecan YUCIO IpaHul] 0b003HA-
YUTH g, TO

g:nl—l—ng—{—...—i—nk:nll—{—né—i—...—i—n;.

13 3TOro paBeHCTBa BBITEKAET, UTO €CJIU MPO YUCTA N1, N2, .. ., N,
nY, ny, ..., nj u3BecTHO, uT0 k + | — 1 M3 HUX Je/IATCS HA M, TO OHN
ece NeNsATcs Ha M.

5. Cum. puc. 90, HA KOTOPOM I10JIsi 3aHYMEPOBAaHbI B MOPSIIKE UX
obxoza.

7 12 117 | 22| 5

18 | 23| 6 | 11| 16

13 8 |25 4| 21

24 119 2 | 15| 10

1 141 9 |20 3

Puc. 90 Puc. 91

6. Cm. puc. 90 u 91. MbI nojyumsii NPABUJIBHYIO PACKPACKY
25-knerouHoii mocku. Ha s11060it 1pyroit 10CKe MbI TaKXKe MOy IUM
MpaBUJIbHYIO packpacky. /lelicTBUTEIbHO, TYCTh IIAXMaTHAs JOCKA
y2Ke TPABUJIbHO PACKPAIlleHA ABYyMsi Kpackamu. Torga KaXKAabiM Xo-
JIOM KOHBb TIEPEXOJUT C TIOJIsI OJJHOTO I[BETA HA MM0JI€ MTPOTUBOITOIOMK-
Horo 1Bera. [losromy, ecsiu HymMepoBaTh MOJIsl B MOPsijIKe X 00X0/1a,
TO BCE MOJIsi C YeTHBIMU HOMepamu OyayT OJHOTrO 1BeTa (Harmpumep,
YEepHOro), a BCe MOJsl ¢ HEYETHBIMU HOMepaMu — JPYyroro IBeTta
(nanpumep, Gestoro). CueoBaTenbHO, €CaM Mbl, HA000POT, 3aKPACUM
0JIsI, TIOJYYUBIINE YeTHbIe HOMEepa, B YEPHBII IIBET, TO MbI IPOCTO
BEPHEMCsI K TMPEXKHel packpacke, T. €. MOJIyYUuM MPABUJIBHYIO pac-
KPACKY.

7. Her, Henwast. Packpacum JoCKy MpaBUJIbHO JABYyMsi KPAaCKaMU
U 3aHyMEPYEM I10JIsi B TOM TOPsiJIKe, B KAKOM MbI ux oboriu. [lepsoe
noJjie uMeeT HoMmep 1, mociaeanee — HoMmep 49, MOITOMY OHU JJOJIXKHBI
VMeTh OJINHAKOBBI LBeT (KaK T0Jsi C HEYeTHBIMU HOMEPaMHU, CM.
perenne npeabiayieit 3agaqan). Ho aBa cocejHux mosisi OKparieHst
B pa3HbI€ LIBETA.
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8. Packpacum Hainy JocKy npaBuiibHO aByMst Kpackamu. [lycts
npu 3ToM ToJie S momyuusio Gesbiii uet (puc. 92). Ecin 661 MOXKHO
ObLIO 060UTH JOCKY, HAYUHAS € ITOTO TOJIs,

/ ./ ./ ./ TO, HYMEpPys MOJsI B MOPsAAKEe nX 00Xora,
n

7 /.// MbI JaJii ObI BCEM O€JIbIM TMOJISIM HEYETHBIE
HoMepa (cM. perienune 3azaum 6) 1, 3, ...
/./././ .., 49. Orcroga yuciio 6esbix noJeit 6110
. /./ %. 6b1 paBHO 25, HO UX BCero 24, KaK sIBCTByeT
/./././ u3 puc. 92.
. /. /. 7 9. KaxXJIbIM X0/IOM KOHb MEHSIET I[BET
cBoero noJisi. [losromy, eciu oH monas Ha
/ ./ ./ ./ T10J1€ TOT'O YK€ LIBEeTa, YTO U UCXO/HOE (B JaH-
Puc. 99 HOM CJIyYae Ha CaMo MCXOJHOE TI0JI€), TO OH
CJ1eJ1aJT YETHOE YUCJI0 XOJI0B.

10. Kaxkiblit X071 J1aJIbl MOXKHO 3aMEHUTH CEePUeil IPOCTHIX XO/0B,
[pU KOTOPBIX JiaJibsi MEpeJBUTaeTCst Ha coceqHee mose. Kaxkapim
TAKUM MPOCTBIM XOJIOM JIa/Ibsl MEHSIET IIBET cBoero noJisi. O60iis1 BCo
JIOCKY, OHa cJiesiaeT 63 MPOCThIX X0/1a, T. €. HEYETHOE YUCJIO TTPOCThIX
XO/IOB, W MOMAJET HA TOJIE APYroro MBETAa, HEXKEJU HCXOAHOE, B TO
BpeMsi Kak 1oJisi A u B UMEIOT OJIUH U TOT Ke I[BET.

11. Her, nenb3sa. Kocrs 10MUHO COCTOMT M3 ABYX MOJIOBHUHOK,

HA KAXKJ0I U3 KOTOPbIX n3obparken oaun u3 7 Homeposn: 0, 1, 2, 3,
4, 5, 6. Kocreit cTOJIBKO, CKOJIBKO BCEBO3MOXKHBIX TIAp TaKUX HOMe-
poB. Kaxxp1it HOMEpP M0ITOMY BCTpPEYAETCsI MIECTh Pa3 B COYETAHUU
C IPYTUMU HOMEPAMU; KPOME TOT0, UMEETCsI OJIHA KOCTh — JIy0JIb,
B KOTOPOi1 3TOT HOMEpP covYeTaeTcst caMm ¢ coboii. Beero, Takum obpa-
30M, KaXK/IbIil HOMEp BCTpe4daeTcs: Bocemb pa3. [Ipu cocraBienun nernu
KOCTHU TIPUKJIAJBIBAIOTCS JPYT K JPYTY MOJOBUHKAMU C OJIMHAKOBbI-
MU HOMEPAMU, MOITOMY BHYTPHU LENU KAXKJbIII HOMEp BCTPEYAETCsI
YETHOE YUCJIO Pa3 M, & Ha KOHIIAX 8 — 1, T. €. TOYKe YeTHOe YUCIIO0 Pa3.
CrenoBaTenbHO, KaXK/Iblli HOMep JinOO BOBCE HE MOMAIaeT HA KOHI[bI
(HyJIb — ¥MCIIO YeTHOE), INbO TonaJaeT cpasy Ha 00a KOHIA.

12. Ilycrs obiree 4uciio Joaeil, Koraa-audo »KUBIIUX HA 3eMJie,
ectb N, a YUCIO CAeJaHHBIX UM pykomoxkatuit m. [lepenymepyem
BCEX JIFOJIeH 1 0003HAYUM Yepe3 Ny YUCI0 PYKOMOXKATUH, ClIeJIAHHBIX
k-m gestoBekom. FEciin k-it yesioBek 2kaJj pyKy [-My, TO 3TO PyKOIOXKa-
THe COCIUTAETCS KAK B YUCTIE N, TAK U B YUCTE N ], TOITOMY B CyMMe

S:p1+n2+n3+...+n1\i

N cnaraembix
KaxK/10€ PYKOIIO?KaTHhe COCHUTAETCA OBa pa3a U

S =2m.

Ho ecau CyMMa HECKOJIbBKUX YHCEeJI Y€THa, TO HEeYEeTHbIE C/laraeMble
BXOOAT Y€THOE 9IHCJI0 Pa3.
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13. Ecyin 661 Bce ydacTHUKY COOpaHUs TIOXKAJIU PYKY HEYETHOMY
YHCJTY 3HAKOMBIX, TO BBIIIIO Obl, 4TO KaXK/blil n3 225 yesnosek (225 —
HEYETHOE YKCII0) ClIeJIa]l HeYeTHOE YKCIIO0 PYKOMOXKATHIA. DTO MPOTH-
BOpEYNT npebiayieil 3aaa4e (ecin nonoxkurs N = 225).

14. Ecnu 661 5T0 6BLTI0 BO3MOXKHO, TO M3 KaXK [0 TOUKH UCXOIVIN
Obl TpU KPUBbIE. Y MHOXKUB YUCIO TOYEK D HA 3, MbI cocuuTaju Obl
KaXK/Iyl0 KPUBYIO BaXKbl (MO0 OHA MMeeT JBa KOHIA) W TIOJIYYUIN
Obl yBOEHHOE 4nCi0 KpuBbix. Ho

5-3=15
YUCI0 HEYEeTHOE.

15. O/1HO U3 BO3MOXKHBIX PeleHnit [Jist ) MPUBEIeHo Ha puc. 93,
nuist 6) — Ha puc. 94.

Puc. 93 Puc. 94

16. B cymme k1 + ko + . . . + k,, KaxK1as1 TpaHNIA 3aCUUTHIBAETCS
JIBa pa3a, TaK KaK Y4YUTbIBAETCS B KPATHOCTU KarKJ0I'0 U3 CBOUX KOH-
OB (€c/M ee KOHIbI COBMAJAIOT, TO TPAHNIA YIUTHIBAETCS IBAYK/IbI
TIPU TOJICYeTe KPATHOCTH COOTBETCTBYIOIIEHi BEPIIUHBDI).

17. YTBepxkaenne cieayer u3 3agadu 16. B camom pene, ecaun
CyMMa, HECKOJIbKUX YMCEeJI YeTHA, TO HEUETHBIE CJIaraeMble BCTpeYa-
FOTCSI Y€THOE YKCJIO Pa3.

OB

Puc. 95 Puc. 96 Puc. 97

18. Bo3moxkuble pemmenusi aisi a), 6), B) NpPUBEAEHBI COOTBET-
CTBEHHO Ha puc. 95, 96, 97.
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19. B cymme ny +ng+. . . + N KaXkaasi FpaHUIA 3aCIUTHIBAETCSI
JIBa pa3a, TakK KaK MPUHA/JIEXKUT JBYM COCEJHUM CTPAHAM.
20. Cnenyer u3 3ajaum 19 coBeplilieHHO Tak e, Kak 3ajga4da 17 —

u3 3aga49u 16.
21. Cwm. puc. 98 u 99.

Puc. 98 Puc. 99

22. Packpacum Hamry KapTy NOpPaBUJIBHO JABYyMsi KpacKamu
(puc. 100). Eciun mbr Gysem HymMepoBaTh CTPaHbl B MOPSAIKE UX
00x0/1a, TO, TAK KAK JIaJbsl KAXK/bIM XOJOM MEPEXOJUT U3 CTPAHbI
OJIHOTO I[BETA B CTPAHy JAPYroro IBETa, BCE CTPAHbI C YETHBIMU

HOMepamMu Oy/lyT OJHOrO, a HEYeTHbBIMH — JPyroro usera (cm.
pemenne 3aga4u 6). Beero crpan 21, u3 HUX ¢ HEYETHBIMU HOMEPAMU
n0kHO Obith 11 (1-51, 3-s1, ..., 21-51), a ¢ yernbimu — 10. B 10 xe

BpeMsi Ye€pPHBIX CTpaH 12, a 6esbix TobKO 9.

=D ¢ Z}%\*
< X[

\?‘g‘?/

Puc. 100 Puc. 101

23. Ecau 6b1 Kakas-HUOYJb BepIIVHA HMMeJia HEYETHYI KpaT-
HOCTbh, TO YK€ CTPaHbl, K Hell TIPUJIEralolie, Hefb3si ObLI0 ObI Tpa-
BUJIBHO PACKPACUTh AByMsl Kpackamu (puc. 101).

24. PaccmoTpum nmyTh Hameil iaapy (OH JaH NPEPLIBUCTOM JIMHY-
eii Ha puc. 102). YHMUYTOKUM TEnepb BCIO Ty YACTh KAPThI, KOTOPAsi
HAXOJUTCSI BHE HAIIErO MYTH, CAM K€ MYTb MPUCOCJAMHUM K KapTe.
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Y Hac noJsiyuuTcsi HOBasi kKapra, m3obpakenHasi Ha puc. 103. Bce
BHYTPEHHUE BEPIIUHBI 3TOM KAPTHI UMEIOT IO YCJIOBUIO Y€THYIO KPaT-
HOCTh, HApYy>KHbIE YK€ BEpPIIUHBI,
obpa3oBaHHbIE TlepecedeHrneM rpa-
HUII CTAPOii KAPThI C TIyTEM JIAJIbH,
UMEIOT KpPaTHOCTH 3. BepiuH,

Puc. 102 Puc. 103

MMEIOLIUX HEYEeTHYI0 KPATHOCTh, OyjeT deTHoe uucio (3azada 17),
M09TOMY JIa/Ibsl TIEPECEKJIa MPAHULIBI YETHOE YUCIO Pa3, Wid, YTO TO
JKe caMoe, ¢esalia 4eTHOE YUCI0 XOI0B.

25. Curyuait, korja J1a/ibsi, Bblleaimas u3 Sq, 1o0bIBaja B KaxK 10i
cTpaHe He OoJiee OIHOTO pasa, y»ke pa3obpan B 3agaqe 24. [lycrs Te-
nepb OHa MobbIBaJIA JABAXK /bl B HEKOTOPOIi cTpaHe S1, T. €. IEPeceKIa
B 9TOii cTpane cBoil myTh (puc. 104).

[lycrs umMcao XogoB Ha ydacTKe

b

SopaS1 pasuo p, Ha S1bS1 pasHo q, b
Ha S1c¢Sp pasuo r. Hajgo nokasarn,
aro p + q + r verno. Ho q gerno
B cuay 3agaun 24, nyth SgaS1cSy
TOXKeE YJ/IOBJIETBOPAET yCIOBUSAM 3a-
a4 24, Mo3TOMYy p + r TaK>Ke 4YeT-
Ho. Otciona p + g + r 4derno. Ecnn a
JIaJbs JIeJIAET HE OJHY, a JBE MeT-

S S

mu (puc. 105), To, oTGpoCUB OmHY

u3 HuUX, Hanpumep S1bS1, Mbl npu-

JeM K TOJIbKO YTO PaCCMOTPEHHOMY Puc. 104 Puc. 105

cJIydaro; Ha IPOXO0XKIeHUe YKe TeTIN

S16S51 cuoBa B cuity 3agaun 24 noTpebyeTcss 4eTHOE YUCI0 XOJOB,

[I0TOMY U BO BCEM IIyTH Oy I€T COIEPXKATHLCS YeTHOE YUCIO X040B. Tak

MBI MOYKEM JIOKa3aTh Hallle yTBEPXKIEHUE JIJIs1 JIIOOOrO YUCIIa TIeTeb.
26. Fcau npoiiTu BTOPOi myTh B 00PaTHOM HAINPABJIEHUU, TO MbI

npujem u3 So B S Ha g-M xomy. [losromy, ecyiu, Bbiiijst uz S1, noiiru
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nepBbIM myTeMm B So U 3aTem u3 Sa noiiTu B S, NPOXO/si BTOPOIi 1y Th
B 00paTHOM HAIIPABJIEHUH, TO MbI BepHEMCsI B S, CZIEJIaB P +  XOI0B.
B cuny 3amaun 25 p + ¢ yeTHo, oTKyAa p U ¢ aub0 06a YeTHbBI, IUOO
06a HEeYEeTHBDI.

27. IlepBoiii cnoco®6. Breiitgem naaneit 3 HEKOTOPOI cTpa-
Hbl So 1 OyzemM 06XOAUTH OJHY 3a JAPYroil CTpaHbl HAIEH KApPThI,
HyMepysl UX B TOpsijike 00xoga. MoxkeT ObITh, HAM CAYYUTCS TO-
ObIBAThH JBAXKABI WU Aayke OOJbIllee YKMCJIO pa3 B OJHONW U TOM >Ke
crpane. Torjga sTa cTpana MoJIyduT He OAWH HOMED, a /IBA WUJIU Hec-
KOJIbKO HOMepoB. OnHako B cuiy 3aja4dn 26 Bce 9T HOMepa OyayT
UMeThb OIMHAKOBYIO 4eTHOCTh. Hamporus, coceinue cTpaHbl mojiyyar
HOMepa paznuvHoil YerHocTu. JleiicTBuTeNbHO, eciu B cTpaHy Si
MOYKHO TIPUIATH U3 Sg 3a P XOHOB U ecju S rpaHuduT ¢ So, To B S
MOXKHO TpuidiT u3 Sg 3a p + 1 xo1. 3HAYUT, BCAKUI MyTh, BeIyIINH
u3 Sy B S, COCTOUT U3 YUCJIA XOJOB TOW K€ YeTHOCTH, 9TOo U p + 1,
U, CJIeIOBATEJIbHO, TPOTUBOIOJIOXKHON YeTHOCTH P. Takum oOpazom,
ecnu 0GOUTH JaJbeil BCe CTpPaHbI KAPThI M OKPACUTH 3aTeM OIHOM
KPaCKOI CTpaHbl C YeTHBIMU U IPYTOil KPACKOI CTPaHbI C HEYETHBIMU
HOMEPAMH, TO MbI TIOJIy9UM MPABUJIbHYIO PACKPACKY.

Bropoii cnoco6. Bygem xoauTh 1o rpaHuiiaM u BEpIITHHAM
Hamell kaptel. [Ipu 3TOM, mpoiigst rpaHully U OKA3aBIIUCH B HEKO-
TOPOIl BepIIuHe, MbI MOHJeM Jajblle Mo J000H Apyroi I'paHHIle
(He Mo TOi, Mo KOTOPOii npnm,}m!), UCXOSIIEN U3 3TON BEPIIMHBI.
Bepuina kparnoctu 1 B kapre HeT, W, BOIs B JIIOOYIO BEPIIUHY,
MBI BCErJa CMOXKEM M3 Hee BbIiiTH. Bygaem wartu mo Tex mop, moka
MEPBBIM pa3 HE MOMaJeM B BEPIIUHY, B KOTOPOH Mbl yXKe ObLIu,
HAMIPUMeD B BepIMHY A. YYacTOK HAINETO MyTH MEXKY BBIXOJOM U3
BepINUHBI A 1 BO3BpAILEHUEM B Hee MPEe0CTaBIIsIeT COOO0 3aMKHY ThHI
CaMOHeIepeceKaIuiicss KOHTYP; CHUMeM ero ¢ kaptbl. [Ipu sTom
KPATHOCTb KaXK[0ii BEPIIMHBI JUOO He U3MEHUTCs (eCid KOHTYD He
NPOXOAUT 4epe3 Hee), JubO yMEHbIIUTC Ha 2 (ecam KOHTYpP 4depes
Hee MPOXOJUT), T. €. MO-MPEXKHEMY OCTAHETCsI YETHON (HEeKOTOpbIe
BEPHINHBI KPATHOCTH 2 MOIYT TIPU 9TOM HCYe3HyTh). [losromy BoO
BHOBb [OJIyYUBIIENCS KAPTE€ Mbl CHOBA MOXKEM BBIJI€JIUTH HEKOTO-
pblil 3aMKHYTBII caMOHeNepeceKalomuicss KOHTY P, COCTABIEHHbIN 13
rPaHUI], KOTOPBI MBI OnisiTh CHUMEM. [Ipogo/ikum 3TOT mporecc A0
TexX Mop, MOKa He ucuepriaem Bcio Kapty. MTak, kapTa, BCe BepIIMHbI
KOTOPOil MMEIOT YEeTHYI0 KPATHOCTH, MOYKET OBITh MMOJIyYeHa HAJIO-
JKEHUEM JIPYT HA JPyra KOHTYPOB, Pa30UBAIOIINX MJIOCKOCTh HA JIBE
YacTH, MOAOOHO TOMY KaK KapTa PHUC. D MOJydYaeTcsl HaJOXKeHUeM
okpy>kHocTeli. COBEPIIIEHHO TaK YK€, KaK U B 3aJ1a4e 2, J0Ka3bIBAeTCsl,
9TO TAKYIO KAPTY MOXKHO MPABUJILHO PACKPACUTDH JIBYMsI KPACKAMMU.
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SaMeuaHue. AHAJIOTUYHBIMU PACCYXKJIEHUSIMU HETPY/IHO MTOKA-
3aTh, YTO KapTy, Yy KOTOPO#i BCe BEPIIUHBI UMEIOT YETHYIO KPATHOCT,
MOXKHO HAYEPTUTh OJJHUM POCUYEPKOM IIEPA, T. €. HE OTPBIBAs IepPa OT
Oymaru u He MPOBO/st HUKAKYIO MPAHUILY JBAaXKAbI. Boob1ie ceTh Kpu-
BBIX MOXKET ObITb BbIY€PUYEHA OJJHUM POCUYEPKOM I1€Pa JIUIIb B OJHOM
U3 JIBYX CJIy4aeB: €CJIM BCE BEPIIUHBI UMEIOT YEeTHYIO KPATHOCTh WU
€CJIM HEYETHYIO KPATHOCTh UMEIOT POBHO JIBE BEPIUHBI (B MOCJIEIHEM
cJlydae HaJl0 HAaYWHATh POCYEPK B OJTHOI M3 3TUX BEPIIVH U KOHYATH
B APYTOii).

28. Ilpwu perrennn 310 331241 MOYKHO BOCTIOJIB30BATHCS JTUOO Me-
TOAOM MHAYKUMHU (CM. 33134y 1), 1u60 METOI0M, KOTOPBIM PEIaeTCst
3aja4da 2. MbI magum cxeMy perieHusi BTOPbIM MeTo/ioM. Bo3bmem
KaKyI0-T0 3 Hammx ¢uryp (okpyKHOCTb ¢ x0paoii). Ona pazbusaer
MJIOCKOCTh Ha Tpu YacTu. Bo Bcex cTpaHax KapThl, J€XKaIlUX BHYTPU
onHOU uM3 TMX 4Yacreil, nmocraBum nudpy 0, B crpanax, Jexxaiimx
BHYTpHU BTOpOil dactu, — 1udpy 1 u B cTpaHax, pacroIOXKEHHBIX
B Tperbeil wactu, — uudpy 2. [Ipogensaem Takyio omnepaunuio [is
Bcex (puryp. Kaxkoit crpane npu 3ToMm OyAeT COmocTaBIeHo 1 mudp.
C0o>KUM UX 1 BO3bMEM OCTATOK OT JieJIeHrst uX cyMMbl Ha 3. CTpaHbl,
y KOTOPBIX 3TOT OCTATOK paieH (), BRIKpacuM 6eJ10ii KpacKoil, CTPaHbI,
JIJIsI KOTOPBIX OH paBeH 1 1 2, — COOTBETCTBEHHO KPACHOU U YEPHOIA.
Tak »ke Kak 1 B 3aj1a4e 2, JIETKO MOKA3aTh, YTO MOJyYeHHAas] PACKPACKa
OyieT npaBUJILHOMN.

29. Ilycts cTopoHa IOCKM OOpa3oBaHa 1M MIECTUYTOJLHUKAMHU.
Otrkunem 6(m — 1) noseil, sexkammx Ha BCEX €€ MIECTH CTOPOHAX.
Y Hac ocTaHeTCs JOCKA TOTO YKe BU/a, HO co cTopoHoit m—1. [ToaTomy;,
€ecJii Mbl 0003HAYUM Yepe3 Sy, YUCJIO NOJIell JI0CKK CO CTOPOHOI M, TO

Sm=6(m—1)+ Spm_1.
Touno Tak ke
Sm_1 :6(m - 2) + Sm_2,

Sm_2 :6(m — 3) + Sm_3,

Orcrona
Sm=6(m—-1)+6(m—-2)+...46-1+1=

! =146[1+2+...4(m—=2)+(m—1)].

m—1)m )

1424 ...+ (m=-2)+(m—1) =" .

*) Kucenes A.I1. Anrebpa. Y. 2. Uay. 23-e. M.: Yunearusz, 1946. C. 70.
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[TosTomy
(m—1)m

; =3m?—3m+ 1.

Sm=1+6

30. Cwm. puc. 106.
31. MbI nostyuniv IPaBUJIBHYIO TPEXIIBETHYIO PACKPACKY JTOCKHU
co cropouoit 3 (puc. 106 u 107) *). To e camoe Mbl HOLy4YUM HA

Puc. 106 Puc. 107

JI060# apyroit mocke. B camom gesie, mycTh OCKa yrKe MPaBUIbHO
packpaiieHa TpeMsi Kpackamu. B takom ciiydae BepOJIIO epexoauT
€ KpacHOTo 1oJist Ha 6eJ10e, ¢ 6eJI0T0 HA YEPHOE U C YEPHOTO HA KPACHOE
(cpaBuuTe puc. 19 u 20). Ecau Bep61ioa BBIXOANUT € LEHTPAJILHOTO,
KPACHOTO, TIOJIs ¥ MbI BBIMUIIIEM TTOCTIEI0BATETBHO I[BETA MOJIE, KOTO-
pBbI€ OH MPOXOJIUT, TO MOJIyYUTCsI TIOCIIEJOBATELHOCTD (K — KPACHBII,
6 — Genblii, % — YepHbIN):

K64 KOY KOY KOY KO . . .

[Tosromy, kak Obl BepOJIIOA HU OOXOOUI JOCKY (NP YCJOBUM, YTO
BBIIIEJI C KPACHOIO MOJIsl), TOJIsl, HOMEpPa KOTOPBIX JeJATCs Ha 3,
OylyT OKPAIIIEHbI B YEPHBI LIBET, & I10Jis1, HOMEPa KOTOPBIX JAI0T [pU
neneHnn Ha 3 B octaTke 1 u 2, OyIyT BBIKpAIEHbI COOTBETCTBEHHO
B KPaCHBII 1 OeJIblii 1[BETA.

Takum obpazom, packpacka, onrcaHHasi B (hopMyIupoBKe 3a/1a-
qn 31, coBmalaeT ¢ MCXOIHOM MPABUIBHON PACKPACKOI 1MeCTUYTOTh-
HO# socku (cpaBHuTe 3aja4y 6).

32. Ecnu, Hanpumep, BepOJIIO/T BBIIIET ¢ YEPHOTO MOJIsI, TO TO-
CJIE[JOBATEIHHOCTh [IBETOB MPOXOAUMBIX MM MoJsieli numeer Buj (CM.
NpPeAbIIYILY IO 38124y )

yKkb uKb YKOY . . .

*) Ha puc. 107 KpacHbIi [[BET I0KA3AH TOPUIOHTAJIBHOI IITPUXOBKOIL.
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[Tepuon 310l nocaeA0BATEIHLHOCTH COCTOUT U3 TPEX YJIEHOB, IIOITOMY
BepOJIIOT MOYKET OKa3aThCsl Ha IOJIe TOTO Ke IBEeTa, YTO M MCXOJHOEe
(B 4ACTHOCTH, HA CAMOM WCXO/HOM TI0JIE) TOJBKO B TOM CJIy4ae, €C/Iu
OH CJIeJ1aJl YUCI0 XOJ0B, KPATHOE TPEM.

33. Urobwl oboiiTi mocKy, cocrosiutyio u3 19 noseit (puc. 107),
BepOJIIO] JOJDKEH caesarh 18 XO0I0B, T. €. YHCIO XOJ0B, KpaTHOE
TPeM, U 0Ka3aThCs MOTOMY Ha, 0JIe TOrO YKe IBETA, YTO M UCXOHOE.
CeoBaTeIbHO, TOJIE 9TOTO [[BETA OH MPOXOJUT OOJIbIIE, YeM MoJIei
KaXK/IOTO M3 OCTAJLHBIX [BeTOB. HO moseit miBeta yrjioBoro moJisi He
Gosiblile, YeM TI0J1€ii KaXK0r0 U3 OCTaJIbHBIX 1BeTOB (cM. puc. 107).

34. Yrtobb1 oboittu 1ocky uz 3m? —3m + 1 moneit (cM. 3agauay 29),
Bepbo.1 o/ken caenars 3m?2 — 3m = 3(m? — m) xomoB u, Tak Kax
9TO YUCJI0 KPATHO TPEM, OH MONAAET MOCJEJIHUM XOJA0M Ha I10JI€ TOI'0
»Ke IBeTa, 4To u ucxogHoe. Ho mose, cocemtee ¢ MCXOAHBIM, Beeraga
npyroro sera. CiegoBarebHO, TIONACTh HA COCEIHEE TT0JIe BEPOJTIO
HE MOYKET.

35. [Tocaegunm xomoM BepOJTIO MOTIAJAET Ha, TOJIE TOTO YKe I[BETa,
yro U ucxognoe. Iloseii aToro usera, cjiegoBaTebHO, JOJIXKHO ObIThH
OoJIbIIIe, YeM MoJeil KaXKA0ro U3 OCTaJbHBIX IIBETOB. B TO »ke BpeMsi
Ha Hameit gocke (cm. puc. 20) 21 gepnoe mone, 21 Gesmoe mosne u
19 kpacHbIX T10J1€14.

36. Cm. puc. 108 u 109 *). Mbl nosyumin NpaBUIbHYIO PAac-
KPAaCKY.

2 0 2 0
1 1 1
2 0
0 2
1 1 1
2 0
0 2
1 1 1
0 2 0 2
Puc. 108 Puc. 109

37. Ha namreit nocke 25 mosieit. UTobbl 060iiTH ee ykazaHHBIM 006-
pasom, Hago caenath 24 xoga. KakabiM TpeTbuUM XOI0M BEPOJIIOI
MONAaJAeT Ha ToJie TOTO Ke L[BeTa, YTo U ucxopnoe (cMm. puc. 109).
Takum o6pazoM, TocIeJHUM X0I0M BepOJIIo MoMaJaeT Ha MoJie [IBeTa

*) Ha puc. 109 KpacHbIH [[BET I0KAZAH TOPUIOHTAJIBHOI IITPUXOBKOIL.
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HCXO[IHOTO TIOJIs M MOJIEfl 9TOro 1BeTa JOJIXKHO ObITh OOJIbIIE, YeM
moJieil KaXKJ0ro U3 OCTAJbHBIX 1BeTOB. Ho BOChbMUyTroJIbHBIE MOJIS
KpacsITCsl B YepPHbIl U OeJiblil 11BeTa, MpuieM nMeeTcss 9 KpacHbIX U
BCEro JIUIIb 8 YePHBIX U 8 GEJIbIX MOJIEIA.

38. U3 n1060it BepiinHbl B JIOOYIO0 Mbl MOXKEM MPOUTH IO CTO-

pOHAM TPEYTrOJBLHUKOB, €CJIM HEe OOpPaIlaTh BHUMAHUsS HA CTPEJIKU.

WcnpaBum Tenepb 3TOT MyTh TaK, 9TOObBI

HAIlle JBUXKEHUE BCE BPEMsi MPOUCXOIU-

B JIO TI0 HampaBJjeHuio cTpesok. Mcmpas-

JIEHWE TYTHU TMPOTEKAET CJIEAYIOMNUM 00-

pasom. Tam, T1e MbI IPOXOAUIN CTOPOHY

110 HAITPABJIEHUIO CTPEJIKH, MBI OCTABJISIEM

nyTh 0e3 M3MeHeHusi. 1am e, e Mbl

Puc. 110 LIJIM TI0 CTOPOHAM MNPOTHUB CTPEJIKH, MbI

JlesiaeM 00X0/1 TI0 IBYM JIDYTUM CTOPOHAM

OJIHOTO U3 [IBYX COCEIHUX TpeyroibHukoB (puc. 110; myts ot A k B
nporus crpesiku Mbl 3amensieM nyrem AC' B win nyrem AD B).

39. IIpexxze Bcero sicHO, YTO JIOCTATOYHO JIOKA3aTh 3Ty TEOPEMY

JUIsl TOTO CJIyd4ast, Korjga BepOJiio[l HUT/E He TepeceKkaeT CBOW IMyTh,
[IOTOMY YTO C [ETJISIMU MOXKHO CIIPABUTHCSI TOYHO TAK 2Ke, KaK [IPU Pe-
meHnu 3aga4u 25. tak, myctb BepOJ110/] 100bIBaJI B KAXK/I0¥ BEPIIINHE
TOJTBKO OIWH Pa3 W BepHYJI-
cd B HUCXOTHYIO. YHHUYTOXKUM
BCE TO, YTO HAXOAUTCS BHE
006J1aCcTH, OrPAHUYEHHON TTyTeM
Bepbuoga (puc. 111). Ocra-
HETCsSI KapTa, KOTOPYIO MOXKHO
MPABUJILHO PACKPACUTh JIBY-
M¢ Kpackamu. B camom gerne,
TPEYTrOJIbHUKH, TPUMBIKAIOIIHE
K MyTH BepOJIIOIa CIIpaBa, BbI-
KpallleHbl B YEpHBIN I[BET, a Puc. 111
MPUMBIKAIOI[UE CjieBa — B Oe-
Jsibtii. [loaTomy Bce TpeyrosibHUKM, NMPUMBIKAOIINE K BHEIIHEH 00-
JIACTU, UMEIT OJWH W TOT YK€ IBET, U Mbl MOJYy4YUM IMPABUIb-
HYI0 PACKpPAacKy, OKPACUB BHEIIHIOK 00JIACTh B MPOTUBOMOIOXKHBII
I[BET.

Tak kak Ha MOJy4YeHHOI KapTe BCe CTPaHbI, KPOME OJHOA,
TPEYTrOJIbHUKH, TO B CUJIY 33/1a4u 4 4UCJI0 TPAHULL BHEIIHEH 06/1acTu,
T. €. 9UCJIO CTOPOH, JIEXKAIIMX HA IIyTHU BEpOJIIOJA, TAKIXKE [1eJIUTCS
Ha 3, 94TO U TPeOOBAJIOCH JOKA3ATh.

C




40-42] 3adanwu o mHozousemmoti packpacke 161

40. Tlposegem BcnomorarenbHblil myTh U3 B B A (310 MOXK-
HO caenarh B cuiy 3azaqdu 38). [lycrs Ha ero npoxoxkaeHue Bep-
6o 3arpatua r xomoB (puc. 112). Torma B cuny 3agaum 39
p—+7r nenutcs Ha 3 U ¢+ AETUTCA
wa 3, otkyna (p + 1) — (q + 1) = ’ 5
= p — q TOXKe JeJIUTCA Ha 3.

41. OTMeTrM HEKOTOPYIO BEpP-
mny A. [lycrs B — srobasi Bep-
muHa. BepOutog Moxker mpoiitum 4
u3 A B B, BooOIle roBopsi, MHO-
UMW PA3JNIHBIMA Ty TIMU, U Ka-
JKIOMY U3 TUX TMyTell OTBevYaeT
cBoe uncyo xog08. Oanako B cu- Puc. 112
gy 3aga4un 40 ocTaToK OT JesIeHust
Ha 3 JJIs BCEX 9TUX YUCe] OAMH U TOT »ke. OTHecCeM 3TOT OCTaTOK
Bepiminae B B kadectBe ee HOmepa. llpomenmaem To ke camoe st
Bcex BepmnH. OHM OKaKyTcsl 3aHyMepoBaHHbIME Hudpamu 0, 1, 2.
Hokarkem, 9TO COCeHUE BEPIIUHBI MOJYYNUJIA PA3JIUIHBIE HOMEPA.
[Iycte By u By — nBe Takue BepiuHbl. VX coequHsieT cTpenka,
KoTopasi ujer, Hanpumep, or By k Bo. [lpoiias Bepbsogom uz A
B B1 32 p XO[OB U CIeJIaB eIlle OWH XOJ 10 HAIPABJIEHUIO CTPEJIKN
B1 B2, mbl nonagem B By. Takum obpazom, uz A B By MOXKHO IPOATH
3a p+ 1 xoa. Ho uncna p u p+ 1 gatot npu gejieHnu Ha 3 pa3jandHbie
OCTATKH.

42. Tlocrpoum kapry K*, 1BOHCTBEHHYIO HOPMaJIbHOU KapTe K.
B cuny cootHomenust 4) Mexky ABOWCTBEHHBIMY KapTaMu KapTa K *
cocroutr u3 TpeyroabHukoB. [lo Teopeme, npusegennoit na c. 30,
kapTy K MOXXHO MPaBUJIBHO PACKPACUTH TPEMs KPACKaMW TOra U
TOJBKO TOI/A, €cJii BepinuHbl K * MOXKHO INPaBUIbHO 3aHYMEPOBATH
Tpems mudpamu. Ho Bepmmnabl kKapThl K*, COCTOsIIIENH U3 TPEYTO/Ih-
HUKOB, MOXKHO MPaBUJIbLHO 3aHYMEPOBAThH TpeMs udpaMu B TOM U
TOJILKO B TOM CJIy4ae, KOT[Ia CAMHU TPEYTOJIbHUKNA MOYKHO MPABUJIHHO
PaCKpacuTh JAByMsi Kpackamu, (cM. ¢. 26—27), uiiu, 9ro TO 3Ke camoe,
Korga Bce BepiminHbl K* nmeror deTHyio kparHocTb. [locieanee ke
yCJIOBUE PABHOCUJILHO TOMY, UTO KaKJasi CTpaHa KapThl K umeer
4eTHOE Ync/I0 rpanul (COOTHOMmEHne 4 Mex/1y ABOWCTBEHHBIMY Kap-
TaMM).

Haimte yTBep:kaenne, Takum obpa3om, J0Ka3aHo.

Cob6CTBEHHO TOBOPSI, JOKA3ATE]bCTBO TPUBEIEHO HAMMY JIUIIIE JIJIs]
CBSI3HBIX KapT: TOJBKO B 9TOM CJIydae Mbl MOXKEM 0e3 KaKUX-J100 He-
NPUATHOCTEN NEePEXOAUTD K JABOMCTBeHHbIM KapTaM. O HaKo Teopema,
BEpHA U [IJIsT HECBA3HBIX KapT. Jlokarkem ee /151 ciydasi, KOra KapTa
pacnagaeTcst TOJIbKO Ha JIBe HECOODIIAIINECS MeXKIy CODOM 4acTu.

6 E. qeinkun, B. Ycneuncknit
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[Tycrs S — pazzesnsitoliasi CTpaHa HECBSI3HOM HOPMAaJIbHOM KapThl K,
BCE CTpaHbI KOTOPOii ueTHOyroabankn (puc. 113). Paccmorpum or-

&7

Puc. 113

nensno nse kaptel K' u K
(puc. 114, a u 6), Ha Ko-
TOphie pacnajaercss kKapta K.
Kakmast u3 3Tux KapT CBsI3-
na. Bce croponn kapt K' mn
K", xpome, 6biTh Mmoxker, S’
u S”, — Y9eTHOYroNBLHUKHU TI0
ycsioBuio. Ho Tak kak Ha KapTe
K' (kax n na xkapre K") me
MOYKET CyLIeCTBOBAThH TOJBKO
o0Ha CTpaHa C HEYETHHIM YU-
ciom rpannn (3agada 20), To
nu S" u 8" — Toxke wyernoy-
robHuKH. [To ToabKO 4TO J10-
KazaHHO# Teopeme KapThl K’
n K" moxHO npaBHIILHO pac-
KpacuTh TpeMs Kpackamu. [o-

3abotumca npu 3toM, uTobbl S’ u S” 6bLIM BBIKpalIeHBI B OJUH

U TOT e HBer. 'Torga, o4eBUAHO, U

kapty K MOXKHO NpaBUJIBLHO

PacKpacuTh TpeMsi KpackaMu. AHAJIOTUUYHO TeopeMa JOKa3hIBAETCS
U I CJIy4YaeB, KOTIa KapTa Pacrajaercs Ha TP, deTbipe u bosiee

gacTein.

Puc. 114

43. C kaxk/10li rpaHuIIeli COTIOCTABJISIEM B KAY€CTBE HOMEPA CyMMY

HOMEPOB /BYyX NPWJIETalOIINX K Heit

crpan. [Ipu 3rom monydaercs
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oaun u3 tpex Homepos (0, 1), (1, 0) wm (1, 1), ubo cymma aByx
HomepoB zgaet (0, 0) TOABKO B TOM CjIyvae, eCii 3T HOMEPA PABHBbI.
Hywmepanusi npaBusibHasi, ubo eciu a, b, ¢ — HOMepa cTpaH, CXO-
JOSAIIAXCA B HEKOTOPOI BEpINNHE, TO TPAHWIBI, NCXOAALINE U3 ITOI
BEPIIUHBI, MOJIy4aroT Homepa a + b, a +cu b+ c¢. Hoa+ b # a + ¢,
Tak Kak b # c. TouHo Tak e a+b # b+cua+c # b+c. (BykBamu a,
b, ¢ MbI cokpaierHo oboznadaem napei (0, 0), (0, 1), (1, 0) u (1, 1).)

44. JIoCTaTOYHO PACCMOTPETh CJIy4Yaii, KOrjaa JaJabsd B KaXKIOMH
crpaHe nobbiBajia He Gojiee ogHOro pasza. Ob0wwmit ciaydail cBoauTCst
K 9TOMY TaK ke, Kak B 3a7a4e 25 (ecsin 1a1bst JeJaeT neTan u CyMma,
HOMEPOB No Kaxk10i netie pasua (0, 0), To cyMMa HOMEDOB 10 BCeMy
myTn Takxke pastaa (0, 0)).

Puc. 115

[lycrs BHYTpH 00J1aCTH, OTPAHUYEHHOI TyTeM Jaabn (Ha puc. 115
MyTh JIaJbU MOKA3aH MYHKTUPHON JIMHWE), JexxaT BepmmHbl Aj,
Ag, ..., Ay. Eciiu c1oxKuTh HOMEpa TPaHUI], CXOASAIINXCA B KayXKJIOM
u3 3rux BepmuH, o nogydnm (0, 0). Bemumem stu paBencrsa s
Kaxkaoi us Bepumud Ay, Ao, ..., Ay, 1 cioxuMm ux. Mbpl noay4um
B mpasoii wactu (0, 0), a B JIEBOIl YacTM — CyMMy HOMEPOB BCEX
rpaHull, y KOTOPBIX OJUH WM 006a KOHIA JexkaT BHYTPHU 00JacTH,
oboitaennoii magneit. [lpu 9ToM rpanupl, y KOTOPhIX 002 KOHIIA BHY-
TpeHHue, OyAyT COCYUTAHBI JIBAXK/IbI, & TPAHULII, Y KOTOPBIX TOJHKO
OJIMH KOHEIL JIEXKNUT BHYTPU HaIeil 06actu, GyyT COCUNTAHbI OJUH
paz. Eciu cymma HOMEPOB NEPBBIX IPAHUILL €CTh T, & BTOPBIX — ¥/, TO

6*
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2z +y = (0, 0). Ho 2z = (0, 0) mis1 BCAKOro HOMEpA T, MOITOMY
y = (0, 0), uTo u TPeGOBAIOCH JOKA3ATH.

45. [lepeoiit cnoco6. PukcupyeM HEKOTOpPYH cTpaHy S u
oruecewm eit Homep (0, 0). Boiiigem naabeit u3 3Toit crpanst u 060iiem
€10 BCE CTPaAHbI KAPThI TaK, YTOObI B KaXK/I0i CTpaHa MbI TIOOBIBAJIN
Xx0Tsi Obl OJIUH pa3. Beluncaum cyMMy HOMEPOB Te€X IPaHUL], KOTOPbIe
nepecekJia Jajibst Ha My TH n3 S B JAHHYIO CTpaHy (; MycTh 3Ta CyMMa
ectb a. [lpunuiem a crpane () B KauecTBe ee HOMEPA.

Yb6eaumcst nipexkae BCEro, 9To HyMepalusi CTPAH HE 3aBUCUT OT
criocoba 0b6xona kKapThl. JleficTBUTEIBHO, MyCcTh MbI TPUILIN U3 S
B HEKOTOpyio crpaHy @ aBymsi mytsimu (puc. 116). Tlycrs cymma

HOMEpOB TpaHuI] Ha nyTu SmQ
ecTb a, a Ha nytu Sn@Q ecrb b.

B cuny 3amaunm 44 cymma HO-
MEPOB I'DaHMIl, B3siTasi MO MyTH
SmQ@nS, ecrs (0,0), caemosa-
tesibHO, a+b = (0, 0). Ho aBa HO-
mepa B cymme gaiot (0, 0) TosbKo

n B TOM CJIy4ae, €c/id 3TH HOMepa
paBHbl, o3TOMy @ = b u Q no-
Puc. 116 JIYYUT BIIOJIHE OTIPEIEJIEHHbBIN HO-

Mep a.

[Tokaxkem Terepb, YTO TOJyUYeHHAs] HYMepalusl — TPaBUJIbHAsI.
[lycth P u () — fABe cocellHUMEe CTpaHbl, pa3jleleHHble TpaHUIei
C HEKOTOPBIM HOMEDPOM ¢, W MYCTh CyMMa HOMEPOB I'DAHUL] Ha MyTH
u3z S B P ectb a, Tak uyro P umeer Homep a. [Ipoiinem uz P B @,
nepeliarnyB Yepes rpaHuily ¢ Homepowm c. Torga @ nojaydur HoMep
a+c Hoa+c#a.

Bropoit cnoco6. 3anymepyem rpanunsl nudpamu 1, 2, 3.
Briiigem u3 HEKOTOPON BepmuHbl A 1o rpanule ¢ HOMepoMm 1 u
OyJeM XOAUTh MO BEPIIMHAM ¥ IPAHUIIAM KAPThI; IPU 3TOM, MPOIs
rpaHully ¢ HOMepoMm 1, Mbl BCsikuii pas N
MoWTeEM JJaJIbIlle TI0 TPAHULIE C HOMEPOM 2, 1-p-2
a mpoiiJisi PAHUILy C HOMEPOM 2, MbI Iie- 2
peiinem Ha rpanuny ¢ Homepom 1. Hacry-

[IUT MOMEHT, KOI'/Ia Mbl [I€PBbIi pa3 npu-
JIeM B BepiiuHy B, B KOTOPOW MbI y¥Ke

m

ObLIH.
['panuiia, Mo KOTOPOW MBI MPUXOIAUM
B B, umeer Homep 1 unu 2. B cuny mpa- Puc. 117

BUJIBHOCTU HyMepaluu Bepuimia B mosk-
Ha cosrniacTh ¢ A (ecsin 6n1 Bepimua B He coBnania ¢ A, To Hymepanust
rpaHui, cxoasumxcss B B, He Obuia Ob1 npaBuiabHOl (puc. 117)).
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Takum 06pa3om, HAIII Ty Th, COCTOSIIIUNA U3 TPAHUL] ¢ HOMepamu 1 u 2,
peICTaBasieT cOOOi 3aMKHYTBIN CaMOHENEPECEKAIOMINICT KOHTYP.
Bosbmem 100y TpaHuIly ¢ HoMepoM 1 Wiu 2, He MOMABIIYIO B 3TOT
KOHTYD, U, HAYMHAsI C HEe, MPOJEIAEM TaKOi »e 00X0[I; Mbl CHOBA
MOJIyYUM HEKOTOPBIi KOHTYP. [IpogoKum 3TOT mporiece 1o Tex mop,
[0Ka He uc4YepriaeM Bcex rpaHuil ¢ Homepamu 1 u 2.

WNrak, rpanutist ¢ HoMepamu 1 1 2 06pa3yroT CUCTEMY 3aMKHYThIX
CAMOHEIePEeCeKAIIUXCsl KOHTYPOB. DTU KOHTYPbI pa3buBaOT Kapry
Ha obnactu My, Mo, ..., M,; kaxxgas 06J1aCTh COAEPYKUT HECKOJIb-
Ko cTpaH. Fcnu creperh Bce rpaHUIIBI ¢ HOMEPOM 3, TO OCTAHETCS
KapTa, FPAHUIAMHU KOTOPOW OyayT HAIU KOHTYPbI, 8 CTPAHAMU —
obnactu My, Ms, ..., Mp. JlocnoBHO Tak »e, Kak U B 3ajade 2,
JokaseiBaercs, uyto My, My, ..., M}, M0>HO NpaBUJILHO PACKPACUTh
IByMsl Kpackamu a u b. PaccMoTpuM aHAJIOrMYHYIO CUCTEMY KOHTY-
poB, cocraBjieHHY0 u3 rpanul ¢ Homepamu 1 u 3. Ona pasbusaer
mI0CKOCTh Ha obsiactu Ni, Na, ..., N,., KOTOpble Mbl TPABUIBHO
packpacuM Kpackamu ¢ u d. Kaxkjgas crpana S mepBoHaYaJbHOI
KapThl COZIEPXKUTCA B 0/1HO# n3 obsacteit My, Mo, ..., M, nmeromeit
1BeT a uin b, u B ogHoI u3 obnacreit Ny, Na, . . ., N, uMeroieii BeT ¢
uin d. COOTBETCTBEHHO 3TOMY OTHECEM CTPAHE OJHY W3 4YeThIPex
nap (a, ¢), (a, d), (b, ¢) win (b, d). Jlerko ybequrhcsi, 4TO Takas
HyMepalus CTPaH MapaMu siBJISIETCs TTPABUJIBHOIA.

46. CornacHo 3ajade 45 [IOCTATOYHO MOKA3ATh, YTO TPAHUIIBI
TAKOW KapTbl MOXKHO MPAaBUJIBHO 3aHYMEpPOBATh TpeMmsl udpamu.
Bygem xomuTh BepOJIIOIOM 10

rpaHUIlaM  KapThl,  Mepexosl ¢
C KaXKJOH rpaHulbl Ha JIIOOYIO
coceqHIo. Bwmlitmem n3 HEKOTO- a-+1

poiil rpanulbl, KOTOPOI IPUCBOUM
HOMEp 1, W Jajbiie HyMepaluio
npouszBoauM tak. [Ipoiigs Kakyro- D
Hubyan  rpanuny AB,  yxke a
nMeroLLyo Homep a (puc. 118), Mbr
nonagaem B Bepiuny B. Jlaabiine
MOXKHO MOl b0 Haseso (1o
BC), nu6o unanpaso (no BD). Puc. 118

Fciu wmbr moiigem HaJieBO, TO

yBeJqUYHUBaeM Haill HoMep Ha 1, T. e. mpunuceiBaem rpanuie BC
Homep a + 1. Ecau ke Mbl ujieM HANpaBo, TO YMEHBIIIAEM HOMEDP
Ha 1, 1. e. npunuceiBaem B D Homep a — 1. [Ipu aToM Kaxkjast rpanuna
NoJTy4aeT, BOOOIIE rOBOPs1, He OJIMH, & HECKOJILKO HOMEPOB (3ameTum,
9TO HOMEPAMU MOTYT CJIy>KUTh ¥ OTpHULIATe IbHbIE uncia). [Tokaxkem,
4TO BCE HOMEpPA, OTBeYalollue OJHOW U TOH »Ke rpaHulle, JAKT MPU
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nesieHnu Ha 3 oauH u TOT ke ocrarok. (Ecam wam ato ynmacres, To,
OTHECS] KAXKJOil TPAHUIE COOTBETCTRBYIOMIWI OCTATOK, Mbl TIOJLyYUM
NPaBUJIbHYIO0 HyMepanuio.) /loka3aTenbeTBO Onupaercs: Ha J1e MM y:

Bepb.aiod eviwen u3 2panuyb. ¢ HOMEPOM a U 8epHYACA 6 Hee. [Ipu
60368PALEHUY, OH HYMepYem dmy 2panuyy Homepom b. Tozda b — a
deaumces ma 3.

[Mycts myTh Bepbiiofa CoAepKUT g’ rpaHull U MyCTh MbI g1 pa3
LM HAJIEBO U g9 pa3 mau Hanpago (g’ = g1 + g2). Ouesnano, b =
= a+ g1 — g2, MTO3TOMY HY>KHO JJOKa3aTh, YTO g1 — g2 JEJIUTCS Ha 3.
Kak 00bIYHO, I0KA3ATEJLCTBO JOCTATOYHO MPOBECTU s CJIydas,
Kor/ia BepOJIio/] HU B KaKoii rpaHulie He ObL1 6oJiee ogHoro pasa. [1yTh
BepbOuosia nokaszan Ha puc. 119 (g’ = 13). Bce rpanuipl, nexonsmme

U3 BEpIIMH, KOTOPbIE JIeXKaT

Ha TyTWu BepOJOga, HO ca-

MU HE TPUHAJJIEXKALIUE ITO-

My TyTH, pacnaJaloTcs Ha,

JIBA TUIA: OCTABIIMECH CIIPa-

Ba OT HANPABJICHUS IBUYKEHWUS

Bepbmona (ux wmcao g *))

U OCTABIIUECS CJI€BA OT ITO-

ro HampasJieHusi (UX YHUCIO

g2 *)). Ecan BepGution obouen

CBOW IIyTh 110 YaCOBOU CTpeJIKe

Puc. 119 (kak Ha puc. 119), To rpanubl

NepBOro THMa JieXKaT BHYTPU

obsiactu (G, OrpaHWYEHHOl myTeM BepbJI0a, a IPaHMIbI BTOPOTO

THMa — BHe 910l obnactu (Ha puc. 119 g1 = 5, g9 = 8). Takum

00pa3om, HAJI0 /10KA3aTh, YTO PA3HOCTh MEXK/Y YMCJIOM T'PAHUIL, OT-

XOAAIIUX OT MyTH BEPOJIIOJa BHYTPb, U YUCJIOM TPAHUL, OTXOIALIMX
OT MyTHU BepOJIIOIa HAPYIKY, JEJTUTCS HA 3.

[Tycrs v — guciio BepiiuH, jexxamux Kak B obnactu G, Tak u Ha
caMoM TTyTH BepOJIIoJia, & — YMCI0 MPAHNII, JIEXKAIINX CTPOTO BHYTPU

obnactu G, uny, ni, ..., Ng — YUCJIa TPAHUL] CTPAH, PACTIOJOYKEHHBIX
B G NmeroT MecTO COOTHOIIEHNA

3v=2(gi+&")+ g2, (1)

ni+ne+...+n,=2g;+g". (2)

Boiunras (2) uz (1), nonyyaem

g +g2=3v—(n1+n2+...+ny).

%) [Tpu sTOM rpaHuna cYnTaAETCST ABAXKAbI, €CJIN 00€ €€ BEPIINHBI JIEXKAT HA MY TH
BepOIIOAa.
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Tak kak kaxkj0e w3 4ucej ni, Ny, ..., Ng MO YCJOBUIO [IEJIUTCSH
Ha 3, To u g’ + go Toxke genurcs Ha 3. Ho g’ = g1 + g2, nostomy u
g1+ 2g9 menuTcs Ha 3, paBHO Kak U g1 + 282 — 382 = g1 — g2, 9TO
1 TpeboBaJIOCh T0KA3aTh.

Mpb1 orpaHu9YuMCcst JOKa3aTEIbCTBOM JTOM JIEMMBbI U [IPEJOCTABUM
YUTATEJIO 3aBEPIINTh PElIeHNe 3a/1a4i CaMOCTOSTENbHO (CXxema J10-
Ka3aTeahCTBA Takasl e, Kak B 3aja4ax 39—41).

47. Ha monyuwuBineiics KapTe KPAaTHOCTh KaKJ0il U3 BEPIIUH
paBHa 4. B cuny 3aga4uu 16

4'6=l{31+l{32—|—...+/€6=2g,

oTkyza g = 12.

Kapra csazuna. Eciu 661 oHa Obuia HecBsi3HA, TO MO KpaitHeit
Mepe B OJHOI M3 YacTeil, Ha KOTOphIe OHa pacraJjiach Obl, OBLIO ObI
MEHBIIIE YeThIPEX BEPIINH, MO0 YUCJIO0 BCEX BEPIIVH paBHO 6. B To ke
BpeMsl, TAK KaK 3Ta 4acTh COBEPIIEHHO M30JIMPOBaHA, KaXK/asi U3 ee
BEPIIUH MOXKET ObITh COEJJUHEHA TOJIBKO C BEPIIMHON TOI 2Ke 4acTu.
DTO MPOTUBOPEUUT TOMY, YTO KaXKJasi BEPIIUHA COEJUHEHA POBHO
C YETHIPbMSI APYTUMHU BEPIIUHAMMU.

Tak kak KapTa CBsI3Ha, TO MbI MOYKEM TIPUMEHHUTH TeopeMy Jiijiepa

s=g+2—v=_8.
B cuny 3amaan 19

ny+ne+...+ng=2g =24

OAHOYTOBHUKOB U [IBYYTOJIbHUKOB Ha KapTe
HeT (HUKaKasl BepIINHA He COeJNHEeHA CaMa € CO-
00if M HMKAKHME JIBE€ BEPIUMHbI HE COEJUHEHbI
JBYMsi pa3indHbiMK rpannnamiu). [Tostomy Bee
qucsia ni, ng, ..., ng He MeHbine 3. Kcan 6w
XOTs1 ObI OJHO W3 HUX OBbLIO Oojblle 3, TO WX Puc. 120
cymma Obuia 661 Gosbie yem 3 - 8 = 24, aro uneepHo. [loaromy
ny = ng = ... = ng = 3 (Tpebyemasi Kaprta nocrpoena ua puc. 120).

48. IlpeamnosokumM MPOTUBHOE W TPOBEJAEM Tpedyemble JINHUM.
MbI moIy9uM KapTy, KpaTHOCTb KayKA0# BEPIIMHBI KOTOPOil paBHA 4.
Ha ocnoBanuu 3ana4umu 16

g = k1+k2—;...+k7 :%:14

[To Teopeme Diinepa s = g+ 2 — v = 9 (CBA3HOCTH YCTAHABIMBAELTCS
COBEPINIEHHO TaK K€, KaK B Mpeblayleit 3aaaqe). B cuny 3agaun 19

ny+ng+ ...+ ng = 28. (1)
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Tak Kak 4uCJI0 IPaHUL, B KayKJOil cTpaHe paBHO caMoOe MeHbllee 3
(cm. pertenue npeablayeii 3agaqn ), To u3 dhopmyasi (1) caexyer, uro
MMEEeTCs BOCEMb TPEYTOIBLHUKOB W OJWH Ye€ThIPeXyroibHuk. [TosTomy
B cuJ1y 3a/la4u 4 Hallly KApTy HeJlb3sl IPABUJIbHO PACKPACUTb JBYMs]
KpackamMu. B To ke BpeMsi KpaTHOCTh KayKJOil BEepIIUHBI paBHa 4,
T. €. YE€THA; IPUXOJUM K MPOTUBOPEYHIO C 3aja4eii 27.

49. TlpeanonoKuM, UTO TaKue JOPOTHM MOXKHO NPOBECTH. Mbl
MOJIy9MM KapTy, BEpPIIMHAMU KOTOPO# OyayT AOMa M KOJOIIBI, a
rpanunamu — goporu. Yucsio Bepmmn — 6, KpaTHOCTh KaXkA0ii Bep-

muHbl — 3. Yucesno rpanun g = % = 9 (3agaua 16), uncsio crpan

s = g+ 2 — v = 5. Tak kKak HUKaKasl Jopora He COeUHSIET JIOM
C JIOMOM WJIM KOJIOJEI] C KOJIOZAIIEM, TO, COTIOCTABUB KAXKJOMY JOMY
uudpy 0, a kaxkgomy Kojoa1y — qudpy 1, MbI I0JIy9UM IPABUIBHY O
HyMepalnuio Hameil kapTbl. OTciofa cleayeT, 9To KakJas CTpaHa
MMeeT YeTHOEe YNCJI0 rpanull (JBoiicTBeHHOe obpaleHue 3a1a4au 23).
ByyroipHUKOB HET, IO9TOMY HAWMEHbIIIEE YHUCJIO T'PAHUIL], KOTOPOEe
MOXKET UMeTh cTpaHa, paBHO 4. B cuny 3agaun 19

18=2g=n1+nys+n3+ng+ns>4-5=20,

U MbI IPUXOJUM K TTPOTUBOPEUHUIO.

50. [Ipennonokum NpoTUBHOE. Y HAC MOJIYUUTCS HEKOTOPast Kap-
Ta, UMEIOIAsl MATH BEPIIUH; MPOBEJEHHbIE JIMHUKA OYAyT CJIy>KUTH
rpanunamMu. KparHocTs Kaxkjoi BepmnHbl paBHa 4. meem g =

= T = 10 (3amaga 16). Orcrioga no Teopeme Diinepa s = g +
+2—v ="7. B cuny 3agauu 19 n; + ne + ... + ny = 2g = 20.
C apyroit cTOpOHBI, TaK KaK BCE N, N3, . . ., N7 HE MEHbIIE 3, TO

ni+no+...+ny>3-7=21.

MbI MPUXOJUM K TIPOTHBOPEYHIO.

Bameuanne. Ecam naTh TOUYEK Ha TJIOCKOCTH HEJIL3s TIOTIAPHO
COEJIMHUTH HE MEePECEeKAIOMIMMUCS JPYT C IPYTOM KPUBBIMH, TO B TIPO-
CTpaHCTBe 3Ta 3ajada Jierko paspemuMa (puc. 121). Ananoruuso
B TIPOCTPAHCTBE MOTYT ObITH TIOCTPOEHBI U KoHdUrypaunu 3agaan 49
(puc. 122) u 3agaqu 48. Boobuie 100y10 cxemy coeiMHenuii n Touex,
HAPUCOBAHHYIO Ha IIJIOCKOCTH C TEPecedeHUsMH, MOYKHO PacroJio-
JKITh B TIPOCTPaHCTBE 6e3 Tepecevennii (B BUIE CETH HeTepeceKao-
IUXCSl HUTEH, COeJUHSAIONMX N TOUYeK — BepiuuH cetw). TpygHocTu
BCTPEYAlOTCAl MM PEIeHuH 3aJadud 0OpaTHOro XapaKTepa: KaKue
NPOCTPAHCTBEHHBbIE CETU KPUBBIX HUTEH MOXKHO 0e3 mnepecedeHuii
pacnonokuTh Ha niockoctu? IIpuMepamu npocTpaHCTBEHHBIX CETEIA,
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JIJIsI KOTOPBIX TAKOE MOMENIEHNE HA MJI0CKOCTh HEBO3MOXKHO, SBJIAIOT-
cst cetu puc. 121 u 122. OueBuHO, YTO €C/IU KaKasi-HUOYIb TIPOCTPAH-
CTBEHHAsI CETb COJEPIKUT YaCTh, YCTPOEHHYIO KaK ceTb puc. 121 uiu
puc. 122 (B TOM CMbIC/I€, YTO, yHUYTOXKUB Psi/l KDUBBIX M BEPIIUH, Mbl

Puc. 121 Puc. 122

MOJIYYUM TSATh TOYEK, COEIMHEHHBIX JIPYT C IPYTOM TaK, KaK YKa3aHO
B 3agade 50, WM MIECTh TOYEK, COEJMHEHHBIX TaK, KAK YKa3aHO
B 3aza4e 49), TO Takyl0 ceTh HeJb3si 0€3 Iepecedenuii moJ0KUTh Ha
IJIOCKOCTh. J0Ka3aHO, YTO 3TUM HCUEPIBIBAIOTCS BCE BOOOIIE CETH,
He moMeramwIecs 6e3 camornepecevyeHnil Ha MIOCKOCTH, T. €. YTO
BCSIKASI TAKasi CeTh O0S3ATENIbHO COAEPXKUT (B yKA3AHHOM CMBICJIE)
6o koudwuryparuio 3aga4un 49, mubo koudurypamuio 3agaqu 50.

51. Ecyiz 661 Takue cTpaHbI CyIIeCTBOBAJIN, TO, BEIOPAB B KAXK/I0i
U3 HUX CTOJIUILY U COEJUHUB CTOJIUIIbI COCEJHUX CTPAH YKEJIE€3HBIMU
JnoporaMu (MHBIMM CJIOBaMH, Tepeiiisi K JBOWCTBEHHON KapTe), Mbl
noJIyYusii Obl KOH(PUTYpALUI0, HEBO3MOXKHOCTh KOTOPOU JIOKAa3aHa
B IIpeAblayIIeii 3aga4e. DTy 3a1a4y, MoJ00HO NPEAbIIYIUM, MOXKHO
PENINTH U HEMOCPEICTBEHHBIM MOCUYETOM.

52. [Ipeanonokum nporusHoe. Torma Bce yucia ni, ng, ..., Ng
He MeHbIIe 6 u
6s<ni+nes+...+ns,=2g, 3s<g. (1)

C Apyroit CTOpOHBI, KPATHOCTH BCEX BEPIINH HE MEHbIIE 3, TI0ITOMY
(3amada 16)
v < 2g. (2)

CkunaapiBasi HepaBeHcTBa (1) u (2), nmeem
3(v+s)<3g, v+s<g,

4TO HEBO3MOXKHO, TaK KaK v + § = g + 2.
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53. JlokazaTesbCTBO POBEAEM 10 UHLyKuuu. Jljist KapT ¢ uncjiom
CTpaH, He IpeBocxoadImum 6, Teopema odeBuaHa. [TycTh oHa JOKa3aHa
JJIs1 KapT € 1. CTpaHaMu; MOKaYKeM, 4TO OHa BepHa M Jis caydas n+ 1
CTpaHbI.

Ha ocHoBaHuu npepiayIneii 3a/1a4m CynecTByer crpaHa S ¢ uuc-
JIOM rpaHul, MeHbiuM deM 6 (puc. 123, a). [peacrasum cebe Teneps,

Puc. 123

YTO TJIOCKOCTb, HA KOTOPO# HapUCOBaHa KapTa, cAeJaHa U3 Pe3UHO-
BOIl TIJIGHKW, W TIPOJIEJIaeM CJIEAYIONIYIO oneparuio. Beipexkem HOX-
HULIAMU CTpaHy S U Kpasi 00pa30BaBIIENCsl JbIPbl HAYHEM CTSATUBATH
(puc. 123, 6) no Tex nop, noka Jpipa He 3aTsiHeTcsi Boce (puc. 123, 8).
[TonyuuBinasicss kKapTa, COAEP>KUT N CTPaH; MO MPEINOJ0KEHNIO, ee
MOXKHO TIPABUJIBHO PACKPACUTh MIECThI0 Kpackamu. Fcan Mbl Ternepb
CHOBa BOCCTAHOBHUM CTPaHy S, TO, TaK KaK OHA TIPAHUYUT CaMOe
Oosblllee ¢ MATHIO CTPAHAMM, MBI MOYKEM 3aKpPacCUThb €€ B IIBET, He
COBIMAIAIONINIT C IIBETAMM COCEJHWX ¢ Helo cTpad. Teopema, Takum
obpa3om, JoKa3aHa.

JlokazaTenbCTBO MPOBEAEHO HAMM JIMIIb /ISl CBSI3HBIX KapT (Mbl
BOCIIOJIB30BaMChL 3aja4eil 52). O1HAKO OHO HEMEIJIEHHO EPEHOCUT-

Sl

Puc. 124 Pnc. 125

Cs1 M HA HECBsI3HbIE KapThl. Kak 9T0 [esaeTcst, MOKaXkeM Ha IIpuMepe.
Ha puc. 124 uzobpakeHna HecBsi3HAsi KApTa C OJHON pazjeJisifoieil
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crpanoii S. I'paHulbl ee pacnajarTcst HA JBE CBSI3HbIE YACTH, Ha-
pucoBaHHbIE OTAEAbHO Ha puc. 125 u 126. Kaprter puc. 125 u 126
CBSI3HBI; 10 JJOKA3aHHOMY UX MOXKHO MPABUJIBLHO PACKpPa-
CUTD MIECTHIO KPACKAMU. YCTPOUM TaK, YTOOBI IPU STOM S
S" mu S" nonyunmm ogmu m TOT XKe UBeT. TeMm cambiM,
OYEBHU/IHO, MbI TIOJTy YUJIA TTPABUJIBHY IO PACKPACKY U [IJIsT
KapThbl puc. 124.
54. CHoBa BOCIMOJIB3YEMCsl METOJOM UHIYKIuu. st Puc. 126
KAPT, YUCJIO CTPAH KOTOPBIX HE MPEBOCXOAUT 5, yTBEPK-
JIeHue ovdeBuIHO. [Ipeamnonoxkum, 4To Teopema BepHA [Jisi KapT, CO-
Jeprkaiux He 6osiee N CTpaH, U JOKAXKeM ee [Jisi ciry4dasi 1 + 1 crpas.
B cuny 3ajaum 52 cyujecrByer crpaHa S ¢ 4UCIOM IPAHUL], MEHb-
UM, YeM 6, T. €. rpaHrvaIias caMoe DOJIbIIee C MATHIO JIPYTUMU CTPa-
navu. Fenu auciio coceneit S He Gosibiiie yem 4, To IPUMEHSIEM TO YK€
paccyKjieHue, 4to u B npejbiayineii 3agade. Ocraercsi paccMOTPETD
cIydaii, Korga S uMeeT poBHO msTh coceneir. Cpeaun
9TUX MSTH CTPaH, TpaHUYAIUMX C S, CyIIeCTBYIOT
JIBe, He TpaHMYaIIue Ipyr ¢ Apyrom (3amada 51),
nanpumep S’ u S” (pumc. 127). Corpem rpaHuubl
mexkay S u S’ umexay S u S”. Mbl nosydnm HOByIO
KapTy, COCTOsIy u3 n — 1 cTpaH, B KOTOpOii Ha
mecre nipexkuux crpan S, S, S” Gyner omna Gomb-
masi crpana S. Packpacum 3Ty KapTy MpaBUILHO
NSTHIO Kpackami (10 NPeJNoIoXKEeHHIO, 9TO BO3MOXK-
HO). BoccTaHOBUM Teneph yHUUTOKEHHbIE TPAHULIBI
u BepHeMcsl K nipexkneit kapre. ¥ S’ u S ocrasum
Ty OKpacky, Koropasi 6buia y S (Tak Kak OHM He
Puc. 127 rPaHUYaT JAPYr C APYroOM, TO ITO MOXKHO CJI€JIATh,
He HApyIIas MpaBUJIbLHOCTH packpacku ). Toraa crpa-
Ha S Oyzer OKpy»KeHa MAThIO CTpaHaMu, aBe u3 Kotopbix S’ u S”
UMEIOT OJMHAKOBBIA IBET, T. €. S IPAHUYUT CO CTPAHAMH JIHUIIIh
YeThIpeX PA3IUYHBIX IIBETOB, U MbI MOXKEM 3aKPACUTh €e B TSIThIi
[[BET, OTJINYHBINA OT I[BETOB €€ COCEIEN.
55. Haumenbinasi Bo3MoxkHasi KpATHOCTH Bepiinnbl pasua 3. [lo-
9TOMy U3 3aJa4u 16 cieayet, 4TO

3v < 2g.
[To Teopeme Diinepa v = g + 2 — s, OTKyda

3(g+2-5)<2g, 3g+6-3s<2g,
g < 3s—6,

49TO U TPeOOBAJIOCH [I0KA3ATh.
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56. ITokaxkem, 9TO B CBSI3HOI KAPTE C YUCJIOM CTPAH, MEHbIINM 12,
CyIIECTBYET CTPAHA C YKMCJIOM IPAHUIl, MeHbIUM, deM H. [Ipegmnosio-
»KuM nipotuBHoe. Toraa B cuity 3agaqu 19

bs < 2g. (1)

Tak kak Mo MPenoI0YKEeHNIO0 KPATHOCTh KAXKJO0W BEPIITUHBI HE MEHb-
me 3, To B cuJy 3az1a4u 16

3v < 2g. (2)
Ymuoxkast (1) Ha 3, a (2) Ha 5 u ckiagbIBasi, NOJdy9IaeM
15(v + 5) < 16g.
3ameHnsieM v + § depe3 g + 2:
15(g +2) < 16g, 15g +30<16g, g > 30.

C apyroii cTopoHbl, U3 3aja4u bH ciaemyer, uTto npu § < 12 BbINOI-
HsieTCsi HepaBeHCTBO g < 3 - 12 — 6 = 30. MbI npuxogum K npoTu-
Bopeunio. CjegoBaTeIbHO, CPpeaN CTPAH HaIleill KapThl CyIIECTBYET
CTPaHA C YUCJIOM PAHWI], MEHBIIUM 5.

Hanbie perienne npoBoauM Mo uHAYKIWHU. Kciu gucio crpas He
npeBocxonuT 4, To packpacka Bo3MoxkHa. [lycTh Teopema BepHa [
n crpad. JJokaxkem ee st cayuasi n + 1 crpanst (n + 1 < 12).

[To nokazanHOMY B KapTe, cojiepKaieit n + 1 cTpaH, CyIecTByeT
crpana S, 4ucjio rpaHul, KOTopoit Menbiie 5. FEcau uucio coceneit
Takoit cTpanel paBHO 1, 2 mam 3, TO yHHUYTOXKAEM 3Ty CTpPaHy "
MPOBOJIUM Te YKe paccyKJeHus, UYTo U B 3aja4de H3. Fcniu ke yucno
ee coceneil paBHO 4, TO paccykgaem Tak. Mmeercst msTh cTpaH —
cama cTpaHa S u 4deTbipe, cocefiHue ¢ Heit. He MoxkeT ObITh, 4TOOBI
BCE OHM TMONAPHO IpaHuun/M Mexay coboil (3amaua 51). C apyroii
CTOPOHBI, KAXK/1asi CTPAHA U3 TUX MATHU, OTJIUYHAS OT S, PAHUYUT
¢ S. CuegoBare/ibHO, CYLIECTBYIOT JBE COCeJHUE ¢ S CTpaHbl, He
rpanndailiue apyr ¢ apyrom. [Tocie Toro kak ycraHoBJieH 3TOT (DaKT,
JI0Ka3aTeJIbCTBO UET Jajblile COBEPIIEHHO TaK »Ke, KaK U B 3aj1a4e H4.

[IpemocTaBum YUTATENIO CAMOMY TIEPEHECTU ITO JOKA3ATETHCTBO
HA HECBSI3HbIE KAPTHI.

S3ameuanue. B aroit 3aa4ue npobjiema 4eTbipex Kpacok pera-
eTcs JJIsi YaCTHOTO CJIydasi, KOT/Ia YMCJIO CTpaH He mpeBocxoanT 11.
B HacTosiiiiee Bpemsi caMbIM CHJIBHBIM PE3YJIBTATOM CJIEyeT CUUTATD,
[0-BUAUMOMY, PEIIeHne MPO0JIEMbl 9€THIPEX KPACOK JJIsi KAPT C YUC-
JIOM CTpaH, He TIPEBBIIAIOIINM 38.



PA3BJIEJ BTOPOMU
SAJJAYU N3 TEOPUU YNCEJI

57. Umeem

0=0-0=0:-1=0-2=0:-3=0:-4=0-5=0-6=0-7=
=0-8=0-9=2-5=4-5=6-5=8"5.

[1pousBenenne uncia 0 Ha 1060 YUCIO, KaK U B OOBIYHON apud-
MeTuKe, Bcerga pasHo Hyar0. OgHako B orTiim4dne oT 06bI4HON apud-
METHUKH MMPOU3BEIEHNE MOYKET ObITh PABHO HYJIIO JaXKe TOTa, KOTaa
Ka>KIBI U3 COMHOXKHTEJIeH oTindeH ot HyJst. Yucaa 0, 2, 4, 6, 8, 5,
KOTOpPBIE MOTYT AaBaTh HYJb MPU YMHOXKEHWU HA YUCJIO0, HE PABHOE
HYJII0, HA3bIBAIOTCS 0CAUMEAAMU HYA.

58. Umeem

1=1-1=3-7=9.9.

OrmeTum, 4TO B 9TU PABEHCTBA HE BXOJIUT HU OJIHO YUCJIO, SIBJISIFO-
jeecsi JIeJIUTe/IEM HyJIsI, U BXOOAT BCe 0€3 MCKJIIOYEHUsI OCTAJIbHbIE
YUCTIA.

59. [lnsi perenusi 3a7a9u JOCTATOYHO BBIYUCJIUTH BBHIPAYKEHUST
6311, 21000 ; 3999 & 10-apudmernxe. B 10-apudmernke nmeer MecTo
paBeHCTBO 62 = 6. YMHOXKAsl 9TO PaBEHCTBO MOCIEJ0BATEILHO Ha 6,
62, 63, . .., moayunm

6 =62, 6 =63 6° =6, ...

Orcrona BeITEKAET, 9TO TIpH JII0O60M mokazaresie n 6" = 6. B gact-
wocru, 6811 = 6. Jlns merancienns 21900 zamerum, uro 24 = 6;
cremoBarenbho, 21000 = 24250 — 6250 — 6 Hakonern, u3 paBencrsa
34 =1 BBIBOIUM 3999 — 34-249+3 — (34)249 . 33 — 33 =".

60. Tabauma cao>keHUs Tabaua yMHOMXKeHUs
0 1 2 3 4 5 6 0O 1 2 3 4 5 6
o0 1 2 3 4 5 6 0o O o0 O O o0 O
111 2 3 4 5 6 0 110 1 2 3 4 5 6
212 3 4 5 6 0 1 210 2 4 6 1 3 5
313 4 5 6 0 1 2 3/]0 3 6 2 5 1 4
414 5 6 0 1 2 3 410 4 1 5 2 6 3
55 6 0 1 2 3 4 510 5 3 1 6 4 2
66 0 1 2 3 4 5 60 6 5 4 3 2 1
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Paznoxkenust HyJist 1 € IMHUIIBI UMEIOT B/
0=0-0=1-0=2-0=3-0=4-0=5-0=6"-0,
1=1-1=2-4=3-5=6-6.

Mpu1 3amedaem, 9T0 B 7-apuMETHKE MPOU3BEJEHUE JBYX UUCEJ
MO>KET OBIThH PABHO HYJIIO TOJILKO TOT/a, KOTAA XOTsl Obl OIUH U3 CO-
MHOXKUTeJIeH paBeH Hy 0. B aTrom 7-apudmernka cxogHa ¢ 00bIUHOIM
apudmeTukoii u oraudHa ot 10-apudmernku.

ConoctaBUM BBIMUCAHHYIO T-apu(pMeTHIEeCKYI0 TaOJIUIy YMHO-
eHust ¢ Tabsuueil ymuoxkenusi B 10-apudmeruxe (c. 44). Mex-
Jly 3TUMU TabJIUIAMU UMEETCsI CJIeIyIOIIasi CylIeCTBEHHAs Pa3HUIIA!
B KaXJIOi cTpouke T-apudmerndeckoil Tabauupl (KpoMe CTPOYKH,
COOTBETCTBYIOILIEl HYJII0) BCTPEYAIOTCS BCE YNCIa u3 T-apudmernku,
KaXKJloe 10 OJIHOMY pasy; Mexkay TeM B 10-apudmerudeckoii Tabure
B psijie CTPOYEK HEKOTOpbIe uncia u3 10-apudmMeTuku oTCyTCTBYIOT,
a JIpyrue TMOBTOPSIFOTCS HECKOJBKO pa3. Takumu crpodkamu ¢ mo-
BTOPEHUSAMU, KpoMe CTpouKu (), SABJISIOTCA Tak»kKe cTpoyku 2, 4, 5,
6, 8, T. €. CTPOYKHU, COOTBETCTBYIOIINE JEJIUTENSIM HYJIsl (CM. perie-
uue 3agaun 57). Orcyrcreue B 7T-apudmerndeckoit Tabiuie cTpovYeK
€ TIOBTOPEHUSIMU CBSI3aHO C OTCYTCTBUEM B T-apudMeTHKe aesiuTesieit
HYJIsI, OTJIMYHBIX OT HYJIS.

61. Berancimm 3'° B T-apudmernxe:

32=2,3=6,3"=4,3"=5,3=1.
CreoBaTeIbHO,
3100 — 36-16+4 — (36)16 R 34 — 34 — 4

62. [lpuBogum Tabsunbl 1is 2-apudmvernku u 4-apudmMernku:

2-apudmMeTnKa 4-apucdmvernka
Tabauna Tabnuua Tabauua Tabauna
CJIO>KEeHU A yMHO)KeHI/IH CJIO>KEeHUusdA yMHO)KeHPIS[
0 1 0 1 |0 1 2 3 001 2 3
0|0 1 0]0 0 0j0 1 2 3 0j0 0 0 O
111 0 110 1 1|1 2 3 0 110 1 2 3
212 3 0 1 210 2 0 2
313 0 1 2 310 3 2 1

Tabsuupl ymuoxkenusi B 2-apudmernke u 3-apucpmeruke mpu-
HAJJIeXKAT K TOMY K€ THUIly, 9TO u T-apudmerndeckass Tabuuia:
B HUX HET CTPOYEK C MOBTOpeHusimu, Kpome crpouku (). Hamporus,
4-apudmerudeckasi u 9-apudmernydeckasi TaOJUIBI YMHOXKEHUSI, TTO-
n06HO 10-apudmeTntveckoit Tabinile, COIEPKAT HEHYJIEBbIE CTPOUKU
C MOBTOPEHUSIMH.
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63. OrBerbl: 1-2-3-4-5-6-7-8-9-10 = 10,
210 =30 - =10""=1.

64. Oreernr: 1; 1; 1; 3.
65. Tpebyercsa nokazars, uto B 1001-apudmernke

1B4+23 4354 45002+ 5013+ .. 4+998% +999° +1000° = 0. (1)
Ho B 1001-apudmernxe

1000 = —1, 1000% = (—1)* = —1?,
999 = —2, 999% = (—2)* = —2°,
998 = —3, 998 = (—3)% = —33,
501 = —500, 5013 = (=500)% = —5003.

[Tosromy unennl cymmbl (1), paBHOOTCTOSIIME OT KOHUOB, B3AUMHO
YHUYTOXKAIOTCS.

66. a) Pemaercs tak ke, kak 3aga4a 65.

6) Boipaskenue 1¥ 428+ 4 (m—1)* B cuny 3aaum a) pasuo

Hyai0 B m-apudmeruke. Cje1oBaTebHO, B 00bIYHON apudmeTnke
OHO JIEJINTCS HA M.

67. B kauyecTBe mpuMepa MPUBOJMM CXeMy YMHOXKEHUS Ha 3
B T-apudmeruke (puc. 128), cxemy ymuokenust Ha 5 B 10-apudmernke
(puc. 129) n cxemy ymuokenust Ha 3 B 9-apudmernke (puc. 130).

[TepBast U3 3TUX CXEM pacnajga- 1o o
eTcsl Ha IIUKJIBI, 9€T0 HeJlb3s1 CKa- 3o
3aTh 00 OCTAIBHBIX JIByX CXEMaX. \ 40\

1 =0
o 9o o
Y N

o
T 2
(o]

O <=——o0

0@ > @ ’ 0\6/

4o

4 2
\ / /[ 80/'
o] 60
6 80 5o
Puc. 128 Puc. 129 Puc. 130

68. [lnsi HaxoxkaeHust p-apugpMeTHUecKoro Mpou3BeIeHUsT Y-
cesi a u b Ha10 HAliTU UX OOBIYHOE POU3BECHHUE U B3ATH €0 OCTATOK
ot nesieaust Ha p. [losTomy p-apudmernveckoe mMpou3BeeHNE PABHO
HYJIIO TOTZA U TOJIBKO TOT1a, KOT1a OObIYHOE [IPOU3BEJEHUE [IeJIUTCS
Ha p. Ho, kak u3BecTHO M3 00bIYHOI apudmMeTnku, MpousBeaeHmne
MOYKET [IeJIUThCS Ha IPOCTOE YUCJIO P TOJBKO B TOM CJy4ae, eCJiu
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oNMH U3 cOMHOXKUTeJeH genurcst HAa p. Utak, niu a wiu b nenurcs
Ha p; a Tak Kak a u b cogep>karcst cpean uncea 0, 1,2, ..., p—1, T0o
win a = 0 win b = 0.

SBameuanue. Herpyano ycranoButh ciaegyromuii (pakT: ecian
B m-apudmeruke u3 ab = 0 caegyer, uro qmbo a = 0, 1mubo b = 0,
To m — uucjgo npocroe. Orcooga U u3 3agadu 68 BbITEKAET, YTO
p-apupMETHKY MbI MOXKEM OIpPEJIEJIUTh KaK 1m-apudpMeTuKy, He co-
JIepKAILYI0 OTJIUYHBIX OT HYJIsl eJIuTeel HyJIsl.

69. a) Eciu 6b1 K unci1y & MOAXOANIIO /IBE CTPEJIKU, CKAYKeM, OT
YUCes Yy U Z, TO ITO 03HAYAJIO Obl, YTO ay = x U az = x. Boruuras
OJIHO U3 3TMX PABEHCTB U3 APyroro, Haiiaem a(y — z) = 0, HO B cuity
3aj1a49m 68 9TO HEBO3MOXKHO, 160, TI0 TIPEJNONOXKEHNI0, a # 0 uy # 2.

6) OT KaXKJ0ro YmMcJIa OTXOAUT POBHO OAHA cTpeska. [losromy
YUCI0 CTPEJIOK HA CXEME TaK YKe, KAK W YhCJI0 TOYEK CXEMbl, PABHO P.
Kaxkgasi crpesika noaxoaut Kk HekoTopomy ducity. Eciu 661 K kakomy-
HUOYIb YMCJTy HE TIOIXO/INJIA HUA OJTHA CTPEJIKA, TO K HEKOTOPOMY JpY-
rOMY YUCTY TOAXOAUIN Obl JBE CTPEJIKU, YTO HEBO3MOYXKHO COTJIACHO
3ajade a).

B nosicHenmne K mpoBeeHHOMY PacCy:KIEHUIO 3aMeTHUM, UYTO OHO
BIIOJTHE AHAJIOTUYHO CJIEIYIOIIEMY PACCYKAEHUIO: TIPEIIOJIONKUM, 9TO
kJiaccy, cocrosimemy u3 30 ydyeHukon, posmano 30 Terpajeit; ecau
U3BECTHO, YTO HU OJIUH U3 yYEHUKOB HE MOJIy4us OoJiee 4eM OJIHY
TETPab, TO OTCIOA MOYXKHO 3aKJII0UYNATh, 9TO KaHCIoMYy U3 YICHUKOB
JIOCTAJIOCh 10 TeTPaJIH.

70. Paccmorpum cxemy ymHoxkenust Ha a. CorsacHo 3anade 696)
K 4ucay b moaxoAuT cTpesika OT HeKoToporo ducia x. Ho ato u
3HAYUT, 9TO ax = b.

71. a) Ilycre b — npomspoabHoe uncsio u3 p-apudmernku. [lo-
Ka)keM, 4TO b npuHAIeKUT HEKOTOPOMY LUKJLy. Bysem nBurarbes,
OTIPABJISASICH OT b, MO HAIIE cxeme, Mepexo/isi OT YUCIA K YUCTY,
KaK yKa3blBalOT cTpesikiu. [lociie HeCKOIbKUX MepexoioB (Yuciio mne-
PEXOZ0OB MOXKET, B YACTHOCTU, PABHATHCS | U BO BCSIKOM CJIydae
He TIPEBBIIIAET P) MbI BIEPBbIE MOMAajJeM B TOUKY, B KOTODPOIi yiKe
noObIBAJIM paHee. JTON TOUKOU MOXKET ObITh TOJBKO TOYKa b, ubO
B MPOTUBHOM CJIy4ae CXEMa HAIero myTu umesa Obl Buj, n3obpa-
JKeHHbI! Ha puc. 131, T. e. K HEKOTOPOMY YHUCJIY MOAXOAUIU Obl J1BE
CTPeJIKH, a 9TO HEBO3MOXKHO Ha OCHOBaHMM 3aa4n 69a).

6) Paccmorpum nmki, coneprkamuii uncio 1. [lycrs on umeer Bu,
u300paXkeHHbIi Ha puc. 132. YMHOXKHUM STOT UKJ HA TTPOU3BOJIBHOE
qucno ¢ # 0. Mbl mosyunM HOBBI MK Hameil cxembl (puc. 133) u
[PUTOM UMEIOIINA Ty Ke JJINHY, 9TO U €JUHAYHbIN HuKJ. ScHO, 9T0
s00oit 1k C cxeMbl, KpOMe HYJIEBOI0, MOXKHO TMOJIYYUTh TaKUM
o0pa3oM: [IJisi 3TOr0 AOCTATOYHO YMHOXKUTH €JUHUYHBIN [UKJI HA



72-75] 3adanu u3 meopuu wuces 177

HEKOTOPOE YUCJIo ¢, npuHaiexaiiee nukiy C. CegoBaresibHO, BCe
HEHYJIEBbIE [[UKJIbl UMEIOT PABHYIO JJINHY.

ak’ozl ca(’;’:c
di—lo—" Tx_4 k=1 o7 ¢q

bo——s0— 50 ca

AV VO
N N

o

~—

Puc. 131 Puc. 132 Puc. 133

Ob6o3HaunM [JINHY HEHYJIEBBIX IIMKJIOB Yepe3 k, a uX YUCIO0 de-
pes s. imeem ks = p — 1. C apyroii croponsi, a¥ = 1 (cm. puc. 132).
Bosshimasi nocie/jHee paBeHCTRO B CTeNeHb s, noaydanm aP 1 = 1.

72. Beirekaer u3 toro, uro B p-apudmernxe aP~! — 1 = 0 (cwm.
3amady 71).

73. Tabnuisl 06paTHLIX BEJTAYNH:

B T-apupmMeTnke B 11-apudmeruke
k | 1 2 3 4 5 6 k | 1 2 3 4 5 6 7 8 9 10
% ‘ 1 4 5 2 3 6 % 1 6 4 3 9 2 8 7 5 10

B 13-apudmernke
k|123456789101112
1

k‘179108112534612

[peanonoxkum, uro x camo cebe obparno, T. e. * = 1/z. Torna
22 =1, otkyna (z—1)(z+1) = 0. Cornacno 3aa4e 68 U3 moc1eHETO
paBeHCTBa BbITeKaeT, uTo ubo £ — 1 = 0, mubo £ + 1 = 0, T. e. uyn
z=1nmazx=—1.

74. a) B npoussepennun 1-2-3-4-5. .. (p — 1) kaxkzgoe u3 4uced,
kpome 1 u p — 1, cokparurcst co cBoum obparHbiM (cp. 3azaqy 73).
[TosTomy

1-2:3:4-5...(p—1)=1-(p—1)=-1.

6) Caeayer u3 3aja4u a).

75. Tlpeanonoxkum nporusHoe. [Tycrs m — cocrasoe (T. e. He
npocroe) uucno. Torma m penurces Ha Hekoropoe uucyo d, 1 <
< d < m—1. B rakom cayuae (m — 1)! gesurcss vad u (m — 1)1 41,
JIesIICh Ha M, Tak»ke geautcsa Ha d. Ho Torma u pasHocts ux

[(m—-1)'+1]-(m-1)=1

[IOJXKHA JeJIUTHCs HA d, 9TO POTUBOpEUnT ycjioBuio d > 1.



178 Pewenus 3adax [76-77

76. Ham Haj0 J0Ka3aTh, 9TO CyMMa,
S=0"+1F 42k 4 4+ (p-1)* (1)

parHa 0 wan —1.
Paccmorpum cHavasa ciydail, Koraa aJist BCIKoro yucia a (a #

#0) u3 p-apudmernkn a* = 1*) . Torga
S=0"+1 4284 4+ (p—1)F=04+14+1+...+1=
—_—
p—1 pa3
=p—1=—-1.

Iycrs Teneps a® = 1 He A5 BceX OTIMYHBIX OT HYJIsT 9YHCEN @,
T. e. cymecTByer uncyio b # 0 taxoe, uto b¥ # 1. Ymuoskum (1) na b*.
[Tostyaum
SbE =0 +1F 42k 4 4 (p— )RR =

=0-b)F+@ -0+ .. +[p-1)-b".
Cpemn uncen 0-b,1-b,2-b, ..., (p—1)-b BcrpersiTcst Bce uncia
p-apudmeruku (7151 JIO6OTO0 @ UMEET MECTO % b = a). Kpowme Toro,
KaXK/I0€ YKCJIO @ BCTPETUTCS 3/1eCh JIUIIb OJIUH pa3, ubo eciau a = xb,

a
TOT = o [TosTomy

O-B)+@1-p)kF+@2-0)*+.. . +[(p-1) 0"
€CThb Ta 2Ke CyMMa (1), TOJIBKO 3alluCaHHad B APYT'OM MOPAIKeE:
Svk =8,
S(b* —1) =o0.

Tak kak b* — 1 # 0, 10, MOJENMB HA 3TO BBIpAXKeHHE 0be YaCTH
PABEHCTBA, UMEEM

S=0.

77. Huxke nmpuBOAsITCST CXeMbl BO3BBIIIIEHUs B KBaIpaT: B T-apud-
meruke (puc. 134), B 12-apudmernke (puc. 135) u B 24-apucpmernke
(puc. 136).

LAt D D

Puc. 134

*) JIerko BHIETH, YTO STOT CIydall uMeeT Mecto, Korma k memurca ma p — 1.
MO>KHO J0Ka3aTh, 4TO APYIUX BO3MOYKHOCTEN HeT, T. e. ecam a® = 1 aust Beex a,
To k gennrest Ha p — 1 (M. 3azaay 90).
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78. Ilpeamnosioxkum, 9T0 ypaBHEHUIO
?=a (1)

YIOBJETBOPSIET HEKOTOPOE YucI0 b u3 p-apudmMervku, T. €. uMeer
MECTO TOYKJIECTBO

b’ = a. (2)
Boruuras pasenctso (2) u3 ypasuenus (1), Haxoaum
z2 — b2 =0,

OTKy1a
(z —b)(z+0b)=0.

Ecsin npoussesienne AByX uuces p-apudMETHKH PABHO HYJIO,
TO OJMH M3 COMHOXKHTeJeil paBeH Hymo (3agada 68). [Tosromy wniam

z—b=0,umuz+b=0,1e umz=>b, umux = —b. JJokaxkeMm,
gto npu a # 0 HaiigeH-
03 o7 06
Hble [1Ba peIIeHud pas- 56 oll
JuyHel. JleiicTBUTE/ILHO, \‘}/ ‘
< 150——09 23070§ 120——
[e]
20 ‘ 010 13° ] °19 '
\ / 0921 o17 o018

o]

4

3°___’<§> <§>‘___°6 10
O N
7

8
/ \ N
5o ' o7 140 [
°11 22 020
Puc. 135 Puc. 136
u3 paBerctBa b = —b cnegyer b + b = 0. Ecin Tonsko paccmar-

puBaemMast p-apudMeTrKa He sABJSIETCs 2-apudMeTUKO, TO OTCIOIa
BbITEKAET, uTo b = (), ciiemoBaresibHO, Takke a = (.

79. PaccMoTpum cxemy BO3BeleHMSsI B KBAJAPAT B p-apudmMeTnke
U Te YHUC/A, U3 KOTOPHIX U3BJIEKAETCS KBAJIPATHBIA KOPEHb, WHBIMU
CJIOBAMM, T€ TOYKHU, K KOTOPBHIM MOJIXOJUT XOTs1 ObI OHA CTPEJIKA.
[Iycte k — uwncio Takux Todek. Torga B cuity 3ajadum 78 K OJHOM
U3 HUX, UMEHHO K To4ke (), MOJXOIUT OJHA CTPEJIKA, & K OCTAJIbHBIM
(k — 1) Touke — no e crpenku. Yucio Bcex CTPEIOK HA CXeMe,
TakuM obpazom, Oyaer

2(k—1)+1.
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C Apyroii CTOPOHBI, OT KaXK/I0 TOYKU OTXOJUT POBHO OJHA CTPEJIKA;
HO TOYEK Ha CXeMe P, CJeJI0BATEJIhHO, U CTpesioK p. [Tosromy

2k —1)+1=p, k-:pT“.

80. a) Ilycrs p = 4k + 1. Corsacuo 3amave 74
1-2...(p—1)=—1.

HepenI/ImeM 9TO PAaBEHCTBO TakK:

—i=1e2 (-1 =12 2t e [(”21+1)x

2 2
x(pTl+2)...(P—2)(p—1)]:[1-2...%3-102—1]x
-7 (-2) o210 1]-
et e (257) ()]
— 1.2._‘7’_*3.22(_1)1)2;1:
[p—3 17—212 2 Q]k -3 p-1]2
:[1-2...T-T} (—1) :[12”7%} ,

T. €. u3 —1 u3BJEKAETCs KBaJAPATHBIA KOPEHb.
Ob6patHo, mycTh AaHO, 9TO 4/ —1 u3BIEKaeTCs, T. €.

22 =—1.

Bo3BeaeM 9TO PaBEHCTBO B CTENEHb ©—

2(77) =
T =(-1) 2.
Ho cornacno 3agade 71

9 E)
:v( =P =1,

p—1 -1
(-1) zlﬂpT:2k,p:4k+1.

Orcrona

Takum 00pa3om, Heb3sl U3BJIEYh KBAJPATHBIM KOpeHb u3 —1, ecan
p =4k + 3.
6) [lyctb a? + 1 genurcs Ha p. B p-apudMeTrke 9T0 3amumeTcs

B Bugie b2 + 1 = 0 (b — ocTaTok or jesenusi a Ha p), T. e. \/—1
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U3BJIEKAETCsI B p-apudMeTHKe; OTCIO/IA COrJIACHO PEeAbIayIel 3aa4ue
p = 4k + 1. C apyroii croponsl, eciiu p = 4k + 1, To B p-apudmernke
v/—1 u3Bjekaercsi, T. €. CymiecTByer a Takoe, uto a’ = —1, a2 +1 =
= 0. B 06b1un0it apudMeTnKe 910 03Ha4aeT, uTo a2+ 1 geauTcs Ha p.
81. ®opmysia BBIBOJUTCS B TOYHOCTU TAK YK€, KAK U B OOBIYHOI
ajrebpe.
[Tosib3yemest TOXKAECTBOM

2 2
am2+b$+c:a(ay+i) +M
2a 4a

B CI/I.Hy 9TOro TO>XKJIeCTBa ypaBHeHI/Ie
ax’ +br+c=0 (1)

9KBHBaJIECHTHO PaBE€HCTBY

2 2
a(ot 2) 4=t g
2a 4a

nJjin
b\2  b®—dac
(g; + ) = e (2)
2a 4a?
1/13 nocaeJgHero paBeHCTBa BUJHO, YTO €CJIN ypaBHeHI/Ie (1) nMmeerT
pelleHus, TO JOJI?KEeH U3BJIeKAThCs KOPEeHb KBaJPaTHbIN U3 b? — 4ac.
PaBeHCTBO (2) MO2KHO IIeperimcaTb B 3TOM cnyqae B BUE

b + b2 — dac
x4 L= TV T dac
2a 2a
OTKy1a
= bxVb? —4dac (3)
2a ' '
Urak, ypasuenne (1) e umeer pemennii, eciu v/ b2 — 4ac ne ns-
BJIEKAETCsI, U UMEeT [IBa PellieHus], BEIYucIsieMble 110 hopmy.ie (3), ecau

Vb2 — 4dac w3rnexaercs. dTu perennst pasandnsl, ecan b’ —4ac # 0,
n coBmagaor, ecm b? — 4ac = 0. B cayuae 2-apudmvernkn
dopmyna (3) Tepsier cMbIc, GO OHA CONEPIKUT JeJIeHUe Ha JBa.

82. Bruruucisiem st KaXkJ0oro w3 JAHHBIX YPABHEHUN IUCKPU-
munanr D = b? — 4ac. Umeem pns mepsoro ypasmenuss D = 3,
nnst Broporo D = 0, nnsa tpetbero D = 2. [lonab3ysick, Hanpumep,
cxemoii 3aaan 77 (puc. 134), ycranasiansaem, 4to B 7-apudgmernke
\/§ He WM3BJIEKAETCs, a \/5 U3BJICKACTCA U UMeeT 3HaueHus 3 u 4.
CJ1e10BaTENBHO, IEPBOE yPABHEHUE HE UMEET PELIEHUl, BTOPOE UMEET
eIMHCTBEHHOE pellleHne, TpeThe UMeeT JBa pelleHus. Haxogum stu
pemenus no dpopmyJie (5) 3agaun 81: 115t BTOporo ypaBHeHusi & = 2,
J1J1sl TpeTbero ;1 = 3 u r9 = 6.
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83. Econ o u f — kopuu ypasHenus 2 4 c¢x + d = 0, 10, KaK u
B 00OBIYHOI aJirebpe,

2+ ecx+d=(z—a)(z—p).

(st Toro 9TobBl B 9TOM y6EeINUThCs, JOCTATOYHO BBIPA3UTH v U [3
yepes ¢ U d ¢ TOMOIILI0 (DOPMYJT [IJIsT PEIIeHUi KBAIPATHOTO yPaBHE-
HUsI U PACKPBITH CKOOKM. ) [109TOMY YnC/I0 TPUBEEHHBIX YPaBHEHMNIA,
UMEIOIINX [IBA PA3JIMYHBIX KOPHSI, PABHO YUCY CIIOCOOOB, KOTOPHIMU
MOXKHO BBIOPATh JBa PA3IUYHBIX YUCIa « U [3 U3 COBOKYITHOCTU

p(p—1)
2

BCEX p 4uces p-apuMETHKH, T. €. paBHO . Ecnu ypaBHeHune

z2 + cx 4+ d = 0 umeeT TOABKO OJJUH KOPEHb (¢, TO

2 +ex+d=(z—a)’

Ywucnio Takux ypaBHeHUiT paBHO p. Bce ocTtaabHbIE ypaBHEHUS, YHUCIO
plp—1) _plp-1)

KOTOPBIX PaBHO P> — 5 TP =", HE HMeIOT peleHuii.

84. Hurke npuBOasATCsi CXeMbl BO3BBIIIEHUsT B KyO B T-apudme-
tuke (puc. 137), B 11-apudmernxe (puc. 138), B 13-apudmernke

% o5 20—>o0 5 o=<—-0909

S0 4 @ 1 |
Q1 O @ O

o O o3 To=—06 ¢ S po—>o4
Puc. 137 Puc. 138

l 70&014 120—)011
205 Spe—oll N
, 8 5 0 2698 48 % 913 90 015
0. (o]
o Red boA 8
9o o4 O O O
Puc. 139 Puc. 140

(puc. 139) u B 17-apudmeruxe (puc. 140).
85. a) Ilycrs

b =1. (1)
B cuny 3amaunm 71
pPl = 1. (2)
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[Mockosbky p = 3k+2, 10 p—1 = 3k+1, n paBencrso (2) npunumaer
BUJL

p3h+1 — 1 (3)
Bossbiuasi pasencreo (1) B crenens k, Haiigem
bk =1 (4)
u, nogesuns (3) Ha (4), noay4dum
b=1. (5)

Urak, u3 (1) crepyer (5), 94To 1 TpeboBaIOCh A0KA3ATH.

6) Mycts 2* = a un y33= a. Pazgenus nepBoe u3 3TuxX paBeHCTB
Ha BTOpPOe, IMOJIy4YUM <£) = 1, oTKy1a coryiacHo 3ajadqe a) = 1,
T. e. = Y. Y Y
B) CocraBum Tabniyy
0,1,2,3,...,p—1,
0%,1%,2% 3%, ..., (p—1)°,

BBINUCBIBasl B BepXHell CTpPOYKe BCe p 4uces] U3 p-apudMeTuKd u
MOAINMUCHIBAst MO/ KaXK/AbIM U3 HUX ero Ky6. Ha ocHoBanumn mokasan-
HOrO B 337a4€ 6) HMXKHSASI CTPOYKA COCTOMT M3 P PASAUNHHLE TUCEI,
cIeI0BaTeNbHO, B Hell cofepykaTcs 6ce uncia u3 p-apudmernku. Ho
9TO M 3HAYWUT, YTO U3 JIOOOro umMcaa p-apudMETUKN N3BJIEKAETCS
KyOu4JecKuii KOpeHb.

86. U3 pasencta (z — 1)(z% + x + 1) = 0 cegyer, 9To um

r—1=0
1781011
2+ z+1=0.
M3 mepBOro ypaBHEHUsI HAXOIUM
xz1 =1,
U3 BTOPOIoO
my= VS (1)

B 103-apucdpmernke —3 = 100 u /—3 = =+10. [loacrasiasis 3Tu
3HaveHus1 v/ —3 B dopmydy (1), nonyuaem

Ir1 = 1, ) 256, I3 = 46.

87. Bcesikoe 3HadeHre KOpHs KyOWYeCKOro W3 €IUHUIIbI YI0BJIe-
TBOpsieT ypaBHeHnio 25 — 1 = 0, u, cTaj10 GBITH, €C/IM OHO HE PABHO
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eJIMHUIIE, TO yIOBJIETBOPSIET KBAPATHOMY ypaBHeHnio 22+ +1 = 0.
B 3aBucuMocTu OT TOro, M3BJIEKAETCS UJIU HE U3BJIEKAETCsI B p-apud-
MeTuke /—3, mocjieaHee ypaBHeHue JuOO MMEET JBa PA3JIUIHBIX
KOPHSI, BBIYHUC/IsieMbIx 110 dopmyde (1) pemenus 3amaun 86, 6o He
uMeeT KopHeil B p-apudmervke. VICKIOUeHUIMEI SIBIASIIOTCS C1ydan
2- u 3-apudmernku. B 2-apudmernke Tepsier cmbica dhopmyna (1),
B 3-apudmernuke —3 = 0, ypaBHEHHE z2 4+ z + 1 = 0 uMeeT TOIBKO
OJIMH KOPEHb U 3TOT KOPeHb paBeH 1.

88. ITycts p > 3 u nycTh CyleCTBYET 11eJI0€ YUCTIO @ TaKOoe, YTO
a? + 3 peantcs va p. Ecam octaTok oT fesieHnsi a Ha p paBeH b, To
B CMbIC/IE P-apudMETUKH

b*+3=0

wiu
! b? = —3.
3uaunT, B p-apudmMeTnke nspjaekaercs v/ —3. Ha ocnHoBannu 3a1a-

3
an 87 3aKJII0YAEM OTCIOZA, YTO /1 MMeeT TpY Pa3INUHBIX 3HAYEHHS.
B cuny 3amauun 85 p He mMoxker umerh Bumga 3k + 2 u, crano ObITh,
umeer Buj 3k + 1.

89. VYpasuenue 1-ii crenenu ax+b = 0 umeeT TONHKO OANH KOPEHb
b
T=——.
a
[lycTs Hama Teopema JOKAa3aHA [1Jisi MHOTOYJIEHOB N-if CTEeHH.

Jlokakem, 4TO OHa BEpHA Jisi MHOTO4IeHOB (n + 1)-it cremnenn.
-i

[Ipeanonoxkum nporusHoe. [Tycts MHOrownen (n + 1)-it crenenu
1
agz™ ™ + a1z + ... Fapr+any1 (ag #0) (1)
MMeeT 1Mo KpaitHeit Mepe n + 2 KOpPHA X1, X2, ..., Tnil, Tnt2.
O6pazyeM MHOTOYJIEH
ag(z —z1)(x —22) ... (T — Tpy1). (2)

Y 3roro mHOrowiena kosddumuent npu ™!

pa3HoCcTU

paBeH ag, OITOMY y

aoz" M farz"+ .. +ani —ag(z—z1)(z—22) ... (T —2pt1) (3)

aen ¢ ™! orcyTeTByer BOBCe M MHOrouseH (3) ABJAETCS MHOTO-

4yieHoM n-it crenenn. Ho on umeer ceonmu kopusimu n + 1 gucesn 21,
Z2, ..., Tny1. TAK KAK, 110 NPEATIONIOXKEHHIO, TEOPEMA JOKA3AHA JIJIs1
MHOT'OYJIEHOB N-ii CTemneHu, To Bce KoadduipenTsl MuorodneHa (3)
paBubI HyJ10. HO 0OHU CyTh pa3HOCTH COOTBETCTBYIOIINX KO duim-
enToB MHOTOWIeHOB (1) u (2); nosromy Bce k03bUIMEHTH MHOTO-
wiena (1) pasubl koadduunentam MHOroweHa (2), T. e. MHOro4Jje-
ubl (1) n (2) copnagaror. Ho Torma (2) gomxen obpamarscst B HyJb
IpU & = Tpyo:

a0(Tny2 — 21)(Tny2 — 22) ... (Tng2 — Tny1) =0,
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9TO HEBO3MO2>KHO, TaK KaK

ag #0, Tpyo —x1 #0, ..., Tnio — Tpe1 # 0.

Teopema BepHa st n = 1, MO JOKA3aHHOMY OHA BEpHA W IS
crenenn 1 + 1 = 2, nas crenenn 2 + 1 = 3 u 7. A. g5 Bcex BooOIIIe
CTereHe.

[IpuBegeHHOEe MOKA3ATENHLCTBO OJWHAKOBO TPUTOAHO KAaK JIJIsi
O0OBIYHON apudpMeTuKn, Tak u JAJs p-apudMeTuKn.

90. Ilycts octaTok ot genenus k va p — 1 ectsb 7

k=qp—1)+r, r<p-1
Torpa nuist Bcex «
Pl =1,
24(P=1) _ 1, (1)
gk = galp=D+r — 1 (2)
oTkyza, nogeavs (2) Ha (1), nosyunm st 1060ro0
z" =1.

Ecau r > 0, o y muorowiena " — 1 e Bce k0adunueHTsr HyIH.
B o >xe Bpemst uucyio ero kopueii p — 1 > r (x =1,2, ..., p—1),
YTO NPOTUBOPEYUT YTBEPXKAEHUIO 3a4a4u 89.

91. Umeem

p=1)? 1

a 2 =aP™ =1

p—1
(3amaua T1), nostomy a 2 = =+1. Eciu /a ussnekaercs, T. e.

p—1
cymecTByer b Takoe, uto b2 = a, T0 @ 2 = bP~! = 1. Uraxk, ecn
\/a u3BJIeKaeTcs, TO a eCTh KOPeHb yPaBHEHHUS
p—1
x 2 =1. (1)

p—

VY aToro ypasHenus He 6oJiee ! kopHeii (3aga4a 89). C apyroii

CTOPOHBI, OTJIMYHBIX OT HYJIA YUCEJI, U3 KOTOPbIX U3BJIEKACTCA KBa/I-
p—

paTHBIA KOPEeHb, POBHO (3amaqa 79) u BCe OHU YJOBJIETBOPSIIOT

ypaBaennio (1). [Tosromy ypasuennto (1) yoBJIETBOPSIIOT MOABKO T

4YKcJia, U3 KOTOPBIX U3BJEKAETCs KBaJpaTHBIN KopeHb. s ocTaib-
p—1
HBIX YUCEJI OCTAETCS TOJIBKO OJIHA BO3MOXKHOCTH @ 2 = —1.
92. /lokazaTesbCTBO 3TOU TEOPEMbI COAEPXKUTCS B PEIIEHUU 3a-

nagu 89. Jlns mosHOTBI W3JI0XKEHWsI Mbl TOBTOPUM 3J€Ch HAIIN



186

Pewenus 3adax [93-94

paccyxkaenusi. Muorodiexn

agr" + a1z ' +.. . tap 1x+a,— ag(z—xz1)(x—22) ... (T —4)

sBJIsieTcst MHOrO4YIeHOM (n — 1)-#i cTeneHn, umemUM N KOPHEH,
mo3ToMy Bce ero KodddunueHTol — HyJd U KO3PDUIUEHTHI MHOTO-
qnenoB agr™ + a1z "+ ...+ ap_12 + an wag(r — x1) (T — 22) . ..

(z — z,) coBOAAAIOT.
93. Muorousen P~ — 1 umeer p — 1 xopmeii: 1,2, 3, ..., p— 1.

B cuny 3amaau 92

2P 1=(z-1)(z—2)...]z—(p—1)].

[Tosiarast B aTom ToXkaecTBe = 0, nmeem

—1=(=1)(=2)...[-(p—1)] =

=P -2, (p-1)=1-2...(p—1).

94.a) 37233 189 2 37233:189 = 197
- 1323197

3591
1701

189
189
0

6) Cokpalaem Jeamnmoe u JeuTesb Ha 8:
36408 : 328 = 4551 :41

455141 L 36408 :328 = 111
S 41111

451
41
41
41

0

B) CokpalliaeM JIeIMMOe U JeUTeNb Ha 2:
851:74 = 425,5: 37

4255|372 851:74 =115
T 18,5[115

401
~ 37
37

37

0
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95.1:3=(6)7,1:7=(285714)3,1:9 = (8)9 (nepuoy 3axJto-
9YeH B CKOOKM).

96. a) OGosHaunM 4Yepe3 T, n-e 9ucjao Tabauupl. Mbl nmeem
Ty = b5, w9 = 52 x3 = 3 = 522, ey Ty = 52" Pazsowum
Pa3HOCTb Tp41 — Ty, HA MHOXKUTEJIN:

n n—1 n—1 n—1
Tpi1 —Tn =5 =52 =5 (52" —1)=

=5 T )T T+ D)GY T+ ). B2+ D)5+ 1)(5—1).
Bce MHOXUTeM, KpOME TIEPBOrO, SIBJISIIOTCS Y€THBIMU YUCTAMUA U
Tak KaK UX n, To npoussegenue gegurcst Ha 2. C npyroit CTOpoHbI,
nepBbIil MHOXKHUTEb JeuTcst Ha 5™, 60 277! > n npu n > 1. Uraxk,
Tpt1 — Tp Aenurcst Ha 10" win, 9TO TO XKe caMoe, Y YUCET Lyt ] U Ty
COBIAJIAIOT TIOC/IeAHUE N UP.

CorpeMm Tenepb Ty 4acTh TabOJIUIbI, KOTOPasi PACIIOJIOXKEHA Bbl-
[lle [JIAaBHOW [uaroHasiu, obBeJeHHOU pamkoil. B cuny gokazas-
HOrO B OCTABIIENHCSA YacTU TabJIMIbLI KayKAbli CTOJIOEl] COCTOUT U3
oauHakoBbix udp. OTcioga BUAHO, 4TO nocaegHue n uudp 4uc-
Jia T, COBIAMAIOT C MOCTAEJHUMH 1 UM paMu JUAroHaIbHOTO YUCTA
d = ...90625, niu, naeimu ciaosamu, d — x, = a,10", roe a,, —
HEKOTOpbIe OeCKOHeYHO3HAauYHble 4ucia. V3 mocsennero paBeHcTBa
BBIBOJIM

2n—3 2n—4

d=x,+a,10",
d* = 22 +22,a,10" + a210*".
Ucnonb3ysi paBeHcTBa, T2 = Tpiy U d = Tpp1 + Gpye1107FT
HAXOIUM
d? —d = (22 + 22,0,10™ + a210°™) — (Tp41 + an4110"H) =
= 10" (2zpan + a210™ — a,4110).
CrenoparennHo, y uncen d? m d COBMAfAOT mocieguue 1 udp.
[TockosiIbKy m — COBEPIIIEHHO TTPOU3BOJIbHOE HATYPAJIBLHOE YUCJIO, TO

y d? u d coBmagaior Bce mudpsl, T. €. d? = d.
6) [lokaxkem Teneps, uro e” = e. B camom zene,

e2=(1-d?=1-2d+d*=1-2d+d=1-d=c.
B) Hakonen,
de=d(1—d)=d—d*=0.
Takum obpazom, B apudmernke 6€CKOHEUHO3ZHAMHBIX YHMCEJI TIe-
pPEMHOYXKEHHE JIBYX YHCeJ, OTJIMYHBIX OT HYJIsl, MOXKET JIaBaTh HYJIb.

DTa 0CO0EHHOCTH OT/InYaeT apuMeTUKY OECKOHEYHOZHAYHBIX YUCEJ]
ot 00b1uHOl apudmeruku u poaHut ee ¢ 10-apudmeTnkoii.
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97. JomycTrM MPOTUBHOE U PACCMOTPUM Tpousseenne rde. U3
pasenctBa xd = 1 cieayer xde = 1 - e = e. VI3 paBencrsa de = ()
ciegyer xde = x -0 = 0. Mbl npunumm K nporuBopednio, nbo
e #0.

98. Yucio z, paBHOe CBOeMY KBaJparTy, JOJZKHO OBbITh LIEJIbIM.
B camom fese, ecin & cOAEp>KUT k IeCATUYHBIX 3HAKORB TTOCJIE 3allsi-
TOI, NIpUYEeM INOCJIeJJHUNA U3 HUX He HYJIb, TO x2 nmeer nocsie 3ansTON
2k mecATUYHBIX 3HAKOB U CHOBA MOCJEIHUIM U3 HUX OTJIUYEH OT HYJIS.
[ostomy, ecim 22 = x, o 2k = k, ©. e. k = 0. Jlanee, uucio x,
paBHOE CBOEMY KBaJIpaTy, JOJI’KHO OKAHYMBATHCS HA OAHY U3 mudp
0, 1, 5 wiu 6; B 1POTUBHOM CJIyvae YUCIA T U T~ OKAHIUBAJIUCH Obl
Ha pasubie nudpsol. [lycrs

=2z mn y=1-—=z.

Torpa 3% = y. JleiicTBuTenHO,
y=(1-zP=1-2z+2>=1-2z+zx=1-2=y.

[1pu arom eciin & okanunBaercs nrdpamu ) uam 5, To y OKAHINBAETCST
uudpamvu 1 uiu 6, u obparso. [Toaromy mocTaTodHOo HAMTH BCE YUCA,
paBHBIE CBOEMY KBaJpaTy W okaHuuBawluecs nudpavu 0 wim 5.
[TycTb @ u b — nBa pa3/MYHBIX YKC/IA, OKAHIUBAIOIUXCsT 00a HyJIEM
un uudpoit 5. Torma cymma a + b okanuuBaercst nysaem. Mb1 umeem

a?— b2 = (a—"b)(a+b),

¥ TI03TOMY pa3HOCTh a2 — b? uMeer Ha KOHIIE GOJIbINEE YNCIIO HYJIEi,
deM pasHocTb a — b. CiemoBaresnbho, a’ — b2 # a — b u, 3HaunT, 1160
a? # a, 60 b% # b. TeM caMbIM JOKA3aHO, YTO CPEIH YHUCEJT, PABHBIX
CBOEMY KBaJIpaTy, CYIIECTBYeT He Oojiee 0JTHOrO YNC/a, OKAHIHBAOIIIE-
rocst nupoii HyJib, u He GoJiee OJHOTO, OKAHYUBAIOIIErocst [udpoit 5.
MpbI 3HAaEM, UTO TAKUMHU ducaamMu aBisiiores 0 u d = . .. 90625,

99. Ilycts @ = ...asasa1. [ocnegusisi mudpa npousBegeHust
omnpeaessieTcst IPou3BeJeHueM MOCTIeHUX HU(P COMHOXKUTEIEH, 110~
sTomy mociteansisi uudpa uncaa a? ! ects af -t (8 p-apudmernye-
cxom empiciie). Ho B p-apudmeruxe a? ' = 1 (sagaua 71). Cnegosa-
TesIbHO, nocteHss uudpa unciaa aP~' — 1 ects 0.

100. /lokaxxem 3o mo naayknuu. Ciayqait £k = 1 pa3obpan B mipe-
aeiayeit 3agaqde. [Tycrs Teopema gokazana agst k = [. Jlokaxkem ee

mist k= 1+ 1. Oboznauns aP' ' (p-1) qepes y, uMeeM

AP 1= gP 1P = (y 1)y PRy 1),
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[Tockosibky 4y — 1, MO TPEANONOXKEHUI0 UHAYKIINA, OKAHYNBAETCST [
HYJISIMHU, JOCTATOYHO MOKa3aTk, uto yP 1 +yP~2 4+ ... 41 okan4nBa-
ercs rudpoit 0. [Nocnenusas uudpa y ecth 1; MO3TOMY y BCeX duces
y2 y3, ..., yP~! nocnemusisi mndpa Toxke emqnnnna. Orcona ciemayer,
YTO y YHCIA

Yl 4Pty +l= 1+ 1+ 1

p pa3

nocseusist udpa 0.

Sameuanue. [Ipumensisi pesynbrar 3Toil 3aja4u K KOHEYHO-
3HAYHBIM YHCJIAM, MBI TIOJIyYaeM CIeJYIONIYI0 TeOpeMy U3 OOBIYHOM
apu@METHKN: eCJIN I[EJI0€ YUCIIO @ He JEJUTCs Ha IIPOCTOE YUCIO0 P, TO

aP* ' p=1) _q aesircst Ha p¥ . OBGoBIeHneM 9Toii TEOPEMBI SIBJISIETCST
CIIeIyIOMIAs.

Teopema Ditnepa. Ecau a 63aummo npocmo ¢ m, mo a?(™ —1
deaumes wa m.

Baech @(m) — 4YnCaI0 Ynces, MEHBLIMX M ¥ B3AMMHO NPOCTHIX
¢ m. Hanpuwmep, ¢(10) = 4 (cpean umncen, menbmmx 10, B3anMHO
npoctsl ¢ 10 uncna 1, 3, 7, 9). [IpemocraBisieM YuTaTes o NpoOBEPUTD,
9TO

ep)=p—1, @) =p"1p-1).

Teopema Diisiepa cnipaBeinBa He TOJBKO JJIsi KOHEYHO3HAYHbIX,
HO ¥ /17151 0ECKOHEYHO3HAYHBIX UNCEI.

101. O6wmwmit Buja n-ro 4jeHa reoMeTpudecKoil nporpeccuu b, =
= boq™. IlosTOoMmy

k—1(,__ k—1(,__
bn+Pk71(P—1) = boqn-}-p (p=1) = bnqp (p 1)-

Ho u3 3amaun 100 ciemyer, uro nocineauue k nuudp dncia q”k_l(”*l)
cyts 000...001. Otciona y b, u bpgPt  (P=1 = byt pk—1(p—1) TO-
cnenaue k uudp coBMagaroT.

102. Permraercsi COBEpINIEHHO TaK ke, KaK 1 33J1a4a 78 ¢ 3aMeHOH
BBIPAXKEHUsI «P-apu(dMETUKay BbIPaXKEHUEM «apudMeTnka p-agude-
CKUX YHCeJT».

103. Pemaetrcs Tak »Ke, Kak 1 3a/1a4a 81 ¢ 3aMeHOI BbIpa>kKeHUsI
«p-apudmMeTrnKay BbIPAXKEHUEM «aPU(PMETUKA P-aJUIECKUX TUCETT».

104. Ecnu uncno umeer k 3aavdamux nudp mocse 3asToil, To ero
KBa/[pAT UMEET MocJie 3ansToil 2k 3nagammx uudp.

105. Ilycts a oxkanuuBaercss 1udpoil ai U MyCTh MOCIEIHSISI
uudpa uucaa b = y/a ecrs by. Toraa b% = a1 B p-apudmMeTHKe.
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106. B camowm pneute,

201
%901

201
000
1102

111101
[Tocsienaue Tpu tudpset y gucen 111101 u ... 112101 coBnagator.

107. O6o3naunm GyKBOit u,, BhIparXkKeHNe an_1ug + anui. [ocie-
J0BATEIBHOCTD U, U}, Uy, . .., ul,, ... siBjsieTcs: psaom OuboHaTH.
B camom gee,

! ! _ _
Up_9 + Uy = (Gn3Ug + an2u1) + (an 2ug + an 1u1) =
!
= (an-3 + an—2)ug + (an—2 + an_1)u1 = an_1U0 + AnU = Uy,.
BamMeTum ganee, 9To
! !
Uy = a_1UQ + QU1 = Up, U] = GoUp + aA1uUl = U1

U, CJIeJJOBATEIbHO, y TIOCJIEI0OBATEbHOCTEN Ug, Ul, U2, - . .y Upy - - -

v oug, uy, uh, ..., ul, ... coBnagaloT nepsble ABa 4ieHa. [1ockonIbKy

KayK/1asl U3 3TUX MMOCIEJ0BATEIbHOCTEH siBJsieTcs psimoMm PuboHaqn,
OHU COBTMAJAIOT IEJUKOM, T. €. TIPU JII0OOM 7

!
Up = U, = Qp_1Uy + ApU7.

108. [Jocrarouno npumenutsb (opmyay 3agaqdu 107 k psagy Pu-
boHaqIn

Am—1y Cm; Am+1; Am+2y - -y A (n=1)) «

B KOTOPOM Up, = Gy (n—1)-
109. Eciu B dopmyJie, BbiBe[ieHHON B NpeAbIAyIIeil 3amade, mo-
JIOXKUTb 1M = 1, TO MOJIYIUTCS

2 2
agn-1 = 0a,_1+a,.

110. IMonoxum
2
Up—1Unpt1 — Uy = dp.

Nnmeem

2 2
dp1 = UpUnt2 — Upyq = Un (Un + Unt1) — Upy1 =
2 2 2
=Up + UpUptr1 — Upyq = Uy — un+1(—un 4+ un—l—l) =

2
= U, — Up—1Upt+1 = —dn.
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Orcroga BbITEKAET, YTO
dp=—dp_1=(-1)2dp_o=(-1)3dp_3="...
= (1" = (1) Yuouz —ui). (1)
MockombKy agaz — a? = —1,T0 @y 1Gn41 — a2 = (—1)™.
111. 3amerum, 4TO
Up—1Un+2 — UplUptl = Up—1Up + Up—1Upt1 — UpUpnt1 =
= Up—1Unt1 — Up(Upt1 — Up—1) = Up_1Upt1 — u?l =
= (=1)" H(uguz — i), (1)
OTKYyAa,
|Un—1Unt2 — UnUni1] = |ugua — u%|

Jnst psiga @0

Ap—10n4+2 — Aplpt1 = (_1)7171(@0@2 - a%) =
= (=)™ H0-1-1) = (-1)™
112. Tocneguue mdpsr psga Oubonauun 0 camn obpazyior

psig @ubonayuu B cmbicie 10-apudmernku (psig 45(1]0).
Breimuiiiem diessr 3Toro psiga:

0’ 17 17 2’ 37 5’ 87 3’ 17 4’ 57 9’ 47 3’ 77
0,7,7,4,1,5,6,1,7,8,5,3,8,1,9,
0,9,9,8,7,5,2,7,9,6,5,1,6,7, 3,
0,3,3,6,9,54,9,3,2,5,7,2,9, 1,
0,1,1, 2,3, 5,
SameuaeMm, uto cgy = 0, cg1 = 1. CiegoBaTeIbHO, €CJIU OTOPOCUTH
B psizie HavdasbHble 60 dieHoB (cg, €1, ..., C59), TO OCTAHETCs Psij
OuGonauun, HaumHaomuiica nciamu 0, 1, T. e. cHosa pajg @Y.
3Ha‘{I/IT, Ce2 = C2, Cg3 = C3, ..., C60+k — Ck,y ..., T. €. DA ¢(1)0
SIBJISIETCS TIEPUOAUYECKUM U JIJIMHA nepuoga pasHa 60.
113. Ilycts vg, v1, V2, . . ., U, . . . — KAKOW-HUOY b m-apupMeTu-

geckuit psig Pubonauyau. Ml JoKaxkeM, 9TO [1Jisi HEKOTOPOTO 7 UMEIOT
MECTO PABEHCTBA Uy = Vg, Upt1 = V1, MOCJIE YETO MEPUOIAUUHOCTh Psi-
Ja vg, U1, U2, ..., Un, . .. yCTAHABJIMBAETCS COBEPIICHHO AHAJOTUIHO
TOMY, KaK B IpeAbIAYIIEi 3aaue JoOKa3hIBaIaCh MEPUOIUUHOCTE PSIIa,
@Y, (mpuuem AMHA MepHOsA PaBHA T).

B m—agnd)MeTMKe BCEro m 3JieMeHTOB. VI3 HUX MOXKHO COCTABUTH
ToNBKO m? pazmmunex nap. Ilostomy cpean m? 4+ 1 map (vg, v1),
(v1, v2), (v2, v3), ..., (U2, Vyp2,1) HENPEMEHHO BCTPETSITCS JBE
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oannaxosbie. [lycts 910 GymyT k-st u l-s1 maper (k < I < m2+1), T e.
nycTh

V = Uy, (1)
Vg1 =V 1- (2)
Berarem pasenctso (2) u3 pasencrsa (1). Mer nosyunm

Vg2 = V2. (3)

Boranras (3) 3 (2), naitgem

Vg—-3 = V-3

[ToBTOpsist MOMOOHBIE BBLIYUTAHMSA, MbI MPHUJAEM, HAKOHEI, K paBeH-
cTBam

V1 = Vj—k+1, V0 = V—k-

Elciau nonoxxutk B 3TuX paBeHCTBaX | — kK = r, TO MBI [OJIyYUM

V1 = Upr+1, Vo = Up.

Tak kak [ <m?+1,ak > 1, tor < m?.

114. OcraTku OT [eJIeHusi YUCEe Psija,
" na m obpasyor m-apudMeTnIecKuit psij
Oubonauun. Cornacuo 3agade 113 aTor psig
nepuognyeckuii. Crenosaresnbro, yucyio 0,
SIBJISTIOIIIEECST €70 TIEPBBIM YJIEHOM, TOBTOPSI-
eTcst B HeM OeCKOHEYHOe YMCJIo Pas.

115. [IpuBoaum B KauecTBE MPpUMEPA PsiIT

9, (puc. 141).

116. O603Ha4MM 3/IEMEHT Psijia, PABHBI
HyJII0, OYKRBO#l vg ¥ 3aHyMepyeM OCTaJjbhHbIE
4JIEHbI, KAK MMOKa3aHO Ha puc. 142. Yoeaum-
Cs1, YTO BBITIOJTHSIIOTCSI PABEHCTBA

vg + vg =0,
v, — v_1=0,
vo + v_o=0,

vy — v_3=0,
v4 +v_4=0,

Puc. 142

[TepBoe u3 3TUX PABEHCTB OYEBU/IHO, BTOPOE CJIEIYET U3 TOrO, U9TO

v=v1+v=v1+0=v_1.
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CKﬂaﬂbIBaH 9TU TIEPBbIE€ ABa PABEHCTBa U IMPUHUMAas BO BHHUMaHHUE,
qTO

vo +v1 =v2, Vo— V-1 = V_3,

noJiy4um Tperbe papeHcTBO. CKIlajbiBasi BTOPOE U TPEThE, MOJIyYUM
yeTBepTOE U T. 1. /lokazaHHbIe paBEHCTBA MOYKHO OObEIUHUTH CJie-

nyroteit obmeit (hopmyioit:
vp + (=1)"v_p, = 0.

117. Yucno y = (0 HAXOAUTCS HA OJIMHAKOBOM PACCTOSTHWUU OT
x u z. [losromy Ha ocHoBanum 3aga4u 116 mubo z + z = 0, qubo
x — z = 0. Tak kak & = 0, To B 0boux ciy4asix z = 0.

118. Hynu pazbuBator Kpyrosoii psim P, Ha HECKOJHKO MIYT.
BriGepem cpeam 3Tux gyr HAMMEHbUIYIO (€CJIM TAKMX HECKOJIBKO, TO
BO3bMeEM JIIO0YIO M3 HUX) U 0003HAUUM Yepe3 T U Y MEMEHTHI psifia
(paBHBIE HYJIIO), CTOSILIME HA €e KOHLaX. BribepeM ajeMeHT 2 Takum
o6pa30M 4TobbI AyTa §2 6blia pasHa ayre £y. Toraa (cm. sagaay 117)

= 0. ,Hanee OTKJIAJhIBAEM B HAMPABJIEHUU TIO ‘{aCOBOI/I cTpeJike
JyTM Zu, W0 W T. J., KaXKJas U3 KOTOPHIX paBHa Ty. $ICHO, 4TO
u=v=...=0. O60Ha91 OJIVH Pa3 BCIO OKPY>KHOCTh, Mbl HeI/136e)KHO
nonaJiemM ubo BHyTpPb Iyru T, 160 Ha ee Koner| 2. O JHAKO BHYTpU
JyTH Ty HyJeil He copepsKuTcs. [103ToMy MBI MOYKEM MOMACTh TOJIBLKO
Ha kouer, . Takum obpasom, HyJM T, Y, 2, U, V, ... pA3AEIUIU
KpPYTOBOW psiJT HA paBHble 4YacTu. [l0CKOIBKY paccTrosiHue MexKIy
JIByMsl HYJSIMH He MOYKET OKa3aThCsl MEHBIINM, YeM Jyra Ty, TO
HUKAKUX JIPYTUX HYyJIel, KpOMe MOCTPOEHHBIX HAMU I, Y, Z, U, V,
psig D, He uMmeer.

119. Pan ¢9n SBJIIETCA PSIZIOM OCTATKOB OT JIeJIEHUS YHCEJI
paga @0 ma m, BeneacTBue wero Hynam paga PO cooTsercTBYIOT
B psage P uncrna, gensimmecst Ha m, u obparHo. Psiy (15971 OTBEYAET

KPYyroBO# psij ¢m, NpeACTaBJIAOIAN ero nepu-
on. Iloaromy yTBepKIeHUEe 3aJadu CleayeT U3
3agaun 118.

120. Ecnu kpyroroii psa @, conep>XuT HyJIb
U COCTOWUT M3 HEYETHOI'O YKCJIA YJIEHOB, TO B HEM 0
HaliJeTcs napa coceJHUX 3JeMEeHTOB T, Y, PACIIO-
JIOXKEHHBIX HA OJTUHAKOBBIX PACCTOSTHUSIX OT HYJIs T U
(puc. 143). Cornacuo 3agave 116 6o = +y = 0, Puc. 143
aubo © —y = 0 u, 3HAYUT, OJIUH U3 IJTEMEHTOB T
psiZia, TPUMBIKAIOIINX K Mape &, ¥, paBeH HyJ 0. B cuny 3agaqun 117
PaBeH HYJIIO U BTOPOii 3jIEMEHT, pUMbIKALIUi K 3Toil nape. Orcioaa

o

7 E. deiakun, B. Ycnencknii
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caeyer, YTO T = Y, U MOCKOJIbKY UCKOMBII Psif] sIBJISIETCs PsiJioM 0e3
MOBTOPEHUI, TO OH UMEET BU/I, N300parkeHHbIN Ha, puc. 144.

121. TlpeamosioxKum, 9TO KPYroBO psi/i COIEPYKUT TI0 MeHbIIIeit
Mepe TPU Pa3JMYHBbIX HyJisl. Bbigesum Tpu Kakux-HuOyab MOCIEI0-
BaTeJbHBIX HYJIs U 3aHyMepyeM ux (1, 02, 03 B mopsijike cieJOBaHUsI
[0 YaCOBOI cTpeJike. DJjieMeHTbI psijia, npejamectsytoue 01, 02, 03,
0003HaYNM, COOTBETCTBEHHO, Yepe3 U1, U2, U3, & JJIEMEHTHI, HEMo-
cpeacteenno caegyromue 3a 01, 0z, 03, 0603HAUMM Yepe3 v, V2, V3
(puc. 145). OueBnaHo, UTO U1 = V1, Ug = V2, U3 = V3. [lOCKOIBKY

0 u O v
Uy
0,
Yy
T T
. U
30, 73
Puc. 144 Puc. 145 Puc. 146
9JIEMEHTHI U] W U3 HAXOASATCS HA OJWHAKOBBIX PACCTOSTHUSIX OT dJIe-
menTa O, To B cuwiy 3ajadu 116 umeer mecro uy + vy = 0 wim
u1 — vy = 0. V3 pameHcTBa u; = w3 ciaemoBaJv Obl paBeHCTBa

U] = ¥] = U3 = v3, YTO HEBO3MOXKHO, NOO pacCMaTpPUBAEMBbIH psi[l
He cojgepkuT nosropenunii. CjieJoBaTENIbHO, UMEIOT MECTO PABEHCTBO
%1 = —vU3 U BBITEKAIOIIee U3 HETO PABEHCTBO

U3z = —uj. (1)

[okaxkem Tereph, 9TO €Cau KPyroBoi psig P, COIep>KUT POBHO
TPHU HYJIsI, TO OH SIBJISIETCS PSAJOM C TOBTOpeHusIMU. JleficTBUTENBHO,
B pacCMaTpUBAEMOM CJydae HyJu pasOMBAIOT Psifi HA TPU pPaBHBbIE
IyTU, W, TOJJOOHO TOMY KaK OBLIO BBIBEJIEHO PABEHCTBO

uz = —uy,
MO>XHO BBIBECTU TaK>K€ paBE€HCTBa
Ul = —uU2, U = —U3.

N3 3Trx Tpex paBeHCTB BHITEKAET, UTO U] = Us = U3, U 3HAUNT,
paccMaTpUBAEMbIil PsiJ] SIBJISIETCST PSITOM C TIOBTOPEHUSIMU.

[Tpeanosioskum Teneps, 4To psijJi COAEPIKUT TSATh PA3JIUIHBIX HY-
Jieil, U JIOKaXKeM, UTO U B 3TOM CIydae OH HElPEMEHHO COJIEPYKUT
MOBTOpEHUs. 3aHyMepyeM TsITh KaKUX-HUOYIb MOCIEJ0BATETbHBIX
HyJieii B nopsiike ux ciaenoBanus: 01, 02, 03, 04, O5, a nmpeamecTByio-
IIMe UM 3JIEMEHThI — OyKBaMHU U1, U2, U3, Ug, s (puc. 146).
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[pumensisi popmy.ty (1) K pasMuHBIM TPOWKAM NOC/IEJOBATE b
HbIX HYyJie#, BbigesnsgemMbiM u3 01, 02, 03, 04, 05, moayunm paBeHCTBA
U3 = —Ui, Ug = —U2, Us = —U3,

OTKYJla Uz = U1, U CJEJOBATEJIbHO, P/l COJAEPKUT MOBTOPEHUSI.
122. a) leomerpuyeckasi mporpeccusi ¢ Ha4aJdbHBIM YJEHOM b 1
3HAMEHATEJIEM ¢ UMEeET BU/J

b, bq, bg*, bg®, ..., bg" ", bg™, bg™ !, ... (1)

st Toro 9TobbI 9TA 1M0C/IEI0BATEIBHOCTD SIBJIslJIach psigoMm Pu-
OGoHauYYM, HEOOXOINMO U IOCTATOYHO, UTOOBI JIJIsT BCEX T BHITIOIHSIJIOCH
COOTHOLLIEHUE

bqnfl + bqn — b(]n+1.

DT0 COOTHOIIEHNE MO COKpaleHnn Ha bg™ ! mpuBoguTCst K BUTY

1+¢g=¢> wm ¢*—qg—1=0. (2)
Pemaem noy4yenHoe KBaJpaTHOE ypaBHEHUE OTHOCUTENHLHO (-
1++/5
q= Yy *). (3)

B 11-apucdmernke /5 = +4. CregoBaressHo,

1+4 1-4
q 9 g 9

[Toacrapiisisi HaligeHHBIE 3HAUYEHUsT ¢ B (pOpMYyJTy (1), MOJIy4YUM [1Ba
ceMencTBa reoMeTpunidecKux nporpeccm'/’l, ABJIAIOIMINXCA B TO 2K€ BpEMA

pstaavu PudbonauIn:
1) b, 8b, 9b, 6b, 4b, 10b, 3b, 2b, 5b, Tb, b, . ..
2) b, 4b, 5b, 9b, 3b, b, 4b, 5b, 9b, 3b, b, . ..

6) B T-apucdmernke /5 He uspekaercsi, nosromy ypastenue (3)
He umeer perienunii. CyieI0BaTesbHO, B T-apudMeTHKe He CyLeCTBYeT
reOMETPUUYECKUX TIPOrPECCUii, KOTOPhIE SIBJISLINCH Obl B TO YK€ BpeMsl
psimamu PuboHATIN.

123. B npeawigymeii 3agade Obn HaiigeHs! Bee 11-apudmern-
YEeCKHUe M0CJIEJOBATE/IbHOCTH, SIBJISIFOLIUECS] OJJHOBPEMEHHO I'eOMETPU-
YECKUMU Nporpeccusivu u psigamu Gubonauuu. Beiuio ycraHorjeHo,
9YTO BCE TaKUe MOC/Ie0BATEIbHOCTH PACIAJAIOTCs HA JIBa ceMeiicTBa.
BosbMmem Tenepb U3 MEPBOrO CEMENHCTRA MOCJIEJOBATE]IHHOCTh C Ha-
YAJIbHBIM YJIEHOM T W U3 BTOPOI'O CEMENUCTBA MOCJIEI0BATEIBHOCTD
C HAYAJILHBIM YJIEHOM ¥ U CJIOXKUM WX MOUJIEHHO. MBI MOJydum

*) Cm. bopmyaty (3) B perenyn 3agaum 81; HATOMHUM, YTO OHA HE UMEET CMBIC/IA
B 2-apudmMeTnkKe.

T*
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IIOCJIEJ0BATEJIBHOCTDH

z + vy, 8¢ + 4y, 9= + by, 6z 4+ 9y, 4o + 3y, 10x + y,
3z +4y, 2z + 5y, bx +9y, Te + 3y, z +vy, ..., (1)

KOTOpasi, KAK JIErKO BUJIETh, CHOBA siBjsieTcss psigom Dubonaqdn.
[Tonbepem Teneps T u y Tak, 9TOOBI MEPBBIN YEH ITOU MOCIETO-
BaTEJILHOCTYU ObLI PaBEH HYJIIO, a BTOPOil eaunwuie. Pemrasi cucremy
YPaBHEHU1

r+ y=0,
{8x+4y=1,
HaXOUM
T = i:3,
y=-3=

Taxkum obpazoM, uckomoe pazioxkenue psiga PuboHATIN [aeTCst
dbopmysiamu

co=0=3+8, ¢ =1=3-8+8-4,
co=1=3-82+8-4% ..., ¢,=3-8"+8-4", ...

124. TloBTopsiem B 00OIIEM BHUIE Te€ PACCy>KAEHHUsI, KOTOPbIE yKe
MPOBOJIMJINCH JIJIsT YaCTHOTO Cjydvasi Tpu perieHunn 3amaad 122-123.
3HaMeHaTeNb ¢ T€OMETPUYECKON MPOTrPeCcCUt, SIBJIAIOIIUNACA PAIOM
Oubonayum, [OKEH YJIOBJIETBOPATL KBAaJAPATHOMY YPABHEHUIO
q* — q—1=0 (cvm. bopmymny (2) B pemennn 3anauu 122).

a) Ecin /b He usBiiekaercs, To ypasHenue (2) He UMeeT perieHuii,
M 3TO MOKA3bIBAET HEBO3MOYKHOCTh MOCTPOEHWUSI MHTEPECYIOIEil HaC
[IPOCPECCHM.

6) Ecan /b usBiekaercs, To ypasHenue (2) gaeT aBa 3HaUeHWs
IUIST ¢ W KAXKIOMY W3 3TWX 3HAYEHWI COOTBETCTBYET CEMENCTRO reo-
METPUUECKUX IPOrPEeCcCuil, aBadommxcsa pagamu Pubonadyan:

1) b? bq17 bg%? bqia’7 R | bqf’ R )
2) b, bga, bga, bgs, ..., bgy, ...
[TocnenoBaTeIbHOCTH
T+, Tq1+Yq2, 47 + a3, 2q; +y4qi, ..., zql +yqt, ... (1)

cHOBa siBJsieTcst psioM Pubonauuu. /st Toro 4ToObI NPOU3BOIBHBIN
psig PuboHaATIM

VO, V1, V2, - v vy Upy oo (2)
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npeacrasuth B Buge (1), gocrarodno nopobpars v Y Tak, 4ToObI
y psgos (1) m (2) coBmaganm aBa HavauabHbIX dieHa. [locnexnee
CBOJMTCS K PEIIEHNIO CUCTEMbI yPaBHEHUIA
T+y = o,
Tq +Yq2 = v1.

Pemast aTy cucremy, Haxoaum
, =
q1 — q2 q1 — q2
Nrak, paznoxkenune npousBosibHOrO psiga OuboHau4dn B CyMMy ABYX
reoOMEeTPUYIECKUX Mporpeccuii qaercst hopmyJioit

— U1 — Voq2 __ VYoq1 — U1 *) ) (‘3)

vn = 2q7 + Y4q3, (4)

7€ g1 U ga — KOPHH ypaBHeHus ¢> — ¢ — 1 = 0, a & 1 Y BLIMUCTSIOTCS
o dpopmyaam (3).

125. Cornacro 3aade 71 B p-apudmernke a?~' = 1 g1s moboro
a # 0. B uacTHocTu, q{’_l =1n qg_l = 1 uu3 opmyuin (4) pemenus
3agaun 124 caemyer

-1 -1
vp—1 =2q) +ygh =z +y =,

vp = zq) + ygh = zq1 + yg2 = v1,

vkip1 = qi P yay 7T = zaf + yas = vy

126. Boibepem kakoii-HuOynb 3jieMeHT KPyroBoro psiga Pubo-
HAYYU B KA4eCTBE OTIPABHOIO MYyHKTa U OyZeM JABUraThCsl MO 4Ya-
COBOIi CTpPEJIKe, MPOXO/s HEOIPAHUYEHHOE YUCI0 Pa3 OKPYXKHOCTb,
[0 KOTOPOil BbINKUCAH HAIl psifl. ByaeM BbINKCHIBATH B CTPOYKY
9JIEMEHThI HAIIEr0 Psijia B TOM TOPSIIKE, B KAKOM OHU MPOXOISATCS
HaMu. Mbl no/iy9um GECKOHEUHYIO MEPUOJUIYECKYIO MOCTIEI0BATE b
HOCTB Vg, U1, V2, ..., Un, ..., ABAgioniyiocsa pagoM Pubonaauan &,
CorylacHo mpeapiaylueit 3ajade v,_1 = Vo, Up = v1. [lockoabKYy
UCXO/IHBIM KPYTOBOH Psij] sIBJISIETCs PsiIoM De3 MOBTOPEeHui, B HEM He
MOYKET BCTPETUThCS IBAXKJIbl OJHA U Ta YK€ Tapa COCETHUX IJIEMEH-
toB. [Tosromy pasubie napser (vg, v1) u (Vp_1, Vp) OTBEYAIOT OAHOM
u TOi Ke mape Kpyrosoro psiza. CiegoBaTesbHO, COCTOSIIIUN U3
(p — 1)-ro snemenTa 0Tpe3oK Vg, Vi, V2, . . ., Vp_2 psga P, orBedaer

*) @opmy.er (3) TepsIOT CMBICT, eciv @1 = ga. Jlas TOro uToGHI MMeEs MecTo
TOT OCOOBINM ciiy4ail, Heo6XoAMMO, YTOOBI OOpAIAJICS B HYJib JAUCKPUMHUHAHT
ypasnenusi ¢> — ¢ — 1 = 0. Ho 9TOT JUCKPUMUHAHT paBeH 5 1 MOXKET 06paTHThCs
B HyJIb TOJIBKO B CIy4ae 5-apudMeTnkn, MeXxJy TeM ciaydail 5-apudmernkn ObL1
3apaHee UCKJIIOUYEH HAMU U3 PACCMOTDEHHUSI.
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npobery 1o KpyroBomy psi/ly, COCTOSIIIIEMY U3 LIEJIOTO YUC1a 000POTOB.
OTcroa BBITEKAET, YTO YKUCIO JIEMEHTOB KPYTOBOIO Psijla, sIBJISIETCSI
nenureseM dncaa p — 1.

127. B kayecTBe nipuMepa npuBOAUM repBbie 15 1ieHOB psiga 45(1)1

u psafa orHomenwit s Y.

Pand?, . ... | 0,1,1,2,3,58,2,10,1, 0,1,1,2,3,5, ...

Psag orHomenuii

aadd . ... | 0,1,2,7,9,6,3, 5, 10,0, 00,1,2,7,9, ...

128. a) Yucna psga PuboHauun CBSI3aHBI COOTHOIIEHUEM
Up = Un—1+ Un—2.

PazgesimMm 310 COOTHOIIEHNE HA Uy 1!

Un — 1 + Un—-2 .
Un—-1 VUn—-1
3ameHsisi Ha By 1 2" Ha t,_1, noayunm GopMyLy
Un—1 Un—-2
1
th =14 . (1)
tn—l

B psige tq, ta, ..., tn, ... BcTpedaeTcss He Gonee yem p + 1

PA3JINYHBIX DJEMEHTOB: P 4YUCes] U3 p-apudMETUKH U CHUMBOJ OC.
[ToaTromy cpenu 371eMEHTOB ITOrO Psijia HEIIPEMEHHO UMEIOTCS PaB-
Hble. VI3 Bcex map paBHBIX 3JIEMEHTOB BBIOEpPEM TMapy 3JIEMEHTOB,
CTOSIIIIUX B PACCMATPUBAEMOM psijie Bcero buimke Apyr K aApyry. [lycrs
910 OymyT 3emeHTbl by U tpip. Torga JioOble T j1leMEHTOB psijia
t1,t2, ..., ty, ..., MAYIIUX TOAPSI, TIOMAPHO PA3JIUYHBI MEXK Y CODOIA.
JJ1st TOro 9TO6BI MOTHOCTBIO PEIUTD 3aJa4y, OCTAETCsI TIOKA3aTh, YTO
[UTst JTI0O0T0 3HAYEHUSI N UMEET MECTO PABEHCTBO

tn - tr—l—n .

Hawm y>ke u3BecTHO, 9TO 3TO PABEHCTBO BBINOJIHSIETC Ipu 1 = k:

e = trtk- (2)

JlokaxkeMm Termepb paBeHCTBA

—
w
~

eyt = trykat,

N
SN—

thyo = trykta, (

(W4
~—

tpy3 = tryki3, (
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Bocnonb3yemes: auist 31oii nesn dpopmyaoii (1). B cuny aroit dbop-
MyJIbI
1 1
tepr =1+ —, lrppp=14+—,
tr tr+k
, cTajo ObIThb, paBeHCTBO (3) BhITekaer u3 paseHcrsa (2). Towno
Tak e BoBogsATCst (4) u3 (3), (5) 3 (4) u . 1. Ocraercst yoeanThest
B CIIPaBEJIMBOCTY PABEHCTB

tk—1 = tryk—1, (6)
tk—2 = trik—2, (7)
tl = tr+1. (8)
Paspermm oTHOCUTENBHO t,—1 coOTHOIIEHUE (1):
1
th1= .
n—1 1

C nomouibio NosryueHHOi (hopMyJIbI MOCIEI0BATENBHO BRIBOAUM (6)
u3 (2), (7) u3 (6) 1 T. J. COBEPUIEHHO AHAJIOTMYHO TOMY, KaK C IO-
mouibio dhopmyast (1) BeiBoananck pasencrsa (3), (4), (5), . ..

6) IocTpouM psii OTHOLIEHUI [AJisT psijja 452. Pan 452 HaunHa-
ercst anementamu 0 u 1. [TosTomy ero psii oTHOLIEHMI HAYMHAETCS
asiemenToM 00. CorsiacHo 3a1a4e a) CUMBOJI 0O TIOBTOPSIETCS B Psijie
OTHOLIEHNI GECKOHEYHOE MHOXKECTBO Pa3 U IPUTOM dYepe3 PaBHbIE
npomexkyTku. Kak Jjierko Bujers, sjieMeHTam psija OTHOLIEHWH, paB-
HBIM 00, COOTBETCTBYIOT 3JIEMEHTHI psifa P), paBHbIE HYJIIO, & 9TUM

TOCJIEIHMM OTBEYAIOT djeMeHThI psina PV, kparTHbie p.
129. IIpexxae Bcero caenaeM aBa 3aMedYaHUs:
1) Ecom psiabt oTHOWEH W

t1, ta, «..y tn, ... (1)

2 R A (1)

MMEIOT OJINHAKOBbIE HAdYaJbHbIE UJEHBI, TO OHW COBIAJAIOT, T. €.
npu Jobom n t, = t,. 1o cregyer uz HoOpMyJibl, BhIBEIEHHOM
B 3aja4e 128 a).

2) Ecim B mpouM3BOJILHOM psifie OTHOMIEHuit t1, ta, ..., tp,
OTOPOCUTH KOHEYHOE YUCI0 HAYaJbHBIX YJEHOB, TO MOJYYUTCS Pl
tm, tm+1, tm+2, -5 tn, ..., COCTOAIINN U3 TE€X YK€ JEMEHTOB, 4YTO
¥ nepBoHauYaJbHbIN psj. [lelictBurenbHo, cormacHo 3agade 128 a)
BCAKMI 3JIEMEHT, BXOAAIU B paf tq, ta, ..., tp, ..., TIOBTOPAETCS
B 9TOM psijie OECKOHEYHOE YUCJIO0 pa3 U, CJIeJOBATEIHLHO, HEIPEMEHHO
BCTpEYaeTcsi B Pife by, timt1, tmt2, - - -5 bn,y - - - OBPATHOE OUEBUJIHO.
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[Ipeanosoxkum Tenepb, 9TO HAM 3a/aHbl JBA [IPOU3BOJILHBIX Psi-
na oruowenuii (1) u (1') u npu 3TOM U3BECTHO, YTO HEKOTOPDIii
aJeMeHT t.,, psaga (1) pasen Hekoropomy 3smementy t, psiga (17).
PaccmoTpum psijibi

tm, tm+1; tm+2, - - (2)

ts togts tngas - (2')

Paabr (2) n (2') umeror paBHBIE HauaJdbHbBIE YIEHBI U B CUIY
3ameuanus 1) coBnazgaior. Bmecre ¢ Tem B cuity 3amevanusi 2) psiz (2)
COCTOUT U3 TeX Ke 1eMeHToB, uro u psag (1), a psaa (2') cocrout n3z
Tex ke aneMeHToB, uto u psaz (1'). CreposarensHo, psaawt (1) u (1)
COCTARJIEHBI U3 OJMHAKOBBIX 3JIEMEHTOR.

130. ®opwmyJia 3agauu 107 MoxkeT OBITH TTEPENUCAHA /1151 P-apudd-
METHYECKUX PSAJIOB B BUJIE

Up = Cp—1v0 + CpV1
(cm. 3ameuanue Ha c. 70). Vcnonb3yst 3Ty dhopmyity, BBIBOAUM

_ VUp41 __ CpU0 + Crp101
try1 = = .
Up Cr—1V0 + Crv1

3aMEeHUM Cpy1 PABHOM €My CYMMOIi ¢ 1 + €, ¥ PA3JIEJIUM YUCIUTEH
U 3HaMeHaTeJIb IPeodpa30BaHHON IPOOU Ha V(Cpr_1:

Cr n <1+ Cr )v_1
Cr_1 Cr—1/) Vo

tri1 =
i T
Cr—1 Vo
cr < V1
Fcnn nmpuHATH BO BHUMaHUE, YTO =t nu — = t1, TO
Cr—1 Vo
MOJTY YU TCsl MHTEpECyIoiIast Hac hopMyJia
tr+ (1+%)t
tppg = — TR (1)

1+ f,ﬂfq

13 paBencTra (1) BbITEKAET, 4TO:

1) ecim t, = 0, 10 tpyq = t1;

2) ecin tpyq = t1, 10 1,(t3 — t1 — 1) = 0 u, 3nauur, ubo £, = 0,
6o t2 —t1 —1=0.

[TycTh Tenepsb r 0603HAYAET AMUHY Hepuoja pafaty, to, .. ., ty, ...
¥ TyCTh £ He sBIseTCs KOpHeM ypaBHennsi 22—z — 1 = 0. Mbr nmeem

trp1 = t1 = oo u u3 dpopmyanl t.11 = 1+ % (cm. 3amaqy 128)

BoITekaer, uto t, = 0. CorsacHo Toii ke 3ajade 128 ajeMeHTHI
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t1, ta, ..., t, TONAPHO Pa3/JIMYHbI U, B YAaCTHOCTHU, JEMEHTbI f1,
ta, ..., tp—1 otiuunel ot t, = 0. B cuny 1) u3z pasencrsa t, = 0
cyeslyeT paBeHCTBO t.41 = t1. [Ipu aTOM Bce anmemeHThI to, t3, .. ., t,

OTINYHBI OT t1, MO0 M3 paBeHCTBA t1 = ts41 (8 < T) cJegoBaJO OB
(B cuity 2)) pasencrBo ts = 0, KOTOPOE B IeHCTBUTEHLHOCTH HE UMEET
MecTa. 'TeM camMbIM yCTAHOBJIEHO, YTO IJIMHA MTepuojaa psiga ty, ta, . ..
. tn, ..., TAK *Ke KaK ¥ JJUHA Mepuofa paaa ti, ta, ..., tn, ...,
paBHA T.
131. a) Paccmorpum cHavana ciydaii, korga /b He uzBJeKaeTCs
B p-apudmernke. B takoii apudmernke ypasuenue z2 — x — 1 = 0
HEe MMeeT HU OJHOr0 peleHus, u coryiacHo 3ajade 130 Bce psigbi
OTHOIIIEHU, TIOCTPOEHHBIE JJIsi JIIOOBIX pP-apupMeTUIeCKuX PsiIoB
OuboHaYYM, UMEIOT EPUObI OJJUHAKOBON JIJIMHBI T'. DJIEMEHTbI, CO-
CTaBJISIIOIINE TIEPUO]] Psifia OTHOIIEHU, IOMAPHO PA3IUYHbI (B CUILY
sagaun 128 a)). [TosroMy B KaxKzbIil psiji OTHOIIEHWI BXOJUT POB-
HO 7" Pa3JINYHBIX d/1eMeHTOR. O603HaUNM OYKBOI R psi/l OTHOIIIEHUIA,
cooTBeTCTRyIOMU psiay Pubonavddun <15g, HAYMHAIOIIEMYCST UNCTIa-
mvu 0, 1. [lepBbim semenTom psiga Ry siasiercst cumBos co. Obiee
YUCJIO JIEMEHTOB, KOTOPhIE MOT'YT BCTPETUTHCSI B PsiJie OTHOIIEHUIA,
paBHO p + 1 (cumBos 0o u p uncesn u3 p-apudmernkn). Ecan Bce
9TU JIEMEHTHI BOULIU B psigi Ry, To r = p + 1, U 10Ka3aT€IHCTBO
3akoH4YeHO. Ficin 910 He Tak, TO BO3bMEM KakOe-HUOy/Ib YUC/Io a, He
Bxogsiiee B psaa Ri. Paccmorpum psig @ubonayyu 1, a, ... Ero psan
OTHOIIIEHMT (MBI HA30BEM €ro psijoM R9) HAYMHAETCST JJIEMEHTOM @.
B cuny 3agaun 129 psasr R; u Re He uMeOT OOIMIMX 3JIEMEHTOR.
Elcau HekoTopbie unciia u3 p-apudMeTuku He BOILIA HU B OJWH U3
9TUX PsAIOB, TO MbI DepeM Kakoe-HUOyAb U3 HUX b U CTpouM psij
@ubonauum 1, b, ... Ero psig orHOmenuii (Mbr o603HA4YAEM ITOT
psii Yepe3 R3) HAYMHAETCS SJIEMEHTOM b U, CJIe0BATEJIbHO, HE HMeeT
001X 3/1eMeHTOB HU ¢ R1, Hu ¢ Ra. Eciu psagamu R, Ra, Rs eme

He ucyeprnanbl Bce dmeMeHThl 0, 1, ..., p — 1, 00, TO MBI CTpPOUM
9eTBEPTHINA psing Ry v T. 1. 10 TeX Mop, MOKa HE MOCTPOUM CUCTEMY
psigoB R, Ra, . .., R}, nCUepTIIBLIBAIOIIYIO BECh 3aT1AC BO3MOYKHBIX JJ1€-

meHnToB. Hukakue JBa U3 oCTPOEHHBIX PsIZOB HE UMEIOT ODIIUX dJjie-
MeHTOB. Kaxk/1blil U3 HUX COIEPXKUT POBHO T PA3JIUYIHBIX JIEMEHTOB.
Orcroona BbiTeKaeT, uTo p + 1 = kr, u 9TUM JOKA3aTEJbCTBO 3aKaH-
4YUBAETCA.

Ocraercsi paccMOTpPeTh BTOPOi CIydvaii, KOorja B p-apudgmMernke
/5 usBnexaercs. B takoii apudmernke ypapuenne 22—z — 1 = 0

1 1-—
UMeeT [IBa PEIeHUst o = +T\/g up = Tﬁ Ecnu p # 5, 10 9T
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2

petnenusi pazaudibl. VI3 cootnomenust o — o — 1 = 0 ciexyer

a’=a+1.
PasfenuB 9To paBeHCTBO Ha (v, MOJTYYUM

a=1+1. (1)
(0%

Benomuaum Teneps opmyity 3agaun 128 a), nossossionyio mo-
cJ1eJoBaTE/IbHO BBIYUCIATH YJIEHBI PsAJa OTHOLIEHUI, U CONOCTaBUM
ee ¢ hpopMmy.Ioii (1) MpbI BUAUM, 9TO PsiJi OTHOIIEHWH, HAYWHAIOIUCS
JIEMEHTOM (v, UM€eeT BUJ,

a, o, a, ... (2)

Touno Tak »ke psiJy OTHOIIEHU, HAYMHAIOIINICS JJIEMEHTOM (3,
nMeeT BUJ

8,88, ... 3)

Corutacuo 3agade 130 Bce ocTajibHbIE Psibl OTHOIIEHUN MMEIOT
epuo/bl OJUHAKOBON mynHbI r. [loBTOpSsisi paccy»KaeHusi, KOTopble
y2Ke OJHaYK/Ibl IPOBOAUIUCEH, MbI CTPOUM CHCTEMY PsiJIOB OTHOLIEHU
R1, R, ..., Ry, ormmunbix OT psifoB (2) u (3), monapHo He MMEIINX
O0IIX JIEMEHTOB W HCYEPIBIBAIONINX B COBOKYITHOCTH BECH 3arac
asemenToB 0, 1, ..., p — 1 n oo (6e3 a u (). Orcroga BbITEKAET
paBenctBo (p + 1) — 2 = kr wim p — 1 = kr, . e. 7 sBAsIETCA
nenurenem p — 1.

6) OcraTku OT JejeHust HA P YJIEHOB JJAHHOTO psijla 00pasyroT
p-apudmernyecknii psig uboHaTun

co=0,c1=1,c0=1, ... (4)

[Mocrponm st psiga (4) ero psiy OTHOIIEHMI

flzc—lzoo,...,fn: c". (5)
Co Cn—1

Jonyctum cHavana, uro /b He n3Bjekaercs B p-apudMernke.
Toraa B cuity 3a1a4m a) AavrHa iepuoa psija (5) siBJIsieTcst JeJuTesiem
p + 1. Mostomy tpi2 = ti4(pp1) = t1 = 00, OTKyzA z’”—i = oo u,
3HAYNT, Cpy1 = 0. DTO O3HAYAET, UTO QApy1 JAEJUTCS Happ. Cayuaii,
Korga B p-apudmernke /5 M3BJIEKAETCS, PACCMATPUBAETCS AHAJIO-

I'MYHO.
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132. Yacre 2-apudmerntdeckoro TpeyrojbHUKA, COCTOAIIAS U3
€ro NepBbIX JEBATH CTPOK (CUNTAsi U HYJIEBYIO), UMEET BUJL

3aech B cTpokax 2-ii, 4-ii, 8-if, ¥ TONBKO B HUX, BCE YJEHBI (KpoMe
Kpaiiaux) Hysau. [lycTb Hallle yTBep»K/eHUE BBITIOJHEHO BILIOTH [0
2k _jx CTPOKH (B TAKOM CJIydae (2k — 1)-51 CTPOKA COCTOUT CILIONIb U3
eaunui). [Tokaxkem, 94To OHO Gy/JeT BBIMOJHEHO W JaJjblile, T. €. YTO
NepBoii cjiefyolleil CTPOKOH, B KOTOPOU BCe YJIeHbl, 38 UCKJII0YEeHUEeM
KpaitHnx, GyIyT HyJn, SIBISETCs CTPOKa ¢ Homepom 2F+1

(2M1-1)-q
CTpOKa

Bce pokazaTesbcTBO COAEPXKUTCS B MPUBEAEHHON cxeme. Peko-
MEH/TyeM YUTATEI0 BHUMATEIHHO PACCMOTPETh €€, MPeXK e Yem o0bpa-
TUTHCS K TIPUBOJUMOMY HUYKE TOAPOOHOMY JJOKA3ATEIHCTRY.

[Ba kpaitHuX 4jIeHa 2k_ji CTPOKU TTOPOXKJAIOT KarK /bl 0 HOBOMY
2-apudMeTHIecKOMY TpeyroJbHUKY llackasisi, COBEPIIIEHHO TaKOMY
)Ke, KaK M Halll OCHOBHOII TPEYroJbHUK (HOBbIE TPEYIOJLHUKH IO~
JIy9al0TCsl U3 OCHOBHOI'O MAapAJUIEJIbHBIM TIEPEHOCOM). DTH HOBbBIE
TPEYroJILHUKHM (Ha CXeMe OHY O0BeJeHbI) POJOJIKAIOTCST BHU3 /10 TEX
op, MOKa, HAKOHEI], UX OCHOBAHUS HE COMKHYTCSI. DTO MPOU30MIeT
Ha HEKOTOPOI CTPOKE C HOMEPOM 2k 4 h, cocrosiieit u3 AByX MOJIOBUH:
h-X cTPOK ABYX HOBBIX TPEYTOJIbHUKOB.
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B (2F + h)-ii crpoxke Tpeyroabuuka [ackams 25 + h 41 wenos. B
KaxK/10i1 13 h-X CTPOK HOBBIX TPEYTONBLHUKOB 1o h+1 wieny. [TosTomy

2+ h+1=2h+1), h=2~-1.

Urak, cmbikaiorest (2% — 1)-e crpoku HOBBIX Tpeyrombaukos. Ho
(2% —1)-s1 crpoka nosoro Tpeyrosibhuka copnagaer ¢ (2% —1)-it crpo-
KO OCHOBHOT'O TPEYTOJIbHUKA, KOTOPasi B CUJTy HAILIEro UHIYKTUBHOTO
NPETIONOXKEHNUsST COCTOUT U3 oJHUX eaunuil. CTpoKa ¢ HOMepoM

MEPBOHAYATBLHOIO TPEYTOJILHUKA COCTOUT TAKYKE MOITOMY U3 OIHUX
eannni. Coenosaressro, cieyromas 28T g crpoka cocront u3 ox-
HUX HyJiel (KpoMe KpaliHuX 4J1eHOB).

Bmecte ¢ TeM [0 TOro, Kak HOBbIE TPEYTOJIBHUKU COMKHYTCS,
T. €. JI0 2k+1 CTPOKHU, BHYTPH JI00OI CTPOKU MEPBOHAYAJIBHOTO
TpeyroJbHuKa Oyaer HaxoanThes 1 (Hampumep, KpaiHuWil 4ieH co-
OTBETCTBYOLIEH CTPOKK OJHOTO U3 HOBBIX TPEYTOJIbHUKOB).

133. Tpeyromsuuxu A AL ... Ak . A" zanomusior
n-10 nosocy. st nepBbIX MOJIOC HAllle yTBEPXKJEHUE MPOBEPSIETCs]
HerocpeAcTBeHHO. [lycTh 0OHO BepHO BIIOTH JIO M- TMOJOCHI, MOKAa-
JKeM, YTO OHO Oy/IeT BBIMTOJHSITHCS U JaJbIIIe.

/loka3aTeslbCTBO OCHOBBIBAETCS HA CJIEIYIOMIEH JI€M M €e: MyCTh
B TpeyrosbHuKe lackasist BeIeIeHbI 1BE TPYIIITBI YUCEIT: A1, G2, - - -, Gy
u by, by, ..., by, KaXKJast N3 KOTOPBIX 3aHUMAaET 6e3 MPOIMYCKOB YacTh
HEKOTOpO# cTpoku. Torja, ecjin 3Ty rpyniibl OTJMYAKTCS APYT OT JIPY-
byby...b, ra JIMillb MHOXKUTeJIeM, T. €. by = cay,

by = cao, ..., b, = ca,, To u Tpey-
FOJILHUKA ajara u bibyb (puc. 147),
MOPOYK/IEHHBIE UMW, OTJIUYAIOTCSA APYT
a b OT Jpyra TeMm »kKe MHOXKuTejeM. Jlemma
u p 9Ta COBEPIIIEHHO OYEBHU/IHA U BHITEKAET
HEMOCPEJACTBEHHO U3 Mpolecca obpazo-

Puc. 147. BaHus TpeyroyibHuKa [lackasist.

Paccmorpum tpeyromsunk AF (puc. 148). Tak xax, mo npearo-
JIOXKEHWIO, Hallla TeopeMa BepHa JIsi n-i MOJI0ChI, TO Afl = Pff : A8
U, B 9YaCTHOCTH, TIOCJIE/IHSIsT CTPOKA TOTO TPEYTOJBHUKA TOTYYAeTCs
u3 nocsieiHeil crpoku Tpeyroibanka A) ymuoxennem na PY. B cuty
nemmbl Tpeyronbauk D E F ornudaercs ot Tpeyronbuuka A BC Tem
»ke MHOKuTeeM; Ho A BC cocTonT us ofHux Hysei, nostomy u D E F
TaK>Ke COCTOUT U3 OJHUX HYJIEH.

Hanee, uz puc. 148 Buano, uto ecim Tpeyronpaukn AF~1 y
AF nopoxpaioresi coorBercTBeHHO UMCIAME @ U b, a TPEyroJbHUK

a1Gy...Qq,
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Ak — uuciom ¢, To ¢ = a + b, nosromy u Ak = AFTT L AR
Kpome Toro, Tak Kak, Mo MpearoioyKeHuI0, a4 = P,’f’l -1 = P,’f’l,
b=PF-1=P. 1o

o= P4 PE= PL,

k _ pk 0
An-l—l - Pn+1A0‘
3agava, TakuM 06pazoM,

pereHa, MoJIHOCThIO.
134. Ha ocuosanun

npe,abmymef/'l 3a1a4u CTPOKa A
C HOMEPOM S~ — nepBad CTPO- 0 5 % p
P p p A aaAf:l N bbAf%

Ka S-i MOJIOCHI — COoAep2KUT

ya 4

BEPXHME BEPIITNHBI TPEYTOJIb- E
ankos A% Al A% Bce 8018

s S * EE)
OCTaJIbHbIE YJIEHbI 3TOW CTPO- r
ku — nyau. Ho A¥ = PFAJ Puc. 148.
[IO9TOMY BepPIINHAMU TPEYTOJbHUKOB A’; ABJSIOTCA 4YUCTIa PSO,
P}, ..., P71 P: Tlo yenosuio P} = P2 = ... = P! =0.

Touno Tak Ke, 3Hasd, 9TO BCE€ BHYTPEHHHUE YJIEHbI CTPOKU C HO-
MEpPpOM 32 CyTh HYJIW, Mbl MO>KEM JOKa3aTh HaAIlle YTBEPXKACHUE IJIdA

3

CTPOKM C HOMEPOM S° U T. [I.
135. [lposenem mokazaTebCTBO METOAOM WHIYKIIVH;

man=0(14+z)=1=Cf,

man=11+z)l=1+z=C)+ Ciz,

man=2(1+z)2=1+2z+2%=CY + Ciz + C3z>.

[Tycts 31a bopmysa gokazana g0 HekoToporo n. Jlokaxkem, 4To
oHa BepHa s n + 1. Umeem

(1+2)" =1 +2)"(1+2)=
=(C0+Cle4+C% >+ ... +C g L O™ (1 4 2) =
=Cl+Che+C22% +...+ O '™ 4 Cn2™+
+C% +Cla? 4. 4O 2 L O 4 O =
= Cpp1+ Cppz + Chpga® ..+ Cpga™ + Ot a™!
(Cp=Ch=1=Cpy=Cp).

Mpb1 3HaeM, 9TO ecu B BepHOM (B 06ObIdHOlN apudmernke) pa-
BEHCTBE 3aMEHWTh BCE YMCJIA Ha WX OCTATKM OT JeJIeHWs Ha m,

TO TIOJy4MTCs PABEHCTBO, BepHoe B m-apudmernke. Tak xkax PF
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ecTh OCTATOK OT Aesenust Ha m uncaa CF| o u3 cnpasemmsocTn
B 00BIYHOI apudMeTrKe PABEHCTBA

(14+2)"=C0+Clz+ C22®> + ...+ Cla”™
cJIeIyeT CIpaBeAJuBOCTb M-apudMeTHIECKOr0 PABEHCTBA
(14+z)" =P+ Plz 4+ P2z + ... 4 PMa™
136. Ha ocHoBaHWMM npeblyliei 3a1a49u
(1+2)? =1+ Pjx+ Pla®+ ...+ PP 'aP™" 4 2P,

C apyroit ctoponsbl, u3 3aja4u 71 caegyer, 9To B p-apudMeTUKe 1151
moboro z 2P =z, (1+x)?P =1+ x =1+ xP. Tlosromy

(1+2)?—(1+aP)=0=Pja+ Plz>+ ...+ PP~ 'zP™!

ans Beex x. Muorounen (p — 1)-it cremenm Pz + Plz? + ...

cooF Pﬁ_lx”_l umeer p kopueit (x = 0,1, ..., p — 1); B cuy
zagaqu 89 Bce ero k03 uIMeHThl PABHBI HYJIIO, T. €.
1_ p2 _ _ pp-1 _
Pl=p2=.. . =Pr'—y,

9TO M TPeOOBAJIOCH T0KA3aTh.

4 1
137. Cxema dpyHKIUN 29013 n3obpaskena Ha puc. 149. Oua co-
x
CTOUT U3 JIBYX HEMOJABUYKHBIX TOYEK U TPEX I[UKJIOB.
QO O 2 e i o i
Puc. 149 50 %00
Jo——o04 lo——=02 1@ \
40 o3
| ~
30=<=——000 fo==——05§ 2
Puc. 150 Puc. 151

2¢ +1
Cxema pyHKUIMU
(by H 3z + 2

(puc. 150) cocrout u3 JBYX UUKJIOB U HE

UMEET HEMOJBUXKHBIX TOYEK.
. dzr—1

Cxema dbyHKIMi
xr

(puc. 151) cocToUT U3 OJJHOIN HENOABUK-

HO# TOYKU U U3 OJHOTO IMKJIA.

138. Cxema qnst byukumu f_1(z) nomyydaercs us cxemsor f () 3a-
MeHOIi HanpaBJIeHuii Beex cTpeJiok Ha obpaTHbie. [losTomy yTBep:kie-
HHe€ 3a/la4U HEeloCPeCTBEHHO BhITEKaeT U3 TOro, 9TO B cXeMe J11000i
NpoOHO-uHENHON DyHKIuM, B ToM yncne f_1(x), 0T KaXkJ0i TOYKN
OTXOJIUT OJJHA ¥ TOJILKO OJJHA CTPEJIKA.
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139. Pemrenne 31oit 3aa4n JOCJAOBHO MMOBTOPSIET PEIIEHNE 3a1a-
an 71 a).

140. Ilycte n # 00 — HENOABUXKHASI TOYKA [JIsl JPOOHO-JINHE-

+b
. TTokaxkem, 4TO TOrga YUCIO N yAOBJIETBOPSIET
d

Hoit pyHkunn 22
YPaABHEHUIO
cx® 4+ (d —a)x —b=0. (1)
B camom geute,
an+b
en+d
en® 4 (d—a)n —b=0.

n, an+b=cn®+dn,

Jlonmycrim, uro ¢ # 0. Toraa f(oo) = £ # oo u 0o He siBAsIETCS
Cc

HENMOABMXKHON TOUKOi. [To3TOMY BCe HENOABUKHBIE TOYKH YOBJIE-
TBOpsitoT ypaBHenuto (1). Ho kBagparnoe ypasuenue (1) mpu ¢ # 0
MOKET UMEeTh He GoJiee IByX KopHeii (3aga4a 81). B Haewm »xe ciyqae
OHO UMeeT No KpaitHeit mepe Tpu Kophsi. CjiefoBaTeIbHO, CJIydail
¢ # 0 HEBO3MOXKEH.

Urak, ¢ = 0. Touka oo siByIsieTCst HEMOABIDKHOM: f(00) = — = 00.

ool

OcrasibHbIe HENOABUXKHBIE TOUKY (MX MO KpaiiHeil Mepe /1Be) JOJKHBbI

YAOBIETBOPATH ypaBHeHuto (1), KOTopoe 3anuiiercs: B Buje
(d—a)xr—b=0. (2)

Ho ypaBuenne (2) mpu d — a # 0 umeer TOJBKO OAWH KOPEHb

T = b [Tostomy d — a = 0. Orcioga b = 0, u Hama GyHKIUA
—a

axr
nMeeT Buag — = I, T. €. OCTaBJIAET Ha MeCTe BCEe TOYKH.

a
141. Nmeem
;1:612_‘_5 6z +4
m o
€T = =
fe@) = 55— =1
6z + 3

T+ 5
4 +3
S5z + 2
g(f(x) =22l — =25 = 46

630—1—5 13
5x + 1

142. Vickomast bynkmmst f(z) = Z. HaiiTn ee MOYHO ClIe [y IOIIim

criocobom. 3anumem f(z) B obuem Buje

f(a:) _ ax + b

cr+d
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U NI0JICTaBUM BMeCTO T nocaegoarenabro 0, 1, 4. Pemas orHocuTe ib-
HO a, b, ¢, d ypaBHeHus1
a-0+b — 0,
c-0+d
a-1+b
C
a
C

3

1+d
-4
ad4+b _
-4+d
™Mbl motyduM, 910 b = d = 0, ¢ = 2a u, cjieg0BaTEIBHO, UCKOMAsT

b

dbyukuns umeer sug f(z) = ar _ T
2azx 2
143. Byaewm uckars Takyio dynkunio. OHa nmeer BUI
ar+b
T) = .
f( ) cr+d

[TycTh HUKaKas U3 TOUEK T1, To, T3 He paBHa oc. [lo yciosuio
flz1) =0, f(zg) =00, mTe axr;+b=0,crs+d=0.
Orcrona
b=—axry, d=—crs; ar+b=ar —ary =a(x — x1),
cx+d=cr—crs=c(x— x3).

Takum obpazom,

ax+b _ alz— z1)
cx +d c(x — x3) '
Kpowme Toro, f(z2) = 1:
a(:cg—am):l a _ x2— 3
c(xza — x3) ’ c o — 1
OTKYyJa,
o — T3 T — 1 T2 —T3)x — 1 (T2 — T3
fa) = _ (@ m)r —mi(e—m)
To —T1 T — T3 (22 — z1)x — x3(2T2 — 21)

B cnyuae, eciu ofgHa W3 TOYEK Tj, T2, T3 €CTb 0O, HCKOMasl
dbyHKIUs, KaK JIErKO yOeauThCsi MPOCTOM MPOBEPKOii, Oy1eT nMerh
BUI

mpn @y = oo f(r) = L

npu 9 =00 f(z) ﬁ,

npu x3=o00 f(z)= %

144. B cuny 3agaun 143 cymecrByer ¢dyukuust f(z) Takasy, 4To
f(y1) = 0, f(y2) = 1, f(y3) = oco. [Ipobro-nuneitnas dbynxius
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f-1(z) orBevaer Hammm TpebOBaHUAM

f=1(0) = y1, f-1(1) = y2, f-1(o0) = ys.

145. Tlycrs f(z) nepeBogur z1, x2, 3 B 0, 1, 00, a p(x) mne-
pesomut 0, 1, 0o B Y1, Y2, Y3 (Takue npobHO-nMHelHbIe dyHKIUM
CYIIECTBYIOT Ha ocHOBaHMU 3a7a4 143 u 144). O6pasyem dyHKIMIO
©(f(x)). Jlerko BumeTh, uTo 9Ta (DYHKIUS NEPEBOOUT L1, T2, T3
COOTBETCTBEHHO B Y1, Y2, Y3.

[Tycrs aBe apobuo-uHeinbe dyHkumn g(x) u h(z) yaosnerso-
PAIOT YCJIOBUSIM

g(xz1) =y1, g(®2) =y2, g(w3)=ys3;
h(z1) = y1, h(z2) =y2, h(zs3) = ys.
) n

Hama uenn — nokasarts, uto h(z) u g(z) cosnagaior. imeem

g-1(y1) = z1, g-1(y2) = x2, g-1(y3) = z3;
g-1(h(z1)) = =1, “1(h(z2)) = 22,  g-1(h(x3)) = 3.

@Oyuknus g_1(h(z)) ocraBnsier Ha MecTe TPU TOYKH; B CHJIY 3aJa4u
140 ona ocTaBsIsieT Ha MECTe BCE TOYKH, T. €. PABEHCTBO g 1 ( h(n)) =
= n crnpaBeJuBo st Jiroboro n. Ho ecnu g_1(z) nepeBomgur m =
—h()Bn,Tog()HepeBoanTan—h( ), T. e. g(n) = ()
JUUIsl BCEX M, 4TO U TPeOOBAJIOCh J0KA3ATh.

146. ®ukcupyeM Kakym-HUOY/h TPOIKY PA3JIMYHBIX TOYEK, Ha-
npumep 0, 1, co. Kaxkmass gpobuo-sinneiiHasi byHKIUS MEPEBOAUT
9Ty TPOWKY TOYEK B HEKOTOPYIO JPYTYIO TPOIKY Pa3JIMYHBIX TOYEK
Y1, Y2, Yy3. OBpaTHO, [Jisi KaXKJI0¥ TPONKKU PA3JIMUHBIX TOYEK Y1, Y2,
Y3 MOXKHO TOJOOPATh U MPUTOM €JUHCTBEHHYIO TPOOHO-TUHEHHYTO
dyHKMIO, epeBoasILyio B 3Ty TPoiiKy 0, 1, 0co. [ToaTomy paznnanbix
p-apudMeTHIeCKIX TPOOHO-TNHEHHBIX (DYHKIIN CTOTBKO 2Ke, CKOJb-
KO TPOEK PAa3JINYHbIX TOYEK B Halell p-apudmMernke, paciinpeHHOn
CUMBOJIOM 0C (TPOWKH, OTJINYAOMINECS TIOPSITKOM, CJIEIyeT CIYUTATh
pasauuHbIMK). 3a Y1 Mbl MOXKEM TMPUHSTH

Ji00yto u3 p + 1 Touex 0, 1, ..., p — 1, oo, 0.8
3a Yy — JIIOOYIO M3 P OCTABIIUXCS U, HAKO- \
Hell, B KaYeCTBe Y3 Mbl MOXKEM B3sITb JIIOOYI0 OC) 5¢ °O0
u3 p — 1 eme He BHIOpaHHBIX TOYEK. Beero,
TakuM obpaszom, Gyzer (p + 1)p(p — 1) don -3
KOMOWHAIU, T. €. PA3JINYHBIX TPOEK TOYEK. 9
Crosibko ke Oyner u p-apudMeTndeckux

GHO- s byHKuHii. Puc. 152
JPOOHO-TTMHENHBIX (DYHKI]

3z —1

147. Ha puc. 152 nana cxema dyuxuun f(z) =
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Cxembl byuxkumii fo(z), f3(x) u f4(x) nocrpoens cooTBeTCTBEH-
Ho Ha puc. 153, 154, 155.

0 00 0 3 0 )
/o—»o\ /o—>o\ /o S
40 2 20 05
oY o o T
o] o O. (oXo'e)
3\0/5 6\0/ 50\/04
6 4 0
Puc. 153 Puc. 154 Puc. 155

148. Ilpu npumenennn yukun fi () Touka ¢ genaer k maros
M0 CBOEMY IUKJIY U TaK KaK k IeJuTCst Ha S, OOXOIUT €ro HeJI0e YhCIo
pas, T. e. BO3Bpamaercs Ha cBoe mecto: fi(zg) = xq.

Ob6patHo, ecnu, caesaB k MAroB, TOYKa OYyTUIACh Ha MIPEXKHEM
MeCTe, TO TO 3HAYUT, YTO OHA IIeJI0e YNCJIO pa3 0boIIa CBOM IINKJI,
T. e. k gejurcs Ha S.

149. Iycrs n — HenoaBU»KHast TOUKa 1ist fi (), He sABJsTIOMAsICS

HENOABMXKHOI TouKOl st f (x) = amis, T. e. fr(n) =n, f(n) # n.
Ccx

FEcmm fr(n) = n, To Bce Toukm Toro mukna f(z), K KOTOpOMY
NPUHAJIEIKUT 7, HETIOABWKHBI J1is1 fi(2). DTO cpa3y BbITEKaeT u3
zagadn 148. Orcioma B cuny 3agauu 140 ciemyer, 9TO eciau AIUHA
9TOro 1UKJIa Gosbine aBYX, TO fi () OCTaBIsIeT HA MeCTe BCE TOYKH.
CoBeplIeHHO aHAJIOTMYHO UCYEPIIbIBAETCsl CJIyYaii, KOrja JJIMHA YKa-
3aHHOTO MKJIA paBHa 2, HO y (yHkunu f(x) nmeercst xorst 6bI Oj1HA
HEIIOABU>KHAA TOYKA.

Ocraercs paccmoTpers ciyuail, koraa f(x) uMeer UMK JJInHbI 2
¥ He MMeeT HEeMoJBMXKHbIX To4YeK. Borunciaum dbyukuuo fo(z):

a® +be)x + ab + bd
fa(z) = ¢ ) .
(ac+ cd)x +be+d

Touku Hamero nmkna HenogswkHbl auas fo(x). Tlo kpaiineit mepe
OJlHA M3 HUX He paBHa 0O; 3TAa TOYKA yJ/OBJIETBOPSET YpPaBHEHUIO
(cm. pemmenne 3agaqan 140)

(ac + cd)z® + (be + d* — a® — be)z — (ab + bd) = 0,
cla+d)z* 4 (d —a)(d + a)x — b(a + d) =0,
[cz® + (d — a)z — b](a + d) = 0. (1)

FEem a +d # 0, 1o cx? + (d — a)xz — b = 0, Ho 370 o3HauaeT (cM.
pemenue 3agaun 140), 4TO = SIBJSIETCS HEMOABUXKHON TOYKOM /1151
f(z) B nporuBopeune Hamemy npeanosiokenuio, uro f(z) He umeer
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HermoABMXKHBIX To4eK. [loatomy a + d = 0. Ho Torma Bce umcna
YIOBJIETBOPSIIOT ypaBHeHuio (1), T. e. BCe TOUKYM HEMOJBUKHBI [IJIs1
fa(x): fa(xg) = xo npm mobom xg. B cuny 3amaun 148 Bee nmkibt
UMeIoT JUIUHY 2 (Bejib IMKJIOB JJIMHBI 1, T. €. HEMOJBUXKHBIX TOYEK,
HET).

B uacrHOCTH, HEnoaBuXkHAst TOuka (pynkuuu fi(x) Takxke npu-
HAJIJIEXKUT UKy UIMHBI 2 u, coryiacHo 3ajade 148, k uerno. Ilo-
CKOJIbKY JIIMHA JI000ro mmkaa gesut k, umeem: fr(n) = n gis
[IPOU3BOJIBHOTO 1, YTO U TPEOOBAJIOCH JOKA3ATh.

150. OT6pocuM HEMOABU>KHBIE TOYKU W CPEJAN OCTABIINXCS K-
JIOB PACCMOTPUM IUKJI HAUMEHbIEH miuHbl 7. TOYKU 9TOro mukJia
SIBJISIFOTCSL HEMOABMXKHBIMU 11151 pyukuuu f.(z). [lostomy B cuty
3agaun 149 f,.(x) ocraBisieT HEMOABMYKHBIMU BCE TOYKH.

Bozbmem Teneps Jii000i 1UKJI, OTJIMYHBINA OT HEMOABUXKHOMN TOY-
KU; MyCTh JJIMHA ero paBHa . ®yHkuus f.(z) ocTaBisieT Ha MecTe
Kayk/yI0 €ero TOYKy, ciiejoBaTesbHo (3amada 148), r geaurcs Ha s.
Tak kak r < s, To r = s. Urak, piuna j11060ro uuKjia ecrb r.

151. Ecau otOpocuTh TOT MAJIO MHTEPECHBIN CIydaii, KOTJa BCE
TO4KM f(2) HENOABMXKHBI (B 3TOM CIIydae Tpyl = Lp = Tp_1 = Lp),
To y dbyskuyuu f(z) MOryT ObITh WM HU OJHOM, UM OJIHA, UJIH JIBE
HenoBMKHbIE TOUKH (3a1a49a 140). OcTaabHble TOUKY PACTIPe/IesIeHb
0 IMKJIaM paBHOl anuHbl (3aga4a 150); qamMHa KaXx10ro UMKJIA sB-
JIsIeTCsl COOTBETCTBEHHO JlesiuTesieM ducia p+1, p unu p—1. B mepBom
CIy4dae Tpy1 = Tg, BO BTOPOM T, = T, B TPETbEM T, 1 = Zo (3aja-
ga 148). Kakoii u3 9TUX BApUAHTOB UMEET MECTO, 3ABUCUT OT YUCIIA
HETOABMKHBIX Touek. Kcym ¢ # 0, To 00 He SIBJISIeTCsl HEMOIBUYKHOM
TOYKOWM U YMCJIO HEMOJBMXKHBIX TOYEK COBIAJAET C YUCIOM KOpHei
ypaBHeHud 3aga4uu 140:

cx® 4+ (d—a)x —b=0.

Ha ocHoBanum 3ajgaum 81 3T0 KBajJpaTHOE ypaBHEHWe He MMeeT HU
OJIHOTO KODHSI, €CJIM KOPEHb U3 ero auckpumunanta (a — d)? + 4bc ne
U3BJIEKAETCS, OJJMH KOPEHb, €CJIM €ro JUCKPUMUHAHT PABEH HYJIIO, U
JIBa KOPHs, €CJTM €ro JUCKPUMUHAHT He PaBeH HyJI0, HO KBaJPaTHBIi
KOpeHb u3 Hero ussnekaercs. Coy4aii ¢ = 0 npegocTaBisiem paso-
OpaTh YUTATENIO CAMOCTOSTEIBHO.

Bameuanmne. [locnemoBaressHOCTL OTHOMIEHNUH a5 psga Pu-
Gonaqyun (cMm. c. 74) ty, ta, ..., ty, ... SIBJISIETCS YACTHBIM CIIyYaeM

0011Iel moCIeI0BaATeALHOCTH Lo, L1, - . ., Lf, . .. 30eCb t, = 1+

)
tnfl

f(t)zl-l—%:¥,a:b:c:1,d:0.ypaBHeHHe

HEMOABM>KHBIX TOYEK
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Ero guckpumunaut pases 5. Mbl Bugum, 9to pe3yabrars 3aaa4 130
u 131 a) ABASIOTCA YACTHBIM CIydaeM OOIIEro Pe3yJbTaTa /sl po-
U3BOJIbHOM 1pOOHO-/IMHElHOM hyHKIIMH.

152.
-3
f(w)_x+1a
x—37
_z+1 —z -3
f2($)_m 3+1_ z—1"
xr+1
fg(d})— ,mm_,:; =
+1
r—1

®ynkuuns f3(x) ocraBasier Ha Mecre Bce TOUKHU. B cuiy 3amaun 148
ancsio 3 mesmTes Ha AymHy J1o6oro nukiaa dbyakuun f(x). [Tosromy
JUIMHA TMKJa MOXKeT ObiTh uin 1, unm 3. B 1o xe Bpems f(x) ne
OCTaBJISIET HA MECTE BCexX Touek: Hanpumep, f(0o) = 1. He Bce nukibt
MO3TOMY MMEIOT JJUHY 1, T. €. CyIlecTByeT LMK AJIMHBI 3.

153. a) Paccmorpum p-apudmernyeckyro GyHKIHIO

=1t
Bnech (a — d)? 4+ 4bc = (1 —1)% 4+ (4(=3) - 1 = 4(—3). [ycts /=3

u3BJieKaeTcs. lTorga u

V(a —d)2 +4be = /4(=3) =2V/-3

n3Bsekaercs. B cuny 3agaum 151 fp_q1(xo) = wo anas Beskoro o,
B TOM YHCJIe W [JJIsl T, TPUHAJIEXKAIIEr0 UKy NauHbl 3 (Takoii
LWKJI CYIIECTBYET, KaK Mbl BUJEIN B 3a7a4e 152).
[Tosromy (3amaua 148) p—1 gemvurcsina 3, p—1 = 3k, p = 3k+1.
[Tycts +/—3 He uznnexaercs. Toraa

V(e —d)?+4bc = 2¢/-3

He u3Bjekaercss n f,11(z9) = xo Ans Beskoro xg. OTcona
p+1=3,p=31—1#3k+1.

6) [Tycrs p — nipocToii gesmTesnb yncia a’®+3 u nycts b — ocraTok
or nenenust a Ha p. Toraa B p-apudmernke b2 +3 = 0, b2 = —3, 1. e.
v/ —3 u3Binekaercst. OrTcioga 3aki04aeM, 9to p = 3k + 1.

[lycts Tenieps p = 3k + 1. Torpa /—3 usBnekaercs B p-apud-
METHKE, T. €. MOXKHO Mogo6paTh Takoe 4ucjao a, 910 a’ + 3 = 0
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B p-apudmeruke. B 0ObIKHOBEHHOI apudMeTnKe 3TO 3HAYUT, YTO
a® + 3 pennrcs Ha p.

rz—1
z—1 1 1
184. f(2) = {33 fole) = $— =
+1
r+1
f3(z) = —=% =—— falz)= F——=1.
71_}_1 r—1 " x 1_|_1
T r—1

Dyuknus f,(x) ocraBisier Ha MecTe Bce TOYKU. B cuny 3amaun 148
JUIMHBI TMKJIOB f () CyTh geanTesm 9ucia 4, T. €. IUKJIbl MOTYT UMETh
nmuny 1, 2 unn 4. He Bce nukibl uMmeroT 1aunHy 1, n6o He Bce TOUKH
HenoABMXKHbL 1151 f (x):

F(0)=-1.

Ecnu 661 Bee nukabl umenn qymay 1 wim 2, to fo(x) ocraBnsiia Gbi
Ha MecTe Bce Touku. Ho 370 He Tak:

f2(0) = .

[ToaTromy cymecTByeT UMK JJiuHbI 4.
155. a) Paccmorpum p-apudmernyueckyio byHKINO

-1
f(x) oz +1°
Bnech (a — d)? + 4be = (1 —1)2 +4(—1) - 1 = 4(—1). Mycrs /—1
n3Baekaercs. Torma

V(e —d)? +4be = \/4(-1) = 2v/—-1

n3Bsekaercs. B cuny 3agaum 151 fp_q1(zo) = wo anst Beskoro o,
B TOM YMCJIE U [IJIs1 T(), IPUHAJJIEXKALIErO UKLy JAJIUHBI 4 (TaKo UK/
CyIIeCTBYeT, KakK Mbl Bujenn B 3agade 154). [Tosromy (3azaua 148)
p—1 pequrcana 4, p — 1 =4k, p =4k + 1.

[TycTs v/—1 He u3BJIEKaeTCH, TOTIA

Vi(a —d)? + 4be = 2¢/—1
He usBJjekaercst U fp11(20) = xo Aus Besikoro xp. Orcroopa
p+1=4l,p=4l—1+#4k+1

6) Pemenne 3Toit 3aa4n €CTh JOCIOBHOE MMOBTOPEHUE PEIIEHVsT
3aza4an 800).
156. 'eomeTpuyeckast nporpeccust

b, bq, bg>, ..., bg", ...
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SIBJISTETCST OJHOBpeMeHHO psimtoMm PuboHavyuym TOrma M TOJBKO TOTIA,
KOTJIa ee 3HAMEHATe/b ¢ yJIOBJIETBOPSIET ypaBHeHno ¢2> — ¢ — 1 = 0
(cM. perenue 3agaun 122). Pemasi 910 KBagpaTHOe ypaBHEHUE (CM.
pemenue 3aaa4au 103), noayvaem

1+ V5 _1-+5
9 3 q2 = 2 .

q1 =

Pemmenne cymecTByeT B TOM ¥ TOJIBKO B TOM CIydae, ecIn /5 n3BJie-
KaeTcst B p-agudeckoit apudmeruke. [Ipumenum teopemy, chopmy-
JINPOBaHHYIO Ha c. 68. VI3 3T0#t TeopeMbl BBITEKAET, YTO €CJIN P OT-

JIMYHO OT 2 U 5, TO yCJIOBUE, 9TODbI V5 *) usBnekascs B apudmeruke
P-aUUECKUX YUCEJI, PABHOCUILHO YCIOBUIO, YTOOBI /5 u3Bsekascs

B p-apudmernke. Ecim /5 nssiekaercsi, Mbl 1I0JIyuaeM [Ba CeMeii-
CTBa p-aJudecKuX psigoB OubOHAYUYUN, SBJISIOMINXCS OJHOBPEMEHHO U
reOMETPUYECKUMU [TPOTPECCUSIMHU:

b, bgi, b3, ..., b}, ...,
ba b(]2, bq%aabqga

157. Pemenne cnexyer u3 3agaun 156 (cp. ¢ 3apadeii 124).

158. CornacHo mpeapiayineit 3agade psag PuboHadum ug, Ui,
U2, ..., Up, ... MOXKHO TIPEJICTABUTHL B BUJIE CyMMbI JIBYX I'€OMeT-
pPUYECKUX MPOTPECCHit; MOITOMY pellieHue caeayet u3 3agaun 101.

159. Banumem psin 0, 1,1, 2, 3, . . . B p-U4HOI cUCTEME CUUCIEHUSI.
Ha ocroBanuy permenvisi npeJpayIei 3a0a9m 9IEHbl ag M Gpk—1(p_1)
UMeEIOT OHU U Te e k nocieaaux nuudp. Ho y ag Bce nudpbt — Hyin
(ag = ...000). CresoBaTesbHO, y @yk-1(, 1) NOCTEAHYNE k 1udp —

HyJId. DTO U O3HAYAET, YTO Apk—1(p_1) JEJUTCs HA p*.
160. ITposepum 31y hopmMyJty [IJisi IEPBBIX CTPOK TPEYTOJbHUKA
0!

Cl=—"—=1
0!'0!
o_ 1 _4 ol = 1 _
o ' o N L™ 1100 )
9==_=1 Ci==2 =2 C:=_"_=1
0! 2! 11 210!

[Ipeanonoxum tenepb, uTo Hama GhopMysia BepHa /s n-ii CTPOKH, U
TIOKaYKeM, UTO OHA BEPHA B TAaKOM ciiydae u st (n + 1)-i. Beimunmem
n-10 u (n + 1)-10 crpoku:
0 1 k—1 k n
ey ook ok Loon
— n
C’n—|—1 Cn—l—l ce Cn+1 Cn—!—l Cn—l—l ce Cn+1

*) Boire Mmoxker, siydie 66110 661 ucatk /. . . 005, 9T0OBI HE cMemuBaThH ¢ \/5,
rae 5 — 3JIeMeHT p-apuPMETUKH.
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BOCHOJIbSyeMCH COOTHOILLIEHUEM
k—1 k
ck, =cklyck

Tak kak, 1Mo NPeAnoI0KEHUIO,

Ck; 1_ n! _ n!
(k—=1)n—(k=1] (k=1!(n—k+1)!’
ck — n!
" El(n—k)
TO
n! n!
O = (k—l)!(n—k+1)!+k!(n—k)!_
i nlk nlln—k+1) _ nl(k+n—k+1) _ (n+1)!
K (n—k+1)! k(n—k+1)!  kl(n—k+1)!  k[(n+1)— k]!

Harmma dopmyna sepua muas 0-it, 1-it, 2-it cTPoOK, CaeJ0BATEIHLHO,
o J0Ka3aHHoMy oHa Oyaer BepHa u s 2 + 1 = 3-it cTpokwu, st
3+ 1 = 4-it crpoku u T. 1., T. €. BepHA JJIst Bcex BoodOuie cTpok. (M3
JIOKa3aHHOM (DOPMYJIbI CJIE[lyeT, MexK 1y MpoduM, 4To n! npu jirodbom
k < n penwrcst na npoussenenue k! (n — k)!.)

161. meem
k _ (k=11 _
Cp-k T ki — 26— 1)

_(p—k-1)p-k—-2)...(p—2k)(p—2k—1)...1 _
kl'(p—2k —1)(p—2k—2)...1
(p—k-1p—k-2)...(p—2k) _ [p—(k+Dllp—(k+2)]...[p— 2k

Ic! k!
Tak kak k < T < p, 1o k! He nenurcst Ha p, T. €. k! He paBHO HYJIIO
B p-apudMeTHKe, U Mbl OJIy4aeM p-apudMeTudecKoe PABEHCTBO
ph _ kD)= (k+2)]. . [2k] _
p—k—1 k!
“DEEk+1)(k+2)...2k k (2k)! kE ok
= (SRR 2 = () B = ()P

!
162. P! = @ 3amMerum, 4To
2n n!n!

(2n)!'=1-2-3...2n=1-3-5...(2n—1)-2-4-6...2n =
:1-3-5...(2n—1)-(2-1)-(2-2)...(2-n):
:1-3-5...(2n—1)-2"-1-2-3
=2".n!-1-3-5...(2n—1).
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[TosTomy

_onl-3:5...(2n-1)
=2 n! )

n
PZn

B To ke Bpems

e (03 (5 () -

- (1)

"’8
\
—
[
N——
VS

=
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N——
|

OTKY/1a

Py = (—1)"4"—<p71>! = (—4)"PD ;.

[l
—
|
IS
o
) =

7
<
_|_
_|_
—~

|
IS
N—
S
~

"3‘3
L
<

3
_|_

i
)
-
)
i
)

2 2
Ecnu ¢ # i, 101 —4g#0u S% = (1—4¢)P~! =1 (zagaua 71),

orkyna S = +1. ECJII/I)Keqzi,Tol—ﬁlq:O,S:O.

164. U3 puc. 58 na c. 88 Bugno, 4rto b,_1 + b, = byy1. Takum
obpaszomM, yucia b, 06paszyoT Kakoii-to pssg Pubonayyu. Ho by = 1,
by = 1, T. e. HAUABHBIE YIEeHBI Y PsiioB PuboHAUYM

a; =1, as =1, a3 =2, ...,
bla b25 b37"'a

COBITAJIAIOT, CJIEIOBATEIBHO, 3TU PSIJbI COBMAIAIOT LEJUKOM: by, = ap,.
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165. Mb1 3Haem, 49TO G, €CThb CyMMa 4YHCeJ, CTOAMX Ha p-i
nuaronasu. [lepexonst k p-apudmerunke, numeem

p—1
cp=Py 1+ Py gt .. AP ...+ P2

=P)  + Py o+...+ Py 4.+ P2

[ay

S

1,
(3;1er cymma obpwiBaercsi: P — nmociejHee 4uCI0 — —-if

S
N’lm‘
-

CTpOKI/I) Ho sz 1 1= (=1)*PE (zanaua 161). [Tostomy

p—1 P11
p=P)—Py+.. .+ ()P +...+(-1) 2 P}

[1pumensisi bopmysty, BBIBEAEHHYIO TPHU perieHnn 3aaadu 163,

M yunThIBasg, YTO B JaHHOM ciay4dae ¢ = —1, momyuum c, =
p—1 p—1
=[1-4(-1)] 2 =5 2.
166. /lokazaTenhcTBO BejeM Mo MHAyKIWu. [ns n = 2 Bce
OYeBUTHO.
do dy
(1)
dO

d\" = do + dy = CVdy + C}dy.

[Tycrs Hala TeopeMa fokaszaHa 1Jist n yucesi. Jlokaxkem ee mst n + 1
qucesi. Paccmorpum tabauiy

do dy da ... dp—2 dn—1 dn
g ;' d) dy)
i 2,
dén 1) dgn 1)
4

HO HamieMy MHAYKTHUBHOMY MPEATIOJIO?KEHUIO
d") =0 do+CL di+ ... +CPT M,
dm = CO di+ ...+ C"2dy_ i+ C' Tl
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CKJIa/IbIBasl 3T PaBEHCTBA, M0OJIy4YaeM
di = d* Va7V = Cdo + Cldy + ...+ CF Ny + Cldy.

167. [loxaxewm, uto (C9)2 + (CL)2 + ... + (C1)? = CZ,. lpu-
MEHUM K TabjuIe

o cl 2 o
Ci Chit S O
Con
pesyJbrar 3aga4n 166. 3mech
do=C° dy=CL, ... d,=Cr d" =cp.

[TosTomy

Cn, =CoCo0+olCi4+ .. . +CrCm = (OO +(CL* +...+(CM)2.
168. Hanumrem Tabmuiry

Vg Vk+1 Vk+2 Vg+3 - -+ Vk4p-2 Vk+4+p—1 Vk+p

Vk+2 Vk+3 Vk+4 S Vk+p Vk+p+1
Vk+4 Vk+5 s Vk+p+2

Vk+2p

B Heit o Kayk10i apoit COCeTHUX YUCE CTOUT UX CyMMA.
[Tpumenum pesysbrar 3amauu 167. 3aech

. 4(p)
do = vk, di1 = Vg41, ..., dp = Vyp; dg’ = Vgg2p.

B p-apudmeruke
Vgt2p = ngk + P;}vk-i-l + ...+ PI?’U]H_I,.

Ho P = P} =1, Pl = P2 = ... = P}! = 0 (samaua 136).
[Toaromy
Vk4+2p = Vk + Vk+4p-

169. Ynenn! p-apudmernyeckoro psaa PuboHauum, HOMEpa
KOTOPBIX JeJiATcd Ha p, 00pasyloT NOCIel0BaTeJIbHOCTh Vg, Up,
V2p, - -5 Unp, - .. llomaras B dbopmyne sagam 168 k = (n — 1)p,
MOy YaeM

U(n-1)p T Vnp = V(n+1)p-
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170. Ham Hy>KHO TTEpEMHOXKUTH M CKOOOK:

(a+b)(a+b)...(a+h).

~

-~

m pa3

[Tocste packpbiTHsi CKOOOK U NMPUBEJAEHUsI MTOOOHBIX Y4JIEHOB npu ¢,
oueBnIHO, byaer crosiTh Kodbduument 1. Utobsr nomyunTts a™ b,
HAJ0 B OJHON U3 CKOOOK B3sITh b, & B KaXK[IO# M3 OCTAJBHBIX CKO-
GOK — @ ¥ MepeMHOXHUTh Bce 9TH uncia. [losromy a™ 'b Boiiger
¢ koapdunmentom m. Bee ke octanbHbIe Y/ieHbl OYIyT colep:KaTh b
B CTENEeHU, HE MEeHbIIEeH 2.

171. izl = 1 yrBepkaenue oueBuaHo. [lycTh 0HO cipaBeaInBo
anst | = s; mokaxkem, 9TO OHO BepHO U st | = s + 1. B 3amage 108
nonaraem n = k, m = ks. meem

Q(s+1)—1 = Qkthks—1 = Qg—10ks—1 + A Qks.

Tak kak ap genurcs Ha d v ag = 0 genuTtcst Ha d, To B cuuty 3aga4un 119
u ay, aemurcst Ha d. [TosTOMY MpOM3BeIeHNE A Q)5 ACTATCS HA d° T

Qh(s41)-1 = Qp—10ks—1 + Td>, (1)
rae ¢ — uenoe uncio. [lo npeanonoxenio,
aps_1 = aj q + yd>. (2)
[Toacrasisist (2) B (1), momydaem
Af(s+1)—1 = Qk—1Qf_1 + d2(yak,1 +x)= aztll + zd?,

T. € Qp(s41)—1 — aztll nenntcst Ha d2. TOYHO Tak »Ke JOKA3bIBAETCS,
qro Ha d’ JesuTcs Akl41 — aZH.
172. Ilo ycnoBuio aj, = xm™, rae x — uesoe yucao. Orcona
n m nym
apy1 = ap 1+ ap = ap 1 +axm", ai’y; = (a1 +axm™)™.
B cuny 3anaun 170

(ap—1+zm™)™ =a}", +ma ‘zm" + 2°m*"S =

1 m-1 2 n—1
=al’+m" (a] 'z +2°m"9).
Moaromy aj’, | — af | geawrcs na m™ !,

173. B cuny 3agaun 171 (nonarast d = m™)
Qkmt1 = Ay + zm?",

2
Akm—1 = Qg1 +ym-".
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CoriacHO npeAbIAylei 3aja4e pasHOCTb a’k"+1 — ay' | JeJuTcs Ha

m™ !, cremoBaTenbHO, M PA3HOCTD Ggmi1 — Gkm—1 = Qkm AEJATCS
na m™t1.

174. Pemenue cneyer u3 npeabiayiieii 3aaa4u. Kcav ay nenmrces
HA 1M, TO G, JEJTUTCS HA M2, HO TOTMA (g2 ACTUTCS HA M° U T. 1.,
Qpmn—1 Jesurcs Ha m™. B cuny 3ana4dn 119, eciu ay,,n—1 nesanrtes
HA M™, TO ¥ BCE YJIEHBI Qj,,n—14 JEJIITCS HA M™.

175. [IpeamonoxkuMm, uro b # d. Torma

a—c=(d—bV5, V5=2-F

d—»b’

1. e. V5 paBeH HEKOTOPOMY PalMOHAJBHOMY YHUCILY, 4Y€ro He MOXKeT
6b1Th. [losTomy b = d, Ho Torma U1 a = c.
176. Nmeem

(a4 bV5)(c + dV5) = ac+ bev/5 + adVs + 5bd =
= (ac + 5bd) + (ad + be) V5.

Bropoe yTBepxkaeHne 3a/1a91 HEMIOCPEICTBEHHO BBITEKAET U3 TOJIY-
4eHHOUN (POPMY.JIBI.
177. Ilonb3ysick perienueM 3agadu 176, muirem

m 4 nV5 = (ac + 5bd) + (ad + be)V/5.
B cuny 3amauu 175 m = ac + bbd, n = ad + bc. [losromy
m —nV5 = (ac+ 5bd) — (ad + be)Vb =
= [ac 4 5(=b)(—d)] + [a(—=d) + (=b)c]V5 = (a — bV/5)(c — dV/5).
178. a) Eciu a? — 562 = 1, ton a®> — 5(—b)2 =1, 7. e.
a+ (=b)V5=a-bV5

— pemenne ypasuenusi (1).

6) 1 a— b5 _afb\/g_afb\/g:a_b\/g'

a+b\/5:(a+b\/g)(afb\/3)_a275b2 1
179. a) Tak Kak 10 ycj10BuIO
m +nvV5 = (a + bV5)(c + dv/5),

TO B cuJy 3aga4u 177

m —nv5 = (a — bv/5)(c — dv/5).
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MosTony
m? — 5n% = (m + nv5)(m — nV5) =
= (a4 bV5)(c + dV5)(a — bV5)(c — dVB) =
= (a+bV5)(a — bV5)(c + dV5)(c — dV/5) =

= (a? =56} (c* —5d*)=1-1=1.

Ha ocxoBanunu 3azatin 178a) c— df — peuenue ypasaenusi (1).
Mpoussegenne (a + by/5)(c — dv/5) npeacrasumo B Buge p + gvb
(3amaua 176) u ecrb pemenne ypasaenust (1) (3agaua 179a)).

180. 92 — 5 .42 = 1 u, caenosarensno, 9 + 4v/5 — peurenne
ypastenus (1). B cuny 3agaun 179a)

P2+ @25 = (94 4v5)(9 + 4V5) = (9 + 4V5)?

— takke pemenue ypasrenusi (1). Touno Tak ke pemenusimu GyyT

ps +a3V5 = (p2 + ¢2V5)(9 + 4V5) = (9 + 4V5)°

u BOOOIIEe

P+ @ V5 = (9 + 4V/5)"

npu J1IoO0OM HATypaJbHOM N. Bce 3Th pemenns pasjIvdHbl, TaK Kak
npu m # n

(94 4v5)™ # (94 4V5)".

181. He moxeT OBITh, uT0OBI @ > ¢ u b > d, Tak Kak Torga ObLI0

ObI
a+ bV > c+dVb.

[TosToMy BBINOIHSAETCA XOTSI Obl OJHO W3 JBYX HEPABEHCTB:
a < ¢cwumm b < d. Tlokaxkem, 94TO U3 BBITIOJIHEHUST OJHOTO U3 ITUX
HEPABEHCTB cjeayeT BhiMoJHeHue apyroro. [lycte a < c¢. Torma
2
a” < c'n

2 2
b2:a 1<c51:d2’

5
orkyna (tak kak b > 0u d > 0) b < d. Touno Tax ke, ecnin b < d,
TO
a® =5b>+1<5d*+1=c?

ua<c.
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182. a) Ipeanonoxum, uro a < 0. Torga xorst 661 0AHO U3 Unces
a + bv5 u a — by/5 HenpeMeHHO OTPULIATENBHO (xorst 61 IOTOMY,
4TO CyMMa WX paBHa 2a, T. €. oTpuiarteabHa). B To e Bpemsi ux
npoussesenne (a + bv/5)(a — bv/5) = a? — 5b% = 1 monoxuTeH-
HO. [losTOMy OHE 00a OTpUIIATENIHLHBI B MPOTUBOPEYUN C TEM, UTO
a+bv5 > 0.

6) Kak Tonbko urto nokazano, a > 0. [Ipegnonoxum, uro b < 0.
Torna —b>0>bua—bv5 > a+ bys5 > 1. Orciona CJeIyeT, UTO
1 =a?—5b% = (a+ bV5)(a—bV/5) > 1-1 =1, u mbr npuxogum
K [IPOTUBOPEUHIO.

183. Ilycts Takoe perenue cymectByet. I3 3aga4uu 182 cnenyer,
910 A0KHO ObiTh @ > 0, b > 0. [losromy B cuny 3agaunm 181
a <9,b < 4. Utak, gist b BO3MOXKHBI TOJIBKO CJIETYIONNE 3HAYCHUSI:
b = 1,2, 3. Tlpocroii mpoBepKoii ybexxgaemMcsi, 9TO HU OJHO W3
ancesn 1 4 562, rme b = 1, 2, 3, He sIBJISIETCS MOJHBIM KBAJPATOM;
crenoraresbho, wncao a + Vhb, tne b = 1, 2, 3, He MoXkeT GHITH
pemenvem ypasHenust (1).

184. TMlpun = 0 (9 +4vV5)° =1 =14+0V5 mpun = 1
(9 + 4vV5)t = 9 + 44/5, npudem 1 + 0/5 u 9 + 4v/5 cyTs pemenns
ypasuenus (1). Tlpu n > 2 dbopmyna (9 +4+/5)™ naer npousseaenue
pemiennii ypasnenusi (1), T. e. cnosa pernenue p+q+v/5, npuuem p > 0,
q > 0 (3apaqa 176).

[Tokaxkem Tenepb, 4TO Haiia (hopMyJia JaeT BCe Hesble PeleHust
p~+qV/5, y koropeix p = 0, ¢ > 0. TTpexnonoxxum nporusHoe. [Tycrs
p+ qx/g, p = 0, g > 0, ecTb pellleHne, He COBMAAOIIEe HU C OTHUM
U3 YJIEHOB TOCJIEJ0BATEILHOCTH

(9+4v5)%, (94 4v5)!, (9+4v5)2, ..., (9+4V5)".

He moxeT 651Th, uTo6bl p 4+ ¢v/5 < (9 4+ 4v/5)° = 1 + 04/5 (Toraa
B cuity 3aga4u 181 mo/mkHO 061710 661 66ITE ¢ < 0). Tak Kak 4ieHb!

HaIIeil MOC/IeJ0BATEILHOCTH HEOTPAHWYEHHO BO3PACTAIOT, TO P+ qv/5
JIEXKUT MEXK/Ty KAKUMU-TO JIBYMsI €€ YJI€eHAMU, T. €. CyIIeCTBYET TAKOM
nokazareJib n > 0, 4ro

(9+4V5)" < p+qVh < (9+4V5)".
Pazyiesium 310 HeparencTro Ha (9 + 44/5)™:

p+aqVs
< 2 <94 4V5.
(9 4 44/5)» +4v5
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p+qV5
(9 4 4/5)"

(1) ectn cHoBa perenne ypastuennst (1). Taknm o6pa3om, Mbl HatIH

KaK Y9aCTHO€ 0T JeJIeHUudA ABYX peIHeHI/Iﬁ YpaBHEHUA

pemienne ypasrenusi (1), 3akmodennoe mexxay 1 u 9 4+ 44/, uro
MPOTUBOPEYUT 3aade 183.
185. Ouesnzano, uto ecim a + by/5 — permenue ypasnenus (1), o

a—bV5, —a+bV5, —a—bV5

— Toxke pertennst ypasaenust (1). VI3 9Tux gerbipex 4ncest 0HO B CHITY
3azaun 184 npexacraBumo B Buge (9 + 4\/5)". Torga ocranbHbIe TpH
[pe/ICTABUMBI B BUJIE

1

(9+4\/5)*":m, —(94+4V5)", —(9+4V5) "



PABJIEJ TPETUMN

CJIYUYAMHBIE BJIYXKJIAHUI
(IETIT MAPKOBA)

186. BozmoxknbiX ncx0m0B 7, u3 HUX OJIATONPUATCTBYOMKUX 3.
Mckomas ycsioBHASI BEPOATHOCTD PABHA MTOITOMY =

187. BeposiTHOCTh TOrO, YTO IIECTh OYKOB HE BBHITIAJET TPU OfI-
HOKPATHOM GpOCaHMu paBHA 2 BepoATHOCTL HERBITIAIEHUS TECTH
04KOB npu mectu Gpocanusix pasHa no dopmyJie (6) ma c. 103
5_5_5_5_5_5_(5)6_]5625~

> o) = ~0,34.
46 656

6 6 6 6 6 6 \6
188. O603HAYUM UCKOMYIO BEPOSITHOCTDH Yepe3 . Torga BeposiT-
HOCTh OTCYTCTBUSI MOMAaJaHus IPU N BhICTPeJax paBHa 1 — x, npu
OAHOM BbICTpEJIe OHA paBHa 1 — p (cBoiicTo 3). Kak u npeabyiymei
3azadve, no dopmy.e (6)
_ n
l-—z= (1 - p) )
OTKY/1a
z=1-(1-p)"
189. O6o3zHauuM:
BEPOATHOCTH COOBITUST A: «BBIMIPAJ HAYMHAIOIINNY — Yepes T,
BEPOSITHOCTH COOBITHsST B: «BBIMTPAJI BTOPOI UTPOK» — Yepes v,
BEPOSITHOCTH COObITHsT C': «UTPa HUKOTIA He KOHYUTCSI» — Yepes Z.
Cobbirusi A, B, C' nonapHO HECOBMECTHBI U 00PA3YIOT MOJIHYO
CUCTEMY, TIOITOMY
z+y+z2=P(A)+P(B)+P(C)=1. (1)
BeposiTHOCTB BBIMIPBIIIIA BTOPOTO UI'POKA PABHA BEPOSITHOCTH TOTO,
YTO B TIEPBBI Pa3 BHIMAJIET pPeleTka (3Ta BePOATHOCTH PaBHA /),
YMHOY>KEHHOI Ha BEPOSITHOCTH BBIUTPBIIIA BTOPOrO UI'POKA MPU ITOM
ycnosuu (cBoiictso 6). Ho Toraa BTopoit Mrpok CTaHOBUTCSI HAUMHAO-
LIVM, CJIEIOBATEJILHO, 9Ta YCJIOBHAsI BEPOSITHOCTH paBHa x. UTak,
1
y=z. (2)
2
BeposiTHOCTB BBIUTPBIIIIA IEPBOTO UTPOKA HAXOAUTCsI 10 (hopmyJie
MOJIHBIX BeposiTHOCTEN. PaccMoTpum coObITust:
D: «npu nepBoM GpocaHuy BhINaJ repd»,
F': «npu nepBom OpocaHuy BbINAJA PEIIETKA.



190] Cayuatinoe 6ayotcdanua (yenu Maprosa) 225

Cobbitusi D u F' HecoBMecTHbI U 00pPa3yioT MOJIHYK CUCTEMY; B CHJTY
cBoiicTra 7

z = P(A) = P(D)P(A/D) + P(F)P(A/F).

Ouerugno, P(D) = P(F) = 4, P(A/D) = 1. Jlna purancienus
P(A/F) 3amerynm, 4To ecjiu py IePBOM OPOCAHUY BBINAJIA PEIIeTKa
U BTOPO#i UTPOK CTAHOBUTCSI HAUMHAIOIIUM, TO TIEPBBIf UTPOK OKAa3bI-
BAETCSA B MOJIOKEHUM BTOPOTO M BEPOATHOCTD €0 BLIMTPHIIIA €CTh Y.
[Toaromy

y. (3)

Pemasi coBmectro ypasuenusi (2) u (3), nHaxogum x = g, Yy = % s

cootHomenus (1) monyyaem z = 0.
To 06CT05[TC.HBCTBO, YTO BEPOATHOCTH HEOTPAHUYEHHOTO MPOIJ0JI-
JKEeHMsl UTPbI 6e3 pe3ysbraTa paBHA HYJI0, MOXKHO TOIYyYdTb U He-
MOCPEICTBEHHBIM TIOACYETOM (TaK 2Ke, KaK 3TO ObLIO CAEJaHO /st
BEPOSITHOCTU HEBBINA/IEHUs [IECTU OYKOB MPU OPOCAHUM UTPAJIHHON
KOCTH).
(n)
1

190. a) O6ozHatuM depe3 py;’ BEPOSTHOCTH, BbIiigsa uz A, oka-

3aTbCs 4epe3 n waros B A u yepes pgg) BEPOSATHOCTD, BbIiiAsa u3 A,
oKazaThbcsd yepe3 n maros B B. Ecin yacruna Beixogut us Touku A, 1o
coOBITHE, COCTOSIIIIEE B TOM, 4TO Yepe3 1 — | 1maros oHa okaxkercsi B A,
U cOOBITHE, COCTOsIIIIee B TOM, 4TO Yepe3 n — | 1MaroB OHa OKaXKeTCst
B B, 00pa3yioT MoJIHYI0 CUCTEMY HECOBMECTHBIX COOBITHII, IOTOMY,
MpUMEHSIsT CBOUCTBO 7, UMeeM

n n—1 n—1
:051) = pg1 )pll +P52 )p21.
B To e Bpemsi pgrlb_l) + pgg_l) =1 (cBoiicTro 3), OTKy A
n n—1 n—1
Pgl) = pgl )Pn + (1 - Pg ))p21 =
n—1 n—1 n—1
= Pgl )pll + pa1 — pgl )P21 = po1 + (p11 — p21)]9§1 )-

[Tonarast p11 — p21 = q, UMeeM

1 )
p\™ = por + ap\" Y = por + q(par + qpT ) =
(n—2)
1

= pa1 + qpa1 + ¢°p) (

-3
= p21 + qp21 + (12(1721 + qpfll )) =

-3
= pa1 + qpa1 + °pon + P} =

_ _ —(n-1
= po1 + qp21 + ¢*p2ar + ... + ¢ Zpar 4+ " 117[17; (=1,

8 E. [einkun, B. Ycnencknit
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Ho [n=(n=1)] _ (1)

P11 = P11 = P11,

OTKY/1a

P =il qg++...+¢" ) +q" pnn

Ui, CyMMUPY$ 10 (POPMYJie TEOMETPUUIECKOI TPOrPeccuu *) ,

(n) _ 1—q¢"! n—1 _ P n—l( P2 )
Piv =Pan—— +4q° pu -4 +4q pu= )
Bameuast, uro p11 + p21 = 1 (cBoiicTBo 3), nosy4aem

1—qg=1-=pi1+ p21 = p12 + pa21,

(n) P21 nfl( P21 )
P =——+q P11— —— | =
= P12 + p21 P12 + p21

P21 n—1Pp12P11 + P21P11 — P21 __
— +q =
P12 + p21 P12 + p21
_ p: 4 qnfl p1api1 — pai(l — pi1) _

P12 + p21 P12 + pa1
— P21 + (Pll o 2921)7%1 P12p11 — P21P1z

P12 + p21 P12 + pa1
_ P21 P12

= + — .
P12 + p21 P12 + P21 (pu le)
(n)

n
6) YToObI BHIYUCIUTD BEPOSITHOCTD Pgp

, BBIlJIs1 U3 TOUKHU B, 1o-

(n)

n
MACTh Yepe3 N Maros B A, BEIYHCINM CHAYAIA P o
Haligzem 1o popmy.Jie

(n) (

. STy BEPOATHOCTD

n n) P21 P12 n
=1- =1- - 11— p21)" =
P12 P P12 + P21 P12 + P21 (p p )
P12 o P12 (p11 o p21)n.

N P12 + p21 P12 + p21
(n)

n
BepoaTHOCTE Py’ MOJTydaeTcst U3 BEPOsITHOCTH ng), €CJIM MBI IOMEeHSI-
eM Mectamu 0bo3HaueHust Touek A u B u, COOTBETCTBEHHO, 3aMEHUM
Bcioay B nHAekcax 1 Ha 2 u 2 Ha 1. [Tosromy
(n) _ P21 P21

n
Pa1” = - b22 —Pp12) -
2 P21 + P12 P21 + P12 ( )

(n) (n)

n
3ameuanue. BepositnocTnt py;’ m py;’ pasauyaloTCsl Ha BeJIU-
4UHY

(m) (n) P12 n 23 n
— = —— — + — — . 1
Pt P21 P12 + P21 (pll p21) P12 + P21 (p22 p12) ( )

*) Kuceaes A.I1. Anre6pa. U. 2. Uag. 23-e. M.: Yunearus, 1946. C. 75.



191] Cayuatinoe 6ayotcdanua (yenu Maprosa) 227

3& NCKJ/IFOYE€HUEM BBIDO?KAECHHBIX CJIyYaeB

pi1 =1, p12=0, pa1 =0, p=1
p11=0, pi2=1, par=1, pa=0;
BCerga

-1 < pi1—pa <1,
-1 < pa—pr2<1.

[Tosromy ¢ BO3pacTaHWeM 7 KaXk/I0€ W3 CJIAaraeéMbIX MPABON 4YacTu
paBencrBa (1) HeorpaHn4YeHHO yMeHbInaeTcst (110 abCOMIOTHON BesN-
YMHEe) KaK 4jleH 6eCKOHeYHO yObIBaoIeli reoMeTpruyecKoil nporpec-

(n) _ (n)
1

cun *) . Ce0BATEIBHO, U PA3HOCTD P11 — Py Bce bombine u H6ombie
npubJIn>KaeTcs K Hyso. VHbIMU c/loBaMU, BEPOSITHOCTH OKA3ATHCS
4yepes 1 1MaroB B TOYke A ¢ yBeJUYEHUEM 7 BCE MEHbBIIE U MEHBIIEe
3aBUCUT OT TOI'O, U3 KAKON TOYKHU MbI BBIIILIN BHAYAJIE.

191. Bynem m3006pakaTh YKCJIO MIAPOB B JIEBOW ypHE C MOMO-
IbI0 (DUIITKU, TOMEIEHHON Ha, YUCI0BOM ocu. B HavabHBIA MOMEHT
Bpemenn (umka HaxoauTcst B Touke a (puc. 156). Yepes kaxayio

1 1
2 2
AN
O—O—O—O—O—O—O—O—O—O—O—O—O—O—O—O—O—O\
0 1 2 a a+b—1 "a+b
Puc. 156

1
€/MHULY BPEMEHI OHA C BEPOITHOCTBIO o IIEPEJBUIACTCs BIIPABO
(map mepesioXKuam U3 Npasoil yPHBI B JIEBYIO, YNCJIO NIAPOB JIEBOW
1
YPHBI YBEJMUUIIOCH HA €UHHUIYY) U C BEPOSITHOCTHIO , BIICBO (tmap

MEPEJIOXKUJIN U3 JIEBON YPHBI B MPABYIO, YKUCJIO MIAPOB B JIEBOU ypHE
YMEHBIIUJIOCh HA €JIMHUILY), O TeX MOp I0KA OHA BIEPBbIE HE IO-
najgaer B oany u3 todek 0 wiau a + b. [lpuxon dumku B Touky 0
O3HAYAET, YTO OILYCTeJIa JIEBAs yPHA, PUXOJ €€ B TOUYKY @ + b — dTo
omycrena mpaBast ypHa. O603HAYMM BEPOSITHOCTH MPUXoJa (hUIIKU
B 0 IIpU yCJI0BUMH, YTO OHA BBIILIA U3 TOYKU k, Yepe3 pj (HAM HyXKHO
HaiiTH p,). OueBnmgHo, po = 1, payp = 0.

[Tyctr dumka HaxoanuTcst B TOUKe k.

PacemoTpum aBa, coOBITHS:

A: «dumika neperia 3a oOuH Xoa B k + 1»,
B: «dwurika nepernia 3a oavH Xoa B k — 1».

*) Kucenes A.T1. Anrebpa. Y. 2. U3y, 23-e. M.: Yunearusz, 1946. C. 78.

8%
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Io ycnosuio P(A) = P(B) = 5. Tlpu nactynienun cobbirus A
BEPOATHOCTHL Tipuxoja dbumku B 0 ecTb pgq, Ipu HacTymaeHnn B
BeposATHOCTE mipuxoAa duriku B 0 ecth pr_1. [lo dopmysie moaHoi
BEPOSITHOCTU UMeeM

1 1
Pk = - Pk+1+ - Dk—1
2 2
NJIA I10CJIe HpeO6paSOBaHI/IS{

2pk = Pk41 + Pk—1, Pk+1 — Pk = Pk — Pk—1-

O6o3Havast MOCTOSTHHYIO PA3HOCTh Pi11 — Pk Yepe3 d, HATUIIEM

Pk — Pk—1 = d,
Pk—1— Pk—2 = d,
p2 —p1=d,
p1—po =d.
CkJyaJ1bIBasi 3T PABEHCTBA, MOJIy4aeM
Pk — Po = kda
Pk — 1 = kd,
pr=1+kd

uin, nonarast k = a + b,

0=pop=1+(a+b)d, d=——"

a+b’
pp=1— E__a+b—k
k a+b a+b
NuTepecyroriast HAC BEPOSITHOCTH PaBHA
Pa = b
e a+b

BeposiTHOCTH TOTO, 4TO OMycTEeT MpaBasi ypHa, paBHa, OUYE€BUJIHO,

a

Po = a+b

BeposiTHOCTBE TOTO, YTO ONMBIT 32aKOHYHUTCSI, T. €. 9YTO OJHA U3 yPH
OIyCTEET, PaBHA B CUJIy CBOMCTBA 2
b a
+ =
a+b a+b

1.

BeposiTHOCTH TOrO, YTO OMBIT HUKOLJa He KOHUYHUTCS, DaBHA
1 —1 =0 (cBoiicrgo 3).
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SaMeyaHue. Dra 3342493 U3BECTHA B UCTOPUU MATEMATUKHU KAK
«3ajlada 0 pa3opeHu Urpokay. Knaccuueckass hpopMyIMpoOBKa 3TOM
3aJa41 TaKoBa.

Wrpator gBa urpoka. BepodaTHOCTHL BHIUIPBINIA KayKA0#H MapTUn

1 . "
AN KAXKJIOTO M3 HUX paBHa _. [lepBoiii Urpok umeer a pybdJieii,

BTOpOIt urpok b pybdsieii. irpa npogosrkaercst 10 Te€xX mop, MOKa, OIUH
U3 UTPOKOB He ocTaHeTcst 6e3 geHer. KakoBa BepOSITHOCTH pa30peHust
JIST KaXKJOT0 U3 UTPOKORB?

B zagade 191 urpoku 3aMeHeHbl YPHAMU, & JEHBIH — ITIAPAMH.

192. V kaxj0il BepmHbl Kyba 3amnuiieM
BEPOSITHOCTH TOTO, YTO I'yCEHUIIA, BBIIIEIIIast Y
U3 3TOW BEPIIUHBI, NMPUKJIEUTCS B TOYke A
(puc. 157). YV Bepmmn 1 u 5 GyayT 3anucanni 1
OJIMHAKOBBIE BEPOSITHOCTH T, TAK KAK 3TH Bep-
[IVHbBI OJIMHAKOBO PACIIOJIOXKEHbI OTHOCUTEJILHO u
touek A u B. TouHO TaK »ke paBHbIE BEPOSATHO-
cru y OyayT 3anucanbl y Bepuiua 2 u 4. Bepo-
SITHOCTH TIPUKJIEUTHCsI B A, BB 151 13 BepIIvH ()
u 3, 0003HAYUM COOTBETCTBEHHO 2 U U.

[IpeanoniokuM, d9TO TyceHUI]a HAXOAUTCs B BepiinHe |
(cM. puc. 63), ¥ PacCMOTPUM TOJHYIO CHCTEMY MOIMAPHO-HECOB-
MECTHBIX COOBITHIA:

C1: «rycenuna mnomniia no nytu 1A»,

z T

Puc. 157

1
P(Cl) =2
3
Cy: «ryceHUIla MOMLIA 10 MyTu 12,
1
P(C2) =2
3
C3: «rycenuna moiia no mnytua 10y,
1
P(Cs3) = 3

BepositHocTs nipukjentbest B A nipu yciaopuu C7 pasha 1, npu
ycnosuu Co paBna y, npu yeosuu Cg pasna z. [Tosromy (cBoiicTso 7)

1 1 1
N R 1
T =3 +3y+3z (1)
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AHa.J'[OFI/I“IHO BBIBOAATCA €lIe TPU COOTHOIIEHUWA:

1 1 1
1. ! ! 2
y 30+3$+3u, (2)
z:1x+1w+lu, (3)
3 3 3
1 1 1
1yl 41 4
U 3y+3y+3u (4)

Pemas coBmectro ypasuenust (1), (2), (3), (4), nHaxogum

xr = — y:

4
14’ AT U T

5 3
14 7
BeposiTHOCTH NIPUKIENTHCS B TOUKe B HAXOASATCSA U3 CIEAYIONX
coobpaskennit. O4eBUAHO, YTO BEPOATHOCTD 2’ , BbIii/is U3 BepIIUHbI (),
NPUKJIEUTHCA B B paBHA BEPOSITHOCTU MPUKJIEUTHCA B A, BbIiASA U3
3
sepmuHbl 3. Takum obpaszom, 2’ = u = = Temu ke paccyKIeHUAMY

nojay4vaeM

Il

w

Il
SIES

3amevaHue. 3aMETUM, YTO
1 1 r_ r_
c+ax =y+y =z24+2 =uv+u =1

Ho 2+ 2’ ectb B cuity cBoiicTBa 2 BEPOATHOCTD, BbIii/ls U3 BepHIMHbI (),
NPUKJIENThCs rae-Hnbyab, a 1 — (z + z’) — BeposiTHOCTH, BBIAS U3
9TOH Ke BEPIINHBI, HUTIE HE TPUKJIENThCsT (CBOHCTBO 3).

WTak, BepoATHOCTb TOTO, YTO I'yCEHWIIA, BBIIIEIIAasl U3 BepIu-
HbI (), HUTIe HE TIPUKJIEUTCs, PaBHA HYJI0. JIerko BUIETh, 9TO TO XKe
CTIPABEIJINBO, €CJIM U JIOYI0 JPYTYI0 BEPIINHY MPUHSTH 33 WCXOJ-
HYIO.

C noxoxkuM pe3ysibTaTOM Mbl BCTPETUJIMCH MPU PELIEHUH 3a/a-
qu 191, rae O6bLIO YCTAHOBJIEHO, YTO BEPOSITHOCTH TOTO, YTO (PUIIKA
Hukorja #e nonazger uu B 0, Hu B @ + b, paBua nysio. PaBua HyJiio
¥ BEPOSITHOCTH TOTO, YTO HUKOT/a HE KOHUMTCS Urpa u3 3ajgadu 189.
Haxkomerr, jierko ybeauTncst, 9to Ajst cxembl 3aga4u 190 BeposiTHOCTH
TOTO, YTO YaCTUIIA HUKOT/Ia He TOMAaJeT, CKaXkeM, B TOUKy B, Takxke
paBHa HyJIIO (ecsin TOJIbKO P12 > 0).

Bce amu (hakThl SABASIOTCS BeChbMa YACTHBIMH CJIydasiMUA obIeit
TEOPEMBI O CJIYUYaANHBIX OJIY>KIaHUIX, KOTOPYIO MbI JIOKaXKeM B CJie-

ayroomieM naparpade.
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193. PaccmoTpum cobbITHs:

A : «depes n MAroB YacTUIla HAXOIUTCSA B TOUKE k»,
B1 : «gepe3 n — 1 miaroB yacTuiia HAXOAUTCS B TOUKe k — 1»,
Bs : «gepe3 n — 1 maros yacTuiia HAXOAUTCS B TOUKe k + 1»,
B3 : «1epe3 n — 1 miaros 4acTuiia He HAXOAWTCS HU B TO4Yke k — 1,
HU B TOuke k + 1».

B cuny croiictra 7
P(A) = P(B,)P(A/By) + P(By)P(A/By) + P(B3)P(A/ By)

P(A)=2ZF, P(B1)=ZF], P(By)=2zk]

n—1 n—1°
P(A/Bi)= 1, P(A/By)=, P(A/Bs)=0,

OTKyZJa

n—1

b _ 2 2
" 2

194. JleiicTBUTEIBHO, 9JIEMEHTBI CTPOKNA TPEYTOJbHUKA BEPOSIT-
HOCTEH CyTh BEPOSITHOCTH COOBITHI, KOTOPBIE MOMAPHO HECOBMECTHBI
1 00pasyoT MOJHYIO CHCTEMY.

195. /Ins nokasaTesibCTBA BBHITIAIIIEM OJIHO TIOJT PYTUM TPH TMPO-
usBezenust (cp. hopmyast (5), (6) u (7) na c. 114):
____§_§ 20—-3 2a—3 2a-1 2a—-1 2a %
2 2 4 4 2a —2 2a—2 2a 2a 2a +1

% 2a + 1 ‘”2k'—2 . 2k — 1
204+2" " T2-1 2%k

)

1 3 3 2a—3_2a—3_2a—1_2a—1_2a+1

2 2 4 4 " 2a—-2 2a-2 2a 2a 2a + 2
o 201 2k—1 2k—1
20+2 7 2k 2k

_‘_‘§‘§ 2a—3_2a—3_2a—1_ 2a ‘2a+1x
2 2 4 4 " "2a—-2 2a-2 2a 2¢ +1 2a+2
o 20+2 2% — 1 2k

2q+3 " 2% 2k +1°

Jlerko Bujerh, 9YTO BTOpPOE MPOU3BEJEHUE HE MEHbIIE IEPBOrO, a
TpeThe bokiie Broporo. Ho BTopoe nponssenenmne paBHo w% 1> TEPBOE
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1 TPeThe T0CJe COKPAIIeHUit IPUMYT COOTBETCTBEHHO BUJ]

(1 3 2a—3)2.2a—1‘2a—1. 2 2a+1 2k-1

2 477 202 2a 2 2a+1 2a+2 " 2
_(1‘3 2a73)2.2a71.2a71
T \2 47 202

2a 2k
(1_5 2a—3>2_2a—1_ 2 2a+1 2a+2 2%
2 4 " " 2¢a-2 2a 204+1 2a+2 2a+3  2k+1

_(13 2a73)22a71
2 4 " 2a-2/ 2k+1’
OTKYyZ1a

—3\2 2¢ —
(a—n) (L2, i1
2 4 2a — 2 2a 2k

<

1 3 2a-3\2 1
Swh<@a-1)- (53 220
Swy <@a-1)- {57 505) o
W3Bsiekasi KBaJPATHBINA KOPEHb, MIOJIyYaeM TpebyeMoe HEPABEHCTEO.
196. Umeem npu k > 150 (wepaBenctso (16) Ha c. 115)

1 1
< -
R TN vyl
OTKYya
1 1 0,5633 0,5644
— < Wy < , ’ < wo < .
LrraovE 2R S LoV VE kST
10000
B narmiem ciydae k = = 5000, mosTomy
1
70,710 < Vk < 70,711;  0,01414 < TE < 0,01415.

OKOHYATETLHO TIOJIyYaeM
0,5633 - 0,01414 < woy, < 0,05644 - 0,01415,
0,007966 < waqy < 0,007989.
3HaveHUe woy, C ABYMSI 3HAYAIIUME [[U(ppAMU IOITOMY PABHO
way = 0,0079. ..

197. ITycte n = 2k. Bce 4ieHbl n-if CTPOKW MEHBIIE HEHTPAIh-
HOT'O YJIeHA, a [EHTPAJIbHBIN YJIeH yAOBJIETBOPSIET HEPABEHCTBY

1

1
Wy = W < — =

V2k  Vn
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[TIycts Terepp n = 2k — 1. B cTpoke ¢ HeUeTHBIM HOMEPOM HET
[EHTPAJBHOIO YIeHa, HAUOOJIbIIUMHU M0 BEJTUYUHE SIBJISIOTCS] PABHBIE
~1 1
JIpyT Apyry 4nenwl 4, u Z,. Ho

—1 1
1_ Zn +2n _ 0
Ly, =r—-" 5 =y
Kak Tombko uTo mnokazaHo, Z0 . < ! CremoBaresibHO
’ n+1 /—n 1 - ol ’
Zl < ! < L. OCTaJIbHbIE 4JIeHBI N-II CTPOKU U MIOJABHO MEHb
"Vl NG ‘ ’
1
me —.
vn

198. Tak kak s-it oT cepeauubl djeH 2k-ii CTPOKU €CTh Z%,i, TO
HepaseHcTBo (19) Ha ¢. 117 MOXKHO TepenucaTh u Tax:

K} 23 S
(k+1—s) gZ%g( k )
k+1 Wak k+s
k+1—5)\* p k¢
wag (73) < 725 < wyy (—) .

k+1 k+s
[Tpu k > 60 (cm. nepasencrro (15) Ha c. 115)

nJjin

wor <

1 1
< S —
V3,18 3,10k

[Toaromy tipu k > 60

1 <k‘+lfs)s<Z2.s< 1 (k)s
V3.18k \ k+1 SN A0k \k+s/

st oreHKn Z1230 Ha 10 monokuTh § = 10, k = 60. Torga

1 51\10 20 1 6010
—— () <ZiaS —= ()
V/3,18-60 \61 V3,1-60 \70
OTKY1a
0,012 < Z, < 0,016.
199. Packpoem ckoOKM B TpOU3BEIEHUN

(1+p)" =0+p)1+p)...(1+p).

~

r;)ra,3
Cpeu 41eHOB Pa3JI0XKeHUsT BCTPETUTCST YUCIIO 1, KOTOpOE MOy YnTCsl,
ecau B34AThH TOo 1 B Kaxk0il ckoOke. [lajee, ecniu B3gTh B TMEpPBOi
CKODKe P, a BO BCEX OCTAJIbHBIX IO 1, TO 1MOC/ie TIEPEMHOXKEHUsT 110~
JIydUM P; €CJIU B3sTh BO BTOPOU CKOOKE P, a B OCTAJBHBIX 10 1, TO
MocJie NIEPEMHOXKEHUS TOXKE TIOJIyYUM P U T. [I., CJIeJOBATEJIbHO, P
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BoiijleT B passiokenue ¢ kodpdunuenrom r. Kpome Toro, dyayr u
JIpyTHUe MOJI0YKUTEIbHBIE YJIEHbI, TIOITOMY

(1+p)" >1+rp.

200. [TpakTryecku TOCTOBEPHYIO I'PAHUILy OTKJIOHEHUS 3a N Ia-

o 2
rOB MOXKHO NPHUHSATH PABHOI 00 v/n, unn 5,429,/n. B wacrnocru,

npu n = 1000 npakTu4ecku [OCTOBEPHAs I'DAHULIA OTKJIOHEHUsI
ects 171,7. Haubosbitiee yeTHOE 4Yuciao, He mpeocxofsimiee 1717,
ecthb 170; MO3TOMY ¢ MPAKTHUYECKO# IOCTOBEPHOCTHIO MOYKHO YTBEPXK-
naTh, uTo (pumka 3a 1000 X0I0B OTKJIOHUIACH OT HAYAJIBHOTO IMOJIO-
»KeHus He 6ojiee yem Ha 170 menenwuii.

Yr106bI TIOJIYYUTH TPAKTUYECKN JOCTOBEPHYIO MPAHUILY [JIsT TIPU-
BEJICHHOI CKOPOCTH, HAJIO TPAHUILY OTKJIOHEHUS TOJEJUTh HA YUCIIO
maros. [lomydnm, 9T0 ¢ MPAKTUYECKOH HOCTOBEPHOCTHIO TIPUBEIEH-
Hast ckopocth ¢duriiku 3a 1000 maros Oyzaer ne 6osbire 0,17.

201. TTosoxxknm

2 3
e=(-2=)
av/n
C BepOsITHOCTBIO OMIMOKH, MEHbIE YeM &, MOXKHO YTBEPXKIATh,
9TO TIPUBEJEHHAST CKOPOCTH (DUIIKU 3a 7. IAroB OyIeT MeHbIIe,
2

9eM W Ho , )
= = «.
Vevm 2
a\/ﬁ\/ﬁ

202. C BeposiTHOCTBIO O1mnbKku, menbiieii 0,001, MOXXKHO yTBepK-
JIaTh, YTO MPUBEJEHHAsI CKOPOCTh (DUINKU 3a 1. IArOB Oy/1eT MeHbIIle
2

qyeM ——.
/0,001 /n

BosbMmem Takoe n, 9T00BI OBLIO

2
— < 0,01
yo00iym
orkyaan > 4 - 108.

Nrak, ¢ BeposiTHOCTBHIO O1inOku, menbineii 0,001, MO>KHO yTBepK-
JaTh, YTO NpPHUBEAeHHAs CKOPOCTh 3a 4 - 108 maros 6yer menbire yem

2
- =10,01.
J/0,00Tv4 - 108
203. Hy>xHo, 9T00OBI ¢ BEpOATHOCTHIO OrmubKu, menbimei 0,01,
MOXKHO OBLIO YTBEp:K/IaTh, YTO YaCTOTA BHIMAJEHUs] PEIIETKH OTJIM-
qgaercsi ot 0,5 menbire yem Ha 0,1. /{151 9T0r0 MbI MOXKEeM B3ITh JI000€
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qucs10 OpocaHuil, MpeBoCXosiIIee

1
N = 01 500T 464,17.
Nrak, gocrarouno npoussectu 465 Gpocanmii.

204. Eciu yactuna nobpiBajia B m 3a N MIAroB, TO OHA IMONAJIA
TyJa BOEpBble JUOO UYepe3 OAWH Miar, Jubo 4epe3 JBa Imiara, .. .,
0o, HaKoHel, Yepe3 M maroB. VHTepecyiomas HAC BEPOSITHOCTH
Boipasurcs no qopmyse (5) § 1 cymmoii by1 + by + ... + by, e
bi, — BEpOSITHOCTH BIEPBBIE MOMACTh B m depes k 1maros. JlocraTrouno
[MOITOMY TIOKA3aTh, YTO OT IKPAHA HE 3ABUCAT BEPOSITHOCTHU by,.

[okaxkem Tenepn, 9To by, HE 3aBUCUT OT TOT0, KAKOW IKPAaH CTOUT
B Touke m. PaccMoTpum Bce myTu u3 k maroB, KOTOpble HAUMHAKOTCSI
B UCXOZHON TOYKE, KOHYAIOTCSI B TOUKe M U HU pady (KpoMe KOHIA)
He npoxojsaT yepe3 m. Oboznauyum stu iyt A, Ag, ..., As. Bepo-
SITHOCTh TOTO, UTO YaCTHUIlA CAETAeT MepBble k miaros mo nytu A;,
obozHaunm a;. CobbITHEe «JacTuIa Yepes k 1maros BIEpPBBIE TIOTAJA,
B M» PABHOCUJIBHO TOMY, YTO OHA MOILIa Jubo mo nytu Aq, aubo mo
oyt As, ..., 11ubo o mytu Ag. OTcioga

b, =a1+as+ ...+ as.

Ho kaxkapiii uz myteit A1, Ao, ..., Ay He IPOXOIUT Yepe3 M, TTOITOMY
BEPOSITHOCTH a1, A3, - . ., s (& BMeCTe ¢ HUMU U by ) He 3aBUCAT OT
TOrO, CTOUT JIA B TOYKE 1M 3KPAaH U €CJIA CTOUT, TO KAKOM.
SBameuanue. [IpuBenennoe paccykaeHue HOCUT COBEPIIEHHO
00Nt XapakTep 1 TPUMEHUMO K JI000H cxeMe ClIydaiHoro OJIy»Kaa-
nus. Cnegosarennbno, u cpOpMyIMPOBAHHOE B 3aJa49€ YTBEPXKICHUE
BEPHO [J1s1 110001 CXeMBl.
205. U3 coorromenmii (1), (2) n (3) na c. 128 BeiBogNM
3

Z bn72a

3\k 3\k
bar, = (Z) bo, bagy1 = (Z) b.

1 1
bn = 5 bn72 + anfQ -

Ho by = 1 (B HavanbHbIil MOMeHT YacTuna HaxoauTes B 1) u by = 0
(uepes oquu war yactuna He Haxoqures B 1). [Tostomy

3\k
bay, = (Z) s bagy1 =0. (1)
3 pasencts (4) n (3) Ha c. 128 noxyvaem

— 1
dn = dnfl + 1 bn72-
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Jlanee, npunumasi BO BHUManue cootnoenus (1), umeem

1
dopy1 = dap + 1 bag—1 = day,

2k 2k—1 1 2k—2 2k—2 4 1

N T
e ()7 O
24+ 1\ 1

. 13\ 1 /3\! 1 (3\k1
=do+3 (3) +5CG) 3 ()

Tak kak dy = 0, To (mpumensisi popmyJy I CyMMUPOBaHUsI Teo-
MeTPHYECKOIi MTPOTrPECCHY) OKOHYATEIBHO MOJIyYUM

doj = {1+%+...+(§)k1] :1@:1_@)5

4 4

206. a) Cwm. puc. 158. 6) Cm. puc. 159. B) Cm. puc. 160.
207. a) Uz F; kak nepsasi, TAK U BTO-
pasi 4acTUIbl MOTYT 3a KAKOe-TO YHCJIO Z
wraros npoiitu *) B FEj. WN306pasus 10T
nyTh 00€UX YaCTull nepeaBukeHnemM ui-
ki o K2, Mbl momyumm, uto ona u3 Eiq

MPUILIA Yepe3 2z maros B Fy. 29
o]

1104/—\*033
33022 12

011

\/\ 019 Blo=——023

o o/ 19
/ 32 /23

130=/——>c /\

31 320<——021

OC ) LA

Puc. 158 Puc. 159 Puc. 160

6) Mocrarouno nokasark, 9To u3 Jiroboro cocrosinus Fjj, uenu L
MOkHO mpoiitu B F1 (TOrma u3 HEro MoXKHO TNpOATH U B J1H060€
cocrosinue Fj; menm L myrem Fjp — Fqp — Ejl). Nrak, mokaxkem,
410 u3 cocrosinusi F;, npunaiexxainero k L, moxkuo npoiitu B F7.

*) Ciosa «MOTYT IIPOUTH» O3HAYAIOT «MOTYT MPONTH 1O HATIPABJIEHUIO CTPEJIOK» .



208 Cayuatinoe 6ayotcdanua (yenu Maprosa) 237

[Tycts uz E1; moxkuo npoiitu B F;j, cnesas s maros. B takom ciydae
3a $ IIaroB mepBasi YacTuia Moxker npoiitu uz Fq B E;, a BTopas —
n3 K1 B E}, (puc. 161). Ilycrs n3 E; B F/{ MOXKHO NIPOITH 3a T 111Ar0B
v u3 Fy B E; — 3at waros (uens K cesiznal). Toraa (cm. puc. 161)
nepBasi 4acTUIa MOYKET MPONUTH U3 ) )

FE; B E1 3ar + s + t maros (nmyrem B,
Ei - E1 - Ek - El), a BTOpasd — U3 ET;O}/\O/—\&OE]c
\/ \_t/
T

Ey 8 Ej 3at+ s+ r maros (myrem
Ey — E1 — E; — E1), 1. e. nepBas
vactuua n3 F; 8 1 v sropas us Fy, Puc. 161
B F; MOryT NpOiTH 3a OJIHO M TO K€ YUCIO Zz = S + T -+ ¢ 11aros.
M306pa3uB 9TOT 1y Th 06ENX YacTuL] nepeasrKernem dpumku mno K2,
MOJIyYMM, YTO 3a z AroB (puika MoxkeT u3 F;; npuiitu B F11.
208. Tak kak BCe TOYKU COREPIIIEHHO PABHOMPABHBI, TO L €CTh
BOODIIIE BEPOSITHOCTH TOTO, YTO YACTHUI[A, BBIMIEAIIAs U3 TOYKU N — 1,
Korga-HuOyIb moObiBaeT B 1. TOYHO Tak »Ke BEpOSATHOCTH TOTO, UTO
YaCTHUIA, BhIMEAas u3 n + 1, mobbIiBaeT B 1, paBHA Y.
[Ipeanonoxkum, 94T0 YaCTUIA BHIXOAUT U3 TO4YKU () U paccMOTpuM
COOBITHSI:

A : «gacTuia Korga-Hubyah BepHeTCst B TOUKy 05,
B1 : «gacTuna nepeiieT mepBbIM IIaroM B TOUKY 1»,

B : «gactuna nepeiier nepBbiM maromMm B To4Ky — 1».

[To dopmyJie nosHol BepositHocTH (CcBO¥icTBO 7 § 1)
P(A)=P(B1)P(A/B;) + P(B2)P(A/B3).

Elcau BeimosiHeHo ycsioBre B1, TO 9T0 3HAYWUT, 9TO 4aCTHULA TTOCIE OI-
HOTO mara HaxoauTcs: B Touke 1. UToObl mpu 3TOM ycaoBuu npouso-
1o cobbiTre A, HaJ0, YTOOBI YACTHUIA, BBIAA u3 1, Korma-Huby b
nonaJa B 0. BepositHocTs 9T0ro pasna y. Urak, P(A/B1) = y. Ana-

aoruuno, P(A/By) = z. lanee, P(A) = z, P(B1) = P(B2) = %

[Toacrasasist tn 3Ha4enust B popmy.ry (1), momyuaem
1 1
z=- —x. 2
SV T3 (2)

Hasiee, oueBuaHO, 9TO ' = ¥, OTKyda 2 = X.
[ns Boranciaenus: © paccMoTpuM cobbiTe C': «4JacTulla, BbIIIe/I-
mag u3 (), korma-aubyas nonager B 1». B cuy cBoiicta 7

z =P(C) =P(B1)P(C/B1) + P(B2)P(C/Ba). (3)
Umeem P(By) = P(By) = % P(C/B;) = 1. Jlanee P(C/B,)

€CTh BEPOSITHOCTh TOTO, UTO YacTula u3 —1 Korga-HuOyab momajger
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B 1. Boruucium sty BepositHocTs. Wtak, yacruna Haxogurcst B —1.
Tpebyercst HAlTH BePOATHOCTD cOObITUsT D «4acTuiia Korjaa-Hubyab
nmobwsiBaeT B 1». Beegem cobbiTue F': «gacTuiia Korjga-uubyab moobI-
Baer B 0». OueBugno, F'D = D (peiicruresnbHo, HacTymienne D
PABHOCUJILHO COBMECTHOMY HACTYIJIEHHIO 0boux cobbrtnii F' u D).
[TosTomy B cuny cBoiicTBa 6

P(D)=P(FD)=P(F)P(D/F).
Ho P(F) =z, P(D/F) = x. CinepoBaresibHo,
P(D) = 2. (4)
Okonuarenbao u3 (opmya (3), (4) BeiBOgUM
z = % + %xZ, (5)
22— 20 4+1=0,
(z—1)*=0,

orkyaa x = 1. Ciemosarenbto, y = z = 1.
209. Hy»kH0 mokazaTb, 9TO ¢ BEPOSTHOCTHIO 1 yacTuia nobbsaer
B TOUKe n (151 onpejiesIeHHOCTH OyeM cuutarh, uyto n > 0). Jlas
n = 1 3710 goKazaHo B mpenbiayieil 3agade. [lycts yTBep)kaenue
JIOKA3aHO JIsST TOYKW 7] JOKAXKEM ero AJst TOUku N + 1.
Paccmorpum cobbitue A, 1: «dacTuna Korjga-HuOy b noobiBaer
B n + 1». OueBugano, A1 = ApApi1; B cuy cBoiicTBa 6

P(An+1) = P(An)P(An+1/A1)-

Ho P(A,4+1/An) = x = 1. Kpome TOro, mo mpeanosio:keHuio,
P(A,) = 1. ITostomy P(A, 1) = 1.

BeposiTHoCTh MOOBIBATH B JaHHOW TOYke 2, 3 u BOOOIE n pa3
HaXOJUTCA TaK ke, Kak B 3amedanun | Ha c. 133; ona pasna 1.

210. I[Mpexzae Beero 3amerum, uto p+p+7r = 1 (cM. noacTpouHoe
npumedanue Ha c. 135). [lycts @, y, z 03HAYAIOT BEPOSITHOCTU TEX
e cobbiTuii, uto u B 3aga4e 208. [Tpegocrapisiem 4uTaTesio camomy
BBIBECTU COOTHOIIIEHUST

z =1+ px + py, (1)
x=p+re+pz (2)

(OHM BBIBOISTCS COBEPIIIEHHO TakK e, Kak (2) u (5) B pemennn 3aaa-
an 208. Hazo Tonbko, kpome cobbituii Bi n Ba, paccMoTpeTs cobbITHE
Bs: «1acTuna 3a NnepByio eJVHWIly BPEMEHW OCTaeTcsi B Touke 0».)
O4eBuHO, T = ¥, OTKYyJa

z=r+2pzx.
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[Tpeo6paszyem (2):
z=p+(1-2p)z+ pa’,
0=p—2pz + pa’.
Tak kak p # 0, To
1-2z+4 2% = 0,
otkynax =1uz=r+2p=1.
Tak ke kak B 3agade 209, ybeskgaeMcsi, YTO ¢ BEPOSTHOCTHIO 1
JacTuia nodbIBaeT B JIIOOOI TOUKE.

211. Temu ke paccyKeHUsIMHU, 9TO U Npu peineHnn 3amad 208
u 210, HaxoguMm (371€ch, BOODIIE TOBODSI, T # Y)

z = py + quz, (1)
z=p+qa’, (2)
y = q+py’. (3)

Pemasi ypasuenne (2), umeem

= 1+T—4pq _1£+/1—-4p(1—-p)
2q 2q
_1x4/(1-2p)2  1+(1-2p)
2q )

2q

Ypasuenue (2) uMeer JBa KOpPHSI:

1+1-2 2-2 1-—

2q 2q q q
1—-1+2 2

2q 2q q

Tak kaxk 2 > 1, a 2 < 1 (kak BCsiKasi BEPOSITHOCTR), TO X # 3.

CaepoBarenbHo, © = x1 = 1.
Pemast ypasuenue (3), noayvyaem

p

Kak ykazaHo B ycjioBuu 3ajaduu, y # 1, ciemoBarejibHO, Y =

A~RES]

Orciona z = py + qx = 2q.
212. [okaxkem, uto nipu k > 2" BBINOJIHSETCS HEPABEHCTBO

m o
Sk > 7 HeiicTuTensHo,

ng:1+%+%+...+2im=1+T1+T2+...+Tm,
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rie
1 1 1
Ty =gariteiat e
971 caracwbix
QueBuiHO,
T,> Lyl Lo
2r  op 2w 2w 2
2p—1 CJ:;F&EME)IX
[TosTomy
Sk252m>1+%+$+...+%:1+%.

-~

m pa3s
213. Paccmorpum mnipsimbie N{Ni, N 1N_1, NaoNy, N oN o,
napaJuiesibable npsivmoit NN (cm. puc. 84). [Tycts myTHUK HaxoauTCst

. . 1
B HEKOTOpOii Touke Ha npsaMoit NiNi. C BeposiTHOCTBIO 4 TYTHHK
1
/lellaeT IWar BHU3 1 € BEPOATHOCTBIO - INAr BBEPX, T. €. C BePOATHO-

1 1 1 . 1
cThio - + 1= 5 ocraercst Ha mpsimoit N Np. C BeposiTHOCTBIO —
[yTHUK JiejlaeT [iar BIPaBO W nepexoguT Ha npsamyio NgiqNgyq,

C BEPOATHOCTBIO - — IIAr BJIEBO, NIEPEXOAA HA NPAMYIO Ng_1Ng_1.

Cunrtast Kaxxayio u3 npsamMbix Ni N 3a OQHO COCTOsSTHVE, Mbl TIPUIEM

K ciaydaro, y»xke paszobpanHomy Hamu B 3ajade 210. 3pech Touke

1
coorBeTcTByeT Tipsimasi Ny Ny, p = "= 5 [To pnokazanHOMY

MyTHUK C BEPOSITHOCTHIO | MOOBIBAET HA JIIOOON MPSIMOii, B TOM 4YuCJIe

nua NN.



