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         Книга содержит изложение метода дробных производных и состо-
ит из трех частей, раскрывающих физические основания метода, мате-
матический аппарат и примеры применения метода в различных облас-
тях физики: в механике и гидродинамике, вязкоупругости и термодина-
мике, физике диэлектриков и полупроводников, электротехнике и физи-
ке плазмы, нанофизике и космофизике. Она завершается справочным 
приложением и обширной библиографией, отражающей проникновение 
дробно-дифференциального исчисления в современную физику. 
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y = x1 + x2 + ...+ xn =

n∑

j=1

xj ,

y = x1 · x2 · ... · xn =
n∏

j=1

xj ,

\FbLk�eLi
n
�4i~�	cFi.cFt
aDiD�f�4t�cFs`bFyFiSjD^`s`gLmfbFpvk�^S�4���£�qiSyL�4�~eHk�eLtlrL�St�s~}f\Fs`i.iScFi FtleLiStS}�cFi��FyFb�i~rLbFcL^`aDiSjS���.kliDklsx^`j`eFhF�]��b6��¤

x1 = x2 = ... = xn = x
¦�}8��s`biS�Ft�yL^` FbFb�eLt���aDi]�FyFi~rLi`eF�O^`�]sSk¨h�j]iS�`eK^Skls`g�jSt���t�kls`jSt�cFcF����p�cL^�\Ft�cFbF_

n
¤ �S��rLt��iS�SiSp�cL^~\L^xs`g�b6�?\Ft�yFt�p

ν
¦�m
y = νx, y = xν , ν ∈ R.

X�^x�	cFt�_F{�bL�<bFp�iS�SyFt�s`t�cFbFt����	Y�ûÖ_6eLt�yL^?hFjSbUeLiDklg>�FyFi~rLi`eF��t�cFbFt	��^`aFs`iSyFbL^xeK^
n! = 1 · 2 · ... · n j2iS�`eK^Skls`g	jSt���t�kls`jSt�cFcF���W¤ jSiSiS�S��tS}6d?aDiD�4�6eLt�a6klcF���L¦�\FbLkltle�}
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iDkl�U��t�kls`j`eFhFt��4iStZ�l^S�f�f^x� �q�UcFaF FbFt�_

Γ(ν) =

∞∫

0

e−xxν−1dx, Γ(n+ 1) = n!

� t�tO�FiD�4iS��gS��b �S��e.iDkl�U��t�k�sSj`eFt�c �FyFiSyF��j>j>iS�`eK^Skls`g>cFt� FtleLiS��i>\FbLk�eK^>�Fi`�jSs`iSyDhF�]��b6�Dk�h�iS�Ft�yL^` FbF_�jqbFcFs`t���yFi~rLbL���qt�yFt�cF FbL^xeFgScFiD��bLkl\FbLk�eLt�cFbFbn}`s`iS\FcFt�tS}j�iS�`eK^Skls`gqrLyFiS�ScF���	k�sStl�Ft�cFt�_2iS�Ft�yL^`s`iSyFiSjqrLbL���qt�yFt�cF FbFbFyFiSjD^`cFb6hOb2bFcFs`t���yFb6�yFiSjD^`cFb6hnY
üqyFiSyF��j���s`iSs�jS�Ftl\L^`s�eFhFt�s��Fi�kljSiSbL�.�FiDk�eLtlrKkls`jSb6hL��mD\FyFt�p�jS��\L^`_FcFi�iS�Si`��l^`��^`t�sSk�h>klt��4t�_Lkls`jSi�rLbL���qt�yFt�cF FbL^xeLgSc6���2�UyL^`jScFt�cFbF_n}nu~�F�Skls`��tS|��FyFiD�4tl�	�Usx�aFb2�4tl�OrL�O�UyL^`jScFt�cFb6hL�4b	�Ft�yFjSiS��iL}`jSs`iSyFiS��i�b	jS�zkl{�b6�O Ft�eL���	�FiSySh6rLaUiSj��6eLiSsx�cFiqp�^`�Fi`eLc6hF�]sSk¨hO�UyL^`jScFt�cFb6hL�4b�cFt� FtleL����jSt���t�kls`jSt�cFcF�����FiSySh6rLaUiSjL}xklsx^`cFiSj`hFsx�k�h	jSiSp��4i��	cF�z�4b	cFt��FyFt�yF��jScF��tz�Ft�yFtl�Di~rF���4tl�OrL�O�L^`yL^`�Si`eLbF\Ft�klaFbL��}`��bF�Ft�yF�Si`�eLbF\Ft�klaFbL�£b
�leFeLbF�Fs`bF\Ft�klaFbL��s`bF�L^S�4b
�UyL^`jScFt�cFbF_>jO\L^Skls`cF���>�FyFiSbFp�jSi~rLc6���nY��^xeLbF\FbFtZjO�UyL^`jScFt�cFb6h6�	rLyFiS�ScFiS_?�FyFiSbFp�jSi�rLcFiS_?�FiOjSyFt��4t�cFb>bFcFs`t�yF�FyFtl�s`bFyF�St�sSk¨hHaU^`a�iSs`yL^x��t�cFbFt>iDkliS�SiS��i�kljSiS_Lkls`jD^�iS�FbLkl��jD^`t��4iS��i��FyFiS Ft�k�k�^�d�ó����

ÿ��xù��L}Db6eLb¬}6jOk�eL�U\L^`tZkls`i~�D^Skls`bF\Ft�klaUiS��i��FyFiS Ft�k�kl^�d�ñxòÒÿ��*ô���÷oöo÷oøBù��LY+ð�yFiS�ScF��t�FyFiSbFp�jSi�rLcF��t��FiqaUiSiSyDrFbFcL^`sx^S��iS�S��\FcFiqiSs`yL^x��^`t�s�k�^S�4iS�Fi�rLiS�ScF�U��cFt�i~rLcFiSyFi�rF�cFiDkls`g�kls`yF�UaFs`�UyF�Hb6eLb2klyFtlrL��}`j�aUiSs`iSyFiS_OyL^`p�jSb6jD^`t�sSk�h��FyFiS Ft�k�k`YS©�^`aFbFt]kls`yF�Ua6�s`�UyF��cL^`p���jD^`�]s��Rô�����ù������!ÿ��LY ]iSs�h�iDklcFiSjS�.rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiS��izbLkl\FbLk�eLt�cFb6hO�S��eLb�p�^xeLi~��tl�cF��t���tÖjZ�FiSp�^`�FyFiS{�eLiD�>jSt�aUtS}~tl��iZ{�bFyFiSaDiStÖ�FyFbL�4t�cFt�cFbFt�cL^~\L^xeLiDklg�eLbF{�g]jZ�Fi`�k�eLtlrLcFbFtÖrLt�k�hFs`b6eLt�s`b6hnY`X�iSs]cFt��Fi`eLcF��_��Ft�yFt�\Ft�cFgZp�^xrK^~\n}�jZaDiSs`iSyF�����Fi~hFj`eFhF�]sx�k�h>b
iSaU^`p���jD^`�]sSk�h?�����qt�aFs`bFjScF�z�4b
�UyL^`jScFt�cFb6h
k]rLyFiS�ScF�z�4b>�FyFiSbFp�jSi~rLcF�z�4bnm
• a6eK^Sk�klbF\Ft�klaU^xh
�4tl�U^`cFbFa6^
¤ iS�SyL^`s`cF��tqp�^xrK^�\FbK¦�!
• ��b6rLyFi�rLbFcL^S�4bFa6^v¤ÅrLjSb6��t�cFbFt�s`tleK^OjOj`hFp�aUiS_2�	b6rLaUiDkls`bK¦�!
• s`t��6eLiS�FyFiSjSi�rLcFiDkls`gv¤ÅrLbFcL^S�4bFaU^Os`t��6eLiSjS���?�FiSs`iSaUiSjU¦�!
• rLbL���q�Up�b6h.¤ �leLt�aFs`yFi��6bL�4bF\Ft�klaFbF_�^`cL^xeLbFpq�FiSjSt�yD�6cFiDkls`t�_?�leLt�aFs`yFi~rLiSjU¦�!
• rLbFcL^S�4bFaU^Os`�UyF�S�~eLt�cFs`cFiS_
klyFtlrL��!
• s`t�iSyFb6hv��^`p�iSjS���2�Ft�yFtl�Di�rLiSj"!
• �FyFiDkls`yL^`cLkls`jSt�cFcF��tqb
jSyFt��4t�cFcF��tqaUiSyFyFtleFhF FbFb
j��	b6rLaUiDkls�h6�#!
• �FyFiDk�^�\FbFjD^`cFbFtqjO�FiSyFbLkls`���
k�yFtlrK^x�#!
• j`hFp�aDiS�6�6yF�U��iDkls`g
¤ yFt�i`eLiS��b6h>�Fi`eLbL�4t�yFiSjU¦�!
• cFtlrLt��D^`t�jDklaU^xh?yFtleK^`a6k�^` Fb6h>j�rLbF�leLt�aFs`yFbFaU^x�#!
• ^`cFiD�f^xeLgScF��_?�Ft�yFt�cFiDkZp�^`yDh6rK^�jOcFt��U�FiSyDh6rLiS\Ft�cFcF���?�Fi`eF�6�6yFiSjSi~rLcFbFa6^x�#!
• klsx^`s`bLkls`bF\6t�kla6^xh
iS�Fs`bFa6^$!
• yL^xrLbFiD�qbFp�bFaU^�b
yL^xrLbFiSs`tl�6cFbFaU^$!
• eK^`p�t�yFcFiStqi��UeK^x�OrLt�cFbFt�^`s`iD�4iSj"!
• �4t�yF L^`�]��^xh
�ZeL�SiSyFt�kl Ft�cF Fb6h>aFjD^`cFs`iSjS���2s`iS\Ft�a%!
• yFt�p�iScL^`cLklcFiStZbFpleL�U\Ft�cFbFt�b>rLbL���q�Up�bFiScFcF��tZ�FyFiS Ft�k�kl�¢jO�6eK^`p��4t&!



��' � ���/�����
	R���#�x�
• rLbFcL^S�4bF\Ft�klaFbF_>�U^`iDk(!
• ��t�i`eLiS��b6h ¤¥plt��8eLt�s`yDhLklt�cFb6hK¦�!
• ^Skls`yFiD�qbFp�bFa6^>¤¥^`cFiD�f^xeLgScL^xh2rLbL���q�Up�b6h>aUiDk��4bF\Ft�klaFbU�?eL�U\Ft�_K¦�!
• h6rLt�yFcF��t��FyFiS Ft�k�kl�¢�FyFb
jS�zkliSaFb6�2��cFt�yF��b6h6�#!
• �qyL^`aFsx^xeLgScL^xh?aUiDkl�4iS��yL^S�qb6hnY

�zrLcL^`aUivrFeFh£�Si`eLgS{�bFcLkls`jD^��4iSb6�WaDi`eFeLt��?rLyFiS�ScFi`� rLbL���Zt�yFt�cF FbL^xeLgScFi`tbLkl\FbLk�eLt�cFbFtÖiDklsx^`t�sSk�h���aFp�iSs`bFaUiS_nY*)�tleK^`cFbFtÖjScFt�kls`b�kljSiS_�jSa6eK^xr�jzyL^Skl�FyFiDkls`yL^x�cFt�cFbFt	��s`b6�.b6rLt�_.b�kls`bL�4��eLbFyFiSjD^xeLi�^`jSs`iSyL^>a.cL^`�FbLk�^`cFbF��rK^`cFcFiS_.aFcFbF��bnY8XcFt�_
iSs`yL^x��t�c>eLbF\FcF��_viS�F��sOyL^`�SiSs`��^`jSs`iSyL^��Fi	jS���6i`eLcFt�cFbF�¡yDh6rK^O�FyFiSt�aFs`iSj
ý,+-+�o(¤ �`�S�S�x� �`�`�S�2��Y ¦qj
iS�`eK^Skls`b �FyFbL�4t�cFt�cFb6h.rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiS��ibLkl\FbLk�eLt�cFb6hn}L^�sx^`a6��t�bFs`iS��bv�4cFiS��iS\FbLk�eLt�cFc6���>iS�Dkl�D�OrLt�cFbF_>cL^�aUiScL�qt�yFt�cF Fb6�h6�¬}�\L^Skls`cF���HrLbLklaF�Dk�klbF_n}�yFt�p��~eLg~sx^`s`� �SbF�`eLbFiS��yL^S�ZbF\Ft�klaFb6�HbFp��zkla6^`cFbF_nY.�qtjDklt�bFp��Ft�yFt�\FbLk�eLt�cFcF����jS��{�t�p�^xrK^~\��S�~rF�6s?yF^Sk�k��4iSs`yFt�cF�!j>aFc6bF��tS}¬cFi>�FiS\Fs`bjDkltqcL^`_6rL�UsOiSs`yL^x��t�cFbFt�jO�SbF�`eLbFiS��yL^S�qbFbnY� eLiSjSi	ux�4t�s`i�r�|qjqcL^`p�jD^`cFbFb�aFcFbF��b�iSp�cL^~\L^`t�s~}~\Fs`iqyFt�\Fgq�FiS_6rLt�sZjqcFt�_�cFt�FyFiDkls`i�i�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiD� bLkl\FbLk�eLt�cFbFb>aU^`a?sx^`aDiSjSiD��¤¥i�rLyFiS�ScF���bFcFs`t���yL^xeK^x��bO�FyFiSbFp�jSi�rLcF���¬}xb6�OkljSiS_Lkls`jD^x�¬}~�FyL^`jSb6eK^x��yL^`�SiSs`��k�cFbL�4b	bOs~Y r�Y ¦�}cFi�b2i��qbFp�bF\Ft�klaFb6�	�6yFtlrL�FiDkl��eLa6^x�Ot���i��FyFbL�4t�cFt�cFb6h ¤/�
���uó�÷0��ö��1��2�ùAø3�	rLyFiS�`�cF��t2�FyFiSbFp�jSi~rLcF��tOcL^�klsx^xrLbFbWjS��jSi~rK^F}I÷7ù��&4
5*�mø/��ò�5
4+òBù#k�^S�f^�u�rLyFiS�ScFiDkls`gL|~}�
���&�xò�÷oøB÷*6oòBñ�ñ�÷oøBù��<yFt�{�t�cFb6h��FiSyFi~�OrK^`�]sSk¨h�tl� b7�
���&4&28�9�1:���þ>ò!ø0�&4&2;��ñ"�
ùAòÀôxó/ô�òBù-��<"�"2Bk eLtlrL�St�s?bL�HrK^`jD^`s`gU¦�Y�=qbFsx^`s`tleLg?iSp�cL^`aUiD�4bFsSk�h�sx^`a6��tOk��FiSc6h6�s`b6hL�4b���yFtlrLbFsx^`yFcFiDkls`bn}4^`jSs`iD�4i�rLtleLgScFiDkls`bn}��qyL^`aFsx^xeLgScFiDkls`bn}�k2�Skls`iS_F\FbFjS�z�4bb?rLyFiS�ScFi`� �Dkls`iS_F\FbFjS�z�4b?yL^Sk��FyFtlrLtleLt�cFb6hL�4bn}Lk]rLjSb6��t�cFbFt��>��t�jSb?a6^`a>iS�SiS�S��tl�cFbFt��!�SyFiS�UcFiSjDk�aUiS��ivrLjSb6��t�cFb6h�bHk>yDh6rLiD�¡rLyF�U��b6�£�FiSc6hFs`bF_n}§s`t�klcFiWklj`hFp�^`c6�cF���OkÖrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgScF�z�vbLkl\FbLk�eLt�cFbFt���YS�qcFbF�l^Zp�^`jSt�yF{�^`t�sSk�h�kl�FyL^x�jSiS\FcF�z���FyFb6eLi���t�cFbFt�� b	�SbF�`eLbFiS��yL^S�qbFt�_¬}xiSs`yL^x�O^`�]��t�_O�FyFbL�4t�cFt�c6bFtZ�4t�s`i�rK^rLyFiS�ScF���?�FyFiSbFp�jSi�rLcF���?jOyL^`pleLbF\FcF���?iS�`eK^Skls�h6�?�qbFp�bF\Ft�klaUiS_>cL^~�UaFbnY

�qcFbF�l^2��sx^2�FbLk�^xeK^Sklg?cFt�klaDi`eLgSaUi2eLt�s~}Tb�h��`eK^`��i~rK^`yFt�c�^xrK�4bFcFbLkls`yL^` Fb6b[4eLg`hFcFiSjDklaUiS��iO��iDkl�UcFbFjSt�yLklbFs`t�sx^	p�^	�Dk�eLiSjSb6h
rFeFh��6eLi�rLiSs`jSiSyFcFiS_vyL^`�SiSs`��cL^xraFcFbF��iS_nY?��^x�Di~rFhLklg
j�p�^`yF�U�Stl�	cF���.�FiSt�plrFa6^x�¬}nhWbL�4tle£jSiSp��4i~�	cFiDkls`gv�Fi`eLgSp�i`�jD^`s`gDk�h<�SbF�`eLbFiSs`t�a6^S�4b¢b¢rLy6�6�lbL�4b�bFcL�qiSyL�f^` FbFiScFcF�z�4b�klbLkls`t��f^S�4bn}�p�^£\Fs`i�FyFbFcFiS{��W�`eK^`��i~rK^`yFcFiDkls`g ^xrK�4bFcFbLkls`yL^` FbFb@�qiSs`s`bFcF��t��8� ©�yFt�cFsW�UcFbFjSt�yLklbFs`t�s~^bH�FyFiD�qt�k�kliSyF�½ð?Y(ûÖ�F�6eL�D^~�6�4�¢¤A�qiSs`s`bFcF��t���}�wzcF� eFb6hK¦�}�^xrK�4bFcFbLkls`yL^` FbFb<oqc6�kls`bFs`�Usx^	�qbFp�bFaFbvk�eLi~�	cF���>klbLkls`t���}FrLiSaFs`iSyF�B �YK��^`cF F�	b
rFiSaFs`iSyF� � Y�+�eK^x�6�¤ ð�yFt�plrLt�cn}�CUt�yL�f^`cFb6hK¦�}K^xrK�4bFcFbLkls`yL^` FbFb��qt�_Fp�X�t�kls`t�yFc³ý4t�p�t�yFj2�UcFbFjSt�yLklbFs`t�s~^b£�FyFiD�qt�k�kliSyF�WXZY4X�iS_F Fp�bFcLklaUiD�4��¤ �ZeLb6j`eLt�c6r�} �ED wZ¦�}§^xrK�4bFcFbLkls`yL^` FbFbHoqc6�kls`bFs`�Usx^��FyFbFaUeK^xrLcFiS��i�^`cL^xeLbFp�^
b�kls`i~�D^Skls`bFaFb��	Y�X�t�_Ft�yF{�s`yL^Sk�k�^
bWrLiSaFs`iSyF��OY � ^`�StleLg`�qtleLgxrL��¤¥«�t�y6eLbFcn}"CUt�yL�f^`cFb6hK¦�YF��`eK^`��i�rK^`yFt�c2jDklt����4iSbF��yFiDk�klbF_LklaFbL�Wb?p�^`yF�U�Stl�	cF�z�WaDi`eFeLt��l^S��}DrLbFk��aF�Dk�klbFb?k]aUiSs`iSyF�z�4b2�FiD�4iS� eLb?�4cFtq�Fy6i~rLjSbFcF�Us`gDk�h2j��FiScFbL�f^`cFbFb2eLiS��bFaFb	rLyFiS�`�cFiS��iObLkl\FbLk�eFt�cFb6hnY
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F��`eK^`��i~rK^`yFt�cuý4iDk�klbF_LklaDiD�4�2�qiSc6rL�	�q�Uc6rK^S�4t�cFsx^xeLgScF���ObLk�k�eLtlrLiSjD^`cFbF_p�^��qbFcL^`cLkliSjS�U�W�Fi�rFrLt�yD�	aF�ZbFplrK^`cFb6h���s`iS_�aFcFbF��b2¤¥�lyL^`cFs]�S�x� �F�l� �#´~�S�`�D¦Lb�cL^~�U\6�cF���>�FyFiSt�aFs`iSjL}6yFt�p���eLgxsx^`s`�¢aUiSs`iSyF���?cL^`{�eLb
j	cFt�_
iSs`yL^x��t�cFbFt2¤¥�S�x� �F�l� �`�D�x�('F}�S�x� �D��� �o´x�`�+´U}U�&�x� �F�l� �`�F��ª&�6}6�('`� �D�~����ªS�+´D�S}6�#´�� �F�l� �`�D�U�o´x¦�YF���eL�U�SiSaUiH�`eK^`��i~rL^`yFt�c��`eLb6�O^`_F{�t��4�¢kljSiSt��4�¢�6iD�4iS��cFbFaF�¢anY �OY � ��Y cnY

ý4Y�©§Y � bF�D^`s`iSjS�S}§^.sx^`a6��t��4iSbL��kl��cFiSjSg`hL� ð2YÖXZY§bHGWY�XZYÖ[]\L^`_FaFbFcF�z��p�^�U\L^Skls`bFtqjO�Fi~rL��iSs`iSjSaUtZyF�UaUiS�FbLklb>a
bFplrK^`cFbF��Y
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f(t)b
�FyFiS Ft�k�kliD�8� k�eLtlrKkls`jSbFt��

g(t)
YLX�i2�4cFiS��b6�
k�eL�U\L^xh6�?rLiS�F�Skls`bL�4i?kl\FbFs~^`s`gL}L\Fs`ijSyFt��4t�cFcL^xh�klj`hFp�gH�4tl�OrF�¢��s`bL�4b��FyFiS Ft�k�k�^S�4b��4��cFiSjSt�c6cL^£b�kliDkls`i~hFcFbFt

g(t)iS�FyFtlrLtleFhFt�sSk¨hvkliDkls`i~hFcFbFt��
f(t)

j ùJ÷7ùq��ò�ÿ�÷*ÿDòBñ�ù�ö*ô�òÀÿDòBñ"�4m
g(t) = F (f(t), t). (1.1.1)

X¡rLt�_Lk�sSjSb6sSt�eLgScFiDkls`b.��t	s~^`aUiSt	�4��cFiSjSt�cFcFiStv¤ cFt2p�^`�L^`plrF��jD^`�Z��t�tS}TcFt	��yFtlrLb6�sx^`yFcFiSt�¦�j`eLb6hFcFbFt?i~rLcFiS��iv�FyFiS Ft�k�k�^vcL^
rLyF�U��iS_WhFj`eFhFt�sSk¨hWeLbF{�g��FyFbF�`eLbU��t�c6�cFiS_
�4i~rLt�eLgS��Y�+�^`aFs`bF\Ft�klaFbn}6eL�]�SiStZiDkl�U��t�kls`j`eLt�cFbFtZsx^`aUiS��i�j`eLb6hFcFb6h>s`yFt��S�St�siS�FyFtlrLtleLt�cFcFiS��i�jSyFt��4t�cFbn}Ub2rLtleLi�eLbF{�g�j�s`iD��}6kls��iSbFs�j�yL^S�4a6^x�2yFt�{�^`t��4iS_2p�^x�rK^~\6bO�U\FbFs`��jD^`s`gq��s`i�p�^`�L^`plrL��jD^`cFbFtÖb6eLbOcFt�sxY � bFs`�S^` Fb6h	^`cL^xeLiS��bF\FcL^]s`iS_n}`\Fs`ijSiSp�cFbFaU^`t�s>�FyFb bLkl�Fi`eLgSp�iSjD^xcFbFb��FiSc6hFs`b6h.�f^`s`t�yFbL^xeLgScFiS_�s`iS\FaFbnm��4�!bF��cFiSyFb6�yF�St��¡yL^`p��4t�yF�*s`tleK^F}faDiSs`iSyF�z�4b�iScFi�cFt�kliD�4cFt�cFcFi iS�`eK^xrK^`t�s~}8�FiSaF�~rK^�iScFb£cFtbF��yL^`�]s�kl�U��t�kls`jSt�cFcFiS_OyFi`eLbOj��Dk�eLiSjSb6h6��rK^`cFcFiS_	p�^xrK^�\Fbn}`b	jScFiDklbL���FiS�FyL^`jSaFbb6eLb?jSiSiS�S��tzyFt�{�^`t��.p�^xrK^~\F��p�^`cFiSjSiL}St�k�eLb2yFi`eLg�yL^`p��4t�yFiSj�klsx^`cFiSjSbFsSk¨h2p�^S�4t�sx�cFiS_>b6eLb
jSt�klgD�f^�kl�U��t�kls`jSt�cFcFiS_nYX���rK^`�]��bF_Lk�h�bFsx^xeLg`hFcLklaFbF_��f^`s`t��f^`s`bFaHX�bFs`iWX�i`eLg~s`t�yFyL^F}4�6iDklj`hFs`bFj`�{�bF_.yL^`p�jSbFs`bF�*�FiSc6hFs`b6h.��yFtlrLbFsx^`yFcFiDkls`bWb.t���iv�FyFbL�4t�cFt�cFbF��aW�qbFp�bF\Ft�klaFbL�b¢��aDi`eLiS��bF\Ft�klaFbL�/p�^xrK^�\L^S��yDh6r¢cL^~�U\FcF����yL^`�SiSs�b¢cFt�klaDi`eLgSaUi£��eK^`j£j£aFcFb6��l^x��� �S}��*� }ÖiSsS�4t�\L^xe�}Ö\Fs`i�jS�Ft�yFjS��tv�FiSc6hFs`bFt��FiDk�eLtlrLt�_Lkls`jSb6hHj£�qbFp�bFaUtvjSjStle
üqbFa6^`y�j.��ÑS�#´U}K�SiSs�h�hFj`eLt�cFb6h �Dklsx^xeLiDkls`b.�4t�sx^xe6eLiSjL}n�f^`��cFbFs`cFiS��i
b.�leLt�aFs`yFb6�
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\Ft�klaDiS��i���bLkls`t�yFt�p�bLk�^F}`p�^`�L^`plrL��jD^`cFb6h�jSi`eLc�bOrLyF�U��b6����yFtlrLbFs~^`yFcF���O�FyFiS Ft�k�kliSj�S��eLb>bFp�jSt�kls`cF��}FaDiScFt�\FcFiL}L�4cFiS�li	yL^`cFgS{�tSY��^`� eFh6rLcF�z���FyFbL�4t�yFiD����yFtlrLbFs~^`yFcFiS_�klj`hFp�bvhFj`eFhFt�sSk¨hvrLbF�Fi`eLgScF��_��4i`��4t�cFs�^`s`iD�f^F}ScL^`jStlrLt�cFcF��_	�FyFi`eLt�sx^`�]��t�_	jS�`eLbFp�b	cFt���i�p�^`ySh6��t�cFcFiS_	\L^Skls`bF Ft�_nY� rLt�klg

f(t)
d�aDiSiSyDrLbFcL^`s~^��FyFi`eLt�sx^`�]��t�_�\L^Skls`bF F� j��4iD�4t�cFs

t
}
g(t)

d�cL^x�jStlrLt�cFcF��_WrLbF�Fi`eLgScF��_£�4iD�4t�cFs j �4iD�4t�cFs�jSyFt��4t�cFb
t
Y4XÖeLb6hFcFbFt>\L^Skls`bF F�*cL^^`s`iD�.iDkl�U��t�kls`j`eFhFt�sSk�h2\Ft�yFt�pZ�leLt�aFs`yFbF\Ft�klaDiStZ�Fi`eLtS}UyL^Skl�FyFiDkls`yL^`cFt�c6bFtZaDiSs`iSyFi`���iOs`yFt��S�St�sOiS�FyFtlrLtleLt�cFcFiS��iOjSyFt��4t�cFbnYT�zrLcL^`aUi	k�aUiSyFiDkls`gO��s`iS��iOyL^Skl�FyFiDkls`yL^`cFtl�cFb6h�kls`i`eLg2jStleLbFa6^F}L\Fs`i2j`eLb6hFcFbFt��4i~�	cFi?kl\FbFs~^`sSg2�FyL^`aFs`bF\Ft�klaFb �4��cFiSjSt�c6cF�z�b �Fi`eLgSp�iSjD^xs`gDk�h��qiSyL�4��eLiS_�s`bF�L^.¤ �SY �SY �~¦�}Tp�^?bLkla6eL�]\Ft�c6bFt���}n�FyL^`j`rK^F}¬k�eL�U\L^xhn}aUiS��rK^
k�^S�f^>cL^xeLt�sx^`�]��^xh \L^Sk�sSb6 L^>rLjSb6��t�sSk¨hWklivklaUiSyFiDkls`gS��s`iS��i>��t	�FiSyDh6rF�a6^F}8\Fs`i b�klaUiSyFiDkls`g�yL^Skl�FyFiDkls`yL^`cFt�cFb6h��leLt�aFs`yFiD�f^`��cFbFs`cF���£jSp�^`bL�8i~rLt�_Lkls`jSbF_¤¥klaUiSyFiDkls`g
kljSt�sx^D¦�Y¬X¡�FiDk�eLtlrLcFt��¢k�eL�U\L^`tO�D��tOcFt�iS���Di~rLbL�4i?�U\FbFs`��jD^`s`g
p�^`�L^`pl�rL��jD^`cFbFtÖb�jD�4t�kls`i

t
jq^`yF���6�4t�cFs`t��q�UcFaF FbFb

f(t)
k�eLtlrL�St�sZ�6bLk�^`s`g

t−r(t)/c }~� rLt
r(t)

d�yL^Sk�k�sSi�hFcFbFt]iSs�\L^Skls`bF F�HrLi�^`s`iD�f^�j��4iD�4t�cFs�jSyFt��4t�cFb
t
}U^

c
dOklaUiSyFiDkls`gkljSt�sx^FY � rLt�klg �4�/bL�4t�t���rLtleLi k2�FyFiDkls`t�_F{�bL�¡jSb6rLiD����yFtlrLbFsx^`yFcFiDkls`bn}4jS��yL^x��O^`t��4iS_2eLbF{�g	k¨rLjSbF��iD��^`yF���6�4t�cFsx^
¤ p�^S�4t�s`bL��}6\Fs`iO��s`i�eLbF{�gO�Ft�yFjSiStZ�FyFbF�`eFb6���t�cFbFt`mDs`iS\FcFiSt�yFt�{�t�cFbFtzp�^xrK^~\FbOs`yFt��S�St�s�jS��\FbLk�eLt�cFb6hO�Fi`eFhn}DkliSplrK^`cFcFiS��iqjDklt�_�FyFtlrL�zkls`iSyFbFt�_>rLjSb6��t�c6b6h
p�^`yDh6rK^D¦�YG�^`s`t��f^`s`bF\Ft�klaUiSt�iSs`yL^x��t�cFbFt���yFtlrLbFsx^`yFcFiS_�klbFs`�S^` FbFb�kliDkls`iSbFs]jZp�^S�4t�cFt�q�UcFaF FbFb

F (f(t), t)
�q�UcFaF FbFiScL^xeLiD�*¤ ��yFtlrLbFs~^`yFcF�z�!iS�Ft�yL^`s`iSyFiD�§¦ F(ft(·); t)iSsO�FyFtlrL�zk�sSiSy6bFbv�FyFiS Ft�k�k�^ {ft(τ); τ < t} m

g(t) = F [ft(·); t]. (1.1.2)� ^S�4t�s`bL��}D\Fs`i�j�a6^�\Ft�kls`jSt
g(t)

plrLt�klg��4i���t�s�jS�zkls`�U�L^`s`g�b?k�^S�f^��q�UcFaF Fb6h
f(t)b
t�tq�FyFiSbFp�jSi~rLcF��tS}

df(t)

dt
= F [ft(·); t] (1.1.3)b
s~Y6r�Y +��UcFaF FbFiScL^xe F j�kliSiSs`cFiS{�t�cFbFb�¤ �SY �SY �S¦]�S�~rLt��¢cL^`p���jD^`s`g_�94�ñ"�&<"��÷7ñ�����x÷*ÿ ö������xñ"���v�FyFiS Ft�k�k�^

f(t)
cL^O�Fy6iS Ft�k�k

g(t)
Y$ Ök�eLb

g(t)
hFj`eFhFt�sSk�h
s~^`a6��tq�U^x�yL^`aFs`t�yFbLkls`bFaDiS_��FyFiS Ft�k�k�^

f(t)
¤ a6^`avj	�UyL^`jScFt�cFbFbW¤ �SY �SY �D¦¨¦�}K�q�UcFaF FbFiScL^xevj`eLb6�hFcFb6h
�6�4t�kls`cFiOcL^`p���jD^`s`g��94�ñ"�&<"��÷7ñ����x÷*ÿ ó��!ÿ��xù��KY

üqyFbFjStlrLt���t���tqrLjD^��FyFbL�4t�yL^O��yFtlrLbFsx^`yFcF���>�FyFiS Ft�k�kliSjLY
¡�I4E"¢¬:4ELR�£`7�EKA
G4RK9?¤�AD:894AT=[ûÖyFtlrLbFsx^`yFcF��t������qt�aFs`��p�^S�4t�s`cFi2�FyFi�hFj`�eFhF�]sSk�h�j��SyFiS�UcFiSjDklaUiS�2rLjSbU��t�cFbFb�s�h6��tleLiS_�\L^Skls`bF F�.j��	b6rLaDiDkls`bn}~kliDk�sSi�hF��t�_bFp eLt���aFb6���4i`eLt�aF��e�Y]X �f^`s`t��f^`s`bF\Ft�klaDiS_¡�4i~rLtleLb��SyFiS�UcFiSjDk�aUiS��i�rLjSb6��t�cFb6h�FyFtlrL�Fi`eK^`��^`t�sSk�hn}¬\Fs`iva6^x�OrLiSt	k��4t���t�cFbFt2k�eL�U\L^`_FcFi
b.cFt	p�^`jSbLklbFs
iSs>�FyFtlrL���rL�U��b6�Ok��4t���t�cFbF_nY�üqiSc6hFs`cFiL}`\Fs`i���s`i��Dk�eLiSjSbFtS}xcL^`p���jD^`t��4iSt�j�s`t�iSyFbFb	k�eL�U\L^`_6�cF�����FyFiS Ft�k�kliSj�ÿ��*ô���÷oö/ø0�&�#ÿ�ø!öo÷*MxøBùAöo÷*ÿ�}`�qbFa6klbFyF�U�]��bL��iSsSkl�UsSkls`jSbFt��L^S�8hFs`b�FyFiS Ft�k�k�^F}�cL^z�FyL^`aFs`bFaUt��FyFi~hFj`eFhFt�sSk¨h�eLbF{�g]�FyFbF�`eLb6��t�cFcFiLY* Ök�eLb��FyFtlrL��rF�6��t�t
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k��4t���t�cFbFt	iSa6^`p�^xeLiDklg>�Si`eLgS{�bL��}¬s`i�t�kls`t�kls`jSt�cFcFiv�FyFtlrL�Fi`eLi��	bFs`gL}�\Fs`ivjvaUiSc6� Ft ��s`iS��i£bFcFs`t�yFjD^xeK^£klaUiSyFiDkls`g£\L^Skls`bF F� �S��rLt�s£sx^`a6��t.�6yFt�jS��{�^`s`g�klyFtlrLcFt�tt�t�p�cL^�\Ft�cFbFtS}FjDk�eLtlrKkls`jSbFtq\Ft���i	�FiDk�eLt�rL�U�Z��t�t�k��4t���t�cFbFt�s~^`a6��t�k�eLtlrL�St�sOi~�	b6�rK^`s`g>�Si`eLgS{�bL��Y � aUiSyFiDkls`b�s~^`aUiS_�\L^Skls`bF F�!�6yFbF�FbLk�^`s`gv�f^`yFaDiSjDklaUiSt�kljSiS_Lkls`jSi�4i~�	c6i2s`i~��t�eLbF{�g2�FyFbF�`eLb6��t�cFcFiLmLjSyFt��8h�kls`i`eLaFcFiSjStlcFb6hn}Lj2�4i~rLtleLbvs`jSt�ySrL���{�^`yFiSj?�FyFbFcFbL�f^`t��4iSt	c6�~eLt�jS�z��}¬j?rLt�_Lkls`jSbFs`tleLgScFiDkls`b.s~^`aUiSjS�z�<cFt�hFj`eFhFt�sSk¨hn}bWjvs`t�\Ft�cFbFt2��s`iS��ivjSyFt��4t�cFbWbFp��4t�c6t�cFb6h£klaDiSyFiDkls`t�_Wjv�`eLb6��^`_F{�t����FyFiS{�eLiD�rK^`�]s.cFt�aDiSs`iSyF�U� bFcL�qiSyL�f^` FbF��i.�`eLb6�O^`_F{�t��B�S�~rL�U��t���Y© Ök�eLb��f^Sk�k�^��SyFi`��UcFiSjDklaDiS_2\L^Skls`bF F�¢kliSbFp��4t�yFbL�f^�k]�f^Sk�kliS_2iSaFyF�D�O^`�]��b6�2�4i`eLt�aF��e?�	b6rLaUiDkls`bn}�f^`yFaDiSjDklaUiStvkljSiS_Lkls`jSiW�4i~��t�sWcL^`yF�U{�^`s`gDk�h�jWyFt�p��~eLg~sx^`s`tvp�^x�6jD^`sx^ \L^Skls`bF Ft�_klsx^xeLa6bFjD^`�]��b6�Uk�h.kOcFt�_W�4i`eLt�aF�~e�YK��^`aDiScFt� n}TrLjSb6��t�cFbFt	�SyFiS�UcFiSjDklaUi`_�\L^Skls`b6� F��jS��p���jD^`t�s>jSiSp��4�U��t�cFb6h s`t�\Ft�cFb6h�k�^S�4iS_ �	b6rLaDiDkls`bn}�j`eLb6hF�]��bFt	cL^>rK^xeLg`�cFt�_F{�t�t2rLjSb6��t�cFbFt?\L^Skls`bF F��Y§�]aFyF�D�O^`�]��^xh.�	b6rLaUiDkls`gL}8aU^`a�b�j��UaU^`p�^`cFcFiD�jS��{�t�rLbFcL^S�4bF\Ft�klaDiD�¢k�eL�U\L^`tS}TrLtl_Lkls`jS�St�s>a6^`a�cL^`aUiS�FbFs`tleLg>�L^S�8hFs`bn}ncL^`yF�U{�^x��]��bF_>�f^`yFaUiSjDklaDiStZkljSiS_Lkls`jSi��FyFiS Ft�k�k�^FY�=qbLk�eLt�cFcF��tZyL^Skl\Ft�s`�ª� �F}
'(�¬�FiSaU^`p�^xeLbn}\Fs`i�klaUiSyFiDkls`g�jS��rLtleLt�cFcFiS_?�4i`eFt�aF�~eL���l^`p�^�cFtzhFj`eFhFt�sSk¨h>�4^`yFaUiSjDklaFbL�.�FyFiS Ft�k��kliD��a6^`a>yL^`p��6i	��s`bL�£�FyFbF\FbFcL^S��Y

;¬«¬QS7nE"¢nP8I?¢#­SE�£`C1®8=#FZj`eLt�cFb6h2�U�FyF�U��iS��i��FiDk�eLtlrLt�_Lkls`jSb6h?�S��eLb2iSs`yL^x��tl�cF�Ht���tzj�bFcFs`t���yL^xeL^x�OcL^Sk�eLtlrKkls`jSt�cFcFiDkls`b��	YD«�i`eLgS L�f^`cL^-� �*� Y
Gv�HiS��yL^`cFbF\FbL�8�k�h>plrLt�klgOyL^Sk�k��4iSs`yFt�cFbFt��£i~rFcFiD�4t�yFcFiS_
klbLkls`t��4��Y�]�SiSp�cL^~\FbL�?\Ft�yFt�p
ψ(t)

}
t > 0

}���jSi`eL�] FbF��rLt��qiSyL�f^` FbFb
ε(t)
}~jS��p�jD^`cFcFiS_tlrLbFcFbF\FcF�z��kla6^~\FaDiD�£cL^`�FySh6��t�cFb6h

σ(t) = 1(t) ≡
{

0, t < 0;
1, t > 0

jv�4iD�4t�cFs
jSyFt��4t�cFb
t = 0

}nb cL^`p�iSjSt���t�t��94�ñ"�&<"�xò0Mkó�÷��$:�4�þ>ò!øBù��LY¬w]�6�FyFiSa6klb6��4bFyF�xh.�FyFiSbFp�jSi`eLgScF�U��aF�DkliS\FcFi`� cFt��FyFt�yF��jScF�U��p�^`jSbLklbL�4iDkls`g>cL^`�FyDh6��t�cFb6h iSsjSyFt��4t�cFb
σ(t)

�4cFiS��iDkls`�U�Ft�cF\L^`s`iS_£�q�UcFaF FbFt�_�kli kla6^~\FaU^S�4b
∆σ(tj)

j s`iS\Fa6^x�
tj
jSyFt��4t�cFcFiS_WiDklbWb��Ft�yFtl�Si~rFhWp�^`s`t���a��FyFtlrLtleL� �FyFb

∆tj = tj − tj−1 → 0
}�Fi`eL�U\FbL�¯��ñ�ùAò�°�ô�����ó�÷��$:�4�þ>ò!øBù��

ε(t) =
∑

tj<t

ψ(t− tj)∆σ(tj)→
t∫

−∞

ψ(t− t′)dσ(t′).

�]�SiSp�cL^~\FbL��}~rK^xeFt�tS}`\Ft�yFt�p
ϕ(t), t > 0

�94�ñ"�&<"�"2nô�ò/�����+ø3��<"�"�L}x�FyFtlrKklsx^`j`�eFhF�]���U�<��jSi`eL�] FbF�<cL^`�FySh6��t�cFb6h
σ(t)

}SjS��p�jD^`cFcFiS��iZtlrLbFcFbF\FcF�z�WklaU^~\FaUiD��rLtl��qiSyL�f^` FbFb
ε(t) = 1(t)

b
p�^`�FbF{�t��£kqt�tq�FiD�4iS��gS�w��ñ�ùAò�°�ô1���uô�ò/�����+ø3��<"�"�
σ(t) =

∑

tj<t

ϕ(t− tj)∆ε(tj)→
t∫

−∞

ϕ(t− t′)dε(t′).
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üqyFtlrKklsx^`j`eLtlcFbFtvcL^Sk�eLtlrKkls`jSt�cFcF���£�����qt�aFs`iSjWk
�FiD�4iS��gS��bFcFs`t���yL^xeLiSj.iSs`yL^x��O^`t�sO�FyFtlrL�Fi`eL^`�l^`t��4�U�ª����ñxò0M�ñ�÷oøBùJúO�FyFiS Ft�k�kliSj�iSs`cFiDklbFs`tleLgScFiOb6�Wu~bLkls`iS\FcFb6�aUiSjL|~}fbFcFs`t���yFbFyFiSjD^`cFbFtvs`i`eLgSaDiW�FiW�6yFtlrL�zkls`iSyFbFb<kliS� eK^Skl�`t�sSk�hHk½ó/ô���ñ"<"��ó�÷*ÿ
ó/ô���þ1��ñ�ñ�÷oøBù��FYX����Fi`eLc6h6h	bFcFs`t���yFbFyFiSjD^`cFbFtz�Fi�\L^Skls�hL��}D�4i~�	cFi��FyFbFjSt�kls`b2�Fi`eL�U\Ft�cFcF��tkliSiSs`cFiS{�t�cFb6h>a>jSb6rL�

ε(t) = ψ(0)σ(t) +

t∫

−∞

ψ̇(t− t′)σ(t′)dt′

b
σ(t) = ϕ(0)ε(t) +

t∫

−∞

ϕ̇(t− t′)ε(t′)dt′,

� rLt]s`iS\Fa6^S�4b?cL^xr
klbL�4jSi`eK^S�4b?�q�UcFaF FbF_?�Fi`eLp��U\Ft�kls`b?b?yFtleK^`a6k�^` 6bFb?iSsS�4t�\Ft�cF�b6���FyFiSbFp�jSi�rLcF��tSY¬X¡�lsSiD�<�6yFtlrKklsx^`j`eLt�cFbFb jS��rLtleLt�cF�!�4��cFiSjSt�cFcF��t
¤ cFt���yFtlrLb6�sx^`yFcF��t~¦§aUiD�4�6iScFt�cFs`�¢yFt�^`aF Fb6_>cL^�cL^`��yF�Up�aF�S}
ψ(0)σ(t)

b
ϕ(0)ε(t)

}6\Fs`i�j�yDh6rLtk�eL�U\L^`t�j��FiSp�jSi`eFhFt�s��U�FyFiDkls`bFs`g2^`cL^xeLbFp�klbFs`�S^` FbFbnY
z�{3± ² ���������.����~��³�´���.|������ -µ|³¶�·¸���,����¹
�©º�Ì,º�� »�ö��V����¶f¼RË]ÿ�
qü]ønö�Ë����Ö÷Tø4ü¾½½�©¿Zù8ø4ÿ�Ë�Ë�¶

ð�eFh�yL^`p�jSbFs`b6h�kli~rLt�yD��^`s`tleLgScFiS_�s`t�iSyFbFb�b�t�t������qt�aFs`bFjScFiS��i]bLkl�Fi`eLgSp�i`�jD^`cFb6h>jO�FyL^`aFs`bF\Ft�k�aFb6�>p�^xrK^~\L^x�?k�eLtlrL�St�s��Dklsx^`cFiSjSbFs`g�iS�FyFtlrLtleLt�cFcF��tqiS��yL^`cFb6�\Ft�cFb6hOcL^qjSb6r2�q�UcFaF FbFiScL^xeFiSjL}xjS��rLtleLbFs`gqjD^x�	cFt�_F{�bFt�rFeFhO�FyFb6eLi���t�cFbF_2kljSiS_6�kls`jD^2b�bFp��U\FbFs`g
k�iSiSsSjStlsDk�sSjS�U�]��bFt�k�eLtlrKkls`jSb6hnY�üqt�yFjS��_�{�^`��j?��s`iD��cL^`�FyL^`j`�eLt�cFbFbHk�rLtleK^xeHk�^S�BXZY§X�i`eLgxs`t�yFyL^F}fk��qiSyL�8�~eLbFyFiSjD^`j��Fi`eLi~��t�cFb6hn}fcL^`p�jD^`cFcF��tbL��÷*6*À��#ÿ���:(����÷7ñ��!ÿ����-ô�ò�5
��ù-�*ôxñ�÷oøBù��Á� �6}6�nY ��'D��� Y�SY>üqyFbFcF FbF�Â����ñxò0M�ñ�÷oøBù��8m
F(ft(·); t) =

t∫

−∞

φ(t, τ)f(τ)dτ

¤¥XZYxX�i`eLgxs`t�yFyL^zjS��rLtleFhFt�s
δ
� kliDkls~^`j`eFhF�]���U�H�q�UcFaF Fb6b�j`eLb6hFcFb6h�j]hFjScFiD�vjSb6rLtS}rLiS�Fi`eLc6h6h�bFcFs`t���yL^xe2k�eK^`�l^`t��8�z�

σ(t)f(t)
¦�YSX�kliSiSs`jSt�sSkls`jSbFb�k�cFbL��jS��yL^x��t�cFbFt¤ �SY �SY �S¦Ö�FyFbFcFbL�f^`t�sOjSb6r�m

g(t) =

t∫

−∞

φ(t, τ)f(τ)dτ. (1.2.1)
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�6Y>üqyFbFcF FbF�Ç:(�où�4�È��oñ"���fm

φ(t, τ)→ 0, τ → −∞.�FY>üqyFbFcF FbF�_��ñxö(�*ô����oñ�ùJñ�÷oøBù��8m
φ(t, τ) = φ(t− a, τ − a) = φ(t− τ, 0) ≡ Φ(t− τ).

ûÖyFtlrLbFsx^`yFcFiDkls`g�cL^`p���jD^`t�sSk�h ÷�°�ô1�oñ"��þ>òBñ�ñ�÷*ML}Zt�k�eLb�k��6��t�kls`jS�St�s¢sx^`aUiSt
τ0 < ∞

}8\Fs`i
φ(τ) = 0

�FyFb
τ > τ0

YÖ�]��yL^`cFbF\Ft�cFcFiDkls`g���y6tlrLbFsx^`yFcFiDkls`b�rK^`t�siDklcFiSjD^`cFbFtzrFeFh
yL^Skl{�bFyFt�cFb6h>�FiSc6hFs`b6h
kliDkls`i~hFcFb6h>��yFtlrLbFs~^`yFcFiS_vklbLkls`t��4��m6rLjSti~rLb6cL^`aUiSjS��t	��yFtlrLbFsx^`yFcF��t>klbFkls`t��4�*cL^x�Si~rFhFsSk�hWjvrK^`cFcF��_��4iD�4t�cFs�j�i�rLbFcL^x�aUiSjS���?kliDkls`i~hFcFb6h6�¬}6t�k�eLb>b6�?rLbFcL^S�4bF\Ft�klaFbFt��Ft�yFt��4t�cFcF��t�kliSjS�L^xrK^`�]s�cL^OjDklt��bFcFs`t�yFjD^xeLtq��yFtlrLbFsx^`yFcFiDkls`bW¤
t− τ0, t

¦�}F�FyFtlrL{�t�kls`jS�U�]��t��£��s`iD�4�?�4iD�4t�cFs`�SYX(rLt�_Lkls`jSbFs`tleLgScFiDkls`b���s`b��6yFbFcF FbF�F�ÚjS��rFtleFhF�]s¢eLbF{�g��FyFiDkls`t�_F{�bF_a6eK^Sk�kZ��yFtlrLbFs~^`yFcF���?hFj`eLt�cFbF_nYFX<�nY¬�~�(��� �*��XZYLX�i`eLg~s`t�yFyL^�p�^S�4t�\L^`t�s~}Fkli	k�kl��eF�aUiS_/cL^¡cFt�klaUi`eLgSaDi!kliSjSyFt��4t�cFc6����t��4��yL^`�SiSs~}�\Fs`i¡eLbFcFt�_FcFiS_*��yFtlrLbFsx^`yFcFi`�kls`b�u~i~rLcL^`aDi�cFtlrLiDkls~^`s`iS\FcFi�rFeFh£iS�&É¬hLklcFt�cFb6hWcFt�aUiSs`iSyF���.hFj`eLt�cFbF_��leLt�aFs`yFi`�rLbFcL^S�4bFaFbn|~Y
�©º�Ì,º�Ì ÊmË]ÿ�
qü]ønö�Ë��]ö�	 ÷Tø�Ë¸Ë��]ö

XZYÖX�i`eLgxs`t�yFyL^�rLt��4iScLkls`yFbFyF�`t�sW�FyFbL�4t�cFt�cFbFt���yFtlrLbFsx^`yFcFiS_Hb6rLt�bHaHp�^x�rK^~\F^S�*�U�FyF�U��iDkls`b�¤ s`iS\FcFt�tS}zj`hFp�aDiS�U�FyF�U��iDkls`bK¦2cL^��FyFbL�4t�yFtWaFyF�U\Ft�cFb6h�kls`yF�D�cF��}�i~rLbFcWbFp2aDiScF FiSjvaUiSs`iSyFiS_Wp�^`aFyFt��UeLt�cn}8^vaUi�jSs`iSyFiD�4���FyFb6eLi~��t�c£�4iD�4tlcFsklb6eL�
M
}q�Fi~rBrLt�_Lkls`jSbFt�� aUiSs`iSyFiS��i<��s`iSs�aDiScFt� !�FiSjSiSyL^�\FbFjD^`t�sSk¨hBcL^<�U��i`e

Θ
YE Ök�eLb¢jSyL^`��t�cFbFt��FyFiSbLk��Di�rLbFsWrLiDkls~^`sSiS\6cFi��4t�rFeLt�cFcFi�¤ aFjD^`p�bLklsx^`s`bF\Ft�klaFbF_k�eL�U\L^`_K¦�}fklj`hFp�g.�4tl�OrL�

Θ
b
M
j �Ft�yFjSiD�¡�FyFbF�`eLb6��t�cFbFb£rK^`t�sSk�h�eLbFcFt�_FcF�z�kliSiSs`cFiS{�t�cFbFt��
Θ = KM, (1.2.2)� rLt

K
d��f^`s`t�yFbL^xeLgScL^xh��FiDkls`i~hFcFcL^xhnY � ^]�FyFtlrLtleK^S�4b�eLbFcFt�_FcFiS��iZ�FyFbF�`eLb6��t�cFb6hbLkl�Fi`eLgSp��`t�sSk�h>�Si`eLt�t�k�eLi��	cL^xh>p�^`jSbLklbL�4iDkls`g

Θ = F (M), (1.2.3)

� rLt
F (M)

d
�f^`s`t�yFbL^xeLgScL^xh��q�UcFaF Fb6hnY%+�iSyL�4��eK^�¤ �SY �6Y �S¦��FyFb���s`iD�H�FyFtlrKklsx^`j`�eFhFt�s	kliS�SiS_?�Ft�yFjS��_>cFt�bLkl\Ft�p�^`�]��bF_
\6eLt�c
ySh6rK^�G�^`a6eLiSyFt�cL^Fm
Θ = F (0) + F ′(0)M + . . . ≈ KM, F (0) = 0, F ′(0) = K.

�]�S��bL��kljSiS_Lkls`jSiD�£�qiSyL�4��e�¤ �SY �6Y �S¦�bW¤ �SY �6Y �D¦ÖhFj`eFhFt�sSk¨h
s`iL}L\Fs`i	iS�St��Ft��yFt��4t�cFcF��t
M
b
Θ
�St�yF�UsSk�h	j�i�rLbFc2b2s`iSs���tZ�8iD�4t�cFs�jSyFt��4t�cFbnmDj`eLb6hFcFbFt

M
cL^

Θ
�FyFtlrL�Fi`eK^`��^`t�sSk�h �4��cFiSjSt�cFcF�z��}TcFtOp�^`jSbLk�hF��bL��iSs?�FyFtlrL�zkls`iSyFbFb �FyFiS Ft�k�k�^FY
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«�i`eLt�t�s`iS\FcF��t�bFp��8t�yFt�cFb6hn}Ki~rLcL^`aUiL}F�FiSaU^`p���jD^`�]s~}L\Fs`i

Θ(t)
p�^`jSbLklbFs	cFt�s`i`eLg`�aUi�iSs�aFyF�Us�hF��t���i��4iD�4t�cFsx^

M(t)
j��4iD�4t�cFs�bFp��4t�yFt�cFb6hn}DcFi�b	iSs��FyFtlrL�zkls`iSyFbFb

M(τ)
}
τ < t

m6kls`yF�UcL^�iS�`eK^xrK^`t�s�kljSiS_Lkls`jSiD�.��yFtlrLbFs~^`yFcFiDkls`bnY � sx^xeLi��S��s`gL}UjD�4tl�kls`i�¤ �SY �6Y �S¦Ök�eLtlrL�St�sO�FbLk�^`s`g	�q�UcFaF FbFiScL^xeLgScFiStqkliSiSs`cFiS{�t�cFbFt
Θ(t) = F [Mt(·)].

üqi~rLiS�ScFi�kljSiSt��4�]�FyFtlrL{�t�kls`jSt�cFc6bFaF�O¤ �SY �6Y �D¦�}�iScFi�sx^`aq��tÖ�4i~��t�sz�S��s`g�eLbFcFt�^`yFb6�p�iSjD^`cFiOyL^`pleLi~��t�cFbFt���j�¤ s`t��Ft�yFg?�D��t��q�UcFaF FbFiScL^xeLgScF��_K¦�yDh6r�b���rLt�yD��^`cFbFt��s`i`eLgSaUiO�Ft�y6jSiS��iOcFt�bLkl\Ft�p�^`�]��t��liO\6eLt�cL^Fm

Θ(t) = F [0] +
t∫

−∞

δF(0)
δMt(τ)

M(τ)dτ + . . . ≈
t∫

−∞

φ(t, τ)M(τ)dτ. (1.2.4)

�qt�s`yF��rLcFi �Dk��4iSs`yFt�s`g.�qbFp�bF\Ft�klaFbF_�k��4�zk�e��94�ñ"�&<"�"�ßö������xñ"���
φ(t, τ)

}4�Fi`eLi`��	bFj
M(τ) = δ(τ − τ ′) m

φ(t, τ ′) = Θ(t)|M(τ)=δ(τ−τ ′).

�]cL^�yL^`jScL^ �U��eL���FiSjSiSyFiSsx^�aUiScF L^.kls`yF�UcF��j.�4iD�4t�cFs
t
}§�Fi�rLjSt�yF��cF�Us`iS��i bL�8��F��eLgDklcFiD�4�?rLt�_Lkls`jSbF�!aFyF�Us�hF��t���i?�4iD�4t�cFs~^2j2i~rLbFcvbFp��FyFtlrL{�t�kls`jS�U�]��b6�
cL^x��`eL��rLt�cFb6�!�4iD�4t�cFs`iSjOjSyFt��4t�cFb

τ ′ < t
Y��^`a	b?�f^`s`t�yFbL^xeLgScF��t]�FiDkls`i�hFcFcF��tS}U�f^`s`t�yFbL^xeLgScL^xh2�q�UcFaF Fb6h

φ(t, τ)
cFtjS��jSi~rLbFsSk¨h u~bFpZ�Ft�yFjS���	�FyFbFcF FbF�FiSjL|~}U^��Fi`eL�U\L^`t�sSk�h	eLbF�Si�bFpq�4i�rLtleLgScF���	yL^Sk��\Ft�s`iSjL}DeLbF�Si�bFpZ��a6kl�6t�yFbL�4t�cFsx^xeLgScF���	rK^`cFcF���¬Y5üqyFb?��s`iD�W\L^Skls`i�bLkl�Fi`eLgSp��`t�sSk�hbFcFjD^`yFbL^`cFs`cL^xh>iSs`cFiDklbFs`tleLgScFi	k¨rLjSbF�l^�jSi�jSyFt��4t�cFbv�qiSyL�f^

φ(t, τ) = Φ(t− τ),
sx^`a>\Fs`i	jD�4t�kls`iv¤¨�SY �6Y 'U¦§bL�4t�t��

Θ(t) =

t∫

−∞

Φ(t− τ)M(τ)dτ =

∞∫

0

Φ(τ)M(t− τ)dτ.

ý4t�{�t�cFb6t��lsSiS�liO�6yF^`jScFt�cFb6h>iSs`cFiDklbFs`tleLgScFi
M(t)

}Fp�^`�FbLk�^`cFcFiStZjOjSb6rLt

M(t) =

t∫

−∞

Ψ(t− τ)Θ(τ)dτ =

∫ ∞

0

Ψ(τ)Θ(t− τ)dτ, (1.2.5)

j�kljSiS��iS\Ft�yFtlrLg��4i~��t�s�yL^Sk�k��f^`s`yFbFjD^`s`gDk¨h2a6^`a?�UyL^`jScFt�cFbFt]iSs`cFiDklbFs`tleLgScFi
Θ(t)�FyFb
p�^xrK^`cFcFiD�

M(t)
Y
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XZYfX�i`eLgxs`t�yFyL^��FbF{�t�sFm]u* Ök�eLb��FyFtlrL�Fi`eLi��	bFs`gL}4\Fs`i.�����qt�aFs`iD����yFtlrLb6�sx^`yFcFiDk�sSb?rLiOcFt�aUiSs`iSyFiS��iO�4iD�4t�cFsx^

t0 < t
�4i��	cFiO�FyFt�cFt��SyFt�\Fgv¤ÅrFeFh
�FyFiDkls`iSs`�cL^

t0
�4i~�	cFi£kl�4iSs`yFt�s`g£a6^`a�cL^.cL^~\L^xeLiWjSyFt��4t�cFbnm

t0 = 0
¦�}�s`i¢¤ �SY �6Y �S¦��FyFb6�cFbL�f^`t�sOjSb6r�m

M(t) =

t∫

0

Ψ(t− τ)Θ(τ)dτ,

� rLtqiS�D^��FyFtlrLtleK^ObFcFs`t���yL^xeL^OaUiScFt�\FcF��|�� �6}Lk`Y¬���S��� Y� ^S�4t�s`bL�>s`i`eLgSaUiL}l\Fs`iz�FyFt�cFt��SyFt��l^`s`g�cFt�iS�~hFp�^`s`tleLgScFiLm��Sk�eLiSjSbFt
M(τ) = 0�FyFb

τ < 0
�4i~��t�s��S��s`g�p�^xrK^`cFi�a6^`aÂ�xø�È�÷�5�ñ�÷oò³4+ø/�x÷oö��xò¸:(�(5*�oþ1�LY � rLy6�6�liS_>k�sSi`�yFiScF��}6t�k�eLb
��yFtlrLbFsx^`yFcFiDkls`gOt�kls`gL}Fbv�4��cL^S�4t�yFt�cF���FyFt�cFtl�SyFt�\Fg	j`eLb6hFcFbFt��£iSsx�yFbF L^`s`tleLgScFiS_.�Fi`eL�SiDklb cL^
�FyFiS Ft�k�kOj��4iD�4t�cFs�jSyFt��8t�cFb

t
}�s`iv��s`i�p�cF^~\FbFs~}8kli`�� eK^`klcFi��Fy6bFcF FbF�F�Hp�^`s`�D�U^`cFb6hH��yFtlrLbFsx^`yFcFiDk�sSb¬}��4��rLi`eF�	cF���Fi~rLyL^`p��6�4t�jD^`s`gplrLt�klgO�Fi�r

t
�Si`eLgS{�bFtqjSyFt��4t�cL^FY

üqt�yFtl�Di�rBa¡rLbFcL^S�4bF\Ft�klaUiS_Bp�^xrK^~\Ft¢¤ aFyF�Us`b6eLgScF�z��aUi`eLt��D^`cFb6hL��kls`yF�D�cF�]¦�}¬kliS� eK^SklcFi2�FyFbFcF FbF�F�³ð�^xeK^S�4�St�yL^F}LiDkl�U��t�kls`j`eFhFt�sSk�h��F�Us`t���p�^S�4t�cF�
M(t)cL^

M(t) − µΘ̈(t)
}
µ
d¢�Fi`eLi~�	bFs`tleLgScL^xh¡�FiDkls`i~hFcFcL^xhnYZX(yFt�p��~eLg~sx^`s`t£�Fi`eL�D�\FbL�¢bFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScFiSt��UyL^`jScFt�cFbFt�rFeFh rLbFcL^S�8bF\Ft�klaUiS_.��yFtlrLbFs~^`y6�cFiS_>p�^xrK^~\Fbnm

M(t)− µΘ̈(t) =

t∫

−∞

Ψ(t− τ)Θ(τ)dτ.

ð�eFh�iS�FyFtlrLtleLt�cFb6h��U� eK^.p�^`aFyF�U\FbFjD^`cFb6h
Θ(t)

�Fi�p�^xrK^`cFcFiD�4���4iD�4t�cFs`�
M(t)rLiDklsx^`s`iS\Fc6iqrLjD^x�OrL�£�FyFiSbFcFs`t���yFbFyFiSjD^`s`gq��s`i��UyL^`jScFt�cFbFt��Fi�jSyFt��4t�cFbOiSs
0
rLi

tb�yL^`p�yFt�{�bFs`gZ�Fi`eL�U\Ft�cFcFiSt�bFcFs`t���yL^xeLgScFiSt��UyL^`jScFt�cFbFt�X�i`eLgxs`t�yFyL^]jSs`iSyFiS��i]yFi~rK^iSs`cFiDklbFs`tleLgScFi
Θ(t)

Y
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X�s`iSyFiS_	�L^`yL^`��yL^S�¢� eK^`jS�ÑÐ�ÒfaFcFbF��bÂ� �*� }DcL^`p�jD^`cFcF��_�u�ûÖyFtlrLbFsx^`yFcL^xhOrLb6�cL^S�4bFaU^F|x}DXZYDX�i`eLgxs`t�yFyL^q�FiDklj`hF��^`t�sq��yFtlrLbFsx^`yFcFiD�4��iS�SiS�S��t�cFbF��i~rLcFiD�4t�y6cFiS��i�l^`yF�4iScFbF\Ft�klaUiS��i�iDkl Fb6eFeFhFs`iSyL^F}DiDkl�U��t�kls`j`eFhFt��4iS��i�p�^S�4t�cFiS_	rLbL���qt�yFt�cF FbL^xeLg`�cFiS��iO�UyL^`jSc6t�cFb6h
mq̈ + kq = 0, m, k > 0,bFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScF�z�

mq̈ + k

t∫

−∞

Φ(t− τ)q(τ)dτ = 0.

�qt�j`rK^`jD^xhLklg	j?iS�SiDklcFiSjS^`cFbFt�p�^xrK^�\Fb�b �qbFp�bF\Ft�kla6bF_ k��4�zk�e ��s`iS_�p�^S�4t�cF��}TiSccL^x�Di�rLbFsqjS��yL^x��t�cFbFt�rFeFh�u~�FiSs`t�cF FbL^xeLgScFiS_���cFt�yF��bFbn|~}`jqcL^`{�b6��iS�SiSp�cL^�\Ft�cFb6h6�
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bL�4t��]��t�t�jSb6r

U(q) =
k

2





∞∫

0

Φ(τ)dτ · q2(t)−
∞∫

0

Φ(τ)[q(t)− q(t− τ)]2dτ



 ,

sx^`a>\Fs`i
∂U

∂q
= k

∞∫

0

Φ(τ)q(t− τ)dτ.

X�jStlrFhWjScFt�{�cF�]��klb6eL�
Q(t)

bWjS��rLtleLbFj�j
Φ(τ)

klbFcF����eFhFyFcF�U�(¤ cFt���yFtlrLbFsx^`y6�cF�U�q¦�kliDklsx^`j`eFhF�]���U��}
kΦ(τ) = kδ(τ) + ϕ(τ),

X�i`eLgxs`t�yFyL^��FyFb6�Di~rLbFsOa
�UyL^`jSc6t�cFbF�

d




mq̇2(t)

2
+
Kq2(t)

2
− 1

2

∞∫

0

ϕ(τ)[q(t)− q(t− τ)]2dτ



+

+
dt

2

∞∫

0

ϕ̇(τ)[q(t)−q(t−τ)]2dτ = Qdq,

(1.2.6)� rLt
K = k +

∞∫

0

ϕ(τ)dτ.

X�iSsSkl�UsSkls`jSbFtq��yFtlrLbFsx^`yFcF���?�����qt�aFs`iSj
ϕ(τ) = 0

b>�UyL^`jScFt�cFbFt	¤ �SY �6Y ªD¦§�FyFbFcFb6��f^`t�sOiS�S��\FcF��_?rFeFh
cFt��lyFtlrLbFsx^`yFcFiS_>rLbFcL^S�4bFaFb
jSb6r

d

{
mq̇2

2
+
kq2

2

}
= Qdq,

iSp�cL^~\L^`�]��b6_n}S\Fs`i�yL^`�SiSs~^qjScFt�{�cFb6�Oklb6e2yL^`jScL^q�FyFbFyL^`��t�cFbF�<�Fi`eLcFiS_	�4tl�U^`cFb6�\Ft�klaDiS_W��cFt�yF��bFb�klbLkls`t��4��Y8X�a6eL�]\Ft�cFbFt2��yFtlrLbFsx^`yFcFiDkls`bW�FyFbFjSi~rLbFsvcFt	s`i`eLgSaUia2�4i~rLbL�qbFa6^` FbFb2�qiSyL�4�H�FiSs`t�cF 6bL^xeLgScFiS_	��cFt�yF��bFbn}Dj�yFt�p��~eLg~sx^`s`tz\Ft���i��Fi`eLcL^xh�4tl�U^`cFbF\6t�kla6^xh>��cFt�yF��b6h
�FyFbFcFbL�f^`t�sOjSb6r

EM =
mq̇2

2
+
Kq2

2
− 1

2

∞∫

0

ϕ(τ)[q(t)− q(t− τ)]2dτ,
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cFi�b>a>�Fi�hFj`eLt�cFbF�¢rLiS�Fi`eLcFbFs`tleLgScFiS��i
¤¥�4i��	cFiO�FiSa6^`p�^`s`gL}D\Fs`iO�Fi`eLi��	bFs`tleLgScFi`���iU¦�k�eK^`�l^`t��4iS��i

Wdt =
1

2

∞∫

0

ϕ̇(τ)[q(t)− q(t− τ)]2dτ · dt,

iSs`yL^x�O^`�]��t��li�rLbLk�klbF�L^` FbF�¢��cFt�yF��bFb?j���yFtlrLbFsx^`yFcFiD�.�FyFiS Ft�k�kltSYUXHyFt�p���eLgxs~^`s`tbL�4t�t��
dEM +Wdt = Qdqb6eLbn}FjObFcFs`t���yL^xeLgScFiS_
�qiSyL�4t

EM − E0
M +

t∫

t0

Wdt = A. (1.2.7)

� rLt�klg
EM

b
E0
M

kl�Us`g?p�cL^�\Ft�cFb6hv�Fi`eLcFiS_��4tl�U^`cFbF\Ft�klaDiS_v��cFt�yF��bFb�j?�4iD�4t�cFs`�jSyFt��4t�cFb
t
b
t0
}f^

A
d yL^`�SiSsx^F}4kliSjSt�yF{�t�c6cL^xh�jScFt�{�cFbL�4b�klb6eK^S�4b£j�rL^`cFcFiD�bFcFs`t�yFjD^xeLtqjSyFt��4t�cFbnY

�©º�Ì,º«· Ê�Ë]ü���Ï]ü�Ó8¼R�]ÿ�Ë�ÔKü]ü
[]s`iS\FcFbL���6iSc6hFs`bFt@øB÷oøBùJ÷0�xñ"�����-ô�ò�5
��ù-�*ôxñ�÷*Mßø0�xøBùAòÒÿ�õfY§«��~rLt��!��iSjSi`�yFbFs`gL}`\Fs`i���yFtlrLbFsx^`yFcL^xh	klbLkls`t��f^qj��4iD�4t�cFs`�

t1
b
t2
cL^x�Di~rLbFsSk¨hOj�i�rLcFiD��bOs`iD���tOkliDkls`i~hFcFbFbn}Tt�k�eLb t�t�rLbFcL^S�4bF\Ft�klaFbFtO�Ft�yFt��4t�cFcF��t	kliSjS�L^xrK^`�]s?cFt�s`i`eLgSaUi>j��s`b��4iD�4t�cFs`��jSyFt��4t�cFbn}�cFizb�j]�6yFtlrL{�t�kls`jS�U�]��b6��bL�
bFcFs`t�yFjD^xeK^x�

(t1−τ0, t1)
b

(t2−τ0, t2)
rFeLbFs`tleLgScFiDk�sSgS�

τ0
}��D^`yL^`aFs`t�yFbFp��U�]��t�_�p�^`s`�D�D^`cFbFtÖ��yFtlrLbFsx^`yFcFiDkls`bnYÕ�AUELI4A�Öq3W;�E$×Ø®6CFADI8I8M
=ØÙVø/���½ö���÷7ñ"<xòAñxò0��÷7ùJ÷-ôx÷�°*÷�óxòÀô���÷�5*��ö*ô�òÒÿDòBñ"��-ô�ò�5
��ù-�*ôxñ����nø0�xøBùAòÒÿ���öo÷�:/ö*ô1��À-�/òBùAø3�>��ø!öo÷oòÒÿ�4³óxòÀô�öo÷7ñ��oþ$���xú�ñ�÷*ÿ�4³øB÷oøBùJ÷0���

ñ"�"2,�IùJ÷dô1��67÷7ù-�¬ö/ñxò0ÚJñ"�1È�ø0������ö��1��òBùAø3�³ó�÷��x÷
����ùAò/�xú�ñ�÷*MLY
üqiDklaUi`eLgSaF�2kqrLb6cL^S�4bF\Ft�klaUiS_
s`iS\FaFbvp�yFt�cFb6h�kliDkls`i�hFcFbFt�klbLkls`t��4��s`i	��tk�^S�4iStS}D�Fi`eLcL^xh>�4tl�D^`cFbF\Ft�kla6^xh?��cFtlyF��b6h>cFtZbFp��4t�cFb6eK^Sklg�b?�Ua6^`p�^`cFcL^xh	�Fi`eLi~�	b6�s`tleLgScL^xh>yL^`�SiSsx^�hFj`eFhFt�sSk�h
�4t�yFiS_>rLbLk�klbF�L^` FbFb
�lcFt�yF��bFbnm

E Û =

t∫

t0

Wdt.

� iS� eL^SklcFi��FyFbFcF FbF�F�2k�i~�6yL^`cFt�cFb6h	��cFt�yF��bFb	iScL^qrLi`eF�	cL^��FyFt�jSyL^`��^`s`gDk¨h	j�rFyF�D���bFt2�qiSyL�4�!��cFt�yF��bFbn}nj
�Ft�yFjS�U�/iS\Ft�yFtlrLg>dvjvs`t��6eLiSjS�U��Y%��^>��s`iD���Fy6bFcF FbF�FtyL^`p�jSbFjD^`t�sSk¨hW FtleLiSt2cL^`�FyL^`j`eLt�cFbFt2s`t�yL�4i~rLbFcL^S�4bF\Ft�k�aFb6�£klyFtlr�k2�L^S�8hFs`gS�(¤ s`it�kls`gL}6��yFtlrLbFsx^`yFcFiS_
s`t�yL�4i�rLbFcL^S�4bFaFbK¦�¤¥k���YFP�=�¹K=ÝÜK¦�Y
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� jSiS_Lkls`jSi!��yFtlrLbFsx^`yFcFiDkls`b�cL^x�Di�rLbFs�iSs`yL^x��t�cFbFt�b�j��f^`s`t�yFbL^xeLgScF����UyL^`jScFt�cFb6h6�¬}njS��yL^x�O^`�]��b6���leLt�aFs`yFbF\Ft�klaF�U��b��f^`��cFbFs`cF�U��bFc6rL�UaF FbFbW\Ft�yFt�p�FyFtlrL�zkls`iSyFbFb�kliSiSs`jSt�sSkls`jS�U�]��b6�BcL^`�FySh6��t�cFcFiDkls`t�_nY�X��4t�kls`i�aFjD^`p�bLklsx^`s`bF\Ftl�klaFb6�
kliSiSs`cFiS{�t�cFbF_
D(t) = εE(t)b
B(t) = µH(t),�4��bL�4t�t��

D(t) = εE(t) +

∞∫

0

φ(τ)E(t− τ)dτ, (1.2.8)

B(t) = µH(t) +

∞∫

0

ψ(τ)H(t− τ)dτ. (1.2.9)

ûÖs`b��UyL^`jScFt�cFb6h�b��Fi`eLi��	b6eOXZYxX�i`eLgxs`t�yFyL^zjZiDklcFiSjS�q��yFtlrLbFs~^`yFcFiS_��leLt�a6�s`yFi~rLbFcL^S�8bFaFbnY8o�kl�Fi`eLgSp��xh�b6� �6yFb.jS��jSi~rLt��UyL^`jScFt�cFb6h�rFeFh.�6eLiSs`cFiDkls`b.�leLt�a6�s`yFiD�f^`��cFbFs`cFiS_
��cFt�yF��bFbn}FiSc>�Fi`eL�U\Fb6e
ḊE+ ḂH

4π
=

d

dt
(We +Wm) + wd,� rLt

W Þ = 1

8π


εE2(t) +

∞∫

0

φ(τ)E2(t− τ)dτ


 ,

W ß =
1

8π


µH2(t) +

∞∫

0

ψ(τ)H2(t− τ)dτ


 ,

^
w à = − 1

8π

∞∫

0

{φ̇(τ)[E(t− τ)−E(t)]2+

+ψ̇(τ)[H(t− τ)−H(t)]2}dτd�jStleLbF\FbFcL^F}¬cL^`p�jD^`cFcL^xh�ó��x÷7ùJñ�÷oøBùJú&2µ����ò0��ù�ôx÷*ÿ��(°*ñ"��ùJñ�÷*MÄ�7ñxòÀô�°��"� ô1�/ø!ø!ò3���
ñ"���K}TiS�S�Dk�eLiSj`eLt�cFcFiS�li>kljSiS_Lkls`jSiD�<��yFtlrLbFs~^`yFcFiDkls`bnY�X�kltOs`yFbW�6eLiSs`cFiDkls`b �Fi`eLi`��	bFs`tleLgScF��Y� eLtlrL�St�s
iDklsx^`cFiSjSb6sSgDk¨h�cL^
s`iD��}n\Fs`iv�FiD�4bL�4i
t�kls`t�kls`jSt�cFcFiS_ rFeFh.�leLt�a6�s`yFiD�f^`��cFbFs`cFiS��iq�Fi`eFhvu~�S�zkls`yFiS_n|Z��yFtlrLbFsx^`yFcFiDkls`bn}`�UyL^`jScFt�cFb6h>¤ �SY �6Y �D¦�b
¤ �SY �6Y ÑD¦iSs`yL^x�O^`�]s?s~^`a6��tO�4tlrFeLt�cFcF��tO�6yFiS Ft�k�kl��}T�FyFiSbLk��Si~rFhF��bFt�j>s`jSt�ySrL����s`tleK^x��js`t�\Ft�cFbFt�cFt�klaUi`eLgSaFb6��\L^SkliSjWb6eLbHrK^x��tvrLcFt�_��FiDk�eLt�kla6^~\FaU^WcL^`�FySh6��t�cFcFiDkls`b�Fi`eFhÄ� ª�� Y
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ýf^`p�jSbFs`bFt���yFtlrLbFsx^`yFcF�����4t�s`i~rLiSjZiS�FbLk�^`c6b6h��4tl�U^`cFbF\Ft�klaFb6���FyFiS Ft�k�kliSj]jkl�6eLiS{�cFiS_�k�yFtlrLtS}~cL^~\L^`s`iStÖ«�i`eLgS L�f^`cFiD�
b�X�i`eLgxs`t�yFyFiS_n}�c6t��4iS� eLizcFt��FyFbFjSt�kls`ba2�6i~hFj`eLt�cFbF�<��yFtlrLbFsx^`yFcFiS_2s`t�yL�4i�rLbFcL^S�4bFaFbn}D�SiSs�h2b	�FyFiSbFp�iS{�eLi��lsSi�k�p�^S�4t�sx�cF�z� iS�FiSplrK^`c6bFt���YS©nt�yL�4i~rLbFcL^S�4bFaU^��S��eK^qbOiDklsx^`t�sSk�h�rLi�cL^Skls`i�hF��t���iqjSyFt��4t�cFbu~cL^`bF�Si`eLt�t��qt�cFiD�4t�cFi`eLiS��bF\Ft�klaFbL��|]yL^`plrLtleLiD��s`t�iSyFt�s`bF\Ft�klaDiS_	�qbFp�bFaFbn}xb	�4cFi`���bFt?�FyFtlrF�FiS\FbFsx^`�]s�jSb6rLt�s`g�t�t>klaUiSyFt�t2�FiSaUi�hF��t�_Lk�hWcL^��q�Uc6rK^S�4t�cFs`t>^`a6klbFiD��}\Ft��WjS��s`t�a6^`�]��t�_2bFpqklsx^`s`bLkls`bF\Ft�klaDiS_
�qbFp�bFaFbnY1��^���s`iD�8� s`i��F�Us`b>^`a6klbFiD�f^`s`b6�p�^` FbFb�cFt�yL^`jScFiSjSt�klcFi`_vs`t�yL�4i~rLbFcL^S�4b6aFb b��S��eLb�bLkl�Fi`eLgSp�iSjD^`cF����yFtlrLbFsx^`yFcF��tb6rLt�bn}F�FiSyFi�rLbFjS{�bFtAùAòÀô+ÿ�÷�5
��ñ��!ÿ��"�&4�øÀô�ò�5JøDó��!ÿ��xùJú&2µ� ´�� �S�0� Y� iDkls`i~hFcFbFt]kl�6eLiS{�cFiS_?klyFtlrL�H�D^`yL^`aFs`t�yFbFp��St�sSk�h2cL^`�SiSy6iD� iS�FyFtlrLtleLt�cFcFi`���i \FbLk�eK^�jStleLbF\FbFc�¤ j.k�eL�U\L^`t>cFt�i�rLcFiSyFi~rLcF����klyFtlr�dW�q�UcFaF FbF_£aUiSiSySrLbFcL^`sD¦�Y[4rLiS�ScFi�yL^`plrLtleLbFs`g�b6�OcL^�rLjD^�a6eK^Sk�k�^qd�jSp�^`bL�4cFi�cFt�p�^`jSbLklbL�4��t�����ù��xöoñ�õ�ò�óxò0�
ô�òÒÿDòBñ�ñ�õ�òl}SaDiSs`iSyF�z�4b>�4i~�	cFi�cFt�p�^`jSbLklbL�4i��f^`cFb6�F�~eLbFyFiSjD^`s`g�j���aUkl�Ft�yFbL�4t�cFs`tS}b½ô�ò3����ù��xöoñ�õ�òuóxòÀô�òÒÿDòBñ�ñ�õ�òl}¬p�cL^�\Ft�cFb6hWaUiSs`iSyF��� i~rLcFiSp�cL^~\FcFi
iS�FyFtlrLtleFhF�]sSk�h^`aFs`bFjScF�z�4b<�Ft�yFt��4t�cFcF�z�4b¢�Fi£bFp�jSt�kls`cF�z�¾��÷7ñxøBù���ù�4�ù��xöoñ�õ[ÿéèÝ÷7ó/ô�ò�57ò/�1��2.�À��#ÿ,ê�4Bô1�/öoñxòBñ"���5ÿ�Y/üqiSc6hFs`cFiL}`\Fs`i���s`i�yL^`p��SbFt�cFbFtz�4i~��t�s��S��s`g�iDkl�U��t�kls`j`eLt�cFicFtqtlrLbFcLkls`jSt�cFcF�z��iS�SyL^`p�iD��YXWp�^xrK^�\L^x��yL^`jScFiSjSt�klcFiS_�s`t�yL�4i�rLbFcL^S�4bFaFbn}`aUiS��rK^]�FyFiS Ft�k�kl�£�6yFiSbLk��Di�rFhFs�St�klaDiScFt�\FcFiz�4tlrFeLt�cFcFiL}�jzkliSiSs`cFiS{�t�cFb6hq�4tl�OrL�q^`aFs`bFjScF�z�4b

xj
b�yFt�^`aFs`bFjScF�z�4b

yi
�Ft�yFt��4t�cFcF�z�4b
jSyFt��8h
j�hFjScFiD��jSb6rLtqjSiSiS�S��tZcFtqj`�Di~rLbFs

yi(t) = φi(xj(t)).�qiS� rK^	jSyFt��8hn}Tp�^2aUiSs`iSyFiSt�iDkl�U��t�kls`j`eFhFt�sSk�h�j`eLb6hFcFbFt�^`aFs`bFjScF�����Ft�yFt��4t�cFcF���cL^>yFt�^`aFs`bFjScF��tS}�klsx^`cFiSjSbFsSk¨h.p�^S�4t�s`cF�z�¢�Fi�klyL^`jScFt�cFbF�*k��U^`yL^`aFs`t�yFcF�z�¢jSyFtl��4t�cFt���bFp��4t�cFt�cFb6h¢kliDkls`i�hFcFb6h<klbLkls`t��4��}Öj£kl�FbLk�aUt�^`yF���6�4t�cFs`iSj��q�UcFaF FbF_
φi�Fi~hFj`e6hF�ZsSk¨h
�FyFiSbFp�jSi�rLcF��tq�FiOjSyFt��4t�cFb
iSsO^`aFs`bFjScF���>�Ft�yFt��8t�cFcF���¬m

yi(t) = φi(xj(t), ẋj(t)).Gvi~�	c6i��Fy6tlrKklsx^`jSbFs`gOklt��StS}D\Fs`i�rK^xeLgScFt�_F{�t�t]�UjStleLbF\Ft�cFbFtZklaUiSyFiDkls`t�_2�FiSs`yFt��S�D�t�svjSjStlrLt�cFb6h.�FyFiSbFp�jSi~rLcF����jS�zkl{�b6� �FiSyDh6rLaUiSjLY � ^S�4t�s`bFjL}n\Fs`i�kliSjSiSaF�U�FcFiDkls`gjDkltl���FyFiSbFp�jSi�rLcF�����St�klaDiScFt�\FcFiqrLbL���qt�yFt�cF FbFyF�`t��4iS_	�q�6c6aF FbFb	jqrK^`cFcFiS_OsSiS\U�aUt	iS�FyFtlrLtleFhFt�s
jDkl�*�q�UcFaF FbF�/ FtleLbFaUiD��}�t�kls`t�kls`jSt�c6cFi��FyFtlrL�6i`eLi~�	bFs`gL}n\Fs`i�jiS�S��t��£k�eL�U\L^`t��q�UcFaF FbFb
φi
cFt�iS�~�Si~rLbL�4i�p�^S�4t�cFbFs`g2�q�UcFaF Fb6iScL^xeK^S�4b

Φi
m

yi(t) = −∞Φit[xj(·)].
üqyFtlrLtleL�

(−∞, t) �Ua6^`p���jD^`�]s~}F\Fs`i>�q�UcFaF FbFiScL^xev�L^S�8hFs`bn}KiS�FyFtlrLtleFhF�]��bF_ yjj��4iD�4t�cFs�jSyFt��4t�cFb
t
}Sp�^`jSbLklbFsqeLbF{�g�iSs��FyFtlrL�zkls`iSyFbFb?^`aFs`bFjScF���O�Ft�yFt��4t�cFcF���

xi(t
′), t′ < t

}UcFi�cFtZiSs�b6�2�S�~rL�U��bU�2p�cL^�\Ft�cFbF_.¤Òó/ô���ñ"<"��ó ó/ô���þ1��ñ�ñ�÷oøBù��¬¦�Y
=�^x���tqjDklt���i�bLkl�Fi`eLgSp��U�]sSk�h?eLbFcFt�_FcF��t��q�UcFaF FbFiScL^xeL�<�L^S�8hFs`bn}F�FyFtlrKkls~^`j`eFhFt��4��tbFcFs`t���yL^xeLgScF�z�4b
iS�Ft�yL^`s`iSyL^S�4bnY



�S� ��	��"�+���������/���"�������x�����1�
X�aU^~\Ft�kls`jSt��FyFbL�4t�yL^>kliSiSs`cFiS{�t�cFbF_��FiDk�eFtlrLcFt���i?s`bF�L^?�FyFbFjStlrLt����UyL^`j`�cFt�cFbFt�s`t��6eLiS�FyFiSjSi�rLcFiDkls`b�Cn�UyFs`bFcL^x�ÀüqbF�FaFbFcL^�� �~�*�§m

hi(t) =
∑

j

t∫

−∞

Rij(t− t′)T,j(t′)dt′. (1.3.1)

X�\L^Skls`cFiD��k�eL�U\L^`tS}6aUiS��rK^�h6rLyFi	�L^S�8hFs`b
bL�4t�t�sO��a6kl�FiScFt�cF FbL^xeLgScF��_>jSb6r�}
Rij(t) = Aije

−t/τ , (1.3.2)

� rLt
τ
d	jSyFt��8h>s`t��4�Ft�yL^`s`�UyFcF���>yFtleK^`a6k�^` FbF_n}6bFp2¤ �SY �FY �~¦ÖbW¤ �SY �FY �S¦Ök�eLtlrL�St�sFm

dhi
dt

=
∑

j


AijT,j(t)−

Aij
τ

t∫

0

e−t/τT,j(t− t′)dt′

 . (1.3.3)

üqi~rKkls~^`j`eFh6h�¤ �SY �FY �~¦§j
¤ �SY �FY �D¦�}D�Fi`eL�U\L^`t��WiS�SiS�S��t�cFcF��_	p�^`aUiSc2s`t��6eLiS�FyFiSjSi~rLcFi`�kls`bvw�Y$����aUiSjD^�� �
��� m
hi(t) + τ

dhi
dt

= τ
∑

j

AijT,j .

z�{/ë ² ���������.����~�|��ìç���~��,����í��.��ç�|��
î ����ï�~��,~����,�µ|³¶�·�ð�æ���~��
©�yL^xrLbF FbFb�b��FyFbFcF FbF�F�*s`t�iSyFt�s`bF\Ft�klaUiS_��qbFp�bFa6b£�FiS�S�D�OrK^`�]s�cL^Sk2bLk��a6^`s`gHaDiSyFcFb���yFtlrLbFs~^`yFcFiDkls`b�j��4i`eLt�aF�~eFhFyFcFi`� aFbFcFt�s`bF\Ft�klaUiS_��FyFbFyFi~rLtWjStl��tl�kls`jD^FYÖ�ZklcFiSjSiS_Wsx^`aDiS��i �Fi�rF�Di~rK^vhFj`eFhFt�sSk¨h£bFt�yL^`yD�6b6h£aFbFcFt�s`bF\Ft�klaFb6�£�UyL^`jScFtl�cFbF_>d	 Ft��FiS\FaU^��UyL^`jScFt�cFbF_
«�«,C���oO}UcL^~\FbFcL^`�]��^xhLk�h>kZ�6yF^`jScFt�cFb6h���bF�UjSb6eFeFhbH�FyFbFjSi~r6hF��^xh�aH�UyL^`jScFt�cFbF� «�i`eLgS L�f^`cL^F}fj.�FyFiDkls`yL^`cLkls`jSt�cFcFi`� i�rLcFiSyFi~rLcFiD�k�eL�U\L^`tqbL�4t��]��t��4�?jSb6r

∂ϕ(v, t)

∂t
= ñ 0[v, ϕ(·, t)]. (1.4.1)� rLt�klg ñ 0 dz�Si`eLgS L�f^`cFiSjDk�aFbF_q�Sb6eLbFcFt�_FcF��_u÷7óxòÀô1�oùJ÷-ôuøBùJ÷�����ñ�÷oö/òBñ"�"ML}�rLt�_Lkls`jS�D��]��bF_¢cL^

ϕ(v, t)
d�i�rLcFiS\L^Skls`bF\FcF�U� �6eLiSs`cFiDkls`g�yL^Skl�FyFtlrLtleLtlcFb6h��4i`eLt�aF��e�j�FyFiDkls`yL^`cLkls`jSt�klaUiSyFiDkls`t�_nm

ñ 0[v, ϕ(·, t)] ≡ ∫ du

∫
σ(Θ; g)[ϕ(v′, t)ϕ(u′, t)− ϕ(v, t)ϕ(u, t)]dΩ.

X*��s`iD��jS��yL^x��tlcFbFb
v
b
u
d£klaDiSyFiDkls`b�klsx^xeLaFbFjD^`�]��b6�Uk¨h��4i`eLt�aF��e�rLiWb6eLb�FiDk�eLtz¤ k�iz{�s`yFb6�DiD�§¦¬kls`i`eLaFcFiSjSt�cFb6hn}

g = |v−u| dzb6�qiSs`cFiDklbFs`tleLgScL^xh�klaUiSyFiDkls`gL}



�&¥ òó�����/���"�������x�x��ãx�x�x�(�5��ôx�&�1ã>�x��õ��7�"�#�x���x�x��ö���	#��÷�âI����� �F�
Θ
d2�U��i`e
yL^Sk�kltlhFcFb6hn}

σ(Θ; g)dΩ
d	rLbL���qt�yFtlcF FbL^xeLgScFiSt�klt�\Ft�cFbFt�yL^Sk�kltlhFcFb6h
js`tleLt�klcF��_H�U��i`e

dΩ
¤ p�^`aDiScF��kli��6yL^`cFt�cFb6h���cFt�yF��bFb�bHbL�4�F��eLgDk�^ i~rLcFiSp�cL^~\FcFiklj`hFp���jD^`�]s

v′
b
u′
k
v
}
u
b
Θ
¦�Y

üqyFtlrL�Fi`eLi~��t�cFb6hn}6eLtl��^`��bFt�j	iDklcFiSjStZjS��jSi~rK^���s`iS��i	�UyL^`jScFt�cFb6hn}Fkl�U��tl�kls`jSt�cFcFiz�U�FyFiS��^`�]s�yFt�{�t�cFbFt§�l^`p�i�rLbFcL^S�4bF\Ft�klaFb6�qp�^xrK^�\n}�cFi�rLi]klb6�q�FiSy�cFtÖkl\Fb6�sx^`�]sSk¨h
rLiDklsx^`s`iS\FcFiOiS�SiDklcFiSjS^`cFcF�z�4b?rFeFh
�6eLiSs`cF���>�l^`p�iSj�b>�	b6rLaUiDkls`t�_nY>ð�eFhcFb6���Fi`eL�U\Ft�cF��÷*67÷*6*ÀAòBñ�ñ�õ�ò.�&��ñxòBù���þ>ò!ø0�&�xò94Bô1�/öoñxòBñ"���K}�klj`hFp�^`cFcF��tÖk§bL�4t�cL^S�4b�	YDjD^`cB ]iSjD^F}UoOY#üqyFbF��i~�	bFcL^F}�ýfY6«�yL^~�Us~^F}#üOY#ý8t�p�bF�S�D^F}+ý4Y1øqjD^`cF FbF�l^F}5û]Y1GviSc6�s`yFi`eFeK^�¤¥k���Y�� ��'`� �`��� ¦�Y�X���jStlrLt�cFcF��t��FyFb��Si`eLt�t.k�eK^`�S����iS��yL^`cFbF\Ft�cFb6h6�¬}���s`b�UyL^`jScFt�cFb6h¢kli~�6yL^`c6hF�]s£jD^x�	cFt�_F{�t�t kljSiS_Lkls`jSi£�Si`eLgS L�f^`cFiSjSklaUi`��i��UyL^`jScFt�cFb6hd.iS�FbLkl��jD^`�]s cFt�iS�SyL^`s`bL�4��_£�FyFiS Ft�k�k>yFtleK^`a6k�^` 6bFb�a�yL^`jScFiSjSt�klbF��Y©CDeK^`jScF�z���t	�f^`s`t��f^`s`bF\Ft�klaFbL��iSs�eLbF\FbFt��¢iS�SiS�S��t�cFcF�����UyL^`jScFt�cFbF_�hFj`eFhFt�sSk¨h.�U\Ft�s
p�^x��L^`plrL��jD^`cFb6h.jvbFcFs`t���yL^xeLt>kls`i`eLaFcFiSjSt�cFb6h.�F�Us`t���rLiS�Fi`eLcFbFs`tleLgScFiS��ivbFcFs`t���yFb6�yFiSjD^`cFb6h.�Fi�k�rLjSbFcF�Us`iD�4� jSyFt��4t�cFcFiD�4�.^`yF���6�4t�cFs`� i~rLcFiS\L^Skls`bF\FcFiS_W�q�UcFaF FbFbyL^Skl�FyFtlrLtleLt�cFb6h>jOcFtleLbFcFt�_FcFiD�£iS�Ft�yL^`s`iSyFt�kls`i`eLaFcFiSjSt�cFbF_ ñ τ
∂ϕ(v, t)

∂t
=

t∫

0

ñ τ [v, ϕ(·, t− τ)]dτ + f(v, t). (1.4.2)

X�k�eL�U\L^`tzyL^`jScFiSjSt�klcFiS��i�kliDkls`i~hFc6b6h2yFt�{�t�c6bFt]�UyL^`jScFt�cFb6h2«�i`eLgS L�f^`cL^qcFt]p�^`jSb6�klbFsOiSsOjSyFt��4t�cFbn}
ϕ(v, t) = ϕeq(v)

b
j`eLb6hFcFbFtqp�^`�L^`plrL��jD^`cFb6h?bLkl\Ft�p�^`t�s~Y
üqiDk�eLtlrLiSjD^`s`tleLgScFiSkls`g>�Fi`eL�U\L^`t��4��� j
�FyFiS Ft�k�klt	��s`iS��ivjS��jSi�rK^>�UyL^`jScFtl�cFbF_
b
iS�SyL^`p��`t�s�cFiSjS�U��bFt�yL^`yD�6bF��Y"��^`�FiD�4cFbL��iDklcFiSjScF��tZ��sx^`�F�¢jS��jSi~rK^FY

�SY�oqp�a6^`c6iScFbF\Ft�klaFb6� �UyL^`jScFt�cFbF_}C6^S�4b6eLgxs`iScL^*rFeFh#klbLkls`t��4�
N
jSp�^`b6��4i~rLt�_Lkls`jS�U�]��b6� �4i`eLt�aF�~e(�St�p�jDk¨hFaFb6� rLiS�Fi`eLcFbFs`tleLgScF��� �FyFtlrL�Fi`eLi`���t�cFbF_,jS��jSi~rLbFsSk¨hj4Bô1�/öoñxòBñ"�xòªù��"4+ö����
�1�,rFeFh���^`p�iSjSi`_(�6eLiSs`cFiDkls`b

ρN ≡ ρN ({r,v}; t) m
∂ρN

∂t
= i ú NρN ,

� rLt ú N dm÷7óxòÀô1�oùJ÷-ô_ù��"4+ö����
�1�KY¬�]cFi?cFt��FyFbF��i~rLcFi2rFeFh�yFt�{�t�cFb6h�b��FyFb6��4t�cFt�cFb6h�aWaUiScFaFy6t�s`cF�z��p�^xrK^~\L^S�¢bFpl� p�^�ux^Skls`yFiScFiD�4bF\Ft�klaFbn|v�Si`eLgS{�iS��i\FbLk�eK^O�Ft�yFt��4t�cFcF���
N
Y

�6Y�X�jStlrLt�cFbFt��¢�FyFiSt�aF FbFiScFcFiS�li
iS�Ft�yL^`s`iSyL^Çû4}¬jS���Fi`eLc6hF�]��t���i
�SklyFtlrLcFt�cFbFt��^`p�iSjSiS_?�6eLiSs`cFiDkls`b
�FiO�FyFiDkls`yL^`cLkls`jS�2aUiScL�qbF���UyL^` FbF_n}

û
ρN =

1

V N

∫

V

. . .

∫

V

ρN ({r,v}; t)
N∏

j=1

drj ≡ ϕN ({v}; t),



�D� ��	��"�+���������/���"�������x�����1�
�UyL^`jSc6t�cFbFt���bF�UjSb6eFeFh �FyFt�iS�SyL^`p��`t�sSk�h jv��aFjSb6jD^xeLt�cFs`cFiStOt��4����÷-ô+ÿ����xú&�
ñ�÷oò��&��ñxòBù���þ>ò!ø0��÷oò³4Bô1�/öoñxòBñ"�xò

∂ϕN

∂t
=

t∫

0 ü
N
τ [ϕN ({v}|t− τ)]dτ + fN ({v}, t),

��rLt
ü
N
τ

d¢iS�Ft�yL^`s`iSy�jSp�^`bL�4i~rLt�_Lkls`jSb6h¡�4i`eLt�aF��e!�4tl�OrL�¡kliS�SiS_nY]oqcFs`tl���yF^xe��Fi	jSyFt��4tlcFbv�Fi~hFjSb6eKk¨h
j	yFt�p���eLgxsx^`s`t�yL^`pleLi���t�cFb6h
yFt�{�t�cFb6h
ρN
cL^rLj`t�aDiD�4�FiScFt�cFs`��d uxkl�U��t�kls`jSt�cFcF�U��|

ϕN =
û
ρN
b£u~cFt�kl�U��t�kls`jSt�cFcF�U��|

(1− û )ρN dqbObLkla6eF�Z\6t�cFb6hO�FiDk�eLtlrLcFt�_�bFp�iS�SyL^`p�iSjD^xjS{�tl_Lk�h�jqyFt�p���eLgxsx^`s`t��s`iS�li2yL^`plrLtleFt�cFb6h�klbLkls`t��4��rLjS�D�>�UyL^`jScFt�cFbF_nY��qbFaU^`aFb6�>cFiSjS���>�FyFiS Ft�k��kli`jL}¬cFbWiS��yL^`cFbF\Ft�cFbF_ cL^vklsx^`yF��t	plrLt�klgvcFt	jSjStlrLt�cFiLY¬©8^`aFbL��kljSiS_Lkls`jSiD�iS�`eL^xrK^`t�s�eL�]�SiS_v�4^`yFaUiSjDklaFbF_
�Fy6iS Ft�k�k`mF�DklyFtlrLcFt�cFbFt��FiO\L^Skls`b
�Ft�yFt��4t�c6�cF���£�FiSyFi~�OrK^`t�s�bFcFs`t���yFbFyFiSjD^`cFbFt
�Fi jSyFt��4t�cFbn}§kljSb6rLt�s`tleLgDkls`jS�U�]��t�t>icFt��f^`yFaUiSjDklaUiD�H�U^`yL^`aFs`t�y6tJô�ò�5
4&<"�/ôx÷oö(�oñ�ñ�÷�°*÷?�FyFiS Ft�k�k�^ ¤ k��FyL^`jStlrFeLbFjSi>biS�SyF^`sSc6iStSm6�Fi�rF�Di~rFhF��bL�WyL^Skl{�bFyFt�cFbFt�����^`p�iSjSi`��i��FyFiDkls`yL^`cLkls`jD^�cFt��f^`y6�aDiSjDklaFbF_��FyFiS Ft�k�k��4i~��t�s>�S��s`g?�FyFt�iS�SyL^`p�iSjD^xcvj
�f^`yFaDiSjDklaFbF_K¦�Y � jSiS�Si~r6�cF��_¡\6eLt�c¡�UyL^`jScFt�cFb6h
fN

p�^`jSbLklbFsHiSsHcL^~\L^xeLgScFiS��iHplcL^~\Ft�cFb6h�s`i`eLgSaUiu~c6t�kl�U��t�kls`jSt�cFcFiS_n|W\L^Skls`bnYE=qbLk�eLiWcFtlp�^`jSbLklbL�4�����Ft�yFt��4t�cFcF���¬}§�DiSs`gWb�6�4tlcFgS{�b6eLiDklgOj�rLjD^�yL^`p�^F}UjDkltqt���t�\FyFt�p�jS��\L^`_Fc6iOjStleLbFaUiL}F^Ok�^S�4iO�UyL^`j`�cFtlcFbFt�s`t��Ft�yFg2klsx^xeLiOcFt�p�^S�4aFcF�Us`�z��Y
�FY¸=qs`iS�S�*kliSaFyL^`s`bFs`g

N
� \L^Skls`bF\FcF��_�cF^`�SiSy��Ft�yFt��4t�cFcF����rLi i�rLcFiS\L^Skls`bF\6�cFi`��i b�jD�4t�kls`tvk?s`t��!p�^S�4aFcF�Us`g �UyL^`jScFt�cFbFtS}4jSjSi~rLbFsSk¨h�­`98P4ELCFADQD3�ÖqEFµ×fAD7?¢
×Ø«¬I8:4E"­SE�NT3FE�£S3¬m�ø/��4�þ$��M�ñ�õ�òdø0��÷-ôx÷oøBù��Çö/øBù�4�ó���2.À��1È³öo÷Aö
:(���#ÿ�÷*�57ò�M�ø2ùuö��xò
ÿ�÷���ò0�&4*�mö
:(���#ÿ�ñ�÷Jñxò�:(�/ö��xø0�#ÿ�õzm

ϕN ({v}; t− τ)) =
N∏

j=1

ϕ(vj ; t− τ),

��rLt
ϕ(vj ; t−τ)

d]i�rLcFiS\L^Skls`bF\FcF��t§�6eLiSs`cFiDkls`b�jz�FyFiDkls`yL^`cLkls`jStÖklaUiSyFiDk�sStl_nYX�yFt�p���eLgxsx^`s`tq�FyFb6�Di�rLbL�£a½÷*67÷*6*ÀAòBñ�ñ�÷*ÿ�4��&��ñxòBù���þ>ò!ø0��÷*ÿ�4B4Bô��/öoñxòBñ"�"2
∂ϕ(v, t)

∂t
=

t∫

0

ñ τ [v, ϕ(·, t− τ)]dτ + f(v, t),

��rLt

ñ τ [v, ϕ(·|t− τ)] ≡ ý.ú ∫ . . .

∫ þ
N
τ




N∏

j=1

ϕ(vj |t− τ)




N∏

j=2

dvj ,

bFc6s`t���yFbFyFiSjD^`cFbFt �FyFtlrL�Fi`eK^`�l^`t�sSk¨h¢�Fi�jDklt��/�FyFiScF�6�4t�y6iSjD^`cFcF�z�*klaDiSyFi`�kls�hL��¤ bFcUrLt�a6kO��iS�F�U��t�cL¦l}F^ ý.ú iSp�cL^~\L^`t�s�s`t�yF�4i~rLbFcL^S�4bF\Ft�klaFbF_v�FyFtlrLtle�Y
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'LY.C6^`p§rLiDkls~^`s`iS\FcFizyL^`p�yFtl��t�cn}�\Fs`iS�S�.jSp�^`bL�4i~rLt�_Lkls`jSbFtÖ�4i`eLt�aF��e��4i~�	cFiz�S���eLi	yL^Sk�k��f^`s`yFbFjD^`s`g	j2�4i~rLt�eLbv�SbFcL^`yFcF���
�4��cFiSjSt�cFcF���>kls`i`eLaFcFiSjSt�cFbF_nYLX��s`iD��k�eL�U\L^`t

ñ τ [v, ϕ(·, t− τ)] = ñ 0[v, ϕ(·, t− τ)]δ(τ)
bv�4���FyFb6�Di�rLbL�£a
�UyL^`jScFt�cFbF�¡«�i`eLgS L�f^`cL^FY
�]s`a6^`p�^`jS{�bLklg�iSs<�FiDk�eLtlrLcFt���i<iS��yL^`cFbF\Ft�cFb6hn}q^`�F�FyFiSa6klbF�4bFyF�St�� p�^`jSb6�klbL�4iDkls`g
iS�Ft�yL^`s`iSyL^
kls`i`eLaFcFiSjSt�c6b6h.iSs>jSyFt��4t�cFb.p�^`�L^`plrL��jD^`cFb6h �4cFi��	bFs`tleLt��

b(τ)
}6cFiSyL�4bFyFiSjD^`cFcF�z��cL^
�Sm

ñ τ [v, ϕ(·, t− τ)] = ñ 0[v, ϕ(·, t− τ)]b(τ), ∞∫

0

b(τ)dτ = 1.

� ^`�L^`plrL��jD^`cFbFt
��s`iWb�t�kls`gW�����qt�aFs.�L^S�8hFs`bn}�b6eFb<cFt��f^`yFaUiSjDklaFbF_H���Z��qt�aFs~}FiSs`yL^x�O^`�]��bF_
yFt�^xeLgScF��tq�FyFiS Ft�k�kl��}F�6yFiSbLk��Di�rFhF��bFt�j	klyFtlrLtSY�üqi`eL�U\Ft�c6�cFiStq�FyFb
��s`iD�£�UyL^`jScFt�cFbFt

∂ϕ(v, t)

∂t
=

t∫

0

ñ 0[v, ϕ(·, t− τ)]dτ + f(v, t)

b�iS�SyL^`p��St�s �f^`s`t��f^`s`bF\Ft�klaF�U� iDklcFiSjS�.��yFtlrLbFsx^`yFcFiS_n}fb6eLbn}fa6^`a�t�t
cL^`p���jD^`�]st���tS}R÷*67÷*6*ÀAòBñ�ñ�÷*M_°���5�ôx÷�5
��ñ��!ÿ��"�&�>� �`��� Y
z�{
	 ����|
�
�l�,~�~��³���9�B����|,����~���æ¯��ç��

ð�i`eL��iStqjSyFt��8hvkl\FbFsx^xeLiDklgL}6\Fs`i2��b6rLy6i~rLbFcL^S�4bFa6^O�FyFbL�4t�cFbL�f^	cL^OjSyFt��4tl�cL^x�¬}ScL^��4cFiS��i��FiSyDh6rFaUiSj��Si`eLgS{�b6��u~aFbFcFt�s`bF\Ft�klaFb6�¬|�jSyFt��4t�cnmDjSyFt��4t�cFb?kls`i`eLa6�cFiSjSt�cFb6h ¤ ∼ 10−15 Q ¦Öb>jSyFt��4t�cFb
�4tl�OrL�?�FiDk�eLtlrLiSjD^`s`tleLgSc6�z�4b>kls`i`eLaFcFiSjSt�cFb6h6��4bv¤ÅrFeFhOs`bF�FbF\FcF�����	b6rLaUiDkls`t�_n}`cL^`�FyFbL�4t�yn}`jSi~rL� ∼ 10−14
¦�Y&=qbLk�eLt�cFcFiSt��4i~rLtl�eLbFyFiSjD^`cFbFtZ�FiSaU^`p�^xeLiL}Di~rLcL^`aUiL}D\Fs`iOjOySh6rLt�k�eL�U\L^`t�j�iS�S��\FcL^xh2��b6rLyFi~rLbFcL^S�4bFaU^�FyFbL�4t�cFbL�f^]b�cL^z��iSyL^`plrLiZ�4t�cFgS{�bU��jSyFt��4t�cFcF�����f^Skl{�s~^`�D^x�qdZ�FyFbL�4t�yFcFiZrLi��S�kls`i`eLaFcFiSjSt�cFbF_n}Ds`i�t�kls`gL}DrLi�jSyFt��4t�c?�FiSyDh6rLaU^

10−13
k`Y � ^S�4t�s`bL��}6\Fs`i�j��FyFb6eFi`���t�c6b6h6�W�f^`s`t��f^`s`bF\Ft�klaDiS_�klsx^`s`bLkls`bFaFbW\FbLk�eLiÂ�S�
s~^`a.��t2bF��yL^`t�s
�FyFbL�4t�s`cF�U�yFi`eLgLm4kl\FbFs~^`t�sSk�hn}4\Fs`i�rFeFh£s`bF�FbF\Fc6���£jS���SiSyFiSaWsx^`aDiS��i�iS�&Ént��f^v�D��t?�FyFbL�4tl�cFbL�f^  Ft�cFs`yL^xeLgScL^xh��Fy6tlrLtleLgScL^xh�s`t�iSyFt��f^F}f��aFjSbFjD^xeLt�cFs`cL^xh�rLbL���q�Up�bFiScFcFiD�4��FyFbF�`eLb6��t�cFbF�BjO��b6rLyFi~rFbFcL^S�4bFaUtSY�]�SiS�S��t�cFcL^xh���b6rLyFi~rLbFcL^S�4bFa6^?hFjSb6eK^Sklgvk�eLtlrKkls`jSbFt��¢yL^Skl�FyFiDkls`yL^`cFt�cFb6h��b6rLyFi�rLbFcL^S�4bF\Ft�klaUiS��i �Fi~rF�Si~rK^ k>�f^`aFyFiDklaUiS�FbF\Ft�klaFb6��cL^.�4bFaFyFiDk�aUiS�FbF\Ft�klaFbFt�f^Skl{�s~^`�S��Y�[]yL^`jScFt�cFb6h���^`jSgStl� � s`iSa6k�^£kli~�6yL^`cFbUeLb��FyFb���s`iD��kljSiS�,�qiSyL�4�S}
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cFi aUiS�����qbF FbFt�cFs`�*�Ft�yFt�cFiDk�^ klsx^xeFb�p�^`jSbLklt�s`g iSs yL^xrLbF�Sk�^�rLt�_Lkls`jSb6h���yL^xrLb6�t�cFs`iSj.b�iSs rFeLbFs`tleLgScFiDkls`bHb6���FyFb6eLi~��t�cFb6hnY�©nt���k�^S�4�z�!jSa6eL�]\Fb6eLbLklg��f^Sk��{�sx^`�ScF��tv��^`aFs`iSyF��rFeFbFcF��bHjSyFt��4t�cFbn}§\Fs`i��FiSp�jSi`eLb6eLi jS��_Fs`b�p�^ �FyFtlrLtleL��4i~rLtleFb cFt��FyFt�yF��jScFiS_ klyFtlrL�!b��U\Ft�kls`g
t�tO�4i`eLt�aF��eFhFyFcF�U�/kls`yF�UaFs`�UyF�SY%)�b6rF�aUiDkls`gL}T�U^`yL^`aFs`t�yFbFp��St��f^xh iS�SiS�S��t�cFcFi`_ j`hFp�aDiDkls`gS�

η(r − r′, t − t′) }�iS�`eK^xrK^`t�srLjS�6�8h.kljSiS_Lkls`jD^S�4b�dnñxò/�x÷*�
���xú�ñ�÷oøBùJú&2!b�ó��!ÿ��xùJú&2�mnklbF��cL^xe�}¬yFi��OrLt�cFcF��_.j�4iD�4t�cFs
jSyFt��4t�cFb
t′
j>s`iS\FaUt

r′
}¬�FyFb6rLt�s
j
s`iS\FaF�

r
j>�Si`eLt�t��FiSplrLcFbF_W�4iD�4t�cFs

t
YIûÖsSi�p�^`�L^`plrL��jD^`cFbFt	iS�S�Sk�eLiSj`eLt�cFi
cFt>kls`i`eLgSaUivbFcFt�yF FbFiScFcF�z�4b£kljSiS_Lkls`jD^S�4b�	b6rLaUiDk�sSb¬}`klaUi`eLgSaDizrLbL���q�Up�bFiScFcF�z�>�U^`yL^`aFs`t�yFiD�
yL^Skl�FyFiDkls`yL^`cFt�cFb6h��ZeL�UaFs`�D�^` FbF_nYSX.eL�]�SiD� k�eL�U\L^`tS}~rFeFhO�Ft�yFt�kls`yFiS_6aFb	yL^Skl�Fi`eLi���t�cFb6hO�4i`eLt�aF��e	s`yFt��S�St�sSk¨hcFt�aUiSs`iSyFiStZjSyFt��8hnY�qyFiD�4t�s`iS��iL}KjS��hLklcFb6eK^Sklg	sx^`a6��t�cFt�iS�~�Di�rLbL�4iDkls`g	�U\Ft�sx^2aDiSyFyFtleFhF FbF_�k�L^`yFs`cFt�yL^S�4b��Fi2�FyFtlrL{�t�kls`jS�U�]��bL��kls`i`eLaFcFiSjSt�cFb6hL��Yxýf^`c6t�t�yL^Skl�L^xr�aUiSyFyFtleFh6� FbF_��FyFtlrL�Fi`eK^`�l^xeKk¨h���aUkl�FiScFt�cF FbL^xeLgScF�z��b�jq�lb6rLyFi~rLbFcL^S�4bF\Ft�klaFb6���f^Skl{�sx^`�D^x�aUiSyFyFt�eFhF FbFb£�FyFtlrKklsx^`j`eFh6eLbLklg�cFt�kl�U��t�kls`jSt�cFc6�z�4b�¤ ��bF�FiSs`t�p�^��4i`eLt�aF��eFhFyFcFiS��i�U^`iDk�^D¦�Y0=qbLk�eLt�cFcFiStÖ�4i�rLtleLbFyFiSjD^`cFbFtf�FiSa6^`p�^xeLi�cL^xeLbF\6bFt§rLi`eL��iSjSyFt��4t�cFc¸�iS��i��6jSi`�klsx^	^`jSs`iSaUiSyFy6tleFhF FbFiScFcFiS_
�q�UcFaF FbFb>rFeFh�klaUiSyFiDkls`b>�	b6rLaDiDkls`bv�FyFbv�FyFiD�4tl�	�D�s`iS\FcF�����6eLiSs`cFiDkls�h6�>� �6�0� m¬klaDiSyFiDkls`g>\L^Sk�sSb6 F�BrK^x��t��FiDk�eFt�cFt�klaUi`eLgSaFb6��kliSs`t�ckls`i`eLaFcFiSjSt�cFbF_OiS�ScL^`yF�D�	bFjD^xt�sZaUiSyFyFtleFhF FbF�<kli�kljSiSbL��cF^~\L^xeLgScF�z��p�cL^�\Ft�cFbFt���}kl�L^xrK^`�]���U���Fi.kls`t��Ft�cFcFiD�4��p�^`aUiScF�SY4X*�f^`aFyFiDklaDiS�FbF\Ft�klaUiS_£��b6rLyFi�rLbFcL^S�4bFaUt��s`iSs2��^`aFsObFp�jSt�kls`t�c�kli	jSyFt��4t�c � s`iSa6k�^F}F�Dklsx^`cFiSjSbFjS{�t���i�t���i	�FyFbvyL^Sk�k��4iSs`yFtl�cFbFb	rLjSb6��t�cFb6h2{�^`yFbFa6^�j�kl�6eLiS{�cFiS_?klyFtlrLtSY��qbFaFs`iL}Di~rLcL^`aDiL}ScFtZ�FyFtlrL�6i`eK^`�l^xe�}\Fs`i>��s`iSs?jS��jSi~r�iDklsx^`cFt�sSk¨h kl�FyL^`jStlrFeLbFjS�z�HbvrFeFh�{�^`yFbFaUiSj?^`sSiD�8cF����yL^`p��4tl�yFiSjLY X�^x�	cF�U��yFi`eLg�j�bFcFs`t�yF�Fy6t�sx^` FbFb2�����qt�aFsx^q�L^S�8hFs`b	bF��yL^`t�sqb	s`iSs���^`aFs~}\Fs`i.j.iS�FyFtlrLtleLt�cFcF���£�Sk�eLiSjSb6h6�£�4���D��t
cFtv�4i~��t��!kl\FbFsx^`s`gWkls`i`eLaFcFiSjSt�cFb6h�4��cFiSjSt�cFcF�z�4b>b?rLi`eF�	cF���U\FbFs`��jD^`s`g�b6�>�FyFi�rLi`eF�	bFs`tleLgScFiDkls`gLY1 Z^`yL^`aFs`t�yFcFiStjSyFt��8h?kls`i`eLaFcFiSjSt�cFb6h

τcol
klsx^`cFiSjSbFsSk¨h2s`t��Ft�yFg�kliSbFp��4t�yFbL�4�z�Wkli�jSyFt��4t�cFt��WyFtl�eK^`a6k�^` 6bFb

τrel
}6\Fs`i	cFt�iS�~�Si~rLbL�4i��U\FbFs`��jD^`s`gO�FyFb
jS�zkliSaFb6�?�6eLiSs`cFiDkls�h6�¬Y

ûÖs`i	eLt���aUi2�FiSc6hFs`g	bFp�k�eLtlrL�U�]��b6�vkliSiS�SyL^x��t�cFbF_nY$ Z^`yL^`aFs`t�yFcFiSt�jSy6t��8h�SbFcL^`yFcF���2k�sSi`eFaFcFiSjSt�cFbF_2�FyFb?cFbFp�aFb6�2�UeLiSs`cFiDkls�h6�2iS 6t�cFbFjD^`t�sSk�h2iSs`cFiS{�t�cFbFt��yL^xrLbF�Dk�^�jSp�^`bL�4i~rLt�_Lkls`jSbF_
r0
avklyFtlrLcFt�_vklaDiSyFiDkls`b>rLjSb6��t�cFb6hv�4i`eLt�aF��e

v
m

τcol ≈ r0/v.
X�yFt��8h2��tZyFtleK^`a6k�^` FbFb?iS Ft�cFbFjD^`t�sSk�h?kljStlrLt�cFbFt��WaFbFcFt�s`bF\Ft�klaDiS��iO�UyL^`jScFt�cFb6h2ayFtleK^`aUk�^` FbFiScFcFiD�4�2s`bF�F�

∂(ϕ− ϕeq)
∂t

≈ −nr20v(ϕ− ϕeq)
b
bL�4t�t�sOjSb6r

τrel ≈ 1/(nr20v).
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©�^`aFbL��iS�SyL^`p�iD��}F�4��jSb6rLbF��}F\Fs`i

τcol/τrel ≈ nr30,bv�FyFbvcFbFp�aFb6�v�6eLiSs`cFiDkls�h6�
n
jSyFt��8h�kls`i`eLaFcFiSjSt�cFbF_

τcol
�FyFt�cFt��SyFtl�	bL�4i?�f^xeLi�Fi	klyL^`jScFt�cFbF�¡kliOjSyFt��4t�cFt��£yFtleK^`a6k�^` FbFb¬Y� ^`cL^xeLiS��bF\FcFiD�4�.jS��jSi~rL�.�FyFb6�Di�rFhFs bH^`jSs`iSyF�*aFcFbF��b�� �S�*��cL^�iDklcFiSjStbFp�jSt�kls`cFiS��i�yL^`pleLi~��t�cFb6h2iS�SyL^`s`cFiS��i�jSyFt��8t�cFb?yFtleK^`aUk�^` FbFb2�Fi�kls`t��Ft�c6hL�W�6eLiSsx�cFiDkls`bv�4i`eLt�aF��ev��^`p�^
¤ aDiScF Ft�cFs`yL^` FbFbK¦

n
m

τ−1rel = r20nv[1 + c1r
3
0n+ c2(r

3
0n)

2 + . . .].

�]s`cFiS{�t�cFbFtqyL^Sk�k��f^`s`yFbFjD^`t��4���?jSyFt��4t�c
τcol/τrel = r30n+ c1(r

3
0n)

2 + . . . ,

sx^`a�\Fs`i t�k�eLb��4���DiSs`bL�Bkli~�6yL^`cFbFs`g��FiS�FyL^`jSaF�
(r30n)

2 }f�4�*cFt?bL�4t�t��¡�FyL^`jD^kl\FbFs~^`sSg	kls`i`eLaFcFiSjSt�cFb6h
�4��cFiSjSt�cFcF�z�4bnYX�s`iSyFiS_O\6eLt�cOj��FyL^`jSiS_�\L^Skls`bOiS�SiS�S��t�cFcFiS��i]aFbFcFt�s`bF\Ft�klaUiS��i��UyL^`jScFt�cFb6h¤ �SY 'LY �S¦ziS�FbLkl��jD^`t�s2yL^Skl�L^xr �FyFiDkls`yL^`cLkls`jSt�cFcF����aDiSyFyFtleFhF FbF_n}n�4iS���U��b6��kl�U��tl�kls`jSiSjD^`s`g?j>cL^~\F^xeLgScF��_ �4iD�4t�cFs>jSyFt��4t�cFbnY%Gvi~�	cFi>�FiSaU^`p�^`s`gL}T\Fs`i>t�k�eLb j>cL^x�\L^xeLgScF��_
�4iD�4t�cFs	jSyFt��8t�cFb
�FyFiDkls`yL^`cLkls`jSt�cFcF��t�aUiSyFyFtle6hF FbFbviSsSkl�UsSkls`jS�U�]s~}Fs`i
f(v; t) = 0

�FyFbHjDkltl�
t > 0

Y�ð�iS�F�Skls`bL�Bs`t��Ft�yFgL}f\Fs`i.j cL^~\L^xeLgScF��_��4iD�4t�cFsjSyFt��4t�cFb>aUiSyFyFtleFhF FbFb
�FyFiDkls`bFyL^`�]sSk¨h
cL^�yL^Sk�kls`i~hFcFb6h>�FiSyDh6rLaU^�yL^xrLbF�Dk�^�jSp�^`b6��4i~rFt�_Lkls`jSb6h
r0
Y$ Z^`iSs`bF\Ft�klaFb
cL^`�FyL^`j`eLt�cFcF��t�klaUiSyFiDkls`b>j`�Di~rFhF��b6�?jOaUiSyFyFtleFh6� FbFiScFcF��_�a6eK^Skls`t�y�\L^Skls`bF OjStlrL�UsZa�b6��jSp�^`bL�4cFiD�4��yL^`p��St��l^`cFbF��}~yL^Skl�6eL��jD^`cFbF�a6eK^Skls`t�yL^F}�b�\Ft�yFt�p§jSyFt��8h

τcol = r0/v
\F^Skls`bF F�W�Ft�yFt�klsx^`�]szjSp�^`bL�4i~rLt�_Lkls`jSiSjD^xs`grLyF�U��kZrLyF�U��iD��Y � eLtlrL�St�sOi~�	b6rK^`s`gO�FiS��s`iD�4�S}6\Fs`i

f(v; t) ≈ 0, tÀ τcoll.

ýf^Skl\FtlsS���Fi~rLs`jSt�yS�OrK^`�]sW��s`iWj�k�eL�U\L^`tvk�eK^`�Si.jSp�^`bL�4i�rLt�_Lkls`jS�U�]��t���i.��^`p�^.k��a6k��FiScFt�cF FbL^xeLgScF�z�¡iSs`sx^xeLaFbFjD^`cFbFt��B�4i`eLt�aF�~en}fi~rLcL^`aDi.kls`yFiS��iSt2rLiSa6^`p�^`s`tleLg`�kls`jSiO��s`iS��i	kljSiS_Lkls`jD^�jOiS�S��t��£k�eL�U\L^`tqcFtqcL^`_6rLt�cFiLYwzcL^xeLiS��bF\FcL^xh>klbFs`�D^` FbUh>bL�4t�t�s	�4t�kls`i�b
kZiS�Ft�yL^`s`iSyFcF�z�W\6eLt�cFiD��Y>üqyFb6�c6hFs`i2kl\6bFsx^`s`gL}F\Fs`i
ñ τ [ϕ] ' 0, tÀ τcol.�qt�klaDi`eLgSaUi�bFcFiS_
�Fi�rF�Di~r>yL^`p�jSbFsAý4Y"øqjD^`cF FbF��iD��� �o´
� Y

z�{�� ² ���������.����~��³� ������� î�� ���
X���{�t2�D��t2�Fi~rL\Ft�yFaFbFjD^xeK^Sklg
jD^x�	cL^xh.yFi`eLg
rLbL���q�Up�bFiScFcFiS_W�4i~rFtleLb�j��b6rLyFi�rLbFcL^S�4bF\Ft�klaFb6��p�^xrK^~\L^x�¬Y*��^xeLbF\FbFt�rLi`eL��iSjSyFt��4tlcFcF����aUiSyFyFtleFhF FbF_Okl�U��tl�kls`jSt�cFcF�z��iS�SyL^`p�iD��jSb6rLiSbFp��4t�c6hFtls?��s`���4i~rLtleLgLmKj`�Di�rFhF��bF_�j2rLbL���q�Up�bFiScFcFiSt
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�UyL^`jScFt�cFbFt

∂f

∂t
= K

∂2f

∂x2aUiS�����qbF FbFtlcFs�rLbL���q�Up�bFb
K
�FyFiS�FiSyF FbFiScL^xeLt�c£bFcFs`t���yL^xeL�WiSs ^`jSs`iSaUiSyFyFtleFh6� FbFiScFcFiS_v�q�UcFaF FbFb ∫∞

0
ρ(t)dt

bv�FiS��s`iD�4�?yL^Sk��Di�rLbFsSk�hn}Lt�k�eFbvaUiSyFyFtleFhF FbFb�kl�L^x�rK^`�]s��Fi	kls`t��Ft�cFc6iD�4�?p�^`aDiScF�SY6X<�4i�rLbL�qbF FbFyFiSjD^`cFcFiD�W�UyL^`jScFt�cFbFb2rLbL���q�Up�bFbn}�FyFbF�`eLb6��t�cFcFi �U\FbFs`��jD^`�]��t���cFtleLiSa6^xeLgScFiDk�sSgv�FyFiS Ft�k�k�^�k2�FiD�4iS��gS�/rLiS�Fi`eF�cFbFs`tleLgScFiS��iO\6eLt�cL^Ok³'`� _>�FyFiSbFp�jSi�rLcFiS_.¤ �FiS�FyL^`jSaU^O«�t�yFcFt�s~^D¦�}
∂f

∂t
= K

∂2f

∂x2
+B

∂4f

∂x4
,

yL^Sk��Si~rFhFsSk�hviS�D^2aDiS�����qbF FbFt�cFsx^FY4uoüqyFiDkls`t�_F{�bF_�jSiSp��4i��	cF��_��F�Us`gL}T�FyFb6jSi~rFh6���bF_OaO�Ft�yFt�iS�FyFtlrLtleLt�cFbF��aUiS�����qbF FbFt�cFs`iSjL|~}~d���iSjSiSyFbFsSk�h�j�kls~^`s`gStz«ZYU�zeFrLt�yL^b�[zY4w�eFeLb¯� �6�0��d�u~iS�SiS�S��t�cFbFt2p�^`aUiScL^Ä+�bFaU^��F�Us`t��¡jSjStlrLt�cFbUh�cFtleLiSa6^xeLgScFiS_¤ �Fi	jSy6t��4t�cFbK¦�ux�q�UcFaF FbFb
�L^S�8hFs`bn|Fm

∂f

∂t
= K0

t∫

0

ρ(t− t′)∂
2f

∂x2
dt′ +B0

t∫

0

ρ(t− t′)∂
4f

∂x4
dt′.

ûÖs`i
�UyL^`jScFt�cFbFt�cFtOs`i`eLgSaUi?rK^`t�s?�DiSyFiS{�i>iS�FyFt�rLtleLt�cFcF��_.aDiS�����qbF FbFt�cFs
«�t�y6�cFt�sx^F}FcFi2b
�FyFtlrKkla6^`p���jD^`t�sOaDi`eLbF\Ft�kls`jSt�cFcFi2klbFcF� eLt�s`cF�U�!�q�UcFaF FbF�ByL^Skl�FyFtlrLtl�eLt�cFb6h
�FyFb
�Si`eLgS{�b6�2jSyFt��4t�cL^x�¬|~Y

z�{�� &}��æH����·éï ��|³¶���æ��,��~�¹"!$# �B��ç�|����E��!
üqi~�O^xeL�U_n}LcL^`bF�Si`eLt�t�hFyFaUiSt�iSs�eLbF\FbFt�iSs>klsx^`c6rK^`yFs`cFiS_���b6rLyFi~rLbFcL^S�4bFaFb�FyFi~hFj`eFhF�]s>�Fi`eLbL�4t�yFcF��tO�	b6rLaDiDkls`bnY4�]cFb.kliDkls`i~hFs>bFp	iS��yFiD�4cF���£¤¥k	�4i`eLt�aF�D�eFhFyFcF�z�WjSt�kliD�

105− 108
¦§�Fi`eLbL�4t�yFcF���2�4i`eLt�aF�~e2d�rFeLbFcFcF���¬}U\L^Skls`i�p�^`�F�Us~^`c6�cF���£ Ft��FiS\Ft�a£�Si`eLgS{�iS��i�\FbFk�eK^ �FiSjSs`iSyDhF�]��b6�Dk�h£p�jSt�cFgSt�j�¤¥�4iScFiD�4t�yFiSjU¦�Y�üqi`�eLbL�4t�yFcF��t��	b6rLaDiDkls`b��4iS���UsO�FyFtlrKklsx^`j`eFhFs`g2kliS�SiS_?a6^`a
yL^Skls`jSiSyF�¢�Fi`eLbL�4t�yFiSjL}sx^`a>b
cFt�yL^`p��D^`j`eLt�cFcF��tZ�Fi`eLbL�4t�yF��}FcL^`p���jD^`t��4��tZsx^`a6��t�yL^Skl�6eK^`jD^S�4bnYGvi~�	cFi2cL^`�`eL��rK^`s`g2 FtleL��_�ySh6r ��rLbFjSbFs`tleLgScF���
hFj`eLt�cFbF_n}KaU^~\Ft�kls`jSt�cFcFiiSs�eLbF\L^`�]��b6�Dk�h	iSs��FiSjStlrLt�cFb6hOj�s~^`aFb6�2klbFs`�D^` 6b6h6�	cFgS�]s`iScFiSjDklaFb6���	b6rLaUiDkls`t�_¤¥k���Y.� �(��� ¦�Y§©�^`an}fjS�`eLbFp�b£jSt�yFs`bFa6^xeLgScFi �FiS��yF�D��tlcFcFiS��i j��	b6rLaUiDkls`g.jSyL^`��^`�z���t���iDk¨h	kls`t�yS�	c6h	�FiSjSt�yD�6cFiDkls`gqcFgS�]s`iScFiSjDklaDiS_��	b6rLaUiDkls`b	iS�F�Skla6^`t�sSk�hn}`^q�Fi`eLb6��4t�yFcFiS_W�q�Fi~rLcFbL�f^`tlsDk¨hnYfX�yL^`��t�cFb6t2rLbLkla6^�cL^
rLcFt> Fb6eLb6c6rLyFbF\Ft�klaUiS��i kliDkl�~rK^�FyFbFjSi~rFbFs
a�rLjSb6��t�cFbF�/cFgS�]s`iScFiSjDklaDiS_��	b6rLaUiDkls`b iSs> Ft�cFs`yL^>b �Fi`eLbL�4t�yFcFiS_d?a� 6t�cFs`yF�DYTX���s`t�a6^xhvbFp�jSt�yFs`bFa6^xeLgScFiS_vs`yF�U�SaFbn}K�FiSs`iSa�cFgS�]s`iScFiSjDklaUiS_>�	b6rF�aUiDkls`b��FiDkls`t��Ft�cFcFi>kl�D�O^`tlsDk¨h�j2rLbL^S�4t�s`yFtS}Ts`iS��rK^2a6^`a��Fi`eLbL�4t�yFcL^xhv�	b6rLaDiDkls`gjScL^~\L^xeLt��S�zkls`yFi�yL^Skl{�bFyDhFt�sSk¨h�¤ jqrLjD^�k�eLbF{�cFbL� yL^`p�^D¦�}S^q�D��p�^`s`t�� cL^�\FbFcL^`t�s
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Ньютоновская
жидкость

Полимерная
жидкость

ý§bLk`Yn�SY �Sm 3�)+&-,+%#$�.!)� #��&XN#�!Y7&-,#&- +%#&VN#�!9+%#Q�&*)� #�!HAg�%+,+?/��0*$�%�) ô!F+* ñ
kl�D�O^`s`gDk¨hnY�=qs`iS�S��jS��a6^�\L^`s`gZcFgS�]s`iScFiSjDklaF�U�£�	b6rLaDiDkls`gqbFp�kliDkl��rK^ZkÖ�FiD�4iS��gS�p�^Sk�^Skl��jD^x�]��t�_2s`yF�U�SaFbn}UcL^xrLi��FiS��yF�Up�bFs`g�s`yF�U�SaF�	j��	b6rLaUiDkls`gL}6^��Fi`eLbL�4t�yFcL^xh�	b6rLaDiDkls`g�jS��aU^~\FbFjD^`t�sSk�h	b2j�k�eL�U\L^`tS}SaUiS� rL^�s`yF�U�Sa6^�cFt]rLiDkls~^`t�s�rFi��FiSjSt�yD�6cFi`�kls`bvcL^OcFt�klaUi`eLgSaUi	k�^`cFs`bL�4t�s`yFiSjLY���^xrLi�eLbv��iSjSiSyFbFs`gL}6\Fs`i2sx^`aFbFt�iDkliS�St�cFcFiDkls`bcFt��4iS���UsO�S��s`gO�FyFtlrKkla6^`p�^`cF��klsx^`c6rK^`y6sSc6iS_
��b6rLyFi~rLbFcL^S�4bFaDiS_�,

ýf^Sk�k��4iSs`yFbL�W�Fi~rLyFiS�ScFt�tZk�eLtlrF�6�]��b6_>iS�F��s>¤«ý§bLk`YT�SY �~¦�Y���^SkliDkz�FyFiSaU^~\Fb6�jD^`t�s��	b6rLaUiDkls`gO\Ft�yFt�p�s`yF�U�S�SYLX�cL^~\L^xeLgScF��_
�4iD�4t�cFsOiS�F��sx^�aFyL^SklaUiS_>�FiD�4t�\L^x�t�sSk�h£klt�\Ft�cFbFt?�	bUrLaUiDkls`bn}4p�^�aUiSs`iSyF�z��j�rK^xeLgScFt�_F{�t���jStlrLt�sSk�h�cL^`�`eL��rLt�c6bFtSY�]aFyL^`{�t�cFcL^xh �FiSjSt�yD�6cFiDkls`g
j��FyFiS Ft�k�klt	rLjSb6��t�cFb6hW�FyFbFcFbL�f^`t�sv�U^`yF^`aFs`t�yFcF�U�rFeFh�s`t�\Ft�cFb6hÇüq�D^`p�t�_6e6hv�L^`yL^`�Si`eLbF\Ft�klaF�U�B�qiSyL�4�SYKX���a6eL�]\Ft�cFbFt�cL^SkliDk�^O�FyFb6�jSi~rLb6s�aO�FyFt�aFyL^`��t�cFbF�HrLjSb6��t�cFb6h��	b6rLaUiDkls`bnY+üqyFbO��s`iD� cFgS�]s`iScFiSjDklaU^xh��	b6rF�aUiDk�sSg �FyFi~rLi`eF��^`t�s iDklsx^`jD^`s`gDk�h�j.�FiSaDiStS}fs`iS��rK^ a6^`a��Fi`eLbL�4t�yFcL^xh£�	b6rLaDiDkls`giSs`a6^`s`��jD^`t�sSk¨h�cF^?cFt�aUiSs`iSyFiSt�yL^Sk�kls`i~hFc6bFt�cL^`p�^xr�}KcFt�jSiSp�jSyL^`��^~hLklgL}Li~rLcL^`aDiL}KacL^~\F^xeLgScFiD�4�
�Fi`eLi~��t�cFbF��Y � ^S���FyFiS Ft�k�k�rLjSb6��t�cFb6h j?iS�SyL^`s`cF�U��kls`iSyFiScF�viS�`�cL^`yF�D�	bFjD^`t�s<u~�L^S�8hFs`gL|��6i`eLbL�4t�yFcFiS_��	b6rLaDiDkls`bn}�^Ws`i�iS�Dkls`i~hFs`tleLgDkls`jSiL}f\Fs`i�	b6rLaDiDkls`g�cFt]jSiSp�jSyL^`��^`t�sSk�h�j�cL^�\L^xeLgScFiStzkliDkls`i~hFcFbFtS}Sa6^`a	��s`i��4��cL^`�`eL��rK^`t��j	k�eL�U\L^`t�kq�6yF�D�	bFcFiS_n}LkljSb6rLt�s`tleLgDkls`jS�St�s�iOp�^`s`�D�U^`cFbFb>�L^S�8hFs`bnY
�zrLcFiS_�bFp§iDklcFiSjScF���Z�FyFiS�`eLt��>j��Fi`eLbL�4t�yFcFiS_�rLbFcL^S�4bFaDt§hFj`eFhFt�sSk�h�iSs`�zk��a6^`c6bFt.kliSiSs`jSt�sSkls`jS�U�]��t���i�jS��yL^x��t�cFb6h�rFeFh¢sStlcFp�iSyL^£cL^`�FySh6��t�cFbF_n}�aUiSs`iSyFiStp�^S�4t�cFb6eLi.�S�*p�^`aUiScÑ�qgS�]s`iScL^�rFeFhHj`hFp�aDiS_£�	b6rLaDiDkls`bnYÖX*klsx^`s`gSt_� �(�����FyFtlrF�eLi~��t�cFi�k�eLtlrL�U�]��^xh.�qiSyL�4�~eK^?rFeFh.�Fi`eLbL�4t�yFcFiS��i
yL^Skl�6eK^`jD^
�4i`eLt�a6�~eWjvjSb6rLtkljSiS�Si�rLcFi`� kljxhFp�^`c6cF���� Ft��FiS\Ft�an}�kliDkls`i~hF��b6��bFp

N
{�^`yFbFaDiSjvb

N − 1
p�jSt�cFgSt�jrFeLbFcF�

a
m

pij = pδij + nNkT


1
3
δij −

t∫

−∞

µ(t− t′)Aij(t′)dt′ − ε
t∫

−∞

ν(t− t′)Bij(t′)dt′

 .

� rLt�klg
Aij

b
Bij

d
s`t�cFp�iSyF��}Tp�^`jSbLk¨hF��bFt�iSs?s`t�cFp�iSyL^?aDiScFt�\FcF���vrLt��qiSyL�f^` FbF_



�S� ��	��"�+���������/���"�������x�����1�
b
t���i	klaDiSyFiDkls`bn}

n
d	aUiScF Ft�cFs`yL^` Fb6h
�Fi`eLbL�4t�yFcF���>�4i`eLt�aF�~e�}
ν(t) = (16/π2λ)

∑
 #&-W#&*$� 

l

l−2 exp(−πl2t/λ),

^
µ(t) = −λ

2

dν

dt
.

üqiDkls`i~hFcFcL^xh
λ
}�bL�4t��]��^xh¢yL^`p��4t�yFcFiDkls`g�jSyFt��4tlcFbn}zklj`hFp�^`cL^�k��L^`yL^S�4t�s`yL^S�4b�4i~rLtleFbvkliSiSs`cFiS{�t�cFbFt��

λ = N3+βζa2/2kT,� rLt
β
d	���4�FbFyFbF\Ft�kla6^xh
�FiDkls`i�hFcFcL^xhnY

z�{�- ² ���������.����~�|�� î ����ï�~��,~����(&}� î ¶��
�qjD^`cFs`iSjS�z��^`cL^xeLiS��iD�v�UyL^`jScFt�cFb6hO«�i`eLgS L�f^`cL^]hFj`eFhFt�sSk�h�aFbFcFt�s`bF\Ft�klaUiSt�UyL^`jScFt�cFbFt�ü�^~��eLbZrFeFh�jSt�yFi�hFs`cFiDkls`b

P (ν, t)
iS�ScL^`yF�D�	bFs`gzklbLkls`t��4�Zj]kliDkls`i�hFcFbFbkZaFjD^`cFs`iSjS�z�4b>\FbLk�eK^S�4b

ν
j	�4iD�4t�cFs	jSy6t��4t�cFb

t
m

dP (ν, t)

dt
=
∑

µ

[W (ν, µ)P (µ, t)−W (µ, ν)P (ν, t)] ,

� rLt
W (ν, µ)

dHjSt�yFi~hFs`cFiDk�s`g��FtlyFtl�Di~rK^�bFp
µ
j
ν
j£tlrLbFcFbF F��jSyFt��4t�cFbnY(ð�eFhaFyF�U�FcFiDkls`yF�UaFs`�UyFcFiS_�¤¥kl��eK^x��t�cFcFiS_K¦��6eLiSs`cFiDkls`b£jSt�yFi~hFs`cFiDkls`b

p(ν, t)
�UyL^`jScFt��cFbFt��FyFbFcFbL�f^`t�sOjSb6r�m

dp(ν, t)

dt
= 2πλ2

∫
dµ[w(ν, µ)p(µ, t)− w(µ, ν)p(ν, t)].

� cFt��4��k�eLtlrL�St�s�rLiS�D^`jSbFs`g�cL^~\L^xeLgScFiSt2�Dk�eLiSjSbFtS}8cL^`�FyFbL�4t�yn}
p(ν, 0) = δ(ν −

ν0)
Y�[]yL^`jScFt�cFbFt½ü�^��~eLb<jS��jStlrLt�cFi�rFeFh�klbLkls`t���kli�k�eK^`�S�z�/jSp�^`bL�4i~rLt�_Lk�sSjSbU�t�� ¤
λ2τrel ' 1

¦�j��FyFtlrL�Fi`eFi~��t�cFbFbn}>\Fs`i���^`p�� aUiS�����qbF FbFt�cFs`iSj
c(ν, t)yL^`pleLi~��t�cFb6h

|ϕt〉 =
∫
dνc(ν, t)|ν〉

öo÷Aö/ø!ò
ÿ�÷*ÿDòBñ�ùJõ�ö*ô�òÒÿDòBñ"�
k�eL�U\L^`_FcF��}6cFt�p�^`jSbLklbL�4�<b>yL^`jScFiD�4tlyFcFi�yL^Skl�FyFtlrLtl�eLt�cF���FiqjDklt���jSiSp��4i~�	cF�z��p�cL^�\Ft�cFb6hL��Y#ûÖs`iqrLiS�F�U��t�cFbFtS}S^`cL^xeLiS��bF\FcFiSt��Si`eLgS 6��f^`cFiSjDklaDiS_>��bF�FiSs`t�p�t�i	�4i`eLt�aF��eFhFyFcFiD���U^`iDkltS}UcFt�jS�Fi`eLcFtqaDiSyFyFt�aFs`cFiLmFiScFiOjS����Fi`eLc6hFt�sSk¨h?s`i`eLgSaUi�j�k�eL�U\L^`tS}DaDiS� rK^�klbLkls`t��f^�cL^x�Di~rLb6sDk¨h2j�kliDkls`i~hFcFbFb2�Fi`eLcFiS�lis`t�yL�4i~rLb6cL^S�4bF\Ft�klaUiS��iOyL^`jScFiSjSt�klb6hnYX�^`c� ]iSjOjS��jStle
^`cL^xeLiS�q��s`iS��i��UyL^`jScFt�cFb6h>jO�FyFtlrL�Fi`eLi~��t�cFbFbn}F\Fs`i	�UaU^x�p�^`cFcF��t]kljSiS_Lkls`jD^qk�eL�U\L^`_FcF���	��^`p�bL�4t��]s��4t�kls`i�eLbF{�g�ö6ñ��oþ$���xú�ñ�õ©MAÿ�÷*ÿDòBñ�ù
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ö*ô�òÒÿDòBñ"��� ����� Y4�]�SiS�S��t�c6cFiStOs~^`aFbL��iS�SyL^`p�iD�<aFbFcFt�s`bF\Ft�klaDiSt2�UyL^`jScFt�cFbFt	p�^`�Fb6�kl��jD^`t�sSk¨h>jOjSb6rLtSm

dp(ν, t)

dt
= 2πλ2

t∫

0

dτ

∫
dµ[w(ν, µ; τ)p(µ, t− τ)− w(µ, ν; τ)p(ν, t− τ)]+

+δ(ν − ν0)f(ν; t).�ZklcFiSjScFiStqiSs�eLbF\FbFt���s`iS��i2�UyL^`jScFtlcFb6hviSs	�FyFtlrL��rL�U��t���i	�FyFi~hFj`eFhFt�sSk¨hvj2cL^xeLb6�\FbFb�bFcFs`t���yFbFyFiSjD^`cFb6h��FiZp�^`�L^`plrL��jD^`�]��t��4�ZjSyFt��4t�cFcFiD�4��^`yF���6�4t�cFs`��jqk�eK^`�l^`tl��4���¬}SiS�FbLkl��jD^`�]��b6���Ft�yFtl�Si~rL��}Sb	j��FyFbLkl�UsSkls`jSbFb2�FiDk�eLtlrLcFt���i�cFt�i~rFcFiSyFi~rLcFiS��i\6eLt�cL^F}TiSsSkl�UsSkls`jS�U�]��t���i>j>�UyL^`jScFt�cFbFb�jD^`cÇ ]iSjD^FY�üqyFb �f^xeL����jSiSp��4�U��t�cFb6h6�bFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScFiSt4�Fi�jSyFt��4t�cFb��UyL^`jScFt�cFbFtf�Ft�yFtl�Si~rLbFs�j�rLbL���qt�yFt�c6� FbL^xeLgScFiSt��UyL^`jScFt�cFbFt
ü�^~��eLbnYSo�k�k�eLtlrL�`hO�FyFiS Ft�klk���s`iS��i��Ft�yFtl�Si~rK^F}`jD^`c- ]iSj�iSsx��4t�\L^`t�sFmKu�ð�eFh�iS\Ft�cFg��f^xeL����jSiSp��4�U��t�cFbF_O�4�H�4i���t���}Sk�eLtlrLiSjD^`s`tleLgScFiL}~yL^`pleLb6�\L^`s`g�rLjD^�jSyFt��4t�cFcF���2�f^Skl{�s~^`�D^F}SaUiSyFiSs`aFbF_�¤
τ0
¦�}UcFt]p�^`jSbLk�hF��bF_	iSs

λ
}Db	rFeLbFc6�cF��_�¤

τ1
¦�}4jSiSp�yL^Sklsx^`�]��bF_W�FyFiS�FiSyF FbFiScL^xeLgScFi

λ2
�FyFb

λ → 0
|�¤/� ����� }fkxYØ'DªD�S¦�YXHrLyF�U��iD���4t�kls`t�klsx^`s`gSb>iSc
�Fb6{�t�sFmuS�]�SiS�S��t�cFcFiSt	aFbFcFt�s`bF\6t�klaUiSt>�UyL^`jScFt�cFbFt?kl�U��t�kls`jSt�cFcFi�iSs�eLbF\L^`t�sSk�h�iSst���i�jSt�yLklbFb�cFbFp�{�t���i �6iSyDh6rLa6^£¤ sx^`a£cL^`p���jD^`t�s�jD^`c> ]iSj��UyL^`jScFt�cFbFt�ü�^��~eLbWdI�J L#J ¦
s`t���}�\Fs`iHiScFi�kliSiSs`jSt�sSkls`jS�`t�s�cFt��f^`y6aUiSjDklaUiD�4���FyFiS Ft�k�k��DY�üqt�yFtl�Di�r�iSss`iS\FcFiS��ivaFbFcFt�s`bF\Ft�klaUiS��i��UyL^`jSc6t�cFb6hWa�t���i��FyFbF�`eLb6��t�cFbF��cFbFp�{�tl��i��FiSyDh6rLa6^�FiSaU^`p���jD^`t�s]kl�U��t�kls`jSiSjD^`cFb6tfrLjS�D��jSyFt��4t�cFcF�����f^Skl{�s~^`�SiSjL}�aUiSyFiSs`aUiS��izb�rFeLbFc6�cFiS��iL}KrFeFh.iS\Ft�cFgv�4tlrFeLt�cFcF��� cFt�iS�SyL^`s`bL�4�����FyFiS Ft�k�kliSjLY Y Y[ûÖsx^>cFt��f^`yFaUiSjDkla6^xh�FyFbFyFi�rK^?iS�S��t���i2aFbFcFt�s`bF\Ft�klaUiS��i>�UyL^`jScFtlcFb6h �4i���t�s?�S��s`g>iS�&É¬hLklcFt�cL^	bFcFs`t�y6��qt�yFt�cF FbFiScFcF�z�4bW�����qt�aFsx^S�4bW�FyFiSbFp�jSi~rLbL�4��� jSiSp��4�U��t�cFbFt���jSi`eLcnYIûÖs`b����Z��qt�aFs`�<kl�Us`g��FyFi�hFj`eLt�cFbFt]iS�FyFtlrLtleLt�cFcF���2��^`p�iSjS���OkliSiSs`cFiS{�t�cFbF_nYF�]cFb?klsx^`cFi`�j`hFsSk�hv�FyFtlcFt��SyFtl�	bL�4i>�f^xeL�z�4b
rFeFh��f^xeF���vjSiSp��8�6��t�cFbF_n}LbvbL�4t�cFcFi?�FiS��s`iD�4��UyL^`jScFt�cFbFtqc6bFp�{�t���iO�FiSyDh6rLa6^�hFj`eFhFt�sSk�h
�f^`yFaUiSjDklaFbL��|
¤/� ����� }Fk`Y$'5´�´`¦�Y

z�{�3 ² ���������.����~�|�� î ����ï�~��,~����54 |�ç�çB�,���76K&¾¶���~�çB�
 Ök�eLb¡yL^Sk�k��f^`s`yFbFjD^`t��f^xh�\L^Skls`bF L^HiSs�eLbF\L^`t�sSk�h¡aU^`aFbL�8� s`i<iS�SyL^`p�iD�*iSsiDklsx^xeLgSc6����¤¥cF^`�FyFbL�4t�yn}q�f^Sk�kliS_¡b6eLb¡jScF�Us`yFt�cFcFt�_¡��cFt�yF��bFt�_K¦�}q^��4cFi~��t�kls`jSiiDklsx^xeLgSc6���v�4i`eLt�aF�~e��FyFtlrKklsx^`j`eFhFt�s?kliS�SiS_
yL^`jScFiSjSt�klcF��_v^`cLk�^S�4�`eLgL}FcFtleLbFcFt�_6�cF��t	aFbFcFt�s`bF\Ft�klaFbFt2�UyL^`jScFt�cFb6h�¤ �SY 'LY �~¦Zb�¤ �SY 'LY �S¦Z�FyFt�jSyL^`��^`�]sSk¨h.j
eLbFcFt�_FcF��trFeFh?�q�UcFaF FbFb

ϕ(v, t)
}D�FyFbFcFbL�f^`�]��t�_?s`t��Ft�yFgOk��4�zk�e?�6eLiSs`cFiDkls`b?jSt�yFi�hFs`cFiDkls`byL^Sk�k��f^`s`yFbFjD^`t��4iS_?\L^Skls`bF F��jO�FyFiDkls`yL^`cLkls`jSt�klaDiSyFiDkls`t�_nm

∂ϕ(v, t)

∂t
= ñ ′0[v, ϕ(·, t)],
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ñ ′0[v, ϕ(·, t)] ≡ ∫ dv′σ(Θ; v′)[ϕ(v′, t)− ϕ(v, t)]dv′.

b
∂ϕ(v, t)

∂t
=

t∫

0

ñ ′τ [v, ϕ(·, t− τ)]dτ + f(v, t),

ñ ′τ [v, ϕ(·, t)] ≡ b(τ) ∫ dv′σ(Θ; v′)[ϕ(v′, t)− ϕ(v, t)]dv′.

 Ök�eLb<cL^Sk�bFcFs`t�y6t�kl�St�s£cFt�s`i`eLgSaUi£klaUiSyFiDk�sSgL}§cFi£b��Fi`eLi~��t�cFbFt�j��FyFi`�kls`yL^`cLkls`jSt�jS��rLtleLt�cFcFiS_�\L^Skls`bF F��}xcFt�iS���Di~rLbL�4izjSjSt�kls`b�kliSjD�4t�kls`cF�U���6eLiSs`cFiDkls`gyL^Skl�FyFtlrLtleLt�cFb6h�aUiSiSyDrLb6cL^`s?b�klaUiSyFiDkls`t�_n}
p(r,v, t)

YRüqi`eLi��	bFjL}L\Fs`i>j?cL^~\L^xeLg`�cF��_£�4iD�4t�cFs�jSyFt��4t�cFb¢¤
t = 0

¦�\L^Skls`bF L^�cL^x�Si~rLb6eK^Sklgvj�cL^~\L^xeLt2aUiSiSySrLbFcL^`s�bbL�4tleK^	klaDiSyFiDkls`g
v0
}6�FyFb6�Di~rLbL�£a>�UyL^`jScFt�cFbF�

∂p(r,v, t)

∂t
+ v∇p(r,v, t) =

t∫

0

ñ ′τ [v, p(r, ·, t− τ)]dτ + δ(r)δ(v − v0)δ(t).

 Ök�eLb.�4�¡rLt�_Lkls`jSbFs`tleLgScFi?bL�4t�t��<j?jSb6rL�
�SyFiS�UcFiSjDklaF�U�B\L^Skls`bF F�S}TaUiSs`i`�yF�U�(cL^`�`eL��rK^`�]s£�Fi�r��4bFaFyFiDklaUiS�FiD��}�s`iHk�eLtlrL�`t�s��U\Ft�kls`gL}�\Fs`i�t�t.�f^Sklk�^
M\FyFt�p�jS��\L^`_FcFi
jStleLbFa6^>�Fi�klyF^`jScFt�cFbF�*k2�f^Sk�k�^S�4b<u~s`i`eLaU^`�]��b6�¬|vt�t2�4i`eLt�aF��e�}bva6^x�OrL��_vbFp�sSi`eF\FaUiSj	eLbF{�g2cFt�p�cL^�\FbFs`tleLgScFi2bFp��4t�c6hFt�s2t�t�klaUiSyFiDkls`gLYLX¢��s`iD�k�eL�U\L^`t

ñ ′0[v, p( 8 , t)] ≈ ζ∇v(v +Mk 9 T∇v)p(r,v, t)
bBp�^`�FbLk�^`cFcFiSt�jS��{�t£�UyL^`jScFt�cFbFt��FyFt�jSyL^`��^`t�sSk�h¡j¢��yFtlrFbFsx^`yFcFiSt£�UyL^`jScFt�cFbFt+�iSaFaUt�yF^x�ÀüZeK^`cFa6^Fm

∂p(r,v, t)

∂t
+ v∇p(r,v, t) =

= ζ∇v(v +Mk 9 T∇v) t∫

0

dτ b(τ)p(r,v, t− τ) + δ(r)δ(v − v0)δ(t),

� rLt
k 9 d	�FiDkls`i~hFcFcL^xh
«�i`eLgS L�f^`cL^F} T d2^`�Dkli`eL�]s`cL^xh?s`t��4�Ft�yL^`s`�UyL^	klyFtlrL��} ζ daUiS�����qbF FbFtlcFsZs`yFt�cFb6hnY�üqyFb

b(τ) = δ(τ)
iScFiZ�Ft�yFtl�Si~rLbFsZjqiS�S��\Fc6iSt��UyL^`jScFt�cFbFt+�iSaFaUt�yF^x�ÀüZeK^`cFa6^Fm

∂p(r,v, t)

∂t
+ v∇p(r,v, t) = ζ∇v(v +Mk 9 T∇v)p(r,v, t) + δ(r)δ(v − v0)δ(t).
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üqyFbFjStlrLt�cFcF��tZjS��{�tZ�UyL^`jScFt�cFb6h?�Fi`eL�U\Ft�cF��rFeFh>i~rLcFiS\F^Skls`bF\FcF���?i�rLcFi`�jSyFt��4t�cFcF���<�q�UcFaF FbF_<yL^Skl�FyFtlrLtleLt�cFb6h<\L^Skls`bF 
ϕ(v, t)

Y � eLtlrL�xh<��s`bL�/�F�Us`t��rK^xeLt�tS}8�4i~�	cFi��Fi`eL�U\FbFs`g��UyL^`jScFt�cFb6h.rFeFh£�4cFiS��iS\F^Skls`bF\FcF���Wi�rLcFiSjSyFt��4t�cFcF����q�UcFaF FbF_
ϕ2(v1,v2, t)

}
ϕ3(v1,v2,v3, t)

b�s~Yfr�Y }fiS�FbLkl��jD^`�]��b6�WaUiSyFyFtleFhF FbFbk�eL�U\L^`_FcFiS��i �Fi`eFhHklaUiSyFiDkls`t�_�j.i�rLbFcHb�sSiSs���t��4iD�4t�cFs.jSyFt��4t�cFb
t
YXüqiSc6hFsx�cFiL}§\Fs`i�^`yF���6�4t�cFs`�

v1
}
v2
}
v3
iSs`cFiDk¨hFsSk�hHplrLt�klgWaHyL^`p�cF�z��\L^Skls`bF L^S��}§\Fs`i�U^`yL^`aFs`t�y6cFi?rFeFhÁ�*M���òÀôx÷oö(��÷7ó"�xø3�oñ"����rLjSb6��t�cFb6hnY#=�^Skls`i?iSa6^`p���jD^`t�sSk¨h��Fi`eLt�pl�cF�z�����(°�ô��oñ$��ò!öo÷�÷7ó"�xøå�oñ"�xòl}KaUiS��rK^?yL^Sk�k��f^`s`yFbFjD^`t�sSk�h�klaUiSyFiDkls`g?i~rLcFiS_�b�s`iS_��tv\L^Skls`bF F��jWyL^`p�cF��t��4iD�4t�cFs`� jSyFt��4t�c6b

v(t1)
}
v(t2)

}
v(t3)

b�s~Y§r�Y � eL�D�\L^`_FcL^xh¡�q�UcFaF FbUh
v(t)

iS�S��\FcFiHcL^x�Di~rLbFsSk¨h�bFp£kls`i��U^Skls`bF\Ft�klaUiS��i�4Bô1�/öoñxòBñ"���ù��oñ$��ò!ö/òBñ��
m
dv

dt
= −mζv + f .

üqyL^`jD^xh.\L^Skls`g��FyFtlrKklsx^`j`eFhFt�s�kliS�SiS_Wklb6eL�S}�rLt�_Lkls`jS�U�]���U��cL^�yL^Sk�k��f^`s`yFbFjD^`tl��4�U�<\L^Skls`bF F�Okli�kls`iSyFiScF��iSaFyF�D�O^`�]��b6��t�t]�4i`eLt�aF��e�Y+üqt�yFjSiSt�k�eK^`�l^`t��4iSt�rK^`t�st�t]klyFtlrFcFt�tzp�cL^~\Ft�cFbFt�¤
ζ
d�aUiS�����qbF FbFt�cFsqs`yFt�cFb6hK¦�}DjSs`iSyFiStzk�eK^`�l^`t��4iSt�d�iDkl Fb6eF�eLbFyF�U�]���U�!\L^Skls`g?��s`iS_�klb6eL��}TiS�S�Sk�eLiSj`eLt�cFcF�U�B�FiDkls`i�hFcFcFi?b��S�zkls`yFi>�4t�c6hF�z���bL�fk¨h�iSaFyF�D��tlcFbFt���\L^Skls`bF F��Y8X�klj`hFp�b�k	��s`bL�

f(t)
bFc6sStlyF�FyFt�s`bFyF�St�sSk�h£aU^`ak�eL�U\L^`_FcL^xh>jSt�aFs`iSy6� �q�UcFaF FbUh>jSyFt��4t�cFbn}F��rLiSj`eLt�s`jSiSyDhF�]��^xh?�Dk eLiSjSbF�

〈f(t)〉 = 0.

X��FyFiS Ft�k�klt?�S�zkls`yFiS��iv�D^`iSs`bF\Ft�klaUiS��i
rLjSb6��t�cFb6h£�4i`eLt�aF�~eL�*kls~^xeLaFbFjD^x��]sSk�h�rLyF�U�zkÖrLyF�U��iD� �4cFiS��iq\L^`��tS}x\Ft�� k��SyFiS�UcFiSjDklaDiS_�\L^Skls`bF Ft�_v¤ jqs`iD� k��4�zk��eLtS}F\Fs`i?�4tl�OrL�mó�÷oöoùJ÷-ôxñ�õ[ÿ���kls`i`eLaFcFiSjSt�cFb6hL�4b
i~rLcFiS_
bvs`iS_>��t��4i`eLt�a6�~eL��k�SyFiS�UcFiSjDklaDiS_H\L^Skls`bF Ft�_<��sx^£�8i`eLt�aF�~eK^WbLkl�F��s`��jD^`t�s£�4cFiS��i£kls`i`eLaFcFiSjSt�cFbF_<krLyF�U��bL�4bH�4i`eLt�aF��eK^S�4bn}§klb6eLgScFi.�4t�c6hF�]��bU�£t�tvklaUiSy6iDkls`gU¦lY4X/yFt�p���eLgxsx^`s`t>�Fi`�jSs`iSyFcFiStqjSp�^`bL�4i~rLt�_Lkls`jSbFt��4i`eLt�aF��eL�¡kq�SyFiS�UcFiSjDklaDiS_?\L^Skls`bF Ft�_vj2klsx^`s`bLk�sSb6\Ftl�klaUiS�¢k��4�zk�eLtO�FyL^`aFs`bF\Ft�k�aFb.cFt�iSs�eLbF\L^`t�sSk�h iSs?�Ft�yFjSbF\FcFiS��i>jSp�^`bF�4i~rLt�_Lkls`jSb6hnm�4i`eLt�aF��eL���S�zkls`yFi u~p�^`�S��jD^`�]sF|	kljSiS�B�FyFtlrL�zkls`iSyFbF��Y�ûÖs`i2�FyFtlrL�Fi`eLi���t�cFbFt�beLtl�	bFs>j?iDklcFiSjSt�klsx^`c6rK^`yFs`cFiS��i2eK^`c6��t�jSt�cFiSjDklaUi`��i2�Fi�rF�Di~rK^F}KcL^x�Si~rFh�kljSiSt��f^x�s`t��f^`s`bF\Ft�klaDiSt?jS��yL^x��t�cFbFt2j
δ
� iS�SyL^`p�cFiS_W�qiSyL�4t2aDiSyFyFtleFhF FbFiScFcFiS_��q�UcFaF FbFbk�eL�U\L^`_FcFiS_
klb6eL�

〈fi(t1)fj(t2)〉 = 2ζmk A Tδ(t1 − t2)δij ,
� rLt

k A d��FiDkls`i�hFcFcL^xhO«�i`eLgS L�f^`cL^F} T d�^`�Dkli`eL�]s`cL^xh�s`t��4�Ft�yL^`s`�UyL^�klyFtlrL��¤¥�4cFi`��	bFs`tleLg
2ζmk A T hFj`eFhFt�sSk¨hWk�eLtlrKkls`jSbFt��¢klsx^` FbFiScL^`yFcFiDkls`b yL^Sk�k��f^`s`yFbFjD^`t��4iS��i�FyFiS Ft�k�k�^D¦�Y«�i`eLt�tvkls`yFiS��bF_H^`cL^xeLbFpS}fiDklcFiSjD^`cFcF��_£cL^ �FyFbL�4t�cFt�cFbFb<�4t�s`i�rK^.�FyFiSt�a6� FbFiScFcF���>iS�Ft�yL^`s`iSyFiSjOa
�UyL^`jScFt�cFbF�7��bF�UjSb6eFeFhn}Fs`iS\FcFi	iS�FbLkl��jD^`t��4iD�4�2\FbLkls`i
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�4tl�U^`cFbF\6t�klaUiSt�rLjSb6��t�cFbFt	�4bFaFyFiDklaDiS�FbF\Ft�klaFb iS�SyL^`s`bL�4iS_ klbLkls`t��4��}n�FyFb6jSi~rLbFsaÇ�-ô�ò�5
��ù-�*ôxñ�÷*ÿ�4B4Bô��/öoñxòBñ"�"2�ù��oñ$��ò!ö/òBñ��

dvi
dt

= −
∑

j

t∫

0

dτγij(t− τ)vj(τ) + fi(t).

X<��s`iD���UyL^`jScFt�cFbFb
jSt�aFs`iSyF�
fi
b
vi
hFj`e6hF�ZsSk¨h�k�eL�U\L^`_FcF�z�4bn}L��rLiSj`eLt�s`jSiSyDhF�z���bL�4b
�Dk�eLiSjSb6hL� 〈fi〉 = 0

} 〈fi(t)vi(0)〉 = 0
b 〈fi(t1), fj(t2)〉 = k 9 Tγij(t1 − t2) }^uÿ��où�ô��"<��Aó��!ÿ��xù��

γij
iS�FyFtlrLtleFhFt�sSk�h
��iSyF�f^xeLgScF�z�£kliSiSs`cFiS{�t�cFbFt��

γij(t) = (k 9 T )−1〈v̇i| B e−i B�ú�B t B |v̇j〉,jSa6eL�]\L^`�]��bL�BjWklt���h£rLiS�6i`eLcFt�cFbFt B iS�Ft�yL^`s`iSyL^��FyFiSt�aFs`bFyFiSjD^`cFb6h¯û�cL^ �Ftl�yFt��4t�cFcF��t
vi
¤ B?C � − ûT¦O¤¥k���Y��nY8�6Y �?j_� ��'(� ¦�Y � iSiSs`cFiS{�t�cFbFtO��s`i
cFt	�FiSp�jSi`eFhFt�scL^`_Fs`b>hFjScF��_>jSb6r��q�UcFaF FbFb>�L^S�8hFs`bnY�]sS�4t�s`bL��}]\Fs`i��Ft�y6jSiStWk�eK^`�l^`t��4iSt �FyL^`jSiS_¢\L^Skls`b�iSs`yL^x��^`t�sHj`eLb6hFc6bFt�FyFiS{�eLiS��iZ�FiSjStlrFt�cFb6hOklaDiSyFiDkls`bO�4i`eLt�aF��eL��¤ b6eLbO�SyFiS�UcFiSjDklaUi`_�\L^Skls`bF F�]¦8cL^Zt�ts`t��Ft�yFt�{�cFt�t]�SklaUiSyFt�cFbFt�¤ÅeLt�jD^xh	\L^Skls`g��UyL^`jScFt�cFb6hK¦�YDXÖeLb6hFcFbFtz��s`i�iDkl�U��t�kls`j`eFh6�t�sSk�h�\Ft�yFt�p�s`t�yL�4iDkls~^`sFm`bFcL�qiSyL�f^` Fb6h�iZklaUiSyFiDkls`b

v(t−τ) cFt��FyFt�yF��jScFiZ�Ft�yFtlrK^x�t�sSk�h>j�s`t�yL�4iDklsx^`s�b>jSiSp�jSyL^`��^xt�sSk�h2iSs�cFt���i�iSaU^`p���jD^xh2j`eLb6hFcFbFtqcL^�bFp��4t�cFt�cFbFtklaUiSyFiDk�sSb
jSi	jDklt��FiDk�eLtlrL�U�]��bFt��4iD�4t�c6sS��jSyFt��4t�cFbn}Lj2s`iD�H\FbFk�eLt�bvj?�4iD�4t�cFscL^`�`eL��rLt�c6b6h
t
Y

z�{�z�z ² ���������,����~��³� ����~���æ¯��çB� î ��� î ��|
��|l���E¶��
wzcL^xeLiS��bF\FcL^xh�klbLk�sSt��f^z��yFtlrLbFsx^`yFc6�����UyL^`jScFt�cFbF_��Fi`eL�U\FtlcL^�bqrFeFh��U�FyF�D���iS��i	s`jSt�yDrLiS��i	s`tleK^F}LaUiS��rK^	iScFi	yL^`p��SbFjD^`t�sSk�h
cL^O�leLt��4t�cFs`�B�4t�p�iDklaUiS�FbF\Ft�klaFb6�yL^`p��4t�yFiSjL}S�Fi`eLi~��t�cFb6h2b>klaDiSyFiDkls`b2 Ft�cFs`yFiSjO�f^Sk�kzaDiSs`iSyF���	yL^Sk�k��f^`s`yFbFjD^`�]sSk�ha6^`a�cFiSjS��tB�Bô�4�ó�ñ�÷�:/òÀôxñ"�xøBùJõ�ò6óxòÀô�òÒÿDòBñ�ñ>õ�ò

Xi, Vi
Y � bLkl�6i`eLgSp�iSjD^`cFbFt���s`t�i`�yFbFb>�FyFiSt�aF FbFiScFcF���2iS�Ft�yL^`s`iSyFiSj�GviSyFbÇ� �S�*�¬j�� �`ª��¬jS��jStlrLt�cL^�klbLkls`t��f^��UyL^`jScFtl�cFbF_>rLjSb6��t�cFb6h

Mi
dVi(t)

dt
= −

∑

j


ΛijXj(t) +

t∫

0

dτΦij(τ)Vj(t− τ)


+Ri(t),

� rLt
Mi
d	�f^Sk�kl�<�UaFyF�U�Fc6t�cFcF���?\L^Skls`bF n}

Λij
d	�f^`s`yFbF L^��U�Fy6�6�lb6�?klb6e�}

Φij(t)
dh6rLyFiZ�L^S�8hFs`bn}~iSs`jSt�\L^`�]��t�t§rLbLk�klbF�L^`s`bFjScF�z��klb6eK^S��}

Ri(t)
d�k�eL�U\L^`_FcF��t�klb6eL��}��rLiSj`eLt�s`jSiSyDhF�]��bFt]�Dk eLiSjSbF� 〈Ri(t)〉 = 0

b
�ZeL�UaFs`�S^` FbFiScFcFi`� rLbLk�klbF�L^` FbFiScFcFiS_s`t�iSyFt��4t 〈Ri(t)Rj(0)〉 = kBTΦij(t)
Y8[ÖklyFtlrLc6t�cFbFt
plrLt�klg�iDkl�U��t�kls`j`eFhFt�sSk¨h£�FicL^~\L^xeLgSc6iD�4��yL^Skl�FyFtlrLtleLt�cFbF��}��`eLbFp�aUiD�4��a�yF^`jScFiSjSt�klcFiD�4�SY%��^xeLbF\FbFt2�L^S�8hFs`b^`jSs`iSyF��s`yL^`aFs`�U�]sqaU^`aOk�eLtlrKkls`jSbFt�jSiSp��8�6��t�cFbF_n}~�Ft�yFt�cFiDklbL�4����jScF�Us`yFb��UaFyF�U�6�cFt�cFcF���>\L^Skls`bF >p�jS�UaUiSjS�z�4b>jSi`eLcL^S�8bnY
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ýf^Sk�k��4iSs`yFt�cFcF��t�jS��{�t���yFtlrLbFsx^`yFcF��t �4i~rFtleLb¢�FyFbL�4tlcFbL�4� a<yL^`pleLbF\6�cF�z� �qbFp�bF\6t�klaFbL� klbLkls`t��f^S��}qj¢s`iD� \6bLk�eLt£d�aB�l^`p�^S��bB�6eK^`p��4tSYqX�t�klgD�f^bFcFs`t�yFt�klcF�z�/kv�qbFp�bF\Ft�klaUiS_Hs`iS\FaFb<p�yFtlcFb6h�hFj`e6hFt�sSk�h�b�jS��jSi~rH��yFtlrLbFsx^`yFcFi`���i �UyL^`jScFt�cFb6hWrFeFh�aDiScF Ft�cFs`yL^` FbFb�bFiScFiSj��6eK^`p��4��}4�FyFbFcL^xrFeLtl�O^`��bF_�«�^xeLt�k��aF�@� �+´
� Y[ýf^Sk�k��f^`s`yFbFjD^xh��St�k�k�sSi`eFaFcFiSjSbFs`tleLgScFiSt	rLjSb6��t�cFb6t>�6eK^`p��4�/j��6eLiDklaDi`�kls`b
(x, y)

}S�Ft�yF�Ft�c6rLbFaF��eFhFyFcFiS_?�f^`�lcFbFs`cFiD�4���Fi`eL��}SiScOp�^`�FbLkl��jD^`t�sq�UyL^`jScFt�cFbFtcFt��FyFt�yF��jScFiDkls`b
∂f(x, t)

∂t
+ v(x, t) · ∇f(x, t) = 0,

aUiSs`iSyFiSt kli~rLt�yD�	bFsHk�eL�U\L^`_FcFiSt �6i`eLtWklaDiSyFiDkls`t�_
v(x, t)

}�p�^xrK^`jD^`t��4iSt��FiSs`t�c6� FbL^xeLiD�
φ(x, t)

v(x, t) ∝ [∇φ(x, t), ez].
üqiSs`t�cF FbL^xe���s`iSsWiS�FyFtlrLtleFhFt�sSk¨h�aU^`a���^~�Dk�kliSj.klsx^` FbFiScL^`yFcF��_Hi~rLcFiSyFi�rLcF��_HbbFp�iSs`yFiS�FcF��_ �FyFiS Ft�k�kOkOcF��eLt�jS�z�¢klyFtlrLcFbL��b�rLjS�D�6s`iS\Ft�\FcFiS_ ��_6eLt�yFiSjSiS_�aUiSy6�yFtleFhF FbFiScFcFiS_
�q�UcFaF FbFt�_

〈φ(x1, t1)φ(x1 + x, t1 + t)〉 = ε2E(x/λc)h(t/τc),

� rLt
E
b
h
d?�St�p�yL^`p��4t�yFcF��t��q�UcFaF FbFb�aDiSiSyDrLbFcL^`s	b�jSyFt��4t�cFbn}Tkl�L^xrK^`�]��bFt�rLicF��eFh£�FyFb�jSiSp�yL^Sklsx^`cFbFb�^`yF���6�4t�cFs`iSjL}

ε
d.�4t�yL^�bFcFs`t�cLklbFjScFiDkls`b��ZeL�UaFs`�S^` FbF_�FiSs`t�cF FbL^xeK^F}

λc
b
τc
d]�FyFiDkls`yL^`cLkls`jSt�cFcF��_�b�jSyFt��4t�cFcFiS_��f^Sk�{�sx^`�S�<¤ yL^xrFbF�Dkl�]¦aUiSy6yFtleFhF FbF_nY

ýf^`plrLtleFh6hWyFt�{�t�cFbFt
f
cL^�klyFtlrLcF�]��\L^Skls`g

n = 〈f〉 b��ZeL�UaFs`�S^` FbFb δfb��FyFtlrL�Fi`eK^`��^xhH�6eK^`p��4�£cFt�k��	bL�f^`t��4iS_n}�^.s`�UyF�S�~eLtlcFs`cFiDkls`gWd�i~rLcFiSyFi~rLcFiS_�bbFp�iSs`yFiS�FcFiS_n}F«�^xeLt�klaF�?�Fy6b6�Di~rLbFsOa
iDklcFiSjScFiD�4�2�UyL^`jScFt�cFbF�/¤ X�SGF/�3� Z �;H
P"S��3T I&V ¦jOjSb6rLt
∂n(x, t)

∂t
=

t∫

0

dτΛ(τ)∆n(x, t− τ) + S(x, t),

� rLt
Λ(τ) = 〈v(x, τ)v(X(τ |0), 0)〉,

S(x, t) = −∇〈v(x, t)δf(X(t|0), 0)〉,^
X(t|t′) = x−

t∫

t′

dτv(X(t|τ), τ))

dOiS�SyL^`��t�cFcL^xh2jSi�jSyFt��4t�cFb>s`yL^`t�aFs`iSyFb6h>\L^Skls`bF F��¤ �Fi`eLi~��t�cFbFtqjO�4iD�4t�cFsOjSyFtl��4t�cFb
t′ < t

\F^Skls`bF F��}FaUiSs`iSyL^xh>j	�4iD�4t�cFs
t
cL^x�Di�rLbFsSk�h>jOs`iS\FaUt

x
¦�Y
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ý§bLk`Y4�SY �6m 8���b*Q��Bgd +;�&e$7)#.!&*?+$7��)�%+%AYAaV.!b*�!Y7��QnN#)+��0*$7)#.B #0*$�Y7&
0-Y7��^��2,+ +;Ifu%�b2.Bf/Yo.Bi
W#&- + +;IfDW5.!0*$�%+K0) F`ò
* ñ

ûÖs`i��UyL^`jSc6t�cFbFtviS\Ft�jSb6rLcFi.cFt��f^`yFaUiSjDklaDiStS}fsx^`a�aU^`a�klaUiSyFiDkls`g.bFp��4t�cFtl�cFb6h��6eLiSs`cFiDkls`b�j?�4iD�4t�cFs2jSyFt��4t�cFb
t
p�^`jSbLklbFs	iSs2t�t�p�cL^~\Ft�cFb6hvjSi2jDklt��FyFtlrL���rL�U��bFt?�4iD�4t�cFs`��jSyFt��4t�cFbnY8X�^x�	cFt�_F{�bL���qbFp�bF\Ft�klaFbL���4tl�U^`cFbFp��4iD��}�iS�St�kl�Ftl�\FbFjD^`�]��bL�!cFt��f^`yFaUiSjSiDkls`g.�FyFiS Ft�k�k�^.�4i~��t�sW�S��s`g¢u~s`yL^`�F�FbFcF�S|~YquKJKZ SMLNL$T VNO |iSp�cL^~\L^`tlsx}8\Fs`i cFt�aDiSs`iSyF��t>bFp>\L^Skls`bF £�6eK^`p��4�/�~rLt�yD�	bFjD^`�]sSk¨h£j�iS��yL^`cFbF\Ft�c6�cF����iS�`eK^Skls�h6����^`p�iSjSiS��i��FyFiDkls`yL^`cLkls`jD^F}8rLjSbF��^xhLklg��Fi p�^S�4aFcF�Us`�z�!s`yL^`t�aFs`i`�yFb6hL� ¤¥k¨�Dt��f^`s`bF\Ft�klaFb<sx^`aFbFt�s`yL^`t�aFs`iSyFbFb<�FiSaU^`p�^`cF��cL^ný§bLkxYZ�SY �S¦�Y�X��Ft�yFjS��t��s`iSs��FyFiS Ft�k�kZ�S��e>�FyFtlrKkla6^`p�^`c?jOyF^`�SiSsSt¬� �`��� }6�FiDk�j`hF��t�cFcFiS_>^`cL^xeLbFs`bF\Ft�klaUiD�4�aUiScLkls`yF�UbFy6iSjD^`cFbF��yL^`jScFiSjSt�klcF���
�leLt�aFs`yFiDklsx^`s`bF\Ft�k�aFb6� klbLkls`t���}¬iS�`eK^xrK^`�]��b6�sx^`aFbL�4bOeLiSjS�U{�a6^S�4bnY&��^xeLbF\FbFt�sx^`aFb6�OiS�`eK^Skls`t�_Oj���^`p�iSjSiS���FyFiDkls`yL^`cLkls`jSt��S���eLi��Fi�rLs`jSt�yD�OrLt�cFi�\FbLk�eLt�cFcF�z�B�4i�rLtleLbFyFiSjD^`cFbFt��w� �/ÑF}?�S��� Y[ð�^xeLgSc6t�_F{�t�t2yL^`pl�jSbFs`bFt2aUiScF Ft��F FbFb.eLiSjS�U{�t�a.jv�6eK^`p��4t2b£k�t���i~rLc6hF{�cFt�t	t�t?kliDkls`i~hFcFbFtO�DiSyFiS{�i�FyFtlrKkls~^`j`eLt�cFi	jOiS�Sp�iSyFt�� �F�0� Y� s`t��Ft�cFg]j`eLb6hFcFb6h�cFt��f^`y6aUiSjSiDkls`b�cL^z�FyFiS 6t�k�k§s`�UyF�S��eLt�cFs`cFiS_�rLbL���q�Up�bFbiS�FyFtlrLtleFhFt�sSk¨h
\FbLk�eLiD���q�U�Si P Q = ετc
λ2c
.

X�k�eL�U\L^`t�k�eK^`�SiS_�s`�UyF�S��eLt�cFs`cFiDkls`b�¤
P Q ¿ 1

¦zj?iDklcFiSjScFiD���UyL^`jScFt�cFbFb��4i~�	cFi�FyFt�cFt��SyFt�\Fg.p�^`�L^`plrL��jD^`cFbFt��*¤
n(x, t − τ) ≈ n( R , t) ¦�bHyL^Skl�FyFiDkls`yL^`cFbFs`g.bFc6�s`t���yFbFyFiSjD^`cFbFt��Fi

τ
rLi2�St�klaDiScFt�\FcFiDkls`bnYxüqyFiS Ft�k�k�k�sx^`cFiSjSbFsSk�h��f^`yFaDiSjDklaFbL��YTXyFt�p���eLgxsx^`s`tz�FyFb6�Di�rLbL�Wa	iS�S��\FcFiD�4���UyL^`jScFt�cFbF��rLbL���q�Up�bFb2kz�FyL^`jSiS_	\L^Skls`gS��}iS�FbLkl��jD^`�]��t�_?bLkls`iS\FcFbFaFb
rLbF���q�Uc6rLb6yF�U�Z��b6�>\L^Skls`bF nm
∂n(x, t)

∂t
= K4n(x, t) + S(x, t).
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wzcL^xeLbFp�bFyF�`h2aUiScFa6yFt�s`cF��tZ�FyFbL�4t�yF�<j�cL^xrLtl�OrLt]�FiSc6hFs`g�iS�S���U�¢�FyFbFy6i`�rL�v��yFtlrLbFsx^`yFcFiDkls`bn}¬cFtleLgSplh�cFtOp�^S�4t�s`bFs`gL}¬\Fs`i>jDk�hFaFbF_�yL^`p	�4��kls~^xeLaFbFjD^`t��fk�hk]�qt�cFiD�4t�cFiD��ø0�BôxõIùJõ?È óxòÀô�òÒÿDòBñ�ñ�õ?ÈLYSo�k��Si~rLcL^xh	klbLkls`t��f^F}UiS�FbLk���jD^`t��f^xh	�Fi`eF�cF�z�HcL^`�SiSyFiD���Ft�yFt��4t�cFcF���¬}TaU^`a��FyL^`jSb6eLiL}KcFt���yFtlrLbFs~^`yFcL^FY � s`iSbFs2s`i`eLgSaUi?bLk �a6eL�]\FbFs`g�bFp�yL^Sk�k��4iSs`yFt�cFb6h�¤�uxklaFyF��s`gL|D¦4cFt�aUiSs`iSyF��t��Ft�yFt��4t�cFc6��tS}S�Fi~hFj`eFhFt�sSk�h\6eLt�cn}8iSs`yL^x�O^`�]��bF_��FyFtlrL�zkls`iSyFbF��yFtlrL�U FbFyFiSjD^`c6cFiS_�klbLkls`t��4�/d iScL^�klsx^`cFi`�jSbFsSk�h>��yFtlrLbFsx^`yFcFiS_nYX�iSs
�FyFiDkls`iS_W�4tl�U^`cFbF\Ft�klaFbF_.�FyFbL�4t�ynY8XB��iSyFbFp�iScFsx^xeLgScFi>yL^Skl�Fi`eLi~��tlc6�cFiS_
iSs`aFyF��s`iS_vk�iS�St�b6�>kls`iSyFiSc
s`yF�U�SaUt�cL^x�Si~rFhFsSk�h
�FiSy6{�t�cFg2�f^Sk�kliS_
m1
kqaUi`������qbF FbFt�cFs`iD�Hs`yFt�cFb6h�i2t�t�kls`t�cFaFb

η
}TkliStlrLbFcFt�cFcF��_��FyF�D�	bFcFaUiS_vrFeLbFcFiS_

l
b��t�k�sSaDiDkls`gS�

k > (η/2)2
k�{�^`yFbFaDiD�¢�f^Sk�kl�

m2
}¬rLjSbU�	�6��bL�fk�h j
s`yF�U�SaUtO�St�ps`yFt�cFb6h¢¤«ý§bLk`Y��SY �D¦�Y8���FiDk�eLtlrLcFt��4�.k2�4iD�4t�cFsx^
t = 0

�FyFb6eLi~��t�cL^�klb6eL^
F (t)

YGv�*bL�4t�t��¡rLtleLi.k?cFt���yFtlrLbFsx^`yFcFiS_�klbLkls`t��4iS_Hk2rLjS�6�8h�kls`t��Ft�c6hL�4b�kljSiS�Si�rL��}iS�FbLkl��jD^`t��4iS_2rLbL���qt�yFt�cF FbL^xeLgScF�z�4b>�UyL^`jScFt�cFb6hL�4b
m1ẍ1 = −ηẋ1 + k(x2 − x1 − l),

m2ẍ2 = F (t)− k(x2 − x1 − l).ð�iS�Fi`eLcFbL����s`�>klbLkls`t��4�?�UyL^`jScFt�cFbF_>�Sk�eLiSjSb6hL�4b
x1(0) = 0, ẋ1(0) = 0, x2(0) = l, ẋ2(0) = 0,�FyFtlrL�Fi`eK^`��^`�]��bL�4bn}�\Fs`i]jzcL^~\L^xeLgScF��_��4iD�4t�cFs]jSyFt��4t�cFb�klbFkls`t��f^zcFt��Fi~rLjSb6�	cL^b
�FiSyF{�tlcFgOcL^x�Di~rLbFsSk¨h
jOcL^�\L^xeLtqaUiSiSyDrLbFcL^`s~Y

ýf^`p�yFt�{�bFj�s`t��Ft�y6gO�Ft�yFjSiSt]�UyL^`jScFt�cFbFtZiSs`cFiDklbFs`tleLgScFi
x1
j��FyFtlrL�Fi`eLi���tl�cFbFbn}F\Fs`i

x2(t)
b6p�jSt�kls`cFiL}

x1(t) =

t∫

0

K(τ)[x2(t− τ)− l]dτ,

x1
x2

m1 m2 F( )t

x1
x2

m1 m2 F( )t

ý§bLk`Yn�SY �Fm �
.BO�9+"/,+ +;IHJN#)�%#Q�&*)60*?+)�;�$7�!HJN#&*)+&*Q�&- + #�!H Ø
x1
Ú¨ñ
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K(τ) =
k
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m2ẍ2 + kx2 = k

t∫

0

K(τ)x2(t− τ)dτ + F2(t), (1.13.1)

� rLt
F2(t) = F (t) + kl
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��^�k`YK�o´�´U}S�FiDk�eLtzp�^S�4tl�\L^`cFb6h.ivkls`t��Ft�cFcFiD�¢p�^`s`�D�U^`cFbFb p�jS�Ua6^>j
aUiScF Ft�yFs`cF��� p�^xeK^x� k�cFtlrLiDklsx^`s`iS\FcFiklb6eLgScF�z�£yL^Sk�kltlhFcFbFt���}FiSc>�FbF{�t�sFm4uoüqi`� jSb6rLbL�4iD�4�S}6aF��rK^O�S���4��cFbvk��4iSs`yFtleLbb6eLbW\Fs`iv�S���4��cFb�k�eL�U{�^xeLbn}��4���UjSb6rLbL�¢b6eLbW�Dk�eL��{�bL��}n\Fs`i���a6kl�FiScFt�cF Fb6�^xeLgScFiStZ�FiSjStlrLt�cFbFtqjDkls`yFt�\L^`t�sSk�h>��iSyL^`plrLi�yFtl��tS}F\Ft��£�FyFbFc6hFs`iOrL�6�f^`s`gL|~Y� s`t��Ft�cFcF��t	�q�UcFaF Fb6b�bF��yL^`�]s>jD^x�	cF�U�!yFi`eLg?j>s`t�iSyFt�s`bF\Ft�klaFb6��b��FyFb6�a6eK^xrLcF����bLk�k�eLtlrFiSjD^`cFb6h6�¬Y�X \L^Skls`cFiDkls`bn}�jZ�f^`s`t��4^`sSb6\Ft�klaUiD��^`cL^xeLbFp�t§cL^�b6��iDk��cFiSjSt	�FiDkls`yFiSt�cFi�bFcFs`t���yFi`� rLbL���qt�yFt�cF 6bL^xeLgScFiSt	bLkl\FbLk�eLt�cFbFt2rLyFiS�ScFiS��i
�FiSyDh6rF�a6^FY�X�aUiD�4�6eFt�a6klcFiD�/^`cL^xeLbFp�t�k�b6�H�FiD�4iS��gS� jSjStlrLt�cFiW�FiSc6hFs`bFt��Fi`eL�ZkliSjWbkliSplrK^`cL^]s`t�iSyFb6hOjS��\Ft�s`iSjL}xyL^`p�jSbFs`���4t�s`i~rL��bFcFs`t���yFbFy6iSjD^`cFb6hn}`�FiDkls`yFiSt�cL^Zs`t�i`�yFb6h	^SklbL�4�Fs`iSs`bF\Ft�klaFb6��yL^`pleLi���t�cFbF_nY`X�s`t�iSyFbFbOjSt�yFi�hFs`cFiDkls`t�_��Ft�yFtl�Di~rOa�u~{�b6�yFiSaFbL��|qyL^Skl�FyFtlrLtleLt�c6b6hL� k�^SklbL�4�Fs`iSs`bFaUiS_Okls`t��Ft�cFcFiS��iqs`bF�L^qiSp�cL^S�4t�cFiSjD^xe� Ftl�eL�U�/���Fi��6�>4+øBùJ÷*M�þ1�xöoõ?ÈÄ:(����÷7ñ�÷oö���J�ùDò!ö��L}¬yL^xrLbFaU^xeLgScFi
b6p��4t�cFbFjS{�t���i�øqt�c6�s`yL^xeLgScF�U�¡�6yFtlrLtleLgScF�U�¡s`t�iSyFt��4�?b
yL^Skl{�bFyFbFjS{�t���iOiS�`eK^Skls`g�t�tq�FyFbL�4t�cFt�cFb6hnY� eLtlrL�`h�� ª�� }fjSjStlrLt��Bkl�Ft� FbL^xeLgScF�z�BiS�SyL^`p�iD�¡cFiSyL�4bFyFiSjD^`cFcF�U��kls`t��Ft�c6�cF�U�B�q�UcFaF FbF�

Φµ(t) =
1

Γ(µ)
tµ−1+ , t > 0,

b?cL^`p�iSjSt��.t�tAøBù-�oñ�5*�*ôxùJñ�÷*M�øBùAòBóxòBñ�ñ�÷*M��94�ñ"�&<"�xò0MLYxûÖs`i�jS��yL^x��t�cFb6tZiS�FyFtlrLtl�eFhFt�s	�q�UcFaF FbFb
Φµ
rFeFh>jDkltl�?jSt���t�kls`jSt�cFcF���2p�cL^~\Ft�cFbF_>bFc6rLt�a6k�^

µ ∈ (−∞,∞)aFyFiD�4t
µ = 0, −1, −2, . . . Y6XH��s`b6�?s`iS\Fa6^x�2iScFb?iS�FyFtlrLtleFhF�]sSk�h?a6^`a?iS�SiS�S��t�c6�cF��t��q�UcFaF Fb6bn}FjS��yL^x�O^`�]��bFt�k¨h>\Ft�yFt�pB57ò �xú�ù-��� �94�ñ"�&<��"2��mò!ò�ó/ôx÷*�1:/öo÷�5�ñ�õ�òlY

±�{3± Ø ï�|³Û�����ï��é�����(���,~�~�¹"!Ù� î ~�ç�ð���Û
+��UcFaF FbFb

Φµ
jviS�FyFtlrLtleLt�cFcFiD��k��4�zk�eLt2�Si`eLt�t	bFcFs`t�yFt�klcF��}�\Ft�����a6kl�Fi`�cFt�cFs`��}F�`eK^`��i~rK^`ySh?b6�
k�eLtlrL�U�]��bL��kljSiS_Lkls`jD^S��Y

�SYZ�]cFb½ø3�!ÿ�÷7ó�÷�5�÷*67ñ�õzm
Φµ(ct) = cµ−1Φµ(t)

Y
�6YZ�]cFb>iS�`eK^xrK^`�]s�ó�÷3��4
°Ýô�4�ó�ó�÷oöoõ[ÿ ø!öo÷*MxøBùAöo÷*ÿ2m

Φµ ? Φν(t) =

t∫

0

Φµ(t− ξ)Φν(ξ)dξ = Φµ+ν(t).



Ã$¥ ÃT�.�#��Ü����1�+�����5�G&x���x��Æ('D�#õ���ã�÷x��Ü �6�
�FY�X!s`iS\Fa6^x�

µ = −m, m = 0, 1, 2, . . .
�q�UcFaF FbFb

Φµ(t)
iS�FyFtlrLtleFhF�]sSk�ha6^`am÷*67÷*6*ÀAòBñ�ñxõIò¬�94�ñ"�&<"�"�L}FjS��yL^x��^`�]��bFt�k�h?\Ft�yFt�pB57ò/�xú�ù-��� �94�ñ"�&<"�"27�

ò!ò�ó/ôx÷*�1:�öo÷�5�ñ�õ�ò�� ª�� }
Φ−m(t) = (−1)mδ(m)(t).'LY0Ý>ô1�oñxøå��÷-ô+ÿ��oñ�ùJõÂù��oó����/øå�]kls`t��Ft�cFcF�����q�UcFaF FbF_�k§sSiS\6cFiDkls`gS�£rLi]�FiDkls`i`�hFcFcFiS��iz�4cFi~�	bFs`tleFh¬ù-���(��òXó/ô���ñ��(5���ò����oùH�7ùJ÷*ÿ�4�ø!òÀÿDò0MxøBùAö�4�¤ s`iS\FcFt�tS}t���iO�FyFi~rLi`eF��t�cFbF��j	aDiD�4�6eLt�a6klcF�U�¡�6eLiDklaDiDkls`gU¦�m

Φ̂µ(λ) = ú {Φµ(t)}(λ) ≡ ∞∫
0

e−λtΦµ(t)dt =

=
1

Γ(µ)

∞∫

0

e−λttµ−1dt = λ−µ.

+�iSyL�4�~eK^�iS�SyL^`s`cFiS��i��FyFt�iS�SyL^`p�iSjS^`cFb6h
ú −1{λ−µ}(t) = 1

2πi

σ+i∞∫

σ−i∞

eλtλ−µdλ =
1

Γ(µ)
tµ−1.

�6Y0Ý"��4&6oòÀôx÷oöoõ�ùAòB÷-ô�òÒÿ�õfYKX���s`t�a6^`�]��t�t�bFp��FyFb6jStlrLt�cFcF���vjS��{�t�kliSiSs`cFiS{�tl�cFbF_
kliSiSs`jSt�sSkls`jSbFtZ�4tl�OrF�?kls`t��Ft�cFcF�z�4b>�q�UcFaF Fb6hL�4b>b2b6�	eK^`�6eK^SkliSjDklaFb6��4b
iS�SyL^`p�^S�4b
f(t) = Atµ−1 ⇔ f̂(λ) = AΓ(µ)(λ)−µ, µ > 0,

iS�SiS�S��^`t�sSk¨h?cL^��/ø0�#ÿ�ó�ùJ÷7ù���þ5ò!ø0�&��øBùAòBóxòBñ�ñ�õ�ò��94�ñ"�&<"�"�4m
f(t) ∼ Atµ−1, t→∞ ⇔ f̂(λ) ∼ AΓ(µ)λ−µ, λ→ 0, µ > 0.

[]s`jSt�yD�OrLt�cFb6hn} klj`hFp���jD^`�]��bFt��FiSjStlrLt�cFbFt/�q�UcFaF FbFb#j ^SklbL�4�Fs`iSs`bFaUt�Si`eLgS{�b6�H^`yF�l�F�8t�cFs`iSj�kv�FiSjStlrLt�cFbFt��!t�tveK^`�6eK^SkliSjDklaUi`_�s`yL^`cLk��qiSyL�f^`c6�s`�¢j�iS�`eK^Skls`b?�f^xeL���2p�cL^~\Ft�cFbF_2eK^`�6eK^SkliSjDklaDiS_	�Ft�yFt��4t�cFcFiS_n}UcL^`p���jD^`�]sx�k�h.sx^~�U�St�yFiSjS�z�4b s`t�iSyFt��f^S�4bnY[üqi~rLyFiS�ScFiSt�bFpleLi~��t�cFbFt	��s`b6�.s`t�iSyFt��¢\Fb6�sx^`s`tleLgWcL^`_6rLt�sWj@� ´
� Y�Gv���FyFbFjStlrLt���plrFt�klgWt���tvi�rLcF���qiSyL�4�~eLb6yFiSjSaF�D}�Fi`eLt�p�cF�U��rFeFhHyFt�{�t�cFb6hHjSt�yFi~hFs`cFiDk�sSc6����p�^xrK^�\nYXüq�Skls`g
p(t), t > 0

d�6eLiSs`cFiDkls`g£yL^Skl�FyFtlrLtleLt�cFb6h�jSt�yFi~hFs`cFiDkls`t�_��Fi`eLi~�	bFs`tleLgScFiS_<k�eL�U\L^`_FcFiS_jStleLbF\FbFcF��}Fb
α ∈ (0, 1)

YL©niS��rK^
∞∫

t

p(t′)dt′ ∼ At−α, t→∞ ⇔ 1− p̂(λ) ∼ AΓ(1− α)λα, λ→ 0.



�S� ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
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Φ̃µ(k) = Þ {Φµ(t)}(k) ≡ ∞∫

0

eiktΦµ(t)dt

�q�UcFaF 6bF_
Φµ(t)

cFt�s`yF��rLcFi	�Fi`eL�U\FbFs`gObFp�s`yL^`cLk��qiSyL�f^`cFs`�¯��^`�6eK^Sk�^
Φ̃µ(k) = Φ̃µ(−ik) = (−ik)−µ

X�yL^`p�jSt�yFcF�Us`iD��jSb6rLt

Φ̃µ(k) =
|k|−µ
Γ(µ)





∞∫

0

xµ−1 cosxdx+ i signk

∞∫

0

xµ−1 sinxdx



 =

=
|k|−µ
Γ(µ)

{Γ(µ) cos(µπ/2) + i sign(k)Γ(µ) sin(µπ/2)} = |k|−µeiµ(π/2)signk.

´UYzX!iSs�eLbF\FbFt?iSs���aUkl�FiScFt�cF FbL^xeLgScF���W�q�UcFaF FbF_n}8iS�`eK^xrK^`�]��b6�.kljSiS_Lkls`jSiD�bFc6jD^`yFbL^`cFs`cFiDkls`b�¤¥k?s`iS\FcFiDkls`gS�*rLi �FiDkls`i�hFcFcFiS��i �4cFi��	bFs`tleFhK¦�iSs`cFiDklb6�s`tleFgScFi	iS�Ft�yL^` FbFb
k�rLjSbF��^F}
et 7→ et+a = const · et, const = ea,

kls`tl�Ft�cFcF��t����UcFa6 FbFb
sx^`aFbL��kljSiS_Lkls`jSiD�WcFt�iS�`eK^xrK^`�]sFm
Φµ(t) 7→ Φµ(t+ a) =

1

Γ(µ)
(t+ a)µ−1 6= const · Φµ(t).

��^~\Ft�kls`jSt�cFcFivkls`t��Ft�cFcL^xh��q�UcFaF Fb6h.iSs�eLbF\L^`t�sSk¨hWiSsv��a6kl�FiScFtlcF FbL^xeLgScFiS_cL^xeLbF\FbFt���iDkliS�St�cFcFiDkls`b?j�cF�~eLtS}6�Si`eLt�tZ�S�zkls`yF�z�£kl�L^xrLiD�WjOiSaFyFt�kls`cFiDkls`b>cF��eFhb
�Si`eLt�tq�4tlrFeLt�cFcF�z���FyFb
t→∞ ¤¥k���YFyFbLk`YK�6Y �~¦�YXB�FyFb6eFi~��t�cFb6h6�.kljSiS_Lkls`jSi.¤ �~¦�}¬�FyFi~hFj`eFhF�]��t�t�k�h j
�FyFiDkls`yL^`cLkls`jSt�cFcF����Ft�yFt��4t�cFcF���¬}ÖbFcFs`t�yF�FyFt�s`bFyF�St�sSk¨h¢a6^`a�ø3�!ÿ�÷7ó�÷�5�÷*6*�xò k�sSy6�6a6sS�UyF��}ÖiSsSkl�UsSkls`jSbFt�U^`yL^`aFs`t�yFcFiS�liv�f^Skl{�s~^`�D^F}T\Fs`iv�FyFbFjSi~rLbFs>a.aDiScF Ft��F FbFb@�Rô1����ù-���x÷oöx}�^`aFs`bFjScFiyL^`p�jSbFjD^`t��4iS_�j�cF^Skls`i~hF��t�t�jSyFt��8hnY � jSiS_Lkls`jSi2¤Ý´`¦4�Fi�iSs`cFiS{�t�cFbF�<a	jSyFt��4t�cFcFiS_�Ft�yFt��4t�cFcFiS_�bFcFs`t�yF�FyFt�s`bFy6�St�sSk�h a6^`a�cL^xeLbF\FbFt�ó��!ÿ��xù�����klbLkls`t��4��}TyFtleK^`aUk�^x� Fb6hOaDiSs`iSyFiS_�iS�FbLkl��jD^`t�sSk�hOkls`t��Ft�cFcFiS_O�q�6c6aF FbFt�_n}`jqiSs�eLbF\FbFt�iSs�k�bLkls`t��4��}S\Fg`hyFtleK^`aUk�^` Fb6hWiS�FbLkl��jD^`t�sSk�h ��a6kl�FiScFt�cF FbL^xeLgScFiS_W�q�UcFaF FbFt�_

e−t
Y4X¡rLbL���qt�yFt�c6� FbL^xeLgScFiS_��qiSyL�4�~eLbFyFiSjSaDt�iSsSkl�UsSkls`jSbFt��L^S�8hFs`b �FyFi~hFj`eFhFt�sSk¨h�j>s`iD��}¬\Fs`ivk�aUi`�yFiDkls`g bFp��4t�cFt�cFb6hH�q�UcFaF FbFb£j.�4iD�4t�cFs jSyFt��4t�cFb

t
�FyFiS�FiSyF FbFiScL^xeLgScL^vp�cL^~\Ftl�cFbF�!��s`iS_��q�UcFaF FbFb@ö¬ùJ÷7ù ��òJø3�!ÿ�õ©M ÿ�÷*ÿDòBñ�ù ö*ô�òÒÿDòBñ"�

t
b�cFt�p�^`jSbLklbFs	iSst�tq�FyFtlrL�zkls`iSyFbFbn}

de−t

dt
= −e−t.
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ý§bLk`Y?�6Y �Sm {�$�.B +,5.!)+$� +;�&k0*$7&-N#&- + +;�&@aXE/ #?�K+%+%
Φµ(t)

ñ��VE/ #?+$�%#)���Q %#b*��^�)#.!g
&- 5.
aXE/ #?�K+%#"

e−t ñ� s`t��Ft�cFcL^xhv�q�UcFaF 6b6h
sx^`aFbL��kljSiS_Lkls`jSiD��}UiS\Ft�jSb6rLcFiL}6cFt�iS�`eK^xrL^`t�sFm
dtν

dt
=
ν

t
tν .

X�s`t�iSyFt�s`bF\Ft�klaUiS_��qbFp�bFaDt>kls`t��Ft�cFcF��t
�q�UcFaF FbFb�eLtl��^`s�j�iDklcFiSjSt2s`t�i`�yFbFb��leLt�aFs`yFiD�f^`��cFt�s`bFp��f^�b���yL^`jSbFsx^` FbFb<¤ p�^`aUiScF�/�q��eLiScL^F}?�qgS�]s`iScL^vbWrLynY ¦�}j
��b6rLyFi~rLbFcL^S�4bFaUt2kOb6� �FiD�4iS��gS�/�qiSyL�4��eLbFyF�U�]sSk�hW^`jSs`iD�4i~rLtleLgScF��t�p�^`aUiScF�s`�UyF�S��eLt�cFs`cFiDkls`b�b�iS�FbLkl��jD^`�]sSk¨h�hFj`eLt�cFb6hH�FyFiDk�^~\FbFjD^`cFb6h�jW�FiSyFbLkls`����klyFtl�rK^x�¬}Lj?�qbFp�bFaUt��leLt��4t�cFsx^`yFcF���v\L^Skls`bF �iScFb
eLtl�O^`s2j2iDklcFiSjSt�s`t�iSyFbFb��Fi`eL�ZkliSj
ý4tlrF��tSY � s`t��Ft�cFcF��tqp�^`aUiScF�HhFj`eFhF�]sSk�h>jD^x�	cFt�_F{�bL�4b?�leLt��4t�cFsx^S�4b>aFjD^`cFs`iSjSiS_�6yFiD�4i~rFbFcL^S�4bFaFbn}FsStliSyFbFbv�Fi�rLiS�Sb6h
j	�4tl�U^`cFbFaDt�bvs`t�yL�4i�rLbFcL^S�4bFaUt�kl�6eLiS{�cF���klyFtlr�}8iS�FyFtlrLtleFhF�]��bL�¡�FyFbFp�cL^`aDiD�¡�qyL^`aFsx^xeLgScF���Wkls`yF�UaFs`�Uyn}8�U^`yL^`aFs`t�yFbFp��U�z���b6�¬}�j£\L^Skls`cFiDkls`bn}�aFyF�U�FcFiD�f^Skl{�sx^`�ScF�U� kls`yF�UaFs`�UyF�<X�kltleLt�cFcFiS_nY,�qb6��t �4�yL^Sk�k��4iSs`yFbL�£ySh6rvaUiScFaFyFt�s`cF���>�FyFbL�4t�yFiSjLY

±�{åä Ø ���(���,~�~�¹i� � ��ç�|�~�¹ ï �8� � ��çB�
Ì,ºÍÌ,º�� ß �§ü?à!ÿ��]ü]ÿ¼á!ö�Ë]öÕ�âà/ü�
e�V�Ö÷Tø4ü

��^`bF�Si`eLt�tÖbFp�jSt�kls`cF��_��Fy6bL�4t�yO��yFtlrLbFsx^`yFc6iS_Oklj`hFp�b�kls`t��Ft�cFcFiS��iqs`bF�L^]rLt���4iScLkls`yFbFyF�`t�svrLjSb6��t�cFbFt2s`tleK^vjvj`hFp�aUiS_ �	b6rLaDiDkls`bnY�üq�Dkls`gv{�^`y.yL^xrLbF�DkliD�
ajS�6eLiSs`g2rLi>�4iD�4t�cFsx^

t0
�FiSaUiSb6eKk¨h�j2�	b6rLaUiDkls`b k��6eLiSs`cFiDkls`gS�

ρ
b�j`hFp�aUiDkls`gS�

η
}¬^2j>�4iD�4t�cFs

t0
bL�4�F��eLgDklbFjScFi?�FyFbFjStlrLt�c�j?�FiDkls`�U�L^`s`tleLgScFiSt�yL^`jScFiD�4t�yFcFiSt�b�FyDhF�4i`eLbFcFt�_FcFiSt�rLjSb6��t�cFbFtzkli�klaUiSyFiDkls`gS�

V0
Y � b6eK^�kliS�FyFiSs`bFj`eLt�cFbUhn}`rLt�_Lkls`jS�D�



��' ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
�]��^xh>cL^�cFt���iOj2�4iD�4t�cFsOjSyFt��4t�cFb

t > t0
}6yL^`jScL^�� ���

F (t) = 6πηaV0

[
1 +

√
ρa2

πη(t− t0)

]
, t > t0.

©ntleLi�rLjSbU��t�sSk�h	k��FiDkls`i~hFcFcFiS_OklaUiSyFiDkls`gS��}xcFiq�	b6rLaDiDkls`g?u~�FiD�4cFbFsF|~}DaDiS� rK^ZcL^x�\L^xeLiDklgzrLjSb6��t�cFbFtS}xb��L^S�8hFs`gZ��sx^]�FyFi�hFj`eFhFt�sSk�h�j]p�^`jSbLklbL�4iDkls`b�kliS�FyFiSs`bFj`eLt�cFb6h�	b6rLaUiDk�sSb�iSs
t0
Y � s`t�\Ft�cFbFt��vjSyFt��4t�cFb��L^S�8hFs`g]iDk�eK^`�St�jD^xt�s~}�klyFtlrK^�u~p�^`�S��jD^`t�sF|~}aUiS��rK^�cL^~\L^xeLiDklgqrLjSb6��t�cFbFtS}Db?klb6eK^�kliS�FyFiSs`bFj`eLt�cFb6h2�U�S��jD^`t�s~}`�FyFbF�`eLb6�O^xhLklg�ap�cL^~\FtlcFbF��}6rK^`jD^`t��4iD�4�2��iSyF�4�~eLiS_ � s`iSaUk�^Fm

F (∞) = 6πηaV0.

Ì,ºÍÌ,º�Ì »D�©Ë��V����¶�ÿ����©¿d��¶
��^`a�bFp�jSt�kls`cFiL}xj`hFp�aUiDk�sSgZbOs`t��6eLiS�FyFiSjSi�rLcFiDkls`gZ�FyFbFjSi~rFhFsqa�rLbLk�klbF�L^` FbFb��cFt�yF��bFb£p�jS�UaUiSjS���.jSi`eLcn}8j.klj`hFp�b£k?\Ft��!^S�4�6eLbFs`��rK^�p�jS�UaUiSjSiS_WjSi`eLcF� ¤¥klaUi`�yFiDkls`bn}TrK^`j`eFt�cFb6hK¦�}¬yL^Skl�FyFiDkls`yL^`c6hF�]��tl_Lk�h�j`rLi`eLg?iDklb

z
j>i~rLc6iSyFi~rLcFiS_�klyFtlrLtS}�U�S��jD^`t�s��Fi	��aUkl�FiScFt�cF FbL^xeLgScFiD�4�2p�^`aDiScF�

A(z) = Ae−γz,

� rLtqaUiS�����qbF FbFt�cFs��FiS� eLiS��t�cFbUh>�FyFiS�FiSyF FbFiScL^xeLt�c>aFjD^xrLyL^`s`�2\L^Skls`iSs`��}
γ = aω2,

t�k�eLb
s`i`eLgSaUiO�U�S��jD^`cFbFtq^S�4�6eLbFs`��rL��iSs`cFiDklbFs`tleLgScFi	�f^xeLi	cL^�yL^Sk�kls`i~hFcFb6h6�?�Fi`�yDh6rLaU^qrFeLbFcF��jSi`eLcF��� Ñ�� Y5ûÖs`i�bL�4t�t�s��4t�kls`i�rFeFh2��^`p�iSj�bOrFeFh	�	b6rLaUiDk�sStl_n}Dt�k�eLbklb6eL�BjScF�Us`yFt�cFcFt���i?s`yFt�cFb6h�cFt�jStleLbFaFbnY � �U��t�kls`jS�U�]s~}Ki~rLcL^`aUiL}KklyFtlrL��}Tj?aUiSs`i`�yF����kli~�6yL^`c6hFt�sSk¨hOkls`t��Ft�cFcFiS_��U^`yL^`aFs`t�y�p�^`jSbLklbL�4iDkls`b
γ
jq{�bFyFiSaUiD�vrLbL^`�L^`pliScFt\L^Skls`iSs~}FcFiO�FiSa6^`p�^`s`tleLg

α
iSs�eLbF\Ft�c
iSs	�
¤¥©�^`�`e�YK�6Y �~¦
γ(ω) = aωα, , α ∈ [0, 2].

�R.!^!9+%+K5.`ñUôxñ ò�ñ#����?�.!b2.!$7&-9+:�0*$7&-N#&- +%6Y�?/��'2aVaX%+K+%#&- #$7&V��0-95.!^!9#&- +%#"Jb-Y�E�?�.
) ò2\Z* ñ
X�t���t�kls`jSi X�i~rK^ )�bFy Gv��{�t�\FcL^xh üqyFbLk�sStlcFiS\FcF��_ �Zk�^xrLiS\FcF��ts`a6^`cFg k�eLiS_ �FiSyFi~rL�

α
� �S} ´ �S} � � �F} �
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X�kl�FiD�4cFbL�Îa6eK^Sk�k�bF\Ft�klaFbFt�iS�F��s`� �Fi�iS�FyFtlrLtleLtlcFbF� aUiS�����qbF FbFt�cFs~^rLbL���q�Up�bFbnYzX i�rLcFiD�*bFp.cFb6���St�yFt�sSk¨h¢rFeLbFcFcF��_� Fb6eLbFc6rLyFbF\Ft�klaFbF_BkliDkl��r�k�6eLiS��^xrLgS�£�FiS�Ft�yFt�\FcFiS��iZklt�\Ft�cFb6h

S
b��FiS�Ft�yFt�\FcFiS_��Ft�yFt���iSyFi~rLaDiS_�jZ�6eLiDklaDiDkls`b
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x = 0
Y�X��FyL^`jSiS_q\L^Skls`bq Fb6eLbFc6rLyL^zkli~rLt�yS�	bFsSk�h�\FbLkls`��_�yL^Skls`jSiSyFbFs`tleLgL}lj�eLt�jSiS_\L^Skls`bvd>yL^Skls`jSiSy�k�aUiScF Ft�cFs`yL^` FbFt�_

c0
YTX��4iD�4t�cFs?jSyFt��4t�cFb

t = 0
�Ft�yFt��liSyFi~rF�a6^��~rK^xeFhFt�sSk�h�b�cL^~\FbFcL^`t�sSk¨hH�FyFiS Ft�k�k?rLbF���q�Up�bFb£yL^Skls`jSiSyFt�cFcFiS��i jSt���t�kls`jD^F}iS�FbLkl��jD^`t��4��_?�UyL^`jScFt�cFbFt��

∂c

∂t
= K

∂2c(x, t)

∂x2kZcL^~\L^xeLgScF�z���Dk�eLiSjSbFt��

c(x, 0) =

{
c0, x < 0;
0, x > 0. §��iOyFt�{�t�cFbFt�bL�4t�t�sOjSb6r

c(x, t) =
c0

2
√
πKt

x∫

−∞

exp(−ξ2/(4Kt))dξ.

� ^�jSyFt��8h
dτ
\Ft�yFt�pq�6eLiDklaUiDkls`g

x = 0
�FyFi��Di~rLbFs

dq = K[∂c(x, τ)/∂x]x=0Sdτ

rLbL���q�Uc6rLbFyF�U�]��t���i	jSt���t�kls`jD^FYLX��4iD�4t�cFs?jSyFt��4t�cFb
t
�Ft�yFt���iSyFi~rLa6^Op�^`aFyF��jD^x�t�sSk�h b bFp��4t�yDhFt�sSk¨h.�Fi`eLcFiStOaDi`eLbF\Ft�kls`jSi
��s`iS��i>jSt���t�kls`jD^?j>�FyL^`jSiS_��Fi`eLiSjSbFcFt Fb6eLbFc6rLyL^

Q(t) =

t∫

0

K[∂c(x, τ)/∂x]x=0Sdτ = c0S
√
K/πt1/2,

iSs`aF��rK^�cL^x�Di~rLbFsSk¨h¢aDiS�����qbF FbFt�cFsWrLbL���q�Up�bFb
K
Y,��^Sk`}�i~rLcL^`aDiL}�bFcFs`t�yFt�kl�`t�splrLt�klg�cFt�k�^S�WaUiS�����qbF FbFt�cFs�rLbL���q�Up�bFbn}6^��Fi~hFj`eLt�cFbFtZj�iSs`jSt�s`t��q�UcFaF FbFb

Φµ
m

Q(t) = AΦ3/2(t), A = c0S
√
K/2.

XHrLyF�U��iD�WiS�F��s`tq�Ft�yFt���iSyFi~rLaU^�cFtq�~rK^xeFhFt�sSk¨hn}F^�p�^S�4t�c6hFt�sSk�h.¤ j	�4iD�4tlcFs
t = 0

¦¬eLbF�FaUiS_��6eK^Skls`bFcFaUiS_n}x^z�FiZiSaDiScF\L^`cFbFb�iS�F��sx^�¤ jq�4iD�4t�cFs
t
¦niScL^zjS��cFbL�f^x�t�sSk�hvbv�FyFiSbFp�jSi�rLbFsSk�h
bFp��4t�yFt�cFbFt�aDi`eLbF\Ft�kls`jD^

M
iDklt�jS{�t���iOcL^	cFt�t�jSt���t�kls`jD^FY«�yFb6eFeL�]��c>�Fi`eK^`�l^xe�}U\Fs`iO�Fi`eL�U\FbFsSk¨h>s`iSs���tqyFt�p��~eLg~sx^`s~}6cFi�j�rLt�_Lkls`jSbFs`tleLgScFi`�kls`b
�Fi`eL�U\L^`t�sSk�h>��rLjSiSt�cFcFiStZp�cL^~\Ft�cFbFt

M(t) = 2AΦ3/2(t).

[4rLjSiSt�cFbFt>��s`i.iS�&É¬hLklc6hFt�sSk�h£s`t���}§\Fs`i.plrLt�klg \L^Skls`bF F��yL^Skls`jSiSyFt�cFcFiS��i�jSt���tl�kls`jD^F}n�FiS�L^`jS{�bFt	cL^
�6eK^Skls`bFcFaF�S}8cFt?�4iS���Usv�D��t	jSt�yFcF�Us`gDk�h.cL^`p�^xr�}�s`iS��rK^vaU^`a
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jO�Ft�yFjSiD�WiS�F��s`tq�Fi`eLiSjSbFcL^�rLbL���q�Uc6rLbFyF�U�]��t���i�jSt���t�kls`jD^�jSiSp�jSyL^`��^`t�sSk�h2cL^x�p�^xr>d	j�eLt�jS�U�¡�Fi`eLiSjSbFcF�2kliDkl��rK^FY

üq�Dkls`gZs`t��Ft�yFgqjZcL^~\L^xeLgScF��_��4iD�4t�cFsqjSy6t��4t�cFb�jSt���t�kls`jSiqkliDklyFtlrLiSs`iS\Ft�cFij	�6eLiDklaUiDkls`b
x = −s, s > 0

m
c(x, 0) = Cδ(x + s)

YT©niS��rK^2klaUiSyFiDkls`g	iDkltlrK^`cFb6hcL^��6eK^Skls`bFcFaF�?jSt���t�kls`jD^

m(t) = Ṁ(t) =
sC

2
√
πKt3

exp

(
− s2

4Kt

)
∼ AΦ−1/2(t), t→∞.

üqyFb
C = 1

�4���4i���t��¡bFcFs`t�yF�FyFt�s`bFyFiSjD^`s`g ��s`iSs yFt�pl�~eLgxs~^`s�a6^`a��6eLiSs`cFiDkls`gyL^Skl�FyFtlrLtleLt�cFb6h
k�eL�U\L^`_FcFiS��iOjSyFt��4tlcFb
�Ft�yFjSiS��i�rLiDkls`b6��t�cFb6h
�SyFiS�UcFiSjDklaUi`_?\L^x�kls`bF Ft�_
�6eLiDklaUiDkls`b
x = 0

}6cL^x�Di~rFhF��t�_Lk¨h>iSsOcFt�tqcL^OyF^Sk�kls`i~hFcFbFb
s
Y

Ì,ºÍÌ,º«· »�ö��V����åHË�ø4ø4ü���Ô6ö
X ��ÑD�6�
��Y��q�Us`s`bFcF��kliSiS�S��b6eHiWyFt�p���eLgxsx^`s~^x�HkljSiSb6�£cL^`�`eL��rLt�cFbF_n}Ökli`�� eK^Sklc6i.aUiSs`iSyF�z�!�4tl�D^`cFbF\Ft�klaFbFtvcL^`�FySh6��t�cFb6hn}fjSiSp�cFbFaF{�bFt
�FyFbH�4��cFiSjSt�cFcFiS_rLt��qiSyL�f^` FbFb j`hFp�aUiS�U�FyF�U��b6� �f^`s`t�yFbL^xeLiSjL}nkl�L^xrK^`�]svkli
jSyFt��4t�cFt����Fivkls`t��Ft�c6�cFiD�4�2p�^`aUiScF�Â� �S�0� m

σ(t) ' const ·∆ε · t−α,
� rLt

α ∈ (0, 1)
d��FiSaU^`p�^`s`tleLg�kls`t��Ft�cFbn}DrFeFh?�4cFiS��b6�2�f^`s`t�yFbL^xeLiSj��`eLbFplaFbF_?a?�F} �¤¥k���YØ� �~�*� ¦�YRûÖs`iSs?jS��jSi�r�cL^x�Di�rLb6eKk�hvj?yFt�p�aDiD���Fy6iSsSb6jSiSyFt�\FbFb�k�a6eK^Sk�klbF\Ft�klaFbL��FyFtlrKkls~^`j`eLt�cFbFt��¡iS����a6kl�FiScFt�cF FbL^xeLgScFiD�¢�U^`yL^`aFs`t�yFt?yFtleK^`a6k�^` FbF_nY�üqiSpl��t?bLk��k�eLtlrLiSjD^`cFbFt¸CUt��f^`cFs`iD� �FiSjStlrLt�cFb6h	j`hFp�aUiS�U�FyF�U��b6�O�f^`s`t�yFbL^xeLiSj��Fi~r	rLt�_Lkls`jSbFt���l^`yL�4iSc6bF\Ft�klaUiS_�cL^`��yF�Up�aFb�b�jS��\FbLk�eLt�cFbFtO�8t�s`i~rK^S�4b �4i`eLt�aF�~eFhFyFcFiS_vrLbFcL^S�4b6�aFb��Fi~rLs`jSt�ySrLb6eLb	�4tlrFeLt�cFcFiSt�p�^`s`�D�D^`cFbFt��q�6c6aF FbFb��L^S�8hFs`b

η(t)
�Fi�kls`t��Ft�cFcFiD�4�p�^`aUiScF�

t−3/2
Y( Ökls`g�iDklcFiSjD^`cFb6h�rL�6�f^`s`gL}S\Fs`i�sx^`aFbF�4b2s�h6��tleL�z�4b	�6jSiDklsx^S�4bOiS�`�eK^xrK^`�]s]�q�UcFaF FbFb��L^S�8hFs`b�jDkltl�qcL^`jSgStl� k�sSiSaUkliSj`���ZaDiS�����qbF FbFt�cFs`iSjLY�üqi`eK^`�l^`�]ssx^`a6��tS}T\Fs`i>cL^xeLbF\FbFt�rFi`eL��iSjSyFt��4t�cFcF���vyFtleK^`a6kl^` FbF_ kls`t��Ft�cFcFiS��i?s`bF�L^>�4i���t�s�S��s`g	klj`hFp�^`cFiOkqaFyF�U�FcFiD�f^Sk�{�sx^`�ScF�z�4b>aUi`eFeLt�aFs`bFjScF�z�4b
�FyFiS Ft�k�k�^S�4bnY

wzcL^xeLbFp klj`hFp�bó��s`b6� p�^`aDiScFiD�4t�yFcFiDkls`t�_ k rLyFiS�ScF�z�4b �FyFiSbFp�jSi~rF�cF�z�4b iSs�eLi~�	bL� rLió� eK^`jS���~�6}��FiDk�j`hF��t�cFcFiS_ �FyFbL�4t�cFt�cFbF�'rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF���2�UyL^`jScFt�cFbF_>jOs`t�iSyFbFb>j`hFp�aUiS�U�FyF�U��iDkls`bn}6^�plrLt�klgO�Ua6^x��t��cL^�cL^Sk�eLtlrKkls`jSt�cFcF�U�¢�4tl�U^`cFbFaF�sæ�Y+ýf^`�SiSs`cFiSjD^�� �
�F}L��'(� }`aUiSs`iSyL^xh	�Skl�Ftl�DiD�.kljSi`�bL��jSiv�4cFiS��iD�¢iS�~hFp�^`cL^?jS���SiSyFiD��jva6^~\Ft�kls`jSt�u~�leLt��4t�cFsx^`yFcF���.aFbFyF�Fb6\FbFaUiSjL|h6rLyL^qyFtleK^`a6k�^` FbFb	�q�UcFaF Fb6_2kls`t��Ft�cFcFiS��i�s`bF�L^
Φµ(t)

p�^S�8t�cFbFjS{�b6�OkliS�SiS_�a6eK^Sk��klbF\Ft�klaFbFt���aUkl�FiScFt�cFs`��m
K(t) =

∑

j

bjΦµj (t), µj < 1.
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©nt�iSyFt�s`bF\Ft�klaUiStHiS�SiDklcFiSjS^`cFbFt�kls`t��Ft�cFcFiS_���yFtlrLbFs~^`yFcFiDkls`b�j�yFt�i`eLiS��bFbj`hFp�aDiS�6�6yF�U��b6�<�	b6rLaUiDkls`t�_�rK^`t�s��4i~rLtleLgL}��FyFtlrFeLi~��tlcFcL^xh�ýf^~�SkliD�ì� �~�*� Y¸Gvi`�eLt�aF��eK^��Fi`eLbL�4t�yL^�j£��s`iS_¢�4i~rLtleLb¢�FyFtlrLklsx^`j`eFhFt�sSk�h<j£jSb6rLt� Ft��FiS\FaFb
N
s`i`�\Ft�\FcF�����4iScFiD�4t�yFiSjL}��FiDk�eLtlrLiSjD^`s`tleLgScFi�kliStlrLbFcFt�cFcF�����4tl�OrL��kliS�SiS_W�U�FyF�U��b6��4b�klj`hFplhL�4b�¤ cFt�jSt�kliD�4�z�4b��FyF�D�	bFcFaU^S�4b/k£��t�kls`aDiDkls`gS�

K
¦�Y��qiScL�qbF���UyL^x� Fb6hW�4i`eLt�aF��eL��p�^xrK^`t�sSk�h cL^`�SiSyFiD�<yL^xrLbF�Sk�� jSt�aFs`iSyFiSj>�Fi`eLi~��t�cFbF_.�4iScFiD�4t�yFiSj

{rn}, n = 0, 1, 2, . . . , N − 1
}ÖiSs`yFt�p�aFb

[rn, rn+1]
klyFtlrLcFt�_HrFeLbFcF�

a
�4iS���UskljSiS�Si�rLcFi�jSyL^`��^`s`gDk�h	jSiSaFyF�U�ZkljSiSb6�	aDiScF FiSjLY�Gvi`eLt�aF��eK^��FiS��y6�U��t�cL^�j�j`hFp�aF�U�cFgS�]s`iScFiSjDklaF�U�¡�	b6rLaDiDkls`g>�FyFb�s`t��4�Ft�yL^`s`�UyFt

T
}Tkli?kls`iSyFiScF�¡aDiSsSiSy6iS_�cL^

n
� _�4iScFiD�4t�y?rLt�_Lkls`jS�St�s	k�eL�U\L^`_FcL^xh
klb6eK^

f(n, t)
d	�l^��Dk�kliSj�s`t��6eLiSjSiS_>{��6�

〈f(n, t)〉 = 0, 〈fi(m, s)fj(n, t)〉 = 2ζkTδijδmnδ(s− t),� rLt
i, j = 1, 2, 3

bFc6rLt�aUkl�.�FyFiSt�aF FbF_�klb6eL�.cF^�rLt�aU^`yFs`iSjS� iDklbn}�^
k
dz�FiDkls`i~hFcFcL^xh«�i`eLgS L�f^`cL^FY

üq�Dkls`gZaOaFyL^`_FcFt��4���4iScFiD�4t�yF�
r0
j��4iD�4t�cFsqjSyFt��4t�cFb
¤

t0 < t
¦8�FyFb6eLi���t�ckla6^�\FiSa
klb6eL�

∆F (t0)
jOcL^`�FyL^`j`eLt�cFbFb>iDklb

Ox
Y � sx^`s`bLkls`bF\Ft�klaFbFt�yL^Skl\Ft�s`�t� ��ª���FiSaU^`p���jD^`�]sx}x\Fs`i��Fi�r	rLt�_Lkls`jSbFt�� ��s`iS_	klb6eL�H Ft�cFs`y2�f^Sk�k�rLjSb6��t�sSk�h	j`rLi`eLg

OxyL^`jScFiD�4t�yFcFiL}�klyFtlrLcFt�t?p�cL^�\Ft�cFbFt?aDiSiSyDrLbFcL^`s~^vaFyL^`_FcFt���i��4iScFiD�4t�yL^v�St�klaDiScFt�\6�cFiS_> Ft��FiS\FaFb
yL^Skls`t�sO�FiOp�^`aUiScF�
〈x0(t)〉 ≈

a∆F (t0)√
ζkT

(t− t0)1/2, t > t0. (2.3.1)

�]s`a6eLiScFt�cFbFtq¤ �6Y �FY �~¦¬iSsZi��	b6rK^`t��4iS_�eLbFcFt�_FcFiS_�p�^`jSbLklbL�4iDkls`b�iS�&É¬hLklc6hFt�sSk¨h�sSt���}\Fs`i2jDk�eLtlrKkls`jSbFt�j`hFp�aUiS�U�FyF�U��b6�
klb6e��4iScFiD�4t�yF�� Ft��FiS\FaFb�jSiSj`eLt�aU^`�]sSk�h
j2aUi`eF�eLt�aFs`bFjScFiSt	rLjSb6��t�cFbFt2j`rLi`eLg
Ox

cFt?klyL^`p�� jDkltS}8^
�FiDkls`t��Ft�cFcFiLm8\FbLk eLi
nτ
jSi`�j`eLt�\Ft�cFcF���>j	rLjSb6��tlcFbFt�p�^	jSyFt��8h

τ = t− t0
�4iScFiD�4t�yFiSj	yL^Skls`t�s	�FyFiS�FiSyF FbFi`�cL^xeLgScFi

τ1/2
m

nτ ≈
√
kT

a2ζ
τ1/2, τ = t− t0.

X<k�eL�U\L^`tqaUiScFt�\FcFiS_> Ft��FiS\FaFb>rFeLbFcFiS_
N
p�^ ö*ô�òÒÿ��¢����4+ø3�

τN = ζ(aN)2/(kT )�FyFb6�Si~rFhFs.jWcL^`�FyL^`j`eLt�cFcFiSt?rLjSb6��t�cFbFtvjDklt
t�t��4iScFiD�4t�yF��}§b�rLjSb6��t�cFbFtvjDklt�_�4i`eLt�aF��eL��jS���Si~rLbFs�cL^�eLbFcFt�_FcF��_vyFtl�	bL��YX�yL^`�SiSs`tÄ� �o´
��yL^Sk�k��4iSs`yFt�cL^��Si`eLt�t?�6eLiSs`cL^xhn}f\Ft��¡eLbFcFt�_FcL^xh£ Ft��FiS\Fa6^F}�f^`aFyFiD�4i`eLt�aF��eFhFyFcL^xh�kls`yF�UaFs`�UyL^2d
�qyL^`a6sx^xeLgScL^xh�klt�s`g>k�rLyFiS�ScFiS_vyL^`p��4t�yFcFi`�kls`gS�
df
Y>ýf^Sk�k��f^`s`yFbFjD^xh>yL^Skl�FyFiDkls`yL^`cFt�cFbFtqbL�4�F��eLgDk�^O�Fi	klbLkls`t��4t��4iScFiD�4t�yFiSja6^`a>�FyFiS Ft�k�kqk�eL�U\L^`_FcFiS��i��`eL�D�OrK^`cFb6h>cL^	�qyL^`aFs~^xeLtS}F�4i~�	cFiO�Fi`eL�U\FbFs`g

nτ ≈
(
kT

a2ζ

)df/2
τdf/2, 1 < df < 2,
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b

〈x0(t)〉 ≈
adf∆F (t0)

ζ1−df/2(kT )df/2
(t− t0)1−df/2, t > t0. (2.3.2)

X<k�eL�U\L^`tq�FyFiSbFp�jSi`eLgScFi�p�^xrK^`cFcFiS_
klbUeL�
F (t)

〈x0(t)〉 ≈ A
t∫

−∞

Φ2−df/2(t− t′)dF (t′) ≡ AΦ2−df/2 ∗ Ḟ (t),

� rLt
A = adfΓ(2−df/2)/[ζ1−df/2(kT )df/2]

}
k 9 d��FiDkls`i�hFcFcL^xhO«�i`eLgS L�f^`cL^F} T d^`�Dkli`eL�]s`cL^xh	s`t��4�Ft�yL^`s`�UyL^F}DsSiS\6a6^�cL^xr>klbL�4jSi`eLiD�.�q�UcFaF FbFb?iSp�cL^�\L^`t�sqrLbL���qtl�yFt�cF FbFbFyFiSjD^`cFbFtq�Fi	^`yF���6�4t�cFs`�SY

Ì,ºÍÌ,º�Í ê ö��³���]ÿ%Ó]ÿ�Ë]ÿ�÷Tÿ���ö]ëíì!ü]ÿ�÷5	ïî©¿�Ë(à 
qö��]ü
	
ð �!ÿ�÷7ñxòBóxòÀô�ò!ø!ò0�
��2.À��xò!ø3��6���4(��5*�oñ"����hFj`eFhF�]sSk�h¢aFbFcFt�s`bF\Ft�klaFbL���FyFi`� Ft�k�kliD��}�^SklbL�4�Fs`iSs`bF\Ft�klaFb¢jSiDkl�FyFiSbFp�jSi�rFhF��bL��yL^`jScFiSjSt�klcF�U� klsx^`s`bLkls`bFaF�HeLb6�cFt�_FcF���O�Fi`eLbL�4t�yFiSj�j��DiSyFiS{�t���yL^Skls`jSiSyFbFs`tleLtSYDX��Di�rLtz��s`iS��i��FyFiS Ft�k�k�^�\L^Skls`b6� L^q�FtlyFt��4t���^`t�sSk�hO�Fi��UpleK^S���FyFiDkls`iS_

d
� �4t�yFcFiS_OaF�U�SbF\Ft�klaDiS_OyFt�{�t�s`aFb	k�eL�U\L^`_6�cFiL}�cFivt�_Wp�^`�FyFt���t�cFiv�FiS�L^xrK^`s`gvjv�UpleL��}�aUiSs`iSyF��t	iScL^
�FiDklt�s`b6eK^vyL^`cFt�tSY � i`�iSs`jSt�sSkls`jS�U�]��^xh?¤ aFyF�U�FcFiD�f^Skl{�sx^`�ScL^xhK¦¬�6eLiSs`cFiDkls`gZyL^Sk��FyFtlrLtleLt�cFb6h�aUiSiSyDrLbFcL^`s\L^Skls`bF F��}DcL^~\L^`jS{�tl_	�`eL�D�OrK^`cFbFtzbFp]cL^�\L^xeK^�aUiSiSyDrFbFcL^`s�j�cL^~\L^xeLgScF��_2�4iD�4t�cFsjSyFt��4t�cFbn}6rK^`t�sSk¨h
jO��s`iD��k�eL�U\L^`tqcFiSyL�4bFyFiSjD^`cFcF�z���FyFiSbFp�jStlrLt�cFbFt��

p(r, t) = A(t)S(r, t)p0(r, t), A(t) =

[∫
S(r, t)p0(r, t)dr

]−1
,

d
� �4t�yFcFiS_?�l^~�Sk�kliSjSiS_	�6eLiSs`cFiDkls`b

p0(r, t)
b½ö/òÀôx÷0�xùJñ�÷oøBù��³öoõØ���xö(�oñ"���

S(r, t)
}iSs`yL^x�O^`�]��t�_	p�^`�FyFt�s�cL^��Ft�yFt�klt�\FtlcFb6hnY6��^�\Ft�kls`jSt�cFcFi���s`�OjSt�yFi~hFs`cFiDkls`g�iS Ft�cFb6�jD^`�]s?k�eLtlrL�U�]��bL��iS�SyL^`p�iD�¯� ����� Y�üqi`eK^`��^xhvjSt�yFi�hFs`cFiDkls`g?jSs`iSyFbF\FcFiS��i2�FiS�L^xrK^x�cFb6hHj �FiDklt���t�cFcF�U��yL^`cFt�t
s`iS\FaF�

q ∼ At/|r|d }fp�^`�FbLkl��jD^`�]s S(r, t) a6^`a�jStl�yFi~hFs`cFiDkls`g
sSiS�liL}n\Fs`i�p�^
N = t/∆t

cFt�p�^`jSbLklbL�4��� {�^`��iSj>sx^`aUiS��i
cFbWyL^`p���cFtk�eL�U\FbFsSk�hn}Fb
�FtlyFtl�Di~rFh>a
�FyFtlrLtleL�S}F�Fi`eL�U\L^`�]sFm
S(r, t) ∼ (1− q)N ∼ exp(−Nq) ∼ exp(−gt2/|r|d),

� rLt
g
d��Fi`eLi~�	bFs`tleLgScL^xh.�FiDkls`i�hFcFcL^xhnY[üqi~rKkls~^`cFiSjSa6^?��s`iS_��q�UcFaF FbFb.j�jS��yL^x���t�cFbFt�rFeFhv�6eLiSs`cFiDkls`b

p(r, t)
b�jS��\FbLk�eLt�cFbFt�klyFtlrLc6t���i2aFjD^xrLyL^`sx^OyL^Sk�kls`i~hFcFbUh�4tl�OrL��cL^�\L^xeLgScFiS_�b�aUiScFt�\FcFiS_?¤ a��4iD�4t�cFs`�

t
¦¬s`iS\Fa6^S�4b�s`yL^`t�aFs`iSyFbFb��Fy6bFjSi~rLbFsa
bFcFs`t���yL^xeL�

〈|r(t)|2〉 = A(t)

∫
exp[−F (r, t)]|r|2ddr, A(t) =

[∫
exp[−F (r, t)]ddr

]−1
,
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� rLt

F (r, t) =
|r|2
4Kt

+
gt2

|r|d .o�kl�Fi`eLgSp�iSjS^`cFbFt�rFeFh.iS Ft�cFaFb.iS�SiSb6��bFcFs`t���yL^xeLiSjv�4t�s`i~rK^
�Ft�yFt�jD^xeK^?�FyFbFjSi~rLbFsav^SklbL�4�6sSiSs`bFaDt
ξ(t) ≡

√
〈|r(t)|2〉 ∼ (gKt)νF , t→∞,

� rLtq�FiSa6^`p�^`s`tleLg
νF
rK^`t�sSk�hÄ��÷-ô+ÿ�4*�x÷*MÎ¿,�x÷-ô��4m

νF =
3

2 + d
.
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���"�K�94�:���÷7ñ�ñ�÷*�À÷�°�ô1�oñ"��þ>òBñ�ñ�÷*Ml�(°�ô�ò�°���<"�xò0M cL^`p���jD^`t�sSk�hÚ�f^`s`t��f^`s`bF\Ftl�kla6^~h��4i~rLtleLgL}Ls`iS\FcFt�tS}Tklt��4t�_Lk�sSjSi?�4i�rLtleLt�_n}K�FyFtlrLcL^`p�cL^�\Ft�cFcF���>rFeFh�iS�FbLk�^`cFb6h�FyFiS Ft�k�kliSj
yFiDklsx^�k�sSy6�6a6sS�Uynm��Fi`eLbL�4t�yFbFp�^` FbFbn}8iS�SyF^`p�iSjD^xcFb6hW^`��yFiSp�i`eLt�_n}¬yFiDklsaUi`e6eLiSb6rLiSjL}¬^`��yFt��l^` Fb6h�aFyL^SklcF����aFyFiSj`hFcF����s`tleLt� n}niS�SyL^`p�iSjD^xcFbFt�p�^`yFi�rL��{�t�_�FyFb���^`p�iSjS���?�Ft�yFtl�Di�rK^x�>b
rLynYK� ��Ñ�� YLX<iDklcFiSjSt�b6�>eLtl�	bFs2�FyFtlrFeLi���t�cFcFiSt�t���tGWY � �4i`eL�D�DiSjDklaFbL� ó�ô��"63���$��òBñ"�xòuøÀô�ò�5�ñxò�°*÷³ó�÷��1�K}njvaUiSs`iSyFiD�¢aUiD^xeLt�kl Ft�cF Fb6ha6eK^Skls`t�yFiSj£�FyFiSbLk��Di�rLbFs��F�Us`t��*�SbFcL^`yFcF���¢kls`i`eLaFcFiSjStlcFbF_�j��Fy6t�cFt��SyFtl��t�cFbFb�ZeL�UaFs`�D^` Fb6hL�4b
�FyFiDkls`yL^`cLkls`jSt�cFcFiS�liOyL^Skl�FyFtlrLtleLt�cFb6h
��s`b6�
iS�&Ént�aFs`iSjLY�ûÖjSi`eL�z� Fb6h aUiScF Ft�cFs`yL^` FbFb

nk(t) k
� \L^Skls`bF\FcF����a6eK^Skls`t�yFiSj>�FyFb.�Sk�eLiSjSbFbn}¬\Fs`i
j>tlrLb6�cFbF\FcFiD�HiS�&Ént��4t�yL^`p��4t�yL^	��t�cFt�yFbFyF�St�sSk�h

m
\L^Skls`bF �j2tlrLbFcFbF F�
jSyFt��4t�cFbn}KiS�Fb6�kl��jD^`t�sSk¨h
klbLkls`t��4iS_>rLbL���qt�yFt�cF FbL^xeLgScF���2�UyL^`jScFt�cFbF_

dnk(t)

dt
= mδk1 −


nk(t)

∞∑

j−1
Kkjnj(t)−

1

2

∑

i+j=k

Kijni(t)nj(t)


 .

F]rLyL^
Kij

�FyFbF�`eLb6��t�cFcFi��U\FbFs`��jD^`�]s�p�^`jSbLklbL�4iDkls`g�klt�\Ft�cFbF_�kls`i`eLaFcFiSjSt�cFbF_bB�Fi~rLjSb6�	cFiDkls`bBa6eK^Skls`t�yFiSj¢iSs¢bU�ByL^`p��4t�yFiSjLYdüqiDk�eLt£p�^S�4t�cF�,�Ft�yFt��4t�cFcF���
t̃ =
√
mt
}
ñk(t̃) = nk(t)/

√
m
�4cFi��	bFs`tleLg

m
�FyFb
rLtleLgxs~^x� klbL�4jSi`eLt�bLkl\Ft�p�^`t�s	bj	�FyFtlrLtleLt��Si`eLgS{�b6�?jSyFt��4t�cn}FaUiS� rK^OklbLkls`t��f^�u~p�^`�S��jD^`t�sF|�i	cL^�\L^xeLgScF���>�Sk�eLi`�jSb6h6�¬}6yFt�{�t�cFbFtqt�t��FyFbFcFbL�f^`t�s	^`jSs`iD�4i~rLtleLgScF��_?jSb6r

nk(t;m) ∼
√
mfk(

√
mt).

�]sSkl��rK^	k�eLtlrL�St�s~}L\Fs`i2j2klsx^` FbFiScL^`yFcFiD��k�eL�U\L^`t�yL^Skl�FyFtlrLtleLt�cFbFt�a6eK^Skls`t�yFiSj	�FiyL^`p��4t�yL^S�
nk
bOjSy6t��8h�yFtleK^`a6k�^` FbFb�a�cFt��4�

τk
bL�4t��]sZ�U^`yL^`aFs`t�yFcF��t��4^Skl{�sx^`�S�

nk ∼
√
m
b
τk ∼ 1/

√
m
}§j.s`iWjSyFt��8h�a6^`aHp�^`aUiSc�yFtleK^`a6kl^` FbFbH�FyFb

m = 0hFj`eFhFt�sSk¨h
cFt���a6k��FiScFt�cF FbL^xeLgScF�z��m
nk(t; 0) ∼ t−1, t→∞.
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«�i`eLt�t§iS�S��bF_��Fi~rF�Si~r�}�jS���Di�rFhF��bF_�p�^��FyFtlrLtleL�W�FyFbF�`eLb6��t�cFb6h�klyFtlrLcFt���i�Fi`eFhn}UbLkl�Fi`eLgSp��St�s��FyFtlrKkls~^`j`eLt�cFbFtq�FyL^`jSiS_2\L^Skls`b>�UyL^`jScFt�cFbUh?j�jSb6rLtZi~rLcFiSyFi~rF�cFiS_.�q�UcFaF FbFb kls`t��Ft�cFb

δ
¤ j?rL�D�Dt	klaDt�_6eLbFcF��iSjS�����FiDkls`�~eK^`s`iSj>s`t�iSyFbFb aFyFbFs`b6�\Ft�klaFb6�?hFj`eLt�c6bF_K¦�m

dnk(t)

dt
= mδk1 −Gk(n1, n2, . . . ), Gk(λn1, λn2, . . . ) = λδGk(n1, n2, . . . ).

w]klbL�4�Fs`iSs`bF\Ft�klaDiSt��FiSjStlrLt�cFbFtqyFt�{�t�cFb6h>sx^`aUiS��i��UyL^`jScFt�cFb6hÄ� �`���
nk(t;m) ∼ m1/δfk(m

1−1/δt).

iSs�eLbF\L^`t�sSk¨h�iSszp�^`�FbLk�^`cFcFiS��izyL^`cFt�tÖ�FyFiSbFp�jSi`eLgScF�z�>�FiSa6^`p�^`s`tleLt��
δ
Y~wzcL^xeLiS��bF\6�cF�z�£iS�SyL^`p�iD���4t�c6hFt�sSk�h
b
�FiSaU^`p�^`s`tleLgOp�^`aDiScL^�yFtleK^`aUk�^` FbFbnm

nk(t; 0) ∼ t−1/(δ−1), t→∞.

Ì,ºÍÌ,º¦ò »�ö��V����óÆë�Ë]ü�ñKã����Äô �§öØÎ�
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XÎ�leLt��4t�cFsx^`yFcFiS_ �4i�rLtleLb b6rLt�^xeLgScFiS��i ¤ jD^`aF�U�6�4cFiS��iU¦£aDiSc6rLt�cLk�^`s`iSyL^kla6^�\FiSa#�FyFb6eLi���t�cFcFiS��i�a,cFt��4� j �qbFaUklbFyFiSjD^`cFcF��_#�4iD�4t�cFs jSyFt��4t�cFb

t0cL^`�FyDh6��t�cFb6h
U(t) =

{
U = const, t < t0;
U +∆U(t0) = const, t > t0�FiSyFi~�OrK^`tls�rLtleLg~sx^x� bL�4�F��eLgDkZs`iSa6^

I0(t) = C0∆U(t0)δ(t− t0),
� rLt

C0
d!u~��t�iD�4t�s`yFbF\6t�kla6^xhn|�t��4aUiDkls`g�� �6�0� Y � ^`�Fi`eLcFt�cFbFt.�4tl�	�leLt�aFs`yFi~rFcFiS��ijD^`aF�U�6�f^vrLbF�leLt�aFs`yFbFaUiD�B�FyFbFjSi~rLbFs a£rLiS�Fi`eLcFbFs`tleLgScFiS_�kliDkls~^`j`eFhF�]��t�_£s`iSa6^

Iχ(t)
}Fp�^`jSbLk�hF��t�_?iSs	kljSiS_Lkls`j�rLbF��eLt�aFs`yFbFa6^Ob
jSyFt��4t�cFbn}Fsx^`a>\Fs`i

I(t) = I0(t) + Iχ(t).

X!iSs�eLbF\FbFt2iSsv�Ft�yFjSiS_n}n��t�iD�4t�s`yFbF\Ft�klaUiS_�kliDklsx^`j`e6hF�Z��t�_n}�p�^`jSbLklbL�8iDkls`g�f^`s`t�yFbL^xeLgScFiS_2kliDkls~^`j`eFhF�]��t�_	iSs�jSyFt��4t�cFbO�U^`yL^`aFs`t�yFbFp��`t�sSk�h2�4iScFiSs`iScFcFi�kl�L^x�rK^`�]��t�_
jDk�eLtlrKkls`jSbFt��FiSs`t�yFg	��cFt�yF��bFbv�q�UcFaF FbFt�_nYKX<�FyFiDkls`t�_F{�t�_v�4i~rLtleLb�ð�tl��D^xh	�FiSs`t�yFb2�U\FbFs`��jD^`�]sSk�h2jSjStlrLt�cFbFt��.j�k��Dt��4��p�^S�4t���t�cFb6h2yFt�p�bLkls`iSyL^F}S�FyFbFjSi`�rFhF��bL�£a
�FiS�F��eFhFyFcFiS_
�qiSyL�4�~eLt
Iχ(t) = Iχ(t0)e

−(t−t0)/τ , τ > 0.GvcFiS��iS\FbLk�eLt�cFcF��t
��a6kl�Ft�yFbL�8t�cFs`��}Öi~rLcL^`aUiL}4�FiSa6^`p�^xeLbn}4\Fs`iWcL^`�`eL��rK^`tl��f^xhvp�^`jSbLklbL�4iDkls`g
Iχ(t)

�D^`yL^`aFs`t�yFbFp��St�sSk�hv�Si`eLt�t��S�zkls`yF�z�Hkl�L^xrLiD��cL^2�4^xeL���



Ã$¥ áU�,�5�G&x���x��Æ��S�!�"ã>�x��Æ����[������ãx� ªF�
jSyFt��4t�cL^x��b.�Si`eLt�tO�4tlrFeLt�cFcF�z�¢dvcL^
�Si`eLgS{�b6�¬Y¬wzcL^xeLbFs`bF\Ft�klaFb.��s`ivjS��yL^x�O^x�t�sSk�hÂ:(����÷7ñ�÷*ÿ"�¬2�ô��"� ��÷7ñ�¡ ö(��M�5���òÀô1��� �S�6}L�(���

Iχ(t) = B∆U(t0)(t− t0)µ−1 = A∆U(t0)Φµ(t− t0),

B = const, A = BΓ(µ), 0 < µ < 1, t > t0,�Dkls~^`cFiSj`eLt�cFcF�z���Si`eFt�t�klsx^OeLt�s	s`iD�4�>cL^`p�^xr�Y" Ök�eLbvp�^`jSbLklbL�4iDkls`g	cL^`�FySh6��t�cFb6hiSs>jSyFt��4t�cFb �D^`yL^`aFs`t�yFbFp��St�sSk�h cFtOs`i`eLgSaUi
kla6^~\FaU^S�4bn}ncFi
b cFt��FyFt�yF��jScF�z�¢bFp���4t�cFt�cFbFt����4tl�OrL�	cFbL�4bn}Us`i�s`iSa ¤ �FyFb
U(t) = 0

rFeFh
t < 0

¦§jS��yL^x�O^`t�sSk¨h2\Ft�yFt�pbFcFs`t���yL^xe³ý§bL�f^`cL^x� � s`b6eLs`gSt�k�^Fm
Iχ(t) = A

t∫

0

Φµ(t− t′)dU(t′) ≡ AΦµ ? U̇(t). (2.3.3)

��^`�FiD�4cFbL��}�\Fs`i¡�FyFt�iS�SyL^`p�iSjS^`cFbFt���^`�6eK^Sk�^�kljSt�yFs`aFb�rLjS�D�!�q�UcFaF FbF_�FyFbFjSi�rLbFs	av�FyFiSbFp�jStlrLt�cFb6�Bb6�>s`yL^`cLk��qiSyL�f^`cFs~}Ls~^`av\Fs`i2s`yL^`cLk��qiSyL�f^`cFs~^OjS���yL^x��tlcFb6hW¤ �6Y �FY �D¦ÖbL�4t�t�sOjSb6r
Îχ(λ) = ú {Φµ ? U̇(t)}(λ) = λ−µ ú {U̇(t)}(λ) = λ−µλ ú {U(t)}(λ) = λ1−µÛ(λ).GvcFiS��iSaFyL^`s`cFiO�Fi~rLjSt�yF��^`jS{�bF_Lk�h?�Ft�yFt��FyFiSjSt�yFaUtqj	{�bFyFiSaUiD��jSyFt��4t�cFcFiD�rLbL^`�L^`p�iScFt>¤ jS�6eLiSs`g?rLi?cFt�klaUi`eLgSaFb6�vrLc6t�_K¦�}¬��s`iSs>p�^`aUiSc�iSa6^`p�^xeKk¨h�kl�FyL^`jStlrFeLb6�jS�z��}nj�\L^Skls`cFiDkls`bn}nrFeFhWs~^`aFb6�.jS�zkliSaUiSs`tl�6cFi`eLi`��bF\Ft�klaFb6��rLbF�leLt�aFs`yFbFaUiSjL}�aU^`a�Fi`eLbF�FyFiS�Fb6eLt�cn}`�6i`eLbLkls`bFyFt�c	b�rLynY$� �S�0� }xaDiS� rK^Z�FiDkls`i�hFcFcL^xh

1−µ iS\Ft�cFgq�`eLbFp�a6^a.�	¤ÅrFeFh
�Fi`eLbF�FyFiS�Fb6eLt�cL^
1− µ ∈ (0, 999, 1))

Y
Ì,ºÍÌ,º¦õ ö�÷Tü���Ó]ø��§ø4ü]þ]ÿ�÷��]ü�÷Tø4ÿ%Ó]ÿ�����¶�ÿ

öØÓ�Ó�Ë�����÷Tü��vöØÏ]ü]ü�Ë]ÿ#¿Zö���÷TöØÏ]ü]ü
� bLkls`t��f^`s`bF\Ft�klaFbFt.��a6kl�Ft�yFbL�4t�cFs~^xeLgScF��t.bLk�k�eLtlrLiSjD^`cFb6h�rLbF�leLt�aFs`yFbFaUiSjjSyFt��4t�cFcF�z�4b	b	kl�Ft�aFs`yL^xeLgScF�z�4b2�4t�s`i�rK^S�4b	�UaFyFt��Fb6eLi�bLk�k�eLtlrLiSjD^`s`tleLt�_Oj��4�zk��eLbn}z\Fs`i�kls`t��Ft�cFcFiStS}zb6eLb��Si`eLt�t.iS�S��iL}�^SklbL�4�Fs`iSs`bF\Ft�kla6bBkls`t��Ft�cFcFiStW�FiSjStlrFtl�cFbFt yFtleK^`a6k�^` FbFb¢k�eLi~�	cF���<cFt��U�FiSySh6rLiS\Ft�cFcF����rFbF�leLt�aFs`yFbFaUiSj£hFj`eFhFt�sSk�h¢s`b6��FbF\FcF�z��YLw]cF^xeLbFp�bFyF�`hv�4cFiS��iS\FbLk�eLt�cFcF��tq��a6kl�Ft�yFbL�4t�cFs~^xeLgScF��t�rK^`cFcF��tqb
yL^`pl�jSbFjD^xh£rK^xeLt�t�kls`t��Ft�cFcF�U� aUiScF Ft��F FbF� cFtlrLt��D^`t�jDklaUiS_�yFtleK^`a6k�^` FbFbn}Ið���iScF{�t�y�FyFtlrFeLi��	b6e��q�UcFaF FbF�i� �F}1'(�

f(t) = A[(t/τ)µ+1 + (t/τ)ν ]−1 ∼
{
A(t/τ)−µ−1, tÀ τ, 0 ≤ µ ≤ 1;
A(t/τ)−ν , t¿ τ, 0 ≤ ν ≤ 1



ªD� ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
a6^`a¢^`�F�FyFiSaUklbL�f^` FbF�l4�ñ"�xö/òÀô�ø3���xú�ñ�÷�°*÷Ä:(����÷7ñ���ô�ò/�����+øå��<"�"�K}Öi��6jD^`s`��jD^`�]���U�jDklt]s`jSt�yDrL��tZ�Fi`eFhFyFcF��t]rLbF�leLt�aFs`yFb6aFbnYLX�kl�Ft�aFs`yL^xeLgScFiD�.�FyFtlrKklsx^`j`eLt�cFbFb?aUiD�8��6eLt�aUklcFiS_
jSiDkl�FyFbFbL�4\FbFjSiDkls`b

χ̃(ω) ∼
{
B(ωτ)µ, ωτ ¿ 1,
B(ωτ)ν−1, ωτ À 1.

�]�Dkl�D�OrK^xh
�qbFp�bF\Ft�klaFbFt�iDklcFiSjD^`cFb6h?cFtlrLt��D^`t�jDklaUiS_>yFtleK^`aUk�^` FbFbvj	s`jSt�y6�rL����s`tleK^x�¬}�ð���iScF{�t�y£iSsS�4t�\L^`t�s klyFtlrLb£�FyFiS\Ft���iL}8\Fs`i yFtleK^`a6klbFyF�U�]��bFt>�leLtl��4t�cFs`�¡d?rLbF�Fi`eLbn}K�Ft�yFt�kla6^`aFbFjD^`�]��bFt�bFp�eLiSjS�U{�aFbvj2eLiSjS�U{�aF�S}Lp�^`yDh6rL��}LrLyF�D���bFt�iS�SyL^`p�iSjS^`cFb6h?jSp�^`bL�4i~rLt�_Lkls`jS�U�]sO�4tl�OrL�
kliS�SiS_?b�kqiSaFyF�D��^`�]��t�_vklyFtlrLiS_n}sx^`aW\Fs`i �4bFaFyFiDklaDiS�FbF\Ft�klaFbFt?yFtleK^`aUk�^` FbFiScFcF��t2�FyFiS Ft�k�kl��bFp��8t�c6hF�]s klyFtlrL� b��s`i�bFp��4t�cFt�cFbFt j`eLb6hFt�s£cL^£b6�<s`t�\Ft�cFbFtSYzX�s`i�jSyFt��8hn}�aU^`a<rLt��D^`t�jDkla6^xh�s`t�i`�yFb6h�iS�FbLkl��jD^`t�s�yFtleK^`aUk�^` FbF��a6^`a��4cFi~��t�kls`jSi��L^`yL^xeFeLtleLgScFi�s`t�aF�U��b6�qjSp�^`bL�4cFi`�cFt�p�^`jSbLklbL�4���2�FyFiS Ft�k�kliSj
¤ iSsSkl��rK^�b>��a6kl�FiScFt�cFsx^D¦�}6j�rLt�_Lkls`jSbFs`tleLgScFiDkls`b>�Si`eLt�t�FyL^`j`rLiS�Fi�rLiS�ScF�z���FyFtlrKklsx^`j`eFhFt�sSk¨h2bFt�yL^`yS�6bF\Ft�kla6^xh	�FiDk�eLtlrLiSjD^`s`tleLgScFiDk�s`g��FyFi`� Ft�k�kliSjL}§�FyFbFjSi�rFhF��^xhn}§a6^`aHb<j�k�eL�U\L^`tvs`�UyF�S�~eLt�cFs`cFiS_<klyFt�rL��}Öa¢kls`t��6t�cFcF�z�p�^`aUiScFiD�8t�yFcFiDkls�hL��Y ]iSyFiS{�i]bFp�jSt�kls`cF�Wb�\L^Skls`i]bLkl�Fi`eLgSp��U�]sSk�h�k�eLtlrL�U�]��bFt�^`�F�FyFiSa6klbL�f^` 6bFbcFtlrLt��D^`t�jDklaDiS_?yFtleK^`a6k�^` FbFbnm#��÷-ô+ÿ�4*���k�6÷*4*�����¶�6÷*4*����� ��'(�
χ̃(ω) =

1

1 + (iωτ)α
, 0 < α ≤ 1,

�6÷*4*����� �B�oö���57øB÷7ñ���� �S�*�
χ̃(ω) =

1

(1 + iωτ)β
, 0 < β ≤ 1,

b
b6�?aUiD�4�SbFcL^` Fb6h?d���÷-ô+ÿ�4*���s���/ö*ô����xú*���
���¶÷Jò�°��!ÿ��_� �`ª�� m
χ̃(ω) =

1

[1 + (iωτ)α]β
, 0 < αβ ≤ 1.

üqyFb
α = β = 1

jDkltqiScFb
�FyFbFcFbL�f^`�]s	jSb6r

χ̃(ω) =
1

1 + iωτ
,

kliSiSs`jSt�sSkls`jS�U�]��bF_?rLt��D^`t�jDklaUi`_?yFtleK^`a6k�^` FbFbnYX!yL^`�SiSs`t	�qiS�~eK^x� �ZiS��eK^Ç� ��'(�§rK^`cL^
iS�S{�bFyFcF^xhWkljSi�rLa6^>�L^`yL^S�4t�s`yFiSj�^`�6��FyFiSa6k�bL�f^` FbFb
rFeFhvyL^`p�cF���
jSt���t�kls`jL}FjS��rFt�yD�	aF�>bFp�aDiSs`iSyFiS_v�4���FyFbFjSi~rLbL��j©�^`�`e�YK�6Y �6Y
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α
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�
.B +%5a(�!9+:� #��&�Q[.!0-9#� i ò \/Á M71 �
.!)#.�aX%+ ôxò \/Á òBL
�
.B +%5a(�!9+:� #��&�Q[.!0-9#� ijM7\ \/Á `�F ��&*b-%+ 5. P�L \/Á F�`
�
.B +%5a(�!9+:� #��&�Q[.!0-9#� iÝL!\ \/Á F�` {�$7&*?�9#��N+%#)+&*?/0 ôxò \/Á ò~òBL
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Q[.!0-9#�

Ì,ºÍÌ,º��mø »�ö4ø?Ë(èÖö��]ü]ÿ�¿7ë��vü��]ÿ�÷�Ï]ÿ���Ï]ü]ü
�qbFcFt�s`bFa6^zp�^`s`�D�U^`cFb6h�kl�FiScFsx^`cFcFiS_�eL�Z�4bFcFt�kl Ft�cF FbFb�j]�FyFiDkls`t�_F{�t���k�eL�D�\L^`tS}xaUiS��rK^q�4i��	cFi��FyFt�c6t��SyFt�\FgqjSyFt��4t�cFt���aDi`eLt��D^`s`tleLgScFiS_�yFtleK^`a6k�^` FbFb�bOjSt�yFi`�hFs`cFiDkls�hL�4bW�St�p���pleL�U\L^`s`tleLgScF�����Ft�yFtl�Di~rLiSjL}¬iS�FbLkl��jD^`t�sSk�hn}naU^`aWb.rLt��D^`t�jDklaU^xhyFtleK^`aUk�^` Fb6hn}F��aUkl�FiScFt�cF FbL^xeLgScF�z��p�^`aUiScFiD�

I = I0e
−t/τ .

ûÖs`iSs>p�^`aUiScn}Ti~rLcL^`aUiL}TcL^`�`eL��rK^`t�sSk�h yFtlrLaDiLYn�qbFcFt�s`bFa6^>�Si`eLt�tOk�eLi~�	cF�����4tl�U^x�cFbFp��4iSj�s`bF�FiSj�eL�Z�4bFcFt�kl Ft�cF FbFb�¤ yFt�aUiD�4�SbFcL^` FbFiScFcFiS_n}neL�Z�4bFcFt�kl Ft�cF FbFb£aFyFb6�klsx^xeFeFiD��iDkl��i`yFiSjD¦�}	j/aDiSs`iSyF����jD^x�	cF�U� yFi`eLg/bF��yF^`�Zs�bFpleL�U\L^`s`tleLgScF��t¡b�St�p���pleL�U\L^`s`tleLgScF��t��Ft�yFtl�Di�rL��}�p�^x�6jD^`sW�leLt�aFs`yFiScFiSj£b<rL��yFiSa�eLiSjS�U{�a6^S�4b�brLyF�U��bFtq�FyFiS Ft�k�kl��}L^`�F�FyFiSaUklbL�4bFyF�St�sSk¨hÁ°���óxòÀô�67÷��x÷*Mq�
ò��&�+òÀô�ò/�1�
I = I0(1 + t/τ)−α, 0, 5 < α ≤ 2,

� rLt
τ
}Ua6^`a2b>jS��{�tzd��Fi`eLi~�	bFs`tleLgScL^xh2�FiDkls`i~hFcFcL^xh?k]yL^`p��4t�yFcFiDk�sSgS�¢jSyFt��4t�cFbnYX�i	�4cFiS��b6�
k�eL�U\L^xh6�?�FiDkls`i~hFcFcL^xh>��s~^OcL^Skls`i`eLgSaUi	�f^xeK^F}6\Fs`i	��a6kl�Ft�yFbL�4t�cFs~^xeLg`�cF��tZrK^`cFcF��t�^`�F�FyFiSaUklbL�4bFyF�U�]sSk�hvkls`t��Ft�cFcFiS_v�q�UcFaF FbFt�_

I(t) = At−α = AΓ(1− α)Φ1−α(t)

j2{�bFyFiSaDiD��rLbL^`�L^`p�iScFt�jSyFt��4t�cnYK©�^`an}TcL^	yFbLk`Y��FY �� FbFs`bFyF�St��4iS_�aFcFbF��b>� '(�8��a6k���Ft�yFbL�4t�cFs~^xeLgScF��t�rK^`cFcF��t��Fiqp�^`s`�D�U^`cFbF�£eL�Z�4bFcFt�kl Ft�cF FbFb	j
p
� s`bF�Ft�ù S ~ F �FyFb'L} �H�²�FiDk�eLtWiS�Fs`bF\Ft�klaDiS��i�jSiSp��S�D�OrLt�cFb6h�bL�4�F��eLgDkliD�*rFeLbFs`tleLgScFiDkls`gS� ´£cLk�DiSyFiS{�i.eLi~�O^`sSk¨h<cL^£a6yFbFjS�U�

At−1,34
j�rLbF^`�L^`p�iScFt�jSyFt��4t�c<iSs

5 · 10−8 rLi
10−3

k�¤«ý§bLk`Yf�6Y �S¦�Y � ^`s`�D�U^`cFbFt�eL�Z�4bFcFt�kl Ft�cF FbFb£j�kls`b6eLgS�St�cFtS}�bLkl�6i`eLgSp��St��4iD��FyFbOyFt���bLkls`yL^` FbFb�h6rLt�yFcF����bFpleL�U\Ft�cFbF_n}S^`�F�FyFiSa6klbL�4bFyF�St�sSk¨h	kls`t��Ft�cFcFiS_	�q�UcFa6� FbFt�_�k
α = 1, 1

j
rLbL^`�L^`p�iScFt
10−8 − 10−4

kxY � ^`s`�D�U^`cFbFtOeL�Z�4bFcFt�kl Ft�cF FbFb�j
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At−1,34 Ú¹) M+* ñ
�4t�s`b6eL FbFa6eLiS��t�aUk�^`cFt�¤ �SbL�qt�cFb6eLgScFiSt�kls`t�a6eLi��FyFb¬´�´]��¦�}xjSiSp��S�D�OrK^`t��4iS_�aUiSyFiSsx�aFbL��bL�4�F��eLgDkliD���S�zkls`yF�����leLt�aFs`yFiScFiSjWb�rFeLbFs`tleLgScF�z��iS�`eF�6\6t�cFbFt��!�l^S�f�f^x�bFpleL�U\Ft�cFb6hn}8�FyFiSbLk��Si~rLbFs��Fi�i~rLcFiD�4� b£s`iD�4� ��t>kls`t��Ft�cFcFiD�4�Wk2�FiSa6^`p�^`s`tleLt��
α = 1, 06

j�rLbL^`�L^`p�iScFt
10−6 − 10−3 Q Y

Ì,ºÍÌ,º���� »�ö4ø?Ë(èÖö��]ü]ÿ¡ø?Ë�Ë�î©Ë?¿Zÿ��]ø����Ö÷Tø4ü
G�^`aFyFiDklaUiS�FbF\Ft�klaFbFt��ZeL�UaFs`�S^` FbFbn}KcL^`�`eL��rK^`t��8��t�j?s`�UyF�S��eLt�cFs`cF���v�Fi`�s`iSa6^x�¬}Lsx^`a6��t��D^`yL^`aFs`t�yFbFp��U�]sSk�h�kls`t��Ft�cFcF�z�4b�p�^`aDiScFiD�4t�yFcFiDkls�hL�4bnYToqp�iSs`yFiS�6�cF�U�BsS�UyF�S��eLt�cFs`cFiDkls`g�¤ aUiS��rK^ 〈v〉 = 0

¦z�4i~�	cFi2�FyFtlrKkls~^`jSbFs`g>klt��St�a6^`a
rLjSb6��tl�cFbFtZ�	b6rLaUiDkls`bn}F�Fi~rFjSt�yF��cF�Us`iS_
klb6eLgScFiD�4�2jSp��D^xeLs`��jD^`cFb6��b
�FyFtlrLiDkls~^`j`eLt�cFcFiS_p�^`s`t��¢k�^S�4iS_.klt��StSY � eLtlrL�`hÑ� �+´
� }¬yL^Sk�k��4iSs`yFbL�<�Fi~hFj`eLt�cFbFtOkls`t��Ft�cFcFiS��i
p�^`aUiScL^p�^`s`�D�U^`cFb6h�bFp�iSs`yFiS�FcFiS_�s`�UyF�S��eLt�cFs`cFiDkls`bn}`iS�FbFyL^xhLklg]cL^qkl�Ft� FbL�qbF\Ft�klaFbF_B:(����÷7ñ
øB÷�È/ô1�oñxòBñ"����ù¬Jm��JKù�÷*M"<��xñxø0��÷�°*÷

∫
〈v(x, t)v(x+ r, t)〉r2dr = const,

j�kljSiS�¢iS\6t�yFtlrLg�jS��s`t�aU^`�]��bF_2bFp]p�^`aUiScL^qbFp��4t�cFt�cFb6h>�4iD�4t�cFs~^�bF�4�F�~eLgDk�^�s`�Uy6��S��eLt�cFs`cFiS_�klyFtlrL��YIüqi�rL��cFs`t���yL^xeLgScFiSt?jS��yL^x��t�cFbFt?�S�zkls`yFi �U�S��jD^`t�svp�^��Fy6tl�rLtleK^S�4b2iS�`eK^Skls`b	yL^`p��8t�yFiSj
l
¤ iDklcFiSjScFiS_	�f^Skl{�sx^`��s`�UyF�S��eLt�cFs`cFiS��i�rLjSb6��t�cFb6hK¦�}



Ã$¥ áU�,�5�G&x���x��Æ��S�!�"ã>�x��Æ����[������ãx� ªD�
sx^`a>\Fs`i	�FyFbF�`eLb6��t�cFcFi	�4i~�	cFiO�Fi`eLi~�	bFs`g

v2l5 ' const. (2.3.4)

üqiSa6^2\FbLk�eLi ý8t�_FcFi`eLg`rKk�^?jStleLbFaUiL}¬klaUiSyFiDkls`g?rLbLk�klbF�L^` 6bFb.��cFt�yF�lbFb.j>tlrLbFcFbF FtiS�&Ént��f^
ε
iS Ft�cFbFjD^`t�sSk¨h jStleLbF\FbFc6iS_

ρv3/l
Y�üqyFbFyL^`jScFbFjD^xh�t�tOa iS Ft�cFaUtO�FyFiSbFpl�jSi~rLc6iS_>aFbFcFt�s`bF\Ft�klaDiS_v��cFt�yF��bFb

ρv2/t
}FcL^x�Di~rFbL�

l ∼ vt }FiSs`aF��rK^

v ' const

t5/7
.

©�^`aFbL�HiS�SyL^`p�iD��}FklaUiSyFiDkls`g	bFp�iSs`yFiS�FcFiS��i	s`�UyF�S��eLt�cFs`cFiS��iOrLjSb6��t�cFb6hvp�^`s`�D�U^`t�scL^>��s`iS_.klsx^xrLbFb.iS�SyL^`s`cFi>�FyFiS�FiSyF FbFiScL^xeLgScFi
t5/7
}n^>iDklcFiSjScFiS_ �f^Skl{�sx^`�>s`�Uy6��S��eLt�cFs`cFiDkls`b
yL^Skls`t�sO�Fi�:(����÷7ñ"4S��J£÷-J£�6÷��+ÿ�÷�°*÷-ôx÷oö(�

l ∝ t2/7.=qbLk�eLiný4t�_FcFi`eLg`rKk�^
Re = vl/ν

�L^xrK^`t�sW�FiWp�^`aUiScF�
t−3/7

}Öb��FiWbLkls`tl�\Ft�cFbFb>rLiDklsx^`s`iS\FcFiO�Si`eLgS{�iS��i�jSyFt��4t�cFbvkl�U��t�kls`jSt�cFcF�U�¡yFi`eLgOj	s`�UyF�S��eLt�cFs`cFiD�rLjSb6��t�cFbFb>�	b6rLaUiDkls`b
cL^~\FbFcL^`t�s�bF��yL^`s`g	t�tqj`hFp�aUiDkls`gLY1��^���s`iS_vkls~^xrLbFb
ε =

ρν

2

(
∂vi
∂xk

+
∂vk
∂xi

)2
∼ ρνv2

l2

bOkliS�FiDklsx^`j`eLt�cFbFt���s`iS_�jStleLbF\FbFcF��k�kli�klaUiSyFiDkls`gS���FiSs`t�yFgqaFbFcFt�s`bF\Ft�klaUiS_O��cFt�yU���bFb>rK^`t�sO�qiSyL�4�~eL�
l ∼
√
νt,kliS�FiDkls~^`j`eFh6h�aUiSs`iSyF�U�<k�jS��yL^x��t�cFbFt���¤ �6Y �FY 'U¦�}x�FyFb6�Di~rLbL��a2�qiSyL�4��eLtS}`iS�FyFtlrLtl�eFhF�]��t�_Wp�^`aUiSc.p�^`s`�D�U^`cFb6h.bFp�iSs`yFiS�FcFiS_Ws`�UyF�S�~eLt�cFs`cFiDkls`bWcL^v�FiDk�eLtlrLcFb6�Wklsx^x�rLb6h6�>tlt�kl�U��t�kls`jSiSjD^`cFb6hnm

v ∝ t−5/4.� iSiSs`jSt�sSkls`jS�U�]��^xh£��s`iS_�kls~^xrLbFbHaUiSyFyFtleFhF FbFiScFcL^xhH�q�UcFaF Fb6hHklaUiSyFiDkls`b�bL�4tl�t�sOjSb6r
〈v(x, t)v(x+ r, t)〉 ∝ t−5/2 exp(−r2/[8νt]).

Ì,ºÍÌ,º��[Ì ç
ÿ#¿Zö���÷TöØÏ]ü
	 ��÷�Ó]ü������X¶éè�÷Tø4ÿ��¸¿Zö�è
=qyFt�p�jS��\L^`_FcFi�bFcFs`t�yFt�klcF�z�4b�j yL^Sk�k��f^`s`yFbFjD^`t��4iD�¡�6eK^`cFt
iSa6^`p���jD^`�]sx�k�h£kl�FbFcFiSjS��t?kls`t�a6eK^F}8j�aUiSs`iSyF���WjSp�^`bL�4i�rLt�_Lkls`jSbFt>�8tl�OrL��kliDkltlrLcFbL�4b�bFp�bFc6���iSjDklaFbL�4b.kl�FbFcL^S�4b��4i���t�sv�S��s`g
a6^`aW�qt�yFyFiD�f^`��cFbFs`cF�z��}nsx^`a.bW^`cFs`bL�qt�yFyFi`��f^`��cFbFs`cF�z��Y��ZeK^Sk�klbF\Ft�klaFbL��kl�FbFcFiSjS�z��kls`t�a6eLiD�!hFj`e6hFt�sSk�h�kl�6eK^`j.��tleLt�p�^Wkp�i`eLiSs`iD��}Lkli�rLt�yD�O^`��bF_>eLbF{�g	cFt�klaDi`eLgSaUiO�FyFiS Ft�cFs`iSjO��tleLt�p�^FY�ûÖs`iSs2kl�6eK^`j	iS�`�cL^`yF�D�	bFjD^`t�s?�Ft�yFtl�Di�r.j
p�^S�4iSyFi���t�cFcFiStOkliDkls`i�hFcFbFt	kl�FbFcFiSj>�FyFb.s`t��4�Ft�yF^`sS�UyFt
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Tf ≈ 5÷15 ÿ jqp�^`jSbLklbL�4iDkls`b�iSsqaUiScF Ft�cFs`yL^` FbFbnY � �FbFcF�íu � k�eL�U\L^`_FcF�z��iS�SyL^x�p�iD�WyL^Skl�FyFtlrLtleLt�cF��klyFtlrLb>cFt��f^`��cFbFs`cF���?bFiScFiSjs~ P b>jSp�^`bL�8i~rLt�_Lkls`jS�U�]s�rLyF�U�k�rLyF�U��iD��kO�FiD�4iS��gS��cFt��FyDhL�4iS��iviS�D�8t�cFcFiS��iv�4tl�U^`cFbFp��f^FY%��^
�Si`eLgS{�b6��yL^Sk��kls`i~hFcFb6h6�<��s`i�jSp�^`bL�4i~rLt�_Lkls`jSbFt�iS�FbLkl��jD^`t�sSk�h<�L^`yL^S�4t�s`yFiD�*jSp�^`bL�4i�rLt�_Lkls`jSb6h
J(r) ∝ r−3 cos(2kF r)

}T��rLt
kF
d
�qt�yL�4bFiScFcF��_�jSi`eLcFiSjSiS_vjSt�aFs`iSy��leLt�aFs`yFiScFiSj�FyFiSjSi~rLbF�4iDkls`bq~ P Y Ök�eLb<�4i�rLtleLbFyFiSjD^`cFbFtv�qt�yFyFiD�f^`��cFt�s`bFaDiSjW�4t�s`i~rLiD�tGviScFs`tl� ��^`y6eLi cL^x�\FbFcL^`t�sSk¨h�bFp�kliDkls`i~hFcFb6hn}fjWaUiSs`iSyFiD�BjDklt�kl�FbFcF��cL^`�FyL^`j`eLt�cF��jSjSt�yD�¬}fs`iWcL^x��f^`��cFbF\Ft�cFcFiDkls`g

M(t) = 〈σi(t)〉
}§yL^`jScL^xh�jScF^~\L^xeLt
tlrLbFcFb6 FtS}Ö�6�4t�cFgS{�^`t�sSk¨hHk�Dkls~^`cFiSj`eLt�cFbFt��¢yF^`jScFiSjSt�klb6hn}¬bn}nj
aUiScF FtOaUiScF FiSjL}¬�Dkls~^`cL^`j`eLbFjD^`t�sSk�h kl�FiScFsx^`c6�cL^xhWcL^S�f^`��cFbF\Ft�cFcFiDkls`gLYKGvi~rLtleLbFyFiSjD^`cFbFt2kl�FbFcFiSjS���.kls`t�aUi`e¯� �+´
�Ö�FiSa6^`p���jD^`t�s~}\Fs`i�iDklsx^`s`iS\FcL^xh�cL^S�f^`��cFbF\Ft�cFcFiDkls`g�b6��iS\Ft�cFg�k�eK^`�Siqkl�L^xrK^`t�sZrLi�cF��eFhnmS�FyFiS Ft�k�kb6rLt�sOcFt��FiO��a6kl�FiScFt�cFs`tS}FaU^`a
i��	b6rK^xeLiDklgL}6^O�Fi	kls`t��Ft�cFcFiD�4�?p�^`aDiScF�Tm

M(t) ∝ t−α, α ≈ (1/2)k 9 T/∆J.
©�^`aFbFt2��t2yFt�p���eLgxs~^`sS��rFeFhW��s`iS��i�k��6eK^`jD^
�Fi`eL�U\Ft�cF��bWj�p�a6kl�Ft�yFbL�4t�cFs`t?�FyFbs`t��4�Ft�yL^`s`�UyL^x� �S} � ÷ 'L} ��� � �/Ñ�� Y
Ì,ºÍÌ,º��KÌ ö������vö?¿Zù��]ö�	 �]ü��]ÿnø4ü���öµ¼R��÷Tü]ø��������

wzcFiD�f^xeLgScL^xh a6bFcFt�s`bFa6^���a6klbFs`iScFiSj�cF^`�`eL��rK^`t�sSk�h j�bFp�iSs`iS�FbF\Ft�klaFbU�kl�6eK^`jD^x�£cL^S�qsx^xeLbFcL^ b�jWiS�SyL^`p� L^x�£cL^S�qs~^xeLbFcL^Wkli�k�eLi~�	cF�z�4bH��t�iD�4t�s`yFbF\Ftl�klaFbL�4b iS��yL^`cFbF\Ft�cFb6hL�4bnm¬cL^S�qs~^xeLbFc�j>a6^`cL^xeK^x�v�FiSyFbLkls`iS��i
kls`t�a6eK^?jSbFaUiSyn}T�Fi`�yFbLkls`���v�Fi`eLbL�4t�yFcF����¤ cL^`�FyFbL�4t�yn}KcFt�_6eLiScFiSjS���L¦��4t��4�SyL^`cn}Kj2�Fi`eLiDkls�h6�
�Fi`eLb6��4t�yFcFiS��i�kls`t�a6eK^O¤ cL^`�FyFbL�4t�yn}S�6eFt�a6klbF� eK^Sk�^D¦�b6eLbOcL^Z��yL^`cFbF L^x��plt�yFt�cOjq�6eLt�cFa6^x�cL^S�qsx^xeLbFcL^q�FyFb2cFbFp�aUiS_	s`t��4�Ft�yL^`s`�UyFtSYF�]�S��bL�.kljSiS_Lkls`jSiD����s`b6�2klbLkls`t�� hFj`eFh6�t�sSk�h�cFt�iS�S��\FcFiSt§�FiSjStlrLt�c6bFt§�FyFiS Ft�k�k�^z^`cFcFbF��b6eFhF FbFb���aUklbFs`iScFiSjLm�aUiS�����qbF FbFt�cFsklaUiSyFiDk�sSb�^`cFcFbF��b6eFhF FbFb
k
cFt��FiDkls`i~hFcFt�cn}T^?kl�L^xrK^`t�s?kli?jSyFt��4t�cFt��H�Fi>kls`t��Ft�c6�cFiD�4�2p�^`aUiScF�
k(t) ∝ t−α, 0 ≤ α < 1,k]�FiSa6^`p�^`s`tleLt��WcFt�i�rLcFiSyFi~rLcFiDkls`b

α
}6iS�SyL^`��^`�]��bF�fk�h2j�cF��eLg�rFeFh>i~rLcFiSyFi�rLcF���iS�SyL^`p� FiSj�� �S��� Y

Ì,ºÍÌ,º��R· ½½Ë]ÿ��vÿ�����¶�ÿ��V��Ë�Ë]ÿ#¿�	.Ï]ü]üÃ�"à/ü�
e�V�Ö÷TøR	(è*ü¾Ô6ö8ýnö�è
X�^x�	cFt�_F{�bL�4b �U^`yL^`aFs`t�yFbLkls`bFaU^S�4b#�4bFaFyFiDklaUiS�FbF\Ft�klaFb6�(�ZeL�UaFs`�D^` FbF_�l^`p�^�b6eLb£�	b6rLaDiDkls`bn}§iS�S�Sk�eLiSj`eLbFjD^x�]��b6�.hFj`eLt�cFb6h£yL^Sk�kltlhFcFb6h�kljSt�sx^F}4aFyFbFs`b6�\Ft�klaDiS_�iS�L^xeLt�kl Ft�cF FbFb�b�s~YT�nY }LhFj`eFhF�]sSk�h�aUiSyFyFtleFhF FbFiScFcF��t>¤¥^`jSs`iSaDiSyFyFtleFhF Fb6�iScFcF��t~¦	�q�UcFaF FbFb�d£jSyFt��4t�cFcF��tvb��FyFiDkls`yL^`cLkls`jSt�cFcF��tSY(üqyFbL�4t�\L^`s`tleLgScF�z��jiSs`cFiS{�t�cFbFb
aFyF�U��^OyL^Sk�k��f^`s`yFbFjD^`t��4���?�FyFiS�`eLt���hFj`eFhFt�sSk¨h
�nYK�6�SY ��jSs`iSyFiS��iOs`i`��f^ aFcFbF��b�«�^xeLt�klaF��� �F�S}§kxY��&�&��� Y � iSiS�S��^~h£i.s`iD��}f\Fs`i�klyFtlrLbHkl�Ft� FbL^xeLbLkls`iSj
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kl�U��t�kls`jSiSjD^xeLi
iS�S��t�t2�U�Stl�OrLt�cFbFt2iS����a6kl�FiScFt�cF FbL^xeLgScFiD�¢�D^`yL^`aFs`t�yFt?p�^`s`�D�U^x�cFb6h¡aDiSyFyFtleFhF FbF_n}Z«�^xeLt�klaF�¢�Ua6^`p���jD^`t�s~}�\Fs`i¢�4cFt�cFbFt���s`i<iDklc6iSjS��jD^xeLiDk�gHcL^bFp��U\Ft�cFbFb��FiSjStlrLt�cFb6hv�FyFiDkls`���v�4i~rLtleLt�_n}Ksx^`aFb6�
a6^`a��SyFiS�UcFiSjDklaDiStqrLjSb6��t�cFbFtS}�Si`eLgS L�f^`cFiSjSkla6^xh.aFbFcFt�s`bF\Ft�klaU^xh£s`t�iSyFb6hn}4�f^`yFaUiSjDklaFbFt2�FyFiS Ft�k�kl��YØ�qi��FyFbL�4tl�yF�BcFtO�4iS���Us>p�^S�4t�cFb6sSg?rLiSaU^`p�^`s`tleLgDkls`jD^2s`iS��iL}K\Fs`i
b�j>iS�S��t���k�eL�U\L^`t�bL�4t�t�s�4t�kls`i
sx^`aDiSt���tO�FiSjStlrLt�cFbFtSY#��^`�FyFiSs`bFjL}¬j ��ÑSªS�2��i~rL�ÇCUt�yFcLklb �FiSaU^`p�^xe�}T\Fs`ivj�6eK^`p��4tZaUiSyFyFtleFhF FbFb
kq�4^xeL�z�4b
jSi`eLcFiSjS�z�4b2jSt�aFs`iSyL^S�4b?p�^`s`�D�U^`�]s�a6^`a

t−1
Y6X��ÑSªS����i�rL���zeFrLt�yvb�X�^`_FcFyL^`_FsO�FyFiSjStleLbv\FbLk eLt�cFcFiSt��4i~rLtleLbFyFiSjD^`cFbFt�klbLkls`t��4�s`jSt�yDrF����rLbLklaDiSjqbOs`jSt�ySrL���Ok��qt�y��4t�s`i~rLiD� �4i`eLt�aF��eFhFyFcFiS_�rLbFcL^S�4bFaFbObO�FiSaU^x�p�^xeLbn}U\Fs`iOcL^��Si`eLgS{�b6�	jSyFt��4t�cL^x�2aUiSyFyFtleFhF FbFb?�6�S��jD^`�]s�a6^`a

t−dS/2
}6� rFt

dS
dyL^`p��4t�yFcFiDkls`g2klbLkls`t��4��YK«�^xeLt�klaF�?�FbF{�t�s~}K\Fs`i2��s`iSs	yFt�p���eLgxsx^`sOiSa6^`p�^xeKk�h>�Si`eLg`�{�iS_�cFt�i��	b6rK^`cFcFiDkls`gS��b��FiSaDi`eLt��D^xe��Dkls`i~hFjS{�t�t�k¨h��FyFtlrKkls~^`j`eLt�cFbFtSY(�qt�klaDi`eLgSaUi�FiSpl��t(ð�iSyL���f^`c�bO�qiS��c�cF^Z�FyFbL�4t�yFt��F�8t�yFt�cFcFiq�6eLiSs`cFiS��iZ�l^`p�^]�FiSaU^`p�^xeLbn}~\Fs`i\Fs`iS�S�B�Fi`eL�U\FbFs`g
�lsSiSs>yFt�p���eLgxs~^`s~}¬cFt�iS�~�Si~rLbL�4i?jS��_Fs`b p�^?�FyFtlrLtleL�!�Si`eLgS L�f^x�cFiSjDklaDiS��i��FyFbF�`eLb6��t�cFb6hn}Fb
s`iS��rK^OyL^Sk¨�Di~rFhF��bFt�k�h>jOyL^`pleLi���t�cFbFb>�Fi2kls`t��6t�c6hL��6eLiSs`cFiDkls`b \6eLt�cF��kls~^`cF�Us>aUiScFt�\FcF�z�4b b iS�St�kl�Ft�\L^`s?kls`t��Ft�cFcFiS_��6jSiDkls?aUiSyFyFtl�eFhF FbFiScFcF���£�q�UcFaF FbF_nYIüqiDk�eLtlrL�U�]��bFt?yL^Skl\Ft�s`�*yDh6rK^�^`jSs`iSyFiSj��Fi�rLs`jSt�yDrLb6eLb�FyFtlrL�Fi`eLi���t�cFbFtqi	s`iD��}F\Fs`i	p�^`s`�D�D^`cFbFtqaUiSyFyFtleFhF 6bF_

Cτ (t) = At−dS/2 = AΓ(1− dS/2)Φ1−dS/2(t)

uxk�eLtlrL�`t�s�kl\FbFs~^`s`g�kliSjSt�yF{�t�cFcFi�iS�S��bL��hFj`eLt�cFbFt���}qklj`hFp�^`cFcF�z��k���b6rLyFi�rLb6�cL^S�4bF\Ft�klaFbL�¡�FiSjStlrLt�cFbFt���rFeLbFcFcFiSjSi`eLcFiSjS���.jSiSp��4�U��t�cFbF_�j��	b6rLaUiDkls`bn|�� �F�S}k`Y��&�('(� Y§©�^S�!��t�\FbFs~^`s`tleLg�cL^`_6rLt�s.b��f^`s`t��f^`s`bF\Ft�klaFbFt�jS��a6eK^xrLaFbn}§aUiSs`iSyF��t�Fi
�4cFt�cFbF�/^`jSs`iSyL^2�FiSa6^`p���jD^`�]s~}T\Fs`iWu~j>rLtl_Lkls`jSbFs`tleLgScFiDkls`b iScL^ ¤¥kls`t��Ft�cFcL^xh�q�UcFaF Fb6h	dOXZY [�Y ¦f�Fi~hFj`eFhFt�sSk�h	j�yFt�p��~eLg~sx^`s`tJø04�óxòÀôxó�÷�:��"<"�"�B�*�+øBó�÷7ñxòBñ�ùv|�b2p�^x��4t�\L^`cFbFt i£s`iD��}�\Fs`i�cFt���aUkl�FiScFt�cF FbL^xeLgScF��_<�6jSiDkls�aDiSyFyFtleFhF FbFiScFcF���¢�q�UcFa6� FbF_OiS�S�Dk�eLiSj`eLt�c
u~yL^Skl�FyFiDkls`yL^`cFt�cFbFt���jSiSp��4�U��t�cFbF_�cL^q�Si`eLgS{�bFt�yL^Sk�kls`i~hFcFb6hOk�FiD�4iS��gS���4tl�U^`cFbFp��f^F}TiS�FyFtlrLtleFhFt��4iS��i>p�^`aDiScL^S�4b �f^`aFyFiDklaDiS�FbF\Ft�klaUiS_���b6rLyFi`�rLbFcL^S�4bFaFbnYIûÖs`i
d �4t�rFeLt�cFcF��_��FyFiS Ft�k�k`}naUiSs`iSyF��_.�FyFi~rLi`eF��^`t�sSk�h.t���tOrLi`eL��i�FiDk�eLtqp�^`s`�D�U^`cFb6h>�S�zkls`yF���?��a6k��FiScFt�cF FbL^xeLgScF���?�Ft�yFtl�Di�rLcF���?�FyFiS Ft�k�kliSjL|~Y
Ì,ºÍÌ,º��[Î �6	(à!ÿ#¿d¶�ÿÆè����Ö÷Tø�¶ª� Ë]öf÷�Ó�Ë]ÿ�
qÿ#¿Zÿ��]ü
	(è

�§ÿ�Ë��[	�ø����Ö÷Tø4ÿ%Î
ýf^Sk�k��4iSs`yFbL�
s`t��Ft�yFg]jSt�yFi~hFs`cFiDkls`cF��t§yL^Skl�FyFtlrLtleLt�cFb6hnY*�qb�b6���6eLiSs`cFiDkls`b

p(x)
}TcFb��q�UcFaF FbFb�yL^Skl�FyFtlrLtleLt�cFb6h

F (x)
cFtO�4iS���Us2�S��s`g?\FbLkls`i>kls`t��Ft�cFcF�z�4bn}��s`iS��iOcFtq�FiSp�jSi`eFhFt�s�bL�£�Dk�eLiSjSbFtZcFiSyL�4bFyFiSjSaFbnm

∞∫

−∞

p(x)dx = 1, F (−∞) = 0, F (∞) = 1.
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ý4t�\Fgv�4i~��t�s
b6rLs`b eLbF{�gviS�
^SklbL�4�Fs`iSs`bF\Ft�klaUiD�¢�FiSjStlrLt�cFbFb yL^Skl�FyFtlrLtleLt�cFbF_.jrK^xeLt�aFb6�2iS�`eK^Skls�h6�¬}DcL^�jSt�yFi�hFs`cFiDkls`cFiD�.�O^`yF��iScFt]cL^`p���jD^`t��4����u��6jSiDklsx^S�4bn|>¤ js`t�iSyFbFbv�qiSyL�4bFyFiSjD^`cFb6h>iS�Fs`bF\Ft�klaFb6�
kl�Ft�aFs`yL^xeLgScF���2eLbFcFbF_vbLkl�Fi`eLgSp��St�sSk¨h
�Si`�eLt�t�yFiD�f^`c6sSb6\Ft�kla6^xh	�4t�s~^S�qiSyL^]d?u~aFyF��eLg`hn|D¦�Y( ]jSiDkls`�Hkli�kls`t��Ft�cFcFiS_	^SklbL�4�Fs`i`�s`bFaUiS_n}6��a6kl�Ft�yFbL�4t�cFsx^xeFgScF��t���yL^S�qbFaFb>aDiSs`iSyF���?�Fi~�Di��	b>cL^�aFyFiSaDi~rLb6eLgSb?�6jSi`�kls`��}FcL^`p���jD^`�]svu~s�h6��tleL�z�4bn|~}

üqyFbFjStlrLt�� s`yFb��FyFbL�4t�yL^�yL^Skl�FyFtlrLtleLt�cFbF_�k¡u~s�h6��tleL�z�4b��6jSiDklsx^S�4bn|~Y
üq�Dkls`g

X
d2kls~^`c6rK^`yFs`cL^xh
cFiSyL�f^xeLgScL^xh>k�eL�U\L^`_FcL^xh>jStleLbF\FbFcL^Okq�6eLiSs`cFiDkls`gS�

pX(x) =
1√
2π
e−x

2/2. (2.3.5)

X�iSp�gD�4t���iS�SyL^`s`cF�U��jStleLbF\FbFcF�
Y1 = 1/X

Y$ §t��q�UcFaF Fb6h
yL^Skl�FyFtlrLtleFt�cFb6h
FY1

(y) ≡ û (Y1 < y) =
1√
2π

∞∫

1/y

e−x
2/2dx,

b
�6eLiSs`cFiDkls`g
pY1

(y) = F ′Y1
(y) =

1√
2πy2

e−1/2y
2

,

a6^`a£b£�6eLiSs`cFiDkls`g cFiSyL�f^xeLgScFiS��i�yL^Skl�6yFtlrLtleLt�cFb6hn}§klbL�f�4t�s`yFbF\FcL^ iSs`cFiDklbFs`tleLg`�cFi?cF�~eFhnY¬X�s`iSyFiS_��4iD�4t�cFs>��s`iS��i?yL^Skl�FyFtlrLtleLt�c6b6h��St�klaUiScFt�\Ft�cn}T^?klyFtlrLcFt�t�p�cL^x�\Ft�cFbFtW¤ jWk��4�zk�eLt
cFt�kliS�Dkls`jSt�cFcFiS��i�bFcFs`t���yL^xeK^ j �St�klaUiScFt�\FcF�����FyFtlrLt�eK^x�L¦�cFtkl�U��t�kls`jS�St�s~Y� eL�U\L^`_FcL^xh>jStleLbF\FbFcL^
Y2 = 1/X2 �Fi`eLi~�	bFs`tleLgScL^F}6t�tq�6eLiSs`cFiDkls`g

pY2
(y) =

d
û
(Y2 < y)

dy
=

d

dy

√
2

π

∞∫

1/
√
y

e−x
2/2dx =

1√
2πy3

e−1/2y,

cL^`p���jD^`t��f^xh ó��x÷7ùJñ�÷oøBùJú&2 ùDò!ö��"� ð ÿ��/ôxñ�÷oö(� bL�4t�t�s kls`t��Ft�cFcFiS_ �6jSiDkls
pY2

(y) ∝ y−3/2 } y →∞ Yüq�Dkls`g
X1
b
X2
d
cFt�p�^`jSbLklbL�4��tOk�eL�U\L^`_FcF��tOjStleLbF\FbFcF��k��6eLiSs`cFiDkls`gS�yL^Skl�FyFtlrLtleLt�cFb6h!¤ �6Y �FY �S¦�Y,��^`_6rLt����6eLiSs`cFiDkls`g�yL^Sk��FyFtlrLtleLt�cFb6h�k�eL�U\L^`_FcFiS_�jStl�eLbF\FbFcF�

Y3 = X1/X2
YÖX�klb6eL��klbF�f�4t�s`yFbFb�rLiDklsx^`s`iS\FcFi.cL^`_Fs`bHt�t
eLbF{�gWcL^�Fi`eLi~�	bFs`tleFgScFiS_
�6i`eL�SiDklbnm

pY3
(y) =

d

dy

[
1

2

û
(X1/X2 < y|X1 > 0, X2 > 0)

]
=

=
1

2

∞∫

0

dx1e
−x2

1/2

∞∫

x1/y

e−x
2
2/2dx2 =

1

π(1 + y2)
.

X�s`t�iSyFbFb
jSt�yFi~hFs`cFiDkls`t�_>��s`i	yL^Skl�FyFtlrLtleFt�cFbFt�cFiDklbFsOcL^`p�jD^`cFbFt�:(����÷7ñ��k�6÷*Ú��LY
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Gv��jSb6rLbL��}L\Fs`i2yL^Skl�FyFtlrLtleLt�cFb6h�kqs�h6��tleL�z�4b
�FjSiDk�sx^S�4b
j	s`t�iSyFbFbvjStl�yFi~hFs`cFiDk�sStl_W�Fi�hFj`eFhF�]sSk�h.�FyFbW�leLt��4tlcFsx^`yFcF���W^xeL��t��SyL^`bF\Ft�klaFbU���FyFt�iS�SyL^`p�iSjD^x�cFb6h6�<k�eL�U\L^`_FcF���H�Ft�yFt��4t�cFcF���¬Y,�qi�j�yDh6rLt k�eL�U\L^`t�j�bL�/�4i~�	cFi��FyFb6rK^`s`g£b�qbFp�bF\Ft�klaF�U�!bFcFs`t�yF�FyFt�sx^` Fb6��Y¬X�\L^Skls`cFiDkls`bn}Kp�^`aUiSc��qiS{�b�bFp�jSt�kls`t�c�j>�qbFp�b6�aUt>¤ iS�Fs`bFaUt~¦za6^`a�kl�Ft�aFs`yL^xeLgScFiSt�yL^Skl�FyFtlrLtleLt�cFbFt���iSyFtlcF L^F}KjSiSp�cFbFa6^`�]��tlt��FyFbyL^`pleLi���t�cFbFb>j	bFcFs`t��lyL^xeÄ+��6y6gSt���aUkl�FiScFt�cF FbL^xeLgScFiS_
�q�UcFaF FbFb>yFtleK^`a6k�^` FbFbnm
S(ω) = ��� ∞∫

0

eiωte−t/τdt =
τ

1 + (ωτ)2
.

ýf^Skl�FyFtlrLtleLt�cFb6� �qiS{�b��4i~�	cFi��FyFb6rK^`s`g�b���t�iD�4t�s`yFi`� iS�Fs`bF\Ft�klaF�U��bFc6�s`t�yF�FyFt�s~^` FbF��YIüqiD�4t�kls`bL��cL^vtlrLbFcFb6\FcFiD��yL^Sk�kls`i~hFcFbFbWiSs�s`iScFaDiS��i��St�klaDiScFt�\6�cFiS��i£kls`t�yD�	c6h¢s`iS\Ft�\FcF��_¢bLkls`iS\FcFbFa�kljSt�sx^FY�©�iS��rK^�eLbFcFt�_FcL^xh<iDkljSt���t�cFcFiDkls`gt���i�¤ ��cFt�yF��b6hn}T�FyFb6�Di�rFhF��^xhLk�hvcL^2tlrLbFcFbF F�
rFeLbFcF�]¦zcL^2yL^Sk�kls`i�hFcFbFb
y
iSs?�`eLb6��O^`_F{�t�_�a�bLkls`iS\Fc6bFaF�qs`iS\FaFb�iSa6^x��t�sSk¨h��FyFiS�FiSyF Fb6iScL^xeLgScFiS_

pY3
(y)
Y7üqyFbFjStlrLt���Si`eLt�tqkli~rLt�yD��^`s`tleLgScF��t��qbFp�bF\Ft�klaFbFt��FyFbL�8t�yF��Y

Ì,ºÍÌ,º���� ½½Ë]ÿ�� 	 Ó�Ë]ÿmî�¶k�§ö��]ü
	 �µ¿d���©Ë�áÕ��ÿ
ý4^Sk�k��4iSs`yFbL��^`cLk�^S�4�`eLgO\L^Skls`bF n}LcL^x�Si~rFhF��b6�Uk¨h
jOeLiSa6^xeLbFp�iSjD^`c6cF���>kli`�kls`i~hFcFbUh6��k���cFt�yF��bFt�_�^`aFs`bFjD^` FbFb

ε
}KaUiSs`iSyF��t�rFeFh��~rLiS�Dkls`jD^O�S��rLt��HcL^`p���jD^`s`g�x÷oö�4&Ú��
�!ÿ��LYUX�yFt��8h2�FyFt��S��jD^`cFb6h	\L^Skls`bF F�<j�s~^`aUiS_	eLiSjS�U{�aUtzt�kls`g�k�eL�U\L^`_FcL^xhjStleLbF\FbFcL^

Θ
kq��aUkl�FiScFt�cF FbL^xeLgScF�z��yL^Skl�FyFtlrLtleLt�cFbFt��

û
(Θ > t|ε) = e−t/τ(ε)

bvklyFtlrFcFbL��p�cL^�\Ft�cFbFt��
τ(ε)

}F�Fi�:(����÷7ñ"4S�(ô�ô�òBñ"�"4+ø3��yL^`jScF�z�
τ(ε) = τ0 exp(ε/k 9 T ).

ýf^`p�cF�z�<\6eLt�cF^S�¢^`cLk�^S�4�`eFhn}TiSs`jSt�\L^`�]��bL�<yF^`p�cF�z�<�Fi`eLi~��t�cFb6hL��eLiSjS�U{�t�an}TjcFt�i�rLcFiSyFi~rLcFiS_£klyFtlrLtvkliSiSs`jSt�sSkls`jS�U�]s�yL^`p�cF��t>p�cL^~\Ft�cFb6h£��cFt�yF��bFb
ε
}fsx^`a£\Fs`i��s`��jStleLbF\FbFcF�H�4i~�	cFi�sx^`aH��t�kl\FbFsx^`s`g£k�eL�U\L^`_FcFiS_nY(üqyFbFc6hFj�jWa6^~\Ft�kls`jStvt�tyL^Skl�FyFtlrLtleLt�cFb6hÂ:(����÷7ñD�"�"6*6oø3�x}

p(ε) = (1/ε0) exp(−ε/ε0),
�Fi`eL�U\FbL�

û
(Θ > t) =

∞∫

0

û
(Θ > t|ε)p(ε)dε =
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=

∞∫

0

exp(−(t/τ0)e−ε/kT )(1/ε0)e−ε/ε0dε = α

(
t

τ0

)−α t/τ0∫

0

e−zzα−1dz,

� rLt
α = kT/ε0

Y�üqyFb
t → 0

��sx^vjSt�yFi~hFs`cFiDkls`gL}�aU^`a�bW�Fi`eLi~��t�cFiL}�kls`yFt��4bFsSk�ha.�S}F^�j	^SklbL�4�Fs`iSs`bFaUt��Si`eLgS{�b6�2jSyFt��4t�c
û
(Θ > t) ∼ Γ(1 + α)

(
t

τ0

)−α
,

bn}LkliSiSs`jSt�sSkls`jSt�cFcFiL}
pΘ(t) ∼ αΓ(1 + α) τα0 t−1−α, t→∞.wzcL^xeLiS��bF\FcL^xh	klbFs`�S^` Fb6h	jDkls`yFt�\L^`t�sSk¨hOb	j��4i�rLtleLb	�Ft�yFt�cFiDk�^Z�F�Us`t�� s`�Uc6�cFtleLbFyFiSjD^`cFb6hn}6�FyFtlrFeLi~��tlcFcFiS_vj	yF^`�SiSsSt-� �D�*� YFX<cFt�_v�FyFtlrL�Fi`eK^`��^`t�sSk�hn}F\Fs`i	cFi`�klbFs`tleLbWkliSjSt�yF{�^`�]s?i~rLcFiD�4t�yFcFiSt�rLjSb6��t�cFbFtOj
�Fi`eLi��	bFs`tleLgScFiD�<cL^`�FyL^`j`eLt�cFbFbiDklb

x
}�iS�FyFtlrLtleFhFt��4iD�¢cL^`�FyL^`j`eLt�cFbFt��¢�FyFb6eLi~��t�cFcFiS��iv�Fi`eFhnYK��^
iDklbWk�eL�U\L^`_6�cF�z��iS�SyL^`p�iD�¢yL^Skl�Fi`eLi���t�cF�!eLiSjS�U{�aFb d�i�rLbFcL^`aUiSjS��t	�FiSs`t�cF 6bL^xeLgScF��t	hL�4��}�Ft�yFtl�Di�r
cFiDklbFs`tleLt�_v�4tl�OrL�?aUiSs`iSyF�z�4b
iDkl�U��t�kls`j`eFhFt�sSk¨h>�F�Us`t��£s`�UcFcFtleLbFyFiSjD^x�cFb6hnY+ýf^Sk�kls`i~hFcFbFt

X
�4tl�OrL�	kliDkltlrLcFbL�4b2�UpleK^S�4b?k�eL�U\L^`_FcFi�b2yL^Skl�FyFtlrLtleLt�cFi��Fi��a6kl�6iScFt�cF FbL^xeLgScFiD�4�2p�^`aUiScF�S}

û
(X > x) = e−µx.X��FyFt�cFt��SyFtl��t�cFbFb	kliS�Dkls`jSt�cFcF�z�4bv¤ s`i�t�k�sSgL}`�FyFb	�qbFa6klbFyFiSjD^`cFcFiD��yL^Sk�kls`i~hFcFbFbrLi2k�eLtlrL�U�]��t���iO�UpleK^D¦��ZeL�UaFs`�D^` Fb6hL�4b
jSyFt��4t�cFbv�4tl�OrL�>�FiDk�eLtlrLiSjD^`s`tleLgScF�z�4bkla6^�\Fa6^S�4b>�Fi`eL�U\L^`t�sSk�h
kliSiSs`cFiS{�t�cFbFt-� �&���

Θ = β(eX/x0 − 1),� rLtZ�FiDkls`i~hFcFcL^xh
β
iS�SyL^`s`cFi��FyFiS�FiSyF FbFiScL^xeLgScL^���yL^xrLbFt�cFs`�2�FiSs`t�cF FbF^xeK^FYFX�yFtl�p���eLgxsx^`s`t
jScFiSjSg.�FyFb6�Si~rLbL�!a�^SklbL�4�Fs`iSs`bF\Ft�klaFb<kls`t��Ft�cFcFiD�4�£yL^Skl�FyFtlrLtleLt�cFbF�jSyFt��4t�cFcFiS��i�bFcFs`t�yFjD^xeK^O�4tl�OrL�>kla6^~\FaU^S�4bnm

û
(Θ > t) =

û
(β(eX/x0 − 1) > t) =

û
(X > x0 ln(1 + t/β)) =

1

(1 + t/β)µx0
.

ýf^Sk�k��4iSs`yFbL�¡t���t>i�rLcF���4i�rLtleLg ^SklbL�4�Fs`iSs`bF\Ft�klaFbHkls`t��Ft�cFcFiS��i�yL^Skl�FyFtl�rLtleLt�cFb6hn}F�FyFbFjStlrLt�cFcF�U�¡j�� �('(� Y>üq�Skls`g
t
d	�St�p�yL^`p��4t�yFcFiStZjSyFt��8hn}L^

ψn(t) = µn exp(−µnt), t ≥ 0, µ > 0, n = 1, 2, 3, . . . (2.3.6)d¢yL^Skl�FyFtlrLtleLt�cFbFt�bFcFs`t�yFjD^xeK^�jSyFt��4t�cFbB�4tl�OrL��rLjS�6�8h¡�FiDk�eLtlrLiSjD^`s`tleLgScF�z�4bkliS�S��s`b6hL�4b��F�S^Sk�kliScFiSjDklaUi`��iv�FiSs`iSa6^�k2bFcFs`t�cFklbFjScFiDkls`gS�
µn
Y � ^S�4t�cFbL��cL^`s`�D�yL^xeLgScFiSt

n
k�eL�U\L^`_FcFiS_�jStleLbF\FbFcFiS_

N
}TyL^Skl�FyFtlrLtleLt�cFcFiS_��Fi>��t�iD�4t�s`yFbF\Ft�k�aUiD�4�p�^`aUiScF�Tm

û
(N = n) = (1− q)qn−1, 0 < q < 1, n = 1, 2, 3, . . . (2.3.7)
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üq�Dkls`gL}�cL^`�FyFbL�4t�yn}

q
dqjSt�yFi~hFs`cFiDkls`g]\L^Skls`bF FtS}xjDkls`�U�FbFjS{�t�_�jSiZjSp�^`bL�4i�rLt�_Lkls`jSbFtk�eLiSjS�U{�aUiS_n}SbFp��Stl�O^`s`g�p�^x�6jD^`sx^F}Ss`iS��rK^

1− q t�kls`g�jSt�yFi�hFs`cFiDkls`g�s`iS��iL}D\Fs`i�iScL^�S��rLt�s�p�^x�6jD^~\Ft�cL^]�FyFb2��s`iD� jSp�^`bL�4i~rFt�_Lkls`jSbFbn}D^��qiSyL�4��eK^	¤ �6Y �FY ´`¦�rK^`t�s�jSt�yFi~hFsx�cFiDkls`g�s`iS��iL}`\Fs`i�\L^Skls`bF L^F}S�FiDk�eLtlrLiSjD^`s`tleLgScFiqjDkls`�U�L^`�]��^xhOjSi�jSp�^`bL�4i�rLt�_Lkls`jSbFtk§eLiSjS�U{�aUiS_?¤ÅeLiSjS�U{�a6^S�4bK¦�}~iSa6^x��t�sSk�h�p�^x�6jD^~\Ft�cFcFiS_��FyFb
n
� �vjSp�^`bL�4i~rLt�_Lkls`jSbFbnY[§klyFtlrLcFbL�£s`t��Ft�yFg	yL^Skl�FyFtlrLtleLt�cFbFt	¤ �6Y �FY ªD¦§�Fi2k�eL�U\L^`_Fc6iS_
�FtlyFt��4t�cFcFiS_

N
m

ψ(t) = 〈ψN (t)〉 = 1− q
q

∞∑

n=1

(µq)n exp(−µnt).

� ^S�4t�cFbFj
t
cL^

µt
b>�FyFbF�D^`jSb6j�b>jS��\Fs�h

[(1− q)/q] exp(−µt) }6�FyFt�iS�SyL^`p��`t��W�lsSijS��yL^x��tlcFbFtqa
jSb6rL�

ψ(µt) =
1

µq
ψ(t)− 1− q

q
e−µt,

bFpqaUiSs`iSyFiS��i	k eLtlrL�St�s	^SklbL�4�Fs`iSs`bF\Ft�klaUiSt�kliSiSs`cFiS{�t�cFbFt

ψ(µt) ∼ 1

µq
ψ(t), t→∞.

üqyDhL�4iS_ �Fi~rKklsx^`cFiSjSaDiS_ cFt�s`yF�~rLcFiv�U�StlrLbFs`gDk�hn}¬\Fs`i�yFt�{�t�cFbFt2��s`iS��iv�q�UcFaF FbFi`�cL^xeLgScFiS��i��UyL^`jScFt�cFb6h?bL�4t�t�s	jSb6rvkls`t��Ft�cFcFiS_v�q�UcFaF FbFb
ψ(t) ∼ t−γ−1, t→∞,

kZ�FiSa6^`p�^`s`tleLt��
γ = ln q/ lnµ

Y+�bFp�bF\Ft�klaFb.��sx^
�4i~rLtleLg
cL^x�Di~rLb6svkljSiSt�jSiS�6eLiS��t�cFbFtOj
i�rLcFiD�¢bFp	�4tl�U^x�cFbFp��4iSj	rLbLkl�Ft�yLklbFiScFcFiS��i2�Ft�yFt�cFiDk�^2j2cFt��U�FiSyDh6rLiS\Ft�cFcF���
�Fi`eL�U�FyFiSjSi~rLcFbFaU^x�>dhFj`eLt�cFbFb?�4cFiS��iSaFyL^`s`cFiS��i�p�^x�6jD^`s~^FYD��^`a	�D��tZiSsS�4t�\L^xeLiDklg�jS��{�tS}UklaUiSyFiDkls`b?�Ft��yFtl�Di�rLiSjWj£^`a6sSb6jD^` FbFiScFcF���H�FyFiS Ft�k�k�^x�¬}§jWyFt�p��~eLg~sx^`s`t�aUiSs`iSyF�����FyFiSbLk��Di�rLbFsiDkljSiS�Si��OrLt�cFbFt§cFiDklbFs`tleLt�_�p�^`ySh6rK^]k§cFbFp�aUi`eLtl�O^`��b6�qeFiSjS�6{�t�a�j]p�iScF�q�FyFiSjSi~rFb6��4iDkls`bn}F��a6kl�FiScFt�cF FbF^xeLgScFiOp�^`jSbLk�hFs�iSsO��cFt�yF��bFbnY�ûÖaFjSb6rLbLklsx^`cFs`cFiStqyL^Skl�Fi`eLi~��tl�cFbFtq��cFt�yF��tlsSb6\Ft�klaFb6�>�UyFiSjScFt�_
En = n∆E

�FyFbFjSi~rLbFs�a>klaUiSyFiDkls�hL�W�Ft�yFtl�Di~rLiSjL}�FyFiS�FiSyF FbFiScL^xeLgScF�z�
exp(−En/kT ) = [exp(−∆E/kT )]n YRüZeLiSs`cFiDkls`g
kliDkls`i�h6�cFbF_�j��6jSiDkls`t>p�iScF��\L^Skls`i.k�^S�f^ kl�L^xrK^`t�s.k?��cFt�yF��bFt�_�a6^`a

exp(−En/kT0) =
[exp(−∆E/kT0)]n

}F� rLt
T0
d2�FiDkls`i~hFcFcL^xh
yL^`p��4t�yFcFiDkls`bvs`t��4�Ft�yL^`s`�UyF��YK©�^`aFbL�iS�SyL^`p�iD��}

µ = exp(−∆E/kT ), q = exp(−∆E/kT0)
b��4�¡bL�4t�t���^SklbL�4�Fs`iSs`b6�\Ft�klaFbFt]kls`t��Ft�cFcFiSt]yL^Skl�FyFtlrLtleLt�cFbFtzjSyFt��4t�cFb2iDkljSiS�Si��OrLt�cFb6hOcFiDklbFs`tleLt�_	p�^`yDh6rK^kZ�FiSa6^`p�^`s`tleLt��

γ = T/T0
Y
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 Z^`yL^`aFs`t�yFcL^xhOiDkliS�St�cFcFiDkls`gq�Ft�yFt�cFiDk�^ZyFt�p�iScL^`cLklcFiS��iqbFpleL�U\Ft�cFb6h	j��6eK^`pl��4t kliDkls`iSbFs�j�s`iD��}�\Fs`i�kl�Ft�aFs`y¢�FiS��eLiS��t�cFb6hB¤ j£�FyFbF�`eLb6��t�cFbFb<eLiSaU^xeLgScFiS��i
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s`t�yL�4i~rLb6cL^S�4bF\Ft�klaUiS��i>yL^`jScFiSjSt�klb6h�b �6i`eLcFiS��i>�Ft�yFt�yL^Skl�FyFtlrLtleFt�cFb6h �Fi>\L^Skls`i`�s`t~¦��FyFiS�FiSyF FbFiScL^xeLt�c
kl�Ft�aFs`yF�?bFpleL�U\Ft�cFb6hnm

k(ω) = Cε(ω), C > 0.

©�^`aFbL�*iS�SyF^`p�iD��}Öt�k�eLb¢yL^Skl�FyFtlrLtleLt�cFbFt kljSiS�Si�rLcFiS��iW�FyFiS�St��l^
R
�qiSs`iScL^W�FyFb�qbFa6klbFy6iSjD^`cFcFiS_>\F^Skls`iSsSt

ω
rK^`t�sSk�h
��aUkl�FiScFt�cFs`iS_n}

û
(R > x|ω) = e−k(ω)x, x > 0,

s`i��St�p��Dk�eLiSjScFiSt�d��SklyFtlrLcFt�cFcFiSt]�Fi�kl�Ft�aFs`yF�	bFpleL�U\Ft�cFb6h
ε(ω)

d�yL^Skl�FyFtlrLtleLt�cFbFtjS��yL^x�O^`t�sSk¨h>bFcFs`t���yL^xeLiD�

û
(R > x) =

∞∫

0

ε(ω)e−k(ω)xdω.

� �U��t�kls`jS�St�s?cFt�klaUi`eLgSaDi>�FyFiS Ft�k�kliSjL}Tj`eLb6hF�]��b6��cL^
�qiSyL�4bFyFiSjD^`cFbFt��FyFiD�qb6eFhkl�Ft�aFs`yL^xeLgScFiS_?eLbFcFbFbnY�
Q(×Ø¢¬14AD:894Av98QDE$×498I4ELRT36:8:4E"­SEW36CFE�Öq3T=�üqyFtl�OrLtqjDklt���iL}6aDiScFt�\FcFiL}Fk�^x��f^��leLt�aFs`yFi~rLbFcL^S�4bFa6^�bFpleL�U\Ft�cFb6hn}F�FyFbFjSi~rFhF��^xh?avkl�Ft�aFs`yF����iSyFt�cF L^Fm
ε(ω) = ε0(ω) ≡

γ

2π[(ω − ω0)2 + (γ/2)2]
, γ > 0, γ/2¿ ω0.

üqt�yFt�_6rFh>a
�Ft�yFt��4t�cFcFiS_
bFcFs`t���yFbFyFiSjD^`cFb6h
s = 2(ω − ω0)/γ

}6cL^x�Di~rLbL�

û
(R > x) =

∞∫

0

ε0(ω)e
−k(ω)xdω ≈

≈ 1

2π
e−k0x/2

π∫

−π

e−
1
2k0x cosϕdϕ = e−k0x/2I0(k0x/2).

üqyFb>�Si`eLgS{�b6�
x
��sx^	�q�UcFaF Fb6h>bL�4t�t�s	bL�4t�tls2^SklbL�4�Fs`iSs`bFaF�
û
(R > x) ∼ (πk0)

−1/2x−1/2, R→∞.
;�×49?«¬:894AHEL78I?¢#¤ 3��
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k�eL�D�\L^`_FcFiS��i��leLt�aFs`yFbF\Ft�klaUiS��i��Fi`eFhqb��DklyFtlrLc6h6hqyL^Skl�FyFtlrLtleLt�cFbFtf�FyFiS�St���iSj��Fi���s`iD�4�^`cLk�^S�4�`eL��}~s~^`a6��t��Fi`eL�U\L^`t���^SklbL�4�Fs`iSs`bFaF��kls`t��Ft�cFcFiS��iZs`bF�L^Zk��FiSa6^`p�^`s`tleFhL�4bn}�FyFbFjStlrLt�cFcF�z�4b
j	©�^`�`e�YK�6Y �FY

�R.!^!9+%+K5.qôxñ F`ñ#����?�.!b2.!$7&-9+:
α
YD.!0-%#QRN#$7��$�%#?/&()#.!0-N#)+&-,#&-9#&- +%#"�N#)+��^�&-O2�!Y�
(R > x) ∝ x−α ñ

û����qt�aFs D sx^`yFaU^ oqiScF� ð�bF�Fi`eLb �qjD^xrLyF�U�Fi`eLb��bFcFt�_FcF��_ �xV`� �xV`� �UV�´�qjD^xrLyL^`s`bF\FcF��_ �UV�´ �DV�� �UVU�S�
;�×49?«¬:894AWG4RK9?¤�AU:89?«�98Q(×Ø¢¬143��
	WA
­SE�36CFE�Öq3¬=§©nt��6eLiSjSiStOrLjSb6��t�cFbFtbFpleL�U\L^`�]��t���iW^`s`iD�f^ �FyFbFjSi�rLbFs.a�k��4t���t�cFbF� \L^Skls`iSs`�*dnð�iS�6eLt�y6� �����qt�aFs`�SY Ök�eLbW�FyFbWyL^Skl\Ft�s`tOrLbLkl�Ft�yLklbFiScFcFiS��iv�FyFiD�qb6eFh.�U\Ft�kls`g
rLiS�6eLt�yFiSjDklaUiSt	k��4t���tl�cFbFt�\L^Skls`iSs`��}F�Fi`eL�U\FbL��aDiD�4�SbFcFbFyFiSjD^`cFcFiStZrLiS�6eLt�y6� eLiSy6t�cF 6� �Di`eLgS L�f^`yFaUiSjSklaUi`tyL^Skl�FyFtlrLtleLt�cFbFtS}�cL^`p���jD^`t��4iSt��FyFiD�qb6eLt�� +�iS_F��s~^FY�üqyFb<��s`iD��rLiS�6eLt�yFiSjDklaFbF_�4tl�U^`c6bFp��B�U{�bFyFt�cFb6h�iSa6^`p���jD^`t�s�j`eLb6hFcFbFt>eLbF{�g cL^  Ft�cFs`yL^xeLgScF�U��iS�`eK^Skls`gL}aFyF��eLg`h?��t�iDkls~^`�]sSk�h
�FyFtl�	cFt�_vkls`t��Ft�cFcFiS_v�qiSyL�4��Y
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+�eL�SiSyFt�kl Ft�cF Fb6h�i~rLbFcFiS\FcF�����Fi`eL�U�FyFiSjSi~rLc6bFaUiSjS���vaDi`eFeLiSb6rLcF����cL^`cFi`�aFyFbLkls~^xeFeLiSjL}4cL^`�FyFbL�4t�y�aFjD^`cFs`iSjS���Ws`iS\Ft�aÌ� ��w�� k?iS�Si`eLiS\FaUiS_WbFp�
 V�w }f�FyFi`�hFj`eFhFt�s?�6yFt�yF��jSbLkls`iSt��FiSjStlrLt�cFbFtSmK�FyFb�eK^`p�t�yFcFiD�HiS�`eL�U\Ft�cFbFb�cL^`cFiSaFyFbLkls~^xeFeL��4t�yF L^`�]s~}~s~Y~tSY I&V � kliDkls`i~hFcFb6hn}�jzaUiSs`iSyF�����FyFiSbLk¨�Di~rLbFszbFpleL�U\Ft�cFbFt��qiSs`iScFiSjL}�\Ft��yFtlrL�`t�sSk�h I�� � kliDkls`i�hFcFb6hL�4bn}Sj�aDiSs`iSyF���OcL^`cFiS\L^Skls`bF L^qcFtzbFpleL�U\L^`t�s?¤ �Fi�rLyFiS�ScFt�tk���YK� �D�*� ¦�YLX¢��aUkl�Ft�yFbL�4t�cFsx^xeLgScF���
bLk�k�eLtlrLiSjD^`cFb6h6�Ç� �SªF}"�#´
�8�4t�yF L^`�]��t�_��ZeL�Si`�yFt�kl Ft�cF FbFb�aFjD^`cFs`iSjS���
s`iS\Ft�a�iSsS�4t�\L^`t�sSk¨hn}T\Fs`i I&V ��b I�� � bFcFs`t�yFjD^xeL�¡yL^Skl�FyFtl�rLtleLt�cF���Fi	^SklbL�4�Fs`iSs`bF\Ft�klaFbvkls`t��Ft�cFcF�z��p�^`aDiScL^S��m

û
(Ton > t) ∝ t−α, û

(Toff > t) ∝ t−β .
ü�^`yL^S�4t�s`yF�

α, β ∈ (0, 1)
�FyL^`aFs`bF\Ft�klaFb�cFt
bFp��4t�c6hF�]sSk¨hH�FyFb�jD^`yFgSbFyFiSjD^xcFbFb�Dk�eLiSjSb6_vbFp��4t�yFt�cFbF_nmTs`t��4�Ft�yL^`s`�UyF��}KbFcFs`t�cLklbFjScFiDkls`b�bFpleL�U\Ft�cFb6hveK^`p�t�yL^F}LyL^`pl��4t�yFiSj�aFjD^`cFs`iSjS����s`iS\Ft�anY�X klj`hFp�b¢k ��s`bL�*iS�FyFtlrLtleLt�cFbFt.�4tl�U^`cFbFp��f^�hFj`eFh6�t�sSk�h.k�eLi~�	cFiS_�p�^xrK^~\Ft�_nY?+�b6p�bF\Ft�klaFbFt	�FyFbF\FbFcF���4t�yF L^`cFb6h aFjD^`cFs`iSjS����s`iS\Ft�arLi�aUiScF L^�cFtZjS��hLklcFt�cF��}D�SiSs�h>kl�U��t�kls`jS�`t�s�cFt�klaDi`eLgSaUi��FyL^`j`rLiS�Fi�rLiS�ScF���O��bF�Fi`�s`t�p�� �Sªx� 'D��� Y+û��qyFiDk�buý4iSp�t�c�� �S���KiS�&É¬hLklcFb6eLb	�4t�yF F^`cFbFtZ�ZeL�`iSyFt�kl Ft�cF FbFb	cL^qiDk��cFiSjStz�4i�rLtleLb	i~��tl� bFiScFbFp�^` FbFbOaFjD^`cFs`iSjS����s`iS\Ft�a2k��FiDk�eLtlrL�U�]��t�_	cFt�_Fs`yL^xeLbFp�^x� FbFt�_nYL�]rFcL^`aUiL}D��sx^��4i~rLtleLg��FyFbFjSi�rLbFs�a?��a6kl�FiScFt�cF FbL^xeLgScFiD�4�OyL^Skl�FyFtlrLtleLt�cFbF�



´*' ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
I&V ��b I�� � bFcFs`t�yFjD^xeLiSj �Fi.rFeLbFs`tleLgScFiDkls`bnY�X*aU^~\Ft�kls`jStvjSiSp��4i��	cF�����4tl�U^`cFbFpl��4iSjL}x�FyFbFjSi�rFhF��b6��aOkls`t��Ft�cFcFiD�4��yL^Skl�Fy6tlrLtleLt�cFbF��bFcFs`t�yFjD^xeLiSjL}~�FyFtlrFeK^`�l^`�]sSk¨hs`t�yL�4bF\Ft�klaFbW^`aFs`bFjSbFyF�`t��f^xh�bFiScFbFp�^` Fb6hÑ� �Sª�� }¬�8i~rLtleLg>s`�UcFcFtleLbFyFiSjD^`cFb6h�\Ft�yFt�p�ZeL�UaFs`�UbFyF�U�]��bFt��D^`yFgSt�yF�¯� �Sª�� }xyFt�p�iScL^`cLklcFiSt�s`�UcFcFtleLbFyFiSjD^`cFbFtz�4tl�OrL��h6rLyFiD�b
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�qiS� rK^
y6t�\Fg�p�^x�Di~rLb6svi�cFt�iS�S��\FcFiS��i
jSb6rK^
yL^Skl�FyFtlrLtleLt�cFb6h6�.jSt�yFi~hFs`cFi`�kls`t�_n}4iSsSyF^x�O^`�]��b6�£kljSiS_Lkls`jD^�klsx^`s`bLkls`bF\Ft�klaFb6��^`cLk�^S�4�`eLt�_�yFt�^xeLgScF�����qbFp�b6�\Ft�klaFb6�.klbLkls`t���}�b6� jv�Ft�yFjS�U�/iS\Ft�yFtlrLg�klyL^`jSc6bFjD^`�]svkOcFiSyL�f^xeLgScF�z�¢b.jS��hLk��c6hF�]s2�FyFbF\FbFcF�BiSs�eLbF\Fb6hnY#G�^`s`t��f^`s`bFaFb���s`i2rLtleK^`�]s?k�jSt�yFiS_vj2 Ft�cFs`yL^xeLgScF�U��FyFtlrLtleLgScF�U��s`t�iSyFt��4�S}§�qbFp�bFaFb£dWj.klsx^` FbFiScL^`yFcFiDkls`g ��cFs`yFiS�FbFbH«�i`eLgS L�f^`cL^x�CnbF�S�Dk�^Fm

S = −
∞∫

−∞

p(x) ln p(x)dx. (2.3.8)

üqyFb>jS���Fi`eLcFt�cFbFb
�Sk�eLiSjSbF_
∞∫

−∞

p(x)dx = 1, (2.3.9)

∞∫

−∞

p(x)xdx = 0 (2.3.10)

b
∞∫

−∞

p(x)x2dx = σ2, (2.3.11)

�UyL^`jScFt�cFbFt
δS = 0

�FyFbFjSi~rFbFsOa
cFiSyL�f^xeLgScFiD�4�2yL^Skl�FyFtlrLtleLt�cFb6�Bkq�6eLiSs`cFiDkls`gS�

p(x) =
1√
2πσ

e−x
2/2σ2

, −∞ < x <∞.

��^`aUiSjS� �4iS���UsH�S��sSg��4iSs`bFjS��}]\Fs`iS�S�(iSs`aU^`p�^`s`gDk�h�iSs<k�sSi`eFg�t�kls`t�kls`jSt�cFcF����Dk�eLiSjSbF_�,
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ÿ�÷oøBùJú��xñ�ùAò�°�ô����x÷oöx}FiS�FyFtlrLtleFhF�]��b6�>bLkl�Fi`eLgSp��St��4��t�plrLt�klg2�4iD�4t�c6sS��yL^Skl�FyFtl�rLtleLt�cFb6hnY/üqt�yFjD^xh�yFt�^`aF Fb6h	�qbFp�bFaU^ZcL^Z��s`iSs���^`aFsZiS�S��\FcFiZiSs`yFbF L^`s`tleLgScL^Fm`�qb6�p�bF\Ft�klaU^xh jStleLbF\FbFcL^?cFt	�4i~��t�s
�FyFb6cFbL�f^`s`gv�St�klaDiScFt�\FcFiSt�p�cL^�\Ft�cFbFtOb yL^Skl�FyFtl�rLtleLt�cFb6h�k��St�klaDiScFt�\FcF�z�4b��4iD�4t�cFsx^S�4bO�qbFp�bF\Ft�klaUiS��iZk��4�zk�eK^]cFt�bL�4t��]s~YD�zrLcL^x�aUiqrFeFh	yL^Sk��Di�rLbL�4iDkls`b	cFt�kliS�Dkls`jSt�cFcF����bFcFs`t���yL^xeLiSjL}SaU^`aUiSjS�z�4bOiS�FyFtlrLtleFhF�]sSk�h�4iD�4t�cFs`��}6jSiSjDkltzcFtZiS�~hFp�^`s`tleLgScFiL}S\Fs`iS�S�¢kliSiSs`jSt�sSkls`jS�U�]��^xh?k�eL�U\L^`_FcL^xh2jStleLb6�\FbFcL^	�FyFbFcFbL�f^xeL^2�St�klaDiScFt�\FcF��t�p�cL^~\Ft�cFb6hnYK«�i`eLt�t�s`iS��iL}F�Dk�eLiSjSbFt�cFiSyL�4bFyFiSjSaFb¤ �6Y �FY ÑD¦�a6^`aOyL^`p�b	bLkla6eL�]\L^`t�sqsx^`aF�U�<klbFs`�D^` FbF�!¤ÅrFeFhOcFt��FyFt�yF��jScF����yL^Skl�FyFtlrLtl�eLt�cFbF_K¦�YF©�^`aFbL�£iS�SyL^`p�iD��}DyL^Sk��Di�rLbL�4iDkls`g�cFt�kliS�Dkls`jSt�cFcF���2bFcFs`t���yL^xeLiSj�rFeFh
�4i`��4t�cFs`iSj�iSp�cL^~\L^`t�sq�FyFiDkls`iL}S\Fs`i
p(x)

�U�S��jD^`t�sqcL^��St�klaUiScFt�\FcFiDkls`bOcFtlrLiDklsx^`s`iS\FcFi�S�zkls`yFiLYK�qyFbFs`bFan}LaUiScFt�\FcFiL}K�4i~��t�s2�Ft�yFt��qyL^`p�bFyFiSjD^`s`g	kljSiSt�jSiSp�yL^x��t�cFbFtSmL�qb6�p�bF\Ft�klaU^xhWjStleLbF\FbFcL^
rLi`eF�	cL^
�S��sSgviS��yL^`cFbF\Ft�cFcFiS_n}�bWs`iS��rK^vjDklt2t�t?�4iD�4t�cFs`�kl�U��t�kls`jS�U�]s�b2aDiScFt�\FcF��Y � ^S�4t�\F�S}Si~rLcL^`aUiL}`\Fs`i�b2cFiSyL�f^xeLgScFi�yL^Skl�FyFtlrLtleLt�cFcL^xhk�eL�U\L^`_FcL^xhWjStleLbF\FbFcL^�cFt?iS��yL^`cFbF\Ft�cL^��Fi kljSiSbL��p�cL^�\Ft�cFb6hL��Y�ýf^Skl\Ft�s`�*�FiSaU^x�p���jD^`�]s~}¬\Fs`ivjSiv�4cFiS��b6�.k�eL�U\L^xh cL^xeLbF\FbFtOrFeLbFcFcFiS��i>�6jSiDklsx^?yL^Skl�FyFtlrLtleLt�cFb6hn}iS��yL^`cFbF\Ft�cFcFiS��i�cL^��Si`eLgS{�iD��yL^Sk�kls`i~hFcFbFbn}D��aFjSbFjD^xeLt�cFs`cFi�cL^xeLbF\FbF�¢cFt�iS��yL^`cFb6�\Ft�cFcFiS��iZ�6jSiDklsx^F}~bO�FyFbFcF FbF�FbL^xeLgScF�����FyFt��6hFsSkls`jSbF_	aObLkl�6i`eLgSp�iSjD^`cFbF�HcFt�iS�lyL^x�cFbF\Ft�cFcF����yL^Skl�FyFtlrLtleLt�cFbF_	k�yL^Sk��Si~rFhF��bL�4bLk�hO�4iD�4t�cFsx^S�4bOcFtzkl�U��t�kls`jS�St�s	¤ yL^x�p��6�4t�t�sSk¨hn}Lt�kls`g2klbFs`�S^` FbFbn}L��rLt�iS��yL^`cFbF\FtlcFcFiDkls`gS�¡p�cL^�\Ft�cFbF_�k�eF�6\F^`_FcFiS_
jStleLb6�\FbFcF���FyFt�cFt��SyFt�\Fg cFtleLgSplhK¦�Y§��^`a£�FiSa6^`p�^`cFi�j@� 'U�*� }4\Fs`iS�S���Fi`eL�U\Fb6sSg�eL�]�S�U�p�^xrK^`cFcF�U���6eLiSs`cFiDkls`g
f(x)

bFp��Dk�eLiSjSb6hOklsx^` FbFiScL^`yFcFiDkls`bO��cFs`yFiS�FbFbn}`rLiDklsx^`s`iS\6�cFiOp�^S�4t�cFbFs`g2klj`hFp�b.¤ �6Y �FY ���D¦ ��¤ �6Y �6Y �S��¦§�Dk�eLiSjSbFt��
〈ln f(x)〉 ≡

∞∫

−∞

f(x) ln p(x)dx = c = const. (2.3.12)

X�jSi~rFhqcFt�iS�FyFtlrLtleLt�cFcF��tÖ�4cFi~�	bFs`tleLb¬��^`��yL^`c6��^
µ
b
λ
rFeFh�jSa6eL�]\FtlcFb6h�j]�UyL^`j`�cFt�cFbFt�kls~^` FbFiScL^`yFcFiDkls`b
klj`hFp�t�_.¤ �6Y �FY ÑD¦ÖbW¤ �6Y �FY �~�S¦�}U�Fi`eL�U\FbL��m

δS = δ





∞∫

−∞

p(x) ln p(x)dx+ µ


1−

∞∫

−∞

p(x)dx


+ λ


c−

∞∫

−∞

p(x) ln f(x)dx





 = 0.

�]sSkl��rK^�k�eLtlrL�St�s��UyL^`jScFt�cFb6t4rFeFh
p(x)

}��FyFb
µ = 1

b
λ = −1 bL�4t��]��t�t§yFt�{�t�cFbFt

p(x) = f(x).

©�^`aFbL�WiS�SyL^`p�iD��}xeL�]�D^xh	�6eLiSs`cFiDkls`gL}Dj�s`iD�.\FbLk�eLt]b2�6eLiSs`cFiDkls`g�k��6jSiDkls`iD�.kls`tl��Ft�cFcFiS��izjSb6rK^F}l�FyFbFjSi~rFhF��bL�>a��St�klaUiScFt�\FcFiS_ZrLbLkl�Ft�yLklbFb�b�rK^x��tÖyL^Sk¨�Di~rFhF��t��4�D�k�h2�f^`s`t��f^`s`bF\Ft�klaUiD�4�Oi��	b6rK^`cFbF��}U�4i���t�s��S��s`g�jS��jStlrLt�cL^qbFp]klsx^` FbFiScL^`yFcFiDkls`b��cFs`yFiS�FbFbv«�i`eLgS L�f^`cL^x� CnbF�`�Dk�^6Y



´xª ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
ð�yF�U��iS_Hkl�FiDkliS��u~jS��jSt�kls`bn|.cFt���^~�Dk�kliSjS�*yF^Skl�FyFtlrLtleLt�cFb6h�k
s�h6��tleL�z�4b�6jSiDklsx^S�4b��S��eOcL^`_6rLt�c�ø�^xeFeLbLkliD�>� '
��� }xbLkl�Fi`eLgSpliSjD^`jS{�bL�
rFeFhO��s`iS_O FtleLb ÷*67÷*6*�ÀAòBñ�ñ"4&2¯�7ñ�ù�ôx÷7ó"��2

STq =

1−
w∑
i=1

pqi

q − 1
,

cL^`�FiD�4bFcL^`�]���U����cFs`yFiS�FbF��ý4t�cFgSbnm

SRq =

ln
w∑
i=1

pqi

1− q .

�qt�s`yF��rLcFi	�U�StlrLbFs`gDk¨hn}6\Fs`i
SRq =

ln[1 + (1− q)STq ]
1− qb

lim
q→1

STq = lim
q→1

SRq = −
∑

i

pi ln pi.

�ZklcFiSjD^`cFcF��_
cL^	��s`iD�HiS�FyFtlrLtleLt�cFbFbv��cFs`yFiS�FbFb��f^`s`t��f^`s`bF\Ft�klaFbF_ �qiSyL�f^xeLbFp��iS�`eK^xrK^`t�s�p�^S�4t�\L^`s`tleLgScF�z�4b�kljSiS_Lkls`jD^S�4bnm8iSc�kli~�6yL^`c6hFt�s�kls`yF�UaFs`�UyF��\FyFt�p�jS���\L^`_FcFi�jD^x�	cF����rFeFh?s`t�yL�4i�rLbFcL^S�4bFaFb?�FyFt�iS�SyL^`p�iSjD^`cFb6_���tl�O^`c6rLyL^F}SiDklsx^`j`eFhFt�sbFcFjD^`yFbL^`cFs`cF�z�4b.s`t�iSyFt��4�kûÖyFt�cL�qt�k�sx^F}n�UyL^`jScFt�cFbFt	�qiScÁ�qt�_L�f^`cL^>b.s`t�iSyFt��4�jSp�^`bL�4cFiDkls`b��]cFp�^`��t�yL^��FyFb>eL�]�S���?p�cL^~\Ft�cFb6h6�?�L^`yL^S�4t�s`yL^
q
Y

üqyFtlrKklsx^`jSbFj�cFiSjS�U����cFs`yFiS�FbF�¡j	�qiSyL�4t

STq [p(·)] =
1−

∞∫
−∞

d(x/σ)[σp(x)]q

q − 1bObLkl�Fi`eLgSp��xhO�4t�s`i~r	c6t�iS�FyFtlrLtleLt�cFcF���O�4cFi��	bFs`tleLt�_���^`��yL^`c6��^zrFeFhO�U\Ft�sx^qklj`h6�p�t�_
∞∫

−∞

dxp(x) = 1

b
∞∫

−∞

dxx2[p(x)]q = σ3−q,

ø�^xeFeLbLkqkqkliD^`jSs`iSyL^S�4b>�Fi`eL�U\Fb6eFbvk�eLtlrL�U�]��bF_
a6eK^Sk�kZyL^Skl�FyFtlrLtleLt�cFbF_nm
p(x) = A(q)

1

[1 + β(q − 1)x2]1/(q−1)
, −∞ < x <∞,
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�#�>����Æ.â ´�´

�FyFb
1 < q < 3

b

p(x) =

{
A(q) 1

[1+β(q−1)x2]1/(q−1) , |x| ≤ 1√
β(1−q)

}
0

jO�FyFiSs`bFjScFiD��k�eL�U\L^`t
�FyFb −∞ < q < 1

Y]«�i`eLgS{�iSt�\FbLk�eLi��6yFb6eLi~��t�cFbF_���s`b6��yL^Skl�FyFt�rLtleLt�cFbF_¡ks�h6��tleL�z�4b��6jSiDklsx^S�4b��4i��	cFi¡cL^`_Fs`b�j�yL^`�SiSsx^x�µø�^xeFeLbLk�^¢b�t���i��FiDk�eLtlrLi`�jD^`s`tleLt�_Ä�
43− 45

� Y
±�{/ë �i� �����(���,~�~�¹"! � î ~�ç�ð��0Ûç�����|
��~�¹iæ ����|�� � ï�|,��~�¹iæ

X�iDkl�Fi`eLgSp��St��fk¨h�s`t��Ft�yFg
kls`t��Ft�cFcFiS_ �q�UcFaF FbFt�_
Φµ(t), 0 < µ < 1

j>a6^x�\Ft�kls`jSt��q�UcFaF FbFb
j`eLb6hFcFb6h>j	jS��yL^x��t�cFbFb.¤ �SY �6Y �~¦lm

g(t) =

t∫

0

Φµ(t− τ)f(τ)dτ = Φµ ? f(t). (2.4.1)

üqyFt�iS�SyL^`p�i`jD^xcFbFt¬��^`�6eK^Sk�^?kljSt�yFs`aFb yL^`jScFi>�FyFiSbFp�jStlrLt�cFbF��eK^`�UeK^SkliSjDklaFb6��iS�`�yL^`p�iSjOkljSt�yFs`��jD^`t��4���?�q�6c6aF FbF_nm
ĝ(λ) = Φ̂µ(λ)f̂(λ) = λ−µf̂(λ).

X�kl�FiD�4cFbFjL}v\Fs`i
λ−mf̂(λ)

�FyFtlrKklsx^`j`eFhFt�s�kliS�SiS_ eK^`�6eK^SkliSjDklaFbF_ iS�SyL^`p
m
�aFyL^`s`cFiS��iObFcFs`t���yL^xeK^�iSs	�q�UcFaF FbFb

f(t)
}

λ−mf̂(λ) = ú {0Imt f(t)} (λ), 0I
m
t f(t) ≡

t∫

0

dξm

ξm∫

0

dξm−1 . . .

ξ2∫

0

dξ1f(ξ1),

yFt�p�iScFcFi2bFcFs`t�yF�FyFt�s`bFyFiSjD^`s`g?�FyFiSbFp�jStlrLt�cFbFt
λ−µf̂(λ)

a6^`a�5�ôx÷*67ñ�÷oòA÷*67÷*6*ÀAòBñ"�xò�Bô1�oùJñ�÷�°*÷-��ñ�ùAò�°�ô1�����Fm
λ−µf̂(λ) = ú {0Iµt f(t)} (λ), 0I

µ
t f(t) =

t∫

0

Φµ(t− τ)f(τ)dτ.

[]\FbFs`��jD^xh2sx^`a6��tS}D\Fs`i�a6^x�OrLiStzrLbL���qt�yFt�c6 FbFyFiSjD^`cFbFtziSyFbF��bFcL^xeK^��UjStleLbF\FbFjD^x�t�sO�FiSa6^`p�^`s`tleFg	kls`t��Ft�cFbv�4cFi~�	bFs`tleFh
λ−m

cL^�tlrLbFcFbF F�S}
ú { � nt 0I

m
t f(t)} (λ) = λn−m,



´x� ��	��"�+�ÄÃT�,�5�G&x���x��Æ��S��õ���ã�÷x�x�Â���[������ãx�
�4i~�	cFi¬÷7ó/ô�ò�57ò/����ùJú��FyFiSbFp�jSi~rLcF�U��rLyFiS�ScFiS��i��FiSyDh6rLaU^

ν = n−µ = [ν]−µ+1�q�UcFaF FbFb
f(t)

kliSiSs`cFiS{�t�cFbFt��

0f
(ν)(t) = � nt 0I

µ
t f(t) = � nt t∫

0

Φµ(t− τ)f(τ)dτ =

=
1

Γ(1− {ν}) � [ν]+1t

t∫

0

f(τ)dτ

(t− τ){ν} , ν > 0.

� rLt�klg
ν
d �Fi`eLi~�	bFs`tleLgScFiSt?jSt���t�kls`jSt�cFcFiSt2\FbLk�eLiH¤ �FiSySh6rLiSa�rLyFiS�ScFiS_��FyFiSbFpl�jSi~rLcFiS_K¦�}
[ν]
d?t���i2 FtleK^xh�\L^Skls`gL} {ν} d?rLyFiS�ScL^xh
\L^Skls`gL} n = [ν] + 1

Y�üqiSplrLcFt�t�4�¡�UjSb6rLbL��}K\Fs`i?bFcFs`t���yL^xeL��rLyFiS�ScF���
�FiSyDh6rLaDiSj
µ > 0

�~rLiS�ScFi	bFcFs`t�yF�FyFt�s`b6�yFiSjD^`s`g�a6^`a>�FyFiSbFp�jSi~rLcF��tZiSs`yFbF L^`s`tleLgScF���>�FiSySh6rLaUiSj
ν = −µ < 0

m

0f
(ν)(t) = 0 � −νt f(t) =

1

Γ(−ν)

t∫

0

f(τ)dτ

(t− τ)ν+1 , ν < 0.

�]�FyFtlrLtleLt�cFcF��t	��s`bL�4b.jS��yL^x��t�cFb6hL�4b.�q�UcFaF FbFb.cL^`p���jD^`�]sSk�hÑ5�ôx÷*67ñ�õ©�
ÿ��mó/ôx÷*�1:/öo÷�5�ñ�õ[ÿ��D�E�#ÿ¬�oñ���� ù��"4+ö����&�1���FiSySh6rLa6^

ν
�q�UcFaF FbFb

f(t)
Y�üqyFb���s`iD�cFb6�	cFbF_<bFc6rLt�aUk�bFcFs`t���yL^xeK^WcFt�iS�~hFp�^`s`tleLgScFi rLi`eF��tlc<�S��s`gWyL^`jSt�c�cF��eL��Y�X��s`iD��k�eL�U\L^`t

af
(ν)(t) ≡ a � νt f(t) =





1

Γ(−ν)

∫ t

a

f(τ)dτ

(t− τ)ν+1 , ν < 0;

1

Γ(1− {ν}) � [ν]+1t

∫ t

a

f(τ)dτ

(t− τ){ν} , ν > 0.

(2.4.2)

� ^S�4t�s`bL��}L\Fs`i2�4��jSjSt�eLb
plrLt�klgOiS�SiSp�cL^~\Ft�cFbFtZiS�Ft�yL^`s`iSyL^�rLbL���qt�yFt�cF Fb6�yFiSjD^`cFb6h�rLyFiS�ScFiS��iZ�FiSySh6rLa6^
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a
¦�5
�"�%�XòÀô�òBñ"<"�/ôx÷oö(�oñ"��ò�Y�üqyFb
�Ft�yFtl�klsx^`cFiSjSaDtz�FyFtlrLtleLiSj��4�<�6i`eL�U\L^`t��.iS�Ft�yL^`s`iSy���ò!öo÷oøBùJ÷-ôx÷7ñ�ñxò�°*÷¬5
�"�%�XòÀô�òBñ"<"��ôx÷*�

ö(�oñ"���
t � νb YüqyFb>iS�FyFtlrLtleLt�c6cF���?iS��yL^`cFbF\Ft�cFb6h6�2cL^�rLbL���qt�yFt�cF FbFyFiSjD^`cFbFtZ�q�UcFaF FbFbbL�4t��]s2�4t�kls`i	kliSiSs`cFiS{�t�cFb6h

g(t) = 0 � νt f(t)⇔ g̃(k) = (−ik)ν f̃(k), (2.4.3)

g(t) = 0 � νt f(t)⇔ ĝ(λ) = λν f̂(λ), (2.4.4)
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X
bFp��4t�yFt�c6b6h£bFp��U\L^`t��4iS_WjStleLbF\FbFc6�
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∆

X = a+∆.
üqi`eLcFiDkls`gS�!bLkla6eL�]\FbFs`g
t�t�cFt��~rK^`t�sSk¨hn}TcFi
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X1, ..., Xn
m

1

n

n∑

j=1

Xj = a+∆n.

� rLt�klg
a
d
�Fi`� �FyFtl�	cFt��4�
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ñ"�xòÒÿ 〈x〉 = a
�Ç5
�xøBóxòÀô�ø0�xò0M

σ2 <∞ J?Ý5÷�°�5*�
∑n

j=1Xj − na√
nσ

d∼G, n→∞,
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pG(x) =

1√
2π
e−x

2/2.
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cFt��Ft�yFt�aFyF��jD^`�]��bFt�k¨h.�FyFiD�4tl��	�Us`aFb>jSyFt��4t�cFb
�4i~�	cFiOkl\FbFsx^`s`gOcFt�p�^`jSbLklbL�4�z�4bnYxûÖjSi`eL�] Fb6h?�6eLiSs`cFiDkls`b>yL^Sk���FyFtlrLtleLt�cFb6h
p (x, t)

aUiSiSySrLbFcL^`s`�Hj�i~rLcFiD�4t�yFcFiD� k�eL�U\L^`t�iS�FbLkl��jD^`t�sSk�hO�UyL^`jScFtl�cFbFt��
∂p(x, t)

∂t
= K

∂2p(x, t)

∂x2
,

� rLt
K
dZaUiS�����qbF FbFt�cFszrLbL���q�Up�bFbnY
 Ök�eLb�jZcL^~\L^xeLgScF��_��4iD�4t�cFsZjSyFt��4t�cFb

t = 0\L^Skls`bF L^�cL^x�Di~rLb6eK^Sklg�jOcL^�\L^xeLtqaUiSiSyDrLbFcL^`s
x = 0

}
p(x, 0) = δ(x),

s`i	yFt�{�t�c6bFt���s`iS��iO�UyL^`jScFt�cFb6h>bL�4t�t�sOjSb6r
p(x, t) = (Kt)−1/2g

(
x(Kt)−1/2

)
,

� rLt
g(x) =

1

2
√
π
e−x

2/4

dZ�l^~�Sk�kliSjSizyL^Skl�FyFtlrLtleLt�cFbFtq¤¥k§rLbLkl�Ft�yLklbFt�_n}~yL^`jScFiS_��S¦�Y � ^S�4t�s`bL��}~\Fs`iZj]rK^`cFcFiD�k�eL�U\L^`tq�UyL^`jScFt�cFbFtZrLbL���q�Up�bFb
�8i~�	cFi	�6yFtlrKklsx^`jSbFs`g	s~^`a6��t�jOjSb6rLt
∂p(x, t)

∂t
= K

∂2p(x, t)

∂x2
+ δ(x)δ(t),

�FyFtlrL�Fi`eK^`��^`�]��t��£c6�~eLt�jSiStZcL^~\L^xeLgScFiStZ�Dk�eLiSjSbFtSY
ûÖs`b£��iSyF�4�~eL��iS�SyL^`p��U�]s��q�Uc6rK^S�4t�cFs�s`t�iSyFbFbWeLbFc6t�_FcFiS_�cFiSyL�f^xeLgScFiS_rLbL���q�Up�bFbnYRüqyFiDkls`t�_F{�bF_ jS��jSi~r��UyL^`jScFt�cFb6h�rLbL���q�Up�bFb�iDklcFiSjD^`c�cL^Ç4Bô1�/öoñxò0�

ñ"�"��ñxòBó/ô�òÀôxõ�öoñ�÷oøBù��
∂p(x, t)

∂t
= −∂j(x, t)

∂xbÇ:(����÷7ñxò0¿��"�
�
j(x, t) = −K∂p(x, t)

∂x
.

��rLbL���q�Up�bFiScFcFiS_��4i~rLtleLb��FyFbFjSi�rFhFs]yL^`pleLbF\FcF��t��qbFp�bF\Ft�klaFbFt�b�cFt�iS�~h6�p�^`s`tleLgScFi<��b6p�bF\Ft�klaFbFt£p�^xrK^�\Fbnm]i~rLcFb¡bBs`t���t�rLbL���q�Up�bFiScFcF��tW�UyL^`jScFt�cFb6hiS�FbLkl��jD^`�]sv�FiSjStlrLt�cFbFt2cFt�_Fs`yFiScFiSj�jvh6rLt�yFcFiD��yFt�^`aFs`iSyFtS}8aF�UyLk�^v Ft�cFcF���W�S�D��f^`��cL^��qbFcL^`cLkliSjSi`_��SbFyD��t�b¢\L^Skls`bF ¢ FjSt�s`iS\FcFiS_<�F��eLgS F��}�jSp�jSt�{�t�cFc6����j
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�	b6rLaDiDkls`bnYKo�kls`iSyFb6h>bFp��U\Ft�cFb6h
�SyFiS�UcFiSjDklaDiS��i�rLjSb6��t�cFb6h
klj`hFp�^`cL^�kqbL�4t�cL^S�4bw�YRûÖ_FcF{�s`t�_FcL^F}�GWY � �4i`eL�D�DiSjDklaDiS��iL}>üOY"��^`c6��t�jSt�cL^F}Fw�Y%+�iSaFaDt�yL^F}�GWYxüZeK^`c6�a6^F}1CTYU[feLt�c6�St�a6^F} � Y$=�^`c6rLyL^Sklt�aU^`yL^�b?rLyF�U��b6�2bFp�jSt�kls`cFt�_F{�b6�>�qbFp�bFaDiSjLY � �Fb6�iScFt�yLklaFbL�4b£yL^`�SiSsx^S�4b£j���s`iD�BcL^`�FyL^`j`eLt�cFbFb£\FbFs~^`s`tleLgWklsx^`yF{�tl��i �FiSaUi`eLt�cFb6h�4i~��t�s
�S��s`g>p�cL^`aUiD���Fivkl�SiSyFcFbFaF�Á� �*� Y%GWY � �4i`eL�D�DiSjDklaFbF_n}Tj>\L^Skls`cFiDkls`bn}¬�Fb6�{�t�sFmfuxoqp�jSt�kls`cL^xhvs`t�iSyFb6h��SyL^~�UcFiSjDklaDiS��i�rLjSb6��t�cFb6hn}KyL^`p�jSbFsx^xhmûÖ_FcF{�s`t�_FcFiD��}�4cFiS�Bb���^`c6��t�jSt�cFiD��Y Y Y |v¤/� �*� }Kk`Y��F��ÑD¦�Y>ýf^`�SiSs`�¡w�YRûÖ_FcF{�s`t�_FcL^F}�üOY$��^`c6��t�jStl�cL^�b�GWY � �4i`eL�D�DiSjDklaDiS��iÁ� �x� �*�ÖrK^`s`bFyFiSjD^`cF�/kliSiSs`jSt�sSkls`jSt�cFcFi���ÑS�D�~� ��}§��ÑS�S�x� �b���ÑF�~�~� �£��i~rK^S�4bnY¬�zrLcL^`aUi2jS�Ft�yFjS��t�rLbL���q�Up�bFiScFcFiSt��UyL^`jScFt�c6bFt��Fi�hFjSb6eLiDklg2jrLbLk�klt�yFs~^` FbFb¯���Ub<«�^`{�tleLgSt
d£�U\Ft�cFbFa6^�w�YVüq�D^`cFa6^`yFt
d£j<��ÑS�S�.��i~rL�SY�ð�bLk��klt�yFs~^` Fb6h cL^`p���jD^xeK^Sklg ux©nt�iSyFb6h.kl�Ft�aF��eFhF FbF_n|>b��S��eK^2�FiDklj`hF��t�cL^2bFp��U\Ft�cFbF�k�eL�U\L^`_FcFiS��i��FyFiS Ft�k�k�^���jSi`eL�] FbFb>yF��cFiS\FcF���? Ft�cnY

©niSs���^`aFs~}`\Fs`i�k�iSjSt�yF{�t�cFcFiqyL^`pleLbF\FcF��tz�Fi��FyFbFyFi�rLt�hFj`eLt�cFb6hOiS�FbLkl��jD^x��]sSk�h
i~rLbFcL^`aDiSjS�z�4b>�UyL^`jScFt�cFb6hL�4bn}6hFj`eFhFt�sSk¨h
�FyDhL�4�z���UaU^`p�^`cFbFt��£cL^�s`iL}F\Fs`i57ò/�x÷�:&57òBøBúnñxò�öÂ��÷7ñ"�Bô�òBùJñ�÷*ÿ ÿDò�È��oñ"�1:!ÿDò¬��ö���òBñ"���"���ÇöÇñxò0��÷7ùJ÷-ôx÷*ÿ�÷*6*ÀAòÒÿ�
�oþ>ò!øBùAö/ò��%��÷7ùJ÷-ôxõ[ÿÕ÷*6����(5*�/òBù ö/ò!øBú��*���/ø!ø
ó�÷�5�÷*67ñ�õ?ÈB��ö���òBñ"�"MLY
+�iSyL�4��eLbFyFiSj`�a6^>��s`iS��i>a6^~\Ft�k�sSjD^?j
jSb6rLt	^`a6klbFiD��b6eLb.iS�FyFtlrLtleLt�cFbF_.�FiSp�jSi`eFhFtls>iDkljSiS�Si�rLbFs`ga6^`y6sSb6cF�>iSs�rLt�sx^xeLt�_n}FcFt�j`eLb6hF�]��b6�>kl�U��t�kls`jSt�cFcFiOcL^��Di~r
�FyFiS Ft�k�k�^F}6b
bLk�k�eLtl�rLiSjD^`s`gO�Fi`eL�U\Ft�cFcF�U�B�4i�rLtleLg�u~j	\FbLkls`iD�£jSb6rLtS|~Y�ûÖs`i	�D��t��~rLtle��f^`s`t��f^`s`bFaDiSjL}�Dklb6eFb6hL�4bvaUiSs`iSyF���?b
�S��eK^OkliSplrK^`cL^�ùAòB÷-ô����mø/��4�þ$��M�ñ�õ?È�ó/ôx÷*<xò!ø!øB÷oöx}6�Ft�yFjS�z�iS�&Ént�aFs`iD���6yFbL�4t�cFt�cFb6hvaUiSs`iSyFiS_
kls~^xeLi	�Sy6iS�6c6iSjDklaUiStzrLjSb6��t�cFbFtSYLX�^x�	cFt�_F{�b6_jSa6eK^xr�j2�f^`s`t��f^`s`bF\Ft�klaF�U��s`t�iSyFbF�B�SyFiS�UcFiSjDklaUi`��i�rLjSb6��t�cFb6hvjScFt�k��OYKX�bFcFt�yn}rLiSaU^`p�^`jS{�bF_n}T\Fs`i
s`yL^`t�aFs`iSyFbFb.�SyFiS�UcFiSjDklaUi`��i?�FyFiS Ft�k�k�^?�FiS\Fs`b.jDkl��rL�vcFt��FyFtl�yF��jScF��}FcFi	cFbF��rLt�cFtqrLbL���qt�yFt�cF FbFyF�St��4��YLX¢klj`hFp�bvkq��s`bL���SyFiS�UcFiSjDklaUiSt]rLjSb6���t�c6bFtOcL^`p���jD^`�]smö���ñxòÀôx÷oö/ø0�&�#ÿ ó�ôx÷*<xò!øBøB÷*ÿ�Y#��^`yDh6rL��k-�OY¬X�bFcFt�yFiD�¢�f^`s`t��4^x�s`bF\Ft�klaFbL�4b£^Skl�Ft�aFsx^S�4bW�SyFiS�UcFiSjDklaUi`��i>rLjSb6��t�cFb6h�p�^`cFbL�f^xeLbLk�gÄF�Y8«�t�yFcF��eFeLbn}
ð��vY#ð��U�L}�GWYL��^` n}6XZY�+�t�eFeLt�yn} � Y$�OY6«�t�yFcF{�s`t�_Fcn}�üOY���t�jSbn}6w�Y"�OY6�qi`eK�4iS��i`�yFiSjL}5ý4Y$�	Y � s`yL^`s`iScFiSjSbF\>b>rLyF�U��bFt�bFp�jSt�kls`cF��tqs`t�iSyFt�s`bFaFbnY
äB{3± � ����çB|�ï���ç���������|�ð��.�E�E¹

ð�eFhHs`iS��iL}§\Fs`iS�S��eL�U\F{�tv�FyFtlrKkls~^`jSbFs`g£kltl�St��4t�kls`iWrLbF���q�Up�bFbHklyFtlrLbrLyF�U��b6�Wk�eL�U\L^`_FcF���.�Fy6iS Ft�k�kliSjL}ncL^`�FiD�4cFbL��cFt�klaDi`eLgSaUiviS�FyFtlrLtleLt�cFbF_�� ª�� Y?Gv�iS��yL^`cFbF\FbL�fk¨h�yL^Sk�k��4iSs`yFt�cFbFt��¡i�rLcFiD�4t�yFcFiS��ivrLjSb6��t�cFb6hn}8sx^`a�\Fs`i k�eL�U\L^`_FcL^xhaUiSiSySrLbFcL^`sx^2�`eL�D�OrK^`�]��t�_�\L^Skls`bF F�
X(t), t ≥ 0

�S��rLt�s?jSt���t�kls`jSt�cFcFiS_��Ft�yFtl��4t�cFcFiS_nY~X���s`iD�vk�eL�U\L^`t§�FiSc6hFs`bFtÖk�eL�U\L^`_FcFiS��iz�6yFiS Ft�k�k�^zkliSjS�L^xrK^`t�s�k§�FiSc6hFs`bFt��k�eL�U\L^`_FcFiS_
�q�UcFaF FbFbÄ� ´U}Lk`YL�`��Ñ�� YÜn= · =¥¹K= ð ��4�þ$��M�ñ�õ©M�ó/ôx÷*<xò!ø!ø�¤�ø/��4�þ$��M�ñ����Â�94�ñ"�&<"���6¦ {X (t) , T} t�k�sSg	kli`�jSiSaF�U�FcFiDkls`g	k�eL�U\L^`_FcF���
jStleFbF\FbFc
X(t)

}Lp�^xrK^`cFcF���>cL^Oi~rLcFiD��bvs`iD�£��t�jSt�yFi`�hFs`cFiDkls`cFiD�<�FyFiDkls`yL^`cLkls`jSt�b iSs`jSt�\L^`�]��b6�vjDklt�jSiSp��4i~�	cF�z�Hp�cL^~\Ft�cFb6hL�
t ∈ T Y� eL�U\L^`_FcL^xh
jStleLbF\FbFcL^

X(t)
cL^`p���jD^`t�sSk�h_��÷7÷-ô�5
��ñ��oùJ÷*M>k�eL�U\L^`_FcFiS��i	�FyFiS Ft�k�k�^
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	�õ"ô���Üx��Æ��S&x����÷x�&�1�1Æ
j��4iD�4t�cFsuö*ô�òÒÿDòBñ"�

t
}S^qk�eL�U\L^`_FcL^xh�yFt�^xeLbFp�^` Fb6h

X (·) duù�ô1�/ò0��ùJ÷-ô��xò0M�k�eL�U\L^`_6�cFiS��iO�FyFiS Ft�k�kl^FY� eLtlrL�`h?�6yFbFc6hFs`iS_>j��qbFp�bF\Ft�klaUiS_	eLbFs`t�yL^`s`�UyFtZsSyF^xrLbF FbFb>�S�~rFt��.�U^`yL^`a6�s`t�yFbFp�iSjD^`s`g>k�eL�U\L^`_FcF��_��FyFiS Ft�k�k {X (t) , T} cL^`�SiSyFiD��aUiScFt�\FcFiD�4t�yFcF���v�6eLiSsx�cFiDkls`t�_
pn(xn, tn; ...;x1, t1)

}
tn > tn−1 > ... > t1

}Lj	�FyFtlrL�Fi`eLi���t�cFbFbn}L\Fs`i2iScFbkl�U��t�kls`jS�U�]s~YÜn= · = · = � eL�U\L^`_FcF��_��FyFiS Ft�k�k {X (t) , T} cL^`p���jD^`t�sSk�h>°���4+ø!øB÷oö/ø0�&�#ÿ ó/ôx÷*�<xò!ø!øB÷*ÿ�}nt�k�eLb.rFeFh.eL�]�S���
n ≥ 1

b
t1, ..., tn pn(xn, t; ..., ;x1, t1)

hFj`eFhFt�sSk�h
n
��4t�yFcF�z�.cFiSyL�f^xeLgScF�z�H¤ ��^~�Dk�kliSjDklaFbL�§¦8yL^Skl�FyFtlrLtleLt�cFbFt���YD©�^`a2a6^`a	cFiSyL�f^xeLgScFiStyL^Skl�FyFtlrLtleLt�cFbFt�i~rLcFiSp�cL^�\FcFi	iS�FyFtlrLtleFhFt�sSk�h�kljSiSbL�4bv�Ft�yFjS�z�4bvb�jSs`iSyF�z�8b��4i`��4t�cFsx^S�4b¬}4s`i�rFeFh�p�^xrK^`cFb6hW�l^~�Sk�kliSjDklaUi`��iv�FyFiS Ft�k�k�^
rLiDkls~^`s`iS\FcFi��Ua6^`p�^`s`gvrLjSt�q�UcFaF FbFbnmz�f^`s`t��f^`s`bF\Ft�klaDiSt.i~�	b6rK^`cFbFt

m(t) = 〈X(t)〉 b¢aUiSyFyFtleFhF FbFiScFcF�U��q�UcFaF FbF�
B(t, u) = 〈[X(t)−m(t)][X(u)−m(u)]〉 YÜn= · =ÝÜn= � eL�U\L^`_FcF��_��FyFiS Ft�k�k {X (t) , T} cL^`p���jD^`t�sSk¨hmÿ��*ô���÷oö/ø0�&�#ÿ ó/ôx÷*�<xò!ø!øB÷*ÿ�}6t�k�eLb>rFeFh>eL�]�S���

n ≥ 1
b
t1 < t2 < ... < tn < t

�Dk�eLiSjScL^xh>�6eLiSs`cFiDk�sSg
p(x, t|xn, tn; ...;x1, t1)

p�^`jSbLklbFs�eLbF{�gOiSsO�FiDk�eLtlrLcFt�_>aUiSiSyDrLbFcL^`s`��m
p(x, t|xn, tn; ...;x1, t1) = p(x, t|xn, tn).� jSiS_Lkls`jSi��f^`yFaDiSjSiDkls`bWbFcFs`t�yF�FyFt�s`bFyF�`t�sSk�h£a6^`aWcFt�p�^`jSbLklbL�4iDkls`gv�S�~rL�U��t���i
iSs�FyFiS{�eLiS��i¢�FyFb�bFp�jSt�kls`cFiD� cL^Skls`i~hF��t���Y³��t�jSb��qiSyL�4��eLbFyF�St�s¢��s`i¡kljSiS_Lkls`jSi�qyL^`p�iS_�u~�FyFiS{�tlrL{�t�t�j`eLb6hFt�s>cF^>�S��rL�U��t�t�s`i`eLgSaUi>\Ft�yFt�p�cL^Skls`i~hF��t�tS|?b��Fi~rF�\Ft�yFaFbFjD^`t�sH^`cL^xeLiS��bF�,k.�FyFbFcF FbF�FiD� Cn�]_F��t�cLk�^¡¤�ux�4i��	cFi<kla6^`p�^`s`gL}�\Fs`iH��s`i

ó/ô���ñ"<"��ó³�Ø2.M�°2òBñxø3��öIô1�/øBþ>òBùAòXö/òÀôx÷0�xùJñ�÷oøBùAò0ML|³� �F}�k`Y�'D��� ¦�Y�X�cFt�aUiSs`iSyFiD�
k��4�zk��eLtOt���i>�4i~�	cFi
kl\FbFsx^`s`gvkls`i��U^Skls`bF\Ft�klaFbL�<iS�SiS�S��t�cFbFt���rLbFcL^S�4bF\Ft�klaDiS��i>�FyFbFc6� FbF�L^F}6p�^xeLi���t�cFcFiS��i�j��UyL^`jScFt�cFb6h6�?�4tl�U^`cFbFaFbnm6�S��rL�U��t�tq�4tl�D^`cFbF\Ft�klaUiS_>klbLkls`tl��4���Fi`eLcFiDkls`gS�<iS�FyFtlrLtleFhFt�sSk¨h2t�tZ��^`p�iSjS���4b	aDiSiSyDrLbFcL^`sx^S�8b2j�cL^Skls`i~hF��bF_2�4i`��4t�cFsOb
cFt�p�^`jSbLklbFs�iSsO�FyFiS{�eLiS��iLY[§k�eLiSjScF�U� �6eLiSs`cFiDkls`g
p(x, t|y, u) iS�SiSp�cL^�\L^`�]s rFeFh cL^`� eFh6rLcFiDkls`b

p(x, t← y, u)
b�cL^`p���jD^`�]s6óxòÀô�ò�È�÷�5�ñ�÷*Muó��x÷7ùJñx÷oø2ùAú&2�Yoüqt�yFtl�Si~rLcL^xh��6eLiSs`cFiDkls`g��rLiSj`eLt�s`jSiSyDhFt�s�4Bô1�/öoñxòBñ"�"2��6÷3�+ÿ�÷�°*÷-ôx÷oö(���M½�òBó#ÿDòBñ��`}ShFj`eFhF�]��t��4�Dk¨h
�FtlyFt��qiSy6��4��eLbFyFiSjSaUiS_>�FyFbFjStlrLt�cFcFiS��i�jS��{�tqiS�FyFtlrLtleLt�cFb6hnm

p(y, u→ x, t) =

∫
p(x, t← z, v)p(z, v ← y, u)dz, u < v < t.

� ^S�4t�s`bL��}§\Fs`i¢u~�FyFiD�4t��	�6s`iS\Fc6���n|.^`yF���6�4t�cFs`iSj.plrLt�klg rLjD^Fm
z
b
v
}§cFi.bFcFs`tl���yFbFyFiSjD^`cFbFt��Fi>i~rLcFiD�4�vbFpOcFb6��¤

z
¦ZklcFbL�f^`t�s>b p�^`jSbLklbL�4iDkls`g>iSs?rLyF�U��iS��i ¤

v
¦�Y

üqt�yFtl�Di�rLcL^xh2�6eLiSs`cFiDkls`g�jD�4t�kls`tqk]i~rLcFiD�4t�yFcFiS_?�6eLiSs`cFiDkls`gS�
p(x, 0)

}Up�^xrK^`cFcFiS_j�cL^�\L^xeLgScF��_��4iD�4t�cFs�jSyFt��4t�cFb
t = 0

}8�Fi`eLcFiDkls`gS��iS�FyFtlrLtleFhFt�s��f^`yFaUiSjDklaFbF_�FyFiS Ft�k�kZ�FyFb
t > 0

YÜn= · = ¸�= � eL�U\L^`_FcF��_��FyFiS Ft�k�k {X (t) , T} cL^`p���jD^`t�sSk�h�ó/ôx÷*<xò!ø!øB÷-ÿ�ø
ñxò�:(���ö��xø0�#ÿ�õ[ÿ���ó/ô��/ô1��ÀAòBñ"���5ÿ³�L}6t�k�eLbvrFeFh
0 < t1 < t2 < ... < tn < t

�FyFbveL�]�S���
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n ≥ 1
k eL�U\L^`_FcF��tqjStleLbF\FbFcF�

X (0) , X (t1)−X (0) , ..., X (tn)−X (tn−1)
jSp�^x�bL�4cFi	cFt�p�^`jSbLklbL�4��Y1��t�jSb>sx^`aFbFt��FyFiS Ft�k�kl��cL^`p���jD^`t�s��(5*5
��ù��xöoñ�õ[ÿ���� �F}Fk`Y �S��� Y�]\Ft�jSb6rLcFiL}UiScFb
�FyFbFcL^xrFeLtl��^`sOa
a6eK^Sk�kl�?�f^`yFaUiSjDklaFb6�?�6yFiS Ft�k�kliSjL}6�FyFbF\Ft��

p(x, t← y, u) = p(x− y, t← 0, u).Ün= · =Å¶¬=#üqyFiS Ft�k�k§k§cFt�p�^`jSbLklbL�4�z�4b��FyFbFyL^`��t�cFb6hL�4b�cL^`p���jD^`t�sSk�hu÷�5�ñ�÷-ôx÷�5
�ñ�õ[ÿ�}6t�k�eLb
yL^Skl�6yFtlrLtleLt�cFb6h
yL^`p�cFiDkls`t�_
X (t+ τ)−X (t)

cFt�p�^`jSbLk�hFs�iSs
t
m

p(x, t← y, u) = p(x− y, t− u← 0, 0) ≡ p(x− y, t− u).��t�jSbvcL^`p���jD^`t�s2sx^`aFbFt��FyFiS Ft�k�kl�µ����ñxò0M�ñ�õ[ÿ��L}FiSsS�4t�\L^xhn}T\Fs`i>klyFtlrLb�cFb6��uxkl�D���t�kls`jS�U�]sO�FyFiS Ft�k�kl�¢b
iSs�eLbF\FcF��t�iSsO�SyFiS�UcFiSjDklaDiS��iL|B� �F}Lk`YF�F�0� YÜn= · =y¤n= �zrLcFiSyFi~rLcF��_ �FyFiS Ft�k�kBcL^`p���jD^`t�sSk¨hëøBùJ÷�È��/øBù���þ>ò!ø0�&�sèÀø/����67÷3êñxòBó/ô�òÀôxõ�öoñ�õ[ÿ³�Lt�k�eLb
∫

|x|>ε

p(x, τ)dx→ 0

�FyFb
τ ↓ 0 b>eL�]�SiD� ε > 0

Y
üqyFbFjStlrLt��HcL^`b6�Si`eLt�t�yL^Skl�FyFiDkls`yL^`cFt�cFcF��t�iS�FyFtlrLtleLt�cFb6hvrLbL���q�Up�bFiScFcFi`���iO�FyFiS Ft�k�k�^
¤ �SyFiS�UcFiSjDklaDiS��i�rLjSb6��t�cFb6hK¦�YÜn= · =Å³¬=d��ôx÷*4�ñ�÷oö/ø0��÷oò�57ö(�$��òBñ"�xò {X (t) , t > 0} �4i~��t�s
�S��s`g
iS�FyFt�rLtleLtl�cFi�aU^`aOi~rLcFiSyFi~rLcF��_��FyFiS Ft�k�k�k��Ft�yFtl�Di�rLcFiS_O�6eLiSs`cFiDkls`gS�

p (x, t)
}`hFj`eFhF�]��t�_Lk¨h�q�Uc6rK^S�4t�cFs~^xeLgScF�z� yFt�{�t�cFbFt��.�F^`yL^`�Si`eLbF\Ft�klaUiS��iZrLbL���qt�yFt�cF FbL^xeLgScFiS��iq�UyL^`j`�cFt�cFb6h_� ÑF}Fk`Y �F��Ñ�� YÜn= · = ´n=���ôx÷*4�ñ�÷oö/ø0�&�#ÿ757ö��$��òBñ"�xòÒÿ.b6eLb�ó/ôx÷*<xò!ø!øB÷*ÿHI.��ñxòÀô����¦�¸��ÚAò/�xú+òncL^x�p���jD^`�]sZcL^~\FbFcL^`�]��bF_Lk¨hOj�cL^�\L^xeLt�aUiSiSyDrLbFcL^`sZ�FyFiS Ft�k�k`}Sk�cFt�p�^`jSbLk�bL�4�z�4bO�FyFb6�yL^`��t�cFb6hL�4bn}KbL�4t��]��bL�4b�cFiSyL�f^xeLgScFiSt�yL^Skl�FyFtlrLtleLt�cFbFt�k�cF��eLt�jS�z���f^`s`t��f^`s`b6�\Ft�klaFbL��i~�	b6rK^`cFbFt��¢bWrFbLkl�Ft�yLklbFt�_n}8�FyFiS�FiSyF Fb6iScL^xeLgScFiS_

t
Y�X�bFcFt�yFiD��bÁ��t�jSb�S��eLi	�FiSaU^`p�^`cFiL}6\Fs`i2s`yL^`t�aFs`iSyFbFb�s~^`aUiS��i	�FyFiS Ft�k�k�^	kqjSt�yFi~hFs`cFiDkls`gS�/��cFt��FyFtl�yF��jScF� b�\Fs`iz��s`i]kljSiS_Lk�sSjSi�jS��rLtleFhFt�s���s`iSsz�6yFiS Ft�k�kfbFp§�Si`eFt�tf{�bFyFiSaUiS��i�a6eK^Sk�k�^�St�p���yL^`cFbF\FcFi`� rLtleLbL�4���2�FyFiS Ft�k�kliSj�� ���F}Fk`Y �6�~�*� YÜn= · = ±n=9I.��ñxòÀôx÷oö/ø0�&�"MÇó/ôx÷*<xò!ø!ø�¤/6-ôx÷*4�ñ�÷oö/ø0��÷oò-57ö��$��òBñ"�xò�¦�t�kls`g	i~rLcFiSyFi�rF�cF��_O�FyFiS Ft�k�k�k�cFt�p�^`jSbLklbL�4�z�4bO�FyFbFyL^`��t�cFb6hL�4bOb	cFt��FyFt�yF��jScF�z�4bOs`yL^`t�aFs`iSyFb6�hL�4b_� �S�S}Fk`Y �S��� }Us`i	t�kls`gLm^D¦?�FyFb

0 < t1 < t2 < ...
k�eL�U\L^`_FcF��t.jStleLbF\FbFc6�

X (t1) , X (t2) −
X (t1) , ...

cFt�p�^`jSbLklbL�4��!�U¦
X (t+ τ)−X (t)

cFtqp�^`jSbLklbFsOiSs
t
!jU¦

limP (|X (t+ τ)−X (t)| ≥ ε)/τ = 0
�FyFb

τ → 0
b>jDkltl�

ε > 0
¤/4+ø/�x÷*�

ö��xò³ù���ñ�57ò06oòÀô�°���¦�Y�qt�s`yF��rLcFi>jSb6rLt�s`g.¤¥kljSiS_Lkls`jSi?^D¦¨¦�}T\Fs`i>jSbFcFt�yFiSjDklaFbF_��FyFiS Ft�k�k�hFj`eFhFt�sSk¨h�f^`yFaDiSjDklaFbL��m6t�k�eLb>�FyFbFyL^`��t�cFbFt
X (tn)−X (tn−1)

cFtqp�^`jSbLklbFs�iSs�iDkls~^xeLgScF����FyFbFyL^`��t�cFbF_
X (tn−1)−X (tn−2) , ... , X (t1)−X (0) ,

s`iZiScFiZcFt�p�^`jSbLklbFs]b�iSs
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k�^S�4b6��p�cL^�\Ft�cFbF_

X (tn−2) , ... , X (0)
}`^F}`k�eLtlrLiSjD^`s`tleLgScFiL}�b

X (tn)
�FyFbOp�^xrK^`cU�cFiD�

X (tn−1)
cFtÖp�^`jSbLklbFs�iSszjDkltl�Z�FyFtlrL��rL�U��b6�qp�cL^~\Ft�cFbF_

X (tn−2) , ..., X (0)
Y� jSiS_Lkls`jSi]�U¦niS�St�kl�Ft�\FbFjD^`t�szi~rLcFiSyFi~rLcFiDkls`g]�FyFiS Ft�k�k�^F}x^]�FyFb�yL^`jScFiD�4tlyFcFiD�vyL^`pl��SbFt�cFbFb
jSyFt��4t�cFb>d	b
i~rLbFcL^`aDiSjSiDkls`g�b6�>yL^Skl�FyFtlrLtleLt�cFbF_nYL©�^`aFbL��iS�SyL^`p�iD��}DrLjD^�Fi`eLi~��t�cFb6hH^D¦�bH�U¦��Fi~rLjSi~rFhFs�cL^Sk>a�ø�ü�©§Y��Zkls~^`t�sSk�h¡u~�FiDk�eLtlrLcFbF_H{�s`yFb6�¬|~}b.iSc rK^`t�sSk¨h.s`yFt�s`gSbL��kljSiS_Lkls`jSiD��d�jU¦]dvcFt��FyFt�yF��jScFiDkls`gS�/s`yL^`t�aFs`iSyFbF_nY�ûÖs`ikljSiS_Lkls`jSiL}KjS�FyFiS\Ft���}¬�4i���t�s>�S��s`g?p�^S�4t�cFt�cFi>p�^xrK^`cFbFt���cFiSyL�f^xeLgScFiS�li?yL^Skl�FyFtl�rLtleLt�cFb6h�s`yL^`t�aFs`iSyFbF_¯� �~�6}8k`Y��o´
� }8p�^xrK^`cFbFt���eLbFcFt�_FcFiS��i�p�^`aDiScL^vjSiSp�yL^Sklsx^`cFb6hrLbLkl�Ft�yLklbFb�kli�jSyFt��4t�cFt��¡b6eLb£�FyFiDkls`i�s`yFt��SiSjD^`cFbFt��w��÷7ñxòBþ5ñ�÷oøBù��@5
�xøBóxòÀô�ø0�"�LY §t]eLbFcFt�_FcL^xh?p�^`jSbLklbL�4iDkls`g�iSs�jSy6t��4t�cFb?jSiSp�cFbFa6^`t�s�j�yFt�p���eLgxs~^`s`tZcFt�p�^`jSbLklbL�4i`�kls`b��FyFbFyL^`��t�cFbF_n}8^vcFiSyL�f^xeLgScF��_Wp�^`aDiSc�k�eLtlrL�`t�s�bFp2 Ft�cFs`yL^xeLgScFiS_W�FyFtlrLtleLg`�cFiS_2s`t�iSyFt��4��YF�]�FyFtlrLtleLt�cFbFt³Ün= · = ±n}`sx^`aFbL�.iS�SyL^`p�iD��}D�4i���t�s��S��s`g��Ft�yFt��FbLk�^`cFij	k�eLtlrL�U�]��t��£��aFjSbFjD^xeLt�cFs`cFiD��jSb6rLtSYÜn= · =¥¹6·n=SX�bFcFt�yFiSjDkla6bF_��FyFiS Ft�k�k]¤��H� �FyFiS Ft�k�k�¦nt�kls`gZi~rLcFiSyFi~rLcF��_��FyFiS Ft�k�kø���÷7ñxòBþ5ñ�÷*MÄ5
�xøBóxòÀô�ø0�xò0MFY

äB{åä 8 ï���|�æ�|.�Â�E¶�·�~�|�����·l� î ����|³Û�í���ï�|�����·
��^��Ft�yFjS��_>jSp�� eFh6r�}6cFt�sOcFbF\Ft���i	iS�S��t��liO�4tl�OrL�2rLbFcL^S�4bF\Ft�klaFbL��s`bF�FiD�rLjSb6��t�c6b6hn}faDiS� rK^�\L^Skls`bF L^vrLjSb6��t�sSk�h£�Fi�� eK^xrLaUiS_�aFyFbFjSiS_¢¤ cL^`�FyFbL�4t�yn}f�FySh6��4iS_K¦OjW�FyFiDkls`yL^`cLkls`jStS}Öb�kls`i~�U^Skls`bF\Ft�klaFbL��s`bF�FiD��}ÖaUiS��rK^.s`yL^`t�aFs`iSyFb6h��FyFtlrF�klsx^`j`eFhFt�s<kliS�SiS_�\FyFt�p�jS��\L^`_FcFi�cFt�yFt����~eFhFyFcF�U��}ZjDkl��rL��bFpleLiD�f^`cFcF�U��eLbFcFbF�¤ �FyFbL�4t�y?dO�SyFiS�UcFiSjDklaU^xh	s`yL^`t�aFs`iSyFb6hK¦�YK�zrLcL^`aDiL}D��s`iOiS�S��t�tS}D�Fi�aFyL^`_FcFt�_>�4t�yFt�4tl�OrL���FyDhL�4iS_�b��SyFiS�UcFiSjDklaDiS_�aFyFbFjSiS_�t�kls`gLY�ð�eFh�iS�SiSb6��s`bF�FiSjzrLjSb6��t�cFb6h�cFt�s�Si`eLgS{�b6��bO�f^xeL����jSyFt��4t�cn}#÷7ñ"���/öoùJ÷*ÿ�÷�57ò/�xú�ñ�õfY/üqyDhL�f^xh�iDkls~^`t�sSk�h��FyDhL�4iS_�cL^jDkltl�>�f^Skl{�s~^`�D^x�¬}6aU^`a
b>�SyFiS�UcFiSjDkla6^xh2s`yL^`t�aFs`iSyFb6h
iDklsx^`t�sSk�h>�SyFiS�UcFiSjDklaDiS_nY��öoùJ÷*ÿ�÷�57ò/�xú�ñ�÷oøBùJú�¤�øå�!ÿ�÷7ó�÷�5�÷*6*�xò��½ÿ��/ø0ÚJù-��67ñ����¾��ñxö&�*ô����oñ�ùJñ>÷oøBùJú(�

ø0�+ò0M�����ñ�°zd���s`i�jDklt?klbFcFiScFbL�4�*^`jSs`iD�4i�rLtleLgScFiDkls`bK¦Zd�iDkliS�D^xhWklbL�f�4t�s`yFb6h�klb6�kls`t��4��}DkliDkls`i~hF��^xh�j�s`iD��}S\Fs`i�bFp��4t�cFt�cFbFt]�f^Skl{�sx^`�SiSjqi�rLcFb6�O�Ft�yFt��4t�cFcF���	�4i`���t�s2�S��s`g>klaUiD�4�Ft�cLklbFyFiSjD^`cFi	�FyFt�iS�SyL^`p�iSjD^xcFbFt��H�f^Skl{�sx^`�SiSjOrLyF�U��b6�Á� �
�F}Tk`YT�F}k`Y"�D�6�0� Y5üqiDkls`i~hFcFcL^xh
H
}FcL^`p���jD^`t��f^xhmó�÷*�
�
:(�oùAò/��òÀÿ�9DòÀô�øBù-�x}6iS�FyFtlrLtleFhFt�sO�Fi`�yDh6rLiSa
^`jSs`iD�4i~rLtleLgScFiDkls`bnY

X�s`t�yL�4bFcL^x�>k�eL�U\L^`_FcFiS_>�Ft�yFt��4t�cFc6iS_
X(t)

k�jSiS_Lkls`jSiO^`jSs`iD�4i~rLtleLgScFiDkls`b�qiSyL�4��eLbFyF�St�sSk�h>jOjSb6rLt
X(t)

d
= tHX(1),

b6eLb
X(at)

d
= aHX(t),

�FyFb
a > 0

b�eL�]�SiD�²�qbFa6klb6yFiSjD^`cFcFiD�
t
Y2X�iSiS�S��tS}Ok�eL�U\L^`_FcF��_��FyFiS Ft�k�k

{X(t), T} cL^`p���jD^`t�sSk¨h>^`jSsSiD�8i~rLtleLgScF�z��}Ut�k�eLbv^`jSs`iD�4i�rLtleLgScF�<yL^Skl�FyFtlrLtleLt�cFb6h
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jDkltl�?t���iOaDiScFt�\FcFiD�4t�yFcF���?jSt�aFs`iSyFiSjLm

(X(at1), ..., X(atn))
d
=(aHX(t1), ..., a

HX(tn)).

ð�eFh ^`jSs`iD�4i~rLtleLgScFiDkls`bv��tOi�rLcFiSyFi~rLcFiS��i>�f^`yFaDiSjDklaUiS��i?�FyFiS Ft�klk�^2rLiDklsx^`s`iS\FcFi^`jSs`iD�4i~rLt�eLgScFiDkls`b>i�rLcFiD�4t�yFcFiS��iOyL^Skl�FyFtlrLtleLtlcFb6hnYwzjSs`iD�4i~rLtleLgScFiDkls`g�i~rLcFiSjSyFt��4t�cFc��iS_��6eLiSs`cFiDkls`b£yL^Skl�FyFtlrLtleLt�cFb6h
p (x, t)jS��yL^x�O^`tlsDk¨h
kliSiSs`cFiS{�t�cFbFt��

p (x, t) = t−Hp(xt−H , 1).

X<�D^xe6eLbLkls`bF\Ft�klaUiD��rLjSb6��t�cFbFbvkli	klaUiSyFiDkls`gS�
v

X(t) = vt

b
X(at) = avt = aHX(t), H = 1.X��FyFtlrKkls~^`j`eLt�cFbFb��6eLiSs`cFiDkls`b£yL^Skl�FyFtlrLtleLt�cFb6h

p(x, t) = δ(x − vt)
�4�bL�4t�t��

p (x, t) = δ(x− vt) = δ((x/t− v)t) = t−1δ(x/t− v) = t−Hp(xt−H , 1), H = 1.

X<�Sy6iS�6c6iSjDklaUiD�.rLjSb6��t�cFbFbvkqaDiS�����qbF FbFt�cFs`iD�WrLbL���q�Up�bFb
K

X(t)
d
=
√
2Kt G

b
X(at)

d
=
√
2Kat G = aHX(t), H = 1/2.X��FyFtlrKklsx^`j`eLt�cFbFb
�6eLiSs`cFiDkls`b

p(x, t) =
1

2
√
Kt

e−x
2/4Kt = t−Hp(xt−H , 1), H = 1/2.

��^�k�^S�4iD�.rLtleLt�kl�U��t�kls`jS�`t�s� FtleLiStqklt��4t�_Lkls`jSiO^`jSs`iD�4i~rLtleLgScF���	�FyFiS Ft�k�kliSjL}U�FiiSs`cFiS{�t�cFbF�/aWaUiSs`iSyFiD�4���D^xeFeLbLkls`bF\Ft�klaUiSt	bW�SyFiS�UcFiSjDk�aUiSt�rLjSbU��t�cFb6hWiSa6^`p����jD^`�]sSk�h>\L^Skls`cF�z�4bvk�eL�U\L^xhL�4bnY�]�FyFtlrLtleLbL�<s`t��Ft�yFg¢p9�Àó/ôx÷*<xò!ø!øza6^`a�i�rLcFiSyFi~rLcF��_��f^`yFaUiSjDklaFbF_��FyFiS Ft�k�kkq^`jSs`iD�4i~rLtleLgScF�z��i�rLcFiD�4t�yFcF�z�£yL^Skl�FyFtlrLtleLt�cFbFt��
p(x, t) = t−1/αg(α)(xt−1/α),

� rLt
α = 1/H

}K^
g(α)(x)

d?cFt�bFp�jSt�kls`cL^xhv�FiSa6^	�6eLiSs`cFiDkls`g2yL^Skl�FyFtlrLtleLt�cFb6hnYT©�^x�aFbL�/iS�SyL^`p�iD��}��Ft�yFtl�Si~r¢iSs@Ün= · =¥¹6·�aäp¬� �FyFiS Ft�k�kl�HiDkl�U��t�kls`j`eFhFt�sSk�h�:(�!ÿDòBñ�÷*M4+ø/�x÷oö����Ç��÷7ñxòBþ5ñ�÷oøBù��Ç5
�xøBóxòÀô�ø���� ù�ô�ò067÷oö(�oñ��xòÀÿi�/öoùJ÷*ÿ�÷�57ò/�xú�ñ�÷oøBù��LY
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�]\Ft�jSb6rLcFiL}F\Fs`i?s~^`a6^xhvp�^S�4t�cL^OcFt��4i~��t�s	�FyFbFjSt�kls`b�a�kl�D��t�cFbF�Ba6eK^Sk�k�^yL^Sk�k��f^`s`yFbFjD^`t��4���	�FyFiS Ft�k�kliSjLmD�Sy6iS�6c6iSjDklaUiSt�rLjSb6��t�cFbFtZ�~rLiSj`eLt�s`jSiSyShFt�s���s`iD�4��Dk�eLiSjSbF��b.iDklsx^`t�sSk�h.jva6eK^SklkltSp�k

α = 2
Y[üqi~hFj`hFsSk¨h eFbW�FyFbW��s`iD�¢a6^`aFbFtl� s`icFiSjS��t]�FyFiS Ft�k�kl��,��]s`jSt�s�cL^���s`iSs�jSiS�FyFiDk]klj`hFp�^`c?k]s`t���}6kl�U��t�kls`jS�U�]s�b6eLb>cFt�siSs�eLbF\FcF��t�iSs���^~�Dk�kliSjD^]yF^Skl�FyFtlrLtleLt�cFb6h

p(x, t)
p¬� �FyFiS Ft�k�k�^F}x�~rLiSj`eLt�s`jSiSyShF�]��bFt�Dk�eLiSjSbF��^`jSsSiD�8i~rLtleLgScFiDkls`bnY

ýf^Sk�k��4iSs`yFbL��rLjD^q�4iD�4t�cFsx^qjSyFt��4t�cFbnm
t
b
t+τ

Y � eL�U\L^`_FcF��t�aUiSiSyDrLbFcF^`sS�
L
� �FyFiS Ft�k�k�^�\L^Skls`bF F��jO��s`bv�4iD�4t�cFs`��klj`hFp�^`cF��kliSiSs`cFiS{�t�cFbFt��

X (t+ τ) = X (t) +X (τ) .

üqyFbq�Dk�eLiSjSbFb
X (0) = 0

k�eL�U\L^`_FcF��t§jStleLb6\FbFcF�
X (t)

b
X (τ)

hFj`eFhF�]sSk¨h��FyFbFyL^x���t�cFb6hL�4b��FyFiS Ft�k�k�^zjZcFt��Ft�yFt�klt�a6^`�]��b6�Uk¨h�bFcFs`t�yFjD^xeK^x�
(0, t)

b
(t, t+ τ)

bn}`kls~^x�eLi?�S��s`gL}TcFt�p�^`jSbLklbL�4��Y�üZeLiSs`cFiDkls`g?yL^Skl�FyFtlrLtleLt�cFb6h�b6��kl�6�f�4�¡rK^`t�sSk�h kljSt�yFsx�aUiS_>�6eLiSs`cFiDkls`t�_vk�eK^`�l^`t��8���nm

p (x, t+ τ) = p (x, t) ∗ p (x, τ) ≡
∞∫

−∞

p(x− x′, t)p(x′, τ)dx′.

[4rLiS�ScFiOiSs��6eLiSs`cFiDkls`t�_
�Ft�yFt�_Fs`bva?�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaFbL���q�UcFaF Fb6hL�

p̃ (k, t) = 〈exp{ikX(t)}〉 =
∞∫

−∞

eikxp (x, t) dx,

rFeFh
aDiSs`iSyF���>iS�Ft�yL^` Fb6h
kljSt�yFs`aFb>�FyFt�jSyL^`��^`t�sSk�h>jO�FyFiSbFp�jStlrLt�cFb6t
p̃ (k, t+ τ) = p̃ (k, t) p̃ (k, τ) ,

^��Dk�eLiSjSbFtq^`jSs`iD�4i~rLtleLgScFiDkls`b?�FyFbFcFbL�f^`t�s	jSb6r

p̃ (k, t) = g̃(α)
(
kt1/α

)
.

ûÖs`bvkliSiSs`cFiS{�t�cFb6h>�FyFbFjSi~rFhFs�av�q�UcFaF FbFiScL^xeLgScFiD�4�	�UyL^`jScFt�cFbF�

g̃(α)
(
k (t+ τ)

1/α
)
= g̃(α)

(
kt1/α

)
g̃(α)

(
kτ1/α

)
,

iS�FyFtlrLtleFhF�]��t��4�(a6eK^Sk�kÃøBù�ôx÷�°*÷ 4+øBùJ÷*M�þ1�xöoõ?È}:(����÷7ñ�÷oöx} cL^`p���jD^`t��4��� rK^x�eLt�tS}¬rFeFh.aFyL^`s`aUiDkls`bn}��FyFiDkls`iv�Skls`iS_F\FbFjS�z�4bnYK Z^`yL^`aFs`t�yFbFkls`bF\Ft�klaFbFt?�q�UcFaF FbFb
g̃(α)(k)

jS��yL^x�O^`�]sSk¨h>j	�leLt��4t�cFs~^`yFcF���
�q�UcFaF Fb6h6�>bv�4iS���UsO�S��s`gOp�^`�FbLk�^`cF�¢jcFt�klaDi`eLgSaFb6�>�qiSyL�f^x�¬Y
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��^`a�iSsS�4t�\L^xeLiDklg.jS��{�tS}fjSbFcFt�yFiSjDklaFbF_��FyFiS Ft�k�kW¤ j�k��4�zk�eLtviS�FyFtlrLtleLtl�cFb6h�'LY 'U¦�j`�Di~rLbFs.j�a6eK^Sk�k
L
� �FyFiS Ft�k�kliSjLY��]cH�U^`yL^`aFs`t�yFbFp��`t�sSk�h�cFiSyL�f^xeLgScF�z�yL^Skl�FyFtlrLtleLt�cFbFt���kZ�6eLiSs`cFiDkls`gS�

g(2)(x) =
1

2
√
π
exp(−x2/4)

b>�D^`yL^`aFs`t�yFbLkls`bF\Ft�klaUiS_
�q�6c6aF FbFt�_

g̃(2)(k) =

∞∫

−∞

eikxg(x; 2)dx = exp(−k2).

=qs`iS�S�WcL^`_Fs`b��U^`yL^`aFs`t�yFbLkls`bF\Ft�klaFb6t��q�UcFaF FbFb�iDk�sx^xeLgScF����\6eLt�cFiSjZ��s`iS��iklt��4t�_Lkls`jD^F}6jSjStlrLt���öoùJ÷-ô�4&2�È��*ô1����ùAòÀô��xøBù��"�&4
ψ(α)(k) = ln g̃(α)(k),

rFeFh
aDiSs`iSyFiS_
kljSiS_Lkls`jSi��Dkls`iS_F\FbFjSiDkls`b>��aFjSbFjD^xeLt�cFs`cFi	^xrFrLbFs`bFjScFiDkls`b
ψ(α) (c1k) + ψ(α) (c2k) = ψ(α) (ck) ,

� rLt
c = (cα1 + cα2 )

1/α
.

ýf^Skl�Fy6iDkls`yL^`c6h6hv��s`i2kliSiSs`cFiS{�t�cFbFtqcL^	kl�6�f�4�>�FyFiSbFp�jSi`eLgScFiS��i�\FbLk�eK^
n
i~rLbFcL^x�aUiSjSi�yL^Skl�FyFtlrLtleLt�cFcF���>k�eK^`�l^`t��4����¤

c1 = c2 = ... = cn = 1
¦�}F�Fi`eL�U\FbL�

nψ(α)(k) = ψ(α)(n1/αk).� iS� eL^SklcFi	kljSiS_Lkls`jS�
ψ(α)(−k) = [ψ(α)(k)]∗,¤ plrLt�klg ∗ iSp�cL^�\L^`t�s]aUiD�4�6eLt�a6klc6iSt�kliS�FyDh6��t�cFbFt~¦nrLiDklsx^`s`iS\FcFiZiS�FyFtlrLtleLbFs`g��q�UcFa6� FbF�

ψ(α)(k)
rFeFh>�Fi`eLi��	bFs`tleLgScF���?p�cL^�\Ft�cFbF_
^`yF���6�4t�cFsx^

k > 0
Y6[]\FbFs`��jD^xh>t�tcFt��FyFt�yF��jScFiDkls`gvjviSaFyFt�kls`cFiDkls`bWcL^�\L^xeK^
aUiSiSySrLbFcL^`svb.jS��sStla6^`�]��t�t	bFp2iS�FyFtl�rLtleLt�cFb6h>�D^`yL^`aFs`t�yFbLkls`bF\Ft�klaUiS_
���UcFa6 FbFb
�Dk�eLiSjSbFt

ψ(α)(0) = 0,

�FyFb6�Si~rLbL�£a
yL^`jSt�cLkls`jS�
|ψ(α)(k)| = const · kα, (k > 0 , α > 0),
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bFp�aDiSs`iSyFiS��i	k�eLt�rL�St�s~}F\Fs`i

ψ(α)(k) = −kα[c0 − ic1]. Z^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xhv�q�UcFaF Fb6h
��rLiSj`eLt�s`jSiSyDhFt�s��Dk�eLiSjSbF�
|g̃(k)| ≤ 1,

�FiS��s`iD�4�
Re ψ(α)(k) ≤ 0,b�jSt���t�kls`jSt�cFcL^xh��6iDkls`i~hFcFcL^xh
c0
rLi`eF�	cL^W�S��s`g��Fi`eLi~�	bFs`tleLgScFiS_nY � rLyF�U��iS_kls`iSyFiScF��}6bFp��Dk�eLiSjSb6h

g̃′′(0) = −〈S2〉¤ plrLt�klg
S
d�k�eL�U\L^`_FcL^xh�jStleLbF\FbFcL^qk��U^`yL^`aFs`t�yFbLkls`bF\Ft�klaUiS_	�q�UcFaF FbFt�_

g̃(k)
¦fk eLtl�rL�St�s~}F\Fs`i

[ψ(α)]′′(0) = −〈S2〉+ 〈S〉2 ≡ − � S ≤ 0.X���\FbLk�eLbFjOjSs`iSyF�U�¡�Fy6iSbFp�jSi~rLcF�U��}
[ψ(α)(k)]′′ = −[c0 − ic1]α(α− 1)kα−2,

bW�Skls`yFt��4bFj
k → 0

}��4i~�	cFiv�U�StlrLbFs`gDk�hn}n\Fs`i��FyFb
α = 2

rLbLkl�Ft�yLklb6hWaUiScFt�\FcL^¤ jDk�eLtlrKkls`jSbFtzjSt���t�kls`jSt�cFcFiDkls`b	�FiDk�eLtlrLcFt�_	�FiDkls`i~hFc6cL^xh
c1
rLi`eF�	cL^��S��s`g�yL^`jScL^cF��eL�q¦�}`�FyFb

α < 2
iScL^Z�St�k�aUiScFt�\FcL^�¤ jZ��s`iD� k�eF�6\F^`t�jStleLbF\FbFcL^

c1
yFi`eLb�cFt�bF��yL^x�t�sD¦�}`bO�FyFb

α > 2
�FyFt�rLtleLgScFiSt�p�cL^~\Ft�cFbFt��FyFiSbFp�jSi~rLcFiS_�yL^`jScFiZcF��eL��Y�üqiDk�eLtlrLcFt�tiSp�cL^~\L^`tlsx}U\Fs`i	jSs`iSyFiS_
�4iD�4t�cFs	���UcFa6 FbFb

∞∫

−∞

x2g(x)dx = 0.

ð�eFh2cFtZkliDklyFtlrLiSs`iS\Ft�cFcFiS��i�j�cF�~eLt]yL^Skl�FyFtlrLtleLt�cFb6h2��s`i��4i���t�s�iSp�cL^�\L^`s`g�s`i`eLg`�aUiL}§\Fs`i��FyFiSbFp�jStlrLt�cFbFt
x2g(x)

hFj`eFhFt�sSk�hHp�cL^`aUiS�Ft�yFt��4t�cFcF�z��}Öb<kls~^xeLi��S��s`gL}
g(x)

cFtZhFj`eFhFt�sSk�h>�6eLiSs`cFiDkls`gS��jSt�yFi~hFs`cFiDkls`bnYF©�^`aFbL�£iS�SyL^`p�iD��}UiS�`eK^Skls`g�rLiS�F�D�kls`bL�4���>p�cL^~\Ft�cFbF_>�L^`yL^S�4t�s`yL^
α
t�kls`g

(0, 2]
Y

üqiDkls`i~hFcFcF��t
c0
b
c1
�4iS���Us]�S��s`g]�FyFtlrKklsx^`j`eLt�cF�WjZcFt�klaDi`eLgSaFb6���qiSyL�f^x�¬YX�i~rLcFiS_>bFp�cFb6�
c0 = 1, c1 = βtg(απ/2),� rLtÖjSs`iSyFiS_�jSt���t�kls`jSt�cFcF��_��L^`yL^S�4t�s`y

β ∈ [−1, 1] �U^`yL^`aFs`t�yFbFp��`t�sZ^SklbL�f�4t�s`yFbF�yL^Skl�FyFtlrLtleLt�cFb6hnY�©8^`aFbL�>iS�SyL^`p�iD��} �U^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xh��q�UcFaF Fb6hqi~rLcFiD�4t�yFcFiS_�Dkls`iS_F\FbFjSiS_?�6eLiSs`cFiDkls`b
cL^O�Fi`eLi��	bFs`tleLgScFiS_>�Fi`eL�SiDklb>bL�4t�t�sOjSb6r�m
g̃(α,β)(k) = exp{−kα[1− iβtg(απ/2)]}, k > 0.
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wzcL^xeLiS��bF\FcF��tqjS��\FbLk�eLt�cFb6h?rFeFh
iSs`yFbF L^`s`tleLgScFiS_
�Fi`eF�SiDklb?rK^`�]s

g̃(α,β)(k) = exp{−(−k)α[1 + iβtg(απ/2)]}, k < 0.

�]�&ÉntlrLbFc6h6h?��s`b��qiSyL�4��eL�¢jOi~rLcF�S}6�Fi`eL�U\FbL��m
g̃(α,β)(k) = exp{−|k|α[1− iβtg(απ/2)signk]}, −∞ < k <∞. (A)

ûÖs`i	d?klsx^`c6rK^`y6sSc6iSt��FyFtlrKklsx^`j`eLt�cFbFt��Dkls`iS_F\FbFjSiS_>�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaDiS_��q�UcFa6� FbFb
j	�qiSyL�4t
A
Y=�^Skls`iZbLkl�Fi`eLgSpl�St�sSk�h��FyFtlrKkls~^`j`eLt�cFbFt�jq�qiSyL�4t

C
}x�Fi`eL�U\L^`t��4iStÖjSjStlrLt�cFb6�t���j��FiSa6^`p�^`s`tleLgv��a6kl�FiScFt�cFs`�/�f^Skl{�sx^`�ScFiS��iv�4cFi~�	bFs`tleFhn}8�Fi~rLiS�SyL^`cFcFiS��i
sx^x�aFbL�£iS�SyL^`p�iD��}U\Fs`iS�S�<�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xhv�q�UcFaF Fb6h>�FyFbFc6h6eK^OjSb6r

g̃(k;α, θ) = exp {−|k|α exp[−i(θαπ/2)sign k]} . (C)� rLt�klg
α ∈ (0, 2]

d>�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaFbF_ �FiSa6^`p�^`s`tleLg>�Dk�sSiS_6\FbFjSiS��i>p�^`aUiScL^F}T^
β ∈ [−1, 1] b θ ∈ [−θα, θα], θα = min{1, 2/α− 1} dO�L^`yL^S�8t�s`yF��^SklbL�f�4t�s`yFb6bnY� ^xrK^`jD^`t��4��t ��s`bL�4b��U^`yL^`aFs`t�yFbLkls`bF\Ft�klaFbL�4b¡�q�UcFaF Fb6hL�4b��Dkls`iS_F\FbFjS��tk�eL�U\L^`_FcF��tfjStleLbF\FbFcF�.�S��rLt��>iS�SiSp�cL^�\L^`s`g�\Ft�yFt�p

S(α,β)
b
S(α, θ)

kliSiSs`jSt�sSkls`jSt�c6�cFiLY
Ì,º«·¸º�Ì =�÷Tø��9Î]þ]ü���¶�ÿ�Ë]öf÷�Ó�Ë]ÿ�
qÿ#¿Zÿ��]ü
	 ��ö��8Ó�Ë]ÿ�
qÿ#¿Zù���¶�ÿ

�]s`aFyF��s`bFteüqi`eLt��Ä��t�jSb	a6eK^Sk�kl^��Dkls`iS_F\FbFjS���OyL^Skl�FyFtlrLtleLt�cFbF_n}DjSiSp��4i~�O�cFiL}`�S��eLi�i�rLcFbL� bFp]k�^S�4����aFyF�U�FcF���OkliS�S��s`bF_	j�s`t�iSyFb6b	jSt�yFi~hFs`cFiDkls`t�_2>?><jStl�a6^FY4�]cFbWiDkljSiS�Si�rLb6eLb_ø�ü�©!iSsviS��yL^`cFbF\Ft�cFb6hn}ncL^xeK^`�l^`t��4iS��i>s`yFt��SiSjD^`cFbFt��¢aUi`�cFt�\FcFiDkls`b�rLbLkl�Ft�yLklbFbn}4b£iSs`aFyF��eLb�jSiSp��4i��	cFiDkls`g kl�6�f�4bFyFiSjD^`cFb6h£k�eL�U\L^`_FcF���jStleLbF\FbFc<k��St�klaDiScFt�\FcF�z�4b�rLbLkl�Ft�yLklb6hL�8bnY]�]a6^`p�^xeLiDklgF}§\Fs`i£t�k�eLb�s`i`eLgSaUi£kl�D���t�kls`jS�Stls�cFt�jS��yFi~�OrLt�cFcFiSt�¤ cFt�kliDklyFtlrLiSs`iS\Ft�cFcFiSt]jOi�rLcFiS_?s`iS\FaUt~¦Ö�FyFtlrLtleLgScFiStyL^Skl�FyFtlrLtleLt�cFbFtOcFiSyL�4bFyFiSjD^`cFc6iS_ kl�6�f�4� (
Σnj=1Xj −An

)/
Bn
�FyFb

n → ∞ b�Fi~r6�Di~rFhF��bL�?iS�SyL^`p�iD�2jS���SyL^`cFcF���]�FiDk�eLtlrLiSjD^`s`tleLgScFiDk�s�h6�
An
b
Bn > 0

}�s`i���s`iyL^Skl�FyFtlrLtleLt�cFbFt�÷*60�$:(�oùAò/�xú�ñ�÷�6*4
57òBùµ4+øBùJ÷*M�þ1�xöoõ[ÿ�Y�üqyFb���s`iD�
Bn = h(n)n1/α

}� rLt
h(n)

d��4tlrFeLt�cFcFiv�4t�c6hF�]��^xhLk¨h.�q�UcFaF Fb6hH¤ s`bF�L^?eLiS�l^`yFbL���f^2b6eLb.aU^`aUiS_6�cFbF�S��rLg�t���i�kls`t��Ft�cFbK¦�}U^
α
d��U^`yL^`aFs`t�y6bLkls`bF\Ft�klaFbF_2�FiSa6^`p�^`s`tleLgLY( Ök�eLbOrFeFh?k�eL�D�\L^`_FcFiS_£jStleLbF\FbFcF�

X
k
�q�UcFaF FbFt�_£yL^Skl�FyFtlrLtleLt�cFb6h

F (x)
�4i~�	cFi �Fi~rLiS�SyL^`s`gsx^`aFbFt

An
b
Bn
}ns`iv��iSjSiSyShFs~}¬\Fs`i

X
ó/ô���ñ��(5���ò�����ùÔ÷*6����/øBù��kó/ô���ù��"��òBñ"���4+øBùJ÷*M�þ1�xöo÷�°*÷Â:(����÷7ñ��xYÖX/�FyFiSs`bFjScFiD��k�eL�U\L^`t>iScL^ cFtv�FyFbFcL^xrFeLtl�	bFs.iS�`eK^Skls`b�FyFbFs�h6��t�cFb6hWcFbFa6^`aDiS��i
p�^`aDiScL^FmIùJ÷��xú&��÷�4+øBùJ÷*M�þ1�xöoõ�ò�:(����÷7ñ�õ�÷*6����(5*��2�ù¢÷*6*����/øBù��5ÿ�� ó/ô���ù��"��òBñ"���KY=qs`iS�S�£�FyFiSjSt�yFbFs`gL}x�FyFbFcL^xrFeLtl�	bFsZeLbOiS�`eK^Skls`b��FyFbFs�h6��t�cFb6h2k�eL�U\L^`_FcL^xhjStleLbF\FbFcL^

X
}¬cL^xrLiL}T�FyFtl�OrLt	jDklt���iL}KjS��\FbLk�eLbFs`g>rLbLkl�Ft�yLklbF�/b6eLb �FyFiDkls`i
jSs`i`�yFiS_.�4iD�4t�cFs 〈X2〉 Y% Ök�eLb.iSc.aDiScFt�\Ft�cn} X cL^x�Si~rLbFsSk�h j
iS�`eK^Skls`b �FyFbFs�h6��t�cFb6h
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cFiSyL�f^xeLgScFiS��iqp�^`aDiScL^FY( Ök�eLb 〈X2〉 =∞ }ScFt�iS���Di~rLbL�4iq�FyFiSjSt�yFbFs`g�^SklbL�4�Fs`iSs`bFaF�u��6jSiDkls`iSjL|�yL^Skl�FyFtlrLtleLt�cFb6h

X
Y$ Ök�eFbviSaU^`p���jD^`t�sSk�hn}U\Fs`i

P(|X| > x) ∼ h(x)x−α, x→∞,
s`i iSs`jSt�s �Fi`eLi��	bFs`tleLt�cn}ft�k�eLb���t
^SklbL�4�Fs`iSs`bFa6^ bL�4t�t�s bFcFiS_£jSb6r�}4iSs`jSt�s iSsx�yFbF L^`s`tleLgScF��_nY?Gv��iS��yL^`cFbF\FbL�fk�h.rK^xeLt�tOeLbF{�g�k�eL�U\L^`t��/u~cFiSyL�4^xeLgScFiS��iL|W¤ cFt�F�Usx^`s`g	kq��^~�Dk�kliSjS�z�(Ú ¦§�FyFbFs�h6��t�cFb6hn}LaUiS� rK^

h(x)→ const > 0
�FyFb

x→∞ Yüq�Dkls`g�s`t��Ft�yFg bFp�jSt�kls`cFiL}8\Fs`i
X
�FyFbFcL^xrFeLtl�	bFs iS�`eK^Skls`b��FyFbFs�h6��t�cFb6h�Dkls`iS_F\FbFjSiS��i2p�^`aUiScL^FYK��^`a��Up�cL^`s`g?t���i?�L^`yL^S�4t�s`yF�

α
b
β
¤ b6eLb

θ
¦�,2�]s`jSt�s?cL^��s`iSsOjSiS�FyFiDk]a6^`a>yL^`p�b?rK^`t�s@ JKEKJA	WAD:8:431«
P8I4ASGfA&×Ø®K:431«vCFAUELI4A�Öq3?¤ �dü�©�¦�YG�¬4+øBùJúJø/��4�þ$��M�ñ�õ�òVö/ò0�����þ1��ñ�õ

Xj
ñxò�:(�/ö��xø0�#ÿ�õØ��÷�5
��ñ�����÷oöo÷eô1�/øBó/ô�ò�57ò/��òBñ�õÑ�Â4
5�÷oö���òBùAöo÷-ô1��2�ù 4+ø/�x÷*�

ö����5ÿ
P(X > x) ∼ a+x−α, x→∞,

P(X < −x) ∼ a−x−α, x→∞,
0 < α ≤ 2, a+ ≥ 0, a− ≥ 0

b
a+ + a− > 0

Y(Ý>÷�°�5*�¬ñ���M�5
4�ùAø3�Çù-���&�xòDó�÷oø/��ò�5�÷*�
ö(�oùAò/�xú�ñ�÷oøBù��

An
�
Bn > 0

��þ5ùJ÷Aó/ô��
n→∞




n∑

j=1

Xj −An



/

Bn
d∼S(α,β),

� rLt
β = (a+ − a−)/(a+ + a−)

Y
ýf^`p��6�4t�t�sSk¨hn}�kl�U��t�kls`jS�St�sW�St�klaUiScFt�\6cFiSt��4cFi���t�kls`jSi��FiDk�eLtlrLiSjD^`s`tleLgScFi`�kls`t�_vcFiSyL�4bFyF�U�]��b6�>aUiS�����qbF FbFt�cFs`iSj

An, Bn
kqi~rLcFbL��b
s`t��£��t�^SklbL�4�Fs`iSs`b6�\Ft�klaFbL�.�FiSjStlrLt�cFbFt�� �FyFb

n→∞ YDX�\L^Skls`cFiDkls`bn}DiScFb2�4iS���Us��S��s`g�iS�FyFt�rLtleLt�cF�k�eLtlrL�U�]��bL�£iS�SyL^`p�iD�<¤
a = 〈X〉 b c = a+ + a−

¦�m
�FyFb

α = 2 An = na, Bn =
√
cn lnn

}
�FyFb

α ∈ (1, 2) An = na, Bn = (πcn/[2Γ(α) sin(απ/2)])
1/α }�FyFb

α = 1 An = βcn lnn, Bn = πcn/2
}

�FyFb
α ∈ (0, 1) An = 0, Bn = (πcn/[2Γ(α) sin(απ/2)])

1/α Y
Ì,º«·¸ºÍÌ êm���9ÎZ÷Tø��§ö7Ë�÷Tø��9Î]þ]ü���¶éè Ë]öf÷�Ó�Ë]ÿ�
qÿ#¿Zÿ��Zü�Î

üqyFbFjStlrLt���jD^x�	cFt�_F{�bFt�kljSiS_Lkls`jD^Oi~rLcFiD�4t�yFcF���
�Dkls`iS_F\FbFjS���
yL^Skl�FyFtlrLtl�eLt�cFbF_W¤ j	�qiSyL�4tk��¦lY¹K=¬X�kltq�Dkls`iS_F\FbFjS��tq�6eLiSs`cFiDkls`b
i~rLcFiSjSt�yF{�bFcFc6��Y· =>ð�bLkl�Ft�yLklbFb?jDkltl�	�Skls`iS_F\FbFjS���	yL^Skl�FyFtlrLtleLt�cFbF_n}UaFyFiD�4tZ�l^��Dk�kliSjD^6}S�St�k��aUiScFt�\6cF��YÜn= � yFtlrLcFbFt�p�cL^~\Ft�cFb6h��Dkls`iS_F\FbFjS���*yL^Skl�FyFtlrFtleLt�cFbF_�k¢�FiSa6^`p�^`s`tleLt��
α ≤ 1

cFt�kl�U��t�kls`jS�U�]s~Y
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¸�=T[§kls`iS_F\FbFjS��t��UeLiSs`cFiDkls`bv��rLiSj`eLt�s`jSiSyDhF�]sOk�iSiSsSc6iS{�t�cFbF��bFcFjSt�yLklbFbnm

g(x;α, θ) = g(−x;α,−θ).
¶¬=8[§kls`iS_F\FbFjS��t��6eLiSs`cFiDkls`b��~rLiSj`eLt�s`jSiSyShF�]s>kliSiSs`cFiS{�t�cFbF�BrLjSiS_Lkls`jSt�c6�cFiDkls`bnmF�FyFb

α ≥ 1
g(x;α, θ) = x−1−αg(x−α;α′, θ′),� rLt

α′ = 1/α, θ′ = α(1 + θ)− 1
Y¤n=¬X�cL^~\L^xeLtqaUiSiSySrLbFcL^`s	�q�UcFaF Fb6h>yL^Skl�FyFtlrLtleLt�cFb6h

G(x;α, θ) =

∫ x

−∞
g(x′;α, θ)dx′,

�6eLiSs`cFiDkls`gOb
t�tq�FyFiSbFp�jSi~rLcL^xh?bL�4t��]s2k�eLtlrL�U�]��bFt�p�cL^�\Ft�cFb6hnm
G(0;α, θ) = (1− θ)/2,

g(0;α, θ) = π−1Γ(1 + 1/α) cos(θπ/2),

g′(0;α, θ) = (2π)−1Γ(1 + 2/α) sin(θπ).³¬=$ Ök�eLb2�6eLiSs`cFiDkls`g�yL^Skl�Fy6tlrLtleLt�cFb6h
g(x;α, θ)

cFtzhFj`eFhFt�sSk�h��Bô1��M�ñxò0M?¤ s`it�kls`g
θ 6= ±θα

¦�}fsSi.iS�D^�t�t>�6jSiDklsx^ kl�L^xrK^`�]s �Fi p�^`aUiScF� |x|−α−1 ¤�u~s�h6��tleL��t�6jSiDkls`��|D¦�m

g(±|x|;α, θ) ∼ Γ(1 + α)

π
sin[α(1± θ)π/2]|x|−1−α, x→∞.

´n=xð�eFh>aFyL^`_FcFb6�>�6eLiSs`cFiDkls`t�_n}FaDiS� rK^

θ =

{
±1, α < 1,

±(2/α− 1), α > 1

i~rLcF^zbFpÖ�FyFbFjStlrLt�cFcF����jS��{�t��qiSyL�4��e�s`t�yDhFt�sZk��4�zk�e�m~kliSiSs`jSt�sSkls`jS�U�]��bF_��6jSiDklsklsx^`cFiSjSb6sDk¨hWu~aUiSyFiSs`aFbL��|	kq��aUkl�FiScFt�cF FbL^xeLgScFi	kl�L^xrK^`�]��t�_
^SklbL�4�6sSiSs`bFaDiS_nY±n=4��^`a k�eLtlrL�St�s>bFp	�qiSyL�4��eL�¡rFeFh
G(0;α, θ)

}n�Fi`eLi��	bFs`tleLgScF�z�<p�cL^~\Ftl�cFb6hL�vaUiS�����qbF FbFt�cFsx^]^SklbL�f�4t�s`yFbFb
θ
kliSiSs`jSt�sSkls`jS�`t�sZkliDklyFtlrLiSs`iS\Ft�cFb6t��Si`eLgS{�t�_rLi`eLb?jSt�yFi~hFs`cFiDkls`b?cL^��Fi`eLi~�	bFs`tleLgScFiS_?�6i`eL�SiDklbn}UiSs`yFbF L^`s`tleLgScF�z��plcL^~\Ft�cFb6hL�

θ
d	cL^�iSs`yFbF L^`s`tleLgScFiS_
�Fi`eL�`iDklbnY>üqyFb

α ≤ 1 G(0;α, 1) = 0
b
G(0;α,−1) = 1

}s`i�t�kls`g�aFyL^`_FcFbFt?yL^Skl�FyFtlrLtleLt�cFb6h£klsx^`cFiSj`hFsSk¨hß÷�5�ñ�÷oøBùJ÷-ôx÷7ñ�ñ"�#ÿ��L}4kliDklyFtlrLiSs`i`�\Ft�cFcF�z�4b�bLkla6eL�]\FbFs`tleLgScFiZcL^]�Fi`eLi~�	bFs`tleLgScFiS_�b6eFb�iSs`yFbF L^`s`tleLgScFiS_��Fi`eL�SiDk¨h6�¬Y
üqyFb

α→ 1

G(x;α, 1)→ G(x; 1, 1) =

{
0, x < 1,
1, x > 1b
i�rLcFiDkls`iSyFiScFcFbFtq�6eLiSs`cFiDkls`bvklsx^`cFiSj`hFsSk¨h>jS��yFi~�OrLt�cFcF�z�4bnm

g(x; 1,±1) = δ(x∓ 1).
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¹6·n= � eLtlrL�U�]��bFt
�Dkls`iS_F\FbFjS��t
�6eFiSsSc6iDkls`bH�FyFtlrKklsx^`j`eFhF�]sSk¨hHj �leLt��4t�c6�sx^`yFcF���>�q�UcFaF Fb6h6�¬mFyL^Skl�6yFtlrLtleLt�cFbFt�C6^~�Sk�k�^

g(x, 2, 0) =
1

2
√
π
exp(−x2/4),

yL^Skl�FyFtlrLtleLt�cFbFt��qiS{�b
g(x, 1, 0) =

1

π(1 + x2)b
yL^Skl�FyFtlrLtleLtlcFbFt���t�jSb6� � �4bFyFcFiSjD^
g(x, 1/2, 1) =

1

2
√
πx3

exp(−1/4x).

¹K¹K= ©�yL^`cLk��qiSyL�f^`cFsx^ GvtleFeLbFcL^�iSs��6eLiSs`cFiDkls`b cL^��Fi`eLi~�	bFs`tleLgScFiS_�Fi`eL�SiDklb

g(s;α, θ) ≡
∞∫

0

g(x;α, θ)xsdx =
Γ(s)Γ(1− sα)
Γ(ρs)Γ(1− ρs) , ρ =

1 + θ

2
.

¹ · =RüqyFt�iS�SyL^`p�i`jD^xcFbFt���^`�6eK^Sk�^�i~rLcFiDkls`iSyFiScFcFb6�2yL^Skl�FyFtlrLtleLt�cFbF_
g(λ;α, 1) ≡

∞∫

0

g(x;α, 1)e−λxdx = e−λ
α

, α ≤ 1.

¹1Ün=� Z^`yL^`aFs`t�yFbLkls`bF\Ft�klaFbF_
�FiSa6^`p�^`s`tleLg
α
jOiS�St�b6�>�qiSyL�f^x�0~�bx��i�rLbFcb
s`iSs���tS}6�L^`yL^S�4t�s`yF��^SklbL�f�4t�s`yFbFb

β
b
θ
klj`hFp�^`cF���qiSyL�4��eLiS_

β = tg(θαπ/2)/tg(απ/2),

^Ok�^S�4bvk�eL�U\L^`_Fc6��t�jStleLbF\FbFcF�<d?k�iSiSsSc6iS{�t�cFbFt��
S(α, θ)

d
=[cos(θαπ/2)]1/αS(α,β).

¹U¸�=§[4rLiS�Dkls`jSi��qiSyL�4�Ò�]}4klyFtlrLb��FyFiS\Ft���iL}8b�j�s`iD��}4\Fs`i��FyFb
θ = 1

b
α ↑ 1 }Fa6^`a>��s`i	jSb6rLcFiObFp�kljSiS_Lkls`jD^?¹ ·

g (x;α, 1)→ δ (x− 1) .

X£�qiSyL�4t?~�yL^Skl�FyFtlrLtleLt�cFbFtzjSt�yFi�hFs`cFiDkls`t�_O�FyFb	��s`b6�O�Dk�eLiSjSb6h6���D�Di~rLbFsqcL^q�St�k��aUiScFt�\6cFiDkls`gLYGv���FyFbF{�eLb2a2�Dkls`iS_F\FbFjS�z�.yL^Skl�FyFtlrLtleFt�cFb6hL��}UyL^Sk�k��4iSs`yFt�j�klcL^�\L^xeK^
L
��FyFiS Ft�k�kl��}�p�^`s`t��>dZ�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`bqcFiSyL�4bFyFiSjD^`cFcF����kl�6�f�
cFt�p�^`jSbLklbL�4���
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k�eL�U\L^`_FcF���vjStleLbF\FbFcn}Ti~rLcL^`aUi>k�^S�4b��Skls`iS_F\FbFjS��t
¤¥�4�!iS��yL^`cFbF\Fb6jD^`t��fk�h�jSt�plrLteLbF{�g�kls`yFiS��iv�Dkls`iS_F\FbFjS�z�4bK¦ZyL^Skl�FyFtlrLtleLt�cFb6hWbWiS�FyFtlrFtleFhFt��4��t2bL�4b�k�eL�U\L^`_6�cF��tZjStleLbF\FbFcF�¢�4iS���Us��S��s`g�iS�FyFtlrLtleFt�cF�<b>cFt��FiDklyFtlrKk�sSjStlcFcFiLYL�zrLcFi�bFpZsx^`aFb6�iS�FyFtlrLtleLt�cFbF_>bL�4t�t�s2k�eLtlrL�U�]��bF_
jSb6r�Y¹F¶¬= � eL�U\L^`_FcL^xh�jStleLbF\FbFcL^
S
cL^`p���jD^`t�sSk¨h��Skls`iS_F\FbFjSiS_£k2�FiSa6^`p�^`s`tleLt��

α ∈ (0, 2]
}6t�k�eLb>rFeFh>eL�]�SiS��i

n

n∑

i=1

Sj
d
=n1/αS,

� rLt
Sj
dOcFtZp�^`jSbLk�hF��bFt]iSs

S
b?rLyF�U�ZiSs�rLy6�6��^�k�eL�U\L^`_FcF��tZjStleLbF\FbFcF�¢k]i~rLcFbL�b
s`t�����t

α
� �Skls`iS_F\FbFjS�z�£yL^Skl�FyFt�rLtleLt�cFbFt���Y

Ì,º«·¸º«· µÆ���9Ôx���vÿ�Ë���¶�ÿ�Ë�÷Tø��9Î]þ]ü���¶�ÿ�Ë]öf÷�Ó�Ë]ÿ�
qÿ#¿Zÿ��]ü
	
üqiSc6hFs`bFtZ�Skls`iS_F\FbFjSiDkls`b?j�k��4�zk�eLt���t�jSb	eFt���aUi�iS�SiS�S��^`t�sSk¨h2cL^�k�eL�U\L^`_6�cF��tqjSt�aFs`iSyF��b
kliSiSs`jSt�sSkls`jS�U�Z��bFtqbL���4cFiS��iD�4t�yFcF��t�yL^Skl�FyFt�rLtleLt�cFb6hnY� eL�U\L^`_FcF��_<jSt�aFs`iSy

S = (S1, ..., Sd)
cL^`p���jD^`t�sSk�h��Skls`iS_F\FbFjS�z��}�t�k�eLbrFeFh>eL�]�SiS��i

n
n∑

j=1

Sj
d
=n1/αS.

 Z^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xhv�q�UcFaF Fb6h
d
� �4t�yFcFiS��iO�Skls`iS_F\FbFjSiS��i�jSt�aFs`iSyL^�bL�4t�t�s	jSbUr

g̃
(α,Γ)
d (k) = exp



−

∫

Sd

|ks|α[1− isign(ks) tg(απ/2)]Γ(ds)



 ,

� rLt
Γ(ds)

d2aUiScFt�\FcL^xh
�4t�yL^OcL^	k��qt�yFt
Sd
tlrLbFcFbF\FcFiS��i	yL^xrLbF�Sk�^Oj	yL^Sk�k��f^`s`yFbU�jD^`t��4iD�

d
� �4t�yFcFiD���FyFiDkls`yL^`cLkls`jStS}¬cL^`p���jD^`t��f^xh@øBóxò0��ù�ô����xú�ñ�÷*MÇÿDòÀôx÷*MLYRüZeLiSsx�cFiDkls`g

g
(α,Γ)
d (x) = g

(α,Γ)
d (x1, ..., xd) =

=
1

(2π)d

∞∫

−∞

dk1...

∞∫

−∞

dkd e
−i(k1x1+...+kdxd)g̃(α,Γ)(k1, ..., kd)

cL^`p���jD^`t�sSk¨h³ÿ�ñ�÷�°*÷*ÿDòÀôxñ�÷*MÂ4+øBùJ÷*M�þ1�xöo÷*M�ó��x÷7ùJñ�÷oøBùJú&2�Y Ök�eLbvkl�Ft�aFs`yL^xeLgScL^xh
�4t�yL^OyL^`jScFiD�4t�yFcFi�yL^Skl�FyFtlrLtleLt�cL^��Fi	k��qt�yFtS}
Γ(ds) = constds

��sx^��6eLiSs`cFiDkls`g�bFp�iSs`yFiS�FcL^FY§�]�FyFtlrLtleLbL�Bkls~^`c6rK^`yFs`cF�U���U^`yL^`aFs`t�yFbLkls`bF\Ft�klaF�U��q�UcFaF FbF�¡bFp�iSs`yFiS�Fc6iS��iOyL^Skl�FyFtlrLtleLt�cFb6h
�qiSyL�4�~eLiS_
g̃
(α,Γ0)
d (k) ≡ g̃d(k, α) = exp(−|k|α), 0 < α ≤ 2.
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� iSiSs`jSt�sSkls`jS�U�]��^xh£t�_��6eLiSs`cFiDkls`g.�4i~��t�s �S��s`g.�FyFtlrKkls~^`j`eLt�cL^ j jSb6rLt
i�rLcFi`�aFyL^`s`cFiS��iObFcFs`t���yL^xeK^F}Fkli~rLt�yD��^`��t���iO�q�UcFaF FbF�B«�t�k�kltleFhnm

gd(x, α) = (2π)−d/2
∫ ∞

0

e−s
α

Jd/2−1(s|x|)1−d/2sd−1ds.

ð�eFh>�Ft�yFjS���?s`yFtl�>yL^`p��4t�yFcFiDkls`t�_
bL�4t�t��

g1(x, α) = π−1
∞∫

0

e−s
α

cos(s|x|)ds,

g2(x, α) = (2π)−1
∞∫

0

e−s
α

J0(s|x|)sds,

g3(x, α) = (2π2|x|)−1
∞∫

0

e−s
α

sin(s|x|)sds.

��^`a>b
jOi�rLcFiD�4t�yFcFiD��k�eL�U\L^`tqbL�4t��]s	�4t�kls`i	yL^`pleLi~��t�cFb6h>j	ySh6rL��m
gd(x, α) ≡ gd(r, α) =

=
1

π
(r
√
π)−d

∞∑

n=1

(−1)n−1Γ((αn+ d)/2)Γ(αn/2 + 1)

Γ(n+ 1)
sin(αnπ/2)(r/2)−αn,

gd(r, α) = (2/α)/(2
√
π)−d

∞∑

n=0

(−1)n Γ((2/α)n+ d/α)

Γ(n+ d/2)Γ(n+ 1)
(r/2)2n.

üqt�yFjS��_.bFp?cFbU�.hFj`eFhFt�sSk¨h�k��Di�rFhF��bL�fk�hW�FyFb
α ∈ (0, 1)

b�^SklbL�4�Fs`iSs`bF\Ft�klaFbL��FyFb
α ∈ [1, 2)

}DjSs`iSyFiS_n}`cL^`�FyFiSs`bFjL}Dk��Si~rLbFsSk�h	�FyFb
α ∈ [1, 2]

bOhFj`eFhFt�sSk�h2^SklbL�4�6�s`iSs`bF\Ft�klaFbL���FyFb
µ ∈ (0, 1)

Y Ök�eLb kl�Ft�aFs`yL^xeLgScL^xh��4t�yL^?kliDklyFtlrLiSs`iS\Ft�cL^Oj?s`iS\FaU^x�v�Ft�yFt�klt�\Ft�cFb6h�iDklt�_kli?k��qt�yFiS_n}LaUiD�4�FiScFt�cFs`�
S1, ..., Sd

�Skls`iS_F\FbFjSiS��i2jSt�aFs`iSyL^
S
jSp�^`bL�4cFi2cFt�p�^`jSb6�klbL�4��Y

ð�jD^�jD^x�	cF���<iS�Dkls`i~hFs`tleLgDkls`jD^£k�eLtlrL�`t�s�iSsS�4t�s`bFs`g�plrLt�klgLY�X�i`� �Ft�yFjS���¬}bFp�iSs`yFiS�FcFiDkls`g�yL^Skl�FyFtlrLtleLt�cFb6h<j`eLt�\Ft�s�p�^£kliS�SiS_�cFt�p�^`jSbLk�bL�4iDkls`g�aUiD�4�FiScFt�cFss`i`eLgSaUi�j	k�eL�U\L^`t
α = 2

Y>üqyFb
α < 2

aDiD�4�FiScFt�cFs`��bFp�iSs`yFiS�FcFiOyL^Skl�FyFtlrLtleLt�cFcFi`���iOjSt�aFs`iSyL^�cFtqhFj`eFhF�]sSk�h>cFt�p�^`jSbLklbL�4�z�4bn}L^�yL^Skl�FyFtlrLtleLt�cFbFt�kqcFt�p�^`jSbFklbL�4�z�4baUiD�4�FiSc6t�cFsx^S�4b�cFt�hFj`eFhFt�sSk�h�bFp�iSs`yFiS�FcF�z��Y¬X�i`� jSs`iSyF���¬}LjSjSb6rL�
yL^Sk��Si~rLbL�4iDkls`brLbLkl�Ft�yLklbFb�iS�S��\FcL^xh�aUiSyFyFtle6hF FbFiScFcL^xh�s`tl�6cFbFa6^q^`cL^xeFbFp�^Zklsx^`s`bLk�sSb6\Ft�klaUiS_Oklj`h6�p�b
aDiD�4�FiScFt�cFsO�FyFb
α < 2

cFt��FyFbL�4t�cFbL�f^FY
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=qt�s`jSt�yFs`g?jSt�a6^2s`iD�4�vcL^`p�^xr��4cFt�rLiSjStleLiDklg2�FyFbFc6hFs`g>�U\L^Skls`bFt�j?yL^`�SiSs`tklt��4bFcL^`yL^2«�iSyFbLk�^	XÖeK^xrLbL�4bFyFiSjSbF\L^BCncFtlrLt�cFaDi?j�GviDklaFjSt2¤ j�GÂCn[q¦�YT��^`a6� s`iOhkl�FyFiDklb6e�t��li�iSs`cFiDklbFs`tleLgScFiv�Ft�yLkl�Ft�aFs`bFj��FyFbL�4t�cFt�cFb6h�cFt��l^��Dk�kliSjS�����Dkls`iS_F\FbU�jS����p�^`aDiScFiSj]jZ�FyFbFa6eK^xrLcF����p�^xrK^~\L^x�¬Y`�]c�iS Ft�cFb6eOb6��cFt�klaUi`eLgSaDiqklaDt��Fs`bF\Ft�klaFbn}�Fi~rF\Ft�yFaFcF�UjL}x\Fs`iq�St�klaDiScFt�\FcFiDkls`g]rLbLkl�Ft�yLklbFb��FyFb
α < 2

b�iSsSkl�UsSkls`jSbFt��f^`s`t��f^x�s`bF\Ft�klaDiS��i>i~�	b6rL^`cFb6h��FyFb
α ≤ 1

hFj`eFhF�]sSk�h�t�kls`t�k�sSjStlcFcF�z�4b �FyFt��6hFsSkls`jSb6hL�4b�FyFbL�4t�cFt�cFb6h���s`b6�vp�^`aUiScFiSj2j?�qbFp�bFaUt�bvrLyF�U��b6�vcL^~�Ua6^x�¬}L�Fi?aFyL^`_FcFt�_��4t�yFtS}Tjs`tl�£p�^xrK^~\L^x�¬}8j.aDiSs`iSyF���£��s`bL�!�L^`yL^S�4t�s`yL^S�B�FyFb6rK^`t�sSk¨hHaDiScFaFyFt�s`cF��_��qbFp�b6�\Ft�klaFbF_2k��4�zk�e�YTuS�zrLcL^`aDiL}`j�s`t�iSyFt�s`bFaUi`� jSt�yFi�hFs`cFiDkls`cFiD��iSs`cFiS{�t�cFbFb	iSs`aFyF��s`bFt��s`b6�	p�^`aUiScFiSj�cFt�jSiSp��4i~�	cFi��Ft�yFt�iS Ft�cFbFs`gL|~}SrLiS�D^`jSb6e2iScn}¬u��FiDklaUi`eLgSaF��iScFb2�Fi`eF�cFiDkls`gS�*bLkl\Ft�yF�F��jD^`�]sva6eK^Sk�k	jDkltl� jSiSp��4i��	cF��� �FyFtlrLtleLgScF���.yL^Skl�FyFtlrLtleLt�cFbF_j�k¨�Dt��4t?kl�6�f�4bFyFiSjD^`cFb6h�k�eL�U\L^`_FcF���.jStleLbF\FbFcn|~Y4©�^`an}8b6eLb��FyFbL�8t�yFcFi�sx^`a¢¤ p�^rK^`jScFiDkls`gS�HjSyFt��4t�cFb�hn}`aDiScFt�\FcFiL}`cFtz�4iS����yF�U\L^`s`gDk¨hOp�^q^`�Dkli`eL�]s`cF�U��s`iS\FcFiDkls`g��s`b6���qyL^`p~¦�iSs`jSt�s`b6e.�4cFtOkliD^`jSs`iSy�w�Y%�OYT�qi`eK�4iS��iSyFiSjS^	�Fi?i~rLcFiS_�bFp��Ft�yFjS���aFcFbF��}F�FiDklj`hF��t�cFcF���2�FiS\Fs`b
�Fi`eLcFiDkls`gS���Dkls`iS_F\FbFjS�z�£yL^Skl�Fy6tlrLtleLt�cFb6hL�¯� ��'(� Y
«��~rF�6\6b
�qbFp�bFaUiD�Wb
jS��_6rFh?cL^��Skls`iS_F\FbFjS��tqp�^`aDiScF�¢�6iOjSi`eLtqk�eL�U\L^xh ¤ j��i~rF���4iSt�_?�U\Ft��S�<j	kls~^`c6rK^`yFs`cF���?aF�UyLk�^x�2s`t�iSyFbFb>jSt�yFi~hFs`cFiDkls`t�_?bFpq�Dkls`iS_F\FbU�jS����p�^`aUiScFiSj>yL^Sk�k��f^`s`yFbFjD^xeKk�h�eLbF{�gvi~rFbFc.dvcFiSyL�f^xeLgScF��_.p�^`aDiScK¦�}¬h.cFt?�8iS�jScF�Us`yFt�cFcFtvk��4bFyFbFs`gDk¨hHk>sx^`aDiS_�iS Ft�cFaUiS_n}8�DiSs�h�b�jSiSp�yL^`p�bFs`g�cL^���s`iW«�iSyFbLkl�XÖeK^xrLbL�4bFyFiSjSbF\F���4cFt.�S��eLi£cFt�\Ft���iLY.��^`bFjScF��t �4iSb¢yL^Sk�kl�D�OrLt�cFb6h<iHkl�~rLgS�St�Dkls`iS_F\Fb6jS����p�^`aUiScFiSjW�FyFbFjStleLb<�FyFtl�OrLt jDkltl��i�a¢cFt�aDiSs`iSyFiD�4�H�L^`yL^xrLiSaUk�^xeLg`�cFiD�4��p�^`a6eL�]\Ft�cFbF��mnbFpO�St�klaDiScFt�\FcFiS��i
�4cFi���t�kls`jD^>jDkltl���Dkls`iS_F\FbFjS����p�^`aUiScFiSjeLbF{�g>i�rLbFc�d
cFiSyL�f^xeLgScF��_�p�^`aUiScvd
iS�`eK^xrK^`t�s2aDiScFt�\FcFiS_�rLbLkl�Ft�yLklbFt�_n}T�vjDkltl�iDklsx^xeLgSc6����iScL^��St�klaUiScFt�\FcL^FY��
ò!ø0��÷7ñxòBþ5ñ����H5
�xøBóxòÀô�ø0���>��ö��1��òBùAø3��ñ�÷-ô+ÿ�÷*M�èÀö

÷*67õIþ5ñ�÷*ÿ³�uñxò�ÿ��oùAòÒÿ��où���þ>òBø0��÷*ÿ øÒÿ�õ�ø/��ò êÑ5��1�Õö/ø!ò�È74+øBùJ÷*M�þ1�xöoõ?È�:(����÷7ñ�÷oö*��Bôx÷*ÿDò�÷�5�ñ�÷�°*÷ 5 °���4+ø!øB÷oö(�¬:(����÷7ñ��x}6�FiObFyFiScFbFb
kl��rLgS�S�<cL^`p���jD^`t��4iS��i�cFiSyL�f^xeLg`�cF�z��Y � s`iS\FaFbHp�yFt�cFb6hHjDklt���i�u~�`eK^`��iSyFi~rLcFiS��i klt��4t�_Lkls`jD^F| �l^~�Sk�kliSj p�^`aUiScHklikljSiSt�_WaUiScFt�\FcFiS_WrLbLkl�Ft�yLklb6t�_£jS��� eFh6rLbFs��UyFi�rL Ft���}4�lsx^`aFbL�¡�l^xrLaFbL���Us`t�cFaUiD��}^xeLgS�SbFcFiDkliD��Y5üqiS\Ft��4�2��t�cL^S�£iSc
�FyFtlrKk�sx^`j`eFhFt�sSk�h
cFiSyL�f^xeLgScF�z��,DüqiS\Ft��4�?iSc�FiS\Fs`b��Fi`eLcFiDkls`gS��iSj`eK^xrLtleOklbFs`�D^` FbFt�_�jZt�kls`t�kls`jSt�cFcF����b����6�f^`cFbFsx^`yFc6�����FyFb6�eLi~��t�cFb6h6��,��^���s`iSs~} klaDiSyFt�t*�Fklb6�Di`eLiS��bF\Ft�klaFbF_n}�\Ft�� �f^`s`t��f^`s`bF\Ft�klaFbF_�jSiS�FyFiDkcFt�jSiSp��4i��	cFiOiSs`jSt�s`bFs`g	s`t�iSyFt��4iS_nY � rLt�klgO�6�4t�kls`cFt�t��S��ev�S��kliS FbFi`eLiS��bF\Ft�klaFbF_iS�FyFiDk`}¬cFi��4cFt2aU^x��t�sSk�hn}n\Fs`ivj
eL�]�SiD��k�eL�U\L^`t	k�eLtlrL�U��bFt	s`yFbW�FyFbF\FbFcF��jS����6eL��eLb
�S�¢�FyFb
iS�FyFiDkltSY�JòÀô�öo÷*ML}�kliSjStlyF{�t�cFcFi
cFt�kl�U��t�kls`jSt�cFcFiS_.kO\FbLkls`i��f^`s`t��4^`sSb6\Ft�klaUiS_.sSiS\U�aFb?p�yFt�cFb6hn}6cFi�\FyFt�p�jS��\L^`_FcFi�jD^x�	cFiS_?j��FyL^`aFs`bF\Ft�klaUiD��iSs`cFiS{�t�cFbFbÇó/ô���þ1��ñ�÷*M��ö��1��òBùAø3�½÷7ùAø04�ùAøBùAö��xòJó/ôx÷oøBùJõ?È��oñ�������ù���þ5ò!ø0�&�1È$�(ùJ÷ ò!øBùJú(��øB÷�57òÀô"����À��1È���"ÚJú��1:/ö/ò!øBùJñ�õ�òÇ����òÒÿDòBñ�ù��*ôxñ�õ�òÄ�94�ñ"�&<"�"�Õöoõ�ô1�*��òBñ"�"Mª5��1�Õó��x÷7ùJñ�÷oøBùAò0M
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�����Á�94�ñ"�&<"�"M>4+øBùJ÷*M�þ1�xöoõ?È ô1�/øBó/ô�ò�57ò/��òBñ"�$MLY�C6^~�Dk�kliSjD^2�6eLiSs`cFiDkls`g>j
��s`iD�¢iSsx�cFiS{�t�cFbFbOd�i~rLcFi�bFpzcFt��4cFiS��b6�ObLkla6eL�]\Ft�cFbF_nY�ð�yF�U��bL� bLkla6eL�]\Ft�cFbFt�� hFj`eFhFt�sSk�hyL^Skl�FyFtlrLtleLt�cFbFt2�qiS{�bn}¬bFp�jSt�kls`cFiSt	jv�leLt�a6sSy6i~rLbFcL^S�4bFaUt2�Fi�rWcL^`p�jD^`cFbFt��¢t�kls`tl�kls`jSt�cFcFiS_
�qiSyL�4��kl�Ft�aFs`yL^xeLgScFiS_?eLbFcFbFb���iSyFt�cF L^

p(x) =
1

π(1 + x2)
.

X�h6rLt�yFcFiS_ �qbFp�bFaDt���s`���qiSyL�4�
bL�4t�t�s
�qiSyL�4��eK^?«�yFt�_Fsx^x� X�bF��cFt�yL^F}KiS�FbLkl��jD^x��]��^xh��FiSjStlrLt�cFbFt>klt�\Ft�cFb6h�h6rLt�yFcF���WyFt�^`aF FbF_£jS�`eLbFp�b�yFt�p�iScL^`cLkliSjLY�üqi~rLiS�ScFi�l^��Dk�kliSjS�S}ÖyF^Skl�FyFtlrLtleLt�cFbFt.�qiS{�b�bL�4t�t�sHklbL�f�4t�s`yFbF\Fc6�6�#aDi`eLiSaUi`eLiSiS�SyL^xp�cF�U��qiSyL�4�S}UcFiOcF^���s`iD�£k��Si~rKkls`jSi�b>aUiScF\L^`t�sSk�hnY+ð�bLkl�Ft�yLklb6h?��s`iS��iOyL^Skl�6yFtlrLtleLt�cFb6h�St�klaUiSc6t�\FcL^F}U^��f^`s`t��f^`s`bF\Ft�klaUiStZi��	b6rK^`cFbFtZkl�U��t�kls`jS�St�s�eLbF{�g�j�k��4�zk�eFtZ� eK^`j`�cFiS��iWp�cL^~\Ft�cFb6h<�qiS{�bnYÖ«�i`eLgS{�iSt
jS�Ft�\L^`s�eLt�cFbFt�cL^WcFt�kl�Ft� FbL^xeLbLk�sx^F}ÖjS�Ft�yFjS��tp�cL^`aUiD��hF��t���iDk�h�k���s`bL�HyL^Skl�FyFtlrLtleLt�cFbFt���}KiSa6^`p���jD^`t�sOs`iL}K\Fs`i
klyFt�rLcFt�t�^`yFbL�Z��4t�s`bF\Ft�klaDiSt�kl�6�f�4��k�eL�U\L^`_FcF����jStleLbF\FbFcn}fyL^Skl�FyFtlrLtleLt�cFcF���£�Fi ��s`iD�4��p�^`aUi`�cF�S}KbL�4t�tls?s`i2��t�yL^Skl�FyFtlrLtleLt�cFbFtS}L\Fs`i?b�iSs�rLt�eLgScFiSt�k�eK^`�l^`t��4iStSYLX�iS�S��rLtlcFcFiS_s`t�yL�4bFcFi`eLiS��bFb���s`i?iSp�cL^~\L^`t�s~}L\Fs`iWuxkls~^`s`bLkls`bF\Ft�kla6^xh��FiS��yFt�{�cFiDkls`gL|2klyFtlrLcFt���i^`yFbL���4t�s`bF\Ft�klaDiS��ivcFt	�U�S��jD^`t�s
kO�UjStleLbF\Ft�cFbFt���\FbFk�eK^�k�eK^`��^`t��4����d�s`i�t�kls`gL}jSiSiS�S��tZcFbF\Ft���i	cFt��FyFiSbLk��Di�rLbFs~YKo!�D��t�kliSjDklt�����aFp�iSs`bF\Ft�klaFbL���FyFtlrKkls~^`j`eFhFt�sx�k�h½öo÷�:*ô1�/øBù-�oñ"�xòquxklsx^`s`bLkls`bF\Ft�klaDiS_v�FiS��y6t�{�cFiDkls`bn|	klyFtlrFcFt���i	^`yFbL���4t�s`bF\Ft�klaUi`���i
n
k�eK^`�l^`t��4���	k]yFiDk�sSiD�

n
�FyFb2�U^`yL^`aFs`t�yFbLkls`bF\6t�klaFb6�2�FiSa6^`p�^`s`tleFh6�

α < 1
YUXk�eL�U\L^`tZcFt�klbL�f�4t�s`yFbF\FcF���>p�^`aUiScFiSj�kZs~^`aFbL�4b
�FiSaU^`p�^`s`tleFhL�4b>yL^Skls`�Us
¤ \FyFt�p�jS���\L^`_FcFi�cFt�yFt�����eFhFyFcFi�b	cFt�iS��yL^`cFbF\Ft�cFc6iU¦8b2klyFtlrLcFbFt]^`yFbL���4t�s`bF\6t�klaFbFtSYD�¢\FbLk�eL�sx^`aFb6�?p�^`aUiScFiSj�iSs`cFiDk�bFsSk�h
p�^`aDiSc���t�jSb6� � �4bFyFcFiSjD^�d	�FiDk�eLtlrLcFbF_
j	kl�FbLklaUtqjS���yL^x�O^`�]��b6�Dk�h�\Ft�yFt�p��leLt��4t�cFs~^`yFcF��t.�q�UcFaF FbFb��Dkls`iS_F\FbFjS���HyL^Skl�FyFtlrLtleLt�cFbF_n}�qiSyL�f^�~�aDiSs`iSyFiS��iObL�8t�t�s	jSb6r

p(x) =





1√
2π

exp

{
− 1

2x

}
x−3/2 , x > 0,

0 , x < 0.+�iSyL�4�~eK^���s~^��S��eK^v�Fi`eL�U\Ft�cL^ÇGWY � �4i`eL�D�DiSjDklaFbL��b�w�YXûÖ_FcF{�s`t�_FcFiD�j�p�^xrK^�\Ft2i�yL^Skl�FyFtlrLtleLt�cFbFb�k�eL�U\L^`_FcFiS��ivjSyFt��4t�cFbWrLiDk�sSbU��t�cFb6h��SyFiS�UcFiSjDklaDiS_\L^Skls`bF Ft�_�p�^xrK^`cFcFiS_�s`iS\FaFb?¤ ��ÑF�~�S¦�Y�X���ÑF��Ñ���i�rL�Zj]bFp�jSt�kls`cFiS_�yL^`�SiSs`tÖoOY� ]i`eLgS 6��f^`yFa6^¬� �~�*� }~yL^Sk�k��f^`s`yFbFjD^`jS{�t���i]j`eLb6hFcFbFt��leLt�aFs`yFbF\Ft�klaDiS��iq�Fi`eFh�iSaFyF�D�O^`�]��b6�^`s`iD�£kliDkltlrLt�_>cL^�t���iObFpleL�U\Ft�cFbFtS}6�S��eLiOcL^`_6rLt�cFiOklyL^`p��2s`yFb
s`yFtl�F�4t�yFcF���>bFp�i`�s`yFiS�FcF�����Dkls`iS_F\FbFjS���q�6eLiSs`cFiDkls`b�kf�U^`yL^`a6sStlyFbLkls`bF\Ft�klaFbL�4b��FiSa6^`p�^`s`tleFhL�4b
3/2¤ bFiScFbFp�bFyFiSjD^`cFcF��_��l^`pS}~�Fiqkl�U��t�kls`jS�qdq�6eK^`p��f^D¦�}U�q¤ �l^`p�cFt�_Fs`yL^xeLgScF�����4i`eLt�aF��ek	iSs�eLbF\6cF�z��iSsvcF�~eFh.rLbF�Fi`eLgSc6�z���4iD�4t�cFs`iD�§¦�b

3/4
¤ ��^`p2cFt�_Fs`yL^xeLgScF���W�4i`�eLt�aF��e
k]cF��eLt�jS�z�.rLb6�Fi`eLgScF�z�Wb?iSs�eLbF\FcF�z�WiSs�cF��eFh?aFjD^xrLyF�U�Fi`eLgScF�z�.�4iD�4t�c6�sx^S�4bK¦�YLX��Ft�yFjS��t�cL^O�qbFp�bF\Ft�klaUiS_
^`yFt�cFt��6i~hFj`eFhF�]sSk�h
�Skls`iS_F\FbFjS��t�p�^`aDiScF��}6cFtjS��yL^x�O^`t��4��tzj��leLt��4t�cFs~^`yFcF���>�q�UcFaF Fb6h6�¬YUX�kliSyFiSaUiSjS������i~rK^x�	iScFb2�Dkl�Ft�{�cFi
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bLkl�Fi`eLgSp��U�]sSk¨h � Y1=�^`c6rLyL^Sklt�a6^`yFiD�.b�ð��vY1�qt�_L�f^`cFiD�.rFeFh>jScFtlrLyFt�cFb6h?cFt��l^~�Sk��kliSjSiS_Oklsx^`s`bLkls`bFaFb2j�^Skls`yFiD�qbFp�bFaF�TmS�ZeL�UaFs`�D^` FbFb	��yL^`jSbFs~^` FbFiScFcFiS��iq�Fi`eFh2k�eL�D�\L^`_FcFiqyL^Skl�FyFtlrLtleLt�cFcF����jq�FyFiDkls`yL^`cLkls`jSt�pljSt�plrO�Fi~rL\FbFc6hF�]sSk�hOyL^Skl�FyFtlrLtleLt�cFbF� ]i`eLgS L�f^`yFaU^F}6cFt�kljSi~rLbL�4iD�8�2a
yL^Skl�FyFtlrLtleLt�cFbF�ªC6^~�Sk�k�^�� ��ª�� Y�ZkljSiSt�cFbFt��qbFp�bFa6^S�4b �3� Z3Z S�T V"QZIGO&V$T ��S p�^��FyFtlrLtleK^S�4b/�l^~�Sk�kliSjD^��6i`eFhiDkl�U��t�kls`j`eFh6eLiDklgB�4tlrFeLt�cFcFiL}OcFi!cFt��Ua6eLiScFcFiLYOX ��Ñ('&'¡��i~rL��jS��{�eL^ByL^`�SiSsx^�	Y2ð2Y���^`c6rK^��¬� �o´
� }lj�aUiSs`iSyFiS_�k�eL�U\L^`_FcF��tf�FiSs`t�yFb���cFt�yF��bFb�p�^`yDh6��t�cFcFiS_q\L^Skls`b6� F��}T�FyFi~�Di�rFhF��t�_ k�eLiS_�jSt���t�kls`jD^2p�^xrK^`cFcFiS_�s`i`eL��bFcF�!yL^Sk�k��f^`s`yFbFjD^xeLbLklg?aU^`akl�6�f�f^�k�eL�U\L^`_FcFiS��i?¤¥kZ�F�S^Sk�kliScFiSjDklaFbL�.yL^Skl�FyFtlrLtleLt�cFbFt��f¦Ö\FbLk�eK^�cFt�p�^`jSbLklbL�4���k�eL�U\L^`_FcF����k�eK^`��^`t��4���vd>�FiSs`t�yFg>��cFt�yF��bFb j>iSs�rLtleLgScF����kls`i`eLaFcFiSjSt�cFb6h6�

∆
ki~rLb6cL^`aUiSjSiS_��6eFiSsSc6iDkls`gS�

w(x)
Y�ý4^`p��6�4t�t�sSk�hn}SjSt�eLbF\FbFcL^

∆
iS��yL^`cFbF\FtlcL^��f^`aUklb6��f^xeLgScFi
jSiSp��4i~�	cFiS_ jvi~rLcFiD��kls`i`eLaFcFiSjSt�cFbFb.�FiSs`t�yFt�_

∆max
}�cFiL}nyL^Sk�k��f^`s`yFbU�jD^xhO�S�zkls`yF��tz\L^Skls`bF F��}D^`jSs`iSyO�FyFt�cFt��SyFt��z��s`bL�.iS��yL^`cFbF\6t�cFbFt�� b	bLkl�Fi`eLgSp�iSjD^xe^SklbL�4�Fs`iSs`bFaF�

P{∆ > x} =
∞∫

x

w(x)dx ∝ x−1.

X�yFt�pl�~eLgxs~^`s`t]iSc	�Fi`eL�U\Fb6e2�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaF�U���q�UcFaF FbF�¢b2�FyFbFjStle?yFt�p���eLg`�sx^`s`��\6bLk�eLt�cFcF���HyL^Skl\Ft�s`iSj.rFeFh��Skls`iS_F\FbFjSiS_H�6eLiSs`cFiDkls`b<k
α = 1

b
β = 1¤ iSsS�4t�s`bL��}F\Fs`i�iScL^�cFt]hFj`eFhFt�sSk�h>kls`yFiS��i��Skls`iS_F\FbFjSiS_K¦�Y6X��FyFiS\Ft���}U�Dkls`iS_F\FbFjS���p�^`aDiScFiSj���t�juð�^`jS��rLiSjSbF\n}FcFt�klt�yFgSt�p�cFi�¤ �Fi?k�eL�D�U^S�§¦�iSsSc6iDklbFjS{�bF_Lk�hva�s`t�iSyFbFbjSt�yFi�hFsSc6iDkls`t�_n}¬cFtOp�cL^xe b jDkltO^`cL^xeLbFs`bF\Ft�klaFbFtOjS��a6eK^xrLaFb�jSiDkl�FyFiSbFp�jStle k�^S�4i`�kls`i~hFs`tleLgSc6iL}T�DiSs�h j
��s`iS_ \L^Skls`b.yL^`�SiSs`�¡rLiDklsx^`s`iS\FcFi>�S��eLi
�S��kliDk�eK^`s`gDk¨h cL^�dü�©§YF©�yFbFcL^xrL L^`s`gOeLt�s	kl�F�Skls�h³üOYFXZYFX�^`jSb6eLiSj�jSt�yFcF��eKk�h>a>��s`iS_>p�^xrK^~\Ftqkq Ft��eLgS�<�U\Ft�kls`g��U�FiD�8hFcF�Us`iStziS��yL^`cFbF\Ft�cFbFt

∆ ≤ ∆max
Y6�]c	�Dklsx^`cFiSjSb6e�}`\Fs`i�j���s`iD�k�eL�U\L^`tzcL^~\FbFcL^xh2kzcFt�aDiSs`iSyFiS_2s`i`eL��bFc6�<yL^Skl�FyFt�rLtleLt�cFbFt]�FiSs`t�yFg��FyL^`aFs`bF\Ft�klaFbkliSjS�L^xrK^`t�s]kÖ��^~�Dk�kliSjS�z��}�cFiZ�FyFb�kl�U��t�kls`jSt�cFcFiq�4t�cFgS{�b6��p�cL^~\Ft�cFb6h6��kliSjS�L^xrK^`t�skZyL^Skl�FyFtlrLtleLt�cFbFt�����^`c6rK^~��� ����� Y��ÑD�S�~� �xªx� �v��i~rK^x��w�Y � Y&GviScFbFcO�FyFbU�Di~rLbFsqaOs`yFtl�F�4t�yFcFiD�4��bFp�iSs`yFiS�FcFiD�4��Dkls`iS_F\Fb6jSiD�4�
p�^`aDiScF�
k��FiSaU^`p�^`s`tleLt��

α = 2/3
j?p�^xrK^�\Ft�i2rLbL���q�Up�bFbv\L^Skls`bF j	s`�UyF�S��eLt�cFs`cFiS_�klyFtlrLt�� ��Ñx� �`��� Y>üqyFbL�4t�yFcFi	av��s`iD�4�2��t�jSyFt��4t�cFb
iSs`cFiDk�hFsSk�h
byL^`�SiSsx^?oOY%GWY#��bL�q{�bF L^Ç� �6�0� }TaU^Sk�^`�]��^xhLk�h �ZeL�UaFs`�S^` FbF_ s`t��4�Ft�yL^`s`�UyF��klyFtl�rL��}~�Fi�rLjSt�yD��t�cFcFiS_�rLt�_Lkls`jSbF�£h6rLt�yFcF����bFpleL�U\Ft�cFbF_nY���^`_6rLt�cFcFiSt§j]cFt�_�yL^Skl�FyFtl�rLtleLt�cFbFt�hFj`eFhFt�sSk¨h<i~rLcFiD�4t�yFcF�z���FyFtlrLtleLgSc6i�^SklbL�f�4t�s`yFbF\FcF�z� ¤�u~aFyL^`_FcFbL��|D¦�Dkls`iS_F\Fb6jS�z�£yL^Skl�FyFtlrLtleLt�cFbFt���kZ�FiSa6^`p�^`s`tleLt��
α = 5/3

Y���]�SiS�F��s`cFi iSsS�4t�s`bFs`gL}f\Fs`i.j �Ft�yFt�\FbLk�eLt�cFcF���£jS��{�t>yL^`�SiSsx^x�W�Dkls`iS_6�\FbFjS��t�p�^`aDiScF��cFt��S��eLbviS�FiSp�cL^`cF��^`jSs`iSyL^S�4bn}LiScFbvjS��jSi�rLb6eLbLklg	a6^x�OrL��_vyL^`pp�^`cFiSjSiL}4�St�pva6^`aFb6�U� eLbF�SiWk�kl��eLiSaHcL^.jSt�yFi�hFs`cFiDkls`cF��tvbLkls`iS\FcFbFaFbnY�ûÖsSi��4i��O�cFiWkl\FbFsx^`s`gW�Ft�yFjS�z�!�Ft�yFbFi~rLiD�!��aUkl�L^`cLklbFbH�Dkls`iS_F\FbFjS���£p�^`aUiScFiSj j��qbFp�b6aF�D}j�s`t�\Ft�cFb6t>aUiSs`iSyFiS��i��S��e£�Skl�Ft�{�cFi��FyFt�i�rLi`eLt�c��D^`yFgSt�y¢u~cFt��leLt��4t�cFs~^`yFcFiDkls`bn|�Dkls`iS_F\Fb6jS���v�6eLiSs`cFiDkls`t�_nmTyL^Skl�FyFtlrLtleLt�cFb6hÇ ]i`eLgS L�f^`yFaU^F}���^`c6rK^~�S}"��bL�q{�bF L^F}GviScFbFcL^��D��tqcFt?u~�leLt��4t�cFs~^`yFcF��|~Y
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°��xòJñ���4&�&�FEIñxò�:oñ��oñ"�xòDùAòB÷-ô��"�Ä4+øBùJ÷*M�þ1�xöoõ?ÈÇ:(�����÷7ñ�÷oöxY>üqiSyL^`p�bFs`tleLgScFiL}ScFiO�4iS_2eLbF\FcF��_?iS�F��s�iS�S��t�cFb6h	rK^x��tqk]iS\Ft�cFg�bFp�jSt�klsx�cF�z�4bv�qbFplbFa6^S�4bn}6yL^`�SiSsx^`jS{�bL�4b�¤ b
yL^`�SiSsx^`�]��bF�4b
klt�_F\L^Sk�¦Öj�iS�`eK^Skls`b>klsx^`s`b6�kls`bF\Ft�klaDiS_��qbFp�bFaFb�b�aFbFcFt�s`bFaFbn}��qbFp�bFa6bHjS�zkliSaFb6����cFt�yF��bF_n}§�qbFp�bFaFb��6eK^`pl��4��}T^Skls`yFiD�qbFp�bFaFbv�FiSa6^`p���jD^`t�s~}F\Fs`i>�4cFiS��bFt�bFp�cFb6�
rK^x��t��FyFtlrKklsx^`j`eLt�cFbUh�cFtbL�4t��]s	i	kl�U��t�kls`jSiSjD^xcFbFb?sx^`aUiS_>s`t�iSyFbFbW¤ jS�FyFiS\Ft���}6jO�FiDk�eLtlrLcFbF_>rLt�k¨hFs`iSa>eLt�s�Fi`eLi~��t�cFbFtqbFp��4t�c6hFt�sSk�hK¦�Y
üqi~�O^xeL�U_n}D�6t�yFjSiS_?yL^`�SiSs`iS_2�FyFbFa6eK^xrLcFiS��i��U^`yL^`aFs`t�yL^F}Ukli~rLt�yS�O^`��t�_	hFj`�cF�U��k�kl��eLa6�	cL^��Dkls`iS_F\FbFjS��tzp�^`aUiScF��}D�S��eK^�yL^`�SiSsx^�ý4Y��	Y�ð�iS�SyF�U{�bFcL^2¤ ��ÑD�`�D¦�}�FiDklj`hF��t�cFcL^xh£yL^Skl�FyFiDkls`yL^`cFt�cFbF��b�rLtlsStlaFs`bFyFiSjD^`cFbF� yL^xrLbFiSjSi`eLc¯� �S�*� Y�üZhFs`geLt�s2kl�F�Dkls�hv�Fi~hFj`e6hFt�sSk�hvyL^`�SiSs~^�� �`ª�� }FcL^`�FbLk�^`cFcL^xhvkl�Ft� FbL^xeLbLkls`iD���Fi2�4t�s`i~rK^S�GviScFs`tl� ��^`y6eLi�GWYL��^xeLiDkliD�.sx^`a6��t�bLk��Fi`eLgSp��U�]��bL��s`t�yL�4bFc�u~�Dkls`iS_F\FbFjS��tZp�^x�aUiScF��|qb2k�kl��eK^`�]��bL�fk¨h	cL^qaFcFbF���O«ZYSXZY
CncFtlrLt�cFaDi�b	w�Y
�OYD�qi`eK�4iS��iSy6iSjD^¬� ��'(� YX¢�U�FyFiS��t�cFcFiS_
�FiDklsx^`cFiSjSaDt�p�^xrK^~\L^Oi2klsx^`s`bLkls`bF\Ft�klaUiS_��6iS��yFt�{�cFiDkls`b
eLiSa6^xeLg`�cFiS_�iS Ft�cFaFbO�FiSs`iSaU^ZbFpleL�U\Ft�cFb6hOjqp�^xrK^`cFcFiS_�s`iS\FaUt�jS��� eFh6rLbFsqaU^`aOcL^x�Si~�OrLt�cFbFtyL^Skl�FyFtlrLtleLt�cFb6h2jS���SiSyFiS\FcFiS��i�klyFtlrLcFt���i

ân = 1
n

∑n
j=1R

−2
j

}D� rLt
Rj
d�yL^Sk�kls`i�h6�cFbFt§iSszcL^�\L^xeK^�aUiSiSyDrLbFcL^`s�rLi]k�eL�U\L^`_FcFiS_qs`iS\FaFbn}�yL^`jScFiD�4t�yFcFi�yL^Skl�FyFtlrLtleLt�cFcFiS_j	s`yFtl�F�4t�yFcFiD��{�^`yFt�k�tlrFbFcFbF\FcF�z��}Tkla6^x��t���}LyL^xrLbF�SkliD��YKoqcL^�\Ft���iSjSiSyDhn}6yFt�\Fgb6rLt�sOiOjS���SiSyFiS\FcFiD��klyFtlrLcFt��

ân =
1

n

n∑

j=1

Zj ,

� rLt
Zj
d	cFt�p�^`jSbLklbL�8��t�k�eF�6\F^`_FcF��t�jStleLbF\FbFcF��kq�6eLiSs`cFiDkls`gS�

p(z) = (3/2)z−5/2, 1 ≤ z <∞,
�FyFbFcL^xrFeLtl��^`��bFt	iS�`eK^Skls`b �FyFbFs�h6��t�cFb6hW�Dkls`iS_F\FbFjSiS�li
p�^`aUiScL^>kO�FiSa6^`p�^`s`tleLt��
α = 3/2

b�^SklbL�f�4t�s`yFbFt�_
β = 1

Y � sx^`s`bLkls`bFaU^
ân
hFj`eFhFt�sSk�h¢cFt�k��4tl��t�cFcFiS_iS Ft�cFaDiS_��6eLiSs`cFiDkls`b �FiSs`iSa6^2j>cL^~\L^xeLt�aDiSiSyDrLbFcL^`s~}TcFi>yL^Sk��Si~rLbL�4iDkls`g2rLbLkl�Ft�y6�klbFb��6�4t�cFgS{�^`t�sZklaUiSyFiDkls`gZk��Si~rLbL�4iDkls`b�b�jSiSp�cFbFaU^`t�s]bLklaF�U{�t�cFbFt�iSaFyF�D�	bFs`gZcL^x�\L^xeLi	aUiSiSyDrLbFcL^`s	cFt��FyFiScFb6 L^`t��4iS_
rFeFh�k�eL�U\L^`_FcF���>s`iS\Ft�a�k��qt�yFiS_v�f^xeLiS��i	yL^x�rLbF�Dk�^F}K\Fs`iS�S�B Ft�cFiS_�cFt�aDiSs`iSyFiS��i>k��4t���t�cFb6h�iS Ft�cFaFb�iS�St�kl�Ft�\FbFs`g?aUiScFt�\FcFiDkls`grLbLkl�Ft�yLklbFb�b�cFiSyL�f^xeLgScF�U�HklaUiSyFiDk�sSgZk��Di�rLbL�4iDkls`b�iS Ft�cFaFb�a��f^`s`t��f^`s`bF\Ft�klaUiD�4�i~�	b6rK^`cFb6��Y©�^`aUiS_�kl�FiDkliS�2yFt�{�t�cFb6h��FyFiS�`eLt��4��rLiSjSi`eLgScFi	yL^Skl�FyFiDkls`yL^`cFt�c�j?s`t�iSyFtl�s`bF\Ft�klaDiS_¢�qbFp�bFaUtS}ÖiDkliS�St�cFcFiWj��leLt�aFs`yFi�rLbFcL^S�4bFaUt�b<a6jD^`cFs`iSjSiS_Hs`t�iSyFbFb<�Fi`�eFhnY4X�jStlrLt�c�kl�Ft� FbL^xeLgScF��_�s`t�yF�4bFc�ó�òÝô�òBñ�÷-ô+ÿ��/ôx÷oö��
�x}�iSp�cL^~\L^`�]��bF_W�FyFiS FtlrL�D�yF���Skls`yL^`cFt�cFb6h��~eLgxs`yL^S�qbFi`eFt�s`iSjS���qyL^Sk��Di�rLbL�4iDkls`t�_n}~aDiSs`iSyF��t�jSiSp�cFbFaU^`�]s]�FyFbyL^`pleLi~��t�cFbFb2aFjD^`cFs`iSjSiS�Fi`eLt�jS����jStleLbF\FbFc2j���iSyF�f^xeLgScF��tZkls`t��6t�cFcF��tZyDh6rL�<�FiaUiScLkls~^`cFs`t�klj`hFp�bnY�[§klt�\Ft�cFbFt��FyFtlrLtleLiSj]kliSiSs`jSt�sSkls`jS�U�]��b6��bFcFs`t��lyL^xeLiSj�¤ s`iZt�k�sSg
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p�^S�4t�cL^]�St�klaUiScFt�\FcFiS��i]�FyFtlrLtleK^ZbFcFs`t���yFbFyFiSjD^`cFb6h�aUiScFt�\FcF�z�§¦nhFj`eFhFt�sSk�hOk�^S�4�z��FyFiDkls`�z�
�4t�s`i�rLiD�>�Ft�yFt�cFiSyL�4bFyFiSjSaFbnY�X�iSp��4i��	cFiL}�kls`��rLt�cFsx^S��}�bFp��U\L^`�]��bL�>��s`b�4t�s`i~rF��j�rLjD^xrL F^`sSgOkZcFt��Si`eLgS{�bL�WeLt�s~}6b
cFtqjSb6rLbFsSk¨h
plrLt�klg�cFbFa6^`aUiS_?�FyFiS�`eLtl��4�£d?u~sx^`aOcL^`�FbLk�^`cFiZjq�U\Ft��ScFbFaUtS|~Y&�qiq�4cFt���s`i��FyFtlrKklsx^`j`e6h6eLiDklgq�FyFiSs`bFjSiSt�kls`tl�kls`jSt�cFcF�z��Yno/cFtOi�rLcFiD�4���4cFtSmnk�cFt�klaU^`p�^`cFcFiS_�yL^xrLiDkls`gS���FiScFbL�f^`cFb6h��FyFiS\Ftleh>jOaFcFbF��t?ux©nt�iSyFt�s`bF\Ft�klaU^xhv�qbFp�bFa6^G>?>¡jSt�aU^F|~}6�FiDklj`hF��t�cFcFiS_>XZY>ü�^~�~eLb¬}Fk�eLi`�jD^�b6p�jSt�kls`cFiS��i�s`t�iSyFt�s`bFaU^Fm�u�CUiDkl�Fi~rK^F}Ut�k eLb>a6^`a6^xh6� sSi�jStleLbF\FbFcL^�iS�SyL^`��^`t�sSk�h2j�St�klaDiScFt�\FcFiDkls`gL}xs`i���s`i�t���t�cFt�iDklcFiSjD^`cFbFtÖrFeFhOs`iS��iL}`\Fs`iS�S�£t�_O�FyFt�cFt��SyFt��l^`s`gL|~Y

X�iSp�cFbFa6^`t�s~}Ks~^`aFbL��iS�SyL^`p�iD��}[ù�ô�òBùJú*�nó/ô���þ1��ñ�� 5 6oò!ø0��÷7ñxòBþ5ñ�÷oøBùJú�5
�xø0�óxòÀô�ø0�"�£¤ cFt���iSjSiSySh
�D� i2�St�klaDiScFt�\FcFiDkls`b��f^`s`t��f^`s`bF\Ft�klaFb6�vi~�	b6rK^`cFbF_v�>�Fi~rF��4cFi���t�kls`jD^.�Skls`iS_F\FbFjS����p�^`aDiScFiSjU¦�Y§©�yL^`aFs`�`hB¤ �Fi.bFcFt�yF FbFbK¦�rLbLkl�Ft�yLklbF� aU^`a�4t�yF�<�FiS��yFt�{�cFiDkls`b¢yFt�p��~eLg~sx^`sx^�¤¥^�j�cFt�aUiSs`iSyF���¢k�eL�U\L^xh6��dHa6^`a���cFt�yF��bF�q¦cFt�bLklaF�U{�t�cFcF��t�j2s`t�iSyFbFb�jSt�yFi~hFs`cFiDkls`t�_��qbFp�bFaFb�¤ a6^`a�s`t�iSyFtlsSb6aFbn}Tsx^`avb���a6k���Ft�yFbL�4t�cFs~^`s`iSyF�]¦�jSyDh6rWeLb£klyL^`p�� �FyFbL�4�Us�cFiSjS��_¢uxklbL�4jSi`e�jSt�yF��|~Y � �FyL^`jStlrF�eLbFjSiDkls`b�yL^xrLbn}�i~rLcL^`aDiL}�cF^xrLiHiSsS�4t�s`bFs`gL}z\Fs`i<k iSs`aFyF��s`bFt���jStlrL�U��t�_¢yFi`eLb�Dkls`iS_F\Fb6jS����p�^`aDiScFiSj]jq�FyFiS Ft�k�k�^x���FtlyFaUi`eFhF FbFb
¤ �FyFiDk�^~\FbFjD^`cFb6hK¦�}x^`cFiD�f^xeLgScFiS_rLbL���q�Up�bFbn}njvs`t�iSyFbFbWcFt��U�FiSyDh6rLiS\Ft�cFcF���.kls`yF�UaFs`�Uy.d���yF^`aFsx^xeLiSjL}¬�Fi`eLbL�4t�y6�cF���W�4i`eLt�aF��e�}�aFyF�U�FcFiD�f^Skl{�sx^`�ScF��� cFt�i�rLcFiSyFi~rLcFiDkls`t�_WX�kltleLt�cFcFiS_WbW�FyFiS\nYndjSiSp�yFiDk�eLi�\FbLk�eLi�yL^`�SiSs~}DkliS�FyFiSjSi~�OrK^`t��4���O�f^`s`t��f^`s`bF\Ft�klaFbL�4b?�FyFb6eLi~��t�cFb6hL�4bkZiS�FbLk�^`cFbFt���kljSiS_Lkls`j��Dkls`iS_F\FbFjS���?p�^`aDiScFiSj�� �+´�� �/Ñ�� Y
X�^x�	cFt�_F{�bL�v�FyFbFp�cL^`aDiD�v�FyFbFcL^xrFeLtl�	cFiDkls`b�k�eL�U\L^`_FcFiS_�jStleLbF\FbFcF��a�iS�`�eK^Skls`bv�FyFbFs�h6��t�cFb6h��Dkls`iS_F\FbFjSiS��i	p�^`aDiScL^	k

α < 2
hFj`eFhFt�sSk¨hvcL^xeLbF\FbFt��>�6eLiSsx�cFiDkls`bn}��Fi�aFyL^`_FcFt�_��4t�yFtS}�i~rLcFiS��i�u�rFeLbFcFcFiS��iL|��6jSiDklsx^F}ÖsSi�t�k�sSgL}Ö�6jSiDklsx^£klikls`t��Ft�cFcF�z�Wp�^`aUiScFiD�.�U�S��jD^`cFbUh2�6eLiSs`cFiDk�sSb ∝ |x|−α−1 } 0 < α < 2

Y�ûÖs`i�iS�Dkls`i`�hFs`tleLgDkls`jSi�kl�U��t�kls`jSt�cFcF�z��iS�SyL^`p�iD��iSs�eLbF\L^`t�s�klbFs`�D^` FbF�¢k
α < 2

iSsqcFiSyL�f^xeLg`�cFiS��i2k�eL�U\L^xh�k
α = 2

�FyFb�^`cL^xeLbFp�t����4�FbFyFbF\Ft�klaFb6�
rK^`cFcF���¬}Lsx^`av�FyFbFjS��\FcFiS��i��a6k��Ft�yFbL�4t�cFsx^`s`iSyL^S�8� �FyFiD�qt�k�klbFiScL^xeK^S��Y
üqyFtlrKklsx^`jSbL��klt��StS}�\Fs`i �4�/bL�4t�t���rLtleLi�k2��bLkls`iS��yL^S�f�4iS_<¤¥k2\Ft���iL}�aUi`�cFt�\FcFiL}FcL^�\FbFcL^`t�sSk�h
jDk�hFaFb6_vklsx^`s`bLkls`bF\Ft�klaFbF_�^`cL^xeLbFp~¦�bvklsx^`yL^`t��fk¨h�u~cL^O� eK^`pS|iS�FyFtlrLtleLbFs`g<�L^`yL^S�4t�s`yF�#���4�FbFyFbF\6t�klaUiS��i<yL^Skl�FyFtlrLtleLt�cFb6hnY� Ök�eLb¡aFyFbFjD^xh¡�Fi�qiSyL�4tq�Fi~rLiS�ScL^��l^��Dk�kliSjSi`_n}6s`iL}F�F��sx^xhLklg	iS Ft�cFbFs`g2klyFtlrLcFt�t�b>rLbLkl�Ft�yLklbF�ByL^Sk���FyFtlrLtleLt�cFb6hn}U�4�HiS�SyL^`��^`t��fk�h�a2 Ft�cFs`yL^xeLgScFiS_	\L^Skls`b	��bLkls`iS��yL^S�f�4��}DcL^`bF�Si`eLt�t�SiS�l^`s`iS_£klsx^`s`bLkls`bF\Ft�klaFbnY9 Ök�eLb���t
t�kls`g.iDklcFiSjD^`cFb6h£kl\FbFsx^`s`g.yL^Skl�FyFtlrLtleLt�cFbFt

α
� �Dkls`iS_F\FbFjS�z�Hk

α < 2
}Ks`i2rFeFh�iS�FyFtlrLtleLt�cFb6h���eK^`jScFiS��i2�L^`yF^S�4t�s`yL^	d?�D^`yL^`a6�s`t�yFbLkls`bF\Ft�klaDiS��iO�FiSa6^`p�^`s`tleFh

α
}6cF�D�	cFi�iS�SyL^`s`bFs`gDk�h?a?�6jSiDklsx^S�W���4�FbFyFb6\Ft�klaUi`���i�yL^Skl�FyFtlrLtleLt�cFb6hn}8�Si`eLt�t	�StlrLcF�z�¡kls~^`sSbFkls`bF\Ft�klaFb£b�jDklt�� rK^
iS��yL^`cFbF\Ft�cFcF�z��Y�]��yL^`cFbF\Ft�cFcFiDkls`g����4�FbFyFbF\Ft�klaFb6�	yL^Skl�FyFtlrLtleLt�c6bF_2iS\Ft�jSb6rLcL^Fm`j�k�eL�U\L^`_FcFiS_OjS����SiSyFaDt

X1, ...Xn
jDklt���rK^vcL^`_6rL�UsSk�hWcL^`bL�4t�cFgS{�bFt2b�cL^`bF�Si`eLgS{�bFt	\FbLk�eK^F}8�4tl�O�rL�	aUiSs`iSyF�z�4b>p�^`a6eF�Z\6t�cF�¢jDkltZiDkls~^xeLgScF��tSYU[]jStleLbF\Ft�cFbFtZiS�&Ént��f^�jS���SiSyFaFb>�4i`���t�s�yL^`plrLjSbFcF�Us`gq��s`b2��yL^`cFbF 6��}SiS�SiS�l^`��t�cFbFt�klsx^`s`bLkls`bFaDiS_	�6jSiDkls`iSj��4i���t�s�jS���hFjSbFs`g�b6�Okls`t��Ft�cFcFiS_��U^`yL^`aFs`t�yOcL^qaDiScFt�\FcFiD� b6cFs`t�yFjD^xeLtzp�cL^�\Ft�cFbF_

(x1, x2)
}ScFi
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x2
�S�~rFt�sWiSs`i`�rLjSbF�l^`s`gDk¨h.j�kls`iSyFiScF� �Si`eLgS{�b6��p�cL^~\Ft�cFbF_�k	�UjStleLbF\Ft�cFbFt���iS�&Ént��f^
jS���SiSyFa6bn}cFiOjDklt�� rK^�iDklsx^`cFt�sSk�h>cL^�aUiScFt�\FcFiD��yL^Sk�kls`i~hFcFbFb
iSs

x1
Y� rLyF�U��iS_n}Ks`t�iSyFt�s`bF\Ft�klaDiS_ kls`iSyFiScF�¡jDklt���rK^	cL^x�Di~rFhFsSk¨h�iDklcFiSjD^`cFb6h>rFeFhs`iS��iL}S\Fs`iS�S�H�FyFtlrKkla6^`p�^`s`g�iS��yF^`cFbF\Ft�cFcFiDkls`g�jSiSp��4i~�	cF����p�cL^~\Ft�cFbF_2k�eL�U\L^`_FcFiS_jStleLbF\FbFcF��¤¥klaU^x��t���}Tj>klbLkls`t��4t�\L^Skls`bF  k��Fi`eLcFiS_���cFt�yF��bFt�_

E
aFbFcFt�s`bF\Ft�kla6^xh��cFt�yF��b6h�iSs�rLtleLgScFiS_�\L^Skls`bF F�£cFtz�4i���t�sq�FyFt�jS�zklbFs`g

E
b�s~Yxr�Y ¦�YS©nt�iSyFt�s`bF\Ft�kla6^xhiS��yL^`cFbF\Ft�cFcFiDkls`g�yL^Skl�FyFtlrLtleLt�cFbF_2j�kliS\Ft�sx^`cFbFb?kz���4�FbFyFbF\Ft�klaUiS_?cFtlrLiSaU^`p��St��4i`�kls`gS�<rFeLbFcFcF���O�6jSiDkls`iSj��4i~��t�s��FiSyFi~rLbFs`g?¤ b2\L^Skls`i��FiSyFi��OrK^`t�sD¦§�4�zk�eLg�i��qb6�p�bF\Ft�klaDiS_.cFt��FyFbFt��8eLt��4iDkls`bW�Skls`iS_F\FbFjS����yL^Skl�FyFtlrLtleLt�cFbF_n}nb6� cFt��FyFbF��i�rLcFiDkls`brFeFh¢iS�FbLk�^`cFb6h�t�kls`t�kls`jSt�cFcF���¢klbLkls`t��/b¢�FyFiS Ft�klkliSjLYXð�t�_Lkls`jSbFs`tleLgScFiL}Ö�Dklt�\Ftl�cFbFt�yL^Skl�FyFtlrLtleLt�cFb6h2k eK^`�l^`t��4iS��i

X
�FyFbFcL^xrFeLtl�O^`��t���iqaOiS�`eK^Skls`bO�FyFbFs�h6��t�cFb6hcFt��l^��Dk�kliSjD^	�Dkls`iS_F\FbFjSiS��i?p�^`aUiScL^�ñ��³ø0��÷3�xúÇ4
°*÷�5�ñ�÷�67÷3�xú&ÚJ÷*ÿ ô��/ø!øBùJ÷0�xñ"�"�½÷7ù

ñ��oþ$��������÷7÷-ô�5
��ñ��où*�Ft�yFt��SyL^Skl��jD^`t�s2t���i>j��dü/�l^~�Sk�kliSjD^2p�^`aDiScL^F}TyL^xrLbFa6^xeLgSc6i�4t�c6h6hOjSb6rO�FyFtlrLtleLgScFiS��iqyL^Skl�FyFtlrLtleLt�cFb6hnY`w�eLgxs`t�yFcL^`s`bFjD^	u~cFt�s�iS��yL^`cFbF\Ft�cFb6h�dt�kls`g�iS��yL^`cFbF\Ft�cFbFtS|�yFt�{�^`t�sSk¨hn}8a6^`p�^xeLiDklgv�S��}8j��Fi`eLgSp�� �FiDk�eLtlrLcFt���i�jS��jSi�rK^F}�FyFbFjSi~r6hF��t���iOa
cFiSyL�f^xeLgSc6iD�4�2�FyFtlrLtleLgScFiD�4�2yL^Skl�FyFtlrLtleLt�cFbF��Y
X�t�yFcFt��fk�h�i�rLcL^`aUi	aÇGWYT��^xeLiDkl�SYT�]�Dkl�D�OrK^xhvj`eLb6hFcFbFt��Dklt�\Ft�cFb6hvcL^2yFtl�p���eLgxsx^`s~}SiSc2p�^S�4t�\L^`t�s~}S\Fs`iL}DcFt�k��4iSs`yDh2cL^�aUiScFt�\FcFiDkls`g�rLbLkl�Ft�yLklbFb2�FiSs`yFt��S�St�sSk�hjS���SiSyFa6^�iS\Ft�cFg	�Si`eLgS{�iS��i�iS�&Ént��f^F}F\Fs`iS�S���FyFtlrLtleLgScFiSt�yL^Skl�FyFtlrLtleLt�cFbFt�klsx^xeLicFiSyL�f^xeLgScF�z��YÖu~X���\6bLk�eLt�cFbFtO�D^`yL^`aFs`t�yFbLkls`bF\Ft�klaUiS_.�q�UcFaF FbFbnY Y Y¬�Fi�rLs`jSt�yD�OrK^x�t�svbFcFs`�UbFs`bFjScFiSt	�FyFtlrKklsx^`j`eLt�cFbFt	ivs`iD��}�\Fs`i��Sklt�\Ft�cFbFt	cFt2�FiD�4i���t�svcL^S��}n�Fi`�a6^�i~�	b6rK^`t��4iStZ\FbLk�eLiO�6iS�L^xrK^`cFbF_>j�iSs`yFt�p�^`t��4�U��\L^Skls`g�yL^Skl�FyFtlrLtleLt�cFb6h
�f^xeLiLYoqcF�z�4bHk�eLiSjD^S�4bn}ft�k�eLb��Dklt�\Ft�cFbFt
�FyFbFcFiDklbFs.a6^`aF�U�z� s`i.�Fi`eLgSp��S}4iScFi rLi`eF�	cFiiSa6^`p���jD^`s`g�p�^S�4t�s`cFiSt�j`eLb6hFc6bFt�cL^OklyFtlrLcFbF_
yFt�p��~eLg~sx^`sF|v¤/� �`ª�� }Fk`Y¬�S�
�D¦�Y
XHkljSiStzjSyFt��8h>^`jSs`iSyF����s`iS_2p�^S�4t�s`aFb?jD�4t�kls`tZkZw�eLt�aUk�^`c6rLyFiD��XÖeK^xrLbL�8b6�yFiSjSbF\Ft��_��^`�F�FiS_�¤¥�4iSbL�WrL^`jScFbL�.rLyF�U��iD��}DcF��cFtZ�FyFiD�qt�klkliSyFiD�_=�t�eFhF�SbFcLklaUiS��i��iDkl�UcFbFjSt�yLklbFs`t�s~^D¦���rK^xeLiDklgO�FyFbF�`eLbFp�bFs`g2�Fi�rF�Di~r�GWYK��^xeLiDk�^�a
yFt�^xeLgScF�z�£jS���\FbLk�eLbFs`tleLgScF�z�Bp�^xrK^�\L^S�¡k?�U\Ft�s`iD�!�4cFiS��iSaFyF^`sSc6iS��i�yL^Sk�kltlhFcFb6h£bFpleL�U\Ft�cFb6h£jklyFtlrLtS}Ö^`cFbFp�iSs`yFiS�FbFbHyL^Sk�kltlhFcFb6hn}§p�^`jSbLklbL�8iDkls`b�klt�\Ft�cFbF_HjSp�^`bL�4i~rLt�_Lkls`jSb6h�iSs��cFt�yF��bFbn}LcL^xeLb6\Fb6hv��yL^`cFbF 
yL^`plrLtleK^	klyFtlr�k�yL^`pleLbF\FcF�z�4b
�D^`yL^`aFs`t�yFbLkls`bFa6^S�4bn}bLkl�Fi`eLgSp�iSjD^xcFb6h�klsx^`s`bLkls`bF\6t�klaFb6��jSt�kliSj	�FyFb �4i�rLtleLbFyFiSjD^`cFbFbvs`yL^`t�aFs`iSyFbF_�\L^x�kls`bF n}UjS��\FbLk�eLt�cFb6h2yL^`pleLbF\FcF���2s`bF�FiSj�eLiSaU^xeLgScF���2�q�UcFaF FbFiScL^xeLiSjLY&��^�iDklcFiSjSts`t�iSyFbFb��Dkls`iS_F\FbFjS���Wp�^`aDiScFiSj��S��e�yL^`p�yL^`�SiSsx^`c�^xeL��iSyFbFsS��iS Ft�cFaFb£klsx^`s`bLkls`b6�\Ft�klaDiS_H�FiS��yFtl{�cFiDkls`b�j.�Dk�eLiSjSb6h6���St�klaUiScFt�\FcFiS_�rLbLkl�Ft�yLklbFb�� �S��� Y � yL^`jScFt�cFbFt�Fi`eL�U\L^`t��4���	j��Di~rLt]yL^Skl\Ft�s`iSj�yL^Skl�FyFt�rLtleLt�cFbF_
k]�FyFtlrLtleLgScF�z�4b>�Skls`iS_F\FbFjS�z�4byL^Skl�FyFtlrLtleLt�cFb6hL�4bW�FiSa6^`p�^xeLi>�SiSyFiS{�t�t2kliS��eK^SklbFtSYK�qt2klyL^`p��S}¬eLbF{�g�cFtlaUiSs`iSyFiStjSyFt��8h¢kl�F�Skls�hn}��4� j`rLyF�U��iS�SyL^`s`b6eLb<jScFbL�f^`cFbFt�cL^�s`i�iS�Dkls`i~hFs`tleLgDkls`jSiL}§\Fs`ij�rLt�_Lk�sSjSb6sSt�eLgScFiDkls`b�û�X,G iS�Ft�yFbFyFiSjD^xeK^Wk��Dklt�\Ft�cFcF�z�4b<yL^Skl�FyFtlrLtleLt�cFbFt��4bn}�FiDklaUi`eFgSaF��kl�U��t�kls`jS�St�s
�f^`a6klbL�f^xeLgScFiSt�\FbLk�eLiL}¬iS��yL^`cFbF\FbFjD^`�]��t�tO�4c6i~��t�kls`jSi\FbLkltle�}�kvaUiSs`iSyF�z�4b�yL^`�SiSsx^`t�sW�f^`{�bFcL^FY�X��FyFiS Ft�k�kltvyL^Skl\Ft�s`iSj�û�X,GW}Öi�rLcL^x�aUiL}LcFbvyL^`p��>cFt�iDklsx^`cFiSjSb6eK^SklgLYxûÖs`i?iSp�cL^�\L^`t�s~}L\Fs`i2iScL^	�FyFiDkls`i�ñxò�:(�!ÿDòBù������*�
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χ2 ij?+)�%#$7&*)�%#�zñ
«�i`eLt�t
�Fi~rLyFiS�ScF��t>bLk�k�eLtlrLiSjD^`cFb6h��FiSaU^`p�^xeLbn}f\Fs`iW�FyFb�k�eLi���t�cFbFb�k�eL�D�\L^`_FcF����jStleLbF\FbFc

Zi
yL^Skl�FyFtlrLtleLt�cFbFtS}`aUiSs`iSyF�����Fi`eL�U\Ft�cFiqbFp��Dkls`iS_F\FbFjSiS��iZ�Dkltl�\Ft�cFbFt��!rFeLbFcFcF���H�6jSiDkls`iSj.cL^W�Si`eLgS{�b6�£yL^Sk�kls`i~hFcFb6h6�¬}§cL^`�`eL��rK^`t�sSk¨h<k�eLtlrL�D��]��^xh�aU^`yFs`bFcL^FYIüqyFb£�f^xeL���

n
yL^Skl�FyFtlrLtleLt�cFbFt>kl�6�f�4� ∑n

i=1 Zi
p�^`jSbFklbFs�iSscL^~\L^xeLgSc6iS��i

(n = 1)
yL^Skl�FyFtlrLtleLt�cFb6h>bvkZyFiDkls`iD�

n
��jSi`eL�] FbFiScFbFyF�`t�s�j	kls`iSyFi`�cF�W�Dkls`iS_F\FbFjSiS��i�yL^Skl�FyFtlrLtleLt�cFb6hn}4p�^`�S��jD^xh�i cL^�\L^xeLgScFiD�¡b£cFt
iS���U��^xh�t���t�Dklt�\Ft�c6cFiDkls`b k�eK^`�l^`t��4���¬Y�ð�^xeLt�tS}Kkl�U��t�kls`jS�St�s2bFcFs`t�yFjD^xe

(n1, n2)
}KjScF�Us`yFb�aUi`�s`iSyFiS��i

χ2
� aFyFbFs`t�yFb6_<cFtviSs�eLbF\L^`t�sWyL^Skl�FyFtlrLt�eLt�cFb6h<kl�6�f�4��iSs.�Dkls`iS_F\FbFjSiS��iL}{�bFyFbFcL^	��s`iS��i2bFcFs`t�yFjD^xeK^	jSiSp�yL^Sklsx^`t�s	�Fi?�4t�yFt���rK^xeLt�cFb6hv��yL^`cFbF F�¡�Dklt�\FtlcFb6hk�eK^`�l^`t��4���¬Y � ^��FyFtlrLtleK^S�4b2��s`iS_2iS�`eK^Skls`b	yL^Skl�FyFtlrLtleLt�cFbFtZkl�6�f�4�¢klcFiSjD^qcL^~\Fb6�cL^`t�s2�4t�c6hFs`gDk¨hnmKkla6^`p���jD^`t�sSk�h>j`eLb6hFcFbFt��Dklt�\Ft�cFb6hnYxüqyFb

n > n3
}LaUiS��rK^OjS�`eLbFp�b
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�FiSyFiS��^	�Dklt�\FtlcFb6h�cL^`�SbFyL^`t�sSk�hv�D��t�rLiDklsx^`s`iS\FcL^xh�kls~^`s`bLkls`bFa6^F}KyL^Skl�FyFtlrLtleLt�cFbFtkl�6�f�4���FyFb6�Si~rLbFsOjOcFiSyL�f^xeLgScFiStqb>rK^xeFt�t�iDkls~^`t�sSk�h>sx^`aUiSjS�z��Y

ý§bLk`Y��FY ��bB�FY �qjSt�klgD�f^Z�6�St�rLbFs`tleLgScFi�rLt��4iScLkls`yFbFyF�U�]s�iS�Dkl�D�OrK^`t��4�U��p�^x�aUiSc6iD�4t�yFcFiDkls`gLY���^�yFbLk`Y1�FY �z�FiSa6^`p�^`cFi�yL^Skl�FyFt�rLtleLt�cFbFtqkl�6�f�4��i~rLbFcL^`aUiSjSi�yL^Sk���FyFtlrLtleLt�cFcF����cFt�p�^`jSbLklbL�8����k�eL�U\L^`_FcF���£k�eK^`��^`t��4����k?klbL�f�4t�s`yFbF\FcFiS_��6eLiSsx�cFiDkls`gS��}4bL�4t��]��t�_£rFeLbFcFcF��t>�6jSiDkls`�*�FiSyDh6rLaU^
α − 1

}
α = 1

}§klbL�f�4t�s`yFbF\FcFi�Dklt�\6t�cFcFiS_ cL^?iS�S���U�!jSt�yFi~hFs`cFiDkls`g
Ptr = 10−4

k��FiDk�eLtlrL�U�]��t�_��Ft�yFt�cFiSyL�4b6�yFiSjSaDiS_nY� ]iSyFiS{�i>jSb6rLcFiL}T\Fs`i
�FyFb \FbLk�eLt	k�eK^`��^`t��4���Ç�S�?yL^Skl�FyFtlrLtleLt�cFb6tO��s`iS_kl�6�f�4�#¤ �FiDk�eLtvcL^xrFeLtl��^`��t�_�cFiSyL�4bFyFiSjSaFbn}§yL^`p��6�4t�t�sSk¨hK¦	kliS��eK^Skl�St�sSk¨hHk
yL^Sk���FyFtlrLtleLt�cFbFt��£�qiS{�bn}6^��FyFb>\FbLk�eLtO���S�S��yL^Skl�FyFtlrLtleLt�cFb6tqsx^`aFb6�2��t�k�eK^`��^`t��4���kliSjS�L^xrK^`t�sZ�D��t]k�yL^Skl�FyFtlrLtleLt�cFbFt��_C6^��Dk�k�^FY7ð�bFcL^S�4bFa6^Z��s`iS��i��FyFiS Ft�k�k�^qjSiqjSyFtl��4t�cFbv�FyFbvs`yFtl�vp�cL^�\Ft�cFb6h6�
α
}L�FiSa6^`p�^`cL^OcL^OyFbLk`Y��FY �6}F� rLt�j	a6^�\Ft�kls`jSt�bFc6rLbFaU^x�s`iSyL^OkliS� eK^Sklb6h?yL^Skl�FyFtlrLtleLt�cFb6h
bLkl�Fi`eLgSp�iSjD^xc

χ2
� aFyFbFs`t�yFbF_nY©�^`aFbL�*iS�SyL^`p�iD��}�4+øBùJ÷*M�þ1�xöoõ�ò�:(����÷7ñ�õ ��°�ô1��2�ù¬�JùJ÷7þ5ñxò!ò��eÿD÷�°�4�ùé��°��

ô1�oùJú�ôx÷��xúAó/ôx÷*ÿDò���4�ùJ÷7þ5ñ�÷*M��/ø0�#ÿ�ó�ùJ÷7ù��"�&��ó/ô�� ø�47ÿdÿ��/ôx÷oö(�oñ"�"�¬÷�°�ô1�oñ"��þ>òBñ"�
ñ�õ?È³ø/��4�þ$��M�ñ�õ?È ö/ò/����þ1��ñ�ø.��ô���÷Jöoõ�ô1�*��òBñ�ñ�õ[ÿ��BÈxöo÷oøBù-�!ÿ��³øBùAòBóxòBñ�ñ�÷�°*÷�ù��"�
ó��x}F^���s`i�d	�D��t�jS�Fi`eLcFtZ�FyFbFt��8eLt��4iSt�iS�FyL^`j`rK^`cFbFtZ�FyFbL�4t�cFt�c6b6hvb6�?j	�qbFp�bF\Ftl�klaFb6��b.bFcF��� p�^xrK^~\L^x�¬Y����]�SiS�F��s`cFi
iSsS�4t�s`bFs`gL}n\Fs`ivyL^Sk�k��f^`s`yFbFjD^`t��f^xh klbFs`�D�^` Fb6hW�FiS�L^xrK^`t�svjvyF�Dk�eLi�aUiScF Ft��F 6bFb��FyFiD�4tl�	�Us`iS\FcFiS_�^SklbL�4�Fs`iSs`bFaFbn}4cL^�\L^xeLiaUiSs`iSyFiS_��Fi`eLi~�	b6eK^2p�^S�4t�\L^`s`tleLgScL^xh�yL^`�SiSsx^?w�Y#�OY¬�qi`eK�4iS��iSyFiSjD^6}ToOY�CTY�üqt�sx�yFiSjDklaDiS��iOb��OY � Y�ü�bFklaF�UcFiSjD^�� �F�0� }F^�rK^xeLgScFt�_F{�t�tqyL^`p�jSbFs`bFt�iDkl�U��t�kls`j`eFh6eLiDklgCTY6oOY6«�^`yFt�cF�`eK^`s`s`iD��}$F�YF«ZY � tleLg`rLiSjSbF\Ft��@� �D�*�¬b2rLynY � ^S�4t�s`bL��sx^`a6��tqjSiSp�yFiDk��{�bF_�j>�FiDk�eLtlrLcFb6tO�li~rL�BbFcFs`t�yFt�k�b a k�^S�4bL���Dklt�\Ft�cFcF�z�<kls`t��Ft�cFcF�z�<yL^Skl�FyFtl�rLtleLt�cFb6hL�¯� �&�x� �#´
� Y
äB{
	 K 6N����|�ð��.�E�E¹ ������|
��~�¹i������|�� � ï�|.��~�¹i�
Ì,º�Î,º�� ß �§ü?à!ÿ��]ü]ÿL��ÿ��§ü

X�t�yFcFt��fk�h,a,k�eL�U\L^`_FcF�z� �FyFiS Ft�k�k�^S��YÇGv� jSjStleLb#j yL^Sk�k��4iSs`yFt�cFbFtp¬� �FyFiS Ft�k�kva6^`a�i~rLcFiSyFi~rLcF��_<^`jSs`iD�4i~rFtleLgScF��_��FyFiS Ft�k�k`}�t���i£k�eL�U\L^`_FcFiSt�p�cL^x�\Ft�cFbFt�j	�4iD�4t�cFsOjSyFt��4t�cFb
t

X(α,β)(t)
d
= t1/αS(α,β).� t��4t�_Lkls`jSi�sx^`aFb6�W�FyFiS Ft�k�kliSj�cL^`p�jD^`cFivj>� Ñ��³4+øBùJ÷*M�þ1�xöoõ[ÿ��@ó/ôx÷*<xò!ø!ø3�!ÿ��L}ni~rF�cL^`aDivj_� �S���§�FyFtlrFeK^`�l^`t�sSk¨h.iDklsx^`jSbFs`g>��s`ivcL^`p�jD^`cFbFtOp�^>�FyFiS Ft�k�k�^S�4bn}naDiScFt�\FcFi`��4t�yFcF��t�yL^Skl�FyFtlrLtleLt�cFb6h<aUiSs`iSyF����hFj`eFhF�]sSk�h¢�4cFiS��iD�4t�yFcF�z�4b¢�Skls`iS_F\FbFjS�z�4b¤¥k���Y6�nY$�FY 'LY ¦�}6^�rFeFh>yL^Sk�k��f^`s`yFbFjD^`t��4���2�FyFiS Ft�k�kliSj�bLkl�Fi`eLgSp�iSjD^xs`g�k�eLtlrL�U�]���U�s`t�yL�4bFcFi`eLiS��bF��Y� eL�U\L^`_FcF��_ �FyFiS Ft�k�k {X(t)} ñ��
:oõ�ö(�/òBùAø3��èÀøBù-�oñ�5*�*ôxùJñ�õ[ÿ,ê α � 4+øBùJ÷*M"�þ1�xöoõ[ÿw57ö��$��òBñ"�xòÒÿµùDò!ö��Çø�ó��*ô1�!ÿDòBù�ô1�!ÿ��

0 < α ≤ 2
} −1 ≤ β ≤ 1

}6t�k�eLb
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X (0) C ���FiS\Fs`b
cL^`jSt�yFcFiSt&!�S¦
X (t)

hFj`eFhFt�sSk¨h
�FyFiS Ft�k�kliD�£kqcFt�p�^`jSbLklbL�4�z�4b
�FyFbFyL^`��t�cFb6hL�4b%!�D¦
X (t+ τ)−X (t)

d
= τ1/αS(α,β)

�FyFb>eL�]�S���
t
b
τ
Y

ð�eFh>aFyL^`s`aUiDkls`b
�4���S�~rFt���cL^`p���jD^`s`g�t���i=p (α,β) �*ó/ôx÷*<xò!ø!øl}6s`iS��rK^�jSbFcFt�yFiSjDklaFbF_�FyFiS Ft�k�kZiS�SiSp�cL^~\FbFsSk¨h>aU^`aqp (2,0) � �FyFiS Ft�k�kxY9��*ô1����ùAòÀô��xøBù���þ>ò!ø��
���µ�94�ñ"�&<"��� øB÷oøBùJ÷0�xñ"���
L
�Àó/ôx÷*<xò!ø!ø3�

X(α,β)(t)
ö

ÿ�÷*ÿDòBñ�ù
t
�9�#ÿDò!òBù ö(��5�è

α 6= 1
ê

p̃(α,β)(k, t) = 〈exp{ikX(α,β)(t)}〉 = exp{−t|k|α[1− iβtg(απ/2)sign k]}.�qt��FiDklyFtlrKkls`jSt�cFcFi�iSsSkl��rK^�k�eLtlrL�St�s�b��UyL^`jScFt�cFbFtS}�aUiSs`iSyFiD�4�.iScL^v��rLiSj`eLt�s`jSi`�yDhFt�s
∂p̃(α,β)(k, t)/∂t = −|k|α[1− iβtg(απ/2)sign k]p̃(α,β)(k, t).�qt�s`yF��rLcFi
jSb6rLt�s`gL}¬\Fs`i
�FyFb

α = 2
�4�!bL�4t�t��¢plrLt�klgÂ+��UyFgStl� iS�SyL^`p�iS�S��\FcFiS��irLbL���q�Up�bFiScFcFiS��i��UyL^`jScFtlcFb6hnY!üqyFb

α < 2
kliD�4cFi~�	bFs`tleLgzj��FyL^`jSiS_q\F^Skls`b��4i~��t�s�S��s`gO�FyFt�iS�SyL^`p�iSjD^xc?a
jSb6rL�

−|k|α[1− iβtg(απ/2)sign k] = A(−ik)α +B(ik)α,

iSp�cL^~\L^`�]��t��4���Fi~hFj`eLt�cFbFt�jq�UyL^`jScFt�cFbFb�rFeFhOiSyFbF��bFcL^xeK^]�6eLiSs`cFiDkls`b
p(α,β)(x, t)rLyFiS�ScF���?iS�Ft�yL^`s`iSyFiSj

−∞ � αx b x � α∞ m
∂p(α,β)(x, t)/∂t = ú (α,β)p(α,β)(x, t), ú (α,β) ≡ A −∞ � αx +B x � α∞,

A = − β + 1

cos(απ/2)
, B =

β

cos(απ/2)
.

üqi~rL\Ft�yFa6cFt���}4\Fs`i�rLyFiS�ScF��_W�D^`yL^`aFs`t�y�iS�Ft�yL^`s`iSyFiSjvhFjSb6eKk¨h�yFt�p���eLgxsx^`s`iD�¡^`j`�s`iD�4i~rLtleLgSc6iDkls`b
�Fy6iS Ft�k�k�^F}6b>�FiDk��4iSs`yFbL��}Fa6^`aFbFtqcFiSjS��tqkljSiS_Lkls`jD^�s`yL^`t�aFs`iSyFbF_�FyFiS Ft�k�k�^��Fi�hFj`eFhF�]sSk�h>�FyFb
��s`iD��Y
Ì,º�Î,º�Ì �ÇË]ö4ÿ��]ø���Ë]ü]ü 
e�§ü?àBÿ��]ü
	M��ÿ��§ü

=qs`iS�S�HhLklcFt�tZ�UjSb6rLt�s`g�yL^`pleLbF\FbFtq�4tl�OrL�	s`yL^`t�aFs`iSyFb6hL�4b0�H� �FyFiS Ft�k�k�^�bp¬� �FyFiS Ft�k�k�^F}UyL^Sk�k��4iSs`yFbL�£�FiSjStlrLt�cFbFt��q�UcFaF FbFb
Q(τ,∆) ≡ P(|X(t+ τ)−X(t)| ≥ ∆)/τ

�FyFb
τ → 0

Y5ð�eFh��H� �FyFiS Ft�k�k�^
QW (τ,∆) =

1√
πτ3/2

∞∫

∆

e−x
2/4τdx =

1√
πτ

∞∫

∆/
√
τ

e−z
2/4dz.
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ýf^SklaFy6��jD^xh>cFt�iS�FyFtlrLtleLt�cFcFiDkls`gO�FiO�FyL^`jSb6eL�B��iS�FbFsx^xeFhn}6�Fi`eL�U\L^`t��

lim
τ→0

QW (τ,∆) = 0,

iSs`yL^x�O^`�]��t�t�cFt��FyFt�yF��jScFiDkls`gqs`yL^`t�aFs`iSyFbF_	jSbFcFt�yFiSjDklaUiS��iZ�FyFiS 6t�k�k�^FYSX£k�eL�U\L^`t��t³p¬� �FyFiS Ft�k�k�^�k
α < 2

QW (τ,∆) = P

(
|S(α,β)| ≥ ∆τ−1/α

)
/τ.

oqp�jSt�kls`cFiL}U\Fs`i
P

(
|S(α,β)| ≥ x

)
∝ x−α, x→∞,sx^`a>\Fs`i

lim
τ→0

QW (τ,∆) = const∆−α > 0, τ → 0.

üqyFb
α < 2

s`yL^`t�aFs`iSyFbFbÎp (α,β) � �FyFiS Ft�k�k�^nñxò-��ö��1��2�ùAø3�Ñ67÷���ò!ò�ñxòBó/ô�òÀôxõ�öoñ�õ©�ÿ��Od?j	��s`iD��b6�
� eK^`jScFiSt�iSs�eLbF\FbFtSYTw]�4�6eLbFs`��rK^?kla6^�\FaUiSj�¤ yL^`p�yF��jSiSjU¦�p�^`jSbLklbFsiSs
α
mT\Ft��¢�4t�cFgS{�t

α
}¬s`t��<�Si`eLgS{�t�yL^`p�yF��jS��YT©�^`aFbL�¢iS�SyL^`p�iD��}Tk�yFtlrLb¾p (α,β) ��FyFiS Ft�k�kliSj�p (2,0) dOtlrLbFcLkls`jSt�cFcF��_n}FiS�`eK^xrK^`�]��bF_?cFt��FyFt�yF��jScF�z�4b>s`yL^`t�aFs`iSyFb6�hL�4bnY D bFyFbFcL^�rLbL���q�Up�bFiScFcFiS��i��L^`aUt�s~^��FyFb

α < 2
yL^Skls`t�szklizjSyFt��4t�cFt��
�S�zklsx�yFt�tS}�\Ft�� √

t
}~^zbL�4t�cFcFizdZ�FyFiS�FiSyF FbFiScL^xeLgScFi

t1/α
YoüqyFb���s`iD�v�qiSyL�f^�t���i]iS�FbLkl���jD^`t�sSk�h.cFt���^~�Dk�kliSjS�z�<�Dkls`iS_F\FbFjS�z�¢p�^`aUiScFiD��YRð�bLkl�Ft�yLklb6hW�St�klaUiScFt�\FcL^F}ncFivcFb6�\Fs`i�cFtz�4t�{�^`t�s�jSiDkl�Fi`eLgSp�i`jD^xs`gDk�h�eL�]�SiS_�rLyF�U��iS_	�4t�yFiS_	{�bFyFbFcF��d�cL^`�FyFbL�4t�yn}{�bFyFbFcFiS_2cL^��Fi`eLiSjSbFcFtzjS�zkliSs`���FbFa6^F}Db6eLb?{�bFy6bFcFiS_?bFcFs`t�yFjD^xeK^F}Ukli�rLt�yD�O^`��tl���i �qbFaUklbFyFiSjD^`cFcF�U�*jSt�yFi~hFs`cFiDkls`gLY?Gv�*�FyFb6{�eLb£a�øBùJ÷�È��/øBù���þ>ò!ø0��÷*M½ÿ�÷�57ò/���

ø04�óxòÀô�5
�"�K�94�:��"���Fi~rLyFiS�ScFi�yL^Sk�k��4iSs`yFt�cFcFiS_?j�� ��ÑF}
'D��� Y1FZyFaFbL���FyFbL�4t�yFiD���FyFi`� Ft�k�k�^	kl�U�Ft�yDrLbL���q�Up�bFb>hFj`eFhFt�sSk¨hvyL^Skl�FyFiDkls`yL^`cFt�cFbFt�yFt�p�iScL^`cLklcF���
�qiSs`iScFiSjOj�6eK^`p��4tSY� ^S�4t�s`bL��}~\Fs`iqklt��4t�_Lkls`jSi7p
(α, θ)

�FyFiS Ft�k�kliSj]kli~rLt�yS�	bFsZt���tÖrLjD^z�FyFiS Ft�k��k�^>kOcFt��FyFt�y6��jScF�z�4b.s`yL^`t�aFs`iSyFb6hL�4bnmn��s`i
jS��yFi~�OrLt�cFcF��tO�6yFiS Ft�k�kl�"p
(1,±1) }s`yL^`t�aFs`iSyFbFbWaUiSs`iSyF��� �FyFtlrKklsx^`j`eFhF�]s�kliS�SiS_.�FyShL�4��t2eLbFcFbFbWj��FyFiDkls`yL^`cFkls`jStaUiSiSySrLbFcL^`s`��� jSyFt��8hn}8iS�FbLkl��jD^`�]��bFt2rLjSb6��t�cFbFt>\L^Skls`bF F�*bFp>cL^~\L^xeK^�aDiSiSyDrLb6�cL^`s	kZ�FiDkls`i~hFcFcFiS_
klaDiSyFiDkls`gS�/¤ �D^xeFeLbLkls`bF\Ft�klaFbF_
yFtl�	bL�§¦�Y��^`� eFh6rLcFiSt��Fy6tlrKklsx^`j`eLt�cFbFt�i>s`yL^`t�aFs`iSyFb6h6�xp¬� �FyFiS Ft�k�kliSj?k�s`yFt��8h yL^`pl�cF�z�4b

α
b
θ = 0

rK^`t�s�yFbLk`Y��FY �F}DcL^�aDiSs`iSyF���	�FyFtlrKklsx^`j`eLt�cF��yFt�p���eLgxsx^`s`�<�4i�rLtl�eLbFyFiSjD^`cFb6h
�8t�s`i~rLiD�ÑGviScFs`tl� ��^`y6eLiLY
üqi ^`cL^xeLiS��bFb k iS�S��\FcFiS_ rFbL�����Up�b6t�_ jSjStlrLt�� �Fi`eLi~�	bFs`tleLg`�cF�U� �FiDk�sSi�hFcFcF�U� d u~aUiS�����qbF FbFt�cFs rLbL���q�Up�bFbn|

K
kliSiSs`cFiS{�t�cFbFt��

X(α,β)(t)
d
=(Kt)1/αS(α,β)

Y�[]yL^`jScFt�cFbFt rFeFh%�U^`yL^`aFs`t�yFbFkls`bF\Ft�klaUiS_ �q�UcFa6� FbFb
sx^`aDiS��iO�FyFiS Ft�k�k�^�bL�4tlt�s	jSb6r�m
∂p(α,β)(x, t)/∂t = K ú (α,β)p(α,β)(x, t).
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ý§bLk`Y#�FY �Fm ��%+N+%+W+ +;�&
$7)#.!&*?+$7��)�%+%�©
(α, 0)

i«N#)+�!K#&*0*0*�!YDY6N#&*)+&*Q�&- + +;If
x, t
Ø
α = 2

Á¬ò�Áò�N�ô�§³0-Y7&*)of/E�Y� +%#bBÚ¨ñ��VE/ #?+$!%#)³N#��?�.!b-;IYo.!&*$³%#b*Q�&- #&- +%#&A��%#)�%+ +; ,+%5aVaXE�b-%#�! + #�!O2�
N5.!?/&*$�.�0*�dY7)+&*Q�&- #&*QfñÌ,º�Î,ºÍÌ Ê�Ë��9Ï]ÿ�÷¬÷POkË���á!ø4ÿ%Î��]ö�ñQ=�¿Zÿ���î§ÿ���ö

ð�iS�D^`jSbFj�j�eLt�jS�U��\L^Skls`gOrLbL���q�Up�bFiScFc6iS��i��UyL^`jScFt�cFb6h
k�eK^`��^`t��4iSt

∂

∂x
(µ(x, t)p(x, t)),
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�4�H�Fi`eL�U\L^`t�� �UyL^`jSc6t�cFbFt³+�iSaFaDt�yL^x�ÀüZeK^`cFa6^x� �qi`eK�8iS��iSyFiSjS^O¤ +6ü���¦�Y( §��i�rLyFiS�`�cF��_v^`cL^xeLiS�ZbL�4t�t�sOjSb6r

∂p

∂t
+

∂

∂x
(µ(x, t)p(x, t)) = K ú (α,β)p(x, t).

ý4t�{�t�cFbFt�rLy6iS�ScFiS��iO�UyL^`jScFt�cFb6hÇ+6ü��!cL^x�Si~rLbFsSk�h
�Fi2^`cL^xeLiS��bFb
k�yFt�{�tl�cFbFt��/iS�S��\FcFiS��i¢¤¥k���Y }�cL^`�FyFbL�4t�yµ� 'L�0� ¦�Y.Gv� cL^`_6rLt��/t���i£plrLt�klg£rFeFh�k�eL�U\L^xh
µ(x, t) = −νx }~rLiS�F�DklaU^`�]��t���i]rLjSt��qbFp�bF\Ft�klaFbFt�bFcFs`t�yF�FyFt�sx^` FbFbnYU�zrLcL^]bFp�cFb6�d]�l^`yL�4iSc6bF\Ft�klaFbF_�iDkl Fb6eFeFhFs`iSy��Fi~r�rLt�_Lkls`jSbFt��
�FiSs`iSa6^zk�eL�U\L^`_FcF���qbL�4�F��eLgDkliSjL}jSs`iSyL^xh	d���jSi`eL�] Fb6h>klaDiSyFiDkls`b?\L^Skls`bF F�<j�j`hFp�aDiS_>kly6tlrLtS}6bLk��F��s`��jD^`�Z��t�_?bL�8��F��eLgDkl��klb6eL��kli�kls`iSyFiScF�Bu~s�h6��tleL���2�4i`eLt�aF��e�|~Y& Z^`yL^`aFs`t�yFbLkls`bF\Ft�kla6^xh2�q�UcFa6� Fb6h
��s`iS��iOyL^Skl�FyFt�rLtleLt�cFb6hW¤ �FyFb

K = 1
b
ν = 1

¦���rLiSj`eLt�s`jSiSyDhFt�s��UyL^`jScFt�cFbF�
∂p̃

∂t
+ k

∂p̃

∂k
= −|k|α[1− iβ tg(απ/2) signk]p̃(α,β)(k, t). §��iOyFt�{�t�cFbFt�bL�4t�t�sOjSb6r

p̃(k, t) = exp
{
−|k|α[1− e−αt]M/α− ike−tx0

}
,

� rLt
x0
d2cL^�\L^xeLgScL^xh?aUiSiSyDrLbFcL^`s~^��FyFiS Ft�k�k�^F}F^

M = 1− iβ tg(απ/2) signk.

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgStZrK^`t�s
p(x, t) =

α1/α

(1− e−αt)1/α g
(α,β)

(
(x− x0e−t)α1/α
(1− e−αt)1/α

)
.

üqyFb
t→∞ �Fi`eL�U\L^`t��£klsx^` FbFiScL^`yFcFiStZyFt�{�t�cFbFt

p(x,∞) = α1/αg(α,β)(xα1/α).

XHyL^`�SiSs`t¬� 'U�*�T��s`i�yFt�{�t�cFb6tZ�Fi`eL�U\Ft�cFi�c6t��FiDklyFtlrKkls`jSt�cFcFi�bFpqk�sx^` FbFiScL^`y6�cFiS��i�¤
∂p̃/∂t = 0

¦��UyL^`jScFt�cFbUhnYIüqyFtlrKkls~^`j`eLt�cFcF��_£plrLt�klg�yFt�p���eLgxsx^`svhFj`eFhFt�sSk�h�Si`eLt�t2iS�S��bL��iSc��FiSa6^`p���jD^`t�svb£p�^`aUiScWyFtleK^`a6k�^` FbFb£klbLkls`t��4�*a£yL^`jScFiSjSt�klcFi`��4�
yL^Skl�FyFtlrFtleLt�cFbF��}Kj?aU^~\Ft�kls`jSt�aUiSs`iSyFiS��i	jS�zkls`�U�L^`t�s	s`t��Ft�yFg?�Dkls`iS_F\FbFjS��_�¤¥k�L^`yL^S�4t�s`yL^S�4b
α
b
β
¦zp�^`aDiScnYTX��FyFiS\Ft���}K�FyFb

α = 2
�4�¡�Fi`eL�U\L^`t��HbFp�jSt�kls`cF��_yFt�p���eLgxsx^`s�rFeFh
�FyFiS Ft�k�k�^2�]yFcF{�s`t�_FcL^x� [feLt�cF�St�aU^FY

Ì,º�Î,º«· ß Ë���î��]ö�	 ÷Tø��mèÖöf÷Tø4ü���öBüÄáªË��³¶
ð�yF�U��iS_
kl�FiDkliS�OjSjStlrLt�cFb6h
��yFtlrLbFs~^`yFcFiDkls`bvj2^`jSs`iD�4i~rLtleLgScF��tq�FyFiS Ft�k�kl�iDklcFiSjD^`c	cL^�bLkl�Fi`eLgSp�iSjD^`cFbFb?kls`i��U^Skls`bF\Ft�klaFb6�2bFcFs`t���yL^xeLiSj��FiOk�eL�U\L^`_FcFiS_>�4t�yFt
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dL(t)

}KiS�FbLkl��jD^`�]��t�_�k�eF�6\F^`_FcFiSt��FyFbFyL^`��t�cFbFtsp¬� �FyFiS Ft�k�k�^	j?bFcFs`t�yFjD^xeLt�jSyFtl��4t�cFb
(t, t+ dt)

YLX���s`iS_
s`t�yL�4bFcFi`eLiS��bFb

X(t) =

t∫

0

dL(τ), t > 0,

X(t+ τ)−X(t) =

t+τ∫

t

dL(τ ′)
d
= τ1/αS(α,β).

ûÖyFtlrLbFsx^`y6cFiDkls`gqplrLt�klg]jSjSi~rLbFsSk¨h�kÖ�FiD�4iS��gS���q�UcFaF FbFb
h(t, τ)

}~iS�FyFtlrLtleFhF�]��t�_jSa6eK^xr
tlrLbFcFbF\FcFiS_v�4t�yF��j	�4iD�4t�cFs
τ
j	kliDkls`i�hFcFbFtq�FyFiS Ft�k�k�^�j	�4iD�4t�cFs

t
m

X(t) =

∞∫

−∞

h(t, τ)dL(τ).

 Ök�eLbv�q�UcFaF FbFb
h(t, τ)

bFcFjD^`yFbL^`cFs`cL^�iSs`cFiDklbFs`tleLgScFi	k�rLjSbF��^��FiOjSyFt��4t�cFbn}
h(t, τ) = h(t− τ),

sx^`aDiS_?�FyFiS Ft�k�kzcL^`p���jD^`�]s�ó/ôx÷*<xò!ø!øB÷*ÿ ø0��÷��xú�:���ÀAò�°*÷AøÀô�ò�5�ñxò�°*÷�¤ X�I�N�T VNO�S*N&� Z SMO(�L Z I1Q0�;F
F } z ~�� �FyFiS Ft�k�k�¦�YüqyFbL�4t�yFiD� z ~�� �FyFiS Ft�k�k�^(k�eL�D�	bFs#�FyFiS Ft�klk �]yFcF{�s`t�_FcL^x� [4eLt�cF�St�a6^x���t�jSbn}6aDiSs`iSyF��_v�4i��	cFi	p�^`�FbLk�^`s`gOjOjSb6rLt
X(t) =

t∫

−∞

e−λ(t−τ)dL(τ).

üqiDkls`yFiSt�cFcF��_>�FiOsx^`aUiD�4�	��t��Fy6bFcF FbF�F�>�FyFiS Ft�k�k

XH
α (t) =

∞∫

−∞

(|t− τ |H−1/α − |τ |H−1/α)dL(τ),

� rLt
0 < H < 1, H 6= 1/α

}8cL^`p���jD^`t�sSk�h�����ñxò0M�ñ�õ[ÿ¾5�ôx÷*67ñxõ�ÿ}4+øBùJ÷*M�þ1�xöoõ[ÿ57ö��$��òBñ"�xòÒÿ�}`sx^`a2a6^`a2�Fi`eL�U\L^`t�sSk�h	bFpZ�Skls`iS_F\FbFjSiS��i��FyFiS Ft�k�k�^�bFcFs`t���yFbFyFiSjD^`cFb6�t���rLyFiS�ScFiS��i��FiSySh6rLa6^FY�ð�jD^vjD^x�	cF���£kljSiS_Lkls`jD^v�FyFiS Ft�k�k�^ {XH
α (t)} rLi`eF�	cF��S��s`g£iSsS�4t�\6t�cF� plrLt�klgLY�X�i`� �Ft�yFjS���¬}ÖiSc¢k�^S�4iS�Fi�rLiS�St�c�k��L^`yL^S�4t�s`yFiD�

H
}�s`it�kls`gL}UrFeFh>eL�]�S���

a > 0, t1, ..., tn

(
XH
α (at1), ..., X

H
α (atn)

) d
=
(
aHXH

α (t1), ..., a
HX(H)

α (tn)
)
.
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X�i`� jSs`iSyF���¬}UiSc>iS�`eK^xrK^`t�s�klsx^` FbFiScL^`yFcF�z�4b
�FyFbFyL^`��t�c6b6hL�4b

XH
α (t)−XH

α (0)
d
=XH

α (t+ τ)−XH
α (τ).

X�\L^Skls`cFiD�¢k�eL�U\L^`t
α = 2

�4�!bL�4t�t��<plrLt�klg?rLtleLi
k�5�ôx÷*67ñ�õ[ÿ;6-ôx÷*4�ñ�÷oö��
ø0�&�#ÿì57ö��$��òBñ"�xòÒÿ�YK Ök�eLb�t���i klyFtlrLcFt�t>p�cL^�\Ft�cFbFt>yL^`jScFi�cF��eL�#¤ �FyFb

H 6= 1
¦�}rLbLkl�Ft�yLklb6h

〈[XH
2 (t)]2〉 = t2Hσ2, σ2 = 〈[XH

2 (1)]2〉,^O^`jSs`iSaUiSjD^xyFbL^` FbFiScFcL^~h>�q�UcFaF Fb6h
CH2 (t1, t2) = 〈XH

2 (t1)X
H
2 (t2)〉 =

(
|t1|2H + |t2|2H − |t1 − t2|2H

)
σ2/2.

�]�S��\FcFiD�4�	�SyFiS�UcFiSjDklaUiD�4��rLjSb6��t�cFbF�BkliSiSs`jSt�sSkls`jS�St�s
H = 1/2

b

C
1/2
2 (t1, t2) =

{
σ2min(t1, t2),

t�k�eLb
t1
b
t2
i~rLbFcL^`aDiSjSiS��i�p�cL^`aU^

,
0,

t�k�eLb
t1
b
t2
d	yL^`p�cF���?p�cL^`aUiSj

.

üqyFb
H < 1/2

bL�4t�t�sO�4t�kls`i	kl�U�~rLbL���q�Up�b6hn}S�FyFb
1/2 < H < 1

d	kl�U�Ft�yDrLbL���q�D�p�b6hn}F�FyFb
H = 1

d2�D^xeFeLbLkls`bF\Ft�klaFb6_vyFtl�	bL��Y � ^S�4t�s`bL��}F\Fs`i?�qiSyL�f^�yL^Skl�FyFtlrLtl�eLt�cFb6h
jSt�yFi�hFs`cFiDkls`b
jSi�jDkltl�?yFtl�	bL�f^x�>iDkls~^`t�sSk�h>�l^~�Sk�kliSjSiS_nm

p(x, t) =
1

2
√
πσtH

exp

{
− X2

4σ2t2H

}
.

üqiDklaUi`eFgSaF���SyFiS�UcFiSjDk�aUiSt�rLjSb6��t�cFbFt2bL�4t�t�s�klsx^` FbFiScL^`yFcF��t	�FyFbFyL^`��t�cFb6hn}��Fi`�k�eLtlrLiSjD^`s`tleLgScFiDkls`g
{
Zj = XH

2 (j + 1)−XH
2 (j), j = ...,−1, 0, 1, ...

}

hFj`eFhFt�sSk¨h>klsx^` FbFiScL^`yFcFiS_	b?cL^`p���jD^`t�sSk�hÂ5�ôx÷*67ñ�õ[ÿi°���4+ø!øB÷oöoõ[ÿtÚ�47ÿ�÷*ÿ�Y
 §��iO^`j`�s`iSaUiSjD^`yFbF^` FbFiScFcL^xh>�q�UcFaF Fb6h
Rj = (|j + 1|2H − 2|j|2H + |j − 1|2H)σ20/2 ∼ σ20H(2H − 1)j2H−2,

j →∞, H 6= 1/2,^Okl�Ft�aFs`yL^xeLgScL^xh>�6eLiSs`cFiDkls`g
P (ν)

bL�8t�t�s2^SklbL�4�Fs`iSs`bF\Ft�klaFbvkls`t��Ft�cFcFiS_
jSb6r
P (ν) ∝ ν−γ , γ = 2H − 1.

üqyFb
γ = 0

bL�4t�t��¢�StleL��_�{��6��}��4i�rLtleLbFyF�U�]��bF_.�leLt�aFs`yFiScFcF��_ bW�qiSs`iScFcF��_rLyFiS�SiSjS��t�{��6�4��}¬s`t��6eLiSjSiS_�{��6��Y � eL�U\L^`b
γ = 1, 2

b
γ > 2

kliSiSs`jSt�sSkls`jS�U�]syFiSp�iSjSiD�4�S}DaDiSyFbF\FcFt�jSiD�4�	b>\FtlyFcFiD�4�2{��6�f^S��}Usx^`a6��tZcL^x�Di~rFhF��bL�W�FyFbL�8t�cFt�cFbFta�t�kls`t�kls`jSt�cFcF�z��b�iS�S��t�kls`jSt�cFcF�z�
�FyFiS Ft�k�k�^S��YxX.\L^Skls`cFiDkls`bn}x\Ft�yFcF��t�kl�Ft�aFs`yF�iS�FbLkl��jD^`�]sOyL^`pleLbF\FcFiS��i	yFi~rK^Oa6^`sx^Skls`yFiD�q�¢d2yL^`pleLbFjS��yFt�an}Lp�^Skl�D�6bn}F�Ft�yFt��SiSbkZ�leLt�aFs`yFiS��cFt�yF��bFt�_n}L�qbFcL^`cLkliSjS��tZaFyFbFp�bLkl�t� '
��� Y
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X�t�yFcFt��fk�h.aW�FyFiS Ft�k�kl� ^`cFiD�4^xeLgScFiS_�rLbL���q�Up�bFbn}njSjStlrLt�cFcFiD�4��cL^S�4bWcL^iDklcFiSjStZb6rLtlbvk�^S�4iS�Fi~rLiS�Sb6hnYUo�kls`iSyFbF\Ft�klaFb>��sx^O�4i�rLtleLgO�S��eK^��FiDkls`yFiSt�cL^�bFcF�z��F�Us`t���d	a6^`a
^SklbL�4�Fs`iSs`bFa6^v¤ �FyFtlrLtleT¦�kla6^~\FaDiSiS�SyL^`p�cF���2�FyFiS Ft�k�kliSjLYL�ZklcFiSjSiS�Fi`�eK^`�l^`�]��t�_�yL^`�SiSs`iS_�jZ��s`iD��cL^`�FyL^`j`eLt�cFbFb��FyFb6c6hFs`i�kl\FbFsx^`s`g�klsx^`s`gS��GviScFs`yFi`eF�eK^�bvX�t�_Lk�^�� '&'(� }6�St�p�k�kl��eLaFb
cL^OaDiSsSiSy6�6��cFt�iS�~�Si~rLbFsSk�h>c6��cFt�cFb
i~rLbFc
iS�Sp�iSy�Fiv^`cFiD�f^xeLgScFiS_�rFbL�����Up�b6bnYÖ¤¥k���Ynsx^`a6��t2�6yFt�aFyL^SklcF��_.iS�Sp�iSyÑ� 'U�*� ¦�Y�üqiSa6^x��t��plrLt�klgqiDklcFiSjScF��tÖjStl�6b���s`iS��iq�F�Us`bn}`jSiDkl�Fi`eLgSp�i`jD^xjS{�bLklg]s`t�yL�4b6cFi`eLiS��bFt�_Os`t�iSyFbFbjSiDk�klsx^`cFiSjxeLt�cFb6hÇ� 'Dª�� YF«��~rL�U\Fb
�4t�cFt�t��qiSyL�f^xeLgScF�z��}6\6t��£jS��jSi~r>bFp��FyFbFcF FbF�L^k�^S�4iS�Fi~rFiS�Sb6hn}F��s`iSs	�F�Us`g2iS�`eK^xrK^`t�sO�Si`eLgS{�iS_>cL^`� eFh6rLcFiDkls`gS�¡b�kliSplrK^`t�s��DiSyFi`�{�bFt	�Fy6tlrL�FiDkl��eLaFb rFeFhW�qbFp�bF\Ft�klaUiS_ bFcFs`t�yF�FyFt�sx^` FbFb��4i�rLtleLb.j
aUiScFaFyFt�s`cF���p�^xrK^~\L^x�¬Y
üq�Dkls`g

T1, T2, ...
d �FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`g�jSp�^`bL�4cFi�c6t�p�^`jSbLklbL�4���W�Fi`eLi`��	bFs`tleLgScF���
k�eL�U\L^`_FcF���?jStleLbF\FbFcvkZiS�S��t�_>�6eLiSs`cFiDkls`gS��yL^Skl�FyFtlrLtleLt�cFb6h

q (t)
Y��^`p�iSjSt��Wb6�mö*ô�òÒÿDòBñ��!ÿ��³÷
����5*�oñ"�"ML}F^O�4iD�4t�cFs`��jSyFt��4t�cFb

T (n) =
n∑

j=1

Tj , T (0) = 0,

ÿ�÷*ÿDòBñ�ù-�!ÿ��Çöo÷oø!øBù-�oñ�÷oö���òBñ"����¤ ô�ò�°2òBñxòÀô1��<"�"�U¦�Y�üqiDk�eLtlrLiSjD^xs`tleLgScFiDkls`g	k�eL�U\L^`_6�cF���£jStleLbF\FbFc {T (n)} iS�SyL^`pl�St�s@ó�ôx÷*<xò!øBø³ö/÷oøBøBù-�/ñ�÷oö���òBñ"����JIüqiDklaUi`eLgSaF��k�eL�D�\L^`_FcF��tqjStleLbF\FbFcF�
Tj
�Fi`eLi~�	bFs`tleLgScF��}6s`i2klyFtlrLcFt�tqp�cL^~\Ft�cFbFt

τ ≡ 〈Tj〉 =
∞∫

0

tq (t) dt

bL�4t�t�s	k��4�zk�evb
s`iS� rK^F}6aDiS� rK^�bFcFs`t���yL^xevyL^Sk��Si~rLbFsSk�hnm6jO��s`iD��k�eL�U\L^`t
τ =∞ YXB�qbFp�bF\Ft�klaFb6���FyFiS Ft�k�k�^x��kO�4iD�4t�cFsx^S�4b

T (n)
iS�S��\FcFi
klj`hFp�^`cF�BcFt�aUi`�s`iSyF��t?�qbFp�bF\Ft�klaFbFt?kliS�S��s`b6h.cF�~eLt�jSiS_ rFeLbFs`tleLgScFiDkls`b.d klaU^~\FaUiSiS�SyL^`p�cF��tO�Ftl�yFtl�Di�rL�/klbLkls`t��4��bFp2i~rLcFiS��ivkliDkls`i~hFcFb6h.jvrLyF�U��iStS}�kls`i`eLaFcFiSjSt�cFb6h.\L^Skls`bF F�/k^`s`iD�f^S�4b	klyFtlrL��}`bFpleL�U\Ft�cFbFt�b6eLbO�FiS� eLiS��t�cFbFt��qiSs`iScL^ZbOs~Y r�Y
��^`p�iSjSt��vb6���FyFi`�kls`i�øB÷*67õIù����5ÿ��Ob
yL^Sk�k��4iSs`yFbL��\FbLk�eLi

N (t)
kliS�S��s`bF_n}F�FyFiSbLk��Si~rFhF��b6�?j	�FyFi`��4tl�	�Us`aUt�jSyFt��4t�cFb

(0, t)
Y� eL�U\L^`_FcF��_
�FyFiS Ft�k�k
N (t) = max {n : T (n) < t}cL^`p���jD^`t�sSk�hmøBþ1��ù-��2.À��#ÿ ó/ôx÷*<xò!ø!øB÷*ÿ öo÷oø!øBù-�oñ�÷oö���òBñ"���L}6�q�UcFaF Fb6h

N̄ (t) = 〈N (t)〉
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d��94�ñ"�&<"�xò0M öo÷oø!øBù-�oñ�÷oö
��ò2ñ�����J�üqiDk�eLtlrLc6h6h	�4i~��t�s��S��s`g��FyFtlrKklsx^`j`eLt�cL^�j�jSb6rLt

N̄ (t) =
∑

n>0

P

(
T (n) < t

)
=

t∫

0

q?n (s) ds.

�]cL^�cFtq�U�S��jD^`t�s~}6aDiScFt�\FcL^F}FcFtliSsSy6bF L^`s`tleLgScL^F}F�Fi`eL�S^xrFrLbFs`bFjScL^
N̄ (t+ s) ≤ N̄ (t) + N̄ (s) , t, s ≥ 0,

b
��rLiSj`eLt�s`jSiSyDhFt�s�4Bô1�/öoñxòBñ"�"2�öo÷oø!øBù-�oñ�÷oö���òBñ"���
N̄ (t) =

t∫

0

[
1 + N̄ (t− s)

]
q (s) ds.

 §��i2bFcFs`t�yF�FyFt�s~^` Fb6h�aFyL^`_FcFt��FyFiDkls~^FmKklyFtlrLcFt�t�\FbLk�eLi?kliS�S��s`bF_
j2�FyFiD�4tl�	�Us`aUt
(0, t)

yL^`jScFi�jSt�yFi~hFs`cFiDkls`b
�FiS�L^xrK^`cFb6h>jOcFt���i	�Ft�yFjSiS��iOkliS�S��s`b6h
�6eL�Zk�klyFtlrLcFt�t\FbLk�eLi	k�eLtlrL�U�]��b6�>p�^�cFbL��kliS�S��s`bF_nY+��UcFaF Fb6h>jSiDklklsx^`cFiSj`eLt�cFb6h	sx^`a6��tZ�~rFiSj`eLt�s`jSiSyDhFt�s-����òÒÿDòBñ�ù-�-ôxñ�÷*M ùAòB÷*�
ô�òÒÿDò�öo÷oø!øBù-�oñ�÷oö���òBñ"���Km

lim
t→∞

N̄ (t)
/
t = τ−1,^�jO�FyFtlrL�Fi`eLi~��t�cFbFb
aUiScFt�\FcFiDkls`b>jSs`iSyFiS��iO�4iD�4t�cFsx^

m(2) =

∞∫

0

t2q (t) dt <∞

kl�FyL^`jStlrFeLbFjS�<cFt�yL^`jSt�cLkls`jD^

t/m ≤ N̄ (t) ≤ t/m+m(2)
/
2τ2.

X����SyL^`j�jOa6^~\Ft�kls`jSt
q (t)

�FiSaU^`p�^`s`tleLgScFiStZyL^Skl�FyFtlrLtleLt�cFbFt
q (t) = µe−µt,

�4���Fi`eL�U\L^`t����FyFiDkls`t�_F{�bF_��Fy6iS Ft�k�k	jSiDk�klsx^`cFiSj`eLt�cFb6h�d@ó"4
�/ø!øB÷7ñ�÷oö/ø0�&�"M@ó/ôx÷*�<xò!ø!øl}UrFeFh
aDiSs`iSyFiS��i
τ = µ−1

Y�,67÷*6*ÀAòBñ�ñ�õ©M�ó"4
�/ø!øB÷7ñ�÷oö/ø0�&�"M�ó/ôx÷*<xò!ø!ø?jSjStlrLt�c<j�� ���F}�k`Yz�6�S�0�q�FiDklyFtlrF�kls`jSiD�£k�eL�U\L^`_FcF���>kl�6�f�
X (t) =

N(t)∑

j=1

Rj ,
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� rLt

Rj
dqcFt�p�^`jSbLklbL�4��t�k�eL�U\L^`_FcF��t�jStleLbF\FbFcF�£k�i�rLbFcL^`aUiSjS�z�
yL^Skl�FyFtlrLtleLt�cFbFt��

p (x)
}L^

N (t)
d	iS�S��\FcF��_>�F�D^Sk�kliScFiSjDk�aFbF_?�FyFiS Ft�k�k`m

P

(
N (t) = n

)
=

(µt)
n

n!
e−µt.

üZeLiSs`cFiDkls`gOyL^Skl�FyFtlrLtleLt�cFbUh
p (x, t)

k�eL�U\L^`_FcFiS_
kl�6�f�4�
X (t)

}6bL�4t�t�s	jSb6r

p (x, t) =
∞∑

n=0

(µt)
n

n!
e−µtp∗n (x).

� rLt�klg
p∗n (x)

iSp�cL^~\L^`t�sO�4cFiS��iSaFyL^`s`cF�U�!kljSt�y6sSa6�>�6eLiSs`cFiDkls`t�_
p (x)

}L�FyFbv��s`iD�
p∗1 (x) ≡ p (x) }U^ p∗0 (x) = δ (x)

YU©niL}D\Fs`i�kl�6�f�4bFyFiSjD^`cFbFtzcL^~\FbFcL^`t�sSk�h2k
n = 0

}iSp�cL^~\L^`tlsx}T\Fs`ivj
cL^~\L^xeLgScF��_.�4iD�4t�cFs
jSyFt��4t�cFb.\L^Skls`bF L^>cL^x�Di�rLbFsSk�h j
cL^~\L^xeLtaUiSiSySrLbFcL^`szb��FyFi~rLi`eF�O^`t�s�iDklsx^`jD^`s`gDk¨hqsx^S�
jS�6eLiSs`g�rLi
t = T1

dZ�4iD�4t�cFsx^F}�aDiS� rK^iScL^zkliSjSt�yF{�^`t�szkljSiS_��Ft�yFjS��_�kla6^~\FiSanY�üqiDk�eLt§��s`iS��iZkla6^�\Fa6^zkl�FiDkliS�ScFiDkls`gz\L^Skls`b6� F�.a�i~�	b6rL^`cFbF�£jSiDk�kls~^`cL^`j`eLbFjD^xt�sSk�hqjzs`iD�?��tÖjSb6rFtÖb��FyFiS Ft�k�kf�FyFi�rLi`eF�O^`t�sSk�hnY©�^`aFbL��iS�SyL^`p�iD��}FyL^Sk�k��f^`s`yFbFjD^`t��4��_��6yFiS Ft�k�k��4i~��t�s?�S��s`g2bFcFs`t�yF�FyFt�s`bFyFiSjD^`ca6^`a�kla6^~\FaDiSiS�SyL^`p�cFiSt��`eL�D�OrK^`cFbFt�\L^Skls`bF F�Bj`rLi`eLg?iDklb
x
YRüq�D^Sk�kliScFiSjSklaFbF_v�D^x�yL^`aFs`t�y?�FiSs`iSa6^�kliS�S��s`bF_�¤ �Ft�yFt�klaUiSaUiSjU¦fjSi�jSyFt��4t�cFb?iSp�cL^�\L^`t�s~}U\6sSi�bFc6sStlyFjD^xeL�jSyFt��4t�cFb

T
�4tl�OrL�.cFbL�4b�cFt�p�^`jSbLk�bL�4�/b£yL^Skl�FyFtlrLtleLt�cF�/�Fi���a6kl�FiScFt�c6 FbL^xeLg`�cFiD�4�2p�^`aUiScF� û

(T > t) = e−µt, t ≥ 0.©�^`aFbL�¢iS�SyL^`p�iD��}K�Fi`eK^`�l^xh�j>cL^`{�t�_ k��Dt��4t
Rj
cFt�p�^`jSbLklbL�4�z�4bn}n^?�6eLiSsx�cFiDkls`g

q(t)
dD�FyFiSbFp�jSi`eLgScFiS_n}U�Fi`eL�U\FbF�

p (x, t) =
∞∑

n=0

Wn(t)p
∗n (x) .

� rLt
Wn(t) = P

(
N (t) = n

)
= P

(
N (t) ≥ n

)
− P

(
N (t) ≥ n+ 1

)
=

= Q?n (t)−Q?(n+1) (t) .�]sSkl��rK^
p (x, t) =

∞∑

n=0

[
Q?n (t)−Q?(n+1) (t)

]
p∗n (x).

ûÖs`i]dq�6yFiDkls`t�_F{�^xh��4i~rFtleLgZi~rLcFiD�4t�yFcFiS�liZkla6^~\6aUiSiS�SyL^`p�cFiS�liz�`eL�D�OrK^`cFb6h\L^Skls`bF F��k�cFt�p�^`jSbFklbL�4�z�4bOjSyFt��8t�cL^S�4bOi��	b6rK^`cFbF_n}xcFt��FyFt�yF��jScFiqyL^Skl�FyFtlrLtleLt�c6�cF�z�4b��Fi�i~rLcFiD�4�]b�s`iD�4�]��tfp�^`aUiScF�
q (t)

b�cFtlp�^`jSbLklbL�4�z�4b2¤ÅrLyF�U�§iSs�rLyF�U��^�b�iSsjSyFt��4t�c�i~�	b6rK^`cFbF_K¦]k��4tl��t�cFb6hL�4bn}¬yL^Skl�FyFtlrFtleLt�cFcF�z�4b k�i~rLb6cL^`aUiSjSiS_v�6eLiSs`cFi`�kls`gS�
p (x)

YUXH^`cF� eLi�hFp���\FcFiS_OeLbFs`t�yL^`s`�UyFt]��s`iSs��FyFiS Ft�klkziS�SiSp�cL^~\L^xt�sSk�h0�©J�om�¤ � I&V
�3T V
PNI&P�F J T X-� o S(V"�2I&X � S(Y U2F ¦�}6jOyF�Dk�klaUi�hFp���\FcFiS_ − � «,��XZY
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X���\FbLk�eLt�cFbFt�yL^Skl�FyFtlrLtleLt�cFb6h
p (x, t)

j	�Ua6^`p�^`cFcF���?jS��{�tq�FyFtlrL�Fi`eLi~��tl�cFb6h6�>cL^`p���jD^`�]sO�FyFiS�`eLt��4iS_�GviScFs`yFi`eFeK^x� X�t�_Lk�k�^�� '&'(� Y$ §t���rLiS�ScFi	yFt�{�^`s`g	�F�D�s`t��£�FyFt�iS�SyL^`p�iSjD^xcFbF_�+��UyFgStq�Fi	aDiSiSyDrLbFcL^`s`tqb���^`�6eK^Sk�^�d	�FiOjSyFt��4t�cFbnm
p̃ (k, λ) =

∞∫

0

dt

∞∫

−∞

dx eikx−λtp (x, t).

[]\FbFs`��jD^xhn}6\Fs`i
∞∫

−∞

eikxp∗n (x) dx = [p̃ (k)]
n

b
∞∫

0

e−λtQ?n (t) dt =

∞∫

0

dt e−λt
t∫

0

q?n (s) ds =

=

∞∫

0

ds

∞∫

s

dt e−λtq?n (s) =
1

λ

∞∫

0

ds e−λsq?n (s) =
1

λ
[q̃ (λ)]

n
,

�Fi`eL�U\FbL��m

p̃ (k, λ) =
1

λ

∞∑

n=0

[
q̃n (λ)− q̃n+1 (λ)

]
p̃n (k) =

1− q̃ (λ)
λ [1− q̃ (λ) p̃ (k)] .

©�^`aFbL��iS�SyL^`p�iD��}

p (x, t) =
1

(2π)
2
i

∞∫

−∞

dk

c+i∞∫

c−i∞

dλ
1− q̃ (λ)

λ [1− q̃ (λ) p̃ (k)] e
−ikx+λt.

�qt��FiDklyFtlrKkls`jSt�cFcFiSt jS��\FbLk�eLt�cFbFt.�FiH��s`iS_��qiSyL�4��eLt.s`yFt��S�St�s�p�^xrK^`cFb6haUiSc6aFyFt�s`cF����yL^Skl�FyFtlrLtleLt�cFbF_
q (t)

b
p (x)

}Ot�k�eLb*��t�iS��yL^`cFbF\FbFs`gDk�h/eLbF{�g^SklbL�4�Fs`iSs`bF\Ft�klaFbL�HbLk�k�eLtlrLiSjD^`cFbFt��£�FyFb
t → ∞ }Ls`i	rLiDkls~^`s`iS\FcFi2p�^xrK^`s`gOeLbF{�g^SklbL�4�Fs`iSs`bFaFb

q(t)
b
p(x)

�6yFb��Si`eLgS{�b6�?p�cL^~\Ft�cFb6h6�
^`yF���6�4t�cFs`iSjLYLX¢i~rLcFiD�4t�y6�cFiS_��FiDklsx^`cFiSjSaDt§��s~^zp�^xrK^~\F^�yFt�{�t�cL^¸GWY~�qiSs`��eLgDklaFbL�Ä� '5´
� Y
Gv�.�FyFbFjStlrLt��
plrLt�klgt���iOyFt�p���eLgxsx^`s�jOjSb6rLtqs`t�iSyFt��4��}Lk��qiSyL�4�~eLbFyFiSjD^`cFcFiS_2j	yF^`�SiSsSt�� 'D��� Y�¬4+øBùJú
T1, T2, ... 5 ó�÷oø/��ò�5�÷oö(�oùAò �xú�ñ�÷oøBùJú6ñxò�:(�/ö��xø0�#ÿ�õ?È�ø/��4�þ$��M�ñ�õ?È�ö/ò0�����þ1��ñ�ø�÷*6*ÀAò0MH�94�ñ"�&<"�xò0M½ô��/øBó/ô�ò�57ò/��òBñ"���$�dó/ô���ñ��(5���ò�����ÀAò0M�÷*6����/øBù���ó/ô��"�

ù��"��òBñ"���_4+øBùJ÷*M�þ1�xöo÷�°*÷�:(����÷7ñ��³øJó��*ô1�!ÿDòBù�ô1�!ÿ��
ω, θ = 1

�¸�
R1, R2, ... 5 ñxò:(�/ö��xø3��À-���³÷7ù�ñxò!òeó�÷oø ��ò�5�÷oö(�oùAò/�xú�ñ�÷oøBùJú¬ñxò�:(�/ö��xø0�#ÿ�õ?È ø/��4�þ$��M�ñ�õ?È�ö/ò/����þ1��ñ

ø
÷*6*ÀAò0M��94�ñ"�&<"�xò0MDô1�/øBó/ô�ò�57ò/��òBñ"�
�"��ó/ô���ñ��(5���ò�����ÀAò0M¬÷*63���/øBù���ó/ô���ù��"��òBñ"���
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4+øBùJ÷*M�þ1�xöo÷�°*÷�:(����÷7ñ��6ø
ó��*ô1�!ÿDòBù�ô1�!ÿ��

α, θ
J¹Ý>÷�°�5*�6ø04&ÀAò!øBùAö�4+òBùt��÷7ñxòBþ5ñ�����ó�÷*��x÷
����ùAò/�xú�ñ�����ó�÷oøBùJ÷0�xñ�ñ����

c = c (α, ω, θ)
��ù-���
���"��þ5ùJ÷

P

(
X (t)

c (α, ω, θ) tω/α
< x

)
⇒ Q (x;α, ω, θ) , t→∞,

°�57ò
Q (x;α, ω, θ) =

∞∫

0

G
(
xyω/α;α, θ

)
dG (y;ω, 1) .

ð�bL���qt�yFt�cF FbFyF�xh>��s`i2kliSiSs`cFiS{�t�cFbFtZ�Fi
x
}F�Ft�yFtl�Si~rLbL�£a>�6eLiSs`cFiDkls`b

q (x;α, ω, θ) =

∞∫

0

g
(
xyω/α;α, θ

)
g (y;ω, 1) yω/αdy,

cL^`p�jD^`cFcFiS_?jOcL^`{�t�_>yL^`�SiSs`t�� 'D����5�ôx÷*67ñ�÷*� 4+øBùJ÷*M�þ1�xöo÷*MLYL©�^`aFbL��iS�SyL^`p�iD��}D�6eLiSsx�cFiDkls`gvyL^Skl�FyFtlrLtleLt�cFb6hWi�rLcFiD�4t�yFcFiS��iv�FyFiS Ft�k�k�^ {X(t), t > 0} j�^SklbL�4�Fs`iSs`bFaDt�Si`eLgS{�b6�2jSyFt��4t�c
bF�4t�t�s	jSb6r
pas(x, t) = q(xt−ω/α/c;α, ω, θ)t−ω/α/c.

ûÖs`iSs>yFt�p���eLgxsx^`s>�4i~��t�s>�S��s`g>�Fi`eL�U\Ft�c�rLjS�6�8h kl�FiDkliS�D^S�4bnmK�F�Us`t��<yL^Sk��k��4iSs`yFt�cFb6h£�FyFiS Ft�k�k�^
X (t)

aU^`a�kl�6�f�4��k�eL�U\L^`_FcFiS��i�\FbLk�eK^ k�eL�U\L^`_FcF����k�eK^x��l^`t��4����k��Fy6bL�4t�cFt�cFbFt��*iS�SiS�S��t�cFcFi`��iWjD^`yFbL^`cFsx^W Ft�cFs`yL^xeLgScFiS_<�FyFtlrLtleLgScFiS_s`t�iSyFt��4��}njS��jSi�rFhF��t�_�cL^>�Dkls`iS_F\FbFjS��tOp�^`aDiScF�q� '5´U}�'D��� }¬b.^SklbL�4�Fs`iSs`bF\Ft�klaFbL�iS�SyL^`��t�cFbFt��¡k>bLkl�6i`eLgSp�iSjD^`cFbFt���sx^��U�St�yFiSjS���Ws`t�iSyFt���}faU^`a���s`i.k�rFtleK^`cFi�rFeFhi~rLcFiD�4tlyFcFiS��i�k�eL�U\L^xh2j�yL^`�SiSs`t�� '+Ñ�� }D^qrFeFh?s`yFtl�F�4t�yFc6iS��i�klbL�f�4t�s`yFbF\FcFiS��iOk�eL�D�\L^xhWjvcL^`{�t�_WaFcFbF��tÂ� ��'(� Y�X�k�eL�U\L^`t
d
� �4t�yFcFiS��i�k��qt�yFbF\Ft�klaFb�klbL�f�4t�s`yFbF\FcFiS��i�`eL�D�OrK^`cFb6h

pasd (x, t) = qd(xt
−ω/α/c;α, ω)t−dω/α/cd,

� rLt

qd(x;α, ω) =

∞∫

0

gd(xy
ω/α, α)g1(y;ω, 1)y

dω/αdy,

x ∈ Rd }�^ gd(x, α)
d �6eLiSs`cFiDkls`g k��qt�yFbF\Ft�klaFb klbL�f�4t�s`yFbF\FcFiS�li

d
��4t�yFcFiS��i2�Skls`iS_F\FbFjSiS��i	yL^Skl�FyFtlrLtleLt�cFb6hn}F�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xh��q�UcFaF Fb6hvaUiSs`i`�yFiS��iObL�4t�t�sOjSb6r

g̃d(k;α) = e−|k|
α

, k ∈ Rd.
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qü7ãäãHË�ýnü]ü

X�iSp��4i~�	cFiL}Tk�^S�4��_��FyFiDkls`iS_ kl�FiDkliS�?jS��_Fs`b�cL^>^SklbL�4�Fs`iSs`bFaF��yL^Sk�k��f^`sx�yFbFjD^`t��4iS��i��FyFiS Ft�k�k�^F}6iSs`s~^xeLaFbFjD^xhLklgOiSs�s`yL^`cLk��qiSyL�f^`cFs`�

p̃ (k, λ) =
1− q̃ (λ)

λ [1− q̃ (λ) p̃ (k)] ,

p�^`a6eL�]\L^`t�sSk¨h�j�bLkl�Fi`eFgSp�iSjD^`cFbFbWj�a6^�\Ft�kls`jSt
p (x)

b
q (t)

k�^S�4b6�W�Dkls`iS_F\FbFjS����6eLiSs`cFiDkls`t�_
g (x;α, θ)

b
g (x;ω, 1)

}
0 < α ≤ 2

}
ω ≤ 1

Y � ^`aUiScFcFiDkls`g�sx^`aUiS_2�Fi~rF�klsx^`cFiSjSa6bOiS�S�Dk�eLiSj`eLt�cL^]s`t���}D\6sSi��
�*��5�õ©MB4+øBùJ÷*M�þ1��öoõ©M-:(����÷7ñ ó/ô���ñ��(5���ò�����ù
ø!öo÷oò0Mß÷*6����/øBù���ó/ô���ù��"��òBñ"���LY§©nt��/k�^S�4�z���Dk�eLiSjSbFtvs`t�iSyFt��4��iS��^`cFiD�f^xeLg`�cFiS_?rLbL���q�Up�bFb>jS���Fi`eLc6hFt�sSk�hnYFX�s`iO��t�jSyFt��8hv^SklbL�4�Fs`iSs`bF\Ft�klaDiSt�jS��yL^x��t�cFbFt
p (x, t)

iS�FyFtlrLtleFhFt�sSk¨h�s`i`eLgSaUi.^SklbL�4�Fs`iSs`bFaU^S�4b��q�UcFaF FbF_
p (x)

b
q (t)

}f^�jDkltyL^Skl�FyFtlrLtleLt�cFb6hn}4�FyFbFcL^xrFeLtl�O^`��bFt
�qbFa6klbFyFiSjD^`cFcFiS_�iS�`eK^Skls`b£�FyFbFs�h6��t�cFb6hn}§js`iD��\FbLk�eLtzbO�Dkls`iS_F\6bFjSiStS}`bL�4t��]s�i~rLc6��b	s`����t�¤¥k�s`iS\FcFiDkls`gS�HrLi��FiDkls`i~hFcFcFiS��i�4cFi��	bFs`tleFhK¦§^SklbL�4�Fs`iSs`bFaF�SY � eLtlrLiSjD^`s`tleLgScFiL}xjS���SbFyL^xh�j�a6^~\Ft�kls`jSt
p (x)

b
q (t)�Dkls`iS_F\Fb6jS��t��6eFiSsSc6iDkls`bn}K�4��cFbLk�aUi`eLgSaUiOcFtqs`t�yDhFt��£jOiS�S��cFiDkls`bnY� iS� eK^SklcFi.sx^��U�St�yFiSjS�z�!s`t�iSyFt��f^S��}§j�jSiDk�kls~^`cFiSj`eLt�cFbFb�yL^Skl�FyFtlrLtleLt�cFb6h

p (x, t)
�FyFb��Si`eLgS{�b6�

x
b
t
iDklcFiSjScF�U�WyFi`eLgzbF�lyL^`t�sz�FiSjStlrLt�cFbFtfs`yL^`cLk��qiSyL�f^`cFs`�+��UyFgStl� ��^`�6eK^Sk�^

p̃ (k, λ)
jOiS�`eK^Skls`b
�f^xeF���>p�cL^~\6t�cFbF_v^`yF���6�4t�cFs`iSjL}6� rLt

p̃ (k) = g̃ (k;α, θ) = exp {− |k|α exp [−iαθπ /2 signk ]} ∼

∼ 1− |k|α exp {−iαθπ/2 signk} , k → 0b
q̃ (λ) = g̃ (−iλ;ω, 1) = e−λ

ω ∼ 1− λω, λ→ 0.�qt�k�eLi��	cF��tÖ�FyFt�iS�SyL^`p�iSjS^`cFb6hq�FyFbFjSi~rFhFsza�k�eLtlrL�U�]��t��8���UyL^`jScFt�cFbF�WrFeFh���eK^`j`�cFiS_
^SklbL�4�Fs`iSs`bFaFb
λωp̃as (k, λ) = − |k|α exp {−iαθπ/2 signk} p̃as (k, λ) + λω−1.

aUiSs`iSyFiStq�4i~��t�sO�S��s`gOsx^`a6��t��FyFtlrKklsx^`j`eLt�cFiOjOjSb6rLt
λωp̃as(x, λ) = ú (α,β)p̃as(k, λ) + λω−1,

iS�SiS�S��^x�]��t����UyL^`jScFt�cFbFt2rLjSb6��tlcFb6hÑ��t�jSb¢¤ �nY9�FY �6Y �~¦�cL^�cFt��f^`yFaUiSjDklaFbF_£s`bF��FyFiS Ft�k�k�^FY
üqyFiSbFp�jStlrLt�cFbFt2��t

λωp̃ (x, λ)
b��q�UcFaF Fb6h

λω−1
hFj`eFhF�]sSk�h£s`yL^`cLk��qiSy6��f^`cFsx^S�8b���^`�6eK^Sk�^�rLyFiS�ScFiS_>�FyFiSbFp�jSi~rLcFiS_�ý§bL�f^`cL^x� ��bF�UjSb6eFeFh

0 � ωt p (x, t) = 1

Γ (1− ω)
∂

∂t

t∫

0

p (x, τ) dτ

(t− τ)ω .
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b
iS�SiS�S��tlcFcFiS_>�q�UcFaF FbFb

t−ω

Γ(1− ω)δ(x).©�^`aFbL��iS�SyL^`p�iD��}¬� eK^`jScL^xh.^SklbL�4�Fs`iSs`bF\Ft�kla6^xh<¤ �FyFb
t → ∞ ¦�\L^Skls`gvyL^Skl�FyFtlrLtl�eLt�cFb6h

p(x, t)
��rLiSj`eLt�s`jSiSyDhF�]s��UyL^`jScFt�cFbF�¢j�\L^Skls`cF���	�FyFiSbFp�jSi~rLcF����rLyFiS�ScFiS��i�FiSyDh6rLaU^
0 � ωt pas (x, t) = ú (α,β)pas(x, t) + t−ω

Γ (1− ω)δ (x) ,aUiSs`iSyFiSt¡�4� �S��rLt��²cL^`p���jD^`s`g 4Bô1�/öoñxòBñ"�xòÒÿn�oñ�÷*ÿ����xú�ñ�÷*M¾5
�"�%�94�:��"� è¶�d���4Bô1�/öoñxòBñ"�xòÒÿ,êxY � rLt�klgv�f^Skl{�sx^`�>�Ft�yFt��4t�cFcF���
x
b
t
jS���SyL^`c kl�Ft� FbL^xeLgScF�z�¢iS�`�yL^`p�iD��Y X<iS�S��t���k�eL�U\L^`t�w�ð�� �UyL^`jScFt�cFbFtqbL�4tlt�s	jSb6r

0 � ωt f (x, t) = K ú (α,β)f(x, t) + t−ω

Γ (1− ω)δ (x) ,

� rLt
K
d
�Fi`eLi~�	bFs`tleLgScL^xh��FiDkls`i~hFcFcL^xh£¤ aUiS�����qbF FbFt�cFs2rLbL���q�Up�bFbK¦�}

f(x, t) =
pas (x, t)

Y&GvcFiS��iD�4t�yFcF��_2^`cL^xeLiS��w�ð�� �UyL^`jScFt�cFb6h�j�bFp�iSs`yFiS�FcFiD�.k�eL�U\L^`t�jSaUeL�z�\L^`t�sOj	klt���h?eK^`�6eK^SklbL^`c?rLyFiS�ScFiS��i��FiSyDh6rFa6^Fm

0 � ωt f(x, t) = −K(−∆)α/2f(x, t) +
t−ω

Γ(1− ω)δ(x).Ì,º�Í,º«· Otî���î�ì!ÿ�����¶>Î�ý�ö��(���#û¡ü���ö
«��~rL�U\Fb��FyFt�iS�SyL^`p�iSjS^`cFcF�z�.¤ �F�Us`t��
rLyFiS�ScFiS��i�rLbL���qt�yFt�cF FbFyFiSjD^`cFb6h��Fi`�yDh6rLaU^
1− ω iS�St�b6�2\L^Skls`t�_K¦�a
jSb6rL�

∂f

∂t
= −D(−∆)α/20 � 1−ωt f(x, t) + δ(x)δ(t),

w�ð�� �UyL^`jScFt�cFbFtq�4i~��t�s	�S��s`gO�FyFtlrKkls~^`j`eLt�cFiOjOjSb6rLt�klbLkls`t��4�¢rLjS�D�?�UyL^`jScFt�cFbF_
∂f

∂t
= −divj,

divj = D(−∆)α/20 � 1−ωt f(x, t),�Ft�yFjSiSt�bFpOaDiSs`iSyF����hFj`eFhFt�sSk¨h �UyL^`jScFt�cFbFt���cFt��FyFt�yF��jScFiDkls`bn}¬iS�FyFtlrLtleFhF�]��bL�jSt�aFs`iSy��6eLiSs`cFiDk�sSb�s`iSa6^.jSt�yFi~hFs`cFiDkls`b
j
}�^.jSs`iSyFiSt
d�÷*67÷*6*ÀAòBñ�ñ�õ[ÿy:(����÷7ñ�÷*ÿ¿��"�
�x}Fp�^xrL^`cFcF�z�£jOcFtlhFjScFiS_
�qiSyL�4tSY

üqyFb
α = 2

b
ω = 1

iS�SiS�S��t�cFcF��_£p�^`aDiSc��FyFbFcFbL�f^`t�s.jSb6rHiS�S��\FcFiS��ip�^`aUiScL^�+�bFa6^
divj = −D∆f(x, t), j = −Dgradf(x, t).
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üqyFb

α = 2
b
ω 6= 1

�4��bL�4t�t��
rLtleLiqk�kl�U��rLbL���q�Up�bFiScFcF�z�
iS�SiS�S��t�cFbFt���m
j = −Dgrad 0 � 1−ωt f(x, t) = −D0 � 1−ωt gradf(x, t).��^xeLbF\FbFtqjO�FyL^`jSiS_>\L^Sk�sSb>�FyFiSbFp�jSi~rLcFiS_?�Fi	jSyFt��8t�cFb>rLyFiS�ScFiS��i��FiSyDh6rLaU^

0 � 1−ωt gradf(x, t) =
1

Γ(ω)

∂

∂t

t∫

0

gradf(x, τ)dτ

(t− τ)1−ω

iSs`yL^x�O^`t�s?j`eLb6hFcFbFt��L^S�8hFs`b �FyFiS Ft�k�k�^?cL^?yL^Skl�FyFiDkls`yL^`c6t�cFbFt�rLbL���q�Up�bFiScFcFiS��i�L^`aDt�sx^FmÖ�UeLiSs`cFiDkls`g�s`iSa6^.j.rK^`cFcF��_��4iD�4t�cFs�iS�FyFtlrLtle6hFt�sSk�h�cFt��4��cFiSjSt�cFcF�z���yL^xrLbFt�cFs`iD���6eFiSsSc6iDkls`b j2rK^`cFcF��_��4iD�4t�cFs~}n^2t���i?��jSi`eL�] FbFt�_�j?s`t�\Ft�cFbFt�jDkltl���i£�FyFtlrL{�t�kls`jS�U�]��t���i£�Ft�yFbFi~rK^WrLbL���q�Up�bFbnY
ûÖsx^�iDkliS�St�cFcFiDkls`g£�4i~��t�s��S��s`giS�S�Dk�eLiSjxeLt�cL^OcL^xeLbF\FbFt���j?klyFtlrLtOk�eL�U\L^`_FcFi2yL^Skl�FyFtlrLtleLt�cFcF���
eLiSjS�U{�t�a�k�yL^Sk���FyFtlrLtleLt�cFbFt���jSyFt��4t�cFbH�~rLt�yS�O^`cFb6h�kls`t��Ft�cFcFiS��iWs`bF�L^FY � �U��rLbL���q�Up�b6h�cFiDklbFscFt��f^`yFaDiSjDklaFbF_n}FcFi�eLiSaU^xeLgScF��_?�U^`yL^`aFs`t�ynY
üqyFb

α < 2
b
ω = 1

bL�4t�t�s	�4t�kls`i2kl�U�Ft�yDrLbF���q�Up�bFiSc6cF��_>yFtl�	bL��m
divj = D(−∆)α/2f(x, t).

XW��s`iD��yFtl�	bL�4t�klaUiSyFiDkls`gZbFp��4t�cFt�cFb6h��6eLiSs`cFiDkls`b�jZrK^`cFcFiS_�s`iS\FaUt�iS�FyFtl�rLtleFhFt�sSk¨hvcFt���yL^xrLbFt�cFs`iD��j�rK^`cFcFiS_
s`iS\FaUtS}L^OyL^Skl�FyFtlrLtleLt�cFbFt���rLbL���q�Uc6rLbFyF�D��]��t�_vkl�U�Dklsx^`cF FbFb>jSiOjDklt��£�FyFiDkls`yL^`cLkls`jSt�j�rK^`cFcF��_v�4iD�4t�cFs�¤ j`eLb6hFcFbFt��Si`eLg`�{�b6���FyFiS�St���iSj
k	^SklbL�4�Fs`iSs`bF\Ft�klaFb�kls`t��FtlcFcF�z�¢�U^`yL^`aFs`t�yFiD�<yL^Skl�FyFtlrLtleLt�cFb6hK¦�Y� �U�Ft�ySrLbL���q�6plb6h£¤ cL^`p���jD^`t��f^xhvsx^`a6��t�rLbL���q�Up�bFt�_Â��t�jSb�b6eLb��Fi`eLt�s~^S�4bÇ��tl�jSbK¦§d?�f^`y6aUiSjDklaFbF_n}6cFi	cFtleFiSa6^xeLgScF��_>�FyFiS Ft�k�k`YXWyL^`�SiSs`t�� �6�0�6yL^Sk�k��4iSs`yFt�cL^]p�^xrK^~\L^ziS�Zi~rLcFiD�4t�yFcFiS_�kl�U�Ft�yDrLbF���q�Up�bFb�cL^iSs`yFt�p�aDt
[a, b]

}Sj�yL^S�4a6^x��aDiSs`iSyFiS_�rLbL���q�Up�bFiScFcF��_Os`iSav¤ sSiS\6cFt�tS}St���i��FyFiSt�aF Fb6hcL^�iDklg
x
}�j`rLi`eLg�aUiSs`iSyFiS_qyL^Sk�k��f^`s`yFbFjD^`t�sSk�hZrLbL���q�6plb6hK¦T�FyFt�iS�SyL^`p��St�sSk¨hqa�jSb6rL�

j(x, t) = −K
2

[
a � α−1x + x � α−1b

]
f(x, t) = −K a � α−1b f(x, t) =

= − K

2Γ(2− α)
∂

∂x




x∫

a

f(x′, t)dx′

(x− x′)α−1 +

b∫

x

f(x′, t)dx′

(x′ − x)α−1


 =

= − K

2Γ(1− α)
∂

∂x




x∫

a

f(x′, t)dx′

(x− x′)α −
b∫

x

f(x′, t)dx′

(x′ − x)α


 .

wzjSs`iSyF�*b6cFs`t�yF�FyFt�s`bFyF�U�]sWaU^x�OrL��_£bFp>\6eLt�cFiSj���s`iS_£yL^`p�cFiDkls`b�a6^`a£jSaUeK^xr�jcL^`�`eL��rL^`t��4��_vj2s`iS\FaDt
x
s`iSa
eLt�jSiS_
b��FyL^xjSiS_W¤ �Fi2iSs`cFiS{�t�cFbF�Ba�cFt�_L¦�\L^Skls`biSs`yFt�p�aDiSjL}TbF��cFiSyFbFy6�`h�s`iSs
��^`aFs~}T\Fs`i>�FyFb

α > 1
��s`b bFcFs`t���yL^xeL�ByL^Sk��Si~rFhFsSk�h
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j = −K a � α−1b f(x, t),

�FyFbFjSi~r6hF��t�tqa
�UyL^`jScFt�cFbF�
∂f

∂t
= K

∂

∂x
a � α−1b f(x, t)

�FyFtlrKkls~^`j`eFhFt�sSk�h
�Si`eLt�tZaUiSyFyFt�aFs`cF�z��YX�k�eL�U\L^`t
α < 2

b
ω < 1
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x 7→ ax
}
a > 0

Y�G�^Skl{�sx^`�ScFizbFcFjD^`yFbL^`cFs`cF�z�4b�hFj`eFhF�]sSk�h�s`iS\FaU^F}~�FyDhL�f^xhn}~�6eLiDk��aUiDk�sSgL}¬�FyFiDkls`yL^`cLkls`jSiLmna6^`a.cFt	bFp��4t�c6hF_��f^Skl{�s~^`�L}ns`iS\FaU^viDkls~^`t�sSk�h.s`iS\FaDiS_n}8^�FyDhF�f^xhW¤ �St�klaUiScFt�\FcL^xh?�FyDhL�f^xhK¦Öd	�FyDhL�4iS_nYX�^x�	cF�U� yFi`eLg�j£^`cL^xeLbFp�t k�^S�4iS�Fi�rLiS�ScF���Hkls`yF�UaFs`�Uy¢bF��yL^`t�s��FiSc6hFs`bFt
ô1�
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d�rFeFh£�FiSjSt�yD�6cFiDkls`bn}Ö�?d�rFeFh�eLbFcFbFbnYIüqyFbWrLyF�U��iD�*¤ÒùJ÷7ó�÷*��x÷�°���þ>ò!ø0��÷*ÿ�¦�iS�FyFtlrLtleLt�cFbFb�yL^`p��4t�yFcFiDkls`gW�4cFi���t�kls`jD^ s~^`a6��t
�Fi`eK^`�l^`t�sSk�h£ Ft��eL�z�!\FbLk�eLiD��}§cL^.tlrLbFcFbF F�£�Si`eLgS{�bL�ByL^`p��4t�yFcFiDkls`bHyL^`p�yFt�p�^F}fyL^`plrLtleFhF�]��t���it���iZcL^]rLjSt�cFt�klj`hFp�^`cFcF��t�\L^Skls`b
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D
iS�FyFtlrLtleFhFt�sSk�hv�qiSyL�4��eLiS_

D =
ln N

ln n
, (4.1.1)

� rLt
N
d�\FbLk�eLi�i~rLbFcL^`aUiSjS���£\L^Skls`t�_n}ÖcL^WaUiSs`iSyF��t��4i��	cFi�yL^`p�yFt�p�^`s`g�k�^S�4i`��Fi~rLiS�ScF��_�iS�&Ént�aFs�cL^��Fi~rLiS�ScF��t�t��4��\L^Skls`b�kveLbFcFt�_FcF�z�4b�yL^`p��4t�yL^S�4b<j

nyL^`pz�4t�cFgS{�bFtzbLk��Di�rLcF���¬Y&��t���aDi�jSb6rLt�s`gL}S\Fs`i�iS�FyFtlrLtleLt�cFcL^xh2�qiSyL�4��eLiS_v¤¦'LY �SY �~¦yL^`p��4t�yFcFiDkls`gL}U�S�~rL�U\Fb?�FyFbL�4t�cFt�cFcFiS_>a>iSs`yFt�p�aF�S}6aFjD^xrLyL^`s`�	b>aF�U�S�S}DrK^`t�sOkliSiSsx�jSt�sSkls`jSt�cFcFiqp�cL^~\Ft�cFb6h
�S}S�Zb��F}SkliS��eK^Skl�U�]��bFt�k�hOk�rLyF�U��bL�4bOiS�FyFtlrLtleLt�cFb6hL�4bnYDXiSs�eLbF\FbFt�iSsZcFb6�¬}`i~rFcL^`aUiL}xiS�FyFtlrLtleLtlcFbFt�¤¦'LY �SY �~¦8�4i���t�sq�FyFbFjSt�kls`bObOa�rLyFiS�ScFiD�4�p�cL^~\FtlcFbF��Y

ý§bLk`Y$'LY �Sm �6 #�Bg
&*0*$�Y7���
.B #$7��)#.`ñ
X�iSp�gD�4t��ÎiSs`yFt�p�iSa(rFeLbFcFiS_

L
b#��rK^xeLbL� t���i  Ft�cFs`yL^xeLgScF�U�ès`yFt�s`g¤«ý§bLk`YE'LY �~¦�Y�«�t�klaDiScFt�\FcFi��FiSjSs`iSySh6h���s`��iS�Ft�yL^` FbF� k�iDkls~^`jS{�bL�4bLk�hHiSs`yFt�p�a6^x��4bn}6�Fi`eL�U\FbL��cFt�aDiSs`iSyFiStq�4cFi���t�kls`jSi�s`iS\Ft�an}UhFj`eFhF�]��t�t�k¨h>k�^S�4iS�Fi~rLiS�ScF�z��YUoqp�FiDkls`yFiSt�cFb6h>jSb6rLcFiL}6\Fs`i

N = 2
b
n = 3

}Fsx^`a
\6sSi

D =
ln 2

ln 3
≈ 0, 63093. (4.1.2)� iSiSs`cFt�klt��Hs`t��Ft�yFg>k�yL^Sk�k��f^`s`yFbFjD^`t��4�z���4cFi~��t�kls`jSiD�HcFt�iSs`yFbF L^`s`tleLgScF�U��^xrF�rLbFs`bFjScF�U���q�UcFaF FbF��¤¥�f^Sk�kl�F¦

m(x)
}Usx^`a?\Fs`i�t�k�eLb?iSs`yFt�p�iSa

L
rLtleLbFsSk¨h>cL^�s`yFb\L^Skls`bn}Di~rLcL^�bFp]aDiSs`iSyF���	iSa6^`p���jD^`t�sSk¨h	�F�Dkls`iS_n}U^�rLjSt�rLyF�U��b6�	�Fi~rLiS�ScF�HbLk��Si~rF�cFiS_n}6s`i

m (L) = 2m (L/3) .�qt�s`yF��rLcFi?�FyFiSjSt�yFbFs`gL}K\Fs`i?yFt�{�t�cFbFt��H��s`iS��i?�UyL^`jScFt�c6b6hvhFj`eFhFt�sSk¨h�kls`t��Ft�cFcL^xh�q�UcFaF Fb6h
m (x) = m (1) xD, (4.1.3)� rLt

D
jScFiSjSg�rK^`t�sSk�h
jS��yL^x��t�cFbFt���¤¦'LY �SY �S¦�Y�+�iSyL�4��eL� ¤¦'LY �SY �D¦��4i��	cFi	yL^Sk�k��f^`sx�yFbFjD^`s`g�aU^`a	t���t�i~rLcFi�iS�FyFtlrLt�eLt�cFbFtzyL^`p��4t�yFcFiDkls`bnYS[4rLiS�ScFi�k�eLt���a6^��4i~rLbL�qbF Fb6�yFiSjD^`s`g�t���iL}6jSjStlrFh>�FiSc6hFs`bFt�yL^xrLbF�Sk�^

R
m

m (R) = m (1) RD. (4.1.4)
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m (R)
d£s`t��Ft�yFg��f^Sk�k�^W\L^Skls`b<yL^Sklk��f^`s`yFbFjD^`t��4iS��i��4cFi~��t�kls`jD^F}ÖcL^x�Si`�rFhF��t�_Lk¨h�jScF�Us`yFb£{�^`yL^�yL^xrLbF�DkliD�

R
}4b

D
dkÿ��/ø!øB÷oö(���mô1�
:!ÿDòÀôxñ�÷oøBùJúSYØ Ök�eFb�f^Sk�k�^2yL^`jScFiD�4t�yFcFi?yL^Skl�6yFtlrLtleLt�cL^?�Fi?iS�&Ént��4�S}Ks`i

m(R) = m(1)R3 }Tt�k�eLb�iScL^yL^`jScFiD�4t�yFcFi]yF^Skl�FyFtlrLtleLt�cL^]�Fi]�6eLiDklaUiDkls`b�b6eLb��FiZ�FyShL�4iS_n}xs`i
m(R) = m(1)R2b6eLb

m(R) = m(1)R1 }LkliSiSs`jSt�sSkls`jSt�cFcFiLY"Gv^Sk�k�^ObFp�i`eLbFyFiSjD^`cFcFiS_?s`iS\FaFbvj	��s`iD�k�eL�U\L^`t	yL^`jScL^>cF��eL��Y?�q��eL����t2yL^`jScL^>bW�f^Sk�k�^vkl\Ft�s`cFiS��i��4cFi���t�kls`jD^
bFp�i`eLb6�yFiSjD^`cFcF����s`iS\Ft�anY � iSiSs`cFiS{�t�cFbFt
¤¦'LY �SY �D¦]��iSjSiSyFbFs~}T\Fs`i��4�!bL�4t�t��<rLtleLi
plrLt�klgk2cFt�aUiSs`iSyF�z�¡�4cFi~��t�kls`jSiD���FyFiD�4tl�	�Us`iS\FcFiS��i�s`bF�L^Fm4��s`i �D��t>cFt?s`iS\Fa6^F}�rFeFhaUiSs`iSyFiS�li
D
�S��eLiO�S�¢yL^`jScFi	�F}6cFiOt���t�b>cFtqeLbFcFb6hn}6rFeFh
aUiSs`iSyFiS_

D = 1
Y

ý§bLk`Y$'LY �6m ��)�%+Yo.!"6���2f/.`ñ
 Ök�eLbW�4���S��rLt��¢cFtO�FyFiDkls`i
�U�SbFyL^`s`g
 Ft�cFs`yL^xeLgScF�U��s`yFt�s`gviSs`yFt�p�aUiSjL}n^p�^S�4t�c6hFs`g]t�t§rLiS�Fi`eLcFt�cFbFt��
rLi]yL^`jScFiDkls`iSyFiScFcFt���i�s`yFt��U��i`eLgScFbFa6^F}��FiDkls`yFiSt�c6cFiS��icL^�cFt�_?aU^`a2cL^�iDklc6iSjD^`cFbFbn}S�Fi`eL�U\FbL�.rLyF�U���U�¢�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`g?¤«ý§bLk`Y�'LY �S¦�YoqpqiS\Ft�jSb6rLcFiS��i��FiO�FiDkls`yFiSt�cFbF�BkliSiSs`cFiS{�t�cFb6h

m(L) = 4m(L/3),

k�eLtlrL�`t�sx}F\Fs`i
m(x) = m(1)xD,� rLt

D = ln 4/ ln 3 ≈ 1, 26186
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jOs`iD��}F\Fs`i	cFt��Fy6tl�yF��jScFiStZkliSjSt�yF{�t�cLk�sSjSiSjS^`cFbFtzaDiD�4�FgS�]s`t�yFcF���2s`tl�6cFi`eLiS��bF_2j`eLt�\Ft�s�p�^�kliS�SiS_	cFts`i`eLgSaUiv��jSi`eL�] FbF�*klsx^`yF���¬}ncFi�bWyFi~�OrFt�cFbFt2cFiSjS��� cL^~�U\FcF��� s`tl�6cFi`eLiS��bF_n}na\FbLk�eL�?aDiSs`iSyF���?iSsSc6iDklbFsSk�h
bv�qyL^`aFs~^xeLgScF��_
^`cL^xeLbFpSY
üqyFbF\F�~rFeLb6jS��t>�qiSyL�4�/�qyL^`aFsx^xeLgScF���.kls`yF�UaFs`�Uyn}4�Fi��Di~�	bFt2s`i�cL^�klcFtl��	bFcFaFbn}Ss`i�cL^ZeLbLkls`g`hOa6eLt�cL^F}`s`i�cL^qaF�U\Ft�jS��t�iS�`eK^`a6^F}~s`i�cL^qbFp�yFt�p�^`cFcFiSt��qgxiSy6�rK^S�4b��FiS�St�yFtl�	gStS}KkliSplrK^`�]s2jS�Ft�\L^`s�eLt�cFbFt�cFt�aUiS_�^xeLgxs`t�y6cL^`s`bFjScFiS_���t�iD�4t�s`yFbFbn}b6rL�U��t�_�iSsz�FyFbFyFi~rL��}�iS�FbLk�^`s`gzaUiSs`iSyF�U�£�FyFbFjS��\6cF�z�4b�^`cL^xeLbFs`bF\Ft�klaFbL�4b�klyFtlrF�kls`jD^S�4b<cFt�jSiSp��4i��	cFiLY�ð�t�_Lkls`jSbFs`tleLgScFiL}Öb�k�^S�f^W�FyShL�f^xhn}�b<�FyFiDkls`t�_F{�bF_<�Fi`�k�eLtZcFt�tZ��t�iD�4t�s`yFbF\Ft�klaFb6_>iS�&Ént�aFs�dOp�cL^`aUiD�4^xh?kli�{�aDi`eLgScFiS_?kla6^S�4gSb?�L^`yF^`�Si`eK^

y = x2+ c
d�� eK^xrFaFbFtS}¬u~�St�pZkl�U\Fa6^�b2p�^xrLiSyFbFcFaFbn|�eLbFcFbFbn}U�St�klaUiScFt�\FcFiqrK^xeLt�aFbFtiSsWu~t�kls`t�kls`jSt�cFcF���¬|>eLbFcFbF_ dvaUiScFs`�UyL^?rLt�yFt�jD^F}¬��yL^`cFbF F�BeLbLklsx^FY Y Y�©�bF�FbF\FcF��_�FyFi~rL�UaFs>rLtlhFs`tleLgScFiDkls`bW^`�Dkls`yL^`aFs`cFiS��i
�6�f^FYK�qt	�S��rLt���}ni~rLcL^`aUiL}¬s`iSyFiS�FbFs`gDk�hnY

üqt�yFt�_6rLt���jOaUiD�4�6eLt�aUklcF�U�¡�6eLiDklaUiDkls`gOb
kliSjSt�yF{�bL���FiOcFt�_Wu~�FyFiS���~eLaF�T|OkZ�Fi`�
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�4iS��gS��s`iS_>��t��qiSyL�4�~eL��}6�FyFt�jSyL^`s`bFjOt�tqjOyFt�aF�UyFyFt�cFs`cFiSt�kliSiSs`cFiS{�t�cFbFt

zn+1 = z2n + c, n = 0, 1, 2, . . .

ý4t�p���eLgxs~^`s`iD�'sx^`aUiS_ u~�FyFiS���~eLaFbn| ¤ cL^`p���jD^`t��4iS_ ó/ôx÷*<xò!ø!øB÷*ÿ �Â�oñ�57ò �xú&�6-ôx÷7ù-�D¦ klsx^`cFt�s �FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`g²s`iS\Ft�a j aDiD�4�6eLt�a6klcFiS_ �6eLiDklaDiDkls`b
z1, z2, . . . , zn, . . .

YKX¢p�^`jSbFklbL�4iDkls`bviSs	jS���SiSyL^
z0
b
c
�FyFb

n → ∞ ��sx^	�FiDk�eLtl�rLiSjD^`s`tleLgScFiDkls`g?�4i~��tls>�D�Di~rLbFs`g?cL^?�St�klaDiScFt�\FcFiDkls`g ¤ a6^`an}¬kla6^x��t���}¬�FyFb
c = 0b

z0 = 2
¦�}¬kls`yFt��4bFs`gDk¨h a�cF�~eL��¤ aU^`an}TcL^`�FyFbL�4t�yn}T�FyFb

c = 0
b
z0 = 1/2

¦zb6eLb�St�klaDiScFt�\FcFi��`eL�D�OrK^`s`gL}DiDkls~^`jD^`s`gDk�h	cL^�aUiScFt�\FcFiD�.yL^Sk�kls`i~hFcFbFb2iSs� Ft�cFs`yL^�b2cFtkls`yFt��8hLklg2cFb�ava6^`aDiS_vaUiScFaFyFt�s`cFiS_vs`iS\FaUtSYT©niS\FaU^2aDiD�4�6eLt�a6klcFiS_v�6eLiDklaUiDkls`bn}LaaUiSs`iSyFiS_>k��Si~rLbFsSk�h?�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`g {zn} }6cL^`p���jD^`t�sSk�hÇ�oùJù�ô1����ùJ÷-ôx÷*ÿ�YFX�Ft�yFjSiD�£k�eL�U\L^`t�^`s`s`yL^`aFs`iSyFiD��hFj`eFhFt�sSk¨h
�St�klaUiScFtl\FcFiDkls`gL}6jSi�jSsSiSy6iD��d	cF��eLgLY

ý§bLk`Y$'LY �Fm �6 #�Bg�&*0*$�Y7�6Ð �X9+%5.DØÙO2)#.B +%+K5.�b2.!$7&*QR #&- + #�!HA��^!95.!0*$�%>Ú¨ñ
� ^S�qbFa6klbFyF�`t��<s`t��Ft�yFg

c
b.yL^Sk�k��4iSs`yFbF���4cFi���t�kls`jSi
jDkltl��p�cL^�\Ft�cFbF_

z0
}�FyFb<aUiSs`iSyF�����FiDk�eLtlrLiSjD^`s`tleLgScFiSkls`g {zn} iDklsx^`t�sSk�h<iS��yL^`cFbF\Ft�c6cFiS_!¤�ÿ�ñ�÷
��ò0�øBùAöo÷Xbq2©�����U¦�YK Ök�eLb

c = 0
}8sx^`aFbL�B�4cFi���t�kls`jSiD��hFj`eFhFt�sSk¨h��FyFiDkls`i�iSaFyF�D�O�cFiDkls`gqtlrLbFcFbF\FcFiS��i�yL^xrLbF�Sk�^F}xrLtleFhF��^xh�aUiD�4�6eLt�aUklcF�U�<�6eLiDklaDiDkls`g�cL^Zp�iScF��j`eLb6�hFcFb6h>rLjS�D�?�U�FiD��hFcF�UsS���?jS��{�t�^`s`s`yL^`aFs`iSyFiSjLY1 Ök�eLb>��t�jS���St�yFt���}6cL^`�FyFbF�4t�yn}

c = −0.1235 + 0.56508i,

s`iOklbFs`�S^` Fb6h?yFt�p�aUi�bFp��4t�cFbFsSk�hnm6jScF�Us`yFt�cFcFbF_>^`s`s`yL^`aFs`iSy?�D��tZcFt]�S�~rLt�s�cF��eLt���}^.��yL^`cFbF L^ rLt��qiSyL�4bFyF�St�sSk�hHbn}Ö\Fs`i��Fi~��^xeL�U_n}�k�^S�4iStvbFcFs`t�yFt�k�cFiSt�plrLt�klgL}Ö�Ft��yFt�kls~^`cFt�s?�S��s`g2��eK^xrLaUiS_n}Kklsx^`cFt�s?klb6eLgScFi2bFpleLiD�f^`cFcFiS_vcL^	yL^`p�cF���v�f^Skl{�sx^`�D^x�¤«ý§bLk`Y�'LY �D¦�Y`�]cL^zcL^`�FiD�4bFcL^`t�szeLbFcFbF�H�FiS�St�yFtl�	g`h�� rLtl� cFbF�S��rLg]j³�qiSyFjSt��lbFbn}�rFeLb6�cL^
aDiSs`iSyFiS_n}nbFp��4t�yFt�cFcL^xh.�Fiva6^`yFs`tS}niSa6^`p���jD^`t�sSk�h�s`t����Si`eLgS{�tS}¬\Ft����4t�cFgS{�t�f^Skl{�s~^`�?�FiDk�eLtlrLcFt�_n}Ts`i>t�kls`g?\Ft����Si`eLt�t��Fi�rLyFiS�ScFiSt�bFp�iS�SyL^x��t�cFbFt���s~^?a6^`yFs~^rK^`t�s~YLX�cFbL�f^`s`tleLgScFi	yF^`p�� eFh6rL��jD^xh>yFbLk`Y$'LY �F}F�4i~�	cFiOiS�ScL^`yF�D�	bFs`gL}6\Fs`i2i�rLbFc
b



�
�S� ��	��"�+��ò /A�o�"ã"���1	#Æ����������#��Æ��=&x���x���
�#�>����Æ��
s`iSsZ��t��leLt��8t�cFs�jDkls`yFt�\L^`t�sSk�h�jqyL^`pleLbF\FcF���O�4t�kls~^x��bObL�4t�t�sqyL^`p�cF��t�yL^`p��4t�yF��Y©�^`aFbFt�k�^S�4iS�Fi~rLiS�ScF��tZkls`yF�UaFs`�6y6�¡«ZY$G�^`c6rLtleLgS�SyFiSs�b
cL^`p�jD^xe
�qyL^`aFsx^xeK^S�4bnY

ý§bLk`Y$'LY 'Lm �6 #�Bg
&*0-$�Yo�6�A.B +,#&-9+:7^�)+��$�.`ñ

ý§bLk`Y$'LY �6m h�)#.!?+$�.B9+:� 5.!"�N+;I9+:6hd.!$�Exñ
GvcFi~��t�kls`jSi8)��zeLbL^ kls`i`eLg���t/�FyFb6�DiSs�eLbFjSi�p�^`jSbLklbFs�iSs

c
YÂ Ök�eLbjS���SyL^`s`g

c = − 0.12 + 0.74 i,s`i<�Fi`eL�U\FbL���D��t�cFt�i~rLcF�S}]^��St�klaUiScFtl\FcFiSt��4cFi~��t�k�sSjSiHrLt��qiSyL�4bFyFiSjD^`cFcF���iSaFyF�D�	cFiDkls`t�_n}�jDklt§t���tÖiS�SyL^`p��U�]��b6�qklj`hFp�cFiStÖ�4cFi~��t�kls`jSiLY*GvcFi~��t�kls`jSi
M
p�cL^x�\Ft�cFbF_

c
}T�FyFbFjSi~rFhF��b6�va klj`hFp�^`cFcF�z��kls`yF�UaFs`�UyL^S�¢�4cFi���t�kls`j�)��zeLbL^F}TcL^`p����jD^`t�sSk�h@ÿ�ñ�÷
��ò!øBùAöo÷*ÿï�Â�oñ�57ò/�xú&6-ôx÷7ù-��¤«ý§bLk`YØ'LY 'U¦�Y? Ök�eLb

c /∈ M
}4�4cFi~��t�kls`jSi)��zeLbL^qyL^Skl�L^xrK^`t�sSk�h�j�iS�`eK^`aUiqb6p�i`eLbFyFiSjD^`cFcF����s`iS\Ft�aOd��Rô1����ù-���xú�ñ"4&2�ó�õK�xú¤«ý§bLk`Y
'LY �S¦�Y�X�cFt��FiDklyFtlrKkls`jSt�cFcFiS_��`eLbFp�iDkls`b�iSs���yL^`cFbF F�

M
�qyL^`aFsx^xeLgScL^xhq�F��eLgiS�SyL^`p��St�s2��rLbFjSbFs`tleLgScF��tO�qbF���UyF�¡dv��^`p�iSj`��t��FiSyFs`yFt�s`�iÈ��o÷7ù���þ>ò!ø0��÷*MÁ5
��ñ����

ÿ��"�&��¤«ý§bLk`Y"'LY ªD¦�� ª�� Y
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üqyFiS Ft�k�kBG�^`c6rLtleLgS�SyFiSsx^
hFj`eFhFt�sSk¨hWeLbF{�g�i~rLcFbL��bFp
�8cFi~��t�kls`jD^�^xeL��i`�yFbFsS�4iSjW��t�cFt�yL^` FbFbH�qyL^`aFsx^xeLgScF����kls`yF�UaFs`�UynY��]cHcL^`��eFh6rLcFi.rLt��4iScLkls`yFbFy6�St�sjSiSp�cFbFaFcFiSjSt�cFbFtZ�U^`iDk�^�bFp��FiSyDh6rLa6^F}FcFi	�U^`iDkZ��s`iSs	rLt�s`t�yL�4bFcFbFyFiSjD^`cvbvjSiDkl�FyFi`�bFp�jSi�rLbL��YU[z��tZ�U�FiD�8hFcF�Us`��tqjS��{�tZklcFtl�	bFcFaFb>�FiSyL^x��^`�]s�cL^`{�tZjSiSiS�SyL^~��t�cFbFtb
yL^xrL�U�]s	� eK^`p�kljSiSt�_vkls`yFiS��iS_
klbL�f�4t�s`yFbFt�_�bv�FiSySh6rLaUiD��}FcFiOrFeFhv�FyFbFyFi�rLcF���iS�&Ént�aFs`iSjWkls`yFiS��bF_<�FiSySh6rLiSaHd�klaUiSyFt�t�bFkla6eL�]\Ft�cFbFtS}�\Ft����FyL^`jSb6eLiLY��]�S��\FcFi�FyFbLkl�UsSkls`jS�U�]��^xh	jSi��qyL^`aFsx^xeLiS�Fi�rLiS�ScF����klbLkls`t��f^x�	jD^`yFbL^`�StleLgScFiSkls`g2¤ bFp��4t�c6�\FbFjSiDkls`g�iSs�i~rLcFiS��i���aFp�t��4�6eFhFyF^�a2rLyF�U��iD�4�O�FyFb>kli��6yL^`cFt�cFbFb2iS�S��t���i��4iSs`bFjD^D¦rK^`t�sOiDk�cFiSjD^`cFbFtZyL^Sk�k��f^`s`yFbFjD^`s`g³øBùJ÷�È��/øBù���þ>ò!ø0�&�xòO¤�ø ��4�þ$�(M�ñ�õ�ò~¦Ö�qyL^`aFsx^xeL��Y
X�jStlrLt�cFbFt�kls`i~�U^Skls`bFaFb	kl�U��t�kls`jSt�cFcFiqiS�SiS��^`��^`t�sZ�qyL^`aFsx^xeLgScF�U�HaUiScF Ft��6� FbF��b>yL^Skl{�bFyDhFt�sOk��qt�yF�	t�tq�FyFbL�4t�cFt�cFbF_nY � s`i~�U^Skls`bF\Ft�k�aFbF_v�qyL^`aFs~^xe
cFtqjSiDk���FyFiSbFp�jSi�rLbL��mLiSc
�FiScFbL�f^`t�sSk¨hva6^`a
�St�klaUiScFt�\FcFiSt��4cFi~��t�kls`jD^OyFt�^xeLbFp�^` FbF_�kqp�^x�rK^`cFcFiS_OcL^ZcFt�� jSt�yFi~hFs`cFiDkls`cFiS_O�4t�yFiS_v¤-ø2ù��où��xøBù���þ>òBø0�&�"MB�oñxø3�!ÿ�6��xú³�"�"6*6oø3�U¦�Y� iSiSs`cFiS{�t�cFbFtz¤¦'LY �SY �D¦T�FiScFbL�f^`t�sSk�h�s`t��Ft�yFg]j]k��4�zk�eLt��f^`s`t��f^`s`bF\Ft�k�aUiS��izi~�	b6rK^x�cFb6hn}Ö¤¥klyFtlrLcFt���iv�Fiv^`cLk�^S�4�`eL�q¦�}�^
kljSiS_Lkls`jSi
k�^S�4iS�Fi~rLiS�Sb6h�yL^Skl�FyFiDkls`yL^`c6hFt�sSk¨hb�cL^�jSt�yFi~hFs`cFiDkls`cF��t2�D^`yL^`aFs`t�yFbLkls`bFaFb�kls`i~�D^Skls`bF\Ft�klaUiS��i��qyL^`aFsx^xeK^FY8«��~rL�U\Fbkls`i~�D^Skls`bF\Ft�klaFbL�Hj?i�rLcFiD���f^Skl{�s~^`�StS}Lj?klb6eL�vk�^S�4iS�Fi~rLiS�Sb6hv�qyL^`aFs~^xe�rLi`eF��t�c�S��s`g�kls`i~�U^Skls`bF\Ft�klaFbL��bOjSiqjDkltl��rLyF�U��b6�O�f^Skl{�sx^`�D^x�¬Y�ð�yF�U��bL�4b	k�eLiSjD^S�4bn}x�UjStl�eLbF\Ft�cFbFt]yL^`p��4t�yFiSj�cL^`�`eL��rK^`t��4iS_2\L^Skls`b2yL^Sk�k��f^`s`yFbFjD^`t��4iS��i�kls`i��U^Skls`bF\Ft�klaDiS��i�qyL^`aFsx^xeK^OcFt�kliS�FyFiSjSi~�OrK^xt�sSk�h
�6�4t�cFgS{�t�cFbFt��Hklsx^`s`bLkls`bF\6t�klaFb6���ZeL�UaFs`�S^` FbF_nYð ù-�où��xøBù��"�
���Rô��(��ù-���x÷oö 5 ñxò�°���4+ø!øB÷oö(� øBù-�où��xøBù��"�
�*�Vö³ò!òA÷oøBñ�÷oö/ò���ò����où4+øBùJ÷*M�þ1�xöoõ�òVô��/øBó/ô�ò�57ò/��òBñ"���$�I÷7ù�����þ5ñ�õ�òe÷7ù�ñ�÷-ô+ÿ����xú�ñ�÷�°*÷(Jøqt�cFs`yL^xeLgScFiS_
�4i�rLtleLgS�¡s`t�iSyFt�s`bF\Ft�klaDiS_v�qbFp�bFaFb>hFj`eFhFt�sSk�h
�f^`s`t�yFbL^xeLg`�cL^xh2sSiS\6a6^�dOiS�&Ént�aFs�kls`i`eLg��f^xeL���2yL^`p��4t�yFiSjL}D\Fs`i�r6eFh>�UaU^`p�^`cFb6h?tl��i��Fi`eLi~��tl�
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cFb6h£j��FyFiDkls`yL^`cLkls`jSt2rLiDklsx^`s`iS\FcFi�rK^`s`g�aUiSiSyDrLbFcL^`s`�/i~rLcFiS_���t�iD�4t�s`yFbF\Ft�klaDiS_s`iS\FaFbnY!ýf^`p��6�4t�t�sSk�hn}�jDkltfp�^`jSbLklbFs�iSs�yL^Sk�k��f^`s`yFbFjD^`t��4iS_qp�^xrK^�\Fbnm�iS�FbFkl��jD^xh�X�kltl�eLt�cFcF�U��}T�4�B�4i~��t���kl\FbFsx^`s`g?sx^`aFbF�4b�s`iS\Fa6^S�4b� FtleL��t��l^xeK^`aFs`bFa6bn}Tj?kli`eLcFt�\6�cFiS_vklbLkls`t��4t��4�¡kl\FbFsx^`t���s`iS\Fa6^S�4b
�6eK^`cFt�s`��}Lj2kliDkl�~rLt�kq�l^`p�iD��d?^`s`iD�4��b6eLb�4i`eLt�aF��eL��}FbFp��U\L^xh
^`s`iD�£�4��kl\FbFsx^`t��£s`iS\Fa6^S�4b
�leLt�aFs`yFiScF�¢b>h6rLyFiLY

«��~rLt���}�rFeFh�aFyL^`s`aUiDk�sSb¬}zcL^`p���jD^`s`g��f^`s`t�yFbF^xeLgScF��tWs`iS\FaFbw�/ùJ÷-ÿ��!ÿ��LY
ýf^`p��4t�kls`bFj
^`s`iD�4�BcL^2�FyDhL�4iS_�cL^?yL^`jScFiD�HyL^Sk�kls`i�hFcFbFb�rLyF�U��iSs2rLyF�U�l^F}K�Fi`eL�D�\FbL�¢i~rLcFiD�4t�yFcF�U�*�4i�rLtleLgvaFyFbLkls~^xeFeLbF\Ft�klaUiS_.yFt�{�t�s`aFbn}�^
yL^`p��SyFiDk�^`j?b6�.k�eL�D�\L^`_FcFiL}U�Fi`eL�U\FbL���4i�rLtleLgOi�rLcFiD�4t�yFcFiS��i��l^`p�^FY � rLt�klgL}Ui~rLcL^`aDiL}6k�eLtlrL�St�s�aUiStl� \Fs`i�Us`iS\FcFbFs`gL}Fb
jO�Ft�yFjS�U��iS\Ft�yFtlrLg�d	�FiSc6hFs`bFt?uxk�eL�U\L^`_FcFiL|~Y

üq�Dkls`g�^`s`iD�4��yL^Skl�Fi`eLi~��t�cF��jqs`iS\Fa6^x�
x1, x2, x3, ...

bOyL^Sk�kls`i�hFcFb6h	�4tl�O�rL�OkliDkltlrFhL�4b	yL^`p�cF��tzb	aUi`eLt��`eL�]sSk�h�¤ cFtzj�k��4�zk�eLt]p�^`jSbLklbL�4iDk�sSbOiSs�jSyFt��4tlcFb	da6^`yFs`bFcL^2klsx^`s`bF\6cL^xhn}T^	j?k��4�zk�eLt�b6�
p�cL^~\Ft�cFbF_
rFeFhvyL^`p�cF���
�FyFiD�4tl�	�Us`aUiSjU¦�j{�bFyFiSaFb6�O�FyFtlrLtleK^x��¤«ý§bLk`Y
'LY ´`¦�Y�Gvi��	cFi�eLb?klaU^`p�^`s`g�i�s`iD��}U\Fs`i�iScFb	yL^Skl�FyFtlrLtl�eLt�cF��k�eL�U\L^`_FcFi�,��qt�s~}naU^`aFbL�¢�S���FyFbF\F��rFeLbFjS�z�¢��s`ivyL^Skl�FyFtlrLtleLt�cFbFtOcL^S�¢cFba6^`p�^xeLiDk�gLYxð�eFh.s`iS��iL}¬\Fs`iS�S�!��iSjSiSyFbFs`g>i�k�eL�U\L^`_FcFiD�<yL^Skl�FyFtlrLtleLt�cFbFb.^`sSiD�8iSjcL^z�FyDhL�4iS_n}�cL^xrLi]p�^xrK^`s`g]bUeLb��DiSs�h��S���4�zk�eLt�cFcFi�¤ a6^`a���s`i]rLtleK^xe�CnbF�S�Dk�¦T�FyFtlrF�klsx^`jSbFs`g�klsx^`s`bLkls`bF\Ft�klaFbF_
^`cLk�^S�4�`eLgL}Ds~YUtSY6�4cFi~��t�kls`jSi�yL^`p�cF���	yL^Skl�FyFtlrLtleLt�cFbF_^`s`iD�4iSjvcL^
�FyDhL�4iS_�k	p�^xrL^`cFcF�z�4bWjSt�yFi~hFs`cFiDkls�hL�4bW�Fi~hFj`eLt�cFb6h.a6^x�OrLiS��i
aUiSc6�aFyFt�s`cFiS��i]yL^Skl�FyFtlrLtleLt�cFb6hnY � ��s`iS_�s`iS\FaFb�p�yFt�cFb6h�rLt�s`t�yL�4bFcFbFyFiSjD^`cFcL^xh�klyFtlrK^zd��s`i.^`cLk�^S�4�`eLgL}8jDklt>\6eLt�cF�*aUiSs`iSyFiS��i�i~rLbFcL^`aDiSjS��Y�üqiS��s`iD�4�S}4t�k�eLb��4��bL�4t�t��jDklt���i i�rLcFi.cL^`�`eL��rK^`t��4iSt>yL^Skl�FyFtlrLtleLt�cFbFtS}fcL^S�!cFt>rK^`cFi �Up�cL^`s`gL}f�FyFbFcL^xrFeFtl��	bFs.iScFi.klsx^`s`bLkls`bF\Ft�klaUiD�4�£b6eLb£rLt�s`t�yL�4bFcFbFyFiSjD^`cFcFiD�4�£^`cLk�^S�4�`eL��Y��zrLcL^`aDiL}t�k�eLb?�4�<bL�4t�t��.jSiSp��4i~�	cFiDkls`g��FiSjSs`iSyShFs`g���aUkl�Ft�yFbL�4t�cFs�b2cL^`�`eL��rK^`s`g�yFt�p���eLg`�sx^`sqklc6iSjD^zbOklcFiSjD^F}�s`iZ�D��t��FyFbO�f^xeLiD�v\FbLk�eLt�cL^`�`eL��rLt�cFbF_��4i~�	cFiZ�Dkls~^`cFiSjSbFs`g��^`aFs	k�eL�U\L^`_FcFiDkls`bn}K^O�FyFbv�Si`eLgS{�iD�Wd2�FiDkls`yFiSbFs`g	cFt�aUiSs`iSyF�U�!�4i�rLtleLg2klsx^`s`b6�kls`bF\Ft�klaDiS��i2^`cLk�^S�4�`eFhnY
üqyFtlrL�Fi`eLi~�	bL��}6\Fs`iOsx^`aU^xh>jSiSp��4i~�	cFiDkls`g�t�k�sSgL}6b>\Fs`iL}6cL^`�`eL��rK^xh?cFt�aUi`�s`iSyF��_£�FyFiD�4tl�	�Us`iSa

(0, x]
iDklbn}4�4�*�Dkls~^`cFiSjSb6eLbn}8\Fs`i \FbLk�eLi ^`s`iD�4iSj�cL^�cFt��

N(x)
yL^Skl�FyFtlrLtleLt�cFi��Fi�p�^`aDiScF�Aüq�D^Sk�kliScL^qkli�klyFtlrLcFbL�Wp�cL^�\Ft�cFbFt�� 〈N(x)〉 Y
 Ök��eLb	s`t��Ft�yFgL}SyL^`p��SbFjD^xh

(0, x]
cL^�iSs`yFt�p�aFb

∆xi
yL^`pleLbF\FcFiS_�rFeLbFcF��}D�4�H�S�~rLt����Fi`�eL�U\L^`s`g]s`iSs]��t�yFt�p��~eLg~sx^`s]b�rFeFh���s`b6��iSs`yFt�p�aDiSjL}�sxY~tSY~�UjSb6rLbL��}~\6sSiZc6t�p�^`jSbLklbL�4iiSsz\FbLkltle�^`s`iD�4iSjzcL^�rLyF�U��b6��iSs`yFt�p�a6^x�

N(∆xi)
yL^Skl�FyFtlrLtleLt�cFi]�Fizp�^`aUiScF�eüq�D^Sk��kliScL^Zkli�klyFtlrLcFbL��p�cL^�\Ft�cFbFt�� 〈N(∆xi)〉 = 〈N(x)〉∆xi/x

}x�FyFiS�FiSyF FbFiScL^xeLgScF�z�
∆xi

}Ls`i?�4i~�	cFi2kla6^`p�^`s`gL}F\Fs`i2�4�¡bL�4tlt���rLtleLi2ku÷�5�ñ�÷-ôx÷�5�ñ�õ[ÿ ó"4
�/ø!øB÷7ñ�÷oö/ø0�&�#ÿ�oñxø3�!ÿ�6���òÀÿ�}UiS�FbLkl��jD^`�]��bL��}6cL^`�FyFbL�4t�yn}Fi~rLcFiD�4t�yFcF��_>b6rLt�^xeLgScF��_>�l^`pSY
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Gvi~rLtleLbFyFiSjD^`s`gL}Ös~Y tSY��Fi`eL�U\L^`s`g£aDiScFaFyFt�s`cF��t yFt�^xeLbFp�^` FbFb<sx^`aDiS��i£yL^Sk���FyFtlrLtleLt�cFb6hn}�\FyFt�p�jS��\L^`_FcFi��FyFiDkls`iLY
üqiD�4t�kls`bFj��Ft�yFjS��_�^`s`iD��}�cL^`�FyFbL�4t�yn}zjcL^~\F^xeLt?aDiSiSyDrLbFcL^`s~}4k�eL�U\L^`_FcFiSt2yL^Sk�kls`i~hFc6bFt2rLi��Ft�yFjSiS��i�kliDkltlrK^�kl�FyL^`jD^�¤ b6eLbk�eLt�jD^D¦n�4i��	cFi]jS���SyL^`s`g]bFpÖ��a6kl�FiScFt�cF FbL^xeLgScFiS��i�yL^Skl�FyFtlrLtleLt�cFb6h�k§�6eLiSs`cFiDkls`gS�

ψ1(x) = µ e−µx
b
p�^`s`t����FiSjSs`iSyShFs`g	��s`�>�FyFiS FtlrL�UyF�?j	jS���SyL^`cFcFiD��cL^`�FyL^`j`eLtl�cFbFbnY � bFs`�D^` Fb6h?sx^`aUiSjD^F}Da6^`a>t�k�eLb>�S�<a6^`a6^xh6� s`i�yFt�^xeLgScL^xh?\L^Skls`bF L^�rLjSbF�l^xeK^Sklgj`rLi`eLg iDklb

x
}§bLkl�F��s`��jD^xhHkls`i`eLaFcFiSjSt�cFb6hHj.iSs�rLtleLgScF���£s`iS\Fa6^x�£i~rLcFiSyFi�rLcFiS_klyFtlrL��}LkliS�6yFiSjSi~�OrK^`�]��bFt�k�h2�Fi~hFj`eLt�cFbFt���jOcFb6�
^`s`iD�4iSjv¤ bFiScFiSjU¦�Y[4rLbFjSbFs`tleLgScFiWs`iL}§\Fs`iWcFt�k��4iSs`ySh�cL^ iS\Ft�jSb6rLcF�U� klj`hFp�gW�4tl�OrL�£��s`bL�4bkliS�S��s`b6hL�4bn}F�FiSyFi~�OrK^`t��4�z�4b
i~rLcFiS_
s`yL^`t�aFs`iSyFbFt�_n}Kk�eL�U\L^`_FcF��t�\FbLk�eK^	^`s`iD�4iSjj�cFt��Ft�yFt�klt�aU^`�]��b6�Uk¨h	bFcFs`t�yFjD^xeK^x�OiSa6^`p���jD^`�]sSk¨h	kls`yFiS��i�cFt�p�^`jSbLklbL�4�z�4b	b2iS�`�yL^`p��U�]s?�F�D^Sk�kliScFiSjSklaFbF_�^`cLk�^S�4�`eLgL}FrFeFh aDiSs`iSyFiS��i>klyFtlrLcFt�t�b�rLbLkl�Ft�yLklb6h.k�eL�D�\L^`_FcFiS��i�\FbLk�eK^
N(x)

bL�4t��]s	jSb6r�m
〈N(x)〉 = µx, 〈N2(x)〉 − 〈N(x)〉2 = µx,

� rLt
µ = const

d>eLbFc6t�_FcL^xh��6eLiSs`cFiDkls`g>^`s`iD�4iSjLY�ûÖs`i>klj`hFp�^`cFi?k�iDkliS�S�z�HkljSiS_6�kls`jSiD��yL^Skl�FyFtlrLtleLt�cFb6h
ψ1(x) = µe−µx

}F��rLiSj`eLt�s`jSiSyDhF�]��t���i��UyL^`jScFt�cFbF�
dψ1/dx = −µψ1 : (4.2.1)

iSs`cFiS{�t�cFbFt
dψ1/ψ1

cFtzp�^`jSbLklbFsqiSs
x
Y5ûÖs`i�kljSiS_Lkls`jSiq�F�D^Sk�kliScFiSjDklaDiS��iZ�FyFiS Ft�k�k�^s`yL^`aFs`�St�sSk¨hvaU^`a½÷7ùAø04�ùAøBùAö��xò�ó��!ÿ��xù��LY� i~�6yL^`cFbFj�s`t��Ft�y6gOs`iSs���t�^xeL�liSyFbFsS���`eL�D�OrK^`cFb6h	rFeFh>�FiDkls`yFiSt�cFb6h>k�eL�D�\L^`_FcFiS��i>yL^Skl�FyFtlrLtleLt�cFb6hW^`s`iD�4iSj
cL^>�FyDhL�4iS_n}njSiSp�gD�4t���jD�4t�kls`i

ψ1(x)
rLyF�U��iStyL^Skl�FyFtlrLtleLt�cFbFt

ψ(x)
}fcFt>hFj`eFhF�]��t�t�k¨h£��a6kl�FiScFt�cF FbL^xeLgScF�z��YIüqi`eLgSp��`hLklg��leLtl��4t�cFs~^`yFcF�z�4b�klyFtlrKkls`jD^S�4b�s`t�iSyFbFb�jSt�yFi�hFs`cFiDkls`t�_£�4i��	cFi�cL^`_Fs`b�yL^Skl�FyFtlrLtleLtl�cFbFt2k�eL�U\L^`_FcFiS��i>\FbLk�eK^v^`s`iD�4iSj>cL^
iSs`yFt�p�aDt

[0, x]
ó/ô��Á4+ø/�x÷oö��"�$�
þ5ùJ÷�óxòÀô�öoõ©M�1:Çñ"�1È�ñ��
È�÷�5
��ùAø3�»öÇùJ÷7þ1�+ò

0
}fklyFtlrLcFt�t>p�cL^�\Ft�cFbFt>bWrLbLkl�Ft�yLklbF��Y© Ök�eLb£�FyFb��s`iD�.rLbLkl�Ft�yLklb6h>yL^Skl�FyFtlrLtleLt�c6b6h
ψ(x)

yL^Sk�kls`i�hFcFb6h>�4tl�OrL�?kliDkltlrLcFbL�4b>^`s`iD�f^x��4bvaDiScFt�\FcL^F}Fs`iOrFeFhvs`i`eKkls`���
k�eLiSt�j2�8���Fi`� �FyFtl�	cFt��4�?�Fi`eL�U\FbL� 〈N(x)〉 ∝ x,b
σ2N(x) ∝ x,

s~YLtSYLiSs`cFiDklbFs`tleLgScF��t��ZeL�UaFs`�D^` FbFb
δN(x) = σN(x)/〈N(x)〉 \FbLk�eK^^`s`iD�4iSj2j>k�eLiSt�s`i`eL��bFcFiS_

x
�S��rL�Us?�U�S��jD^`s`g	a6^`a

x−1/2
Y��]s�eLbF\Fb6tOiSs2�F�D^Sk�kli`�cFiSjDklaDiS��i�^`cLk�^S�4�`eFh	eLbF{�g�j�s`iD��}U\Fs`i�s`t��6t�yFg���s`i�cL^`�`eL��rK^`t�sSk�h2j�^SklbL�4�Fs`iSs`b6�\Ft�klaDiD�£yFtl�	bL�4t2¤ cFt��FyFb>eL�]�S���

x
}FaU^`a
jS��{�tS}F^�s`i`eLgSaDiO�FyFb
�Si`eLgS{�b6�L¦�YX k�eL�U\L^`t �St�klaUiScFt�\FcFiS_<rLbLkl�Ft�yLklbFb

ψ(x)
iS�S��bFtH¤ sxY tSY }�cFtWp�^`jSbLk¨hF��bFtjW^SklbL�4�Fs`iSs`bFaDtviSs aUiScFaFyFt�s`cFiS_��qiSyL�4�

ψ(x)
¦�yFt�p���eLgxsx^`s`���4iS���Us �S��s`g.�Fi`�eL�U\Ft�cF� eLbF{�gHrFeFh¡yL^Skl�FyFtlrLtleLt�cFbF_¡k.�6jSiDkls~^S�4b¡kls`t��Ft�cFcFiS��i�s`bF�L^

ψ (x) ∝
x−ν−1, 0 < ν 6 1, x → ∞ YXý4^Skl\Ft�s`���FiSaU^`p���jD^`�]sx}f\Fs`iWjW^SklbL�4�Fs`iSs`bFaUt�Si`eLgS{�b6�2s`i`eL��bFc

x
klyFtlrLcFt�t�\FbLk�eLi	^`s`iD�4iSj�j	k�eLiStqyL^Skls`t�sO�FyFiS�FiSyF FbFiScL^xeLgScFi

xν
¤ s~Y6tSY6�4tlrFeLt�cFcFtltS}6\Ft��Wj��F�D^Sk�kliScFiSjDklaDiD�.k�eL�U\L^`t~¦fbÇ÷7ùJñ�÷oø0��ùAò/�xú�ñ�õ�ò��%��4&�&�

ù�4
��<"�"�H�/ø0�#ÿ�ó�ùJ÷7ù���þ>òBø0�&����÷7ñxòBþ5ñ�õf}4s~Y§tSY§k>yFiDkls`iD�
x
cFt
bLkl\Ft�p�^`�]s~}fa6^`a�j�F�D^Sk�k�iScFiSjDklaUiS�£k�eL�U\L^`t`}L^Okls`yFt��8hFsSk¨hva
iSs�eLbF\FcFiS_>iSsOcF��eFh
�FiDkls`i~hFcFcFiS_nY
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 Ök�eLb��FyFbFc6hFs`g�jSi.jScFbL�f^`cFbFtvs`i`eLgSaUi.�Ft�yFjS��_���^`aFs~}§s`i£�4i��	cFiW�S��eLi�S���Fi~rL�6�f^`s`gL}L\Fs`i>yFtl\Fg?�FyFiDkls`i?b6rLt�s2i>klyFtlrLt�k��Ft�yFt��4t�cFcFiS_�aUiScF Ft�cFs`yL^` FbFt�_^`s`iD�4iSj

f(x) = d〈N(x)〉/dx ∝ x−ν−1,
�U�S��jD^`�]��t�_�k?yFiDkls`iD�

x
�Fi kls`t��Ft�cFcFiD�4�Wp�^`aUiScF�SY4��^`a£��s`i c6t
��rLbFjSbFs`tleLgScFiL}cFi	��s`i2cFt�sx^`anY"��t���aDi2kliSiS�SyL^`p�bFs`gL}U\Fs`i2�FyFiS Ft�k�kq�`eL�D�OrK^`cFb6hn}F��t�cFt�yFbFyF�U�]��bF_yL^Skl�FyFtlrLtleLt�cFbFt�^`s`iD�4iSjL}~bFcFjD^`yFbL^`cFs`t�c�iSs`cFiDklbFs`tleLgScFiZcL^`�FyL^`j`eLt�cFb6h�rLjSb6��t�cFb6h��bF�FiSs`t�s`bF\Ft�klaDiS_*u~\L^Skls`bF F��|~}�yL^Sk�k�^x�	bFjD^`�]��t�_¢^`s`iD�4��}zk�eLt�jD^£cL^`�FyL^`jSi£b6eLbkl�FyL^`jD^2cL^xeLt�jSiL}KyL^Sk�kls`i�hFcFb6h �4tl�OrL��kliDkltlrFhL�4b�j?eF�Z�SiD��k�eL�U\L^`t�yL^Skl�FyFtlrLtleLtl�cF�*�6i i�rLcFiD�4�.b£s`iD�4�.��t>p�^`aDiScF�DYIûÖs`i plcL^~\FbFs~}4\Fs`i �U�S��jD^`cFbFt

f(x)
rLi`eF�O�cFi
cL^`�`eL��rK^`s`gDk�h�j
iS�St	kls`iSyFiScF�!iSs
jS���SyL^`cFcFiS_�s`iS\FaFbn}n�Fi`eLi~��t�cFbFtOaUiSs`iSyFiS_�4�!jS���St�y6t���p�^?cL^�\L^xeLi>aDiSiSyDrLbFcL^`s~Y#�qi?��s`iSs
^`s`iD��cFbF\Ft��<cFtOiSs�eLbF\L^`t�sSk�h�iSsrLyF�U��b6�¬}fk�eLtlrLiSjD^`s`tleLgScFiL}8�6eLiSs`cFiDkls`g.^`s`iD�4iSj�rLi`eF�	cL^��U�S��jD^`s`g�j iS�St>kls`iSyFi`�cF�*iSs`cFiDklbFs`tleLgSc6i�eL�]�SiS��i�bFp?cFb6�¬YIü�^`yL^xrLiSa6kl^xeLgScFiDk�s`g�klbFs`�D^` FbFb�iS\Ft�jSb6rLcL^Fmt�k�eLbHiSs`cFiDklbFs`tleLgScFiL}ÖklaU^x��t���}§s`iS\FaFb

x1
}§�6eLiSs`cFiDkls`g�^`s`iD�4iSj.�U�S��jD^`t�s j.iS�Stkls`iSyFiScF��}Ss`i�iSs`cFiDklbFs`tleLgScFi

x2 > x1
iScL^qrLi`eF�	cL^��S��s`g�^SklbL�f�4t�s`yFbF\FcFiS_nmD�U�S���jD^`s`g	cL^`�FyL^`jSi	bvjSiSp�yL^Sklsx^`s`gO�FyFb��Ft�yFt��4t���t�cFbFbvsSiS\6aFb�cL^`�`eL��rLt�cFb6hviSs

x2
rLi

x1
cL^xeLt�jSiL}�^
�D�#p�^`s`t����Ft�yFt�_Fs`bWj�y6tl�	bL���U�S��jD^`cFb6hn}¬cFi�kO�Si`eLt�t	jS�zkliSaDiS��icL^~\L^xeLgSc6iS��i�p�cL^~\Ft�cFb6hnY/ûÖs`iS��iL}�i~rLcL^`aUiL}�cFtÖ�FyFiSbLk¨�Di~rLbFsFm�jDkltÖ^`s`iD�4�WyL^Sk�k��f^`s`yFb6�jD^`t��4iS_2kls`yF�UaFs`�UyF�<yL^`jScFiS�FyL^`jScF��YS©�^`a6^xh2�FyFiDkls~^xh2p�^xrK^~\L^qb?s~^`aUiS_2�L^`yL^xrLiSaUkMÚGv��bL�4t�t���rLtleLi	k-�Rô��(��ù-���xú�ñ�÷*MÇó�õK�xú&2�Y

ë�{åä e �,~��,������|�� �8����ç��,�³¶�·�~�|³Û ��¹t¶��
��^`p�iSjSt����qyL^`aFsx^xeLgScF�U���F��eLgL}6rFeFh
aDiSs`iSyFiS_>�Dk�eLiSjSb6h

〈Nν(x)〉 = µνx
ν , fν(x) = µννx

ν−1, 0 < ν 6 1 (4.3.1)

jS���Fi`eLc6hF�]sSk�h2cFtZs`i`eLgSaDi�j�^SklbL�4�Fs`iSs`bFaUtZ�Si`eLgS{�b6�Os`i`eL��bFcn}UcFi�b?�FyFb2eL�]�S���
x
}�øB÷oö/òÀô�ÚAòBñ�ñ�÷*MB�Rô�����ù-���xú�ñ�÷*M�ó�õK�xú&2�}`^Z�6eLiSs`cFiDkls`g

ψν(x)
d�t�t�°2òBñxòÀô1�oùJ÷-ôx÷*ÿ�YCUt�cFt�yL^`s`iSy��F��eLb2klj`hFp�^`c�k�t�t��6eLiSs`cFiDkls`gS�

fν(x)
�UyL^`jScFt�cFbFt���jSiDk�klsx^`cFiSj`eLt�cFb6h

fν(x) = ψν(x) +

x∫

0

fν(x− x′)ψν(x′)dx′. (4.3.2)

üqiDklsx^`jSbL�Wp�^xrK^~\6�2cL^`_Fs`b
��t�cFt�yF^`sSiSy>��yF^`aFsx^xeLgScFiS_?�F��eLb
�FiOp�^xrK^`cFcF�z���Sk�eLi`�jSb6hL��¤¦'LY �FY �~¦
üqyFbL�4t�cFbL�£a
�UyL^`jScFt�cFbF��jSiDk�klsx^`cFiSj`eLt�cFb6h?�FyFt�iS�SyL^`p�iSjS^`cFbFt���^`�6eK^Sk�^Fm

f̂ν(λ) = [1 + f̂ν(λ)]ψ̂ν(λ). (4.3.3)
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ν = 1
¤ yL^`jScFiD�4t�yFcFiD�4��j�klyFtlrLcFt���yL^Skl�FyFtlrLtleLt�cFbF��^`s`iD�4iSjvcL^viDklbn}

f1(x) = µ1
¦�kliSiSs`jSt�sSkls`jS�`t�s

ψ1(x) = µ1e
−µ1x

bn}Lk�eLtlrLiSjD^`s`tleLgScFiL}
ψ̂1(λ) =

µ1
µ1 + λ

.

ð�t�_Lkls`jSbFs`tleLgScFiL}x�Fi~rKkls~^`jSbFjq��s`iqjS��yL^x��t�cFbFt�jq�UyL^`jScFt�cFbFt�¤¦'LY �FY �S¦nbOyL^`pl�
yFt�{�bFjOt���iOiSs`cFiDklbFs`tleLgScFi

f̂1(λ)
}6�Fi`eL�U\FbL�

f̂1(λ) =
ψ̂1(λ)

1− ψ̂1(λ)
=
µ1
λ
,

iSs`aF��rK^�bvk�eLtlrL�St�s
f1(x) = µ1.üqiDklsx^`jSbL��s`t��6t�yFg/jSiS�FyFiDk�bFcL^�\FtSm2a6^`aUiS_�rLi`eF�	cL^��S��s`g/�UeLiSs`cFiDkls`g

ψν(x)
}F\Fs`iS�S����t�cFt�yFbFyF�St��f^xh
t��Bkls`i~�U^Skls`bF\Ft�klaU^xh
�F��eLg	bL�4tleK^	�qyL^`aFsx^xeLgScF�U�yL^`p��4t�yFcFiDkls`g

ν < 1
}Ds`i�t�kls`g�\Fs`iS�S��jS���Fi`eLc6h6eLbFklg�kliSiSs`cFiS{�t�cFb6h�¤¦'LY �FY �~¦�YS[]\Fb6�s`��jD^xhn}6\Fs`i

f̂ν(λ) = µννΓ(ν)λ
−ν ,bFpq�6yF^`jScFt�cFb6h.¤¦'LY �FY �D¦ÖcL^x�Di�rLbL�

ψ̂ν(λ) =
f̂ν(λ)

1 + f̂ν(λ)
=

µ

µ+ λν
, µ = µννΓ(ν).

üqyFb>jS���Fi`eLcFt�cFbFb>iS�SyL^`s`cFiS��i��FyFt�iS�SyL^`p�iSjD^xcFb6h���^`�6eK^Sk�^
ψν(x) = ú −1 {ψ̂ν(λ)} (x) = ú −1{ µ

µ+ λν

}
(x) = µ ú −1{λ−ν 1

1 + aλ−ν

}
(x)

yL^`pleLi��	bL��kl�6�f�4�?��t�iD�4t�s`yFbF\Ft�klaDiS_
�FyFiS��yFt�k�klbFb>jOyDh6r�}

λ−ν
1

1 + aλ−ν
=

∞∑

j=0

(−a)jλ−γ , γ = jν + ν,

b
jSiDkl�Fi`eLgSpl�St��fk�h>kliSiSs`cFiS{�t�c6bFt��

ú −1 {λ−γ} (x) = xγ−1

Γ(γ)
.

X�yFt�p��~eLg~sx^`s`tq�Fi`eL�U\FbL�

ψν(x) = µxν−1
∞∑

j=0

(−µxν)j
Γ(νj + ν)

.



�
�Sª ��	��"�+��ò /A�o�"ã"���1	#Æ����������#��Æ��=&x���x���
�#�>����Æ��
[]\FbFs`��jD^xh �FyFtlrKklsx^`j`eLt�cFbFt rLjS�D�6�L^`yL^S�4t�s`yFbF\Ft�klaDiS_ �q�UcFaF FbFb GvbFs`sx^`�l���t����ZeLt�yL^�jOjSb6rLtqyDh6rK^

Eα,β(z) =

∞∑

j=0

zj

Γ(αj + β)
,

�Ft�yFt��FbF{�t��£��t�cFt�yL^`s`iSy
�qyL^`aFsx^xeLgScFiS_?�F��eLb
jOjSb6rLtSm
ψν(x) = µxν−1Eν,ν(−µxν). (4.3.4)��^`�FiD�4cFbFjL}�\Fs`i

ψν(x)
dq�6eLiSs`cFiDkls`gZjSt�yFi~hFs`cFiDkls`b�rFeFh�k�eL�U\L^`_FcFiS��i]yL^Sk�kls`i~hFcFb6h

X
�4tl�OrL�.kliDkltlrLcFbL�4b�^`s`iD�f^S�4b��qyL^`aFs~^xeLgScFiS_.�F��eLbn}�p�^`�FbF{�t���jSt�yFi�hFs`cFiDkls`gs`iS��iL}6\Fs`i

X
�FyFt�jS�zklbFsOp�^xrK^`cFcFiStqp�cL^�\Ft�cFbFt

x
m

û
(X > x) =

∞∫

x

ψν(x)dx = Eν(−µxν).

� rLt�klg
Eν
dvi~rLcFiS�L^`yL^S�4t�s`yFbF\Ft�kla6^xh �q�UcFaF Fb6h_GvbFs`sx^`�l� ��t����ZeLt�yL^ ¤¥k���Y[üqyFb6�eLi~��t�cFbFt~¦�Y�üqyFb

ν = 1
iScF^��FyFt�jSyL^`��^`t�sSk�h?j	iS�S��\FcF�U����aUkl�FiScFt�cFs`�S}

E1(−µx) = e−µx,

b¢�4� bL�4t�t���rLtleLi�k�iS�S��\FcF�z���F�D^Sk�kliScFiSjSklaFbL���FyFiS Ft�k�kliD��Y(üqyFb
ν < 1

�4�bL�4t�t����F�D^Sk�kliScFiSjDkla6bF_?�FyFiS Ft�k�kzrLyFiS�ScFiS��i��FiSySh6rLa6^>¤ÅrLyFiS�ScF��_>�F�S^Sk�kliScFiSjDklaFbF_�FyFiS Ft�k�k�¦�� ´�� �S�0� Y
ë�{/ë � ·³�Bï�|³¶�·���çB�³� ¶��.����~���ð��é�����|
��~�¹i�T����|�� � ï�|.��~�¹i�

CnyL^S�qbFa�k�eL�U\L^`_FcFiS_��q�UcFaF FbFb
N(t)

bL�4t�tls>�qiSyL�4�2eLt�kls`cFbF F��}TjDklt�kls`�D��Ft�cFgSaFbOaUiSs`iSyFiS_ObL�4t��]s�i�rLbFcL^`aUiSjS�U�HjS�zkliSs`�S}`cFi�yL^`p�cF�U��rFeLbFcF�SY+üqi�rLcFbL�f^`s`g`�k�h �Fivsx^`aDiS_ eLt�kls`cFbF Ft2cFt	iS\Ft�cFg
��rLiS�ScFiLY8�ZkliS�St�cFcFi>��s`i�k�sx^`cFiSjSbFsSk�h cFt��~rLiS�`�cF�z��}`aDiS� rK^zrFeLbFcF�Hkls`�U�Ft�cFt�aObL�4t��]sq�Si`eLgS{�iS_�yL^`p��SyFiDk`m�rFeLbFcL^�kls`�U�Ft�c6gSaFb	�4i`���t�s�iSa6^`p�^`s`gDk�hZiS\Ft�cFgz�Si`eLgS{�iS_n}�b��Stl���U��bF_��D��tfrL�6�f^`t�s~}�\Fs`iZ�4bFcFiSjD^xeqeLt�kls`cFb6� F��jSiSiS�S��tS}~bOs`�Us��Fi~r	cFiS��b�t��4���FiS�L^xrK^`t�sSk¨hOjSc6iSjSg�kls`�U�Ft�cFgSaU^F}xrK^qbOcFt�i~rLcL^FY Y Yu�=qt�yFs �FiS�St�yFbmÚ |�dWjSiDkla6eLbFaFcFt�s~}f�L^xrK^xhn}fiSc£�Fi~rLiS�ScFi ��t�yFiS�Äæ�yFb6h@�qbFaF�~eLb6�cL^vj�bFp�jSt�kls`cFiD�¡�qb6eLgD�4tSYf�]s`s`iS��i`� s`i���sx^
eLt�kls`cFbF L^�b�cL^`p���jD^`t�sSk�h.\Ft�yFs`iSjSiS_¤ÅrLg`hFjSi`eLgDklaUiS_L¦lY©niq��t�k�^S�4iSt�kljSiS_Lkls`jSiq�qyL^`aFs~^xeLgScFiS_��F��eLb��FyFi~hFj`eFhFt�sSk¨h�jqk�eLtlrL�U�]��t����a6kl�6t�yFbL�4t�cFs`tSYLX�iSplgD�4t���bFcFs`t�yFjD^xe?rFeLbFcFiS_
L
kZ\FbLk eLiD��^`s`iD�4iSj

N
}6yL^`p�iS�SgSt��t���i]cL^

n
hF\Ft�t�a�bn}~�Fi~rKkl\FbFs~^`jZ\FbLk�eLiq^`s`iD�4iSj]j]a6^x�OrLiS_�b6p�cFb6�¬}~�FyFtlrKkls~^`jSbL��yFtl�p���eLgxsx^`sqj�jSb6rFt���bLkls`iS��yL^S�f��Y+üqyFb

ν = 1
jSb6r	��bLkls`iS��yL^S�f�4�H�S��rLt�sqp�^`jSbLklt�s`gqiSs
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ý§bLk`Y"'LY �Fm É�b*Q�&- #&- +%#&�Q[.!0*�
$�.!^7.D)+.�b-^�%+&- +%#"6Y	ò2\�\�)#.!b
0-O�95.!g�%+Yo.!&*$DO*%#0-$7��O*)#.!Q�QREJY
0-9+E/W5.!&

ν = 1
Ø 0-9#&-Yo.7Ú�%J #&V0-O�95.!g�%+Yo.!&*$D&*&VY�0-9+E/W5.!&

ν < 1
Ø
ν = 1/2

Ú(Ø 0-N#)#.BYo.7Ú©) òlôe* ñ

ý§bLk`Y$'LY ÑFm ����'2aVaX%+K+%#&- #$dN#&*)+&*Q�&*g�.!&*Q���0*$�%¬?�.!?AaXE/ #?�K+%#"
ν
) òlôe* ñ

\FbLk�eK^�^`s`iD�4iSj
N(L)

j�bFcFs`t�yFjD^xeLt
L
b2\FbLk�eK^qhF\Ft�t�anY& Ök�eLb?klyFtlrLcFt�t]\FbLk�eLi�^`s`i`��4iSjvj
hF\Ft�_FaDt

N(L)/n
rLiDkls~^`s`iS\FcFivjStleLbFaUi�¤¥klaU^x��t���}��Si`eLgS{�tOs`yFtl�U� \Ft�s`��yFtl�rLt�k¨hFs`aUiSjU¦�}Us`i�p�^`�Fi`eLcFt�cF���S��rL�Us�jDkltzhF\Ft�_FaFb?b?�FyFbF�`eLbFp�bFs`tleLgScFi�i~rLbFcL^`aDiSjS�z�
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ý§bLk`Y?'LY ���Fm {[9+E/W5.BH+ +;�&�)+&2.B9+%#b2.BK+%+%�aXE/ #?�K+%+%
Nν(t)

Ü
ν = 1

ØÙY7&*)of/ +%+H�O2)#.�aX%#?5Ú(%
ν = 1/2

ØÙ +%#g� +%+HJO2)#.�aX%#?5Ú¨ñ
\FbLk�eLiD�¢^`s`iD�4iSjLY�üqyFb.�qyL^`aFsx^xeLgScFiD�H��tOyL^Skl�FyFtlrLtleLt�cFbFbH¤

ν < 1
¦Z\L^Skls`g>hF\Ft��t�an}8aU^`a��FyL^`jSb6eLiL}��S��rLt�s�iDklsx^`jD^`s`gDk¨h.�F�Dkls`iS_¢¤«ý§bLk`Y?'LY �D¦�Y©FZj`eLtlcFbFt?��s`i�cFiDklbFscL^`p�jD^`cFbFtAóxòÀô�òÒÿDò����/òÀÿ�÷oøBù��LY6�qiScFt�\FcFiL}6bvj	yFt�����eFhFyFcFiD��k�eL�U\L^`t2¤ �FyFb

ν = 1
¦kls`i`eL�SbFaFb>��bLkls`iS��yL^S�f�4�¢cFtq�S�~rL�Us�bL�4t�s`g	i~rLbFcL^`aDiSjS�U��jS�zkliSs`�S}UcFi	kZ�UjStleLbF\Ftl�cFbFt��

N
b6eLb��UjStleLbF\Ft�cFbFt��
rFeLbFcF�£iSs`yFt�p�a6^

L
�FyFb���b6a6klbFyFiSjD^`cFcFiD�
\FbLk�eLt�hF\Ftl�t�a
bv��s~^	yL^`p�cFbF L^��S�~rLt�sO�6�4t�cFgS{�^`s`gDk¨hnYLX�i	�qyL^`aFsx^xeLgScFiD�W��t�k�eL�U\L^`t2¤

ν < 1
¦�UjStleLbF\Ft�cFbFt

N
¤ÅrLiDkls`bF��^`t��4iStO�UjStleLbF\Ft�cFbFt��

µν
¦]b6eLb

L
cFtO�FyFbFjSi~rLbFs>a aU^~\Ftl�kls`jSt�cFcFiD�4�	bFp��4t�cFt�cFbF�¡a6^`yFs`bFcF��m6�Fi`� �FyFtl�	cFt��4�	jSb6rLcF�¢�F�Dkls`iSs`�¢b
kl���U��t�cFb6h¤«ý§bLk`Y1'LY �D¦�Y1Gvi��	cFiOkla6^`p�^`s`gL}D\Fs`i�cL^�k�^S�4iS�Fi~rLiS�ScF��t]kls`yF�UaFs`�UyF��}6aUiSbL�4b2hFj`eFh6��]sSk�h?�qyL^`aFsx^xeL��}D�qb6eLiDkliD��klaFbF_	p�^`aDiSc	i��Ft�yFtl�Di�rLt]aDi`eLbF\Ft�kls`jD^�j�a6^�\Ft�kls`jSi�cFtyL^Skl�FyFiDkls`yL^`c6hFt�sSk¨hnY��^�yFbLk`Y�'LY Ñ��FiSa6^`p�^`cL^qp�^`jSbLklbL�4iDkls`gB��÷����K�9�"<"�xòBñ�ù-�JóxòÀô�òÀÿDò����/òÒÿ�÷oøBù��¤¥klyFtlrLcFt�_>rLi`eLb>�F�Dkls`���?hF\Ft�t�a
�FyFb

µ→∞ ¦
R(ν) = lim

µ→∞
〈n0/n〉.

üqt�yFt��FbLk�^`j
¤¦'LY �FY �D¦ÖjOjSb6rLt
[λν + µ]ψ̂ν(λ) = µb jS���Fi`eLcFbFj iS�SyL^`s`cFiSt �FyFt�iS�SyL^`p�iSjD^xcFbFtS} �FyFb6�Di~rLbL� a rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiD�4�	�UyL^`jScFt�cFbF�

0 � νxψν(x) + µψν(x) = µδ(x).Gv���D��t
�Sklsx^`cFiSjSb6eLb£j P�=�¸�=ÝÜn}8\Fs`i.�FyFb
ν < 1

yFt�{�t�cFbFt>��s`iS��i �UyL^`jScFt�cFb6hjS��yL^x�O^`t�sSk¨h>\Ft�yFt�pqrLjS�D�6�L^`yL^S�8t�s`yFbF\Ft�klaF�U�B�q�UcFaF FbF�7GvbFs`sx^`�l� ��t����ZeLt�yL^
ψν(x) = µxν−1Eν, ν(−µxν), Eα, β(z) =

∞∑

n=0

zn

Γ(αn+ β)
.
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ý§bLk`Y$'LY �S�Sm �V9#��$� #��0*$�%
ψν(x)

Á
ν = 0.1(0.1)1

ñ
� �U��t�kls`jS�St�s�t���tqi~rLcFiO�FyFtlrKkls~^`j`eLt�cFbFt���s`iS_>�6eLiSs`cFiDkls`b_� ´
� }

ψν(x) =
1

t

∞∫

0

e−tφν(µx/t)dt, φν(ξ) =
sin(νπ)

π[ξν + ξ−ν + 2 cos(νπ)]
,

�FiSp�jSi`eFhF�]��t�tz�Sklsx^`cFiSjSbFs`g�^SklbL�4�Fs`iSs`bFaF�	�FiSjStlrLt�cFb6h	�6eLiSs`cFiDkls`b?�FyFb
α 6= 1

cL^�Si`eLgS{�b6�2bv�f^xeL���?jSyFt��4t�cL^x� ¤ yFbLk`Y$'LY �S�~¦�m

ψν(x) ∼





µν

Γ(ν)
xν−1, x→ 0;

νµ−ν

Γ(1− ν)x
−ν−1, x→∞.

Gv��klcFiSjD^?�U�Stl�OrK^`t��fk�h jvs`iD��}n\Fs`i
rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF��t�iS�Ftl�yL^`s`iSyF�¢�Fi~hFj`eFhF�]sSk¨h
jOyFt�p��~eFgxsx^`s`tq�FyFbL�4t�cFt�cFb6hvs`yFt��SiSjD^`cFb6h>k�^S�4iS�Fi~rLiS�Sb6hnY
ýf^Sk�k��4iSs`yFbL�¡s`t��Ft�yFg yL^Skl�FyFt�rLtleLt�cFbFt

pn(x) =
û
(N(x) = n)

rFeFh�k�eL�D�\L^`_FcFiS��i�\FbLk�eK^O^`s`iD�4iSj	�qyL^`aFs~^xeLgScFiS_?�F��eLb
cL^�iSs`yFt�p�aUtqr6eLbFcFiS_
x
Y � iS� eK^SklcFis`t�iSyFbFb
jSiDk�kls~^`cFiSj`eLt�cFb6h

pn(x) ≡
û
(N(x) = n) =

û  n∑

j=1

Rj > x


− û



n+1∑

j=1

Rj > x


 , n = 0, 1, 2, . . .
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bvk�eLtlrL�U�]��^xh
klbLkls`t��f^ObFcFs`t���yF^xeLgScF���>�UyL^`jScFt�cFbF_?rFeFh

pn(x)
bL�4t�t�s2�8t�kls`iLm

pn(x) = δn0

∞∫

x

ψν(τ)dτ + [1− δn0]
x∫

0

ψν(x− τ)pn−1(τ)dτ, n = 0, 1, 2, . . .

üqiDk�eLtq�FyFt�iS�SyL^`p�iSjS^`cFb6h���^`�6eK^Sk�^Fm
λν p̂n(λ) = −µp̂n(λ) + µp̂n−1(λ) + λν−1δn0, n = 0, 1, 2, . . . , p̂−1 = 0.

�]�SyL^`s`cFiSt��FyFt�iS�SyL^`p�iSjD^xcFbFt��FyFbFjSi~rLbFs>a.klbLkls`t��4tO�UyL^`jScFt�cFbF_�rFeFh.�qyL^`aFsx^xeLg`�cFiS��iOyL^Skl�FyFtlrFtleLt�cFb6hnm

0 � νxpn(x) = µ[pn−1(x)− pn(x)] +
x−ν

Γ(1− ν)δn0, 0 < ν ≤ 1. (4.4.1)

üqyFb
ν → 1

iScL^��FyFt�jSyL^`��^`t�sSk¨h>j	klbLkls`t��4�2rFeFh
yFt�����eFhFyFcFiS��i	k�eL�U\L^xhnm
dpn(x)

dx
= µ[pn−1(x)− pn(x)] + δ(x)δn0.� rLt�klg�bLkl�Fi`eLgSp�iSjD^`cFi��FyFtlrLtleLgScFiStO¤ jOk��4�zk�eLtZiS�SiS�S��t�cFcF���	�q�UcFaF FbF_K¦�kliSiSs`cFi`�{�t�cFbFt
lim
ν→1

x−ν

Γ(1− ν) = δ(x).

[]yL^`jScFt�cFb6h<¤¦'LY 'LY �~¦ZbWiS�FbLkl��jD^`�]svklsx^`s`bLkls`bF\Ft�klaFbFt>kljSiS_Lkls`jD^?rLg`hFjSi`eLg`�klaUiS_�eLt�kls`cFbF F��YXüqyFb
ν = 1

rFeLbFcF��yL^`p�cF���£kls`�U�Ft�cFt�an}4�DiSs`g b�bL�4t��]s.yL^`pl��SyFiDk`}�cFi yL^`p��SyFiDk	��s`iSs�c6t>aFyFbFs`bF\Ft�klaFbF_nmfcFt�s�cFb�iS\Ft�cFg�aUiSyFiSs`aFb6��kls`�U�Ft�cFt�a¤ s`iS\FcFt�tS}SiScFb	�f^xeLiSjSt�yFi�hFs`cF�]¦�}`cFb	iS\Ft�cFgqr6eLbFcFcF���¬}Sb2�4i��	cFi�aU^`a6� s`i��FyFbFcFiSyFi`�jSbFs`gDk�hnY>ð�g`hFjSi`eLgDk�aFbF_
�D^`yL^`aFs`t�yveLt�kls`cFb6 F�B�FyFi~hFj`eFhFt�sSk¨hveLbF{�g2�FyFb
ν < 1

mK��6eLiSs`cFiDkls`b?yL^Skl�FyFtlrLtleLt�cFb6h2rFeLbFcF��k�sS�U�FtlcFgSaFb>�Fi�hFj`eFhFt�sSk�h2iDkliS�St�cFcFiDkls`g�j�cF�D�eLtS}`�FiSyFi~�OrK^xhOkl���U��t�cFb6h	kls`�U�Ft�cFt�av¤ a6eK^Skls`t�yF�]¦�}SbOs�h6��tleL��_2kls`t��Ft�cFcFiS_��6jSiDkls~}iSs`jSt�sSkls`jSt�cFcF��_�p�^?�Fi~hFj`eLt�cFbFt�rFeLbFcFcF�����Fi`eLiSan}T�Dkl���6eFhF�]��b6���~rLbFs`tleLgScFiDkls`g�St����U��t���iLY%�qi��6eLiSs`cFiDkls`g�yL^Skl�6yFtlrLtleLt�cFb6hWrFeLb6cF�*kls`�U�Ft�cFgSaFbW�~rLiSj`eLt�s`jSiSyShFt�srLbL���qt�yFt�cF FbL^xeLgScFiD�4���UyL^`jScFt�cFbF��}UaDiSs`iSyFiSt]�FyFb
ν < 1

kls~^`cFiSjSbFsSk�h	rLyFiS�ScF�z��Y©�^`aFbL��iS�SyL^`p�iD��}"5�ú*��öo÷��xú+ø0�&�"M�È��*ô1����ùAòÀô���ò!ø2ùAñ"�"<�õ@öo÷�:oñ"�"�
�/òBù ÷�5�ñ�÷oö*ô�òÒÿDòBñ"�
ñ�÷uø�5�ôx÷*67ñ�õ[ÿwÈ��*ô�����ùAòÀôx÷*ÿ 5
�"�%�XòÀô�òBñ"<"�����xú�ñ�÷�°*÷-4Bô1�/öoñxòBñ"���KY
ë�{
	 4s����ç��.�³¶�·�~��³����¹t¶�·jïhg=6"æ��,��~�|�æ

����|���������~�����ï��
üqyFiDkls`yL^`cLkls`jSt�cFcF��_
^`cL^xeLiS�Z�6yF^`jScFt�cFb6h.¤¦'LY �FY �S¦ÖbL�4t�t�sOjSb6r�m

f(x) = ψ(x) +

∫
f(x− x′)ψ(x′)dx′.
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�]cFi�iS�FbLkl��jD^`t�s�klyFtlrLcF�]�#�6eLiSs`cFiDkls`gH\FbLk�eK^�kls`i`eLaFcFiSjSt�cFbF_�cFt�bLkl\Ft�p�^`�]��tl_\L^Skls`bF F��}TcL^~\6bFcL^`�]��t�_ kljSiSt�rLjSb6��t�cFbFt�bFp�cL^�\L^xeK^2aUiSiSyDrFbFcL^`s>k��Ft�yFtl�Si~rLcFiS_�6eLiSs`cFiDkls`gS�

px
YRûÖs`iL}Fi~rLcL^`aUiL}FcFt�tlrLbFcLkls`jSt�cFcL^xhvbFcFs`t�yF�FyFt�s~^` Fb6hnmKt�k�eLbv�FyFtlrF��Fi`eLi��	bFs`gL}�\Fs`ivjva6^x�OrLiD��kls`i`eLaFcFiSjSt�cFbFb.\L^Skls`bF L^�kOjSt�yFi~hFs`cFiDkls`gS�

1 − 1/nbLkl\Ft�p�^`t�s�b�k2jSt�yFi~hFs`cFiDkls`gS�
1/n

yL^Skl��t��6eFhFt�sSk¨h£cL^
n
\L^Skls`bF n}f�FyFi�rLi`eF�O^`�z���b6�.rLjSb6��t�cFbFt>k?s`t��4b���t?�Ft�yFtl�Di~rLcF�z�4b�jSt�yFi~hFs`cFiDkls�hL�4b�cFt�p�^`jSbLklbL�4ivrLyF�U�iSs	rLyF�U�l^F}FrFeFh�klyFtlrLcFt�_��6eLiSs`cFiDkls`b�kls`i`eLaFcFiSjSt�cFbF_��4�¡jScFiSjSg	�FyFb6rLt���a�s`iD�4���t�k�^S�4iD�4�2�UyL^`jScFt�cFbF��Y� iS�Dkls`jSt�cFcFiZrLjSb6��t�cFbFt�cL^Sk�jqrK^`cFcFiD� k�eL�U\L^`t�cFtzbFcFs`t�yFt�kl�St�s~}D�4�H�S�~rLt��yL^Sk�k��f^`s`yFbFjD^`s`g�eLbF{�g»ø ��ò�5�}fiDklsx^`j`eLt�cFc6��_�\L^Skls`bF Ft�_�j.jSb6rLt>aUiScFt�\FcFiS��i b6eLb�St�klaDiScFt�\FcFiS��i��4cFi~��t�kls`jD^Ws`iS\Ft�a<j£�Fy6iDkls`yL^`cLkls`jSt�¤ cL^`p�iSjSt���t���iL}§rFeFh<aFyL^`sx�aUiDk�sSb¬}�ó�õK�xú&2Ö¦�d s`tl�£k�^S�4����s`iS\Ft�an}4� rLt>\L^Skls`bF L^�bFkl�F��sx^xeK^ kls`i`eLaFcFiSjSt�cFb6hnY�]�SyL^`p2�`eL�D�OrK^`�]��t�_£\L^Skls`bF F�*�FyFiDkls`i �FiSp�jSi`eFhFt�sveL�U\F{�t>�FyFt�rKklsx^`jSbFs`g.klt��StiS�S���U��a6^`yFs`bFcF�£aUiSyFyFtleFhF FbF_HjW��s`iD���4cFi���t�kls`jSt�k�eL�U\L^`_FcF����s`iS\Ft�aHb�jSiDk���Fi`eLgSp�iSjD^xs`gDk�h?��iSs`iSjS�z���f^`s`t��f^`s`bF\Ft�klaFbL�H^`�F�L^`yL^`s`iD��s`t�iSyFbFb
�Ft�yFt�cFiDk�^FY

ý4t�{�t�cFbFtZ��s`iS_>p�^xrK^�\Fb2rFeFh?bFp�iSs`yFiS�FcFiS_?��a6kl�FiScFt�cF FbL^xeLgScFiS_2�6eLiSs`cFiDkls`b
ψ(x) =

1

4πr2
e−r, r = |x|

�DiSyFiS{�i]bFp�jSt�kls`cFi�� �
��� Yxw]klbL�4�Fs`iSs`bF\Ft�klaDiSt��FiSjStlrLt�cFbFt��q�UcFaF FbFb
f(x)

�FyFb���s`iD�bL�4t�t�sOjSb6r
fas(x) ∝ r−1, r →∞.�¢sx^`aUiD�4����tzyFt�p���eLgxsx^`s`���4�H�FyFb6rLt��.b	�FyFbOeL�]�SiD��rLyF�U��iD��jS���SiSyFt��Ft�yFtl�Si~rF�cFiS_>�6eLiSs`cFiDkls`bn}F�~rLiSj`eLt�s`jSiSyShF�]��t�_>�Sk�eLiSjSbF�

σ2 ≡
∫
p(x)|x|2dx <∞.� bFs`�D^` Fb6h?bFp��4t�cFbFsSk�h
jOk�eL�U\L^`tS}Ut�k�eLb?rLbLkl�Ft�yLklb6h>�St�klaDiScFt�\FcL^F}Ua>��s`iS_?a6^`s`t���i`�yFbFb
iSs`cFiDk¨hFsDk¨h
b>�`eL�D�OrK^`cFb6hvkZ�Ft�yFtl�Di�rLcFiS_>�6eLiSs`cFiDkls`gS�

ψ(x) ∝ r−3−α, r →∞, α < 2

cL^`p���jD^`t��4��t	u~�Fi`eLt�sx^S�4b���t�jSb¬|xY�qt��FiDklyFtlrKkls`jSt�cFcFiSt��FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgSt]bFcFs`t��lyL^xeLgScFiS��i��UyL^`jScFt�cFb6h
[1− ψ̃(k)]f̃(k) = 1

jOiS�`eK^Skls`b
�f^xeL��� |k| }6aUiS� rK^
1− ψ̃(k) ∝ |k|α,

�FyFbFjSi�rLbFsOavkliSiSs`cFiS{�t�cFbF�
|k|αf̃as(k) = 1,
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��aFjSbFjD^xeLt�cFs`cFiD�4�2�UyL^`jScFt�cFbF�¡k]rLyFiS�ScF�z�WeK^`�6eK^SklbL^`cFiD�

−(−∆)α/2fas(x) = δ(x). §��i	y6t�{�t�cFbFt�bL�4t�t�sOjSb6r
fas(x) = C(α)r−3+α,

� rLt
C(α)

d	cFiSyF�4bFyFiSjSiS\FcL^xh?�FiDkls`i�hFcFcL^xhnYL�Z�SyF^`sSb6sStZjScFbL�f^`cFbFtZcL^�bFp��4t�cFt�cFbFtp�cL^`a6^Z�Ft�yFtlr
α
mSsx^`aO��tS}Sa6^`aOb	j�i~rLcFiD�4t�yFcFiD� k�eL�U\L^`t�j�jS��yL^x��t�cFbFb�rFeFh	�Ft�yFt���Di�rLcFiS_v�6eLiSs`cFiDkls`bv�Ft�yFtlr

α
kls`iSbFs?�4bFcF�Sk`}T^	j2�qiSyL�4�~eLtqrFeFh��6eLiSs`cFiDkls`bvjDkltl�s`iS\Ft�a�d��6eL�Zk`YS©�^`aDiSt��FiSjStlrLt�cFbFt�yFt�{�t�cFb6h�hFj`eFhFt�sSk¨h	k�eFtlrKkls`jSbFt����St�klaUiScFtl\FcFiS_rFeLbFcF��s`yL^`t�aFs`iSyFbFbnY& Ök�eLb	s`yL^`t�aFs`iSyFbUh	bL�4t�t�s�aDiScFt�\FcFiSt�¤ÅrLt�s`t�yL�4bFcFbFyFiSjD^`c6cFiStb6eLb�k�eL�U\L^`_FcFiSt�kqaUiScFt�\FcF�z��klyFtlrLcFbL�§¦�\FbLk�eLi2�UpleLiSjL}6s`i2^SklbL�4�Fs`iSs`bFa6^

fas(x)�S��rLt�s�sx^`aUiS_O��tS}Da6^`a2b
p(x)

}Ds`i�t�kls`g ∝ r−3−α }D�SiSs�hn}Dt�k�eLb2��s`i�\FbLk�eLi>¤ j�klyFtlrF�cFt��§¦§jStleLbFaDiL}Ds`i��q�UcFaF Fb6h
fas(x)

�S��rLt�s�bL�4t�s`g�hFyFaDi�jS��yL^x��t�cFcF��_2�U\L^Skls`iSa2k�FiSjStlrLt�cFbFt�� ∝ r−3+α }Fk��4t�c6hF�]��bF_Lk�h
�U\L^Skls`aUiD��}6� rLt fas(x) ∝ r−3−α � ��'(� YX/k�eL�U\L^`t>�St�klaUiScFt�\FcFiS_�s`yL^`t�aFs`iSyFbFbHklyFtlrLcFt�t>\FbLk�eLi t�t?�UpleLiSj�j {�^`yFtyL^xrLbF�Dk�^
R
^SklbL�4�Fs`iSs`bF\Ft�kla6bvyL^Skls`t�sO�FiOp�^`aUiScF�Tm

〈N(R)〉 ∝ Rα, α ∈ (0, 2].

«ZY"G�^`c6rLtleLgS�Sy6iSs�bLkl�Fi`eLgSp�iSjD^xe>�Fi`eLt�s`����t�jSb?rFeFhv�4i�rLtleLbFyFiSjD^`cFb6h>yL^Skl�FyFtlrLtl�eLt�cFb6h
��^xeK^`aFs`bFaW¤ �UpleLiSjU¦Öb>�Fi`eL�U\Fb6evaU^~\Ft�kls`jSt�cFcFiStqkliS� eK^SklbFtqkqcL^`�`eL��rK^`s`tleLg`�cF�z�4b2rK^`cFcF�z�4bn}6\Fs`i��FiSyFi�rLb6eLi�t���t]i~rLbFc?s`t�yL�4bFcn}6�FiS�F��eFhFyFcF��_?j��FiDk�eLtlrLc6bFt��i~rL�<d��Rô1����ù-���xú�ñ����Ç��÷oøÒÿ�÷��x÷�°����KY
üqiDklsx^`jSbL��s`t��Ft�yFg.j

d
� �8t�yFcFiD�B�FyFiDkls`yL^`cLkls`jSt>s`�W��t
p�^xrK^�\F�S}4\Fs`i b�ji~rLcFiD�4tlyFcFiD��m4cL^`_6rLt��B�Ft�yFtl�Si~rLcF�U���6eLiSs`cFiDkls`gH¤

d
� �4t�yFcF��_���t�cFt�yL^`s`iSy£�qyL^`a6�sx^xeLgScFiS_	�F��eLbK¦�}U�FiSyFi~�OrK^`�]��bF_?kliSjSt�yF{�t�cFc6�6�¢�qyL^`aFsx^xeLgScF�U�<�F��eLgL}Ds`i�t�kls`gL}aUiSyFyFt�eLbFyFiSjD^`cFcF�U�<klbFkls`t��4�Ok�eL�U\L^`_FcF����s`iS\Ft�an}S��rLiSj`eLt�s`jSiSyDhF�]���U���Dk�eLiSjSb6hL�

〈N(r)〉 = BrD, r = |x|,

f(x) =
d〈N(r)〉
Sdrd−1dr

=
BD

Sd
rD−d, 0 < r <∞.

�FyFb�jDkltl�
r ∈ (0,∞)

}~^zcFtÖs`i`eLgSaUizjZ^SklbL�4�Fs`iSs`bFaDt��Si`eLgS{�b6�qyL^Sk�kls`i~hFc6bF_nY* frLbFc6�kls`jSt�cFcFiSt�iSs�eFbF\FbFt�iSsZi�rLcFiD�4t�yFcFiS��iqk eL�U\L^xhn}~� rLt��`eL�D�OrK^`cFbFt��S��eLiZcL^`�FyL^`j`eLt�c6�cF�z��}L�4cFiS��iD�4t�yFcFiStq�`eL�D�OrK^`cFbFtq�S��rLt��£�FyFtlrL�6i`eK^`�l^`s`gObFp�iSs`yFiS�FcF�z��Y
üqyFbL�4t�cFbFj	�FyFtliS�SyL^`p�iSjD^`cFbFt�+��6y6gSt��FiOjSt�aFs`iSyF�

x

f̃(k) = ψ̃(k)f̃(k) + ψ̃(k),

cL^x�Di�rLbL�
ψ̃(k) =

f̃(k)

f̃(k) + 1
.
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Gvi~�	c6i	�FiSaU^`p�^`s`gL}6\Fs`i

f̃(k) ≡
∫

j d

eikxf(x)dx =
BD

Sd

∫

j d

eikxrD−ddx = Cd(D)|k|−D,

� rLt
Cd(D) =

BD

Sd

2Dπd/2Γ(D/2)

Γ((d−D)/2)
.

©�^`aFbL��iS�SyL^`p�iD��}6s`yL^`cLk��qiSyL�f^`cFs~^B+��UyFgStqbLklaUiD�4iS��iO��t�cFtlyL^`s`iSyL^
ψ̃(k) =

1

1 + C−1d |k|D
.

��rLiSj`eLt�s`jSiSyDhFt�s��UyL^`jScFt�cFbF�
ψ̃(k) = −C−1d |k|Dψ̃(k) + 1,

^Ok�^S��iSc>d	�UyL^`jScFt�cFbF�¡k]eK^`�6eK^SklbL^`cFiD��j�rLyFiS�ScFiS_
kls`t��Ft�cFbnm
ψ(x) = −(−4d)

D/2ψ(x) + δ(x).

o�kl�Fi`eLgSp��xh>s`i��OrLt�kls`jSi

1

1 + C−1d |k|D
=

∞∫

0

e−[1+C
−1
d |k|D ]tdt,

�Ft�yFt��FbF{�t��£s`yL^`cLk��qiSyL�f^`cFs`��+��UyFgStqjOjSb6rLt
ψ̃(k) =

∞∫

0

e−tg̃d((C
−1
d t)1/Dk;D)dt, D ∈ (0, 2].

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgStq�FyFbFjSi~rLbFsOa
�qiSyL�4�~eLt
ψ(x) =

1

(2π)d

∫

j d

dke−ikx

∞∫

0

e−tg̃d((C
−1
d t)1/Dk;D)dt =

=

∞∫

0

dte−t(Cd/t)
d/Dgd((Cd/t)

1/Dx;D) =

= CdDr
D−d

∞∫

0

e−Cd(r/ξ)
D

ξd−D−1gd(ξ;D)dξ.
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rrFeFh |x| b ξ rFeFh (Cd/t)
1/D|x| Y � ^S�4t�s`bL��}4\Fs`i �6eLiSs`cFiDkls`g �Ft�yFtl�Di�rK^�bL�4t�t�s jcF��eLt�iDkliS�St�cFcFiDkls`g��6iSyDh6rLa6^

r−(d−D)
m

ψ(r) ∼ DCdrD−d
∞∫

0

ξd−D−1gd(ξ;D)dξ =
2−DCdΓ((d−D)/2)

Γ(D/2)
r−(d−D), r → 0.

üqyFbL�4t�cFt�cFbFt�^SklbL�4�Fs`iSs`bF\Ft�klaDiS��i]yL^`pleLi~��t�cFb6h�rFeFh��Dkls`iS_F\FbFjSiS_��6eLiSs`cFi`�kls`b	�FyFbFjSi~rLbFs�a2kliSiSs`jSt�sSkls`jS�U�]��t��4��yL^`pleLi~��t�cFbF��rFeFh	bLklaDiD�4iS��i���t�cFt�yL^`s`iSyL^Fm

ψ(r) =
D2

2πd/2

∞∑

n=1

(−1)n−1 2
nDnΓ((nD + d)/2)

Cnd Γ(1− nD/2)
r−nD−d ∼

∼ D2

2πd/2
2DΓ((D + d)/2)

CdΓ(1−D/2)
r−D−d, r →∞.
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	�{�z &ì��|�� � ï�|.��~�¹i�ì~���� î ���³¶�·�~�¹"!���|�������çB|�ï
üq�Dkls`g � x dOiS�S��aFcFiSjSt�cFcF��_	rLbF���qt�y6t�cF FbL^xeLgScF��_?iS�Ft�yL^`s`iSyn} � x ≡ d

dx

YGvcFiS��iSaFyL^`s`cFiSt��FyFbL�4t�cFt�cFbFt	t���i>a rLbL���qt�yFt�cF FbFyF�`t��4iS_�rLi`eF�	cFiStO\FbLk�eLi
yL^`p�q�UcFaF FbFb
f(x)

}
f (1)(x) = � xf(x),

f (2)(x) = � xf (1)(x) = � 2xf(x),
. . . ,

f (n)(x) = � xf (n−1)(x) = � nxf(x),
. . . ,�FyFiSbFp�jSi�rLbFsO�FiDk�eLtlrLiSjD^`s`tleFgScFiDkls`g��FyFiSbFp�jSi~rLc6���?cL^`s`�UyL^xeLgScF���?�FiSySh6rLaUiSj

f (1)(x), f (2)(x), . . . , f (n)(x), . . .

a6^x�OrF��_	\6eLt�cOaUiSs`iSyFiS_��Fi`eL�U\L^`t�sSk�hObFp��FyFtlrL��rL�U��t���iqyFt�aF�UyFyFt�cFs`cF�z�WkliSiSs`cFi`�{�t�cFbFt��
f (n)(x) = � xf (n−1)(x), n = 1, 2, . . . , f (0) ≡ f(x).

[4rLiS�ScFi]rLiS�Fi`eLcFbFs`gZ��s`���FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`gDó/ôx÷*�1:/öo÷�5�ñx÷*M¬ñ"4*��ò!öo÷�°*÷eó�÷-ô1��5
�
�x}�Fi`eLi��	bFjOt�t�yL^`jScFiS_>k�^S�4iS_
�q�UcFaF FbFb
f (0)(x) = � 0xf(x) = f(x).
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��^`yDh6rL�	kqklbL�4jSi`eLiD�

f (n)(x)
�4�¢�S�~rLt��WbLkl�Fi`eLgSp�iSjD^`s`g�rFeFh>iS�SiSp�cL^~\Ft�cFb6h2�FyFi`�bFp�jSi~rLc6iS_
kliSiSs`jSt�sSkls`jS�U�]���U�¡kls`t��Ft�cFg	iS�6t�yL^`s`iSyL^�rLbL���qt�yFt�cF FbFyFiSjD^`cFb6h

f (n)(x) = � nxf(x), n = 0, 1, 2, . . .

o�kl�Fi`eLgSp�iSjS^`cFbFtqiS�Ft�yL^`s`iSyFcFiS_�klbL�4jSi`eLbFaFbviDkliS�St�cFcFiO�~rLiS�ScFiOs`iS� rK^F}LaUiS��rK^	�Ftl�yFt��4t�cFcL^xhn}��Fi�aDiSs`iSyFiS_WjStlrLt�sSk¨h.rLbL���qt�yFt�cF FbFyFiSjD^`cFbFtS}niSs�eLbF\L^`t�sSk�hWiSs�^`yF���D��4t�cFsx^	�q�UcFaF FbFbn}6cL^`�FyFbL�4t�yn}

� nxf(ax) = dnf(ax)

dxn
= an

dnf(ax)

d(ax)n
= anf (n)(ax) 6= f (n)(ax).

üqi`eL�U\L^`t��4��t��FyFbL�4t�cFt�cFbFt��*yFt�aF�UyFyFt�cFs`cFiS��i�kliSiSs`cFiS{�t�cFb6h<�FyFiSbFp�jSi~rF�cF��t�iS�`eK^xrL^`�Zs�k�eLtlrL�U�]��bL�4bvkljSiS_Lkls`jD^S�4bnm
�SYZ�zrLc6iSyFi~rLcFiDkls`gLm

� nxf(bx+ c) = bnf (n)(bx+ c).

�6Y.��bFc6t�_FcFiDkls`gLm
[bf(x) + cg(x)](n) = bf (n)(x) + cg(n)(x), b, c = const�FY � eFi~��t�cFbFtq�FiSyDh6rLaUiSj
¤ �Fi`eL�U��yF�U�F�FiSjSiStqkljSiS_Lkls`jSiU¦�m

[f (n)(x)](m) = [f (m)(x)](n) = f (m+n)(x).

üqiDk�eFtlrLcFt�t�bL�4t�t�s?�Si`eLt�t�cL^`� eFh6rLcF��_�jSb6r�}L�S�~rL�U\Fbv�FyFtlrKklsx^`j`eLt�cFi2j2iS�Ftl�yL^xsSiSy6cFiS_v�qiSyL�4tSm
� mx � nx = � nx � mx = � m+nx .'LY
üqyFiSb6p�jSi~rLcL^xh?�FyFiSbFp�jStlrLt�cFb6h.¤ �FyL^`jSb6eLi-��t�_F�ScFbF F^D¦lm

[f(x)g(x)](n) =

n∑

k=0

(
n

k

)
f (k)(x)g(n−k)(x).

�6Y
üqyFiSb6p�jSi~rLcL^xh�kls`t��Ft�cFcFiS_.�q�UcFaF FbFb.k��Fi`eLi~�	bFs`tleLgScF�z�< FtleL�z�<�FiSa6^`p�^x�s`tleFt���m
� nx(x−a)m = m(m−1)...(m−n+1)(x−a)m−n =

Γ(m+ 1)

Γ(m+ 1− n) (x−a)
m−n,

−∞ < a <∞, m, n = 0, 1, 2, ...� ^S�8t�s`bL��}L\Fs`i
� nx(x− a)m =

{
m!, n = m

}
0, n > m



ÿ$¥ Ã � ���x���
�#�5����Æ���÷x��	#Æ('��"�5����÷��1�5��	#�#��Æ('D&x�x��§x��ã>��� �~�6�
ªFY�üqyFiSbFp�jSi~rLcL^xh
iSs>kls`t��Ft�cFcFiS_��q�UcFaF FbFb k�iSs`yFbF L^`s`tleLgScF�z�� FtleL�z���FiSaU^x�p�^`s`tleLt���}�\L^Skls`ivbLkl�Fi`eLgSp��`t��f^xh rFeFh.yL^`pleLi~��t�cFb6hW�q�UcFaF FbF_Wj�^SklbL�4�Fs`i`�s`bF\Ft�klaFbFt?¤ �FyFb

x→∞ ¦�yDh6rL��}FbL�4t�t�sOjSb6r�m
� nx(x− a)−m = (−1)n[Γ(m+ n)/Γ(m)](x− a)−(m+n), m, n = 0, 1, 2, ...

´UY�üqi~rLiS�ScFi2iS�Ft�yL^`s`iSyF� � x }¬bF�4t��]��t��4���FiDkls`i�hFcFcF��tO�q�UcFaF FbFb C1(x) = c
}

c = const
}]rFe6hBaUiSs`iSyF��� � xC1(x) = 0

}ZiS�Ft�yL^`s`iSyF� � nx bL�4t��]s¢kljSiSbu~�FiDkls`i~hFcFcF��tS|	�q�UcFaF 6bFb
Cn(x) =

∑n−1
k=0 ck(x− a)k

m

� nxCn(x) = � nx n−1∑
k=0

ck(x− a)k = 0,

n = 0, 1, 2, 3, ..., ck = const, C0(x) = 0.

	�{3± &ì��|�� � ï�|.��~�¹i�ìð��E¶�¹"!�|�������ð������E¶�·�~�¹"!
��|��-����ç�|�ï
ýf^Sk�k��4iSs`yFbL��rLyF�U���U���6iDk�eLtlrLiSjD^`s`tleLgScFiDkls`g>�q�UcFaF FbF_

fm(x)
}T�Fi`eL�U\L^`tl��4�U��bFp2s`iS_W��t2bLk��Di�rLcFiS_��q�UcFaF FbFb

f(x)
�FiSjSs`iSyFcF�z��bFcFs`t���yFbFyFiSjD^`cFb6t���iSscFt�aDiSs`iSyFiS��i	�qbFaUklbFyFiSjD^`cFcFiS��i��FyFtlrLtleK^

a
rLiOs`t�aF�U��t���iOp�cL^~\Ft�cFb6h

x
m

f1(x) =

x∫

a

dξ1f(ξ1), f2(x) =

x∫

a

dξ2

ξ2∫

a

dξ1f(ξ1), . . . ,

fn(x) =

x∫

a

dξn

ξn∫

a

dξn−1 . . .

ξ2∫

a

dξ1f(ξ1), . . . .

� ^S�4t�s`bL��}F\Fs`i
� xfn(x) = d

dx

x∫

a

fn−1(ξ)dξ = fn−1(x), n ≥ 1

b6eLb
fn−1(x) = � xfn(x).©nt��Ft�yFgziS�Ft�yL^`s`iSy � x klj`hFp���jD^`t�s�\6eLt�cF�.��s`iS_q�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`bZj�iS�SyL^`s`cFiD�cL^`�FyL^`j`eLt�cFbFbnmn�S��rL�U\FbW�FyFbL�4tlcFt�cFcF�z�¡a.i~rLcFiD�4��bFp2cFb6�¬}�cL^`�FyFbL�4t�yWa

fn(x)
}iSc>rK^`t�s ó/ô�ò�5�õ95
4&À��"M�\6eLt�c

fn−1(x)
Y$ Ök�eLb
��t��Ft�yFt�iS�SiSp�cL^�\FbFs`gO\6eLt�cF��cFiSjSiS_�FiDk�eLtlrLiSjD^`s`tleLgScFiDk�s`bn}6bFp��4t�cFbFjOp�cL^`a
�Ft�yFtlr
�FiSyDh6rLaUiD�

n
}

fn(x) ≡ af
(−n)(x),
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bW�FyFbLkls`yFiSbFs`g�b6�Wk�eLt�jD^
aW�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`b �FyFiSbFp�jSi~rLcF�����Fi`eLi~�	bFs`tleLg`�cF���?�FiSyDh6rLaUiSj�jO�FiSyDh6rLaDt�jSiSp�yL^Sklsx^`cFbUh>cFiSjS���2cFiD�4t�yFiSjL}F�4�¢�Fi`eL�U\FbL�£�St�klaUi`�cFt�\FcF�U�£jziS�St§kls`iSyFiScF�W�6iDk�eLtlrLiSjD^`s`tleLgScFiDkls`gzkfi~rLcFbL�
b�s`t��
��tÖcL^`�FyL^`j`eLt�cFbFt����t�cFt�yL^` FbFb>t�t�\6eLt�cFiSj	kZ�FiD�4iS��gS��iS�Ft�yL^`s`iSyL^ � x d2k�eLt�jD^�cL^`�6yL^`jSiLm

. . . , af
(−n)(x), . . . , af

(−1)(x), f (0)(x), f (1)(x), . . . f (n)(x), . . .=ZeLt�cF�WkfiSs`yFbF L^`s`tleLgScF�z�4b�p�cL^~\Ft�cFb6hL�4b��FiSyDh6rLaUiSjzklcL^`�~��t�cF�.cFb6�	cFbL�
bFc6rLt�a6�kliD�
a
}n�Ua6^`p���jD^`�]��bL��cFb6�	cFbF_W�FyFt�rLtleWbFcFs`t���yFbFyFiSjD^`cFb6h�¤ \6eLt�cF��k��Fi`eLi~�	b6�s`tleLgScF�z�4b��FiSyDh6rLaU^S�4bn}~s`iZt�kls`gL}Fu~cF^Skls`i~hF��bFtS|]�Fy6iSbFp�jSi~rLcF��tS}�j]��s`b6��bFc6rLt�a6k�^x�cFt�cF�D�OrK^`�]sSk¨hn}¬iScFbvd?eLiSa6^xeLgScF��t��D^`yL^`aFs`t�yFbLkls`bFaFb ���UcFa6 FbFbn}TiSs`yL^x�O^`�]��bFtt�t	�FiSjStlrLt�cFbFt	jviSaFy6t�kls`cFiDkls`b.rK^`cFcFiS_.s`iS\FaFb

x
}8^>cFt2jvaDiScFt�\FcFiD��bFcFs`t�y6jD^xeLt

(a, x)
}Fa6^`a>bFcFs`t���yL^xeL�]¦�YL[4rLiS�ScFi�jSjSt�kls`b>iS�Ft�yL^`s`iSy>bFcFs`t���yFbFyFiSjD^`cFb6h

a � xf(x) ≡ x∫

a

f(ξ)dξ,

sx^`a>\Fs`i
af

(−n)(x) = a � x af
(−n+1)(x) = a � nxf(x).üqyFbL�4t�c6h6h��FyL^`jSb6eLi�ð�bFyFb6�UeLt�iS�ZbFp��4t�cFt�cFbFbO�FiSyDh6rLaU^ZbFcFs`t���yFbFyFiSjD^`cFb6hj�rLjS�UaFyL^`s`cFiD��bFcFs`t���yL^xeLt�kq�Ft�yFt��4t�cFc6�z���FyFtlrLtleLiD�£jScF�Us`yFt�cFcFt���iL}

x∫

a

dξ2

ξ2∫

a

dξ1 . . . =

x∫

a

dξ1

x∫

ξ1

dξ2 . . . ,

b2bLkl�Fi`eLgSp��`h	�4t�s`i~r>�f^`s`t��f^`s`bF\Ft�klaUiS_2bFc6rL�UaF FbFbn}6�4i��	cFi��FyFt�iS�SyL^`p�iSjS^`s`g��4cFi`���iSaFyL^`s`cF��tZbFcFs`t���yL^xeL�<��s`iS_>�FiDk�eLtlrLiSjD^`s`tleLgScFiSkls`b2j�i~rLcFiSaFyL^`s`cF��tqkli�kls`t��Ft�c6�cF�z�4b>h6rLyL^S�4bn}F�FyFb6rFh
a
sx^`a>cL^`p���jD^`t��4iS_>�qiSyL�4�~eLt��qiS{�bnm

af
(−n)(x) =

x∫

a

dξn

ξn∫

a

dξn−1 . . .

ξ2∫

a

dξ1f(ξ1) =
1

(n− 1)!

x∫

a

(x− ξ)n−1f(ξ)dξ,

n = 1, 2, 3, . . .o�kl�Fi`eLgSp��`h���s`b	�qiSyL�8�~eL��}~cFt�s`yF�~rLcFiq�U�StlrLbFs`gDk¨h�jZs`iD��}x\Fs`iqs`yFbO�Ft�yFjS��tkljSiS_Lkls`jD^��FyFiSb6p�jSi~rLcF���Z FtleL���q�Fi`eLi~�	bFs`tleLgScF���Z�FiSyDh6rLaUiSj�iDklsx^`�]sSk¨h�kl�FyF^`jStlrF�eLbFjS�z�4b
b
�6i	iSs`cFiS{�t�cFbF��av�q�UcFaF Fb6hL�
af

(−n)(x), n = 1, 2, 3, . . .
m

�SY
a � −nx f(bx+ c) = b−n ab+cf

(−n)(bx+ c);

�6Y
a[bf(x) + cg(x)](−n) = b af

(−n)(x) + c ag
(−n)(x), b, c = const;
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a � −mx a � −nx = a � −nx a � −mx = a � −m−nx , m, n > 0.

©�^`an}F�Ft�yFjSiSt�kljSiS_Lkls`jSi�rLiSa6^`p���jD^`t�sSk¨h
k eLtlrL�U�]��t�_
jS��a6eK^xrLaUiS_nm

a � −nx f(bx+ c) =
1

(n− 1)!

x∫

a

(x− ξ)n−1f(bξ + c)dξ =

=
1

(n− 1)!

1

b

bx+c∫

ab+c

(
x− ζ − c

b

)n−1
f(ζ)dζ =

=
1

(n− 1)!

1

bbn−1

bx+c∫

ab+c

(bx+ c− ζ)n−1f(ζ)dζ =

=
1

bn
1

(n− 1)!

bx+c∫

ab+c

(bx+ c− ζ)n−1f(ζ)dζ =
1

bn
ab+cf

(−n)(bx+ c).

X�s`iSyFiSt�k�eFtlrL�St�s	bFp�iS�S��t���i	kljSiS_Lkls`jD^�eLbFcFt�_FcFiDkls`bvbFcFs`t���yL^xeLiSjL}Fs`yFt�s`gSt�jS��s`tl�a6^`tlsObFp�k�^S�4iS_
kls`yF�UaFs`�UyF��aFyL^`s`cFiS��iObFcFs`t���yL^xeK^FY� iS� eK^SklcFiO^`a6klbFiD�f^`s`bFaUteý4iDk�k�^�� �0� }F��s`b6�
s`yFtl�
kljSiS_Lkls`j�rLiDklsx^`s`iS\FcFi�rFeFh�FyFbLkljSiSt�cFb6h��q�6c6aF Fb6hL�
af

(n)(x)
p�jD^`cFb6h��FyFiSbFp�jSi~rLcF�����FiSyDh6rLaU^ −n j]s`iS\FaUt x�FyFiD�4tl�	�Us`aU^

(a, x]
YL©�^`aFbL�£iS�SyL^`p�iD��}6�FyFiSbFp�jSi�rLcL^xh>iSs`yFbF L^`s`tleLgSc6iS��iO�FiSyDh6rLaU^

−n �q�UcFaF FbFb f(x) t�k�sSgv�FyFiDkls`i n � aFyL^`s`cF��_WbFcFs`t���yL^xe�iSsv��s`iS_��q�UcFaF FbFbW�Fi
(a, x]

Y � jSiS_Lkls`jSi8�F}�iSs`yL^x�O^`�]��t�t*aUiD�f�4�Us~^`s`bFjScFiDkls`g rLbL���qt�yFt�cF FbL^xeLgSc6���iS�Ft�yL^`s`iSyFiSj � nx (n > 0)
�4tl�OrL��kliS�SiS_n}*b%bFcFs`t���yL^xeLgScF����iS�Ft�yL^`s`iSyFiSj

a � nx = a � −nx (n > 0)
�4tl�OrL�vkliS�SiS_n}Lkli~�6yL^`c6hFt�sSk¨hvb�j?k��4t�{�^`cFcFiD�Hk�eL�U\L^`tS}LaUi`�� rK^�rLbL���qt�yFt�cF FbL^xeLgScF��_?iS�Ft�yL^`s`iSy?rLt�_Lkls`jS�St�sO�FiDk�eLtqbFcFs`t���yL^xeLgScFiS��iL}

� nxa �mx f(x) = a � n−mx ,

cFiOcFt�bL�4t�t�s	�4t�klsx^Oj	k�eL�U\L^`tqiS�SyL^`s`cFiS��i��FiSySh6rLa6^F}6cL^`�FyFbL�4t�yn}

� x a � xf(x) = d

dx

x∫

a

f(ξ)dξ = f(x),

s`iS� rK^�aU^`a

a � x � xf(x) = x∫

a

d

dξ
f(ξ)dξ = f(x)− f(a) 6= f(x) = � x a � xf(x).
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üqi£��s`iS_<�FyFbF\FbFcFt � nx } n > 0

}�hFj`eFh6hLklgWeLt�jS�z�/iS�SyL^`s`cF�z��iS�Ft�yL^`s`iSyFiD���FiiSs`cFiS{�t�cFbF��a
a � nx }6cFtqhFj`eFhFt�sSk�h>�FyL^`jS�z��m

a � nx � nxf(x) = f(x)−
n−1∑

k=0

f (k)(a+)
(x− a)k

k!
6= f(x) = � nx a � nxf(x), x > 0.

üqyFiSjSt�yFbL��iDklsx^xeLgScF��tqkljSiS_Lkls`jD^FY'LY � ^S�4t�cFbL��j>�qiSyL�4�~eLt¬��t�_F�ScFb6 L^?��^`aFs`iSyFbL^xeL�
n!
b
(n − k)! �l^S�f�f^x��q�UcFaF Fb6hL�4b

Γ(n+1)
b
Γ(n+1−k) k�iSiSsSjStlsDk�sSjStlcFcFiL}`bn}`�FyFbFc6hFj�jSiqjScFbL�f^`cFbFtS}\Fs`i

Γ(n+1−k) bL�4t�t�s��Fi`eL�Zk�^qj�s`iS\Fa6^x� k = n+1, n+2, . . .
}SyL^Skl�Fy6iDkls`yL^`cFbL�kl�6�f�4bFyFiSjD^`cFbFtq�Fi

k
rLiO�St�klaDiScFt�\FcFiDkls`bnm

[f(x)g(x)](n) =

∞∑

k=0

Γ(n+ 1)

k!Γ(n+ 1− k)f
(k)(x)g(n−k)(x).

X�iDkl�Fi`eLgSp��St��4k�h2rK^xeLt�t�kljSiS_Lkls`jSiD����^S�f�f^x� �q�UcFaF FbFb
Γ(n+ 1) = n(n− 1) . . . (n− k + 1)Γ(n− k + 1)

bv�FiDk�eLt�kliSaFyL^`��t�cFb6hv\FbFk�eLbFs`tleFh�bvp�cL^S�4t�cL^`s`tleFhvcL^
k!Γ(n − k + 1)

p�^S�4t�cFbL�jOiS�St�b6�?\L^Skls�h6�>yL^`jSt�cLkls`jD^
n
cL^ −1 m

a[f(x)g(x)]
(−n) =

∞∑

k=0

(−1)kf (k)(x)g(−n−k)(x), n = 1.

GvcFiS��iSaFyL^`s`cFiz�FiSjSs`iSySh6h�iS�Ft�yL^` FbF�£bFcFs`t��lyFbFyFiSjD^`cFb6h��Fiz\L^Skls�hL�
jzjS��yL^x��t�cFbFb
a[f(x)g(x)]

(−1) =

x∫

a

f(ξ)g(ξ)dξ,

�U�Stl�OrK^`t��fk¨hBj�kl�FyL^`jStlrFeFbFjSiDkls`bBp�^`�FbLk�^`cFcFiS��i<jS��{�t£iS�SiS�S��t�cFb6hB�qiSyL�4��eL���t�_F�ScFbF L^�cF^	k�eL�U\L^`_>i~rLcFiSaFyL^`s`cFiS��i�bFcFs`t���yFbFyFiSjD^`cFb6hnY�6YRüqyFiSbFp�jSi~rLcL^xhviSs`yFbF L^`s`tleLgScFiS��i?�FiSyDh6rLa6^>kls`t��Ft�cFcFiS_ �q�UcFaF FbFb.k��Fi`�eLi~�	bFs`tleLgSc6�z���FiSaU^`p�^`s`tleLt��

a � −nx (x− a)m =
1

(n− 1)!

x∫

a

(x− ξ)n−1(ξ − a)mdξ =

=
(x− a)m+n
(n− 1)!

1∫

0

(1− z)n−1zmdz = [Γ(m+ 1)/Γ(m+ 1 + n)](x− a)m+n,

−∞ < a <∞, m, n = 0, 1, 2, ...
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ªFY+üqyFiSbFp�jSi~rLcF��t�iSs`yFbF L^`s`tleLgScF���O�FiSyDh6rLaUiSj�kls`t��Ft�cFcF���2�q�UcFaF FbF_?kziSsx�yFbF L^`s`tleLgScF�z�4b
 FtleL�z�4b
�FiSa6^`p�^`s`tleFhL�4b>cFt�kl�U��t�k�sSjS�U�]s>Y
´UYxoqcFs`t���yL^xeLgScF��t�iS�Ft�yL^`s`iSyF�WcF�~eLt�jS�����q�UcFaF FbF_
¤ s`iqt�k�sSgq�q�UcFaF FbF_n}~cFtyL^`jScF���2s`i��OrLt�kls`jSt�cFcFiOcF��eL��}FcFi�iS�SyL^`��^`�]��b6�	bFcFs`t���yL^xe
j�cF�~eLg��FyFb>eL�]�SiD�p�cL^�\Ft�cFbFb
�Ft�yFt��4t�cFcFiS��iO�FyFtlrLtleK^D¦�cFtqbL�4t��]s~Y�FY$��^`yDh6rL�?k]eLt�jSiDkls`iSyFiScFcFbL�4b>bFcFs`t���yL^xeK^S�4b

a � nxf(x) = 1

(n− 1)!

x∫

a

(x− ξ)n−1f(ξ)dξ

�4i~�	c6i	jSjSt�kls`b>b
�FyL^`jSiDkls`iSyFiScFc6bFtSm

x � nb f(x) = 1

(n− 1)!

b∫

x

(ξ − x)n−1f(ξ)dξ.

�]\Ft�jSb6rLcFiL}
a � nx = ( � −1x )n = � −nx }Fs`iS� rL^OaU^`a

x � nb = (− � −1x )n = (−1)n � −nx Y
	�{åä �s��|
��~�¹i�ì��~������9���³¶�¹ ����æ���~��76N@}� î ï���¶�¶��

oqp�iS�SyL^`p�bL��yFt�p��~eLg~sx^`s`� cL^`{�t�_<rLtlhFs`tleLgScFiDkls`b�cL^£rLbL^`��yF^S�f�4tS}��FyFtlrF�klsx^`j`eFhF�]��tl_?kliS�SiS_OjSt���t�kls`jSt�cFcF�U�<iDklg
ν
}DaU^x�OrK^xh	sSiS\6a6^�aDiSs`iSyFiS_2b6p�iS�SyL^x�O^x�t�s��FyFiSbFp�jSi�rLcF�U���FiSyDh6rLaU^F}UyL^`jScFiS��i�aUiSiSySrLbFcL^`s`tZ��s`iS_>s`iS\FaFbnY � ^S�f^��q�UcFaF Fb6h�FyFb£��s`iD�BbFp�iS�SyL^x��^`t�sSk�h�s`iS\FaUiS_£cL^�\L^xeK^�aUiSiSyDrLbFcL^`s�¤ �FyFiSbFp�jSi�rLcL^xh�cF�~eLt�jSi`���iv�FiSyDh6rLaU^D¦�Y?Gv��cL^~\L^xeLbWk	iS�Ft�yL^`s`iSyL^>rLbL���qt�yFt�cF FbFyFiSjD^`cFb6h � x }��FyFbL�4t�cFtl�cFbFt�aUiSs`iSyFiS��i�avbLk¨�Di~rLcFiS_
�q�UcFaF FbFb>rK^`t�sO�Ft�yFjS�U�¡�FyFiSbFp�jSi�rLcF�U��}F�Ft�yFt��4t���^xh�FyFtlrKkls~^`j`eFhF�]���U�/s`iS\FaF��jS�FyL^`jSi
cL^>tlrLbFcFbF\FcFiSt	yL^Sk�kls`i~hFcFbFtv¤«ý§bLk`Y4�6Y �~¦�Y[üqi`�jSs`iSyFcF�z�<�FyFbL�4t�cFt�cFbFt�����s`iS��i
iS�Ft�yL^`s`iSyL^>�4��p�^`�Fi`eLcFb6eLb jDkltOs`iS\FaFbWk� FtleLi`�\FbLk�eLt�cFcF�z�4b�aUiSiSyDrLbFcL^`s~^S�4b�cL^.�Fi`eLi~�	bFs`tleLgScFiS_H�Fi`eL�SiDklb�¤ \Ft�yFcF��t�s`iS\FaFbK¦�Y

üqyFbF�FbLk�^`j�a6^x�OrFiS_�s`iS\FaUtWk iSs`yFbF L^`s`tleLgScFiS_� FtleLiS_�aDiSiSyDrLbFcL^`s`iS_�¤¥kljSt�s�eL��ts`iS\FaFbK¦Z�FiSjSs`iSyFcF��_ bFcFs`t���yL^xe�kliSiSs`jSt�sSkls`jS�U�]��t�_ aFyL^`s`cFiDkls`bn}��4��iS�ScL^`yF�D�	b6�eLbn}n\Fs`i
�FyFbL�4t�cFt�cFbFtOrLbL���qt�yFt�cF FbL^xeLgScFiS��i>iS�Ft�yL^`s`iSyL^ � x b.j
��s`iS_ iS�`eK^Skls`b�Ft�yFt��4t���^`t�s�s`iS\FaFb?cL^�tlrLbFcFbF\FcFiStZyL^Sk�kls`i�hFcFbFt]j�s`iD�.��t]�Fi`eLi~�	bFs`tleLgScFiD�.cL^x��FyL^`j`eLt�cFbFb>iDklb
ν
}FiS�St�kl�Ft�\6bFjD^xh?�FiDk�eLtlrLiSjD^`s`tleLgScF��_?�Ft�yFtl�Si~r
iSsOaFyL^`s`cF���?bFc6�s`t���yL^xeLiSj.\Ft�yFt�pvk�^S�4���q�UcFaF FbF��aHaFyL^`s`cF�z���FyFiSbFp�jSi�rLcF�z��¤«ý§bLk`Y��6Y �S¦�Y9Gv��Fi`eL�U\Fb6eLb�i~rLcFiD�4t�y6cF�U��aFyFbLklsx^xeFeLbF\Ft�klaF�U��yFt�{�t�s`aF�S}Ta6^x�OrL��_Hux^`s`iD��|?aUiSs`i`�yFiS_	kliSiSs`jSt�sSkls`jS�St�sq�FyFiSbFp�jSi~rLcFiS_�iS�FyFtlrLtleLt�cFcFiS��i� FtleLiS��i2¤ �Fi��4i�rL�~eL�q¦4�FiSyDh6rF�a6^
¤ t�k�eLb
aFyL^`s`cF��t�bFc6sStl��yL^xeL��cL^`p���jD^`s`gO�Fy6iSbFp�jSi~rLcF�z�4b>iSs`yFbF L^`s`tleLgScF���> Ft��eL�����FiSyDh6rLaUiSjU¦�Y&��^`{�^Zp�^xrK^�\L^qs`t��Ft�yFg�d�p�^`�Fi`eLcFbFs`g��FyFiD�4tl�	�Us`aFb2�4tl�OrL����s`b6��4bW^`s`iD�f^S�4bn}n�Ft�y6t�_Fs`bWiSs
 FtleL����\FbLkltle

ν = 0,±1,±2, . . . a.jSt���t�kls`jSt�cFcF�z��}cFt��FyFt�yF��jScFi£p�^`�Fi`eLcUhF�Z��bL�/iDklg
ν
YVý8t�{�t�cFbFt ��s`iS_¢p�^xrK^�\Fb¢�4� �FyFiSjStlrLt���jrLjD^���s~^`�L^FY
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�Ft�yFjSiD�¢��sx^`�Ft2�4��iS�SiS�S��bL�<�FiSc6hFs`bFt2aFyL^`s`cFiS��ivbFcFs`t���yL^xeK^�¤ bFcFs`tl���yL^xeK^> FtleLiS_ aFyL^`s`cFiDkls`bK¦ZcL^>rLyFiS�ScF��t��FiSyDh6rLaFbnY�ýf^`p��6�4t�t�sSk¨hn}��4��cFt2�4i���t���FyFiSbFcFs`t���yFbFyFiSjD^`s`g��q�UcFaF FbF�Ãó�÷��xùJ÷-ô1�vb6eLbßù�ô���ø¬þ>òBùAö/òÀôxùJú&2�yL^`p�^FYK�qi��cL^SkZt�kls`g	��rLiS�ScF��_
^`cL^xeLbFs`bF\Ft�klaFbF_
bFcLk�sSy6�F�8t�cFs	d2�qiSyL�4��eK^O�qiS{�bnm

af
(−m)(x) =

x∫

a

dξm

ξm∫

a

dξm−1 . . .

ξ2∫

a

dξ1f(ξ1) =
1

(m− 1)!

x∫

a

(x− ξ)m−1f(ξ)dξ,

m = 1, 2, 3, . . .�FyFt�jSyL^`��^`�]��^xhv�FiSjSs`iSyFcF��_�bFcFs`t���yL^xe �6yFiSbFp�jSi`eLgScFiS_v FtleLiS_�aFyL^`s`cFiDkls`b
m
ji~rLcFiSaFyF^`sSc6��_�bFcFs`t���yL^xe�k�h6rLyFiD��kls`t��Ft�cFcFiS��i�s`bF�L^FY�ûÖs`i��FyFtlrKklsx^`j`eLt�cFbFt b�4i~��t�s
�S��s`g
bLkl�Fi`eLgSp�iSjD^`cFi2rFeFhW^`cL^xeLbFs`bF\Ft�klaUiS��i>�FyFi~rLi`eF��t�cFb6h bFcFs`t���yL^xeLiSj FtleLiS_>aFyL^`s`cFiDkls`b

m
jOiS�`eK^Sk�sSg�jSt���t�kls`jSt�cFcF���2p�cL^~\Ft�cFbF_Wu~aFyL^`s`cFiDkls`bn|

µ > 0¤ÅrLyFiS�ScF��_
^`cL^xeLiS���qiSyL�4��eL���qiS{�bK¦�m

afµ(x) ≡ af
(−µ)(x) =

1

Γ(µ)

x∫

a

(x− ξ)µ−1f(ξ)dξ, µ > 0.

üqt�yFjSiStS}¬\Fs`ivs`t��Ft�yFgvcL^xrLivk�rLtleK^`s`gL}¬��s`iv�FyFiSjSt�yFbFs`gL}njS���Fi`eLcUhF�ZsSk¨h eLbiDklcFiSjScF��t�kliSiSs`cFiS{�t�cFb6hv¤ �l� �D¦8j�k�eL�U\L^`t�rLyFiS�ScF����p�cL^~\Ft�cFb6_	�FiSa6^`p�^`s`tleFhnYU�]\Ftl�jSb6rLcFiL}L�6yFb
µ = m = 1, 2, 3, . . .

��sx^2�qiSyL�4��eK^	kliSjS�L^xrK^`t�s	k��qiSyL�4�~eLiS_v�qiS{�bn}b�kliSiSs`cFiS{�t�cFb6h<��s`b¢jS���Fi`eLc6hF�]sSk�hnY(ýf^Sk�k��4iSs`yFbL�/iS�S��bF_¢k eL�U\L^`_n}��Fi`eLi��	bFj
ν = −µ < 0

Y � jSiS_Lkls`jSi>�~¦
a � νxf(bx+ c) = bν ab+cf

(ν)(bx+ c), ν < 0,

ý§bLk`YT�6Y �Sm ��)+�!%#b-Y7�2,+ +;�&V 5.!$�E�)#.B9+:� +;If�N#��)/"/,#?/�!YDñ

ý§bLk`YK�6Y �6m ��)+�!%#b-Y7�2,+ +;�&VK#&-9+;IfDN#��)/"/,#?o��Ye��^��!%+f6b- 5.!?/�!YuØÙ,+%5aVa(&*)�%+ #$7&-O2)#.B9+;(Ú¨ñ
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�FyFiSjSt�yShFt�sSk�h>�leLt��4t�cFsx^`yFcFiL}

a � νxf(bx+ c) =
1

Γ(−ν)

x∫

a

(x− ξ)−ν−1f(bξ + c)dξ = bν ab+cf
(ν)(bx+ c).

� jSiS_Lkls`jSi	�S¦
a[bf(x) + cg(x)](ν) = b af

(ν)(x) + c ag
(ν)(x), b, c = const, ν < 0,k�eLtlrL�`t�sObFpqeLbFcFt�_FcFiDkls`b
bFcFs`t���yL^xeLgScFiS��iOiS�Ft�yL^`s`iSyL^FY � jSiS_Lkls`jSi-�D¦

a � µx a � νx = a � νx a � µx = a � µ+νx , µ, ν < 0¤ p�^S�4t�s`gxs`tS}¬plrLt�klg
iS�D^?�FiSaU^`p�^`s`tleFh
µ
b
ν
iSs`yFbF L^`s`tleLgScF�]¦]rFiSa6^`p���jD^`t�sSk�h�k�eLtl�rL�U�]��bL�£iS�SyL^`p�iD��m

a � µx a � νxf(x) = a � νx 1

Γ(−ν)

x∫

a

(x− ξ)−ν−1f(ξ)dξ =

=
1

Γ(−µ)Γ(−ν)

x∫

a

dη(x− η)−µ−1
η∫

a

(η − ξ)−ν−1f(ξ)dξ =

=
1

Γ(−µ)Γ(−ν)

x∫

a




x∫

ξ

(x− η)−µ−1(η − ξ)−ν−1dη


 f(ξ)dξ =

=
1

Γ(−ν − µ)

x∫

a

(x− ξ)−µ−ν−1f(ξ)dξ ≡ a � µ+νx f(x), µ, ν < 0.

� rLt�klg�bLkl�Fi`eLgSp�iSjD^xcFi¢�FyL^`jSb6eLißð�bFyFb6�UeLtH�FyFb��Ft�yFt�klsx^`cFiSjSaDt�bFcFs`t���yL^xeLiSj�b�qiSyL�4��eK^
1∫

0

(1− x)−µ−1x−ν−1dx =
Γ(−µ)Γ(−ν)
Γ(−µ− ν) .

©�^`aFbL��iS�SyL^`p�iD��}6�q�UcFaF Fb6h

af
(ν)(x) =

1

Γ(−ν)

x∫

a

(x− ξ)−ν−1f(ξ)dξ, ν < 0, (5.3.1)

cL^`p���jD^`t��f^xhq5�ôx÷*67ñ�õ[ÿ´��ñ�ùAò�°�ô����x÷*ÿ �E�#ÿ��oñ���� ù��"4+ö(�
�
��� ó�÷-ô1��5
�
� −ν > 0iSs �q�UcFaF FbFb
f(x)

}f�4i���t�s��S��s`g��FyFbFc6hFsx^�j aU^~\Ft�kls`jStÄ5�ôx÷*67ñ�÷*M»ó/ôx÷*�1:�öo÷�5�ñ�÷*M�E�#ÿ��oñ���� ù��"4+ö����&�1�Ç÷7ù�ô��"<��oùAò/�xú�ñ�÷�°*÷¬ó�÷-ô1��5
�
�
ν < 0

Y��qt��FyFt�yF��jScFiSt��4cFi~��tl�kls`jSi���s`b6�	�FyFiSbFp�jSi~rLcF����bFp�iS�SyL^x��t�cFi�kljSt�s�eLiS_OeLbFcFbFt�_2cL^�iSs`yFbF L^`s`tleLgScFiS_	�Fi`�eL�SiDklb
ν
¤«ý§bLk`YK�6Y �D¦�Y
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ý§bLk`Y#�6Y �Fm ��)+�!%#b-Y7�2,+ +;�& ��$7)�%+K5.!$7&-9+:� +;IfªY7&*_
&*0*$�Y7&- + +;IfTN#��)/"/,#?o�!Y|Ø 0-Y7&*$�i
95.!"D9+%+ +%#"�Ú¨ñ

ý§bLk`YK�6Y 'Lm ��&*)+&-fo�2,A��$d,#)+��^! +;IfD%+ #$7&-O2)#.B9#�!Ye?J,#)+��^! +;�Q�N#)+�!%#b-Y7�2,+ +;IQfñ	�{/ë �s��|
��~�¹i������|�� � ï�|.��~�¹i�
����æ���~��76N@}� î ï���¶�¶��´� -µ�(Û�¶��
�]�FyFtlrLtleLbFj.rLyFiS�ScF��t
�FyFiSbFp�jSi~rLcF��t
iSs`yFbF L^`s`tleLgScF�����FiSyDh6rLaDiSjL}§cFt�iS�`��Di�rLbL�4i��FyFi~rLi`eF�	bFs`g�b6�.j�iS�`eK^Skls`g��Fi`eLi��	bFs`tleLgScF���WjSt���t�kls`jSt�cFcF���.�FiSyDh6rF�aUiSjLY~��^`p�^xeLiDklgz�S��}~��s`iq�4i~�	cFiqk�rFtleK^`s`gZ�FyFiDkls`�z��bFp��4t�cFt�cFbFt���p�cL^`a6^z�FiSyDh6rLa6^FmbL�4tlhvjS��yL^x��t�cFbFt2¤ �6Y �FY �~¦ÖrFeFh
iSs`yFbF L^`s`tleLgScF���

ν
}LyL^Skl�FyFiDkls`yL^`cFbFs`g	t���i���t�cL^�Fi`eLi~�	bFs`tleFgScF��tOp�cL^~\Ft�cFb6hnY�ð�tleLiL}Ti~rLcL^`aDiL}Tj
s`iD��}n\Fs`i
�FyFb �Fi`eLi~�	bFs`tleLgScF���

ν
bFcFs`t���yL^xe

x∫

a

(x− ξ)−ν−1f(ξ)dξ

yL^Sk��Si~rLbFsSk�h>cL^�jSt�yD�6cFt����FyFtlrLtleLtSY�zrLbFc?bFpZ�F�Us`t�_?�FyFt�i~rLi`eLt�cFb6h?��s`iS_?s`yF��rLcFiDkls`b>�S��e?yL^`p�jSbFs6ý§bL�f^`cFiD�Wb��bF�UjSb6eFeLt���YFoZ�?�Fi~rF�Di�r
�S��e
iDklcFiSjD^`c?cL^��FyFi~rLi`eF��t�cFbFb
kliSiSs`cFiS{�t�cFb6h
af

(n)(x) = � kx af
(n−k)(x) = � kx a � k−nx f(x), n < k = 1, 2, 3, . . .

jOiS�`eK^Skls`g��Fi`eLi~�	bFs`tleLgScF���?p�cL^~\Ft�cFbF_>cFt� FtleL���
ν
m

af
(ν)(x) = � kx a � k−νx f(x). (5.4.1)� rLt�klg

k
�4i~�	cFi��Fi`eLi��	bFs`g�yL^`jScF�z��eL�]�SiD�4��cL^`s`�UyL^xeLgScFiD�4��\FbLk�eL�S}D�FyFt�jSiDk��Si`�rFhF��t��4�
ν
Y6[frLiS�ScFiL}Ui~rLcL^`aUiL}UjSplhFs`gOcL^`bL�4t�cFgS{�t�tqbFp�s~^`aFb6�>\FbLkltle�}Fsx^`a>\Fs`i

k − 1 ≤ ν < k.��^`� eFh6rLcFi���s`�Z�FyFiS FtlrL�UyF�q�4i��	cFiziS�FbLk�^`s`gzk�eLtlrL�U�]��bL�>iS�SyL^`p�iD��YBüqyFtlrF��Fi`eLi~�	bL��}�cL^S�*cFt�iS�~�Si~rLbL�4i£cL^`_Fs`b��FyFiSbFp�jSi~rLcF�U�
af

(3,4)(x)
¤ p�jSt�plrLiS\Fa6^£cL^iDklb

ν
}Iý§bLk`YÖ�6Y 'U¦�Y9Gv�*��t
�6�4t�t��BcL^x�Di~rLbFs`g �FyFiSbFp�jSi~rLcF��t2eL�]�S����¤  FtleL���£brLyFiS�ScF���L¦	iSs`yFbF L^`s`tleLgScF���<�FiSyDh6rLaDiSj�b¢ FtleL���<�Fi`eLi��	bFs`tleLgScF���<�FiSyDh6rLaDiSjLY



ÿ$¥ ò7f6�����#��Æ��=&x���x���
�#�>����Æ��vu���âI�����21}<D�"õ"�#�$	�	�§½�ÇÅ��GÜ$	�§ �~�/Ñ
� rLtleK^`t���cFt�klaUi`eLgSaDiO{�^`��iSj�tlrLbFcFbF\FcFiS_>rFeLbFcF��iSs�s`iS\FaFb

ν
jOiSs`yFbF L^`s`tleLgScFiD�cL^`�FyL^`j`eLt�cFbFb>iDklbn}6sx^`an}F\Fs`iS�S��jOyFt�p���eLgxsx^`s`tq�FiS�L^Skls`gOcL^OiSs`yFbF L^`s`tleLgScF�U�¡�Fi`�eL�SiDklgLYRüq�Dkls`g

k
dv\FbLk�eLi
sx^`aFb6��{�^`��iSj?rLi
�FiS�L^xrK^`cFb6h j
�6t�yFjS��_.tlrLbFc6bF\FcF��_bFcFs`t�yFjD^xe£iSs`yFbF L^`s`tleLgScFiS_��Fi`eL�`iDklb

(−1, 0) ¤ j�cL^`{�t����FyFbL�4t�yFt k = 4
¦�Y©Gv��FyFbF{�eLb?j�s`iS\FaF�2k]iSs`yFbF L^`s`tleLgScFiS_?aDiSiSyDrLbFcL^`s`iS_

ν − k = −0.6 }6�FyFiSbFp�jSi�rLcL^xhsx^`aDiS��iO�FiSyDh6rFa6^�jS��\FbLk�eFhFt�sSk�h
�Fi�rLyFiS�ScFiD�4�2^`cL^xeLiS���?�qiSyL�4��eL���qiS{�bnm

af
(ν−k)(x) ≡ afk−ν(x) =

1

Γ(k − ν)

x∫

a

(x− ξ)k−ν−1f(ξ)dξ.

=qs`iS�S��jSt�yFcF�Us`gDk¨hvj	bLk��Si~rLcF�U�Bs`iS\FaF�S}LcL^xrLi2k�rLtleK^`s`g	s`t���t
k
{�^`��iSjL}6cFi2�D��tjS�FyL^`jSiLYF��^x�OrLiD�4�?s~^`aUiD�4�>{�^`���>kliSiSs`jSt�sSkls`jS�`t�sOiS�Ft�yL^`s`iSy � x b k {�^`��^S��kli`�iSs`jSt�sSkls`jS�St�s

k
� h
kls`t��Ft�cFg	��s`iS��iOiS�Ft�yL^`s`iSyL^FY6X<yFt�p���eLgxs~^`s`t��Fi`eL�U\L^`t��

af
(ν)(x) = � kx af

(ν−k)(x) =
1

Γ(k − ν) � kx
x∫

a

(x− ξ)k−ν−1f(ξ)dξ.

� ^S�4t�s`bFjL}§\Fs`i�\FbLk�eLi
k
cL^.tlrLbFcFbF F���Si`eLgS{�t
 FtleLiS_H\L^Skls`b�bLk¨�Di~rLcFiS��i�FiSySh6rLa6^

ν
}KiS�SiSp�cL^�\L^`t��4iS_

[ν]
}K�Ft�yFt��FbF{�t��H��s`�v�q�UcFaF FbF��}TcF^`p���jD^`t��4�U� ó/ôx÷*��1:/öo÷�5�ñ�÷*M¾�E�#ÿ��oñ���� ù��"4+ö����&�1�H¤ �Fi`eLi~�	bFs`tleLgScFiS��i?�FiSyDh6rLa6^D¦]�q�UcFaF FbFb

f(x)
}¬jjSb6rLt

af
(ν)(x) = � [ν]+1 a � 1−{ν}x f(x) =

1

Γ(1− {ν}) � [ν]+1x

x∫

a

f(ξ)dξ

(x− ξ){ν}

� rLt {ν} iSp�cL^~\L^`t�s�rLyFiS�ScF�U�£\L^Skls`g]\FbLk�eK^ ν } 0 ≤ {ν} < 1
}�sx^`a�\Fs`i

ν = [ν]+{ν} YX<yL^`p�jSt�yFcF�Us`iD�£jSbUrLt�jS��yL^x��t�cFbFtqrFeFh>rLyFiS�ScFiS_>�FyFiSbFp�jSi~rLcFiS_>�FyFiSbFp�jSi`eLgScF���¤ a6^`av�Fi`eLi~�	bFs`tleLgScF���¬}Lsx^`avb�iSs`yFbF L^`s`tleLgScF���L¦��FiSySh6rLaUiSj2p�^`�FbLkl��jD^`t�sSk¨h�k�eLtl�rL�U�]��bL�£iS�SyL^`p�iD��m

af
(ν)(x) ≡ a � νxf(x) =





1
Γ(−ν)

x∫
a

(x− ξ)−ν−1f(ξ)dξ, ν < 0
}

1
Γ(1−ν) � x x∫

a

(x− ξ)−νf(ξ)dξ, 0 ≤ ν < 1,

1
Γ(2−ν) � 2x x∫

a

(x− ξ)−ν+1f(ξ)dξ, 1 ≤ ν < 2,
. . . . . . . . . . . . . . . . . . . ,

YnYnY¬YnYnY¬Y
X yL^Sk�k��f^`s`yFbFjD^`t��4���¢cF^S�4b�rLyFiS�ScF�����6yFiSbFp�jSi~rLcF���¢bFcFs`t���yFbFyFiSjD^`cFbFtjStlrLt�sSk¨h?iSs��FiDkls`i~hFcFcFiS��i�cFb6�	cFt��li��FyFtlrLtleK^�rLi��Ft�yFt��4t�cFcFiS��i�jStlyD�6cFt���iL}S�Fi�aUi`�s`iSyFiD�4�v¤ �FyFb>�Fi`eLi��	bFs`tleLgScF���

ν
¦§jS���Fi`eLcUhFt�sSk�h	rLbL���qt�yFt�cF FbFyFiSjD^`cFbFtSYD©8^`aFbFt
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�#�5����Æ.â
�FyFiSbFp�jSi�rLcF��t	cL^`p���jD^`�]sSk�h>��ò!öo÷oøBùJ÷-ôx÷7ñ�ñ"�#ÿ��LYnoZ��ó/ô��/öo÷oøBùJ÷-ôx÷7ñ�ñ"�xò?^`cL^xeLiS��biS�FyFtlrLtleFhF�]sSk¨h�kliSiSs`cFiS{�t�c6bFt��

f
(ν)
b (x) ≡ x � νbf(x) =





1

Γ(−ν)

b∫

x

(ξ − x)−ν−1f(ξ)dξ, ν < 0;

1

Γ(1− {ν}) (− � x)[ν]+1
b∫

x

f(ξ)dξ

(ξ − x){ν} , ν > 0,

X�aU^~\Ft�kls`jStv�FyFtlrLtleLiSj.rLyFiS�ScF�����FyFiSb6p�jSi~rLcF���H�4iS�l�6s.jS�zkls`�U�L^`s`g��.b
∞ YDoqcFiS� rK^q�FyFiSbFp�jSi�rLcF��t�¤ bFcFs`t���yL^xeL�]¦fjSb6rK^ −∞f (ν)(x) cL^`p���jD^`�]suó/ôx÷*�1:/öo÷�5
�ñ�õ[ÿ��<¤/��ñ�ùAò�°�ô1�����!ÿ��¬¦³ù��"4+ö����
�1�

f
(ν)
∞ (x)

dnó/ôx÷*�1:/öo÷�5�ñxõ�ÿ��<¤/��ñ�ùAò�°�ô1�����!ÿ��¬¦I
ò0M��1�KY>üqiDk�eLt�rLcFbFtqbFcFiS� rK^O�4i~rLbL�qbF FbFy6�6�]sSk¨hvk�eLtlrL�U�]��bL��iS�SyL^`p�iD��m
f (ν)∞ (x) =

ei(ν+1)π

Γ(1− {ν}) � [ν]+1x

∞∫

x

f(ξ)dξ

(ξ − x){ν} .=qbFsx^`s`tleL��}K��tleK^`�]��t��4�v�U� eL�U�SbFs`gDk¨h�j?s`t�iSyFbF��rLyFiS�ScF���viS�Ft�yL^`s`iSyFiSjL}�4i~�	cFi>�FiSyFt�aUiD�4t�c6rLiSjD^`s`g?aFcFbF��bÑ� �6}#��� }n^?s`t���}naUiD�4�vrLiDk�sS�U�Fc6��p�^`yF�U�Stl�	cF��tbFplrK^`cFb6h?d2aFc6bF��bÁ� '`� ª�� Y
	�{
	 Ø ï�|³Û�����ï�� ����|
��~�¹"!�����|�� � ï�|.��~�¹"!

af
(ν)(x)

Î,º�Î,º�� ÊÇ¿Zÿ��vÿ��]ønö�Ë���¶�ÿ¡÷����9ÎZ÷Tø��§ö
�SY.��bFc6t�_FcFiDkls`gLm

a � νx(bf(x) + cg(x)) = b af
(ν)(x) + c ag

(ν)(x).

�6Y�+�iSyF�4�~eK^�eLbFcFt�_FcFiS��iO�FyFt�iS�SyL^`p�iSjD^xcFb6h?�FyFtlrLtleK^Fm
ab+c � νxf(x) = b−ν a � ν(x−c)/bf(bx+ c), b > 0.�FY�+�iSyF�4�~eK^�eLbFcFt�_FcFiS��iO�FyFt�iS�SyL^`p�iSjD^xcFb6h>^`yF���6�4t�cFsx^Fm

a � νxf(bx+ c) = b−ν ab+c � νxf(x), b > 0.'LY�+�iSyF�4�~eL��iSs`yL^x��t�cFb6hnmF�F�Skls`g
� cf(x) ≡ f(c− x), c ∈ R,s`iS��rK^�rFeFh

ν < 0)
bL�4t��]s2�4t�kls`i2kliSiSs`cFiS{�t�cFb6h

a � νx = � a+b x � νb � a+bf(x),b
−∞ � νx = � 0 x � ν∞ � 0f(x).
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af

(ν)(x)
��ªF�

Î,º�Î,º�Ì û���Ë���Ë?¿d¶è÷�¿d��à!ÿ��]ü
	qÓ���Ë(	(
e�V���
üq�Dkls`g

α
b
β
dz�Fi`eLi��	bFs`tleLgScF��tfjSt���t�kls`jSt�cFcF��tf\FbLk�eK^F}lsx^`aq\Fs`i

a � −αx =a� αx b a � −βx =a � βx }�^ m b
n
d�cL^`s`�UyL^xeLgScF��t�\FbLk�eK^<�S}��6},�F}]Y Y YÖrFeFh< FtleL����FyFiSbFp�jSi�rLcF���?iS�SiS�S��^xt�sSk�h?j	k�eLtlrL�U�]���U�BklbLkls`t��4�>�qiSyL�4��e>rFeFh>rLyFiS�ScF���¬m

a � −αx a � −βx f(x) = a � −α−βx f(x);

a � αxa � −βx f(x) = a � α−βx f(x), β > α;

a � −αx a � βxf(x) = � −α+βf(x)− n∑

j=1

af
(β−j)(a+)

(x− a)α−j
Γ(α− j + 1)

;

a � αxa � βxf(x) = � α+βf(x)− n∑

j=1

af
(β−j)(a+)

(x− a)−α−j
Γ(1− α− j) ;

m− 1 < α 6 m, n− 1 < β 6 n, α+ β < n.� rLt�klg
af

(ν)(a+) = lim
ε↓0 a � νa+εf(a+ ε).

Î,º�Î,ºÍÌ Otî�Ë]ö4ø���¶�ÿ��9Ó]ÿ�Ë]ö4ø���Ë�¶
� iS�FiDklsx^`jSbL�2s`t��Ft�yFg�rLyFiS�ScF��tf�FyFiSbFp�jSi�rLcF��tf�FyFiSs`bFjSiS�Fi`eLi��	cF���Z�Fi�p�cL^x�aF�2�FiSyDh6rLaUiSjLY#ýf^`jSt�cLkls`jSi

a � νx a � −νx f(x) = f(x)

�FyFb
ν > 0

jS���Fi`eLc6hFt�sSk¨h�rFeFh�eL�]�SiS_¡kl�6�f�4bFyF�`t��4iS_B�q�UcFaF FbFb
f(x)

}zj�s`ijSyFt��8hva6^`aviS�SyL^`s`cF��_
�FiSyDh6rLiSav�FyFbL�4t�cFt�cFb6h���s`b6�>��t�iS�Ft�yL^`s`iSyFiSjOrK^`t�s	bFcFiS_yFt�p���eLgxsx^`s

a � −νx a � νxf(x) = f(x)−
n∑

j=1

af
(ν−j)(a+)

(x− a)ν−j
Γ(ν − j) , n−1 < ν 6 n = 1, 2, . . . ,

iS�SiS�S��^x�]��bF_.bFp�jSt�kls`cF�U���qiSyL�4�~eL�Ä�qgS�]s`iScL^x� ��t�_F�ScFbF L^FYnX!\L^Skls`cFiDkls`bn}8�FyFb
0 < ν = α 6 1

a � −αx a � αxf(x) = f(x)− (x− a)α−1
Γ(ν)

af
(α−1)(a+).

©�^`aFbL�¢iS�SyL^`pliD��}KiS�Ft�yL^`s`iSy
a � νx hFj`eFhFt�sSk¨hÁ��ò!öoõ[ÿ ÷*6-ô1�oùJñ�õ[ÿ�a a � −νx iS�Ft�yL^x�s`iSyFiD��}FcFiv¤ aU^`a
b
j	k�eL�U\L^`tq FtleL���>�FiSySh6rLaUiSjU¦ÖcFt�cL^`iS�SiSy6iSs~Y
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Î,º�Î,º«· Ê��§þ¸¿Zÿ������§ÿ�
qü7ãäã¢ÿ�Ë]ÿ���Ï]ü�Ë����§ö��]ü]ÿ

 Ök�eLbH�St�klaDiScFt�\FcF��t>yDh6rL���q�UcFaF FbF_ ∑
fj
b ∑

a � νxfj k��Di�rFhFsSk�h�yL^`j`�cFiD�4t�yFcFiWj.aFyF�U��t
0 < |x − a| < R

}§s`i��6yFbHeL�]�S���
ν
j.cFt���kl�FyL^`jStlrFeLbFjD^�qiSyL�4��eK^

a � νx ∞∑

j=0

fj(x) =

∞∑

j=0

a � νxfj(x) = ∞∑

j=0

af
(ν)
j (x).

Î,º�Î,º�Î ßBü7ãäã¢ÿ�Ë]ÿ���Ï]ü�Ë����§ö��]ü]ÿ7Ó�Ë��§üzý��§ÿ�
qÿ��]ü
	
� �U��t�kls`jS�St�s/cFt�klaUi`eLgSaDi��qiSyL��}?iS�SiS�S��^x�]��b6��bFp�jSt�kls`cF�U� �qiSyL�4��eL���t�_F�ScFbF L^�cF^�rLyFiS�ScF��tq�FiSySh6rLaFbnYT�zrLcL^�bFp�cFb6�?bL�4t�t�s	jSb6r
yDh6rK^
a � νx [f(x)g(x)] = ∞∑

k=−∞
c

(
ν

ck + µ

)
af

(ν−ck−µ)(x)ag
(ck+µ)(x),

� rLt
0 < c ≤ 1

}K^
µ
���FyFiSbFp�jSi`eLgScFiStZjSt���t�kls`jSt�cFcFiSt�\FbLk�eLiLY�üqyFb

c = 1
b
µ = 0��s`iSsOyDh6rv�6yFbFcFbL�f^`t�s	jSb6r

a � νx[f(x)g(x)] = ∞∑

k=0

Γ(ν + 1)

k!Γ(ν − k + 1)
af

(ν−k)(x)g(k)(x),

^2�FyFb
ν = n

�FyFt�jSyL^`��^`t�sSk�h�j?iS�S��\FcF�U���qiSyL�4��eL����t�_F�ScFbF L^FY�ð�yF�U�l^xhv�FyFtlrF�klsx^`j`eFhFt�sSk¨h
bFcFs`t���yL^xeLiD���Fi	�FiSySh6rLaF�2rLyFiS�ScF���?�Fy6iSbFp�jSi~rLcF���¬m

a � νx [f(x)g(x)] = ∞∫

−∞

Γ(ν + 1)

Γ(µ+ 1)Γ(ν + 1− µ) af
(ν−µ)(x)ag

(µ)(x)dµ.

Î,º�Î,º�Í Otî���î�ì!ÿ�����¶�ÿ�Ë(	(
e¶w��ÿ%Î¸¿d��Ë]ö
�]�S��\FcF��_(yDh6r,©nt�_6eLiSyL^��FiSp�jSi`eFhFt�s�jSiDk�klsx^`cFiSjSbFs`g�^`cL^xeLbFs`bF\Ft�klaF�U��q�UcFaF FbF��jSi�jDklt�_?iS�`eK^Skls`b?t�tZiS�FyFtlrLtleLt�cFb6h>�FiOkl\Ft�s`cFiD�4�?�4cFi���t�kls`jS�2t�tZ�FyFi`�bFp�jSi~rLc6���? FtleL���>�FiSySh6rLaUiSj�jOi~rLcFiS_>s`iS\FaUtSY � �Ft�yFtl�Di�rLiD��a>rLyFiS�ScF�z���FyFiSbFpl�jSi~rLcF�z� jSiSp��4i~�	cFiDkls`b	sx^`aDiS��i��FyFtlrKklsx^`j`eLt�cFb6h2yL^Skl{�bFyShF�]sSk�hn}Db?��s`i��FiSc6hFs`cFiLmcFtleLiSaU^xeLgScL^xhqrLyFiS�ScL^xhq�FyFiSbFp�jSi~rLcL^xh2u~jD�4t���^`t�sF|zj]klt��~h��Si`eLgS{�tfbFcL�qiSyL�f^` FbFbn}\Ft�� eLiSa6^xeLgScL^xhO FtleK^xhnYF�zrLcFi�bFp]sx^`aFb6�	iS�SiS�S��t�cFbF_OyDh6rK^�©nt�_6eLiSyL^�bL�4t�t�s�jSb6rnm

f(x+ ξ) = c

∞∑

k=−∞

1

Γ(ck + µ+ 1)
af

(ck+µ)(x)ξck+µ, 0 < c ≤ 1.

üqi`eK^`�l^xh?plrLt�klg
c = 1, µ = 0

b
�FyFbFcFbL�f^xh�jSiOjScFbL�f^`cFbFtS}L\Fs`i
1/Γ(k + 1) = 0,�FyFb

k = −1,−2,−3, . . . }6�FyFb6�Di~rLbL�£a>iS�S��\FcFiD�4�2yDh6rL�?©nt�_6eLiSyL^FY



ÿ$¥ ÿT�.�#��Ü����1�+� �������#��Æ('D&x���x���
�#�5����Æ('
af

(ν)(x)
��ª&�

ð�yF�U��iS_qjD^`yFbL^`cFs�iS�SiS�S��t�cFb6hZyDh6rK^�©�t�_6eLiSyL^�iDklcFiSjD^`cZcL^�bLkl�Fi`eLgSp�iSjD^`cFbFb�FiDk�eLtlrLiSjD^`s`tleLgScFiDk�s`b?rLyFiS�ScF���2�FyFiSbFp�jSi~rLcF���
aD(νj)x f(x) ≡ a � 1−νj−νj−1

x af
(1+νj−1)(x), ν0 = 0,

0 < νj − νj−1 ≤ 1, j = 0, 1, 2, . . . m :

f(x) =
∞∑

j=0

(x− a)νj
Γ(νj + 1)

aD(νj)x f(a).

� ^S�4t�s`bL��}F\Fs`iL}FjSiSiS�S��t]��iSjSiSyDhn}
aD(νj)x f(x) 6= a � (νj)x f(x),�DiSs�h
cL^vu��DiSyFiS{�b6�¬|��q�UcFaF Fb6h6�?��s`bv�FyFiSbFp�jSi�rLcF��t�kliSjS�L^xrK^`�]s�� 'L}Lk`YL�S�*� Y� �U��t�kls`jS�St�s�jD^`yFbL^`cFs~}ZbLkl�Fi`eLgSp��U�]��bF_¡s`i`eLgSaUi�rLyFiS�ScF��t�bFcFs`t���yL^xeL��Y+�iSyL�4��eK^

∞∫

0

f(x+ ξ)ξµ−1dξ = Γ(µ) x � µ∞f(x)
�FyFb>�qbFaUklbFyFiSjD^`cFcFiD�

x
b
µ > 0

t�kls`g�cFt]\Fs`i�bFcFiSt]aU^`aÇù�ô��oñxøå��÷-ô+ÿ��oñ�ù-�
��ò/�������ñ��Ä�94�ñ"�&<"�"�
ϕx(ξ) ≡ f(x + ξ)

YÖX����Fi`eLc6h6h�iS�SyL^`s`cFiSt
�FyFt�iS�SyL^`p�iSjS^`cFbFt>b�Fi`eK^`��^xh
x = 0

}8�Fi`eL�U\FbL��bLklaUiD�4iSt2yL^`pleLi���t�cFbFtS}�cFi�cFt?j�yDh6r£�Fi��FyFiSbFp�jSi�rF�cF�z��}L^ ö���ñ�ùAò�°�ô1����ó�÷���ñ�ùuò0°Ýô������!ÿ2m
f(ξ) =

1

2πi

µ+∞∫

µ−i∞

Γ(z) 0f
(−z)
∞ ξ−zdz, ξ > 0, µ > 0.

� rLt�klg�bFkl�Fi`eLgSp�iSjD^`cFiviS�SiS�S��t�cFbFt	rLyFiS�ScFiS��ivbFcFs`t���yL^xeK^�cL^�aUiD�4�6eLt�aUklcF��t>�Fi`�yDh6rFaFbnY  §��t�i~rLbFc>jD^`yFbL^`cFs�iS�SiS�S��t�cFb6h?yL^`pleLi���t�cFb6h
©nt�_6eLiSyL^ObL�4t�t�sOjSb6r
f(x) =

∞∫

−∞

af
µ(x0)

Γ(µ+ 1)
(x− x0)µdµ.

Î,º�Î,ºÝ� ½½¶kË]ö�à!ÿ��]ü]ÿ�
eË���î����9Î¾Ó�Ë��§üzý�����
e���9Î þ]ÿ�Ë]ÿ¬ý�Ï]ÿ#¿d¶�ÿ
üqyFbL�4t�c6h6h�iS�S��\FcF�U�£�qiSyL�4�~eL�q©nt�_6eLiSyL^za�rLyFiS�ScFiS_��FyFiSbFp�jSi�rLcFiS_qeLt���aUi�Fi`eL�U\FbFs`gO�Fi`eLt�p�cF�U�¡�qiSyL�4��eL�S}6jS��yL^x��^`�Z���6�¢rLyFiS�ScF�U���FyFiSbFp�jSi~rLcF�U��\Ft�yFt�p FtleL��tq�FyFiSbFp�jSi~rLcF��tqjOcL^�\L^xeLgScFiS_>s`iS\FaDt�bFcFs`t�yFjD^xeK^Fm

a � νxf(x) = n−1∑

k=0

(x− a)k−ν
Γ(1 + k − nu)f

(k)(a)+
1

Γ(n− ν)

x∫

a

f (n)(t)dt

(x− t)ν−n+1 , n = [ν]+1.
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Î,º�Î,º¦ò ßBü7ãäã¢ÿ�Ë]ÿ���Ï]ü�Ë����§ö��]ü]ÿ ãHË�����Ï]ü]ü;Ód�ÂãHË�����Ï]ü]ü

üq�Dkls`g
g(x)

d
�4iScFiSs`iScFcL^xh��q�UcFaF Fb6hn}KbL�4t��]��^xh�cFt��FyFtlyF��jScF�U���FyFiSbFpl�jSi~rLcF�U��Ye�6ôx÷*67ñ�õ[ÿ7��ñ�ùAò�°�ô1���x÷*ÿ��94�ñ"�&<"�"�
f(x)

ó�÷³�94�ñ"�&<"�"�
g(x)

cL^`pl��jD^`t�sSk�hbFcFs`t���yL^xe

a � µg(·)f(x) = 1

Γ(µ)

x∫

a

f(ξ)g′(ξ)dξ

[g(x)− g(ξ)]1−µ , µ > 0, a ≥ −∞.

�6ôx÷*67ñ����½ó/ôx÷*�1:/öo÷�5�ñ����½ó�÷-ô1��5
�
�
α ∈ (0, 1)

�§�6c6aF FbFb
f(x)

ó�÷B�94�ñ"�&<"�"�
g(x)

iS�FyFtlrLtleFhFt�sSk�h
�qiSyL�4�~eLiS_

a � αg(·)f(x) = d

g′(x)dx
a � 1−αg(·) f(x) =

1

Γ(1− α)
d

g′(x)dx

x∫

a

f(ξ)g′(ξ)dξ

[g(x)− g(ξ)]α .

�]cL^O�4i���t�sO�S��s`gOsx^`a6��t��Fy6tlrKklsx^`j`eLt�cL^�j	�qiSyL�4t�G�^`yF{�iLm
a � αg(·)f(x) = 1

Γ(1− α)
f(x)

[g(x)− g(a)]α +
α

Γ(1− α)

x∫

a

[f(x)− f(ξ)]g′(ξ)dξ
[g(x)− g(ξ)]1+α .

wzcL^xeLiS��bF\FcF�z��iS�SyL^`p�iD�¢jSjSi~r6hFsDk¨h.�FyFiSbFp�jSi~rLcF��t2k	�FyFtlrLtleK^S�4b
(x,∞)

YX�\L^Skls`cFiDkls`bn}F�FyFb
g(x) = xσ

b
�FyFiSbFp�jSi`eLgScFiD�
ν
bL�4t�t���m

xσ � ν∞f(x) =




σ

Γ(−ν)

∞∫

x

f(ξ)ξσ−1dξ

(ξσ − xσ)1+ν , ν < 0
}

f(x), ν = 0,

σ−n

Γ(1− α)

(
− d

xσ−1dx

)n+1 ∞∫

x

f(ξ)ξσ−1dξ

(ξσ − xσ)α , ν = n+ α > 0.

Î,º�Î,º¦õ ö�÷Tü���Ó]ø��§ø4ü]þ]ÿ�÷��V�§ÿ¯Ó����§ÿ�
qÿ��]ü]ÿ
af
(ν)(x)

Ó�Ë]ü
x → a

üqyFb
ν
 FtleLiD�¢iSs`yFbF L^`s`tleLgScFiD��¤

ν = −m, m = 1, 2, . . .
¦��8��bL�4t�t��rLtleLi	kqiS�S��\FcF�z��bFcFs`t���yL^xeLiD�¢}UrFeFh
aUiSs`iSyFiS��i

af
(−m)(a) ≡ lim

x→a
a �mx = lim

x→a

1

(m− 1)!

x∫

a

f(ξ)(x− ξ)m−1dξ = 0.

 Ök�eLb
ν
d��Fi`eLi~�	bFs`tleLgScFiSt� FtleLiStzb6eLb2cFi`eLg?¤

ν = n
¦�}S�FyFiSbFp�jSi~rLcL^xh

af
ν(x)

�FyFtl�jSyL^`��^`t�sSk�h�jqiS�S��\FcF�U��¤  FtleL�U�q¦4�FyFiSbFp�jSi�rLcF�U�Hb6eLb	k�^S�4���q�UcFaF FbF�Hjqs`iS\FaUt
a
m

af
(n)(a) = f (n)(a).



ÿ$¥ ÿT�.�#��Ü����1�+� �������#��Æ('D&x���x���
�#�5����Æ('
af

(ν)(x)
��ªD�

ð�eFh>jDkltl�2rLyF�U��b6�>p�cL^�\Ft�cFbF_
ν
^`cL^xeLbFs`bF\Ft�klaU^xh
�q�6c6aF Fb6h

f(x) =

∞∑

k=0

f (k)(a)

k!
(x− a)k,

bL�4t�t�sO�FyFiSbFp�jSi~rLcF��t

af
(ν)(x) =

∞∑

k=0

f (k)(a)

Γ(k − ν + 1)
(x− a)k−ν ∼

∼ f(a)

Γ(1− ν) (x− a)
−ν →

{
0, ν < 0

}
∞, ν > 0

} x→ a+ 0. Ök�eLb
f(x)

cFt¢hFj`eFhFt�sSk¨h�^`cL^xeLbFs`bF\Ft�klaUiS_n}�cFi!�FyFbFcL^xrFeLt��	bFs�a6eK^Sk�kl�rLyFiS�ScFi`� rLbL���qt�y6t�cF FbFyF�St��4���?�q�UcFaF FbF__� ª�� }
f(x) = (x− a)pϕ(x), p > −1, ϕ(x) =

∞∑

k=0

ϕ(k)(a)

k!
(x− a)k,

s`i

af
(ν)(x) ∼ ϕ(a)Γ(p+ 1)

Γ(p− ν + 1)
(x− a)p−ν →

{ 0, ν < p
}

ϕ(a)Γ(p+ 1), ν = p
}

∞, ν > p�FyFb
x ↓ a Y

Î,º�Î,º��mø ö�÷Tü���Ó]ø��§ø4ü]þ]ÿ�÷��V�§ÿ¯Ó����§ÿ�
qÿ��]ü]ÿ
af
(ν)(x)

Ó�Ë]ü
x → ∞�]�SyL^`s`bFjS{�bLklg.a�rLyF�U��iD�4�£�FyFtlrLtleL�S}

x → a → ∞ }Ö�4��iS��yL^`cFbF\FbL�fk¨hyL^Sk�k��4iSs`yFt�cFbFt���^`cL^xeLbFs`bF\Ft�klaFbU�
�q�UcFaF FbF_
f(x)

Y5ð�eFh
ν < 0

}

af
(ν)(x) =

1

Γ(−ν)

x∫

a

f(ξ)dξ

(x− ξ)ν+1 =
1

Γ(−ν)

x−a∫

0

f(x− ξ)dξ
ξν+1

.

� iS� eL^SklcFiOyL^`pleLi���t�cFbF�¡©nt�_6eLiSyL^
f(x− ξ) =

∞∑

k=0

(−1)k
k!

f (k)(x)ξk.

o�kl�Fi`eLgSp��xh t���ivjv�FyFtlrL��rL�U��t�_W�qiSyL�4�~eLtOrFeFh
af

(ν)
x
b.jS���Fi`eLc6h6h.�FiS\6eLt�cFcFiStbFcFs`t���yFbFyFiSjD^`cFbFtS}6�FyFb6�Di�rLbL�£a
jS��yL^x��t�cFbF�

af
(ν)(x) =

∞∑

k=0

(−1)kf (k)(x)(x− a)k−ν
k!Γ(−ν)(k − ν) .
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 Ök�eLb

xÀ a
}6s`i

(x− a)k−ν ∼ xk−ν + (ν − k)axk−ν−1

b
af

(ν)(x) ∼ 0f
(ν)(x) + (a/π)Γ(ν + 1) sin(νπ)f(0)x−ν−1 ∼ 0f

(ν)(x), x→∞.� eLtlrLiSjD^`s`tleLgScFiL}¬rFeFh��Si`eLgS{�b6�
x
rLyFiS�ScL^xh.�FyFiSbFp�jSi~rLcL^xh

af
(ν)(x)

�Ft�yFt�klsx^`t�sp�^`jSbLklt�s`g�iSs�cFb6�	cFt���i��FyFtlrLtleK^F}DaDiSs`iSyF��_n}Dj�\L^Skls`cFiDkls`bn}U�4i~��t�s��S��s`g�p�^S�4t�c6t�ccF��eLt���Y oqcFs`t�yF�FyFt�s`bFyF�`h	�Ft�yFt��4t�c6cF�U�
x
aU^`aOjSyFt��8hO��jSi`eL�] FbFbOcFt�aDiSs`iSyFiS��iq�FyFi`� Ft�k�k�^

f(x)
}8�4i��	cFi�klaU^`p�^`s`gL}n\Fs`iv�FyFbW�Si`eLgS{�b6��jSyFt��4t�cL^x� yFi`eLgvcL^�\L^xeLgScFiS��ikliDkls`i~hFcFb6h��FyFiS Ft�k�k�^>klsx^`cFiSjSbFsSk�h��FyFt�cFt��SyFtl�	bL�4iv�f^xeLiS_nY�ûÖs`iSs
��^`aFs>bW�qiSy6��4��eLbFyF�St�sSk�h2j�jSb6rLtz�FyFbFcF FbF�L^�iS��yL^`cFbF\Ft�cFcFiS_	�L^S�8hFs`bn}DiSp�cL^~\L^`�]��bF_n}`\Fs`i�rFeFh�FyFtlrKklaU^`p�^`cFb6h���jSi`eL�] FbFbHsx^`aUiS��i.�FyFiS Ft�k�k�^.j��S��rL�U��t��

x′ > x
rLiDklsx^`s`iS\FcFip�cL^`s`gZt���iZ�FiSjStlrLt�cFbFt�jZ�Ft�yFbFi~rOiS��yL^`cFbF\FtlcFcFiS_��FyFi~rLi`eF�	bFs`tleLgScFiDkls`b
(x−T, x) }�FyFtlrL{�t�kls`jS�U�]��bF_
cL^Skls`i�hF��t��4�

x
� ´
� m

af
(ν)(x) ≈ x−T f

(ν)(x), x > a+ T.� ^S�4t�s`bL��}¬\Fs`i
��s`iSs>jS��jSi~r �6t�yFt�a6eLbFa6^`t�sSk�h.k��FyFbFcF FbF�6iD�¢p�^`s`�D�U^`cFb6h��L^S�8hFs`bX�i`eLgxs`t�yFyF��Y
Î,º�Î,º���� Ê�Ë��§üzý�����
e�]ö�	 �§ø7Ó��Ö÷Tø��[	������9Î

©niL}�\Fs`iz�FyFiSbFp�jSi�rLcF��tfiSs`yFbF L^`s`tleLgScF���q�FiSySh6rLaUiSj�iSs��FiDkls`i~hFcFcF���q�q�UcFa6� FbF_?cFtZyL^`jSc6��cF�~eL��}U�FiSc6hFs`cFiLmDjStlrLg�iScFb2cFtZ\Fs`i�bFcFiStZaU^`a?bFcFs`t���yL^xeL�<iSs�p�cL^x�aUiS�FiDkls`i�hFcFcF���>kls`t��Ft�cFcF���
�q�UcFaF FbF_nm

a1
(ν)(x) =

(x− a)−ν
Γ(1− ν) , ν < 0, x > a,

�qt�klaUi`eLgSaDi]cFt�i��	b6rK^`cFcF�z�vrFeFh�\FbFsx^`s`tleFhO�4i���t�s]hFjSbFs`gDk¨h�s`iL}~\Fs`iqb��FyFiSbFp�jSi~rF�cF��tq�Fi`eLi��	bFs`tleLgScF���?�FiSySh6rLaUiSj�iSs��FiDkls`i~hFcFcF���?�q�UcFaF FbF_>iSs�eLbF\FcF�¢iSs�cF��eFhnm

a1
(ν)(x) =

1

Γ(1− {ν})
d[ν]+1

dx[ν]+1

x∫

a

dξ

(x− ξ){ν} =
(x− a)−[ν]−{ν}
Γ(1− [ν]− {ν}) =

(x− a)−ν
Γ(1− ν) ,

ν > 0, x > a.
üqyL^`j`rK^F}T�FyFbW FtleL��� p�cL^�\Ft�cFb6h6�

ν
iScFb.iS�SyL^`��^`�]sSk�h�jvcF�~eLgL}¬a6^`a.b.�Fi`eLi~��tl�cFi �FyFiSbFp�jSi~rLcF�z�¡�FiDkls`i~hFcFcF���¬Y©�qi j �FyFiD�4tl�	�Us`aU^x���4tl�OrL��cFbL�4bnY Y Y�Gvi���t�s
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af

(ν)(x)
��ª#´

�S��s`gL}�kv��s`bL�*��^`aFs`iD�!eLt���\Ft�k��4bFyFbFs`gDk�hn}��FiDk��4iSs`yFt�j�cL^W�FiSjStlrLt�cFbFt��FyFiSbFpl�jSi~rLc6iS_
a1

(ν)(x)
jW�qbFaUklbFyFiSjD^`cFcFiS_�s`iS\FaUt

x = a + 1
a6^`a��q�UcFaF FbFb��FiSySh6rF�a6^

ν
¤«ý§bLk`Y��6Y �S¦�YÖoqp�iS�SyL^`p�bFj.s`iS\FaU^S�4b�cL^WiDklb

ν
p�cL^~\Ft�cFb6h

a1
(1)(a+ 1) = 0

}
a1

(2)(a + 1) = 0
}
a1

(3)(a + 1) = 0, . . .
}8�4��cFt	jSb6rLbL��iDk�cFiSjD^`cFbF_�rFeFh.s`iS��iL}\Fs`iS�S�<j��FyFiD�4tl�	�Us`a6^x�?�4tl�OrL�	cFbL�4b>��yL^S�qbFa?aFyFb6jSiS_

a1
(ν)(a+1)

iSs`a6eLiScFb6eF�k�h2iSs�iDklbn}DcL^�aDiSs`iSyFiS_	eLtl�O^`s���s`b?s`iS\FaFbnYF�zrLcL^`aUi��FiDklsx^`jSbL�.t���t]i�rLcF�Os`iS\FaF�S}kliSiSs`jSt�sSkls`jS�U�]���U��p�cL^�\Ft�cFbF�
ν = 0

m
a1

(0)(a+ 1) = 1.

o��4t�cFcFi��lsSi�p�cF^~\Ft�cFbFt?iS�FyFtlrLtleFhFt�sSk¨h�kliSiSs`jSt�sSkls`jS�U�]��t�_�^`a6klbFiD�4iS_nm�cF��eLt�jD^xh�FyFiSbFp�jSi�rLcL^xhO�q�UcFaF FbFbOt�kls`g�k�^S�f^q���UcFa6 Fb6hnY ©�t��Ft�y6g��D��t�cFtleLgSplh	klaU^`p�^`s`gL}x\Fs`ijDklt�s`iS\FaFb�eLtl�O^`s?cL^?iDklbnmKi~rLcL^ u~jS���L^xeK^F|~Y�ð�yF�U�l^xh�^`a6klbFiD�f^2s`yFt��S�`t�s~}¬\Fs`iS�S��FyFiSbFp�jSi�rLcL^xhO�S��eK^�^`cL^xeLbFs`bF\Ft�k�aUiS_2�q�UcFaF FbFt�_
ν
}Dklsx^xeLi��S��s`gL}S��yL^S�qbFa2�q�UcFa6� FbFb

a1
(ν)(a + 1)

}��FyFi~�Di�rFhF��bF_W\Ft�yFt�p2�Ua6^`p�^`cFcF��t	s`iS\FaFbn}nrLi`eF��t�cW�FyFtlrKklsx^`j`�eFhFs`g>kliS�SiS_v��eK^xrLaF�U��aFy6bFjS�U��}KjS���Si~rFhF���U�BbFp�s`iS\FaFb k�aUiSiSySrLbFcL^`sx^S�4b
(0, 1)b£�FtlyFt�klt�a6^`�]���U��iDklg

ν
j�s`iS\Fa6^x���S}f�6}Ø�F}�Y Y YIüqyFb£�FtlyFt�klt�\Ft�cFbFb£a6^x�OrLiS_�bFp��s`b6�vs`iS\Ft�a�iScL^2�4t�c6hFt�s?p�cL^`an}T^?^S�4�6eLbFs`��rK^?t�t�aUi`eLt��D^`cFbF_n}La6^`a��FiSaU^`p���jD^`�]sjS��\FbLk�eLt�cFb6h>�Fi	��iSyF�4�~eLt

a1
(ν)(x) =

(x− a)−ν
Γ(1− ν) , ν > 0,

�U�S��jD^`t�s~Y�oqp2��s`iS_£�qiSyL�4��eL��sx^`a6��t?jSb6rLcFiL}�\Fs`i������qt�aFsv��s`iSs�iDk�eK^`�St�jD^xt�svk�UjStleLbF\Ft�cFbFt��
yL^Sk�kls`i~hFcFbUh��4tl�OrL��s`iS\Fa6^S�8b
a
b
x
b�bLkl\Ft�p�^`t�s]kliSjDklt��>j]�FyFtlrLtleLt

a→ −∞ m
−∞1(ν)(x) = 0, ν > 0.

Î,º�Î,º��[Ì Ê�Ë��§üzý�����
e��¶�ÿ¡÷Tø4ÿ%Ó]ÿ������9Î ãHË�����Ï]ü]ü
 §��t�i~rLbFc�jD^x�	cF��_�jS��jSi~rOk�eLtlrL�St�sZbFp�jS��\FbLk�eLt�cFb6h�rLyFiS�ScFiS_��FyFiSbFp�jSi~rF�cFiS_>iSs	kls`t��Ft�cFcFiS_v�q�UcFaF FbFb

Φµ(x− a), µ > 0
m

a � νxΦµ(x− a) = 1

Γ(µ)Γ(1− {ν}) � [ν]+1x

x∫

a

(x− ξ)−{ν}(ξ − a)µ−1dξ =

=
1

Γ(1− {ν}+ µ)
� [ν]+1x (x− a)µ−ν =

1

Γ(µ− ν) (x− a)
µ−ν−1.

üqyFb�p�cL^~\Ft�cFb6h6�
µ = ν − j }¬��rLt 0 ≤ j < ν

}TrLyFiS�ScL^xh��FyFiSbFp�jSi~rLcL^xh��q�UcFaF FbFb
Φµ(x− a)

s`i~�OrLt�kls`jSt�cFcFiOyL^`jScL^�cF��eL��m
a � νxΦν−j(x− a) = 0.
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n

0
1 ( )

( )n

x

1

1 2 3 4

0

x=1

x=1.5

x=3

ý§bLk`YF�6Y �6m <>.BY�%#0-%#Q���0*$�:�N#)+�!%#b-Y7�2,+ #�!H6N+�70-$7�B"/ + #�!HJaXE/ #?�K+%+%�Yd$7�!W#?/&X��$�N#��)/"/,#?�.
ν
ñ

� sx^xeLi]�S��s`gL}�a6^x�OrK^xh�bFp���s`b6���q�UcFaF FbF_�rFeFh��7ùJ÷�°*÷�rLbL���qt�yFt�cF FbL^xeLgScFiS��i�iS�Ftl�yL^`s`iSyL^�bF��yL^`tls�yFi`eLg>u~�FiDkls`i�hFcFcFiS_n|~Y/ð�y6�6�lbL�4b?k�eLiSjD^S�4bn}`t�k�eLb
φ0(x)

hFj`eFhFt�sSk¨hyFt�{�t�cFbFt��£�UyL^`jScFt�cFb6h
a � νxφ0(x) = f(x), ν > 0,

s`i	b
�q�UcFaF Fb6h

φ(x) = φ0(x) +

[ν]∑

j=0

cjΦν−j(x) = φ0(x) +

[ν]∑

j=0

Cj(x− a)ν−j−1

s`i~��tZ�S��rLt�s�t���i�yFt�{�t�cFbFt��<¤¥^��q�UcFaF Fb6h
φ0(x)+C

d�cFt�sNÚ ¦�Y � ^S�4t�s`bL��}U\Fs`i��FyFb
ν ↑ 1 j

�FyFbFcFbL�f^`t�sWtlrLbFcLkls`jSt�cFcFiStvp�cL^~\Ft�cFbFt
(0)
b

Φν(x − a) ↑ 1
}§s`iWt�kls`g�FyFtlrLtleLgScFiStzp�cL^�\Ft�cFbFt]�FyFb

ν ↑ 1 kliS� eK^Skl�St�sSk¨h2kziS�S��\Fc6iS_2klbFs`�D^` FbFt�_nmSyFt�{�t�cFbFtrLbL���qt�yFt�cF FbL^xeLgScFiS��i��UyL^`jSc6t�cFb6h>�6t�yFjSiS��i��FiSyDh6rLaU^�iS�FyFt�rLtleLt�cFi	k]s`iS\FcFiDkls`gS�rLiO�FyFiSbFp�jSi`eLgScFiS_?�FiDkls`i~hFcFcFiS_nY
	�{�� �s��|
��~�¹i������|�� � ï�|.��~�¹i�yx}�³� î ��|

��^`yDh6rL��k�rLyFiS�ScFiS_ �Fy6iSbFp�jSi~rLcFiS_mý§bL�f^`cL^x� ��bF�UjSb6eFeFhn}¬j
aUiSs`iSyFiS_ iS�Ftl�yL^` Fb6h�rLyFiS�ScFiS��i�bFcFs`t���yFbFyFiSjD^`cFb6h£�FyFtlrL{�t�kls`jS�`t�s iS�Ft�yL^` FbFb£aFyL^`s`cFiS��i�rLbL�Z��qt�yFt�cF FbFyFiSjD^`cFb6hn}
af

(ν)(x) = � nx a � n−νx f(x),
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\L^Skls`i�bLkl�Fi`eLgSp��`t�sSk�hWbWrLyF�U��^xhWaUiScLkls`yF�UaF Fb6hn}8j�aUiSs`iSyFiS_W�FiSySh6rLiSaWjS���Fi`eLcFtl�cFb6hW��s`b6�.iS�Ft�yL^` FbF_.bFp��4t�cFt�c�cL^
iS�SyL^`s`cF��_nmnjScL^~\L^xeLtOjS���Fi`eLc6hFt�sSk�hWaFyF^`sSc6iStrLbL���qt�yFt�cF FbFyFiSjD^`cFbFtS}6^�p�^`s`t��£jS��\FbLk�eFhFt�sSk¨h>rLyFiS�ScF��_>bFcFs`t���yL^xe�m

(ν)
a f(x) ≡ a � n−νx � nxf(x).

©�^`a6^xh>aUiScLkls`yF�UaF Fb6h
cL^`p���jD^`t�sSk�hÇó/ôx÷*�1:/öo÷�5�ñ�÷*M¢���oó"4�ùJ÷~YXBiS�S��t��¢k�eL�U\L^`tO�FyFiSbFp�jSi�rLcF��tAý§bL�f^`cL^x� ��bF�UjSb6eFeFh bW��^`�F�Us`i
cFt2kliSj`��L^xrK^`�]s�rLyF�U�qkzrLyF�U��iD��YUX�iSp�gD�4t��W�FyFiSbFp�jSi�rLcF�U��ý§bL�f^`cL^x� ��bF�UjSb6eFeFh2�FiSyDh6rLa6^
0 < ν < 1

b
�FyFt�iS�SyL^`p��`t���t�t�k�eLtlrL�U�]��bL�£iS�SyL^`p�iD��m

af
(ν)(x) =

1

Γ(1− ν) � x
x∫

a

f(ξ)dξ

(x− ξ)ν =
1

Γ(1− ν) � x
x∫

a

f(x− ξ)dξ
ξν

=

=
1

Γ(1− ν)

x∫

a

� xf(x− ξ)dξ
ξν

+
1

Γ(1− ν)
f(a+)

(x− a)ν =

= (ν)
a f(x) +

1

Γ(1− ν)
f(a+)

(x− a)ν , 0 < ν < 1.� ^S�4t�s`bL��} \Fs`i cL^ �4cFi~��t�kls`jSt �q�UcFaF FbF_n} �~rLiSj`eLt�s`jSiSyShF�]��b6� �Dk�eLiSjSbF�
f(a+) = 0

yL^`p�cFbF L^O�4tl�OrL�?yL^Sk�k��f^`s`yFbFjD^`t��4�z�4b>�FyFiSbFp�jSi~rLcF�z�4b>bLkl\Ft�p�^`t�sFYX iS�S��t�� k�eL�U\L^`t�kliSiSs`cFiS{�t�cFbFt��4tl�OrL� �FyFiSbFp�jSi�rLcF�z�4b ��^`�F�UsSi*b
ý§bL�f^`cL^x� ��bF�UjSb6eFeFh>bF�4t�t�s	jSb6r

af
(ν)(x) = (ν)

a f(x) +

n∑

j=0

1

Γ(1 + j − ν)
f (j)(a+)

(x− a)ν−j , ν > 0, n = [ν].

©nt��Ft�yFg¢rFeFh!kliSjS�L^xrLt�cFb6h¡��s`b6�B�6yFiSbFp�jSi~rLcF����cFt�iS�~�Si~rLbL�4iL}]\Fs`iS�S�,j<s`iS\FaUt
x = a

iS�SyL^`��^xeK^`klg�j£cF�~eLg£cFt s`i`eLgSaUi�k�^S�f^WrLbL���qt�yFt�cF FbFyF�St��f^xh¢�q�UcFaF Fb6h
f(x)

}FcFiOb
n = [ν]

t�t��Ft�yFjS���?�FyFiSbFp�jSi�rLcF���¬Y�]\Ft�jSb6rLcFiL}6\Fs`i
(ν)
a 1(x− a) ≡ 0, ν > 0,

s`iS� rK^�aU^`a
a1

(ν)(x− a) = 1

Γ(1− ν) (x− a)
−ν .

X�iSiS�S��tS}
a � νx(x− a)µ =

Γ(µ+ 1)

Γ(µ+ 1− ν) (x− a)
µ−ν ,
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�FiS��s`iD�4�	iS�SyL^`s`cFiStZkliSiSs`cFiS{�t�cFbFtZ�4tl�OrL�	yL^Sk�k��f^`s`yFbFjD^`t��4�z�4b?�FyFiSbFp�jSi~rLcF�z�4b�4i~�	cFiO�FyFtlrKkls~^`jSbFs`g	jOjSb6rLt

(ν)
a f(x) = a � νx


f(x)−

[ν[∑

k=0

f (k)(a)

k!
(x− a)k




� rLt
[ν[
�§ FtleLiSt�\FbLk�eLiL}6iS�FyFtlrLtleFhFt��4iStq�UyL^`jScFt�cFbFt��

[ν[< ν ≤ [ν[+1
Y

oqcFs`t���yL^xeLgScF��t
�FyFt�iS�SyL^`p�iSjS^`cFb6h��FyFiSbFp�jSi~rLcF����cL^ aUiScFt�\FcFiD�BiSs`yFt�p�aDt¤ �Fi`eLi~�	bL��}6r6eFh
�FyFiDkls`iSs`��}
a = 0

¦���rLiS�ScFiOjS���Fi`eLc6hFs`g	�4tlsSi�rLiD����^`�6eK^Sk�^Fm
f̂(λ) = ú {f(x)}(λ) ≡ ∞∫

0

e−λxf(x)dx.

� iS�FiDklsx^`jSbL�Ws`yL^`cLk��qiSyL�f^`cFs`����^`�6eL^Sk�^�klyL^`jScFbFjD^`t��4���2�FyFiSbFp�jSi~rLcF���¬m
̂
0f (ν)(λ) =




λν f̂(λ), ν < 1

}
λν f̂(λ)−

n∑
j=1

λn−j 0f
(ν−1+j)(0), ν ≥ 1

}
b

(̂ν)
0 f(λ) = λν f̂(λ)−

n∑

j=0

λν−j−1f (j)(0).

oqpq��s`b6�>jS��yL^x��t�cFbF_
k�eLtlrL�`t�sx}F\6sSi

lim
ν↓m 0f

(ν)(x) = lim
ν↑m

(ν)
0 f(x) = f (m)(x),

sx^`a�\Fs`i>iS�St���s`b��FyFiSbFp�jSi~rLcF��t�kliS��eK^Skl�U�]sSk�h£¤ j>�UaU^`p�^`cFcFiD��k��4�zk�eLt~¦]k�iS�S��\6�cF�z�4b?�FyFiSbFp�jSi�rLcF�z�4b2 FtleLiS��i��FiSyDh6rLaU^FYF�]cFb?kliSjS�L^xrK^`�]s�sx^`a6��t]�FyFb?�Sk�eLiSjSbFbn}\Fs`i
f(0) = f (1)(0) = f (2)(0) = . . . = f [ν](0) = 0,

cFiviSs�eLbF\L^`�]sSk�h.rLyF�U�2iSsrLyF�U�l^��FyFb>rLbL���qt�yFt�cF FbFyFiSjD^`cFbFb?�FiDkls`i~hFcFc6���nm

01
(ν)(x) = xν/Γ(1− ν),

s`iS� rK^�aU^`a
(ν)
0 1(x) = 0, ν > 0.

X���s`iD��iSs`cFiS{�t�cFbFbO�FyFiSbFp�jSi~rLcL^xhO��^`�F�Us`iq�FyFbFjS��\FcFt�t�rFeFh	�qbFp�bFa6^F}xaUiSs`iSyFiD�4�cFt��FyFiDkls`iZ�FyFbL�4bFyFbFs`gDk¨h	kÖs`t���}x\Fs`iqaU^`aFbFtl� s`iZ�FyFiSbFp�jSi~rLcF��tÖiSsZtlrFbFcFbF F���4iS���Us�S��s`gOiSs�eLbF\FcF�z�4b
iSsOcF��eFhnY
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ð�yFiS�ScF��t��FyFiSbFp�jSi~rLcF��tDý§bL�f^`cL^x� ��bF�UjSb6eFeFhv�4iS���Us2�S��s`g?�6yFbFjStlrLt�cF�¡a�Si`eLt�t��~rLiS�ScFiD�8��jSb6rF�D}St�k�eFb	rLbL���qt�yFt�cF FbFyF�`t�sSk�hOrLiDklsx^`s`iS\FcFi��SiSyFiS{�^xh	�q�UcFa6� Fb6hnY�üq�Skls`g
0 < ν < 1

m

af
(ν)(x) =

1

Γ(1− ν)
d

dx

x∫

a

f(ξ)dξ

(x− ξ)ν . (5.7.1)

X����Fi`eLcFbL��k eLtlrL�U�]��bFtqrLt�_Lkls`jSb6hnY�~¦VüqyFtliS�SyL^`p��St��WbFcFs`t���yL^xevbFcFs`t���yFbFyFiSjD^`cFbFt����Fi	\L^Skls�hL��m
x∫

a

f(ξ)(x− ξ)−νdξ = −f(ξ) (x− ξ)
−ν+1

−ν + 1

∣∣∣∣
ξ=x

ξ=a

+

x∫

a

(x− ξ)−ν+1
−ν + 1

df(ξ) =

= −f(x) · 0 + f(a)(x− a)−ν+1
−ν + 1

+

x∫

a

(x− ξ)−ν+1
−ν + 1

df(ξ).

�S¦VüqyFi�rLbL���qt�yFt�cF FbFyF�St��WyFt�p��~eLg~sx^`sO�Fi
x
m

d

dx

x∫

a

f(ξ)(x− ξ)−νdξ = f(a)(x− a)−ν +
x∫

a

(x− ξ)−νd[f(ξ)− f(x)].

üqi~r�p�cF^`aUiD��rLbL���qt�yFt�cF FbL^xeK^?�4�¡rLiS�D^`jSb6eLb −f(x) mT�FiDklaUi`eLgSaF� x �FyFb bFcFs`tl���yFbFyFiSjD^`cFbFb>�Fi
ξ
hFj`eFhFt�sSk¨h
�FiDkls`i�hFcFcFiS_n}6��s`i	cFbF\Ft���iOcFt��4t�c6hFt�s~Y�D¦VüqiDk�eFtlrLcFbF_
bFcFs`t���yF^xev�FyFt�iS�SyL^`p��St��WbFcFs`t���yFbFyFiSjD^`cFbFt��£�FiO\L^Skls�hL��m

x∫

a

(x− ξ)−νd[f(ξ)− f(x)] = (x− ξ)−ν [f(ξ)− f(x)]
∣∣∣∣
ξ=x

ξ=a

− ν
x∫

a

f(ξ)− f(x)
(x− ξ)ν+1 dξ.

üqi~rKkls~^`j`eFh6h2�Fi`eL�U\Ft�cFcF��_?yFt�p��~eLg~sx^`s�j
¤ �6Y ´UY �~¦§b?�FyFiSbFp�jSi~rFh2cFt�iS�~�Si~rLbL�4��tZkli`�aFyL^`��t�cFb6hn}6iSaUiScF\L^`s`tleLgScFi��Fi`eL�U\L^`t���m

af
(ν)(x) =

1

Γ(1− ν)



ν

x∫

a

f(x)− f(ξ)
(x− ξ)ν+1 dξ +

f(x)

(x− a)ν



 , 0 < ν < 1.

(5.7.2)üqi`eL�U\Ft�cFcL^xh>�qiSyL�4�~eK^�b
�FyFtlrKklsx^`j`eFhFt�s	kliS�SiS_Çó/ôx÷*�1:/öo÷�5�ñ"4&2¼�Â�*ô�ÚJ÷~Y=�^Skls`iObLkl�Fi`eLgSp��U�]sSk¨h
t�tqjD^`yFbL^`cFs`��kq�St�klaUiScFt�\FcF�z�4b>�FyFtlrLtleK^S�4bnm
−∞f

(ν)(x) =
ν

Γ(1− ν)

x∫

−∞

f(x)− f(ξ)
(x− ξ)1+ν dξ =

ν

Γ(1− ν)

∞∫

0

f(x)− f(x− ξ)
ξ1+ν

dξ,
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b

f (ν)∞ (x) =
ν

Γ(1− ν)

∞∫

x

f(ξ)− f(x)
(x− ξ)1+ν dξ =

ν

Γ(1− ν)

∞∫

0

f(x)− f(x+ ξ)

ξ1+ν
dξ.

(5.7.3)üqyFiSbFp�jSi~rLcL^xh�G�^`y6{�i	�4i~��t�sO�S��s`gO�Fi`eL�U\Ft�cL^�bv�4t�cFt�t�cL^`� eFh6rLcF�z��}FcFi�Si`eLt�tziS�S��bL�.�F�Us`t���mUyFt�����eFhFyFbFp�^` FbFt�_2yL^Sk��Di�rFhF��t���iDk�hOjS��yL^x��t�cFb6hn}D�Fi`eL�U\L^`tl��4iS��iz�FyFb��FtlyFt��4t�cFt�p�cL^`aU^z�FiSySh6rLa6^�jzrLyFiS�ScFiD�>bFcFs`t���yL^xeLtXý§bL�f^`cL^x� ��bF�UjSb6eFeFhnY
üqiSa6^x��t�����s`i	cL^O�FyFbL�4t�yFt��FyFiSbFp�jSi~rLcFiS_>kq�St�klaUiScFt�\FcF�z��cFb6�	cFbL���FyFtlrLtleLiD��Y
ð�yFiS�ScF��_?bFcFs`t���yL^xe
iSs`yFbF L^`s`tleLgScFiS��i��FiSyDh6rLaU^ −ν (ν > 0)

p�^`�FbF{�t�sSk�h>j�jSb6rLt

−∞f−ν(x) =
1

Γ(−ν)

x∫

−∞

f(ξ)dξ

(x− ξ)ν+1 =
1

Γ(−ν)

∞∫

0

f(x− ξ)dξ
ξν+1

, ν > 0.

üqyFiS FtlrL�UyL^�yFt����~e6hFyFbFp�^` FbFb?p�^`a6eL�]\L^`t�sSk¨h?j�jS��rLtleLt�cFbFb2bFpZ�lsSiS�li�jS��yL^x��t�cFb6haUiScFt�\6cFiS_
\L^Skls`bW¤bª2_KYei¦`¶XU�da�`¶Xqd L Y � Y ¦�j	k��4�zk�eLt�w�rK^S�f^`yL^Fm
−∞f

(ν)(x) = p.f. −∞f−ν(x) = p.f.
1

Γ(−ν)

∞∫

0

f(x− ξ)
ξν+1

dξ

≡ 1

Γ(−ν)

∞∫

0

f(x− ξ)− f(x)
ξν+1

dξ, 0 < ν < 1.

ûÖsx^ZaUiScFt�\FcL^xh�\L^Skls`g�b�bFcFs`t�yF�FyFt�s`bFyF�St�sSk¨h2aU^`a�rLyFiS�ScL^xh��FyFiSbFp�jSi�rLcL^xh�G�^`yF{�i�Fi`eLi~�	bFs`tleFgScFiS��iO�FiSySh6rLa6^
ν
Y

üqyFi~rLi`eF�	bFs`gO�FyFiSb6p�jSi~rLcF��t�G�^`y6{�iOjOiS�`eK^Skls`g�p�cL^~\Ft�cFbF_
ν
�Si`eLgS{�b6����4i~�	cFi�rLjS�6�8h>�F�Us�hL�4bnYxüqt�y6jS��_>bFp�cFb6�>iS\Ft�jSb6rLt�cnm

� ν+f(x) = ( d

dx

)[ν] {ν}
Γ(1− {ν})

∞∫

0

f(x)− f(x− ξ)
ξ1+{ν}

dξ =

=
{ν}

Γ(1− {ν})

∞∫

0

f ([ν])(x)− f ([ν])(x− ξ)
ξ1+{ν}

dξ,

� ν−f(x) = (− d

dx

)[ν] {ν}
Γ(1− {ν})

∞∫

0

f(x)− f(x+ ξ)

ξ1+{ν}
dξ =

=
{ν}

Γ(1− {ν})

∞∫

0

f ([ν])(x)− f ([ν])(x+ ξ)

ξ1+{ν}
dξ.
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üqiDk�eLtlrLc6h6h��FyFiSbFp�jSi~rLcL^xh�bFc6iS� rK^q�FyFtlrKkls~^`j`eFhFt�sSk�hOj�cFt�klaUi`eFgSaUi��4i~rLbL�qbF FbFyFi`�jD^`cFcFiD��jSb6rLt`m

∗ � ν−f(x) = eiνπ
(
d

dx

)[ν] {ν}
Γ(1− {ν})

∞∫

0

f(x)− f(x+ ξ)

ξ1+{ν}
dξ.

ð�yF�U��iS_
�F�Us`g2iDklcFiSjD^`c
cL^	s`iD��}K\6sSi
f(x) − f(x − ξ) t�kls`g2cFt�\Fs`i2bFcFiStS}a6^`aÄ��÷7ñxòBþ5ñ����¬ô��
:oñ�÷oøBùJú�óxòÀô�öo÷�°*÷Aó�÷-ô1��5
�
�
∆1
ξf(x)

�q�UcFaF FbFb
f(x)

}Fsx^`a>\Fs`i

� ν+f(x) = ν

Γ(1− ν)

∞∫

0

∆1
ξf(x)

ξ1+ν
dξ, ν < 1.

=qs`iS�S���FyFi�rLi`eF�	bFs`g���s`i�jS��yL^x��t�cFbFt]j�iS�`eK^Skls`g
ν > 1

}Up�^S�4t�cFbL�W�Ft�yFjS�U��yL^`pl�cFiDkls`gOyL^`p�cFiDkls`gS��jS�zkl{�t���i��FiSyDh6rLaU^
m
kqs`t�����tq{�^`��iD�

ξ
m

∆1
ξf(x) 7→ ∆m

ξ f(x) =

m∑

j=0

(−1)j
(
m

j

)
f(x− jξ).

X�yFt�p��~eLg~sx^`s`tq�Fi`eL�U\L^`t���m

� ν+f(x) = 1

κ(ν,m)

∞∫

0

∆m
ξ f(x)

ξ1+ν
dξ, ν < m = 1, 2, 3, . . .

� rLt�klg
κ(ν,m) =

∞∫

0

(1− e−ξ)m
ξ1+ν

dξ = Γ(−ν)
m∑

n=1

(−1)n
(
m

n

)
nν , 0 < ν < m,

d	cFiSyL�4bFyFiSjSiS\FcF��tq�6iDkls`i~hFcFcF��tSY
üqyL^`jSiDkls`iSyFiScFcFbFtq^`cL^xeLiS��b?��s`b6�>�FyFiSbFp�jSi~rLcF���2bL�4t��]s	jSb6r�m

� ν−f(x) = (−1)[ν] {ν}
Γ(1− {ν})

∞∫

0

f ([ν])(x)− f ([ν])(x+ ξ)

ξ1+{ν}
dξ

b
� ν−f(x) = (−1)[ν]

κ(ν,m)

∞∫

0

∆m
−ξf(x)

ξ1+ν
dξ, ν < m = 1, 2, 3, . . .

kliSiSs`jSt�sSkls`jSt�cFcFiLY
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� ^S�4t�s`bL��}L\Fs`i2�FyL^`jS��t�\L^Skls`bvj?�qiSyL�4��eK^x�?rFeFh � ν±f(x) �Ft�yFt�kls~^`�]s2p�^x�jSbLklt�s`gviSs

m
}na6^`a.s`i`eLgSaUi

m
kls~^`cFiSjSbFsSk�h.�Si`eLgS{�t

ν
Y[üqiSa6^x��t��<��s`iL}niS��yL^`cFb6�\FbFjS{�bLklg	k�eL�U\L^`t��

0 < ν < 1
Y5ð�eFh?eL�]�SiS��iOcL^`s`�UyL^xeLgScFiS��i

m

1

κ(ν,m)

∞∫

ε

∆m
±ξf(x)

ξ1+ν
dξ =

1

κ(ν,m)

f(x)

νεν
+

1

κ(ν,m)

m∑

n=1

(−1)n
(
m

n

)
nν

∞∫

nε

f(x∓ ξ)

ξ1+ν
dξ =

=
1

κ(ν,m)

m∑

n=1

(−1)n
(
m

n

)
nν

∞∫

nε

f(x∓ ξ)− f(x)

ξ1+ν
dξ.

[§kls`yFt��4bFj	s`t��Ft�yFg
ε
a
cF��eL��}FjSb6rLbL��}F\Fs`i

1

κ(ν,m)

∞∫

0

∆m
±ξf(x)

ξ1+ν
dξ =

{
1

κ(ν,m)

m∑

n=1

(−1)n
(
m

n

)
nν
} ∞∫

0

f(x∓ ξ)− f(x)

ξ1+ν
dξ =

=
ν

Γ(1− ν)

∞∫

0

f(x)− f(x∓ ξ)

ξ1+ν
dξ

rLt�_Lkls`jSbFs`tleLgScFi]cFtÖp�^`jSbLklbFs�iSs
m
Y�Gvt�s`i�rLiD�
�FyFt�iS�SyL^`p�iSjD^xcFbF_���^`�6eK^Sk�^��4i~�	cFi�FiSa6^`p�^`s`g s~^`a6��tS}§\Fs`i.j.a6eK^Sk�klt>rLiDklsx^`s`iS\Fc6i<u��DiSyFiS{�b6�¬| �q�UcFaF FbF_�¤ kl��Y¸� ��� ¦rLyFiS�ScF��tqiS�Ft�yL^`s`iSyF� � ν+ S(V"� 0 � νx hFj`eFhF�]sSk¨h
jSp�^`bL�4cFiOiS�SyL^`s`cF�z�4bnm

0 � νxg(x) = f(x) ↔ � ν+f(x) = g(x).

ý4t�{�t�cFb6t�bFcFs`t���yL^xeLgScFiS��i]�UyL^`jScFt�cFb6h
0 � νxg(x) = f(x)

jS��yL^x�O^`tlsDk¨h�\Ft�yFt�p�rLyFiS�`�cF�U���FyFiSbFp�jSi~rLcF�U�wG�^`y6{�i
kliSiSs`cFiS{�t�cFbFt��
g(x) = � ν+f(x) Y8�]sS�4t�s`bL��}ncL^`aDi`�cFt� n}F\Fs`i	�FyFiSbFpljSi~rLcL^xh�G�^`yF{�iOiSsO�FiDkls`i�hFcFcFiS_
�q�UcFaF FbFb
yL^`jScL^�cF�~eL��Y

	�{�- &ì��|�� � ï�|.��~�¹i�}��~��³¶�������í��.��ç��0!Ù� î ~�ç�ð���Û
ð�yFiS�ScF��tv�FyFiSbFp�jSi~rLcF��t�^`cL^xeLbFs`bF\Ft�klaFb6���q�6c6aF FbF_<aDiD�4�6eLt�a6klcFiS��i��Ftl�yFt��4t�cFcFiS��i��4iS���Us��S��sSg��6i`eL�U\Ft�cF�<^`cL^xeLbFs`bF\Ft�klaFbL�.�FyFi�rLi`eF��t�cFbFt��W�qiSyL�4��eL��qiS{�b

f (n)(z) =
n!

2πi

∫

L

f(ζ)dζ

(ζ − z)n+1
jOiS�`eK^Skls`g�aUiD�4�6eLt�aUklcF���>�FiSyDh6rLaUiSj

ν

af
(ν)(z) =

Γ(ν + 1)

2πi

∫

L

f(ζ)dζ

(ζ − z)ν+1 ,

� rLt�p�^S�4aFcF�Us`��_<aUiScFs`�Uy L �FyFi��Di~rLbFsW\Ft�yFt�p�s`iS\FaF� a b<iS�~�Di�rLbFsWs`iS\FaF� z j�Fi`eLi~�	bFs`tleFgScFiD�£cL^`�FyL^`j`eLt�cFbFbnY
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� nz (z − a)m = m(m− 1) . . . (m− n+ 1)(z − a)m−n =
m!

(m− n)! (z − a)
m−n

cL^�rLyFiS�ScF��tq�FiSyDh6rLaFb

a � νz(z − a)m =
m!

Γ(m− ν + 1)
(z − a)m−ν

kZ�FiDk�eLtlrL�U�]��bL���FyFbL�4t�cFt�cFbFt���t�tqa
^`cL^xeLbFs`bF\Ft�klaUiS_
�q�UcFaF FbFbn}6�FyFtlrKklsx^`j`eLt�c6�cFiS_>jOjSb6rLt�kls`t��Ft�cFcFiS�li	ySh6rK^Fm

f(z) =
∞∑

m=0

cm(z − a)m, cm = f (m)(a)/m!.

XWyFt�p��~eLg~sx^`s`t��FyFb6�Si~rLbL��a	k�eLtlrL�U�]��t��4��iS�FyFtlrLtleLt�cFbF�HrLyFiS�ScFiS_��FyFiSbFp�jSi~rFcFiS_^`cL^xeLbFs`bF\Ft�klaDiS_v�q�UcFaF FbFbnm

af
(ν)(z) = a � νz

( ∞∑

m=0

cm(z − a)m
)

=

∞∑

m=0

m!

Γ(m− ν + 1)
cm(z − a)m−ν .

X<k�eL�U\L^`tZ FtleLiS��i��FiSyDh6rLaU^
ν = n

iScFi	k�iS� eK^Skl�St�sSk¨h>kZiS�S��\FcF�z��iS�FyFtlrLtl�eLt�cFbFt��
n
� aFyL^`s`cFiS_v�FyFiSbFp�jSi~rLcFiS_

f (n)(x)
}K�FyFb��FyFiSbFp�jSi`eLgScFiD�£jSt���t�kls`jSt�cFcFiD��Fi`eLi��	bFs`tleLgScFiD�

ν
kliS� eK^Skl�`t�sSk�h�k��FyFiSbFp�jSi�rLcFiS_6ý§bL�f^`cL^x� ��bF�UjSb6eFeFhnY7ð�t�_Lkls`jSb6�s`tleLgScFiL}6jO�Ft�yFjSiD�£k�eL�U\L^`t

∞∑

m=0

(x− a)m−n
(m− n)! f (m)(a) =

∞∑

m=0

m(m− 1) . . . (m− n+ 1)

m!
f (m)(a)(x−a)m−n =

= � n ∞∑

m=0

(x− a)m
m!

f (m)(a) = f (n)(x).

=qs`iS�S�(�FyFiSjSt�yFbFs`g<jSs`iSyFiSt��Us`jSt�yD�OrLt�c6bFtS}ZjSiSp�gD�4t����qiSyL�4��eL���FyFiSbFp�jSi~rFcFiS_
ý§bL�f^`cL^x� ��bF�UjSb6eFeFhHbHyL^`pleLi~�	bL�!j�ySh6r¢©nt�_6eLiSyL^W�Fi~rL��cFs`t���yL^xeLgScF�U� �q�UcFa6� FbF�

f(ξ)
jOs`iS\FaUtqcFb6�	cFt���i	�FyFtlrLtleK^

a
m

1

Γ(k − ν)

(
d

dx

)k x∫

a

(x− ξ)k−ν−1f(ξ)dξ =

=
1

Γ(k − ν)

(
d

dx

)k ∞∑

m=0

1

m!
f (m)(a)

x∫

a

(x− ξ)k−ν−1(ξ − a)mdξ.
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X����Fi`eLc6h6h��Fi~rKklsx^`cFiSjSaF�

θ = (ξ−a)/(x−a) b�bLkl�Fi`eLgSp��`h�bFp�jSt�kls`cF�U�H�qiSyL�4��eL�
1∫

0

(1− θ)α−1θβ−1dθ = B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
,

�Fi`eL�U\L^`t���m
1

Γ(k − ν)

(
d

dx

)k x∫

a

(x− ξ)k−ν−1f(ξ)dξ =

=

∞∑

m=0

1

Γ(m+ k − ν + 1)
f (m)(a)

(
d

dx

)k
(x− a)k+m−ν =

=

∞∑

m=0

1

Γ(m− ν + 1)
f (m)(a)(x− a)m−ν .

� ^S�4t�s`bL��}F\Fs`i	bL�4t�t�s	�4t�kls`i	b
�Si`eLt�tqiS�S��t�tqkliSiSs`cFiS{�t�cFbFtSm
a � νx

( ∞∑

m=0

cm(z − a)m+p
)

=

∞∑

m=0

Γ(m+ p+ 1)

Γ(m+ p− ν + 1)
cm(z − a)m+p−ν ,

p 6= −1,−2,−3, . . . .

	�{�3 &ì��|�� � ï�|.��~�¹i�}|
��|
�
�l�,~�~�¹"!�� î ~�ç�ð���Û
X�t�yFcFt��fk�h/a/�FyFtlrKkls~^`j`eLt�cFbF� rLyFiS�ScFiS��i¡bFcFs`t���yL^xeK^�jBjSb6rLt<kljSt�yFs`aFb�Fi~rL��cFs`t��lyL^xeLgScFiS_¢�q�UcFaF FbFb¢kli�klsx^`c6rK^`yFs`cFiS_¢kls`t��Ft�cFcFiS_��q�UcFaF FbFtl_

Φµ(x)
YwzcL^xeLbFs`bF\Ft�klaDiSt��FyFi~rLi`eF��t�cFbFtq��s`iS_vkljSt�yFs`aFb
jOiS�`eK^Skls`g�iSs`yFbF L^`s`tleLgScF���?p�cL^x�\Ft�cFbF_?bFc6rLt�aUk�^

µ = −ν �4i���t�s�yL^Sk�k��f^`s`yFbFjD^`s`gDk�h	a6^`a2iS�SiS�S��t�cFcL^xh	�q�UcFaF Fb6hn}iS�`eK^xrK^`�]��^xhn}Dj	\L^Skls`cFiDkls`bn}FkljSiS_Lkls`jSiD�
lim
ν→n

Φ−ν(x) ≡ Φ−n(x) = δ(n)(x), n = 0, 1, 2, ...

� rLt
δ(n)(x)

d
n
� h>�FyFiSbFp�jSi~rLcL^xh2rLtleLg~sx^x� �q�UcFaF FbFb�ð�bFyL^`a6^

δ(x) ≡ d1(x)/dx m
∞∫

−∞

f(ξ)δ(n)(x− ξ)dξ = f (n)(x).

�]�FyFtlrLtleLt�cFcL^xh sx^`aFbL�¢iS�SyL^`p�iD�¢�q�UcFaF Fb6h
af

(ν)(x)
�FyFbW FtleF��� �Fi`eLi~�	bFs`tleLg`�cF���

ν = n = 1, 2, 3, . . .
kliSjS�L^xrK^`t�s�kq�FyFiSbFp�jSi�rLcF�z�4b
 FtleLiS��i��FiSyDh6rLa6^
af

(n)(x) = f (n)(x), x > a,
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^��FyFb
 FtleL���>iSs`yFbF F^`sSt�eLgScF���

ν = −n d2k n� aFyL^`s`cF�z�4b
bFcFs`t���yL^xeK^S�4bnYoqp�kljSiS_Lkls`jD^
Φµ ? Φλ(x) = Φµ+λ(x).cFt��FiDklyFtlrKkls`jSt�cFcFi
jS��s`t�a6^`t�sv�qiSyL�4��eK^>rLyFiS�ScFiS��i?rLbL���qt�yFt�cF FbFyFiSjD^`cFb6h�÷*67÷*6*�ÀAòBñ�ñ�÷*MÂ�94�ñ"�&<"�"�

Φµ
m

a[Φµ(x− a)](ν)x =
(x− a)µ−ν−1+

Γ(µ− ν) = Φµ−ν(x− a).

X�\L^Skls`cFiDkls`bn}
a[1(x− a)](ν)x =

(x− a)−ν+
Γ(1− ν) .

a[δ(x− a)](ν)x =
(x− a)−ν−1+

Γ(−ν) = Φ−ν(x− a),

a[δ
(n)(x− a)](ν)x =

(x− a)−n−ν−1+

Γ(−n− ν) = Φ−n−ν(x− a),

a[Φν−n(x− a)]νx = δ(n)(x− a), x > a.

	�{�z?> @y|�ç��³¶�·�~�¹i�¾����|
��~�¹i������|�� � ï�|.��~�¹i�
üqyFtlrLtleLgScFiSt��FiSjStlrLt�cFbFt�rLyFiS�ScFiS_��FyFiSbFp�jSi~rLcFiS_

af
ν
x

�FyFb
x→ a

klj`hFp�^`cFikZcFiSjS�z��s`bF�FiD��rLyFiS�ScFiS��i�rLbL���qt�yFt�cF FbL^xeLgScFiS��i�iS�Ft�yL^`s`iSyL^F}UiS�FyFtlrLtleFhF�]��t���ieLiSaU^xeLgScF�U��rLyFiS�ScF�U���FyFiSbFp�jSi~rLcF�U�¡�qi`eLjD^`cFaU^`yL^��Fy6tlrLtleLiD�¯� Ñ��
f (ν)x = lim

ξ→x
x � νξ [f(ξ)− f(x)],

t�k�eLb
�lsSiSsO�FyFtlrFtle�kl�U��t�kls`jS�St�s~Y
wzjSs`iSyF�¡�4iSs`bFjSbFyF�U�]s2cFiSjSiSt�iS�FyFtlrLtleLt�cFbFt�kls`yFt��8eLt�cFbFt���jSt�yFcF�Us`g2�FyFi`�bFp�jSi�rLcFiS_
kljSiS_Lkls`jSi��x÷*�
���xú�ñ�÷oøBù��L}6�Us`yL^~\Ft�cFcFiStqt��¡�FyFb
�Ft�yFtl�Si~rLtqiSsO FtleL���?arLyFiS�ScF�z��p�cL^~\Ft�cFb6hL�<�FiSyDh6rLaDiSjLYxð�eFh �Fi`eL�U\Ft�cFb6h�cFt�s`yFbFjSbL^xeLgScF����yFt�p��~eLg~sx^x�s`iSj�cL^���s`iD�¡�F�Us`b�bL�¡�FyFb6�Di�rLbFsSk�h��Ft�yFt�k��4iSs`yFt�s`g �FiSc6hFs`bFt2rLbL���qt�yFt�cF FbFyF�D�t��4iDkls`b b jSjSt�kls`b��FiSc6hFs`bFt�eLiSa6^xeLgScFiS_vrLbL���qt�yFt�cF FbFyF�St��4iDkls`bn}¬�FiSp�jSi`eFhF�]��t�tbLk�k�eLtlrLiSjD^`s`g��q�UcFaF FbFb�k>�qyL^`aFsx^xeLgScF�z�4b���yL^S�qbFa6^S�4bn}4s`bF�L^ �q�UcFaF FbF_�X�t�_6�t�yF{�s`yL^Sk�k�^F}LcFt�rLbL���qt�yFtlcF FbFyF�St��4��t�j?iS�S��\FcFiD�Hk��4�zk�eLtSY�Gv�BcFt��S��rLt��HyL^Sk��k��f^`s`yFbFjD^`s`gOsx^`aFbFtq�FyFiSbFp�jSi~rLcF��tSY
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@}�����,����� î ���
�SY�´?rh���s[�J]p �
Q��3P Z � { I(�3�;F�T VtzÂS��3R$��X�S��3TÝQ+F Yndx{ � �"Å I Z U m w�L Z T VNO&� Z¨� Ð � Z YÝSMO }��Ñ#´`�UY
�6Y ð �!ÿ���÷ ð J±�#J �N�¬����6��/ød��J±��J ���Â�*ô���þ>ò!ö
�¸JG�-J�oqcFs`t���yL^xeL�.b��FyFiSbFp�jSi�rLcF��trLy6iS�ScFiS��i��FiSyDh6rLaU^�b£cFt�aDiSs`iSyF��t?b6���6yFb6eLi~��t�cFb6hnY�d_GvbFcLklanm©��^~�UaU^vbs`tl�6cFb6a6^F}n��ÑS�#´UY
�FY�÷¬�*È"4&ÚAò!ök��J��ÇJRû§eLt��4t�cFs`��rLyFiS�ScFiS��i�bLkl\FbLk�eLt�cFb6h
b
b6�>�FyFbL�4t�cFt�cFbFtSYFd��^xeLg�\FbFan}F�`�S�S�FY
'LYa�©V W;gN_K��Í-J�[�J �¾�GªN_Ka�`¶XZY¼\1JSJ R$� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F Y�d�{ � � Å I Z U m~ Q�S&�1��X-TÝQ n9Z �;F
F }¬��Ñ#´*'LY
�6Y�Ê³`y��g�`b�=rKi}r Í-J¾u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F YÇÐ I&Y YÇÒ � Ò Ðèd ÿ I Z T �
S(X�S }D¯ SML"S(V m� �+F3Q�S Z �3�;F n9Z �;F
F }¬��ÑS�('L}T��ÑS�#´U}T��ÑS��Ñ6}T��Ñ�ÑF�SY
ªFY�§q`bVbV XZYkÍ-J��#J �©´�rh���k[�J�~ V Ò V
� Z I1�1P"Q��3T I&VÇ�
I��3R$� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F�S(V"�u$Z S&Q��3T I&V"S(Y � T ��� Z ��V
�3TÝS(Y � H
P"S��3T I&V�F ds{ � �íÅ I Z U m±¯ I&R$V � T Y ���aW w�I&V�F }&Ò V"Q Y }��Ñ�Ñ&�6Y
´UY7¨�r+W2V ��µZaA�¢²�J]u$Z S&Q��3T I&V"S(Y � T ��� Z ��V&�3T S(Y � H
P"S��3T I&V�F Y�d w1S(V � T �+OGI m�~ Q�S&�1��X-TÝQn9Z �;F
F }¬��Ñ�Ñ�ÑFY
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�B{�z � ���,������|���¹ �K�Âï��¢�?�j� ��� � ~�|������
üqyFtl�OrLtS}?\Ft�� �FyFbLkls`�U�FbFs`g�a yL^Sk�k��8iSsSy6t�cFbF� rLyF�U��iS_ aUiScLkls`yF�UaF FbFbrLyFiS�ScF���B�FyFiSbFp�jSi~rLcF���¡dªCnyF�]cFjD^xeFg`rK^x� ��t�s`cFbFaUiSjD^6}qcL^`�FiD�4cFbL� cFt�aUiSs`iSyF��t��^`aFs`�¢bFp�bLkl\FbLk�eLt�cFb6h
yL^`p�cFiDkls`t�_nY��^v�4c6i~��t�kls`jSt2�q�UcFaF FbF_n}�iS�FyFt�rLtleLt�cFcF���.cL^
jDklt�_ jSt���t�kls`jSt�cFcFiS_.iDklbn}jSjStlrLt���iS�Ft�yL^`s`iSy
k¨rLjSbF�l^OkliSiSs`cFiS{�t�cFbFt��

�
ξf(x) = f(x+ ξ), ξ > 0.

�]�Ft�yL^`s`iSy���s`iSsZeLbFcFt�t�cn}`t���iq�FiSjSs`iSyFcFiSt��FyFbL�4t�cFt�cFbFt�iS�FyFtlrLtleFhFt�sSk¨h	�qiSyL�4��eLiS_
� n
ξ f(x) = f(x+ nξ), n = 1, 2, 3, . . . .

ð�iSiS�FyFtlrLtleLbL�>t���i]��s`iS_��qiSyL�4��eLiS_�r6eFh
n = 0

b�iSs`yFbF L^`s`tleLgScF����p�cL^~\Ft�cFbF_ −1 }
−2 } −3 }nY Y YT�]\Ft�jSb6rLcFiL} � −1ξ =

�
−ξ
hFj`eFhFt�sSk¨h
iS�Ft�yL^`s`iSyFiD��}6iS�SyL^`s`cF�z��a �

ξ
Y

üq�Dkls`g
f(x)

yL^`pleK^`�l^`t�sSk¨h>jOyDh6r�©nt�_6eLiSyL^Oj	s`iS\FaDt
x
}Fs`iS��rK^	�qiSyL�f^xeLgScFi��s`iSsOyDh6rv�4i~�	cFiO�FyFtlrKklsx^`jSbFs`g	kq�FiD�4iS��gS��iS�Ft�yL^`s`iSyFcFiS_?��a6kl�FiScFt�cFs`��m

f(x+ ξ) =

∞∑

k=0

ξk

k!
� kxf(x) = exp(ξ � x)f(x).

� iS�FiDklsx^`j`e6h6hW��s`i kliSiSs`cFiS{�t�cFbFt2k2iS�FyFtlrLtleLt�cFbFt���iS�Ft�yL^`s`iSyL^�k¨rLjSbF�l^F}��FyFb6�Di`�rLbL�£avklbL�4jSi`eLbF\Ft�klaDiD�4�2�FyFtlrKklsx^`j`eLt�cFbF�
�
ξ = exp(ξ � x).
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X�jStlrLt���}lrK^xeLt�tS}�rFjD^�yL^`p�cFiDkls`cF���qiS�Ft�yL^`s`iSyL^FmleLt�jSiDkls`iSyFiScFcFbF_

∆+
b��FyL^x�jSiDkls`iSyFiScFcFbF_

∆−
kliSiSs`cFiS{�t�cFb6hL�4b

∆± = I− � ∓ξ = I− e∓ξ � x .�qt�s`yF��rLcFi	jSb6rLt�s`gL}6\Fs`iOrFeFh>rLbL���qt�yFtlcF FbFyF�St��4iS_>jOs`iS\FaUt
x
�q�UcFaF FbFb

lim
ξ→0

∆+

ξ
= − lim

ξ→0

∆−
ξ

= � x.
�B{3± �¯� � ~�|������nð��E¶�¹"!´������|
��~�¹"!���|�������ç�|�ï

üqiDk�eLtlrLiSjD^`s`tleLgScFi`tf�FyFbL�4t�cFt�cFbFtÖiS�Ft�yL^`s`iSyFiSj
∆+

¤
∆−
¦¬a��q�UcFaF FbFb

f(x)rK^`t�sOt�tZeLt�jS��t	¤ �FyL^`jS��t~¦ÖyL^`p�cFiDkls`b
jS�zkl{�b6�2�FiSyDh6rLaUiSjLm

∆+∆+ . . .∆+f(x) = ∆n
+f(x) = (I− � −ξ)

nf(x) =

n∑

k=0

(−1)k
(
n

k

) � k−ξf(x) =

=
n∑

k=0

(−1)k
(
n

k

)
f(x− kξ),

∆−∆− . . .∆−f(x) = ∆n
−f(x) = (I− � ξ)nf(x) = n∑

k=0

(−1)k
(
n

k

) � kξf(x) =
=

n∑

k=0

(−1)k
(
n

k

)
f(x+ kξ),

� ^S�4t�c6h6h�plrLt�klgZ FtleLiSt
n
�FyFiSbFp�jSi`eLgScF�z�

ν
b��FyFi~rLi`eF��^xhOkl�6�f�4bFyFiSjD^`cFbFtrLiO�St�klaUiScFt�\FcFiDkls`bn}6�Fi`eL�U\FbL��yL^`p�cFiDkls`b>rLyFiS�ScF���?�FiSySh6rLaUiSjLm

∆ν
±f(x) =

∞∑

k=0

(−1)k
(
ν

k

)
f(x∓ kξ) =

∞∑

k=0

(−1)k Γ(ν + 1)

k!Γ(ν − k + 1)
f(x∓ kξ).

+�iSyL�f^xeLgScFi�iS�FyFtlrLtleFhFt��4��t]��s`bL�4b
kliSiSs`cFiS{�tlcFb6hL�4b2iS�Ft�yL^`s`iSyF�<�4i��	cFi��FyFtlrF�klsx^`jSbFs`gOjOjSb6rLt

∆ν
± = (1−e∓ξ � x)ν = 1−

ν

1!
e∓ξ � x+ ν(ν − 1)

2!
e∓2ξ � x− ν(ν − 1)(ν − 2)

3!
e∓3ξ � x+ . . .

�]sSkl��rK^OjSb6rLcFiO�Fi`eL�U��yF�U�F�FiSjSiStZkljSiS_Lkls`jSi�yL^`p�cFiDkls`cF���>iS�FtlyL^`s`iSyFiSjLm
∆µ
±∆

ν
± = ∆µ+ν

± ,
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aUiSs`iSyFiSt��4i~��t�s>�S��s`g>jS��jStlrLt�cFi?b cFt��FiDklyFtlrKkls`jSt�cFcFi>j>�SbFcFiD�4bL^xeLgScFiD�H�FyFtlrF�klsx^`j`eLtlcFbFbnm

∆µ
±∆

ν
±f(x) =

∞∑

k=0

(−1)k
(
µ

k

)
∆ν
±f(x∓ kξ) =

=
∞∑

k=0

(−1)k
(
µ

k

) ∞∑

l=0

(−1)l
(
ν

l

)
f(x∓ (k + l)ξ) =

=

∞∑

k=0

(
µ

k

) ∞∑

j=l

(−1)j
(

ν

j − k

)
f(x∓ jξ) =

=

∞∑

j=0

(−1)j
[

j∑

k=0

(
µ

k

)(
ν

j − k

)]
f(x∓ jξ) =

=

∞∑

j=0

(−1)j
(
µ+ ν

j

)
f(x∓ jξ) = ∆µ+ν

± f(x).

�B{åä &ì��|�� � ï�|.��~�¹i� e �X� ~�ï��³¶�·��Â�76N@y�,��~���ç�|�ï���T���.��ç�|�~��,í�~�¹iæ �������Â�E¶�|�æ
�]�FyFtlrLtleLbL��iS�Ft�yL^`s`iSyF�.rLbL���qt�yFt�cF FbFyFiSjD^`cFb6h�rLyFiS�ScF�����FiSySh6rLaUiSj]�FyFtl�rLtleLgScF�z�4bvkliSiSs`cFiS{�t�cFbUhL�4b

D
ν
+ ≡ lim

ξ→0

∆ν
+

ξν
,

D
ν
− ≡ lim

ξ→0

∆ν
−
ξν

.� iSiSs`jSt�sSkls`jS�U�]��bFtqbL�£�FyFiSbFp�jSi�rLcF��tqp�^`�FbLkl��jD^`�]sSk�h?j	jSbUrLt
f
(ν)
+ (x) = D

ν
+f(x) = lim

ξ→0

1

ξν

∞∑

k=0

(−1)k Γ(ν + 1)

k!Γ(ν − k + 1)
f(x− kξ) (6.3.1)

b

f
(ν)
− (x) = D

ν
−f(x) = lim

ξ→0

1

ξν

∞∑

k=0

(−1)k Γ(ν + 1)

k!Γ(ν − k + 1)
f(x+ kξ) (6.3.2)

bÎcF^`p���jD^`�]sSk�h¼ó/ôx÷*�1:/öo÷�5�ñ�õ[ÿ��E�xô�2�ñxö(���xú
5*��� ùDòBùJñ"�"��÷oö(�qø;6oò!ø0��÷7ñxòBþ5ñ�õ[ÿ
ó/ô�ò�57ò/�x÷*ÿ¬J



���D� ��	��"�+�D� ����ã>�x�x�&ôx��Æ('��7�����x�����5�GÜÇã��������#��Æ.âÌ&x���x���
�#�5����Æ.â
üqi`eLgSp��`hLklg��qiSyL�f^xeLgScF�z���FyFtlrKkls~^`j`eLt�cFbFt���}F�Fi`eL�U\FbL�

D
ν
+ = lim

ξ→0

(1− e−ξDx)ν
ξν

= (Dx)
ν ,

D
ν
− = lim

ξ→0

(1− eξDx)ν
ξν

= (−Dx)
ν .�qt�s`yF�~rLcFi.�U�StlrLbFs`gDk�h�jWs`iD��}§\Fs`iWjSjStlrLt�cFcF��tvkliSiSs`cFiS{�t�cFb6hL�4b¡¤¥ªFY �FY �l�ªFY �FY �S¦ZrLyFiS�ScF��t2�FyFiSbFp�jSi�rLcF��t2�~rLiSj`eLt�s`jSiSyShF�]s��FyFbFcF 6bF�F��kliSiSs`jSt�sSkls`jSb6hnY � ^x��FbF{�t���eLt�jSiDkls`iSyFiScFcF�]��yL^`p�cFiDkls`g�rLyFiS�ScFiS��i��FiSyDh6rLa6^
ν
jOyL^`p�jSt�yFcF�Us`iD��jSb6rLt

∆ν
+f(x) = f(x)− ν

1!
f(x−ξ)+ν(ν − 1)

2!
f(x−2ξ)−ν(ν − 1)(ν − 2)

3!
f(x−3ξ)+. . . .

üqyFb  FtleLiD�
ν = n

��s`iSs>yDh6r.iS�SyF��jD^`t�sSk�h�cL^
n − 1

\6eLtlcFt	b.�4�!�FyFb6�Di�rLbL�¢aiS�S��\FcF�z�£�qiSyL�4��eK^S�WrFeFh
aUiScFt�\FcF���?yL^`p�cFiDkls`t�_
∆0
+f(x) = f(x).

∆1
+f(x) = f(x)− f(x− ξ),

∆2
+f(x) = f(x)−2f(x−ξ)+f(x−2ξ) = [f(x)−f(x−ξ)]−[f(x−ξ)−f(x−2ξ)]b¡s~Y]r�YdüqyFtlrLtleLgScF��tWiSs`cFiS{�t�cFb6h

lim
ξ→0

∆n
+f(x)/ξ

n kliSjS�L^xrK^`�]s�kWiS�S��\FcF�z�4b
�FyFiSbFp�jSi�rLcF�z�4b�kliSiSs`jSt�sSkls`jS�U�]��b6�£�FiSySh6rLaUiSj

f (n)(x), n = 1, 2, . . . .
wzcL^x�eLiS��bF\FcF��t�jS��\FbLk�eFt�cFb6h¢k��FyL^`jSiDkls`iSyFiScFcFbL�4b�yL^`p�cFiDkls�hL�4b<�FiSaU^`p���jD^`�]s~}Ö\Fs`i

lim
ξ→0

∆n
−f(x)/ξ

n = (−1)nf (n)(x) Y
üqt�yFt�_6rLt�� s`t��Ft�yFg�a iSs`yFbF L^`s`tleLgScF�z�  FtleL�z�Îp�cL^~\FtlcFb6hL�

ν = −m }
m = 1, 2, 3, . . .

X���s`iD��k�eL�U\L^`tqyDh6rL��cFtqiS�SyF��jD^`�]sSk�hn}
∆−1+ f(x) = f(x) + f(x− ξ) + f(x− 2ξ) + . . . ,

∆−2+ f(x) = f(x) + 2f(x− ξ) + 3f(x− 2ξ) + . . . ,^ZbL�4t��]s�jSb6rObFcFs`t���yL^xeLgScF���Okl�6�f��¤ �S�~rLt����Fi`eK^`��^`s`gL}x\Fs`i�iScFb	^`�Dkli`eL�]s`cFi�k��Si`�rFhFsSk�hK¦�m

∆−1+ f(x) =

∞∑

k=0

f(xk) = ξ−1
∞∑

k=0

f(xk)∆xk, xk = x− kξ, ∆xk = ξ,

∆−2+ f(x) =

∞∑

k=0

(k + 1)f(xk) = ξ−1
∞∑

k=0

(k + 1)f(xk)∆xk.
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� bLkl�Fi`eLgSp�iSjD^`cFbFt��
�FyL^`jSb6eK^�ð�bFyFb6�UeLtÖrFeFhOkl�6�f��}x�FiDk�eLtlrLcFt�t�jS��yL^x��tlcFbFt��FyFb6�jSi~rLb6sDk¨h>a
jSb6rL�

∆−2+ f(x) = ξ−2
∞∑

l=0

∆xl

∞∑

k=l

f(xk)∆xk.

� eLtlrLiSjD^`s`tleLgScFiL}
f
(−1)
+ (x) =

x∫

−∞

dξf(ξ),

f
(−2)
+ (x) =

x∫

−∞

dξ2

ξ2∫

−∞

dξ1f(ξ1)

b
jSiSiS�S��tS}
f
(−m)
+ (x) = −∞f

(−m)(x),

� rLt

−∞f
(−m)(x) =

x∫

−∞

dξm . . .

ξ2∫

−∞

dξ1f(ξ1).

üqyFiSbFp�jSi�rLcF��t�iSs`yFbF L^`s`tleLgScF���� FtleL�����FiSyDh6rLaDiSj>�FyFtlrKklsx^`j`eFhF�]s
kliS�SiS_�eLt�jSi`�kls`iSyFiScFcFbFtqbFcFs`t���yL^xeL��kliSiSs`jSt�sSkls`jS�U�]��t�_>aFyL^`s`cFiDkls`bnY
wzcL^xeLiS��bF\FcF�z� iS�SyL^`p�iD��} rFeFh �FyL^`jSiDkls`iSyFiScFcFb6� �FyFiSbFp�jSi�rLcF����Fi`eL�U\L^`t���m

f
(−m)
− (x) = f (−m)∞ (x),

� rLt

f (−m)∞ (x) =

∞∫

x

dξm . . .

∞∫

ξ2

dξ1f(ξ1).

©�^`aFbL��iS�SyL^`p�iD��}F�4���U�Stl�OrK^`t��4k�hn}6\Fs`i	�FyFiSbFp�jSi�rLcF��t

f
(ν)
+ (x) = lim

ξ→0

∆ν
+f(x)

ξν

iS�St�kl�Ft�\FbFjD^`�]s�bFcFs`t�yF�Fi`eFhF FbF�!�4tl�OrL�?bFcFs`t���yL^xeK^S�4bvb
�FyFiSbFp�jSi~rLcF�z�4b> FtleLiS_aFyL^`s`cFiDkls`b
(ν = . . . ,−2,−1, 0, 1, 2, . . .)

b��Fi.��s`iS_��FyFbF\FbFcFtvcFt�aUiSs`iSyF��t^`jSs`iSyF�¢cL^`p���jD^`�]s�b6�?rLbL���qt�yFbFcFs`t���yL^xeK^S�4bÄ� �0� Y
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üq�Dkls`g�rLbL���qt�yFt�cF FbFyF�`t��f^xhH�q�UcFaF Fb6h
f(x)

iSs�eLbF\FcL^ iSs cF��eFh�s`i`eLgSaUi�FyFb
x > a

YT©niS� rK^2{�^`�
ξ
�4i~�	c6i>klj`hFp�^`s`g?k� FtleLiS\FbLk�eLt�cFcFiS_��Ft�yFt��4t�cFcFiS_

k =
0, 1, 2, . . . ,K

kliSiSs`cFiS{�t�cFbFt��
ξ =

x− a
Kb
p�^`�FbLk�^`s`g�eLt�jS�U�¡�FyFiSbFp�jSi�rLcF�U��jOjSb6rLt

af
(ν)(x) = aD

ν
+f(x) = lim

ξ→0

1

ξν

(x−a)/ξ∑

k=0

(−1)k Γ(ν + 1)

k!Γ(ν − k + 1)
f(x− kξ) (6.4.1)

b6eLb
��aFjSbFjD^xeLt�cFs`cFiD��t��4�
af
(ν)(x) = aD

ν
+f(x) =

= lim
K→∞

(
K

x− a

)ν K∑

k=0

(−1)k Γ(ν + 1)

k!Γ(ν − k + 1)
f

(
x− k

(
x− a
K

))
. (6.4.2)

wzcL^xeLiS��bF\FcF�z��iS�SyL^`p�iD���4i~��t�s��S��s`g��FyFtlrKkls~^`j`eLt�cL^vb��FyL^`jD^xh.�FyFiSbFp�jSi~rLcL^xhrFeFhv�q�UcFaF FbFbn}6iS�SyL^`��^`�]��t�_Lk�h?jOcF��eLg	�6yFb
x > b

Y
üqyFtlrKklsx^`j`eLt�cFbFtwCnyF�]cFjD^xeLg`rK^x� ��t�s`cFbFaUiSjD^6}
��rLiS�ScFiSt!rFeFh(\FbLk�eLt�cFcF���yL^Skl\Ft�s`iSjL}¬cFt	iS�St�kl�Ft�\FbFjD^`t�s~}¬i~rLcL^`aDiL}¬�FyFtlrLtleLgScFiS��i
�Ft�yFtl�Di�rK^
a. FtleL�z�¢iSs`yFb6� L^`s`tleLgScF�z�<�FiSyDh6rLa6^S�

ν = −1,−2, . . . YKGvi��	cFiL}¬i~rLcL^`aUiL}T�FyFt�iS�SyL^`p�iSjD^xs`g>t���ia
jSb6rL�S}6bL�4t��]��t��4�>k��4�zk�e
rFeFh
jDkltl�?iSs`yFbF L^`s`tleLgScF���
ν
Y � ^S�4t�s`bFjL} \Fs`i

(
n

k

)
=

Γ(n+ 1)

k!Γ(n− k + 1)
=

n!

k!(n− k)! =
n(n− 1) . . . (n− k + 1)

k!
,

b
p�^S�4t�cFbFjOplrLt�klg
n
cL^ −m }F�6i`eL�U\FbL��m

(−m
k

)
=
−m(−m− 1) . . . (−m− k + 1)

k!
= (−1)k (m+ k − 1)!

k!(m− 1)!
=

= (−1)k Γ(m+ k)

k!Γ(m)
.

o�kl�Fi`eLgSp��`h>��s`i?jS��yL^x��t�cFbFt�rFeFh�^`cL^xeLbFs`bF\Ft�klaUiS��i	�FyFi~rLi`eF��t�cFb6hv�SbFcFiD�4bL^xeLg`�cFiS��iqaUiS�����qbF FbFt�cFs~^ (ν
k

) j�iS�`eK^Skls`gZiSs`yFbF L^`s`tleLgScF���
ν = −µ, µ > 0

}`�Fi`eL�U\FbL�
(−µ
k

)
= (−1)k Γ(µ+ k)

k!Γ(µ)
,
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bvkliSiSs`jSt�sSkls`jSt�cFcFiL}

aD
−µ
x f(x) = lim

ξ→0
ξµ

(x−a)/ξ∑

k=0

Γ(µ+ k)

k!Γ(µ)
f(x− kξ),

b
aD
−µ
x f(x) = lim

K→∞

(
x− a
K

)µ K∑

k=0

Γ(µ+ k)

k!Γ(µ)
f

(
x− k

(
x− a
K

))
.

üqyFiSjSt�yFbL�
kl�FyL^`jStlrFeLbFjSiDk�sSg��Fi`eL�U\Ft�cFcF����kliSiSs`cFiS{�t�cFbF_�j]k�eL�U\L^`t
µ = 1

m

aD
−1
x f(x) = lim

ξ→0

(x−a)/ξ∑

k=0

Γ(1 + k)

k!Γ(1)
f(x−kξ)ξ = lim

∆x→0

K∑

j=0

f(xj)∆x =

x∫

a

f(x′)dx′,

� rLt
j = K − k, xj = a+ j∆x, K = (x− a)/∆x Y

�B{
	 Ø ï³� � ·é�¾����|
��~�¹iæ¯�n|³���,������|�����æ¯�
-µ�(Û�¶��$�¢@}� î ï���¶�¶���� ����æ���~��
�qt�s`yF��rLcFi	�U�StlrLbFs`gDk¨hn}6\Fs`iOrLyFiS�ScF��tqbFcFs`t���yL^xeL�

−∞f
(−µ)(x) =

1

Γ(µ)

x∫

−∞

f(ξ)(x− ξ)µ−1dξ

b
f (−µ)∞ (x) =

1

Γ(µ)

∞∫

x

f(ξ)(ξ − x)µ−1dξ, µ > 0

�FyFtlrKkls~^`j`eFhF�]s?kliS�SiS_>rLyFiS�ScF��t��FyFiSbFp�jSi~rLcF��t�CnyF�]cFjD^xeLg`rK^x� ��t�s`cFbFaDiSjD^�iSs`yFb6� L^`s`tleLgScF���?�FiSyDh6rLaDiSj

−∞f
(−µ)(x) = f

(−µ)
+ (x) ≡ lim

ξ→0

∆−µ+
ξ−µb

f (−µ)∞ (x) = f
(−µ)
− (x) ≡ lim

ξ→0

∆−µ−
ξ−µ

.

ð�t�_Lkls`jSbFs`tleLgScFiL}

−∞f
(−µ)(x) =

1

Γ(µ)

x∫

−∞

f(ξ)(x− ξ)µ−1dξ = 1

Γ(µ)

∞∫

0

f(x− ξ)ξµ−1dξ =
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=
1

Γ(µ)

∞∫

0

e−ξ � xξµ−1dξf(x) = ( � x)−µf(x) = f
(−µ)
+ (x).

©�^`aFbL�¢iS�SyL^`p�iD��}LrLyFiS�ScF��tO�FyFiSb6p�jSi~rLcF��t
f
(ν)
+ (x)

b
f
(ν)
− (x)

}¬iS�FyFtlrLtleLt�c6�cF��tzyL^`cFt�tz�FyFtlrLtleK^S�4b2iSs`cFiS{�t�cFbF_
lim
ξ→0

∆ν
+f(x)/ξ

ν b lim
ξ→0

∆ν
−f(x)/ξ

ν }D�FyFb2iSsx�
yFbF L^`s`tleLgScF���<�FiSySh6rLa6^x�

ν = −µ < 0
�4iS���Us£�S��s`g£�FyFtlrKklsx^`j`eLt�cF� j£jSb6rLt

bFcFs`t���yL^xeLiSj
−∞f (−µ)(x)

b
f
(−µ)
∞ (x)

}fcL^`p���jD^`t��4���.rLyFiS�ScF�z�4b�bFcFs`t���yL^xeK^S�4b��bF�UjSb6eFeFh�b2X�t�_6eFh	kliSiSs`jSt�sSkls`jSt�cFcFiLY � ^S�4t�cFbFjqj��Ft�yFjSiD��bFp�cFb6�OcFb6�	cFbF_	�Fy6tl�rLtle −∞ aUiScFt�\FcF�z��p�cL^~\Ft�cFbFt�� a }6�Fi`eL�U\FbL�£bFcFs`t���yL^xe³ý§bL�f^`cL^F}

af
(−µ)(x) =

1

Γ(µ)

x∫

a

f(ξ)(x− ξ)µ−1dξ, µ > 0,

^��Fi`eLi~�	bFjOp�^`sSt��
a = 0

dOrLyFiS�ScF��_>bFcFs`t���yL^xe³ý§bL�f^`cL^x� ��bF�UjSb6eFeFhnm
0f

(−µ)(x) =
1

Γ(µ)

x∫

0

f(ξ)(x− ξ)µ−1dξ, µ > 0.

üqt�yFtl�Di�rHj.�Fi`eLi~�	bFs`tleLgScF�U� iS�`eK^Skls`g p�cL^~\FtlcFbF_H�FiSa6^`p�^`s`tleLt�_�iDklcFiSjS��jD^xt�sSk�hcL^�u~�FyL^`jSb6eLt§�FiSa6^`p�^`s`tleLt�_n|~}�iSs`yL^x��^`�Z��t��
�Fi`eL�U��yF�U�F�FiSjSiStfkljSiS_Lkls`jSi�rLyFiS�ScF���yL^`p�cFiDkls`t�_nm
∆µ+λ
± = ∆µ

± ·∆λ
±,

D
µ+λ
± = lim

ξ→0

∆µ+λ
±

ξµ+λ
= lim

ξ→0

∆µ
± ·∆λ

±
ξµ+λ

= lim
ξ→0

∆µ
±
ξµ
· lim
ξ→0

∆λ
±
ξλ

= D
µ
± · Dλ

±.

üqyFtlrKklsx^`j`eFh6hq�Fi`eLi��	bFs`tleLgScFiStf\FbLk�eLi
ν
j�jSb6rLt

ν = m−µ }�� rLt m d]cL^`bL�4t�cFgS{�t�t FtleLiStÖ\FbLk�eLiL}��FyFt�jSiDk��Si~rFhF��t�t§b6eLb�yL^`jSc6iSt
ν
dq^

0 < µ < 1
d]rLyFiS�ScF��_�iDkls~^`s`iSan}�Ft�yFt��FbF{�t��£��s`i	kliSiSs`cFiS{�t�cFbFtqjOjSb6rLtSm

D
ν
± = D

m
± · D−µ± = (± � x)m · D−µ± , m = 0, 1, 2, . . . , 0 < µ < 1.X�yFt�p��~eLg~sx^`s`t��FyFb6�Di~rFbL�<a�rLyFiS�ScF�z���FyFiSbFp�jSi~rLcF�z�@��bF�UjSb6eFeFh�b.X�t�_6eFhn}¬kli`�iSs`jSt�sSkls`jSt�cFcFiL}

fν+(x) = −∞f
(ν)(x) = ( � x)m 1

Γ(µ)

x∫

−∞

f(ξ)(x− ξ)µ−1dξ, ν > 0,

b
fν−(x) = f (ν)∞ (x) = (− � x)m 1

Γ(µ)

∞∫

x

f(ξ)(ξ − x)µ−1dξ, ν > 0.

«�i`eLt�t��Fi~rLy6iS�ScF��t�kljStlrLt�cFb6h i�rLyFiS�ScF��� �FyFiSbFp�jSi~rLcF��� �4i��	cFi�cL^`_Fs`b(jaFcFbF��^x�Ä� �l� �*� Y



<D�"�5���7�1��õ��7� ���#´
@}�����,����� î ���
�SY ð �!ÿ���÷ ð J±�#J �N�¬����6��/ød��J±��J ���Â�*ô���þ>ò!ö
�¸JG�-J�oqcFs`t���yL^xeL�.b��FyFiSbFp�jSi�rLcF��trLyFiS�ScFiS��i��FiSyDh6rLaU^�b£cFtlaUiSs`iSyF��t?b6�W�FyFb6eLi~��t�cFb6hnY�d_GvbFcLklanm©��^~�UaU^vbs`tl�6cFbFa6^F}n��ÑS�#´UY
�6Y?÷��
È"4&ÚAò!ö���J©�ÇJ[ð�yFiS�ScFiStObLkl\FbLk�eLt�cFbFt2bWt���iv�FyFbL�4t�cFt�cFbFtSY�dÇGWY m©+�bFpl��f^`s�eLbFs~}T�`�S�&�FY
�FY2�(V W;gN_K��Í-J�[�J �¾�Gª2_Ka�`¶XZY¼\1J0J R$� u$Z S&Q��3T I&V"S(Y � S(Y Q�P$Y P�F YOd�{ � � Å I Z U m~ Q�S&�1��X-TÝQ n9Z �;F
F }¬��Ñ#´*'LY'LY?Ê³`y�
g�`b�=rKi}r Í-J¾u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F YÇÐ I&Y YÇÒ � Ò Ðèd ÿ I Z T �
S�X�S }D¯ SML"S(V m� �;F3Q�S Z �3�;F n9Z �;F
F }¬��ÑS�('L}T��ÑS�#´U}K��ÑS��ÑF}T��Ñ�ÑF�SY
�6Y7§q`bV�V XZYkÍ-J��#J �©´�rh���
[�J�~ V Ò V
� Z I1�1P"Q��3T I&VÇ�
I��3R$� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F�S(V$�u"Z S&Q��3TyI&V$S(Y � T ��� Z ��V&�3TÝS(Y � H
P"S��3T I&V�F ds{ � �íÅ I Z U m±¯ I&R$V � T Y ���aW w�I&V�F }&Ò V"Q Y }��Ñ�Ñ&�FY





r ís\�ït\ �

� ædp#âMt�ã å^' xÚæÔÓ â
Ñèãèâ�ß`_Úã å c�ßlk å²æèçnm

�-{�z &ì���.|
����� � |�ï���~�����@y�³��¶����E�
XWbFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScFiD�vbLkl\FbLk�eLt�cFbFb�rLyFiS�ScF�����FiSyDh6rLaUiSjZbFcFs`tl���yL^xeLgScF��t��FyFt�iS�SyL^`p�iSjD^xcFb6h�bF��yL^`�]s>t���t��Si`eLt�t�jD^x�	cF�U��yFi`eLgL}K\Ft��<j
k�eL�U\L^`t FtleL�����FiSyDh6rLaUiSjLY4©nt��Ft�yFg.iScFb�k�eL�D�O^`s cFt>s`i`eLgSaUi�rFeFh�^`cL^xeLbFp�^�b£yFt�{�t�cFb6hkliSiSs`jSt�sSkls`jS�U�]��b6�?�UyL^`jSc6t�cFbF_n}6cFi	\L^Skls`iObÁ5��1�möoõ�öo÷�5*��øå�!ÿ��1ÈÂ4Bô��/öoñxòBñ"�"MLYGv��cL^�\FcFt���kqi�rLcFiDkls`iSyFiScFcFt���i��FyFt�iS�SyL^`p�iSjD^xcFb6h���^`�6eK^Sk�^

f(x)
L7→ f̂(λ) = ú {f(x)}(λ) = ∞∫

0

e−λxf(x)dx.

oqcFs`t���yL^xe�plrLt�klgZ�FyFtlrL�Fi`eK^`��^`t�sSk�h�^`�Dkli`eL�]s`cFiZk��Di�rFhF��bL�fk�h�jZaUiD�4�6eLt�aUklcFiS_��Fi`�eL�U�6eLiDklaDiDkls`b
Reλ > 0

Y�+�iSyL�4��eK^OiS�SyL^`��t�c6b6h>bL�4t�t�sOjSb6r
f(x) = ú −1{f̂(λ)}(x) = 1

2πi

σ+i∞∫

σ−i∞

eλxf̂(λ)dλ, x > 0, (7.1.1)

� rLtO�FyShL�f^xh
σ = const

�FyFi��Di~rLbFs>�L^`yL^xeFeLtleLgScFi
�4cFbL�4iS_.iDklb.kl�6yL^`jD^?iSs
jDkltl�iDkliS�S���2s`iS\Ft�a>bFp�iS�SyL^x��t�cFb6h
f̂(λ)

Y
X�^x�	cFt�_F{�bL�.kljSiS_Lkls`jSiD��aU^x�OrLiS��i�bFcFs`t���yL^xeLgScFiS��i��FyFt�iS�SyL^`p�iSjS^`cFb6h�hFj`�eFhFt�sSk¨h�cL^xeLbF\FbFt�kl�Ft� FbL^xeLgScFiS_qiS�Ft�yL^` FbFbqdZkljSt�yFs`aFb�d]b�kliSiSs`jSt�sSkls`jS�U�]��t�_�s`t�i`�yFt��4�Hi�kljSt�yFs`aDtSYDX£k�eL�U\L^`t��FyFt�iS�SyL^`p�iSjD^xcFb6h���^`�6eK^Sk�^qkljSt�yFs`aU^ZrLjS�D�O�q�UcFaF FbF_



��ÑS� �1	��"�+�x%7���"�5�G�7�o�1	#�#��Æ��S&x�������#�7�������+���x�"§
f(x)

b
g(x)

iS�FyFtlrLtleFhFt�sSk¨hv�qiSyL�4�~eFiS_

f ? g(x) =

x∫

0

f(x− ξ)g(ξ)dξ,

^�s`t�iSyFt��f^Oi	kljSt�yFs`aDt�� eK^Sklb6sLm
ú {f ? g(x)}(λ) = ú {f(x)}(λ) · ú {g(x)}(λ) = f̂(λ)ĝ(λ).��^`�FiD�4cFbL��}6\Fs`iOrFeFh
�FyFiSbFp�jSi~rLcF���2 FtleL���>�FiSySh6rLaUiSj

f̂ (n)(λ) = ú {f (n)}(λ) = λnf̂(λ)−
n−1∑

k=0

λkf (n−k−1)(0+), n = 1, 2, . . . , (7.1.2)

^�rFeFhv�4cFiS��iSaFyL^`s`cF���?bFcFs`t���yL^xeLiSj
̂
af (−m)(λ) = λ−mf̂(λ), m = 0, 1, 2, . . . .

�]�StZ�qiSyL�4��eL�<�4iS���Us��S��s`g�iS�&ÉntlrLbFcFt�cF��j�i~rLcFiS_2p�^`�FbLklb	rFeFh?�FyFiSbFp�jSi`eLgScFiS��i¤ �Fi`eLi~�	bFs`tleLgSc6iS��iOb6eLb
iSs`yFbF L^`s`tleLgScFiS��iU¦Ö FtleLiS��i
ν
m

0f̂ (n)(λ) = λnf̂(λ)−
n−1∑

k=0

λk 0f
(n−k−1)
0 (0+), n = 0,±1,±2, . . .

üqiDklaUi`eLgSaF��rLyFiS�Sc6��_�b6cFs`t���yL^xe@ý§bL�f^`cL^x� ��bF�UjSb6eFeFhW�FyFtlrKkls~^`j`eFhFt�s�kli`��SiS_
kljSt�yFs`aF�2bFcFs`t���yFbFyF�St��4iS_v�q�UcFaF FbFbvkli	kls~^`c6rK^`yFs`cFiS_vkls`t��Ft�cFcFiS_n}
0f

(−µ)(x) = f ? Φµ(x),

�FyFbL�4t�cFt�cFbFt�s`t�iSyFt��4��iqk�jSt�yFs`aUt�jStlrLt�s]a��FyFiSbFp�jStlrLt�cFbF�£eK^`�6eK^SkliSjDklaFb6�qs`yL^`cLk���qiSyL�f^`cFs�rLjS�D�?��s`b6�
�q�UcFaF FbF_nm

0f̂ (−µ)(λ) = f̂(λ)Φ̂µ(λ).��^`�FiD�4cFbFjL}U\Fs`i
Φ̂µ(λ) =

1

Γ(µ)

∞∫

0

e−λxxµ−1dx = λ−µ,

�Fi`eL�U\FbL��m
0f̂ (−µ)(λ) = λ−µf̂(λ), µ > 0.



%$¥¦� � �������#�7�������+���x�x�=<���&$	��1�#� ��ÑF�
=qs`iS�S��jS���Fi`eLcFbFs`g��FyFt�iS�SyL^`p�iSjD^xcFbFt���^`�6eK^Sk�^ rLyFiS�Sc6iS_��FyFiSbFp�jSi~rFcFiS_

ý§bL�f^`cL^x� ��bF�UjSb6eFeFh
0f

ν(x), ν > 0
}F�FyFtlrKklsx^`jSbL�£tlt�jOjSb6rLt

0f
(ν)(x) = � nx 0f

(−µ)(x), µ = n− ν ∈ (0, 1),

b�jSiDkl�Fi`eLgSp��`t��fk�h��qiSyL�4�~eLiS_£¤Ý´UY �SY �S¦��FyFt�iS�SyL^`p�iSjD^xcFb6hÂ��^`�6eK^Sk�^	�FyFiSbFp�jSi~rFcFiS_ FtleLiS��iO�FiSySh6rLa6^
n
�q�UcFaF FbFb

0f
(−µ)(x)

YFX<yFt�p���eLgxsx^`s`tq�Fi`eL�U\FbL�

0f̂ (ν)(λ) = ú {0 � νxf(x)}(λ) = ú { � nx 0f
(−µ)}(λ) =

= λn 0f̂ (−µ)(λ)−
n−1∑

k=0

λk[0f
(−µ)](n−k−1)(0+) =

= λν f̂(λ)−
n−1∑

k=0

λk 0f
(ν−k−1)(0+), n− 1 < ν < n. (7.1.3)

X�\L^Skls`cFiDkls`bn}Ft�k�eLb
0 < ν < 1

}Fs`i

0f̂ (ν)(λ) = λν f̂(λ)− 0f
(ν−1)(0+). (7.1.4)� ^S�4t�s`bL��}F\Fs`iOrFeFh>rLiDkls~^`s`iS\FcFi��DiSyFiS{�b6�?�q�UcFaF FbF_

0f
(ν−1)(0+) = lim

x↓0

1

Γ(1− ν)

x∫

0

f(ξ)dξ

(x− ξ)ν = 0,

bv�qiSyL�4��eK^
¤Ý´UY �SY 'U¦§�FyFbFcFbL�f^`t�s2kliSjDklt����FyFiDkls`iS_>jSb6r�m
0f̂ (ν)(λ) = λν f̂(λ), 0 < ν < 1.

üqyFt�iS�SyL^`p�iSjS^`cFb6t���^`�6eK^Sk�^��FyFiSbFp�jSi�rLcFiS_?��^`�F�Us`i��4i~��t�s��S��s`g��Fi`eL�U\Ftl�cFi	^`cL^xeLiS��bF\FcF�z���F�Us`t��£j	jSbUrLtSm

(̂ν)
0 f(λ) = λν f̂(λ)−

n−1∑

k=0

λν−k−1f (k)(0+), n− 1 < ν ≤ n. (7.1.5)

X�\L^Skls`cFiDkls`bn}Ft�k�eLb
0 < ν ≤ 1

}Fs`i
(̂ν)
0 f(λ) = λν f̂(λ)− λν−1f(0+).� �U��t�kls`jSt�cFcL^xh�yL^`p�cFbF L^��4tl�OrL����s`bL�4b	rLjS�6�8hOiS�SiS�S��t�cFb6hL�4b
¤«ý§bL�f^`cL^x���bF�UjSb6eFeFh�b ��^`�F�Us`iU¦�j?s`iD��}T\Fs`i>�Ft�yFjSiSt�bFp�cFb6�£¤Ý´UY �SY �D¦zkli�rLt�yD�	bFs2rLyFiS�ScF��t



��ÑD� �1	��"�+�x%7���"�5�G�7�o�1	#�#��Æ��S&x�������#�7�������+���x�"§
�FyFiSbFp�jSi�rLcF��tS}TjSplhFs`��t�j>s`iS\FaDt

x = 0
}¬j?s`i
jSyFt��8h�aU^`a�jSsSiSy6iSt
¤Ý´UY �SY �S¦zkli~rLt�y6��	bFsZ�FyFiSbFp�jSi~rLcF��t�s`i`eLgSaDiZ FtleL�����FiSyDh6rLaDiSjLY��qt�k��4iSs`yDh�cL^Z��s`iL}xiS�StÖ�FyFiSbFp�jSi~rF�cF��t?bL�4t��]s i�rLbFcL^`aUiSjS��t2s`yL^`cLk��qiSyL�f^`cFs`�i��^`�6eK^Sk�^F}nt�k�eLb�rLbL���qt�yFt�cF Fb6yF�Stl��f^xh	�q�UcFaF Fb6hOb	kliSiSs`jSt�sSkls`jS�U�]��t�t�aUi`eLbF\Ft�kls`jSiqt�t��FyFiSbFp�jSi~rLcF����iS�SyL^`��^`�]sSk�hjOcF�~eLgOcL^�cFb6�	cFt��£�FyFtlrLtleLtSm

(̂ν)
0 f(λ) = 0f̂ (ν)(λ) = λν f̂(λ).��^`aUiScFt� n}!rFeFhó�Fy6iSbFp�jSi~rLcFiS_ CnyF�]cFjD^xeLg`rK^x� ��t�s`cFbFaDiSjD^F}!j k�eL�U\L^`t

0 < ν < 1
bL�4t��]��t�_
jSb6r

0f
(ν)(x) =

f(0)x−ν

Γ(1− ν) +
1

Γ(1− ν)

x∫

0

(x− ξ)−νf ′(ξ)dξ,

�FyFt�iS�SyL^`p�iSjS^`cFbFt���^`�6eK^Sk�^
0 f̂(ν)(λ) = λν−1[f(0) + λf̂(λ)− f(0)] = λν f̂(λ).

�]sS�4t�s`bL��}U\Fs`i��FyFt�iS�SyL^`p�iSjD^xcFbFt.��^`�6eK^Sk�^]rFeFh
ν > 1

cFt]kl�U��t�kls`jS�St�s�j�a6eK^Sk�klb6�\Ft�klaDiD� k��4�zk�eLtS}`cFiqbL�4t�t�sqsx^`aUiS_���t�jSb6rOj�k��4�zk�eLt�iS�SiS�S��tlcFcF�����q�UcFaF FbF_�� �0� Y
�-{3± &ì���.|
����� � |�ï���~����(� �E¶�¶���~��

ð�yF�U��iStZbFcFs`t���yL^xeLgScFiStq�FyFt�iS�SyL^`p�iSjD^xcFbFtS}DrLt�_Lkls`jS�U�]��t�tqjOs`iS_>��t�iS�`eK^x�kls`b
(0,∞)

}6d	��s`iO�FyFt�iS�SyL^`p�iSjD^xcFbFt³GvtleFeLbFcL^
f(x)

M7→ f(s) = � {f(x)}(s) = ∞∫

0

xs−1f(x)dx.

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt³GvtleFeLbFcL^
f(x) = � −1{f(s)}(x) = 1

2πi

σ+∞∫

σ−i∞

x−sf(s)ds, σ = Re s.

�]�Ft�yL^` Fb6h
kljSt�yFs`aFb�GvtleFeLbFcL^�b
s`t�iSyFt��f^�rFe6h
cFt�t�p�^`�FbLkl��jD^`�]sSk�h?j	jSbUrLtSm
f ◦ g(x) =

∞∫

0

f(x/ξ)g(ξ)dξ/ξ

b
� {f ◦ g(x)}(s) = � {f(x)}(s) · � {g(x)}(s) = f(s)g(s).



%$¥ Ã � �������#�7�������+���x�x�v6���	�	R�x��� ��Ñ&�
��^`�FiD�4cFbL��}�\Fs`i��FyFt�iS�SyL^`p�iSjD^xcFbFtBGvtleFeLbFcL^��Ft�yFjSiS_W�FyFiSbFp�jSi~rLcFiS_.jS���\FbLk�eFhFt�sSk¨hvbFcFs`t���yFb6yFiSjD^`cFbFt��£�FiO\L^Skls�hL��m

f (1)(s) =

∞∫

0

xs−1f ′(x)dx =
[
xs−1f(x)

]∞
0
− (s− 1)

∞∫

0

xs−2f(x)dx =

=
[
xs−1f(x)

]∞
0
− (s− 1)f(s− 1).

üqyFi~rLi`e6�O^xh?jS��\FbLk�eLt�cFbFt�kZ�FiD�4iS��gS��bFc6rL�UaF FbFbn}F�FyFb6�Di~rLbL�£a

f (n)(s) =

n−1∑

k=0

Γ(1− s+ k)

Γ(1− s)
[
xs−k−1f (n−k−1)(x)

]∞
0

+
(−1)nΓ(s)
Γ(s− n) f(s− n).

(7.2.1) Ök�eLb
lim
x→0

[
xs−k−1f (n−k−1)(x)

]
= lim

x→∞

[
xs−k−1f (n−k−1)(x)

]
= 0, 0 ≤ k < n,

�qiSyL�4��eK^
¤Ý´UY �6Y �~¦Ö�FyFbFiS�SyFtlsx^`t�sO�FyFiDkls`iS_>jSb6r�m

f (n)(s) =
(−1)nΓ(s)
Γ(s− n) f(s− n) =

Γ(1− s+ n)

Γ(1− s) f(s− n).

üqyFt�iS�SyL^`p�iSjS^`cFb6t�GvtleFeLbFcL^]bFcFs`t���yL^xeK^
ý§bL�f^`cL^x� ��bF�UjSb6eFeFh��4i~��t�s]�S��s`giDkl�U��t�kls`j`eLt�cFi�cFt��FiDklyFtlrLkls`jSt�cFcFi�rFeFh?cFt� FtleF���2�FiSySh6rLaUiSjL}D�FiDklaDi`eLgSaF�O�qiSyL�4�D�eK^�bL�4t�t�s	^`cL^xeLiS��bF\FcF��_>jSb6r�m

0f
(−µ)(x) =

1

Γ(µ)

x∫

0

(x− ξ)µ−1f(ξ)dξ.

[Z�4cFi~��^xh�iS�St>\L^Skls`b�t�t
cL^
xs−1dx

}§bFc6sStl��yFbFyF�`hH�Fi
x
iSs.��rLi ∞ bH�4t�c6h6h�FiSySh6rLiSa
bFcFs`t���y6bFyFiSjD^`cFb6h
�FiO�FyL^`jSb6eL�uð�bFyFb6�UeLtS}F�4���Fi`eL�U\L^`t���m

0f (−µ)(s) =
1

Γ(µ)

∞∫

0

dξf(ξ)

∞∫

ξ

(x− ξ)µ−1xs−1dx.

� �FiD�4iS��gS�!p�^S�4t�cF�
t = ξ/x

}TjScF�Us`yFt�cFc6bF_ bFcFs`t���yL^xe.�4i~��t�s>�S��s`g?jS��yL^x��t�c\Ft�yFt�pq�St�sx^x� �q�UcFaF FbF�
∞∫

ξ

(x− ξ)µ−1xs−1dx = ξs+µ−1
1∫

0

(1− t)µ−1t−s−µdt = ξs+µ−1B(µ, 1− s− µ).



��Ñ(' �1	��"�+�x%7���"�5�G�7�o�1	#�#��Æ��S&x�������#�7�������+���x�"§
X�yFt�p��~eLg~sx^`s`t�bL�4tlt��

0f (−µ)(s) =
Γ(1− s− µ)
Γ(1− s) f(s+ µ) (Re s < 1− µ).

��^`_6rLt��*iS�SyL^`p_Gvt�eFeLbFcL^�rLyFiS�ScFiS_¢�FyFiSbFp�jSi�rLcFiS_�ý§bL�f^`cL^x� ��bF�UjSb6eFeFhnY� iS� eK^Sklc6iOt�tqiS�FyFtlrLtleLt�cFbF�
0f

(ν)(x) = � nx 0f
(ν−n)(x) ≡ g(n)(x), g(x) = 0f

(ν−n)(x),

n− 1 ≤ ν < n (n = [ν] + 1).

o�kl�Fi`eLgSp��`h?jS��{�t��FyFbFjSt�rLt�cFcF�U�B�qiSyL�8�~eL�	rFeFh
g(n)(s)

b
�Fi~rKkls~^`j`eFh6h>jOcFt�t

g(s− n) = 0f (ν−n)(s− n) =
Γ(1− s+ ν)

Γ(1− s+ n)
f(s− ν),

�FyFb6�Di�rLbL� a2k�eLtlrL�U�]��t��4��jS��yL^x��t�cFbF�HrFeFh	s`yL^`cLk��qiSyL�f^`cFs`�@GvtleFeLbFcL^ZrLyFiS�`�cFiS_>�FyFiSbFp�jSi~rLcFiS_�ý§bL�f^`cL^x� ��bF�UjSb6eFeFhnm
0f (ν)(s) =

n−1∑

k=0

Γ(1− s+ k)

Γ(1− s)
[
0f

(ν−k−1)(x)xs−k−1
]∞
0

+
Γ(1− s+ ν)

Γ(1− s) f(s− ν).

 Ök�eLb<�q�UcFaF Fb6h
f(x)

sx^`aUiSjD^6}f\Fs`i��Fi�rKklsx^`cFiSjSa6^��FyFtlrLtleLiSjWj.�Ft�yFjS�U� kl�6�f�4�rK^`t�sOcFi`eLgL}6s`i	�qiSyL�4�~eK^��FyFbFiS�SyFt�sx^`t�s��FyFiDkls`iS_
jSb6r�m

0f (ν)(s) =
Γ(1− s+ ν)

Γ(1− s) f(s− ν) (Re s < 1− µ).

ð�eFh>�FyFiSbFp�jSi~rLcFiS_>��^`�F�Us`i

(ν)
0 f(s) =

n−1∑

k=0

Γ(ν − k − s)
Γ(1− s)

[
f (k)(x)xs−ν+k

]∞
0

+
Γ(1− s+ ν)

Γ(1− s) f(s− ν),

b6eLbn}F�FyFb
cF��eLt�jSiS_>�Ft�yFjSiS_
kl�6�f�4tS}F�Ft�yFt��FbLk�^`cFcF��_
jOjSb6rLt

−∞f
(−µ)(x) =

1

Γ(µ)

∞∫

0

ξµ−1f(x− ξ)dξ,

t�kls`g	cFt�\Fs`i	bFcFiStS}Fa6^`a
iS�SyL^`p�GvtleFeLbFcL^	�q�UcFaF FbFb
φx(ξ) ≡ f(x− ξ) ¤¥k�s`iS\Fc6i`�kls`gS��rLiZ�4cFi~�	bFs`tleFh

1/Γ(µ)
¦nk
µ
}��FyFi~rLi`eF��t�c6cF�z�vjzaUiD�4�6eLt�a6klcF�U�£�6eLiDklaUiDkls`gLm

Γ(µ) −∞f
(−µ) = φx(µ).
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üqyFbL�4t�cFbFjOiS�SyL^`s`cFiStq�Fy6t�iS�SyL^`p�iSjD^`cFbFt���^`�6eK^Sk�^

φx(ξ) = f(x− ξ) = 1

2πi

Re µ+∞∫

Re µ−i∞

Γ(µ) ∞f
−µ(x)ξ−µdµ, ξ > 0.

b
�Fi`eLi��	bFj
x = 0

}F�Fi`eL�U\FbL��m

φ0(ξ) = f(−ξ) = 1

2πi

Re µ+∞∫

Re µ−i∞

Γ(µ) ∞f
−µ(0)ξ−µdµ, ξ > 0.

©�^`aFbL�HiS�SyL^`p�iD��}F�q�UcFaF Fb6h
f(x)

�4i���t�s	�S��s`g	jSiDk�klsx^`cFiSj`eLt�cL^��Fi2t�tqrLyFiS�ScF�z�bFcFs`t���yL^xeK^S�
∞f (−µ)(x)

}6jSplhFs`�z��s`i`eLgSaUi��FyFb>i~rLcFiD�Wp�cL^~\Ft�cFbFb>jSt�yD�6cFt���i��FyFtl�rLtleK^
x = 0

}Ft�k�eLb>iScFb
bFp�jSt�kls`cF�<rFeFh
jDkltl�2aUiD�4�6eLt�aUklcF���>�FiSyDh6rLaDiSj
µ
cL^��FyDh6��4iS_

Re µ = const > 0
� �*� Y7ý4t�pl�~eLgxs~^`s]��s`iSsq�4i���t�s]yL^Sk�k��f^`s`yFbFjD^`s`gDk�h�aU^`a�iS�SiS�`���t�cFbFtqyL^`pleLi~��t�cFb6h
�q�UcFaF FbFb

f(x)
j	ySh6r�©nt�_6eLiSyL^FY

�-{åä &ì���.|
����� � |�ï���~����54 î ��·��
üqyFbHyF^Sk�k��4iSs`yFt�cFbFbH�FiSjStlrLt�cFb6h��FyFiSbFp�jSi~rLcF����cL^ jDklt�_�jSt���t�kls`jSt�cFcFiS_iDklb −∞ < x <∞ �Si`eLt�tZ�Fi~rF�Di�rFhF��bL�£iSaU^`p���jD^`t�sSk�h?�FyFt�iS�SyL^`p�iSjS^`cFbFt�+��UyFgSt

f(x)
F7→ f̃(k) = Þ {f(x)}(k) ≡ ∞∫

−∞

eikxf(x)dx

kZiS�SyL^`s`cF�z�£�Fy6t�iS�SyL^`p�iSjD^`cFbFt��

f(x) = Þ −1{f̃(k)}(x) = 1

2π

∞∫

−∞

e−ikxf̃(k)dk

b
s`t�iSyFt��4iS_>i	kljSt�yFs`aUt

Þ




∞∫

−∞

f(x− ξ)g(ξ)dξ



 (k) = Þ {f ∗ g(x)}(k) = f̃(k)g̃(k).

ð�eFh�iS�Ft�yL^` FbF_��8cFiS��iSaFyL^`s`cFiS��i2bFcFs`t���yFbFyFiSjD^`cFb6h�bvrLbL���qt�yFt�cF FbFyFiSjD^x�cFb6h
bL�4t��]s	�4t�kls`i2kliSiSs`cFiS{�t�cFb6h
f̃n(k) = { Þ −∞ � nxf(x)}(k) = (−ik)−nf̃(k), n = 1, 2, . . . ,
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f̃ (n)(k) = Þ { � nf(x)}(k) = (−ik)nf̃(k), n = 1, 2, . . .

ð�eFh�bFcFs`t���yL^xeK^¬ýÖbF�f^`cL^x� ��bF�UjSb6eFeFhvrLyFiS�ScFiS��i2�FiSySh6rLa6^F}T�4�!klcFiSjD^	bLk���Fi`eLgSp��St��W�FyFtlrKklsx^`j`eLt�cFbFt�jOjSb6rLt�kljSt�yFs`aFb
−∞f

(−µ)(x) = f ∗ Φµ(x),s`t�iSyFt��4�?i	kljSt�yFs`aDt
−∞f̃

(−µ)(k) = f̃(k)Φ̃µ(k),b
jS��yL^x��t�cFbFtZrFeFhÇ+��UyFgStl� iS�SyL^`p�^��q�UcFaF FbFb
Φµ(x)

m

Φ̃µ(k) =
1

Γ(µ)

∞∫

0

eikxxµ−1dx = (−ik)−µ.

üqyFbL�4t�c6h6h
bFp�jSt�kls`cF�U�¡�qiSyL�4�~eL�
(ik)ν = |k|ν exp{−iν(π/2)sign(k)} = |k|ν{cos(νπ/2)− i sin(νπ/2)sign(k)},
�Fi`eL�U\L^`t��WrFeFh>eLt�jSiDkls`iSyFiScFcFt���i�b6cFs`t���yL^xeK^

−∞f̃
(−µ)(k) = (−ik)−µ f̃(k) = |k|−µ exp{i(µπ/2)sign(k)}f̃(k), µ > 0.

wzcL^xeLiS��bF\FcFiL}UrFeFh
�FyL^`jSiDkls`iSyFiScFcFt���i
f̃ (−µ)∞ (k) = (ik)−µf̃(k) = |k|−µ exp{−i(µπ/2)sign(k)}f̃(k), µ > 0.

ð�eFh¢eLt�jSiDkls`iSyFiScFcFb6��rLyFiS�ScF���¢�FyFiSbFp�jSi�rLcF����ý§bL�f^`cL^x� ��bF�UjSb6eFeFh��4�bL�4t�t���¤
n = [ν] + 1

¦
−∞f̃

(ν)(k) = Þ {−∞ � n−νx f (n)(x)}(k) = Þ {Φν−n ∗ f (n)(x)}(k) =
= (−ik)−(ν−n) · (−ik)nf̃(k) = (−ik)ν f̃(k) = |k|ν exp{−i(π/2)sign(k)}f̃(k).wzcL^xeLiS��bF\FcFiL}UrFeFh
�FyL^`jSiDkls`iSyFiScFcFb6�

xf̃
(ν)
∞ (k) = (ik)ν = |k|ν exp{i(νπ/2)sign(k)}f̃(k) Ök�eLb

n − 1 < ν < n
}¬�q�UcFaF Fb6h

f(x), −∞ < x < ∞, bL�4t�t�s n c6t��FyFtl�yF��jScF���B�FyFiSbFp�jSi�rLcF���¡b
f(x), f (1)(x), . . . , f (n−1)

k�sSy6t��8hFsSk�h�a!cF��eL� �FyFb
x → ±∞ }Ks`i>�4cFiS��iSaFyL^`s`cF�z�HbFcFs`t���yFbFyFiSjD^`cFbFt��H�Fi2\L^Skls�hL���4i~�	cFi2�U�StlrLbFs`g`�k�hn}~\Fs`iq�FyFiSbFp�jSi~rLcF��t(ý§bL�f^`cL^x� ��bF�UjSb6eFeFhn}x��^`�F�Us`iZb-CnyF�]cFjD^xeLg`rK^x� �qt�s`cFbFaUiSjD^jO�Fi`eL�U�St�klaUiScFt�\FcF���2�FyFtlrLtleK^x� ¤

(−∞, x) b6eLb (x,∞)
¦�kliSjS�L^xrK^`�]sFm

−∞ � νxf(x) = −∞
ν � xf(x) = D

ν
+f(x) =

1

Γ(n− ν)

x∫

−∞

f (n)(ξ)dξ

(x− ξ)ν+1−n .
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ýf^Sk�k��4iSs`yFt�cFcF��t�jS��{�t��FyFiSbFp�jSi~rLcF��t(ý§bL�f^`cL^x� ��bF�UjSb6eFeFhOkli~rLt�yS�O^`sZbFc6�s`t���yL^xeLgScF��t§iS�Ft�yL^`s`iSyF�.kÖklbFc6���~eFhFyFcF�z�>h6rLyFiD��}��FyFbFcL^xrFeLtl�O^`��bFtÖX�i`eLgxs`t�y6yFi`�jS�?s`bF�F�TmLi�rLbFcvbFp��FyFtlrLtleLiSjOhFj`eFhFt�sSk¨hv�6t�yFt��4t�cFcF�z��YTX�i	�4cFiS��b6�v�qbFp�bF\Ft�k�aFb6�p�^xrK^�\L^x�¬}Fi~rLcL^`aUiL}FbFcFs`t���yFbFyFiSjD^`cFbFt�cFt�iS���Di~rLbL�4i	jS���Fi`eLc6hFs`g	�Fi?�qbFa6klbFyFiSjD^`c6�cFiD�4��iSs`yFt�p�aF��b6eLb	�Fi�jDklt�_OjSt���t�kls`jSt�cFcFiS_�iDklbOiSs −∞ rLi ∞ YD©�^`a6^xh	klbFs`�D^` Fb6hbL�4t�t�s��4t�kls`iL}DcL^`�FyFbL�4t�yn}U�FyFb2cL^x�Di~�OrLt�c6bFb?kla6^xeFhFyFcFiS��i��FiSs`t�cF FbL^xeK^

φ(x)
}Ukli`�plrK^`jD^`t��4iS��i�cL^�iDklb

x
yL^Skl�FyFtlrFtleLt�cFcF�z�£�Fi	cFt�_>p�^`yDh6rLiD�£kq�6eLiSs`cFiDkls`gS�

f(x)

φ(x) =
1

4π

∞∫

−∞

f(ξ)dξ

|x− ξ| .

�]�FyFtlrLtleLt�cFbFtqcL^`�FyDh6��t�cFcFiDk�sSb
Ex(x) = −dφ(x)/dx,klj`hFp�^`cFiOkZjS��\FbLk�eLt�cFbFt��£bFcFs`t���yL^xeK^

Ex(x) =
1

4π

∞∫

−∞

sign(x− ξ)f(ξ)dξ
|x− ξ|2 .
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�]�SiS�S��t�cFbFt/sx^`aFb6�,bFcFs`t���yL^xeLiSj cL^ rLyFiS�ScF��t��FiSySh6rLaFb²jS���Fi`eFcFt�cFiGWY>ý§bLk�kliD�¯� �0� YK�zrLbFc
bFpZrLyFiS�ScF���?bFcFs`t���yL^xeLiSjL}6bL�4t��]��bF_
jSb6r

� νf(x) = 1

2Γ(ν) cos(νπ/2)

∞∫

−∞

f(ξ)dξ

|x− ξ|1−ν , ν ∈ (0, 1),

cL^`p���jD^`t�sSk�hÇó�÷7ùAòBñ"<"�����x÷*ÿ �E�xø!ø3���FiSyDh6rLaU^
ν
iSsO�q�UcFaF FbFb

f(x)
}6rLyF�U��iS_n}

† � νf(x) = 1

2Γ(ν) sin(νπ/2)

∞∫

−∞

sign(x− ξ)f(ξ)dξ
|x− ξ|1−ν , ν ∈ (0, 1), −∞ < x <∞.

d�øB÷7ó/ô1�"��òBñ�ñ�õ[ÿ�ó�÷7ùAòBñ"<"�����x÷*ÿ¼�E�xø!øå�`Y5ûÖs`b2�FiSs`t�cF FbL^xeL��yL^Skl�FyFiDkls`yL^`c6hF�]sSk¨hcL^�jDkltq�Fi`eLi~�	bFs`tleLgScF��t	¤ b>rK^x��tqaUiD�4�6eLt�aUklcF��t~¦�p�cL^~\Ft�cFb6h
ν > 0

� �*� Y��t���aUi jSb6rLt�s`gL} \Fs`i(�FiSs`t�cF FbL^xeL�Uý§bLk�k�^(klj`hFp�^`c6� k*bFcFs`t���yL^xeK^S�4b
ý§bL�f^`cL^x� ��bF�UjSb6eFeFh
kliSiSs`cFiS{�tlcFb6hL�4b
� ν =

1

2 cos(νπ/2)
( −∞ � νx + x � ν∞) , † � ν =

1

2 sin(νπ/2)
( −∞ � νx − x � ν∞) ,

b
\Fs`i	iS�SyL^`s`cF��tqkliSiSs`cFiS{�t�cFb6h>bL�4t��]s	jSb6r�m
−∞ � νx = cos(νπ/2) � ν + sin(νπ/2) † � ν , x � ν∞ = cos(νπ/2) � ν − sin(νπ/2) † � ν .X����Fi`eLc6hF�]sSk�h
s~^`a6��t�k�eLtlrL�U�]��bFt��FyL^`jSb6eK^Ok eLi~��t�cFb6h>�FiSyDh6rLaUiSjLm6t�k�eLb>�Fi`eLi`��	bFs`tleLgScF��t

µ > 0
b
ν > 0

sx^`aUiSjS��}6\Fs`i
µ+ ν < 1

}Fs`i�� ���
� µ � νf(x) = � µ+νf(x), † � µ † � νf(x) = − � µ+νf(x).

-B{3± &ì���.|
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� s`iS\FcFiDkls`gS�#rLi<�4cFi~�	bFs`tleFh

[2Γ(ν) cos(νπ/2)]−1
�FiSs`t�cF FbL^xe�ýÖbFk�k�^�FyFtlrKkls~^`j`eFhFt�sèkliS�SiS_ókljSt�yFs`aF� ¤ jèk��4�zk�eLt +��UyFgSt~¦Ú�q�UcFaF FbF_

f(x)
b

gν(x) = |x|ν−1
YXüqyFt�iS�SyL^`p�iSjS^`cFbFtÂ+��UyFgSt
�FiDk�eLtlrLcFt�_�¤ÅrFeFh

0 < ν < 1
¦�bL�4tl�t�sOjSb6r

g̃ν(k) =

∞∫

−∞

|ξ|ν−1eikξdξ = 2|k|−ν
∞∫

0

|ξ|ν−1 cos(ξ)dξ = 2|k|−νΓ(ν) cos(νπ/2),

sx^`a�\Fs`i>�FyFt�iS�SyL^`p�iSjS^`cFbFt�+��UyFgSt��FiSs`t�cF FbL^xeK^ � νf(x) jS����eFh6rLbFs>k�eLtlrL�U�]��bL�iS�SyL^`p�iD��m
Þ { � νf(x)}(k) = 1

2Γ(ν) cos(νπ/2)
Þ {gν ∗ f(x)}(k) =



�"¥ áwu����1�5����Æä&x���x���
�#�5����Æ�� �`�F�

=
1

2Γ(ν) cos(νπ/2)
g̃ν(k)f̃(k) = |k|−ν f̃(k).

wzcL^xeLiS��bF\FcFiOcL^x�Si~rLbFsSk�h>b
iS�SyL^`p�+��UyFgSt�kliS�FyDh6��t�cFcFiS��iO�FiSs`t�cF FbL^xeK^Jý§bLk�k�^Fm
Þ {† � νf(x)}(k) = 1

2Γ(ν) sin(νπ/2)
†g̃ν(k) · f̃(k),

� rLt

†g̃ν(k) =

∞∫

−∞

sign(ξ)|ξ|ν−1eikξdξ = 2i sign(k)|k|−νΓ(ν) sin(νπ/2),

sx^`a>\Fs`i
Þ {† � νf(x)}(k) = i sign(k)|k|−ν f̃(k).

-B{åä �����E�E|�ï�¹ ����|�� � ï�|,��~�¹i�
��^`a	b?j�k�eL�U\L^`t]i~rLcFiDkls`iSyFiScFc6b6�	�FyFiSbFp�jSi�rLcF���Aý§bL�f^`cL^x� ��bF�UjSb6eFeFhn}D�Ft��yFtl�Di�rviSs�bFcFs`t���yL^xeLiSj	a
�FyFiSbFpljSi~rLcF�z�¢¤ iSs	iSs`yFbF L^`s`tleFgScF���

ν
a
�Fi`eLi~�	bFs`tleLg`�cF�z�§¦]�4i~��t�s?iDkl�U��t�kls`j`eFhFs`gDk�hva6^`a��F�Us`t��� FtleLiS��i2rFbL����tlyFt�cF FbFyFiSjD^`cFb6hn}Lsx^`abv�4t�s`i�rLiD�£yFt����~eFhFy6bFp�^` FbFbvw�rK^S�f^`yL^FY

ð�iS�Fi`eLcFbL�£�FyFbFjStlrLt�cFcF��t�jS��{�t�kliSiSs`cFiS{�t�cFb6h
�L^`yFiS_vk�eLtlrL�U�]��b6�>�FyFtl�iS�SyL^`p�iSjS^`cFbF_n}�kli�rLt�yD�O^`��b6�ZrLbL���qt�yFt�cF FbL^xeLgScF��_�iS�Ft�yL^`s`iSy��Ft�yFjSiS��iz�FiSyDh6rLa6^F}
Þ { � x � 1−νf(x)}(k) = (−ik)|k|ν−1f̃(k) = −i sign(k)|k|ν f̃(k),

b
Þ { � x † � 1−νf(x)}(k) = (−ik)(i sign(k))|k|ν−1f̃(k) = |k|ν f̃(k),

üqi`eL�U\Ft�cFcF��tq�qiSyL�4��eL�<�FiSp�jSi`eFhF�]s�cL^S��yL^Sk�k��f^`s`yFbFjD^`s`g�kliDklsx^`jScF��t]iS�Ft�yL^`s`i`�yF� � x † � 1−νf(x) b � x � 1−νf(x) a6^`a�÷7óxòÀô1�oùJ÷-ô@5
�"�%�XòÀô�òBñ"<"�/ôx÷oö&�oñ"���¾�E�xø!ø3�bnøB÷7ó/ô1�"��òBñ�ñ�õ©M ÷7óxòÀô1�oùJ÷-ô_5
�"�K�XòÀô�òBñ"<"�/ôx÷oö(�oñ"���¢�E�xø!ø3�x}FkliSiSs`jSt�sSkls`jSt�cFcFi�� ��� Y�]�FyFtlrLtleFh6h<�6yFiSbFp�jSi~rLcF�U�Ãý§bLk�k�^�aU^`a<yFt�����eFhFyFbFp�iSjD^`cFcF��_��F�Us`t���jS���rLtleLt�cFb6hHaDiScFt�\FcFiS_H\L^Sk�sSb��Fi�w�rK^S�f^`yF��yFbLk�kliSj.�FiSs`t�cF FbL^xeHiSs`yFbF L^`s`tleLgScFiS��i�FiSySh6rLa6^F}6�Fi`eL�U\FbL��m

p.f. � −νf(x) = p.f.
1

Kν,2

∞∫

−∞

f(ξ)dξ

|x− ξ|1+ν =

=
1

Kν,2

∞∫

−∞

f(x− ξ)− f(x)
|ξ|1+ν dξ ≡ � νf(x), 0 < ν < 2, ν 6= 1.
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� rLt�klg

Kν,2 =

{
2Γ(−ν) cos(νπ/2), 0 < ν < 2, ν 6= 1,
−π ν = 1.b
cFt�kliS�Dkls`jSt�cFcF��_?bFcFs`t���yL^xevbFcFs`t�yF�FyFt�s`bFyF�St�sSk¨h�a6^`a>�FyFtlrLtle

∞∫

−∞

f(x− ξ)− f(x)
|ξ|1+ν dξ = lim

ε→0+

∫

|ξ|≥ε

f(x− ξ)− f(x)
|ξ|1+ν dξ.

+�iSyL�4�~eK^�rLyFiS�ScFiS_?�FyFiSbFp�jSi~rLcFiS_�ý§bLk�k�^
� νf(x) = 1

Kν,2

∞∫

−∞

f(x− ξ)− f(x)
|ξ|1+ν dξ

�4i~��t�sO�S��s`g	�Fy6t�iS�SyL^`p�iSjD^`cL^�a
jSb6rL�

� νf(x) = 1

Kν,2





0∫

−∞

f(x− ξ)− f(x)
|ξ|1+ν dξ +

∞∫

0

f(x− ξ)− f(x)
|ξ|1+ν dξ



 =

=
1

Kν,2

∞∫

0

f(x+ ξ)− 2f(x) + f(x− ξ)
ξ1+ν

dξ (8.3.1)

kÖ Ft�cFs`yL^xeLgScFiS_�yL^`p�cFiDkls`gS��jZ\FbLk�eLbFs`tleLt��Fi~rF��cFs`t���yL^xeLgScFiS��i]jS��yL^x��t�cFb6hnY�ð�eFh�FyFiSbFp�jSi`eLgScFiS��i
ν > 0

��s`iSs	�4t�s`i~rv�FyFbFjSi�rLbFsOa
jS��yL^x��t�c6bF��}

� νf(x) = 1

Kν,2j

∞∫

0

∆
2j

ξ f(x)

ξ1+ν
dξ, 0 < ν < 2j,

kli~rLt�yS�O^`��t��4�2 Ft�cFs`yL^xeLgScF��tqyL^`p�cFiDkls`bv�q�UcFaF 6bFb
f(x)

\Ft�s`cF���>�FiSyDh6rLaDiSj
2j
m

∆
2j

ξ f(x) =

2j∑

k=0

(−1)k
(
2j

k

)
f(x+ (j − k)ξ)

b
cFiSyL�4bFyFiSjSiS\FcF��tZaUiS�����qbF FbFt�cFs`�

Kν,2j = (−1)j22j−ν
∞∫

0

sin2j ξ

ξ1+ν
dξ.

� ^S�4t�s`bL��}`\Fs`i��FyFiSbFpljSi~rLcF��tVý§bLk�k�^qjS��yL^x�O^`�]sSk¨hO\Ft�yFt�p��FyFiSbFp�jSi�rLcF��t.G�^`yF{�ikliSiSs`cFiS{�t�cFbFt��
� νf(x) = [2 cos(νπ/2)]−1

( � ν+f(x) + � ν−f(x)) .
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ýf^Sk�k��4iSs`yFbL�¡s`t��FtlyFg.kliS�FySh6��t�cFcF��_��FiSs`t�cF FbL^xe@ý§bLk�k�^FY[ð�t�_Lkls`jS�`h�s`t����tqiS�SyL^`p�iD��}U�Fi`eL�U\FbL��m

† � νf(x) = p.f. † � −νf(x) = p.f.
−1

2Γ(−ν) sin(νπ/2)

∞∫

−∞

sign(x− ξ)
|x− ξ|1+ν f(ξ)dξ =

=
−1

2Γ(−ν) sin(νπ/2)

∞∫

−∞

sign(x− ξ)
|x− ξ|1+ν [f(ξ)− f(x)]dξ =

=
−1

2Γ(−ν) sin(νπ/2)





x∫

−∞

f(ξ)− f(x)
(x− ξ)1+ν dξ −

∞∫

x

f(ξ)− f(x)
(ξ − x)1+ν dξ



 =

=
ν

2Γ(1− ν) sin(νπ/2)

∞∫

0

[f(x− ξ)− f(x+ ξ)]ξ−1−νdξ, 0 < ν < 2.

-B{/ë &ì���.|
����� � |�ï���~����54 î ��·������|�� � ï�|.��~�¹"! �����E�E�
=qs`iS�S�WcL^`_Fs`b�s`yL^`cLk��qiSyL�f^`cFs`�¬+��UyFgSt��FyFiSbFp�jSi~rLcFiS_�ý§bLk�k�^F}~�Fi~rLt�_Lkls`jS�D�t��£cL^�iS�Stq\L^Skls`b>yL^`jSt�cLkls`jD^
¤¥�FY �FY �~¦§iS�Ft�yL^`s`iSyFiD���FyFt�iS�SyL^`p�iSjD^xcFb6h�+��UyFgStSm
f̃
(ν)
x (k) = Þ { � νf(x)}(k) = 1

2Γ(−ν) cos(νπ/2)

∞∫

0

F (k, ξ)ξ−1−νdξ

� rLt
F (k, ξ) = Þ {f(x+ ξ)− 2f(x) + f(x− ξ)}(k) = [e−ikξ + eikξ − 2]f̃(k).� ^S�4t�cFiS_>�Ft�yFt��4t�cFc6���
b>bLkl�Fi`eLgSp�iSjD^`cFbFt����qiSyL�4�~eF�

∞∫

0

[1− e−ξ]ξ−1−νdξ = −Γ(−ν), 0 < ν < 1,

�4���FyFb6�Si~rLbL�£a
yFt�p���eLgxsx^`s`�

Þ { � νf(x)}(k) = Γ(−ν)[(−ik)ν ] + (ik)ν ]

2Γ(−ν) cos(νπ/2) f̃(k) = |k|ν f̃(k),

kliS��eK^Skl�U�]��t��4�Dk�h�kvkliSiSs`jSt�sSkls`jS�U�]��t�_��qiSyL�4�~eLiS_�rFeFhH FtleL�����FyFiSbFp�jSi�rLcF���rK^`cFcFiS��i�s`bF�L^FY
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wzcL^xeLiS��bF\FcF�z�£iS�SyL^`p�iD��}DrFeFhvkliS�FySh6��t�cFcFiS_>�FyFiSbFp�jSi~rLcFiS_

† � νf(x) = p.f. † � −νf(x) = ν

2Γ(1− ν) sin(νπ/2)

∞∫

0

[f(x−ξ)−f(x+ξ)]ξ−1−νdξ,

�Fi`eL�U\L^`t��

†f̃νx (k) = Þ { † � νf(x)}(k) = ν

2Γ(1− ν) sin(νπ/2)

∞∫

0

†F (k, ξ)ξ−1−νdξ

� rLt
†F (k, ξ) = Þ {f(x− ξ)− f(x+ ξ)}(k) = [eikξ − e−ikξ]f̃(k).X����Fi`eLc6h6h>p�^S�4t�cF�2�Ft�yFt��4t�cFcF���>jObFcFs`t���yL^xeLt

∞∫

0

ξ−1−ν sin(kξ)dξ = sign(k)|k|ν
∞∫

0

t−1−ν sin tdt

b
�FyFbL�4t�c6h6hv�qiSyL�4��eL�
∞∫

0

t−1−ν sin tdt = −Γ(−ν) sin(νπ/2), 0 < ν < 1,

�FyFb6�Di�rLbL�£a
jS��yL^x��t�cFbF�
Þ { † � νf(x)}(k) = i sign(k)|k|ν f̃(k).��^`�`eL��rK^xh>p�^O�FiSjStlrLt�cFbFt��£��s`iS_vs`yL^`cLk��qiSyL�f^`cFs`���FyFb

ν → 1
b
ν → 0

}�4��jSb6rLbL��}L\Fs`i	iScL^Oc6t��Ft�yFtl�Si~rLbFsOj
f̃ ′(k)

b
f̃(k)

kliSiSs`jSt�sSkls`jSt�cFcFiL}6b
�Fi	��s`iS_�FyFbF\FbFcFt�rLyFiS�ScF��_�iS�Ft�yL^`s`iSy † � ν c6t�hFj`eFhFt�sSk¨h�iS�Ft�yL^`s`iSyFiD��rLbL���qt�yFt�cF FbFyFi`�jD^`cFb6h
ν
� ��iO�FiSySh6rLa6^FY

-B{
	 &}|����,~�ð����³¶ 4 �E¶�¶��,���
��^`a�iSsS�4t�\L^xeLiDklgZjS��{�tS}~yFbLk�kliSjS�W�FiSs`t�cF FbL^xeL��klj`hFp�^`cF�£kÖbFcFs`t���yL^xeK^S�4b

ý§bL�f^`cL^x� ��bF�UjSb6eFeFh
kliSiSs`cFiS{�tlcFb6hL�4bnm
� ν =

1

2 cos(νπ/2)
( −∞ � νx + x � ν∞)

b
† � ν =

1

2 sin(νπ/2)
( −∞ � νx − x � ν∞) .
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+�tleFeLt�yFiD���S��e�jSjStlrLt�c�iS�Ft�yL^`s`iSy��Si`eLt�t�iS�S��t���izs`bF�L^F}xcL^`p���jD^`t��4��_B�(ò �
��òÀôx÷oö��
ø0�&�#ÿµ��ñ�ùAò�°�ô1���x÷*ÿ�}S�FyFtlrKkls~^`j`eFhF�]��bF_>kliS�SiS_	eFbFcFt�_FcF�U�¡kl�U�Ft�yF�FiSp�bF FbF�<rLyFiS�`�cF���?bFcFs`t���yL^xeLiSjAý§bL�f^`cL^x� ��bF�UjSb6eFeFhnm

� νu,vf(x) = A−1/2[u −∞ � νxf(x) + v x � ν∞f(x)].Gv�!jSjStleLb kl��rK^>�FyFiSbFp�jSi`eLgScF�U���Fi`eLi��	bFs`tleLgScF�U���FiDkls`i~hFcFcF�U�
A−1/2

}niS��yL^x�cFbF\FbFj�p�cL^�\Ft�cFb6hOrLjS�D���L^`yL^S�4t�s`yFiSjqrK^`cFcFiS��iqiS�Ft�yL^`s`iSyL^
u
b
v
klbL�f�4t�s`yFbF\FcF�z��Dk�eLiSjSb6t��

u2 + v2 = 1
Y�üqt�yFtl�Si~rFh>a
�FiSs`t�cF FbL^xeL^S�@ý§bLk�k�^F}L^�p�^`s`t���d	a>hFjScF�z��FyFtlrKkls~^`j`eLt�cFb6hL�£bFcFs`t���yL^xeLiSjL}F�4���Fi`eL�U\FbL��m

� νu,vf(x) = A−1/2[(u+ v) cos(νπ/2) � νf(x) + (u− v) sin(νπ/2) † � ν ] =
=
A−1/2

2Γ(ν)

∞∫

−∞

u+ v + (u− v)sign(x− ξ)
|x− ξ|1−ν f(ξ)dξ, 0 < ν < 1.

o�kl�Fi`eLgSp��`h.bFp�jSt�kls`cF��t2s`yL^`cLk��qiSyL�f^`cFs`�q+��UyFgSt	rLyFiS�ScF���.bFcFs`t���yL^xeLiSj
ý§bL�f^`cL^x� ��bF�UjSb6eFeFh�b6eLb/yFbLk�kliSjS���!�FiSs`t�cF FbL^xeLiSjL}�cL^`_6rLt��(s`yFt�cLk��qiSyL�f^`cFs`�+��UyFgSt��qtleFeLt�yFiSjDklaUiS�li��FiSs`t�cF FbL^xeK^Fm
Þ { � νu,vf(x)}(k) = A−1/2 cos(νπ/2)[(u+v)+i(u−v)tg(νπ/2)sign(k)]|k|−ν f̃(k),

0 < ν < 1.�]�Ft�yL^`s`iSyn}�iS�SyL^`s`cF��_��qtleFeLt�yFiSjDklaDiD�4�Z�FiSs`t�cF FbL^xeL�	¤Ò÷*6-ô1�oùJñ�õ©M��Xò/�
��òÀôx÷oö/ø0�&�"M
ó�÷7ùAòBñ"<"�����n¦¬iS�FyFtlrLtleFhFt�sSk¨h�a6^`a�aUiScFt�\FcL^xh?¤ �Fiqw�rK^S�f^`yF�F¦¬\L^Skls`gq�qtleFeLt�yFiSjDklaDi`���iO�FiSs`t�cF FbL^xeK^�iSs`yFbF L^`s`tleLgScFiS��iO�6iSyDh6rLa6^Fm

� νu,vf(x) = p.f. F−νu,v =
A−1/2

2Γ(−ν)

∞∫

−∞

u+ v + (u− v)sign(x− ξ)
|x− ξ|1+ν [f(x)−f(ξ)]dξ,

0 < ν < 1.X����Fi`eLc6h6h>cFt�k�eLi~�	cF��tqjS��a6eK^xrLaFb
∞∫

−∞

u+ v + (u− v)sign(x− ξ)
|x− ξ|1+ν [f(x)− f(ξ)]dξ =

=

x∫

−∞

u+ v + (u− v)
(x− ξ)1+ν [f(x)− f(ξ)]dξ +

∞∫

x

u+ v − (u− v)
(ξ − x)1+ν [f(x)− f(ξ)]dξ =

= −2
∞∫

0

[(u+ v)f(x)− uf(x− ξ)− vf(x+ ξ)]ξ−1−νdξ,
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� νu,vf(x) = νA−1/2

Γ(1− ν)

∞∫

0

[(u+ v)f(x)− uf(x− ξ)− vf(x+ ξ)]ξ−1−νdξ.

X!p�^`a6eL�]\Ft�cFbFtS}�cL^`_6rLt���s`yL^`cLkl��iSyF�f^`cFs`�>+��UyFgSt	iS�D^`s`cFiS��iv�qtleFeLt�yFiSj`�klaUiS��i��FiSs`t�cF FbL^xeK^Fm
� { � νu,vf(x)} (k) = νA−1/2

Γ(1− ν)

∞∫

0

�
{(u+v)f(x)−uf(x−ξ)−vf(x+ξ)}(k)ξ−1−νdξ =

=
νA−1/2

Γ(1− ν)





∞∫

0

[(u+ v))− ueikξ − ve−ikξ]ξ−1−νdξ



 f̃(k) =

= A−1/2[u(−ik)ν + v(ik)ν ]f̃(k) =

= A−1/2 cos(νπ/2)[(u+ v)− i(u− v)tg(νπ/2)sign(k)]|k|ν f̃(k).=qs`iS�S�<�~rLiSj`eLt�s`jSiSyFbFs`g��Dk�eLiSjSbF�
Þ { � νu,v ( � νu,vf(x))} (k) = f̃(k),

�FiSp�jSi`eFhF�]��t��4��cL^`p�jD^`s`gviS�Ft�yL^`s`iSy � νu,v �Xò/�
��òÀôx÷oö/ø0��÷*M@ó/ôx÷*�1:/öo÷�5�ñ�÷*ML}8�FiDkls`i`�hFcFcL^xh
A
rLi`eF�	cL^��S��s`gOjSplhFsx^�jOjSb6rLtSm

A = [(u+ v) cos(νπ/2)]2 + [(u− v) sin(νπ/2)]2.

-B{�� &ì��|�� � ï�|.��~�¹i����|j~��³������ï³¶��,~��Z�
�Zklsx^`jS{�^xhLk¨hv\L^Skls`g	rK^`cFcFiS_�� eK^`jS���FiDklj`hF��t�cL^�rLyFiS�ScF�z�HiS�Ft�yL^` Fb6hL�Hj�4cFiS��iD�4t�yFcFiD�W�FyFiDkls`yL^`cLkls`jSt

Rd }6s`iS\FaFb>aDiSs`iSyFiS��i�iS�SiSp�cL^�\FbL�.\Ft�yFt�p x Y#ð�yFiS�`�cF��_�bFcFs`t���yL^xe�iSs>�q�UcFaF FbFb
f(x)

�Fi?cL^`�FyL^`j`eLt�cFbF��}Kp�^xrK^`jD^`t��4iD�4�
d
� �4t�yFcF�z�tlrLbFcFbF\FcF�z�£jSt�aFs`iSyFiD�

u
}6iS�FyFtlrLtleFhFt�sSk�h
jS��yL^x��t�cFbFt��

� µuf(x) = 1

Γ(µ)

∞∫

0

f(x− uξ)ξµ−1dξ, µ > 0.

o��4t�t�s	�4t�kls`i	�Fi`eL�U��y6�6�6�FiSjSiStqkljSiS_Lkls`jSiLm
� µu � νuf(x) = � µ+νu f(x), µ, ν > 0.

ð�yFiS�ScL^xh?�FyFiSbFp�jSi~rLcL^xh?�FiSySh6rLa6^
n+ ν

rK^`t�sSk�hvkliSiSs`cFiS{�tlcFbFt��

� n+νu f(x) =

(
d

du

)n+1 � 1−νu f(x),
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� rLt

d/du
��iS�S��\6cL^xh��FyFiSbFp�jSi~rLcL^xhv�Fi?cL^`�FyL^`j`eLt�cFbF��Y¬o��4t�t�s>�4t�kls`i
kljSiS_Lkls`jSiiS�SyL^`s`bL�4iDkls`bnm

� νu � νuf(x) ≡ f(x).=�^Skls`cF��t2�Fy6iSbFp�jSi~rLcF��tuý§bL�f^`cL^x� ��bF�UjSb6eFeFh rLyFiS�ScF���.�FiSySh6rLaUiSjviS�FyFtl�rLtleFhF�]sSk¨hvaU^`a
b
j	k�eL�U\L^`tq FtleL���?�FiSyDh6rLaUiSjLm
ajf

(νj)
xj (x) = aj � νjxjf(x).wzcL^xeLiS��bF\FcFiOjSjSi�rFhFsSk�h
k��4t�{�^`cFcF��tq�FyFiSbFp�jSi�rLcF��t

af
(v)
x (x) = a1

� ν1x1
. . . ad � νdxdf(x), v = (ν1, . . . , νd).

-B{�� �s��|
��~�¹i�T�9���������,~���¹ � ¶��³��¶���������~�¹
ýf^Sk�k��f^`s`yFbFjD^xh>yFbLk�kliSjS�<iS�Ft�yL^`s`iSyF�

Dν
j f(x1, . . . , xj , . . . xd) =

=
1

Kν,2

∞∫

−∞

f(x1, . . . , xj − ξ, . . . , xd)− f(x1, . . . , xj , . . . , xd)
|ξ|1+ν dξ,

1 6 j 6 d, 0 < ν 6 1,a6^`aqaUiD�4�FiScFt�cFs`�<u~jStlaFs`iSyL^F| ∇ν }��Fi`eL�U\L^`t��?iS�SiS�S��t�c6bFt4��yL^xrLbFt�cFsx^F}�iS�Ft�yL^` FbF�
∇2ν iS�FyFtlrLtleLbL�£a6^`a
kla6^xeFhFyFcF��_>aFjD^xrLyL^`s ∇ν∇ν YLX<�qiSyL�f^xeLgScFiS_?p�^`�FbLklb

∇2ν ≡
d∑

j=1

� 2νj . (8.7.1)

üqyFb
ν → 1

��s`iSs�iS�Ft�yL^`s`iSy	�FyFt�jSyL^`��^`t�sSk¨h	j�eK^`�6eK^SklbL^`cn}Si~rLcL^`aDi��FyFb
ν < 1

iScs`t�yDhFtls�jD^x�	cFt�_F{�t�t2kljSiS_Lkls`jSi
eK^`�6eK^SklbL^`cL^>d�bFc6jD^`yFbL^`cFs`cFiDkls`g�iSs`cFiDklbFs`tleLgScFijSyL^`��t�cFb6hnYF©�^`aFbL��kljSiS_Lkls`jSiD��iS�`eK^xrK^`t�s�iS�Ft�yL^`s`iSy

−(−4)ν ≡ −


−

d∑

j=1

� 2j


ν

, (8.7.2)

�FyFb
ν → 1

sx^`a>��t��FyFt�jSyL^`��^`�]��bF_Lk�h?jOiS�S��\FcF��_?eK^`�6eK^SklbL^`cnY�]�SyL^`p���+��UyFgStqiS�Ft�yL^`s`iSyFiSj
¤¥�FY ´UY �~¦ÖbW¤¥�FY ´UY �S¦
Þ {∇2νx } (k) = d∑

j=1

(−ikj)2ν
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Þ {(−4)ν} (k) =


−

d∑

j=1

(−ikj)2


ν

=




d∑

j=1

k2j



ν

= |k|2ν

rLt��4iScLkls`yFbFyF�U�]s	b6�?yL^`pleLbF\FbFt��FyFb
ν < 1

YLX�\L^Skls`cFiDkls`bn}F�FyFb
ν = 1/2

∇1xf(x) =
d∑

j=1

∂f(x)

∂xj
,

^
41/2 =

√√√√
d∑

j=1

∂2f(x)

∂x2j
.

��^`_6rLt��.hFjScFiSt]jS��yF^x��t�cFbFtzrFeFh?rLt�_Lkls`jSb6h?iS�Ft�yL^`s`iSyL^
(−4)ν

cF^��q�UcFa6� FbF�
f(x)

YLX<s`t�yL�4bFcL^x�>�FyFt�iS�SyL^`p�iSjS^`cFb6h�+��UyFgSt
Þ {(−4)νf(x)} (k) = Þ {(−4)ν} (k) · Þ {f(x)}(k)

bn}Lk�eLtlrLiSjD^`s`tleLgScFiL}
(−4)νf(x) = Þ −1 { Þ {(−4)ν} (k) · Þ {f(x)}(k)} (x) = Þ −1 {|k|2ν} ∗ f(x).
üqt�yFjD^xh
bFp�kljSt�yFs`��jD^`t��4���
�q�UcFaF FbF_n}F�U^`yL^`aFs`t�yFbFp��U�]��^xh>rLt�_Lkls`jS�U�]��bF_viS�Ftl�yL^`s`iSyn}6cL^x�Di~rLbFsSk¨hvk�eLtlrL�U�]��bL�£bFcFs`t���yFbFy6iSjD^`cFbFt���m

Þ −1{|k|2ν}(x) = (2π)−d
∫

Rd

e−ik·x|k|2νdk =

= |x|−2ν−d(2π)−d/2
∞∫

0

Jd/2−1(ξ)ξ
2ν+d/2dξ = [γd(2ν)]

−1|x|−2ν−d,

� rLt
γd(2ν) = 2−2νπd/2Γ(−ν)/Γ(ν + d/2),^

ν ∈ (−1, 0) YL©�^`aFbL��iS�SyL^`p�iD��}

(−4)νf(x) =
1

γd(2ν)

∫

Rd

f(x′)dx′

|x− x′|d+2ν , −1 < ν < 0. (8.7.3)

ûÖs`i�jS��yL^x��t�c6bFt �FyFtlrKkls~^`j`eFhFt�sHkliS�SiS_ � � �4t�yFcF��_¢�FiSs`t�cF FbL^xe�ý§bLk�k�^£�FiSyDh6rF�a6^ −2ν YX¡�4cFiS��iD�4t�yFcF�����6yFiDkls`yL^`cLkls`jD^x�¬}TiDkliS�St�cFcFi?j>s`yFtl�F�4t�yFcFiD��}¬�FiSs`t�cF FbL^x�eL�*bF��yL^`�]s��Si`eLt�t>kl�U��t�kls`jSt�cFcF�U��yFi`eLg�j.�qbFp�bF\6t�klaFb6��p�^xrK^~\L^x�¬Y�üqyFbL�4t�yFiD�
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�4i~��t�s�k�eL�D�	bFs`g�kla6^xeFhFyFcF��_O�FiSs`t�cF FbL^xe	�leLt�aFs`yFiDklsx^`s`bF\Ft�klaDiS��i��Fi`eFh

φ(x)
}Skli`�plrK^`jD^`t��4��_�yL^Skl�FyFtlrLtleLt�cFbFt���p�^`ySh6rLiSjqkÖ�FyFiDkls`yL^`cLkls`jSt�cFcFiS_��6eLiSs`cFiDkls`gS�
f(x)

m

φ(x) =
1

4π

∫

R3

f(x′)dx′

|x− x′| =
1

4π

∫

R3

f(x′)dx′

|x− x′|3−2 .

©�yFtl�F�4t�yFcFiSt��FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgStZrK^`t�s
φ̃(k) =

∫

R3

eik·xφ(x)dx = |k|−2f̃(k).

ý§bLk�kliSjq�FiSs`t�cF 6bL^xe	iS�SiS�S��^xt�s]��s`��iS�Ft�yL^` FbF�HcL^Z�FyFiSbFp�jSi`eLgScF��_��FiSyDh6rLiSa�h6rFyL^bFcFs`t���yL^xeK^
2→ µ

b>�FyFiSbFp�jSi`eLgScF�U��yL^`p��4t�yFcFiDkls`gO�FyFiDkls`yL^`cLkls`jD^

� µf(x) = 1

γn(−µ)

∫

Rd

f(x′)dx′

|x− x′|d−µ , µ 6= n, n+ 2, n+ 4, . . . ,

üqyFb
0 < ν < 1

bLkl�Fi`eLgSp��`t���yFt�����eFhFyFbFp�^` FbF��bFcFs`t���yL^xeK^O�4t�s`i~rLiD�£w�rK^x��f^`yL^F}6jOyFt�p��~eFgxsx^`s`tq\Ft���iO�FyFb6�Di~rLbL�£a
ν
� _
kls`t��Ft�cFb>eK^`�6eK^SklbL^`cL^

(−4)νf(x) =
1

γd(2ν)

∫

Rd

[f(x′)− f(x)]dx′
|x− x′|d+2ν , 0 < ν < 1. (8.7.4)

üqt�yFtl�Di�rWjviS�`eK^Skls`g
ν ≥ 1

�4i���t�sv�S��s`gviDkl�U��t�kls`j`eLt�c a6^`a.�FiSjSs`iSyFcFiS_yFt�����eFhFyFbFp�^` FbFt�_n}�s~^`a¢b¢�FyFbL�4t�cFt�cFbFt��*aUiScFt�\FcF����yL^`p�cFiDkls`t�_nY�X��FiDk�eLtlrLcFt��k�eL�U\L^`t��4���Fi`eL�U\L^`t����FyFtlrKkls~^`j`eLt�cFbFt
(−4)ν/2, ν > 0

jOjSb6rLt

(−4)ν/2 =
1

δd(ν, l)

∫

Rd

(∆l
hf)(x)

| � |d+ν d � ,
� rLt

(∆l
hf)(x)

d	aUiScFt�\FcL^xh>yL^`p�cFiDkls`g	�q�UcFaF Fb6b
f(x)

cFt�klaUi`eLgSaFb6�?�Ft�yFt��4t�cFcF���kZjSt�aFs`iSyFcF�z�£{�^`��iD� � YGvi~�	cFiObLkl�Fi`eLgSp�iSjD^xs`g�plrLt�klgOiS�D^�s`bF�L^OyL^`p�cFiDkls`t�_?d	 Ft�cFs`yFbFyFiSjD^`cFcF��t
(∆l

hf)(x) =
l∑

k=0

(−1)k
(
l

k

)
f [x+ (l/2− k) � ]

b
cFt� FtlcFs`yFbFyFiSjD^`cFcF��t

(∆l
hf)(x) =

l∑

k=0

(−1)k
(
l

k

)
f(x− k � ).
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�qiSyL�4bFyFiSjSiS\FcF��tZ�FiDkls`i~hFc6cF��tS}FiS�St�kl�Ft�\FbFjD^`�]��bFtZjS���Fi`eLcFt�cFbFtqyL^`jSt�cFkls`jD^

Þ




1

δd(ν, l)

∫

Rd

(∆l
hf)(x)

| � |d+ν d �


 = |k|ν f̃(k),

iS�FyFtlrLtleFhF�]sSk¨hvbFcFs`t���yF^xeK^S�4b

δd(ν, l) =





∫
Rd

(1− eix1)|x|−d−νdx rFeFh
cFt� Ft�cFs`yFbFyFiSjD^`cFcFiS_>yL^`p�cFiDkls`bn}
2l−νil

∫
Rd

sinl x1|x|−d−νdx
rFeFh
 Ft�cFs`yFbFyFiSjD^`cFcFiS_>yL^`p�cFiDkls`bnY

� rLt�klg
x1
d��Ft�yFjD^xhB¤ j��FyFbFcF FbF�FtS}�eL�]�D^xhK¦OaUiD�4�FiScFt�cFsx^

d
� �4t�yFcFiS��i�jSt�aFs`iSyL^

x = {x1, x2, . . . , xd}
Y � ^S�4tlsSbF��}�\Fs`izyFbLk�kliSj�iS�Ft�yF^`sSiSy

(−4)ν/2
}ljS��yL^x��t�cFcF��_\Ft�yFt�p§yL^`p�cFiDkls`g

∆l
h

}�ñxò9:(�/ö��xø0��ù�÷7ù öoõ©67÷-ô1�
l
}�s`yFt��S�`t�sSk�h�s`i`eLgSaDiL}�\Fs`iS�S�

l > ν
Y

-B{�- �����E�E|�ï�¹ ��|����,~�ð����³¶�¹ ���Âï��0#l�,~�����@y�.ï��
oqp�jSt�kls`cF�/�FyFiDkls`��t
kliSiSs`cFiS{�t�cFb6hn}4klj`hFp���jD^`�]��bFt?�FiSs`t�cF FbL^xeF� ýÖbFk�k�^

� νf(x) kqbFcFs`t���yL^xeK^S�4b³üq�D^Sk�k�iScL^�� �*�
û
tf(x) ≡

Γ((d+ 1)/2)t

π(d+1)/2

∫

Rd

f(x− x′)dx′
(|x′|2 + t2)(d+1)/2

b�C6^��Dk�k�^x� X�t�_Ft�yF{�s`yL^Sk�k�^B� �*�
�
tf(x) ≡

1

(4πt)d/2

∫

Rd

f(x− x′)e−|x′|2/(4t)dx′.

� j`hFp�gO��sx^OiDkl�U��t�kls`j`eFhFt�sSk¨h
�FiDklyFtlrKkls`jSiD��i~rLcFiD�4t�yFcF���?rLyFiS�ScF���?bFcFs`t���yL^xeLiSjeLbF�UjSb6eFeLbFt�jDklaDiS��iOs`bF�L^�� �*�nb>�FyFtlrKklsx^`j`eFhFt�sSk�hv�qiSyL�8�~eK^S�4bnm
� νf(x) = 1

Γ(u)

∞∫

0

tν−1(
û
tf)(x)dt, (8.8.1)

� νf(x) = 1

Γ(ν/2)

∞∫

0

tν/2−1(
�
tf)(x)dt. (8.8.2)

�qyFiD�4tqs`iS��iL}6bL�4t��]s2�4t�kls`i2k�eLtlrL�U�]��bFt�kliSiSs`cFiS{�t�cFb6hnm
û
t � νf(x) = ( � ν−( û τf)(x))(t) (8.8.3)
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(
�
t � νf)(x) = ( � ν/2− (

�
τf)(x))(t) (8.8.4)� rLtqiS�Ft�yL^`s`iSyF� � ν− b � ν/2− rLt�_Lk�sSjS�U�]sO�FiO�Ft�yFt��4t�cFcFiS_

τ
Y��t���aUiz�Dk��4iSs`yFt�s`gZiS�S��t�t§j]��s`b6���qiSyL�4�~eK^x�¬m�j]�Ft�yFjSiS_�bFp�cFb6��j]a6^~\Ft�kls`jSth6rLyL^£bFc6sStl��yL^xeLgScFiS��i£iS�Ft�yL^`s`iSyL^£kls`iSbFs��6eLiSs`cFiDk�sSg

d
� �4t�yFcFiS��i£bFp�iSs`yFiS�FcFiS��i�qiS{�b?rLjSbU��t�cFb6h

Pt(x) =
Γ((d+ 1)/2)t

π(d+1)/2
1

(|x|2 + t2)(d+1)/2
,

jSi�jSsSiSy6iS_?d
d
� �4t�yFcL^xh>�6eLiSs`cFiDkls`gO�SyFiS�UcFiSjDklaUiS�li�rLjSb6��t�cFb6h

Wt(x) =
1

(4πt)d/2
e−|x|

2/(4t).

�]�D^O��s`b��FyFiS Ft�k�k�^	�FyFbFcL^xrFeLtl��^`s>klt��4t�_Lkls`jS�>bFp�iSs`yFiS�FcF������t�jSb6�å+�tleLg`rL��t�_L�f^rLjSb6��t�cFbF_n}Fp�^xrK^`jD^`t��4iD�4�O�U^`yL^`aFs`t�yFbLkls`bF\6t�klaUiS_v�q�UcFaF FbFt�_
p̃d(k, t, ν) ≡

∫

Rd

p(x, t, ν)eik·xdx = e−t|k|
ν

, 0 < ν ≤ 2 :

Pt(x) = p(x, t, 1), Wt(x) = p(x, t, 2).ð�eFh>s`yFtl�>�Ft�yFjS���?yL^`p��4t�yFcFiDkls`t�_

pd(x, t, ν) = π−1
∞∫
0

e−ts
ν

cos(s|x|)ds, d = 1;

pd(x, t, ν) = (2π)−1
∞∫
0

e−ts
ν

J0(s|x|)sds, d = 2;

pd(x, t, ν) = (2π2|x|)−1
∞∫
0

e−ts
ν

sin(s|x|)sds, d = 3.

ð�eFh>�FyFiSbFp�jSi`eLgScFiS_?yL^`p��4t�yFcFiDkls`b
d

pd(x, t, ν) = (2π)−d/2
∞∫

0

e−ts
ν

Jd/2−1(s|x|)1−d/2sd−1ds.

�qyFiD�4tqs`iS��iL}6bL�4t��]s2�4t�kls`i	yL^`p�eLi~��t�cFb6h>jOyDh6rL�
pd(x, t, ν) ≡ pd(r, t, ν) =

=
1

π
(r
√
π)−d

∞∑

n=1

(−1)n−1Γ((νn+ d)/2)Γ(νn/2 + 1)

Γ(n+ 1)
sin(νnπ/2)(r/2)−νntn,

b

pd(r, t, ν) = (2/ν)/(2
√
πt1/ν)−d

∞∑

n=0

(−1)n Γ((2/ν)n+ d/ν)

Γ(n+ d/2)Γ(n+ 1)
(r/2)2nt−2n/ν .
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üqt�yFjS��_�bFp�cFb6��k��Di�rLbFsSk�h��FyFb

µ ∈ (0, 1)
b�hFj`eFhFt�sSk¨h ^SklbL�4�Fs`iSs`bF\Ft�klaFbL�<�FyFb

µ ∈ [1, 2)
}�jSs`iSyFiS_Wk��Si~rLbFsSk�h.�FyFb

ν ∈ [1, 2]
b.hFj`eFhFt�sSk�hW^SklbL�4�Fs`iSs`bF\Ft�klaFbL��jiS�`eK^Skls`b

ν ∈ (0, 1)
Y Ökls`t�kls`jSt�cFcFi�i~�	b6rK^`s`gL}�\Fs`i�kliSiSs`cFiS{�t�cFb6h ¤¥�FY �FY �~¦ ��¤¥�FY �FY 'D¦.iDklsx^`cF�UsSk�hkl�FyL^`jStlrFeLbFjS�z�4bvb
rFeFh�iDklsx^xeLgScF���>\6eLt�cFiSj2��s`iS��i?klt��4t�_Lkls`jD^FY¬�]�SiSp�cL^�\FbL��\Ftl�yFt�p

Lp(R
d)
�FyFiDkls`yL^`cLkls`jSi	�q�UcFaF FbF_

f(x) = f(x1, . . . , xd)
}6rFeFh
aUiSs`iSyF���

‖f‖p =





∫

Rd

|f(x)|pdx





1/p

<∞.

� �FyL^`jStlrFeLbFjD^�k�eLtlrL�U�]��^xhÕ�AUELI4A�Öq3¬=�ð�eFh.eL�]�SiS_W�q�UcFaF FbFb
f ∈ Lp(R

d), 1 < p < d/ν
}�b.rFeFheL�]�SiS��i

µ ∈ (0, 2]

� νf(x) = 1

Γ(ν/µ)

∞∫

0

tν/µ−1 � (µ)t f(x)dt (8.8.5)

b � (µ)
t � νf(x) = ( � ν/µ− � (µ)

τ f(x))(t), (8.8.6)� rLt
� (µ)
t f(x) =

∫

Rd

f(x− x′)p(x′, t, µ)dx′.

��EL7�36QD36CFA&×Ø®�£`C6RTE�eLt���aUiH�FyFiSjSi�rLbFsSk�h��FiDk�yFtlrKkls`jSiD�*�FyFt�iS�SyL^`p�iSjD^xcFb6h+��UyFgStSm
Þ ( � νf)(k) = f̃(k)

Γ(ν/µ)

∞∫

0

tν/µ−1p̃d(k, t, ν)dt.

[]\FbFs`��jD^xhn}F\Fs`i
Þ { � νf}(k) = |k|−ν f̃(k),�Fi`eL�U\L^`t���m

f̃(k)

Γ(ν/µ))

∫ ∞

0

tν/µ−1e−t|k|
µ

dt =
|k|−ν f̃(k)
Γ(ν/µ)

∞∫

0

τν/µ−1e−τdτ = |k|−ν f̃(k).

+�iSyL�4��eK^	¤¥�FY �FY ªD¦8k�eLtlrL�St�sqbFp�¤¥�FY �FY �S¦�a6^`aOyFt�p���eLgxsx^`sZ�Fi`eL�U��yF�U�F�FiSjSiS��iqkljSiS_Lkls`jD^
iS�Ft�yL^`s`iSyFiSj � (µ)

t (x)
m � (µ)

t
� (µ)
τ = � (µ)t+τ .©�^`aFbL��iS�SyL^`p�iD��}��4� �FyFb6�Di�rLbL��a� FtleLiD�4�<klt��4t�_Lkls`jS�¢kliSiSs`cFiS{�t�cFbF_n}�Fi`eLt�p�cF����a6^`a�rFeFh�iS�FbLk�^`cFb6h�k�^S�4b6�WrLjSb6��t�cFbF_Ñ��t�jSbn}8sx^`a�b£rFeFh£yFt�{�t�cFb6hrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScF���2�UyL^`jScFt�cFbF_Ä� ªx� ��� Y
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3B{�z &ì��|������(ÛX~l�.� î ����ï�~��,~����
üqyFiDkls`t�_F{�t�t§�UyL^`jScFt�cFbFtS}�kli~rLt�yS�O^`��t�tfrLyFiS�ScF�U���FyFiSbFp�jSi~rLcF�U�ký§bL�f^`cF^x���bF�UjSb6eFeFhn}6bL�4t�t�sOjSb6r�m

0 � νxf(x) = h(x), x > 0.� rLt�klg
ν
dZ�FyFiSb6p�jSi`eLgScFiStf�Fi`eLi~�	bFs`tleLgScFiSt§\FbLk�eLiL}

h(x)
dZbFp�jSt�kls`cL^xh��q�UcFaF Fb6h�b

f(x)
dObLklaUiD�f^xh
�q�UcFaF Fb6hnY1 Ökls`t�kls`jSt�cFcL^xh
�FiS�F��s`aU^��Fi`eL�U\FbFs`g	yFtl{�t�cFbFt���s`iS��i�UyL^`jScFt�cFb6h	rLt�_Lkls`jSbFt��WcL^�iS�St]t���i�\L^Skls`b?iS�Ft�yL^`s`iSyFiD�

0 � −νx = 0 � νx �FyFbFjSi�rLbFs�a�q�UcFaF FbFb

f(x) = 0 � −νx h(x) =
1

Γ(ν)

x∫

0

(x− ξ)ν−1h(ξ)dξ, x > 0, (9.1.1)

aUiSs`iSyL^xh�rLt�_Lkls`jSbFs`tleLgScFiv��rLiSj`eLt�s`jSiSyDhFt�s>yL^Sk�k��f^`s`yFbFjD^`t��4iD�4���UyL^`jScFt�cFbF��}ncFicFtZhFj`eFhFt�sSk�h
t���iOiS�S��bL��yFt�{�tlcFbFt���Yoqp	P�=]¶¬= ¸.k�eLtlrL�St�s~}n\Fs`i
rFjSt2�q�UcFaF FbFb
f(x)

b
g(x)

}nbL�4t��]��bFt	i~rLc6��bs`�2��t��FyFiSbFp�jSi~rLcF�U��rLyFiS�Sc6iS��i��FiSyDh6rLa6^
ν
}
n− 1 < ν < n, n = 1, 2, 3, . . .

}
af

(ν)(x) = ag
(ν)(x),
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klj`hFp�^`cF��rLyF�U��kZrFyF�U��iD��kliSiSs`cFiS{�t�cFbFt��

f(x) = g(x) +

n∑

j=1

cjx
ν−j ,

j�aUiSs`iSyFiD�
cj
hFj`eFhF�]sSk�h2�FyFiSbFp�jSi`eLgScF�z�4b2�FiDkls`i~hFcFcF�z�4bnY � eLtlrLiSjD^`s`tleLgScFiL}SiS�`���t�tqyFt�{�t�cFbFt�yL^Sk�k��f^`s`yFbFjD^`t��4iS��i��UyL^`jScFtlcFb6h?rLi`eF�	cFiObL�4t�s`g	jSb6r

f(x) = 0 � −νx h(x) +
n∑

j=1

cjx
ν−j ,

kli~rLt�yS�O^`��bF_
n = [ν] + 1

�FiDkls`i~hFcFcF���¬}LaDiSs`iSyF��t��4iS���Us	�S��s`g2iS�FyFtlrLtleLt�cF��bFp��yL^`cFbF\FcF���	�Sk�eLiSjSbF_nY+üqi~rLt�_Lkls`jSiSjD^xj�cL^�iS�Stz\L^Skls`b2��s`iS��i��UyL^`jSc6t�cFb6h2iS�Ft�yF^`sSi`�yFiD�
0 � µx } (µ ≤ ν − 1)

}

0f
(µ)(x) = 0 � µ−νx h(x) +

n∑

j=1

cj 0 � µxxν−j ,
b
�FyFbFcFbL�f^xh
jSi�jScFbL�f^`cFbFt��qiSyL�4��eL�

0 � µxxν−j = Γ(ν − j + 1)

Γ(ν − j + 1− µ)x
ν−j−µ,

jS��yL^`p�bL�>��s`b��FiDkls`i�hFcFcF��t§\Ft�yFt�p§�D^`yL^`aFs`t�yFbLkls`bFaFb��q�UcFaF FbFb�jz��yL^`cFb6\FcFiS_�s`iS\6�aUtSm
cj =

0f
(ν−j)(0+)

Γ(ν − j + 1)
,sx^`a>\Fs`i

f(x) = 0 � −νx h(x) +

n∑

j=1

0f
(ν−j)(0+)

Γ(ν − j + 1)
xν−j .

X�iSp�gD�4t���jOa6^~\Ft�k�sSjStq�FyFbL�4t�yL^O�UyL^`jScFtlcFbFt
0 � 3/2x = x5. §��i	iS�S��t�tqyFt�{�t�cFbFt

f(x) = 0 � −3/2x x5+c1x
1/2+c2x

−1/2 = [Γ(6)/Γ(15/2)]x13/2+c1x
1/2+c2x

−1/2,kli~rLt�yS�	bFs]rLjStÖ�FyFiSbFp�jSi`eLgScF��t§�FiDkls`i~hFcFcF��t
c1
b
c2
}�rFeFh�iS�FyFtlrLtleLt�cFb6h�aUiSs`iSyF���cL^xrLiOp�cL^`s`gO�FyFiSbFp�jSi~rLcF��t

0f
(1/2)(0+)

b
0f

(−1/2)(0+)
Y� ^S�4t�s`bL��}F\Fs`i	j	k�eL�U\L^`tZrLyFiS�ScFiS��i��UyL^`jScFt�cFb6h
��^`�F�Us`iL}

ν
0 � xf(x) = 0 � νx

(
f(x)−

m−1∑

k=0

xk

k!
f (k)(0+)

)
= h(x), x > 0, m−1 < ν ≤ m,

��yL^`cFbF\FcF��t��Sk�eLiSjSb6hO�qiSyL�4�~eLbFyF�U�]sSk¨h2k�bLk��Fi`eLgSp�iSjD^`cFbFt����FyFiSbFp�jSi�rLcF���� FtleLi`���iO�FiSyDh6rLaU^
f (k)(0+)

� �0� Y
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X�t�klgD�f^ziS�S��bF_��4t�s`i�rOyFt�{�t�cFb6h�rLyFiS�ScF����rLbL���qt�yFt�cF FbL^xeLgScF�����UyL^`jScFtl�cFbF_n}F�FyFbF��i~rLcF��_
b
j	k�eL�U\L^`tq�Ft�yFt��4t�cFcF���
aDiS�����qbF FbFt�cFs`iSjL}6iDklcFiSjD^`c?cL^��FyFb6�jStlrLt�cFbFb>b6�>a
jSb6rL�2bFcFs`t���yL^xeLgScFiS��i��UyL^`jScFt�cFb6h
X�i`eLgxs`t�yFyF�¢jSs`iSyFiS��i�yFi~rK^FY
ýf^Sk�k��4iSs`yFbL� p�^xrK^~\F� �qiS{�b rFeFh rLyFiS�ScFiS��i �UyL^`jScFt�cFb6h �FiSyDh6rLa6^

α ∈ (0, 1)
m

0 � αxf(x)− af(x) = h(x), 0f
(α−1)(0+) = b.

üqyFtlrKkls~^`jSbL�£�UyL^`jScFt�cFbFtZ��s`i	jOjSb6rLt
0 � αxf(x) = F (x),

b
�FyFtlrF�Fi`eLi~�	bL�£cL^�jSyFt��8hn}F\Fs`i	t���iO�FyL^`jD^xh?\L^Skls`g
F (x) = af(x) + h(x)

bFp�jSt�kls`cL^FY � iS��eK^SklcFi2�FyFtlrL��rL�U��t��4�
�L^`yL^`��yL^S�q�S}L�FyFb
α ∈ (0, 1)

iS�S��t�t�y6t�{�tl�cFbFt�s~^`aUiS��iO�UyL^`jScFt�cFb6h?bL�4t�t�s	jSb6r

f(x) =
b

Γ(α)
xα−1 + 0 � −αx F (x).

X�t�yFcF�UjS{�bLklg�av�FyFt��	cFbL�HiS�SiSplcL^~\Ft�cFb6hL��}6�Fi`eL�U\FbL�£bFcFs`t���yL^xeLgScFiStq�UyL^`jScFt�cFbFtX�i`eLgxs`t�yFy6��jSs`iSyFiS��i�yFi~rL^

f(x) = f0(x) +
a

Γ(α)

x∫

0

f(ξ)dξ

(x− ξ)1−α ,

� rLt
f0(x) =

b

Γ(α)
xα−1 +

1

Γ(α)

x∫

0

h(ξ)dξ

(x− ξ)1−α .

o��4t�cFcFizkfsx^`aUiS��i�s`bF�L^��UyL^`jScFt�cFbF_n}�cL^`p���jD^`t��4������6oò/��ò!öoõ[ÿ��L}lcL^�\FbFcL^xeLiDklg�yL^`pl�jSbFs`bFtqrLyFiS�ScFi`� rLbF���Zt�yFt�cF FbL^xeLgScFi`��i�^`�F�L^`yL^`sx^FY
3B{åä � �,��|.� ��|��9¶����Â|�ï������E¶�·�~�¹"!$�����¢�³¶��0#l�,~���Û

X�iDkl�Fi`eLgSp��St��fk¨h#rFeFh�yFt�{�t�cFb6h��Fi`eL�U\Ft�cFcFiS��i jS��{�t*bFcFs`t���yL^xeLgScFiS��i�UyL^`jScFt�cFb6h
X�i`eLg~s`t�yFyF��ÿDòBùJ÷�5�÷*ÿ ó�÷oø/��ò�5�÷oö(�oùAò/�xú�ñ�õ?È�ó/ô��"63���$��òBñ"�"M8m
fm(x) = f0(x) +

a

Γ(α)

x∫

0

fm−1(ξ)dξ

(x− ξ)1−α , m = 1, 2, 3, . . .
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üqyFiSbFp�jSi~rFh?�FiDk eLtlrLiSjD^`s`tleLgScF��tZ�Fi~rKklsx^`cFiSjSaFbn}U�Fi`eL�U\L^`t���m

f1(x) = b

2∑

k=1

ak−1xαk−1

Γ(αk)
+

x∫

0

[
(x− ξ)α−1

Γ(α)

]
h(ξ)dξ,

f2(x) = b
3∑

k=1

ak−1xαk−1

Γ(αk)
+

x∫

0

[
2∑

k=1

ak−1(x− ξ)αk−1
Γ(αk)

]
h(ξ)dξ,

. . . . . . . . . . . . . . . . . .. .

fm(x) = b
m+1∑

k=1

ak−1xαk−1

Γ(αk)
+

x∫

0

[
m∑

k=1

ak−1(x− ξ)αk−1
Γ(αk)

]
h(ξ)dξ,

b
s~Y r�YLX<�FyFtlrLtleLt
m→∞ fm(x)→ f(x)

}F� rLt

f(x) = b

∞∑

k=1

ak−1xαk−1

Γ(αk)
+

x∫

0

[ ∞∑

k=1

ak−1(x− ξ)αk−1
Γ(αk)

]
h(ξ)dξ.

X�yFt�p��~eLg~sx^`s`t��FyFb6�Di~rLbL�<a�jS��jSi~rL�S}K\Fs`i
yFt�{�t�cFbFtO�FiDk�sx^`j`eLt�cFcFiS_�p�^xrK^�\Fb�jS���yL^x�O^`t�sSk¨h
\6t�yFt�p��q�UcFaF FbFb�GvbFs`s~^`�l� ��t����ZeLt�yL^��qiSyL�4�~eLiS_
f(x) = bxα−1Eα,α(ax

α) +

x∫

0

(x− ξ)α−1Eα,α[a(x− ξ)α]h(ξ)dξ.

X¢\L^Skls`cFiDkls`bn}Fp�^xrK^~\L^O�qiS{�b>rFeFhv�Fi`eL�UbFcFs`t���yL^xeLgScFiS��iv¤
α = 1/2)

�UyL^`j`�cFt�cFb6h
0 � 1/2x f(x)− af(x) = h(x), 0f

(−1/2)(0+) = b,bL�4t�t�sOyFt�{�t�cFbFt�jSb6rK^

f(x) =
b√
x
E1/2,1/2

(
a
√
x
)
+

x∫

0

(x− ξ)−1/2E1/2,1/2
(
a
√
x− ξ

)
h(ξ)dξ.

X�k�eLtlrL�U�]��t���tlrLbFcFbF\FcFiD��bFcFs`t�yFjD^xeLt2�FiSyDh6rLaDiSjL}
ν ∈ (1, 2)

}�yFt�{�t�cFbFtp�^xrK^~\Fb
�qiS{�b
0 � νxf(x)− af(x) = h(x), 0f

(ν−1)(0+) = b, 0f
(ν−2)(0+) = c.

bL�4t�t�sOjSb6r

f(x) = bxν−1Eν,ν(ax
ν)+cxν−2Eν,ν−1(ax

ν)+

x∫

0

(x−ξ)ν−1Eν,ν [a(x−ξ)ν ]h(ξ)dξ.
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��^`�FiD�4cFbL��}x\Fs`iZeLbFcFt�_FcFiqcFt�p�^`jSbLklbL�4��t�yFt�{�t�cFb6h�rLbL���qt�yFtlcF FbL^xeLgScFiS��i�UyL^`jScFt�cFb6h> FtleLiS��i��FiSyDh6rLa6^
Pn( � x)y(x) ≡ � nxy(x) + a1 � n−1x y(x) + . . .+ an � 0xy(x) = 0

kZ�FiDkls`i�hFcFcF�z�4b
aDiS�����qbF FbFt�cFsx^S�4b
aj
iS�FyFtlrLtleFhF�]sSk�h>cF�~eFhL�4b

αj
È��*ô1����ùAòÀô��"�

øBù���þ>ò!ø0��÷�°*÷Jó�÷�����ñ�÷*ÿ��
Pn(z) = zn + a1z

n−1 + . . .+ an.

ð�t�_Lkls`jSbFs`tleLgScFiL}F�Fi~rKkls~^`j`eFh6hvjOrLbL���qt�yFt�cF FbL^xeLgScFiStq�UyL^`jScFt�cFbFt
y(x) = eλx

b�U\FbFs`��jD^xhn}6\Fs`i
Pn( � x)eλx = P (λ)eλx,�FyFb6�Si~rLbL�£av^xeL��t��SyL^`bF\Ft�klaDiD�4�	�6yF^`jScFt�cFbF�

Pn(λ) = 0.� sx^xeLi��S��s`gL}Öt�k�eLb
λj
d£aUiSyFt�cFgW�U^`yL^`aFs`t�yFbLkls`bF\Ft�k�aUiS��i��UyL^`jScFt�cFb6hn}ÖsSi

eλjxhFj`eFhFt�sSk¨h
yFt�{�t�cFbFt���rLbL���qt�yFt�cF FbL^xeLgScFiS��i��UyL^`jScFt�cFb6hnY�]�SyL^`s`bL�fk�h�s`t��Ft�yFg?avrLyFiS�ScFiD�4�
�UyL^`jScFt�cFbF��Y�Gvt�s`i�r��D^`yL^`aFs`t�yFbLkls`bF\Ftl�klaFb6���Fi`eLbFcFiD�4iSj>cFt	�4i~��t�s>�S��s`g
cFt��FiDklyFtlrKkls`jSt�cFcFi
�6yFbL�4t�cFt�c.a.�UyL^`jScFt�cFbF�cFt� FtleLiS��i��FiSyDh6rLa6^
0 � νnx f(x) + a1 0 � νn−1

x f(x) + . . .+ an 0 � ν0x f(x) = 0.

ûÖs`iW�4i~�	cFiWk¨rLtleK^`s`gL}fi~rLcL^`aUiL}4t�k�eLbHiS�lyL^`cFbF\FbFs`gDk�h�s`i`eLgSaUi yL^` FbFiScL^xeLgScF�z�4bp�cL^�\Ft�cFb6hL�4b
νj
� �*� YSX£��s`iD�.k�eL�U\L^`tS}St�k�eLb

q
d�cF^`bL�4t�cFgS{�bF_	iS�S��bF_	�4cFi~�	bFs`tleLgp�cL^S�4t�cL^`s`tleLt�_?rLyFiS�St�_n}6aUiSs`iSyF�z�4b
�FyFtlrKkls~^`j`eLt�cF�

νj
}Fs`iOt�kls`g

νn = nν, ν = 1/q,

bLk��Si~rLcFiSt?�UyL^`jScFt�cFbFt>�4i~�	cFi��FyFtlrKklsx^`jSbFs`g j jSb6rLt2rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`�cFiS��iO�UyL^`jSc6t�cFb6h>�FiSyDh6rLa6^
(n, q)

� �*� m
[0 � νx]n f(x) + a1 [0 � νx]n−1 f(x) + . . .+ an [0 � νx]0 f(x) = 0.

X<klbL�4jSi`eLbF\Ft�klaUiD��jSb6rLt
Pn( 0 � νx)f(x) = 0.oZrLtlhH�FyFbL�4t�cFt�cFb6hH�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaDiS��iW�Fi`eLbFcFiD�f^.jWa6eK^Sk�klbF\Ft�klaUiD�k�eL�U\L^`tZiDklcFiSjD^`cL^�cL^�� eK^`jScFiD��kljSiS_Lkls`jSt]��a6kl�FiScFt�cF FbL^xeLgScFiS_?�q�UcFaF FbFbnm6�FyFiSbFpl�jSi~rLcF^xh?eL�]�SiS��i� FtleLiS��iO�FiSyDh6rLaU^�iSsOcFt�t��FyFiS�FiSyF Fb6iScL^xeLgScL^�t�_vk�^S�4iS_nm

� nxeλx = λneλx, n = 0, 1, 2, . . .



�S�`� ��	��"�+�D.Ô�³��Æ.ãx�x���#���x��Æ��J�������[��������÷x���1	#�#��Æ���õ��7�"�#�x���x�"§
 Ök�eLb<��t.�4� �FyFbL�4t�cFbL�*a¢��s`iS_��q�UcFaF Fb6b¢iS�Ft�yL^`s`iSy�rLbL���qt�yFt�cF FbFyFiSjD^`cFb6hrLyFiS�ScFiS��i��FiSySh6rLa6^

0 � νx }Fs`i	�Fi`eL�U\FbL��m
0 � νxeλx = Ex(−ν, λ).

ð�yFiS�ScFiStfrLbL���qt�yFt�cF FbFyFiSjD^`cFbFtÖ�FyFt�jSyL^`��^`t�sz��aUkl�FiScFt�cFs`��jzrLyF�U���U�H�q�UcFaF FbF��}i~rLcL^`aDiL}]kl�U��t�kls`jS�U�]s<�q�UcFaF FbFb�rLjS�D���Ft�yFt��4t�cFcF���¬}ZaDiSs`iSyF��t�j�yFt�p���eLgxsx^`s`t��s`iS_
iS�Ft�yL^` FbFb>bFp��4t�c6hF�]s�eLbF{�g	p�cL^�\Ft�cFbFt��L^Sk�klbFjScFiS��i�^`yF���6�4t�cFsx^Fm
0 � νxEx(µ, λ) = Ex(µ− ν, λ).

oqp�jSt�kls`cFi�sx^`a6��tS}F\Fs`i
0 � νx [xEx(µ, λ)] = xEx(µ− ν, λ) + νEx(µ− ν + 1, λ), µ > −2.

ð�jStq��s`bv�qiSyL�4��eL�¢�Fi~rLiS�ScF�¢�qiSyL�4�~eK^S�
� xeλx = λeλx

b
� x[xeλx] = λxeλx + eλxkliSiSs`jSt�sSkls`jSt�cFcFiLYKo�kl�Fi`eLgSp�iSjD^xcFbFt���s`iS_�^`cL^xeLiS��bFbvjStlrLt�s2a k�eLt�rL�U�Z��t�_�s`t�iSyFtl��4tS}Öa6^Sk�^`�]��t�_Lk�h�k�eL�U\L^xhn}ÖaDiS� rK^.jDklt�cF��eLbH�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaUiS��iW�Fi`eLbFcFiD�f^yL^`pleLbF\FcF��¤ iS�S��b6_vk�eF�6\F^`_
�FyFtlrKkls~^`j`eFhFt�s	kliS�SiS_?�Si`eLt�tqs`yF��rLcF�U�Bp�^xrK^�\F�Â� �*� ¦�YÕ�AUELI4A�Öq3¬Y��¬4+øBùJú

[
0 � nνx + a1 0 � (n−1)νx + . . .+ an 0 � 0x] f(x) = 0

5 5�ôx÷*67ñ�÷*�/5
�"�%�(òÀô�òBñ"<"�����xú�ñ�÷oò�4Bô1�/öoñxòBñ"�xò�ó�÷-ô1��5
�
� (n, q) ��°�57ò q = 1/ν 5 <xò �x÷oòþ1�xø/�x÷¬�
Pn(z) = zn + a1z

n−1 + . . .+ an5 øB÷7÷7ùAö/òBùAøBùAö�4&2.À��"M�È��*ô1����ùAòÀô��xøBù���þ>ò!ø��&�"Mcó�÷�����ñ�÷*ÿ¬J¼�¬4+øBùJú(�;5*����ò!ò��
α1, . . . , αn αi 6= αj

ó/ô��
i 6= j 5 ñ"4*����ó�÷�����ñ�÷*ÿ�� Pn(z) �

A−1m = P ′(αm), m = 1, 2, . . . , n.Ý>÷�°�5*����ùA÷�4Bô1�/öoñxòBñ"�xò³�#ÿDò!òBù
N
����ñxò0M�ñ�÷*�Àñxò3:(�/ö��xø0�+ÿ�õ?ÈAô�ò0ÚAòBñ"�"M

yj(x) =

n∑

m=1

Am

q−1∑

k=0

αqj−k−1m Ex(−kν, αqm), j = 1, 2, . . . , N,

°�57ò
N 5 ñ����#ÿDòBñ�ú&ÚAò!ò¸<xò �x÷oò�þ1��ø �x÷
�K67÷��xú&ÚAò!ò������Dô1�/öoñ�÷oò nν Jd�,6*ÀAò!òXô�ò0ÚAòBñ"�xòò!øBùJú�����ñxò0M�ñ�����ø04�óxòÀôxó�÷�:��"<"�����7ù��1Èuô�ò0ÚAòBñ"�"M�J
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/
I89ØÖqADI8M
=�üqyFiDkls`t�_F{�t�tZrLyFiS�ScFiStq�UyL^`jScFt�cFbFtZ�FiSyDh6rLa6^
¤¦'L} �D¦

0 � 4/3x f(x) = 0

bL�4t�t�s�iS�S��t�t�yFt�{�t�cFbFtzj�jSb6rLtzkl�U�Ft�yF�FiSp�bF FbFb�rLjS�D��\L^Skls`cF���OyFtl{�t�cFbF_2kls`t��Ft�c6�cFiS��iOs`bF�F^
f(x) = C1x

1/3 + C2x
−2/3,� rLt

C1
b
C2
d2�FyFiSb6p�jSi`eLgScF��tZ�FiDkls`i~hFcFcF��tSY6[]yL^`jScFt�cFbFt

[
0 � 1x + a 0 � 1/2x + b

]
f(x) = 0

�FiSySh6rLa6^
(2, 2)

bL�4t�t�s	i�rLcFiOyFt�{�t�cFbFt
f(x) = α1Ex(0, α

2
1)− α2Ex(0, α22) + Ex(−1/2, α21)− Ex(−1/2, α22) =

= α1 exp(α
2
1x)erfc(−α1

√
x)− α2 exp(α22x)erfc(−α2

√
x)¤ t�k�eLb

α1 6= α2
¦�Y$��t���aUi�jSb6rLt�s`g	sx^`aU��tS}F\Fs`i

f(0) = α1 − α2, 0f
(−1/2)(0+) = 0, 0f

(1/2)(0+) =∞, f ′(0) =∞.

3B{
	  }�.|.��~�|���|,��~�¹i� î ����ï�~��,~��������ð���|�~��³¶�·�~�|
��| ��|��-����ç��
��^`�FiD�4cFbL��}6\Fs`iOiS�S��t�t]yFt�{�t�cFbFtqcFt�i~rLcFiSyFi�rLcFiS��i�rLbL���qt�yFtlcF FbL^xeLgScFiS��i�UyL^`jScFt�cFb6h> FtleLiS��i��FiSyDh6rLa6^

[ � nx + a1 � n−1x + . . .+ an � 0x]f(x) = h(x)

�4i~��t�sO�S��s`gO�FyFtlrKklsx^`j`eLt�cFiOjOjSb6rLt

f(x) =

x∫

0

G(x− ξ)h(ξ)dξ + C1G(x) + C2G
′(x) + . . .+ CnG

(n−1)(x),

� rLt
Ci
d��FyFiSbFp�jSi`eLgScF��t2�6iDkls`i~hFcFcF��tS}4^

G(x)
d �q�UcFaF Fb6h�CnyFbFcL^FY4X�k�eL�U\L^`ti~rLc6iSyFi~rLcF���>��yL^`cFbF\FcF���
�Dk�eLiSjSbF_

f(0) = f ′(0) = . . . = f (n−1)(0) = 0
jDklt

CiyL^`jScF�¢cF��eL�¡b
f(x) =

x∫

0

G(x− ξ)h(ξ)dξ.

Gvt�s`i~rFiD�/�FyFt�iS�SyL^`p�iSjD^xcFb6hH��^`�6eK^Sk�^W��s`iSs£yFt�p���eLgxsx^`s�yL^Skl�FyFiDkls`yL^`c6hFt�sSk�h¢cL^rLyFiS�ScFi`� rLbL���qt�y6t�cF FbL^xeLgScF��tZ�UyL^`jScFt�cFb6h?yL^` FbFiScL^xeLgScFiS��i��FiSySh6rLa6^�� �*� Y



�S�S� ��	��"�+�D.Ô�³��Æ.ãx�x���#���x��Æ��J�������[��������÷x���1	#�#��Æ���õ��7�"�#�x���x�"§
Õ�AUELI4A�Öq3¬=��¬4+øBùJú

h(x) 5 �&4+øB÷7þ5ñ�÷*�ÀñxòBó/ô�òÀôxõ�öoñ����¬ñ�� (0,∞)
����ñ�ùAò�°�ô��"�

ô�4+òÒÿ������*�+øBó�÷7ñxòBñ"<"�����xú�ñ�÷�°*÷6óx÷-ô1��5
�
�uñ��
[0,∞)

�94�ñ"�&<"���#Jm�¬4+øBùJú(��5*����ò!ò��
[ 0 � nνx +a1 0 � (n−1)ν

x +. . .+an 0 � 0
x]f(x) = h(x), f(0) = f ′(0) = . . . = f (N−1)(0) = 0

5 5�ôx÷*67ñ�÷oò¬5
�"�K�XòÀô�òBñ"<"�����xú�ñ�÷oò�4Bô��/öoñxòBñ"�xòeó�÷-ô1��5
�
� (n, q) ��°�57ò N 5 ñ����#ÿDòBñ�ú&�ÚAò!ò�<xò/�x÷oò��¸67÷3�xú&ÚuòBòB�����³ô1�/öoñ�÷oò
nν
J
Ý>÷�°�5*��ò�°*÷³ò�5
��ñxøBùAö/òBñ�ñ�÷oòdô�ò0ÚAòBñ"�xò�5*���

òBùAø3�Â��÷-ô+ÿ�4*�x÷*M
f(x) =

x∫

0

G(x− ξ)h(ξ)dξ

°�57ò
G(x) 5 5�ôx÷*67ñ����@�94�ñ"�&<"�����xô���ñ��*�
ñ���M�57òBñ�ñ������1:�È��*ô1����ùAòÀô��xøBù���þ>ò!ø0��÷�°*÷ó�÷�����ñ�÷*ÿ��

Pn(z)
øDó�÷*ÿ�÷*ÀJú&2�÷*6-ô1�oùJñ�÷�°*÷uó/ô�òB÷*6-ô��*:o÷oö(�oñ"���Âù��oó����/ø3�}E

G(x) = ú −1{P−1(λν)}(x).
3B{�� � �,��|.� ��� � ¶�|�#j�,~����´ïé�����(���,~�~�|³Ûn�����

GvcFiS��bFtza6eK^Sk�klbF\Ft�klaFb6t]�4t�s`i~rL�HyFt�{�t�cFb6hOrLbL���qt�yFt�cF FbL^xeLgScF�����UyL^`jScFtl�cFbF_n}4�Fi~rLiS�ScFi��4t�s`i~rL�.�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaDiS��i��Fi`eLbFcFiD�f^F}4yL^Skl�FyFiDkls`yL^`c6hF�]sSk¨hcL^WrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF��t�b¢iSaU^`p���jD^`�]sSk�h�sx^S�/cFt.�4t�cFt�t �����qt�aFs`bFj`�cF�z�4bn}¬\Ft���j
k�eL�U\L^`t� FtleL�����FiSyDh6rFaUiSjLY¬��b6��\6bLk�eL���FyFbFcL^xrFeLtl�	bFs>b½ÿDòBùJ÷�5
ô1�
:��x÷
��òBñ"���uô�ò0ÚAòBñ"���ÇöuøBùAòBóxòBñ�ñ�õ�ò(ô1��5�õfYX�t�yFcFt��fk�h
a>�UyL^`jScFt�cFbF�

0 � (ν)x f(x) = h(x), x > 0, 0 < ν < 1,

bO�FiDklsx^`jSbL��p�^xrK^~\F��cL^`_Fs`bOt���iqyFt�{�t�cFbFt��FyFbO��yL^`cFbF\FcFiD���Dk�eFiSjSbFb
f(0+) = 0

j�FyFtlrL�Fi`eLi���t�cFbFbn}D\Fs`i��FyL^`jD^xhO\L^Skls`g��UyL^`jScFt�cFb6h
h(x)

�4i~��t�s��S��s`g�yL^`pleLi~��t�cL^jvyDh6r�G�^`a6eLiSyFt�cL^F}�k��Si~rFhF��bF_Lk�h.jviS�`eK^Skls`b
0 ≤ x < R

}���rLt
R
d�cFt�aUiSs`iSyL^xh�Fi`eLi~�	bFs`tleFgScL^xh>�FiDkls`i~hFcFcL^xhnm

h(x) =

∞∑

n=0

h(n)(0+)

n!
xn.

«���rLt��£bLkla6^`s`gOyFt�{�t�cFbFtq�UyL^`jScFt�cFb6h>jOjSb6rLt

f(x) = xp
∞∑

n=0

anx
n.

üqi~rKkls~^`jSbFj�iS�D^���s`b6�>yDh6rK^�j	�UyL^`jScFt�c6bFtS}

0 � νx
( ∞∑

n=0

anx
n+p

)
=

∞∑

n=0

h(n)(0+)

n!
xn
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b
�U\FbFs`��jD^xhn}6\Fs`i

0 � νxxp = Γ(1 + p)

Γ(1 + p− ν)x
p−ν ,

�Fi`eL�U\FbL�
p = νb

an =
h(n)(0)

Γ(1 + n+ ν)
.

�]aUiScF\F^`sSt�eLgScFiL}

f(x) =
∞∑

n=0

h(n)(0+)

n!

Γ(n+ 1)

Γ(n+ 1 + ν)
xn+ν =

∞∑

n=0

h(n)(0+)

n!
0 � −νx xn =

= 0 � −νx ∞∑

n=0

h(n)(0)

n!
xn = 0 � −νx h(x) =

1

Γ(ν)

x∫

0

(x− ξ)ν−1h(ξ)dξ, 0 ≤ x < R.

��^`a.bWk�eLtlrLiSjD^xeLi
i~�	b6rK^`s`gL}ncL^`_6rFt�cFcFiSt	plrLt�klgvyFt�{�t�cFbFt?kliSjS�L^xeLi
k	\L^Skls`cF�z�yFt�{�t�cFbFt���¤jÑFY �SY �~¦�Y
3B{�� �¯� � ¶�|�#l�,~����}ïj�����f|
��������~�¹"!���¢���ì�,���,~�ð����³¶�·�~�¹"!�|³���,������|���|�ï

X£��s`iD�.�L^`yL^`��yL^S�qt��4���FyFbL�4t�cFbL�.yL^`pleLi~��t�cFb6tzj�yDh6r2a?k�^S�4iD�4��iS�SyL^`sx�cFiD�4��iS�Ft�yL^`s`iSyF�S}4yL^Sk�k��f^`s`yFbFjD^xh�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF��_£iS�Ft�yL^`s`iSy � νa6^`a.^`yF���6�4t�cFs~Y � ��s`iS_. FtleFgS�*�4��iS�FyFtlrLtleLbL�¢klcL^~\L^xeK^?aUiS�����qbF FbFt�cFs`�!yL^`pl�eLi~��t�cFb6h
[Pn(z)]

−1 =
1

Pn(z)
=

∞∑

j=0

bjz
j

b�jSiDkl�Fi`eFgSp��St��fk�hZbL�4b�rFeFh��FyFtlrKklsx^`j`eLt�cFb6h��qiSyL�f^xeLgScFiS��i�yFt�{�tlcFb6h��UyL^`jScFt�cFb6h
Pn(0 � νx)f(x) = h(x), ν < 0,

jOjSb6rLt

f(x) = [Pn(0 � νx)]−1h(x) = ∞∑

j=0

bj 0 � jνx h(x) = ∞∑

j=0

bj 0h
(jν)(x).

/
I89ØÖqADI�Y#ð�eFh>�UyL^`jScFt�cFb6h
(1 + a 0 � νx)f(x) = h(x), ν < 0



�S��' ��	��"�+�D.Ô�³��Æ.ãx�x���#���x��Æ��J�������[��������÷x���1	#�#��Æ���õ��7�"�#�x���x�"§
bL�4t�t��

P (z) = 1 + az,b
[P (z)]−1 =

1

1 + az
=

∞∑

j=0

(−az)j , |az| < 1,

sx^`av\Fs`i2yFt�{�t�cFbFt��6yF^`jScFt�cFb6h��8i~��t�s	�S��s`g2p�^`�FbLk�^`c6i	j2i�rLcFiS_vbFp�k eLtlrL�U�]��b6��qiSyL�
f(x) =

∞∑

j=0

(−a)j 0h
(jν)(x),

f(x) =
d

dx

x∫

0

gν(x− ξ)h(ξ)dξ,

� rLt
gν(x) =

∞∑

j=0

(−a)jx−jν
Γ(1− jν) .

X�\L^Skls`cFiDkls`bn}F�FyFb
ν = −1/2

g−1/2(x) = ea
2xerfc(a

√
x), x > 0.

3B{�- � �,��|.� �����.|
����� � |�ï���~����$@y�³��¶����E�
X�k�eL�U\L^`t��FiDkls`i~hFcFcF����aUiS�����qbF FbFt�cFs`iSj�jSt�klgD�f^W�����qt�aFs`bFjScF�z���FyFi`�rLi`eF�O^`t�s2iDklsx^`jD^`s`gDk¨hÇÿDòBùJ÷�5B��ñ�ùAò�°�ô����xú�ñ�õ?Èmó/ô�òB÷*6-ô1�
:o÷oö(�oñ"�"MLY�ð�eFh�yFt�{�t�cFb6hcL^��Fi`eL�`iDklb

(0 < x < ∞)
bLkl�Fi`eLgSp��U�]sSk�h�i~rLcFiDkls`iSyFiScFcFt�t��FyFt�iS�SyL^`p�iSjS^`cFbFt��^`�6eK^Sk�^�b6eLb
�FyFt�iS�SyL^`p�iSjS^`cFbFt³GvtleFeLbFcL^FY

üq�Dkls`g(s`yFt��S�St�sSk�hÚcL^`_Fs`b yFt�{�t�cFbFt�rLyFiS�ScFiS��i �UyL^`jScFt�cFb6h ý§bL�f^`cL^x���bF�UjSb6eFeFh
0f

(ν)(x) + af(x) = h(x), x > 0, ν ∈ (n− 1, n],

�FyFb
cL^~\L^xeLgScFiD�W�Dk�eLiSjSbFb
0f

(ν−k)(0+) = bk, k = 1, 2, . . . , n.� ^xrK^~\L^2��sx^>yFt�{�^xeK^Sk�g>j>yL^`�SiSs`t�� ���Ö�4t�s`i~rLiD�<�FiDk�eLtlrLiSjD^`s`tleLgScF���v�FyFbF�`eLb6��tl�cFbF_nY � rLt�klg
�4�!�FiSa6^x��t���}¬aU^`a iScL^?yFt�{�^`t�sSk¨h.�4t�s`i~rLiD�<�FyFtliS�SyL^`p�iSjD^`cFb6hÂ��^x��6eK^Sk�^FYFw�eL��t��SyL^`bF\Ft�klaDiStq�UyL^`jScFt�cFbFtZrFeFh>s`yL^`cLk��qiSyL�f^`cFs`�

λν f̂(λ) + af̂(λ) = ĥ(λ) +

n∑

k=1

bkλ
k−1,
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eLt���aDi	yFt�{�^`t�sSk¨hnm

f̂(λ) =
ĥ(λ)

λν + a
+

n∑

k=1

bk
λk−1

λν + a
.

ð�eFh iS�SyL^`s`cFiS��i²�FyFt�iS�SyL^`p�iSjD^xcFb6h ��^`�6eK^Sk�^��~rLiS�ScFi²�FyFtlrKklsx^`jSbFs`g²rLyFiS�Sg
λk−1/(λν + a)

jOjSb6rLt
λk−1

λν + a
= λk−ν−1

1

1 + aλ−ν
=

∞∑

j=0

(−a)jλ−γ

� rLt
γ = νj + ν − k + 1

YLX����Fi`eLc6h6h>�FiS\6eLt�cFcFiStqiS�SyL^`��t�cFbFtZyDh6rK^

ú −1{ λk−1

λν + a

}
(x) =

∞∑

j=0

(−a)j ú −1{λ−γ}(x)
kZbLkl�Fi`eLgSp�iSjD^`cFbFt���kliSiSs`cFiS{�t�cFb6h

ú −1{λ−γ}(x) = xγ−1

Γ(γ)
,

cL^x�Di�rLbL�
ú −1{ λk−1

λν + a

}
(x) = xν−k

∞∑

j=0

(−axν)j
Γ(νj + ν − k + 1)

.

� yL^`jScFbFjD^xh
�Fi`eL�U\Ft�cFcF��_�ySh6r.k�k�iSiSsSjStlsDk�sSjS�U�]��bL���FyFtlrKklsx^`j`eLt�cFbFt��HrLjS�D�6�L^x�yL^S�4t�s`yFbF\Ft�klaDiS_v�q�UcFaF FbFb�GvbFs`sx^`�l� ��t����ZeLt�yL^
Eα,β(z) =

∞∑

j=0

zj

Γ(αj + β)
,

jSb6rLbL��}F\Fs`i
ú −1{ λk−1

λν + a

}
(x) = xν−kEν,ν+1−k(−axν).

o�kl�Fi`eLgSp��xh>s`t�iSy6t��4�?i	kljSt�yFs`aUt
(k = 1)

1

λν + a
· ĥ(λ) = ú {xν−1Eν,ν(−axν)} (λ) · ú {h(x)}(λ) =
= ú {(xν−1Eν,ν(−axν)) ? h(x)} (λ),�FyFb6�Si~rLbL�£a
bLklaDiD�4iD�4�?yFt�p���eLgxsx^`s`�Tm

f(x) =

x∫

0

(x− ξ)ν−1Eν,ν(−a(x− ξ)ν)h(ξ)dξ +
n∑

k=1

bkx
ν−kEν,ν−k+1(−axν).
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ð�eFh>i~rLcFiSyFi~rLcFiS��i��UyL^`jScFt�cFb6h

0f
(ν)(x) + af(x) = 0

�Fi`eL�U\L^`t���m6�FyFb
ν ∈ (0, 1)

f(x) = b1x
ν−1Eν,ν(−axν),

^��FyFb
ν ∈ (1, 2)

f(x) = b1x
ν−1Eν,ν(−axν) + b2x

ν−2Eν,ν−1(−axν).=�^Skls`cF��_�k�eL�U\L^`_�sx^`aUiS_�p�^xrK^�\Fb�yL^Sk�k��f^`s`yFbFjD^xeKk�h�j]aFcFbF��t�� '(� m�yFt�{�^xeLiDklg�Fi`eL��rLbL���qt�yFt�cF FbL^xeLgScFiStZ�UyL^`jScFt�cFbFt
0f

(1/2)
x + f(x) = 0, x > 0

kZcL^~\L^xeLgScF�z���Dk�eLiSjSbFt��
0f

(−1/2)
0+ = b.

ý4t�{�t�cFb6t��6i`eL�U\Ft�cFiOj	jSb6rLt`m
f(x) = bx−1/2E1/2,1/2(−

√
x) = b(1/

√
πx− exerfc(

√
x)).

ý4t�{�bL�²s`t��²��tB�4t�s`i~rLiD�Ú^`cL^xeLiS��bF\FcFiSt��UyL^`jScFt�cFbFt¡k��FyFiSbFp�jSi~rLcFiS_��^`�F�Us`i
(ν)
0 f(x) + af(x) = h(x), x > 0, ν ∈ (n− 1, n]�FyFb
cL^~\L^xeLgScF���2�Dk�eLiSjSb6h6�

f (k)(0+) = ck, k = 0, 1, . . . , n− 1.

üqyFt�iS�SyL^`p�i`jD^xcFbFt���^`�6eK^Sk�^�s`t��Ft�yFg	�FyFbFjSi�rLbFsOa
�UyL^`jScFt�cFbF�
f̂(λ) =

ĥ(λ)

λν + a
+

n−1∑

k=0

ck
λν−k−1

λν + a
.

o�kl�Fi`eLgSp��`h?yL^`pleLi���t�cFbFtqjOyDh6r
λν−k−1

λν + a
= λ−k−1

1

1 + aλ−ν
=

∞∑

j=0

(−a)jλ−γ , γ = νj + k + 1

b
jS���Fi`eLc6h6h>iS�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjS^`cFbFtS}

ú −1{λν−k−1
λν + a

}
(x) =

∞∑

j=0

(−a)j ú −1{λ−γ}(x) =
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= xk
∞∑

j=0

(−axν)j
Γ(νj + k + 1)

= xkEν,k+1(−axν)

�FyFb6�Si~rLbL�£a
yFt�p���eLgxsx^`s`�

f(x) =

x∫

0

(x− ξ)ν−1Eν,ν(−a(x− ξ)ν)h(ξ)dξ +
n−1∑

k=0

ckx
kEν,k+1(−axν).

ð�eFh>i~rLcFiSyFi~rLcFiS��i��UyL^`jScFt�cFb6h
(ν)
0 f(x) + af(x) = 0

�Fi`eL�U\L^`t���m6�FyFb
ν ∈ (0, 1)

f(x) = c0Eν(−axν),
^��FyFb

ν ∈ (1, 2)

f(x) = c0Eν(−axν) + c1x Eν,2(−axν).
X<\F^Skls`cFiDkls`bn}FyFt�{�t�cFbFt�p�^xrK^�\Fb

(1/2)
0 f(x) + f(x) = 0, x > 0, f(0+) = c

bL�4t�t�sOjSb6r
f(x) = cE1/2,1(−

√
x) = cexerfc(

√
x).

X�yL^`�SiSs`t�� ª�� }`�FiDklj`hF��t�cFcFiS_O^`cL^xeLbFp�����s`iS_	p�^xrK^�\FbO�FyFiS Ft�k�kl��k
ν ∈ (0, 1)�FyFb6rK^`jD^xeKk¨h�k��4�zk�e@5�ôx÷*67ñ�÷*M³ô�ò/�����+ø3��<"�"�L}K^2�FyFiS Ft�k�kl��k

ν ∈ (1, 2)
d_5�ôx÷*67ñ�õ?È

÷oø0<"���
�1��<"�"M�k�u~\L^Skls`iSs`iS_n|
ω = a1/ν

Y[üqyFb
c0 = 0

yFt�{�t�cFbFt2�UyL^`jScFt�cFb6h.��^x��F�Us`i2bFp��4t�c6hFt�sSk�h�c6t��FyFt�yF��jScFi2�FyFb��Ft�yFtl�Si~rLt�bFc6rFt�a6k�^
ν
bFp�i~rLcFiS_
iS�`eK^Skls`bvjrLyF�U���U��Y � �Si~rFhF��bF_Lk¨h
ySh6r

f(t) = c0

∞∑

k=0

(−1)k (ωt)νk

Γ(νk + 1)

��rLiS�St�cqrFeFh�jS��\FbLk�eLt�cFb6h�yFt�{�t�cFb6h�s`i`eLgSaUiz�FyFb�iSs`cFiDklbFs`tleLgScFi]cFt��Si`eLgS{�b6�ZjSyFtl��4t�cL^x�¬}Ukz�UjStleLbF\Ft�cFbFt��.jSyFt��4t�cFb?klaUiSyFiDkls`g�k��Si~rLbL�4iDkls`b2�L^xrK^`t�s~Y�ð�eFh2�Si`eLgS{�b6�jSyFt��4t�c?eL�U\F{�t�bLkl�Fi`eLgSp�iSjD^xs`gO^SklbL�4�Fs`iSs`bF\Ft�klaUiStqyL^`pleLi~��t�cFbFt

f(t) ∼ −c0
∞∑

k=1

(−1)k (ωt)−νk

Γ(1− νk) , t→∞.
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w]klbL�4�Fs`iSs`bF\Ft�klaUiSt��FiSjStlrLt�cFbFt��FyFb��f^xeL���vb��Si`eLgS{�b6�>jSyFt��4t�cL^x�
iS�FyFtl�rLtleFhFt�sSk¨hv��eK^`jScF�z�4b>\6eLt�cL^S�4b
�Ua6^`p�^`cFcF���2yL^`pleLi~��t�cFbF_

f(t) ∼
{
c0[1− (ωt)ν/Γ(1 + ν)], t→ 0+;
c0(ωt)

−ν/Γ(1− ν), t→∞.�]sS�4t�s`bL��}n\Fs`i?rLyFiS�ScFiSt��UyL^`jScFt�cFbFt�yFtleK^`a6k�^` FbFb
(0 < ν < 1)

�Fi
klyL^`j`�cFt�cFbF�¡k]iS�S��\FcF�z�
(ν = 1)

rK^`t�s��Si`eLt�t]�S�zkls`yF�U��yFtleK^`aUk�^` FbF��cL^��f^xeL���2jSyFtl��4t�cL^x�
b��Si`eLt�t��4tlrFeLt�cFcF�U�!d?cL^	�Si`eLgS{�b6�¬Y5ð�yFiS�ScFiSt��UyL^`jScFt�cFb6t�iDkl Fb6eFeFhF FbF_
(1 < ν < 2)

iS�FbLkl��jD^`t�svp�^`s`�D�U^`�]��bFt2aUi`eLt��D^`cFb6hn}��Ft�yFtl�Di�rFhF��bFt?j��U�S��jD^`�z����U��kls`t��Ft�cFcF�U���q�UcFaF FbF��Y#=qbLk�eLi?aUi`eLt��D^`cFbF_vb�b6��^S�4�6eLbFs`�~rK^?jSiSplyL^Sklsx^`�]s�Fi	�4t�yFt��FyFbF�`eLb6��t�cFb6h
ν
av�6Y

3B{�3 � �,��|.��� î ~�ç�ð���Û e ����~��
ýf^Sk�k��4iSs`yFt�cFcF��tqjS��{�tq�UyL^`jScFt�cFb6h>kli~rLt�yS�O^xeLb?eLbF{�gOi�rLbFc>\6eLt�cvkZ�FyFi`�bFp�jSi~rLc6iS_nY � t�_F\L^Sk��4��p�^`_L�4t��fk�h
�UyL^`jScFt�cFbFt��£kZrLjS�6�8h?rLyFiS�ScF�z�4b
�FyFiSbFp�jSi~rF�cF�z�4b
yL^`pleLbF\FcF���>�6iSyDh6rLaUiSjLm

0f
(µ)
x + a 0f

(ν)
x = h(x), 0 < ν < µ < 1.X����Fi`eLcFbFjO�FyFt�iS�SyL^`p�iSjS^`cFbFt���^`�6eK^Sk�^

(λµ + aλν)f̂(λ) = c+ ĥ(λ), c = 0f
(µ−1)(0+) + a 0f

(ν−1)(0+)cL^`_6rLt��£s`yL^`cLk��qiSyL�f^`cFs`�2yFt�{�t�cFb6h

f̂(λ) =
c+ ĥ(λ)

λµ + aλν
.�qt�s`yF��rLcFi	jSb6rLt�s`gL}6\Fs`i

f̂(λ) = [c+ ĥ(λ)]

∞∑

j=0

(−a)jλ(ν−µ)j−µ

�FyFtlrKkls~^`j`eFhFt�sZkliS�SiS_ZeK^`�6eK^SkliSjDklaFbF_�iS�SyL^`pf�FyFiSbFp�jStlrLt�cFb6h�kls`t��Ft�cFcFiS_��q�UcFaF FbFb
xµ−1

b?rLjS�D�6�L^`yL^S�4t�s`yFbF\Ft�klaUiS_
�q�UcFaF FbFb�GvbFs`sx^`�l� ��t����ZeLt�yL^Fm
ú −1




∞∑

j=0

(−a)jλ(ν−µ)j−µ


 (x) = xµ−1Eµ−ν,µ(−axµ−ν) ≡ G(x).

X�cFiSjSg�bLkl�Fi`eLgSp��`h?s`t�iSyFt��4�?i	kljSt�yFs`aUtS}6�FyFb6�Di~rLbL�£a>jS��yL^x��t�cFbF�

f(x) = cG(x) +

x∫

0

G(x− ξ)h(ξ)dξ, (9.9.1)
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G(x)
bL�4t�t�s k��4�zk�e �q�UcFaF FbFb CnyFbFcL^ yL^Sk�k��f^`s`yFbFjD^`t��4iS��i�UyL^`jScFt�cFb6hnm

0 � µxG+ a 0 � νxG = δ(x), G(x) = xµ−1Eµ−ν,µ(−axµ−ν), 0 < ν < µ < 1.

üqyFbFjStlrLt�� �q�6c6aF FbFbBCnyFbFcL^�t���t�rFeFh	cFt�klaUi`eLgSaFb6���FyFiDkls`���O�UyL^`jScFt�cFbF_nm
a 0 � νxG(x) = δ(x), G(x) =

xν−1+

aΓ(ν)
;

a 0 � νxG(x) + bG(x) = δ(x), G(x) = (1/a)xν−1Eν,ν(−(b/a)xν); (9.9.2)

a 0 � αxG(x) + b 0 � βxG(x) + cG(x) = δ(x), α > β,

G(x) =
1

a

∞∑

k=0

(−1)k
k!

( c
a

)k
xα(k+1)−1E(k)

α−β,α+βk(−(b/a)xα−β). (9.9.3)

X<�6iDk�eLtlrLcFt���k�eL�U\L^`tqs`yL^`cLk��qiSyL�f^`cFsx^O�q�UcFaF FbFb�CnyFbFcL^
Ĝ(λ) =

1

aλα + bλβ + c
,

�FyFbFjSi�rLbFsSk�h
a
jSb6rL�

Ĝ(λ) =
1

c

cλ−β

aλα−β + b

1

1 + cλ−β/(aλα−β + b)
=

1

c

∞∑

k=0

(−1)k
(

cλ−β

aλα−β + b

)k+1
,

iS�SyL^`s`cFiSt��FyFt�iS�SyL^`p�iSjD^xcFbFt¬��^`�6eK^Sk�^	aUiSs`iSyFiS��i?jS���Fi`eLc6hFt�sSk�h k��FyFbL�4t�cFt�cFbFt���qiSyL�4��eL�
E
(k)
α,β(z) ≡

dk

dzk
Eα,β(z) =

∞∑

j=0

(j + k)!zj

j!Γ(α(j + k) + β)
.

b>rK^`t�sO�q�UcFaF FbF�*¤jÑFY ÑFY �D¦�Y
3B{�z?> ; ����ï�~��,~����}�}�E|����,��ï�~�¹iæ����|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�¹iæ |³���,�����³|���|�æ

�]��yL^`cFbF\Ft�cFb6h�cL^WaUiD�f�4�Usx^`s`bFjScFiDkls`g�b<�FyL^`jSb6eLi�k�eLi~��tlcFb6h<�FiSyDh6rLaDiSj�FyFb��FiDk�eLtlrLiSjD^`s`tleLgScFiD�£�FyFbL�4t�cFt�cFbFb�rLyFiS�ScF���
iS�Ft�yL^`s`iSyFiSj	�FiS�S�D�OrK^`�]s2jSjStl�kls`bO�FiSc6hFs`bFt�øB÷oøBù-�/öoñ�÷�°2÷³5
���%�XòÀô�òBñ"<"�����xú�ñ�÷�°*÷e÷7óxòÀô1�oùJ÷-ô1�x}x�FyFtlrKklsx^`j`eFhF�]��t���ikliS�SiS_>�FyFiSbFp�jStlrLt�cFbFt�iS�FtlyL^`s`iSyFiSjL}6cFt��Fi�rL\FbFc6hF�]��b6�Uk�h
p�^`aUiScF�?k�eLi~��t�cFb6h
�Fi`�yDh6rFaUiSjLm
a � 〈ν1,ν2,...,νk〉x ≡ a � ν1x a � ν2x . . . a � νkx .
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νj
i�rLcFiS��i�p�cL^`a6^F}Us`i�iS�Ft�yL^`s`iSy2��s`iSsOkliSjS�L^xrK^`t�s�k]iS�Ft�yL^`s`iSyFiD� rLyFiS�`�cFiS��i�rLbL���qt�yFt�cF Fb6yFiSjD^`cFb6h
kl�6�f�f^`yFcFiS��i��FiSyDh6rLa6^F}

a � 〈ν1,ν2,...,νk〉x ≡ a � ν1+ν2+...+νkx .

XH�FyFiSs`bFjScFiD��k�eL�U\L^`tS}UyFt�p���eLgxsx^`s�p�^`jSbLklbFs�iSs��FiSyDh6rLaU^�k�eLtlrLiSjD^`cFb6h2bFc6rLt�a6kliSjLY
üqiSa6^x��t�����s`i�cL^��FyFbL�4t�yFtS}F�Fy6bFjStlrLt�cFcFiD��j�� �0� Y#ýf^Sk�k��f^`s`yFbFjD^`�]sSk�h>s`yFbrLbL���qt�yFt�cF FbL^xeLgScF���2�UyL^`jScFt�cFb6h
k

0 < ν < 1
m

a) � xu ≡ 0 � 1−ν+νx u(x) = h(x),

b) 0 � 〈1−ν,ν〉x v(x) ≡ 0 � 1−νx 0 � νxv(x) = h(x),b
c) 0 � 〈ν,1−ν〉x w(x) ≡ 0 � νx 0 � 1−νx w(x) = h(x).�]�S��t�tqy6t�{�t�cFbFt��Ft�yFjSiS��i��UyL^`jScFt�cFb6h

a) u(x) =

x∫

0

h(ξ)dξ + a,

� rLt
a
d��FyFiSb6p�jSi`eLgScL^xh��FiDkls`i~hFcFcL^xhnY(=qs`iS�S��cL^`_Fs`b	�q�UcFaF FbF�

v(x)
}x�Fi~rLt�_Lkls`jS�D�t���cL^OiS�Stq\L^Skls`bvjSs`iSyFiS��iO�UyL^`jScFt�cFb6hvklcL^~\L^xeK^�iS�Ft�yL^`s`iSyFiD�

0 � ν−1x

}K^Op�^`s`t��£diS�Ft�yL^`s`iSyFiD�
0 � −νx YLX�yFt�p��~eLg~sx^`s`tq�Fi`eL�U\FbL�

b) v(x) =

x∫

0

h(ξ)dξ + b1 + b2x
ν−1.

ý4t�{�^xh>s`yFt�s`gSt��UyL^`jScFt�cFbFtS}F�4���FyFbL�4t�cFbL�HklcL^�\L^xeK^
0 � −νx }L^�p�^`s`t���d 0 � ν−1x

m

c) w(x) =

x∫

0

h(ξ)dξ + c1 + c2x
−ν .

ð�iS�Fi`eLcFbFs`tleLgScF��t�k�eL^`�l^`t��4��tq�Fi~hFj`eFhF�]sSk¨h
jDk�eLtlrKkls`jSbFt�kliSiSs`cFiS{�t�cFbF_
0 � γxxγ−1 ≡ 0, 0 � γ−1x xγ−1 = Γ(γ), γ = ν, 1− ν.� ^S�4t�s`bL��}F\Fs`iOjOs`iOjSyFt��8hn}6a6^`a>iS�S��t�tZyFt�{�t�cFbFtq�UyL^`jScFt�cFb6h>�Ft�yFjSiS��i��FiSySh6rLa6^kli~rLt�yS�	bFs~}6a6^`a?b>�Fi`eLi~��tlcFiL}Ui~rLcF�	�FyFiSbFp�jSi`eLgScF�U�¢�FiDkls`i~hFcFcF�U��}UiS�S��bFtZyFt�{�tl�cFb6h��UyL^`jScFt�cFbF_�k�kliDklsx^`jScF�z�4b�kl�6�f�f^`yFcFiS��iZ�FiSyDh6rLa6^F}~yL^`jScFiS��i��S}`kli~rLt�yS�O^`sZ�FirLjStZ�FiDkls`i~hFcFcF���¬Y5üqyFb

ν = 1/2
yFt�{�t�cFb6h v ¦Öb Q ¦�kliSjS�L^xrK^`�]s~}D�FyFb ν 6= 1/2

iSsx�eLbF\L^`�]sSk�h�rLiS�Fi`eLcFbFs`tleLgScF�z�4bOk�eK^`�l^`t��8�z�4bn}~rK^`�]��bL�4b�jqcF��eLt�klbFcF����eFhFyFcFiDkls`byL^`p�cF�����FiSyDh6rLaUiSjLY¬wzjSs`iSyF�!yL^`�SiSs`� � �0�§iSsS�4t�\L^`�]s~}n\Fs`i
jSjStlrLt�cFbFtOkliDklsx^`jScF���
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iS�Ft�yL^`s`iSyFiSj��UjStleLbF\FbFjD^`t�s�\FbLk�eLiHkljSiS�Si�rLcF���H�FiDkls`i~hFcFcF����b��FiSs`yFt��ScFiDkls`g£j�Si`eLgS{�t��¢\FbLk�eLt?cL^~\L^xeLgScF��� �Dk�eLiSjSbF_n}�cFt�iS���Di~rLbL�4����rFeFh�i~rLcFiSp�cL^�\FcFiS��ivjS����SiSyL^�yFt�{�t�cFb6hnY

X<yF^`�SiSsSt�� �*�nyL^Sk�k��f^`s`yFbFjD^xeKk�h
kliDkls~^`jScFiS_>iS�Ft�yL^`s`iSy
0 � α,βx ≡ 0 � 〈(α−1)β,1,(α−1)(1−β)〉x = 0 � β(1−α)x � x 0 � (1−β)(1−α)x , α ∈ (0, 1), β ∈ [0, 1].

©�yFbv�UyL^`jScFt�cFb6h?yL^Sk�k��4iSs`yFt�cF���FyFb
cL^~\L^xeFgScFiD���Dk�eLiSjSbFb

0f
(−(1−β)(1−α))(0+) = b

kZbLkl�Fi`eLgSp�iSjD^`cFbFt����qiSyL�4�~eF���FyFtliS�SyL^`p�iSjD^`cFb6hnm

ú {0 � α,βx f(x)
}
(λ) = λαf̂(λ)− λβ(α−1) 0f (−(1−β)(1−α))0+ (0+).

üqt�yFjSiStZ�UyL^`jScFt�cFbFtSm
0 � α,βx f(x) = 0. §��iOyFt�{�t�cFbFt

f(x) = b
x(1−β)(α−1)

Γ((1− β)(α− 1) + 1)
.

X�s`iSyFiStq�UyL^`jScFt�cFbFtSm
0 � α,βx f(x) = a. §��iOyFt�{�t�cFbFt

f(x) =
axα

Γ(α+ 1)
+ b

x(1−β)(α−1)

Γ((1− β)(α− 1) + 1)
.

©�yFt�s`gSt��UyL^`jScFt�cFbFtSm
0 � α,βx f(x) + af(x) = 0. §��iOyFt�{�t�cFbFtSm

f̂(λ) = b
λβ(α−1)

a+ λα
= b

∞∑

j=0

(−a)jλ−αj−γ , γ = α+ β(1− α),

f(x) = bxγ−1
∞∑

j=0

(−axα)j
Γ(αj + γ)

= bx(1−β)(α−1)Eα,α+β(1−α)(−axα).
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3B{�z�z ����|
�
�l�,~�~�|�� î ����ï�~��,~���� 8 ���E¶��

©�^`a�cL^`p���jD^`t�sSk¨h.bFcFs`t���yL^xeLgScFiSt	�UyL^`jScFt�cFbFt	�Ft�yFjSiS��ivyFi�rK^vkOeLbFcFt�_FcFiS_kl�U�Ft�yF�FiSp�bF FbFt�_?eLt�jSiS��i�b
�FyL^`jSiS��i�rLyFiS�ScF���?bFcFs`t���yL^xeFgScF���>iS�Ft�yL^`s`iSyFiSj
u −∞ � νxf(x) + v x � ν∞f(x) = h(x),

k]�FiDkls`i~hFcFcF�z�4b?aUiS�����qbF FbFt�cFs~^S�4b
u
b
v
� ��� YL�]cFi��4i~��t�s��S��s`g��FyFtlrKklsx^`j`eLt�cFikZ�FiD�4iS��gS�¡�qtleFeLt�yFiSjDklaUiS��i��FiSs`t�cF FbL^xeK^

� νu,vf(x) ≡ 1

Γ(ν)

∞∫

∞

c1 + c2sign(x− ξ)
|x− ξ|1−ν f(ξ)dξ = h(x),

� rLt
c1 = (u+ v)/2, c2 = (u− v)/2, c21 + c22 6= 0, 0 < ν < 1

Y
ý4t�{�t�cFbFt���s`iS��i]�UyL^`jScFt�cFb6h��4i~��t�sZ�S��s`g]�FyFtlrKklsx^`j`eLt�cFi]j]i~rLcFiS_�bFpÖrLjS�D��qiSyL��m

f(x) =
ν

AΓ(1− ν)

∞∫

−∞

c1 + c2sign(x− ξ)
|x− ξ|1+ν [h(x)− h(ξ)]dξ

b

f(x) =
ν

AΓ(1− ν)

∞∫

0

[(u+ v)h(x)− uh(x− ξ)− vh(x+ ξ)]ξ−1−νdξ,

� rLt
A = 4[c21 cos

2(νπ/2) + c22 sin
2(νπ/2)]

Y
ýf^Sk�k��4iSs`yFbL�£�Fi~rLyFiS�ScFt�t]rLjD^�jD^x�	cF���?\L^Skls`cF���>k�eL�U\L^xhnm

∞∫

−∞

ϕ(ξ)dξ

|x− ξ|1−ν = h(x)

b
∞∫

−∞

sign(x− ξ)φ(ξ)dξ
|x− ξ|1−ν = h(x).

��^`a?k�eLtlrL�St�s�bFpZjS��{�t�bFpleLi���t�cFcFiS��iL}SyFt�{�t�cFb6h?��s`b6�2�UyL^`jScFt�cFbF_	rK^`�]sSk�h>kliSiSsx�cFiS{�t�cFb6hL�4b
ϕ(x) =

ν

2π
tg
(νπ

2

) ∞∫

−∞

h(x)− h(ξ)
|x− ξ|1+ν dξ,
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b

φ(x) =
ν

2π
ctg
(νπ

2

) ∞∫

−∞

h(x)− h(ξ)
|x− ξ|1+ν sign(x− ξ)dξ.

©�^`aFbL� iS�SyL^`p�iD��}*�4� �Fi`eL�U\Fb6eLb�iS�Ft�yL^`s`iSyF��}*iS�SyL^`s`cF��t �FiSs`t�cF FbL^xeK^S�
Mν
u,v, R

ν ,
b
R′ν

kliSiSs`jSt�sSkls`jSt�cFcFiLYRð�eFh.rLiDklsx^`s`iS\FcFiv�SiSyFiS{�b6�.�q�UcFaF FbF_���s`bjS��yL^x��tlcFb6hv�8iS���UsO�S��s`gO�FyFtlrKklsx^`j`eLt�cF�¢j	jSb6rFt

f(x) =
1

AΓ(1− ν) � x
∞∫

−∞

c2 + c1sign(x− ξ)
|x− ξ|ν h(ξ)dξ,

ϕ(x) =
1

2π
tg
(νπ

2

) � x ∞∫

−∞

sign(x− ξ)
|x− ξ|ν h(ξ)dξ,

b
φ(x) =

1

2π
ctg
(νπ

2

) � x ∞∫

−∞

h(ξ)dξ

|x− ξ|ν .

3B{�z�± ; ����ï�~��,~������8�����¹�������Â�E¶��,~�~�¹iæ¯�
��|�������çB��æ¯�

 Ök�eLbWeLbFcFt�_FcFiSt	rLbL���qt�yFt�cF FbL^xeLgScFiStO�UyL^`jScFt�cFbFt2kli~rLt�yS�	bFs��FyFiSbFp�jSi~rF�cF��t� FtleF�����FiSyDh6rLaDiSj
f (n1)(x), f (n2)(x), . . . , f (nm)(x)

k��Fi`eLi~�	bFs`tleLgScF�z�4b�FiDkls`i~hFc6cF�z�4b
aUiS�����qbF FbFt�cFs~^S�4b
p1, . . . , pm

}




m∑

j=1

pj � njx


 f(x) + af(x) = h(x),

m∑

j=1

pj = 1,
m∑

j=1

nj = n,

s`i	kli~rLt�yS�	bL�4iSt��qbF���UyFcF���>klaDiS�SiSa>�4i~��t�sOyL^Sk�k��f^`s`yFbFjD^`s`gDk�h?aU^`a?rLbL���qt�yFt�c6� FbL^xeLgScF��_ iS�Ft�yL^`s`iSy �FiSyDh6rLa6^
n
}nyL^Skl�FyFtlrLtleLtlcFcFiS��i
�FivcL^`s`�UyL^xeLgScF�z�<p�cL^~\Ftl�cFb6hL�

n1, . . . , nm
kqiSs`cFiDklbFs`tleLgScF�z�4bvjSt�k�^S�4b.¤�u~jSt�yFi~hFs`cFiDkls�hL�4bn|D¦

p1, . . . , pn
}kliSiSs`jSt�sSkls`jSt�cFcFiLY�üqi`eK^`�l^xh�jSt�k�^�cFt��FyFt�yF��jScFi yL^Skl�FyFtlrLtleLt�cFcF�z�4b��Fi iSs`yFt�p�aF�

[a, b]
}L�4i~�	cFiOiS�SiS�S��bFs`g���s`iO�UyL^`jScFt�cFbFtSm




∞∫

−∞

w(ν) a � νxdν


 f(x) + af(x) = h(x), w(ν) ≥ 0, −∞ < ν <∞,

∞∫

−∞

w(ν)dν = 1.
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ð�bL���qt�yFt�cF FbL^xeLgScF��_
iS�Ft�yF^`sSiSy
�FiSyDh6rLaU^

ν
}LyL^Skl�FyFtlrLtleLt�cFcFiS��i2k��6eLiSs`cFiDkls`gS�

w(v)
}D�S��rLt�� iS�SiSp�cL^~\L^xs`g�\Ft�yFtlp

a � {ν;w(·)}x

}Ds~^`a2\Fs`i�p�^`�FbLk�^`cFcFiSt�jS��{�tz�UyL^`jScFtl�cFbFt��FyFbL�4t�sOjSb6r�m
a � {ν;w(·)}x f(x) + af(x) = h(x).� eLtlrL�St�s~}�i~rLcL^`aDiL} �FyFtlrLiDkls`t�yFt�\Fg \FbFsx^`s`tleFhnm�bFcFs`t�yF�FyFt�s`bFyF�`hbFcFs`t���yL^xeLgScFi`� rLbL���qt�yFt�cF FbL^xeLgScF��_ÎiS�Ft�yL^`s`iSy a6^`a iS�Ft�yL^`s`iSy

a � νx �DklyFtlrF�cFt�cFcF��_
�Fi	k�eL�U\L^`_FcFiD�4�2�FiSyDh6rLaF�
ν
}

a � {ν;w(·)}x = 〈a � νx〉,cFtÖk�eLtlrL�`t�s]kl\Fb6sx^`s`gL}�\Fs`izyFt�{�t�cFbFtÖkliSiSs`jSt�sSkls`jS�U�]��t���i��UyL^`jScFt�cFb6h��4i~��t�s��S��s`gcL^`_6rLt�cFi��F�Us`t��¡^`cL^xeLiS��bF\FcFiS��iv�DklyFtlrLcFt�c6b6h�yFt�{�t�cFb6h��UyL^`jScFt�cFb6h�k2iS�Ft�yF^`sSi`�yFiD�
a � νx �FiOjDklt��£jSiSp��4i��	cF�z��p�cL^~\Ft�cFb6hL� ν }F�FiDklaDi`eLgSaF�

〈 a � νxf(x; ν)〉 6= 〈 a � νx〉〈f(x; ν)〉.
3B{�z¸ä ; ����ï�~��,~����� ���,���.æ��,~�~�¹iæ¯� ç�|��©���8��ð����,~��.��æ¯�

X���{�t>�4�*yL^Sk�k��f^`s`yFb6jD^xeLb��UyL^`jScFt�cFb6h£k2�FiDkls`i~hFc6cF�z�4b£aUiS�����qbF FbFt�c6�sx^S�4bnY�üqyFbFjStlrLt��<�FyFbL�4t�y.yFt�{�t�cFb6h�rLyFiS�ScFiS��i>�UyL^`jScFt�cFb6h k��Ft�yFt��4t�cFcF�z�¢aUi`������qbF FbFt�cFs`iD��}6yL^Sk�k��4iSs`yFt�cFcF��_
j�� ��� m
0 � νxf(x) = a−µ � nx(x2µf(x)), µ = n− ν > 0.� rLt�klg

n = 1
¤ s`i t�kls`gL}

ν = 1 − µ
¦�}ft�k eLb

0 < µ < 1
}
n = 2

¤ s`i t�kls`g
ν =

2 − µ ¦�}¬t�k�eLb 1 < µ < 2
b�s~Y rnY[üqyFb�cL^~\F^xeLgScF�����Sk�eLiSjSb6h6�

f (k)(0+) = 0, k =
0, 1, 2, . . . , n− 1

iScFiO��a6jSbFjD^xeLt�cFs`cFi�rLyFiS�ScFiD�4�2bFcFs`t���yL^xeLgScFiD�4�2�UyL^`jScFt�cFbF�
x2µf(x) = aµ 0 � −µx f(x). (9.13.1)

üqyFb
a = π

b
µ = 1/2

iScFiO�FyFt�jSyL^`��^`t�sSk�h?jO�UyL^`jScFt�cFbFt�wz�StleFh

xf(x) =

x∫

0

(x− ξ)−1/2f(ξ)dξ,

yFt�{�t�cFbFtqaUiSs`iSyFiS��i�cL^x�Di~rLbFsSk¨hv�4t�s`i�rLiD�£�FyFt�iS�SyL^`p�iSjD^xcFb6h���^`�6eK^Sk�^Fm
f(x) = x−3/2 exp(−π/x).XHyL^`�SiSs`t¬� ���TcL^`_6rLt�cFi�yFt�{�t�cFbFtZ�UyL^`jScFtlcFb6h ¤jÑFY �
�FY �~¦8rFeFh?�FyFiSbFp�jSi`eLgScF���	cFt� Ftl�eL���?�Fi`eLi~�	bFs`tleLgScF���

µ
m

f(x) =
aq

Γ(q)
x−q−1 exp(−a/x), a > 0, x > 0.
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X¡kl�FyL^`jStlrFeLbFjSiDkls`b�t���i?eLt���aDi>�U�StlrLbFs`gDk�h��FyShL�4iS_ �Fi~rKkls~^`cFiSjSaUiS_�t���i>�Fi�r bFc6�s`t���yL^xevb>�FiDk�eLtlrL�U�]��t�_>p�^S�4t�cFiS_
�6t�yFt��4t�cFcFiS_

ξ = ax/(xz + a)
m

aµ 0 � −µx f(x) =
aµ

Γ(µ)

aq

Γ(q)

x∫

0

(x− ξ)µ−1ξ−q−1e−a/ξdξ =

=
aµ

Γ(µ)

e−a/x

xq+1−2µ
1

Γ(q)

∞∫

0

zµ−1e−zdz

(xz + a)q−µ
.

üqyFb
q = µ

iDkls~^`jS{�bF_Lk�h?bFcFs`t���yL^xevt�kls`g	�FyFiDkls`i
Γ(µ), µ > 0

}F�FiS��s`iD�4�

aµ 0 � −µx f(x) =
aµ

Γ(µ)

e−a/x

x1−µ
= x2µf(x),

\Fs`i	b>p�^`a6^`cF\FbFjD^`t�s�rFiSa6^`p�^`s`tleLgDkls`jSiLY©nt��Ft�yFg	yL^Sk�k��4iSs`yFbL�£�UyL^`jScFt�cFbFt
0 � νxf(x)− axβf(x) = 0, x > 0, ν > 0, β > −ν, a ∈ R

Q cL^~\L^xeLgScF�z�4b>�Dk�eLiSjSb6hL�4b
af

(ν−k)(0+) = bk, k = 1, 2, . . . , n.

�]cFiO��aFjSbFjD^xeLt�c6sSc6iObFcFs`t���yL^xeLgScFiD�4�2�UyL^`jScFt�cFbF�¡X�i`eLgxs`t�yFyF�¢jSs`iSyFiS��i�yFi~rK^

f(x) = f0(x) +
a

Γ(ν)

x∫

0

ξβf(ξ)dξ

(x− ξ)1−ν ,

� rLt
f0(x) =

n∑

j=1

bj
Γ(ν − j + 1)

xν−j .

üqyFbL�4t�cFbFjOa
cFt��4�>�4t�s`i�r��6iDk�eLtlrLiSjD^`s`tleLgScF���2�FyFbF�`eLb6��t�cFbF_n}F�Fi`eL�U\FbL�

fm(x) =

n∑

j=1

bjx
ν−j

Γ(ν − j + 1)

[
1 +

m∑

k=1

ck
(
axν+β

)k
]
,

� rLt
ck =

k∏

r=1

Γ[r(ν + β)− j + 1]

Γ[r(ν + β) + ν − j + 1]
.
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[§kls`yFt��8eFh6h

m
a.�St�klaUiScFt�\FcFiDkls`b bWbLkl�Fi`eLgSp��`h yL^`pleLi~��t�cFbFt	jvyDh6rWs`yFtl�6�L^`yL^x��4t�s`yFbF\Ft�klaDiS_��q�UcFaF FbFb�GvbFs`sx^`�l� ��t����ZeLt�yL^F}U�FyFb6�Di~rLbL�£a
�qiSyL�4�~eLt

f(x) =
n∑

j=1

bjx
ν−j

Γ(ν − j + 1)
Eν,1+β/ν,1+(β−j)/ν

(
λxν+β

)
.

X<\L^Skls`cFiDkls`bn}6j	bFcFs`t�yFjD^xeLtq�FiSyDh6rLaDiSj
0 < ν < 1

p�^xrK^~\L^��qiS{�b
0 � νxf(x)− axβf(x) = 0, 0f

(ν−1)(0+) = b,

bL�4t�t�sOyFt�{�t�cFbFt

f(x) =
b

Γ(ν)
xν−1Eν,1+β/ν,1+(β−1)/ν

(
axν+β

)
.
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X�^x�	cFt�_F{��U�HyFi`eLgqjZrFbFcL^S�4bFaUt�yL^Skl�FyFtlrLtleLt�cFcF����klbLkls`t���bF��yL^`�]sq�UyL^`j`�cFt�cFb6h�jZ\L^Skls`cF�����FyFiSbFp�jSi~rLcF���¬Y~XWk�eL�U\L^`t�i�rLcFiD�4t�yFcFiS_�klbLkls`t��4��¤

x
dqaDiSiSyDrLb6�cL^`sx^F}

t
d�jSyFt��8hK¦§�Fy6iDkls`t�_F{�bFtZ�UyL^`jScFt�cFb6h�¤¥kz�FiDkls`i~hFcFcF�z�4b2aUiS�����qbF FbFt�cFsx^S�4bb
yL^`plrLt�eLt�cFcF�z�4b
�Ft�yFt��4t�cFcF�z�4bK¦�bL�4t��]s	jSb6r

∂mf(x, t)

∂tm
=
∂nf(x, t)

∂xn
+ h(x, t), m, n = 1, 2, . . . , t > 0, −∞ < x <∞.

 ]iSs�hvj2�FyL^`aFs`bFaUt�yFt�{�t�cFb6h��qbFp�bF\Ft�kla6b6�vp�^xrK^�\vjDkls`yFt�\L^`�]sSk�h�bvjS�zkl{�bFt�p�cL^x�\Ft�cFb6h��FiSyDh6rLaDiSj
m
b
n
}Ö Ft�cFs`yL^xeLgScFiSt��4t�kls`i£p�^`cFbL�f^`�]s��Ft�yFjS��tvb<jSs`iSyF��t�FyFiSbFp�jSi�rLcF��tSY$��^`bF�Si`eLt�tZ�FiS�F��eFhFyFcF�z�4bv�4i~�	cFi	kl\FbFsx^`s`g60���
���xøBù���þ5ò!ø0��÷oò
∂f(x, t)

∂t
=
∂f(x, t)

∂x
+ h(x, t),5
�"�K�94�:���÷7ñ�ñ�÷oò

∂f(x, t)

∂t
=
∂2f(x, t)

∂x2
+ h(x, t)

bnöo÷��xñ�÷oöo÷oò
∂2f(x, t)

∂t2
=
∂2f(x, t)

∂x2
+ h(x, t)

�UyL^`jScFt�cFb6hnY



�(�S� ��	��"�+�>�;:7:e�o�"�#�x���x�"§Ç��ô��1���5��Æ('D&x���x���
�#�>����Æ('
üqi~�O^xeL�U_n}Dk�^S�4�z�WbFcFs`yFbF���U�]��bL��j�bFs`iS��t]iS�SiS�S��t�cFb6h	��s`b6�2�UyL^`jScFt�cFbF_cL^�jSt���t�kls`jSt�cFcF��tq�FiSySh6rLaFb
�FyFiSbFp�jSi~rLcF���¬}

∂ωf(x, t)

∂tω
=
∂αf(x, t)

∂xα
+ h(x, t), ω, α ∈ R, t > 0, −∞ < x <∞,

hFj`eFhFt�sSk�h£jSiSp��8i~�	cFiDkls`g�cL^`�`eL��rK^`s`g ��jSi`eL�] FbF��yFt�{�t�cFbF_��FyFb�ñxòBó/ô�òÀôxõ�öoñ�÷*ÿ�1:!ÿDòBñxòBñ"�"��ó��*ô1�!ÿDòBù�ôx÷oö
ω
b
α
YTX����Di�r�bFp�cFt�klaDi`eLgSaFb6�£u~a6eK^Sk�klbF\Ft�k�aFb6�¬|?s`i`�\Ft�a.k� FtleLiS\FbLk�eLt�cFcF�z�4b aUiSiSyDrLbFcL^`s~^S�4b j>�6eLiDklaUiDkls`g

(ω, α)
�St�klaDiScFt�\FcFi>iS�Si`��l^`��^`t�s�aUi`eFeLt�aF Fb6�ByFt�{�t�cFbF_
b
rK^`t�sOcL^xrLtl�OrL��cL^O�Skl�Ft�{�cFiSt��FyFbL�8t�cFt�cFbFt�b6�av�qbFp�bF\Ft�klaFbL��}Fs`tl�6cFbF\Ft�k�aFbL��b>rLyF�U��bL�£p�^xrK^~\F^S��YGv��cL^~\Fc6t���kq�FyFiDkls`t�_F{�t�_>p�^xrK^~\Fb
�qiS{�b?rFeFh
�UyL^`jScFt�cFb6h

∂f(x, t)

∂t
+ 0 � αxf(x, t) = 0, x > 0, t > 0, α ∈ (0, 1), f(x, 0) = F (x).

(10.1.1)� \FbFsx^xh
t
aDiSiSyDrLbFcL^`s`iS_n}�^

x
d]jSyFt��4t�cFt���}�^`jSs`iSyF�.yL^`�SiSs`�@� �0�DcL^`p�jD^xeLbqt���iD÷*67÷*6*�ÀAòBñ�ñ�õ[ÿ öo÷��xñ�÷oöoõ[ÿt4Bô��/öoñxòBñ"��òÀÿ�Y/ð�eFh

α = 1/2
t���i�yFtl{�t�cFbFtZ�S��eLi�cL^`_6rLt�cFi�jyL^`�SiSs`t-� �*�nb
�FyFtlrKkls~^`j`eLt�cFiOjOjSb6rLt

f(x, t) =
t√
4π

x∫

0

F (x− ξ)ξ−3/2 exp(−t2/4ξ)dξ.

X����Fi`eLc6h6h��FyFt�iS�SyF^`p�iSjD^`cFbFt���^`�6eK^Sk�^O�UyL^`jScFt�cFb6h�¤ ���FY �SY �~¦��Fi
x
b��U\Fb6�s`��jD^xhn}?\Fs`i

exp(−λα) t�kls`g*s`yL^`cLk��qiSyL�f^`c6sx^/i�rLcFiDkls`iSyFiScFcFt�_��Dkls`iS_F\FbFjSiS_�6eLiSs`cFiDkls`b
g+(x;α)

}6eLt���aUiOjS��yL^`p�bFs`g�\Ft�yFt�pq��s`�?�6eLiSs`cFiDkls`gOyFt�{�t�cFbFt	¤ ���FY �SY �~¦�FyFb
�FyFiSbFp�jSi`eLgScFiD�
α ∈ (0, 1)

m

f(x, t) = t−1/α
x∫

0

F (x− ξ)g+(t−1/αξ;α)dξ.

��^`�FiD�4cFbL��}6\Fs`i
g+(x; 1/2) =

1

4π
x−3/2 exp(−1/4x),

sx^`a	\Fs`i��Fi`eL�U\Ft�cFcF��_	yFt�p���eLgxsx^`s�kliS� eK^Skl�St�sSk¨h	k��FyFbFjStlrLt�cFcF�z�.jS��{�t�\L^Skls`cF�z�k�eL�U\L^`t���Y�qt�s`yF�~rLcFiOjSb6rLt�s`gL}6\Fs`i	t�k�eLb
F (x) > 0

b ∫∞
−∞ F (x)dx = 1

}Fs`i
∞∫

−∞

f(x, t)dx =

∞∫

−∞

F (x)dx = 1



�;:"¥¦�¡f6�����#�x�N1��/�1	�	R�����5��ôx�&�1ã>�x�A���#�������x�x� �(��Ñ
b>�q�UcFaF FbFb

f(x, t)
�4i���t�s��S��s`g��FyFb6rK^`c>k��4�zk�e
�6eLiSs`cFiDkls`b>jSt�yFi�hFs`cFiDkls`b>k�eL�D�\L^`_FcFiS_�aDiSiSyDrLbFcL^`s`�¡\L^Skls`bF F�Bj>�4iD�4t�cFs?jSyFt��4t�cFb

t
Y� Ök�eLb�j?cL^~\L^xeLgScF��_��4i`��4t�cFsOjSyFt��4t�cFb
\L^Skls`bF L^�cL^x�Di~rLb6eK^Sklg�jOs`iS\FaDt

x = 0
}6s`i

F (x) = δ(x)
}

∂f(x, t)

∂t
+ 0 � αxf(x, t) = δ(x)δ(t) (10.1.2)

b
f(x, t) = t−1/αg+(t

−1/αx;α). (10.1.3)
üqyFb

α = 1
f(x, t) = t−1δ(t−1x− 1) = δ(x− t),b
�4�¢bL�4t�t��£kljSiS�Si~rLcFi`tzrLjSb6��t�cFbFtZ\L^Skls`bF F��kZ�FiDkls`i~hFcFcFiS_ ¤ yL^`jScFiS_?tlrLbFcFbF 6t~¦klaUi`yFiDkls`gS��YL©8^`aDiS_vyFtl�	bL�£rLjSb6��t�cFb6hvcL^`pliSjSt��¯60���&���xøBù��xþ5ò!ø0�&�#ÿqY>üqyFb

α < 1yL^Skl�FyFtlrLtleLt�cFbFtzjSt�yFi~hFs`cFiDkls`t�_	aUiSiSySrLbFcL^`s`���S��rLt�s�cFtzs`i`eLgSaUi��Ft�yFt��4t���^`s`gDk¨h2j�Fi`eLi��	bFs`tleLgScFiD�¢cL^`�FyL^`j`eLt�cFbFb iDklb
x
}ncFivb �S�zkls`yFivyL^Skl�6eF��jD^`sSgDk¨h �Fi
�Fi`eL�D�iDklbn}Usx^`a?\Fs`iO�D��tZ�FyFb
klaUi`eLg��U��i�rLcFiO�f^xeLiD�

t
klyFtlrLcFt�tZp�cL^~\Ft�cFbFtZaUiSiSyDrLbFcL^`s`�klsx^`cFtls	�St�klaDiScFt�\FcF�z��}

∞∫

0

f(x, t)xdx =∞.

X klj`hFp�b k ��s`bL� ��rLiS�ScFt�t k�eLtlrLbFs`g p�^��Ft�yFt��4t���t�cFbFt�� �f^`aUklbL�4�6�f^yL^Skl�FyFtlrLtleLt�cFb6hnm
xmax ∝ t1/α.�]cH�Ft�yFt��4t���^`t�sSk�h�kvjSiSp�yL^Skls~^`�]��t�_HklaUiSyFiDkls`gS�¬!§sx^`aDiS_�yFt��	bL��}�^.jD�4t�kls`t�kcFbL�£b
�UyL^`jScFt�cFbFt	¤ ���FY �SY �~¦Ö�4i~�	c6i	cL^`p�jD^`s`g ø04�óxòÀô�60���
���xøBù��>þ>ò!ø��&�#ÿ��LY[]yL^`jScFt�cFbFt

ω
0 � tf(x, t) + ∂f(x, t)

∂x
= 0, x > 0, t > 0, ω ∈ (0, 1). (10.1.4)

iS�FbLkl��jD^`t�s?rLyF�U��iS_ s`bF�.rLjSb6��t�cFbUh.dkø04&6*60���
���xøBù���þ>ò!ø0�&�"MF}T�FyFbWaDiSs`iSyFiD�¢\L^x�kls`bF L^]rLjSb6��t�sSk¨h	k��U�S��jD^`�]��t�_�j�klyFtlrLcFt���klaUiSyFiDkls`gS��Y � ^S�4t�s`bL��}x\Fs`iqrLy6iS�ScFiStrLbL���qt�yFt�cF FbFyFiSjD^`cFbFt��Fi
jSyFt��4t�cFb.iDkl�U��t�kls`j`eFhFt�sSk¨h s`t��Ft�yFgviS�Ft�yL^`s`iSyFiD�¢��^x��F�Us`iLm
ω
0 � tf(x, t) ≡ 0 � ωt f(x, t)− t−ω

Γ(1− ω)f(x, 0+) = 0 � ωt [f(x, t)− f(x, 0+)].

(10.1.5)©�^`a6^xh>p�^S�4t�cL^Oklj`hFp�^`cL^�kqcFt�iS���Di~rLbL�4iDkls`gS��jS��rLt�yD��^`s`gOcFiSyL�4bFyFiSjSaF�Tm�FiDklaDi`eLgSaF�
∞∫

−∞

∂f(x, t)

∂x
dx = f(x, t)

∣∣∣
x=∞

x=−∞
= 0,



��'D� ��	��"�+�>�;:7:e�o�"�#�x���x�"§Ç��ô��1���5��Æ('D&x���x���
�#�>����Æ('
rLi`eF�	cFiObL�4t�s`g2�4t�kls`i	yL^`jSt�cLkls`jSi

∫ ∞

−∞

ω
0 � tf(x, t)dx = ω

0 � t ∞∫

−∞

f(x, t)dx = ω
0 � +1 = 0,

aUiSs`iSyFiStqjS���Fi`eLc6hFt�sSk�h
s`i`eLgSaUi	�FyFb
rLbL���qt�yFt�cF Fb6yFiSjD^`cFbFbv��^`�F�Us`iLYFX��FyFiS\Ft���}�Fi~rKkls~^`j`eFh6h�¤ ���FY �SY �S¦vj�¤ ���FY �SY 'U¦�}q�4�²�Fi`eL�U\L^`t����UyL^`jScFt�cFbFtHk£�FyFiSbFp�jSi~rLcFiS_
ý§bL�f^`cL^x� ��bF�UjSb6eFeFh>b>cF�D�	cFiS_
cFiSyL�4bFyFiSjSaDiS_>yFt�{�t�cFb6hnm

0 � ωt f(x, t) + ∂f(x, t)

∂x
=

t−ω

Γ(1− ω)f(x, 0+).

 Ök�eLb
jOcL^~\L^xeLgScF��_>�4iD�4t�cFs	jSy6t��4t�cFb
\L^Skls`bF L^�cL^x�Di~rLb6eK^Sklg�jOcL^~\L^xeLtqaDiSiSyDrLb6�cL^`s~}Fs`i	�UyL^`jScFt�c6bFtq��s`i	bL�4t�t�sOjSb6r

0 � ωt f(x, t) + ∂f(x, t)

∂x
=

t−ω

Γ(1− ω)δ(x). §��iOyFtl{�t�cFbFtqsx^`a6��tqjS��yL^x�O^`t�sSk�h2\Ft�yFt�pq�Dkls`iS_F\FbFjS�U���6eLiSs`cFiDkls`g
g+(x, ω)

kli`�iSs`cFiS{�t�cFbFt��
f(x, t) =

1

ω
x−1/ω−1g+(tx

−1/ω;ω).� yFtlrLcFt�t�p�cL^~\Ft�cFbFt���s`iS��i	yL^Skl�FyFtlrLtleLt�cFb6hvaUiScFt�\FcFi	bvrLjSb6��t�sSk�h��Fi	p�^`aUiScF�
tωk��U�S��jD^`�]��t�_�klaDiSyFiDkls`gS��}Ks`i?t�kls`g?bL�4t�t�s>�4t�kls`i>p�^S�4tlrFe6hF�Z��t�t�k�hn}Tkl�U�S�D^xeFeLb6�kls`bF\Ft�klaDiSt�rLjSb6��t�cFbFtSY � ^S�4tlrFeLt�cFbFt���s`i
�4i~��t�s>�S��s`g>iS�S�Sk�eLiSj`eLt�cFi2cL^xeLbF\FbFt��eLiSjS�U{�t�an}UcL^xrLi`eL��iOp�^xrLt�yS�	bFjD^`�]��b6�?\L^Skls`bF F�SY�]�S��bF_/k�eL�U\L^`_�rLyFiS�ScFi`� �D^~eFeLbLkls`bF\Ft�klaUiS��i�rLjSb6��t�cFb6hn}�iS�FbLkl��jD^`t��4��_�UyL^`jScFt�cFbFt��

0 � ωt f(x, t) + 0 � αxf(x, t) = t−ω

Γ(1− ω)δ(x), 0 < α,ω < 1, (10.1.6)

�4��yL^Sk�k��4iSs`yFbL�£jOP�=�¹6·n=¥¹6·nY
z?>B{3± ¢ î �.���¢��� î�� ��� ~��é|����

ýf^Sk�k��4iSs`yFbL�£i~rLcFiSyFi�rLcFiStq�UyL^`jScFt�cFbFt

0 � ωt f(x, t) = ∂2f(x, t)

∂x2
, t > 0, −∞ < x <∞

�FyFb
�Dk�eLiSjSbFb
lim

x→±∞
f(x, t) = 0,

[
0f

(ω−1)
t (x, t)

]
t=0

= ϕ(x), 0 < ω < 1.
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üqyFb

ω = 1
iScFi>kliSjS�L^xrK^`t�s2k��UyL^`jScFt�cFbFt��£rLbL���q�Up�bFbn}K�FyFb

ω < 1
iS�FbLkl��jD^`t�sp�^S�4tlrFeLt�cFcF�U� rLbL���q�Up�bF�²¤¥kl�U�~rLbL���q�Up�bF�q¦�Y�ûÖs`i£�UyL^`jScFt�cFbFt£¤ �FyFb
ω = 1/2

¦�S��eLi�bFcFs`t�yF�FyFt�s`bFyFiSjD^`cFiAý4Y$�qbF���f^`s`�~eFeLbFcF�z�H� ���nj�yL^S�4a6^x�2�Ft�yFaUi`eFhF FbFiScFcFiS_¤ ��yFt��St�{�aDiSjSiS_K¦n�4i~rLtleFbn}`^zt���i]yFt�{�t�cFbFt�bLk�k�eLtlrLiSjD^xeLiDklg³+2Y�G�^`_FcL^`yDrFb�� '(�6b�rLynY
üqyFt�iS�SyL^`p�iSjS^`cFb6t��_��^`�6eK^Sk�^��Fi�jSyFt��4t�cFb?b�+��UyFgSt]�Fi�aDiSiSyDrLbFcL^`s`t]�FyFb6�jSi~rLbF��rLbL���qt�yFt�cF FbL^xeLgScFiSt��UyL^`jScFt�cFbFt�a2^xeL��tl�SyL^`bF\Ft�klaUiD�4�S}xyFt�{�t�cFbFt�aDiSs`iSyFi`���iObL�4t�t�sOjSb6r

̂̃
f(k, λ) =

ϕ̃(k)

λω + k2
.

�]�SyL^`s`cFiStq�FyFt�iS�SyL^`p�iSjD^xcFbFt³��^`�6eK^Sk�^�jS��yL^x��^`t�sOp�^`jSbLklbL�4iDkls`gOs`yL^`cLk��qiSyL�f^`c6�s`�ª+��UyFgStqyFt�{�t�cFb6h
iSs�jSyFt��4t�cFb
\Ft�yFt�p��q�UcFaF 6bF�ªGvbFs`sx^`�l� ��t����ZeLt�yL^Fm
f̃(k, t) = ϕ̃(k)tω−1Eω,ω(−k2tω).

üqiDk�eLtlrL�U�]��t�tZiS�SyL^`��t�cFbFt�+��UyFgStqrK^`tlsOyFt�{�t�cFbFt�jOjSb6rLt
f(x, t) =

∞∫

−∞

G(x− ξ, t)ϕ(ξ)dξ,

� rLt
G(x, t) =

1

π

∞∫

0

tω−1Eω,ω(−k2tω) cos(kx)dk

t�kls`g��q�UcFaF Fb6h�CnyFbFcL^.rL^`cFcFiS��iW�UyL^`jScFt�cFb6hnY§X����Fi`eLcFbFjW�FyDhL�4iStvb�iS�SyL^`s`cFiSt�FyFt�iS�SyL^`p�iSjS^`cFb6h���^`�6eK^Sk�^���s`iS_
�q�UcFaF FbFb
�FiOjSyFt��4t�cFbn}
Ĝ(x, λ) =

1

π

∞∫

0

cos(kx)dk

λω + k2
= (1/2)λ−ω/2 exp(−|x|λω/2),

G(x, t) =
1

4πi

∫

Br

exp(λt− |x|λω/2)λ−ω/2dλ,

k�rLt�eK^`j�p�^S�4t�cF�H�Ft�yFt��4t�cFcF���
σ = λt

b
z = |x|t−ω/2 b2rLt��qiSyL�4bFyF�xh	rLi`eF�	cF�z�iS�SyL^`p�iD�WaDiScFs`�Uy
bFcFs`t���yFbFyFiSjD^`cFb6h_� '(� }6�Fi`eL�U\L^`t��

G(x, t) =
1

4πi
t1−ω/2

∫

Ha

exp(σ−zσω/2)σ−ω/2dσ =
1

2
tω/2−1W (−z,−ω/2, ω/2),

� rLt
W (z, µ, ν)

d?�q�UcFaF 6b6h ýf^`_Fs~^FY
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X yL^`�SiSs`t.� �*�DyL^Sk�k��f^`s`yFbFjD^xeLiDklg�rLyFiS�ScFi`� rLbL���q�UplbFiScFcFiSt4�UyL^`jScFt�cFbFt§s`iS��i��tqs`bF�L^
0 � ωt f(x, t) = ∂2f(x, t)

∂x2
, 0 < ω < 1,

cL^]�Fi`eLi~�	bFs`tleLgScFiS_��Fi`eL�`iDklb>¤ jZ�Fi`eL�U�FyFiDkls`yL^`cLkls`jSt~¦�m
x, t ∈ R+

Y7ý4t�{�^xeLbLklg]rLjStp�^xrK^~\Fb
kZ��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4b
1) f(x, 0) = l(x), f(0, t) = 0, t > 0;

b
2) f(x, 0) = l(x), f(0, t) = −1, t > 0,� rLt

l(x)
iS�SiSp�cL^~\L^xt�sOkls`�U�Ft�cF\L^`s`�U�¡tlrLbFcFbF\FcF�U�!�q�UcFaF FbF��}LyL^`jScF�U��cF�~eF�¡rFeFhiSs`yFbF L^`s`tleLgScF���?p�cL^~\Ft�cFbF_v^`yF�l�F�8t�cFsx^FY
üqyFb

ω = 1
p�^xrK^~\Fb
kljSi�rFhFsSk�h>a
a6eK^Sk�klbF\Ft�kla6bL��}LbF�4t��]��bL��yFt�{�t�cFb6h

1) f(x, t) = Erf(t−1/2x/2) ∼ π−1/2xt−1/2, t→∞,
b

2) f(x, t) = Erf(t−1/2x/2) ∼ π−1/2xt−1/2, t→∞.
üqyFb

ω < 1
�Fi�rKklsx^`cFiSjSa6^

f(x, t) = F (y), y = t−ω/2x

�FyFbFjSi~rFbFsOa
bFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScFiD�4�	�UyL^`jScFt�cFbF�

d2F (y)

dy2
= y2/ω

∞∫

0

η−1−2/ωg(y/η)F (η)dη,

jOaUiSs`iSyFiD�
g(y) =

2

ωΓ(−ω) (1− y
2/ω)−ω−1.� iSiSs`jSt�sSkls`jS�U�]��bFtq��yL^`cFbF\FcF��tq�Dk�eLiSjSb6h?�FyFbFcFbL�f^`�]s	jSb6r

1) F (0) = 0, F (∞) = 1;

2) F (0) = −1, F (∞) = 0.
üqyFt�iS�SyL^`p�i`jD^xcFbFt³GvtleFeLbFcL^O�Fi

y
jStlrLt�sOa
yL^`p�cFiDkls`cFiD�4�2�UyL^`jScFt�cFbF�

(s− 1)(s− 2)F (s− 2) = g(s+ 2/ω)F (s),
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�
yFt�{�t�cFb6h>aUiSs`iSyFiS��iL}6kliSiSs`jSt�sSkls`jS�U�]��bFtq�Ua6^`p�^`cFcF�z���Dk�eLiSjSb6hL��}6bL�8t��]s	jSb6r�m

1) F (s) = 2s/
√
π
Γ(−s)Γ(1/2 + s/2)Γ(1 + s/2)

Γ(1− s)Γ(1 + sω/2)
,

2) F (s) = −2s/
√
π
Γ(s)Γ(1/2 + s/2)Γ(1 + s/2)

Γ(1 + s)Γ(1 + sω/2)
.

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt³GvtleFeLbFcL^�rK^`t�s
F (y) = 1/

√
πh(y/2),� rLt

1) h(z) =
1

2πi

c+∞∫

c−i∞

Γ(s)Γ(1/2− s/2)Γ(1− s/2)
Γ(1 + s)Γ(1− sω/2) zsds,

2) h(z) = − 1

2πi

c+∞∫

c−i∞

Γ(−s)Γ(1/2− s/2)Γ(1− s/2)
Γ(1− s)Γ(1− sω/2) zsds,

��^`_6rLt�cFcF��tOs`yL^`cLk��qiSyL�f^`cFs`���FiSp�jSi`eFhF�]s
jS��yL^`p�bFs`g
yFt�p���eLgxsx^`s
\Ft�yFt�p2�q�UcFa6� FbFbÇ+�iSaUk�^Fm
1) f(x, t) = (1/

√
π)H21

23

(
t−ω/2x/2

∣∣∣∣
(1, 1); (1, ω/2)

(1/2, 1/2), (1, 1/2); (0, 1)

)
,

2) f(x, t) = −(1/
√
π)H30

23

(
t−ω/2x/2

∣∣∣∣
− ; (1, 1), (1, ω/2)

(0, 1), (1/2, 1/2), (1, 1/2); −

)
.

o�kl�Fi`eLgSp��xh�bFcL�qiSyL�f^` FbF� i�kljSiS_Lkls`jD^x�H�q�UcFaF FbF_�+�iSa6k�^F}§eLt���aUi��U�StlrLbFs`gDk�hn}\Fs`i��FyFbFjStlrLt�cFcF��tqyFt�{�t�cFb6h?�~rLiSj`eLt�s`jSiSyShF�]s�s`yFt��S�St��4�z�WcL^~\L^xeLgScF�z�W�Dk�eLiSjSb6�hL�¢b.�D^`yL^`aFs`t�yFbFp��U�]sSk�hW�4tlrFeLt�cFcFi��U�S��jD^`�]��t�_ klivjSyFt��4t�cFt���^SklbL�4�Fs`iSs`bFaUiS_kls`t��Ft�cFcFiS��iOs`bF�L^Fm
1) f(x, t) ∼ 1/Γ(1− ω/2)xt−ω/2, t→∞,

2) f(x, t) ∼ 1/Γ(1− ω/2)xt−ω/2 − 1, t→∞.üqyFb
ω = 1

��s`b
yFt�{�t�cFb6h>�FyFt�jSyL^`��^`�]sSk�h>jOa6eK^Sk�klbF\Ft�klaFbFtqyFt�p��~eLg~sx^`s`��m

1) f(x, t) =
2√
π

∞∑

k=0

(−1)k
k!(2k + 1)

(xt−1/2/2)2k+1 = Erf(xt−1/2/2);

2) f(x, t) = Erf(xt−1/2/2)− 1.XHp�^`a6eL�]\Ft�cFbFtZ FbFs`bFyF�`t��4iS_>yL^`�SiSs`�7� �*�¬^`jSsSiSy2iSsS�4t�\F^`t�sx}U\Fs`i��Fi`eL�U\Ft�c6�cF��t�yFt�p���eLgxs~^`s`�BiDklsx^`�]sSk�h kl�FyL^`jStlrFeFbFjS�z�4b�b�j>k�eLtlrL�U�]��t�_�iS�`eK^Skls`b�p�cL^~\Ftl�cFbF_
�FiSySh6rLa6^��FyFiSbFp�jSi~rLcFiS_?�FiOjSyFt��4t�cFb
1 ≤ ω < 2

Y
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ð ��°*ñ����xú�ñ�÷*M�:(�(5*�oþ>ò0M�¤ p�^xrK^�\Ft�_vi	yL^Skl�FyFiDkls`yL^`cFt�cFbFbvklbF��cL^xeK^D¦�cL^`p���jD^x��]sqyFt�{�t�cFbFt�jSi`eLcFiSjSiS��i]b6eLb�rLbL���q�Up�bFiScFcFiS��i]�UyL^`jScFt�cFb6hOk�p�^xrK^`cFcFiS_��qiSyL�4iS_
ñ��oþ$���xú�ñ�÷�°*÷ ø0��°*ñ������x}nkliSplrK^`jD^`t��4iS��i?bLkls`iS\FcFbFaUiD��}��FiD�8t���t�cFcF�z��j��qbFaUklbFyFi`�jD^`cFcF�U��s`iS\FaF�SYFX<k�eL�U\L^`tqiS�S��\FcFiS��i�rLbL���q�Up�bFiScFcFiS��i��UyL^`jScFt�cFb6h>�FiDkls~^`cFiSjSa6^sx^`aDiS_
p�^xrK^�\Fb>bL�4t�t�s	jSb6r�m

∂f(x, t)

∂t
=
∂2f(x, t)

∂x2
, x ≥ 0, t ≥ 0

f(0, t) = φ(t). §t	yFt�{�t�c6bFt	cL^x�Si~rLbFsSk�h �F�Us`t��¢�6yFbL�4t�cFt�cFb6hW�6yFt�iS�SyL^`p�iSjD^`cFb6hÂ��^`�6eK^Sk�^>k�bLk���Fi`eLgSp�iSjD^`cFb6t���s`t�iSyFt��4��i	kljSt�yFs`aDtS}

f(x, t) =

t∫

0

S(x, t− τ)φ(τ)dτ,

� rLt
S(x, t) =

x

2
√
π
t−3/2 exp[−x2/(4t)]

�FyFtlrKkls~^`j`eFhFt�s]k�iS�SiS_��q�Uc6rK^S�4t�cFs~^xeLgScFiStfyFt�{�t�cFbFt]¤¥�q�UcFaF FbF��CnyFbFcL^D¦¬klbF�lcL^xeLg`�cFiS_ p�^xrK^~\Fbn}T�FiDklaUi`eLgSaF�viS�FbLkl��jD^`t�s2yL^Skl�FyFiDkls`yL^`cFt�cFbFtO�Ft�yFjSiScL^�\L^xeLgScFi>�4��cFi`�jSt�cFcFiS��i bL�4�F�~eLgDklcFiS��i.klbF��cL^xeK^
φ(t) = δ(t)

Y��]cFi.jS��yL^x�O^`t�sSk¨h�\Ft�yFt�pv�6eLiSsx�cFiDkls`gOi~rLcFiDkls`iSyFiScFcFt���i��Skls`iS_F\FbFjSiS��i�yL^Skl�FyFtlrLtleLt�cFb6hvkq�FiSaU^`p�^`s`tleLt��
1/2

S(x, t) = g+(x/
√
t, 1/2)� bF��cL^xeLgScL^xh?p�^xrK^~\L^�rFeFh>rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiS��i��UyL^`jScFt�cFb6h

0 � ωt f(x, t) = ∂2f(x, t)

∂x2
, x ≥ 0, t ≥ 0, f(0, t) = φ(t)

bLk�k�eLtlrLiSjD^xeK^Sklg�+2Y&G�^`_FcL^`yDrLb�� ´��ÀÑ��FbOrLynYS©�yL^`cLk��qiSyL�f^`cFsx^³��^`�6eK^Sk�^Z�q�UcFaF FbFbCnyFbFcL^�j�rK^`cFcFiD��k�eL�U\L^`tqbL�4t�t�sOjSb6r
Ŝω(x, λ) = exp{−xλω/2}, x ≥ 0.

X�jSi~rFh>^`jSs`iD�4i~rLtleLgScF�U���Ft�yFt��4t�cFcF�U�
r = xt−ω/2

bv�q�UcFaF FbF�

F (r;ω) =
1

2πi

∫

Br

exp(σ − rσω/2)dσ,

cL^x�Di�rLbL�
Sω(x, t) = t−1F (r;ω).
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F (r, ω)
�4i���t�s
�S��sSgv^`cL^xeLbFs`bF\Ft�klaFb.�FyFi~rLi`eF��t�cWkO�Fi`eL�SiDklb

r > 0j�aUiD�4�6eLt�a6klcF�U�¢�6eLiDklaUiDkls`g��F�Us`t���kliSiSs`jSt�sSkls`jS�U�]��t���i�rLt��qiSyL�8bFyFiSjD^`cFb6h	aUiSc6�s`�UyL^vbFcFs`t���yFbFyFiSjD^`cFb6hnY�ü�i`eF�6\F^`t��4iSt	�FyFb���s`iD��yFt�{�t�cFbFt2jS��yL^x�O^`t�sSk�h.\Ft�yFt�p�q�UcFaF FbF��ý4^`_Fsx^FY
ð�yF�U��iSt��FyFtlrKkls~^`j`eLt�cFbFt]klbF��cL^xeLgScFiS_	�q�UcFaF FbFbBCnyFbFcL^qrLyFiS�ScFiS��iq�FiSyDh6rF�a6^
rK^`t�sSk�h�i~rLcFiDkls`iSyFiScFcFtl_��Dk�sSiS_6\FbFjSiS_��6eLiSs`cFiDkls`gS��k	�U^`yL^`aFs`t�yFbLk�sSb6\Ft�klaFbL��FiSaU^`p�^`s`tleLt��

ω/2
bv�4^Skl{�sx^`�ScF�z�£��^`aFs`iSyFiD�

b = x2/ω
m

Sω(x, t) = x−2/ωg+(x
−2/ωt;ω/2).

z?>B{
	 &ì��|
�³¶��.æ�� ~�|���æ¯����|�ï�ç��
X�t�yFcFt��fk�h�s`t��Ft�yFg?a��nY8¹6·n= · Y � ^S�4t�s`bL��}K\Fs`i?�SiSs�h��FyFb ω = 1

�Fi`eL�U\Ft�c6�cF��_
s~^S�£yFt�p��~eLg~sx^`s	kliSjS�L^xrK^`t�s�kZa6eK^Sk�klbF\Ft�klaFbL��rLbL���q�Up�bFiScFcF�z��yFt�{�t�cFbFt��

G(x, t) =
1

2
√
πt

exp(−x2/(4t)),

�FyFb
ω < 1

jSiSp�cFbFa6^`t�s£�Fy6bFcF FbF�FbL^xeLgScFiSt.iSs�eLbF\FbFtSm�bFcFs`t���yL^xe�iSs
f(x, t)

�FijDklt�_£iDklb£�Ft�yFt�kls~^`t�s �S��s`g �FiDkls`i~hFcFcFiS_£jStleLbF\FbFcFiS_¬}fiSc£�U�S��jD^`t�s�k?s`t�\Ft�cFbFt��jSyFt��4t�cFbnm
∞∫

−∞

f(x, t)dx ≡ f̃(0, t) = ϕ̃(0)tω−1Eω,ω(0) = ϕ̃(0)tω−1.

ûÖs`i�cL^`yF�U{�t�cFbFt cFiSyL�4bFyFiSjSaFb¢yFt�{�t�cFb6h�i�rLcFiSyFi~rLcFiS��iWrLyFiS�ScFiS��i£�UyL^`jScFt�cFb6h�FyFt��6hFsSkls`jS�`t�sz�FyFbFc6hFs`iS_�j�rFbL�����Up�b6iScFcFiS_qs`t�iSyFbFb�bFcFs`t�yF�FyFt�sx^` FbFb
f(x, t)

aU^`a�6eLiSs`cFiDkls`b	rLbF���q�Uc6rLb6yF�U�Z��b6�O\L^Skls`bF n}U^
G(x, t)

d�a6^`a	�6eLiSs`cFiDkls`b	jSt�yFi~hFs`cFi`�kls`bnmFcFb
\FbLk�eLiO\L^Skls`bF n}FcFb
jSt�yFi~hFs`cFiDkls`gOs`t��6t�yFg	cFt�kli~�6yL^`c6hF�]sSk¨hnY�]\Ft�jSb6rLcFiL}�cFt�kli~�6yL^`cFt�cFbFt§bFcFs`t���yL^xeL^zt�kls`gZkljSiS_Lkls`jSizk�^S�4iS��iz�UyL^`jScFt�cFb6hn}^	cFt��FyFiS Ft�klk�^FY" ]iSs�hn}Kj2�FyFbFcF FbF�FtS}Kb�kl�U��t�kls`jS�U�]s2�FyFiS Ft�k�kl��}Lj2aUiSs`iSyF���
\L^x�kls`bF F�¡�FiS� eLiS��^`�]sSk¨hn}Lb6eLb�bLkl\Ft�p�^`�]s2j2yFt�p���eLgxsx^`s`t�yL^Skl�L^xrK^F}FcFi?�4�¡cFbFa6^`aUiS_bFcL�qiSyL�f^` FbFb�iS�q��s`iD��jqcL^`{�t��UyL^`jScFt�cFbFt�cFt�p�^`a6eK^xrL��jD^xeLbnY`«�i`eLt�t�s`iS��iL}`�UyL^`j`�cFt�cFbFt]rK^`t�s�^SklbL�4�Fs`iSs`bF\Ft�klaFb
kls`t��Ft�cFcFiS_ ¤ s`iOt�kls`gL}>ÿDò�5���òBñ�ñ�õ©M¬¦4p�^`aUiSc2�U�S��jD^x�cFb6h��Fi`eLcFiS_vjSt�yFi�hFs`cFiDkls`bn}Ks`iS� rL^2aU^`a�bFp�jSt�kls`cF��t��qbFp�bF\Ft�klaFbFt��Fy6iS Ft�k�kl�Bk�eLtl�rL�U�]s��FiSaU^`p�^`s`tleLgScFiD�4��p�^`aUiScF�SY/ð�tleLiL}Ukls~^xeLi��S��s`gL}Dj�k�^S�4iD�.�UyL^`jScFt�cFbFbn}Sj�ò�°*÷
öoõ�öo÷�57òlY#üqyFb2jScFbL�f^`s`tleLgScFiD�.yL^Sk�k��4iSs`yFt�c6bFb?iS�ScL^`yF�D�	bFjD^xt�sSk�hn}`\Fs`i�kl�U��t�kls`jS�D�t�s��FiOaFyL^`_FcFt�_
�4t�yFtZrLjD^�yL^`pleLbF\FcF���?iS�SiS�S��t�cFbF_n}UjS��s`t�aU^`�]��b6�?b6�?s`yFtl�?yL^`pl�eLbF\FcF���¬}ScFi���aFjSbFjD^xeLt�c6sSc6���O�FyFtlrKkls~^`j`eLt�cFbF_	a6eK^Sk�klbF\Ft�klaUiS��iZrLbL���q�Up�bFiScFcFiS��i�FyFiS Ft�k�k�^FY>üqt�yFt�\FbFk�eLbL�£��s`bvs`yFb
�FyFtlrKklsx^`j`eFt�cFb6hnm

∂f(x, t)

∂t
=
∂2f(x, t)

∂x2
, t > 0, f(x, 0+) = ϕ(x), (10.5.1)
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∂f(x, t)

∂t
=
∂2f(x, t)

∂x2
+ ϕ(x)δ(t), f(x, 0−) = 0, t ≥ 0, (10.5.2)

f(x, t)− f(x, 0+) =

t∫

0

∂2f(x, τ)

∂x2
dτ, t > 0. (10.5.3)

[]\FbFs`��jD^xhn}8\Fs`i
f(x, 0+) = ϕ(x)

}f^vrLtleLg~sx^x� �q�UcFaF Fb6h�t�kls`g��FyFiSbFp�jSi~rLcL^xhWiSskls`�U�Ft�cF\L^`s`iS_v�q�UcFaF FbFb� ]��jSbLk�^`_6rK^
l(t)
}

δ(t) =
d l(t)

dt
,

rLjD^��FiDk�eLtlrLcFb6�?�UyL^`jScFt�cFb6h
�4i��	cFi	�Ft�yFt��FbLk�^`s`gOjOjSb6rLtSm
∂

∂t
[f(x, t)− ϕ(x) l(t)] = ∂2f(x, t)

∂x2
, f(x, 0−) = 0, t ≥ 0, (10.5.4)

f(x, t)− ϕ(x) =
t∫

0

dτ
∂2f(x, τ)

∂x2
, t > 0. (10.5.5)

� ^S�4t�cL^�iS�Ft�yL^`s`iSyL^z�FyFiSbFp�jSi�rLcFiS_��Fi]jSyFt��4t�cFb�rLyFiS�ScFiS_��FyFiSbFp�jSi~rLcFiS_�j]�Ft�yFjSiD��UyL^`jScFt�cFbFb?jStlrLt�s�a>yL^Sk�k��8iSsSy6t�cFcFiD�4�2jS��{�tZjD^`yFbL^`cFs`�2kZcL^`yF�U{�t�cFc6iS_?cFiSyL�4b6�yFiSjSaUiS_nY�wzcL^xeLiS��bF\FcL^xh.iS�Ft�yL^` Fb6hWj�k�eL�U\L^`t2k	�U\Ft�s`iD��rLyFiS�ScFiS_.�FyFiSbFp�jSi~rLcFiS_iSsO�FiDkls`i�hFcFcFiS_>�FyFbFjSi~rLbFsOamñxòB÷�5�ñ�÷-ôx÷�5�ñx÷-ÿ�4�4Bô1�/öoñxòBñ"�"2
0 � ωt f(x, t) = ∂2f(x, t)

∂x2
+

t−ω

Γ(1− ω)ϕ(x). (10.5.6)

X�k�eL�U\L^`t�¤ ���FY �6Y �S¦Z�4��bL�4t�t���rLtleLi�k	bFcFs`t���yFi`� rLbL���qt�yFt�cF FbL^xeLgScF�z�¢�UyL^`jScFtl�cFbFt���}¬b�a�t���i2rLyFiS�ScFiD�4�viS�SiS�`��t�cFbF�!t�kls`t�kls`jSt�cFcFi>b6rLs`b �F�Us`t���p�^S�4t�cF�BiS�Ftl�yL^`s`iSyL^�bFcFs`t���yFbFyFiSjD^`cFb6h?rLyFiS�ScF�z�£^`cL^xeLiS��iD�W��s`iS��iOiS�Ft�yL^`s`iSyL^Fm

f(x, t)− ϕ(x) = 0 � −ωx ∂2f(x, τ)

∂x2
.

üqyFbL�4t�cFbFjOa
iS�St�bL��\L^Skls�hL�£�Fi`eL�U\Ft�cFcFiS��i��UyL^`jScFt�cFb6h>iS�Ft�yL^`s`iSy
0 � ωx }

0 � ωt f(x, t) = ∂2f(x, t)

∂x2
+

t−ω

Γ(1− ω)ϕ(x),

�FyFb6�Di�rLbL�<a�s`iD�4�v��t�cFt�i~rLcFiSy6i~rLcFiD�4�
�UyL^`jScFt�cFbF��}T\Fs`i
b�j
k�eL�U\L^`t
¤ ���FY �6Y ªD¦�Y� iSiSs`jSt�sSkls`jS�U�]��t�tq�UyL^`jScFtlcFbFtZrFeFhv�q�UcFaF FbFb�CnyFbFcL^�bL�4t�t�sOjSb6r�m
0 � ωt G(x, t) = ∂2G(x, t)

∂x2
+

t−ω

Γ(1− ω)δ(x),
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̂̃
G(k, λ) =

λω−1

λω + k2�FiSaU^`p���jD^`t�sx}4\Fs`i.�FyFbFcF FbF��kli~�6yL^`cFt�cFb6h�jSt�y6i~hFs`cFiDkls`b�j rK^`cFcFiD�!k�eL�U\L^`t
jS����Fi`eLc6hFt�sSk¨hnm
̂̃
G(0, λ) =

∞∫

0

G̃(0, t)e−λtdt = 1/λ.

z?>B{�� Ø î �,���¢��� î�� ���nïéæ¯~�|
��|�æ��,��~�|�æ
����|���������~�����ï��

£Ç¢¬:87!¤89?«¦¥§I898:43¬= � eLtlrL�xh yL^`�SiSs`t�� ����� }TyL^Sk�k��4iSs`yFbL�¢yFt�{�t�cFbFtO�UyL^`j`�cFt�cFb6h
kl�U�~rLbL���q�Up�bFb2jO�St�klaDiScFt�\FcFiS_?i~rLcFiSyFi~rLcFiS_>kly6tlrLtS}F�Fi`eLi��	bFjL}DrFeFh
iS�S���cFiDkls`bn}UyL^`p��4t�yFcFiDkls`g��6yFiDkls`yL^`cLkls`jD^�yL^`jScFiS_2�FyFiSbFp�jSi`eLgScFiD�4�� FtleLiD�4�	\FbLk�eL�
d
m

f(x, t) =
1

Γ(ω)

t∫

0

dτ(t− τ)ω−14df(x, t) + φ(x).

ý4t�{�tlcFbFt>��s`iS��i��UyL^`jSc6t�cFb6h�jS��yL^x��^`t�sSk�hW\Ft�yFt�p
�q�UcFaF Fb6�;CnyFbFcL^�kliSiSs`cFiS{�tl�cFbFt��
f(x, t) =

∫

Rd

Gω(|x− x′|, t)φ(x′)dx′.

üqyFt�iS�SyL^`p�i`jD^xcFbFt���^`�6eK^Sk�^��FiOjSyFt��4t�cFb>rK^`t�s
f̂(x, λ) =

∫

Rd

Ĝω(|x− x′|, λ)φ(x′)dx′,

� rLt
Ĝω(r, λ) = g(r, λω/2)λω−1.

��^`a>�FiSaU^`p�^`cFi�j�� ����� }6�q�UcFaF Fb6h
g(r, a)

�~rLiSj`eLt�s`jSiSyShFt�s��UyL^`jScFt�cFbF�
(4− a2)g(r, a) = −δ(x)

b?jS��yL^x�O^`t�sSk�h2\Ft�yFt�p��4i�rLbL�qbF FbFyFiSjD^`cFcF�U���q�UcFaF FbF��«�t�k�kltleFh?jSs`iSyFiS��i�yFi~rK^Fm
g(r, a) = (2π)−d/2(r/a)1−d/2Kd/2−1(ar).
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ð�^xeLt�t<^`jSs`iSyF� iSsS�4t�\L^`�]s~}�\Fs`i!�FyDhL�4iSt<iS�SyL^`��t�cFbFt���^`�6eK^Sk�^��Fi`eL�U\Ft�cFcFiS_s`yL^`cLk��qiSyL�f^`cFs`�#kliS�FyFiSjSi��OrK^`t�sSk�h¢��yFiD�4iSplrLaFbL�4b�jS��a6eK^xrLa6^S�4bn}zb��FyFbF�St���^x��]s£a<iS�~�Di~rFcFiD�4�H�f^`cFt�jSyF�S}�jSiDkl�Fi`eLgSp�i`jD^xjS{�bLklg.�FyFt�iS�SyL^`p�iSjD^`cFbFt��tGvtleFeLbFcL^j	�qiSyL�4t

φ̄(σ) =

∞∫

0

dt tσ−1φ(t)

bvklj`hFp�gS���4tl�OrL�?cFbL��b>�FyFt�iS�SyL^`p�iSjD^xcFbFt��>��^`�6eK^Sk�^
φ̄(σ) =

1

Γ(1− σ)

∞∫

0

dss−σφ̂(s).

X<yFt�p���eLgxs~^`s`t

G
ω
(r, σ) =

1

Γ(1− σ)

∞∫

0

g(r, λω/2)λω−σ−1dλ =

= ω−1π−d/22−2σ/ωr−d+2σ/ωΓ(1− σ/ω)Γ(d/2 + σ/ω)/Γ(1− σ).X���yL^x�O^xhHiS�SyL^`s`cFiStv�FyFt�iS�SyF^`p�iSjD^`cFbFt
\Ft�yFt�p��q�UcFaF FbF�y+�iSa6k�^F}§�FyFb6�Di~rLbL��a�qiSyL�4��eLt

Gω(r, t) = π−d/22−1r−dH20
12

(
t−ω/2r/2

∣∣∣∣
(1, ω/2)

(d/2, 1/2), (1, 1/2)

)
.

üqyFb
ω = 1

�FyFb6�Si~rLbL�£a
bFp�jSt�kls`cFiD�4�2yFt�p���eLgxsx^`s`�Tm
G1(r, t) = (4πt)−d/2 exp(−r2/4t).� iS� eK^SklcFiOkljSiS_Lkls`jD^S���q�UcFaF FbF_Ç+�iSa6k�^

Gω(r, t) ∼ γωr−[(1−ω)d]/(2−ω)t−[dω/2]/(2−ω)×

× exp{−(2− ω)ωω/(2−ω)(r/2)2/(2−ω)t−ω/(2−ω)},� rLt
γω = π−d/22d/(ω−2)(2− ω)−1/2ω[ω(d+1)/2−1]/(2−ω).X����Fi`eLcFbFjZ�Fy6t�iS�SyL^`p�iSjD^`cFbFt,+��UyFgSt��Fi

d
� �4t�yFcFiS_��FyFiDkls`yL^`cLkls`jSt�cFcFiS_��Ft�yFt��4t�c6�cFiS_n}6�Fi`eL�U\FbL�

G̃ω(k, t) = (2π)d/2k1−d/2
∞∫

0

Jd/2−1(kr)G
ω
j (r, t)r

d/2dr,
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� rLt

J
d¢�q�UcFaF Fb6h�«�t�k�kltleFh��Ft�yFjSiS��i�yFi~rK^FY
üqiDk�eLtlrL�U�]��t�t.�FyFt�iS�SyL^`p�iSjD^xcFbFtGvtleFeLbFcL^��Fi	�Ft�yFt��4t�cFcFiS_

k
rK^`t�sFm

� {G̃ω(k, t)}(σ, t) = t−σω/2
Γ(σ/2)Γ(1− σ/2)
2Γ(1− σω/2) ,

iSs`aF��rK^

G̃ω(k, t) =
1

2
H11
12

(
ktω/2

∣∣∣∣
(0, 1/2)
(0, 1/2), (−k, ω/2)

)
=

∞∑

n=0

(−1)n
Γ(1 + nω)

k2ntnω.

üqyFb
ω = 1

�Fi`eL�U\L^`t���iS\Ft�jSb6rLcF��_>yFt�p���eLgxsx^`sFm
G̃1(k, t) = exp(−k2t).GviD�4t�cFs`�Úkl�U�~rFbL�����Up�b6iScFcFiS��i<yL^Skl�FyFtlrLtleLt�cFb6hBrK^`�]sSk�h��qiSyL�4�~eK^S�4bn}eLt���aDi	�Fi`eL�U\L^`t��4�z�4b>�FyFt�iS�SyL^`p�iSjD^xcFbFt��>GvtleFeLbFcL^Fm

〈r2n(t)〉 =
∫

Rd

Gω(|x|, t)|x|2ndx = 22n
Γ(n+ d/2)Γ(n+ 1)

Γ(d/2)Γ(nω + 1)
tnω, n = 0, 1, 2, . . .

X�\L^Skls`cFiDkls`bn}

〈r0(t)〉 = 1, 〈r2(t)〉 = 2d

Γ(ω + 1)
tω, 〈r4(t)〉 = 8(2 + d)d

Γ(2ω + 1)
t2ω

b<s~Y r�Y�oqp��Ft�yFjSiS��i�yL^`jSt�cLkls`jD^.jSb6rLcFiL}�\Fs`i£p�^xrK^`cFcL^xhHj£cL^~\F^xeLgScF��_¢�4iD�4tlcFsjSyFt��4t�cFb�cFiSyL�4bFyFiSjSaU^��q�UcFaF Fb6b�CnyFbFcL^�k2s`t�\Ft�cFbFt��¡jSyFt��4t�cFb£kli~�6yL^`c6hFt�sSk¨hn} ^bFp�jSs`iSyFiS��i�d2\Fs`i2{�bFyFbFcL^�rLbL���q�Up�bFiScFcFiS��i��L^`aUt�s~^F}KkliDklyFt�rLiSs`iS\Ft�cFcFiS��iOj	cL^x�\L^xeLgScF��_��4iD�4t�cFs.jSyFt��4t�cFb�j.cL^~\L^xeLt>aUiSiSyDrLbFcL^`s~}fyL^Skls`t�s �FyFiS�FiSyF FbFiScL^xeLgScFi
tω/2

YxûÖs`iL}Up�^S�4tlrFeLt�cFcFiStZ�FiOklyL^`jScFt�cFbF��k]iS�S��\FcFiS_2rLbL���q�Up�bFt�_2yL^Skl�6eL��jD^`cFbFtrLbL���q�Up�bFiScFcFiS��iZ�L^`aUt�sx^qbOrK^`t�sqiDklcFiSjD^`cFbFt�cL^`p���jD^`s`gqsx^`aDiS_	�FyFiS Ft�k�k�kl�U�~rLbL�Z��q�Up�bFt�_nY
z?>B{�� Ø î ��ï�|³¶�~�¹ ïéæ¯~�|
��|�æ��,��~�|�æ ����|���������~�����ï��

ýf^Sk�k��4iSs`yFbL��s`t��Ft�yFg2s`iO��t��UyL^`jScFt�cFbFt�j	iS�`eK^Skls`b
p�cL^�\Ft�cFbF_
ω ∈ (1, 2)

}s`yFt��S�U�]��t�t�rFe6h�jS���SiSyL^WtlrLbFcLkls`jSt�cFcFiS��i£\L^Skls`cFiS��i£yFt�{�t�cFb6h¢p�^xrK^`cFb6h�rLjS�D�cL^~\F^xeLgScF���?�Dk�eLiSjSb6_nYFX����St�yFt���j	aU^~\Ft�kls`jStqsx^`aDiSjS���
f(x, 0) = φ(x)

b
∂f(x, 0)

∂t

∣∣∣∣
t=0

= χ(x).



�S�`� ��	��"�+�>�;:7:e�o�"�#�x���x�"§Ç��ô��1���5��Æ('D&x���x���
�#�>����Æ('
� iSiSs`jSt�sSkls`jS�U�]��t�t	��s`bL��cL^~\L^xeLgScF�z�¢�Sk�eLiSjSb6hL�¢bFcFs`t���yFi~rLbL���qt�yFt�cF FbL^xeLgScFiSt�UyL^`jScFt�cFbFtqbL�4t�t�sOjSb6r

f(x, t) =
1

Γ(ω)

t∫

0

dτ(t− τ)ω−14f(x, t) + φ(x) + χ(x)t.

ý4t�{�t�cFb6t��lsSiS�liO�6yF^`jScFt�cFb6h>�FyFtlrKklsx^`j`eFhFt�sSk¨h
jOjSb6rLt

f(x, t) =

∫

Rd

Gω(|x− x′|, t)φ(x′)dx′ +
∫

Rd

Kω(|x− x′|, t)χ(x′)dx′,

� rLt
K(ω) dköoùJ÷-ô1���Ñ�94�ñ"�&<"���é�xô���ñ��x}ns`yL^`cLk��qiSyL�f^`cFs~^���^`�6eK^Sk�^?�Fi
jSyFt��4t�cFbaUiSs`iSyFiS_>jS��yL^x��^`t�sSk�h>\Ft�yFt�pqs`�2��t��q�UcFaF FbF�

g(r, a)
m

K̂ω(r, λ) = g(r, λω/2)λω−2.� iSiSs`jSt�sSkls`jSt�cFcFiL}
K
ω
(r, σ) =

1

Γ(1− σ)

∞∫

0

g(r, λω/2)λω−σ−2dλ =

= ω−1π−d/22−2(1+σ)/ωr−d+2(1+σ)/ωΓ(1−(1+σ)/ω)Γ(d/2+(1+σ)/ω)/Γ(1−σ)b
Kω(r, t) = π−d/22−1−2/ωr−d+2/ω×

×H20
12

(
r

2
t−ω/2

∣∣∣∣
(1, ω/2)

(d/2− 1/ω, 1/2), (1− 1/ω, 1/2)

)
.

w]klbL�4�Fs`iSs`bFa6^�jSs`iSyFiS_��q�UcFaF 6bFb�CnyFbFcL^v�FyFbW�Si`eLgS{�b6� jSyFt��4t�cL^x� bL�4tl�t�sOjSb6r
Kω(r, t) ∼ δωr−[(1−ω)d+2]/(2−ω)t−[dω/2−2]/(2−ω)×

× exp{−(2− ω)ωω/(2−ω)(r/2)2/(2−ω)t−ω/(2−ω)},� rLt
δω = π−d/22(2−d)/(2−ω)(2− ω)−1/2ω[ω(d+1)/2−3]/(2−ω).©�yL^`cLk��qiSyL�f^`cFsx^B+��UyFgStq�FiO�FyFiDkls`yL^`cLkls`jSt�cFcFiS_
�FtlyFt��4t�cFcFiS_
K̃ω(k, t) = (2π)d/2k1−d/2

∞∫

0

Jd/2−1(kr)K
ω(r, t)rd/2dr,
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� {G̃ωj (k, t)}(σ, t) = t1−σω/2
Γ(σ/2)Γ(1− σ/2)
2Γ(2− σω/2) ,

iSs`aF��rK^Ok�eLtlrL�St�s

K̃ω(k, t) =
1

2
tH11

12

(
ktω/2

∣∣∣∣
(0, 1/2)
(0, 1/2), (−k, d/2)

)
=

∞∑

n=0

(−1)n
Γ(2 + nω)

k2nt1+nω.

�]sSkl��rK^F}6jO\L^Skls`cFiDkls`bn}L�4iS���UsO�S��s`gOjS��jStlrLt�cFiOkliSiSs`cFiS{�t�cFbFt

G̃ω(k, t) =
∂K̃ω(k, t)

∂tb
cL^`_6rLtlcF���FyFtlrLtleL�
G̃ω(k, 0+) = 1, K̃ω(k, 0+) = 0.� ^S�4t�s`bL��}F\Fs`i

G̃2(k, t) = cos(kt), K̃2(k, t) = (1/k) sin(kt),

s`iS� rK^�aU^`a
G̃1(k, t) = exp(−k2t).

z?>B{�- ) � |�����|³��~��³��� î ���,�¬���¢��� î�� ���
ýf^Sk�k��4iSs`yFbL�£s`t��Ft�yFg	yFt�{�t�cFbFtq�UyL^`jScFt�cFb6h

∂f(x, t)

∂t
= −(−4)α/2f(x, t),

t > 0, x ∈ Rd, 0 < α ≤ 2,kZcL^~\L^xeLgScF�z���Dk�eLiSjSbFt��
f(x, 0) = φ(x).

üqyFtlrKkls~^`jSbFjOyFt�{�t�cFbFtqj	jSb6rLt

f(x, t) =

∫

Rd

G(x− x′, t)φ(x′)dx′

p�^`�FbF{�t����UyL^`jScFt�cFbFtZrFeFhv�q�UcFaF FbFb�CnyFbFcL^
G(x, t)

rK^`cFcFiS_>p�^xrK^~\Fbnm
∂G(x, t)

∂t
= −(−4)α/2G(x, t) + δ(x)δ(t), G(x, t) = 0, t < 0. (10.8.1)
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X����Fi`eLc6h6h>�FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgStq�FiO�FyFiDkls`yL^`cLkls`jSt�cFcF�z�£�Ft�yFt��4t�cFcF�z��}

dG̃(k, t)

dt
= −|k|αG̃(k, t) + δ(t)

bvyFt�{�^xh
��s`i	iS�S��aFcFiSjSt�cFcFiStZrLbL���qt�yFtlcF FbL^xeLgScFiStq�UyL^`jScFt�cFbFt��Ft�yFjSiS��iO�FiSyDh6rF�a6^F}F�4���Fi`eL�U\FbL��m
G̃(k, t) = exp(−|k|αt).��^`_6rLt�cFcFiSt�yFt�{�t�cFb6t�t�kls`gZ�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaU^xhO�q�UcFaF Fb6hO�4cFiS��iD�4tlyFcFiS��iZbFp�i`�s`yFiS�FcFiS��iO�Dkls`iS_F\6bFjSiS��iOyL^Skl�FyFt�rLtleLt�cFb6hW¤ yL^Skl�FyFtlrLtleLt�cFb6h���t�jSb6�å+�tleLg`rL��t�_L�f^D¦�m
G̃(k, t) = g̃d(t

1/αk;α).

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt]rK^`t�s

G(x, t) =
1

2π

∫

Rd

e−ikxg̃d(t
1αk;α)dk = t−d/αgd(t

−1/αx;α). (10.8.2)

Gv�<�D��tZiS�Dkl�D�OrK^xeLb	��s`iSs��FyFiS Ft�k�kzj-CDeK^`jSt��FY�ð�bLkl�Ft�yLklb6h?yL^Skl�FyFtlrLtleLtl�cFb6h ¤ ���FY �FY �S¦4�FyFb
α < 2

�St�klaUiScFt�\FcL^F}D^�t���i�{�bFy6bFcL^�yL^Skls`t�s��FyFiS�FiSyF FbFiScL^xeLgScFi
t1/α

}ns`ivt�kls`gL}¬�S�zkls`yFt�tS}n\Ft��¢jvk�eL�U\L^`tOcFiSyL�f^xeLgScFiS_�rLbL���q�Up�bFbH¤
t1/2
¦�}n\Fs`ivbrK^`t�sOiDklcFiSjD^`cFbFt]cL^`p���jD^`s`gO��s`iSsO�FyFiS Ft�klkuø04�óxòÀô�5
�"�K�94�:��xò0MLY

z?>B{�3 Ø ï³� � ·éæ��©#j� î ���D~l�,~����Bæ¯� î ����ï�~��,~���Û�;����|
��~�¹iæ¯� �nð��E¶�¹iæ¯� ����|�� � ï�|,��~�¹iæ¯���|éï����.æ��,~��
Gv�<iDklsx^`cFiSjSbF�fk�h2plrLt�klg�cL^�klj`hFp�b?�4tl�OrL�	yFt�{�t�cFb6hL�4b2eLbFcFt�_FcF���2�UyL^`j`�cFt�cFbF_ rLyFiS�ScFiS��i
�FiSySh6rLa6^

ω ∈ (0, 1)
bW�Ft�yFjSiS��i>�FiSyDh6rLa6^>�FivjSyFt��4t�cFbn}naUiSs`i`�yL^xh��FiSp�jSi`eFhFt�s]jSiSiS�S��t�bFp��Stl��^`s`gq�FyFiS FtlrL�UyF�£yFt�{�t�cFb6h��UyL^`jScFt�cFb6hOkÖrLyFiS�ScFiS_�FyFiSbFp�jSi�rLcFiS_�¤¥�4t�s`i�r>��s`iSs��S��e?jS�Ft�yFjS��tz�FyFtlrFeLi~��t�c?b2bLkl�Fi`eLgSp�iSjD^`cOj�yL^`�SiSs`t^`jSs`iSyL^�� �S�0� ¦�Y

ýf^Sk�k��4iSs`yFbL�£�UyL^`jScFt�cFb6h
0 � ωt fω,ν(t) = Kfω,ν(t) + Φν(t)b

df

dt
= Kf(t) + δ(t).��^~\L^xeLgScF��t��Dk�eLiSjSb6h

0 � ω−1t fω,ν(t) → 0
�FyFb

t ↑ 0
jviS�SiSb6� k�eL�U\L^xh6��¤ iSsS�4tl�s`bL�¢kliS� eK^SkliSjD^xcFcFiDkls`g2iS�SiSp�cL^~\Ft�cFbF_nmK�FyFb

ω → 1
b
ν → 0

�Ft�yFjSiSt��UyL^`jScFt�cFbFt�FyFt�jSyL^`��^`t�sSk¨h>jSiOjSs`iSyFiSt~¦�Y
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X����Fi`eLcFbFjO�FyFt�iS�SyL^`p�iSjS^`cFbFt���^`�6eK^Sk�^�iS�SiSb6�2�UyL^`jScFt�cFbF_n}

λω f̂ω,ν(λ) = Kf̂ω,ν(λ) + λ−ν , λf̂(λ) = Kf̂(λ) + 1,

b
yL^`p�yFtl{�bFjOb6�>iSs`cFiDklbFs`tleLgScFiOs`yL^`cLk��qiSyL�f^`cFs~}6�FyFb6�Di~rLbL�£a
kliSiSs`cFiS{�t�cFbF��m
f̂ω,ν(λ) = λ−ν f̂(λω).

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt]rK^`t�sFm

fω,ν(t) =
1

2πi

∫

C

eλtλ−ν f̂(λ) =

∞∫

0

hω,ν(t, τ)f(τ)dτ,

� rLt
hω,ν(t, τ) =

1

2πi

∫

C

eλt−λ
ωτλ−νdλ.

üqyDhL�4iS_>�FyFiSjSt�yFaDiS_
�4i~�	cFiO�U�StlrLbFs`gDk�hn}6\Fs`i	yFt�{�t�cFb6h
�UyL^`jScFt�cFbF_
0 � ωt fω,0(t) = Kfω,0(t) + δ(t) (10.9.1)

b
df

dt
= Kf(t) + δ(t) (10.9.2)klj`hFp�^`cF�¢kliSiSs`cFiS{�t�cFbFt��

fω,0(t) = ωtω−1
∞∫

0

f((t/τ)ω)g+(τ ;ω)τ−ωdτ =

∞∫

0

f(τ)g+(tτ−1/ω;ω)τ−1/ωdτ,

(10.9.3)^�yFt�{�t�cFb6h
�UyL^`jScFt�cFbF_

0 � ωt fω,1−ω(t) = Kfω,1−ω(t) +
t−ω

Γ(1− ω) (10.9.4)

b
df

dt
= Kf(t) + δ(t) (10.9.5)d2kliSiSs`cFiS{�t�cFbFt��

fω,1−ω(t) =

∞∫

0

f((t/τ)ω)g+(τ ;ω)dτ = (t/ω)

∞∫

0

f(τ)g+(tτ
−1/ω;ω)τ−1/ω−1dτ.

(10.9.6)§ 3$ÖqAD1436:894A�¹K=8X�klt���s`b kliSiSs`cFiS{�t�cFb6h�iDkls~^`�]sSk�h�kl�FyL^`jStlrFeLbFjS�z�4b�b�jk�eL�U\L^`tS}Ft�k�eLb
K
d?cFt�p�^`jSbLk¨hF��bF_
iSs2jSyFt��4t�c6bveLbFcFt�_FcF��_viS�Ft�yL^`s`iSyn}FrLt�_Lkls`jS�D��]��bF_
cL^O�q�UcFaF FbF�

f(t) ≡ f(x, t) �Fi2kliSjSiSaF�U�FcFiDkls`b?�Ft�yFt��4t�cFcF��� x Y
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f(x, t) = (t/ω)

∞∫

0

τ−1/α−1/ω−1g+(τ
−1/αx;α)g+(tτ

−1/ω;ω)dτ. (10.9.7)

oO}6cL^`aUiScFt� n}F�q�UcFaF Fb6h�CnyFbFcL^�rLbL���q�Up�bFiScFcFiS��i��UyL^`jScFt�cFb6h>iS�S��t���i�s`bF�L^
0 � ωt G(x, t) = −(−4)α/2G(x, t) + δ(x)

t−α

Γ(1− α)jS��yL^x�O^`t�sSk¨h>\Ft�yFt�p��q�UcFaF Fb6�ªCnyFbFcL^v¤ ���FY �FY �S¦ÖkliSiSs`cFiS{�t�cFbFt��
G(x, t) =

t

ω

∞∫

0

gd(τ
−1/αx;α) g+(tτ

−1/ω;ω) τ−1/ω−d/α−1dτ, (10.9.8)

�FyFbFjSi~r6hF��bL�£a>rLyFiS�ScFi`� �Skls`iS_F\FbFjSiS_?�6eLiSs`cFiDkls`b
G(x, t) = t−ωd/αqd(t

−ω/αx;α, ω).

z?>B{�z?> �Á�E¶����9���
�8~�|�� î ����ï�~��,~����
X¢kls~^`s`gSt�� �~�*�ny6t�{�^`t�sSk�h
�UyL^`jScFtlcFbFt

[
2α
0 � t + b β0 � t − 2γ

0 � x]Gγα,β(x, t) = b1δ(t)δ(x),kZcL^~\L^xeLgScF�z�4b>b
��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4b

Gγα,β(x, 0) = b2δ(x),
∂Gγα,β(x, t)

∂t

∣∣∣∣
t=0

= 0,

lim
x→±∞

Gγα,β(x, t) = 0, lim
x→±∞

[
∂Gγα,β(x, t)

∂x

]
= 0.

oqcFs`t�yF�FyFt�s`bFyF�xh
t
a6^`aOjSyFt��8hn}D^

x
aU^`a	aDiSiSyDrLbFcL^`s`�S}`j��UyL^`jScFt�cFbFbO��s`iD�.�4i~�	cFi�UjSb6rLt�s`gvrLyFiS�ScF��_�^`cL^xeLiS�	s`tleLt���yL^S�qcFiS��iv�UyL^`jScFt�cFb6hn}nj�aUiSs`iSyFiSt	iScFi�b��Fy6tl�jSyL^`��^`t�sSk�hW�FyFb

α = β = γ = 1
YIü�y6t�iS�SyL^`p�iSjD^xcFbFtB��^`�6eK^Sk�^v�Fi jSyFt��4t�cFb£b+��UyFgStZ�Fi�aUiSiSySrLbFcL^`s`tZb>yFt�{�t�cFbFtZ�Fi`eL�U\Ft�cFcFiS��i�^xeL��t��SyL^`bF\Ft�klaUiS��i��UyL^`jScFt�cFb6h�FyFbFjSi~rFbFsOavk�eLtlrL�U�]��t��4�?jS��yL^x��t�cFbF��rFeFh
s`yL^`cLk��qiSyL�f^`c6sS��m

G̃γα,β(k, λ) ≡
∞∫

0

dte−λt
∞∫

−∞

dxeikxGγα,β(x, t) =
b1 + b2(λ

2α−1 + bλβ−1)

λ2α + bλβ − |k|2γ .



�;:"¥¦�;:7¨���	R�G�7�o�2�[�x�x��õ��7�"�#�x���x�x� �S�S�
ð�eFh>jS���Fi`eLcFt�cFb6h>iS�SyL^`s`cF���?�FyFt�iS�SyL^`p�iSjS^`cFbF_?�FyFbFjStlrLt��£t�tqa
jSb6rL�

G̃γα,β(k, λ) =
b1 + b2(λ

2α−1 + bλβ−1)

λ2α + bλβ − |k|2γ =

=
Ω(λ)

|k|2γ
|k|2γλ−β
λ2α−β + b

1

1− |k|2γλ−β
λ2α−β+b

= Ω(λ)

∞∑

n=0

|k|2γnλ−βn−β
(λ2α−β + b)n+1

,

� rLt
Ω(λ) = b1 + b2(λ

2α−β + bλβ−1)
b��FyFtlrL�Fi`eK^`�l^`t�sSk�hvjS���Fi`eLc6t�cFbFt��Sk�eLiSjSb6hk��Si~rLbL�4iDkls`b���t�iD�4t�s`yFbF\Ft�klaUiS_��FyFiS��yFt�k�klbFb ||k|2γλ−β/(λ2α−β + b)| < 1

Y�üqi`eLg`�p��`hLklg�kljSiS_Lkls`jD^S�4b�iS�SiS�S��t�c6cFiS_!s`yFtl�6�L^`yL^S�4t�s`yFbF\Ft�klaUiS_/�q�UcFaF FbFbwGvbFs`sx^`�l���t����ZeLt�yL^F}UjS���Fi`eLcFbL��iS�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt���^`�6eK^Sk�^F}
G̃γα,β(k, t) =

∞∑

n=0

|k|2γn{b1t2αn+2α−1En+1
2α−β,2αn+2α(−bt2α−β)+

+b2t
2αn

[
E2α−β,2αn+1(−bt2α−β) + bt2α−βEn+1

2α−β,2αn+2α−β+1(−2bt2α−β)
]
}.^�p�^`s`t��£b
iS�SyL^`��t�c6bFt¬+��UyFgStSm

Gγ
α,β(x, t) =

= −
1

π

∞∑

n=1

sin(nγπ)Γ(2nγ + 1)|x|−2nγ−1{b1t
2αn+2α−1En+1

2α−β,2αn+2α(−bt
2α−β)+

+b2t
2αn

[
En+1

2α−β,2αn+1(−bt
2α−β) + bt2α−βEn+1

2α−β,2αn+2α−β+1(−bt
2α−β)

]
},� rLt

b 6= 0,−1−m,m = 0, 1, 2, . . .
Y

üqi`eK^`�l^xh2plrLt�klg
α = β

}6�Fi`eL�U\FbL�£yFt�{�t�cFbFt��UyL^`jScFt�cFb6h
[ 2α0 � t + b α0 � t − 2γ

0 � x]Gγα,α(x, t) = b1δ(t)δ(x)jOjSb6rLt
Gγ

α,α(x, t) = −
1

π

∞∑

n=1

sin(nγπ)Γ(2nγ + 1)|x|−2nγ−1{b1t
α(n+2)−1Eα,nα+2α(−bt

α)+

+b2t
2nα[Eα,αn+1(−bt

α) + btαEα,αn+α+1(−bt
α)]}, 0 < γ < 1, 0 < α < 1.

��^.iDklcFiSjStv��s`iS��i£kliSiSs`cFiS{�t�cFb6hn}§p�^S�4t�c6hF�]��t���i�j�cFt�aDiSs`iSyFiD��k��4�zk�eLt�qiSyL�4��eL�.�qyL^S�4t�yLkl^x� �qyFiScFbF�l^F}nk	���4�FbFyFbF\Ft�klaFb�iS�FyFtlrLtleLtlcFcF�z�4b��L^`yL^S�4t�s`yL^x��4b
α
b
aα
j�yL^`�SiSsx^x�t� �
�F}���'(��yL^`p�yL^`�D^`s`��jD^`t�sSk¨h¡�4i~rFtleLg¢kWaUiScLkls`bFs`�Us`bFj`�cF�z���UyL^`jScFt�cFbFt���}Tkli~rLt�yD��^`��bL��yFt�����eFhFyFbFp�iSjD^`cFcF��_���bF�Ft�yLklbFcF����eFhFyFcF��_�bFc6�s`t���yL^xe�rLyFiS�ScFiS��i2�FiSySh6rLa6^�¤ �FyFiSbFp�jSi�rLcF�U�tG�^`yF{�iU¦�b��FyFbFjSi�rFhF��bL�Ha�jSi`eLcFi`�jSiD�4�2�UyL^`jScFt�cFbF�¡kZ�FiSs`t�yDhL�4b
jSb6rK^

[
4− 1

c20

∂2

∂t2

]
p(x, t) =

4aαΓ(α+ 2) cos((α+ 1)π/2)

πc0
p.f.

t∫

−∞

p(x, τ)dτ

(t− τ)α+2 ,
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� rLt

p(x, t)
dzrK^`j`eLt�cFbFtÖj]s`iS\FaDt

x
jZ�4iD�8t�cFsZjSyFt��4t�cFb

t
}~^zbFcFs`t���yL^xe��FiScFbF�f^`t�sSk�hj	k��4�zk�eLt�aDiScFt�\FcFiS_
\L^Skls`b>�Fi2w�rK^S�f^`yF�SY

ð�yF�U��iS_W�Fi~rF�Si~r�a�iS�FbLk�^`cFbF�*iDk�eK^`�`eLt�cFb6h.jSi`eLcWj�s`t�yL�4iSj`hFp�aDiS_�klyFtlrLt�S��e>�FyFtlrFeLi~��t�c>j�yL^`�SiSsx^x��� �~�~� �o´
� YDX�t���i�iDklcFiSjS�O�S��eLi��Fi`eLi~��t�cFi��UyL^`jScFt�cFbFt
[
4− 1

c20

∂2

∂t2

]
p(x, t) = − µ

c20

∂

∂t
[4p] , (10.10.1)

� rLt
µ
dWaUiS�����qbF FbFt�cFs s`t�yL�4iSj`hFp�aDiDkls`bnYÖX/yL^`�SiSs`tÄ� �����ziScFi �S��eLi.iS�SiS�S��t�cFi�F�Us`t��£p�^S�4t�cF�¢eK^`�6eK^Sk�bL^`cL^�t���i�rLyFiS�ScFiS_>kls`t��Ft�cFgS��}

[
4− 1

c20

∂2

∂t2

]
p(x, t) =

µ

cα0

∂

∂t

[
(−4)α/2p(x, t)

]
, α ∈ (0, 2], (10.10.2)

\Fs`i2kliSiSs`jSt�sSkls`jS�`t�sO^`�F�FyFiSa6klbL�f^` FbFb?rLbLkl�Ft�yLklbFiScFcFiS��i	kliSiSs`cFiS{�t�cFb6h

k2 −
(
ω

c0

)2
= i

µ

cα0
ω|k|α,

�FyFbFt��8eLt��4iS_�jSi>�4cFiS��b6���FyL^`aFs`bF\Ft�klaFb6��klbFs`�D^` Fb6h6�¬}TjSa6eL�]\L^xhn}K�Fi>�Us`jSt�yD�OrLtl�cFbF�B^`jSs`iSyL^�yL^`�SiSs`�µ� ����� }6��eLgxs`yL^`p�jS�UaUiSj`��tZbLk�k�eLtlrLiSjD^`cFb6h?j2�4tlrLbF 6bFcFtSY
z?>B{�z�z 8 ~�|�æ��³¶�·�~��³� ���¢��� î�� ��� ~��j|������ � çB�

� ^`jSt�yF{�bL�?��s`�q� eK^`jS�]yL^Sk�k��4iSs`yFt�cFbFt��>i~rLcFiD�4t�yFcFiS��i��FyFiS Ft�k�k�^��oñ�÷*ÿ����xú&�
ñ�÷*M�5
�"�%�94�:��"�L}~kliS\Ft�sx^`�]��bL�>j]klt��Stf�FyFbFp�cL^`aFb�a6^`a�kl�U��rLbL���q�Up�bFb	¤

ω < 1
¦�}�sx^`abvkl�U�Ft�ySrLbL���q�Up�bFb.¤

α < 2
¦�Y$ §��iO�UyL^`jScFt�cFbFtqbL�4t�t�s	jSb6r

ω
0Dtf(x, t) = −(−41)

α/2f(x, t). (10.11.1)

��^`a�k�eLtlrL�St�s?bFpOP�=]¹6·n= ±n}Kt���i?yFt�{�t�cFbFt�rFeFh��St�klaUiScFt�\FcFiS_�iDklb −∞ < x < ∞jS��yL^x�O^`t�sSk¨hW\Ft�yFt�p2rLyFiS�ScFi`� �Dkls`iS_F\FbFjS�U�/�6eLiSs`cFiDkls`gLY � rLt�klg �4�/yL^Sk�k��4iSs`yFbL�yFt�{�t�cFb6h.¤ ���FY �S�SY �~¦fcL^�aUiScFtl\FcFiD��iSs`yFt�p�aUt
[0, L]

kZi~rLcFiSyFi�rLcF�z�4b>��yL^`cFbF\FcF�z�4b�Dk�eLiSjSb6hL�4b
f(0, t) = f(L, t) = 0b
cL^�\L^xeLgScF�z���Dk�eLiSjSbFt��
f(x, 0) = f0(x).X�iDkl�Fi`eLgSp��St��fk¨h<�4t�s`i~rLiD�/yL^`pleLi���t�cFb6h<yFt�{�t�cFb6h<�FiHklbLkls`t��4t iSyFs`iS��i`�cL^xeLgScF���O���UcFa6 FbF_n}DjS���SyL^`j�j�aU^~\Ft�kls`jStzs~^`aUiSjS���	kliS�Dk�sSjStlcFcF��t]�q�UcFaF FbFb	iS�Ftl�yL^`s`iSyL^ −41

m
−41φn(x) = λnfn(x),

φn(0) = φn(L) = 0.
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ãx� �S�+´
� iS�Dkls`jSt�cFcF��tZp�cL^~\Ft�cFb6h>��s`iS��iOiS�Ft�yL^`s`iSyL^

λn = (an)2, a = π/L, n = 1, 2, 3, ...

^OkliSiSs`jSt�sSkls`jS�U�]��bFtqbL��kliS�Dkls`jSt�cFcF��tq�q�UcFaF FbFb
φn(x) = cn sin(anx), 0 6 x 6 L,

� rLt
cn
d	cFiSyL�4bFyFiSjD^`cFcF��tq�FiDk�sSi�hFcFcF��tSYX¢iDklcFiSjStq�FyFbL�4t�cFt�cFb6hv��s`iS��i?�4t�s`i�rK^	av�UyL^`jScFt�cFbF�BkqrLyFiS�ScF�z��eK^`�6eK^x�klbL^`cFiD�WeLtl�	bFsOs`t�iSyFt��f^�iOs`iD��}F\Fs`i	t�k�eLb

ψ(z)
dOrLiDklsx^`s`iS\FcFi��DiSyFiS{�^xh>�q�UcFa6� Fb6hn}Ös`i£kliS�Dkls`jSt�cFcF��tvp�cL^�\Ft�cFb6h�iS�Ft�yL^`s`iSyL^x� �q�UcFaF FbFb

ψ(−41)
jS��yL^x�O^`t�sSk¨h\Ft�yFt�p	kliS�Dkls`jSt�cFcF��t�p�cL^�\Ft�cFb6h iS�Ft�yL^`s`iSyL^x� ^`yF���6�4t�cFs~^

λn
�qiSyL�4��eLiS_

ψ(λn)
}�^kliS�Dkls`jSt�cFcF��tq�q�UcFaF FbFbvkliSjS�L^xrK^`�]s�k

φn(x)
� ��Ñ�� Y>üqi~rKkls~^`jSbFj�yL^`pleLi~��t�cFbFt

f(x, t) =

∞∑

n=1

fn(t) sin(anx)

jO�UyL^`jScFt�cFbFt	¤ ���FY �S�SY �~¦§b>�U\FbFs`��jD^xhn}6\Fs`i2kliS� eK^SklcFi�s`t�iSyFt��4t
(−41)

α/2 sin(αnx) = (an)α sin(αnx),

�Fi`eL�U\FbL�
∞∑

n=1

[0
ω � tfn(t) + (an)αfn(t)] sin(anx) = 0.

[Z�4cFi~��^xh
��s`i	�UyL^`jScFt�cFbFtqcL^
sin(amx)

b
bFcFs`t���yFbFyF�`hv�FiOiSs`yFt�p�aF�
[0, L]

}F�FyFb6��Di�rLbL�£a
�UyL^`jScFt�c6bF�
ω
0Dtfm(t) + (am)αfm(t) = 0, m = 1, 2, . . .

yFt�{�t�cFbFtqaUiSs`iSyFiS��i�bL�4t�t�s	jSb6r
fm(t) = fm(0)Eω (−(am)αtω) ,

� rLtq�FiDkls`i~hFcFcF��t
fm(0) =

L∫

0

f(x, 0) sin(amx)dx

iS�FyFtlrLtleFhF�]sSk¨h
cL^~\L^xeLgScF�z�4b>�Dk�eLiSjSb6hL�4b>p�^xrK^�\FbnYLX�bFs`iS��t��Fi`eL�U\L^`t��

f(x, t) =
∞∑

n=1

fn(0) sin(anx)Eω [−(an)αtω] .
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üqyFb

α = 2
��s`iSs�yFt�p���eLgxs~^`s�kliSjS�L^xrK^`t�s�k]yFt�{�t�cFbFt��W�UyL^`jScFt�cFb6h?kl�U�~rLbL���q�Up�bFbcL^�iSs`yFt�p�aUt

f(x, t) =
∞∑

n=1

fn(0) sin(anx)Eω
[
−(an)2tω

]
,

�Fi`eL�U\Ft�cFcF�z��j�yL^`�SiSs`t�� ª�� }6^��FyFb
ω = 1

d	kZyFt�{�t�cFbFt����UyL^`jScFt�cFb6h>kl�U�Ft�yDrLbL�Z��q�Up�bFbn}
f(x, t) =

∞∑

n=1

fn(0) sin(anx) exp [−(an)αt] ,

�FyFbFjStlrLt�cFcF�z�£j�� ��Ñ�� Y5üqyFb
α = 2

b
ω = 1

�4���FyFb6�Di�rLbL�£a
bFp�jSt�k�sSc6iD�4�?yFt�{�tl�cFbF�¡�UyL^`jScFt�cFb6h>cFiSyL�f^xeLgScFiS_2rLbL���q�Up�bFbÄ� �`��� Y
z?>B{�z�± �s��|
��~�|76 î ����|³Û�í���ï�¹i����¶�|���~�|������

X�p�^`a6eL�]\Ft�cFbFtZ� eK^`jS�<iDkls~^`cFiSjSbL�fk�h?cL^�kljSiS_Lkls`jD^x�OrLyFiS�ScFi`� �Skls`iS_F\FbFjS����6eLiSs`cFiDkls`t�_n} hFj`eFhF�]��b6�Dk�h �q�Uc6rK^S�4t�cFsx^xeLgScF�z�4b'yFt�{�t�cFb6hL�4b'rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF���2�UyL^`jScFt�cFbF_>jO\L^Skls`cF���>�FyFiSbFp�jSi�rLcF���¬Y
üq�Dkls`g

S(α, θ)
b
S(ω, 1)

dOjSp�^`bL�4cFi�cFt�p�^`jSbLklbL�4��tZ�Dkls`iS_F\FbFjS��tqk�eL�U\L^`_6�cF��t�jStleFbF\FbFcF��jO�FyFtlrKklsx^`j`eLt�cFbFbx�]Y$��^`p�iSjSt���k�eL�U\L^`_FcF�U��jStleLbF\FbFcF�
Z(α, ω, θ) = S(α, θ)/[S(ω, 1)]ω/α, ω < 1,

rLyFiS�ScFi`� �Dk�sSiS_6\FbFjSiS_nY¹K= üZeLiSs`cFiDkls`g yL^Skl�FyFtlrLtleLt�cFb6h
q(x;α, ω, θ)

k�eL�U\L^`_FcFiS_ jStleLbF\FbFcF�
Z(α, ω, θ)

cL^`p�iSjSt���5�ôx÷*67ñ�÷*� 4+øBùJ÷*M�þ1�xöo÷*M½ó��x÷7ùJñ�÷oøBùJú&2�YT�]cL^	jS��yL^x��^`t�sSk�h
\Ftl�yFt�p��Skls`iS_F\FbFjS��tq�6eLiSs`cFiDkls`b
g(x;α, θ)

kliSiSs`cFiS{�t�cFb6t��

q(x;α, ω, θ) =

∞∫

0

g(xyω/α;α, θ)g+(y;ω)y
ω/αdy.

· =1 Ök�eFb 0 < α < 1
b
θ = 1

}~�6eLiSs`cFiDkls`g
q (x;α, ω, 1)

iSs�eLbF\L^`t�sSk�h�iSszcF�~eFhs`i`eLgSaUi2cL^2�Fi`eLi~�	bFs`tleLgSc6iS_��Fi`eL�SiDklbnYKX�i?jDkltl�>rLyF�U��b6��k�eL�U\L^xh6�
iScL^2iSs�eLbF\FcL^iSsOcF��eFh
cL^�jDklt�_>jSt���t�kls`jSt�cFcFiS_?iDklbnYÜn=4o��4t�t�s	�4t�kls`i2kljSiS_Lkls`jSi�bFcFjSt�yLklbFbnm
q (−x;α, ω, θ) = q (x;α, ω,−θ) . Ök�eLb

θ = 0
}Fs`i

q (−x;α, ω, 0) = q (x;α, ω, 0) ,s`iqt�k�sSg]rLyFiS�ScFi`� �Skls`iS_F\FbFjSiStÖyL^Skl�Fy6tlrLtleLt�cFbFt�k
θ = 0

hFj`eFhFt�sSk�h�klbL�f�4t�s`yFbF\FcF�z�iSs`cFiDklbFs`tleLgScFiOcL^�\L^xeK^�aUiSiSySrLbFcL^`s~Y
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ω = 1/2

Ú
Y�0*)#.BY� #&- +%+%m0
O2)#.�aX%#?�.!QR%AEo0*$7�!H+W+%+Y�;If�N+9#��$� #��0*$7&-H�Ø $7�! #?�%#&X9+%+ +%+%>Ú¨ñ

¸�= � iS� eK^Sklc6i�kljSiS_Lkls`jS��bFcFjSt�yLklbFbn}2rLiDklsx^`s`iS\FcFi*yF^Sk�k��4iSs`yFt�s`g�a6eK^Sk�krLyFiS�ScFi`� �Skls`iS_F\FbFjS���]�6eLiSs`cFiDkls`t�_��FyFbqjDkltl�
α, ω

b
θ
s`i`eLgSaDi�cL^��Fi`eLi~�	bFs`tleLgScFiS_�Fi`eL�SiDk�bn}6\Fs`i	�FiSp�jSi`eFhFt�s�jSjSt�kls`b>i�rLcFiDkls`iSyFiScFcFt�tq�FyFt�iS�SyL^`p�iSjS^`cFbFt³GvtleFeLbFcL^

q̄ (s;α, ω, θ) =

∞∫

0

xsq (x;α, ω, θ) dx, −1 < Re s < α,

aUiSs`iSyFiSt`}
j�klb6eL� kl�Ft� FbL�qbFaFb rLyFiS�ScFi`� �Dkls`iS_F\FbFjSiS_ k�eL�U\L^`_FcFiS_ jStleLbF\FbFcF��}
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�#�>����Æ('
hFj`eFhFt�sSk�hvp�cL^�\FbFs`tleLgScFi2�Si`eLt�t���rLiS�ScF�z��bFcLkls`yF�6�4tlcFs`iD�<^`cL^xeLbFp�^F}F\Ft���s`yL^xrLb6� FbFiScFcL^xh.�U^`yL^`aFs`t�yFbLkls`bF\Ft�kla6^xh£�q�UcFaF Fb6hnY�üqyFbL�4t�c6h6h���s`i��FyFt�iS�SyL^`p�iSjS^`cFbFt	bbLkl�Fi`eLgSp��xh�jS��yF^x��t�cFbFt�rFeFh�sSyF^`cLk��qiSyL�f^`cFs`�ªGvtleFeLbFcL^2�Dkls`iS_F\FbFjSiS_v�6eLiSs`cFi`�kls`b

ḡ (s;α, θ) = ρ
Γ (1 + s) Γ (1− s/α)
Γ (1 + ρs) Γ (1− ρs) , ρ = (1 + θ)/2,�4���Fi`eL�U\FbL�

q̄ (s;α, ω, θ) = ρ
Γ (1 + s) Γ (1− s/α) Γ (1 + s/α)

Γ (1 + ρs) Γ (1− ρs) Γ (1 + ωs/α)
.

¶¬=+ð�yFiS�ScFi`� �Dkls`iS_F\FbFj`iSt�yL^Skl�FyFtlrLtleLt�cFbFt�bL�4t�t�s��4iD�4t�cFs`�HjDkltl���FiSyDh6rLaDiSjs`i`eLgSaUi>j
k�eL�U\L^`t
α = 2

Y�üqyFb ��s`iD�<iS�`eK^Skls`g>p�cL^~\6t�cFbF_
θ
kl�D��^`t�sSk�h�rLi
i�rLcFi`���i�p�cL^~\Ft�cFb6h

θ = 0
}4yL^Skl�FyFtlrLtleLt�cFbFt>klsx^`cFiSjSbFsSk�h£klbL�f�4t�s`yFbF\FcF�z��}§cFt�\Ft�s`cF��t�4iD�4t�cFs`��iS�SyL^`��^`�]sSk�h?jOcF�~eLgL}F^�\Ft�s`cF��tqrK^`�]sSk�hv�qiSyL�4��eLiS_

m(2n) (2, ω, 0) ≡
∞∫

−∞

x2nq (x; 2, ω, 0) dx =
4nn!Γ (n+ 1/2)√
πΓ (nω + 1)

.

üqyFb
1 < α < 2

jSs`iSyFiS_�b�jS�zkl{�bFtÖ�4iD�4t�cFs`���St�klaDiScFt�\FcF��}��FyFb
α ≤ 1

�Ft�yFt�kls~^`t�skl�U��t�kls`jSiSjD^`s`g�bvklyFtlrLcFt�t�p�cL^�\Ft�cFbFtSY¤n=¬X<cL^�\L^xeLtqaUiSiSySrLbFcL^`s
q (0;α, ω, θ) =

Γ (1 + 1/α) Γ (1− 1/α)

πΓ (1− ω/α) cos (θπ/2)

b
Q (0;α, ω, θ) ≡

0∫

−∞

q (0;α, ω, θ) = (1− θ) /2.

� ^S�4t�s`bL��}F\Fs`i
q (x;α, ω, θ)

bF�4t�t�sObFcFs`t���yFbFyF�St��4�U�¡iDkliS�St�cFcFiDkls`g�jOcL^~\L^xeFtqaUi`�iSyDrLbFcF^`sx}6aUiS� rK^
α ≤ 1

b
ω < 1

Y³¬=�üqyFb
ω → 1

�6eLiSs`cFiDkls`b
q (x;α, ω, θ)

�FyFt�jSyL^`��^`�]sSk¨h jv�Dk�sSiS_6\FbFjS��t�6eLiSs`cFiDkls`b
g (x;α, θ)

Y´n=? Ök�eLb
ω < 1

b
θ > 0

}Fs`i
q (x;α, ω, θ) ∼ g (x;α, θ) /Γ (1 + ω) , x→∞,

s`iqt�kls`gZrLyFiS�ScFi`� �Dkls`iS_F\FbFjS��tÖ�6eLiSs`cFiDkls`b�bL�4t��]sqsx^`aFbFt���t�s�h6��tleL��t�¤ j�k��4�zk�eLtkls`t��Ft�cFcFiS_
p�^`jSbLklbL�4iDkls`bK¦§�6jSiDkls`��}6\Fs`i	b>�Dkls`iS_F\FbFjS��tq�6eLiSs`cFiDkls`bnY±n=VüqyFb
α = 2

rLyFiS�ScFi`� �Dkls`iS_F\FbFjD^xhv�6eLiSs`cFiDkls`g
jS��yL^x�O^`t�sSk¨h�\Ft�yFt�pOi~rF�cFiDkls`iSyFiScFcF�]���Dkls`iS_F\FbFjS�U���6eLiSs`cFiDkls`g2kliSiSs`cFiS{�t�cFbFt��
q (x; 2, ω, 0) =

1

ω |x|1+2/ω
g+

(
|x|−2/ω ;ω/2

)
.
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¹6·n=K q^`yF^`aFs`t�yFbLkls`bF\Ft�klaFbFt2�q�UcFaF FbFb�rLyFiS�ScFi`� �Dkls`iS_F\FbFjS���
yL^Skl�FyFtlrLtleLtl�cFbF_
jS��yL^x��^`�ZsSk¨h>\Ft�yFt�p��q�UcFaF FbFb�GvbFs`sx^`�l� ��t����ZeLt�yL^

q̃(k;α, ω, θ) = Eω(−ψ(k;α, θ)),
� rLt

ψ(k;α, θ) = −|k|α exp{−iαθ(π/2)signk}.o��4t�t�s	�4t�kls`iOyL^`pleLi~��t�cFbFtq�FiOiS�SyL^`s`cF�z�£kls`t��Ft�c6hL�

q(x;α, ω, θ) =

∞∑

n=1

(−1)n−1 Γ(nα+ 1)

Γ(nαρ)Γ(1− nαρ)Γ(1 + nω)
x−nα−1.

¹K¹K=K�zrLcFiD�4t�yFcF��t�rLyFiS�ScFi`� �Dkls`iS_F\FbFjS��t��6eLiSs`cFiDk�sSb	t�kls`t�kls`jSt�cFcF�z� iS�SyL^x�p�iD��iS�SiS�S��^`�]sSk¨h>cL^O�4cFiS��iD�4t�yFcF��t

qd(x;α, ω,Γ) =

∞∫

0

gd(xy
ω/α;α,Γ)g+(y;ω)y

dω/αdy,

iS�FbLkl��jD^`�]��bFtZyL^Skl�FyFtlrLtleLt�cFbFt�k�eL�U\L^`_Fc6iS��iOjSt�aFs`iSyL^
Zd(α, ω,Γ) ≡ Sd(α,Γ)

/
[S1(ω, 1)]

ω/α .Gv� iS��yL^`cFbF\FbL�fk�h<plrLt�klg£�Ft�yFt�\FbLk�eLt�cFb6t���kljSiS_Lkls`j£klsx^`c6rK^`yFs`cF����bFp�i`�s`yFiS�FcF����rLyFiS�ScFi`� �Dkls`iS_F\6bFjS���v�6eLiSs`cFiDkls`t�_
qd(x;α, ω, µ0) ≡ qd(|x|;α, ω)

}T�U^x�yL^`aFs`t�yFbLkls`bF\Ft�klaU^xh��q�UcFaF 6b6h
aUiSs`iSyF���?bL�4t�t�sOjSb6r
q̃d(k;α, ω) = Eω(−|k|α).

�S�SY �SYVüZeLiSs`cFiDkls`b
qd+2(r;α, ω)

b
qd(r;α, ω)

klj`hFp�^`cF�¢kliSiSs`cFiS{�t�cFbFt��

qd+2(r;α, ω) = −
1

2πr

dqd(r;α, ω)

dr
.

üZeLiSs`cFiDkls`b
qd+1(r;α, ω)

b
qd(r;α, ω)

klj`hFp�^`cF���FyFb��FiD�4iS��bv�FyFiSbFp�jSi�rF�cFiS_
�FiSySh6rLa6^
1/2
Y

�S�SY �6YVüqi~rLiS�ScFi�cFiSyL�f^xeLgSc6iD�4�Ok�eL�U\L^`��}D�FyFiSt�aF Fb6hOrLbL���q�Up�bFiScFcFiS��i
d
� �4t�yFcFiS��ijSt�aFs`iSyL^

X(t)
cL^

d′
�8�4t�yFcFiD� �Fi~rL�FyFiDkls`yL^`cLkls`jSt�¤

d′ < d
¦8rLbL���q�Uc6rLbFyF�`t�skliS� eK^SklcFi

d′
� �4t�yFcFiD�8�?p�^`aUiScF�	sx^`aFbL�4b>��t��L^`yL^S�4t�s`yL^S�4b

α
b
ω
Y

�S�SY �FY�X iSs�eLbF\FbFtóiSs%cFiSyL�f^xeLgScFiS��i k�eF�6\F^xhn}(yL^`pleLbF\FcF��t aUiSiSyDrLbFcL^`s`�
X1(t), ..., Xd(t)

\L^Skls`bF F��}qkliSjSt�yF{�^`�]��t�_¡^`cFiD�f^xeLgScF�U�,rLbL���q�Up�bF� ¤¥k
α 6= 2

b6eLb
ω 6= 1

¦�cFtqhFj`eFhF�]sSk�h>cFt�p�^`jSbLklbL�4�z�4b>rLyF�U�qiSs�rLyF�U�l^FY



�`ªD� ��	��"�+�>�;:7:e�o�"�#�x���x�"§Ç��ô��1���5��Æ('D&x���x���
�#�>����Æ('
�S�SY 'LY�üZeLiSs`cFiDk�sSg

qd(r;α, ω)
dW�U�S��jD^`�]��^xh£�q�UcFaF Fb6h

r
bHt�tv�f^`a6klbL�f^xeLgScFiStp�cF^~\Ft�cFbFt

qd(0;α, ω)
aDiScFt�\FcFiOs`i`eLgSaUiOt�k�eLb

d < α
m

qd(0;α, ω) =
Γ(1 + d/α)Γ(1− d/α)

(4π)d/2Γ(1 + d/2)Γ(1− dω/α) .

X�\L^Skls`cFiDkls`b
q1(0;α, ω) =

csc(π/α)

αΓ(1− ω/α) .

�S�SY �6Y�X<k�eL�U\L^`t
ω = 1

rLyFiS�ScFi`� �Dkls`iS_F\FbFjS��tZ�6eLiSs`cFiDkls`bv�Ft�yFtl�Si~rFhFsOj	�Skls`iS_F\Fb6�jS��t`m
qd(r;α, 1) = ρd(r;α)

qd(r;α, 1) = ρd(r;α) = (2π)−d/2
∫ ∞

0

e−s
α

Jd/2−1(rs)(rs)
1−d/2sd−1ds.

�S�SY ªFY�o��4tlt�s	�4t�kls`i2kliSiSs`cFiS{�t�cFbFtSm

qd(r;α, ω) =

∫ ∞

0

qd

(
rτω/α;α, 1

)
g+(τ ;ω)dτ.

�S�SY ´UY, Ök�eFb
α = 2

b
ω < 1

}Fs`iS� rK^

q1(0; 2, ω) =
[
2Γ(1− ω/2)

]−1
,

q2(r; 2, ω) ∼
[
2πΓ(1− ω)

]−1
| ln r|, r → 0,

b?rFeFh
d ≥ 3

qd(r; 2, ω) ∼ (4π)−m/2
[
Γ(d/2− 1)/ Γ(1− ω)

]
(r/2)−(d−2), r → 0.

�S�SY �FY.��^��Si`eLgS{�b6�2yL^Sk�kls`i~hFcFb6h6�
qd(r; 2, ω) ∼ (4π)−d/2(2− ω)−1/2ω[(d+1)ω/2−1]/(2−ω)×

×(r/2)−d(1−ω)/(2−ω) exp{−(2− ω)ωω/(2−ω)(r/2)2/(2−ω)}.
�S�SY ÑFY�X�k�eL�U\L^`t

α = 1
}
ω = 1/2

yF^Skl�FyFtlrLtleLt�cFb6hvrFeFh�jDkltl�
yL^`p��4t�yFcFiDkls`t�_�jS���yL^~�O^`�]sSk�h>\Ft�yFt�p�cFt��Fi`eLcF�U�¡��^S�f�f^x� �q�UcFaF FbF��m

qd(r; 1, 1/2) =
2√
π

Γ
(
(d+ 1)/2

)

(4π)(d+1)/2
er

2/4Γ
(
1− (d+ 1)/2, r2/4

)
.



<D�"�5���7�1��õ��7� �`ª&�
ð�eFh
cFt�\Ft�s`cF���>yL^`p��4t�yFcFiDkls`t�_

qd(r; 1, 1/2) =
2√
π

Γ
(
(d+ 1)/2

)

(4π)(d+1)/2

(
r2

4

)µ
er

2/4E(d+1)/2(r
2/4),

� rLt
µ = 1− (d+ 1)/2

Y
�S�SY ���FY�X¢k�eL�U\L^`t

α = 1, ω = 1

qd(r; 1, 1) = Γ((d+ 1)/2)
[
π(1 + r2)

]−(d+1)/2
.

�S�SY �S�SY(üqyFt�iS�SyL^`p�iSjS^`cFbFt³GvtleFeLbFcL^Fm
q̃d(s;α, ω) ≡

∞∫

0

qd(r;α, ω)r
s−1dr =

=
2sΓ(1− (d− s)/α)Γ(s/2)Γ((d− s)/α)
α(4π)d/2Γ(1− (d− s)ω/α)Γ((d− s)/2) .

�S�SY �~�6Y(üqyFb
α = 2

jDklt��4iD�4t�cFs`��kl�U��t�kls`jS�U�]sOb
bL�4tl�ZsOjSb6r

〈|X(t)|2n〉 = Γ(n+ d/2)Γ(n+ 1)

Γ(d/2)Γ(nω + 1)

(
4Dtω

)n
.

@}�����,����� î ���
�SY�[�XZY
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�1TÝS Yn� � Y v
�´�`¶rKa�XZY
r��#J �]´��Gf;f±XZYe`�j?JFd w�T VNO
SML�I Z � m�� I Z YÝ�qw1Q0T ��V&�3T ��Q }n��Ñ�Ñ('LY
�6Y¢^Z�h���q^�J�¯LY zÂS��3R Y2n R��2F Y · ³¬}L�+´x�D�?¤ ��ÑS�SªD¦�Y
ªFY�U¹fMY
_Kc¹_KV¬�¸J£¨.J�{ I&V$Y T V$�
S Z?� ��V"S(X-TÝQ+F�· ±n}¬��'U�?¤ �`�S�D�S¦�Y
´UY7§x_K`ba�_KY
WK`dÀEJ�o S&�1T I��A­�T U(S ÜK´n}L�`�
¤ ��Ñ�ÑD�S¦�Y
�FY7§x_K`ba�_KY
WK`dÀEJ�� R"SMI±F } w�I&Y T �
I&V�F.S(V"� u$Z S&Q���S(YyF ³¬}¬��'DªF�O¤ ��Ñ�ÑSªD¦�Y
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ÑFY�§x_K`ba�_KY�WK`ÆÀEJ>Ò V m�u$Z S&Q���S(YyFwS(V"� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�FwT V � I&V&�3T V�P$P$Xz���Q�R"S(V$TÝQ+F Y®� � Y v
� ¬�_KY ª�`ba�i}XZYe`�U�J �?§x_K`ba�_KY�WK`?ÀEJndÂÐ TÝ�0V$V"S dx{ � �"Å I Z U mw�L Z T VNO&� Z.Ð � Z YÝSMO }T��Ñ�Ñ#´UY
���FY7�£Ë�g�a�XZ`¶WGXZYq^�J£´�J �k^Z�h���¢^�J�¯LY zÂS��3R Y2n R��2F Y�ÜK·n}¬�
�('
¤ ��ÑS��ÑD¦�Y
�S�SYBLIþ$��M"�&��ñ�I�J%I�J�)Ãû�©¸+�´K´n}¬�S�~�S�?¤ ��Ñ�Ñ�ÑD¦�Y
�~�6Y�¬�_K�=_KY¶f±r0´�JdÀEJ �³¬�g�`¶_GË�Ë�g2`¶r¢U�J«�¸J ��WGX0�(V `b­KXZ`bY
_�l.J�¬9J�¯LY IM�(zÂS��3R Y�n R��2F Y¸T±n}F�&�&�D�`�S�2¤ �`�S�S�D¦�Y
�
�FY7�N�;_Gµ
r¾j?Jm�9J�¯LY�~ QZI&P�F/� Y w1QZI YN~ X-� Z�YK±�¤n}1'+ÑF�O¤ ��Ñ�Ñ('U¦�Y
��'LY7�N�;_Gµ
r¾j?Jm�9J �k^
�D\1JN¯LY�~ QZI&P�F/� Y w1QZI YN~ X-� Z�Yn¹6·T³¬}F��'
�#´2¤ �`�S�S�D¦�Y
�~�6Y�[(V _GËe«h�ei r;Ë�«�Á�J?j?J�¯LYN~ QZI&P�F/� Y w1QeI Y�~ X-� Z�YK³K³¬}K�`�D�`�?¤ ��ÑS�D�S¦�Y
��ªFY���` fhg�i�g�`bV�V�\1JN� S*N&�;F,T V u Y P$TÝ�NF Y6d¢� S(X
v Z TÝ�2O&� }¬��ÑS�S�FY
�o´UY�¨©`¶XZY�Ë�X�U�J�Á�Jm~ QZI&P�F/�3TÝQ+F } S(V Ò V
� Z I1�1P"Q��3T I&VÇ�
I�T ��F n R��2FåTÝQ�S(Y n9Z T V"Q0T L$Y �;F�S(V"�~ LNL1YÝTÝQ�S��3T I&V�F Ynd¾{ � �ÂÅ I Z U m�~ QZI&P�F/�3TÝQ�S(Y(w�I1Q0T �0�/�¾IM� ~ X-� Z TÝQ�S }�� I�I1�2v$P Z � }��ÑS��Ñ6Y
���FY�¬�gNXZaÆ^�J�� R$T V YNn R��2F YNp �0�å� Y ·�· }K�`ªS�F��¤ �`�S�D�S¦�Y
��ÑFY?²eV `¶Ë³§ÇJ �d�]`b�¢§ÇJ �³j��2YZa�XZY?²�J �dU?aNgÎ®ØJ�u��©~�~!´n}$�D�(�>¤ �`�S�D�S¦�Y
�`�FY=¿�ô��oñ"�q¿³J �]���1:/ò!ø?�?J+ð�bL���qt�yFt�cF FbL^xeLgScF��t�b2bFcFs`t���yL^xeLgScF��t]�UyL^`jScFt�cFb6h�f^xsSt��f^`s`bF\Ft�klaUiS_��qbFp�bFaFbnY�d���t�cFbFcF��yL^xr�d�GviDk�aFjD^Fm`����©�oO}D��Ñ#´��F}�k`Yxª('&'LY
�6�SY?�6ø�È"4���J#I�JF[]yL^`jScFt�cFb6h?j�\L^Skls`cF���?�FyFiSbFp�jSi~rLcF���OrLyFiS�ScFiS��i��FiSyDh6rLaU^FYUdGWY m$��^~�Ua6^F}F�`�S�D�6Y
�S�6Y?Í
`bV µ�_h� U�J ����Ye`b­K_h�ei}_K­K_Âº¬J � j2Ye����`bVbV rÄ\1JqJ R$�+I Z �¾S(V"� ~ LNL$Y TÝQ�S��3T I&V�FÆIM�u$Z S&Q��3T I&V"S(Y � T ��� Z ��V&�3TÝS(Y � H
P"S��3T I&V�F Y6da� YyFå��N�T � Z�}L�`�S�SªFY
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z�z�{�z +Ä���Â�¸í��é|l�.� î ��|�!���|�~��
üqiDk�eLtlrLc6h6h2d�s`yFt�s`g`h>\L^Skls`g�aFcFbF��b>�FyFtlrKkls~^`j`eFhFt�sOkliS�SiS_2iS�Sp�iSy2yL^`pleLbF\6�cF���2�FyFbL�4t�cFt�cFbF_
�4t�s`i~rK^�rLyFiS�ScF���	�FyFiSbFp�jSi~rLcF���	j��qbFp�bF\Ft�klaFb6�2p�^xrK^~\L^x�¬}DcFiaUiSc6t�\FcFiL}fcFt
jDkltl�¬YIü�y6tlrKklsx^`j`eLt�cFbFt
i cFt
jSa6eL�]\Ft�cFcF���£j.iS�Sp�iSy��qbFp�bF\Ft�k�aFb6�p�^xrK^�\L^x�
�4i��	cFi2�Fi`eL�U\FbFs`g	bFp�«�bF�`eLbFiS��yL^S�qbFb
�6yFbL�4t�cFt�cFbF_n}KcFt�kli~rLt�yS�O^`��t�_n}jS�FyFiS\Ft���}FyL^`�SiSs��Fi	s`t�iSyFbFbv�U�FyL^`j`eLt�cFb6hn}UrLbFcL^S�4bFaUtq�U^`iDk�^F}6{��6�f^S�£b
cFt�aUiSs`i`�yF�z��rLyF�U��bL��kl�Ft� FbL�qbF\Ft�klaFbL�£cL^`�FyL^`j`eLt�cFb6hL��Y��^~\FcFt�����s`iSsqiS�Sp�iSy�k��4t��U^`cFbF\Ft�klaUiS_�p�^xrK^~\Fb�iqs~^~�Us`i~�6yFiScFtS}x�FiDkls~^`cFiSjSa6^aUiSs`iSyFiS_2�FyFbFcL^xrFeLtl�	bFs	wz�StleL��Y5üqi�aFyFbFjSiS_n}UyL^Skl�Fi`eLi���t�cFcFiS_2j��Ft�yFjSiD�WaFjD^xrF�yL^`cFs`t�jSt�yFs`bFa6^xeLgScFiS_��6eLiDklaUiDkls`b�b��FyFi~�Si~rFhF��t�_�\Ft�yFt�p�cL^~\L^xeLi]aUiSiSySrLbFcL^`s�¤ iDklg�(Å cL^`�FyL^`j`eLt�cL^�jSjSt�yS�¬}DiDklg � >���iSyFbFp�iScFs~^xeLgScL^D¦�}DbFpqkliDkls`i~hFcFb6h2�FiSaUi~h?klaDi`eLg`�p�bFs��St�pzs`yFt�cFb6h?�Fi~r2rLt�_Lk�sSjSb6t���klb6eL��s�h6��t�kls`b>�f^`s`t�yFbL^xeLgScL^xh	sSiS\6a6^�tlrLbFcFbF\6�cFiS_	�f^Sk�kl��}x�FiS�L^xrK^xh�j��4iD�4t�cFs�jSyFt��4t�cFb

T
j�cL^�\L^xeLiqaUiSiSyDrLbFcL^`s~Y&��^`_Fs`bO�UyL^`j`�cFt�cFbFt6ù-��4�ùJ÷�È/ôx÷7ñ�õWdO�8cFi~��t�kls`jD^�cL^~\L^xeLgScF����s`iS\Ft�a {x, y} }SiSs`jSt�\L^`�]��b6�Oi~rF�cFiD�4�?bvs`iD�4�?��t�p�cL^�\Ft�cFbF�BjSyFt��4t�cFb�klaDi`eLg`��t�cFb6h

T
¤«ý§bLk`Y��S�SY �~¦�Y>üq�Dkls`g

h(s)d�jS�zkliSsx^vs`iS\FaFb�sx^~�Us`i��6yFiScF��}4kliSiSs`jSt�sSkls`jS�U�]��^xh rFeLbFcFt
s(h)

t�t?�U\L^Skls`a6^viSscL^~\F^xeK^�aUiSiSySrLbFcL^`s�rLiO��s`iS_
s`iS\FaFbnYLoqpqp�^`aDiScL^Okli��6yL^`cFt�cFb6h>��cFt�yF��bFb
ṡ(h(t))2/2 + gh = E.� �U\Ft�s`iD��cL^~\L^xeLgScFiS�li��Dk�eLiSjSb6h

ṡ(y) = 0
bL�8t�t��

ṡ2/2 = g(y− h) Y6oqcFs`t���yFbFyFi`�jD^`cFbFtq�F�Us`t��£yL^`plrLtleLt�cFb6h>�Ft�yFt��4t�cFcF���?rK^`t�s

T =
1√
2g

s(y)∫

0

ds√
y − h(s)

.
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X�jSi~rFh�iS�SyL^`s`cF�U�Ha

h(s)
�q�UcFaF FbF�

η(h)
}x�FyFiSbFp�jStlrLt��v�Fi~r�bFcFs`t���yL^xeLiD��p�^S�4t�cF��Ft�yFt��4t�cFcFiS_

T =
1√
2g

y∫

0

dη/dh√
y − hdh =

√
π

2g
1/2
0 � yη(y),

klyL^`p��]�FyFbFjSi~rFhF���U�Wa��Fi`eL�U�FyFiSbFp�jSi~rLcFiS_q��^`�F�Us`iLY�=qs`iS�S� p�^`jSt�yF{�bFs`g�yFt�{�t�cFbFtp�^xrK^~\Fb¬}ncL^xrLivcL^`_Fs`bWbFp	��s`iS��iv�UyL^`jScFt�c6b6hW�q�UcFaF FbF�
s = η(y)

}�iS�SyL^`s`bFs`g
t�tS}
y = h(s)

}�b�jS��yF^`p�bFs`g
s
\Ft�yFt�p§�Ft�yFt��4t�cFcF��t

x
b
y
}�cFiz�4�.cFt§�S�~rLt��?�FyFi~rLi`eF�O^`s`grK^xeLt�tSY
��^`{�t�_� FtleLgS�£�S��eLiz�FiSaU^`p�^`s`gL}�a6^`a�j]�Fy6iS Ft�k�kltÖyFt�{�t�cFb6h�bFp�jSt�k�sSc6t�_F{�t�_�4tl�U^`cFbF\6t�klaUiS_>p�^xrK^~\Fb>jSiSp�cFbFa6^`�]s�rLyFiS�ScF��tq�FyFiSbFp�jSi�rLcF��tSY

ý§bLk`Yn�S�SY �Sm �»b2.B,5.*W#&��e$�.*E�$7�*f+)��� +&�ñ

z�z�{3± ����������~�¹i� � ���Â�¸í�� æ��©!���~���ç��
X¢a6eK^Sk�klbF\Ft�klaUiS_v�4tl�U^`cFbFaDt�iS�SyL^`s`cL^xh
p�^xrK^~\L^�d2iS�FyFtlrLtleLt�cFbFt��FiSs`t�cF Fb6�^xeK^OjSp�^`bL�8i~rLt�_Lkls`jSb6h
�Fi	bFp��4t�yShFt��4�z���D^`yL^`aFs`t�yFbLkls`bFa6^S�£rLjSb6��t�cFb6h
d2sx^`aU��t�4i~��t�sW�FyFbFjSt�kls`b�aHrLyFiS�ScFi`� rLbL���qt�yFbFcFs`t���yL^xeLgScF�z�B�UyL^`jScFt�cFb6hL��Y � ^`� eFhFcFt��j±°��~��u�Gvtl�U^`cFbFaFbn|Ñ��^`c6rK^���b���bL�q{�bF L^¯� �0� }��FiDklj`hF��t�cFcF��_¢iS�FyFtlrLtleLt�cFbF��FiSs`t�cF FbL^xeLgScFiS_���cFt�yF��bFb

U(x)
�Fi>bFp�jSt�kls`cFiS_�p�^`jSbLklbL�4iDkls`b��Ft�yFbFi~rK^

T
i~rLcFi`��4t�yFcF���
aDi`eLt��D^`cFbF_
iSsO��cFt�yF��bFb

E
¤«ý§bLk`Y��S�SY �S¦�Y � ^xrK^�\L^OkljSi~rLbFsSk�h
a
yFt�{�t�cFbF�bFcFs`t���yL^xeLgScFiS��i��UyL^`jScFt�cFb6h

T (E) = 2
√
2m

X(E)∫

0

dx√
E − U(x)

, (11.2.1)

� rLt
X(E)

t�kls`g.aDiSyFt�cFg �UyL^`jScFt�cFb6h
U(x) = E

¤ÅrFeFh��FyFiDkls`iSs`��kl\FbFs~^`t��!�Fi`�s`t�cF FbL^xe?\Ft�s`cFiS_2�q�UcFaF FbFt�_n}D�4iScFiSs`iScFcFi�jSiSp�yL^Sklsx^`�]��t�_��Fi��4t�yFt]��rK^xeLt�cFb6h	iSs
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cL^~\F^xeK^OaUiSiSyDrLbFcL^`sD¦�Yxüqt�yFtl�Si~rFh
avbFcFs`t���yFbFyFiSjD^`cFbF�B�Fi2�Ft�yFt��4t�cFcFiS_

U
}L�Fi`eL�D�\FbL��rLyFiS�ScFi`� rLbL���qt�yFbFcFs`t���yL^xeLgScFi`tZ�UyL^`jScFt�cFbFt

T (E) = 2
√
2m

E∫

0

dX(U)

dU

dU√
E − U

= 2
√
2mπ

1/2
0 � EX(E),

bFcFs`t���yFbFyFiSjD^`cFbFt]aUiSs`iSyFiS��i��FyFbFjSi~rLbFs�a?�qiSyL�4�~eLt�¤ �~�6Y �S¦fcL^�k`Y�'
���6�6iD�8hFcF�Us`iS_u�Gvtl�D^`cFbFaFbn|Fm
X(U) =

1

2π
√
2m

U∫

0

T (E)dE√
U −E

.

ý§bLk`Yn�S�SY �6m �»Y�;IY7�*,+EJE�)#.BY� #&- +%#"¬Ø ò�ò�ñ ôxñ òBÚ¨ñ

ý§bLk`Y��S�SY �Fm ��Y�;IY7�2,+EAaV��)+QREB9+;�Ø ò�ò�ñ ôxñ ô�Ú¨ñ
ð�yF�U�l^xh2iS�SyL^`s`cL^xh2p�^xrK^~\L^��4tl�U^`cFbFaFb2dOiS�FyFtlrLtleLt�cFbFtq�FiSs`t�cF FbL^xeL^�jSp�^`b6��4i~rFt�_Lkls`jSb6h>bFp���aUkl�Ft�yFbL�4t�cFsx^xeLgScF���2rK^`cFcF���?�Fi�yL^Sk�kltlhFcFbF��\L^Skls`bF 
kZp�^xrK^`c6�cFiS_.��cFt�yF��bFt�_

E
d�klj`hFp�^`cL^
k	yFt�{�t�cFbFt���bFcFs`t���yL^xeLgScFiS��iv�UyL^`jScFt�cFb6h@� �*�q¤¥k���Y°��S�SY ª>aFcFbF��b�� ��� ¦�Y[üqyFiS��t	jDklt���iv��sx^
p�^xrK^~\L^v�qiSyL�4��eLbFyF�St�sSk¨hWj��f^xeLiS�U� eLiSjSiD��FyFbF�`eLb6��t�cFbFbnY�üq�Dkls`g?�FiSs`t�cF FbL^xeLgScL^xh���cFt�yF��b6h�\L^Skls`bF F�Bj?�Fi`eLt�yL^Sk�klt�bFjD^`�z���t���i. Ft�cFs`yL^

U(r) < 0
}Ö�4iScFiSs`iScFcFiWjSiSp�yL^Skls~^`t�s �Fi��4t�yFtv�~rK^xeLt�cFb6h�iSsWc6t���i
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b bLkl\Ft�p�^`t�s>cL^?�St�klaUiScFt�\FcFiDkls`bnm

U(r) → 0
�FyFb

r → ∞ Yn©niS� rK^>klj`hFp�g
�4tl�OrL��U� eLiD��yL^Sk�kltlhFcFb6h
θ
bO�FyFbF FtleLgScF�z���L^`yL^S�4t�s`yFiD�

x
jS��yL^x�O^`t�sSk�h��qiSyL�4�~eLiS_�� �0�

θ(x) =
x

E

∞∫

x

dU

dr

dr√
r2 − x2

. (11.2.2)

+�iSyL�4��eK^O��sx^	�FyFtlrKkls~^`j`eFhFt�s2kliS�SiS_>�FyL^`jSiDkls`iSyFiScFcF�]�¡�Fi`eL�U�FyFiSbFp�jSi�rLcF�U�B��^x��F�Us`i	�FiO�Ft�yFt��4t�cFcFiS_
x2
m

Θ(x) ≡ θ(x)

x
=

1

E

∞∫

x2

dU

dr2
dr2√
r2 − x2

=

√
π

E
1/2
x2 � ∞U(x2).

�]�SyL^`��t�cFbFtZ��s`iS��i	kliSiSs`cFiS{�t�cFb6h?rK^`t�s��Fi`eL�UbFcFs`t���yL^xe

U(r) =
E√
π

r2 � 1/2∞ Θ(r2) =
2E

π

∞∫

r

θ(x)dx√
x2 − r2

, (11.2.3)

kliSjS�L^xrK^`�]��bF_�k��qiSyL�4��eLiS_
¤ �S�SY ��ªD¦�aFcFbF�lb=æ�Y�ü�^`j`eLt�cFaUi�� ��� Y(��^x�Di~rFh�bFp��UyL^`j`�cFt�cFb6h
1

2

dx2

d cos θ
=

[
dσ

dΩ

]
��aUkl�

�q�UcFaF FbF�
x(θ)

}ÖiS�SyL^`��^xh�t�t�b��Fi�rKklsx^`j`eFh6hHj£�qiSyL�4��eL��¤ �S�SY �6Y �D¦�}§�Fi`eL�U\L^`t��bLklaUiD�8�6�¡�q�UcFaF FbF�
U(r)

Y
z�z�{åä &8¶���������~��éïéï³� � ç�|³Û # �B��çB|������

üqi���iSyFbFp�iScFsx^xeLgScFiS_O�FiSjSt�yD�6cFiDkls`b
z = 0

j`hFp�aDiS_	cFt�k��	bL�f^`t��4iS_	�	b6rLaDi`�kls`b
�FiOp�^xrK^`cFcFiD�4�2p�^`aUiScF�
V (t)

j`rLi`eLgOiDklb
Ox
rLjSb6��t�sSk�h>�Si`eLgS{�b6�2yL^`p��4t�yFiSj�6eK^Skls`bFcL^F}U�Uj`eLt�a6^xh2p�^�kliS�SiS_?k�eLiSb2�	bUrLaUiDkls`b.¤«ý§bLk`Y¬�S�SY 'U¦�Y�ð�jSb6��t�cFbFt]�	b6rLaUi`�kls`b
iS�FbLkl��jD^`t�sSk�h?�UyL^`jScFt�cFbFt�����^`jSgStl� � s`iSaUk�^

ρ
∂v

∂t
= η

∂2v

∂z2
, 0 < t <∞, −∞ < z < 0.� rLt�klg

ρ
d]�6eLiSs`cFiDkls`gz�	b6rLaUiDkls`bn}

η
dZt�tÖj`hFp�aUiDkls`gL}

v(z, t)
dqklaUiSyFiDkls`g��	b6rLaUiDk�sSbj`rLi`eLg�iDklb

Ox
cL^�� eL�U�SbFcFt

z < 0
j	�4iD�4t�cFs

t
Y

üqyFtlrL�Fi`eLi~�	bFjL}§\Fs`i£jWrK^xeLt�aUiD���FyFiS{�eLiD�!�	b6rLaUiDkls`g£�FiSaDiSb6eK^SklgL}Ös~^`a\Fs`i	bFcFs`t���yL^xeL�ª+��UyFgSt
ṽ(z, ω) =

∞∫

−∞

eiωtv(z, t)dt
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k��Si~rFhFsSk�h.�FyFbWjDkltl�

z
}nbW\Fs`i�cL^
�St�klaDiScFt�\FcFiS_.��eL�U�SbFcFtO�	b6rLaUiDkls`g�jDkltOjSyFt��8h�FiSaDiSbFsSk�hn}FrFeFh�s`yL^`cLkl��iSyF�f^`cFs`�µ+��UyFgSt��Fi`eL�U\FbL��iS�S��aFcFiSjSt�cFcFiStZrLbL���qt�yFt�c6� FbL^xeLgScFiStZ�UyL^`jScFt�cFbFtqjSs`iSyFiS��i��FiSyDh6rLaU^

(−iω)ρ ṽ(z, ω) = η
d2ṽ(z, ω)

dz2kZ��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4b
ṽ(0, ω) = Ṽ (ω), ṽ(−∞, ω) = 0.

[4rLiSj`eLt�s`jSiSyDhF�]��t�tZ��s`bL���Sk�eLiSjSb6hL��yFt�{�t�cFbFt�bL�4t�t�sOjSb6r
ṽ(z, ω) = V̂ (ω) exp

(√
−iωρ/ηz

)
.

ð�bL���qt�yFt�cF FbFyF�xh�t���i.�Fi
z
bHjSjSi�rFhHk�rFjSbF��iSjSiSt>cL^`�FyDh6��tlcFbFt�¤¥klb6eL�£s`yFt�cFb6hn}rLt�_Lkls`jS�U�]���U��cL^?tlrLbFcFbF 6���6eLiS��^xrLb��6eLiDklaUiDkls`bK¦

σ(z, t) = η∂v(z, t)/∂z
}T�Fi`�eL�U\FbL��m

σ̃(z, ω) = ηdṽ(z, ω)/dz = (−iω)1/2√ηρ ṽ(z, ω).
ûÖs`iOiSp�cL^~\L^`t�s~}6\Fs`i

σ(z, t) =
√
ηρ

t∫

−∞

Φ1/2(t− τ)
∂v(z, τ)

∂τ
dτ =

√
ηρ ∞v

(1/2)
t (z, t) (11.3.1)

¤ jBsx^`aDiS_*�FiDk�sx^`cFiSjSaUt��FyFiSbFp�jSi~rFcF��t¢��^`�F�Us`i¡b ý§bL�f^`cL^x� ��bF�UjSb6eFeFh/kliSjS�L^x�rK^`�]sD¦�Y +�bFp�bF\Ft�kla6^xh�bFcFs`t�yF�FyFt�s~^` Fb6h¡��s`iS��i�yFt�p��~eLg~sx^`sx^£p�^`a6eL�]\L^`t�sSk�h�jHs`iD��}\Fs`i�cL^`�`eL��rK^`t��4iSt�j��4iD�4t�cFs�jSyFt��4t�cFb
t
j�s`iS\FaUt

(x, z)
cL^`�6yDh6��t�cFbFtziS�FyFtlrLtle6h6�t�sSk�hOyL^Skl�FyFtlrLtleLt�cFbFt�� klaUiSyFiDk�sStl_��	b6rLaFb6�O\L^Skls`bF n}`�FyFb6�Di�rFhF��b6��bFp�iSaFyFt�kls`cFi`�kls`b�rLyF�U��iS_�s`iS\FaFbO��s`iS��i�k�eLi~h

(x′, z)
}`��rLt�iScFb�cL^x�Di~rLb6eFbLklgL}`kla6^x��t���}`j��4iD�4t�cFs

t′ < t
YKX�klb6eL�>sSyF^`cLk�eFhF FbFiScFcFiS_�bFcFjD^`yFbF^`cFs`cFiDkls`b�yFt�{�t�cFb6hviSs`cFiDklbFs`tleLgScFi

x
}
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sx^`aDiSt���t�yL^Skl�FyFtlrLtleLt�cFbFt]klaDiSyFiDkls`t�_Oj���s`iSs��4iD�4t�cFs2¤

t′
¦8bL�4tleLi��4t�k�sSi�b	j�s`iS\6�aUt�cL^`�`eL��rLt�cFb6h

(x, z)
Y�ûÖs`i
b�t�kls`g
�FyFiDkls`t�_F{�bF_.�4tl�D^`cFbFp��<��yFtlrLbFsx^`y6cFiDkls`b dux�4tl�U^`cFb6\Ft�kla6^xhn|��L^S�8hFs`gLY

üq�Dkls`gOs`t��Ft�yFg2a
��s`iS_
�6eK^Skls`bFcFt��f^Sk�kliS_
m
b
�6eLiS��^xrLgS�

S
�FyFb6eLi~��t�cF^�FiDkls`i~hFcFcL^xh£�Fi cL^`�FyL^`j`eLt�cFbF��b��Ft�yFt��4t�cFcL^xh��Fi.jStleLbF\Fb6cFt
��iSyFbFp�iScFsx^xeLgScL^xhklb6eK^

F (t)
}f^ k�^S�f^�klaUiSyFiDkls`g��6eK^Skls`bFcF�

V (t)
�Fi~rFeLtl�	bFs iS�FyFtlrLtleLt�cFb6��YÖ�]cL^��rLiSj`eLt�s`jSiSyDhFt�s �UyL^`jScFt�cFbF��rLjSb6��t�cFb6hn}Ökli~rLt�yS�O^`��t��4��iS�Stvklb6eL��m§jScFt�{�cF�]�

F (t)
b�jScF�Us`yFt�cFc6�Z�£dqklb6eL�qs`yFt�cFb6hn}xj]�FyFt�cFt��SyFtl��t�cFbFb�aFyL^`t�jS�z�4b������qt�aFsx^S�4b

bL�4t��]���U�¡jSb6r −Sσ(0, t) = −S√ηρ ∞V (1/2)
t

m
m
dV

dt
= F (t)− S√ηρ ∞V (1/2)

t .

X�aFcFbF��tmüqi~rFeL�]�ScFiS��i�� '(��kli£k�kl��eLaUiS_<cL^�yF^`�SiSsS��� �*�Z�UyL^`jScFt�cFbFt���s`icL^`p�jD^`cFi��UyL^`jScFt�cFbFt���«���� eLb6� ©niSyFjSbFaU^F}Fi~rLcL^`aDi	jS��jStlrLt�cFi�iScFi	�S��eLiOt���t�j2kltl�yFtlrLbFcFt��FyFiS{�eLiS��i�jSt�a6^FYn¤¥k���YLaFcFbF���Â� ª�� }Fk`Y¬�S��'U¦�Y
z�z�{/ë �s��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�|��

î ����ï�~��,~����# }·Y� ��|�~��
wzcL^xeLiS��bF\FcFiStq�UyL^`jScFt�cFbFt]rFeFh>rLjSb6��t�cFb6h
{�^`yL^��f^Sk�kliS_

m
b>yL^xrLbF�Dk�^

a�Fi~r�rLt�_Lkls`jSbFt��vjScFt�{�cFt�_�klb6eL�
F (t)

j]j`hFp�aDiS_�klyFtlrLtZ¤Å�	b6rLaUiDkls`bn}x��^`p�tS}��6eK^`p��4t~¦bL�4t�t�sOjSb6r
m
dV

dt
= F (t) +W (t), (11.4.1)� rLt�klb6eK^OkliS�FyFiSs`bFj`eLt�cFb6h

W (t)
rK^`t�sSk¨h_��÷-ô+ÿ�4*�x÷*Mq�.4+ø!ø0��ñxò!ø0�
�Fm

W (t) = −6πηaV (t)− 2

3
πρa3

dV (t)

dt
−

−6πηa2
√

ρ

πη

t∫

−∞

1√
t− τ

dV (τ)

dτ
dτ. (11.4.2)

üqt�yFjS��_�\6eLt�c�plrLt�k�gq�FyFt�rKklsx^`j`eFhFt�s���÷-ô+ÿ�4*��4 ð ùJ÷*�+ø3�x}xjSs`iSyFiS_�dqbFcFt�yF FbFiScFcF�U�kliDklsx^`j`eFhF�]���U��kliS�FyFiSs`bFj`eLt�cFb6hn}nkliSiSs`jSt�sSkls`jS�6�]���U��cL^xeLbF\FbF�Ôó/ô��xøB÷oò�5
��ñxòBñ"�
ñ�÷*M»ÿ��/ø!øBõ*{�^`yL^F}�s`yFt�s`bF_��FyFiS�FiSyF FbFiScL^xeLt�c�rLyFiS�ScFiS_��FyFiSbFp�jSi~rLcFiS_��FiSyDh6rF�a6^v�xV`��� ´
� Yxüqi~rKklsx^`j`eFh6hW¤ �S�SY 'LY �S¦�j�¤ �S�SY 'LY �~¦�}F�Fi`eL�U\L^`t����UyL^`jScFt�cFbFt�rLjSb6��t�cFb6hnY Ök�eLbvrLi2cL^~\L^xeLgScFiS��i	�4iD�4t�cFsx^

t = 0
s`tleLi?�6iSaUiSb6eLiDklgL}FcFb6�	cFbF_��FyFtlrLtle�j2�Fi`�k�eLtlrLcFt��/bFcFs`t���yL^xeLt �4i~�	cFi£p�^S�4t�cFbFs`g£cF�~eLt��/b<p�^`�FbLk�^`s`g£��s`i£�UyL^`jScFt�cFbFt�kbLkl�Fi`eLgSp�iSjD^xcFbFt��WrLyFiS�ScFiS_?�Fi`eL�U�FyFiSbFp�jSi~rLcFiS_>��^`�F�Us`iLm

(
m+

2

3
πρa3

)
dV (t)

dt
+ 6πa2

√
ρη β

0 � tV + 6πηaV (t) = F (t), β = 1/2.

(11.4.3)
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��^`a k�eLtlrL�St�s�b6p�sx^��U�St�yFiSjSiS_ sStliSyFt��4��}v� eK^`jScL^xh ^SklbL�8�Fs`iSsSb6\Ft�kla6^xh ¤ �FyFb
t→∞ ¦
\L^Skls`g�t���i<yFt�{�t�c6b6h v(t) ≡ V as(t)

��rLiSj`eLt�s`jSiSyDhFt�sH�UaDiSyFiS\Ft�cFcFiD�4��UyL^`jScFt�cFbF�¡kZtlrLbFcLkls`jSt�cFcFiS_
�FyFiSbFp�jSi~rLcFiS_2rLyFiS�ScFiS��i��FiSySh6rLa6^
mβ

β
0 � tv + bv(t) = F (t), (11.4.4)

� rLt
mβ
}
b
b
β
d��Fi`eLi��	bFs`tleLgScF��tv�FiDkls`i~hFcFcF��tSY � ^S�4t�s`bL��}§\Fs`i��FyFb

β → 1�UyL^`jScFt�cFbFtO¤ �S�SY 'LY 'U¦§�FyFt�jSyL^`��^`t�sSk�h>jOiS�S��\FcFiStZcFgS�]s`iScFiSjSi��UyL^`jScFtlcFbFtZrLjSb6��tl�cFb6h
s`tleK^��Fi~r>rLt�_Lkls`jSbFt���^`aFs`bFjScFiS_vklb6eF�
F (t)

bvklb6eL��kliS�FyFiSs`bFj`eLt�cFb6h −bv Y
z�z�{
	 �s��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�|�� �����Â�,~����

Xw� ���fyL^Sk�k��f^`s`yFbFjD^`t�sSk¨h�p�^xrK^�\L^2i>�L^xrLt�cFbFb�s`tleK^?j
^`sS�4iDk��qt�yFtS}KiS�FbLkl���jD^`t��4iSt]rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF�z��^`cL^xeLiS��iD���UyL^`jSc6t�cFb6h��qgS�]s`iScL^
mβ

β
0 � tv + bv = mg.��^~\L^`j�kq�FyFiDkls`t�_F{�t���i	k�eL�U\L^xh?d	iSsSkl�UsSkls`jSb6hvklb6eL��kliS�FyFiSs`bFj`eFt�cFb6hn}

mβ
β
0 � tv = mg, (11.5.1)

^`jSs`iSy>�Fi`eL�U\L^`t�s
v(t) = v0 +

mgtβ

mβΓ(1 + β)
(11.5.2)

b
x(t) = x0 + v0t+

mgtβ+1

mβΓ(2 + β)
, (11.5.3)

� rLt
v0
d	cL^�\L^xeLgScL^xh>klaUiSyFiDkls`gL}

x0
d	cL^�\L^xeLgScL^xh?aUiSiSyDrLbFcL^`s~^FYFX�b6rLcFiL}6\Fs`i	�FyFb�f^xeL���

t
¤
t < 1

¦4rLyFiS�ScL^xh	�FyFiSbFp�jSi�rLcL^xhOrK^`tls��E�i`eLgS{��D�<klaUiSyFiDkls`gL}S\Ft��.�Ft�yFjD^xh¤
tβ > t

�FyFb
β < 1

¦�}Ks`iS� rK^Oa6^`av�FyFb��Si`eLgS{�b6�?d?cF^`iS�SiSyFiSs~}LklaUiSyFiDkls`g2�4t�cFgS{�tS}\Ft��£jOa6eK^Sk�klbF\Ft�klaDiD��k�eL�U\L^`tSY
üqi`eLcL^xh?��cFt�yF��b6h
p�^`�FbLkl��jD^`t�sSk�h?jOjSb6rLt�kl�6�f�4�

Eβ = Kβ + U, (11.5.4)

aFbFcFt�s`bF\Ft�klaU^xh>kliDkls~^`j`eFhF�]��^xh	aUiSs`iSyFiS_	jS��yL^x�O^`tlsDk¨h	\Ft�yFt�pOu~bL�4�F��eLgDk`|�iS�S��\6�cF�z��kliSiSs`cFiS{�t�cFbFt��
Kβ =

p2

2mβ
. (11.5.5)

üqiDkls`i~hFcFcL^xh
mβ

cFt?bL�4t�t�s�yL^`p��4t�yFcFiDkls`b£�f^Sk�kl��Y?=qs`iS�S�
Kβ

bL�4tleK^�yL^`p��4t�y6�cFiDkls`g?��cFt�yF��bFbn}¬^2bL�4�F��eLgDk��S��e��FyFiS�FiSyF FbFiScL^xeLt�cv�FyFiSbFp�jSi~rLcFiS_vaUiSiSyDrLbFcL^`s`��FiOjSyFt��4t�cFbn}F�S��eLb>bLkl�Fi`eLgSp�iSjD^`cF��jS��yL^x��t�cFb6h
pβ = mβ

ν
0 � tx, Kβ =

mβ

2
[ ν0 � x]2 . (11.5.6)
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� aUiSyFiDkls`g�bFp��4t�cFt�cFb6h ��cFt�yF��bFbn}�cL^`_6rLt�cFcL^xh k bLkl�Fi`eLgSp�iSjD^`cFbFt�� �qiSyL�4��e¤ �S�SY �6Y �S¦ ��¤ �S�`Y �UY ªD¦§bL�4t�t�sOjSb6r

dE

dt
=
mβµv

2
0t
−β

[Γ(1 + µ)]2
+

mgv0
Γ(1 + µ)Γ(1 + ν)

+
m2g2tβ

mβν[Γ(ν)]2
−mgv, (11.5.7)

� rLt
µ =

1− β
2

, ν =
1 + β

2
.� ^S�4t�s`bL��}~\Fs`i]aFbFcFt�s`bF\Ft�klaU^xh���cFt�yF��b6h�s`tleK^zjSiSp�yL^Sklsx^`tlsx}�^zklaUiSyFiDkls`gzjSiSpl�yL^Sklsx^`cFb6h��Fi`eLcFiS_���cFt�yF��bFb s`tleK^>cFtO�FyFiS�FiSyF FbFiScL^xeLgScL^?klaUiSyFiDkls`b�t���i?rLjSb6��tl�cFb6hn}Öp�^.bLkla6eL�]\Ft�cFbFt���k�eL�U\L^xhn}ÖaDiS� rK^.jWcL^~\L^xeLgScF��_H�4iD�4t�cFs�jSyFt��4t�cFbHs`tleLi�FiSaUiSb6eFiDklgLm

dE

dt
=
m2g2

mβ

[
1

ν[Γ(ν)]2
− 1

Γ(2ν)

]
tβ , v0 = 0.

üqyFb
β → 1

b
m1 = m

�qiSyL�4�~eL�¢¤ �S�SY �6Y �S¦�}6¤ �S�SY �6Y �D¦nbv¤ �S�SY �6Y ´`¦n�Ft�yFtl�Di�rFhFsj��DiSyFiS{�i�bFp�jSt�kls`cF��tqjS��yL^x��t�cFb6h>a6eK^Sk�klbF\Ft�klaDiS_
�4tl�U^`cFbFaFbnm
v(t) = v0 + gt,

x(t) = x0 + v0t+
gt2

2
,

E =
mv2

2
−mgx = const.

[]\Ft�s�klb6eL�£kliS�FyFiSs`bFj`eLt�cFb6h��FyFbFjSi�rLbFsZaOk�eLtlrL�U�]��bL��jS��yL^x��t�cFb6hL�
rFeFhklaUiSyFiDk�sSb
b
aUiSiSyDrLb6cL^`s`���L^xrL^`�Z��t���i	�FiOrLyFiS�ScFi`� rFbL���qt�yFt�cF FbL^xeLgScFiS�4�2p�^`aUi`�cF�?s`tleL^Fm

v(t) = v0Eβ,1(−(b/mβ)t
β) +

mg

mβ
tβEβ,1+β(−(b/mβ)t

β),

b
x(t) = x0 + v0tEβ,2(−(b/mβ)t

β) +
mg

mβ
t1+βEβ,2+β(−(b/mβ)t

β).

üqyFiD^`cL^xeLbFp�bFyFiSjD^xj ��a6kl�Ft�yFbL�4t�cFs`� k
�L^xrLt�cFbFt���{�t�kls`bH\FtleLiSjSt�a�k
jS���kliSs`� �F�¾'D�S�,�q�Us`iSjL}�^`jSs`iSy klsx^`s`gSb �FyFbF{�tleÎaÎjS��jSi~rL�S}W\Fs`i�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF��_
�Fi�rF�Di~rv�Fy6b
β = 0, 998

b
m/mβ = 1, 457

cFt��6�D��t�iS�Fb6�kl��jD^`t�sz��aUkl�Ft�yFbL�4t�cFsx^xeLgScF��t�p�^`jSbLklbF�4iDkls`b
x(t)
}~\Ft��va6eK^Sk�klbF\Ft�k�aFbF_nYoüqyFbF\FbFcF���s`iS��i	^`jSs`iSy>cFtq�Fi~hLklc6hFt�s~Y



�
�&¥ �{f6�����#�x�N1Ò�����m�[��������÷x���1	#�#��Æ�Ü³���1÷x�$	�	�§��5�x� �+´`�
z�z�{�� �s��|
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üqt�yFt�_6rFhHjW�UyL^`jScFt�cFbFb�¤ �S�SY 'LY �D¦�iSs�klaDiSyFiDkls`bHa�aUiSiSySrLbFcL^`s`tS}§iS�F�Dkls`bFjQ s`iSa6k�iSjSi	k�eK^`��^`t��4iStZb>rLiS�D^`jSbFj�aFjD^`p�bF�U�FyF�U���U��klb6eL�S}F�Fi`eL�U\FbL�£�UyL^`jScFt�cFbFt
[ � 2t + a α

0 � t + b
]
x(t) = f(t), a, b > 0, α = 1 + β,

iS�FbLkl��jD^`�]��t�t�rLjSb6��t�cFbFtZiDkl Fb6eFeFhFs`iSyL^F}DcL^x�Di�rFhF��t���iDk�h	�Fi~r2rLt�_Lkls`jSbFt����U�FyF�D���iS_�klb6eL��b£klb6eL��s`yFt�cFb6h�rFyFiS�ScFiS��ivs`bF�L^F}��U^`yL^`aFs`t�yFcFiS_ rFeFh�j`hFp�aUiS�U�FyF�U��bU�klyFtlr�Y$ §��i2�q�UcFaF Fb6h�CnyFbFcL^
G(t)

jS��yL^x�O^`t�sSk�h>\Ft�yFt�p��q�UcFaF FbFb
s`bF�L^�GvbFs`sx^`�l���t����ZeLt�yL^�¤jÑFY ÑFY �D¦�Y¬Xi� Ñ��fcL^`_6rLt�cFi?rLyF�U��iStOt�t��FyFtlrKklsx^`j`eLt�cFbFtS}¬�Si`eLt�t��~rLiS�ScFiStrFeFhv^`cL^xeLbFp�^Fm
G(t) = G1(t) +G2(t),� rLt

G1(t) = Ce−σt sin(Ωt+Φ),

G2(t) =
a sin(πα)

π

∞∫

0

rαe−rtdr

(r2 + arα cos(πα) + b)2 + (arα sin(πα))2
.

� yL^`jScFbL�ó�Fi`eL�U\L^`t��4��t��FyFb ��s`iD� yFt�p���eLgxsx^`s`� k,a6eK^Sk�klbF\Ft�klaFbL�4b¤
ν = 1

¦Â� ����� Y(üqyFb
a2 − 4b > 0

b
ν 6= 1

a6eK^Sk�klbF\Ft�k�aUiSt���aUkl�FiScFt�cF FbL^xeLgScFiStp�^`s`�D�U^`cFbFt]rLiS�Fi`eLc6hFt�sSk�h>�Si`eLt�t��4tlrFeLt�cFcFiS_
aDiD�4�FiScFt�cFs`iS_vkls`t��Ft�cFcFiS��iOs`bF�L^

G2(t) ∼
a sin(πα)

πb2
Γ(α+ 1)t−α−1, t→∞,

�FiSyFi��OrK^`t��4iS_?rLyFiS�ScFiS_>�FyFiSbFp�jSi�rLcFiS_nY
üqyFb

a2 − 4b < 0
jva6eK^Sk�klbF\Ft�klaUiD��k�eL�U\L^`t	bL�4t��]s��4t�kls`i�aUi`eLt��D^`cFb6h.k�U�S��jD^`�]��t�_ �Fiv��a6kl�FiScFt�cF FbL^xeLgScFiD�4��p�^`aUiScF� ^S�4�6eLbFs`��rLiS_nY8X�k�eL�U\L^`t	iDkl Fb6eF�eFhFs`iSyL^�rLyFiS�ScFiS��i]s`bF�L^zrLiD�4bFcFbFyFiSjD^`cFb6t�kls`t��Ft�cFcFiS_�^SklbL�4�Fs`iSs`bFaFb�cL^]�Si`eLgS{�b6�jSyFt��4t�cL^x�Z�FyFbFjSi~rLbFs�a�s`iD�4�S}�\Fs`izyFt�{�t�cFbFt§�Ft�yFt�klsx^`t�s��S��s`gzp�cL^`aDiS�Ft�yFt��4t�cFcF�z��miDkl Fb6eFeFhFs`iSy�kliSjSt�yF{�^`t�s	s`i`eLgSaUi2aUiScFt�\FcFiSt�\FbLk�eLi?aUi`eLt��D^`cFbF_¬}K�FiDk�eLt�\Ft���i>�4i`�cFiSs`iScFcFiZ�FyFbF�`eLb6�O^`t�sSk�h�aOs`iS\FaDt�yL^`jScFiSjSt�klb6h

x = 0
d�kl�FyL^`jD^F}~t�k�eLb

0 < α < 1
}b6eLbvk�eLt�jD^F}6t�k�eLb

1 < α < 2
¤«ý§bLk`Y��S�SY �S¦�Y$G�^`a6klbL�4^xeLgScL^xh
klaUiSyFiDkls`gOp�^`s`�D�U^`cFb6hcL^`�`eL��rL^`t�sSk�h�j>a6eK^Sk�k�bF\Ft�klaUiD�<k�eF�6\F^`t
¤

α = 1
¦�!T�Fi>�4t�yFt�iSs`a6eLiScFt�cFb6h��FiSyDh6r6�a6^
�FyFiSbFp�jSi~rLc6iS_.iSsvtlrLbFcFbF F��p�^`s`�D�U^`cFbFt	iDk�eK^`�St�jD^xt�s~}�^
�FyFb

α = 0
b
α = 2bLkl\Ft�p�^`t�s�jSiSjDkltSmUiDkl Fb6eFeFhFs`iSyvklsx^`cFiSjSbFsSk¨h>�l^`yL�4iScFbF\Ft�klaFbL��Y

z�z�{�� ² �B��ç��³�´ç��³��¶���ïé��ç î ������í��.��ç�|�æ ��|³¶��
X<yF^`�SiSsSt�� ��'(�¬rLyFiS�ScFiStZ�UyL^`jScFt�cFbFtZrLjSb6��t�cFb6h>�S��eLiObLkl�Fi`eLgSp�iSjD^`cFi�rFeFh^`cL^xeLbFp�^zaDi`eLt��D^`s`tleLgScFiS��i�rLjSb6��t�cFb6h�jSp�jSt�{�t�cFcFiS_�aU^`�6eLb�j]�Fi`eLt�^`aF�Dkls`bF\Ft�klaUiS_jSi`eLcF��Yf�]sS�4t�\L^xhn}�\Fs`i�j��FyFbF�`eLb6��t�cFcFiD��yFt�{�t�cFbFb�p�^xrK^~\FbWiS�lyL^`cFbF\FbFjD^`�]sSk�h



�+´xª ��	��"�+�>�
�ª6��M'>�>�x��ã��

ý§bLk`YZ�S�SY �6m }
)+��^! #�!i«,+%5aVa(&*)+&- +K+%5.B9+:� +;IHk��0-K+%+9+9#"�$7��)�Ø 0-N+9+�7�V 5.!"½?+)�%+Yo.!"#Úd%k&-O2�
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$7)�%+fo�!Yo.!"6?+)�%+Yo.!"#Ú¨ñ
eLbF{�g��U\Ft�s`iD��j`hFp�aUiDkls`b?b>�FyFt�cFt��SyFt��l^`�]s�\6eLtlcL^S�4bn}F�U\FbFs`��jD^`�]��bL�4b>�FyFtlrF�zk��s`iSyFbF�(rLjSb6��t�cFb6h�b¢�FyFbLkliStlrLbFcFt�cFcF�U�#�f^Sk�kl�S}�b¢\Fs`iH��s`i��FyFi�hFj`eFhFt�sSk�h¢�FyFbklyL^`jScFt�cFbFb	yFt�p��~eLg~sx^`s`iSj�yL^Skl\Ft�s`iSj�kz��a6k��Ft�yFbL�4t�cFsx^xeLgScF�z�4b2rK^`cFcF�z�4bÂ� �~�6}L��ª�� }^`jSs`iSyF�¢yFt�{�^`�]s�p�^xrK^~\F�?kZ�U\Ft�s`iD�£j`eLb6hFcFb6h
�FyFtlrL�zk�sSiSy6bFbnY

üqi`eK^`�l^xh>klaDiSyFiDkls`gO�l^`p�^
v ³ (t) = v0 +Aω sinωt,

bv�Ft�yFtl�Si~rFh
av�SklaUiSyFt�cFbF�
W (t) = V̇ (t)

}FiScFbv�FyFbFjSi�rFhFs	�UyL^`jScFt�cFbFtqrFjSb6��t�cFb6ha>rLyFiS�ScFi`� bFcFs`t���yL^xeFgScFiD�4�	�UyL^`jScFt�cFbF�¡X�i`eLgxs`t�yFyF�¯Ò3ÒÖyFi~rK^�iSs`cFiDklbFs`tleLgScFiLm
W (t) + α2

t∫

0

W (τ)dτ +
2β√
π

t∫

0

W (τ)dτ√
t− τ = f(t)

kZ�FyL^`jSiS_>\L^Skls`gS�

f(t) = α2(v0 +Aω sinωt) +Aω2 cosωt+
2β√
π

t∫

0

Aω2 cosωτdτ√
t− τ .

üqiDkls`i~hFcFcF��t
α
b
β
klj`hFp�^`cF�<kzyL^xrLbF�DkliD�.\L^Skls`bF F�

a
}Ut�t]�6eLiSs`cFiDkls`gS�

ρ
}D�6eLiSsx�cFiDkls`gS��b
j`hFp�aUiDkls`gS����^`p�^

ρ0
b
η
kliSiSs`cFiS{�t�cFb6hL�4b

α2 =
9η

2a2(ρ+ ρ0/2)
, β =

9
√
ηρ0

4a(ρ+ ρ0/2)
.
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üqyFt�iS�SyL^`p�iSjS^`cFb6t���^`�6eK^Sk�^

Ŵ (λ) =

∞∫

0

e−λtW (t)dt

�FyFbFjSi�rLbFsOa
s`yL^`cLk��qiSyL�f^`cFs`tqjSb6rK^

Ŵ (λ) =
λf̂(λ)

λ+ 2β
√
λ+ α2

= A(λ)f̂(λ),

� rLt

A(λ) =
λ1 + α2

λ1 − λ2
λ

λ− λ1
− λ+ α2

λ− λ1
λ

λ− λ1
− 2β

λ1 − λ2

(
λ1
√
λ

λ− λ1
− λ2

√
λ

λ− λ2

)
.

� rLt�klg
λ1,2

d	aUiSyFcFb>s`yFtl�6\6eLt�cL^
(λ+ α2)2 − 4βλ

}FyL^`jScF��t
λ1,2 = [β ±

√
β2 − α2]2.

�]aUiScF\F^`sSt�eLgScFiStÖjS��yL^x��t�cFbFt§rFeFh�klaDiSyFiDkls`b�\L^Skls`bF F��}�cFt��Fi~rLjSb6�	cFiS_�j]cL^~\L^xeLg`�cF��_v�4iD�4t�cFsOjSyFt��4t�cFbn}
V (t) =

t∫

0

W (τ)dτ,

bL�4t�t�sOjSb6r

V (t) =

[
1

2
√
β2 − α2

(
eλ1terf(

√
λ1t)

β +
√
β2 − α2

− eλ2terf(
√
λ2t)

β −
√
β2 − α2

)
+

1

α2

]
f(t).

ûÖs`i�yFt�{�t�cFbFt]rK^xeLt�t]�S��eLi�bLkl�Fi`eLgSp�iSjD^`cFiqrFeFh>iS 6t�cFaFb?�FyFtlrLtleLgScFiS��i�yL^x�rLbF�Dkl^�a6^`�FtleLgL}l�Dkls`iS_F\FbFjS���Za�aDi`eLt��D^`cFb6hL��Y���^`�6eFh�kli~�6yL^`c6hFt�s�kljSiS���UeLiSs`cFiDkls`gp�^?kl\Ft�s	rLt�_Lkls`jSb6h�jScF�Us`yFt�cFcFb6���4i`eLt�aF�~eFhFyFcF����klb6e�YTX�c6�6s`yFtlcFcFt�t�rK^`j`eLt�cFbFt�jcFt�_
p
�FyFiS�FiSyF FbFiScL^xeLgScFi��FiSjSt�yS�6cFiDkls`cFiD�4�2cL^`s�h6��t�cFbF�

σ
}

p = 2σ/a.� ^�kl\Ft�s�rLt�_Lkls`jSb6h?klb6eL�<kliS�FyFiSs`bFj`eLt�cFb6h	�FyFb	rLjSb6��t�cFbFb2aU^`�6eLb2iSs`cFiDklbFs`tleLgScFi�l^`pliSiS�SyL^`p�cFi`_?klyFtlrL�¢iScL^�yL^`p�yF�U{�^`t�sSk�hnY+ð�iS�F�Skla6^xhn}D\Fs`i	klb6eK^OkliS�FyFiSs`bFj`eLt�cFb6hrLt�_Lkls`jS�`t�sOeLbF{�gOcL^O�Fi`eLiSjSbFcF�	�FiSjSt�yD�6cFiDkls`b>a6^`�6eLb
b
t�tq\FbLk�eLt�cFcFiSt�p�cL^~\6t�cFbFtiS�FyFtlrLtleFhFt�sSk¨h>�f^`a6klbL�f^xeLgScF�z�4b?jStleLbF\FbFcL^S�4b?�Ft�yFt���yF�Up�iSan}DbFpZ�Dk�eLiSjSb6h	yL^`jSt�c6�kls`jD^�rLt�_Lkls`jS�U�]��b6�
cL^	aU^`�6eL�!klb6e�k�eLtlrL�St�s~}L\Fs`i2aFyFbFs`bF\Ft�klaFbF_�yL^xrLbF�Dk�aU^`�6eLb
a µT¶ rK^`t�sSk¨hvkliSiSs`cFiS{�t�cFbFt��

a µT¶ = 4

√
27

8

ησ

Aω2ρ2
. (11.7.1)
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�] Ft�cFa6^���sx^z��rLiSj`eLt�s`jSiSyFbFs`tleLgScFi]kliS��eK^Skl�St�sSk�h�k§��aUkl�Ft�yFbL�4t�cFsx^xeLgScF�z�4b�rK^`cFcF����4bnYS©�^`an}x�FyFbO\L^Skls`iSs`tq�~�za"Cn �b�p�jS�UaUiSjSiD�>rK^`j`eLt�cFbFb>�~��'zrK«��qiSyL�4�~eK^�¤ �S�SY ´UY �~¦rK^`t�s>aFyFbFs`bF\Ft�klaFb6_WyL^xrLbF�Sk�aU^`�6eLbÄ'D�>�4aL��}¬s`iS� rK^?a6^`a ��aUkl�Ft�yFbL�4t�cFs
�FiSa6^`p����jD^xe��S���4aL��Y
z�z�{�- -µ��������ð���|�~�~��³� � ���Â�¸í���;����|
��~�¹iæ¯� ����|�� � ï�|.��~�¹iæ¯�

�]�S��t�bFp�jSt�kls`cFiL}�aU^`aF�U�#jD^x�	c6�6� yFi`eLg�bF��yL^`�]s£jD^`yFbL^` FbFiScFcF��t��FyFbFc6� FbF�F�,j�kliSjSyFt��4tlcFcFiS_Bs`t�iSy6t�s`bF\Ft�klaUiS_!�qbFp�bFaUtSYqX�jStlrLt�cFbFtWrLyFiS�ScF�����FyFiSbFpl�jSi~rLcF�����FiSp�jSi`eFhFt�s?tl��tO�Si`eLt�t�yL^Skl{�bFyFbFs`gvk��qt�yF�vb6���FyFbL�4t�cFt�cFb6hn}njSa6eL�]\FbFjj yL^Sk�k��4iSs`yFt�cFbFt
cFt�aUiScLklt�yFjD^`s`bFjScF��t>klbLkls`t��4��YVûÖs`i.iDkliS�St�cFcFi�cFt�iS�~�Di�rLbL�4i jkljSt�s`t��FyFiS�`eLt��8��bFcFs`t�yF�FyFt�sx^` FbFb
rLbFcL^S�4bF\Ft�klaFb6�>�Ft�yFt��4t�cFcF���
�Ft�y6t��4t�cFcF���
jrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScFiS_?�4tl�U^`cFbFaUtSY
üqyFiDkls`t�_F{�^xhWjD^`yFbL^` FbFiScFcL^xh.p�^xrK^~\L^vjS����eFh6rLbFs�k�eLtlrL�U�]��bL�¡iS�SyL^`p�iD��Y

üq�Dkls`g2�q�UcFaF Fb6h
L(q, u, v, t)

cFt��FyFt�yF��jScL^OjD�4t�kls`t�kli2kljSiSbL�4b
�Ft�yFjS�z�4bvbvjSs`i`�yF�z�4b	\L^Skls`cF�z�4b2�FyFiSbFp�jSi�rLcF�z�4b	�Fi�jDklt��.kljSiSbL� ^`yF���6�4t�cFs~^S��}D^ {q(t)} d��8cFi`���t�kls`jSi
�q�UcFaF FbF_ cL^
[a, b]

k�cFt��FyFt�yF��jSc6�z�4b eLt�jS�z�4b b �FyL^`jS�z�4b �FyFiSbFp�jSi~rF�cF�z�4b��FiSySh6rLaUiSj
α ∈ (0, 1]

b
β ∈ (0, 1]

kliSiSs`jSt�sSkls`jSt�cFcFiL}n�~rLiSj`eLt�s`jSiSyShF�]��b6���yL^`cFbF\FcF�z�£�Dk�eLiSjSbUhL�
q(a) = qa, q(b) = qb.©�yFt��S�St�sSk¨hWcL^`_Fs`b.sx^`aF�U���q�UcFaF FbF�/bFp	��s`iS��ivklt��4t�_Lkls`jD^F}ncL^
aUiSs`iSyFiS_.�q�UcFa6� FbFiScL^xe

S[q(·)] =
b∫

a

L(q(t), aq
(α)
t , tq

(β)
b , t)dt, tq

(β)
b ≡ t � βb q, (11.8.1)

�FyFbFcFbL�f^`t�sO��a6kls`yFt��f^xeLgScFiStqp�cL^~\Ft�cFbFtSY�]�SiSp�cL^~\FbL�W\Ft�yFt�p
q(t)

bLklaDiD�4�U�B�q�UcFaF FbF�¡b
�FyFtlrKkls~^`jSbL�
q(t)

jOjSb6rLt
q(t) = q(t) + εη(t), (11.8.2)

� rLt
ε
d.�FiDkls`i~hFcFcL^xhn}fkliSiSs`jSt�sSkls`jS�U�]��^xh�jS���SyL^`cFcFiS_��q�UcFaF FbFb�klt��4t�_Lkls`jD^F}§^

η(t)
d2��rLiSj`eLt�s`jSiSyDhF�]��^xh?s`t��£��t��Dk�eLiSjSb6hL��}6\Fs`i	b

q(t)
}L�q�UcFaF Fb6hvkqcF��eLt�jS����4b���yL^`cFbF\FcF�z�4b£�Sk�eLiSjSb6hL�4b

η(a) = η(b) = 0
Y4X����Fi`eLc6h6h.rLyFiS�ScFiSt	rLbL���qtl�yFt�cF FbFyFiSjD^`cFbFtZ�q�UcFaF FbFb.¤ �S�SY �FY �S¦fb?�Fi~rKkls~^`j`eFh6h?yFt�p���eLgxsx^`s�j�jS��yL^x��t�cFbFt]rFeFh�q�UcFaF FbFiScL^xeK^F}U�Fi`eL�U\FbL�£t���iOa6^`a
�q�UcFaF FbF�¡�L^`yL^S�4t�s`yL^

ε
m

S(ε) =

b∫

a

L(q + εη, aq
(α)
t + ε aη

(α)
t , tq

(β)
b + ε tη

(β)
b , t)dt.
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�qt�iS�~�Si~rLbL�4iSt]�Dk�eLiSjSbFtZ��a6kls`yFt��4�6�f^O��s`iS_v�q�UcFaF FbFb

dS(ε)

dε
=

b∫

a

[
∂L

∂q
η +

∂L

∂ aq
(α)
t

aη
(α)
t +

∂L

∂ tq
(α)
b

tη
(β)
b

]
dt = 0. (11.8.3)

oqcFs`t���yFbFyFiSjD^`cFbFt����Fi�\L^Skls�hL�¡�FyFtliS�SyL^`p��St���jSs`iSyFiS_�b�s`yFt�s`bF_�bFcFs`t���yL^xeF�*ajSb6rL�
b∫

a

∂L

∂ aq
(α)
t

aη
(α)
t dt =

b∫

a

(
∂L

∂ aq
(α)
t

)
a � αt ηdt = b∫

a

t � αb
(

∂L

∂ aq
(α)
t

)
ηdt,

b∫

a

∂L

∂ tq
(β)
b

tη
(β)
b dt =

b∫

a

(
∂L

∂ tq
(β)
b

)
t � βb ηdt =

b∫

a

a � βt
(

∂L

∂ tq
(β)
b

)
ηdt.

üqi~rKkls~^`j`eFh6h>�6i`eL�U\Ft�cFcF��t�jS��yL^x��t�cFb6h>j�¤ �S�SY �FY �D¦�}
b∫

a

[
∂L

∂q
+ t � αb

(
∂L

∂ aq
(α)
t

)
+ a � βt

(
∂L

∂ tq
(β)
b

)]
ηdt = 0,

b��U\FbFs`��jD^xhq�FyFiSbFp�jSi`e�j�jS���SiSyFt
η
}��6yFb6�Di~rLbL�>aqrLyFiS�ScFiD�4�Z^`cL^xeLiS���z�UyL^`jScFt�cFb6h

ûÖ_6eLt�yL^x� ��^`��yL^`c6��^Fm
∂L

∂y
+ t � αb

(
∂L

∂ aq
(α)
t

)
+ a � βt

(
∂L

∂ tq
(β)
b

)
= 0. (11.8.4)

üqyFb
α = β = 1

iScFi��FyFt�jSyL^`��^`t�sSk�h	j�iS�S��\FcFiStz�UyL^`jScFt�cFbFt�ûÖ_6eLtlyL^x� ��^`��yL^`c6�O^¤ cL^`�FiD�4cFbL��}F\Fs`i
a � 1t = d/dt

}FcFi
t � 1b = −d/dt) Y[]yL^`jScFt�cFbFt]¤ �S�SY �FY 'U¦KeLt���aDi]iS�SiS�S��^`t�sSk�hqcL^zk�eL�U\L^`_��q�UcFaF FbFb���^`��yL^`c6�O^F}p�^`jSbLk¨hF��t�_>iSsOcFt�k�aUi`eLgSaFb6�?�FyFiSbFp�jSi~rLcF���2aUiSiSySrLbFcL^`s`��}

∂L

∂q
+

n∑

j=1

t � αjb
(

∂L

∂ aq
(αj)
t

)
+

m∑

k=1

a � βkt
(

∂L

∂ tq
(βk)
b

)
= 0.

X<k�eL�U\L^`tqcFt�klaUi`eLgSaFb6�>kls`t��Ft�cFt�_vkljSiS�Si�rL�
qj(t)

S[qj(·)] =
b∫

a

L
(
q1, . . . , qn; aq

(α)
1,t , . . . , aq

(α)
n,t , tq

(β)
1,b , . . . , tq

(β)
n,b

)
,

�UyL^`jScFt�cFbFt6ûÖ_UeLt�yL^x� ��^`��yL^`c6�O^��FyFbFc6bL�f^`t�s	jSb6rvklbLkls`t��4���UyL^`jScFt�cFbF_Ä� �����
∂L

∂qj
+ t � αb

(
∂L

∂ aq
(α)
j,x

)
+ a � βt

(
∂L

∂ tq
(β)
j,b

)
= 0, j = 1, 2, . . . , n. (11.8.5)
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� eLtlrL�`hOyL^`�SiSs`t�� �~�*� }xiS�FyFtlrLtleLbL� iS�SiS�S��t�cFc6��t�bL�4�F��eLgDkl�HyL^Sk�k��f^`s`yFbFjD^x�t��4iS_�cL^S�4b�i�rLcFiD�4t�yFcFiS_�k�bLkls`t��4��k§eK^`��yL^`c6�	bL^`cFiD��}���rLiSj`eLt�s`jSiSyDhF�]��bL�
�UyL^`j`�cFt�cFbF�*¤ �S�SY �FY �S¦�}6kliSiSs`cFiS{�t�cFb6hL�4b

pα =
∂L

∂aq
(α)
t

, pβ =
∂L

∂tq
(β)
b

(11.9.1)

b
jSjStlrLt�����^S�4b6eLgxs`iScFbL^`c
H = pα aq

(α)
t + pβ tq

(β)
b − L. §��i	�6i`eLcF��_>rLbL���qt�yFt�cF FbL^xe
bL�4t�t�sOjSb6r

dH = pαdaq
(α)
t + aq

(α)
t dpα + pβdtq

(β)
b + tq

(β)
b dpβ−

− ∂L

∂aq
(α)
t

aq
(α)
t − ∂L

∂tq
(β)
b

tq
(β)
b − ∂L

∂q
dq − ∂L

∂t
dt.

üqi~rKkls~^`j`eFh6h>kl��rK^�bL�4�F��eLgDkl�¢bFp2¤ �S�SY ÑFY �~¦§b>�Fi`eLgSp��`hLklg��UyL^`jScFt�cFbFt���ûÖ_6eLt�yL^�d��^`��yL^`c6�O^>¤ �S�SY �FY �S¦§�FyFtlrL��rL�U��t���iO�F�UcFaFsx^F}6�Fi`eL�U\FbL��m
dH = aq

(α)
t dpα + tq

(β)
b dpβ +

[
ap

(β)
β,t + tp

(α)
α,b

]
dq − ∂L

∂t
dt. (11.9.2)� iS�FiDklsx^`j`eFh6h���s`iSsZyFt�p���eLgxs~^`sZk§rLbL���qt�yFt�cF FbL^xeLiD�
�l^S�4b6eLgxs`iScFbL^`cL^zaU^`a��q�UcFa6� FbFb
�Ft�yFt��4t�cFcF���

q, pα, pβ , t

dH =
∂H

∂q
dq +

∂H

∂pα
dpα +

∂H

∂pβ
dpβ +

∂H

∂t
dt,

�FyFb6�Di�rLbL� a k�eLtlrL�U�]��t�_ klbLkls`t��4t#�l^S�4b6eLg~s`iScFiSjS��� �UyL^`jScFt�cFbF_ÎrLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS��i�rLjSb6��t�cFb6h
i�rLcFiD�4t�yFcFiS_
klbLkls`t��4��m

aq
(α)
t =

∂H

∂pα
, tq

(β)
b =

∂H

∂pβ
,

ap
(β)
β,t + tp

(α)
α,b =

∂H

∂q
,

∂L

∂t
= −∂H

∂t
.

��^`aOjSb6rLcFi�bFp�¤ �S�SY ÑFY �S¦�}~rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF��_��l^S�4b6eLg~s`iScFbL^`cOcFt�hFj`eFh6�t�sSk�hWbFcFs`t���yL^xeLiD��rLjSb6��t�cFb6hWrK^x��t2j�k�eL�U\L^`tS}�t�k�eLb.eK^`��yL^`c6�	bL^`cWc6t?p�^`jSbLklbFsiSsOjSyFt��4t�c6b>hFjScFiLY
ð�jD^B�FyFbL�4t�yL^��6yFbFjStlrLt�cF� jq� �~�*� Yuüqt�yFjS��_/d�i~rLcFiD�4t�yFcL^xh�klbLkls`t��f^

eK^`��yL^`c6�	bL^`cFiD�
L = [0q

(α)
t ]2/2, 0 6 t 6 1

YzX���s`iD��k�eL�U\L^`t�iS�SiS�S��t�cFcF��t
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bL�4�F��eLgDkl�

pα = 0q
(α)
t , pβ = 0

}f�l^S�4b6eLg~s`iScFbL^`c
H = p2α/2

}fa6^`cFiScFbF\Ft�klaFb6t
�UyL^`jScFt�cFb6h

0q
(α)
t = pα, tq

(β)
1 = 0

Y � rLt�klg
β
�FyFiSbFp�jSi`eLgScFiL}¬�FiS��s`iD�4� iSaUiSc6\L^x�

s`tleLgScF��_
yFt�p���eLgxs~^`s	�4i~�	cFiOp�^`�FbLk�^`s`gOjOjSb6rLt
t � (α)1 0q

(α)
t

Y
X�s`iSyFiS_H�FyFbL�4t�ynm

L =
[
0q
(α)
t

]2
/2 +

[
tq
(α)
1

]2
/2 + 0q

(α)
t tq

(α)
1

Y � rLt�klg
pα = 0q

(α)
t + tq

(β)
1 , pβ = tq

(β)
1 + 0q

(α)
t

}
H = p2α/2 = p2β/2

bW�UyL^`jScFt�cFbFtrLjSb6��t�cFb6h
bL�4t�t�s	jSb6r
(
0 � (β)t + t � (α)1

)(
0q
(α)
t + tq

(β)
1

)
= 0.

z�z�{�z?> e ��æ¯��¶�·¸��|�~�|�ï �ì|���æ��³¶�� � æ ��¶�����|³¶��
X¯� �~�*�LyL^Sk�k��4iSs`yFtlc	b2k�eL�U\L^`_	cFt��FyFtlyF��jScFiS_2klyFtlrL��d�a6eK^Sk�klbF\Ft�klaDiS��i��Fi`�eFh

φ(x, t), a 6 t 6 b, c 6 x 6 d
Y� §��i.eK^`��yL^`c6�	bL^`c�¤ s`iS\FcFt�tS}Ö�6eLiSs`cFiDkls`geK^`��yL^`c6�	bL^`cL^F}LcFi>k�eLiSjSi.u~�6eLiSs`cFiDkls`gL|?�4�¡rFeFh�aFyL^`s`aUiDkls`b�iS�F�DklaU^`t��§¦zkli~rLt�y6��	bFs>j?a6^�\Ft�kls`jStO^`yF���6�4t�cFs`iSj?\L^Skls`cF��t��FyFiSbFp�jSi~rLcF��t�iSs

φ
a6^`a��Fi>aUiSiSySrLbFcL^x�sx^S��}Fs~^`a
b
�FiOjSyFt��4t�cFbnm

L = L(φ, aφ
(α)
t , tφ

(β)
b , cφ

(α)
x , xφ

(α)
d ).� iSiSs`jSt�sSkls`jS�U�]��bF_>t��4�?��^S�4b6eLgxs`iScFbL^`c>bL�4t�t�sOjSb6r

H = πα aφ
(α)
t + πβ tφ

(β)
b − L, πα =

∂L

∂aφ
(α)
t

, πβ =
∂L

∂tφ
(β)
b

.

«�t�yDh�iSs�cFt���i��Fi`eLcF��_�rLbL���qt�yFt�cF FbL^xe�}	�Fi�rKklsx^`j`eFh6h��6eLiSs`cFiDkls`b�bL�4�F�~eLg`�kliSj<b!bFkl�Fi`eLgSp��`h¡�UyL^`jScFt�cFb6h ûÖ_6eLt�yL^�d���^`��yL^`c6��^F}]�FyFb6�Di�rLbL� a�k�eFtlrL�U�z���t�_�klbLkls`t��4t.aU^`cFiScFbF\Ft�klaFb6�<�UyL^`jScFt�cFbF_�rFeFh�a6eL^Sk�klbF\Ft�klaUiS��i£�Fi`eFh<rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS��i�s`bF�L^Fm

aφ
(α)
t =

∂H

∂πα
, tφ

(β)
b =

∂H

∂πβ
,

∂L

∂t
= −∂H

∂t
,

∂L

∂cφ
(α)
x

= − ∂H

∂cφ
(α)
x

,
∂L

∂xφ
(β)
d

= − ∂H

∂xφ
(β)
d

,

aπ
(β)
β,t + tπ

(α)
α,b =

∂H

∂φ
+ c � αx ∂H

∂ xφ
(α)
d

+ x � βd ∂H

∂ cφ
(β)
x

.

X�plhFj�eK^`��yL^`c6�	bL^`c>�Fi`eFh>jOjSb6rLt
L = aφ

(α)
t aφ

∗(α)
t − c20 cφ

α
x cφ

∗α
x − µ20c20φφ∗,
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b
cL^`_6rFh>a6^`cFiScFbF\Ft�klaFb
kliS�FyDh6��t�cFcF��t�bL�4�F��eLgDkl�

πa = aφ
∗(α)
t , , πβ = 0, π∗a = aφ

(α)
t , π∗β = 0,

�FyFb6�Di�rLbL�£a
�l^S�4b6eLg~s`iScFbL^`cF�
H = πα aφ

(α)
t + π∗α aφ

(α)
t − L = πaπ

∗
a + c20 aφ

(α)
x aφ

∗(α)
x + µ20c

2
0φφ

∗.

üqi~rKkls~^`cFiSjSa6^�t���i	j2a6^`cFiScFb6\Ft�klaFbFt��UyL^`jScFt�cFb6h
�FyFbFjSi~rLbFs	av�UyL^`jScFt�cFb6hL�£rLjSb6���t�cFb6h
π∗α = aφ

(α)
t ,

∂H

∂πβ
= 0, πα = aφ

∗(α)
t ,

∂H

∂π∗β
= 0,

t � αb aφ
∗(α)
t − c20 x � βd aφ

∗(β)
x = µ20c

2
0φ
∗

b
t � αb aφ

(α)
t − c20 x � βd aφ

(β)
x = µ20c

2
0φ.ð�jD^'�FiDk�eLtlrLcFb6� �UyL^`jScFt�cFb6hà�4i~�	cFi�yL^Sk�k��f^`s`yFbFjD^`s`g a6^`a rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF��tZiS�SiS�S��t�cFb6hÇ4Bô1�/öoñxòBñ"�"M0�³��ò0M�ñ����¦�x÷-ô�5�÷7ñ���� �~�*� Y
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z�±�{�z &}|����,��~�|�ï�çB� � ���Â�¸í��
X#\6bLk�eLt��Ft�yFjS���¡yL^`�SiSs~}Zj�aDiSs`iSyF���¡bLkl�Fi`eLgSp�iSjD^xeKk�h¡^`�F�L^`yL^`s�rLyFiS�`�cF���v�FyFiSbFp�jSi�rLcF���>rFeFh�iS�FbLk�^`cFb6hvj`hFp�aUiS�U�FyF�U��iDkls`bn}Kk�eLtlrL�`t�s?�UaU^`p�^`s`g2yL^`�SiSs`�w�Y��OY�CUt�yL^SklbL�4iSjD^�� �0� }DcL^�\FbFcL^`�]���U�Zk�h?kli�k�kl��eLaFb?cL^��UyL^`jScFt�cFbFtZ«�i`eLgS L�f^`cL^FY

ð�^xeLt�tZiSc
�FbF{�t�sFmu�ûÖa6kl�Ft�yFbL�4tlcFsx^xeLgScF��tvbFk�k�eLtlrLiSjD^`cFb6h£�FiSa6^`p���jD^`�]s~}4\Fs`i.iDkliS�SiS�li�jScFb6��f^`cFb6h�p�^Sk�eL�D�	bFjD^`t�s�\L^Skls`cF��_�jSb6r���s`iS��iz�UyL^`jScFt�cFb6hn}~kliSiSs`jSt�sSkls`jS�U�]��bF_�s`i`eLg`�aUiOcL^Sk�eLtlrKkls`jSt�cFcFiS_>\L^Skls`b
cF^`�FyDh6��t�cFb6hn}

σ(t) =

∞∫

0

G(τ)ε(t− τ)dτ.

�qtO�4t�cFgS{�bF_�bFcFs`t�yFt�k��FyFtlrKklsx^`j`e6hFt�s>sx^`a6��tOs`iSs
k�eL�U\L^`_n}TaUiS��rK^?cL^`�FySh6��t�cFbFt
σ(t)

p�^`jSbLklbFs�iSs�jDkltl�O�FyFtlrL{�t�kls`jS�U�]��b6�¬}ScL^xrFeLtl�O^`��bL� iS�SyL^`p�iD��jSp�jStl{�t�cFcF���p�cL^�\Ft�cFbF_Ok�aUiSyFiDkls`t�_�rLt��qiSyL�f^` FbFbn}�cFiZcFtÖrLt��qiSyL�f^` FbF_nY�ð�eFh�sx^`aFbU���FyFiS Ft�k�kliSjrLt��qiSyL�4bFyFiSjD^`cFb6h?p�^`jSbLklbL�4iDkls`gO�4tl�OrL�
σ
b
ε

σ(t) =

∞∫

0

K(τ)ε̇(t− τ)dτ,

t�k�eLb
iS�lyL^`cFbF\FbFjD^`s`gDk�h?s`i`eLgSaUiOcL^Sk�eLtlrKkls`jSt�cFcFiS_>\L^Skls`gS��cL^`�FyDh6��t�cFb6hnY |�]sS�4t�s`bL��}8\Fs`i�bL�4t�cFcFi���s`iv�6yF^`jScFt�cFbFt	�FiSp�jSi`eFhFt�s
cL^`� eFh6rLcFiv�FyFtlrKkls~^x�jSbFs`g
klj`hFp�g
�4tl�OrL��cL^`�FyDh6��t�cFbFt��<b�rLt��qiSyL�f^` FbFt�_n}Tt�k�eLb bFcFs`t�yF�FyFt�s`bFyFiSjD^`s`gh6rLyFi
K(τ)

a6^`a2yFt�^`aF FbF��¤ iSs`a6eLbFaK¦§cL^`�FySh6��t�cFb6h2j��4iD�4t�cFs�jSyFt��4t�c6b
t
cL^�kls`�D��Ft�cF\L^`s`�U�*rLt��qiSyL�f^` FbF��tlrLbFcFbF\FcFiS_�jStleLbF\FbFcF�

1(t − τ) j��4iD�4t�cFs�jSyFt��4t�cFb



�`�Sª ��	��"�+���*Ã Å,§��
ã>�1õ�&x�(õ��7�����1�
t − τ Y�üqyFbF�`eLb6��^xh.�6eK^`jScF�U�/p�^`jSbLklbL�4iDkls`g ε(t) kls`�U�Ft�cF\L^`s`iS_W���UcFa6 FbFt�_n}�p�^x�rK^`cFcFiS_ klaU^~\FaUiSiS�SyL^xp�cF�z�4b��FyFbFyL^`��t�cFb6hL�4b

∆ε(tj)
j
�4iD�4t�cFs`�!jSyFt��4t�cFb

tj
b�Fi`eLgSp��`hLklg��Fy6bFcF FbF�FiD�£eLbFcFt�_FcFiDkls`bn}F�Fi`eL�U\FbL�£bFcFs`t���yL^xeLgScF�U�¡kl�6�f�4�

σ(t) =
∑

tj<t

K(t− tj)∆ε(tj),

�FyFb
∆tj → 0

�FyFbFcFbL�f^`�]���U�BjSb6r

σ(t) =

t∫

0

K(t− t′)dε(t′) =
t∫

0

K(τ)ε̇(t− τ)dτ.

üqyFi~rLi`eF�	bL�� FbFs`bFyFiSjD^`cFbFtOyL^`�SiSs`�ªC6t�yL^Sk�bL�4iSjD^ ¤¥�4cFtO�FyFtlrKklsx^`j`eFhFt�sSk¨h��s`i]jD^x�	cF�z��}��FiSs`iD�4�q\Fs`i]iS�S��\FcFi��FyFbFiSyFbFs`t�s]j]kliSplrK^`cFbFb�b�yL^`p�jSbFs`bFb�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS_��4i~rLtleFb j`hFp�aUiS�U�FyF�U��iDkls`b��FyFbF�FbLkl��jD^`�]s
^`jSs`iSyL^S�H�Si`eLt�t�FiSplrLcFb6�?�F�U�`eLbFa6^` FbF_K¦�Yu���^Sk�eLtlrKkls`jSt�cFcL^xh��q�UcFaF Fb6h¢rFeFh�cFt�aUiSs`iSyF�����f^`s`t�yFbL^xeLiSj¡¤ jSi`eLiSaFcFb6�kls`iS_vkls`yF�UaFs`�UyF�]¦ÖrLi`eF�	cL^ObL�8t�s`g2jSb6r

K(τ) =
A

τα
,

� rLtq�FiDkls`i~hFcFcL^xh
A > 0

b
α
eLtl�	bFs2�4tl�OrL�?cF��eLt��£b
tlrLbFc6bF Ft�_nYxüqi`eLi��	bFjOtl��t

A =
κα

Γ(1− α) ,

� rLt��FiDkls`i~hFcFcL^xh
κα > 0

p�^`jSbLk�bFs�iSs£kljSiS_Lkls`j�jSt���t�kls`jD^.b
Γ
t�kls`g£��_6eLt�yFiSjbFcFs`t���yL^xevjSs`iSyFiS��i�yFi~rK^F}6�Fi`eL�U\FbL�

σ(t) =
κα

Γ(1− α)

∞∫

0

ε̇(t− τ)
τα

= κα
α
0 � tε(t), 0 < α < 1.

ûÖs`iveLbFcFt�_FcFiSt?kliSiSs`cFiS{�t�cFbFt2�4tl�OrL�
ε
b
σ
�6yFb

α = 0
iS�SyL^`��^`t�sSk�h.jvp�^`aUiScCn�Ua6^F}6�FyFb

α = 1
d	jOp�^`aUiSc��qgS�]s`iScL^�rFeFh
jScF�Us`yFt�cFcFt���iOs`yFt�cFb6hn|�� �0� Y©�^`aFbL��iS�SyL^`p�iD��}Sj`hFp�aDiS�U�FyF�U�l^xh2klyFtlrK^�j�iS�FyFtlrLtleLt�cFcFiD�.iSs`cFiS{�t�cFbFb2p�^x�cFbL�f^`t�s��Fy6iD�4tl�	�Us`iS\FcFiStZ�Fi`eLi~��t�cFbFtZ�4tl�OrL�2j`hFp�aDiS_?cFt��U�FyF�U��iS_2b>^`�Dkli`eL�]s`cFi�U�FyF�U��iS_>cFt�j`hFp�aUiS_>�f^`s`t�yFb6hL�4bn}

σ(t) =

{
Eε(t),

¤ p�^`aUiSc�Cn�UaU^D¦0!
ηdε(t)/dt,

¤ p�^`aUiSc��qgS�]s`iScL^D¦�} (12.1.1)

bv�qiSyL�4��eK^
σ(t) = κα

α
0 � tε(t) (12.1.2)
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�4i~��t�sOyL^Sk�k��f^`s`yFbFjD^`s`gDk�h?a6^`a>jSiSp��4i~�	cF��_
kl�FiDkliS��bFcFs`t�yF�Fi`eFhF FbFbv�4tl�OrL�?cFb6��4bnY+üqyFb

α = 1
iScL^ZrK^`t�s�p�^`aUiSc��qgS�]s`iScL^F}`�FyFb

α = 0
d�p�^`aUiSc�Cn�Ua6^FYS�qiScFt�\FcFiL}��s`i£cFt tlrLbFcLkls`jSt�cFcF��_�kl�FiDkliS��bFcFs`t�yF�Fi`eFhF FbFbn}�b¢s`iSs���^`aFs~}�\Fs`iHkls`t��Ft�cFcFiS_p�^`aDiSc¯�q�Us`s`bFcF�l^£klj`hFp�^`c<k�yFt�{�t�cFbFt��/�UyL^`jScFt�cFb6h<k�rLyFiS�ScFiS_��FyFiSbFp�jSi�rLcFiS_n}bF��yL^`t�sOplrFt�klgOyFt�{�^`�]���U�¡yFi`eLgLY

ð�yFiS�ScFi`� rLbL���Zt�yFt�cF FbL^xeLgScF��_>�Fi~rF�Si~r�}LyL^`p�jSbFs`bFt�aDiSs`iSyFiS��i	j2yFt�i`eLiS��bFbklj`hFp�^`cFi�kZbL�4t�cL^S�4b � aUiSs`s~^x� «ÖeL��yL^F}F«�����eLb>b
©niSyFjSbFa6^F}1C6iSyFt�cF�qeFi�b�G�^`_FcL^`y6�rLbn}�+�yFb6rLyFb6�U^�b D bLk�kltleFhn}�«�eF�q�8t�cL^�b�Gvt�s` 6eLt�yL^F}
�qiScFcFt�cL�4t�_FaUt�yL^�b�CDeLt�a6eFhn}�ZeK^S�qs`t�yL^Ob D eLt�klbFcF��t�yL^F}L�S��e��Dkl�Ft�{�cFi2�FyFbL�4t�cFt�cvrFeFh�iS�FbLk�^`cFbUhvyFt�i`eLiS��b6�\Ft�klaDiS��i��FiSjStlrLt�cFb6hOiSyF��^`cFbF\Ft�klaFb6�Okls`t�aUi`e�}S�leK^Skls`iD�4t�yFiSjL}x�Fi`eLbF�UyFt�sx^`cL^F}`�Fi`eLb6�bFp�iS�S�Us`b6eLt�cL^F}L�4iScFi~rLbLkl�Ft�yLklcFiS��i	�Fi`eLbF�S�Usx^xrLbFt�cL^F}Fs`jSt�yDrL���v^S�4iSyL�qcF���
�Fi`eLb6��4t�yFiSj�j�{�bFyFiSaUiS_	iS�`eK^Skls`bOs`t��4�Ft�yL^`s`�Uy ¤¥k���}DcL^`�FyFbL�4t�yn}DyL^`�SiSs`��� �*�Kb2�SbF�`eLbFi`���yL^S�qbF��j]cFt�_K¦�Y�Gv�W�Fi~rLyFiS�ScFt�t§iDklsx^`cFiSjSbL�fk¨h�cL^�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF����4i~rFtleFh6�	j`hFp�aUiS�U�FyF�U��iDkls`bn}D^�p�^`s`t��.yL^Sk�k��4iSs`yFbL�.�L^`yF�	kls~^`c6rK^`yFs`cF���OrFeFh2��b6rF�yFi~rFbFcL^S�4bFaFb
p�^xrK^~\>jO�FyFiDkls`t�_F{�t�_v�4i�rLtleLb
sx^`aDiS��iOs`bF�L^FY

z�±�{3± �s��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~��³�æ�|,�Â�E¶�· � ��çB��ï��E¶�¶��
X�^x�	cF�U� ��jSyFbLkls`bF\Ft�klaF�U� yFi`eLgBj!yFt�i`eLiS��bFb�kli!jSyFt��8t�c G�^`aUkljStleFeK^bB�qtleLgSjSbFcL^HbF��yL^`�]s<�4tl�U^`cFbF\Ft�klaFbFt£�4i~rLtleLbn}ZkliDklsx^`j`eFhFt��4��tWbFp£��eLt��4t�cFs`iSjrLjS�D�£s`bF�FiSj d��U�FyF�U��iS��i �leLt��4t�cFsx^�¤ �FyF�D�	bFcF�]¦�bHj`hFp�aUiS��i �leLt��4t�cFsx^�¤ÅrLt��4�6��qt�yL^D¦Z¤ �~�6Y �SY �~¦�Y
�qiD�4�SbFcFbFyF�`h���s`b	�leLt��4t�cFs`��jqyL^`pleLbF\FcFiD� �FiSySh6rLaUtS}`�Fi~rLiS�ScFiqs`iD�4�S}SaU^`a��s`i
rLtleK^`t�sSk�hWk	kliS�FyFiSs`bFj`eLt�cFb6hL�4bn}�t��4aDiDkls�hL�4bWbWbFc6rL�UaFs`bFjScFiDkls�hL�4b�jv�leLt�aU�s`yFbF\Ft�klaFb6�¡ Ft��6h6�¬}q�4i��	cFi<�Fi`eL�U\FbFs`g¢yL^`pleLbF\FcF��t£k��St��4�,j`hFp�aDiS�6�6yF�U��iDkls`t�_n}�FyFbFjSi�rFhF��bFt�a�yL^`pleLbF\FcF�z��jSb6rK^S�BrLbL���qt�yFt�cF FbL^xeLgScF�����UyL^`jScFt�cFbF_nY�X��Ft�y6�jS��tzp�^`aUiScBCn�Ua6^qrFeFh?�U�FyF�U��iS��i�s`tleK^�b��qgS�]s`iScL^qrFeFh2j`hFp�aUiS_O�	b6rLaUiDkls`b?�S��eLbiS�&ÉntlrLbFcFt�cF�¯G�^`a6kljStleFeLiD�WjOi~rLcFiOaDiScLkls`bFs`�Us`bFjScFiSt2¤ iS�FyFtlrLtleFhF�]��t�t~¦��UyL^`jScFtl�cFbFt�j`hFp�aDiS�U�FyF�U��iS_>klyFtlrL��Y

σ(t) + τ � tσ(t) = Eτ � tε(t), τ > 0,

�Fi`eLi��	bFjS{�t�tOcL^�\L^xeLivkliSjSyFt��4t�cFcFiS_ �qt�cFiD�4t�cFi`eLiS��bFb�j`hFp�aUiS�U�FyF�U��iDkls`bnYT[]yL^`j`�cFt�cFbFt?��s`i�iS�FbLkl��jD^`t�sv�FiSjStlrLt�cFbFt?klbLkls`t��4��}4kliDkls`i~hF��t�_WbFp?�6iDk�eLtlrLiSjD^`s`tleLgScFikliStlrLbFcFt�cFcF��� �U�FyF�U��iS��iW¤¥k2�4i~rL��eLt����U�FyF�U��iDkls`b
E
¦qbWj`hFp�aUiS��iW¤¥kOj`hFp�aUiDkls`gS�

η = Eτ
¦Ö�leFt��4t�cFs`iSj
¤ �FyF�D�	bFcF�¢b2rLt��4�L�qt�yL^D¦z¤«ý§bLk`Y¬�~�6Y �~¦�Y$+�iSyL�f^xeLgScFiStziS�SiS�`���t�cFbFt���s`iS_ �4i�rLtleLb�cL^2rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeFgScF��_vs`bF�Ñ� �F}�'(�8rLiDkls`bF�l^`t�sSk¨hp�^S�4t�cL^S�4b
τ � tσ 7→ τα0 � αt σ(t), τ � tε 7→ τβ0 � βt ε(t); 0 < α, β < 1 :



�`�S� ��	��"�+���*Ã Å,§��
ã>�1õ�&x�(õ��7�����1�
σ(t) + τα 0 � αt σ(t) = Eτβ 0 � βt ε(t), (12.1.1)

ý4t�{�t�cFb6t���s`iS��iW�UyL^`jScFt�cFb6hHiSs`cFiDklbFs`tleLgScFiWcL^`�FyDh6��t�cFb6h
σ(t)

�FyFb�p�^xrK^`cFcFiS_p�^`jSbLklbL�4iDkls`b2rLt��qiSyL�f^` FbFb
ε(t)

iSs�jSyFt��4t�cFb.¤
ε(t)

�FyFb
t < 0

¦�kliS��eK^SklcFi
¤jÑFY ÑFY �~¦bL�4t�t�sOjSb6r
σ(t) = cG(t) + Eτβ

t∫

0

G(t− z) 0 � βz ε(z)dz,
� rLt

G(t) = (tα−1/τα)Eα,α(−tα/τα).üqyFb
α = β = 1

G(t) = (1/τ)E1,1(−t/τ) = (1/τ)e−t/τ . (12.2.1) Ök�eLb	rLt��qiSyL�f^` Fb6h
ε(t)

j��4iD�4t�cFs�jSyFt��4t�cFb
t = 0

klaU^~\FaUiSiS�SyL^`plcFi��4t�c6hFt�sSk�h2iSscF��eFh�rLi]jStleLbF\FbFcF�
ε0
b�iDklsx^`t�sSk¨h�p�^`s`t��v�FiDkls`i~hFcFcFiS_n}��q�UcFaF Fb6h�Cny6bFcL^�¤ �~�6Y �6Y �~¦rK^`t�sOiS�S��\FcF�U��¤ rFt��D^`t�jDklaF�U�q¦ÖyFtleK^`a6k�^` FbF��cL^`�FyDh6��t�cFb6hnm

σ(t) = ε0Ee
−t/τ .

ý§bLk`Yn�~�6Y �Sm �J�2,#&-9+:6�A.!?/0-Y7&-9+95.`ñ
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�
�l�,~����æ�|,�Â�E¶��7x}�E¶�·�ï���~��
ð�yF�U�l^xhv�FiS�F�~eFhFyFcL^xhva6eK^Sk�klbF\Ft�kla6^xh��4i�rLtleLg2d³ÿ�÷�57ò/�xú0�Jò/�xú+ö���ñ��Od>iDk��cFiSjD^`cL^]cL^q�L^`yL^xeFeLtleLgScFiD� kliStlrLbFc6t�cFbFb	�FyF�D�	bFcF��bOrLt��4�L�qt�yL^	¤«ý§bLk`YL�~�6Y �S¦�Y� §taUiScLkls`bFs`�Us`bFjScFiStq�6yF^`jScFt�cFbFtqbL�4t�t�s	jSb6r

σ(t) = E [ε(t) + τ � tε(t)]b¡iS�SiS�S��^`t�sSk¨h�cL^HrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF�U���4i�rLtleLg¢k�eLtlrL�U�]��bL��iS�SyL^x�p�iD�H� �*� m
σ(t) = E

[
τα 0 � αt ε(t) + τβ 0 � βt ε(t)] , 0 6 α < β 6 1.



�*Ã$¥ òU�,�+�����x���(�5���$§_â��>����	#���Ç���¬���#�����J���x�x� �`��Ñ
=�^Skls`cFiStZyFt�{�t�cFbFt���s`iS��iO�UyL^`jScFt�cFb6h

ε(t) =
1

Eτβ

t∫

0

(t− z)β−1Eβ−α,β
[
−τα−β(t− z)β−α

]
σ(z)dz.

üqi~rKkls~^`cFiSjSa6^�kl��rK^
α = 0, β = 1

jSiSp�jSyL^`��^`t�s�cL^Sk>j.yL^S�8aFb�klsx^`c6rK^`yFs`cFiS_�4i~rFtleLb��qtleLgSjSbFcL^F}Öj£aDiSsSiSy6iS_¢kla6^~\FaDiSiS�SyL^`p�cFi<¤ jH�4iD�8t�cFs�jSyFt��4t�cFb
t = 0

¦jSiSp�cFbFaF{�t�tZcL^`�FyDh6��t�cFbFt
σ0
jS��p���jD^`t�s�rLt��qiSyL�f^` FbF�
ε(t) =

σ0
E

(
1− e−t/τ

)
,

��a6k��FiScFt�cF FbL^xeLgScFi��FyFbF�`eLb6�O^`�]���U�Zk¨h�a �l�6aDiSjDklaUiD�4�/�FyFtlrLtleL�
σ0/E

}2�FyFb
t→∞ Y

ý§bLk`Yn�~�6Y �6m �J�2,+&-9+:D��&-9+:�Y�%+ 5.`ñ
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�l�,~����
��^~\Ft�kls`jD^
iS�St�b6�Wa6eL^Sk�klbF\Ft�klaFb6���4i~rLtleLt�_��~rK^�\FcFi kliS\Ft�s~^`�]sSk�h�j k��St��4t� t�cFt�yL^F}FaUiScLkls`bFs`�Us`bFjScFiSt��UyL^`jScFt�cFb6t�j2aDiSs`iSyFiS_vbL�4t�t�s?klbL�f�4t�s`yFbF\FcF��_�iSs`cFi`�klbFs`tleLgScFiOcL^`�FyDh6��t�cFbF_
b>rLt��qiSyL�f^` FbF_>jSb6r�m

σ(t) + τ � tσ(t) = E [ε(t) + θ � tε(t)] , (12.4.1)

ûÖsx^	s`yFtl�U� �L^`yL^S�4t�s`yFbF\Ft�kla6^xh��4i�rLtleLg?c6iDklbFs?cL^`pljD^`cFbFt�øBù-�oñ�5*�*ôxùJñ�÷*M³ÿ�÷�57ò/���LY §tÖrLyFiS�Sc6i`� rLbL���qt�yFt�cF FbL^xeLgScFi`t§iS�SiS�S��t�cFbFt]¤Òþ>òBùJõ�ô�ò�È"�Àó��*ô1�!ÿ�òBù�ô���þ5ò!ø0�
���Dÿ�÷*�57ò/�xúU¦�� ª�� }UiS�FbLkl��jD^`t�sSk�h2aUiScLk�sSb6sS�Us`bFjScF�z���UyL^`cFt�cFbFt���k]rLyFiS�ScF�z�4b?�FyFiSbFp�jSi~rF�cF�z�4b
i~rLbFcL^`aDiSjSiS��i��FiSyDh6rLa6^
α
¤ \Ft�s`jSt�yFs`��_
�L^`yL^S�4t�s`yK¦�m

σ(t) + τα 0 � αt σ(t) = E [ε(t) + θα 0 � αt ε(t)] , 0 < α < 1. (12.4.2)

oqcFs`t�yF�FyFt�s`bFyF�`h£�L^`yL^S�4t�s`yF�
τ
b
θ
aU^`a£jSyFt��4t�cL^�s`t��4�Ft�yL^`s`�UyFcF����yFtl�eK^`aUk�^` FbF_��FyFb��FiDkls`i�hFcFcFiD�
cL^`�FyDh6��t�c6bFb�b��FiDkls`i~hFcFcFiS_�rLt��qiSyL�f^` FbFb�kliSiSs`jSt�sx�kls`jSt�cFcFiL}T^

E
a6^`a�bFp�iSs`t�yL�4bF\Ft�klaFbF_ �4i�rL�~eLgL} � t�cFt�yvrK^xe�s`t�yL�4i�rLbFcL^S�4bF\Ft�klaUiSt
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iS�SiDklcFiSjS^`cFbFt�kls~^`c6rK^`yFs`cFiS_ �4i~rLtleLb�j?yL^S�4a6^x�vs`t�iSyFbFb�s`t�yL�4iS�U�FyF�U��iDkls`b�s`jSt�y6�rL���vs`tle�¤¥�4t�sx^xeFeLiSjU¦�� ´
� Y�ð�jD^OiDklcFiSjScF���>�UyL^`jScFt�cFb6hvs`t�yL�4iS�U�FyF�U��iDkls`b�klj`hFp����jD^`�]s>iSs`a6eLiScFt�cFbFtOs`t��4�Ft�yL^`s`�UyF�

δT
iSs>t�t	yL^`jSc6iSjSt�klcFiS��i?p�cL^~\Ft�cFb6h.k�cL^`�FyDh6���t�cFbFt���b?rLt��qiSyL�f^` FbFt�_nY#üqt�yFjSiSt]bFpZcFb6�>klj`hFp�^`cFi�k]s`t��6eLiSjS�z�WyL^Skl{�bFyFt�cFbFt��s`tleK^

ε =
1

E
σ + λδT (12.4.3)

¤
λ
d.eLbFcFt�_FcF��_�aUiS�����qbF FbFt�cFs.s`t��UeLiSjSiS��i.yL^Skl{�bFyFt�cFb6hK¦�YÖX�s`iSyFiStviSs`yL^x�O^`t�srLjSt>�FyFbF\FbFcF��bFp��4t�cFt�cFb6h�s`t��4�Ft�yL^`s`�UyF��mfs`t�yL�4i~rLbF���q�Up�bF�#¤ s`t��4�Ft�yL^`s`�UyFcL^xhyFtleK^`aUk�^` Fb6hK¦

(
dδT

dt

)

diff

= − 1

τε
δT, (12.4.4)

bv^xrLbL^`�D^`s`bF\Ft�klaDiStZbFp��4t�cFt�cFbFtqrLt��qiSyL�f^` FbFb
(
dδT

dt

)

adiab

= −γ dε
dt
,

� rLt
γ = (∂T/∂ε)adiab

YLX�yFt�p���eLgxsx^`s`tq�Fi`eL�U\L^`t���m
(
dδT

dt

)
=

(
dδT

dt

)

diff

+

(
dδT

dt

)

adiab

= − 1

τε
δT − γ dε

dt
. (12.4.5)

üqi`eK^`�l^xh
1 + λγ = τσ/τε

b
bLkla6eL�]\L^xhvbFp��UyL^`jScFt�cFbF_W¤ �~�6Y 'LY �D¦Öb�¤ �~�6Y 'LY 'U¦Ö\6eLt�ckZbFp��4t�cFt�cFbFt���s`t��4�Ft�yL^`s`�UyF�
δT
} � t�cFt�y>b
�FyFbF{�tleva
�UyL^`jScFt�cFbF�/¤ �~�6Y 'LY �S¦�Y� ^S�4t�c6h6h.�UyL^`jScFt�cFbFtv¤ �~�6Y 'LY 'U¦zrLyFiS�ScFi`� rLbL���qtlyFt�cF FbL^xeLgScF�z�<�UyL^`jScFtlcFb6�t���kl�U�~rFbL�����Up�b6iScFcFiS_?yFtleK^`aUk�^` FbFb

0 � αt δT = − 1

τα
δT, 0 < α < 1,+2Y"G�^`_FcL^`ySrLb
�Fi`eL�U\Fb6e
jD�4t�kls`i�¤ �~�6Y 'LY �S¦§�UyL^`jScFt�cFbFt

0 � αt δT = − 1

τα
δT − γ 0 � αt ε,\Fs`iqb��FyFbFjStleLiqa�rLyFiS�ScFi`� rLbL���qt�y6t�cF FbL^xeLgScFiD�4�qiS�SiS�S��t�cFbF��klsx^`c6rK^`yFs`cFiS_O�4i`�rLtleLbW¤ �~�6Y 'LY �S¦�}UjOaUiSs`iSyFiD��bLkl�Fi`eLgSp�iSjD^`cFi�kliSiSs`cFiS{�t�cFbFt

1 + λγ = (θ/τ)α.[]yL^`jScFt�cFbFtOs`bF�L^.¤ �~�6Y 'LY �S¦�jD�4t�kls`t2k�jS��s`t�aU^`�Z��bL�4b.bFpOcFt���iv�q�UcFaF Fb6h6��4b
yFtleK^`a6k�^` FbFb>b
�Fi`eLp��U\Ft�kls`bn}6jS�Ft�yFjS��tq�FyFtlrFeLi���t�cFi	��^`�F�Us`iOb�G�^`_FcL^`ySrLb
j��Ñ#´U�	�>k2bLkl�Fi`eLgSp�iSjD^xcFbFt��¢rLyFiS�ScF���.�FyFiSbFp�jSi~rLcF���W��^`�F�Us`i>� ªF}8����aU^`a����4�Fb6�yFbF\Ft�klaU^xh<�4i�rLtleLgL}§�FiSp�jSi`eFhF�]��^xh£�Si`eLt�tv^`aFaF�UyL^`s`cFiWjSiDkl�FyFiSbFp�jSt�kls`b£rK^`cFcF��t��a6kl�6t�yFbL�4t�cFsx^FY9+��UcFaF Fb6h�GvbFs`sx^`�l� ��t����ZeLt�yL^
�S��eK^v�FyFtlrFeLi���t�cL^ÂCnyFiDk�kliD��j��Ñ('5´O��i~rL��j
aU^~\Ft�kls`jStO�Us`iS\FcFt�cFb6h.kls`t��Ft�cFcFiS_W�q�UcFaF FbFb �FyFbW^`�F�FyFiSa6klbL�f^` 6bFb��a6kl�6t�yFbL�4t�cFsx^xeLgScF���?rK^`cFcF���?�Fi	�q�UcFaF FbFb
�Fi`eLp��U\Ft�kls`b_� Ñ�� Y
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üqyFi~rLi`eF�	bFj�yL^`p�jSbFs`bFtfrLyFiS�ScFi`� rLbL���Zt�yFt�cF FbL^xeLgScFi`_��qt�cFiD�4t�cFi`eLiS��bFbqp�^�FyFtlrLtleK^S�4b	iS�FbLk�^`cFcFiS��i�jS��{�t�iS�SiS�S��t�cFb6hOklsx^`c6rK^`yFs`cFiS_2�4i~rLtleLbn}D«���� eLb	b2©ni`�yFjSbFaHjSplh6eLb��UyL^`jScFt�cFbFt�kvyL^`pleLbF\6cF�z�4b<�FiSySh6rLa6^S�4bHrLyFiS�ScF�����FyFiSbFp�jSi�rLcF���rLt��qiSyL�f^` FbFb>b
cL^`�FySh6��t�cFb6hnm
σ(t) + τβ 0 � βt σ(t) = E [ε(t) + θα 0 � αt ε(t)] . (12.5.1)� eLtlrL�xh£yL^`�SiSs`tÂ� ����� }�jSiDkl�Fi`eLgSp��St��fk¨hW�FyFt�iS�SyL^`p�iSjS^`cFbFt�����^`�6eK^Skl^�k?�4cFbL�4�z��L^`yL^S�4t�s`yFiD�

λ = iω
m

f̂(iω) =

∞∫

0

e−iωtf(t)dt.

X�yFt�p��~eLg~sx^`s`tqsx^`aUiS��i��FyFt�iS�SyL^`p�iSjD^`cFb6h2�Fi`eL�U\FbL��m
σ̂(iω) = Ê(iω)ε̂(iω),

� rLt
Ê(iω) =

1 + (iωθ)α

1 + (iωτ)β
E

d�aUiD�4�6eLt�a6klcF��_��4i~rL��eLgLY�üqyFbWiS\Ft�cFgvcFbFp�aFb6�.\L^Skls`iSsx^x�
Ê(iω) → E

b��f^`s`tl�yFbL^xevjStlrLt�s	klt���h
aU^`av^`�Dkli`eL�]s`cFiO�U�FyF�U�l^xhn}6b6rLt�^xeLgScL^xh>yFt�p�bFcL^FY�üqyFb>jS�zkliSaFb6�\L^Skls`iSsx^x�	s`yL^`cLkl��iSyF�f^`cFsx^
Ê(iω) ∼ (θα/τβ)(iω)α−β

bL�4t�t�s�aDiScFt�\FcF��_?�FyFtlrLtles`i`eLgSaUiWj�k�eL�U\L^`t
α = β

}Öb<s`iSs.��t�k�^S�4��_<�f^`s`t�yFbL^xe<jStlrLt�s�klt��~hH�Fi~rLiS�ScFikls`t�a6eL�SY%��^xeLbF\FbFt�sx^`aDiS_ �Ft�yFtl�Si~rLcFiS_�iS�`eK^Skls`b��Fi~rLs`jSt�yS�OrK^`t�sSk�h���a6kl�Ft�yFbL�4t�c6�sx^xeLgScF�z�8b>rK^`cFcF�z�4bn}F�FyFbFjStlrLt�cFcF�z�4b
j�� ����� Y
ü�^`yL^S�4t�s`yF���4i~rLtleLb�rLi`eF�	cF���S��s`g jSt���t�kls`jSt�cFcF�z�4bn}fcFi b£�FyFb���s`iD�iScFbvcFt��4iS���Us2�S��s`g2�FyFiSb6p�jSi`eLgScF�z�4bnmLiDklcFiSjD^`cFcF��tqcL^	��s`iD�HaUiScLkls`bFs`�Us`bFjScFiD��UyL^`jScFt�cFbFb�jS��\FbLk�eLt�cFb6h�rLi`eF�	cF��rK^`jD^`s`g]cFt�iSs`yFbF L^`s`tleLgScF�U��jScF�Us`yFt�cFcF�]�HyL^x��SiSs`��b�cFt�iSs`yFbF L^`s`tleLgScF�U��klaUiSyFiDkls`gZrFbLk�klbF�L^` FbFbO��cFt�yF��bFbnY&=qs`iS�S���Dkls~^`cFiSjSbFs`gjS��s`t�a6^`�]��b6t�iSsSkl��rK^ ùAòÀô+ÿ�÷�5
��ñ��!ÿ���þ>ò!ø0�&�xòe÷�°�ô1�oñ"��þ>òBñ"���vcL^O�L^`yL^S�4t�s`yF�¡�4i`�rLtleLbn}L«�����eLb
bv©niSyFjSbFa
yL^Sk�k��4iSs`yFtleLb
klbFcF�DkliSb6rK^xeLgScF�U��rLt���iSyF�f^` FbF�

ε(t) = sin(ω0t),�FyFiSbFp�jSi�rFhF���U��cL^`�FyDh6��t�cFbFt
σ(t) = A sin(ω0t) +B cos(ω0t).X�cF�Us`yFt�cFc6h6hWyL^`�SiSsx^F}nkliSjSt�yF{�^`t��f^xh jvtlrLbFcFbF Ft2iS�&Ént��f^>jvtlrLbFcFbF F� jSyFt��4t�cFbn}rK^`t�sSk¨h
jS��yL^x��t�cFbFt���m

σ(t)ε̇(t) = Aω0 cos(ω0t) sin(ω0t) +Bω0 cos
2(ω0t). (12.5.2)
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üqyFb	�FiDkls`i~hFcFcFiS_Os`t��4�Ft�yL^`s`�UyFtZ��s`i�jS��yL^x��t�cFbFtz��aFjSbFjD^xeLt�cFs`cFi�s`t�yL�4i~rLbFcL^S�4b6�\Ft�klaDiD�4�>kliSiSs`cFiS{�t�cFbF�

ṗ = Ψ̇ + ε̇, (12.5.3)�Us`jSt�yD�OrK^`�]��t��4�S}T\Fs`i
klaDiSyFiDkls`g>�FyFiSbFp�jSi�rKkls`jD^?�4tl�D^`cFbF\Ft�klaUiS_�yL^`�SiSs`�¡jScF�Usx�yFt�cFcFbL�4b	klb6eK^S�4b
ṗ
yL^`jScL^ZklaDiSyFiDkls`b��FyFbFyL^`��t�cFb6h	kljSiS�Si�rLcFiS_��lcFt�yF��bFb

Ψ̇
�6eL�ZkklaUiSyFiDk�sSgWrLbLk�klbF�L^` FbFb¢��cFt�yF�lbFb

ε̇
Y � iS�FiDklsx^`j`eLt�cFbFt���s`b6��rLjS�D�H�UyL^`jScFt�cFbF_<b�FiSp�jSi`eFhFt�sq�FyFi�hLklcFbFs`g�klbFs`�S^` FbF�¢k�s`t�yL�4i�rLbFcL^S�4bF\Ft�klaFbL�4b2iS��yL^`cFbF\Ft�cFb6hL�4b	cL^�L^`yL^S�4t�s`yF�/�4i�rLtleLbnY�ð�t�_Lkls`jSbFs`tleLgScFiL}n\Fs`iS�S���l^`yL^`cFs`bFyFiSjD^`s`g
cFt�iSs`yFbF L^`s`tleLg`�cFiDkls`g?klaUiSyFiDkls`b
rLbLk�klbF�L^` FbFb���cFt�yF��bFb

ε̇ ≥ 0
}LcFt�iS�~�Di�rLbL�4i2�FiSs`yFt��SiSjD^`s`gOcFt�iSsx�yFbF L^`s`tleLgScFiDkls`b

B
Y6XHkljSiS�¢iS\Ft�yFtlrLgL}SrFeFh?cFt�iSs`yFbF L^`s`tleLgScFiDkls`b

B
rLiDklsx^`s`iS\FcFiL}\Fs`iS�S�<rFeFh
jDkltl�?\L^Skls`iSs�jS���Fi`eLc6h6eLiDklg�cFt�yL^`jSt�cLkls`jSi

Im Ê(iω) ≥ 0, 0 < ω <∞.
wzcL^xeLiS��bF\FcF�z�HiS�SyL^`p�iD��cL^xeK^`��^`t�sSk�hviS��yL^`cFbF\Ft�cFbFt�cFt�iSs`yFbF L^`s`tleFgScFiDkls`b�jScF�Usx�yFt�cFcFt�_2yL^`�SiSs`��mS�FyFiSbFcFs`t���yFbFyFiSjD^`j��UyL^`jScFt�cFb6h�¤ �~�6Y �6Y �S¦8b�¤ �~�6Y �6Y �D¦4�Fi�jSyFt��4t�cFbb	�U\FbFs`��jD^xhOcFt�iSs`yFbF L^`s`tleLgScFiDkls`g

B
}`rLiDkls~^`s`iS\FcFi��FiSs`yFt��SiSjD^`s`gqcFt�iSs`yFbF L^`s`tleLg`�cFiDkls`b

A
}~\Fs`iS�S���l^`yL^`cFs`bFyFiSjD^`s`g]cFtliSsSy6bF L^`s`tleLgScFiDkls`gZyL^`�SiSs`t�jScF�Us`yFt�cFcFb6��klb6e�Y�qt�iSs`yFbF L^`s`tleLgScFiDkls`g

A
rLiDkls`bF�l^`t�sSk�h>�Dk�eLiSjSbFt��
ReÊ(iω) ≥ 0, 0 < ω <∞.

ýf^`pleK^`��^xh2aDiD�4�6eLt�a6klcF��_?�4i~rL�~eLg�cL^�jSt���t�kls`jSt�cFcF�U�<b>�4cFbL�4�U��\L^Skls`b2bbLkl�Fi`eLgSp��xh>�FyFbFjSt�rLt�cFcF��tqjS��{�tqiS��yL^`cFbF\Ft�cFb6h?cL^�cFb6�¬}F^`jSs`iSyF�ª� �����¬�Fi`eL�U\L^`�]sk�eLtlrL�U�]��bFt�iS��yF^`cFbF\Ft�cFb6h
cL^��L^`yL^S�4t�s`yF���4i�rLtleLbnm
1) E > 0, 2) α = β, 3) θ > τ. (12.5.3)

�]��yL^`cFbF\Ft�cFb6h ��s`b �l^`yL^`cFs`bFyF�U�]s s`t�yL�4i�rLbFcL^S�4bF\Ft�klaF�U� kliS��eK^SkliSjD^`cFcFiSkls`grLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScFiS_��4i~rLtleLb�j`hFp�aUiS�U�FyF�U��iDkls`b!b/iS�SyL^`p��U�]s�iDklcFiSjS�rFeFh>rK^xeLgScFt�_F{�t���i�yL^`p�jSbFs`b6h
klt��4t�_Lkls`jD^�sx^`aFb6�
�4i~rFtleLt�_nY

z�±�{�� &}�,��¶�� �9�������,��� � ���E�
X���{�tW�4� jSb6rLtleLbn}�\Fs`iHs`t�yL�4i~rLbFcF^S�4bF\Ft�klaFbFtWiS��yL^`cFbF\Ft�cFb6h�kljStleLb��~��L^`yL^S�4t�s`yFbF\Ft�klaF�U���8i~rLtleLg�a>'`� �L^`yL^S�4t�s`yFbF\Ft�klaUiS_�k?aDiScLkls`bFs`�Us`bFjScF�z�B�UyL^`j`�cFt�cFbFt��

σ(t) + τα 0 � αt σ(t) = E [ε(t) + θα0 � αt ε(t)] . (12.6.1)
ýf^`pleLi��	bL�£cL^`�FyDh6��t�cFbFt

σ(t)
cL^�rLjSt�kliDklsx^`j`eFhF�]��b6�¬}
σ(t) = σ0(t) + σ1(t),
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iS�FyFtlrLtleFhFt��4���?�UyL^`jScFt�cFb6hL�4b

σ0(t) + τα 0 � αt σ0(t) = Eε(t), (12.6.2)

b
σ1(t) + τα 0 � αt σ1(t) = Eθα 0 � αt ε(t). (12.6.3)

üqi~rLt�_Fkls`jSiSjD^`jOcL^2iS�St�\L^Skls`bv�UyL^`jScFt�cFb6h�¤ �~�6Y ªFY �S¦�iS�Ft�yL^`s`iSyFiD�
θα0 � αt b�kliS�Fi`�klsx^`jSbFj.yFt�pl�~eLgxs~^`sWk
�UyL^`jScFt�cFbFt���¤ �~�6Y ªFY �D¦�}f�4i~�	cFiW�UjSb6rLt�s`gL}f\Fs`iWjSjStlrLt�cFcF��taUiD�8�FiScFt�cFs`��klj`hFp�^`cF��kliSiSs`cFiS{�t�cFbFt��

σ1(t) = θα 0 � αt σ0(t),
sx^`a2\Fs`i�yFt�p���eLgxs`bFyF�U�]��t�t]cL^`�FyDh6��t�cFbFtZ�Fi`eLc6iDkls`gS�¢iS�FyFtlrLtleFhFt�sSk�h2bFcFbF FbFbFyF�D��]��t�_
aDiD�4�FiScFt�cFs`iS_

σ0(t)
m
σ(t) = σ0(t) + θα 0 � αt σ0(t). (12.6.4)

üq�Dkls`g£��sx^£aDiD�4�FiScFt�cFsx^F}�yL^`jScL^xh<cF��eL�(rLi��4iD�4t�cFsx^£jSyFt��4t�cFb
t = 0

}rK^xeLt�tqbFp��4t�c6hFt�sSk�h
�Fi	klbFcF�DkliSb6rLt�kq\L^Sk�sSiSs`iS_
ω0
m

σ0(t) = 1(t)σ0 sin(ω0t).

üqi~rKkls~^`j`eFh6h>�lsSiOjS��yL^x��t�cFbFtqj	�qiSyL�4��eL��¤ �~�6Y ªFY 'U¦�}U�Fi`eL�U\FbL�
σ(t) = σ0 sin(ω0t)+

+
σ0ω0θ

α

Γ(1− α)


cos(ω0t)

t∫

0

cos(ω0z)z
−αdz + sin(ω0t)

t∫

0

sin(ω0z)z
−αdz


 .

wzcL^xeLiS��bF\FcF�z��iS�SyL^`p�iD��}6b6p��UyL^`jScFt�cFb6h.¤ �~�6Y ªFY �S¦§cL^x�Di~rLbL��m

ε(t) =
σ0
E

sin(ω0t)+

+
σ0ω0τ

α

Γ(1− α)E0


cos(ω0t)

t∫

0

cos(ω0z)z
−αdz + sin(ω0t)

t∫

0

sin(ω0z)z
−αdz


 .

X.iSaFyFt�kls`cFiDk�sSb�cL^~\L^xeLgScFiS��i]�4iD�4t�cFs~^]��s`bO�q�UcFaF FbFb�jSiSp�yL^Sklsx^`�]sz�FiZkls`tl��Ft�cFcFiD�4�2p�^`aUiScF�?kZ�FiSa6^`p�^`s`tleLt��
1− α }

σ(t) ∼ σ0ω0θ
α

Γ(2− α)E t
1−α, ε(t) ∼ σ0ω0τ

α

Γ(2− α)E t
1−α, t→ 0,
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ã>�1õ�&x�(õ��7�����1�
j]^SklbL�4�Fs`iSs`bFaUtÖ�Si`eLgS{�b6�ZjSyFt��4t�c��FyFt�jSyL^`��^`�]sSk¨h�jz��^`yL�4iScFbF\Ft�klaFbFtÖaUi`eFt��D^`cFb6hkZp�^xrK^`cFcFiS_>\L^Skls`iSs`iS_

ω0
m

σ(t) = σ0

{[
1 + (ω0θ)

α cos
(απ

2

)]
sin(ω0t) +

[
(ω0θ)

α sin
(απ

2

)]
cos(ω0t)

}
,

ε(t) =
σ0
E0

{[
1 + (ω0τ)

α cos
(απ

2

)]
sin(ω0t) +

[
(ω0τ)

α sin
(απ

2

)]
cos(ω0t)

}
.

üqt�s�eFh���bLkls`t�y6t�p�bLk�^W�FyFb���s`iD�/k�sx^`cFiSjSbFsSk�hH�leFeLbF�Fs`bF\Ft�klaUiS_n}�^Wsx^`cF��t�cFkv�U� eK^�FiSs`t�yFg�rK^`t�sSk�h>jS��yL^x��t�cFbFt��
η = tg(ϕσ − ϕε),� rLt

ϕσ = arctg

(
(ω0θ)

α sin(απ/2)

1 + (ω0θ)α cos(απ/2)

)

b
ϕε = arctg

(
(ω0τ)

α sin(απ/2)

1 + (ω0τ)α cos(απ/2)

)
.

üqi`eLgSp��`hLklg�bFp�jSt�kls`cFiS_>s`yFbF��iScFiD�4t�s`yFbF\Ft�klaUiS_v�qiSyL�4��eLiS_n}6�Fi`eL�U\L^`t���m

η =
ωα0 (θ

α − τα) sin(απ/2)
1 + ωα0 (θ

α + τα) cos(απ/2) + ω2α0 (τθ)α
.

oqp�s`t�yL�4i~rLbFcL^S�4bF\Ft�klaDiS��i2iS��yL^`cFbF\Ft�cFb6h�k�eLtlrL�`t�s~}K\Fs`i2�FiSs`t�yFbv�Fi`eLi~�	bFs`tleLgScF��FyFb>eL�]�SiS_>\L^Skls`iSs`tSY
ð�^xeLgScFt�_F{�t�t�yL^`p�jSbFs`bFt�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbF^xeLgScFiS��i.cL^`�FyL^`j`eLt�cFb6h<jyFt�i`eLiS��bFb2klj`hFp�^`cFi�kzbFp��U\Ft�cFbFt��W�4cFiS��iS�L^`yL^S�4t�s`yFbF\Ft�k�aFb6�2�4i~rLtleLt�_n}SaUiScLkls`bFs`�D�s`bFjScF��t��UyL^`jScFt�cFb6h?aUiSs`iSyF���?bL�4t��]s	jSb6r

σ(t) +

m∑

j=1

τ
νj
j 0 � νjt σ(t) = E

[
ε(t) +

m∑

k=1

θµkk 0 � µkt ε(t)

]
.

z�±�{�� � |.���E¶�· �¯�
��|���~�|�ï��
X�iDklcFiSjS�vkljSiSt�_��4i~rLtleLb cL^Sk�eFtlrKkls`jSt�cFcFiS_ �4tl�U^`cFbFaFb�s`jSt�yDrL����s`tle@� �S�0�æ�Y"�OY5ýf^`�SiSs`cFiSj��Fi`eLi~�	b6e
iS�FyFtlrLtleFhF�]��t�tq�6yF^`jScFt�cFbFt

σ(t) = E

[
ε(t)− β

∫ t

0

»
α(−β, t− τ)ε(τ)dτ

]
, (12.7.1)

� rLt
α ∈ (−1, 0] } β 6= 0

}F^	�q�UcFaF Fb6ht»
α
p�^xrK^`t�sSk¨h
kls`t��Ft�cFcF�z��yDh6rLiD�

»
α(β, x) = xα

∞∑

n=0

βnxn(α+1)

Γ((n+ 1)(1 + α))
. (12.7.2)
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üqi~rKkls~^`j`eFh6h
¤ �~�6Y ´UY �S¦�j2¤ �~�6Y ´UY �~¦8bO�Fi`eLgSp��`hLklg��qiSyL�4��eLiS_�rLy6iS�ScFiS��iqbFcFs`t���yFbFyFi`�jD^`cFb6hn}6�Fi`eL�U\FbL��m

σ(t) = E


ε(t) +

∞∑

n=0

(−β)n+1
Γ[(α+ 1)(n+ 1)]

t∫

0

ε(τ)dτ

(t− τ)1−(α+1)(n+1)


 =

= E

[
ε(t) +

∞∑

n=0

(−β)n+1 0 � −(α+1)(n+1)t ε(t)

]
=

= E

[
ε(t) + 0 � −(α+1)t

∞∑

n=0

(−β)n+1 0 � −(α+1)nt ε(t)

]
. (12.7.3)

� eLtlrL�`h?yL^`�SiSs`t�� �~�*� }U�FyFbL�4t�cFbL�£a>iS�St�bL�W\L^Skls�hL����s`iS��i�yL^`jSt�cLkls`jD^�iS�Ftl�yL^`s`iSy
0 � α+1t

m

0 � α+1t σ(t) = E

[
0 � α+1t ε(t) +

∞∑

n=0

(−β)n+10 � −(α+1)nt ε(t)

]
=

= E

[
0 � α+1t ε(t)− βε(t)− β

∞∑

n=1

(−β)n 0 � −(α+1)nt ε(t)

]
=

= E

[
0 � α+1t ε(t)− βε(t)− β

∞∑

n=0

(−β)n+1 0 � −(α+1)(n+1)t ε(t)

]
.

��^`_6rFh>bFpq�FiDk�eLtlrLcFt���iOyL^`jSt�cLkls`jD^
Eβ

∞∑

n=0

(−β)n+1 0 � −(α+1)(n+1)t ε(t) = E[0 � α+1t ε(t)− βε(t)]− 0 � α+1t

b��Fi�rKklsx^`jSbFj]��s`i]jD�4t�kls`iZ�6iDk�eLtlrLcFt���iZk�eK^`�l^`t��4iS��izj�¤ �~�6Y ´UY �D¦�}��FyFb6�Di~rLbL�va��UyL^`j`�cFt�cFbF�
σ(t) = Eε(t) + (E/β)[0 � α+1t ε(t)− βε(t)]− (1/β)0 � α+1t σ(t),

aUiSs`iSyFiStZ�FiDk�eLtq�leLt��4t�cFsx^`yFcF���>�FyFt�iS�SyL^`p�iSjD^xcFbF_?�FyFbFcFbL�f^`t�s	jSb6r
σ(t) + τ 0 � ρtσ(t) = τE 0 � ρt ε(t),

� rLt
τ = 1/β

}§^
ρ = α + 1

Y§©8^`aFbL�!iS�SyL^`p�iD��}f�4i~rLtleLg½ýf^`�SiSs`cFiSjD^vhFj`eFhFt�sSk�h\L^Skls`cF�z��k�eL�U\L^`t��H'`� �L^`yL^S�4t�s`yFbF\Ft�klaUiS_.�4i�rLtleLbW«���� eLb6� ©niSyFjSbFaU^FY�üqyFb
α = 0iScL^OkliSjS�L^xrK^`t�s�kZiS�FyFtlrLtleFhF�]��bL�£�UyL^`jScFt�cFbFt���G�^`a6kljStleFeK^FY



�/ÑSª ��	��"�+���*Ã Å,§��
ã>�1õ�&x�(õ��7�����1�
z�±�{�- Ø |����.��ï�~�¹ �}æ��©!¬��~���í��.��ç����yæ�|,�Â�E¶��

 Ökls`t�kls`jSt�cFcFi>�FiDkls~^`jSbFs`g?jSiS�FyFiDk`mK�4i~�	c6i2eLb k��FiD�4iS��gS��kls~^`c6rK^`yFs`cF����leLt��4t�cFs`iSj`rLjS�D� s`bF�FiSj£¤ �U�FyF�U��iS��ivb�j`hFp�aDiS��iU¦Z�FiDkls`yFiSbFs`g�j`hFp�aUiS�U�FyF�U���U�*�4i`�rLtleLg�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiS��i�s`bF�L^±,©�^`a6^xh��4i~rLtleLg��S��eK^��FiDkls`yFiSt�cL^ÇCnyFiDk�kliD��b@Gv^`yFjSbFcFiD��rFeFh
α = 1/2¤¥k���Y¬� �
��� ¦
�6i¢^`cL^xeLiS��bFb¡k.t�t��leLt�aFs`yFiSs`tl�6cFbF\Ft�klaFbL���FyFiSiS�SyF^`p�iD��}zbFp�eLi~��t�c6�cF�z�!jWaFcFbF��tÁ� ��'(� }fbHiS�SiS�S��t�cL^ D bLk�kltleLt��!b�«ÖeL�Z�4t�cFiD��cL^ �FyFiSbFp�jSi`eLgScFiSt

α ∈ (0, 1)
� �~�*� Y8�]cL^?�FyFtlrKklsx^`j`eFhFt�s
kliS�SiS_ kls`yF�UaFs`�UyF��eLt�kls`cFbF\FcFiS��ivs`bF�L^F}nkli`�klsx^`j`eLt�cFc6�6��bFp��St�klaUiScFt�\FcFiS_��FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`b��leLt��4t�cFs`iSj�k�jS���SyL^`cFcF�z�4biS�FyFtlrLtleLt�cFcF�z�£iS�SyL^`p�iD�W�L^`yL^S�4t�s`yL^S�4b.¤¥k���YLyFbLk`Y¬�~�6Y �FY ¦�Y

ý§bLk`Yn�~�6Y �Fm �J�2,#&-9+:D±�)+��0*02.BiÝ�A.!)�Y�%+ 5.s) ò2FZ* ñ
�]�SiSp�cL^~\FbL��\Ft�yFt�p

εek
b
εdk
��rFeLbFcFt�cFbFt

k
� _	�FyF�D�	bFcF�¡¤�kz�4i�rL�~eLt�� �U�FyF�D���iDkls`b

Ek
¦�b<k��4t���t�cFbFt

k
� ��i rLt��4�L�qt�yL^�¤¥kvj`hFp�aUiDkls`gS�

ηk
¦OkliSiSs`jSt�sSkls`jSt�cFcFiLYwzcL^xeLiS��bF\FcF��t�iS�SiSp�cL^~\Ft�cFb6h�jSjStlrLt��!rFeFh¢kliSiSs`jSt�sSkls`jS�U�]��b6�HaDiD�4�FiScFt�cFs�cL^x��FyDh6��t�cFb6hnY�üqi~rLiS�ScFi]�leLtlaFs`yFiSs`tl�6cFbF\Ft�klaFbL��}D�4tl�D^`cFbF\Ft�klaFbFt� Ft��FbOyL^Sk�kl\Fb6sS��jD^x��]sSk�hWkObFkl�Fi`eLgSp�iSjD^`cFbFt���iS�FyFtlrLtleLt�cFcFiS��i
cL^`�SiSyL^?�FyL^`jSb6e�¤ ��s`b.jSiS�FyFiDkl�!�Fy6tl�jSiDk��Si~rLcFi�iS�FbLk�^`cF�<j	aFcFbF�lt�� ��ª�� ¦lY>üqt�yFtl\FbLk�eLbL�£b6�¬Y

�SYzw�rFrFbFs`bFjScFiDkls`g	�FiDk�eLtlrLiSjD^`s`tleLgScF���	rLt��qiSyL�f^` FbF_nm
εdk = εek+1 + εdk+1, k = 0, 1, . . . , n− 2. (12.8.1)
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��^�jSt�yD�6cFt���aUiScF Ft

ε = εe0 + εd0,cL^OcFb6�	cFt��
εdn−1 = εen.

�6Y�w�rFrLbFs`bFjScFiDkls`g	�L^`yL^xeFeLtleLgScF���?cL^`�FySh6��t�cFbF_nm
σek = σek+1 + σdk, k = 0, 1, . . . , n− 1. (12.8.2)��^�aUiScF FtZeLt�kls`cFbF F�

σ = σe0.�FY��qiD�4�FiScFt�cFs`�£rLt��qiSyL�f^` FbF_Ob	cF^`�FyDh6��t�cFbF_	klj`hFp�^`cF�H�4tl�OrL��kliS�SiS_OkliSiSsx�cFiS{�t�cFb6hL�4bnm
εek =

1

Ek
σek, (12.8.3)

b
σdk = ηk

dεdk
dt
. (12.8.4)'LY�üqyFtlrL�Fi`eK^`�l^`t�sSk�hn}U\Fs`i

ε(t) = 0, t 6 0,b
σ(t) = 0, t 6 0.

üqi~rKkls~^`j`eFh6h?¤ �~�6Y �FY �D¦¬jO¤ �~�6Y �FY �~¦¬b��Ft�yFtl�Si~rFh�a�s`yL^`cLk��qiSyL�f^`cFsx^S����^`�6eK^x�k�^F}6�Fi`eL�U\FbL��m
Ek+1ε̂

d
k(λ) = σ̂ek+1(λ) + Ek+1ε̂

d
k+1(λ), k = 0, 1, . . . , n− 2. (12.8.5)

wzcL^xeLiS��bF\FcFiL}6�Fi�rKklsx^`j`eFh6h.¤ �~�6Y �FY 'U¦§jv¤ �~�6Y �FY �S¦�}U�FyFb6�Si~rLbL�£a
�UyL^`jScFt�cFbF�
σ̂ek(λ) = σ̂ek+1(λ) + ληkε̂

d
k(λ), k = 0, 1, . . . , n− 1. (12.8.6)

ýf^`plrLt�eLbFj?iS�St�\L^Skls`bv�6yF^`jScFt�cFb6h�¤ �~�6Y �FY �S¦�cL^
σ̂ek+1(λ)

}K�Fi~rKklsx^`jSbFj	j?cFtl��i?cL^`_6�rLt�cFcFiStqbFp��qiSyL�4��eL��¤ �~�6Y �FY ªD¦ÖcL^`�FySh6��t�cFbFt
σ̂ek+1(λ) = σ̂ek+2(λ) + ληk+1ε̂

d
k+1(λ)

b
�FyFiSbFpljStlrFh>cFt�aUiSs`iSyF��t�kliSaFyL^`��t�cFb6hn}6�FyFtlrKklsx^`jSbL�£yFt�p���eLgxs~^`sOjOjSb6rLtSm

Ek+1
ε̂dk(λ)

σ̂ek+1(λ)
= 1 +

Ek+1
ηk+1

1

λ+ 1
ηk+1

σ̂ek+2(λ)

ε̂dk+1(λ)

,
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En−1

ε̂dn−2(λ)

σ̂en−1(λ)
= 1 +

En−1
ηn−1

1

λ+ En
ηn−1

.

GvcFiS��iSaFyL^`s`cFiSt��FiSjSs`iSyFt�cFbFt���s`iS_ �FyFiS FtlrL�UyF�BjStlrLt�s>a �FyFtlrKklsx^`j`eLt�cFbF��iSs`cFi`�{�t�cFb6h
ε̂(λ)/σ̂(λ)

j	jSb6rLtq Ft��FcFiS_?rLyFiS�SbÄ� �o´
�
E0

ε̂(λ)

σ̂(λ)
= 1 +

λ−1E0/η0
1+

λ−1E1/η0
1+

. . .
λ−1En−1/ηn−1

1+

λ−1En/ηn−1
1

.

� iS�FiDklsx^`j`eFh6h?�Fi`eL�U\Ft�cFcFiStqjS��yL^x��t�cFbFt�kqyL^`pleLi���t�cFbFt��
x(x+ 1)α−1 =

x

1+

(1− α)x
1+

1·(0+α)
1·2
1+

1·(2−α)
2·3
1+

1·(1+α)
3·4
1+

1·(3−α)
4·5
1+

. . . ,

�4i~�	cFiO�UjSb6rLt�s`gL}6\Fs`i	�FyFb
�Fi~r6�Di~rFhF��t���jS���SiSyFtZ�L^`yL^S�4t�s`yFiSjL}

E1/η0 = (1− α)c0, E1/η1 =
1 · (0 + α)

1 · 2 c0, . . . ,

bLk�k�eLtlrL�`t��4iSt�iSs`cFiS{�t�cFbFtqbL�4t�t�sO�FyFtlrLtle

E0
ε(λ)

σ(λ)

∣∣∣∣
n→∞

= 1 + (c0/λ)(c0/λ+ 1)α−1.

X<^SklbL�4�Fs`iSs`bFaUt��f^xeL���
λ
}LkliSiSs`jSt�sSkls`jS�U�]��b6�2�Si`eLgS{�bL��jSyFt��4t�cL^S�

t
}

E0
ε(λ)

σ(λ)
∼ (c0/λ)

α.

X�i�jSyFt��4tlcFcFiS_¢iS�`eK^Skls`b¢��s`iD�4�<kliSiSs`cFiS{�t�cFbF�#kliSiSs`jSt�sSkls`jS�St�s�jS��yL^x��t�cFbFt krLyFiS�ScFiS_>�FyFiSbFpljSi~rLcFiS_
σ(t) = ηα0E

1−α
0 0 � αt ε(t).�qt�aUiSs`iSyFiSt,�Dk�eLi~�	c6t�cFbFt²aUiScLkls`yF�UaF 6bFb �4i~rFtleLb jStlrLt�sÎa rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiD�4�	iS�SiS�S��t�cFbF���4i~rLtleFb�G�^`a6kljStleFeK^

σ(t) + τα 0 � αt σ(t) = τβE 0 � βt ε(t).
üqiDkls`yFiSt�cFb6h£�Fi�rLiS�ScFiS��i�kliSyFsx^�jSt�klgD�f^veL�]�SiS�F��s`cF�*b��FyFi�rLi`eF�O^`�]sSk�hj�yDh6rLt>yL^`�SiSs~}��SiSs�h£b6�WiSs`\Ft�s�eLbFjS��_��qiSyL�f^xeLbFp���b£iSsSkls`yL^`cFt�cFcFiDkls`g�iSs �qb6�p�bFaFbvhFj`eLt�cFbF_�cFt��FiSp�jSi`eFhF�]s2�FyFb6c6hFs`g>b6�vaU^`a��qbFp�bF\Ft�klaF�U�BbFcFs`t�yF�FyFt�sx^` FbF�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScFiS_?�4i~rLtleLbnY
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+�bFp�bF\Ft�klaUiSt�iS�&É¬hLklcFt�cFbFt�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiD�4�>kliSiSs`cFiS{�t�cFbF��4tl�OrL��rLt��qiSyL�f^` FbFt�_	b2cF^`�FyDh6��t�cFbFt��.�S��eLiqrK^`cFi�cF^�iDklcFiSjStzklsx^`s`bLkls`bF\Ft�klaDiS_s`t�iSyFbFbnýf^��Dk�^>rFeFhWj`hFp�aDiS�U�FyF�U��iDkls`b.yL^Skls`jSiSyFiSj
�Fi`eLbL�4t�yFiSjvjvcFgS�]s`iScFiSjDklaUiS_�	b6rLaDiDkls`bnY#ýf^`pleK^`�l^xh2klaUiSyFiDkls`g�a6^x�OrLiS_2bFp
N
�4i`eLt�aF�~e?�Fi`eLbL�4t�yFcFiS_2 Ft��FiS\FaFbcL^?klaUiSyFiDkls`g2rLjSb6��t�cFb6h� Ft�cFs`yL^?s�h6��t�kls`b  Ft��FiS\6aFbn}¬kliSjS�L^xrK^`�]���U��k�i
klaDiSyFi`�kls`gS��s`t�\Ft�cFb6h��	b6rLaDiDkls`bn}4b�iSs`cFiDklbFs`tleLgScF�U��klaUiSyFiDkls`gL}�iS�FbLkl��jD^`�]���U�*jSiSpl�jSyL^`��t�cFbFt�rLt��qiSyL�4bFyFiSjD^`cFcFiS_� Ft��FiS\FaFbWa.yL^`jScFiSjSt�klcFiS_ �qiSyL�4tS}nb.jS���Fi`eLc6h6hcFt�iS���Di~rLbL�4��t]jS��\FbLk�eLt�cFb6hn}5ý4^~�Dk]�Fi`eL�U\Fb6e?rFeFh½ø�57ö���°*÷oöo÷�°*÷Dÿ�÷�5
4*�1�

G̃(ω)
jS���yL^x��tlcFbFt

G̃(ω) = nkT

N∑

j=1

τ2j ω
2

1 + τ2j ω
2
+ i



µsω + nkT

N∑

j=1

τjω

1 + τ2j ω
2



 . (12.9.1)

� rLt�klg
T
d�^`�Dkli`eL�]s`cL^xhOs`t��4�Ft�yL^`s`�UyL^F}

k
d��FiDkls`i�hFcFcL^xh2«�i`eLgS L�f^`cL^F}

n
d�\FbLk�eLi�4i`eLt�aF��e j>tlrLbFcFb6 FtOiS�&Ént��f^	yL^Skls`jSiSyL^F}Kb

τj
d?�U^`yL^`aFs`t�yFbLkls`bF\Ft�klaFb6tOjSyFt��4t�cL^yFtleK^`aUk�^` FbF_n}FbL�4t��]��bFt2¤ �FyFb

j < N/5
b
ωτ1 < N2/250)

jSb6r
τj '

τ1
j2
, (12.9.2)

τ1 '
6(µ0 − µs)
nπ2kT

, (12.9.3)� rLt
µ0
b
µs
d kls~^` FbFiScL^`yFcF��t2j`hFp�aUiDkls`bWyL^Skls`jSiSyL^
b�yL^Skls`jSiSyFbFs`tleFh�kliSiSs`jSt�sx�kls`jSt�cFcFiLY>üqi~rKkls~^`j`eFh6h.¤ �~�6Y ÑFY �S¦§jv¤ �~�6Y ÑFY �~¦�}6�FyFb6�Si~rLbL�£a
jS��yL^x��t�cFbF�

G̃(ω) ' iµsω + nkT

[N/2]∑

j=1

[1− ij2/(τ1ω)]−1.

üqt�yFtl�Di�rFhOiSs�kl�6�f�4bFyFiSjD^`cFb6hOa2bFcFs`t���y6bFyFiSjD^`cFbF�¢k�bLkl�Fi`eLgSp�iSjD^`cFbF���qiSyL�4�~eL�

lim
∆x→0

∞∑

j=1

[1− i(j∆x)2]∆x =

∞∫

0

(1− iξ2)−1dξ = i1/2π/2

�FyFb
∆x = (τ1ω)

−1/2 b [N/5]À τ1ω ≥ 25
}F�Fi`eL�U\L^`t���m

G̃(ω) ' iµsω + nkT (π/2)
√
iτ1ω = iµsω +

√
(3/2)(µ0 − µs)nkT

√
iω.

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgSt�kliSiSs`cFiS{�t�cFb6h
σ̃(ω) = G̃(ω)ε̃(ω)
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b
jStlrLt�s�a
bLklaUiD�4iD�4�2yFt�p���eLgxsx^`s`�Tm

σ(t) = µs � tε(t) +√(3/2)(µ0 − µs)nkT 0 � 1/2t ε(t).

oqpÖcL^`_6rLt�cFcFiS��izjS��yL^x��t�cFb6h�jSb6rLc6iL}�\Fs`iZcL^`�FyDh6��t�cFbFt�j]�Fi`eLbL�4t�yFcFiD�
yL^Skls`jSiSyFtkla6eK^xrL��jD^`t�sSk¨h�bFp�rLjS�D�v\L^Skls`t�_n}¬i~rLcL^2bFpOaUiSs`iSyF���v�D^`yL^`aFs`t�yFbFp��St�s?yL^Skls`jSiSyFb6�s`tleLg�¤ cFgS�]s`iScFiSjDklaF�U���	b6rLaUiDkls`gU¦�}�^
jSs`iSyL^xh�rK^`t�s
jSa6eK^xr.�Fi`eLbL�4t�yFcF���  Ft��Fi`�\Ft�an}xaDiSs`iSyF��_�p�^`jSbLklbFs]iSsZb6���FyFtlrL�zkls`iSyFbFbn}`^Zk�eLtlrLiSjD^`s`tleLgScFiL}�b�iSsZ�FyFtlrL�zkls`i`�yFbFb	jDklt���i�s`t�\Ft�cFb6hnYD©�tliSyFb6h¬ýf^��Dk�^ZrK^`t�s��qiSyL�4����s`iS_	p�^`jSbLklbL�4iDkls`bn}SiS�St�kl�Ft�\Fb6�jD^xh�s`t��<k�^S�4�z�<�qbFp�bF\Ft�klaUiSt�iS�SiDklcFiSjS^xcFbFt��FyFbL�4t�cFt�cFbF��rLyFiS�ScF���v�FyFiSbFp�jSi~rF�cF����a�iS�FbLk�^`cFbF��yL^Sk�k��f^`s`yFbFjD^`t��4iS��i]�FyFiS Ft�k�k�^FY � ^S�4t�s`bL��}x\Fs`iZ�FyFbO�4��cFiSjSt�cFcFi¤ �FyFb
t = 0

¦�kliSplrK^`cFcFiS_>�FiDkls`i�hFcFcFiS_?rLt��qiSyL�f^` FbFb

ε(t) =

{
0, t < 0

}
ε0, t > 0

t�tÖ�FyFiSbFp�jSi~rLcL^xh��FyFb
t > 0

yL^`jScL^zcF��eL��}~s`iS� rK^za6^`a��Fi`eL�U�FyFiSbFp�jSi~rLcL^xh�iSs�eLbF\FcL^iSsOcF��eFh
b
kl�L^xrK^`t�s	kliOjSyFt��4t�cFt����Fi2kls`t��Ft�cFcFiD�4�2p�^`aUiScF�Tm

σ(t) =

√
(3/2
√
π)(µ0 − µs)nkTε0t−1/2.

©�^`aFbL�¢iS�SyL^`p�iD��}KyL^Skl\Ft�s�ýf^��Dk�^?jStlrLt�s>a aDiScLkls`bFs`�Us`bFjScFiD�4���UyL^`jScFt�cFb6�/k�ó�÷*���4�ó/ôx÷*�1:/öo÷�5�ñ�÷*ML}
σ(t) = E0ε(t) + E1 0 � 1/2t ε(t),�FyFtlrKkls~^`j`eFhF�]��t��4�.kliS�SiS_ \L^Skls`cF��_Wk�eL�U\L^`_W�4i~rLtleLb�«�����eLb.b�©niSyFjSbFa6^FY�ûÖa6k���Ft�yFbL�4t�cFs`�¡k��4cFiS��iS\FbLk�eLt�cFcF�z�4b
s`jSt�yDrL�z�4b
�Fi`eLbL�4t�yL^S�4b
�FiSa6^`p�^xeLbn}6i~rLcL^`aDiL}\Fs`i2kl�U��t�kls`jS�`t�sO{�bFyFiSaFbF_>yL^`p��SyFiDkZp�cL^�\Ft�cFbF_

α
jObFcFs`t�yFjD^xeLt

(0, 1)
}FiS�&É¬hLklcFtl�cFbFt	aUiSs`iSyFiS��i>s`yFt��S�St�s
�Si`eLt�tOiS�S��t�_.�4i~rLtleLbn}n\Ft��¢�Fi`eLbL�4t�yFcF��t?�4i`eLt�aF��eL��jyL^Skls`jSiSyFtSYØGv��iDkls~^`cFiSjSbL�fk�h�cL^�i~rLcFiS_�bFp
yL^`�SiSs~}8jS���Fi`eLcFt�cFcF����j �lsSiD�¡cL^x��FyL^`j`eLt�cFbFbÄ� �~�*� Y

z�±�{�z?> �s��~���æ¯��í��.��ç���Û ��|.�¢!¬|,�
üq�Dkls`g

A
d�rLbFcL^S�4bF\Ft�kla6^xh	�Ft�yFt��4t�cFcL^xh2i~rLcFiSyFi�rLcFiS_OrFbFcL^S�4bF\Ft�klaUiS_?klb6�kls`t��4��b

V (t)
d�jScFt�{�cFt�tz�Fi`eLtS}SjSiSp��4�U��^`�]��t�t�yL^`jScFiSjSt�klcFi`tzkliDkls`i�hFcFbFt]klbLkls`tl��4��}��FiDk�eLt	jSa6eL�]\Ft�cFb6h�aDiSs`iSyFiS��i�klbLkls`t��f^vcL^�\FbFcL^`t�svyFtleK^`a6k�^` FbF��d��Ft�y6tl�Di~rj£yL^`jScFiSjSt�klcFiSt�kliDkls`i~hFcFbFtS}�kliSiSs`jSt�sSkls`jS�U�]��t�t�cFiSjS�z���Dk�eLiSjSb6hL��YECF^S�8b6eLgxs`i`�cFbL^`c�sx^`aDiS_ klbLkls`t��4�!bL�4t�t�s>jSb6r kl�6�f�4�!cFt�jSiSp��4�U��t�cFcFiS��i2�l^S�4b6eLg~s`iScFbL^`cL^2b�l^S�4b6eFgxs`iScFbL^`cL^�jSiSp��4�U��t�cFb6hn}

H = H0 +Hint,



�*Ã$¥¦�;:{f6�x���"â���ôx�&�1ãx��Üx&x�5��'>�5� �S�F�
aUiSs`iSyF��_>klj`hFp�^`c?kZ�FiSs`t�c6 FbL^xeLiD��jScFt�{�cFt���i��Fi`eFhnY � j`hFp�g���s~^��FyFtlrL�Fi`eK^`��^`t�sSk�heLbFcFt�_FcFiS_�kfaDiS�����qbF FbFt�cFs`iD�?�FyFiS�FiSyF FbFiScL^xeLgScFiDkls`b

b
}lp�^`jSbLk�hF��t���¤ a6^`aqb�k�^S�f^rLbFcL^S�4bF\Ft�klaU^xh
�Ft�yFt��4t�cFcL^xh

A
¦�\Ft�yFt�pqiS�SiS�S��t�cFcF��tZaDiSiSyDrLbFcL^`s`�¢b
bL�4�F��eLgDkl�iSs�jSyFt��4t�cFbnm

Hint = −b(p(t), q(t))V (t).
ûÖjSi`eL�] Fb6h	jSiSp��4�U��t�cFcFiS_	klbLk�sSt��4��iS�FbLkl��jD^`t�sSk�hObFp�jSt�kls`cFiS_2�qiSyL�4��eLiS_�q�U�SiLm

〈A(t)〉 = 〈A(0)〉+ 1

2π

∞∫

−∞

Ṽ (ω)G̃(ω)e−iωtdω, (12.10.1)

� rLt
G
d�p�^`�L^`plrL��jD^`�]��^xh	�q�UcFaF Fb6h�CnyFbFcL^>¤ s`t�yL�4i�rLbFcL^S�4bF\Ft�kla6^xh?aDiSyFyFtleFhF Fb6�iScFcL^xh
�q�UcFaF Fb6hK¦�klbLkls`t��4��}

G(t− t′) = −1(t− t′)〈{b(t′), A(t)}〉eq ≡ 〈〈b(t′)A(t)〉〉,
^ {. . .} d?k�aUiS�SaFb üq�D^Sk�kliScL^FY��^�iDklcFiSjStz��s`iS��i��qiSyL�f^xeLbFp��f^�yL^Sk�k��f^`s`yFbFjD^`t�sSk¨h?klbLkls`t��f^�p�^`�F�Usx^`cFcF����Fi`eLbL�4t�yFcF���H Ft��FiS\Ft�aB¤ a6eL�U�SiS\FaUiSjU¦�yL^`pleLbF\FcFiS_HrFeLbFcF��Y(ýf^`p��4tlyF� b6�H�FyFtlrF��Fi`eK^`��^`�]sDk¨h
�4cFiS��i	�4t�cFgS{�t��f^`aFyFiDklaDiS�FbF\Ft�klaFb6�¬}FcFi	�4cFiS��iO�Si`eLgS{�tZyL^`p��4t�yFiSj�4iScFiD�4t�yL^FY/üqi�r�rLt�_Lkls`jSbFt���jScFt�{�cFt���iZ�Fi`eFh�a6eL�U�SiS\FaFb���s`b	�4iS���Us]rLt��qiSyL�4bFyFi`�jD^`s`gDk�hn}LklaUi`eLgSp�bFs`gL}LyFjD^`s`gDk¨hn}LyFt�aDiD�4�SbFcFbFyFiSjD^`s`gLYxüq�Skls`g

x1
b
x2
d2rLjSt�s`iS\FaFbsx^`aDiS_
 Ft��FiS\FaFbn}FjSplhFs`��t�jOcL^`�FyL^`j`eLt�cFbFb
cL^`s�h6��t�cFb6hnY�ý4^Sk�kls`i~hFcFbFt��4tl�OrL�?cFb6��4bO��iSyF^`plrLiq�4t�cFgS{�t�rFeLbFcF���U\L^Skls`a6^] Ft��FiS\FaFbn}SkliSt�rLbFc6hF�]��t�_O��s`b�s`iS\FaFbnY/ýf^`pl�cFiDkls`g>��s`b6��r6eLbFc.cL^`p���jD^`�]s?p�^`�L^Sklt�cFcFiS_�r6eLbFcFiS_nY% Ök�eLb i~rLcL^?bFpO��s`b6��s`iS\Ft�a�FyFb6�Si~rLbFsZj]rLjSb6��tlcFbFtS}xs`iZ�Ft�yFjS�z�vrLtleFiD��jS���FyDhL�8e6hFt�sSk�hOk�^S�v�U\L^Skls`iSa� Ft��FiS\6�aFb��4tl�OrL����s`bL�4b�s`iS\Fa6^S�4bn}~^zp�^`s`t��
�D��tÖ�FyFb6�Di�rLbFs]jzrLjSb6��t�cFbFt§rLyF�U�l^xh�s`iS\FaU^FY

ð�bLk�klbF�L^` Fb6h£��cFt�yF��bFb�j.kliDkltlrLcFb6���U\L^Skls`a6^x���FyFiSbLk¨�Di~rLb6s.k>p�^`�L^`plrL��jD^`cFbFt���}jSiSs ��s`i.p�^`�L^`plrL��jD^`cFbFt?bH�FiSyFi~�OrK^`tls p�^`aUiSc£rLt��4�L�qbFyFiSjD^`cFb6hn}§kli~rLt�yS�O^`��bF_rLyFiS�ScF�U�B�FyFiSb6p�jSi~rLcF�U��YKX�iSp��4�U��t�cFb6t�klbLkls`t��4�¡p�^`a6eL�]\L^`t�sSk�hvj	t�t�rLt���iSyF�f^x� FbFbn}
V (t) = ε(t)

}n^>iSs`a6eLbFaWklbLkls`t��4�!dvcL^`�FyDh6��t�cFb6t
σ(t)

dv�FyFtlrKklsx^`j`eFhFt�sSk�hj�jSb6rLtZkl�6�f�4�<�U�FyF�U��iS_�¤ iS�SyL^`s`bL�4iS_K¦
σe = Eε

b2cFt��U�FyF�U��iS_�¤ÅrLbLk�klbF�L^`s`bFjScFiS_n}cFt�iS�SyL^`s`bL�4iS_K¦
σd = A

kliDkls~^`j`eFhF�]��b6�¬YwzjSs`iSy>� �~�*�nrK^xeLt�t��FbF{�t�sFmfuoüqyDhL�4iS_vyL^Skl\Ft�s?�q�UcFaF FbFbÂCnyFbFcL^	rFeFh�k�eL�D�\L^`_FcFiS��iW�FiSs`t�cF FbL^xeK^�iS\Ft�cFg�s`yF��rLt�cnYVüqiS��s`iD�4�H�4� p�^S�4t�cFbL�/��^S�4b6eLgxs`iScFbL^`cjSp�^`bL�4i�rLt�_Lkls`jSb6h>t���iO�DklyFtlrLcFt�cFcF�z�£p�cL^�\Ft�cFbFt���|Fm
H int(p, q, t) = −b(p, q)V (t).

[§klyFtlrLcFt�cFbFt�iDkl�U��t�kls`j`eFhFt�sSk�h��FiZrLbLklaFyFt�s`bFp�bFyFiSjD^`cFcFiD�4��jSyFt��8t�cFbOp�^`�L^`plrL��jD^x�cFb6h
n
� ��i	�4iScFiD�4t�yL^

nt0
kZyL^Skl�FyFtlrLtleLt�cFbFt��£jSt�yFi~hFs`cFiDkls`t�_

P (nt0) =
t0N0

(nt0)ν+1
, n > N = θ/t0, N0 = (ν + 2)θν+2, 0 < ν < 1.
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b
�FyFbFjSi�rLbFsOa
jS��yL^x��t�cFb6�

G(t− t′) =
〈〈 ∞∑

n=N

P (nt0)b(t
′ − nt0)σd(t)

〉〉
= N0

∞∑

n=N

〈〈b(t′ − nt0)σd(t)〉〉
tν0n

ν+1
.

ð�^xeLt�t¢^`jSs`iSy/�FyFt�c6t��SyFt��l^`t�s¡sStlyL�4i~rLbFcL^S�4bF\Ft�klaFbL�4b�aUiSyFyFtleFhF Fb6hL�4b��4tl�OrL�
b(t′)

b
σd(t)

}

G(t− t′) =
{
−N0

∑∞
n=N t

−ν
0 n−ν−1δ(t− t′ − nt0), t > t′,

0, t 6 t′b
cL^x�Si~rLbFs�s`yL^`cLk��qiSyL�f^`cFs`��+��UyFgSt��q�UcFaF FbFb�CnyFbFcL^Fm
G̃(ω) = −N0

∞∑

n=N

t−ν0 n−ν−1 exp(−iωt0n) =

= −N0

[ ∞∑

n=1

t−ν0 n−ν−1 exp(−iωt0n)−
N−1∑

n=1

t−ν0 n−ν−1 exp(−iωt0n)
]
.

(12.9.2)X����Fi`eLc6h6h��FyDhL�8iSt�b�iS�SyL^`s`cFiStv�FyFt�iS�SyL^`p�iSjS^`cFb6h@GvtleFeLbFcL^��q�UcFaF FbFb
exp(−iωt0n), ω > 0

}L�4i~�	cFiO�FyFiSjSt�yFbFs`gOs`i~�OrLt�kls`jSi

exp(−iωt0n) =
1

2πi

c+∞∫

c−i∞

Γ(s)(ωt0n)
−s exp(−isπ/2)ds, 0 < c < 1.

üqi~rKkls~^`cFiSjSa6^qt���i�j��qiSyL�4��eL�v¤ �~�6Y ÑFY �S¦4kzbLkl�Fi`eLgSp�iSjD^`cFbFt���sStliSyFt��4�<i�jS��\Ft�sx^x�jStlrLt�sOa>jS��yL^x��t�cFbF�
G̃(ω) = −N0Γ(−ν)ωνeiνπ/2−

−N0

∞∑

n=0

tn−ν0

[
ζ(1 + ν − n)−

N−1∑

m=1

m−nu−1+n
]
[(−1)n/n!]ωneiνπ/2,

� rLt
ζ(z)

dOrLp�t�sx^x� �q�UcFaF Fb6h�ý§bL�f^`cL^F}
resz=−νζ(1 + z + ν) = 1.

üqyFb
ω < 0

bFp��4t�c6hFt�sSk¨hvp�cL^`a>�Ft�yFtlr��4cFbL�4iS_
tlrLbFcFbF Ft�_nYX �FyFtlrLtleLtÖ�FyFb
t0 → 0

jDkltÖk�eK^`�l^`t��4��t§jzaFjD^xrLyL^`s`cF����klaUiS�Sa6^x�ZbLkl\Ft�p�^`�]sp�^	bLkla6eL�]\Ft�cFbFt����Ft�yFjSiS�li�¤¥k
n = 0

¦�}KaUiSs`iSyF��_vcL^x�Di~rLbFsSk¨h�k�bLkl�Fi`eLgSp�iSjD^`cFbFt����yL�4bFs`iSjD^��FyFtlrKklsx^`j`eLt�cFb6h>iS�SiS�S��t�cFcFiS_2rFp�t�sx^x� �q�UcFaF FbFb
ζ(ν + 1, θ/t0)

m
lim
t0→0

G̃(ω) = −N0

[
Γ(−ν)(iω)ν + (νθν)−1

]
.
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üqi~rKkls~^`j`eFh6h?��s`iSs	y6t�p��~eLgxs~^`sOj	�qiSyL�4��eL�?�q�U�Si
¤ �~�6Y ÑFY �~¦�}6�FyFb6�Si~rLbL�£a
aDiScLkls`b6�s`�Us`bFjScFiD�4�?�UyL^`jScFt�cFbF�

〈σd〉 = −N0Γ(−ν)
1

2π

∞∫

−∞

(iω)ν ε̃(ω)e−iωtdω−N0(νθ
ν)ε(t) = ην a � νε(t)+ξνε(t),

ην = −N0Γ(−ν), ξν = −N0(νθ
ν)−1,kli~rFt�yD�O^`��t��4�	rLyFiS�ScF�U���FyFiSbFp�jSi�rLcF�U�

ν
� ��iO�FiSyDh6rLaU^FY

z�±�{�z�z �Á�,í��,~����}ï³� � ç�| î ��� î ��|³Û �������Â¹
�[Ì,º����©º�� ÊH¿d�Ö÷��V�§ÿ�ø4ÿnþ]ÿ��]ü]ÿ

üqt�yFjSiS_*p�^xrK^~\Ft�_n}OyFt�{�tlcFcFiS_;CUt�yL^SklbL�4iSjS�z�#j��FyFiDkls`t�_F{�t�_�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS_�yFt�i`eLiS��bF\Ft�klaUiS_	�4i�rLtleLb2k�aUiScLkls`bFs`�Us`bFjScF�z�.�UyL^`jScFt�cFbFt��
σ(t) = κα

α
0 � tε(t),�S��eK^Wp�^xrL^~\L^.i£s`t�\FtlcFbFb¢j`hFp�aUiS�U�FyF�U��iS_�k�yFtlrL� k��UaU^`p�^`cFcF�z�4b<kljSiS_Lkls`jD^S�4bn}p�^`a6eL�]\Ft�cFcFiS_.�4tl�OrL�vrLjS�6�8h �L^`yL^xeFeLtleLgScF�z�4b �6eLiDklaUiDkls�hL�4bnYK�qb6�	c6h6h �6eLiDk��aUiDk�sSg�¤

x = 0
¦zcFt��Fi~rLjSb6�	cL^F}LjSt�yD�6c6h6h�¤

x = a
¦�rLjSbU��t�sSk�h�j?cL^`�FyL^`j`eLt�cFbFbviDklb�(Å �Fi�p�^xrK^`cFcFiD�4��p�^`aUiScF�

ϕ(t), ϕ(0) = 0, ϕ̇(0) = 0
Y
��^~\L^xeLgSc6iSt�b	��yL^`cFbF\FcFiSt�Dk�eLiSjSbUh?rFeFh

y
� aDiSiSyDrLbFcL^`s`�<�	b6rLaDiS_
\L^Skls`bF F�

y(x, t)
bL�4t��]s	jSb6r�m

y(x, 0) = 0,
∂y(x, t)

∂t

∣∣∣∣
t=0

= 0, y(0, t) = 0, y(a, t) = ϕ(t).

X���rLtleLbL���leLt��4t�cFs~^`yFcF��_ �L^`yL^xeFeLtleLtl�FbF�Ftlr��	b6rLaDiDkls`bn}¬iS��yL^`cFbF\Ft�cFc6��_rLjS�6�8h.��iSyFbFp�iScFs~^xeLgScF�z�4b.��yL^`c6hL�4b.tlrLbFcFbF\FcFiS_W�6eLiS��^xrLbWkOyL^Sk�kls`i�hFcFbFt��
dx�4tl�OrL�OcFbL�4bnYU[]yL^`jScFt�cFbFt�rLjSb6��t�cFb6h2 Ft�cFs`yL^��f^Sk�kz��s`iS��i��leLt��4t�cFs~^�bL�4t�t�s�jSbUr

ρ
∂2y

∂t2
=
∂σ

∂x
,

� rLt
ρ = const

d	�6eLiSs`cFiDkls`g��	b6rLaUiDkls`bnY�üqyFbFcFbL�f^xh
jSi�jScFbL�f^`cFbFtS}F\Fs`i
ε =

∂y

∂x
, σ = κα

α
0 � tε = κα

α
0 � t ∂y∂xb

∂σ

∂x
=

∂

∂x
(κα

α
0 � tε) = κα

α
0 � t ∂2y∂x2

,�Fi`eL�U\L^`t����UyL^`jScFt�cFbFtZrLjSb6��t�cFb6h
jOjSb6rLt

c2
∂2y

∂t2
= α

0 � t ∂2y∂x2
, c2α =

ρ

κα
.



�S�(' ��	��"�+���*Ã Å,§��
ã>�1õ�&x�(õ��7�����1�
ð�eFh¢yFt�{�t�cFb6h���s`iS_¢p�^xrK^~\Fb�CUt�yL^SklbL�4iSj£bLkl�Fi`eLgSp�iSjD^xe<iS�Ft�yL^` FbFiScFcF��_�4t�s`i~rÑ ]��jSbLk�^`_6rK^FY�üqt�yFtl�Di�r£iSs �q�UcFaF FbFb

y(x, t)
a£t�t>bFp�iS�SyL^x��t�cFbF�

ŷ(x, p)�FyFbFjSi~rFbFs�aOiS�S��aFcFiSjSt�cFcFiD�4�qrLbL���qt�yFt�cF FbL^xeLgScFiD�4���UyL^`jScFt�cFbF�¢�~� ��iq�FiSySh6rLa6^
d2ŷ

dx2
= c2αp

2−αŷ

kZ��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4b
ŷ(0, p) = 0, ŷ(a, p) = ϕ̂(p). §��i	y6t�{�t�cFbFt�bL�4t�t�sOjSb6r

ŷ(x, p) = K̂(p)ϕ̂(p),

� rLt
K̂(p) =

sh(cαp
1−α/2x)

sh(cαp1−α/2a)
.

�]�SyL^`s`cFiStZ�FyFt�iS�SyL^`p�iSjD^xcFbFtZ�S��eLiOjS���Fi`eLcFt�cFi�rFeFh
s`yFtl�
k�eL�U\L^`t�jLY�SY$�qgS�]s`iScFiSjD^��	b6rLaUiDkls`g
(α = 1)

m

y(x, t) =
2

(πc1)2

∞∑

k=1

(−1)k−1k sin
(
kπx

a

) t∫

0

exp

{
−
(
kπ

c1a

)2
(t− τ)

}
ϕ(τ)dτ,

0 6 x < a.�6Y6[]�FyF�U�l^xh
klyFtlrK^
(α = 0)

m

y(x, t) =
2

c0a

∞∑

k=1

(−1)k−1 sin
(
kπx

a

) t∫

0

sin

{(
kπ

c0a

)
(t− τ)

}
ϕ(τ)dτ,

0 6 x < a.�FY>üqyFiD�4tl�	�Us`iS\FcF��_vk�eL�U\L^`_?d	j`hFp�aUiS�U�FyF�U��^xh>klyFtlrK^Ok
α = 1/2

Y

y(x, t) =
2

π

∞∑

n=1

(−1)n
n

sin
(nπx

a

) t∫

0

φ̇n(t− τ)ϕ(τ)dτ, 0 6 x < a,

φn(τ) =
∞∑

k=0

(
nπ

c1/2a

)
(−1)kτ3k/2
Γ(3k/2 + 1)

, n = 1, 2, 3, . . .

ð�eFh>yL^`jScFiD�4t�yFcFiS��i�rLjSb6��t�cFb6h
jSt�yS�6cFt�_>�6eLiDklaUiDkls`b
ϕ(t) = vt, v = const > 0
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CUt�yL^SklbL�4iSj�cL^`{�tle>cL^`�FyDh6��t�cFbFtZcL^�jSt�yS�6cFt�_>�FiSjStlyD�6cFiDkls`b?�FyFb>�FyFiSbFp�jSi`eLgScFiD�
α
jOjSb6rLtZrLjSiS_FcFiS��i�yDh6rK^Fm

σ(a, t) =

= κc1/2v





1

Γ(1− α/2) t
−α/2 + 2

∞∑

k=0

∞∑

j=0

[−(2k + 2)cαa]
j

j!Γ((1− j)(1− α/2)) t
−j(1−α/2)−α/2



 .

üqyFb
t = 0

iScFi
iS�SyL^`��^`t�sSk�h�jv�St�klaUiScFt�\FcFiDkls`g>�FiSyDh6rLa6^
α/2
mnjvj`hFp�aUiS_��	b6rF�aUiDk�sSb�cFtleLgSplh��4��cFiSjSt�cFcFi
kliSiS�S��bFs`g2��yL^`cFbF\FcFiS_��6eLiDklaUiDkls`b
x = a

aUiScFt�\FcF�U�klaUi`yFiDkls`gL}6�FyFbL�4t�c6h6hv�Sklb6eLbFt�aDiScFt�\FcFiS_
jStleLbF\Fb6cF��Y
�[Ì,º����©º�Ì ¹¢ü¸¿Zü���
eË]ü]þ]ÿ�÷��V�§ÿBø4ÿnþ]ÿ��]ü]ÿ

X�s`iSyL^xh�p�^xrL^~\L^F}�yFt�{�t�cFcL^xh CUt�yL^SklbL�4iSjS�z�(d!rLjSb6��t�cFbFt�j`hFp�aUiS�U�FyF�D���iS_��	b6rLaUiDkls`b��4tl�OrL��aUiD^`a6klbL^xeFgScF�z�4b< Fb6eLbFc6rLyFbF\Ft�klaFbL�4b��FiSjStlyD�6cFiDkls�hL�4b
r1 < r < r2

}¬jSyL^`��^`�]��bF�4bLk�h��Fi>p�^xrK^`cFcF�z��p�^`aDiScL^S�
ϕ1(t)

b
ϕ2(t)

YT[]yL^`jScFtl�cFbFtqrLjSb6��t�cFb6h>rFeFh
�U��eLiSjSiS��iOk��4t���t�cFb6h
ϕ(r, t)

�Fi`eL�U\Ft�cFiOjOjSb6rLt

ρr3
∂2

∂t2
= κ

∂

∂r

[
r3
∂

∂r

(
α
0 � tϕ(r, t) )] , r1 6 r 6 r2.

 §��iOyFt�{�t�cFbFtqrLi`eF�	cFiO�~rLiSj`eLtlsSjSiSyShFs`g�cL^~\L^xeLgScF�z���Dk�eLiSjSb6hL�
ϕ(r, 0) = 0,

∂ϕ

∂t

∣∣∣∣
t=0

= 0

b
��yL^`cFb6\FcF�z���Sk�eLiSjSb6hL�
ϕ(r1, t) = ϕ1(t), ϕ(r2, t) = ϕ2(t),

jS��yL^x�O^`�]��bF���FyFb6eLbF�F^`cFbFt�\L^Skls`bF �cL^Wkls`t�cFa6^x�¬Y.+��UcFaF FbFb
ϕ1(t)

b
ϕ2(t)

jcL^~\F^xeLgScF��_��8iD�4t�cFs?jSyFt��4t�cFb
t = 0

�FyFtlrL�Fi`eK^`��^`�]sDk¨h�yL^`jScF�z�4bvcF�~eL�!jD�4t�kls`tkli	kljSiSbL�4b>�FyFiSbFp�jSi~rLcF�z�4bnYX<\L^Skls`cFiD�Hk�eL�U\L^`tS}6aUiS� rK^
r2 − r1 = δ0

�f^xeLi	�Fi2klyL^`jScFt�c6bF�Bk
r1
¤ �Fi~r6�{�bF�FcFbFavklaUi`eLg`��t�cFb6hK¦�}

σ(r, t) =
κr1r2
rδ0

α
0 � tψ(t), ψ(t) = ϕ2(t)− ϕ1(t),

cL^`�FySh6��t�cFb6h
cL^��FiSjSt�yD�6cFiDkls�h6�	rK^`�]sSk�h
jS��yF^x��t�cFb6hL�4b
σ(r1, t) =

κr2
δ0

α
0 � tψ(t), σ(r2, t) =

κr2
δ0

α
0 � tψ(t). (12.11.1)

� ^S�4t�s`bL��} \Fs`i�cL^`�FyDh6��t�cFbFt?cF^�jScFt�{�cFt�_W�FiSjSt�yD�6cFiDkls`b��4t�cFgS{�t2cL^`�FyDh6���t�c6b6h.cL^?jScF�Us`yFt�cFcFt�_ j
r2/r1

yL^`pSYRüqyFbF\FbFcL^>��s`iS��i>\FbLkls`i
��t�iD�4t�s`yFbF\Ft�klaU^xhnm
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�FiOp�^`aUiScF�OrLt�_Lkls`jSb6h>b>�FyFiSs`bFjSi~rLt�_Lkls`jSb6h?iS�Stqklb6eL�<rLi`eF�	cF�¢�S��s`gOyL^`jSc6��}6cFiyL^Skl�FyFtlrLtleLt�cF�HiScFb	�Fi�yL^`p�cF�z� �6eLiS��^xrFhL��}Sb2aDiScF Ft�cFs`yL^` Fb6h?klb6eL�¡¤ cL^`�FyDh6��tl�cFbFt~¦4rLi`eF�	cL^��S��s`g�jS��{�tzcL^��FiSjSt�yD�6cFiDkls`b2k]�4t�cFgS{�t�_	�6eLiS��^xrLgS��Y+üqyFb

α = 1�UyL^`jScFt�cFbFtW¤ �~�6Y �S�SY �~¦�rK^`t�s.p�^`aUiScH�q�~eLiScL^�d�cL^`�FySh6��t�cFbFtv�FyFiS�FiSyF FbFiScL^xeLgScFiiSs`cFiDklbFs`tleLgScFiS_.klaUiSy6iDkls`b.jSyL^`��t�cFb6h �FiSjStlyD�6cFiDkls`t�_%!¬�FyFb
α = 0

iScFi>�FyFt�jSyL^x���^`t�sSk�h2j�p�^`aUiSc�Cn�Ua6^FmDcL^`�FyDh6��t�c6bFtq�FyFiS�FiSyF FbFiScL^xeLgScFi�iSs`cFiDklbFs`tleLgScFiD�4�2k��8tl���t�cFbF�¡�FiSjSt�yS�6cFiDkls`t�_nYFX¢k�eL�U\L^`tq��^`yL�4iScFbF\Ft�klaFb6�?aUi`eLt��D^`cFbF_>�FiSjSt�yS�6cFiDkls`t�_
ψ(t) = A sin(ωt)

cL^`�FyDh6��t�cFbFt�s`i~��t�bL�4t�t�sO�l^`yL�4iScFbF\Ft�klaFbF_
jSb6r
σ(r1, t) =

κr2
δ0

A sin
(
ωt+

απ

2

)

kliWk¨rLjSbF��iD�!��^`p���}fp�^`jSbLk¨hF��t��BiSs
α
Y���^`�FyDh6��t�cFb6h�j.\FbLkls`iW�U�FyF�U��iS_�klyFtlrLtaUi`eLt��`eF�ZsSk¨hHklbFcL��^`p�cFi k?rFjSb6��t�cFbFt��B�FiSjSt�yD�6cFiDkls`t�_n}8j \FbLkls`i.j`hFp�aUiS_£klyFtlrLtk�rLjSbF����^`pqkliDklsx^`j`eFhFt�s

π/2
Y

z�±�{�z�± 8 ç î ������ç�� ���,��æ�|�ï³� � ç�|³Û �������Â¹
�[Ì,º��[Ì,º�� º<ý#¿�Ë�þ]ÿ��]ü]ÿ�ý��©Ë���ö

X»°B´*'HaFcFbF��bi� ��Ñ���yL^Sk�k��f^`s`yFbFjD^`t�sSk¨h�bFpleL�U\Ft�cFbFt�p�jS�Ua6^��St�klaUiScFt�\FcF�z�aFyF�U� eL�z�¡ Fb6eLbFc6rLyFiD�!k>�Ft�yFt��4t�cFcFiS_£�6eLiS��^xrLgS��t���i klt�\Ft�cFb6h
S(t)

Y9��^�yL^Sk��kls`i~hFcFbFb
r
iSsviDklbn}8�4cFiS��iv�Si`eLgS{�t��<rLbL^S�4t�s`yL^v Fb6eLbFc6rLyL^vb��4cFiS��i��4t�cFgS{�t��rFeLbFcF�!jSi`eLcF��}T�FiSs`t�cF FbL^xe.yL^Sk¨�Di~rFhF��t�_Lk¨h�j>i~rLcFiSy6i~rLcFiS_ klyFtlrLt�jSi`eLcF�BiS�FyFtl�rLtleFhFt�sSk¨hvjS��yL^x��t�cFbFt��

ϕ(r, t) = − c

2π

t−r/c∫

−∞

Ṡ(t′)dt′√
c2(t− t′)2 − r2

,

� rLt
c
d.klaDiSyFiDkls`g�p�jS�Ua6^FY8X�jSi`eLcFiSjSi`_Wp�iScFt?iDklcFiSjScF�U�*yFi`eLg�bF��yL^`t�s�iS�`eK^Skls`gp�cL^~\FtlcFbF_

t− t′ ∼ r/c }6sx^`a
\Fs`i2�4i��	cFi	kl\FbFsx^`s`g

(t− t′)2 − r2

c2
' 2

r

c

(
t− t′ − r

c

)
.

X�yFt�p��~eLg~sx^`s`t��Fi`eL�U\L^`t��£�FiSs`t�cF FbL^xe

ϕ(r, t) = − 1

2π

√
c

2r

t−r/c∫

−∞

Ṡ(t′)dt′√
t− r/c− t′

= −1

2

√
c

2πr
1/2
−∞S(t− r/c)
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bvklaDiSyFiDkls`g

v(r, t) =
∂ϕ

∂r
' 1

2π
√
2cr

t−r/c∫

−∞

S̈(t′)dt′√
t− r/c− t′

=
1

2
√
2πcr

3/2
−∞S(t− r/c).

�[Ì,º��[Ì,º�Ì Ê��9Ô�¿d��ì!ÿ��]ü]ÿ�ý��©Ë���ö
X�^x�	cFiS_
p�^xrK^�\Ft�_v^`aF�Dkls`bFaFb>hFj`eFhFt�sSk�h
yL^Skl\Ft�s	�FyFi��Di~�OrLt�c6b6h
p�jS�UaUiSjS���jSi`eLcvkq�U\Ft�s`iD���FiS� eFiS��t�cFb6h
bvyL^Sk�kltlhFcFb6h
b6�
j2klyFtlrFtSYKoqp�jSt�kls`cFiL}F\Fs`i2^S�4�6eLb6�s`��rK^
�6eLiDklaUiS_.jSi`eLcF��}¬yL^Skl�FyFiDkls`yL^`c6hF�]��t�_Lk¨h.j`rLi`eLg
iDklb

z
}n�U�S��jD^`t�s>p�^vkl\Ft�s�FiS��eLiS��t�cFb6h>�FiO��a6kl�FiScFt�cF FbL^xeLgScFiD�4�2p�^`aDiScF�

A(z) = A(0)e−γz,

� rLtqaDiS�����qbF FbFt�cFs��FiS� eLiS��t�c6b6h
γ
p�^`jSbLklbFs�iSsO\L^Sk�sSiSs`�¢p�jS�UaDiSjSiS_?jSi`eFcF��}

γ =
γ(ω)

Y � s~^`c6rK^`yFs`cL^xh2�qiSyL�f^qkliSiSs`cFiS{�t�cFb6hO�4tl�OrL��jSi`eLcFiSjS�z�v\FbLk�eLiD�H¤ÅrFeLbFcFiS_jSi`eLcFiSjSiS�li�jSt�aFs`iSyL^D¦
k
}6\L^Skls`iSs`iS_>b>aUiS�����qbF FbFt�cFs`iD�W�FiS� eLiS��t�cFb6h>bF�4t�t�sOjSb6r

k =
ω

c0
+ iγ(ω),

� rLt
γ(ω) = a2ω

2 � ��Ñ�� Y5ûÖs~^�aFjD^xrLyL^`s`bF\FcL^xh	p�^`jSbLklbL�4iDkls`gL}`i~rLcL^`aUiL}SbL�4tlt�s��4t�kls`ieLbF{�gqjZ�Dk�eLiSjSb6h6���f^xeLiS��iZ�FiS��eLiS��t�cFb6hn}x\Fs`i���^`aFs`bF\Ft�klaFb�jDklt�� rK^Zkl�FyL^`jStlrFeLbFjSirFeFh.�l^`p�iSjL}TcFi
rFeFh rLyF�U��b6�¬}n�Si`eLt�tO�6eLiSs`cF���.klyFtlr�}�p�^`jSbLklbL�4iDkls`g
γ(ω)

�4i~��t�siSa6^`p�^`sSgDk¨h�iSs�eLbF\FcFiS_OiSsZaFjD^xrLyL^`s`bF\FcFiS_nY`XW\L^Skls`cFiDkls`bn}xjqj`hFp�aDiS_OklyFtlrLt�k�iS\Ft�cFgjS�zkliSaDiS_?sStl�6eLiS�FyFiSjSi~rLcFiDkls`gS��aUiS�����qbF FbFt�cFs��FiS� eLiS��tlcFb6h>aFjD^xrLyL^`s`bF\FcFiOjSiSpl�yL^Sklsx^`tls��FyFb2cFbFp�aFb6�	\L^Skls`iSsx^x�Ob2�FyFbF�`eLb6�O^`t�sSk¨h2a2�FiDkls`i~hFcFcFiS_	jStleLbF\FbFcFt]�FyFbjS�zkliSaFb6�¬m
γ(ω) ∼

{
a2ω

2, ω → 0
}

a0, ω →∞.X!yL^`�SiSs`tÂ� �`���Ö�FyFtlrFeLi~��t�cL^��Si`eLt�t	iS�S��^xhWkls`t��Ft�cFcF^xh£^`�F�FyFiSa6klbL�4^` Fb6hn}�Fi~rFaFyFt��6eFhFt��f^xh
yDh6rLiD����a6kl�Ft�yFbL�4t�cFs~^xeLgScF���?rK^`cFcF���.¤ P�= · =ÝÜn=¥¹K}Usx^`�`e�YL�6Y �~¦�m
γ(ω) = aν |ω|ν , ν ∈ [0, 2].

�]�&ÉntlrLbFcFbL����s`bv^`�F�FyFiSa6klbL�f^` FbFb>jOtlrLbFcF�U�B�qiSyL�4�~eL�
γ(ω) = a0 + aν |ω|ν ,

�FyFbFjSi�rFhF���U�¡a
kliSiSs`cFiS{�t�cFbF�
k =

ω

c0
+ i[a0 + aν |ω|ν ].
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[Z�4cFi~�	bFjOiS�Stq\L^Skls`b
t���iOcL^ −ip̃ν(k, ω) }F��rLt

p̃ν(k, ω) =

∞∫

−∞

dx

∞∫

−∞

dtei(kx−ωt)pν(x, t),

d¢s`yL^`cLk��qiSyL�f^`cFs~^�+��UyFgSt¢¤ �Fi<iS�St�bL���Ft�yFt��4t�cFcF�z�§¦
rK^`j`eLt�cFb6h¡j<p�jS�UaDiSjSiS_jSi`eLcFtS}F�4���UjSb6rLbL��iS�SyL^`p¬+��UyFgStq�UyL^`jScFt�cFb6h?j	\L^Skls`cF���?�FyFiSbFp�jSi~rLcF���
∂pν
∂x

= − 1

c0

∂pν
∂t
− [a0 + aν (−41)

ν/2]pν(x, t), 41 ≡
∂2

∂t2
.

X�jStlrFh�cFiSjS��t��Ft�yFt��4t�cFcF��t
τ = t−x/c0

b
fν(x, τ) = ea0xpν(x, τ)

}`�FyFb6�Si~rLbL��ai~rLcFiD�4tlyFcFiD�4�2rLyFiS�ScFi`�¥rLbL���qt�yFt�cF FbL^xeLgScFiS�4�	�UyL^`jScFt�cFbF��s`t��6eLiS�FyFiSjSi~rLcFiDkls`bnm
∂fν(x, τ)

∂x
= −aν(−41)

ν/2fν(x, τ).

üqi`eK^`�l^xh�bLkls`iS\FcFbFa.p�jS�Ua6^?cL^x�Di~rFhF��bL�fk¨h.j
�6eLiDklaUiDkls`b
x = 0

}np�^`�FbF{�t��¢��yL^x�cFbF\FcFiStv�Dk�eLiSjSbFtvjWjSb6rLt
fν(0, τ) = pν(0, τ) = p0(τ)

}§sSiS��rK^WkliSiSs`jSt�sSkls`jS�U�z���t�t?t��4�.yFt�{�t�cFbFt?jS��yL^`p�bFsSk¨h�\Ft�yFt�p?i�rLcFiD�4t�yFcF�U��klbL�f�4t�s`yFbF\FcF�U���Dkls`iS_F\Fb6�jS�U���6eLiSs`cFiDkls`g
g1(τ ; ν)

bFcFs`t���yL^xeLiD�

pν(x, τ) = (ax)−1/νe−a0x

∞∫

−∞

g1

(
(τ − τ ′)(ax)−1/νx; ν

)
p0(τ

′)dτ ′.

X¡k�eL�U\L^`t�bL�4�F��eLgDklcFiS��i?bLkls`iS\FcFbFa6^F}Tb6eLb�cL^?�Si`eLgS{�iD��yL^Sk�kls`i~hFcFbFb�iSs?bLkls`iS\6�cFbFa6^�iS��yL^`cFbF\Ft�cFcFiS_?rFeLbFs`tleLgScFiDkls`b
yFt�{�t�cFbFt��6yFbFcFbL�f^`t�s	jSb6r

pν(x, τ) = (ax)−1/νe−a0xg1

(
τ(ax)−1/ν ; ν

)
Q0, Q0 =

∞∫

−∞

p0(τ
′)dτ ′.

üqi?�4t�yFt�yL^Skl�FyFiDkls`yL^`cFt�cFb6hvbL�4�F��eLgDk�^2t���i	rFeLbFs`tleLgScFiDkls`g2yL^Skls`t�s?�6yFiS�FiSyF FbFi`�cL^xeLgScFi
x1/ν

}U� rLt
x
dO�FyFiS_6rLt�cFcFiSt]jSi`eLcFiS_2yL^Sk�kls`i~hFcFbFtS}6^S�4�6eLbFs`��rK^���tZjSi`eLcF��U�S��jD^`t�s��FyFiS�FiSyF FbFiScL^xeLgScFi�iS�SyL^`s`cFiS_?jStleLbF\FbFcFtS}

x−1/ν
Y
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D bFyFiSaUiSt>�FyFbL�4t�cFt�cFbFtvs`t�iSyFb6h£rLbL���q�Up�bFb�cL^x�Si~rLbFs j ��t�i`eLiS��bF\Ft�klaFb6�b��lt�iD�qbFp�bF\Ft�klaFb6�.p�^xrK^~\L^x�¬}n��rLt?iS�&Ént�aFsx^S�8b��4i~rLtleLbFyFiSjD^`cFb6h hFj`eFhF�]sSk�h��FyFi`� Ft�k�kl�¡rLjSb6��t�cFb6h ��yF�UcFs`iSjS����jSi�r�}T�l^`p�^?b cFt��qs`b j>cFt��qs`t�cFiDklcF����k�eLi~h6�¬}TyL^x�rLbFiD^`aFs`bFjScF���.bWs`iSa6klbF\FcF���WiSsx�Di�rLiSjv�FyFiSbFp�jSi~rKkls`jD^
j��Fi�rLp�t��4cF���.�6yL^`cFb6eLb6���^x�¬Y�ýf^Sk�k��f^`s`yFbFjD^`t�sSk�h�yL^Skl�FyFiDkls`yL^`cFt�cFbFt�kli��6yL^`c6hF�]��t�_Lk�h
�6bL�4bF\Ft�klaUiS_�kl�U�`�klsx^`cF 6bFb�\Ft�yFt�pÖ�Fi`eLcFiDkls`gS��b6eFb�\L^Skls`bF\FcFi]cF^Skl����t�cFcF�U��jSi~rLiS_q��t�i`eLiS��bF\Ft�klaF�U��qiSyL�f^` FbF��Y��qt�i~rLcFiSy6i~rLcFiDkls`b2�qiSyL�f^` FbFb2�FyFi~hFj`eFhF�]sSk�h2j�cL^xeLbF\FbFb?yL^`pleLiD�4iSjbvs`yFt���bFcn}FeLbFcFp�bv�FiSyn}Fp�^`�Fi`eLcFt�cFcF���?rLyF�U��bL�4b��4bFcFt�yL^xeK^S�4b�¤ aFjD^`yF Ft���}L��eLb6�cFiS_n}4aU^`yF�SiScL^`sx^S�4bK¦�Y � aFjSiSp�g���s`��klyFtlrL�S}§k�i jDklt��4b�kljSiSbL�4b£cFtli~rLcFiSyFi~rLcFiDkls�h6��4b£�FyFtlrKkls~^`j`eFhF�]���U��i~rLcF�Wk�eL�U\L^`_FcF�U��yFt�^xeLbFp�^` FbF��cFt�aUiSs`iSyFiS��i�klsx^`s`bLkls`b6�\Ft�klaDiS��i>^`cLk�^S�4�`eFh�klyFtlr�}T�Fi�r�rLt�_Lkls`jSbFt��<klbUeL�Bs�h6��t�kls`b b���yF^xrLbFt�cFsx^	rK^`j`eLtl�cFb6h>rLjSb6��t�sSk�h>rLbL���q�Uc6rLbFyF�U�]��^xh>kl�U�Dklsx^`cF Fb6hn}6\L^Skls`bF F��aUiSs`iSyFiS_>iS�Ss`t�aU^`�]scFt��FyFiScFbF L^`t��4��t�jSa6eL�]\Ft�cFb6hn}T�Ft�yFt�cFiDk�hFsSk¨h cL^?�Si`eLgS{�bFt�yL^Sk�kls`i~hFcFb6h��Fi~rLp�t��8�cF�z�4b��FiSs`iSa6^S�4bn}~cL^xrLi`eL��iZp�^Skls`yFt�jD^`�]s]jZ�FiSyL^x��b��FyFiScFbF L^`t��4����jSa6eL�]\Ft�cFb6h6�¬Y©�yL^`t�aFs`iSyFb6hvaU^x�OrLiS_
sx^`aDiS_
\L^Skls`bF F���FyFtlrKklsx^`j`eFhFt�sSk¨hvjSt�klgD�f^�cFt�yFt����~eFhFyFc6iS_eLbFcFbFt�_n}n��sx^`aUiS_ cFbFs`gS��kliv�4cFi~��t�kls`jSiD�¢�Up�tleLaUiSj
jv�4t�klsx^x�¬}n��rLt	\L^Skls`bF L^
cL^x��Di�rLb6eK^Sklg
rLi`eL��iSt2jSyFt��8h�bWr6eLbFcFcF����y6iSjScF���.�U\L^Skls`aUiSj�¤¥�6yFiS�St���iSjU¦�}���rLt?iScL^rLjSbF��^xeK^SklgL}x�Fi~rF�6jD^�\Ft�cFcL^xh��Fi�rLp�t��4cF�z� �FiSs`iSaDiD��Y/ýf^`p��6�4t�t�sSk�hn}`�FyFiS�St���bO��s`bOcFthFj`eFhF�]sSk�h �FyDhL�4i`eLbFcFt�_FcF�z�4b.iSs`yFt�p�a6^S�4bn}¬yL^`jScFi>a6^`a b.�Up�tleLaFb cFt�hFj`eFhF�]sSk�hs`iS\Ft�\FcF�z�4b>iS�SyL^`p�iSjD^xcFb6hL�4bn}DcFiOt�k�eLbn}6kla6^x��t���}UjO�Ft�yFjSiD�W�FyFbF�`eLb6��t�cFbFb>�FyFtl�cFt��SyFt�\Fg�iSs`a6eLiScFt�cFbFt��W�FyFiS�St���iSj�iSs��FyDhL�4���	iSs`yFt�p�aUiSjL}U^��Up�tleLaDiSj�d�iSs�s`iS\Ft�an}s`i	�4���Fi`eL�U\FbL�£cFt�aUiSs`iSyF��tqiDklcFiSjD^`cFb6h2rFeFh
iS�SyL^`��t�cFb6h?av�4i�rLtleLb � «,��XZY
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X¡�FyFiDkls`t�_F{�t��<jD^`yFbL^`cFs`t���s`iS_.�8i~rLtleLb s`yL^`t�aFs`iSyFb6h a6^x�OrLiS_�\L^Skls`bF F�cL^ �FyFiDkls`yL^`cLkls`jSt�cFcFi`� jSyFt��4t�cFcFiS_�rLbL^`��yL^S�f�4tv�FyFtlrKkls~^`j`eFhFt�sSk�hHj.jSb6rLt>eLiD�f^x�cFiS_�eLbFcFbFbn}~aU^x�OrL��_�klt����4t�cFs]aUiSs`iSyFiS_��L^`yL^xeFeLtleLt�c�iDklb�aDiSiSyDrLbFcL^`s�¤ �St�klaDiScFt�\6�cFiO�S�zkls`yFiStqrLjSb6��t�cFbFtS}8u~�Fi`eLt�sF|D¦�b6eLb
iDklb
jSy6t��4t�cW¤ �FyFt��S��jD^`cFbFtqjOeLiSjS�U{�aDt~¦�Y

ð�eLbFcF�B��s`b6��klt����4t�cFs`iSj>b�jSyFt��4t�cF^?�FyFt��S��jD^`cFb6h�cFt�p�^`jSbLklbL�8�Bj?�FyFiDkls`t�_F{�t�_�4i~rLtleFbnm¬��s`b�rLjStO�q�UcFaF FbFb kl�Us`g>jDkltS}K\Fs`i
s`yFt��S�`t�sSk�h�p�cL^`s`g?rFeFh�iS�FbLk�^`cFb6h�¤ jklsx^`s`bLkls`bF\Ft�k�aUiD�Hk��4�zk�eLt~¦�sx^`aDiS��i�rLjSb6��tlcFb6hnY�]�Dkl�D�OrK^xh!�6eLiSs`cFiDkls`b�yL^Skl�FyFtlrLtleLt�cFbUh
ψT (t)

k�eL�U\L^`_FcF���!jSyFt��4t�c
T�FyFt��S��jD^`cFb6hvj?eLiSjS�U{�aU^x�¬}K^`jSs`iSyF�i� �0�4cL^~\FbFcL^`�]s>k��Us`jSt�yS�OrLt�cFb6hn}T\Fs`i
kl�U��tl�kls`jS�U�]s
eLbF{�g
rLjSt	�FyFiDkls`��t2�qiSyL�4�~eL�BrFeFhWsx^`aFb6� yL^Skl�FyFtlrLtleLt�cFbF_ d��FiSa6^`p�^x�s`tleLgScFiSt

ψT (t) ∝ e−µtbvkls`t��Ft�cFcFiStS}
ψT (t) ∝ t−ω−1. (13.1.1)�qiScFt�\FcFiL}~s`iSs���^`aFsx}x\Fs`iq��s`b	�q�UcFaF FbFb�eLt���aDiqrLbL���qt�yFt�c6 FbFyFiSjD^`s`gZbObFcFs`t���yFb6�yFiSjD^`s`gL}LcFt��4i~��t�s>k�eL�D�	bFs`g>�qbFp�bF\Ft�klaFbL��iDklcFiSjD^`c6bFt��H�4i~rLtleLbnY¬«�i`eLt�t�kl�U��tl�kls`jSt�cFcF�z��hFj`eFhFt�sSk�h�s`iL}4\Fs`i bL�4t�cFcFi s~^`aUiS_¢¤¥kls`t��Ft�cFcFiS_K¦�jSb6r£bL�4t�t�s.^SklbL�4�6�s`iSs`bFa6^�yL^Skl�FyFtlrLtleLt�cFb6h	jSyFt��4t�cFb2�Ft�yFjSiS��iqrLiDkls`b6��t�cFb6h2p�^xrK^`cFcFiS_Os`iS\FaFb	rLbL�Z��q�Uc6rLbFyF�U�]��t�_ \L^Skls`bF F��}¬�FyFb ��s`iD�

ω = 1/2
YnwzcL^xeLiS��bF\FcF��_ yFt�p���eLgxsx^`s>�S��e�Fi`eL�U\Ft�c?rFeFh
jSyFt��4t�cFb
p�^x�6jD^`s~^�aF�U�SbF\Ft�klaUiS_>�SyFiS�UcFiSjDklaDiS_2eLiSjS�U{�aDiS_Ä� �*� Y�qi.cFtvk�eLtlrL�St�s.jSb6rLt�s`g.jWkls`t��Ft�cFcFiS_��q�UcFaF FbFb�¤ �
�FY �SY �~¦�s`i`eLgSaUiWk�eLtlrF�kls`jSbFt!rLbL���q�Up�bFiScFcF��� �6yFiS Ft�k�kliSjL}?�DiSs�h cL^���s`iS_ iDklcFiSjStB�FiDkls`yFiSt�cL^� Ftl�eK^xh
s`t�iSyFb6h
yFtleK^`a6k�^` FbFiSc6cF���?hFj`eLt�cFbF_n}FiS�FbLkl��jD^`t��4���?p�^`aDiScFiD���qi`eLgSyF^~�U{�^x�[]b6eLg`hL�f^x� X�^`sSk�^FY

üqyFiDkls`iS_ �FyFbL�4t�yn}¬rK^`cFcF��_ j_� �0� }¬�FiSa6^`p���jD^`t�s~}T\Fs`i
sx^`aUiS_ s`bF�.yL^Skl�FyFtl�rLtleLt�cFb6h�jSiSp�cFbFa6^`t�s2b j>�FyFiDkls`t�_6{�t�_ ��b6rLyFi�rLbFcL^S�4bF\Ft�klaUiS_�p�^xrK^~\Ft�d
s`t�\Ft�cFbFt
üq�D^`p�t�_6eFh2j�aFyF�U� eLiS_?s`yF�U�StSY#ýf^Sk�k��4iSs`yFbL��iSs`yFt�p�iSa2s`yF�U�S�<yL^xrLbF�Dk�^

R
rFeLbFcFiS_

L
Y�üqyFiD�qb6eLgOklaUiSyFiDkls`b>bL�4t�t�s	�L^`yL^`�Si`eLbF\Ft�k�aFbF_>jSb6r

v(r) = v0(1− r2/R2), 0 < r < R.=�^Skls`bF L^OkZsx^`aUiS_
klaUiSyFiDkls`gS���FyFi��Di~rLbFs�rK^`cFcF��_
iSs`yFt�p�iSa>p�^�jSyFt��8h
T =

L

v(r)
=

L

v0
(1− r2/R2)−1.

ð�eFh>\L^Skls`bF n}6rFeFh
aUiSs`iSyF���
T > t

}
û
(T > t) =

û ( r2
R2

> 1− L

v0t

)
=

L

v0t
,

bn}Lk�eLtlrLiSjD^`s`tleLgScFiL}

ψT (t) = −
d
û
(T > t)

dt
=

L

v0
t−1−ω, ω = 1.
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üqyFbL�4t�yF��}4i~rLcL^`aDiL}8cFt>p�^S�4t�c6hF�]s�rLiSaU^`p�^`s`tleLgDkls`jD^F}�rK^�b£jSyDh6r£eLb£�Fi`�k�eLtlrLcFt�t��4i���t�sZ�S��s`g]�Fi`eL�U\Ft�cFi]rFeFh�sx^`aFb6��klbLkls`t���}xaU^`a���t�i`eLiS��bF\Ft�klaFbFt�kls`yF�Ua6�s`�UyF��Y#�qi2jSiSs2\Fs`iL}KcL^?�4iS_�jSp�� eFh6r�}KjD^x�	c6i?plrLt�k�gLmK�FiDklaUi`eLgSaF�>j?yF^S�4a6^x�v�FyFi`�kls`t�_F{�t�_�¤¥kqcFt�p�^`jSbLklbL�4�z�4bv�FyFiS�St���^S�4b

R
bvjSyFt��4t�cL^S�8b

T
�FyFt��S��jD^`cFb6h
jOeLi`�jS�U{�a6^x�L¦?�8i~rLtleLb � «,��X s`i`eLgSaDi�rLjSt.�q�UcFaF FbFb

ψR(r)
b
ψT (t)

�Fi`eLcFiDkls`gS�iS�FyFtlrLtleFhF�]s?�FyFiS Ft�k�k`}Ks`i>kl�U��t�kls`jSiSjD^`cFbFt�^`jSs`iD�4i~rLtleLgSc6iS_�^SklbL�4�Fs`iSs`bFaFb jSiSpl��4i~�	c6iOeLbF{�gOj	k�eLtlrL�U�]��b6�>\Ft�s`��yFtl�
k�eL�U\L^xh6�¬m
∞∫

0

rψR(r)dr <∞,
∞∫

0

tψT (t)dt <∞;

∞∫

r

ψR(r)dr ∝ r−α,
∞∫

0

tψT (t)dt <∞;

∞∫

0

rψR(r)dr <∞,
∞∫

t

ψT (t)dt ∝ t−ω;

∞∫

r

ψR(r)dr ∝ r−α,
∞∫

t

ψT (t)dt ∝ t−ω.

X �Ft�yFjSiD��k�eL�U\L^`tW^SklbL�4�Fs`iSs`bF\Ft�klaU^xh�\L^Skls`gHyFt�{�t�cFb6h � «,��X���rLiSj`eLt�s`jSiSyDh6�t�s?iS�S��\FcFiD�4�?rLbL���q�Up�bFiScFcFiD�4�>�UyL^`jScFt�cFbF��}KjSi?jSs`iSyFiD��d
kl�U�Ft�yDrLbL���q�Up�bFiSc6�cFiD�4��k>rLyFiS�ScFiS_Hkls`t��Ft�cFgS�8��^`�6eK^SklbL^`cL^F}4jWs`yFt�s`gSt��!d£kl�U��rLbL���q�6plbFiScFcFiD�4�k
rLyFiS�ScFiS_H�FyFiSbFp�jSi�rLcFiS_H�FiWjSyFt��4t�cFbn}Öbn}ÖcL^`aUiScFt� n}ÖjW\Ft�s`jSt�yFs`iD�!d�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiD�4���Fi�aUiSiSyDrLb6cL^`sx^S��bWjSyFt��4t�cFbW�UyL^`jScFt�cFbF��^`cFiD�f^xeLgScFiS_rLbL���q�Up�bFbnY+üqyFiS�`eLt��f^F}`s~^`aFbL�WiS�SyL^`p�iD��}SkljSi~rLbFsSk�h	a	jSiS�FyFiDkl�TmxrLt�_Lkls`jSbFs`tleLgScFieLb�rK^`cFcL^xh klbFs`�S^` Fb6h��~rLiSj`eLt�s`jSiSyShFt�s2�Dk�eLiSjSbF��^`jSs`iD�4i~rLtleLgScFiDkls`bn}L�DiSs�h��S�Bja6^�\Ft�kls`jStq�FyFiD�4tl�	�Us`iS\FcFiS_v^SklbL�4�Fs`iSs`bFaFb�,��^`yDh6rL�>k���s`bL�¡¤ cL^`p�iSjSt��£t���i³óxòÀô�öoõ[ÿO¦��Fi~rF�Si~rLiD��}Fj2aDiSs`iSyFiD�Hk�eL�U\L^`_6�cFiDkls`g.�FyFbF�FbLkl��jD^`t�sSk¨hH\L^Skls`bF L^S�¡rLbL���q�Uc6rLbFyF�U�]��t�_Hkl�U�Dklsx^`cF FbFbn}§k�^S�f^���tklyFtlrK^?�Fi`eK^`�l^`t�sSk�h�i�rLcFiSyFi~rLcFiS_�¤ t�t	�f^`s`t�yFbL^xeLgScF��tOaDiS�����qbF FbFt�cFs`�!s`bF�L^>aUi`������qbF FbFt�cFs~^
rLbL���q�Up�bFb.cFt2p�^`jSbLk¨hFsviSs
aUiSiSyDrLbFcL^`sD¦�}8kl�U��t�kls`jS�`t�svb.rLyF�U��iS_n}�Si`eLt�t	�qbFp�bF\Ft�klaFb6_W�Fi�rF�Di~r�YnX¡��s`iD� öoùJ÷-ôx÷*ÿ��Fi~rF�Si~rLt	k�eL�U\L^`_FcFiDkls`gL}¬s`iS\FcFt�tS}cFt�yFt�����eFhFyFcL^xh2cFt�i~rLcFiSyFi�rLcFiDkls`gL}D�FyFbF�FbLkl��jD^`tlsDk¨h>k�yFtlrLtS}D�	b6rLaUiDkls`g�j�aUiSs`iSyFiS_rLjSb6��t�sSk�h�rLt�s`t�yL�4bFcFbFyFiSjD^`cFcF�z��iS�SyL^`p�iD�
�Fi�k�eL�U\L^`_FcFiqyL^Skl�Fi`eLi~��t�cFcF�z���FyFb6��DiSs�eLbFjSiS_W�qiSyL�4��aU^`cL^xeK^S��¤¥�4i�rLtleLg�k�eL�U\L^`_FcFiS_WklyFtlrL�]¦�Y � ^
cFt�aDiSs`iSyF�z��bLk �a6eL�]\Ft�cFbFt���}¬eL�]�D^xh �4i~rLtleLg
�Ft�yFt�cFiDk�^?j
�6iSyFbLkls`iS_Wk�yFtlrLt	�4i~��t�s>�S��s`g>eLt���aUiiSs`cFt�klt�cL^�a
s`iD�4�2b6eLb>bFcFiD�4�2s`bF�F�SYL�qiScFaFyFt�s`bFp�^` Fb6h?��t��4i�rLtleLb
iDkl�U��t�kls`j`eFh6�t�sSk�h�kljSiS_Lkls`jD^S�4bvb��L^`yL^S�4t�s`yL^S�4b��FyFiS 6t�k�k�^2�`eL�D�OrK^`cFb6hvj2�Ft�yFjSiD��k�eL�U\L^`tS}Lbklsx^`s`bLkls`bF\6t�klaUiS��i2^`cLk�^S�4�`eFh>k�eL�U\L^`_FcFi`� cFt�i~rLcFiSyFi�rLcFiS_>klyFtlrL�¢d	jSi�jSs`iSyFiD��Y
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X#yL^`�SiSs`tH� ���O�FyFtlrFeLi~��t�c!�4t�s`i~r�}q�FiSp�jSi`eFhF�]��bF_�¤ j�klsx^`s`bLkls`bF\Ft�klaDiD�k��4�zk�eLt~¦?klj`hFp�^`s`g���s`b<rFjD^�s`bF�L^£iS�FbLkl^`cFb6hnY(ýf^Sk�k��4iSs`yFbL�/�Fi`eL�U�St�klaUiScFtl\FcF��_ Fb6eLbFc6rLyn}8p�^`�Fi`eLcFt�cFcF��_.��yL^`cF��eK^S�4bn}��F�Skls`iSsS�/�4tl�OrL� aUiSs`iSyF�z�4bWb�kliSplrK^`�]s�����qt�aFs��FiSyFbLkls`iDkls`bnml�	b6rLaUiDkls`gz�FyFiDk�^~\FbFjD^`t�sSk¨hq\Ft�yFt�p§�F�Dkls`iSs`��Y7üqiSjSs`iSyFcFi�p�^x��Fi`eLc6h6h?��s`iSsOiSs`yFt�p�iSa? Fb6eLbFc6rLyL^���yL^`cF��eK^S�4b
�4�¢�S��rLt����Fi`eL�U\L^`s`g�yL^`p�eLbF\FcF��t�FyFiDkls`yL^`cLkls`jSt�cFcF��t�yL^Skl�FyFtlrLtleLt�cFb6h
ω
}LaU^x�OrLiD�4�>bFp�aUiSs`iSyF���
�S��rLt�s2kliSiSs`jSt�sx�kls`jSiSjD^`s`gOkljSi~hÇ�94�ñ"�&<"���mó�÷-ô��xøBùJ÷oøBù��

εω(x) = [S ÀQÁÂ¶ (x)/S ÃQÄ½Å ]ω,yL^`jScL^xh?iSs`cFiS{�t�cFbF���6eLiS��^xrLb?cFt�p�^`c6hFs`iS_>�lyL^`cF�~eK^S�4b>\L^Skls`b
klt�\Ft�cFb6h> Fb6eLbFc6�rLyL^�b2�6eLiS��^xrFb	�Fi`eLcFiS��i�klt�\Ft�cFb6h�¤«ý§bLk`YK�
�FY �~¦�Y&GvcFi~��t�kls`jSi
Ω = {ω} iS�SyL^`p��`t�sklsx^`s`bLkls`bF\Ft�k�aFbF_�^`cLkl^S�4�`eLg�s~^`aFb6�£klyFtlr�}f^

εω(x) ∈ [0, 1]
�4i~��t�s�yL^Sk�k��f^`s`yFb6�jD^`s`gDk�h?a6^`a
k�eL�U\L^`_FcL^xh>yFt�^xeLbFp�^` Fb6h>cFt�aUiSs`iSyFiS��i��FyFiS Ft�k�k�^FY�]�SiSp�cL^~\FbFj?\Ft�yFt�p

uω
¤ Ç } � ¦ZaDiScF Ft�cFs`yL^` FbF��rLbL���q�Uc6rLbFyF�U�]��t�_��	b6rLaUi`�kls`b.j>rK^`cFcFiS_ yFt�^xeLbFp�^` FbFb.klyFtlrL�

ω ∈ Ω
}np�^`�FbF{�t���rFeFh.cFt�t�rLbL���q�Up�bFiScFcFiSt�UyL^`jScFt�cFbFt

εω(x)
∂uω
∂t

= K
∂2uω
∂x2

, t > 0, 0 6 x <∞, (13.2.1)kZ��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4b
uω(0, t) = u0 = const, uω(x, 0) = 0, uω(x,∞) = 0.

X���jSi~r���s`iS��i?�UyL^`jScFt�cFb6h�iDklcFiSjD^`cvcL^>k�eLtlrL�U�]��b6��kliSiS�SyL^x��t�cFb6h6�¬Y � i`�� eK^Sklc6i�p�^`aUiScF��+�bFa6^�aUi`eLbF\Ft�kls`jD^��	b6rLaDiDkls`bn}6�FyFi~�Di�rFhF��t�_?p�^�jSyFt���h
dt
\Ft�yFt�p�FiS�Ft�yFt�\FcF��t�klt�\Ft�cFb6h
 Fb6eLbFc6rLyL^

x = x1
b
x = x2

}LkliSiSs`jSt�sSkls`jSt�cFcFi�yL^`jScF�

dQ1 = −Kω(x1)
∂uω(x1, t)

∂x1
Sdt,

dQ2 = −Kω(x2)
∂uω(x2, t)

∂x2
Sdt.

ý§bLk`Yn�
�FY �Sm �J�2,#&-9+:eO2)#.B +E!9+%#)+�!Yo.B + #�!HJN#��)�%#0*$7��0*$�%Kñ
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á"¥ á7¨���	R�G�7�o�2�[���$§Äâ��>����	#� �F�~�
oqp��4t�cFt�cFbFtBaUi`eLbF\Ft�kls`jD^��	b6rLaUiDkls`b j�k�eLiSt

(x1, x2)
p�^/jSyFt��8h

dt
rK^`t�sSk¨hyL^`p�cFiDkls`gS�

dQ1 − dQ2 =

[
Kω(x2)

∂uω(x2, t)

∂x2
−Kω(x1)

∂uω(x1, t)

∂x1

]
Sdt,

^�p�^�bFcFs`t�yFjD^xevjSyFt��8t�cFb
(t1, t2)

d	bFcFs`t���yL^xeLiD�

∆Q(t1, t2) =

t2∫

t1

[
Kω(x2)

∂uω(x2, t)

∂x2
−Kω(x1)

∂uω(x1, t)

∂x1

]
Sdt.

üqiOp�^`aDiScF�?kli��FyF^`cFt�cFb6h
�f^Sk�kl��¤ s`t�iSyFt��4t�c6t��FyFt�yF��jScFiDkls`bK¦

∆Q(t1, t2) =

x2∫

x1

[uω(x, t2)− uω(x, t1)]εω(x)Sdx.

üqyFbFyL^`jScFbFjD^xh���s`b�jS��yL^x��t�cFb6hn}x�Fi`eL^`�l^xh
(t1, t2) = (t, t+δt)

}
(x1, x2) = (x, x+

δx)
b
�Dkls`yFt��8eFh6h

δt→ 0
}
δx→ 0

}F�FyFb6�Si~rLbL�£a
�UyL^`jScFt�cFbF�

εω(x)
∂uω
∂t

=
∂

∂x

(
Kω(x)

∂uω
∂x

)
.

üqyFb��f^xeL����aDiScF Ft�cFs`yL^` Fb6h6�v�	b6rLaDiDkls`b
Kω

�4i~�	cFi?p�^S�4t�cFbFs`g>�����qt�a6�s`bFjScF�z�#�FiDkls`i�hFcFcF�z�#aUiS�����qbF FbFt�cFs`iD� rFbL�����Up�b6b
K
}�iSs`aF�~rK^¡b*k�eLtlrL�St�s�UyL^`jScFt�cFbFt	¤ �
�FY �6Y �~¦�Y

z¸äB{åä �Á�E¶����9���
�8~��³�´æ�|,�Â�E¶�·
� ^`�FbF{�t��Hs`t��Ft�yFg
k�eL�U\L^`_FcF�U�!�FiSyFbLkls`iDkls`g

εω(x)
j?jSb6rLtOkl�6�f�4�Bc6t�p�^x�jSbLk¨hF��t�_	iSs�aUiSiSyDrLbFcL^`s�kly6tlrLcFt�_2�FiSyFbLkls`iDkls`b

ε
b?k�eL�U\L^`_FcFiS_	�ZeL�UaFs`�D^` FbFb	�Fi`�yFbLkls`iDkls`b

η̃ω(x)
m

εω(x) = ε+ ηω(x), (13.3.1)[]yL^`jScFt�cFbFt	¤ �
�FY �6Y �~¦§jO��s`iD��k�eL�U\L^`tq�FyFbL�4t�s	jSb6r
ε
∂uω
∂t

+ ηω
∂uω
∂t

= K
∂2uω
∂x2

.

X¯� �
���L�FiSaU^`p�^`cFiL}`\Fs`i�j�yFt�p��~eLg~sx^`s`tz�FyFiDk�^�\FbFjD^`cFb6h��	b6rLaUiDk�sSb	\Ft�yFt�pz�Fi`�yFbLkls`�U�¢klyFtlrL���FyFiSbLk¨�Di~rLbFsuøå�!ÿD÷*4+øÝô�ò�5�ñxòBñ"��òSm~cL^qjS���Di�rLt�bFpz Fb6eLbFc6rLyL^ZrFeLbFcFiS_
LÀ 1À r

¤
r
d2yL^`p��4t�y>��yL^`cF�~eT¦Ö��a6kl�Ft�yFbL�4t�cFsx^`s`iSy
cL^`�`eL��rK^`t�s��DklyFtlrLcFt�cFcF�U�aUiSc6 Ft�cFs`yL^` FbF�
uω
}F��rLiSj`eLt�s`jSiSyDhF�]���U���UyL^`jScFt�cFbF�

ε
∂〈uω〉
∂t

+
∂

∂t
〈ηωuω〉 = K

∂2〈uω〉
∂x2

. (13.3.2)



�F��ª ��	��"�+�>�
áhf6�����#õ����"§Â��&x�x�������1Æ('Â�5���/�x�N'
üqyFtlrKklsx^`jSbL���ZeL�UaFs`�UbFyF�U�]���U��aDiD�4�FiScFt�cFs`�2�FiSyFbLkls`iDkls`b

ηω(x)
j�jSb6rLt

ùAò/��ò�°�ô1����ñ�÷�°*÷Jó/ôx÷*<xò!ø!ø3�
ηω(x) = (−1)N(x)A,� rLt

N(x)
d	�F�S^Sk�kliScFiSjDklaFbF_?�FyFiS Ft�k�k`}

û
(N(x) = k) =

(µx)k

k!
e−µx, k = 0, 1, 2, . . . ,

b
A
dZcFtÖp�^`jSbLk�hF��^xh�iSszcFt���iZk�eL�U\L^`_FcL^xh�jStleLbF\6bFcL^]k§rLjS�6�8h�yL^`jScFiSjSt�yFi�hFs`cF�z�4bp�cL^~\FtlcFb6hL�4b ±a m

〈A〉 = 0, 〈A2〉 = a2.X�yFt�p��~eLg~sx^`s`tq�Dk�eLiSjScFiS��i>¤ �FyFb
A = a

¦�b>�St�p��Dk�eLiSjScFiS��i��SklyFtlrLcFt�cFbF_
�Fi`eL�U\FbL��m

〈ηω(x)|A = a〉 = a

∞∑

k=0

(−1)k (µx)
k

k!
e−µx = ae−2µx,

〈ηω(x)〉 = 0, 〈η2ω(x)〉 = a2.wzcL^xeLiS��bF\FcF�z��iS�SyL^`p�iD��}�rFeFhBaUiSyFyFtleFeFhF FbFiScFcFiS_B���UcFa6 FbFbB�FyFb
x2 > x1cL^x�Di�rLbL��m

〈ηω(x1)ηω(x2)〉 = 〈a(−1)N(x1)a(−1)N(x2)〉 =
= a2〈(−1)2N(x1)+N(x2−x1)〉 = a2〈(−1)N(x2−x1)〉 =

= a2
∞∑

k=0

(−1)k [µ(x2 − x1)]
k

k!
e−µ(x2−x1) = a2e−2µ(x2−x1).

o��4t�t�s	�4t�kls`i2k�eLt�rL�U�Z��^xh
s`t�iSyFt��f^�i�rLbL���qt�yFt�cF FbFyFiSjD^`cFbFbÇ� '(� mÙVø/���
φx[ηω(·)]

ò!øBùJú³ñxò0��÷7ùJ÷-ôxõ©MÂ����ñxò0M�ñ�õ©MÄ�94�ñ"�&<"��÷7ñ����n÷7ù�ÿ��*ô���÷oö��
ø0��÷�°*÷�ó/ôx÷*<xò!ø!øå�

ηω(x
′)
�
x′ < x

�dø¬ñ"4*��ò!öoõ[ÿ ÿ��oùAòÒÿ��où���þ>òBø0�&�#ÿ�÷
����5*�oñ"�xòÒÿè 〈ηω〉 = 0
ê*��ùJ÷

d

dx
〈ηω(x)φx[ηω(·)]〉 =

〈
ηω(x)

d

dx
φx[ηω(·)]

〉
− 2µ〈ηω(x) φx[ηω(·)]〉. (13.3.3)

z¸äB{/ë -µ¹iï�|.� ����|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�|
��|
î ����ï�~��,~����

X�t�yFcFt��fk�h�s`t��Ft�yFg�a��UyL^`jScFt�cFbF� ¤ �
�FY �FY �S¦�Y8X����Fi`eLcFbFj��FyFt�iS�SyL^`p�iSjD^xcFbFt��^`�6eK^Sk�^��FiOjSyFt��4t�cFbn}
ελûω + ηωλûω = K

d2ûω
dx2

, ûω(0) =
u0
λ
,



�
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�DklyFt�rLcFbL��t���iO�Fi

ω ∈ Ω
b
A
m

ελ〈ûω〉+ λ〈ηωũω〉 = K
d2〈û〉
dx2

, 〈û(0)〉 = u0
λ
. (13.4.1)

o�kl�Fi`eLgSp��xh>s`t�iSy6t��4�?i�rLbL���qt�yFt�cF FbFyFiSjD^`cFbFb.¤ �
�FY �FY �D¦�}U�Fi`eL�U\FbL�
d

dx
〈ηωûω〉 = −2µ〈ηωûω〉+

〈
ηω
dûω
dx

〉
, (13.4.2)

d

dx

〈
ηω
dûω
dx

〉
= −2µ

〈
ηω
dûω
dx

〉
+

〈
ηω
d2ûω
dx2

〉
. (13.4.3)

üqi~rKkls~^`jSbFj!j�¤ �
�FY 'LY �D¦WjSs`iSyF�U� �FyFiSbFp�jSi~rLcF�U� �Fi
x
}OcL^`_6rLt�cFcF�U� bFp¤ �
�FY 'LY �S¦�}U�FiDk�eLtqcFt�k�eLi~�	cF���?�FyFt�iS�SyL^`p�iSjD^xcFbF_?�Fi`eL�U\FbL��rFeFhv�q�UcFaF FbFb

Ŵ (x, λ) = 〈ηωûω〉
k�eLtlrL�U�]��t�tq�UyL^`jScFt�cFbFt

d2Ŵ

dx2
+ 4µ

dŴ

dx
+

(
4µ2 − ε̄λ

K

)
Ŵ =

a2λ

K
〈ûω〉,

kZcL^~\L^xeLgScF�z���Dk�eLiSjSbFt��
Ŵ (0, λ) = 0.X<^SklbL�4�Fs`iSs`bFaUt��Si`eLgS{�b6�

x
yFt�{�t�cFbFt���s`iS��iO�UyL^`jScFt�cFb6h

Ŵ (x, λ) ≈ −a
2λ

2K

x∫

0

dξ
√
K/ε̄λ〈û(ξ, λ)〉 exp

[
−
(
2µ+

√
ε̄λ/K

)
(x− ξ)

]
∼

∼ a2

4µ
√
πε̄K

λ1/2, λ→ 0.

X����Fi`eLcFbFjviS�SyL^`s`cFiSt	�FyFt�iS�SyL^`p�iSjS^`cFbFt-��^`�6eK^Sk�^F}n^`jSs`iSyF�;� ���ÖcL^`{�eLbWaUiSyFyFtleF�eFhF FbFb
〈ηωuω〉 =

1

2πi

∫

C

eλtŴ (x, λ)dλ,

�Fi~rLklsx^`j`eFh6h>aUiSs`iSyF��tqjv¤ �
�FY �FY �S¦�}6�6yFbF{�eLbva>�UyL^`jScFt�cFbF�
ε̄
∂〈uω〉
∂t

= K
∂2〈uω〉
∂x2

+
a2

4µ
√
πε̄K

0 � 3/2t 〈uω〉.
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x x

q
x

x+dx

w

s
w

ý§bLk`Yn�
�FY �6m �I)�E�^�?�.�,+%5aVaXE�b-%+%z¸äB{
	 -µ|³¶�|�ç�|�~�~��³����|���������|�����·
X yL^`�SiSs`t¸� �*� }�yL^`p�jSbFjD^`�]��t�_��FiZkl�Us`b�s`iz��tÖcL^`�FyL^`j`eLt�cFbFtS}�yL^Sk�k��f^`s`yFbFjD^x�t�sSk�h2cFt�klaDi`eLgSaUi�bFcL^xh?kls`yF�UaFs`�UyL^�klyFtlrL��mDs`yFtl�F�4t�yFcFiSt]�FyFiDkls`yL^`cLkls`jSi�p�^`�Fi`eFcFtl�cFi��St�kl�FiSyDh6rLiS\FcF�z���4cFi���t�kls`jSiD���Ft�yFt��F�Us~^`cFcF���W��bF�SaFb6�.jSi`eLiSaUiSc�¤ s`yF�U�SiSaK¦�}�FiWaDiSs`iSyF�z�!b6rLt�sW�FyFiS Ft�k�k>cFiSyL�f^xeLgScFiS_£rLbL���q�Up�bFbnYÖX* FtleLiD��}§s`yF�U�SaFbH��s`bbL�4t��]sOs`t�c6rLt�cF FbF��iSyFbFt�cFs`bFyFiSjD^`s`gDk�h?j`rLi`eLg�iDklb

x
Y5üq�Dkls`g

ω
dOi~rLcL^�bFpqs~^`aFb6�s`yF�U�SiSa�¤«ý§bLk`Y��
�FY �S¦l}

σω
d.�6eLiS��^xrLg�t�t>�FiS�Ft�yFt�\FcFiS��i klt�\Ft�cFb6hn}

θω(x)
d.�U��i`e�4tl�OrL��cL^`�FyL^`j`eLt�cFbFt��<iDklb

x
b iDklgS���leLt��4t�cFsx^>s`yF�U�SaFbnY[üqyFtlrL�Fi`eLi��	bL��}¬\Fs`is`yF�U�SaFbWp�^`�Fi`eLcFt�cF��cFt��Fi�rLjSb6�	cFiS_.�	b6rLaUiDkls`gS��Y8X��4iD�4t�cFs�jSyFt��4t�cFb

t = 0
j�6eLiDklaDiDkls`b

x = 0
jSjSi~rLbFsSk�h jSivjDklt	s`yF�U�SaFbWyL^Skls`jSiSyn}TrLbL���q�Uc6rLbFyF�U�]��bF_W�FicFbL�£j	kliSiSs`jSt�sSkls`jSbFb
kqp�^`aUiScFiD�Ñ+�bFa6^FYL©niS��rK^

∂uω(x, t)σωdx

∂t
= qω(x, t)σω cos [θω(x)]− qω(x+ dx, t)σω cos [θω(x+ dx)]

bWkliSiSs`cFiS{�t�cFbFtOcFt��FyFt�yF��jScFiDkls`bW�4tl�OrL� aDiScF Ft�cFs`yL^` FbFt�_.rLbL���q�Uc6rLbFyF�U�]��t�_kl�U�Dklsx^`cF FbFb
b
t�t��6eLiSs`cFiDkls`gS�¡s`iSa6^
qω(x, t)

jOrK^`cFcFiS_
s`yF�U�SaUt
ω
p�^`�FbF{�t�sSk¨hvjjSb6rLt

∂uω(x, t)

∂t
= −∂[qω(x, t) cos θω(x)]

∂x
.

ð�iS�D^`jSbL��kl��rK^�p�^`aUiSc�+�bFa6^Fm
qω(x, t) = −K0

∂uω(x, t)

∂l
= −K0 cos[θω(x)]

∂uω(x, t)

∂x
.

üqi~rKkls~^`j`eFh6h jSs`iSyFiStO�UyL^`jScFt�cFbFt	j
�Ft�yFjSiStS}n�Fi`eL�U\FbL�¢�UyL^`jScFt�cFbFtOcFiSyL�f^xeLgScFiS_rLbL���q�Up�bFb>j`rLi`eLg�s`yF�U�SaFbnm
∂uω(x, t)

∂t
=

∂

∂x

{
K0 cos

2[θω(x)]
∂uω(x, t)

∂x

}
. (13.5.1)

� eLtlrL�`h> FbFs`bFyF�St��4iS_
yL^`�SiSs`tS}6�FyFtlrL�Fi`eLi��	bL��}F\Fs`i
√
K0 cos[θω(x)] = ε̄+ ηω(x)
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d�k�eL�U\L^`_FcF��_ �FyFiS Ft�k�k`}¬cL^`�FyFbL�4t�yn}�klsx^` FbFiScL^`yFcF��_ �l^��Dk�kliSj>�FyFiS 6t�k�k	klivklyFtlr6�cFbL�£p�cL^~\Ft�cFbFt��

ε̄
b
aDiSyFyFtleFeFhF FbFiScFcFiS_
�q�UcFaF FbFt�_

〈ηω(x1)ηω(x2)〉 = a2e−µ|x2−x1|.� rLt�klg
a
b
1/µ

�FyFtlrL�Fi`eK^`�l^`�]sSk�h
�f^xeL�z�4bnY

z¸äB{�� -ª��|���|³Û ï�¹iï�|,�����|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�|
��| î ����ï�~��,~����
[§klyFtlrLcFbL�Ws`t��Ft�yFg?¤ �
�FY �6Y �~¦8�Fi

ω
}D�Fi`eK^`��^xh

σω
klsx^`s`bLkls`bF\Ft�klaFb?cFtlp�^`jSbLklb6��4iS_>iSs

θω(x)
m

∂〈u〉
∂t
− ε2 ∂

2〈u〉
∂x2

= 2ε̄
∂

∂x
〈ηω(x) ∂u(x, t)/∂x〉+

∂

∂x
〈η2ω(x) ∂u(x, t)/∂x〉.

�qiScF Ft�cFs`yL^` Fb6h
uω(x, t)

hFj`eFhFt�sSk�h	�q�UcFaF FbFiScF^xeLiD��iSs
ηω(x)

Y�üqyFbL�4t�c6h6h�qiSyL�4��eL���qiSjSbFaUiSjD^~�å+��UyF�U F��� ��'L}¬�~�*�
〈
ηω
∂u

∂x

〉
=

∞∑

k=0

1

k!

∫

R

dx1 . . .

∫

R

dxk

〈
δk[∂u(x, t)/∂x]

δηω(x1) . . . δηω(xk)

〉
Ψk(x, x1, . . . , xk),

� rLt
Ψk(x, x1, . . . , xk)

d]�6eLiSs`cFiDkls`g
k+1

� _�aF�6�4�~eFhFc6sS�Wk�eL�U\L^`_FcFiS��i��Fi`eFh
ηω(x)

Y
ð�eFh>p�^xrK^`cFcFiS��i

ηω(x)

Ψ1(x, x1) = 〈ηω(x)ηω(x1)〉 = a2e−µ|x−x1|

b
Ψk = 0, k 6= 1.

X<y6t�p��~eLgxs~^`s`t��Fi`eL�U\FbL�

〈ηω ∂u(x, t)/∂x〉 = a2
∫

R

[∂〈f(x, x′, t)〉/∂x] e−µ|x−x′|dx′,

� rLt
f(x, x′, t) = δuω(x, t)/δηω(x

′).
ð�^xeLt�tS}

〈η2
ω∂u(x, t)/∂x〉 = 〈ηω(ηω ∂u(x, t)/∂x)〉 = a2

∫

R

〈
δ(ηω∂u(x, t)/∂x)

δηω(x1)

〉
e−µ|x−x1|dx1,
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k�eLtlrFiSjD^`sSt�eLgScFiL}
〈
δ(ηω∂u(x, t)/∂x)

δηω(x1)

〉
= δ(x− x1)

∂u(x, t)

∂x
+ a2

∫

R

〈
δ2∂u(x, t)/∂x

δηω(x1)δηω(x2)

〉
e−µ|x−x2|dx2,

bn}6cL^`aUiScFt� n}
〈
ε̃2
∂u(x, t)

∂x

〉
= a2 ∂〈u(x, t)〉

∂x
+ a4

2∫

R

〈
δ2∂u(x, t)/∂x

δε̃(x1)δε̃(x2)

〉
e−µ(|x−x2|+|x−x1|)dx1dx2.

üqyFbL�4t�c6h6h �q�UcFaF FbFiScL^xeLgScFiSt rLbL���qt�yFt�cF FbFyFiSjD^`cFbFt a �UyL^`jScFtl�cFbF�*¤ �
�FY �6Y �~¦�}
∂fω(x, x

′, t)

∂t
−

∂

∂x

[
(ε̄+ ηω)

2 ∂

∂x
fω(x, x

′, t)

]
= 2

∂

∂x

[
(ε̄+ ηω)δ(x− x

′)
∂

∂x
uω(x, t)

]

b>�FyFt�cFt��SyFt��l^xh>\6eLt�cL^S�4bn}Lkli�rLt�yD�O^`��bL�8b
a2
b
a4
}6�Fi`eL�U\FbL�

∂〈f(x, x′, t)〉
∂t

− ε̄2 ∂
2〈f(x, x′, t)〉

∂x2
= 2ε̄

∂[δ(x− x′)∂〈u(x, t)〉/∂x]
∂x

(13.6.1)

b
∂〈u(x, t)〉

∂t
− ε̄2 ∂

2〈u(x, t)〉
∂x2

+ 2ε̄a2
∂

∂x

∫

R

∂〈f(x, x′, t)〉
∂x

e−µ|x−x
′|dx′. (13.6.2)

üqiDk�eLt�rLiSjSi`eLgScFi£��yFiD�4iSplrLaFb6�¢jS��\FbLk�eLt�cFbF_�klbLkls`t��f^�¤ �
�FY ªFY �~¦ ��¤ �
�FY ª6Y �`¦�FyFbFjSi~rFbFsSk�h
a>rLyFiS�ScFi`� rLbL���qtlyFt�cF FbL^xeLgScFiS�4�	�UyL^`jScFt�cFbF�
∂〈u(x, t)〉

∂t
= K ′

∂2〈u(x, t)〉
∂x2

+ η 0 � 1/2t

∂2〈u(x, t)〉
∂x2

,

� rLt

0 � 1/2t v =
1√
π




t∫

0

(t− τ)−1/2 dv(τ)
dτ

dτ + v(0)t−1/2


 .

z¸äB{�� 4s��¶�·¸������ð����
�zrLbFc	bFp]�4t�s`i�rLiSj��f^`s`t��f^`s`bF\6t�klaUiS��i�iS�FbLk�^`cFb6hO�FyFiS Ft�k�k�^qcFt�kls~^` FbFiScL^`y6�cFiS_	�qb6eLg~s`yL^` FbFb	k��	bL�f^`t��4iS_��	b6rLaDiDkls`b	j��Fi`eL�U�St�klaDiScFt�\FcFiS_��FiSyFbFkls`iS_	klyFtlrLtk��U^`yL^`aFs`t�yFc6�z�HrFeFh�cFt�t�cL^xeLbF\FbFt��H�FyFiSs`iS\FcF����¤ �~¦�b�p�^Skls`iS_FcF����¤ �S¦�p�iScviDk��cFiSjS��jD^`t�sSk�h
cL^2klbLkls`t��4tO�qt�cFiD�4t�cFi`eLiS��bF\Ft�klaFb6�>�UyL^`jScFt�cFbF_vrFe6h kliSiSs`jSt�sSkls`jS�D��]��b6�?rK^`j`eLt�cFbF_

p1(x, t)
b
p2(x, t) (x ≥ 0, t ≥ 0)

� ��ª�� Y
ε
∂p1(x, t)

∂t
+ (1− ε)∂p2(x, t)

∂t
= K

∂2p1(x, t)

∂x2
,



�
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∂p2(x, t)

∂t
= γ(p1 − p2)kZaFyL^`t�jS�z�4b
�Sk�eLiSjSb6hL�4b

p1(+0, t) = Ps(t), p1(x, 0) = p1(∞, t) = p2(x, 0) = p2(∞, t) = 0.

X���s`b6���UyL^`jScFt�cFb6h6�
ε
d£iS�&Ént��4cL^xh�rLi`e6h<�FyFiSs`iS\FcF���Hp�iScn}

γ
d£�FiDkls`i~hFcFcL^xhs`t��6eLiSiS�D�4t�cL^O�4tl�OrL�>p�iScL^S�4bn}

K
d2aUiS�����qbF FbFt�cFs�rLbL���q�Up�bFbn}

Ps(t)
d2p�^xrK^`c6�cL^xh.p�^`jSbLklbL�4iDkls`g>rK^`j`eLt�cFb6h cL^
�FiSjSt�yD�6cFiDkls`b iSs
jSyFt��4t�cFbnY8©�yFt��S�`t�sSk�hWcL^`_Fs`b��yL^xrLbFt�cFs�rK^`j`eLt�cFb6h>cL^���s`iS_
�FiSjSt�yS�6cFiDkls`b

p′(t) ≡ ∂p1(x, t)/∂x|x=0
Y

ý4t�{�^xh2jSs`iSyFiStzbFpZ�UyL^`jScFt�cFbF_?klbLkls`t��4�<b2�Fi~rKklsx^`j`eFh6h	yFt�p��~eLg~sx^`s�j��Ft�y6�jSiStS}U�Fi`eL�U\FbL��m
( ú 2 −K � 2x)p1(x, t) = 0, (13.7.1)� rLtqiS�Ft�yL^`s`iSy ú 2 iS�FyFtlrLtleLt�c
kliSiSs`cFiS{�t�cFbFt��

ú 2p1(x, t) ≡ [ε � t + (1− ε)γ − (1− ε)γ2e−γt 0 � −1t ]p1(x, t).�qt��FiDklyFtlrKkls`jSt�cFcFiS_?�FyFiSjSt�yFaUiS_>�4i~�	cFiO�6�St�rLbFs`gDk�hn}6\Fs`i
ú 2p1(x, t) ≡ {e−γt[ε � t + (1− 2ε)γ − (1− ε)γ2 0 � −1t ]eγt

}
p1(x, t)

b
ú p1(x, t) =

=

{
e−γt

√
ε � t + (1− 2ε)γ − (1− ε)γ2 0 � −1t eγt

}
p1(x, t). (13.7.2)

X�yFt�p��~eLg~sx^`s`t���^`aFs`iSyFbFp�^` FbFb>�UyL^`jScFt�cFb6h.¤ �
�FY ´UY �~¦§bL�4t�t��
( ú −√K � x)( ú +√K � x)p1(x, t) = 0,

iSs`aF��rK^�bLklaUiD�4��_
��yL^xrLbFt�cFs
p′(t) = −

√
1/K ú p1(0, t) =

= −
√

1/Ke−γt
√
ε � t + (1− 2ε)γ − (1− ε)γ2 0 � −1t eγtPs(t).X��FyFtlrLtleLgScFiD�*k�eL�U\L^`t kl�6eLiS{�cFiS_<�FyFiSs`iS\FcFiS_<p�iScF��¤

ε = 1
¦2iSsSkl��rK^k�eLtlrL�`t�sOiS�S��\FcFiStqyFt�{�t�c6bFtqrFeFh>rLbL���q�Up�bFb>jOj`hFp�aUiS_?�	bUrLaUiDkls`b

p′(t) = −
√

1/K 0 � 1/2t Ps(t).

XHrLyF�U��iD�£�FyFtlrLtleLgScFiD�£k�eL�U\L^`tZd2kl�6eLiS{�cFiS_>p�^Skls`iS_FcFiS_>p�iScF�<d
ε = 0

p′(t) = −
√

1/Ke−γt
√
γ − γ2 0 � −1t eγtPs(t) =



�D�S� ��	��"�+�>�
áhf6�����#õ����"§Â��&x�x�������1Æ('Â�5���/�x�N'
= −

√
γ/Ke−γt 0 � −1/2t

√ � t − γeγtPs(t) =
= −

√
γ/Ke−γt 0 � −1/2t eγt 0 � 1/2t Ps(t).��^`aUiScFt� n}Uj	k�eL�U\L^`tqiSsSkl�UsSkls`jSb6hv�f^Sk�kliSiS�D�4t�cL^��4tl�OrL�?p�iScL^S�4b

γ = 0
b

p′(t) = −
√

1/K
√
ε 0 � 1/2t Ps(t).Gv�¢bL�4t�t��£plrLt�klgOs`iSs���t�y6t�p��~eLgxs~^`s~}F\Fs`iOb
jO�Ft�yFjSiD�£k�eL�U\L^`tS}6cFi	kZ�UjStleLbF\Ft�c6�cF�z�£aUiS�����qbF FbFt�cFs`iD�WrLbL���q�Up�bFb

K ′ = K/ε
Y

z¸äB{�- -µ|³¶�~�¹
XÚyL^`�SiSs`t7� �o´
� }��FiDklj`hF��t�cFcFiS_/^`cL^xeLbFp���yL^Skl�Fy6iDkls`yL^`cFt�cFb6h*p�jS�UaDiSjS���jSi`eLc<j�k�eLiSbLkls`iS_<�FiSyFbLkls`iS_�klyFtlrLt �4t�s`i~rLiD��rLyFiS�ScF���H�FyFiSbFp�jSi~rLcF���¬}ÖiSsS�4tl�\L^`t�sSk�hn}�\Fs`i��FyFt�bL�4�U��t�kls`jSi�jSyFt��4t�cFc��iS��i��FyFtlrKklsx^`j`eLt�cFb6h¢�FyFiS Ft�k�k�^WcL^xr�\L^x�kls`iSs`cF�z�.p�^`a6eL�]\L^`t�sSk�h	j�kl�FiDkliS�ScFiDkls`bO�FyFbF\FbFcFcFi`� k�eLtlrKkls`jSt�cFcFiS��i�iS�FbLk�^`cFb6hn}SjyL^`jScFiS_Okls`t��Ft�cFb	�FyFbF��i�rLcFiS��iZrFeFh	yFt�{�t�cFb6hO�FyShL�4iS_	bOiS�SyL^`s`cFiS_�p�^xrK^~\�s`t�iSyFbFbyL^Sk�kltlhFcFb6hnY� eLtlrL�`h	��s`iS_	yL^`�SiSs`tS}`yL^Sk�k��4iSs`yFbL�.k�eLiS_	i~rLc6iSyFi~rLcFiS��iq�FiSyFbLkls`iS��i��f^`s`tl�yFbL^xeK^F}Sp�^`a6eL�]\Ft�cFcFiS��i��4tl�OrL�O�6eLiDklaUiDkls�hL�4b

x = 0
b
x = l

}DcL^�aUiSs`iSyF��_	�L^xrK^x�t�sO�6eLiDklaU^xh>jSi`eLcL^F}U�FyFb6�Di�rFhF��^xh
kli	kls`iSyFiScF�<iSs`yFbF L^`s`tleLgScF���
x
�Ft�yF�Ft�c6rLbFaF�D�eFhFyFcFi�t���iq�FiSjSt�yS�6cFiDkls`bnY � s`yF�UaFs`�UyL^�cL^Skl����t�cFcFiS_�jSiSplrL�D�SiD���FiSyFbLkls`iS_OklyFtlrL��Fi`eK^`�l^`tlsDk¨h?cFt��Fi�rLjSb6�	cFiS_n}6^`aF�Dkls`bF\Ft�klaU^xh?jSi`eLcL^�yL^Skl�FyFiDkls`yL^`c6hFt�sSk¨h?s`i`eLgSaUi�jjSiSplrL�D�DtS}ScL^Skl����^`�]��t��W�FiSyF��Y�ûÖs`i�yL^Skl�FyFiDkls`yL^`cFt�c6bFtZiS�FbLkl��jD^`t�sSk�h2jO�4i�rLtleLb��aFjSbFjD^xeLt�cFs`cFiS_��	b6rLaUiDkls`bn}x�U^`yL^`aFs`t�yFb6p��St��4iS_�rLjS�6�8h�iS�SiS�S��t�c6cF�z�4b��D^`yL^`aFs`tl�yFbLkls`bFaU^S�4bnmUrLbFcL^S�4bF\Ft�klaDiS_?bFp�jSb6eLbLk�sSiDk�sSgS��¤ �
I Z �3PNI±FåT �/� ¦fk�^S�4iS_?klyFtlrL� α̃(ω) brLbFcL^S�4bF\Ft�klaDiS_�k��	bL�f^`t��4iDkls`gS�BjSa6eL�]\Ft�cFcFiS��i2j2cFt�t�jSiSplrL�D�U^

β̃(ω)
Y�ûÖs`b�aUiD�8��6eLt�aUklcF��tv�q�UcFaF FbFbn}fk��6��t�kls`jSt�cFcFi�p�^`jSbLk�hF��bFt?iSs�\L^Skls`iSs`��}8�D^`yL^`aFs`t�yFbFp��U�]siSs`a6eLiScFt�cFbFt�iSs��FiSjStlrLt�cFb6h?�	b6rLaUiDkls`b
j2kljSiS�Si�rLcFiD�W�FyFiDkls`yL^`cLkls`jSt�kZ�UjStleLbF\Ftl�cFbFt���\L^Skls`iSs`��Y8oZ� s`t�iSyFt�s`bF\Ft�klaFbFt?jS��yL^x��t�cFb6h �U^`yL^`aFs`t�yFbFp��U�]sSk¨h£^SklbL�4�Fs`i`�s`bFa6^S�4b

α̂(−iω) ∼ α∞[1 + (iωτα)
−1/2],

β̂(−iω) ∼ 1 + (iωτβ)
−1/2,� rLt

τα
b
τβ
d��qbFp�bF\Ft�klaFbFt��FiDkls`i~hFcFcF��tS}x�U^`yL^`a6sStlyFbFp��U�]��bFt]kljSiS_Lk�sSjD^q�4i�rLtleLbnY

üqyFt�iS�SyL^`p�i`jD^xcFbFtZbFp�\L^Skls`iSs`cFiS_>jSiOjSyFt��4t�cFcF�U�¡iS�`eK^Skls`b?iS�FyFtlrLtleLt�cFb6h>rK^`t�sFm

α(t) = α∞
[
δ(t) + a(t/τα)

−1/2
]
,

β(t) = δ(t) + b(t/τβ)
−1/2.
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üqt�yFjS��_v\6eLt�c�j?�FyL^`jSiS_
\L^Skls`b�a6^x�OrLiS��i2bFp���s`b6�vjS��yL^x��t�cFbF_
rK^`t�s?�4��cFiSjSt�c6�cF��_2iSs`a6eLbFa?klyFtlrL��}DsSiS��rK^�aU^`a2jSs`iSyFiS_	\6eLt�c?iSs`yL^x��^`t�s�t�t]�L^S�8hFs`gLYF�ZklcFiSjScF��t�UyL^`jScFt�cFb6h>yL^Skl�FyFiDk�sSyF^`cFt�cFb6hv^`aF�Skls`bF\Ft�klaUiS_>jSi`eLcF�¢�FyFb
��s`iD�£bL�4t��]s	jSb6r

ρα ?
∂v

∂t
= −∂p

∂x
,

β ?
∂p

∂t
= −Ka

∂v

∂x
,

� rLt
Ka
d�iS�&Ént��4cF��_O�4i�rL�~eLgq�U�FyF�U��iDkls`bOjSiSplrL�D�U^F}

p
d�^`aF�Dkls`bF\Ft�klaDiSt�rK^`j`eLt�cFbFtS}

v
d>klaDiSyFiDkls`g2\L^Skls`bF F��YTo�kla6eL�]\L^xhvbFp���s`b6�v�UyL^`jScFt�cFbF_
rK^`j`eLt�cFbFtS}L�FyFb6�Si~rLbL�a
yL^`p�cFiSjSbUrLcFiDkls`b?rLyFiS�ScFiS��i�s`tleLt���yL^S�qcFiS��i��UyL^`jScFt�cFb6h

∂2v

∂x2
− 1

c2
∂2v

∂t2
+A

t∫

0

∂2v/∂t′2√
t− t′

dt′ −B∂v
∂t

= 0,

� rLt
A
b
B
d>��b6p�bF\Ft�klaFbFt��FiDkls`i~hFcFcF��tS}

c = c0/
√
α∞

d
klaDiSyFiDkls`g2j2�FiSyFbLkls`iS_
klyFtlrLtS}

c0 =
√
ρ/Ka

d�klaUiSyFiDkls`g�jSi`eLcF�Hj�kljSiS�Si~rLcFiD���FyFiDkls`yL^`cLkls`jStSY�ð�yFiS�ScF��ts`tleLt���yL^S�qcF��tq�UyL^`jScFt�cFb6h>bLk�k�eLtlrFiSjD^xeLbLklg�j	yL^`�SiSs~^x�Â� ���F}¬��Ñ��nb>rLynY
z¸äB{�3 e �������D~ ç�|�ï��³�´æ�|,�Â�E¶�·
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p
b.kljSiS�Si�rLcF�z�<k�jSt�yFi�hFs`cFi`�kls`gS�

1−p Y � iSjSiSaF�U�FcFiDkls`g]p�^`c6hFs`����kliDkltlrLcFb6��rLyF�U��kÖrLyF�U��iD���UpleLiSjZiS�SyL^`p��U�]sa6eK^Skls`t�ynY � sx^`c6rK^`yFs`cF�z�4b2p�^xrK^�\L^S�4b	s`t�iSyFbFb	�Ft�yFaUi`eFhF FbFbOhFj`eFhF�]sSk�h	bFp��U\Ft�cFbFtyL^Skl�FyFtlrLtleLt�cFb6h�a6eK^Sk�sStlyFiSjq�FiZyL^`p��4t�yL^S��b�rLyF�U��bL����t�iD�4t�s`yFbF\Ft�klaFbL�v�U^`yL^`aFs`tl�yFbLkls`bFaU^S��}xiS�FyFtlrLtleLt�cFbFtÖsx^`a�cL^`p���jD^`t��4iS��i��FiSyFiS�l^��FyFiSs`t�a6^`cFb6h�dZjSt�yFi~hFs`cFiDkls`b
p = pc

}��FyFb�aUiSs`iSyFiS_qa6eK^Skls`t�y�klsx^`cFiSjSbFsSk¨h��St�klaUiScFt�\FcF�z��}�bqrLynY*��^`yDh6rL�Zkf�UpleK^x��4bvbFp��U\L^`�]sSk�hvb�k�jSiS_Lkls`jD^	klj`hFp�t�_n}FaUiSs`iSyF��t��4iS���Us	�S��s`g	a6^`a
�FyFiSjSi~rFhF��bL�4bn}sx^`a b.s`�U�FbFaDiSjS�z�4b�¤�ux�4t�yFs`jS�z�4b.aUiScF L^S�4bn|D¦�Y�©�^`aFbFt2�4i�rLtleLb.bLkl�Fi`eLgSp��U�]sSk�hn}j�\L^Skls`cFiDkls`bn}SrFeFh?bFp��U\Ft�cFb6h2�leLt�aFs`yFbF\Ft�klaUiS_2�FyFiSjSi~rLbL�4iDkls`b?k�eL�U\L^`_FcF���	�leLt�aU�s`yFbF\Ft�klaFb6�> Ft��Ft�_nY
üqyFiDkls`t�_F{�t�_.�4i~rLtleLgS���FyFiSjSi~rFhF��t���i>aUeK^Skls`t�yL^vkO�4t�yFs`jS�z�4bWaDiScF L^S�4bhFj`eFhFt�sSk¨h	s~^`a	cL^`p���jD^`t��f^xh���yFt��St�{�aDiSjD^xhO�4i�rLtleLg2¤«ý§bLk`YK�
�FY �D¦�Y� Ök�eLb�ux�4t�yFs`jS��t
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aUiScF F��|�rLiDkls~^`s`iS\FcFi�rFeLbFcFcF��tS}fb6�£�4i��	cFi.kl\FbFsx^`s`g �St�klaUiScFt�\FcF�z�4bnY�ð�jSb6��tl�cFbFt�rLbL���q�Uc6rLbFyF�U�]��t�_�kl�U�Dklsx^`cF FbFbv�~rLiS�ScFi	�FyFtlrKklsx^`j`eFhFs`g?klt��St�j2jSb6rLt�rLjSb6���t�cFb6h�cFt�p�^`jSbLklbL�4�����f^`s`t�yFbL^xeLgScF����s`iS\Ft�an}x�U�FyL^`j`eFhFt��4iS��izrLbL���q�Up�bFiScFcF�z�4bjSt�yFi~hFs`cFiDkls�hL�4bnYDX£aU^x�OrLiD� �UpleLt��FyFiSjSi~rFhF��t�_	klj`hFp�b

ab
\L^Skls`bF L^��D�Si~rLbFs2¤ b6eLbk>iS�FyFt�rLtleLt�cFcFiS_�jSt�yFi�hFs`cFiDkls`gS���4i~��t�s �U_Fs`bK¦�j.�SiSaDiSjS�U��s`�U�FbFaUiSjS�U��jSt�s`jSg¤�u~p��U�L|2��yFt��St�{�a6^D¦�b�jSiSp�jSyL^`s`bFs`gDk�hviSs`s`��rK^?\Ft�yFt�p�k�eL�U\L^`_FcFiSt�jSyFt��8hn}KyL^Skl�FyFtl�rLtleLt�cFcFiStS}6a6^`a>bFp�jSt�kls`cFiObFp�s`t�iSyFbFb
�SyFiS�UcFiSjDklaUi`��i�rLjSb6��t�cFb6hn}LkZ�6eLiSs`cFiDkls`gS�

q(t) ∝ t−3/2, t→∞.
X��Ft�yFjS��t�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiSt��UyL^`jScFt�cFbFt�rLbL���q�Up�bFbO�S��eLi�klj`hFp�^`cFi�k��yFt��St�{�aDiSjSiS_?�4i~rLtleLgS��jOyL^`�SiSs`t�ý4Y>ý4Y$�qbF���f^`s`�~e6eLbFcL^�� �6�0� Y1Gv�¢jS��jSt�rLt��W��s`i�UyL^`jScFt�cFbFtS}Uk�eLtlrL�xh?�Si`eLt�t]�FiSplrLcFt�_2yL^`�SiSs`tZXZY� zY6wzyD�6bFcF\Ft�t�jD^�b³û]Y�GWY6«�^SklaFb6�cL^�� �S�*� Y

üqyFtlrL�Fi`eK^`�l^xh2�4cFi~��t�k�sSjSi�p��U�SgSt�j���yFt��St�{�a6^F}DcL^`�FyL^`j`eLt�cFcF���	j`rLi`eLg�iDklb
y
}D�St�klaUiScFt�\FcFi����Dkls`�z��}Ub?�FyFb6cFbL�f^xhn}6\Fs`i�rLbL���q�Up�b6h2�Fi�cFbL�WcFiDklbFs�iS�S��\FcF��_�U^`yL^`aFs`t�yn}K^OrLbL���q�Up�b6hvj2cL^`�FyL^`j`eLt�cFbFbviDklb

x
�FyFiSbLk��Di�rLbFs2s`i`eLgSaUi2cL^2k�^S�4iS_��s`iS_�iDklbn}~�FyFtlrKklsx^`jSbL��klsx^`c6rK^`yFs`cFiStÖrLbL���q�Up�bFiScFcFiStÖ�UyL^`jScFt�cFbFtÖrFeFhO�q�UcFaF FbFbCnyFbFcL^

∂G

∂t
−K4G = δ(x)δ(t)jOjSb6rLt

∂G

∂t
−Kxδ(y)

∂2G

∂x2
−Ky

∂2G

∂y2
= δ(x)δ(y)δ(t),

kliSiSs`jSt�sSkls`jS�U�]��t��2rLbL���q�Up�bFbqjzyL^Sk�k��f^`s`yFbFjD^`t��8iS_qcFt�i~rLcFiSyFi~rLcFiS_q^`cFbFp�iSs`yFiS�6�cFiS_2klyFt�rLt]k�aUiS�����qbF FbFt�cFs~^S�4bOrLbL���q�Up�bFb
Kx
b
Ky
j`rLi`eLg�kliSiSs`jSt�sSkls`jS�U�]��b6�iDklt�_nYFX����Fi`eLcFbFjO�FyFt�iS�SyL^`p�iSjD^xcFbFt���^`�6eK^Sk�^��Fi	jSyFt��8t�cFb
bÇ+��UyFgStq�Fi	aDiSiSyDrLb6�
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cL^`s`t

x
}F�Fi`eL�U\FbL�

(
λ+Kxk

2δ(y)−Ky
∂2

∂y2

)
G̃(k, y, λ) = δ(y).

ý4t�{�tlcFbFt���s`iS��iO�UyL^`jScFt�cFb6h>bL�4t�t�s	jSb6r

G̃(k, y, λ) =
exp

[
−(λ/Ky)

1/2|y|
]

2(Kyλ)1/2 +Kxk2
.

��^Ok�^S�4iS_>iDklb
x
iScFiO�FyFbFcFbL�f^`t�sOjSb6r

(
λ1/2 +

Kx

2K
1/2
y

k2

)
G̃(k, 0, λ) = 1,

kliSiSs`jSt�sSkls`jS�U�]��t�t]rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgSc6iD�4�	�UyL^`jScFt�cFbF�¡kl�U�~rLbL���q�Up�bFbnm

0 � 1/2t G(x, 0, t)−
(
Kx/2K

1/2
y

) ∂2G(x, 0, t)
∂x2

= δ(x)δ(t). (13.9.1)

[]yL^`jScFt�cFbFtO��s`i
iS�FbLkl��jD^`t�s?yL^Skl�FyFtlrLtleLt�cFbFt�rLbL���q�Uc6rLbFyF�U��b6��\L^Skls`bF n}ncL^x�Di`�rFhF��b6�Dk�h
cL^�iDklb
x
}F�FiS��s`iD�4�

∞∫

−∞

G(x, 0, t)dx < 1

bWkOs`t�\Ft�cFbFt���jSyFt��8t�cFb.�6�S��jD^`tls>�Fi�kls`t��Ft�cFcFiD�4��p�^`aDiScF�Tm¬jDklt	�Si`eLgS{�^xh�rFi`eFh\L^Skls`bF �j
�4iD�4t�cFs>bFp��4t�yFt�cFb6h iSaU^`p���jD^`t�sSk�hvjScFt���s`iS_�iDklbn}Ts`i>t�kls`g>bL�4t�t�s>aUi`�iSyDrFbFcL^`s`�
y 6= 0

Y" Ök�eFb
��t�bFcFs`t�yFt�kliSjD^`s`gDk¨h
aDiSiSyDrLbFcL^`s`iS_
x
�Stlp�iSs`cFiDklbFs`tleLgScFia rLyF�U��iS_n}ns`ivt�kls`gvyL^Sk�k��f^`s`yFbFjD^`s`g
jDklt	\L^Skls`bF F��}njSa6eL�]\L^xh.cL^x�Si~rFhF��bFt�k�h cL^p��U�Sg`h6�2��yFt��St�{�a6^F}6k�eLtlrL�St�sO�Fi`eLgSp�iSjD^xs`gDk�h?�UyL^`jScFtlcFbFt��

0 � 1/2t G(x, t)− (Kx/2K
1/2
y )

∂2G(x, t)

∂x2
= δ(x)

t−1/2

Γ(1/2)
. (13.9.2)

üqi~rL\Ft�yFaFcFt���}6\Fs`i	kljSiSbL�.rLyFiS�ScF�z�W�U^`yL^`aFs`t�yFiD����s`b>�UyL^`jScFt�cFb6h?iS�~hFp�^x�cF��iDkliS�SiS_?cFt�i~rLcFiSyFi~rLcFiS_
^`cFbFp�iSs`yFiS�FbFb
klyFtlrL��}LjOaUiSs`iSyFiS_
�FyFiSbLk¨�Di~rLbFs�rLbL�Z��q�Up�b6hnY��qt��S��rLgZt�tS}~s`iqt�k�sSgZbL�4t�_�\L^Skls`bF F�£jSt�yFi�hFs`cFiDkls`gZ�Ft�yFt��4t���^`s`gDk¨h�j`rLi`eLg
x
}xcL^x�Di~rFhLklg]jScFt���s`iS_�iDklb>¤ �FyFb

y 6= 0
¦8�UyL^`jScFt�cFb6t�rLbL���q�Up�bFb�bL�4tleLiq�S��iS�S��\6�cF��_
jSb6r

∂G

∂t
−Kx

∂2G

∂x2
−Ky

∂2G

∂y2
= δ(x)δ(y)δ(t).� rLt�klg�klyFtlrK^Ws`i~��t�^`cFbFp�iSs`yFiS�FcL^<¤ aDiS�����qbF FbFt�cFs`��rLbL���q�Up�bFb

K
j�yL^`p�cF���cL^`�FyL^`j`eLt�cFb6h6�qyL^`p�cF��t~¦�}�c6iZ^`cFbFp�iSs`yFiS�Fb6h���s~^zi~rLcFiSyFi�rLcL^Fm

Kx
b
Ky
cFtÖp�^`jSbLk�hFsiSs�aUiSiSyDrLbFcL^`s~Y
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x
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x
}SjSa6eL�]\Ft�cFbFt�� jScFt�{�cFb6�	klb6e�}SiS�St�kl�Ft�\FbFjD^`�]��b6��klcFiDk�\L^Skls`bF j`rLi`eLg

x
}6j`rLi`eLg

y
}6j`rLi`eLg

x
b
y
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z.ë�{�z  }�
�9���.ï���~����ì�����,��# ~��
ýf^`p�jSbFs`bFtZrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgScFi`_?s`t�yL�4i~rLbFcL^S�4b6aFbv�FyFiSbLk��Di�rLbFsOjcFt�klaDi`eLgSaFb6�vcL^`�FyL^`j`eLt�cFb6h6�¬Y�Gv�¡aUiDklcFt��fk�h�j?��s`iS_���eK^`jSt�rLjS�D�vbFp�cFb6�vd>s`t��6�eLiS�Ft�yFt�cFiDk�^�b
s`t�iSyFbFbv��^`p�iSjS���	�Ft�yFtl�Di�rLiSjLY
üqyFiDkls`t�_F{�^xh�p�^xrK^~\L^2s`t��6eLiS�Ft�yFt�cFiDk�^>jS����eFh6rLbFs
k�eLtlrL�U�]��bL�¢iS�SyL^`p�iD��Y

ýf^Sk�k��4^`sSy6bFjD^`t�sSk�h��Fi`eL�U�St�klaDiScFt�\FcF��_�kls`t�yD��t�cFgqkfbFp�i`eLbFyFiSjD^`cFcFiS_��SiSaDiSjSiS_q�Fi`�jSt�yS�Fc6iDkls`gS��}LyL^Skl�Fi`eLi~��t�cFcF��_�cL^2�Fi`eL�`iDklb
x ≥ 0

bvrLi>�4iD�4t�cFsx^
t = 0

jDkl��rL�bL�4t��]��bF_
i�rLbFcL^`aUiSjS�U��s`t��4�Ft�yF^`sS�UyF��¤ �FyFbL�4t��£t�tqjOa6^�\Ft�kls`jStqcF��eLt�jSiS_K¦�YF©�yFtl��S�St�sSk¨h�cL^`_Fs`b�s`t��6eLiSjSiS_�s`iSa2¤ s`iS\FcFt�tS}�t���i
x
� �FyFiSt�aF FbF�q¦

q(t) ≡ j(0, t) }�aUiSs`iSyF��_rLi`eF��t�c?�Fi~rLjSi�rLbFs`gDk�h2a>kls`t�yS�	cF��\Ft�yFt�pZt���i�aDiScFt� n}U\Fs`iS�S��s`t��4�Ft�yL^`s`�UyL^�aUiSc6� L^
f(0, t)

�4t�c6h6eK^Sklg	kliOjSyFt��4t�cFt��£�FiOp�^xrK^`cFcFiD�4�2p�^`aDiScF�
T (t) (T (0+) = 0)

Y

ý§bLk`Yn��'LY �Sm �»b2.B,5.*W#&��d 5.BO2)+&-Yo.B +%+%A0*$7&*)/g� #"Fñ
ð�eFhOiSs`jSt�sx^ZcL^q��s`iSs�jSiS�FyFiDk�cFt�iS�~�Si~rLbL�4iqcL^`_Fs`b2kliSiSs`jSt�sSkls`jS�U�]��t�t�rK^`c6�cF�z�£�Dk�eLiSjSbUhL��yFt�{�t�cFbFt��UyL^`jScFt�cFb6h>s`t��6eLiS�FyFiSjSi�rLcFiDkls`b

∂f

∂t
= K

∂2f

∂x2
, x > 0, t > 0, (14.1.1)
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rFeFhvyL^Skl�FyFtlrLtleLt�c6b6hvs`t��4�Ft�yL^`s`�UyF�

f(x, t)
b
rLbL���qt�yFt�cF FbFyFiSjD^`cFbFt����Fi	aUiSiSy6�rLbFcL^`s`t�jS��\FbLk�eLbFs`gObLklaUiD�4�U�¡jStleLbF\FbFcF�

q(t) = −K∂f(x, t)

∂x

∣∣∣∣
x=0

=

√
K

π

d

dt

t∫

0

T (t′)dt′√
t− t′

. (14.1.2)

ý4t�p���eLgxsx^`s ¤ ��'LY �SY �S¦�}K�FyFtlrKklsx^`j`eFhF�]��bF_ bLklaDiD�4�U��jStleLbF\FbFcF�vj>jSb6rLt��Fi`�eL�U�FyFiSbFp�jSi�rLcFiS_n}F�4i���t�sO�S��s`gO�Fi`eL�U\Ft�c
b>bFcF�z���F�Us`t���Y
üqyFtlrKklsx^`jSbFj��UyL^`jScFt�cFbFt	¤ ��'LY �SY �~¦§jOjSb6rLt

(
∂

∂t
−K ∂2

∂x2

)
f(x, t) =

(
0 � 1/2t −

√
K

∂

∂x

)(
0 � 1/2t +

√
K

∂

∂x

)
f(x, t) = 0,

(14.1.3)b
�U\Fs�hn}F\Fs`i	yFt�{�t�cFbFt��UyL^`jScFt�cFb6h
(
0 � 1/2t +

√
K

∂

∂x

)
f(x, t) = 0

jSiOjDk¨hFaUiD�£k�eL�U\L^`tq��rLiSj`eLt�s`jSiSyDhFt�s�b>�UyL^`jScFt�cFbF�/¤ ��'LY �SY �~¦�}U�Fi`eL�U\FbL��m
∂f(x, t)

∂x
= − 1√

K
0 � 1/2t f(x, t).

[Z�4cFi~��^xh.��s`i�yL^`jStlcLkls`jSi
cL^ −K bW�Fi`eK^`��^xh
x = 0

}n�FyFb6�Di~rLbL�¢a�kliSiSs`cFiS{�tl�cFbF�*¤ ��'LY �SY �S¦
q(t) =

√
K 0 � 1/2t T (t).�]s�rK^`jD^xh�rLi`eF�	cFiSt�^`jSs`iSyL^S� � �0� }>\FgSb s`t�iSyFt�s`bF\Ft�klaFbFt�yL^`�SiSs`� kls`b6��4��eLbFyFiSjD^xeLb �FyFiScFbFaFcFiSjSt�cFbFt�u~�Fi`eL�UbFcFs`t���yL^xeLgScF���¬|��4t�s`i~rLiSj�j��Fy6bFa6eK^xrF�cF��tBiS�`eK^Skls`bn}?cFtleLgSplh cFt!iSsS�4t�s`bFs`gL}>\Fs`i��UyL^`jScFt�cFb6h ��s`b²¤ �St�p�u�rLyFiS�ScFi`�rLbL���qt�yFbFcFs`t���yL^xeLgScFiS_n|Hs`t�yL�4bFcFi`eLiS��bFbn}Z�FyF^`j`rK^D¦v�4i��	cFi<jDkls`yFt�s`bFs`g¢t���t�j�Ft�yFjS���vbFplrK^`cFb6h6�£u�Gvtl�D^`cFbFaFb kl�6eLiS{�cF���vklyFtlr�|��	Y�ð ��^`c6rK^~�S}" zY#GWY���bL�Z�{�bF L^FYT[]yL^`jScFt�cFbFt
¤ ��'LY �6Y �~¦�}Tj>\L^Skls`cFiDkls`bn}¬�S��rL�U\Fb�rLiS�Fi`eLcFt�cFcF�z��cL^~\L^xeLgScF�z��Dk�eLiSjSbFt���}KkliSjS�L^xrK^`t�sOk��UyL^`jScFt�cFbFt���¤ �S�6Y ��ªD¦� FbFs`bFyF�St��4iS_�aFcFbF��b�¤ Q Y¬��'DªD¦�}6aUi`�s`iSyFiStZh
�FyFbFjSi��	�2j	iS�SiSp�cL^�\Ft�cFb6h6�2iSyFbF��bFcL^xeK^Fm

q(t) =
κ√
πχ

t∫

−∞

dT0(τ)

dτ

dτ√
t− τ .

©�^S����t��Fi�rL\Ft�yFaFbFjD^`t�sSk�hn}6\Fs`i2�qiSyL�4��eK^���sx^��FyFtlrKklsx^`j`eFhFt�s	kliS�SiS_?iS�SyL^`��t�cFbFtbFcFs`t���yL^xeLgScFiS��iOkliSiSs`cFiS{�t�cFb6h

κT0(t) =

t∫

−∞

√
χ

π(t− τ)q(τ)dτ.
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� ^S�4t�s`bL��}B\Fs`i j iS�SiSb6� k�eL�U\L^xh6� �`eK^`��i�rK^`yDh �Dk�eLiSjSb6hL�

T (0+) = 0
b

T (−∞) = 0
�FyFiSbFpljSi~rLcF��teý§bL�f^`cL^x� ��bF�UjSb6eFeFh?bv��^`�F�Us`iO��aFjSbFjD^xeLt�cFs`��Y�qivjSt�yFcFt��fk¨hWa�kliSjSyFt��4t�cFcFiDkls`bnY�X!aFcFbF��tÂ� �*�Ö��s`iSs��4t�s`i~r�iS�SiS�S��t�c cL^�FyFiS Ft�k�k`}6iS�FbLkl��jD^`t��4��_>�UyL^`jScFt�cFb6t��
[ � t − α(x, t) � 2x − β(x, t) � x + γ(x, t)]T (x, t) = 0.+�^`aFs`iSyFbFp�^` FbFbO��s`iS��i��UyL^`jScFt�cFb6hO�FyFbFjSi�rLbFs�a2k�eLtlrL�U�]��t�_³÷oøBñ�÷oöoñ�÷*M���÷-ô+ÿ�4*��ò�4t�s`i~rL^Fm

A(0, t)qx(0, t) =
∞∑

j=0

aj(0, t) 0 � (1−j)/2t .

X%\L^Skls`cFiDkls`bn}�rFeFh k�eL�U\L^xh �FiDkls`i�hFcFcF��� aUiS�����qbF FbFt�cFs`iSj
α, β, γ

b
T (0, t) = T0 = const

�Fi`eL�U\L^`t���m

qx(0, t) = (1/
√
α)

(
0 � 1/2t +

β

2
√
α
+
δ

2
0 � −1/2t − δ2

8
0 � −3/2t + . . .

)
T0 =

=

(
1√
πt

+
β

2
√
α
+

δ√
π

√
t− δ2

6
√
π
t
√
t+ . . .

)
T0.

z.ë�{3± �Á�(��¶�|�|
��æ��,~ÌË����¢��� î�� ���XÍí��,��� � �©�ì�,����í��.��ç î � �9����~���ð î
«�i`eLt�t�bFcFs`t�yFt�klcFiS_¢k��qbFp�bF\Ft�klaDiS_�s`iS\FaFb¢p�y6t�cFb6h�hFj`eFhFt�sSk�h<p�^xrK^�\L^Wis`t��6eLiSjSiD�<¤ÅrLbL���q�Up�bFiScFcFiD�§¦f�FiSs`iSaUtZcL^���yL^`cFbF 6tq{�^`yL^

r = R
Y6XH��s`iD�£k�eL�U\L^`t

[
∂

∂t
−K

(
∂2

∂r2
+

2

r

∂

∂r

)]
T (r, t) = 0, r > 0, t ≥ 0,

b
qr(R, t) = ( 0 � 1/2t + 1/R)T (R, t)¤ aUiS�����qbF Fb6t�cFsOs`t��6eLiS�FyFiSjSi�rLcFiDkls`b>�FyFbFc6hFs	plrLt�klgOyL^`jScF�z��tlrLbFcFbF Ft~¦�YX²s`t�iSyFbFb/�Fi`eFhFyFbFp�^` FbFb/yL^Sk�k��f^`s`yFbFjD^`t�sSk¨h�rLbL���q�Up�b6h�jSt���t�kls`jD^�bFpk��qt�yFbF\Ft�klaDiS_�a6^`�6eLb��	b6rLaDiDkls`b j?iSaFyF�D�O^`�]��t�t��FyFiDkls`yL^`cLkls`jSiL}Kp�^`�Fi`eLcFt�cFcFiStrLyF�U��iS_��	b6rLaUiDkls`gS��}S�FyFb	�Dk�eFiSjSbFbn}`\Fs`i�yL^xrLbF�Dk�a6^`�6eLb	yL^Sk�sStls�kli�jSyFt��4t�cFt�� �FibFp�jSt�kls`cFiD�4�vp�^`aUiScF�

R = R(t)
Y � ^xrK^`cL^?sx^`a6��tOaUiScF Ft�cFs`yL^` Fb6h jSt���t�kls`jD^?a6^`�U�eLb?cL^�t�tZ�FiSjSt�yD�6cFiDkls`b

Cs(t)
Y6oqp��4t�cFt�cFbFtZaUiScF Ft�cFs`yL^` FbFb2rLbL���q�Uc6rLbFyF�U�]��t���ijSt���t�kls`jD^

c(r, t)
iS�FbLkl��jD^`t�sSk�h?�UyL^`jScFt�cFbFt��

[
∂

∂t
−K

(
∂2

∂2
+

2

r

∂

∂r

)
+
R2Ṙ

r2
∂

∂r

]
c(r, t) = 0, r > 0, t ≥ 0
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kZaFyL^`t�jS�z�4b
�Sk�eLiSjSb6hL�4b

c(R, t) = Cs(t); c(∞, t) = 0; c(r, 0) = 0, r > R(0) ≡ R0.

üqi`eL�U\Ft�cFcFiStzj�� �*�¬�4t�s`i~rLiD����^`aFs`iSyFb6p�^` FbFb2jS��yL^x��t�cFbFtzr6eFh?�6eLiSs`cFiDkls`b?�FiSs`i`�a6^�cL^��FiSjSt�yD�6cFiDkls`b>aU^`�6eLb
bL�4t�t�sOjSb6r�m

jr(R(t), t) =
√
K

[
0 � 1/2t +

√
K

R(t)
+

Ṙ(t)

2R(t)
0 � −1/2t +

+

(
3Ṙ2(R)

8R2(t)
− R̈(t)

4R(t)

)
0 � −3/2t + . . .

]
Cs(t).

üqyFb>�FiDkls`i~hFcFcFiS_>aUiScF Ft�cFs`yL^` FbFb
cL^��FiSjSt�yD�6cFiDkls`b

jr(R(t), t) =
√
K

[
1√
πt

+

√
K

R(t)
+

Ṙ(t)

2R(t)

2
√
t

π
+

+

(
3Ṙ2(R)

8R2(t)
− R̈(t)

4R(t)

)
4t3/2

3
√
π

+ . . .

]
Cs(t).

üqt�yFjS��t�rLjD^2\6eLt�cL^?�Fi`eL�U\FtlcFcF����yL^`pleLi~��t�cFb6h�iS�FbLkl��jD^`�]s2�FyFiS Ft�k�k�j>k�eL�U\L^`tcFt��Fi~rFjSb6�	cFiS_
��yL^`cFbF F��}6iDklsx^xeLgScF��tq�FyFtlrKkls~^`j`eFhF�]s2kliS�SiS_?�FiS�FyL^`jSaFbn}6�U\FbFs`���jD^`�]��bFtqyL^Skl{�bFyFt�cFbFtqa6^`�6eLbnYXHcFt�aUiSs`iSyFiD��k��4�zk�eFtqiS�SyL^`s`cF�z�WyL^Sklk��4iSs`yFt�cFcFiD�4�	jS��{�tZ�FyFiS Ft�k�kl��hFj`�eFhFt�sSk�h �FyFiS Ft�k�k�yL^Skls`jSiSyFt�cFb6h��l^`p�^?j?�	b6rLaUiDkls`b.�FyFb t���ivk¨�O^`s`bFbnm¬p�^`�Fi`eLcFt�c6�cF��_��l^`p�iD��k��qt�yFbF\6t�klaFbF_�iS�&Ént��HiSaFyF�D��t�cv�	b6rLaUiDkls`gS��}KrK^`j`eLt�cFbFt�j?aUiSs`iSyFiS_�4tlrFeLt�cFcFi��FiSjS��{�^`t�sSk�hnYÖX�yFt�p��~eLg~sx^`s`t�iS�&Ént��!b¢�f^Sk�k�^.�l^`p�^.�6�4t�cFgS{�^`�]sSk�hn}�6�4t�cFgS{�t�cFbFtÖ�f^Sk�kl�.�FyFiSbLk��Si~rLbFszp�^zkl\Ft�szyL^Skls`jSiSyFtlcFb6h��l^`p�^�jz�	b6rFaUiDkls`bn}�aUiSs`i`�yFiSt]�4i~�	cFi�yL^Sk�k��f^`s`yFbFjD^`s`g�a6^`aOrLbL���q�Up�bF�<t���i��4i`eLt�aF�~e2\Ft�yFt�p]�FiSjSt�yD�6cFiDkls`gLY��^`a��FiSa6^`p�^`cFi2jÇ� �*� }KrK^`j`eLt�cFbFt�j?�Fi`eLiDkls`b�s~^`a6��t��~rLiSj`eLt�s`jSiSyShFt�s2�UyL^`jScFt�cFbF�k]rLyFiS�ScF�z�4b
�FyFiSbFp�jSi�rLcF�z�4bnY
z.ë�{åä ; ����ï�~��,~������i��~X~ ���(Û�~��76AÎ}�,��~���çB�

©nt�iSyFb6h�aFyFbFs`bF\Ft�klaFb6�qhFj`eLt�cFbF_O�]yFcF{�s`t�_FcL^x� øqt�yFcFb6aUt§iDklcFiSjD^`cL^�cL^�s`yFtl��Fi`eLi~��t�cFb6h6��� ��� Y#üqt�yFjSiSt�dOkliSiSs`cFiS{�t�cFbFt]�4tl�OrL�Op�^`jSbLk�hF��t�_	iSs�s`t��4�Ft�yL^`s`�UyF��1:o÷7ùAòÀô+ÿ���þ>ò!ø0��÷*Muø����#ÿ��/òÒÿ�÷oøBùJú&2
χ(T )

bO�ZeL�UaFs`�D^` Fb6hL�4b�\FbLk�eK^q�4i`eLtlaF�~e
NjO�Si`eLgS{�iD�<¤ �Fi2klyL^`jScFt�c6bF�BkZaUiSyFyFtleFhF FbFiScFcFiS_?rFeLbFcFiS_K¦�iS�&Ént��4t

V
klbLkls`t��4��m

χ(T ) = − 〈N〉
nV 2

(
∂V

∂P

)

T

=
δ2

nkBT
,
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� rLt

n = 〈N〉/V d�klyFtlrLc6h6h�aUiScF Ft�cFs`yL^` FbUhO�4i`eLt�aF��e�}`^ δ2 = (〈N2〉−〈N〉2)/〈N〉d
iSs`cFiS{�t�cFbFt�rLbLkl�Ft�yLklbFb \FbLk�eK^
N
a��F�D^Sk�kliScFiSjDklaDiS_vrLbLkl�Ft�yLklbFb �FyFb s`iS_���taUiSc6 Ft�cFs`yL^` FbFbnY©+�iSyL�4�~eK^
��sx^
iSp�cL^~\L^`t�s~}¬\Fs`i�j�klbLkls`t��f^x�WkOjS�zkliSaUiS_.k��	bL�4^x�t��4iDkls`gS�²¤ cL^`�Fy6bL�4t�yn}�jWyL^`p�yFtl��t�cFcF�����l^`p�^x�L¦��Si`eLgS{�bFtv�ZeL�UaFs`�D^` FbFbH\FbLk�eK^\L^Skls`bF ��Si`eLt�t�jSt�yFi�hFs`cF��}K\Ft���j?s`jSt�ySrL����s`tleK^x�¬YTX���yL^x�O^xhv��s`b �ZeL�UaFs`�D^` Fb6b\Ft�yFt�pqbFcFs`t���yL^xeviSsOaUiSyFyFtleFhF 6bFiScFcFiS_v�q�UcFaF FbFbmó�÷uö/ø!òÒÿ�4¬ó/ôx÷oøBù�ô1�oñxøBùAö�4

δ2 = 1 + n

∫
C(r, T )dr,

�FyFb6�Si~rLbL�£av�qiSyL�4��eLt

nkBTχ(T ) = 1 + n

∫
C(r;T )dr,

klj`hFp���jD^`�]��t�_?aDiSyFyFtleFhF FbFiScFcF�U�B�q�UcFaF FbF�BkZs`t��4�Ft�yL^`s`�UyFiS_nYoqp�jSt�kls`cFiL}x\Fs`i�rFeFhOjDkltl���Skls`iS_F\FbFjS���OklbLkls`t��
(∂V/∂P )T < 0

}SjqiSaFyFt�klsx�cFiDkls`b���tOaFyFbFs`bF\Ft�klaUiS_.s`iS\FaFb.��^`p�iSjSiS�li?�Ft�yFtl�Di~rL^
Tc
�FyFiSbFp�jSi~rLcL^xh�iSs>iS�&É¬�t��f^v�FivrK^`j`eLt�cFbF�

(∂P/∂V )T
iS�SyL^`��^`t�sSk�h j�cF�~eLgL}8^

χ(T )→∞, T → Tc
Y

ûÖs`i�kljSb6rLt�s`tleLgDkls`jS�St�s�iS����aUkls`yFt��f^xeLgScFi��Si`eLgS{�b6�O�ZeL�UaFs`�D^` Fb6h6�O�6eLiSs`cFiDkls`b2jaFyFbFs`bF\Ft�klaDiS_2iS�`eK^Skls`bn}`�FiSyFi~�OrK^`�]��b6��hFj`eLt�cFb6hOaFyFbFs`bF\Ft�klaUiS_2iS�L^xeLt�kl Ft�cF 6bFbn}yL^Sk�kltlhFcFb6h£kljSt�sx^F}8�6eK^`p��4t�cFcF����aDi`eLt��D^`cFbF_�b£s~Yf�nYfX�iSp�cFbFaU^`�]��^xh��FyFb£��s`iD�yL^Sk¨�Di~rLbL�4iDkls`g�bFcFs`t���yL^xeK^OiSs�aUiSyFyFtleFhF FbFiScFcFiS_
�q�UcFaF FbFb
∫
C(r;Tc)dr =∞

�Ua6^`p���jD^`tls�cL^O�St�klaUiScFt�\FcF��_>yL^xrLbF�DkqaDiSyFyFtleFhF FbF_n}LiS�S�Dk�eLiSjxeLt�cFcF��_>cL^xeLbF\FbFt��rFeLbFcFcFiS��iv�6jSiDkls~^
aUiSyFyFtleFhF FbFiScFcFiS_��q�UcFaF FbFb
C(r;Tc)

Y4©nt�iSyFt�s`bF\Ft�klaFbF_£^`cL^x�eLbFp��FiSaU^`p���jD^`t�s~}6\Fs`i��6jSiDkls���s`iSsObL�4t�t�s2kls`t��Ft�cFcFiS_>jSb6r�m
C(r;Tc) ∝ r−(d−2), r →∞,

� rLt
d
��yL^`p��4t�yFcFiDkls`g>�FyFiDkls`yL^`cLkls`jD^FY�=�bFk�eLt�cFcFiSt���tO�4i~rLtleLbFyFiSjD^`cFb6t�b�cFt�aUi`�s`iSyF��tq��a6kl�Ft�yFbL�4t�cFs`���FiSaU^`p���jD^`�]s~}6\Fs`i

C(r, Tc) ∝ r−(d−2+η),
� rLt

η
�§�Fi`eLi~�	bFs`tleLgScFiStq\FbLk�eFiL}L�4t�cFgS{�t�tqtlrLbFcFbF F��YX�s`iSyFiSt �Fi`eLi~��t�cFbFt iSs`yL^x�O^`t�sSk�h ��ñ�ùAò�°�ô1���xú�ñ�õ[ÿ 4Bô1�/öoñxòBñ"�xòÒÿ��ôxñ"ÚJùAò0M�ñ����m 6òÀôxñ"�$�+òl}��FiSp�jSi`eFhF�]��bL� �Ft�yFt�_Fs`b iSs �q�UcFaF FbFb

C(r;T )
arLyF�U��iS_ �q�UcFaF FbFb

c(r;T )
}¡�Si`eLt�tÚ��rLiS�ScFiS_ rFeFh ^`cL^xeLbFp�^ aFyFbFs`bF\Ft�klaFb6�hFj`eLt�cFbF_nm

C(r12, T ) = c(r12, T ) + n

∫
C(r23, T )c(r13, T )dr3.
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[]yL^`jScFt�cFbFt.��s`i�yL^`pleK^`��^`t�s�ó�÷��xñ"4&2}��÷-ô�ô�ò/�1��<"��÷7ñ�ñ"4&2}�94�ñ"�&<"�"2

C(r, T )
cL^

ó/ô1�5ÿ�4&2 þ$�/øBùJú
c(r, T )

}4iS�FbLkl��jD^`�]���U��jSp�^`bF�4i~rLt�_Lkls`jSbFt
1 → 2

k?�`eLb6�O^`_6�{�bL��iSaFyF�D��t�cFbFt���b¡�FiSs`iD�4��aDiSyFiSs`aUi~rLt�_Lkls`jS�U�]���U��}zb ñxòBó/ô1�5ÿ�4&2¢þ$�/øBùJúS}jS��yL^x�O^`t��4�U� bFcFs`t���yL^xeLiD��Y,�qt��FyDhL�f^xh�\L^Skls`g£iSs`cFiDklbFsSk�h<a<jSp�^`bL�4i~rLt�_Lkls`jSb6�hL�
1 → 3 → 2, 1 → 3 → 4 → 2, . . . , 1 → 3 → 4 → . . . → n → 2

b�FiS��s`iD�4��iS�FyFtlrLtleFhFtlsvaDiSyFyFtleFhF FbFbWcL^>�Si`eLgS{�b6��yL^Sk�kls`i~hFcFb6h6�¬Y8�]�StOaUiSyFyFtleFh6� FbFiScFcF��tv�q�UcFaF FbFb��St�p�yL^`p��4t�yFcF��Y§X/aFyFbFs`bF\Ft�klaDiS_HsSiS\6aUtvyFi`eLg.�f^xeL���£yL^Sk��kls`i~hFcFbF_n}L� rFt��FyDhL�4��t�aUiSyFyFtleFhF FbFbviSs`yFbF L^`s`tleLgScF��}K�f^xeK^FYxüqyFt�cFt��SyFtl�l^xh
bL�4bn}b>cL^xrFeLtl��^`��bL��iS�SyL^`p�iD�.cFiSyL�4bFyF�`h
c(r, T )

}F�4i~�	cFi��FyFb6rK^`s`gOt�_
k��4�zk�e
s`yFtl�U��4t�yFcFiS_��6eLiSs`cFiDkls`b�jSt�yFi�hFs`cFiDkls`t�_n}§^ k�^S�4i bFcFs`t���yL^xeLgScFiSt>�UyL^`jScFt�cFbFt
�4i���t�s�S��s`gObFcFs`t�yF�FyFt�s`bFyFiSjD^`cFiOa6^`a>�6yF^`jScFt�cFbFt�k�eL�U\L^`_FcF���?�`eL�D�OrK^`cFbF_nY
z.ë�{/ë �s��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�¹ÂÛn��~��³¶�|
�

î ����ï�~��,~���� �i��~X~ ���(Û�~��76AÎ}�,��~���ç��
©�yFt�s`gSt��6i`eLi~��t�cFbFtZs`t�iSyFbFb��]yFcF{�s`t�_FcF^x� øqt�yFcFbFaUtZp�^`a6eL�]\L^`t�sSk�h?j�s`iD��}\Fs`i!�q�UcFaF Fb6h

c̃(k, T )
�FyFtlrL�Fi`eK^`�l^`t�sSk¨h/\Ft�s`cFiS_*^`cL^xeLbFs`bF\Ft�klaUiS_/�q�UcFaF FbFt�_

k = |k| j	iSaFyFt�kls`cFiDkls`b k = 0
rFeFh
jDkltl�?s`t��4�Ft�yL^`s`�Uyn}FjSa6eL�]\L^xh

Tc
m

c̃(k, T )− c̃(0, T ) ∝ k2, k → 0.

ûÖs`bL�<iS�St�kl�Ft�\FbFjD^`t�sSk�hvaUiScFt�\FcFiDkls`g?rLbLkl�Ft�yFklbFb�u~�FyFiS�St��l^F|2b�rLbL���q�Up�bFiScFcF��_¤ �SyFiS�UcFiSjDklaFbF_K¦f�U^`yL^`aFs`t�y
^SklbL�4�Fs`iSs`bFaFbvaDiSyFyFtleFhF FbFiScFcFiS_
���UcFa6 FbFb
Cas(r, Tc) = Ar−1,

��rLiSj`eLt�s`jSiSyDhF�]��t�_>klsx^` FbFiScL^`yFcFiD�4�2�UyL^`jScFt�cFbF��cFiSyL�f^xeLgScFiS_2rLbL���q�Up�bFbnm
−4 Cas(r, Tc) = 4πAδ(r)

X�klsx^`c6rK^`yFs`cFiS_�s`t�iSyFbFb<bLkl�Fi`eLgSp��`t�sSk�h�iS�SiSyFjD^xcFcFiSt
cL^WjSs`iSyFiD��\6eLt�cFtyL^`pleLi~��t�cFbFtS}6�FyFtlrKklsx^`j`eLt�cFcFiStqjOjSb6rLt
c̃(k, T ) = c̃(0, T )− (R2/n)k2,

� rLt
R(T )

d�57ò060�/ò!ö/ø0�
����5�����ñ��³:(�où�4�È��oñ"���KY � s`yF�UaFs`�UyFcL^xh2�q�UcFaF Fb6h	�FyFbFcFbL�f^x�t�sOjO��s`iD��k�eL�U\L^`tZeLiSyFt�cF Ft�jDklaFbF_>jSb6r

ak =
1

1− nc(0, T ) +R2k2
=

R−2

ξ−2 + k2
,

� rLt�p�^`jSbLk�hF��^xhviSs>s`t��8�Ft�yL^`s`�UyF��b��6eLiSs`cFiDkls`b jStleLbF\FbFcL^
ξ
cL^`p���jD^`t�sSk�h�5����"�

ñ�÷*MÄ��÷-ô�ô�ò/�1��<"�"�LYxüqyFb
T → Tc

iScL^	iS�SyL^`��^`t�sSk¨hvj2�St�klaDiScFt�\FcFiDkls`gLY¬�]�SyL^`s`cFiSt



��ò�¥ ÿhz�	��$�1�5���[��ã��"÷x�"§D�R��������Æ('q&x�����M'5�5����� �&�D�
�FyFt�iS�SyL^`p�iSjS^`cFbFt�+��UyFgSt�j�yF^Sk�k��f^`s`yFbFjD^`t��4iD���FyFbF�`eLb6��t�cFbFbOrK^`t�s�k�eLtlrL�U�]��bF_yFt�p���eLgxsx^`s�rFeFh
�Fi`eLcFiS_>aUiSyFyFtleFhF FbFiScFc6iS_v�q�UcFaF FbFbnm

C(r, T ) ∝
{
(R2r)−1 exp(−r/ξ), T < Tc,
r−1, T = Tc

Y
� eLtlrL�St�s]�Fi~rL\6t�yFaFcF�Us`gL}~i~rLcL^`aUiL}�\Fs`iZjZk�eL�U\L^`t§rLjS�6�4t�yFcFiS_�klbLkls`t��4��yL^Sk��k��f^`s`yFbFjD^`t��4��_>�Fi~rF�Si~r
�Fy6bFjSi~rLbFsOa
^`�Dkl�UyDrL�TmUaUiSyFyFtleFhF FbFiScFcL^xh>�q�UcFaF Fb6hÂ�x÷*�°��*ô��"��ÿ���þ>ò!ø0�&�uô1�/øBùAòBù�YL�qyFiD�4t�s`iS��iL}F\FbLk�eLt�cFcFiSt��4i~rLtleLbFyFiSjD^`cFbFt�bvyDh6r���a6k���Ft�yFbL�4t�cFs`iSj�kz�f^`��cFbFs`cF�z�4b?klbLkls`t��f^S�8b2�FiSaU^`p���jD^`t�s~}`\Fs`i�j�aFyFb6sSb6\Ft�klaUiS_	sSiS\U�aUtZaUiSyFyFtleFhF FbFiScFcL^xh>�q�UcFaF Fb6h

d
� �4t�yFcFiS_
k�bLkls`t��4�¢eL�U\F{�tq^`�F�FyFiSa6klbL�4bFy6�St�sSk�h�qiSyL�4��eLiS_n}6�FyFtlrFeLi~��t�cFcFiS_Ç+�bF{�t�yFiD��m

C(r, Tc) ∝ r−(d−2+η), (14.4.1)

� rLt
η
dz�Fi`eLi~�	bFs`tleLgScFiSt4\FbLk�eLiL}��4t�cFgS{�t�tftlrLbFcFbF F��YoûÖsx^��qiSyL�4�~eK^���^`aFs`bF\Ft�klaFbiDk�eK^`�`eFhFt�s�sSy6t�s`gSt��6i`eLi~��t�cFbFtqs`t�iSyFbFbn}Fp�^S�4t�c6h6h>t���iOs`yFt��SiSjD^`cFbFt��

c̃(k, T )− c̃(0, T ) ∝ kα, 0 < α < 2 k → 0.

��^`a2k�eLtlrL�St�s�bFp]cL^`{�t�_2yL^`�SiSs`��� '(� }U^SklbL�4�Fs`iSs`bF\Ft�klaU^xh?\L^Skls`g�yFt�{�t�cFb6h2j���s`iD�
k�eL�U\L^`t��D^`yL^`aFs`t�yFbFp��St�sSk�h�s`yL^`cLk��qiSyL�f^`cFs`iS__+��UyFgSt

C̃as(k, Tc)
}T��rLiSj`eLt�s`jSiSyDh6��]��t�_
�UyL^`jScFt�cFbF�

|k|αC̃as(|k|, Tc) = A(α).�]cFizhFj`eFhFt�sSk�h�+��UyFgStl� iS�SyL^`p�iS�
�UyL^`jScFt�cFb6h�kÖeK^`�UeK^SklbL^`cFiD�vjzrLyFiS�ScFiS_�kls`t��Ft�cFb
(−4)α/2Cas(r, Tc) = A(α)δ(r).

©�^`aFbL� iS�SyL^`p�iD��}~jZ��s`iS_�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScFiS_��4i~rLtleLbOaFyFbFs`bF\Ftl�klaUi`��i�kliDkls`i~hFcFb6h2klyFtlrL���FyFb
T → Tc

cL^`yF�U{�^`t�sSk�h2^`cL^xeLbFs`bF\FcFiDkls`g�s`yL^`cLk��qiSy6��f^`cFs`���FyShL�4iS_.aUiSyFyFtleFhF FbFiScFcFiS_.�q�UcFaF FbFbn}njDk�eLtlrKkls`jSbFtO\Ft���i
iS�FbLkl��jD^`�]��t�t^SklbL�4�Fs`iSs`bF\Ft�klaFbF_ \6eLt�c
Cas

�UyL^`jScFt�cFbFtJüq�D^Sk�kliScL^	�FyFt�jSyL^`��^`t�sSk¨h�j?rLy6iS�ScFiSt�UyL^`jScFt�cFbFt�üq�S^Sk�kliScL^FY�ûÖs`i	kljSb6rLt�s`tleLgDkls`jS�St�s�i	�qyL^`aFsx^xeLgScFiS_>kls`yF�UaFs`�UyFt�k�eL�D�\L^`_FcF���?jSiSp��S�D�OrLt�cFbF_>klyFtlrL���FyFbv��^`p�iSjSiS���Ft�y6tl�Di~rLt-� �*� Y
z.ë�{
	 x8¶����E���¢�8��ç���ð���� �ì� � |�ï�¹"!����,���©!�|,�Â|�ï

X�yL^`�SiSsx^x�ný4Y© ]b6eLgx�qt�yL^�� ªx�ÀÑ�� }8yL^`p�jSbFjD^`�]��b6�WcFiSjS��_�jSp�� eFh6r�cL^�s`t�i`�yFbF����^`p�iSjS���>�Ft�yFtl�Di~rLiSjL}FrLyFiS�ScF��t��Fy6iSbFp�jSi~rLcF��t�bF��yL^`�]s?�Si`eLt�t��q�Uc6rK^S�4t�c6�sx^xeLgScF�U��yFi`eLgL}¬\Ft��<j
yL^Sk�k��4iSs`yFt�cFcF��� jS��{�t�p�^xrK^~\L^x�¬mTcL^>b6� iDklcFiSjSt�iS�ScFiSj`�eFhFt�sSk¨h<��yFt�cL�qt�kls`iSjDkla6^xhHa6eK^Sk�klbL�qbFaU^` FbFiScFcL^xh�k��Dt��f^�kvyL^Skl{�bFyFt�cFbFt���j�iS�`�eK^Skls`g]cFt��FyFt�yF��jScF������^`p�iSjS���q�Ft�yFtl�Si~rLiSjLYx�]�ScFiSj`eLt�cFcL^xh	¤ iS�SiS�S��t�cFcL^xhK¦Tk��Dt��f^
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�FyFbFjStleK^�a2�FyFtlrL�Fi`eLi~��t�cFbF�¢i�kl�U��t�kls`jSiSjD^`cFbFb2��^`p�iSj`�����Ft�yFtl�Di~rLiSjqrLyFiS�ScFiS��i¤¥�4t�cFgS{�tO�~¦��FiSyDh6rFa6^F}6cL^`p�jD^`cFcFiS��i�j�� ´
��ñxòÀô1�/öoñ�÷oö/ò!øBñ�õ[ÿ�� óxòÀô�ò�È�÷�5*�!ÿ��LY� iS� eK^SklcFi�iDklcFiSjScF�z�Ú�FiDkls`��eK^`sx^S�Ús`t�yL�4i�rLbFcL^S�4bF\Ft�kla6^xh jScF�Us`yFt�cFc6h6h��cFt�yF��b6hHklbLkls`t��4�

U = U(S, V,N)
rLi`eF�	cL^��S��s`g.i�rLcFiSp�cL^~\FcFiS_n}4jS���F�Ua6eLiS_n}�4iScFiSs`iScFcFi?jSiSp�yL^Sklsx^`�]��t�_n}4¤ �FiS\Fs`b�jDkl��rL�F¦�rLbL���qt�yFt�cF FbFyF�`t��4iS_�b�i~rLcFiSyFi~rF�cFiS_v¤ �Ft�yFjSiS��iq�FiSySh6rLa6^D¦4�q�UcFaF FbFt�_OiSs`cFiDklbFs`tleLgScFi�kljSiSb6��^`y6���6�4t�cFs`iSjqd���cFs`yFi`��FbFb

S
}6iS�&Ént��

V
b
\FbLk�eK^O\L^Skls`bF 

N
YLX�a6eK^Sk�klbF\Ft�klaUiS_
�4i~rLtleLb

0 < V <∞, 0 < N <∞, −∞ < S <∞, −∞ < U <∞,
s`iS� rK^2aU^`a�j?aFjD^`cFs`iSjSiS_�k��Dt��4t

S
b
U
rLi`eF�	cF�¡�S��s`g?iS��yL^`cFbF\Ft�cFcF�z�4b�klcFbFp��SY[§k�eLiSjSb6h>�lsSb
kZcFt�iS�~�Di�rLbL�4iDkls`gS��b?rLiDklsx^`s`iS\FcFiDkls`gS��iS�St�kl�Ft�\FbFjD^`�]s�s`t�yL�4i~rLb6�cL^S�4bF\Ft�klaF�U�¡�Skls`iS_F\FbFjSiDkls`gLY�ZeK^Sk�klbL�qbFa6^` Fb6h£��^`p�iSjS���W�Ft�yFtl�Di~rLiSj�iS�S��\FcFi.�qiSyL�4��eLbFyF�St�sSk�h£j.�Fi`�c6hFs`b6h6���6eLiSs`cFiDkls`b¡kljSiS�Si~rLcFiS_¢��cFt�yF��bFb¡bUeLb�rK^`j`eLt�cFb6hn}z�FiDklaDi`eLgSaF��rLyF�U��bFts`t�yL�4i~rLb6cL^S�4bF\Ft�klaFbFtv�FiSs`t�cF FbL^xeL��cFt��FyFt�yF��jScF�*rFeFh�{�bFyFiSaUiS��i a6eK^Sk�k�^�jSp�^x�bL�4i~rLtl_Lkls`jSbF_nY�ð�^`j`eLt�cFbFt

p = p(T, µ)
t�kls`g�kliS�FyDh6��t�cFcL^xhHjS���F�Ua6eK^xh��Fi.iSsx�cFiS{�t�cFbF��a.�6eLiSs`cFiDkls`b.��cFt�yF��bFb

u(S, ρ) = U(S/V, 1, N/V )/V
aU^`aW�q�UcFaF FbFb�6eLiSs`cFiDkls`b
��cFs`yFiS�FbFb

s = S/V
b>�6eLiSs`cFiDkls`b
\FbLk�eK^O\L^Skls`bF 

ρ = N/V
m

p(T, µ) = sup
s,ρ

[µρ+ Ts− u(s, ρ)],

� rLt
µ
dO�6bL�4bF\Ft�klaFbF_
�FiSs`t�cF FbL^xe�}

T
d2^`�Dkli`eL�]s`cL^xh?s`t��4�Ft�yL^`s`�UyL^FYwzcL^xeLbFp���^`p�iSjSiS��iz�Ft�yFtl�Di~rL^Zs`yFt��S�`t�sqbLkl�Fi`eLgSp�iSjD^xcFb6h�kliSiSs`jSt�sSkls`jS�U�]��tl���izs`t�yL�4i~rLbFcF^S�4bF\Ft�klaUiS��iz�FyFtlrLtleK^FY�ý4^Sk�k��4iSs`yFbL�vs`t�yL�4i�rLbFcL^S�4bF\Ft�klaFbF_��FyFiS Ft�k�k�]m

R−R2 } σ 7→ (T (σ), q(σ))
}~sx^`aUiS_n}�\Fs`i

T (0) = Tc
b
µ(0) = µc

kliSiSs`jSt�sSkls`jS�U�]saFyFbFs`bF\Ft�klaDiS_.s`iS\FaDtSYRýf^`pleLi��	bL�
p = p(T (σ), µ(σ))

cL^?yFt�����eFhFyFcF�U��b klbFcF���D�eFhFyFcF�U�BkliDklsx^`j`eFhF�]��bFt
p = preg + psng.X£a6eK^Sk�klbL�qbFa6^` FbFb�ûÖyFt�cL�qt�klsx^���^`p�iSj`��_O�Ft�yFtl�Si~r2iSs`cFiDklb6eKk¨h	a2�Ft�yFtl�Si`�rK^S�£�FiSySh6rLa6^

n
j	s`iD�£b>s`i`eLgSaUiOjOs`iD��k�eL�U\L^`tS}6t�k�eLb

J(C, n;σ) ≡ � nσpsng(T (σ), µ(σ)) ∼ A l(σ) +B, n = 1, 2, 3, . . . , (14.5.1)

rFeFh
σ ≈ 0

}F� rLt
A, B ∈ R

b
l(σ)

d?kls`�U�Ft�cF\L^`sx^xhv�q�UcFaF Fb6h� ]��jSbLk�^`_6rL^FYF[§k�eLi`�jSbFtZ¤ ��'LY �6Y �~¦¬iSs`yL^x�O^`t�szaUiScFt�\FcF��_�yL^`p�yF��j
n
� _��FyFiSbFp�jSi~rLcFiS_�rK^`j`eLt�cFb6h�j]s`iS\FaUt

σ = 0
YT�]cFi	�4i~��t�sO�S��s`gO�FyFtlrKklsx^`j`eLt�cFiOb
jOcFt�klaUi`eLgSaDiO�Si`eLt�tZiS�S��t���jSb6rLt

lim
σ±0→

J(C, n; bσ)

J(C, n;σ)
= 1, b > 0. (14.5.2)

ûÖs`i�iSp�cL^~\L^`t�s~}§\Fs`i
J(C, n;σ)

hFj`eFhFt�sSk¨h¢�4tlrFeLtlcFcFi��4t�c6hF�]��t�_Lk¨h¢�q�UcFaF FbFt�_^`yF���6�4t�cFsx^
σ
�FyFb

σ → 0
Y4[§k�eLiSjSbFt.¤ ��'LY �6Y �S¦�b��6i`eLi~��t�cFi�j iDklcFiSjS� rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS_¡a6eK^Sk�klbL�qbFa6^` FbFb!��^`p�iSjS�����Ft�yFtl�Di~rLiSjL}]�FyFtlrFeLi~��t�cFcFiS_
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�
�

ν
�Dò!ø/�����ùJ÷��xú&��÷¬ò!ø/���

lim
σ→0±

J(C, ν; bσ)

J(C, ν;σ)
= 1

ó/ô�����2.67÷*ÿ ó�÷��x÷
����ùAò/�xú�ñ�÷*ÿ
b
Y � rLt�klg

J(C, ν;σ) = 0 � νσpsng(T (σ), µ(σ)).=qs`iS�S�H�FiSc6hFs`gL}D�4iS���Us�eLb?��^`p�iSjS��t��Ft�yFtl�Di�rL��rLyFiS�ScFiS��i��FiSyDh6rLa6^��S��s`gs`t�yL�4i�rLbFcL^S�4bF\Ft�klaFb/yL^`plyFt�{�t�cFcF�z�4bn}Dý4Y� ]b6eLgx�qt�y�yL^Sk�k��4iSs`yFtle/�4i~rLtleLgScF��ts`t�yL�4i�rLbFcL^S�4bF\Ft�klaFbFt�klbLkls`t��4��}6rFeFh
aUiSs`iSyF���
u(s) = as+ b

√
s2 + c2, (14.5.3)

� rLt
a, b, c > 0

b
a > b

YD�]\Ft�jSb6rLcFiL}
T (s) = ∂u/∂s > 0

b
∂2u/∂s2 > 0

}`s~^`aO\Fs`i
u(s)

dOjS���F�Ua6eK^xh2b>�4iScFiSs`iScFcFi�jSiSp�yL^Sk�sx^`�]��^xh2���UcFa6 Fb6hnYL�ZcF^�rLt��4iScLkls`yFbFyF�D�t�sW�Ft�yFtl�Si~rL���FiSySh6rLa6^
νu = 1

jWaFy6bFs`bF\Ft�klaUiS_�s`iS\FaUt
sc = ±∞ Y � ^S�4t�s`bL��}\Fs`iOklbLkls`t��f^>¤ ��'LY �6Y �D¦4�D^`yL^`aFs`t�yFbFp��St�sSk¨h?iS��yL^`cFbF\Ft�cFcFiS_2iS�`eK^Skls`gS�¢jSiSp��4i��	cF���s`t��4�Ft�yL^`s`�Uy

a− b = Tmin < T < Tmax = a+ b.
ð�^`j`eLt�cFbFtZjOrK^`cFc6iS_vklbLkls`t��4t

p(T ) = c
√
b2 − (T − a)2, (14.6.4)

�Ua6^`p���jD^xh2cL^	kl�U��t�kls`jSiSjD^xcFbFtq��^`p�iSjSiS��i��Ft�yFtl�Si~rK^��FiSySh6rLa6^
νp = 1/2

�FyFb
T = Tmin

b
T = Tmax

Y
üqyFiDkls`iS_.�FyFbL�4t�y£klbLkls`t��4� ¤ ��'LY ªFY �D¦]�FiSa6^`p���jD^`t�s~}n\6sSi�s`t�yL�4i�rLbFcL^S�4bFa6^yL^`p�yFt�{�^`t�s�rLjD^z�FyFbFcF FbF�FbF^xeLgScFiZyL^`pleLbF\FcF����sSb6�L^Z��^`p�iSjS���q�Ft�yFtl�Si~rLiSjLm�iS�S��\6�cF��t���^`p�iSjS��tÖ�Ft�yFtl�Si~rL�� FtleL�����FiSySh6rLaUiSj

νp > 1
b�cFt�iS�S��\FcF��tq¤¥^`cFiD�f^xeLgScF��t~¦�Ft�yFtl�Si~rL�*rLyFiS�ScF�����FiSySh6rLaUiSj

νp < 1
k>iS��yL^`cFbF\Ft�cFcFiS_£iS�`eK^Skls`gS��rLiS�F�Skls`b6��4����yL^`jScFiSjSt�klcF���vs`t��4�Ft�yL^`s`�UynYnoqcFs`t�yFt�k�a ��s`iD�4�viS�Dkls`i~hFs`tleLgDkls`jS�
iS�S�Dk�eLiSj`�eLt�c.s`t�����^`aFs`iD��}n\Fs`ivyL^`jScFiSjSt�klcL^~h�s`t�yL�4i~rLbFcL^S�4bFa6^v�qiSyL�f^xeLgScFi?rLiS�F�Dkla6^`t�sklbFs`�D^` Fb6��}LaUiS��rK^	iS��yL^`cFbF\FbFjD^`�]��bFtq��s`�
iS�`eK^Skls`g	s`t��4�FtlyL^`s`�6y6�

Tmin
b
TmaxcFt��4iS���Us�rLiDkls`bF��^`s`gDk�h>jOaFjD^`p�bLklsx^`s`bF\Ft�kla6b6�>s`t�yL�4i�rLbFcL^S�4bF\Ft�klaFb6�>�FyFiS Ft�k�k�^x�¬Y�qjD^`p�bLklsx^`s`bF\6t�klaFbF_��FyFiS Ft�k�kft�kls`gz�FiDk�eLtlrLiSjD^`s`tleLgScFiDkls`g�bFp��4t�cFt�cFbF_�kliDkls`i~hFcFb6hn}�St�klaDiScFt�\FcFi?�4tlrFeLt�c6cF���v�Fi?klyL^`jScFt�cFbF�!k��FyFiS Ft�k�kliD���Sklsx^`cFiSj`eLt�cFb6h
yL^`jScFiSjStl�klb6hnY�ý4t�p�iScFcFi�p�^xrK^`s`g�jSiS�FyFiDk`m�iDklsx^`t�sSk�hWeLb£kl�FyL^`jStlrFeLbFjS�z��iSs`i~�OrLt�k�sSj`eFt�cFbFtsx^`aDiS_£s`t��4�Ft�yL^`s`�UyFcFiS_�{�a6^xeF��k?s`t��4�Ft�yL^`s`�UyFcFiS_�{�a6^xeLiS_�b6rLt�^xeLgScFiS��i���^`p�^F}aUiS��rK^

ν < 1
YÖX�sx^`aFb6��klbLkls`t��f^x�

Tmin
b6��yL^`t�sWyFi`eLg�^`�Dkli`eL�]s`cFiS��i.cF�~eFhn}�^

Tmax
d?yFi`eLg

T = ∞ YTXµ� ���8�S��eLi	�FyFtlrFeLi���t�cFi2iS�SiS_Fs`b
��s`i>k�^S�8iSiS��yL^`cFbF\Ft�cFbFt
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iS�`eK^Skls`gS��aDiScFt�\FcF����s`t��4�Ft�yL^`s`�Uy.�F�Us`t��¢jSjStlrLt�cFb6h �4cFiS��iSp�cL^�\FcF����s`t�yL�4i~rLb6�cL^S�4bF\Ft�klaFb6���FiSs`t�cF FbL^xeLiSj�rFeFhHbFcFs`t�yF�FyFt�sx^` FbFb��Ft�yFtl�Di�rLiSj.�FiSySh6rLa6^

ν < 1
Y

üqiSplrLcFt�t³ ]b6eLgx�qt�y>jSt�yFcF�~eKk¨h
a>i~rLcFiSp�cL^~\FcF�z���FiSs`t�cF FbL^xeK^S�H� ����� Y
üZeLiSs`cFiDkls`g]��cFs`yFiS�FbFb

s(T ) = (∂p/∂T )µ
}�jS��s`t�a6^`�]��^xh�bFpZ¤ ��'LY �6Y 'U¦¬kls`yFtl��4bFsSk�h�a −∞ �Fy6b T → Tmin

}�s`yFt�s`bF_���t§p�^`aUiScqs`t�yL�4i~rLbFcL^S�4bFaFb��FyFtlrL�Fi`eK^`�l^`t�skl�U��t�kls`jSiSjD^`cFbFtqiDkliS�SiS_>s`t��4�Ft�yL^`s`�UyF�
T0
}L�FyFbvaUiSs`iSyFiS_
�6eLiSs`cFiDkls`g2��cFs`yFiS�FbFbbFp��U\L^`t�sFm

s(T0) = 0.X�klb6eL��aFjD^`cFs`iSjSi`� �4tl�U^xcFbF\Ft�klaUiS�li��FyFiSbLk¨�Di~�OrLt�cFb6h<s`yFt�s`gSt���i£p�^`aUiScL^Wp�cL^~\Ftl�cFbFt
T0
�4i~�	cFi yL^Sk�kl�f^`s`yFbFjD^`s`g aU^`a��4bFcFbL�f^xeLgScF�U��s`t��4�Ft�yL^`s`�UyF�WaFjD^`cFs`iSjSi`��4tl�U^`cFbF\6t�klaUiS_2klbLkls`t��4��}Ss`iS� rK^qa6^`a

Tmin
d��4bFcFbL�f^xeLgScL^xh	s`t��4�Ft�yL^`s`�UyL^�a6eK^Sk��klbF\Ft�klaDiS_vklbLkls`t��4��¤

T0 > Tmin
¦�Y

@}�����,����� î ���
�SYa�©V W;gN_K��Í-J�[�J �q�Gª2_Ka�`¶XZYÌ\1J
J R$� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F Yqd { � � � Å I Z U dp I(V"�2I&V mN~ Q�S&�1��X-TÝQ n9Z �;F
F }¬��Ñ#´*'LY
�6Y7�.�(6oò2ñ���÷��wJm�-JL©nt��6eLi`�Öb
�f^Sk�kliS�Ft�yFt�cFiDk`YUd���t�cFbFcF��yL^xr�m1 ]bL�4b6hn}n��ÑS�SªFY
�FY7�.�
��òBø0�&40�ØJxýf^`jScFiSjSt�klcL^xh
b�cFt�yL^`jSc6iSjSt�klcL^xhvklsx^`s`bLkls`bF\Ft�klaU^xh �4t��U^`cFbFa6^FY©§Yn�SYUd�GWY m$GvbFyn}���Ñ#´x�6Y
'LYX#dË�gN_K` «K`baä®ØJ7®ØJ �?¥(���+_KY
rK­�¥¸J©¥¸J�¯LY zÂS��3R YNn R
�2F Y�ÜK´n}K��'U�(�?¤ ��Ñ�Ñ#´`¦�Y
�6Y�LIþ$��M"�&��ñ�I�J%I�J¬�]�SiSp�ynYU�FyFbFa6e�YFb
�FyFiD��YL�f^`s`t��f^`s`bFaFbW¹ · }¬��ÑD�?¤ �`�S�D�S¦�Y
ªFY�º³`bV ��X+Y�´�JNn R��2F Y w1Q Z�YL¸K¸�}$�D�6�O¤ ��Ñ�ÑF�~¦�Y
´UY�º³`bV ��X+Y�´�JNn R��2F YNo ��N Y�p �0�å� Y�¤K´n}¬��ÑS�>¤ ��Ñ�ÑD�S¦�Y
�FY�º³`bV ��X+Y�´�J zqI1� YNn R
�2F Y�p �0�å� YL¯�¤n}�´�´��>¤ ��Ñ�ÑD�S¦�Y
ÑFY�º³`bV ��X+Y�´�JNn R��2F YNo ��N Y��@'D�F}L��'DªSª>¤ ��Ñ�Ñ&�D¦�Y
���FY?º³`bV ��X+Y(´�J(Ò V m±~ LNL$Y TÝQ�S��3T I&V=IM� u$Z S&Q��3T I&V"S(Y � S(YÝQ0P$Y P�F©T V n R��2FåTÝQ+F Yxd w�T VNO
SML�I Z � m� I Z YÝ�¢w1Q0T ��V&�3T ��Q }T�`�S�S�6} L Y$'U�/ÑFY
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�9��� ���E¶���ç��E��ð����
+�t�cFiD�4t�cFi`eLiS��bF\Ft�klaFbF_!�Fi~rF�Di�r��FyFtlrL�Fi`eK^`�l^`t�s~}q\Fs`i��Fi`eFhFyFbFp�^` Fb6hBrLb6��leLt�aFs`yFbFaU^

P (t)
}��FiD�4t���t�cFcFiS��izjz�Ft�yFt��4t�cFcFiStÖ�leLt�aFs`yFbF\Ft�klaDiSt��Fi`eLt

E(t)
}~kla6eK^x�rL��jD^`t�sSk¨h�bFp�rLjS�D��\L^Skls`t�_�d��4��cFiSjSt�cFcFiS_

P1(t)
}x�FyFiS�FiSyF FbFiScL^xeLgScFiS_�p�cL^~\Ft�cFbF�cL^`�FySh6��t�cFcFiDkls`b
�Fi`eFh>jOsSiSs���t��4iD�4t�cFsOjSyFt��4t�cFb

P1(t) = χ1E(t),

b
p�^`�L^`plrF��jD^`�Z��t�_
P2(t) =

t∫

−∞

K(t− t′)E(t′)dt′.

�]�SiSp�cL^~\6bL�v\Ft�yFt�p
χ2E

�FyFtlrLtleLgScFiSt�p�cL^~\Ft�cFbFt
P2
�FyFb��FiDkls`i�hFcFcFiS_

E
b
t→∞ YX�a6eK^Sk�klbF\Ft�klaDiS_<s`t�iSyFbFb<yFtleK^`a6k�^` FbFb<�FyFbFcFbF�f^`t�sSk�hn}�\Fs`i�klaUiSyFiDkls`g�bFp��4t�cFtl�cFb6h�p�^`�L^`plrL��jD^`�]��t�_vkliDklsx^`j`eFhF�]��t�_v�FyFiS�FiSyF FbFiScL^xeLgScL^OiDklsx^`�]��t�_Lk�hvyL^`p�cFi`�kls`bv�4tl�OrL�?�FyFtlrLtleLgScF�z�£b
s`t�aF�U��bF��t�tqp�cL^~\Ft�cFb6hL�4bnm

dP2
dt

=
1

τ
(χ2E − P2). Ök�eLb��6t�yFjSiScL^~\L^xeLgScFiO�leLt�aFs`yFbF\Ft�klaDiSt��Fi`eLt�b��Fi`eFhFy6bFp�^` Fb6hvyL^`jScF��cF�~eL��}K^	j�4iD�4t�cFsOjSyFt��4t�cFb

t = 0
�4�lcFiSjSt�cFcFiO�FyFb6eK^`�l^`t�sSk¨h
�FiDkls`i�hFcFcFiStq�Fi`eLt

E0
}Fs`i

dP2
dt

+
1

τ
P2 =

1

τ
χ2E0,iSs`aF��rK^

P (t) = P1(t) + P2(t) = [χ1 + χ2(1− e−t/τ )]E0,



�('D� ��	��"�+�>�*ÿ{f6��¨&	R�&ã"�5����ãx�
� rLt

τ
d	jSyFt��8h>yFtleK^`a6k�^` FbFbnYX�k�eL�U\L^`t(�Dk�sx^`cFiSjSbFjS{�t���iDk¨hÎyFtl�	bL�f^²jÚ�Ft�yFt��4t�cFcFiD�è�l^`yL�4iScFbF\Ftl�klaUiD���Fi`eLt

E(t) = E0e
iωt

bL�4t�t�s	�4t�kls`i2kliSiSs`jSt�sSkls`jSbFt
� t ⇔ iω, (15.1.1)�FyFbFjSi~r6hF��t�tqavkliSiSs`cFiS{�t�cFbF�

P (t) = P1(t) + P2(t) =

[
χ1 +

χ2
1 + iωτ

]
E(t).

üqt�yFtl�Di�rFh�a�aUiD�4�6eLt�aUklcFiS_HrLb6�leLt�aFs`yFbF\Ft�klaUiS_��FyFiScFbF L^`t��4iDkls`b
ε(ω)

b�jSjSi~rFhiS�SiSp�cL^~\FtlcFb6h
ε0 = ε(0) = 1 + 4π(χ1 + χ2)b
ε∞ = ε(∞) = 1 + 4πχ1,�Fi`eL�U\FbL�
ε(ω)− ε∞
ε0 − ε∞

=
1

1 + iωτ
.

ýf^Sk�k��f^`s`yFbFjD^xh?�Fi`eL�U\Ft�cFcF�U�¡�q�UcFaF FbF�¡aU^`a
s`yL^`cLk��qiSyL�4^`cFs`�B��^`�6eK^Sk�^�kq�4cFb6��4�z��^`yF���6�4t�cFs`iD�
f̂(iω) =

∞∫

0

e−iωtf(t)dt

cFt�aUiSs`iSyFiS_
�q�UcFaF FbFb
f(t)

}

f̂(iω) =
1

1 + iωτ
,

�FyFtlrKkls~^`jSbL�£��s`i2kliSiSs`cFiS{�t�cFbFtZj	jSb6rLt
iωτ f̂(iω) + f̂(iω) = 1.

X�iSp�jSyL^`��^xhFklg	avjSyFt��4t�cFc��iS_
�Ft�yFt��4t�cFcFiS_n}K�FyFb6�Di�rLbL�HavrLbL���qt�yFt�cF FbL^xeLgScFiD�4��UyL^`jScFt�cFbF��rLt��D^`t�jDklaUiS_2yFtleK^`a6k�^` FbFb

τ
df

dt
+ f(t) = δ(t),

yFt�{�t�cFbFtqaUiSs`iSyFiS��i�bL�4t�t�s	��aUkl�FiScFt�cF FbL^xeLgScF��_>jSb6r
f(t) = e−t/τ .
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�]�SiS�S��^~h?iS�Ft�yL^` FbFiScFcFiStqkliSiSs`cFiS{�t�cFbFt	¤ �~�6Y �SY �~¦§cL^Ok�eL�U\L^`_?rLyFiS�ScFiS_
kls`t��Ft�cFbn}

−∞ � αt ⇔ (iω)α, α ∈ (0, 1), (15.1.2)

�4i~�	c6i	i��	b6rK^`s`g2k��FyL^`jStlrFeLbFjSiDkls`gOkliSiSs`cFiS{�t�cFbF_n}6�FyFbFjStlrLt�cFcF���>j	©�^`�`e�Yn�~�6Y �Sm
��.!^!9+%+K5.�òBLxñ ò�ñ

üqyFiS Ft�k�k +��UyFgStqiS�SyL^`p []yL^`jScFt�cFbFt
�qiS�~eK^x� �ZiS��eK^

f̂(iω) = [1 + (iωτ)α]−1 [τα −∞ � αt + 1] f(t) = δ(t)�qiS�~eK^x��ð���jSb6rKkli`cL^
f̂(iω) = [1 + iωτ ]−β [τ � t + 1]

β
f(t) = δ(t)C6^`jSyFb6eLg`hFaU^x� �qt���^S�4b

f̂(iω) = [1 + (iωτ)α]−β [τα −∞ � αt + 1]
β
f(t) = δ(t)

üqyFbFjStlrLt���s`t��Ft�yFg2�4t�cFt�t��qiSyL�f^xeLgScF��_?jS��jSi~r>��s`b6�>�UyL^`jScFt�cFbF_nY
z�	�{3± &ì��|�ð��.�E��x}| î ¶��76Ax}| î ¶��
Óæ���ç���|���ç�|³����í��.��ç��³����~��³�,�0�����,�.��ð����

üqyFiDkls`t�_F{�bL�.�f^`aFyFiDklaUiS�FbF\Ft�klaFbL�.kl�FiDkliS�SiD��jSjStlrLt�cFb6h�rLyFiS�ScFiS_	�FyFiSbFpl�jSi~rLc6iS_vj2p�^xrK^�\F�>i2yFtleK^`aUk�^` FbFb
hFj`eFhFt�sSk�h
rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgScFi`t�iS�SiS�`���t�cFbFt�a6eK^Sk�klbF\Ft�klaUiS��i	kliSiSs`cFiS{�t�cFb6hv�4tl�OrL�>s`iSaUiD�
i(t)

bvcF^`�FyDh6��t�cFbFt��
u(t)rFeFhvb6rLt�^xeLgSc6iS��i	aDiSc6rLt�cLk�^`s`iSyL^�dÇ5�ôx÷*67ñ�÷*�/5
�"�K�XòÀô�òBñ"<"�����xú�ñ�õ©M_�oñ����x÷�°�:(����÷7ñ����ÿ��Fm

i(t) = Kα a � αt u(t), t > 0, 0 < α < 1. (15.2.1)� iSiSs`cFiS{�t�cFbFt¢��s`i�iS�FbLkl��jD^`t�sB�leLt��4t�cFs� Ft��Fbn}OhFj`eFhF�]��bF_Lk¨h�j�cFt�aUiSs`iSyFiD�k��4�zk�eLt��6yFiD�4tl�	�Us`iS\FcF�z�#�4tl�OrL�!b6rLt�^xeLgScF�z� rLbF�leLt�aFs`yFbFaDiD�#kHt��8aUiDkls`gS�
C = K1

¤ aUiS��rK^
α = 1

¦qbWiS�S��aFcFiSjSt�cFcF�z�<�FyFiSjSi~rLcFbFaUiD��k	kliS�FyFiSs`bFj`eLt�cFbFt��
R = 1/K0

¤ aDiS� rK^
α = 0

¦
ð�yFiS�ScFi`� rLbL���Zt�yFt�cF FbL^xeLgScFi`t	iS�SiS�S��t�cFbFt	p�^`aDiScL^��Z�f^�¤ �~�6Y �6Y �~¦ZiS�FbFyL^x�t�sSk�h	cL^��D��tz�U�FiD�4bFcL^`jS{�bF_Lk¨h	jS��{�t����4�FbFyFbF\Ft�klaFbF_?p�^`aDiSc2�q�]yFb6� �qiSc D jD^`_6�rFeLt�yL^Ä� �S}��*� }¬�Us`jSt�yS�OrK^`�]��bF_n}n\6sSi
jSiSp�cFbFaU^`�Z��bF_ �Fi~r rLt�_Lkls`jSbFt��¢kla6^~\FaDiSiS�`�yL^`p�cFiS��i�cL^`�FyDh6��t�cFb6h

∆u(t′)
s`iSa
jOaUiSc6rLt�cLk�^`s`iSyFtqbFp��4t�c6hFt�sSk¨hv�FiOp�^`aUiScF�

i(t) = A∆u(t′)(t− t′)−α, t > t′. (15.2.2)

üqt�yFt��FbLk�^`j�¤ �~�6Y �6Y �S¦KrFeFh��6yFiSbFp�jSi`eLgScFiS��i�jSb6rK^
u(t)

b�jS���Fi`eLcFbFjz�leLt��4t�cFsx^`yFcF��t�FyFt�iS�SyL^`p�iSjS^`cFb6hn}UjSb6rLbL��}F\Fs`i

i(t) =
Kα∆u(tj)

Γ(1− α)
d

dt

∫ t

tj

dt′

(t− t′)α = A∆u(tj)(t− tj)−α, A = Kα/Γ(1− α).
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u(t′)
�4t�c6hFt�sSk�h cFt��FyFt�yF��jScFi
b�rLiDklsx^`s`iS\FcFi>�S�zkls`yFivk�sSy6t��4bFsSk�h.a.cF��eL��FyFb

t′ → −∞ }Fs`iOjS��yL^x��t�cFbFt	¤ �~�6Y �6Y �S¦§�FyFbL�4t�s	jSb6r

i(t) = A

t∫

−∞

du(t′)

(t− t′)α = Kα
α

−∞ � tu(t) = Kα −∞ � αt u(t). (15.2.3)

¤ �FyFiSbFp�jSi~rFcF��teý§bL�f^`cL^x� ��bF�UjSb6eFeFh>bv��^`�F�Us`i�plrLt�klg	kliSjS�L^xrK^`�]sD¦�Y
üqyFbFcFbL�f^xh.jSivjScFbF�f^`cFbFt	cL^xeLbF\FbFt2j
aUiScFs`�UyFt2^`aFs`bFjScFiS��ivkliS�FyFiSs`bFj`eLtl�cFb6hn}Fp�^`�FbF{�t����UyL^`jScFt�cFbFt��qbFyD�6��iD��^

i(t)R+ u(t) = E(t),

� rLt
E(t)

d½û�ð � bLkls`iS\FcFbFaU^v�FbFs~^`cFb6hnY8oqpO�FiDk�eLtlrLcFt���i
�UyL^`jScFt�cFb6h b�kliSiSs`cFi`�{�t�cFb6hW¤ �~�6Y �6Y �D¦Ök�eLtlrL�Stls�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgScFi`tZ�UyL^`jScFt�cFbFt
[τα −∞ � αt + 1]u(t) = E(t),

� rLt
τα = KαR.+��UcFaF Fb6h �qiS��eK^x� �qi`��eK^

f̂α(iω)
t�kls`g yFtl{�t�cFbFtÎ��s`iS��i �UyL^`jScFt�cFb6h �FyFb

E(t) = eiωt
m

[(iωτ)α + 1] f̂α(iω) = 1, 0 < α < 1, (15.2.4)

z�	�{åä � ��ç���|���ç�|³����í��.��çB�³�´��~����,�������,�,��ð����
��^`� eFh6rLcFiS_	�4bFaFyFiDklaDiS�FbF\Ft�klaUiS_2�4i�rLtleLgS�<�l^`p�iSiS�`yL^`p�cFiS�liqb6eLbO�	b6rLaUiS��irLbF�leLt�aFs`yFbFaU^�hFj`eFhFt�sSk�hO�FyFtlrKklsx^`j`eLt�cFbFtzi�cFt�� a6^`a	i�kliSjSiSaF�U�FcFiDkls`bO�Fi`eFhFyFcF����4i`eLt�aF��e�}KkljSiS�Si~rLcFi��6eK^`jD^`�]��b6�>bvjSyL^`��^`�]��b6�Dk�h>j2aFb6�6hF��t��H�S��eLgxiScFtS}6bL�4b6�s`bFyF�U�]��t��<j`eLb6hFcFbFt�s`t��6eLiSjSiS��i2rLjSb6��t�c6b6h�iSaFyF�D�O^`�]��b6���4i`eLt�aF�~e�Y¬��^x�OrK^xh�4i`eLt�aF��eK^>iS�`eK^xrK^`t�s?kliS�Dkls`jSt�cFcF�z�HrLbF�Fi`eLgScF�z�¢�4iD�4t�cFs`iD��}ncL^?aUiSs`iSyF��_�rLtl_6�kls`jS�St�s�jScFt�{�cFt�t?�Fi`eLtS}8jScF�Us`yFt�cFcFbFt
klb6eL�*j`hFp�aUiDk�sSb�b£klb6eL�*bFcFt�yF FbFbnYfX�^x�O�cFt�_F{�bL��kljSiS_Lkls`jSiD����s`iS_.�4i~rLt�eLb hFj`eFhFt�sSk�h jSp�^`bL�4cL^xh�cFt�p�^`jSbLklbL�4iDkls`g?rLbF�Fi`�eLt�_nm§�4i`eLt�aF�~eL�#u~cFt
jSb6rFhFsF| rLyF�U�>rLyF�U��^FY§X/iSsSkl�UsSkls`jSbFtvjSc6t�{�cFt���i.�6i`eFh�b6�rLbF�Fi`eLgScF��t?�4iD�4t�cFs`�*yL^Skl�FyFtlrLtleLt�cF�/bFp�iSs`yFiS�FcFiLY4X�a6eL�]\Ft�cFbFt?jScFt�{�cFt���i��Fi`�eFh	k�eLt���a6^q�FiSjSiSyL^�\FbFjD^`t�sZaU^x�OrL��_	bFp�cFb6�¬}SkliSplrK^`jD^xhOkl�6�f�f^`y6cF��_	cL^`jStlrLt�cFcF��_rLbF�Fi`eLgScF��_2�4iD�4t�cFs~}SaUiSs`iSyF��_	�Fi�jS��a6eL�]\Ft�cFbFb	��s`iS��i��Fi`eFh	cL^~\FbFcL^`t�s?u~yL^Sk�k�^x�kl��jD^`s`gDk�hn|~}Kj>\Ft��<b kliDkls`iSbFs~}nkliS�Dkls`jSt�cFc6iL}K�FyFiS Ft�k�k�yFtleK^`a6k�^` FbFbnY¬oqp�iS�SyL^x�O^~hjSt�aFs`iSy��4iD�4t�cFs~^]aU^x�OrLiS_��4i`eLt�aF��eL�WsSiS\6aUiS_�cL^]k��qt�yFtÖ��b6a6klbFyFiSjD^`cFcFiS��i�yL^xrLb6��Dk�^F}Fbv�U\FbFs`��jD^xhvjSp�^`bL�4cF�U�¡cFt�p�^`jSbLklbL�4iDkls`gOrLjSb6��t�cFb6h��4i`eLt�aF��e�}K�4�B�4i���t��iS�FbLk�^`s`g��FyFiS Ft�k�kZyFtleK^`a6k�^` FbFb>jO�U��eLiSjS���2�Ft�yFt��4t�cFcF���

ϑ, ϕ
a6^`aÄ6-ôx÷*4�ñ�÷oö/ø0��÷oò57ö��$��òBñ"�xò�ó�÷møå�XòÀô�òlYf[]yL^`jScFt�cFb6t
��s`iS��i �FyFiS Ft�k�k�^��Fi`eL�U\L^`t�sSk�h£bFp
iS�S��\FcFiS��i
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�
rLbL���q�Up�bFiScFcFiS��i
�UyL^`jScFt�c6b6hn}�p�^`�FbLk�^`cFcFiS��i
j�k��qt�yFbF\Ft�klaUiS_WklbLkls`t��4t?aDiSiSyDrLb6�cL^`s~}¬jS��\Ft�yFaFbFjD^`cFbFt���yL^xrLbL^xeLgScFiS_�aUiSiSySrLbFcL^`s`�!b�\6eLt�cL^
k�yL^xrLbL^xeLgScFiS_��FyFi`�bFp�jSi�rLcFiS_nm

∂p(ϑ, ϕ, t)

∂t
= K4ϑ,ϕp(ϑ, ϕ, t) +

δ(cosϑ− 1)

2π
δ(t),

� rLt
p(ϑ, ϕ, t)

dZ�6eLiSs`cFiDkls`gZjSt�yFi~hFs`cFiDkls`b��Fi`eLi~��t�cFb6h�s`iS\FaFb�cL^]k��qt�yFtÖjZ�4iD�4t�cFsjSyFt��4t�cFb
t
}
K
d�aDiS�����qbF FbFt�cFs
rLbL���q�Up�bFb.j��FyFiDkls`yL^`cLkls`jSt	cL^`�FyL^`j`eLt�cFbF_n}8^

4ϑ,ϕ
iS�SiSp�cL^~\L^`t�sW�U� eLiSjS�U� \L^Skls`g£eK^`�6eK^Sk�bL^`cL^FY�[Z�4cFi~�O^xh¢iS�St�\L^Skls`b¢��s`iS��i�UyL^`jScFt�cFb6h>cL^

f0 cosϑ sinϑdϑdϕ
b
bFcFs`t���yFbFyF�`h
�Fi	k��qt�yFtS}6�Fi`eL�U\L^`t��¢m

df(t)

dt
= −2Kf(t) + f0δ(t). (15.3.1)

ûÖs`iO�UyL^`jScFt�cFbFtqjStlrLt�sOa?rLt��D^`t�jDklaUiD�4�	p�^`aUiScF�	yFtleK^`a6k�^` FbFbnY=qs`i¢��t��4i~�	cFi�bFp��4t�cFbFs`g�j���s`iS_��4i~rLtleLbn}�\Fs`iS�S���Fi`eL�U\FbFs`g�aU^~\Ftl�kls`jSt�cFcFi�rLyF�U��iSt.�FiSjStlrLt�cFbFt.�FyFiS Ft�k�k�^Fmzkls`t��Ft�cFcFiStW�U�S��jD^`cFbFt jD�4t�kls`iH��a6kl�Fi`�cFt�cF FbL^xeLgScFiS��i�,�]�Dkl�D�OrK^xh2�FyFbF\FbFcF��iSs�eLb6\Fb6h
�FyFiS Ft�k�k�^�yFtleK^`aUk�^` FbFb>j�s`jSt�yDrL���2s`tleK^x�iSs�s`iS��iL}4\Fs`i cL^`�`eL��rK^`t�sSk¨h£j ��^`p�^x�¬}[ð���iScF{�t�y�k��FyL^`jStlrFeLbFjSi�p�^S�4t�\L^`t�s~}4\Fs`icFiDklbFs`tleLb�rLbF�Fi`eLgScF�����4iD�4t�cFs`iSj>plrLt�klg>�D��t�cFtO�4iS���Us
kl\Fb6sx^`s`gDk�h�cFb.kljSiS�Si�rF�cF�z�4bn}DcFb2cFt�p�^`jSbLklbL�4�z�4bOrLyF�U�]iSs�rLyF�U��^FY
 Ökls`t�kls`jSt�cFcFi��FyFtlrL�Fi`eLi��	bFs`gL}D\Fs`i�jcFt��U�FiSySh6rLiS\Ft�cFcFiD�WsSjStlyDrLiD��s`tleLtqiScFbWux�8t�{�^`�]s�rLyF�U�]rLyF�U���T|~}6\Fs`iObL���FyFb6�Di`�rLbFsSk¨h£jS���	bUrK^`s`gL}��FiSa6^vj�yFtlp��~eLgxs~^`s`t2s`t��6eLiSjSiS��i
rLjSb6��t�cFb6hWiDkljSiS�Si��OrK^`t�sSk�h�4t�kls`ivrFeFhWs~^`aUiS��iv�FiSjSiSyFiSs~^F}naDiSs`iSyF��_W�6�4t�cFgS{�bFsv�FiSs`t�cF FbL^xeLgSc6�6�/��cFt�yF��bF�rK^`cFcFiS��i�cFiDklbFs`tleFhnY[ð�bF�Fi`eLg�a6^`a��S�/�6iS�L^xrK^`t�s�j�eLiSjS�U{�aF�H¤ j��FyFiDkls`yL^`cFkls`jStcL^`�FyL^`j`eLt�cFbF_K¦qbW�FyFt��S��jD^`t�svs~^S��cFt�aUiSs`iSyFiSt2k�eL�U\L^`_FcFiSt2jSyFt��8h
T
}8�FiDk eLt2\Ftl���i�kliSjSt�yF{�^`t�s��4��cFiSjSt�c6cF��_>kla6^�\FiSa�¤ �FiSjSiSyFiSsD¦§j�rLyF�U��iSt]�`eLbFp�aUiSt]a?�FyFtl�	cFt��4�cL^`�FyL^`j`eLt�cFbFtSYKX�t�yFi~hFs`cFiDkls`gL}L�Ft�yFjSiScL^~\L^xeLgScFi2kliDklyFtlrLiSs`iS\Ft�cFcL^xh
cL^ u~�Fi`eL�ZkltS|k��qt�yF��}6yL^Skls`t�a6^`tlsDk¨h
�Fi	k��qt�yFtqj	kliSiSs`jSt�sSkls`jSbFb Q p�^`aDiScFiD�£kl�U�~rLbL���q�Up�bFb

0 � αt p(ϑ, ϕ, t) = K4ϑ,ϕp(ϑ, ϕ, t) +
δ(cosϑ− 1)

2π

t−α

Γ (1− α) ,b
jO�FyFtlrLtleLt
t→∞ yL^`jScFiD�4t�yFcFiOyL^Skl�FyFt�rLtleFhFt�sSk�h
�FiOcFt�_nY�üqyFb>��s`iD��klyFtlrLcFt�tp�cL^�\Ft�cFbFt

z
� �FyFiSt�aF FbFb?rLbF�Fi`eLgScFiS��i	�4iD�4t�c6sx^O�~rLiSj`eFt�s`jSiSyDhFt�s��UyL^`jScFt�cFbF�

0 � αt f(t) = −2Kf(t) + f0
t−α

Γ(1− α) ,iS�SiS�S��^x�]��t��4��¤ �~�6Y �FY �~¦§cL^	kl�U��rLbL���q�Up�bFiScFcF��_?�FyFiS Ft�k�k`Y
z�	�{/ë 4 �,~�|�æ��,~ ����æH�����

oqp�jSt�kls`cFiL}�\Fs`i�j�k�eL�U\L^`t
α = 1, fα(t) = f1(t)

�U�S��jD^`t�sv��a6kl�FiSc6t�cF Fb6�^xeLgScFi>cFt�p�^`jSbLklbL�4i
iSsvkljSiSt�_ �FyFtlrL�zkls`iSyFbFb
f1(t), t < 0

}ncFivjvk�eL�U\L^`t
α < 1
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fα(t)

�U�S��jD^`t�s	�Fi
kls`t��Ft�cFcFiD�4�vp�^`aUiScF�
j?p�^`jSbLklbL�4iDkls`b�iSs?�FyFtlrL�zkls`iSyFbFb��FyFi`� Ft�k�k�^FY7ð�yF�U��bL�4b	k�eLiSjD^S�4bn}`�4��cL^`�`eL��rK^`t���cFt�aDiSs`iSyF��_Os`bF�³ó��!ÿ��xù��LY�û����qt�aFs�L^S�8hFs`b	�S��e2iSsS�4t�\Ft�c	cFt�klaUi`eLgSa6bL�4b2^`jSs`iSyL^S�4bOs`t�iSyFt�s`bF\Ft�klaFb6�	b	�la6kl�Ft�yFbL�4t�c6�sx^xeLgScF����yL^`�SiSs~}�i~rLbFc�bFp�aUiSs`iSyF���qrK^xeOkljSiSt�_�kls~^`s`gSt�jS��yL^`p�bFs`tleLgScFiStÖcL^`p�jD^`cFbFtuK� �
S&��X�S��å��� Z R"SGF.X-��X�I Z � Ú |�Ô�� ��� YTX�kls~^`sSgSt���s`iS_v�FyFbFjSi~rLbFsSk¨h�iS�FbLk�^`cFbFt�k�eLtl�rL�U�]��t���iO��a6kl�FtlyFbL�4t�cFsx^FY©�yFb
bUrLt�cFs`bF\FcF���>aDiSc6rLt�cLk�^`s`iSyL^��S��eLb?cL^`aUiSyFiSs`aDi�p�^S�4aFcF�Us`�<�FiO�4t�cFg`�{�t�_
�4t�yFtO��Ñ��4bFcF�Us�rLi	�4iD�4t�cFs~^F}6aUiS� rK^�b6�2yL^`p�iD�4aFcF�~eLbn}U�Fi~rK^xeLb?cL^�aU^x�OrL��_bFp�cFb6�<kla6^�\FiSa�cL^`�FyDh6��t�cFb6h
U0 = 100

X�b�cL^~\L^xeLb�bFp��4t�yFt�cFbFt�s`iSa6^FY��zrF�cL^`aUiL}4�FyFtlrL�zkls`iSyFbFbH��s`b6��aUiSc6rLt�cLk�^`s`iSyFiSj �S��eLb�yL^`pleLbF\FcF��YÖ�qiSc6rLtlcLk�^`s`iSy��cL^x�Di�rLb6eKk�hH�Fi~r<cL^`�FySh6��t�cFbFt��(Õq�`�S�WX*j�s`t�\Ft�cFbFt£��ªF} ´�\L^SkliSjWb��S��e<cL^`aDi`�yFiSs`aUi>p�^S�4aFcF�Us?p�^��~�2�4bFcF�Us?rLi>bFp��4t�yFt�cFbF_nYn�qiSc6rLt�cLk�^`s`iSy �2cF^x�Di~rLb6eKk¨h��Fi~rcL^`�FyDh6��t�cFbFt�� −500 X�j?s`t�\Ft�cFbFt
��ªF} ´O\L^SkliSj2b��S��e p�^`aUiSyFiS\Ft�c�p�^����?�4bFcF�UsrLi�bFp��4t�yFt�cFbF_nYf�qiSc6rLt�cLkl^`sSiSyÁ�vcFt?�Fi~rLjSt�yF��^xeKk�h rLt�_Lkls`jSbF��cF^`�FyDh6��t�cFb6h��Ftl�yFtlrW��a6kl�Ft�yFbL�4t�cFs`iD��Y8oqp��4t�yFt�cFcF��t	s`iSaFb�kl�F�Skls�h.�FyFbL�4t�yFcFi����
klt�aF�Uc6r£k�sx^xeLbp�^S�4t�s`cFiviSs�eLbF\L^`s`gDk�h rLyF�U�2iSs>rLyF�U�l^F}�^
a£�`�x� _.klt�aF�Uc6rLt	iScFbW�D��t	j��~� �>yL^`p�^iSs�eLbF\L^xeLbFklg.iSs.aDiScFs`yFi`eLgScFiS��i_�x� ��i aUiSc6rLt�cLk�^`s`iSyL^F}4cL^x�Di�rFhLklg �Fi.iS�St
kls`iSyFi`�cF��iSs.t���iWaFyFbFjSiS_
I3(t)

YE��^����#´�� _�klt�aF�Uc6rLtv��yL^S�qbFaHcFb6�	cFt�_HaFyFbFjSiS_
I1(t)�Ft�yFt�klt�a2cF�~eLt�jSiS_2�UyFiSjSt�cFg�b2�Fi~hFjSb6eKk�h2iSs`yFb6 L^`s`tleLgScF��_?s`iSan}DrLiDkls`bF��{�bF_>�f^`a6�klbL�f^xeLgScFiS_	^S�4�6eLbFs`��rL��jS�`eLbFp�b

103
klt�aF�Uc6r�}`�FiDk�eLtz\Ft���i�t���i�^S�4�6eLbFs`��rK^�klsx^xeK^p�^`s`�D�U^`s`gLY8wzjSs`iSy£kliSiS�S��^`t�s~}�\Fs`i�sx^`aUiSt2�FiSjStlrLt�cFbFt>kliS��eK^Skl�St�sSk�h�k2yFt�{�t�cFbFt��rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^~eLgScFiS��i��UyL^`jScFt�cFb6hnYX¢cL^`{�b6�>yL^`�SiSsx^x�Ç� 'L}K�*�8bLk�k�eLtlrLiSjD^`cFiO�FiSjStlrLt�cFbFt�yFt�{�t�c6b6hv�FyFb��f^xeLiD�iSs`a6eLiScFt�cFbFb2�FiSyDh6rFa6^��FyFiSbFp�jSi�rLcFiS_	iSs�tlrLbFcFbF F�<kz FtleLgS�¢�FyFiDk�eLtlrFbFs`gL}Da6^`aFbL�iS�SyL^`p�iD�HiDkl�U��t�kls`j`eFhFt�sSk¨h�a6^�\Ft�kls`jSt�cFcF��_ �Ft�yFtl�Si~r iSs>�6yFiS Ft�k�k�^>�f^`yFaUiSjDklaDiS��i¤

α = 1
¦]a cFt��f^`yFaUiSjDklaDiD�4��¤

α 6= 1
¦�}TrLyF�U��bL�4bWk�eLiSjD^S�4bn}TaU^`a �Fi~hFj`eFhFt�sSk¨h �L^x��8hFs`gLY

ýf^Sk�k��4iSs`yFbL�W�FyFiS Ft�k�k]p�^`yDh6rLaFb2b?yL^`p�yDh6rLaFb?aUiSc6rLtlcLk�^`s`iSyL^F}U�6yFiSbLk��Di�rFh6���bF_2�Fi�k�eLtlrL�U�]��t�_2k��Dt��4tSY5û�ð � p�^`yDh6rLaFb	jSa6eL�]\L^`t�sSk�h	j��4iD�4t�cFs
t = −θ < 0

}iDklsx^`t�sSk¨h
�FiDkls`i�hFcFcF�z��rLi
t = 0

}6b
jS��a6eL�]\L^`t�sSk�h>j2�4iD�4t�cFs
t = 0

}LkqaDiSs`iSyFiS��ib
cL^`�`eL��rK^`t�sSk�h>yFtleK^`a6k�^` Fb6hnm

E(t) =





0, t < −θ;
E0, −θ 6 t < 0;
0, t ≥ 0.X���yL^x�O^xhHyFt�{�t�cFbFt��UyL^`jScFt�cFb6h�k���s`iS_��FyL^`jSiS_H\L^Skls`gS� \Ft�yFt�p��q�UcFa6� FbF�qCnyFbFcL^
j��qiSyL�4tBGvbFs`s~^`�l� ��t����ZeLt�yL^>bW�FyFtlrKkls~^`jSbFjv�FiDk�eLtlrLcF�]�*jvjSb6rLtkls`t��Ft�cFcFiS��iOyDh6rK^F}6�Fi`eL�U\FbL�

u(t) = E0

∫ 0

−θ

∞∑

j=0

(t− t′)α−1
Γ(αj + α)

[
−
(
t− t′
τ

)α]j
dt′, t ≥ 0.

Ö½×ÙØoÚÜÛUÝQÞ�ßáàYâAßÙã�Ú.äQÝ�à[åVæÙç�ßáè�ßÙÚ.ãDé"ßVâ�àQã�êVë¬ì í
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oqp��4t�cFbL�H�FiSySh6rLiSa�bFcFs`t���yFbFyFiSjD^`cFb6hvb�kl�6�f�4bFyFiSjD^`cFb6hvbn}KjSiDkl�Fi`eLgSp�i`jD^xjS{�bLklgkljSiS_Lkls`jSiD�W�l^S�f�f^x� �q�UcFaF FbFbn}6�Fi`eL�U\FbL��m

u(t) = ταE0

∞∑

j=0

(−1)j
Γ(αj + α+ 1)

[(
t+ θ

τ

)αj+α
−
(
t

τ

)αj+α]
. (15.4.1)

üqt�yFt�_6rFhOa	kl�6�f�4bFyFiSjD^`cFbF�H�Fi
k = j+1

bO�FyFbFc6hFj�jSiqjScFbL�f^`cFbFtzkliSiSs`cFiS{�t�cFbFt

−
∞∑

k=1

(−1)k(t/τ)αk
Γ(αk + 1)

= 1− Eα(−(t/τ)α),

�FyFb6�Si~rLbL�£avk�eLtlrL�U�]��t��4�?jS��yF^x��t�cFbF��rFeFh
iSs`cFiS{�t�cFb6h
u(t)/u(0), t > 0

m

u(t)/u(0) =
Eα(−tα/τα)− Eα[−(t+ θ)α/τα]

1− Eα[−θα/τα]
. (15.4.2)

��^x�OrLiD�4�
p�cL^�\Ft�cFbF���L^`yL^S�4t�s`yL^
α
plrLt�klg>kliSiSs`jSt�sSkls`jS�St�s?klt��4t�_Lkls`jSi>a6yFbFjS���¬}iSs`cFiDk�hF��b6�Uk�hqa�yL^`pleLbF\FcF�z�>jSyFt��4t�cL^S�?p�^`yDh6rLaFb

θ
}�b�s`i`eLgSaDizi�rLcFiD�4�]p�cL^~\Ft�cFbF�

α (α = 1)
kliSiSs`jSt�sSkls`jS�St�s�i�rLcL^�aFyFbFjD^xhn}6cFt�p�^`jSbLk¨hF��^xh?iSs

θ
Y5ð�t�_Lkls`jSbFs`tleLgScFiLm

|u(t)/u(0)|α=1 =
E1(−t/θ)− E1[−(t+ θ)/τ ]

1− E1(−θ/τ)
=

=
1− exp(−θ/τ)
1− exp(−θ/τ) exp(−t/τ) = exp(−t/τ), t ≥ 0.

X iS�`eK^Skls`b¡�Si`eLgS{�b6��jSyFt��4t�c
t À θ

yL^`p�cFiDkls`g<bBjSyFt��8hBp�^`ySh6rLaFb
θj�kl�6�f�4t<¤ �~�6Y 'LY �S¦?�4i~�	cFi�kl\FbFsx^`s`gHrLbL���qt�yFt�cF FbL^xeK^S�4bnYz©niS� rK^HbFpWjS��yL^x��tl�cFbF_W¤ �~�6Y 'LY �l� ���6Y 'FY �S¦Ök�eLtlrL�St�s

u(t) ∼ θE0tα−1
∞∑

j=0

(−1)j
Γ(αj + α)

(
t

τ

)αj
= θE0t

α−1Eα,α[−(t/τ)α], tÀ 0.

oqp�jSt�kls`cFiL}L\Fs`i?��sx^?�q�UcFaF Fb6h�bL�4t�t�s>kls`t��Ft�cFcFiS_�u��6jSiDklsF|Fm
fα(t) ∝ t−α−1

}K�FyFb
t → ∞ Y¬X�k�eL�U\L^`t�t�k�eLb t ¿ θ

}KjSs`iSyFiS_�\6eLt�c�j>�qiSyL�4�~eLt>¤ �~�6Y 'LY �~¦�klsx^`cFiSjSbFsSk�h�FyFt�cFt��SyFtl�	bL�4i	�f^xeL�z��rFeFh
tÀ τ

m
fα(t) ∝ t−α(τ ¿ t¿ θ)

Y�qyFbFjS��t�p�^`ySh6rLaFb6� yL^`p�yDh6rLaFbn}~�FiDkls`yFiSt�cFcF��t�kÖbLkl�Fi`eLgSp�iSjD^`cFbFt��
jS��yL^x��tl�cFb6h�¤ �~�6Y 'LY �~¦�rFeFh
α = 0.998

�FyFtlrKkls~^`j`eLt�cF��cL^�ý§bLk`YÖ�~�6Y �SY¬X�yFt��4t�cL^>p�^`yDh6rLaFb
θ = 10 Q ¤ jSt�yD�6c6h6h	eLbFcFb6hK¦�}x´UY � Q !F�6Y � Q b
�6Y � Q ¤¥c6b6�	c6h6h?eLbFcFb6hK¦�Y#ð�eLbFs`tleLgScFiStjSyFt��8h�cL^`�FySh6��t�cFbFt�kl�L^xrK^`t�sqkliS� eK^SklcFi]��a6kl�FiScFt�cF FbL^xeLgScFiD�4��p�^`aUiScF�eð�t��D^xhn}~cFi�FiDk�eLt�cFt�aUiSs`iSyFiS��i
�4iD�4t�cFs~^v�4�!cL^`�`eL��rK^`t���yL^Skl��t��6eLt�cFbFtOaFyFbFjS����rFeFh yL^`pl�eLbF\FcF���Wp�cL^~\6t�cFbF_

θ
b��Ft�yFtl�Di~r�j�cFtlrLt��D^`t�jDklaFbF_�kls`t��Ft�cFcFiS_�p�^`aDiScnYIûÖs`i�jS���� eFhUrLbFs
sx^`an}¬aU^`a �S�~rLs`i>�L^S�8hFs`g
jSiSp�jSyL^`��^`t�sSk�h�j
klbLkls`t��4���FiDk eLtOcFt�aUiSs`iSyFiS��i
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ý§bLk`YK�~�6Y �Sm �R.!0*0-W+%#$!.B + +;�&X?+)�%+Y�;�&Xb2.!)/"/,#?�%+ij)#.!b*)/"/,+?�%e,+9#"d)#.!b-9+%+W+ +;Ifeb- 5.*W#&- +%+H
θ
ñ

bFcFs`t�yFjD^xeK^�jSyFt��4t�cFbnY6©�^`aUiSt]�FiSjStlrLt�cFbFt]�S��eLi�cL^`p�jD^`cFi-���K�Xò0��ùJ÷*ÿ öo÷oø!øBù-�oñ�÷oö����òBñ"���ßó��!ÿ��xù���� '(� YXüqyFb
α = 1

yFtleK^`aUk�^` Fb6h<k�eLtlrL�`t�sWrLt��D^`t�jDklaDiD�4�£p�^`aDiScF�cFt�p�^`jSbLklbL�4i�iSs
θ
mF�L^S�8hFs`g	iSsSkl�UsSkls`jS�`t�s~Y

ûÖa6kl�Ft�yFbL�4t�cFs~^xeLgScF��t�bFp��4t�yFt�cFb6h �FyFiSjSi~rLb6eLbLklg k�eLtlrL�U�]��bL�óiS�SyL^x�p�iD� � ª�� Y � cL^�\L^xeK^�aUiSc6rLt�cLk�^`s`iSy£�S��eH{��UcFs`bFyFiSjD^`c�k>�FiD�4iS��gS��yFt�p�bLk�sSiSyF^ b^S�4�Ft�yL�4t�s`yL^FY � ^`s`t���k]�`eLiSa6^��FbFs~^`cFb6h>�Fi�rK^`jD^xeLiDklg�cFt�iS���Di~rLbL�4iStzcL^`�FyDh6��t�cFbFtk��4t���t�cFb6hWb�aDiSc6rLt�cLk�^`s`iSyWp�^`ySh6�O^xeKk�h.j�s`t�\Ft�cFbFt?jSyFt��4t�cFb
θ
Y�üqi�bLkls`t�\FtlcFbFbjSyFt��4t�cFb

θ
aDiSc6rLt�cLk�^`s`iSy2klcFiSjD^�{��UcFs`bFyFiSjD^xeLk�hnYDoqp��4t�yFt�cFb6h2�FyFiSjSi�rLb6eLbLklg�cL^xraUiSc6rLtlcLk�^`s`iSyFiD�mý4iDk�klbF_LklaUiS��i��FyFiSbFp�jSi~rKkls`jD^F}SkliDkls`i�hF��t���i�bFp]s`tl�6cFbF\Ft�klaUiS_	�S�D��f^`��b�b.�f^Sk�eK^FY� §��i
�FiDkls`i~hFcFcL^xh�t��4aUiDkls`g
yL^`jScL^

2 · 10−6 +2Y�ð�eFh�bFp��4t�yFt�cFb6hs`iSa6^	�S��e�jS���SyL^`c
yFt�p�bLkls`iSy�k�kliS�FyFiSs`bFj`eLt�cFbFt��
2 · 105 �Z��Y���^`�FyDh6��t�cFbFt�bLk��s`iS\FcFbFa6^.�FbFs~^`cFb6h

200
XZY�ý8t�p��~eLg~sx^`s`��}§�FyFtlrKklsx^`j`eLt�cFcF��tvcL^½ý§bLk`Yz�~�6Y ���Fi~rF�s`jSt�yD�OrK^`�]s£s`t�iSyFt�s`bF\Ft�klaFbFt �FyFtlrL�Fi`eLi~��t�cFb6hn}�bFp�iS�SyL^x��t�cFcF��t�cL^kýÖbFk`Y��~�6Y �SY

ý4tleK^`aUk�^` Fb6h£cFt
p�^`jSbLklbFs�iSs p�^`ySh6rLaFb�cL^��FyFiSs�h6��t�cFbFb�cFt�aDiSs`iSyFiS��i�jSyFt��4t�cFbn}cFiO�FiDk�eLtq�FyFiS Ft�k�kq�Fy6i~rLi`eF�O^`t�sSk¨h
jOp�^`jSbLklbL�4iDkls`b>iSs	k��FiDkliS�D^�p�^`yDh6rLaFbnY��^�ý§bLk`YD�~�6Y ��klyL^`jScFbFjD^`�]sSk�hqjS��\FbLk�eLt�cFcF��t§aFyFbFjS��tÖyL^`p�ySh6rLaFb?¤ s`iS\FaFbK¦nk��a6kl�6t�yFbL�4t�cFsx^xeLgScF�z�4b�rK^`cFcF�z�4b?¤¥kl�6eLiS{�cF��t§eLbFcFbFbK¦�kfbLkl�Fi`eLgSp�iSjD^`cFbFt��?tlrLbFc6�kls`jSt�cFcFiS��iz�Fi~rL��iScFiS\FcFiS��i��L^`yL^S�4t�s`yL^
α
Y~X�b6rLcFi]cFt��6eLi~�SiStÖkliS� eK^SklbFt§s`t�iSyFt�s`bF\Ftl�



�*ÿ$¥ òÔ/A���x��â�����&��"â©§��5� �('5´

ý§bLk`Yn�~�6Y �6m 3�?o0-N#&*)�%#Q�&- #$�.B9+:� +;�&V?+)�%+Y�;�&�)#.!b*)/"/,#?�%J^!E�Q[.!g� #�!O2��?/�! +,#&- #02.!$7��)#.`ñ

ý§bLk`Y6�~�6Y �Fm {�)#.BY� #&- +%#&�W+%#0-9#&- + +;If
)+&*b-E!9+:!$�.!$7�!YdØ¥ô�Úx0�'*?/0-N#&*)�%#Q�&- #$�.B9+:� +;�QR%�,5.B + +;Ii
QR%�Ø òBÚR,+9#"e^!E�Q[.!g� #�!O2�e?/�! +,+&- #02.!$7��)#.

θ = 300
0�Á
τ ≈ 0, 4 î −1 ñ/�
.!)#.!Q�&*$7) α Y�;�^�)#.B )#.BY� +;�Q¬\/Á 1�1�S`ñ�FI§('*?/0-N#�! #&- +K+%5.B9+:� 5.!"�aXE/ #?�K+%#"�ï*M�§X)#.!b- +%+K5.IQ�&*g�,+E
$7&*��)+&*$�%+W#&*0*?/�!H

?+)�%+Y7�!HJ%A'*?/0-N#�! #&- +K+%5.B9+:� #�!HAaXE/ #?�K+%#&-HKñ
klaUi`��izyFt�{�t�cFb6h�b���a6kl�Ft�yFbL�4t�cFs~^xeLgScF���qrK^`cFcF���¬}l�DiSs�h�cL^`�`eL��rK^`t�sSk¨h�cFt�aUiSs`iSyFiStyL^`pleLbF\FbFt2cF^v�Si`eLgS{�b6��jSyFt��4t�cL^x�¬Y[üqyFbW�Si`eLgS{�b6�

θ
}nrFeFhW�FyFiS Ft�k�k�^
p�^`yDh6rLaFb6�
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ý§bLk`Yf�~�6Y 'Lm 3�?/0-N#&*)�%#Q�&- #$�.B9+:� 5.!"u?+)�%+Yo.!"u)#.!b*)/"/,#?�%u,+9#"u'-9#&*?+$7)+�!9+%#$�%+W+&*0*?/�!O2�D?/�! +i
,#&- #02.!$7��)#.6Ø

θ = 3600
0BÚ¨ñ

yL^`p�yDh6rFaFbH�S��eHsStliSyFt�s`bF\Ft�klaFb��FyFtlrKklaU^`p�^`c��Ft�yFtl�Di~rHiSs.i�rLcFiS��i.�U�S��jD^`�]��t���ikls`t��Ft�cFcFiS��i?p�^`aUiScL^
(t−α)

avrLyF�U��iD�4�
(t−α−1)
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p�^`aUiScL^?�S��eLi>rLt�_Lkls`jSbFs`tleLgScFiviS�ScL^`yF�D��t�cFi
j
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u(t)/u(0) = e−t/τ + ηα(t),�Ft�yFjD^xhqbFpÖaDiSs`iSyF���qcFtÖp�^`jSbLklbFs�iSs��FyFtlrL�zkls`iSyFbFbn}~^�jSs`iSyL^xhZd]p�^`jSbLklbFs~Yx�]�St§iScFb�U�S��jD^`�]s�kli�jSyFt��4t�cFt���}DcFi��Ft�yFjSiSt�¤ ��aUkl�FiScFt�cF FbL^xeLgScFiSt~¦fk�eK^`�l^`t��8iStS}S�FiScL^~\F^xeL��4cFiS��iq�Si`eLgS{�t�t�jSs`iSyFiS��iL}x�U�S��jD^`t�s]�S�zkls`yFt�tSYSX�yFt�p���eLgxs~^`s`tS}`jSs`iSyFiSt�k�eK^`�l^`t��4iStS}�FyFt�cFt��SyFtl�	bL�4i��f^xeLiSt��Fi�klyL^`jScFt�cFbF�<k��Ft�yFjS�z��}Sklsx^`cFiSjSbFsSk¨hOrLiD�4b6cFbFyF�U�]��bL��FyFb��Si`eLgS{�b6�?jSyFt��4t�cL^x�¬}L� rLt�yL^Skl��t��6eLt�cFbFt�aFyFbFjS���vklsx^`cFiSjSb6sDk¨h
hLklcFi2yL^`pleLb6�\FbL�4�z��Y
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� eLtlrL�`h�yL^`�SiSs`t@� ´
� }�yL^Sk�k��4iSs`yFbL�*rLyF�U��iS_�sSb6�¡yFtleK^`aUk�^` FbFb�d<�qiS��eK^x�
ð���jSb6rKkliScL^FY&=qs`iS�S���Ft�yFt�_Fs`b2a2iS�FbLk�^`cFbF�<��s`iS��i�s`bF�L^F}�ý4Y���b6���f^`s`�~eFeLbFc	�FyFtlrF�
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klsx^`j`eFhFtlsOiS�S��\FcFiStZ�UyL^`jScFt�cFbFtq��a6kl�FiScFt�cF 6bL^xeLgScFiS_>yFtleK^`a6k�^` FbFb>jOjSb6rLt

exp(−Ω0t) � t exp(Ω0t)f(t) = 0, (15.5.1)

� rLt
Ω0
d��FiDkls`i�hFcFcL^xhn}§iS�FbLkl��jD^`�]��^xh£jSp�^`bL�4i~rLtl_Lkls`jSbFt��f^`aFyFiDklaDiS�FbF\Ft�klaUiS��irLbF�Fi`eFhHk?s`t�yL�4iDklsx^`s`iD�q� ��� YfX/\L^Skls`cFiDkls`b��UyL^`jScFt�cFbF�#¤ �~�6Y �6Y �~¦��Fi�rL\FbFc6hFt�sSk�h�q�UcFaF Fb6h
f(t)

rFeFh�klbLkls`t���}�yFtleK^`a6k�^` 6b6h¢aDiSs`iSyF����cL^��4bFa6yFiS�UyFiSjScFt �4i~��t�s�S��s`g?iS�FbLk�^`cL^2�4i~rLtleLgS�!� eL�U�SiSaDiS_v�FiSs`t�cF FbL^xeLgScFiS_vhL�4�!k�rLjS�6�8h��Fi`eLi���t�cFb6�hL�4b yL^`jScFiSjSt�klb6h£¤ yFtleK^`a6k�^`s`iSyÁ+�yFtleLb6�U^D¦¬� �x� �S�0� YTX¡��s`iS_.�4i�rLtleLb �FyFiS Ft�k�k�yFt��eK^`aUk�^` FbFbOcL^~\FbFcL^`t�sSk¨hO�FiDk�eLt�s`iS��iL}`aU^`a	k��FiD�4iS��gS��jScFt�{�cFtl��i��6i`eFh	kliSplrK^`t�sSk�hyL^`p�cFbF L^
j���cFt�yF��bFb.rFeFhW��s`b6�.rLjS�D� �Fi`eLi���t�cFbF_WyL^`jScFiSjSt�klb6hnYnoqp�jSt�kls`cFiL}n\Fs`i�4i~rFtleLg
yFtleK^`a6k�^`s`iSyL^�+�yFtleLb6�D^
kl�FyL^`jStlrFeLbFjD^2rFeFh {�bFyFiSaDiS��i>a6eK^Sk�k�^2rLbF�leLt�a6�s`yFbFaDiSj
b.kl�U��t�kls`jS�U�]s?yL^`�SiSs`��}¬^`jSs`iSyF�BaDiSs`iSyF�����FyFtlrL�FyFbFcFbL�f^xeLb.�FiS�F��s`aFb�4i~rFbL�qbF FbFyFiSjD^`s`g���s`�2�4i�rLtleLgL}DbLkl�Fi`eLgSp��`h2�4i�rLtleLb?�FyF���	aDiSjSiS��i��Ft�yFt�cFiDk�^�p�^x�yDh6rL^ZbObFiScFcFiS_��FyFiSjSi~rLbL�4iDkls`b�� ÑF}U����� }xs~^`an}`\Fs`iS�S�£k�t�t��FiD�4iS��gS���4i��	cFiq�S��eLiiS�FbLk�^`s`gvc6t���a6kl�FiScFt�cF FbL^xeLgScF�U�/yFtleK^`aUk�^` FbF��Yf�zrLcL^`aDivjvaUiScFt�\FcFiD��kl\Ft�s`t2jDkltsx^`aFbFt��FiS�F��s`aFb��D^`p�bFyF�U�]sSk¨hvcL^OaUiScF Ft��F FbFbvyL^Skl�FyFtlrLtleLt�cFcF���>jSyFt��4t�cvyFtleK^`a6�k�^` FbFb�¤«ýÖX(ý�¦�}UkliS� eK^SklcFi�aDiSs`iSyFiS_	cFtlrLt��D^`t�jDklaFbF_Op�^`aDiSc	yFtleK^`aUk�^` FbFb
f(t)

�FyFtlrF�klsx^`j`eFhFtlsDk¨h>jOjSb6rLt�kl�U�FtlyF�FiSp�bF FbFb>rLt��D^`t�jDklaFb6�?kZ�6eLiSs`cFiDkls`gS��yL^Skl�FyFtlrLtleLt�cFb6hjSyFt��4t�c
p(τ)

m

f(t) =

∞∫

0

e−t/τp(τ)dτ. (15.5.2)

X£klsx^`s`gSt�� ´
�T�4i�rLtleLg�yFtleK^`aUk�^`s`iSyL^¬+�yFtleLb6�D^��4i�rLbL�qbF FbFyF�St�sSk�h	bLk¨�Di~rFhObFp�rFyF�D���b6�>kliSiS�SyL^x��t�cFbF_nY
ýf^Sk�k��4iSs`yFbL� �q�UcFaF FbF�

G(t) = exp(Ω0t)f(t)
Y³ Ök�eLb

f(t)
d�yFt�{�t�cFbFt�UyL^`jScFt�cFb6h.¤ �~�6Y �6Y �~¦�}Us`i	s`iS��rK^

G(t) = f(0)
d	aUiScLkls~^`cFsx^Ob

� tG(t) = 0. (15.5.3)

üqyFtlrL�Fi`eLi~�	bL�¢s`t��Ft�yFgL}�\Fs`i�jvcFt�aUiSs`iSyF��t2�4iD�4t�cFs`��jSyFt��4t�cFb�klbLkls`t��f^cL^x�Di�rLbFsSk�hOj�kliDkls`i~hFcFbFbOyL^`jScFiSjSt�klb6hnY7ð�yF�U��bL�4b2k�eLiSjD^S�4bn}xj���s`b2�4iD�4t�cFs`�HjSyFtl��4t�cFb
G(t) = 0

}�^WcFt
f(0)

b�jD�4t�kls`i�cFtlyL^`jScFiSjSt�klcFiS_�a6^`yFs`bFcF� kl�U��t�k�sSjS�`t�syL^`jScFiSjSt�klcFi`tqkliDkls`i�hFcFbFtSY>üqyFbF\FbFcFiS_
��s`iS��iO�4iS���UsO�S��s`gL}6cL^`�FyFbL�4t�yn}Fs`t��6eLiSjS��t�ZeL�UaFs`�D^` FbFb	eLiSa6^xeLgScF���O�Fi`eLt�_?j�rLbF�leLt�aFs`yFbFaUtS}6�FyFbFjSi�rFhF��bFtZa?��aFyL^`c6bFyFiSjSaUtjScFt�{�cFt���i��Fi`eFhnY
�qyFiD�4tzs`iS��iL}S�FyFtlrL�Fi`eLi~�	bL��}S\Fs`i��4iD�4t�cFs`��jSyFt��4t�cFb2aUiS��rK^

G(t) = f(0)yL^Skl�FyFtlrLtleLt�cF�£�Fi�k�^S�4iS�Fi�rLiS�ScFiD�4�	¤¥�qyL^`aFsx^xeLgScFiD�4�F¦8�4c6i~��t�kls`jS�SY`oqcL^~\Ft���iSjSi`�yDhn}`j��4iD�4t�cFs`��jSyFt��4t�cFbn}SkliSjS�L^xrK^`�]��bFt�k�s`iS\Fa6^S�4bOcFt�aUiSs`iSyFiS��iqk�^S�4iS�Fi~rLiS�ScFi`���i	�4cFi~��t�kls`jD^F}
G(t) = f(0)

}K^�j2�4iD�4t�cFs`��}KkliSjS�L^xrK^`�]��bFt�kq�F�Skls`iSsx^S�4bv�lsSiS�li�4cFi���t�kls`jD^F}
G(t) = 0

Y�©niS� rK^F}ÖbFcFs`t���yFbFyF�xh¢�q�UcFaF FbF�
G(t)

b�iDkl�U��t�kls`j`eFh6h
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�DklyFtlrLc6t�cFbFt>�Fi yL^`pleLbF\6cF�z�ByFt�^xeLb6p�^` Fb6hL�¡�FiDkls`yFiSt�cFb6h£k�^S�4iS�Fi~rLiS�ScFiS�li��4cFi`���t�kls`jD^F}F�4i��	cFi	�Fi`eL�U\FbFs`g�� �~�*�

0 � −1t G(t) = A 0 � −βt [f(0)]. (15.5.4)� rLt�klg
A
d.�FiDkls`i~hFcFcL^xhn}4iS�FyFtlrLtleFhFt��f^xh�kls`yF�UaFs`�UyFiS_��qyL^`aFs~^xeLgScFiS��i �4cFi~��tl�kls`jD^F}UcL^�aUiSs`iSyFiD�WyL^Skl�FyFtlrLtleLt�cL^

G(t)
}
β ∈ (0, 1]

dOt���iO�qyL^`aFs~^xeLgScL^xh2yL^`p��4t�y6�cFiDkls`gLY o�kl�Fi`eLgSp��`h£kljSiS_Lkls`jD^�iS�Ft�yL^`s`iSyFiSj�rLyFiS�ScFiS��i�bFcFs`t���yFbFyFiSjD^`cFb6h£b£rLbL�Z��qt�yFt�cF FbFyFiSjD^`cFb6hn}UjS��yL^x��t�cFbFt	¤ �~�6Y �6Y �~¦Ö�4i~�	cFiO�Ft�yFt��FbLk�^`s`gOj	jSb6rLt
0 � βt [G(t)] = 0. (15.5.5)oqcL^~\Ft���iSjSiSyDhn}Öt�k�eLb��4� yF^Sk�k��f^`s`yFbFjD^`t��/yFtleK^`aUk�^` FbF��}��FyFb�aDiSs`iSyFiS_¢jSp�^`b6��4i~rLt�_Fkls`jSbFtvk?jScFt�{�cFbL�¡�Fi`eLt��¡cFiDklbFs��FyFt�yF��jSbLkls`��_Hk�^S�4iS�Fi~rFiS�ScF��_W�U^`yL^`a6�s`t�yn}Ls`i2s`iS� rK^O�UyL^`jScFt�cFbFt2¤ �~�6Y �6Y �D¦§rFeFh��q�UcFaF FbFb

G(t)
p�^S�4t�c6hFt�sSk�h
�UyL^`jScFt�cFb6�t���¤ �~�6Y �6Y �S¦�Y

üqyFbFcFbL�f^xh�jSivjScFbL�f^`cFbFt
G(t)

}8�UyL^`jScFt�cFbFt	rFeFh��q�UcFaF FbFb�yFtleK^`a6k�^` FbFb
f(t)

�4i��	cFi	p�^`�FbLkl^`sSg�jOjSb6rLt
exp(−Ω0t) 0 � βt [exp(Ω0t)f(t)] = 0 (15.5.6)b6eLbvkqbLk��Fi`eLgSp�iSjD^`cFbFt��WiS�Ft�yL^`s`iSyFcFiS��iOkliSiSs`cFiS{�t�cFb6hÄ� �~�*�

exp(−Ωu 0 � 1−εt ) 0 � αt exp(Ωu 0 � 1−εt ) = (0 � εt +Ωε)α/ε,

0 < ε 6 1, α 6 ε,�FyFb6rK^`s`g	t��4�2�Si`eLt�tqcL^`��eFh6rLcF�U�B�qiSyL�4�?�qiS��eK^�dAð���jSb6rKkliScL^Fm
0( � t +Ω0)

βf(t) = 0. (15.5.7)� eLtlrL�U�]��bFt�jS��jSi�rL��k¨rLtleK^`cF��jOaDiScF Ft� FbFs`bFyF�St��4iS_vyL^`�SiSs`��Y�~¦[üqyFiS Ft�k�kÖ�qiS��eK^x��ð���j`b6rKkliScL^��4i~��t�s]bL�4t�s`gq�4t�kls`iZjqklbFkls`t��f^x�¬}~a�aUiSs`i`�yF�z�.�FyFbL�4t�cFbL�f^��4i~rLtleFg�yFtleL^`a6k�^`s`iSyL^¬+�yFtleLb6�U^�j�kliS\Ft�sx^`cFbFb2kzcFtlrLt��D^`tljDklaUiS_yFtleK^`aUk�^` FbFt�_nY§X�iSp��4i~�	cFiL}8sx^`aFbFt
�Dk�eLiSjSb6h�jS���Fi`eLc6hF�]sSk�h�j.klt���cFt�s`iS�leLt�aFs`yFb6�a6^x�¬}DaFyFbLklsx^xeFeK^x�?k]bFiScFcFiS_?�FyFiSjSi~rLbL�4iDkls`gS��}U^�s~^`a6��tqj��	b6rLaFb6�?b?�6eK^Skls`bF\Ftl�klaFb6�>aFy6bLklsx^xeFeK^x�¬Y�S¦¸+��UcFaF Fb6h
yFtleK^`aUk�^` FbFb>sx^`aFb6�
klbLkls`t��£�~rLiSj`eLt�s`jSiSyShFt�s��UyL^`jScFt�cFbF�
[ � t +Ω0]

β
f(t) = 0,b
bL�4t�t�sOjSb6r

f(t) = C
tβ−1

Γ(β)
e−Ω0t.�D¦[ü�^`yL^S�4t�s`y

β
u~bL�4t�t�s�k��4�zk e	�qyL^`aFsx^xeLgScFiS_�yL^`p��4t�yFcFiDkls`b��4cFi~��t�kls`jD^F}cL^�aUiSs`iSyFiD�Bkls~^`sSbFkls`bF\Ft�klaFbHyL^Skl�FyFtlrLtleLt�cF���4iD�4t�cFs`��jSyFt��4t�cFbn}fiSs`jSt�sSkls`jSt�c6�cF��t>p�^�jSp�^`bL�4i~rFt�_Lkls`jSbFt
�4tl�OrL�W�leLt��4t�cFsx^`yFcFiS_�kliDklsx^`j`eFhF�]��t�_£�qbFp�bF\Ft�klaUiS_klbLkls`t��4��b
jScFt�{�cFbL�£�Fi`eLt���|xY
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«�i`eLt�t>iS�S��^xh�^`�F�FyFiSa6klbL�f^` Fb6hn}4i��6jD^`s`��jD^`�]��^xhWjDklt>s`yFb�yL^Sk�k��4iSs`yFt�c6�cF���?jS��{�tZrK^`t�sSk�h?rLjS�D�6�L^`yL^S�4t�s`yFbF\Ft�klaUiS_
�qiSyL�4��eLiS_�C6^`jSyFb6eFhFa6^x� �qt���^S�4b
f̃βα (iω) =

1

[1 + (iωτ)α]β
, 0 < α < 1, 0 < β < 1. (15.6.1)

ý4t�{�t�cFbFt�k�iSiSsSjStlsDk�sSjS�U�]��t��li�rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLgSc6iS��i��UyL^`jScFt�cFb6h
[1 + (τ 0 � t)α]β f(t) = δ(t),

iDklcFiSjD^`cFcFiStqcF^	yL^`pleLi~��t�cFb6b
rLyFiS�ScFiS_vkls`t��Ft�cFb�iS�Ft�yL^`s`iSyFcFiS_vkl�6�f�4��j2�St�klaUi`�cFt�\FcF��_
ySh6rÂ�qgS�]s`iScL^
[1 + (τ 0 � t)α]β =

∞∑

n=0

(
β

n

)
(τ0 � t)α(β−n) ,

�Fi`eL�U\Ft�cFiOjOyL^`�SiSs`t-� �
���¬b
bL�4t�t�sOjSb6r�m
f(t) = − 1

Γ(β)

∞∑

n=0

(−1)nΓ(n+ β)

n!Γ(α(n+ β))

(
t

τ

)α(n+β)
.

üqiDklaUi`eFgSaF�2�L^`yL^S�4t�s`y
α
}La6^`av�4��jSb6rLtleLbvj2�4i�rLtleLb��qiS�~eK^x� �ZiS��eK^6}Fklj`hFp�^`cvklikls`t��Ft�cFcF�z��yL^Skl�FyFtlrLt�eLt�cFbFt���jSyFt��4t�cFb
��rLt�yD��^`cFb6h
jOeLiSjS�U{�aDtS}F^O�L^`yL^S�4t�s`y

β�U^`yL^`aFs`t�y6bFp�iSjD^xe.�qyL^`aFsx^xeLgScFiSt�yL^Skl�FyFtlrLtleLt�cFbFt	�4iD�4t�cFs`iSjvyFtleK^`aUk�^` FbFb.jv�4i`�rLtleLb
�qiS�~eK^x��ð���jSb6rKkli`cL^F}Ds`i	t�kls`t�kls`jSt�cFcFiO�FyFtlrL�6i`eLi~�	bFs`gL}6\Fs`i	yL^Sk�k��f^`s`yFbFjD^`tl��4iD�4�2�FyFiS Ft�k�kl��CF^`jSyFbUeFhFa6^x� �qt��l^`�4b?�FyFbLkl�U��b
iS�Stq��s`b
iDkliS�St�cFcFiDkls`bnYoqcFiS_��Fi~rF�Di�rOaO�4i~rLtleLbFyFiSjD^`c6bF�H�FyFiS Ft�k�k�^�C6^`jSyFb6eFhFa6^x� �qt���^S�4b�bLkl�Fi`eLg`�p�iSjD^`c?jOyL^`�SiSs`t-� ��'(� Y
z�	�{�� ; ~���ï��,���E�³¶�·�~�¹ÂÛ � ��ç�|�~���E¶���ç��E��ð���� � #l|�~X~l�,���

�qt�s`yF��rLcFi!jSb6rLt�s`gL}�\Fs`i�jDk�t¢�Ft�yFt�\FbLk�eLt�c6cF��t�jS��{�t¢�4i~rLtleFb�cFtlrFt��D^x�t�jDklaDiS_�rLbL���q�Up�bFb ��rLiSj`eLt�s`jSiSyDhF�]s�aFyFbFs`t�yFb6hL� �UcFbFjSt�yLk�^xeLgScFiS��i�iSs`a6eLbFaU^
ð���iScF{�tlyL^Fm

f(t) = A[(t/τ)µ+1 + (t/τ)ν ]−1 ∼

∼
{
A(t/τ)−µ−1, tÀ τ, 0 6 µ 6 1;
A(t/τ)−ν , t¿ τ, 0 6 ν 6 1
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χ̃(ω) ∼
{
B(ωτ)µ, ωτ ¿ 1,
B(ωτ)ν−1, ωτ À 1.u~[]cFbFjSt�yLk�^xeLgScFiDkls`gL|�j�rK^`cFcFiD��aDiScFs`t�a6kls`t�iSp�cL^�\L^`t�s~}6\Fs`iOs`bF�
yFtleK^`aUk�^x� FbFb��4cFiS��b6��¤¥^`jSs`iSy@� �~�*��kl\FbFsx^`t�s
d�jDkltl�L¦q�f^`s`t�yFbL^xeLiSj��4i���t�sv�S��s`g�i��U^`yL^`a6�s`t�yFbFp�iSjD^`c	p�^xrK^`cFbFt��.i~rLcFiS_	s`iS\FaFb?j��6eLiDklaUiDkls`b

α, β
Y�ð�t�_Lkls`jSbFs`tleLgScFiL}S�FyFiSjStl�rLt�cFcF��_vj�� ÑF}n�~�*�8^`cL^xeLbFpq��a6kl�Ft�yFbL�4t�cFs~^xeLgScF���>rK^`cFcF���>�Fi	y6tleK^`a6k�^` FbFb
�Fi`eFh6�yFbFp�^` FbFb2�Fi`eFhFyFcF���	b2cFt��Fi`eFhFyFcF����rLbF�leLt�aFs`yFbFaUiSjL}U�f^`��cFt�s`bFaUiSj�j��f^`��cFbFs`cFiD��Fi`eLtS}4�FyF���	aDiSjSiS_£�FyFiSjSi�rLbL�4iDkls`b£j��Fi`eL�U�FyFiSjSi~rLcFbFaU^x�n}��FyFiSjSi~rFbL�4iDkls`b£bFiSc6�cF�����FyFiSjSi�rLcFbFaUiSjL}�p�^S�4tlrFeLt�cFcFiD�4��kl�L^xrL��eL�Z�4bFcFt�kl Ft�cF FbFbn}]�FiSjSt�yD�6cFiDkls`cFiS_�FyFiSjSi~rLbF�4iDkls`b.bFp�i`eFhFs`iSyFiSjL}¬aFbFcFt�s`bFaUt	�6bL�4bF\Ft�klaFb6�.yFt�^`aF FbF_n}8�4tl�D^`cFbF\Ft�klaUiS_yFtleK^`aUk�^` FbFbO�U�FyF�U��i`� �6eK^Skls`bF\FcF�����f^`s`t�yFbL^xeLiSjqjqiDklcFiSjScFiD���Fi�rLs`jSt�yD�OrK^`t�sZ��s`i�FyFtlrL�Fi`eLi���t�cFbFtSYX���{�t��4���D��t�iS�Dkl�D�OrK^xeFb
�qbFp�bF\6t�klaFbFt��FyFtlrF�FiDkl��eLaFb
sx^`aDiS��iO�FiSjStlrLtl�cFb6h�k�eLi��	cF����klbLkls`t���Y~X yL^`�SiSs`t.� ��ª��D��sx^zaU^`yFs`bFcL^�rLiS�Fi`eLcFt�cL^��FyFt�rKklsx^`j`eLt�cFbFt��iOa6eK^Skls`t�yL^x�?aUiSyFyFtleLbFyFiSjD^`cFcF���	rLbF�Fi`eLt�_
b>jS��� eFh6rLbFs	k�eLtlrL�U�]��bL�£iS�SyL^`p�iD��Y÷���ÿ��"�Bôx÷oø0��÷7ó"��þ>ò!ø0��÷-ÿ;4Bôx÷oöoñxòDmnbL�4t�t�sSk¨h�k�eL�U\L^`_FcFiStO\FbLk�eLi�^`aFs`bFjScF���rLbF�Fi`eLt�_n}�aDiSs`iSyF��t�k�eLtlrL�U�]sBp�^BbFp��8t�cFt�cFb6hL�4b�jScFt�{�cFt���iB�Fi`eFh%!�b6�/bFc6rLb6�jSb6rL�D^xeLgScF��t£klaDiSyFiDkls`bByFtleK^`a6k�^` FbFbBiS�FyFtlrLtleFhF�]sSk¨h!jSp�^`bL�4i~rLt�_Lkls`jSbFt�� k�b6��L^Sk�klbFjScF�z�4b�kliDkltlrFhL�4bn}¬�qiSyL�4bFyF�U�]��bL�4b�jSiSaFyF�U��cFb6��a6eK^Skls`t�yF�!k�eL�U\L^`_FcF���yL^`p��4t�yFiSjLY÷���ÿ6ò3:/÷oø���÷7ó���þ>ò!ø���÷*ÿ 4Bôx÷oöoñxòSm��Fi�hFj`eFhF�]sSk�h�a6eK^Skls`t�yF��}�kli~rLt�yS�O^`��bFtklj`hFp�^`cFcF��t�rLyF�U�Zk�rLyF�U��iD�.�4i`eLt�aF�~eL��!SaUi`eFeLt�aFs`bFjScL^xh2klaUiSyFiDkls`g�yFtleK^`aUk�^` FbFb2jsx^`aFb6�>�4t�p�iDklaUiS�FbF\Ft�klaFb6�?iS�`eK^Skls�h6� ¤ÅrLiD�4t�cL^x�L¦ÖaUiSy6yFtleLbFyF�St�s	kZ\FbLk�eLiD��^`aFs`bFj`�cF����rLbF�Fi`eLt�_�jZrLiD�4t�cFt�bOkli�kls`i��U^Skls`bF\Ft�klaFbL�4b	kljSiS_Lk�sSjD^S�8b�bFcUrLbFjSb6rL�D^xeLgScFiS��i�FiSjStlrLt�cFb6hn}�iSs`yL^x�O^xh�aU^`a��FyFiDkls`yL^`cLkls`jSt�cFcF��tS}8sx^`a�b£jSyFt��8t�cFcF��t
�f^Skl{�s~^`�S�aUiSyFyFt�eFhF FbF_nY÷���ÿ����Bôx÷oø0��÷7ó"��þ>ò!ø0��÷-ÿ74Bôx÷oöoñxòSmxiDklyFtlrLcFt�cFbFt�jq�Fy6iS Ft�k�klt�kl�6�f�4bFyFiSjD^`cFb6hjSa6eK^xrLiSj�jDkltl�	rLiD�4t�cFiSjOklbLkls`t��4�¢jStlrLt�s�a>�UcFbFjSt�yLk�^xeLgSc6iD�4�2kls`t��Ft�cFcFiD�4�2�FiSjStl�rLt�cFbF�¡yFtleK^`a6k�^` FbFb
klbLkls`t��4��jO FtleLiD��YX.yL^S�4aU^x��aUiScF Ftl�F FbFb6ð���iScF{�t�yL^F}������qt�aFs`bFjScFiDkls`g]��aFyL^`cFbFyFiSjD^`cFb6h�p�^x�jSbLklbFsziSs]kliSiSs`cFiS{�t�cFb6h��4tl�OrL�q�6eLiSs`cFiDkls`gS�£s`t�yL�4i`� ^`aFs`bFjSbFyFiSjD^`cFcF���]rLbF�Fi`eLt�_kZ��cFt�yF��bFt�_

W
}

nd ∝ exp{−W/kBT}b�u~aFyFbFs`bF\Ft�klaDiS_n|	�6eLiSs`cFiDkls`gS�
nc ∝ kBT/µ2,

� rLt
µ
d>rLbF�Fi`eLgScF��_ �4iD�4t�cFs>��aFyL^`cFbFyF�St��4iS_ �4i`eLt�aF��eL��Y � iS� eK^Sk�cFi>��s`iS_�aUiSc6� Ft��F FbFbn}8�FyFb

nd ¿ nc
\6bLk�eLi�rLb6�Fi`eLt�_�j�iSaFyF�D��t�cFbFb�aU^x�OrLiS��ivrFbF�Fi`eFh�jSiSpl�yL^Sklsx^`t�s
�FiS\Fs`bW��a6kl�FiScFt�cF 6bL^xeLgScFiL}nsx^`a.\Fs`i�b6� �FiSjStlrLt�cFbFtOhFj`eFhFt�sSk�h.aUi`eFeLt�a6�s`bFjScF�z��b£iS�FyFt�rLtleFhFt�s��UcFbFjSt�yLk�^xeLgScF��_.s`bF�£yFtleK^`a6k�^` FbFb�klbLkls`t��4�*j� FtleLiD��Y



<D�"�5���7�1��õ��7� �D�(�
üqyFiSs`bFjSiS�Fi`eLi��	cF��_H��t k�eL�U\L^`_

nd À nc
�U^`yL^`aFs`t�yFbFp��`t�sSk�h<�����qt�aFs`bFjScF�z���aFyL^`cFbFyFiSjD^`cFbFt���}KjDk�eLtlrKkls`jSbFt�aUiSs`iSyFiS��i2rLbF�Fi`eLb��Ft�yFt�klsx^`�]s.u~jSb6rLt�s`gL|>kljSiSb6�kliDkltlrLt�_Wb�jStlrL�Us�klt��~hWcFt�p�^`jSbLklbL�4iL}�iS�FyFtlrLtleFh6hWs`t��Bk�^S�4�z��rLt��D^`t�jDklaFbF_Ws`bF�yFtleK^`aUk�^` FbFbW¤¥k���YL©�^`�`e�Yn�~�6Y �S¦�Y

©�^`�`e�Yn�~�6Y �6Y+ð�t��D^`t�jDklaU^xh?b>cFtlrLt��D^`t�jDkla6^xh?yFt�eK^`a6k�^` Fb6hÄ� �~�*�
üqyFbFp�cL^`aFb ð�t��D^`t�jDklaFbF_?p�^`aUiSc []cFbFjSt�yFk�^xeLgScF��_>p�^`aUiSc��i`cF Ft�cFs`yL^` FbFb

nd À nc nd ¿ ncûÖaFyL^`cFbFyFiSjD^`cFbFt �����qt�aFs`bFjScFiSt cFt������qt�aFs`bFjScFiStX�p�^`bL�4i~rLt�_Fkls`jSbFt k�eK^`�SiSt klb6eLgScFiSt
üqiSjStlrFt�cFbFt bFc6rLbFjSb6rL�D^xeLgScFiSt aDi`eFeLt�aFs`bFjScFiSt

��^`aUiScFt� n}]j<p�^`a6eL�]\Ft�cFbFt���eK^`jS�#�FyFbFjStlrLt�� yFtleK^`aUk�^` FbF�lC6^`jSyFb6eFhFa6^x��qt��l^S�8b>j	�FyFtlrKk�sx^`j`eLt�cFbFb
yL^Skl�FyFtlrLtleLt�cFcF���?jSyFt��4t�c
yFtleK^`aUk�^` FbFb_� �o´
�
fβα (t) =

∞∫

0

e−t/τpβα(τ)dτ,

pβα(τ) =
1

π

∣∣∣∣∣
10sαβ sin(βθ)

[102sα + 2 · 10sα cos(απ) + 1]
β/2

∣∣∣∣∣ ,

� rLt
s = log(τ/τ̄)

}
τ̄
d	cL^`bFjSt�yFi~hFs`cFiStZp�cL^~\Ft�cFbFt

τ
}L^

θ = arctg

[
sin(απ)

10sα + cos(απ)

]
.

� iS�FiDklsx^`j`eFt�cFbFtZ��s`b6�
�qiSyL�4��evkO¤ �~�6Y ªFY �~¦frK^`tlsx}6aU^`a
�4cFt��FyFtlrKkls~^`j`eFhFt�sSk�hn}6�U�Stl�rLbFs`tleLgScF��_.^`yF���6�4t�cFs?j>�Fi`eLgSp��
jSyFt��4t�cFcFiS��i>�Fi�rF�Di~rK^2a��FiSbLklaF���qbFp�bF\Ft�klaUiS_bFcFs`t�yF�FyFt�s~^` FbFbvcFtlrLt��D^`t�jDklaUiS_?yFtleK^`aUk�^` FbFbnY
@}�����,����� î ���
�SY�¬]�2Ye`¶X
§ÇJ]\1J�~ V$V"S(Y �;F.�1��Q�R$T X-T ��S����1�³L$R
�2FåTyH
P$� } Få� Z�Y ªF}T¹6´n}L�`�&�>¤ ���S��ÑD¦�Y
�6Y¢®�rKaD�£Ë�g�c¹XZ`¶W�V XZY�l.Jm´�JN~ V$V Y �1� Z?n R��2FåT Uq· ¸�}x´U�S�O¤ ��ÑS�#´`¦�Y�FY¢^�Xe�ei}XZYeV �2a�Ws�#JNn R��2FåTÝQ�S=w1Q Z T L1��S ¸�Ün}¬�o´*'v¤ ��Ñ�ÑF�~¦�Y'LYBLIþ$��M"�&��ñ_I�J�I�J ��LIþ$��M"�&��ñ0��J9I�J�[Z\6t�cF��t2p�^`�FbLklaFbW[4eLg`hFcFiSjDklaDiS��i
��iDk`Y�UcFbFjSt�yLklbFs`t�sx^FY � t�yFb6hWu&+�bFp�bF\Ft�kla6^xhn|
�D¤ �o´`¦�}¬��'
¤ �`�S�D�S¦�Y
�6YZ#dË�gN_K` «K`ba ®ØJ³®ØJ ��#dË�gN_K` «K`baxÁ�J³®ØJ�Ò V mm� R"SMI±F }£� I&X�L$Y � Ç T �/��S(V"� JKZ S(V�F�L�I Z �d0{ � � ¯ � Z Få��� m2� I Z YÝ�¢w1Q0T ��V&�3T ��Q }T�`�S�S�6} L Y"�&�#´UY
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ªFY�LIþ$��M"�&��ñÑI�J�I�J �³�
ÿ�6-ôx÷�:/ò!ö���þ ð J?�¬J � ð �"60�oùJ÷oö��ØJ0Ý"JEG�^`s`t�yFbL^xeL�M>�Ò�4t��Or�YqaDiScL�qt�yFt�cF FbFb�u&+�bFp�bFaU^�rLbF�leLt�aFs`yFbFaUiSjL|~Y]d � ^`cFaFsx�Àüqt�s`t�yF�S�UyF��}�`�S�S�6}6k`Yn�~�/ÑFY
´UY�Ê³` fM�=_Ki¦�2VbV `ba¢´�J�´�J �]´n�M_Gµ�rK­¾É�_&Jml.JNn R��2F Y w�I&Y TÝ�qw&��S��3� ÜK±n}F�#´?¤ ��Ñ�Ñ#´`¦�Y
�FY7À�YFðr;g�V `¶Ë�g�º¬J�J R$�+I Z �=IM� � T ��Y �
Q�� Z TÝQ+F YUd �?Ç ��I Z � m�� YÝS Z ��V"�2I&V n9Z �;F
F }n��ÑD�`�6Y
ÑFY
\2rKaN�+Ë�gNXZYtU�JsÍ-J
� T ��Y �
Q�� Z TÝQ o ��YÝS Ç S��3T I&VµT V�w�I&Y TÝ�NF Yqd p I&V"�2I&V ms� R$��YyFå�
S� T ��Y �
Q�� Z TÝQ n9Z �;F
F }¬��ÑS�&�FY
���FY³\2rKaN�
gNXZY�U�J£Í-J�¯LY zÂS��3� Z�Y w�Q0T Yn¹2¤n}K�`�&�#´	¤ ��ÑS�F�~¦�Y
�S�SY��"4&6*�&��ñD��J�÷-JLoqp�jLY6jS�Up�iSjLY"+�bFp�bFaU^ · ·K·n}L�`ª
¤ ��Ñ#´oÑD¦�Y
�~�6Y?÷���°Òÿ��oùJù�4*����ñ0�ØJm�ØJ �d�©��67÷oö� ¬J%Ù.J#+�©�©�ÜK±n}n���F�O¤ ��Ñ�Ñ#´`¦�Y
�
�FY?ÊkrK­;` «GrK­S®ØJd®ØJ �©^�r.�ZËZ`¶X�Ë�gNrKc]�
«M`NÍ-Jd^�J �NÍ�rK�
«GrK­K_G�¸J±U�J ��j�g�`¶XZV�j?J zÂS��3� Z TÝS(Yw1Q�T ��V"Q0� d=n I&YÝS(V"�q· Ün}�Ñ#´�´2¤ �`�S�D�S¦�Y
��'LYZ#dË�gN_K` «K`baä®ØJ7®ØJ1Ò V
� Y�¯LYNJ R$�+I Z�Y2n R��2F YL¸ · }¬�~�6�O¤ �`�S�&�D¦�Y
�~�6Y³\2rKaN�+Ë�gNXZY(U�JNÍ-J±È V$T N&� Z F3S(Y o ��YÝS Ç S��3T I&V p S � Yxdkp I&V"�2I&V m2� R$�0YbFå��S � T ��Y �
Q�� Z TÝQn9Z �;F
F }¬��Ñ�ÑSªFY
��ªFY³\2rKaN�+Ë�gNXZY©U�JNÍ-J ��\±�2YeV XZcd`¶Ë��(U�J ��^�XZY
rKa�Í-J�� I&V
�3��X�L�I Z S Z � n R��2FåTÝQ+F }6���S�('U�`ª¤ �`�S�&�D¦�Y
�o´UY0j��2a�Ë�XZY7l.J�~¸Zá> T N m QZI&V$� � X�S�� Vx�D�`�&�+´`�x� N �(� QZI&V$� � X�S�� Y �1TyF � }1�F� zÂS Z�¤ �`�S�D�S¦�Y
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üZeLiSs`cFiDkls`gZs`iSa6^

jx(x, t)
}x�FyFi~�Si~rFhF��t���i]\Ft�yFt�p L � V � �Ft�yFtl�Si~r�jq�6eLiDklaDiDkls`b

x = 0
}FjS��yL^x�O^`t�sSk¨h>\Ft�yFt�p�aDiScF Ft�cFs`yL^` FbF��rL��yFiSa

ρ(x, t)
kliSiSs`cFiS{�t�cFbFt��

j(t) = [eK � x − eµE(0)] ρ(x, t)

∣∣∣∣∣
x=0

,

� rLt
e
d�p�^`ySh6r��leLt�aFs`yFiScL^F}

K, µ,
b
τ
d�aDiS�����qbF FbFt�cFs
rLbL���q�Up�bFbn}n�Fi~rLjSb6�O�cFiDkls`gOb
klyFtlrLcFt�tqjSyFt��8h?�	bFp�cFb>rL��yFiSan}
E
d	cL^`�FySh6��t�cFcFiDkls`gO�leLt�aFs`yFbF\Ft�klaDiS��i�Fi`eFh£cFt�klaDiD�4�Ft�cLklbFyFiSjD^`cFcF���Wp�^`yDh6rLiSjLY � ^S�f^���t
aDiScF Ft�cFs`yL^` Fb6h���rLiSj`eLt�s`jSi`�yDhFtls	�UyL^`jScFt�cFbF��m

[ � t −K � 2x + µE(x) � x + 1/τ
]
ρ(x, t) = 0, x ≥ 0, t > 0

kZaFyL^`t�jS�z�4b
�Sk�eLiSjSb6hL�4bnm
ρ(x, 0) = ρ(∞, t) = 0.

üq�Dkls`g>�6eLiSs`cFiDkls`gvs`iSaU^
j(t)

d
eLt���aUi
bFp��4t�yShFt��f^xh.jStleLbF\FbFcL^?dvbFp�jSt�klsx�cL^F}`s`yFt��S�`t�sSk�h	cL^`_6sSbOaUiScF Ft�cFs`yL^` FbF��rL��yFiSa
ρ(0, t)

jq�6eLiDklaUiDkls`b L � V � �Ft�yFtl�Di�rK^
x = 0

Y � cL^~\Ft�cFbFt���s`iS_vjStleLbF\FbFcF��iS�FyFtlrLtleFhFt�s~}Kj	\L^Skls`cFiDkls`bn}K�4iD�4t�cFs2p�^`�FbFyL^x�cFb6h£�Ft�yFtl�Di�rK^��Fy6b�bFcFjSt�yLklbFb£s`iSa6^�k?�Fi`eLi~�	bFs`tleLgScFiS��i�cL^`�FyL^`j`eLt�cFb6h�cL^�iS�`�yL^`s`cFiStSYK�]��yL^`cFbF\FbL�fk�h>plrLt�klgO�FyFiDkls`t�_F{�bL��k�eL�U\L^`t��
E = const

Y�üqi`eK^`��^xh2rFeFh�FyFiDkls`iSs`�
K = 1

b�jSjSi~r6hWiS�SiSp�cL^~\Ft�c6b6h
β = µE, γ = 1/τ, δ = β2/4 + γ

}�4t�s`i~rFiD����^`aFs`iSyFbFp�^` FbFb>�Fi`eL�U\L^`t���m
j(t) = e−δt( 0 � 1/2t + δ/2)eδtρ(0, t).
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ý4t�{�t�cFb6t��lsSiS�liO�6yF^`jScFt�cFb6h>bL�4t�t�s	jSb6r

ρ(0, t) =
1

e

t∫

0

[
e−δ(t−θ)√
π(t− θ)

− β

2
e−γ(t−θ)erfc

(
β
√
t− θ
2

)]
j(θ)dθ. (16.1.1)

XHrLt�_Lkls`jSbFs`tleLgScFiDkls`bn}FaDiScFt�\FcFiL}6cL^`�FyDh6��t�cFcFiDkls`gO�Fi`eFhn}F^Ok�eLtlrLiSjD^`s`tleLg`�cFiL}§b�aDiS�����qbF FbFt�cFs
β
}§p�^`jSbLklbFs.iSs

x
Y�X*\L^Skls`cFiDkls`bn}§rFeFh��6�4cFi��	bFs`tleLgScF���� X,=Z� rLbFi~rLiSj

β(x) = − 2√
πl

exp(−x2/l2)
1 + erfc(x/l)

.

X���s`iD��k�eL�U\L^`tqaUiScF Ft�cFs`yL^` Fb6h>rL��yFiSa>p�^`�FbLkl��jD^`t�sSk�h?jOjSb6rLt�ySh6rK^
ρ(0, t) = (1/e) exp[−(l2/π + γ)t]( 0 � −1/2t + π−1/2l−1 0 � −1t +

+2π−1l−2 0 � −3/2t + . . .)j(t).

üqyFi~rLi`eF��t�cFbFtzyFt�{�t�cFb6h2��s`iS_2p�^xrK^�\Fb2�4i~�	cFi�cL^`_Fs`b?jB� �0� Y
Gv��iSsS�4t�s`bL�Ws`i`eLg`�aUiL}L\Fs`i2rLyFiS�ScF��t��FyFiSbFp�jSi�rLcF��t?¤ �Fi`eL�UbFcFs`t���yL^xeL�]¦�jS�zkls`�U�L^`�]s	plrLt�klg2a6^`avbFc6�kls`yF�6�4t�cFs�yFt�{�t�c6b6h	�UyL^`jScFt�cFb6hObOcFt]klj`hFp�^`cF��kz�qbFp�b6aUiS_O�FyFiS Ft�k�k�^FYSX�iDklsx^xeLg`�cFiS_>��t�\L^Skls`bv��eK^`jS���Fi~hFj`eFt�cFbFtqrLyFiS�ScF���>�FyFiSbFp�jSi~rLcF���?iS�S�Dk�eLiSj`eLt�cFiO�qbFp�b6�\Ft�klaFbL�4b
iDkliS�St�cFcFiDkls�hL�4b>�FyFiS 6t�k�kliSj��Ft�yFt�cFiDk�^�j�cFt��U�FiSyDh6rLiS\Ft�cFcF���2�Fi`eL�U�FyFi`�jSi~rLcFbFaU^x�¬Y

z?�B{3± �s���¹���,������|�~�~�¹ÂÛ ���,���,~�|��
ð�bLkl�Ft�yLklbFiScFcF��_!�FtlyFt�cFiDk�¤ ð6ü�¦�b�kl�U��rLbL���q�Up�b6hBcFiDk�bFs`tleLt�_�p�^`ySh6rK^cL^`�`eL��rK^`t�sSk¨h.j�yL^`pleLbF\Fc6���.�Fi�kljSiSt�_W�4bFaFyFiDklaUiS�FbF\Ft�k�aUiS_�kls`yF�UaFs`�UyFt2cFt��U�Fi`�yDh6rLiS\FtlcFcF���H�Fi`eL�U�FyFiSjSi�rLcFbFa6^x�¬m§^S�4iSyL�qcF���¬}fiSyF�l^`cFbF\Ft�klaFb6�¬}§�FiSyFbFkls`���n}§cL^x�cFiDkls`yF�UaFs`�UyFcF���¬}z�Fi`eLbFaFyFbLkls~^xeFeLbF\Ft�klaFb6�¬}z�	b6rLaFb6�¬}]klb6eLgScFi`eLt���bFyFiSjD^`cFc6���<brLynYØ� �6} ��� Y�ð6ü/kl\FbFsx^`t�sSk�h ^xeLgxs`t�yFcL^`s`bFjSiS_��l^~�Sk�kliSjD^	�Ft�yFt�cFiDk�^F}KjS�FyFiS\Ft��<kl�U��tl�kls`jS�U�]s2�FiS�F��s`aFb£¤¥k���YKcL^`�FyFbL�4t�y>� '(� ¦�iS�FbLk�^`s`g	rLbLkl�Ft�yLklbFiSc6cF�U�BrLbL���q�Up�bF�!k�FiD�4iS��gS�HiS�S��\FcFiS��i]rLbL���q�Up�bFiScFcFiS��i]�UyL^`jScFt�cFb6h�bO�l^~�Sk�kliSjSiS_��qiSyL�4�£�L^`aUt�sx^\L^Skls`bF nY��qtlrK^`jScFi��S��eLi	�FyFtlrFeLi~��t�cFi	bLkl�Fi`eLgSp�iSjD^`s`g�rFeFh
iS�FbLk�^`cFb6h�ð6ü!�UyL^`j`�cFt�cFb6h	k�rLyFiS�ScF�z�4b��FyFiSbFp�jSi~rLcF�z�4b�� �~�ÀÑ�� Y
+�iSyL�f^xeLbFp���rLyFiS�ScF�����FyFiSbFp�jSi~rFcF���\L^Skls`iq�U�FyFt�aU^`�]sqjqs`iD��}`\Fs`iq�FyFtlrFeK^`�l^`t��4��t��UyL^`jScFt�cFb6h�cFt�u~�Fi�rLaFyFt��6eLt�cF�H�qb6�p�bF\Ft�klaFbL��kli~rLt�yS�O^`cFbFt���|W¤¥k���Y8cF^`�FyFbL�4t�y�� ����� ¦�Y[üqt�yFt�\FbLk�eLbL��iDklcFiSjScF��t	kl�Fi`�kliS�S�<jS��jSi~rK^�rLyFiS�ScFi`� rLbL���qt�yFtlcF FbL^xeLgScFiS��i�kl�U��rLbL���q�Up�bFiScFcFiS��i��UyL^`jScFt�cFb6hnY[]yL^`jScFt�cFb6h	k�rLyFiS�ScFiS_��FyFiSbFp�jSi�rLcFiS_��Fi�jSyFt��4t�cFbO�S��eLb��Fi`eL�U\Ft�cF�@�qbF�l��f^`s`��eFeLbFcF�z���FyFbWyL^Sk�k��8iSsSy6t�cFbFb.rLbL���q�Up�bFb cL^v�qyL^`aFs~^xeLgScF��� kls`yF�UaFs`�UyL^x�¬}�4i~rLtleFbFyF�U�]��b6�>�FiSyFbLkls`��t�b
cFt��U�FiSySh6rLiS\Ft�cFcF��t�klyFtlrL�t� �S�S}¬�~�*� Y
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�zrLbFc.bFp?kl�FiDkliS�SiSj>jS��jSi�rK^>�UyL^`jScFt�cFbF_.iDklc6iSjD^`c cL^v^SklbL�4�Fs`iSs`bF\Ft�klaUiD��Ft�yFtl�Si~rLtZiSs�bFcFs`t���yL^xeLgScF���2�UyL^`jScFt�cFbF_?k�eL�U\L^`_FcF���2�`eL�D�OrK^`cFbF_?�4i~rLtleLb D tl�yL^�bÑGviScFs`yFi`eFeK^>� �
����kli kls`t��Ft�cFcF�z�ByL^Skl�FyFtlrLtleLt�c6bFt��BjSyFt��8t�c£i~�	b6rK^`cFb6h�arLyFiS�ScFi`� rLbL���qt�y6t�cF FbL^xeLgScF�z�.¤ �Fi~rLyFiS�ScFt�t�k���Y�� ��'L}D�~�*� ¦�Y*Gvi~rLtleLg D t�yL^]b�GviSc6�s`yFi`eFeK^F}6a6^`a
b6p�jSt�kls`cFiL}6�SiSyFiS{�i�iS�FbLkl��jD^`t�s�iDklcFiSjScF��tZiDkliS�St�cFcFiDkls`b¬ð6üOY�ZklcFiSjS��jD^~hLklgWcL^��UyL^`jScFt�cFbFb���^`c6��t�jSt�cL^F}�Gvt�s` 6eLt�y¢b��ZeK^S�qs`t�y7� ��ª��yL^`p�jSb6eLb*s`yFtl�6�UyFiSjScFtljSiSt<iS�FbLk�^`cFbFt�kl�U��rLbL���q�Up�bFb*k<�Ft�yFtl�Di~rLiD�(a��f^`aFyFi`�klaUi`�FbF\Ft�klaUiS_WrLyFiS�ScFi`� rLbL���qt�y6t�cF FbL^xeLgScFiS_ rLbFcL^S�4bFaUtSY4X � ��ª���bLk�k�eLtlrLiSjD^xeLiDk�gcFt��f^`yFaDiSjDklaUiSt�iS�SiS�S��tlcFbFt��UyL^`jScFt�c6b6h�=q���L�4t�cL^x� �qi`eK�4iS��i`yFiSjS^.rFeFh�k�eL�U\L^`_6�cF�����FyFiS Ft�k�kliSj£k�cFt��FyFt�yF��jScF�z��jSyFt��4t�cFt���}��U�FyL^`j`eFhFt��4iSt�yL^Skl�FyFtlrLtleLt�cFbFt��jSyFt��4t�c<i~�	b6rK^`cFb6hnY�w]klbL�4�Fs`iSs`bF\Ft�klaFb¡kls`t��Ft�cFc6iSt yL^Skl�FyFtlrLtleLt�cFbFtH¤¥kHu~s�h6��tl�eL�z�4b��6jSiDklsx^S�4bn|D¦ jSyFt��4t�c/i~�	b6rK^`cFb6h��FyFbFjSi~rLbFs¡a�rLyFiS�ScFiD�4�!�UyL^`jScFt�cFbF��ZeLt�_FcL^x� �qyL^S�4t�yLk�^F}SbFpZaDiSs`iSyFiS��i�jS��jSi�rFhFsSk�h	rLyFiS�ScF��t]iS�SiS�S��t�cFb6h	�UyL^`jScFt�cFbF_

ý4tleLt�hvbÂ+�iSaFaUt�yL^x�ÀüZeK^`cFa6^FY
ð�yFiS�ScF��t!�UyL^`jScFt�cFb6h �4i~�	cFi��Fi`eL�U\FbFs`g�bFp��D^xeK^`cLklcF��� �UyL^`jScFt�cFbF_p�^x�6jD^`sx^x� ���4bLk�klbFb��4i~rLtleLb��4cFiS��iSaFyL^`s`cFiS��izp�^x�6jD^`sx^�kÖ��aUkl�FiScFt�cF FbL^xeLgScFiS_��6eLiSsx�cFiDkls`gS��eLiSa6^xeLbFp�iSjD^`cFcF���2kliDkls`i~hFcFbF_.¤ �Fi~rLyFiS�ScFt�t�k���Y%� ´U}>Ñ�� ¦�Y=�^Skls`iZrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cF��t��UyL^`jScFt�cFb6h��Fi`eL�U\L^`�]sq�FyFiDkls`iS_Op�^x��4t�cFiS_��FyFiSbFpljSi~rLcF���v FtleL���v�FiSyDh6rLaUiSj2j>a6eK^Sk�klbF\Ft�klaFb6�vaFbFcFt�s`bF\Ft�klaFb6���UyL^`j`�cFt�cFb6h6���FyFiSbFp�jSi~rLcF�z�4b�rLyFiS�ScF�����FiSyDh6rLaDiSjL}¬b eLbF{�g
�FiSs`iD�¢�F��sx^`�]sSk¨h.rK^`s`g�qbFp�bF\Ft�klaDiSt?iS�SiDklcFiSjD^xcFbFt2sx^`aUiS_£p�^S�4t�cF� ¤¥k���Y4cL^`�FyFbL�4t�y�� ª�� ¦�YIüqyFb6�Si~rLb6eLiDklgjDkls`yFt�\L^`s`gqbOs~^`aUiSt�u~iS�SiDklcFiSjD^xcFbFtS|FmFuxX�k�eLtlrKkls`jSbFt�k�eLi~�	cFiDkls`b�bOp�^`�F�Usx^`cFcFiDkls`bs`yL^`t�aFs`iSyFbF_?rLjSb6��t�cFb6h>\L^Skls`bF >�4i~�	cFiOklaU^`p�^`s`gL}U\Fs`i���yL^xrLbFt�cFs
¤ �FyFiSbFp�jSi�rLcL^xh�FiOaUiSiSySrLbFcL^`s`t~¦�klsx^`cFiSjSbFsSk¨h
�qyL^`aFsx^xeLgScF�z��b

j ∼ ∂2γn/∂t2γ |~YX�klt��Ft�yFt�\FbLk�eLt�cFcF��t	kl�FiDkliS�S�¡iDklcFiSjD^`cF�¡cL^?�FyFtlrL�Fi`eLi~��t�c6b6h6��iSs`cFiDklb6�s`tleLgScFi��4tl�D^`cFbFp��f^.�Ft�yFt�cFiDk�^FYVûÖs`b��FyFtlrL�Fi`eLi���t�cFb6hH�FyFb6�Di~rLbFsSk¨h�iS�SiDklcFiSjS���jD^`s`g��FyFb>yL^Sk�k��4iSs`yFt�cFbFb>aU^x�OrLiS��i�iSs�rLtleLgScFiS��iOk�eF�6\F^xhnmDrFeFh>aUiScFaFyFt�s`cFiS��iO�f^x�s`t�yFbL^xeK^	b
rFeFh�aDiScFaFyFt�s`cF���v�Sk�eLiSjSbF_v��aUkl�Ft�yFbL�4t�cFsx^FYTX�klsx^`t�s	jSiS�FyFiDk`mFcFtleLgSplheLbvcFt��FiDklyFtlrKkls`jSt�cFcFi2bFp�cL^`�SiSyL^O��aUkl�Ft�yFbL�4t�cFsx^xeLgScF���>rK^`cFcF���vk�rLtleK^`s`g2i�rLcFi`�p�cL^�\FcF��_ jS��jSi~r�i?rLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiD���U^`yL^`aFs`t�yFt��UyL^`jScFt�cFb6h��Ft�yFt��cFiDk�^±,
z?�B{åä 8 ï���|�æ�|,�Â�E¶�·�~�|�����·

X cL^`{�t�_�yL^`�SiSs`tì� �o´
��rK^`cÚ�qt�cFiD�4t�cFi`eLiS��bF\Ft�klaFbF_�jS��jSi�r�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF���?�UyL^`jScFt�cFbF_�ð6ü!cL^OiDklcFiSjStq��aUkl�Ft�yFbL�4t�cFsx^xeLgScFi	�Dklsx^`cFiSj`�eLt�cFcF������^`aFs`iSjL}§�St�p�bLkl�Fi`eLgSp�iSjD^`cFbUhH�FyFtlrL�Fi`eLi~��t�cFbF_<iSs`cFiDklbFs`tleLgScFi��4tl�U^x�cFbFp��f^ �Ft�yFt�cFiDk�^FY§X���jSi~r���s`iSs.jD^x��tlc�cFtvs`i`eLgSaDiWkv�4t�s`i�rLbF\Ft�klaUiS_�kls`iSyFiScF��}iSc>�Ua6^`p���jD^`t�s�cL^�s`iL}F\Fs`iOrLyFiS�ScFi`� rLbL���qt�y6t�cF FbL^xeLgScF��tZ�UyL^`jScFt�cFb6h2hFj`eFhF�]sSk�h4�ñ"�xö/òÀô�ø3���xú�ñ�õ[ÿ��v�UyL^`jScFt�cFb6hL�4b>rLbLkl�Ft�yLklbFiScFcFiS��i	�Ft�yFt�cFiDk�^Oj2cFt��U�FiSySh6rLiS\Ft�c6�cF���?�Fi`eL�U�FyFiSjSi~rLcFbFa6^x�¬Y
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EcFiDklbFs`tleLbv�qiSyL�4bFyF�U�]sO�FyShL�4iS�U��i`eLgScF��_>bL�4�F�~eLgDkq�qiSs`iSs`iSa6^

I(t) ∝
{
const, t < tT

}
0, t > tT,

(16.3.1)

� rLtdö*ô�òÒÿ��uó/ôx÷���òBù-�
tT
iS�Fy6tlrLtleFhFt�sSk�h�klaUiSy6iDkls`gS�£rLyFt�_L��^

v
b�rFeLbFcFiS_�iS�SyL^`p� L^

L
m
tT = L/v

YDXWrLt�_Lkls`jSbFs`tleLgScFiDkls`bn}`yL^Sk�kltlhFcFbFt�rLtleLiSa6^xeLbFp�iSjD^`cFcF����cFiDklbFs`tleLt�_j��FyFiS Ft�k�kltvrLyFt�_L��^F}Öp�^x�6jD^`sWjWeLiSa6^xeLbFp�iSjD^`cFcF��t�k�iDkls`i~hFcFb6h�b<s`t�yL�4bF\Ft�klaUiStjS�zkljSiS�Si��OrLt�cFbFt�cFiDklbFs`tleLt�_.�FyFbFjSi�rFhFs>a.yL^`p��4��s`bF���L^`aUt�sx^FY�ûÖs`iSs>�L^`aUt�s>cFi`�klbFs`tleLt�_ObL�4t�tlsq�l^~�Sk�kliSjS���qiSyL�4��kliqklyFtlrLcFbL��p�cL^~\Ft�cFbFt�� 〈x(t)〉 ∝ t b�{�bFyFbFcFiS_
∆x(t) ∝

√
t
Y6XH��s`iD��k�eL�U\L^`t]�Ft�yFtl�Di�rLcF��_?s`iSa

I(t)
iDklsx^`t�sSk�h2�FiDkls`i~hFcFcF�z��}U�Fi`�a6^v�Ft�yFtlrLcFbF_£�qyFiScFsv�l^��Dk�kliSjD^>�L^`aDt�sx^vcFt2rLiDkls`bF��^`t�svrLyF�U��iS��ivaFyL^xhWiS�SyL^`p� L^FY� �L^xr�s`iSaU^2�FyFiSbLk��Si~rLbFs2j?s`t�\Ft�cFbFt�jSyFt��4t�cFb

∆x/〈v〉 YT��^`a�yFt�p���eLgxs~^`s~}T�4�BcL^x��`eL��rK^`t���kl� eK^x��t�cFcF��_H�FyL^`jS��_�aFyL^`_�bL�4�F��eLgDk�^W�qiSs`iSsSiSaU^FYÖ©�^`a6^xh�aU^`yFs`bFcL^cL^`�`eL��rK^`t�sSk¨h>jO�Si`eLgS{�bFcLkls`jStq�U�FiSySh6rLiS\Ft�cFcF���>�f^`s`t�yFbL^xeLiSjLY
�zrLcL^`aUi�j�cFt�aDiSs`iSyF���OcFt��U�FiSyDh6rLiS\Ft�cFcF�����Fi`eL�U�FyFiSjSi~rLcFbFaU^x�
¤ j�^S�4iSyL�Z�cF���¬}T�FiSyFbLkls`���¬}¬cFtl�6�6iSyDh6rLiS\Ft�cFcF����iSyF��^`cFbF\Ft�klaFb6�¬}¬klb6eLgScFi2eLt���bFyFiSjD^`cFcF���vbrLynY ¦OcL^`�`eL��rK^`t�sSk�h�kl�Ft� FbL�qbF\Ft�klaFbF_�klbF��cL^xe��Ft�yFtl�Di�rLcFiS��i.s`iSa6^

I(t)
}�kliDk�sSi�h6���bF_�bFp>rLjS�D�£iS�`eK^Skls`t�_�kliWkls`t��Ft�cFcF�z�!�FiSjStlrLt�cFbFt��

I(t)
b��FyFiD�4tl�	�Us`iS\FcFiS_

ý§bLk`Y8��ªFY �Sm �J&*$7�2,+%#?/.�'*?/0-N#&*)�%#Q�&� #$7�!Y�N#�D�!N#)+&-,#&-9#&- +%#��,#)+&-H5a(�!Y7�!H¬N#�2,+Y�%#g� #��0*$�%xÜû7ÚX'-9#&*?+$7)�%+W+&*0*?�.!"A0Òfo&*Q[.�'*?/0-N#&*)�%#Q�&- #$�./Á�c5Ú�)#.!0-N#)+&-,#&-9#&- +%#&� #��0-%#$7&-9#&-H¬b2.!)/"/,5.eN#)�%
 #��)+Q[.B9+:� #��Q�N#&*)+&- #��0*&�Á î ÚR?+)�%+Yo.!"�N#&*)+&-f7�2,+ #�!O2��$7��?�.XN#)�%e #��)+Q[.B9+:� #��Q�N#&*)+&- #��0*&�Á"ñ#Ú9+%+ #&-H+ 5.!"Db2.BY�%#0-%#Q���0*$�:eY7)+&*Q�&- +%AN#)+�!9#&*$�.
��$�$7�!9#_�%+ +;k��^7)+.�b�K5.`ñ
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iS�`eK^Skls`bnm

I(t) ∝
{
t−1+α, t < tT,
t−1−α, t > tT,

α < 1. (16.3.2)

üqiSa6^`p�^`s`tleLg
α
}�cL^`p���jD^`t��4��_B5
�xøBóxòÀô�ø0��÷7ñ�ñ�õ[ÿ»ó��*ô1�!ÿDòBù�ôx÷*ÿ�}�p�^`jSbLklbFs�iSs�U^`yL^`aFs`t�y6bLkls`bFa£klyFtlrL��b��4i~��t�svp�^`jSbLklt�s`g
iSsvs`t��4�Ft�yL^`s`�UyF��Y�üqi�^`cL^xeLiS��bFb.kcFiSyL�f^xeLgScF�z�4bq�Ft�yFtl�Di�rLcF�z�4b��FyFiS Ft�k�k�^S�4bq�L^`yL^S�4t�s`y

tT
cL^`p���jD^`t�sSk�hZjSyFt��4t�cFt���FyFi`eLt�s~^F}`�DiSs�h	bL�8t�t�s�cFt�klaDi`eLgSaUiqbFcFiS_2�qbFp�bF\Ft�klaFbF_	k��4�zk�e�Y5ûÖa6kl�Ft�yFbL�4t�cFs~^xeLg`�cFiO�Dklsx^`c6iSj`eLt�cFi�� �
��� }U\Fs`i	�FyFb>rLbLkl�Ft�yLklbFiScFcFiD�£�Ft�yFt�cFiDk�t

tT ∝ (L/U)1/α, (16.3.3)

� rLt
U
d2cL^`�FySh6��t�cFbFtSY+�iSyL�f^ klbF��cL^xeK^ �Ft�yFtl�Si~rLcFiS��i s`iSa6^ j �FyFbFjStlrLt�cFcF���,aUiSiSyDrLbFcF^`sx^x�

lg[I(t)/I(tT)]
d
lg(t/tT)

�FyL^`aFs`bF\Ft�klaFb�cFt?p�^`jSbLklbFsviSs�jStleLbF\Fb6cF�/�FyFb6eLi~��t�c6�cFiS��i�cL^`�FyDh6��t�cFb6h?b>yL^`p��4t�yFiSj�iS�SyL^`p� L^?¤ �Fi~rLy6iS�ScFt�tqk���Y#� �6}1��� ¦�Y�ûÖs`i	kljSiS_Lkls`jSi�FyFbLkl�U��t��4cFiS��bL� �f^`s`t�yFbL^xeK^S��b�cL^`p�jD^`cFiAø!öo÷*MxøBùAöo÷*ÿ�4�ñ"�xö/òÀô�ø3���xú�ñ�÷oøBù�����÷-ô��
ÿ�õÁ�Bô��xöoõ?È�óxòÀô�ò�È�÷�5�ñ�÷�°*÷�ùJ÷*�
�xY�ýf^Skl�FyFiDkls`yL^`cFt�cFcFiDkls`g���s`b6��iDkliS�St�cFcFiDkls`t�_�rFeFhyL^`pleLbF\FcF����cFt��U�FiSyDh6rLiS\Ft�cFcF�����f^`s`t�yFbL^xeLiSjZ�Fi~rLs`jSt�yS�OrK^`t�s�4�ñ"�xö/òÀô�ø3���xú�ñ�÷oøBùJúkljSiS_Lkls`j��Ft�yFt�cFiDk�^FY Ök�eLb2cL^`�`eL��rK^`�]sSk�h	p�^`jSbLklbL�4iDkls`b�¤ ��ªFY �FY �6}F��ªFY �FY �D¦�}`s`i�aFyFbFjS��t]�Ft�yFtl�Si~rF�cFiS��i.s`iSa6^W^`jSs`iD�f^`s`bF\Ft�klaFbHiS�`eK^xrK^`�]s@�/ø0�#ÿ�ó�ùJ÷7ù���þ>òBø0�&�#ÿ¢ø!öo÷*MxøBùAöo÷*ÿy4�ñ"�"�
ö/òÀô�ø3���xú�ñ�÷oøBù��LY+ð�t�_Lkls`jSbFs`tleLgScFiL}6�Ft�yFt��FbF{�t���¤ ��ªFY �FY �S¦§jOjSb6rLt

I(t) ∼
{
A(L,E, α, . . .) t−1+α, t < tT,
B(L,E, α, . . .) t−1−α, t > tT,

. (16.3.4)

X�yFt��8h
�FyFi`eFt�sx^
tT
iS�FyFtlrLtleFhFt�sSk¨h
�FiO�Ft�yFt�klt�\Ft�cFbF�B^SklbL�4�Fs`iSs`bFanm

IT = A(L,E, α, . . .) t−1+αT = B(L,E, α, . . .) t−1−αT .

�]s`aF��rK^
tT = (B/A)1/2α

Y � jSiS_Lkls`jSi!^SklbL�4�Fs`iSs`bF\Ft�klaUiS_��UcFbFjSt�yLk�^xeFgScFiDkls`biSp�cL^�\L^`t�sx}�\Fs`i �q�UcFaF Fb6h
I(τtT)/IT

rFeFh
τ ¿ 1

b
τ À 1

cFt?p�^`jSbLklbFs�iSs
tT
Y�qt�s`yF��rLcFiOp�^S�4t�s`bFs`gL}F\Fs`i�rFeFh
�q�6c6aF FbF_vkq^SklbL�4�Fs`iSs`bFaU^S�4bW¤ ��ªFY �FY 'U¦f��s`i2kljSiS_6�kls`jSi	kl�FyL^`jStlrFeLbFjSiLm

I(τtT)/IT ∼
{
τ−1+α, τ < 1,
τ−1−α, τ > 1,

α < 1.

�]sS�4t�s`bL��}�\Fs`i£p�cL^~\Ft�cFbFt
I(tT)

cFt�yL^`jScFi
IT
Y�©niS\FaU^

(tT, IT)
iS�FyFt�rLtleFhFt�sSk�h�Fi��Ft�yFt�klt�\Ft�cFbF�¡^SklbL�4�Fs`iSs`bFa
�Ft�yFtl�Di�rLcFiS��i�s`iSaU^��FyFb
�f^xeL���?b>�Si`eLgS{�b6�	jSyFtl��4t�cL^x�¬Y � �Dt��f^ bFp��4t�yFt�cFb6hHjSi.jSyFt��8h6� �FyFi`eLt�s`cF���£��a6kl�Ft�yFbL�4t�cFsx^x��jS���Fi`eLc6hFt�sx�k�h�s~^`aFbL�!iS�SyL^`p�iD��}4\Fs`i.�6eLiSs`cFiDkls`g.�Ft�yFtl�Di�rLcFiS��i.�qiSs`iSs`iSa6^�j.iS�SyL^`p� Ft?sSi`e6���bFcFiS_

L
iS�FyFtlrLtleFhFt�sSk�h�a6^`a��SklyFtlrLcFt�cFcL^xh��Fi�s`i`eL��bFcFt��6eLiSs`cFiDkls`g�s`iSa6^
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�FyFiSjSi~rLbF�4iDkls`b

I(t) =
1

L

L∫

0

j(x, t)dx. (16.3.5)

�]\Ft�jSb6rLcFiL}f\Fs`i.cL^ cL^~\L^xeLgScFiD�¡��sx^`�Ft
t ¿ tT

bFcFs`t���yL^xe�j.�FiDk�eLtlrLc6t�_�qiSyL�4��eLt�cFt�p�^`jSbLklbFsOiSs
L
Y � iS��eK^SklcFiv¤ ��ªFY �FY �D¦�}

tT ∝ L1/α
Y � cL^~\FbFs~}6rFeFh

A
}
Bb

IT
�4i~�	cFiOp�^`�FbLk�^`s`gLm

A ∝ L−1, B ∝ A t2αT ∝ L, IT ∝ L−1/α.
©�^`aFbL��iS�SyL^`p�iD��}6�UcFbFjSt�yLk�^xeLgScFiDkls`gO�qiSyL�4��aFyFbFjS���>�Ft�yFtl�Di�rLcFiS��iOs`iSa6^�FyFtlrKkls~^`j`eFhFt�s2kliS�SiS_>j?�f^`s`t��f^`s`bF\6t�klaUiD�Hk��4�zk�eLt�kljSiS_Lkls`jSi	^`jSs`iD�4i~rLtleLgScFiDkls`b¤¥k�^S�4iS�Fi~rLiS�SbUhK¦ÖcL^�jSyFt��4t�cFcF���
�4^Skl{�sx^`�D^x�

I(t;L2) ≈ (L2/L1)
−1/α

I
(
t(L2/L1)

−1/α
;L1

)
, (16.3.6)

� rLt
I(t;L1)

b
I(t;L2)

dOjSyFt��4t�cFcF��tqp�^`jSbLklbL�4iDkls`b?�Ft�yFtl�Si~rLcFiS��i�s`iSa6^�j�iS�SyL^`pl� L^x�?s`i`eL��bFcFiS_
L1
b
L2
kliSiSs`jSt�sSkls`jSt�cFcFiLY

üZeLiSs`cFiDkls`g s`iSa6^��FyFiSjSi~rLbL�4iDkls`b
j(x, t)

�FyFiS�FiSyF FbFiScL^xeLgScL^��6eLiSs`cFiDkls`byL^Skl�FyFtlrLtleLt�cFb6h>jSyFt��4t�cFb
�Ft�yFjSiS��i�rLiDkls`b6��t�cFb6h
p(t|x)

j(x, t) = eNp(t|x),
� rLt

e
d �leLt��4t�cFsx^`yFcF��_£p�^`yDh6r�}

N
d \FbLk�eLi.�qiSs`iSbFc6��t�aFs`bFyFiSjD^`cFcF���WcFiDklbFs`tl�eLt�_n}n�FyFb6�Si~rFhF��t�t�k�h cL^>tlrLbFcFbF F���6eLiS��^xrLb iDkljSt���^`t��4iS��i?�leLt�aFs`yFi~rK^FY�ü�y6iSbFpl�jStlrLt�cFbFt

p(t|x)dt �FyFtlrKklsx^`j`eFhFt�svkliS�SiS_�jSt�yFi~hFs`cFiDkls`g
s`iS��iL}¬\Fs`iv�`eL�D�OrK^`�]��^xh\L^Skls`bF L^.¤ jvcL^`{�t��¢k�eL�U\L^`tS}ncFiDk�bFs`tleLgvp�^`yDh6rK^D¦zrLiDkls`bF��cFt�s
aUiSiSySrLbFcL^`s`�
x
}np�^jSyFt��8hn}4eLtl�O^`��t�t
j bFcFs`t�yFjD^xeLt

[t, t + dt)
YXüZeLiSs`cFiDkls`g yL^Skl�FyFtlrLtleLt�cFb6h�aUiSiSy6�rLbFcL^`s`�¡�`eL�D�OrK^`�]��t�_�\L^Skls`bF F�

p(x|t) b��FiSs`iSa�jSt�yFi~hFs`cFiDkls`b p(t|x) klj`hFp�^`cF��UyL^`jScFt�cFbFt��£kli~�6yL^`cFt�cFb6h?jSt�yFi~hFs`cFiDkls`b
∂p(x|t)
∂t

+
∂p(t|x)
∂x

= δ(x)δ(t). (16.3.7)

� iS� eK^SklcFi.¤ ��ªFY �FY �S¦Z^SklbL�4�Fs`iSs`bFa6^
�Ft�yFtl�Di�rLcFiS��i
s`iSa6^
b.�6eLiSs`cFiDkls`b.yL^Sk���FyFtlrLtleLt�cFb6hvjSyFt��4t�cFbv�Ft�yFjSiS��iOrLiDkls`b6��t�cFb6hvcL^	�Si`eLgS{�b6�>jSyFt��8t�cL^x�>hFj`eFhFt�sSk�hkls`t��Ft�cFcFiS_�k��FiSaU^`p�^`s`tleLt��
α
Y�oqpH¤ ��ªFY �FY ªD¦Ob�¤ ��ªFY �FY ´`¦2k�eLtlrL�`t�sHk�^S�4iS�Fi�rLiS�SbFt�q�UcFaF FbFb

p(t|x) cL^�jSyFt��4t�cFcF���
�4^Skl{�sx^`�D^x�¬m

p(t|x2) =
(
x2
x1

)−1/α
p

(
t

(
x2
x1

)−1/α∣∣∣∣∣ x1
)
. (16.3.8)
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X�yFt��8h�rLiDk�sSbU��t�cFb6h�aUiSiSySrLbFcL^`s`�
2x
hFj`eFhFtlsDk¨h�k�eL�U\L^`_FcFiS_�jStleLbF\FbFcFiS_�b�FyFtlrKkls~^`j`eFhFt�sqkliS�SiS_�kl�6�f�4��rLjS�D��k�eK^`�l^`t��4����dqcFt�p�^`jSbLklbL�4����k�eL�U\L^`_FcF����jSyFtl��4t�cn}Sp�^qaUiSs`iSyF��tzc6iDklbFs`tleLg��FyFi~�Si~rLbFs�k�eLiSb
(0, x)

b
(x, 2x)

Y � iSiSs`jSt�sSkls`jS�U�]��t�tyL^Skl�FyFtlrLtleLt�cFbFt]jS��yL^x�O^`t�sSk¨h?kljSt�yFs`aDiS_2yL^Skl�FyFtlrLtleLt�cFbF_?jSyFt��8t�c?�FyFi��Di~�OrLt�cFb6ha6^x�OrFiS��i	k�eLi~hnm

p(t|2x) = 2−1/α p(2−1/αt|x) =
t∫

0

dt p(t− t′|x) p(t′|x) = p∗(t|x). (16.4.1)

üqt�yFjSiSt?yL^`jSt�cLkls`jSi�jH¤ ��ªFY 'LY �~¦�k�eLtlrL�`t�s.bFp
^`jSs`iD�4i~rLtleLgScFiDkls`b¢¤ ��ªFY �FY ªD¦�Y�ý8t�{�tl�cFbFt����UyL^`jScFt�cFb6h ¤ ��ªFY 'LY �~¦fhFj`eFhFt�sSk¨h>i~rFcFiDkls`iSyFiScFc6h6h?�Dkls`iS_F\FbFjD^xh?�6eLiSs`cFiDkls`gOk�U^`yL^`aFs`t�y6bLkls`bF\Ft�klaFbL���FiSaU^`p�^`s`tleLt��
α
m

p(t|x) =
( x
K

)−1/α
g+

(
t
( x
K

)−1/α
;α

)
. (16.4.2)

©�^`aFbL��iS�SyL^`pliD��}f�6eLiSs`cFiDkls`g.yL^Skl�FyFtlrLtleLt�cFb6h�jSyFt��4t�cFbH�Ft�yFjSiS��i�rLiDkls`b6��t�cFb6h�FyFtlrKkls~^`j`eFhFt�svkliS�SiS_ i�rLcFiDkls`iSyFiScFcF�]�/�Skls`iS_F\FbFjS�U�/�6eLiSs`cFiDkls`g�k��U^`yL^`aFs`t�yFb6�kls`bF\Ft�klaFbL�£�FiSa6^`p�^`s`tleLt���}6yL^`jScF�z�WrLbLkl�Ft�yLklbFiScFcFiD�4�?�L^`yL^S�4t�s`yF�SY
üqi~rKkls~^`jSbFj?�6eLiSs`cFiDkls`g
s`iSa6^?�FyFiSjSi~rLbL�4iDkls`b

j(x, t) = eNp(t|x) j
�qiSy6��4��eL� ¤ ��ªFY �FY �S¦�}U�FyFb6�Di~rLbL�£a>jS��yL^x��t�cFbF��rFeFh
�Ft�yFtl�Di�rLcFiS��iOs`iSaU^Fm
I(t) =

eKNα

L
tα−1

∫ ∞

ζ0

ζ−αg+(ζ;α) dζ. (16.4.3)

� rLt�klg
ζ0 = t (L/K)

−1/α YD�qyFbFjS��tz�Ft�yFtl�Di�rLcFiS��i�s`iSa6^2¤ ��ªFY 'LY �D¦8j��FyFb6jStlrLt�cFcF���aUiSiSySrLbFcL^`sx^x��rFeFh�yL^`pleLbF\FcF����p�cL^~\Ft�cFbF_
α
�FiSaU^`p�^`cF��cL^]yFbLk`YF��ªFY �6Y � yL^`jScFt�cFbFt�qiSs`iSs`iSa6^ ¤ ��ªFY 'LY �D¦ZkO�la6kl�Ft�yFbL�4t�cFsx^xeLgScF�z�4b rK^`cFcF�z�4bWb.yFt�p���eLgxs~^`s`iD��}n�Fi`eL�D�\Ft�cFcF�z��k>�FiD�4iS��gS�,u~iDklcFiSjScFiS��i��UyL^`jScFt�cFb6hkð6üO| wzyD�6bF�FiSjD^x�Ýý§�~rLt�c6aUiÑ� ����� }�FyFtlrKkls~^`j`eLt�cFi�cL^¢yFbLk`Y	��ªFY �FYdý§bLkl�UcFiSa��FiSaU^`p���jD^`t�sx}Z\Fs`i�yFt�{�t�cFbFt�rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScFiS��i��UyL^`jScFt�cFb6h��`eLb6��t§a���a6kl�Ft�yFbL�4t�cFs~^xeLgScF�z�
rK^`cFcF�z��}�\Ft��yFt�{�t�cFbFt	u~iDklcFiSjScFiS��i��UyL^`jScFt�cFb6huð6üO|�wzyD�6bF�FiSjD^x�Ýý§��rLt�cFaUiLY#üqyFb>jS��jSi~rLtZkljSi`�t���i
�UyL^`jScFt�cFb6h.^`jSs`iSyF�q� ��Ñ��fbLkl�Fi`eLgSp�iSjD^xeLb��FyFbF�`eLb6��t�cFbFtS}�kliS��eK^SklcFi
aDiSs`iSyFi`��4�W�Si`eLgS{�b6cLkls`jSi�cFiDklbFs`tleLt�_£p�^x�6jD^~\6t�cF��cL^�rLiDkls~^`s`iS\FcFi�� eL�U�SiSaFbFt	eLiSjS�U{�aFb¤ cFb6��tvrLt��4^`yFa6^` FbFiScFcFiS��i.�UyFiSjSc6hK¦�}§iDkljSiS�Si��OrLt�cFbFtvk
aUiSs`iSyF����a��4iD�4t�cFs`�

tiDklsx^`t�sSk¨h.�f^xeLiSjSt�yFi~hFs`cF�z��Y¬[§k�eLiSjSbFt���s`ivcFtOjS���Fi`eLc6hFt�sSk�h �Fy6b.p�cL^~\Ft�cFb6h6�
α
}�`eLbFp�aFb6�
avtlrLbFcFbF FtS}LbvcFt�iS�St�kl�Ft�\FbFjD^`t�sO�Ft�yFtl�Di�r��FyFb

α → 1
avyFtl�	bL�4�
cFiSy6��f^xeLgScFiS��i��Ft�yFt�cFiDk�^FY
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üZeLiSs`cFiDkls`gZyL^Skl�FyFtlrLtleLt�cFb6h��L^`yL^xeFeLtleLgScFiS_��Fi`eL�HaUiSiSyDrLbFcL^`s`�£�qiSs`iSbFc6���t�aFs`bFyFiSjD^`c6cF���OcFiDklbFs`tleLt�_
f(x, t)

}SaU^`a2k�eLtlrL�St�s�bFp�¤ ��ªFY �FY ´`¦�b�¤ ��ªFY 'LY �S¦�}xyL^`jScL^
f(x, t) = p(x|t) = − ∂

∂x

t∫

0

p(t|x)dt = t

αK

( x
K

)−1/α−1
g+

(
t
( x
K

)−1/α
;α

)
.

(16.4.4)CnyL^S�qbFaFb>��s`iS_
�6eLiSs`cFiDkls`b
�FyFtlrKkls~^`j`eLt�cF��cL^�yFbLk`Yn��ªFY 'LY
z?�B{
	 �s��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�¹i� î ����ï�~��,~����ç���ç �9¶����Â����ï���� î ����|³Û�í���ï�|������

+��UcFaF FbFb�¤ ��ªFY 'LY �S¦�b£¤ ��ªFY 'LY 'U¦�hFj`eFhF�]sSk�h�yFt�{�t�cFbFt����UyL^`jScFt�cFbF_�k�rLyFiS�`�cF�z�4b
�FyFiSbFp�jSi~rLcF�z�4bnm

K−10 � αt p(t|x) + ∂

∂x
p(t|x) = δ(x)δ(t),

0 � αt f(x, t) +K
∂

∂x
f(x, t) =

t−α

Γ(1− α)δ(x). (16.5.1)� rLt�klgOyL^Sk�k��f^`s`yFbFjD^xeLiDklg�i�rLcFiDkls`iSyFiScFcFt�tZrLjSb6��tlcFbFt�cFiDklbFs`tleLt�_nYLX¢k�eL�U\L^`tqcL^x�eLbF\Fb6h �FiSs`iSaU^?j>iSs`yFbF L^`s`tleLgScFiD��cL^`�FyL^`j`eLt�cFbFb�bTV~b6eLb�yL^Sk�kltlhFcFb6h�cFiDklbFs`tleLt�_
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α = 0.8
ñ

jO�FiDk�eLtlrLcFt��£�UyL^`jScFt�cFbFb?rFiS�D^`jSbFsSk�h2rLbL���q�Up�bFiScFcFiStqk�eK^`�l^`t��4iStSm

0 � αt f(x, t) +K
∂f(x, t)

∂x
−D∂

2f(x, t)

∂x2
= δα(t)δ(x), (16.5.2)

� rLt
δα(t) = t−α/Γ(1− α) YüqyFb��Dkls`yFt��8eLt�cFbFb£rLbLkl�Ft�yLklbFiScFc6iS��i��L^`yL^S�4t�s`yL^

α
a�tlrLbFcFbF Ft
�q�Uc6rK^x��4t�cFs~^xeLgScF��t�yFt�{�t�cFb6hv�UyL^`jScFt�cFb6hW¤ ��ªFY �6Y �S¦Ö�Ft�yFtl�Di~rFhFsOj2��^~�Dk�kliSjS�	�6eLiSs`cFiDkls`gL}�FyFb���s`iD��k�^S�4iZ�UyL^`jScFt�cFbFt��Ft�yFtl�Di�rLbFsqjZa6eK^Sk�klbF\Ft�klaDiSt�i�rLcFiD�4t�yFcFiSt��UyL^`jScFt�cFbFt+�iSaFaDt�yL^x�ÀüZeK^`cFa6^FY©�^`aFbL��iS�SyL^`p�iD��}T�FyFiSjStlrLt�cFcF��_ jS��{�t	^`cL^xeLbFpO�FiSp�jSi`eFhFt�s?aUiScLklsx^`s`bFyFi`�jD^`s`g	k eLtlrL�U�]��t�tSm

• bFp���aUkl�Ft�yFbL�4t�cFsx^xeLgScFi?�Dklsx^`cFiSj`eLt�cFcF���v��^`aFs`iSj�¤¥kljSiS_Lkls`jD^	�UcFbFjSt�yLk�^xeLg`�cFiDkls`b!aFyFbFjS���¡�Ft�yFtl�Di�rLcFiS��i<s`iSa6^<b�k�sStl�Ft�cFcFiS_!p�^`jSbLklbL�4iDkls`bBjSyFt��4tl�cFb��FyFi`eLt�sx^�iSs�s`i`eL��bFcF�/iS�SyL^`p� L^D¦ZcFt�iS���Di~rLbL�4i�k�eLtlrL�St�s~}8\Fs`i�aUiScF Ft�c6�s`yL^` FbFb¢cFt�yL^`jScFiSjSt�cF����cFiDklbFs`tleLt�_<�FyFb�rLbLkl�Ft�yLklbFiScFcFiD���Ft�yFt�cFiDklt�jS���yL^x�O^`�]sSk�hW\Ft�yFt�pÂ4+øBùJ÷*M�þ1�xöoõ�ò¬ó��x÷7ùJñ�÷oøBù��£bW�~rLiSj`eLt�s`jSiSyShF�]s>5�ôx÷*67ñ�÷*�5
�"�K�XòÀô�òBñ"<"�����xú�ñ�õ[ÿ��UyL^`jScFt�cFb6hL�,!
• j
iSs�eLbF\FbFtOiSs>yFt�{�t�cFbF_n}¬�Fi`eL�U\Ft�cFcF����k��FiD�4iS��gS��u~iDklcFiSjScFiS��i?�UyL^`jScFtl�cFb6h2rLbLkl�Ft�yLklbFiScFcFiS��i��FtlyFt�cFiDk�^F|�wzyD�6bF�FiSjD^x�Ýý§��rLt�cFaUiL}SyFt�{�t�cFb6h2rLyFiS�ScFi`�rLbL���qt�yFt�cF FbL^xeLgScF�����UyL^`jScFt�cFbF_.��rLiSj`eLt�s`jSiSyDhF�]s½ó/ô���ñ"<"��ó"4Çø2÷7÷7ùuö/òBù��
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øBùAö����K}DsxY6tSY6�FyFb
�Dkls`yFt��8eFt�cFbFb
rLbLkl�Ft�yLk�bFiScFcFiS��iO�L^`yL^S�4t�s`yL^
α
a>tlrLbFcFb6� Ft��Ft�yFtl�Si~rFhFs>j?yFt�{�t�cFb6h�rFeFh�cFiSyL�f^xeLgScFiS��i?�Ft�yFt�cFiDk�^F}K�FyFb ��s`iD�¢kl^S�4b�UyL^`jSc6t�cFb6h>�Ft�yFtl�Di~rFhFs�jOa6eK^Sk�klbF\Ft�klaUiStq�UyL^`jScFt�cFbFt�+�iSaFaUt�yL^x�ÀüZeK^`cFa6^$!

• 4+øBùJ÷*M�þ1�xö(��� ó��x÷7ùJñ�÷oøBùJú/�FiSs`iSaU^�jSt�yFi~hFs`cFiDkls`b��6yFb�rLbLkl�FtlyLklbFiScFcFiD�rLy6t�_L�qt�rLiSa6^`p���jD^`t�s�kl�FyL^`jStlrFeLbFjSiDkls`g���bF�FiSs`t�p�� D t�yL^£b�GviScFs`yFi`eFeK^i	kls`t��Ft�cFcFiD�£yL^Skl�FyFtlrFtleLt�cFbFb
jSyFt��4t�c
i��	b6rK^`cFb6hnY
• rLyFiS�Sc6i`� rLbL���qt�yFt�cF FbL^xeLgScL^~h¢�4i~rLtleLgHkliS��eK^Skl�St�sSk�h¢k s`t�iSyFbFt�_ D t�yL^£bGvi`cFs`yFi`eFeK^�b
�4i~rLtleLgS�¡�4cFiS��iSaFyL^`s`cFiS��i�p�^x�6jD^`sx^F}DcFiO�FyFb
��s`iD�WrLyFiS�ScFi`�rLbF����tlyFt�cF FbL^xeLgScL^xh��4i~rLt�eLgZ�FiSp�jSi`eFhFt�szjZyL^S�4a6^x�¬ò�5
��ñ�÷�°*÷���÷-ô+ÿ������1:!ÿ��iS�6bLkl��jD^`s`gOcFiSyL�f^xeLgScF��_>b>rFbLkl�Ft�yLklbFiScFcF��_
�Ft�yFt�cFiDk(!
• rLyFiS�Sc6i`� rLbL���qt�yFt�cF FbL^xeLgScFi`t��UyL^`jScFt�cFbFt��4i~��t�s>k�eL�D�	bFs`g>�qt�cFiD�4t�cFi`eLi`���b6\Ft�klaUiS_OiDklcFiSjSiS_�rFeFh	iS�FbLk�^`cFb6h�rLbLk��Ft�yLklbFiScFcFiS��i��Ft�yFt�cFiDk�^Zj�cFt��U�FiSyDh6�rLi`\Ft�cFcF���>�Fi`eL�U�FyFiSjSi�rLcFbFa6^x�¬Y
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ýf^Sk�k��4iSs`yFbL�,i�rLcFiSyFi~rLcF�U�Î�leLt�aFs`yFbF\Ft�klaF�U� eFbFcFbF� �6t�yFtlrK^~\/rFeLbFcFiS_

l
� �0� Y>üq�Dkls`g

L, C
b
R
d	k�^S�4iSbFc6rL�UaF Fb6hn}6t��4aUiDkls`gOb
kliS�FyFiSs`bFj`eLt�cFbFtqtlrLbFcFbF F�rFeLbFcF�*eLbFcFbFbnYÖ� i�rLcFiD�4��aDiScF F�WeLbFcFbFb¡¤¥k>aUiSiSySrLbFcL^`s`iS_

x = 0)
�FyFb6eLi~��tl�cL^	�leLt�aFs`yFi�rLjSb6�	�U��^xh�klb6eK^

E0(t)
}T^�rLyF�U��iS_vaUiScFt� vp�^S�4aFcF�Us2cL^	iS�SiS�S��tlcFcFiStkliS�FyFiSs`bFj`eLt�cFbFt

Z(p)
¤«ý§bLk`Y��o´UY �~¦�YT�]�SiSp�cL^~\FbL��\Ft�yFt�p

U(x, t)
yL^`p�cFiDkls`g	�FiSs`t�c6�

ý§bLk`Yn�o´UY �Sm �»Y�;IY7�2,+EJ$7&-9#&-O2)#.�aX #�!O2�dE�)#.BY� #&- +%#"Fñ
 FbL^xeLiSjZ�8tl�OrL��s`iS\FaDiS_

x
eLbFcFbFb�b�p�t��8eLt�_>¤ cL^`�FyDh6��t�cFbFt~¦�}`^z\Ft�yFt�p

I(x, t)
dqs`iSaj>��s`iS_ s`iS\FaUtOj
�4iD�4t�cFs
jSyFt��4t�c6b

t
Y�ü�^xrLt�cFbFt�cL^`�FyDh6��tlcFb6h.cL^?tlrLbFcFbF Ft�rFeLb6�cF�<kla6eK^xrL��jD^`t�sSk�h	bFpZ�L^xrLtlcFb6hn}6kliSplrK^`jD^`t��4iS��i�k�^S�4iSbFc6rL�UaF FbFt�_n}Db?iD�4bF\Ft�klaDiS��i�L^xrLt�cFb6h>cL^`�FyDh6��t�c6b6hnm

∂U

∂x
= −L∂I

∂t
−RI. (17.1.1)

üqt�yFt��L^xrWs`iSaU^vcL^
��s`iD���U\L^Skls`aDt2yL^`jSt�cWkl�6�f�4t2s`iSaDiSjv�Us`t�\FaFbW\Ft�yFt�p2t��4aDiDkls`g
(C∂U/∂t)

b
\Ft�yFt�pqbFp�i`eFhF FbF�
(GU)

m
∂I

∂x
= −C ∂U

∂t
−GU. (17.1.2)
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 Ök�eLb
bLkla6eL�]\FbFs`g2s`iSan}6�Fi`eL�U\FbL�£�UyL^`jScFt�cFbFt

LC
∂2U

∂t2
+ (RC + LG)

∂U

∂t
+RGU =

∂2U

∂x2
,

cL^`p���jD^`t��4iStJùAò/��ò�°�ô�����ñ�õ[ÿ�YX�t�yFcFt��fk�h�a�klbLkls`t��4t��UyL^`jScFt�cFbF_�¤ �o´UY �SY �~¦ ��¤ �o´UY �`Y �S¦�b�jS���Fi`eLcFbL�H�FyFt�iS�`�yL^`p�iSjD^`cFbFt���^`�6eK^Sk�^��FiOjSyFt��4t�cFbnm
dÛ

dx
= −L(Lλ+R)Î(x, λ), (17.1.3)

dÎ

dx
= −(Cλ+G)Û(x, λ).

ûÖsx^�klbLkls`t��f^�rLjS�D�	�6yF^`jScFt�cFbF_?�Ft�yFjSiS��i��FiSyDh6rLaU^��FyFbFjSi�rLbFsSk�h?a?i~rFcFiD�4�	�UyL^`j`�cFt�cFbF�¡jSsSiSy6iS��iO�FiSyDh6rLaU^F}FaUiSs`iSyFiSt��4i���t�s	�S��s`gOp�^`�FbLk�^`cFiOaU^`a>rFeFh
cL^`�FyDh6��tl�cFb6h
d2Û

dt2
− µ2Û(x, λ) = 0, (17.1.4)sx^`a>b>rFeFh
s`iSa6^

d2Î

dt2
− µ2Î(x, λ) = 0,� rLt

µ2 = (Cλ+G)(Lλ+R).�]�S��t�tZyFt�{�t�cFbFt��UyL^`jScFt�cFb6h.¤ �o´UY �SY 'U¦
Û(x, λ) = Aeµx +Be−µx. (17.1.5)

oqpq�UyL^`jScFt�cFb6h.¤ �o´UY �SY �D¦Ök�eLtlrL�St�s
Î(x, λ) =

√
(Cλ+G)/(Lλ+R)(Be−µx −Aeµx).

üqiDkls`i~hFcFcF��t
A
b
B
iS�FyFtlrLtle6hF�ZsSk¨h
��yL^`cFbF\FcF�z�4b
�Dk�eLiSjSb6hL�4bnm

Û(0, λ) = A+B, (17.1.6)

Û(l, λ) = Aeµl +Be−µl. (17.1.7)�]\Ft�jSb6rLcFiL}
Û(0, λ) = Ê0(λ).X�jStlrFh>iS�SiS�S��t�cFc6iStqkliS�FyFiSs`bFj`eLt�cFbFt

Ẑ(λ)
kliSiSs`cFiS{�t�cFbFt��

Û(l, λ) = Î(l, λ)Ẑ(λ),



�h%$¥¦� � �1	�õ��#�&�1ã>�x�x�&ôx���$§Ä¨(	R�&ã"�5����ôx�&�1ã��$§Â	R�x�x�"§ �Sª�Ñ
p�^`�FbF{�t���jSs`iSyFiStq�Dk�eFiSjSbFtqjOjSb6rLt

Aeµl +Be−µl = Ẑ(λ)
√

(Cλ+G)/(Lλ+R)
(
Be−µl −Aeµl

)
.

üqi`eLi~�	bFj
γ = Ẑ(λ)

√
(Cλ+G)/(Lλ+R),

�4���Fi`eL�U\FbL��rFe6h
iS�FyFtlrLtleLt�cFb6h
�FiDkls`i�hFcFcF���?rLjD^��UyL^`jScFt�cFb6hnm
A+B = Ê0(λ),

(γ + 1)Aeµl = (γ − 1)Be−µl.� ^S�4aFcFt�� s`t��Ft�yFg�aDiScFt� OeLbFcFbFb2cL^qiS�SiS�S��t�cFcFi`t�kliS�FyFiSs`bFj`eLt�cFbFtS}SyL^`jScFiStÈ��*ô1����ùAòÀô��xøBù���þ>òBø0��÷*ÿ�46øB÷7ó/ôx÷7ù��xö���òBñ"�"2>����ñ"�"�
Ẑc =

√
(Lλ+R)/(Cλ+G)

}s`iS� rK^
γ = 1

b
bFpq�6yF^`jScFt�cFbF_.¤ �o´UY �SY ªD¦�}n¤ �o´UY �SY ´`¦§bL�4t�t��
A = 0, B = E0(λ)

b

Î(λ) =
Û(λ)

Ẑc(λ)
,

� rLt
Û(λ) = Ê0(λ) exp

[
−
√

(Lλ+R)(Cλ+G) x
]
.

ûÖs`iSs k�eL�U\L^`_£kliSiSs`jSt�sSkls`jS�`t�s��Fi`eL�U�St�klaUiScFt�\FcFiS_.eLbFc6bFbnmfj�cFt�_�cFt�s�iSs`yL^x��t�c6�cFiS_.jSi`eLcF��Y�ûÖs`ivjSb6rLcFivbFp	jS��yL^x��t�cFb6h�¤ �o´UY �SY �S¦�m¬\Fs`iS�S��iScFivkli~�6yL^`c6h6eLiv�qb6�p�bF\Ft�klaFbF_£k��4�zk�e£�FyFb
x → ∞ }8j�\L^Skls`cFiDkls`bn}8iDklsx^`jD^xeLiDklg
iS��yL^`cFbF\Ft�cFcF�z���FijStleLbF\FbFcFtS}6�FiDkls`i~hFcFcL^xh
A
rLi`eF�	cL^��S��s`gOyL^`jScL^�cF�~eL��Y Ök�eLb�jSplhFs`g2s`t��Ft�yFg?k�eL�U\L^`_n}LaUiS� rK^	k�^S�4iSbFc6rL�UaF Fb6hveLb6cFbFb �f^xeK^O�Fi?iSsx�cFiS{�t�cFbF� a�t��4aUiDkls`bB¤ j£k��4�zk�eLt�j`eLb6hFc6b6h<cL^.�FyFiS Ft�k�k�¦�}�^WbFp�i`eFhF Fb6h�iS\Ft�cFg�DiSyFiS{�^xh�¤ �FyFbL�4t�yn}L�Fi~rLp�t��4cF��_>a6^`�StleLgU¦�}6s`i

Ẑc =

√
Lλ+R

Cλ+G
'
√
R

C
λ−1/2,

bv�4���Fy6b6�Di~rLbL�£avkliSiSs`cFiS{�t�cFb6�

Î(λ) =

√
C

R
λ1/2Û(λ),

��aFjSbFjD^xeLt�cFs`cFiD�4�	�6yF^`jScFt�cFbF�Bk]rLyFiS�ScFiS_>�FyFiSbFp�jSi�rLcFiS_

I(t) =

√
C

R
0 � 1/2t U(t).
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��^
iDk�cFiSjSt�rLyFiS�ScFiS��i
bLkl\FbLk�eLt�cFb6h.jm´x�x� ����i~rK^x���FyFiS{�eLiS��i
jSt�aU^
�S��eLbyL^`p�jSbFs`�WcFiSjS��tÖ�4t�s`i~rL��^`cL^xeLbFp�^�j]�leLt�aFs`yFi��6bL�4bFb�dZ�Fi`eL�UbFcFs`t���yL^xeLgScF��_�b��Fi`�eL��rLbL���qt�yFt�cF FbL^xeLgScF��_?�4t�s`i~rL�ª� �6}���� YL�ZklcFiSjScL^xh	p�^xrK^~\L^��leLt�aFs`yFi~�6bL�4bF\Ft�klaDi`���i?^`cL^xeFbFp�^Od2iS�FyFtlrLtleLt�cFbFt�aUiScF Ft�cFs`yL^` FbFb
ρ(x, t)

�leLt�aFs`yFiD^`aFs`bFjScF���
�leLt��4t�c6�s`iSj?cL^2�FiSjSt�yS�6cFiDkls`b��leLt�aFs`yFi�rK^
x = 0

Y��qt��FiDklyFtlrKkls`jSt�cFcFiSt�bFp��4t�yFt�c6bFt
ρ(0, t)p�^`s`yF��rLcFbFs`tleLgScFiL}���iSyL^`plrLi.eLt���\Ft�iS�FyFtlrLtleFhFt�sSk�h�j���a6kl�Ft�yFbL�4t�cFs`t �6eLiSs`cFiDkls`gs`iSa6^�cL^��FiSjSt�yD�6cFiDkls`b

jx(0, t) = −K
∂ρ(x, t)

∂x

∣∣∣
x=0.o�kl�Fi`eLgSp�iSjS^`cFbFt���s`iS_ �qiSyL�4��eL��}Ti�rLcL^`aUiL}Ks`yFt��S�St�s?yFt�{�t�cFb6h�rLbL���q�Up�bFiScFc6iS��i�UyL^`jScFt�cFb6h>jO�FyL^`jSiD���Fi`eL�U�FyFiDk�sSyF^`cLkls`jSt	¤ jScF�Us`yFb
�leLt�aFs`yFi~rK^D¦

∂ρ(x, t)

∂t
= K

∂2ρ(x, t)

∂x2
.

X yL^`�SiSs`t¸� '(�D�S��eLi]�FyFtlr6eLi~��t�cFi�u~bFp�j`eLt�\Fg]aFjD^xrLyL^`s`cF��_�aUiSyFt�cFgL|�bFpÖiS�Ftl�yL^`s`iSyFiSjL}nkls`i~hF��b6�.jviS�St�b6��\L^Skls�h6�.��s`iS��iv�UyL^`jScFt�cFb6h.b.�Fi~rKklsx^`jSbFs`gvjv�Fi`eL�D�\Ft�cFcFiStq�UyL^`jScFt�cFbFt
x = 0

m

0 � 1/2t ρ(0, t) = K1/2 ∂ρ(x, t)

∂x

∣∣∣
x=0

= −K−1/2jx(0, t)
ûÖs`i2kliSiSs`cFiS{�t�cFbFtqjOiS�SyL^`��t�cFcFiD�WjSb6rLt

ρ(0, t) = −K−1/2 0 � −1/2t jx(0, t) = −K−1/2 0 � 1/2t j(0, t) ≡ 1√
π

t∫

0

jx(0, τ)dτ√
t− τ

b�eLt�� eLi�j£iDklcFiSjS�£cFiSjSiS��i£�8t�s`i~rK^��leLt�aFs`yFi~�6bL�4bFbnY�X�klt��qbFp�bF\Ft�klaFbFt��U^`yL^`a6�s`t�yFbLkls`bFaFb¢plrLt�klgWjSplhFs`� s`i`eLgSaDi�cL^W��yL^`cFbF Ft
x = 0

}�c6bFa6^`aUiS_�bFp��S��s`iS\FcFiS_bFcL�qiSyL�f^` FbFb?�Si`eLgS{�t]cFtZbLkl�Fi`eLgSp��St�sSk¨hnY5üqi`� kl�U��t�kls`jS�S}S��s`iO�S��eLi��Ft�yFjSiSt]�FyFb6��4t�cFt�cFb6h£�4t�s`i~rK^���^`aFs`iSyFbFp�^` FbFb�k2bLkl�Fi`eLgSp�iSjD^`cFbFt����FyFiSbFp�jSi�rLcF��� rLyFiS�ScF����FiSyDh6rLaDiSjLY
z7�-{åä )}æÆ�����Â��~���~l�,��|�!¬|�ï�����|³Û ��|�ï��,�s!�~�|������

 Z^`yL^`aFs`t�yFbLkls`bFaFb��leLt�aFs`yFi��6bL�4bF\Ft�klaFb6���Skls`yFiS_Lkls`jHb��FyFiSs`t�aU^`�]��b6�¢jcFb6���6yFiS Ft�k�kliSj�jSi��4cFiS��iD��iS�FyFtlrLtleFhF�]sSk�h�kljSiS_Lkls`jD^S�4bW�FiSjSt�yD�6cFiDkls`b£�4t�s~^xeF�eLbF\Ft�klaDiS��i��leLt�aFs`yFi~rK^F}�cL^x�Di~rFhF��t�_Lk�h¢j£aUiScFsx^`aFs`tWk��	b6rLaFbL�*b6eLb�s`jSt�yDrL�z��leLt�aFs`yFi`eLbFs`iD��YTX¢a6eK^Sk�klbF\Ft�klaUiS_
s`t�iSyFbFb�j`eLb6hFcFbFt���yL^`cFbF F��cL^	�FyFi~�Si~�OrLt�cFbFt
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�Ft�yFt��4t�cFcFiS��i�s`iSa6^�\Ft�yFt�pZklbLkls`t��4�OiS�FbLkl��jD^`t�sSk�h	��yL^`cFbF\6cFiS_2t��4aUiDkls`gS��}DjSa6eL�z�\Ft�cFcFiS_O�L^`yL^xeFeLtleLgScFi�k�iD�4bF\Ft�klaFbL�.kliS�FyFiSs`bFj`eLt�cFbFt�� �leLt�aFs`yFi`eLbFs~^FY#üqyFbO��s`iD�rLt�_Lkls`jSbFs`tleLgScL^xhq\L^Skls`gzbL�4�FtlrK^`cLk�^�cFt§p�^`jSbLklbFs�iSs�\L^Skls`iSs`��}�^��4cFbL�f^xh�iS�SyL^`s`cFi�FyFiS�FiSyF FbFiScL^xeLgScL^qt�_nY1GvcFiS��bFt]��a6kl�Ft�y6bL�4t�cFs`��¤ cL^~\FbFcL^xh?kzyL^`�SiSs`�7� �*�Ti~rLcL^`aDi�FiSaU^`p���jD^`�]sZj��Si`eLgS{�bFcLk�sSjSt�k�eL�U\L^`t�jqbFcFiS_��U^`yL^`aFs`t�yO�FiSjStlrLt�c6b6hnm`�FiqaFyL^`_FcFt�_�4t�yFtS}�j]iS��yL^`cFbF\Ft�cFcFiD�>rLbL^`�L^`p�iScFt§\L^Skls`iSsz\L^Skls`iSs`cL^xh�p�^`jSbLklbL�4iDkls`gzbL�4�FtlrK^`cFk�^�U^`yL^`aFs`t�y6bFp��St�sSk�h�rLiS�D^`jSi`\FcF�z�
\6eLt�cFiD��kls`t��Ft�cFcFiS��iZjSb6rK^

A(iω)−η
kÖ�FiSaU^`p�^`s`tl�eLt��

η
}~eLtl�O^`��bL� �4tl�OrL��cF�~eLt���bOtlrLbFcFbF Ft�_n}

0 < η < 1
Y#ûÖs`iSsq\6eLt�cOcL^`p���jD^`�]s����òÒÿDòBñ>ùJ÷*ÿ�ó�÷oøBùJ÷0�xñ�ñ�÷*M��K�
:oõ¢¤Ýû(ü¬+�¦�Y���^xeLbF\FbFtdû(ü¬+¡klj`hFp���jD^`t�sSk�hOk�{�t�yFi`��DiSjD^`s`iDkls`gS���FiSjSt�yD�6cFiDkls`bnm§\Ft����Si`eLt�tv� eK^xrLaDiS_HhFj`eFhFt�sSk¨h��FiSjSt�yD�6cFiDkls`gL}§s`t���`eLb6��t

η
a tlrLbFcFbF FtSYnX¡yL^`�SiSs`t�� ª��§�FiSaU^`p�^`cFiL}T\6sSi>bL�4bFsx^` Fb6h.{�t�yFi��DiSjD^`s`iDkls`b�FiSyL^S�4bOrLt�_Lkls`jSbFs`tleLgScFi��FyFbFjSi�rLbFs�a2kls`t��Ft�cFcFiS_	p�^`jSbLklbL�4iDkls`bn}S�FyL^`j`rK^�k�iS�FyFtl�rLtleLt�cFcF�z�Bp�cL^~\Ft�cFb6t��B�FiSa6^`p�^`s`tleFh

η = 1/2
}ft�k�eFb�s`i`eLgSaUi cFt>�FyFtlrL�Fi`eK^`�l^`s`gkl�Ft� FbL^xeLgScFiS_2�FyFiDkls`yL^`cLkls`jSt�cFcFiS_>kls`yF�UaFs`�UyF��yF^Skl�FyFtlrLtleLt�cFb6h
kliS�FyFiSs`bFj`eLt�cFb6hb
t��4aDiDkls`bnY�ZklcFiSjD^`cFbFt��£rFeFh��FiDkls`yFiSt�cFb6hvsx^`aFb6��kls`yF�UaFs`�Uy k�eL�D�O^`s2bLk�k eLtlrLiSjD^`cFb6h�FiSjSt�yS�6cFiDkls`t�_�k��FiD�4iS��gS�Ú�leLt�aFs`yFiScFcF�����4bFaFyFiDklaUiS�6iSjLY��]sSkl�UsSkls`jSbFtHt�kls`tl�kls`jSt�cFcFiS��iO�f^Skl{�s~^`�D^�rFeLbFcF��}6�FyFi~hFj`eFhF�]��t�t�k¨h>j�s`iD��}6\Fs`iOyL^`pleLbF\FcF��tq�UjStleLb6�\Ft�cFb6h�rK^`�]s��6yFbF�`eLbFp�bFs`tleLgScFi�i~rLcF��b	s`����t�aU^`yFs`bFcF��yL^Skl�FyFtlrLtleLt�cFbUh	cFt�i�rLcFi`�yFi~rFcFiDkls`t�_n}F�FiSp�jSi`eFhFt�s�bLkl�Fi`eFgSp�iSjD^`s`gO�qyL^`aFsx^xeFgScF�U��aUiScF Ft��F FbF��YLX�a6^~\Ft�kls`jSt�qyL^`aFsx^xeLgSc6iS_H�4i~rLtleLbHjWyF^`�SiSsSt_� ´
�z�S��eLi.jSplhFs`iWaU^`cFs`iSyFiSjSiW�4cFi���t�kls`jSiL}§cL^a6^x�OrFiS_vkls~^xrLbFb
�FiDkls`yFiSt�cFb6h>aUiSs`iSyFiS��i�bFp�aU^x�OrLiS��i�iSsSy6t�p�a6^��~rK^xeFhFt�sSk¨hvklyFtlr6�c6h6h�\L^Skls`gL}Lsx^`a�\Fs`i?iDkls~^`�]sSk�hvrLjD^	iSs`yFt�p�a6^F}FrFeLbFcL^2a6^x�OrLiS��i	bFp�aUiSs`iSyF���vkli`�klsx^`j`eFhFtls

1/a (a < 2)
iSsOrFeLbFcF��bLk��Di�rLcFiS��iLYL��^`aviSsS�4t�\F^`�Zs2^`jSs`iSyF��}K�4i�rLtleLg��sx^2cL^`jStlhFcL^OcL^`�`eL��rLt�cFb6hL�4b�rLt¬��t�jSbn}L�FiSa6^`p�^`jS{�bL�4bn}L\Fs`i?cL^2�Fi`eLbFyFiSjD^`cFcFiS_�FiSjSt�yS�6cFiDkls`b.s`jSt�yDrLiS��ivs`tleK^vbL�8t�t�sSk�h£�4c6i~��t�kls`jSiv L^`yL^`�FbFcWk	p�^`p��U�SyFt�cFcF�z�4baFyL^xhL�4b%!FbL�£iDkls~^`jD^xeLiDklg�s`i`eLgSaDi�uxk�rLtleK^`s`gO L^`yL^`�FbFcF��k�^S�4iS�Fi~rLiS�ScF�z�4bn|~Y��^�ý§bLk`Y§�o´UY �2�FyFbFjStlrLt�cL^>��aFjSbFjD^xeLt�cFs`cL^xh��leLt�aFs`yFbF\Ft�klaU^xhWk��St��f^>�Fi`eL�D�\Ft�cFcFiS_�iS�FbLk�^`cFcF�z�*iS�SyL^`p�iD�/�FiSjStlyD�6cFiDkls`bnYzXÖ�Si~rLcFiS_¢bL�4�FtlrK^`cLk.��s`iS_� Ft��Fb�4i~�	c6i	p�^`�FbLk�^`s`g�j	jSb6rLtq�St�klaUiScFtl\FcFiS_> Ft��FcFiS_>rFyFiS�Sbnm

Z(iω) = R+
1

iωC +
2

aR+
1

iωC +
2

a2R+ . . .

.

üqyL^`aFs`bF\Ft�klaFb2jS��\FbLk�eLt�cFb6h2�FyFiSbFp�jSi~rFhFsSk¨h	rFeFh2aUiScFt�\FcF���	 Ft��FcF���OrLyFi`��St�_?k]\FbLk�eLiD�WyFt�aF�UyLklbF_
n
b?iSsSk�eLtl�	bFjD^`t�sSk¨h?�FiSjStlrLt�cFbFt]yFt�{�t�cFb6h>kzjSiSp�yL^Sklsx^x�cFbFt��

n
Y���^�cFbFp�aFb6�2\L^Skls`iSs~^x�OrLt�_Lkls`jSbFs`tleLgScF^xh2\L^Skls`g�bL�4�FtlrK^`cLk�^�jS���Si~rLbFs�cL^�6eK^`s`iL}SjS�zkliSsx^�aDiSsSiSy6iS��i�rFeFh2a6^x�OrLiS_	�FiDk�eLtlrL�U�]��t�_2y6t�aF�UyLklbFb?�UjStleLbF\6bFjD^`t�sx�k�h?j

a/2
yL^`pSY$��^�jS�zkliSaFb6�2\L^Skls`iSsx^x�	�FyFtlrLtleLgScFiStZp�cL^~\Ft�cFbFtZbL�4�FtlrK^`cLk�^�yL^`jScFi

R
Y©Gvtl�OrL�W��s`bL�4b£rLjS�6�8h£�FyFt�rLtleK^S�4bHklbLkls`t��f^�iS�`eK^xrK^`t�s�kljSiS_Lkls`jSiD�Õû(ü¬+ k
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&*)+�2fo�!Yo.!$7�!HuN#�!Y7&*)of/ #��0*$�%J'-9#&*?+$7)+�2,5.`ñ
�FiSa6^`p�^`s`tleFt��

η = 1 − D
}§��rLt

D = ln 2/ ln a
d��qyL^`aFsx^xeLgScL^xh£yL^`p��4t�yFcFiDkls`ga6^`cFs`iSyFiSjD^q�4cFi���t�kls`jD^FY&GvcFbL�f^xh	\L^Skls`g

Z(iω)
iS�SyL^`s`cFiq�FyFiS�FiSyF FbFiScL^xeLgScL^Z\L^x�kls`iSs`t]cL^�jS�zkliSaFb6��b2cFbFplaFb6�	\L^Skls`iSsx^x�Ob2kliSiSs`jSt�sSkls`jS�St�sJû(ü¬+¡j��FyFiD�4tl�	�Us`iS\6�cFiS_HiS�`eK^Skls`bnY§©�^`aFbL��iS�SyL^`p�iD��}fiS�SiS�S��t�cFcF��_£p�^`aUiSc<�Z�f^ rFeFhH{�t�yFi~�SiSjD^`s`iS_�FiSjSt�yD�6cFiDk�sSb?jO\L^Skls`iSs`cFiD�£�FyFtlrKklsx^`j`eLt�cFbFb>bL�4t�t�s	jSb6r

Î(ω) = [Ẑ(iω)]−1Û(iω) = A−1(iω)ηÛ(iω),

^�jSiOjSyFt��4t�cFcFiD�Wd2kli~rLt�yD�	bFs�rLyFiS�ScF�U���FyFiSbFp�jSi�rLcF�U��m
I(t) = A−1 0 � ηtU(t).

��^`a�iSsS�4t�\L^`t�sSk�h j>yL^`�SiSs`t�� ´
� }nkls`t��FtlcFcL^xh p�^`jSbLklbL�4iDkls`g>bL�4�FtlrK^`cLk�^?iSs\L^Skls`iSs`��bn}Lk�eLtlrLiSjD^`s`tleLgScFiL}DrLyFiS�ScF��_>�FiSyDh6rLiSa>�FyFiSbFp�jSi~rLcFiS_
klj`hFp�^`cF�¢kqaUiSc6�aF�UyFt�cF FbFt�_2yFt�p�bLkls`bFjScFiS��i�b2t��4aUiDkls`cFiS��i��F�Us`t�_2�FyFiSs`t�a6^`cFb6h2s`iSaU^FY � bF��cL^xe?�Si`�eLt�t�cFbFp�aUiS_�\L^Skls`iSs`��yL^Skl�FyFiDkls`yL^`c6hFt�sSk¨h��Fi� Ft��Fb�rL^xeLgS{�tS}Ö�FyFtl�OrLt�\Ft���iSck��4i~��t�sv�U_Fs`bW\Ft�yFt�p	�FiSjSt�yD�6cFiDkls`cF�U�/t��4aUiDkls`gL}n�FiS��s`iD��bL�4�FtlrK^`cLkOcL^
cFbFp�aFb6�\L^Skls`iSsx^x���Si`eLgS{�tSY�ýf^`p��6�4t�t�sSk¨hn}�yFt�^xeLgScF��t��FiSjSt�yS�6cFiDkls`bHhFj`eFhF�]sSk¨h¢k�^S�4iS�Fi`�rLiS�ScF�z�4b¢eLbF{�gHjHiS��yL^`cFbF\Ft�cFcFiD�/bFcFs`t�yFjD^xeLtW�f^Skl{�sx^`�SiSjL}�\Fs`iHjHaUiScFt�\FcFiD�bFs`iS��t�iS�FyFtlrLtleFhFt�s2b
rLbL^`�L^`p�iScv\L^Skls`iSs~}Lj2aUiSs`iSyFiD��bL�4t�t�s?�4t�kls`i?�FiDkls`i�hFcLkls`jSi��^`p���¤ �U��eK^��FiSs`t�yFgU¦�Y
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� iS� eK^SklcFi�aUi`eL�4iS��iSyFiSjDklaUiS_��4i�rLtleLb�i~rLcFiSyFi�rLcFiS_�bFp�iSs`yFiS�FcFiS_�s`�UyF�S�D�eLt�cFs`cFiDkls`b	klaUiSyFiDkls`gqiSs`cFiDklbFs`tleLgScFiS��i]rLjSb6��t�cFb6hOs`iS\Ft�aOs`�UyF�S��eLt�cFs`cFiS_	klyFtlrL��}cL^x�Di�rFhF��b6�Uk¨h>cL^�yL^Sk�kls`i~hFcFbFb

r
rLyF�U�qiSs�rLyF�U��^F}

∆u = u(x+ r)− u(x), (18.1.1)

j!bFcFt�yF FbL^xeLgScFiS_*iS�`eK^Skls`b/yL^Sk�k��f^`s`yFbFjD^`t�sSk�h*aU^`a�k�eL�U\L^`_FcL^xh/�Ft�yFt��4t�cFcL^xhn}klyFtlrLcFbF_
aFjD^xrLyL^`s�aDiSsSiSy6iS_
yL^Sk�sStls2kZyL^Sk�kls`i~hFcFbFt����FyFiS�FiSyF FbFiScL^xeLgScFi
r2/3

m
〈(∆u)2〉 = C0ε

2/3r2/3, l < r < L. (18.1.2)� rLt�klg
C0
d	�St�p�yL^`p��4t�yFcL^xh>�FiDkls`i~hFcFcL^xhn}

ε
d?klaDiSyFiDkls`gOrLbFk�klbF�L^` FbFbvaFbFcFt�s`bF\Ftl�klaUi`_���cFt�yF��bFb�cL^ztlrLbFcFbF 6���f^Sk�kl��}

l = (ε3/v)1/4
dZaDi`eK�4iS��iSyFiSjDkla6^xhZrFeLbFcL^FY � i`�iSs`jSt�sSkls`jS�U�]��bF_2��s`iS_>�4i�rLtleLb?��cFt�yF��t�s`bF\Ft�klaFbF_>kl�Ft�aFs`y2rK^`t�sSk�h�:(����÷7ñ�÷*ÿ ù�ô�ò�È

ó��xùJõ?È
E(k) = Cε2/3k−5/3, (18.1.3)� rLt

k
d	jSi`eLcFiSjSi`tZ\FbLk�eLiL}F^

C
d	aDi`eK�4iS��iSyFiSjDkla6^xh2�FiDkls`i~hFcFcL^xhnY� rLyF�U��iS_�kls`iSyFiScF��}8bFp�jSt�kls`cFiL}4\Fs`i iSs`cFiDklbFs`tleLgScL^xhWrLbL���q�Up�b6h¢¤ rFbL�Z��q�Up�b6hWjSt�aFs`iSyL^vyL^Sk�kls`i~hFcFb6h��4tl�OrL� rLjS�6�8h��FiD�4t�\Ft�cFcF�z�4b�\L^Skls`bF L^S�4bK¦���rLi`�j`eLt�s`jSiSyShFt�sOp�^`aDiScF�¬ý§bF\L^`yDrKkliScL^
¤ :(����÷7ñ"4�ù�ô�ò�ÈÇöoùJ÷-ôxõ?È4¦
〈r2〉 = C1ε(∆t)

3, (18.1.4)

s`i�t�kls`gL}Ukl�U��t�kls`jSt�cFcFi��Si`eLt�t]�S�zkls`yF�z�W�FiOklyF^`jScFt�cFbF��k]cFiSyL�f^xeLgScFiS_OrLbL���q�D�p�bFt�_��FyFiS Ft�k�kliD��Y� Ök�eLb j>�qiSyL�4�~eLt>¤ ���FY �SY �~¦��Fi~rLyL^`p��6�4t�jD^`s`g2yL^`p�cFiDkls`g
klaDiSyFi`�kls`t�_	�FiD�4t�\Ft�cFcFiS_O�L^`yF��\L^Skls`bF n}S�Ft�yFt��4t�cFcL^xh
r
klsx^`cFt�s�k�eL�U\L^`_FcFiS_Ob2�qiSyL�4��eL�
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¤ ���FY �SY �S¦Öklsx^`cFt�sOjSiSp��4i~�	cF�z��bFcFs`t�yF�FyFt�s`bFyFiSjD^`s`gOa6^`a

〈(∆u)2〉 = C0ε
2/3〈r2〉1/3.

üqi~rKkls~^`j`eFh6h�kl��rK^qklyFtlrLcFbF_OaFjD^xrLyL^`sZiSs`cFiDklbFs`tleFgScFiS��iqyL^Sk�kls`i�hFcFb6h�bFp�¤ ���FY �SY 'U¦�}cL^x�Di�rLbL�
〈(∆u)2〉 = C2ε∆t, C2 = C0C

1/3
1 . (18.1.5)� �Ft� FbL�qbFa6^�rLbL���q�Up�bFbqj�s`�UyF�S�~eLt�cFs`cFiS_�klyFtlrLt`}�cL^`p���jD^`t��4iS_n} rFeFh�aFyL^`sx�aUiDkls`bn}�ù�4Bô�6*4*��òBñ�ùJñ�÷*M�5
�"�%�94�:��xò0M
¤¥©�ð�¦�}�iS�S�Dk eLiSj`eLt�cL^ÖrLt�_Lkls`jSbFt��
cL^�\L^Skls`bF F�jSb6�6yFt�_vyL^`p�cF���vyL^`p��4t�yFiSjL}Kkl�U��t�kls`jS�U�]��b6�
j2s`�UyF�S�~eLt�cFs`cFiS_�klyFtlrLtSYxý4^Sk�kls`i~h6�cFbFt��4tl�OrL�qrLjS�6�8h��FyFiS�ScF�z�4b�\L^Skls`bF L^S�4b��4i~��t�sqkl�U��t�kls`jSt�cFcFi]bFp��4t�cFbFs`gDk¨h�p�^aUiSyFiSs`aDiStÖs`i`eLgSaUi]�Fi�r�rLt�_Lkls`jSbFt��vjSb6�6yShn}~yL^`p��4t�yF��aUiSs`iSyFiS��i]klyL^`jScFbL�4��kÖ�lsSbF�yL^Sk�kls`i~hFcFb6t���Y"=qt��.rK^xeLgS{�tZrFyF�U��iSs�rLyF�U��^���s`b>\L^Skls`bF F��}Fs`t��£�Si`eFgS{�tZyL^`p��4tl�yF�£jSb6�6yFt�_n}~yL^`p�cFiDk�hF��b6��b6��rLyF�U��iSs]rLyF�U�l^F}~s`t�� k��Si`eLgS{�t�_�klaUiSyFiDkls`gS��yL^Skls`t�syL^Sk�kls`i~hFcFb6t

l
�4tl�OrL�vcFbL�4bnYnX�yL^S�4a6^x�va6eK^Sk�klbF\Ft�klaUiS_�s`t�iSyFbFb�rLbL���q�Up�bFb�sx^x�aUiS_������qt�aFsZ�4i���t�sZ�S��s`g]rLiDkls`bF��cF�Us]jSjStlrLt�cFbFt��vp�^`jSbLklbL�4iDkls`b�aUiS�����qbF FbFt�cFs~^rLbL���q�Up�bFb

D
iSsOiSs`cFiDklbFs`tleLgScF���
aDiSiSyDrLbFcL^`s~}FsxY tSYLiSs	yL^Sklkls`i~hFcFb6hnm

D = D(r)
Y

ûÖs`iSs	�Fi�rF�Di~r
�S��evbLkl�Fi`eLgSp�iSjD^`c?j	�FbFiScFt�yLklaDiS_
yL^`�SiSs`t�ý§bF\L^`ySrKkliScL^�� �0� }Fp�^`�Fb6�k�^`jS{�t���i>�UyL^`jScFt�cFbFt�rFeFhW�6eLiSs`cFiDkls`b.yL^Skl�FyFtlrLtleLt�cFb6h
p(r, t)

k�eL�U\L^`_FcFiS��i
yL^Sk��kls`i~hFcFb6h£�4tl�OrL�.�L^`yFiS_�\L^Skls`bF ��FyFbL�4t�klbn}4cL^x�Di~rLbFjS{�b6�Dk�hWj��4iD�4t�cFs
t = 0

ji~rLcFiS_>s`iS\FaDtS}FjOjSb6rLt
∂p

∂t
=

∂

∂r

[
D (r)

∂p

∂r

]

k�aUiS�����qbF FbFt�cFs`iD��rLbL���q�Up�bFb
D (r) ∝ r4/3

}KkliSiSs`jSt�sSkls`jS�U�]��bL�£�UjStleLbF\Ft�cFbF�{�bFyFbFcF�¢rLbL���q�Up�bFiScFcFiS��i��L^`aUt�sx^
∆(t)

�Fi	p�^`aDiScF�
∆(t) ∝ t3/2,kl�U��t�kls`jSt�cFcFi�iSs�eLbF\L^`�]��t��4�Dk�h#iSs�cFiSyL�f^xeLgScFiS��i�rLbL���q�Up�bFiScFcFiS��i�p�^`aUiScL^

∆(t) ∝ t1/2
Y�©nt�iSyFt�s`bF\Ft�klaFbWsx^`aUiStO�FiSjStlrLt�cFbFtOcL^`{�eLi
iS�SiDklcFiSjD^xcFbFt�jvbFp�jSt�klsx�cF���	yL^`�SiSsx^x�	w�Y��OYU�qi`eK�4iS��iSyFiSjD^qb?w�Y1GWYF�]�S�D�DiSjD^qaU^`a?k�eLtlrKkls`jSbFtZ��b6�FiSs`t�p��i�k�^S�4iS�Fi~rLiS�SbFb�eLiSa6^xeLgScFiZbFp�iSs`yFiS�FcFiS_�s`�UyF�S�~eLt�cFs`cFiDkls`bn}`iS�FyFtlrLtleFhFt��4iS_�tlrLbFc6�kls`jSt�cFcF�z��yL^`p��4t�yFcF�z�W�L^`yL^S�4t�s`yFiD�Wd	klaDiSyFiDkls`gS�¢rLbLk�klbF�L^` FbFb>s`�UyF�S��eLt�cFs`cFiS_��cFt�yF��bFb

ε
� �~� '(� Y� iSiSs`cFiS{�t�cFb6h>¤ ���FY �SY 'U¦¬b
¤ ���FY �SY �S¦n�FiSaU^`p���jD^`�]sx}�\Fs`iqjZs`iqjSyFt��8hn}xa6^`a��Fi`�jStlrLt�cFbFt	iSs`cFiDklbFs`tleLgScFiS_WklaUiSyFiDkls`b rLjS�D� \L^Skls`bF �k�iSjD�4t�kls`bL�4i�kO�SyFiS�UcFiSjDklaDiS_�4i~rLtleFgS��cFiSyL�f^xeLgScFiS_	rLbL���q�Up�bFb?j�i~rLcFiSyFi�rLcFiS_?klsx^` FbFiScL^`yFcFiS_?klyFtlrLtO¤ÅeK^`�Si`�yL^`s`iSyFcF��tzbLk�k�eLtlrLiSjD^`cFb6hOjB� �*�K�Fi~rLs`jSt�yD�OrK^`�]s��lsSiU¦�}SyL^Sk�kls`i~hFcFbFt]�4tl�OrL�OcFbL�4bjStlrLt�s?klt��~h�bFcL^�\FtSmKt���i>klyFtlrLcFbF_�aFjD^xrLyL^`s2�FyFiS�6iSyF FbFiScL^xeLt�c�s`yFt�s`gSt�_ kls`t��Ft�cFbnY Ök�eLb�yFt�\FgZjSt�kls`b�i]eLbFcFt�_FcFiD�vyL^`p��4t�yFt

r
rLbL���q�Uc6rLbFyF�U�]��t���i]j]s`�UyF�S��eLt�cFs`cFiS_klyFtlrLtqiS�`eK^`aU^F}Us`iOiSc?�FyFiS�FiSyF FbFiScL^xeLt�c
t3/2
}6s`iS� rK^�a6^`a>j�cFiSyL�f^xeLgScFiD��k�eL�U\L^`t��s`iSs	yL^`p��4t�y�yL^Sk�sStls2�FyFiS�FiSyF FbFiScL^xeLgScFi

t1/2
mK©Rð/hFj`eFhFt�sSk¨hv�DklaDiSyFt�cFcFiS_
rLbL�Z��q�Up�bFt�_.¤¥kl�U�Ft�yDrLbL���q�Up�bFt�_L¦lY
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��^~\Ft�kls`jSt�cFcFi>�Fi`eL�U\Ft�cFcF��tOjS��{�tOy6t�p��~eLgxs~^`s`��k�iS� eK^SkliSjD^~eLbLklg
k���a6kl�Ftl�yFbL�4t�cFs`iD��}Si�rLcL^`aUiqs`iSs���^`aFs~}`\Fs`i�jqi�rLcFiSyFi~rLcFiS_�j�klyFtlrLcFt�� klyFtlrLt�aUiS�����qbF Fb6�t�cFs2rLbL���q�Up�bFb�rLi`eF��t�c p�^`jSbLklt�s`g?iSs>yF^Sk�kls`i~hFcFb6h �4tl�OrL�v\L^Skls`bF L^S�4bn}nkliSplrK^x�jD^xe¢iS�FyFtlrLtleLt�cFcF��t �FyFiS�`eLt��4� jH�qbFp�bF\Ft�klaUiS_<bFcFs`t�yF�FyFt�sx^` FbFb��Fi`eL�U\L^`t��4���yFt�p���eLgxsx^`s`iSjLY� �FiDkliS�	kliSjD�8t�kls`bFs`g	�DklaDiSyFt�cFcF��_>�U^`yL^`aFs`t�y
©Rð*kq�FiDkls`i�hFcLkls`jSiD�£aDiS���Z��qbF FbFt�cFs~^F}F�U^`yL^`aFs`t�yFbFp��U�]��t���i2klyFtlrL�S}LcL^`{�tle�w�Y � Y GviScFbFcÁ� ªF}R´
� }Lk�yL^`�SiSsOaUi`�s`iSyFiS��i£cL^~\L^xeLiDklg£�FyFbL�4t�cFt�cFbFt.cFt��l^��Dk�kliSjS���H�Dkls`iS_F\FbFjS���<yL^Skl�FyFtlrLtleLtlcFbF_�b�UyL^`jScFt�cFbF_�k	�FyFiSbFp�jSi~rLcF�z�4b.rLyFiS�ScFiS��iv�FiSyDh6rLaU^�j�s`t�iSyFbFb£©Rð²¤ s`t�yL�4bFcFi`eLi`���bFb?��s`iS_2iScn}Ui�rLcL^`aUiL}DcFt]bLkl�Fi`eLgSp�iSjD^xeT¦�YDX�k�eLt���aU^�bFp��4t�cFt�cFcFiD�W�FiOklyL^`jScFt�cFbF�k]i`yFbF��bFcL^xeLgScFiS_2yL^`�SiSs`iS_	jSb6rLtZ��s`iSs�kl�FiDkliS��iS�SiDklcFiSjS��jS^`t�sSk¨h2k�eLtlrL�U�]��bL��iS�`�yL^`p�iD��Y X�iSp�gD�4t�� p�^�iDklcFiSjS���f^`yFaUiSjDk�aFbF_?kla6^�\FaUiSiS�SyL^`p�cF��_O�FyFiS Ft�k�k`}D^`�F�FyFiSa6klb6��4bFyF�U�]��bF_.©Rð�\L^Skls`bF F��}¬cL^x�Di�rLbFjS{�bF_Lk�h�j>s`iS\FaUt
x = 0

j
�4iD�4t�cFs>jSyFt��4t�cFb
t = 0

Y � eL�U\L^`_FcFiSt�jSyFt��8h��4tl�OrL�?rLjS�6�8hv�FiDk�eLtlrLiSjD^`s`tleLgScF�z�4bvkla6^�\Fa6^S�4bvyL^Sk���FyFtlrLtleLt�cFi	kq��aUkl�FiScFt�cF FbL^xeLgScFiS_>�6eLiSs`cFiDkls`gS�
q(t) = µe−µt, t > 0.

üZeLiSs`cFiDkls`g�jSt�yFi~hFs`cFiDkls`b
p(x, t)

k�eL�U\L^`_FcFiS_OaUiSiSySrLbFcL^`s`�H\L^Skls`bF F�H�Fi~rF�\FbFc6hFt�sSk¨hv�UyL^`jScFt�cFbF�ÕûÖ_FcF{�s`t�_FcL^x� � �4i`eL�D�SiSjDklaUiS��i
∂p(x, t)

∂t
= µ

∫
K(x− x′) [p(x′, t)− p(x, t)] dx′,

k�cL^�\L^xeLgScF�z���Sk�eLiSjSbFt��
p(x, 0) = δ(x)

}`aUiSs`iSyFiSt���rLiS�ScFt�t�jSa6eL�]\FbFs`g�j��FyL^`jS�U�\L^Skls`gO�UyL^`jScFt�cFb6hn}6�Fi`eLi��	bFj
p(x, t) = 0

�FyFb
t < 0

m
∂p(x, t)

∂t
= µ

∫
K(x− x′) [p(x′, t)− p(x, t)] dx′ + δ(x)δ(t).� iSiSs`jSt�sSkls`jS�U�]��t�tÖ�UyL^`jScFt�cFbFt§rFeFh�s`yL^`cLk��qiSyL�f^`c6sS�Ñ+��UyFgStS}~s~Y tSY~�U^`yF^`a6�s`t�yFbLkls`bF\Ft�klaDiS_��q�UcFaF FbFbW¤¦ �+�¦
p̃(k, t) =

∫
eikxp(x, t)dxbL�4t�t�sOyFt�{�t�cFbFt

p̃(k, t) = exp
{
−µ
[
1− K̃(k)

]
t
}
.

X�jStlrFhqcFiSjS��t§�Ft�yFt��4t�cFcF��tÖkliSiSs`cFiS{�t�cFb6hL�4b
z = kt1/α

b
P̃ (z, t) = p̃(zt−1/α, t)

}�4i~�	c6i��U�StlrLbFs`gDk�hn}U\6sSi��U^`yL^`a6sStlyFcL^xh2rFeFh2rLbL���q�Up�bFiScFcF���	�FyFiS Ft�k�kliSj�^SklbL�4�U�s`iSs`bF\Ft�klaU^xh	^`jSs`iD�4i~rLtleLgScFiDkls`gZyFtl{�t�cFb6hn}`s~Y tSYSkl�U��t�kls`jSiSjD^`cFbFt�cFt�cF��eLt�jSiS��iZ�FyFtl�rLtleK^
P̃ (z,∞) = lim

t→∞
P̃ (z, t)

s`yFt��S�St�sOjS���Fi`eLcFt�cFbUh
�Sk�eLiSjSb6h
|1− K̃(k)| ∝ |k|α, k→ 0.
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K̃(k)

�S��rLt�s� �+��FyFb
α ∈ (0, 2]

¤ jScFt	��s`b6� �FyFtlrLtleLiSjvi�rLcFivbFp	iS�~hFp�^`s`tleLgScF���
rFeFh� �+/�Sk�eLiSjSbF_

K̃(0) = 1
b ∫

e−ikxK̃(k)dk ≥ 0
cL^`yF�U{�^`tlsDk¨hK¦�YX¢k�eL�U\L^`tqbFp�iSs`yFiS�6cFiS_>rLbL���q�Up�bFb

1− K̃(k) ∼ B|k|α, k→ 0,

b
��eK^`jScF��_
^SklbL�4�Fs`iSs`bF\Ft�klaFbF_v\6eLt�c
f̃(k, t) ≡ P̃ (ktν ,∞)

��rLiSj`eLt�s`jSiSyDhFt�s��UyL^`jScFt�cFb6�
df̃(k, t)

dt
= −B|k|αf̃(k, t) + δ(t). §��i	y6t�{�t�cFbFt

f̃(k, t) = exp {−B|k|αt}�FyFtlrKkls~^`j`eFhFt�svkliS�SiS_Ç �+�bFp�iSs`yFiS�FcFiS��i>�Dkls`iS_F\FbFjSiS��i>yL^Sk��FyFtlrLtleLt�cFb6hWk��FiSaU^x�p�^`s`tleLt��
α
Y

üqyFb
α = 2

iS�SyL^`��t�cFbFt���s`iS��i��UyL^`jScFt�cFb6h	bL�8t�t�s�jSb6r2iS�S��\FcFiS��iZrLbL���q�D�p�bFiScFcFiS��i��UyL^`jScFt�cFb6h�¤ −|k|2 dW�FyFt�iS�SyL^`pliSjD^`cFbFt�+��UyFgSt>iS�Ft�yL^`s`iSyL^Â��^`�6eK^Sk�^
43
¦�}F�FyFb

α 6= 2
�Fi~hFj`eFhFt�sSk¨h>rLyFiS�ScL^xh>kls`t��Ft�cFgOeK^`�6eL^SklbL^`cL^Fm
∂f(x, t)

∂t
= −B(−4)α/2f(x, t) + δ(x)δ(t). (18.2.1)

ý4t�{�t�cFb6t>t���i�jS��yL^x��^`t�sSk�hW\Ft�yFt�p��x� �4t�yFcF�U���6eLiSs`cFiDkls`g�bFp�iSs`yFiS�FcFiS��i��Dkls`iS_6�\FbFjSiS��i�yL^Skl�FyFtlrLtleLt�cFb6h�¤ yL^Skl�FyFtlrLtleLt�cFb6hB��t�jSb6�å+�tleFg`rL��t�_L�f^D¦
g3(x;α)

kliSiSs`cFi`�{�t�cFbFt��
f(x, t) = (Bt)−3/αg3((Bt)

−1/αx;α), α ∈ (0, 2].
ð�bLkl�Ft�yLklb6h>��s`iS��iOyL^Skl�FyFtlrLtleLt�cFb6h
�St�klaDiScFt�\FcL^F}

〈X2〉 =∞,
b�rFeFh��D^`yL^`aFs`t�yFbFp�^` FbFb�yL^Skl�6eL��jD^`cFb6hvrLbL���q�Up�bFiScFcFiS��i2�L^`aUt�sx^>kli?jSyFt��4t�cFt��k�eLtlrL�StlsOjS���SyL^`s`g�rLyF�U���U�¡�4t�yF�?t���iO{�bFyFbFcF��}FcL^`�FyFbL�4t�yn}F{�bFyFbFcF�?cL^�jS�zkliSs`t
h ∆h

}~b6eLb�yL^xrLbF�Sk�k��qt�yF�
Rp
}xkli~rLt�yS�O^`��t�_�p�^xrK^`cFcF�U��jSt�yFi�hFs`cFiDkls`g

p
Yx«��~rL�U\Fb�FyFiS�FiSyF FbFiScL^xeLgScF�z�4bOrLyF�U�zrLyF�U���D}U�4t�yF����s`b?yL^Skls`�Us�kli�jSyFt��4tlcFt��W�FyFiS�FiSyF Fb6�iScL^xeLgScFi

t1/α
}F\Fs`i2kliS��eK^Skl�St�sSk�h>kqp�^`aUiScFiD�ný§bF\L^`yDrKkliScL^��FyFb

α = 2/3
Y ÷øÙùvú Ý�çQû«ü.ã�åVý.å�éQäQÝ«þ�ç�ß ú.ú ÝQÿ¼ÝQþ�ß��"ÝQÝ[ã�ÝQéQåVÞ�è"ÝQÿoÿ!û��.ÝQÝ[éQå ú þ½åVäQå ú ã�Ý?ä"ß ú é�ç��®Þ�ß��QÝ�à[è"ÝQÿ��ÿ!û	�.ÝQå
���Qå�ý.å¬é"ßÙþ½Ú.ãVß ú ç"ÚÜèQû�Ú.ã¬éQåÙç"ê
�.åVÞ�ßÙã�ê ú à��QÚ�è"Ý ú éQÚ.ä ú ÝQÚ
���½þ½åVã�åVä"ßáà��QÚ®Þ ú Ú.ý è�ß ú û	��Ú ú ã�ÞÙû�Ú.ã
�ßDåTè��Qå
�YÝ���éQäQÝQÞVÚÜè"Ú��������YÞ
����ÚUâ�Ú.ä��}þ½åVã�åVä��®Ú ú û	��Ú ú ã�ÞÙû�ë!ã?Þ ú Ú.ý è�ß?ÝYâ�åVýÜû�ã?æ
�®ã�ê«Þ
�®æVä"ß�����0ãVßÙþQÝ"â2åVæVä"ß��.å�â����Qã�åVæ
�XÞUéQäQÚÜè"ÚÜç"Ú

α → 2
ú åVÞVé"ßáè�ßÙã�ê ú è"Ý ú éQÚ.ä ú ÝQÚ
�����Fã�å�þQß ú ßÙÚ.ã ú à

〈r2〉
�

〈(∆u)2〉
Ý?è"ä��	�½ßÙä"ßÙþQã�Ú.äQÝ ú ã�ÝQþ��
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+�bFp�bF\Ft�kla6^xh�bFcFs`t�yF�FyFt�s~^` Fb6h/yFi`eLb!rLyFiS�ScFiS_�kls`t��Ft�cFb�eK^`�6eK^SklbL^`cL^¢j��s`b6�>�UyL^`jScFt�cFb6h6�>kljSi~rLbFsSk�h>avs`iD�4�S}F\Fs`i2k�eL�U\L^`_FcF��t�s`yL^`t�aFs`iSyFbFbv\L^Skls`bF n}Lkli`�iSs`jSt�sSkls`jS�U�]��b6�H��s`bL���FyFiS Ft�k�k�^S��}Öj�iSs�eLbF\FbFt�iSsW�SyFiS�UcFiSjDklaFb6��s`yL^`t�aFs`iSyFbF_¤

α = 2
¦�cFtqhFj`eFhF�]sSk�h
cFt��FyFt�yF��jScF�z�4bn}L^O�FyFtlrKkls~^`j`eFhF�]s2kliS�SiS_>kl���Dkls`aFbW¤ a6eK^x�kls`t�yF�]¦�}F�D^`iSs`bF\Ft�klaFb
yL^`p��SyFiDk�^`cFcF��tqjO�FyFiDkls`yL^`cLkls`jStS}6hFj`eFhF�]sSk�hvk�eL�U\L^`_FcF�z�4b�qyL^`aFsx^xeK^S�8bnY�X����Fi`eLc6hF�]��^xh�sx^`aDiStfrLjSb6��t�cFbFt§\L^Skls`bF L^�cFt�aUiSs`iSyFiSt§jSyFt���h�aU^`a�S�(u~s`iS�F\Ft�sSk�hn|.j iSaFyFt�kls`cFiDkls`b�iSs`cFiDklbFs`tleLgScFi.cFt��Si`eLgS{�b6�WyL^`p��4t�yFiSjL}4p�^`s`t��jScFt�p�^`�FcFi u~��eLt�sx^`t�sF|?cL^2�Si`eLgS{�iSt�yL^Sk�k�sSi�hFcFbFt�b�cL^~\FbFcL^`t�s u~s`iS�Fsx^`s`gDk¨hn|?sx^S��Y©�^`aUiS_>s`bF�
rLjSb6��t�cFb6h
b
cL^`p���jD^`�]svu~�Fi`eLt�s~^S�4b���t�jSbn|~Y

z?-B{åä ö î �¢� î ¶��,~���~��³� ���¢��� î�� ���� î í��,��|�æ ï³� � ç�|������
��tl�O^`��bFt�j£iDklcFiSjStvrLyFiS�ScFi`� rLbL���qt�yFt�cF FbL^xeLg`cFiS��iW�UyL^`jScFt�cFb6h<s`�UyF�S�D�eLt�cFs`cFiS_	rLbL���q�Up�bFbv¤ ���FY �6Y �~¦4kliSiSs`cFiS{�t�cFb6hv¤ ���FY �SY �S¦ ��¤ ���FY �`Y 'U¦8iSs`cFiDk¨hFsSk�h	a2yL^`pl�jSbFs`iS_Oi~rLcFiSyFi�rLcFiS_�s`�UyF�S�~eLt�cFs`cFiDkls`b	�FyFb�rLiDklsx^`s`iS\FcFi�jS�zkliSaFb6�>¤¥�qiSyL�f^xeLgScFiZd�St�klaDiScFt�\FcF���L¦Z\FbLk�eK^x�mý4t�_FcFi`eLg`rKk�^
bWiSs`yL^x��^`�]s�klsx^`s`bLkls`bF\Ft�klaDiSt?k�^S�4iS�Fi~rLi`��SbFtS}n�U^`yL^`aFs`t�yFcFiSt	rFeFhWbFcFt�yF FbFiScFcFiS��i�bFcFs`t�yFjD^xeK^v\L^Skls`iSs~Y�üqi���s`iS_��FyFbF\FbFcFt�UyL^`jScFt�cFbFt�¤ ���FY �6Y �~¦Z�FyFtlrKklsx^`j`eFhFt�s�u~aFyF�U�FcFiSp�t�yFc6bLkls`iStS|�iS�FbLk�^`cFbFt	rLbL���q�Up�b6�iScFcFiS��i	�FyFiS Ft�k�k�^FYKX¢iS�`eK^Skls`b
��t��f^xeL���
yL^Sk�kls`i~hFcFbF_�kla6^`p���jD^`�]sSk¨hviSs`a6eLiScFtl�cFb6h£iSs.�4i�rLtleLb£rLjSb6��tlcFb6hÑ��t�jSbn}8iS�S�Dk�eLiSj`eLt�cFcF��t2j`eLb6hFcFbFt��Bj`hFp�aDiDkls`b�d.iS���s`iD�¡kljSb6rLt�s`tleLgDkls`jS�St�s�a6^`aWeK^`�SiSyL^`s`iSyFcF��t2bLk�k�eLtlrLiSjD^`c6b6hn}8s~^`a£b£\6bLk�eLt�cFcFiSt�4i~rFtleLbFyFiSjD^`cFbFt-� �F}>Ñ�� YLX�a6eL�]\Ft�c6bFt�jO�UyL^`jScFt�cFbFtqk�eK^`�l^`t��4iS��iOkZj`hFp�aUiDkls`gS�

∂f

∂t
+B(−4)1/3f(x, t)− η4f(x, t) = 0 (18.3.1)

�U\FbFs`��jD^`t�s	�4i`eLt�aF�~eFhFyFcF�U��rLbL���q�Up�bF��}FiSsSjStlsDk�sSjStlcFcF�U�Bp�^�hFj`eLt�cFb6h
�Ft�yFt��4tl��O^`t��8iDkls`b
�FyFb
aUiScFt�\FcF���?\FbLk�eK^x��ý4t�_FcFi`eLg`rKk�^FY
ð�iS�Fi`eLcFbFj�t���iOcL^~\L^xeLgScF�z���Sk�eLiSjSbFt��

f(x, 0) = δ(x),jS���Fi`eLcFbL���FyFt�iS�SyL^`p�iSjD^xcFbFt�+��UyFgStq�Fi	�FyFiDkls`yL^`cFkls`jSt�cFcFiS_
�Ft�yFt��4t�cFc6iS_
df̃

dt
+ [B|k|2/3 + ηk2]f̃ = 0, f̃(k, 0) = 1. (18.3.2)

ý4t�{�tlcFbFt��FyFt�iS�SyL^`p�iSjD^`c6cFiS��i��UyL^`jScFt�cFb6h
f̃(k, t) = e−B|k|

2/3t · e−ηk2t

bL�4t�t�s*jSb6r �FyFiSbFp�jStlrLt�cFb6h�rLjS�D���U^`yF^`aFs`t�yFbLkls`bF\Ft�klaFb6� �q�UcFaF FbF_�dq��tljSb6�+�tleLg`rL��t�_L�f^	k
α = 2/3

b
�l^��Dk�kliSjSiS_>�q�UcFaF FbFbnY�üqyFbv�f^xeL���
k
¤ �Si`eLgS{�bFtqyL^Sk��kls`i~hFcFbUhK¦f� eK^`jScF�U�<yFi`eLg�j?¤ ���FY 'LY �S¦4bF�lyL^`t�s�k�eK^`�l^`t��4iStS}SkliSiSs`jSt�sSkls`jS�U�]��t�t�s`�Uy6��S��eLt�cFs`cFiS_>kl�U�Ft�yDrLbL���q�Up�bFb>k

α = 2/3
}6�FyFb>�Si`eLgS{�b6�

k
¤¥�f^xeL��tZyL^Sk�kls`i~hFcFb6hK¦
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d��l^��Dk�kliSjSiZk�eK^`�l^`t��4iStS}~iS�FbLkl��jD^`�]��bF_��4i`eLt�aF�~eFhFyFcF�U��rLbL���q�Up�bF��YD�]�S��t�t�yFtl�{�t�cFbFtqbL�4t�t�s	jSb6rvkljSt�yFs`aFb>rLjS�D�?yL^Skl�FyFtlrLtleLt�cFbF_

ψ(x, t) = (Kt)−9/2g3
(
(Kt)−3/2x; 2/3

)

b
χ(x, t) = (ηt)−3/2g3

(
(ηt)−1/2x; 2

)
:

f(x, t) =

∫

R3

ψ(x− x′, t)χ(x′, t)dx′.

��^~\Ft�kls`jSt�cFcFi��Fi~�Di��O^xh2iS Ft�cFa6^�yFi`eLb
�4i`eLt�aF��eFhFyFcFiS_?rLbL���q�Up�bFb?j�s`�Uy6��S��eLt�cFs`cFiDkls`b
�Fi`eL�U\Ft�cL^Aý4YL�qyL^`_F\FcL^`cFiD��j	yL^S�4a6^x�?p�cL^~\FbFs`tleLgScFiO�Si`eLt�t�k�eLi~�O�cFiS��i?j
�f^`s`t��f^`s`bF\Ft�klaDiD�<�6eK^`cFtO�qiSyL�f^xeLbFp��f^Â� ����� Y���^Skls`i~hF��bF_n}KiDklcFiSjD^`cFcF��_cL^2�FyFbL�4t�cFt�cFbFb�rLyFiS�ScF���v�FyFiSbFp�jSi~rFcF���¬}K�Fi�rF�Di~r�}K�Fy6tlrFeLi~��t�cFcF��_ XZY�=qt�cFiD��}�Si`eLt�t£�FyFiSp�yL^�\Ft�c!j�kls`i��U^Skls`bF\Ft�klaUiD� k��4�zk�eLtHb!�FyFiDkls¢j�jS��\FbLk�eLbFs`tleFgScFiD�iSs`cFiS{�t�cFbFbnY
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$�"%)� +98G876*+RH'D5B<+"%I858'%JB'%/B'4=876Ofo($�5B<�*+=8'4=876OB0["H/1<�I6/1<+"%7B<�=8 �0E*gJB58 +K+=8 +9i"%)�'4I8'%F
=87�X�u�Z4)� �0]7?"% �"%)� +78)i/B +3478-6<i5B<�:4*+78)�76O;JB58 +K+=8 �F�JB7B�g�!'458'4=8l87B<�/BU+=8R�Ap02 �JB'%F
/B'49\)�$�58K+$	/B'4=8)�=8 �"%)�7�XoðY*�<D)�<�-876AP +K+ +K+&Y'4=876OP02RV$�NP'�5B<+"4"402 +)�58'%/B7�X+�s58'4)�U+7B0
K+$	JB'4)PJB58 +K+=8 �F�JB7B�g�M'458'4=8l87B<�/BU+=8 �'M$�5B<�*+=8'4=878'��g<�*+U+'%F � )� +-6"4<6X

ðY58 +K+=8 �F�JB7B�g�M'458'4=8l87B<�/BU+=8 �'($658<�*+=8'4=878'��g<�*+U+'%F � )� +-6"4<i:	<�I87B"%RH*�<�'4)+"~O
*\*+76JB'-� `4�(�e�

∂ū

∂t
+ ū∇ū = −1

ρ
∇p− 1��� (−4)α/2ū, α ∈ (0, 2], (18.4.1)

3�JB' ��� op<�=B<�/B +3YG87B"
/1<¬ý2'498=8 �/BU�J1"4<8,15B<�*+=8RH9k'	02$pI8587 α = 2
qr:	<+02'4)�7B0�,�G8)� 

5B<�:	02'458=8 �"%)�UE +I8'45B<�)� +5B< 4α/2 '	"%)�UEJ8/B78=8<?*?"%)�'4I8'4=87 −α t
XscM)4/B78G878'pI6 +-6<�F:	<�)�'%/8O
α
 +)f-6/1<+"4"%78G8'	"%-� +34 f:4=B<�G8'4=876OEa\ +:4=B<�GB<�'%)�,BG6)+ i +I858'%JB'%/8O8CD&('4'jqr-� +=6F

"%)�78)�$�)�78*+=8 +'�t�$�5B<�*+=8'4=878'L)�$�58K+$�/B'4=8)�=8 +9P"%58'%JBRm +)4/B78GB<�'4)+"�O( +)D-6/1<+"4"%78G8'	"%-� +34 
=8U+CD)� +=8 +*�<(:	<�-� +=B<(345B<�JB78'4=8)�<8X

ýQ<�:	02'458=8 �"%)�=8RH9[<�=B<�/B78:\$�5B<�*+=8'4=876OWq
`	d8X �BX `�tDI85878*+ 	JB78)#-?Z4=8'45834'4)�78G8'%F
"%-� +02$j"%I8'4-8)�58$

E(k) = C̄ε̄2/3k−γ ,
I8 +-�<�:	<�)�'%/BU

γ = (9− 2α)/3
-� +)� +58 +3% \/B'%Nf78)f)�'4I8'458Ui*f78=8)�'458*�<�/B'�� >�@��8, ��t
X Ô��g'4*�<�Oj345B<�=876lB<i"% + +)�*+'4)+"%)�*+$�F
'4)?"%)�<�=6J1<�58)�=8 +9V-� �/102 +34 +58 +*�"%-� +9V02 	JB'%/B7W)�$�58K+$	/B'4=8)�=8 �"%)�7�,�=8 ?"
/B'%JB$+'4)? +)�F
02'4)�78)�UB,sG8)� m7]K�/B78:4-878'k-]I85B<�*+ +9W345B<�=878l8'k:4=B<	G8'4=876O])�<�-6NP'k=B<�K�/BCsJ1<�/B7B"%U
*pZ4-�"%I8'4587B02'4=8)�<�A["f02R�/BU+=8R�027[I6/B'4=8-6<+027�� `�>*�L7?I6/1<�:	02 +9@� `��
�eXn�s �/B'4'f)� +34 B,
 +K+RHG8=B<�Oj=6U+CM)� +=8 +*�<YNf76JB-� �"%)�Ukq

α = 2
,
γ = 5/3

ts*fI8587B"%)�'4=8 +G8=8 �0V"
/B +'g)�$�56F
K+$	/B'4=8)�=8 �"%)�7TI858 �O8*�/8O8'4);"%$�&('	"%)�*+'4=8=8 +'h +)	/B78G878'j +)E"%)�<�=6J1<�58)�=8 +9T02 �JB'%/B7T7
A�<�5B<�-8)�'45678:4$+'4)+"�Oj:4=B<�G8'4=876OB0

α = 1/2
,
γ = 8/3

� `	d��eX
uW5B<�K+ +)�'¬� `	���.5B<+"4"402 +)�58'4=h)�<�-6N('M7hJ858$�34 +9hI8$�)�UP +K+ +K+&('4=876Of-� �/10� +34 �F

58 +*�"%-� +34 f:	<�-� +=B<i>�@��8,8 �"%=8 +*�<�=8=8RH9#=B<i*+*+'%JB'4=8787p*i$�5B<�*+=8'4=878'Y�g<�*+U+'%F~�L)� +-6"4<
JB58 +K+=8 +9hI858 +78:4*+ �JB=8 +9hI8 f*+58'	02'4=87��

∂u

∂t
+ u∇u = −1

ρ
∇p+ 1��� 0 � µt4u, µ ∈ [0, 1).

cD=jI85878*+ �JB78)\-#"%I8'4-8)�58$
E(k) = C̄ε̄2/3k−γ

"MI8 +-6<�:	<�)�'%/B'	0
γ = (5− 3µ)/(3− µ),Ö~�Sß���è"ÚÜç"êVæVäQåVã�û�þ�ß��
�®Þ�ßáç��L�Qã�å#�QÚ.ýÜß.û ú.ú å�ÞVå ú ÞVå
� ú ã�ÞVå�ãVû�äQæÙûáç"Ú
�Qã%�Qå ú ã�ÝE��éQÚ.äQÚTâ�ÚÜÛ�ßÙÚ
�â�å ú ã�ês�UÞ
���
�®Þ�ßÙÚ.ã ú à ú éQÚ.þQã�äQå�â����"ßÙþ�ç"å
�nþ½åVã�åVäQåVý.åDéQäQÚ.Þ
���¬ßÙÚ.ãD�%���	�
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`+,s>�@����H/B'%Nf78)[)�'4I8'458Um"
/B'4*�<? +)["%)�<�=6J1<�58)�=8 �F
34 p:4=B<	G8'4=876Om>�@��8X��! �02K+78=87858$�OEZ4)�7?JB*�<jI8 �J8A� 	J1<8,n<�*+)� +5EI85878*+ �J878)p*�<�587B<�=8)
 +K+ +K+&('4=8=8 �34 ;$�5B<�*+=8'4=876OW�g<�*+U+'%F~�L)� +-�"4<8,2"% �JB'45�NP<�&('434 ;JB58 +K+=8RH'#I858 +78:4*+ �J8F
=8RH'g-�<�-#I8 \*+58'	02'4=87�,8)�<�-#7#I8 \-� + +5+JB78=B<�)�<+0��

∂u

∂t
+ u∇u = −1

ρ
∇p− 1��� 0 � µt (−4)α/2u, (18.4.2)

3�JB'
α ∈ (0, 2]

I8587
µ = 0

,
µ ∈ [0, 1)

I8587
α = 2

7 ��� "% + +)�*+'4)+"%)�*+$�'4)MI8'458'4=6 +5B0276F58 +*�<�=8=8 �02$i=B<(JB58 +K+=8RH'!5B<�:	02'458=8 �"%)�7#*+58'	02'4=87p7jJ8/B78=8R�G87B"
/B$h�2'498=8 �/BU�J1"4<8X
�!'458'4=8 �"gZ4=8'4583%787;*i)�<�-� +9;02 	JB'%/B7k +)iK+ �/BU+S(76A#0Q<+"%S()�<�K+ +*\-;02'4=8U+S(7B0W5B<+"
F
&('4I6/8O8'4)+"~OV=B<k)�587W�g<�:4Rg��:	<+02'%J8/8'4=8=8RH9TI8'458'4=8 �"Eq�"%$�K�JB7B�g�!$�:476O1t!*;JB +-� �/8F
02 +34 +58 +*�"%-� +9[ +K�/1<+"%)�7^q

γ < 5/3
t
,2=8 +5B0Q<�/BU+=8RH9mI8'458'4=8 �"h*;-� �/102 +34 +58 +*�"%-� +9

 +K�/1<+"%)�7�q
γ = 5/3

t
,�7V$+"%-� +58'4=8=8RH9VI8'458'%=8 �"j*E +K�/1<+"%)�7V�! �/102 +34 +58 +*�<�Fe�g'%*+7
q
γ > 5/3

t
X
u�-�<�G8'	"%)�*+'[I8587B02'45B<b"%7B"%)�'	02Rg,M +I87B"%RH*�<�'	02RH9�$�5B<�*+=8'4=878'	0�q
`	d8X �BX a+t
,

<�*+)� +5Vl878)�7858$�'	02 +9]5B<�K+ +)�R�"4"%R�/1<�'4)+"~OW=B<?"%)�<�)�U+Cs� a����e,2I8 �"%*�O8&('4=8=8$�C�)�$�56F
K+$	/B'4=8)�=8 �02$hJB*+76NP'4=878C *�O8:4-� +$�I858$�34 +9p"%58'%JBRg,B +K+5B<�:4 +*�<�=8=8 +9#5B<+"%)�*+ +58 �0TI8 �F
/B7B02'45B<8XB¡Y*+76N('4=878'YZ4)� h +)	/B78GB<�'%)�"~Ok +)i +K+RHG8=8 +34 \)�$�58K+$�/B'4=8)�=8 +34 fJB*+76N('4=876O
=8U+CD)� +=8 +*+ +9\Nf76JB-� �"%)�7h=8'%/B +-6<�/BU+=8R�0EA�<�5B<�-8)�'458 �0?*+:	<�7B02 �JB'498"%)�*+789�,�I8 +58 	N\F
J1<�CD&(7B0WJB58 +K+=8$�C¢"%)�'4I8'4=8Ui/1<�I6/1<+"%7B<�=B<8,17k=B<�/B78G878'	0]Z	�g�!'4-8)�<iIB<+0�O8)�7�,.I8 �F
58 �N\J1<�CD&(7B0jJB58 +K+=8$�CmI858 +78:4*+ �JB=8$�CmI8 D*+58'	02'4=87�X�cDK�<HZ4)�7YZ	�g�g'%-8)�<�O8*�/8O8CD)�F
"�O("
/B'%J1"%)�*+78'	0#JB78=B<+0278-87(J8/B78=8=8R�AYI8 �/B7B02'458=8R�A(02 �/B'4-8$	/P*M58<+"%)�*+ +58'+X�£D*+)� +5
 +)+02'4GB<�'4)�,�G8)� kI8587

α = 2
7
µ 6= 0

I8 +-6<�:	<�)�'%/8U
γ
)�<�-� +9["%58'%JBR¢=8'i"% +*+IB<�J1<�F

'4)p"\-� �/102 +34 +58 +*�"%-87B0b:%=B<�G8'4=878'	0¤>�@��hJ1<�N('f*pI858'%JB'%/B'fK+'	"%-� +=8'4G8=8 +34 #G87B"
/1<
�2'498=8 �/BU�JB"4<8X

z?-B{
	 � ��|
��~�|76����¢���ì�,���,~�ð����³¶�·�~�|��
î ����ï�~��,~�����¥H�(Û�~�|³¶�·��Â�E�

�g<�I8 �02=87B0�,�G8)� m¦%§�¨+©�ª1«%ªB¬1«k�L«%­BªB®�¯1°�±�²�¨#*p-6/1<+"4"%78G8'	"%-� +9?)�'4 +58787?)�$�56F
K+$	/B'4=8)�=8 �"%)�7#I8 �/B$�GB<�'4)+"�Oj78:!$�5B<�*+=8'4=876O#�g<�*+U+'%F~�L)� +-�"4<

∂u

∂t
+ u∇u = −1

ρ
∇p+ ν4u

7#$+"
/B +*+76Oj=8'	"�Nf7B0Q<�'402 �"%)�7#Nf76JB-� �"%)�7

∇u = 0

I8$�)�'	0#5B<�:%/B �NP'4=876OgI8 �/B'49
u
7
p
=B<�"%58'%JB=878'L-� �02I8 +=8'4=8)�R[7YI8$�/BU�"4<�l8787iq��M/B$�-6F

)�$�<�l87871t
u = ū+ v, p = p̄+ p̃.
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cD=B<P7B02'4'4)\*+76J
∂ūi
∂t

+ ūj
ūi
∂xj

= −1

ρ

∂p̄

∂xi
+ ν4ūi −

∂

∂xj
〈vivj〉, (18.5.1)

∂ūi
∂xi

= 0.

�!58 +l8'	"4"!5B<+"%I6/BRH*�<�=876OpI8$	/BU�"4<�l8787
vi
,1*+ +:4=878-8S('49p*i=8'4-� +)� +58 +9k0Q<�/B +9p +K�/1<�F

"%)�7p"%58'%JBRg,83458$�K+ \02 �Nf=8 \ +I87B"4<�)�U\$�5B<�*+=8'4=878'	0[JB7B�g�!$�:4787
∂vi
∂t

= K4(vi + ūi), (18.5.2)
"% +I8 �"%)�<�*�/8O6Oj-� +)� +58 +'g"!$�5B<�*+=8'4=878'	0m=8'4I858'458RH*+=8 �"
)+7

∂vi
∂t

+
∂

∂xj
(vivj) = 0,

I8 �/B$�G87B0
∂

∂xj
(vivj) = −K4(vi + ūi). (18.5.3)

cDK+ +K+&P<�Oh$�5B<�*+=8'4=878'fq
`	d8X >6X a+t�=B<P)�$�58K+$�/B'4=8)�=8$�C�"%$�I8'45�JB7B�g�!$�:478C(,
∂vi
∂t

= −K(−4)α/2(vi + ūi)

*�02'	"%)� pq
`	d8X >6X ��t�I8 �/B$�G87B0
∂

∂xj
(vivj) = K(−4)α/2(vi + ūi),

G8)� fI8 �"
/B'!$�"
58'%JB=8'4=876O#I8 \I8$�/BU�"4<�l876OB0[J1<�'4)
∂

∂xj
〈vivj〉 = K(−4)α/2ūi.

u�58'4:4$	/BU�)�<�)�'Y*�02'	"%)� Eq
`	d8X >6X `�t�I6 �/B$�GB<�'	0VJB58 +K+=8 �F�JB7B�g�!'458'%=8l87B<�/BU+=8RH9
<�=B<�/B +3M$�5B<�*+=8'4=876Oj�2'498=6 �/BU�J1"4<

∂ū

∂t
+ ū∇ū = −1

ρ
∇p̄+ ν4ū−K(−4)α/2ū. (18.5.4)
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=B<�OhI6/B +)�=8 �"%)�UP:	<�*+7B"%78)P)� �/BU+-� P +)\<�K�"% �/BCD)�=8 +9i*+'%/B78G878=8R^*+'4-8)� +58=8 +34 P<�5834$�F
02'4=8)�<

q = |q| ,67#Z4)�<\"%*�O8:4U\*+RH5B<�NP<�'4)+"�O#"% + +)�=8 +S('4=878'	0

w(θ) = (1/2)πk40Φε(q)
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3�JB'
q = 2k0 sin(θ/2)

,	<
k0
oD*+ �/8=8 +*+ +'QG878"
/B D*� 	JB=8 +58 �JB=8 +9g"%58'%JB'L"QJB78Z%/B'4-8)�5876F

G8'	"%-� +9\I8 �"%)� �O8=8=8 +9
ε
X�um78=8'458l878 +=8=8 �0;78=8)�'458*�<�/B'�*+ �/B=8 +*+R�AYG87B"%'%/n,+"% +3�/1<+"%=8 

-� �/102 +3% +58 +*�"%-� �02$f:	<�-� +=8$fJB*+$�Ah)�58'4)�'49�,

Φε(q) = Cq−11/3, C = ò%ó+ôBõ
ö
qr$�5B<�*+=8'4=878'Tq�a�Ï8X �8`�tP-8=878347 Ñ a�Ï�Òrt
Xs�g<�78K+ �/B'4'p*+'458 	O8)�=8 m5B<+"4"%'%O8=878'k=B<T0Q<�/BRH'
$�3�/BRg,�J8/8O#-� +)� +58R�A

w(θ) = (1/2)πk40C[2k0 sin θ/2]
−11/3 ∼ Aθ−α−2, (18.7.1)

θ →∞, A = const, α = 5/3.
�!$�"%)�UP*P=B<�GB<�/B'M-� + +5�J878=B<�)P=B<�A� 	JB78)+"�Oj)� +G8'4G8=8RH9#02 +=8 +=B<�I85B<�*�/B'4=8=8RH9

7B"%)� +G8=878-E"%*+'4)�<8X.usRHK+'458'	0W-� + +5�JB78=B<�)�=8$�C  �"%U
Z
"% +*+IB<�J1<�CD&('49k"YZ4)�7B0]I8'456F

*+78G8=8R�0¤=B<�I85B<�*�/B'%=878'	0
Ω0
X�uÌ0Q<�/B +$�3�/B +*+ �0^I85878K�/B76NP'%=8787T)�'4 +58787[5B<+"4"%'%O6F

=876Ob-� + +5+JB78=B<�)�<
z
�! +)� +=B<? +)� �N\JB'	"%)�*�/8O8'4)+"~O^"kI858 +96JB'4=8=8R�0´7B0ÌI8$�)�'	0�,H<

J8/8OiA�<�5B<�-8)�'4587B"%)�78-87h +)�-6/B +=8'4=876Oh'434 Y +)(I8'458*+ +=B<�GB<�/8U+=8 +34 g=B<�I85B<�*�/B'4=876Oi7B"
F
I8 �/BU+:4$+'4)+"~OjJB*+$602'458=8RH9#*+'4-8)� +5

u = {Ωx,Ωy}
,8 +K�/1<+"%)�U\78:	02'4=8'4=876Op-� +)� +58 +34 

5B<+"%S(785+O8'4)+"�Ok=B<i*�"%C I6/B �"%-� �"
)+UB� −∞ < ux < ∞, −∞ < uy < ∞, 0
X��L + +)�F

*+'4)+"%)�*+$�CD&('4'HJ1<�=8=8 �02$PI85878K�/B76N('4=878C^-878=8'4)�78G8'	"%-� +'D$�5B<�*+=8'4=878'�J8/8Oi$�3�/B +*+ �F
34 \5B<+"%I858'%JB'%/B'4=876Oj7B02'4'4)f*+76J?Ñ a��	Òe�

∂f(z,u)

∂z
=

∫

R2

[f(z,u− u′)− f(z,u)]w(|u′|)du′, f(0,u) = δ(u).

cD=8 [I8 �JB +K+=8 ?$�5B<�*+=8'4=878C(,� +I87B"%RH*�<�CD&('	02$T02=8 +34 +-85B<�)�=8 +'p5B<+"4"%'%O8=878'k:4<�5�O6F
NP'4=8=8R�ApGB<+"%)�78lk*h*+'4&('	"%)�*+'+XB�Q<�:%/1<�3%<�Op$602'4=8U+SP<�'	02 +'Y*h5+O6JEI8 

u′
7k*+RHI8 �/8F

=6O6OT78=8)�'434587858 +*�<�=878'Eqr)� ?'	"%)�UB,�$�"%58'%JB=6O6OTI8 E$�3�/B$[5B<+"4"%'%O8=876O1t
,2I85876A+ �J8O8);-
78:4*+'	"%)�=8 �02$k$�5B<�*+=8'4=878C´)�78IB<;ÉY +-8-�'45B<�F��M/1<�=8-6<iJ8/8O?3�/1<�*+=8 +9?<+"%7B02I8)� +)�78G8'%F
"%-� +9jGB<+"%)�7#58'4S('4=876O

fas(z,u)
�

∂fas(z,u)

∂z
=
〈u2〉
2
42f

as(z,u),

3�JB' 42 = ∂2/∂u2x + ∂2/∂u2y
7 〈u2〉 = ∫

R2

w(|u|)u2du oi"%58'%JB=8789p-8*�<�JB5B<�)P$�3�/1<5B<+"4"%'%O8=876Oj=B<P'%JB78=878l8'!J8/B78=8R�I8$�)�7�X
u÷5B<+"4"40Q<�)�5878*�<�'	02 +9bNP'?:	<�J1<�G8'EZ4)� +)W78=8)�'4345B<�/¤5B<+"�A� 	JB78)+"�O�,H7�*�02'%F

"%)� �5B<�:%/B �NP'4=876O *�5�O6JÌ02Rø*+ �"%I8 �/BU+:4$+'	0Q"~O <+"%7B02I8)� +)�78G8'	"%-� +9¢I8 	J1"%)�<�=8 +*�F
-� +9?q
`	d8X ��X `�t
�

∂fas(z,u)

∂z
= AJ(u), J(u) =

∫

R2

[fas(z,u− u′)− fas(z,u)]|u′|−α−2du′.
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�!587
α ≥ 1

76=8)�'4345B<�/�"%)� �/B-8=8 +*+'4=8789W5B<+"�A� 	JB78)+"�O�,L7WJ8/8O]$�"%)�5B<�=8'4=876O]Z4)� +9
5B<+"~A� �JB7B02 �"%)�7?*+ �"%I8 �/BU+:4$+'	0Q"~O?I858 +l8'%JB$�58 +9?58'434$�/8O85878:	<�l8767m£HJ1<+0Q<�5B<8,n:	<+02'%F
=6O8CD&('49?5B<+"~A� �J8O8&(789B"~OE78=8)�'4345B<�/

J(u)
'434 #-� +=6'4G8=8 +9]qr*k"%02R�"
/B'i£HJ1<+0Q<�5B<�t

GB<+"%)�U+C

p.f. J(u) ≡
∫

R2

[fas(z,u− 2u′)− 2fas(z,u− u′) + fas(z,u)]|u′|−α−2du′

�2'434$	/8O85878:4 +*�<�=8=8RH9m)�<�-87B0� +K+5B<�:4 �0�78=8)�'4345B<�/W*+RH5B<�N\<�'4)+"~OTG8'458'4:hJB58 +K+=8$�C
"%)�'4I8'4=8UPJB*+$602'458=8 +34 P/1<�I6/1<+"%7B<�=B<P"% + +)�=8 +S('4=878'	0
∫

R2

[fas(z,u− 2u′)− 2fas(z,u−u′)+ fas(z,u)]|u′|−α−2du′ = −c(α)(−42)
α/2,

c(α) =
π2(1− 21−α)

[Γ(1− α/2)]2 sin(απ/2) .��/B'%JB +*�<�)�'%/BU+=8 B,�<+"%7B02I8)� +)�78G8'	"%-� +'üI8 +*+'%JB'4=878'ý$�3�/B +*+ +34 þ5B<+"%I858'%JB'%/B'4=876O
fas(z,u)

�! +)� +=8 +*B,�I858 +S('%JBS(76AhI8$�)�U
x
*\)�$�58K+$�/B'%=8)�=8 +9p"%58'%JB'+,6 +I87B"%RH*�<�'4)+"�O

$�5B<�*+=8'4=878'	0T"DJB*+$602'458=8R�0m/1<�I6/1<+"%7B<�=8 �0[JB58 +K+=8 +34 PI8 +5+O6JB-6<8�

∂fas(z, ÿ )
∂z

= −c(α)A(−42)
α/2fas(z, ÿ ), f(0, ÿ ) = δ( ÿ ).

�2'4S('%=878'ÌZ4)� +34 �$�5B<�*+=8'4=876O�*+RH5B<�N\<�'4)+"~O�G8'458'4:¢JB*+$602'458=8$�Cã78:4 +)�58 +I8=8$�C
$�"%)� +98G876*+$6C�I6/B +)�=8 �"%)�U?�g'4*+76F~ÉY'%/BU�JB34'49B0Q<E"jA�<�5B<�-8)�'4587B"%)�78G8'	"%-87B0 I8 +-6<�:	<�F
)�'%/B'	0

α = 5/3

g2(r;α) =
1

2π

∞∫

0

e−k
α

J0(kr)kdk

"% + +)�=8 +S('4=878'	0��

fas(z, ÿ ) = [c(α)Az]−2/αg2([c(α)Az]
−1/α|u|;α).

cD)+02'4)�7B0T)�587jA�<�5B<�-8)�'458=8R�Ai +)	/B78G876Oj5B<+"4"%'%O8=876Oj*P)�$�58K+$�/B'4=8)�=8 +9#"%58'%F
JB'� +)!<�=B<�/B +3478G8=8 +34 MI858 +l8'	"4"4<D*g"%58'%JB'H"�02'%/B-� �0Q<+"%S()�<�K+=8R�027f�M/B$�-8)�$+<�l876OB027
-� +Z4�Y�!78l678'4=8)�<�I858'%/B �0�/B'4=676O���S(785878=B<D$�3�/8 +*+ +34 �5B<+"%I858'%JB'%/8'4=876O(5B<+"4"%'%O8=8=8R�A
�! +)� +=8 +*f5B<+"%)�'4)h"g3�/B$�K+78=8 +9pI858 +I8 +58l878 +=B<�/BU+=8 

z3/5
,.<f=8'

z1/2
,BA6*+ �"%)�R¤5B<+"
F

I858'%JB'%/B'4=876Op7B02'4CD)j"%)�'4I8'4=8=8 +9�,1<f=8'Y3%<	$�"4"% +*\*+76Jn,B7kI858 +'4-8l8787p*+'4-8)� +5B<
u
=B<

 �"%7
x
7
y
=8'!O8*�/8O8CD)+"�Oj=8'4:	<�*+7B"%7B02R�027?Ñ a�d�ÒeX
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)+58<�=B"%)�*+'+,
"% +:%J1<�'4);Z	�g�!'4-8)k/B +*+$�S(-87�XL��/B$�GB<�98=8RH'p"% +*+IB<�JB'4=876OT"%-� +58 �"%)�7T:	<�5�O6NP'4=8=8 +9
GB<+"%)�78l8Rb"�=B<�I85B<�*�/B'4=878'	0;J8/B78=8=8 +9i7i3�/1<�JB-� +9i"%76/B +*+ +9\/B78=8787iI8 +:4*+ �/8O8'4)Y"% �F
*+'458SP<�)�UH'49gJ1<�/B'4-878'LI8'458'%A+ �JBR?I85B<�-8)�78G8'	"%-87YK+'4:�5B<+"4"%'%O8=876O�X�us58'	02'4=B<HI858'4K+R�F
*�<�=876Og*H/B +*+$�S(-6<�AM7gJ8/B78=8R[I858 +K+'434 +*H +)� �JB=8 +9!/B +*+$�S(-87g*�JB56$63%$6C[O8*�/8O8CD)+"�O
"
/B$�GB<�98=8R�027!7g'	"%)�UH �"%=8 +*�<�=876OMI8 �/1<�3%<�)�UB,
G8)� �7!)�'�7!JB58$�3478'Q5B<+"%I858'%JB'%/B'4=8R?I8 
"%)�'4I8'4=8=8R�0?:	<�-� +=B<+0VÑ `%ÒeX�uTI858'%JBI8 �/B �N('4=8787i Y*+:	<�7B02=8 +9f=8'4:	<�*+7B"%7B02 �"%)�7fZ4)�76A
I8'458'	02'4=8=8R�AgI6/B +)�=8 �"%)�UM5B<+"%I856'%JB'%/B'4=876O(I8 �02'4G8'4=8=8 +9YGB<+"%)�78l8R

f(x, t)
$�J8 +*�/B'%F

)�*+ +5�O8'4)h78=8)�'4345B<�/BU+=8 �02$p$�5B<�*+=8'4=678C(,.I858'4 +K+5B<�:4 +*�<�=878'(�Y<�I6/1<+"4<fI8 j*+58'	02'4=87
7;ÉY$�58U+'!I8 \-� + +5+JB78=B<�)�<+0m-� +)� +58 +34 PI85878*+ �JB78)\-j)�5B<�=B"4�! +5B0Q<�=8)�'

f̃(k, λ) ≡
∞∫

0

dt

∫

Rd

dx e−λt+ikxf(x, t) =
1− q̃(λ)

λ[1− q̃(λ)p̃(k)] ,
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3�JB'
q̃(λ)

7
p̃(k)

of)�5B<�=B"4�! +5B0Q<�=8)�R^�Y<�I6/1<+"4<Y7kÉY$�58U+'!I6/B +)�=8 �"%)�'49#*+'458 	O8)�=8 �F
"%)�'49p"
/B$�GB<�98=8R�Aj*+58'	02'4=

q(t)
7p"402'4&('4=8789

p(x)
,B"% + +)�*+'4)+"%)�*+'4=8=8 BX1�L)�'4I8'4=8=8 +9

A�<�5B<�-8)�'45[76A[5B<+"%I858'%JB'%/B'4=8789m*;"
/B$�GB<�'i78:4 +)�58 +I8=8 +9?JB7B�g�!$6:%787mI85878*+ 	JB78)k-
$�5B<�*+=8'4=878C

λβ f̃(k, λ) = −|k|αf̃(k, λ) + λβ−1. (19.1.1)

�VZ4)� �02$DN('L$�5B<�*+=6'4=878CT02R?I85876JB'	0�,	 +I8785B<�OB"%UH=B<HI85878=6l878I(<+"%7B02I8)� +)�78G8'	"%-� +9
<�*+)� �02 �JB'%/BU+=6 �"%)�7�X�u I858 �"%)�5B<�=B"%)�*+'4=8=8 p*+58'	02'4=8=ºãR�A?<�/B34'4K+5B<�78G8'	"%-� �02$;$�5B<�*�F
=8'4=878CÎq
`	�8X `+X `�t("% + +)�*+'4)+"%)�*+$�'4);JB58 +K+=8 �F�JB7B�g�!'458'4=8l87B<�/BU�=8 +'h$�5B<�*+=8'4=878'p<�=8 �F
0Q<�/BU+=8 +9hJB7B�g�!$�:4787

0 ä βt f(x, t) = −(−4)α/2f(x, t) +
t−β

Γ(1− β)δ(x), (19.1.2)

O8*�/8O8CD&('4'	"~O\/8 +3478G8'	"%-87B0E +K+ +K+&('4=878'	0k$�5B<�*+=8'4=876O;�p +=878=B<8X��2'4SY'4=878'	0?$�5B<�*�F
=8'4=876O[q
`	�8X `+X a+tQO8*�/8O8'4)+"�OhJB58 +K+=8 �Fe$�"%)� +98G878*+ �'M5B<+"%I858'%JB'%/B'4=878'+X

�g<�I8 �02=878*�Z4)�7YI85878=6l878I8Rm<�=8 �0Q<�/BU+=8 +9DJB7B�g�!$�:4787�,402R?I85878*+'%JB'	0h=876NP'
=8'	"%-� �/BU+-� mI8587B0�'458 +*T76AW-� +=8-858'4)�=8R�A]58'	<�/B76:	<�l8789b=B<m�!78:478G8'	"%-� �0¢$�58 +*+=8'
5B<+"4"%$�N\JB'4=8789�,� +K�/1<�J1<�CD&(76A\K+ �/BU+S('49f=B<�3�/8O6JB=8 �"%)�U+C^7hK+ �/B'4'D)�'	"%=8 +9h"%*�O8:4U+C
"M �"%=8 +*+=8R�027hA�<�5B<�-8)�'4587B"%)�78-�<+027#5B<+"4"40Q<�)�5878*�<�'	02 +34 PI858 +l8'	"4"4<8X

Þ�Ñiß�å æ �iípè#ì�íL�jë#ç4Øv�já#åHâ�ç"�"èêé#ì�í[ëPì�í
ì <�-6<�-8=8G878*�<�Om78:%/B 	NP'4=878'j*+RH*+ �J1<k�2X���<�/B'	"%-8$?Z458'%JB78)�<�58=8 +34 E$�5B<�*+=8'%F

=876OPI6/1<�:	02RT*^Û�Ü9)+Ü�)�?�,�02RT +)+02'4)�76/B7�,�G8)� !*MI858'%JB'%/B'H"
/1<�K+ +9Y)�$656K+$�/B'4=8)�=8 �"%)�7
Z458'%JB78)�<�58=8 �"%)�Uf78"%G8'4:	<�'4)�,87jI858 +l8'	"4"!"%)�<�=8 +*+78)+"�O#0Q<�58-� +*�"%-87B0�X8�!587j5B<+"4"402 +)�F
58'4=8787j"%76/BU+=8 +9i)�$�58K+$	/B'4=8)�=8 �"%)�7Eqsí�î À 1

t�=8'4 +K�A+ �JB7B02 Y$�G8'	"%)�U(*+76Jj�!$�=8-8l8787
:	<�IB<�:%JBRH*�<�=876O

Λ(τ)
Xy°L)� j$�JB +K+=8'4'P"�J8'%/1<�)�UB,�I8'%58'496J8OE-;/1<�I6/1<+"% +*�"%-87B0W +K+5B<�F

:	<+0��
λn̂(x, λ) = Λ̂(λ)42n̂(x, λ) + Ŝ(x, λ) + δ(x)

qrI858'%JBI8 �/1<�3
<�'4)+"�O�,�G8)� \*(=B<�GB<�/BU+=8RH9j02 �0�'4=8)\*+58'402'4=87jGB<+"%)�78lB<(=B<�A� 	JB76/1<+"%U(*
=B<�GB<�/B'!-� + +5�JB78=B<�)�t
X

��/B'%JB$�O[I85878=8l878I8$[<�*+)� �02 �JB'%/BU+=8 �"%)�7�,�I8 �JB)�*+'45�N\J1<�'	02 �02$EG87B"
/B'4=8=8R�0
02 �JB'%/87858 +*�<�=878'	0�,�*+RHK+'458'	0b)�5B<�=B"4�! +5B0Q<�=8)�$kO6JB5B<#*#*+76JB'i"%)�'4I8'4=8=8 +9[�!$�=8-6F
l8787

Λ(λ) = Kλ1−β , 0 < β 6 1,

7E$602=8 �Nf7B0b +K+'PGB<+"%)�7E$�5B<�*+=8'4=876OE=B<
λβ−1

X2cDK+5B<�)�=8 +'(I858'4 +K+5B<�:4 +*�<�=878'P�Y<�F
I6/1<+"4<PI85878*+ 	JB78)\-#$�5B<�*+=8'4=878C�"%$�K�JB7B�g�!$�:4787

0 ä βt n(x, t) = K42n(x, t) +Q(x, t).
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Ú�34 58'4S('4=878' *+RH5B<�NP<�'4)+"�O G8'458'4: JB58 +K+=8 �Fe$�"%)� +98G878*+$�C I�/B +)�=8 �"%)�U
q2(x; 2, β, 0)

,bS(785878=B< JB7B�g�!$�:478 +=8=8 +34 øIB<�-�'4)�< 5B<+"%)�'4)ÄI858 +I8 +58l878 +=B<�/BU�F
=8 

tβ/2
X
�n<�-87B0� +K+5B<�:4 �0�,n*�/B76O8=878'hIB<+0�O8)�7m:	<+02'%J8/8O8'4)kI858 +l8'	"4"fJB7B�g�!$�:4787�X�u

5B<+02-�<�AT)�'4 +58787W��<�/B'	"%-8$[I858'%JB'%/BU+=8RH9W"
/B$�GB<�9
β → ∞ "% + +)�*+'4)+"%)�*+$+'4);=8 +56F

0Q<�/BU+=8 +9]J87B�g�g$�:4767�,sG8)� V*T +I858'%JB'%/B'4=8=8 +9^"%)�'4I8'4=87^I858 +)�78*+ +58'4G878)T02 �JB'%/B7
�p +=878=B<8,�J1<�CD&('49jI8587j)� �0mNP'!I858'%JBI8 �/B �NP'%=8787# f0Q<�58-� +*+ �"%)�7#"%$�I8'45�J87B�g�g$�F
:478 +=8=8RH9W58'%Nf7B0�X�cDG8'4*+76JB=8R�0  +K+ +K+&('4=878'	0�JB*+$�AVZ4)�76AWI8 	J8A� �JB +*EO8*�/8O8'4)+"~O
$�5B<�*+=8'4=878'

0 ä βt n(x, t) = −K(−42)
α/2n(x, t) +Q(x, t),

�!$�=6J1<+02'4=8)�<�/BU+=8RH' 58'%S('4=876O -� +)� +58R�A qr)� '	"%)�UB, 58'4S('4=876O I8587
Q(x, t) = δ(x)δ(t)

tg*+RH5B<�N\<�CD)+"~O[G8'458'4:iJB58 +K+=8 �Fe$+"%)� +98G878*+RH'f5B<+"%I858'%JB'%/B'4=876O
7; 	A8*�<�)�RH*�<�CD)i-6<�-;"%$�K�JB7B�g�!$�:478 +=8=8RH'hq

β < α/2
t
,.)�<�-;7E"%$�I8'45�JB7B�g�!$�:478 +=6F

=8RH'fq
β > α/2

ts58'%Nf7B02RgX

Þ�Ñißsö �Ëå�è#çYägë#ìYäYåHâLë[÷´åËâLæ�ç¨Õ"�#ìgë#çgèjë[÷´å
è#çYâ�éjè#åLíkåsêpå�ë"�º×

£YX8uMX6Ê!'4G8-876=j7juMX'ø�X8Â� +=8GB<�5kÑ `	��Ò.7B"%I8 �/BU+:4 +*�<�/B7\JB58 +K+=8 +'D$�5B<�*+=8'4=878'
ÉY +-8-�'45B<�F��M/1<�=8-6<fJ8/8O? +I87B"4<�=876O;)�58'%A802'458=8 +34 jJB*+76NP'4=876OE:	<�5�O6J1<h*p0Q<�34=878)�F
=8 �0�I8 �/B'

B = Bez
"\$�G8'4)� �0¤"%76/BRÌ)�58'4=876O −ηmv 7m"
/B$�GB<�98=8 +34 pZ%/B'4-8)�5876FG8'	"%-� +34 (I8 �/8O

E
X6�! �"
/B'%JB=8'4'DK+R�/B (I858'%J1"%)�<�*�/B'4=8 ( �JB=8 +58 �JB=8R�0�,�78:4 +)�58 +I8=8R�0�,

"%)�<�l876 +=B<�58=8R�0[K+'%/BR�0[�g'4*+76FeS($602 �0?"D78=8)�'4=B"%78*+=8 �"%)�U+C
K
7hI8 +-�<�:	<�)�'%/B'	0

α
X

�g'4*+76FeS($60^oEZ4)� ;I8 �"
/B'%JB +*�<�)�'%/BU+=8 �"%)�Up=8'4:	<�*+7B"%7B02R�A["%)�<�l878 +=B<�58=8R�A[I8587858<�F
&('4=8789#JB*+76N('4=876Op�g'4*+7#I8 �JB +K+=8 \)� �02$�,B-�<�-pK+'%/BRH9#3%<�$+"4"% +*\S($60V'	"%)�UiI8 �"
/B'%F
JB +*�<�)�'%/BU+=8 �"%)�UMI858785B<�&('4=8789\K+58 +$�=8 +*�"%-� �34 DJB*+76N('4=876O�X�ÝM<�5B<�-8)�'4587B"%)�78G8'	"%-6<�O
�!$�=8-8l876OjI858785B<�&('4=876O

p̃(k,∆t) = e−K|k|
α∆t, 0 < α ≤ 2.

�!587
α→ 2

�g'4*+76FeS($60[I8'458'%A� �JB78)P*f3
<�$�"4"% +*BX
�L + +)�*+'4)+"%)�*+$�CD&('4'HJ1<�=8=8 +9h02 �JB'%/B7i$�5B<�*+=8'4=878'�J8/8OiI6/B +)�=8 �"%)�7h5B<+"%I858'%F

JB'%/B'4=876Op"%-� +58 �"%)�7
f(x,v, t)

:	<�5�O6N('4=8=8 +9#GB<+"
)+76l8R�7B02'4'4)f*+76Jn�

∂f

∂t
+Ω[v, ez]∇vf = η∇v(vf)−K(−4v)

α/2f.

�!58'4 +K+5B<�:4 �*�<�=878'	0WÉY$�58U+'

f̃(k, t) =

∫
dveikvf(v, t)
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 +=8 \I85878*+ 	JB78)+"�O#-j*+76JB$

∂f̃

∂t
+ (Ω[k,B] + ηk)∇kf̃ = −K|k|αf̃ .

�2'4S('4=876'YI6 �"
/B'%JB=8'434 pqrI8587p=B<	GB<�/BU+=8 �0m$+"
/B +*+787
v(0) = 0

tLJ1<�'4)+"~Op�! +5B02$	/B +9

f̃(k, t) = exp
{
−(K/αη)

(
1− e−αηt

)
|k|α

}
,

)�<�-kG8)� h5B<+"%I858'%JB'%/B'4=878'P"%-� +58 �"%)�7p*+RH5B<�N\<�'4)+"�OpG8'458'4:(78:4 +)�58 +I8=8$�C $�"%)� +98G876F
*+$�C¤I6/B +)�=8 �"%)�Uf�g'4*+76F~ÉY'%/8U�JB34'49B0Q<8�

f(v, t) =
[
(K/αη)

(
1− e−αηt

)]−3/α
g3(
[
(K/αη)

(
1− e−αηt

)]−1/α
v;α).

�!587p0Q<�/BR�Ah*+58'	02'4=B<�A

f(v, t) ∼ (Kt)−3/αg3((Kt)
−1/αv;α),

7?02R 7B02'4'	0]JB'%/B p"(JB*+76N('4=878'	0b�g'4*+7�,.*#I858'%JB'%/B'\K+ �/BU+S(76Ap*+58'	02'4=E:	<�*+7B"%76F
02 �"%)�Ui +)f*+58'	02'4=87p7B"%G8'4:	<�'4)f7k02R�I85876A� 	JB7B0W-k"%)�<�l878 +=B<�58=8 �02$h5B<+"%I858'%JB'%/B'%F
=878C�I8 f"%-� +58 �"%)	OB0

f(v,∞) = (K/αη)−3/αg3((K/αη)
−1/αv;α).

�!587
α = 2

 +=8 j"% +*+IB<�JB<�'4)i"Y5B<�*+=8 +*+'	"%=8R�0W0Q<�-�"%*+'%/8/B +*+R�0V5B<+"%I858'%JB'%/B'4=878'	0�,
I8587?JB58$�3476A?:4=B<�G8'4=876O[I8 +-6<�:	<�)�'%/6O[ +=8 k"%$�&('	"%)�*+'4=8=8 p +)	/B78GB<�'4)+"~Om +)p5B<�*+=8 �F
*+'	"%=8 +34 !I8'458'45B<+"%I858'%JB'%/B'4=878'	0E*+'458 �O8)�=8 �"%)�7f78:�I858 �02'
Nf$6)� +G8=6 +9f +K�/1<+"%)�7i"
-� �F
58 �"%)�'49(*D +K�/1<+"%)�7g76A(0Q<�/BR�Ag7(K+ �/BU+S(76A!:4=B<�G8'4=8789�,� +K+5B<�:4$�OY<+"%7B02I8)� +)�78G8'	"%-878'
A6*+ �"%)�R�"%)�'4I8'4=8=8 +34 \)�78IB<8�

f(v,∞) ∝ |v|−α−d, |v| → ∞.

Þ�Ñißúù � �[ÓÔÓÃà3û��º×ûè#å@û�ìgë#çgë#âLë[÷ÄëüÓ�ìgæMìgë#ìYä
Â�/1<�*+=8 +9? �"% +K+'4=6=8 �"%)�U+CÌI8'458'4=8 �"4<#58'4:4 +=B<�=B"%=8 +34 #78:%/B$�G8'4=876O?*pI6/1<�:	02'

q�"40�XBÛ�Ü4?�Ü{79Ü�)-Z1t!O8*�/8O8'4)+"�OTI858 +I8 +58l878 +=B<�/BU+=8 �"%)�Up/B78=8'498=8 +34 E-� +Z	�g�!78l878'4=8)�<
I8 +3�/B +&Y'4=876O

k(ω)
-� +Z	�g�!78l878'4=8)�$k78:%/B$�G8'4=876OE*p"%I8'4-8)�5B<�/BU+=8 +9k/B78=8787�,�*#58'
F

:4$	/BU�)�<�)�'iG8'434 kI8 	J1<�*�/8O8CD&('4'fK+ �/BU+S(78=B"%)�*+ k�! +)� +=8 +*#58'4:4 +=B<�=B"%=8 +34 p78:%/B$�G8'%F
=876OV)�$�)EN('#I8 +3�/B +&P<�CD)+"�O�,Q"%=8 +*�<kI8'458'478:%/B$�GB<�CD)+"�O�,Q*+=8 +*+U;I8 +3�/8 +&P<�CD)�"~OT7
)�X JnX�JB ()�'%AhI8 +5�,�I6 +-6<("
/B$�GB<�98=B<�OhGB<+"%)� +)�<(78:%/B$�G8'4=8=8 +34 P�! +)� +=B<Y=8'M +-�<�NP'4)+"�O
*�J1<�/B7# +)\l8'4=8)�5B<\/B78=8787�,1=B<\'4'g-858R�/B'+X1us'458 �O8)�=8 �"%)�UfZ4)� +34 i0Q<�/1<8,8=8 f7p*+'458 �F
O8)�=8 �"%)�U#I8 +3�/B +&('4=876O;)�<�-� +34 j�g +)� +=B<h0Q<�/1<8,.7E'	"
/B7E$�N� +=;I85878 +K+58'%/E)�<�-8$�C
GB<+"%)� +)�$+,�)� P7jI858 +K+'43D'434 (J8 \"
/B'%JB$�CD&('434 P*+:	<�7B02 	JB'49B"%)�*+76OhK+$	JB'4)P<�=8 �0Q<�/BU+=8 
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K+ �/BU+S(7B0�X+uV=B<�78K+ �/B'%'�I8 +I8$	/8O858=8 +9f*Y5B<+"%G8'4)�<�A\02 �JB'%/B7iI8 �/B=8 +34 gI8'458'45B<+"%I858'%F
JB'%/B'4=876OEGB<+"%)� +)�,�GB<+"%)� +)�<jI8'458'478:%/B$�G8'4=8=8 +34 #�! +)� +=B<i=8'\:	<�*+7B"%78)h +)jGB<+"%)� +)�R
I8 +3�/B +&('4=8=8 +34 B,Q7]$�5B<�*+=8'4=878'jJ8/8O]-� +=8l6'4=8)�5B<�l8787

N ≡ N(x, t)
*+ +:4K+$�N\JB'4=6F

=8R�AP<�)� �02 +*MI6/1<�:	02Rg,�78:4*+'	"%)�=8 +'�-�<�-P$�5B<�*+=8'4=878'H�s78K+'45B0Q<�=8<�F�ÝD �/1"%)�'498=B<8,�7B02'%F
'4)\*+76J

∂N(x, t)

∂t
= γ

∫
dx′K(x− x′) [N(x′, t)−N(x, t)] ,

3�JB'
γ
oi*+'%58 �O8)�=8 �"%)�U\5B<�JB7B<�l878 +=8=8 +34 (JB'4*+ +:4K+$�N\JB'4=876O#<�)� �0Q<P*f'%JB78=878l8$h*+58'%F

02'4=87�,
K(x)

of$�"%58'%JB=8'4=8=8 +'!I8 \GB<+"%)� +)�'!O6JB58 \I8'458'4=8 �"4<\�! +)� +=B<

K(x) =

〈
k(ω)

e−k(ω)|x|

4π|x|2
〉
.

ub<+"%7B02I8)� +)�78G8'	"%-� �0�q |x| → ∞ tsI85878K�/B76N('4=8787

K(x) =
A

4π|x|α+37#$�5B<�*+=8'4=876'g�s78K+'45B0Q<�=B<�F�ÝD �/BU�"%)�'498=B<(I85878=87B0Q<�'4)\*+76J
∂N(x, t)

∂t
= γA

∫
N(x′, t)−N(x, t)

|x′ − x|α+3 dx′,

�!58'4 +K+5B<�:4 �*�<�=878'YÉY$�58U+'!I8 f-� + +5�JB78=B<�)�<+0[J1<�'4)

∂Ñ(k, t)

∂t
= −γA∗|k|αÑ(k, t),

3�JB'

A∗ = A

∞∫

0

(z − sin z)z−α−2dz

oP=8 +*�<�OiI8 �"%)� 	O8=8=B<�O�X6�n<�-87B0m +K+5B<�:4 �0�,+$�5B<�*+=8'4=878'M��Ý�Z4-8*+78*�<�/B'4=8)�=8 ($�5B<�*+=8'%F
=878C�"MJB56 +K+=8R�0m/1<�I6/1<+"%7B<�=8 �0]Ñ `+`%Ò

∂N(x, t)

∂t
= −γA∗(−4)α/2N(x, t).

¡g/8Oh/B +58'4=8l8 +*�"%-� +9h76/B7p�! +9834)� +*�"%-� +9h�g +580V"%I8'4-8)�5B<�/BU+=8 +9h/B78=8787
α = 1/2

X
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�Q<+"4"40Q<�)�5878*�<�Ok*ºÛ�ÜP?�Ü{79Ü�)-Zp�! +5B027858 +*�<�=878'("%7B0Q02'4)�5878G8=8 +9;/B78=8787E78:
F

/B$�G8'4=876Om*;I6/1<�:	02'+,Q02R´ +)+02'4)�76/B7V-6<�-m*�<�Nf=8RH9T�g<�-8)� +5[*�/B76O8=876OV"%)� �/B-8=8 �F
*+'4=876Oi78:%/B$�GB<�CD&('434 P<�)� �0Q<("�JB58$�347B027#<�)� �0Q<+027�X�uW-6/1<+"4"%78G8'	"%-� �0?I858'%J1"%)�<�*�F
/B'4=8787V*+ �/B=8 +*+ +9ml8$�3#Z%/B'4-8)�58 �0Q<�34=878)�=8 +34 ?78:%/B$�G8'4=876OW"jGB<+"%)� +)� +9

ω0
qr'	"%)�'%F

"%)�*+'4=8=8 +'!$�S(7858'4=878'!=8'g$�G878)�RH*�<�'4)+"�Oj*+*+76JB$i)� +34 B,6G8)� f78:%/B$�GB<�)�'%/BU+=8 +'M*+58'	0�O
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Nf78:4=87
τR = 1/A

,63�JB'
A
of-� +Z	�g�!78l878'4=8);°L98=8S()�'498=B<8,6*+'%/B78-� PI8 f"%5B<�*+=6'4=878C

"i)�78I878G8=8R�0�*+58'	02'4=8'	0�02'%N\JB$["%)� �/B-8=8 +*+'4=876OB0271tg=8'4I858'458RH*+=8 ;7B"%I8$+"%-6<�'4)+"�O
<�)� �02 �0�JB ;)�'%AmI8 +5�,2I8 +-�<k=8'jI858 +78:4 +96JB'4);"%)� �/B-8=8 +*+'4=876O�X2us ;*+58'	0�OV"%)� �/B-6F
=8 +*+'4=876O^Z4=8'45834'4)�78G8'	"%-878'[$�58 +*+=87^78:%/B$�GB<�CD&('434 ]<�)� �0Q<V"�JB*+783
<�CD)�"~O�,H:	<�)�'	0
"%=8 +*�<m*+ �"4"%)�<�=B<�*�/B78*�<�CD)+"~O�XH�!587^Z4)� �0_*+ �"4"%)�<�=B<�*�/B78*�<�CD)+"�Ob7�*�"%';A�<�5B<�-8)�'%F
587B"%)�78-87p*+ �/B=8Rg,8:	<P7B"%-6/BCDG8'4=878'	0]�g<�:4RgX-ÚL"
/B7#J8/B78)�'%/BU+=8 �"%)�Ui"%)� �/B-8=8 +*+'4=876O
JB �"%)�<�)� +G8=8 V0Q<�/1<8,s)� V78:%/B$�G8'4=878'	0�,�7B"%I8$�&('4=8=8R�0´:	<m*+58'	0�O�"%)� �/B-8=8 +*+'4=876O�,
02 �Nf=8 ?I858'4=8'4K+58'4G8UB,27W7B"%I8 �/BU+:4 +*�<�)�UE02 �JB'%/BUB,Q*?-� +)� +58 +9V-6<�N\JBRH9V*+ +:4K+$�N\F
JB'4=8=8RH9h<�)� �0E*�"%'43�JB<g78:%/B$�GB<�'4)g=B<gGB<+"%)� +)�'

ω0
,+ �JB=B<�-� Y-�<�N\JB +'D"%)� �/B-8=8 +*+'4=878'

78:	02'4=6O8'4)f'434 i�g<�:4$h=B<f"
/B$�GB<�98=8$�C�*+'%/B78G878=8$
∆ϕj

XB�Y<�K�/8C�J1<�'	02 +'!5B<+"%I858'%JB'%F
/B'4=878'PGB<+"%)� +)Eq��! +5B0Q<f/B78=87871tD +K+$+"
/B +*�/B'4=8 i)�'	0�,.G8)� j*+ �/B=B<i5B<�:4K+78*�<�'4)+"~Ok=B<
-� +=8'4G6=8RH'Dl8$�347�,��!$�58U+'%Fe-� �02I8 +=8'4=8)�RW-� +)� +58R�Ai"% 	JB'45�N\<�)gGB<+"%)� +)�Rg,� +)	/B78G8=8RH'
 +)
ω0
X��L +3�/1<+"%=8 !"%)�<�=6J1<�58)�=8 +9P-878=8'4)�78G8'	"%-� +9\)�'4 +58787�,�"
/B$�GB<�98=8 +'s*+58'	0�O\02'%N\F

JB$?"%)� �/B-8=8 +*+'4=876OB027?A�<�5B<�-8)�'45878:4$+'4)+"�O?Z4-6"%I8 +=8'4=8l87B<�/BU+=8R�0^5B<+"%I858'%JB'%/B'4=878'	0
ψ1(t)

"!-� +Z	�g�!78l878'%=8)� �0

µ = 4d2n
√
πk 	 T/m,

3�JB'
d
oh"%58'%JB=8'4'g5B<+"4"%)� �O8=878'Y02'%N\JB$jl8'4=8)�5B<+027k<�)� �02 +*\*i02 �02'4=8)h"
)+ �/8-8=8 +*+'%F

=876O�,
n
o(-� +=8l8'4=8)�5B<�l876Oh<�)� �02 +*B,

m
oP0Q<+"4"4<g +)4JB'%/BU+=8 +34 (<�)� �0Q<8X��!$�"%)�U

N(t)
o

"
/B$�GB<�98=8 +'YG87B"
/8 j"%)� �/B-8=8 +*+'4=8789�,B7B"%I8RH)�<�=8=8R�Ak<�)� �02 �0V:	<f*+58'	0�Op78:%/B$�G8'4=876O
t
,�)� +3�J1<k-� �02I6/B'4-6"%=B<�Om<+02I6/B78)�$�J1<k76:%/B$�GB<�'	02 +34 ;<�)� �02 �0�I8 �/8Om:	<�I878S('4)+"~Om*
*+76JB'

E(t) = E0 exp(−iω0t+ iϕ(t)),

3�JB'
ϕ(t) =

∑N(t)
j=1 ∆ϕj

,1<
∆ϕj

oiI8 +IB<�58=8 f=8'4:4<�*+7B"%7B02RH'g5B<�*+=8 �02'458=8 \5B<+"%I858'%F
JB'%/B'4=8=8RH'�*

[0, 2π)
"
/B$�GB<�98=8RH'�*+'%/B78G878=8RgX6�LI8'4-8)�5i78:%/B$�G8'4=876O

j
Fe34 Y"%*+ +K+ �JB=8 �F

34 YI858 +K+'43%<g<�)� �0Q<8,+7B"%I8$�"%-�<�'	02 +34 Y*YI858 �02'%Nf$�)�-�'M*+58'402'4=87
(tj , tj+1 = tj +Tj)

,
3�JB'

ϕ(t) = ϕj
,

Ij(ω, Tj) ∼ |E(ω)|2 =
(
E0
2π

)2
∣∣∣∣∣∣∣

tj∫

tj−1

exp(−iω0t+ iϕj + iωt)dt

∣∣∣∣∣∣∣

2

=

=

(
E0
π

)2
sin2[(ω − ω0)Tj/2]

(ω − ω0)2
.

�! �/B=8RH9#"%I8'4-8)�5�,B"% +:%J1<�*�<�'	02RH9j<�)� �02 �0m:	<\*�"%'!*+56'	0�O#78:%/B$�G8'4=876O
τ
,

I(ω) ∼
〈
N(τ)∑

j=1

Ij(ω, Tj)

〉
.
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uÍ"%)�<�=6J1<�58)�=8 �0 I858'%JBI8 �/B �N('4=8787] +K?Z4-6"%I8 +=8'4=8l87B<�/8U+=8 �0 5B<+"%I858'%JB'%/B'%F
=8787;78=8)�'458*�<�/1<h*+58'	02'4=87E02'%N\JB$;"%)� �/B-8=8 +*+'4=876OB027�,.)� j'	"%)�UB,. j)� �0�,.G8)� p"
/B$�F
GB<�98=B<�O]I8 �"
/B'%JB +*�<�)�'%/BU+=8 �"%)�U[02 �02'4=8)� +*V"%)� �/B-8=8 +*+'4=8789] +K+5B<�:4$+'4)m"%)�<�=6J1<�58)�F
=8RH9#I8$�<+"4"% +=8 +*�"%-8789hI858 +l8'	"4"fq

ψ(t) = ψ1(t) = µe−µt
7 〈N(t)〉 = µt

t
,8I8 �/B$�GB<�F
'	0T-6/1<+"4"%78G8'	"%-6789#58'4:4$�/BU�)�<�)8�

I(ω, τ) ∼ 〈N(t)〉
∞∫

0

I1(ω, t)ψ(t)dt ∼

∼ µτ

(ω − ω0)2
(
E0
π

)2 ∞∫

0

sin2[(ω − ω0)t/2]e−µtµdt =

=

(
E0
π

)2 (µτ
2

) 1

(ω − ω0)2 + µ2
.

u I858'%JBI8 �/B �N('4=8787 NP'Ë øJB58 +K+=8 �0 I8 +5�O6J8-�'�I8$+<+"4"% +=8 +*�"%-� �34 ÎI858 +l8'	"4"4<
q
ψ(t) = ψν(t)

7 〈N(t)〉 = µtν/Γ(ν + 1)
tsI8 �/B$�GB<�'40��

Iν(ω, τ) ∼
µτν

4Γ(ν + 1)

(
E0
π

)2
φν(∆), φν(∆) =

∞∫

0

sin2(∆ · t/2)
(∆ · t/2)2 ψν(t)dt.
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å+*iß4Þ , è#ç¨çjæMìgë[÷
�.-0/21434/2506�-7398�:0:;-%O4<4=4-7<4-;>96�?@8A>9=4B06�CD8�<4<8RFEG:;6D:;H�6	O4<4=4IKJ.1434-;L�:;HA8�C�>8O4-;MN RFEPO�-050/2QR= N =SC�6�>9<98 N =Ìq��.6�<46�<98 N =1t�L�8�C�<46T=SED6�346+SR67=9:0:U>9-;L96�CD8�<46¤qV: N X<98�143�XDÑ `%Òrt
Xs£�<98A>96�50=4W4<8RX-Y14346+l4-Z:0:%R�L4>8O[>96�?@8A>9=4B06�CD8A<4<8RFE�q\C]6�1434-;L9-;>9-0<4=4=

£�<@L9-039:;6�<98!Ñ a�Òrt^C�=4O�398�l4=46�<4<8RFE.:;6D:;H�6	O4<4=4Iiq��.398�?4H�6�<46�C�t�<98_W98A>9=.=9:0:U>9-;L96�CD8�H�U�M:�O`>9=8S(Ua:fd+�AMbE
5;6_L96�CBX��.34= N -0398 N =cHA8�?4=@E`C�=4O�398�l4=4IEO4C�>8O4d�H�:~Oe?26�>4>9-0?@H�=@C�M<8RX-f5U8�3 N 6�<4=4W4-Z:;?4=4-g?26�>9-0OD8�<4=6O7:;50/�:;H�?26�C
H�/234O�/Z>9-0<4H�<46�506 N 8�50<4=4H�<46�506`1@6�>8Oq N 8�50<4=4H�<8RFERL96 N -0<46�C�tK6�H�<46D:;=4H�-;>BU�<46.6�O�QR-0506�146�>96�NR-0<4=6Oh398�C�<46�C�-Z:;=6O�X+Éi398�?@MH�6�<8Rj=450398�d�HfCD8�N�<4/2dk346�>BUfC N -;ED8�<4=4B N -l6�O�398�B06�CD8A<4=6Oa?4/214-0346�CD:;?4=@Ea198�3`C:;C�-03�E@14346�C�6_L8O4QR=@Em6�345;8�<4=4W4-Z:;?4=@Eg146�>9= N -0398AEf=�?2-0348 N =4W4-Z:;?4=@EY:;6�-;L9=4<4-0<4=�O@EKJ8iH_8�?6Nh-�C+L934/250=@Eh�.=4B0=4W4-Z:;?@=@Eg:;=9:;H�- N 8AE�=m14346+l4-Z:0:08AEpÑ ��ÒeX8Éi348�?4H�6�<8RnE28�348�?@MH�-034=4B0/2d�H�:�OW�.398�?4H�6�<4<46�I7398�B N -034<46D:;H�U�d df < 2
XQu N -;E28�<4=4W@-Z:;?26�I N 6_L9-;>9=:m1434-06�O�>�8AL�8�<4=4- N :;?28A>8O434<46�I]/21434/2506D:;H�= 1 < df < 2
JoC
W4=9:;H�6`=4B06�H�346�14<46�I

q\=4<4CD8�34=98�<4H�<46�I
6�H�<46D:;=4H�-;>BU�<46�C�398�QR-;<4=4I1t
df < 1

X���>96�H�<46D:;H�U#�.398�?4H�6�<4<8RFE:;6D:;H�6�O4<@=4IY:;H�-014-0<4<8R N 6�O�398�B06 N BZ8�C�=9:;=4Hh6�HlW98�:;H�6�H�R¢Ñ ��Ò
ρ(ω) ∝ ωds−1,5pL9-

ds = df/σ
on:;14-0?@H�348A>BU�<98�OP398�B N -034<46D:;H�U[8�<9:08 N O�>8OKJX8]146D:;H�6�O4<4<98�O σ6�1434-;L9-;>8O4-0H�:~O�=4<@L9-0?@:;6 N :UC�O4B0<46D:;H�=p�.398�?4H_8A>BU�<46�I�:;H�34/2?4H�/238R θ

Ñ q�Òe�
σ = 1 + θ/2.

c�<R398�C�-0<i<4/_>9dTL4>8Oi>9d�O+RFEfr_5p>�8AL9?4=@Ets N <46�Nh-Z:;H�C�=h1@6�>96�N�=4H�-;>9-0<RL4>8OP�.398�?@MHA8A>BU�<8RFE N <46�NR-Z:;H�C9J�:;6_L9-03�Nh8�QR=@ESC�<4/2H�34-0<4<4=4-71@/D:;H�6�H�RgX�¡i>6O��.398�?4HA8A>96�C9Juwv0x�ypz;yHÖU{}|Ayp~_�_��yp|AyFzF�w�;ypzU�;�U�_�w�;zU�����4�_�^���^�_�;yp�;�UzU���
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C�>96_�R-0<4<8RFEgCRL9C�/ N -034<46�-.14346D:;H�398�<9:;H�C�69J 0, 75 . σ . 1, 42

J@L4>8O#�.398�?4HA8A>96�CRCH�34-;E N -034<46 N 14346D:;H�398�<9:;H�C�- 0, 75 . σ . 2, 23
X

Éi398�?4HA8A>BU�<8RX-mC�6�B0O�/D�lL9-0<4=6OcED8�398�?4H�-034=4B0/2d�H�:�O]<4-;>9=4<4-0I4<8R N L9=9:;14-03@M:;=46�<4<8R N :;6�6�H�<46+SR-0<4=@- N :UH�-;14-0<4<46�506�C�=@L�8hÑ Ï�Ò
ω = Λ|k|σ = Λ(k2)σ/2. (20.1.1)
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Ψ(x, t)

=�143@6�=4B0C�-;L9- N BZ8 N -0<4/
ω 7→ i∂/∂t, k 7→ −i∂/∂x, k2 7→ −4.
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i
∂Ψ

∂t
= −i−σΛ(−41)

σ/2Ψ(x, t). (20.2.1)

�.346D:;H�398�<9:;H�C�-0<4<8RXI N <46_��=4H�-;>BU ψ(x) C�6�>9<46�C�6�Ij�./2<4?8l4=4=
Ψ(x, t) = ψ(x)eiωt/ZL96�C�>9-0H�C�6�3�O4-0HRL9346�O�<46 N /g8�<98A>96�50/m:;HA8�l4=46�<98�34<46�506h/2398�C�<4-0<4=6O��j34-;L9=4<450-0398

−(−4)σ/2ψ(x) = λψ(x), λ ≡ iσω/Λ.
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q
ω|x|σ . Λ

t

ψ(x) ∼ exp

(
− ω(i|x|)σ
ΛΓ(1 + σ)

)

=Y8�:;= N 14H�6�H�=4?4=��
ψ(x) ∼

(
Λ

ωΓ(−σ)

)1/2
x−(σ+1)/2, x→∞,
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i
∂Ψ(x, t)

∂t
= −i−σΛ(−4)σ/2Ψ(x, t)− ζ|Ψ(x, t)|2Ψ(x, t). (20.3.1)
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i
∂Ψ(x, t)

∂t
= −i−σΛ(−4)σ/2Ψ(x, t)−Kβ(−4)βΨ(x, t)− ζ|Ψ(x, t)|2Ψ(x, t),

0 < β 6 1.
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C�-;L9-0H�:;-0OZ©f146lBZ8�?26�<4/

R(p) ' 1

τ0

(
p

p0

)α
, p < p0,H�6 ²

(Θj > θ) ∼ Aθ−ν , θ →∞,5pL9-�146�?@8�BZ8�H�-;>9¦
ν
:;C�©4BZ8�<c:

α
=e398�B N -034<46D:;H�¦�d�= N 14/Z>9¦D:;<46�506Y14346D:;H�398�<9:;H�CD8

D
:;6�6�H�<46�ªi-0<4=4- N ν = D/α

¨
�.6�<8l4-0<4H�398�l4=@©c6ZE2>�8A�lL9-0<4< ¥ Ec8�H�6 N 6�C N0(t)

14346�146�38l4=46�<98A>9¦�<98gC�-0346�M©4H�<46D:;H�=l6�O�<98�34/D��=4H�¦.8�H�6 N 8�C.<98_W98A>9-}?26�6�3DL4=4<98�H f0(t) ¨��.6D:U>9-;L9<@©@©P�./2<4?8l4=@©C ¥ 398A�l8�-;HD:�©�:�146 N 6�QR¦�d�=4<4H�-050398A>�8
f0(t) =

t∫

0

[F (t′)− F ′(t′)]dt′

W4-034-0B�398�B0<46D:;H�¦e:;?D6�346D:;H�-0IT14-034-;ED6_L96�C
F (t)
=
F ′(t)
J�/_L96�C�>9-0H�C�6�3�©4d�QR=@E7:;=@M:;H�- N -�=4<4H�-050398A>9¦�< ¥ E�/2398�C�<4-0<4=4I;q\1434=g/�:U>96�C�=4=KJDW4H�6RL9C�=@�R-0<4=4-�<98ZW4=4<98�-0H�:�©g:6D:;C�6�O�6Z�lL9-0<4=@©g=4B.>96�C�/2ªR?4=1t
�

F (t) = qT (t) +

t∫

0

F ′(t− t′)qT (t′)dt′,

F ′(t) =

t∫

0

F (t− t′) qΘ(t′)dt′.

�.34= N -0<4=4C+1434-06�O�398�B06�CD8�<@=4-��i8�1@>�8�:08�=�34-0ªR=4Ci8A>950-0O�398�=4W4-Z:;?4/2dn:;=9:;H�-;MN /�J4146�>9/2W4= N
f̂0(λ) =

q̂T (λ)

λ
· 1− q̂Θ(λ)
1− q̂T (λ)q̂Θ(λ)

.
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�+8�?�:U>9-;L9/�-0Hl=4Bg�.=4B0=4W4-Z:;?4=@Ef1@6�>96_�h-0<4=4I

1− q̂Θ(λ) ∼ Aλα, 1− q̂T (λ) ∼ Bλβ ,5pL9-
0 < α, β < 1

¨.uP6�O�>�8�:;H�= N 8A> ¥ E�B0<98_W4-0<4=4I λ �./2<4?8l4=@© f̂0(λ) /ZL96�C�>9-0H�C�6�M3D©4-0Hl/2398�C�<4-0<4=4d
Aλαf̂0(λ) +Bλβ f̂0(λ) = Aλα−1.

�.34= N -0<4=4C�6�O�398�H�<46�-�1434-06�O�398�B06�C�8�<4=4-M�i8�1@>�8�:084J2146�>9/2W4= N �
[0 ä αt + b0 ä βt ]f0(t) = 1

Γ(1− α) t
−α.

�o-0ªR-0<4=4-�JA146�>9/2W4-0<4<46�-F:}146 N 6�QR¦�d N -0H�6_L�8!�./2<4?8l4=4I\ÂK34=4<98�= N -0-0H.C�=@L��
f0(t) = tα−βEα−β,α+1−β(−btα−β).

°¢H�6i34-0ªR-0<4=4-�:;6�5p>�8�:;/�-0H�:�©�:X34-0B0/_>9¦_HA8�HA8 N =�W4=9:U>9-0<4<46�506 N 6_L9-;>9=4346�CD8�<4=@©�:X146�MN 6�QR¦�dG:;=9:;H�- No¥ =4<4H�-050398A>9¦�< ¥ Ef/2398�C�<4-;<4=4IK¨
å+*iß�³ , ê#àYìgè#åHâ�Õ#å�ë"Õ"�º×ûë#çgë#ì¨çjè"�#âLæ�ç!êjêpìYä
´�µX¶b·F¶�¸ ¹cº�»�¼o½�»�¼±¾À¿YÁKÂ.ÃtÄ�Å

�+8�?n6�H N -0W98A>46D:;¦]CaÛ�Ü;?�Ü{79Ü�)-qKJ���>9/�6�34-Z:;Æ4-0<4Æ4=@©[146�>9/214346�C�6_L9<4=4?26�C ¥ E<98�<46�?434=9:;H_8A>4>96�C9JA6�O�>9/2W98�- No¥ Ei>�8�B0-0346 N JA= N -0-0H N -034Æ98�H�-;>9¦�< ¥ IhE28�398�?4H�-03���14-;M34=46_L ¥ =4B;>9/2W4-0<4=@©gÇ ó+ô MÈ:;6D:;H�6_©4<4=@©�ÉtW4-034-;L9/2d�H�:�©h: ó�Ê MÈ:;6D:;H�6Z©4<4=@© N =KJZC�?26�H�6�3 ¥ E<98�<46�W98�:;H�=4Æ98h<4-.=4B;>9/2W98�-0H_¨
°¢?@:;14-034= N -0<4H ¥ 146�?@8�B ¥ CD8�d�H_J±W4H�6
L4>9=4H�-;>9¦�<46D:;H�=T143@-0O ¥ CD8�<4=@©]C`§0H�=@E:;6D:;H�6_©4<4=@©@E[:U>9/2W98�I4< ¥ =¡Ce14-034C�6 N 1434=4O�>4=@�h-0<4=4= N 6�50/2He398�:0: N 8�H�34=4CD8�H�¦D:�©?@8�?f<4-0BZ8�C�=9:;= No¥ -.:U>9/2W98�I4< ¥ -.C�-;>9=4W4=4< ¥ T1 ≡ Ton = T0 ≡ Toff J4398�:;1434-;L9-;>9-0<@M< ¥ -+146�:;H�-014-0<4< ¥�N BZ8�?26�<98 N²
(T1 > t) ≡ Ψ1(t) ∝ t−α, P (T0 > t) ≡ Ψ0 ∝ t−β , 0 < α, β < 1.

�£C�-0346Z©4H�<46D:;H�<46�IcH�6�W4?4=eB034-0<4=@© N -034Æ98�d�Qh8A©eË�>9/�6�34-Z:;Æ4-0<4Æ4=@© N 6Z�h-0HO ¥ H�¦h1434-;L�:;HA8�C�>9-0<98RClC�=@L9-�146D:U>9-;L96�CD8�H�-;>9¦�<46D:;H�=g14-034-;E�6_L96�Ch:;=9:;H�- No¥�N -;�lL9/L9C�/ N ©]/2?28�BZ8�<4< ¥�N =7:;6D:;H�6Z©4<4=@© N =KJ±14346�=9:�ED6ZL4©4QR= N =]C
:U>9/2W98�I4< ¥ - N 6 N -0<4H ¥C�34- N -0<4=pÑ �4J9Ì	��Ò�¨+�.34= N -03�H�398�-0?4H�6�34=4=mH_8�?26�506+H�=4198+1434=4C�-;L9-0<�<98g��=9:�¨@Í��4¨ ÌDÇV8DÉU¨Îc398 N ?@8AEi§0H�6�I N 6_L9-;>9=RC�398�O�6�HA8AEfÑ �4J2Ì	��Ò2C ¥ W4=9:U>9-0< ¥ ?26�3434-;>4©4Æ4=46�<4< ¥ -FË./2<4?@MÆ4=4=
=a198�398 N -0H�3p�a8�<@L9-;>4©K¨^ÎPL9-0I9:;H�C�=4H�-;>9¦�<46D:;H�=`:;=4H�/�8�Æ4=@©KJ^?D6�<4-0W4<469J^:U>96_�lM<4-0-�J9H�- N <4- N -0<@-0- N 6_L9-;>9¦lL9C�/DE�:;6D:;H�6_©4<4=4IeÇ
Æ�¬Bª1¨�§1ª1¨0ÏL/g®�±�«
¯1°2ÉF?28_W4-Z:;H�C�-0<4<461434-;L�:;?28�B ¥ CD8�-0Hh<4-0?26�H�6�3 ¥ -+:;HA8�H�=9:;H�=4W4-Z:;?4=4-iBZ8�?D6�<46 N -034<46D:;H�=K¨�}/_L9- N 6�H�:;W4=4H ¥ CD8�H�¦À14346ZL96�>4��=4H�-;>9¦�<46D:;H�¦ÀC�34- N -0<4=�<98�O�>9d}L9-0<4=@© t6�H N 6 N -0<4HA8P=4B N -0<4-0<4=@©k:;6D:;H�6_©4<4=@©&Ç\14-034-;ED6ZL�8DÉa=j398�:0: N 8�H�34=4CD8�H�¦P14346�Æ4-Z:0:
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t

0 1

f
1 0

f
0 1

t

q

a) b)

Q( )t

��=9:�¨XÍ��4¨ Ì�Ú¢Û�¼�¶UÜ�Ý4¸�¼	¿�½�»�¸pÞ�Ý4À
ß�¶Uà�»�·Dáaß�»pâ�ã@Ý0ä}åH»�æ7çL·Dè�¶Zâ�»�¸�ã�»�¾Dã�¿�¿1Á±é_êg¸�·Dè�½@Ý;æ�¾@Ý4À
¼_â2Ý4»pÞ�¼�¶Zâ+¿�À!¿�ë@ê�»�»Fì2â�»�à�¸�¼ZÝ%¹	·�»�¾�¿�»s¹+Þ�¶	¶ZâAà+¿�¾@Ý4¼ZÝ;Ü8Á
Θ(t)
Jh398�C�< ¥ I&:;/ N�N 8�34<46�IíL4>9=4H�-;>9¦�<46D:;H�=&=4B;>9/2W4-0<4=@©�BZ8£C�34- N ©�<98�O�>9dFL9-;M<4=@©eÇr��=9:�¨�Í��4¨ ÌDÇ\î�É�ÉU¨4Î}C�-;L9- N :U>9-UL9/2d�Qi=4-+6�O�6�B0<98_W4-0<4=@©KÚÌ.=p�Rïm:;6D:;H�6_©4<4=@© ó+ô = ó�Ê J9:;6�6�H�C�-0H�:;H�C�-0<4<46$C
ε1
ï�C�-0346Z©4H�<46D:;H�¦lH�6�5069J@W4H�6�<98_W98A>9¦�< ¥�N 14-034-;E�6_L96 N ©4C�>4©4-0H�:�© 0→ 1

C
ε2
ï�C�-0346Z©4H�<46D:;H�¦lH�6�5069J@W4H�6�<98_W98A>9¦�< ¥�N 14-034-;E�6_L�8R©4C�>4©4-0H�:�© 1→ 0

C
p1(θ|t)dθ =

²
(Θ(t) ∈ dθ) ïiC�-0346Z©4H�<46D:;H�¦.H�6�5069J�W4H�6i:;/ N�N 8�34<98A©l14346ZL96�>4M��=4H�-;>9¦�<46D:;H�¦g=4B;>9/2W4-0<4=@©
BZ8mC�34- N ©
<98�O�>9dFL9-0<4=@© t 1434=4<98AL4>9-;��=4Hf=4<4H�-034CD8A>4/

(θ, θ + dθ)
C

f1→0(θ, t)dθdt
ïh:;34-;L9<4-0-�W4=9:U>96R14-034-;E�6_L96�C

1→ 0
=4B

(θ, θ + dθ)
B08iC�34-;MN © (t, t+ dt)

C
f0→1(θ, t)dθdt

ï�:;34-;L9<4-0-¢W@=9:U>96�14-;34-;ED6_L96�C
0→ 1

C�=4<4H�-034CD8A>
(θ, θ + dθ)BZ8hC�34- N © (t, t+ dt)

J

Ψn(t) =

∞∫

t

ψn(t
′)dt′ =

²
(Tn > t), n = 0, 1.

Ð.<4H�-050398A>9¦�< ¥ -�/2398�C�<4-0<4=@©KJ�:;C�©4B ¥ CD8�d�QR=4-fC�C�-;L9-0<4< ¥ -�C ¥ ªR-�1@>96�H�<46�M:;H�=KJ4= N -0d�H�C�=@L�Ú

p1(θ|t) =
θ∫

0

f0→1(θ− t′, t− t′)Ψ1(t
′)dt′+

t∫

0

f1→0(θ, t− t′)Ψ0(t
′)dt′, (20.6.1)
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f1→0(θ, t) =

θ∫

0

f0→1(θ − t′, t− t′)ψ1(t′)dt′ + ε0δ(θ)δ(t), (20.6.2)

f0→1(θ, t) =

t∫

0

f1→0(θ, t− t′)ψ0(t′) dt′ + ε1δ(θ)δ(t). (20.6.3)

�.34= N -0<4=4ClL9C�6�I4<@6�-.1434-06�O�398�B06�CD8A<4=4-M�i8�1@>�8�:08
p̂1(λ1|λ) =

∞∫

0

dt

t∫

0

dθ e−λt−λ1θp1(θ|t)

146�>9/2W98�- N
p̂1(λ1|λ) = f̂0→1(λ1, λ) Ψ̂1(λ+ λ1) + f̂1→0(λ1, λ) Ψ̂0(s),

f̂1→0(λ1, λ) = f̂0→1(λ1, λ) ψ̂1(λ+ λ1) + ε0,

f̂0→1(λ1, λ) = f̂1→0(λ1, λ) ψ̂0(s) + ε1.��8�B034-0ªh8A©f§;H�/g:;=9:;H�- N /�J91434=@E�6_L9= N ?�H�398�<9:0Ë.6�3 N 8�<4H_8 N W98�:;H�6�Hh14-034-;ED6_L46�C
f̂1→0(λ1, λ) =

ε1ψ̂1(λ1 + λ) + ε0

1− ψ̂(λ+ λ1)ψ̂0(λ)
,

f̂0→1(λ1, λ) =
ε0ψ̂0(λ) + ε1

1− ψ̂1(λ+ λ1)ψ̂0(λ)
,

=�C ¥ 398A�R-0<4=4d�L4>4©�H�398�<9:;Ë+6�3 N 8�<4H ¥ =9:;?D6 N 6�I�1@>96�H�<46D:;H�=KÚ
p̂1(λ1|λ) =

ε0ψ̂0(λ) + ε1

1− ψ̂1(λ+ λ1)ψ̂0(λ)

1− ψ̂1(λ+ λ1)

λ+ λ1
+

+
ε1ψ̂1(λ+ λ1) + ε0

1− ψ̂1(λ+ λ1)ψ̂0(λ)

1− ψ̂0(λ)
λ

. (20.6.4)

�.6D:U>9-;L9<4-0-�C ¥ 398A�h-0<4=4-+:�H�6�W4<46D:;H�¦�dSL96l6�O�6�B0<98_W4-0<4=4Ig:;6�C�198AL�8�-0Hh:.34-0B;/_>9¦AH_8AMH�6 N Jt146�>9/2W4-0<@< ¥�N CEÑ ��ÒoL4>4©aE28�398�?4H�-034=9:;H�=4W@-Z:;?26�I`Ë./2<4?4Æ4=4=`1@>46�H�<@6D:;H�=`398�:UM1434-;L9-;>9-0<4=@©¡=4<4H�-0<9:;=4C�<46D:;H�= N 8�?4346D:;?D6�14=4W4-Z:;?26�I¡Ë�>9/�6�34-Z:;Æ4-0<4Æ4=4=K¨}ÎËÑ ��Ò�§0H_8H�398�<9:0Ë.6�3 N 8�<4HA8`=9:;146�>9¦�B0/�-0H�:�©TL4>4©n8�:;= N 14H�6�H�=4W4-Z:;?26�506]8�<98A>9=4BZ8`198�398 N -0H�398�a8�<@L9-;>4©K¨P� ¥ JF6�O�398�H�=4C7H�348�<9:0Ë.6�3 N 8�<4H�/¡:
146 N 6�QR¦�dñL9346�O�<46�M�/�:;H�6�I4W4=4C ¥ E398�:;1434-;L9-;>9-0<4=4IKJ}146�>9/2W4= N C]©4C�<46 N C�=@L9-
C ¥ 398A�h-0<4=4-YL4>4©S:08 N 6�IP8�:;= N 14H�6�MH�=4W4-Z:;?D6�Ia1@>96�H�<46D:;H�=a398�:;1434-;L9-;>9-0<4=@©
p1(θ|t)

=Y146�?@8A�h- N J�W4H�6m§0HA8�1@>96�H�<46D:;H�¦/ZL96�C�>9-0H�C�6�3D©4-0HRL9346�O�<46�MVL9=9Ë+Ë.-034-0<4Æ4=98A>9¦�<46 N /�/2398�C�<4-0<4=4dR¨
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´�µX¶b·F¶b´ ò£½�Á�ó�»�Áoô0Â.º�õSõPÃK½�ÃK»�ö�º�¼±Ä�Å�»�÷]Ãø ½�¼où�»�ÃK»�º�¾�ú�½�Á�ö�Ã�ûtû^¼
Î¬398�O�6�H�-�Ñ Ì_Í�Òg1434-;L4>96Z�h-0< N -;E28�<4=4B N�N -034Æ98�<4=@©KJR6D:;<46�CD8�<4< ¥ Ik<98 N 6_L9-;>9=L9=9Ë+Ë./2B0=46�<4<46�M�?D6�<4H�346�>9=434/�- No¥ E`§;>9-0?4H�346�<4< ¥ E]14-03@-;ED6_L96�C9J�?D6�H�6�3 ¥ I]1434=4C�6�ML9=4H
?71@>96�H�<46D:;HZ© N 398�:;1434-;L9-;>9-;<4=@© ó+ô M.= ó�Ê M�=4<4H�-034CD8A>96�CaC
C�=@L9-crZL9346�O�< ¥ E§0?@:U146�<4-0<4H4s4Ú

ψ1(t) = cα1 t
α−1 Eα,α(−cα1 tα), ψ0(t) = cβ0 t

β−1 Eβ,β(−cβ0 tβ).
�.34=

α < 1
=
β < 1

/�§0H�=@Eg1@>96�H�<46D:;H�-0If398 ò 1434-;L9-U>9-0<4=@©f= N -0d�H�:�©]r_HZ©@�Rü;> ¥ -�s:;H�-014-0<4< ¥ -}E@C�6D:;H ¥ ¨��.34= α→ 1
=
β → 1

rZL9346�O�< ¥ -}§0?2:;146�<4-0<4H ¥ s�14-034-;ED6_L4©4H�C6�O ¥ W4< ¥ -.§0?@:;146�<4-0<4H ¥ ¨9ý�8�?4= N 6�O�398�B06 N J2=4B N -0<4-0<4=4-iCD:;-0506l6_L9<46�506l198�398 N -0H�398C.?@8A�lL96�Ih=4BX1@>96�H�<46D:;H�-0I
ψ1(t)
=
ψ0(t)
146�B0C�6�>4©4-0H N 6ZL9-;>9=4346�CD8�H�¦.?28�?�:;H�-014-0<@M< ¥ -�J4H_8�?�=�§0?2:;146�<4-0<4Æ4=98A>9¦�< ¥ -.398�:;1434-;L9-;>9-0<4=@© ó+ô M�= ó�Ê M�=4<4H�-034CD8A>96�C9¨�.6_L�:;H_8�C�>4©@©fH�398�<9:0Ë.6�3 N 8�<4H ¥ �i8�1@>�8�:08R§0H�=@E�Ë./2<4?4Æ4=4IKÚ

ψ̂1(λ) =
1

1 + (λ/c1)
α , ψ̂0(λ) =

1

1 + (λ/c0)
β

(20.6.5)

ClC ¥ 398A�h-0<4=4-�ÇbÍ��4¨ Ï4¨ Ù2ÉUJ2146�>9/2W98�- N Ú
p̂1(λ1|λ) =

c−α
1 (λ+ λ1)

α−1 + c−β
0 λβ−1 + c−α

1 c−β
0 λβ(λ+ λ1)

α
[
ε1(λ+ λ1)

−1 + ε0λ
−1
]

c−α
1 (λ+ λ1)α + c−β

0 λβ + c−α
1 c−β

0 (λ+ λ1)αλβ
.

(20.6.6)�+-;34-014=4ªR- N 146D:U>9-;L9<4-0-+:;6�6�H�<46�ªR-0<4=4-.ClC�=@L9-�Ú
λβ p̂1(λ1|λ) + C(λ+ λ1)

α p̂1(λ1|λ) + c−α1 (λ+ λ1)
αλβ p̂1(λ1|λ) =

= C(λ+ λ1)
α−1 + λβ−1 + c−α1 λβ(λ+ λ1)

α
[
ε1(λ+ λ1)

−1 + ε0λ
−1] .

ì L9-Z:;¦
C = cβ0/c

α
1

¨4Î ¥ 146�>9<@©@©gL9C�6�I4<46�-�6�O�398�H�<46�-�1434-06�O�398�B06�CD8A<4=4-M�i8�1@>�8�:08i=/2W4=4H ¥ CD8A©KJ@W4H�6
1

(2πi)2

∫

Γ

dλ

∫

Γ′

dλ1 exp(λt+ λ1θ)(λ+ λ1)
αp̂1(λ1|λ) =

=
1

2πi

∫

Γ

dλ exp(λt) exp(−λθ) 0 ä αθ exp(λθ)p̂1(θ|λ) = þ −θt 0 ä αθ þ θtp1(θ|t),
5pL9- þ at ïm6�14-0348�H�6�3f:�L9C�=45;8h1@6�C�34- N -0<4= t <98hC�-;>9=4W4=4<4/ a Ú

þ at p1(θ|t) = p1(θ|t+ a),
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0 ä βt p1(θ|t) + C þ −θt 0 ä αθ þ θt p1(θ|t) + c−α1 0 ä βt þ −θt 0 ä αθ þ θt p1(θ|t) =
= C δ(t− θ) t−α

Γ(1− α) + δ(θ)
t−β

Γ(1− β) −
c−α1 θ−α(t− θ)−β
Γ(1− α)Γ(1− β)

(
αε0
θ

+
βε1
t− θ

)
.
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ε1 = 1

=
ε0 = 0
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p̂1(λ1|λ) ∼
C(λ+ λ1)

α−1 + λβ−1

C(λ+ λ1)α + λβ
, C = cβ0/c

α
1 . (20.6.7)
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[
C(λ+ λ1)

α + λβ
]
p̂1(λ1|λ) = C(λ+ λ1)
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0 ä βt p1(θ|t) + C þ −θt 0 ä αθ þ +θt p1(θ|t) = C δ(t− θ) t−α

Γ(1− α) + δ(θ)
t−β

Γ(1− β) .
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λβ−1
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(Ctβ)−1/α q+

(
θ(Ctβ)−1/α;α, β

)
,

5pL9-
q+(t;α, β)

ïYL9346�O�<46�M�/D:UH�6�I@W4=4CD8A©
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W4-034-0B�6_L4M<46D:;H�6�346�<4<4=4-./D:;H�6�I4W4=4C ¥ -.1@>96�H�<46D:;H�= g+(t;α) = g+(t;β) Ú
q+(t;α, β) =

∞∫

0

dτ g+(τ ;β)g+(tτ
−β/α;α) τβ/α.

�+8AED6ZL4©g6�34=450=4<98A>YH�398�<9:;Ë+6�3 N 8�<4H ¥ ÇbÍ��4¨ Ï4¨ ��É
p(θ|t) = [C(t− θ)β ]−1/α q+

(
θ[C(t− θ)β ]−1/α;α, β

)
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+(C−1θα)−1/β q+

(
(t− θ)(C−1θα)−1/β ;β, α

)
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Q+

(
ξ(Cτβ)−1/α;α, β

)
= 1−Q+

(
τ(C−1ξα)−1/β ;β, α

)
,

14-034-014=4ªR- N ÇbÍ��4¨ Ï4¨ �DÉ�ClC�=@L9-�Ú
p1(θ|t) =

[
1 +

α

β

(t− θ)
θ

]
(Cθα)−1/β q+

(
(t− θ)(Cθα)−1/β ;β, α

)
. (20.6.10)
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ξ(r) = (r/r0)
−γ ,5pL9-

γ = 1.77 ± 0.04
=
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�K- N 6�Ci:�6�H�<46D:;=4H�-;>9¦�<46RªR=4346�?4= N =m/25p>�8 N =m398�:UM?43 ¥ H�=@©KJ0L96 90◦ ¨��¢/2QR-Z:;H�C�/2d�H_JZ6_L9<98�?D69J;L934/250=4-�<98�O�6�3 ¥ L�8�<4< ¥ EKJ06�H�<46D:�©4QR=4-Z:�©?R6�W4-0<4¦�/2B0?4= N H�-;>9-Z:;< ¥�N /25�>�8 N JA6�?D6�>96 1◦ ¨P�.6�§0H�= N L�8�<4< ¥�N J�:¢146�14398�C�?26�Ii<98?26�<4=4W@-Z:;?4/2d¡50-06 N -0H�34=4dRJ N 6_��<46+=9:0:U>9-;L96�CD8�H�¦.146�C�-;L9-;<4=4-F>96�?@8A>9¦�<46�Ih1@>96�H�<46�M:;H�=mC�L96�>9¦i6�W4-0<4¦iH�6�<4?4=@E�=�L4>9=4<4< ¥ E�Æ4=@>9=4<@L9346�C9JD146�>9/2W4=@H�¦iHA8�?m<98�B ¥ CD8�- No¥ -$.LU�8"DN�Q="U )X�­� �!.Q£Çyx�IJ�6�J�HGgT
I
�����DF-
Dt�IJ¡��_ÉU¨
n.=9:U>9-0<4< ¥ -�§0?@:;14-034= N -0<4H ¥ :�=9:;146�>9¦�B06�CD8�<4=4- N 6�14=9:08�<4<@6�IgC ¥ ªR- N -0H�6�ML9=4?4=m146D:;H�346�-0<4=@©mH�6�W4-0W4< ¥ E�398�:;1434-;L4-;>9-0<4=4IgË.398�?4HA8A>9¦�<46�506+H�=4198ro Ì	��p�1434=4C�-;M
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>9=e?]:U>9-;L9/2d�QR= N C ¥ C�6_L�8 N Jt146_L9H�C�-03D�lL9-0<4< ¥�N O�6�>9-0-�146�B;L9<4= N =e=9:0:U>9-;L96�CD8AMH�-;>4© N =�o Ì0Ù9JtÌ_q)p�ÚÇú�wÉ¢398�:;1434-;L9-;>9-0<4=@-+:U>9/2W98�I4<46�506R398�:0:;H�6Z©4<4=@©

R
6�HR6_L9<46�Ig5U8A>�8�?4H�=4?4=gL96O�>9=@�h8�I4ªR-0Ih?l<4-0IhC�L�8�<4<46 N >9/2W4-iÇ\/2B0?D6 N Æ4=@>9=4<@L934-_É�E28�398�?4H�-034=4B0/�-0H�:�©RL4>9=4<@M< ¥�N E@C�6D:;H�6 N :;H�-014-;<4<46�506�H�=4198²

(R > t) ∼ Ct−ω, 0 < ω < 1:g146�?28�BZ8�H�-;>9- N ω = ω(D)
JoBZ8�C�=9:�©4QR= N 6�H`Ë.398�?4H_8A>9¦�<46�I]398�B N -034<46D:;H�=7398�:UM1434-;L9-;>9-0<4=@©�5U8A>�8�?4H�=4?�Cl14346D:;H�398�<9:;H�C�-

D = α
Ça~�=9:�¨^Í@Ì�¨ Ì_ÉDCÇú�H�ÈÉh398�:;1434-;L9-;>9-0<4=4-gL4>9=4< ¥ :U>9-;L9/2d�QR-0506
=4<4H�-034CD8A>�8 N -;�lL9/e5;8A>�8�?4H�=@M?@8 N =7CaÆ4=@>9=4<@L934-�:U>�8�O�6aBZ8�C�=9:;=4HY6�Ha1434-;L ¥ L9/2QR-0506
=]1434=4O�>9=@�R-0<4<46 N 6_�h-0H:;W4=4H_8�H�¦D:�©�<4-+BZ8�C�=4:�©4QR= N 6�Hl<4-0506�¨

~�=9:�¨}Í@Ì�¨ Ì�Ú�Ûd�)�
��áYß�����àDè`ç}â2Ý0ÞJ�ZÝ��Dá:�M�0æ`â2ÝD�pß��pâ
�M�:���Zá_ä
D � �DèP�M���:��ßnìM�ZÞ�ÝD�UÝD�)����M�pß

ω � �)�D�2Þ �Z� â2ÝD���M���:�Yß����)�UàM�ZßK�G�D�M�)������Ý0â
�M�Z� �-���a�Zì2âP��ß�ÝD� � çT�ZâDßtè��@Ý α = 2−Dâ2ÝD�:�:�:�,� ���D� ê?�
Î ¥ C�6_L ¥ §0H�=ñ146�B0C�6�>4©4d�H&1434= N -0<4=4H�¦�L4>4©�8�:;= N 14H�6�H�=4W4-Z:;?D6�506�6�14=@M:08�<4=@©«>9/2W4-0C�6�I�:;H_8�H�=4:;H�=4?4=&<98£O�6�>9¦�ªR=@Ek398�:0:;H�6_©4<4=2©@E

t N 6_L9-;>9¦£14/D8�:0:;6�M<46�CD:;?D6�506T14346�Æ4-Z:0:08]L9346�O�<46�506T146�3D©@L9?28
ω
¨�ÎÿW98�:;H�<46D:;H�=KJFL4>4©�C�-0346_©4H�<46D:;H�=

w(n; t) ≡

²
{N(t) = n} 146�>9/2W4= N

w(n; t) ∼ G+

(
[(n+ 1)CΓ(1− ω)]−1/ωt;ω

)
−G+

(
[nCΓ(1− ω)]−1/ωt;ω

)
∼

∼ t

ωn
[nCΓ (1− ω)]−1/ω g+

(
[nCΓ (1− ω)]−1/ω t;ω

)
, t→∞,



Ù9ÌZð î0/^Ø'1DØ
� Ù32 Ó.4-â�Ó���×+áZ×��9Ø
5pL9-

G+(t;ω) =

t∫

0

g(t′;ω, 1)dt′

ï�6_L9<46D:;H�6�346�<4<@©@©g/D:;H�6�I4W4=4CD8A©�Ë./2<4?4Æ4=@©f398�:;1434-;L9-;>9-0<4=@©K¨
s+:;146�>9¦�B0/�©gC ¥ 398A�R-0<4=4-�L4>4© N 6 N -0<4H�6�C�6�H�34=4Æ98�H�-;>9¦�< ¥ Eg146�3D©@L9?D6�C

∞∫

0

g+ (t;ω) t−νdt =
Γ (1 + ν/ω)

Γ (1 + ν)
,

<98�I@L9- NTN 6 N -0<4H ¥ W4=9:U>�8h6�H�:;W4-0H�6�ClC�=4<4H�-034CD8A>4- (0, t) Ú
〈Nk (t)〉 = k!tkω

[CΓ (1− ω)]k Γ(1 + kω)
.

@+-050?26TC�=2L9-0H�¦9JXW4H�6 〈N (t)〉 ∝ tω
= N 6 N -0<4H ¥ :U>4/@W48�I4<46�IPC�-;>9=4W4=4< ¥

ζ = N/ 〈N (t)〉 <4-FBZ8�C�=9:�©4H�6�H t ¨P;+8�?R6�H N -0W98A>96D:;¦�C ¥ ªR-�J_§0H�6�ï+:;14-0Æ4=9Ë.=4W4-Z:;?26�-:;C�6�I9:;H�C�6`:;H�6ZE28�:;H�=4W4-Z:;?4=@E7Ë.398�?4HA8A>96�C9¨oý�8�?26�-�:08 N 6�146ZL96�O�=4-f:;H�6_ED8�:;H�=4W4-Z:;?26�I:;H�34/2?4H�/23 ¥ 6�B0<98_W98�-0Hr )BCI�L
BCI�BCN�&."��-A�A�"J³
BC*cI?*�/U )LJI%!#"�+:(#"-(.&2ÏoÚ�<4-.:;/2QR-0:;H�C�/2M-0H�HA8�?26�IYH_8�?26�506�398�:0:;H�6_©4<4=@©
t1
J9W4H�6m1434=

t > t1
:;HA8�H�=9:;H�=4W4-Z:;?4= N =`Ë�>9/2?4H�/�8AMÆ4=@© N = N(t) N 6Z��<46i1434-0<4-0O�34-0W4¦9J�=�<4=�1434=�?@8�?26 N t <4-;>9¦�B;©�BZ8 N -;<4=4H�¦R:;34-;L9<4-0-B0<98_W4-;<4=4-¢5p>�8AL9?D6�IRË./2<4?4Æ4=4=

f(N)
:U>9/2W98�I4<46�I+14-034- N -0<4<46�I N(t)

-0-�B0<98_W4-0<4=4- N6�Hl/�:;34-;L9<4-0<4<46�I�14-034- N -0<4<46�I
〈f(N(t))〉 6= f(〈N(t)〉), t→∞.

�}6�>9-0-�H�6�5069JD<98iCD:U-;E N 8�:;ªRH_8�OD8AEl<98�O�>9d}L�8�d�HD:�©m14346�O�-;> ¥ J�<4-�:;6_L9-03D�h8�QR=4-�H�6�MW4-0?KJ9=KJ9Cm6�HZ>9=4W4=4-i6�H�6�O ¥ W4<46�506l14/D8�:0:;6�<46�CD:;?D6�506h398�:;1434-;L9-;>9-0<4=@©KJ9<4-0HmHA8�?D6�506N 8�:;ªRHA8�OD84J�Ce?26�H�6�346 N 398�:;1434-;L9-;>9-0<4=4-aH�6�W4-;?nC ¥ 5p>4©@L9-;>96eO ¥ 398�C�<46 N -034< ¥�NÇV:;C�6�I9:;H�C�6K�."%!#"ú/H"-��*P"ú/� �I�BG&9J'Û�Ü o Ü o ÉU¨
åfÞYßsö � çYâsâså�×fë"�#å âsäYå�æ�ç

Ù�è#çYä¨�jæ�ç¨Õ"�#ìgëjë[÷¤Øv�}é#ì!ê"×WØv�
~�8�:;14346D:;H�398�<@©@©9:;¦m6�Hm=9:;H�6�W4<4=4?D6�C`Ç\B0C�-0B;L�J�5U8A>�8�?4H�=4?�ÉUJ^:;C�-0Hm=9:;1 ¥ H ¥ CD8AM-0H7398�:0:;-;©4<4=4-`C7<4-034-050/_>4©434< ¥ E¡50398�C�=4H_8�Æ4=46�<4< ¥ En146�>4©@EPÎF:;-;>9-0<4<46�IK¨FÎÀ398AMO�6�H�-Oo Ì:q�p¢O ¥ >�8�398�:0: N 6�H�34-0<98YBZ8AL�8ZW98�6 N <46�506�?4398�H�<46 N 398�:0:;-;©4<4=4=`>9/2W98Y:;C�-;MHA8aCa50398�C�=4HA8�Æ4=@6�<4<46 N 146�>9-�Jo:;6�B;L�8�CD8�- N 6 N :U>9/2W98�I4< ¥�N 398�:;1434-;L9-;>9-0<@=4- N H�6�MW4-0W4< ¥ E N 8�:0:�J26�O�398�B0/�- No¥ E�14/D8�:0:;6�<46�CD:U?4=4If8�<9:08 N O�>9¦9¨J~�8�:;W4-0H ¥ 14346�C�-;L9-0< ¥ C
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398 N ?28AE]:;HA8�<@L�8�34H�<46�506 N 8A>96�/25p>96�C�6�5;6Y1434=4O�>9=@�h-0<4=@©KJ±?26�5pL�8Y6�H�?@>96�<4-0<4=4-gW98AM:;H�=4Æ ¥ Ç\CgL�8�<4<46 N :U>9/2W98�-�JKË.6�H�6�<98DÉ�6�Hf14-034C�6�<98_W48A>9¦�<46�506g<98�14398�C�>9-0<4=2©`6�14=@M: ¥ CD8�-0H�:�©]L9C�/ N -034< ¥�N C�-0?4H�6�346 N u J�8
6�H�?@>96�<4-0<4=4- N H�398�-0?4H�6�34=4=T6�H
143�© N 6�M>9=4<4-0I4<46�IS1434-0<4-;O�34-05;8�-0H�:�©K¨u�./D:;H�¦

σ(u)
ï[/25p>96�C�6�-
398�:;1434-;L9-;>9-0<4=4-cË.6�H�6�<981434=h398�:0:;-;©4<4=4=hC.50398�C�=4HA8�Æ4=@6�<4<46 N 146�>9-F6�H0L9-;>9¦�<46�506�=9:;H�6�W4<4=4?@8lÇ\5;8A>�8�?4H�=4?4=�ÉUJ

∫
σ(u)du = 1

H�6�5�L�8R398�:;1434-;L9-;>9-0<4=4-.Ë.6�H�6�<984JD=9:;1 ¥ HA8�C�ªR-0506 n 398�:0:;-;©4<4=4IKJDL�8AM-0H�:�© N <46�506�?4398�H�<46�I�:;C�-034H�?26�IfHA8�?4=@Ef398�:;1434-;L9-;>9-0<4=4ItÚ
σ(n+1)(u) =

∫
σ(u′)σ(n)(u− u′)du′,

5pL9-
σ(0)(u) ≡ δ(u)

¨�Ó�5�>96�C�6�-h398�:;1434-;L9-;>9-0<4=4-mË.6�H�6�<46�C9J�14346�ªR-;L9ªR=@E
14/2H�¦
x
JBZ8�14=4ªR-0H�:�©�ClC�=@L9-

f(u, x) =

∞∑

n=0

pn(x)σ
(n)(u),

5pL9-
pn(x)

ï[C�-0346Z©4H�<46D:;H�¦TH�6�5069J}W4H�6[<98714/2H�=
x
Ë.6�H�6�<P=9:;1 ¥ H_8�-0HT346�C�<46 n398�:0:;-;©4<4=4IK¨.�.6D:U>9-;L9<@©@©�=YE28�348�?4H�-034=4B0/�-0Hm:;34-;L9/�¨�l�<98�:;C�©4BZ8�<98�:+1@>96�H�<46D:;H�¦�d398�:;1434-;L9-;>9-0<4=@©gL4>9=4< ¥ :;C�6�O�6_L9<46�5;6h14346�O�-05U8 q(x) :;6�6�H�<46�ªR-0<4=4- N

pn(x) =

x∫

0

Q(x− x′)q(n)(x′)dx′,

5pL9-
Q(x) =

∞∫

x

q(x′)dx′

-Z:;H�¦¡C�-0346Z©4H�<46D:;H�¦nH�6�5069J�W4H�6P:U>9/2W98�I4< ¥ IG14346�O�-05e1434-0C ¥ :;=4HnB0<98ZW4-0<4=4- x J�8
q(n)(x)

ï N <46�506�?4398�H�<98A©[:;C�-034H�?@8`398�:;1434-;L9-;>9-0<4=4I q(x) J�6�14=9: ¥ CD8�d�Qh8A©7398�:UM1434-;L9-;>9-0<4=4-�?26�6�3�L9=4<98�H ¥ H�6�W4?4= n M�506c:UH�6A>9?4<46�C�-0<4=@©K¨�Î«§0H�=@E76�O�6�B0<98_W4-0<4=@©@E398�:;1434-;L9-;>9-0<4=4-
f(u, x) =

∞∑

n=0

σ(n)(u)

x∫

0

Q(x− x′)q(n)(x′)dx′.

Î ?@>�8�:0:;=4W4-Z:;?26�I«H�-06�34=4= N <46�506�?4398�H�<46�506G398�:0:;-;©4<4=@©í398�:0:;-0=4CD8�d�QR=4-Æ4-0<4H�3 ¥ 1434-;L9146�>�8�5;8�d�H�:�©m398�:;1@6�>96_�h-0<4< ¥�N =�<4-0BZ8�C�=9:;= N 6+L434/25�6�H+L934/25U8i:�146�M:;H�6_©4<4<@6�I]ÇVCg:U>9/2W98�-+6_L9<46�346ZL9<46�Ia:;34-;L ¥ É�:;34-;L9<4-0Ia12>96�H�<46D:;H�¦�dR¨.~�8�:;1434-;L4-;>9-;M<4=4-i:;C�6�O�6ZL9<46�506R14346�O�-05;8RCl§0H�6 N :U>9/2W98�-.= N -0-0HlC�=@L
q0(x) = µ exp(−µx),
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~�=9:�¨2Í@Ì�¨ Í@Ú:�u�Zè�ß��pâ
�J�=��à2âJ�:�D�M�D�\è����)�0æJ� � �:�=�±ìJ�M�:�:�M�:��� � â2ÝD��ì2âJ��àM���M�?� � � Ψ(2,β)
2 (r) ≡

q2(r; 2, ω = β)
�

5pL9-
µ � >9=4<@-0I4< ¥ I
?26�§ZË+Ë.=4Æ4=4-0<4H�398�:0:;-;©4<4=@©KJ�6�O�398�H�< ¥ Ia:;34-;L9<4- N /�14346�O�-050/�¨�.6D:;?26�>9¦�?4/

q
(n)
0 (x) = µ(µx)n−1 exp(−µx)/(n − 1)!

=
Q0(x) = exp(−µx) J9/25;M>96�C�6�-�398�:;1434-;L9-;>9-0<4=4-�6�14=9: ¥ CD8�-0H�:�©�6�O�6�O�QR-0<4< ¥�N 398�:;1434-;L9-;>9-0<4=4- N �./D8�:0:;6�<98

f0(u, x) = exp(−µx)
∞∑

n=0

(µx)n

n!
σ(n)(u).

�.34=
x→∞ :;34-;L9<4-0-�B0<98ZW4-0<4=4-�:U>9/2W98�I4<46�506.W4=9:U>�8i:U>�8�5U8�- No¥ Eh398�:;H�-0H+?@8�? µx J8e-0506]6�H�<46D:;=4H�-;>9¦�< ¥ -`Ë�>9/2?4H�/D8�Æ4=4=n/2O ¥ CD8�d�H ∼ (µx)−1/2

¨��.6D:;?26�>9¦�?4/71434=O�6�>9¦�ªR=@E
n

σ(n)(u) ∼ 1

2πn〈Θ2〉 exp{−u
2/[2n〈Θ2〉]},5pL9-

〈Θ2〉 =
∫
u2σ(u)du

� :;34-;L9<4=4I�?4CD8AL9398�Hh/25p>�8h6_L9<46�?4398�H�<46�506h398�:0:;-;©4<4=@©KJ@/25p>96�C�6�-�398�:;143@-;L9-;>9-0<4=4-W98�:;H�=4Æ�<98hO�6�>9¦�ªR=@Em5p>9/2O�=4<98AE
x
= N -0-0H�5U8_/D:0:;6�ChC�=2L

f0(u, x) ∼
1

2πµx〈Θ2〉 exp{−u
2/[2µx〈Θ2〉]}, x→∞,

146�>9/2W4-0<4< ¥ Ij°�¨	�i-03 N =cCYBZ8AL�8ZW4-l6 N <46�506�?4398�H�<46 N ?@/_>96�<46�CD:;?26 N 398�:0:;-;©4<4=4=BZ8�3D©@�R-0<4< ¥ EmW98�:;H�=4ÆK¨M~�8�:;1434-;L9-;>9-0<4=4-�§0H�6l146�>4/@W@-0<46h14/2H�- N 34-0ªR-0<@=@©f/2398�C�<4-;M<4=@©
∂f0(u, x)

∂x
= K4uf0(u, x) + δ(u)δ(x).
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~�=9:�¨KÍ@Ì�¨ �4Ú'�� ?�M�D�:�=��â2ÝD��ì2âJ��àM���M��� � �¡�G�UàJ�M�ZâJ�UàJ�J�Zæ � ìDèP�2ÞJ� � âP�@ÝD�¡� � � � �2ê � ç}â2Ý0Þ
��ZÝ��Dá:�M�0æ � ��ìJ�M�:¢u�@ÝD�2ê	�pâJ��à@Ý;ÜU�U��à � � � ã@Ý;ÜU�pâJ��àJ�M�pÞ
�AÝ;à2â2ÝD� � �J�M�D -��èP ?�@ÝP£ v = u/
√

u
2
�

¤ �ZÞ�ÝD�UÝD�)���Dá
ω = 0, 66

�
l�O�6�O�QR-0<4=4-�§0H�6�506]34-0B0/Z>9¦AHA8�H_8e<98]Ë.398�?4HA8A>9¦�<4/2d N 6_L9-;>9¦7:;34-;L ¥ J¢C ¥ M146�>9<4-0<4<46�-�Cc398�O�6�HA8AE,o Ì�>2JXÌZð�p�J�1434=4C�-;>96c?[BZ8 N -0<4-Y1@-034C�6�I[143@6�=4B0C�6_L9<46�IT146?26�6�3�L9=4<98�H�-+14346�=4B0C�6_L9<46�IgL9346�O�<46�506l146�3D©@L9?284J9=fL9-;>9¦AHA8AMÈË./2<4?4Æ4=4=fïm-0-.L9346�O�M< ¥�N 8�<98A>96�506 N Ú

0 ä ωxf(u, x) = K4uf(u, x) + δ(u)
x−ω

Γ(1− ω) .

~o-0ªR-0<4=4-¡§0H�6�506G/2398�C�<4-0<4=@©«C ¥ 398A�h8�-0H�:�©«W4-034-0BnL9C�/ N -034<46�-[L9346�O�<46�M/D:;H�6�I4W4=@C�6�-.398�:;1434-;L9-;>9-0<4=4-i:�198�398 N -0H�398 N = α = 2, β = ω
Ú

f(u, x) ∼ (4Dxω)
−1
q2

(
|u|/
√
4Kxω; 2, ω

)
, x→∞,5pL9-

K =
〈Θ2〉Γ(1 + ω)

2B[Γ(1− ω)]2 .~o-0B0/Z>9¦AH_8�H ¥ W4=9:U>9-0<4< ¥ E£398�:;W4-0H�6�C¡L4>4©j<4-Z:U?26�>9¦�?4=@EG146�?@8�BZ8�H�-;>9-0I ω JC�?@>9d�W98A©f1434-;L9-;>9¦�< ¥ IY:U>9/2W98�I ω = 1
J@1434-;L�:;HA8�C�>9-0< ¥ <98l34=9:�¨9Í@Ì�¨ Í@¨�¢34-;L9<4-0?4CD8AL9398�H�=4W4< ¥ I]/2506�> N <46�506�?4398�H�<46�506Y398�:0:;-;©4<4=@©]C ¥ W4=9:U>4©4-0H�:�©8�<98A>9=4H�=4W4-Z:;?4=

∫
f(u, x)u2du =

4

Γ(ω + 1)
Kxω.

¥�5p>96�C�6�-�398�:;1434-;L9-;>9-0<4=4- N <46�506�?4398�H�<46�398�:0:;-;©4<4< ¥ EgW98�:;H�=4ÆYC�6�Ë.398�?4HA8A>9¦�<46�I:;34-;L9-Y146]:;398�C�<4-0<4=4d�:�6_L9<46�346_L9<46�IT6�H0>9=4W98�-0H�:�©[O�6�>9-0- N -;L4>9-0<4< ¥�N 346D:;H�6 NªR=434=4< ¥ ∝ xω/2
C N -Z:UH�6 ∝ x1/2
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S(r, t, E)

BZ8�14=9: ¥ CD8�-0H�:�©fClC�=@L9-
∂Φ

∂t
= K(E)4Φ(r, t, E) + S(r, t, E),

5pL9-
K(E)
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6D:;HA8�H�?26�C7:;C�-03DE@<46�C�6�In146�?28�B ¥ CD8�-0He<98A>9=4W4=4-
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T ª ∼ 5 ÷ 106 « J ne ∼ 0.1 ÷ 103 N −3 ÉUJKW4H�6 N 6Z�h-0H�O ¥ H�¦a:U>4-;L�:;H�C�=4- N W434-0BUMC ¥ W98�I4<46�IT<4-06_L9<46�346_L9<46D:UH�= N -;��B0C�-0B;L9<46�In:;34-;L ¥ ¨P°¢H�=n=[L934/250=4-�L�8�<4< ¥ -a6<4-06ZL9<46�346_L9<46D:;H�=c1@>96�H�<46D:;H�=eC�-0QR-Z:;H�CD8

ρ
=e<98�143D©@�R-0<4<46D:;H�= N 8�50<4=4H�<46�506Y146�M>4©

H ∝ ρq
J
q ∼ 1/3 ÷ 1/2

o Í�Í)p}CYL9=98�198�B06�<4-lL4>9=4<¡Ì:9
9AMpÌ_qP9f19:�J�146�346_�lL�8�d�MQR=4-}:;6 N <4-0<4=@©RC�1434= N -0<4= N 6D:;H�=RL9=9Ë+Ë./2B0=46�<4<46�I N 6ZL9-;>9=R?R6�14=9:08�<4=4d714-034-0<46�M:08l?26D: N =4W4-Z:;?4=@Ef>9/2W4-0IKJ^:;H�= N /Z>9=4346�CD8A>9=Y398�B0C�=4H�=4-i<46�C ¥ E N 6_L9-;>9-0IY14-034-0<46D:08?26D: N =4W4-Z:;?4=@EY>9/2W4-0IKJ�CgW98�:;H�<46D:;H�=KJ N 6_L9-;>9=
:;/214-03DL9=9Ë+Ë./2B0=4=KJ96D:;<46�CD8�<4<46�IY<981434= N -0<4-0<4=4=fL9346�O�<46�I�:;H�-014-0<4=f>�8�1@>�8�:;=98�<984Ú
∂Φ

∂t
= −K(E)(−4)α/2Φ(r, t, E) + S(r, t, E). (21.4.1)

�Y6_L4-;>9¦e§0HA8eO ¥ >�8c=9:;146�>9¦�B;6�CD8�<98
L4>4©n6�O
�t©9:;<4-;<4=@©[<98�O�>9dFL�8�- N 6�506cCe§0?@:;14-;M34= N -0<4H�-�=4B;>96 N 8f§0<4-03450-0H�=4W4-Z:;?D6�506Y:U14-0?4H�3984JtH�6�-Z:;H�¦�C�6�B0398�:;H_8�<4=@©
146�?28�BZ8�H�-;M>4©
η
Cc:;H�-014-0<4<46 N 1434-;L�:;HA8�C�>9-0<4=4=[:U14-0?4H�398 E−η 1434=T14-034-;E�6_L9-f=4B�6�O�>�8�:;H�=

∼ 102
<K§;C ® <4/2?@>96�<gCh6�O�>�8�:;H�¦ ∼ 105

<K§0C ® <4/2?@>96�<K¨'l�O
�t©9:;<4-0<@=4-.:;C�©4BZ8�<46h:�<98AM>9=4W4=4- N 8�<46 N 8A>9¦�<@6�O�6�>9¦�ªR=@Ei:;C�6�O�6_L9< ¥ E+14346�O�-0506�C�W98�:;H�=4Æ�Ç�r_146�>9-0H�6�C�@+-0C�=KsDÉC]6�O�>�8�:;H0©@EtJ}:;C�6�O�6ZL9< ¥ E76�H]146�>9-0IK¨ul�H�:;/2H�:;H�C�=4-a6�1434-;L9-;>9-0<4< ¥ E N 8�:;ªRHA8�O�6�C9J6�50398�<4=4W4=4CD8�d�QR=@Ea§0H�=`6�O�>�8�:;H�=KJt6�H�?43 ¥ CD8�-0Hf14/2H�¦�?`=9:;146�>9¦�B06�CD8�<4=4dk50=41@6�H�-UMB ¥ 6�:08 N 6�146ZL96�O�=4=KJ2C�146�>9<4-�-Z:;H�-Z:;H�C�-0<4<46�IgL4>4©Y:;34-;L ¥ H�/234O�/_>9-0<4H�<46�506hH�=41984J98=4Bi<4-0-+Cg:;C�6�dG6�W4-034-UL9¦mC ¥ H�-0?28�d�Hm:;H�-014-0<4<46�I�E28�398�?4H�-03�398�:;1434-;L9-;>9-0<4=@©Y14346�MO�-0506�C9J2?26�H�6�3 ¥ If=�14346Z©4C�>4©4-0H�:�©fC�1@6�>9-0HA8AE�@+-0C�=K¨~o-0ªR-0<4=4-�/2398�C�<4-0<4=@©�ÇbÍ@Ì�¨ Ù9¨ Ì_É]C ¥ 398A�l8�-0H�:�©&W4-034-0BGË./2<4?4Æ4=4d¬<K34=4<98
G(r, t, E; r0, t0, E0)

J
Φ(r, t, E) =

∫ ∫ ∫
G(r, t, E; r0, t0, E0)S(r0, t0, E0)dr0dt0dE0,?26�H�6�398A©gCm:UC�6�d�6�W4-034-;L9¦l/_L96�C�>9-0H�C�6�3�©4-0Hh/2398�C�<4-0<4=4d

∂G

∂t
= −K(E)(−4)α/2G(r, t, E; r0, t0, E0) + δ(r0 − r0)δ(t− t0)δ(E − E0):�<4/Z>9-0C ¥�N =f/D:U>96�C�=@© N =f<98RO�-Z:;?26�<4-0W4<46D:;H�=K¨-Ú�506l34-0ªR-0<4=4-.C ¥ 398A�h8�-0H�:�©gW4-034-0BH�34-;E N -034< ¥ -�=4B06�H�346�14< ¥ -�398�:;1434-;L9-;>9-0<@=@©r@+-0C�=@M?�i-;>9¦�L950-0I N 8 g3(r, α) :;6�6�H�<46�MªR-0<4=4- N

G(r, t, E; r0, t0, E0) =

= δ(E − E0)[K(E)(t− t0)]−3/2g3
(
|r− r0|[K(E)(t− t0)]−1/α

)
θ(t− t0),5pL9-

θ(t− t0) =
{

1, t > t0,
0, t < t0.�.34=

α = 2 No¥ = N -0- N ?@>�8�:0:;=4W4-Z:;?4=4IP34-0B0/Z>9¦AH_8�H7<46�3 N 8A>4¦�<46�IjÇ\5;8Z/D:0:;6�C�6�I�ÉL9=9Ë+Ë./2B0=4=K¨
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ÎF8A��<46h6�H N -0H�=4H�¦9J@W4H�6l1434=f14-034-;ED6ZL9-�6�Hh<46�3 N 8A>9¦�<46�506RB0<98ZW4-0<4=@© α = 2?
8�<46 N 8A>9¦�< ¥�N α < 2

<4-RH�6�>9¦�?26gË.6�3 N 8m398�:;1434-;L9-;>9-;<4=4I N -0<@©4-0H�:�©7Ç\146_©4C�>4©@Md�H�:�©a=a/�:;=@>9=4CD8�d�H�:�©a:;H�-014-0<4< ¥ -iE@C�6D:;H ¥ ÉUJ�<46m=4B N -0<@©4-0H�:�©TÇ\C�6�B0398�:;H_8�-0HDÉ�:U?26�M346D:;H�¦�398�:;ªR=434-0<4=@©+L9=9Ë+Ë./2B0=46�<4<46�506X198�?D-0HA84ÚZ-0506�ªR=434=4<98�398�:;H�-0H�:;6�C�34- N -0<4- N
τ = |t− t0|

146RBZ8�?D6�<4/
τ1/α
J
α < 2
JDH�6�5pL�8+?@8�?mCi<46�3 N 8A>9¦�<46 N :U>9/2W98�-�ªR=434=4<98198�?2-0H_8l14346�146�3@Æ4=46�<98A>9¦�<98

τ1/2
¨6+>4©fH�6�W4-0W4<46�506l=9:;H�6�W4<4=4?@8�:;6�:;H�-014-0<4< ¥�N :;14-0?4H�346 N

S(r, t, E) = S0E
−pδ(r)θ(T − t)θ(t),?@8ZW4-Z:;H�C�-0<4<46 N 6_L9-;>9=434/2d�QR-0506fC�B03 ¥ C�:;C�-03�E@<46�C�6�IKJ�34-0ªR-0<4=4-�:;/214-03DL9=9Ë+Ë./2B0=@M6�<4<46�506h/2398�C�<4-0<4=@©f= N -0-0HlC�=@L

Φ(r, t, E) = S0E
−p[K(E)]−3/α

t∫

max[0,t−τ ]

τ−3/αg3
(
r[K(E)τ ]−1/α

)
dτ.

Î ¥ 146�>9<@©@©fW4=9:U>9-0<4<46�-+=4<4H�-05034=4346�CD8�<4=4-+:�/2W4-0H�6 N BZ8�C�=9:;= N 6D:;H�=
K(E) = K0(E/Z)

δ,5pL9-
Z
ïfB08�3D©@L
W98�:;H�=4Æ ¥ Ç\Cg-;L9=4<4=4Æ98AEYBZ8�3�©@L�8m14346�H�6�<98DÉUJ δ > 0
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CC�=@L9-
Φ(E) = Φ0E

−η,5pL9-
η = p+ (δ/α)ξ, (21.4.2)

ξ(E) = 3− 2πr2

[K(E)]2/α

t∫
max[0,t−τ ]

τ−5αg5
(
r[K(E)τ ]−1/α

)
dτ

t∫
max[0,t−τ ]

τ−3αg3
(
r[K(E)τ ]−1/α

)
dτ

. (21.4.3)

ì L9-Z:;¦l=9:;146�>9¦�B06�CD8A<46l:;6�6�H�<46�ªR-0<@=4-
dgm(r;α)

dr
= −2πrgm+2(r, α).

�./D:;H�¦
E0
ïY34-0ªR-0<4=4-�/2398�C�<4-0<4=@©

ξ(E) = 0
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ï
E À E0

ï
η ≡ η> ≈ p + δ
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α = 5/3

J
δ = 0, 25
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Ç
r ∼ 200

19:�J
t ∼ 105

>9-0H_J
T ∼ t ÉU¨�+8F6D:;<46�CD8�<4=4=�§0H�=@E�398�:;W4-0H�6�CXCX<98�ªR-0I.398�O�6�H�-uo ÍAÙPp�:�L9-;>�8�< ¥ :U>9-;L9/2d�QR=4-C ¥ C�6_L ¥ ¨Ì�¨B�+8�O�>9dFL�8�- No¥ If=4B;>96 N Cm:;14-0?4H�34-i?26D: N =4W4-Z:;?4=@Eg>9/2W4-0I�<98AED6_L9=4Hl6�O
�tM©9:;<4-0<4=4-XC.398 N ?28AEh143@-;L9146�>96_�h-0<4=@©h6iË.398�?@HA8A>9¦�<46 N ED8�398�?4H�-034-X<4-06ZL9<46�346_L9<46�M:;H�-0I N -;��B0C�-0B;L9<46�I�:;34-;L ¥ ¨Í@¨
�.6�?28�BZ8�H�-;>9¦+:;14-0?4H�398.=4B N -034-0<4=@©�C�B06�34CD8�C�ªR-0I9:�©h:;C�-03�E@<46�C�6�I p ≈ 2.9

¨
�4¨8~o-0B0/Z>9¦AH_8�H ¥ 398�:;W4-0H_8l<4-i14346�H�=4C�6�34-0W98�Hl50=@146�H�-0B0-�J9W4H�6�=9:;H�6�W4<4=4?@8 N =W98�:;H�=4Æe:�§0<4-03450=4-0I

E 6 1018
§ZÎG©4C�>4©4d�H�:�©cC�B03 ¥ C ¥ :;C�-03�E@<46�C ¥ E
CYH�-0W4-0<4=4-146D:U>9-;L9<4=@E

105
>9-0H_¨6R8A>9¦�<4-0I4ªR-0-�398�B0C�=4H�=4-XL9346�O�<46�MbL9=9Ë+Ë.-034-0<4Æ4=98A>9¦�<@6�506+146ZL4ED6_L�8+?m34-0ªR-;M<4=4d�L�8�<4<46�IfBZ8AL�8_W4= N 6Z��<46�14346D:U>9-;L9=@H�¦l146l398�O�6�HA8 N o Í�q@J9ÍPq�p�¨

���jæMå�è#çgæDà\è#ç
Ì�¨�����T
IJ�H
��;K>�9��� N�KL� V�F$IJG ��Q_I¨`4���g� � �
mP¯�¨-�9¨���X  6õ ¨6?$ZKJtÌ	�DÍfÇwÌ	�+��ðDÉU¨Í@¨�O���IJQ�
����6IJ
��3������X  6õsz ò m") o+o.° J9Í�qJ>mÇwÌ	��ðM>�ÉU¨
�4¨�£��H�6���DQ_�ºE-� NyukG ¡�x+�H��`4��`k� N�r��U��
^£P� | l���( ! ?�)-qKJ@Ù2qJ>mÇwÌ	��ð
qDÉU¨Ù9¨�����t��{�¨K>�BIJQP��G �+( ¦ �W7+7+7KJ�#n��ÇwÌ	��ð�ðDÉU¨
q@¨^r���F-�6�UIJ

�L�L�BIJQ@��G �+l�m ö�n � & 7 o qKJ8�DÍfÇwÌ	�+�4Ì_ÉU¨
q4¨3e�IJGdG IJ
kK>��� ô Ú�( õ
ö � ó+ô6ó �  J9ª ó�õ � ó x ó
±U m ô$% w n8ô$% m�� &4ô+ö m�xg��X  6õsz ò4õ ¨�ï[© % ¨î  ª�m Ê.ó4| ¨ &%ö m�xb¨�ï¡² ó-% � &	ò X ö Ú « x n�Y�& ��( ò m %-& � z ò � n î�x z õ X & � õ J9Ì	��ð+�4J ¦ ¨Dð+�4¨
>2¨3M���G IJ�;����OP�9�k� NgO���IJQ�
����6IJ
������$��X  6õ ¨$� & ¦ ¨6?�)-7KJ8�4Ì	�fÇwÌ	�+�DÍ�ÉU¨ð4¨^K>���6�UIJG TJ
���Q��������6ª ó � ¦ ö�&	õ � &4ô$%-nBõ ?$Z+, ° JKÌ_q�q@ÌhÇwÌ	�M>�q�ÉU¨
�4¨^K>���6�UIJG TJ
���Qc���"�����@X & w��
m ò
ö m�xY� &4ó � &%ö �  ´ó�� l�m ö�n � & ¨hï¤l &D³µ´�ó ��¶^Ú·G¨ ­i¨ w$� &�& �;m ô JKÌ	��ð+�4¨Ì:94¨�����
�V0���$�Br�����X  6õ ¨$� & ¦ ¨6?+A�)�JtÌ�ÇwÌ	�+�Dq�ÉU¨



Ù2ÍPq î0/^Ø'1DØ
�'¸ 2 Ó.4-â�Ó���×+áZ×��9Ø
Ì�Ì�¨�OPI�I�TJG ID�@OP��E-��£P�
�@X & #�m�� ±U& M !6ò m�x &P!�ö � nBò�ö
n � &Hó��Bö X &u¹�ô�z YU& � õs& ¨_ïS��� z ôBòJ&%ö�ó+ô Ú��� z ôBòJ&
ö�ó+ôw¹�ô�z YU& � õsz ö_ ��� &	õ�õ JtÌ	��ð
94¨Ì_Í@¨�u���F-
�V0���6�?º}bg�S� ô�ö � ó-%-nBò
ö�z ó+ô�ö�ó ( %-Y m ôBòJ&�% ( õ
ö � ó ¦ X  6õsz ò4õ ¨�ï¦² ó � % � &	ò X öÇ�­ ó x x{m ô$% ÉUÚ8²R¨+� &�z{%-& x9� n î�x z õ X z ô8± ª ó � ¦ m ô' JtÌ	��ð
94¨Ì	�4¨W·B�8*�[$³
&'(W¸���¸�� Ny.¡ �!. )X�³
 P�L�624�0¥�W4-0< ¥ -.BZ8�14=9:;?4=r¥�>.<�¥XJ@:;-03K¨ Ë.=4B�¨2C ¥ 1K¨ÌDÇ\Ù2ÉUJ8��ÇwÌ	�+��ðDÉU¨
Ì0Ù9¨��
�DG � §0IJ
��k� N4b�G ��	����S������X  6õ ¨$� &�Y ¨�©8²6¶tJ89DÍPq�Ù9Ì4�fÇbÍP9
9+�DÉU¨Ì_q@¨^»U*U1�L
BG&'(�24��24� N6½�*�[$³
&'(3½y�-À3� NP¿dYg/H"�($¾."DN�24�-µ��Ps.B0C�-Z:;H�=@© e >9H_8�I9:;?26�506506�:;/2<4=4C�-039:;=4H�-0HA8WAtJ�ÍJ>mÇbÍP9
9�Ù2ÉU¨
Ì:q4¨Z»H&
!M*�1-*PI�.3��24� Nv�V+)*�(' �Nk¸���À3� Nv�¼LU³3À3��¿$�8s.B0C�-Z:;H�=@©�ÎT¥ ì 6�C9J'�i=4B0=4?28

)�?tJ.>��fÇwÌ	��ð
qDÉU¨
Ì�>2¨W·B�8*�[$³
&'("¸��9¸�� Ng.¡ �!. )X�³
 ��L�924�'�.=9:;¦ N 8RCW¯ÀýZ�~)+)�J8��Ù�ÇwÌ	�+�+�DÉU¨
ÌZð4¨W·B�8*�[$³
&'("¸��9¸�� Ng.¡ �!. )X�³
 ��L�924�$¯ÀýZ� ¶ o JtÌ_ÍfÇbÍP9
9�Ù2ÉU¨Ì	�4¨�µ'&'(-­�X)L�!61"¸��^»k� NW\vQ.!. �N
*�BCIJ³
&'[«\���À3�T�.346�=9:�E�6_�lL9-0<4=4-Y?D6D: N =4W4-Z:;?4=@E>9/2W@-0IK¨@ïW�e¨ Ú's.B;L4M�C�6 e �W�u�u��~oJKÌ	�
q+�4¨
ÍP94¨��u"%!#"
­�&'(#ID³
&.[>¸��^\�� N@�uL)$#*�(' �Nc\���¸�� N@µ.&'(-­�X)L�!614¸���»k��&F+?!�� e :;H�346DË.=@MB0=@?@8h?26D: N =4W4-Z:;?4=@Eg>9/2W4-0IK¨2ïº�e¨ Ú8�i8Z/2?@84J^Ì	�+�
94¨
Í@Ì�¨^=O �$U�8*�(' �N;\��$24� N6½TL�­�/H*�[$³
&'(;24��24� N�\	 �³
 �$. �N��L���L��Î7:;O9¨ Ú��.-;>9=4<4-0I@< ¥ -C�6�>4< ¥ Ú4Ë.=4B0=4?@8h=Y8�:;H�346DË.=4B0=4?284¨2ïW�e¨ ÚB�+8_/2?284JtÌ	�+�+�4J2:�¨4Ù0>2¨
Í�Í@¨���FJ½J�;��� §��H��`4�P`4� N¨r���§U��G ��tL���@��� NSr�	'F0§�F-
���tL`4��K>� | m ±+ô�&%ö�z ò�¾$& x %8õ\ó���Sm�x{mA� z &	õ ¨Dïr² ó � % � &	ò X ö Ú « x nM³�& �ZJtÌ	��ð�ð4¨Í��4¨��$����	'���U� r�� N4�k��¡U����	'���U�´�k� N¨�k���6�U�au3��IJQW��G ��( õ
ö � ó ¦ m�� ö ¨���X  6õ ¨�7KJ.Ì:9DqÇwÌ	�+�Dq�ÉU¨
ÍAÙ9¨��9��V�F-Q��H�´`4��`4� N��¨� §�F-G �H�«�+�U��`4� NK¿B�
	���� §��H��bg�;bg�gl nBò xb¨g��X  6õ ¨ � Çd��� ó8ò ¨

!'n ¦�¦ xb¨ É�q6¶tJ9ÍPqM>mÇbÍP9
94Ì_ÉU¨Í�q@¨��9��V�F-Q��H�*`4�;`4� NÀ¿B�
	���� §��H��bg�´bg��l nBò xb¨k� ôBõ
ö �Z¨km ô$%¤|L&%ö XK¨ z ô ��X  8õsz ò4õ� &4õs& m�� ò X � ?$,9)�J9Í@Ì_ÍgÇbÍP9
9+�DÉU¨ÍPq4¨^»U*U1�L
BG&'(º24��24� N^¿dYg/H"�($¾#"�N¨24�6µ��0s.B0C�-Z:;H�=@© e >9HA8�I9:;?D6�506h506D:;/2<4=4C�-039:;=@MH�-0H_8ºAtJ4Ù$C9Í�ÍfÇbÍP9
9�Ù2ÉU¨



ÂÄÃÆÅ]ÇÄÅ �£�

Á Ì 'ñËÃÂ ÄÆÅ��"%ÆÅ

å4åcÇDÈ É è#ìYé!êpåPØ�ç �jëjæMå�è"éjè#å�æHç¨Õ"�"�
Î�BZ8�?@>9d�W4-0<4=4-l?4<4=450=`6D:;H_8�<46�C�= N :�©a<98gC�6�14346D:;-�J�=4B;>96_�h-0<4=@-l?26�H�6�346�506L96�C�-034W4=4C ¥ ITW4=4HA8�H�-;>9¦9J�C�-0346_©4H�<469J�6Z��=@L�8A>n6�HeO�>�8�5;6�1434=9:;H�6�I4<46�506e8�C�H�6�398`C:08 N 6 N <98_W98A>9-.?4<4=450=KÚ4C�6�14346D:;-�6�Ol=4<@H�-;341434-0HA8�Æ4=4=�L9346�O�<46�If14346�=4B0C�6ZL9<46�IK¨� :08 N 6�506�BZ8�346_�lL9-0<4=2©�=4<4H�-050346�MbL9=9Ë+Ë.-034-0<4Æ4=98A>4¦�<46�506�=9:;W4=9:U>9-0<4=@©CD8A��<4-0I4ªR/2d�346�>9¦l=450398A>9=f50-06 N -0H�34=4W4-Z:;?@8A©f=YË.=4B0=4W4-Z:;?28A©f=4<4H�-0341434-0HA8�Æ4=4=KÚ
l�14-0398�Æ4=@© <2-06 N -0H�34=4W4-Z:;?28A© �i=4B0=4W4-Z:;?@8A©=4<4H�-0341434-0H_8�Æ4=@© =4<4H�-0341434-0H_8�Æ4=@©
ä tf(t) ý�8�<450-0<9:./25p>�8 �¢?D6�346D:;H�¦lH�6�W4?4=<98�?@>96�<98R?@8�:08�H�-;>9¦�<46�I :�?26�6�3�L9=4<98�H�6�I

x = f(t)

a Ê tf(t) �.>46�Qh8AL9¦ ;.6�6�3DL9=4<98�HA8RH�6�W4?4=KJ?434=4C�6�>9=4<4-0I4<46�IfH�398�14-0Æ4=4= 398�O�6�H_8l:;=@> ¥
ÎP:;=@>9/f34-0?4/23434-0<4H�6�506lED8�398�?4H�-0398l6�14-0398�Æ4=4I�C ¥ :;ªR=@EfÆ4-;> ¥ Ef146�3D©@L9?D6�C

n
§0H�=�=4<4H�-0341@34-0HA8�Æ4=4=�<4-Z:U>96_��<46h398�:;14346D:;H�398�<4=4H�¦h<98R14346�=4B0C�6�>9¦�< ¥ - n 146�>9/DMW4=4H�¦m?26�<9:;H�34/2?4Æ4=4=YH�=4198`r_H_8�<450-0<9:i/25�>�8�<98�?@>96�<98lH_8�<450-0<9:08�/25p>�8l<98�?@>96�<984¨ ¨ ¨ s=�r_1@>96�Qh8AL9=]?434=4C�6�>9=4<4-0I4<46�I]H�398�14-0Æ4=4=T146ZLT50398�Ë.=4?26 N 1@>96�Qh8AL9=]?434=4C�6�>9=@M<4-0I4<46�IcH�398�14-0Æ4=4=K¨ ¨ ¨ s_J±<46Y<98�5�>4©@L9<46D:;H�¦Y1434=e§0H�6 N =9:;W4-0BZ8�-0H_¨56R-U>96Y<4-Z:;?26�>9¦�?D6146�14398�C�>4©4-0H�:�©cC�C�-;L9-0<4=4- N 146�<@©4H�=4I¡r_C ¥ 14/2?@>96D:;H�¦9s_J}r_C�6�50<4/2H�6D:;H�¦9s_J¢r_?434=4C�=4BUM<984s_J�r_/D:;?26�34-0<4=4-�s_J@<46lC�Æ4-;>96 N §0H�6�14346�O�>9- No¥ <4-+34-0ªh8�-0H_¨ÎP:UHA8�H�¦�-co Ì�pdsl¨8�.6_L4>9d�O�< ¥ If6�H N -0W98�-0H_J4W4H�6�14346�O�>9- N 8h=4<4H�-0341434-0HA8�Æ4=4=L9346�O�< ¥ E]6�14-0398�H�6�346�C9Jo:;/2QR-Z:;H�C�/2d�Qh8A©7O�6�>9-0-#�
9
9Y>9-0HAJ�H�6�M�-Z:;H�¦9J�:;H�6�>9¦�?D6`�R-C�34- N -0<4=KJ4W4H�6�=a:08 N =�§0H�=Y6�14-0398�H�6�3 ¥ J@<4-06_L9<46�?4398�H�<46�Ë.6�3 N /Z>9=4346�CD8A>�8�:;¦h?28�?



Ù2Í�ð î0/^Ø'1DØ
�D�tËtØ9�8/5ÌCÍ�Õ�Ö�×�Õ
<4-034-0ªR-0<4<98A©iBZ8AL�8_W984¨ ÎoÎ`146D:U>9-;L9<4=4-}506ZL ¥ /D:;=@>9=@>�:�©i=4<4H�-034-Z:}?i§0H�6�IR14346�O�>9- N -�J=Y<4-0?26�H�6�3 ¥ -i=4Bi398�O�6�H No¥ 6�H N -0H�= N <4=@�R-�J�6ZL9<98�?26�Cm146�=9:;?28AEY: No¥ :U>�8hL9346�O�M< ¥ El14346�=4B0C�6_L9< ¥ Eh=m=4<4H�-050398A>96�Ci?28�?@M�H�6i/214/D:;?@8�-0H�:�©�=4B�C�=@L9/�J�W4H�6RBZ8AL�8_W98.§0H_8<4-�34-0ªR-0<98i-0QRü�L4>4©gÆ4-;> ¥ Em146�3�©@L9?26�C9¨2­S= N -0d�CRC�=2L9/DJDW4H�6 No¥ <4- N 6Z�h- N  �+��(' )[Ï )X)ÐC"�[�A5!M*�­P )[YL�8�H�¦h=4<4H�-0341434-0HA8�Æ4=4d£6�14-0398�H�6�34/ ä nt J4:;14398�C�-;L4>9=4C�/2dPL4>4©CD:;-;E

n = ...−2,−1, 0, 1, 2 J�=hL�8A�h-X14346D:;H�6�L4>4©lH�34ü;E n = −1, 0, 1 ¨�6+>4©h?@8A�lL96�M506�Æ4-;>96�5;6�B0<98_W@-0<4=@©
n No¥ C ¥ <4/D�lL9-0< ¥ L�8�CD8�H�¦�:;6�OD:;H�C�-0<4<4/2d7=4<4H�-0341434-0HA8�Æ4=4dR¨ý�8�?4=@EeB0<98_W4-0<4=4Icï`:;W4ü0H�<46�- N <46Z�h-Z:;H�C�69J±:;H�6�>9¦�?26Y�R-f:;6�6�H�C�-0H�:;H�C�/2d�QR=@E`=4<@MH�-0341434-0HA8�Æ@=4IK¨8�.6R-Z:U>9=g34-0W4¦R=@L9-0HR6h14346�=4B0C�6ZL9<46�ImC�-0QR-Z:;H�C�-0<4<46�506+146�3D©@L9?@8

ν
JH�6�H_8�?4=@Ef14346�=4B0C�6_L9< ¥ Em<98R>9d�O�6 N =4<4H�-034CD8A>9- ν <4-Z:;W4ü0H�<46�- N <@6_�h-Z:;H�C�69¨ ¨ ¨Î}14346�W4- N Jt§0H�6Y<@-�146 N -0ªh8�-0Hf<98 N 14-034-0W4=9:U>9=4H�¦Y<98�=4O�6�>4-0-h398�:;14346D:;H�398AM<4-0<4< ¥ -+146ZL4ED6_L ¥ ?f§0H�6�I�BZ8AL�8_W4-�¨

å4åcÇ�å æ åHì4Ø�å�æDè"�KÑ#åuÒ�çfçS× �jëjæMå�è"éjè#å�æ�ç¨Õ"�º×
ípè#ìYégë[÷Äë �jëjæMåPÙ�è#ç!êpìYä

��>9-;L9/�©«398�O�6�H�-�o Ì�pg1434-;L�:;HA8�C�= N >9-0C�6D:;H�6�346�<4<4=4Ik=4<4H�-050398A>Ó~�= N 8�<98AM@+=4/2C�=@>4>4©f146�3�©@L9?@8
µ > 0

0 Ê µxf(x) = 1

Γ(µ)

x∫

0

f(ξ)(x− ξ)µ−1dξ

ClC�=@L9-.=4<4H�-050398A>�8��¢H�=@>9H�¦�-Z:08
0 Ê µxf(x) =

x∫

0

f(ξ)dgx(ξ),

5pL9-
gx(ξ) =

1

Γ(µ+ 1)
[xµ − (x− ξ)µ] . (22.2.1)

Î}6�B0¦ N - N H�34-;E N -034<4/2dPL9-0?@8�34H�6�C�/l:;=9:;H�- N /l?26�6�3DL9=4<98�H_JD146D:;H�346�= N Ci506�M34=4B06�<4HA8A>4¦�<46�I`1@>96D:U?26D:;H�=`50398�Ë.=4?
gx
?@8�?`Ë+/2<4?@Æ4=4=

ξ, ξ ∈ [0, x]
Jt=`<98f§0H�6 N?434=4C�6�>9=4<4-0I4<46 N 6D:;<46�CD8�<4=4=a146D:;H�346�= N H�398�14-0Æ4=4dRJK6�O�398�B0/�- N /2d N <46_�R-Z:;H�C�6 N6�H�34-0B0?26�CF14-034- N -0<4<46�I+C ¥ :;6�H ¥ f(ξ) ¨��¢14346�-0?4H�=434/�- N 146�>9/2W4-0<4< ¥ I+HA8�?4= N 6�O�398AMB06 N r_BZ8�O�6�3KsF<98FC�-034H�=4?@8A>9¦�< ¥ -�?D6�6�3DL9=4<98�H�< ¥ -�1@>96D:;?D6D:;H�=mÇa~�=9:�¨AÍ�Í@¨ Ì_ÉU¨��Y6_��<461434-;L�:;H_8�C�=4H�¦`:;-0O�-�JKW4H�6
§0H�6Yï
H�-0<4=]BZ8�O�6�3984Jt6D:;C�-0Qh8�- N 6�506YË+8�398 N =`L�8A>9-0?26�5068�C�H�6 N 6�O�=@>4©KJ@<98l14-03414-0<@L9=4?4/Z>4©434< ¥ Ef>9/2W98 N :;H�-0<98AEt¨'��>96�Qh8AL9¦lH�-0<4= OxA <98u�Ô±�FÕw�;�;�SÖw�UzU�U�_�ZxA�U�R×[|AyFØ_�:Ù:ÖbxA�5Ú¡�w�;�px�y�Ú,Ø0�U|)Ûo�w�_�w|)ÜA�)ÝS~_�ßÞA�_�U�U|_�;�0ÙP�_�Rà_�_�ÈxA�%á|_�)âßã?ä-ä-åTÖÈ�_zuætyp�_|_��ç è�é2��èU{U{-ê�Ö��_z�ë±|)ØZyp�_�



�D�8ì � î±Õ�Ó+â�ÕPí4Ô�×.Í�Õ
4@�9Ø-õc×�Ö'í@Õ�ÔUô�Ô�ÕPí�Ø$ó�×$õ|j^Ô�Ó.g@Ö+òF¯Y×�Ö'í@Õ
�_Ô_Ø0/tÓ.1 Ù2Í��

~�=9:�¨^Í�Í@¨ Ì�ÚM�î -���Zß����_â � �M���pÞP�0æ � �M�)�pâ�ì2âJ���0Ý;ã �J� à2âJ�:�D�M�D -� � �M�)�� Uâ2Ý��@ÝP�:;H�-0<4-
(ξ, f)

398�C�<98h6�O ¥ W4<46 N /�=4<4H�-050398A>9/
0 Ê 1xf(x) =

x∫

0

f(ξ)dξ,

H�6�5pL�8+?@8�?�1@>96�Qh8AL9¦iH�-0<4=
Ogx(x)B

<98+L934/2506�Im:;H�-0<4-
(g, f)

L�8�ü0H�:�©mB0<98_W4-0<4=4- NL9346�O�<46�506R=4<4H�-050398A>�84¨8�.-034C�6�-�/2H�C�-03��lL9-0<4=4-.-Z:;H�¦l50-06 N -0H�34=4W4-Z:;?@8A©f=4<4H�-0341434-;MHA8�Æ4=@©a6�O ¥ W4<46�506m=4<4H�-050398A>�84J�C�H�6�346�-R6�H�<46D:;=4H�:�©
?aL9346�O�<46 N /�=4<4H�-050398A>9/�¨d�¢/DMQR-Z:;H�C�-0<4<46�-¢398�B;>9=4W4=4-}C�H�6 N J_W4H�6.:¢=4B N -0<4-0<4=4- N Ç\<98�1434= N -03KJAC�6�B0398�:;HA8�<@=4- N É xH�-0<4¦l<98h14-034C�6�I�:;H�-0<4-+<4-.=4B N -0<@©4-0H�:�©KJ9=f1434=4398�QR-0<4=4-.1@>96�Qh8AL9=f6�O�/D:U>96�C�>9-0<@6H�6�>9¦�?26R398�:;ªR=434-0<4=4- N 6�O�>�8�:;H�=g=4<4H�-05034=4346�CD8�<4=@©KJ2H�6�5�L�8R?@8�?gH�-0<4¦9J2198AL�8�d�Qh8A©<98fC�H�6�34/2d�:;H�-0<4/�J N -0<@©4-0H�:�©e:l=4B N -0<4-0<4=4- N x JKW4H�6YC�<46D:;=4HgL96�146�>9<4=4H�-;>9¦�< ¥ IC�?@>�8ALaCm=4B N -0<4-0<4=4-RB0<98ZW4-0<4=@©YL93@6�O�<46�506�=4<4H�-050398A>�84¨9°¢H_8m6D:;6�O�-0<4<46D:;H�¦9J@398�B0/DMN -0-0H�:�©KJ_/D:U>96_��<@©4-0H�50-06 N -0H�34=4W4-Z:;?4/2dT=4<4H�-0341434-0H_8�Æ4=4d[?@8�?+L9346�O�<46�506X=4<4H�-050398AM>�84J�HA8�?m=mC ¥ 398A�h8�d�QR-0I9:�©lW4-034-0B�<4-0506+L9346�O�<46�I�14346�=4B0C�6ZL9<46�I�?28�?KJD<98�1434= N -03KJHA8�<450-;<9:08./25�>�8�<98�?@>96�<98�?@8�:08�H�-;>9¦�<46�IR?l50398�Ë.=4?4/iBZ8�C�=9:;= N 6D:;H�=h1@>96�Qh8AL9=h§0H�6�IH�-0<4=�6�Hl14-034- N -0<4<46�506l1434-;L9-;>�8 x ¨e <98A>96�50=4W4<98A©l=4<4H�-0341434-0H_8�Æ4=@©m14398�C�6D:;H�6�346�<4<4-0506.=4<4H�-050398A>�8.=m:;6�6�H�C�-0HAM:;H�C�/2d�QR-0IY14346�=4B0C�6_L9<46�I�6D:;<46�C ¥ CD8A-0H�:�©f<98�14398�C�6D:;H�6�346�<4<4- N =4<4H�-050398A>9-c�¢H�=@M>9H�¦�-Z:08
0 Ê µxf(x) =

b∫

x

f(ξ)dhx(ξ)dξ

146�Ë./2<4?4Æ4=4=
hx(ξ) =

1

Γ(µ+ 1)
[xµ + (ξ − x)µ] .



Ù��
9 î0/^Ø'1DØ
�D�tËtØ9�8/5ÌCÍ�Õ�Ö�×�Õ
l�HZ>9=4W4=4-�6�Hi1434-;L ¥ L9/2QR-0506R:U>9/2W98A©l>9=4ªR¦iC+H�6 N JDW4H�6h:X=4B N -0<4-0<4=4- N x 14-034- N -;MQh8�d�H�:�©+CD:;-�H�6�W4?4=iBZ8�O�6�398+Ç\-0506�?26�<4-;Æ+L9C�=@�h-;HD:�©i146�143D© N 6�I ξ = b

C�1@>96D:;?D6D:;H�=
(ξ, h)
H�6�5�L�8.?28�?lC.14-034C�6 N :U>4/@W48�-F-0506.?26�<4-0ÆhO ¥ >�Ë.=4?@:;=4346�CD8�<RC.H�6�W4?2- ξ = 0

ÉU¨�.34-;L�:;HA8�C�= N 6ZL9<46 N -034< ¥ I�6�14-0398�H�6�3G~�=9:0:08.C+C�=@L9-�:;/ N�No¥ >9-0C�6D:;H�6�346�<@M<4-0I�=�14348�C�6D:;H�6�346�<4<4-0IgL9346�O�< ¥ Em14346�=4B0C�6_L9< ¥ Er~�= N 8�<98AMï@+=4/2C�=@>4>4©KÚ
0 ð µxf(x) = 1

Γ(µ)

b∫

0

f(ξ)|ξ − x|µ−1dξ =

=
1

Γ(µ)

b∫

0

f(ξ)(x− ξ)µ−1dξ + 1

Γ(µ)

b∫

0

f(ξ)(ξ − x)µ−1dξ.

l�<gH�6Z�h- N 6_�R-0HhO ¥ H�¦R1434-;L�:;HA8�C�>9-0<gCRC�=@L9-�=4<4H�-05;398A>�8c�¢H�=@>9H�¦�-Z:08R6�H f(x) 146Ë./2<4?4Æ4=4=
rx(ξ) =

1

Γ(µ+ 1)
[xµ + sign(x− ξ)(x− ξ)µ] ,1434-;L�:;H_8�C�>4©4d�QR-0I[:;6�O�6�I7Ë.6�3 N /¡r_BZ8�O�6�3984sYL4>4©]L�8�<4<46�506
6�14-0398�H�6�3984¨=l�<T:;6�M:;H�6�=4HTH�-014-034¦[=4B`L9C�/DE¡W98�:;H�-0IKJ�:;6�6�H�C�-0H�:;H�C�/2d�QR=@En>9-0C�6D:;H�6�346�<4<4- N / (gx(ξ)

J
0 < ξ < x)

=n14398�C�6D:;H�6�346�<4<4- N / (hx(ξ), x < ξ < b)
=4<4H�-050398A>�8 N ~�= N 8�<98AM@+=4/2C�=@>4>4©K¨���>96�Qh8AL9¦]H�-0<4=S§0H�6�5067BZ8�O�6�398e<98]14-034C�6�IP:;H�-0<4-
L�8�ü0H76�O ¥ W4< ¥ I6�1434-;L9-;>9ü0<4< ¥ If=4<4H�-050398A>YC�146D:;H�6Z©4<4< ¥ Eg1434-;L9-;>�8AEf6�HC9RL96 b Ú

a Ê bf(t) =
b∫

0

f(ξ)dξ.

l�14-0398�H�6�3ß�i-;>4>9-0398fHA8�?@�R-�1434-;L�:;HA8�C�>4©4-0H�:�©cC�C�=@L9-h>9=4<4-0I4<46�I`?26 N O�=@M<98�Æ4=4=7>9-0C�6D:;H�6�346�<4<4-0506
=T14398�C�6D:;H�6�346�<4<4-05;6
=4<4H�-050398A>96�C|~�= N 8�<98AMï@+=4/2C�=@>4>4©L9346�O�<46�506h146�3�©@L9?@84Ú
Ê µu,vf(x) = u a Ê µxf(x) + v x Ê µb (x).ýK-014-034¦mBZ8�O�6�3f= N -0-0H�398�B03 ¥ C�C�H�6�W4?2- ξ = x

¨$Ú�506�H�-;<4¦m<98l14-034C�/2dG1@>96D:;?26D:;H�¦146�M�1434-;��<4- N /Y:;6�6�H�C�-0H�:;H�C�/�-0Hm6�O ¥ W4<46 N /f=4<4H�-050398A>9/Y14-034C�6�506m146�3�©@L9?@84J�H�6�5pL�8?@8�?iH�-0<4¦�<98�L434/250/2d[:;H�-0<4/i:;6D:;H�6�=4H_J_C�6�6�O�QR-�506�C�6�3D©KJ0=4B¢L9C�/DE+?4/D:U?26�C9JZ?26�H�6�3 ¥ -N 6�50/2Hm<98A>�8�5;8�H�¦D:�©Y6ZL9=4<a<98�L934/2506�IaCgBZ8�C�=9:;= N 6D:;H�=a6�HmB0<98_W4-0<4=4Ia?26�§ZË+Ë.=4Æ4=@M-0<4H�6�C
c
=
d
¨

å4åcÇsö � å�ëPçgëº�KÑ#åuÒ�çiçS× �jëjæMå�è"éjè#å�æ�ç¨Õ"�º×
ípè#ìYégë[÷Äë�ì¨é#å�è#çgæMìgè#ìHñ

�.34-;L�:;HA8�C�= N :;-0O�-XL9C�=@��/2QR=4I9:�©m146RªR6D:0:;-�8�C�H�6 N 6�O�=@>4¦9¨DÎ}6_L9=@H�-U>9¦R?26�<@MH�346�>9=434/�-0H+-0506+L9C�=@�R-0<4=4-�146R:;14=@L96 N -0H�34/h=mBZ8�C�=9:;= N 6D:;H�¦+:;?26�346D:;H�=�6�H+C�34- N -;M



�D�8ì §"ÑlÔAØ9�'í�Ø0/�ñ2Ö9Ø�õc×�Ö'í@Õ�ÔUô�Ô�ÕPí�Ø$ó�×$õ|j^Ô�Ó.g2Ö�Ó.�_Ó
×�Ö'í@Õ
�_Ô_Ø0/^Ø Ù��4Ì
<4=

v(τ)
146l:;6�OD:;H�C�-0<4< ¥�N W98�:08 N ¨0n+8�: ¥ §0H�=KJ@6_L9<98�?D69J2<4-�6�W4-0<4¦RC�-034<46h146�?28�B ¥ MCD8�d�H+C�34- N ©KÚ�=@El146�?@8�BZ8�<4=@©�:;C�©4BZ8�< ¥ :X=9:;H�=4<4< ¥�N C�34- N -0<4- N θ :;6�6�H�<46�ªR-0<4=4- N

θ = g(τ)
¨	��>9-;L96�CD8�H�-;>9¦�<469Jt=4<4H�-034CD8A>9/
C�34- N -0<4=cC�6_L9=4H�-;>4© dτ :;6�6�H�C�-0H�:;H�C�/�-0H=9:;H�=4<4< ¥ Ic=4<4H�-034CD8A>e14346ZL96�>4��=4H�-;>9¦�<46D:;H�¦�d dθ = dg(τ)

¨KÎ ¥ -;E28�CfC�146�>9<46�W4¦
(τA = 0)

=4B�14/2<4?4HA8
A
=[1434=4-;ED8�CcC N 6 N -0<4HcC�34- N -0<4= τB = t

Cc14/2<4?4H
B
JC�6_L9=@H�-U>9¦lC ¥ W4=9:U>9=4HhL4>9=4<4/g14/2H�=Y?28�?�=4<4H�-050348A>

SAB =

t∫

0

v(τ)dτ.

6i-0I9:;H�C�=4H�-;>9¦�< ¥ I
�h-�14/2H�¦YC ¥ 348A�l8�-0H�:�©`=4<4H�-050398A>46 N �¢H�=@>9H�¦�-Z:08Y:l=4<4H�-05034=@M34/2d�QR-0IYË./2<4?4Æ4=4-;I
g(τ)
Ú

LAB =

t∫

0

v(τ)dg(τ).

Ú¢:U>9=P1434=4<@©4H�¦TCT?28_W4-Z:;H�C�-
g(τ)
Ë./2<4?4Æ4=4d$ÇbÍ�Í@¨ Í@¨ Ì_ÉUJ¢H�6T§0H�6�H714/2H�¦T=PO�/ZL9-0HC ¥ 398A�l8�H�¦D:�©mL9346�O�< ¥�N =4<4H�-050398A>96 N

LAB = 0 Ê µt v(t).�.346�=4B0C�6ZL9<98A©��h-.6�Hh§0H�6�506lC ¥ 398A�R-0<4=@©f146hC�34- N -0<4= t J@398�C�<98A©g:;?26�346D:;H�=gL9C�=@M�h-0<@=@©
u
C N 6 N -0<4H τ = t

J�C ¥ W4=9:U>9-0<4<46�I[146eC�34- N -0<4=nC�6_L9=4H�-;>4©GÇ L9-0I9:;H�C�=@MH�-;>9¦�< ¥ I]14/2H�¦
C
-;L9=4<4=4Æ4/e-0506
:;6�OD:;H�C�-0<4<46�506aC�34- N -;<4=�Éi=7-Z:;H�¦
14346�=4B0C�6_L9<98A©L9346�O�<46�506Y146�3D©@L9?28
1 − µ 6�Ha=9:;H�=4<@<46�IT:;?26�346D:UH�= v(t) J�L�8�CD8�- N 6�I]:;14=@L96 N -0HAM346 N Ú

u(t) =
1

Γ(µ)

d

dt

t∫

0

v(τ)dτ

(t− τ)1−µ .

ì 8 N -0H�= N J�W4H�6i-Z:U>9=�C�6ZL9=4H�-;>9¦+=9:;14398�C�=4Hi:;C�6�=lW98�: ¥ J�H�6 µ :;HA8�<4-0H+398�C�< ¥�N -;L9=@M<4=4Æ4-+=�6�O�-�§0H�=Y:;?26�346D:;H�=�:;6�C�198AL9/2H4Ú
u(t) = v(t)

¨
å4åcÇúù , è#ç¨çjæ�ç!êLÖgë#çS×ü�hëjæMå�è"éjè#å�æHç¨Õ"�º×

ípè#ìYégë#ì4ÙLì��jëjæMåPÙ�è#ç!êpç
Î�Ì	�+�DÍ.5U¨0~o¨M~�¨6�.=45 N 8�H�/_>4>9=4<g1434-;L4>96_��=@>f=4<4H�-0341434-0H�=4346�CD8�H�¦hL93@6�O�<46�-=4<4H�-05034=4346�CD8�<4=4-�?@8�?g=4<4H�-05034=4346�CD8�<4=4-�1@6lË.398�?4HA8A>9¦�<46 N /l?28�<4H�6�346�C�/ N <46_�R-;M:;H�C�/Co ��p�¨)�.34-;L�:UHA8�C�=4C�§0C�6�>9d�Æ4=4dT:;6D:;H�6_©4<4=@©iË.=4B0=4W4-Z:;?26�Ii:;=9:;H�- No¥ :�146 N 6�QR¦�d§034-;L9=4H_8�34<46�506l/2398�C�<4-0<4=@©

J(t) =

t∫

0

K(t, τ)f(τdτ),



Ù��DÍ î0/^Ø'1DØ
�D�tËtØ9�8/5ÌCÍ�Õ�Ö�×�Õ
6�<h1434-;L9146�>96_��=@>�J�W4H�6�©@L9346+198 N ©4H�= K(t, τ)

6�HZ>9=4W4<46+6�H�<4/_>4©h>9=4ªi¦+<98.Ë.398�?@MHA8A>9¦�<46 N7N <46Z�h-Z:;H�C�-H;+8�<4H�6�3984J2=fL�8A>�§0H�6 N /f:U>9-;L9/2d�QR-0-.146_©9:;<4-0<4=4-�¨r��./D:;H�¦fC�:;=9:;H�- N -m:hBZ8AL98�<4<46�I
14346D:;H�398�<9:;H�C�-0<4<46�I`50-;6 N -0H�34=4-0IcCf14346�MÆ4-Z:0:;-h§0C�6�>9d�Æ4=4=Tr_C ¥ ��=4CD8�-0H4smH�6�>4¦�?26gW98�:;H�¦�:;6D:;H�6_©4<4=4IKJ^8mL934/25U8A©
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J(t) =

t∫

0

K(t− τ)f(τ)dτ ≡ K ? f(t),

5pL9-�©@L9346�148 N ©4H�= K(t)
6�1434-;L9-;>9-0<46�:;6�6�H�<46�ªR-0<4=4- N

K(t) = [1(t)− 1(t− T )]/T, t > 0,



�D�8ì §"ÑlÔAØ9�'í�Ø0/�ñ2Ö9Ø�õc×�Ö'í@Õ�ÔUô�Ô�ÕPí�Ø$ó�×$õ|j^Ô�Ó.g2Ö�Ó.�_Ó
×�Ö'í@Õ
�_Ô_Ø0/^Ø Ù��+�
5pL9-

1(t)
ïg:UH�/214-;<4W98�HA8A©YË./2<4?4Æ4=@©[Ý�§0C�=9:08�I@L�84¨9­�L4346

K
(N)
T,ν (t)

J9:;6�6�H�C�-0H�:;H�C�/2d�MQR-0-
N
M N /a§0HA8�14/a146D:;H�346�-0<4=@©`?@8�<4H�6�346�CD8 N <46Z�h-Z:;H�CD8�Ë.398�?4HA8A>9¦�<46�I
398�B N -03@M<46D:;H�=
ν = ln 2/ ln(1/ν)

<98g6�H�34-0B0?2-
[0, T ]
Jt6�1434-;L9-;>4©4-0H�:�©
34-0?4/23434-0<4H�< ¥�N :;6�M6�H�<46�ªR-0<4=4- N

K
(N)
T,ν (t) =

[
K
(N−1)
ξT,ν (t) +K

(N−1)
ξT,ν (t− (1− ξ)T )

]
/2, K

(0)
T,ν(t) ≡ K(t).

ì L9-Z:;¦
ξ ∈ [0, 1]
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N
M N §0HA8�14-a146D:;H�346�-0<4=@©nC]:;6�6�H�C�-0H�:;H�C�=4=¡:Y<46�3 N =4346�C�?D6�I[398�C�<98

1/(2ξ)NT
¨��.34-06�O�398�B06�C�8�<4=4-K@i8�1@>�8�:08
34-0?4/23434-0<4H�<46�506]:;6�6�H�<46�ªR-0<4=@©T1434=4C�6�ML9=4Hl?Y:U>9-;L9/2d�QR- N /g34-0B0/Z>9¦AH_8�H�/^Ú

K̂
(N)
T,ν (λ) =

1 + exp(−λT (1− ξ))
2

K̂
(N−1)
ξT,ν (λ) =

1− exp(−λTξn)
λTξn

QN (λT (1−ξ))
5pL9-

QN (z) = 2−N
N−1∏

n=0

[1 + exp(−zξn)] .

�.34=
N →∞

ĴN (λ)→ Ĵ(λ) = Kν [λT (1− ξ)]f̂(λ), Kν(z) = lim
N→∞

QN (z) =
πν(ln z)

zν
,

5pL9-
π(ln z)

ï�14-034=46_L4=4W4-Z:;?@8A©�Ë./2<4?4Æ4=@©Y:�14-034=46_L96 N ln ξ
Ú

πν(ln z ± ln ξ) = πν(ln z).
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J(t) = Kν ? f(t),1434=4<@©4H�¦�<46�C�6�-�6�1434-;L9-;>9-0<4=4-
J(t) = 〈Kν〉 ? f(t),?26�H�6�346�-�=�1434=4C�6_L9=4Hl?f=4<4H�-050398A>9/mL9346�O�<46�506hH�=4198

J(t) =
C(ν)

T νΓ(ν)

t∫

0

(t− τ)ν−1f(τ)dτ,
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C(ν) =

1/2∫

−1/2

πν(ln z + x ln ξ)dx.

6R8A>9¦�<4-0I4ªR-0-�398�B0C�=4H�=4-�§0H�=@Em=@L9-0IKJ26D:;<46�CD8�<4<46�-�<98i398�B;>96_�R-0<4=4=g14-034=46�ML9=4W4-Z:;?D6�IYË./2<4?4Æ4=4=
πν
Cl3D©@L|�i/234¦�-
πν

(
ln z

ln ξ

)
=

∞∑

n=−∞
exp

(
ln z

ln ξ

)
,

1434=4C�-;>96l?�C ¥ 398A�R-0<4=4d
Kν(z) =

∞∑

n=−∞
Cn exp [(−ν + iΩn) ln z] .

»Z!#"D+:�' �$. :�ò&.N+L�8A>9-0-�JDW4H�6R§0H�6�Hi3D©@L N 6_��<46R8�1414346�?@:;= N =4346�CD8�H�¦i:;/ N�N 6�ImH�34-;E:U>�8�5;8�- No¥ EtJ
∞∑

n=−∞
Cn exp [(−ν + iΩn) ln z] ∼= C0z

−ν +Anz
−ν+i〈Ω〉 +A∗nz

−ν−i〈Ω〉,
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∆v =

1

m

t∫

0

F(r,v, τ)dτ,
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F(r,v, τ) = F(r,v, τ)
∑

k

1(tk < τ < tk+1)ρk,

5pL9-
1(tk < τ < tk+1)

ï7=4<@L9=4?28�H�6�3n=4<4H�-034CD8A>�8
(tk, tk+1)

J
ρk
ï712>96�H�<46D:;H�¦:;6D:;H�6_©4<@=4IK¨�6+>4©]:U=@> ¥ JKL9-0I9:;H�C�/2d�QR-0IeH�6�>9¦�?26Y6�1434-;L9-;>9ü0<4<46�-�C�34- N ©KJ No¥ 146�M>9/2W4= N Ú

m∆v = A[Γ(ν)]−1
t∫

0

(t− τ)ν−1F(r,v, τ)dτ.
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∞∫

0

e−xxndx = n!.

6+>4©
x > 0

Ë./2<4?4Æ4=@©
Γ(x)

 )�P!#"D+)"R$@Ï#"�BCI�ÏT146D:;34-;L�:;H�C�6 N =4<4H�-050398A>�8a°¢I@>9-0398C�H�6�346�506h346_L�84Ú
Γ(x) =

∞∫

0

e−ξξx−1dξ.

s.Bf:08 N 6�506
6�1434-;L9-U>9-0<4=@©7C�=@L9<469JoC
W98�:;H�<46D:;H�=KJoW4H�6 Γ(n + 1) = n!
L4>4©

n =
1, 2, 3, . . .

=
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Γ(x)Γ(1− x) = π

sinπx
.
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Γ(x)
<98hCD:;d�?26 N 1@>9-0?2:;<4/2d£12>96D:;?26D:;H�¦9Ú

Γ(x)→ Γ(z) =

∞∫

0

e−ξξz−1dξ.
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ξx−1Cl?26 N 1@>9-0?2:;<4/2dG1@>96D:;?26D:;H�¦9J

ξx−1 → ξz−1 = e(z−1) ln ξÇ\C ¥ O�=4398�-0H�:�©YC�-0H�C�¦9J45pL9-hË./2<4?4Æ4=@© ln ξ C�-0QR-Z:;H�C�-0<4<98DÉF=YL96�?@8�BZ8�H�-;>9¦D:;H�C�/f:�E�6�ML9= N 6D:;H�=7<4-Z:;6�OD:;H�C�-0<4<46�506Y=4<4H�-050398A>�84¨gÚ�L9=4<9:;H�C�-0<4< ¥�N =T6D:;6�O�-0<@<46D:;HZ© N = Γ(z)C7?D6�<4-0W4<46�I¡W98�:;H�=¡?26 N 1@>9-0?@:U<46�IP1@>96D:;?D6D:;H�=n©4C�>4©4d�H�:�©¡14346D:;H ¥ -
146�>9d�: ¥ :C ¥ W4-0HA8 N = (−1)n/n! 1434= z = −n, n = 0, 1, 2, . . .
¨; 13%658,<%(=>-?1@5<5824%658A0-/%(*(+�¨#��>9-;L9/2d�QR=4-R:U6�6�H�<@6�ªR-0<4=@©�= N -0d�H N -Z:;H�6L4>4©

Γ(z)
Ú

Γ(z + 1) = zΓ(z),

Γ(z)Γ(1− z) = π

sinπz
,

Γ(1/2 + z)Γ(1/2− z) = π

cosπz
,

Γ(nz) = (2π)(1−n)/2nnz−1/2
n−1∏

k=0

Γ(z + k/n).
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Γ(z) ∼

√
2πzz−1/2e−z, z →∞, |argz| < π.
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Γ(z + a)/Γ(z + b) ∼ za−b, |z| → ∞,1434=�/D:U>96�C�=4=KJ@W4H�6
z
<4-+1434=4<4= N 8�-0H�B0<98ZW4-0<4=@© z = −a, −a− 1, −a− 2, . . .

=
z = −b, −b− 1 − b− 2, . . .GH9(*I*(%62�-/J396��FK�t¨9Î}-034<4- N :�©�?�Ë.6�3 N /_>9-

Γ(x) =

∞∫

0

e−ξξx−1dξ, x > 0.
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J41434=@ED6ZL9= N ?YË.6�3 N /Z>9-
∞∫

0

e−iξξx−1dξ = e−iπx/2Γ(x).

l�HZL9-;>4©@©gL9-0I9:;H�C�=4H�-;>9¦�<4/2dGW98�:;H�¦l6�H N <4= N 6�IKJ4146�>9/2W98�- N Ú
∞∫

0

ξx−1 cos ξdξ = Γ(x) cos(πx/2),

∞∫

0

e−iξξx−1dξ = Γ(x) sin(πx/2).
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∞∫

0

e−iξξz−1dξ = e−iπz/2Γ(z), 0 < Rez < 1,

∞∫

0

ξz−1 cos ξdξ = Γ(z) cos(πz/2), 0 < Rez < 1,

∞∫

0

e−iξξx−1dξ = Γ(x) sin(πx/2), −1 < Rez < 1.

åcÇ
, û\ë"ç"Õ"�"�t� �MLNL � ÙgÒ��POPÓÔÓ÷êEORQ �
:u+:(' )�.*�!0*�/H"�B�!.&$�8"�IJ³J*0ÏOA=L
($³U¾'&2Ï�=O&'BGBC*�1D��»U"?AdA�$#"%!0*

Eα(z)
:�146�>96_��=4H�-;>9¦�M< ¥�N 198�398 N -0H�346 N α > 0

6�1434-;L4-;>4©4-0H�:�©�3D©@L96 N
Eα(z) =

∞∑

n=0

zn

Γ(αn+ 1)
,

<98iCD:;-0Ig?D6 N 1@>9-0?@:;<46�Ig1@>96D:;?26D:;H�=K¨8l�<98R1434-;L�:;H_8�C�>4©4-0Hh:;6�O�6�Im6_L9<46R=4B�6�O�6�O�QR-;M<4=4I�§0?2:;146�<4-0<4Æ4=98A>9¦�<46�I�Ë./2<4?4Æ4=4=
ez =

∞∑

n=0

zn

n!
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α = 1
Ú
E1(z) = ez.

�.-Z:U>96_��<46h14346�C�-034=4H�¦lHA8�?@�R-�J4W4H�6
E2(z

2) = cosh(z), E2(−z2) = cos(z)=
E1/2(±

√
z) = ezerfc(∓

√
z) = ez


1− 2√

π

∓√z∫

0

e−ζ
2

dζ


 .

�.6_L √
z
B;L9-Z:;¦T146�<4= N 8�-0H�:�©S5�>�8�C�<46�-
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\vN� )[.I�BCNP*cA=L
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Eα(x)

¨Ì_Éõ�.34=
0 ≤ α ≤ 1

Ë./2<4?4Æ4=@©
Eα(−x)

146�>96Z��=4H�-;>9¦�<98g=`C�146�>9<4- N 6�<46�MH�6�<4<984J@H�6�-Z:;H�¦
(−1)n dn

dxn
Eα(−x) ≥ 0, x ≥ 0, 0 ≤ α ≤ 1, n ∈ N.

Í�É¡�.34=
1 < α < 2

Ë./2<4?4Æ4=@©
Eα(−x)

= N -0-0H`<4-0W4-0H�<46�-gW4=9:U>96`<4/Z>9-0IKJH�6�5pL�8h?28�?
E2(−x) = cos(

√
x)
= N -0-0HlO�-Z:;?26�<4-0W4<46�-�W4=9:U>96l<4/_>9-0IK¨�DÉZ�+3@=

0 < α < 1
=
1 < α < 2

:U14398�C�-;L4>9=4C�6g:U>9-;L9/2d�QR-0-l8�:;= N 14H�6�H�=@MW4-Z:;?D6�-+398�B;>96Z�h-0<4=4-�Ú
Eα(−x) ∼ −

∞∑

n=1

(−x)−n
Γ(1− αn) , x→∞, 0 < α < 1, 1 < α < 2.

Ù2É��.34-06�O�398�B06�CD8A<4=4-õ@i8�1@>�8�:084Ú
S {Eα(−(ωt)α)}(λ) = λα−1

λα + ωα
.

q�ÉZ�i6�3 N /Z>�8h/_L9C�6�-0<4=@©KÚ
Eα(z) = (1/2)[Eα/2(

√
z) + Eα/2(−

√
z)].

qDÉ�s.<4H�-050398A>9¦�<98A©fË.6�3 N /Z>�8h/ZL9C�6�-0<4=@©KÚ
∞∫

0

exp(−x2/(4t))Eα(xα)dx =
√
πtEα/2(t

α/2), t > 0.



ð+Õ��4Ó'í@Ó�ÔUòXÕ�4-ô�ÕUó�×9Ø0/&T2Ö+òXÕ����9Ö��+ó�×�× Ù�Ù2q
�wN�L�<'�.*�!0*�/H"�B�!.&$�8"�IJ³J*0ÏÀA=L
($³U¾'&2Ï8=O&'BGBC*�1
��»H"?AdA�$#"%!M*

Eα,β(z)
146�>9/DMW98�-0H�:�©g=4B�6_L9<46�198�398 N -0H�34=4W4-Z:;?26�ImË./2<4?4Æ4=4=gBZ8 N -0<46�Ig8AL4L9=4H�=4C�<46�Im-;L9=4<4=4Æ ¥ C8�3450/ N -0<4H�-F5;8 N�N 8AMÈË./2<4?4Æ4=4=R14346�=4B0C�6�>9¦�< ¥�N ?26 N 1@>9-0?2:;< ¥�N 198�398 N -0H�346 N β o ��p�Ú

Eα,β(z) =
∞∑

n=0

zn

Γ(αn+ β)
, α > 0, β ∈ C.

Ú�-i8�:;= N 14H�6�H�=4W4-Z:;?D6�-+146�C�-;L9-0<4=4-.6�1434-;L9-;>4©4-0H�:�©�C ¥ 398A�h-0<4=4- N
Eα,β(z) ∼ −

∞∑

n=1

z−n

Γ(β − αn) ,:;14398�C�-;L4>9=4C ¥�N 1434= |argz| < (1− α/2)π = z →∞ ¨s N -0d�H N -Z:;H�6m:U>9-;L9/2d�QR=4-iË./2<4?4Æ4=46�<98A>9¦�< ¥ -.:;6�6�H�<46�ªR-0<4=@©KÚ
Eα,β(z) =

1

Γ(β)
+ zEα,α+β(z),

Eα,β(z) = βEα,β+1(z) + αz
d

dz
Eα,β+1(z),

dn

dzn
[zβ−1Eα,β(z

α)] = zβ−n−1Eα,β−n(z
α), n = 1, 2, . . .n+8�:;H�< ¥ -+:U>9/2W98�=KÚ

Eα,1(z) = Eα(z),

E1,1(z) = E1(z) = ez,

E1,2(z) =
ez − 1

z
,

E2,2(z) =
sinh(

√
z)√

z
.

�.34-06�O�398�B06�C�8�<4=@-õ@i8�1@>�8�:08iL9C�/DE@198�398 N -0H�34=4W4-Z:;?26�I�Ë./2<4?4Æ4=4=
S {
xβ−1Eα,β(±axα)

}
(λ) =

λα−β

(λα ∓ a) , Reλ > |a|
1/α,

=�-0ü.14346�=4B0C�6_L9<46�I
S {
xαn+β−1E(n)

α,β(±axα)
}
(λ) =

n!λα−β

(λα ∓ a)n+1 , Reλ > |a|
1/α, n = 0, 1, 2, . . . .

:�X) )X)Ð>U-('(.*0Ï¬+)N�L�<'�.*�!0*�/H"�B�!.&$�8"DIJ³J*0Ï A=L
($³U¾'&2Ï =O&'BGBC*�1
��»H"?AdA�$#"%!M*6�1434-;L9-;>4©4-0H�:�©�3D©@L96 N
Eρ
α,β(x) =

∞∑

n=0

Γ(ρ+ n)

Γ(αn+ β)Γ(ρ)

xn

n!
.



Ù�ÙJq ß Ô�×8/tÓ4°fÕ�Ö�×�Õ
�n§0H�= N 3D©@L96 N :;C�©4BZ8�<46h146�>9-0B0<46�-+:;6�6�H�<46�ªR-0<4=4-

∞∑

n=0

Γ(ρ+ n)

Γ(ρ)n!
xn =

1

(1− x)ρ ,8hH�398�<9:0Ë.6�3 N 8�<4HA8G@i8�1@>�8�:08R§0H�6�I�Ë./2<4?4Æ4=4=�= N -0-0HlC�=@L
S {
xβ−1Eρ

α,β(±axα)
}
(λ) =

λαρ−β

(λα ∓ a)ρ .

örÇ
, û�V"ç"Õ"�"�
Ex(ν, a)

� E(ν, x)
�i/2<4?4Æ4=@©

Ex(ν, a) = xνE1,ν+1(ax) = xν
∞∑

n=0

(ax)n

Γ(ν + n+ 1)/ZL96�C�>9-0H�C�6�3D©4-0HRL9=9Ë+Ë.-034-0<@Æ4=98A>9¦�<46 N /m/2398�C�<4-0<4=4d
DxEx(ν, a)− aEx(ν, a) =

xν−1

Γ(ν)
, Reν > 0

=n:;C�©4B08�<98`:fL9C�/DE@198�398 N -0H�34=4W4-0:;?26�I[Ë./2<4?4Æ4=4-0I��Y=4H�HA8�5;Mï@+-ZË+Ë�>9-0398`:;6�6�H�<46�MªR-0<4=4- N Ú
Ex(ν, a) = xνE1,1+ν(ax).n+8�:;H�< ¥ -+:U>9/2W98�=KÚ

Ex(0, a) = eax,

E0(ν, a) = 0, Reν > 0,

Ex(−1, a) = aEx(0, a),

Ex(−m, a) = amEx(0, a), m = 0, 1, 2, . . . ,

Ex(1, a) =
Ex(0, a)− 1

a
,

Ex(1/2, a) = a−1/2eaxErf[(ax)1/2],

Ex(−1/2, a) = aEx(1/2, a) + (πx)−1/2,

Ex(ν, 0) =
xν

Γ(ν + 1)
.

~o-0?4/23434-0<4H�< ¥ -R:U6�6�H�<@6�ªR-0<4=@©KÚ
Ex(ν, a) = amEx(ν +m, a) +

m−1∑

n=0

anxν+n

Γ(ν + n+ 1)
, m = 0, 1, 2, . . . ,



ð+Õ��4Ó'í@Ó�ÔUòXÕ�4-ô�ÕUó�×9Ø0/&T2Ö+òXÕ����9Ö��+ó�×�× Ù�Ù0>

Ex(ν, a)−Ex(ν, b) = amEx(ν+m, a)− bmEx(ν+m, b)+
m−1∑

n=1

(an − bn)xν+n
Γ(ν + n+ 1)

,

m = 0, 1, 2, . . .�.346�=4B0C�6ZL9< ¥ -�Ú
Dm
x Ex(ν, a) = Ex(ν −m, a) = amEx(ν, a) +

m−1∑

n=0

anxν+n−m

γ(ν + n+ 1−m)
,

Dm
x [xµEx(ν, a)] =

m∑

n=0

(
m

n

)
Γ(µ+ 1)

Γ(µ− n+ 1)
xµ−nEx(ν+n−m, a), m = 0, 1, . . .

s.<4H�-050398A> ¥ Ú
x∫

0

Eξ(ν, a)ξ
µdξ = Γ(µ+ 1)Ex(ν + µ+ 1, a), Reµ, Reν > −1,

0I
m
x Ex(ν, a) = Ex(ν +m, a), m = 0, 1, 2, . . . , Reν > −1.�.34-06�O�398�B06�CD8A<4=@©�@i8�1@>�8�:084Ú

S {Ex(ν, a)}(λ) = 1

λν(λ− a) , Reν > −1.
Î}H�6�398A©�Ë./2<4?4Æ4=@©KÚ

x−νEx(ν, a) = E(ν, ax).n+8�:;H�< ¥ -+:U>9/2W98�=KÚ
E(ν, 0) = 1

Γ(ν + 1)
,

E(0, x) = ex,

E(1, x) = x−1(ex − 1),

E(2, x) = x−1[E(1, x)− 1]=�H_¨ L�¨ ~o-0?4/23434-0<4H�<98A©YË.6�3 N /Z>�84Ú
xmE(ν +m,x) = E(ν, x)−

m−1∑

n=0

xn

Γ(ν + n+ 1)
.

e :;= N 14H�6�H�=4W4-Z:;?D6�-i398�B;>96Z�h-0<4=4-�Ú
E(ν, x)− x−nuex ∼ −

[
1

xΓ(ν)
+

1

x2Γ(ν − 1)
+

1

x3Γ(ν − 2)
+ . . .

]
, x→∞.



Ù�ÙDð ß Ô�×8/tÓ4°fÕ�Ö�×�Õ
ù�Ç
, û�V"ç"Õ"�"� �W� èML �
�i/2<4?4Æ4=@©w~�8�I4H_8l6�1434-;L9-;>4©4-0H�:�©f3D©@L96 N

Wα,β(z) =
∞∑

n=0

zn

n!Γ(αn+ β)
, z ∈ C.

n+8�:;H�< ¥ -+:U>9/2W98�=KÚ
W0,β(z) =

ez

Γ(β)
,

(z/2)νW1,ν+1(∓z2/4) =
{
Jν(z),
Iν(z).~o-0?4/23434-0<@H�< ¥ -R:;6�6�H�<46�ªR-0<4=@©KÚ

αzWα,α+β(z) =Wα,β−1(z) + (1− β)Wα,β(z).

6i=9Ë+Ë.-034-0<4Æ4=98A>9¦�< ¥ -�/2398�C�<4-0<4=@©KÚ
d

dz
Wα,β(z) =Wα,α+β(z).

�.34-06�O�398�B06�CD8A<4=4-õ@i8�1@>�8�:084Ú
S {Wα,β(±x)}(λ) = λ−1Eα,β(±λ−1), α > 0,

S {Wα,β(−x)}(λ) = E−α,β−α(−λ), −1 < α < 0.

�cÇ
, û�V"ç"Õ"�"�t� � èMV � QYXL�
6iC�-iË./2<4?4Æ4=4=w~�8�I4HA8�6�?28�BZ8A>9=9:;¦l6D:;6�O�-0<4<46lCD8A��< ¥�N =YC�BZ8AL�8_W98AEf:.L9346�O�< ¥�N =14346�=4B0C�6ZL9< ¥�N =KJ98h= N -0<4<46lïmË./2<4?4Æ4=@©

F (z;α) =W−α,0(−z)=YË./2<4?4Æ4=@©
M(z;α) =W−α,1−α(−z)1434=

0 < α < 1
¨8l�<4=gO ¥ >9=m146_L9346�O�<46i=4B0/2W4-0< ¥ �m¨-�a8�I4<98�3DL4=f:�:;6D8�C�H�6�398 N =�=W98�:;H�6l<98�B ¥ CD8�d�H�:�©f-05;6l= N -0<4- N ¨°¢H�=YË./2<4?4Æ4=4=Y:;C�©4BZ8�< ¥ L934/25i:�L934/2506 N :;6�6�H�<46�ªR-0<4=4- N

F (z;α) = αzM(z;α)



ð+Õ��4Ó'í@Ó�ÔUòXÕ�4-ô�ÕUó�×9Ø0/&T2Ö+òXÕ����9Ö��+ó�×�× Ù�Ù��
= N 6�50/2HhO ¥ H�¦l1434-;L�:;HA8�C�>9-0< ¥ C�C�=@L9-.3D©@L96�C

F (z;α) =

∞∑

n=1

(−z)n
n!Γ(−αn) = − 1

π

∞∑

n=1

(−z)n
n!

Γ(αn+ 1) sin(αnπ),

=
M(z;α) =

∞∑

n=1

(−z)n
n!Γ(−αn+ (1− α)) =

1

π

∞∑

n=1

(−z)n−1
(n− 1)!

Γ(αn) sin(αnπ).

n+8�:;H�< ¥ -+:U>9/2W98�=KÚ
M(z; 1/2) = 1/

√
π exp(−z2/4),=

M(z; 1/3) = 33/2Ai(z/31/3),5pL9-
Ai(z)

6�O�6�B0<98ZW98�-0HhË./2<4?4Æ4=4dÄ°¢I434=K¨
�Y6 N -0<4H ¥ =Y8�:;= N 14H�6�H�=4W4-Z:;?4=4-+C ¥ 398A�h-0<4=@©f<98 R+ Ú

∞∫

0

M(x;α)xµdx =
Γ(µ+ 1)

Γ(αµ+ 1)
, µ > 0,

M(x/α;α) ∼ z(α−1/2)/(1−α)√
2π(1− α)

exp(−(1/α− 1)z1/(1−α)), z →∞.
�.34-06�O�398�B06�CD8A<4=@©�@i8�1@>�8�:084Ú

S {F (xα;α)}(λ) = exp(−λα), 0 < α < 1,

S {M(x, α)}(λ) = Eα(−λ), 0 < α < 1.S {x−1F (x−α;α)}(λ) = S {αx−α−1M(x−α;α)}(λ) = exp(−λα), 0 < α < 1.
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� � §}¤�¤P�;ê?�eÏÉ}|�Ä}Ð(Ä�kÛÑ´vM­_vM� � � ���2é � � � �Gé � é � Ö@��� ���}�Ü�3Ö@� é �`� � �¨Ö@� �h� �`� � ��� ��é � �/� �/·Õ� ��é}�l� � ��� é �� �l� � ÒZé�� � Òª� �´��� � � �}�Ï�3���/��� é ���YÝd� ë@��é�� � ����¼@Þ8Â �4¿ª§�©-��¿:��¾ � §}¤�¤P�;ê?�eÏÉ}|�Ä}Ð(Ä�kdÑ´v(­_v µ � � �:�/� é�� � ���E���dÀ»�/� �l�%� Ô é · ��é �/· ����� � é�� � ���/�x�s� � � ��é}�l� � ��� é � ÒZé�� � é�� � ��� é �� � � ë � � �`�´���:� ��£lé��h�'��¢ � é � ��¢ �/�/� � ¼4Â/¼ �M��¥�¾�� �j©}¿ � §}¤�¤ª§Zê?�eÏÉ}|�Ä}Ð(Ä�k8Ñ´v@­_vª�3��� � � � ���:�s� �±é � ��é}�l� � ��� é ���@� ���/��� ��� � � é�Òª�K��� � é}� � ��� � �lß � � �x� � é¢ë ���/�/� � ��@��� é � �>��� º ���/� � � �Ué��´à Ö@� é �`� � �´¼�á �'���j«-�R��«�« � §}¤�¤ª§Zê?�eÏÉ}|�Ä}Ð(Ä�k6Ñ´v<­_v�â � ���4���/� � �}� é �@� ���/��� ��� � � é�Òª� �¨Ö@� �h� �Õ��� ë ¦ ���l�h� � � �H� �l�h�l� �`� �/� � � � ��é ���� � � ���2é � � � ��ß�� � �@�´���`ã ��¢ �/· � � �4£lé��h�'�4£������'�4Ú�Ó8�4§}¥ª«-��§�©�� � §}¤�¤:�_ê?�eÏÉ}|�Ä}Ð(Ä�kHÑ´vx­_v ¢ �/�/� � �Ué�� � ���I�}�`� ��é}�l� � ��� é �`� �l� � ÒZé�� � Òª� ��� � �h�/�l� � é � é � é � Ö@��� �M�}�Y�@� ���ë@��é � � �´��� º ���/� � � �Ué��´à Ö@� é �`� � � Ó�Ú8�.��¿P���¨§}¤�¥ � §}¤�¤D�Aê?�e´k m¶®@p@Ä}r:rHi�|�Ì�exv&äxv y(åNÄ�ksk Ä�®�v�æ(v y(åRp@Ä¨ç�Ä�p�äxv_z´v ¢ � ��é}�l� � ��� é �(· � � �l��é � � è é�� � ���$�}� �h�/�� �h����� � ���l��� ���>� é � �l�´��� � é�� � ������� µ@��é}�:�4¡oé � ��¢ �@�/� ��¢ � é � � ¼ �4«}¤P���¨«}¤�¾ � ��¿�¿�¿_ê?�e´k i�r`Ä}~/Ìé­_vEexv µ@��é}�l� � ��� é �Û�@� ���/��� ��� ��� � é�� � ���ê�s� � � ��é}�l��é � �¶� � � ���Å� ��� � � �j�/���/� �¶� � � ���é ���@��� � é � �3�d��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � � Ù8�4©-�R��¤ � ��¿�¿ª«_ê?�e´ksk i¶É}|�qs~/q&­_v y�±K°3q¶Ä}³o³oq»ÍMv y_z6|�q Éª{�k qs~/q&­_v y�ë il¬�³(±dv�ì@v µ@��é}�l� � ��� é ��¸ � � � �/� é �>�`� � � ��� é � é�/���/� ��é�� � ��� é�� Ö`� � � ��� ��� £/¢ � é � �h�l� � é�� � Òª� � é���é �@� ·����s� �KàRºR¢ � ��� � � � ��� �_����í � Ö@� � â �lÒ8� À½4Â �4«�«}¾��¨«}¥ª© � ��¿�¿�¾_ê?�e´ksk i¶É}|�qs~/qd­_v y:z6|�q Éª{�k qs~/qd­_v y�ë i�¬h³�±dv´ì@v à Ö@� é �`� �Ué � é �/� � � é}���?� � ÔRî��Ò Öc� � � ��� ��� � �����í � Ö@� � â ��Ò0� ÀØ½@Þ �M�j©}¥�¤����j©}¥ª© � ��¿�¿�¥_ê?�e´k�ï{}¬Øt_v y�ÍwÄ�ð�i�³ÛÑ´v y�²d°/Ä�k Ä}|�³MñNvH� � � ���2é � � � �È�Ué � � �/� �/� � � �h���h� ��� ���l�Ø� �I� ��é}�l� � ��� é �
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¸ � � � �/� é �Ø�`� � � ��� � � �h�?ò � � � � � é���é � �l�h�l� � � ��� �h�2é � � � § �ª�w� � � ���'� í � � �:�(¢ �/�/� �(Ú�Ù8���§����R�-��¿ � §}¤�¤�¤_ê?�e_r`Ä}|�Ä�kjn�v3æ(v y�ÍwÄ}|�qs~4{dt_v<ó(v ¡oé �/���/� �Ué � � � é � � � è é�� � ���N��� �h�/� � � � � � � ��� ��é � �/� �/·´� ��é}�l� � ��� é ��4� � �l� �`�}� �h�/� ��ô ¢ � é � ë4�l��� � é �?��� �l��é�� � � ���M� � í � Ö@� �(¢Z£6£lé��h�'�6õd� � � ¼�½ �K«���¾:���¨«�§}¤�¤
� ��¿�¿ª§Zê?�gjiRe_~4g}|�ÄªgjiRÍMv�öKv y�æ�i�~3ðlq&t_v8å:v y&t(Æ}Ä}~3Éjilk qs¬h³ÅÄ:æ(v8n�v y&ÍMi�~4gji�¬dn�v<®�v y�ÍwÄ�k Äª÷�Ä}|�~�idæ(v(ó(v¢ �/��� é � ���/�Ü�@� ���/��� ��� é ���é� ��é}�l� � ��� é �E�@� ���/��� ��� ��� � é�� � ��� £lé �/� ��� ��� ���/� � � � �@� éSé ����lø3�h�l� � é �4�o� �h��� �����:í � Ö@��� � � Ô �l���-��¢IÓ Þ8Â �'��¥�¤��R��¥�¿ � §}¤�¤ª«Zê?�e_~@p Ç&v:Ç&v yKe_~3É}°@k {�ì@v(ÍMv y6nK°3q ð�moÍMi�g}qs~4Ä>ÍMvÏñNv<í�������� ë � � � ���/· �¶��é �/· � � � � � ��� � � ��� � �� ��é}�l� � ��� é � ��é ���@��� ß�� � �@�d���:� � � ��é��-� í»� é � � ¹��@� �l�-�4Ú/ù'��¿ª«-�R�:��¤ � ��¿�¿�¿_ê?�e_~@pbÇ&v�Ç&v yRæ�i�{}~�i�~@Ë�{E²xv´²xv º ��� �¨õFé �/����� é �0� ��� � é�� � �����s� �Y�h�/���/�Ué��Y��� � é�� � ��� � � �h���� �/·��/� é�� � �/� � � é � � �����@� � � ���/�R��� � � � ���'� í � � �:��¢ �/�/� ��Ú Þ �4¿P���R�:��� � ��¿�¿�¿_ê?�e_~@p Ç&v:Ç&v y6æ�i�{}~�i�~@Ë�{�²xvÏ²xv&�3� ���l����é � é � é � Ö@��� �N�}�_� ��é}�l� � ��� é �6�3� � �l� � �`��� � é�� � ���/� � � �h���é ���@����� é���é ��� � � � ��é��-� í � Ö@� � Î ù Þ �.�-�D�ª¿��R�-��¾ª© � §}¤�¤P�;ê?�e_~@pcÇ&v_Ç&v y8æ�ih{}~�i�~@Ë�{:²xv4²xv y<Íw÷lÆ�qs~/qs¬�p`n�v £ �3� � � �K�s� � � ��é}�l� � ��� é �8â´� � ��è � ¸ � ��� � �8�`� � � ���é ��� �h� � é��h� ��� � � ��� ��� � �R��� µ3��é}�l��é � �Rá �0�ª§}¿�� �D�ª¥ � §}¤�¤P�;ê?�e_úl°3qs~4{Èz´v yN±´{�k {hÉ}~4ÄcÍMv y�z6|�q Éª{�k qs~/qN­_v yMë i�¬h³`±dvxì@v ¢ ·�� �/· é ��� �h� ¦�� Òª� � é�� � ��� � � �h�� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d���:í � Ö@� � â ��Ò0� À0Â ù'��¤:��¥P��¤ª« � §}¤�¤D�Aê?�e_|hË�pjqs~4÷�p/ihi�ÆÜÇ&v(t_v y_²�{}r`{}i�Æ�exv`Ç&v ¢¢ë ��� � �/���/� � � �Ué�� � � � � � � � Ô ��Ò ÖMû�� · �j� �@� ���/��� ��� £é � é � Ö � � �Ué �<����� � � � ��� é ���Y�3�/� �l� � �Ué �8��� �:�/� é�� � ���>��� í � Ö@��� �Ué`¢ ¼ Ù á �4§}¿:���¨§}¿�¾ � ��¿�¿�¿_ê?�e_|hË�pjqs~4÷�p/ihi�ÆbÇ&vNt_v ¢ �/��� é � ���/�w�@� ���/��� ��� é ��� ���2é�� · �E�h� � é�øDé�� � ������� � ��� ë �`�3� � � £�løDé}�l� ����� � � � ���/�R��� í � Ö@��� �Ué`¢ ¼ Ú/ù'�M��¤D�D� �P��� � §}¤�¤�¤_ê?�e_|hË�pjqs~4÷�p/ihi�Æ?Ç&v»t_v º ���/� � � �Ué����h� � é�� � ��� ë4�l� � ��� �M�@� ���/��� ��� é ��� � �����@� �l� � Ò � � Ö��s� � Ô ��Ò Öû�� · �j� �´��� ¢ ¹¨í?í � � ����� �@� �/·��R½�½ Ó8��§D�P���¨§D�ª« � §}¤�¤P�;ê?�e_|hË�pjqs~4÷�p/ihi�Æ�Ç&vÛt_v à � ���/��� ���P��� ��é ���@��� � ��� ë � ��� � �l� � �h�:£Ø� � ���l� � Òª� � � �3� �/�é �/� � � ø � � é�� � ���>���:í � Ö@��� �Ué ¢IÓ/ù Â �.�-�P���R���
� � §}¤�¤j§Zê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷ÛüÏvdÍMv_ýd� é �@� � ��� � ë � �h� �0� �l� � ÒZé�� � Òª� �`�@� � �R�}� éEÒ � � � � � � é � � � �fë �3�3Ö0���¡ ���`� �h� �Kâ � ���@�/� £����Ué �/� � � �NÓ�Ó Î ��¥�¾ª©-��¥�¿ª§ � §}¤�¤:�_ê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷$üÏv(ÍMv yK±K°/g}qs~4÷�i�Æ�q¶÷HÍMv yK­(qok q þ/{}Æ�q¶÷`®�v»ýd� é � ��é}�l� � ��� é �_�@� � ��� � ë � �h� � � � � � �l���� � � � � é�� � � ���:� � �}�»í � Ö@��� � � ¢IÓ�Ú8��¥ª©}¤:���¨¥ª©��-� � §}¤�¤ª«Zê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷ÛüÏvdÍMv y�­(qok q þ@{}Æ�q¶÷�®�v yxÊ�{}|�q¶÷hÄEñNv ¢ �@� ���/��� ��� � é�Òª�w��� � é}� � ��� � � �h�0� � �� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �_�}�»�@� � �l�h� � � � � � �l� ���:� � �}�»í � Ö@��� � � ¢ Þ ù�«D�P��¿��¨«:�:�:� � §}¤�¤ª©Zê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷êüÏvcÍMv yÛ®�þ@Ä}¬hq¶÷DñNvÈüÏvcýd� Ò � � � � � � é � � � �ÿ� ���H�@� � é � �b� ��� ��é}�l�%� � �`� é}�l��`�3� � � �´��� � ��¢ �/�/� ��£������'� Â4Î �.�-�D�D�R�-��¾ � §}¤�¤D�Aê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷WüÏv ÍMv yY®/³ÅÄ}~@Ë�{}Æ�q¶÷Û±dv à Ö@� é �`� � �M�}� éÈÒ � � � � � � é � � � �Û� �3���}��� ��é}�l� � ��� é �� �l� � ÒZé�� � Òª�d� Ö@� � ��� ã ��¢ �/· � � �4£lé��h�'�4£������'�4Ú ¼ �0�ª©�©-� ��¾�¥ � §}¤�¤ª§Zê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷DüÏv�ÍMv y�®/³ÅÄ}~@Ë�{}Æ�q¶÷È±dvYýd� é �¨Ö@� �h� � �}�$�@� � �l�h� � � � é � ��� � é�� � ���/� � � �h�
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� ��é}�l� � ��� é �<� �l� � ÒZé�� � Òª� � é�� � ��� �/· � � � �3� �h�/� � � Ö����N� � �}�&í � Ö@��� � � ¢ Ó Â �8��§��
���R��§�«}¤ � §}¤�¤D�Aê?�e_³ÅÄ}~4Äª÷�Ë�{}Æ�q¶÷ üÏv@ÍMv y4®/³ÅÄ}~@Ë�{}Æ�q¶÷_±dvª� ��é0ë � � � � Ö:�}� é � � � é � � � �K� �3�:��� é � ��é}�l� � ��� é �4� �l� � ÒZé�� � Ò��� Ö@� � �}���s���/��� é�� � ������� � � �}�Ï�3���/��� é ���YÝd� ë@��é�� � ����¼4Â�Â �.���ª¾��R��¥P� � §}¤�¤D�Aê?�e_Ìªg}qs~�i�| t_v ¢ �/��� é � ���/� � � ��é�� � ��� é � �h� � é�øDé�� � ��� £&¢ � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���é �/� � � é}��� ���:í � Ö@� � â ��Ò0� ÀÛÂ4Î ��¥P��¤:����¥P��¤ª© � §}¤�¤ª«Zê?�±´Äji�°3rHi�|c±dv yYåN{}Æ}Äª÷l¬cÍMv yHÍMihi�|�¬l÷�p@Äji�|�³�ÍMv ÍMv µ@��é}�l� � ��� é � �h� � � �@�@� �l� � ��� � �@� ��� �l� � é ���� � é�� � ���/� é ��� �/�Ué�Ò Ö ��é � ���@� ��� �l� � é �<� �l� � � � �d���:¸(�/� � �l� � �>�}� £lé��h�/� � é�� � �Ué ��¸(� ��� ��·}Ö Ù á �§�§}¾P���¨§�§}¿ª© � §}¤�¤ª©Zê?�±´Äji�°3rHi�|?±dv yHÍMi�i�|�¬l÷�p@Äji�|�³�ÍMv ÍMv µ3��é���� � �ª� é ���@� ���/��� ��� � � �h��� � � � � � � � �Ué � � �Ø���í � Ö@��� �Ué ¢IÓ Â Ó8��§D�ª©-�¨§�«�� � §}¤�¤ª©Zê?�±´Ä�É�k i�Ì>n�v»æ(v&í�� � �l� � é � é ���M� ��é}�l� � ��� é � �Ué � � �/� �/�N�`�@� � �Ï�}� Ò � � � � � � é � � � � � � Ö?��� ¢ ¹ ¢d¢� � ¼4Â �.���
��§-�R���
��© � ��¿�¾�¿_ê?�±´Ä�É�k i�ÌØn�v�æ(v y>óÏÄ�k q¶÷h{Øn�vxexv µ@��é}�l� � ��� é � � � � �l� � ��é��h�c��� � é�� � ���/�>�s� �w�h�/�E� ��� ��� ���N���Ò � � � � � � é � � � �Ué � � ÖØ� é �`� � �$� ��� � �l� � �h� �H����� � �}� õ �/� � é � �l�:�6¡ ��� ��� ��� é ��� à Ö@� é �`� � �YÎjÞ ���¤D�D� �P�:� � ��¿ª¿P�;ê?�±´Ä�É�k i�Ì n�v8æ(v y´ü4{}|�Æ�q Ë:­_v&ì@v ¢ · � � �l��é � � è � �>� �l� � ÒZé�� � Òª� �`�3� � � é � � � é � � ��� �l� � é �`� �l� ���� � � � �HÝd� ë@�-� ¸(�/� � � Þ�á �'�-�ª«-�R���)� � ��¿ª©}¿_ê?�±´Ä�É�k i�ÌNn�v�æ(v y6ü4{}|lÆ�q Ë�­_v8ì@v µ3��é}�l� � ��� é � �Ué � � �/� �/� � é �@� � �l�h� � ��é �/� � � é}���`� � �h�/�}é � é � Ö@��� ��}� Ò ��� � � � � é � � � �;é � � Ö>� é �`� � �H� ��� � �l� � �h� �´��� ¢ ¹ ¢d¢ � � ¼�Î ��©��
���¨©��ª¾ � ��¿�¾:�_ê?�±´Ä�É�k i�Ìcn�vRæ(v y�ü4{}|�Æ�q Ëc­_vxì@v ¢��h�/� � �h�l� � �Ué � ë2é ��� ���s� �>�h�/��é �/�/� � �Ué�� � ��� �}�:� ��é}�l� � ��� é ��Ué � � �/� �/� � � Ò � � � � � � é � � � �h� � Ö����:� � �}�&â � ��� ��·}Ö�¼4Â ��§}¤P���¨§���¤ � ��¿�¾:�_ê?�±´Ä�É�k i�Ì�n�v(æ(v y ü4{}|�Æ�q Ë>­_v_ì@vÏýd� �h�/�hé �/� �pé}�h� � ��� �}� �h�/� � ��é}�l� � ��� é �d� �l� � Ò0é�� � Òª� � � �h�/�ë4���2é�Ò � ��� � �}� �h�Ué �8� é��h�l� � é � �R���:� ��¢ �/�/� ��£������'� ½8Î �4§}¿D�D�¨§}¿�¾ � ��¿�¾D�Aê?�±´Ä�É�k i�Ì�n�vwæ(v yÈü4{}|�Æ�q ËD­_vEì@v µ@��é}�l� � ��� é � �Ué � � �/� �/��� � �h�/������é �/��� � � �¡é � é � Ö@��� �I���Ò � � � � � � é � � � �Ué � � Ö>� é �`� � �Y� ��� � ��� � �h� �d��� ¢ ¹ ¢d¢ � � ¼ Ó8��¿P��¾���¿ª§�« � ��¿�¾ª«Zê?�±´Ä�É�k i�Ì�n�v�æ(v yÛü4{}|�Æ�q ËW­_vwì@v�ýd� �h�/� � ��é}�l� � ��� é � �Ué � � �/� �/�È�`�3� � ���}� Ò � � � � � � é � � � �ë4���2é�Ò � � � ���:� � �}�»â � ��� ��·}Ö Ó/ù'�'�-�)���R��«�« � ��¿�¾�¥_ê?�±´Ä�Ë�°3~/qs~ Ñ´vÛz´v$� �Ué � � �/· � é � é ��� � ��é}�l��é � � � Ö � ��� ��� � � ��� ���`�3� � � ���}� � � �wë �/� � � ��@� ���/��� �������:í»� é ��� é í � Ö@� �4¡ ��� ��� ��� �4µ �/��� ����Þ�½ �'��¿�¤�¿��R��¿ª§}¿ � §}¤�¤:�_ê?�±´Ä�Ë�°3~/qs~�Ñ´v8zdv º ���/� � �Ué � ��� � é�� � ���N�s� �»�h�/� �¨Ö@�`� �l��� � � � é���� �}� �h�/�(� � ���l��� ���`�@� � ��� � ë � � � ����s�/� �l� � ����� � é ��� � � ���`��· � � � ���/�K�/� é ��� é ���Ní»� é ��� é í � Ö@��� � �Kâ � � � ¼�á �4©}¾ª«Z�¨©}¾�¾ � §}¤�¤:�_ê?�±´Ä�Ë�°3~/qs~EÑ´vÏz´v Ô ���/· �¶��é �/· ��� � ���h� � é�� � ���/� é ���Y� �l�h� ��� é�� � ��� �h� ·�� � � �K� � �h�/� �¨Ö@� �h� � � � �h�� � � � � û�� � �d���:� � í»� é ��� é í � Ö@��� � �RÂ4Î �'���R�-� � §}¤�¤D�Aê?�±´Ä�Ë�°3~/qs~�Ñ´v8z´v � � é ��� � �3� ���/��� ��� é ��� � � ���h� � é�� � ���/�&� �N�`�3� � � ���}� é �/� ��� ��� ���/� �6����é �/���4� ��� ���í � Ö@��� �Ué ¢IÓ�Ó Â ��§�©-� �ª« � §}¤�¤D�Aê?�±´Ä�k Ä�Ë�|�qs¬�pj~4Ä}~ÈÇ&v ¢ �/��� é � ���/�´�@� ���/��� ���>� ����� � �@� � � �/��� ������� í � Ö@��� �Ué`¢ Î Ó ¼ ��«}¥�¿��¨«�¾�¤
� ��¿�¾ª«Zê?�
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±´Ä�k f�i�|¶É���v yd±di�|hË�{}Ð»qs³ ð�±dv yRñR|�Äª÷�pj¬�k i�|$z´v_t_v ¢ �/�/� � �Ué�� � ���Ø�}� é � �l�h� ��� é�� � ���Û�`�3� � � � �û�� � � �Y� ��é}�l� � �h� � �2é�� � � � � �3�d���:� �4õd� ��� � Ö@� � â � � ��� á Ù8�'��¤�¤P��« � ��¿�¿P�;ê?�±´Ä�k i�Ä}~/°
ñNv µ@��é}�l� � ��� é � òFé �`� � � ���/� é � é � é � Ö@��� ���}�I� ���h� ·��/� é�� �¨Ö@� �h� �`�é���ê�3� ·�� é �í � � ��� ����� �/· Ú4Ù8�4§}¥:�ª§-�¨§}¥:��¥ � §}¤�¤�¥_ê?�±´Ä�k i�Ä}~/°�ñNv yÏe_Æ�Ë�Ä}|�üÏv Ô é · ��é �/·�� é �/� � � �h� � � � �pé}��Òª� � � � � � � � � � � �h� � �wâ´� � � é �/� � Ô � ��� Ò � � � �� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d��� ¢_��� � Ò0£ � é��h�
� � � � ¤D�ª¤ª«}¤P��§�Ò0�:�M�H£lé Ö � §}¤�¤D�Aê?�±´Ä�k i�Ä}~/°?ñNv ydÍ>°3¬�k q pc®�v���v(ýd�?� ��é}�l� � ��� é � ÒZé�� � é�� � ��� é �d� � � � � � �/� � �����w¹�� £(¢ � ÒZé � ��� � � �µ@��é}�l� � ��� é � ¡oé � � �/� �/� � À»� ��ë Ö$� é0ë2é�� � �l� � � ��¢ · ��é�ÒZé �6ý � í � � × � � �h� � � � £lé}���2é �@�>� ��¢Z� �à � � � �h�����j�-�3�h�/�Rºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�4§}¤�¤ª©��.�:��«-�R��§}¥P�
±´Ä�k i�¬l÷l°Hn�v ¢ �/��� é � ���/� ����é �/���4� ��� � � � � �wë �/� � � � �/� é ��� é � é ��� � ��� � � �3�/���/� � � � �K��é ���@���
� é � �3�d��� í � Ö/� � â ��Ò0� ÀÛ½�Î ��¾�¤ª©-��¾ª§ª§ � ��¿�¿ª«Zê?�±´Ä�k i�¬l÷l°Ûn�v £�� �H� � Ö � � ���l� ��� �Ü�/� é ��� éM����é �@����� �����h�/� � � ÖÜ���cí»� é ��� é í � Ö@� �´¡ ��� ���-�µ �/��� �ª��Þ�¼ � ¸ ��� ¸ �-� � §}¤�¤�¤_ê?�±´Ä�k i�¬l÷l°Ûn�v(Ý � Ô é �/· ��Ò � � ��� � é�� � ���/� �K� ��� � � �3�@�ª�@� � � � �>��é ���@��� � é � �3� é ���?� ��é}�l� � ��� é ��@� ���/��� ���>��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó Þ �4¥ª§-��¾�¤ � §}¤�¤j©Zê?�±´Ä}|hË�Ä}q�t_v µ@��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ��� � ����� � � � ��� �oé ��� é �/�@� � �Ué�� � �ª�Ü���Mí � Ö@� �â ��Ò0� À Ù�Ó8��¥P�:�:� � §}¤�¤P�;ê?�±´Ä}|hË�Ä}q�t_v ¡ ×6â
	 � é��h� � é Ö@� � � �h�/� � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ���0��� ¡(�/� � � í � Ö@� �¼ Ú Þ �'�-���¨§�© � §}¤�¤ª§Zê?�±´Ä}|hË�Ä}qÏt_v ¢ ·�� �/·`� �>��� ë �@� ���/��� ����· � � �l��é��h� � ë Ö é � �l�h�l� �`� �/� � � � � �3Ö@� é �`� �Ué �8�¨Ö@� �h� �Õ���í � Ö@� � â ��Ò0� Ô �l���-� á ù'�.��¤D�
��¤P� � §}¤�¤:�Aê?�±´Ä}|hË�Ä}q�t_v/� ��é0ë � �d��� �/� � � ë@� � �/� ë2é � � �H��� ÔRî��Ò ÖH� ��é�� � � � � � � £2é � � � �Ué�� ¸(��� � è�� é �/� ��� � é�� � ���é �/� � � é}��� ���:� � � ��é��-� í � Ö@� � Î4Î@½ �'��«D�ª©-�R��«}¥ª« � §}¤�¤D�Aê?�±´Ä}|hË�Ä}q&t_v y<ö(k i�°3|�{}ÆwÇ&v�²xv ÔRî��Ò Ö � é � �3� é ���Y· � � �l��é � � è � ��� � � ���2é � � � ��� ��� � � ��� ���>�`�3� � � �_���í � Ö@� � â ��Ò0� ÀÛ½ Ù8��¥:�ª«�«-�¨«D��¥P� � ��¿�¿ª©Zê?�±´Ä}|hË�Ä}q:t_v yNö(k i�°3|�{}ÆWÇ&vR²xv õd� � �l��é � � è � �IÀ»� �/� �h� � � �h� � é}� � ��� £d¢ � � � ���2é � � � � �`�3� � � � � �/·é �/� � � é}��� ���:í � Ö@� � â ��Ò0� ÀÛ½ Ú8�'��§}¿�¥��R�-�P��¤ � ��¿�¿�¾Aê?�±´Ä}|hË�Ä}q�t_v yYö(k i�°3|�{}ÆéÇ&v ²xv yYåxk Ä�Ãh³�i�|Ûì@v:ýd� ��� �@� � � �/��� ��� é �`� � � ���2é � � � � ÔRî��Ò Ö � Ô � �h� � � �· é �d��� í � Ö@� � â ��Ò0� À Ù Î �'�:��¥D�D�R�:��¥�¿ � §}¤�¤�¤_ê?�±´Ä}|hË�Ä}q�t_v yYÍMi�³ ð�k i�|?n�v yYåxk Ä�Ãh³�i�|Øì@v µ@� ��� � ��� � � �j�/���/� �¶� � � �?��é ���@��� � é � �3� � � �h�/�� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���>��� í � Ö@� � â ��Ò0� À Ù Î �-�ª§-�R�-��¾ � §}¤�¤�¤_ê?�±´Ä}|hË�Ä}qNt_v y:®/qok f�i�ÌEn�v�ì@v µ@��é}�l� � ��� é ��� ��é � �l����� � é�� � ���I���c� � í � Ö@� �´¡(�/� � � ¸�Î ù Þ ���¾�¥�¥�� ��¾ª©�� � §}¤�¤�¤_ê?�±´Ä}|hË�Ä}q`t_v y ®4{�Ë�{�k {}Æ
��vxÍMvRýd� ò � � � �l� ô �w� ë ¦ ���l� � ��� � � �h�/� � ��é}�l� � ��� é � � � � � �@� ���/��� ������ � é�� � ���>��� í � Ö@��� �Ué ¢IÓ Â Ó8�4§D�P���¨§D��¥ � §}¤�¤ª©Zê?�±´Ä}|Åþ�q>öKv yÜÇ/Ä�k il~@³�iÜ®�v ¡Ï�h��� � é ���b� ��é}�l� � �h� � � � ��� �l�h�l�h�:£Ré � ��é}�l� � ��� é ��� � � ���Û��é��h�é �/� � � é}��� ���:À»�/·�� � ���l� � �/· µ3��é}�l� � �h�N£������2é �/� � ��Â ù'��¥P�:����¥ª§D� � §}¤�¤ª§Zê?�
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±´Ä}³o³ÅÄ�É�k q¶ÄIì@v æ(v yMóÏ{}qs¬ÜÑ´v yH­(°3q É}¬�i¶É�°3|cæ(v yMÑ6°3¬h³ÅÄ�k {}°�þDexv:�3��� Ò � �/· é �b� � Òª�l� � �Ø�/�Ué��� �����@� �l� � ���0� � � ë � � � �/��� �@· é �/��� � � � �h� · �l� � � � � � � ß�� �Ø�`�@� � �R���M¹�� �-� � � �}� òd�Ué��lé ���£lé ���d× ��é �/�¨� �l� Þ�Þ � � §}¤�¤P�;ê?�±´Ä}³o³ÅÄ�É�k q¶ÄWì@vHæ(v y�æ�i?æ<Ä}Ì æ(v y�±´Ä}¬h³ÅÄ�k iÜì@v mhó(v yEÑ6°3¬�k ³ÅÄ�k {}°�þéexv yEóÏ{}qs¬ Ñ´v òd�Ué�� û�� �� � � � � é�� � ��� �h�@� ���/· � � � Ò��l���h� �Y�/���Y� � �h� · �l� � � � � � � ß��Ué�� � �����`�3� � � �´���N¹Å� �-� � � �}�&× �/�l� � é �� � � � � ���NÓ á �M�ª©��D� ��¾�¿ � ��¿�¿�¿_ê?�±´Ä}°@k i>exv yxö�|�qÅi�g}|�q¶÷�pÛn�v ¢ � ��é}�l� � ��� é �N�@� ���/��� ��� ��� � é�� � ���Ü�s� ��� � � � �4��� � � � � � ë2é0ë � � � � Ö�@� � ��� � ë � � � ���/�$�}� éÈ� ��� � � �3�/���/� �¶� � � �c��é ���@��� � é � �b���ÈÀ»� � ��� � Ö@� � Ô �l���-� Â�Â �U��¤�¤ª¤ª§
� §}¤�¤ª©Zê?�±´Ä�ðhð�Ä}~/q:exv yx±´Ä}¬h¬hq�z´v y�ü�°3|�÷�p/i�³o³oq�zdv à � ���/��� ��� é ���0� � �`� � Ö � � ���l� ���s� � � � � ���2é � � � �� � � ��� ��� � � é ���H� ��é}�l� � ��� é � Ô é �/· ��Ò � � ��� � é�� � �ª�@�d��� í � Ö@��� �Ué ¢IÓ ¼@Þ �4«D��¤��¨«�«�¤ � §}¤�¤:�_ê?�±di¶É�pjqs~$æ(v y�Ñ6|l¬�qs~3É�p/il| t_v�× �/� �@� � ��� � ë � � � ���$�}� �h�/� � � �Ué � � � � � �s� ��� �/� � ���@��� � � ��� ��� � ���é ����� � � � ���/� ���l� � ��� � � �h� � ��é}�l� � ��� é �6�@� ���/��� ��� ��� � é�� � ���/�N����� � � ���2é � � � � í � � ��� ��� � � é ����h�/� � �d¢ �/�/� � �pé}� � ���/��Î�Î@½ �'��¤P��©-�R��¤D�j¤ � §}¤�¤ª«Zê?�±di�~Üe_gªgªÄEöKv yYó&|hi�¬h¬l{}~Iì@v µ3��é���� � �ª� é �x�@� � �l�h� � � � é � ��� � é�� � ���/� é ��� �h�/� � ���@� � � �@� �/· �l���� � é�� � ���>�ª� ¢ �/�/� � � � £lé��h�'�2é ��� ¡ ���`� � Î Ù Î �M�ª§D��� �D�j« � §}¤�¤ª«Zê?�±di�~4÷�p/ilksk Ä�k´exv yN­K{}qs~4{}³�üÏv y�ü/|�q Éji�Ä}¬h¬l{}° ì@v`ó(v ¢ �/� � � ø � � é�� � ��� é ���Ü� � � � � � ß/�Ué�� � �ª�Ü����@� ���/��� Òª� � � �h�l� � é}��� � ë Ö`� ��é}�l� � ��� é �<�`�3� � � �´���:�3� ·�� é �<í � � ��� ����� �/· Ú�Ù8�4§�©���§-�¨§�©�§�© � §}¤�¤�¥_ê?�±di�~4÷�p/ilksk Ä�k�exv y&­K{}qs~4{}³�üÏv y´ü/|�q Éji�Ä}¬h¬l{}°�ì@v�®�v £ �3� � � � � �/· é ����� � � � � � ß��Ué�� � ���>�}�Ï�@� ���/��� Òª��¨Ö@� �h� �`�Y�/��� �/·E� ��é}�l� � ��� é ���`�3� � � ���ª�$¹�� £K¢ � ÒZé � ��� �Y� � µ@��é}�l� � ��� é � ¡oé � � �@� �/� � ÀÏ� �oë Ö®4ÄªfhÄ}³oqÅi�| ì@v y»eÏÉ}|hÄ}Æ}Ä�k6Ñ´v<­_v yRü�i�~/|hi�qs|�{HÍwÄª÷�p@Äªgª{�ì3v&exv � à � � � �h�����ª�-���h�/�xºd�l�h�/�l� � é ���@� £�3� � � �/· �l�-�4§}¤�¤ª©�� �/� ��§��-����§�§}¥P�
±di�~/qs~3É?Ç&v�t_v y»åN{}|�{�k i�ÆEÇ&v��/°�v yÏ®/°jË�p@{}|�°jË�{}Æ}ÄEüÏv�exv y´z6°3¬lÄ}|�{}Æwz´vKz´v y(®4Äji�~@Ë�{?Ç&v�Ç&v y
� ÷�p@Ä}q Ë�qs~cÇ&vÏÇ&v y4åN{�k {�Ë�{�k ³o¬l{}Æ�Ç&v@²xv µ@��é}�l� � ��� é � � Ö � ��é0ë � � �@� � ��� � ë � � � ���/�(���´¹�� £ � � � ���2é � � � �£ �3� � � �´�}�Ï� ��� � �l� � ��é �8í»� é ��� é ×<� �wë �/� � � ���:� ÀÏ� ��ë Ö>åN{}|�{�k i�ÆMÇ&v��@°�v y»®@Ë�Æ}{}|�³o¬l{}Æ}ÄH²xv8²xv
� Ô � � � � � � ¸(��� � ��� £ Ý��@í �'��©�«-�¨§��:� � §}¤�¤�¥_ê?�±di�~/¬l{}~?ñNv(exv yYëHp/ihÄ}³Å÷l|�Ä�Ãh³�®�v`ë>v yKÍMi�i�|�¬l÷�p@Äji�|�³�ÍMv6ÍMv ¢ �/�/� � �Ué�� � ���c�}� é � ��é}�l� � ��� é �é � Òª���l� � ��� � �@� ��� �l� ��� ��� ��� � é�� � ���>����	 é��h�l� â � ����� �h��� �´â � � ��Ó�Ù8�.���ª¤:���R���
��§ � §}¤�¤�¤_ê?�±di�|hi�~/¬´äxv ydë i�¬h³ þ/p@Ä�k � v ¢È¡oé � ��� Ö`� � � ë � � �W�s� ��é · � � �l��é � � è � � � é�Òª�´��� � é�� � ������� ¢6�l��é� � � �4£lé��h�'� ¼�á ��¿)���R��¤�¥ � ��¿�¥�¾_ê?�±di�|hË�{}Ð»qs³ ð>±dv yRåxk Ä�Ãh³�i�|>ì@v yRÍMi�³ ð�k i�|�n�v y�®4÷�p/i�|�äxv(í � Ö@��� �Ué �d�/� �l� � �h� �H�}� ����é �/���4� ��� � ��/�l�h�l� ��· � � � ���/�_� � �@� éP£/¢ � Òª���l� � ��� � �@� ��� �l� ��� ��� �3��é ���@��� � � é � � �Dé ���H� ��é}�l� � ��� é ��� �l� � ÒZé�� � Ò���s� � �:�/� é�� � ���/�d����	 é��-� â � ����� �h��� �_â � � �4Ó�Ú8�'�)��¿P���R��§}¤:� � §}¤�¤ª§Zê?�±Kqok i�|Û­_v y�ö�°3~4Ä�Ë�qØüÏv yÜë {}Ì�÷�ð�qs~/¬�Ë�q ë>vYexv µ3��é}�l��é �w¸(� � · �l� � ��� � é�� � ���ÿ����� �Hà � � �À � � é�� � ���/��ÎjÞ8Â �'��� ��¾ � ��¿�¿�¾_ê?�±Kqok i�|E­_v yHö�°@~�Ä�Ë}qEüÏv y?ë:{}Ìª÷hðlqs~/¬�Ë�q0ë>v exvx¹�� �h�l��é}�l� � �/· � é���� � � � �]é �/� � � ø � � é�� � �����o� ��/���/� � �Ué � � � é � ��é�� � �R��Ò ��� � � � ����� � � ë � � �`�´��� í � � ë2é0ë'�4£lé��h�'� � ��é��-� Î@á �4§}¥ª©-�¨§}¾�¥ � ��¿�¿�¿_ê?�±Kqok i�|w­_v y:åNÄ}|�÷�p�z´v y$ë {}Ìª÷hðlqs~@¬�Ë�qcë>v�exv ¡Ï� � � � �Ué �:�/���/� � � �Ué�� � � Ö �lø �4��� � � �mé ��� � � � � �
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��� �`� � é��gé �¨Ö@�`� � � � � � �s� � ÔRî��Ò Ö � ���/� �l�hÒZé�� � ��� � é � �M��� ¢ �/� � ¹��/� �-�_ò�� í���� � �Ué�� î�c¢ � é � �º ���/� � � î�Ué � �h� Î Ú8�4¥P�-����¥:�ª© � §}¤�¤P�;ê?�±Kqs¬lúl°�i�|�³Kì@v µ3��é}�l� � ��� é �&�@� ���/��� ���>� � �h�/� �:�/� � � �/� ���¶����é �/�/� �/· �h� ·�� � ��é ��� �h��Ò � ��� ���>�}� �h�/���� �/� ÒZé � � � ��� � � �h�Ø� ��� � � �3�/���/� �¶� � � �H��é ���@��� � é � �Ø���wí � Ö@� â ��Ò Ô �l���H¿P�:�6¤P��¤�¥�¤ª§-�R�����
� §}¤�¤:�_ê?�±Kqs¬lúl°�i�|�³Õì@v ¡(�/� �`� �Ué �D�@� ���/��� ��� � � �lÁ`� � � � � � � � é �/��� ��� � �l� � �h� ��� � �`� � �����@� �l� � �� � ���l��� �3� � � é �����3Ö ��� � � �/��� � � è � �W����� é��?��� � � �Ø���È� � í � Ö@� � ¡(�/� � � ¸aÎ ù4Ú8�`§D�ª§D���¨§D�:�ª§
� §}¤�¤D�Aê?�±Kqs¬lúl°�i�|�³�ì@vR¹�� �h�l� � �h�l��é�� � ���W�}� é � ��é}�l� � ��� é �Y�@� ���/��� ��� ��� � é�� � ��� � � �h� �/��� � ���/� �l�hÒª� �� � � ë2é0ë � � � � Ö � � �/��� � Ö � � �h�l� �`�P�}� �lø � �l� � � � � ��é ���¨Ö@� �h� �`� � � �h� ����é �/�/� �/· � ��h��� ��� ë � � é�� � ���>��� í � Ö@� � â ��Ò0� À ©�§:¤P�:�:��¤�¿��R����¤P�:�:��¤�¿D��¥ � §}¤�¤ª«Zê?�±Kqs¬lúl°�i�|�³´ì@v ydóÏÄ�p/i�~wñNv yÏn��°jp3k iN®�v yÏä�{�gji�¬Yz´v y(Ê�ÄªfhÄ}~wexv�í � Ö@��� �Ué � ���/� �`� �Ué ��� � � � � � �/� � ��}�N� � � � � Ò ��� ��é � ��� ��� Òª�l� ��� ��� � � �h� � é �/��� é���� � � �/� é��h�:� � � �����4� � ���/���3Ö ��� � � �/��� � � è � �Û����� é����� � � �R���:� � í � Ö@� �4¡(�/� � � ¸ Î ù4Ú8��¾P��¤�¥���¾P�:��¾ � §}¤�¤D�Aê?�±Kqs¬lúl°�i�|�³Yì@v y�óÏ{}rdþ�³�i�exv_× �/� � � ÖÜ�}� �h�/�w� � ���l��� � ���/� �`� �Ué �x� �`� � � é � ��� �}� é �/��� é � ���/��@� ���/��� ���>��� � � �}�ÏÀ»� ���l��� � é � é � Ö �-��¡(�/� �`� � ��� Ö�Þ�á�á �'�:��§-�R��§}¤ � §}¤�¤P�;ê?�±_k °3rHi�~`exv y»z6°3|l³¶{}Æªi�~@Ë�{xexv/exv y<ì@i�¬¶þ/i�|�¬�i�~�®�v ¢ �/��� é � ���/�Ï�3Ö@� é �`� � �&�}���`�3� � �@�4��� Ö@� �l��¨Ö@� �h� �`�´���:� � Ô �/�`� � � á@Þ �J�)�ª©-���:�j¤ � §}¤�¤P�;ê?�±_k °3rHi�~�exv yKz6°3|�³Å{}Æ�i�~@Ëª{`exv8exv y»ì@i�¬¶þ/i�|�¬�il~w®�v ¢ �/��� é � ���/�_�@� ���/��� ��� é ��� �h� � é�øDé�� � ����� �� é}�l� ���`��� ��� �/� é�� �¨Ö@� �h� �`�´���:� �/º ��� �¨¡Ï� Ö@� ��é � � � � � �3��� � �@� Ó/ù ½ �4©�����¾�¤ � §}¤�¤ª§Zê?�±´{hÉªgªÄ}~wå:v y»±KÌª÷hð�Ë�{}Ð»¬�Ë�q�üÏv4í�� �h� � � � é � �h�@� � � Ö��s� �d�h�/�

α
� � ��é0ë � � � �h�@� � � �@� �/· �l� ��� �l��é�� � ���� ë ���/�/� � � Ô � �/� ��� � � èx�@��� é � �/�´��� � � ���@� é`£hé}�h�@� � é}� � �pé Î Ó�Ó8�4«D����¿ª§ � ��¿�¿�¿_ê?�±´{�k {hÉ}~4ÄI²xv yEz6|�q Éª{�k qs~@q>­_v y>nKq¶÷h÷hÄ}|�g}qMì@v ÔRî��Ò Ö��@� ���/��� ��� é � é � � � ���l� �}�w���4� ��é �@� ���é ���@���`� � ���´���:í � Ö@� � â ��Ò0� À Ù/ù'��¥D�)�ª«-��¥D�:�j§ � ��¿�¿�¿_ê?�±´{�k {hÉ}~4ÄNÍMv yKü�¬lÄ�ksk qs¬xó(v y(z6|�q Éª{�k qs~@q�­_v ¢ �/��� é � ���/�6�@� ���/��� ��� é ����� � � é��h� � � � �h� �/���/� � � �Ué��� ��é}�l� � ��� é �d� �l� � ÒZé�� � Ò���µ ���3� �l�%� í»� é � � � � � � � �Y��� � é�� � ��� £ À øDé}�l�`� � � ��� � � � � ��� � � � ����� � � � ���/����:í � Ö@� � â ��Ò0� À Ù ¼ �4§�§��-���¨§�§���¾ � §}¤�¤�¤_ê?�±´{�k {hÉ}~4Ä�ÍMv yNz6|�q Éª{�k qs~/q´­_v y´åNÄ}|�Ä�É}q¶{}|¶É}qs¬HÍMv y_nK{}¬lÄwexv&× ��é ¦ ���l� � � Ö Òª�l� ���/�:� � � ë2é0ë � � � � Ö� � �/��� � Ö � � ��� ���jÖ���� í � Ö@� � â ��Ò0� À Ù Þ ��¤P��¥ª§�§D� � §}¤�¤P�;ê?�±´{�k {hÉ}~4ÄNÍMv y(z6|�q Éª{�k qs~/q<­_v yRë i�¬h³&±dv8ì@v/� ����é �/· � �3� � �l� � � � £3� ���@û�� �l��ë4�l� � ��� ��� � �/��� � Ö é �������é ¦ ���l� � � Ö>� � � �l� � � � � ���w��� ¡(�/� � � í � Ö@� � ¼ Ú Þ �'�:��«-�R��§}¾ � §}¤�¤ª§Zê?�±´{}~/qoksk Ä�±dv ydnKqsÆ�i�|h{wÍMv ydnK{�g}|�q É�°�i�ð�mhz´i�|�r`ÄMæ(v y`ü�|�°lç�qoksk {wì@vdì@v µ@��é}�l� � ��� é �R�@� � �l�h� � � � é ���� � é�� � ���/� é � é � �h�l� � é�� � Òª� �`�3� � � � � �I�/���/� � � �Ué�� �@� � �l�h� � � � é � ��� � é�� � ���/�Ø��� ¢ �/�/� � � �£lé��h�'�2é ��� ¡ ���`� � Î Ú Â �4©}¿���¾�¾ � §}¤�¤ª©Zê?�±´{}°/÷�p@Ä}°/gcì@v mo­(y`z´ih{}|¶Éji�¬�exv ¢ �/��� é � �ª�@�Y�@� ���/��� ���Û� �Û�@� ��� � � �l�h� �Ø� � �@� éP£ � ��é�� � � � � �Ué �� �����2é �/� � � � �`�3� � � � é ���Y� � Ö@��� �Ué � é �/�/� � �Ué�� � ���/�R���}í � Ö@� � â � � � Î@á�½ �.��§�©-�¨§}¿:� � ��¿�¿�¤_ê?�±´{}°/÷�p@Ä}°/gEì@v mo­_v y`z´i�{}|¶Éji�¬�exv yRåN{�þ4k q ËMì@v yd­(|�{}Æ}Ä}³ÅÄ$exv ydn´i�g}~�i�|�®�v6�3�/� �l� �@� ���/��� ���?� ���é ���@��� Òª� � � � � � Ö ß�� � �@�d���:í � Ö@� � â ��Ò0� Ô �l���-�4Ù Þ �4§�«}¤:� � ��¿�¿�¤_ê?�
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±´{}ÌªÄªg¨ç�qÅi�Æcæ(v y ñx{ªfl~�i�|Eäxv:ì@vxýd� �h�/� ����� � � � �����}� é � ��é}�l� � ��� é � � �h���?� � ���l��� ����� é � �l���� � é�� � ���>�ª�:í ��é}�l�-�4¡oé � �:��¢ �/�/� �/¢ � é � � Î �M��¾ª«-���ª¤�¤ � ��¿�¿�¾_ê?�±´{}ÌªÄªg¨ç�qÅi�Æ$æ(v y:ñx{ªfl~�i�|MäxvNì@v µ@��é}�l� � ��� é �N� �h���$� � ���l��� ���I� é � �l�M��� � é�� � ���/�w���?¹�� �h� · ��é �× ��é �/�¨�s� � � � �3� ���:��µ �/� �l�-� Î�Î �'�:�-���R�-��¥ � §�¤�¤P�;ê?�±K|�Ä}~4gª{�k i�¬�i$æ(v y`åNÄ}|�÷�pDz´v µ2é��Mß�� � � é �¨Ö@�`� � � � � � ���}�Y����� � � � ���/� � � � ��� Òª���l� � ��� � � �h�é �/��� é � ���/�´�@� ���/��� ������� é���� � Ò0£�¤�¾�¤P�:� ��¾�¾:��Ò0�:� � é��h�'� ¢ í �a�#��§ � é � � §}¤�¤�¾_ê?�±K|�{�÷�Ë�r`Ä}~/~EñNv yK®4{�Ë�{�k {}Æ���v»ÍMv Ôdî��Ò Ö�û�� · �j� ��� � �lø3�h�l� � é �»�s� �h��� ß�� � �@� £ � � �����`�3� � � � � ���� � é�� � ���/�d��� ¡(�/� � � í � Ö@� �4§}¾D�
�M�ª¤�¿����j§�� � §}¤�¤ª§Zê?�±K°/÷�p/i�~�­_vdë>v y<ÍwÄ}qs~4Ä}|�g}q<öKv ¢ �¨Ö@�`� � � � � �d�lø � é �/��� ���/�6�s� �K����é �/��� � � �_Ò � � � � � � é � � � � � é�Òª� ����:� � � �x£ î���Ué �/� � � � ÎjÞ �4«}¿ª©-��¥�¤�¾ � ��¿ª©�«Zê?�±K°3³ ð�i�|�­_vEæ(v yéë i�¬h³ þ/p@Ä�k � v ¢ � ¹�� ��� �3�@� �l� � ��� � � µ@��é}�l� � ��� é � ¡oé � � �/� �/�é����¹�� £¢ �/�/� � �Ué�� � ���/�6�}� µ@��é}�l� � ��� é � ¡oé � � �/� �/�6� ��í � Ö@��� � � � ÀÏ� �Aë Ö�ädqok Ã�i�|Kn�v � �3� �/· é �4� �h�:£ 	$� � � �� � � � � � � ß��:�4§}¤�¤�¤P� �/� �8����¾ª«��
óÏÄ}r`Ä}|¶Éª{En�v´öKv yYó�pjq¶Äª÷h÷�p@{Eexv`Ñ´v y:gjicÑKk qsÆ�i�qs|�Ä$t_v ó(v à � � �l�h� � � � é�� � ��� � �E� ��é}�l� � ��� é �� � � �l� � é ��� �h�/� � ��é}�l� � ��� é � �h� � � · ��é � ����� � é�� � �������:� ��£lé��h�'� í � Ö@� � Þ�á �4¤:�:�ª«}¤ª« � §}¤�¤�¾_ê?�óÏÄ�þ�°3³Å{:ÍMv Ô � � �Ué�� �`�3� � �����&�@� ����� � é�� � ��� � � ��� � Q � � é � �`��� � � �h��� � � � � ÖH� ��� � � � ��� � � � ¹�¹��� õd� ��� � Ö@� � � � â ��¢ � ���-� �3� �:�'�-�P�4«�§}¿��¨«D��¿ � ��¿�¥ª©Zê?�óÏÄ�þ�°3³Å{ ÍMv3Ýd� ë@��é�� � ���/�_�}� é ��� � ß �/� �h�RÒ � � � � � � é � � � � � é Ö �l� � � �h�lé �@� ����� � é�� � Ò�� � � �`� � Ö����� ��¢K� ���/� � � � �3� �:��¢ � � ½ Ù8��¾�¿ª©-��¿�¤D� � ��¿ª©��Aê?�óÏÄ�þ�°3³Å{ÛÍMvRÝd� ë@��é�� � ���/�w�}� é ��� � ß �/� �h� �/� é��h� � � �h�¡é � �h��� � � � � Ö � ��� � � � ��� � � � � ���� ��¢K� ���/� � � � �3� �:��¢ � ��Ù/ù'��¥:�D�D��¥:��¿ � ��¿ª©}¥_ê?�óÏÄ�þ�°3³Å{ ÍMv ¢ �`�3� � �4�s� �_�h�/� � é�� � ·�� � � � � � é � � � � � é��h�l� � é � � � � �h� � �h��� � � � � ÖY� ��� � � � ��� � � �
� ��� � ��¢K� ���/� �-� �3� �:��¢ � �l�-��Ù�Ù8�'��©}¥��R��©}¿ � ��¿ª©}¿_ê?�óÏÄ�þ�°3³Å{>ÍMv õd� � �l��é � � è � � �h�/� ��� ��·}Ö é ���M· � ��� � Ö@��� �Ué � � ���/� ��� � � � ��� � ����× ���l� ���/��� � Ö@��� � �Î�Î Ù8�'��¥)���R��©�§ � ��¿�¾ª«Zê?�óÏÄ�þ�°3³Å{NÍMv £ �@� �l� � �h�/� ��� ��·}Ö é ��� � � ���l��� � � � ���@� �l� � ��� £ �:�/� � � Ò0é � � � � � ��� �lø �}� �h� � ��é}�l� � ��� ����/� � ��� � �/· �}� � � · � � Ò0é � � � � é ���H� é�� � ·�� � �R��� ¢ �/� � �@� õd� � ß � ��Ó á ��¿D�
����¿�¥�¥ � ��¿�¿�¥Aê?�óÏÄ�þ�°3³Å{cÍMv £��Ué �0� ��é}�l� � ��� é � � � � � �l�%� � �l� � ÒZé�� � Òª� �>�@� � �l�h� � � � é � ��� � é�� � ���/� é ��� ß � �h�l� �����¢ �/� ��� �/� Òª�l� ��� � Ö µ/�l����é���éP� � � è � Ýd¹�¹(Þ<Î �4©D����¾D� � ��¿�¿ª©Zê?�óÏÄ�þ�°3³Å{0ÍMv £ �3� � � �$�}�Hû�� ø � ���4� � ���/�M� � �@� é � � �h� � � �`� � Ö�����	 é��h�l� â � ����� �h��� �â � � �Ué��h����Ó�Ù8��¥�¿ª©-�¨©}¤ª« � §}¤�¤�¤_ê?�óÏÄ�þ�°3³Å{wÍMv à � � ��� � ë � �h� �c� � � �l� �@� � �l�h� � � � é � ��� � é�� � ���/�`�`�3� � � � � �/·M�@� � � ���l��� � � � ���@� �l� � ���é �����@� ���/��� ������� µ@��é}�:�4¡oé � �4¢ �/�/� ��¢ � é � � Þ �J�j§������:�j§ � §}¤�¤P�;ê?�óÏÄ�þ�°3³Å{`ÍMv y�ÍwÄ}qs~4Ä}|�g}q&öKv ¢ � � � �@� ����� � é�� � ���>�`�3� � � ë2é � � ������� � �`� � ÖH� �����2é �/� ���Õ���í»� �h��é ��� ¢ �/�/� ��õd� ��� � Ö@��� � �dá�Î �'�-�D�D�?���j© � ��¿ª©��;ê?�óÏÄ�þ�°3³Å{�ÍMv yÏÍwÄ}qs~4Ä}|�g}qÏöKv Ô � � �Ué�� �`�@� � � �R�}�K�@� ����� � é�� � ���M� � é � � � é � � � � ����� � �@�N���Hâ´� Ò0� ¹��º �/� Ò � ¡ � � � � � �YÎ �'��¥P���R��¿�¾ � ��¿ª©��;ê?�
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óÏÄ}|�÷lq¶{}~�i ì@v�ÍMv y?óÏÄ}Æ}Ä�ksk qs~/q>öKv ywÍwÄ}qs~4Ä}|�g}q�öKv y�ä�Ä}~/Ì�ÉªÄ�exvH×6� � ��� �@��� é � �é� � � ���`� ��`�3� � � � � �/· �}� � ���/� ��é � �%� � � é�Òª� � � ��� é · é�� � ���>�/��� �/·:� ��é}�l� � ��� é �&� �l� � Ò0é�� � Òª� �d��� í»� �h��é ���¢ �/�/� ��õd� ��� � Ö@�RÎ@½�á �.��©���¿��R��©D��¥ � §}¤�¤ª§Zê?�óÏÄ}|Åþ�qs~/³�i�|�q_exv yKÍwÄ}qs~�Ä}|hg}q6öKv � � �@� ê?�&µ3��é}�l��é � � é ��� µ@��é}�l� � ��� é � ¡oé � � �/� �/�N� � ¡ ��� � � �3�/�/�£������2é �/� � � � Ýd� � �/� é � ºd� ��� � � � £ �3� � � �/· �l� Ý �l� � é · �'��¿�¿ª©��óÏÄ}|Åþ�qs~/³�i�|�qdexv y:ó�pjq¶Ä}q¶Ä>±dv»í<� � �l� � �Ué � � �/·M� é � � é ���c�@� � � �/��� ��� é � ����é �/��� � � ���/� � �c����� � �� �����2é �/� � �´��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � ��Â �'�-�D�)���R�-��¥D� � ��¿�¿�¥_ê?�óÏÄ}|Åþ�qs~/³�i�|�q<exv y(óÏ{}|�~�i�³o³oq�­_v y8åN{�k Ð(Ä}~@Ë�Ä}|_å:v4ÍMv ¡±é � � �/� é�� � �ª�Y�}� �h�/�_�h� �/��� � �}é ���:û �lø � ��é �� ���h� �/· �h� �}���@� ��� � � �l�h� �?� é��h�l� � é � �`�/��� �/·w� ��é}�l� � ��� é � �Ué � � �/� �/�Y��� ¡(�2é ��� � �3��� � � ���/� é ���µ@��é}�l��é � �R¼�Î ��¥ª§D����¥:�ª§ � §}¤�¤D�Aê?�óÏÄ}|Åþ�qs~/³�i�|�qÏexv y´ó�pjq¶Ä}q¶Ä ±dv y´óÏ{}|�~�i�³o³oq(­_v º �/� �l� � �Ué �<�`�3� � � � è é�� � �����}�Ï�@� ��� � � �l�h� �>� � �@� éÒ � é � ��é}�l� � ��� é � �Ué � � �/� �/�R��� ¡ ���`�/� ��é�� � ��� é � £lé��h�l� � é � ��� � � � � ���xÓ/ù'�.��«�«-�R��¥ª§ � §}¤�¤D�Aê?�óÏÄ}|Åþ�qs~/³�i�|�q(exv y´ó�pjq¶Ä}q¶Ä`±dv y´óÏ{}|�~�i�³o³oq6­_v ¢ �@� ��� � � �l�h� �>�`� �l� ��� ��� � �l� � �h� � é��h�l� � é ���`�3� � �ë2é � � �w����� ��é}�l��é �Ï· � ��� �l��� Ö é ���>� ��é}�l� � ��� é � �Ué � � �/� �/�N����ã �8¢ �/· � � é ��� �h�H£lé��h�'��£������'�Ú Þ �'��§}¾��R�-�ª« � §}¤�¤D�Aê?�óÏÄ}|�|hi�|�Ä}¬´±dv�exv y�æ&Ì}~4÷�pEÇ&v4tKv y8²xi�Ð»r`Ä}~YñNv�t_v y<Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v4ÍMv ¢ �/��� é � ���/�(�@� ���/��� ���� � éN� �/�/�/� �/·:� � ���@�/� � � �`�3� � �<��� í � Ö@� � â ��Ò0� À Ù/ù'�J�j©�©�¤����j©�©}¾ � ��¿�¿�¿_ê?�ñNilk mhóÏÄ}¬h³oqoksk {�mo²xi¶É}|hi�³�idñNv yÏóÏÄ}|�|hi�|�Ä}¬_±dv�exv y4æ&Ì}~4÷�pcÇ&v�t_v µ@��é}�l� � ��� é ���@� ���/��� ���`� �`�/� é ��� é� � �wë �/� � � ��� ���:í � Ö@��� � �_�}�»í»� é ��� é � �:�:�0��¾ª«��D� ��¾�¥D� � §}¤�¤D�Aê?�gjilk mhóÏÄ}¬h³oqoksk {�mo²xi¶É}|hi�³�iRñNv µ@��é}�l� � ��� é �8�@� ���/��� ���Y�`�3� � � �6�}�<�/���/� � �Ué � ����é �/���4� ��� ���Ní � Ö@��� � ��}�»í»� é ��� é � � �@��� £ ��¤P� ��¤ª¥:� � �:� §D�:�ª¥P�)��� � §}¤�¤�¥_ê?�ó(i�÷h÷h{}~/q(öKv yRó(i�~4÷lqs~/q6ÍMv y»ö<Ä�k ÷lq¶{}~/q(ÍMv y Ç3°@k þ�q¶Ä}~/q(exv8¸ � � � �/� é �M�`� � � ��� é ���w�@� ���/��� ��� £µ@� ����� � � ���2é � � � � � � � ��� ��� � � � � ���2é ��� é ��� ë4� Öj��������� ¡(�2é ���xÎ@½ ��¤ª§}¥P��¤ª§-�R����¿ � §}¤�¤ª«Zê?�ó�p@Ä}Æ�i�¬�exv�®�v µ@��é}�l� � ��� é �&�@� ���/��� ��� ��� � é�� � ��� � �H� �Ué � �l� � ë4� ÔRî��Ò Ö�û�� · �j� �R��� í � Ö@� � Ô �l���-�¢ ¼ Ó á �.�-� � ��¿�¿�¾_ê?�ó�p/i�÷�pªË�qs~�exvwÇ&v y>z_{}~4÷�p@Ä}|�Ç&v y åxk Ä�Ãh³�i�|cì@v y ÍMi�³ ð�k i�|$n�v y�ü4Ä}~4Ä}³ÅÄ}~4{}Æcæ(v�� ��é�� � ��� é�� Ö� ��é��h� ���}�6�/��� � � � � �Ué�� ��� � � � � é�� � � �:� � � Òª� � ë Ö ÔRî��Ò Ö>�/��� � � ��� ¡(�/� � � í � Ö@� � ¼ Ú Þ ��§D�:���¨§�«��
� §}¤�¤ª§Zê?�ó�p/i�÷�pªË�qs~ÛexvYÇ&v y z_{}~4÷�p@Ä}|ÜÇ&v��/°�v ydåxk Ä�Ãh³�i�|>ì@v yRÍMi�³ ð�k i�|�n�v ºFé�� � ��é � � � � �}�È� � ÔRî��Ò Öû�� · �j� � �Ué �/� � � ë Ö��@� ����� � é�� � Òª� �/���/� � � �Ué�� � � Ö>���:í � Ö@� � â ��Ò0� À0Â/¼ ��¤P��¤P��¤P���R����� � §}¤�¤:�_ê?�ó�p/i�÷�pªË�qs~ÛexvYÇ&v y z_{}~4÷�p@Ä}|ÛÇ&v��@°�v yRåxk Ä�Ãh³�i�|�ì@v yRÍMi�³ ð�k i�|�n�v y`ü4Ä}~4Ä}³ÅÄ}|�{}Æ�æ(vYÇ&v µ � � � �� é ��� é · ��é ��� é���� � Ò0é � � � � � � � �/��� � � � �´�s� � ÔRî��Ò Ö�û�� · �ª� � é ��� �h�/� � é � � � �h� �}� �h�/� � �l�h� �3�Y�}�� � é · � �d��� é���� � Ò0£ � ����� � � é�� � ¤:��¤�¿D�)�ª¿}Ò0� � §}¤�¤:�_ê?�ó�p/i�÷�pªË�qs~ exv y�z_{}~4÷�p@Ä}|IÇ&v y ®3ðlÌªg3k {}Ð»¬¨Ë}q ÍMv µ3��é}�l� � ��� é �N�3� � �l� � � ���s� ���h� � é�øDé�� � ��� é ������/� �l� �@� ���/��� ����� � é � é ·�� �l� � �dß�� � �>���:í � Ö@��� � �_�}�»í»� é ��� é �dá �4©}¾���¾�¾ � §}¤�¤ª§Zê?�ó�p/i�÷�pªË�qs~Yexv6Ç&v yÏz_{}|hi�~��6{Nn�v y8®4{�Ë�{�k {}Æ���v/ÍMv�â �l��é�� �@� �/·���� ë �@� ���/��� ��� é ��� é}����� � �l��é�� � �/·���/� �l� �@� ���/��� ���ê·�� Òª�l� � � � ë Öê�@� � ��� � ë � �h� � � � � � �l� � ��é}�l� � ��� é �Ø�@� ���/��� ��� ��� � é�� � ���/�W���í � Ö@� � â ��Ò0� À Ù�Ù8�4¤D�ª¥P��§}¿��R����¤D�ª¥
��§}¿D��¥ � §}¤�¤ª§_ê?�
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ó�p/i�÷�pªË�qs~0exv�Ç&v y`z_{}|hil~��6{En�v yx®4{�Ë�{�k {}Æ���v_ÍMv y`z_{}~4÷�p@Ä}|ÜÇ&v �@°�v à � � ��� � ë � �h� �Ø� � � �l�� � � � � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ������� µ@��é}�:�4¡oé � �4¢ �/�/� �/¢ � é � �4Ù8�4§�«}¿��¨§�©}¿ � §}¤�¤:�_ê?�ó�p/i�÷�pªË�qs~ØexvYÇ&v y´åxk Ä�Ãh³�i�|�ì@v yR®4{�Ë�{�k {}Æ!��v6ÍMv µ@��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���c�o� ��/� ����é ��� � � �3� � �l� � � �d���:À»� � ��� � Ö@� � Ô �����-�4Ù�Ó8�0�ª§}¥�� �:�ª§ � §}¤�¤:�_ê?�ó�p/i�÷�pªË�qs~ÛexvHÇ&v y z_{}~4÷�p@Ä}|0Ç&v��@°�v ydåxk Ä�Ãh³�i�|�ì@v yRÍMi�³ ð�k i�|�n�v y`ü4Ä}~4Ä}³ÅÄ}|�{}Æ�æ(vYÇ&v ÔRî��Ò Öû�� · �j� �_� � é � �h��� ���4� �h� � � � é � � � � �&���:� � � ��é��-� í � Ö@� � Î�Î@½ �'��«}¤ª«-�R��«D�ª« � §}¤ª¤D�Aê?�ó�p/i�÷�pªË�qs~Yexv6Ç&v yÏz_{}|�i�~��6{xn�v y8®4{�Ë�{�k {}Æ���v/ÍMv�â �l��é�� �@� �/·���� ë �@� ���/��� ��� é ��� é}����� � �l��é�� � �/·���/� �l� �@� ���/��� ���Y·�� Òª�l� � � � ë ÖH�@� � ��� � ë � �h� � � � � � �l� � ��é}�l� � ��� é �<�@� ���/��� ��� ��� � é�� � ���/�_���Ní � Ö@� �â ��Ò0� À Ù�Ù8��¤D�ª¥P��§}¿ � ����¥Y§}¤�¤ª§��
ó�p/i�÷�pªË�qs~0exv�Ç&v y`z_{}|hil~��6{En�v yx®4{�Ë�{�k {}Æ���v_ÍMv y`z_{}~4÷�p@Ä}|ÜÇ&v �@°�v à � � ��� � ë � �h� �Ø� � � �l�� � � � � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ������� µ@��é}�:�4¡oé � �4¢ �/�/� �/¢ � é � �4Ù8�4§�«}¿��¨§�©}¿ � §}¤�¤:�_ê?�ó�p/i�÷�pªË�qs~wexv�Ç&v ydz_{}|hi�~��6{Yn�v yÏ®4{�Ë�{�k {}Æ���v<ÍMv µ3��é}�l� � ��� é �Ï�3� ���/��� ����� ��� � � ���`��· � � � ���/�� � �@� é ���:� � �}�»í � Ö@��� � � ¢Z£4£lé��h�/� � é�� � �Ué � é ��� õd� � �l��é � Ó�Ú8� Ô ¥ª©}¿�� Ô ¥�¾D� � §}¤�¤ª«Zê?�¡(�/� �"	 � ��ò ��� � � ��µ@��é}�l� � ��� é � Ô é �@� é�� � é � � � � ��� ��� é}��� �`�3� � � � é ��� Ô ��Ò Öÿ� ��é0ë � ��@� � ��� � ë � � � ���>�s� � � � � �Ué���é �����/���/� � � �Ué�� � �h��� � � � � Ö � � � � � ��� � � � � �����¨Ö>� � �@� é ��� â � � �Ué��h���â � �4� ��� �3� �:�/� é â � � �Ué��h��� Ô é0ë á � � §}¤�¤ª§Zê?�ó�p/i�~ ë>v y»ä�{�k rÕ®�v µ@��é}�l� � ��� é � Ô é �/� é}� � é � � � � ��� ��� é}��� �`�3� � �8�s� � � � � �Ué��Xé ���>�/���/� � � �Ué��� �����¨ÖÜ� � �@� éP�K�lø@� � ë � � � �/· é��wë � ����é�� Ö0� �h��� � � � � Ö0� � � � ��� � � � ÖÜ���c� �´¢K� ���/� �-� �3� �:�_¢ � �Î�Î@½ �'���3§��D�R���)��¤ � §}¤�¤D�Aê?�ó�p/i�~Õë>v y�ä�{�k ra®�v Ô ��Ò ÖÛ� ��é0ë � � �@� � ��� � ë � � � ��� é ��� � ¤P� §-� ��� � �l� � � � � ��� � � ��� ��� �h�/�é0ë ��� � � � � ��� � � �lÁ`� � � � � ��� �h�/� � �h��� � � � � Ö���� ¡(� � � � í � Ö/� � Ô �l���-� ¼�¼ �4§}¥�¤P���¨§}¥�¤)� � §}¤�¤D�Aê?�ó�p/i�~0¯´v y6®/°jË�qK±dv y(e_~$å:v à Ö@� é �`� � � ���h�2é �/� �Ué �»� � ��� �l��� � � ���}� é · é�� ��� � · � � �x�`�3� � � � �ë Ö é � ��é}�l� � ��� é �_� �l� � ÒZé�� � Òª� �`�3� � �K���>� � �}� ë � ��� �����2é �/� �Ué � � �/·�� � ���l� � �/·?Î@¼ Ù8�»¥�¥�¥���¥j©��
� §}¤�¤D�Aê?�ó�p/i�~Dì@v yHæ&qs° öKv yHe_~@p�Ç&v ¢ � é � Ö � � �Ué �`����� � � � �����s� �E�h�/�?� � � ��� � ��é}�l� � ��� é � �h� � � · ��é � ���� � é�� � ��� ë Ö �h�/� � �l�h� �3�È�}�H� � � é���é�� � �/· Ò0é�� � é0ë � � �E���Û� �x£lé��h�'��¢ � é � ��¢ �/�/� ��Ó�Ó�Ú8��-��¥D�D�R�-�ª©�© � §}¤�¤�¾_ê?�ó�p/i�~wóÏv/ÍMv y�æ&qs°NöKv yÏü/°3|�~�i�|#��v y4e_~@pMÇ&v ¢Øµ ��� � � �l� � �l�h� �@���s� �Ï�h�/� � ��é}�l� � ��� é �4�@� ���/��� ������ � é�� � ���W� � � �l� � ë � �/·Ü��� ë
� �@� ���/��� ���W���Û� � ��� ¡ ���`�/� ��é�� � ��� é � í � Ö@��� � �$¼�¼4Â ��¾�¾�¥���¾ª¿ª©
� §}¤�¤ª©Zê?�ó�p@{}Ð ó(vIë>v y$æ&qs°ÿå:v�æ(v µ ���3� �l�%� í»� é � � � ��� � é�� � ��� é ��� ��� ë �@� ���/��� Ò�� � ��é}�l� � ��� é �µ ���3� �l�%� í»� é � � � ��� � é�� � ���c�}� ë � � ��é0ë � � �¨Ö@� �h� �`� � � �h� ��� �/�3�`����í � Ö@��� �Ué�¢ÕÓ Þ<Î �Ï¾ª©-�R��¤�¥
� §}¤�¤D�Aê?�ó�pj°jË�fhÄ}| å:vNÇ&v y6Ê�Äªfl°3|�gªÄji�ÆÛÇ&v��@°�v ¡ ���H� � � � ��� � ×8� � é�� �@�N� �l�h�l� �`� �/� � � � � ��� � é�� � ���/��s� � Ô ��Ò Ö � é � �3� £K�h�/� � ��é}�l� � ��� é ��� é��h�l� � é ��� �l� � ÒZé�� � Òª� �Ø���Eí � Ö@� � â ��Ò0� À Ù�Ú8�_¤:�:�P��¤P�
� §}¤�¤:�_ê?�ó�pj°jË�fhÄ}|�å:vHÇ&v y�Ê�Äªfl°3|�gªÄji�Æ Ç&v��@°�v6�j� ë �@� ���@��� �ª�?� � ��é ���@��� � ���`� �h� ����� ë � � û�� � �����í � Ö@� � â ��Ò0� ÀÛÂ4Î �4¤�¥P�:��¤ª«-�R����¥ � §}¤�¤ª«Zê?�



ZX×.g�/t×�Ó.�_ÔAØ@��×$õ Ù2q��
óÏ{%$´i�Ì$ë>v6üÏv à � � � ���l��� � �R�h� � é�øDé�� � ��� £@é ��� Òª�l�hÒ � � � ���:� ��£ ��� ���:� Ô � �M� Î�ÎjÞ �4«-�¨§�« � §}¤�¤D�Aê?�óÏ{%$´i�ÌÛë�vdüÏv y�ó�|h{}³sp/i�|�¬ ñNvÏ®�v»öKv y6ä�{�ksk Ä}~4g�ñNv yxü�qs³Å{}ÆY®�v:Ç&v õ´�h��� �w�s�/� �l� � ���M�s� �N�h�/��@� ���/��� ���M� � �`� � �}�K��� ��� �@� � � �/��� ��� é � � ��� � � �/� ���/� � � � �:��é ���@��� � é � �3�:����� �&£ ��� ���D� Ô � �M�Î�ÎjÞ �'��¥ª«-�R��©�� � §}¤�¤D�Aê?�óÏ{%$´i�Ìcë>v6üÏv y&åNÄ�k r:Ì�Ë�{}Æ��»v<­_v y´ü�qs³Å{}Æ ®�vRÇ&v ¢ �/��� é � ���/�´�@� � � ���l��� � �x�h� � é�øDé�� � ���>� � �h�/�� ��� �h�lø3� �}� �h�/�HàR�pë Ö � �`�3� � �(�}�´�/���/� � �l��� � é � � � ��é�� � ��� é �_�@� ���/��� ���?���>� �Ï¡(�/� � � í � Ö@� �Î�Î Ù8��¥D�j§�§-��¥D�3§}¥ � §}¤�¤ª§Zê?�óÏ{%$´i�ÌWë>v üÏv y�åNÄ�k r:Ì�Ë�{}Æ&�»v´­_v y�ü�qs³Å{}ÆM®�v�Ç&v ¢ �/��� é � ���/���@� ���/��� ��� é ���0�@� � � ���l��� � ��h� � é�øDé�� � ����� � é � º�� �s��� � � ����� � � �4� �h� � � � é � � í � Ö@� � â ��Ò0� À Ù Â ��¤�¥P�:�:��« � §}¤�¤:�_ê?�óÏ{%$´i�Ìcë>vKüÏv y»åNÄ�k r:Ì�Ë�{}Æ��»v<­_v ydü�qs³Å{}Æ ®�vRÇ&v�¹�� �l��� � é � � � ���l� �d� � é �/��� é � ���/�d�@� � � ���l��� � ��h� � é�øDé�� � ������� � �4£ ��� ���:� Ô � �0� Î�ÎjÞ �0�ª«-���
� � §}¤ª¤D�Aê?�óÏ{%$´i�ÌÜë>vRüÏv yKåNÄ�k r:Ì�Ë�{}Æ��»vÏ­_v y:ü�qs³Å{}Æ�®�v Ç&v ¢ �/��� é � ���/�N�@� � � ���l��� � �H�h� � é�øDé�� � ���c� � é�@��� ë � ��� � � � �8�4� �h� � � � é ����� � �4£ ��� ���:� Ô � �M� Î�ÎjÞ �J�)�D���ª¿ � §}¤�¤D�Aê?�óÏ{%$´i�Ì ë>v:ü»v ydåNÄ�k r:Ì�Ë�{}Æ'�»vK­_v y`ü�qs³Å{}Æw®�vHÇ&v ¢ �/��� é � ���/� �/���/� � � �Ué�� �@� � � ���l��� � �mé ���
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Ô �l���-� ½ � Ô §}¥ª©-� Ô §�©�� � §}¤�¤ª«Zê?�ñR°/f�Ë�{}Æ�exv_exv yR®�þ@Ä�É}~4{�k {M±dv Ô é �/· ��Ò � � ¢ �/� � � é}���?� � ¢ �/��� é � ���/� à � ���/��� ���Ø� � ß/ø@� ��4� �h� � � � é � � £6�løDé����Y�h� ���/� � �H�s� � � ��é�� � ��� é�� ÖÛ� � � ë2é0ë � � � � Ö0�@� � ��� � ë � � � ���/����� ¢6�l��é í � Ö@��� �Uéí���� ���/� �Ué ¸ Ó�Ú8����©��j«-�R��©�«�¾ � §}¤�¤ª©Zê?� ñR°/f�Ëª{}Æcexv�exv y`®�þ@Ä�É}~4{�k {Ø±dv y � ÷�p@Ä}q Ë�qs~ Ç&vwÇ&vÔRî�lÒ Ö$û�� · �j� ���/� �l� �@� ���/��� ��� £±é �?� � ��� �3�@� �l� � ��� � ����¹�� �-� � � ¸(� �s� �h�Ué�� � ��� é ��� ¡(�2é ���>Î Ú8�§}¥D�ª¿��¨§}¥ª©�§P� � §}¤�¤ª¾_ê?�tKÄªf ó(vEäxv y?æ&qsr ®�vÜó(v$í é��h� � � �h� · ��é � �h� � �h� � � � ��é�� � ��� �}�0� ��é}�l� � ��� é � �2é�� �`���/� ���� � � � � é�� � � ���:í � Ö@��� �Ué ¢IÓ Â4Î �0��¤:��� �P��¥ � §}¤�¤ª¥_ê?�tKÄªf�ó(v&äxv yÏæ&qsrÿ®�v_ó(v y�ü�i�{Hæ(v»­_v µ � �/� �h�N�h� �`� �l��é�� � �h� ¡oé ��� �`� �x� � ���l� �s� ��é � é ����� � ���� ��é}�l� � ��� é �0��� � � � õ � � �@��� ß�� � � � � �h� � ��é}�l� � ��� é � ºd� �/� é �/� � �����@� � � ���/�6����� �@£lé��h�'� í � Ö@� �Þ Ú8��¤�¾ª§D��¤P� � §}¤�¤ª©Zê?�t(q¶gjilk r`Ä}~:®�vjñNv y@åN{�÷�pj°/f�i�q�exvj²xv ¡oé � ��� Ö�� � � ë � � �Ü�s� � � ��é}�l� � ��� é �@�@� ���/��� ��� ��� � é�� � ���/�&���� � �}� à � � �l�h� � � � é �<À � � é�� � ���/��Î@á�á �4§��:���¨§�«�« � §}¤�¤D�Aê?�t6k g}|hi�gMæ(v´±dv yR±´Ä�Ëªi�|0ë>v´­_v yR­KÄ�k Ä�ð�{}³o³Å{Eexv´²xv º �/� �l� � �Ué � é �/�/� � �Ué�� � ���0�}��� ��é}�l� � ��� é �� �l� � ÒZé�� � Òª� �`�3� � � � �ª�@� � � � � � � Òª�Y�h� � é�� � ���/�:�s� �`Ò � � � � � � é � � � � � é��h�l� � é � �H��� ¡ ���`�/� �h�l� �-1� ��� � �l� � �h� � Ù/ù'��¾ª©�«-��¾�¾ª§ � ��¿�¿�¥_ê?�t6k mo²�Äªfl°@k ¬hqKn�v moexv µ@��é}�l� � ��� é �6� � � �l� � � � � ���$�}�_���/� �l��é ���M��� ë �@� ���/��� ���E����í � Ö@� Ô �l���:¢Ó Þ ù'�M��¥P��� ��¥�¾ � §}¤�¤ª«Zê?�t6k m¶®4Ä}Ìji�g$exv_ÍMv_exv µ@��é}�l� � ��� é �d� � � �l� �@� ���/��� ��� � � é�Ò��>��� � é�� � ���Ü���w¹�� �-� � � �}�x× �/� � �-�í � Ö@� ��Ó ½ �0�P�:��� �ª§�§ � ��¿�¿�¥_ê?�



ÙJqDÍ ZX×.gP/t×�Ó.�_Ô_Ø@��×$õ
t6k m¶®@p@Ä�p/i�g:ÍMv £�òdà �}� é � ��é}�l� � ��� é � Ò � � � � � � é � � � � û��/� �`� � éx� � �h� �/� é��6� � ë4� ��� £������2é �/� � �â � � �4¡ ���`� �/Ó4Ó8�4§}¥P���¨§}¥�¾ � §}¤�¤�¥_ê?�t6k Ð(Ä�Ë�qokj®�v3exv y4Ê�Ä�pj|�Ä}~`ÍMv3exv µ@��é}�l� � ��� é �@� � �h� · ��é � �h� � �h� � � � ��é�� � ��� �}��� é � �h�l�&��� � é�� � ���`���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ ù.�'��«��j«-�R��«��ª¾ � ��¿�¿�¿_ê?�t6k Ð(Ä�Ë�qok�®�v8exv y»Ê�Ä�pj|�Ä}~�ÍMv8exv µ@��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ������� ¡(�2é ��� � �3��� � � ���/�é ��� µ@��é}�l��é � �xÎ�Î �4©}¿P���¨©}¿�¾ � §}¤�¤�¤_ê?�t6k Ð(Ä�Ë�qok@®�v/exv y8Ê�Ä�pj|�Ä}~YÍMv/exv µ@��é}�l� � ��� é � �h� � �h� � � � ��é�� � ���`�}� µ ���3� �l�%� í»� é � � � ��� � é�� � ���Y���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ@¼ �'��¿ª§}¿��R��¿:�ª« � §}¤�¤P�;ê?�t6k Ð(Ä�Ë�qok&®�v»exv y6t6k p@Ä}~4fhÄ�k Ì�exv yKÊ�Ä�pj|�Ä}~EÍMv»exv µ3��é}�l� � ��� é � � ��� é}�����¶� � � �;êdµ ���3� �l�%� í»� é � � ���� � é�� � ���>�ª� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ@¼ �.��¤:�ª«-�R��¤D�ª¤ � §}¤�¤P�;ê?�t6k Ð(Ä�Ë�qokÏ®�v(exv y´Ê�Ä�pj|�Ä}~?ÍMv(exv yKedf�gª{}°$ÍMv(exv&× �/� ��� �l��é�� � � � �l�h� �3�w�s� � ����� Ò � �/· �h�/�� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���È���E� � � � é � � � �-� �j� ���l���h� � ��é ���Øâ é �@� é��-� × ��é �/�¨� �l�Â�Â �M�P��©-� �ª§�© � §}¤�¤:�_ê?�t6k Ð(Ä�Ë�qokx®�v:exv yHÊ�Ä�pj|�Ä}~WÍMvNexv y`edfl°@k Ð(Ä�ÃlÄÛt_v:ÍMv�× �/� �@� ���/��� ��� � � � � � �$��� � é�� � �������� ��� ë
� � � � � � ��� � �l� � �h� ���:í � Ö@��� �Ué ¢IÓ/ù4Ó8��§�©-� �D� � §}¤�¤ª§Zê?�t6k Ð(Ä�Ë�qokd®�vRexv y:Ê�Ä�pj|�Ä}~ ÍMvRexv yNedfl°@k Ð(Ä�ÃlÄct_vRÍMv µ3��é}�l� � ��� é � � ��� é}�����¶� � � �;ê �@� ���/��� ������ � é�� � ���Y��� � ��� ë
� � � � � �`�@� � ����� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �´¼ ù'�0�:�:�-���R�:��§}¤ � §}¤�¤D�Aê?�t(~�ilk °3~4gNÍMv y8ö�i�~4Ä}~4gji�|dexv y6ÑKk ¬h¬l{}~�­_v µ3��é}�l� � ��� é �8� � �h� · ��é �4�s� � �:�/� é�� � ���Y�}� � ���/� � � � � � � Òª���� � é�� � ���/�_�}� Ò � � � � � � é � � � � � � Ö���� ¢ ¹ ¢d¢ � �4Ó ½ �.�-�ª«}¥��R�-��¥ª§ � ��¿�¿ª©Zê?�t(~�ilk °3~4gcÍMv y:ì3{}¬�ioÃh¬l{}~È±dvdæ(v_×6� � ��� �@��� é � � ß �/� �h�M� � � � � � ��é � é � Ö@��� �>�}� Ò � � � � � � é � � � �� ��� � �l� � �h� � � � �h� � ��é}�l� � ��� é �c� �l� � ÒZé�� � Òª� � � ���/� � � � � � � Òª�W��� � é�� � ���/����� ¢ ¹ ¢d¢ � �wÓ ½ ���¥:��¤��R��¥:�ª© � ��¿�¿ª©Zê?�t(~�ilk °3~4gÕÍMv yIÑKk ¬h¬l{}~�­_v àXé �`�/� �/· � � � �l� � ë4� � ë Öê� é �@� �/·�� � �`� � Ö �bé � é � Ö@��� � é ���é �/�/� � �Ué�� � ��� � ��� ��é}�l� � ��� é �K� �l� � ÒZé�� � Òª� �`�3� � � �:����¹�� �-� � � �}�d�3��� � �@� é ���E� ��� � �l� � �h� � Ó�Ù8�¿:��¿���¿ª©}¤ � ��¿ª¿�¿_ê?�t(~3É�p/i�³ÅÄ�²xv8ýd� �h�/�N� ��� � �}�6�/��� � � � �h� · ��é � � � ��é}�l� � ��� é � êd�Ué � � �/� �/��� � � � ���l��� �3�3Ö@� é �`� � �x���à � · � � � �}� �h�/�Ï��¿�¿ª§ ¹¨ÀÏÀÏÀ ¢ í � �/� � âR�3¹:¹�� �-� �jÖ@�`�4����� �/� � � âR�3¹ à � · � � �-�´¡(� � �Ué ·�� ���¿�¿ª§�� �/� �'��¥:���R��©�«��
t(~3É�p/i�³ÅÄ:²xv@ýd�`� ��é}�l� � ��� é � �Ué � � �/� �/� é ��� � ��é}�l� � ��� é �8�:�@� � � ����� � �(� � � � ���l��� ��� é ·�� �l� � ���é���¹¨ÀÏÀÏÀØ× ��é �/� � ��� ¢ � �h� �/� é � é ����í � ��� é · é�� � ���/�´Þ�Þ �4«�«��D�¨«}¥�¥ � ��¿�¿�¥_ê?�t(~3É�p/i�³ÅÄ�²xv`À»� ���l��� ��� ��é�� � �2� � ��é}�l� � ��� é �3�b� � é · � � �l�h� �3�@�c�s� � � �l� � ���l� � Ö � �����3� �l� � �/·
� � �@· � � é ��� � ��� � �H����¹¨ÀÏÀÏÀW× ��é �/� � ��� ¢ � �h� �/� é � é ���?í � ��� é · é�� � ���/�HÞ�Þ �=��«}¥ª«-�R��«�©��
� ��¿�¿�¥_ê?�t(~3É�p/i�³ÅÄc²xv � � � �}�N� ��é}�l� � ��� é �x� � �h� · ��é�� � ��� � �c� � ���4��� � ����� �4� � ��é}�l� � ��� é �3�Ø����� � � � ���/��s� � �h�/� � �Ué � é��Hòd� � � � ��� � è ��� � é�� � ���Ø����í � ��· �-� � �?À»� ���l��� ��� é ·�� �l� � � â � � � Î@¼ �	��¤ª©-�R���ª§
� ��¿�¿�¥_ê?�t(~3É�p/i�³ÅÄw²xv»ýd� �h�/�`� ��� � �}�_� ��é}�l� � ��� é � �Ué � � �/� �/� � � � � ���l��� ��� é ·�� �l� � �Y�h�/� � � Öc���>¹¨ÀÏÀÏÀ¢ � �h� �/� � í � ��� é · ��Ó á �0�ª«-���ª¥ � ��¿�¿ª©Zê?�



ZX×.g�/t×�Ó.�_ÔAØ@��×$õ ÙJq+�
t(~3É�p/i�³ÅÄ�²xv µ@��é}�l� � ��� é � � � � �Ï��� �l��é�� � � � � � � ���l��� ��� é ·�� �l� � � � ��� £ � �l� � � é�Ò�� ýd� �-� × �����8�Ô �l���-� Î/Â ��¾�¥���¿P� � ��¿�¿�¾_ê?�t(~3É�p/i�³ÅÄ>²xv»ýd� µ3��é}�l� � ��� é �K� é���é �@� ·�� é ���$� � �h�l� � � �@� é��h� è���� � �N� � � � ���l��� ��� é ·�� �l� � ��� �¹ £ í»� é � é�� � ë � �l�hÒZé�� � ������� £ � �l� � � � ýd� � � � � × �����'� Ô �l���-� ¼�¼ �4§D��¥��¨§��
� � ��¿�¿�¿_ê?�t(~3É�p/i�³ÅÄ>²xv»ýd� µ3��é}�l� � ��� é �K� é���é �@� ·�� é ���$� � �h�l� � � �@� é��h� è���� � �N� � � � ���l��� ��� é ·�� �l� � ��� �¹�¹ £´¡ Ö@� � ��� � � �Ué � é ���0��� �/�l� � �Ué �x� ë � �l�hÒZé�� � ���/����� £ � �l� � � é�Òª� ýd� � � � � × ���h�'� Ô �l���-� ¼ Ó8���¤�¤��R��¤:� � ��¿�¿�¿_ê?�t(~3É�p/i�³ÅÄÜ²xvxí �2é � �cé ��� é �`�/� � � ��� � �}� �h�/� � ��é}�l� � ��� é � � � � � �l� � � �h�l� � � �@� é��h� � é�Òª� ���£ � �l� � � é�Òª� ýd� � � � � × �����'� Ô �l���-� ¼�Î �M�:��¾�� �D�)� � ��¿�¿�¿_ê?�t(~3É�p/i�³ÅÄÈ²xv µ3��é}�l� � ��� é ��� é���é �@� ·�� � � � � ���l��� ��� é ·�� �l� � �Û�h�/� � � Öb���È¹�� £Nµ@� ��� � � �l� �E� �À»� ���l��� ��� é ·�� �l� � � � � 	 �l� � �l�´ò��Dé ��� £ � ������é â � � ÀÏ�@� � ê?� ¹¨ÀÏÀÏÀØí �h� ��� ��§}¤�¤�¤P� �/� ��«�§D���¨«�«�§��t(|�{�÷�p/i�~@Ë�{}Æ}ÄÛz´v y´æ&qsr`Ä>n�v ¢ � ��é}�l� � ��� é �d�@� ���/��� ��� ��� � é�� � �ª�E�s� �Ré � é�� � �l� � �?�4� � ���/�� � �@� é ��� ¡(�2é ���xÎ�Î �J�ª¿ª«-���ª¿ª¿ � §}¤�¤P�;ê?�t(|�{�÷�p/i�~@Ë�{}Æ}Ä?z´v y6æ&qsr`Ä�n�v<À ����é�� �/� £5��¢ � ��é}�l� � ��� é �K�@� ���/��� ��� ��� � é�� � ���M�s� �.é � é�� � �l�� ���4� � ���/�_� � �@� é � � ¡(�2é ���xÎ�Î �M�ª¿ª« � §}¤�¤P�0ê�� ��� ¡(�2é ���xÎ@¼ �4§}¥D� � §}¤�¤P�;ê?�t(¬l÷l°/gji�|�{éó(v × �/� � ��é}�l� � ��� é ��� � � � �l�%� � � · � ���`�3� � �>��� º ���/� � � �Ué�� � � Ö Î@á �Y§}¿�¤�¿��¨§}¿P��¾
� §}¤�¤�¾_ê?�gji t(¬¶þ�qs~4gª{�k Ä>ì@vKì@v y´gªÄ>®/qok Æ}Ä�²xi�³Å{�ì@v(ÍMv y(æ<{�þ/i�¬:t_vÏÍMvdÑ´v ¢ · � � �l��é � � � � �M� ��é}�l� � ��� é �� �l� � ÒZé�� � Òª��é �/� � � é}���È� � Ò � � � � � � é � � � � � é��h�l� � é �x� � ��� �l��� � � ��� �Ué ��� �h� � � � � �ª� ¢ �/�/� � � �£lé��h�'�2é ��� ¡ ���`�/� ��é�� � ���wÎ Ù Þ �J�ª¿:���¨«}¤�¥ � §�¤�¤ª«Zê?�ö<ÄNå:v�®�v ¢ � é � � � �/· ë �3�3Ö`� � � ë � � � �h�@� ���/· �H�h�/�}é � � � � Ò � � � �}� �h�/� � ��é}�l� � ��� é �<� �l� � Ò0é�� � Òª�é �/� � � é}��� ���:í � Ö@��� �Ué ¢IÓ ½ ù'�.��¿�¿��¨§}¤�¥ � §}¤�¤ª«Zê?�ö<Ä�å:vK®�v õd� � �l��é � � è � � Ô é �/· ��Ò � � ��� � é�� � ��� � � �h� � ��é}�l� � ��� é �´� �l� � ÒZé�� � Òª�hé ���E� ���/· �¶� � � �� � ���h� � é�� � �����s�/� �l� � �������:í � Ö@� � â ��Ò0� À0Â Ó8��¤�¥P�:��¤D� � §}¤�¤�¥_ê?�ö�ihi�~/Ìx±dv@öKv y4æ&qs~`±dv@öKv µ@��é}�l� � ��� é �4� �l� � ÒZé�� � Òª� � é �/�/� � � � � ��� �2é � ��� ��� é}���6�h��� ���/� ��� � �l� � ���/���� º ���/� � � �Ué��´à Ö@� é �`� � � Ó�Ú8��¾ª«-��¿�¿ � §}¤�¤D�Aê?�ö�ilk f�i�|wöKvN®�v ºd� � �løDé}�l� ����� � � � ���/�w�}�H�@� � �l�h� � � � é � ��� � é�� � ���/��� �l� � Òª� � ë ÖÜ� ��é}�l� � ��� é ��Ué � � �/� �/�d��� ¢ �/�/� � � � £lé��h�'�2é ��� ¡ ���`�/� ��é�� � ���wÎ/Â ù'�.��§}¥P���R��§�©}¤ � §}¤�¤ª«Zê?�ö�ilk g}r`Ä}~'�@°�v yÏ­(°ªð�i�~@Ë�{Yexv y»n´ÌªÄªfh{}Æ6��Äjv º ��� �ÅàR�pë Ö � �@� � � ���l��� � �N�h� � é�øDé�� � ���w� � � ���`�/� �lø� é��h�l� � é � �d��� ¡(�@� � � í � Ö@� � ¼ Ú Þ �.�-��¿��R��¥�¾ � §}¤�¤ª§Zê?�ö�ilksk Ä�paÍMv y ö�ilksk Ä�p Ê&vÈt_v exv yIñNiÅþ/{�k k qÅil|
ó(vÈ× ��é �/��� � � � � é�Òª� � � ��� é · é�� � ����� �� � � ���`��· � � � ���/�>�4� � ���/�>� é��h�l� � é � � £R¢ �/�/� � �Ué�� � ��� �}� � ��é}�l� � ��� é � � �l� � Ò0é�� � Òª� �w���Ø�3� ·�� é �í � � ��� ����� �/· Ú4Ù8�4§}¥ª«}¾��¨§}¥�¥ª© � §}¤�¤�¥_ê?�ö�i�~4Ä}~4gji�|Eexv ¢ � ��é}�l� � ��� é �H� �l� � ÒZé�� � Òª�$��é � � � é ���`�3� � �N� � � � ��� � �I� � éØ��é � � � é Ö ����é}� ��`�3� � �<���:� � �}�Ï�3���/��� é ���YÝd� ë@��é�� � ����¼�Î@¼ ��¾�¾�¿��¨¿�¤:� � ��¿�¿�¾_ê?�ö�i�|�g}q��»v yYäxi�|�f�i�°3Æ}Ä�kHì@v`­_v ywó�p@Ä}|hioÃEexv yY±´{}°/÷�p/ihp@Ä}r�±dvxâ � é�Òª� � �l�h���l� � ���b�/��� �/·� ��é}�l� � ��� é ���@� ·�� ��é ���@� � �l�h� � � � é�� � �������:¹¨×K¸ £¡� âd¸ £ � âd¸ £�ê ¼/Þ �4§�©D���¨§}¾�¤ � §}¤�¤:�_ê?�



ÙJq�Ù ZX×.gP/t×�Ó.�_Ô_Ø@��×$õ
ö�i�|�|�Ä}|�q»n�v y<ÍwÄ}~�Ãh|�{}q�exv<ì3v y���{}°3~3É$ë>v�n�v@� ��� ���/· é ��� � �Ué �3� ÖH� � � � � ��� �`� � é�� �@� ���/��� ���>���í � Ö@��� �Ué:à Î@½@Þ �.�:�:� � §}¤�¤
�;ê?�ö<{hÉji�gªflÌwäxv Ô é �/· ��Ò � � �Å��� � é�� � ���/�N�s� �`� ��� � � �3�/���/� � � � � Ô ��Ò ÖMû�� · �j� �`����í � Ö@� � â ��Ò0� À½ ù'�'��¥ª«�©-�R��¥�¥ª¤ � ��¿�¿D�Aê?�ö<{hÉji�gªflÌØäxvHó(v ÔRî��Ò Ö0û�� · �j� �>� � � � � � �h�/� � ��é ���@��� �s� �h���Mß�� � �@�w���Øí � Ö@� � â ��Ò0� ½ Ú8���¥�¿�¤��R��©���§ � ��¿�¿�¾_ê?�ö�|hi�gji�|�q¶÷�{�zdv`®�v öKv yMü4{}|�|�i�¬cñNv:öKv ÍMv ¢ �s� � �:�/� é�� � ���b�}� º � �l�h�/�l� ô � �h�/� � �h� ���o� �� ��é}�l� � ��� é �d� � � ë � � �`� �}� �h�/���Ué � � �/� �/�`�}� ÒZé�� � é�� � ���/�����w� � �}� £lé��h�'�(¢ � é � �±é ��� ¢ �/�/� �Ó�Ó Þ ��¾:�:�D��¾D�ª¥ � §}¤�¤ª©Zê?�ö�|hihi�gEexv´ñNv yRñRqÅi�³sp/ilk r
å:v µ@��é}�l� � ��� é � �Ué � � �/� �/�Y� � ë � ��� �����2é �/� � � £�éO�}à�Ò � � � � � � é � � � ��`�3� � �4�/��� �/· �h� ·ª�@� é}� � è � �Y� ��é}�l� � ��� é �<� �l� � ÒZé�� � Òª� � �l� � � � � � � �h�hé �/�/� � �Ué�� � ��� � � �h�/�d� �/� é ��Ué � �Ué � �Ué �x� é�� � é �È���?¸(� ��� �����2é �/� � � é ���Ü�`�3� � � � �/·?� �È� ���h�2é �/� ë � ��� ��·}Ö�½ �d§}¤:���¨§P��«
� §}¤�¤�¥_ê?�ö�|�qÅi�g}|�q¶÷�p�ó�p/v_â � � é�ø2é�� � ��� é ��� �h�l��é�� � é�� � ��� �s�/� �l� � ���/���}� �h�/�c£lé�ø � � � �:�`�3� � � � � �h�� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d���Nâ �/� ��� ��·�� �Ué`¢K�l��é`Ó/ù'�'��«����R��«}¾ � ��¿�¿P�;ê?�ö�|�qÅi�g}|�q¶÷�péó<p/vxâ � ��� ��·�� �Ué ��� é��h�l� � é �`�s�/� �l� � ���/�$�s� �
é ����� � � é�� � �/· � ��� ë
� � �2é � � �I� �cò��� �2é � � �c�4��� Ö@� �l� � £Ké � ��é}�l� � ��� é � �Ué � � �/� �/� é �/� � � é}��� ����í � � � �6£lé · � Ô �l���-�(Ù�Ù8�(§}¾ª©-�¨§�¿ª§
� ��¿�¿ª§Zê?�ö�|�qÅi�g}|�q¶÷�pÜó�p/v £������2é �/� �Ué �´� ���h� ��� �h� � é�øDé�� � ���Û� �?�4��� Ö@� �l� � £ � ��é}�l� � ��� é �´� � �h� · ��é �´�`�3� � �Òª�l� ���/�d� ��é}�l� � ��� é �6�@� � �l�h� � � � é �»�`�3� � �Ï����� �8º ��� �Åºd� � � ���/� é � µ � �/� � £������'� Þ Ù8�.��¤ª©-� �
���
� ��¿�¿:�_ê?�ö�|�qÅi�g}|�q¶÷�pMó�p/v Ô � � �Ué��´Ò � � � � � � é � � � ��ë4���2é�Ò � ��� � �}� ë@��é � ���/� �Y�4��� Ö ë � ��é �@� � � �:£Dé � ��é}�l� � ��� é ��Ué � � �/� �/� é �/� � � é}��� ��� ¢6�l��é í���� Ö@� �l�-� Þ Ù8�0��¾ª«-� ��¿�¤ � ��¿�¿ª«Zê?�ö�|�qÅi�g}|�q¶÷�p�ó�p/v y<±K|�Ä}°3~�äxv Ô � � �Ué��KÒ � � � � � � é � � � �Xë4���2é�Ò � � � �}� � ���`�/� �lø �4��� Ö@� �l� � é��h�l� � é � � £é � ��é}�l� � ��� é �K�`�@� � �h� � �h� � � � ��é�� � ���Ø��� ¡ ��� � ��� � é ���Eí���� Ö@� �l� � � � � � ��� ¼4Â/¼ �v��«D��¥��R��«��ª¥
� ��¿�¿D�Aê?�ö�|�qs¬l÷�p � v yIÍwÄ}³o¬h°3r`{}³Å{�üÏvÈýd� �:�/� � � � ��é}�l��é � � � Ö é ���P� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� � ���é���� � Ò0£ �/� � �4� ¤P��¤ª©}¤ª«ª©�Ò
�P� �/� � � � ¡(àT�a�8§�« ���/� � � §}¤�¤ª§Zê?�ö�|�qs¬l÷�p � v y6åRp@Ä}~/qs~Eå:v y6ÍwÄ}³o¬h°3r`{}³Å{?üÏv £ �/� � � � ��é}�l��é � � � Ö$�}� �h�/�Hµ@� � · � � ë2é �/� é�������é}�l� � �é ���H� ��é}�l� � ��� é �&� �l� � Ò0é�� � Òª� �d��� é���� � Ò0£ �/� � �4� ¤:��¤�¿�¤�¥�¾�Ò/§��#��¤ ¢ � � � §}¤�¤D�Aê?�ö�°lç�qs³ÅÄ&�»v ¡oé � ��� ÖØ� � � ë � � �`�`�}�x� ��é}�l� � ��� é �R� � � �l�hé ���Ø� ��é0ë � � � � � ��� ��� � �>���$� é � é �Ü� �¢ �/�/� ��£lé��h�'� Â �J�j«}¿����3©}¥ � ��¿�¿�¤_ê?�ö�°lç�qs³ÅÄ7�»vÏ¹�� �h� · � � � �@� � �l�h� � � � é � ��� � é�� � ���/� � � � ��� � � �h�l� �4��� é��h� � �h�/���/�Ué��Y��� � é}� � ��� é ����h�/� � é�Òª����� � é�� � ���>���`ýd� é � é � ��£lé��h�'� ¼4Â �M��¤�¿�� �ª§�� � ��¿�¿�¤_ê?�ö�°lç�qs³ÅÄ��»vj¹�� �h� · � � � �@� � �l�h� � � � é � ��� � é�� � ���/� � � � ��� � � �h�l� �4��� é��h�´�h�/�d�/�Ué��K��� � é�� � ��� é ��� �h�/�� é�Òª����� � é�� � ��� � ¹�¹K��� ýd� é � é � �4£lé��h�'� ¼4Â ��©}¿ª©-��¾�¤D� � ��¿�¿�¤_ê?�ö�°jË�°3~4Ä�ÉªÄDÍMv y$®@pjqsr:q ðl°é²xv�â´��� � �}�?� �h��� � � � � � � � � � � �h�/� � �/� � � é � ÒZé � � � � � � ë � � �`��}�Ø� ��é}�l� � ��� é � Ò � � � � � � é � � � �é��� � é�� � ���/�����é¹�� £ �3� ��� � é �?¹������ � �}� µ@��é}�l� � ��� é �Ûý � � �l�
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àR�l� � ÒZé�� � Òª� � é ��� �h�/� � �I¢ �/�/� � �Ué�� � ���/� �>º ���/� � � �Ué�� à Ö@� é �`� � � � ÀÏ� �lë Ö ñR°/Ä}|�³�iIÍMv yü�i�~/|hi�qs|�{ ÍwÄª÷�p@Äªgª{Yì@v8exv Ó�Ú8��§}¤ª©-�¨§�§}¤ � §}¤�¤D�Aê?�ö�°3~4Ä�Ë�q6üÏv y_ë:{}Ìª÷hðlÌ}~/¬�Ë�qRë>v@exv�¹�� �h�l��é}�l� � �/·�� é}��� � � � �}é �/� � � ø � � é�� � ���N�s� � � ��é}�l��é �4¸(� � · �l� ���� � é�� � ���é���È¹�� £ � � � ���2é �@� � � � í � � ��� ��� � � é ���bâ � � é��h� �D×8�ª�@� � � � ¸(� � � �2é �/� �l�%� ¸(��� � ��� ���¿�¿�¾P� �/� �'���¨§�©��
ö�°3|�Ä}³oq�å:v@ÍMv y»ü4Ä}³ÅÄ}|6²xv m¨i�v�í�� � �l�%�¶� Ö@� �6� � � � � é��h� ���s� �±é �/���/� � � �Ué�� � ��é}�l� � ��� é ���@� � �l�h� � � � é ���� � é�� � ���>��� º ���/� � � �Ué��d¢ � é � Ö@��� � Ù ¼ �'��¤ª§�«-�R��¤:��¥ � §}¤�¤ª«Zê?�ö�°3|�Ä}³oqKå:v»ÍMv yRü�Ä}³ÅÄ}|:²xv m¨i�v Ô ���/· � � � ��ë4���2é�Ò � � � �s� ��é �/���/� � � �Ué�� � ��é}�l� � ��� é �Ï�`�3� � �Ï���� � �}� £lé��h�'��¢ � é � ��¢ �/�/� ��Ó�Ó ¼ �J�:�
�����j«�� � §}¤�¤ª©Zê?�z_Ä%8&Ìª÷�pj°jËcÇ&v�Ç&v y&ñxÄ}³o¬�Ë�{Y±dv9�»v4í é����h�l� �>�s� � � é�� � ���>� � é � ��é}�l� � ��� é � �h�Ué}�l� � ��� � �@� ���/��� ����¨Ö@� �h� � � ���:í � Ö@��� �Ué ¢IÓ�Ù ½ �0��¤�¤�� ��¤�¥ � §}¤�¤�¥Aê?�z_Ä%8&Ìª÷�pj°jËéÇ&vMÇ&v yHñxÄ}³o¬�Ë�{0±dv��»vx� ��é0ë � � � � Ö é � é � Ö@��� � é �/����� � � � � é�� � � Ö�� ��� � �l� � �h� �w� �� � � ��� � ��é}�l� � ��� é � �h�Ué}�l� � ��� � �@� ���/��� �����¨Ö@� �h� �`�´��� í � Ö@� � â ��Ò0� À0Â/½ ��¤j«�«�§}¤P� � §}¤ª¤ª©Zê?�z_Ä%8&Ìª÷�pj°jË Ç&v yÜñxÄ}³o¬�Ë�{ ±dvc¹�� � ���`��· � � � ���/�D��� � � � � é�� � � Ö � ��� � �l� � �h� ��� � � ��é}�l� � ��� é ��h�Ué}�l� � ��� � �@� ���/��� �����¨Ö@� �h� �`�´���:í � Ö@��� � � Ô �l���-��¢IÓ Â/¼ �4¥P��¿���¥ª§�§ � §}¤�¤�¾_ê?�z_Ä%8&Ìª÷�pj°jËØÇ&v y(ñxÄ}³o¬�Ë�{�±dv yÏÍMilk i�¬�pªË�{ÛÇ&v ¢ � é � Ö@��� ���}�Ï� ��é���� � �ª� é �»� � � �l� ¸(��� � � � � �l�%�ÅÒ0é �� �l� í����<��� � � � � é�� � � ���:í � Ö@��� �Ué ¢IÓ�Ú Â �M�
��¾����j§�� � §}¤�¤�¾_ê?�z_Ä}qÅi�¬`exv y_t6k moeKË�|�qsr:q´exv µ@��é}�l� � ��� é � ÒZé�� � é�� � ��� é �_� � � � � � �/� � � �c�`� �l� ��� � ���/� � �/� �l� � �h� ���í � Ö@��� �Ué � �l� � � ��é Â ù'��©-�R��¤ � §}¤�¤D�Aê?�z_Ä�k qsÌªÄ}|�{}Æ}ÄH²xv�ÍMv y´z_{}|�qs~M®�v�Ç&v y»ñx{}~/³o¬l{}Æ}ÄHæ(v:��v µ@��é}�l��é � � � Ö é �����@� � � ����� � �h� ��� ���l����é �}�� �l��� ��� � � é��h�l� � é � �d��� £lé��-� â � � � ¹��/�/� ÒZé��-��Ó8�M��¤����
� � ��¿�¿�¿_ê?�z_Äª{�;Nv y/�@°Mì@v ¡(�2é ����� � �h�/� � ��é}�l� � ��� é �Ï� � � �l� � �l� � �3�@� �Ué � � Ö��s� �h��� � � ���`�/� �lø>à � Á �/·@ô ���� � � � � é�� � � ����� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �R¼@Þ �'��¤�¿ª©��R�:��¤D� � §}¤�¤ª«Zê?�z_Ä}|�fhÄª÷hð�i�Ð»¬�Ë}q ­_v ÔRî��Ò Öa� � � ��� ��� � � é ��� �h� � é�� � Ò � � � � �ê� � é � � �/� �3Ö@� é �`� � �Õ���ê¹Å� £¡(�2é ��� � × �/� ¹�� �h�l� �/� é Ö ¸ �l� � ��� ��� � � ���2é � � � �
é ��� àR�l�h�l� �`� �/� � � � � ¸ ���2é�Ò � ��� �-� � ÀÏ�@� �í � õFé��wë2é}� è � � ���3� �8£�� 	M��� � ��¢Z� 	 �l� ��� ê?� �3� � � �/· �l�-� ¸ �l� � � � �.��¿�¿ª«�� �/� �4©�«-��¾�¥P�
z_Ä}°@k�æ(v y�å:i�rdþ}�Ki ®�v y�åxk i�qs~ ­_v�× ��é �/��� � � �h� � � � � � �/·��/�/·�� Ò��l�h�2é � �h� � ë4� �é� �l�à-<é �`�@�s�/�/·�� ë4� � �h�@�h� � ë �/�/· �`� � �/� �h�j� · é �/è�è é}� � � · � �Õã � � ��é0ë � � � � �/�/·Wã �.é �/· � � �H£lé��h�'�£������'� Â ù'� × �-��¿�� × ���
� � ��¿�¿ª¤_ê?� z_Ä}°@k<æ(v yÏåxk i�qs~w­_v yÏå i�rdþ}�KiN®�v àXé �`�/� �/·Y� � � �l� � � � � ���� � Ò ��� Ò � �/·N� ��é}�l� � ��� é ����� �l��é�� � � �R��� £������'� �jÖ@� �-� �3� ·�� é ��í � � ��� ��� � ½ ��¾P����¾ª¾ � ��¿�¿P�;ê?�z´i�r`Ä}~/³�exv ¢ � �l�h� �3�:�}� é � é � Ö@è�� �/· �lø � �l� � � � � ��é � �h� ���/� � �(� ë@��é � � � �:� � ��� � � é � � � Ò � � � ���/�ë �3�@� � �d���:í � Ö@��� � �RÂ �0�P�:��� �P��© � ��¿:��¥_ê?�z´i�r`Ä}~/³Ïexv�ýd� µ@��é}�l� � ��� é � à � � �l�h� � � � é � �R���:í � � � ��� ��£lé · � Ô �l���-� ¼�½ �4«��ª¤��¨«��ª¿ � ��¿:��¾_ê?�z´i�|�{�k Ì}r`Ä}³Å{}°�t_v yÜÇ�Ä}|�gª{}°@k Ä�Ë�qs¬=��v y>ädqok Ã�i�|Øn�v £ �3� � � � � �/·b� � ß � ����é�� � ��� ë Ö�� �Ué �/�?�}�é �/���/� � � �Ué�� � ��é}�l� � ��� é � �@� ���/��� ���I�`�3� � �:���Ø� � �}�Hí � Ö@��� � � àõ£d¢ �/�/� � � � í � Ö@��� � � Ó á ��
��¤D�D���
�:��¤ � §}¤�¤�¥_ê?�z6q¶Ä}~/~4Ä}~/³Å{}~/qNó(v�× �/� � � � ë � � ���}� �h�/� � �/� � � é � � �����@� � � ���/� é ��� �h�/� � � � � Ö@��� �Ué �(� �Ué �/� �/·
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� ��� � � �Ué�� �@� � �l�h� � � � é � ��� � é�� � ���/�K�}��� ��é}�l� � ��� é �8� � � �l� ��� ¢ �/�/� �/£lé��h�'�Dé ��� ¡ ���`�/� ��é�� � ���ÎjÞ<Î ��¾ª©��R��¤ª§ � §}¤�¤:�_ê?�z6q¶{}~4ÄxÍMv y�nK{}r`Ä}~Yäxv�t_v ¢Ø�h�/� � � Ö �}� ����é �/���4� ��� � �/� �/��� � � é � �H�@� ��� � � �l�h� �`�¨Ö@� �h� �`�6���¡(�/� � � À»�/·�� � ���l� � �/·H� � Þ�á �'���R��¤ � ��¿�¿ª§Zê?�z6q¶{}~4ÄHÍMv y»n_{}r`Ä}~�äxv&t_v µ@��é}�l� � ��� é �»�@� ���/��� ��� ��� � é�� � ���>�s� �d����é �/���4� ��� � �/� �/��� � � é � ���é ���@���b� � �@� é ���Ní � Ö@��� �Ué:¢ Î Ú ½ �/¾ª§-��¿ª© � ��¿�¿ª§Zê?� z6q¶{}~4ÄNÍMv y<nK{}r`Ä}~�äxv�tKv µ@��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ���M���w� ��é}�l��é � � £ ýd� ��� �@� � � �/��� ��� é � �Ué � �ié ��� é �¨Ö@�`� � � � � �.ë4���2é�Ò � ��� � ���� � í � Ö@� ��¢Z£�£lé��h�'�4õd� � � ¼�½ ��§���¤ª©-�¨§��:��© � ��¿�¿ª§Zê?�z6q¶{}~4Ä�ÍMv yxz´i�|�f�ilksk q´®�v yKnK{}r`Ä}~Eäxv(t_v µ@��é}�l� � ��� é �K�@� ���/��� ��� ��� � é}� � ��� é ��� �h� � é�øDé�� � ���� � � ���`�/� �løHÒ � � � � � � é � � � � � é��h�l� � é � �d��� í � Ö@��� �Ué ¢ Î@á�Î �J�:�ª¿D���j«D� � ��¿�¿ª§Zê?�zKk,�{ª÷�Ë}k i�ë>vØz´v yE²�{}~/~�i�~/r`Äª÷�p/i�|ÿüÏv�öKv µ@��é}�l� � ��� é �E� � �h� · ��é �E�ª� �l��é�� � � � é ��� µ � ø�s�/� �l� � ���/�_� � �h�@�R�h�/� � � ÖY�}� Ò � � � � � � é � � � � � � Ö���� £lé}�l� ���`��� ��� �/� � �R¼@Þ �4¥D�j§}¥���¥D�)��¥ � ��¿�¿P�;ê?�zKk,�{ª÷�Ë}k iÈë>v`z´v yN²�{}~/~�i�~/r`Äª÷�p/i�|ÛüÏvdöKv µ � ø �s�/� �l� � ��� �h� � �h� � � � ��é�� � ��� �}�:�/��� �ÅàR�pë Ö ��h� � é�øDé�� � ���>� � � ��� ��� � �R���:� � � ��é��-� í � Ö@� � Â4Î �4©�«�«-�¨©�©}¤ � ��¿�¿:�_ê?�zKk,�{ª÷�Ë}k i:ë>v4z´v y/²�{}~/~�i�~/r`Äª÷�p/i�|�üÏv�öKv µ3��é}�l� � ��� é � �h� � é�øDé�� � ��� é ��� �h�/�&� � � ���¶�h� �`� �l��é�� � �h����/� �l� �4����� � � ����� � � � � � �/� � ���:â � ��� ��·�� �Ué`¢K�l��é`Ó�Ó8�M�:�ª©-� �D�)� � ��¿�¿:�Aê?�zKk,�{ª÷�Ë}k i�ë>v6z´v y»²�{}~/~�i�~/r`Äª÷�p/i�|�üÏv8öKv ¢ � ��é}�l� � ��� é � �Ué � � �/� �/� é �/� � � é}�h�>� �`� � � � � ��� �`� � é��� � � �h� � �>�3Ö@� é �`� � �_���:¸(� �ª� � Ö@� � � ��Ù�Ú8�J�ª¥��¨«D� � ��¿�¿ª«Zê?�z_{xì@v m>�»v y4­(Ì}°3~H®�v m3��v ¢c�h��Ò � � � �}� é �/��� é � ���/�Ï�@� ���/��� ���:� �/� �/��� � � é¢é�� � ��é}�l��é �@� � �h�l� � é}����s� � �@� ���/��� ��� �Å� ��� ��� ��� � � � é ���c�/��� � �@� ���/��� ��� �Å� ��� ��� ��� � � � ����é �/�¨� �l� � � � ��� ��� � �Y���w� � �3��� � �� ��é��h� À»� ���l��� � �h�/� � � Î�Î �0�ª§D��� �:�D� � §}¤�¤ª©Zê?�z_{�k g�ÃlÄ}qs~Mt_v àR�l� � ÒZé�� � ���M�}� �h�/�:ß � � � ��� � �l� � �h� � ���/� ��é � � �/��� �/·Y� ��é}�l� � ��� é �K�@� � é �`� � �N���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ/Â ��¾P�:����¾P��¾ � §}¤�¤:�_ê?�z_{�k g�ÃlÄ}qs~Ût_v µ@��é}�l� � ��� é ���3Ö@� é �`� � � �K¡oé � � � � � é �Ü��� é��l���¶� � � �mé ��� �h�/� · é �/· �w� � �l��é��h��� Ö� � � ë � � �Õ��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �R¼�¼ �4«��-���¨«�§}¤ � §�¤�¤D�Aê?�z_{�k g�ÃlÄ}qs~Mt_v µ3��é}�l� � ��� é �(�3Ö@� é �`� � � é ��� �h�/� × � Ý �h� ·�� � � �}� ß�� � � �h�/� � � ÖM��� ¡ ���`� � � �º ���/� � � �Ué�� � � � � � ����é ��� º �/� �l� � �Ué �<�3� �:�/� é�� � ���wÎ Ó8�4¥�¥�¥���¥ª©}¥ � §}¤�¤�¾_ê?�z_{�k g�ÃlÄ}qs~ct_v µ3��é}�l� � ��� é �´�3Ö@� é �`� � � é ��� �h�/� � ��é ��� é�� � £ �3� � �K�s� � � é���� � � � � � � Ö/��� � �H���¡ ���`� � � � º ���/� � � �Ué�� � � � � � ����é ��� º �/� �l� � �Ué ���j� �:�/� é�� � ���MÎ Ó8�'�-��¿ª©-�R���ª¤D� � §}¤�¤�¾_ê?�z_{}|hi�~��6{?n�v ¢¢ë�� ��� � �h� · ��é � ��� � é�� � ���/� £¢é �/�/� � �Ué�� � ��� � �`� � � ÒZé��h� �0����� � � � ��� � ��� ��� � � �����£��l�h� �3� � ��Ý �l� � é}�@�h� � £lé��h�'� í � Ö@� ��Ó Þ �'��«����R��©�� � ��¿�¾ª©Zê?�z_{}|hi�~��6{In�v µ3��é}�l� � ��� é � �Ué � � �/� �/� £ ����� � �3�/� �l� � �Ué �Y� �l�h� �3�@�?���È¹�� £ µ3��é}�l��é � � é ���µ@��é}�l� � ��� é � ¡oé � � �/� �/��� � ¡ ��� � � �3�/�/� £������2é �/� � � �d¡oé�� �/� � �h�l� � ¢Z�_£lé � � é�� �@� µ � � �@� ê ��3� � � �/· �l� Ý �l� � é · � Ýd� � �/� é � ºd� �'� � � � �8��¿�¿ª©�� �/� �4§�©�©-�¨§}¿�¤P�z_{}|hi�~��6{�n�v y>ñNiØö<Äªfl|�qs³oqsqs¬Iz´v y>ÍwÄ}qs~4Ä}|�g}q>öKv à � ��� �h�l�h�Ü��é ���@��� � é � �D�`�3� � � �c�o� ��¨Ö@�`� �l��� � � ÔRî��Ò Ö ��µ/� � � �l� �@� ���/��� ����� � � ��� ��� � �R���:í � Ö@��� �Ué ¢ ¼ Ù á ��©}¿���¾�¿ � ��¿�¿�¿_ê?�z_{}|hi�~��6{wn�v y��h¬�Ëªi�~4gji�|�{}Æ�exv y_æ&°/÷�pªË�{7�@°�v £lé �/�/� �/· ë���� � ��� �?����� � � � ���/�`�}�´� ��é}�l� � ��� é �
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�@� ���/��� ��� � � é�Òª�R��� � é�� � ���/�d��� µ@��é}�:��¡oé � �4¢ �/�/� �/¢ � é � �4Ó8�4©�«-��¾�¥ � §�¤�¤�¤_ê?�z_{}|hi�~��6{ n�v y<æ&°/÷�pªË�{��/°�v y<ÍwÄ}qs~4Ä}|�g}q�öKv?	 � � · �j� �s�/� �l� � ���/� é �K� �Ué � ��� � � ÒZé�� � é � � ����� � � � ���/��}� �h�/� �@� ���@��� �ª� � � é�Òª����� � é�� � ���>��� � �4¡ ���`�/� �-�/¢ �/�/� ��£lé��h� Î�Î Ú8�.��©�«-�R��¿P� � §}¤�¤�¤_ê?�z_{}|hi�~��6{cn�v y�ÍwÄ}qs~4Ä}|�g}qxöKv µ3��é}�l� � ��� é ����� � � � � é}� � ���/� é ��� £ � ����é · � Ô �,+`�l� �s�/� ��� � �ª�@�>���í �h� � � � � �_º � ��¢=�R��� � ¿�¥P�4µ@�h� � �@� �/� Òª�l� ��� �A<é�� ¸ �l� � � � � � �l� � �x¢I£lé��h�/� � é�� � � �'��¿�¿�¥P� � �4§�§��
z_{}|hi�~��6{Hn�v y»ÍwÄ}qs~4Ä}|�g}q»öKv µ@��é}�l� � ��� é � �pé � � �/� �/� £ � � �h� · ��é � é ���>�@� � �l�h� � � � é � ��� � é�� � ���/�´�}�� ��é}�l� � ��� é �(� � � �l� ���Y¹�� £<µ@��é}�l��é � � é ��� µ@��é}�l� � ��� é � ¡oé � � �/� �/�N� � ¡ ��� � � �3�/�/� £������2é �/� � � �ÀÏ� �^ë Ö óÏÄ}|Åþ�qs~/³�i�|�q´exv y_ÍwÄ}qs~4Ä}|�g}q_öKv � Ý´� � �/� é � ºd� �B� � � � £ �3� � � �/· �l� Ý �l� � é · �	��¿�¿ª©���/� ��§�§D���¨§�©}¥P�
z_{}|hi�~��6{�n�v ywÍwÄ}qs~4Ä}|�g}q�öKvYâ é ���@��� � é � �Õ�`�3� � � �Ø�s� � ��� é}����� � ��é}�l� � ��� é �$�@� ���/��� ���� � � ��� ��� � �R��� µ@��é}�:�4¡oé � ��¢ �@�/� ��¢ � é � � Î �'��¥ª©-�R��¿P� � ��¿�¿�¾_ê?�z_{}|hi�~��6{ n�v y�ÍwÄ}qs~4Ä}|�g}q�öKv µ3��é}�l� � ��� é � �Ué � � �/� �/� é ���Y� ��é0ë � � � � � ë2é0ë � � � � Ö��@� � ��� � ë � � � ���>���¢_�h�:��£������'� ½ ù'�M�ª©�©-� ��¾�¾ � ��¿�¿�¾_ê?�z_{}|hi�~��6{�n�v y(ÍwÄ}qs~4Ä}|�g}q(öKv ¢ �/� � � ø � � é�� � �����}� Ôdî��Ò Ö ��µ/� � � �l� �@� ���/��� ��� ë Ö ��é ���@��� � é � ����:� �4¢ � é � Ö@��� � é ���Y� � � ¢ �/�/� � �Ué�� � ���/� � � ã ¢d¢Fê Î Ú8�4§D�P���¨§��ª¥ � ��¿�¿�¿_ê?�z_{}|hi�~��6{En�v y�ÍwÄ}qs~4Ä}|�g}qRöKv(â é �/�@��� � é � �Ø�`�3� � � � é �/� � � ø � � é�� � �/·$�¨Ö@�`� �l��� � � ��� é}���� ��é}�l� � ��� é �&�@� ���/��� ���>� � � ��� ��� � �����:¹�� £ í � � ë � � �`�´� � £lé��h�/� � é�� � �Ué ��í � Ö@��� � � � À»� � � � �l� � � �õ � ��ë4�l� · ¹ � � �3� � ë4�l� � é ��¸ � � ÀÏ�@� ê � ¸(� � � �2é �/� �l� Ý �l� � é · � ¸ é � � � ��§}¤�¤P�)� �/� �8��§}¤��R���j«��z_{}|hi�~��6{Mn�v y´ÍwÄ}qs~4Ä}|�g}q´öKv µ3��é}�l� � ��� é �d�@� ���/��� ���?� � � ��� ��� � � £ � � � ë2é0ë � � � � Ö?�@� � ��� � ë � � � ���/�é ��� � ��� � � �3�/���/� � � � ����é ���@��� � é � ����� ¹�� £ í � � ��� ��� � � � � �h� Ô ���/·Hâ é �/· � ¡ � ���h� � é�� � ���/� �ÀÏ� �4ë Öwn_Ä}~3ÉªÄ}|�Ä¨ç�Ä}~Ûz´v y(ñRqs~3ÉHÍMv � ¸ �l� � � � £ �3� � � �/· �l� Ý �l� � é · �5�-�ª¾��R��¥�¥r� Ô ���l� � �h�:º � �h� �� ��í � Ö@��� � � ��º � � ¥ª§��:� � � §}¤�¤:�_ê?�z_{}|hi�~��6{Nn�v y8ÍwÄ}qs~4Ä}|�g}q�öKv@�3� �`�/� Ö é ��� �:�/� � � �/� Ö:� �Ué � � �Y�@� ���/��� ���`� � �`� � �Ï�s� �K� �ª� � � �3�/���/�� � � �d��é ���@��� � é � �3�R���:����� � � � �}�Ïí � Ö@��� � � £4¡ ���@� � � �l� � � �RÂ �'���R��¥ � §}¤�¤ª«Zê?�z_{}|hi�~��6{$n�v ydÍwÄ}qs~4Ä}|�g}qdöKv ydÍw{}|hi�³o³oq�ñNv yd­KÄ�É}~/qs~/q`z´v yd­KÄ}|hÄªg}qs¬hqR­_v à � � �l�h�l�h����é ���@���
� é � �Ü�`�3� � � ���s� � ��� é}�����¶� � � � � ��é}�l� � ��� é � �@� ���/��� ������� ¡(�/� � � í � Ö@��� � �w¼ Ú Þ �R«�§����¨«��:�
� §}¤�¤ª§Zê?�z_{}|hi�~��6{:n�v y<ÍwÄ}qs~4Ä}|�g}q<öKv y<Íw{}|hi�³o³oq&ñNv y8­KÄ�É}~/qs~/qKz´v y<­KÄ}|�Äªg}qs¬hq�­_v µ3��é}�l� � ��� é �<�@� ���/��� ��� £� � � ë2é0ë � � � � ÖW�@� � ��� � ë � � � ���/� é ��� ��é ���@��� � é � �I�`�3� � � �E���Üí � Ö@��� �UéÜ¢ Ó/ù ½ ����¤�¥��R�:��§
� §}¤�¤ª§Zê?�z_{}|hi�~��6{?n�v yxÍwÄ}qs~4Ä}|�g}qxöKv yNÍw{}|hi�³o³oq:ñNv yx­KÄ�É}~/qs~/q�z´v yN­KÄ}|�Äªg}qs¬hq:­_v_×6� � � � ��é}�l� � ��� é ��@� ���/��� ��� £2é �@� � �l�h���h����é ���@��� � é � � é �/� � � é}��� ���:� � £ �3� ��� � é �<¹������ � �}� µ@��é}�l� � ��� é �»ý � � �l�¡oé � � �/� �/� é ���Û¹ � � ¢ �/�/� � �Ué�� � ���/� �Kº ���/� � � �Ué���à Ö@� é �`� � ��¼�á � × � � �h� � � � �¨£lé}���2é �@�?� �_¢Z�
� ÀÏ� � ê?�'��§}¿��R���)� � §}¤�¤ª§Zê?�z_{}|hi�~��6{Õn�v y?ÍwÄ}qs~4Ä}|�g}q?öKv yØ®/|�qsÆ}Ä}¬h³ÅÄ}Æ}ÄÿäxvEÍMv$�j� ��� � é �c�s�/� �l� � ���/�W� �ê� ��é}�l� � ��� é ��h� � é�øDé�� � ��� � ��� � � � � é}� � ��� é ���$� ��é}�l� � ��� é �d�@� ���/��� ��� � � é�Òª� � �@� �/��� � � é ����¹�� £ × �/� À»� · �j�h�¹�� �-��¡ ��� � � � �/� �/����� à � � ���h� � � � é �/À � � é�� � ���/� � í»� � Ò �@� Ò0����¿�¿ª©Zê?� Ý��@í�í»� ë � � ��� �/· ¡ ���`� é �jÖ ��´���h�����j�-�8��¿�¿�¾P� �/� �8��¿j«-�¨§}¤ª§��
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z_{}|hi�~��6{�n�v y(ÍwÄ}qs~4Ä}|�g}q(öKv y Ç8qsÆ}{�k q(exv ¡ ��� � � �/���/� �¶� � � �N��é ���@��� � é � � é ����� é���é � �l��� � ���� ë � � �@� � é�� � ���?� � ����é �@� � � ��� é �_�@� ���/��� ���Û��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó Þ �Ï¾ª©-�R��¤:�
� §}¤�¤ª©Zê?�z_{}|hi�~��6{�n�v y�nK°3³or`Ä}~Õn�vYýd�Õ�/� ����é ��� � � é ���é���Õ� � �h�l� � � �@� é��h� � � � ��� ��� � � ���W¹�� £× ��é �/�¨�s� � � £��l�h� �@�3� é ���
�3� ��� � é � µ �/� �l� � ���/� � ÀÏ� �fë Ö
nK°3¬�i�Æ�­_v y?ñRqsr`{}Æ�¬�Ë�ÌC��v yå�qs|�ÌªÄ�Ë�{}Æ}ÄcÇ&v � �3� �/· é �4� �h�:£ � � � � � ���N¡ �/� � � �h� × ����� �/��� ��·}Ö �.��¿�¿ª«�� �/� ��¥P����¾P�:�z_{}|hi�~��6{�n�v yÛÇ4i�¬h¬�ilk Ä�®�v ¢¢ë4� ��� � �h� · ��é � ��� � é�� � ���/� £ié � é � Ö@��� � é ��� é �/�/� � �Ué�� � ���/�Ü���
Ô ���l� � �h�Rº � �h� �_� � £lé��h�/� � é�� � � � ���ª¥P� � ¸ �l� � � � £ �3� � � �/· �l�%� Ý �l� � é · �.��¿�¿P�:�z_{}|hi�~��6{�nxv y0Ç8qsÆ}{�k q>exv µ �/� � Ö��@� ��� �h�l�h�Ü��é ���@��� � é � �3�Ø�s� � ��� é}�����¶� � � � � ��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ���/�´���`�3� ·�� é �<í � � ��� ����� �/· Ú�Ó8�4§��
�:���¨§��j§}¤ � §}¤�¤:�_ê?�z_{}|hi�~��6{Yn�v y:Ç8qsÆ}{�k qÏexv y»ÍwÄ}qs~4Ä}|�g}qÏöKv à � � �l�h�l�h��é ��� � ��� � � �3�/���/� ��é ���@��� � é � ���`�@� � � ��s� � ��� é}�����¶� � � � � ��é}�l� � ��� é ���@� ���/��� ������� º ���/� � � �Ué��´à Ö@� é � �/Ó�Ú8�.��¤P���R�:��¥ � §}¤�¤D�Aê?�z_{}|hi�~��6{ n�v y�edfhgjilk mon_ihpjqsrDt_v�exv ¡ ��� Òª�l� · � � ��� �}� �h�/��õ´� �/� � é � � � Ô �l� �/� �ª� Ò � �h�/� � � �o� �� � � ��� � ��é}�l� � ��� é �<�@� ���/��� �������:� � �}� ¡ ���`� ��¢ �/�/� ��£lé��h�'� ¼ ù ½ ��¾ª©P����¾�¾P� � §}¤�¤ª©Zê?�z_{}³Å{?ÍMv y��h¬�pjqsqNñNv´� � �`� �@� � �l�h� � � � é � � � ���l��� � é � é � Ö@��� �M���?� � À»� ���l��� � é � é � ��¡(�/� � �¢é ���¹�� �h�l� � é}� � é ��À»� ���l��� � ���/� � �4Ù Î �M��¥P��� ��¥ª« � ��¿ª©�«Zê?�z_{}³Å{ ÍMv y ÑKk g�p@Ä}r å:v ±dv � � �`� � � �h� · ��é � � � ���l��� � é � é � Ö@��� � £ � � ���@� � � ��� �h�/�� � ���4��� é�� ��· ��é � � � � �/� é��h�Ué ����� ¢ � é � �4¡(�/� � � Þ Ù8�'��«�§�§-�R��«D�ª¤ � ��¿ª©D�_ê?�z_{}³Å{ÜÍMv ywÑ_k g�p@Ä}r å:v ±dv:� � �`� � � �h� · ��é � � � ������� � é � é � Ö@��� � £N�h�/� � �2é � � �}��� ���h��Òª�l� ��� ë � �� � ���4��� é�� ��· ��é �`�R��� ¢ � é � �4¡(�/� � � Þ Ú8�'��¥ª©����R��¥ª©}¥ � ��¿ª©}¥_ê?�z_{}°3³ÅÄ}¬Kexv y4ö�i�|�g}q��»v y4äxi�|�fli�°3Æ}Ä�k�ì@v�­_v y4±´{}°/g}|�ÄªÄxÍMv y4±´{}°/÷�p/ihp@Ä}r�±dv à � ·�� ��é �@� ��é}�l� � ��� é �� � � �l� �@� � �l�h� � � � é�� � ��� �Vë2é � � � é � ·�� � � �h� � �s� � í é ���M× � � é�Òª� �N� �l�h�l�l� � ��� é ���w� � � � � �Ué�� � ������N¹¨×K¸ £¡� âd¸ £ ¼ Ù8�'��§�©-�R�-�ª§ � §}¤ª¤ª«Zê?�z6|hi�~/~�i�¬h¬�ÍMv y:ÑKk g�p@Ä}rêå:vK±dvÏ� � �`� � � �h� · ��é � � � ���l��� � é � é � Ö@��� � £Ï�h�/� � � Ö é ��� Òª�l� � ß��Ué�� � ������ ¢ � é � �4¡(�/� � � Þ�Þ �.�:��§����R�:��§}¿ � ��¿ª©�§Zê?�z6|�q Éª{�k qs~/q�­_v ¢ �/��� é � ���/�Ï�@� ���/��� ��� � ���4��� ��é � � ���/�»� � �pé � � è é�� � �ª�/� é ��� �h�/�K� � ���h� ���4����� � � ���� � � � � � �/� � ���È¹�� £ ¡(�2é ��� � × �/� ¹�� �h�l� �/� é Ö�¸ �l� � ��� �é� � � ���2é � � � �]é ��� àR�l�h�l� �`� �/� � � � �¸ ���2é�Ò � ��� �-� ÀÏ� �^ë ÖÜz_Ä}|�f�Äª÷hð�i�Ð»¬�Ë�q´­_v y`ë {�k ÃxÍMv y`ë i�|�{}~Eexv � ¸ �l� � � � £ �3� � � �/· �l�-�d��¿ª¿ª«���/� �8��¤P���R�:��¿P�
z6|�q Éª{�k qs~/q8­_v y�­KÄ�k Ä}³�ilksk Ä�æ(v y�nKÄ%$_Äjilksk q(z´v ¢ �¨Ö@�`� ����� � ��é �/��� é � ���/�6�@� ���/��� ��� £�é � �lÁ`� � � � �
� é Ö � � � �l�h���l� � � �`� � Ö`� � � � � � � �l� � � �R��� µ@��é}�l��é � �Rá �J�)��¿����:�ª¿ � §}¤�¤P�;ê?�z6|�q Éª{�k qs~/q@­_v y@nK{�÷h÷h{´exv yÏë il¬�³4±dv3ì@v µ@��é}�l� � ��� é � �Ué � � �/� �/� é � é � é}�l� ��� � ���/� � � é �/� � � � ��é�� � ����}� ��é ���@���`� � ���´��� í � Ö@� � â ��Ò0� ÀÛ½�á ��§D��¤:���¨§D��¤�¥ � ��¿�¿�¿_ê?�z6|�q Éª{}|hi�~@Ë�{���v yNz6|�{�Éª{}|hi�~@Ë�{Mt_v ¡(�2é � � � � �3Ö@� é �`� � �:�}� �h�/� � ��é}�l� � ��� é � Ô � �h� � � è��¨Ö@� �h� ����:í � Ö@� � â ��Ò0� Ô �l���-� á�Î ��¤:�D�
��¤P� � §}¤�¤:�_ê?�z6°/{.;Nv y�;R°0ÍMv´�3��� � � � Ö@��� �Ué � é �/�/� � �Ué�� � ���/�>�}�:� ��é}�l��é � � �h�@� � � �@� �@· ������� � é�� � ���I���� �4£lé��h�'� í � Ö@� � Þ8Â ��¤�¾ª§���¤D� � §}¤�¤�¥_ê?�
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z6°3Ìª{}r`Ä}| ñNv y6ñR°/÷�p@Ä}|�~�i`±dv yK®�i�fhÄ�k gEz´v à Ö@� é �`� �Ué � � Ö@� �h�l�h� ��� �x�`�3� � �»�}�K� �l��� � � � ���l��� � ����l��é �`� � ���/��� �l��� � ���l��� � �Mß�� � �0�/��� �/·c� ��é}�l� � ��� é �N� �l� � ÒZé�� � Òª� �����c� � �}�`í � Ö@��� � � à Þ ù'�¥�¤D�ª¾���¥�¤ª«�� � §}¤�¤ª©Zê?�ä�Ä}~/~�ihËªi�~�ì@v6ë>v y4²�Ä}|�Ä�p@Ä}|�q8e_÷�p@Ä}|_±dv/²xv y_Ç/Ä}°ªÉ�pj³�ñNv/ÍMv y4ä�Ä}|�|�qs~3É}³Å{}~Yå:v@æ(v ¢?��é ���@���
� é � �Y��� �:�/� é�� � �����}��� ��é}�l� � ��� é �&�@� ���/��� ���>��� � �4£ ��� ���:� Ô � �M� Î�ÎjÞ �.��«D���R��«�© � §}¤�¤D�Aê?�ä�Ä}~/Ì�ÉªÄ>exvD	 é�Òª� � � ��� é · é�� � ���c� �E� � �@� é � � �h� ��� �/·��/� é�� � � �`� � Ö$��� £lé��h�'�»¡ ���`�/� �-�£ �3� � � � � �/· Ó Þ �'����¿�¿��R���j§�� � §}¤�¤P�;ê?�ä�Ä}~/Ì�ÉªÄ�exv £ �/� � � � �@� � � �/��� ��� é �E����� � � � ���/�I���Ø��� é}�����¶� � � ��� � ��é}�l� � ��� é �c�@� ���/��� ��� � � é�Òª���� � é�� � ���/�d���:í � � �:� â´��Ö � �3� �:� Ô �����@��� ¢ Þ�½ Ú8�M�j§}¿����j«}¤ � §}¤�¤ª§Zê?�ä�Ä}~/Ì�ÉªÄ�exv £ �/� � � �@� � � �/��� ��� é �K����� � � � ���/� �}� � � � ��� � ��é}�l� � ��� é �_�@� ���/��� ��� � � é�Òª�Y��� � é�� � ���/����:í � � �:� �}� �h�/� â´��Ö é �<�3� � � �l� Ö ¢ Þ�½ Ú8��¿)�:����¿ª«�© � §}¤�¤ª§Zê?�ä�Ä}~/Ì�ÉªÄÛexv�	 é�Òª� � � ��� é · é�� � ����� �I�4� � � � � é � � � � � � Ö £ À � � é�� � ���/� é ���È����� � � � ���/�E���Ø¹Å� £× �/� � �h�l� � �Ué � é ��� ¡ ���`�/� ��é�� � ��� é � ¢6� ���/� � � � � � � �2é � � À �/¡�� Ô � � ��é ��� õFé �:× �@µ � � ÀÏ�@� � ê?�	M� � � �>� � � � � � � ß��:� â´� Òª�l� ÀÏ�@· �:�M�P��¤�� �P��¾ � §}¤�¤ª§Zê?�ä�Ä}~/Ì�ÉªÄØexv´¹�� �h�l� � é � ÒZé�� � é0ë � � �`�3� � � �>�}� Ò � � � � � � é � � � � � � Ö � � �h� � ��é}�l� � ��� é � �h� � é�øDé�� � ���� é � �R���N¹�� £ í � � �:� �}� à ÀÏ× ¡Ü§}¤�¤:� ��Ýd¹¨¸ �0�ª¾:��¿ª«��4¢ � £ À �4¡(� � �Ué ·�� �0� � ¢Z��§}¤�¤:�P�
ä�Ä}¬l÷�pªË�Ä0ÍMv y`å�|hi�fl¬�Ç&v ¢ �@� �h���l�Yé �/� � � ø � � é�� � �����}�H� ��é}�l� � ��� é � ¡ ��� ���¨¡ ��� � �¨Ö@� �h� �`�ë Ö?� � �@� � é�� Ö ß/� � �%� � � � �l� � � � ��� ��� � �����w¹�� £6¢ � Ò0é � ��� �`� � µ@��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� �±ë Ö®4ÄªfhÄ}³oqÅi�| ì@v y»eÏÉ}|�Ä}Æ}Ä�kKÑ´v<­_v yRü�i�~/|hi�qs|�{HÍwÄª÷�p@Äªgª{�ì@v�exv � à � � � �h�����ª�-���h�/�xºd�l�h�/�l� � é ���@� £�3� � � �/· �l�-�4§}¤�¤ª©�� �/� ��§�«�©-�¨§�©�¤P�
ä�Ä}ÌªÄ�Ë�Ä}Ð(ÄIäxv µ@��é}�l� � ��� é ���3Ö@� é �`� � �c� ��� �2é � � � � � �l� � �/·W� � � ��� ��� � �0��� µ@��é}�l��é � � Î �¿D�j©-��¿ª«D� � ��¿�¿:�_ê?�ä�Ä}ÌªÄ}³RüÏv y<²�Äªgjihi�r�®�v y�ed¬¨É�p@Ä}|�®�v/í �l� � �@�3� � �/�/� �@� �h���l� � ��� é ��û�� � �K�}� éNÒ � � � � � � é � � � � û��/� �� � �h���h�/� � ��é}�l� � ��� é � £lé�ø � � � ���`�3� � �<��� ¢ �/�/� � � � £lé��h�'�4¡ ���`� � Î@½�Î �'��«D���R��¥P� � §}¤�¤D�Aê?�ä�Ä}Ìª{}³NöKv ÔRî�lÒ Ö � é � �Û� �0� é���� � ����� · é � � Ö/� � �3�3Ö@� é �`� � �����Eí � Ö/� � â ��Ò0�K¢ Þ Ó8�_¾�¤�¥���¾P��¤
� ��¿�¿P�;ê?�äxi?z´vRæ(v y:Ê�p@{}°È®�v�­Kv#	 �2é�� � � �h�/�M�løDé}�l��� �����@� � � ���Ü�s� � � ��é}�l� � ��� é �N� � �h� · ��é � � é ���� �l� � ÒZé�� � Òª� �»�}�8¸ � ��� � � Ò � �h�h� �s�/� �l� � ���/� � � �2é�Òª�6�løDé}�l��ë � ø �@� � � �/��� ���0E_��� ¡(�2é ��� � �3��� � � ���/�é ��� µ@��é}�l��é � �R¼ Ù8��¾�¥ª©-��¾ª©}¿ � §}¤�¤ª«Zê?�äxi�qsr`Ä}~/¬:²xv y_±´Ä}°3Ð6i�~/¬Hì@v�ó(v µ@��é}�l��é � �h�/� ��� ��·�� �Ué �_�`�3� � � � é ���M� ��é}�l� � ��� é �_�@� � �l�h� � � � é ���� � é�� � ���/�K�s� �´Ò � � � � � � é � � � ��ë4���2é�Ò � � � ���Nâ �/� ��� ��·�� �Ué`¢K�l��é`Ó�Ó8�4§���¤��¨§���¿ � ��¿ª¿D�Aê?�äxi�qs~/¬lÄ�k °wt_v y6­KÄ}³o|�q¶Ä}|�÷hÄ�ÍMv y�z_{}Ìª÷�pj°jË(��v y6ä�Ä}~3É�É}qK­_v µ@��é}�l� � ��� é �6�@� ���@��� �ª�M� �M� �l� � �3�@� ��4� �h� � � � é � �d��� � � �}�»í � Ö@��� � � £�¡ ����� � �/� � � £lé����h�l� Î@á ��¤�¥ª«��:��� � §}¤�¤ª©Zê?�äxi�~/|�qÏ±dv
��v yNë i�Ä}|�~�ix®�v<æ(v µ@��é}�l� � ��� é � �h�Ué}�l� � ��� � �@� ���/��� ���w���`í � Ö@��� �UéH¢ ¼4Â Ù8�0�:�ª¾����j«�«
� §}¤�¤�¤_ê?�äxi�~/|�Ì�±dvF��v y6æ<Ä}~3É�k Ä}~4g}¬wüÏv6exv(ÍMv yHë`i�Ä}|�~�iH®�v(æ(v ¢ �/��� é � ���/�:�@� ���/��� ��� � � �h� � � � �Ué���h�Ué}�l� � ���D�3Ö@� é �`� � � £ � � ��� � ��� � � �j�/���/� � � � �c��é ���@��� � é � �3� � �Ü� ��é���� � �ª� é � �h�Ué}�l� � ��� ��@� ���/��� ��� ��� � é�� � ���/�d��� í � Ö@� � â ��Ò0� À0Â3Þ ��¤:�P�)�:��¥ � §}¤�¤�¥_ê?�
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äxi�Ì}r`Ä}~/¬x²xv y»±´Ä}°3Ð6i�~/¬:ì@v_ó(v µ@��é}�l��é � �h�/� ��� ��·�� �Ué �»�`�@� � � � é ����� ��é}�l� � ��� é �Ï�@� � �l�h� � � � é � ���� � é�� � ���/�K�s� �´Ò � � � � � � é � � � ��ë4���2é�Ò � � � ���Nâ �/� ��� ��¢K�l��é Ó4Ó8�4§���¤��¨§���¿ � ��¿�¿D�Aê?�äxi�|�|�r`Ä}~/~>n�v/× �/� � ��é}�l� � ��� é �<�¨Ö@�`� �l��� � �´� � ·�� � � � � � � ���:� � �}�»í � Ö@��� � � õ�£/º � � � �Ué��}é ���í é���� � � � � í � Ö@��� � � Ó Þ ��¥�¤ª©-��¥ª§�« � §}¤�¤ª©Zê?�ädqok Ã�i�|0n�vY× �/�l� �`�3�3Ö@� é �`� � � �Ué � � �/·�� �l� � Òª� � Ò � éSé � é � Ö � � �I� ��� � � �3� é�� � ���Õ� � ��� �h�/�� � é ����� ß��Ué�� � �����}�»À �@�h� �@� � � � ��� í � Ö@��� �Ué � �l� � � ��é Þ�Þ �M�j§���� �ª§�§ � ��¿�¿P�;ê?�ädqok Ã�i�|wn�v £ �/� � � � �Ué � � �/· é ��� �h�/�E� � é ����� ß��Ué�� � ���W�}� � ��� � � �3�/���/��� �2é � �$����é �@��� � � �ª�@�E���í � Ö@� � â ��Ò0� Ô �l���-��Ù�Ú8�.��¿�¤��R��¿ª§ � ��¿�¿ª§Zê?�ädqok Ã�i�|dn�v ¡ � é ����� ß��Ué�� � ��� �h�/� � � ÖY�s� �Fé � ��� �/� � � ë@� � �/�é� �2é � �R����é �/��� � � ���/����� í � Ö@� � â ��Ò0� ÀÞ Ú8�4§��ª¥�¥��¨§��j©ª« � ��¿�¿:�_ê?�ädqok Ã�i�|wn�v�ýd� é � � � � � é ���M�}�H� �2é � �E����é �/��� � � ���/�$���Ø¹�� £ â é ���@��� £lé ·�� �l� � ��� é ���ò � · �
� × � �H� �l��é�� � �h� �3�@� �l�h� �����3� �l� � Ò � � Ö � ÀÏ� �fë Ö
±di�Ìji�|�r`Ä}~/~�ë>v ycäd°/Ä}~3É�msæ&qs°�²xv yÍwÄª÷hæ<Ä}°ªÉ�p3k qs~>ñNv � �3� �/· é �4� �h�:£ 	$� � � �>� � � � � � � ß��:��¾ª«-��¿�¿ � ��¿�¿D�Aê?�ädqok Ã�i�|Yn�v(À ø2é}�l� ����� � � � ���Ø�s� �léM� � é ���H�}��� ��é}�l��é � � � � �Y��é ���@��� � é � �3����� µ@��é}�l��é � � Ó8�§��:���¨§���¥ � ��¿ª¿ª«Zê?�ädqok Ã�i�|dn�v µ ���/��� é�� � �����}��� ��é}�l� � ��� é �&�3Ö@� é �`� � �_��� µ3��é}�l��é � � Ó'�4«��ª¿��¨«�«}¥ � ��¿�¿ª«Zê?�ädqok Ã�i�|xn�v ¢ � �lø3�h� �/��� ���M�}� �h�/� �3Ö@� é �`� �Ué ���s���/��� é�� � ���w�s� ���h�/� � ��é�� � � � � �Ué � ��� �/� � � ë@� � �/�� ��� ��� � � ��� µ3��é�����é � � Ó8�4«��ª¿��¨«�«}¥ � ��¿�¿ª«Zê?�ädqok Ã�i�|Ün�v µ3��é}�l� � ��� é �E�3Ö@� é �`� � � � � ���h��Òª�l� ��� ë � � � � Ö é ��� ��� ·ª�3�@� � � � Ö ë@�h�Ué �3� �/· ��¡(�2é ��� ��3��� � � ���/� é ��� µ3��é}�l��é � �R½ �4¾P�'���j©�«-�R���ª¾D� � ��¿�¿ª«Zê?�ädqok Ã�i�|6n�v µ@��é}�l� � ��� é �4� �l� � ÒZé�� � Ò�� �Ï� � � ��é�� � �¢é ��� �3Ö@� é �`� � � �Ué � � �/·:���d¹�� £ � �Ué � � ¹�� Ò0é�� � é � ���é ���:¸ � Öj����� � ¸ à � ë@� � � � �:�ªµwõ´��é � �l�-��à �3� � � �l���h� � � �@� � ê?� �3� � � �/· �l�-� ¸ �l� � � � �j«D����¥:� � ��¿�¿ª©Zê?�ädqok Ã�i�|�n�vdýd�Ü� ��é}�l� � ��� é �:�@� ���/��� ��� é ���È� � � �h� � é�� � ��� � � �h� � ��� � � �3�@�ª�@� � � � �w��é ���@���� é � �3�x���`¹�� £�¢ �/��� é � �ª�@� à � ���/��� ��� £�µ@� ��� ¸ é ��� � � � ¢ �/�/� � �Ué�� � ���/� � ÀÏ� �4ë ÖMå�°3³o~�i�|Nn�v y­_ihË�Ä�k ¬�Ë�q»exv y&®3ðl~4Ä¨ç�g�m�ë i�|h{}~>å:v � ¸ �l� � � � £ �3� � � �/· �l� Ý �l� � é · �.��¿�¿�¿P� �/� ��©�©-��¾ª§��ädqok Ã�i�|Yn�v � ÀÏ� � ê?�_§}¤�¤�¤c¢ �/�/� � �Ué�� � ���/�H�}� µ3��é}�l� � ��� é � ¡oé � � �/� �/��� �0í � Ö@��� � � � 	M� � � �Ü� � � �í»� ë � � � � � �/· �/ºd� �'� � � � � §}¤�¤�¤_ê?�ädqok Ã�i�|?n�v µ@��é}�l� � ��� é � �Ué � � �/� �/� é ��� �h� ·��/� é��ÛÒZé�� � é�� � ���é� � �h�/�l� �`�3�3Ö@� é � � � �Ø���I¹�� £¢ �/�/� � �Ué�� � ���/�6�}� µ@��é}�l� � ��� é � ¡oé � � �/� �/�6� ��í � Ö@��� � � � ÀÏ� �Aë Ö�ädqok Ã�i�|Kn�v � �3� �/· é �4� �h�:£ 	$� � � �� � � � � � � ß��:�4§}¤�¤�¤P� �/� �
�j§}¿����ª¥:�P�
ädqok Ã�i�|Hn�v µ@��é}�l� � ��� é � � � � ����Ò ��� � � � ���0����¹�� £(¢ �/�/� � �Ué�� � ���/�`�}� µ3��é}�l� � ��� é � ¡oé � � �/� �/�H� �í � Ö@��� � � � ÀÏ� �Dë Ö ò � � � �l� â � � �3� �/· é ��� �h�:£ 	$� � � �>� � � � � � � ß��:�4§}¤�¤�¤P� �/� �/¾ª©-�R�-��¤P�ädqok Ã�i�|�n�v µ3��é}�l� � ��� é �Ï�@� ���/��� ��� ë2é � � �����wâ´� � � é �/� � Ô � ��� Ò � � � � � ��é}�l� � ��� é �Ï� �l� � ÒZé�� � Òª� �x���� � í � Ö@� �4¡(�/� �`� � ��� Ö�¸ Î ù Þ �M��¿P���D� ��¿P��© � §}¤�¤�¤Aê?�ädqok Ã�i�|$n�vxÀ ø � �l� � � � � ��é � ��Ò � � � � �l� �s� � � ��é}�l� � ��� é � � � � �?��Ò ��� � � � ����� �W·�� é ���$�s� � �`� �/·� é��h�l� � é � �d��� ¡(�/� � � í � Ö@� � ¼ Ú Þ �0��¿�¿����ª¤�¾ � §}¤�¤ª§Zê?�ädqok Ã�i�|xn�v8ýd�>� ��é}�l� � ��� é �(�@� ���/��� ��� é ��� � ��� � � �3�/���/� � � � �x��é ���@��� � é � �3�N���Hí � Ö@��� �Ué�¢
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Ó ¼�á �M�ª«-� ��¿ � §}¤�¤:�_ê?�ädqok Ã�i�|´nxv�ýd�Y� ��é}�l� � ��� é � �h� � é�øDé�� � ���w��� µ@��é}�l��é � �xÎ�Î��3�/�/�/� � ��§�«����¨§�«�© � §}¤ª¤:�_ê?�ädqok Ã�i�|Rn�v y&e_~/³Å{}~�æ(v µ@��é}�l� � ��� é ��� é � �h�l�d��� � é�� � ���/� é ���Y� ��é}�l��é � � � � �R��é ���@��� � é � �3�R���í � Ö@� � â ��Ò0� ÀÛ½�Î � â ¾D�ª¾�� â ¾ª«�� � ��¿�¿ª«Zê?�ädqoksk(n�v_ÍMv ydñRqs¬h¬lÄªgª{Mæ(v_exv yd²dq É}r`Ä}³o°@ksk qs~Øn�v_n�vÏ¹�� Ò0é�� � é � �ië4���2é�Ò � � �Y� � é ��� � �H�s� �Y�h�/��h� ���4���/� � ���4��� �`�/� � � ��é}�l��é � � � �h� �/� � �6���R� � í � Ö@� � £3¡ ����� � �/� �3£lé����h�l�KÓ8�ª¿ª©�©D����¿ª©}¿�¤ � ��¿�¿P�;ê?�ä�{%$6r`Ä}~�å:v�äxv y�t(¬h¬�i%G�ó(v y&®4÷�pj°@k ð�Ë�Ìjv µ3��é}�l� � ��� é �<�@� ���/��� ��� é ��� � � ��� ���jÖ`� � �3�@� �l� � �������� �/º ��� � À � �/� � � ë@� � �/��× �/�l� �`�3� � � ¼ Ó8�'��¥�¥��R��©�« � ��¿�¿�¾_ê?�ä�{}³ ð�ilkKn�v y´ö(k qÅi�¬h¬YÍMv(ýd�Ø� � � �Ué�� �¨Ö@� �h� � � � �h�cé � ��é}�l� � ��� é �R� �l� � ÒZé�� � ��� £ � � ��� �3�@� �l� � � Ö�h�/� � � Ö é ��� �løDé �`�/� � �´��� £lé��h�'�2é ��� ¡ ���`�/� �h�l� �K� ���3� �:�/� é�� � ����Þ�½ �M��¾ª«-� ��¿ª« � ��¿�¿�¾_ê?�äd¬hqÅihpÿüÏv moÍMv yYæ&qs~D®�v m�gjv y>®/|�qsÆ}Ä}¬h³ÅÄ}Æ}ÄIäxvHÍMv �3��� �Û�h� � é�� � ���/� � � �/� ë4�l� � ��� � ���l����é � �� é �`� � � � �x�}�K� � �@� � é�� Ö é ����� ��é}�l� � ��� é �6�@� � �l�h� � � � é � ��� � é�� � ���/�N��� ¡ ���`�/� �h�l� � é ��� £lé��h�'�
� � �h�>¢ �/�/� � �Ué�� � ���/�_Þ Ù8�'���ª¾:���R���ª¿j§ � §}¤�¤)�_ê?�äd°
�»v y�ë:{}Ìª÷hðlÌ}~/¬�Ë�qNë>v4exv Ô é�� · ��� � �Ué � � � ��� � �l� � �h� ��� �h�/�9� �/� Òª�l� � �Fé ��� é �¨Ö@�`� � � � � � �6�}�¸(� � · �l� ��ô � � �wë �/� � � ��� � � �h�Y�/�Ué�Ò Ö �¶��é � � � �`� � � � ��� � � � � é���é ����¹�� £3¡(�2é ��� � × �/� ¹�� �h�l� �/� é Ö¸ �l� � ��� �Ø� � � ���2é � � � �hé ��� àR�l�h�l� �`� �/� � � � � ¸ ���2é�Ò � ��� �G�&� �@� � � í � õFé��wë2é}� è � � �h�3� �6£r� 	$��� � �¢Z� 	 �l� ��� � �3� � � �/· �l�-� ¸ �l� � � � �.�-�ª«-�R���ª¿ � ��¿�¿ª«Zê?�äd°H�»v ydåNÄ�ksk q¶Ä}~�þ�°3|$z´v6� ���@� � � �@� �/· �l�Y��� � é�� � ��� � � �h� � ��é}�l� � ��� é � Ô é �/� é}� � é �/�>��� ¢ �/�/�£lé��h� ýd� � � �DÞ�¼ �4§}¾P���¨§}¿�¤ � §}¤�¤�¤_ê?�äd°.�»v òd�Ué��6��� � é�� � ���/� � � �h� � ��é}�l� � ��� é � � � � �h� �/��� � � �4� �h� � � � é � �_��� ¢ �/�/� �@£lé��h�'� ýd� � � � �Þ Ó8�4§�§����¨§��)� � §}¤�¤P�;ê?�äd°/Ä}~3É�öKv y>æ&qs°böKvY× �/�È� � � � � ��é}�l� � ��� é �$�@� ���/��� ��� ��� � é�� � ��� é ��� �h�/�[é � Òª���l� � ��� ��@� ��� �l� ��� ��� ��� � é�� � ������� ¢´º ã4¹ ¢R£ � � Þ Ù8�M�P��©-� �:��¤ � §}¤�¤ª«Zê?�äd°/Ä}~3É�öKv ywæ&qs°�öKv�× �/� ��� é}�����¶� � � � � ��é}�l� � ��� é �c�@� ���/��� ��� ��� � é}� � ��� � � �h�ê¡oé �/� � �� �l� � ÒZé�� � Òª� �d��� � ��¢ �/�/� ��£lé��h�'�4¡ ���`�/� � � �/·�Î@á �.��©}¿��R��¿�¤ � §}¤�¤ª«Zê?�äd°3|�¬h³Mäxv�t_v Ô ���/· �¶�h�l� � � � � ��é · �I�Ué � é}� � � Ö��}� �h� � �l�hÒ ��� � �È���W× �-�Y¢ � � �3� �:�Y¡ � Ò � �À»�/· � � ���l� ��Î�Î Ù8��©�©}¤���¾�¤�¾ � ��¿ª«��;ê?�ädÐ(Ä}~3ÉÈì@v ®�v ycë Ä}~3ÉÜì@v�ó(vN� � � ���`� �c�h� ���4���/� � � �h� �@� �l� � ���W�}� òdà â ë4�Ué�� � �/·��$�/��� �/·� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª�x£lé�ø � � � ���`�3� � �<���:À»�/·�� � ���l� � �/·Y� ��� � �l� � �h� �_¼ ù'��¾D�ª¿���¾ª«}¥ � ��¿�¿�¾_ê?�
�l÷�pjqs¬�i`ÍMv y´²�Ä�ÉªÄ}ÌªÄ}~4Ä�É}q(�»v y´åN{¨ç�qsr`ÄcüÏv ¢ � é � é � ��·M��� �:�/� é�� � ���c�}�d�/���c� � �h� · �l� � � � �l�����é �/�¨� �l� �s�/� �l� � ���/�È�s� �né � é � Ö@��� �I�}� � � ���l��� �3� � � � � ��� ��� � �W���é� � �}�ÛÀ»� ���l��� � é � é � Ö �-�¡(�/� �`� � ��� Ö Ó�Ó8�4§�«D���¨§}¥ª« � ��¿ª©��;ê?�
�¨É}~4Äª÷h÷h{�k {YÍMv ydz6|�q Éª{�k qs~/qÏ­_v yÏn_{}¬lÄHexv8�3�4� ��é �@� �x��é ���@���`� � ��� £4�h�/�x����é �/��� � � ����� � ��� �h�/�� ��é�� � ��� é�� Ö � � �h�/� �/��� � � ��é�� � ��� é�� Ö � �����@� � � �������:í � Ö@� � â ��Ò0� À Ù Þ ��¤ª§}¥ª§���¤ � §}¤�¤P�;ê?�
�h~3É}r`Ä}~HñNv y8®/°ªð�gªÄ�k ~/qs³o¬�Ë�Ì:ì@v ¡ ��� ��� �����}�<� é �`�/� �/·d��� � � � � é}� � ���/� ë ÖN� ��é}�l� � ��� é ���@� � �l�h� � � � é ���� �l��é�� � � � � �h�$� � � ��� � � � � ��� � � � � � � �l� ��� ¡ ���`�/� �h�l� £��l�h� �@�@�x� � ¢ �/�/� � � � £������2é �/� � �é ����À»�/·�� � ���l� � �/·>Î@á Ó8�4«�«}¾ª«-�¨«�«}¿j« � §}¤�¤D�Aê?�
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�l{}r:qs~Wexv ¢K����� � ����é}� � � �3Ö@� é �`� � �M�}� é � ��é}�l� � ��� é �Y�3� � � � � � � � � � ��� í � Ö@� � â ��Ò0� À �� ��é�� � � � � �Ué � � �/���/� � � �Ué��-�@é ���Y���}� � � é����h�l� � � Ö@��� � �RÂ/½ ��¤:�ª©�§}¤P� � §}¤�¤ª©Zê?�
�l{}r:qs~Yexv y�±´Ä}¬�Ë�qs~�t_v ºd� · é�� � Òª� ���/� �l� �@� ���/��� �����@� �´� � �h�/� � � � ���`��· � � � ���/� � ��� Òª���l� � ��� �é���� � Ò0£ � ����� � � é�� � ¤D�ª¤ª«}¤�¾�¿}Ò0�U� � ����� � � é��-� �@� � � �/� � � §}¤�¤D�Aê?�
�l{}r:qs~Hexv y�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v4ÍMv � � é � � ����� é �/� � � � ��é�� � ���H�}� ÔRî��Ò Ö �¶� Ö@� � û�� · �j� �(� � éx�h�2é � � � ��¨Ö@� �h� �Õ��� ¡(�/� � � í � Ö@��� � �d¼ Ú Þ �0���R�:� � §}¤�¤ª§Zê?�
�h¬hq¶÷�p/i�~@Ë�{xÍMv/±dvjí �l�h� ��� é�� � ��� � � ��é�� � � � � �Ué � � ������· ��é � � Ö �Aé ��� ����é �/���4� ��� � � ��é ���@���W� � �@� é���Nâ ��Ò0��£ �@� � í � Ö@� ��Ù Þ � �/� �/¿�¥P���R��¤D�)� � ��¿�¿ª§Zê?�
�hÆ}Ä�Ë�pj~/Ìª÷�p/i�~@Ë�{�ÍMvxÇ&v y Ç�ilk qÅi�Æ`t_vI��v yÏeKpjrHihgª{}ÆwüÏvxÇ&v µ@��é}�l� � ��� é �Ï��� �l��é�� � � � é �/� � � é}���� � � � ���l��� ��� é ·�� �l� � � � é�Òª�K�h� û ���l� � ���`� � � ë � � �`�(����� � ���8À»� ���l��� ��� é ·�� � 	 é�Òª� � é ��� ¢ �/�/� � �¼�Î �'��©}¾ª©-�R��¾�¤j§ � §}¤�¤ª©Zê?�
�hÆ}Ä�Ë�pj~/Ìª÷�p/i�~@Ë�{$ÍMvHÇ&v y�Ç�ilk qÅi�Æ>t_v#��v y´eKpjrHi�gª{}ÆØüÏvKÍMv(� �Ué����h�l� � �/·$í � ��� �l��� � � �H�}� �h�/�� ��� � � � � �h�Øµ3��é}�l� � ��� é �´¸(���/��� é�� Ö ¡ �����@� � � ���/� é ��� ¡ ���`� é�� � ����� � � �h�E�h�/� ¹��`� � � é � ���� ��� � �>���:í � ��· �h� ���d¹���À»� ���l��� ��� é ·�� � â � � �4¡ ¼ � �/� �8��¾�¿��¨§}¤ª« � §}¤�¤�¾_ê?�ì3Ä%$_Ä}|�gH®�v/× �/� �:�/� � � � ��é}�l��é �8� é�� � �h� �}� ÔRî��Ò ÖY� � � ��� ��� � �R���:í � � ë'� × �/� � � Ö�â � � é��-��µ � � � �@�Î�ÎjÞ �4§}¤j©-�¨§�§�© � ��¿�¿�¿_ê?�ì3Ä�ÃlÄ}|�q(äxv y(ñxÄ�Ãh³ÅÄ}|�gªÄ}|lmhz´isçsç�q`Ç&v<�3��� Ò � �/·Y� � � �Ué���é ���>�/���/� � � �Ué�� � ��é}�l� � ��� é �(�@� ���/��� ��� é ���
� é�Òª�w��� � é�� � ���/� ë Ö ¢ �@���`� é �Ü� ��� ���`�4����� � � ��� � ��� ¢ �/�/� � � � £lé��h�'�¢é ��� ¡ ���`� � Î Ú/ù'��ª¾�¾����ª¿ª© � §}¤ª¤�¥_ê?�ì3Ä�ÃlÄ}|�q(äxv y(Íw{}r`Ä}~/q6®�v8�3��� Ò � �/·H� ��é}�l� � ��� é �(�@� ���/��� ��� é ��� � é�Òª�:��� � é�� � ���/� ë Ö>�`�@�@� ß�� �� ���`� � ���jÖH� �l��� � �wë2é�� � ����� �l�h� �3�����:í � Ö@��� � � Ô �l���-��¢IÓ Â ù'�0��¾�¾�� ��¿�¥ � §}¤�¤ª©Zê?�ì@i�¬¶þ/i�|�¬�i�~Õ®�v y�ÍMil³ ð�k il|Øn�v yYö�{hÉji�gªflÌIäxvwóÏv Ô ��Ò Ö�û�� · �j� �c� � �lø3�h�l� � é �Y�s� �h���0ß�� � �@� £Ô é �/· ��Ò � � é ���H� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���/� é ��� �h�/� � � ����� � � � ���/�R���:í � Ö@� � â ��Ò0�ÀÛ½�á �4§�©D��¥��¨§�©��j« � ��¿�¿�¿Aê?�ì3{}¬h³$ó(vx× ��é �/�¨�s� � � é�� � ���W�s� � �:�/� é �w�o� � � ��é}�l� � ��� é �Y¸ � � � �/� é ���`� � � �������È� � � ���2é � � � �í � � ��� ��� � � é ��� �h�/� � �d¢ �@�/� � �Ué�� � ���/�xÎ�Î Ù8�'�-�D�
���R�-�ª«ª© � §}¤ª¤�¥_ê?�ì3{}°3|�gªÄ}qs~Ü±dv yRÍ�ïilk�ïi�Ä}|�gc®�v y>ë {}Ìª÷hðlÌ}~/¬¨Ë}qwë>v ¢ � � � ë2é0ë � � � � � � �fé �/� � � é}��� �s� � �/���/� � � �Ué����� � é�� � ���/�:� � Ò ��� Ò � �/· �h�/� � ��é}�l� � ��� é � Ô é �/� é}� � é � é ��� é ��� �/·��/� é�� ��� �l��é�� � � ���>í�� �h� � � � é �¢ � é � Ö@��� �d¼ Ó8�4«�«-��¾P� � §}¤�¤ª«Zê?�ìª°3r`Ä}|�qÅi>z´v ¢bµ ���3� �l�%� í»� é � � � ��� � é�� � ���$�}�K� ��é}�l� � ��� é �(� � � �l� � � �h�M�h� ��� ���l�x� � � � � � ���� �4£lé��h�'� í � Ö@� �4Ó�Ó8�M�ª«D��¥�� �ª«��3§ � ��¿�¿ª§Zê?�ìª°3r`Ä}|�qÅicz´v ¢ � � � é �/� � � é}���0� � � ���`�/� �løP�ÅÒZé � � � �?� ��é}�l� � ��� é �x¸ � � � �/� é �È�`� � � ��� Ò � é� � ��é�� � �/· � � � �h� �/��� � � ��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � � � á ��¾�¾P����¾�¿:� � ��¿�¿�¾_ê?�ìª°3r`Ä}|�qÅibzdv µ3��é}�l� � ��� é �$� é � �h�l�È��� � é�� � ��� £ �/��� � � ��é ��� é�� � é � é � Ö@��� � é ��� Ô � ��� Ò � � � ���â´� � � é �/��� �l� � ÒZé�� � Òª� ��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ@¼ ��§�«�©�©-�¨§�«}¾ª© � §}¤�¤P�;ê?�ìª°3r`Ä}|�qÅiHz´v ºd� � �h� ���/� � �d��� µ ���3� �l�%� í»� é � � � ��� � é�� � ���/�´�}�»� ��é}�l� � ��� é �&� � � �l� �R��� ¡(�2é ��� ��3��� � � ���/� é ��� µ3��é}�l��é � �xÎ@¼ �.��¾ª©D���R��¾�¾�¥ � §}¤�¤P�;ê?�
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ìª°3r`Ä}|�qÅiwz´vÏ� ���@� � � �@� �/· �l� ��� � é�� � ���E�s� �Y� � é � � �/��� ��é}�l��é �_��� é}�����¶� � � � �}�d� � � �l�

n
Ò � é� ���`�/� �løP�ÅÒZé � � � �M� ��é}�l� � ��� é �d¸ � � � �/� é �Û�`� � � ���Ø����¹�� �-� � �(£ �@� � í � Ö@� � Î Ù8�6«}¤�¥P���¨«}¤�¾D�

� §}¤�¤ª§Zê?�ìª°3r`Ä}|�qÅi`z´v µ@��é}�l� � ��� é ��¸ � � � �/� é � £ � � � ���/� Ò � éN��é ���3�ª� � é � �Y� � é:� ���`�/� �lø �/� é � ��é ���Ò � é � ��é}�l� � ��� é �x� �l� � ÒZé�� � Ò��:�_¡ ���`� é�� � ����� é ���?�s� ���h�/�l�H�h� ���/� � �Y�ª� �h�/� � ��µ ���3� �l�%� í»� é � � ���� � é�� � ���/�d��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é�����é � �R¼�¼ ��¿�¤ª©-��¿ª§�« � §}¤�¤D�Aê?�ìª°3r`Ä}|�qÅi�z´v £ �3�@� ß�� �Eâ´� � � é �/� � Ô � ��� Ò � � � � � �l� � ÒZé�� � Òª�Ré ���M� ��é}�l� � ��� é �_× é Ö@� � � � �l� � � � �}��/�����@� � �l�h� � � � é0ë � � �o�@� �l� � ���/�_�s� ���h�/���_�h� ���/� � �d��� ¡ ���`�/� �h�l� � é ��� £lé��h�'� � � �h�>¢ �/�/� � ½�Î ��-��¥ª©-�R�-�ª©}¥ � §}¤�¤�¥_ê?�ìª°3r`Ä}|�qÅi z´v:í é��h� � � �h� · ��é �H�s� �c�h�/� � � � ë2é0ë � � � � Ö��}� �h�/�Ø����é ¦ ���l� � � � � �Ø· � � �l��é��h� � ë Ö� ��é}�l� � ��� é �d�3Ö@� é �`� � �:��� ë ¦ ���l�`� � õFé �/����� é � � � � �h� �/��� � � ��� ¢ �/�/� � � � £lé��h�'� Ô �l���-� ¼ ù'�¾D�ª¥���¾ª«�§ � §}¤�¤ª©Zê?�ìª°3~3É`ì@v8ì@v y�±´Ä}|hË�Ä}q�t_v y&®@qok f�i�ÌNn�v8ì@v Ô � � � � �2é � �´�h�/� � � Ö é ���H� � � � ��� � ���/� � � �@·:� ��é�� � � � � � ��s� �më � � �/�3� �/· � � é � � �/� �@� � � £Fé ÔRî��Ò Ö � é � �Ü� � � ��� ���M��� ¡(�/� � � í � Ö@� � ¼ Ú Þ �Z��¾P���R��¿D�
� §}¤�¤ª§Zê?�åNÄ�k r:Ì�Ë�{}Æ��»v8­_v yKóÏ{%$´i�ÌEë>v6üÏv yKó&|�{}³sp/i�|�¬RñNv<®�v�öKv y´ü�qs³Å{}Æ:®4vRÇ&v £ � �l� ��� � ���/� � �`�3� � � ��s� � �@� � � ���l��� � ���h� � é�øDé�� � ���>� ���@� ��� � � �l�h� ���¨Ö@� �h� �`�´���:í � Ö@� � â ��Ò0� À0Â ù'��¤D�
�:��¤:� � §}¤�¤D�Aê?�åRp@Ä}|�qs~/³o¬�i�ÆÈ®�vH®�v yY²dq É}r`Ä}³o°@ksk qs~�n�v n�v y�®4Ä�k Ä�p@{}Æ0ÍMv åRp/vN¹��@û�� � � ��� �}�>� � � � � ��� �`� � é��� ��� � � ��� ���/�E��� �h�/�cà �ª�@�/� �l��ë@� � é � � �/� �/· ���Ü� � í � Ö@� � ¸ £N¢6�-�x£ ��� � ýd� �-� í � Ö@� �NÓ�Ó8�§�«�§�«-�¨§�«D��¾ � §}¤�¤�¤_ê?�åRp@Ä}|�qs~/³o¬�i�ÆH®�v�®�v y(®�Ä�k Ä�Ë�p@{}Æ ÍMv<å:v ¢ ��� �`�/� � � �l�h� �3� � � �lø3����é}�l� ��� ���l����é ��� é���é � �l�h�l� ��/��� �/·N� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� ��� ���l��� ��� �l��� Ö���� �3� ���l��� � ��� � �`� �UéN¢K�l��é í é����d¢Z£/£ ��� ��� �/� é��é ����¸(� ���`��� ��� �/� é�� �3� ���l��� ��� � ���jÖ Ù/ù'�4§���§�«-�¨§��-�:� � §}¤�¤D�Aê?�å�qok fhÄ}¬6exv4exv y�­(qÅi�|�Ä}~/³Å{�ðhðlq_üÏv y6ü/|�°lç�qoksk {xì@v8ì@v ydÇ/Ä�ð�úl°�i�ð´æ(v3ýd� �h�/� � �/� � � é � ÒZé � � � � � � ë � � ��s� �:�h�/� � ��é}�l� � ��� é �_�@� ���/��� ��� � � é�Ò��H��� � é�� � ���?����¹�� £ í � � �:� �}� �h�/�C� � � ¹ µ3¢´¡ 	M� � �3� � ������ µ@��é}�l� � ��� é � à � � �l�h� � � � é�� � ��� é ���c� � � ¢ �/�/� � �Ué�� � ���/� � À º �@À»¹�âd¸ � ¸(� � � �Ué � ø8�v��§}¾��R�-�P�
� §}¤�¤D�Aê?�å�qok fhÄ}¬´exv8exv y&®/|�qsÆ}Ä}¬h³ÅÄ}Æ}Ä`äxv8ÍMv yÏÄ}~4g�ü/|�°lç�qoksk { ì@v�ì@v µ@��é}�l� � ��� é ���@� � �l�h� � � � é � ��� � é�� � ���/� £¢ � � � �l� · � � �cß�� � �b� � é �/�/� � � � é ���b� é��h�/� � é�� � �Ué �Y� � � � � ��� �Û��� ¹�� £ µ2é}�l� � � � è é�� � ��� ��3� �/·��/� é�� ýd� �l��é�� � � � é ���Hâ � � é��h� �Hí � � ë � � �`�_� é �`�ª�:� � � Ô �pë3�h�R¢Z��é ��� à ���_� é � � ��� ¢Z� µ �
� ÀÏ�@� � ê?� ��� � � �l�d¢6�Ué � � í»� ë � � � Ô �����@��� �4§}¤�¤:�P� �/� �'��«����R��©D�P�å�qok fhÄ}¬(exv/exv y8®/|�qsÆ}Ä}¬h³ÅÄ}Æ}Äxäxv/ÍMv yÏü/|�°lç�qoksk {xì@v4ì@vª× �/� � � Ö é ��� ¢ �/�/� � �Ué�� � ���/�Ï�}� µ@��é}�l� � ��� é �à � � �l�h� � � � é �<À � � é�� � ���/� � � À»� � ��Ò � �l�-��§}¤�¤�¥P�å�qsrDå:v y&åN{}~3É.�»v<®�v ¢ �/��� é � ���/� ë4���2é�Ò � � � �´� ��� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � �������� � �d� �h�Ué �>í � Ö@� � �3� �:� Þ ù'��¿ª©}¿���¿�¾ª§��
å�qsr:r:q¶÷�pÈn�vN� ����é �/· � �3� � �l� � � � � �4� � ���/�$� � �@� éP��é ��� º�£ â ��� ¡(�/� � � í � Ö@� � ¼ Ú Þ �§�«D���¨§}¾ª« � §}¤�¤ª§Zê?�å�qs|�Ä}~�i$ÍMv ¢ � é�Òª�c��� � é�� � ��� � � �h� � ��é}�l� � ��� é �H� é �`�/� �/·Ü���Üã � � �-��¢ � é � �x¢ � � � ¼�¼ �¥�¤�¿���¥P��© � §}¤�¤:�_ê?�
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å�qs|�Ä}~�i>ÍMv yRæ<Ä}¬�Ë�|�q��»v º ��� �lø � � �h� � ��� �}�:·�� � ë2é ������� � � � ���/� � � éE� Ö@� �l�wë ��� � ����� � é�� � ���
� � �h�hé ��� é}�����¶� � � � � ��é}�l� � ��� é �<� é �`�/� �/·:��� ¢ �@�/� � � � £lé��h�'��é ��� ¡ ���`� � Î Ù Â �8�-��¤D�D�R�-�P��¤
� §}¤�¤ª«Zê?�å�qs|�ÌªÄ�Ë�{}Æ}Ä>Ç&v õd� � �l��é � � è � � µ3��é���� � �ª� é � ¡oé � � �/� �/� é ��� ¢ �/�/� � �Ué�� � ���/�Ï���dí»� � � é �Nâ � � �Ué��h���º � �h� �_� � £lé��h�/� � é�� � � � Ó/ù Î � Ô ���/·�� é � �@òFé�� � � � � ��¿�¿D�Aê?�åxk Ä�Ãh³�i�|Rì@v y<±_k °3rHi�~Yexv y�®@p3k i�¬hqs~3Éji�|dÍMv�öKv@� � � ���2é � � � � � é��h� � é Ö � � é �/��� é � ���/�K�@� ���/��� ������:í � Ö@� � â ��Ò0�/¢IÓ ½ �M��¤�¾P��� ��¤�¾ª« � ��¿�¾ª©Zê?�åxk Ä�Ãh³�i�|Mì@v y:®@p3k i�¬hqs~3Éji�|�ÍMvdöKv y:Ê8°3r`{�Ã�i�~�z´v´¸ � Öj�����Ü¸ � � � �/� é � �`� � � ��� �ª�cí � Ö@��� � �×<�3� é Ö�Þ�á �M�:��� ��¿ � ��¿�¿�¥_ê?�åxk qsrHihËcÍMv µ@��é}�l� � ��� é � � ��� � � � � � é �:� �����2é �/� � � � �`�3� � � � � � �h� �¨Ö@�`� �l��� � � � ��é}�l� � ��� é �� �l� � ÒZé�� � Òª� ��� ¡ è ����� ����� � ÒZé ��� � �}�Ïí � Ö/��� � �R½�Î �'�-�D�ª¾��R�-�ª«�� � §}¤�¤P�;ê?�åN{ªf�ilk i�ÆÕÇ&v y�nK{}r`Ä}~4{}ÆÜt_v µ@��é}�l� � ��� é � Ô é �/· ��Ò � � ��� � é�� � ��� � ��� � � �l� � ë4�7é �/��� é � ���/��@� ���/��� �������:í � ��· �h� ���´�}�Ï× �/� � �h�l� � �Ué ��í � Ö@��� � � � �3�/�/�/� � � � � � Î Ó á �J�j©}¤����j©}¥ � §}¤�¤�¤_ê?�åN{ªf�i�|Mäxvdýd�È� ��é}�l� � ��� é �:� � �h� · ��é � � é ��� � �l� � ÒZé�� � Òª� �w��� � � é���� � £lé��h� ý ø �s� � �WÎ�Î ���¿:���¨§���« � ��¿:�ª¤_ê?�åN{�÷�pj°/f�i�qKexv»²xv à � � ��� � ë � �h� ��� � � �l�x�Ué � � �/� �/� é ��� ��� � é�� � ���/���}�K�/� ����é ��� � � �@� ���@��� �ª�E���� � �}� £lé��h�/� � é�� � �Ué � ¢ � é � Ö@��� � é ��� ¢ �/�/� � �Ué�� � ���/� Ó Þ ù'�4§�«�§-�¨§}¾P� � §}¤�¤�¾_ê?�åN{�÷�pj°3|�ÄÜexv-��v y`ñRq¶gji�~@Ë�{Üexv$Ç&vNýd� �h�/� ����� � � � �����}� �h�/� �@� � �l�h� � � � é � ��� � é�� � ���W���� ��é}�l� � ��� é �´� � � �l� � � �h� �/� ����� � � � �>� ���/� ��é � �`� � �lÁ`� � � � � ����� º ¹�¹ º ×6¹ �»àR� � � � � � � ��é � � � �ýR� � ��� é`Ú ½�½ �.���R�-� � ��¿�¾ª«Zê?�åN{�ilksk i�|�n�vKó(v ¢ �/�/� � �Ué�� � ���/�d�}�»� ��é}�l� � ��� é � �Ué � � �/� �@� � � �h�/���h�/� � � Ö��}� Ò � � � � � � é � � � �h� � ÖM���× ��é �/� ��¢ � £ À � � ��¢ �/�/� ��£������'� ½�Î ��§}¿�¿�� ��¤ª© � ��¿�¾D�Aê?�åN{�ilksk i�|dn�vÏó(v/í���� Ö@�/���`� é ����� �l��é�� � � � � � � � � � � ¦ � � � ��� Ò ��� � � � ��� é ���H� ��é}�l� � ��� é � �pé � � �/� �/�_� ��/�l�h� �@� ��é�� ÖY� �����2é �/� � �´��� ¢K�l��é £������'� ½ Ú8��§�«����¨§}¥D� � ��¿�¾�¥_ê?�åN{�pEó(v_z´v yÏå ilk k Ì�ì@v&ÍMv ¢ �/�/� � �Ué�� � ���w�}�Ï� ��é}�l� � ��� é �(� �l� � Ò0é�� � Òª� � � �Y� � � ���`� �.é � é � Ö@��� �R���ë2é � ��� � ����� é��h� ���`�3� � � �d���:À é����h���M� À»�/· � · � � ��� � �l�-�@à Ö@� é � � Î@á ��§�§}¿��¨§��
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À»� ���l��� ��� é ·�� �l� � � �Wâ � � �Ué��h��� �jÖ@�`������� �/� � í»¹¨À»âR�4ô ¾�¿_ê?���¾:���R��¿D� � ��¿ª¾�¿_ê?�æ�i�~3ðlq´t_v6å:v y_ÍwÄ�k Äª÷hÄ}|�~�i`æ(v�ó(v y_ÍMi�~4gji�¬`n�vK®4v y´­_i�g}|�{}~4��v�üÏv ¢ �/��� é � �ª�@� �@� ���/��� ��� ��/���/� � � �Ué�� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ��� é ���D���ª� � � � �ª�@�Ü����í � Ö@��� �UéW¢ Ó Î@á �§��j«-�¨§�«�§ � §}¤ª¤:�_ê?�æ�i�~3ðlqÏt_v�å:v y»ÍMi�~4gji�¬Rnxv�®�v y»e_~4g}|�Äªgji:ì@v&®�vÏi�³´Ä�k v º�� �@� � � �/��� ��� é ��� ��é}�l� � ��� é �»�@� ���/��� ������ � é�� � ��� é ��� õ´�h��� �È�s�/� �l� � ��� é �/� � � é}���'£ �3� é�� � é � � ÖÈ� � � � ��� � � � �@� ���/��� ��� � � �lÁ`� � � � �é ��� �lø3�h�l� � é ���s� �h��� ���:í � Ö@� � â ��Ò0� ÀÛÂ4Î �4¤ª«�§���¤P� � §}¤�¤ª«Zê?�æ�i�~3ðlq(t_v<å:v y»ÍMi�~4gji�¬�n�v&®�v y&ö<ÄHå:v�®�v yÏÍwÄ�k Äª÷hÄ}|�~�i�æ(vKó(v y6gªÄH®/qok Æ}Ä æ(v�n�v ¢ �/��� é � ���/��@� ���/��� ��� £(µ@��é}�l� � ��� é �dí����3� �l�%� í»� é � � � ��� � é�� � ��� é ���?� � �`����� � � � ���/�Y���M� �6£lé��h�'� í � Ö@� �Þ�Þ �4§���©}¿��¨§���¾j« � §}¤�¤:�_ê?�æ�i�~3ðlq(t_v<å:v yÏÍMi�~4gji�¬�n�v&®�v y&ö<ÄHå:v&®�v y6gªÄY®/qok Æ}Ä æ(v<nxv y&æ&°/÷�i�~4Ä`æ(v&®�v��3��� � � � ���/�´�o� �Xé� ��é}�l� � ��� é �&�/���/� � � �Ué�� �@� ���/��� ��� ��� � é�� � ��� £ �3� é�� � é � � � � � � � � � ��� � � � �@� ���/��� ��� � � �lÁ`� � � � �é ��� �lø3�h�l� � é ���s� �h��� �R���:� � �}� £lé��h�'� í � Ö@��� � �´�@��� £ ��¤P� ��¤ª¥:� � �:� ��©}¥ª¾�¥
��¿ � §}¤�¤D�Aê?�
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æ�i�~3ðlq6t_v»å:v yÏÍMi�~4gji�¬Nn�vÏ®�v yRz_{}~4÷hÄ�k Æ�i�¬�z´v y(æ�i�~3ðlq6ÍMv&å:v y_gªÄ�®/qok Æ}ÄHæ(v&n�v µ@��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ��� é ��� õ´�h��� �Y�s�/� �l� � ��� é �/� � � é}�h�'£ À øDé}�l� ����� � � � ���/�d���:í � Ö@��� �Ué:¢IÓ�Ù/ù§���«-�¨§�§}¥ � §}¤�¤�¥_ê?�æ�i�{}~4÷lqs~/q@;Nv y�å�°ªðl~�i�³o¬l{}ÆMæ(v yxÊ�Ä}¬�k Ä}Æ�¬�Ë�ÌÈz´vdÍMv6À Ò � � � � ��� �}�x� ��é}�l� � ��� é � ����é �/���4� ��� � ��4��� � �_Ò � ���h�lø û�� � ��� ¡(�Dé ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �xÎ@á �4§�«}¿��¨§ª©D� � §}¤�¤D�Aê?�æYïi�Æ�Ì��»v mot_v y4®4{}°3qoksk Ä}|�gd±dv��3�/� �l� � � �Ué � � è é�� � �ª� �}� � � ���l��� ���/� é ��� � é�Òª� �&� �N� ��é}�l��é �@� � �@� é ���À»� � ��� � Ö@� � Ô �l���-� Þ �4§D�:���¨§D�ª© � ��¿�¾j©Zê?�æ&q�ó(v y(­_i�~3É$z´v ¡(�2é ���x� � ¡(�/� �8ô �x�¨Ö@� �h� � � � �h��é � ��é}�l� � ��� é �(� � � �l� ��� ¡(�2é ��� � �3��� � � ���é ��� µ@��é}�l��é � �R¼�¼ �J�:�)�����j«}¤ � §}¤�¤D�Aê?�æ&q(ó(v y(ó�p/i�~Mz´v ¡(�2é ���6� � �h�/� � ��é}�l� � ��� é �4� � � �l�_¡(�/� �`�¨Ö@� �h� � é ��� � � � � ��� ��� ������� ¡(�2é ��� ��3��� � � ��� é ��� µ@��é}�l��é � �R¼�¼ �4«��ª¿��¨«�«�� � §}¤�¤D�Aê?�æ&qNó(v(­_v yKñNi�~3ÉÜë>v(äxv y5;R°MñNv ¡(�2é ���:�¨Ö@� ���@� ���/� è é�� � ���c�}� �h�/��¡(� � é �¨Ö@� �h� � � � �h�
é� ��é}�l� � ��� é �<� � � �l� ��� í � Ö@��� �Ué`¢IÓ�Ù/ù'�'��©����R��¾ª« � §}¤�¤�¥_ê?�æ&q:ó(v y´ñNi�~3ÉÈë>v&â � � é�� �3�N���E� ��é}�l� � ��� é �d� �l� � ÒZé�� � Ò�� �H��� ¢ �/�/� � � � £lé��h�'��é ��� ¡ ���`� �Î Ú Â �4©�©�©-�¨©}¾D� � §}¤�¤ª©Zê?�æ&q´±dv yYë:Ä}~3ÉMì@v yYë:Ä}~3É>æ(v y´Ê�p@Ä}~3É?z´v ¢ �/��� é � ���/� �/�Ué�� � �����@� �l� � ��� é ��� é �/��� é � ���/��@� ���/��� ���E� �c�@�ª� � � � � �Ué�� � é���� � ��� � � ��� �/·�� � � é � � � �c� é �/� � � ë4� � �té ��� ë � � � � é�� �c· é � ���2é �/� � � ���� ¡(�2é ���xÎ@½ ��¤P��«���§����R���R�-� � §}¤�¤ª«Zê?�æ&qRz´v y6Ê�pj°MÊ&v yRó�p/i�~3ÉMó(v à Ö@� é �`� �Ué ��� ��é0ë � � � � Öw�}� Ò � � � � � � � � � �`� ��� �/�`� � � �h� � ��é}�l� � ��� é �� �l� � ÒZé�� � Òª�R� ���/� � � � � � � Òª�d�h� � é�� � ���w��� ¢ �/�/� �4£lé��h�'�4£������'� ¼�¼ �4§}¿D�D� ��¤:� � §}¤�¤P�;ê?�æ&q¶Ä}~3É:ì@v y6ó�p/i�~4�»v y�ö8°@k k rHil|Kn�v3¸(���/��� é�� Ö`� ��é0ë � � � è é�� � ��� é ���`�@� � � � �wë2é � ���_�h� ¦ ���l� � ���H�s� �� � � � � � è �l� � ��� é �Ï� � � �l� �@� ���/��� ��� � � é�Òª�:��� � é�� � ���/�x��� º ���/� � � �Ué��xà Ö@� é �`� � � Ó�Ú8�'�:��¿�� �ª«��
� §}¤�¤D�Aê?�æ&q¶Ä}~3ÉØì@v�n�v y:n_i�~ÜöKvJ�»v y�¯6qs°�ë>vJ�»v y�;Rq¶Äª{Øì@vx±dv´À øDé}�l� ����� � � � ���/�>�s� � �/���/� � � �Ué��� ��é}�l� � ��� é � é �/��� é � ���/�´�@� ���/��� ��� ��� � é�� � ���/�d���:í � Ö@��� �Ué ¢IÓ�Ú ½ �4¾�¤���¿D� � §}¤�¤ª©Zê?�æ&qs~W®�vHì@vN� � � ���2é � � � �cé � é � Ö@��� �$�}�Y� ��é}�l� � ��� é �Y¸ � � � �/� é �b�`� � � ���/�E���È� � � ���'� � � � ���'�â � �4� ��� ½�½ �'��§����R���ª¤ � ��¿�¿ª«Zê?�æ&q¶{}~�exv�ýd� �h�/���h�/�l� �`�3�3Ö@� é � � � �_�}�Ï� ��é}�l� � ��� é �»� é �`�/� �/· � � � � � � � ����� ¡ ��� � � � �8£������'�× �/�l� �`�3�3Ö@� � á ��¾)����¿�¥ � ��¿�¿ª©Zê?�æ&q¶{}~ exv yEåNÄ}|�gjilk Ë�Ì�ó(v�× �/� í é Ö@� ��� � ���l� � � ß �/� �h��Ò � � � � � � é � � � � � � Ö £�� ���/� � � � � � � Òª��`�3� � � � � �/· ë2é � � ������� ��é}�l� � ��� é �w� �l� � ÒZé�� � Òª� � é ���D� � ��� � �/��� �È� � � � � �Ué � � �Ü����¹�� �-� � �í»� é � � � � � � Öw¼ ù'�'�-�P�-���R�-�D�j« � §}¤�¤D�Aê?�æ&qs°`öKv y<e_~@pcÇ&v yKü/°3|�~�i�|9��v º �/� �l� � �Ué �4����� � � � ���Y�}� �h�/� ��� é}��� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � ���� � é�� � ���>��� � � �}� ¡ �ª�`�/� ��é}� � ��� é � é ��� ¢ �/�/� � � � £lé��h�'� Î Ù�Ù8�4§}¤�¿��¨§���¿ � §}¤�¤D�Aê?�æ&qs°Õz´v y�ä�Ä}~�n�vY®�v à Ö@� é �`� �cë4���2é�Ò � ��� � �}� Ò � ���h�lø � é����h�l�-� � � �`� � Ö � � ���l�cé ���£ � ����é · � Ô �,+`�l�_�h� � é�øDé}� � ������� ¡Ï� � � � � � í � Ö@� � Ô �l���-� Î Ú8�4§}¥�¿��¨§�©�� � §}¤�¤P�;ê?�æ&qs°EöKv yRÊ�pj°/Ä}~3ÉM­_v yde_~@pWÇ&v y`ü/°3|�~�i�|(��v yd±K°3|�|�Ä�Éji�å:v(� ��é0ë � � � � Ö é ��� � ��� Òª�l� · � � ��� �}�
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�h�/� �@� � �l�h� � ��� � �l�h� �3�@�Ï�s� �6�h�/� ��� é}�����¶� � � � � ��é}�l� � ��� é � é � Òª����� � �ª� � �3� ���/��� ��� ��� � é�� � �������¢ �/�/� � � � £lé��h�'�2é ��� ¡ ���`� � Î@á�Î �'��§-�¨§}¤ � §}¤�¤ª©Zê?�æ<{hÉ}Æ�qs~4{}Æ}ÄIå:v y�²xihilk`ÍMv mhó(v ¢ � ��é}�l� � ��� é � ��� � é�� � ���D�s� �cé �@�ª� é � ���/�Ø�@� ���/��� ���D� � é��é ���@���`� Ö �/�l�h�l� ��· � � � ���/�´�4� � ���/�_� � �@� �/����� ¡(�2é ���d�@��� £ ��¤P� ��¤�¥)� � �)� ��©�¿�¥j§��:� � §}¤�¤D�Aê?�æ<{hÉ}Æ�qs~4{}Æ}Äcå:v yx²xi�ilk´ÍMv ó(v´�3��� � �h� ��� �h�Ué �@� �/·?� � �@�l�h�l� ��· � � � ���/� é ·�· �h� · é��h� �È�4� � ���/�� � �@� é ���Y¹�� £�¢ � ÒZé � ��� ��� � µ@��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� ��ë Öc®4ÄªfhÄ}³oqÅi�|Yì@v yKeÏÉ}|�Ä}Æ}Ä�kdÑ´v»­_v yÍwÄª÷�p@Äªgª{Hì@v<exv � à � � � �h�����ª�-�@�h�/�Rºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�4§}¤�¤ª©�� �/� �8��¾ª«-�R��¿�¾P�æ<{}Ð6i�~�®�v�±dv y_ü�i�q¶÷�pHÍMvÏó(v µ@��é}�l��é �8� � � � �/��� � � ���:í � Ö@� � â ��Ò0� Ô �l���-��Ù�Ó8� �/� �8��©�«�«-�R��©�«}¿
� ��¿�¾�¿_ê?�æ&°:®�vjæ(v y�Íw{�k ð(öKv�ì@v y/öÏq G:zdv/ì@v}í�������� ë � � � � � ë � � �`���}�4� �Ué � � � � � � �/� � � � Ö�� � é �/�/� � �Ué�� � ���/��}� �h�/�d�h�@�h����� �@� � � �/��� ��� é �4� ��é}�l� � ��� é � é � Òª���l� � ��� � �@� ��� �l� ��� ��� ��� � é�� � ��� � �:� é�� � ��é �8�4� � ���/�� � �@� é ����	 é��h�l� â � ����� �h��� �_â � � �Ué��h����Ó�Ú8�'�:��¥ª« � §}¤�¤ª§Zê?�æ&°�®�v y&Íw{�k ðdöKv<ì@v y&äd°3q�äxv�æ(v ¢ � �lÁ`� � � � �-�@�h�@�h����� �@� � � � � � ��� é � ��é �/� ��� ��� ���/� �:� � ��é}�l� � ��� é �¸ � � � �/� é �Y�`� � � ��� é ��� ��� �/� �Ué��h� � � ��é}�l� � ��� é � Ô ��Ò Ö �`� � � ���H��� �:�/� é�� � ��� é � ·�� � � �h� � ë2é � � �������� ���l� ����� Òª����é ���@��� é �/�@� � � ���/�d��� ¡ ���`�/� �h�l� � é ��� õd� ��� � � � � ��� ��¼�á �'��«-�¨§�« � §}¤�¤:�_ê?�æ&°bì@v�zdv ¡(�2é � � � � �3Ö@� é �`� � � é �����¨Ö@� ���@� ���/� è é�� � ���D�}��� ��é}�l� � ��� é � � � � � �l�0¢_� � � �3�@�@ô ��¨Ö@� �h� �`�´��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �R¼ Ù8�'�:��§�«-�R�:�-�:� � §}¤�¤ª«_ê?�æ&°/÷�pªË�{K�»v y�ö�|hihihg exv ybñRqÅi�³sp/ilk r å:v µ@��é}�l� � ��� é � � � � � �l� Ò � � � � � � é � � � � � � Ö � µ ý_Ý ê?£¡ ���/� � � � � � � Òª� � ��Òª� � ���/� � � � �/��� �/· �h�/� � ��é}�l� � ��� é � �Ué � � �/� �/� £:µ � � � �
é �/�3� é � �h� �4� ��� ���ºR¢ � ¢ �}× £ §}¤�¤ª§-�¨§��:��¿
���ò�xºR¢ � ¢ ô � õ � � �/��â � � �Ué��h���b¡(� � �h�l�-� ¸ � �j���Wâ é�� � � ý � � � �àR����� � ë4�l�-��§}¤�¤ª§��
æ&°3³ ð�t_v µ3��é}�l� � ��� é � Ô é �/· ��Ò � � ��� � é�� � �������:í � Ö@� � â ��Ò0� À ��Ù Þ �'�:��¤�¥ � §}¤�¤P�;ê?�ÍwÄª÷�p@Äªgª{�ì@v�exv?üÏv yEì@i�¬h°3¬&��v�®�v yÛz_Ä�k p@Ä}~4{bexv yÛó&°3~@p@ÄDì@v�±dv µ3��é}�l� � ��� é �$� � � �l�� � ���l��� ��� é ·�� �l� � � �R��� �3� ·�� é �<í � � �l� ����� �/· Ú�Ù8�4§}¥:�ª©��¨§}¥D�:� � §}¤�¤�¥_ê?�ÍwÄª÷�p@Äªgª{ ì@v:exv�üÏv yYì@i�¬h°3¬.��v ®�v ywóÏÄ�k p@Ä}~4{0exv�i�³�Ä�k vxÀ»� ���l��� � �Ué �H���3� �W� �/� �/��� � � éP£¢ � ��é}�l� � ��� é � �Ué � � �/� �/� é � é � Ö@��� �Ø���È¹�� £:¢ � Ò0é � ��� �E� � µ3��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� ��ë Ö®4ÄªfhÄ}³oqÅi�|0ì@v y�eÏÉ}|hÄ}Æ}Ä�k>Ñ´v`­_v y�ÍwÄª÷�p@Äªgª{�ì@vHexvwüÏv � à � � � �h�����j�-�x�h�/�Ûºd�l�h�/�l� � é ���@� £�3� � � �/· �l�-�4§}¤�¤ª©�� �/� �J�ª§D���ï�:�ª§��
ÍwÄ�É}qs~�n�v4æ(v µ@��é}�l� � ��� é � �Ué � � �/� �/�K� � ë � � � �/·�� � ���l� � �/·Y��� ¡Ï� � � � �Ué � �h��Ò � � � �_� � ë � ��� � �@� �Ué �� �/·�� � ���l� � �/· Ó ¼ �'���R��¤D� � §}¤�¤D�Aê?�ÍwÄ�É}qs~Ûn�v_æ(v µ@��é}�l� � ��� é � �Ué � � �/� �/�Y� � ë � � � �/·�� � ���l� � �/· � � é�����§ ��� ¡Ï� � � � �Ué � �h��Ò � � � �Y� �ë � ��� � �@� �Ué � � �/·�� � ���l� � �/· Ó ¼ �.��¤ª«-�R��¿:� � §}¤�¤D�Aê?�ÍwÄ�É}qs~Ûn�v_æ(v µ@��é}�l� � ��� é � �Ué � � �/� �/�Y� � ë � � � �/·�� � ���l� � �/· � � é����G� ��� ¡Ï� � � � �Ué � �h��Ò � � � �Y� �ë � ��� � �@� �Ué � � �/·�� � ���l� � �/· Ó ¼ �.��¿ª«-� �ª©�© � §}¤�¤D�Aê?�ÍwÄ�É}qs~�n�v<æ(v yÏedfhg}°@ksk Ä�pEÑ´v y»±´Ä�k i�Ä}~/°>ñNv yÏÊ�p@{}°�;Nv»ì@v ¢ �/��� é � ���/�R�@� ���@��� �ª� �lø � �h� ��� � ��h�@� ���/· � � ��é}�l� � ��� é �8� � � �l� �@� � �l�h� � � � é �4��� �l��é�� � � �K� � �h�/� ¸(� � ���
� ×8� ���h� Ö ��� � é�� � �������x� � ���£lé ·�� �l� � � â � ����� é � ��� Î@á ù'�4§�«�«-�¨§�©}¤ � §}¤�¤�¾_ê?�ÍwÄ}qs~4Ä}|�g}q´ö_v µ3��é}�l� � ��� é � �h� � é�øDé�� � ��� é ���E� ��é}�l� � ��� é �R�@� ���/��� ��� ��� � é�� � ���/�`�}�d� ��é}�l� � ��� é �
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� � � �l� ���E¹�� £ ¹�� �h� ¹ £�¢´¡ ��	M� � � � ¡ ���/· �h� ��� �´Ò ��� �u�:�_¢6� � é � ��éP�_¢ � � � � 	 �´µ � � ÀÏ� � ê?��ª§}¿�� �:�:� � ��¿�¿D�Aê?�ÍwÄ}qs~4Ä}|�g}q/öKv}ýd� �h�/� � �/� � � é � ÒZé � � � � � � ë � � �È�s� ���h�/� � ��é}�l� � ��� é �@�@� ���/��� ��� � � é�Òª�(��� � é}� � ���4���¹�� £ 	 é�Òª� � é ���?� ��é0ë � � � � ÖE� � ¡ ��� � � �3�/���/� £Y� �@� éP�Ï� �@� £ � � â´� ��� �l� � � × � â´�/·�· �l� � � 	$� � � �� � � � � � � ß��:� �3� �/· é ��� �h�:�4§��ª¥��¨§�«�� � ��¿�¿D�Aê?�ÍwÄ}qs~4Ä}|�g}q(öKv µ3��é}�l� � ��� é � �h� � é�øDé�� � ���$� �w�/� � � é � � � � ����� � �@�:���Y� �<¢ � � ��Ö@� é ��� ¡ ���`�4���/���@�§��:� � §���§P��«D�:�D�¨«D��¾ � ��¿�¿D�Aê?�ÍwÄ}qs~4Ä}|�g}q<öKv µ@��é}�l� � ��� é �<�@� ���/��� Òª� � é�Òª� �K� � Ò � � � � � � é � � � � ����� � �@�d���x¹�� £@º ���/� � � �Ué�� 	 é�Òª� �� �0�3��� � �@�Y� � Ô � 	 � ·ª� �l�hé ��� µ � â �Ïº � � � �j�3� � ÀÏ�@� � � � � ê?�6¢ � £ À ë �j�ª� º � ¢R£ â�Î Ó Â �µ2é � ��ß�� � � º � ��¿:����¿ª© � ��¿�¿ª«Zê?�ÍwÄ}qs~4Ä}|�g}q�öKv6× �/��� � � ��� � ��é}�l� � ��� é ���@� ���@��� �ª� � � é�Òª����� � é�� � ���È���$¹�è Ò0� Ý»Ö@��� �'�F�d���/�pë � �ã é�Òª� � � â é �@� � ß è�� � é�Ó�Ú8� � ���¨§Zê?�`§}¤�� ��¥ � ��¿�¿j«Zê?� ÍwÄ}qs~4Ä}|�g}q�öKv µ@��é}�l� � ��� é � �h� � é�øDé�� � ��� ���� � � � � é�� � �ª� é ���:� ��é}�l� � ��� é ���@� ���/��� ��� � � é�Òª� � �/� �/��� � � é ��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �Â �'���ª¥P���R���j©�© � ��¿�¿�¥_ê?�ÍwÄ}qs~4Ä}|�g}qKöKv�× �/� �s�/��� é � � � ��é �Ï����� � � � ���/�N�s� �:�h�/� � ��é}�l� � ��� é �_�@� ���/��� ��� � � é�Ò��H��� � é�� � ������ ¢ �/�/� � � � £lé��h�'� Ô �l���-� á �4§D���¨§}¾ � ��¿�¿�¥_ê?�ÍwÄ}qs~4Ä}|�g}q»öKv µ3��é}�l� � ��� é � �Ué � � �/� �/� £ ����� ��ë2é ��� � � � � ë � � �`�d� � � ��� � � �j�/�/� é ����� ��é�� � � � � �Ué �� �����2é �/� � �È���b¹�� £�µ3��é}�l��é � � é ��� µ@��é}�l� � ��� é � ¡oé � � �/� �@� � � ¡ ��� � � �j�/�/� £������2é �/� � � �¡oé�� �/� � �h�l� � ¢Z�R£lé � � é�� �@� µ � � �3� ê?� �3� � � �/· �l� Ý �l� � é · � Ýd� � �/� é � ºd� �L� � � � �R§}¿P��� �D�ª¾� ��¿�¿ª©Zê?�ÍwÄ}qs~4Ä}|�g}q`öKv ¢ �/�/� � �Ué�� � ���/�M�}�H� ��é}�l� � ��� é � �Ué � � �/� �/�M� ��� �l���2é �/� � �E���Û¹�� £ × ��é �/�¨�s� � �£��l�h� �3� é ���E�3� ��� � é � µ �@� �l� � ���/� � Ý é�� � é ô ¿�¥P� ¸(�/� · é�� � é � ¢K�Ué � � �xÖw�}�d� � � � � ��� � � ÀÏ� ��ë ÖnK°3¬�i�ÆN­_v y&ñRqsr`{}Æ�¬�Ë�qI��v y�å�qs|�ÌªÄ�Ë�{}Æ}ÄcÇ&v � �3� ß@éP�'��¿�¿�¾P� �/� �J��¤�¿�� �:�:�
�ÍwÄ}qs~4Ä}|�g}qNöKv Ô � � �Ué��wÒ � � � � � � é � � � � � � Ö ��¡(�2é � �h�l�r� ���?¹�� £´¢K� ���/� � � � ¹�� �h����é���� � �ª�@� � � �h��3� ë � �l� · � �ÈÀ»� é � � � � � ��� � �l� � �h� � � í é���� ¹�Ý £dº ����� � � ��� � �l� � Ò�� × � � � � �/· ��¢K� ���/� � � � 	 é�Òª�í � ��� é · é�� � ��� é ���ÿ� �Ué����h�l� � �/· ��¢Z��õ � ��é � �Y¢Z� ¸(��� ���A<��� � ý � Ô �l� ��Ö é ��� õ���£lé è �
� ÀÏ�@� � � � � ê?� 	$� � � �>� � � � � � � ß/�:� �3� �/· é �4� �h�D��§}¤�¤ª§���¿ª©-�R��§}¥P�ÍwÄ}qs~4Ä}|�g}q&öKv ¢ �/�/� � �Ué�� � ���/�´�}�»� � �h� · ��é � ����é �/�¨�s� � �`�_� ��� ��é}�l� � ��� é �&�@� ���/��� ���>� � � ��� ��� � �R���¹�� �h� · ��é �<× ��é �/�¨�s� � � � �3� ���:��µ �/� �l� � ���/��Î@½ �J�j©�©-���ª¾D� � §}¤�¤D�Aê?�ÍwÄ}qs~4Ä}|�g}q´öKv y´±´{}~�i�³o³oqRt_v»× �/�lé �/�/� � �Ué�� � ���Ø�}� �h�pé � � � � � �l� � �l� � ÒZé�� � Òª� � � �c� � � �Ué��HÒ � � � � �� � é � � � � � � Ö>���:â �/� ��� ��·�� �Ué`¢K�l��é ¼ Ù �3�/�/�/� � ��¥D�D��¥ª© � ��¿�¾�¾_ê?�ÍwÄ}qs~4Ä}|�g}qYöKv y$z_{}|hi�~��6{ n�v yYÍw{}|hi�³o³oq>ñNv yY­KÄ}|�Äªg}qs¬hq�­_vNâ é ���@��� � é � �3�c�`�3� � � �$�s� �� � � ��� � ��é}�l� � ��� é ���@� ���/��� ������� À»� �l� · � � �´ºFé�� � �h�:� í é����h�l� �/� ��õ´� � � �h��é ���>� �Ué � � �/·`� � �h�/�� � � � � ��� � �/� � �4£�� £�� º � ÒZé � � 	$� � � �>� � � � � � � ß��:� �3� �/· é �4� �h�:��§}¤�¤P�:� �/� �8��¾ª«-�R��¿ª«��
ÍwÄ}qs~4Ä}|�g}qÏöKv yÏæ&°/÷�pªË�{��@°�v y(­KÄ�É}~/qs~/qRz´v8× �/� �s�/��� é � � � ��é ������� � � � ���M�}� �h�/� ��� é}�����¶� � � �� ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ������� µ@��é}�:�4¡oé � �4¢ �/�/� �/¢ � é � � Þ �'��«D���R��¿ª§ � §}¤�¤P�;ê?�ÍwÄ}qs~4Ä}|�g}qwöKv yM­KÄ�É}~/qs~/qÛz´v>�3� é}�����¶� � � � � ��é}�l� � ��� é �$�@� ���/��� ��� £��løDé}�l� ����� � � � ���/� é ���� � � ë2é0ë � � � � Öc� � �h�l� � �h�l��é�� � ���0����¹�� £�� 	 ¢ � ¡ ý £ §}¤�¤P� � � �:�l�h�0¡ �ª�3� ���h� � ��� ���4	 é�Òª� �é ����� ��é0ë � � � � ÖH� � ¡ ��� � � �3�/���/� £�� �@� éP� 	M� � � ��� � � � í»� ë � � � � � �/· � â´� Òª�l� ÀÏ�@· �:�@º´� � � �l� � � Ö �
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§}¤�¤ª§�� �/� �4§}¿�¥�� ��¤P�:�
ÍwÄ}qs~4Ä}|�g}q6öKv yK­KÄ�É}~/qs~/qxz´v&× �/� 	 � � · �ª� �s�/� �l� � ���/� é �N����� � � � ���/�:�}� �h�/�:� � � ��� � ��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ���>��� ¢ �@�/� � � � £lé��h�'�@é ��� ¡ ���`� � ÎjÞ<Î ��«�����¥ª§ � §}¤�¤:�_ê?�ÍwÄ}qs~4Ä}|�g}qwöKv yw­KÄ�É}~/qs~/qÛz´v�× �/� � ��� � �}� �h�/��µ � øP� 	 � � · �j� �s�/� �l� � ���/�0� �Õ� ��é}�l� � ��� é ���� ë
� �@� ���/��� ���>�}�6�@� � ��� � ë � �h� �>� � � �l� ���H� � �}� ¡ ���`� �4é ��� ¢ �/�/� � � � £lé��h�'� ¼ ù Â �<§��j«-�¨§ª«�©
� §}¤�¤ª©Zê?�ÍwÄ}qs~4Ä}|�g}qÏöKv y»­KÄ�É}~/qs~/qRz´v ydz_{}|hi�~��6{�n�v £�� � � � � ����é �/�¨�s� � � é ������� ë � � �@� � é�� � ���w� é � �R� �� ��é}�l� � ��� é ���@� ���/��� ����� � � ��� ��� � �R��� µ3��é}�:��¡oé � �4¢ �/�/� �/¢ � é � �4Ù8�J�:�
�����j«}¿ � §�¤�¤:�_ê?�ÍwÄ}qs~4Ä}|�g}q4ö_v y4­KÄ�É}~/qs~/q(z´v yÏz_{}|hi�~��6{xn�vj�3��� ��é ��� ���l� �Ï�}�4� ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ���/��}�&��� �/·�� ��é �����@� � ��� � ë � �h� �Y� � � �l� ��� ¢ �/�/� � � � £lé��h�'�2é ��� ¡ ���`� � Î Ú Â ��§}¿ª«-� ��¤ª« � §}¤�¤j©Zê?�ÍwÄ}qs~4Ä}|�g}q(öKv y6­KÄ�É}~/qs~/q�z´v yK®4Ä>Gji�~4Ä�n�v»å:v µ � øwò�� �s�/� ��� � �ª�@��� �w� ��é}�l� � ��� é �6�@� ���/��� ���c���� � �}� ¡ ���`� �Dé ��� ¢ �/�/� � � � £lé��h�'� Î/Â Ú8�M�ª§���� �:�P� � §}¤�¤ª«Zê?�ÍwÄ}qs~4Ä}|�g}qHöKv yY­KÄ}|�Äªg}qs¬hq�­_v µ@��é}�l� � ��� é ���@� ���@��� Òª� � é�Òª� �?���Ü� � ¡ ���`� �N¢K� ���/� � � � �?á ����
��©-�R���)��¥ � §}¤�¤P�;ê?�ÍwÄ}qs~4Ä}|�g}q>öKv y�­KÄ}|�Äªg}qs¬hq�­_v y?z_{}|hi�~��6{Wn�vHí � � ë2é0ë � � � � ÖÕ�@� � ��� � ë � � � ���/�Ø· � � �l��é��h� � ë Ö�h�/� � ��é}�l� � ��� é �N�@� ���/��� ��� ��� � é�� � ��� ���E¹�� £ ¹�� �-� 	$� � �3� � ���Ü���ÈÀ � ���/��� � Ö@��� � � � ÀÏ� ��ë Öå:i�|�³�i�¬¨ð:ì@v y&åN{}~4gª{}|@��v � à � � � �h�����j�-£ ��� � � �l�d¢K�Ué ��í»� ë � � � �/�l� � �.��¿�¿�¾P�ÍwÄ}qs~4Ä}|�g}q�öKv y�nKÄªf�i�|�³Å{�ÍMv y�z_{}|hi�~��6{�n�v y4®4÷hÄ�k Ä}¬Ït_v µ3��é}�l� � ��� é � �Ué � � �/� �/� é ��� � ��� � � �3�/���/� �� � � �dß � é � ��� ¹�¹ £@�h�/� � é � � � �/· � � � � �@� � ��� � ë � � � �ª�>��� í � Ö@��� �Ué`¢ ¼ Ú Â �J�ª¥�¾����ª¾P� � §}¤�¤�¤_ê?�ÍwÄ}qs~4Ä}|�g}qdöKv yR®�i�|�Æ�q ðlq`z´v y`ü/°3|h÷�p/i�³o³oqHz´v6ýd� �h�/� � � ��� é · é�� � ���Û�}��� � � ���`� � �/�/� � � �`� � é�4� � ���/� � � é � � � � ����� � �����:� �4õd� ��� � Ö@� � Þ Ó8��¾:����¿D� � ��¿ª©�©Zê?�ÍwÄ}qs~4Ä}|�g}q�öKv y�ü4{}r:qs|�{}³o³oqNÍMv_ýd� é ��� ��� � é �R�s�/� �l� � ��� ��é�� � ��� �/·?� � �h�/�>� � � � � ��é}�l� � ��� é ��@� ���/��� Òª��� � é�Òª�?��� � é�� � ���b�ª�0¹�� £ × ��é �/�¨�s� � � � �l�h� �3�@� é �����3� ��� � é � µ �/� �l� � ���/� � � �@� �í � â´�@� ��Ò0� ¹ � à � �`� Ò ���jÖ é ���ÈÝ � ��� � Ö é �ª� Ò0é_ê?� � � � � � ���c¡ �/� � � �h� × ���h� �/��� ��·}Ö � �3� �/· é �4� �h�:���¿�¿ª«�� �/� �'��©����R��¾:�P�
ÍwÄ}qs~4Ä}|�g}q6öKv yxü�{}r:qs|�{}³o³oqKÍMv�� � � ���`� � �/�/� � � � � ��� é · é�� � ��� � � �h�$� ���/� ��é � � � é ���M� ��é0ë � �� � � ë2é0ë � � � � Ö��@� � ��� � ë � � � ���/�d��� ¢ �/� ��õd� � ß � � � Þ ù'�'�-�P�:���R�-�ª§}¾ � ��¿�¿ª©Zê?�ÍwÄ�Ë�|�qs¬Y²xv y óÏ{}~/¬h³ÅÄ}~/³oqs~4{}°ØÍMvNó(v µ3��é}�l� � ��� é �R� �l� � ÒZé�� � Òª��£lé�ø � � � �d�`�3� � �K�s� �YÒ � � � ���/�� é �`� �l� �´���:� � � ��� � �l�-� À»�/· � · ��¢ � ¡ À � Î�Î/Â ��§�©}¤�¾��¨§�©�§�� � ��¿�¿P�;ê?�ÍwÄ�Ë�|�qs¬Ø²xv ycóÏ{}~/¬h³ÅÄ}~/³oqs~4{}°DÍMvMó(vY�3� � � �@· �ÅÒ � � � ���/�Ø� é �`� �l� �¨Ö@� �h� �`�c�s� �0� �ª� ë � � � �� � � ���`� �`é ��� Ò � ë@��é�� � ���W� ����� é�� � ���D���0À é����h���M� À»�/· � · � � ��� � �l�-�Rà Ö@� é � � ¼�Î �x¥D�ª¿���¥ª¥D�
� ��¿�¿ª§Zê?�ÍwÄ�Ë�|�qs¬Û²xv y?óÏ{}~/¬h³ÅÄ}~/³oqs~4{}°éÍMv$ó(v £ �3� � � �0�}� Ò � � � � � � é � � � � � � Ö � � �h�Õ� ���`�/� �løP� � � � �l�� �l� � ÒZé�� � Òª� �´��� � � À»�/· � · ��£������'��¢ � ¡ À0Î�Î@á �.���j«D��� �D�)� � ��¿�¿:�_ê?�ÍwÄ�Ë�|�qs¬H²xv y´ñxÄ}|¶É}°3¬�pÈz´v6öKv y óÏ{}~/¬h³ÅÄ}~/³oqs~4{}°?ÍMvxó(v à Ö/� é �`� �Ré � é � Ö@��� �H�}�R· � � �l��é � � è � �Ò � � � � � � é � � � � û��/� �@�´��� ¢ � ¡ ÀØ� � À»�/· � · ��£������'� Î�Î@á �'��¥�¥:���R��¥ª©}¿ � ��¿�¿:�_ê?�ÍwÄ�k Äª÷hÄ}|�~�ixæ(vKó(v y»ÍMi�~4gji�¬xn�v&®�v y»æ�i�~3ðlq(t_v�å:v y»æ�i�~3ðlq(ÍMv�å:v õd� � �l��é �&����� � � � ���w�}� �h�/�
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�@� ���/��� ��� ��� � é}� � ��� � � �h��é �/���/� � �Ué �(�@� ���/��� Òª�N�h�l� � é ��� é � � � �Ué�� �s� �h���:�h�l� � ���Yí � Ö@� �â ��Ò0� À0Â3Þ ��¤D�j§���¤P� � §}¤�¤�¥_ê?�ÍwÄ�k ³oq»n�v yÏ®4ÄªfhÄ}³oqÅi�|:ì@v4×6� � ��� �@��� é � ���¨Ö@� �h� �é� � � � � � ß��Ué�� � �����/��� �@·`� ��é}�l� � ��� é �&�`�3� � � � £@éë4� � ��� � é�� ������¹ µ3¢´¡ 	$� � �3� � ���M��� µ3��é}�l� � ��� é � à � � �l�h� � � � é�� � ��� é ���w� � � ¢ �/�/� � �Ué�� � ���/� �µ�àd¢ ô ¤D�
� À º�� �@À»¹�âd¸ � ¸(� � � �Ué � ø8�'��¿��¨§�� ���/� Ö �4§}¤�¤D�
�
ÍwÄ}~4÷lqs~�ilksk q(n�v y:Ç4i�|¶É}~/q6ñNv y Ç3°@k þ�q¶Ä}~/q(exv µ@� ��� � � � ��� é · é�� � ���M� � �h�pé���� � Òª� �¨Ö@� �h� �`� � � �h�é �/��� é � ���/�´�@� ���/��� �������:í � Ö@��� �Ué:à Î Ú ½ ��©�«-�R��¿ª« � §}¤�¤:�_ê?�ÍwÄ}³o¬h°3°/÷�pjq�å:v àR� � �l� � � � � �����}� é��wë � ����é�� Ö�� � �o� � � é�� � �����}�w� ��� � � é��h�l� � é�Òª� � � � �h�� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d��� µ � �/� � à Ö@� é �`� � �6â � � �Ué��h��� ¼�½ �'�:�-���R��§�¾ � ��¿�¿�¿_ê?�ÍwÄ}³o¬h°ªð�Ä�Ë�q$üÏv y`²�Ä�Ë�Ä�ÉªÄ}Ð(Ä0ÍMv ¢
���2é ���M� � � � �����`�3� � � � � �h� � ��é}�l� � ��� é �Y�@� � �l�h� � � � é ���� � é�� � ���>��� � � í � Ö@� � �3� �:� � é � é �wÂ/¼ �4§}¥ª©}¾��¨§}¥�¾:� � §}¤�¤:�_ê?�ÍMihi�|�¬l÷�p@Äji�|�³ ÍMv´ÍMv y�±di�~/¬l{}~0ñNv´exv y�±´Ä}°3rHi�|�±dv £ �/� � � �@� � � �/��� ��� é � é � Òª���l� � ��� é ���� ��é}�l� � ��� é ���@� ��� �l� ��� ���w���:í � Ö@� � â ��Ò0� ÀÛ½�á �4«}¤ª§}¥��¨«}¤ª§}¾ � ��¿�¿�¿_ê?�ÍMihi�|�¬l÷�p@Äji�|�³xÍMv(ÍMv y_±di�~/¬l{}~ØñNv(exv y_±´Äji�°3rHi�|Y±dv £ �/� � � �@� � � �/��� ��� é � é � Òª����� � �ª� é ���� ��é}�l� � ��� é ���@� ��� �l� ��� ���w���:í � Ö@� � â ��Ò0� ÀÛ½�á �4«}¤ª§}¥��¨«}¤ª§}¾ � ��¿�¿P�;ê?�ÍMihi�|�¬l÷�p@Äji�|�³cÍMv�ÍMv y>±di�~/¬l{}~ÕñNv�exv y>±´Äji�°@rHi�|0±dv�ýd� �l��é�� � � Ô ��Ò Ö��`� � � ��� é ����:�/� � � � �Ué � � �/· é �/��� é � ���/�´�@� ���/��� �������:í � Ö@� � â ��Ò0� À Ù�Ó8�4¤ª§��:�:��§ � §}¤�¤P�;ê?�ÍMihi�|�¬l÷�p@Äji�|�³»ÍMv�ÍMv y�±di�~/¬l{}~�ñNv�exv y8®4÷�p/i3MÛi�|´äxv�­_v y�±´Äji�°3rHi�|_±dv3� � � ���2é � � � � ����� � � � ����}�&��� é}�����¶� � � � � ��é}�l� � ��� é �&�@� ���/��� ��� ��� � é�� � ���/�´��� í � Ö@� � â ��Ò0� À Ù ½ �'�)��¤:� � ����� � §}¤�¤j§Zê?�ÍMihi�|�¬l÷�p@Äji�|�³HÍMvRÍMv yx±di�~/¬l{}~ ñNvdexv y:®4÷�p/i3MÛi�|�äxvR­_v yN±di�÷�Ëªi�|lmoå:i�|�~I­_v õ � Òª�l� �/� �/·��� � é�� � ���/� é ���0����� � � � ���/�>�}� é �/��� é � ���/� ��é ���@��� � é � �0� � �`� � �����cí � Ö@� � â ��Ò0� À Ù�Ù8�¤�¥�¤P��¤ª§ � ����� � §}¤�¤ª§Zê?�ÍMihi�|�¬l÷�p@Äji�|�³KÍMv8ÍMv y&Íw{}|�³�i�~/¬�i�~$ì@v yxëHp/ihÄ}³Å÷l|�Ä�Ãh³6®�vRë>v µ@��é}�l� � ��� é � Òª���l� � �´�Ué � � �/� �/�_�s� �� ��é}�l� � ��� é � é � Òª���l� � ��� � �@� ��� �l� ��� ������� í � Ö@��� �Ué ¢IÓ�Ù Â �'��¾P���R��¿�¤ � §}¤�¤�¥_ê?�ÍMihi�|�¬l÷�p@Äji�|�³HÍMvdÍMv yN®4÷�p/i3MÛi�|�äxvR­_v´� � � ���2é � � � � �`�3� � �d�s� � �/� ����é ��� � � �@� ���/��� ��� ���� � � ���2é � � � � í � � ��� ��� � � é ��� �h�/� � �d¢ �/�/� � �Ué�� � ���/��Î�Î Ù8�'��§���«-�R��§:�ª« � §}¤�¤�¥_ê?�ÍMihi�|�¬l÷�p@Äji�|�³YÍMvRÍMv y:®�÷lp/i3MÛi�|�äxv�­_v y�ü4Äªg¨ç�i�|�Ä}~Dó(v µ � �/� �h� �@� � �l�h� � ��� � �l�h� �3�@�Y�s� �� � � � �@� � � �/��� ��� é � � ��é}�l� � ��� é ���@� ��� �l� ��� ��� ��� � é�� � ���b���È� � �}� ¡ ���`�/� ��é�� � ��� é �Hí � Ö@��� � �¼�Î�Î �4§��ª¿��¨§}¥P� � §}¤�¤�¥_ê?�ÍMihi�|�¬l÷�p@Äji�|�³HÍMv�ÍMv y�ü4Äªg¨ç�i�|�Ä}~Dó(v µ � �/� �h� �@� � �l�h� � �l�Yé �/� � � ø � � é�� � ���/�Y�s� � � ��é}�l� � ��� é �é � Òª���l� � ��� � �@� ��� �l� ��� ���>û�� � ��� � é�� � ���/�x���H� � ��� ¡ ���`� �4é ��� ¢ �/�@� � � � £lé��h�'� Î/Â/¼ �8¥ª«-�¨©�©
� §}¤�¤D�Aê?�ÍMihi�|�¬l÷�p@Äji�|�³YÍMvRÍMv y�ü4Äªg¨ç�i�|�Ä}~bó(v µ � �/� �h� �@� � �l�h� � ����é �/� � � ø � � é�� � ���/���s� �>� � � � ��� � � ���� é}����� � ��é}�l� � ��� é ��� é���� � é �>�@� � �l�h� � � � é � ��� � é�� � ���/�Û��� ¢ �/�/� � � � º �/� �l� � �Ué � £lé��h�'� ½ Ù8�¾�¤���¿�¤ � §}¤�¤�¥_ê?�ÍMi�~4gji�¬�z´v(exv yKæ�i�~3ðlq´t_v6å:v y_ÍMi�~4gji�¬`n�v6®�v yRgªÄ�®/qok Æ}Ä�æ(v(n�v ¢ �/� ��� ��� ���/� � � ��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � �������:í � Ö@��� �Ué ¢�Ó Þ Ù8�4§�©����¨§}¾:� � §}¤�¤ª«Zê?�
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ÍMi�³ ð�k i�|Wn�v yc±´Ä}|hË�Ä}q?t_v ycåxk Ä�Ãh³�i�|�ì@v ¢ �/��� é � ���/���@� ���/��� ��� é ��� �h� � é�øDé�� � ��� � � ��� �� � �h�/�l� � é � ��� �/� � � ë@� � �/� £ ¢ � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ��� é �/� � � é}��� ���í � Ö@� � â ��Ò0� Ô �l���-��Ú ¼ �M�ª«}¥:�D� �ª«}¥ª© � ��¿�¿�¿_ê?�ÍMi�³ ð�k i�|´n�v y<±´Ä}|hË�Ä}q<t_v y<åxk Ä�Ãh³�i�|dì@v ¢ �/��� é � ���/� ����é �/���4� ��� � �Y�@� ��� � � �l�h� �H�¨Ö@� �h� �`�Ï�/��� �l��h�/� � �@û�� � � ��� �}� �lø3�h�l� � é � ß�� � �@�d���:í � Ö@��� �Ué ¢ ¼ Ù�Ù8�M�D�)��� �ª«}¤ � ��¿�¿�¿_ê?�ÍMi�³ ð�k i�|Rn�v y�±´Ä}|hË�Ä}q&t_v y�åxk Ä�Ãh³�i�|�ì@v àR�l� � Ò � �/·N� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���/�K� � ���é · � � �l��é � � � � ��� é � �h�l�_��� � é�� � �������:À»� � ��� � Ö@� � Ô �l���-� Þ Ù8�J���P�����)��¥ � ��¿�¿�¿_ê?�ÍMi�³ ð�k i�|Nn�v ydóÏ{}rdþ�³�iNexv8� � � ���2é � � � � �s���/��� é�� � ���w�}�(�/� � � é � é ��� é �/��� é � ���/� ¡oé�����é � � � �� Ö@� �d����é �/���4� ��� ���:í � Ö@��� �Ué ¢ ¼ Ù�Ú8�M�j«��D���ª¥�¾ � ��¿�¿�¿_ê?�ÍMi�³ ð�k i�|?n�v yMóÏ{}rdþ�³�icexv õd� � �l��é � � è � �D�@� ���/��� ��� �bé � Òª���l� � ���b� �h�/� � � � é �����@� ��� �l� ��� Òª�� � �@� � � � ��é�� � ��� £/¢ � ��é}�l� � ��� é � é �/� � � é}��� ���:� � í � Ö@� �4¡(�/� � � ¸ Î ù Þ �0��¾ª«}¾�� ��¾�¥ª« � §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|>n�v y`zKk,�{ª÷�Ë}k i0ë>v:z´v y�²�{}~/~�i�~/r`Äª÷�p/i�|?üÏv_öKv µ@��é}�l� � ��� é �R�`�3� � � ��� � é�� � ���Ø�o� �é �/��� é � ���/�´�@� ���/��� �������:í � Ö@��� �Ué ¢ ¼�Î�Î �.�-���¨§�� � ��¿�¿:�Aê?�ÍMi�³ ð�k i�|�n�v y_zKk {�i�÷�Ë}k i�ë>v(z´v y&²�{}~/~�i�~/r`Äª÷�p/i�|�ü»v8öKv yxë i�¬h³Ï±dv&ì@v µ3��é}�l� � ��� é � � �/�/� �/·:����h�/� â´� ���Ué�� � ��� � é�� � ������� µ@��é}�l��é � �R½ �4«}¿ª© � ��¿�¿ª©Zê?�ÍMi�³ ð�k i�| n�v ywåxk Ä�Ãh³Åil|Iì@v ¢K����� � �l��é�� � �/·é¸ � � � �/� é ���`� � � ��� £�¢ � ��é}�l� � ��� é �$�3Ö@� é �`� � �é �/� � � é}����� �N� é � � �@� ���/��� �������:À»� � ��� � Ö@� � Ô �l���-� � ½�Î �M�ª¿ª§-���ª¿�¾ � §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|�n�v y&åxk Ä�Ãh³�i�|Nì@v�× �/� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ��� £/à � ��� �l� ��� Òª������é �/���4� ���� � é � �lø3�h�l� � é ���s� �h����ß�� � �����:� ��£ ��� ���:� Ô � � �/� �@� �4Ú�Ù8�4§���¿��¨§�§}¾ � §}¤�¤ª¤_ê?�ÍMi�³ ð�k i�|Yn�v y_åxk Ä�Ãh³�i�|�ì@v µ@� ��� é · � � �l��é � � è � � ¡(�2é �/� é � � �d��� �`��·�� � � ÒM��� � é�� � ��� � � �h�/�� ��é}�l� � ��� é �
��� � � � � � ��é � ��� � ��� � é�� � �������:� � í � Ö@� ��¡(�/� � � ¸ Î ù Þ �0��¾ª«���� ��¾ª«�© � §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|´n�v y8åxk Ä�Ãh³�i�|dì@v3× �/�_��é ���@��� � é � �4ô �6·��/� � �_� � é �/��� é � �ª�@�K�@� ���/��� ��� £�é � ��é}�l� � ��� é ��3Ö@� é �`� � � é �/� � � é}��� ��� í � Ö@� � â � �4� ��� � Ó�Ó á �'���¨©�© � §�¤�¤�¤_ê?�ÍMi�³ ð�k i�|dn�v y�åxk Ä�Ãh³�i�|Rì@v@¸(���/��� é�� Ö ÒZé � � � � � � ë � � �b�s� � � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ���/�´���í � Ö@��� �Ué ¢ ¼4Â Ú8�.��¤ª©-�R��§�« � §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|$n�v y:åxk Ä�Ãh³�i�|Eì@v9� ��é � �l� ��ô � � �Ué � � � � � ë � � � � � �h�¡é �/��� é � ���/���3� � �l� � � � £ �/��� ��lø �4��� � � � � é �K� ���Ué ÖE�}� �h�/� ��� �hÒ � ÒZé �6� � � ë2é0ë � � � � Ö?��� ¡(�/� � � í � Ö@� � Ô �l���-�ÏÓ ¼�Î �(§D��¾��¨§D�j§
� §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|Yn�v y´åxk Ä�Ãh³�i�|�ì@v(�3� ë �@� ���/��� ��� ����é �/���4� ���`� � ��� ��� � �h�/�l� � é � ��� �/� � � ë@� � �/� £»µ@� ����h�/� Ô é �/· ��Ò � � ��� � é�� � ��� � ��� ��é}�l� � ��� é �8�@� ���/��� ���Y���xí � Ö@� � â ��Ò0� À Ù Î �3¥:��¤�¾���¥:�P�)� � §}¤�¤�¤_ê?�ÍMi�³ ð�k i�|In�v y$åxk Ä�Ãh³�i�|�ì@v Ô ��Ò Ö � ���l� � ¸(��� � è�� é �/� £ � ����é �/· � � �/� � � é � � �ª�/�@� � � ���/�È�o� �¸ � � � �/� é � é ���b� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���/�0����í � Ö@��� �UéW¢ Ó/ù ¼ �Y§}¿�¤��¨§�¿�¥
� §}¤�¤P�;ê?�ÍMi�³ ð�k i�|:n�v y(åxk Ä�Ãh³�i�| ì@v µ3� ��� � ���h�l�h���/� � �lø �4��� � � � � é � � ��� � Òª�l� � � �4� � �l�%� � é � £ � ��é}�l� � ��� é ��3Ö@� é �`� � � ��¡ ��� ���¨¡ ��� �x�h� � é�øDé�� � ���>� � � ��� ��� � � �4é ��� ë�� Öª�����>��� � ��º ��� �¨¡Ï� Ö@� ��é � � � � � �3��� � �@�Ó/ù ½ ��¾P����¾ª© � §}¤�¤ª§Zê?�ÍMi�³ ð�k i�|cn�v yHåxk Ä�Ãh³�i�|?ì@vx× �/�c�h� � ��é � ��é � �aé��$�h�/�?� �����}� �h�/�c��é ���@��� � é � � £��h����� � �
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� ��Òª� � ���/� � � � �_� � �h�/� � � � ��� � � � � ���w�}� é �/��� é � ���/� ����é �/���4� ���Fë Ö�� ��é}�l� � ��� é �Ï�3Ö@� é �`� � �d���í � Ö@��� � � ¢Z£�£lé��h�'�4õd� � �4Ó Â �.��¥P���¨§}¤�¾ � §}¤�¤D�Aê?�ÍMi�³ ð�k i�|Øn�v y�åxk Ä�Ãh³�i�|Ûì@v y�®4{�Ë�{�k {}Æ'��v ÍMv ¢ �/��� é � ���/� ����é �/���4� ��� � � �lø3�h�l� � é � ß�� � �@� £¡ ��� � � �3�/���/� � � � �c��é ���@��� � é � �3� é ����� ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ���/� �lø3�h� ��� � �����í � Ö@� � â ��Ò0� ÀÛ½ Ú8�.��¥ª§����R��¥:�:� � ��¿�¿�¾_ê?�ÍMi�³ ð�k i�|cn�v y`²�{}~/~�i�~/r`Äª÷�p/i�| üÏv:öKv µ@��é}�l� � ��� é �Y�@� ���/��� ��� £��løDé}�l�M�h� � �h� � � � ��é�� � ���/�$�}���� ���l����é ���s�/� �l� � ���/�d��� � � í � Ö@� ��¢Z£�£lé��h�'�4õd� � �4Ó/ù'�.��¤�¾�¿��R��¤�¿:� � ��¿�¿ª©Zê?�ÍMi�³ ð�k i�|Hn�v y´²�{}~/~�i�~/r`Äª÷�p/i�|$üÏv(öKv µ@��é}�l� � ��� é �_�@� ���/��� ��� � � é � � � �/· �¶� � � � �@� � ��� � ë � � � ���/� �é ��� ¡oé�����é � � � �¶� Ö@� ����� � é�� � ���/�´��� í � Ö@� � â ��Ò0� ÀÛ½4Â �M�ª¤�¿����
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Í>qok {}Æ}Ä}~4{}Æ exvêÇ&v�� � � ���2é � � � � �3Ö@� é �`� � � � � ��� �h�/� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � �
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ÙDð�Ù ZX×.gP/t×�Ó.�_Ô_Ø@��×$õ
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� � ��¿ª©}¤_ê?�ÑKk g�p@Ä}r�å:vK±dv yR®�þ/Ä}~@qÅil|�ì@v ¢ · � � �l��é �´����� � � � ���Û�}� �h�/� �@� ���/��� ��� ��� � é�� � ���?�s� � � � �`� �� � ß �/� �h� · � ��� �l��� � � �d��� � �4£lé��h�'��¢ � é � ��¢ �/�/� ��Ó á �4¥ª«�«-��¥�¥�¿ � ��¿ª©�§Zê?�ÑKk g�p@Ä}rêå:v ±dv yd®�þ@Ä}~/qÅi�|>ì@vÏ× �/�>µ@��é}�l� � ��� é � ¡oé � � �/� �/� �6¢K�Ué � � �`� � í �h� ��� �(ºd� �*� � � � �Ô �����@��� �8��¿ª©��
�
ÑKk i�r:¬�Ë�{}q»exv
��v µ3��é}�l��é � �d� � � ����� � �/� � ��� é����h�l� � � Ö@��� � �d���`í � Ö@��� � �´â ��Ò � � � �xÎ Ú8�.���R��©D�
� ��¿�¿ª«Zê?�ÑKk i�r:¬�Ë�{}q exvS��v µ3��é}�l� � ��� é � � �@� � �l�h� � � � é � ��� � é�� � ���/� ��� �`� � � ��� ��é���� � Ò0£ � ����� �� é�� � ¿�¿�¤�¥:��¥ª©�Ò0�:� � ����� � � é��-� � ��é��%� � �����
��§�� ���/� � � ��¿�¿�¿_ê?�ÑKk i�r:¬�Ë�{}qÈexv=��v yÜåxk iÅþ�q Ë�{}Æ Ç&vØöKvØ× �/� �h�/� � � Öa�}�W��� é�� � � �h� �`�4� ��é �È� é����h�l� � � ��/��� ��� �/� � � ë@� � �/�D�¨Ö@� �h� �`�´���:í � Ö@��� � �_â � �4� ��� � Ó�Ó�Ú8�4«�©�����¥j©�© � §}¤�¤�¤_ê?�Ñ6|�gÛz´v´²xv µ3��é}�l��é �d��� é}�����¶� � � �mé ��� �h�/� � ��é�� � � � � �Ué �R� �����2é �/� � �H�}� ��é ���@��� � é � �3�����¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � ��Â ��¾ª§P����¾D�)� � ��¿�¿�¥_ê?�Ñ6|�¬hqs~3É�p/i�|ét_v yÜ±di¶É�pjqs~ æ(vØ×(� � �?� � ��é}�l� � ��� é � �h� � � · ��é � � ��� � é�� � ���/� é ��� �h� � � · ��é � �� � � ��� ��� � � � � �h�ië@� � � �/� é � � � � � ����í � � ë2é0ë'� × �@� � � Ö`â � � é��-�3µ � � � �@�´Î@¼ Ú8�M���
���R��¥�¤ � §}¤�¤D�Aê?�­KÄ}|�Äªg}qs¬hqR­_v y ó�p/i�¬lÄ}|�qRn�v ydÍwÄ}qs~4Ä}|�g}q´öKv y`ü4Ä}rdþ�qÅi�|�q´öKvÏ× �/� � ��é}�l� � ��� é � µ � � �4ô �`� é � �s� ��/��� � � � �Ué � ����é �/���4� ��� � � � ��� ��� � �R��� í � Ö@��� �Ué ¢ ¼�á Ó8�'�-��¤��R�-�j§ � §}¤�¤P�;ê?�­KÄ}|�Äªg}qs¬hq»­_v yKó(i�¬lÄ}|�q»n�v y&ÍwÄ}qs~4Ä}|�g}q�öKv y�ÍwÄ}°3|�q ðlq»exv y_ü4Ä}rdþ�qÅi�|�q�öKv ¢ · � � �l��é � � è � � µ � � �4ô �� é � � �M� � � ��� � ë�� �/��� � � � �Ué � ����é �/����� ��� � � � ��� ��� � ������í � Ö@� �(¡(�/� � � À é����h� ¼ Ù8�(§�©�«-�¨§�©}¿
� §}¤�¤P�;ê?�­KÄ}|hË
�»v à � ���/��� ���w�}� é � é ����� Òª� � �`�/� � � � Ö �h�@� ���/· �fé �4� � ���/��� � �@� éP£ � ��é}�l��é �Ï�`�3� � �»���µ@��é}�l��é � �Rá �M�ª©�«-� �ª©}¾ � §}¤�¤P�;ê?�­_ihË�Ä�k ¬�Ë�qRexv yR®3ðl~4Ä¨ç�g�m�ë i�|h{}~Ûå:v ¢ �/��� é � ���/� à � ���/��� ���?� � ��� ¸ é ��� � � � � ¢ �/�/� � �Ué�� � ���/� ��3� � � �/· �l�%� Ý �l� � é · � ¸ �l� � � � � ��¿�¿�¿_ê?�­_i�|�|�qÜ®�v yÛÊ8qsr`fhÄ}|hgª{�z´v Ô ��Ò Ö � é � �@���s� �D� � �l� · �l� � �Õ� � �l�l��� ���/��� �l�h���l�h� � ë Ö �h�/�
� � Ö@��� � �?��� é}��� � ��é � �cé��0«[é �Õ��� ¹�� £H¡(�2é ��� �Y¡ ���`�/� �lø � � Ö é ����× ��é �/���4� ���-£ × �/� � � Ö
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é ��� ¢ �/�/� � �Ué�� � ���/� �K¡��_¡(�2é ��� �h�:�P��� Ô � ��� � � �/� �Kõ�� ã é ��� é�Ò ���jÖ � � �@� ê 	$� � � �Û� � � � � � � ß��:��3� �/· é �4� �h�:� �0��¤�¿�� �P��©��
­(q¶÷h{�ðhðlq_®�v y`ë i�¬h³´±dv(ì@v µ@��é}�l� � ��� é � Ô é �/· ��Ò � �M�`�3� � �»�}�_� � �`� � Ö>� � ß � é � � � é �Ï� é�� � �l� ����:í � Ö@� � â ��Ò0� ¸ Ù�Ù8��¥P�:��¾ � §}¤�¤ª§Zê?�­(qÅi�|�Ä}~/³Å{�ðhðlqÜüÏv y Ç/Ä�ð�úl°�i�ðÈæ(v ¢ �Õ� � �h��� ����� é�� � ��� ë4�l� � ��� � �h�/� � é�Ò��¡é ���Õ�@� ���/��� ������ � é�� � ���/� �h�@� ���/· �È�h�/� � ��é}�l� � ��� é � ��Ò ��� � � � ��� ��� � é�� � ���/� à � ��é}� � � � � ���Û� � �}� £lé��h�'�í � Ö@��� � �_Þ Ù8�'�:�-�ª«���§ � §}¤�¤ª«Zê?�­(qs|�ÌªÄ}³oqs~/¬�Ë�Ä�exv y´®4Ä}q¶÷�p/i�Æ�exvF��v yHë {}Ìª÷hðlÌ}~/¬¨Ë}q�ë>vÏexv £ �3� � � �:�}� é �/��� é � ���/� �@� ���/��� ��� £�h�/� ��� ë �@� ���/��� Òª�R�Ué � � ���:í � Ö@��� �Ué ¢IÓ Þ�á �0�ª©�«-���j§}¤ � §}¤�¤ª«Zê?�­K{�g@k °/fl~/Ì@��v µ3��é}�l� � ��� é � à � � �l�h� � � � é ��À � � é�� � ���/� �j¢K�Ué � � �`� � í �h� ��� �jºd� �
� � � � � Ô �����@��� ���¿�¿�¿P�
­K{�g@k °/fl~/Ì4��v õd� ��� �l��� � �Yé ���Ü� � Ö@��� �Ué ��� � �h�l� � �h�l��é�� � ��� �}� � ��é}�l� � ��� é �N� � �h� · ��é�� � ��� é ���� ��é}�l� � ��� é ���@� � �l�h� � � � é�� � �����ª� µ@��é}�l�-�4¡oé � �:�4¢ �/�/� �/¢ � é � � ½ �M��¥ª©-� ��¾�¥ � §}¤�¤ª§Zê?�­K{}qs~4{}³_üÏv y(ü/|�q Éji�Ä}¬h¬l{}°3¬Rì@vIT(vªí é���é � �l�h�l�6� � � � � é�� � ���`�}��� ��é���� � �ª� é �4�`�3� � � � �Aé �/�/� � �Ué�� � ���� � �h�/� �`�3� � � � �/·0�}���@� ���/��� Òª� �¨Ö@� �h� �`�$���Û¹�� £ í � � �:�U��«��h� ¹ µ3¢´¡ 	$� � � � ¡ ���/· �h� ��� �¸ é��h��� � ��� éP� �3� é � � ��§}¤�¤ª§��
­K{�þ@{}Æéexv�Ç&v µ@��é}�l��é �Û�`� � � ��� �}� � � ������� �ª�@� � � �h� ÒZé�� � é0ë � � � �Ué �
� � �`� � Ö é ����/���/� � �Ué � � � Ö>�ª�Nâ´�/����� é �>í � Ö@��� � �´� � Þ Ú8��¿D�j©-��¿ª«D� � §}¤�¤ª«Zê?�­K{}Æ�¬h³�i�~@Ë�{U�»v�Ê&v µ@��é}�l� � ��� é � �/�Ué��0� �����@� �l� � ��� ��� � é�� � ��� é ��� é ����� � � é}�h� � �h�/�l� � é �� ���h� ���d��� � � × �/�l� � é ��� ���h� ��� � �d¼ Ú8��¾:���R��¤ª§ � §}¤ª¤ª«Zê?�­K{}Æ�¬h³�i�~@Ë�{!�»v�Ê&vj� ���h� ��� � � �lø@�l���h� � ë Ö é ����� �h��� �}�8�@� ���/��� ��� � � éd�Ué � � �}� é �/��� � � é���é0ë ��� � ��@� ���/��� ��� ��� � é�� � ���>���:¹�� �-� � � �}�»À»�/·�� � � � � � Þ Ó8�4¿ª©�©-��¿�¿P� � §}¤�¤ª«Zê?�­K{}Æ�¬h³�i�~@Ë�{'�»v6Ê&v�× � � � �@� � � �/��� ��� é � é�ø � �¨Ö@�`� �l��� � � � ���h� ��� � � �lø@�l���h� � ë ÖM� �/� ��é � �h� � � ���/��/�/� � � � é ���È����� � � � �w�}�H�@� ���/��� ���I� � é �I� � ß �/� �h� ��� é}��� � � éØ�Ué � � �}� � � � ��� � ��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ���>���:¹�� �-� � � �}�Ï�3��� � �@� é ����� ��� � �l� � �h� �KÞ�Þ �4§D�ª§��D�¨§D�D�ª¾ � §}¤�¤ª©Zê?�­K{}Æ�¬h³�i�~@Ë�{
�»v<Ê&v µ@��é}�l� � ��� é � ��é �@� é ���@� ���/��� ����� � é:� Ö@� � ��� �l� ��� � � �}� £ ��� ��� �/� é�� Ô � � �/� �@�Î Ó Â �J�ª¥D�¨«}¤ � §}¤�¤�¾_ê?�­K{}Æ�¬h³�i�~@Ë�{!�»v/Ê&v µ �/�/� é � � � ��é �3����� � � � ���/� � � ��� � ����é �@�¨Ö@�`� �l��� � � � � � ë � � �`���s� � � ��é}�l� � ��� é ��/�Ué�� � �����@� �l� � ��� ��� � é�� � ��� é ��� é ����� � � é��h� � �h�/�l� � é �(� ���h� ��� � �H����� � × �/�l� � é �_� ���h� ��� � �Ó Î �'���¨§�§ � §}¤�¤�¾_ê?�­K{}Æ�¬h³�i�~@Ë�{��»v�Ê&vj×6� � ��� � ��é}�l� � ��� é � ��é �@� é ���@� ���/��� ���H� � é ��� �/�l�h� ��� º ���/� � � �Ué��6à Ö@� é �H� � �½ Ó8�4«�«-��¥ª« � §}¤�¤�¾_ê?�­K{}Æ�¬h³�i�~@Ë�{V�»v Ê&v µ �/��� é � � � ��é � ����� � � � ���/� � � �h�@�h����� �@� � � �/��� ��� é ���@� ���/��� Òª��� � é�Òª���� � é�� � ��� é ��� é ����� � � é}�h� �D�@� ���@��� Òª� � ���h� ��� � �Ø��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � � Ó�Ù8�¿�¥P����¿ª©�§ � §}¤ª¤�¾_ê?�­K{}Æ�¬h³�i�~@Ë�{4�»v&Ê&v��3� ·�� é � � � �/·Y� � � ë4� �é�s� �d� � � �?� � ��é}�l� � ��� é �&�@� ���/��� Òª��� � é�Òª�x��� � é�� � ���>� � é�2é � � � �/� é � � ��� µ�¡6¢d¢ÿ�:�:�4§}¤�¤�¾P�
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­(|�qs³ ð�üÏv ¢ � é � Ö@��� �È�}�E�s��� �%� � é���é � �l�h�l� � ��é}�l� � ��� é �E� �l� � Ò0é�� � Òª� �`�3� � �w�}� �h�Ué �M����� � �� é��h�l� � é � �d��� � � �}�Ï�3���/��� é ���YÝd� ë@��é�� � ���MÎ@á�½ �'��¤:���R�:��« � ��¿�¿�¥_ê?�­(|�qs³ ð�üÏv µ � Òª��� � é���é � �l�h�l� � ��é}�l� � ��� é � � �l� � ÒZé�� � Òª� �`�@� � �0�s� � �4��� Ö@� �l� � � � é �`�/� �/·� é��h�l� � é � �d��� � � �}�Ï�3���/��� é ���YÝd� ë@��é�� � ����¼ Ù ½ ��¿)�ª«-��¿ª«�§ � §}¤�¤:�_ê?�¯6q»äxv yI;R°�ÍMv � �/� �h�Ué �3ÖYû�� � �}� Ò � � � � � � é � � � � û��/� � � � �h� � ��é}�l� � ��� é � £lé�ø � � � ���`�@� � �<� �é:���2é �/� � �<��� £����h�2é �/� � �´â � � �4¡ ���`� ��Ó Þ �4§���¤��¨§���§ � §}¤�¤ª©Zê?�¯6qs°Eë>v m>�»v y4æ&°Hì@v µ@��é}�l� � ��� é ��� � �h� · ��é � � é ���:� ��é}�l��é ��� ��� � �l� � �h� �}�8� � �`� � Ö:� �l� �6����í � Ö@� �
Ô �l���-��¢ ¼4Â/¼ �M�ª«D��� �ª«}¾ � §}¤�¤�¤_ê?�nKÄªf�i�qKt_vÏÍMv y6e´k r`Ä}Ì}³�ihp���v y6Í>°3¬�Ë�q p!��vÏ®�v yK±´Ä�k i�Ä}~/°MñNv òFé �`� � � ��� � � é}� � ë �»�s� � �:�/� é�� � ����}�&�¨Ö@� �h� �`� � � �h� � � ¡oé �/� � �@ô �_� ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� ��� í � Ö@� � � �l�-� Â�Â ��¤P��«���¤P� � §}¤�¤�¾_ê?�nKÄªf�i�qMt_v�ÍMv yw²�Ä}Ð(Ä��KihpDå:v���v y>ädq çsç�Ä}Ð»q�n�v>®�v y�Í>°3¬�k q pD®�v���v y�±´Ä�k i�Ä}~/°�ñNvY× �/�òFé �`� � � ���H�s� � � é � � ��� � � �h� � ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d���:� � �}� £lé��h�/� � é�� � �Ué � ¢ � é � Ö@��� � é ���¢ �/�/� � �Ué�� � ���/� Ó ¼4Â �4¾�¿P����¾�¿ª© � §}¤�¤ª©Zê?�nKÄ�Éª{}³d±dv(n�v y6åxqs|hË>ì@vdz´v ¢ �/��� é � ���/� ����é �/���4� ��� �}� � �����`� �`��é Ö � � ���l��� ���/�`��� ¢ � ��� ��� �¢ � ��� ��� � Ö@� ��Ó ¼4Â �J�)�ª§-���:�ª¤ � ��¿�¿ª©Zê?�nKÄ}r:|�Ä�Ë�pjÌªÄ}~/q<ñNv4®�v y�æ�i�¬hqÅi�°3³o|hi:z´v�exv y<®/r:qs³sp:t_v&ó(v £ �3� � � � �/·N�}� � � é � � ��� �l� � � � é��h�l� � é � ��/��� �/·`�/���/� � � �Ué�� � ��é}�l� � ��� é �»� �l� � Ò0é�� � Òª��é ��� � ��� � � �3�/���/��� Ö�Ö@� � � �3� �/·`� � � �l� � ��� � � � � � � � �d���¹�� �-� � � �}�(�3��� � �@� é ����� ��� � �l� � �h� �KÞ<Î �M��¿ª§}¿��ï��¿D�ª¾ � §}¤�¤D�Aê?�nKÄ}~3ÉªÄ}|�Ä¨ç�Ä}~$z´v y8ñRqs~3É�ÍMv4Ê»v ¢ �/��� é � ���/�(�@� ���/��� ��� é ��� �h�/�Kß/� � � � é ��� é · �´� � � � � � � ë � � ����:í � Ö@� � â ��Ò0� À Ù ¼ �'��§}¤��R�-�:� � §}¤�¤ª¤_ê?�nKÄ}Ì ®�vH®�v yY±di�|hÄÈn�v`å:v ¢ � é � Ö � � �Ué �Y����� � � � ���D�}� �h�/� ¸ é ·�� � ÖD×<� �hÒ � � ��� � é�� � ��� ë Ö¢ �@���`� é ��� ��� ���`�4����� � � ����� �l�h� �3����� ¢ �/�/� ��£lé��h�'�2é ��� ¡ �ª�`� � Î Ù�Ú8�M��¿�¾�� �
��¤ � §}¤�¤ª«Zê?�nKÄ}Ì$®�vd®�v y`ó�p@Ä}°/g�pj°3|�qxå:vd®�v yR±di�|�Ä$n�v_å:v ¢ �/�/� � �Ué�� � ���Û�}�x�`�3�@� ß�� �Ø� ��� ���`�4����� � � ���� �l�h� �3� �o� �K�h�/�Xé � é � Ö � � �Ué �8����� � � � �����}����� é}��� � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é}� � ������� ¢ �/�/� � � �£lé��h�'�2é ��� ¡ ���`� � Î@á Ù8�4§}¿D�D� ��¤ª§ � §}¤�¤�¾_ê?�n_i�qs¬�ó(v y ü�i�~/|�i�qs|�{wÍwÄª÷�p@Äªgª{$ì@vKexv y:ó&°3~@p@Ä$ì@vK±dv ¢ � ��é}�l� � ��� é � �Ué � � �/� �/�`� �l� ��� ���l� � Òª�� � �h�/�:��Ò ��� � � � ��� é�� Ö$� � ��� ·��$�}� � ��� ë � � é�� � ��� é � � � �h� �/� � �:���H¹�� £<¢ � ÒZé � ��� �R� � µ@��é}�l� � ��� é �¡oé � � �/� �/� � � � � é0ë2é�� � �l�-� ý � í �N¢ · ��é�ÒZé � � � �N¢Z� × � � �h� � � � £lé}���2é �@� � � �@� ê?� �3� � � �/· �l�-�à � � � �h�����j�-�3�h�/�Rºd�l�h�/�l� � é ���@� �4§}¤�¤ª©�� �/� �M��¤ª«-� �ª§�§��
n_i�~EöKv/�»v yKæ&q¶Ä}~3É�ì@v6n�v yx¯6qs°Ië>v/�»v yYë:Ä}~3É�;Nv�üÏv y5;R°W�»v y_²dq É}r`Ä}³o°@k k qs~$n�v(n�v ¢ �é �/��� é � ���/�x�@� ���/��� ���M�`�3� � �»� � é � �lø3�h�l� � é �&�s� �h��� ß�� � �@�����w� ��é}�l��é � � ����í � Ö/� � Ô �����-��¢Ó Î@¼ �'��¾ª©-�R��¿ª© � §}¤�¤:�_ê?�n_i�~MöKv@�»v y(æ&q¶Ä}~3É�ì@v»n�v y�¯6qs°Üë>v��»v yP;R°'�»v µ3��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���M����/�l�h�l� ��· � � � ���/�K� ��é}�l��é �8� ��� � �l� � �h� �K� � �lø3�h�l� � é �4�s� �h�l��ß�� � �@� é ���H� � �_����� � � � ���/�d���:í � Ö@��� � �¢Z£ � ��é��-�4£������'��¢ �/�/� ��Ó ¼ Ù8�M�)��¤����:�ª¤ � §}¤�¤:�_ê?�n_i�~0öKv��»v y�æ&q¶Ä}~3É?ì@vdnxv yH¯6qs°�ë>v(�»v y@;R°2�»v � �/� Òª�l� � é � � � Ö0�}�:� ���h�l�h���/� � õFé �/����� é �é �¨Ö@�`� � � � � �hë4���2é�Ò � ��� � �s� �`�h�/� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���?� � �lø3�h�l� � é �6�s� �h���ß�� � �@�d���:í � Ö@��� � � ¢Z£�£lé��h�'�4õd� � �4Ó�Ù8��©�«D�:���¨©�«��)� � §}¤�¤:�_ê?�
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n_i�~$öKv m>�»v y(æ&q¶Ä}~3É>ì@v mon�v yHë:Ä}~3É ;Nv m�üÏv y�¯6qs° ë>v m>�»v8¹�� �h� · ��é � � é ���M� �l� � ÒZé�� � Òª� �x���$� �l�� ��é}�l��é � �R��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ Ù8�.��¤ª©-�R�:��© � §}¤�¤:�_ê?�n_i�~`öKv m>�»v y»¯6qs°$ë>v m>�»v y�æ&q¶Ä}~3ÉNì@v/n�v y´ë:Ä}~3É9;Nv m�üÏv àR�l�h�l� �`� � é�� � ��� �}��� � �`� � Ö��s�/� �l� � ���é ���Hû�� ø ���Y� ��é}�l��é � �����:í � Ö@� � Ô �l���-�/¢ ¼ Ú�Ú8�4©}¿���¾:� � §}¤�¤P�;ê?�n_i�~wöKv��»v yR¯6qs°Üë>v@�»v yP;R°'�»v yÏæ&q¶Ä}~3É�ì@v»n�v ¢ �/� � ����� � é �w��� � �w� � � ë � � � � � ���4��� � �ë Ö�À?¸ é�� � é � é �����-��� é � �h�l� ���:í � Ö@��� � � ¢Z£�£lé��h�'��õd� � �4Ó Â ��¿�¿P��¿���¿�¿ª§�§ � §}¤�¤:�_ê?�n_i�~YöKv#�»v y8æ&q¶Ä}~3É ì@v4n�v y6¯6qs°cë>v#�»v yD;Rq¶Äª{:ì@v�±dv ¢ �¨Ö@�`� � � � � ��ë4���2é�Ò � � � �}� é � ��é}�l� � ��� é �µ ���3� �l�%� í»� é � � � �¶� Ö@� �d��� � é�� � �������:í � Ö@��� �Ué ¢IÓ Â Ó8�.��¥ª«-�R��©D� � §}¤�¤ª©Zê?�n_i�~�öKv m>�»v y��@°>Ê&v mhz´v y(®/°�öKv µ@��é}�l� � ��� é �&� � �h� · ��é � é ����� � � é��h� � � � �h�/� � � � � � ��� �`� � é�� � �l� � ��h�/� · � � �l��é � � è � �Y� � � � � ��� �`� � é�� � �l��é ���`� � �6� � Ö@��� �Ué ��� � �h�l� � �h�l��é�� � �������xí � Ö@� � Ô �l���-�@¢ ¼�Î@á �«}¿���¥�¾ � ��¿�¿�¥_ê?�n_i�~�öKv��»v y@�@°�Ê&v(z´v y»Ê�p@{}°>ì@v y�æ�iRÍMihp@Ä}°3³�i�exv y�²dq É}r`Ä}³o°@ksk qs~�n�v8n�v/× �/�R�h� � é�� � ���/� � � �ë4�l� � ��� � �h�/� � ��é}�l� � ��� é �4� � �h� · ��é � é ��� �h�/� � ��é}�l��é �4� ��� � �l� � �h� �}� é � � �`� � ÖN� �l� ����í � Ö@��� �Ué¢ ¼@Þ Ù8�M�
��¿����j§}¿ � ��¿�¿ª©Zê?�n_i�³oq>X i�|hi�²xv y
�hÆ}Ä}~�i�¬IÍMv £ �3� � � � �/·ÿ�}� � � ���l��� � � � é}��� � � � � ë Ö�� �`�/� � � � � � �l� � ÒZé�� � Ò���2é � � � � � � �l� �¨Ö@� �h� �`�´���:¹¨ÀÏÀ»ÀÛí<� � �l� À»�/·�� � ���l� � �/·`â ��Ò � � � Î Ú8�4¥ª§-��¥D� � ��¿�¿ª¾_ê?�n_i�Ìji�¬�moÍMilk { t_v y�ÍwÄ}|�³oqs~�i�ð�m�Ç�i¶ÉªÄ ì@v y z6°�i�|�|hi�|�{�m¶®�Ä�k Ä�ð�Ä}|uó(v yPÑ6|�³oq ð�moÍMi�~4gji�ð � v¢ �/�/� � �Ué�� � �����}��� ��é}�l� � ��� é � �Ué � � �/� �/� � � �h�/� �H�3� � � � �/· �}���@� � � ������� � ���h� � é�øDé�� � ���� �/� �/��� � � é � ���4��� Ö@� �l� � � � é��h�l� � é � �d��� � ��¢ �/�/� � í���� Ö@� � � � � � � ��� á Ú8�4¿ª§D����¿:�ª« � §}¤�¤ª«Zê?�nKq¶Ä}~4gjict_v ywóÏ{}rdþ@Ä}~�Ç&v yYñRq¶Ä�ð�mhóÏÄ�ksk isç�Ä0n�v ¢ � é � Ö@��� �$�}�>�@� � � ���l��� � �

α
�h� � é�øDé�� � ���b�}����/� �l�h� �j��� � �D� � � �/� �@�c�/��� �/·�À ø3�h� ��� � ��¹ ���h��Òª�l� ��� ë � � × �/�l� �`�3�3Ö@� é �`� � �?���I� �H£ ��� ���:�

Ô � � �/� �@�RÎ@¼�Î �.�:��«-�R��§}¤ � §}¤�¤ª«Zê?�nKq¶gªÄ>®�v6Ê&v yKt6k m¶®@p/i�|�flqs~/Ì>äxvÏÍMv yKe_|�Ä�ÃlÄ>exvÏexv(ÍMv&ýd� �h�/� ����� � � � ���c�}� �h�/� � ��é}�l� � ��� é ��/���/� � � �Ué�� � ���@� � � �@� �/· �l�´��� � é�� � ���>��� í � Ö@� � Ô �l���-��¢IÓ Â/¼ ��«�«D���¨«�«}¾ � §}¤�¤�¾_ê?�nKqÅi�Ð6i�öKv º ��� � ��� �l�hÒ0é�� � Òª� Ô é · ��é �/·�� é � é ��� òFé �`� � � ���/� é �w� ���h�2é �/� � �x���Hí � Ö@� � â ��Ò0� À½ Ó8�'��¾�¿�¤��R��¾�¿ª¿ � ��¿�¿�¥_ê?�nKqÅi�Ð6i>öKv £������2é �/� � � � � �h� � ��é}�l� � ��� é �:� �l� � ÒZé�� � Òª� �w���?í � Ö@� � â ��Ò0� ÀÕ½�½ ���ª«}¾P��� �ª«}¿ª§
� ��¿�¿ª©Zê?�nK{�÷h÷h{:exv ydë`i�¬h³&±dv8ì@v µ3��é}�l� � ��� é � �Ué � � �/� �/� é ��� �h�/�d��Ò ��� � � � ���H�}�<� ��é}�l��é ��� �/� �/��� � � é ���í � Ö@��� �Ué ¢ ¼ Ù ½ ��«D�ª«-�¨«��ª¥ � ��¿�¿�¿_ê?�nK{hÉji�|�¬Dæ(vÛýd� �l��é�� � � � é ��� � ��é}�l� � ��� é �I� �l� � Ò0é�� � Òª� �D�s� �ÕÒ � � � � � � é � � � � � ���/� � � � �/� � � Òª���� � é�� � ���/�d���:� � ���&â �/� ��� ��·}Ö�¼4Â �M�ª«���� �ª©�§ � ��¿�¾:�_ê?�nK{}r`Ä}~�äxvNt_v�� ��� � �l� � �h� �}� ��é ���@��� � ��é}�l��é � � é ��� �h�/� � � � ë2é0ë � � � � Ö��@� � ��� � ë � � � ���������é ���@��� � é � �3�d���:í � Ö@� � â ��Ò0� ÀÛ½�Î �4«��j§�§-�¨«��j§ª« � ��¿ª¿ª«Zê?�nK{}r`Ä}~?äxvKt_v y´e´k i�r`Ä}~/Ìw­_v6exv ¡ ��� � � �3�/���/� �¶� � � �H��é ���@��� � é � �3� é ��� �h�/� � ��é}�l� � ��� é ��@� ���/��� ��� ��� � é�� � ���>��� � � í � Ö@� �/¢Z£4£lé��h�'�4õd� � � ¼4Â �M�D�ª¤ª©-� �:�
��¤ � ��¿�¿D�Aê?�nK{}r`Ä}~Häxv/t_v yÏz6q¶{}~4Ä�ÍMv µ@��é}�l� � ��� é �4�@� ���/��� ��� ��� � é�� � ���`���:� ��é}�l��é � � £j�h�@�h����� �@� � � �/��� ��� é �
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�Ué � ��é ����� �Ué����h�l� � �/·:�s�/� �l� � �������:� � í � Ö@� �/¢ ¼�½ ��§���¤ª©-�¨§��:��© � ��¿�¿ª§Zê?�nK{}r`Ä}~Ûäxv_t_v ò � � �@� � � �h�/� �@� ���/��� ��� ��� � é�� � ���Ø���Ø� ��é}�l��é � �Y� �j���REM��� µ@��é}�l��é � ��Î@¼ ����ª¿��R��«}¥ � §}¤�¤D�Aê?�nK{�{�þØì@v(­_v ¡ ���`�/� ��é�� � ��� é � é ��� ���l� �:�}� µ À £ÿé �/� � � ø � � é�� � ���$�}�K� ��é}�l� � ��� é � é � Òª���l� � ����@� ��� �l� ��� ��� ��� � é�� � ���/�K��� ë ���/��� � �Y�@��� é � �/�6� ��â 2 ���N� � �}� ¡ ���`� ��é ��� ¢ �/�@� � � � £lé��h�'�Î@á Ó8�4§��)���¨§}¥�¾ � §}¤�¤�¥_ê?�nK{}¬h¬lÄ}³Å{ n�v yHæ�i�~3ðlq�ÍMv å:v yYt(Æ}Ä}~3Éjilk qs¬h³ÅÄÈæ(v n�v yHæ�i�~3ðlq�t_v å:v µ@��é}�l� � ��� é ���@� ���/��� ������ � é�� � ���M� � éY� ��� ß � � � �h� ·�� ��� £ ��� � � é}���`� � ���l� � é ��� �løDé}�l� ����� � � � ���/� ���Yí � Ö@� � â ��Ò0� ÀÂ Ù8��¤:�ª§���¤ª§ � §}¤�¤ª©Zê?�nK{}¬�i�~4f�k Ä}³o³:ÍMv µ@��é}�l� � ��� é �R� � � · ��é � � é ���Ø� ��é�� � ��� é�� ÖÛ� � � ��� ��� � � é ��� �h�/�>��� � ����é �d� � �`� ��h�/� � �h� �`�´���:� �4¢ �/�/� � í � � ë'� Î Ó8�4©�§D���¨©D�ª§ � ��¿ª©}¥_ê?�nK{}¬h¬�±dv ¢[ë@� � � � � � � � � � Ö é ��� �lø �4����� � � �����}� �h�/� �s�/��� é � � � ��é � �h�@� � � Ö>�}� �h�/� � ��é}�l� � ��� é ��Ué � � �/� �/�`��� Ô ���l� � �h�Hº � �h� �:� � £lé��h�/� � é�� � � � �j«�©�� �3� � � �/· �l�%� Ý �l� � é · �&ºd� �B� � � � � ��¿ª©�«���/� �8��� ��¥P�
nK{}¬h¬È±dv � � � � ê0µ3��é}�l� � ��� é � ¡oé � � �/� �/� é ���ÿ� � � ¢ �/�/� � �Ué�� � ���/�I��� Ô ���l� � �h�Wº � �h� �Ü� �£lé��h�/� � é�� � � � �j«�©�� �3� � � �/· �l� Ý �l� � é · � ¸ �l� � � � �.��¿ª©�«��
nK{}¬h¬hq Ë�pjqs~Y�/°�vÏexv y_®@pjqs³oq Ë�{}Æ}Ä>ÍMv:Ç&v ¢ �/�/� � �Ué�� � ���/�N�}�K� ��é}�l� � ��� é � �Ué � � �/� �/� � ���3Ö@� é �`� �� � � ë � � �`�H�}�N� � � �Ué���é ���Û�/���/� � � �Ué����/�l�h� �@� ��é�� ÖÛ� �����2é �/� � �H�}�N����� � �@�>��� ¢ �/�/� �_£������'�â ��Ò0� ½ ù'�'��«-��¥ª© � ��¿�¿ª©Zê?�nK{}¬h¬hq Ë�pjqs~"�@°�v�exv y:®@pjqs³oq Ë�{}Æ}ÄØÍMv>Ç&v ¢ �/�@� � �Ué�� � �ª�@���}�:� ��é}�l� � ��� é � � �l� � ÒZé�� � Òª� � � � �h�/�é � é � Ö@��� ���}�:� é �`� � � Ò � ë@��é�� � �ª�@���}� Ò � � � � � � é � � � � ��� �/·�� � � é ���Y�¨Ö@� �h� � ��� ¢K�l��éc£������'�Î@¼ ù'�'��¤�¿��R��§�« � ��¿�¿ª©Zê?�nK{}¬h¬hq Ë�pjqs~&�»v»exv y6®@pjqs³oq Ë�{}Æ}Ä�ÍMvxÇ&v ¢ � � � � ���h� �@���s� � ����� Ò � �/·��3Ö@� é �`� � � � � ë � � �`�R�}�� ��é}�l� � ��� é �R� �l� � ÒZé�� � Òª��Ò � � � � � � é � � � � � � ÖÜ���w¹Å� �-� � � �}�xÀ»�/·�� � ���l� � �/·c� � � � � ����Ó á �����ª¿��R��©}¥
� §}¤�¤P�;ê?�nK{}¬h¬hq Ë�pjqs~Z�@°�vwexv yE®@pjqs³oq Ë�{}Æ}ÄDÍMvÈÇ&v ¢ � é � Ö@��� � �}�Û� é �`� � � Ò � ë@��é�� � ���/� �}�?� � � �Ué��Ò � � � � � � é � � � � �/� é��h� � � � �h� � é �`�/� �/·0�`�@� � � � � � � �h� � ��é}�l� � ��� é �Y� �l� � ÒZé�� � Òª� �E���È�3� ·�� é �í � � ��� ����� �/· Ú4Ù8�4§�©}¤:���¨§�©��:� � §}¤�¤�¥_ê?�nK{}°3¬lÄ}~ÈexvRexv yxÍwÄ�k Ë�Ä}Ð»qNt_v yxnKÄªfli�qNt_vRÍMv ywëYq¶g}ÌªÄ}~Üäxv ¢ �/�/� � �Ué�� � ���/���}�N� ��é}�l� � ��� é ��Ué � � �/� �/� � � · ��é�Ò � � Ö��ª� µ�¡6¢d¢ ½ �'��«�«-�R��¥�¾ � §}¤�¤ª§Zê?�nK°/flqs~Y±dv µ@��é}�l� � ��� é ��¹�� �h� · ��é � � é �/�Hí�� �h� � � � é � � � � òFé�� � � � £ Ô ���/·�� é � � ÀÏ�@� � ë � � · �YõFé��h�:���¿�¿�¥P�
nK°/g}qs~3Éji�|KöKvj×8�/� � � � é ���(� é �`� �l� � � �h� � ��é}�l� � ��� é ��� ��� � ÒZé�� � Òª� � é �`�/� �/·x����À»�/·�� � ���l� � �/·� ��� � �l� � �h� � §}¾P�'��©�©��D�?��©�©}¿ � §}¤�¤�¥_ê?�nK°ªÉjiI­_v yÜü/|�qs~@Ë�¬bó(v�â � � �h� � � � ��é�� � ��� �}� ��é �@� é�� � ����� é �`�/� �/· ë ÖÕ� ��é}�l� � ��� é � � � � �� �l� � ÒZé�� � Òª� �d��� À é����h��� � é � � À»�/·��/· �@é ����� ��� � �l�-�@à Ö@� é �`� � � Ó ¼ �'��¤�¿�¿��R�:�:��¥ � §}¤�¤:�_ê?�nK°ªÉji6­_v yÏü/|�qs~@Ë�¬Ró(v ¡ ���/��� � �h� � � �`�3� � � � � �/·d�}��� � ß �/� �h�oë4�Ué �`� ë Öx� ��é}�l� � ��� é ���3Ö@� é �`� � �»���º ���/� � � �Ué��Mà Ö@� é �`� � � Ó�Ú8�N§}¥ª©-�¨§}¾D� � §}¤�¤D�Aê?� n´ÌªÄªfh{}ÆH�»vNt_vR¸ ���2é�Ò � ��� � �}�`� ��é}�l� � ��� é �
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�@� ���/��� ��� é��K�h�/� � � � ·�� ����� í � Ö@� � â ��Ò0� À Ù�Ú � �-�_ê?�.��¤ª§ � §}¤�¤:�_ê?�n´ÌªÄªfh{}ÆC�»vHt_v yYö�ilk g}r`Ä}~[�»v º � Ò�� � é �/� � � é}���b� � �h�/�]é � é � Ö@��� �?�}� �h�/� �/��� �ÅàR�pë Ö ��@� � � ���l��� � � ��� ���l��� �/� ë@� � é � � �/� �/·H���:í � Ö@��� �Ué ¢IÓ Î3Þ �M�ª©}¤�� �ª©}¾ � §�¤�¤ª§Zê?�n´ÌªÄªfh{}Æ
�»v&t_v y(­(°ªð�i�~@Ë�{�exv àXé �`� � ����� � � � � é}� � ���/�x� � Ò � � � �}� �h�/� � ��é}�l� � ��� é �Ï��� � � � � é�� � ���� � é�� � ���>�ª�:í � Ö@� � â ��Ò0� ¸ Ù�Ù8�.��¾D�j§}¤P� � §}¤�¤ª§Zê?�®4Ä�pjqsr:q6ÍMv yxü4Ä¨ç�i�|`®�v»t_v&� � � � �bé�Á � � � ��é}�l��é �6�@� � ��� � ë � � � ���/�x�}� �h�/�.ë �/� �w� � �/��� � Ö �<� � é � � � ��`�3�@�/� � �Dé ����� � � ���`� � � é�Òª��Òª� � � � � � � � �´�}� � � � �����:í � Ö@� � â ��Ò0� À0Â4Î �4¤D�ª¥:��¤P� � §}¤�¤ª«Zê?�®4Ä}q¶÷�p/i�Æéexv
��v yÛÊ�Ä}¬�k Ä}Æ�¬�Ë�Ì z´v?ÍMv µ@��é}�l� � ��� é �Û�3� � �l� � �Õ��� � é�� � ���/� £ ����� � � � ���/� é ���é �/�/� � �Ué�� � ���/�R��� ¡(�2é ����Â �4©�«D���¨©}¥D� � ��¿�¿ª©Zê?�®4Ä}q¶÷�p/i�Æ�exv#��v y�ë:{}Ìª÷hðlÌ}~/¬�Ë�Ì�ë>vKexv à � � ��� � ë � � � ���/�`� � �h�/� í � Ö@��� �Ué � é ���?À»�/·�� � ���l� � �/·� � � � � ��� � � Ý»�ª� �@� �(§�£ Ô � � �Ué��-��º ���/� � � �Ué��-� â é ���@��� é ��� µ@��é}�l��é � à Ö@� é �`� � �8� � ¡ ��� � � �3�/���/�£�� �@� éP� ¸(� � � �2é}� � �l�-� ¸(��� � ��� �4§}¤�¤D�J�
®4Ä¨ç�i�gNt_v�exv ¢ �/��� é � ���/�6�@� ���/��� ���Y���H� ��é}�l��é �8� ë ¦ ���l� � £Dé �/�@� � � ��� é � é � é � Ö � � � ����� � � � ���/�´���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � �xÎ�Î �'�-��¥�¿��R�-�ª©}¥
��§}¤�¤�¤
�
®4Ä�Ë�Ä�Ë�q¶fhÄ}|�ÄM®�v�â � � é�øDé�� � ���?� � ��� �l��� � � � �}�_� ��é}�l� � ��� é �´� �l� � ÒZé�� � Òª�YÒ � � � � � � é � � � � � � Öc�`�@� � � ���� º ���/� � � �Ué��d¢ � é � Ö@��� �_Þ8Â ��«��:�ª¿��¨«��j«�� � §}¤�¤D�Aê?�Í>°3¬�k q p:®�v���v y4±´Ä�k i�Ä}~/° ñNv y�nKÄªf�i�q8t_v òFé �`� � � ���/� é �:�s� � �:�/� é�� � ���`�}� � � é ����� �Ué � ß�� � �@� � � �h� � �â´� � � é �/� � Ô � ��� Ò � � � � � ��é}�l� � ��� é ��� �l� � ÒZé�� � Òª� �d���:í � Ö@��� �Ué � �l� � � ��é Â Ó8�J�)��¥����)��¾ � §}¤�¤�¥_ê?�®4Ä}rNË�{�®�v´z´v y(å�qok fhÄ}¬xexv»exv y(ÍwÄ}|�q¶÷�p/i�ÆwÑ´vN��v µ3��é}�l� � ��� é �(¹�� �h� · ��é � � é ��� àR�l� � ÒZé�� � Òª� � �× �/� � � Ö é ��� ¢ �/�/� � �Ué�� � ���/� �4õ � � �3�ª� é ����¸ �h�Ué}���'�/ºd� �'� � � � �8��¿�¿:�P�
®4Ä}~�ì3{}¬�iÈÍwÄ}|�³oqs~�i�ð öKv yw­KÄª÷�p/iÅþ�¬�Ë�Ì\�»v>exv ywnKÄ}Ð_k ¬Õë>v�ì@v µ3��é}�l� � ��� é � é � Òª���l� � Òª����@� ��� �l� ��� Òª�R��� � é�� � ��� é � é �`�3� � �4�}�&����� � �h�d����é �/���4� ��� � �Y�4� � ���/�K� � �@� é ���x¹�� £@¢ � ÒZé � ��� �� � µ@��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� ��ë ÖÈ®4ÄªfhÄ}³oqÅi�|Mì@v yxeÏÉ}|�Ä}Æ}Ä�k:Ñ´v´­_v yxÍwÄª÷�p@Äªgª{?ì@vdexv`üÏv �à � � � �h�����j�-�3�h�/�Rºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�4§}¤�¤ª©�� �/� �'��¿�¿��¨§���§��
®4Ä}~4÷�p/i�ðcn�v y�óÏÄ}|�|hi�|hÄ}¬$±dv:exv y`Æ�Ä}~�Í>qoksk q Éji�~ ±dv:­Ïp/v µ � �/� �I� � �`� � �}�Y�/���/� � �h� · ��é0ë � �� ��� � � �3�/���/� �¶� � � �E��é ���@��� � é � �3�$� � �h�l� �`�M�}� ����é �@� � � ��� é �Y�@� � �l�h� � � � é � ��� � é�� � ���/�c���í � Ö@� � â ��Ò0� ÀÛÂ4Î �4¤P�:�:�:�:� � §}¤�¤ª«Zê?�®4Ä}~4÷�p/i�¬�n�v yÜóÏÄ}|�|hi�|�Ä}¬W±dvwexv yÈz_Ä}|�¬hq¶ÄDæ(v ycÍ>qÅi�|Wì@vMexv ycÆ}Ä}~ Í>qoksk q Éji�~ ±dvM­Ïp/v y²xi�Ð»r`Ä}~?ñNvKt_v º ��� � �@� ���/��� Òª�H����é �/���4� ��� � �?�3�/� �l� � �Ué �6��� �:�/� é�� � ���/�`�}�d� é ·�� �l� � �Ué � � Ö �� ��� ß � � � � � �wë �/� � � � �/� é ��� é �:����¹�� £�¡(�2é ��� �»¡ ���`�/� �lø � � Ö é ���M× ��é �/���4� ���-£ × �/� � � Ö é ���¢ �/�/� � �Ué�� � ���/� � ÀÏ� ��ë Ö�ó�p@Ä}~4g}|hi$ó(v y_æ&i�{}~4÷lqs~/q�;Nv yRÊ�Ä}¬�k Ä}Æ�¬�Ë�ÌÛz´v � �3� �/· é �4� �h�:£ 	$� � � �� � � � � � � ß��:�4§}¤�¤�¾P� �/� �8��¾�¿��¨§}¤�¥P�
®4Ä}~/³ÅÄ}~/°D®�vYn�v À øDé}�l� ����� � � � ���/�?�s� �?� � � ��� � ��é}�l� � ��� é �>�@� ���/��� ��� � � é�Òª�0��� � é�� � ���/� ë Ö� ��� ���`�4����� � � ����� �l�h� �3����� í � Ö@��� �Ué � �l� � � ��é Â/½ ��«D����¥P� � §}¤�¤ª©Zê?�®4Ä>Gji�~4Ä:n�v�å:v y<ÍwÄ}³sp@Ä}q�exv�ÍMv y<ä�Ä}°/fh{�k g:äxv8ì@v � �/� ß�� � � ��é}�l� � ��� é �8�3� � �l� � �R��� � é�� � ��� é ���é � ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ������� ¢ � ��� ��� � Ö@� � �3� é}��� � � � � � ��� ¼�á ù'��§}¿�¿�� �P��¤ � §}¤�¤D��ê?�®4÷hÄ�k Ä}¬�t_v yHz_{}|hi�~��6{En�v y�ÍwÄ}qs~4Ä}|�g}q�öKv yRn_Äªf�i�|�³Å{EÍMv(â ��Ò � ��� �/· �h�/� � �l� � ÒZé�� � ���0�}� �h�/�� ��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � ������� µ@��é}�l��é � �xÎ�Î �4§}¾P���¨§}¾�¿ � §}¤�¤:�_ê?�
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®4÷�p@ÄjioÃ�i�|5��v y�å:i�rdþ}�KiK®�v}¹��`�/�/� � �Ï�h� ���4���/� � �}��� ��é}�l� � ��� é ��� é �`� � ���¨Ö@� �h� �`�Ï��� º ���/� � � �Ué��à Ö@� é �`� � � Ó�Ú8�4¥P����¥�¾ � §}¤�¤D��ê?�®4÷�p@ÄjioÃ�i�|
��v y`å�|�°ªÉji�|cå:v £ �3� � � � � �/· �}� � ��� � �$�/��� �/·Ü� ��é}�l� � ��� é �Y� �l� � ÒZé�� � Òª� �E���Ü� � �}�£lé ·�� �l� � ��� é ��� £lé ·�� �l� � �:£lé��h�l� � é � � Ó/ù Â ��¿P����¿�¾ � §}¤�¤�¥_ê?�®4÷�p/i�|Üäxv ywÍwÄ}|¶Éª{�k qs~êz´v y�ÍMi�³ ð�k i�|Èn�v y�åxk Ä�Ãh³�i�|Èì@v yw±di�|hË�{}Ð»qs³ ðÈ±dvY× �/� �3Ö@� é �`� �Ué ��s���/��� é�� � �����}�H� ��é}�l��é �`� ���h�Ué � ���/� �`� � ��� Ö £ × �/� � � � ·�� �W�}� �lø3���h� � � � ÖÈ� �ª�@· �h�l�h� � � � ���� � � � �´��� õd� ��� � Ö@� � â � � �Ué��h��� Ô �l���-� ¼�á �'��¤ª§}¿ � §}¤�¤ª§Zê?�®4÷�p/i�|�³ ð�i�|MñNv y�æ<Ä}|h÷�p/i�Æ�i�úl°�iMÍMv yxñR°/Ä}~Iì@v y���Ä}~4{}Æ�¬�Ë�ÌbÇ&v>Ç&v y�æ<{}Æ�ioç�{}Ì?®�v µ@��é}�l� � ��� é �µ ���3� ���%� í»� é � � � ��� � é�� � ���È�s� � �/���/� � � �Ué�� � � � ���2é � � � � �@� � �l�h� � � � é � ��� � é�� � ���/�w� � � Òª� � ë Ö�/��� �¨õFé �/����� é � Ô ��Ò ÖY� ��é0ë � � �/��� � � �R���:� �4£lé��h�'� í � Ö@� � � Þ�¼ ��§}¤�¤��¨§���§ � §}¤�¤P�;ê?�®4÷�pjqÅi�¬h¬�ilk äxv yHö�|�qÅi�g}|�q¶÷�péó�pj|�v yY±_k °3rHi�~Wexv ¢ �/�/� � �Ué�� � ���/� � � � � � ë � � �`�$� �b�4��� Ö@� �l�� � Ö@��� � � é ��� �h�/� ��� ��·}Ö�����¹�� £�¢ �/�/� � �Ué�� � ���/� �}� µ@��é}�l� � ��� é � ¡oé � � �/� �/��� �êí � Ö@��� � � ��3� �/· é �4� �h�:£ 	$� � � �>� � � � � � � ß��:�4§}¤�¤�¤P� �/� �J�:�P��� �ª©�¥P�
®4÷�pjqÅi�¬h¬�ilk�äxv y<ÍMi�³ ð�k i�|dn�v y8±_k °3rHi�~�exv y8²�{}~/~�i�~/r`Äª÷�p/i�|HüÏv�öKv õd� � �l��é � � è � � Ò � � � � � � é � � � ��`�3� � � � £»�h�/� � � � ��é}�l� � ��� é � ��� � é�� � ���/� � � �h� ����� � � � ���/�����M� � í � Ö@� �(¢Z£6£lé��h�'�Kõd� � � ¼ Ú8�¥ª«}¥ª©-��¥ª«}¾D� � ��¿�¿ª«Zê?�®4÷�pj~�i�q¶gji�|0ë>v_n�v µ3��é}�l� � ��� é �R�@� ���/��� ���Ü���w¹�� £(à Ö@� é �`� � � é ���0� � � ���2é � � � � í � � ��� ��� � � �Ò ��� �M�ª«�« �}� Ô ���l�-�/º � �h� �_� �>í � Ö@� � � �3� � � �/· �l�%� Ý �l� � é · � Ô � � ë ��� �'��¿�¾�¾P� �/� ��§�©}¥��¨§}¾�¥P�
®4÷�pjr:q¶g}³�ÍMv»z´v�ÍMv y<®4Ä�É}°�i�¬_öKv y<®4{�Ë�{�k {}Æ@��v�ÍMv £�� ����� � ���/� � � � � �l� � � � � ���H�}� �h�Ué}�l� � ���/�(�s� �é �/��� é � ���/�x�@� ���/��� ��� £^éY�Ué � � � � ���3ÖM����� � �}�_í � Ö@��� � � £�¡ ����� � �/� � � £lé����h�l� Î@á ��¤�¥ª«��:��¾
� §}¤�¤ª©Zê?�®4÷�pj~�i�q¶gji�|Øë>vKn�v y�ëYÌ}¬h¬?ë>v µ@��é}�l� � ��� é �d�@� ���/��� ��� é ��� � é�Òª����� � é�� � ���/�Y���w� �6£lé��h�'�í � Ö@� ��Ó/ù'�.�-�D�D�R���:� � ��¿�¾�¿_ê?�®4÷�p@{}³´exv y(æ&i�~3ð�q_ÍMv»å:v yKt(Æ}Ä}~3Éjilk qs¬h³ÅÄ�æ(vÏn�v y6ÍwÄ�k Äª÷hÄ}|�~�i:æ(vdó(v y6ÍMi�~4gji�¬:n�v(®�v y(æ�i�~3ðlqt_vÏå:v µ@��é}�l� � ��� é �K�@� ���/��� ��� ��� � é�� � ��� � � �h�aé � é0ë ��� �wë4� � �N�h�l� � é ��� é � � � �Ué��:�lø3�h�l� � é ��s� �h���:£ À øDé}�l� ����� � � � �������:í � Ö@��� � � Ô �l���-��¢Z�4Ó�Ù�Ù8�M�D�ª¥�� �ª«}¤ � §}¤�¤ª©Zê?�®4÷�pj°3rHi�|Ün�v y>±di�~/¬l{}~ÕñNv�exv y�ÍMihi�|l¬�÷lp@Äji�|�³EÍMv�ÍMv yÈëHp/i�Ä}³Å÷l|�Ä�Ãh³E®�v0ë>v`À»�/� �l� � é �� �l� � ÒZé�� � ���Ø�}�R� ��é}�l� � ��� é � é � Òª���l� � ��� � �@� ��� �l��� � ��� ��� � é�� � ���0�ª�w� �K¡ ��� ��é � � �(ò Ö/� � ��� � Þ Ú8�¥�¿���¾�¾ � §}¤�¤P�;ê?�®4÷�pj°3rHi�| n�v y ±di�~/¬l{}~ ñNvÿexv y ÍMihi�|�¬l÷�p@Äji�|�³ ÍMvÿÍMv y�±´Äji�°3rHi�| ±dv µ@��é}�l��é ��`� ë � � � ��� �`�`� ë � � � ����� � �h�R����é �/���4� ��� ����	 é��h�l� â � ����� �h��� �_â � � � �4Ó á �'�}§}¿�¥ � §}¤�¤:�_ê?�®4÷�pj°3rHi�|6n�v y4±di�~/¬l{}~`ñNv@exv y4ÍMihi�|�¬l÷�p@Äji�|�³�ÍMv@ÍMv y�±´Äji�°3rHi�|6±dv £ �/� � � � �Ué � � �/·R� ��é}�l� � ��� é �é � Òª���l� � ��� � �@� ��� �l� ��� ��� ��� � é�� � ���/� é ��� �h�/� � � ����� � � � ���/�M���
	 é��h�l� â � ����� �h��� �>â � � �T��¿P���¤ª§�§ � §}¤�¤:�_ê?�®�i�fhÄªÄÜ²xv y ö&ilk k Ä�p Ê&v:t_v exv y æ<Ä}°3|�q Ë�¬Wë>v y`ñNiÅþ@{�ksk qÅi�|Üó(v ¢ �/�/� � �pé}� � ���W�}�Y� ��é}�l� � ��� é ��Ué � � �/� �/� � ���/� ����é �����/� � � é�Òª� � � ��� é · é}� � ���ÿ� � � �/� é � �Ué � ��� � � ���/� ë ��� � �����3� ·�� é �í � � ��� ����� �/· Ú4Ù8�4§}¥�¥�¾��¨§}¥ª©�© � §}¤�¤�¥_ê?�®�ihË�q»å:v yxë:{¨ç�÷lq ËNÍMv y´ü4Äª÷�pjqsÌªÄ`ÍMv à � ��� �l� ��� Òª��� �@� ���/��� ��� �Å� ��� ��� ��� � � �>�@� � ��é � ����� � � � � ��� � � �
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�h��� ��� ë � � é�� � ���$� � é �`� � � � ���/�x� � �`� � �����@� �l� � � � ����� � �}� ¡(�/� � � í � Ö@��� � �HÎ@¼@Þ �»¤D�:�j©}¤ª§
� §}¤�¤�¥_ê?�®�ihË�q6å:v y6®@pj°3¬�pjqs~$exvN��v y ë:{¨ç�÷lq Ë`ÍMv y�ü4Äª÷�pjqsÌªÄ�ÍMv<�3� ��� � ß�� � �Ué�� � �h� �x�}� �h�/� �3� � �l� � � �R���� ��é}�l� � ��� é � � �@� ���/��� ��� é ����� � �h� ��· � �`� � é��h�R�h�Ué}�l� � ���/�R��� � � �}�Ïí � Ö@��� � � £�¡ ����� � �/� � � £lé����h�l�Î@á ��¤�¥ª«��:��© � §}¤�¤ª©Zê?�®�i�|hi�g}Ì}~/¬�Ë�Ä ÍMv yØä�Ä}~/Ì�ÉªÄÕexv º ���/� � � �Ué��bòFé �`� � � ���/� é � ��� � é�� � ���/� � � �h� � ��é}�l� � ��� é �� é �`�/� �/·`���:� �4£lé��h�'� í � Ö@� � Þ �'��§}¿P���¨§���«}¥ � §}¤�¤�¤_ê?�®�i�|�|�qÅi�|H­_v y_Íw{}|hi�Ä}°6;Nv yxÑK°3¬h³¶Ä�k {}°�þ?exv Ô � �`� �h� � �Vë2é ��� � � � �h� � ��é}�l� � ��� é �´�@� � ���h� � � � é�� � �-£�¨Ö@� �h�/� ��� � é ��� é �/�/� � �Ué�� � ����� � Ò � ë@��é�� � ���D� ����� é�� � �ª�Õ���È¹�� £ ¢ � Ò0é � ��� �E� � µ@��é}�l� � ��� é �¡oé � � �/� �/� � ÀÏ� �@ë Öw®4Äªf�Ä}³oqÅi�|:ì@v yÏeÏÉ}|�Ä}Æ}Ä�k6Ñ´v�­_v ydü�i�~/|hi�qs|�{HÍwÄª÷�p@Äªgª{�ì@v�exv � à � � � �h�����j�-��h�/�Rºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�4§}¤�¤ª©�� �/� ��§}¾ª©-� ��¤ª§��
®�i�¬�p@Äªg}|�q�Ç&v y�ë`i�¬h³
±dvêì@v µ@��é}�l��é � �@� � � �/��� ��� é � � � Ö��}� ÔRî��Ò Ö � � � ��� ��� � � ���í � � �:� ºFé�� � � ¢K�Ué � � � � � � � � ¢ Â/á �O�j«}¤P��� �j«}¤ª« � ��¿ª¾ª§Zê?� ®3p/il~�öKv yWü4Ä}~�ë>v yÛÊ�p@Äª{]�»v yÍwÄ}¬h°/{�Ë�ÄaüÏv?× �/� â é Ö@� � � · �
� � � ��� � �D� � � ë � � ���s� �jéê�/�Ué��h� � · � � �l��é � � è � � � ��� �����· ��é � � û��/� � � � �h� � ��é}�l� � ��� é �:� �l� � ÒZé�� � Òª� �`�3� � �N��� º ���/� � � �Ué��w¢ � é � Ö@��� � £ â �Ué �@	$� � � �¢ �/�/� � �Ué�� � ���/�RÂ �'��¤ª©�§-�R��¤�¾ª¤ � §�¤�¤�¥_ê?�®@pjqsr:q ðl°b²xv ywÊ�p@Ä}~3Éêë>v µ@��é}�l� � ��� é � �Ué � � �/� �/� é �/� � � é}���é� �b�3Ö@� é �`� � � � � ë � � �`�Ø���Ò � � � � � � é � � � � � é��h�l� � é � �d���:�j� £ ÀØ¹�� �-� � �4¡�� Þ�¼ ��¾ª§�«-��¾:�ª© � ��¿�¿�¿_ê?�®@pjqs~4fl|�{}³(ÍMv µ@��é}�l� � ��� é �&� �l� � ÒZé�� � Ò�� �´�}�»����� � � � ���/�d�}� ºFé�Ò � �l�%� � � ��� � � ��� � é�� � ���/�R��� ¢_�h���'�â é�� � ��� é � £������'��¢ � é � � Þ ù'�.�-��¿��R��«�� � ��¿ª©��;ê?�®@p3k i�¬hqs~3Éji�|:ÍMv�öKv y(åxk Ä�Ãh³�i�| ì@v y6Ê8°3r`{�Ã�i�~Øz´v»ÍMv ¢¢ë � Òª�:�4ë4� � � � é ��� ë4� Öj������¸ � � � �/� é ��`� � � ���>��� ¢ � � � � í � Ö@� Ù Â �'��§�«D���R��§�«}¿ � ��¿�¿�¿_ê?�®@p3k i�¬hqs~3Éji�|:ÍMv&öKv y ë i�¬h³_±dv(ì@v y6åxk Ä�Ãh³�i�| ì@v ÔRî��Ò ÖM�3Ö@� é �`� � �d�}� � � �2é � ��� �w�@� ���/��� ��� £�é �é �/�/� � �Ué�� � ��� � � � � �wë �/� � � ��� ��� í � Ö@� � â ��Ò0� Ô �l���-� ½ Ú8�'�:��¤�¤��R�:��¤)� � ��¿�¾ª©Zê?�®@p3k i�¬hqs~3Éji�|wÍMvdöKv y:Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì z´v�ÍMv yxåxk Ä�Ãh³�i�|$ì3vd� ����é �/· � �3� � �l� � � �w��� ºFé�� � �h�$Ó�Ù�Ó8��P��� �ª© � ��¿�¿:�_ê?�®/qok Æ}ÄNexv6üÏv y<æ�i�~3ðlq&t_v�å:v y�t(Æ}Ä}~3Éjilk qs¬h³ÅÄ:æ(v8n�v y8æ�i�~3ðlq»ÍMv�å:v yÏgªÄ ®/qok Æ}Äxæ(v8n�v µ@��é}�l� � ��� é ��/���/� � � �Ué�� �@� ���/��� ��� ��� � é�� � ��� � ����� � � � ���/� é ��� é �/��� é � ���/�R�@� ���/��� ���M���Hí � Ö@��� �UéY¢WÓ Â/½ �¥ª«-�¨©�� � §}¤�¤ª©Zê?�®�ç�{ªf�i�|¶ÉNÍMv y�åNÄ}|�q�æ(v º ��� � � � � �Ué��oë4���2é�Ò � � � �}� éR� � ëDë4�l� � ����� é�� � � �¨Ö@� �h� ���/��� �/·R� ��é}�l� � ��� é �� �l� � ÒZé�� � Òª� �´���:Ý ��� � � � � �jÖ@� �-�@à Ö@� é � �/Ó Â �4§���©-�¨§D��¥ � §}¤�¤ª§Zê?�®@Ë�Æ}{}|�³o¬l{}Æ}ÄM²xvK²xv y_±´Ä}³ÅÄ}~4{}Æ?z´v6ÍMv y´­_i�³o|�{}Æ>exvKt_v y_­(¬�p/i�~/q¶÷�pj~/q Ë�{}Æ>exvKexv yd®4Ä}|hË�¬hÌªÄ}~å:v6exv y´åRp@Ä}|�÷�p/i�Æ�²xv6å:v y´åRp@{�p3k {}Æ��@°�v`Ç&v y´±di�~/qs~3ÉÈÇ&vKt_v y´åN{}|�{�k i�ÆÜÇ&v-�@°�v yd®4Äji�~@Ë�{Ç&vdÇ&v y � ÷�p@Ä}q Ë�qs~ÜÇ&vdÇ&v�� ��� � �l� � ��é �8�/� é ��� éN� � �wë �/� � � ���Xé ��� é �/��� é � ���/�_�/��� � ¸ � � � �/� é ��@� ���/��� ��� ���D¹�� £ � � � ���2é � � � �b£ �3� � � �È�}�Û� ��� � �l� � ��é �Mí»� é ��� é ×8� �wë �/� � � ���:� ÀÏ� �hë ÖåN{}|�{�k i�ÆMÇ&v��@°�v y»®@Ë�Æ}{}|�³o¬l{}Æ�Ä`²xv8²xv � Ô � � � � � � ¸(��� � ��� £ Ý��@í �4§}¤�¤�¥P� �/� �M�ª©-��¥ª§��®/r:qs|�~4{}Æ@��v4­_v yRÇ8qs|h{}Æ�k ÌªÄ}~/¬¨Ë}Ì:exv�æ(v y�Ê&Ä}¬hk Ä}Æ�¬�Ë�Ì�z´v�ÍMv3× �/� � � Ö é ��� é �/�/� � �Ué�� � ���/�_�}� ��é Ö���2é ��� � � �/��� �l� � é��h�l�}é}� ���/� � � � �R���:í � Ö@� � â ��Ò0� À Ù Þ �4¥ª§�§�� � §}¤�¤P�;ê?�
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®/r:qs³Üë>v y�gjiDÇ3|�qÅi�¬?äxv:â �/� ��� ��·�� �Ué ���`�3� � � � � ��� ��é � �/� �/·I� ��é}�l� � ��� é �>� �l� � ÒZé�� � Òª� �Ø���â �/� ��� ��·�� �Ué`¢K�l��é á �4«�§�«-�¨«D�D� � ��¿ª©}¤_ê?�®/r:qs³Üë>v y�gjiDÇ3|�qÅi�¬?äxv:â �/� ��� ��·�� �Ué ���`�3� � � � � ��� ��é � �/� �/·I� ��é}�l� � ��� é �>� �l� � ÒZé�� � Òª� �Ø���â �/� ��� ��·�� �Ué`¢K�l��é á �4«�§�«-�¨«D�D� � ��¿ª©}¤_ê?�®4{HöKv yÏæ&qs°�å:v&æ(v ¢ � � ���3Ö>��� �h�/� ��� ë �@� ���/��� Òª� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���w�}�ë � � ��é0ë � � �¨Ö@� �h� �`�´���:í � Ö@��� �Ué ¢�Ó�Ó Î �M�ª©}¾�� ��¿�¤ � §}¤�¤D�Aê?�®4{�Ë�{�k {}Æ���v´ÍMv ÔRî��Ò Ö?û�� · �j� �H� � ��� é$� ��� � � �3�/���/� �¶� � � � � � � ��� �������Eí � Ö@� � â ��Ò0� À Ù�Ó8�¤P�:�:��¤D� � ��¤ � é · � � ê � §}¤�¤P�;ê?�®4{�Ë�{�k {}Æ^��v0ÍMv0× �/�l� �`�3�3Ö@� é �`� � � é ��� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���/� ���í � Ö@� � â ��Ò0� À Ù�Ó8��¤ª«}¥P�:�:� � §}¤�¤P�;ê?�®4{�Ë�{�k {}Æ/��v<ÍMv y&±_k °3rHi�~>exv y»åxk Ä�Ãh³�i�|Nì@v à Ö@� é �`� � ��� é �/� �Ué � � ���¨Ö@� �h� �`�_�/��� �l�´�lø3�h�l� � é �ß�� � �@� £Ï¡ ×6âD	 é ��� �h�/� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���/�`���>À»� � ��� � Ö@� � Ô �l���-� ½ Ù8�
� §ZêT��©�«-�R��¾�¤ � §}¤�¤P�;ê?�®4{�Ë�{�k {}Æ���v�ÍMv yÏ±_k °3rHi�~wexv yÏåxk Ä�Ãh³�i�| ì@v Ô � � �Ué��R�h� �������/� � � � � ���`�/� �lø �¨Ö@� �h� �`� £8¡ ×6â
	é ��� �h�/� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � �������:í � Ö@��� �Ué ¢IÓ�ù ¼ �4§}¥�¾��¨§�©}¾ � §}¤�¤P�;ê?�®4{�Ë�{�k {}Æ ��v»ÍMv yxó�p/i�÷�pªË�qs~Eexv:Ç&v y6åxk Ä�Ãh³�i�|Hì3v à � � ��� � ë � �h� � � � � � �l� � ��é���� � �ª� é �(�3� � �l� � � �:���¢K�l��é í � Ö@��� �Ué í���� ���/� �Ué ¸ Ó ½ �'�-�ª§D���R�-�D�
� � §}¤�¤D�Aê?�®4{�Ë�{�k {}Æ���v ÍMv y$ó�p/i�÷�pªË�qs~bexvcÇ&v yYåxk Ä�Ãh³�i�|Ûì@v µ@��é}�l� � ��� é ���@� ���/��� ��� ��� � é�� � �����s� �`é�4� � �l�%� � é � �¶��� �/� �Ué��h� � Ôdî��Ò ÖY� � � ��� ���R���:í � Ö@��� �Ué ¢IÓ4Ó�Ù8�4§��j«-�¨§�«�� � §}¤�¤D�Aê?�®4{�Ë�{�k {}Æc­_v�üÏv y:åNÄ}°�$6r`Ä}~/~�äxv�öKvRÀ ø � ��é�� � ��� ����é �/�/� �/·Û� �W�3Ö@� é �`� �Ué � � Ö �@� ��� � � �l�h� ��4��� Ö@� �l� �´��� £lé}�l� ���`��� ��� �/� � � Ó Î �4§�«�§�� � ��¿�¿�¿_ê?�®4{�Ë�{�k {}ÆJ��vKÍMv y´åxk Ä�Ãh³�i�|�ì@v µ3� ��� �@� ���/��� ��� � � é �/��� é � ���/�H�@� ���/��� ��� £Ï¢é��� � � � � Ö é � �h�l�À»� �/� �h� � �8ô �d¸ � � � �/� é �>�`� � � ���>��� ¡(�2é ���xÎ@½ ��¤ª§}¥P��¤:� � §}¤�¤ª«Zê?�®4{�Ë�{�k {}ÆL��vÛÍMv yÈåxk Ä�Ãh³�i�|ÿì@v y ±_k °3rHi�~aexv à � � ����é �/· � �3� � �l� � � �Õ� �`�/� Öa�/�3�/��� é ��h�/�l� �`�3�3Ö@� é � � � �_Ex���:í � Ö@� � â ��Ò0� À Ù Þ ��¤ª§��:��¤ª© � §}¤�¤P�;ê?�®4{�Ë�{�k {}Æ6��vRÍMv yNåxk Ä�Ãh³�i�|Mì@v yN±_k °3rHi�~Üexv µ@��é}�l� � ��� é �N�3� � �l� � � �w���cí � Ö@��� � ��×8�3� é Ö�½�½ ��ª¾��¨«�� � §}¤�¤ª§Zê?�®4{�Ë�{�k {}Æ7��vYÍMv y�ÍwÄ}qwì@v y>±_k °3rHi�~Dexv`í é���é �@� øDé �>�@� ���/��� ���é� � ���/� �`� �Ué ����� é}��� �s� �� �Ué��h� � �%� � � � · ��ë � � � é � �3�_� Òª�l� �4��� Ö@� �l�_�h�2é � �/�d���:í � Ö@� � â ��Ò0� Ô �l���-� Â/á ��¾ª«�©-��¾�¥�¤ � ��¿�¿ª©Zê?�®4{�Ë�{�k {}Æ.��v�ÍMv yNÍMi�³ ð�k i�|wn�v´×<� � é�� �@�w� �l�h�l� �`� �/� � � � �M��� � é�� � ���/���s� � Ô ��Ò Ö � é � �3� £´�h�/�� ��é}�l� � ��� é �<� é��h�l� � é �<� �l� � ÒZé�� � Òª� ���:í � Ö@� � â ��Ò0� À Ù Â �4¤P��¤P��¤P� � §}¤�¤:�_ê?�®4{�Ë�{�k {}Æ/��v8ÍMv y�ÍMi�³ ð�k i�|�n�v º ��� � �/�/� � � � � � ���K�}� �h�/�Rß@� � � � é ��� é · �x� � � � � � �/��� � Ö��}� Ô ��Ò Ö��é ���@���D� � � ��� ��� � �R���:í � Ö@��� � � ¢Z£�£lé��h�'��õd� � ��Ó Â � Ô ¥�¤�¿�� Ô ¥P��« � §}¤�¤D�Aê?�®4{�k {}r`{}~ üÏv(äxv y�ë ihihË�¬`t_v(n�v y´®/Ð»qs~/~�i�Ì�äxvÏæ(vÏý ë � �l�hÒ0é�� � ���c�}� é �/��� é � ���/� �@� ���/��� ���é ��� ÔRî��Ò ÖNû/� · �ª� �»� � éd� � � � �@� � � �/��� ��� é � � � ��é�� � �/·Rû/� � ���dí � Ö@� � â ��Ò0� Ô �l���-� Â4Î ����¿ª©�«-� ��¿ª©}¾
� ��¿�¿:�_ê?�®4{�k {}r`{}~$üÏv4äxv yRë ihihË�¬_t_v4nxv y<®/Ð»qs~/~�i�ÌNäxv�æ(v ¡(�2é�� � �Fé � Òª���l� � ���Y� � é�� � � � �@� � � �/��� ��� é �
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û�� � £ ÔRî��Ò ÖHû�� · �j� � é ��� é �/��� é � ���/�´�@� ���/��� �������:í � Ö@��� �Ué:à Â Ù8��©}¤ � ��¿�¿D�Aê?�®4{�k ³�i�qs|�{`t_v&ì@v y´ü�il~@|�i�qs|�{�moÍwÄª÷�p@Äªgª{�ì@v<exv y»Íw{}°3|�Ä`­_v8±dv µ@��é}�l� � ��� é ��� � � �l� �3Ö@� é �`� � �K� �é`õR¢ �/� é �/� �l� ���:� � �3� ·�� é ��í � � ��� � � ��Ú�Ó'�4§D�ª©�©-�¨§D��¾�¥ � §}¤�¤:�_ê?�®4{}r:r`Äª÷hÄ�k�æ(v y»ÍMilk ÷�pjq¶{}|�­_v y´ó»Äªflilk É}°�i�~Mì@v�ÍMv y´Ñ6°3¬h³ÅÄ�k {}°�þ/ixexv yN� ç�¬¶þ/ihi�|�³6exv µ@��é}�l� � ��� é ��:�/� � � �`�3� � � �:�}� �h�/� · é � ��� � � � � �`� �/�`�:�/� � � � �o� �`�h�l��é �j�/� � é����h�l� �Û����¹�� £Ï¢ � ÒZé � ��� �:� �µ@��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� �4ë ÖE®4ÄªfhÄ}³oqÅi�|`ì@v y(eÏÉ}|�Ä}Æ}Ä�kKÑ´v&­_v y�ü�i�~/|hi�qs|h{YÍwÄª÷�p@Äªgª{>ì@v&exv �à � � � �h�����j�-�3�h�/�Rºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�4§}¤�¤ª©�� �/� �4§�©����¨§}¾�¥P�
®4{}~3É�æ(v y´Ê8p@Ä}~jÉwäxv ¢ �/�/� � �Ué�� � ���?�}� � ���`� � ���jÖ é � é � Ö@��� �`� �l�h� �3� � ��� ��é}�l� � ��� é ���x�@Ý �¸(� � · �l� � � ��� ��é �`� � � ��� � é�� � �������:í � Ö@��� � � Ô �l���-��¢IÓ�Ù Â �4¾�¾���¿D� � §}¤�¤ª©_ê?�®4{}|�|hi�~/³oqs~4{�®�v y(ö�Ä}¬lÄ}~�Ä>exv µ � �/� �h�`� � � � � � ��é � é � Ö/��� �x�}� Ò � ë@��é�� � �/·�� � � �Ué�� �¨Ö@� �h� �`� � � �h�� ��é}�l� � ��� é �<� �l� � ÒZé�� � Òª�dÒ � � � � � � é � � � � �`�3� � � �´���N� � �}�Ï�3���/��� é ���HÝd� ë@��é�� � ���>¼�á�á �/¾:��¿���¾j«D�
� §}¤�¤ª©Zê?�®�þ@Ä}¬hq¶÷Eexv:ÍMv y:æ<Ä�ð�Ä}|hi�Æ�q¶÷?ÍMvN­_vRÀ»� ���l��� � Ò � � � � � � é � � � � � � Ö��}��� � � �/� �/�}� � � �/� �I� � �h�l� � é}��� � £� ��é}�l� � ��� é � � � � � �l� �`�3� � �����:� � �}� ¡ ��� � ��� � é ���Y¹�� �h�l� � é}��� � � � � � ��� ¼ Ú ¼ ��§�§D���¨§D��¤ � §}¤�¤ª«Zê?�®/|�qsÆ}Ä}¬h³ÅÄ}Æ}Ä äxv�ÍMv µ@��é}�l� � ��� é � �Ué � � �/� �/� é ���H� � � é �/�/� � �Ué�� � ���/� �4¡ � ë � £lé��h�'� ÀÏ� � ½ �J�:�����ª¾
� §}¤�¤:�_ê?�®/|�qsÆ}Ä}¬h³ÅÄ}Æ}ÄÈäxv ÍMv y�®4Ä>Gji�~4ÄÈn�v å:vNýd� �l��é�� � � �E�}��� ��é}�l� � ��� é �Y� � �h� · ��é�� � ��� é ��� �h�/� � �é �/�/� � �Ué�� � ���/�R��� ¢ �/�/� ��£lé��h�'��¡ ���`�/� �-� Î4Î Ú8�'���¨«�§ � §}¤�¤P�;ê?�®/³ÅÄ}~/qs¬�k Ä}Æ�¬�Ë�Ì�exv�exv £�� �`� � Ö � � ���l� � é ��� � é}�l� ��� � ���/� � � é �/� � � � ��é�� � ��� �}� µ��é ���@���`� � ���´���:í � Ö@� � â ��Ò0� À Ù Î �J�j©�«�§-���j©�«}¿ � §}¤�¤�¤_ê?�®/³ÅÄ}~/qs¬�k Ä}Æ�¬�Ë�Ì$exv_exv µ@��é}�l� � ��� é �d�3Ö@� é �H� � �:� � �ª� �h�/� � � �@� � é�� Ö Ô é �/· ��Ò � � ��� � é�� � ���0���í � Ö@� � â ��Ò0� ¸ Ù Â �'�:�:�:���R�:��§�§ � §}¤�¤:�_ê?�®/³ÅÄ}~/qs¬�k Ä}Æ�¬�Ë�Ì:exv4exv@�3� ë � � �@� � é��h� �H¸ � � � �/� é ���`� � � ��� é ���`� � �(� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � ���� � é�� � ���>�ª�:í � Ö@��� �Ué � �l� � � ��é Ù Â ��§}¥ª«-�¨§}¥�¾ � §}¤�¤:�_ê?�®/³ÅÄ}~/qs¬�k Ä}Æ�¬�Ë�Ì�exv»exv º ���/� � � �Ué��x�h�Ué}�l� � ��� � � �h� � ��é}�l� � ��� é �6�3Ö@� é �`� � �x��� ¢ �/�/� � � � £lé��h�'�é ��� ¡ ���`� � Î/Â3Þ �'�:��§�§-�R�:�-�D� � §}¤�¤�¥Aê?�®/³ÅÄ}~/qs¬�k Ä}Æ�¬�Ë�ÌÈexv exv y?ë i�|�{}~�å:vxÀ øDé}�l� ����� � � � ���b�}� é�Òª�l��é ·�� �/· � � � ��� �@� �h� � Òª�l�$�h�/�¡oé � � � � � �l� ���:í � Ö@��� �Ué ¢�Ó/ù4Ó8�4«�©-��¥�¥ � §}¤�¤ª§Zê?�®/³oq¶Ä}¬h¬h~/qÅi0ÍMvHýd� �h�/�7é �/�/� � �Ué�� � ���Õ�}�w� ��é}�l� � ��� é � �Ué � � �/� �/�?�s� �Û�h�/� �s� � �:�/� é�� � ���é���Ò � � � � � � é � � � � �`�3� � � �´��� ¢ �/�/� ��£lé��h�'�4£ �3� � � � ��Ó8�M��¤�¤�� ��¤ª§ � ��¿ª©}¿_ê?�®/°ªÉ}qsr`{}³Å{x²xv õd� � �l��é � � è � �H¸(� � · �l� � ��� � é�� � ���/� é ���:� ��é}�l� � ��� é � �Ué � � �/� �/�K���R¹�� £ªº ���/� � � �Ué��
� é�Òª� �`� � � ��� � � � �/¢Z� � � � �h� Ö ê?� Ô ���/·�� é �>� � � � � � � ß���é ����× ����� �/� �Ué � �.��¿�¾�¿P� �/� �8��¥ª§-�R��©}¿P�®/°ªÉ}qsr`{}³Å{$²xv6¸(� � · �l� � ��� � é�� � ��� � � �h�]é � ��é}�l� � ��� é �x� �l� � ÒZé�� � Òª�a`6�/�l�h� �@� ��é�� Ö � � ���l� �H����/��� � � � � �Ué��}é}� ���/� � � � � é�Òª� �d��� � ��µ � �/� � £������'� ¼�¼�½ ��¥:�P����¥j«D� � ��¿�¿P�;ê?�®/°ªÉ}qsr`{}³Å{H²xv�í � ��� é · é�� � ���M�}�(�/���/� � � �Ué���é}� ���/� � � � � é�Òª� �R� � é`� �/�/� � � � � �h�fé � é�����é Ö>���òd� � � � ��� � è �h� ����� é�� � � �R���:� �4µ � �/� � £������'� ¼@Þ4Þ �4«�«-�¨©}¾ � ��¿�¿ª§Zê?�®/°ªÉ}qsr`{}³Å{Y²xv y(åNÄ�Ë�°3³ÅÄ}~/qxüÏv õd� � �l��é � � è � �M¸(� � · �l� � ��� � é�� � �����s� � �/���/� � � �Ué��xÒ � ���ª� � � é � � � �
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� é�Òª� �d����	 é�Òª�x£ � � � ���MÂ �J�:�j©-���j«}¿ � ��¿�¾ª«Zê?�®/°3~3É2�»vxÍMv y ±´Ä}|hË�Ä}qHt_v y`®/qok f�i�ÌØnxv:ì@v y æ�ihiE®�v µ3��é}�l� � ��� é �H�3Ö@� é �`� � � é �/� � � é}���I� ��@� ���/��� ��� �bé ����� � �h� � �h�Ué}�l� � ���/��� �w�@� ��� � � �l�h� ��� � �@� é ���H� �<¡(�/� � � í � Ö@� � Î�Î Ù8��§D�:��¾��¨§D�D�
�
� §}¤�¤ª§Zê?�®/°ªðl°jË�q<²xv y8±KqsÌªÄ¨ç�qsr`Ä�ÍMv µ3��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ��� é ��� ��� � � � � é�� � � Ö ë4���2é�Ò � � ��}� � �/�:�/� é � � �`��� � � � �_���:í � Ö@� � â ��Ò0� À Ù ½ � � §}¤�¤ª§Zêü4Ä}|�Ä}¬l{}Æ�Ç&v�t_v µ3��é}�l� � ��� é �4· � � �l��é � � è é�� � �ª�Y�}� Ô � ��� Ò � � � �´��� � é�� � ���/�K��� ¡(�2é ���´ÎjÞ �M��§D���R��§�©
� §}¤�¤D�Aê?�ü4Ä}|�Ä}¬l{}Æ�Ç&v�t_v à Ö@� é �`� � �»�}��� ��é}�l��é �4����� � �@�K���R¹�� �-� � � �}� £ �3� � í � Ö@��� � �6¸0Î@á ���
��¤:�����
�:���
� §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆØÇ&vÏt_v8À»� ���l��� ��� é ·�� �l� � �`ß�� � �w�}�6� ��é}�l��é �6�@� � ��� � ë � � � ���M�}� ���2é�� · � �M� é���� � � � � �:���í � Ö@��� � �_�}�»í»� é ��� é �xÎ@¼ ��¤�¾ª§���¤�¥ � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆÜÇ&v6t_v µ@��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � ���E�s� � � ��é}�l��é �_� � �@� é ��� ¡(�2é ����Î@½ ���§D�P��¤ª§ � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆMÇ&v�t_v µ@��é}�l� � ��� é �8�¨Ö@� �h� �`� é ���`� ��é}�l� � ��� é ��¸(��·���� � � ë � ÒH� � �l��é��h��� Ö ��� � é�� � ���/�_���í � Ö@� � â ��Ò0� À0Â4Î �4¤P�:�:��¤ª§ � §�¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}Æ Ç&vKt_v µ@��é}�l� � ��� é �´· � � �l��é � � è é�� � ���0�}��· ��é �@� � � �Ré ��� òFé �`� � � ���/� é �Ø�¨Ö@� �h� �`�H���� � í � Ö@� ��¢Z£�£lé��h��õd� � Ó�Ú8�4«}¿ª§}¿��¨«}¿D�)� � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆEÇ&v�t_v µ@��é}�l� � ��� é � � Ö/� � �@�3Ö@� é � � ����� � é�� � ���/�_�s� � � ��é}�l��é �&� � �@� é ��� ¢ �/� � í � Ö@� �Ó Î Ú8�4§}¾�¥�� ��¤ª© � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆwÇ&v4t_vb	 é�Ò��d��� � é�� � ���`�s� � � ��é}�l��é ������� � �H� ��� � �/· ��� £ �3� �l� ��í � Ö@��� � � Ô �l���-� ¸ÜÎ@á �©�§����¨©�§}¾ � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}Æ$Ç&v8t_v µ@��é}�l� � ��� é �<� ��é�� � � � � �Ué �<� �����2é �/� � �´�ª� ¡(�2é ��� � Î Ù8��¤:�:�P��¤�¾ � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆIÇ&v´t_v õ´��é�Ò � ��é�� � ��� é � ß�� � �Ø�}��� ��é}�l��é ���@� � ��� � ë � � � ���0�}�x� é���� � � � � �>��� ¡(� � � � � � é �£������2é �/� � � é ��� à Ö@� é �`� �Ué � ¢ � ��� ���/���xÖ>á@Þ �'���R��« � §}¤�¤ª¥_ê?�ü4Ä}|�Ä}¬l{}Æ Ç&v´t_v Ô � ��� Ò � � � �gé ���Û¸(��·���� � � ë � ÒØ��� � é�� � ���/� � � �h� � ��é}�l� � ��� é ��� �l� � Ò0é�� � Òª� �����£ �3� �l� �>í � Ö@��� � � Ô �l���-� ¸Ü¼�Î ��§D�ª©-�¨§��ª¾ � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}Æ?Ç&v&t_v £lé ·�� �l� � � Ö/� � �3�3Ö@� é �`� � �d�}�Ï� ��é}�l��é �Ï� � �@� é ���Hí � Ö@��� � �R�}�Kí»� é ��� é � Î Ó8�¤ª«�§���¤ª© � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}Æ?Ç&v»t_v�í»��� � � �l� � � �x����� � � � ���M�}�(� ��é}�l� � ��� é � õ � �/è ë � � · � Ô é ��� é � ��� � é�� � ���$���Y� � �}�í � Ö@��� � � ¢Z£�£lé��h�/� � é�� � �Ué � é ��� õd� � �l��é � Ó á �4¾:��¿ª«-��¾D�ª¤ª© � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆwÇ&v�t_v µ@��é}�l� � ��� é � ÒZé�� � é�� � ���/�6�s� � �3Ö@� é �`� �Ué ���¨Ö@� �h� �`� £3òFé �`� � � ��� é ��� Ô é · ��é �/· �é �/� � � é}���/� �d���:� � �}�»í � Ö@��� � � ¢Z£4£lé��h�/� � é�� � �Ué � é ��� õd� � �l��é � Ó á ��¾D�ª¤�¿���¾D�j§�« � §}¤�¤�¥Aê?�ü4Ä}|�Ä}¬l{}ÆÛÇ&v(t_v µ3��é}�l� � ��� é �_� �l� � Ò0é�� � Òª�Ré �x� ��é}�l� � ��� é �6�4� � �l� �}�d� �l� � Ò0é}� � Ò�� ����¹�� �-� � � �}�£lé��h�'� Î Ú8�4§}¾P���¨§}¿�¿ � §}¤�¤ª©Zê?�ü4Ä}|�Ä}¬l{}Æ�Ç&v:t_v µ@��é}�l� � ��� é �`� ��é0ë � � � � Ö ��é���� � Ò0£ ¤ª©��:�:� §��)��©}Ò0�}� � � Ö@��� � � � � � é ��� � � �
�c���Èº � Ò
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� §}¤�¤ª©Zê?�ü4Ä}|�Ä}¬l{}Æ0Ç&v6t_v µ@��é}�l� � ��� é � ��� � é�� � ���/�:�}� ¡ � � � ���ÅÒ ���Ø� ��� � � � �@� �l�ié ��� õFé �/���:� é � ����� �í � Ö@� � £4¡ ����� � �/� �4£lé����h�l�-� ¼ ù'�'���j«�§���§ � §}¤�¤�¾_ê?�ü4Ä}|�Ä}¬l{}Æ?Ç&v&t_v � �/� Òª�l� � é � � � ���l��� ��� é ·�� �l� � � � é�Ò�� ��� �M�@� � � ���l��� � � ���H� � í � Ö@� � £<¡ ����� � �/� �£lé����h�l�-� ¼ ù'�'��©�«�§�§D� � §}¤�¤�¾_ê?�ü4Ä}|�Ä}¬l{}Æ0Ç&v(exv y_Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì?z´v(ÍMv µ@��é}�l� � ��� é � õ � �/è ë � � · � Ô é �/� é � ��� � é�� � ���$�s� � � ��é}�l��é �� � �@� é ���:í � Ö@��� �Ué ¢�Ó ½@Þ �4§��ª¿��¨§}¥P� � §}¤�¤ª«Zê?�ü4Ä}|�Ä}¬l{}ÆIÇ&v_t_v yxÊ�Ä}¬�k Ä}Æ�¬�Ë�Ì0z´v´ÍMv µ3��é}�l� � ��� é ���3Ö@� é �`� � �`�}� � ���/�/� � �Ø��� � � � � é�� � � � � � �h�� ���/· �¶��é �/· � � � �h�l��é}�l� � ��� ��¡(�2é ���d�@��� £ ��¤P� ��¤�¥)� � �:� §P��¿ª©P��¥j© � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆÈÇ&vKt_v ydÊ�Ä}¬�k Ä}Æ�¬�Ë�ÌÛz´v_ÍMv µ@��é}�l� � ��� é �d�3Ö@� é �`� � �:�}�R�¨Ö@� �h� �`� � � �h� � ���/· �¶��é �/· �� � �h�l��é}�l� � ���$��� ¡ ���`� � � � º ���/� � � �Ué�� � � � � � ����é ��� º �/� �l� � �Ué �&�3� �:�/� é�� � ���EÎ�Î ��¾�¾ª«-��¾ª¿�¾
� §}¤�¤�¥_ê?� ü4Ä}|�Ä}¬l{}ÆØÇ&v»t_v y6Ê�Ä}¬�k Ä}Æ�¬¨Ë}ÌEz´v»ÍMv º ��� � ��� ���/���`� � � ���/� ����é � � � � � � �h� � ��é}�l� � ��� é �� �l� � ÒZé�� � Òª� �´��� � � �}�»í � Ö@��� � � ¢Z£4£lé��h�/� � é�� � �Ué � é ��� õd� � ����é � Ó á ��¿ª©}¿j©-��¿�¾P��« � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆIÇ&v_t_v yxÊ�Ä}¬�k Ä}Æ�¬�Ë�Ì0z´v´ÍMv µ3��é}�l� � ��� é ���3Ö@� é �`� � �`�}� � ���/�/� � �Ø��� � � � � é�� � � � � � �h�� ���/· �¶��é �/· � � � �h�l��é}�l� � ���w��� ¡(�2é ���xÎ Ù8��¤ª§D�P�:��¤ � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆÛÇ&vÏt_v yKÊ�Ä}¬�k Ä}Æ�¬�Ë�Ìcz´vÏÍMv à Ö@� é �`� � � � � �h� � � � � � ��Òª� �Ï� ��é}�l� � ��� é � � � Öc����í � Ö@��� �Ué¢IÓ�Ù�Ú8�0��¿�¿����
��« � §}¤�¤�¥_ê?�ü4Ä}|�Ä}¬l{}ÆÿÇ&vYt_v y>Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´vYÍMv ¡ �ª�@� �l�hÒZé�� � ���é� é � � é ��� òFé �`� � � ���8ô � ��� � é�� � ���/��s� � �¨Ö@� �h� �`� � � �h� � ���/· �¶��é �/· � � � �h�l��é}�l� � ��� é ��� � � �`� � Ö �¢é���� � Ò0£ � é��h�
� � � � ¤ª©}¤:��¤D�ª¾}Ò8����H£lé�� � §}¤�¤ª©Zê?�ü4Ä}|�Ä}¬l{}ÆÈÇ&vKt_v ydÊ�Ä}¬�k Ä}Æ�¬�Ë�ÌÛz´v_ÍMv µ@��é}�l� � ��� é �d�3Ö@� é �`� � �:�}�R�¨Ö@� �h� �`� � � �h� � ���/· �¶��é �/· ���� é}��� � � �h�l��é}�l� � ��� é ��� �h� �`�4� ��é ��� � �`� � Ö����:í � Ö@��� �Ué ¢IÓ�Ú�Ó8��§}¿P��� ��¤�¾ � §}¤�¤ª©Zê?�ü4Ä}|�Ä}¬l{}Æ�Ç&v4t_v y<Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v4ÍMv µ@��é}�l� � ��� é �4· � � �l��é � � è é�� � �ª�Y�}�
� é}� � � �h� · ��é �8��� ¡ ���`� �� � º ���/� � � �Ué�� � � � � � ����é ��� º �/� �l� � �Ué �<�3� �:�/� é�� � ���wÎ Ó8�4§��ª¾��¨§�«}¾ � §}¤�¤�¾_ê?�ü4Ä}³ÅÄ}|�²xvKt_v(× �/� � ���Ué Ö ��é��h� �s� �hé � ��é}�l� � ��� é �R�@� � �l�h� � � � é � ��� � é�� � ���0���M� � �}� £lé��h�'�¢ � é � �2é ��� ¢ �/�/� � ¼�á�½ �0��¤:��� �P��� � §}¤�¤D�Aê?�ü4Ä}³ÅÄ}|Û²xvYt_v º ��� �lø � � �h� � ���0�h� ���/� � �?�s� �eé � ��é}�l� � ��� é �>� � � ë � � � é�� � ��� �/·�� � �h�/�l� � é ��@� ���/��� ����� �Y� ��é}�l��é �<� � �@� é ��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó�Ù8�.��§}¤ª«-�R��§���� � §}¤�¤�¾_ê?�ü4Ä}³Å{}rÿöKv&±dv<× �@�+é �/�/� � �Ué�� � ���$�}�6� ��é}�l� � ��� é � �Ué � � �/� �/� � � �h�/� ��� �:�/� é�� � ���M�}�6� � � ���2é � � � �� � � ��� ��� � �R��� ¢ ¹ ¢d¢È¾�¿��¨¤ª©}¿ª§���§�©��h�>¢K�l� ����� é}��� � � � � � ���N£����l� � �/· � â � �/� �/ºd�lÒZé � éP�'��¿�¾�¿P�
ü4Ä}³Å{}rÿöKv&±dv<× �/�N�h� � é�� � ���/� � � � ë4�l� � ��� �w� ��é}�l� � ��� é � �Ué � � �/� �/� é ���>� ��é}�l��é � � ��� µ@��é}�l��é � �Ó8�4§���©-�¨§�§}¿ � ��¿�¿ª«Zê?�ü�qÅi�g¨ç�i�üÏv y6nK{}¬�i:exv ¢ � � Ö@��� �Ué �Ï� � �h�l� � �h�l��é�� � ���M�}�_�@� ��� �l� ��� Òª� ����é �/���4� ��� � �$�@� ��� � � �l�h� �� � �`� � �����@� �l� � � �´���`�3��� � �>� ��é��h�x¡ ���`�`� �/Ó Â �J�ª¿ � ��¿�¾P�;ê?�ü4{%8<É�pjqxexvK× �/� � � ��� � �/��� � � é �`�/� �/·E�}� �h�/� � ��é}�l� � ��� é ����� � � � � é�� � � ���Eí � Ö@��� �Uéc¢�Ó ¼�á �§}¿�� �D� � §}¤�¤:�_ê?�ü4{%8<É�pjq»exv y�­K{}°3|Räxv8²xv

ε
�Å�lø � é �/��� ��� é �/� �h�/� � ��é}�l� � ��� é �<��� � � � � é�� � � ���:í � Ö@��� �Ué ¢IÓ Â3Þ �
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�
�����j« � §}¤�¤ª©Zê?�ü4{}|�Æ�q Ë>­_vKì@v y´±´Ä�É�k i�Ì�n�vÏæ(vÏýd� �h�/�hé �/� �Ué���é � ��� �}� �h�/� � ��é}�l� � ��� é �´� �l� � ÒZé�� � Òª� � � �h�/�ë4���2é�Ò � � � �}� �h�Ué �8� é��h�l� � é � �R���:� �4¢ �/�/� �4£����h�'� ½�Î �4§}¿D�D�¨§}¿�¾ � ��¿�¾D�Aê?�ü/|�qs~@Ë�¬Èó(v yYnK°ªÉji?­_vN× �h�Ué�� � � � � �}���3Ö@� é �`� � �¨Ö@� �h� �`� � � �h� � ��é���� � �ª� é ��� �l� � ÒZé�� � Òª� �� � �h� ��� �´��Ò0é � � é�� � �/·`� � �`� � Ö � � � �h� · ��é � �´��� ¡ ���`�/� ��é��-�4£����h�'� ¼�á �J�j©������j©}¥ � §}¤�¤ª§Zê?�ü�¬lÄ�ksk qs¬�ó(v y_æ�i�~3ðlqRt_vKå:v ¢ �/��� é � ���/�`�@� ���/��� ��� £ �/��� � � � � �Ué�� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � ���� � é�� � ���>��� ¡(�/� � � í � Ö@� � ¼ Ú Þ ��§��
��� �D�j© � §}¤�¤j§Zê?�ü�¬lÄ�ksk qs¬wó(v ydæ�i�~3ðlq�t_v_å:v ¢ �/��� é � ���/�H�@� ���/��� ��� £6º ���/� � � �Ué�� � ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � ���� � é�� � ���>��� ¡(�/� � � í � Ö@��� � �d¼ Ú Â �4§}¿ª«-�¨§}¿ª« � §}¤�¤:�_ê?�ü/°3|�÷�p/i�³o³oq z´v y � ¬�i�|�{�ñNv yHÇ/Ä�ð�úl°�i�ðHæ(v(ÍMv òFé �`� � � ���/� é �E�¨Ö@� �h� �`� � � �h� � ��é}�l� � ��� é � � � � �� �l� � ÒZé�� � Òª� ���:× é �`���/��ý ø �s� � ��� �4£lé��h�'� � � � � � Î Ú8�M�P�����:� � §}¤�¤ª§Zê?�ü/°3|�¬�Ë�qÏexv&ì@v y»e_³ÅÄ}r`Ä}~/qs°jË ±dv y´ü/°3|�¬�Ë�ÄHt_v µ@��é}�l� � ��� é �&� �l� � ÒZé�� � Òª��é � é � Ö@��� �d�}� òd� � � � ��� � èé ���Y� é���é�ø � é � � � é�Òª����� � é�� � ���/� �@é���� � Ò0£ � � Ö@��� � ��� ¤ª§�¤:��¤D�j©}Ò0�:� � � Ö@��� � � � ��� � � � � � � §}¤�¤ª§Zê?�
� ÷�p@Ä}q Ë�qs~ÕÇ&v>Ç&v ¢ �/��� é � ���/� ����é �/���4� ������� � é�� � ���/� é ��� �h�@� � �mé �/�/� � �Ué�� � ��� � �c� ��é}�l��é �
� é � �3� �/·H��� í � Ö@��� �Ué ¢ ¼�½�½ ��¥ª«-��¿j§ � ��¿�¿�¾_ê?�
� ÷�p@Ä}q Ë�qs~éÇ&v�Ç&vKÀ Ò ��� � � � ��� ��� � é�� � ���/�Y�s� � Ô ��Ò ÖÛ� ��é0ë � � � � � ��� ��� � �>���$¹�� �-� � � × �/� � �-�í � Ö@��� � � Ó�Ú8�4§D�ª©�©-�¨§D��¾�¾ � ��¿�¿�¿_ê?�
� ÷�p@Ä}q Ë�qs~aÇ&vÛÇ&vY�3� é � � �bé �/·�� � �:�/� � � �/� � � �Ué����h�l� � �/·b��� é � ��é}�l��é �w�¨Ö@� �h� � �}�M�4��� � �� �Ué����h�l�h�l� �?���0¹�� £ í é���é �@� ·��`�$�}� ¡ ���`�/� �lø � � Ö ��� �@� � � �?£��Nº � Ò0é � � 	M� � � �b� � � � � � � ß��:��3� �/· é �4� �h�:�J�J�����ª¿ � §}¤�¤�¤_ê?�
� ÷�p@Ä}q Ë�qs~ Ç&v�Ç&v £ ��� ��� ��� � � 	 � � ����ôD� � � ë � � � � � ��é}�l� � ��� é � ��� � é�� � ���/� é ��� � ��é0ë � ��@� � ��� � ë � � � ���/�d���N¹�� �-� � � × �/� � �-� í � Ö@� �4Ó á �4§}¤�¾ª©-�¨§���¤ª« � §}¤�¤�¤_ê?�
� ÷�p@Ä}q Ë�qs~ Ç&v$Ç&vx�3� ë � � �@� � é��h� � Ô ��Ò Ö ��µ/� � � �/� � � �`� � � ��� é � é �`�3� � �:�}� é �/��� é � ���/�� � � � � ��� �`� � é�� �@� ���/��� �������:í � Ö@��� �Ué ¢IÓ/ù ½ ��§}¤ª«-�¨§}¤�¾ � §}¤�¤ª§Zê?�
� ÷�p@Ä}q Ë�qs~ÛÇ&v_Ç&v £ �/� � � �@� � � �/��� ��� é ���¨Ö@�`� �l��� � �¢é �/��� é � ���/�K�@� ���/��� �������N� �/¡(�/� � � í � Ö@�Ú�Ú8�'�:���
���R�:��«ª« � §}¤�¤j§Zê?�
� ÷�p@Ä}q Ë�qs~ÜÇ&vdÇ&v ¢ �/��� é � ���/�´�@� ���/��� ������� é ��� ��� �@� � � �/��� ��� é ��� ��é}�l��é � Ô � �h� � � è�· é � � � �h�����é �/�/� �/· é�� ���`�:����¹�� £ À»� �l� · � � �NºFé�� � �h�:� ÀÏ�@� � � �`£���º � ÒZé � � 	M� � � �c� � � � � � � ß��:��ºd� �� �l� � � Ö �M�
�:�����j§�� � §�¤�¤ª§Zê?�
� ÷�p@Ä}q Ë�qs~0Ç&vRÇ&v@â � � é�øDé�� � ����� � � ��� ��� � � é ���Y� ��é}�l� � ��� é �&�3� � �l�h� � � � é � ��� � é�� � ���/�d���N¹�� �-� � �× �/� � �-� í � Ö@� � Þ�¼ �'��§����R�-�D� � §}¤�¤:�_ê?�
� ÷�p@Ä}q Ë�qs~?Ç&vKÇ&vj× �/� � � ���}� ��é}�l��é �4�/�/� Òª�l� � � � � � Òª� � ë Ö â é Ö@� � � · �
� Ô ��Ò Ö � é � �3�K��� õd� � �l��é �â � � é�� � Ò � � Ö é ��� õ´��é�Ò � ��é�� � ��� Ó�Ù8�'��¥�¾�¿��R��©��}© � §}¤�¤:�Aê?�
� ÷�p@Ä}q Ë�qs~DÇ&vHÇ&v»¹Å� �h�/� �/�/� Òª�l� � � � �l�h��é Ô ��Ò Ö �¨£lé ��� � � ë@� � � � ��é}�l��é � � � � ��� õ´��é�Ò � ��é�� � ���é ��� ¡ �����`��� ��·}Ö$Î ù'�4«-�¨§�� � §}¤�¤D�Aê?�
� ÷�p@Ä}q Ë�qs~bÇ&vHÇ&v ydÊ�{�k {}³ÅÄ}|�i�ÆÜÇ&vKÍMv ¡(�2é � ���lé ���Ø� ��é0ë � � � � Ö � � ��é0ë � ��à � � ��� � ë � � � ���/� é ����h�/� � �´¢ �/�/� � �Ué�� � ���/�R��� ºd�l�h�/�l� � é ���@� �R�´���h���h�j�-� ÝR�@í �8��¿�¿�¿P��«�©}¤ � �
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� ÷�p@Ä}q Ë�qs~�Ç&v:Ç&v y_Ê�Ä�Ë�p@Ä}|�{}Æ�exv��@°�v £ ��� �h���¨¡oé�� � �>��� �:�/� é�� � ���/�N�}� �h� ����� é � ���`��é �@� é�� � �������é �/���4� ��� � �È�/� é ��� é ���E¹�� £ � � � ���2é � � � �$£ �@� � � ���}�`� ��� � �l� � ��é ��í»� é ��� é ×8� �wë �/� � � ���:�ÀÏ� �Aë ÖYåN{}|h{�k i�Æ>Ç&v#�@°�v y�®@Ë�Æ}{}|�³o¬l{}Æ}Ä:²xv4²xv � Ô � � � � � � ¸(��� � ��� £ Ý��@í �@§}¤�¤�¥
� �/� �M��¥ª©-�R��©��
�
� ÷�p@Ä}q Ë�qs~aÇ&v0Ç&v yw®/q¶fhÄ}³Å{}ÆIn�vcüÏv µ3��é}�l� � ��� é � �h�/� � � Ö��s� �0����é �/���4� ��� � �ÿ�@� ��� � � �l�h� �� � �`� � �����@� �l� � � ����� ¡ ���`� � � � º ���/� � � �Ué�� � � � � � ���Yé ��� º �/� �l� � �Ué �N�3� �:�/� é�� � ���/�MÎ Ó8�©���«-�¨©�§�© � §}¤ª¤�¾_ê?�
� ÷�p@Ä}q Ë�qs~ÛÇ&v_Ç&v y(óÏÄ�p@{}ÌNñNv»Ñ´v y�®/q¶fhÄ}³Å{}Æ�n�vÏüÏv µ@��é}�l� � ��� é ��� � � ��� ��� � � £ � � ����í<��� �������8ô � � �ë@��é � ��� � �/·:��� � �d���:¹�� �-� � � ¸(� �s� �h�Ué�� � ��� é ��� ¡(�Dé ����Î Ú8��§�©���©-�¨§�©�§�«�� � §}¤�¤�¾_ê?�
� ÷�p@Ä}q Ë�qs~�Ç&vEÇ&v y�®/q¶fhÄ}³Å{}Æ0n�vwüÏv µ3��é}�l� � ��� é � �pé � � �/� �/�E�s� �c����é �/���4� ��� � �D�@� ��� � � �l�h� �� � �`� � �����@� �l� � � �����M¹�� £6º ���/� � � �pé}� � � � � � ���gé ��� ¡ ���`�/� �lø � � Ö � ÀÏ� �oë Ö0æ&°/{Mexv:ó(vRì@v yñxÄ}q�æ(v y&ä�Ä}r:q¶g�ð�Äªgji�pYäxv8n�v � �3� �/· é �4� �h�:£ 	$� � � �>� � � � � � � ß��:�4§}¤�¤ª©�� �/� �
�)���¨«��
�
� ÷�p@Ä}q Ë�qs~DÇ&vHÇ&v y � ÷�p@Ä}q Ë�qs~ØñNvHÇ&v £Y� �`� � Ö �h� · � � �l��é�� � ���Û� �/� �/��� � �/���c� �c� ��é}�l� � ��� é �� � �4��� é�� � è é�� � ���$�}�K�@� � � ���l��� � � �:���H¹�� £<¡(�2é ��� �&¡ ���`�/� �lø � � Ö é ���w× ��é �/���4� ���-£ × �/� � � Ö é ���¢ �/�/� � �Ué�� � ���/� � ÀÏ� ��ë Ö�ó�p@Ä}~4g}|hi$ó(v y_æ&i�{}~4÷lqs~/q�;Nv yRÊ�Ä}¬�k Ä}Æ�¬�Ë�ÌÛz´v � �3� �/· é �4� �h�:£ 	$� � � �� � � � � � � ß��:�4§}¤�¤�¾P� �/� �J�:�ª©-� �D�j«��
� ¬�i�|�{:ñNv y�Ç/Ä�ð�úl°�i�ðRæ(v µ@��é}�l� � ��� é �<� �l� � ÒZé�� � Ò��:�/¢ � � � �s� � �:�/� é�� � ���Y�s� � � é �`� � �`�¨Ö@� �h� �`�����¹�� £ Ô � �Ué � � è é}� � ��� é ���cÀ»� �l� ·}Ö?× ��é �/�¨� �l� � � º ���/� � � �Ué�� �jÖ@� �h� � � 	$� � � �Ø� � � � � � � ß��:�§}¿�¥�� ��¤:� � §}¤ª¤:�_ê?�Ç/Ä�k gji�¬�mo­KÄ}|�ÄªgªÄ:öKv<ì@v y<e´k f�i�|�³Å{�Ñ_÷�p@{�Ä�m�ü�Ä�þ�q¶Ä`ì3v y�e´k Æ}Ä}|hi�ð�monKÄ}r:qs|hi�ðNì@v@À&� ���l� � Ò�� � � �@� �/���� � é�� � ���x�s� � � ��é}�l� � ��� é � ¡oé�����é � � �@ô �Ï�@� ���/��� ��� é ��� �/�l�h�l� ��· � � � ���/� �h�Ué}�l� � ��� � �:�@� ��� � � �l�h� ��4� � ���/�_� � �@� é ��� í � Ö@��� �Ué`¢IÓ�Ù á �M�P��¾�� �ª§}¾ � §}¤�¤�¥_ê?�Ç/Ä�k gji�¬�mo­KÄ}|�ÄªgªÄ:öKv<ì@v y<e´k f�i�|�³Å{�Ñ_÷�p@{�Ä�m�ü�Ä�þ�q¶Ä`ì3v y�e´k Æ}Ä}|hi�ð�monKÄ}r:qs|hi�ðNì@v@À&� ���l� � Ò�� � � �@� �/���� � é�� � ���/���s� � � ��é}�l� � ��� é � µ � � �4ô ��� é � � �È�4� � ���/��� � �3� é ���?í � Ö@��� �Ué?¢êÓ Â Ó8���:��¿�� �j«D�
� §}¤�¤ª©Zê?�Ç/Ä�k i�|�q¶{MñNv yxgªÄÛóÏ{}¬h³ÅÄE®4ÄEì@vÏ¹¨� � � � � ß��Ué�� � ���Ø�}���}��� ��é}�l� � ��� é �d�`�3� � � �`� � ���
� �h��� � � � � Ö� é���é ���w¹�� £(¢ � ÒZé � ��� � � � µ@��é}�l� � ��� é � ¡oé � � �/� �/� � ÀÏ� ��ë ÖÜ®�Äªf�Ä}³oqÅi�|>ì@v yReÏÉ}|�Ä}Æ}Ä�kxÑ´vK­_v yü�i�~/|hi�qs|�{:ÍwÄª÷�p@Äªgª{`ì@v�exv � à � � � �h�����j�-�j�h�/�dºd�l�h�/�l� � é ���@� £ �3� � � �/· �l�-�/§}¤�¤ª©�� �/� �/§�§}¿��¨§��j§��Ç/Ä}~?ñNi`æ<Ä�Éji�r`ÄªÄ}³Nì@v y´åN{�þ�q¶gªÄ�Ë�qs¬`²xv y_²xi�Ä�k iH²xv6n�v y_ö�|�Ä}~@Ë�exv_ì@v»À&� ���l� �}�d�/���/� � �Ué �� ��é�� � � � � � �x��� � � ���l��� ���$�@� ���/��� ���M� �w� � �/��� � � è � �M� é �/� �l� Ö@� ��é � � � � �
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���Yí � Ö@� � â ��Ò0� ¸Â4Î �4«D��¤D� � §}¤�¤ª«Zê?�Ç/Ä}~Me_|�¬lgªÄ�k i$ë>v&t_v µ@��é}�l� � ��� é � ��é��h� ���}�K� � �s� � � é�� � ���$���Y� � �}�6â �/� ��� ��·}ÖE¼�á �8¾ª«�����¾j«�©
� ��¿�¾ª«Zê?�Ç�ilk qÅi�Æ�t_vO��v yD�hÆ}Ä�Ë�pj~/Ìª÷�p/i�~@Ë�{ ÍMv´Ç&v y<eKpjrHi�gª{}Æ�üÏv4ÍMv µ@��é}�l� � ��� é � ë ���/��� é�� Ö � �����@� � � ���/�� �0�/� é � � � é�Òª� ���@� � ��é}�l� � ���0�ª� é � ��� � �È���Eí � ��· �h� ���>¹Å�ÜÀ»� ���l��� ��� é ·�� �l� � � ��â � � �Ué��h���'�í»¹¨À»â�Â/á �M�:�)�����ª¥ª§ � §}¤�¤�¾_ê?�Ç8qs~4Ä�É}|hiY±dvKÍMv y ó<p/il~H�»vN¯´v Ô ���l� � �h� �/� �h� � ���?� ��é}�l� � ��� é � �Ué � � �/� �/� £oé �/�/� � �Ué�� � ���/�`� �é � � ��� é�� � �x� ��� ��� ��� é ��� � � ë � � � � ����� �
� � � ¹¨ÀÏÀÏÀ ¡(àx¡ ô §}¤�¤ª§ ×<� � � � � é �
	$� � �3� � ��� § Ô é �Ý � · é � �4§}¤�¤ª§��
Ç8qs~4Ä�É}|hi�±dv_ÍMv y ó�p/i�~2�»vN¯´v yd­_i�³o|�Ä}¬(��vÏ× � �E�@� �h���l� ×8�/� � � �Û� �l�h� �3�@�:�s� � � ��é}�l� � ��� é �
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� � � �l� �@� � �h� � � � é�� � � ��� � �h� · ��é}� � � ���:� � �}� �h�/��µ@��é �/�3� � ��¹��/� � � � � �h�xÓ Þ ù'�M�D�ª¿�� ��¥ª§ � §}¤�¤:�_ê?�Ç8qs~4Ä�É}|hi(±dv3ÍMv y@­_i�³o|hÄ}¬P��v y/­K{�g@k °/fl~/Ì9��v y�ó�p/i�~6�»v�¯´v � ��� �@·´� ��é}�l� � ��� é �3� � � �l�Ké �}¦��/� � � � � �� �/� � � é ���Y� ��é}�l� � ��� é ��� � � �l�´�h� � �l�h� � ��� �`�3� � � �´� ���`�3� � � � �¶�h� � �l�h� � ����é � é � � � Òª�x� ��� ��� ���&���º ���/� � � �Ué��´à Ö@� é �`� � �_¼�á ��§}¥�¿��¨§�©}¿ � §}¤�¤ª§Zê?�Ç<k Äªg0ÍMv�Ñ´v yHnK{}¬h¬?ì3v y�®4÷�pj~�i�q¶gji�|EöKv$ë>v Ô ��Ò ÖW�@� ���/��� ���W� � é �s� �h���?ß�� � � �xò � ë4�l��h� � é�øDé�� � ���$�3� � ��� � � � �^é �����/��� ��� �/� � � ë@� � �/� �h�/�l� �`�3�3Ö@� é �`� � � £4òW�h�/� � �h� �ÿ�s� �N� � �2é � ��� ��@� ���/��� ��� � � �h� Ô ��Ò Ö � � � �h� �/��� � � ���:í � Ö@� � â ��Ò0� À Ù ¼ �.��©��)���R��©}¥:� � §}¤�¤�¤_ê?�ë:Ä�pjq´­_v y:ó�p@Ä}³o³�i�|sç�ihi�exv ¢<Òª�l��é ·�� �/·w��� � � � � é�� � �ª�/� � � �h� ��� é � �6� ��é}�l� � ��� é �´� é �`�/� �/· é ���� � � é Ö � � �h�l� �`�´��� º ���/� � � �Ué��´à Ö@� é �`� � � Ó�Ú8�M���¨§�§ � §}¤�¤D�Aê?�ë:Ä}~3É�®�v yP;R°�ÍMv yÏæ&qF;Nv õ´�h��� �8ô ���s�/� �l� � ���w�}� � � � � � ��é}�l� � ��� é �6�@� ���/��� ��� ��� � é�� � ��� é ���� � � é �/�@� � �Ué�� � �ª�@�6� � � ��é}�l� � ��� é � � � é � � �/��� �����2é �/� � �6��� º ���/� � � �Ué��K¢ � é � Ö@��� � £ â �Ué ��	$� � � �¢ �/�/� � �Ué�� � ���/� �4§}¤�¤ª©��
ë:Ä}~3ÉM¯´v ò ���`� � ���ªÖ>� �l��� � �wë2é�� � ���w� �l�h� �3���s� � � ��é}�l� � ��� é �F�x�@Ý ��� � é�� � ���$��� ¢ �/�/� � � �£lé��h�'�2é ��� ¡ ���`� � Î@á ù'�'��©}¿ª«-�R��¾�¤j§ � §}¤�¤ª©Zê?�ë:Ä}~3É�;Nv m�üÏv y>ë i�~ÜÊ&v mc;Nv y�Ê�p@Ä}~3Éc®�v m>�»v µ@��é}�l� � ��� é ��í���� �������Ü� � � ��� ��� � ¹h¹ ê ��� ¡(�2é ��� ��3��� � � ���/� é ��� µ3��é}�l��é � �R¼ Ú8�.���)���R���j© � §}¤�¤�¥_ê?�ë:Ä}~3É�;Nv6ü»v y&Ê�p@Ä}~3É`®�v��»v y<ö<Ä}~>®�v º ��� � ���`��· � � � ���/�(� ��é}�l� � ��� é ��í���� �������>� � � ��� ��� � �d���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó Î ��§D��¥��¨§��
� � §}¤�¤ª©Zê?�ë i�qs¬h¬ zdvYäxv ¢ ��� ���l� � é ��� ¢ �/�/� � �Ué�� � ���/�Ø�}� �h�/� â é ���@���V	 é � � � º � ���h�
�Åò ��� � é �/� �¢ �`� �h�l� � é � �0��¿�¿D�
�
ë i�qs³ ðl~�i�|xäxv yÏÊ�Ä}¬�k Ä}Æ�¬�Ë�Ìwz´v�ÍMv à � �h���l� � ��� é ��� ��é}�l� � ��� é �&�3� � �l� � � �R��� ¡(�2é ���NÎ�Î �8��¾D�D� ��¿�¥
� §}¤�¤P�;ê?�ë i�qs³ ðl~�i�|�äxv y»Ê�Ä}¬�k Ä}Æ�¬�Ë�Ìwz´v<ÍMv4�j�ª� �Xé �/�/� � �Ué�� � ���/�d�}�&� ��é}�l� � ��� é � ��� � é�� � ���/�R��� ¡ ���`� �� � º ���/� � � �Ué�� � � � � � ����é ��� º �/� �l� � �Ué ���3� �:�/� é�� � ��� Ú8�4§�©D���¨§}¾P� � §}¤�¤:�_ê?�ë i�~4÷�p@Ä}~3ÉcüÏv y`ë i�~dG}q¶Äª{�­_v y6Í>qs~3É}Ì}°!;Nv ¢ �/� �h� ���M�/�/� �h�Ué �3Ö�û�� � �x�}� é�Ò � � � � � � é � � � �û��/� � � � �h�E�h�/� � ��é}�l� � ��� é � £lé�ø � � � �K�`�3� � � ë4�l� � ��� � � � ��� é���é � � � �_�/� é��h� �`�ª��¹�� �-� � � �}�º ��� � Ô � � �Ué��d£������2é �/� � � Ó�Ú8��¥D�j«-��¥ª«}¤ � §}¤�¤:�_ê?�ë i�¬h³�±dv4ì@v � � é � � �/� Ô ��Ò Ö:� � ��� é · é�� � � �K����� � í � Ö@� �3¡(�/� � � ¸ÛÎ ù Þ �P��¾:��¤�� ��¾:�ª§ � §}¤�¤�¤_ê?�ë i�¬h³K±dv»ì@v yÏ±´{�k {hÉ}~4ÄYÍMv y´z6|�q Éª{�k qs~/q(­_v�í � Ö@��� � �R�}� µ@��é}�l��é �Ïýd� �l��é�� � � � � �3� � � �/· �l�-�4ºd� �
� � � � ��§}¤�¤:�P�
ë i�¬h³�±dv�ì@v yÏz6|�q Éª{�k qs~/q8­_v µ3��é}�l� � ��� é ���@� � �l�h� � ��� � � � �l� � ÒZé�� � Òª� � é ���:� ��é}�l��é � � � � � � �l� � � �K���¹�� £�¢ �/�/� � �Ué�� � ���/�x�}� µ@��é}�l� � ��� é � ¡±é � � �/� �/�:� �Eí � Ö@��� � � ��� � � â �<ò � � � �l�-� 	$� � � �E� � � � � � � ß��:��3� �/· é �4� �h�:�4§�¤�¤�¤P� �/� �8��©����¨§}¤ª§��
ë i�¬h³w±dv�ì@v y�æ<Ä}³sË�ÄIÍMv µ@��é}�l� � ��� é � Ô é �/· ��Ò � �D�`�3� � ���}��· é � �ÛÒZé�� � é0ë � � � � Öé����� � �}�ºd� � � �ªÀ»�/·�� � ���l� � �/· é ���Yâ ���2é0ë � � � ��é�� � ���w¼ �4§�� � §}¤�¤ª«Zê?�ë i�¬h³»±dv<ì3v y�²�{}~/~�i�~/r`Äª÷�p/i�|HüÏv ¢ � é � � � � é ·�� � · � ���Ní � Ö@� � Ô �l���-�@¢ ¼4Â Ú8��§�«�« � §}¤�¤�¤_ê?�ë i�¬h³�i�|lk °3~4gH®�v àR�Ué �Y� é����h�l�_�2é �_� � �`� � ÖOe/��� í � Ö@��� �Ué � �l� � � ��é Þ Ó8�'��©D�D�R��©}¿ � ��¿�¿P�;ê?�
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ëYqÅi�~�i�|Kå:vjýd� ����� � � � ���/�(�}� é �@� � �l�h� � � � é � ��� � é�� � ���`�}���/���/� � �h� · ��é ��� � � �l�Ï�h�2é�� � ��� � � �Ï� ��h�/�d�h�/� � � ÖH�}�&�4��� é�� ��· ��é � � Ö>���@	0� ��� � ã �4£lé���� � � � Ô � �h�/�l�%�f� �/� Ò��l� ��� � Ö òFé � � � 	0� ���h� � ë4�l� ·£lé��h�'�
�ÅºFé�� � �-� â � � �/�:�4Ó ¼ �J�
�����ª¥ � ��¿�¾:�_ê?�ëYqÅi�~�i�|>å:v´ýd� �h�/�fé �¨Ö@�`� � � � � �më��l�2é�Ò � � � �}� �h�/� ���ª� � � � �ª�@�>�}� �@� � �l�h� � � � é � ��� � é�� � ����}�$�/���/� � �h� · ��é ��� � � �l� � � ��� �4��� é�� ��· ��é � � Ö ���Y	0� ��� � ã ��£lé���� � � � Ô � �h�/�l�%�f� �/� Òª�l� ��� � ÖòFé � � ��� 	0� ���h� � ë4�l� · £lé��h�'�
�ÅºFé�� � �-� â � � �/�xÓ ¼ �4©�«-��¾�¥ � ��¿�¾:�_ê?�ëYqÅi�~�i�|�å:v´ýd� �h�/� �3�@� ë4�l� �}� ����� � � � ���/���s� � �@� � �l�h� � � � é � ��� � é�� � ���/�>�}� �/���/� � �h� · ��é �� � � �l� ����	0� ��� � ã �/£lé���� � � � Ô � �h�/�l�%�I� �/� Òª�l� ��� � Ö òFé � � ��� 	0� ���h� � ë4�l� · £lé��h�'� �ÅºFé�� � �-� â � � �/�Ó Þ �'�:��§-�R��§}¤ � ��¿�¾ª«Zê?�ëYqÅi�~�i�|`å:vÏýd� �h�@� ����� � � � ���/�`�}� � ���`��· � � � ���/� �@� � �l�h� � � � é � ��� � é�� � ���/� �}�d�/���/� � �h� · ��é �� � � �l� ����	0� ��� � ã ��£hé}��� � � � Ô � �h�/�l�%�f� �/� Òª�l� ��� � Ö òFé � � � 	0� ���h� � ë4�l� · £lé��h�'� �ÅºFé�� � �-� â � � �/�Ó Þ �4«��D�¨«}¾ � ��¿�¾:�_ê?�ëYqÅi�~�i�|Üå:v��3��� � � � ���/�0�}�E� � � ���`��· � � � ���/�Ü�@� � �l�h� � � � é � ��� � é�� � ���/� � � �h� � �l� � ÒZé�� � Òª� ��}�M�/���/� � �h� · ��é �>� � � �l� ¹Ø���&	0� ��� � ã �Y£lé���� � � � Ô � �h�/�l�%�f� �/� Òª�l� ��� � Ö òFé � � ��� 	0� ���h� � ë4�l� ·£lé��h�'� �ÅºFé�� � �-� â � � �@�:�4Ó�Ù8��§�§-�¨§}¿ � ��¿�¾ª©Zê?�ë:{}Ìª÷hðlÌ}~/¬�Ë�qEë>vRexv´¸(� � · �l� � � �xí(ã � � �wë �/� � � ���:� �3� � � �/· �l�%� Ý �l� � é ·Û¸ �l� � � � �´òd� � � � � ë4�l� · ���¿�¿�¾P�
ëYÌ}¬h¬Yë>v3× �/� � ��é}�l� � ��� é �<�@� ���/��� ��� ��� � é�� � �������x� ��£lé��h�'� í � Ö@� � ¼4Â �/§�©}¾ª§-�¨§ª©}¾ª« � ��¿�¾�¥_ê?�ëYÌ}¬h¬�ë>v µ3��é}�l� � ��� é �<�/��� � � ��� µ ���/��� � í � Ö@� � Ô �l���-� Þ ��§D�ª«-�¨§��ª¥ � ��¿�¿P�;ê?�ëYÌ}¬h¬�ÍMv_ÍMv y>ëYÌ}¬h¬Øë>v(À Ò ��� � � � ��� � � � �H� ��é}�l� � ��� é � �lø3�h� �/��� ��� é ���?· � � �l��é � � è é�� � ��� ���µ@��é}�l� � ��� é � ¡oé � � �/� �/� ¢ �/�/� ��¢ � é � � Þ �4§�©D���¨§}¾D� � §}¤�¤P�;ê?�
;Rq¶Äª{}Ì}q$z6°/{}y�Í>qs~3É}Ì}°W;R°�v �3��� � � � Ö@��� �Ué � é �/�/� � �Ué�� � ���/�c�}��� ��é}�l� � ��� é �>� ���@� �3�@� �/· �l���� � é�� � ���>�ª�:� � �}� £lé��h�'� í � Ö@��� � �´�@��� £ ��¤P� ��¤�¥)� � �)� §ª§D�ª«�¤ª§�¥ � §}¤�¤�¥_ê?�
;Rq¶Äª{}Ì}°3~Èì@v y�Í>qs~3É}Ì}°
;Nv ¢ � é � Ö@��� �Y�}�x� ��é}�l� � ��� é � é �/��� é � ���/���@� ���/��� ��� �Ué �/� � � ë Ö é �� �/� ��é � ��é � � ���/������� � � ����� �h��� � �È�@� ��� � � �l�h� �0� ��é}�l��é �x� � �@� é ���E¹�� �-� � � �}� º ��� � Ô � � �Ué��£������2é �/� � �_Þ<Î �'��«}¥��R��¥ª« � §}¤�¤�¥_ê?�
;Rq¶÷�p/i�~3É�æ&qsyMÍ>qs~3É}Ì}°*;R°3yE®@p@Äª{}Ð6i�q�ë:Ä}~3Éjv ¢ � é � Ö � � �Ué �M����� � � � ���/� � � �h�/� �`� Ò � �/·ë ���/��� é�� ÖE� � � ë � � �`� � � �h� ��� é}��� � � � � ��� � ��é}�l� � ��� é �´� �l� � ÒZé�� � Òª� � � �Ø� � �/· �h� � �Ué � � � ��Ò � ��� ����:� � �}�»í � Ö@��� � � ¢Z£�£lé��h�/� � é�� � �Ué � é ����× �/� � �h�l� � �Ué �&í � Ö@��� � �_Þ ù'�'��§��-�P���R��§��-�
� � §}¤�¤ª©Zê?�
;R°EÍMv y ü4Ä}~Dë>v&¹�� �h�l� � � �@� é��h� � � � ��� ��� � � é ��� �l� � � � �Ué �_� �/� �/��� � � éP£ × �/� � � Ö � � ���h� �@�é ���H� � ��· �h� ���´�}�<� ��é}�l� � ��� é �<��� �l��é�� � � � é ��� �h�/� � �¢é �/�/� � �Ué�� � ���/� � �:�`�3� �l� �Y� �����2é �/� � �´���� � � � � ��� � � ¡(� � � éP£ � �l� � � � õ í � Ö@� � ��£lé��h�'� �4¢ � ���-� Þ�á �4§�«�©-�¨§�©�§ � §}¤�¤�¥_ê?�
��Ä}~bì@v y æ&qMó(vxýd� ���2é ���$�¨Ö@� ���@� ���/� è é�� � ���W�}�Y� ��é}�l� � ��� é �Y�@� � �l�h� � � � é � ��� � é�� � ���/�c���¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó ¼ �4©�§�«-�¨©D�ª« � §}¤�¤ª©Zê?�
��Ä}~4{}Æ�¬�Ë�ÌMÇ&v6Ç&v yÏó�p/i�÷�pªË�qs~Yexv6Ç&v y8®4÷�p/i�|�³ ð�il|´ñNv y(ü/°3|KexvKÇ&v Ô ��Ò Ö é �/��� é � ���/�(�@� ���/��� ���é ���H� ��é}�l� � ��� é � µ ���3� �l�%� í»� é � � � ��� � é�� � �������:í � Ö@��� �Ué ¢ ¼ Ú ¼ �.�-��� �D� � §}¤�¤�¤_ê?�
��Äª{�å:v y6®/°Èë>v@�»v y6Ê8p@{}°w®�v»­_v<ýd� �h�/�:� ���/� ���l� � ��� ë4�l� � ��� � �h�/� � � � �l� �}�(� ��é}�l� � ��� é ��Ué � � �/� �/� é ��� �h�/� �@� � � �/��� ���/�x�}� é � ��é}�l��é �(�s�/� �l� � ���c��� ¡(�2é ��� � �3��� � � ���/� é ��� µ@��é}�l��é � �
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¼ Ó8��¥ª§�����¥ª§}¿ � §}¤�¤ª«Zê?�
�<qs~L�»v yHÊ�pj°Iå:v�¯´vNýd� � � � � é�� � �/·Üû�� � �}� é0Ò � � � � � � é � � � � û��/� ��� � é �/� � � � � �h�W�h�/�� ��é}�l� � ��� é � £lé�ø � � � �<�`�@� � ����� ¢ �/�/� � � � £lé��h�'�2é ��� ¡ ���`� � Î/Â Ó8�4§D�P���¨§��j§ � §}¤�¤�¥_ê?�
�@°�Ê&v mhz´v µ � � øhé ����� � �`� � ÖH� �Ué ��� �h� ����� �l� � ��é}�l��é � ����� í � Ö@� � Ô �l���-��¢ ¼�½4Â ��§�§����¨§�§�«
� ��¿�¿�¿_ê?�
�@°�Ê&v mhz´v yÏn_i�~�öKv m>�»v y(Ê�p@{}°Mì@v µ3��é}�l� � ��� é �»� � �h� · ��é � é ����� � � é}�h� � � �H· � � �l��é � � è � � � �j���3� ���� � ���h�l� � �l�Xé ����� � �d� � Ö@��� �Ué �<� � �h�l� � �h�l��é�� � ���w���`� � í � Ö@� �4¢Z£�£lé��h�'�8õd� � ��Ó/ù'�8«�«}¥�¿��¨«�«�©�©
� ��¿�¿ª©Zê?�
�@°?n�v yRÊ�p@Ä}~3É$äxv ºd� � �s�/� ��� � �ª�Ø�}� £ � ����é · � Ô �,+`�l�H� Ö@� ��é ���?� � � é �/�/� � �Ué�� � ���0� � �h�/�� ��é}�l� � ��� é �Y�@� ���/��� ��� � � é�Òª�?��� � é�� � ���b��� ¡(�2é ��� � �3��� � � ���/� é ��� µ3��é}�l��é � � Ó/ù'�x¿D�ª¥���¿ª«�«
� §}¤�¤�¥_ê?�
�@°3¬h³�ic®�v:±dv�	 � � · �j�h� � é�Òª�l��é · �?ß �/� �h� �@� � �l�h� � ��� � �l�h� �3�@���s� � � ��é}�l� � ��� é �Y�@� ���/��� ������ � é�� � ���/�d���:� � �}� ¡ ���`�/� ��é�� � ��� é �<í � Ö@��� � �d¼�Î Ù8�4§}¥D�D�¨§�©�� � §}¤�¤�¥_ê?�
�@°3¬h³�iw®�vR±dv yRæ&qs~4gji�~4f�il|¶Écå:v_�3� ë �@� ���/��� ��� � � � �`� �h� � �h�Ué}�l� � ���/����� ¡(�/� � � í � Ö@� � ¼ Ú Þ ���¥�¿��R��¾�¤ � §}¤�¤ª§Zê?�
�@°3¬h³�i�®�v´±dv yRæ&qs~4gji�~4f�i�|¶Écå:vK�3� ë �@� ���/��� Òª����é�� · �l� � � � ë � � � £ �j� �hÒ � ÒZé �d� � � ë2é0ë � � � � ÖÜ���í � Ö@� � â ��Ò0� À Â Ù8�<¤ª«��:�:��� � §}¤�¤ª©Zê?� Ê�ÄªfhÄªgªÄ�k»ì@v y`Ç8qok p/i�~4ÄHÍMv´üÏv y6®�i¶ÉªÄ}³o³Å{Eó(v�öKv y(­KÄ�ð�{}¬n�vÏ­_v àR�l�h�l� �`� � é�� � ���$�}� é�� � ��� � � � �s� � �ê����� � � � ���$�s� �N�h�/� �:�/� � � �@� � � �@��� ��� é � ����é �/���4� ������ � é�� � ���M�/��� �/· é � ��é���� � �ª� é �(� �l� � ÒZé�� � Òª� ��� ¢ �/� é � ���}� º � � � �Ué�� À»� �l� ·}ÖE¼�á �d�:���
���R�:��«}¤
� §}¤�¤ª§Zê?�Ê�Äjihp3k i´ÍMvªâ´� � ��èd�4� �h� � � � é � � é ��� Ô � ��� Ò � � � � ��� �l��é�� � � �6���H� ��é}�l��é � �´���xí�� �h� � � � é � ¢ � é � Ö@��� �¼�Î �'��¿:���¨§}¤�¾ � §}¤�¤D�Aê?�Ê�Ä}~�i�³o³�iHñNv(äxv yKedk i�r`Ä}~/Ì�­_v(exv&× �/�l� �`�3�3Ö@� é �`� � �x�}� é �/��� é � ���/�:�@� ���/��� ���?���>í � Ö@� �â ��Ò0� Ô �l���-� Â/½ �M��¥�¥�� ��¥�¿ � ��¿�¿ª«Zê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì0z´v´ÍMv ¢ �/��� é � ���/� ����é �/���4� ���hé ���c� ��é}�l� � ��� é �R�3� � �l� � � �����M¹�� £ ×<���4��� ��·�� �;é �¢ ��� ���l� ���}� �h�/� à Ö@� é �`� � �D�}� µ � �/� �@� é ��� í»� é ��� é � � tKgjvÈflÌ Íw{%$_Ä}³o³IäxvÛå:v yÊ�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v8ÍMv»i�³KÄ�k v � ��� � � �l�-�/ºd�l�h�/�l� � é ���@� �8��¿ª¿ª§�� �/� �
�ª¾P�����ª¿P�:�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´vHÍMv ¢ �/��� é � ���/� ����é �/���4� ��� � ���¨Ö@� �h� �`� � � �h��òFé �`� � � ���/� é � �h�2é ���Û���¹�� £ × ��é �/���4� ���-� ¡(�2é ��� é ����í»� é ��� é í � Ö@��� � � � ¡ ���@� �l�h� � ���È£lé�� � � � � � �À��¿�¿:�d` ÀÏ� ��ë Ö±di�~4÷hÄªgªgªÄH®�v y�ñx{}Æ�i�qok4öKv y�t(qs¬�Ëªi�~/¬�Ç&v ê � �3� �/· é �4� �h�:£ 	$� � � �>� � � � � � � ß��:�'��¿�¿D�
�Ê�Ä}¬�k Ä}Æ�¬�Ë�ÌMz´v&ÍMv�â � �/� � � é � � è é�� � ����· � ���/� �h�/� � � Ö��}� é �/��� é � ���/� ����é �/���4� ��� � ���¨Ö@� �h� �`�
� � �h��òFé �`� � � ���/� é � ���2é ���d��� ¡(�2é ���´Þ �4§�«-� �:� � ��¿ª¿D�Aê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�ÌØz´v6ÍMv µ3��é}�l� � ��� é �_�3� � �l� � �Y��� � é�� � ���$�s� �`òFé �`� � � ���/� é � ���2é ���H���>í � Ö@��� �Ué�àÂ Ù8�'�:��¤��R��§�§ � ��¿�¿D�Aê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v4ÍMv µ@� ��� òFé �`� � � ���/� é � ���2é ��� � � £lé�ø � � � �oô �_� � �`���H��� ¡(�2é ��� � ½ �3¥ª«D����¥�¥P�
� ��¿�¿ª«Zê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v<ÍMv µ3� ��� ÔRî��Ò ÖYû�� · �j� � � � �h�/� � ��é}�l� � ��� é �<�3� � �l� � ����� � é�� � �����s� � �3Ö@� é �`� �Ué ����2é �����ª� ¹�� £ ÔRî��Ò Ö µ � � · �j� � é ���>â � � é��h� ��×8���/� � �R� �wí � Ö@��� � � � ÀÏ� �@ë Ö�� � � � ��� �/· �l�N£���µ � �
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ã é ��� é�Ò ���jÖ õ��4£�� ��µ@� � � ������� � ¸ �l� � � � £ �3� � � �/· �l�-�'��¿�¿ª«�� �/� �4§���¥��¨§D��¾P�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì?z´v(ÍMv�í � Ö@��� � �:�}� ¡(�2é ���:� � òFé �`� � � ���/� é � à Ö@� é �`� � � � � Ô �����3�ª� £ ¹��`� �l� � é �¡ ��� � � · � í �h� ��� �.��¿�¿�¾P�
Ê�Ä}¬�k Ä}Æ�¬�Ë�ÌÈz´vdÍMv ¡(�2é � � � � �3Ö@� é �H� � � é ��� �h�/� � � � ·�� � é ���}�N� ��é�� � � � � �Ué ��� é � �>���Eí � Ö@� �×<�3� é Ö Ú8�M��¿����j« � ��¿�¿ª¿_ê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v8ÍMv £ �/� � � � ��é}�l� � ��� é ���3� � �l� � � �d���:í � Ö@��� �Ué ¢ ¼ Ú�Ú'�J�)�P� � §}¤�¤�¤_ê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì�z´v�ÍMv ¡(�Dé ��� � � ��é}�l� � ��� é �8�3� � �l� � � � é ��� é �/��� é � ���/� ����é �/���4� ���-� ���Ní � Ö@� � â � � �Ó Â4Î �J�ª¥
���¨«}¾�¤ � §}¤�¤ª§Zê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì$z´v&ÍMv ¡(�2é ��� é ��� µ3��é���� � �ª� é � à Ö@� é �`� � � �4Ò ��� ��«��:� �}� Ô ���l�-��º � �h� �R� �wí � Ö@� �
� ý ø �s� � � � �/� Òª�l� ��� � Ö�í �h� ��� ��§}¤�¤ª«��Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì>z´v�ÍMv òFé �`� � � ���/� é � ¡(�2é ��� é ��� µ@��é}�l� � ��� é � à Ö@� é �`� � � � � ý ø �s� � � � �/� Òª�l� ��� � Öí �h� ��� ��§}¤�¤ª«��
Ê�Ä}¬�k Ä}Æ�¬�Ë�ÌEz´vÏÍMv µ@��é}�l� � ��� é �Ï�@� � �l� � � �x� �M�/� � ���@� ���2é � � � � �¨Ö@� �h� �`� é ���w� � � é �/�/� � �Ué�� � ���/����Y¹�� £8¢ � ÒZé � ��� �R� � µ@��é}�l� � ��� é � ¡oé � � �/� �/� � � � � é0ë2é�� � �l�-� ý � í ��¢ · ��é�Ò0é � � � ��¢Z� × � � �h� � � �£lé}���2é �@� � � �@� � ê � �3� � � �/· �l�-�/à � � � �h�����j�-�3�h�/�Rºd�l�h�/�l� � é ���@� �4§}¤�¤ª©�� �/� �'��§�©-�R�-��¾P�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì0z´v_ÍMv ydedfhg}°@ksk Äji�Æ�®�v´®�v6� �Ué � � �/·$� � ��� �l��� � � � é ��� é �/��� é � ���/� ����é �/���4� ��� ���� é���� � � � � �´� �/��� � �R�h�/� � � � ���2é � � � � � é Ö �l� ���:í � Ö@� � â ��Ò0� ÀØ½�Î �0��¿�¤P��� ��¿P��¤ � ��¿�¿ª«Zê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ìwz´v�ÍMv y&±di�~@Ë�ÄªgªgªÄYÍMv ¡(�2é ��� � ��� � �l� � � � é ��� º ���/� � � �Ué��Rà Ö@� é �`� � �_� � µ � �/� �@�é ����í»� é ��� é � ��Ò ��� �4«��:� �}� Ô ���l�-�/º � �h� �_� �>í � Ö@� � � �3� � � �/· �l�%� Ý �l� � é · � ¸ �l� � � � �.��¿�¿�¾P�
Ê�Ä}¬�k Ä}Æ�¬�Ë�ÌMz´v�ÍMv ò � �l��é��h��� � �Ué �&� ��� � �l� � �h� �d� � �h�/� � �2é � � ��� é}����é ����� ��é}�l� � ��� é �»�3� � �l� � � � £�:�4¡ � é ����� �Ué ���¨Ö@� �h� �`�´��� ¡(�2é ���xÎ ù'�'�-�ª«-�R���j« � §}¤�¤�¤_ê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì>z´v�ÍMv y�tKgjilk r`Ä}~�ÍMv�exv µ@��é}�l� � ��� é �8�3� � �l� � � � £ � � ���D�/� � ���@� ���2é � � � � �3Ö@� é �`� � �� � £lé�ø � � � �oô �d� � �`���>���:í � Ö@��� �Ué:à Î@á Ó'�'��§}¾��R���j© � §}¤ª¤D�Aê?�Ê�Ä}¬�k Ä}Æ�¬�Ë�Ì?z´v6ÍMv y_tKgjilk r`Ä}~EÍMv y_²dq¶Ä}¬l{}Æ�±dv6exv»� � � � � ��� �`� � é�� � � Ö �&�h� �/� � � é � � è é�� � ��� ��é ���� �2é � � ��� é � � �/���3�/�/� �s� � �`� � ÖM�}� òFé �`� � � ���/� é � ���2é � � � � �3Ö@� é �`� � �:��� ¡(�2é ���HÂ � ��«}¿��R��¾P�
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