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BBEOEHUE

OTIUYUTENHHON YepTOW IMOATOTOBKH CHEIHAIACTOB B MOCKOBCKOM
(PU3UKO-TEXHIYECKOM HHCTUTYTE — CHCTeMBI "®u3Texa", BIseTcs codera-
HUE MHTCHCUBHOCTH OOYYCHHS C BBICOKMM YPOBHEM JICTATM3AIMU U TITyOH-
HbI U3y4aeMbIX MPEJMETOB, B MEPBYI0 OUepe/lb €CTECTBEHHBIX HayK. Ka-
¢denpa Boicuicit MmaremaTnk M®TU Kak BaXKHBIH 3JIEMEHT 3TOW CHCTEMbI
C MOMEHTa 00pa30BaHMs HHCTHUTYTA MPOIOIDKACT BHOCUTH CYIIECTBEHHBIN
BKJIAJ B e¢ (hOpMUPOBAHKE F COBEPIICHCTBOBAHHE.

B aktuBe kxadenpsl KOJIOCCATEHBIN OIBIT B BUAE YICOHBIX KYPCOB, OpH-
THHAJIBHBIX JIEKIMH IO MHOTUM pa3jiejaM COBPEMEHHONW MaTeMAaTHUKH, CH-
CTEMBI 33J[aHUi, METOIUYECKUX Pa3pabOTOK, MPHEMOB, BHYTpUKadeapaib-
HBIX MaTepuajioB, HaKOHel, meaarorudeckoro ompknopa. Ha xadempe
c(hopMHIpOBAJICS KOJUIEKTUB MpPENogaBaTeleH, IeJaroruaecki 0apeHHBIX
1 00NamaromuX TeJarornieckuM MacTepcTBoM. [losToMy BHONHE ecte-
CTBEHHO CTPEMJICHUE CETATh 3TOT ONBIT BCCOOIINM JTOCTOSIHACM.

MHoroe ye OTpakeHO B U3BECTHBIX y4eOHHMKAX, 33JJauHUKaX, CO3/IaH-
HBIX BBIJAIONIMMUCA MaTeMaTHUKaMH M TMeJaroraMu, Cpeid KOTOPBIX
B. C. Bnagumupos, C. M. Huxonwckuii, JI. JI. Kyapssies, M. B. ®eno-
PIOK ¥ MHOTHE fpyrue. be3 cOMHEHHs, 3TH CTaBIIHE YK€ KIaCCHICCKUMH
y4aeOHbIe TOCOOMs OKa3allil M OKAa3bIBAIOT CYIIECTBEHHOE BIMAHUC HA MaTe-
MaTH4YecKoe 00pazoBaHHe Kak B Poccum, Tak 1 3a ee mpeeaMu.

Bwmecte ¢ TeM ecTh eme HeMalio TOro, YTO, HECOMHEHHO, OyIeT CyIiie-
CTBEHHO TOJIE3HBIM ISl YIYYIEHUS MOJATOTOBKU cCrenuanucToB. Ecre-
CTBEHHBIM ITyTEM JJIsl BBIABICHUS 3TOTO OIBITA, KaK HAM TPECTaBIsSETCS,
Morna Ov1 ObITE cepust "Jlexyuu kagedpsi evicuteti mamemamuxu MOTH",
1 MBI OyZieM OarofapHbBI BCEM, KTO OKaKeT TOACPKKY U MOCHIBHYIO 110~
MOIIIb B OCYIIECTBIEHUH JAHHOTO MPOEKTA.
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B HacTOsIEM M3AAaHWM YWTATENIO MPENIAaracTcsl OJHA M3 KHUT 3a1y-
MaHHOM CepuM — paCIIMpPEHHBIH Kypc JEKIHH, KOTOPHIH mpodeccop
A. E. YMHOB psiJl JIET YHTa€ET CTyJCHTaM IIEpBOro Kypca MockoBckoro ¢u-
3UKO-TEXHUYECKOro MHCTUTyTa. IloAroToBKa MepBOro W3AaHMs OCylle-
crriieHa mpu nozaepxkke OO0 "IIpombunsnepro”.

[To comeprkaHHMIO M CTUIIO M3JIOXKEHHS MaTepuaia JaHHas KHUTa pac-
CYMTaHA Ha CTYAEHTOB (PU3MKO-MATEMAaTHIECKUX M TEXHWYIECKHX CIICIU-
aIBHOCTEH BBICIINX YYCOHBIX 3aBSACHUH C YTIyOJICHHOW MOATOTOBKOW IO
MaTeMaTHKe. B Hell mpeacTaBneHbl Kak TpaJUullMOHHbIE pPa3/iebl aHAIUTH-
4eCKOI reoMeTpuu, TEOPUH MATPHUL, TEOPUH JIMHEWHBIX CUCTEM U KOHEU-
HOMEPHBIX BEKTOPHBIX IMPOCTPAHCTB, TaK U HEKOTOPHIE TOTIOJHUTEIbHBIC
pasziensl JUHEHHOW anreOpbl, BXKHBIE ISl CTYJCHTOB (DU3UUECKUX CIICIIN-
AIBHOCTEM.

Ha xadenpe Breicmieir matemaTikyn MOTU nexknun mo aHATUTHYIESCKOM
TEOMETPHUH ¥ JIMHEHHOH anredpe B pa3HOE BpeMs YNTAIW MHOTHE BBIIAIO-
uiyecst yueHele u neparoru, Takue, kak @. P. 'antmaxep, B. b. Jluackuid,
A. A. Aopamos, /1. B. beknemuiies, B. A. Tpenorun u apyrue. Cam aB-
TOp, OyAy4H MMOCIETOBATEIBHO CTYIEHTOM, aCUPAaHTOM, MperoiaBaTeIeM
u npodeccopoM 3Toi kKadeapsl, He MOT HE MCIBITATh BIMSHUS CBOUX YUH-
tenei. CTpyKTypa M IyX €ro JIEKIWil BIOJIHE TPaJUINOHHBI IS Kadeapsl
Belciied Marematuku MOTHU. B n3noxeHnn mMaTtepuana aBTOp YCHELIHO
COYeTaeT, He 3JIOYNOoTpeOsist abCTPaKUUsIMHU, TOCTATOYHO BBICOKHH YpO-
BEHb CTPOTOCTH C MIPOCTOTON U ICHOCTBIO.

[Ipennaraemsprii yntarensm kypc Jiekuuid A. E. YMmHOBa "AHanutnde-
CKasi TeOMETpHs W JIMHeWHas anredpa" peKoMeHIOBaH Kadeapod BEICIIEH
MaTeMaTHKH MOCKOBCKOTO (DM3HKO-TEXHHYECKOTO WHCTUTYTa B KAa4ECTBE
yue6HOTO TIocodust st crynenroB MOTH. Dra kaura Takxke Moxer OBITh
UCIIOJIb30BaHA B KaUeCTBE YUeOHOI0 MOCOOUS U B APYTUX YUeOHBIX 3aBejie-
HUSIX C PACIUUPEHHOM OATOTOBKOM 110 BBICIIEH MaTEMAaTUKE.

I H. Axoenes
Ynen-koppecnonoenm PAQO,

npogheccop.
Aseycm, 1997 200



Beenenne 10

Ot aBTOpa

JanHoe mocobre nmpeaHa3HaueHo Ui CTYACHTOB QU3NYECKUX U TeXHH-
YEeCKHX CHEIHATbHOCTEH BBICHINX YYEOHBIX 3aBEICHHH C PaCIIMPEHHOU
[IOATOTOBKOM 10 BbICIIEH MareMaTuke. Ero OCHOBHOH LENblO SBISETCS
BBEJICHUE B TEOPUIO JIMHEHHBIX MPOCTPAHCTB — MAaTEMaTUUECKUI ammapar,
UCIIOJIb3YEMbI B pa3HOOOPa3HbIX NMPHUKJIAIHBIX JUCLHMIUIMHAX: OT KBaHTO-
BOM MEXaHUKU J10 METOZ0B ONITUMAJIBHOI'O YIIPaBJICHUA. Nwmes B BUY OCO-
Oy10 TEpMHUHOJIOTHIECKYIO CrIeNU(UKY dTOW TEOpHH, €€ OMUCaHNe TpeBa-
psieTcs M3T0KEHHEM OCHOB EBKIIMAOBOW T'€OMETPHH, BBIIOIHEHHBIM IIPH
ITOMOIIM TIOHSTHH, XapaKTePHBIX ISl TEOPHH JTHHEHHBIX IPOCTPAHCTB.
BkiroueHHBIN B mocoOue marepuail B OCHOBHOM COOTBETCTBYET IIPO-
rpaMMe KypcoB «AHAUTHYECKas reoMeTpusi» U «JIuHeitHas anreOpay, dyu-
TaeMBIX JUISl CTY/IEHTOB MEPBOTro Kypca MOCKOBCKOTO (hPM3HKO-TEXHUYECKO-
IO MHCTUTYTA. Taxxe paccMaTpuBarOTCA HEKOTOPBIC NJOMOJHUTEIILHBIC BO-
MIPOCHI, 0OJIETYAONe U3YYeHNE CTYJeHTaMH MaTeMaTHIECKOTO amlmapara
TEOPETHUYECKOH (PU3MKU U B TIEPBYIO OYepeIb KBAHTOBOM MEXaHHKH. 3aa-
M, HEOOJIBIIIOE YMCIO KOTOPHIX BKIFOUYCHO B COCTAB MOCOOMS, II0 MHEHHIO
aBTOpa, CYIIECTBEHHBI [yl IOHUMaHUs Kypca B LIEIOM.
HpeunonaraeTcsl, YTO YUTATCJIb BJIaJJCET OCHOBHBIMU IMOHATHAMU KypcCa
SHGMCHTapHOﬁ TCOMETpUH, a TAKXKEC 3HAKOM B MHUHHUMAJIbHOM 061)eMe C
nuddepeHIHaTbHIM U HHTETPATbHBIM HCUNCIICHIEM.
Hcnonp3yemas cuctema o003HaueHHN eanHOOOpa3Ha IS BCeX pasfe-
JIOB TIOCOOMS, YTO MPUBENO K HEOONBIINM OTIMYHAM OT TPAIUIIMOHHON CH-
CTeMbl 0003HAYECHUI1, B YACTHOCTH:
- }leﬁCTBHTeHLHbIe 4yuciia, KaK mpaBuiio, 0003Ha4aroTCA CTPOYHBIMU
rpeyecKuMU OyKBaMu (MCKJIIOYECHUE CIAENaHO JIUIIb JJIS JeKapTO-
BBIX KOOpAMHAT X, V W Z , IIeNOYUCICHHBIX HHACKCOB H HEKOTO-
PBIX OPYTHX CTaHAAPTHBIX 0003HAUCHMIA);

- CTpOYHBIC JATHHCKHE OYKBBI B OCHOBHOM HCIIOJIb30BaHBI IS
00o03HaueHHs1 OoJiee CIOKHBIX, YeM JEHCTBUTEIIBLHBIE YKCIa, O0BEK-
TOB: BEKTOPOB, KOMIUICKCHBIX YUCCII, DJICMCHTOB JIMHENHBIX mpo-
CTpaHCTB, (PyHKIMH, (YHKIIMOHAIIOB, ONIEPATOPOB, & TAKXKE pa3iiny-
HBIX TEOMETPHYECKUX OOBEKTOB;
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- Marpuubl 0003HAYAIOTCS TATUHCKAMHU 6yKBaMI/I C I[BOﬁHLIMI/I BEPTU-

>

KaJIbHBIMU OTPAHUYUTCIAMUA: HAIIPUMED HA

- Bo m30exaHne KOH(MIHUKTOB, I 0003HAYCHUH IJIHH, aOCOIMFOTHBIX
BEJIMYUH, MOJAYJICH U HOPM HCIOJNIB3YIOTCS OJHHAPHBIC BEPTHUKAIIb-

-
HBIC OTPAaHWYHUTENIH: HarpuMep, | d |, B TO BpeMs Kak Jyisi 0003Ha-

YEHUsSI ONPENEIUTENCH MAaTPHL] ATOT BUJ OTPAaHUUINTENCH HE IPUME-
HSETCSI, a MWCIOJIb3yeTcss 0003HaueHHe (yHKIMOHAIFHOTO BHAA:

nanpumep, det H A H .

ABTOp BBIpaXaeT IIyOOKYIO IPH3HATEIBHOCTH MPENOAaBaTeIsIM U CO-
TpyaHHUKaM Kadeapsl Beiciieid Marematukn M®OTU, coBeTsl U 3amedanus
KOTOPBIX B OOJIBIION CTENEHH CIIOCOOCTBOBAIIM YIYYIICHUIO TIOCOOHS, U B
nepByro odepens M. A. Uybaposy, B. . Yexmoy, C. B. lBanoBoii u
B. b. Tpymuny.

Mpeancrnosne kKo BTOPOMY M TpeTbeMY U3aHUSIM

Co BpeMeHH BbIXOza B cBeT B 1997 roay mepBoro m3maHus ObLUTH ydTe-
Hbl MHOTOYHCJIEHHBIE PEKOMEHAALUH, MO3BONMBIINE YIY4YIIUTh CTPYKTY-
pH3aLUI0 MaTepuala, BKIIOYEHHOro B ocoOue, UCIpaBlieHbl 3aMEYeHHbIE
OIeYaTKU ¥ HETOYHOCTH.

ABTOp 0co60 OnmaromapeH  TIOCETHTENSIM  HMHTEpHET-caiTa
WWW.UMNOV . XU 3a Jo0pOoXKeNaTelbHyl0 KPUTHUKY U KOHCTPYKTHUBHBIE
3aMedyaHus 10 BEPCHH TEKCTA, IOCTYITHON Ha 3TOM caifre.
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Masa 1

BEKTOPbDI
U NIMHENHBLIE OMEPALUU C HUMU

§ 1.1. MaTpu4HbIe 00bEKTHI

AHaATUTHYIECKOE OTMCAaHUE TEOMETPUICCKUX JIMHUM, PUTYp U Tel, paB-
HO KaK W OIepanuii ¢ HUMH, MOXET OBITh B OOJIBIIIOM YHICIIC CIYYacB yIpo-
IICHO 32 CYET KCIOJb30BaHUs CIECIUATLHOIO MAaTEMAaTHYECKOI0 OOBEKTa,
Ha3bIBAEMOT0 MaTpULEH.

Onpenenenve Mampuyeti pasmepa M X7 Ha3pIBaETCA yNOPALOYEH-
111. Hasl MPSMOYTOJIbHAs TaONuuIa (WM MAacCHB) YHCEN, CO-
nepxaiiast M cTpok u 1 cTOJIOIOB.

Uncna, oOpasylomue Marpully, Ha3bIBaeMble ee onemenmamu (WAIu
KOMNOHEeHmMamut), XapaKTeprU3yloTCsl KaKk CBOMM 3HaueHUEM, TaK U HoMepa-
MH CTPOK H CTOJIOLIOB, B KOTOPBIX OHH PACIIONIOKEHBI. Y CIOBUMCA 0003HA-

YaTh SJIEMEHT MATPHIILI, PACTIONIOKEHHBIN B [ -0l CTPOKE U J -M CTONOIIE,
Kak O ',
Onpenenenve Yucma M, Ny M XN Ha3BIBAKTCA pasmepamu Mam-

1.1.2. puybt.

ManI/II_[bI 0003HAYAOTCS U 3AIIMCHIBAIOTCS TMEPEINCIICHUEM UX DJIIEMEH-
TOB. HaHpI/IMCp, MaTtpula € 3JICMCHTaAMH

o5 i=[lm]; j=[ln]

WJIH K€ B pa3BepHyTOH hopme:

! Cremyer untath “anvgha i — j*.
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O Op O ... 0Oy, Oy Op O3 .o Oy,
Oy Oy Oy e Oy, Oy Oy Oy e Oy,
O3 O3 Oz ... Oy, |5 | Oy O Ogz oo Oy, 5
(X’ml a‘mZ am3 a‘mn _a’ml 0'm2 am3 * (X‘mn_

O O O Oy,

Oy Oy Oy s,

Oy Oy Oy O, |5

a’ml a‘mZ a’m3 a‘mn

H3 KOTOPbIX 6y,H6M HCIIOJIB30BAaTh ITOCJIICIHIOKO. Ecmu xe HOTpe6y€TC$I HC-

Pa3BEpHYTOE IIPEJICTABICHUE MATPULIBL, TO MbI 3alIUILIEM €€ B BUJIE H a;; H

WJIA IIPOCTO H A H .

Marpuiipl MPUHITO KIACCU(UIUPOBATH MO KOJMYECTBY UX CTPOK H
CTOJIOLIOB.

Onpepenenve Ecmu M =N To MaTpulla HAa3BIBACTCS K6AOPAMHOL, NO-
1.1.3. paoka N .
Marpuna pasmepa m X 1 HassiBaercs M -mepHbIM (A
M -KOMIIOHEHTHBIM) cmoabyom. Marpuna pasmepa
1 x n wHaseiBaercst M -mepHO# (WK # -KOMIIOHEHTHOM)
CMPOKOLL.

OTMCTI/IM, 4YTO, XOTA (l)OpMaJ'H)HO JJIA 0003HaYCHUS CTPOK HJIK cToJIO-

OB CJIEAYCT UCIOJIB30BaTh IBYXUHACKCHBIC 3aITUCH H (le- H nim H B il He-

MCHAOMUECA MHACKCHI IIPUHATO OIYCKATbhb, B PE3YyJIbTATC YCTO 0003Haye-

HU CTPOK WJIN CTOJ'I6HOB HUMCIOT BU/J H (Xj H HNJIKM COOTBECTCTBCHHO H Bi
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B aTux ciyuasx, pazymeercs, HEOOXOAUMO SIBHO yKa3blBaTh, O Y€M HJIET
pedb: 0 CTPOKE UIIH O CTOJIOIIE.
HeKOTOpBIe YacTO HMCHOJIB3YEMBIC MATPHUIIbI C 0COOBIMH 3HAYECHUSIMH
AJIEMEHTOB UMEIOT CIIeIHaIbHbIC HA3BaHUA U 0003HAUCHIIS.
Onpenenenve KBanparnas maTpuua, s KOTOPOH
1.1.4. _ _—
a, =0, Vi,j=[ln],

Ha3bIBACTCA cwwvzemputtecxoﬁ.

Marpuia, Bce 3JIEMEHThI KOTOPO PaBHBI HYJIIO, Ha3bIBa-

ercs Hynesou. HyneByro MaTpuiry 0003HA9ar0T KakK ”0” .

KBaapaTHast matpuia nopsiaka 7 Buga

1 0 0 ... O
0 1 0 ... 0
0 0 1 0
0 0 0 .. 1

Ha3bIBACTCS eOuHuyHol. ENUHIYHYIO MaTpHIly IPUHITO

0603HaYATH H E H ;

Onepauunn ¢ matpuuamm

Onpenenenve JlBe MaTpuibl HAH " HB H CUUTAIOTCA PABHLIMU

1.1.5.
(0603HauACTCS: ” A ” =|| B ” ), €CIIM OHHM OJMHAKOBBIX

pPasMEPOB U €CIIM HUX COOTBETCTBYIOIIUE KOMIIOHCHTBHI
PpaBHBI, TO €CTh

o, =B, Vi=[Lm] uVj=[1n].
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Onpepgenexve
1.1.6.

Onpepnenexve
1.1.7.

Marpura ”C ” Ha3bIBACTCS CYMMOU Mampuy "A” u

||B|| (0603HAYACTCS: ”C” = ||A|| + ||B

), €clii MaTpHu-
wr 4], | B], [ omsmaopsrs paswepos

Y, =0, +B,; Vi=[Lm], Vj=[Ln],
rae wena Y, Vi=[Lm], Vj=[l,n] seamorcs
COOTBETCTBYIOIIMMH KOMIOHEHTAMH MaTPHIIBI ”C || )
Marpa [C|) aswmacron npoussederen wiera
v ampuay | A] (oosmasaeres: | C| = A ], e
arpts [ A] 1 || ommaxossne pasepos

yij :}\4(1,'1' Vi:[lam]a v_]:[l’n] 0

OTMGTI/IM, YTO YMHOXKAaTh YUCJIO MOKHO Ha MAaTpUIly J1I000r0 pa3mepa.

3ameyvaHue:

Onpegenexve
1.1.8.

B KauecTBe BceX (MITM HEKOTOPHIX) DIIEMEHTOB MATPHIIBI
JIOITyCKAeTCsl MCIIONIb30BAaHUE HE TOJIBKO YHCEN, HO H
JIPYTUX MATeMaTHYCCKUX OOBEKTOB, IS KOTOPBIX IOJI-
XO/ISIIMM 00pa3oM ONpesielieHbl ONepalii CpaBHEHUS,
CIIOXEHHsI U YMHOXEHHSI Ha YHUCIIO, HAIIPUMEp, BEKTO-
POB, GYHKITUHA WIIH TEX YK€ MaTPUIL.

Tpancnonuposanuem MaTpUlbl Ha3bIBAETCs OIEpalys,
B pe3ynbTaTe KOTOpOH 00pa3yeTcst HOoBasl MaTpHUIa, Tae
CTPOKaMH CITyXKaT CTOJIOLBI MCXOIHOMW, 3alMCAHHBIE C
COXpaHCHHEM TIOpsIKa UX cienoBanus (puc. 1.1.1).

Marpmuia, noxydJaromascsi B pe3ybTaTe TPAaHCIOHHUPOBAHUS MaTPHIIBI

T
"A”, 06o03HauaeTcs " A” .
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53

tl]zf[3]{4] ... |x Tpancnonny |

=

[

=

Puc. 1.1.1
[pu TpaHCTIOHUPOBAHUH
T Oy Oy &
Oy O O3 o Oy,
(x’12 G‘ZZ (x’mZ
Qyp Oy Olpz woe Oy
= | O3 Oy Qs s
(x’ml a’mZ (x’m3 (x’mn
a‘ln 0‘211 a’mn

o T
TO €CTb JJIsl SJIEMEHTOB TPAaHCIOHWPOBAHHON MAaTpPHIIBI ||A || BEPHO pa-

BEHCTBO OL,-Tj =, Vi= [1,m], Vj=[Ln].

Onepanyst TPaHCHOHMPOBAHUS, HAIPUMED, HE U3MEHSAET CUMMeTpUYe-
CKyH0 MaTpHILy, HO TIEPEBOJIUT CTPOKY pasMepa 1 X 7 B cronbel pasmepa
m x 1 u HaoGopor.

[deTepMuHaHTbl (ONpeaenuTenu) KBagpaTHbIX MaTpuL
2-ro n 3-ro nopsiaKkoB

I[.]'ISI KBaJIpAaTHBIX MATPULl BBOAUTCS ClICHUAIbHAA YU CJIOBAs XapaKTCpU-
CTHKa, Ha3bIBacMas ICTCPMUHAHTOM (I/IJ'II/I OHpeﬂCHI/ITCHeM) u 0003HaYa-
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emas kax det HA H 2, OnMcaHue CBOMCTB ONpe/ENMTeNENd KBaIpaTHbIX MaT-

pu1t 7 -ro mopsiaka OyAeT MPUBEACHO B TIaBe 6, 3/1eCh ke Mbl OTPaHUIHM-
€S PACCMOTPEHHEM CllyuaeB 1 =2 U n = 3.

OnpeneneHve  /JlerepmuHaHTOM (OIpenenuTeseM) KBaJpaTHOM MaTpH-

1.1.9.
0‘11 (XIZ
IIbI 2—F0 nopsmlca Ha3bIBACTCs YHUCIIO
21 (1’22
o o
11 12
det =00, — OO0l .
a‘Zl a’22

Onpepenenve  JleTepMuHaHTOM (ONpeeNnTeNeM) KBaJpaTHOW MaTpH-
1.1.10.
Oy Oy Oy

OB 3-TO HOpsAmKa | O, O, O,y | Ha3hIBAETCA YHC-
Oy O3 O
710
O Gy O3
deta,; Oy Oy | =0 05053 + 030,03 +
O3 O3 O3z
0Ly 0y305; — OLy30L5) 0Ly — Ol Oly30lg) — 0Ly 0Ly Qg
Z[.]'IH OHpeZ[eHI/ITeﬂeﬁ KBaJIpaTHBIX MaTpul] COpaBEJIUBLI CJICAYIOLIUE
TEOpEMbI:

Teopema  Omnpeaenurejb MAaTPUUbI 3-r0 NOPSAIKA MOKET ObITH BbI-
1.1.1. paskeH dYepe3 ONpedeJHTENH 2-T0 NOpsaaKa (Gopmy.ioi
CJIEYIONIEro BHAA:

? JleTepMMHAHT KBaJpaTHOH MATPHIE! TAKKE 4acTO 0OO3HAYAIOT NPH MOMOIIH
OJIMHAPHBIX BEPTHKAIGHBIX OTrpaHHUIHTENCH “ . MsI He OyneM HCHONIB30BaTh

3Ty opmy, uTOOBI HM306ekKaTh KOH(MIHMKTA C TPEACTABICHHEM aOCONIOTHBIX BE-
JIMYUH, MOAYJCH, JUTMH U HOPM.
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Oy O Oy
det|o,, o, Oy

Ojp Oz Olgs

o (04 (04 (04
2 23 21 23
=, det — o, det
O3 O Oy Ol
o (04
21 2
+ a5 det ,
O3 Oy

HA3LIBAEMON PA3JI0/KEHHEM ONpeNeJuTeNIsi 110 NepBoii
CTpPOKe.

[oka3aTenbCcTBO.

Jlannas (opmyna mpoBepsieTCs HEMOCPEACTBEHHO IPU ITOMOIIU
onpenenenuii 1.1.9 m 1.1.10.

3ameyvaHus. 1°. CooTHOIIEHNS, aHATIOTHYHBIE MPHUBEACHHOMY B (op-
MyJaupoBKe TeopeMbl 1.1.1, MoryT OBITH TOXyYCHBI
KaK JUIsI KOKI0H N3 OCTAIBHBIX CTPOK MATPHIIBI, TaK U
15 J1I000T0 U3 €€ CTOJIOLOB.

%o O %3 “R~%e Hi3
Qs Bgy a3 OoryFos \ o3
Ry B e 0 %5
Co sHakoM "rureoc” Co 3Harom "mimyc"
Puc. 1.1.2

2°. VlHOoTAa mojacYeT 3HAYEHUS OMPENCIUTEIs MAaTpPHUIIBI
3-ro mopsiaka yaoOHee BBHIONHUTH IO CICIYIOIIeMY
MIpaBUIIY:
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Kaxmoe cmaraeMoe B ompeneneHnn 1.1.10 ectp
MIPOM3BEICHIE HEKOTOPOH TPOHKHU 3JIEMEHTOB MaTpH-
IBI, TIPUYEM 3JICMCEHTHI, BXOMSAIINE B MPOU3BEICHUS,
OepyImecs: CO 3HAKOM «ILTFOC», COCIMHEHBI B JICBOM
yactu puc. 1.1.2 CIUIONIHBIMY JIMHUSIMH, & DJIEMEHTHI,
BXOJISIINE B TPOU3BEACHUS, KOTOpBIE OepyTcs Co
3HaKOM «MHHYC», — B IIPABOIi.

HenocpencrBenHas npoBepka MMOKa3bIBAeT, YTO U3 omnpexaeneHuid 1.1.9
n 1.1.10 BeITEKaET

Cnegactsue IIpu TpaHCHOHUPOBAHUM KBAAPATHBIX MATPHUI 2-TO
111 WK 3-T0 MOPSIIKOB UX ONMpeIeuTeTd He MEHSIIOTCSI.

B Tepmunax ompezgenureneil MaTpHl] BTOPOro MOPSAAKA TOCTATOUYHO
ynoOHO (GOpMyIHpPYETCs YCIOBHE OJHO3HAYHON Pa3pelIrMOCTH CHCTEMBI
JIByX JINHEHHBIX YPaBHEHUH C IBYMsI HEU3BECTHBIMM.

Teopema 1.1.2 i TOro 4ToGbl CHCTEMA JHHEHHBIX YPABHEHU I
Kpamepa). —
(Kpamepa) o, & +a,8, =B,

08 +ay,E, =P,

UMeJia eIMHCTBEHHOE pellieHue, He0OX0UMO U 10CTAa-
TOYHO, YTOOBI

[oka3zaTtenbCcTBO.

Hoxasxcem mneobxooumocms. IlycTh naHHas cucTeMa JIMHEHHBIX
YpaBHEHUI UMEET €JUHCTBEHHOE pEllIeHHE — YIIOPAJOYECHHYIO Mapy

qucen {};1 . &_‘2} , TOraga JOJIKHbI OBITE CITPABCAJIMBbIMU CJICAYIOIIUEC
nu3 ec ypaBHeHI/Iﬁ COOTHOILICHHUSA

€ (0,00, —a 0, ) =(Bo, —Ba,),

€, (0,00, —a,0,) = (B0, —Ba,)
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W glAZAl; ﬁzAZAz R

o, o B, «
e A=det| 21, A =det| .
(X’ZI a’22 2 G‘ZZ
o, P
WA, =det "
o, B,
EA=A; EA=A A=0.
PaBeHcTBa =A; = HE BEPHBI TIPH
A=0,
WJii 1pu O CHCHOBaTeHI)HO, pCIHeHI/Iﬁ HECT.
# 0.

B To ke Bpems (IpoBepbTe OSTO CaMOCTOSTENBHO) MPH
A=A =A,=0
- 1100 K03 PULIUECHTH! YpaBHEHHH HCXOAHOW CHCTEMBI IPO-

NOPLMOHANIBHBL M Kaxaas napa uucen {&,,&,}, ynosme-

TBOpsttowas o, &, + L,&, =, ects pewenue,

- 6o (Ipy HYJEBBIX O, 0y, Oy, 0y, By, B,) BooGImE
moGast mapa uucen {&,,&,} — pewenue.

3HAUUT, B 5TOM CIIy4ae y CHCTEMbI HMEETCS GECUMCICHHOE MHOYXKE-
CcTBO pemieHuit. [109TOMy U3 yCII0BHS CYIIECTBOBAHHS M €MHCTBEH-
HOCTH pelleHus cienyer, uto A # 0.

Hoxascem docmamournocmo. Ecmu A # (), To ucxoanas cucrema
NMHEMHBIX ypaBHEeHHMH uMmeer pemenne {&,, &, }, omHO3HAUHO

OIPENEIAEMOE 3HATCHISIMY TTAPAMETPOB
Oys Oy Oy Oy By, B,y

u popmynamu il ZAl/A I/Ié2 ZAZ/A.

Teopema gokasaHa.
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§ 1.2. HanpaBJieHHbIE OTPE3KHU

Onpepenenve  OTpe30k MPSMOM, KOHIIAMH KOTOPOIO CIYXaT TOYKH A

1.2.1. u B, Ha3bIBaeTCs HanpasieHHviM OmMpe3sKoM, eClI yKa-
3aHO, KaKas U3 3THX IBYX TOYEK SBJISAETCS HadaJlOM U Ka-
Kasi — KOHLIOM OTpE3Ka.

HanpasneHHslil 0Tpe30K, Ha4yauo U KOHEL] KOTOPOro COB-
MaJal0T, Ha3bIBACTCS HYNEEbIM HANPAGIEHHbIM Ompes-
KOM.

By;[eM 3aIlliChIBaTh HaHpaBﬂeHHLIﬁ OTPE30K B BUIEC AB’ noJiaras, 4To

TOYKa A SABJIAICTCA Ha4daJIOM OTPE3Ka, 4 TOUKa B — €TI0 KOHIIOM. I/IHOFI[a
HaHpaBJ'ICHHLIﬁ OTPE30K MPCACTABIIICTCA MPOCTO KaK 67 . I[J'II/IHa OTpE3Ka

0003HavaeTcs Kak ‘AB‘ wim |a| COOTBETCTBCHHO.

,D,GIZCTBMFI C HanpasJieHHbIMX OTpPEe3KaMun

Onpenenexve  /lBa HEHYJIEBbIX HAaNpaBICHHBIX OTpe3ka 4B u CD Ha-

1.2.2. 3BIBAIOTCSI PAGHBIMU, SCITH X HAYaJla M UX KOHI[BI MOTYT
6I)ITI) COBMCHICHBI NTapaJJICJIbHBIM IIEPEHOCOM OJHOTO M3
STHX OTPE3KOB.

3aM€TI/IM, YTO B CHUIIY JAHHOI'O OHNPCACICHUA Hapa.HJICJ'ILHLIﬁ NIEPEHOC
HalpaBJICHHBIX OTPE3KOB HEC MCHSCT.

ITycTh JaHbI JBa HANPABIECHHBIX OTPE3Ka d U b .

Onpepnenexme CoBMecTUM Havallo OTpe3Ka / C KOHIIOM ¢ (TO €cTh I0-
1.2.3. CTPOMM HaNpaBICHHBIM OTPE30K p’, PaBHBIA } , HAYaAIO

KOTOPOTO COBIAIAET C KOHI[OM OTpe3Ka ¢ ), TOT/Ia
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HaHpaBJICHHLIﬁ OTPE30K (¢, HAYaJIO KOTOPOTO COBIAAACT

C Ha4yaJloM g W KOHeIl ¢ KOHIIOM p', Ha3bIBACTCSI CyM-

MOM HANpAaBIIEHHBIX OTPE3KOB (g U b °.

10 ONPCACIICHUC HHOIJla Ha3bIBAIOT npasuiom mpeycojlbHUKda

(puc. 1.2.1).

1)

2)

3)

4)

a

\b)

Puc. 1.2.1

OTMCTI/IM, YTO IJIA onepalu CIIOKCHU HAIIPABJICHHBIX OTPE3KOB:

00001IeHne TIpaBuiIa TPEYroJibHUKA Ha JII000Ee YHCIIO CilaraeMbIX
HOCUT Ha3BaHUE Npaguild 3aMblKaioujeli, CMbICI KOTOPOro SICEH W3
puc. 1.2.2;

orepanys CI0KCHHUS HAIPABICHHBIX OTPE3KOB MOXKET OBITh BBIOJ-
HEHa MO0 TIPaBWIIy MapajuiesiorpaMMma, PaBHOCHIBHOMY OIpeselic-
auto 1.2.3 (cm. puc. 1.2.3);

Pa3HOCTBIO ( — p HampaBlIEHHBIX OTPE3KOB ( M }p Ha3bIBaeTcs

HaTpaBJICHHBII OTPE30K ¢, YAOBJIETBOPSIOIIUI PAaBEHCTBY
a=b+c;

m000#1 HanpaBIEHHBIN OTPE30K MPH CIIOKEHHUH C HYJIEBBIM HE H3Me-

HACTCA.

3 o N

Jlnst onepaiu 3aMeHbl HalPaBJICHHOTO OTPE3Ka Ha paBHbBIN, HO HE COBIAJAIOIINN
C HUM HaIpaBJICHHBIA OTPE30K OyaeM YIOTpeOJsTh TEPMHUH napaileibHblil nepe-
HOC HANPAasieHHo20 Ompe3Kd.
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a+b+c+...+q

Puc. 1.2.2

Puc. 1.2.3

Onpepenenve Ilon mponsBeneHHeM A g HANpPaBICHHOIO OTPE3Ka  Ha
1.2.4. YUCIIO A TOHUMAIOT:

npu A = 0 HyneBOM HANPABIEHHBIN OTPE3OK,
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npu A\ # () HampasieHHBIN OTPE30K, ISt KOTO-
poro

JJIAHA paBHA ‘ kHa ;
HaIlpaBJICHUE COBIAAACT C HAIIPABICHUCM
a-ecm A >0,

HaIpaBJIEHHE IPOTHBOIOIOXHO HaIpPaB-

nenuio g, ecmu A < 0.

§ 1.3. OnpenesieHue MHOKECTBA BEKTOPOB

OnpegeneHve  COBOKYIHOCTH BCEX HAIIPABICHHBIX OTPE3KOB, IS KOTO-
1.3.1. PBIX BBEIECHBI ONKMCaHHbIE B § 1.2 omepariuu:

- cpaBHeHus (onpeneneaue 1.2.2);
- cioxeHus (ompenenenue 1.2.3);

- YMHO)XCHHS Ha BELICCTBEHHOE YUCIO (ompene-
nenue 1.2.4),

Ha3BIBACTCS MHONCECIBOM BEKIMOPOB.
KoHKpeTHBII 31€eMEHT 3TOr0 MHOXKECTBa OylIeM Ha-
3bIBaTh GeKmMOpOM W 0003HA4YaTh CHMBOJIOM C BEpXHEH

o d
CTPCJIKOU, HAIpUMED, a-

o e d

HyneBoit BekTop 0003HaYaeTCsi CHMBOJIOM 0"

Teopema Omnepanum cJ0KeHMSI M YMHOXKEHHsl Ha BellleCTBEHHOE
1.3.1. YHMCJI0 HA MHOKECTBe BEKTOPOB 00J1a1al0T CBOiCTBAMMU:

1°. KoMMyTaTHUBHOCTH R
. y a+b=b+a-
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2°. ACCOIIMATHBHOCTH
Z+(;+Z):(;+;)+Z;
Mpa) = O

3°, Jluctpuby THBHOCTH
Ma+b)=ha+rbs
(k+u); = k2+ uz

> o o
AJI JII00BIX BEKTOpPOB a’ b H c H JII00BIX BE€IIECCTBECH-

HBIX yncea A u M.

JlanHbIe CcBOMCTBa CIENYIOT U3 OMpEIEeHUsT MHOXKECTBA BEKTOPOB U
HYXIAI0TCs B JOKa3aTeNbCTBE. B KauecTBe mpuMepa mpruBeaeM

[loka3aTenbCTBO CBOWCTBA KOMMYTaTUBHOCTMU.

- -
HyCTL JaHbl IBa BEKTOpa a n b . CoBMecTUM Hayajia 3THUX BCKTOPOB

1 TI0CTpoMM Ha Hux napamwienorpamm ABCD (puc. 1.3.1).

Puc. 1.3.1
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ITockonbKy y mapaienorpaMma IpOTHBOJIEKAIINE CTOPOHBI ITapai-

- > - -
JICJIbHBI 1 UMCIOT PAaBHBLIC MJIMHBI, TO CD =qa: BD — b HO TO-
3 3

r7a, MO TPaBUIly TPeyroibHuKa, u3 tpeyronbuukos ACD u

ABD cnenyer, uto A_l)) — Z+ CT)D; A_b — Z+ B_b,To eCThb

Teopema gokasaHa.

3amedaHns o6 onpegeneHmn BEKTOPOB

1° HHorzma BEKTOp ONpPENENsIOT MPOCTO KaK OOBEKT, XapaKTepHusye-
MBIH YHCIIOBOM BEJIMYMHON M HampaBjieHueM. XO0Ts (HopMabHO Ta-
KOHM IOJXOA U AOIIYCTUM, OH MOJKET OKa3aTbCsl IPUUYUHON HEKOTO-
PBIX TIPoOIeM, CYTh KOTOPBIX HIUTIOCTPHPYETCS CIEAYIOIINM IIPH-
MEPOM.

X700 am/a [orok aBTOMOOMIIEH (TO
€CTh KOJIMYECTBO aBTO-
MoOuieH, mpoezkaro-
MMUX MUMO HaOIromare-
JIs1 32 eTUHUILY BPEMEHN)
Ha KOHKPETHOH jaopore
ABJISAETCS OOBEKTOM, IS
XapaKTEPUCTUKH  KOTO-
pOro HyXXHO yKa3aTh KaKk
ero BeNMYMHY (YUCIIO
MIPOXOJSIIINX 32 €ANHH-

500 a.m /g

—

500 am./a Iy BpEeMEHH aBTOMa-
IIMH), TaK ¥ €ro Halpas-
JICHUE.

Puc. 1.3.2
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2°.

3°.

IpennonoxuM, 9T0 STOT 00BEKT BEKTOPHBIH (B CMBICIIE OIpe-
nenenus 1.3.1), 1 pacCMOTPHUM MEPEKPECTOK TPEX JOPOT, MOKa-
3aHHBINA Ha puc. 1.3.2, Ha KOTOPOM CJIHMBAIOTCS J[Ba MIOTOKA aB-
Tomobwmiel o 500 aBTOMAINH B 9ac KaxKIbIH.

ECJ'II/I CyMMI/IpOBaTb IIOTOKH KaK BeKTOpI)I, TO BMECTO OYCBH/-
Horo pe3ynbrara 1000 a-mM/9 MbI TOIy4nM (110 TPABHITY Mapa-
JeforpamMma) 3aBEIOMO 0OECCMBICIIEHHOE 3HAYECHHE

5()()\/5 ~ 700 a-m/4. OTcroza ciieyer, YTo XOTs MOTOK aB-

TOMAlIMH XapaKTepH3yeTcs YHMCIOBHIM 3HAUYCHHEM U HallpaB-
JICHHEM, HO TeM He MeHee BEKTOPOM (B CMBICIIE ONpPEICICHUS
1.3.1) He saBnseTcs.

C mpyroii cTopoHBI, HEOOXOIMMO WMETh B BHJY, UTO OIpere-
JIeHMEe MHOXecTBa BeKTOpoB 1.3.1 pomyckaer uX OajbHEi-
mryro, Ooyiee TOHKYIO muddepernuanmo. Hanpumep, B Heko-
TOPBIX (PU3UYECKUX M TEXHHUUYCCKHUX MPHIOKCHUSIX Pa3INYaroT
BEKTOPHI TOJIAPHBIE M aKcuaibHble. K mepBbIM OTHOCSTCH,
HaIlpuMep, BEKTOPHI CKOPOCTH, CHJIbI, HAMPSHKEHHOCTH JJICK-
TPUYECKOTO TOJS; KO BTOPHIM — BEKTOPBI MOMEHTA CHUIBI,
HaTPsHDKEHHOCTH MarHuTHOro monsd. Kpome Toro, B MeXaHHKe
BEKTOPHI TOAPA3ACISIOTCA Ha CBOOOIHBIC, CKONB3SAIINE U 3a-
KpEIUICHHbIe, B 3aBUCUMOCTH OT TOH POJIM, KOTOPYIO UIpaeT
TOYKA UX MPUIOKEHUS.

K 3akiroueHnio o BEKTOPHOH MPUPOJIE T€X WM MHBIX (pu3nye-
CKUX XapaKTepUCTHK MOXKHO NPUNTH INyTeM pPACCYXKIEHHMH,

OCHOBAaHHBIX Ha ompeeneHun 1.3.1 M 3KcCepUMEHTAIBHBIX
JTAHHBIX.

Hamnpumep, nmycth HEeKOTOpasi MaTepHUalbHas ToYKa 4 , UMeIo-
mas 3JIeKTPUYECKUil 3apsijl, MepeMerlaercss B MPOCTPaHCTBE
Mo, IeMCTBUEM 3JIeKTpruueckoro nois. [lonoxenue atoit Tou-
KH B IIPOCTPAHCTBE B MOMEHT BPeMEHH T, MOKHO 3a/1aTh UC-

XOO4KUM U3 TOYKH Ha6J'IIO,HeHI/I$[ 1 HallpaBJICHHBIM B A BCK-

- -
TOpOM r(TO ) , 4 B MOMCHT BPpEMCHHU T — BCKTOPOM V(T).
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- -
[Tockonpky mepemernieHue r(t)— V(To) (Kak pa3HOCTb JBYX

BEKTOPOB) SIBISIETCSI BEKTOPOM, TO M CKOPOCTh JIBIKEHHUS Mare-
pHaNBEHON TOYKM OyZHeT BEKTOpOM B cuily ompenenenus 1.3.1.
Paccyxnast aHaJOrMYHO, MOYKHO NPUITU K 3aKIIOYEHHUIO, YTO
BEKTOPOM SIBJIIETCS Takxke U yckopeHue. C Ipyroil CTOpOHBI, CO-
[JIACHO BTOpOMY 3akoHY HBIOTOHa, yCKOpeHHe MaTepuallbHOM
TOYKHM IPONOPLUOHAIBHO IEHCTBYIOLIEH HA HEe cuile, U, CIeA0-
BaTEeJbHO, CHJIA TOXKE €CTh BEKTOP.

Hakonen, npuHMMas BO BHUIMaHKE IPONOPINOHATBHOCTh CHIIBI,
JICHCTBYIOLIEN Ha 3apsHKEHHOE TEJIO0, U HANpPSHKEHHOCTH 3JIEK-
TPUYECKOTO TIOJISI, 3aKIF0YaeM, YTO TOCIEIHSS XapaKTepHUCTHKa
TaKXKe BEeKTOpHas.

§ 1.4. JIuneiinas 3aBUCHMOCTb BEKTOPOB

Bruauane BBegeMm yacTto HCHOJIB3YEMBIC B IIPUJIIOKCHUAX TTOHATUA KOJI-
JIMHCAPHOCTHU U KOMILIAHAPHOCTHU BEKTOPOB.

Onpepenenve  [lBa BEKTOpa, MapajuIebHBIE OJHONW M TOH K& IPSIMOH,

1.4.1.

HAa3bIBAIOTCA KO/LIUHEAPHbIMU.

Tpu BekTOpa, mapajuiesibHble OJHOM M TOM K€ IUIOCKO-
CTH, Ha3BIBAIOTCS KOMHAAHAPHBIMU.

HyneBol BeKTOp cUMTaeTCsl KOJUIMHEAPHBIM JIFOOOMY JIPYyroMy BEKTO-
py. HyneBoii BekTOp cunTaeTcs KOMILIaHAPHBIM 0001 Tape BEKTOPOB.

- - -
Onpep,eneHVIe BI:Ipa)KeHI/Ie BHUIa }\’1 al 4+ }\’2 a2 4+ ...+ }\'n an , TIOc

1.4.2.

7\.1.; i =[1,n] — mexoropsie umcna, Ha3BIBaETCS JUHEl-

5 5 -> > -
HoOUu KOM6MH(1L[M€M BCKTOPOB al a2 a -
9 CEEEPIC
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Ecmu Bce uncna Ay, A,, ... ,A, paBHBI HYIIO OHOBPEMEH-

HO, YTO PaBHOCHUIIBHO YCJIOBHIO
| Ay +] Ay +..+| A, =0,

TO TaKas JIMHEHHas KOM6I/IHaHI/ISI Ha3bIBACTCA mpu@uaﬂbHozZ.

Ecnu X0Tst OBl OJHO K3 YHCEN Kl,k 29 000 ,A  OTIMYHO OT

n
HyJIs (TO €CTh ‘ 7\,1‘ +‘ 7\,2‘ +...+‘ 7\,,,‘ > 0), To nannas mu-

HEWHas KOM6I/IH3.LII/IH Ha3bIBACTCA Hempusuaﬂbnod.

CornaweHune o CyMMUpoBaHuu

B Tex cmydasix, Korja siBHasl 3alIUCh CYMMbI HEKOTOPOT'O YUCIIa cllarae-
MBIX HelleJlecoo0pa3Ha WIIM HEBO3MOJXKHA, HO M3BECTHO, KaK 3aBHCHT 3Ha-
YEHUE KaXIOT0 U3 CIaraeéMbIX OT €r0 HOMEPA, TO JOIYCKAETCs MCIOIb30-
BaHME CIIEHUATbHOM (POPMBI 3aIIMCH ONEPaIlMi CyMMHPOBAHHSI:

n
F(k)+ F(k+1)+...+ F(n) =Y F(i),
i=k
(anraercsa: «cymma (i) mo i or k 1o M), roe i — MHEEKC CyMMHpO-
BaHUs, k — MUHUMAQJIBHOC 3HAUYCHUC MHACKCA CYMMUPOBAaHUA, n — Mmakcu-

MaJIbHOC 3HAYCHUC MHACKCA CYMMHUPOBAHUA U, HAKOHCI], F(l) — O6IIIPII>1
BU I Cl1aracMoro.

Mpumep  Tlo cormarieHuIo 0 CyMMUPOBAHUH OYIyT CIIPABEIUBBI CIICTY-
141, IOIIUE PABEHCTRA:

P+22+.+(m-D*+n* = Di* =
=1

n(n+1)(2n+1)
e
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n

.3
i =
i=1

P+2°+..+m-1)>+n’

_n (n4+ 1)? (Z)

1 1 1 &
+...+
1-2 2.3 (n—=1n

—_

1 n—1
z(z+1) no

+
Il
Il

i

I/ICHOHBSYSI JAHHOC COrJIallICcHHe O CYMMHMPOBAHUM, HHHeﬁHy}O KOMOU-
-
- - -
Halo 7‘1 a1+7“2 a2+ + A @ MOXHO 3amucarb B BUAC Z?\,[- a; .
n "n
i=l1

HpI/IBCILGM TeHCpb ONPCACICHUC BAXKHOT'O IMOHATHA JIMHCHHON 3aBHUCH-
MOCTH CUCTEMbI BEKTOPOB.

- - -
Onpenenenne  BEKTODb ¢ g . g = HASLIBAIOTCS tuneiino sasucu-

1.4.3. MbIMU, €CITA CYIIECTBYET MX HempusuaibHas JTMHEWHAs
KOMOMHAIINS PABHASL HYEBOMY 6€KIIODY,

- -
TO €CTh TaKasi, 4TO Z}Ll ai =0.
i=1

= = -
Onpenenenne  BEKTODH g g g = HasHIBAIOTCA tuneilno Hesasu-

14.4. N

CUMBLMU, €CITH U3 YCIIOBHS z 7\.1- a; = 0 cuenyer mpu-
i=1
N
8UATLHOCMb JTAHSHHOW KOMOWHAIIAN 27\,1- a;, TO eCTh
i=1

aro A, =A, =..=A, =0.
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- > -
Hnage TOBOPA, €CIIN BEKTOPHI al , a2 yerrs an JJMHCUHO HE3aBHUCHUMBI,

TO 1A MoGoro Habopa uncen A, A, ,..., A, He PaBHBIX HYIIO OJTHOBpE-
n -

MEHHO, TMHEIHAs] KOMOMHAIHSA Z A, @, He HyneBoii BEKTO.
k=1

Nemma Jns IMHeiHOM 3aBMCHMOCTH BEKTOPOB ‘Za ;2’___, ;n
1.4.1. HEeO0X0IUMO M J0CTATOYHO, YTOObI OJAMH U3 HUX ObLI JIM-
HeliHoii KoMOMHaIuell 0CTaJbHbIX.
[okasaTenbcTBo.
- - -
JokaxeMm Heo6xomuMocTh. IIycTh BEKTOpEI a,, a,,.., a, M

HEHHO 3aBUCUMBI, TOrla CYHICCTBYIOT 4YHUCJIa )\41 5 }\42 gesey }\’n , O11-
- -

n
HOBPEMEHHO HE PAaBHBIE HYIIIO, TaKHE, YTO Z?\, Ay = 0. lna
k=1

ONPEIEICHHOCTH MOYKHO CUUTATh, UTO 7u1 # 0, HO TOTHA
- n 7\‘k -
a, = Z (_ 7\,_) a ,
k=2 1
YTO U JOKa3bIBACT HCO6X0}II/IMOCTL.

JlokaxkeM Temnepb JOCTaTOYHOCTb. 1IycTh I ompeneseHHOCTH

- n - - n - -
a = 7“1{ a, ,Torma (—1)a1+ Z?xk a, = 0, mnpu4yem
k=2 k=2
|=1|+|A, |+...+|X,|>0.

> o -
To ecTtp nmHEHHAs KOMOMHANNS BEKTOPOB a,, a,,.., a, » PaB-

Hasg HYJICBOMY BCKTOPY, HCTPpUBHUAJIbHAS.

Jlemma gokasaHa.



fmaBa 1. BekTopsl U JIHHEHbIE ONIEPALIMH ¢ HUMH 32

CrpaBeUTMBBI CIEAYIONINE YTBEPKIACHHUS.

Teopema OOuMH BEKTOpP JMHEIHHO 3aBHCHM TOrJa W TOJILKO TOIJA,

1.41.

KOI'/1a OH HYJIEBOM.

Teopema /IBa BeKTOpa JIMHEIHO 3aBHCHMBI TOIA H TOJLKO TOIAA,

1.4.2.

KOrjaa OHA KOJUIMHEAPHbI.

Teopema Tpu BekTOpa JIMHEHHO 3aBUCHMbI TOTAa M TOJLKO TOIAA,

1.4.3.

KOrjaia OHA KOMILJIAHAPHBI.

Teopems! 1.4.1 u 1.4.2 npeanaratoTcst Iyii CaMOCTOSITENBHOTO JJ0Ka3a-
TENbCTBA. 3/1€Ch K€ MBI PACCMOTPHM ITOIpOoOHO Teopemy 1.4.3.

[okasaTenbCcTBO.

e
Joxaxxem HeoO6xoanMocTsk. [1ycTh Tpu BekTopa a,,a,, a, JIMHENHO
2 2

3aBUCHMBI, TO €CTh CYIIECTBYIOT TPH, OZHOBPEMEHHO HE PaBHBIX
Hymo, uncia Ay, Ay, A,, Takux, 4To
>

- - -
Aa+r,a,+h;a,=0"

Torga no nemme 1.4.1 oauH U3 BEKTOPOB €CTh JMHEWHAas KOMOWHA-
1S IBYyX OCTAIBHBIX, U, 3HAYHT, TaHHBIE TPH BEKTOPA KOMIUIaHAPHEI.

- -
I[OKa)KeM J0CTAaTOYHOCTD B MPEAIOJJIO0KECHUN, YTO BEKTOPbI a )51 a
1 2

HCKOJUIMHCAPHBbI. HYCTL JAaHbl TpU  KOMIUJIAaHApHBIX  BCKTOpa

> o o
a,a,,a, [TepeneceM 3TH BEKTOPHI TAKMM 00pa3oM, 4YTOOBI X Ha-
2 >

YaJjia Iorajiv B OAHY TOYKY.

-
‘-Iepe3 KOHEI] BEKTOpa a3 MIPOBEACM HPAMBIC, NAPAJIIICIIbHBIC BEKTO-

- - - -
aM u [Ipu 3TOM MONYy4YUM ma BCKTOPOB u Ta-
paM g, a,. P yd 19 p b1 b )

- - -
KHX, 9TO ¢ =b1+b2 (puc. 1.4.1).
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N
ITockombKy BEKTOp 7 KOJUIH-
1
5
HEapeH BEKTOPY , , & BEKTOP
1

- -
p. KOJUIMHEapeH BEKTOpY . ,
2 2

\, &
\
2

Il
S
+

no emme 1.4.1 u Teopeme 1.4.2
HoJIy4aeM, 4To

c T~ - 5o >
5 =

: a, by=ha ,b,=k,a,-

Puc. 1.4.1 HOTOTAA

- - -

a, =h,a+h,a,:

> o o
W BEKTOPBl g g, g, TO JemMMe 1.4.1 nuneiiHo 3aBucuMbl. Crydait

- -
KOJITMHCAPHBIX a n a paccMOTPUTE CAaMOCTOATCIIBHO.
1 2

Teopema gokasaHa.

CeonctBa NIMHENHO HE3ABMCUMbIX BEKTOPOB

1°. OnvH BEKTOp JTHUHEHHO HE3aBHCHM TOTZA M TOJNBKO TOT[A,
KOI'/Ia OH HEHYJIEBOM.

2°. JIBa BekTOpa JIMHEWHO HE3aBHCHUMBI TOT/Ia M TOJIBKO TOT[A,
KOTJ]a OHH HEKOJUTHHEAPHEL.

3°, Tpu BekTOpa JIMHEHHO HE3aBUCHUMBI TOTJA U TOJIBKO TOT[A,

KOTI'JIa OHM HEKOMILIaHAPHBI.
- o -
Teopema Eciau cpenn BeKTOpOB {al ,a, "“’an} HMeeTCcsl MOJMHO-

1.4.4. JKeCTBO JIMHEHHO 3aBUCUMbIX, TO H BC€¢ BEKTOPbI

- - - .
{al’aZ""’an} JIUHEHUHO 3aBUCUMBI.
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[okasaTtenbCcTBo.

be3 orpannueHus oOLIIHOCTH MOXHO CUMTATh, YTO JMHEHWHO 3a-
BHCHMBI NIEPBBIE kK < /1 BEKTOPOB (MHAYE MPOCTO TIEPEHYMEPY-
€M 3TH BEKTOpbI), TO €CTh CYIIECTBYIOT HE paBHBIC HYJIO O-

k e
HOBPEMEHHO uHcna Ay, A, ,..., A, , Takue, 4TO 27\,1. a=o.
i=1
ITocTpouM HETPUBUANLHYIO JIMHEHHYI0 KOMOMHAILIMIO BEKTOPOB

- - -
{a,,a,,...,a,} > BB B KauecTse NepBbIx k xosdpunmentos

yucna A i I= [1, k ] 1 HYJIA B KQU4€CTBE OCTANbHBIX. Tor/aa mo-

JIy4uM, 4TO
n - k - n -
A a; :Zklal_+ ZO-al =0
i=1 i=1 i=k+1
TeopeMa AOKa3aHa.
> - -
Cneacraue Ecan cpenn BeKTOPOB (g . .. g } MMeeTcs XoTs
1.4.1. NN N

ObI OTUH HYJIEBOH, TO BEKTOPLI JINHEMH-
JIMH HY ) Pel (g . a,,...,a,}

HO 3aBHCHMBI.

§ 1.5. ba3zuc. Koopannartel BekTopa B 0a3uce

Onpegenenve  bazucom na npsamoii Ha3bIBAETCs TO00H HEHYIEBOH BEK-

1.5.1.

TOP, IPUHAJICKAIINANA STOU MPAMOK.

basucom na nrockocmu Ha3pIBaeTCS Tr00As YIOPSIIOYCH-
Has napa HI/IHCﬁHO HE3aBUCUMBIX BeKTopOB, HpI/IHa)IJ'[e-
JKaIlMX STOM INIOCKOCTH.
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Onpepenexuve
1.5.2.

OnpepeneHve
1.5.3.

bazucom 6 npocmpancmee Ha3pIBaeTCA JH00AsT yHops-
JOYEHHAs TPOIKa JINHEHHO HEe3aBHCHUMBIX BEKTOPOB.

Basuc HazpIBaeTcs opmocoHanbHuiM, €CIIH 00pas3yomue
€ro BEKTOPH! IOIAPHO OPTOTOHAIBHBEI (B3aUMHO Iep-
TICHJUKYJISIPHBI).

OpTOroHANEHBIN 0a3WMC HA3BIBACTCS OPMOHOPMUPOBAH-
HbIM, €CIIH 00pa3yIoIIne €ro BEKTOPHI MMEIOT ANHHY-
HYIO JUIUHY.

IIpocTpaHCcTBEHHBI 0a3uc, COCTaBIEHHBIA U3 JIMHEHHO HE3aBUCHUMBIX

- -

- - - -
BEKTOPOB o o o > Oymem 0003Ha4aTh { 2,25 g3} . OpToroHanb-

HBI WM OPTOHOPMHUPOBAHHBIH 0a3Wc yCIOBHMCS 00O3HAuaTh Kak

e

{e,ey,e,}-

-> o> - . N
Teopema Ilycte man b6asuc {g,,g,,8,}> TorAa J000i BEKTOp

1.5.1. B MPOCTPAHCTBE MOKET ObITh NpeaACcTaBJI€eH U MPUTOM
€IUHCTBCHHBIM 06pa30M B BHE

x=§ g+8&,8,+8& g5

rae &;, &,, &; — nexoropbie uncia.

[lokaszaTtenbCcTBO.

1°. Jlokaxem BHauyaje CyLIECTBOBAHUE TAaKUX YUCEIL.

> o o

N
CoBMeCTHM Hayaja BCEX BEKTOPOB u B TOYKE 0 u
gl s gz s g3

MMPpOBEAEM UYCPE3 KOHCI BEKTOpa

X

N
x WIOCKOCTh, MapajIenbHyio

- -
IOCKOCTH () o o (puc. 1.5.1).
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2°.

85

&1

Puc. 1.5.1

N
[TocTponm HOBBIE BEKTOPHI yH

N - o> > N
TaK,qTo6Hx:Z+y,aZ

-
n g3 ObLIH KOJIJIMHCApHbI, TOrJa

B CHUJIYy KOJUIMHCAPHOCTH BEKTO-

N -
OB 158 UMEEM
PoB , H o,

z=8,g;.

Iepenecs 3aTeM Ha4ano BEKTOpa
5
y B TOUKY O u paccyxnas Kak

IpU  J0Ka3aTeIbCTBE TEOPEMBI
1.4.3, nonyunm

- - -
y=&g+§, 8,
H, CIICIOBATENBHO,

x=§ g+&,8,+t&; 8,

4YTO JOKa3bIBACT CYHICCTBOBAHUEC PA3JIOKCHU.

Z[oxaxceM CANMHCTBCHHOCTL PAa3JIOKCHUA 110 6a3Hcy. HyCTI) MbI

- - - -
HMECM X = E-’l g1+ EJZ g2+ §3 g3 " IO0ITYCTUM, YTO CYLICCTBY-

o ! ’ ’
eT apyras Tpoiika wucen &,&), &5, Taknx, 4to

- , o , .2
x=§ g+&,g,+&; ;.

BolunTast mo4eHHO 3TH PaBEHCTBA, MOTy4aeM

(};1 —ﬁl)gﬁ(iz _§;)<g2+(§3 _ég)gé :Z’
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rJie B CHIy CAEIaHHOTO MPEINONIOKEHUSI O HEEeIMHCTBEHHOCTH
PasIoKEHUS

‘&1 _‘2; +‘ az _&'2 +‘ §3 _&'3

Ho IMOJIYYCHHOC HCPABCHCTBO O3HA4YacCT, 4YTO JIMHEHHAs KOMOHHA-
Jagses

>0,

& —ED g+ (B —E g+ (B —E)) g,

HETPpUBHAJIbHA, BEKTOPBI WHEWH
€Tp aJIbHa, BEKTOP {gl,gz’g3} JIMHEUMHO 3aBUCHUMBI M,

CJIEJIOBAaTENIFHO, HE MOTYT OBITh 0a3MCOM B CHIIY OINPEICICHUS
1.5.1. Tlony4yeHHOE MPOTHUBOpPEYUE OKA3bIBAET €IUHCTBEHHOCTh
Ppa3IoKeHus.

Teopema gokasaHa.

Onpepenexve Yuena &, &,,E; — KodbuumMenTs B pasnokeHun
1.5.4. = = = - 5
x=& g,+&,g,+E, g, — HA3BIBAOTCA KOOPOUHA-

=
mavu (AT KOMNOHeHmamiu) BEKTopa x B Oasuce

> > o

{glagzogs}'

Z[J'IH COKpaHIeHHOﬁ 3allMChu  KOOPAWHATHOI'O PpPa3JIOKCHUA BCKTOpaA

4 - - N
x=§ g+&, g,+§&; g, Menoupsyiorcs (bOpMBI:

M

PoorEpEsEy), 2 (EEn&) 3 & & &
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13 KOTOPHIX B JajbHEHIIEM MBI OyIeM HCIIONB30BaTh MOCIETHIO. B 06-

N > 5 o
eM ciy4ae YTBep)KICHHE «BEKMO, 6 6asuce umeem
m ydae yTBepKA P x {g,,8,,25}

&

KOOpOuHamuoe npeocmasieHue &2 (mmu koopOounamuulil cmonbey)» 3a-

3
e

INHUCBIBACTCA KakK X = az , HO WMHOTrAa, €CJIM 3TO HE NPUBOAUT K
4
&5
HCOAHO3HAYHOCTH TOJIKOBAHUA, 6y;[eM HCHOJIb30BAaTh U COKPAIICHHYIO 3a-
&
=

N -> -
IUCh BUga X = az . Hakonemn, ecnu Bektop X B Oasuce {gpgz} Ha
g;
- g -

[UTOCKOCTH MOKET OBbITh MPENCTaBICH KaK . — TO €ro
P x=§ g+&,8,°

~ &
KOOpAWHATHAas 3allMCh UMEET BUJI || X =
g aZ

§ 1.6. [leiicTBUSI ¢ BeKTOpaMH B KOOPAMHATHOM
npeacTABJICHHHU

> o> -
HOCKOJ’IBKy B KOHKPETHOM Oasuce {gl g2 g}} Ka)K,HLIﬁ BEKTOp MOJI-
b 2

HOCTBIO M OJIHO3HAYHO OIIMCBHIBACTCA YIOPSAOYEHHOM TPOMKOM uucen
&1, ct,z, ?';3 — CBOMM KOOPIMHATHBIM TpPEACTaBICHHEM, TO €CTECTBEHHO

BO3HHUKACT BOIIPOC O TOM, KaK BBIIIOJHAIOTCA OII€pallii C BEKTOPaMHU B
KOOPAWHATHOM IIPEACTABJICHUH.

OxkazpIBaeTCs, 4TO BOSMOKHO HE TOJIBKO 3aIIMCHIBATh BEKTOPHI IIPH I10-
MOIITM MaTpuIl (CTOJIOIOB), HO W ONEPUPOBATh C HUMH B MaTpHIHOH (op-
Me, MOCKOJIbKY IpaBHiia JEeHCTBHI C BEKTOpaMH B KOOPOHHATHOH (opme
COBIIAJIAIOT C MIPAaBHJIAMU COOTBETCTBYIOIINX ONEpaLrii ¢ MaTPHLIAMH.
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HNmeer mecTo

Teopema B KOOPIMHATHOM MpeACTABJIECHHH ONEPALUU C BEKTOPaMM

1.6.1. BbINOJIHSIOTCS CJIEAYIOIIHM 00pa3oMm:
1°.  Cpasne- ][IBa BekTOpa
Hue  8eKmo- - - - -
pos x=§ g+8,8,+8& g;

2°,  Cnoosce-
HUe  6eKmo-
pos

3°. Ymmnoorce-
Hue  6eKkmo-
P06 Ha uucio

- - - -
M y=mg8+tN,8*+N;8;
PABHBbI TOIA M TOJLKO TOI/A, KOIAA PaB-
HbI HX KOOPAMHATHBIE NPeICTABJICHHUS:

N N & =mn
X =|Y| nm &2 =M, .
¢ ¢ € =m;

KoopannaTHoe mnpeiacTaBjieHHEe CYMMBbI
JABYX BEKTOPOB

x=§ g+8&,8,t&; g5

- - - -
u _
y=m,8+tN,8,tN;&;
PaBHO cyMMe KOOPAUHATHBIX MpeACTaBJIe-
HHMH cJIaraeMbix

- > - -
X+Yy =| X +y
4 4 4

KoopauHaTHOe IpeacTaBlieHHe INIPOU3Be-
JeHHs YACIA A HA BEKTOP

- - - -
x=& g+&,8,+t&; g,
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PABHO NMPOU3BENEHUI0 YACAA A, HA KOOPAM-

N
HATHOE NMPEACTABJICHNE BEKTOPA x :

Ax| =A|x

4 4

[oka3aTenbCcTBo.

[TockonbKy paccyxIeHHus A BCeX TPEX IYHKTOB aHAIIOTHYHBL,
PaCCMOTPUM JIMIIb MPABHJIO CIOKEHHUS BEKTOPOB B KOOPAWHATHOM
bopme.

Ilo cBoiicTBaM omnepanuil CI0KEHUSI 1 YMHOXKEHHS HA BEILECTBEH-
HOE YHCII0 BEKTOPOB (Teopema 1.3.1) mmeem

-> o

x+y| =€ g+8 g,+t8:8)+ (M, g+tN, &,tN385)| =

4 4

| ) g+ B ) ot (B 1) 8| =

g

& +m, & n . N
= E.az tn, | = E.az +N, | =[x +|Yy
&+ns| & Ims ¢ ¢

Teopema gokasaHa.

Cneacteve KoopauHaTHoe mpeacTaBJieHHe JIMHEHHON KOMOMHAIUH

1.6.1. - - . Lo .
6 7\-X+My sIBJISIeTCS TOH ’Ke JIMHEHHOH KOMOMHAIMeH

o - -
KOOPAMHATHBIX NPeACTAaBJICHUHU BEKTOPOB x H y
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Mg, +um, & n
A, +um, =A[E, +uin,
AE; +un; &s n;

PaccMoTpuM Tereph BOIPOC O TOM, KaK B KOOPJAMHATHOM MPECTABIIE-
HUM 3alUCHIBAIOTCS YCIOBHS JMHEHHONW 3aBUCUMOCTH U HE3aBUCHMOCTH
BEKTOPOB.

N

N
Teopema Jasi Toro 4yTodbl iBa BEKTOpa x " % Ha IJIOCKOCTH

1.6.2. OBLIM JIMHEHHO 3aBHCHMMBLI, HEOOXOAMMO M J0CTATOYHO,
- &
4T00bI UX KOOPAMHATHBIE NMpeIcTaBJieHust | X | =
g &2
- m
u|y| = YAOBJIETBOPSLIH YCJIOBHIO
g 2
& m
det =0.
& My
[lokasaTenbeTBo.

JlokaxeM HEOOXOIUMOCTb.

- - o
HyCTL BEKTOPbI X u y JIMHCUHO 3aBUCHUMBI, TOr'Ia B CUITY JIEM-

- -

MbI 1.4.1 IMeeT MECTO PABEHCTBO y — ) y MM B KOOP/IMHATHO
| =An,,

dbopme Eo= WCKmounB A M3 3THX JBYX CKAISPHBIX CO-
2 =AM,

otHowenui, momyuum &M, —&,M, =0, Ho 310 M o3Hauaer,
& m
€& m,

qro det =0.
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& m

Hoxaxem nocraroyHocTb. IlycTh det = O, TOrZa
& M,
& _ &
umeeM, uto — = —— (mpu M, #0, N, #0), To ectb coor-
n M

- Exd
BETCTBYIOINE KOOPAMHATEI BEKTOPOB . 1, TPOMOPLHOHATE-

HBI, YTO M JJOKa3bIBaACT J'II/IHCI‘/IIHy}O 3aBUCUMOCTD 3TUX BCKTOPOB.

Cryuait nmn, = 0 npeajaracTcs pacCMOTPETh CAMOCTOSTEIBHO.

Teopema gokasaHa.

- > >
Teopema Il.]'lﬂ TOr0 4YTOOBI TPH BEKTOpPa B MPOCTPAHCTBE {x y Z}
M b

1.6.3. ¢ KOOPAMHATHBIMH TPEICTABJICHUSIMH
&, m, K
- - -
X\ = E;z s | Y] =M v | 2] =K,
g g g
&s n; K3

ObLJIM JIMHEHHO 3aBHCHUMBI, HEOOXOAMMO M JOCTATOYHO,
YTOObI MX KOOPIAMHATHI YOBJIETBOPSIN YCI0BHIO

& M K
det| &, m, x,[=0.
& My K,

[okasatenbcTBo.
. > > >
[TycTh MuHEWHAs KOMOWHAISI BEKTOPOB X, 9,2 paBHa HyIle-
3 3

- - - -
BOMY BEKTOPY, T0 €CTb ) x4 ), y+ A, z = o » WIH B KOOp-

JAWUHATHOM MPCACTABICHUN
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& M Ky 0
A&yl +hg My + 251Ky =0
&3 M3 K3 0

OT0 MaTpu4HOE PaBEHCTBO, OUEBHIHO, PABHOCHIBHO CHCTEME

JIMHEHHBIX YPaBHEHHH ¢ HeM3BeCTHBIMA A j, A5, Ay

&17“1 +n17‘2 +K17\‘3 =0,
};27‘1 +T]27‘2 + K27‘3 =0,
E;h +Ns3h, KA, =0,

koropasi (cormacHo Teopeme Kpamepa, teopema 6.4.1) mmeer
€IMHCTBEHHOE PEIlICHNE TOT/Ia U TOJbKO TOrJa, KOT/a OIpeie-
JIMTENh €¢ OCHOBHOW MATPHIIbI OTJIIMYEH OT HYJISL.

Ho, ¢ npyroii cTopoHbl, 04eBHHO, YTO JaHHAs CHCTEMa BCErna
UMeeT HylleBoe (TpUBHAIBHOE) PelIeHre. 3HAYUT, YCIOBHE

& M K
det|&, m, k,|#0
& My K,

PAaBHOCWJIBHO CHUCTEMC PaBCHCTB 7\41 = 7L2 = 7\43 = 0, 4YTO H

JOKa3bIBACT YTBCPIKACHUEC TCOPEMBI.

BaMeTI/IM, YTO aJIbTEpHATHUBHAA BEPCHA NOKA3aTCIILCTBA IMPHUBO-
mutcs B maparpade «CMemaHHOe NPOM3BEICHHUE BEKTOPOBY

(§ 2.6).

Teopema gokasaHa.
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§ 1.7. lekapToBa cucTeMa KOOPAUHAT

-> o -
Onpepenete CoBOKyIMHOCTE 0a3nca {gl’gz’g3} u touku (), B KO-

1.7.1. TOPYIO IOMEIIICHBI Hayajla BceX Oa3HCHBIX BEKTOPOB, Ha-
3BIBACTCSL 0OWel 0eKapmogou CUCmemMol KoopouHam W

- - o
0003HavaeTcs {0’ 2,8,,85 }

- > >

Onpepenenne  CHCTEMa KOOpIHHAT {O,e,,e, e, }» MOpoKIACMAT OP-

1.7.2. TOHOPMHUPOBAHHBIM 0a3UCOM, HA3BIBACTCS HOPMANbHOU
npamoy2onvHol (WA OpMOHOPMUPOBAHHOU) CHCTEMOH
KOOpZHHAT.

> o5 o
Ecmm 3aJjlaHa CUCTEMa KOOpAuHaT {0 gl g2 g3} , TO HpOPI?,BOJ'IbHOﬁ
2 3 5

TOYKEC M B MPOCTPAHCTBEC MOXXHO IMOCTaBUTH BO B3aMMHO OJHO3HAYHOC
-
COOTBETCTBUEC BCKTOP 7o Ha4vajl0 KOTOPOI'0 HaXOAUTCA B TOYKE O , d KO-

Hell — B Touke M .

- -
OnpeneneHme Bextop ;. _— )y HasbiBacTCA Daouycom-6eKmopom

1.7.3. A A
Touku ){ B cucTeMe KOOpAWHAT {0, 21,855 g3}

Onpepenenne  KoopauHatsl pammyca-BeKTopa TOYKH )/ Ha3bIBAIOTCSI
1.7.4. Koopounamamu mouku M B cucreMe KOOpIUHAT

- - -
{Oaglag2>g3}'
HpOI/IJ'IJ'IIOCTpI/IpyeM 0COOEHHOCTH HCIIOJIb30BaHUs BCKTOPHO-KOOpAU-

HATHOI'O0 OIMUCAHUS I'COMCTPUICCKUX 00BEKTOB Ha IIpUMEPE PCUICHUA CJIC-
AYIOIHUX 3aj1a4.
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3apaya B HekoTopoil o0med AEKapTOBOW CHCTEME KOOPIUHAT
1.7.1. - - o
3a7aHbl KOOPJIMHATHI PaJyCOB-BEKTOPOB
{0.8,.8,.85} P pauty P
touek M u N , KOTOpBIE ABISIOTCS HAYAIOM U KOHIIOM BEK-

- . -
T0pa AAN TpebyeTcst HAWTH KOOPAMHATEI BEKTOPa MN.

Peluexue. Pemenne oueBumHo u3 puc. 1.7.1 u cBOMCTB
5 KOOPJMHAT BEKTOPOB.
2, j i p
M & M
- -
. Iycts OM =&, u ON =|n,|.
&s UF

b

Torma wnMmeeMm 07\4+ ]\ZN — 07\/' u

o9
R

]\ZN _ O_])V— 07\4 . OxoHYaTeNnbHO
N, =&,

4

g1 Ed
MN =|n, -¢,
Puc. 1.7.1
n; —&;
3apava B HekoTopoil o00medl mexapToBOH cHCTEME KOOpAHMHAT
1.7.2. - o> o

3a/aHBl KOOPAMHATHI HECOBIANAMOIINX TO-
{0,8,,8,,85} 34 pA QIO

ek M| u M ,, 111 KOTOPBIX COOTBETCTBEHHO

. &, . n
OM, =&, » OM, =|n,

&, Ns

Tpebyercs Haiitu Touky M , Takyto, 4TO MTM =X\ MXlz .
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PeweHne.

M,

(o]

3ameyvaHue:

3aMeTHM, YTO A, MOKET MPUHUMATE JH000E 3HAYEHHUE, KPO-

Me —1, upum xoropom Touka M «yxomuT B
6ecxoHeuHOCTH» (puc. 1.7.2). HalineM paanyc-BeKTOp TOUYKH

M . U3 coornomennit B Tpeyromshukax OM M n

OMM , nonyuaem

OM,+M M = OM; OM+ MM, = OM,,

- -
HO TaK KakK MlM :7LMM2, TO

OM—OM, = W (OM, —OM)

M U OKOHYATETbHO
M, Ed
OM =
| I A
= OM,+—~0M,.
I+A A
Otkyma paauyc-BekTop TOuku M ,
Puc. 1.7.2 COTJIACHO MPaBUJIaM JICHCTBHS C BEK-
TopamMu B KoopawHaTax (cMm. § 1.6),
paBeH
&+,
§ n, L+ 2
1 él RN N E-SE )P
1+ 2 1+1] ° 1+ |
& Ny £+,
I+

K 3amade 1.7.2 cBoaMTCS 3a/1a4a OTHICKAHHUS eHTpa Macc Cu-
CTEMbI MAaTE€pUATIbHBIX TOYCK.
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§ 1.8. H3meHeHHe KOOPAMHAT NPU 3aMeHe Da3uca
U HAYaJ1a KOOPAMHAT

[Tockonbky BBIOOpP CHCTEMBI KOOPAMHAT MOXKET OBITH ClIENIaH pas3iifiy-
HBIMH CIIOCOOaMH, BOIIPOC 00 M3MEHEHHH KOOPAMHAT TPH Mepexoie OT O/~
Horo 6a3uca K IpyroMy ¥ 3aMeHe Hayajla KOOPJIUHAT IMpeACTaBIsIeT 3HAUu-
TENbHBIM MpakTU4ecKuil uHTepec. Halinem npaBuiia, BbIpaXKaroLIUE 3aBU-
CHMOCTb KOODJHMHAT NPOM3BOIBHON TOYKH NMPOCTPAHCTBA, 33/1aHHBIX B OJI-
HOW cHCTeME KOOPJMHAT, OT KOOPJAWHAT 3TOU ’Ke TOUKU B APYroil 1eKkapTo-
BOH crcTeMe KOOpIUHAT.

[lycte [maHBl mOBE JAEKAPTOBBI CHCTEMBI KOOpAWHAT: ‘“‘crapas’
> > o > oS> o 181 B
(13 2 ’ ’ ’ !
{0’ 2,,9, ’g3} H “HoBas {0 L1 Ehs g3} (puc. 1.8.1). Bripazum

N
BEKTOPBI “HOBOT0” 0asmca, a TaKKe BEKTOP OQ' HEPe3 BEKTOPHI “cTapo-

ro” 6asuca. B cumy Teopemsl 1.5.1 3T0O MOXKHO clienarh BCeraa U MPUTOM
€IMHCTBEHHBIM 00pa3oM:

- - - -
!’
£ =0,,87%0,8,%03 &3,
- - - -
!
8,=0,810,8,t05 &3,
i > > (1.8.1)

g3=0,;8,1t0,;g,+03; g,
OO'=B] g1+Bz g2+Bs 83-

Torna cripaBeyInBa

w?

Teopema KoopaunaTel nmpou3sBoJbHOI TOYKM B “cTapoii” cucreme

1.81. KOOPIMHAT CBSI3AHBI C €e KOOPAMHATAMM B “HOBOI1” COOT-
HOIIEHUSIMH
!/ ’ ’
€ =0,& +0,8, +6,,8;+B),
1 ! ’
€, =06,8& +0,8, +0,:E; +,, (1.8.2)

&y =0,& +05,8, +05,E] +B;.
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[okasaTenbCcTBo.

> o o
[Iycte HekoTopas Touka M B (0,8,,8,.85} ~ “cTapoii” cu-

&

CTEME HMEET KOOpPAMHATHI éz , a B “HOoBOH” —

&5
&!
1
e &-’,
" o' o! o'l , COOTBETCTBEHHO
{O’glag2’g3}’ 2
!
&
Haiinem cBs3p Mexay “cTapplMu” M “HOBBIMH~ KOOPJIUHATAMU
Toukd M . IMEIOT MeCTO COOTHOIICHHS

OM = g +&,g,+&g, 1

OM=¢ g+&, g,+&, g, =

M ;’ fg; - - -
o | e
/ =& (0,810, &+05 &)+
- - - -
1
+&,(0,,8,+t0, 8,105, 83)+
- 8_' - - -
[-3] !
g +E85(038,10,; 8,163, 83) -
K S HOHCTaBHB BI)IpaH(eHI/I}I JIIsL BeKTOpOB
gz - - -
L OM, O'M ¥ Q()' ® PaBeHCTBO

8 OM = O'M+ 00’

U TeperpyniupoBaB cllaracéMble, MTOJTYYHUM
Puc. 1.8.1 COOTHOIIICHHE BUIA
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-

- - -
Mgt+h,g+h;8,=0"
rae
A ==& +0,,& +0,E,+0,E +B,,
)“2 = _az +621§; +(522é’2 +623§’3 +Bza
Ay =-E; +058&] +05,E) +05,8% +B;.

> > o
HOCKOHBK)’ BEKTOPBI {gl g2 g}} JIMHEIHO HC3aBUCHUMBIC, TO UX JIU-
3 b

00s13aHa OBITH TPUBHAIBHOW, U TIOTO-

o bd
HeliHasi KOMOWHAIHSI, PaBHAS 0>

My }\,1 = }\,2 = }\.3 = O WM OKOHYAaTCJIIBHO

& =0, +0,8,+0,;,&, +B,,
&, =6,& +0,,8) +0,,85 +P,,
&, =64,8 +05,E) +0,E8; +B;.

TeopeMa gokasaHa.

Onpepenetxve ®opmyier (1.8.2) HaswIBatOTCS opmyramu nepexooa

1.8.1. - 27
OT CHCTEMBI KOOPAMHAT () 2,8, g3} K cucreme
b b b

> > o
' ’
KOoopaAuHaT {0 , gl 9g2 , gS} o

[Tpn mcronbp3oBaHnu GOpPMYI MEpexosa cieayeT oOpaTuTh BHUMaHUE
Ha TO, YTO «TpUXoBaHHbIE» nepeMenHble B (1.8.1) u (1.8.2) Haxonsrcs B
PA3HbIX 9aCTAX ITUX PABEHCTB.

3aMeTuM Takke, 4To Kod(pPUIMEHTHl ypaBHeHHH B popmynax (1.8.2),
BBIpaXKAIOUIMX “‘cTapble” KOOPJAMHATHI 4epe3 “HOBbIe”, 00pa3yloT MaTpu-

, CTOJIOIBI KOTOPO#i €CTh KOOPJIMHATHI “HOBBIX” Oa3UCHBIX BEKTOPOB

ny | S
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B,

B “cTapom” Gasmce, a cronoer | 5| COmepXUT KOOpAMHATHI “HOBOr0” Ha-

B

yaJjia KOOpAWHAT B “cTapom’ Gasuce.

O Opr O
OnpepeneHve  Marpuna H S H= G, O, Oy Ha3bIBAETCS

1.8.2.
G;3;; O3 Op

> o >
mampuyeti nepexoda OT Oasuca {g,.2,, g3} K Oaszucy
e
’ ’ !
{g1,82-83}

Teopema J1s MaTpuubI nepexoaa
1.8.2.

[okazaTenbCcTBO.

O O Op
CronGup! Marpuisl | O, G, O,; | o0pasoBanbl K03hdu-
O3 O3 Os

OUECHTAaMU Pa3JIOXKCHUA JIMHEHHO HE3aBHCHMBIX BEKTOPOB 6a3u-
> o> o > > o

ca {g|,g,,g5} 1o BeKTopam basuca fo o g} Tornaus

TeopeMsl 1.6.3 creqyeT JoKa3bpIBaEMOE YTBEPXKICHUE.

Teopema gokasaHa.
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3apava Ha napaurenorpamMme HOCTpPOEHBI JBE CHCTEMBI KOOP/AMHAT:
1.8.1. “crapas” o W “HOBaA” ol o) (puc. 1.8.2).
{0,g,.8,} {0, 8,85}
Haiiti dopmynsl nepexoza, BbIpaxkarolie “HOBble” KOODPH-
HaTBI Yepes “crapble”’, eciu
- - %, 1~
g =00 " &=",8"
PelueHne. W3 cBolicTB mapajuiesnorpamMmma Haxo-
JUM COOTHOIICHUS, BbBIPpAXKAIOIIUEC BCK-
- TOpel ~ “craporo”  Oasmca  Hepes
g ) “HOBBIC”:
- -
& = -2g,,
- - -
g, =-8+2g.

Torma marpuma nepexona

o —1] [p,] |1
b a’ =

2 2077 |B,| |o

Is|=|_

Puc. 1.8.2

CrnenoBarelbHO, BEIPAKEHUS ‘‘HOBBIX KOOPJAHHAT yepes3 “‘crapble’” UMEIOT
’

&1 = _iz +1,
!

az - _2&1 + 2&2-

BUJL

(DOpMyJ'IbI nepexona Mmexay optToHOpMmnpoBaHHbIMU
cncremamMmum KoopgmHaT Ha NMJIOCKOCTU

PaCCMOTpI/IM JBC OPTOHOPMHPOBAHHBIC CUCTCMBI KOOpAUHAT

- o > o
{O,e,,e,} 1 {0, e{,eé I IMomxyunm ¢dopmynsl mepexona Iyl ciaydas,

[0Ka3zaHHOTro Ha puc. 1.8.3.
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W3 reomeTpuuecky O4€BUIHBIX COOTHOLIEHUN

- - - - - -

e = ecos@+e,sing " e, =—¢ sinQ+e,cosQ

MOJTyJaeM MaTpHILy Iepexoa:

cos@ —sin -
HSH= . ® ¢ ,unecn 00" = P ,
sm@ CcosQ B,
\ TO ‘“‘cTapeie” KOOPIUHATHI OYAyT
N\ A CBS3aHBI C “HOBBIMI” KaK
;: ;// '
\/ & =& cosp—&,sinp+p,
T “/{;}; \ E, =& sinp+&,cosp+p,.
o - /’ \\
e
Puc. 1.8.3

B PaCCMOTPECHHOM CJiy4dac 00e cucTeMbl KOOpAUHAT YyAacTCsA COBMC-
CTUTH NOCJICAO0BATCIIbHBIM BBIIMIOJHCHUCM MapalUICJIbHOTO MEPEHOCA “cra-

o bd
pOH” cHCTEMBI Ha BEKTOP (O()' ¥ TIOBOPOTA HA YTOJ () BOKPYT TOUKH 0.

OpHaKko JTOOWTBCS TaKOrO COBMELICHUS,
_~ WCHOJB3Yys TOJbKO IHapasuIeNbHbIN Iepe-
HOC U MOBOPOT, BOOOIIE TOBOPSI, HETB3SL.
CooTBeTCTBYIONMIA CIy4ail TOKa3aH Ha
puc. 1.8.4.

e,

5
3/1ech, 10CTIE COBMELICHNUS BEKTOPOB
1

5
U o, elle MoTpedyeTcst OTpaXKeHNE BEK-
1

N
Puc. 1.8.4 TOpa 62 CUMMETPHUYIHO OTHOCUTCIIBHO
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HPSIMOM, IPOXOJAIIEH Yepe3 COBMEILEHHbIE BEKTOPhL. POpMyIIbl Iiepexoaa
OyIyT B 3TOM CIIydae UMETh BHI

& =& cosQ+E&,sing+P,,
€, =& sing—E) cosp+f,.

dopmManbHO cilyyad, Ioka3aHHbIe Ha puc. 1.8.3 u puc. 1.8.4, MoxHO
pasiIu4aTh, HCTIOIB3Ys

N
yHOpﬂZ[O‘ICHHa?[ Iapa HEKOJIJIMHCAPHBIX BEKTOPOB n

OnpepeneHune a

N
1.8.3. b Ha IIJIOCKOCTH C COBMCIIICHHBIMH Ha4YaJlaMW Ha3bIBa-

€TCsS NpasooOpUEeHmMUpPOBarHO, eCIN KpaTdyaului Io-
- -
BOPOT OT BEKTOpa , K BEKTOPY 7 TP COBMCILICHHU

WX Hadall BHUJCH BBITONHIIOIAMCS IPOTHB YaCOBOM
CTpEJKH.

B mpoTtuBHOM ciydae 3Ta mapa BEKTOPOB Ha3bIBaeTCA
J1e800PUEHMUPOBAHHOU.

OTMeTHM, YTO I MaTPUIIBI Iepexo/ia H S |, ces3biBaromeii a8a opTo-

HOPMHUpOBaHHBIX Oasmca, det H S H ==+1, npuuem det H S H =1, ecmn
opueHTaIMs 00enX nap 6a3UCHBIX BEKTOPOB OJMHAKOBAs (TO €CTh ECIH OT-
paxenus He TpeGyercs), n det H S H = —1 s ciayuas Ga3ucHIX map pas-

JIMYHOHI OpUEHTALUY.
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MaBa 2

NMPOU3BEAOEHUA BEKTOPOB

§ 2.1. OproronanbHoOe MPOEKTHPOBAHHUE

Onpepenenne Tlpsamyio [ ¢ pacmosnoxkeHHbIM
M. 2.1.1. Ha Hell HEHYJEBBIM BEKTOPOM

N
g 6yz[eM Ha3bIBATh OCbIO.

s
Bexktop g Ha3bIBACTCS

HanpaseiAnouwum BEKTOPOM OCHU

Onpenenexne

2.1.2. [Tycts nana Touka M , HE Je-
Jalas Ha ocd [, Torga ocHO-
BaHHE MEPIEHIUKYIAPA, OIy-
meHHoro w3 M Ha ock [ —

Puc. 2.1.1

TOuKy M ", Oynem Ha3bIBaTh
OPMO2OHANLHOU — NpoeKyuel
Touku )/ Ha OCh.

[TpumepoM OCH MOXET CIYXHTb OCb KOOpOuHam — TpsMasi, TIPOXOas-
masi yepe3 HadaJlo KOOPAWHAT, HAIIPABISIOIIMM BEKTOPOM KOTOPOH CIIy-
JKUT OMH N3 0A3UCHBIX BEKTOPOB.

—
OpTOroHaJIbHON MPOEKIINEN BEKTOPA Ha ochb / Ha3bl-
Onpepenexve p poek pa g

2.1.3. A -
BAETCsL 6EKMOp Prz . TeKaIMi Ha ocH [, HaYaIo KOTO-
>

POro €CTh OPTOroHAJIbHAA IMTPOCKIUA Havdalla BEKTOpa



55 AHanuTHYecKasi reoMeTpHUsl U JUHeiiHas aaredpa

N
a Ha OCb l, a KOHCIl — OpTOroHajJibHast MpOCKIHA KOHIa

=
BEKTOPA ;.

>
BbhIMONMHUM HOPMHUPOBKY HaNpaBIISIONIETO BEKTOpa g» TO €cTb 3ame-

.
- -
HHM €ro Ha BEKTOp € = ——— U PacCMOTPUM HOPMHPOBAHHBIi 6azuc { e}
| g |

Ha ocu [ (puc. 2.1.1).

Onpegenenve  ducnennviyv 3nadenuesm OPTOTOHATHLHON IPOCKIHU BEK-

N
2.1.4. TOpa a Ha OChb l Ha3bIBACTCA KOOpAWHATAa BEKTOpPA

A > >
Prz q B Oasuce {e} .

- -
Yenom Mexmy HEHYIEBBIMI BEKTOPAMU H Ha3bIBa-
OnpeneneHue Ay HEHY p ah

2.1.5. €TCsI BeIMYMHA HAWMEHBIIEro W3 JBYX YIJIOB, O0Opa3zye-
MBIX 3TUMH BEKTOPaMHU [P COBMELICHUH UX HaYall.

o d
YucneHHOE 3HAYCHUE OPTOrOHAJIBHOU TIPOCKIUU BEKTOpPaA a Ha OChb Z

N
0003Ha4YNM KakK Hp a - Y3 puc. 2.1.2 oueBUIHO, UTO
!

2l e P ec o1 Me )
leaz‘a‘cosq)’ T Th YIONl MEKIY M, .

A >
Pra

Puc. 2.1.2

* Bepxuuii cHMBOI « A » GYIET HMCIIONB30BAThCS T 0GO3HAUCHHS PA3IHUHOTO
poxa omepanuii, HapuMep: MPOSKTHPOBAHMS, IIOBOPOTa, OTpakeHus, TuddepeH-
UPOBAHUS U T.1I.
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CeovicTBa OpTOroHasnbHbIX NPOEKLNIA

1.1°.  [lpoexyus cymmuvl 08yX 6eKMOpPO8 PAGHA CYMMe NPOEKYUN IMUX

BEKMopos.
A > — A - A -

Pr,(a,+a,)=Pr,a,+Pr,a,.

JlarHOE CBOMCTBO WILTIOCTpHpPYET pHcC. 2.1.3.

5
-
a, 0.
. 2
a+a
=5 A —
e Pr,q,
+ .
A -
Pr(a+a,)
Puc. 2.1.3

1.2°.  Ecau 6ekmop yMHOMCUMb HA 8eUeCNEEHHOE YUCIO0, MO €20 NPOeK-

Yus maxotce YMHOACUMCA HA DMO YUCTIO:
- A -

Pr, (Aa)=APr a

3amerum, uro cBoiicTBa 1.1° u 1.2° MOXKHO 0OBEIVHNUTE B CIEAYIOIIEE
YTBEPXKICHHUE:

Tpoexyusa nunelinoll KOMOUHAYUU 8EKMOPO8 PABHA MO JHce TUHell-

HoU KOM6umn;uu npoekuuﬁ'
A - A -

Pr,(k a+k az) A, Prya+A\,Pr a,.

CrpaseanuBocTh cBoiicTB 1.1° 1 1.2° BITEKaeT U3 onpeeneHus ore-
palyy OpTOTOHAIBHOTO NMPOEKTUPOBAHUS W MPABUI AEHCTBUA C BEKTOpa-
MH.
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CBoWCTBA YMCIIEHHbIX 3HAYEeHUN
OpTOroHarnbHbIX MPOEKLWN

2.1°. sz(a1+a2) = Hp, a,+ le a, >

22° MIp, ha =\Ilp, a-

Wn, oO0venunss 2.1° u 2.2°,

- - - -
HUp, (A a,+ A, a,) =k 1lIp,a;+ 1, 1p, a, .
OTMeTHM, YTO 3TH PABEHCTBA CIEAYIOT U3 CBOWCTB OPTOTOHAIBHBIX
MIPOEKLMH U CBOWCTB KOOPAMHAT BEKTOPOB.

§ 2.2. CransipHoe npousBeJeHHe BEKTOPOB
U ero cBoiicTBa

=
Ckanapuvim npouseederuem HEHYIEBBIX BEKTOPOB u

OnpepeneHve a

2.21. >
} HA3BIBACTCA YMCIIO, PABHOE MPOM3BEICHUIO JUTHH dTHX

BCKTOPOB Ha KOCHUHYC yIJla MCIXKIY HUMH.

B ciydae, xorna xotsi Obl OJJMH M3 COMHOXHTENEH €CTh
HYJIEBOM BEKTOp, CKaJIIpHOE INPOU3BEICHUE CUHUTAETCS
PaBHBIM HYITIO.

- -
CKaJ'IinHOG MMPOU3BCACHUEC BCKTOPOB a u b o0o03Ha4aeTcsa Kak

- 2 - -
( a, b) . Takum 06pa3oM, 17151 HEHYJIEBBIX BEKTOPOB a®p:
- - - -
(a,b) =|a[[b]|cose,

rne ¢ — yron mexay BeKTOpaMU-COMHOXKHTENAMH. [IpH 3TOM COIJIACHO

onpenenenmio 2.1.5, 0 <@ <.

> >
3ameTuM TAK¥XKE, YTO €CIN b #0° TO CIIPABCIJIMBO PaBCHCTBO

- - - -
(a,b):|b|HpZa~
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CaolicTBa cKansipHOro npovnsBefeHus

° - - - - —
1°. (Cl,b) = () Opu a#o u b # 0 TOrjJa M TOJbKO TOrja, Koraa

- -
a u b B3AUMHO OPpMO2COHAIbHbL.

o - > - > .
2°. (a,b)=(b,a) (KOMMYTaTHBHOCTB) CIIEAYET U3 ONpeIeICHUH

CKAJIIPHOT'O IPOU3BCIICHUA U yIjla MEXKIY BEKTOPaAMU.

o e - - -> -
3°. (a,+a,,b)=(a,,b)+(a,,b) (mucTpuOyTUBHOCTS).
JlokasaTtenscTso.

5

=0

(a1+a2,b)=\b‘l_[p;(al+a2)=

- ° - -
Ecmm b 10 3° oueBuaHO. [IycTh b + o> Torna

:\b\npZ aﬁ‘b‘l’[pg a, = (a,,b)+(a,,b).

CBoNCTBO A0Ka3aHo.

. (va.b)=Ma,b)-

o - > -, - - - >
¥ (a,0)=|a 20 Ya; |al="(a,a)

- -

- -
(3aMeTUM TaKxKe, YTO YCIOBHUS (a,a)=0 % ;4 =, PaBHOCWIb-
R =

a
HBI).
R
a,b
6°. HP“Z;&ZHZ;&Z COS(P:%,F}IC(p*yTOHMeI[yBeK-
lallb]

> >
TOpaMn a u b
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§ 2.3. BeIlpaikeHne CKaJIspHOro NPOU3BEACHHSA
B KOOpAHUHATAaX

> o o N -
[Tycts 3anan 6asznc {g,,g,,g,} WABABEKTOpA ; U } KOOPAWHAT-

HBIC Pa3JIOKCHUA KOTOPBIX B 9TOM 0asuce UMEIOT BU]

- - - - - - - -
a=§ g+8,8,+&¢g; " b=mg+tn,g,+tN;&;"

TTo cBoficTBaM 3° i 4° CKATAPHOTO MPON3BEICHUS
(;,Z)=(él ;+§2£+&3§ My §1+nz£+n3<§3)=
= M, (21,8) +EM (21, 20) + EM (252) +
FE,(20581)+ B (25582) +EMs (22,85) +
FEM, (20 8) + BT (2502) +EM, (2523) =

= DEM(8,:8)+E (8, 8) +EM,(g):82)) =

:Zzgjni(gjﬁgi)'

Jj=1 i=1
B 6 -> - -
ClIyda€ opmoHOpMUpo8anno2o azuca oTa (popmyJia 0-
yaae opmoropmup {e,,e,,e,} oTa Gopmyna ynp

I[aeTCsl, TOCKOJBKY IS MOMAPHBIX CKAJSIPHBIX MPOM3BEICHUA 0a3MCHBIX
BEKTOPOB CITPABEIJIMBO PABEHCTBO

- - 1,i= j’
(eﬂej) = 8;‘,‘ = . .
0,i#7j,
riue 6,]- — Tak Ha3bIBaeMblil cumeon Kponexepa. OTKyaa Ui CKAIIPHOTO

NPOU3BEICHHSI BEKTOPOB B OPTOHOPMHPOBAHHOM Oa3uce moixydaem ¢op-
Myly

(a,b)=Em,+& M, +&n;>
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U3 KOTOPO#i CIEYIOT MOJIE3HBIE COOTHOLICHHUS:

a| =& +&; +&;
MU gxo0 b0
CosQ = Em, +&.m, +E5m;
Jel+E g it e
OrMeTumM,

YTO TIOCJICAHEE PAaBCHCTBO B COYCTAHUM C YCIIOBHCM
‘COS (p‘ <1 NIPUBOIUT K Hepasencmey Kowu—bynakoeckozo:

VE;m, .1 =[13]

B HEM, HEM, | BT HETHE] N+ )
3apava
2.3.1.

Haiimu paccmosnue medncoy 08yma moukamu 6 OpmoHop-

MUPOBAHHOU cucmeme KOOPOUHAM, eClu U3BeCHHbl paouy-
Cbl-6EKIMOPbL IMUX MOYEK.

Pewenve. IlycTp 3amaHa OpPTOHOPMHMpPOBAaHHAs CHCTEMa KOOPIMHAT

&
> > o =

{0’ 61,62,63} U PaJnyChl-BEKTOPbI TOYECK oM 2 = &2
&5
n

N
u OM, = | 1, | B meit. Torna, HCHIONB3ys pelIeHHE 3a1aUK

UE

1.7.1, u3 paBeHCTBa

Mjwz = (él —m)zﬁ(‘iz —ﬂz)gﬁ(ﬁa _113);3

U CBOICTB CKaJIApHOT'O IPOU3BCACHUSA MOJTYyHaeM

MM, =6 ) + (& 1) + (5 —1y)*
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§ 2.4. BekTopHOE Npon3BegeHNE BEKTOPOB
U ero cBoiicTBa

Onpepenexve
24.1.

OnpepeneHne
2.4.2.

BeKTOpHOG MMPOU3BCACHUEC BCEKTOPOB

YHOPSII[O‘ICHHaSI Tp01711<a HEKOMNIAaHapHsvlx BCKTOPOB

> 5 >
{a,b,c) HasbBACTCA npasoi, eciu (mocne coBmerte-

o o -
HHs HX Haqan) KpaTdyaulii MmoBOPOT OT BEKTOpa a K

- -
BEKTOPY 5 BHJCH M3 KOHIA BEKTOpA , COBEPIIA0-

IuMcCs IpoOTUB YacoBOU CTPCJIKU. B MMPOTUBHOM ClIydac
yrnopsaao4€HHas TpOﬁKa HCKOMIUIAHAPHBIX BEKTOPOB

- > - 5
{a’ b, C} Ha3bIBACTCA /1€60U.

B€Km0prlM np0u3sedel-meM HEKOJUIMHEAPHBIX BEKTOPOB

> > - .
nu b Ha3bIBACTCs BEKTOP X TaKOH, 4TO
a )

- > o

1) |x|=|a||b|sing> e P — yron mexy
N -
BCKTOpaMH , M }:

- -
2) BEeKTOp . OPTOrOHANCH BEKTOPY , H BEK-

>
TOpy 4 >

- > >
3) Tpoiika BEKTOpOB {a,b,x} TPpaBai.

B ciydae, xorma COMHOXHTENH KOJUITHHEApHBI (B TOM
4KCcye, KOTAa XOTs Obl OIMH M3 COMHOXKUTEINICH eCTh HY-
JIEBOM BEKTOp), BEKTOPHOE MPOU3BENECHHE CUUTAETCS
PaBHBIM H)J1e60M) BEKTOPY.

- -
a % b o0o3HavyaeTcs Kak

>7 . U3 onpenenenns 2.4.2 caenyer, 4To
[a,b] P Y
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N
1) [a,b]| ects nromans napamiesorpaMma, IOCTPOCHHOTO HA

BeKTOan u b 5

- -
2) JUisl KOJUIMHEAPHOCTH HEHYJIEBBIX BEKTOPOB U g HEeoOXxo-

JUMO ¥ JOCTaTOYHO, YTOOBI WX BEKTOPHOC IPOU3BEACHUC
OBLIO paBHO HYJIEBOMY BEKTODY.

CBowicTBa BEKTOPHOro Npon3BeneHuns

o - > - >
1°. [a,b]=—[b,a] (aHTMKOMMYTaTHBHOCTb, CIIEAYET U3 Ope-

nenenus 2.4.2 u HedeTHOCTH yHKIMK SIN Q).

2°. [k; ;] - X[a b] (cmemyer W3 ompeneneHUs BEKTOPHOTO

- >
Npou3BeieHUss M TOro (akra, 4YTO BEKTOPHI [La,b] 4
M

- -
[a,b] OPTOTOHATBHDI OJIHOM M TOH € IIJIOCKOCTH IIPU He-
5

KOJUTHHEAPHBIX 2 u Z ud=0).
o > o> >
3°. [a+b,c]= [a C]_|_[b C] (TucTpHOYTHBHOCTS).
Jns nokasarenbcTBa AUCTPUOYTHBHOCTH BEKTOPHOTO IIPOU3BENCHHS

BOCIIOJIB3YCMCH CIICAYIOIINMHA BCIIOMOT'aTC/IIbHBIMU YTBCPIKACHUSAMU.

> -
Nemma IlycTs naHbI 1Ba BeKTOpa q M } > HAYana KOTOPHIX Ha-

241, N
XoaATcsA B 001Ieil Touke Ha ocH ¢ 6a3ncoM | - Torna pe-

- -

3yAbTAT MOBOPOTA CYMMBI BEKTOPOB , M 7 Ha yroj ¢
-

BOKPYI OCH | PaBeH CyMMe Pe3yJbTATOB HOBOPOTA KakK-

N
/100 M3 ITHX BEKTOPOB BOKPYT OCH | HA YroJ ?.
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VYrBepxnenue aemmbl 2.4.1 Oyaem 0003HaYaTh Kak

Man. (ot h\—TTan. 7(a) 4 TTan. 7 (h)

CrpaBeaMBOCTb 3TOrO YTBEPKIEHUS sICHA U3 pUc. 2.4.1.

Puc. 2.4.1
- - - - >
Jlemma Ecm | e|=1 n p # 0> TO BeKTOp [p,e] Pasen pe-
2.4.2. ’
N
3yJILTATY NOBOPOTA NPOCKYUU 6eKMOPA ) HA TIOCKOCT,
- -
IePHEHINKY/ISIPHYI0 BEKTOPY ,, BOKPYI BEeKTOpa , Ha
TC [V}
yroJ — IO 4YacOBOii cTpeJKe.
2
[lokasaTenbCcTBO.

HpOBeZ[eM JABC IIJIOCKOCTH, OAHA M3 KOTOPBIX MNPOXOAUT YCPE3 TOUYKY

- - -

0 — o0111ee HavasIo BEKTOPOB P 154 e’ MNEPNEHANKYIIAPHO e’ a BTO-
- -

pasd MpoOXOoaUT YE€PE3 BEKTOPLI p u e

N
OproroHanbHas MPOEKIH BEKTOpa p Ha IUIOCKOCTD, MEPIEHNKY-

N
TSPHYIO o Oyner nexaTh Ha JIMHUHM TEpPeceueHus] MOCTPOSHHBIX

IDIOCKOCTEH, W TOTJAa W3 ONPEACICHUS BEKTOPHOTO IPOU3BEACHUS
cnenyer (puc. 2.4.2):
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- - > ||> - T
[p,e]l=|plle| sina|=|p cos(g—oc) ,
N
MOCKOJIbKY el = 1 CJ'IC,HOBaTCJ'II)HO, B paccMaTpuBacMOM CJiydyac

- - A A - A N
[p,e]= HOBE’: (Prlg D), re PrLZ (p) obosHauaeT oproro-
2

>
HAIBHOE MPOCKTHPOBAHHE BEKTOPA ;) HA MJIOCKOCTb, MEPICHIMKY-

JISIPHYIO BEKTOPY Z .

[p.e]
A
T
2( 10 .
Pr_p o e
e
P
Puc.2.4.2

Jlemma gokasaHa.

JlokaxeM Ternepb TUCTPHOYTHBHOCTh BEKTOPHOTO MPOU3BEACHUS.
[okasaTtenbCcTBO cBOMCTBA 3°.

- o ° - -
Ecnu TO cBoiicTBO 3° oueBuaHo. Ilycthb c # o> Toraa B

5
c=0"
cury yrBepxkaenuii nemm 2.4.1, 2.4.2 u coticta 1.1° u3 § 2.1 cne-
ayer
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-> o> - -> 2> - Z - A A - >
[a+b,c]:|c|[a+b,j]=|c|HOBnﬂ(Pr 9(a+b))=
e v

- A A - A -
=|c|Tos, .(Pr .a+Pr b)=
E,C le le

— A A - A A -
=|c| (HOB;; (Prl? a) + 1’[0132,2 (Prl? b)) =
| c|([a,—+[b,—1)=[a,c]+[b,c].

el el

CBOWCTBO JOKa3aHo.

§ 2.5. BeIpaskeHne BEeKTOPHOI0 NPOU3BeIeHHS
B KOOpAMHATAaX

R
[lycTh 3aman npaswiii 6a3uc { g2,,g, g3} (TO ecTh TakoM, YTO BEKTO-
2 b

- - -
PH g o o 00pa3yIoT npasyro mpoiiky) u IMycTh B 3TOM 0a3mce BEKTO-
9 b

- -
PBI a n b HNMCIOT KOOPAUHATHBIC PA3JIOKCHUA

-

- - - - - - -
a=8g+8,8+8g " b=mgtn, g+
ITo cBoiicTBam 2° 1 3° BEeKTOPHOTO MPOU3BEACHUS

- -

- - - - -
[a,0]=[& g1+&,8,+tE8383 » N1 &t N2 &+ N3 83]=
- - - > - -
=&mlg, g1+ &malgr- g1+ Emslgr g1+

-> > - - - -
+&,Mi[g2,811+EoM,[8,5,221+Eom5[85, 851+
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- - - - - -

+&3M1[g3,81]1+E3nalg3.82]1+E3n5085,85] =
3.3 > -

=ZZ§jni[g,-,gi]-

j=1 i=l
- -

5
O06o3HauuM uepes f» f, ® f, TOUAPHHIE BEKTOPHKIE MPOM3BETE-
1> J2

- -
HUs1 6a3UCHBIX BEKTOPOB [g,;,g ;] crenyoium obpazom:
28]

fi=1g,.8515 fr=lgs-&1s f5=1g1,8, ]

IloacTaBuB 3T 0003HaUYEeHNS B BBIPAXKCHUC I [a b] " HUCII0JIB30BaB
H

(opMyITy, CBSI3BIBAIONIYIO OTPEACITUTENN KBaPAaTHBIX MATPHIL 2-TO U 3-TO
mopsiAKoB (cM. Teopemy 1.1.1), momyanm

[CZZ]: (é2n3 _§3n2)1?1_(§1n3 _};31’11);24'(&1712 —iml)fa =

& & & & & &,
N, Ms n M mn M,

:;ldet —fé det +f3det =

hHo fHofh
=det| & &, &;|.
m M, Ms

Cniyyan opToHOpMMpPOBaHHOro 6asuca
- o> -

ITycTh ucxoaHbIN Oa3uc {el e, 63} OpPTOHOPMHPOBAHHBIMN, 00pa3yI0-
2 b

AN npasyto mpouKy BEKTOPOB, TOT/A IO ompeaeieHuto 2.4.2
— —

- - - -
fi=e, fi=¢, fi=e:
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Torpa gopmyrna 1151 BEKTOPHOTO MPOU3BEECHHUSI BEKTOPOB B IIPABOM OPTO-
HOPMHPOBAHHOM 0a3uce YIPOCTUTCS:

€ & &
[a,b]=det| &, &, &,
n M, MNM;

W3 BhllenpuBeieHHBIX (OPMYIT BHITEKAIOT MOJIE3HBIE CIICACTBHSI.

- -
J1st TOro 4ro6bl BEKTOPHI LN ObLIM KOJIJIMHeap-

Cnepncteue a
2.5.1. HbI, HEO0X0HMO M I0CTATOYHO, YTOOLI B J11000M Oa3uce
det E.!2 E.>3 Zdet EJl EJ} =det &Jl EJZ ZO,
T]2 n} T]l T]S nl nZ
& _& &
WIMKe —— = — = ——,
n M, MNs

Crneacteue B opmonopmuposannom 6azuce miomaas napajieno-

25.2. -> 2
rpaMMa, NOCTPOEHHOr0 Ha BEKTOpax , M } BbIYHC-
b

Jgsercs no popmyJie

N, MNs n M n N,

S = |det?

b

npu4eM IS cirydasi 6a3uca Ha UIOCKOCTH

& &
m M,

S =|det
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§ 2.6. CmemianHoe npousBeeHue

OnpepneneHue Cmewannviv (WA 8eKMOPHO-CKATISPHBLIM) TIPOU3BEIE-

2.6.1.

— — -
HUEM BCKTOpPOB a’ b n 18] 0003HAYAEMBIM KaK
>

- > - - > >

(Cl, b’ C) , HaA3bIBACTCs YHUCIIO ([a’ b]’ C) o

Teopema AOcCoIIOTHAsI BEJIMYMHA CMEIIAHHOIO IIPOM3BEICHHS

2.6.1.

> 5 >
BCKTOpPOB (a,b,C) paBHa 061,eMy mapaJjuiejenumnena,

> o> o
TNOCTPOEHHOTO HA BeKTOpax , , 1 u .. IlpusTom ecan

. > o> o
TPOHKA BEKTOPOB  , 5, . HEKOMILIaHApHAs M Npa-

Basi, TO UX CMCIHIAHHOC IMMPOU3BECICHHUE IOJIOKUTECJIBHO, A
eCJIn TpOﬁKa JieBasi, TO — OTPUIATEJIBHO.

[okasatenbcTBO.

N -
Ecnu a KOJIJIMHCAapCH b TO YTBEPKACHUE TCOPEMbI OUCBHUIHO.
3

- —
Ilycts HCKOJUIMHEAPEH }, TOIZA MO ONPEJCICHUIO CKAILSIPHO-
b

a
T'0 IPOU3BCACHU

-> o >

(a,b,c)=|[a,b]|Ip . c,
[a.5]

5
e S =1 [4 Z] | ecTh mIomIame MapayuIeNorpamMma, Io-
9

> >
CTPOCHHOTO Ha BEKTOpax , H f ,a

- -

[Tp .. c|=[c|[cosa
[a.5]
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— BBICOTA MapaJuICIICITH-
i mena ¢ OCHOBaHHUEM S,
Ea oTKyna (cM. puc. 2.6.1)

- > >

V=|(a,b,c)|.

Hakoner,

- o> >
(a,b,c)=
> - -

=|la,b]] [c] cosa,

4YTO U MO3BOJIACT CACIATh
3aKJIFOYCHHUC O 3HAKC CMC-

&Y
a
Puc. 2.6.1

IIAaHHOT' O HpOI/I3BC,Z[eHI/I}I.
Teopema gokasaHa.

CsonctBa cMmellaHHOro npon3seneHuns

[LHH CMCIIAHHOI'O MPOU3BCACHMS CIIPABCAJIMBLI TOXIACCTBA

I° (a,b,¢)=(c,a,b) = (b, c,a) =

- > >

=—(b,a, c)——(c b a)— —(a,c,b)>

> > > - > >

2 (ha,b,c)=Ma,b,c)’

> o - > o > > o> -

3°. (a1+a2>b c)=C(ay,b,c)+(ay,b,c)

CIPaBEIIMBOCTh KOTOPBIX CIICAYET U3 OMPECICHUS CMEIIAHHOTO MTPOU3BE-
JIEHUsI ¥ TeopeMbl 2.6.1.
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OTMmeTuM, HaKOHELl, 4YTO CMELIaHHOE IIPOU3BEICHUE PABHO HYIIO, €CIIH
CpeIy COMHOXKUTENCH nMeeTcst X0T4 ObI 0O1Ha Mapa KOJJIMHEapHBIX.

§ 2.7. BoIpa:keHne CMeIIAHHOTO NIPOU3BeIeHU S
B KOOpAUHATAX

° > o> o RGN -
ITycts 3anan npaswiii 6asuc {g,,g,,g,} HTPHBEKTOPA ;1 M
b

KOOP/IMHATHBIE PA3JIOKEHNS KOTOPBIX B 3TOM Ga3nce MMEIOT BHL
N N N N - - - -
a=¢ g+&,8,+8 g b=mg+n,g,+n;g;

- - - -
M COOTBETCTBEHHO ,» — .
C=K,8+tK,8,tK;4;

Ilo cBoiicTBam BCKTOPHOI'O MMPOU3BEACHNA UMEEM

[;,Z]: det & & Z—det S j;;+det & & _;’
M, Ms M T M

/1€ BEKTOPbI fl , fz , f3 OBLIH OTIpeneNieHEI B § 2.5.

W3 pasencts fi=1g,,8:15 1, =1gs5.81; f5 =[g1,8,] -
€T, 4To

(g_;,f‘j): (glagz,g3),k=j’
o k#J.

> o> >
U (g b, c) ToTydaeM

> 5 > > > >

@b,y =(la,b), )=, det| = =

N, Ms

& &
mn M;
g g G|

)(gl,gQ,g3)=det n My M5 (€,€:.83)
K Ky Kj

-k, det +

+ K, det

& &
N,

1
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MIOCKOJIBKY BBIp@)KEHHUE, CTOsiee B OONBIIMX KPYIJIbIX CKOOKAaX, SIBISIETCS

Pa3NoKEHUEM ONpeAETUTENs 3-T0 MOopsIKa 1Mo mocieaneit crpoke. (CM. Teo-

pemy 1.1.1.)

3amevanus. 1°. U3 mocnenueit popmynsl 1 TeopeMsr 2.6.1 ciemyeT cripa-
BEIIMBOCTh Teopemsbl 1.6.3.

2°. B chmywae opmonopmuposanHo2o npasoco 0azuca

T 5
= II03TOMY B TaKOM 0a3uce
(61962763)_1’ y

R -
(a,b,c)=det nl n2 n3
Kl K2 K3

> 5 >

3°. Jlna BBeneHHBIX B § 2.5 BEKTOpPOB f1> f2, f3 cpa-

BCJIMBa

N
Teopema  TPOHKa BEKTOPOB ( £ f  f \ obpasyer Gasuc (aswi-

2.7.1. NN
BaeMblil ¢3aumHbim Ga3ucy { 21,85» ga} ).

[oka3aTtenbCcTBO.

HJ’[H JI0Ka3aTeJIbCTBA JOCTATOYHO IIOKa3aTb, YTO BCKTOPHBI

4 -
Si: /a5 15 JIMHEHHO HE3aBUCHMBIL.

IlycTh cymecTByIOT uncna A, A,,A;, Takue, 4To
- - - -
M fith, fL+hs fy=0"
VMHOKHB HOCTIEI0BATENBHO 00€ YACTH 3TOTO PABEHCTBA CKANSPHO

Ha gj’ J =[L3], momyanm

}\’l(f‘l’gj)+}\’2(f2agj)+}\’3(f‘3’gj) :O H ] :[173]
(2.7.1)
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> o

Jns neBATH BBIpAKEHHUIN (fi,gj) , 1=[1,3], j=[1,3] nmeem

> > a, 1= j, )
( f, »8;) = . ., e o # 0. JleficTBUTENBEHO, BBIPAXKE-
0,i# ],
- >

HUA (f;’gz) , l: [1’ 3] CyTb CMCIIaHHBIC ITPOU3BEACHUSA HE-
> o> o

KOMILTAaHaPHBIX BEKTOPOB gl gZ g3 U TIOTOMY OTJIHMYHBI OT
s s

- >
Hyss. OCTanbHBIC IIECTh BBIPAKCHHH ( fl , gi)’ [ #J OymyT

PaBHBI HYJIIO KaK CMCHIaAHHBIC TPOU3BCIACHUA BEKTOPOB, CPEIAN KO-
TOPBIX UMECTCH IMapa paBHBIX.

[oncraBnsist 3HaueHUs1 BBIpaKEHUI B cucteMy paseHCTB (2.7.1),

MOJIy4UM, YTO BCE A = 0, i =[1,3], uro moxassiBaer nuHEii-

> o> >
HYIO 3aBUCUMOCTH BEKTOPOB fi f2 f‘3 .
b 3

Teopema gokasaHa.

§ 2.8. /IBoiiHOe BeKTOpPHOE NPOU3BeIeHne

Onpegenexve
2.8.1.

- - 5 >
n c Ha3bIBA€TCSA BEKTOP [a’[b’ C]] 5

s perenus psiia 3a1a4 OKa3bIBACTCS IMOJIC3HON

Teopema HNMmeer MecTO paBEeHCTBO
2.8.1.

> > o -> o > - o > -> o >

[a,[b,c]]=b(a,c)—c(a,b) Va,b,c.

. - -
JeotinbiM 8eKMOpHBLIM NPOU36EOeHUeM BEKTOPOB a’ b
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[okasaTtenbCcTBO.

> o >
3aMCTI/IM, YTO C€CJIM BCKTOPLI a,b’ c IonapHO OPTOrOHAJIbHBI, TO

JIOKa3bIBAEMOE PAaBEHCTBO OUYEBHHO, II0O3TOMY Jajee OyAeM Mpearo-

- - - >
JlaraTtb, 4TO 4HClia (a’ b) n (a’ C) HC paBHBI HYJIIO OTHOBPCMCHHO.

- > > >
0603HaYNIM — Ilo ompeneneHu0 BEKTOPHOIO MPOU3-
x =[a,[b,c]]. Pei P P
-> > -

N
BCCHUA BEKTOP x OpPTOTrOHAJICH KaK BEKTOPY [b C] , TAaK U a
5 .

1°. Tlo cBoiicTBaM  CMEIIAHHOTO  TPOU3BEACHUS  YCIIOBHUE

> 5 > > o >
(x,[b, c]) — (x, b, c) — () O3HAYAET, YTO TPOWUKA BEKTOPOB

- > >
{ X, b’ C} KOMIUIaHapHas ¥ B CUILy 1eMMsI 1.4.1

- - -
xX=Ab+pc,
rae A u M — HexoTopsIe UmCHa.

- -

2°. U3 ycnoBus (x,a) = ( cnenyer, uro
b

Wb+uc,a)=0"m \(h.a)+u(c,a)=0.

N
3°. PaccMoTpuM Tenepb BEKTOP ;. , YJIOBIETBOPAMOIIMA ClEyro-

memMy Habopy yCIIoBUi:

N
a) , (TaK e Kak ¥ BEKTOp ;) MPUHAAIEKUT IUIOCKOCTH,
. - -
NPOXOUSILEHT Yepe3 BEKTOPbL ) H .
- > - >
0) (r,b)=0"(r,c)>0" (Cwm. puc. 2.8.1.)

Haﬁ,[[eM TEHCPb BBIPAKCHUEC IS CMCHIAHHOI'O IMPOMU3BEACHHUA BHA
- 2> o> > - > o> —> C o o
(a’ r, [b’ C]) — (a’ [7", [b’ C]]) . OJHOM CTOPOHBLI, IO CBOUCTBaAM

- >
CMCIIAHHOT'O IMTPOU3BEACHNA U B CUITY (l,- b) — 0 NMEEM
b
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Ab. <]

Puc. 2.8.1

> 5 o

(a, 1o [b, ) == (ra,[b, 1) == (r[a,b, ¢T]) = (1) =
:—(r,kb+uc)z—k(r,b)—u(r,c):—u(r,c)

> o > -
C nmpyro#t CTOpPOHBI, BEKTOP [r,[b,c]] conampasies ¢ p , 10 eCTh
- o >

3k > 0 rakoe, uto [7,[b, c]]—Kb [TosTomy

e TR

(a,r,[b,c])= K(a b)

3nauenne K HaiiIeM U3 COOTHOILIEHUI
—

Kb = [mb.e]l = 7| b ¢ sinasin(ZL{r[b cl) =
. g s Zcos(——oc) (r.o) b e

= k=(r,0),



75 AHanuTHYecKasi reoMeTpHUsl U JUHeiiHas aaredpa

- - >
TIOCKOIIBKY YTOI MEXKAY - U [h, (] IpsAMOH. 3HAYUT,
b

(@, r[b,c]) = (@, b)-(r, ).

i T
ITpupaBHUBas BEIpasKCHUS [UIS (a,r,[b,c])- monyaem
b 9 2

- - - - - 2 W - >
—u(r,c):(a,b)-(r,c) “:_(a:b)'
HaKOHeH, 13 COOTHOLICHM, MOJYYCHHOT'O B II. 20, HaxoJuM, 4TO
- -
A=(a,c).
Teopema gokasaHa.

ANbTEpHATHBHOE J0KA3aTEeIBCTBO ITOH TEOpPEeMbI MpHUBOAUTCS B Ilpwu-
noxenud 4 (cm. [pm. 4.5).

§ 2.9. 3ameuanusi 00 MHBAPMAHTHOCTHU NMPOU3BeEACHUI
BEKTOPOB

Omepanuy BEKTOPHBIX NPOW3BEICHUN OBUTM BBE/ICHBI HE3aBUCHMO OT
KOOPAUHATHOI'O0 NPEACTABJICHUSA COMHOKHTEJICH ", 3HAYUT, HEC3aBHUCUMO U
OT Hcronb3yeMoro 6aszuca. C Apyroil CTOPOHBI, €CTECTBEHHBIM IIPECTaB-
JISIETCS BOIPOC O BO3MOXKHOCTH (M COOTBETCTBEHHO IIETIECOOOpPa3HOCTH)
JaTh ONpPEIENTICHUs OIepalrii MPOU3BEICHHS BEKTOPOB HEMOCPEICTBCHHO
B KOOpJIMHATHOH (opme.

o v - e d
B oOmem ciyqae Kaxmoi ymopsiioueHHOH Mape BEeKTOPOB a " b

&
> o >
HMMEOIINX B 0aznce {gl g, g3} KOOpJIMHATHBIE IPEACTABICHUS E_,z 5
2 b

&5
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,

n2 , CCTCCTBCHHO IMOCTaBUTh B COOTBCTCTBUEC JICBATKY MMOIAPHBIX IMMPOU3-

UE
BEJICHUI &kni; k,i =1, 2,3 , KOTOPYIO MOXKHO 3allKicaTh B BUJC MaTpH-
1Bl

E&n, &€m, &ms
&Eny &My, &msl . (2.9.1
En, &m, &M,

Ha nepBblii B3rys111, 3aBUCUMOCTS KOMIIOHEHT 3TOH MaTpHLBI OT BBIOO-
pa 6a3uca genaer KOOPJAMHATHBIN cIOCOO BBEJEHUS MPOU3BENCHUN BEKTO-
poB MajtorenecoobpasHsiM, H00 TPUAETCS JaBaTh UX ONPEACICHUE It
Ka)XJJOTO U3 BO3MOKHBIX 0a3HCOB.

OnHako OBIIO 3aMEUYEHO, YTO CYIIECTBYIOT HEKOTOPBIC JITHEHHbBIE KOM-
ounarm ancen &, M ;5 k,i =1,2,3 | uuapuantusie (To ects He H3MeHs-

IolIMecs) Mpyu 3aMeHe 0a3uca, KOTOPhIE MOYKHO NPHHSTH 3a OIpe/IeieHHe
IIPOU3BEICHUN BEKTOPOB B KOOPAUHATHOM IIPE/ICTABICHUN.

[ToxaxkeM B KauecTBe NMPHMEpPA, YTO CyMMa 3JIEMEHTOB MaTpHIs 2.9.1,
CTOSIIIUX HA €€ TIIaBHOM JUaroHaiu, He MEHseTCs IIPH Mepexoie OT OAHOTO

OPTOHOPMHPOBAHHOTO 0a3uca K Ipyromy.

-> 2> -
PaccMmorpum Ba OPTOHOPMHPOBAHHBIX 0Oa3uca ol ! u
Tp. 1 p pMUD {el,ez,e3}

G;; O Oyp
> 5> o> S
C MaTpHICH Nepexo, aH H= (o} o o
{e,,e,,e;} 20 pexon 21 2 O
G;3;; O3 Op
Cornacho § 1.8, B 3TOM citydae st 0a3UCHBIX BEKTOPOB UMCIOT MECTO
- 3 -
e=Yoc_e; t=1273
COOTHOIIICHUS €, = pt €ps =1,2,5, a nnsg KoOpAWHAT COOTBETC-
p=l
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TBCHHO
3 3

&, =Y 0,8 s=L23% nm,=>om; s=123.

i=1 t=1

Iycts O ;+ — cumBon Kponekepa (cM. § 2.3), Toraa U3 ycioBus opTo-

> o o - o o
HOPMHPOBAHHOCTH 0a3MCOB {el’,eé,eg} u {61,62,63} HMEEM

- - 3 - 3 — 3.3 - -
(e.e))=8,=(2,0,¢.2,0,¢€,)=2 30,0,(.e,) =
s=1 p=l s=1 p=I

3 3 3
IZZG“GMSSP IZGWGY“ r=1273

OTMETHM, YTO COOTHOLIEHHUS ZG”-GS, =9,,1,t=1,2,3, asnmorca

s=1
CB0UCMBOM MaTpulbl epexoaa H S H OT OOHOTO OPMOHOPMUPOBAHHO2O

6as3uca K Ipyromy.

Haiimem Ttemepp  BeIpakeHME A JHUHEHHOH  KOMOWHAIMH

5> 5 -
Emn, +&,M, +&M; B Gasuce {el e}, e}}» MCTONb3Ys 3aBHCHMOCTH

MeXXIy KOMIIOHEHTaMH MaTpHIIBI Iepexoa U onpeneneHne cumposa Kpo-
HeKepa:

Zéini = Z(ngzég)( ZGstn;) = zzggn;ZGSiGst =

i=l t=1

HOJ’Iy‘IGHHOG PaBEHCTBO JOKa3pIBacT HWHBAPUAHTHOCTDb CYMMBI

&M, +&,M, +&;M; npu 3amene oxHOro opTOHOPMUpPOBAHHOTO Gazuca
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JPYrUM, KOTOpasi MOKET OBITh IPHHATA B 3THX Oasucax 3a omnpenesieHne
CKaJSIPHOTO MPOU3BECHUS BEKTOPOB.

Iloxaxunre CaMOCTOATECIIBHO, YTO MPH NEpexoaec OT OAHOTO OPTOHOP-
MHUPOBAHHOI'O basmca K APYroMmy OpTOHOPMHPOBAHHOMY 6a31/1cy HWHBapu-
AHTHBIMH TAK)KE OKA3bIBAIOTCS U JUHCHHbBIC KOM6I/IHaL[I/II/I BUaa

ézns _é3n2 >
&M —&M; »
Em, —&m, -

BrisicHuTe, KaKOB reOMETPUUECKUI CMBICI 3TOM MHBAPUAHTHOCTH.
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Mlasa 3

NMPAMAA U NITIOCKOCTb

Kax 6bu10 MOKa3aHO, UCTIOIB30BAHUE CUCTEMBI KOOPJMHAT yCTAHABIIH-
BaeT B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIY MHOXECTBOM TOHYEK
MPOCTPAHCTBA U MHOXKECTBOM HX PaJHyCOB-BEKTOPOB. DTO B CBOIO Oue-
pelib TO3BOJISIET CBECTH MCCIICJOBAHNUE CBOMCTB JIMHUH, MOBEPXHOCTEH MK
TeJl K U3YYEHHIO MHOXECTB Pa/InyCOB-BEKTOPOB, COOTBETCTBYIOLIMX TOY-
KaM, 00pa3yIoIIuM HUCCIIeyeMble TeOMETPHYECKUE 0OBEKTHI.

I'naBa 3 mocesillieHa METO/IaM OTMCAHUS U UCCIIEAOBAHUS CBOWCTB IPO-
CTEHILNX TeOMETPUUECKUX 00BEKTOB — NPSAMOIl U IMJIOCKOCTH — CPECTBAMU
BeKTOpHOH anreOpel. B rmaBax 3, 4 u 5 Hacrosmero mocobust OyayT mc-
MOJIb30BATHCSI 0003HAYCHUSI KOOPAUHATHI [0 OCH abcyucc depe3 X , Koop-
JVMHATBI 110 OCH OpOuHam 4epe3 Y W KOOPAMHATHI 10 OCH anmauKam de-

pe3 Z> paBHO Kak M CTaHAApTHBIE (OPMBI 3aIICH ypaBHEHHMI.

§ 3.1. IIpsimasi Ha MVIOCKOCTH

- -
[lycTs maHa cuctema KOOpIMHAT {0,g,,g,} Ha MIOCKOCTH M Mps-
2 b

N
mast L, npoxopdias yepes TOuKy r,, ©JleKalMM Ha HEH HeHynebiM BEK-

5
TOPOM

N
Onpep,eneHMe BeKTop a Ha3bIBACTCA HANpasiIAiouwuM 6€eKmopom

3.1.1. npsiMoit [ .
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Teopema  MHOKeCcTBO PaANycOB-BeKTOPOB To4YeK mpsiMoii [, mpen-

3.1.1. e - .
CTaBuUMO B BU/1¢€ v = 7/0+ T4 rae T - NMpOu3BOJILHBIN BE-

IeCTBEHHBI Mapamerp.
[lokasaTenbCcTBO.
- o o g
Ilyers . — HeKkoTOpas TOUKA Ha MPAMO L . Henynesoii Bektop
oOpasyert 6a3uc Ha IpSAMOU [, , TOSTOMY JIXKAIINil Ha ATOH MPSAMOI

> o N
BEKTOP p— o (puc. 3.1.1) MoxxeT OBITB AJISI KaXKI0TO

IT TaB-
, Tpencra

> o -
JICH CIMHCTBCHHBIM O6p330M B BUJIC v — ]/-0 =Tq- Tor;[a

> o

N
r=ry,+ta V1te(-0,+ o).

Teopema gokasaHa.

Puc. 3.1.1

Haiinem Temeps KOOpAWHATHOE IIPEACTABICHHE MHOXKECTBA pajny-

E=d X — xo
COB-BEKTOPOB BCEX TOYCK HpﬂMOﬁ L . HyCTB r = R VO =
g y g yO
g ax
uja =

, TOrAa CripaBeUIMBbI CJICAYHOHNINC TCOPEMBI.
4 y
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Teopema Besikasi npsamas B 11000l 1ekapToBoii cucTeMe KOOpaM-
3.1.2. HAT MOKeT OBbITh 321aHA YpABHEHHEM BHJA

Ax+By+C=0, |4|+|B|>o0.

[okasaTenbCcTBO.
- - N
VeiloBUE KOJUIMHEAPHOCTH HEHYJIEBBIX BEKTOPOB - 7, u B
KOOpJHMHATHOH (popMe nmeeT BUA
X—X Y=y
0 0
det =0.

a, a,

OTtkyna ay(x—xo)—ax(y—yo) =0, umm xe

Ax+By+C=0, |4|+|B|>0,

e A=a,; B=-a,, C=-a ,x,+a,y,, u mb nonyunm,

YTO YpaBHCHHC HpﬂMOﬁ €CTh anre6panqecxoe YpaBHCHHUC HCpBOﬁ
CTCIICHHU. 33MGTI/IM, YTO CIpaBEAJIMBOCTL HEPABECHCTBA

A +|B/>0

CIIEIyeT U3 YCIOBHSA (g # 0 <> ‘ax +‘ay‘ >0.

Teopema AOKa3aHa.
Teopema Bcsikoe ypaBHeHne BHIA
3.1.3. Ax+By+C=0, |4|+|B|>0,

B J1000H JeKapToBOii cucTeMe KOOPIAMHAT eCTh ypaBHe-
HHe HEKOTOPO# NpsAMOii.

[okasatenbcTBO.

ITycTh 1aHO ypaBHEHHE NIEPBOM CTENEHH
Ax+By+C=0, |4|+|B|>0.
MoxGepem uncna X, u Y, Tak, utodst Ax, + By, +C =0.
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BrrunTast mouneHHoO Ba 3TU PaBEHCTBA, MOJIYYHM
A(x—xy)+B(y—y,)=0.
- X, - -B
BoseMeM TOUKY || 7, | = U BeKTop A || = ViE ITo Teo-
g 0 g
5

peme 3.1.2 mMeem, 9TO TpsiMasi, MPOXOIAIIAs depe3 TOUKY v, B

N
HaIlpaBJICHUH BEKTOpPaA a’ HUMECT YpaBHECHUEC BUa

A(x=x,)+B(y—y,)=0.

CJ'IC,I[OBEITGJ'IBHO, HUCXOAHOC YPaBHCHUC €CTh YPABHCHUC Hp?[MOﬁ.

Teopema gokasaHa.

3ameuanuve: wu3 teopem 3.1.2-3.1.3 cneayer, 4To KaK0€ JTMHEWHOE ypaB-

HEHHE B JECKApPTOBOW CHCTEME KOOPAHMHAT HAa INIOCKOCTH 3a-
JlaeT HEKOTOPYIO KOHKPETHYIO MPSMYIO, HO, C IPYroi CTOPO-
HBI, KOHKpETHas IpsiMasi Ha MJIOCKOCTH MOJKET OBITh 3a7aHa
becuucienHbIM MHOMCECIMEOM IMHEHHBIX YPaBHEHUN U ecTe-
CTBEHHO BO3HMKAaeT BOIIPOC: IIPU KAKUX YCIIOBUSAX JIBA
Pa3HBIX JMHEHHBIX YpPaBHEHHs 33a[Jal0T OJHY U Ty e Ipd-

Myt0?

Teopema /[li1st TOro 4Tro0bl1 ypaBHeHHUs

3.1.4.

Ax+By+C =0, |4|+|B[>0n
A,x+B,y+C,=0, |4)|+|B,|>0
ObLIM ypaBHEHHUSIMH OJHON M TOil ke MpsAMOii, He0OX0aU-
MO H J0CTATOYHO, 4TO0OBI cymecTBoBago 4uciao A =0,

TaKoe, 4YTO

A, =\d,; B, =AB,;C, =AC,.
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[okasaTtenbCTBO AOCTAaTOYHOCTMU.

Iycts K0d(QQUUMEHTBI ypaBHEHHH NPONOPLHOHAIBHBI M HMEET
mecto paserctBo A,x + B,y +C, =0 . Toraa

A, x+B,y +C, :;»Alx-i_?l»Bly-’_?l»Cl =

:i(A]x+Bly+C]):0,
Ho mockonbky A # 0,10 A x+B,y+C, =0.

Ananornuno u3 pasecrea 4, x + B,y +C, =0 cueayer, uro n

A,x+B,y+C,=0.

[oka3aTtenbCcTBO HEOOXOANMOCTU.

[Tycts ypaBHEHUS

Ax+By+C =0 n 4x+B,y+C,=0
CYTb YpaBHEHHUS OJHON M TOH k€ NMPsIMOM B HEKOTOPOH JAeKapTo-
BO cucTeMe KoopAMHAT. Toraa ux HampaBIAOLINE BEKTOPBI KOI-
nuHeapHs! (o Teopeme 3.1.2) u cymectyer A # 0, Takoe, 4to

A, =A\A,; B, =AB,.
C npyro# CTOPOHBI, U3 PABHOCUIILHOCTH YPaBHEHHI
M, x+AB,y+C, =0 u Ax+B,y+C,=0

CIIEyeT, TAKXKE, UTO H Cl = KCZ.

Teopema gokasaHa.

3amevaHue:  ypaBHEHHE NPSMON HE B OO0 CHCTEME KOOPIMHAT SIB-
JsieTCsl aureOpanmvyecKuM YpaBHEHHUEM IIEpBOW CTEICHH.
Hanpumep, B mossipHoit cucreme koopauHar (cM. § 4.6)
OHO MOXET UMETh BH]

p=Psec(¢+9,).
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§ 3.2. Cnnoco0sI 3a1aHNs NPSAMOI HA IJIOCKOCTH

- -
B npou3BosibHOH 1€KapTOBOM CUCTEME KOOPAUHAT {0 g gz} cylie-
2 9

CTBYIOT pa3jnyHbic (POPMBI 3aJaHUs MPSAMON Ha IJIOCKOCTH. PaccMoTpum
OCHOBHBIE U3 HUX.

1°.YpaBHeHue ITockosbKy HanpaBIISIOLMI BEKTOP JaHHOM HPSMOil
i o P
AALL a=rn—n= , TO €€ YpaBHCHHC B BCK-
pe3 [OBe He- Vs =Wy
coBnagatoLupe .
TOYKM TOpHOMU ¢dopme Oyner HUMETh BUJ
N X - - - -
— _ I
L R
1 - - -
r=(1-vn+rrn.
- X,
= COOTBETCTBEHHO B KOOpAMHATaX, UCKJIIOUUB Iapa-
V2 Merp T, HOIYYUM OZHY U3 CIEAYIOUIHX (HOopMyII:
X—X y=y
1 _ 1. .
= 5 (0 —x) (v, =) #0;
X=X Vo
Y=y VX, ecm Y,y =y
x=x, Vy, ecmn X, = X,.
IIpoBepbTe CaMOCTOSTENBHO, YTO 3TH TPU Cllydas
MOT'yT OBITH OIMCAHEI OJHUM YCJIOBUEM:
x y 1
det| x, », 1|=0.
X, ¥y 1
- 'xl — _x2
Crenctene  [ist TOro 4T0GBI TPH TOYKH 7) = s 1 = "
3.2.1. 1 Y2
- b
ry = JIesKaJIM Ha OHO# NpsiMoii, He00X0AMMO U

V3
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2°. BekTopHoe
ypaBHeHue

npsimow (ypas-
HeHve
MOW, NPOXoas-
yepes
OaHHY TOYKY

X9

en

l"oz

nepneHamnky-

nApHO 3apaH-
HOMY HeHyre-
BOMY BeKTOpY

N
n=

nps-

YO’

n

n

X

y

)

AOCTATOYHO, YTOOBI MX KOOPAMHATHI YI0OBJIETBOPSI-
JIM YPaBHEHHIO

xpoo»o 1
x5 0y 1

Puc. 3.2.1

Ecnu B kadecTBe HampaBIISIIOIIETO BEKTOpa JIaHHOM

> - o x-Xx, - |x
IPAMON B3ATb A = V' — 1, = (toe r =
Y=Y Y
— paauyc-BeKTOp HeKoTopol ee ToukH) (puc. 3.2.1), To
> -

N
B CUJIy OPTOTOHAJIbHOCTHU BEKTOPOB n u 4 },-0 noiay-

YUM
- 5 o
(n,r—r,)=0>

WJIN XKC

- > > >
(n,r)y=d> "¢ d=(nr)
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OnpepeneHve
3.2.1.

3°. Hopmanb-
HOe ypaBHe-
HVe npsmMon

ITpu oOpatHOM mepexojie OT 3alUCH YpaBHEHUs Mpsi-
- - > > -

MOH B BUJIE (n’,,) =d k (n,r—r0)=0 B Kaue-
-
CTBE ;- MOXHO B3ATh (IIPOBEPHTE 3TO CAMOCTOATEIIb-
0
- d -
HO!) = - > h
(n,n)
> >

B — OPTOHOPMHUPOBAHHON CHCTEME KOOP-
{O, €, } P pMUp P

> > >
JAWUHAT YpaBHCHHC (n’ - rO) — 0 HpI/IO6p€TaCT BUJ

nx(x_x0)+ny(y_y0) = Oa
WiIn
nx+n,y=d med=nx,+ny,.
CpaBHHBas NOCIICHIO 3aIICh C OOIINM BHIOM ypaB-
nenns npsvoit Ax + By + C =0 npuxomum x 3a-

KITIOUCHUIO, YTO B OPMOHOPMUPOSAHHOU CUACTEME
- A
KOODJIMHAT BEKTOP ;, st kotoporo || = Bl
g
OymeT OpTOTOHANCH 3TOH MPSIMOH.

-
BeKTOp n Ha3bIBACTCA HOPMATbHbIM 6€KMOPOM TIps-

MoO# [, .

PaccMoTpuM ckanisipHO€ ypaBHEHUE HpPSIMOM B Opimo-

- -
HOPMUPOBAHHOLU CUCTEME KOOPIHHAT {O e ez}
b 2
Ax+By+C=0,|4|+|B|[>0

U mpeobpasyeM ero, pasjenuB o0e dYacTH Ha

A/ A% + B? - loncraenss o6o3HaueHus
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A B o= C
/4% + B? JA? + B JA*+ B>
MTOJYYHM TaK HA3bIBAEMYIO HOpMaAibHylo (HOpMY 3aIlUCH YpaBHEHHS
xcos@+ ysine+p=0.

T'eomerpuueckuii cmpica mapamerpos P u @ scen us puc. 3.2.2.

cosQ = ; sing =

y

N

Puc. 3.2.2

3ameyvaHue 0 NNHeNHbIX HepaBeHCTBaxX

AHaIOTHYHO TOMY, KaK JIMHEHHOE ypaBHEHHE 3aJacT Ha IUIOCKOCTH
NIPSAMYIO, THHEHHOE HEPaBEHCTBO

Ax+By+C>0,|A|+|B|>0

onpenenseT 4acTh IUIOCKOCTUH (MHOXECTBO TOYEK, KOOPAWHATHI KOTOPBIX
X u )V yIOBICTBOPSIOT TaHHOMY HEPAaBEHCTBY), OTPAHUYCHHYIO MIPSIMOIT

Ax+By+C=0, |4|+|B|>0.

Iloxaxxem CIIPABCVIMBOCTb JAHHOT'O YTBCPIKACHUA MJIA ClIy4dasi, Korjia mnps-

- >
Mas J - ( n, r) — ( JETHT IIOCKOCTb P na nBe gactu, o003HaYaeMbIe

P u P (cm. puc. 3.2.3).
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\

P, 3

2 L. (nr=d

0] X

Puc. 3.2.3

OnpepeneHue Bynem roBoputh, 4to Touka M ¢ paanycoM-BEKTOPOM
-
S22, R TPUHAICKUT R (WM COOTBETCTBEHHO P ), eciu
cymectByetr A > (0 (cootBerctBenHo A < (), Takoe,
- — "
49To Af* N =\ p > DA€ ToUKa Jf" €CTh OPTOrOHaib-

Has npoekius )V Ha npsmyio [, .

Tor,ua CIIpaBeyIMBa

Teopema [las toro urodbt M € P, HeoGxoxumo u 10cTaTO4HO
3.2.1.

- >
BBIINOJTHCHUA HEPABCHCTBA (n R) > d .
b
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[lokaszaTenbCcTBO HEOBXOAMMOCTH.
Iycts M € P, , 1o ectb cymectByer A > () takoe, uto
- -
MM =\n-
- -
ITosiyuuM OLEHKY BEJIWYUHBI (n,R)- IMockoneky M* e[, TO
N -
(n,OM*)=d "
- > - - . j - - . - —*>
(n,R)=n,OM "+ M " M)=n,OM" )+ (n,M M) =
- -
=d+Mn,n)>d

B CHUJIY NOJIOXKHUTEIIBHOCTH 7\, .

[lokasaTenbCTBO AOCTAaTOYHOCTH.

Ilycts (;,;é) >d " M*M = x; , TOrJa u3 (;,OM*) — 4 Tony-

qaeM

(n,R)=(n,OM"+ M M) =

=n,OM" )+ (n,M"M)=d +NMn,n)>d = Nn,n)>0.
A B cuy ;¢Z cienyer, o A > 0 u, snaunr, M € P,

Teopema gokasaHa.

> -

3agava Hana cucmema xoopounam {0,g,,g,} "a niockocmu u nps-
b 9

3.2.1.

- > >
masn L ¢ ypasnenuem (n,r—r,)=0- Haiimu paccmosnue 0o

MO NPAMOU OM MOYKU, PAOUYC-8EKIMOP KOMOPOU

N
l"lz

X

i
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o - - - - -
PeleHue 1°. Ilycts \fK = )5 >TOTHA 5o — ,ﬁ_kn (puc. 3.2.4).

2°. Touka K UpUHAAISKHUT JaH-
HOM MpsSIMOM, MOATOMY HMEET

MECTO COOTHOIICHUC
- >

(n, r1+7m ro) 0 - Otkyna
e

(l’l,l’l—l’o)
A=t
d

3°. TloacraBuB A B BBIPAKEHHE

N
JJIsL MK, nojIyyum

Puc. 3.2.4 n
IMKI—I(Vl ro, —)I-

|7 |
4°. Tlycth cuctemMa KOOPAMHAT OpmMOHOpMUpoganuas. Jlns ypaBHEHUS
Ax+ By+C =0,
> |4

n= B neprneHuKysipeH npsimMoit. [Toatomy

>0, kak ObUIO T[OKA3aHO, BEKTOP

‘A(xl xo)+B(y, — yo)‘

JA* + B?

N
HpI/IHI/IMaﬂ BO BHUMAaHHUEC, YTO TOYKaA rO JIC)KUT Ha HpHMOﬁ L u, cjie-

| MK |=

nosarensio, AX, + By, + C = 0, okoHuatensHbIii 0TBET MOXKHO 3a-
TIHCATh B BHIE

- ‘Ax1+By1+C‘

| MK |=
~JA* + B?
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Onpepenenne  Ilyukom npsmpix Ha IUIOCKOCTH HA3bIBAETCHA COBOKYII-
3.2.3. HOCTb BCE€X INPSAMBIX, POXOIAINX YEPE3 HEKOTOPYIO 3a-
JIAHHYIO TOUKY, UMEHYEMYIO 8epUIUHOU NYUKd.

Teopema IlycTh Touka, 00mas 11 BCEX NPAMBIX My4Ka, sIBJISAETCA
3.2.2. TOYKOM IepeceyeHusi HenmapajuleaAbHbIX NPAMBIX

Ax+By+C =0 n A,x+B,y+C,=0.
Torna
1) pas a1000i npsAMoOl My4ka Haiiiercsl mapa He paB-
HBIX HYJII0 OJTHOBpeMeHHO uncesn O u [3, Taknx, uto

oa(4x+By+C)+p(A,x+B,y+C,)=0
eCTh YPaBHeHHe JaHHOW NPAMON,

2) npu J100bIX, He PaBHBIX HYJI0 OJHOBpeMeHHO O M
B, ypaBuenne
o(4x+By+C)+p(A4,x+B,y+C,)=0 ecrs
YPaBHeHHe HeKOTOPOIi MPSIMOii JAHHOT0 MyYKa.
JokazaTenbCcTBo.

N *

X

w0

*
1°. Bo3bMeM HEKOTOPYK TOUKy 7 = HE COBMAJAIOLIYIO C

BEPLINHOM ITy4Ka, ¥ IPUMEM B Ka4eCTBE IMapaMeTpoB

a=A,x"+B,y"+C,,u B=—(4x"+By" +C)).
3aMeTHM MpU 9TOM, YTO ‘ a ‘ +‘ B ‘ > 0, nockonbKy TouKa I’_)*

HE NPUHAICKHUT NaHHBIM NPSAMBIM OJHOBpeMeHHO. Kpome
TOTO, TIpSMast

(A,x" + B,y  +C,) (A, x+B,y+C,) -
—(A4,x"+ B,y +C))(A4,x+B,y+C,)=0

MPOXOJHT KaK Yepe3 TOUKY ,.* TaK M Yepe3 BEPLIMHY ITydKa H,
b

CJICA0BATCIIbHO, NPUHAJICIKHUT ITYUKY.
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MEPECCKAINUXCA TIPAMBIX M3 PACCMATPUBACMOIO ITy4dKa, TOrAa
O4YCBUIHO, UTO

oa(4x+By+C)+p(A,x+B,y+C,)=0.
I1pu 5TOM ypaBHeHHE
(a4, +B4,)x+(aB, +BB,)y+(aC, +BC,)=0
SIBJISETCS yPABHEHHEM MPSMOii, TOCKOIBKY 13
Al+|B[>0, [ 4, +]By[>0 u o] +[B]>0
crenyer, uro |04, +B4,| +|aB, +BB,| > 0.
JleliCTBUTEITLHO, IOMYCTHM IPOTHBHOE:
Ao+ A4,8=0,
Bo+B,3=0.

Hpsamsie Ajx+Bjy+C; =0 u Ayx+ B,y +C, =0 1o no-

CTPOCHHUIO UMEIOT, 110 KpaiiHel Mep, oaHy oO1yto Touky. [loaTromy
OHM JH00 coBmajaroT, 11bo nepecekatorcs. [1o Teopeme 3.1.4 onun
COBIAJAIOT TOIJA M TOJLKO TOrja, Koraa cymectyer A # 0, mus

(3.2.1)

koroporo A, =AA, u B, =AB,. A nociexune Ba paBeHCTBa
4, 4,
B, B,

B paccmaTtpuBaeMoM ciiydae MpsiMble IEePeceKaroTcs, M03TOMY

0.

1o Teopeme 1.6.2 paBHOCHIbHBI ycrnoBuio det

det 4 A #0
1 2
u B cuiay Teopemsl 1.1.2 cucrema nuHeHHbIX ypaBHeHHH 3.2.1 mo-
JKeT UMETh JIMIIb eAUHCTBEHHOE penieHne. C Apyroil cTopoHsl, oue-

BHUJHO, YTO 3Ta CUCTEMA UMECT TPUBUAJILHOC PCUHICHUC a = B = 0 ,
YTO B COBOKYITHOCTHU NPOTUBOPCUYUT HECPABCHCTBY

la|+[B[>0.
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CrenoBaTenbHO,
| ad, +PBA4,| +|aB, +BB,| > 0.
Teopema gokasaHa.
Onpepenenve  YpaBHeHuE
3.24. a(4x+By+C)+p(4x+B,y+C,)=0,
rue ‘ a ‘ +‘ B ‘ > 0, HaspBaeTCs ypaBHEHMEM nyuKa

npAMblX Ha TIIIOCKOCTH.

§ 3.3. Il.1ocKoOCTH B MPOCTPAHCTBE

- o> o
[TycTs maHbBI cucTeMa KOOpAWHAT {0,g,,8,,g,} B TPOCTpaHCTBE 1
b 9 2

-

IUIOCKOCTH S , IIPOXOAAIIAs YEPE3 TOUKY C PagHyCOM-BEKTOPOM y, M e

- -
XKAIMMU Ha S HEKOJUIMHEAPHBIMU BEKTOPAMH phig

- -
OnpeaeneHne Bexkrtopst p ¥ g HA3BIBAIOTCA HANPAGIAIOWUMY 6eK-

3.3.1.
mopamu TIOCKOCTH S .

Teopema  MHOKECTBO PaIUYCOB-BEKTOPOB TOYEK IUIOCKOCTH S
3.3.1. S L
NPE/ICTABUMO B BHIE y =y + @ p+0q > THe ®ubO -

NMPOU3BOJIbHbLIC BECINECTBCHHbIC NMapaMeTpPbI.
,D,OKaSaTeJ'IbCTBO.

N - -
Ilycts ;- — HEKOTOpast TOUKA IJI0CKOCTH S’ . Bekropst P q o0pa-

3y10T Gasuc Ha S, ¥ Jexanmit Ha 3Toi miockocTH (puc. 3.3.1) Bek-
- -
TOp 35— % MOXET OBITh €IMHCTBEHHBIM 00pa3oM IPECTaBIECH KakK

- -
JIMHCHUHAaA KOM6I/IHaI_II/I5[ BCKTOPOB p )51 q BUaa:
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- - - -

V_FO :(Pp+9q>

U, CIeJI0BaTeIbHO, ypaBHe-
HUE  IUIOCKOCTH  Oyner
HUMETh BUJI

r=r,+¢p+0gq,
e @€ (—%0,+®) un
0 € (—0,+ o).

&
Teopema gokasaHa. Puc. 3.3.1

UnbiMu crioBamu, Kaxkmas mapa uucen P m O ompenmensier HEKOTOpyIO

TOYKY IJIOCKOCTH S , 4 PaInyC-BEKTOP Ka)K,Z[Oﬁ €€ TOYKHU NMPEACTAaBUM KaK
- -

r=r,+op+0gq-

Haiinem Ttenepp KOOpAMHATHOE NPEIACTABICHUE MHOMKECTBA pPaauy-

N
COB-BEKTOpOB BCex Todek mmiockoctn S, Ilycts ri =\yi,
g
Py 9«
- -
p| =\p, n|\4q| =|4,|, Torma OyIyT CIpaBeIIMBEI CIICTYIOIINE
g g
z V4
TCOPEMBI.

Teopema Besikasi miockocTb B J11000ii 1eKapToOBOii cucremMe Koop-
3.3.2. JAMHAT MOKeT ObITh 32/1aHA ypaBHEHHEM BU/IA

Ax+By+Cz+ D=0, ‘A‘+‘B‘+‘C‘>O.

[oka3aTtenbCcTBO.

- > > -
Ycnosue KOMILTAaHAPHOCTHU BECKTOPOB }/-_]/-0 > p u q B KOOpAu-

HaTHOM (hopme umeeT (cormacHo Teopeme 1.6.3) Bux
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X=Xy V=Vo Z7Z
det px py pz :0'
q. q, q.

Orkyma A(x—x,)+B(y—y,)+C(z—2,)=0, umu oxonua-
tenmpio AX+ By +Cz+ D =0, rne uncna 4, B u C mnHaxo-
nsTes mo Teopeme 1.1.1 1 paBHBI COOTBETCTBEHHO

A=det 72 P" B=—det 7 T,
qy QZ QX qz
C = det Px Py ,
9. 4,

a D=-Ax,—By,—Cz,, u, Takum 06pa3om, Mbl TOJTY4UIH,

YTO YpaBHCHHUE IIJIOCKOCTU €CTh YPABHCHUC nepBoﬁ CTereHu. Y Clio-

BHE HEBO3MOXXHOCTH OJJHOBPEMEHHOI'0 PaBEHCTBA HYIO 4ucen A ,
- -
B u C BbITeKaeT U3 HEKOJUIMHEAPHOCTH BEKTOPOB p 5 q 51

cienctsus 2.5.1.

Teopema gokasaHa.

Teopema Bcesikoe ypaBHeHHe BHAA Ax+By+Cz+ D=0,
3.3.3.
‘ A ‘ + ‘ B ‘ +‘ C‘ >0 B Jd10060ii JexkapToBOii cHcTeMe
KOOPAHHAT €CTh YPABHEHHE HEKOTOPOM MJIOCKOCTH.

[lokasaTenbCcTBO.

HenocpenctBenHo#t mpoBepko yoexmaeMcsi, 9T0 ypaBHEHHE

Ax+By+Cz+D=0, |4|+|B|+|C|>0
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det

mpu C # (0 MoxKeT OBITH 3aIKCaHO KaK

‘4 DA + DB o4 DC
A*>+B*+C? 7 A*+B*+C? A*>+B*+C?
0 -C B =0,
C 0 -4
anpu C =0 BBuze
X+ DA + DB +0
- -z
A* + B? Y A* + B?
det - B A 0 |[=0.
0 0 1

Torma mo6oi#t KekapToBOW CHCTEMe KOOPAHWHAT B Ka4eCTBE BEKTO-
-

POB 5 M g MOXHO Opath
0 C
po=l-C u q| = 0 wucC=o0.
& B £ -4
WIN
-B 0
- -
pl = u |qg| =0, eem C=0,
¢ 0 ¢ 1

MIOCKOJIBKY 00a 3TH ypaBHEHHUS OyIyT ONpENeNiiTh INIOCKOCTh, IPO-
XOSIIYI0 4epe3 HEKOTOPYIO 3aJaHHYK TOYKY MapajuleNbHO JBYM
HEKOJUIMHEAPHBIM BEKTOpaM.

Teopema gokasaHa.
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- o > -
OTMeTI/IM, YTO YCJIOBHUE KOMIIIAHAPHOCTU BEKTOPOB r_ro . p n q B

BeKTOpHOﬁ (1)0pMe MOKET OBITH 3aIHCaHO opyu MMOMOIIM CMEHIAHHOI'O

e =
[POU3BENECHUS B BUIE (5 — (), 4TO TaKKe ecTh hopMma ypas-
r=r,p.q

HEHMs [UIOCKOCTH S , MoJIe3Hast U PELIeHNH 3a/1a4.

-> -

N
3apaua B cucmeme xoopounam {0,g,,g,,8,} cocmasumo ypas-

33.1. HeHue NI0CKOCMU, NpOoXoOAuel Yepe3 mpu 3a0anHble, He jle-

Jrcaujue Ha OOHOU NPSIMOU MOYKU:

Xy Xy X3
- - -
=\ n =Y = |V

Z Z, Z3

Pewenne. W3 YCJI0BHA 3aavud CICAYCT, YTO HEKOJUIMHCAPHBIC BCKTOPLL

- > > o .
¥,— 7, M p,—y, TMApAUICIBHEI HCKOMOH TIOCKOCTH. Kpome

TOTO, JUIl pajuyca-BeKTOpa JI00OH NpUHAIIeKAed 3ToH
N - - .
TUIOCKOCTH TOUKH . BEKTOP y— yr  TakiKe Oyner eii naparuie-

r

JIEH.

W3 ycnoBust KOMIUTAHAPHOCTH TPOMKH BEKTOPOB
> > o > >

{r—n->r—n""nrn-n}

MOJy4aeM ypaBHEHHE HCKOMOW IIJIOCKOCTH, KOTOpoe Oyner
e e T T Y

VIMETh BY, _ — — )=
A(r—n,rn=r,r—1)=0
WIIH B KOOpAWHATHOI hopme (cormacHo § 2.7)
X=X Y= Z-Z
det| x, —x, yv,—-y, z,—z|=0.
X3=% V3= Z3T 4

-> -

N
3apaua B cucmeme xoopounam {0,g,,g,,8,} cocmasumo ypas-

3.3.2. HeHue NI0CKOCMU, NPOX00suell yepes 3a0AHHYI0 MOUKY
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d T a
= NEPReHOUKYIAPHO HEHYIe80M) BeK-
rO—H Xy Yo ZOH 74 YIAp Y. 'y
- T
mopy p = H n, n, n, -
- .
Pewenue. Ilo ycnoBuio 3ajaun [yis pajnyca-BeKTOpa . 11000 TOUKH,
o o — Ed Ed
NMPUHAVICHKAIIEH STOH TUIOCKOCTH, BEKTOPBL 4, M p— j, Oy-
- > -
AYyT OPTOrOHAJIbHBI, T.C. (n’ y— ro) =0-
B . > o o
OpMOHOPMUPOGAHHOU CUCTEME KOOPAMHAT {() o e ,63}
9TO YCJIOBHUE MMPUHUMAET BH]
n(x—=xo)+n,(y=y,)+n(z-2))=0
i, obosnauns A =n.; B= ny; C=n, wu coorser-
creerno D = —n.Xx,—n,y, —n.z,, nonyuum
Ax+By+Cz+D=0.
CnepctBue Ecian njockocTsb 3aaHa B OpmMOHOPMUDPOGAHHOU CH-
3.3.1. A Al
cTeMe KOOPIMHAT (() ¢ ¢, e, ) YPaBHeHHeM
Ax+By+Cz+D =0, rae |4/ +|B|+|C| >0,
- T N
TO BEKTOp j — H A B C H OpTOroHAJNeH 3TOii
TIOCKOCTH.
—
Bekrt Ha3bIBaCTCS K TJIOCKO-
OnpeaeneHue eKTOp ;, HA3BIBACTCS HOPMATLHBLM 6EKMOPOM TLIOCKO
3.3.2. > > o

™M (n,r—r,)=0-

T
Onpepenexne  Bektop H A B C H HA3BIBACTCS 27A6HbIM GEKMO-

3.3.3.

POM TUIOCKOCTH

Ax+By+Cz+D =0, |4/ +|B|+|C| > 0.
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B OpTOHOpMHpOBaHHOﬁ CHUCTEMC KOOpAUHAT IJIaBHBIN BCKTOP IIJIOCKO-
CTH ABJIACTCA 1 HOPMAJIbHBIM €€ BEKTOPOM.

s
3apaua B {O,e,,e,,e,} ~ OPMOHOPMUPOSANNOL CuCmeMe KOOpOu-
3.3.3. Ham, Haumu paccmosinue om mouku M ¢ paduycom-eexmo-
K
X
N
« % - > >
pom r =||y | donrockocmu (n’r_ro):().
*
z
Pewe- 1°. Ilyctp K ecTb oproroHanbHas npoekuus Toukd N Ha
Hue. - - - -
JAHHYIO TUIOCKOCTD, TOTMA MK = )p M p=p"+hn -
(puc. 3.3.2.)

2°. Touka K TPUHAAIECKUT MAHHOH IUIOCKOCTH, MO3TOMY
- > o
*
MMEET MECTO COOTHOMICHUE (5 p*4 ) p—r, ) =0>

CJICA0BAaTCIIbHO,

—>—’* -

(n,r —r,)
)Mz_’izo’
|n |

Toraa il HCKOMOTI'O PpacCTOSHUA
noJIyyum

IR
| MK |=
IR
S om
=|(r —ro,j)|.
|n|

°. PaccMOTpHM Tenepb OPTOHOPMHPO-
BaHHYIO CHCTEMY KOOPIHHAT. Puc. 3.3.2
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N
B sTOM Ciydae BEKTOp z — H A B C HT OyeT HOPMAJIBHBEIM

sexTopom miockoct AX+ By +Cz+ D =0. Tlosromy

|]\Z = | A(x" _x0)+B(y* _yo)"'C(Z* —2zy)]
JA* +B*+C? ’

-
Touka rO MMPUHAJICIKUT I[aHHOﬁ IIOCKOCTH, 3HAYHUT

Axy+By,+Czy+ D=0,

a, TIOCKOJIbKY ‘ A ‘ + ‘ B ‘ +‘ C‘ > (), TO OTBET 3a1aYu MOYKHO 3a-

mucaTh B BUIC

g | Ax* +By" +Cz" + D|

| K|: 2 2 2
JA°+B - +C

Teopema Ilycrn ‘Al‘+‘Bl‘+‘Cl‘>O u |A2|+|Bz|+|C2|>O, B
3.34.

3TOM cCj1y4ae IJIOCKOCTH
Ax+By+Cz+D, =0,
A,x+B,y+C,z+D, =0
OyayT mapaJuleJibHbl TOr/Aa M TOJIBKO TOIJa, KOrjaa Mx
rJ1aBHbIC€ BEKTOPbI KOJJINHEAPHBbI.

[lokaszaTtenbCcTBO.

JlokakeM I0CTaTOYHOCTh. ECITH TiIaBHBIE BEKTOPHI KOILTHHEAPHBI,
TO cymecTByeT Takoe umcio A # (), uro

A =\A,; B, =AB,; C, =)\C, ,
U CUCTEMA ypaBHEHUI
Ax+By+Cz+D, =0,
A, x+B,y+Cyz+D, =0
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MOJKET OBITh EPENICAHA B BHIE
Ax+By+Ciz+D, =0,
Ax+B,y+Ciz+AD, =0.

Ipu D, # AD, Ha 3TMX IIOCKOCTAX HET OOIIMX TOYEK, a IpH

D, =AD, — Bce Toukn 06uiye, YTO ¥ 03HAYACT MAPAIUICIBHOCTD

IUIOCKOCTEH.

Jokaxem HeoOX0muMOocCTb. [1ycTh mockocTi
Ax+By+Cz+D; =0 u
Ayx+B,y+Cyz+ D, =0

napamienbHel. Toraa OHM JOJDKHBI II€peceKaTh OJHH U TE XKe

KOOPJAWHATHBIC IVIOCKOCTU IO NapaUICJIbHBIM ITPAMBIM.

HyCTI) 1A ONPCACTICHHOCTH 3TUMH KOOPJAWMHATHBIMU ITJIOCKOCTA -

MU SBISIIOTCS [UIOCKOCTH, Juist KoTopsix X =0 u z =0. Jlunuu

NepeceveHns, COOTBETCTBYIOIINE IEPBOH N3 KOOPANHATHBIX IIJIOC-
KOCTeH, OyIyT OpenenaThCs CHCTEMaMH YpaBHEHHN

x=0, x=0,
By+Cz+D, =0 ! B,y+C,z+ D, =0.

HapaJIJIeJ'IBHOCTL OTHUX MPSAMBIX O3HAYACT CYHICCTBOBAHUC }\, * O

Takoro, uto B, =AB,; C, = 1C,.

PaccmarpuBas ciydaii z = (), mosyyaeM aHaJIOIHUHYIO CHCTEMY
COOTHOIIICHUH

z = 0, zZ= 07
u
Ax+By+D =0 A,x+B,y+D, =0,
HO U3 ycnosust B; = AB , W IapaJuieNlbHOCTH 3TOM Maphl NPAMBIX

BbITeKAET, uto A, = A A4,.

Teopema gokasaHa.
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Cnepncteue
3.3.2.

OnpepeneHve
3.3.4.

Onpepenexve
3.3.5.

Onpepenexve
3.3.6.

I[J'lﬂ TOT0 YTOOBI YpaBHeHus
Ax+By+Cz+D, =0,
A,x+B,y+C,z+ D, =0,

A|+|B|+]C/|>0 u
A,|+|B,|+]Cy|> 0

OBLIH YPaBHEHUSIMH OHOI M TOH XKe IJIOCKOCTH,
Heo0X0AMMO | A0CTATOYHO, 4TOOBI CymecrBoBaJjao

ymesno A # 0, Takoe, YTo

A =AA,; B, =AB,; C, =AC,; D, =AD,.

Ilyukom naockocmeri B IPOCTPAHCTBE HA3BIBAETCS COBO-
KYITHOCTB BCEX IIOCKOCTEH, MPOXOISIIUX Yepe3 NaHHYIO

HPSAMYIO.

Vpasnenuem mnyuxa nnockocmeii, TpOXOASIIMX dYepes
MPSMYIO, ONPENENSIEMYIO IepeceueHueM Mapbl Hemapai-
JIETBHBIX IIOCKOCTEH

Ax+By+Cz+D, =0,
|4 |+|B|+|C|>0

A, x+B,y+C,z+ D, =0,
|4,|+|B,| +|C,| > 0,

Ha3bIBAaETCs ypaBHEHUE BUA
o(4x+By+Cz+D))+
+B(4,x+B,y+C,z+D,) =0,
|a|+|B|>0.

Cesaskoti niockocmeti B IPOCTPAHCTBE HA3bIBAETCS COBO-

KYITHOCTB BCEX IIOCKOCTEH, MPOXOASIIUX Yepe3 TaHHYIO
TOUKY.
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Onpeaeneve Ecnm Touka P, NpHHAIEKAIas OJHOBPEMEHHO TPEM
3.3.7. TTOCKOCTSIM

Ax+By+Ciz+D, =0,
|4|+|B,|+|C,|> 0,
A,x+B,y+C,z+D, =0,
| 4,]+|B,|+|C,|>0
Ax+B,y+C;z+ D, =0,
|4, +|B,| +|Cy| > 0,
CIUHCTBCHHAsA, TO ypaBHeHHe BHUIa
o(4x+By+Cz+ D))+
+B(4,x+B,y+C,z+ D,) +
+y(4;x+ B,y +Ciz+D,) =0,
ja|+|B[+[v[>0

Ha3BIBACTCS YPAGHEHUEM CE:A3KU NIOCKOCMEl, TIPOXOIS-
IMX 9epe3 TOUKy P .

Jlnist mydKa ¥ CBSI3KM IUIOCKOCTEH B MPOCTPAHCTBE CIPaBEIJIUBBI TEOpE-
MBI, aHAJOTMYHbIe TeopeMe 3.2.1 1y mydKa MpsIMBIX Ha IUIOCKOCTH.

§ 3.4. Cnnoco0b1 3a1aHus NPSAMON B IPOCTPAHCTBE

CyImecTBYyIOT pa3IHyYHbIEC CIIOCOOBI 3aJaHusI IPSIMOM B MPOCTPAHCTBE B

> o o
I[eKapTOBOﬁ CHUCTEME KOOpAUHAT {O’ gl , gz R g}} .

1°. YpaBHeHue IIycTb TOUKa ¢ paiuycoOM-BEKTOPOM
npsMon B na- N T
pameTpude- r o= H X y z H
ckon chopme

JISKHUT Ha MPSIMOU B MPOCTPAHCTBE, UMEIOLIECH HEHye-
BOH HaNpaBJSIFOIIUNA BEKTOP
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2°. YpaBHeHue
npsamon B
KaHOHMWYe-
ckon cbopme

3°. YpaBHe-
HMe npsi-
MOW, mpo-
xoasLen
yepes Be

Xo
R

| ¥ mpoxozsieii depes Touky ¥y = | Vo, TO-

S
I
QR 8

z ZO

> o
N

r—r,
raa U3 KOJJIMHCAPHOCTU BCKTOPOB au 0 CJICAYCT,

YTO YpaBHCHUEC HpHMOﬁ B IMPOCTPAHCTBE IOJLUKHO MMETH
- - -

r=r,+ta.
BH]T

Ecnmu uckmounts napamerp T U3 CKaJSIPHOM 3amucu
- - -

r=ry+ta
YpaBHEHUS

X=x,+1a,

y:y0+Taya
z=z,+1a_,

TO TIOJNYYaeTCs TaK HA3BIBACMOC KAHOHUUECKOe VpasHe-
HUue npamoul

X=Xy Y=Yy 272,

a a a

x y z

XO0Ts 31€Ch NPABUIIBHEC I'OBOPUTH O CUCTEME ypaBHeHHﬁ.

Cnywaii d,d,d, = 0 paccMaTpuBaeTcs aHAJIOTUYHO

CITy4aro, paccMOTpeHHOMY B § 3.2 (1°).

o o o
HOCKOHBKy HapaBJIAOIUNA BEKTOP JAaHHOU MPSIMOU

KOJUIMHEAPEH BEKTOPY

Xy — X
- - 27

R=n=|Y2 =V >

Z; T4
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4°.

0BE HecoB-
nagatotLme
TOYKM

YpaBHeHue
npsimon B
1-o1 BekTOp-
Hon chop-me

TO ypaBHEHHE TNPSMOH B BEKTOPHOW (hopMe MOXKHO
MPECTaBUTh B BUJIE

- > - >
r=n+tur,—-n) V1t

U
- - -
r=(1-v)n+r, Vt-

COOTBETCTBEHHO B KOOpAWHaTax MmocCjI€ HCKIIOYCHUA I1a-
pameTpa T ojydyacM COOTHOIICHHUA

X=X Y= Z27Z
Xo =Xy Vo= V1 25— 2
€CJIA TOJIBKO

(xz _xl)(y2 _yl)(Zz _Zl)¢ 0.

B

HpHMaH B IPOCTPAHCTBE MOXKCT OBITE 3aJjlaHa KaK JIMHUA
nepeceycHus IByX IJIOCKOCTEH

(n,r)=d, wu (n,r)=d,

- -
rac nl n n2 — HEKOJUIMHCAPHBIC, HOPMAJIBHBIC BEKTOPHI

9THX INIOCKOCTEH, a dI " d2 — HEKOTOpBIE YKCIa.

-
Wnu xe, ecnu u3BecTHA TOYKa ry o 4yepe3 KOTOPYIO Mpo-
XOIWUT JaHHAs MpsSMasi, TO PaANyC-BEKTOp IFO00I TOUKH
9TOM MPSMOH yJIOBJIETBOPSET CACAYIOIIEH CUCTEME YpaB-
HEHMUIA:

> > >
(n,r=ry,)=0,
> 5> >

(n,,r—r,)=0.

Wnu B xoopauHaTHOH hopme

Ax+By+Cz+D, =0,
A,x+B,y+C,z+ D, =0.
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5°. YpaBHeHue IlpsAmas B IpocTpaHCTBE MOXKET OBbITH 3aJaHa HpPHU IIOMO-
npsmMon  BO
2-0ii BekTop- M HMHOTO YCJIOBUSl KOJUIMHEAPHOCTH BEKTOPOB
HoW hopme -
_ B BUJIC YpaBHECHUS
r—r,- yp

N
a nu

- > o> -
la,r—1]=0
HJIN KC

- - - - -

[a,r]1=b>P€ b =[a,n]

HakoHnen;, B OpTOHOPMHPOBaHHON CUCTEME KOOPAHMHAT
- -

N
{O,e,,e,,e,} HAaHHOE ypaBHeHHE OpssMOMl B mpo-

CTPaHCTBE NPUHUMAET BUI

e e e . a,z—a.y =b_,
det|a, a, a |=b wm yax-az=b,
X y z ay-a,x=b..

OTMeTI/IM, YTO B MOCJICIHEH CHCTEME CKaJIAPHBIX yCHOBI/Iﬁ TOJIBKO JBa

YpaBHEHHS M3 TPEX HE3aBHCHMBIE, TO €CTh JTI000E M3 3THX ypaBHEHUH 5IB-
JSIETCS CIICICTBUEM IBYX JIPYTHX.

JeliCTBUTENLHO, YMHOXKHB IIEPBOE YpaBHEHUE HA (., BTOpoe Ha 4y, u
TpeThe Ha (, ¥ CIOXXUB 3aTEM IOJTYyYCHHBIC PABEHCTBA ITOWICHHO, PUXO-

1M k Toxaecty euga ) = 0, nockoneky uncna @, , 4 y M d, HE PaBHbI
HYJTIO OTHOBPEMEHHO, a

bx :ayZO _azyO’
by =a,x,—a.z,,

b.=a.y,—a,x,.
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Haxoner, pacctosaue /I B MPOCTPAHCTBE

oT HeKOTOpOﬁ TOYKH C PagunyCOM-BEKTOPOM

N L > - .
O IIpsAMOHN = MOXXHO HaWTH
R 70 Up r=ry,tta ’

BOCIOJIb30BABIINCH CBOMCTBOM, 4T0 S —
IUIOIIAJb TMapaulesiorpaMMa, MOCTPOSHHOIO
Ha mape BEKTOPOB, paBHA JUTMHE BEKTOPHOTO
MIPOM3BEICHUS THX BeKTOpoB. U3 puc. 3.4.1
HOoJTy4aeM

N
g |[[R=7p.al
Puc. 3.4.1 h= =
- -
a a

§ 3.5. PemieHue reoMeTpuYecKUX 3a1a4 METOAAMM
BEKTOPHOI ajredpbl

O} deKTUBHOCTH UCIIOIB30BAHUS METOIOB BEKTOPHOI anreOpsI MpH pe-
IMEHUU I'COMCTPUICCKUX 3a/lad BO MHOI'OM 3aBUCHUT OT ITPaBUJIBHOI'O BBIOO-
pa IpencTaBIeHUs TEOMETPHUECKUX YCIOBHI B BEKTOpHOU (opme. Hampu-
Mep, €CJIA BBECTH ONPEICICHNs, PABHOCHIBHBIE HCIOIh3YEMBIM B JJIEMECH-
TapHOH TEOMETPHH, TO BEIYUCICHHE YTIIOB, ONPEACISIONINX B3aUMHOE pac-
MTOJIOKCHUE MIPSAMBIX U TUIOCKOCTEH B TIPOCTPAHCTBE, MOXKET OBITH CBEIICHO
K HaXOXKJICHUIO CKAISPHBIX /WU BEKTOPHBIX TPOU3BEICHUI COOTBETCTBY-
IOMINX HOPMAJIBHBIX U HAIIPABJIAIOIUX BEKTOPOB.

> > o
Onpepenexne  YIJIOM  MEXKIY  IUIOCKOCTSMH (n,,r—ry,)=0 4

3.5.1.

> > >
_ — () Ha3bIBACTCS YTOJI MEXIY UX HOPMAIb-
(ny,r=1,)=0 yr Ay P

- -
HBIMU BEKTOPaMHU n, 120
-
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Onpepenexune
3.5.2.

- >

> > o

YoM MexIy IUIOCKOCTBIO (n,r— Vo) —() 4 npAMoi

—

T
v = r0+»|:a Ha3bIBACTCS Yroil ——O, ruae o — yroia

- -
MEXKy BEKTOpaMHu u

n a’

B Tabmumax 3.5.1-3.5.3 mpuBeneHs HEKOTOPBIE U3 YacTO YIIOTPEOIIEMbIX
(GopM BBIpaXKEHHS TCOMETPHYECKHX YCIOBUH HPH MOMOIIH BEKTOPHBIX

onepauui.

Tabauma 3.5.1

OTHOCHTEJIbHAS OPHEHTALMSA NPAMBIX B IPOCTPAHCTBE

I'eomeTpuyeckoe Bo3moxxnan BekTopHasi popma npen-
ycJaoBHe CTaBJICHHUSI
KosunseapHOCTb IpsiMbIX 1°.  CymectByer A # 0, Takoe, uro
- - - N N
r=r,+14q, a, =ha,
- - - - - -
o
F=rytta,- 2% a,a,]=o0-
0 - -
TOrOHATBHOCTH TIPSAMBIX -
P p (a,,a,)=0.
- - -
— u
r=ry +7T a,
- - -
r=r,t+1a,.
KosumiHeapHOCTh NpAMBIX 1°.  CymectByer A # 0, rakoe, uro
- - - - >
— nu
r=r+1ta a:}b[n]’nz]-
- -
(l’ll,l’)zdl, 2o > o o> -
(l’l_) ;)_d ) [a:[npnz]]zo-
2, 7)=a,.
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OpTOTOHATBEHOCTH MPSMBIX
- - -

r=r,ttat

(n,r)=d,

(n,,r)=d,.

> o> o

(a,n;,n,)=0.

COBHa,Z[eHI/Ie IpAMBIX

- - -
— nu
r=r,t+1ta,
- - -
r=ryt1ta,.

2°.

1°.

Cymectayior A #0 u L # 0, Ta-
- -
KHE, UTO g =) g, M

e -
For= T = 14,

> o -
[a19a2]=0 "
- - - -

(70— Fp-a,]=0.

Ilepeceuenue npsMbIx

- - -
r=ry,t1ta,
- - -
r=r,t1ta,.

NN -
la;,a,]#0 "

N S

(To1 = ¥02»41,a,) = 0.

- - -

r=ry+1a,.

- - -
VYcnoBue ckpemuBanus nps- [a,, a,]#0 1
MBIX - - - - - > -

r=rytta

(Fo1 = Tp»61,0,) #0-
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Tabnuna 3.5.2
OTHoOCUTe/IbHAsI OPUEHTALMA IJIOCKOCTEeH B IIPOCTPAHCTBE

I'eomeTpuyeckoe Bo3mokHasi BekTOpHas ¢opMa mpen-
ycJI0BHE CTaBJIeHHUS
[MapannensHOCTh MII0CKO- 1°. Cymectsyer A # 0, Takoe, uro
. - - - - - —
CTed 5 — _ u
r=ratopt0q, [P1,q.1=2[p,.9,]
" -> > -
- - - -

(7”01 Yoor D1>4,) %20+
r=rut+top,+0q,.

R - - - - -
2°. ([p1,9,).[py.q211=0 "

e

(For— 702> P1,4,) % 0.

CoBnazeHue mIOCKOCTEH

1°. Cymectsyer A # 0, Takoe, uro
- - - - u - - > o
r=rytep+0q, [p,q.1=Alp,,q,1 "
- - - - NN
F=rptep,+0q,. (VO1 Fops P154;) = 0"
- - - - -
CoBnajieHne IOCKOCTEN 2°. [[pqul]’[pzjqz ]]: o X
- - -

> o o5 o
rErtepit0gt (Yo1= Y025 P1,9,) =0"
- - - -

rF=ruyt+op,+0q,.

OpTOl"OHaJ'H:HOCTI) IIJIOCKO-

I N N ([p1aQ1]a[pzaQ2]):0'
creil r =1y +op,+0g,
u

- -

rF=ruyt+top,+0q,.
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ITapainenbHOCTh MIOCKO-
- - -

crell p =y +op+0gq

(n,r)=d -

(p,n) 0
(q,n) 0

- >
TIPH YCHOBHH (3 p ) # d -

CoBIageHue IOCKOCTEN

(p,n) 0

- >
I IR IR IIPU YCIOBUU (I’l,l’o)—d'
r=r,+@ p+0qg " (q,n) 0
- >
(n,r)=d.
OpTOroHanbHOCTH IIOCKO- 1°. Cymecreyer A #0, Takoe, uro
L - - - NN N
CTel p =y, +op+0q ¥ [p,ql=An-
- - R - > -
(n,r)=d. 2 [[pglnl=o-

Tabnuma 3.5.3

OTHOCHTeJbHAS OPUEHTALMS NPSIMOIi H NIOCKOCTH
B MPOCTPaHCTBE

I'eomeTpuueckoe Bo3moskHasi BekTOpHas (hopma npen-
ycJIOBHE CTaBJICHUSA
[TapanensHOCT MpsIMON

1

- - -

= IIJIOCKOCTH
r=ry+ta

- - -

r=ry+op+0gq.

°. CymectByior A; W}

A+ >0,
Takue, 9To 227&;4'}1; u

> o o o

(1"01—1”02,[7, q) #0-
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N
5 1@ p.q)=0,
: N T
("= 70> - q) = 0.
OpTOroHATBHOCTh IPAMOI 1°. CymeCTByeT A =0, Ttakoe, uyro
- - - - >
F =y + T a TM0CKOCTH a=A\p,ql
- - - - 90 - =
r=r,+op+0gq. - la[p, Q]]—O
- -
TapamienbHOCTh IPSIMOit (a, n) =0 TpuycIoBIH
- - - NN
F =y, + T g TMOCKOCTH () %d-
- >
(n,r)=d.
i . - >
—>pI/IHa_Z>[ﬂe)KH_(>)CT]) psAMou (a’ n) — 0’
- -
= TLIOCKOCTH
r=rytta (ry,n) =d.
- >
(n,r)=d.
OpTOrOoHANBEHOCTE TPSMON 1°.  CymecrByer A #0, rakoe, uro
- - - N N
F =y, + T g TMOCKOCTH a=kn-
- - o - > -
(n,r)=d- 2% la,n]=o0
OpTOroHaNbHOCTh MPAMOL 1°. CymectBytoT
- - AW }\.‘+‘M‘>O,TaKI/Ie,
(nl ’ r) - dl ’ 4 d -
- 4To 5 — .
(n,,r)=d, n=hn+un,
> 5 - -
2°.

-> >
U IINIOCKOCTH (n, 7") — d

[n,[n,n,]]=0-
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Otmerum, uto B Tabmunax 3.5.1-3.5.3 coxpaHeHbI BBEICHHBIC paHee
0003HaYEHHSI U OTPaHUYCHHSI.

[Ipu pemieHNH T€OMETPUUYECKHUX 337ad METOJAaMH BEKTOPHOU aireOps
TaK)Ke BAXXHO YMETh NEPEBOAWTH ATH IPEICTABICHUS W3 OJHOW IKBHBA-
JIEHTHOM (GOpMEI B Apyryio’. HalimeM, HampuMep, IS IPAMOM, 3aIaHHON B
MPOCTPAHCTBE NMEPECEUEHUEM JIBYX HEMapalUIENbHbIX MIIOCKOCTEN

- -
(n,,r)=d,,
- -
(l’lz,l")zdz,

- - -

YPaBHCHHUC B NApaAMCTPUICCKOM BUIC 5 — rO +Ta-

Hepr,Z[HO y6e,I[I/ITLC$I, YTO B KA4YECTBE HAIPABJIAIOIICTIO BEKTOpA HaH-

- - - -
HO IIPAMOM MOXHO B3STh 4 — [ n,,n, ]> @ PajMyC-BEKTOp TOUKH . BBI-
b

- -
pakaeTcs KaK HEKOTOpas JHHEHHas KOMOWHAIWs BEKTOPOB n, u n, -

- - -
JlelcTBUTENBHO, MYCTh Ty = & n+nn, > TOTJ]a M3 CHUCTEMBbI JIMHEUHBIX

YpaBHEHUI
- - A
n,r,)=d,, A
(_1> g) ! HaXO,Z[I/IMi:—éI/Inz—n,
(ny,1y)=d, A A
- - -> - - o
n,n n,n d n,n
tae A=det] () () | A e (1)
(ny,n) (ny,n,) d, (ny,n,)
- -
n,n d
u A =det (_1’_1) Ul (em. Teopemy 1.1.2).
(ny,n) d,

3 Crnesyer UMeTh B BHJIY, YTO MCIIOTb30BAHHE PA3INUHBIX BEKTOPHBIX PEICTABIIE-
HUIi OJHOTO M TO K€ TEOMETPUUYECKOTO YCIIOBUSI MOYKET TPUBONTH K Pa3JINUHBIM,
HO, ECTECTBEHHO, SKBUBAJIICHTHBIM (hopMaM 3amucH penienus. (CM., Hanpumep, 3a-
nmaay 3.5.2.)
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IToxaxxuTe CaMOCTOSITENBHO, YTO YCIOBHE HEKOJIMHEAPHOCTU HOP-
- -
MAILHBIX BEKTOPOB 5y Mz, PaBHOCHIBHO YCTOBHIO A#0.

AHAJIOTHYHO MOJKET OBITh BBIOJHEH W 00paTHbIA mepexox. I[lycth

- - -
YpaBHEHHE NPAMOH B NPOCTPAHCTBE UMEET B p — Fy+Ta s TPUIeM

- -
TPEATIONONNM, 4TO zo M HEKOILTHHEAPHEL. Torga B KadecTBe HOp-

MAaJIbHBIX BEKTOPOB IIOCKOCTEH, KOTOpPhIE MEPECceKaroTcs M0 AaHHOM Mpsi-
. - - > - - -

MO, MOXHO B3ATb 5y =[g, 7, ] ¥ n, =[a, n]: W3 BTOpOTO paBeHCTBA,

UCToNb3ys GopMyITy JUIsl TBOHHOTO BEKTOPHOTO Ipou3BeneHus (cM. § 2.8),

HOJTy4acM

- - - BN BN LN

e e T T SRS
n, =[a,nl]=[a,[a,r0]]=(a,r0)a—(a,a)r0 :(G,VO)CI— a r.

- -
B xauectBe d; wu d,, OYeBHIHO, MOXHO NPHHATH d, =(n,,r,)

- - - -
d2 — (n2 , rO) . Cnyqaﬂ KOJIJIMHCAPHBIX BEKTOPOB rO u a paccMoTpuUTe

CaMOCTOATCIIBHO.

B 3akmoueHune MMPUBCIACM B KAa4YC€CTBC IMPHUMCEPOB PCHICHUA HEKOTOPBIX

CTCPCOMCTPUICCKUX 3a1a1 METOJaMU BCKTOpHOﬁ a.]'[l"€6pBI.

e e
3apava Hanwr nnockocme (r—7,, p,q) =0 u nepecexaiowan ee

3.5.1.

- - -
npAMAR p =p +T Q- Hatimu 6 éexmopnoii ¢popme paouyc-

6EKMOP MOUKU Nepeceyenus Mot npsamou u niockocmu. Pe-
wumo 3a0ayy 6 obwel 0ekapmosol cucmeme KOOPOUHAM,
VPABHEHUs: NIOCKOCMU U RPIMOT 8 KOMOPOU UMem 6uo

x =-3+4r,
X+4z+7=0 u (y= 1-4r,
z=-5 +1
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> > >
Pewenne. 1°. 3ameTum, 4TO €CiIu — TO JIMOO pELIEHUI HET
’ (p,q,a)=0- p ’

100 BCs npsaMas JICKUT Ha Z[aHHOﬁ IIJIOCKOCTH. HOBTOMy

- o> >
OyzmeM manee monarark, 9TO ( D.q a) £0-
b b

- -

L >
2°, Nmeem R = p0+ TO a s

5
Tae p — PAIUyC-BEKTOP
HMCKOMOM TOYKH Tiepeceye-
HUA OPSMOI U IIOCKOCTH,
a T, — COOTBETCTBYIOILEE

7 9TOW TOYKE 3HAUYCHHE IIa-
Po pamerpa T (puc. 3.5.1).

Puc. 3.5.1
HOCKOHLKy TOYKa MCPeCCUCHUA NPUHAIIICIKUT L[aHHOfI IIJIOCKOCTH, TO
R - e

HMEET MECTO (R—ro,p,q)zo i (p0+‘l30 a—l”o,P,Q):O'
e e

_(po_ro’paQ)

OTKyz[a TO = ? U, HAKOHCII,
(a,p,q)
R =p0—(p0:r_°)’f°q)a.
(a,p,q)

3°. Haiinem Tenepb perieHne B KOOpAUHATHOH (opme.
[TockonbKy KOOpAMHATHOE TMPEACTABICHUE KaXJOr0 CMEIIaHHOTO
6 g g g 2 7 o
npou3BeieHus B Oasuce CM. .7) UMeeT HeHyJeBOU
poH3BeA {81:8,,8;) @827 ¥

> 5> -
COMHOXUTECIIb (gl g2 g3 ) , TO KOOPAWHATHOC NPEACTABJIICHUC painy-
b b

d o o
Ca-BEKTOpa  p OyzmeT OIMHAKOBHIM B JIIOOOW IEKapTOBOW CHCTEMeE

KOOpAUHAT.
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W3 ycnoBus 3anaun u Teopems! 3.3.3 umeem

N
a

—

p

= 1| n

=|-4], .
0 -1 -5 1

- e e
Koopaunats! Toukn vy pemIeHus ypaBHEHUS (r— Yo Ps q) — () moxbe-

pem nipousBonbHO: Harpumep |7y | =| 0 |. Takum o6pasom, nmeem
-1
0 1 -4 4 -4 1
64
T, =—det|0 -4 Of:det|]0 -4 O|=-——"—=
(=32)
4 0 -1 4 0 -1
H,BCPIJIyR:pO_;r_TOa,
-3 4 5
Ri=|Y|=| 1|+2-|-4|=|-7
Z| |-5 1 -3
3anava Janbl mouxka ¢ paouycom-eeKmopom 73 u npavas
3.5.2. BN N

r=ry+ta- Haiuimu paccmosuue om smoi mouxku 00

OQHHOU NPAMOU, He UCNOAL3YSA ONEPayuio  BeKMOPHO20
npou3eeoeHuUs.

BN
PeweHue. 1°. TIpoBeaem yepe3 MaHHYIO TOUYKY C PalyCOM-BEKTOPOM R

TUIOCKOCTh, TMEPHNEHIUKYISpHYI0 mpsimoir (puc. 3.5.2).

N
O603HaYNM 4epe3 ;- paanuyC-BCKTOP TOYKHM IICPCCCUCHMS
X

MIPSIMOM 1 TTOCKOCTH. VIckoMoe paccTosiHue OyneT paBHO
> o

p=|R-r, |
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>
2°. Touka ,» OyneT yJOBIETBOPATH
X

OAHOBPEMCEHHO COOTHOLICHUSAM
> > o

(a,R-r,)=0
- - -
nop o= r0+ka’ HO TOIJa, WC-
KJIIoYas Iapamerp A, HaXOIuM,

4qTo
> o o

- - R—l" a)”
:r+7( 0 )a

rx 0
Puc. 3.5.2 la|’
- o > > o >
> 2> (R-r,a)> 2 2 (R-r,a
( ( 0 )a,R Ty— 7( 0 )a) =
4)2 4)2
" la | la |
- —>—>2
o (R-r,a)
= [ 1Ropf -t
laf?

3aMeTuM, 4TO B CHITy JIETKO IIPOBEPSIEMOTO TOXKIECTBA

S22 - - 2
p =(p.q)* + [p q]
> o> >
[R — Ty a]
JTAHHOE pelleHNE COBNAAAET C TOTYYCHHBIM B § 3.4 p=
N
la|
B - - -
3apgava Haiimu paccmosnue MmedxncOy npamviMu — p — Pyt Ta
3.5.3.

- - -
r :V02+’E612 :
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- -
Pewenne. 1°. Ecnu BekTOpEHI a, W g, KOIIMHEAPHbI, TOI/A PELLEHUE

AQHAJOTUYHO NMpUBEICHHOMY Ha puc. 3.4.1 n naercs pop-

MyJ0H

- - o
5 7= ror- 4,
p_ > - )
la, | la, |
- -

(o}
2°. IlycTh BEKTOPEI a, " q, HeKoI-

JINHEAPHBI, TOTJa IOCTPOUM IHapy
MJIOCKOCTEH, MapajIeIbHBIX 3TUM

BEKTOpaM, OJHAa U3 KOTOPBIX CO-

N
JICPHKHUT TOUKY 5, @ JAPyras T04-

>
Ky r, (puc. 3.5.3).

Ob0reM  mapaenenwiiena, Io-

- -
CTPOCHHOI'0 Ha BEKTOpax al . aZ

a, - - .
U p _p , PABEH, C OTHOH CTO-
02~ "ol
POHBI, TPOU3BEACHUIO IUIOLIAIN
Puc. 3.5.3 napajuieorpaMma, HaXOoIAIIErocs
B OCHOBAaHHMHM, Ha HCKOMYIO BeE-
JHYUHY p u
- - > =

(Foa—To1-41,@5) | — ¢ npyroid.

OTKyzna HaXOMM, YTO

e
_ | (ry,— 7y1»,a,,a,) |
p= NN :

[[a,a,]|
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3apava
3.54.

PeweHne.

- > - > -
Hanvr  naockocmo (n,r)=d " mpavai (g pl=bh-

o bd
Hatimu — paouyc-6eKmop MoyKu ux nepeceyeHusl.
R

YMHOXHB 00€ "acTu ypaBHeHH;{ IpsIMOI BEKTOPHO CJIEBa Ha
- o >

N
p o HOIYIIM [ T, 7]] = [n b] [loncTaBnsas B 3TO COOT-
HOILIEHUE HUCKOMBI BEKTOP R u npumeHss Gopmyny § 2.8,

[IPUXOJUM K PABEHCTBY

- > > - > >

a(n,R)—R(n,a) = [n b]

ITockonbky Touka R MPUHAJICKUT JTaHHOM TMIOCKOCTH, TO

- >
(n,R)=d > W TOT/A, NPH CCTECTBCHHOM OTPAHMuCHHH

-> >
(}’Z,Cl) + 0, nojxy4acm

=~
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MhaBa 4

HENWHENHBLIE OB BEKThI
HA NMJIOCKOCTU U B NPOCTPAHCTBE

§ 4.1. JIuHNH HA IUIOCKOCTH U B POCTPAHCTBE

-> >

HyCTI: JaHa CUCTEMa KOOpAWHAT {0 g] g2} Ha INIOCKOCTHU U YHUCJIIO-
H >

Boe MHOXkecTBo (), sBIIAIONIEECS MPOMEKYTKOM (BO3MOXKHO, OECKOHEU-

HBIM).

OnpegeneHne
411.

ByJeM roBoputh, 4to nuHuA L Ha MIIOCKOCTH 3ajaHa na-
. >
pamempuyecky BEKTOP-QYHKIMEH ;. — F(7) (wmn B

KOOpAWHATHOH (hopme

r

g Fy (T)
rae £, (7),F,(T) — menpepehbie, ckansphee GyHKIIHI
aprymenta T, onpeznenennbie as T € (), ecim
- >
1)  mma moGoro Te () Touka ;. — F(t) 7e-
xut Ha L;

Y
2) i IF000H TOYKH 7y nexammeii Ha L, cyme-

ctByer T, € {2, TaKoe, 4TO BHINOTHEHO pa-

- -
BEHCTBO Ky = F(To)'
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WHorna mnuHMA Ha IUIOCKOCTH 33JaeTcs B BHJE YypaBHEHUSA
G(x,y) =0, xoropoe momyuaercs uCKIIOUEHHEM TapameTpa T W3 CH-

x=F_(7)
CTEMBI YpaBHEHHUIA , 1€Q.

y=F, (1)
Mpumep 1°. IlpsiMas JUHMS, HATIPUMEp, 3aJaeTcs BEKTOpP-(byHKIMeH
4.1.1. e - >

- o
7y = l"0+ Taq > TAc a ~ HanpasJIAIOIWNU BEKTOP, a 7/-0 —

OJIHa M3 TOYEK 3TOH mpsMoit. CkansipHas ¢popMma 3aaaHus
MPSIMOM B 3TOM CITydae NMEeT BH/T

xX=x,+14a,,
T € (—00,+ ),
y=y,+1a,,
F (t)=x,+a,,
TO €CTh T € (—00,+ ),

Fy(r) =Y, t1a,,
wm Ax + By +C=0, ‘A‘+‘B‘>O,rue
G(x,y)=Ax+By+C.
2°. B pmexkapToBOW OPTOHOPMHPOBAaHHOH CHCTEME KOOPAHW-
Xo

Yo

B MMapaMCTPUICCKOM BUAC MOKET OBITH 3aJlaHa KaK

HaT OKPYXXHOCTb pajguyca R C LEHTPOM B TOYKE

X =x,+Rcost,
. 1€[0,27), 1o ectp
Y=Y, +Rsinrt,

F (1) =x,+ Rcosr, 0.2
F, (1) =y, + Rsint, vel0.2m).
HIJIN XKC ypaBHeHI/IeM
(x_xo)z +(y_y0)2 =R*,
rie G(x,y) = (x_xo)2 +(y_yo)2 -R*.
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Onpepenexve
4.1.2.

OnpepeneHne
4.1.3.

Mpumep
41.2
(anrebpanyve-
CKUE NMUHNM).

JIuHus Ha3BIBaeTCs aneebpauyeckoll, eCiu ee ypaBHEeHHe
B JIGKAPTOBOW CHUCTEME KOOpAWMHAT HMMEET BH]

m
Zockxpkqu =0, rme p; u q; — uenbie HEOTpHUITA-
k=0

TCIBHBIC YHClIa, a YUClia Otk HE paBHbI HYJIFO OOAHOBpE-

MCHHO.

Yucao N = g(?fn(]{pk +qk} HA3bIBACTCS NOPAOKOM
aneebpauiecko2o ypasHeHus, YKa3aHHOTO B OIIpeJene-
Hud 4.1.2, e MakCHMyM HaXOIHWTCSA MO BCeM K , JUIs
KOTOpBIX O, #* 0. Haumenvuwii 3 nopsiakos anrebpa-

WYCCKUX YpaBHCHWM, 3aJal0lUX JIaHHYI0 alreOpanve-
CKYIO JIMHHIO, Ha3bIBACTCS MOPAOKOM a12eOpautecKoll
JIUHUU.

Ipsmas x+3y+2=0 (N =1)
Keaopamnas  napa- —x2=0 N=2
bona y=x ( )
T'unepbona xy—1=0 (N =2)

“Ilexapmog nucm”’ x>+ y3 -xy=0 (N=3)

Teopema Ilopsimok ajredpam4ecKkoii JMHUH He 3aBHCHUT OT BbIGOpa
4.1.1. CHCTEeMbI KOOPAUHAT.

[okasaTtenbCcTBo.

HyCTL anre6pa1/1qec1<a${ JIMHUS L HUMECT B CHUCTEMC KOOpAHMHAT

{O’g—z’g_;} ypasuernne G(x,)) =0 u nopsmox N . Iepeiinem

- -
K CUCTEMC KOOpAWHAT {0 gl’ gz’} . ®OpMyHLI nepexoaa, coriiac-
b b

HO cooTHoIeHMsM (1.8.2), mMeroT BUI
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x=0,xX' +0,)' +B,
! !’
Yy =0,x +0,) +p,,

MO3TOMY ypaBHEHHE JMHUM [, B “HOBOH” chUcTeMe KOOpAHWHAT Oy-
JeT

G(o,x' +0,y" +B,,06,x' +05,y"+B,)=0.

Otcrona cnenyeT B cuity onpeaenenus 4.1.2, uro N > N', 1o ecth
TIPH TIepexo/ie K “HOBOI™ CHCTeMe KOOPIUHAT MOPSIOK anredpande-
CKOH KPHBOW HE MOXKET MOBBICHThCA. [IpuMeHsst aHaIOTHYHbIE pac-
CYXIEHUs JUIg o0paTHOro mepexoia OT CHCTEMBbl KOOpAMHAT

{0551'952’} K CHCTEME {0’;’(;2}, norymm N < N' u

oxkoHuaresibho N = N'.

Teopema gokasaHa.

3amevaHue: (bPIprI)I Ha TIJIOCKOCTU MOKHO 3aJaBaTb, HWCIIOJb3Ys
OrpaHMYCHUA THIIa HCPABCHCTB.

Mpumep 1°. B OpTOHOPMHpPOBAHHOW CHCTEME KOOpAMHAT HAO0p
- b

yCIOBUI y 20, 3aJa€T  MPSMOYTOJbHBIN
x+y-3<0

paBHOOEIPEHHBIH TPEYTOJbHUK, KAaTeThl KOTOPOTO Jie-
JKaT Ha OCSIX KOOPAMHAT ¥ UMEIOT JUTUHEI 3.

2°. B opTOHOPMHpOBAHHON CHUCTEME KOOPJMHAT HEPaBEH-
cTBO Buma X~ + y2 — 4 < 0 onpenenser Kpyr paauyca

2 ¢ IIGHTPOM B Hayaje KOOpIuHaT.

PaccmoTpuMm Teneps ciyuail niuHMM B npocTtpaHcTse. [lycTh gana mpo-

> oS> o
CTpaHCTBCHHAsA CUCTEMa KOOpAUHAT {0 gl gz g3} .
b b b
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OnpepeneHne  Bynem roBOpHUThH, YTO JUHHS L. B NPOCTPAHCTBE 3ajaHa
414, S5
napamempuuecku BEKTOP-QYHKIHEH 5. — F(7) (mmm B

KOOpAWHATHOM (hopme

x| | F.(7)
y =|F,0®),
z| |F, (1)

rae Fx (1), F P (1), F. - (1) - HETIPEPBIBHBIE, CKAJIPHBIE
¢yHkuum ot T, onpepenednsie it T € (), ecin
- -
1) nnsa moGoro T € () Touka ;. — F(t) e

xwut Ha L,

N
2) s nr060M TOUKM r, » Nexameii na L, cy-

IECTBYET TO E Q, TAaKO€, YTO BBIIIOJHCHO
- -
ABCHCTBO — °
: 1 = F(ty)

I/IHOI‘,Ha JIMHHUSA B IPOCTPAHCTBE 3a1aCTCA CHCTEMOI ypaBHCHI/Iﬁ

G(x,y,2) =0,
H(x,y,2) =0,
KOTOpas Mmojy4acTcCs UCKIIIOUCHUCM ITapaMeTpa T U3 COOTHOILICHHI
x=F.(v),
y=F,(1), 1€Q,
z=F.(1),

WM K€ PaBHOCHIIBHBIM YpaBHEHHEM, HAIPUMEp, BUA

Gz(x,y,z)+H2(x,y,z) =0.

Mpumep 1°. B nekapToBoii cucTeMe KOOpAWHAT alredpandecKast IMHHS

4.1.3. BTOPOTO MOpPsIIKaA x* + y2 =0 Vz sBugercsa npamoil.
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2°. B OpTOHOPMHPOBAaHHOH CHCTEME KOOPIUHAT GUHIMOBAS
aunusA pagmyca R ¢ marom 27d MoxeT GbITh 3a1aHa B
CIIEAYIOILEM MapaMeTPUIECKOM BUJIE:
x = RcosTt,

y=Rsint, T € (—0,+0),

z=art
z

x=Rcos—,

WA XKC a
. Z

y=Rsin—.

a

§ 4.2. IloBepxHOCTH B NPOCTPAHCTBE

[Iycts nMmeercs MPOCTPAHCTBEHHAS cucrema KOOpAWHAT

5> o o
1 () — MHOXeCTB soueHHBIX nap umucen @, 0
{0.8,,8,,8,} " Q O0XECTBO YNOPsAA0Ie p uncen @,0,

3agannoe yenopmsavi: A0S Q< B,y <0 <5,

OnpefieneHne  Bynem roBOpHTb, YTO B MPOCTPAHCTBE MOBEPXHOCTH S
4.2.1. 3ajlaHa napamempuyecku BeKTop-QyHKIHeH

; — ;:)'((P 0) (uM B KOOpMHATHOW (hopme

F(¢,0)
= F,(¢,0) ],
© I F(00)
rie F.(¢,0), F, (9,0), F.(¢,0) — nenpepsiBusc

cKanspHBIe (yHKIME IBYX aprymentoB ©,0 . ompeme-

N
r

nennsie w1 O, 0 € Q), ecrm
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1) s nro0oW  yHMOPSIIOYEHHOM mHapbl YHCel

0,0 € Q Touka : _ }_;'((P’ 0) JexKuT Ha S,

—=
2) s M000W TOYKH 7y nexameit Ha S, cyie-

CTBYET YIOPSAAOYECHHAS napa YHCeN

(po,eo E Q, TaKHUX, YTO BBIIIOJHECHO PaBCH-

—

CTBO iy = F(¢,,0,)-

I/IHOFHa IMOBCPXHOCTh B HNPOCTPAHCTBC 3a4aC€TCSA B BUAC YpPAaBHCHUA
G(x, V, Z) = 0 , KOTOPOC IMOJYHaCTCA UCKIIOYCHHUEM (P u e N3 CUCTCMBbI

YpaBHEHUHI

Mpumep
4.21.

x=F_(¢,0),
y=F,(9,0), 0,6 Q.
z=F_(¢,0).

B oproHOpMHpPOBaHHOI CHCTEME KOOPAMHAT cghepa pamuyca
Xo

R c nueHTpOM B TOUKE | V), | MOXKET OBITH MApaMETPHUCCKH 3a-
Zy

J1aHa B BHJIE

X=Xx,+ Rcospsinb,
0<op<2m,

=y, + Rsingsin®
Y=Y Sin ¢Sin o, Ogegn,

z=2z,+ RcosH,
a €€ YpaBHCHUEC B KOOpAMWHATax

(x_xo)2 +(y_yo)2 +(Z_Zo)2 =R
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Onpepenenne IloBepXHOCTh Ha3BIBAETCA aneeOpauieckol, ecin ee
4.22. YPaBHEHHUE B JIEKapPTOBOI CHCTEME KOOPJUHAT UMEET BUJL

nm

7
zakxpkquz k =0,r/:[e Pi>4; 1 ¥, — Ienble He-
k=0

OTpHIATCIbHBIC YMCJIa, a YUCia (Xk HC paBHBI HYJIIO O~

HOBPEMEHHO.
Onpepenenve  yycpq = max P +q, +n} HA3BIBACTCS NOpPs0-
4.2.3. =0z
KOM aneebpauieckozo ypagrenusi, (YKa3aHHOTO B OIIpe/ie-
neHuu 4.2.2), riae MakCUMyM HaXOJUTCS TI0 BCEM k, s
xotopeix O, # 0. Haumenvwuii w3 nopsaxos anre6pau-
YECKHX ypaBHEHHH, 3aJa0IINX JTAHHYIO alreOpanvecKyro
MTOBEPXHOCTh, HA3BIBACTCSI NOPAOKOM aneeOpauyeckol
NOBEPXHOCTU.
Mpumep IIpsimoii KpyroBol LWIIMHAD
2 2
422 xP+y*-1=0 (N=2)
(anrebpawu-
veckne no- Codepa
BEPXHOCTH). x2 +y2 +z2_R?>=0 (N=2)

[Ipumepamu anreOpandecKux IMTOBEPXHOCTEH B NPOCTPAHCTBE MOTYT
TaKKe CIY)KUTh HEKOTOPBIE BHIBI nogepxrocmel epawenus (cM. Ipuio-
xeHue 2.7).

Teopema Hopsgok anredpanveckoil MOBEPXHOCTH He 3aBHCUT OT
4.21. BbIOOpA CHCTEMbI KOOPIAHHAT.

[lokaszaTtenbCcTBO.

AHaJOTUYHO J0Ka3aTeNbCTBY TeopeMsl 4.1.1.

3amevaHve: Tena B IMPOCTPAaHCTBE MOXHO 3aJaBaTb, UCIOJIb3YsA Or'paHH-
YCHUA TUIIA HCPABCHCTB.
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§ 4.3. InmuHaApHYecKHe 1 KOHMYECKHe MIOBEPXHOCTH

- = =
IlycTs B IpOCTpaHCTBE 3aJaHbl CUCTEMA KOOPAMHAT {0 2,2, g3}
b b 3

- -
W HeKoTOpad JMHHA p — (@), ¢ € ) KOTOpYIO OyneM Ha3bIBaTh
b

nanpasisiowgeti. TIpoBeeM depe3 KKy TOUKY HANPABISIONICH JHHUH
MPSIMYIO, HA3BIBAEMYIO 0Opaszyioujell, TapalieibHO HEKOTOPOMY HEHYJICBO-

BN
My BEKTOPY , .

OnpepneneHve  COBOKYITHOCTh BCEX TOYEK IPOCTPAHCTBA, JEKAMMX Ha
4.31. 00pa3ylomuX JAaHHOTO BWIA, HA3BIBACTCA YUIUHOpUYE-
CKOUl NOBEPXHOCMIBIO.

CocTraBiM ypaBHEHHE LHIMHAPUYECKOH MOBEPXHOCTH B OOILEM BHIE.
- - -
Bo BBeNEHHBIX 0003HAYEHUAX 5 — F(9)+ KM (cm. puc. 4.3.1), Ho 11O
OIpE/IENeHHII0 IHINHAPUIECKOI TTOBEPXHOCTH
- -
KM =0a,
H, CIENOBATENbHO, YPABHEHNE LIIMHAPHIECKOH MOBEPXHOCTH B BEKTOP-
HoOlt (hopMe UMeeT BUJ

7((P,9)=1?’((p)+62’ e, B e (-0, + o).

ITycTh B KOOpIUHATHOHN Qopme

. F.(9) . a,
Flo)| =|F.(9)) u |a] =]a,],
CE() o a

TOTAa IMOCJIC UCKIIFOUCHUSA e nojaydyacMm
x=F.(p) y-F, (@) z-F(9
a a a ’

X y z
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Mpumep  Ilpamas kpy2oe6as yununopudeckas no6epxXHOCHb, IS KOTO-
4.3.1. POil B OPTOHOPMUPOBAHHOU CUCTEME KOOPUHAT

- HampaBIAIOUICH CIYXUT OKPY)KHOCTh pajguyca 3, je-
JKaliasg B IJIOCKOCTH, TEPIEHIUKYSIPHON OCH aIlIuiu-
KaT, C ICHTPOM B HaJaje KOOpAWHAT,

- a 00pa3yIomUMH SIBISIOTCS MPSIMbIE, TEPHICHIUKYIIP-
HBIE 3TOW MJIIOCKOCTH, 33JJA€TCSI CHCTEMON yCIOBUM

x =3coso, 3cos 0
y =3sin @, nockomsky F (@) =| 3sin¢ |; a=|0
z=0, 0 1

3aMeTnm, 9TO €CJIU U3 MOITYyYEHHBIX COOTHOIIECHHH TAaKXKe UCKIIOUUTh U
2 2
napamerp @» To momywnrest ypasmenune Buza x° + y° =9 i moboro

Z , OTKyZa CIEIyeT, YTO MOPSJAOK JaHHOW anreOpandecKod MOBEPXHOCTH

N=2.

Puc. 4.3.1 Puc. 4.3.2
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IIpoBeneM yepe3 Kaxayro TOUKY HaIpaBISIOLIEH JUHUU IpsAMYHO (Ha-
3BIBAEMYIO 0Opasyloujeil), TIPOXOJSIIYI0 Yepe3 HEKOTOpPYIO (DHKCUPOBaH-

HYIO, HE TIPHHA/UIEKAIIyI0 HalpaBJIAoIeH, TOUKY A (Ha3bIBaEMYIO gepulu-

5
HOIL) C paInyCOM-BEKTOPOM =

OnpepeneHve  COBOKYITHOCTh BCEX TOYEK IMPOCTPAHCTBA, JEKAIIUX Ha
4.3.2. 00pa3yroluX JaHHOTO BHIA, HA3bIBACTCS KOHUUECKOU
HOBEPXHOCMBIO.

CocraBuM ypaBHEHHE KOHHYECKON TTOBEPXHOCTH B 00IIEM BUJIE.

- - -
AHaJIOTHYHO PAaCCMOTPECHHOMY BbILIC CJIIyYHarO r = F((P) + KM , HO

10 OMPEJIETICHUI0 KOHUYECKOH TOBEPXHOCTH (cM. puc. 4.3.2)
- - -
KM =6(r,~ F(9))

U, CJICNOBAaTeNIbHO, YPaBHEHHE KOHMYECKOW IIOBEPXHOCTH B BEKTOPHOM
(dopme nMeeT BUA

7(9.0)=(1-0) F(9)+07,, ¢ € Q, 0 € (o0, + ).

X9
N
Iyctb B KoopauHatax |7y | = | V, |, Torna noce UCKIOUEHUs napa-
g
Zy

MeTpa O momydaem

x-F(p) Y—F/(9) z-F. (9

X =F(®) ¥, —F(¢) zy-F.(¢)

Mpumep Ilpamas xkpyeoseasa konuueckas nogepxHocmy, Al KOTOPOil B
4.3.2. OPTOHOPMHUPOBAHHOM CUCTEME KOOpAUHAT

- HANpaBIAIOMIEH CIY)XUT OKPYKHOCTB pajuyca 3, Iexa-
masi B INIOCKOCTH, TIEPIIEHAMKYIISIPHON OCH aIlIUIMKAT, C
LIEHTPOM B Hauajie KOOpAHUHAT,
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- ¥ oO0pasyllUMH, NPOXOAAIIMMH uepe3  TOUKYy
- T
n=lo 0 -1
3aJaeTcsl CHCTeMOH ycioBuit (cM. mpumep 4.3.1):
x—3cos¢ y-3sing z

—, 0 e[0,2m).
—3cos@ -3singp -1 vel )

BaMeTI/IM, YTO €CJIM M3 MOJYUCHHBIX COOTHOIIICHHUH HUCKIIIOYUTDH TAKXKE K
2 2

napamerp P> To momyuurcs ypasHenue Buma —— + Yy _ ( z 4+ 1)2 =0,
9

Toectb N =2.

§ 4.4. JIuHnu BTOPOro MOPSAIKA HA MJIOCKOCTH

ITycTh Ha INIOCKOCTH JaHA OPMOHOPMUPOBAHHAS CUCTEMA KOOPAUHAT
- o
{O, e, ,e,} MHEKOTOas THHUA L.

OnpepeneHve Ilycts muHMS [ SBISIETCS aneeOpauieckou auHuel 6mo-

4.4.1. D020 nopsoka, Torna (B COOTBETCTBUH C ONpeNeIeHUIMU
4.1.2 n 4.1.3) ee ypaBHEHHE B JaHHOW CHCTEME KOOPIH-
HAT MOXXET UMETh BUJI

Ax® +2Bxy+Cy* +2Dx+2Ey+ F =0, (4.4.1)

rae uucna 4, B u C He paBHbI HYJIIO OJHOBPEMEHHO, &
X u )V CyTh KOOpAWHATHI PAJNyCa-BEKTOpPa TOUKH, MPH-
Haexamen [, .

[Mockonbky k03¢ ¢uumentsl ypaBuenus 4.4.1 3aBuciT oT BbIOOpaA CH-
CTEMBI KOOPJWHAT, NPH HCCIECJOBAaHWU CBOICTB JMHHUH BTOPOTO HOpPSAAKA
LeTIecO000Pa3HO MPEABAPUTEIBHO EPEUTH K IPyroif OpPTOHOPMUPOBAHHOM
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-> -

CHCTEMC KOOpAHHAT r ! 1, B KOTO OH 3amyncCh ABHCHUS JIMHUH
’ e] ’ ez

OKa3bIBaeTCsl HAaUOOJIee MPOCTOM.

Teopema Juis1 11000M JTMHUM BTOPOrO MOPSIAKA CyLIeCTBYeT Op-
4.4.1. TOHOPMHMPOBAHHASI CHCTEMa KOOPAMHAT, B KOTOpOW

ypaBHenne dtoii aummm (npu a =>b >0, p>0)
MMeeT OIMH U3 CJAeYIONHX AeBSTH (HA3BIBAEMBIX Kd-

Honuuecmmu) BHI0B:

Tabauma 4.4.1

Tun aunuu | Snaunmu- T'unepbonu- Hapabonu-
yec-Kuil yeckuil yeckull
Buo aunuu A>0 A<OQ A=0
Ilycmuie x_’2+ y'? . y!2 - 4>
MHOdHCECmBa >t T
a b V!
H3onuposanmnsie x'? y' 2
MouKu —+=—5=0
a’ b’
Cosnaodarowue y'2 =0
npsmobie
Vx'
Hecosnaoatowue x? oy o y'2 =42
npamole — 57 =
p. a’ b2 vy
Kpusvie Dnaunc Tunepbona Iapabona
12 12 ’2 2 12 ]
X X =2px
a_2+_)[;2 =1 _2__);2 =17 P
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A B 5
e A =det =AC-B".
B C

[okasaTtenbCcTBo.

1°.

2°.

[TpenBapuTenbHO 3aMETUM, YTO 0€3 OrpaHWYeHHs] OOLIHOCTH MOX-
HO CUMTATh BhIIONHEHHbIMU yeitoBus: B> 0u A> C.
HetictBurensHo, eciu B < (), TO MOKHO U3MEHUTH 3HAKH BCEX KO-
s¢duumentos B ypasuennu 4.4.1. Ecim ke 4 < C, 1o, nepeitns k
HOBOWH OPTOHOPMHUPOBAaHHOM CHCTEME KOOpAMHAT, Uil KOTOPOMl
- > o - - -

r _ A . L MBI ITIOJIYYHUM KCJIa€MOC COOTHOLIC-
e =e,;e,=¢ ;00 =0" yd

HHE, TOCKOJIbKY HpPH TaKOM IIepexojie MMEIT MECTO PaBEeHCTBA
r. — ! o
X=Y,)Y =X B cwly yrBepxxaerauii § 1.8. 3amerum Taxxe, 4To

npu JTOH 3aMeHE A HE MCHSACTCA, TOCKOJIbKY

C B A B
det =det

B 4 B C|
Eciu B =0, 1o nepexomum k mynkty 4° Ha c. 135. Ecim xe

B >0, 1o BBEIOMpaeM HOBYIO OPTOHOPMHUPOBAHHYIO CUCTEMY KOOP-

-> o
roror "
JUHaT {0 , el , ez} , HOJIY4acMyI0 U3 UCXOIHOHU IIOBOPOTOM IIPOTHB

A.

gacoBoii ctpenku Bokpyr Touku O mHa yron 0 <o < 1/ 4, Taxoi,

Iy,!
4yT0oOBI KO3(p(UIMEHT IpU HpOU3BEAEHUN X ) OKasaicsl PaBHBIM
Hynro. BeiBenem npasuiio BeIOOpa 3Toro yria. PaccMoTpuM moBo-
pot (cMm. § 1.8):

- > -
e =e cosa +e,sina,
- - -
e, =—e, sina+e, cosa,
- -

00' = o,

- - - >
Toraa GOopMyJBl Mepexoja OT {0, el’ez} K {O',e{, e;} OynyT

HUMCTH BU]
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x=x"cosa—y'sina,
y=x'sina+ y'cosa.

IMoncrapmnsist BeIpakeHUs “CTapbIX” KOOpAUHAT Yepe3 “HOBBIE”, MO-
ny4daeMm ypaBHeHue 4.4.1 B Bune

A(x'cosa— y'sina)” +
+2B(x'coso— y'sina)(x'sina + y'cosa) +
+C(x'sino + y'cosa)’ +2D(x' coso — y'sina) +
+2E(x'sina+ y'cosa)+ F =0,
HJIN KE
A'x"? £2B'x'y + C'y'? +2D'x' +2E + F' =0 .
OTKyna HaXOJIMM, YTO
A'= Acos® o+ 2Bcosasino + Csin’ o,
2B'=-2Asinacosa +2Bcos’ o —
—2Bsin’ o+ 2CsinoLcosal,

C' = Asin® a—2Bsinacosao + Ccos’ a.

U3 ycnosus B "'=0 CIIEeAyeT, 4To
2Bcos2a —(A—-C)sin2a =0,
1 OKOHYATCIJIbHO

2B 1
; oL = —arctg
A-C 2 A-C

,apu 4> C,

tg2a =

T
WM ke O = Z npu A = C, To ecTh UCKOMBIH yron HaiineH. 3a-

METHM, 4TO yroy Ol Tak:ke MOXET OBITh HAWJICH U3 PABHOCHIILHOTO
YpaBHEHUS

tg” oL+ tgo—1=0,B#0,

u6o ecmu B = 0, To moBopora He TpebyeTcs.
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3°, ITlpoBepuM, 4YTO IPH TAaKOH 3aMEHE KOOPAMHAT BCIHYHHBI A U
A+ C ne nsmenstcs. JleHCTBUTENBHO, U3 COOTHOIIEHUN

A-C 1
l+ctg’2a=1+ 2=
8 ( 2B ) sin” 2a.
T
u HepasencTea 0 < o < 2 HoJIyyaem
. 2B A-
sin2a = ; cos2o = ¢

J4B? +(4-C) J4B? +(4-C)

U3 npenpiymmx cootHotueHui it 3uadeHnii 4’ u C' umeem

A,:A1+cc2)s2(x+Bsin2a+C1—cos2oc _

= A;C+ A_Ccos2oc+Bsin20c: A+C+
A-C A-C 2B
+B =
2 J4B*+(4-C)  \JAB> +(4-C)
_ATC L ap v a-cy.
2 2
AHaJOTHYHO MOJIy4aeM, 4TO
c=AC 1 g ia—coy .
2 2
Tenepb HaxX0OUM
A 0
A" = det =
0o C’

A+C

:A’C’:( )2_31(4B2+(A_C)2):

=AC-B*=d 4 Bl_
= — = etB =A,
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TO €CTh BEJIMUMHA A HE MEHSIETCS npu BBIIIOJIHIEMON 3aMEHE CHCTE-
MbI KOOpJAWHAT. Taxoxe OYCBUIHO, YTO IIPHU 3TOM U

A+C'=4+C.
4°, B pampHedmux paccykaeHusx Oymem mojarate, uto B =0, u
paccmorpum otaeibHo cnydan A#0 u A=0 mia ypaHenus
suna Ax” +Cy” +2Dx+2Ey+F =0.

IMycts A # 0. D10 o3nauaer, uto A #0 nu C# 0 u ypasHenue
JIMHUN MOKET OBITh MEPENUCAHO B BUIE

A(x+ )+C( + ) Dz E—Z—F

2 2
D E
OO6o3HauumM P — —— 4 —— _ [, Torja, nepeiis K HoBOH opTo-
A C
HOPMHPOBAHHOH cHCTEME KOOPAMHAT
- -
’
e =e, ., D
- - X=X ——,
r_ A
€, =6, E
- D~ E~ — v -
00':—261—592, Y=y C’

MOJIyYUM Ax'? + Cy'2 = P, u oTKyJza ciemyeT, 94to

\F) (\F) x1; P=0,

_\/7\/7 P =0,

U MBI IIPUXOAUM, TAKUM 00pa3oM, K OJHOMY U3 ILECTH CJIETYIOLIUX
YpaBHEHMI:
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5°.

12 12 12 12 12 12

X X X
— y_zz();_2+y—2:1;—2+y—2:—l/1ﬂ$[A>0,
a b a b a b

12 12 12 12 12 12
X X X
_z_y_zz();_z_y_zz ;—2—y—2=—1 i A <0.
a b a b a b

[TepBBle MATH U3 3THX CiIy4aeB coaepkarcsi B (hOPMYJIHPOBKE TEO-
pembl (Tabn. 4.4.1), a HmIeCTOi CBOIUTCS K ISITOMY YMHOXKEHHEM
obeunx yacTeil ypaBHEHHS Ha — | ¢ TOCJICAYIOIINM B3aUMHBIM Tepe-

0603HaUeHNEM MepeMennbIX x' u )’ .

ITycts A = 0. D10 o38auaer, uto AC =0, 10 ectb ;60 A =0,
m6o C =0 (uo ue Bmecre!). [lycts 4 = 0 (ecu 310 He Tak, TO

!
B3aUMHO Mepe0003HauMM MepeMeHHble x' W V' ), Toraa ypaBHe-

HHE JINHAA Cy2 +2Dx+2Ey + F =0 moxer GbITh 3amucaHo B

BHIC

C(y+ ) ——F 2Dx, C #0.

Ipu D =0 noxysaem
E E*
C C
TO €CTh OJIHO U3 TPEX ypaBHECHUI
y!2 :a2; yr2 :O, y!2 _

Ecmu ke D # 0, To ypaBHEHHE MOXKHO anBecm K BUZLY

(”5)2:_25 “0(c =)

1, TakuM oGpasom, 6o y'% =2 px’, mbo y'? = -2 px’

p>0.

, Tae
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[TepBblii M3 3THX CciaydaeB yKa3zaH B (DOPMYJIHPOBKE TEOPEMBI
(tabn. 4.4.1), a BTOpoi CBOAUTCS K [IEPBOMY 3aMEHON KOOPJIUHAT:

- -
e =—e,
> - x=-x',
e, =e,, ,
- - y=Yy.
00' = o,

Teopema gokasaHa.

3ameyaHus.

1°.

2°.

3°.

4°.

B Teopeme 4.1.1 OpUIO MOKa3aHO, YTO MOPSIIOK aire-
OpanyecKoil JINHUM, B TOM YHMCIIE U AJIsl paccMaTpuBae-
MBIX B TeopeMe 4.4.1 cinydaeB, He MEHsETCs IPH 3aMe-
HE CHCTEMBI KOOPANHAT.

W3 nokaszarenscTBa TEOPEMbI TaKXKe CIIENyeT, YTO I10-
BOPOT M MapaJuIeNbHbII MepeHOC OPTOHOPMUPOBAHHOM
CHUCTEMbI KOOPJMWHAT HE OOIYCKAIOT IEPEMEUICHUA
YpaBHEHHMS JIMHUHM BTOPOTO MOPSAAKA U3 OXHOH CTPOKH
TaONWIBI, TPUBEACHHOH B (POPMYIHPOBKE TEOPEMBI
4.4.1, B npyryr. bonee Toro, B ganpHelIeM OyIeT 1mo-
KazaHo (cM. § 5.4), 4yTo HUKaKOH 3aMEHOH obwetl de-
Kapmosou cucmemsl KOOpOUHAM HEb3sl IepPeMeCTUTh
JIMHUIO BTOPOI'0 IOpAAKaA, HAXOAALIYIOCA B OI[HOﬁ us3
KJICTOK TaOJHUIIBI B YCIOBUH TeopeMsl 4.4.1, B apyryro
KIIETKY.

ITycToe MHOXECTBO JUIMIITUYECKOrO THUIAa MHOTAA Ha-
3BIBAIOT MHUMBIM IJIUNCOM, A TIyCTO€ MHOXKECTBO Ia-
paboyIn4ecKoro TUMA — NAPOU MHUMbIX NAPATIENbHBIX
NPAMBIX.

ANropuT™ A0Ka3aTeabCcTBa TeopeMsl 4.4.1 MOXHO uc-
MOJIB30BATH KaK AJISI HAXOXKICHUS KaHOHMYECKOT0 BUia
ypaBHEHHUS JIMHUM BTOPOTO TOpSAIKa, TaK M IS IIO-
CTPOCHHUSI KAHOHUYECKOU CUCMeMbl KOOPOUHAM, TO
€CTh CHCTEMBI KOOPAWHAT, B KOTOPOW MaHHAs JIMHUS
BTOPOTO MOPsAKA UMEET KAHOHUYECKU BUJ.
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HccnenoBaHnne KOHKPETHBIX CBOMCTB Pa3IMUHBIX TUIIOB JIMHUI BTOPOTO
nopsiaka npuBoautcs B Ipunosxkenun 1.

§ 4.5. IloBepXHOCTH BTOPOI0 NMOPAIKA B MPOCTPAHCTBE

ITycTh B IpOCTpaHCTBE JaHA OPMOHOPMUPOBAHHAS CUCTEMA KOOPAUHAT

> > o

{0,e,,e,,¢6;}-

Onpepenexune
4.51.

ITycTh MOBEPXHOCTH S SBISETCA aneefpauuecKoi no-

8EPXHOCMBIO 8MOPO20 NOPAOKA, TOTHA (B COOTBETCTBUU C
onpeneneHmsiMa 4.2.2 u 4.2.3) ee ypaBHEHHE B JaHHOMN
cHCTeMe KOOPAUHAT MOXKET UMETh B

A, %7+ A,y + Az’ +
+2A4,xy+2A4,xz2+24,,yz + (4.5.1)
+2A4,x+24,,y+24,,z+A4,, =0,

e uucna Ay, Ay, Ay, Ay Ay, Ay; He pasubl HymO
OJIHOBPeMeHHO, @ X, V U Z CyTb KOOD/MHATBI pajnyca-
BEKTOPA TOUKH, IpUHaLIekKamed S .

Kak u B mockoMm ciydae, koapduuneHTsl ypaBHenus (4.5.1) 3aBucst
OT BbIOOpPA CHCTEMbI KOOPIUHAT, TOTOMY TPH UCCIICIOBAHUU CBOWCTB 10~
BEPXHOCTEU BTOPOTO MOPSJIKA [eIeCO00Pa3HO MPEIBAPUTEIHHO IEPEUTH B
Ty CHCTEMY KOOPJHMHAT, JJIsl KOTOPOH ypaBHEHHE ITOBEPXHOCTH OKa3bIBACT-
cs1 HanboJee MPOCTHIM.

Teopema
451.

Jasi Kakgoil TMOBEPXHOCTH BTOPOro MNOPSAKA cyle-
CTBYeT OPTOHOPMMPOBAHHASI CHUCTeMa KOOPAUHAT

e
{O',e!,e},e]} B KOTOPOii ypaBHeHnHe dToli MoBepX-

HOCTH HMeeT OJUH U3 CJAEAYIIMNX CEMHANATH KAHOHH-
YeCKHX BHIOB:
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Ilycmuie Touku, npsamvle Lununoput
MHOdCECBa u niockocmu U KOHYCbl
Hzonuposannas mouka Onnunmuyeckuil
YUAUHOp
r2 12 2 r2 2 12
X y X X
>ttt 2 + yz + 2 + y2 =1
a b a b a b
2
z' -1 2,2 VZI
bz - + b_2 =0
Ipamas T'unepbonuuecxuti yu-
JIUHOD
2 2
)C’ y! xr2 yrZ x!2 y!Z
o =-1 o5 =0 2 T 2 T
a b a b a b
vz' vz' vz'
Ilapa nepecexarowuxca | Ilapabonuueckuii yu-
niockocmet JIUHOD
12 _ 2 12 12 12 '
X~ =-a X Voo 0 y= 2px
2 2
\vd y', z' a b Yz’
vz’

Ilapa napannenvnoix unu | Konyc
€08na0arWUx NI0CKo-

cmeil
2 2
xr =qa v yr’ ZI x12 y12
2 2 2
x"=0 Vvy.,z a b
12
e
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Hesviposcoennvie no-

eepxnocmu
dnauncoudwvt Iapabonouowvl T'unepbonoudwv
Dnaunmuueckuti napa- | OOnonoaocmHwlil 2u-
b6010u0 nep6o10ud
12 12 12 12 12 12 12 12
Y X Y A X Y z
Tt ety Tyt =2z Tyt =l
a b c a b a b c

T'unepbonuueckuil na-

Jleynonocmmusiii eunep-

pabonouo b6010u0
er_y/2_2’ lZ_yIZ_ r2_1
2 2 — 4% 2 2 2
a b a b c
npuuem a >0, b>0, ¢>0, p>0,

[oka3zaTtenbCcTBO.

XOTs1 BO3MOXHO J0Ka3aTh CyLIECTBOBAHUE OPTOHOPMHMPOBAHHOM CH-
CTeMBI KOOPAWHAT ¢ TpeOyeMBIMH CBOWCTBAMH, NMPUMEHHUB ITOIIXOJ,
AHAJIOTUYHBIA HCIIONBE30BAaHHOMY IIPH
4.4.1, npencrapisieTcst LeJIecO00pa3HbIM PaCCMOTPETH 3TOT BOIIPOC B
paMKax TEOpHH E€BKJIMJIOBBIX MPOCTPAHCTB, TJ€ YTBEPKACHHE TEOpe-
MBI 4.5.1 HemocpenCTBEHHO BBITEKaeT M3 Ooyee oOIIero ciyyas,
paccMoTpeHHoro B § 12.2.

JA0Ka3aTeJIbCTBE TCOPCMBbI

HccnenoBanue CBONCTB KOHKPETHBIX TUIIOB IOBEPXHOCTEN BTOPOro IO-
psnka npuBoautcs B Ipunosxxenun 2.
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§ 4.6. AnbTepHaTHBHBIC CHCTEMbl KOOPAHHAT

B psge mpakTH4ecKuX MPUII0KEHUH OKa3bIBaeTCs 11e1eco00pa3HBIM HC-
MOJIb30BAHUE CUCTEM KOOPAUHAT, OTJIMYHBIX OT JEKapTOBOM.

MNonspHaa cuctema koopaunHaTt

[Tpumepom anbTepHATHBHONW CHCTEMBI KOOPAMHAT Ha IJIOCKOCTH SIB-
JSIETCSL NONIAPHASA CUCIEMA KOOPOUHAM.
ITono>xeHne TOYKN Ha MIOCKOCTH
B 3TOIl cUCTEMe KOOPAMHAT 3a/1aeTCsl ¥
mapod  YIOPSAOYCHHBIX  YHCEN

{p, 9}, rne M

p=|OM|, o= ~(OM,OP) :

YIOBJIETBOPSIIOIINX OTPAaHUYECHHUSIM
p>0, 0<@<2m. 0

Touka () Ha3BIBACTCH NOAIOCOM,

anyda OP — nonapnoii ocvio. Puc. 4.6.1

Vron P orcuutsiBaeTcs mpotUB uacoBoit crpenku (puc. 4.6.1). s mo-
JIFOCA ATOT YrOJI HE ONPEACIIACTCS.

dopmynbl mepexofa OT OPTOHOPMUPOBAHHOM JEKapTOBOW CHCTEMBI
KOOPJIMHAT K MOJIAPHON U 00pPaTHO UMEIOT CIEIYIOIIUN BU/:

_ 42 2,
X = pCcoso, px_ SRR ’
=psin, COSPp=————;SInQP=—-—.
y p (P /x2+y2 /x2+y2

Hcnonp30BaHue MONSPHOH CHCTEMBbI KOOPIMHAT MO3BOJISIET YIPOCTUTH
ornucaHue 00bEKTOB, 00JIa/IAI0IINX TOYEYHOH CHMMETPHEH.
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Hanpumep, OkpyKHOCTh €IMHUYHOIO pajuyca C LEHTPOM B Hauaye
KOOpJAMHAT, UMEIOIasi B OPTOHOPMHUPOBAHHOHN JIEKapTOBOM cucTeMe KOop-

2 2 .
JMHAT ypaBHeHHe X~ + )~ =1, B mosspHOIl cucTeMe KOOpIMHAT 3a1aeT-

cs ycmosuem P =1.

bonee Toro, B Ilpmioxkenun 1 mokazaHo, 4To B TOJSIPHOM cUCTeMeE
KOOpJMHAT TPY Pa3jMUHBIX TUMA JUHUNA BTOPOTO MOPSAKA — DIUIMIC, TH-
nepbosia u mapabona — 3aJar0TCs OJAHMM W TeM K€ YpaBHEHHEM
p(l—ecos@)—p=0,rme €>0 u p >0 — HexoTOpHIE KOHCTAHTEI,
HA3bIBAEMBIC IKCYCHMPUCUMEMOM U (POKANbHbIM NAPAMempoMm COOTBET-
CTBCHHO, U YTO IS Pa3JIMYHBIX 3HAUYCHUH IKCIICHTPUCHTETA MPH (PUKCHUPO-
BaHHOM p TOJYYaIOTCS pPA3NWYHbIE THUIBl KPUBBIX: JIUIAICH IPU

0 < e <1, napa6onsr mpu € =1 u runep6onsr npu € > 1. CoorBerctny-
IOIIHE CITydad MOKa3aHbl Ha pUCYHKe 4.6.2.

aupexTpuca Y
% N
€

Ny
>

Puc. 4.6.2. 3aBHCUMOCTh THITA KOHHYECKOTO CEYCHHUS
OT BEJIMYUHBI YKCIICHTPHCUTETA
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IIpoBepuM cripaBe/UIMBOCTH STOTO YTBEPXKACHUS, BHIIIOJHUB B YpaBHE-
HUH p(l —&COS (p) —pP= 0 nepexof OT HNOISIPHOM K OPTOHOPMUPOBAH-
HOM IeKkapTOBO# cucTeMe KOOpAUHAT. JeHCTBUTENBHO, TOCKOJIBKY

X
>

TO JIaHHOE ypaBHEHHE IpeoOpa3yercs K BULY

X
S (—e——)-p=0
Jxi+y?
KOTOPOE B CBOIO OY€pE/lb PABHOCHILHO MPH COOMoAeHH yeaoBuid € > 0
u p >0 ypasuenmo (1—e”)x* +y° =2epx+ p°.
Ecm €=1 , TO MBI IIOJIy4aeM ypaBHeHue mapadoisl. Eciu ke € # 1 s
TO UCXOJHOC YPaBHEHHE MOXKHO 3aIlUCaTh TaK:
2
€ 1
(x~ p2)2+ 2y2= pzz'
l1-¢ l1-¢ (1-¢7)

Paccyxxnas nanee, kak B myHKTe 4° noka3arenbcTBa TeopeMsl 4.4.1, MOKHO
npuiiTy K 3akmodennio, uto yeaosue 0 < € <1 mpuBomur x smmmnTHYE-
CKOMY CJTy4aro JIMHHH BTOPOTO TIOps/IKa, a ycrnosue € > | — k rumep6omu-
YECKOMY THITY.

Ecnmu  ocnabute  orpaHuveHHss ~Ha ~ mapamMeTpbl  ypaBHEHHSA
p(l — & COS (p) —p= 0 , pa3pelB UM NPUHUMATh (B CMBICIIE MpeAeib-
HOTO TIepex0/ia) KaKk HyJeBble, TaK U OECKOHEYHO OOJbILINE TOJIOKHUTENb-
HbIC 3HAYECHUS, TO MOXKHO IIOJIy4UTb U IPYTHE BUIBI JMHUN BTOPOIO IO-
psiaka, ykazaHHBIE B (pOpMyIHpOBKe TeopeMsl 4.4.1.

Hanpumep, npu € =0 u p # 0 mb1 umeem oxpyxnOCTS, TIpH € = ()
uHp= 0 - HM30JIMPOBAHHYIO TOYKY, a IIpu P = 0 u gcos 0= 1 - napy
MEePECEKAIOIINX CS IPSIMBIX.
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Puc. 4.6.3. IlocTpoeHre KOHUUECKUX CEUEHUIT

OnpepneneHve Jlunusi, ypaBHEHHME KOTOpPOM B MOJIIPHOM CHCTEME
46.1. KOOpAUHAT UMEET BU
p(l—ecosp)—p=0Vp=0,Ve=>0,

HAa3bIBACTCA KOHUYECKUM CeYeHUeM.

JIeWiCTBUTENBHO, pa3IMYHBIC BHUIBI JTHHUN BTOPOTO MOPSIKA, BKIFOYAS
U BBIPOXKJICHHBIC CITy4au, MOTYT OBITh MOJYYCHBI CEUCHUEM KPYTOBOW KO-
HUYECKON TOBEPXHOCTH IIOCKOCTBIO, YTO WILTFOCTPUPYET PUCYHOK 4.6.3.

Cdpepuyeckas cuctema KoopamHat
B psime nmpakTHUecKUX NMPHIOKEHHUH, TpeOyIOMNX aHATUTHYECKOTO HC-

CIIEIOBAHUSI TPOCTPAHCTBEHHBIX OOBEKTOB, HCIIOJIB3YETCSl TAaK Ha3bIBaeMast
chepuneckas cucmema KOOpOUHam.
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[NonoxxeHre TOYKU B MPOCTPAHCTBE B 3TOW CHCTEME OJHO3HAYHO 3aj1a-
eTCs TIPH [IOMOIIM YIIOPSIOUeHHO# Tpoiiku uncen {P,P,0} (puc. 4.6.4),
rmue

pP=|OM|. o= £(Ox,0P), 0 = L(OM,0z):

KOTOPBIC YAOBJICTBOPAKOT OrpaHUYCHUAM

pz20; 0<¢p<2m; 0<0<m.

Hcnons3oBanue cdepu-
YECKOW CHUCTEMBI KOODPJIH- z
HaT WHOI/IA TI03BOJISET I0-
Jy9uTh OOJiee MpocToe aHa-
JHUTHYECKOE OIHCAHHE Teo-
METPUYECKUX  OOBEKTOB,
o0mafalomux  moueyHou
cummempueri. Hanpumep,
ypaBHeHHE Cepbl eAnHUY-
HOTO pajnyca ¢ LICHTPOM B
HaJaie KoopawHAaT B cde-
pHYeckoil cucreme Oyner

\]

UMETh BUA P = 1.
X
DopMyiibl Iepexoga MEXITy

OpPTOHOPMUPOBAHHOW  Jie-
KapTOBOW CUCTEMOW KOOp-
JIUHAT U CHEPUICCKON Me- Puc. 4.6.4
FOT CJIEAYIOIIMM BUA:
X =pcos@sinb,
y =psin@sin6,

z=pcosH,

a JuIsi 0OpaTHOrO Mepexo/ia COOTBETCTBEHHO
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p:«/x2+y2+zz;coscp:L; sinq):¢;
2 2 x2+y2

X +y

z

Xyt 4z’

cos0 =

L|,VIJ'II/IHD,pI/I‘-IeCKa$I cucrtema KkoopaunHat

B Tex ciywasx, Korja ucciemy-

MBIl TIPOCTPAHCTBEHHBIH OOBEKT z
oOmamaer ocegou cummempuell,
MOJKET OKa3aTbCs YAOOHBIM TIpU-
MEHEHHE YUIUHOPUYECKOU cucme-
Mbl KOOPOUHAM.

IlonoxxeHue TOYKH B TMpoO-
CTpaHCTBE B STOH CHCTEME OIHO-
3HaYHO 33JaeTCSI TPH TTOMOIIH o y
YHOPSAOYEHHON  TPOWKH  YHUCEl p

{P,®,h} (puc. 4.6.5), trie ) . =

Sl M

h

— 0P« s O,
p ¢ = Z£(0x,0P) Puic. 4.6.5

YAOBJIETBOPAIOIINE OTPAHNYCHUAM

p=20; 0<op<2m;he(—o0,+x0).
®opmynbl Tiepexofa OT OPTOHOPMHUPOBAHHOW JAEKapTOBOW CHCTEMBI
KOOPAWHAT K IFIIMHIPUIECKON U 00paTHO UMEIOT CICIYIOIINN BHUI:

X =pCcoso, p=+x"+y°;
y =psing, y .
cosQp = — h=1z.
Jx©+y?

; Sing =

X
z=h, ,x2+y2
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MnaBa 5
NMPEOBPA3OBAHUA NMITOCKOCTU

§ 5.1. [IpousBeaenne MaTpu

Onpepenenne Marpuia H C H pa3mepa M X1 ¢ 351eMeHTaMU
o v, Vi=[Ln], Vj=[l,m]
HA3BIBACTCS NpPOU3BEOeHUeM MATPHUIIBI H A H pa3mepa
mx [ conementamn
o Vj=[1,m], Vk =[1,{]
Ha MAaTpHILY H B H pasmepa [Xp ¢ aneMeHTaMM

Bki Vk:[lal]v Vi:[l,n],r[{e
[
Y= 0By Vi=[Lal, Vj=[lm].
k=1

Pe3ynbrar YMHOKEHUSI MAaTPHI] — MaTpHIa H C H — €CTh MaTpHIa pa3s-
Mepa M X7 npu moGOM HaTypanbHOM [, KOTOpas 0GO3HAYAETCS KakK
H C H = H A HH B H . [IpaBuiio HaxXOXKACHHSI KOMIOHEHTOB POU3BEICHUSI 10

KOMITOHEHTaM COMHOXHTEJIEH MaTpU9YHOTO MPOWU3BEACHHS WINTIOCTPHPYET
puc. 5.1.1.

Mpumep  IlpuBenem pe3ynbTaThl YMHOKEHMS MAaTPUL, MMEIOMHUX HE 00-
5.1.1. Jiee YeM Tapy CTPOK WIIU CTOJIOIOB.

1°. TIlycts pasmep HAH ecTb 2 X 2, a pasmep HBH -

2 x 1, rorma pazmep H C H Oymer 2x1.
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[Cl=]4]]B]=
G Oy Biy _ oy + By
Oy Oy || By Aoy + 0Py
Bll BIZ Bli Bln
Oy Oy o oo oo Oy By By - 1Byl By,
Oy Oy Oy
Pojo, g, oyl
o, o, (o7 | S N
Bll BIZ Bli Bln

Yo Yo - Yi - Y
Yu Yo - Yu -~ Vo

Yo Yo =Vt Vi

/
T =Y, B,
k=1

le YmZ Ymi Ymn

Puc. 5.1.1

2°.  Ecnau pasmep H A H ectb 2 X 2, a pasmep H B H -1x2,10

pasmep H CH Oymer [x 2.

QO

(cl=lBll4]=[B. Bl

Ot21 a22

=H a‘llBll +(121[312 (x‘12B11 +(122B12H.
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3°.  HakoHner, mycTh pa3mep H A H u H B H ecth 2 X 2, Toraa

Marpuia H C H Oyner uMeTh pasmep 2 X 2.

3ameyaHusi 06 YMHOXEHUN MaTpuL

W3 ompenesieHUs] NPOM3BEACHUS MATPHULl HEIMOCPEACTBEHHO CIEAYeT,
YTO JJIsl MATPHIL MTOIXOJISIINX Pa3MEpOB:
1) yMHOXXEHHWE MaTPHUI] HEeKOMMYMAMUEHO, TO €CTh B OOIIIEM CITy-

e | 4l 8] =] 5] 4]

2)  yMHOXEHHE MaTpHIl dCCOYUAMUBHO

Ll zllclh=dallsblcl.
3) yMHOXEHHE MaTpul] O0JIaZaeT CBOWCTBOM OucmpubymueHo-

ene | 4] 8+[cD =] 4]l 8]+ 4]l ]}

OTMeTnM ere pas, 9To IMPOU3BEICHHE IBYX MaTpPHUI[ CYIIECTBYET TONb-
KO TOTZa, KOT/IAa YUCNKO CHOAOYO8 Nep8020 COMHONCUMENSL PABHO HUCTLY
CMPOK 8MOPO2o.

Jlerko yOoemuThes, 9TO YMHOXKEHHUE (KaK CIIpaBa, TaKk U CleBa) JIIOOOH
MaTPHIIBI H AH HAa MOIXOMAIICTO pa3Mepa CAUHHYHYIO MAaTPHUILY H E H
(cMm. § 1.1) maer B pe3ympTaTe Ty )K€ CAMYIO MAaTPHILY H A H .

-1 . .
Onpepenexne Marpuma H A H HA3bIBACTCSI 0OpamHOU KBAJAPATHOM

5.1.2.
MaTpuie H A H , €CJIM BBIIIOJIHEHBI PAaBCHCTBA

[l =1 40l 4] <] £]-
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O6paTHa51 MaTpula CyHeCTBYCT HC Jid l'[pOI/I3BOJ'ILHOI71 KBaI[paTHOﬁ

MaTpuIsl. s cymecTBOBaHUS MaTpPUIlBl, 0OpaTHOM K H A ‘ , HEOOXOMMO
¥ JIOCTATOYHO, 4TOObI BRIMOMHUIOCH yeiiosue det ” A ”;ﬁ 0°.
Onpepenenve Marpuia H A H , AU KOTOPO#H detH A H = (), Ha3bIBaeTCs

BbIPOICOCHHOT, & MATPHILIA, JUIT KOTOPOU det” A H =0,

— HeBbIPOIHCOCHHOU.
Jlemma Ecan o6paTHas MaTpula cyliecTByeT, TO OHA €AUHCTBEH-
5.1.1. HAa.
Joka3saTtenbCTBo.

[TpenmonoxuM, 4TO HEBBIPOXKICHHAS MaTpHUIla H A H UMEeT JIBE
-1 -1
obpaTHbIe: H A Hl u H A Hz . Toraa u3 paBeHCTB
-1 -1
[allal” =l 2] = 4]l 4], <[ 2]
CIIEIyeT, 4TO
-1 -1
[all 4l -1all4l, =l 2]-1£]=[o]-

-1
YMHOXas cneBa 00e yacTH JaHHOTO PaBEHCTBA Ha H A Hl , TTOJTy4a-

cM

Ll Taldl 4l -1 4lh =141 Tol=10]

-1
u, y4Ts, 9TO H A Hl H A H = ” FE ||, npuxomuM K paBeHCTBY

4l -1 4], =10l

Jlemma gokasaHa.

6 [IpaBuito HAXOXKICHUS OMPEICIUTENs KBaJIPAaTHOW MATPUIIBI TOPSIKA 1 MPUBO-
JINTCS B I1aBe 6.
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B wacTHOM ciydae, Koraa ” A ”: % %o 0 ecIH
Oy Oy,
det H A H # 0, marprma H A H_l UMeeT BUJ
DI 611
det| 4| |—o, ay

JIist KBagpaTHBIX MATPUIl TIOPAAKa 7 CIpaBeIIMBLEI CIEAYIONINE pa-
BEHCTBA:

det (| 4[] B])=det (| 4])det (| B]);

1
det H A H_IZ W’ ecmu det H A H;t().

|_|py||v|ep I/ICHOHL?)yH MAaTpuYHbIC OIl€palliu, CUCTEMY JIMHEHHBIX YpaB-

5.1.2. HEHUH
{Otnil +0L12§2 = Bl’
0‘21&1 +OL22?';2 = Bz
MO>KHO 3aIIUCaTh B BUJE H A H H x”zubu,me
& B, O Oy
Ix[={ " l2]= ;4= :
&, B, Oy Oy
a ee pemeHne (€Cau CyIIECTBYET H /1”71 ) — B BuUJIE
-1
| xl=[ 4] 2]

Mpumep DopMynbl TIEPEeXoia OT OAHON JIEKAPTOBOM CUCTEMBI KOOPIH-
5.1.3. HaT K Apyroii (1.8.2) ¢ HOMOIIBbIO MATPUYHBIX OHEpalMil Mo-
ryT OBITH 3aIMCaHbI B BUJIC

" Jlns 71 =2 5TM COOTHOIIEHHS NPOBEPAIOTCA HEMOCPEACTBEHHO IO ONpesee-
Huto 1.1.9, cayuail IpoU3BONBHOIO 7 pacCMaTPUBAETCS B IIaBe 6.



152 AHaTuTHYeCKAasi TeOMETPHUs U JUHeiiHas ajaredpa

S I T
gl=Isl'{ ] : [&|=ISI|e:|+|B:]-

gé g, §3 &3 B3

rie H S H — MaTpHIa epexo/ia.

Teopema HNmeeT MecTO COOTHOLIECHHE
5.1.1. T it
4l =18l
[okasatenbcTBo.

By,HGM npeanojgaratb, 4YTo0 pasmMepbl MaTPHUIL H A H u H B H TAaKOBBI,

YTO NMPOU3BEJCHUS MaTPUIl, yKa3aHHbIE B (OPMYIMPOBKE TEOPEMBI,

CYIIIECTBYIOT.

Iyctp uncna Oy , B & » Yij CYTh DJIEMEHTBI MATpPHIL H A H , H B H
u H C H = H A H H B H COOTBETCTBEHHO. TOraa, CoriacHo omnpesene-
auro 5.1.1,

!
Yy =2 %y
k=1

Ho, ¢ apyroii croponsl, o onpeznenenuto 1.1.8 omepaunu TpaHc-
MIOHUPOBAHHUS

/ / !
T _ _ T AT _ T T
Yi =Y = ZajkBki = Zaijik = ZBikakj )
=1 =1 =1

OTKyZa, y4uThIBas ompeneneHue 5.1.1, nmemaem 3akitodueHue o
CTPaBEJIMBOCTH YTBEPKIEHHUS TEOPEMBL.

Teopema gokasaHa.
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3aMeTI/IM, YTO COTJIAaCHO MHpaBUJly TPAHCIIOHUPOBAHHS MPOU3BECACHUS

=IsI’

MaTpHI[ PaBEHCTBO

—

&>

—

&3

- -

g =g

- -
' '

g &

N
&
&>

RN

83

MOXET OBITh 3aIIUCAaHO B BUIC

NE

Jis nanbHEHINX pacCyXKICHUN HaM OyJIeT MOJIE3HO CIICIYIOIIEe BCIIO-

MOTaTeIbHOE YTBEPIKICHHUE.

IIycTs mpomnsBeneHHe KBaApaTHOH MAaTpPHIbI HQH Ha

NMPOU3BOJIbHbINA /! -KOMIIOHEHTHBIH C€TOJI0€1 H x” ecTh

HYJIeBOW /! -KOMIIOHEHTHBI cTOJI0en, TOrga MATpHIA

Nemma
5.1.2.
H 0 H HYyJIeBasl.
[oka3aTenbCcTBo.
®;,; O
()] (O]
21 22
[Iycts "Q”:
0‘)111 O)nZ
0
crosben Bupa || 1
0

. BeiGepem B KadecTBe H X H

, TJI€ €IMHHULA CTOMT B CTPOKE C HOMEPOM 1 .
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0 ®,; 0

Torna H QH l|=|®,|=0| us cuny npoussonsroctn i
0 o, 0

IpUXOoAuM K 3aKIIFOUCHUIO O CHPABCIIUBOCTU YTBCPKIACHUA JIEM-

MBI.
Jlemma gokasaHa.

Teopema IlJIH HEBBIPOKICHHBIX OAWHAKOBOI'0 pasMepa KBajapart-

5.12. HBIX MAaTPHII H A H " “ B H CIIPaABEJINBO COOTHOILIEHHE

Claflzl =5[]l

[okasatenbcTBO.

1°. IlycTs mpoOW3BEICHHE MATPHIIBI (” A H H B H )_l Ha HEKOTO-
pBIil 71 -KOMOOHEHTHBIH CTONOEI H X H ecTb crombery H c H
Torma (H A H H B H )_IH X H: H c” WM, YTO TO K€ CaMoe,

” X ” = ” A ” ” B ” ” c ” (cM. onpenenenus 5.1.1 u 5.1.2).

2°. C apyroii CTOpOHBI, U3 TIOCTIETHErO PABEHCTBA MOy4aeM, U4TO
-1
|4 == 21]<]
-1 -1
wananormo | B 47| x | ]

3°.  BeblunTas MOYIEHHO PaBEHCTBA

Az xl=lel w8171l ]
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B CUITY I[I/ICTpI/I6yTI/IBHOCTI/I MaTpU4HOIr'0 MPOU3BEACHUS IPUXO-
JHUM K COOTHOLICHHIO

(allBh [ 814l xl=]el-
KoTopoe mo jemMe 5.1.2 BBUAY HPOU3BOJIIBHOCTH CTONOIA

H X H 03HayvacT, 4YTO MaTpula

daflaly 81" l”

HYyJEBas.

Teopema gokasaHa.

3agaua  [Iposepums modsicoecmeo (H A H_I)T = (H A HT)_1 .
5.1.1.

Onpenenenve HeBBIpOXIEHHAs KBagpaTHass MaTpHIa H QH, I KOTO-
5.1.4.

=il T
poii H QH = “ QH , HA3BIBACTCS OPMOSOHALHOU.

CBolicTBa OPTOrOHATIBHBIX MATPUILI, UTPAIOIINX BAXKHYIO POJIb BO MHO-
THX IPHIOKEHUSIX, MO)KHO C(OPMYITNPOBATE B BUJIE CIECAYIOIINX TEOPEM.

Teopema JIsl OPTOroOHATBLHOM MATPHIbI H QH CpaBelJIiBO PaBeH-
5.1.3.
CTBO detHQH =+].

[okasaTenbCcTBO.

-1 T
YMHOXasi paBEHCTBO HQH :HQH [IOCJIEZIOBATENBHO CIPaBa U

cleBa Ha H 0 H, B CHJTy ompenesieHus 5.1.2 mpuxoauM K COOTHOIIIe-

o [ Q[ o=[Qll Q] <[ £] oryza maxomy. o
detquH:I,HOCKOHLKy



156

AHanuTHYecKasi reOMeTPUs U JMHeiiHas anredpa

ONpEJIeNIUTENIb TPOU3BEIEHUS KBAJAPATHBIX MAaTpPHIL
OJIMHAKOBOTO pa3Mepa PaBeH MPOU3BEICHHIO OTpeie-
JIMTEIEeH COMHOKHUTEIICH;

OIMPCACIINTE/Ib MaTprUlbl HE MCHACTCA NPpU €€ TPAHC-

HOHI/IpOBaHI/II/I;
- det”EH:l.

Teopema gokasaHa.

Teope-  Kaikinasi oproroHaibHasi MATPHIA BTOPOro MOPSIKA H ol
va
5.1.4. JJISI KOTOPOii det” QH =1, MokeT OBITH MpeACTABJIEHA B
cosQ —sin@
BHIE . , tne P — mekoropoe umcio, a
sing  cosQ
KAKIasi OPTOrOHAJALHAS MATpPUUA C detHQH=—1 - B
cos® sin ¢
BHJIE .

sing@ —cos@
[okasaTenbCcTBO.

O, O

HYCTB MaTpuna H QH = OpTOroHajlbHag, TOraa

MO, Oy

JOJIKHBI OBITh CIIpaBCIJINBBI PABCHCTBA

u, CJICA0BATCIIBHO,

() () () Q)]
ool =| 2 @22 Ol
21 22 12 22
(Dlzl +(’0122 0‘)Il(’OZI +0‘)12(’022 1 O
0‘)Il(’OZI +0‘)120‘)22 0‘)51 +(’0§2 O 1
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HOCﬂeZ[Hee ManI/I‘{Hoe paBeHCTBO MOXET 6I)ITI) 3alluCaHO B BUIEC
CHCTEMBI CKaJSIPHBIX YCIOBHI
2 2
(1)11 + (,012 = 1 5
©)10y; + O, 0y =0,
2 2
0)2] + (,022 = 1 5
HpI/Iqu N3 OTUX paBeHCTB, KakK 6I)IHO IIOKAa3aHO HpI/I JOKa3aTeJIbCTBE

TeopeMsl 5.1.3, cienyer, 4yTo det” Q H = 41 . Paccmorpum BHauane

ciy4ait detH QH =1.
Ecnu 13 cyMMBI TIEpBOTO M TPETHETO YPABHEHHI CHCTEMbI BHIUCCTh

YABOCHHOE PABEHCTBO (D (,, — ®,,M,; = 1, T0 MbI moyunMm
(@7, + L)+ (03, +©3,) = 2(®,,0,, — ®,0,,) =0
11 12 21 22 11722 12%21/7 —

2 2
um (0, —®,,)" +(®,, + ®,,)" =0, otkyna crenyer, uro
@) =0,

O = =0y

Hakonen, u3 ycnoBuit 0)]21 + (,0122 = 1; (Dil + 0)52 =1 wumeem
oumenkn () < 0),21 <1;0< 03;1 <1, xoTOpHIE IO3BOJIAIOT BBECTH
®,, =CosQ

0003HaueHNUS . , TIpUBOISAIINE K TpeOyeMoMy BHUIY
®,, =sinQ

MaTpULIbI H Q| , moCKOIBKY M3 MONYYEHHBIX COOTHOLIGHHIl TaKKe

2 2
CIIEIYeT, 4TO0 0, + W, = 1.
Cryqait det” Q “ = —] paccMaTpuBaeTCs aHAIOTHYHO.

Teopema gokasaHa.
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Cnegncteue Mannua nmepexoaa OoT OAHOIr0O OPTOHOPMHMPOBAHHOIO

5.1.1.

fa3mnca HA MJIOCKOCTH K APYrOMY OPTOrOHAJIbHAS.

[okasatenbCcTBo.

B § 1.8 Obu10 MOKa3aHO, YTO H S H — MaTpHIIa [IEPEX0/a OT OAHOM
OpPTOHOPMHUPOBAHHOM CHCTEMBI KOOPIMHAT Ha IUIOCKOCTH K JAPY-
TOM — MOXKET UMETh OJIMH 3 JABYX CIEIYIOIINX BUIOB:

cosQ —sin@ Cos @ sin @
. WIH .
sing  cos sing —cosQ

rae P — yronm mexay nepBsiMu 0asucHbIME BekTopamu. Ho Torna

MaTpulia epexoja H S H OpTOTOHANIbHAS B CHITy TeopeMbl 5.1.4.

CnepctBue gokasaHo.

§ 5.2.OnepaTopsl U PyHKIHOHAJIBI. OTOOpaKEHUSA

U TIpeo0pa3oBaHusl MJIOCKOCTH

BBomuMoe B Kypce MaTeMaTHYeCKOT0 aHalu3a MoHATHE QYHKIUH (KaK
[paBUJIa, YCTaHABIMBAIOILETO OJJHO3HAYHOE COOTBETCTBHE MEXIY YHCIIOM,
NPUHAUISKAIUM 00JaCTH ONpeNeleHHs, W YHCIOM, IPUHAICKALINM
MHOYXECTBY 3HAUCHUH ) MOKET OBITh €CTECTBEHHBIM 00pa3oM 0000MIeHo Ha
Clydaif, Korja o0nacTb ONpeleieHnss U 00NacTh 3HAUYCHUI HE SBISIOTCS
YHCJIOBBIMU MHOYKECTBaMH.

OnpeaeneHne  DYAEM TOBODHTH, YTO 3a1aH onepamop [ , Oeucmeyio-

5.2.1.

wuti Ha MmHodicecmee () O 3HAUEHUAMU 8 MHOJICe-
cmee © , ecii yKa3aHO MPABUIIO, 10 KOTOPOMY KaXI0-
My DJJIEMEHTy MHOXkecTtBa () TIOCTaBlieH B COOTBET-
CTBME €IMHCTBEHHBIN dJIEMEHT U3 MHOXKecTBa @ .
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CHUMBOIIMYECKU pe3yiibTaTt HCﬁCTBHﬂ orneparopa A 0003HaYaeTcs Tak:

y=Ax, x€Q, ye®.Dnement VY B 3TOM cilyyae HasblBaeTCs

obpasom anemenma X | 37eMeHT X — npoobpazom snemenma ) .

OnpeneneHue Eciiu @ — obnacme snavenuii HEKOTOPOTO OIEPATOPA —
5.2.2. SIBIIICTCA YUCIIOBBIM MHO)KECTBOM, TO TOBODST, YTO Ha
MHOXKecTBe () 3anaH QyHKYyuoHA.

@OyHKIMOHAIBI 00BIYHO 0003HAYAIOTCS TaK e, KaK ¥ (QyHKIUN: HalpH-

mep, ¥ = D(x), x e Q.

N
o
Mpumep 1°. Ecmn kaxiomy BEKTOpy , B HPOCTPAHCTBE TOCTaB-

5.21. -
JICH B COOTBETCTBHUC BCKTOP y , SIBJIAIOIIUUCSA OPTOIrO-

o o d
HAJTbHOI MPOCKIUEH BEKTOPA . Ha HEKOTOPYIO OCh [,

TO TOBOPST, YTO B IIPOCTPAHCTBE 3alJaH OIEpaTop

- A >
y= Pr I X OPTOTOHAJIBHOTO MPOCKTUPOBAHUA BEKTO-

poB Ha och /. B 3TOM Cilyuae CHMBOJMYECKHA MOXKHO

A
3arnmcarhb, 4YTo 121 =Pr;-

2°. Kaxmoit muddepenuupyemoiri Ha [a,B] dyrkumn
f(T) MOXHO mOCTaBHTH B OJHO3HAYHOE COOTBET-

cre f'(T) — ee mponsBoOIHYIO (YHKIIIO, TIOSTOMY
MOXXHO TOBOPHTH 00 orepaTtope aAnudPpepeHIMPOBaHNS

d
f'(t)= - f(1), cumBonuuecku 0603HAYAEMOM

KaK;I:i.
drt
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160
3°,
4°,
OnpepeneHve
5.2.3.

N
Kaxomy BekTopy ,. B HPOCTPAHCTBE MOXKHO IOCTa-

N
BUTHh B OJHO3HAYHOC COOTBETCTBHUEC YHUCIO | X | — €TI0

JrHy. O4YeBUIHO, YTO JaHHAs 3aBUCHMOCTD SBISIETCS
(YHKIMOHAIOM, 33JJaHHBIM HAa MHO>KECTBE BEKTOPOB.

Jlst Kax ol HenmpepbIBHOM Ha [a,B] GbyHKIIH f(7)

B
CYWIISCTBYET HMHTETpall J. f (’E)d’t , KOTOpBI MOXHO

a

B
paccmarpusars kak Qynkumonan P(f) = I f(t)dr

HA MHOYECTBE (DYHKITHI1, HerpephiBHBIX Ha [ O, 3].

Onepamopom 1:1 omobpascarowum niockocms (AIH
MPOCTO omobpadicenuem niockocmu) P Ha niockocme
(), Ha3bIBaeTCA MPABMIIO, MO KOTOPOMY KAXIOH TOUKE
IUIOCKOCTH P TOCTaBlIeHA B COOTBETCTBHE SANHCTBEHHAS

Touka mockoct Q.

OtoOpakeHHe MIOCKOCTH MIPUHATO 0003HAYaTh CIEAYIOIMM 00pa3oM:

A:P— Q. Ecim Touka M mnockoct P oToOpaxkaercs B TOUKy M "

mnockoctn (J, To 310 TpencraBnserca kak M = AM (4o mHOTZA 3a-

nucwiBator B Buge M~ = A(M)), npu s1om Touka )f* sBasercs 06-

pazom touku M , atouka M — npoo6pazom touku M T .

Onpepenexve
5.2.4.

Otrobpaxenne 4: P — Q Ha3BIBAETCI 63AUMHO OOHO-

3HauHbIM, €CTM Kakmas Touka miockoct () mmeer
poo0pa3 1 MPUTOM E€IMHCTBEHHBIH.
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Onpegenenne OToOpaxkeHue 4 IIOCKOCTH P B caMy ce0s Ha3hIBaeTCA

5.2.5. npeobpazoeanuem IocKoctu P .

Onpepenenne llocienoBarenpHOE BBIIOIHEHHE NPEOOPA30BAHMUIM

526. M =AM u M™ =BM"
HA3BIBACTCS npouseederuem (Unu Komnozuyueu) 3TUX
peoOpa3oBaHMH.

IIpousBeieHUe onepaTopos 3amuckiaercs B Bune M~ = BA M . 3a-

MCTHUM, 4YTO B O6IIICM cj1ydac 3TO IMPOU3BECACHUEC HE KOMMYTAaTHBHO, HO
aCcCOMaTUBHO.

Onpepenenve Ilpeobpa3oBaHueM, obpammubiM B3aUMHO OJHO3HAYHOMY
5.2.7. npeobpazoBannio 4 : P —» P, Has3hBaeTCs OIEpaTop

A" P P, Taxoii, 4to st Kaxkaoi Toukn Af mioc-

KOCTH P HMEET MEeCTo

A (AM)=M .

Onpenenenne Touka miockocTd P, mepeBoguMas IpeoOpa3oBaHHEM

5.28. A cama B ceOs, Ha3bIBACTCSI HENOOBGUIICHOU MOUKOU Ol

A - MHOXecTBO Ha P, cocrosinee U3 HEOABIKHBIX TO-

YeK JUIl 4 , Ha3bIBACTCSI HENOOBUMICHBIM Ol /4 .

A
MsHoxecTBO Touek [P, mepexojsdiiee mpu 4 caMo B
ce0sl, Ha3bIBACTCS UHBAPUAHIMHBIM MHOIICECIBOM NPEod-
pazoeamus [ .

§ 5.3. JIuHeiiHble onepaTOPHI HA MJIOCKOCTH

HyCTB Ha  IINIOCKOCTHU C ﬂeKapTOBOﬁ CHCTEMOI KOOpAUuHAT

- o
{0 g, gz} Kaxoi ee Touke M mocTaBleHa B OJHO3HAYHOE COOTBET-
b b

CTBHE TOUKa A/, TO €CTh COTJIACHO OIPEeNeHHI0 5.2.6
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3aj1aH0 npeobpazosanue 31oit mockoctn M * = AM . TlycTh KoopauHat-

- X
HbIC MPCACTABJICHUA PAINyCOB-BCKTOPOB 3TUX TOYCK CYThb rM =
g Y
- x* .
)51 VM* = wll s TOraa KOOpAWHATBL x* nu y 6y[[yT HEKOTOPBIMU
g Yy
*
X = F;c (‘xﬁy )
Gynkuusamu ot X wu YV . , W TOTOMY PpaBEHCTBO
Y =F,(x,)
*
X Fo(x,y)
= MOXHO pacCMaTpuBaTh KaK NPEACTAaBJICHUC OIcpa-
*
y F y (x » ¥V )
- - > >

TOpa rye = A 7y B CHCTEeME KOOpAuHAT {O, g gz} .

Janee MbI OyzneM paccMaTpUBaTh YacTHBIE, HO BAXKHBIC JUIS TPHIIOKE-

HUH BAOBI QYHKIHN Fx (x, y) 51 Fy (X, y) .

- N
Onpegenenne Omepatop p | = ArM HA3bIBACTCS JIUHEUHbIM Onepa-
M

5.3.1.
mopom, €clld B KaXI0M JEeKapTOBOW CHCTEME KOOpJMHAT

- -

{0,g,,g,} O 3anaetcs dopmymamn
x"=a,x+o,y+p,

Y =0,ux+a,y+B,.

IIpn momomwm omnepauuid ¢ MarpuuamMy JUMHEHHBIM ONEpaTOp MOMKET

x’ AR B,
ObITb 3aIlMCa B BUAE | | = ‘ + , TJIe MATPHLA
y % B 2
~ Oy Oy

g Oy Oy
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. . ~
Ha3BIBACTCSI Mampuyell 1uHelno2o onepamopa 4 (koopounamusim npeo-

cmaenenuem 4) B {0, gl , g_;} .

- N

Onpegenenne Omepatop p = A ry, HasbiBaeTCs JUHEUHbIM OOHO-
M

5.3.2.

Mpumep

5.3.1.

Teopema
5.3.1.

POOHBIM ONEpamopoM, €Ciii OH YIOBJIETBOPSET OIpere-

nennto 5.3.1 u, kpowme Toro, B, =, =0.

Ecnu ke ‘ Bl‘ +‘ Bz‘ >0, To onepatop 4 Ha3bBaeTCs

HEe0OHOPOOHBIM.

K nuHelHbIM OTHOPOJIHBIM OMEpaTOpaM OTHOCSTCS:

omeparop 4, JAeiicTBHE KOTOPOro CBOAUTCSA K

YMHOXXEHHIO  KOOpIMHAT  paauyca-BeKTopa
nmpoobpa3a Ha (PUKCUPOBAHHBIC MOJOKUTEIBHBIC
4HuClla, HA3bIBAEMBIA ‘“‘onmepamopom cocamus K
ocam’”, WIN TIPOCTO “‘cocamuem K ocam’, UMEI0-

kK, 0
0 x,

K, u K, — koappuyuenmol cocamusi;

A

, TIe 4ucia

MM MaTpuLy

OTIEPATOP OPMOOHANLHO20 HPOEKMUPOBAHUS Pa-
JINYCOB-BEKTOPOB TOYEK IJIOCKOCTH Ha HEKOTO-
PYIO 3aJaHHYIO OCh, MPOXOISIIYI0 Yepe3 Havaio
KOOp/MHAT;

comomemuss ¢ KodppuuueHToM K © ¢ ICHTPOM
B HaJaje KOOp/MHAT.

A

JJisi JIMHEITHOTO OJIHOPOTHOTO OmepaTopa 4 CHpaBelIu-
BbI COOTHOIICHUS
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o AT P - -

1% A(n+r)=An+ Ar, Vr,r,.

o A7 - -

2% AMr)=MAr Vr,\.
[okasaTenbcTBO.

B cnipaBeyIMBOCTH yTBEPIKACHHS TEOPEMBI YOIMMCSI HEOCPEICTBEH -
HOH IIPOBEPKOH, UCIIOJB3Ysl NIpaBUila AeHCTBUA ¢ MaTpuuaMu. Hampu-

Mep, st 1° nmeeM

-> - o o X X
~ 1 12 1 2
A(r+rn) = ( + ):
Oy Oy | M) Vs
Oy Oy || X O Oy ||| X, AT AT
= + =Ar+Ar, .
Oy Oy || Oy Oy || V2

Teopema gokasaHa.

Teopema  EC/IH 1151 HeKOTOPOro omeparopa 4 CHpaBelIHBbI COOT-

5.3.2. HOILIEHU S
- =

1°. % - - 4
- A(n+r)=An+Ar, Vr,r,,
o ~ - A -
2% Ar)y=AAr VrA\,
TO 3TOT ONEPATOP JMHEHHbI U 0AHOPOIHBII.

,D,OKaSaTeJ'IbCTBO.
- - > - -

N
Ilycte — " 4 *

y r=xg,+yg, " Ar=x gty g
CTBCHHO KOOpI[I/IHaTHLIC paBJ‘IO)KeHI/ISI JIIsL np006pa3a Hu 06p2133, TO-
rIa

— COOTBCT-

g . ~ - - A A
x gty &=Axg+tyg)=xAg+yAg,"
ITo teopeme 1.5.1 cymecTByror uncna Oy, 0l ,,0,,,0,, TaKHE,

4qTo
A - - R - -

Ag =0, g+0, g, " Ag, =0, g+0,g,"
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Torna nomxydaem
. . N A
X gty g =xAg+yAg, =

=(ax+a,y)g+(0,x+0,y)g, .

- -
A B clly TUHEMHOHN HE3aBUCUMOCTH BEKTOPOB g g
1 2

X' =, x o,y x" Oy Oy I X
. oum || |=
Yy =0x+0,y y Oy Oy ||| Y

Teopema gokasaHa.

- a

N X
OTMETHM TaKKe, YTO IS BCKTOpa a’ uMmeromiero | a = B Oa-

4 ay

- > N
3HUCe IIpH JII000M JIMHEHHOM IIpeo0pa3oBaHuy 00pa3oM o ., SIB-
18,,8,4> P peoop P Aa
JISICTCSI BEKTOP ¢ KOOPAUHATHBIM IIPEICTaBICHHEM
— a
Aal| =

g

Oy Oy || 9y

a Ay Oy a

*
X
*
y y

U3 teopem 5.3.1 u 5.3.2 BBITEKAIOT BaXKHBIE CIEACTBUSA.

CnepncTeue Crosi0uaMn MaTpPUIbI JUHEHHOT0 OJJHOPOIHOIO Omepa-

53.1. Topa [ B Gasuce {o o \ SBISIOTCH KOOPIMHATHBIE
pa 4 {g,8,} PA

A A
MpPEeACTAaBJICHUA BEKTOPOB Agl H Ag2 .

Crnepgcteue  Kakaomy JMHEeHHOMY OJHOPOJHOMY oIepaTopy npeoo-

5.3.2. Pa30BaHusl IJIOCKOCTH B KOHKPETHOM 0a3uce cOOTBET-
CTBYeT O/IHO3HAYHO ompe/eseMas KBaJpaTHasi MATPHU-
A BTOPOT0 NMOPAJIKA, a KakIasd KBaJpaTHasi MaTpHIa
BTOPOI0 NMOPSAAKa 3aaeT B 3TOM 0a3uce HEKOTOPbIH JIU-
HellHbI 0THOPOAHBIII oIIepaTop.
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3apava Hcxoos uz npasun oelicmeus ¢ Mampuyamu, nokazamo, 4mo
5.3.1. 07151 IUHEUHbIX 0OHOPOOHBIX ONEPAMOPO8 HA NIOCKOCMU CHpa-
8€0IUBLL YMBEPHCOCHUSL:

1°.  Mampuya npouseederus auHeliHbIX OOHOPOOHBIX One-
Pamopos pasHa NPOU38eOeHUr MAampuy onepamopos-

comHodcumernel: H AB H ZH A H H B H .
g g g

2°. Ecnu ;1_1 ecmbv onepamop, 0Opammbill TUHEHOMY 00-
HOpOOHOMY Onepamopy 4, mo

| =)l

4
Brrsicanm TCHECPb, KaK MU3MCHUTCA MATpUlla JIMHCHHOTO OAHOPOAHOI'O

orepaTopa 1pu 3amene 6asuca. Mimeer mecto

-> >
Teopema IIycte B cucreMe KOOpAHMHAT {0, gl’g2} HEKOTOPbIil

5.3.3. n
A

OTHOPOJHBbI JIUHEHHBIN ONEPaTOP MMeeT MATPHUILY <

- >
. TOF}]a B CUCTEME KOOpAMHAT {O, g]',gz’} 3TOT omepa-

TOp OyaeT UMeTh MaTPUILY

y

~ -1
L4l =1sI™14l, 1

rae H S H — MATpHIA Tepexoa.
[lokasaTenbcTBo.

IlycTh B MCXOIHOM cUCTEME KOOPAMHAT IECHCTBUE JTUHEWHOrO Orepa-
—> A N
A o * _ A
Topa 4 3amaercs Qopmynoi || ¥ =

ril , a B HOBOW cH-
g g

g
N

~

A

¥
cTeme koopauHar — || ¥ = , ¥ ITyCTh H S H — Marpu-
'

4

'

4

- o > o
oo
a nepexonaa ot {0’ gl , g2} K {O, gl , gz} , TaKas, 4To
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- - -
el o=l ) =1
4 g g g
HO}ICTaBHﬂfI JBa MOCJICAHNUX COOTHOUICHHUSA B NCPBOC U IIPpUHUMAA BO
BHUMAaHNE YTBEPKIACHUE TCOPEMBI 1.82 0 HEBBIPOXXIACHHOCTU MaTpH-

'

-1
1Bl IEpexona H S H (TO ecTb CyIIeCTBOBaHHE MATPHUIIBI H S ” ), ToTy-

4Yaem, 9To

- N -

-1
|~ (S| r| w7 =[S 17 ALLS]
4 ' 4

g g g g

HaKOHCL[, BbIYUTasA MNOCJICAHCC PABCHCTBO IMOWICHHO M3 pPAaBCHCTBA
- - -

r = o r\ , B cumy mpousBomsHOCTH |V (cormacHo
g g g

N

nemme 5.1.2) IpUXo UM K COOTHOIIICHHUIO

-1
|4], =Is["| 4] |s].
g g
TeopeMa gokasaHa.
Cnepncreue He 3aBHCHT OT BbIOOpa 0asmca.
5.3.3. g
[lokasaTenbCcTBO.

IMTockosbKy onmpeneuTens MPOU3BEICHHS MAaTPUL] PaBEH IIPOM3BE-
JCHAIO OTIPENIENTNTEIIeH COMHOKHUTENEH, TO B CHITy TeopeMsl 5.3.3

HEBBIPOKACHHOCTH MATPHUIIbI IEpEXOaa H S ” HUMECM

det| 4| =det(|S| 4 Jsh=

= det H S H detH

detH S|=

det| A| det| S |=det| 4] .
detH S|

CnepctBye JokasaHo.
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3apava
5.3.2.

Pewe-
Hue.

B opmonopmuposannoii cucmeme koopounam Hatimu mam-
puyy onepamopa, opmocoHAIbHO NPOEKMUPYIOue20 paouy-
CbI-8eKMOpPbl MOUEK KOOPOUHAMHOU NIOCKOCIU HA NPAMYIO

x+3y—-2=0.

Ilycth TOUKa-TIPOOOpa3
M wumeer paauyc-Bek- Y

— xo \
TOp 1, = a To4-
0 b
Yo \ <

Ka JAf* — obpa3 Touku

M — COOTBETCTBEHHO
ee pajuyc-BEKTOp
N %
e e
rO - * | "
Yo Puc. 5.3.1

U3 puc. 5.3.1 cuemyer, 4to )f* €CTb TOYKA IEPECCUCHUS
npsvoit X + 3y — 2 =0 u neprenukynspa x Heii, mpoxos-
miero yepe3 M .

ITockonbKy HOpMAabHBIA BEKTOp MpsMod X + 3y-2=0
SBJISIETCA HAIPABILSIONIMM BEKTOPOM 3TOTO IMEPHEHANKYIPA,
TO ypaBHEHHE MOCIIETHETO OyIET UMETh BH

X X, 1

= +7

y Yo 3
OTKyna crnemyer, 4To KOOPAMHATHI pajnlyca-BeKTOpa TOYKH
M ¥ OynyT yIoBIEeTBOPSITEH CHCTEME YpaBHEHHIT

x;:x0+r, x; :19()x0—1:i)y0+;,
Vo =V, + 31, WK 3 1 3
X, +3y,—2=0 yoz_ﬁxo+ﬁyo+g~
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I/ICHOJ'H)?,yH ImpaBujIa onepaunﬁ C MaTpulamMu, 1ojrydacmM OKOH-
4aTcCJIbHO, YTO

2 3 1
Yoll_| 10 10 on+ 5
vl -2 Ll |32
10 10 5
TO €CTh
2 3
il = 10 10
|4 5 %
10 10

§ 5.4. A¢pdunnbie npeodpa3oBaHusi U UX CBOICTBA

Jluneiinvle omepatopsl, mpeodpasylomuye MIOCKOCTh camy B cedst (To
ecTh JIMHeWHbIe onepaTtopsl Buaa A4: P — P) u umeiowue obpammbiii

onepamop, UrparT BaXXHYHO C HpaKTH‘IGCKOﬁ TOYKHU 3pCHUSA POJIb U IMOTO-
MY BBIACIISIIOTCA B CHGHI/IELTIBHHﬁ KJ1acc.

L. x’ ~1 x| B,
Onpepenenve JluHelHBIA omepaTtop . —‘ aF , 0T00-
5.4.1. y syl |B,
paxarommi IJIOCKOCTE P camy Ha cebs, ¢ MaTpHuIien
n o, Q) .
A| = , IVl KOTOpoil B Jro6oM 6asuce
g0y Oy
11 12
det # 0, masweBaercs aguunviv npeo6-

Oy Oy

pasoearuem niocKocmu.
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Teopema Ecau ansa JuHeiiHOro mpeofpa3oBaHMs IJIOCKOCTH
5.4.1 d H ~

et| A| #0 B nexoropoii mekaproBoii cucreme
(npu3Hak < pou Jiexap
APPUHHOCTY). KOOPAMHAT, TO 3TO YycJ10BHe OyIeT BBINOJHEHO M B

JII000¥i APYyroii 1ekapToBoOi cucTeMe KOOPANHAT.
[oka3aTtenbCcTBO.

ITo cnenctButo 5.3.3 ompenenuTenh MaTPUIIBl TMHEHHOTO OTepaTo-
pa He 3aBHUCHT OT BBIOOpa Oa3mca, mo3roMy A apQUHHOCTH JIH-

HEIHOTO TpeoOpa3oBaHUs JOCTATOYHO, UYTOOBI detH A H #0
g

XOTs ObI B OJHOM Oasuce.

Teopema gokasaHa.

Teopema Kaxknoe apdunnoe npeodpazosanue nmMeeT eTHHCTBEHHOE

5.4.2.

o0paTHOe, KOTOpOe TaKs ke ABJsIeTcs adPUHHBIM.

[okaszaTtenbCcTBO.

g
A

CYILIECTBYET,

IMTockonbky det H A Hg #0, 10 MaTpuIa
g

€IMHCTBEHHa M HEBBIpOXKAEHHas (cM. § 5.1), a B cmiry Teope-
mbl 1.1.2 (Kpamepa) cucrema JIMHEHHBIX ypaBHEHHH

*
~ X X B,
A ¢ =l .-
Y y B,
X
BCEr/la UMEET €IUHCTBEHHOE PEIEHHE 171 1H000r0 BEKTOPa
Yy

*

X

y

Ho 310 03Hayaer, 4to Mekay oOpa3amu U mpoodpasamu
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ad(¢UHHOTO MPeoOpa30BaHUs CYIICCTBYST B3aMMHO OJHO3HAYHOE
COOTBETCTBHE, TO €CTh IS A CYyIIECTBYeT €AMHCTBEHHOE 00paT-

Hoe adduHHOE IPeodpa3oBaHue, 3a1aBacMoe HopMyIaMu

* * *
x - * B, p ~ -l B
= + e | L |l=—
g o« | * g
Y Yy B> Bz B,
Teopema f10ka3aHa.

3apaua Onpedenumens mMampuyvt, NOIy4eHHO NPU peuieHuy 3add-
5.4.1. wu 5.3.2, oxkasancsa pasuoim nymo. Coxpanumes iu 6epHvim

9MO PAaseHcmeo, eciu NPOU3BONbHbIM 00PAZOM USMEHUMb
KO2(hpuyuenmol ypagrnenus npamou, Ha KOmopylo GblNOaHsA-
emcsi OpMO2oHAbHOE NpoeKmupoganue?

Teopema [pu adppunaoM npeodpazoBaHuM BCAKUI Da3uc mepexo-

5.4.3. JUT B 0a3uc, a 1Jsl JHOObIX JBYX 0a3MCOB CylIeCTBYeT
eIUHCTBeHHOe ad¢uHHOEe mpeodpa3oBaHmue, MEPeBOASA-
1ee MepBbIii 6a3uc BO BTOPOIi.

[okazatenbcTBo.

[Tycts adpdurHOE IPE0dpazoBanue 3a1aHo HOpMyITaMu

*
xT=o,x+0,y+p),
Y =0, x+0,y+p,,

Torya obpa3aMu MepBOM Mapbl 0a3UCHBIX BEKTOPOB OYIyT BEKTOPHI
- - - H* - - A
*_ . _ . A TIOCKOJIbK
g =0, 810, 8,8 =0,8 10,8, Y

det| 4| =det| 1 @2 10,
Oy Oy
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- -
TO BEKTOPBI g* u g* JTUHEHHO He3aBUCHMEI (TeopeMa 1.6.2) u
1 2

13 HIX MO>KHO 00pa3oBaTh 0azuc.

Conocrapnsst onpeaenenue 1.8.2 u cnencraue 5.3.1, 3amedaeM, 4to
- -

B TOM cilydae, Korja 0asmc {g* g*} SIBIISICTCSA 0Opa3oM Oaswmca
182

- - N
{ g gz} npu apduHHOM Npeodpa3oBaHUM 4 , MaTpUIla Iepexo-

- > >
Ia ot Gasmca {g,,g,} k Basncy {g,g5}
HSH: H/Al g’

Ho mockonbky st mo6oit napbl 6a3ucoB MaTpHLa Mepexoa cyle-
CTBYET, CIMHCTBEHHA M HEBBIPOXKAEHA, TO M IIpeoOpazoBaHUe,
nepeBosiIIee NepBblil 0a3uc BO BTOPOA, cymiecTByeT, apdunHoe 1
€/INHCTBEHHOE.

Teopema [OOKa3aHa.

PaccmoTpuM Tereph BOIPOC O TOM, YTO MPOUCXOMUT C Pa3IHMYHBIMH
TeOMETPUUECKUMH OOBEKTaMH Ha TUIOCKOCTH TpH ee apGUHHOM IMpeod-
pa3oBaHUU.

Teopema Ilpu adgdunnom mnpeodpasoanun o0pa3oM NpsAMOi Ju-
5.4.4. HUM ABJISIETCH NMpsiMas.

[oka3aTenbCTBo.
X=X,+1Tp
[TycTh NaHbl mpsMast ,tne P u 4 — He paBHbIE HYJIIO
Y=Yy +19q
OJITHOBPEMEHHO KOOPIHMHATHI HAMPABILSIIOIICTO BEKTOpa MPSIMOH, U ad-
x° X B,
(uHHOE TIpeobpa3oBaHme L= H A +

Yy Yy B,
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Torma obpa3om mnpsiMOil OygeT MHOXKECTBO TOYEK IUIOCKOCTH C
KOOpAMHATAMU

x" = (0 X, + o,y +By) + (0 p+o,g)T,
Y= (0 Xy + 0y Yo +By) + (0 p+pyg)T.

3aMeTHM, 4TO €ciu ‘ o, p+0o,q ‘ +‘ O,y P+ 0yng ‘ >0, 10

MBI IMeeM IpsMyro. IIpennonoxuM IpoTHBHOE, ITyCTh

o, p+a,q=0,
O, p+0,q=0,
Oy Oy
Toraa B cuiy apguaHOCTH TIpeoGpasopanms det #0
Oy Oy

u 110 Teopeme 1.1.2 (Kpamepa) p=q =0 ecrb eduncmesennoe pe-
IICHUE TON CHCTEMbI YPaBHEHHH, YTO IPOTUBOPEUHT YCIOBHUIO.

Teopema gokasaHa.

Teopema Ilpu addunnom npeoGpazoBanuu o0pasomM mnapauieib-

5.4.5. HBIX MPSIMBIX SIBJISIIOTCSI MapaJulejibHbIe NMPsAMbIe, 00IAast
TOYKA IEPECCKAIOIINXCH l'[pﬂM];IX-l'[pOOﬁpaSOB nepexoauT
B TOYKY NepeceyeHHs] HX 00pa30B.
[okasaTenbCcTBO.

[Mpeamnosnoxum, 4TO Mapa napajuiesibHBIX NPSMBIX HepeBeaeHa ad-
(huHHBIM TIpeoOpa3oBaHUEM B IEPECEKAIOIINECS MM COBIIAIAIOMINE
IpsIMBIE.

Paccmorpum omHy U3 Todek, oOmmx Juisi o0pa3oB mpsiMbix. Ilo-
CKOJIbKY adduHHOE npeoOpa3oBaHUE B3aHMMHO OJHO3HAYHO, TO
mpooOpa3 oO0IIell TOYKM CAMHCTBEHHBIA M JOJDKCH MPUHAJICKATh
OJTHOBPEMEHHO KXKIOW M3 MPSAMBIX-TIPooOpa3oB. OIHAKO TaKUX TO-
4eK HeT, MO0 MpsAMBIe-IpooOpas3sl mapauienbHbl. ClenoBaTenbHoO,
00pa3bl MapauIeIbHBIX NPSMBIX TAKXKe IapauieIbHBI.



174 AHaTuTHYeCKAasi TeOMETPHUs U JUHeiiHas ajaredpa

Ecnu e mpsMble-poo0pasbl MepeceKkatoTcsl, TO B CHIY B3aUMHOMN
OJTHO3HAYHOCTH aPUHHOrO Tpeobpa3oBaHus 00Pa3OoM HMX TOUKH
nepecevyeHnss MOKET OBITh TOJNBKO TOYKA IepecedeHuss 00pa3oB
OTHX TMPAMBIX.

Teopema gokasaHa.

Teopema Ilpu addunnom mnpeodpasoBaHuH COXPAHSAETCH JAejIeHHE
5.4.6. 0Tpe3Ka B JTaHHOM OTHOIIEHHH.

[oka3aTenbCcTBO.
x*
* . i
Hycrs touxkn M, ,1=1,2,3, ¢ xoopaunaramu | | sBusrores
i

o6pasamu (puc. 5.4.1) touek M, ,i=1,2,3 coorsercraenno

Y

O

Puc. 5.4.1

X, X, — X,
; DTNy,
C KOOp,I[I/IHaTaMI/I . I/I HyCTB JaHO, YTO - nu
Vi X3 =X

Yo =W
=" =M\ e A # —1, HyXHO N0Ka3aTh, 4TO

V3=
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x* _x* y* _y*
T = 22Y
X3 =X, V3=V,
Ecnu adpunnOe npeobpasoBaHue 3a1aHO B BUJIE
*
X' =0 x+any+p,

Y =0,x+0,y+H,,
TO

Xy =X, oy (g —x)+an (v, —y)

* *

xX; =X, o -x)+a, (v - y,)
_ o AMxy —x,) + oA (Y — y,)
oy (x; = x) o, (Vs —y,)

Vi =y

=

Y3 =)

3aMCTI/IM, qTO U3 HOHy‘IeHHHX COOTHOLHCHHﬁ cne/:[yeT paBeHCTBO OTHOILIC-
HUSA OJIUH 06pa30B " OTHOLICHUA HJIUH npoo6pa3OB OTpGSKOB, JISKalux Ha
OI[HOﬁ HpHMOﬁ. HpOBepI/IM CHpaBeILHI/IBOCTL OTUX yTBep)K)IeHI/Iﬁ JUIS cnyqasl
OPTOHOPMHUPOBAHHOM CHUCTEMBI KOOPAUHAT:

AHaJIOTHYHO IIOKa3bIBACTCs, YTO

M*M* * * * *
e :\/(xz_x1)2+(yz_y1)2 _
MEM; \/(x;_x;)z"'(y;_y;)z
B S S e o0 N O PO R COR )
\/(x;_x;)z_’_(y;_y;)z \/(x3_x2)2+(y3_y2)2
MM
_\/(xz_x1)2+(y2_y1)2 _ s

JOn =0+ 0n -3 o,

TeopeMa gokasaHa.
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OTMeTHM TakXke, YTo U3 TeopeMbl 5.4.6 HEMOCPEACTBEHHO BBITEKAET,
yro npu adpPUHHOM NpPeodOpPa30BaHUU OTPE30K MPIMOH MEPEXOIUT B OTpE-
30K.

Teopema Ilpu addunnom mnpeodpasoBaHHH OTHOWIEHHE JJIMH 00-
5.4.7. pPa3oB ABYX OTPE3KOB, JIeHKAIIMX HA Mapajljie]bHbIX Mps-
MBIX, PABHO OTHOIIEHHIO JUINH UX NP00odpa3os.

JlokazaTenbcTBo.
N
MM,
IycTh naHO, 4TO N = ‘ A ‘ . TIposenem mpsmyro M M 5,
MM,

napamensyro M, M, . Tockonsky npu apduaroM npeoGpaso-

BaHUHU 06pa31>1 NapaJlyICJIbHBIX MPAMBIX IapalyICJIbHBI, TO B CHUITY
' * * P *

reopembt 5.4.6 M M, M M; w M M M M  — napamre-

aorpammsl (puc. 5.4.2). CnenoBaTensHo,

- -
MM |=| MMy

Puc. 54.2
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Haxkonern, no teopeme 5.4.7 nonyuaem

M M; MM, MM, MM,

=2/

- -

MIMI MUIMI MM, (MM,

Teopema gokasaHa.

Teopema Ilpu addunnom npeodpasoBanuu BesiKasi 1eKapTOBa CH-

5.4.8. cTeMa KOOPAHHAT NEPEeXOAUT B IeKAPTOBY CHCTEMY KOOp-
AUHAT, IPHUYeM KOOPAUHATHI 00pa3a Kax10i TOUYKH MJIOC-
KOCTH B HOBOHl cucTeMe KOOpPAMHAT OyayT COBHIajaThb C
KOOpAMHATaMM Npoodpa3a B MCXOAHOIA.

[oka3aTenbCcTBO.

Puc. 5.4.3

IlycTts wucxomHas cUCTEMa KOOpPAWHAT O0pa3oBaHa 0a3uCcoOM
- -

{g,,g, 1 naganoM xkoopaunar (O . CornacHo Teopeme 5.4.3 nipu
1282

adPuHHOM Tpeobpa3oBaHKHU Oa3nc mepexoauT B Oasuc. JlomomHss
npeobpa3oBaHHblii 0asuc 00pasoM Hayana KoopauHat ()", MbI HO-

- >
JydaeM mpeoOpa3oBaHHYIO CHCTEMY KOOPAHHAT {0* * *}

»81-8>
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[TycTs B WCXOAHOW cHUCTEME KOOpPAWHATHI TOYKH-TIpooOpasza M
cytb X u Y, a B npeoOpa3oBaHHON CHCTEME KOOPIHHATHI TOY-

Ku-o0paza )\f* cyTh x
MBI 5.4.6 OyIyT CrIpaBe BBl COOTHOIIICHHS

*u y" (puc. 5.4.3), Torna B cuiy Teope-

- A
OM, O'M,

| x|=" o = =[xk
& g

0}[2 oO'M,
yl= o = =Y

&> g5

Ilocie ecrecTBEeHHOTO O606H.[€HI/I$[ Ha cnyqaﬁ KOOpAUHAT pa3janv-
HbIX 3HAKOB IOJIy4a€M IO0Ka3bIBACMOC CBOICTBO.

Teopema gokasaHa.

st BBISICHEHHS TE€OMETPHUYECKOTO CMBICTIA YHCIOBBIX XapaKTEPHCTUK
Marpuisl apduHHOrO MpeobpazoBaHus mepedOpMyIHPYEM OIpeeIeHIE
1.8.3 opuenmayuu napvl HexoanuHeapHuIX 6eKMOPOS Ha TIOCKOCTH, UC-
MOJIB3Ys OTIEPAIIUI0 BEKTOPHOTO MTPOU3BEACHUS.

OnpepeneHve

5.4.2.

g - v
[Mycth j €CTh HEKOTODBIil HOPMAJTBHBIN BEKTOP IIIOCKO-
cti P, HanpaBJIeHHBIA B CTOPOHY HaOmromatess. Torma
- -
Tapy HEeKOJUIMHEAPHBIX BEKTOPOB , W 7, HA30BEM 71pd-

soopuenmuposannot, eciu cymectsyer A > (0 (u coor-
BETCTBEHHO /1€600PUEHMUPOEAHHOU, €CITA CYIIECTBYET

A < 0) Takoe, 4To [Z’Z] _ X;'
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Torna Oyner cipaBeuBa

Teopema 1°.
5.4.9.

2°,

Ipu addunnoM npeodpazoBaHuu BeJIMYUHBI S~ —

wiomaau ofpasa mapaurenorpamma u S — Imwio-
maau npoodpa3a napajjieiorpaMMa CBSI3aHBI CO-
OTHOIIEHHEM
a a
* 11 12
S" = det -S.
Qy Oy

IIpn adpunHOM NMpeodpa3oBaHNu opHeHTANUs 00-
Pa30B napbl HEKOJJIMHEAPHBIX BEKTOPOB COBIA/IA-
€T ¢ OpHeHTanuel Npoodpasos, ecan
a a

1 12
det >0,
Qs oy

U MEHSACTCH HA MPOTHUBOIOJIOXKHYIO0, €CJIN

O Oy

det <0.

Oy Oy

[oka3aTenbCcTBo.

[Tpu adduHHOM NpeoOpa3oBaHUK MapaijIeIorpaMM IMEpexXOJuT B Ma-
paenorpamm. PaccMOTprM HEKOTOpBIN 6a3nc, 00pa30BaHHBINA BEKTO-

N

N
pavi o ¥ g , 00pa3bl KOTOPHIX pH adHUHHOM NpeoOdpa3oBaHUN

A €CTb COOTBETCTBEHHO

- -

- - - - - -

g =Ag =0, g+0, 8 "g =A4g,=0,8+0,8,"

IJie, COrNacHo CIECTBUIO 5.3.2, KOdPUIMEHTB OLyy, Oy, , 0, B O,y

SBJIAIOTCS DIIEMEHTAMH MaTpPHUIIBI IMHEHHOTO Oeparopa 4 , TO €CTh

Oy Oy

|4

£ Oy Oy,
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ITo cBoiicTBY BekTOpHOrO mpousBenacHus (cMm. § 2.4) miomaas mna-
- -

pajuienorpaMma, IIOCTPOSHHOTO Ha 0a3MCHBIX BEKTOPAX g " g
1

- >
pasra S =|[g,,2,]|, a momans mapannenorpamma, nocrpoen-

> o
HOTO Ha o0pasax GasucHbix Bektopos, — S* =|[g/,g,]|. Ho

- - - - - -

* *
1.8, ]1=[a,, g+, &0, g +0, g,]=
> o n > o

= (0,00 —0y,0,,)[g),g,] =det H A Hg[gpgz] )

nostomy S~ =/ det H A H S, a (cormacHo ompenenenuio 5.4.2)
g
- >

ODHCHTAIISl NAhl BEKTOPOB (g o} HE MEHACTCH MpH
det” A Hg >0 wm MeHsercs Ha NIPOTHBONONOXHYIO IIPH
det| 4] <o0.

g
HaKOHeH, OTMCTHM, 4YTO HOHy‘IGHHHG COOTHOIIICHUSA 6y}1yT BBIIIOJI-

HEHBI U1 JTI000T0 0asmca, a 3HAYHT, U IS JII000TO MapaueIorpam-
Ma.

Teopema gokasaHa.

Teopema /iy /11000ii JHHHH BTOPOT0 MOPSIAKA, yKa3aHHOI B (op-
5.4.10. MYJIHpOBKe TeopeMbl 4.4.1:

- npu a¢pPUHHOM Npeodpa3oBaHUM ee THII U BUJ He
MOKeT H3MEHHThCSI;

- Halinerca agduHHOEe npeodpasoBaHue, NMepeBoOAs-
1ee ee B JIOOYIO IPYryI0 JIMHUIO BTOPOro0 NMOPSAKa
3TOr0 :Ke THIIA U BH/JA.
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[okasaTtenbCcTBo.

PaCCMOTpI/IM TNEPBOC YTBEPIKACHUC TCOPEMEIL.

1°.

2°.

3°.

4°.

B cumy teopem 5.4.6 u 5.4.8 mapayuienorpaMM BMECTE CO CBOEit
BHYTPEHHEH 4YacThIO MEPEXONUT B MapajuiejorpamMM, M, 3HAUMT,
OrpaHMYCHHAs JIMHUSA IIepeieT B orpaHmyeHHy0. OTcrona cieny-
€T, YTO JJUIUIICH U TOYKH MOTYT IEePEXOUTh TOJNBKO B AJUIUIICH H
To4Kd. C IPyroi CTOPOHBI, TOYKA HE MOXKET IEPEXOUTh B ILIUIIC
U HAao0OpOT, MOCKOJBbKY 3TO MPOTUBOPEUYHUT CBOWCTBY B3aMMHOM
OJTHO3HAYHOCTH a(PHHHOTO ITPeoOPa30OBaHHUS.

Cpenu JIMHHUIA BTOPOTO MOPSIIKA TOJIBKO THIIEPOOIIBI U apajuiesb-
HBIC TIPSIMBIC MMEIOT HECBSI3aHHBIE BETBH, TO €CTh CYILECTBYET
npsiMasi, He IepeceKarollas JIMHUI BTOPOTO IOPs/IKa, TaKasi, 4To
BETBH TOW JINHUM PacIOJIOKEHBI 110 Pa3HbIe CTOPOHBI OT HPSIMOH.
CoxpaHeHre TaHHOTO CBo¥cTBa mpu adPuHHOM Mpeodpa3zoBaHU
oueBUIHO. [TapaienbHble jKe MpsSMbIe HE MOTYT MEPEHTH B BETBH
TUrepOoBl B CHITY TEOpEeMbI 5.4.5.

Cpean HenpsMBIX JIMHUI BTOPOTO MOpsAKa TOJBKO mnapadoia siB-
JIeTCd HEeOTpaHWYeHHOW CBS3HOW KpuBOil. CrenoBaTenbHO, MpU
adpuHHOM MTpeodpa3oBaHUM Mapadbora MOXKET NepeiTH TOIBKO B
mapabory.

Ecnu nuHUS BTOpOTro MOpsAKa €cTh TOYKa, MpsMas WK ke mapa
TapaUIeNIbHBIX WM NIEPECEKAOMMXCs IPSIMBIX, TO U3 yTBEPIKIC-
Hus TeopeM 5.4.4 u 5.4.5 BBITEKAET, UTO UX TUI HE MOXKET U3ME-
HUTBCAL.

PaCCMOTpI/IM BTOPOC YTBCPIKACHUEC TCOPEMBI.

U3 teopem 4.4.1 u 5.4.3 cnenyer, 4TO JJis KaXXA0H JIMHUU BTOPOTO
mopsiika MOXKET ObITh MOCTpoeHO adhuHHOE Hpeobdpa3oBaHHE,
MIPUBO/ISIIICE YPaBHEHHE JTHMHUK K OJJHOMY U3 CIIEAYIOUINX JIEBSITH
BHUJIOB:

(5.4.1)
X2y =0;)7%21=0;y"-2x'=0; y'* =0.
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Ho nockonbky ypaBHeHUs 11000 mapbl JIMHUH, TPUHAUIEKAIIIX
K OZIHOMY ¥ TOMY JK€ THITy, IPUBOJATCS JBYMS Pa3IMYHBIMHU ad-
(GUHHBIMH TIPeOOpa30BaHUSAMH K OJHOMY M TOMY JK€ BHIY H3
cimcka (5.4.1), To B crily B3aMMHOM OHO3HAYHOCTU adpPUHHOTO
mpeoOpa3oBaHUs M OYCBHIHON apPUHHOCTH Tpow3BeneHHUs ad-
(UHHBIX TIpeoOpa3oBaHUM CIEOyeT CIpPaBeUIMBOCTh BTOPOTO
YTBEPIKICHUS TEOPEMBL.

Teopema gokasaHa.

3ameyanne: H3MeHeHHe NpH apGUHHOM NpPeoOpa3OBaHUU THUIA JIMHUH
BTOPOTO MOPSAKA OKA3bIBAETCS TAKXKE HEBO3MOXKHBIM H JUIS
ciaydas "mycThix MHOXeCTB". CHpaBemaMBOCTb 3TOTO
yTBepkaeHus Oyner nokazana B § 9.4 (teopema 9.4.1).

Teopema /st Besikoro auHHOrO NMpeodpPasoBaHUsl CYIIECTBYET

5.4.11. napa B3aMMHO OPTOIOHAJbHBIX HaNPaBJIEHUH, KOTOpbIe
nepeBoAsATcs AaHHBIM a¢@UHHBIM Npeodpa3oBaHUEM BO
B3aMMHO OPTOrOHAJIbHbIE.

[okasaTtenbCcTBO.

PaccMoTprM OpTOHOPMHPOBaHHYIO cucTeMy KoopauHar. ITycTs mapa

HUCXOJHBIX B3aMMHO OPTOTOHAJIbHBIX HaHpaBJICHI/II)‘I 3a1acTCA B HeM
- -
HEHYJIEBBIMUA BEKTOPaMHU p n q C KOOPAWHATHBIMHU NIPECACTABICHUA-

MH
’ ‘ : ‘ ‘ : H
p| = u \\qi = .
e M A
ITotpebyem, uTOOBI X 00pa3sl (Henynesble B CUITy ah(HUHHOCTH)

%
L o an] &) japg&toapnn
p =
n

Oy Oy 0y E+0pn

e
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5
g = Oy Q| M| %M -— a8
. 1%21 G2 -& 0y N—0ng
6BIJ'II/I TAK’KE B3aUMHO OPTOT'OHAJIbHBI.
- -
VYcnoBue OpPTOTOHAJIBHOCTU BEKTOPOB p* u q* B 0Oasuce

-> -
{el , ez} HMeEET BU]I

(o, & +oap,m(a;n—oa,8)+
+(oE+ayn)(o,n—a,8) =0
Win
2 2 2 2 2
— (04,0, + 0Ly 00, )87 + (0 — oy, + 05—, )EN +
2
+(a,,0,, +0,,0,,)n" =0,
a rocJje nepeodo3HaueHus KoIpPUIUESHTOB

—UE* +2VEn+Un* =0.

PaccMoTpuM cnenyromue ciryyau:
1) Ecniu U =V =0, 1o n106ast mapa B3aMMHO OPTOrOHAIBHBIX
BEKTOPOB JIaHHBIM IIPe0Opa30oBaHUEM IEPEBONUTCS BO B3a-
MMHO OPTOTOHAIIBHYIO ITapy BEKTOPOB.
2)Ecmmu U=0 u ¥V #0,10 EN =0, T0 ecth ncxomas mapa
BEKTOPOB Oa3ucHasl.
3) Hakonen, eciu U # 0, TO OTHOLIEHHE KOOPIAMHAT BEKTOPOB

- -
p n q HaxOOUTCS U3 KBaAPATHOI'O YPaBHCHUSA

(%)2 — % (%) -1=0 , HMMEIONIEro JeUCTBUTEIIbHBIE

2
peleHus 5 = K + V— +1 mpu mobom Henyie-
2
N2 U U

Bom U .

Teopema gokasaHa.
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§ 5.5. OproronajabHbie NpeodpPa3oBaHNUA MJIOCKOCTH

Onpepnenenve Opmozonanvhbim npeobpaszosanuem MIOCKOCTH P Ha3bl-

5.5.1. Lo A
BaeTCsl JIMHENHBIH oneparop () Buaa

x X Bl
=12 1 +14
y i B,
W O
matpuna kotoporo | O .= OpTOrOHANB-
My Oy

Hasl B TI0001 opmonopmuposantoti cucTeMe KOOpIuHaT.

3aMeTnM, YTO OPTOTOHAIBHOE IPEe0Opa30BaHHE SBISIETCS YACTHBIM
ciryqaeM adduHHOrO TIpeobpa3oBaHus, ITOCKOIBKY B CHITy TeopeMsl 5.1.3

A

0

BeACHHBIX B § 5.4 ad(pMHHBIX CBOWCTB, OPTOTOHAJBHEIC MPEOOpPA3OBAHUS
o0y1alaloT  CBOMMH  clielIU(HUYECKUMH  O0COOCHHOCTSIMH. PaccMmoTpum
OCHOBHBIE U3 HUX.

= —1. [lomumo npu-
e

MMEET MeCTO JIU60 det” Q‘L =1, mu6o det

Ilpusnax TOro, 4T0 HEKOTOPBIN IMHEHHBIN ONepaTop SABIAETCS OPTOro-
HaJIbHBIM, MOKET OBITh C(HOPMYIHPOBAH KaK

Teopema JIMHelHBIH OmepaTop Ha IUIOCKOCTH SIBJISIETCH OPTOro-
5.5.1. HAJBbHBIM, €CJIM ero MaTpUIa OPTOroOHAJbLHAsA X0Ts Obl B
OJIHOI1 OPTOHOPMMPOBAHHOI cHcTeMe KOOPAMHAT.

[oka3aTtenbCcTBO.

ITycth Ha maockocTH P UMEITCs JBa OPTOHOPMHUPOBAaHHBIX 0azuca

- - - - sl ¢
U f,' o'\ ¢ MaTpuueil mepexoma H H OIJIacHO CJIe-
le e} {el,el} PHIL pexoxn A

CTBHIO 511, 9Ta MaTpula TaKKE€ OPTOroHaJlbHad W IJid HEC CIipa-

A

-1 T
BETMBO PaBEHCTBO H S H = H S H , ¥ TICTb MaTpuua omneparopa (J

=lo

T
o

-> > A
OpTOoroHajibHa B {el , ez } , TO €CTh JId HEC H Q

e



Magea 5. IpeoGpazoBanust MIOCKOCTH 185

-> -
ITepeitnem k 6azucy {elr ez'} , B KOTOPOM MaTpHIia JIMHEUHOTO Ore-
b

A

paropa (), cornacHo Teopeme 5.3.3, Oy/IeT UMETh BU
0|, =Isl"o]ls].

-1
Haiinem B HOBOM Gasuce MaTpHILY H Q H , - Hcnionb3oBaB TeopeMbl
e

0

e

5.1.1 m 5.1.2, a Taxke OPTOrOHAIBLHOCTh MaTPUI] H S H u , Io-
e

sy
Jsh=ls o s =
s|=|s"lof (s =

shr=ds["|o]|sh=]0

T .
= H 0 H . 03HAuaeT, YTO MaTpHUIla JIUHEHHOTO
e

L =(s["o
=|sl"o
=(s]'[0

Ho pasenctso H Q

0

1

e

T
e’

e e

-1
e

A

- -
omeparopa () OpTOroHaibHas U B Gasnce {el,el}-

TeopeMa gokasaHa.

Teopema B oproHopmMupoBaHHON cMCTeMe KOOPAMHAT OPTOrOHAJb-
5.5.2. HOe Mpeodpa3oBaHue MIOCKOCTH COXPAHSIET:

1) ckaaspHoe Npou3BeieHNEe BEKTOPOB;

2) NAJUHBI BEKTOPOB M PACCTOSIHMS MEXKIY TOUYKa-
MH IIOCKOCTH;

3) yrasl Mexxay NpsiMbIMM.

[oka3aTenbCcTBO.

1°. TIycTh 1aHO OpPTOTOHANBHOE HpeoOpazoBanMe MIockocTH () ¢

ManI/IHeﬁ Q B OpTOHOpMHpOBaHHOﬁ CUCTEMC KOOpAUHAT

e
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- -
{0, ¢, ez} . Torma, xak 66110 TOKa3aHO B § 2.3, CKaIsPHOE MPOH3-
b b

N
BCJICHUC BCKTOPOB u b C KOOpAMHATHBIMHU IIPEACTABICHUAMN

N
a
- & e m

al| = ul|b|| = B OHbB BrIpaxaercs B criexayro-

e_ &2 e T]Z

€M BHU/JIEC:
T

(@.b)=Em, +Em, =&, & | 2‘ ~la| |5
2

e e

- -
Torna JJIA CKAJIAPHOT'O NPOU3BCACHUA 06p330B BCKTOPOB a u b .

IIpUHUMAasAg BO BHUMaHUC OPTOTOHAJIBHOCTH MaTpPHIIbI H Q H , HOJIy-
e

qacMm

04.00)= 0a| |08 =

(0

Jarlo

5] -
o] b| =

e

T
=|2| 2
e

N
b| =
e
T

T - - - - =
=la| |E||b| =a| |b| =(a,b).

e e

—)T -1
=|2] |€
e e
e

A A -> - -> >
PaBeHcTBO (Q Cl,Qb) — (a,b) \v/ a,b Hn 0O3HayacT, 4To IIpH

OpTOroOHaJIbHOM r[peo6pa3013aH1/H/I IIJIOCKOCTH CKAISIPHOC Hp606—
Ppa3oBaHNC COXPAHACTCA B 1000M OPTOHOPMUPOBAHHOM Oasuce.
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2°.

3°.

W3 coxpaHeHus npu opTOroHAJIBHOM NPE0OpPa30BAHUU CKAISIPHOTIO
MPOM3BEACHHS JUIS JIIOOOH Mapbl BEKTOPOB CIIENYeT COXpaHEHHE
JUIMH BEKTOPOB, TIOCKOJIBKY

0a|= (000w =@ =|d va

Torma B cuimy 2° mpu OpTOTOHAIEHOM IPEe0Opa30oBaHUU PaBHBIC
TPEYroJbHUKH TEPEXOST B paBHBbIC, U BEIMYHHBI YITIOB MEXIY
BEKTOPaMH Ha IIOCKOCTH OYIyT COXPaHSTHCS.

Teopema gokasaHa.

Hcnonp3ys CBOHCTBA OPTOTOHAIBHBIX MPeoOpa3oBaHMM, MOXKHO IMOKa-
3aTh, 9TO 11 apPUHHBIX Mpeobpa3oBaHUl CIpaBeINBa CIEAYIOIIAs Baxk-
Has Teopema.

Teopema Kaxnoe adpdpunnoe npeodpasosanue mMoxker ObITh npen-

5.5.3.

CTaBJIEHO B BH/e NPOH3BeJeHHs] OPTOrOHAJILHOIO NMpeod-
pa30BaHUsl M IBYX C:KaTHil M0 B3aHMHO OPTOTrOHAJbHBIM
HanpaBJIeHHUsIM.

[oka3aTenbCcTBo.

1°.

2°.

B cuny cneactBus 5.3.2, a Taxke CIpaBeUIMBOCTU YTBEPXKICHUMN
3amaun 5.3.1 u mpumepa 5.3.1 HaAM JOCTaTOYHO YOETUTHCS, UTO

Marpuna kaxzaoro adduHHOoro npeodpazoBanusi B Jr000M OpTO-

- >
HOPMHUPOBAHHOM Oasuce {e e } MOJKET OBITH MMpeaAcTaBJICHa B
1>%2

BUJE IIPOU3BEIEHUS OPTOTOHAJIBHOM MaTpUIbl U AMArOHAIBHOU
MAaTpHLbl C ITOJIOKUTEIbHBIMU 3HAYCHUAMM JHArOHAIbHBIX DJl€-
MEHTOB.

ITo teopeme 5.4.11 cymiecTByeT opTOroHa bHBIN (HO, BOOOIIE ro-

- -
BOpsA, HE HOPMHUPOBAHHEIH) 6a3uc {e,,€,} B KOTOPBIH JaHHOE
1>%2
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apduHHOE TIpeoOpasoBaHWE  MEPEBENET HCXOIHBIH OPTOHOP-
. - -

MHPOBaHHBIH 0asuc fe,,e,} IIpu 5TOM CyIIECTBYIOT MONOXKHU-
152

TEJIbHBIC HOPMUPYIOIIME MHOXKUTEIN K| U K, , TaKHUE, YTO

- -

& gy 7. |7

e, =—, & =—. K =€|; K,=&,
K, K,

-> >
rory — %
TO €CTh { el , ez} OPTOHOPMUPOBAHHBIN Oasuc.

. C npyroit cTopoHsl, nuHelHoe npeobpasosanue (), mepeBoslIee

- -
OPTOHOPMHPOBAHHBIN Gasuc {e 62} B OPTOHOPMHPOBAHHBIN Oa-
1>

-> o

e fo! e; }» OUEBHIIHO, OPTOTOHAILHOE U HMEET B HCXOLHOM 6a-
1>

suce oproronansuyio matpuiy (|Q|l, . Torma GyayT cripaBeiTHBbI

COOTHOIIICHHS
- 0 - - - - -
! ’
€ K S I QT € &l _ IQIT €
- = 0 K —; > —'> - el =11l =1 el =12
€ 21 ey €, &\ | €2 €,
13 KOTOPBIX CIIETyeT PaBEHCTBO
0 0 I ¢
~I'T K] AT e 0
(14 o) =9
e 0 K e -
2 e o

2

Torna B CUILY JIMHEHHON HE3aBUCHMOCTH Oa3HMCHBIX BCKTOPOB
T |k, O
e 0

TPaHCIIOHUPOBAHMsI 00EUX YacTei ITOro paBeHCTBa

T

A A

-> >

{el s eZ } MBI HMEEM WM TI0CJIC

e

K,
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A A

kK, O

e

el 0 x,

Takum obOpasom, adduHHOE npeoOpa3oBaHUE IMPEICTABUMO B
BUJIEe IIPOM3BEACHUS OPTOTOHAIBHOIO NMpeoOpa3oBaHMs U oOlepa-
Topa "cxaTus K ocsiM” (cM. mpumep 5.3.1).

Teopema gokasaHa.

§ 5.6. IlonsiTHe rpynnsbl

Onpepenenne MuoxectBo (G HasbIBaeTCs 2PYNNol NO0 OMHOWEHUIO K

56.1. 3a0anHOU onepayuu, eCy JOOBIM JIBYM €ro 3JeMEHTaM
X u ) moCTaBJIEH B COOTBETCTBHE TPETHH DIIEMEHT 3TO-
ro JK€ MHOXECTBA, HAa3bIBAEMbIH npouzeedeHuem W
00o3HawaeMbiii XV, W e BBITOIHSAIOTCS CIEAYIOIIHE
YCIOBHSL:

D x(yz)=(xy)z;

2)  cymIecTBYeT JIEeMEHT €, TaKoi, 4To
VxeG xe=ex=x;

3) s KaKAoro X CyIIecTBYET 3JIEMEHT x_l, Ta-

KOM, 4TO

X X=e€-

Ecim, xpome Toro, XV = ¥X Vx,y € G, 1o rpynmna HasbiBaeTcs KoM-
MymamueHoU, NI abenegol.

Mpumep K rpymnmam oTHOCSTCA, HAIIPUMED:

56.1. 1) MHOXXCECTBO BCIICCTBCHHBIX YHUCECII OTHOCHUTCIIb-

HO OIEpalli CIOXKEHUS 06pasyeT IpyIIly, e
€ —ugucno 0 ;
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2)

3)

4)

MHO>KECTBO TIOJIOKUTEIBHBIX BEIIECTBEHHBIX
YHCel OTHOCHUTEIHHO OIepallii YMHOKCHHS,
rae € —yucno 1;

MHO>KECTBO ITOBOPOTOB TUIOCKOCTH BOKPYT (prK-
CHPOBAaHHOW TOYKH OTHOCHTEIBHO OIepannuu
KOMIO3HIUH;

MHOXecTBO a(pPpUHHBIX TTpeoOpa3oBaHuil IOC-
KOCTH OTHOCHTEJIBHO OIepalliy KOMITO3HLIHH.
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aBa 6

CUCTEMbI JINHEWHbIX YPABHEHUN

§ 6.1. Onpenennresnn

PaccMOTpUM  MHOKECTBO, COCTOSIIEE M3 HATYPATbHBIX  UHCEN
1, 2,3,...,n. Bynem 0603Hauath nepecmanosku THX ducen (TO ecTh
110C/IeI0BATENBHYIO MX 3aIIHCh B HEKOTOPOM TMOPAIKE 6e3 MPOIyCKOB | MO-
Bropenuii) kak {k,,k,,k;,....,k, } . Hanommum, uto momHOe 4mcio Takux

Pa3IMYHBIX IEPECTAHOBOK PaBHO 71! .

gqprneﬂeHMe byneM roBoputs, 4TO 4ncIa ki u k j 00pasyroT B mepe-
T CTaHOBKE Oecnops0ox (Hapyuienue nopsoka, WA UHEep-

cuto), eci ipu £ < j umeer mecto k; > k j-

Tonuoe umcno GecropsiikoB B mepectanoske Ky,Kk,,ky,...,k,}
6ynem o6osnaats b(k,,k,,...,k,) . Hanpumep, B(3,1,4,2) =3.

HyCTL JlaHa KBaJipaTHas MaTpula

A, A, Ay . Oy,
Oy Oy Oy o Oy,

A|=lay oy oy o 0y, :Haij 2i, j =[1n].
anl a‘nZ U‘n3 (X‘nn
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Onpegenenve [Memepmunanmom (MM onpedenumenem) KBaJpaTHOM

6.1.2. MaTpHULBI H AH pasmepa /X7  Ha3bpIBaE€TCs YUCIO

det H A H , orygaeMoe 1o (opmyie

det| 4= D (-DPhEh-to a, a, ,

{ky ko kg sk

i (] {kl,kz,k3,...,k,,} — BCEBO3MOJACHBIE PA3NIUYHDBLE
MEPECTAHOBKH, OOpa30BaHHBIE W3 HOMEPOB CTOJOLIOB

HOCKOHBKY B JaHHOM OHNPCACICHUHN YKa3aHO, YTO CyMMa 6€p€TCH 10
BCEM BO3MOXKHBIM PA3JIWYHBIM NEPECTAHOBKAM, TO YHCJIO ClIaraCMbIX paB-

MaTpPHIIbI H A

Ho n!.

W3 onpenenenust 6.1.2 Takxke BBITEKAET, YTO KAKAOE CIaraéMoe Couep-
JKUT B KAYECTBE COMHOXKUTEIS 10 OJTHOMY 3JIEMEHTY MaTPHIIbI U3 KaXKIOro
CTOJIOIA U KAXKIOH CTPOKH.

3apava IIpogepumsv cosenaoenue onpedenenus 6.1.2 u onpedenenus
6.1.1. O0eMEPMUHAHMO8 MAMPUY 6MOPO20 U MpPembe20 NOpPsioKo8
1.1.9 u 1.1.10.

§ 6.2. CpoiicTBa onpeaeaunresei

Teopema IIpu TpaHcmoHMpoOBaHMM KBAJPATHOH MAaTPHULI ee onmpe-
6.2.1. JeJIUTEIb He MEHSIETCS.
[lokaszaTenbCcTBO.

OOmwmii Buz cinaraemMoro B (opMmyse ONpPEeAeInuTeNsT TPAHCIIOHUPO-
. T
BaHHOMN MaTpPHUIIbI HB H = HAH uUMeeT BUJ

B(my,ms ,....m )

172"

=D Bim Pom, ~Pum -
1 2 n
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HO, y4uTBIBas, 4TO 3 km, — O » TIOTYIHM

T b(my,my,...,m,)
det H A H = Z(—l) (CTC RN S
{my,my,...m,}
yHOpf{]lO‘II/IM COMHOXUTECIIN KaXJ0ro cjrara€Moro 1o HoMEpam
CTPOK, TO €CTh MPHUBE/IEM UX K BHIY

_ 1\ Bmy,my,...m,)
(G)) Oy Ol e Oy

n

, — HoMepa

rne 1, 2, 3, ... ,n — nomepa crpok, a k,,k,,k;,....k
COOTBETCTBYIOIMX CTOJIOOB. OTMETHM, 4YTO Uil BBEACHHBIX
0003HaueHUI UMEET MECTO OYEBHIIHOE PABEHCTBO: kml. =1 Vi

1 IIPHU BBIITOJTHEHHOM M3MEHEHUH OPSAAKA COMHOKHTENEH JJIT KaX-
J0oro ciaara€Moro B (I)OpMyJ'IC OIIPCACIIUTECIIE UMCCT MCCTO PABCH-
CTBO

b(m,,m,,....,m,) =b(k,,k,,....k,).
HeicTBuTensHo, mycte M, u M; naror OecIopsIoK, TO eCTh
m; >mj pr{i<j,
TOTJIa 1al0T OECTIOPSIIOK U YUCiIa kml. u kmj , TIOCKOJIbKY

Vi: k, =i

i >

W, 3HAYHT, OYJET CIPaBEJIMBO HEPABCHCTBO km[ =1<j= km ;

npu ;> M ;. 3aMeThM, 4TO BEPHO U OOPATHOE yTBEPKICHHUE.
OKOHYATENBHO MOTydaeM

det| A" = S (D0 o a, =det] A]

{ky sk ek }

TeopeMa gokasaHa.

3ameuaHve  YTBepxKIeHHe TeopeMbl 6.2.1 nomyckaeT CIEAYIOLIyl0 Ha-

6.2.1.

TSI AHYTIO MHTEPIIPETAlUTO.
Brigenum B MaTpuIe H A H OJICMCHTBI, BXOAIINEC B HCKO-

TOPOC CjraracMoe OpeaACICHUA 612, U COCAWHHM HX OT-
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pe3KaMH MpPSIMBIX, Kak
MOKa3aHO Ha  pHC.
6.2.1.

3aMCTI/IM, 49TO IIapa

anemeHroB O, u

Q i, maer Gecropsi-

JIOK, €CIIH COCIMHSIIO-
LI UX OTPE30K UMe-
eT “IOJOXUTEILHBIN
HaKJIOH, TO €CTh IIpa-
BB KOHEI OTpe3Ka
PaCTONIOKEH BBIIIE Jie-
BOTO.

Od4eBHIHO, YTO TPH TPAHCHOHUPOBAHWU KBAIPATHOW Mart-
PHULBI YHCIIO OTPE3KOB C “TIONOKUTEIbHBIM HAKIOHOM HE
MEHSIETCSl, IOATOMY HE MEHSIETCS M 3HaK KaXXJI0T0 CllaraeMo-
ro B ¢opmyne 6.1.2, u, cienoBaTensHO, 3HAYSHUE OIpe/e-
JIUTEIISE COXPaHsAETCS.

Puc. 6.2.1

Cnepctene  Bcesikoe cBOICTBO ompene/MTeNIsi MaTPHIbI, chopmyJin-
6.2.1. POBaHHOE JJIsl €€ CTOJIOIO0B, CNPABEIIMBO JIJIf e¢ CTPOK,
M HA000pOT.
Teopema IIpu nmepecTaHoBKe JBYX CTOJI0LOB MATPHIbI 3HAK ee
6.2.2. OIpeaeuTe/Is MEHSIeTCsl Ha NIPOTUBOIOJI0KHbIH.
[okasaTenbcTBo.

PaccmoTpuM BHauane ciydai, KOTZa NEPEecTaBIIIOTCA CoceoHue
cronOupl. ITockonbky OOMmMil BUA cllaraeMbIX B BBIPKEHHU JUIA
OIIpeIeINTENS AaeTcs POPMYIIoi

Bk k)
Z( 1) Qg Qg =+ QL
ok sensky }

no,

TO JOCTATOYHO IIOKa3aThb, YTO YUCJIO 6ecnopﬂzu<013 HU3MCHUTC IpU
TMEPECTAHOBKE COCCAHUX CTOHGHOB Ha €AWHUILY.
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PaCCMOTpI/IM NEPECTAaHOBKY YUCCIT
LN N Y T N B Y

Ecnu B Helt mOMeHATh MecTaMu YKcia k; ¥ ki1, TO YUCIIO Oecropsia-

i+1°

KOB, 06pasyembIx uucnamu {K,,k,,..K, k. »,....,k, }, ocranercs
TPEKHAM, @ 32 CUET U3MEHEHHs MOpsIKa ciiesioanus uncen K; u

k; 1 obmee umucio GecropsaKOB W3MEHHTCS Ha EIMHHLY. DTO

03HAYaeT, 4TO 3HaK KKIOTO claraeMoro B (opMyiie ompeaennTe-
7L U3MEHHUTCS Ha IPOTHBOIOJIOXKHBII U, CIIENOBATENILHO, U3MEHUT
3HaK U BECh ONPEICIUTENb.

Haxoner, eciu TpebyeTcst IOMEHATH MECTAMH CTOJOLIBI, MEXKIY KO-
TOPBIMH HaxomuTca [ cTonbLOB, TO IS 3TOro IOTpedyeTcs
[ +1+1=2]+1 nepecranoBok coceHUX CTONOLOB, U, OCKOIb-
Ky (—1)2[+l = —1, 3HaK ONpEIENUTENS OIATh-TAKA U3MEHHUTCS Ha

MIPOTUBOTOJIOKHBIH.

Teopema gokasaHa.

CnepcTaue Omnpenenure/b MAaTpUUbl, coJIep:Kalleil JABa OJUHA-

6.2.2.

KOBBIX CTOJIﬁ].la, PaBE€H HYJIIO.

[oka3aTenbCcTBo.

IIpn mepecTaHOBKE OJMHAKOBBIX CTOJOIIOB 3HAYEHHE OIpPEIeIUTe-
75, ¢ OHOM CTOpPOHBI, HE MEHSETCS, HO, C APYrOl CTOPOHBI, 3TO
3HAa4YCHHE IOJDKHO M3MEHUTHh 3Hak. [103TOMy HMaHHEIA ompemenu-
TeJb MOXET PaBHATHCS TOJIBKO HYJIIO.

CnepncTtseue OoKasaHo.

Teopema Ecan £ -ii cToa6en MaTpuub! 3a1aH B BUjIe JIHHEHHOI
6.2.3 KOMOMHALINM HEKOTOPBIX "HOBBLIX" CTOJIOLOB, TO ee
(nvHeiiHoe onpeaeIuTeab NPeIcTaBUM B BU/IE TOM Ke JIMHEHOI
CBOVCTBO KOMOMHALMH ONpejdeJuTeNieli MaTpul, K -MHu €100
onpegenuTe- I pen puu,

na). HAMH KOTOPBLIX SIBJSIIOTCS COOTBETCTBYIOIIHE ''HO-

BbIe" CTOJIOILI U3 MCXOJHOI JUHEHHOH KOMOMHAIINH.
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[okasaTtenbCcTBO.

[Tycts B Marpuie ” A "a k -i cronben cocTOMT M3 3MEMEHTOB

o, =AB,; +uy,, e i=1,2,...,n. Torma cnpaBemmmBel pa-
BEHCTBA

B(ky ko seeesky ) —
(=1 Qg Qo e Qe =

n

Bk vy _

= ()" )a’lklazkz"'(}\’ﬁik FUY )y =
B(ky o o)

= (=1)Pk Oy Oy o APyt +

B(ky.ky .k,
+(=D Qg Qo oo HY oo Ol -
A mockonbKy kaxaoe u3 n! cuaraembix B (opmyne i

det] A]  conepan ommo o siony ety k1o crons-
ma, 1o det| 4| :k-detHAHB +u-detHAHy, e Kk -we
cronGier marpr | A HB n |4 HY COOTBETCTBEHHO COCTOSIT W3
smementoB B, u YV, ,1=12,...,n.

Teopema okasaHa.

Cneacteue IIpu BbIYMCIEHNH ONpeAeNTesl U3 CTOJ0IAa MAaTPUIIBI
6.2.3. MOKHO BLIHOCHUTD OOIIMIT MHOKHTE/b.

Cneacteve  Eciau K HeKOTOpOMY €TOI0Iy MATPHIbI NPHOABHUTH JIH-
6.2.4. HelHYl0 KOMOMHAIMIO OCTAJBHBIX ee CTOJIOLOB, TO
onpegeaIuTeb He H3MEHHUTCS.

[oka3zaTtenbCcTBO.

JelicTBUTENBHO, ONIPENEIUTENb, TOTYUUBIINIICS B pe3ysbTaTe JaH-
HOH omepaiuu ¢ MaTpuled, MOXHO (1o Teopeme 6.2.3) mpezacrta-
BHUTH B BUJC JIMHCHHOW KOMOWHAIIMHA MCXOJHOTO OIPEACITHUTENS H
TUHEHHON KOMOMHAITNH OTIPEICITUTENCH MaTPHUIl, IMEIOIINX OJHHA-
KOBBIE CTONIOMEI. [Tocnenaue paBHEI HYJIIO 1O CIEACTBUIO 6.2.2.

CnepnctBue gokasaHo.
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Teopema OmnpeneauTenb NpousBeieHUss MATPUI pasmepa 1 X7 pa-
6.2.4. BeH NPOM3BeIeHUIO UX ONpeaeuTeIel, TO eCTh

det([4[|B[) = det|4 |- det| B .
[lokasaTenbCcTBO.

1°. O6o3HauNM H CH :H A HH B H . Ilycth Matpuiibt H A H , H BH u

H C H UMEIOT COOTBETCTBEHHO dIIEMEHTHI O 7 B w17 pg - Tornma

n
1o onpexenenuto 5.1.1 Y ,, = Z(ijﬁjq , U IOTOMY
J=1

det| C|=
afy oy, +ota,B,, o ooBy, e ta,B,,
— det Oy By + 0B, ot 0,,B, 0By, et ay,B,,
a‘nlBll +0'nZB21 +..t ann nl a’nlBln +“’+(x’nn nn

BBeneM B paccMOTpeHHE CHeUaIbHBIA THI MEPECTAHOBOK HATY-
panbHbIX uncen 1, 2, 3, ..., 7, B KOTOPBIX JOMYCKAKOTCS TTOBTOPE-
HHUs OJMHAKOBBIX 4ucenl. Takue NepecTaHOBKU yCIOBUMCS 0003HA-
qath Kak [1),1,,055..000, ],

o nuHeliHOMy cBOWCTBY omnpexnenutens (teopema 6.2.3)

det| C| =
alil a‘liz a‘lin
a‘2i aZi aZi,,
= ZBiIIBi22“‘Bi":1 det 1 ’ =
Uiz ooy ]
a’nzl (x‘m'2 (x‘m',,

= > B.B.,-B,, det H A

[ty sty ]

Lt stz seslin]
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2°.

3°.

TTOCKONBKY TEPECTAHOBKU  |Iy,15 515,050, ] (B oOmIMuME OT
{i},15 411, } ) MOTYT cOZEPXATh OZMHAKOBBIE YHCIIA, TO OOLIEE

YHUCJIO ClIara€MbIX B HOHy‘ICHHOﬁ CyMMEC paBHO nn , HO HCHYJIC-

BBIX CPEIM 9TUX CJIATaEMBIX B CHIY CIEACTBHSA 6.2.2 TonbKO 7! .

*

COCTaBJICHEBI U3

3aMeTHM, YTO IMOCKOJIbKY MaTpulbl H G iy, }
15125005l

TEX XKC CTOJ'I6I.[OB, 49TO0 U H A , HO 3alIMCaHHbIX B pa3HOM IIOPsI-

K€, TO UX ONPEeNeNUTEeN MOTYT OTIMYAThCA B CHITy TEOpeMbI 6.2.2
TOJIBKO 3HAKOM.

*

IlepecTpouM KaXkIyr0 M3 MaTpHUIl H NIEpECTaBUB €€

()i yeensliy } 2
CTONOIBI  TaK, YTOOBI KaKIABIM CTOJIOEIl C  MHIAEKCOM
I, k= [1,7] 6bin PAacIoI0oKeH ClieBa OT CTOJIOLOB ¢ OOIbIIMMHU

WHAeKcaMu. B uTore 3Toi omepamuu CTONOIBI OYIyT MOTHOCTHIO
VIIOPSZAOYCHBI, IS YEro IMOTPEOyeTCs YHUCIO IEPEeCTaHOBOK
CTOJIOIIOB, paBHOC YHCIYy OCCHOPSAKOB B  ICPECTaHOBKE

{i,,iy,..,0,}, W, clemoBaTeNbHO, IS KAXKJAOH MaTPUIBI

|«

i1 6yz[eT CITPpaBCJINBO COOTHOLICHUC

{ip 5 yeeesly
det| 4" (= (DR det | 4]

(il seenshy

IToacraBmnsist 3TO COOTHOIIEHUE B BHIPAKEHUE IS det||C ” , IOy~

qacM

det| C|=det| 4| Z(—l)“"v’é"-v"w)[3,.11[3,.22...B,.”n =

(i sy oo,

- det| 4] det B,
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YTO B CUIIy TeopeMsl 6.2.1 o3HauaeT

det(| 4[| B) = det] 4 -det| B.

Teopema AOoKa3aHa.

§ 6.3. Pazsioxkenue onpenesnreei

Bribepem B keadpamuoii matpuue 1 -ro mopsjka H A H CTPOKH C HO-

MepaMu  Iy,l5,...,0; W CTONOLUBI C HOMEPAMH [, fps.-» i, THE
1<k<n.

Onpenenenve JleTepPMUHAHT KBaAPAaTHOI MaTpHIbI Iopsiaka K , 06paso-
6.3.1. BAHHOM DJIEMEHTAMH, CTOSIIMMH Ha IIEPECEYCHHH CTPOK
I150y,...5l) 1 CTONOLUOB i, J5,..-5 ]} , HA3BIBAETCS
munopom k -20 nopsioxa u 0603HaYaETCA
M 12k '
B 58 yeeesly

Onpegenenve Jle€TepMHMHAHT KBaJpaTHON MATPHUILI OPSAKA 71 — k , 06-
6.3.2. Pa30BaHHON SJIEMEHTAMH, OCTAIONIUMHUCS TIOCIE BHIYEP-
KHBAaHHS  CTPOK U PR A H  CToiOLOB

J1sJ2>-+=s ]k » HA3BIBAETCS MUHOPOM, OONOIHUMENb-

noim k munopy M V72707 gy oGosnauaercs
L5l 5eenslye
_jl 5]'2 =“*>jk
iyl

Bribepem B MaTpurie H A H I -y10 CTPOKY U J -blif cTONIOEL, Ha Mepece-
YEeHMH KOTOPHIX PACMOJOkKeH deMeHT Oy . Yianum u3 H A H BBIOpaHHBIC

CTPOKY M CTOJNOEI, PacCCMOTPHM KBAJPATHYIO MATPHILY H A" H pa3mepa

(n—-Dx(n-1).
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o
Onpepenenve JleTEPMUHAHT MAaTpUIIbI H A H Ha3bIBAETCS OONONHU-
6.3.3. .
MebHbIM MUHOPOM M,J onemenma O .

CrpynmnupyeMm B onpeneneHun 6.1.2 — neTepMuHaHTa MaTPUILbI H A H -

sce (n—1)! cnaraempix, comepxammx snemMeHT O, M BBIHECEM €ro 3a

i
CKOOKH. HOHy‘H/IM BBIPpAKCHHUC BUA

det |4 |=a,D; +....

Onpepenexve  Yucio Dij Ha3bIBACTCS aeeOpAUdecKumM OONOIHEHUEeM
6.3.4.
aemenTa Q.

3aMeTuMm, 9TO 1o OmpeAeieHuto 6.1.2 UMEIOT MECTo paBeHCTBa

det|4]|=> a,D, =Y oDy Vj=[Ln],Vi=[Ln], 63.1)
= k=1

KOTOPBIE MOXXHO HCIIOJIB30BaTh AJIS1 BBIYHUCIICHUSA onpeﬂenHTeneﬁ KBagpar-
HbIX MATpull, HAXO0JAs 3HAYCHUSL aJIl"e6paI/I‘I€CKI/IX ,I[OHOHHGHI/Iﬁ npu 1nmomMo-
1 COOTHOMGHHﬁ, KOTOPBIC YCTAHABIINBACT

Teopema ChnpaBeliMBbI paBeHCTBA Dij _ (_1)i+jj\—/[{ )
6.3.1.
[okasaTtenbCcTBO.

1°. Tlo onpenenenuto AerepMuHanTa 6.1.2

— 1) BLka ks k)
detHAH = o, Z( ) Oy Oy Foen
{Lky ey sk}

B(ky k)
D, = E —1)7
TO ectb 11 " k(} ) R , TIOCKOJIBKY
2ok

ouesuamo, uro b(L, k,,k;,....k, ) =b(k,,k;,....k,),
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2°.

3°.

40

HO Torna Bepaskenue mis D)) coBmamaer ¢ popMysioii onpeneu-

TeJIs MaTpHLBI opsaaka 1 — 1, monydaemoii us H A H BBIUEPKHBA-

HHEM [epBOro crojsdua ¥ mepBoil crpoku. CrenoBarenbHO,

—1
D]l = M 1
[MocTpouM HOBYIO MATpHILY H A’ H, nepeMecTuB demMeHT Ol; mar-

pULBI H A H B €€ JIEBbIIl BEpXHUU YroJj, IEPECTaBUB I-I0 CTPOKY Ha

epBOe MecTo, 1Is Yero notpebyercst [ —1 mepecraHoBka, U mepe-
CTaBUM Ha IIEPBOE MECTO j-H CTOJNOEL, 4TO MOTPeOyeT BHITOIHEHHS
J —1 nepecranosok. Torna onpenenuTens nepecTpOSHHOH MaTpPH-

L(bl H A’
det| 4" ||= (1) det|| 4] = (-1)"*/ det | 4.

paBeH

CornacHo JHHEHHOMY CBOMCTBY ompenmenutens (Teopema 6.2.3)
JaHHOE COOTHOLICHUE OYIeT TaKiKe BBITOIHATHCS U JUIS KAXKIOTO H3
ero cijaraeMblX, a 3Ha4MT, B crity Qopmyin (6.3.1) u mia Kaxaoro

anre6panqecxoro JOIIOJIHCHUS DU . HO3TOMy CIIpaBCIJIMBO paBCH-

ctBo Dj; = )"/ Dy,

HaKOHeH, OYCBHUIHO, YTO 3HAYCHHUC JOIIOJTHUTCIBHOTO K (x’ij MHUHO-

!
pa He 3aBUCHT OT mosiokeHuss Ol; B marpuie ”A ” , U IOTOMY

— ,1
Mi=M"-

. YautbiBas TOJTY4€HHBIE COOTHOIICHUS

M! =M =D}, =(-1)"'D,.

TPUXO/IM K PaBEHCTBY D, = (=H™/ M.

Teopema gokasaHa.
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Cnepncteue
6.3.1.

PaziioskeHne onpegeauTeNsi M0 [ -My CTOJOLY HMeer
BUJI

det| A= 3 (- a, M
HJIN -

det] A= Y (- M; M:.
k=1

JJ1s IpaKTHYECKIX MPIIIOKEHUH 0C000 TIOJIE3HOM SBISETCS

Teopema s 11000# KBaApPaTHOH MaTPHUIBI HAH HMeeT MeCTO
6.32. PaBeHCcTBO
n
Zocile.s =0, A,
i=l
1, j=s,
e A= detH A H ud, = ) — cumBoa Kpo-
0,j#s
Hekepa (cM. § 2.2).
[lokasaTenbCTBO.

Mo ompenenenuto 6.3.4 anreOpamyecKoro JOMOJHCHHUS HMEEM
det HA HZ a, D+ oy D, +... +a,D,, 10 ects yrsep-

JKIIEHUE TEOPEMBI I ciay4as J = S cipaBemIuBo.

Iycts Teneps J # S . Torna BEIpakeHHe

Othls + a‘ZjDZS +...+ ocnanS

MOXHO PacCMaTpPHBATh KaK Pa3JIOKEHHUE 110 S-My CTOJIOILy ompere-

JIUTEIST MATPHLBL, Y KOTOPOH S-# CTOJIOEL COBIANaeT C j-M CTOJO-
oM. Ho Taxoit onpeaenurens paBeH HyIO IO CIEACTBHIO 6.2.2.

Teopema gokasaHa.
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CnepctBue Ecan kBaagpatHass marpuua H A H HEBBIPOKIEHHA, TO
6.3.2. !
3JIeMeHTaMHU ee 00pPaTHOW MaTPHUIIbI H A H SIBJISIOTCS

()M

;1,7 =[1,n]-
A J=I[Ln]

gHcIa B

[okasaTenbCTBo.
Haiinem npousBeneHre MaTpuIl H A H u H B H, 3JIEMEHTBI KOTOPBIX
Q;; u B,-j ;1,7 =[Ln]. Iyctp 7Y ), — 5J€MEHT NPOU3BEICHHS
[l =2
6.3.2,

, TOT/a, COrJIacHO ompexaeneHuio 5.1.1 m teopeme

L (DM 1
ZIQPJBIQ _Z Pli 72 PJD
J

Jj=1

= A8, =8, ij=[Ln].

A Pq prq

AHaJIOTMYHOE COOTHOIICHHE NOJIy4daceTCs U Ui IMPOU3BEACHUA

H B H H A H 1 1o onpeaenenuto 1.1.4
|4l Bl=]2ll4]=1£].

HO TOT/1a, COTJacHo onpenenenuto 5.1.2 u nemme 5.1.1,

|81=]4]"

CnepncTtseue JoKasaHo.

[IpoBepbTe caMOCTOSITENEHO CIIPaBEIITUBOCTD (hopmysl (5.1.1).

O6osnaunm [ =i, +i, +...+i, u J=j, + j, +...+j,, Torma

OKa3bIBaeTCs CIpaBeIMBOi 0000Iatomas cieacraue 6.3.1
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Teopema
6.3.3
(JTannaca).

JInisi PUKCHPOBAHHOIO HAGOPA CTOJIOMOB J1, /2 5eees J)

HMEET MECTO PAaBCHCTBO
T JisJ2 s dk

det| 4= D (D" M7 MGG

1150y 5eensly .
{irsdy sl }

OTMCTI/IM, YTO CYMMHUPOBAHHC BBIIIOJHACTCA IO BCEM BO3MOKHBIM

IEPECTAHOBKAM HOMEPOB CMPOK Ly 515 5..uyly .
Bapava Haiimu onpedenument mampuybl n-20 nOpsOKa:
6.3.1.
X a a .. d
X a .. a
A, =detla a x a
a a a .. X
Pewenne. 1° 3aMeruM, 4TO CyMMa 3JIEMECHTOB KaXIOro CTOJIOLA

MaTpUIbl OAUHAKOBA U paBHA X + a(n - 1) . ITooToO-
My, TpUOaBUB K TEPBOH CTPOKE CYMMY OCTaJIbHBIX
CTPOK ¥ BBIHOCS OOIIMIT MHOKUTEIb U3 TIEPBON CTPOKH,
MBI TIOJIYYUM MATPHILY C TEM K€ OIPEISIUTENEM (CM.
cnenctBus 6.2.4 u 6.2.3):

1 1 1 1
a x a
A,=(x+a(n-1))-detfla a x .. a
a a a .. X

2°.  BplunTas U3 KaXA0H CTPOKH, HAUMHAsI CO BTOPOM, Tmep-
BYIO CTPOKY, YMHOKEHHYIO Ha { , TIOTyIUM
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1 1
0 x—a 0o .. O
A =(x+a(m-1))-det| 0 0 x—-a .. O
0 0 0 .. x—a
3°. [MocnenosarensHo npuMenne 71 —1 pas cuen-

ctBUe 6.3.1 Wi pa3noxeHus: ONpeaeuTeNs Mo NepBo-
MY CTOJIOITY, MPUXOMM K BBIPAKCHHIO

A, =(x+a(n-1)(x—-a)"".

§ 6.4. IlpaBuino Kpamepa

Bynem paccmaTpuBaTh cucteMy /! TUHEHHBIX ypaBHEHMH ¢ ¥ Heus-
BECTHBIMHU:

ang +ayé, +..+a,E, =B,
0y &, +0,8, +..+a,,E, =B,,

a‘nlE.'l +a112§2 +"'+a‘nnEzn = Bn

(6.4.1)

n
B HEpPa3BCPHYTOM BHUJIE ZOLJ-[E” = Bj ; j = [1, n] WJIM )K€ B MaTpuy-
i=1

HOH (opme H A H H x” = Hb H, I7ie KBajpaTHas MaTpHLa H A H nMeer

KOMIIOHEHTBI A ; , a cTONONBI H X H u H b H — COOTBETCTBEHHO a,» u B e

Onpepenexve  ViopsjodeHHbIH HAGOp dmMCeEn {€,,€,,--,8 n} OymeM

6.4.1.
Ha3bIBaTh YACMHbIM peuterHuem (WK, IPOCTO, peuleHueM)

cucmemyl TUHEHbIX YpAHeHUll, eCIN TIPU TOJCTAHOBKE
ATUX YHCEN B KaXI0€ U3 YPaBHEHUH CHCTEMBI MbI MOJIY-
YaeM TOXKIECTBO.
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HNmeet mecto

Teopema s Toro 4tro0bl cucTeMa JHHEHHBIX ypaBHeHmil (6.4.1)
6.4.1 umena eOuHcHeeHHoe peuieHue, He00X0AUMO U 10CTATOY-
npasuno
f(przamepa) HO, uT00b1 A = det|| A ” #0, u B 3TOM ciIyuae pemenne
JaHHOW cucTeMbl OyJAeT UMeTh BHJI
A, .
£ ="lii=12,.n,
A
rae A, — onpejenuTe b MATPHIbL, MIOJIYYaeMoll U3 MaT-
puLbI H A H 3aMeHOi ee [ -ro crosfma Ha cTojden CBO-
OOHBIX YJICHOB H b H :
o, O, .. B . o
Oy Oy v By o 0y,
A, =det
(x‘nl anZ Bn ann
I -1 cronber
[okasaTenbCcTBO.

1°. TlpoBepuM BHauaje YTBEPXKICHHE TEOPEMBI B MPEAIOJIOKCHUH,
gro cucteMa (6.4.1) umeem eouncmeennoe pewenue

S
&

Ixl=]7

E.m

TO €CTb KOIr'la BBIIIOJHAIOTCS PABCHCTBA

Sl =P, 1 =[al.
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2°.

VMHOXKUB I10C/IE0BATENLHO I BCEX | = [1,7] o6e uactu X
paBeHCTB Ha anreOpandecKkoe JOMOTHEHUE D jk ¥ TIPOCYMMHPO-

BaB 10 J pe3yJIbTaThl yMHOKECHHUS, IOJIyYUM

Zn:Djk (iajigi) = Zn:Bijk Vk =[1,n].

W3MeHNM NopsAa0K CYMMHUPOBAHUS (TO €CTh BBIIIOIHUM IIepPerpyI-
MMUPOBKY CJIaTaeMBIX) B JIEBOM YaCTH 3TOT'O PaBEHCTBA:

n n n
2 Q0 DyE =2 By
=1 j=1 =

Ho BhIpaxeHHe B KpyribiX ckobkax paBHo A, (1o Teopeme

6.3.2), mo3TOMY, YUUTHIBas, 4TO

szDjk =A; AzsikéizékAk’
=1 i=1

oJIy4aeM E,.,{A = Ak , k=[Ln].

IMockomeky ypasuennst suma A&, = A, , k=[L,n] nmeror

CAMHCTBCHHOC PCHICHUC TOrAa U TOJIBKO TOrJa, Korjga A+ 0 , TO
H€O6XO,I[I/IMOCTB JOKa3aHa. HpI/I 9TOM TaK>XKE OYCBHUHO, YTO

& = Xk , Vk=[1,n]. (6.42)

JlokaxeM TeTieps, YTo B yCJIOBI/I}IX TeopeMBbl HabOp YHCeNT

{&i=—,i=[Ln]}

€CTh pCUICHUEC ﬂaHHOI/I CHUCTEMBI JIMHEHHBIX ypaBHeHHﬁ. y6e,HI/IM-
Cs B 9TOM, IIOACTAaBUB 3HAUYCHUA ai B JICBBIC YaCTH HCXOZ[HOﬁ CH-

CTEMBI JIMHEWHBIX ypaBHeHui (6.4.1):
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n Al 1 n n 1 n n
a; :7z(x‘ji(ZBkai):72Bk(zajkai):
A AT k=1 AT i=1
1 n .
=X2Bk8ij=Bj,]=[1,n].
k=1

st mosyueHus MOCIeAHEro paBeHCcTBa Mbl CHOBA U3MEHHIIH TIO-
PAIOK CYMMHPOBAHISI M BOCHIOIB30BAJIHMCH TeOpeMoi 6.3.2.

i

Teopema gokasaHa.

§ 6.5. Panr maTpuubl

Paccmotpum matpuiy H A H pasmepa M XN . Tlycth uncino k Takoe,

aro 1<k <min{m,n}. BeGepem HeKOTOpHIM CIIOCOGOM B H AH k

CTOJIOLOB M Kk CTPOK, Ha MEPECEUEHUH KOTOPBIX CTOST 3JIEMEHTEI, 00pasy-
IOIIKE KBaAPaTHyIO MaTPUILy MHHOpPA Hopsaka K .

ITycTh mpu JaHHOM Kk BCE MUHOPHI K -TO MOPSIKA PABHBI HYJIO, TOTA
OyIyT paBHBI HYJIIO U BCE MUHOPHI IIOPAAKA BBIIE, 9€M K , IIOCKOJBKY
KaXX]IbIi MUHOP (k + 1) -TO MOpsAJIKa MPEACTaBUM B BUJIE JINHEWHON KOM-

OuHarmu MUHOPOB Topsiaka Kk (cM. crexcteue 6.3.1).

OnpepeneHve HamBpicImidi B3 MOPSAIKOB, OTIMYHBIX OT HYJII MHHOPOB
6.5.1.

MaTpPHIIbI H A ||, Ha3bIBaeTCsI pareom MaTPHULBL M 0003Ha-

4aercs rg H A H .

Onpegenenne JlI000¥ HeHYNEBOM MUHOP MAaTPHIBI, IOPAIOK KOTOPOTO
6.5.2. paBeH ee paHry, Ha3bIBACTCS OA3UCHBIM MUHOPOM.

Onpenenenve CTonOLBI (CTPOKM) MATPHIBI, BXOASIIME B MaTpUIly 0Oa-
6.5.3. 3UCHOTO MHHOPA, Ha3bIBAIOTCS OA3UCHBIMUL.
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Hanee paccMotpum 7 11 -KOMIIOHEHTHBIX CTOJIOIOB BUIA

all alz aln
%, 22 | %an

= faf= T s e =
(Xml (XmZ a‘mn

M CTOJIOILI H b H =

B, 0

HOCKOJ’ILKY JJIA CTOJ'I6HOB (KaK YaCTHOIO cirydas ManI/IH) OIIPCACIICHBI
ornepanru CpaBHCHUA, CIIOKEHNUA U YMHOXKCHUA HA YMUCJIO0, TO 6y}1€M TOBO-

PUTB, 4TO cTOIOCI] H b H €CTh JIUHelHas KOMOUHAaYUsl CTOJIOIIOB

a

Hal n

€CIIM CymeCTBYIOT uucna A, A, ,..., A , Takue, 4To

151=30a].
j=1

Jay |- ,

Teopema Besikuii croaifen (cTpoka) MaTpMubl eCTh JIMHEHHAs
6.5.1 KOMOMHAIUA 0A3MCHBIX CTOJOLOB (CTPOK) 3TON MAaT-
(o 6asncHom pHUIIbL.
MUHOpE).

[okasaTenbcTBo.

1°. Tlycth panr matpuisl paBeH 7. be3 orpaHudeHus: oOIUTHOCTH
MOJKHO CYHTATh, YTO MaTpHIa 0a3MCHOTO MIHOPA PACHOI0KEHA

B JIEBOM BEPXHEM YTIIy MaTPHIIBI H A H .
OkaiiMuM MaTpuily Oa3sHCHOrO MUHOpa (parMeHTamu I -i

CTPOKU H ] -ro CTOJ'I6II3 U pPacCMOTpUM ONPCACIUTEIIb I10-
CTpOGHHOﬁ MaTpUIbI.
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Uy e Oy f O,
A = det ,

Oy o O, O,

o, .. O, |

ir ij

KOTODPBI paBeH HYNI0 Kak MUHOp mopsiaka 7+ B maTpuie
paHra 7.

2°.  Pa3noxuB omnpeaenurenb A 1Mo mocnenHen CTpoKe, MOIydruM
a,D +o,D,+..+a,D, +a,M=0,
rme M # 0 — 6asucubiit munop, a D),..., D, — nexoropsie
anreGpanuecKue JONONHEHHUs!, He 3asuciwue om I . Crnenosa-
Tembno, OL; = A 0, +A,0, +...+A .0

D
A=—"2, s=[Lr].
v [1,7]

rne Vi

ir»

N

Teopema gokasaHa.

Onpegenenne  CTOIOLEI Hal S as |- @, OymeM Ha3bIBATh Jil-

HeliHO 3a8UCUMbBIMU, €CIIH CYIIECTBYIOT HE paBHbBIC HYIIIO

OITHOBPEMEHHO HcHa Ay, A, ,..., A, Takue, 4TO
n n
ZMH"]‘H:HO’ (ZM/“>O)-
=1 =

Jlemma  Jlyist Toro 4ToGbl cTOJGUBI (CTPOKH) MATPHUbI GbLIN JIUHE-
6.5.1. HO 3aBHCHMBIMH, He00X0AUMO U A0CTATOYHO, YTOOBI OUH U3
HMX ObLI JINHeHON KOMOMHAaLMeH 0CTAJbHBIX.

[okaszaTtenbCcTBO. CoBmajziaer ¢ 10Ka3aTelbCTBOM JIeMMEI 1.4.1.

Jlemma  Ecam cpeau cTo10110B MATPHUBI €CTh JHHEHHO 3aBHCHMOE
6.5.2. TOIMHOKeCTBO, TO MHOKECTBO BCeX CTOJIOL0OB ITO MaTpu-
bl TAKJKe JJUHEHO 3aBHCHMOE.
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[okasaTtenbCcTBo.

JloMmycTiM, YTO JTMHEWHO 3aBUCHMBIMHU SBJIAIOTCS TEPBBIE K CTONO-
1I0B, TO €CTH [UIS HAX CYIIECTBYET HETPUBUAIbHAS JINHEHHAS KOMOM -
Halus, paBHasl HyJeBOMY CTOJIOLY:

Olq Op Olyg 0
Oy Oy Oloy 0
A + A + .. +A =
1 2 k
a’ml O(‘m2 0(‘mk O

Torga oueBHAHO, YTO HETPUBUAIBHAS JIMHEHHAS KOMOWHALIUS 6CeX
CTOJIOIIOB ATOM MaTPHIIBI BHIA

Oy Oy Ol k1 oy,

Oy oy Oy ksl o,
8 o Ay +0 +0| "

Oyt Oy ameH Oy

OyzeT Takke paBHA HYJICBOMY CTOJIOITY.
Jlemma gokasaHna.

Teopema st TOro 4T0GbI ONpeaeuTeNL ObLI PABEH HYJII0, HE00XO-
6.5.2. AMMO M AOCTATOYHO, YTOOBI CTOJOUBI (CTPOKH) €ro Mat-
pMUbI ObLIY JIMHEHHO 3aBUCUMBbIMHU.

[lokasaTenscTBO HEOOXOAUMOCTH.

[lycTh ompenenuTens paBeH HYJIO, TO €CTh CAUHCTBEHHBIH MHHOPD
nopsiaka /1 HyneBoM, Torna paHr mMartpuuel MeHsiue 7. Ilo teope-
Me 0 0a3uCHOM MHUHOpE BCSAKWH CTOJIOEI] €CTh JIMHEHHAass KOMOWHA-
s 0a3MCHBIX CTOJNOIOB M TOTna 1Mo JeMMme 6.5.1 cTombubl MaTpu-
bl JTMHEIHO 3aBUCHUMBL.
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[okasaTenbCTBO AOCTAaTOYHOCTW.

[Tycte a3TOT cTONOEl TOCIEAHUN, TO €CTh H a,

[Iycte cTonOipr MaTpunbl JHHEHHO 3aBHCHMBL. [To memme 6.5.1
OJMH W3 CTOJIOLIOB €CTh JUHENHAS KOMOMHALIMS OCTAIbHBIX.

n—1
= Z%‘H ajH :
=

VMHOXHM TocienoBatensho (s [ =1,2,...,m—1) Jj-ii cron-
Ger Ha uncno A ; M CIOXHM BCE MX. BbluuTaHHE 9TOH CyMMBI 13

CTOJ'I6].[a || an || HE U3MCHUT BCJIIMYMHLBI OIPEACINUTEISA, HO ITOCKOJIb-

Ky TIPH 5TOM MBI [TOJyYUM HYJIEBOH CTOJOEL, TO ONpeaeuTelh pa-
BEH HYIIIO.

Teopema [OOKa3aHa.

Teopema MakcuMaibHOe YHCJI0 JHHEHO He3aBHCHMBbIX CT0JI0IO0B
6.5.3 MaTPUIbl PABHO MAKCUMAJILHOMY YHCJIY JIMHEIHO He3a-
(o patre BUCHMBbIX CTPOK U PABHO PaHI'y 3TOH MaTpHIUbI.
MaTpuubl).

[okasaTenbCcTBO.

2°.

1°. Ecu paHr MaTpulbl HyﬂeBOﬁ, TO BCC €€ JJICMCHTHI HYJICBBIC U

CpeIy HUX HET JINHEWHO He3aBUCHMBIX.

ITyctpb padr matpuusl pased 7 > (). PacemoTpum matpwuiry, co-
CTaBJICHHYIO M3 7 0a3ucHbBIX cToNOnOB Marpuisl. OHa nMeer
HEHYJIEBOW MHHOp 7 -TO TOpsi/IKa M, CI€A0BAaTENIbHO, e CTOIO-
116l JINHEHHO HE3aBUCHMBI.

BeibepeM k& > 7 CcTONOLOB MaTpHIBl M TIOKAXKEM, YTO BTH
CTOJIOIB! TMHEIHO 3aBUCUMEI. [locTponM 13 BEIOPaHHBIX CTOJIO-

SB-

. Ee paar R <7, mockoneky H A”

LIOB MaTpUILy H A” ‘

JIETCS 9aCThIO MaTPUIIBI H A H .
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*
CnenoBatensio, R<r <k wu B marpuue H A H €CTh, IIO
KpaifHelt mepe, omuH HeOa3MCHBIN CTOJOCI, U TOTAA CTOJOIIBI

MaTpHIIbI H A H JIMHEHHO 3aBUCHMBI 110 JeMMe 6.5.2.

Teopema gokasaHa.

§ 6.6. Cucrembl M JTUHEHHBIX YPABHEHU I
€ 11 HeU3BeCTHBIMH

PaccMoTpuM cucteMy M1 nuHeHHBIX ypaBHeHui ¢ /I HeM3BECTHBIMU
BUIIA
a8 o8, teta,g, =B,

ay & +ays, +.40,,8, =, 6.6.1)

a‘mlél +am2EJ2 +“'+amn n Zﬁm’

KOTOpasi B HEPA3BEPHYTOH opMe 3aluCchIBACTCS Kak

Ya,l =B, j=[Lm],
i=1

, TIe MaTpuia H A H pas-

WIH K€ B MaTPUIHOH (popme H A H H X H = “ b
Mepa M XN umeer KOMIOHEHTBI O ; , a CTONOIBI H X H u Hb” COOTBET-

CTBEHHO KOMIIOHEHTEI & ;» | = [L, 7], u B,f’j =[1,m].

y 0 ¢0 0
Onpepenenve  Ynopstouenusii nadop uucen {§;,&,,...,&, } Gynem

6.6.1. Ha3bIBaATb 4YACMHbIM peulerHuem CUCTEMbI JIMHEHHBIX

ypaBHeHu# (6.6.1), ecinu mpu MOACTaHOBKE 3THX YHCEI
B CHCTEMY MBI [10JIy9aeM BEpHbBIC PABEHCTBA.
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YacTHOE pellIcHUE CUCTEMbI JIMHEHHBIX YPAaBHEHUH TaK-
)K€ MOXET OBITh 3alMcaH0 B BHJAE CTOJIOLA

&
0 H &

H X || = . COBOKYITHOCTh 6cex YacTHBIX pEIIECHUM

CHCTEMBI JINHEHHBIX ypaBHeHHH (6.6.1) Ha30BeM 0bwyuMm
pewenuem cucteMsl (6.6.1).

Onpepenenne  Ecnu cucrema (6.6.1) umeeT XoTs Obl OJHO YAaCTHOE pe-
6.6.2. IIEHHE, TO OHA HA3BIBAETCH COBMECHIHOL, B IPOTHBHOM
ClIydae — HecoémMecmHon CUCTEMOI YpaBHEHUH.

Onpegenexve
6.6.3. O O Ay,
o (04 (04
21 2 2
Matpura H AH — " | naswiBaercs
a’ml (04 m2 e Otmn

ocHo6HOU MaTpuIlel cuctemsl (6.6.1), a MmaTpuna

oy Oy e 04, | By
HA | bH: Oy Oy o Oy, | B,y
(X‘ml (X‘mZ amn Bm

— pacuiupenHol MaTpULIEH TOU CHCTEMBI.

Onpepenexve  Cucrema (6.6.1) Ha3bIBACTCS 0OHOPOOHOU, ECITH
6.6.4. _ 7
B, =0Vj=[lm],

B MIPOTHBHOM CIIy4ae — HEOOHOPOOHOU CUCTEMOU ypaB-
HEHUH.
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Teopema Jas Ttoro 4yro6nl cucrema (6.6.1) ObLIa coBMeCTHA,
6.6.1 He00X0IMMO M J0CTATOYHO, YTOObI PAHT ee OCHOBHOI
(KpoHekepa—

MaTpuIbl ObLJ paBeH PaHTy pacIIMPeHHOIA.
Kanennn). P P panry p P

[okaszaTenbcTBO HEOOXOAUMOCTH.

[Tyctp cymectByer pemenue cuctemsl (6.6.1) {él,ﬁz,...,ﬁn},

TOTrAa 9Ty CUCTEMY MOKHO NPCACTaBUThL B BUJC CICAYIOLICTO pa-
BCHCTBA:

=1b

FolH a, H"‘ ‘t:zH a, H"‘---"‘ .

>

» J=[Ln].

T
J mj H

e 0=, 0,
IockoneKy B 3TOM citydae cToa0el CBOOOIHBIX YICHOB €CTh JIH-
HelfHas KOMOMHAINS CTOJIOLOB, 0OPa3yIOMINX OCHOBHYIO MaTpH-

ay, TO 4YHuCIIo JIMHEHHO HE3aBHCUMBIX CTOH6L[OB OCHOBHOH U
pach/IpeHHoﬁ MaTpul 6yzxeT OJIMHAKOBBIM. CJ'IGI[OBaTeJ'H)HO, Io

TeopeMe 6.5.3 (o panee mampuywi) rg|| A ” = rg” A| b H .

[loka3aTenbCTBO AOCTATOYHOCTM.

ITycTh paHT OCHOBHOW MaTPUIIBI paBEH PaHTy PaCIIUPECHHON Mat-
pUIBl U paBeH 7. be3 orpaHuucHus OOIIHOCTH MPEAIOIOKHM,
4T0 Oa3MCHBIA MHHOP pPACIOJOKEH B JICBOM BEPXHEM YIIIy
pacIMpeHHON MaTpHIlbl, HO TOTAa 1Mo Teopeme 6.5.1 (o bazucrom

,
MUHOpe) UMEET MECTO PaBEHCTBO H bH = ZK JH a
J=1

i | » xoTopoe

MOJKHO II€penurcaTb B BUJAC
r n
[o]=22 ] a;[+ 220/ a,].
J-1 Jj=r+l

OpnHako mociieiHee 03HayaeT, 4yTo cuctema (6.6.1) mmeer perre-
mue {A,A,,..., A, ,0,...,0}, T0 ecTb oHa coBMecTHA.

Teopema gokasaHa.
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3apava Hokaoxcume cnpagednugocmo ciedyrouezo ymeepicoOeHus..

6.6.1.
s mo2o umobwl npsimuie

Ax+By+C =0, i=[ln]

nepecekanuch 6 0OOHOU U MO JHce MOUKe NAOCKOCHU,
HE0OX00UMO U 00CMAMOYHO, Ymobbl

Al B 1 Al B 1 CYl

A2 B 2 AZ B 2 C2
rg =1g

An B n An B n Cn

§ 6.7. ®yHaamMeHTAJIbLHAS] CHCTEMA pPeleHuit

B § 6.6 Opu10 TOKa3aHO, YTO (PaKT COBMECTHOCTH MIIH HECOBMECTHOCTH
cucreMbl (6.6.1) MOXXHO YCTaHOBHTbH, CPaBHHUB paHIW €€ OCHOBHOH M
pacmupeHHo Matpuil. PaccMoTpuM Temeph ciydaif, Korja cucrema
(6.6.1) coBMecTHa 1 HaliJieM BCe €€ peleHHsl.

[Ipu moctpoennn obmero perreHus cuctemsl (6.6.1) Bocmombp3yemcs
CIIE/TYIOIIMMH BCIIOMOTATEIbHBIME YTBEPIKICHUSIMH.

Jlemma JIro6as JuHeliHA KOMOMHAIMS YAaCTHBIX pelleHNH OIHO-
6.7.1. poaHO¥ cucTeMBbl (6.6.1) Takke SABJIsAETCHA ee YaCTHBIM pe-
LICHHeM.
[oka3aTtenbCcTBO.

S
i

ITycts H xiH = 5 , 1=[l,k] — wacrusie pemenus omHOpomHOI
g,

i
CHCTEMBI, TO ECTh HAH H X

, Vi=[Lk].

=[o
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k
i . .
Paccmotpum cromnbery H y H = Z?\, X H ITo mpaBwmiam nericTBUi
i=1

C MaTpullaMu U1l HETO CIIPAaBEAJIMBBI paBCHCTBA

n n
Lally[=lall 2] |= x4l xD=]o]
i=1 i=1
Jlemma gokasaHna.
Jlemma CyMMa HeKOTOpOro 4YacTHOIO pellleHUs] OIHOPOAHON cH-
6.7.2. crembl (6.6.1) 1 HEKOTOPOIr0 YACTHOIO pelleHUs] HEeOIHO-

POIHOI cucTeMBbI SIBJSIeTCH YACTHBIM pelieHHeM HeoaHO-
ponaHoii cucrembl (6.6.1).

[oka3aTenbCcTBo.

HYCTB H X H — YaCTHO€ PEIICHHEC 0,[[H0p0£[H0171 CHUCTEMBI, a H y H —
HEKOTOPOC YaCTHOC PCIICHUEC HeOHHOpO}IHOﬁ, TO €CTh

[all=l=lol. T 4ll+[=]51

Torna o npaBujiaM I[eﬁCTBHﬁ C MaTpuliamu CIIpaBCIJIMBbI paBCH-
CTBa

|4l xl+]yD=l4llx[+[ 4] y[=[o]+]5]=]5].

Jlemma gokasaHa.

Nemma Pa3HocTh ABYX HEKOTOPBIX YACTHBIX PELICHHI HEOXHO-
6.7.3. poaHoii cuctemMbl (6.6.1) siBJsieTcsl YaCTHBIM pelleHHeM
OHOPOAHOIi cucTembl (6.6.1).

[lokasaTenbCcTBO.
Ilycts H X H u H y H — YaCTHBIE PELICHUSI HEOAHOPOAHON CUCTEMBI,

b

TO ecTb H A H H X H = H b A H H y H = H b H Torpa nmo mpaBuiam

JIEICTBUM ¢ MaTpULIAMU CIIPABEJINBbI PABEHCTBA

Al =lAD = bl =14l vl = 121 = 2] = Jel.

Jlemma gokasaHna.
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3ameyvanusa 1°. M3 nemm 6.7.1-6.7.3. cnexyet, 9to

o0l1ee penieHre HEOAHOPOAHOIH CHCTEMBI YpaB-
HEHHii ecTh o0lee pelieHHe OJHOPOJHON IIIOC
HEKOTOpOe YacTHOe pellleHne HeOAHOPOTHOI,

U TI03TOMY IieJecoo0pa3HO BHayaje W3y4YHUTh BOIMPOC O
HAXOXKACHUH OOIIEro pEIICHUS OMHOPOJHON CHCTEMBI
JIMHENWHBIX YpaBHEHUI.

2°.  OpmHopopaHas cucTeMa JUHEWHBIX ypaBHEHHUI BCETJa COB-
MECTHA, IIOCKOJIbKY Y HEE €CTh, II0 KpallHEl Mepe, OJIHO
YaCTHOE, Ha3bIBAEMOE MPUBUATbHBIM, PEIICHUE, ISl KO-
TOPOTO BCE HEM3BECTHBIC UMEIOT HYJ1€60€ 3HAUEHUE.

3°.  TlockonbKy YacTHBIE PEIICHHS CUCTEMBI IMHENHBIX ypaB-
HEHUI TpeJCTaBUMbI B BHJE CTOJIOLIOB, TO, HMCIIOJIB3Ys
OTIepallii CPABHEHUS, CIOKEHUS M YMHO)KEHUS Ha YHCII0
JUTSI CTOJNIOIIOB, a Takxe JiemMMy 6.7.1, MOKHO BBECTH TIO-
HATHE JMHEHHON 3aBHCHMOCTH PEUICHHH 00HOPOOHOL

CHCTEMBI JIMHEHHBIX YpaBHCHHUH aHAIOTWYHO OMperese-
HHUIO 6.5.4.

Teopema OnHopoaHas cucrema (6.6.1) umeeT He MeHee 7] — rg” A H

6.7.1. JIMHEHHO He3aBHCHMBIX YaCTHBIX PeleHHii.

[okasaTtenbCcTBo.

1°. PaccmoTprM BHadajie COBMECTHYIO HEOIHOPOIHYIO cucteMy (6.6.1)

g+ o, + g, =B,
o8& + 08, +.ta,,E, =P,

a’mlal + a‘m2é‘:32 +"'+amn(\";n = Bm

W TIPEATION0XKNM, YTO MaTpuia 0a3MCHOr0 MHHOpa PACIIMPEHHON

MaTpHUIbI H A|b |, paura ¥ < min{m,n + 1}, pacrionoxena B ne-

BOM BEPXHEM YTIy MOCIETHEH.
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ITo Teopeme 6.5.1 (0 basucnom munope) nocnennue M—71 ypapHe-
HUH SBJISIOTCS JIMHEHHBIMH KOMOHMHAIIMSIMU TIEPBBIX 7' ypaBHEHUH,
U, CIIeZIOBATEIbHO, MX MOXKHO OTOPOCHTH, MOCKONBKY OHH OymyT
TOKIECTBEHHO YAOBJIETBOPATHCA PEIICHHAMU NEPBBIX ! ypaBHe-
HUM.

B ocraBmuxcs YPaBHCHUAX NIEPEHECEM B IIPABLIC YaCTH CJIaracMbIC,

CONEPKAIINE HEU3BECTHBIE & 15 1 nsees s, , H TOIYUHM YHPO-

no

WeHHbII 610 CUCTEMBI JINHEHHBIX ypaBHEeHU (6.6.1)

a,§ +a,é +..+ta,8, =B —a, &, —.—a,k,,
08 08, +..t 0,8, =B, —0,,,&., —.—0,,8,,
a’rlél +ar22.>2 +. ’+(x’rrar = Br _a‘r,r+1§r+1 e r,n&n

Hemssectubie & ,...,E . HasblBAlOTCS 0CHOGHbIMU (21AGHBIMU, 3a-
BUCUMBIMU, GASUCHBIMIL), 3 HEU3BECTHBIE &, )5y G, — C606OOHDBI-
Mmu (napamempuueckumu, He3a8UCUMbIMU, HEOAZUCHBIMIL).

ITpucBouM CBOOGOIHBIM HEU3BECTHBIM HEKOTOPbIE KOHKPETHBIE 3HA-
venns §,,; =H,5-»5, =W, , W paccunraem mo npasmty Kpa-

Mepa (Teopema 6.4.1) COOTBETCTBYIOIIME MM 3HAYEHUS OCHOBHBIX

HEM3BECTHBIX:
J -ii cron6en
\A
oy . By _zal,r~+kl’lk e Oy,
1 k=1 6.7.1
€, =—det , ( )

n—r
arl Br _Zar,r+k“’k arr
k=1

rae j =[L,7],a M - 6asucubiii Mmunop.
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3ameTum, 4TO U3 COOTHOLIEHUI (6.7.1), TOJI0XKKB
n,=0;k=[lLn-r],

MOJKHO HAWTH YaCTHOE PEIICHUE HeOOHOPOOHOU cucTeMbl (6.6.1).

2°. Teneps pacCMOTPUM OOHOPOOHYIO CHCTEMY, TIOJOXHUB B (6.6.1) Bce
Bl_; i =[1,m] paeusMu mymo. Tlo nuHeliHOMY CBOICTBY Ompese-

mutenedt (Teopema 6.2.3) monydaeM BBIpQKEHHUS UIS 3HAYCHUH

HEU3BECTHBIX:
n—-r
&j =2Kjk“k7 J=I[Lr];
pam (6.7.2)
&.i=M,, i=[Ln-r],
rae
Oy e = O, e O,
1
K, =—det| .. .. e |
: M
Oy oo =0, o O,

j=[Lr], k=[l,n—-r].
T
J -# cronben

Haxonen, B marpuunoil popme cootHomenus (6.7.2) MoryTr ObITh
3anucaHbl B BUJIE

&, Ky K LY

éZ K21 K KZ,n—r &r+2
o TP (6.7.3)

—_
S

N
[

ar Krl KrZ Kr,n—r an
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(tjl Kll KIZ I,n—r

&2 K21 K22 KZ,n—r

cee Ml

(tvr _ Krl Kr2 T Kr,n—r MZ

501051 -

(t:rJrl 1 0
&r+2 0 1 O “n—r

£ 0O 0 - 1

3°, Tomaras W, =1, 1, =p; =...=, , =0, nonyunm pemenne

4°.

{e1,el,...,e1,1,0,..,0}.

Ananormano mpu W, =0, p, =L, py =...=pn, . =0 naiinem

2 g2 2
pemenne {&;,&5,...,&7,0,1,...,0}. M, npogomkas srot mpo-
11ECC, TIOTYYMM Ha MOCIIE/IHEM LIare [PH
H1 = HZ = “’3 == Hn—r—l = O’ Mn—r :1
e, LLETL 0,0, L L 1)

pemenne {E,E07", ...

Ionmyuennsle penieHust OyaeM Ha3bIBATb HOPMATbHLIMU DYHOAMEH-
MATLHLIMU PEULSHUSMU.

Ilokaxem Tenepp, 4TO MOCTPOEHHbIE 1 — 7 4aCTHBIX PELICHUHN OA-
HOPOJHOM CHCTEMBI ypaBHEHHH (6.6.1) SBIAIOTCS TMHEHHO HE3aBHU-
CUMBIMH. JIeHCTBUTENBHO, 3aITUCAB ATH PEIICHUS KaK CTPOKH, MOy~
YUM MaTpUILy BHIIA

& &
2 2
SS (6.7.4)

ey gm0 0 L1

ls
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3amMeTHM, YTO €€ PaHr, ¢ OJHON CTOPOHBI, HEe MeHbIe, yeM 1 —7,
MOCKOJIBKY COJICPIKUT HEHYJICBOH MHHOP 3TOTO MOPSIKA, HO, C IPY-
TOM CTOPOHBI, HEe OOJIBIIIE, YEM YUCIIO CTPOK B ATOW MaTpHIIe, PaBHOE
N =7, u noroMmy paur B TouHocT paseH 7 —7, uyro moka3piBaeT
JIMHEHHYIO HE3aBUCHMOCTE MTOCTPOEHHBIX YACTHBIX PEIICHHUIH.

Teopema gokasaHa.

DYyHOAMEHMANbHOU CUCEeMOU peuleHuti sl CUCTEMBI
JUHEHHBIX ypaBHEHUH (6.6.1) Ha3pIBaeTCS COBOKYIIHOCTH

JIFOOBIX n—rg” AH YaCTHBIX, JIMHCHHO HE3aBHCUMBIX

pelIeHni OTHOPOAHON cucTemsl (6.6.1), Tme 7 — yucio

HEU3BECTHBIX B cucTeme (6.6.1), a H A H — € OCHOBHas

Mmarpuna. Matpuna (6.7.4) Ha3bIBaeTcst (hyHOamenmans-

HO.

Kaxnoe yacTHoe pemieHue ogHOPOAHOU cuctembl (6.6.1)
MOKeT ObITh MpeICTABJIEHO B BH/e JUHEHHOH KOMOMHA-

M YACTHBIX pPelleHnii, 00pa3ylommx HOPMAIbHYIO QyH-
AAMEHTAJIbHYIO CHCTeMYy pellleHHUid.

Onpegenexve

6.7.1.

Teopema

6.7.2.
[okaszaTtenbCcTBO.

Mycte mano pemenue {&,,E,,...,E,} onmopomHoit cuctembr

(6.6.1). PaccMorpum matputy pasmepa (1 —7+1)xn

&
3
&

n—-r

1

S,
&
&

n—-r

2

,
g,
g

an—r
r

arﬂ
1

0

0

&r+2
0

1

S,
0

0

, (6.7.5)
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paHr KOTOPOW, C OJHON CTOPOHBI, OYEBMIHO, HE MEHBIIE, YeM
n—r . C apyroil CTOpOHBI, NepBble 7 CTOJOLIOB 3TOH MaTPHILIBI
SBIISIIOTCS JIMHENHBIME KOMOUHAIMAMY (38aHHBIMH COOTHOLIEHHMSI-
mu (6.7.3)) mocnemaux 12— 7 ctonOuoB. JledCTBUTENBEHO, 3TH CO-
OTHOILIEHHUS, CBS3LIBAIONIME 3HAYEHHMS CBOOOJHBIX M OCHOBHBIX
MepEMEHHBIX, OJHHU U T€ e JJII BCeX CTPOK Marpuiisl (6.7.5), u mo-
TOMY B 3TOM MaTpUIIE KaXIBIHA U3 IEPBLIX 7' CTONOLOB €CTh JIMHEH-
Has KOMOWHAIMA TociAeAHux # —F . 3HayuT, paHr MaTpuibl He
npeBocxomut 1 — 7 5 u, ciemoBarensHO, paBeH B Tounoctn 11— F

Haxkonern, mo teopeme 6.5.1 — o0 6a3zucrnom munope, KOTOPHIA pac-
MojiaraeTcss B TOCISTHUX ! CTPOKax, MepBas CTPOKA MATPHUILbI
(6.7.5) nomxHa OBITH HEKOTOPOW JIMHEIHON KOMOWHANWEH oCcTaib-
HBIX, ¥, CIICJIOBATEIbHO, OOIIee pEIICHHE OJHOPOIHON CHCTEMBI
(6.6.1) MoxeT OBITH 3aMKCaHO B BUIIE

& S & r
&, & & 2

. 2, &

= + A, + o+ A, ,
érﬂ 1 O 0
ar+2 0 1 0
€, 0 0 1

rae A , Vi= [1,7n — 7] — npousBoNbHBIE KOHCTAHTEL.

Teopema AOoKa3aHa.

Cnepncteue Oo0uee pelieHre HeOIHOPOAHOM cucTeMbl (6.6.1) MokeT

6.7.1.

ObITH 1aHO opmyJIoii
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g, & & &
&, & & 2 3

! 2 n—r 0
5 = A, 5 +A, 5 + .+ A, & + é(’) ,
érﬂ 1 0 0 E‘:rﬂ
E.!HZ 0 l 0 ‘t:(r)+2
g, 0 0 1 &,

0
1

0
2

0
o

0
ar-%—l

0
ar+2

rae

};0
n
SIBJISIETCSl HEKOTOPBIM YACTHBIM PelIeHHEeM HeoTHOPOI-
Hoii cmerembr (6.6.1), a wmena A, Vi=[Ln—r] -

MPOU3BOJbHbIC KOHCTAHTBI.

[lokasaTenbCTBo.
0 .
[Mycts H X H — HEeKOoTOpoe (HaliJleHHOe, HampuMep, IM0J00pOM)
YacTHOE peIlleHre HEeOTHOPOAHOH cuctemsl (6.6.1), a H xH — ee

Mpou3BOJIbHOE pemenue. Toraa mo gemme 6.6.3 MpoU3BOJIBLHOE pe-

[IeHHe OJHOPOJHON cucteMbl (6.6.1) H y” MpEeACTaBUMO B BHUJIE

H y H =HXH—H xOH.OTKyz[anonyqaeM H X H =Hy H—i—H XOH.

CnepcTBue JokasaHo.
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W3 teopem 6.7.1 u 6.7.2 HEOCPEACTBEHHO BHITEKAET

Cnenctsue Jist Toro 4To6bl OHOPOIHAs cucTema (6.6.1) ¢ 1 <M
6.7.2. HMeJla HeHYJIeBOe PellleHne, He00X0ANMO U I0CTATOYHO,
4yTo0bl PAHI €e OCHOBHOW MAaTpUIbI YIOBJIETBOPSI

yeaoBuio I'g ” A || <n.

B cayuyae, xkorjga ocHOBHAasi MATPHIIA OHOPOIHOM CH-
crembl (6.6.1) kBaapaTHasi, ycJaoBHe CYIIECTBOBAHHS
HETPHUBHAJBHOIO pelIeHUs PABHOCHJIBLHO PAaBEHCTBY

det | A =0.

I/IHOG, IIOJIC3HOC IJIA HpI/IJ'IO)KeHI/Iﬁ YCJIOBHUE COBMECTHOCTH CHUCTCMbI
JIMHEHHBIX ypaBHeHHﬁ, Jact

Teopema Juist Toro 4ro6sl cucrema (6.6.1) Obl1a COBMECTHOI,
6.7.3 He00X0MMO U J0CTATOYHO, YTOObI Kaxcooe pelle-
(Ppearonbma). T
HUE H y H = H m M, - M, H CONPAIHCEHHOIL CH-
CTeMbl

a;m, +o,mn, +..+a,m,=0,
a,n, +0,n, +..+a,,m, =0,

o,n, +ao,n, +..+a,n, =0

(M4 B MATPUYHOM BHE ” A ”T” y ” = " o ”) ya0BJIe-

m
TBOPSJIO YCJIOBHIO ZB,—TL- =0 (uam B MaTpuuHOM
i=l
T
sue [ 5[ | =0).
[oka3aTenbCcTBO HEOOXOANMOCTU.
[Tycts cucrema ypaBHeHnit (6.6.1) coBMeCTHA, TO €CTh JUIST KaX10-

IO €€ pelleHus H X H CIIPaBEUIMBO PABEHCTBO H b H = H A HH X H
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T
Toraa, BBIYUCIAA TPOU3BEACHUC H b H H y H B IIPEAIIOJIOKCHUHN, YTO

[l =l

[ 1y l=dallxDTp 1= T4l x| =] x["o]=0

, TOIy4aeM

[loka3aTenbCcTBO [OCTAaTOYHOCTU.
T o
IMycts H b H H y H =0 ana wobozo pemieHUs. CUCTEMBI JIMHEUHBIX

ypaBHEHUHI H A HTH y H = H o H . Torma obuie pemieHust CUCTEM JIH-
HEIHBIX YpPaBHEHUI
T 14 |y]=lo
HAH HyH=H0H " HbHTHJ’H:O

COBIAJAIOT, ¥ U 3TUX CUCTEM MAaKCHMAaJbHOE YKCIIO JIMHEHHO He3a-
BHCHUMBIX pEIICHHH OqiHaKoBO. [TosTOoMy, cormacHo Teopemam 6.7.1
n6.7.2,

2

T T

T A T A
m—rg||A|| =m-rg|— HITH rg||A|| =1g|—| -
b b
HO ITOCKOJIbKY PaHI' MaTpullbl HC MCHACTCA IPpHU €€ TPaHCIIOHUPOBaA-
HUU, TO UIMEET MECTO PABEHCTBO I'Z ” A ” =1g ” A | b ” , O3HavarolIlee

B cuity TeopeMsl 6.6.1 (Kponekepa-Kanenan) COBMECTHOCTh CHCTEMBI

JIMHEHHBIX ypaBHEHHUH H A HH X H = H b H

Teopema gokasaHa.

AIbTepHATHBHOE [I0Ka3aTeJbCTBO TeopeMbl Dpenronsma npuBeIeHO B
rnase 10 (cM. reopemsr 10.6.4 n 10.6.5).
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§ 6.8. DuemenTapubie npeodpasosanus. Meroa I'aycca

[IpakTudeckoe mpuMeHeHHe TeopeM 6.7.3 u 6.7.4 3aTpymaHsETCS TeM,
4TO 3apaHee, Kak IPaBUIIo, HEM3BECTHO, COBMECTHA JIM pellaeMas CHCTeMa.
OrmpezesieHue jxe PaHroB OCHOBHOM M PacIIMPEHHOH MaTpHLl HE3aBUCUMO
OT TIOMCKA PEUICHUH OKa3bIBAeTCsl BECbMa HEPAILMOHAIBHOH (C TOUKH 3pe-
HUSI PACX0JJOBAHMUS! BEIUYMCIUTEIBHBIX PECYPCOB) MPOLIETYPOH.

Boiee 3(1)(1)CKTI/IBHI)IM BBIYUCIUTCIbHBIM aJITOPUTMOM, IMO3BOJIAIOIINM
b0 HaxoguTh olIiee pemieHne cucteMsl (6.6.1), mubo ycraHaBIUBATH
(akT ee HECOBMECTHOCTH, SBIACTCS Memod I aycca.

CyTb 3TOro MeToJIa 3aKII0YACTCs B IIPUBEICHUN PACIIMPEHHON MaTpH-
(bl CUCTEMBbI JINHEHHBIX YPaBHEHUH K Haubosee npocmomy 6udy Tociaeo-
BaTEJIbHOCTHIO TaK HA3bIBAEMBIX JeMEHMApPHbIX TIPE00pa30BaHMM, KaKI0€
13 KOTOPBIX HE MEHSIET OOIIEro peleH st CUCTEMBbl YpaBHEHHH.

IMox “nambosee MpOCTHIM™ BHJOM pPacUIMPEHHOH MaTpHIIBI MBI OyleM

TIOHUMATD 6epXHION0 mpey2onbiyio ¢opmy (T.€. ciydal, korma O; = 0

npu 1> J), s KOTOPOH BO3MOXKHO PEKYPPEHTHOE HaXOXJCHUE HEH3-

BECTHBIX IYTECM JIMIIb PCHICHUA HA KaXXAOM MIare npoucaypbl JIMHEMHOTO
YpaBHCHUA C OTHUM HEU3BCCTHBIM. Huxe IIPUBCJICH IPUMEP MaTPHUIILI pa3-

Mepa M Xn (n > m) , IMEIOLIEH BEPXHIOIO TPEYTOJIbHYIO (GOpMY

ay a4 A . 4y, Ay a,, Ay i1 a,
0 a, ay .. Ay Ay as . Ay et oo oy
0 0 ay A3 2 A3 as L T Y

O 0 amfl,mfl amfl,m amf],erl amfl,n
0o .. 0 0 a,, et o Ay

K snemeHTapHBIM PeoOpa30BaHKUSIM MATPHUIIBI OTHOCSITCS:
- MEPECTaHOBKA CTPOK (TIepeHyMepaIus ypaBHEHUN);

- MepecTaHOBKa CTOJIOIIOB OCHOBHOW MaTpHIbl (IIepeHyMe-
panus HeU3BEeCTHBIX);
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yJaJIeHue HYJIEBOH CTPOKH (MCKIIFOUSHUE YPaBHEHHH, TOX-
JIECTBEHHO YIOBJICTBOPSIIOLIIUXCS JIOOBIMH 3HAYEHUSMU
HEHM3BECTHBIX);

YMHOXEHHE CTPOKU Ha HEHYJEeBOE 4YHCIO (HOPMHPOBaHHE
ypaBHEHHUH);

CIIOKEHHE CTPOKH C JMHCHHON KOMOWHAIMeH OCTaIbhbHBIX
CTPOK C 3aIMCBIO0 PE3y/bTaTa Ha MECTO MCXOAHOM CTpOKU
(3aMeHa OJHOTO U3 YpPaBHEHUIl CHCTEMBI CJIEICTBHEM €€
YpaBHEHUH, MOIY4aeMbIM IIPHU [TOMOLIM JIMHEHHBIX OmIepa-
UH).

Pemenne HEOTHOPOAHOW CHUCTEMBI ypaBHEHHMH (PaBHO Kak M PaHT ee
MaTpHIbl) HE U3MEHUTCS TaKKe M IPU WCIIOJIH30BAHWH JII000H KOMOMHA-
L[UM JIEMEHTaPHBIX ONEepaIvi.

HenocpeacTBeHHOM MPOBEPKOI MOXKHO YOEAUTHCS, UYTO JICMEHTApHbBIC
peoOpa3oBaHus JIOOOH MaTPUIIBI MOTYT OBITH BBIMOJIHEHBI TPH TOMOIIIN
YMHOKEHHSI €€ Ha MaTpULbl CIEIYIOLIEro cuenuansHoro suaa. Hanpumep:

TIePECTAHOBKA CMoa6|06 C HOMEPaMHM [ M J MAaTpHIIBI
|| A || pazmepa X1 ocylECTBISIETCS IIyTEM €€ YMHO-
KEHUS CNpaga Ha MATPHILy H S H1 pasmepa 71 X 1| xotopas
B CBOIO OYepe/b MOJTydaeTcs M3 eIMHUYHON MaTpuipl 71 -
To mopsiIKa || E || ITyTeM MepeCTaHOBKH B MOCIENHEH I -TO
U J -0 CTONOIOB;

YMHOXEHHE [ -l crmpoKu MaTpHIIBI || A || Ha HEKOTOpPOE
urcno A # () OCyIIeCTBISIETCSA TyTeM yMHOKEHUS ” A ”

cjleea Ha Matpuny H SH2 , KOTOpas MoJjay4aceTcs n3 €AuHu4Y-

HOH pa3zmepa M X M MaTpuLbl ” E ” ITyTeM 3aMEHBI B I10-

clesiHe [ -ro IMaroHANBHOTO dIeMEHTa (PAaBHOTO €IWHH-
ue) Ha A ;
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- CIIOKEHUE CMPOK C HOMEPAMH [ U ] MaTpULbI ” A ” ocy-
LIECTBIAETCSI MyTeM €€ YMHOXEHUS clesa Ha MaTpUIly

” S ”3 pasmepa M X1 koropas MOITy4aeTcss U3 €AUHUY-

HOM MaTpHILIbl IOpsiaka 77 ” E ” MIyTEM 3aMEeHBI B TIOCIIE-

HEll HyJNEBOrO 3JIEMEHTA, CTOSINETO B I - CTPOKE U ] -M
cTOINOIE, HA EANHUILY (IIPU 3TOM PE3YNIbTaT CYMMHPOBAHUS

OKaXCTCs HAa MCCTC l - CTPOKU HCXOHHOﬁ MaTpHulbl || A ||

).

B nanpueiiiem (cM. Teopemy 8.4.3) OyneT mokazaHo, 4TO €CJIH MaTpH-

na || S || KBaJIpaTHast M HEBBIPOYKICHHAS U BO3MOKHO YMHOXKEHHE MATpH-
1161 ” S ” Ha MaTPHUILy ” A ” , TO CIIPABEJITHBO PABEHCTBO

ol sl 4D =rel 4]
IMockonbKy det” S”l = —1, detH S HZ =A#0 un det” S”3 = 1, TO

paHr ” A ” IIPU PACCMOTPEHHBIX BBIIIE PE0OPa30BaHUIX HE MEHSETCS.

[IpoBepbTe caMOCTOSATENBHO, YTO OYAYT TAK)XKe CIPaBEIUIMBBI CIIEIYIO-
1€ TEOPEMBI.

Teopema IlocaenoBatenbHOe NIpHMEHEHHE HECKOJIBKHX JJIeMeHTap-

6.8.1. HBIX Npeodpa3oBaHuii ecTh HOBOe MpeoOpa3oBaHHue, KOTO-
poe uMeeT MaTpUIy, SIBJISIOINYIOCH NMPON3BEJICHHEM MAaT-
PHIl JAHHBIX 3JIEMEHTAPHBIX NPeodpa3oBaHMii.

Teopema Eciau yMHOXKeHHe MATPHIBI || A || cjleBa HA KBaJPATHYIO

6.8.2.
MAaTPHIY ||S || peajn3yeT HeKOTOpPoe mNpeodpa3oBaHHe

HaJl CTPOKAMH || A, To ymuoxenue || A || cmpaBa Ha
T
|| S || peaJiu3yeT TO e camMoe MpeoGpa3oBaHue MATPULBI

” A ” , HO BBINOJIHEHHOE HAJl €€ CTOJIOIAMM.
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OTMeueHHbIe CBOIMCTBa 3JIEMEHTApHBIX NPE0Opa3oBaHUI MO3BOJISIOT B
psife ciiydaeB YIPOLIATh BBIYUCIUTEIbHBIC IIPOLEAYPHI C MATPUYHBIMU Bbl-

P
paxenusimu. Ilycts, Hampumep, ” S ” €CTh MaTpHla HpeoOpa3oBaHM,
MIEPEBO/IAIIEIO HEBBIPOXKACHHYIO MAaTpPUILY ” A ” B enuHMYHYI0. Torma

o *
npeoOpa3oBaHue € MaTpulled ” S ” nepeBeieT €AMHUYHYI0 MAaTpHUIly

*

” E " B MaTpUILy ” A ”_1 , IOCKOJILKY B CHJTYy ” E ” = ” S| A4 ” Y HEBBI-
POKIEHHOCTH ” A || CTIpaBe yINBbl PABEHCTBA
[ENAI™ =ISI) Al Al wo | 4] <[ S]] E]-

W3 3TuX cOOTHOIICHUIA CJICAYCT, YTO BBIYMCJICHUC MPONU3BCACHNA KBaApar-

HBIX MaTpHIL H A H_l H B H MOXET OBITh CBENEHO K IIOCIIEN0BATETLHOCTH
3JIEMEHTAPHBIX [TPE00pa30BaHUN MATPHILIBI HA | B H (To ecTb MaTpHIbl, 00-
pa3oBaHHOW J00aBIEHHUEM CTOJOIIOB MaTPHIIBI H B H K MaTpHIe H A H),
MPUBOMISANIAX TOIMATPHILY H A H K eImuHUYHON. B pesynbprare mckomoe

TIPOM3BE/ICHIE OKA3BIBACTCS HA MECTE ITOIMATPHIIBI H B H .

IIpoumntocTpupyeM npuMeHeHne MeToaa I'aycca Ha mpuMepe peleHus
CIIEYIOIIEN CUCTEMBI JIMHEMHBIX YPaBHEHU.

Bagaya Pewumbs cucmemy ypasHenui:

6.8.1.
& + & + & + & + & = 7,
38, + 26, + & + & - 3% = -2
& + 28, + 28, + 6§, = 23,
56, + 45, + 3§, + 3, - & = 12
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PeweHne.

1°. CocraBmnseM pacIIipeHHYIO MAaTPHILy CHCTEMBI

I 1 1 1 Iy, 7
3211 -3-2
012 2 6|23
54 3 3 —-1] 12

2°.  IlpuBoauM ee K BEpXHEMY TPEyroiabHOMY BUIY. [yt 3TOTO

a)

6)

npeoOpasyeM B HYJIH BCE DIIEMEHTHI MIEPBOTO CTOJOIA, KpOMe
3JIEMEHTa, CTOAIIEro B IepBoi crpoke. Hampumep, st 3aHy-
JICHUSI JJIEMEHTA, CTOSIIIIET0 BO BTOPOH CTPOKE MEPBOTO CTOJIO-
11a, 3aMEHUM BTOPYIO CTPOKY MaTpHIIbl CTPOKOH, KOTOpas sB-
JS€TCS CyMMOM IEpBOM CTPOKH, YMHOXEHHOW Ha (—3), u
BTOPOIl CTPOKH. AHAJOTMYHO MOCTYIaeM C YETBEPTOM CTpO-
KOH: ee 3aMeHseM JINHEHHONW KOMOMHAIME! MepBO U YeTBEP-
TO# cTpoK ¢ Kodddunuentamu (—5) u 1 cOOTBETCTBEHHO.
TpeTbio, eCTeCTBEHHO, HE MEHSIEM: TaM yXXe MMeeTcsl Heo0X0-
JIMBIN JUIs1 BEPXHETO TPEYroJIbHOTO BHJa HOJb. B uTore mar-
puLa puodpeTaeT BUI

I 1 1 1 1 7

0O -1 -2 -2 -6,-23
o 1 2 2 6] 23|
0 -1 -2 -2 -6,-23

BBINOJTHSAEM TEEPh OTEPaIMIO 3aHYJICHHUS 3JIE€MEHTOB BTOPOTO
CTOJOIA, CTOSAIINX B €0 TPeThell M 4eTBepToil cTpokax. s
3TOTO TPETHIO CTPOKY MATPHUIIBl 3aMEHSIEM CyMMOIl BTOpOH U
TPEThEH, a UETBEPTYIO — Pa3HOCTBIO BTOPOH U ueTBepToi. Tlo-
JIy4aeM
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o111 1] 7
0 -1 -2 -2 —6|-23
o 0 0 0 0o o
o 0 0 0 0 0

B) TIOCKOJBKY B JJAHHOM KOHKPETHOM Ciydae 3JIEMEHT, pacrojo-
JKCHHBIH B UYETBEPTOM CTPOKE TPEThero cTrojllia, OKazajcs
PaBHbIM HYJIIO, TO TMPUBECACHUEC pacumpeHHoi/'I MaTpulbl K
BEPXHEMY TPEYrOJIbHOMY BUIY 3aBEPIIECHO.

3°. TlomydeHHas MaTpuLa SABISIETCS PACHIMPEHHOM MaTpHLEll CHCTEMbI

JIMHENHBIX ypaBHEHUH, paBHOCHIILHON UCXOIHOM cucTeMe. PaHr stoi
MAaTpPHULbI COBIAAAET C paHIOM UCXOAHOM. [ToToMy 3akiogaeM, 4yTo

a) cHUCcTeMa COBMECTHA, IIOCKOJBKY PaHI OCHOBHOI MaTpHIIbI pa-

BEH paHTy paclIMpeHHoH 1 paeH 2 (1o Teopeme 6.6.1 Kpone-
kepa—Kanemnm);

0) OIHOpOIHAs CHCTEMa YpPaBHCHUH OYyHeT MMETh IO TEOpeMe
671 n— rg” A H =5—2 =3 nuHelHO He3aBUCHUMBIX pelie-

HUA.

4°.  TlockonbKy o0IIee pemeHne HeOJHOPOIHON CHCTEMEBI eCTh o0Imee pe-
LIEHHE OJHOPOJIHOM IUIIOC YACTHOE PEIIEHUE HEOIHOPOAHOM, TO HaM
JIOCTATOYHO HAWTH TPH JIFOOBIX JIMHEHHO HE3aBUCHMBIX PEIICHHS OJ-
HOPOJTHOM CUCTEMBI U KaKOe-HUOYIb OJTHO PEIICHUE HEOTHOPOTHOM.
[NepenuiemM UCXOIHYIO CHCTEMY B MPEOOpPA30BAHHOM BHJIC, MPHHSB
MEPBOE U BTOPOE HEU3BECTHHIC 3a OCHOBHBIC, & TPEThE, YETBEPTOE U
MATOE — 33 CBOOOIHBIC:

&1"'};2 7_EJ3 _§4_§5v
};2 = 23 - 2&3 - 2‘\’54 - 6&5'

(6.8.1)
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Bropoe ypaBHeHue s ynoOcTBa Beranciennii ymaoxum Ha (—1) , a
TPEThE M YETBEPTOE YPABHEHHUS OTOPOCHM KaK YAOBICTBOPSIOIINECS

TOXKICCTBCHHO.
Ionoxue B cucreme (6.8.1) cBOOOTHBIC HEHM3BECTHHIC PAaBHBIMU
23
HYJIIO, HAXOJIUM YaCTHOE PEIICHUE HEOIHOPOIHON CHCTEMBI 0

3Ha4YeHUsI OCHOBHBIX HEHM3BECTHBIX OIPEIEISAIOTCS U3 JIETKO pellae-
MO CHUCTEMBI TMHEUHBIX YPABHEHUH

& + & 7,
g, = 23.

st omTHOPOAHOM CHCTEMBI

‘:1""{:2:0_&3_‘%4_%5’
&220_2§3_2‘§4_6§5

CTPOUM HOPMANIBHYIO (DyHIaMEHTAJbHYIO CUCTEMY PELICHHU 10 cXe-
Me, HCIIOJIb30BaHHOM TpH JOKazaTenscTBe Teopemsbl 6.7.1. Ilepsoe

1
-2

HE3aBUCUMOC PEIICHUE 1 HaXOJUuTCA U3 CHCTCMBI

& + & = -1
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5
-2 -6
Amnanoruuno nonywarorcs | O || u | O || — Bropoe u Tperse pe-
0
0 1

HICHMU.

OxoHUaTeIbHO OO0Iee PelIeHHE HCXOAHOW HEOTHOPOIHOM CHCTEMBI B
MaTPUYHOM BHJIEC MOXKET OBITH 3aIICAHO KaK:

&
&2 -2
& =2,
S
&s

3ameyaHue:

-16
-2 - 23
+A, | O +Ay O] + 0 VA Ay, A
0 0
0 1 0

MTOCKOJIBKY CYIIECTBYET CBOOO/a BHIOOpA KaK YaCTHOTO pe-
LIEHUS HEOJHOPOJHOW CUCTEMBI, TaK U JIMHEHHO HE3aBUCHU-
MBIX PEIICHUH OAHOPORHOU, TO ofIiee pelIeHHe HEOTHO-
POJHOM CHCTEMBI MOXKET OBITH 3aIMCAaHO B PA3IMYHBIX, HO,
€CTECTBEHHO, PABHOCHJIBHBIX (hOopMax.
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Masa7

NIUHENHOE NPOCTPAHCTBO

§ 7.1. OnpeneJieHne JUHEHHOT0 MPOCTPAHCTBA

Onpepenenne  MHokecTBO A, cocrosimiee u3 IEMEHTOB X5 )V>Z5---
7.1.1. ISl KOTOPBIX OIpesIesieHa OMepanysi CPABHEHHUS®, Ha3bI-
BAETCS JTUHCIHBIM NPOCMPAHCIEOM, ECITA

1°.  Kaxmoit mape ameMeHTOoB X>) 9TOr0 MHOXECTBA
ITOCTaBIIEH B COOTBETCTBHE TPETHH SIEMEHT STOTrO
K€ MHOXKECTBA, HA3BIBAGMBIA HUX «CYMMOU» W
obosHauaempii Xt ) | Takum 00pa3oM, 4YTO BEI-
IIOJIHEHBI aKCUOMBI
a) X+ y=y + X ;
6) x+(y+z)=(x+y)+z;
B) CYIIECTBYET H)1esoul snemenm O , Ta-
KOM, 4TO I Jroboro x € A mmeer
MecTo X +0 =X ;
T) JUIA KaXI0oro X CyIIeCTBYET npomu-
BONOJIOJICHYIL 2emMenm X , TaKOH,
yro X +X=0 .

$91a omepanus JAacT BO3MOXHOCTb YCTAaHABIHMBAaTh (DaKTHI «PAaBEHCTBA X M J»
(x = y) WIH «HepaBeHCTBa X U V» (x * y) J1s1 0003 mapel ABYX dIeMeH-

TOB MPUHAUICKAIMX MHOXKECTBY A .
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2°.

3°.

3amevyaHusa: 1°.

2°.

Jlns mo6Goro snementa X u mo0o0ro umcna A cy-
LIECTBYET TaKOH MNpHUHAUISKAIMA A  dIeMeHT,
0603HauaeMblii AX ¥ Ha3bIBaEMbI «ipouseede-
HUeM YUcia Ha 91eMeHm», 9TO BBIIOIHEHBI aKCHO-
MBI

a) lx=1x;

6) (Ap)x = A(px).
Juia onepanuii CiI0>KEHUS JJIEMEHTOB U YMHOXKCHMS
OJICMCHTA Ha YHCJIO BBIMOJIHCHBI aKCUOMbBI JUCTPU-
OyTHBHOCTH:

a) A+ p)x =Ax+ux;

6) Mx+y)=Ax+Ay Vx,yeA;un

TS JTFOOBIX YHCET 7\., L.

ITon “gmciaamMu™ B akcHOMax BTOPOH U TpeThei
Tpyln IHOAPa3yMEBAIOTCS JECHCTBUTENIbHBIE WU
KOMILUTEKCHBIE YHCIIa.

[lepBas Tpymma akcHMoM paBHOCWIBHa TpeOoBa-
HUIO, YTOOBI A SBISUTOCH a0EJIeBOil rpyIIToi OT-
HOCHUTEIIFHO OTIEPAITUH CIOKEHUS (M. § 5.6).

Mpumep  JIMHEHHBIM IPOCTPAHCTBOM ABISETCS °:

7.1.1.
1°.
2°.
3°.
4°.

5°.

MHOX€eCTBO BCE€X BEKTOPOB Ha MJIOCKOCTH.
MHO0X€eCTBO BCEX BEKTOPOB B IIPOCTPAHCTBE.
MHoxkecTBO BceX /! -KOMIIOHEHTHBIX CTOJIOLIOB.

MHOXEeCTBO BCEX MHOTOUWICHOB CTCIICHH HE BBIIIC,
qem 1.

MHOKECTBO BCEX MaTpull] pasmepa M XN

o HpeunonaraeTcx, YTO OII€panvu CJIOKEHHUA U YMHOXKCHUSA HAa YUCJIO BBIIIOJIHAIOT -
Cs B COOTBETCTBUU C paHEC NaHHBIMU OIIPEACIICHUSMMU.
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3apava
7.1.1.

3apava
7.1.2.

3apava
7.1.3.

PeweHne.

6°. Cl[a,B] — MHOKecTBO BeeX (yHKIMIA, HEMPEPHIBHBIX

Ha [, B].

7°. MHOXECTBO BCeX PEUICHWH OIHOPOJHOW CHCTEMBI
M JMHEHHBIX ypaBHEHUH ¢ /1 HEW3BECTHBIMH.

HOKa3amb, umo 6 O6W€M cryuae MHoaHcecmeo paduycoe—@ek—
- -

Mopo8 mouex, NpUHaAONeHCawux HiIOCKOCMuU (n,r)=5 He
b

ABNAMCS TUHEUHBIM NPOCMPAHCMEOM. Bulsichumb, npu KaKux

SHauenusx napamempa O OaHHOE MHOJNCECmE0 Oyoem JHuHell-

HbIM NPOCMPAHCMEOM.

1701<a3amb, umo MHoIHcecmeo, cocmosiyee u3 00H020 H)J1e6020
lemernma, AejnAemcs JUHELHbIM npocmpaHcmeom.

Byoem nu nuneiinbilm npocmpancmeom MHONCECHBO 8CeX NONO-
orcumenvuwlx yucen R*?

OTBeT 3aBUCHT OT croco0a BBEICHHS ONEpaIlid CIOXKEHUS H
YMHOXEHHSI Ha YUCJIO 3JIEMEHTOB PacCMaTpPHBAEMOr0 MHOMKE-
CTBa.
1°. IlycTtp omepamuy BBOISATCA “€CTECTBEHHBIM OOpa3oM.
B 3TOM ciiyyae MHOMKECTBO MOJIOKUTEIBHBIX YUCEI HE
00pa3yeT JHHEHHOTO MPOCTPAHCTBA, IOCKOIBKY B HEM
OTCYTCTBYET HYJICBOH AJIEMEHT.

2°. Ecnu ke omnepauuio “ciIoXeHus” OINpeNeluTh Kak
00BIYHOE TMPOU3BEACHUE IBYX YHUCEN, a “yMHOXCHHUE
ugcna A Ha X 7 OIPENEIUTh KaK BO3BEICHHUE MOJIOKH-
TETHHOTO Yncaa X B CTEHEHb A € R :

«cnoxenne X+¥V» = x-y; x>0,y>0 |

«yMHOXeHHE AX» = x*; x>0,

9

TO MHOXECTBO IMOJIOKHUTEIBHBIX YHCENT OYIET SBISTHCS
JIUHEHHBIM MPOCTPAHCTBOM, B KOTOPOM POJIb HYJICBOIO
dJIeMEHTa UrpaeT uucio “1”.
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Teopema JIMHeliHOe MPOCTPAHCTBO HMEET €IMHCTBEHHBLINH HYJIEBOI
7.1.1. 3J1eMEeHT.

[okasaTtenbCcTBO.

ITycTh cymecTBYIOT J1Ba Pa3IMYHBIX HYJEBBIX dJIEMEHTa O] U 0.

Torna, cormacHo akcuome 1°(B) u3 ompenenenus 7.1.1 muHEHHOTO
MIPOCTPAHCTBA, OYIAYT CIIPaBEIJTUBHI paBEHCTBA

OTKyzna B CHIIy aKCHOMBI 1°a) — KOMMYTaTUBHOCTH OIIEPAIlUH CIIO-
JKCHM, ITojTydaeM 01 = 0, .

Teopema gokasaHa.

Teopema I[J'Iﬂ Ka)XKI0ro 3jeMeHTa X JIMHEWHOro NMPOCTPaHCTBA

71.2. umeer mecto pasenctso 0 x =0,

[okasaTtenbCcTBo.

W3 akcnoMaTHKN JIMHEHHOTO IIPOCTPAHCTBA HMEEM
x=lx=(0+D)x=0x+1x=0x+x.

[pubasnss x obeum yacTsm pasenctBa X = 0x + X snement

~ X, IPOTUBOIIOJIOKHBIN dieMeHTy X , moydaeM, uto Ox = 0.

Teopema gokasaHa.

Teopema  JlJist Ka’KI0T0 3JIEMEHTA JUHEHHOI0 MPOCTPAHCTBA cylle-
7.1.3. CTBYeT eIMHCTBEHHBbIN MPOTUBOMOJIOKHBIHA 3JIEMEHT.

[okasaTenbcTBo.
Ilycts juist anemeHTa X CyIIECTBYIOT [Ba PA3JIMYHbIX IIPOTHUBOIIO-
JIOKHBIX dlleMeHTa )| u ), . Torga, cormacno akcuome 1°(r) nu-

HEWHOro  MHpOCTpaHCTBAa, OyAyT  CHpaBEUIUBBl  PAaBEHCTBA
X+)y, =0 uXx+ Yy, =0.IlpubaBum Kk 00euM 4acTsIM IEPBOrO

PaBEHCTBA 3JIEMEHT )5 , IOIyIUM
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Yot (x+y) =y,
B CHJIy acCOLMATUBHOCTH OIEPAIMU CIIOKEHUS W BTOPOTO PABEH-
crBa. Ho, ¢ apyroit cTopoHsl,

Vot (x+y)=, +x)+y =0+y =y,
TO €CTb Yy = ).

Teopema gokasaHa.

Teopema Jas KaxIoro X € A NPOTHBOMOIOKHBIM IJIEMEHTOM

7.1.4. cayxut atement — X =(=1)x.

[oka3aTenbCcTBo.

W3 akcuoMaTHKH JTMHEHHOTO MPOCTPAHCTBA U B CUITy TeopeM 7.1.2—
7.1.3 nmeem

o=0x=(1-Dx=Ix+(-D)x=x+(-1)x.
3T0 paBEHCTBO M 03HAYAET, YTO IPOTHBOIMOJIOKHBIA K X 3JeMEHT
UMEET BU ~ X = (—l)x .

Teopema gokasaHa.

§ 7.2 JluHeliHasi 3aBUCMMOCTb, PA3MEPHOCTH U 0a3uC
B JIMHEHHOM IPOCTPAHCTBE

n
Onpefenenve  1°. BeipaxeHue 27\, ;X; Ha3BIBAETCS JUHEUHOU KOM-
7.21. i=1

Ounayuey SIEMEHTOB X{,X),...,X, JHHEHHOTO
mpoctpaHcTBa A .

2°. DOnemeHthl X|,X5,...,X,  JIMHEHHOrO MpO-
CTPaHCTBa /\ HAa3BIBAIOTCS JUHEUHO 3A6UCUMBIMU,
ECIM CyIECTBYIOT 4Hucia Aj,A,,...,A, , He pas-

HBIC HYIIIO OIHOBPEMEHHO, TaKHue, 9To

n
inx,. =o0.
i=1
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3°. DmemeHTBl X{,X5,...,X,  JHHEWHOTO MpO-

CTpaHCTBa A HAa3bIBAIOTCS JUHEUHO HEe3A8UCUMbL-

n
My, €CIM W3 DPaBEHCTBA Z?\,ixi =0 cuepnyer,
i=1

41O
A =h,=..=%, =0

Nemma Jlisi TOro 4To0bI HEKOTOPOE MHOMKECTBO JJIEMEHTOB JIH-

7.2.1. HEelHOI0 MPOCTPAHCTBA ObLIO JHHEIHO 3aBHCUMbIM, HE00-

X0JAMMO M J0CTATOYHO, YTOObI OJUH W3 ITHX 3JIEMEHTOB
ABJISJICA JIMHEHHOI KOMOMHAIMEel 0CTaIbHbIX.

[okasaTtenbCcTBO.

JlokazaTenbCTBO COBIAAAET C JOKA3aTeabLCTBOM JieMMbI 1.4.1, B KO-
TOPOM CJIOBO “BEKTODP” 3aMEHEHO CJIOBOM ‘‘3JIEMEHT .

Jlemma Ecan HEKOTOPO€ IMOAMHOKECTBO MHOKECTBA 3JEMEHTOB

7.2.2. X,X5,...,X, JHHEHHO 32aBHCHMO, TO JIMHEHHO 3aBHCHUMbI

M CAMH 3JIEMEHTBI X, X5 ,..., X, .

[oka3aTtenbCcTBO.

Be3 orpanndeHuss 0OITHOCTH MOXHO TPEINOI0KNUTE, YTO JTMHEHHO
3aBUCHMOE MOJMHOMKECTBO COCTOMT MX TEPBBIX K < 71 3IEMEHTOB
MHOXeECTBa X|,X5,...,X, . Torga CylmecTByloT He paBHBIE HYIIO
k
OJHOBPEMEHHO 4YHCIa 7»1,7»2,...,7% , Takue, 4To z%ixi =0.
i=1
Ho 310 paBeHCTBO MOXKHO 3a1MCaTh B BUAE
k n
Z?xixl. + ZOxl. =0,
i=1 i=k+1
YTO U JIOKA3bIBA€T JINHEHHYIO 3aBUCMOCTb JIEMEHTOB
X19Xg5eeesX

n-

Jlemma gokasaHa.
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Onpepenexve
7.2.2.

Onpegenexve
7.2.3.

baszucom B TMHEWHOM MPOCTPAHCTBE /A HAa3bIBAETCS JIIO-
0011 yopsJ04eHHbIH HA0Op ero /I 3IeMEeHTOB, eClid
1) 9TH 3JIEMEHTHI JIMHEMHO HE3aBUCUMBIE;
2) nr000e MOJMHOXKECTBO B A, comeprkaiiee
n+1 snemenr, Brirouast o1u 1 dIeMeH-
TOB, TMHENHO 3aBHCHMOE.
JlvHeiiHOe NPOCTPaHCTBO A HasbIBaeTcst 7 -mepHulm U
o0o3HavaeTcst A", eClii B HEM CyIIECTByeT 0a3uc, cocTo-
S U3 1 3neMeHToB. Yucno 7 Ha3bIBAaeTCs pasmepHo-
CMblo JIMHEHHOTO mpocTpaHcTBa A” u 0003Hayaercs

dim(A").

Teopema  JIJIl KasKa0ro 3JeMeHTa JMHEHHOro npocrpancrea A” cy-

7.21. IeCTBYeT eIUMHCTBEHHOE MpeCTaB/IeHHEe B BUAe JIMHeN-
HOM KOMOMHAIIMM 0a3HCHBIX 3JIEMEHTOB.

[oka3aTenbCcTBO.

ITycts

B JMHEHHOM mpocTpaHcTBe A"  3amaHbl  Oazuc

{g1 28258, }m IIPOU3BOJIBHBIN 251eMeHT X . Torga no onpene-

JNiennto 6asuca CHCTEMA SIEMEHTOB {Z(,80 ..., &y, X} NHHEHHO

3aBHCHMA, TO €CTh CYIIECTBYIOT 4HCIA AgyAqsAyyeeey A

. Takue,

n
4TO X0x+z7\,[gi =0, e wncno A, #0 B cuny numeiinoit

i=1

HE3aBHCHUMOCTHU 0a3MCHBIX DJIEMEHTOB. HO3TOMy

A

ng(_k

i)gi

0

" cywjecmeoesarnue pa3jioKCHUA, TAKUM O6p330M, JOKa3aHo.

Tloxaxem TCIICPb eOUHCMBEHHOCb PA3IOKCHUSA. HOHYCTI/IM, qTo
CYHICCTBYIOT IBC PA3JINYHBIC JINHCHHEIC KOM6I/IHaIII/II/I

xzz&ngi u Xzznigi~
i=I i=l
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Tor,ua, BblYUTass OTW PpPaBCHCTBA IMOYWICHHO, II0Jy4Ya€M, 4YTO

n
Z(ﬁl —M,)g; =0, HO 5TO O3HAYAET, YTO B TPEITIONOKEHHH
i1

i‘iz -,

i=1

3aBHCHMA, a 9TO POTHBOPEYHUT OIIPENIeNICHHIO Oa3uca.

#0 cucrema snemento g,85,...,g, mHeiHO

Teopema gokasaHa.

B obmem ciydae mHHEHHOE MPOCTPAHCTBO MOXET HE WMETh Oasmca.
Takum cBoiicTBOM 00JamaeT, HapuMep, TMHEHHOE MPOCTPAHCTBO, COCTOSI-
mee U3 OJHOTO HYyJEBOTO 31eMeHTa. B Tabmuie 7.2.1 mpuBeneHs! mpuMe-
pBI 0a3MCOB B TMHEHHBIX IPOCTPAHCTBAX.

Tabnuma 7.2.1
IIpumepbl 6a3MCOB B JTUHEHHBIX MPOCTPAHCTBAX

JIuHeliHOe mpo- Pa3mep-
p P IIpumep 6a3uca
CTPAHCTBO HOCTh
Mmuoowcecmeo  6cex 2 YnopsiioueHHast apa HEKOJUIMHEApHbBIX
8EKMOpPO8 HA NIOC- BEKTOPOB Ha IUIOCKOCTH.
Kocmu
Mmnoorcecmeo 6cex 3 VYhopsgoueHHas Tpoiika HOPMHUPOBAH-
8EKIMOPOE 8 Npo- HBIX, MOMApHO OPTOTOHAIBHBIX BEKTO-
cmpancmee POB.
Mmuoowcecmeo  6cex n N cTonOIoB BUIA
N -KoMNOHEeHMHbBIX 1 0 0
cmonoyos
; D .
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Mmnoorcecmeo
ecex aneebpau-
YecKux MHO20-
uleHo6 cmenenu

He eblie, 4em
n

Mnooicecmeo
6cex mampuy
pazmepa MXnN

Mnmnoowcecmeso
ecex QyHkyutl,
HenpepuleHbIX

na [a,B]

Mnoorcecmeo

peutenuti 00HO-
POOHOU  cucme-
Mol M quneti-
HBIX YPAGHEHULL
c¢ N neuzeecm-
HbIMU U PAHEOM
OCHOBHOU Mam-

puysl, pagHvIM
r

n+1

n + 1 onHouseH Buaa
P(M)=1P(1)=1
P(0)=1"; P(0)="1";

oo g

P(m=1"P.,()="1"

N -M BCEBO3MOXHBIX PA3IMYHBIX MAaTPHII
pasmepa M X7 | Bce B3JIEMEHTbl KOTOPBIX
PaBHBI HYJIIO, KPOME OJHOTO, paBHOTO 1.

Basuc ne cymectByer'’.

HopmanbHast QyHIaMeHTalbHas —cUCTeMa

peuIeHui.

1B s1oM MMHEIHHOM TIpOCTpaHCTBE (BOMPEKH OMpeeneH o 7.2.2) s J060ro Ha-
TypansHOro /' MOXXHO ITOCTPOUTDH JMHEHHO HEe3aBUCHMBIA HAOOp, COCTOSIIHN 13

n + 1 snementa. Hanpumep, MEOKECTBO (DYHKIHMH BHIA

(L, tt,.., 1}
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§ 7.3. IlonMHOXkeCcTBA JINHEITHOT0 NPOCTPAHCTBA

MNognpocTpaHcTBO

Onpenenexne
7.3.1.

3ameyaHue: U3

Henycroe MHOXecTBO (), 00pa30BaHHOE M3 DIEMEHTOB
JUHEHHOTO TpOCTpaHCTBa A, Ha3bIBaeTCs NOONpPO-
CMpAnCcmeEoM 3TOTO JTMHEHHOTO IPOCTPAHCTBA, €CIN IS

mo6sIx X, € {2 u moboro uucrma A
) x+yeQ,
2) Axe Q.

ompenenenust 7.3.1 cmemyer, uto MHOXKeCTBO () camo

SIBJIIETCS JIMHCHHBIM MMPOCTPAaHCTBOM, MNOCKOJIbKY Jid HETO,
OYCBUHO, BBIITOJIHAKTCA BCC aKCUOMBI onepauuﬁ B JIMHEH-
HOM IIPOCTPAHCTBE.

Mpumep 1°.
7.3.1.
2°.
3°.
40,

MHOXeCTBO PaJiyCOB-BEKTOPOB BCEX TOUEK, JIEKa-
IIMX Ha HEKOTOPOH IUIOCKOCTH, IPOXOAIIEH uepe3 Ha-
4auo KOOPIWHAT, SBIISIETCA IOAIPOCTPAHCTBOM BO
MHOYKECTBE PaJlyCOB-BEKTOPOB BCEX TOUYCK TPEXMEp-
HOT'O T€OMETPUUYECKOTO IPOCTPAHCTBA.

MHOX€ECTBO BCEX MHOTOUWIECHOB CTEIEHH HE BBIIIE,
yeM /1, ecTb NOANPOCTPAHCTBO B JIMHEWHOM MpO-
CTpaHCTBe HempepbIBHBIX Ha [OL,B] dymkrmit.

B mpoctpancTBe 7 -MepHBIX CTOJIOLIOB COBOKYITHOCTB
peleHnii OAHOPOAHON CUCTEMbI JJUHEHHBIX YPaBHEHUHN
¢ " Heu3BECTHBIMHU U C OCHOBHOM MaTpulel paHra V
o0pazyeT MoAIpOCTPaHCTBO pasMepHocTH 11— F .

[oxnpocTpancTBOM JTF000TO JTMHEHHOTO IPOCTPAHCTBA
Oymer:

a)  caMmo JIMHEeHHOE NPOCTPAHCTBO;

6) MHOKECTBO, COCTOALICEC U3 OAHOI'O HYJIEBOT'O
QJICMCHTA.
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Onpepenenve IlycTe maHBI IBa MOAMPOCTPAHCTBA Ql u Q2 JIMHEHHO-

7.3.2.

1°.

2°.

3°.

4°.

ro npoctpanctBa A . Toraa

O6vedunenuem noanpoctpancts €2, n Q, Ha-
3BIBACTCS MHOXKECTBO JJIEMEHTOB X € /A , TakKux,

gro x € () mibo x € Q,. OGbeauHeHNe 10A-

npocrparcte €Yy u €,  obGo3nauaercs

QuQ,.

Iepeceuenuem nopnpoctpancts (2, u €2, Hazbi-
BA€TCS MHOXKECTBO DJIEMEHTOB X € A , puHaie-

xammx (2 n Q, onHospemenHo. [lepeceuenue

noanpocrparcts Q; u ), obGosuauaercs

QNQ,.

Cymmoii momnpocrpancts (2, u (), HasbiBaercs
COBOKYIIHOCTb BCEX OJIEMEHTOB X, + X, € A
npu ycnosuu, uto X, € {2, u X, € (2,. Cymma
noxnpocrpancrs €2, u €, oGosnauaercs

Q,+Q,.

Ipsamoii cymmoii nogmpocrpancte ; u €2, Ha-
3bIBAETCS  COBOKYITHOCTh ~ BCEX  DIIEMEHTOB
X, +Xx, € A npu ycnosun, uro X, €}, wu
x,€Q, u Q NQ, ={o}. Ipsamas cymma
oGosnauaercs Q, @ Q.

Tlokaxure CaMOCTOATEIbHO, UYTO CIIpaBEIJIMBa
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Teopema Kak cymma, Tak M nepecevenue moanpocrpancts (2 u
7.3.1.
()5 B A cyTh TaKKe MOANpPOCTPaHCTBAa B A .
Teopema  PasmepHocTb cymmur nognpocrpancts O, u €2,
7.3.2. paBHa
dim(Q, +Q,) =
=dim(Q,) + dim(Q,) —dim(Q2, N Q2,).
[okasaTenbcTBo.

1°. Oycts  mommpoctpancteo 2 MQ, nMeer  Oazmc

2°.

{g€1,89,»&) } ¥ cooTBeTCTBEHHO pasmepHOCTH K . Jlomon-
HIM 9TOT Gasuc dneMeHTaMu {g1, €5, &)} [0 Oasuca B
Q| u onemenravu {g{,€5,....&,} n0 basuca B ,. B

3TOM ciydae Kaxablii anement X € 2, + €2, moxer 6bITh

Pas3IoKECH MO CUCTEME DJICMCHTOB

{81,825 8k>81:825: 81,881,825 &m ) -

IToxaxkem Teneps, YTO HAOOP JIEMEHTOB

’ ’ ’ " " 4
{gl’gzr'"gk9gl:g29“'9g19glﬂg29"'9gm}
JIMHENHO HE3aBUCUM B A .

PaccMoTprM HEKOTOpPYIO, PaBHYIO HYJIEBOMY 3JIEMEHTY, JIH-
HEHHYI0 KOMOMHAIMIO 3TUX JIEMEHTOB!

/ k m
DNgl+dhg D Melh=0.  (7131)
i=1 =1 p=1

m
~ " "
3aMeTHM, YTO 110 TIOCTPOEHUIO X = ZX &, €Qy,

p=l
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HO, C IpyrO# CTOPOHBI, 3TOT K€ JIEMEHT
14 "

Y —<Z% 2 +Z% £)EQ.

p=l
Or1o0 o3nauaer, uto X € {2, MCD, u, cneoBarenbHO, B paBEHCTBE
(7.3.1) Bce

"

Ai=0,i=[Ll]; A%, =0, p=[lm].
A nockonbky {81,828k ) — 6asuc B O, NQ,, 10 1 Bee
A = 0, ] = [l,k] , U JIMHEHHAs KOMOMHAIMS, CTOSINAS B JIEBOK
yacTu paBeHcTBa (7.3.1), TpuBnaneHas. CieoBaTenbHoO,

{glagb'-"gk’gisgéa'-'ag}’gi:gg"":g;,n}

— JIMHEHHO He3aBHCHMAas CUCTEMA YJIEMEHTOB.

3°. U3 myHkTa 2° ciiemyer, 4To Habop 3JIeMEHTOB
{81,82+:881:825- 815 81> 825+ &m }
sBistercst GasucoM B () + €25 . PasMepHOCTh MOAIPOCTPAaHCTBA
Q) +Q, npu stoM paBHa
dm(Q, +Q,)=l+k+m=(k+D)+(k+m)—k =
= dim(Q,) + dim(Q, ) - dim(Q, N Q).

Teopema gokasaHa.

Cneacteve B cimydae mpsMoi CyMMBI HOANIPOCTPAHCTB
7.3.1.
dim(Q, ® Q,) = dim(Q, ) + dim(Q, )

u ke snement X € (Q, @ Q) npencrasum B Buae

X, + X, Tak, 4uro X| € Ql u Xy € Qz , €OUHCMBEHHLIM

06pa3om, MOCKOJIbKY HabOp JIIEMEHTOB
! ! ! 14 " n
{81,825815815875s 8}

sBJsAeTCs 0a3UCOM B Q1 ® Q2 .
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JInHenHag obonoyka cucTembl SNIEMEHTOB

OnpepeneHne COBOKYIIHOCTh BCEBO3MOJXKHBIX JTHHCHHBIX KOMOWHAITHIA

7.3.3. HEKOTOPOr0 MHO’KECTBA 3JIEMEHTOB {xla-xz)"'bxk} Jn-

HEWHOr0 MpPOCTpaHCTBA A HAa3bIBACTCS JUHEUHOU 000-
JIOYKO1l TOTO MHOXKECTBA M 0003HAYAETCS
L{x,x,,...x,}.

Mpumep MHOX€eCTBO MHOTOWICHOB CTCIICHH HE BEINIE, dem /1,
7.3.2. SIBIIICTCS JIMHEWHOW 000JI0YKoii Habopa OJHOYICHOB

2 N
{1,7,7°,...,7"} B IMHEHHOM IPOCTPAHCTBE HENPEPHIB-

HeIX Ha [0, B] dynkmmii.

[Iycts 3aman HaOOp PIECMEHTOB {xl ,xz,...,xk} e, TTOPOKAAIOIIIX

TUHEHHYI0 000JI0UKY L{xl,xQ,...,xk} , TOraa JIF0OOH 3JIEMEHT DTOH JIHM-
k

HENHOH 000JI04YKH UMeeT BUA, X = Z?uixi U CIIpaBe/INBa
i=1

Teopema  MHOXkeCTBO BCeX 3JIeMEHTOB, NPUHANJIEKAIIMX JTUHEHHOMH

733. oboaouxe L{X|,X,,..,X;}, sBasercn B A mommpo-

CTPAHCTBOM pa3MepHoOcTH M, rae 7 — mMakcMMaJIbHOE
YHCJIO JTUHEHHO He3aBHCHMBbIX 3J1eMEHTOB B Habope

{X15 X0 ey X } o

[lokaszaTtenbCcTBO.

1°.  HenocpencTBeHHOM NMPOBEPKON yOeKaaeMcs, 4TO JJIsi COBOKYII-
k

HOCTH DJIEMEHTOB BHUJa X = 27\, X (B NPEANOI0KCHUH, YTO
i=1

7\’1' — IMPOU3BOJIbHBIC qncna) CIIpaBCUIMBbI BCE AKCHUOMBI U3
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2°.

3°.

ompenenenust 7.1.1, To ectb paccmarpuBaemasl JIMHeWHas 000-
JI0YKa SBJISETCS IMHEWHBIM IPOCTPAHCTBOM.

IMycTs MakcHMabHOE YHCIIO TMHEIHO HE3aBUCHMBIX SIIEMEHTOB
B Habope {X,,X,,...,X,} paBHo m < k. Be3 orpanudenus
OOIIHOCTH MOXHO CUHTATh, YTO 3THMH 3JIEMEHTAMHU SBIISIOTCS

X15X9 .05 X, . Torna

X; :zaﬁxi s J=[m+1Lk]
i=1

1 000¥ AIIEMEHT IMHEHHOW 000I0YKH MOXET OBITh IPEICTaB-
JIeH B BUJI€ IMHEHHONM KOMOMHALIMY JJIEMEHTOB X{, X5 .05 X, .

TMoxkaskeM Teneps, 4To moboii Habop u3 [ ([ > m ) >nemenToB
JAHHOW JIMHEWHOW 000J0YKH OyIeT JTHMHEHHO 3aBHCUMBIM. [IJis

9TOro BhIOEpeM [ 3JIEMEHTOB VisVaseees YV, , TpUHAITICKAITUX
JMHEWHOH O0ONOYKe, ¥ BBIPA3UM HMX 4Yepe3 DJIEMEHTHI

X15XD 5eees Xy , IOTTYUHM

v =3B =1
i=1

[TpupaBHsieM HyJIEBOMY 3JIEMEHTY IIPOU3BOJIBHYIO JIMHEHHYIO
KOMOUHAIIMIO BEIOPAHHOTO HA00pa )i, Vo s--+s V)t

/ / m m l
DYy =D D B = 2 (2 Bk)x, =0
=1 j=1 =l =1 j=l

ITockonbKy 371€MEHTHl X[, X, ,...,X,, JIUHEHHO HE3aBUCHMBI, TO

ko3 unmeHTsl |L; IOIKHBI YIOBIETBOPAThH CIEAYIOLWIEH Of-

HOPOAHOM CHCTEME JIMHENHBIX YpaBHEHUI
!
ZBﬂuj =0, i=[l,m].
j=1

Ilyctb paHr ee OCHOBHOM MaTpULbl paBeH 7 .
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Iockoneky 7 < M, TO 9Ta cucteMa umeert (o Teopeme 6.7.1)

[—r>2l-m>0

JVHEHHO HE3aBUCHMBIX, M CIIEOBATEIBHO, HEH)/IeGblX pellle-
uuii. [lpuHuMas Bo BHUMaHue, uto [ u 1 — He paBHBIE JPYT
JpyTy HaTypajbHBIC YHCIA, TOIyJIacM

I-m=>1,

TO €CTb CYHICCTBYCT HCTPpUBUAJIbHAA JIMHEHHAS KOM6I/IHaI_[I/I$I

3NEMEHTOB )|, V,,..., ¥, , paBHas O .

Teopema gokasaHa.

"MnepnnockocTb

OnpegeneHve MuoxectBo [, 00pa3soBaHHOEe M3 SJIEMEHTOB BHIA

7.34. X+ X,, rie X, ecTb NPOU3BOJIbHBIH (PUKCHPOBAHHBIHA
JJNIEMEHT JIMHEHHOTo mpocTpaHctBa A, a X — mo0Ooi
9JIEMEHT HEKOTOPOro mojmpocTpancTBa () — A, Hasbl-
BACTCS 2unepniockocmvio (WA JUHEUHbIM MHO2000pa3U-
eM) B IMHEHHOM IPOCTpPaHCTBE A .

3ameyvaHus. 1°. B obmeM ciaydae TMOEPIIIOCKOCTh HE SIBISIETCA

MOZTIPOCTPAHCTBOM.

2°. Ecmn dim(Q2) =k, to rosopsr o k -MepHoit ru-
TEPILIOCKOCTH.

Hanpuwmep, obmiee pemeHne COBMECTHOW He0OHOPOOHOU CHCTEMBI ITH-
HEWHBIX ypaBHEHHH ¢ /I HEW3BECTHBIMH SIBILSIETCS THUIIEPILIOCKOCTBIO B JIH-
HEWHOM NPOCTPaHCTBE /! -KOMIIOHEHTHBIX CTOJIOLOB.

3apava
7.3.1.

Tokazame, umo eciu snemenmor X u Y npunaonescam
Hexomopot eunepniockocmu 1", mo et 6yoem npunaone-

alcams u snemenm Z = OX + (1 - oc)y, 20e OL — moboe

quciuo.



Mnasa 7. JIuneiiHoe MPOCTPAHCTBO 251

§ 7.4. Onepauum ¢ 31eMeHTAMH JTHHEHHOT0
NMPOCTPAHCTBA B KOOPAUHATHOM MpPeICTABICHUHN

Onpenenexve  Kooddummentsr &;,E,,...,&, pasnoxenns mo Gasucy

7.4.1. )
X = Z&igi
=

Ha3bIBAIOTCS KOOPOUHAmamy (IR KOMHOHEHMAMU) dIie-

MeHTa X JTMHEHHOro mpocTpaHcTBa A’ B Oasuce

181582580} -

3ameTuM, 4TO B CHIy Teopembl 7.2.1 smemeHT X NHHEHHOTO MpO-
crtpancTtBa A" B 6azuce {gl,g 2,...,gn} OJHO3HAYHO ITpencrasisiercs 1
-KOMITOHEHTHBIM CTOJIOLIOM, Ha3bIBAEMBIM KOOPOUHAMHbIM hpedcmasie-

Huem anemenma X 6 bazuce {gl,gz,...,gn}:

S
&,

¥ =

S,

B A" 6a3zuc MoxeT OBITH BBIOpaH HE €IMHCTBEHHBIM CIIOCOOOM H TIO-
TOMY HEOOXOIUMO YCTAaHOBUTH MPABHUJIO M3MEHEHHs KOOPAMHAT 3JIeMEHTa
JIMHEHHOTO MPOCTpaHCcTBa A" Tpu mepexojae oT ogHoro 6aszmca K JApyro-

My.

1)

Iycts B A” nambl aBa Gasuca: “crapwiii” {g,,&,»---» &, } W “HOBHIA’

! ! ’
{g/,85,--»€)} C COOTBETCTBYIOUIMMH KOOPIMHATHBIMH Pa3JOKEHHSIMH

n n

’ [

aneMeHTa X : X = Z&igl. ux= z&igi .
P P
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[Tyctb, KpoMe TOrO, U3BECTHBI Pa3JIOKEHUS 3JIEMEHTOB “HOBOTO” 6asu-
ca 1o AJIEMEHTaM “‘cTaporo’:

g, = ZGUg[; j=[Ln]. (7.4.1)
i=1

Onpepenenve Marpuia HSH, J-it (Vj=[1,n]) cronben xoropoii

COCTOUT U3 KOdPGULMEHTOB O;; KOOPAMHATHBIX Pa3io-

JKEHUH 3JIEMEHTOB “HOBOro” 0aszmca IO dDJIEeMEHTaM ‘‘CTa-
poOro”, Ha3bIBACTCS Mampuyell nepexooa OT 0Oa3uca

{81,828} xGasucy {81,852, &}

OTMeTHM, 9TO 3TO ONIpeNAeiIeHue SIBISAETCS 0000IIEHIEM OIpeIeICHHS
1.8.2 u uro cnpaBeuIMBa

Teopema  Koopmunatst &,,&,,....,E u &,&),...,E cBazanmi coor-
7.4.1.

n
, .
HOLIEHUSIMHA &,« = ZGijﬁj Vi= [1, n] , Ha3bIBaeMbIMH
J=1

opmynamu nepexooa, rae kodpdpuunentr C; — demMeH-

ThI MATPHUIbI IEPeXoia H S

[oka3aTtenbCcTBO.

B cuny cootHomenwii (7.4.1) 6ynyTt cripaBeIIMBBI PaBEHCTBA

z&igi =x=zé,lig; ZZg/ZGijgi :z(zcii&;)gi
i=1 J=1 J=1 i=1

-1 j=1
n n
!
HITH Z({;; _ch[&j)g[ =0.
-1 =
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Ho ecim nuHelinass koMOMHAUMS IMHEHHO HE3aBUCHMBIX (B JaHHOM
ciydae Oa3uUCHBIX) 3JIEMEHTOB PaBHA HyJIEBOMY JJICMEHTY, TO OHa
TpuBHanbHasA. OTKy/a MOJy4aeM, 4To

& =Yo,L, Vi=[ln]

Teopema gokasaHa.
3aMeTHM, 4TO €CIId CTOJIOCI] IIEMEHTOB “HOBOT0” 0a3uca BhIPAXKAeTCs
4yepe3 CTOJIOEI AIEeMEHTOB “‘CTaporo” TMpy MOMOIIM YMHOXKEHUS ClieBa Ha
T .
TPAHCIIOHUPOBAHHYIO MATPHILY IIEPEX0/1a H S H , TO KOOPJIMHATHBIN CTOJI-

Oerr B “crapom” 0a3suce paBeH NPOM3BEICHHIO MATPHUIBI MEpexoja Ha
KOOpAWHATHBIN cTONOeI B “HOBOM™ 6azuce.

JelicTBUTENBHO, paccMaTpUBasi CTOJIOIIBI H X H g U H X H g B bopmy-

Jax mepexoja Kak 08 XuHOeKcHble MaTPHLIbI, ITOIydacM
n
— 4 ;] —
&1 =2,0,8, Vi=[Ln],
j=1
YTO PABHOCUJIBHO PABEHCTBY H X Hg = H S H H X Hg' (em. § 5.1).

Vcrionp3ysi aHAJIOTWYHBIN [TpUEM, Takke u cooTHommeHus (7.4.1) Mox-
HO 3aIlnucaTh B MATPUYHOM BHJIE

!

41 81

= -lsl |

& &n
I/IHI/IHg{ g . g;zH:Hgl g2 - gnHHSH

B 3aiiroueHne BBIICHMM, Kak OINEpalldd C AJIEMEHTaMH JIMHEHHOro
MPOCTPAHCTBA BHIMOJHSOTCS B KOOPIUHATHOW (opMe.
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n n
[Tycth B KOHKpeTHOM Oasuce X = z&igi uy= znigi , TOrjga B
i=l i=l
CHIIy OmpexaeNneHHs 0a3nuca M aKCHOM JIMHEHHOTO NHPOCTPaHCTBAa OymyT
CIpaBEIMBhLI CICAYIONINE COOTHOICHUS

1°. lns onepauuu CpaBHEHUS: J1BA dJIEMEHTAa B A” paBHBI TOr/a U TOJIBKO

TOorJaa, Koraa Zn:aigi =x=y=i1’]igi ,

i=1 i=1

WU B KOOPAUHATHOH popme X =Y <& Hng = Hy g

2°. Jlng omepanuu cioxeHus: X + ) = z (é, + ni)gl- ,
i=1

Sl

WM B KOOPAUHATHOM opme H Xty

3°. Jlns onepanuy yMHOXKEHHUS HA YUCIIO:

n

m:xi&,.g,. =Y (A&)g,.

i=1

WM B KOOpAUHATHOU (hopme H Ax Hg = 7MH X Hg .

OTKyna clemyeT, 4TO 31eMeHmbl KOHEYHOMEPHO20 JUHENH020 Npo-
CMPAanHcmea He MoabKo MO2Ym npedcmasisimvcs mampuyamu (cmoabya-
MU), HO U NPABUA BbINOTHEHUS ONEPAYULL C IMUMU INEMEHMAMU COBNANA-
1om ¢ onpeodeneHuem cOOmeemcmayIouux MampuyHslx onepayuil.

§ 7.5. U3omop¢pu3m JiMHEHBIX IPOCTPAHCTB

PaccMOTpHM JBa IMHEHHBIX TIPOCTPAHCTBA: MHOKECTBO MHOTOUJIECHOB
P, (t) crenenu He Bble, 4eM 2, 1 MHOXECTBO BEKTOPOB TPEXMEPHOIO

reOMETPHYECKOTO MMPOCTPAHCTBA.
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Omnepanuu CI0KEHHUsI MHOTOWICHOB ¥ MX YMHOXCHHUS HA YHCIIO BBITJIS-
JIAT CIEAYIOUTUM 00pa3oM:

(&, +E.>21+é3‘52)+(n1 +ﬂzT+n3T2) =
=&, tm)+ (&, +ny)t+ (&4 +113)T2,
ME +E,T+E,T) = (Mg + (A&, T+ (AE;)T .

Te ke omepanuu ¢ TPEXMEPHBIMU BEKTOpPaMH B KOOPAWHATHOH (opme B
CBOIO OYepe/ib 3aMUChIBAIOTCS TaK:

& m & +m, & AE,
E;z +| N, = E:z +N,| s A &2 = }"éz
& HE & +m;y & AE,

CorocTaBisisi 3TH 3alrCu, MOXKHO 3aKJIFOUHUTh, YTO MNPHUPOJa JAHHBIX
MHOECTB HE UT'PACT POJIM, KOTrJa UCCICAYIOTCA UX XapaKTEPUCTUKHU, CBS-
3aHHBIC TOJIBKO C onepanusiMn CpaBHCHUA, CIIOKCHUA WU YMHOKCHUS Ha
YHCJIO0.

OTMe4YeHHOE CBOMCTBO JIMHEHHBIX MMPOCTPAHCTB HOCHT HA3BaHHE U30-
mopguzma. Boiee TOYHO €ro OMUCHIBACT

Onpenenexve  Jlpa iuHeiiHbIx npoctpanctsa A, m A, HasbiBarotes

vt U30MOpP@hHbBIMU, €CITU CYIIECTBYET B3aMMHO OJHO3HAYHOE

orobpaxenne f: A; —> A,, rtakoe, uro min VA u
Vx,y e,

1°. I:“(x+y):ﬁx+ﬁy;

2°. F(Ax)=M\Ex.
OTtobOpaxeHue ﬁ' Ha3BIBACTCS U30MOPDUIMOM JTTHHEH-

HbIX npoctpancts A, u A, .

HaHOMHI/IM, 4qTo 0T06pa)KCHI/Ie F SIBIIIETCS 63AUMHO OOHO3HAYHBIM

(6uexmusnbim), eciu pasHble o1eMeHTb U3 A umeror B A, pasHble 00-
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06pasbl (unvekmusnocme [ ), a Kaxabli onement us A, sBisercs 06-

A
Pa3oM HEKOTOPOTO 3JIEMCHTA U3 Al (c;opbekmueﬂocmb F )

Teopema 7.5.1 JIBa JTuHeHHbIX KOHEYHOMEPHBIX NpocTpaHcTBa A 1

(06 nsomopdus-

me).

" A2 HM30MOP(HBI TOrIa U TOJAbKO TOIAa, KOrIa UX

Pa3MepPHOCTH PABHBI.

[lokaszaTtenbCcTBO.

1°.

2°.

Mycts dim(A,) = dim(A ,) . [pusumas 3a uzomMopdu3sm 0T06-
pakeHHe, IIPU KOTOPOM KaXKIOMy 3JIeMeHTy X € A, craBuTcs B

COOTBETCTBHUC DJICMCHT M3 A2 . HMCIOIINI T€ K€ CaMble Koopau-

HaTBl, ¥ MCIIOJIb3YS MPaBHJIa OMEPAIHid C DIIEMEHTAMH B KOOP/IH-
HATHOM IIPEICTaBICHUH, IPUXOINUM K 3aKIIIOYeHUI0 00 m3oMopd-

HOCTH JIMHEeHHBIX npoctpancts A, u A, .

Jlomyctum Teneps, uro # = dim(A ) > dim(A,) = m , a npo-
crpanctea A, u A, wusomopdubl. Bossmem B A, HexoTopyro
JIMHEHHYI0 KOMOMHAIMIO /1 JTMHEHHO HE3aBHUCHMBIX 3JIEMEHTOB,

PaBHYIO HYJIEBOMY JJIEMEHTY. DTa JIMHEHHass KOMOMHaIMs 00513a-
Ha OBITh TPUBUATBHOM.

B npocrpanctee A, 9ta xe nuHeiHas KOMOUHALMS 00pA306 Bbl-

OpaHHBIX AJIEMEHTOB OYAET TAaKXK€ PaBHSITHCS HYJIEBOMY JJIEMEH-
Ty, IIOCKOJIBKY B CHIy ompesaeneHust 7.5.1 HyJIeBoW 3J1€MEHT mepe-
XOAUT B HYJEBOH 3seMeHT. IIpu 3ToM 00pa3bl BEIOpaHHBIX 3J1e-

MEHTOB 00513aHbI ObITh B A, JHHEHHO 3aBUCHMBIMH (IIOCKOJIBKY
MBI [IPEANONIOKUIH, 94TO 71 > M) 1, ClIe0BaTEbHO, PACCMATPH-
BaeMasi JIMHelHHass KOMOMHAIMS MOXKET OBbITh HeTpuBHAIIBHOIL. [To-

JIy4E€HHOE TPOTHBOPEUYHE TMOKA3BIBAET OMMOOUYHOCTH MPEIOIIO-
JKEHHS 0 TOM, uTto 1 > Nl

AHaJIOTHYHBIE PACCY)KACHHUS B IIPEATNOIOKEHUH, 9Tto 1 < 1M, Tak-
JK€ IMIPUBOJAT K IPOTUBOPEYHIO, U CIIENOBATENBHO /1 = M .

Teopema gokasaHa.
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Mpumep  H30Mmopusm 0OHOMEPHBIX NPOCMPAHCIE BEUWECMEEHHbIX Yil-
7.1.2. cen R u ecex nonosxcumenvnvix uucen R* (c onepayusmu,
onpedenieHHbiMU 8 ycaosuu 3a0ayu 7.1.3) 3a0aemcs npu nomo-

wu hyHKyuLl
x=In(y) u y=e’;xeR;yeR"

O4eBUAHBIM CIICICTBHEM TEOpPEeMBI 7.5.1 sBisercs n3oMopdusm Jrooo-
r'0 JTUHEHHOTO 7 -MEepHOTO MPOCTpaHCTBa A” W JMHEHHOTO MPOCTPAHCTBA
N -KOMITOHEHTHBIX CTOJIOIIOB, MO3BOJIIOMINI YOEAUTHCS B CIHpPABEIIIHBO-
CTHU CBOWCTB CTOJIOIIOB, YCTAHOBJICHHBIX B §§ 6.5—6.7 myist kaxxaoro A”.

JelicTBUTENHEHO, UMEET MECTO

Teopema MaKcHMaIbHOE YHCJIO0 JTHHEHHO HE3ABHCHMBIX 3JIEMEHTOB
7.5.2. B J1II000M KOHEYHOM Halope 3JIeMEHTOB U3 A" paBHO paH-

Iy MaTpulbl, CTOJ0UbI KOTOPOH COAep:KAT KOOPIAMHATHI
3J1eMEeHTOB JaHHOT0 Ha0opa B HEKOTOPOM 0a3muce.

[lokasaTenbCcTBO.

Crnenyer u3 m30MOP(GHOCTH JHHEHHOTO MPOCTpPaHCTBA A" W IH-

HEWHOro IPOCTPaHCTBA BceX /! -KOMITOHEHTHBIX CTOJIOLIOB, a TaKKe
3 TeopeMsl 6.5.3 (o panee mampuyot).

CreacTeue k onemenToB B A" NMHEHHO 32aBHCHMBI TOTAA H TOJIb-

7.5.1. KO TOrJa, KOra paHr MaTpulbl, CTOJ0LBI KOTOPOii CO-
JepPKAT KOOPAUHATHI ITHX JIEMEHTOB B HEKOTOPOM 0a-

3mce, MenbIe, yem Min{n, k} .

Crnegcteve  MarTpuua nepexoia HeBbIPOKAEHHAs!, TO eCTh

752 dot| 5] % 0.

[lokasaTenbCTBo.
Ipenmonoxum mpotusHoe, det H S H =(, Torma rg” S H <n u

CTONOLBI MAaTPHIIBI Mepexoa JUHEWHO 3aBHCHUMEIE.
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! ! ’
Ho rtorma Oyayr 3aBUCUMBIMU U JIIEMEHTBl £, &5,.--» &, , UTO

’ ! !
IPOTHBOPEUHT YCIIOBHIO O TOM, UT0 {Q|, & ,---, &, } — Gasuc.
Cnepctaue gokasaHo.

OTMeTHM TaKke, 4To (paKT PaBEHCTBA WJIM HEPABEHCTBA JBYX 3JICMCH-
TOB B KOOPIMHATHOH (pOopMe MOXKHO TIPOBEPSATH B TFOOOM Oa3uce, MOCKOIb-

Ky B CUJIy HEBBIPOKIECHHOCTH MaTpPUIb ” S ” OKa3bIBAIOTCS CIIPABEIIM-
BBIMH COOTHOLIEHHUS

lxle=lyle = [Sllxle=Isliyle o Ixle=lx],

Cnenctene  CymiecTByeT MaTpHua H T H = H S H_l , 00paTHas MaTpH-
7.5.3.

, Ha3pIBaeMasi 0Opammuol mampuyeti

e mepexona H S

nepexooa.

HHH O6paTHOﬁ MaTpulbl IEpexoaa CripaBeaJIMBbl COOTHOILICHUA

!

& &
!
& =HTHT £ 1 Hx‘g, = H THHng,cne,uonmHe W3 PaBEHCTB
g, g,
lel &2 o el=la g o gllS] 5l =180,

u Teopemsl 7.4.1. Kpome Toro, ouesnzano, uro det H S H -det H TH =1.

ycts B A" 3anas 6asuc {g;,&,s---»&, }» B KOTOPOM KOOPIMHATHOE

n
[IPE/ICTaBJICHHUE DJIEMEHTOB MPEJCTaBIsIeTCS B BUie X = z& ;&; . Torma
i=1
HMEET MECTO
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Cneacteve  Kasnas o0nopoonas nuueiinas cucremMa /7 jJMHEHHBIX
7.54. ypaBHeHHii ¢ 7 HeM3BeCTHBIMU

Za’jiéi =0, j=[1,m]
i=1

onpeseJisieT HeKOTopoe moampocrpancTeo () B A”.

[okasaTenbCcTBO.

Crenyet u3 Toro ¢akra, 4To JAHHOE MOJIPOCTPAHCTBO () B CHITY
TeopeMbl 6.7.2 sBIAETCS JIMHEHHOI 000J04K0i HOpMaNbHON (YH-
JIAMEHTAJIbHOW CUCTEMBI PELICHUM CUCTEMBI JIMHEHHBIX YPaBHEHUN

Zotjl.&l. =0, j=[l,m], a A" usomopduo nuueitnomy mpo-
i=1

CTpaHCTBY 71 -KOMITOHEHTHBIX CTOJ'IGIIOB

& & g,

i

Taxum 00pa3oM, Kax10e TOAIPOCTPAHCTBO B A" MOXKET OBITh 3a1aHO

100 OHOPOJHOM CHCTEMOMW JIMHEWHBIX ypaBHEHMH, OO Kak JIMHEHHAs
o0oJ10uka 0a3uca MOANPOCTPAHCTBA — (DYHIAMEHTAIBHON CUCTEMBI ee pe-
LIECHUH.

Taxoke CIIpaBCAJIMBO

Cnegcteve  Kaxknas coBMeCTHasi HeOOHOPOOHaA JMHEHHasi cUCTeMa
7.5.5. M JuHeHHBbIX ypaBHeHHH ¢ /1 HeU3BeCTHBIMH

iajiéi :Bj , J =[Lm]

ompe/eisieT HEKOTOPYIO FHIEPILIOCKOCTE [ B A7,

[oka3aTenbCcTBO.

AHAJIOTHYHO PacCYXJICHUSM, IPUBEICHHBIM IS CleACTBUS 7.5.4.
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3apava IIpogepumsb, umo snemenmol £, £,, &3 o0bpazyrom basuc &

7.5.1.

A> u naiimu xoopounammnoe npedcmasnenue snemenma X 6

amom basuce, eciu 8 HEKOMOPOM UCXOOHOM basuce:

1 1 2

[xl=|3] - led=]1}. [&: =] 1]} vl ]=| 0] -

1 1 0

Pelwenre. 1°  JIng toro utoOsl u3 dmeMeHTOB £, &5, &3 MOXKHO

Ob110 OoOpasoBath B A° 6asuc, HEOOXOAUMO U J0CTa-

TOYHO (ompeneneHue 7.2.2), 9TOOBI AT SIIEMEHTHI OBLTH
JnuHeHo He3aBucuMbiMU. [lo crnencturo 7.5.1 ganHoe

ycioBue B A° paBHOCHIIBHO HEPABEHCTBY

1 23
rg|ll 1 0)=3,
1 0 1

KOTOPOC BLINTOJIHACTCS, [IOCKOJIBKY

1 23
det|1 1 0|=—4=0.
1 0 1

2°. O003HAa4YMM HCKOMBIE KOOPIMHATHI dJIeMeHTa X dYepes

€,6,,6;. Torma x=8,g,+&,8, +&;¢;, wm B

KOOpAuHATHOH (opme

1 1 2 3
31=E,1|+&,|1|+&;|0
1 1 0 1
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3apava
7.5.2.

3°.

Hcnonb30BaB ycaoBUE PAaBEHCTBA JBYX 3JEMEHTOB B
KOOpAMHATHOW (hopMe, MOIYYUM CHCTEMY JHHEHHBIX
YpaBHEHUH

&+ 28, + 3&-3 =1,
&+ &, =3,
&1 + &,-3 =1,

pemmB KOTOpyro (Hampumep, mo npasuny Kpamepa —
Teopema 6.4.1 wim memooom aycca — § 6.8), momryanm

€ =2,8,=1E&;, =-1. Orxyna crenyer, uro sre-
MeHT X B Gasuce { g, £,, &5}, UIMEET KOOPAHHATHOE
IIPE/ICTaBICHHE
2
xl, =
g
-1

Haiimu mampuyy nepexoda om 6azuca 6 A>, 06pazo8anno2o

! ! ! " 14 "
/1lemMenmamu {gl » 82 g3}, K 6asucy {gl &9, g3}, ecau 6
HEKOMopoM UCXo0HoOM basuce:

1 2 3 7
lei =111 les|=]1]- lesl=]of . [&il=]3].
1 0 1 3
16 22
(&= 5] u]es|=
6
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PelweHne.

1°.

[ycTh H x” , H x'|| u H x" || obo3HayarOT KOOpAUHAT-

HBIE CTOJIOLBI AJIEMEHTa X B Tpex Oa3ucax: MCXOTHOM,

! ’ ’ n n "
uigi, 85,85} 181>85,85} coorsercrsento. To-

raa (mo ompeneneuuio 7.4.2 u B cuity Teopemsl 7.4.1)
HMEIOT MECTO PaBEHCTBA

[el=l Gl o =71

I7le MaTpHIBI H G H u H F H COCTaBJIEHBI U3 KOOpPIH-

>

HATHBIX CTOJIOIIOB GA3MCHBIX dJIEMEHTOB {Z1, &5, &5}

" n n
u {g, g5, 83}, 10 ecth

1 2 3 7 16 22
IG|H1 1 ofu|F|H3 5 7
1 0 1 39 8

O06o3HaYNM Yepe3 H S H MaTpHIly Iepexona ot Oasmca

{81, 82,83} x Gasucy {g[’, g5, g4}, i xoropoii
=[Sl Ho ws yenommit | x| =] G | x

E
MR pe——
-1
MEENETE

HOCKOJIBKY MaTpHua H G

>

> OYCBHUJIHO, HEBBIPOKICH-

Hasd.

-1
Torma || S [l [ =[G [ £[] "] s mosoro

, @ 3TO B CHIIy JeMMbI 5.1.2 o3Hauvaer,

SJIEMEHTA H x"

YTO UCKOMad MaTpulla rnepexoaa

Isl=lel™1#]-
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2°.  TlomcuutaB nMpou3BeACHUE
1 2 3|7 16 22
L 1rof| |3 5 7}
1 0 1 39 8

HCTIONB3Ysl, HAIPUMEpP, CXEMY, OMMCaHHYIO B § 6.8, mis

o -1
BEIpaKCHUH BUAA H G ‘ H F H , TIOITy9JaeM
2 3 4
Is|=[1 2 3
1 3 4
3ap'a'~|a B ﬂuHeﬁHO.M npocmpchmee MHO2OYJ/IEHOB8 CMeEeneHu He e8blule,
7.5.3. uyem 3, Haumu 0a3uc U PazMepHOCMb nepeceyeHusi 08yx Ju-

HelHbIX 000/10YeK INeMEHMOE.
x ()= 1+21 +1° +37°,
x,(1) =—1+8t— 61" +51°,
x,(t)= 10t—51% +87°

y(t)=1+4t —1° +57°,
u y,(1)=3-21+61% +37°,
y, (1) =4+2t+51° +87°.

Pewenne. 1°. TIlo Teopeme 7.4.1 Kakmas W3 JTWHEHHBIX 0OOJIOUEK SIB-
nsietcst moanpocTpancTBoM. [lepBoe W3 HUX Hl 00-
Pa30BaHO 2IEMEHTAMH BH/IA
X=Mx +A,x, + A5,
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a BTOpo¢C H2 — COOTBCTCTBCHHO 3JICMCHTaAMH

Y=yt LY, LY.

CocTaBUM OJHOPOJIHBIC CHCTEMbI JIMHEHHBIX YpaBHEHHH,
3a[alouX 3Ty noanpoctpancTea'’ (cMm. ciegcTeue 7.5.4).
[TycTh Kaxknoe U3 ypaBHEHHUM 3TUX CUCTEM UMEET BUJ

3
H ocloczoc30c4H = =0.

&5
S

Torza, Bocrosb30BaBIIChH u3omophusmom mesxay L1, u
MIPOCTPAHCTBOM YETHIPEXKOMITOHEHTHBIX CTOJIOIIOB BUIA

, 1 -1 0
2 8 10

52 =& |+, + A, ,

£, 1 —6 -5

£, 3 5 8

rae Kl A 25 K3 — JIO0BIE YUCIIA, TPUXOIUM K YCIIOBHIO

3
o000t ] 2] =

&s
S

1 -1 0
:H(11(x2(x3a4H(7u1 2 +A, 8 + A, 10 )=0,

1 -6 -5

3 5 8

" JTnst sT0#t mems MoHO Takyke MCToNb30BaTh Teopemy 6.6.1 (Kporexepa-Kamen-
m). Cm. pemenue 3anaun 8.4.1 (myHKT 2°).
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KOTOpOE Gy/eT BBIMOTHATHCA MPH JMOGBIX Aq, Ay, Ay,
ecnu yucna O, 0, ,0;, 0, 00pa3yloT pelleHue cie-
JIyIOILEN CUCTEMbI IMHEHHBIX YpaBHEHU:
o, +2a, +o;+3a, =0,
—oy +8a, =605 +50, =0,
10a, =505 +8a, = 0.

PewmuB 3Ty cucreMy, Harpumep, IO CXEME, OIIMCAHHOM B
§ 6.8, momydnM of1Iee pemieHre B BUIE

o, -4 -7
o, 1 -4
=K, +K, ; VK, K,
o, 2 0
o, 0 5

OTKyJa 3aKJII0OYaeM, UTO CYLIECTBYET /1Ba HE3aBHCUMBIX
Habopa HMCKOMBIX umcen O ,0l,,0l;,0,, u,creno-
BaTEJIbHO, OJHOPOJHAsL CUCTEMA JIMHEHHBIX YPABHEHUH,

3aJaromias rmoArnpoCTpPaHCTBO Hl HUMEECT BU]
- 42’;] +&2 +2&3 = 0’
-7&, —4&, +5&,=0.

AHAJOTMYHO CTPOUM OJHOPOJHYIO CHUCTEMY JIMHEHHBIX
YpaBHEHUH, 33]IaF0IIYI0 H2 :

—22&, +9¢, +14¢, =0,
-11&, - 6¢&, +78,=0.

Haxkosern, noampocTpaHCTBO Hl NI1 o Oyzmer 3ana-
BaTbCSA CUCTEMOM
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—-4&, +&,+2¢E, =0,
-7&, —4&, +5¢,=0,
— 228,498, +14&, =0,
—-11g, - 68, +78,=0,
00l1Iee pELIeHNE KOTOPOH €CTh
& 2
‘iz _ -6
£, =06, 71’
‘t:4 -2
U,  CIeNOBaTeNbHO,  HJd I, NII,

HUMEEM

dim( IT, N"II,) =1 u Gasuc, cocrosmmii n3 ogHoro

2
-6

QJICMCHTA 7

-2
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MaBa 8U
JIMHEWHbBIE 3ABUCUMOCTHU
B IMHEMHOM NMPOCTPAHCTBE

§ 8.1. JIuneiinble onepaTopsbl

Onpegenenve Ilycts kaxmoMy sneMeHTY X JIMHEWHOIO MPOCTPAHCTBA
8.1.1. /A TOCTaBlIeH B COOTBETCTBUC CAMHCTBEHHBIH SIIEMEHT

Y nmmHeitHOrO TMpocTpaHcTBa A*. Torza roBOpAT, Y4TO B
A\ 3aman onepamop, nedcTByIOUMA B A W MMEFOIIHIA
3HaUeHHs B A, JeHCTBHE KOTOPOTo 0003HAYaeTCs Kak
y=Ax.
[Ipu oToM 3eMeHT .V Ha3bIBACTCS 06pA30M dAeMeHma
X, asneMeHT X — npoobpazom snemenma Y .
Kak u B § 5.2, omepaTopbl MOIPa3eNAIOTCS HA 0mMobpasicerus, eCiu
A & A\ > ¥ npeobpazosanus, eClu A* — A . B nanbHeiimem, 3a HCKIo-

YeHHeM 0c000 OTrOBOPEHHBIX CIIy4aeB, OydeT NPEAIoNararbCs, 4TO M3
KOHTEKCTA SICHO, U/IET JIN Pedb 00 0TOOpakeHIH WIIH O TIPe0oOpa3oBaHHM.

Onpepenenne  Oneparop y= AXx Ha3BIBAETCS JUHEUHbIM, €CIH IS
8.1.2.
mobx X, X,,X, OA u moboro uncia A uMeroT Mecto

PpaBCHCTBa
1°. zzl(x1 +Xx,) = 21)(1 + zglxz H
2°. A(hx)=AAx.
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Mpumep
8.1.1.

3apava
8.1.1.

3apava
8.1.2.

Pewe-
Hue.

1°. B mpocTpaHCTBe 2-MEpHBIX BEKTOPOB JIMHEHHBIM OmepaTo-
POM SIBIISETCSI IPABUIIO

M| _ |9 4 g,

b
P a, a,| &,

1
CBSI3BIBAIOIIEE BEKTOP-TIpoobpas X = C BEKTOPOM-00-
2
N
pasoMm ) =
N,

2°. B mpocrpancTBe OeckoHeyHO AHDhepeHIpyeMbIX (yHK-
LU JIMHEHHBIM OIEPaToOpoM sBisLeTCs omepanus audde-
PEHLMPOBAHUS, CTaBAllas B COOTBETCTBHE KaXIOMY O3Jie-
MEHTY 3TOTO IIPOCTPAHCTBA €r0 IPOU3BOJHYIO (PYHKIHIO.

3°. B mpocrpancTBe HenpepsiBHbIX Gyukimi f (T) nuHeitnbM

OIIEPaTOPOM SIBIISIETCS OTIEPALHSI YMHOXECHHUS HENPEPBIBHOM
(hyHKIIMM Ha HE3aBHCHUMYIO IIepeMeHHy0 T .

Hokazams, yumo onepamopul 8 npumepax 1°, 2° u 3° asnaromesa
JIUHENHBIMU.

Hensemcesi 1y TUHENHLIM Onepamop 121 , CMAasAWuUll Kaxcoomy
onemenmy X € A 6 coomeemcmeue Gurcuposantuiil diemeHm
aelA?
Ecnu snement d =0 , 10 1?1 — JIUHEWHbIN oneparop. [eicTBu-
TCIBHO, €CIIU 121 JINHEWHBIH, TO, C OJTHON CTOPOHBI,

A(ha +pa) = Ma +pda = ha +pa = (A + pa,
HO, C Ipyro#,

Vhu:Aha+pa)=a = a=A+pa = a=o.
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§ 8.2. JlelicTBus ¢ TMHEHHBIMH ONIEPATOPAMH

Onpepenevne JIMHCHHBIC OmepaTopsl 4 ¥ [ Ha3bIBAIOTCS pPasHbIMU

8.2.1. (aro 0603HAYACTCS KaK { — J3 ), eciu

VxeA: Ax=Bx.
Cymmoti TMHEWHBIX ONEpPaTOpOB ;1 u é Ha3bIBAETCS

omepatop (', 0003HaUaeMblii 4 4 B, CTaBANIMI KaXk10-
My 3JIEMEHTy X JMHEHHOro IPOCTpaHCTBa / B COOTBET-

CTBUE SEMEHT Jx + By -

Nemma CyMMa JIBYX JIMHEHHBIX ONEPATOPOB SIBJISIETCS JIMHEHHbIM
8.21. 0mepaTopoM.
[okasaTenbcTBo.

Iycrs X, YOA u A ; M —uucna,a (= 4 + B ,Torma
CAx+py)=AAx+ uy)+ B(Ax+ uy) =
=AAx+ pu Ay +ABx+ uBy =
= A(Ax+Bx)+ u(Ay+By) =
=AMA+B)x+u(A+B)y=21Cx+ uCy.

Jlemma gokasaHa.

Onpenenexve 11ynesbim onepaTopoM () Ha3bIBACTCS OIEPATOp, CTaBs-

8.2.2. U KOKIOMY JIEMEHTY X JIMHSHHOTO MPOCTpaHcTBa A
B COOTBETCTBHE HYJIEBOW JIEMEHT 3TOTO JIMHEHHOIO Mpo-
CTpaHCTBA.

Onpenenenve Onepamopom, npomusononodicHvim onepamopy A, Ha-
8.2.3. 3p16aEMCS ONnepamop, 0bosHauaeMblil — 4, CMAGAWUIL
Kaocoomy X olemenmy AuHelno2o npocmpancmea N\ 6

coomeemcmeue snemenm — (AXx).
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W3 pemenust 3anaun 8.1.2 crnenyer, 4To HyJI€BOW onepaTop JIMHEHHBIN.
[MokakxuTe caMOCTOSITENILHO, YTO OINEPaToOp MPOTHUBOIOJIOKHBIA JIHOOOMY
JIMHEMHOMY OIlepaTopy TaKKe JIMHEUHBII.

Nemma Jns 1100bIX JTHHEHHBIX 0NEePaTOPOB 21 R fg u é‘ BBINOJI-
8.2.2. HSIIOTCS COOTHOLUEHHUS
A+B=B+4;
(A+B)+C=A+B+C);
A+0=4; A+(-A)=0

[oka3aTtenbCcTBO.

CHpaBeﬂHHBOCTb YTBCPKACHUA JICMMbI HCTIOCPEACTBEHHO BbITC-

kaer u3 ompeneneanid 8.2.1 — 8.2.3 M aKCMOMATHUKH JIMHEHHOTO
MIPOCTPAHCTBA.

Onpenenenne 1Ipoussedenuem dncna A Ha JIMHEHHBIH orlepaTop /4 Ha-

8.24. 3BIBACTCS OTIEpaTop, 0003HAYACMBIH ), 4 , CTaBSIIHIA KaX-

JIOMY 3JIEMEHTY X JIMHEHHOTO MPOCTPaHCTBA A B COOT-

Bercere yement A(AX) .

Nemma IIpoun3Benenue 4mc/a Ha JMHEHHBbI omlepaTop fABJSETCS
8.2.3. JIMHEHHBIM ONEPATOPOM, /I KOTOPOr0 BBLINOJIHSAIOTCS CO-
OTHOLICHHA

aBA)=(p)A; 14=4;

(o+P)A =ad+BA;

a(A+B)y=0Ad+abB.
[lokasaTtenbCcTBO.

YTBep:KIeHHEe JIeMMBI MTPOBEpseTCs HenocpeacTBeHHo. Hampumep,
JUTSL TPETHETO PaBEHCTBA HMEEM

VxeA: (a+P)Ax =
= A((o.+B)x) = A(ox + Bx) = oudx + BAx .



Maga 8. JInHeliHbIe 3aBUCHMOCTH B JIHHeiiHOM nmpocTpancTee 271

Teopema MHo:xecTBO BeeX JMHEHHbIX onepatropos, I[eﬁCTBleHlPlX B

8.2.1. JIMHEHHOM NPOCTpPaHCTBe A , ABJSETCH JHHEHHBIM MPO-
CTPAHCTBOM.
[okasaTernbCTBO.

Cnenyer u3 onpenenenuit 7.1.1, 8.2.1-8.2.4 u nemm 8.2.1, 8.2.2.

Onpeaenenve 1Ipousséedenuem IMHCHHBIX ONICPATOPOB 4 M [ Ha3biBa-

8.2.5.

etcst omeparop, oGo3Hauaembiii A B , crapsmmii kaxmomy
3IeMEeHTy X JMHEWHOTo NpOCTPaHCTBA /A B COOTBET-

CTBHE DJIEMEHT 121( Z}x) .

Teopema IIpousBeneHue JIMHEHHBIX ONEPATOPOB SIBJIAETCSH JIMHEH-

8.2.2. HBIM OIIEPATOPOM, IS KOTOPOr0 CHPaBeAJIHBHI COOTHO-
IICHHSA
A(BC)=(AB)C ; A(B+C)=AB+ AC;
(A+B)C=AC+BC.
[okasaTtenbcTBo.

JlokaxeM BHaJaje JIMHEHHOCTh MPOU3BEICHHS TUHENHBIX OepaTo-
po. JleficTeuTenbHo, VX, Y € A u mo6six uncen O, 3

AB (ox+By) = A(B(ax+By)) = A(aBx+BBy) =
= a A(Bx)+BA(By) = a(AB)x +B(AB)y.

IIpoBepuM Temepsr codeTaTeNbHBIN 3aKOH Ul MPOU3BEACHUS JIU-
HENHBbIX oneparopos. meem

(A(BC))x = A(BCx) = A(B(Cx))
HO, C JPYroil CTOpPOHBI,

((AB)C)x = AB(Cx) = A(B(Cx)),
yTO U Tpe60BaJ’IOCL I10Ka3aThb. OCTEU'H:HI)IG YTBEPKACHUSA TCOPEMbI
MPOBEPAIOTC aHAJIOTUYHO.

Teopema gokasaHa.
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3ameuaHue: B o0IIeM ciiydae MPOM3BEICHHUE JIMHEHHBIX ONEPaTOPOB HE
obnanaer nepecmanosoyHviM ceolicmeom (WK, UHAUYE TO-
BODSI, ONEPamopsi He KOMMYMUpyion), T0 €CTh
AB#BA.
Onpepenenne Omnepatop A B— B A Ha3sBaeICI KOMMYMamopom

8.2.6. A oA
OIIEpaToOpOB 4 U B .

KoMMyTaTop KOMMYTHPYIOIINX ONEPATOPOB €CTh H)/1€0l ONEpaTop.

3agava B nuneiinom npocmpancmee ancebpauieckux MHO204IEHOS8
8.2.1. n
k .
P (1)= E O, T Halimu KomMmymamop Ojis ONepamopos:
k=0
~
A, cmasawezo 6 coomeemcmeue MHO20UNEHY €20 NPOU3s-
B00HYI0 DYHKYUIO, U B — ONepamopa YMHOMCeHUs MHO20-

YJleHAa HA He3aB8UCUMYIO NEPEMEHHYIO.

PeLuehue. [MocTpoum onepaTop AB-BA. Hoist ro6oro £ MMEEM
AP (T):ip (T):i(zn:a r"):zn:ka !
§ dt " v o ‘ k=1 ’ ’

BP,()=1Q a,t") =) a, "
k=0 k=0
OTKyzna noixydaem
B(AP,(t) =t (D ka,r"") =) ka,t* =) ka,t",
k=1 k=1

n d n | n
A(Bpn(f))=E(Z“Olkfk+ )= E (k+Da,t",
k=0 k=0
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(AB - BAP,(v) = (X (k+ D, ) — (D ke, v =

=> o, 7" =P,(1).
k=0

CrrenoBatellbHO, JaHHBIC JIMHEHHBIC ONepaTopbl HE KOMMYTH-
pYIoT.

B paccMmoTtpenHoii Boime 3agaye 8.2.1 okazanock, yTo AeHCTBHE onepa-
topa AB — BA Ha m000# 3JIeMEHT JIMHEHHOTO MPOCTPAHCTBA MHOTOUJIC-

HOB HE MPUBOAUT K U3MEHCHHIO 3TOT'0 3JIEMEHTA. Baenem JJIsI TAKOro o1e-
paropa crieuaibHOC HAUMCHOBAHUC.

Onpeaenenve Omepatop [ HasbiBaeTCs eQunuuHbiM (WM modicoe-

8.2.7. CMmEenHbLM) OTIEPATOPOM, €CIH KaXKIOMY DJIEMEHTY X JIH-
HEMHOTO MPOCTPAHCTBA /A OH CTaBUT B COOTBETCTBUE TOT
K€ CaMBIH SIIEMEHT, TO €CTh

Ex=x VxeA.

Jlokaxxute  CaMOCTOSITEIbHO  CIPAaBEUIMBOCTh  COOTHOLICHHMIA:

AE = EA = A VA, a taxke muHeHOCT U €IMHCTBEHHOCTS [

Onpepenetne Onepatop B HaseiBaeTCs 0GpamubLM T JTMHEHHOTO

8.2.8. oreparopa ;1 (o6o3HaUaeTCA 121‘1), eciu
AB=BA=E .

Mpumep B nmueiiHoM npoctpancte dynkmmii f(T), mmerommx Ha

8.2.1.

[o,B] npomseoamyio M0GOro MOPsAIKA M YIOBIETBOPSIONIHX

YCIOBHUSAM f(k) ()=0;k=0,1,2,..., oneparop audpde-

penumpoBanns Af :Z:f u Bf :J. f(o)do - oneparop
T o
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3ameyaHus.

1°.

2°.

3°.

HWHTETPUPOBAHUS C TIEPEMEHHBIM BEPXHHUM IPEJIEIOM
SIBIISTIOTCSI B3AUMHO OOPaTHBIMHU.
elicTBuTensHo,

Aty = [ f(@)do= f(@) = £f
T o

837 = [ Ldo= 1)~ f@ = f = B

o

He nna Bcskoro JIMHEHHOro omeparopa CyLECTBYET
oOpatHbIil omeparop. Hanmpumep, HyneBoil omeparop

() He umeer oOpaTHoOro. JleHCTBUTENBbHO, IYCTh

Ox = o npu Bcex Vx € A, Torna as moGoro J
1IMEeT MECTO

(BO)x=B(Ox)=0 VxeA,
U, CJIEIOBATENIbHO, PABEHCTBO éé — F ue BbImon-

HSCTCS HU IIPY KakoM B .

OOpaTHBIH Omeparop, €Ciu CYIIECTBYET, TO TOJIBKO
enuHcTBeHHBIH. (ITokaxuTe 3TO CaMOCTOATENBHO, HC-
TH0JIb30BaB KaK aHaJIOT JJOKa3aTelIbCTBO JIeMMBI 5.1.1.)

B cmygae OecKOHEYHOMEPHOTO JMHEHHOTO IIpo-
CTPAaHCTBA W3 CIPABEIJIMBOCTH YCIOBHSA AB=FE
MOXET HE CIIe0BaTh  BBIIOJHEHHWE  YCIIOBHUS
BA= E, YTO HMMEET MECTO, HalpuMep, B Mpo-

CTPAHCTBE MHOTOUJIEHOB
n
_ k
P (1) = z QT
pan)

IUIsL TIaphl OIEpaTopoB 4 W B, TOe B ecTh omepa-
TOP YMHOXKEHHsI MHOTOY/ICHA Ha HE3aBUCHUMYIO ITEpe-
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n
~ k
MEHHYIO, a OIlepaTop 4 MHOTOYJICHY E O, T CTaBuT B
k=0

n
k-1
COOTBETCTBUE MHOT'OYJICH o, T .
k=1

§ 8.3. KoopaunaTHoe npeacraBjieHue
JINHEHHBIX ONEPAaTOPOB

[ycts B A" 3aabl 6asuc {g 158255 gn} U JUHENHBIM omepaTop
A sBnsomwmiics omoGpayxcenuem B8 A" ¢ 6asucom {f1, freees £}

B § 7.2 mokazaHo, uto Vx € A" CyllecTByeT eIMHCTBEHHOE Pa3I0KECHUE

&

n &2
x:ZQgi, TO €CTh Hng: .

i=1 .oe

S,

AHanorudHo B A" CyIIECTBYeT €IUHCTBEHHOE pa3l0XKEHUE s
y = AX, Ans KOTOpOro B CHITy JMHEHHOCTH A CHPaBEUINBO TPE/ICTaB-

JICHUC BHUaa

Yy Ax = g(zaigi) = Ziiﬁgr
i=1 i=1

IIpuHsiB BO BHUMaHHE BO3MOXHOCTh U €IUHCTBEHHOCTh B A" pazio-

m
xennsa Ag, = Zak f Yi=[1,n], c onnoii cropoHkI, moTydaem, 4To

y= i(zn:akiéi)fk'
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U
N,

C npyroit CTOpOHBI, eciid H y H 5= — KOOpIMHATHOE IPEe/ICTaBIIC-

n m

m
HHC, TO HMCCT MECTO paBCHCTBO YV ZZT] & f - Hakonen, B cuiy
k=1
€IUHCTBEHHOCTH PAa3JIOKEHUS DJIEMEHTa KOHEYHOMEPHOI'O IIPOCTPaHCTBA
o 6a3ucy mojyyacm

N = o0& sk =[1,m].
i=1

I[aHHI)Ie COOTHOIICHUS MMO3BOJIAIOT HAXOAUTH KOOPAUHATHOC MPECACTaB-
JIieHHe 00pa30B 3JIEMEHTOB JIMHEHHOIO MPOCTPaHCTBA MO KOOPAUHATHOMY
MpeACTaBIeHuI0 mpoodpasa. [Ipu 3TOM OTMETHM, YTO Ka)IbI JTMHEHHBIHA

omeparop Buga 4 : A" — A” B mape KOHKPETHBIX 0a3MCOB MMOJHOCTHIO

OJHO3HAYHO OMHUCHIBAETCS MaTpullel pazmepa M X 1 ¢ anementamu Oy, .

OnpepeneHve  Marpuna pasmepa 71 X 7| cTonOuel KOTOpOH 0Opa3oBa-

8.3.1.
HbI KOMIIOHEHTAMH JJIEMEHTOB A &5

all a’12 a’]n
. Oy Oy oo Oy
4], = it
/4
a‘ml amZ (X’mn

Ha3bIBACTCS Mampuyel aunelino2o onepamopa 4 B Oa-
3mcax

{gb gZJ'--’ gn} € A’l " {ﬁafz 7"')fm} € Am
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n
B wmarpuunoit dopme cooTHomeHus T, = zakiﬁi sk =[1,m]
i1

HUMCKOT BU/J

y Hf = H ! (8.3.1)

| x|
/4 g’

B 4€M JICTKO y6eJ_'[I/ITI>C$I, BOCITIOJIb30BaBIINCh HX Z[ByXI/IH,HeKCHoﬁ (bOpMOfI
3arucCu:

Ny = zaki&il sk =[lm].
i=1

[MonyueHHbIi pe3ynbTaT GopMyIUpyeTcst Kak

Teopema  Meskay MHOXKeCTBOM BcCeX JHHEHHBIX ONEpPaTOPOB BHAA
8.3.1. /];A” —> A" W MHOXkecTBOM BceX MATpHI pa3Mepa
m X7 umeercs B3aHMHO OJJHO3HAYHOE COOTBETCTBHE.

[okasaTenbCcTBO.

Berimme Ob110 TIOKa3aHO, YTO KaXJIOMY JIMHEHHOMY OTepaTopy st
KOHKpeTHO#H mapel 6asucoB 4 : A" — A” MOXKHO COIOCTaBHUTH
o onpenenenuto 8.3.1 matpuiy pazmepa M X1

C apyroii CTOpOHBI, COOTHOIIICHHE

m (AP A A
Mo | Qo Oy o Oy, &,
nm a’ml O(‘mZ a’mn an

MOXET OBITh MPHHATO 32 ONPEACICHHE HEKOTOPOTO OIleparopa
Buma A4: A" — A", TMHEHHOCTH KOTOPOTO CIEAyeT U3 MPaBUII
orepanuii ¢ MaTpUIIaMu.

Teopema gokasaHa.
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Mpumep 1°. B TpexmepHOM BEKTOPHOM NPOCTPAHCTBE C OPTOHOP-
8.3.1. MHPOBaHHBIM 0a3MCOM pacCMOTPUM JIMHEWHbII orepa-
TOp, OPTOTOHAIBHO MPOEKTHPYIOMINN PaglyChI-BEKTOPHI

Ha IJIOCKOCTh Oxy . ITockonbKy B JaHHOM cily4ae
Agl :1g1+0g2+0g3
Agz —0g1+1g2+0g3
Ags —Og1+0g2+0g3

>

4

|
S O =
S = O
oS o O

[encTena ¢ nuHerHbIMK onepaTopamMn B MaTpu4HoOn oopme

Bynem paccmarpuBate nanee onepatopsl Buma 4 : A" — A", 1o ect
JUHEHHBIE npeobpaszosanusi, JCUCTByomme B A" ¢ 0a3ucom

{g,,8,,--»g,}, MaTpuua KOTOpHIX KBajpaTHas, mopsjaka /1. Beenen-

Hele B § 1.1 u § 5.1 onepanuu ¢ MaTpunamu MO3BOJISAIOT ONHCATh B KOH-
KpPETHOM 0a3uce ACHCTBHS C IMHEHHBIMH OIIEpaToOpaMu B Cieayromie Gpop-
Me.

A

1°. CpaBHeHe onepaTopoB: A=B < A B

g g’

N A

Cornacuo onpenenennio 8.2.1 ycnoBue A4 = B o03Hadaer, 4to
VxeA': Ax= Bx,wm B KoopauHaTHO! (opme

A Vxe A"
4

y

Ho Torna nmo nemme 5.1.2 marpuna - H B H HyJeBas H,
g

A

CJICA0BATCJIbHO, YCIIOBUEC A = B PaBHOCUIIBHO

Al =||B

g g
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A+ B y B

g

+

2°. CrnioxeHue onepaTopoB: g

g

n n
JleiictButensro, uz Ag, = zakigk u Bgi = Zﬁkigk
k=1

k=1
CJIe/lyeT, 4To

(A+B)g, =Ag. + Bg, =

= zakigk +ZBkigk = Z(aki +Bu)gs-
pay =1 P

A

:x‘

3°. YMHOXeHWe onepaTopa Ha YnCno: H LA ‘g .

~

n
s Ag, = Z(X 4w & IS TI000To Yicia A HaXoIuM, 4TO
P

(g, =A0g) =Y (ot )g, -

k=1

a8l = 4| |3

4°. Npou3sBeaeHne onepaTopos: 2 2 .

Ilo OIIPCACIICHUIO MAaTPULIbL JIMHEHHOTO oreparopa UMeeM

(IaB)gi = A(Bgl) = A(ZBkigk) =
=1
= ZBki‘agk = ZBkiz(x‘jkgj = ZKjigj9
=1 = A =

n
rie K;; = ZOLJ‘,(B i » UTO COBIIAJAET C OLpENEICHUEM IIPOU3-
k=1
BeneHus matpuil 5.1.1.
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N
A

5°. O6palleHne onepaTopos:

-l
al, =
g

P

Bynem mpeamonarate, 4To OOpaTHBIN OHEpaTop CYIIECTBYET.
INockonbky U3 onpenenenus §8.2.8 cneayer, 4To
A'A=44"=E,

IIpUHUMasg BO BHUMaHHUE PE3yNbTaT IIyHKTa 4°, MOIydaem, 9To

51
HCKOMOC€ MATPUYIHOC MNPCACTABICHUC A Hg orneparopa

A

A -1 JIOJDKHO YIOBJIETBOPATH COOTHOIICHUSM

A Al =lal ), -0z

g g g’

A

A

TO €CTb SIBILITHCSL 00pPAaTHOM MaTpuIell K MaTpHIe

Cneacteve Pa3mepHOCTH JHHEHOTO0 MPOCTPAHCTBA JHHEHHBIX 0T00-

8.3.1. paxkenuii Buga A" — A" paBHa M X1,

[lokaszaTtenbCcTBO.

U3 teopemst 8.3.1 u npaBus JeHCTBUI ¢ TUHEHHBIMY ONEpaTOPaMU
B MaTpu4yHOi Qopme crenyer H30MOpGU3M JIMHEHHOTO Ipo-

CTpaHCTBa JMHEHHBIX omepatopoB A" — A™ W JuHeHHOro npo-

CTpPaHCTBa BCEX MaTpHil pa3mepa M X7 . Ho torma mo teopeme
7.5.1 (06 usomopghuszme) ux pa3MEpPHOCTH PABHEI.

Creacrtsue gokasaHo.

M3ameHeHne maTpuubl IMHEAHOrO onepartopa npu 3ameHe 6a-
3uca

~

A

BbrsAcHUM, Kak MEHsETCS ‘ — MaTpHIa JMHEHHOTO O0TOOPaKEHHS

Jg
AN S A" ipu 3aMeHe O0a3ucoB. [lycte B A” maHbl 1Ba 0asznca

{gl’gzr"’gn} u {g1’>g;’3g;},
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CBSI3aHHBIE MATPUIIEH mepexoaa ” G ” ,aB A™ — nBa 6a3uca

{flafz ""’f;n} u {fi"lej"”fr:l}

C MaTrpulel mnepexonaa

F H Haiimem cooTHoOIIEHHE, CBS3BIBAIOIIEE

~

\ A

B sTtom ClIy4dac cripaBcjinBa

A

aal
/g /&

A

A

B 0Oa3smcax

TeopeMa  Marpuua JMHEHOro omepaTopa

8.3.2. 1

{81,855s8nt u LS\ [y [i} cBs3ama ¢ maTpuueii

3TOro ’Ke omeparopa HAH& B Oasucax {gl,gz,...,g,,} "

{ﬁ 9f2 LRER) fm} COOTHOILIIEHUEM

4], =17 a6

e VS

[oka3aTenbCcTBO.

Io Teopeme 7.3.1 npu nepexone ot 6asuca {g1,&9,---» &, K 6asu-
cy {g1,855»&),} KOMIIOHEHTHI 3eMeHTOB X — mpoolpasa, u Y —

oOpas3a IpH AeHcTBUM ollepaTopa 4 , B 9TUX 0a3ucax CBSI3aHBI PaBEH-

P b P R 1 ] PP

& &)
& &5

ersavn x|, =1 G [ x

—_— . ' —_—
= T, =
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n n;
n n’
NEE R P
Mo n,

IIpu 3TOM B paccMmaTpuBaeMBIX 0azmcax oOpas3sl B MPooOpassl Ae-
MEHTOB CBSI3aHbI COOTHOILCHHUSAMH
x|

51, =] 4] 1=

HO IOCKOJIBKY MaTpulia Mepexoa nMeeT 06paTHy}0, TO U3 BBIITUCAH-
HBIX COOTHOIIICHUI MOCJI€A0BATCIIbHO MTOJTy4acM

=| 4
=

ﬁg‘ oo 7] el e

15, =1 FI7I 1, =17 7] 4] )], =
=l F 7] Jollx], -
Haxkoser, npuxoauM K paBeHCTBY
(|l -IFal e, =lol.

N3 KOTOpOro B CHUIIy ITPOU3BOJIBHOCTHU CTOJ'I6L[a H x‘ n JICMMbI

g
5.1.2 cnenmyet yTBEepKIEHUE TEOPEMBI.

Teopema gokasaHa.

Cneacteve Marpuua JHHeiiHOro npeo0pa3oBaHus NPHU Nepexojae oT

832 Gasuea {g), 85,8, } K Gasmey {1,828} B A"
HU3MeHsIeTCsl 10 MPaBUITY

A, =ls[]4

S|

4 g
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Cnegctene  OmnpenesmMTesb MaTpHIbl JHHEiHOrO npeobpazosanus
8.3.3. He 3aBHCHT OT BbIOOpa 0a3uca B A”".

[oka3aTenbCcTBO.

CornacHo cieacTsuio 8.3.2

det| 4| =det(|S["] 4

SD.

4 g

HO ITOCKOJIBKY

det (| S| 4[| 8)=(det| S| ")det| 4

(det 1S

g

-1 1
u det| S| =] s] ™ det|S|=0,

TO OKOHYATCJIbHO MMOJIy4yaeM, 4YTO

det| 4 Hg = det| 4 Hg

CnepgcTtseue OoKasaHo.

OTmeTuM, HaKOHEII, YTO B CHITy TeopeMbl 8.3.2 B iro0oM Oasuce Hyre-
BOW omeparop OyleT MMeTh HyJIEBYIO MATpUILy, a €IMHUYHBIN orlepaTop —
€AMHUYHYIO.

§ 8.4. Ob6s1acTb 3HAYEHUI U AAPO JMHEHHOT0 oneparopa

TpaxkTys JHMHEHHBIA oOIEpaTop, ACUCTBYIOIUMNA B JIMHEMHOM IpoO-
CTPaHCTBE KaK HEKOTOpoe 0000IeHne MOHATHS (DYHKIMH, €CTECTBEHHO
paccMOTpeTh BONpoc 00 00JacTH ompeneseHnst M 00JacTH 3HaYCHUH JIn-
HEWHBIX ONEPaTOPOB.

Ion obracmoio 3navenuti runeiinozo onepamopa 4 OyneM IOHUMATb
MHOXECTBO 00pa3oB 6cex JIMEMCHTOB X € A, TO €CTb JJIEMEHTOB BHZA
Ax - B aTOM citydae o4eBHIHO, 4TO I JIHOOOro JIMHEHHOro oneparopa

ero 00JIacTh OTpPE/ICIICHUS COBIIaaeT ¢ A .
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OtBer Ha Bonpoc: “UYmo npedcmasnsiem cobou obaacme 3HA4EHUU 1u-
Helinoeo onepamopa?” naer

Teopema Ilycte A — janHeiiHBbIH omepatop, AelicTBYIOUIMil B JH-

8.4.1. HeiinoM npocrpancree A . Toraa

1°. MuoxectBo yiementos Ax VX €A ecr» moxmpo-

CTPaHCTBO B A .

2°.  Ecau, kpome Toro, A = A" ¢ 6azucom

181,82558, )5

TO Pa3MEPHOCTH 3TOr0 INOANPOCTPAHCTBA pPaBHA
re| 4],
g
[oka3aTtenbCTBO.
TIycTh A* CTh MHOKESCTBO OICMCHTOB BUAA X H NycTh
¥,,V, € A" Torna cymectsyior X; € A u X, €A, Takue, uro
Izlxl =y u /ixz =y, . lo cBoiicTBy nuHeiiHOCTH OmepaTopa
A nveem
v +y, =Ax, + Ax, = A(x, + x,) e A".
AnanorndHo Ay = A Ax = A(Xx) e A" unoromy A* ects noa-

MOPOCTPAHCTBO A .

ITycts Tenmeps A = A" c Gasucom {g, I S, gn} . Iockonbky

KaXKIBIA 3JIEMEHT X € /A ecTb JuMHeilHas KoMOMHAaIMs Oa3UCHBIX
JJIEMEHTOB, TO COOTBETCTBEHHO B CHITy JIMHCHHOCTH KaXKIBIA 3JIe-

MEHT U3 00JIaCTH 3HAYeHU A €eCTb ma owce NUHelHass KoMOUHa-
uus onementos Ag,, Ag,,...,Ag,, 1o ectb A* — nmueiinas

060JI04Ka MHOXECTBA {/Alg1 , 1:1g2 yees 1:1gn }.
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Boizenum u3 MHOxecTBa {Ag,,Ag,,...,Ag,} MakcumanbHOe
IIOAMHOXECTBO JIMHEWHO HE3aBUCUMBIX OJICMCHTOB, U IIYCTh YUCJIO
X 0Ka3a110Ch PaBHBIM K .

Torma, mpumensis Teopemy 7.4.1, IpUXOAUM K 3aKIIFOYCHUIO, YTO
pasmepHocth A" ecth k, a u3 Teopembl 7.5.2 cieayer, 4To M

rg A g:k_

TeopeMa gokasaHa.

Onpepenenne Pancom nuHeiHoro onepatopa 4 B A" Ha3blBaeTCs pas-

8.4.1.

CnepcTaue rgA=rg H A

MEPHOCTH €ro 00JIACTH 3HAYECHUH.

Panr nmuneiiHoro oneparopa 4 0003HauaeTcs Kak I'g A.

<7 u e 3aBHCHT OT BbIGOpa 6a3u-
g

8.4.1.
ca.
Cnegcrteue PasmepHoOCTb 00/1acTH 3HAYeHMIl JTUHEITHOr0 ONEPaTo-
8.4.2. ~ .
pa A, pjelicTBylomero Ha HEKOTOPOM HOANPO-
CTPAHCTBE JIMHEHOr0 IPOCTPAHCTBA A A, me
. *
TPEBOCXOANT dlm(A )
[oka3aTenbCcTBO.

ITockonbKy HOANPOCTPAHCTBO ~ A™  ABIAETCA JIMHEHHBIM TIpO-

CTPaHCTBOM, TO K HEMy NpUMeHHMa TeopeMa 8.4.1.

CnepncTsue OoKasaHo.

Teopema Panr nmpomsBeneHusi JuHeiHbIX onepaTtopoB 4 u B He

8.4.2.

MPEBOCXOAMT PAHra KayI0ro U3 ITHX ONEpPaTOpPOB.
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[okasatenbCcTBo.

Paccmorpum 06nacTe 3HayeHuii nuHelHoro omeparopa 4R . Ilo
cieAcTBuio 8.4.2 3TO MOANPOCTPAHCTBO HMEET Pa3MEPHOCTh HE

OO0JIBIITYIO, YeM Pa3MEPHOCThH 00JIACTH 3HAUCHHMIA oriepaTtopa B .

C npyro# cTOpoHbl, 00J1acTh 3HAYEHUI oriepaTopa 4B COIEPKHUT-

csl B 00J1acTH 3HAYCHHIT onepaTtopa A , U, ClIeIOBATEIBHO, pa3Mep-

HOCTb 00JIACTH 3HA4YCHUH 4 He MPEBOCXOIHUT Pa3MEepHOCTH 00a-

CTU 3HAUeHud /A .

Teopema gokasaHa.

Teopema Eciam kBaapaTHas MaTpuua H A H HEBBIPOKIEHHAsA, TO AJs
8.4.3.

JI1000i1 KBaJAPaTHOI MaTPULIbI H B H TOrO e pasMepa

re(| 4l B])=red| 1] 4] =re] 5

[loka3aTenbCcTBO.

Bynem paccmatpuBarh MaTpuUIlbl H A H u ‘ B H Kak KOOpJWHATHbIE

A

NpeNCTaBJICHUS JMHEHHBIX orepaTopoB 4 W B B HeKOTopoMm Oa-

3HCE.

Ecmn det H A H # (0, TO cymecTByeT H A H71 U B CHIy TEOPEMBI
8.4.2 umeeM, ¢ OJHOM CTOPOHBI, rg(” A HH B H) < rg” B “ , HO C
wyroii— rgl| B|=rg (| 4| | 4] 8] <rec| 4]l B])-
Horomy rg(| 4[| B)=rg(| B [[ 4])=rg| B].

Teopema gokasaHa.
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3ameyaHusa. 1°.

2°.

Ecmu matpura H B H HE KBaJ[paTHAas, HO CYIICCTBYET

OJTHO M3 MPOU3BEICHUI H A H H B H WA H B H H A H , TO

npu det H A H =0 TaKxKe BEpHBI paBeHCTBa

rg(” A H H B H) = rg” B H HJTH COOTBETCTBEHHO
)

B 3TOM MOXHO yO€IUThCS, 3aMEHHB MATPHILY H B H MarT-

puuen H B H* , SIBJISIIOLIEHCS JOTOJIHEHUEM HYJIEBbIMU

CTOJ'I6HaMI/I WJIK HYJIEBBIMU CTPOKaMn H B H A0 KBaapart-

*

HOW Tak, YTOOBI CyIIECTBOBAIU H AHH B N7t

*
H B H H A H , 10O OYEBHIHO, YTO

g 8] "=re| 5]

PaHr mpousBeneHUs MaTpULl MOXXET OBbITh MEHBILE PaH-
TOB KaXKJ0TO U3 COMHOXUTeNel. Hampumep:

1 0|0 O 00
0 oo 1| [0 o

Jpyroit BaxXHOH XapaKTEepUCTUKON JTMHEHHOT0 onepaTopa sIBISETCS CO-
BOKYITHOCTH JIEMEHTOB JIMHEHHOTO MPOCTPAaHCTBa /A , Ha3bIBaeMas 20pom

JMHEHHOro oneparopa U o6o3Hayaemas Ker4 .

Onpep,eneHme H()[JO JIMHEHHOTO orneparopa 4 COCTOUT M3 2JIEMEHTOB

8.4.2.

X EA, TaKHX, 4YTO Ia_x =0-
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Teopema Ecim A — A" u 1rgA=7r, T0 ker A ect» mommpo-

8.4.4. . .
crpancto u dim(ker4A)=n—r.

[okasaTenbCcTBO.

Hemnocpencrsennoi mpoBepKOi MOKHO yoemuThes, uto s ker A

BEITIOJTHSIOTCS YCIOBUS onpenenenns 7.4.1.

Iycts B Gasuce {g;,Z,»--»g,} omeparop A umeer MaTpuILy
|4

A

A

:H a; ‘ ITo cnencrtBuro 8.4.1 Ig =7 s 1006010
g v g

6azuca. Torma B KOOpOMHATHOH (hopMe YCIOBHE NPHUHAIUICKHOCTH

&
&

HekoToporo amementa x e A" ¢ H ng = APy omeparopa

S,
A umeer Bux Z(X[jij =0;i=[Ln].
=

C Ipyroit CTOpOHBI, MOCKOJIbKY KaJ10€ pelIeHHe OJAHOPOAHON CH-
CTEMBI JJMHEUHBIX YPaBHEHUI

n

2 0,8, =05i=[Ln]

j=1
SIBJISICTCSI DIIEMEHTOM sifipa omeparopa A, TO pa3MepHOCTh spa
€CTh MAaKCHUMAaJIbHOE YMCJIO JIMHEHHO HE3aBUCUMBIX PELICHUH 3TOM
CHCTEMBl ypaBHEHHH, KOTOpOE€, COTJacHO Teopeme 6.7.1, paBHO

A

A

n—rg =n-r,
g

Teopema [AOKa3aHa.
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Tunbl NIMHENHBLIX OTODPAXXEHNI

Kak 6put0 oTMeueHo B § 8.1, B TeX ciydasx, KOTAa 00acTh 3HAYCHUH
oreparopa He TPUHAUICKUT 00IaCTH OMPENEIICHUs, CIICAyeT TOBOPUThH 00
OTOOpaKCHHH.

B § 7.5 Ob110 BCTIONB30BAHO MTOHATHE B3aUMHO OJTHO3HAYHOTO OTOOpa-
JKSHUs1, Ha3pIBaeMOT0 WHOTHA Ouexkyuei. [ oToOpaXeHNi Takke BBIIE-
JISIOTCS CIICIMATBHBIC CIydal TaK Ha3bIBAEMBIX UHBEKINUGHLIX U CIOPbEeK-
mueHbLX OTOOpaKeHMA. PaccMOTprM 3TH citydan mopoOHee.

Onpepenenne Otobpakenne y = Ax, xe€l), ye® MHOKecTBa
8.4.3.
Q B MHOXECTBO © Ha3bIBACTCS UHBEKMUGHHIM (WIH UHb-
exyuetl), €ClM U3 ycnoBus Ax, = Ax, BBITEKaeT

X, =%X,, X,Xx, €.

B cnyyae uHBEKIIMN MHOXECTBO BCEX 3HAUEHUH OIleparopa
y=Ax, x€Q,ye®

MOJKET He coBmanaTh ¢ @ .

Onpeaenexne OtobGpaxenne )y = Ax, xeQ, y € ® wMHOXecTBa

8.4.4. Q) Ha mMHOXecTBO () HasbIBaeTcs cropbexkmueHvim (AIH
clopvekyuell), €Cli KaXIpli diaeMeHT u3 & wumeer

mpoobpaz B () .

B ciyuae cropbekiuu npoodpas moboro sneMenTa u3 ® Bcerna cy-
mectByeT B (), HO, BOOOIIE TOBOPS, OH HE eMUHCTBeHEeH. B Tabmuue 8.4.1
U CPaBHEHHS TIPUBEICHBI IPUMEPHI OTOOPaKCHUN pa3IMIHBIX THIIOB.

3aMeTuM, 9TO B YAaCTHOM CITydae, KOT/Ia JIMHEHHBIA omepaTop 12[ 0TO00-

pakaeT sneMeHTHl A” B aJeMeHTHl A" c 6azucom {gl,gz,..., gn}, TO

©CTh SBJISCTCS MpeoOpa3oBaHUEeM B A", OKa3bIBACTCS BO3MOXKHBIM CIIEIY-
Iollee NONOJHEeHHe K onpeneneHuto 8.3.1.
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Tabnuna 8.4.1

IIpumepbl 0TOOpaKEeHUI Pa3IMYHbIX THIIOB

Twun oTobpaxeHus MHbekTnBHOE HeuHbekTBHOE
ClopbekTnBHOE
HectopbekTnBHOE
OnpeneneHve KsangpatHas MaTpuia A o Topska N | cTONOLBI KOTO-

8.4.5.

POii eCTh KOOPAWHATHBIE MPEICTABICHHS DJICMEHTOB
Ag,,Ag,,...,Ag,
B Oasuce {g, 2 ,...,gn} , HasbIBaeTCsl mampuyei Ju-

Heiinozo npeobpasosanus 4 B 6asuce {g,, 8, g, }-

OTMeTuM TaKKE€, 4YTO B KOHCYHOMECPHOM Ciiyd4a€ CIOPBEKTUBHOCTH

otobpaxenust 4 : A" — A” 03HAUaeT BBIIOIHEHUE YCIOBHUS ®=A",

a MHBEKTHBHOCTh — ycioBus KerA :{0}. AnpTepHaTHBHYIO (hopMy

YCJIOBI/Iﬁ HHBCKTUBHOCTH M CIOPBEKTUBHOCTU B KOHCYHOMCPHOM CiIy4ac

aer
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Teopema Paunr MaTpHuIbI JUHENHOTro onmeparopa, SABJIAIOIICTIOCH

8.4.5.

CIOPbEKTHBHBIM 0TOOpaKeHHEM, PABeH YHCJIY ee CTPOK, a
PaHT MATPUIIBI MHHEKTHBHOI0 0TOOPaXKEeHUsI pPaBeH YHCITY
ee CTOJIOIOB.

[okasaTtenbCcTBO.

1°.

2°,

Iycts B Gasucax {g,,Zsg,+ 1 {f1sfrsmes [, } OTOOPANKE-

me  4:A" > A" uMeer  MaTpuIy H A

. npryeM

fg’ p
rg H 4 ‘ & =m . Torga cucTeMa JHHEHHBIX ypaBHEHHH BHIA
H A Hfg H X Hg = H Yy H/ no teopeme 6.6.1 (Kponekepa—Kamnemnu)

m
uMeeT perrenne vV H Yy H r € A" | nockonbky ws ee pacimpenHoit

Marpuipl I'g H A ‘ y H = m . 3Ha4uT, I 12[ KaXblii 00pa3 uMeer

XOTsI ObI OZTMH IPOO0OpPa3 M 4 — CIOPBEKTUBHO.

[ycts IE H A ‘ 4 =n. Torma, mo teopeme 6.4.1 (Kpamepa),

Vx,,x, € A" cucrema JIMHENHBIX YpaBHEHUHI BUJA

H A (H Xy H —H X H )= H o H . MMeeT EIUHCTBEHHOE pelle-
V4 g g /

HHE, KOTOpOE OYEBHIHO TpHBHANbHOE. [loaTomy pa3Hble 00pasbl
UMEIOT pa3Hble IPO00paskl, U, CICJOBATENbHO, 4 — HHBEKTHUBHO.

Teopema JOKa3aHa.

WNupivu cioBamu, it 4 : A" — A” HHBEKTHBHOCTh PaBHOCHJIbHA

BBITIOJITHEHHUIO PaBeHCTB 1E A=r1g H A H & =dim(A")=n_ CIOPBEK-

THUBHOCTE — I& A= rg H A Hfé = dim(Am) =m,

Hakoneln, otoOpaxeHue, SBISIONEecS OMHOBPEMEHHO U HHBEKTHBHBIM
U CIOPBEKTHBHBIM, OYJIET 83AUMHO OOHOZHAUHBIM, UITH OUeKyuel.
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B o0wem ciyuae, uccienoBaHue CBOHCTB ONEpaTopa, y KOTOporo o00-
JIaCTh 3HAYECHUH HE COJEPIKUTCS B 00JIACTH €ro ONpeesIeH s, MOXKET OKa-
3aTbCs JOCTATOYHO CIIOKHOM 3amadei. Eciu ke o0nacTh 3HAUYCHUH MpH-
HaJUIeKUT KOHEYHOMEPHOMY JIMHEHHOMY IPOCTPAHCTIBY, TO IIOJb3YSCh
Teopemoit 7.5.1 (06 uzomopghusme), MOXKHO TIOIIBITATHCS CBECTU HCCIIEIO-
BaHME OTOOPAXEHWUs K HMCCIICNOBAHHIO NMpeoOpa3oBaHMsl, YyCTAHOBUB H30-
MOp}H3M MeXITy 00JacTbl0 3HAUCHUI OTOOpaKEHMS M HEKOTOPBIM IOJ-
MPOCTPAHCTBOM O0JIACTH €T0 ONPEACIICHHS.

Mpumep
8.4.1.

A o o
1°. Oneparop pp, CTaBsliMil B COOTBETCTBUE KAXKIOH TOUKE

TPEXMEPHOTO T€OMETPHUYECKOTO MPOCTPAHCTBA €€ OPTOro-
HaJIbHYIO TPOEKIMIO Ha HEKOTOPYIO (PHKCHPOBAHHYIO TIPsI-
MYIO, TTPOXOJSIIYIO Yepe3 Hadajlo KOOpAWHAT, OYEBHIHO,
ecth oTobpakenne A’ — A!, xoTopoe, omHaKo0, MOKHO

paccMmarpuBaTh M Kak IpeoOpa3oBaHHE TPEXMEPHOTO IPo-
CTPaHCTBA B OJHOMEPHOE MOANPOCTPAHCTBO.

OTmeTuM, 4YTO, XOTS B JIaHHOM CJIydac U OTOOpaKeHHE H
npeo0pa3oBaHue PEATU3YIOT FTEOMETPUUECKU OJIHY U TY )K€
(GYHKIIUFO, BUJ 3aIAI0IINX X MATPHUI] MOKET OBITh pa3ind-
HBIM.

Hanpuwmep, mycTs B OpTOHOPMHPOBAHHOH CHCTEME KOOp-

> o> o
JTMHAT {0, e,e,, 83} npsiMasi, Ha KOTOPYIO BBIMOJIHSET-

CA OPTOTOHAJIBHOC IMPOCKTHPOBAHHUEC, 3a/ilaHa HAIPaBJIAO-

e T
IIUM BEKTOPOM || €; | = H I 11 H . B atom ciyuae pa-

e

- -
ANYyC-BEKTOPD }"* OPTOTOHAJIBHOU TPOCKINU TOYKH 7 C

T
Pl =|x y 2| pasen

e

e
*
j e )
-
*

e
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2°.

X+y+z

' 3

ol x+y+z
3

X+y+z
3

, W, CIeI0BaTeIbHO, MaTpHIla

A 1 11
npeoOpa3oBaHus 1;\1. uMmeer Bug | Pr Zg i 1 i

e

N

Ho, ¢ apyroii cTOpOHBI, PHHSB BEKTOP ,* 32 Oa3HCHBIIT
1

B A!, momyuum, cornacHo onpejencHuio 8.4.5, MaTpuIly

A
0T06pa)KeHI/IH Pr B BUJIC

A
Pr

ee

1
oy

A

[ycTh nuHelHbI onepatop A CTaBUT B COOTBETCTBHE

. O, Op
KaI0i MATpUIE BTOPOrO MOPSIKA IBY-
Oy Oy
oy 0y,
MepHBIil cTonGer BiIa
Oy + 0y,

I/ICCHe,I[OBaHI/IC CBOMCTB JTaHHOTO OTO6pa)KCHI/I$[ MOXXHO
CBCCTH K UCCJICJOBAaHUIO CBOIICTB HpeO6pa30BaHI/IH, CTaBs-
mero B COOTBETCTBUC KBAaJAPATHBIM MAaTpUllaM KBaJaparT-
HbIC MaTpulbl BUJa

o, +a, O

o, +0, O
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JInneitnoe orobpaxenne 4: A’ —> A’ B HekoTopom Gasmce

3apgava
8.4.1.
1 2 3
3alaHO0 MaTpuueit HA H =2 3 4| .Haiiru ero SAPO U
3 5 7
MHOXKECTBO 3HAaY€HU. BBIICHUTE, SABIISETCS JIM JaHHOE O0TO0-
pakeHHE UHBEKTHUBHBIM WM CIOPbEKTUBHBIM.
& m
Pewenue. 1°. Ilycth H X H: E':z 51 Hy H: M, | — KOOpAMHATHBIE NPEX-

&, LE
CTaBJIEHHs] COOTBETCTBEHHO MPoobpa3a u obpasa omeparopa

y = Ax . Torja s1po — MHOKECTBO 3JIEMEHTOB X , TakuX,

qTo0 Ax = 0 > 3a4acTCd B KOOpANMHATHOM MNPEACTABJICHUU CU-

CTEMOM JMHENHBIX YpaBHEHUH
¢ +28,+36; =0,
(A x|=|o| nm {28, +3E, +4E; =0,
38, +58, +78, =0,

obmiee pereHne KOTOPOi ecTh
& 1
& |=M\|-2
&5 1

OTCIO,I[a 3aKJIro4acMm, 41O AApo JIMHEHHOTO 0TO6pa)K€HI/I$I 121

eCTh JIMHEHHass 000J0uYKa 3JIeMCEHTA _2 , A TIOCKOJIBKY

1

OHO HC€ COCTOUT TOJIBKO M3 HYJICBOI'O 3JICMCHTA, TO JAAHHOC
OTO6pa)KeHI/Ie HEUHBbEKMUBHOoe.
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2°.

K aTomy ke 3aKiI0ueHUI0 MOKHO TPUNTH, IPUHSB BO BHU-
MaHue, 4To

1 2 3 1 2 3
rg|2 3 4|=rg|0 1 2|=2<3
3 57 0 00

— 4qucja CTOJ'I6L[OB MAaTpUIbL OTO6pa)KCHI/I$I.

OOnacTe 3HaUYEHMI JIMHEHHOTO OTOOpaXEHU 4 COCTOUT U3

3JIEMEHTOB ) € ®, Takux, uTo y= Ax Vx € Q. B koop-

JIMHATHOW (hOpMe MPUHAICKHOCTD dJIeMeHTa V' KO MHOXKe-
CTBY 3HA4E€HUI 03HAYAET COBMECTHOCTh CUCTEMBI JIMHEWHBIX
ypaBHEHUI

12 3118 |n
2 3 4]l&, =N,
35 T]|& HE

CIIEJJ0BATENIbHO, HAaM HEOOXOIMMO BbIACHUTH, IPU KaKHX
3Ha4eHusx 1);,M,,"); JaHHas CHCTEMa JMHEHHBIX ypaBHE-

HUI cOBMECTHA. DTO MOXKHO CAEJaTh, HAIPHMEp, TIPH TTIOMO-
mu Teopembl 6.6.1 (Kponexepa—Kanennu), cpaBHUB paHTH
OCHOBHOH M pacIIMPEHHON MAaTpHI] JAHHON CUCTEMBI. 3aTeM
U3 yCIIOBUS

1 2 3|n,
g2 3 4\ n,|=
3 5 7|n;
1 2 3] n, 1 2 3
=rg|0 1 2| 2n,—-mn, =rg|2 3 4|=2
0 0 0/-—my—m,+n; 3 57
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HaJieM, 9TO JUIsi COBMECTHOCTH HEOOXOMMO U JOCTATOYHO,
9yrobsl M, +MN, —N; = 0 , YTO, B CBOIO OU€peab, O3HAYAECT,

YTO MHOXKECTBO 3HAUCHMI 0T06pa)KeHI/I$I A COCTOHUT H3 3JIC-
MCHTOB BHUaa

n, -1 1
M, =2, 1|+A, 0 VA,A,,
N, 0 1

ABISIIOILMXCS PELICHUSMH ypaBHeHus M, + M, — 13 = 0.

3aMeTI/IM, HaKOHCIL, 4YTO HOCKOHBKy HC KEl)I(]lBIf/'I DJIEMCHT
3
y€®=A" umeer npooGpas B () = A*, 10 nansoe orobpa-

JKEHUEC HE ABJIETCA U CIOPBEKMUBHbIM.

§ 8.5.uBapuaHTHBIC NOANPOCTPAHCTBA
1 cOOCTBEHHbIE BEKTOPbI

Onpegenenne 1lOAMPOCTPaHCTBO A* nmHeiiHOrO TMpocTpaHcTBa A
8.5.1. HA3bIBACTCS UHBAPUAHMHBIM NOONPOCMPAHCINEOM JU-

Helino2o onepamopa A , ecnn
VxelAN: Axe A .

Mpumep 1°. MHOXecTBO  panuy-
8.5.1. COB-BEKTOPOB  TOYEK
HEKOTOPOM NpsMOU Ha

IIOCKOCTHU Oxy ,

IpoxoAdImed  depes

Hayajo  KOOpJMHAT,

ABJIICTCA HWHBApUaAHT-

HBIM IOAIIPO- Puc. 8.5.1
CTPaHCTBOM OIIEpaTo-

pa noBopora
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2°.

Ha Yrol T 3THX pPaIuyCOB-BEKTOpPOB BOkpyr ocu Oz
(cMm. puc. 8.5.1).

Jns oneparopa auGepeHIMPOBaHHs B JIMHEWHOM IIPO-
crpanctse dyukimit f(T) , umerommx Ha (O, 3) npons-
BONHYIO IIOOOTO MOpSAKa, /! -MEpHBIM HHBapPHAHTHEIM
HO[LHpOCTpaHCTBOM SIBJIISACTCA ﬂHHeﬁHaﬂ 060J‘IO'IKa COBO-
KyHHOCTI/I DJICMCHTOB BHU A

{eklr, ekzr, e e

rac }\, 1 }\, D9eees 7\4 n — HEKOTOPBIC, IMOIAPHO PA3JINYHBIC

KOHCTaHTHI.

Teopema Matpuna auHeiiHOro onepatopa A ,3aJaHHOTO B JIMHeIi-

8.5.1.

HOM mpocTpaHcTBe A” ¢ 6a3ucom {g1 35508, } , TOrAA

H TOJbBKO TOrAa UMeeT BH]

Qpp e Oy b Oy e Oy,
a‘rl a‘rr ar,r+1 a’rn
’
0 0 a‘r+1,r+1 (xl”+1,}’l
0o .. 0 prsl e Ol

Koraa JHHeliHAs 000JI09KA MOAMHOKECTBA 0a3HCHBIX JJ1e-

mentoB {g,,g,,...,g,} €CTb HHBAPHAHTHOE MOANPO-

A

CTpaHCTBO onepatopa A .
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[okasaTenbCcTBO.

JokaxxeMm gocraTodHoCTh. IlycTh Marpuiia omeparopa A4 wuMeer
yKa3aHHBIA B ()OpMyIHPOBKE TeopeMbl Bua. Torma obpa3 mo6oit mm-
HEHHOI KOMOMHALMY 2]IEMEHTOB {1, &7 ,..., <, } OyleT npuHaIe-

JKaTh WX JTMHEHHOH 000I0YKe, MOCKONBKY B CHIIy omnpeneneHus §.3.1
Ka)XIBI CTONOEN] MaTpuIpl JITHEHHOTO OrepaTopa COCTaBJIEH M3
KOMIIOHEHTOB 00pa3a COOTBETCTBYIOLIEr0 0a3UCHOTO JIEMEHTA.

B
" A,g, eN
Hauie roBops, €ClI1 8k , TO U
k=1

"a(z}\’kgk) =
k=1

r r r

kk(*’agk): }\’kza’ikgi:

k=l k=1 i=1

r

Qauh)g =D Big e
i=1

i=1 k=1

U3 Teopemer 7.4.1 cmemyer, uto A* — moampocTtpaHcTso. JlocTa-
TOYHOCTB JIOKa3aHa.

HoxaxeM HeoOxomumMocTh. ITycTe A* ecTh MHBapHaHTHOE HOIPO-
CTPAHCTBO JIMHEWHOTO oreparopa A , sBIsONIeeCs JTHHEHHON 000-
JIOYKOMH TIOAMHOKECTBA GA3UCHBIX BEKTOPOB {Z1, &7 ..., &, | - Torma
0o0pa3 moboro, B TOM 9uciie # 0a3MCHOTO, DIIEMEHTa, TIPHUHAIeKa-

mero A*, Taoke OyneT mpuHaUIEXaTh A*. OTO B CBOIO OYepenp
03HAYAET, 4TO

r n
Ag, = Za‘ikgi + Zogi s k=[lr]
i=1 i=r+l
Y B COYETAHHH C orpeaeneHreM 8.4.5 ToKa3bIBaeT HEOOXOIUMOCTbD.

Teopema gokasaHa.
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3apava Ioxaszams, umo 6csiKoe UHBAPUAHMHOE NOONPOCMPAHCMEO
8.5.1. HegbIPOIICOCHHO20 TUHelH020 onepamopa A Ae1siemcs max-

Jrce UHBAPUAHMHBIM NOONPOCMPAHCINEOM Onepamopa A7
Pelle- Iycts x e A®, Tae — A* MHBapHAHTHOE MOAIPOCTPAHCTBO
Hue. ~

~ *
oreparopa A , TOr/a M0 YCIOBHUIO 33a4u y= Ax e A .
Ecmu onepatop 4 HEBBIPOXKICHHBIN, TO JJIsl HETO CYIIECTBY-
Ul %
eT oOpaTHblii 4 U CBsI3b 3JICMEHTOB X,y € /A MOXHO 3a-
MHcaTh B BUIAE X = A_l Y, YTO U O3HAYACT HHBAPUAHTHOCTH

%1
IIOJIIPOCTPAHCTBA A* OTHOCHTENBHO omepaTopa A4 .

B npunokeHHuAX BaXKHYIO POJIb UTPAlOT TaKk Ha3blBaeMble 3ajaudl "no-
UCKA COOCMBEHHBIX 8EKMOPOS8 U COOCMBEHHBIX 3HA4eHUl", OCHOBOH KOTO-
PBIX CIYKUT MOHITHE 0OHOMEPHO20 UHBAPUAHTHOTO MOANPOCTPAHCTBA.

Onpenenene  Heuynesoii smement f € A HaswiBaercss cobcmeentvim
852 6EKMOPOM TUHEUHO20 NPeoObpa308aHUs. A , €CIIH CyIIe-
CTBYET 4MCIIO A, TaKoe, uto A f=Af.Yucno A Ha-
SBIBaeTCA cobcmeenHbiM sHavenuem A , COOMBemcmay-

rouum cobecmeennomy sexkmopy f .

3aMeTI/IM, 9TO, COTJIaCHO JAaHHOMY OIIPEACIICHUIO, f SABJIACTCS HECHYJIIC-

BBIM 3JIEMEHTOM A£0pa TMHENHOTo npeobpasoBanus A — AE 1o ectb

f eker(A-LE).
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3ameyaHne o0 BaXXHOCTU COBCTBEHHbIX BEKTOPOB

A

I[OHYCTI/IM, YTO IS HEKOTOPOTro JIMHEHHOTO npeo6pa3OBaH1/m A , 3a-
JaHHOI'O B An , YAQJIOCh Halth /1 JUHEHHO HE3aBHCUMBIX COOCTBEHHBIX

BeKTOpOB {gl 5 g2 seees gn } , A KOTOpLIX BBIITOJIHCHBI paBeHCTBa
Agy=hg1; Agy=X,g,;..; Ag,=X,g,.

Eciu NpuHATE HAGOP SIEMEHTOB {Z(,Z,,---» &, ) 3a 6asuc, T0 naH-

HbIE COOTHOIICHUS MOXHO pPacCMaTpHUBaTh KaK KOOPAMHATHBIC Pa3iOiKe-
HUS 00pa308 OA3UCHBIX INEMEHTNOB:

Ag, =0-g,+0-g, +...+ X, g, +...+0-g, ; Vk =[L,n].

[Mockonbky, cormacHO TeopeMe 7.2.1, 3TH pa3ioKEHUS eOUHCMEEHHbL, TO,
ucxons u3 ompeneneHus §.3.1, MOXKHO yTBEpXkIaTh, YTO MaTpHLa JUHEH-

HOro mpeoOpasoBanusi 4 B 3TOM Oa3uce OyOeT UMEThb OUACOHAbHBIL

BUI;
A, O 0
N 0 A 0
|2l =) ,
0O 0 .. A

n

Onaronapst 4eMy HCCIIEIOBAaHUE CBOMCTB 4 CYIIECTBEHHO YIPOILAeTCs.

3agava Hoxazams, umo ecnu aunetinoe npeobpazoganue A umeem

8.5.2. .
cobcmeennblil 6EeKmop f Cc coomeemcmeyrowmum emy coo-

CMBEHHbIM 3HAYEHUem 7\, , MO 271eMeHm f 6y()em makoice sA6-

AMbCS COOCMBEHHBIM BEKMOPOM JUHEUHO20 npe06pa306a-
HUA

A% = 44

¢ cobemeentbim 3HaueHuem )2 .
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PeLue- Io yenosuto Af = A f, HO Toraa B cuity iuueiinoctn 4

HUE. ng:g(ﬁf):ﬁ(Xf)zxzf-

BbluncneHme cobCTBEHHbIX BEKTOPOB
N COBCTBEHHbIX 3HAYEHUIN NUHENHOro onepartopa B A”

Bribepem B A" HekoTopsiit 6azuc {g,, <, ,.-» <, } » B KOTOPOM KOOP-
n

JMHATHOE Pa3IOKeHHe COOCTBEHHOro BekTopa Oyaer [ = z%l-gl— , a
i=1

 =lowl
[Tonp3ysace pesynbTraTaMu MoyydeHHBIMU B § 8.3 mna A", paBeHCTBO

A1, =2, wn e gopue

A

JMHElHOoe npeodpazoBaHue A4 HMeEeT MaTpUIly

A

A f =Af MoxHO 3ammcaTh B BUIE

al]&l +OL12§2 t..t a’ln&n = }\‘él’
aZIé] +0022§2 +"'+aznan = 7@2,

a’nl&l +a’n2§2 +"'+a’nnén = }\‘én’

YTO PABHOCHIIEHO ‘ A-M\E HngH& =H OH W
(o, —A)E, +a,E, +..+a,E, =0,

0,,& +(a,, —A)E, +...+a,,E, =0,

(8.5.1)

Cucrema ypaBHeHuii (8.5.1) ¢ Heu3BecTHBIME {A., &, , &2 yeens &n} HE-
JMHENHAsT, HO, ECITM CYUTATH A TAPAMETPOM, TO OTHOCHTENBHO HEM3BECT-

wbix {&,,E&,,...,5, | OHA IMHElHAS M OJTHOPO/IHAS.
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CornacHoO OMNpeneneHnio 8.5.2 cOOCTBEHHbI BeKTOp f IOKeH ObITh
HeHyJIeBbIM. [oKa)keM, 94TO 3TOT0 MOXHO JOOWTHCS IIyTeM Ioxdopa crie-
[MANbHBIX 3HAYEHHH apameTpa A .

JleficTBUTENBEHO, HEOOXOAUMBIM M JOCTAaTOYHBIM YCIOBHEM CYIIECTBO-
BaHMS HEMPUBUATIbHO20 YACTHOTO PelIeHHs (TO €CTh peIleHus, I KOTO-

2 2 2 . .
poro &1 + &2 +...+ Em > () onHOPOHOI CHCTEMBI TMHEHHBIX ypaBHeE-
HUMH, COTJIACHO CIEICTBUIO 6.7.2, SIBISIETCS pageHCME0 HYio onpedenume-
a5 ee ocHogHou mampuybl. [loaTOMy yciaoBHE, KOTOPOMY AOJDKHBI YAOBIIE-
TBOPATH HCKOMBIE 3HAUEHUs A, OYIeT UMETh BH]L

det Hockj -3, H =0 (8.5.2)
o, —A o, .. Oy,
o o, —A .. o
WJIN Ke det 2 2 2 =0.
o, o,y .. O, —A

OnpepeneHve YpaBHeHue (8.5.2) Ha3BIBACTCA XAPAKMEPUCTNUYECKUM

8:53. ypasnenuen, a dyrkis or A, papnas det szl B }\'EHg -

XAPAKMEPUCTNULECKUM —MHO20YJIeHOM —TIPe0Opa3oBaHUsI
A, deticmeyroweco 6 N\ .

Teopema XapakTepHCTHYeCKUH MHOrO4YJeH JUHEIHOro mpeodpa3o-
8.5.2. BaHUS He 3aBUCHUT OT BbIOOpa 6azucaB A" .
[okasaTenbCcTBO.

3ameTnM, uto mpeobpazosanne A —AE , OUCBHJIHO, JIMHCHHOC B

cuity JmHeiiHoctH omneparopoB 4 u [f/. Torpa, cormacHo cien-
cTBHIO 8.3.3, ONpeneNuTeNh ero MaTPUIlEl He MEHSETCS MIPH 3aMEHE

6asuca. [TosToMy Hpu Tiepexosie oT 6a3uca {Z,, <y »-+ gn} K Oa3u-

cy {g;,g;,,g;} detH A—XE Hg, ZthH A—XE Hg

Teopema gokasaHa.
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XapakTepuUCTUIECKOE YpaBHEHHE SIBJISIETCS aireOpanueckuM ypaBHE-
HueM 7 -l CTENEHU OTHOCHTENBHO A, UTO CIELYeT M3 ONpPEACICHHS Je-
TepmuHanTa 6.1.2 u popmyst (8.5.2).

Takum 00pa3oM, MbI MOJy4aeM YHHUBEPCATbHBIA it A’ anroputm

BBIYUCIIEHUS! COOCTBEHHBIX 3HAYECHHH U COOTBETCTBYIOIIUX UM CcOOCTBEH-
HBIX BEKTOPOB:

Pewus xapaxmepucmuueckoe ypasuenue (8.5.2), uz oouo-
pooHoii cucmemvl ypasnenuil (8.5.1) moorcno natimu co6-
CMeeHHble BEKMOPbl, COOMBENMCMEYIOuUe NOCIe008amelb-
HO NOOCMABISIEMbIM 8 OCHOGHYIO MAMPULY IMOU CUCTEMbL,
HAUOEHHbIM COOCMBEHHBIM SHAYEHUSIM.

ITpuMeps! HCIOIB30BAHUS JAHHOTO aNTrOpUTMa B A” HIUTIOCTPUPYIOT
pewienus 3agad 8.6.1 u 8.6.2. B cnywae e JUMHEHHBIX NPOCTPAHCTB, HE
nMmeromux 0asuca, 3ajavya OTHICKaHM COOCTBEHHBIX 3HAUCHMH M MOCTpOe-
HUsI COOCTBEHHBIX BEKTOPOB MOXET OKa3aThCsl 3HAYMTENLHO CIIOJKHEE.
Hanpumep, B iuHeHHOM NpocTpaHcTBe (YHKIWI, UMEIOIIMX HA HEKOTO-
pPOM HMHTEpBajJe NPOHM3BOAHYIO JIFOOOTO MOpsAKA, JUHEWHBIA OIepaTrop
I depeHIPOBaHIS UMeeT OECKOHEYHO MHOTO COOCTBEHHBIX BEKTOPOB

Buta f(1)=a eM (rme OL — mpou3BONbHAs HEHyJEeBask KOHCTAHTA) U

COOTBCTCTBYIOIINX UM COOCTBEHHBIX 3HAYECHHH )\,, YAOBJICTBOPAIOMINX

af
nuddepeHInaTEHOMY YPaBHEHAIO —, — — LS
T

§ 8.6. CpoiicTBa cOOCTBEHHBIX BEKTOPOB
U COOCTBEHHBIX 3HAYCHU I

Teopema B KOMILIEKCHOM JIMHEHHOM NPOCTPAHCTBE A" BCSIKOE JIM-

8.6.1. HeiiHoe npeoOpa3zoBaHue MMeeT XOTS Obl OJIMH COOCTBEH-
HbIIl BEKTOP.
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[okasaTtenbCcTBo.

ITockonbKy XapaKTEpHUCTHYECKOE YpaBHEHHE SBIACTCS anreOpamde-
CKUM ypaBHEHHEM 71 -Ii CTEINEHN OTHOCUTEIBHO A, TO K HEMY IpH-
MEHMMA OCHO6HAs MeopeMa ebicuiell aneebpyl'’, yTBepKuaromas,
YTO TaKOE€ YpaBHEHHE UMEET XOTS Obl OIMH KOMIUIEKCHBIA KOPEHb.

Teopema gokasaHa.

B ciyuae BelecTBEHHOI0 JIMHEHHOTO MpOCTpaHcTBa Teopema 8.6.1 He-
BepHa. Hanpumep, nuHelHbI oneparop MoBOpoTa B IPOCTPAHCTBE ILIOC-

xoctn Oxy Bokpyr ocu Oz Ha yron () # kTl He uMeeT HUM 01HOTO CO6-

CTBEHHOr'0 BeKTOpa. J{eiCTBUTENBHO, XapaKTePUCTUIECKOE yPaBHEHUE JUIs
3TOro onepaTopa umeer Bua (cM. § 5.5):

cosQe—A —sinQ 5
det . =0 wm A" —2kcose+1=0,
sing  cosQ—A
10 ecth A =COSQ L iSin@. Orkyna cnexyer, uro npu @ # KT Beme-

CTBCHHBIX peHIeHI/Iﬁ JAaHHOC XapaKTEPUCTUYCCKOC YPABHCHUE HE UMCCT.

Teopema B BelIeCTBEHHOM JIMHEHOM MNPOCTpaHCTBe A" BCsKoOe

8.6.2. JIMHeiiHOe mpeo0pa3oBaHMe HMeeT JHO0 XOTA Obl OJMH
CcOOCTBEHHBIN BeKTOp, Ju00 AByMEepHO¢ HHBAPHAHTHOE
NMOANPOCTPAHCTBO.

[lokasaTenbCTBo.

Ecnu xapakTepucTuyeckoe ypaBHEHHE UMEET BEIIECTBEHHBIN KOPEHb,
TO U3 cucteMsl (8.5.1) HaxoaMM COOCTBEHHBII BEKTOP.

IlycTh XapakTepucTHUECKOE YpaBHEHNE UMEET KOMILIEKCHBIH KOPEHb
A= o+ B, Torma, pemmus cucremy (8.5.1), MONTYdHM COOTBETCTBY-
FOIMIT eMy KOMILICKCHBIH cOOCTBeHHbIH Bektop [ = U + Wi, rie
U u W — smeMeHTBI A", MpenCTaBisIEMbIe BEIICCTBEHHBIMU /1 -

KOMIIOHCHTHBIMHU CTOJ'I6IIaMI/I.

' IoxassBaercs, Hanpumep, B kypce TOKIL
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[MokakeM Tenephb, uTo ¥ u W JuHelHO He3aBUcUMBIe. JlomycTuM
nporusHoe: U = KW. Toraa u3 COOTHOUICHUS A f=Af unmeem,
aro A((k+i)w) =A(k+i)w, . Aw = Aw, OTKyaa ciemyer

BCHICCTBCHHOCTh 7\,, YTO MPOTHUBOPCUYHUT MPEANOJIONKECHHUIO O HEBC-
IMECTBEHHOCTHU COOCTBEHHOTO 3HAYCHUS.

[TomcTaBUM BBIPAXKCHUS IS COOCTBEHHOI'O 3HAYCHUS U COOCTBEH-

HOTO BekTopa B ux onpeneneuue: A f = A f. Ionydaem

A(u +wi) = (o + B i)(u +wi),

WJIW B CHJIy IMHEHHOCTH A
(Au) + (Aw)i = (o — Pw) + (Pu + aw)i,
1 U3 PaBCHCTBA HeﬁCTBHTeHBHBIX M MHUMBIX JacTeH HaXOJHuM, 4TO
Au = o — Pw,
Aw = Pu + aw.

A

Ho sT0 1 o3Havaet, uTo 4 WMeeT AByMEPHOE WHBApPHAHTHOE IOJI-

MPOCTPAHCTBO, COBIAJAIONICE C IBYMEPHOW JHHEHHON 000JI0YKOM
DJIEMEHTOB U U W, MOCKOIBKY

AEu +mw) = EAu +nAw = E(au — Bw) +n(Bu + aw) =
= (o +nPu + (ma.—EP)w.

Teopema gokasaHa.

3apava Haiimu cobcmeennvie 3navenus u cobcmseenHvie 6eKmopbl iu-
~

8.6.1. HellHo20  npeobpaszoeanus 4, Oelicmeyloujeco 6 Npo-

CmMpancmee mpexmepHuix Cmondyos u 3a0aHH020 Mampuyetl

-3 -2 3
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PeweHne:

1°. PaccmoTpum cHauajia ciyyail, Korja 12[ JIEHCTBYET B KOMILJIEKCHOM
JUHEMHOM TpocTpaHcTBe. byneM mckath COOCTBEHHbBIE 3HAYEHUS 110
dbopmymnam (8.5.1) — (8.5.2). Bocnonp30BaBmIrCh MPaBUIIOM Pa3IokKe-
HUS OTIPEICIIUTENS TI0 TIEPBOi cTpoke (cM. Teopemy 1.1.1), momydanm

-1-A =2 2
det) -2 —-1-12 2 |=
-3 -2 3-A
——(1+M)A =17 +202A—6+6) +2(4—3-3%) =
=N+ —A+1=—A +1)(A-1).

OTKyza ClIeyer, 4To U3 TpeX COOCTBEHHBIX 3HadeHui ogHo A, =1

— BeILeCTBEHHOE M 1Ba A, =1 U A, = —I — KOMIUIEKCHO COIpsi-

JKEHHbIE 2.

2°. HaiizeM Temepb coGCTBEHHBIE BEKTOPBL IlycTh A = A , =1, rorma,
o hopmynam (8.5.2) umeem

—2 =2 2||g] [o
—2 -2 2||&,/=]0].
-3 -2 2]|&| |0

IIpeoOpa3zoBaB MaTpHIly MOCTPOCHHON CHCTEMBI JMHEHHBIX ypaBHE-

HUii, TIOMydMM KOMIIOHEHTHI COOCTBEHHBIX BEKTOpoB &,,&, 1 &; u3
& |0

&=

& |0

I 1 -1
0 0

YCIIOBUIt

12 Cm. npuinosxenue 3.
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CJ'ICI[OBaTCJIBHO, COOCTBEHHBII BCKTOD f] . OTBEYAIOIIHIA COOCTBEHHO-

MY 3HA4YCHUIO 7\.1 = 1 , AIMECT B[]

g 0
E,l=n|1 Yu#0.

&5 1

3°. Tlyctb Temepr A=A, =i, Torja cucTeMy IMHEHHBIX ypaBHEHHit
(8.5.1)

~“1-i -2 2 1[g] o
2 —1-i 2 ||g,|=
-3 -2 3-i|l& |0

MOYHO YIPOCTUTh, PasieluB’ 00 4acTH IEPBOTrO ypaBHEHHs Ha
1+ i .3ameTuMm, 4TO B MOMYIECHHON TAKMM 0OPa30M CHCTEME

1 —1+i 1-i[[g] [o
2 —1-i 2 ||&,|=
-3 -2 3-i|& |0
TPCThC YPABHCHUC OKA3bIBACTCA CyMMOﬁ INEPBLIX ABYX U €ro MOXHO

OT6POCI/ITB KakK JIMHEHHO 3aBHCHUMOE. 3aMEHHB 3aTeM BTOPOC ypaBHC-
HHUE pa3HOCTHbIO YABOCHHOI'O IIEPBOI'0 U BTOPOro, MOJIy4uM

& |0
&, | =
&) 10

-1 —1+i 1-i
0 —-1+37 2i

13 HpaBI/IJ'IO JACJICHUSA KOMIUIEKCHBIX YHCEJI NPUBEACHO B IIPUIIOKEHHUU 3.
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U HakoHelr, mociie yMHOXCHHUsST 00CHX YacTell BTOPOTrO YpaBHEHHS Ha
(—l) MPUXOOUM K

& |0

-1 —-1+i 1-i

0 3+i =2 52
&,

ITonaras 3HaueHHE CBOOOJHOTO HEM3BECTHOI'O £3 =341, naxomum

S O

BTOPOI COOCTBEHHBII BEKTOD:

S 2
fr =G| =h] 2 Vu#0.
&, 3+i

4°. TIpoBens aHANOTHYHBIC BHIYHCICHUS, HAWIEM, 9TO COOCTBEHHBIN BEK-

TOD, OTBC‘Ia}OH.[I/Iﬁ CO6CTBCHHOMY 3HAYCHHUIO }\.3 =—i , UIMCCT BU

& 2
f3= 8 =n] 2 vV #0.
&3 3-i

(TToXaXMTe CAMOCTOATEIBHO, UTO KOMILIEKCHAs CONPSKEHHOCTh f 5
u f3 He ciydaiina, To ecTh ecim A, m A3 KOMIUIEKCHO COTIPSKEHBI,
T0 GyIyT KOMIUIEKCHO COMpSKEHBI H COOCTBEHHBIE BEKTOPHI f,
u f3.)

5°. Ecnu omepatop 121 JISUCTBYET B BEIECCTBEHHOM JIMHEHHOM TIpO-
CTpaHCTBE, TO COTIIacHO Teopeme 8.6.2 12[ nMeeT COOCTBEHHBII Bek-

0

TOp 1 ||, oTBewarommii co6eTBenHOMy 3HadeHmO A, =1,

1
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1 MHBApHUAHTHOC NOAINPOCTPAHCTBO, SABJIAIOMICCCA JIHHEHHON 0005109~

2 0
Koit amemenToB y=|2| u w=| 0|, To ects KOTOpPOE OymeT co-
3 1
CTOSITH U3 JJIEMEHTOB BHIA
S 2 0
Sol =1y 2 +1a) 05 Vg p,.
s 3 1

3aMeTHM, YTO NMpH HEOOXOAMMOCTH HCKOMOE MHBapHAHTHOE MOJIPO-
CTPaHCTBO MOXET OBITh 3aJIaHO U B BHUJIE OJHOPOJHOW CHCTEMBI JIH-
HEWHBIX YpaBHEHHH, KOTOpasi B JAHHOM IIPUMEpE UMEET BUJL

§ -6 =0

(cMm., HaTIpuMep, perreHue 3amadun 8.4.1).

Teopema COBOKYNHOCTH COOCTBEHHbIX BEKTOPOB, OTBEYAIOIIHUX He-
8.6.3. KOTOPOMY COGCTBEHHOMY 3HAYEHHIO JHHEHHOro mpeod-

pa3oBaHus A, AOMOJIHEHHAasl HYJE€BbIM 3JI€EMEHTOM JIU-
HEWHOT 0 NnpoCTpaHcTBa A, ABJISETCHA HHBAPUAHTHBLIM

HNOANPOCTPaHCTBOM /A .
[okasaTenbeTBo.

IIycTs IZIfI =Af, u /Tlfz =\f,. Torma ams mOOBIX, HE PaBHBIX

HYJTIO OJIHOBpeMeHHO uncen O u 3 :
A(OLfl +Bfy)=
= a‘afl + B‘afz = a’}\’fl +B7sz = }"(aﬁ +Bf2),

YTO U INOKA3BIBACT CIIPABCIIMBOCTD YTBEPIKIACHUA TCOPEMBI.

Teopema gokasaHa.
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Onpegenenne IloampocTpaHCTBO, COCTOANIEE M3 COOCTBEHHBIX BEKTO-
8.6.1. POB, OTBEYAIOIIAX HEKOTOPOMY COOCTBEHHOMY 3Hadye-
HUIO, JOTOJIHCHHBIX HYJIEBBIM 3JIEMEHTOM, HA3bIBACTCS
UHBAPUAHMHBIM cOOCMBeHHbIM (M TIPOCTO COOCMEeH-
HbIM) NOONPOCMPAHCHEOM JTUHEHHOTO MPEoOpa3OBaHUS

A.

Teopema Besikoe HHBapHaHTHOEe COOCTBEHHOE IOANPOCTPAHCTBO
8.6.4. . 9

JIMHEHHOTo npeodpa3zoBanusi 4 sIBJIsIETCH TaKKe HHBapH-
AHTHBIM MOANPOCTPAHCTBOM JIMHEHHOTO NMpeodpa3oBaHus

B, ecan An B KOMMYTHpYIOT.
[loka3aTenbCcTBO.
Ilycte A* — MHBapHAaHTHOE COOCTBEHHOE MOINPOCTPAHCTBO A4, 10
ecThb ,21 f=rf Vf €A”. Ho Torma chpaBeqMBO PaBEHCTBO

A

é 1:1 f= é(kf ) , @ B CHIly KOMMYTHPYEMOCTH U JIMHEHHOCTH A4 1
B Gyner BepHO 1 Izl(f?f) = K(l}f) npu Vf e A"

IocienHee ycnoBue O3Hauaer, uro B fe A" npu Vf e A*, 10

€CTh A™ — MHBapHAHTHOE MOJIMPOCTPAHCTBO OIEpaToOpa J .
Teopema fokazaHa.

Teopema CoOcTBeHHbIe BEKTOPHI JIMHEHiHOT0 NMpeodpa3oBaHus, OT-
8.6.5. BEYAIOIIME PA3IMYHBIM COOCTBEHHBLIM 3HAYEHHUSIM, JHHEH-
HO HEe3aBUCHMBL.

[okasaTtenbcTBo.
OnuH cOOCTBEHHBINH BEKTOP JTUHEHHO HE3aBHCHM KaK HEHYJIEBOM.
[Tycts mmetoTcss 7 TMHEHHO HE3aBUCHMBIX COOCTBEHHBIX BEKTOPOB
f 1> f 5aeens f m JHHEHHOro mpeoOpazoBaHUs 4, OTBEYAIONINX

pasiudHsvim COOCTBEHHBIM 3HAYCHUSM.
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HOKa)KeM, YTO B 3TOM CcCily4dae 6yI[yT JIMHEHHO HE3aBHCHMEI H

m+1 coberBennbx BekTOpoB [ 15 f2seees fons f sl » €CTH OHH

TAaKKE OTBCYAIOT pa3INdHbIM COOCTBCHHBIM 3HAUCHHUSIM.

[Ipennonoxum NpoTHUBHOE: CYIIECTBYET HETPUBHAJbHAS U paBHAs
HYJICBOMY 3JICMCHTY JIMHEHHAs KOMOWHAIUSI COOCTBEHHBIX BEKTO-

poB f1’f2:"'9fm=fm+1:

Klﬁ +K2f2 +"‘+Km m +Km+l m+l =07

(8.6.1)

npuiyemM 0e3 OrpaHUYCHUS 06HIHOCTI/I MOXHO CYHTaATb, YTO YHCJIO

Km-H # 0

IToneiicTByem 121 Ha 00e¢ yacTu paBeHCTBa (8.6.1):

A(Kljrl + K2f‘2 +..t Kmf‘m +Km+l m+1) =

=KA fi+ A, A A KA

m+1"Y m+1J m+1

= 0.
(8.6.2)

C npyro#i CTOpOHBI, YMHOXkass o0e wactu paBeHcTBa (8.6.1) Ha

}\‘m+l 1 BbIYUTas MOYJICHHO PE3YJIbTAT 3TOI'0 YMHOXKCHUSA U3 PABCH-

crBa (8.6.2), nonyanm

K1(}\"1 _}\’mﬂ)f‘l +K2(}\’2 _}\’erl)fZ +..
"'+Km(}\‘m _7\'m+l)‘f‘m

=0.

ITockonbKy Bce COOCTBEHHBIE 3HAYEHHS pa3HBIE, a BEKTOPHI

J1s 5 sees [, MHHEHHO He3aBHCHMEIE, TO

K =K, =..=x, =0.

Ho torma u3 (8.6.1) cnenyer K, ., = 0, uro MIPOTUBOPEYUT CJIE-

JIAHHOMY BbIIIC MNPCANOJOKCHHUIO, U IO IIPUHIUITY MaTEMaTU4C-
CKoOi1 WHAYKIUU U3 JIMHCHHON HE3aBHCHUMOCTH  DJICMCHTOB

ﬁ . f2 senesy fm cJIenyer JINHCIiHAsS HE3aBHCHUMOCTh DJIEMEHTOB

fl’f29""fmﬂfm+l'

Teopema [OOKa3aHa.
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A

Cnencteue JluHeiiHoe mpeoGpa3oBanme 4 B A" MOXKET HMETh
8.6.1. (€ TOYHOCTHIO 10 MPOU3BOJbHOI0 HEHY1€BOT0 MHOKHUTE-
Js1) He 0ojiee yeM 77 cOOCTBEHHBIX BEKTOPOB, OTBEYal0-
IIHUX Pa3JIHYHBIM COOCTBEHHBIM 3HAYEHHUSIM.

Teopema Ecian quHeiiHoe npeodpa3zoBanue A, geiicTByiomee B A"
8.6.6. , UIMeeT 7l pa3IM4YHBIX COOCTBEHHBIX 3HAYEeHUI, TO cylle-
cTByeT 0a3uc, 00pa3oBaHHBIH COOCTBEHHBIMH BEKTOPaMM
A, B KOTOPOM MATPHIA JAHHOI0 JHHEIHOr0 omepaTopa
HMeeT AMArOHAJILHBINA BH], IPUYEeM Ha ee THATOHAJIHU pac-

M0JIO’KEHBbI COOCTBEHHBIE YHCIa onepaTopa A .

[okasaTenbcTBO.

Crnemyer u3 TeopeMsl 8.6.5 M 3aMEUaHUSI 0 8ANCHOCMU COOCMBEH-
HbIX 86eKmopog § 8.5.

Teopema IlyeTb A* — WHBapHaHTHOe COGCTBEHHOE TOMNPO-
8.67. CTPAHCTBO JIMHEHHOT0 Mpeodpa3oBaHusl ;1 , 0OTBeyYaloliee
HEKOTOPOMY COOCTBEHHOMY 3HAYEHHIO 7u0 KpaTHoCTH £ .
Toraa umMeeT MeCTO COOTHOLIEHHE
1<dim(A") <k.
[okasaTenbcTBo.

Bribepem B A" Gazuc {g],gz,...,gm,gm+l,...,gn} TaK, YTOOBI

€ro NepBble 7 = dim( A*) JJIEMEHTOB MPHUHAUIEKATH A" .

B cuny ycinoBus KpaTHOCTH COOCTBEHHOTO 3HAYESHHUS

Agi

=MAo&: s i=[lm],

MMO3TOMY MaTpulia H A - )LE Hg B 3TOM 62131/106, CorjiaCHO 3aMcya-

HHIO

0 eaxchocmu cobcmeennvix sekmopog (cm. § 8.5), Oymer

HUMCTh BUJ
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Hﬂ—kE

g

Ay —A 0 0 Oy .0y,

0 Ao —A ... 0 Oy e Oy,

= 0 0 e Ay —A (U .o,
0 0 0 Opstmes — A e Oy
0 0 0 (G e L, —A

OTKyza ciemyer, 9To

@ﬂﬁ—k@k:%ko—mﬁa%m)

HOCKOJ’IBK}’ MHOXXHTCIIM BUIa (}\, 0o 7\-f) MOTYT COACPIKATHCA TAKIKC U B

muorowtene P, (L), 10 m <k, rne k —xparnocts xopus A, xa-

PAKTEPHCTUIECKOTO MHOTOWICHA det H A-LE

g

Venosue 1< m ouesuamno, mockonbky momnpocTpaHCTBO A* HeHylle-

BO€ (COICPIKUT COOCTBECHHEIC BEKTOPHI).
Teopema gokasaHa.

Taxum 06pa30M, Pa3MEPHOCTL NHBAPUAHTHOT'O COOCTBEHHOTO noanpo-

CTpaHCTBAa A*, OTBEYAIOLIEro COOCTBEHHOMY 3HAUYEHHIO 7»0 KpaTHO-

CTH k , MOXXCT OKa3aTbCsl MCHBIIIC k , UTO UWJLTIOCTPUPYCT

3agjava Haiimu cobcmeennvie 3nauenus u cobcmeeHHvle 8eKMOpbl Jiu-
8.6.2. HellHo20  npeodpa3osanus, 6 NpoCMpancmee O8YMepHbIX

cmoabyoe u 3a0aHH020 mampuyet

0 1
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PeweHue.

HaXOZ[I/IM COOCTBEHHBIE 3HAUECHMS:

-2 1 )
det =(1-1)> =0,
0 1I-A
TO ecTh 7L1’2 =1 u kpatHOCTH COGCTBEHHOrO 3HAYCHHS

k = 2 . Haiinem Tenepb cOOCTBEHHBIE BEKTOPBL:
0 1]|g,] |o 1
= = X=UU Vpu#0.
0 0|&,| |0 0

Takxum oOpa3om, mmoirydaeM, 9TO JaHHBIN JIMHEWHBIN orepaTop
UMeeT OJHOMEPHOE WHBApHAHTHOE COOCTBEHHOE IOJIPO-

CTpaHCTBO (m = dim( A*) =1]1), cooTBeTcTByMIOIICE COO-

CTBCHHOMY 3HAYUCHUIO 7L = 1 KpPAaTHOCTHU 2.

Ha ocHoBanuu teopem 8.6.2, 8.6.5 u 8.6.6 npuxoauMm K BBIBOAY, YTO
0a3uc B KOHEYHOMEPHOM BEILECTBEHHOM JIMHEHHOM IIPOCTPAaHCTBE, 00-
Pa30BaHHBINA U3 COOCTBEHHBIX BEKTOPOB JICHCTBYIOIIETO B HEM JINHEHHOTO
npeoOpa3oBaHus, MOXKET HE CYLIECTBOBATh U3-3a HeeuyeCmeeHHOCuy UIH
Kpamnocmuy ero COOCTBEHHbIX 3HAUCHHH.

A

Teopema JIuHeiiHoe mpeoGpa3oBanne 4 B A" HMeeT HyJleBoe c00-
8.6.8. A
CTBEHHOE 3HAYEHHME TOrJAa W TOJBKO TOraa, koraa A4 He
SIBJISIeTCS B3aMMHO OTHO3HAYHBIM.
[okasaTtenbcTBo.

JluneitHoe npeobpasoBanue 4 umeeT B A" COOCTBEHHOE 3HauYe-

HUEC, paBHOC HYJIIO, TOIAa U TOJBKO TOrJa, KOorjia €ro MaTrpulia Bbl-

pOKIEHHast, TO eCTh B JroboM Oasuce det H A H =0.

IIycte B A" KOOpIOWHATHBIN cTos0er obpas3a CBA3aH C KOOPAHMHAT-
HBIM CTOJIOIIOM MpooOpasa
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mn, oy Oy e 0, | &
Ny |Gy Op o 0y, &,
nn O’nl a‘nZ a’nn Fvn

U3 teopemnl 6.4.1 (Kpamepa) cnemyer, 4To A7 3aJaHHOTO KOOPJHU-
HATHOTO CTOJIOIA AIIeMEeHTa-00pa3a 3Ta CHCTeMa JIMHEHHBIX ypaBHe-
HUH, y KOTOPOH HEM3BECTHBIMH SIBISIOTCS KOMIIOHEHTBI CTOJIOLA
3JIeMeHTa-poobpasza, MO0 OyleT HECOBMECTHOH (dIIEeMEHT-TIPO00-
pa3 He CyllecTByeT), MO0 OyJIeT MMETh COIJIACHO ClieICTBUIO 6.7.1
HEeEeJIMHCTBEHHOE pelleHne (AIeMEHT-IPoo0pa3 onpeAesieTcs] Heo -
HO3HAYHO).

Teopema AoKa3aHa.

Onpepenenne CTENEHBIO KBaJPATHON MATPHIIBI H QH C HaATypaJbHBIM
8.6.2.
HoKa3aTeneM fk > 2 Ha3bIBAaeTCs IIPOM3BENCHUE K CO-

MHOXXHTEIEN BHUJA H QH Bynem Takxke cuuTarh, 4TO

lol =lol=lel" =| £]

Teopema Martpuua JuHeiiHOro mnpeodpa3oBaHusl 1:1 B A"
?fgﬁmanOHa— YIOBJIETBOPSIET €ro XapaKTepUCTHYECKOMY YpaBHe-
Kann). HHIO.

[loka3aTenbCcTBO.

JlokaxkeM MaHHYIO TEOPEMY B MPEANONIOKEHUU, YTO COOCTBEHHBIE

~

BEKTOpbl ~ mpeoOpasoBanus A4  obOpasyror B A"  0Gasuc
{fi> S5 [, }. Tlycth nammoe numeitnoe mpeoGpasoBanme A B

y

3TOM Oa3mce UMeeT MaTPHUILy

; 1 XapaKTepUCTHUECKOE ypaBHe-

n
k
HUE ZOL,Q\, =0.
k=0
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Torna B cuity quHEWHOCTH A Uil COOCTBEHHOTO BEKTOPA f , COOTBET-

CTBYIOIIETO COOCTBEHHOMY 3HAYEHHIO A , UMeeM (cM. 3a1ady 8.5.2)
n k n
ORARIIIEE ¥

—ZMHAH (4]«

ArD-n=

=;ak(%"Hf\\>=<;akk")\\fH=0-HfH=H ol.

Ho nockosbky 3TO COOTHOIIEHHE BEPHO Ul BCeX OA3UCHBIX BEKTOPOB,
TO OHO OyIET BEPHO M 11 Kakaoro sjaementa x € A” . Torma u3 seMMbl

% ~ Ik
S A -
k=0

5.1.2 cnenyer, 4To

Hakoner,,  BBITOJHMB  MEPEXOJ K  MPOU3BOJLHOMY  0Oaszucy

{2,255, }, monyunm

Zn:akﬁk—

1 ~

1 ~

n
=2
k=0

ol,Isl=[],.

IR ~ Ik
-| 5| <z j

Teopema gokasaHa.
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3ameuaHue:  Teopema ['amunbroHa—Komu Takxke BepHa U Ui JTUHEHHBIX
npeoOpa3oBaHuii, U3 COOCTBEHHBIX BEKTOPOB KOTOPBIX 0a-
31c 00pa30BaTh HE YAAETCS.

§ 8.7. JInneiinble pyHKIHOHAJIBI

PaccMmoTpuM crnenmanbHbIi Coydaid JIMHEHHOIO ollepaTopa, Korja ero
0051aCTh 3HAYEHUN COJIEPIKUTCS B OJHOMEPHOM JIMHEHHOM TPOCTPAHCTBE,
N30MOP(GHOM MHOXKECTBY BEIIECTBEHHBIX YHCEN. Takoro pona 3aBUCHMO-
CTH, Cliemys KiacCH(pUKalnH, BBEICHHOH B § 5.2, cieqyer OTHOCHTH K
¢yukmonanam. HamoManM ganHoe paHee

Onpepenenne Ilycts kaxmomy 3jieMeHTYy X JIMHEMHOIO IPOCTPaHCTBA
8.7.1. /A TOCTaBIEHO B COOTBETCTBHE OJHO3HAYHO OINpEAeIisic-

Moe 4rcio, obosnadaemoe f (X) . Torga roBopsT, 4o B
A 3anau gynxyuonan f(X) .

Mpumep 1°. B mpoctpancTtBe 7 -KOMIOHEHTHBIX CTOJIOLIOB MO>KHO
8.7.1.
&

2
3a1aTh (QYHKIMOHAN, MTOCTaBUB CTOJIOIY B COOT-

S,

n

BETCTBHE YHCIIO Zd)i&i ,tae §,, i =[1,n] — nexoro-
=)

pble PUKCHPOBAHHDBIE KOHCTAHTHI.

2°. B BEKTOPHOM reOMETPUYECKOM IPOCTPAHCTBE (PYHKIINO-

HaJIOM SBJIAETCA UIMHA BEKTOPA, TO €CTh f(x) — |; |

3°. B mpocrpancte ¢yukimii X(T), ompemeneHHBIX Ha

[-1,1], pynxumonanom sensercs f(x) = x(0) — Tax
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HaspiBaeMas ~denbma-@yukyus”, 00O3HAYaeMash Kak
O(X), crapsmas B COOTBETCTBHE Kaxmoil (YHKIMH

x(r) €C 3HaYCHHC B HYIIC.

4°. B mpocrpanctBe (ynkmmii X(T), HempepbiBHBIX Ha

[o,B], dynkumonanom sBiseTcs onpeenen bl MHTE-

B
rpan, To ectb f (X) = Ip(’c)x(‘t)d‘l:, rie P(T) — He-

KOTOpas 3amanHas Ha [OL, 3] HenpepsiBHas byHKIHsL.

5°. B nuMHEHHOM TNpOCTpaHCTBE KBaJpPaTHBIX MaTPHIl BUJA

Oy Oy
(YHKIIOHANOM SIBJISETCS ONpPEIETHTEND
Oy Oy
det G % =00, — 0,0
=00y 121
Oy Oy

Onpepenenne ®yukimonan f (X) HasblBaeTCs Junerinbiv QyHKYUOHA-

8.7.2.

3apava
8.7.1.

aom (WA  uHeuHoU ¢opmotl), €CIu s JHOBIX
X,y €A umo6oro uncna A :

o, fx+y)=f0)+f().
20, f(Ax) =Af(x).
Hokazams, umo ¢yuxyuonanwt 6 npumepax 1°, 3° u 4° s6-

JAOMCA TUHEUHbIMU, A QYHKYUOHANbL 8 npumepax 2° u 5° —
Hem.

MpencTtaBneHve NUHENHOTO PyHKUMOHaNa B A"

[Tycte B A" nan 6azuc {g 1982558 n} M IIyCTh KOOPJAMHATHOC MPE/-

n
CTaBJICHUE DJIEMEHTA IMHEWHOTO MPOCTPAHCTBA UMEET BUJ X = z €,g;.

i=1



Magea 8. JInHeliHbIE 3aBUCHMOCTH B JIHHeiiHOM nmpocTpancree 319

Torz[a B CUITy JIMHEHHOCTH (byHKIII/IOHaJ'[a CIIpaB€IJIMBbI COOTHOIICHU A

FO=F(E8) =S (€)= 205,

rae (I)i = f (g ,-) 5 = [1, 71] — YUCJIa, Ha3bIBAEMbIC KOMNOHEeHmamu Ju-

HelH020 YHKYUOHANA 6 OAHHOM bazuce.

W3 nocneqHuX paBeHCTB CleAyeT JIETKO poBepseMast

Teopema
8.7.1.

Kaxnblii gmneiinbii pynxkmmonan f(X) B A" B Kom-

KpeTHoM Gasuce 1{Z(,Z2,..,<,} HMeeT OIHOIHAUHO

omnpezeisieMyI0 CTPOKY KOMIIOHEHTOB
Slo=ler 6 e,

a KaKIasi CTPOKA KOMIIOHEHTOB H o, ¢, ... ¢,

>

B

KOHKpPeTHOM 0a3uce B A" omnpeneJisieT HeKOTOPbIi JHHeii-
n

Hblii Qpynkmuonan mo dopmyae f(x)= Zd),f;i, WIN B
i=1

X

g

g

matpuunom Buge f (X) :H S

3anmuch KOOPAMHATHOTO MPEICTaBICHUS JIMHEHHOrO (DyHKLIMOHAIa B
A" B BuIe cmpoku (a He cTonbnal) cieayer U3 HEOOXOUMOCTH obecrie-
YHUTh COOTBETCTBHE TOTO MPEACTABICHUS ONpeIeieHuIo 8.4.5, MOCKOIbKY
JMHEHHBINA QYyHKIHOHAT B A” MOKHO paccMaTpHBaTh Kak JIMHEHHOE 0T00-

paxenne A" —> Al.

[Mosyunm Tereps NpaBUIO M3MEHEHHUsI KOMIIOHEHT JIMHEHHOTO (QYHKIIM-
oHaa B A" mpu mepexope oT ofHoro 6asuca k apyromy. [lycte B A"

nanbI jiBa 6asuca {g,, 8,5 g, W {g{,g; ,...,g;} , CBSI3aHHbIE MaTpH-

1eii mepexoya H SH = H G,

> '1e g; :zo-ijgi Vj=[Ln].
i=1
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KOOpZ[I/IHaTHI)Ie OpeACTaBJICHUS HEKOTOPOI'O 3JICMCHTA X 6yJ_'[yT HUMCTb

n n
B paccMaTpHMBaeMbIX 0a3ucax BHI X = Zi, g = z&; g, a xoopau-

=) i1
HATHbBIC TIPE/ICTABICHHUS THHEHHOro pynKimonana f (X) — coOTBETCTBEH-
HO

f@=Y 0.8 =248

v !
Haiinem BBIpaXkeHUs A7 BETHINH (I)l« gepes ¢,« . Ucnonp3ys BBeneH-

HBIC 0603Ha‘IeHI/I$[, nojryqyacm

n n n
o= f(g)= f(zckigk) = Zo-kif(gk) :Zd)kcki ,
k=1 k=1 k=1
9TO JIOKA3BIBAET CIETYIONIEE YTBEPKICHIE.

Teopema B A" B 0asucax {gl’gZ""’gn} " {gllag;r“’g:z}

8.7.2. KOMITIOHEHTbI KOOPAMHATHDLIX HpenCTaBJ'[eHI/Iﬁ JIMHEHHOro

¢yHkumonana

7], =1 61sb2res0,

w S

g :H ¢;>¢'2>---:¢:1

n
cBsI3aHBI cooTHONIEHHeM O] = Z(I)lﬁik s k=[1,n], rae

i=l
K03QPuuueHTsl O, — K03GPUIHEHTHI H SH — MaTpHUIbI

nepexoAa oT MepBoro 6azuca Ko BTOPOMY.

B MaTpuuHOiT hopMe 3TO yTBEPIKACHUEC UMEET BUJT

71, =l 0s].

3TO 03HAYACT, YTO KOMIIOHCHTHI JHHEHHOrO (pyHKIMOHATa B A" mpeos-

pa3yroTcs Ipu 3aMeHe 0asuca Tak e, Kak MpeoOpasyroTcst CTOJOIbI Oa-
3WCHBIX DJIEMEHTOB (cM. § 7.3).
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[iBonctBeHHOE (CONpPsXKEHHOE) NPOCTPaHCTBO. B3auMHbIn
(buopToroHanbHbIN) 6asunc

[MockonbKy nuHEWHbIE (YHKIMOHAIBI B A SIBISIOTCS YacTHBIM CIIyda-
€M JIMHEWHBIX ONEpaToOpoOB, TO IJIS HUX MOXHO BBECTU ONEpAIM CpaBHE-
HUS, CJIOKEHUS U YMHOXKECHHS HA YHUCIIO.

3agava Tloxazams, umo 6 A" c 6a3ucom {gl,gz ,...,gn} onepa-

8.7.2. YUl CLONCEHUST U YMHONCEHUsL HA YUCIO OJisl TUHEUHbIX (QYHK-
YUOHAN08 p(X) u q (X) 6 KOOPOUHAMHOM NpPeoCmAasieHuu
umerom 6uo

u

Hp+qu = H (I)l +\Vl ¢2 +“|”2 d)n +wn
H KpHg = H A, Ad, ... AD,

5

20e

(pl =l 6,
gl =lwe ve ey,

u

OueBHIHO, YTO TP 3TOM OyIyT CIpaBeUIUBHI BCE yTBEpXKACHUS § 8.2,
B TOM YHCIIE U

Teopema  MHOXkeCTBO BceX JIMHEHHBIX (PYHKUMOHAJIOB, 32JaHHBIX B
8.7.3. JIMHEHOM MPOCTPAaHCTBE A , ABJSIETCSA JIMHEHHBIM MPO-
CTPAHCTBOM.

OnpepeneHve JInHEHHOE MPOCTPAHCTBO JIMHEWHBIX (PYHKIMOHAIOB, 3a-
8.7.3. JAHHBIX B A, Ha3bIBaeTcs 08oucmeeHHbIM (AN CONpsi-

JlcenHbiM) TIPOCTPAaHCTBY A 1 0Oo3HawaeTca At .

Teopema 8.7.1 ycraHaBnuBaeT B3aUMHO OJHO3HAYHOE COOTBETCTBUE
MEXKIYy MHOXECTBAMH JIMHEHHBIX (YHKIMOHAIOB M #-KOMITOHCHTHBIX

CTPOK, IMOCICIAHEEC U3 KOTOPBIX ABJIACTCA JIMHEHHBIM N-MEpHBIM NPOCTPaAH-
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CTBOM. HpI/IHI/IMafI BO BHUMAHHUE, YTO OI€palnu ¢ JIMHEHHBIMHA (l)yHKHI/IOHa-
JlJaMH1 B KOOpAWHATHOM NPCEACTABJIICHNH B An COBIIAJA0T C aHAJIOTUYHBIMHU

omnepanusIMH IS /1-KOMIOHEHTHBIX CTPOK, MOXKHO MPUHTH K 3aKITIOYCHHUIO
00 n3oMopdHOCTH JHHEWHBIX mpocTpaHcTB A" u A" . Tlostomy Oynmer
CIIpaBeINBa

Teopema PasmepHocTh mpoctpanctea A", aBolicTBeHHOro A",
8.7.4. paBua 71,

Kak u BO BcsikoM /1 -MEpHOM JIMHEHHOM IPOCTPAHCTBE, B AT H0IDKeH
cyuiectBoBath 6azuc. [IycTb OH COCTOUT U3 3JIEMEHTOB

{r,ryssr,}s roe N Vi=[l,n].

~ +
Torga KaKIbli 3JIEMEHT f e A" MoxeT GbITh OJIHO3HAYHO ITPECTABIIEH

B BUJIE JTUHEHHON KOMOMHAIMHN 0a3MCHBIX 3JIEMEHTOB, TO €CTh

f=>pr,
i=1

a craHaapTHoe A1 A" cmoabyoeoe KOOPIUHATHOE MPEACTABICHHUE DIie-

MEHTA f , OyZeT IMeThb BHI

Py
Py

| f

P

CBs3b MCIKAY KOOPAUHATHBIMH NPEACTABICHUAMU JIMHEIHOTO (i)yHKIII/I-

OHaJa f B Oa3zucax {gl,gz,...,gn} cA'n {FI,FZ,...,Vn} — A" 3a-

JlaeTCsl KBapaTHOM, nopsiaka 1, MaTpuuen H r , DJIEMEHTaMH1 KOTOPOH

rg
sBISIIOTCS yncna Yy =7 (g _,-) ;0 ] = [1, n] — 3Ha4YeHUs (yHKIMOHANA

7; Ha dJNeMeHTaX & ;.
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3apava Jlokazams, umo ecau {rl,rz,...,rn} — basuc 6 A", a
8.7.3.
{g2,.855-»8,} —6asuce \", mo
Lol =Tl sl v L1l =1 1T,
Onpepenelne  Eciu marpuia HF e :HE , TO €CTh
8.7.4.
I L R
Yij_ i O,iij L, j=LLnj,

TO 0a3HUCHI {gl 5 8% 5 oo gn} Hu {rl 5173 goocg rn} Ha3bIBa-
10TCS 83auUMHbIMU (OUOPMOSOHANLHBIMUL).
OtMeTHM, 4TO e€ciii 0a3uc {V] sV 5eees l’n} B A" sBIfeTCS B3aMMHBIM

s 6asuca {gy,85,-»8 " } B A", TO 15t TOBOrO TMHEHHOTO (YHKIHO-

pana f (X) ero koopauHATHBIC IpeACTAaBICHUS B A" U B A”" CBS3aHBI

T
=l

O4YCBUIHBIM COOTHOIICHUEM H f

BTopuyHoe OBOMCTBEHHOE (BTOPUYHOE COMPSKEHHOE)
NPOCTPaHCTBO

IMockonbky A"* siBnsiercst 71 -MepHBIM JIMHEHHBIM IPOCTPAHCTBOM, TO
B HEM TaK ke, Kak U B A" , BO3MOXHO OTpENeNATh JINHEeHHbIe (PyHKITOHA-
JBl U paccMaTpUBaTh MX MHOXECTBO KaK HOBOE JIMHEHHOE MPOCTPAHCTBO
A", nBoiictBenHoe Kk A" . Bynem HaspiBaTh mpocTpaHcTBO A"t gmo-
PUUHBIM 080TICBEHHbIM JUTS TMHEHHOTO TIpocTpancTBa A” .

BrionHe 04eBuIHO, 4TO JIMHEHHbIe npocTpancTBa A", A™ u A" 1
-MEpHBIE U, CIEJ0BaTeNIbHO, n30MOpGhHBI Apyr apyry. OpnHako Iuis mpo-
ctpaictB A" U A™7 cymecTByeT 0coObiil H30MOpGhU3M, TTO3BOJISIOLIHIA

HE JIeNIaTh Pa3Inyrsl MEXKAY HUMH M KOTOPBIA MOXET OBITh IOCTPOCH Clie-
JIYIOIIAM 00pa3oM.
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[ycts X — HexoTopbiit mement u3 A", a X (f) — neitcrByroumii B
A" dynxumonan, Taxoif, aro X (f) = f(x) Vf € A"". V6emnmes
sHavare, uro X (f) numeitusii Ha A", TO ecTh OH OyneT HeKOTOPBIM

aneMeHTOM B A" . JIelCTBHUTENBHO,

XA fi + 00 5) =0 [ () + 1, 15 (%) =
=MX(D)+0,X(f,) YR, eR; f,f, €A,

I10 o3nauaer, uto X (f) € Q Vf e A", rae, cornacuo teopeme 8.4.1,
() — mOANPOCTPAHCTBO JMHEHHOIO mpocTpancTea A"+ .

Teneps paccmorpum otobpaxenne X (x): A" — €2, xoropoe MOx-
Ho 3armcath U kKak Y = X (f(x)) Vx e A"; y € Q. Ono Gyner nuneii-
HbIM, KAK TIPOM3BEICHHE (KOMIIO3HIMs) uHeiHbIX otobpaxenuii X (f)
u f(X), u, kpome TOro, OUEBHIHO, 83aUMHO 0OHO3HAUHBIM. CIIEIOBATEb-
wo, ¥ = X (f (X)) — oroGpakenue, ycTaHaBIHBaOIICe H30MOPBU3M JIH-
HeHHOro ImpocTpaHcTBa A” U MHOxkecTBa (), a TOrAa B CHIIY TEOPEMEI
7.5.1 dim(Q)=dim (A")=n.

Hakonen, orMeTnM, 4TO COYETAHHE YCIOBUN

dim (A"")=n=dim(Q) u Q = A"
03HaYaeT coBnajeHue MHOXecTBa () W JuHelHoro npocrpanctea A",

Takum 00pazoM, MBI MPUXOAWM K 3aKIIOYCHHIO, YTO OTOOpaKEHHE
y=X(f(x))Vxe A" ; ye A" ycranapnmsaer Tox1eCTBEHHOE B3a-

MMHO OJTHO3HAYHOE COOTBETCTBHE MEXIY DJIEMEHTAMH JIMHEHHBIX IMPO-
crpancTB A" U A", MO3BOJISIONIEE CUUTATH UX OOHUM U MeM dice TIPO-
CTPAaHCTBOM A" H 3alUCHIBATh CBS3b MEXKAY 3HAYCHHUSAMH JIMHCHHBIX
¢byHKUMOHANOB, AeiicTByOIMX B A" U A", B cuMmerpudHoii dopme
BHJIA

x()=f(x);Vxe AN ;VfeA".
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Mnasa 9 .
HEJIMHEUWHBLIE SABUCUMOCTMU

B IMHEUHOM NPOCTPAHCTBE

§ 9.1. buanHeiiHble PYHKIIMOHAJIBI

Onpenenenve IlycTs B JIMHEMHOM NPOCTPaHCTBE A KaXIOH yHopsamo-
9.1.1. 4EeHHO# mape 37eMeHTOB X ¥ Y IIOCTaBIIGHO B COOTBET-

creue ancio B(X,)) rak, uro
1) B(ox, +Bx,,y) =aB(x,,y) +BB(x,,y)
Vx,,x,,yeA;Va,f,
2) B(x,ay, +By,)=0aB(x,y)+BB(x,y,)
Vx,y,,¥, €A Va,B,
TOTJIa TOBOPSAT, 4YTO B A 3a1aH OuiuHeuHbll QYHKYUOHAT

(vmm Oununetinas opma).

Mpumep 1°. Tlpomssenenue ABYX nuHeiHBIX dyHkmmonanos I (X)

9.1.1.
u G(y), onpenenennbix B A ,

B(x,y) = F(x)G(y)
ecTh OWIIMHEHHBIN QyHKIMOHA.

2°.  JIBoMHOMW MHTETpal

B(x,y) = J.J.K (t,0)x(t)y(o)dodt =

B B
= I X(T)(I K(t,0) y(cs)dc)dr,

rae Gynkuums 1yx nepemennbix K (T, O) nempepsisHa



326 AHaTuTHYeCKAasi TeOMETPHUs U JUHeiiHas ajaredpa

as<t<P
Ha MHOXecTBe £2: , €CThb OMIMHEHHBIN
a<oc<

(YHKLIMOHAT B JIMHEHHOM IPOCTPAHCTBE HENPEPhIBHBIX

ua [0, B] dynkimit.

3°. bunuHeWHBIM (YHKIMOHAIOM SBISIETCS CKAIIPHOE
MIPOU3BEICHNE BEKTOPOB Ha MJIOCKOCTH HIM B IpO-
CTpaHCTBE.

BunuHenHble pyHKUMOHANbLI B A" .

Iycts B A” 3amambl 6asuc {g,, &, g n} ¥ OWIMHEHHBIH QyHKIIHO-

uan B(X,)). Haiimem Qopmyny s BbIpaKeHHsI €ro 3HAYCHHs uHepe3
KOOD/IHATHI apI'yMEHTOB.

n
[Ipeanonoxxum, 49TO B paccMaTpuBacMoM Oasuce X=Z§igi "

i=1

n

y= ZT] ;& , Torma, cormacHo ompenenennio 9.1.1, crpaBemmMBEI pa-
Jj=1

BEHCTBA

By =B L8 Yn,8) = Y6 BE, Y ,8,) =

n n

=YY e, B(gng) = Y B,EM,.

i=1 j=1 i=1 j=I

Onpefenexve  Yucna B,-J:B(g,-,g j) HAa3bIBAIOTC KOMNOHEHMAMU
9.1.2.
Gununetinoco  ¢ynkyuonana  B(X,y) B Gasuce

— Mmampu-

{g,,8,,-8,}, a Marpua HBHg =H BU

yeii OUNUHEUH020 QYHKYUOHAA B STOM Oa3uce.
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B A" c 6asucom {g,,&,,-» & n} OMIMHEWHBIH (DYHKIIMOHAI MOXET

OBITH MpCACTaBJICH B BUAC

B(x,y)ziini&kni :iiaklﬁkinil =i&-1Tkininil =

k=1 i=1 k=1 i=1

B B - Bu|lm
Bay By o Ba| M2

-1& & .. &,

Bnl BnZ Bnn nn
s EINEIRET

I CTOJIOLBI H X Hg " H y Hg — KOOpIMHATHBIC MPEICTABICHHS YICMEHTOB
X u YV B nanHom Gaswuce.
Marpuma OwnmHeHOTo (yHKIHMOHAA 3aBHCHT OT BBIOOpa Oasmca.

IMpaBuito W3MEHEHHsT MATPHIIBI OMIMHEHHOTO (DYHKIMOHANA MPU 3aMeHe
Oasuca Jaer

;eﬁ)ema ycTs H S H — MaTpuuIa Tmepexoga oT 0a3uca
o {glagb”"gn} K Oasucy {giagéa"'ag;z}a Toraa
T
18], =Isl '], 5]
ﬂOKaSaTeanTBO.

IMo onpenencHUIO MAaTPHIIBI TIEPEX0JIa OT OJTHOTO Oas3uca K IPyromMy B
A" (cm. § 7.3) IMEIOT MECTO COOTHOIIICHUS

g, =>.0,8 »k=[Ln],
i=1
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HO TOrjga

B.=B(g;.g) =B 0,8.>.6,8,)=
i=1 Jj=1

= chikcle(gi’g_j) =

i=1 j=1

n n n n
— _ T
= Zz%%ﬁy = chizBiIGﬂ
i=1 =1

=t j=1
ws Beex k,[=[1,n].

Teopema gokasaHa.

Crencteve  det H B‘
9.1.1.

[okasatenbCcTBO.

,=det|B| det’|S]|.
4 4

Crnenyet u3 Teopems! 9.1.1, a Takke CBOWCTB IeTepMUHAHTA (Teope-
MBI 6.2.1 1 6.2.4).

OTMeTHM, 4TO B CHIJIy HEBBIPOXKJICHHOCTH MATPHIIBI Iepexoja 3HaK
OIIpEeIeINTENSI MATPHILIBI OMJIMHEWHOTO (DYHKIIMOHAJIA HE 3aBUCHUT OT BBIOO-
pa 6azuca.

Cnegcteue  PaHr marpuubl OMIMHeHHOTO (PyHKIMOHAJIA He 3a-
9.1.2. BHCHT OT BbIOOpa 6a3uca.
[oka3aTenbCcTBO.

Crnenyet u3 TeopeMsl 8.4.3 ¥ HEBBIPOXKAEHHOCTH MaTPHUIIBI IEPEXo0-

|51

Onpepenenve Bumuneiinbiii Gynxuuonan B(X,)) wuaseaercss cum-
. MempUu4HbIM, €CIH JUIS JIF000H YIOops109eHHOMI Naphl dJie-

MEHTOB X W V JHHEHHOro MpPOCTpaHCTBa A HMeeT Me-

cro pasenctso B(x,y) = B(y,x).
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Teopema Jl1 CHMMETPHYHOCTH OMJIMHEIHOTr0 (yHKIMOHAJA
9.1.2. B A" He0o0X0IUMO M JOCTATOYHO, YTOOBI €ro MaTpH-
1a 0bLIa CHMMETPU4YeCKOM.

[oka3aTenbCcTBO.

Heo0xoxnnMocTs ciemyeT w3 COOTHOIIEHUH
Bg/ = B(gi’gj) = B(g_/'9gi) = B_ji
Vi, j =[1,n].

Jlokaxxem 1ocTaTOYHOCTh. JleMCTBUTENBHO, €CITU

Bij :Bji vi:j:[lan],TO

B(y,x)= Zn:Zn:Bﬁnjéi =2 2.B&m,=

j=1 i=1 j=1 i=l

= Zn:Zn:B,ﬁ,n, = B(x, ).

i=l j=1

TeopeMa gokasaHa.

§ 9.2. KBaagpaTnunbie (PyHKIMOHAJIbI

Onpegenenve  IlycTh B JIMHEHHOM IPOCTPAaHCTBE /A KaXIOMY JJIEMEH-
9.21. Ty X MOCTaBIEHO B COOTBETCTBHE YHCIIO

rae B(X,Y) — uexoropslii GHIMHEHHBIH (YHKIMOHAT B

A, Torma roBopsAT, 4To B A 3amaH Keaopamuumwlil
@yHrkyuonan (WM K6AOpamuuHas Gopma).

B o0miem crydae B BeIeCTBEHHOM JIMHEWHOM IPOCTPAHCTBE MO 3aaH-
HOMY KBaJIpaTHYHOMY (DyHKIIHOHAITY HEJIb35l BOCCTAHOBUTH MOPOXKAAIOIINI
ero OWJIMHEIHBINA (YHKIIMOHAJ, OJTHAKO 3TO MOXHO CJeJIaTh B CIydae Cum-
MempuuHo2o OWIMHEHHOTo (PyHKINOHANA.
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JleficTBUTENBHO, MyCTh KBaJpaTHuHbIi (yHKIHoHan d(X ) nopoxaeH
CHMMETPHYHBIM GumnHeitnbM (pynkumonanom B(X,)), Torma anms mo-

ObIx X W ) HMMeeT MeCTO PaBeHCTBO
O(x+y)=B(x+y,x+y)=
= B(x,x)+ B(x,y) + B(y,x)+ B(y,y) =
=D(x)+2B(x,y)+D(y),
D(x + ) —D(x) - D(y)
> .

B A" cummerpuueckas Marpuiia OWIMHEHHOTO (YHKIIH-

orkyna B(x,y) =

OnpepeneHve
9.2.2. 1
OHana E(CD(X +y)—D(x)—D(y)) HasbBactcs

mampuyeii keadpamuurozo Gynxyuonara D(X) .

Ecmu B A" 3anan 6asuc {g1,82,--»&y }» TO KBAIPATHIHBIH (yHKITH-

OHAJI MOYXKET GbITh IIPEICTABIIEH B BHJIE
D(x) = ZZ(Pkigkgi =
=1 i=1
Oy P - @ &
Oy Py - 0y, &,

=

:H§1 az én

(pnl (an (pnn an

g9

T
=%

g
n

rae H X Hg — KoopnI/IHaTHLH‘/'I croii0er] diieMeHTa X = Z& ;&,; B JaHHOM
i=1

Oazuce. 3amena 0Oasuca, B CBOIO OYepe/b, IPUBOIANT K N3MEHEHHIO MaTpH -

>

bl KBaAPaTHYHOrO (YHKIHOHANA 110 (opMmysie H(DHg, = H S HTH(DHJ‘ S

omnpenenseMoi Teopemoit 9.1.1.
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OtMeTuM, YTO MHOT/IA IeJeco00pa3HO CTPOUTH KBaJpAaTUYHBIA (YHK-
mmonan P(X) no nopoxmaromemMy GUIMHEHHOMY (YHKIHOHATY, TIPOCHM-
METPHPOBaB NPEIBAPUTENBHO TMOCIEAHUH. JleHCTBUTENBHO, A JII0O0To
B(x,y) moxHO yka3aTh CHUMMeTpHUHBIH GHIHHEHHBINH QYHKIMOHA BUIA

1
5( B(x,y) + B(y,x)), KOTOpbIil OyneT MOpOXIaTh mom dice camblil

kBagpariunbiii Pyrkimonan O(x) |, uto u B(X, y) . B stoM ciyuae oue-

BHMJIHO, YTO
Bi'+B'i BI+BI ..
i _ 1y 5 S _ T 5 U :(Pji VZ,]:[I,I’I];

— JIEMEHTbl CUMMETPUYECKOM MaTPULIBL.

Mpumep Iycts B A 3aman GumMHEHHBIH (hyHKIHOHAT
9.2.1.

B, (x,y)=&m, +3&,m, —-&,m, -
—3&m, +2&m, —&,n; —&n, =
1 -3 Oflm,
:”};1 éz §3|| -1 3 -1 UPLE
2 -1 01 ms

1 -3 0
umerommii Matpumy |— 1 3 —1| u B cumy Teopems
2 -1 0

9.1.2 He sBastomuiics cummerpuueckuM. [lopoxkaaemslii um B
A’ KBagpaTHuHbBIi QYHKIMOHAT OYIET MMETh BHJL

D, (x) = &12 +3§§ —48,&, +28,&, —28,8;.

B T0 )€ BpeMsi CHMMETpUYHBII OMIMHEHHBIH (QyHKIIMOHAI
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B,(x,y)=&m, +3&,n, —2&n, —2&,m, +
+&1n3 +§3ﬂ1 _a2n3 _a3n2 =
1 -2 1]|n,

:HEA &, &3“ -2 3 —1||n,|,
1 -1 0]|n,

1 -2 1
UMeroIuii Matpury |— 2 3 —1], 6ymer nmopoxnars
1 -1 0

B A3 KBaJpaTUIHBINA (QYHKIIFOHA BHIA

D, (x)= élz +3é§ —48,&, +28,&, —28,8,,

xoropsiii coBnazaer ¢ D, (x) n nmeer marpuiy

1 -2 1
-2 3 -1
1 -1 0

B psine BaXHBIX MPUKIAAHBIX 38]]a4 OKa3bIBAETCSl HEOOXOMMBIM OTBIC-
KaHue 0a3uCOB, B KOTOPBIX KBaIpaTHUYHBIN (YHKIIMOHAT MMeeT Hanboiee
MIPOCTO U YIOOHBIH IJIs1 HCCIEIOBAHIS BU.

Onpepenenve  Kpanpatuunsii ynxmuonan P(X) wnmeer ouaconans-

9.2.3. )
i 6ud B Gasuce {g,,Z,,-»8,} — A", €CIM OH B

9TOM 0a3mnce MPeaCTaBUM Kak
n
_ 2
D(x)=D AL},
i=1

rae A, Vi =[l,n] — wexoropsie uncrna.



Maesa 9. HeinHeiiHbIe 3aBHCHMOCTH B JIHHEiTHOM npoctpancTBe 333

Ecin, kpome Toro, uncna A, I =[1,n] upunmmaror

yume 3HadeHns 0 uiam =1, TO TOBOPST, YTO KBaApaTH-
HBIH (YHKIIMOHAI B JAHHOM 0a3MCe UMEET KAHOHUUeCKUll

8UO.
Teopema Jusi Kamaoro KepaapaTu4Horo (yHkumoHana B
?M2-1 A" cymecTByeT 0a3HC, B KOTOPOM (PYHKIMOHAJI
eTon .
Narpatxa). HMeeT KAHOHUYeCKUI BUJL.
[lokasaTenbCcTBO.

Bocnonb3yemcst METOJOM MaTeMaTHYECKON UHITYKIIMH.

1°.

2°.

Tpu n =1 B mobom Gasuce P(x)=¢,, &7 . Ecm ¢,,=0, 10

MBI y)K€ UMEeM KaHOHHYECKUH BHJ, eciu ke P, # 0 , TO, BBI-

!
IOJIHSIS HEBBIPOJKACHHYIO 3aMEHY NEPEMEHHBIX &) = - | ‘ ¢ ‘&1
, IPUXOJUM K KAHOHUYECKOMY BH]TY.
IIpenmonoxxum, 9TO yTBEp)KIEHHE TEOPEMBI BEpHO IJIs KBaJIpa-

THYHBIX (PYHKIMOHAIOB, 3aBUCAIIMX OT 71 — 1 IepeMeHHOMH, u
paccMOTpHuM ciydail /2 mepeMeHHBbIX.

bynem cuurars, uto @ # 0. Droro MoxHO TOGUTHCS H3MEHE-
HHEM HyMepalHy NEePEeMEHHBIX B Cilydae, KOrja XOTs Obl OJHO

w3 uucen @, ,1=[2,n] wne pasno muymo. Eciu ke Bce
@, ,1=[1,n] pasub nymo onHoBpemMeHHO, TO €3 OrpaHuye-

HHsI OOIHOCTH MOXHO cumtath, 4to @, # 0. Torxa, Bemos-
Hssl HEBBIPOXKICHHYIO 3aMCHY IEPEMECHHBIX
et ’ _el et et et
al_&l+§2’§2_al aZ’ §3_E.!3""’E->n_&’n7
l‘IOHy‘IaeM 3aIlIucChb KBaLIpaTI/IlIHOFO (byHKLU/IOHaHa C HeHyHeBBIM
JAUaroOHaJbHBIM 3JIEMECHTOM
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D(x) :2@12};;2 _2@21(2,22 +F(&1,85,E5,...,8),).

rae F(&),8),E5,...,&!) He comepxuT KBagPaTOB OT & utl.

3°. B 3ammcu KBagpaTHYHOTO (YHKIMOHATA CTPYIIIUPYEM cJaracMele,

COACpIKaUC IICPEMCHHYIO (t-,.l .

D(x) = ii@ikiiik =

i=l k=1

=9, (& +2Z Yig e+ 088,

11 i=2 k=2

" BBIICIINM TIOJTHBIN KBaJpar, BOCIIOJIB30BaABIINCH COOTHOIICHUAMM

ZZa Q —(Zak)(zot) (Zak)

k=1 i=1

= (o, +zak)2 = (X‘lz +2za]ak +(iak)2 =
- - k=2

=a’ +220c o, +ZZOL Q.

k=2 i=2
Iomyuum

D) =, 2 +23 Pge + 3 PP e )y

i=2 Py i=2 k=2 1

£33 (g, - 2Puye e

i=2 k=2 11

U OKOHYAaTCJIIBHO

D(x) = cpn(&wZ“’l’ £+ (g, - 2Pz e

11 i=2 k=2 1
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B nocnenneit hopmyne nepBoe ciaraeMoe ecTh MOJHBIA KBaapar, a
BTOPOE — KBaJPaTU4HBIN (YHKIHOHAJI, HE 3aBUCSIINI OT il U IIpU-

BOJSLIUICS, COTJIACHO TPETOJIIOKEHUI0 MHAYKIIUH, K KAHOHUYECKO-
My BHJly HEKOTOPOW HEBBIPOKIEHHON 3aMEHON [TEPEMEHHBIX

&;c = i%@n k=[2,n].

4°. BpImomHMM 3aMeHY NEpEeMEHHBIX KBAJPATUYHOTO (PYHKIIMOHATA

D(x) mo popmymnam
&= o8+ X ),
i=2 @1y
& =D 1.6 k=[2nl,
i=2

KOTOpas NpUBCACT K MPEACTABICHHUIO €ro B KAHOHWYECKOM BHJC.

(9.2.1)

IockonbKy B cuty (O, # (0 MaTpuua BbIIOIHEHHON 3aMeHbI nepe-

MEHHBIX
P2 Dy,
‘(Pn‘ ‘(pll‘ ‘(Pll‘
Dy Py
H TH = 0 Ty, T,,
0 T,, Ton

UMeeT ONpeAeIuTeNb, He PaBHbIM HyI0, To 3aMeHa (9.2.1) — HeBbI-

poxnenHas. Ho Torma watpuma H T H UMeeT O0OpaTHYIO:

H S H = H T H71 (cm. cnenctBue 7.5.3), KoTOpas B CBOKO O4YepEb SIB-

JsIeTCs MaTpUIeH Iepexoia K HCKoMoMy Oasucy.

Teopema gokasaHa.



336 AHAIMTHYECKASI TeOMETPH U JuHelHas ajareGpa

3ameyvaHue: 0a3uc, B KOTOPOM KBaIPATUYHBIA (YHKIMOHAI UMEET TUaro-
HaJIbHBIN WM KAHOHWYECKUI BUJ, HE €UHCTBEHHBIN, paBHO
KaK He SBJISIETCSd €IWHCTBEHHBIM CaM KAaHOHWYECKHH WIIN

JMaroHaJbHbBIA BUJ KBaJPaTHYHOrO (PyHKIMOHAIa B A" .

Merop Jlarpanka He Bcerja oka3blBaeTcsi HanboJiee MPOCTOH (C TOUKK
3peHHs 3aTpaT BBIYMCIUTENBHBIX yCHINIT) mpouenypoil. MHorna npusene-
HHE MaTPHIIBI KBAIPATHIHOTO (PyHKIIMOHANA K JUarOHAIBHOMY (MM KaHO-
HHUYECKOMY) BHIY MOXHO BBIIOJTHHTH Ooiiee 3¢p(PeKTHBHO mMyTeM HCHOIb-
30BaHUs HEKOTOPOTo Habopa AJIeMEHTapHBIX IPeoOpa3oBaHuUi.

JlelCTBUTEIIBHO, TIPH MEPEX0Jie OT HCXOIHOTO Gasuca {g 18258 n}

! ! ! v
K HOBOMY {gl 580500y gn} C MaTpULECH Iepexoaa ” S ” MaTpula KBaapa-
THUYHOTO (PYHKIIMOHAIA MEHSIETCS 10 IPABUITY

T
|of, =[s[e[ls].

Bynem teneps paccMaTpuBaTh MaTpuUILy ” S ” KakK MaTpHIly HEKOTOpO-

IO 3JIEMEHTAPHOIO TPe0OPa30BaHUs MATPHUILIBI H @ Hg (cm. § 6.8).

[Tycts MaTpuna ” S ” TaKoBa, YTO YMHOXKEHHE Ha Hee CIIpaBa H @ Hg

MPUBOAXT MOCIEIHIO K HIKHEMY TPEYroJIbHOMY BHIY, TOTZIa B CHITY TEO-

pemsl 6.8.2 MaTpuna H @ ‘g, OKa3bIBaeTcs AuaroHansHoU. C Apyroi cro-

POHBI, MaTpuUIa ” S || MpeAcTaBuMa Kak IPOW3BEICHNE MaTPUI] dJIEMEH-

TAapHbIX npeo6pa30BaH1/H‘/'1, oCiIeA0BATCIIbHO MPUMCHCHHBIX K CTOH6HaM
CHHHHQHOfI MaTpulbIl.

ITosTOMY, BBINOJHUB AMATOHAIU3ALUIO H ) Hg HEKOTOPhIM HabopoM

3JIEMEHTAPHBIX NPeoOpa30BaHmil (BBITOIHIAEMBIX HA KaXKIOM IIare mpore-
JIypHI KaK ¢ €e CTPOKaMH, TaK M C ee CTOJOIaMHi) ¥ IPHUMEHHUB TOT KE ca-
MBIl HA0OP 3JIEMEHTapHBIX PeoOpa3OBaHUil K CTOJIOLAM €JUHUYHON MaT-
PHIBI, MBI MOJYYHMM OJHOBPEMEHHO KaK JMaroHaJbHBIN BUA MaTPHILIBI
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oo | =[S~ pop-

MyJBI TIEpeXofa OT HCXOTHOro 6asuca {Z,&,»--»&,} K Oasucy

KBaJIpaTUYHOTO (pyHKIHOHANA H ) ‘

! ’ ’
{g1,855»g,}, B KOTOPOM MaTpHIa KBaAPATHIHOTO (YHKIMOHAIA OKa-

3pIBaeTCs AuaroHadbHOU. [IpuMeHeHne JaHHOTO aNrOpUTM WITIOCTPHPYET
CIEYIOINI TpUMep.

3anava Ipusecmu 6 A3 x OuazonanvnoMy 6uUdy KEAOPAMUYHBLLL
9.21. pyuxyuonan

D(x) = _2‘212 - &; - 4&? —88,&, +2§,&; —8E,&;.

Pewenne. B ucxoamom 6asuce yukmuonan O(X) umeer marpuy

2 -4 1
4 -1 -4
1 -4 -4

1°. Ha nepBom miare npoueayps! BEIIOJHUM CIEAYIOIIUE 3je-
MEHTapHbIE ONEPALUH:
- 3aMEHUM BTOpPYIO0 CTPOKY HCXOJHOW MAaTpPHULIbI
Pa3HOCTBIO BTOPOH U TPEThEH €€ CTPOK;
- B HOJIy4EHHOH MaTpuIle 3aMEHUM BTOPOH CTOI-
Oer1 pa3HOCTBIO BTOPOTO M TPETHETO CTOJNONA,
B pe3yJbTaTe 4ero nojiydaeM MaTpully BUJa

-2 =5 1
-5 3 0
1 0 -4

KpOMC TOrO, 3aMCHHB B C,HI/IHPI‘IHOI>'I MaTtpune

1 0 O
0 1 O Bropoii cronGen pasHOCTHIO BTOPOTO

0 0 1
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1 0 0
TpeThero, nomyunm || 0 1 0
0 -1 1

2°. Ha BrOopoM Immare 3aMeHse€M BHayalle IIEPBYIO CTPOKY
YTPOEHHOH NEPBOMH, CI0KEHHYIO CO BTOPOM, B3STOH € KO-
a¢¢unmenTom 5. COOTBETCTBEHHO TaKoe ke Mpeobpaso-
BaHME BBIMONHACTCA cO cTonOnamu. [lomyuaem ciemyro-
M€ BE MAaTPULIBL:

-93 0 3 3 0
0 3 Oflul 5 1
3 0 -4 -5 -1 1

3°. Ha TpeTrheM 11are 3aMeHsieM TPETBHIO CTPOKY MEPBOM, ci10-
JKEHHYIO C TpeTbhei, B3siTod ¢ kod(p¢uunuentom 31. Bor-
THIOJIHKMB TaKHe ke NMpeoOpa3oBaHMs CO CTOJIOLAMH, COOT-
BETCTBEHHO ITOJIy4aeM MaTpHUIIbI

-93 0 0 3 0 3
0 3 Oful 5 1 5
0 0 =375l -5 -1 26

Takum 00pa3omM, mepenst Kk 6asucy

0
s sl S
=50 (=11 |26

Y BBITIOJIHUB 3aMCHY KOOPAMHAT 10 (opMysiaM mepexoa
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& = 3¢ +385,
&= 5§ +& + 58,
&y = =58 —&; +268;,

MBI TIOJTYYUM CIICAYIOIINI AUaroHaJbHBIN BUI HCXOIHOTO
KBaZpaTHYHOTO (pyHKIHOHANA!

D(x) =-93E]” +3E7 —3751E%.

§ 9.3. UccaenoBaHue 3HaKa
KBQ/IPATUYHOT0 (PYHKIHOHAJIA

HeCMOTp?[ Ha HCCAWMHCTBCHHOCTh JHArOHAJIBHOI'O HJIM KaHOHHYCCKOI'O
MpEACTaBJICHUSA, KBAAPATUIHBIC q)yHKL[I/IOHaJ'ILI O6Ha}IaIOT PAAOM BaXKXKHBIX
CBOﬁCTB, uneapuarmmoblx OTHOCUTCIIBHO (TO €CTh HC 3aBUCAIINX OT) BbI-

Oopa 6asuca B A”. OgHOM M3 TaKMX XapaKTEPHCTHK SBISIETCS paHe K8ao-
Pamuuno2o GynKyuonana.

OnpegeneHve MakcuManbHOE YHCIO HE PAaBHBIX HYIO KO3 (HUIIEHTOB
9.3.1. KAHOHMYECKOTO BHJA KBAAPATUYHOrO  (hyHKIHMOHANA

®D(x) HasbBaercs ero panzom 1 0bo3HavaeTcs Ig .

Teopema PaHr xBagpaTuyHoro ¢yHkuHHOHa1a B A" He 3aBH-
9.3.1. CHT OT BbIOOpa Oasuca.

[loka3aTenbCcTBO.

ITo crexctButo 9.1.2 paHT MaTpHUIBl OMIMHEHHOTO (PYHKIFOHATA HE
3aBUCHT OT BbIOOpa Gasuca. [losTomy He Oyner 3aBuceTh OT BhIOOpa
0a3nca 1 paHr MaTpPUIBI MOPOXKIAEMOT0 UM KBaJpPaTHYHOTO (yHK-
LOHAA.

C npyro#i croponsl, B cuiry TeopeMm 8.4.3 m 9.1.1 panr maTpuiist
KBaJpaTHIHOTO (YHKIIOHANIA PABEH YMCITy HEHYJEBBIX K0d(duiu-
€HTOB B €70 KAHOHUYECKOM BHJIE.

Teopema AoKa3aHa.
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HpI/I HUCCICAOBAaHHMHU 3HaKa 3HAYCHHH KBaJApaTU4HOT'O (byHKHI/IOHaJ'Ia
OKa3bIBACTCA IOJIE3HBIM UCIIOJIB30BaHUC CICAYIONIUX €T0 XapaKTCPUCTHUK.

Onpepenexune
9.3.2.

Teopema

9.3.2

(vHepuun
KBagpaTUYHbIX
PyHKLMOHaNOoB).

1°.

2°.

3.

MaxkcumanbHOE YHCIIO TMOJIOKHUTENEHBIX K03 duiu-
CHTOB JIMarOHATEHOrO (KAaHOHMYECKOro) BUA KBaJ-

patuunoro dynximmonanra P(X) B A” HasiBaetcs
€TO N0A0HCUMENLHBIM UHOEKCOM UHEpYUU 1 0003Ha-
vaercst 1g, D.

MaxkcuMaabHOE YHCIIO OTPHUIATENBEHBIX K03 duIiu-
€HTOB JIMaroHaJbHOrO (KAHOHUYECKOTO) BUA KBaJl-

patiunoro ¢ynximonana O(x) B A” HaswBaeTcs
€r0 OMpUYaAMenbHbIM UHOEKCOM UHEpYUY A 0003HA-
vaercs 1g_ D.

Pa3znocth MCXKAY IMOJOXKUTCIBHBIM W OTpHULIATCIIb-
HBIM MHACKCAMU HHEPUHU HA3BIBACTCA cuz:—tamypoﬁ

kBajpaTHuHoro Qynkmuonana PD(x) B A" wu
0003HaYaeTCs

sgn® =rg, O-rg_ .

3HAYEeHHUSs] MOJOKUTETHHOT0 U OTPULATETHLHOTO
HHEKCOB MHEPIHH, 2 TAK:KE CHTHATYPbI KBaJ-
patnunoro ¢pynkuuonana P(x) B A" me 3aBu-
cAT OT BbIOOpa Oa3uca, B KOTOPOM 3TOT (PYHK-
IHOHAJI MMeeT JUATOHAJIbHbIN (KAaHOHUYeCKHH)
BHU/I.

[oka3aTenbCcTBO.

1°.  Tlycrs kBagpatmunbii dyrxmponan P(X) mmeer B HexoTopoMm

6asuce {g,,Z,s-» g, TPEICTaBICHUE

n n

O(x) =2 0,58,

i=1 j=1
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! ! !/
M TyCTh CYIIECTBYIOT JBA PAIMUHBIX 6asuca {Q(,Z5,..,g,} H

14 " " o
{g/,85,--> 2}, B roropeix P(x) umeer cremyrommii BuL:

k m

O =Y h = YA im0, >0 Vi=[Lm]
i=1 i=k+1

N COOTBECTCTBCHHO

V4 q
D) =Y K — YK sg<n,p, >0 Vi=[lgq].

i=p+1
B CUITy COCIIaHHBIX npeanonomeHHﬁ JOJIKHBI CYIIICCTBOBATH HEBBIPO-

KACHHBIC MaTpHlbl 3aMEHBI TEPEMEHHBIX H OJij

IpH Tiepe-

xomax ot 6asuca {g1,82,---»g, | K 6asucam

{81:825-&n} 1 {81,825 81}

TaKu€, 4TO

=Y o8 ss=[Ln] u k=2 0,E;s=[ln]. 93.1)
J= j=1

2°.  llpupaBHsieM 3Ha4eHUS QYHKIMOHATIA @D(x) B Gasmcax

{21,858, 1 {80,855 80 )

JUITI HEKOTOPOT'O 3JIEMEHTA

X=Z§kgk =Zn,-g§ zszg;a
k=1 i=1 Jj=1
k m
DA - YA = Zul K; Zu K;
i=1

i=k+1 i=p+l1

U npeo0pazyeM MMOIy4YeHHOE PAaBEHCTBO K BUAY

Z%ml + Zu, K; Zu,K + Zk M. (932)

i=p+l i=k+1
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3°.

4°.

5°.

Hccnenyem nonydeHHoe cooTHoUIeHHE. JlomycTuM, 9To k<pwu
MIPEATION0XNM, YTO JIEMEHT X HMMEET B pacCMaTpUBAEMbIX Oa3u-
caX KOMIIOHEHTBI

n,=0 Vi=[Lk]; x,=0 Vi=[p+Ln].
DTHX ycaoBHil MeHbine, yeM M, mockomsky K < p . Ecmu nx

MOJCTaBUTh B paBeHcTBa (9.3.1), TO MBI MOIYYNM OIHOPOAHYIO
CHCTEMY JINHEWHBIX YPaBHEHUIN OTHOCUTEIBHO HEM3BECTHBIX

181,62508, ) -

ITockonbKy 4HMCIO TaKUX ypaBHEHUN MEHbILE 4YUC]Ia HEU3BECT-
HBIX, TO MOXHO yTBEpXk/JaTh, YTO OHA B CUIIy TeopeMsl 6.7.1 ume-
€T HeTPHBHAIBHBIC PELICHUS, U, CIEOBATENBHO, 3JIEMEHT X MO-
XKET OBITh HEHYJIEBBIM.

C apyro#t cTopoHBI, U3 paBeHCTBA (9.3.2), MOIOKHUTEIEHOCTH YH-

cenn 7»1-; i=[1,m] u Hi;i:[l,q:l,aTaK)Keycj'IOBI/Iﬁ
n, =0 Vi=[Lk];x, =0 Vi=[p+1,n]

crenyer, urousce K, =0; i =[l, p].

Torna B cumy (9.3.1) MBI osTydyaeM OAHOPOIHYIO cucteMy 1 Ju-
n

HEHHBIX ypaBHeHUH K = ZOS_/—{;]— ; 8 =[1,n] ¢ n neussecr-
Jj=1

HBIMU U HEBBIPOKIECHHON OCHOBHOW MaTpulEH, UMEIOLIYIO TOJIb-
KO TpUBHAIBHOE PEIICHHE, TO €CTh dJIeMeHT X 00s513aH OBITh Hy-
neBpIM. [loydeHHOE MPOTHBOpEYNE ITOKAa3BIBaeT OIMIMOOYHOCTH

TIPE/ION0XKEHH s 0 ToM, uTo K < P .

AHaJIOTHYHBIMHU PacCy’KACHUSIMHN IMOKa3bIBA€M, YTO HCBO3MOKHO
U COOTHOIICHUEC k > p . HOSTOMY OpUXoAuM K 3aKJIFOYCHUIO, YTO

k=p.

Ilo Teopeme 9.3.1 M = ¢ wynoromy k—m=p—q.

Teopema gokasaHa.
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HpI/I HUCCJIICJOBAaHUH 3HaKa 3HAYCHUH KBaApaTU4HOT'O q)yHKIII/IOHaﬂa 6y-
JEM HCII0JIb30BaTh ITIOHATUC 3HAKOBOLL onpe()eﬂeimocmu.

OnpegenexHne 1°.
9.3.3.
2°,
3°.
4°,
Teopema
9.3.3.
[okasaTenbCcTBO.

Ksanparnunsii ¢pynxuuonan P(X) wassisaercs no-
NOJACUMENLHO ONpedeneHbiM HA NOONPOCHPAHCIGE
O = A»ecn P(x) >0 nns moboro nenysnesoro

xeQt.

Ksagpatuansnii GyHKIIMOHAT @D(x) nassBacTcst om-
DPUYAETbHO ONPeOeleHHbIM HA NOONPOCMPAaHcmee
QO — A,ecm DO(x) <0 nna moboro Henynesoro

xeQ -

Ecmm sxe QF (wm ()~ ) coBmamaer ¢ A, TO roBo-

paT, uTo KBagpaTHuHbli pynkuuonan D(Xx) semser-
s nonodcumenvHo (ompuyamenbHo) onpeoeieHHbIM.

Ecmn ke D(x) >0 (D(x) <0) s Beex x € A,
TO TOBOPST, YTO KBaJAPATHYHBIA (YHKIIUOHAT SBIISET-
csl nonodicumenvro (ompuyamensHo) noiyonpeoeieH-
HbLM.

MaxkcumanbHasi pa3MepHOCTh NMOANPOCTPAHCTBA
B A", HAa KOTOPOM KBaJPaTHUYHBbIA (PYHKIIHOHAJ
MOJIOKUTEJBHO (OTPHLIATEIBHO) ONpeaeseH, paB-
HAIeTCA TOJOKUTEJbHOMY (OTpHIATEIbHOMY)
HUHJEKCY HHePIHUHU 3TOro pyHKIHOHAIA.

Cnenyer u3 teopeMbl 9.3.2 U 0UEBHUIHOIO PAaBEHCTBA YHUCIIA IMOJO-
JKUTEBHBIX (OTPULATEIBHBIX) HIEMEHTOB MATPHUIIBI KBAIPATUIHOTO
(hyHKIIMOHAIA B JUArOHATBHOM IPEACTABICHUHA PAa3MEPHOCTH MO/I-

npoctpadctBa Q1 (Q 7).
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B psine nmpuknaaHbIX 337a4 OKa3bIBaeTCS HEOOXOIMMBIM INPOBEICHHE
WCCJIEIOBaHUSl 3HAKOBOM OIPENEICHHOCTH KBaJAPaTUYHOTrO (YyHKLIMOHAIa
0e3 mMpHUBENCHHUSA €ro K JWaroHalbHOMY BHIYy. YJ0O0HOE HEoOXoauMoe U
JOCTaTOYHOE YCIIOBHE IIOJIOXXKUTEIILHOW OIPENETICHHOCTH KBaIpPaTHYHOI'O
(yHKITMOHATA TaeT

Teopema J1sl MON0KUTeTbHON onpeaeieHHOCTH KBaJapa-
?k:;.:TepMVI THYHOTO (PYHKIMOHAJA B A" Heo0XoAMMO M [10-
Cunbeectpa). CTATOYHO, YTOOBI BCe I/IABHbIE MHHOPBI €r0 MaT-

pMUbI, UMEKIIUE BU]

Py P o Py
det P P oo Py - k=[Ln],
P P o P

ObLJIH M0JI0KUTEIbHBIMMU.

[oka3aTenbCTBO AOCTAaTOYHOCTU.

1°.  Bocmomp3yemcss METOZOM MaTeMaTHIeCKON WHIYKIINH.

Hns k =1 mocrarounocts o4eBuana. J[OMyCcTHM, 9TO U3 MOJIO-
JKUTEIIBHOCTH TJIAaBHBIX MWHOPOB MAaTpHIBI KBaJPAaTHYHOTO
(byukuronana nopsaaka 10 kK = n—1 BKIIOYHTENBHO crieayeT
BO3MOXKHOCTb IIPUBENICHUS] KBAJPAaTHYHOTO (PYHKLIMOHAIA OT
n —1 mepeMeHHBIX K BULY

D)= ¢

2°.  Tlokaxkem, 4TO B 3TOM CIIy4ae JOCTaTOUYHOCTh OyIeT UMETh MECTO
U JUTA KBaJIPaTUUHBIX ()YHKIIMOHAJIOB, 3aBUCAIINX OT /I TIepeMeH-
HBIX. B BBIpaskeHMM 1711 KBaApaTHYHOTO (DYHKIMOHANA, 3aBHCS-

mero ot 1 NEPEMCHHBIX, BBIACIIUM CJIaracMbIC, COACPIKAIINC &n .
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D(x) = ZZ(‘PI{IEJICEJ +2Z(pkn§k§n +(Pnn§n

k=1 i=1
I[BOI)’IHaH CymMMa B HpaBOI/I YJacTH 9TOT'0 paBCHCTBA €CTb KBaJApaTu4-

HBIA  (PYHKITHOHAI (D*(x), 3aBUCSIMA OT 7 —1 TIEepeMeHHOMH,

MIPUYEM €Tro TJIaBHbIE MHHOPBI COBIAQJIAIOT C TJIAaBHBIMH MHHOPaMH
@(x) no mopsimka 7 — 1 BKJIFOUHTENBHO, KOTOPBIE, IO TIPETIONO-
JKEHUIO MHAYKLIUH, MONOKUTENbHBI. OTCIoa CIeyeT, 4To KBajpa-
Tuunbli Gynkumonan P (x) nonokuUTENbHO ONpesieNeH b, 1

JJI HETO CYHICCTBYCT HEBBIPOKACHHAA 3aMCHA ICPEMCHHBIX

n—1
c=>.0um s k=[Ln-1],
i=1

n—1
x 2
IpUBOJSIIAs ero k KaHonuueckomy Buay D (x) = E n; .
il

BhinumeM npefcTasieHue kpajapatuusoro ¢pynkmumonana P(X) B
HOBBIX NIEPEMEHHBIX

n—1

D(x) = Zn,+22<p,,, &+ 0,60

U1 BBIICIIMM B HEM ITOJIHBIC KBaJAPAThI:

D(x) = Z(n, +2¢,1,8, +9,E))+

i=1

n—1
+((Pnn _Z(P;n ZC +(pnn n
i=1
rae
n—1
(P:;n:(Pnn_Z(P;nz 5 Ci:ni—i_(P:'nan ,l:[l,l’l—l]

B maTpuyHOM BHZAE 3Ty 3aMe€HY NEPEMEHHBIX MOYKHO 3aIllUCaTh
KaK
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G I 0 - 0 (P;,n n
G, o 1 -« 0 ¢,,| n

[

Cn—l O 0 O (P;—],n nn—l
£, 0O 0 0 O 1 £,

1 TTOCKOJIBKY ONPECACINUTEIb €€ MaTPpUIIbl OTIIMYCH OT HYJIA, TO OTa
3aM€Ha HEBBIPOXKICHHAA.

3°. Haxonen, B cuiy caenctsus 9.1.1 onpeaenurens MaTpulbl KBaj-
paTHYHOTrO (PYHKIIMOHATAa COXpaHSICT 3HAK TPU 3aMeHe Oa3uca.
3HaK OMpEACTUTEIIS MATPHIIBI KBAIPATUUYHOTO (hYHKIIMOHANIA B HC-
XOJTHOM 0a3rce MOJOKUTENbHBIN, TOCKOJIBKY 3TOT ONPEACIIUTEND
HMEET BUJ

Py P o Oy
det Dy Py v Py,

(pnl (PnZ (Pnn

" ABJISICTCS I'NITaBHBIM MHUHOPOM MOPsJAKa n. Ho TOTda U3 BBIPpAKC-
HHUA ]I CD(.X) B KOHEYHOM 0a3uce MbI nojiyqyaeM, 4TO OMpEACIin-

Tenp MaTpuubl KBajpaTuyHoro Qyskimonana P(X) pasen ([)Zn.

14
Hostomy @, >0 wu MokHO cnemath 3aMeHy TepeMEHHBIX

Qn = ﬁnﬂ / (p:;n , IPHBOJIAIIIYI0 K KAHOHWYECKOMY BUAY (PYHKIMO-
wan O(x) =Y ¢
i=1

CrnenmoBarenbHO, KBaAPATHIHBIA (HyHKIIMOHAI CD(x) TIOJIOKUTEb-

HO ONPEACIIEH U YrCiia IEPEMEHHBIX n , 4 3HAQYUT, B CWJIy MaTe-
MaTHYCCKOMU WHAYKIUU, UIA JIF000r0 Yncia MNEPEMCHHBIX.

[ocTtaTo4yHOCTb AOKa3aHa.
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Jloka3zarenbCcTBO HE00X0MUMOCTH KpuTepusi CHIIbBECTpa MOJIOKUTEIb-
HOM OINpEeesIeHHOCTH KBaJpaTuIHOTO (pyHKI[MOHANA IPUBOJUTCS B pasjie-
ne “EBknmaoBo mpocTtpancTBo” § 10.3.

Ucxopst u3 kpurepus CuiibBecTpa Ul HOJNOKHUTEIBHOM ONpeaeIeHHo-
CTH KB3JIPATHYHOTO (DYHKI[OHAIA, MOKHO TIOJIyYNUTh aHATIOTUYHBINA KpUTE-
U OTPHUIIATENIFHON OMPEACTICHHOCTH KBaIPATHYHOTO (DYHKIIMOHAA.

Cnepactene  Jljis OTpMIATEJIBHOM ONPeaeICHHOCTH KBaJApaTHY-

9.3.1. HOTO (PpYHKIHMOHAIA B A" He00X0AMMO M J0CTATOY-
HO, 4YTOObI IVIABHble MHUHOPBHI YE€THOr0 MOPSIAKA
MaTpuibl PYHKIHOHATIA OBLJIH MOJOKHTEIbHBI, a
HEYETHOI0 MOPS/IKA — OTPUIATEIbHBI.
JlokasaTenbcTBo.

Iycts kBagparnunbiii Gyukimonan DO(X) ompuyamenvro onpene-
nennbli, Torma ¢ynkuuonan — ®(X) Gyner, oueBmuHo, norosicu-

menvHo onpeneneHHbIM. [Ipumensss k Hemy kpurepuit CuibBecTpa
MOJIOKUTENBHONW ONpPENeNeHHOCTH, MOMYYUM I TJIaBHOTO MHHOpa
k -ro mopsika, WCHONB30BaB JIMHEWHOE CBOMCTBO ONpENEHUTENS,

ycnosue
P 0 e Oy
det Py T0yn e Oy, _
“0un P2 e T OPu
Py P - Oy
_ (D) det) T P2 P g vk — .
P Prz o Pp

OTKyza u ciaeayeT JOKa3pIBaeMOe YTBEPI)KICHHUE.

CnepctBue JokasaHo.
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§ 9.4. MluBapuaHTHI JMHUI BTOPOI0 NOPSAKA
HA IJIOCKOCTH

HesaBuCHMMOCTh 3HAYECHMI PaHra W CHTHATYPbl KBaAPaTHYHOrO (yHK-
LMOHAJIA OT BBIOOpa Ga3rca MO3BOJISET BBIIOIHUTS KIACCHPUKALMIO JTMHHI
BTOPOT'O MOPSI/IKA Ha IUIOCKOCTH CIIOCOOOM, OTINYHBIM OT PUBEACHHOTO B
Teopeme 4.4.1.

PaccMOTpHM JTMHHIO BTOpOro nopska Ha miockoctn OXY B Gasuce
{g,,g,} uc naganom xoopauHar B Touke O. DTa IMHUS B OOLWIEM CIlydae
3a1aeTcs COTJIaCHO OTIpe/IeIICHUIO 44.1 ypaBHEHHEM BHIA

2 2
Ax® +2Bxy+Cy” +2Dx+2Ey+ F =0, e uncna 4, B, C, D, F

1 E npou3BOJIbHEI ¢ OJTHUM JIMIIb OrpaHudeHueM, uto A, B u C He paBHBI
HYJIIO OJTHOBPEMEHHO (‘ A ‘ + ‘ B ‘ +‘ C‘ >0).

HerpynHO mpoBepuTh, 4TO NPH 3aMEHE Havyaia KOOpAWHAT Kod(huuu-
eHTsl A, B u C He MEHSIOTCS, a IPH cMeHe 0a3uca mpeodpa3yloTes Kak Ko-
s¢uIreHTH KBagpaTHuHOro GyHkIroHana (cM. teopemy 9.1.1). [Toaromy

MOHO CUMTATh, YTO MHOTOWIEH Ax > + 2Bxy + Cy2 3a7aeT KBajpa-
TUYHBII QYHKIIMOHAI
®(x,y) = Ax*> + 2Bxy + Cy*
A B

¢ MaTpuueil B C B CXOZIHOM Gasuce {g,g,} .

Ha ocuoBanuu teopem 9.2.2 u 9.3.1 3awouaem, uro TP — panr u

sgn® _ curnarypa kBagparuusoro dyskumonana P(X,)) me zaBucsT

oT BEIOOpa CHCTEMBI KOOPIMHAT H, CJIETOBATEIbHO, rg<D " ‘ sgnCD ‘ SIB-

JIAKOTCA MHBApUAHTAMU JIMHUW BTOPOT'O MOPAAKA Ha IIIOCKOCTH. Hcnons3o-
BaHHC MOAYJId CUTHATYpPbI H€O6X0}_'[I/IMO, MOCKOJIbKY OJHOBPECMCHHOC N3ME-
HCHHUC 3HAKOB BCCX KOB(i)(i)I/IHI/IeHTOB YpaBHCHUS JIMHUW BTOPOTO IMOPAAKa
HU3MEHUT, €CCTCCTBCHHO, CaMO YPaBHCHUEC, XOTs JIMHUA ITPU 3TOM OCTAHETCA
TOH XK€.
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ITockonbKy B 3alMCh ypaBHEHHUS JIMHUM BTOPOTO MOPSAAKAa Ha IJIOCKO-
CTH BXOIAT Takxke U Kodduuuentsl D, F u E, To crnenyer BbISICHUTH, HE
CYIIECTBYIOT JIM JIOTIOJIHUTEIbHBIE MHBAapPHUAHTHI, 00pa30BaHHBIE M3 BCEH
coBOKyIHOCTH K03 durmientoB 4, B, C, D, F u E. ]I 3TOTO paccMOTPHM

BCTIOMOTATENbHbIH KBaJpaTHuHbIH GyHKkiMonan B A> Buma

W(x,y,z) = Ax* +2Bxy + Cy* + 2Dxz + 2Eyz + Fz’

A B D
cmarpuueii | B C E | B6asuce {g,,2,,8;}-
D E F

3
3aM€TI/IM, YTO COBOKYIIHOCTH BCE€X TOYEK B A , M1 KOTOPBIX

Y(x,»,1) =0, ects paccMaTpuBacMas HaMH JIMHHS BTOPOrO IOPSIKA,

pacrnosio)eHHas B IIPOCTpaHCTBEe Ha miockoctd z = 1. Ilycts B A3 BBI-
HOJHAETCS 3aMeHa 0a3uca, IpU KOTOPOM IUIOCKOCTh z = 1 mepexoaur
cama B ce0s1. Haiinem 1u1st 9T0# 3aMeHBI 0a3nca MpaBmiIo U3MEHEHHUS KOd(-

durmenToB kBaapatuusoro gyskimonana ¥ (x, y,z).

Nemma Marpuna HSH nepexoaa ot 0asuca {g1,g2,g3} K

9.4.1. . .
0aszucy {gl,gz,gg}, ST KOTOPO# IIOCKOCTH Z = |

nmepexoaur cama B Ceﬁﬂ, HMEET BUT
611 O Op3
H SH =921 O On3.
0 0 1

[loka3aTenbCTBO.

3amMeHa KOOPAWHAT B MJIOCKOCTH Oxy Bbmonusiercst mo thopmy-
JaM

' '
X=06,,X +G,,¥ +613’

[ !
Y=0,4X +GpnY +Gy,
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HO MOCKOJILKY ipu 3ToM z= 11 z' =1, 10

/
X G O O X

y|=|0y 0, 0y )
1 0 0 1 1

HeBLIpO)K,HeHHOCTL MaTpulbl H S H CJICAYCT U3 OYCBUAHOT'O YCJIO-

Jlemma gokasaHna.

[TockonbKy paHT U CHUrHaTypa KBaJpaTHYHOrO (YHKLIHOHAIa HE MEHs-
IOTCSl TIpH JIIOOBIX 3aMeHax 0asmca, TO 3TO OyJaeT BEepHBIM M Ui 3aMeEH,

TepeBOAAIIMX MIOCKOCTh Z = | camy B ce6s. ITostomy Ig'V u sgn'V
COXPaHAIOTCS IIPY TaKMX 3aMCHaXx, a 4yucia rg‘I’ u ‘ sgn‘P ‘ SIBJISIFOTCS

WHBApHAHTaM{ YPaBHEHUs JIMHUM BTOPOTO mopsinka. Takum obpazom, mo-
KazaHa

giolie'\/la IIpn s1100BIX 3aMeHAX JEeKAPTOBOH CHCTEMBI KOOPIH-
Y uat Ha wiockoern OXY umena 12D, gV, ‘sgn(D‘

)/ \sgn ‘P‘ fAIBJISIIOTCSA HHBAapUAHTaMH JIMHUU BTOPOro

nopsiaAKa.

oxcunraem 3nauenns uncen rgP | rg'¥, ‘ sgn @ ‘ u ‘ sgn ¥ ‘

JUISL IEBSITY BUJOB JINHUI BTOPOTO MOPSIIKA HA TUIOCKOCTH, IPUBEICHHBIX B
(dopmymupoBke Teopemsl 4.4.1, pe3ynbTaThl moMecTUM B Tadbmumy 9.4.1 u3
KOTOPOH cleayeT, 4To KaKAblil BUJ TMHUU BTOPOTO MOPsAKA HA MIIOCKOCTU
MMEeT CBOM, YHHKAJIbHBIA HA0Op 3HAUEHUH MHBAPUAHTOB, KOTOPBIH MOXET
OBITh IIPHHSAT 33 NPU3HAK NPUHAIICHKHOCTH HEKOTOPOH JIMHUK BTOPOT'O 110~
psnKa K KOHKPETHOMY BHUIY.
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Tabauna 9.4.1

Bun Kanounueckoe | o ‘sgn \P‘ rg® ‘sgn CD‘
JMHHHA YPaBHEHHE
2 12
x!
1 | Dmmmmc 5 +y2 =1 3 1 2 2
a b
2 12
. x'
2 S/IHI/IMLII/I + Yy __ 1 3 3 2 2
JUTUIIC 2 b2
r2 12
X
3 | Touxa — Y —=0 2 2 2 2
a b
2 12
xl
4 | Tumepbomna _Y =1 3 | 2 0
2 2
a b
12 2
X
S I B A
p a b
6 | TTapa6ona y'?=2px’ 3 1 1 1
7 | Hapannens-
B y'?=a’ 2 0 1 1
TPSAMBIE
8 | ITapa muaH-
MBIX TIpsI- y,z = —a2 2 2 1 1
MBIX
9 | CoBnanato-
1ye nps- y' -0 1 1 1 1
MbIE

B zakmouenue OTMCTHM, YTO

1°. Tloxmcder 3Ha4YeHWI PAHTOB M MOJIYJIEH CHUTHATyp BBIMOJHSETCS
ITyTeM NPHUBEACHHS KBAaAPATHYHOTO (PYyHKINOHAA K AUarOHAIbHO-
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My Buxy. OmHako s mapaboyibl TPUBEACHHE (PYHKIMOHATIA
Y (X, y,2z) k auaroHansHOMy BHIY MaTpHILeil Mepexosa, mepe-
BOZAIIEH TIOCKOCTh Z = | camy B ce6s1, BOOOIIE roBOpsi, HEBO3-

0 0 —x
MO3KHO, TIOCKOJIbKY ero Matpuna umeer iy | 0 1 0
-K 0 0
B 3TOM cilyyae JIsl HOJCUETa PAHra U CHTHATYPBI MOYKHO HCIIONb-
1 0 1
30BaTh MAaTpUIly Iepexoja ” S ” = 0 1 O}, xoropas,
-1 0 1

XOTS ¥ He 00ecIieYrBaeT BRIITOTHEHUE YCIOBHS MTEPEX0Aa IIOCKO-
cti z =] camoii B ceOs1, HO, KaK BCsIKast IMHEHHAsI 3aMEHa KOOp-
JIMHAT, COXpaHsIeT PaHr U curHarypy. [eiicTBurensHo,

|2l =Is[1¥],|s]|=
0 -1]] 0 0 -x|[1 0 1
=0 1 0 0 1 o0 10
0 1-x 0 0/-1 0 1

2k 0 0

-0 1 0

0 0 -2

2°.  Jlna nuHUA BTOPOTO MOPSIKA Ha MJIOCKOCTH CYIIECTBYIOT U APY-
THe OpPTOTOHANIbHbIC WHBAPHAHTHI, HAIIPUMEP, UHBAPHAHTAMH SB-

msmorest wuena [, = A+C n I, = det s cl Crpaseniu-

BOCTB 3TOTO YTBEp)KICHHS TIOKa3aHa B § 4.4.
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30

Cxema kiaccu(uKanyy, aHaJIOTHYHAs PACCMOTPEHHOH, MOXET

OBITH TIOCTPOEHA W I TOBEPXHOCTEH BTOPOTO MOpPSAKA B MPO-
CTPaHCTBE.

§ 9.5.9kcTpemMalibHbIE CBOICTBA KBAAPATUYHBIX
(pyHkuuonasion

U3 teopemsr 9.2.1 cneayer cyiiectBoBaHHe B A" 0a3suca, B KOTOPOM

KBaJpaTHYHBINA (YHKIIHOHAI d)(x) MMeeT NUaroHanbHeId Bup. Jorry-

! ! !
cTHM, uTO 3T10T 6asuc {g1, &5 ,---» &} TOCTPOEH TaK, YTO

D(x) =Y AED M A <A, <<, <A,

i=1

Torpa cripaBeayuBa

Teopema Jas kBagpatuunoro d¢ynkumonamsa DP(x) B A"
9.5.1.

CIPABEMUINBBI  COOTHOLIEHUS A= rxrel}\n D(x) g
A, = mix D(x) NpH YCJOBHH, YTO KOMIOHEHTHI X
XE.

n
12
YAOBJECTBOPHAIOT YCJI0BUIO z&, = 1 .
i=1
[lokasaTenbCcTBO.

n
2
Ecnu B paccmarpusaemom Gazuce P(x) = ZK &7, 10 B cuty
i1
coorHomennit A, <A, <..<A | <A Gysyr umerb mecto
HepaBeHCTBA

Saeren,Yer w o Yer <Y,
i1 i1 i=1

i=1
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n
12 _1
Ho nockonbky €, =1, 1o Gynyr Takke crpaBenMBEI H
i=1

OIICHKH

SAER <, ui, €S AER.
i=1 i=1

T
To ectb pu X = H 0,0,...,1 H JIOCTHTAETCS MaKCUMyM, a TIPH

x=1,0,...,0

T o
H — MUHUMYM 3Ha4eHUH (yHKIHOHATA.

Teopema gokasaHa.

§ 9.6. IlonuimHeliHbIe (PYHKIIMOHAIbI

Io aHanoruu ¢ OMIMHEHHBIMU (DYHKITHOHAIAMH, 3aBUCAIIIIMH OT Maphl
SIIEMEHTOB JIMHEWHOIO IMPOCTPAaHCTBA, MOXKHO OMNPEICIUTh HENWHEHHbIC
(GyHKIMOHANBI (HAa3bIBACMBIC MOIUIUHEUHbIMU), O0NAaloNNe aHaJIOTHY-
HBIMH CBOMCTBaMH, HO 3aBHCSIINE OT OOJIBIIIETO YUCIIA APTyMEHTOB.

Onpepenenne  IlycTh B MMHEWHOM IpOCTpaHCTBE A KaXAOMY ymops-

9.6.1. JIOYEHHOMY Habopy M3 Kk DJIEMEHTOB {x19x29“'9xk}

nocraBieHo B cootserctBue uucio Q(X1,X5,...,X))

Tak, 4to i moboro j = [1,k]
O(X, 5wy 0X; +BX, x, ) =
= QDX 5ees X'y X )+ BOX 5o, X5, )

vx',x"e A Va,B,

TOTJa TOBOPAT, YTO B A 3aIaH nonuiuHelHvli QyHKyu-
OHAJl, & IMEHHO, K -MUHEUHbITL (YYHKYUOHAN.
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Mpumep
9.6.1.

1°.

2°,

3°.

[TpoussesicHue onpeseieHHbIX B A K -miHelHbIX QyHK-

muonanos I (X), F,(x),...,F, (x), o ects
O(x),xy,...,x,) = F(x))F,(x,)...F.(x;),

ABIAETCS K -TMHEMHBIM QYHKIMOHATIOM B A .

CMelIaHHOe TIPOM3BEICHUE TPEX BEKTOPOB B TpeXMep-
HOM T'€OMETPUYSCKOM MPOCTPAHCTBE SBISCTCS MpUiu-
HelinbiM (PYHKIIMOHAIIOM.

Onpenenurens 7 -ro mopsAKa €CTh TONMIMHCHHBIN
¢yakomonan ot 72 smemMeHTOB B A” B ciydae, Kornaa

KOOPAUHATHBIC NPEACTABIICHUA 3THUX 3JICMCHTOB SABJIAIOT-
CcA CTOH6H3MI/I JaHHOT'O ONIPEACITUTEIIA.



356 AHanuTHYecKasi reOMeTPUs M JHHeliHas anredpa

Masa 10

EBKNMUAOBO NPOCTPAHCTBO

§ 10.1. OnpeneJsieHne 1 OCHOBHBbIE CBOWCTBA

B MMPOU3BOJIbLHOM JIMHEHHOM OPOCTPAHCTBE OTCYTCTBYIOT ITOHATUA

CEINT3 LEINT3

“IIMHBL, “pacCTOSHUS

BEJIMYMHBI YT~ U JPYTrUX METPUUECKUX Xapak-

TEPUCTHUK. OHHaKO HX UCIIOJIB30BAHUEC CTAHOBUTCA BO3MOXKHBIM, €CJIN B JIN-
HEHMHOM TMIPOCTPAHCTBE NOIOJHUTEIBHO BBECTU CIICIUAIBHYIO, ONIPEACIIAC-

MY HUKE OIICpalulo.

Onpepenene IIycTh B BEIIECTBEHHOM JIMHEHHOM MPOCTPAHCTBE KakK-
10.1.1. JI0# YIOpSAIOYEHHOH Mape dTeMeHToB X u )V TocTaBie-

HO B COOTBETCTBHEC BCUICCTBCHHOC YHCJIIO (x, y), Ha3bI-

BAa€MOC CKaIApPpHbIM npousee()eHueM, TaK, 4TO BBIIIOJIHCHBI

aKCUOMBI:

1)
2)
3)
4)

(x,y)=(y,x);

(Ax, y) = M(x, y);

(xl +x2’y) = (xl,y)+(x2,y);
(x,x) 20, npuuem

(x,x)=0 & x=o,

TOraa roBpopsr, 4To 3alaHO E6KIU0080 npocmpancmeo E.

3amevaHue: akcHoMbl 1—4 B COBOKYNHOCTH O3HAYalOT, YTO CKAISIPHOE
MPOU3BENICHUE €CTh OuiuHelHbill (UTO CIICAYET U3 aKCUOM 2 H
3) u cummempuunbll (CIEAYeT U3 aKCHOMBI 1) (QyHKIIMOHAT,
KOTOPBIl, KPOME TOTO, TOPOKAACT HOIONCUMETLHO Onpede-
JlenHblll  KeaopamuyHelli (CIEIyeT U3 akKCHOMBI 4) QyHKIHO-
Haul. JIro0oi OMNIMHEHHBIN (YHKIIMOHAT, 00 aroIInil JTaHHBI-
MH CBOWCTBaMH, MOXKET HCIIONE30BaThCS B Ka4eCTBE CKAaISP-
HOTO TIPOM3BEICHHS.
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Mpumep 1°.  TpexMepHOE T€OMETPHUYECKOE MPOCTPAHCTBO CO CKa-
10.1.1. JISIPHBIM TIPOM3BEJCHUEM, BBEICHHBIM II0 IpaBHUIaM
§ 2.2, sBysieTcs eBKIUIOBBIM.

2°. IIpoctpaHCTBO /1-MEPHBIX CTOJIOIIOB
& n
&, . N,
X = 5 y =

€, n,

CO CKaJIIPHBIM MPOU3BCACHUCM, OIPCACIACMbIM 110

n
dopmyne (x,y) = Z&m ., €CThb eBKJIHIOBO TIpO-
i=1
CTPaHCTBO.
3°.  EBKIMAOBBIM OyZeT MPOCTPAaHCTBO HENPEPHIBHBIX HA
[o,B] dymKmmit co ckanspHEIM MpoH3BeIEHHEM

B
(x,¥) = [x(D)y(v)dr.

Sagava  Mooicno w6 mpexmepHoM npOCMpPAanCcmee CKAIAPHOE RPOU3-
10.1.1. sedenue onpedenums Kax npouseeoenue OMUH 6eKMOpos Ha
Ky6 KOCcunyca yena mexcoy Humu?

PeweHvie. Her, Henb3s, Tak Kak He OyJeT BBIMOIHATHCS akcHoMa 3 orpe-
nenenns 10.1.1.

OnpepeneHvie B eBkIMI0BOM IpocTpaHCTBE [, Ha30BeM
10.1.2. . =
1) Hopmotl (MM OAuHOU) dIIEMEHTa X YHhCIo
‘x‘=,/(x,x) ]
2) paccmosnuem MEXIy dJeMeHTamMu X u YV

‘IHCHO‘x—y‘.
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3amevaHve: HUCMOIB30BaHKE ISl 0003HAYCHUSI HOPMBI JJIEMEHTA OTpaHH-
yyuTene Buaa ‘ ‘ HE MPUBOAUT K KaKMM-JTHOO KOHQIHK-

TaM C BBEIICHHBIMH paHee 0003HAUYCHUSIMH, IMOCKONBKY IS
JIMHEMHOTO MPOCTPAHCTBA BEILIECTBEHHBIX YHCET HOpMA YHC-
JIa, OYEBHIHO, COBIIAJAET C €ro abCOIIOTHOH BEIMYMHOM,
JUTSL KOMIUIEKCHOTO YHMCJIa HOPMa COBIMAJIaeT C €r0 MOJIYJIEM,
a JyUIs JTMHEHHOTO MPOCTPAHCTBA TE€OMETPUIECKIX BEKTOPOB
— C IIMHOM BEKTOpaA.

Teopema Juist mo6bIX X, ) € E umeer mecro HEPaBeHCTBO
10.1.1
(HepaBEeHCTBO ‘ (x,») ‘ < ‘ X H V|-
Kowmn—BbyHs-
KOBCKOrO).
[okasaTenbcTBO.

Jna Vx,y € E u Bemecrennoro uncna T anement X —1T) € E .
CornacHo akcuoMme 4 u3 onpenenenus 10.1.1

0 < (x =1y, x=1y) = (%,%) = 2(x, )T+ (p,))7" =
:|x|2—2(x,y)r+|y|2r2 V1.

ITomydeHHBIN KBaApaTHRIA TPEXWIEH HEOTpHUIaTeNeH AN Jiroboro T
TOTAA W TOJIBKO TOT/A, KOIJa €ro JUCKPMMHHAHT HEMOJIOKHUTENEH, TO

ects (x,y)’ —‘x‘z‘y ?<0.

Teopema gokasaHa.

3agava Tlokasamye, yumo nepasencmeo Kowu—Bynaxosckoeo npespa-
10.1.2. waemces 8 pageHCmMEo mMo20d U MoOIbKO mo20d, Koz20da 3ie-
Mmenmul X u Y aumelno 3a6uUcumoi.

Cnepncteue Jas 100bIx X, Y € E wumeer mecro HEepPaBeHCTBO
10.1.1

(HepaBeHCTBO ‘x + y‘ < ‘ X ‘ +‘ y
TpeyronbHUKa).
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[okasaTtenbCcTBo.

W3 akcuom CBKJIMA0OBA MPOCTPAHCTBA W HCPABCHCTBA KOH.[I/I—ByHﬂ—
KOBCKOI'O HMCEM

xty [ = px ) = (60) + 25, 0) + (1,) <
< |x|” +2[x|y[Hy[" = (x| +[y])7,

OTKYZla B CUJIIy HEOTPHLIATEIbHOCTH YHCE ‘ xX+y ‘ u ‘x ‘ + ‘y‘ HoJy-

JacM HCPaBCHCTBO TPCYT'OJIbHUKA.
CnepctBue gokasaHo.

OTMeTI/IM, YTO HCPABCHCTBA KOIHI/I*ByHﬂKOBCKOFO " TPEYTroJbHUKA IJIst
€BKJIMJI0BA TIpocTpaHcTBa u3 puMmepa 10.1.1 (2°) umerot Bux

anﬁin; S\/gw Zn:ﬂi Ve, i=[Ln];
i=1 =1 k=1

\/i(éﬁm)zé\/i&%\/ini Ve, i=[Lal,

B TO BpeMsl Kak IJIsl €BKIIMI0BA TpocTpancTBa u3 mpumepa 10.1.1 (3°) co-
OTBETCTBEHHO:

B

B B
| j X(D)y()dr | < \/J.xz(t)dt J j V2 (t)dr ;

o

B
x(t)du + \/ j Y (1)t .

B
\/ @)+ y()dr < \/

03

Q ™
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OnpepneneHve B eBKIMIOBOM MpOCTpaHCTBE F Genuuunou yena Mexmy
10.1.3. HEHYJICBBIMH JleMeHTaMH X W ) Ha30BEM YHCIIO

o €[0, 7], ynosrerBopsitoniee cooTHOMEHHIO
(x,7)
x| ]

cosa =

W3 nepaBencrsa Komm—bynskosckoro (teopema 10.1.1) cnenyer, uro
BEJIMYMHA YTJIa CYIECTBYET AT 000 apsl HEHYJIEBBIX 3JIEMEHTOB B [ .

Onpepenenve B eBkImmoBoM mpoctpaHcTBe [ smemeHtsl X un )V Ha-

10.1.4. 3BIBAIOTCA Opmozonanvhbimu, ecmn (X,1) =0

3aMeTHM, 4TO HYJIEBOIl SJIEMEHT €BKJIHJIOBA MPOCTPAHCTBA OPTOrOHA-
JIEH JIIOOOMY JIPYrOMY SJIEMEHTY.

§ 10.2. OpToHOpMHUPOBAHHBI 0a3uC.
Oproronaauszanus 6a3uca

Onpenenexve B KOHEYHOMEPHOM EBKJIHIOBOM IMPOCTpaHCTBE F " Oa-
10.2.1. 3UC {el,ez,...,en} Ha3bIBACTCSI OPMOHOPMUPOBAHHBIM,

ecmn (¢;,¢;) =98, Vi, j=[l,n].

Teopema Bo BcsIkOM eBKJIMI0BOM NPOCTPaHCTBe [ CyllecTBYeT

10.2.1 OPTOHOPMHPOBAaHHBIN 0a3uc.
(Mlpama—
LWmunagTa).

[loka3aTenbCcTBO.

1°. Ilycts B E” naH HEKOTOPBIi, BOOOIIE TOBOPS, HEOPTOTOHAIILHBIN
6azuc {gl 2 &0 5eens gn} . [loctporm BHauane 6a3uc
! ! !
{e1,e5,...,e,}
13 MOMApHO OPTOTOHANIBHBIX 31eMeHTOB. [locienoBarenpHOE MMO-

CTPOEHHE 3THX JIIEMEHTOB OyIeM Has3bIBATh NPOYECCOM OPMO20-
Hanuzayuu bazuca.
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BosbMeM €] = g . DneMeHT €5 GyneM HCKaTh B BUJIE
r i
€, =8, t0ye,
rae O,, — Hekoropas KoHcranTta. ITonbGepem OL,; Tak, YTOOBI

(e[,e3) = 0, qns ororo gocrarouno, 4ToGHI

PN "~ o_
(e;,e;) =(e,g, +a,e)=
’
— (' roN_()- _ (e1,€,)
=(e;,g,)ta,(e,e)=0;0,=- PRV
(e1,€))
3aMeTHM, 4TO e; # 0 . JleficTBUTEIRHO, U3
0=e,=g,t0,e¢e =g, +t0d,g

ClIelyeT JIMHEHHas 3aBUCUMOCT g M &,, YTO NPOTHBOPEUUT

YCJIOBHUIO NPHUHAIISKHOCTH ATHUX JIEMEHTOB 0a3ucy (CM. JeMMy
7.2.2).

2°.  JlomycTUM Temepb, 4TO HAM YyAaloch OpTOroHamu3oBath Kk —1

3JIEMEHT, U IPUMEM B KaueCTBE € ;{ 3JIEMEHT
k-1
r + i
e, =g, o€ .
Jj=1

IotpeGyem, uroder (€;,e,) =0 Vi=[l,k—1], so Torma B
cury (e;,e;) =0; j=[1Lk —1] umeem

k-1
(el,e;) = (e, + D ae))=(ef,g,)+a,(ef,e))=0;
j1

'
(ei,8) . .
s k.
ki "o
(e;,€;)
[okakeM Tenepkb, UTO B 3TOM ciydae € # O . JlomycTum mpo-
k-1

! !
THBHOE: €, = g, T+ Z O ;€; = 0. OnHaKo MOCKOJIbKY BCE dIle-
J=1
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MEHTBI e; ,i=[L,k—1] mo mocrpoennio ecth HexoTOpHIE JTH-
Heitnbre kombuHamy snementos ;30 =[1,k —1], mer npuxo-
JMM K JrHeiHo# 3asucumoctn g 5 § =[1,k], aro mporusope-

!
YHUT yCcIOBHIO TeopeMbl. CienoBarensHo, €, # 0.

3°. Ilponecc opTOroHanM3alUM NPOJOIDKACTCA 0 MCUEpPIaHUsS MHO-
xectBa snementoB g, ;I =[1,7], nocne wero nocrarouno npo-
! . : f—

HOpMupoéamy TONydeHHbIe dneMentsl €; ; 1 =[Ln], uro6mr
TIOJy4HTh HCKOMBIH OPTOHOPMHPOBAHHBI Gasuc {€,,€,,...,€, | ,
!
_ &

rae €, =7,

A

k =[1,n].

Teopema gokasaHa.

Iponecc oproronanmzanuu ['pama—IlImuara MOXKeT OBITH IPUMEHEH K
J000#1, B TOM YHCIIC U K JIMHEHHO 3aBUCUMOM, CHCTEME 3JICMEHTOB CBKITH -
JloBa mpocTpaHcTBa. Ecnu oproroHanu3yeMas cuctemMa JIMHEHHO 3aBUCHMa,
TO Ha HEKOTOPOM IIIare MbI TOJIYYUM HyJIEBOH 3JIEMEHT, TI0C/Ie OTOpachIBa-
HUS KOTOPOT'O MOXHO TIPOJOIDKUTH MIPOIIECC OPTOTOHATM3AIINH.

§ 10.3. KoopanHaTHoe npeacTaBjieHne CKAJIAPHOT0
Npou3BeleHus!

[Tone3HBIM HHCTPYMEHTOM HCCIEIOBAHMS CBOMCTB HEKOTOPOTO Habopa
35eMeHToB {f; 1s f D5enns f k} B €BKJIMIOBOM IIPOCTPAHCTBE ABJLIETCS Mart-
puua I'pama.

Onpenenenve B eBxiunoBoM npoctpanctBe F mampuyeii Ipama cu-

10.3.1. cTeMbI 51eMeHTOB {f|, f5,..., [} HasbiBaeTCsa CuM-

METPUYICCKas MaTpuIla Buaa
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o) Uf) o (i fo)
_ (fz:fl) (fzafz) (f27fk)
N Pl I |

(fkafl) (fk:fz) (fkafk)

[Mycte B E" nau 0asuc {gl 3 &0 5eens gn} . CkamsipHOE Tpou3BeZeHUE

n n

JJIEMEHTOB X = Z&,»gi ny= angj, B cmty onpenenenns 10.1.1,
i=1 j=1

MPEJICTaBUMO B BUJIC

n n

(x,y) = (Z& gl,Zn g)= ZZ&H (8,8,)=D.D.7,6m,,

i=l j=1 i=l j=1

rae ¥, = (g,-,g,-) Vl,] =[l,n] — xommouenTE MaTpHIBI

3BIBAEMOM 6asucnol mampuyeti I pama.

3aMeTnmM, 9TO 3Ta MaTpUIa CHMMETPHUECKas, B CHUIy KOMMYTaTHBHO-
CTH CKaJsipHOTO mpou3BeneHns (cMm. akcuomy | B omp. 10.1.1), sensercs
MaTpuLed CHMMETPUYHOr0 OMIMHEWHOro (QyHKLMOHAJIA, 3a/IAl0IIEero CKa-
JsipHOE Tpou3BeneHue. Torna (MpuHUMas BO BHUMaHue onp. 9.1.2) xoop-
JIMHATHOE TIPEJICTaBICHHE CKAJSIPHOTO MTPOU3BEICHHS MOXET OBITh 3aruca-
HO TaK:

o) =l x [T ]y, =

(g,8) (g1,g,) - (g,g)]|| M
(g,.8)) (£:,8,) - (g,.8)]|M,

b

=H§1 &2 ‘in

(g..8) (g,.8) - (g,8)] M,
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rie H X ”g u H y Hg — KOOPJMHATHBIC TPEICTABICHUS (CTOJOIBI) IIeMEH-

T0B X u YV B 6asuce {g,,&,,--»&g, } . OueBnIHO, 4TO 3Ta POPMYIA CO-

rinacyercsic § 2.3 u § 9.2.

3aMeTnM, HaKOHell, YTO B OPTOHOPMHUPOBAHHOM Oasuce H r He = H E

>

u, CJICOA0BATCIIBHO, (bopMyna U CKaJIAPHOI'0 IMPOMU3BEACHUA IMPUHHUMACT

pan (%, ) = | x| v ], = Zl&mi-

Teopema  Jlns Gasuchoii maTpunbl 'pama H FHg B J1000M Oasuce

10.3.1.
det | FHg >0,

[loka3aTenbCcTBO.
W3 ompenenenust 10.1.1 crmemyer, 4To CKalspHOE MPOU3BEACHUE
eCTb OWIMHEHWHBIH, CHMMETPUYHBIA (YHKIMOHAT, TOATOMY IIpH
! ! !
nepexone ot 6asuca {g,,&,»--» g, } K Oazucy {g,&7,-»g,} (c
MaTpulel nepexona H S H) o teopeme 9.1.1 nnsg marpuusl I'pama

HUMCIOT MECTO paBCHCTBA

T
Tl =lslIrlls

; detHF‘

, =det| T (et S|,
rae detHSH;tO.

Orkyna crienyer, uto 3nauenne SN (det ” r ”g) WHBapUaHTHO, TO
€CTh HE M3MEHSAETCS TP 3aMeHe 6asuca. A, NPMHSAB BO BHUMAaHHME,

.= 1, mpuxomum « 3a-

4TO B OpPTOHOPMHpOBaHHOM Gasuce det H r

KJTIOUeHHIo, 4To B MoboMm 6asuce det H r Hg > 0.

Teopema gokasaHa.
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Crneacteve CHcTeMa 3J1eMeHTOB 1/, f5,..., f;} B E" JuHeiiHo He-

10.3.1. 3aBHCHMa TOIZIa U TOJbKO TOrAa, KOrJAa ompeieauTe]b
Matpunbl I'pama 310 cMCTeMBbI IOJIOKUTEIEH.
[okazaTtenbcTBo.

Ecmu snementst {f,, f5,.-., f,} THHEliHO 3aBHCHMEI, TO ompese-

JUTeNs UX Marpunpl ['pama paBeH Hymio. JlefiCTBUTENBHO, ITyCTh
CYIIECTBYIOT TaKH€, HE paBHbIE HYII0 OJHOBPEMEHHO, YHCIA

AisAg e Ay, uTo0

MAFM L+ o+ f, =0.

YMHOXHB 3TO paBeHCTBO ckaapHo ciesa Ha f;, Vi =[L,k], no-

JYYUM

kl(ﬁ’ﬁ)+7\‘2(ﬁﬂf2)+"'+7\’k(j;'9fk) =0 Vi=[lk].

Torma, cormacHo mpaBuiaMm neiictBuii ¢ marpumamu (cMm. § 1.1),
CIEeyeT, YTO HETpHUBHAIbHAS JIMHEWHas KOMOWHAIMS CTOJIOIOB
MaTpuis! [ pama, nMeromas Ko3QQUIIeHTaMA 9rcia

T S .
Oyzer paBHa HyJEBOMY CTOJIOLy M, CIIEOBAaTelbHO, OyneT paBeH
HYJIO ONpefenuTeNb MaTpulpl ['pama (cM. temmy 6.5.2 1 Teopemy
6.5.2).
C Jpyroii CTOpOHbI, eciu 3MeMeHThl {f1, f5 .., f} } NHHEiiHO

HE3aBHCHMBI, TO OHH 00pa3yloT 6a3uc B CBOeH JIMHEHHOH 000I0uKe
U K HUM IIPUMEHUM pe3ynbTat Teopems 10.3.1.

Cnepacrteue gokasaHo.

Terneps MOXXHO J10Ka3aTh HEOOXOAUMOCTH B Teopeme 9.3.4.

Teopema JJis1 m0JI0KUTeLHOH ONpeaeIeHHOCTH KBAIPATHYHOIO

9.3.4

¢pyHkumonasa B A" Heo0X0AMMO M JOCTATOYHO,
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(Kputepuit 4TOo0BI BCe INIAaBHbIe MUHOPBI €r0 MaTPHIbI, HMeIoLIe
CunbBectpa). BuUJA

P11 P2 o Py
det P21 P2 o Py k=[1,n].
Cr1t OPr2 -+ P

ObLJIN MOJIOKUTEJIbHBIMH.

[lokasaTenbCcTBO HEOBXOAMMOCTY.

1°.

2°.

B § 10.1 6buT0 OTMEUYEHO, YTO BBEACHHE CKASIPHOIO IMPOU3BEIC-
HUS B JIMHEHHOM HPOCTPAHCTBE PaBHOCHUIIBHO 3aJlaHUI0 HEKOTO-
pOro CHMMETPUYHOTO OWIMHEHHOTO (YHKIHOHANA, ITOPOXKIAr0-
LIETO TIOJIOKHUTENHHO OINpEeTICHHBIM KBaJApaTHYHBIH (YHKINO-
Has. OOpaTHO, 110 MOJIOKUTENBHO ONpEeSICHHOMY KBaJpaTH4HO-
My (DYyHKIIMOHAJIy OJHO3HAYHO BOCCTaHABIIMBAETCS MOPOAMBIINI
€ro CMMMETPUYHBIA OMJIMHEWHBII (PYHKIHMOHAJ, KOTOPBIA MOXHO
IPUHATH 33 CKAJSIPHOE [IPOU3BEACHHE.

ITokaxkeM, YTO Yy MOJIOKUTEIBHO OMPEICICHHOTO KBaJAPaTUYHOTO
¢yHKIIMOHaNA Bce (YKa3aHHOTO B YCJIOBHHU TEOPEMBI BHAA) TJIaB-
HBIE MHHOpPBI €r0 MATPHIIBI TMOJOXKUTEIbHBI. JIeHCTBUTEIBHO,

€CIIM BBECTH B A" CKaJIApHOE NPOU3BENCHHE IIPU IOMOLIH €ro
MTOPOIKAAIOIIECTO OMITMHEHHOrO (DYHKIIMOHAIA, TO MaTpHUIlAa 3TOrO0
KBaJipaTUuHOro (pyHKIMOHANa B Oasuce {gl,gz,...,gn} €CTh
Mmarpuua ['pama atoro 6asuca.

PaccMOTPHM TOCIIEIOBATENBHO JIMHEIHBIE 0GONOUKH CHCTEM dJIe-
MEHTOB BHIA {Z1,Z2,---»&x s K =[1,n]. Bce ot cucremmnr

JIMHENHO He3aBHCHUMBIE (KaK MOJAMHOXKeCTBa 0asuca), U 1o Teope-
Me 10.3.1 cooTBeTCTBYyIOIIME UM MaTPHLBI I paMa WUMEIOT IOJI0-
KHUTEIbHBIC OIPEICITUTENHN, TOITOMY



Maea 10. EBKINI0BO MPOCTPAHCTBO 367

ﬁll BIZ Blk
BZl BZZ BZk

det =
Bkl Bkz Bkk
(g-8) (g-8) - (g,8&)
_det| (8208 (82:8) - (€8] .
(g,8) (84582) - (gi-81)
k =[1,n].

Teopema gokasaHa.

Teopema Koopaunarublii croaden ja1000ro 31eMenTa X eBKJIMA0BA

10.3.2. npocrpancTBa F” B 0a3uce {gl 58050y gn} MOKeT
ObITH Npe/ACTABJIEH B BUE
-1
Ix[, =Tl el
()C, 8 )

rie ||F||g — marpuua 'pama, a Hb Hg = (%.82) .

(x,g,)

[okasaTenbcTBo.
n
YMHOXHMM 00€ 4acTH paBeHCTBA X = Zil &, ckamdgpHo Ha dj ,
i=1

k =[1,n]. Torna nonyuum cucremy ypaBHeHuit

ané,»(g,»,gkh(x,gk), k=[1,n],
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OCHOBHAsi MaTpHIlAa KOTOPOH ecTh OasucHas marpuna I 'pama. Ilo-
CKOJIbKY B cuiy Teopembl 10.3.1 sTa maTpuila HEBBIPOXKIEHHAs,

MIPUXOJUM K (popMmyIte H X Hg = H r H: H b Hg.
Teopema gokasaHa.

Cnenctee B oproHopMupoBaHHOM (Ga3mce {el,ez,...,en} eBKJIH/I0-

10.3.2. )
Ba MpOoCTpaHCTBa E JJIs JII000T0 DJIEMEHTA

n
x= Z Ee €k
]
umeloT Mecto pasenctpa &, = (x,e,) , 1=[ln].

3amevanve: ¢opmyna &, =(x,e;) , 1 =[l,n] wmanononesna nms xo-
HEYHOMEPHBIX CEBKIIMJOBBIX MPOCTPAHCTB, MOCKOIBKY 3Jie-
MEHT X B 3TOM Cliy4ae OJJHO3HAYHO M MOJHOCTHIO OIHCHIBA-
eTcst CBOMMH KoopauHaTamu. OfHaKo AaHHas (opMmyna MO-
KeT OBITh MCIIONIBb30BaHA /s 00OOIICHHUS TTOHITHS KOOPIH-
HATHOTO TIPEJCTABICHUS Ha Clly4ail eBKIHMIOBBIX IPO-
CTPAHCTB C HEOTPAHUYCHHBIM YHCIOM JIMHEWHO HE3aBUCH-
MBIX 37eMeHTOB (cM. § 12.3).

§ 10.4. OpTroronajibHble MATPHUIbI B €BKJIUI0BOM
NMPOCTPAHCTBE

CornachHo onpezenenuto 5.1.4 marpuia H 0 H, YIIOBJIETBOPSIOIIAsL CO-

T -1 o ..
OTHOIICHHIO H 0 H = H 0 H , Ha3pIBAaCTCsl OPTOTOHAIBHOM, PHUEM ISt
7100011 OpPTOrOHANBHON MAaTPHIIBI CIIPABEINBEl PaBEHCTBA

lellel=lellel =l £] « dec| o] = +1.

Kpome TOro, B €BKIHI0OBOM MPOCTPAHCTBE OYIYT CHPABEAIUBBI CIACIY-
IOIIME TEOPEMBI.



Maea 10. EBKINI0BO MPOCTPAHCTBO 369

Teopema Oproronanbubie MATPUUBI (M TOJILKO OHH) B F" MOryT

10.4.1. CJY)KATH MATPULAMH NEPEX0Ja OT OJIHOT0 OPTOHOPMHUPO-
BAaHHOI'O (a3uca K Apyromy.

[loka3aTenbCcTBO.

PaccMOoTpuM  1Ba  pasIMYHBIX  OPTOHOPMHPOBAHHBIX  0asuca
! ! ! o

{e;,e,,...,e, } nie/,e,...e/} B £ cmarpuueii mepexona H SH

OT mepBoro 6asuca kKo Bropomy. ITOCKONBKY B 3THX 0a3zucax MaTpHIa

=[s/'|r]|s]

I'pama enuHUYHAS, TO U3 COOTHOILECHUS H r

’
e

ClleZyeT paBeHCTBO
T T
[E[=IsPLENls]. [ £]=]s]]s]-
ITockonbky marpuiia mepexoja H S H HEBBIPOXKICHHAS,, TO OKOHYA-

-1 T
TEJIBHO UMEEM HSH :HSH .

Teopema gokasaHa.
. T
B pasBepHyTOii hopMe paBEeHCTBO H E H = H S H H S H IIPUHAMAET BUJ

n
T . .
6k1 = ZGMG” ) k,l = [1, n] , YaCTHBIM CIy4an KOTOPOTO A 71 = 3
i=1
OBLT TTOTy4eH B § 2.9.

Teopema CoOcTBenHbIe 3HAYEHHUS JIMHEIHOIO onepaTopa, UuMelolIe-

10.4.2. ro B F” OpTOroHAILHYI0 MATPHILY, PABHBI 1O MOIYJII0
eTMHMILe.
[lokasaTenscTeo.

f =\ f CIIEITyeT, 9TO
g g g Y

I IE] Al =2lr

W3 paBencTBa H A
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[TepeMHOXUB MOYIEHHO 3TH PABEHCTBA, MOJIYYUM COOTHOILICHHE
=[] f]
‘ ngHg_}\’ fg fg'

A
B CUIIy OPTOTrOHAJIBHOCTHU

A

TN

T
g

E

A4 A

g

, a

nMeeM H A

T
g g

norowy | f [ | f =S (e[S ] m maxomen, 22 =1, mo-

CKOJIbKY COOCTBEHHBIE BCKTOPbI f HCHYJICBLIC.

Teopema gokasaHa.

OpTOroHanpHBIE MaTPHIBI TAKXKE WIPAIOT BAXKHYIO POJb B BBIYHCIH-
TEJIBHBIX METO/AX alreOpsl, 4T0, HApUMEp, HILUTIOCTPHPYET

Teopema Ecam matpuna H A H HEBBIPOKIEHHASI, TO ee Pa3JioKeHHe
10.4.3.
wwaa | A[ =] of| R

puna, a H R H — BepPXHASI TPeyrojbHasi MAaTPULA € MOJIO-

, e H Q H — OpPTOroHa/IbHasg MaT-

KUTECJIBbHBIMHA THATOHAJBbHBIMH 3JICMCHTAMHU, CYIIECTBYET
H ¢IUHCTBCHHO.

[loka3aTenbCcTBO.
IIpeamoIokKuM, YTO UMeeTCs' 1Ba pasIoKEHUS
Al=[ o[ R[=] 0| R,].
W3 HEBBIPOKIACHHOCTH H A H cieyeT HEeBBIPOXKIEHHOCTh H R1 H u
| &,

HEBBIPOKICHHBIC. Torpa nmocnennee PaBEHCTBO MOKHO Ieperucarb

, HOCKOJIbKY H Ql H n H Q2 H OpTOroHaJIbHbIC U, OYCBUIHO,

14 O6ocHOBaHHE CYHIECTBOBaHUS TAKOT'O PA3JIOKCHUS BBIXOJUT 3a paMKU JTaHHOI'O
Kypca. 3}:[601) MbI OI'PaHUYIMUMCA PAaCCMOTPECHUEM JIMIIb BOIIPOCa O €ro €AUHCTBEH -
HOCTH.
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B BHJIE
T -1
lo.["a =17l &]"

-1
rae H R, H — TaK)Ke BEpXHsSA TPEYToJibHask MaTpuIla.

-1 .
3ameTum, 4To H R, H H R, H €CTh JuaroHajipbHas Marpuua. Jeu-

CTBHUTEIBHO, C OJHOM CTOPOHBI, OHA BEPXHSA TPEYTOIbHAs MAaTPHUIIA
Kak TPOM3BEINCHUE BEPXHHX TPEYroiabHbIX. C ApPYyrod CTOPOHBI,

—1 o o
H RZ H H Rl H JIOJDKHA OBITH U HIDKHEW TPeyroIbHOW, TOCKOJIBKY
OHa OpPTOTOHaNbHAasA (KaK MPOM3BEICHUE BYX OPTOTOHAJIBHBIX MaT-
T
puIg H Q2 H H Q1 H) U ee oOpaTHas MaTpHIla COBMAAAET C TPAHCIIO-

HUPOBAaHHOM.
OueBHIHO, YTO AWArOHAIbHAS OPTOTOHAIBHAS MAaTpHIA MOXKET
HUMETh Ha AWaroHaly JHIIb YIEMEHTHI, PaBHbIE TI0 MOAYJIO €IUHHU-

ne. Ho nnaroHaiabHBIE DJIEMEHTEI H R1 H u H R2 H MOJIOKUTEIBLHEI

MO YCJIOBHIO, IO3TOMY OCTaeTCs BO3MOXHBIM JIHMIIb CIydai
-1

[&: & =2

KCHUA.

, OTKyJa " CJICAYCT CAMHCTBEHHOCTh Pa3ji0-

Teopema gokasaHa.

Otmetnm, 9To B crity TeopeMsl 10.4.3 pemieHre HEOJHOPOIHON CHUCTE-

MBI JTMHEHHBIX YpaBHEHHI H A HH X H = H b H MOXeET OBITh CBEJICHO K pa3-
JIOKEHUIO HEBBIPOXKICHHON MaTpHIIBI H A H — Ha TPOM3BEIEHUE BepXHEil

Tpeyroanoﬁ H R H u OpTOFOHaHLHOﬁ || Q” , IIOCKOJIBKY B OTOM CJjIy4ac

cucTeMa peodpa3yercs K JIErko peraeMoMy BUy

[=ll=1=12l'lo]-
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§ 10.5. OpTroronajibHble I0NMOJHEHUSI M OPTOrOHAJIbLHbIE
NPOEKUHMH B €BKJIMJI0BOM NMPOCTPAHCTBE

HYCTL B E 3aJaHO OAIIPOCTPAHCTBO El . PaCCMOTpI/IM MHOXECCTBO

E, < E snementoB X, opTOroHaIbHBIX BCEM dIeMeHTaM u3 [, .

?(')"Féef-e”e””e B eBK/H10BOM TIpocTpancTBe £ COBOKYIMHOCTE 3eMeH-
T0B X, Takux, uro (X,¥)=0 Vy €E, C E nasbipa-

€TCsI OPpMO2OHAIbHBIM 00NONHEeHUeM MHOXKECTBA El o

Teopema OpTOroHaJbLHOE JIONOJHEHHE K -MEPHOTO  TOANPO-

10.5.1. n
ctpancTBa [, C E" siBjsieTcsi MOANPOCTPAHCTBOM pas-

MepHOCTH 71—k .
[lokasaTenbCcTBO.
Ilycts B E;, € E" co cTangapTHIM CKalAPHEIM IPOHM3BEICHHEM
JlaH OPTOHOPMUPOBAHHBI Ga3uc U mycTs £, — opToroHaisHoe 10-
nonHeHue K E, .
BsiGepeM HekoTopblii Gasuc B F, {gl 3 & seens gk} . Torna u3 ycino-
BHSL OPTOrOHAIBHOCTH TIPOM3BOJIBHOTO dIeMeHTa X € F, Kkaxmomy

anementy E|, cnenyer, 4to

(x,g,)=0;i=[Lk]

WM K€ B KOOPIMHATHOH (hopme:

€6 +€,&, +...+¢,§, =0,
€,8, +€,8, +..+¢€,,€, =0,

e, € +e,8, +..+¢g,8E, =0,
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€y &
&,

rne || gi e: e:

il [k u | x

Sni ECDn

OTa OJHOpPOJAHAS CHCTeMa JMHEHHBIX ypaBHEHHH (HEM3BECTHBHIMH B
KOTOPOH SIBJISIIOTCS KOMITOHEHTHI JJIEMEHTa X ), ONpeeIsIomas op-

TOrOHaNbHOE JonoNHeHne £, , umeer padr k B cuity JIMHEHHOM He-

3aBHCHMOCTH OJIEMEHTOB 1Z(,&5,-.-, &k} . Torma mo Teopeme
6.7.1 y Hee ecTb 71 — k IMHEIHO HE3aBHCHMEBIX PELIECHUMH, 00pasyro-

mux Gasuc noanpocrpancrea £ 5 -
Teopema gokasaHa.
Y6eI[I/IMCﬂ TCHEPb B CIIPABCAJIMBOCTU CIICAYIOLICTO YTBEPIKACHM.

Teopema  Ecamu E2 — OpPTOroHAJIbHOE [OIOJIHEHHE IOANpPO-
10.5.2.
crpancrBa E, C E , to E, sBasiercsi oproronanbneiv

nonosnnennem £, .
[oka3aTenbCcTBO.
Jns xaxnoro aneMeHta X € E2 10 YCJIOBUIO CJICACTBUS UMEET MC-
cro pasercro (y,X)=0; Vy € E|. Ho sro o3nauaer, uro s
xaxnoro y € E, cnpasemmso (x,y)=0;Vx e E,, 10 ects E,
SABJIAETCA OPTOrOHATBHBIM fonoNHeRNeM K £, B E .
Teopema gokasaHa.

OnpepeneHne B eBKIMIOBOM mpocTpaHcTBe [ 3imemMeHT )V Ha3bIBaeTCsI
10.5.2. OpPMO2OHANBLHOU NpoeKyuey dSJIEMEHTa X Ha MOAIPO-

CTpaHCTBO [ ™, eciu
1. yeE";
2°. (x—y,2z)=0 VzOE".
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Teopema Eem  F* — F  sBisiercs Kk -mMepubiM  moampo-
10.5.3. CTPAHCTBOM, TO JJIEMEHT V — OPTOTOHAJILHASI MPOEKIUS

x € F ma F* — cymecTByer u eIMHCTBEHEH.

[loka3aTenbCcTBO.

Ectu B E* cymectByer 6asuc {g;,Z,»-» &}, TO DIEMEHT
K

ye E" moxer 6bITh MPEJICTaBJICH B BUJE V = Z & g

i=1
Yenosue (x—y,z) =0 Vz e E® paBHOCHIBHO OPTOrOHAIBHO-
cru X )V KaxaoMy u3 GasHCHBIX SIEMEHTOB IOIPOCTPAHCTBA
E*, 10 ectp (X—, gj) =0Vj=[lk], u, cnenosarensro,
ancna &, , 1 =[1,k] moryr 6brrh Haiinens u3 cucremb! TuHeHHBIX

ypaBHEHUI
k
(x_zaigi’gj) =0V =[Lk]
i=l
WIIH

Z(giagj)ai =(‘x9gj) Vj =[Lk].

[TockonbKy OCHOBHAsI MaTpuIla 3TOM cUCTeMbl (Kak Mmarpuia ['pama
HaboOpa JMHEHHO HE3aBUCHUMBIX 3JIEMEHTOB g, &855---» &, CM.

caencteue 10.3.1) HeBbIpoXkIeHHAsI, TO 1O Teopeme 6.4.1 (Kpame-
@) pellieHne TaHHON CUCTEMBI CYIIIECTBYET U SJMHCTBEHHO.

Teopema gokasaHa.

OTMeTHM, 4TO eciu 6asuc {€;,€,,...,€; } B MoAmpocTpancTBe F *
OPTOHOPMHUPOBAHHBIA, TO OPTOTOHATbHAS MPOEKIHA d/eMeHTa X Ha [ *
k

€CTb DJIEMCHT BUJa ) = Z (x,e,- )e,-.
i=1
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3apaua B esxmudoeom npocmpancmse E* co cmandapmuviv ckansap-

10.5.1. HbIM I’lpOLL?B@d@HMéM 6 HEKOmMopom OpPpMOHOPMUPOBAHHOM ba-
3uce cucmema AUHetHblxX ypaeHeHuﬁ

& +8, -6 -&, =0,
28, +¢, =0
3adaem noonpocmparcmeo E* . Hatimu 6 amom 6azuce mam-

ULy Onepamopa Opmo2OHATLHO20 NPOCKMUPOEAHUS dTeMeH-
moe E* na E*.

PeweHne.
1°. 3a 0a3uc MOANPOCTPAHCTBA [F ¥ MOKHO HPHHSTH I1apy SJICMCHTOB

gl u g2 , KOOpAWHATHBIC NPCACTABICHUA KOTOPBIX B HCXOJHOM Oa-
3HUCC {el N 62 N e3 5 64} SIBIITIOTCS JTUHEWHO HE3aBHCHUMBIMH peuicHusA-

MH OIHOPOZHON CHCTEMBI JIMHCWHBIX ypaBHEHHWH, 3amaromielt F ™,

Harpumep,
-1 -1
2
lel. =) 115 1. = o
0

2°. Tlockombky dim E” = 2, To pa3sMepHOCTb OPTOrOHAIBHOTO JOMOI-
HeHus K F* cormacHo Teopeme 10.5.1 taxke paBHa 2. 3a 6asuc B
3TOM OPTOTOHAILHOM JOHOJHEHUN YIOOHO NPUHATh 3JI€MEHTHl €3 U
&4, TaKHE, 4YTO

1
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3°.

4°.

MOCKOJIBKY OHM JIMHEHHO HE3aBHCHUMBI U OPTOTOHAJIBHBI KXKIOMY
3JIEMEHTY U3 MOIIPOCTPAHCTBA [ *, KaKk 0Opa3oBaHHbIE U3 KOAPH-
IIMEHTOB 33aHHOM B YCJIOBHM 3a/1a4udl CHUCTEMbI JIMHEWHBIX ypaBHE-
HUH.

Onementsl g, £,, 83 U g, JAMHEHHO HE3aBUCHUMBIE 110 IIOCTPOE-
HHIO U 00pasytoT Gasuc B E4, u kaxpli dnement u3 E4 moxer
OBITH TPE/ICTABIICH U IPUTOM CAMHCTBCHHBIM 00pa30M Kak JIMHCHHAS

KOMOWHAIIHS 3JIEMEHTOB 3TOT0 Oasuca {g 1°82-85,8 4} .

WckoMblil onepaTop 4 OPTOTOHAIBHOTO MPOSKTUPOBAHUS 3JIEMEH-

TOB E* Ha E* JOIDKEH, OY4EBUIHO, YAOBIETBOPATH COOTHOIIECHUSAM
Ag, =g Ag, =8y Agy =0, Ag,=o,

B CHIIy KOTOPBIX €0 MaTpuia B Oasuce {g 1,82-85,8 4} Oynet

UMCTb cne;[y}omm‘/i BUO:

g

S O O =
oS O = O
oS O O O
S O O O

C nmpyroif cTOpoHBI, MaTpHUIla Tiepexoaa oT Oasuca {el, e,,e;, 84} K

Gasucy {gl,gz,ggagﬁ

-1 -1 1 2
1 1

HSH: 1 0 ’
0 1 -1 0
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~ -1 A
al =lsi 4

HO MTOCKOJIBKY ‘ S H H, CJIC€A0BATCIIBHO,

4], =1 s

TaMu npuBeeHHbIMU B § 5.1 u § 6.8, Haiinem, uto

e

A A

-1
H S H » TO, BOCIIOJIb30BaBLIMCh Pe3ysbTa-
g

1| —4 8 2
11| -1 2 6 -
-1 2 =5 6

|4],-

-1 -1 1 2|t o o off-1 -1 1 2]
2 2 1 1o 1 0o o] 2 2 11
1 0 =1 offo oo off 1 0o -1 of
0 1 -1 0oflo o o off 0 1 -1 o0
2 -4 -1 -1

2
5

3amMeyaHne: TeoMETpUYecKasl HHTEPIPETALsI OPTOTOHAIFHOTO MPOEKTH-
POBaHUS BIOJIHE OYEBHHA, OJJHAKO ITA ONEpanus UCIOIIb3Y-
eTcsl ¥ B IpYTUX NpuiokeHusx. Hanpumep, ecnmu E ecTh eB-

KJTHIOBO TPOCTPAHCTBO HEmpepbiBHBIX Ha [OL,P] dymkimit
CO CKaJISIPHBIM IPOU3BEICHUEM

B
(%) = [x(x)y(x)d,

a E* — TOIIPOCTPAHCTBO alreOpanyecKHX MHOTOUJICHOB

n
k
P (1) = Z(X « T cTernenu He BbilE, 4eM ", TO OpPTOrO-
=0

HAJIbHAS MPOEKIUS X(‘C) — ojemeHTa F — Ha E* MOXET
paccMaTpHBaThes Kak Hammydiee Ha |OL, ] mpuGmmkenne

X(T) nuHeiiHON KOMOWHAIMEH CTEHEHHBIX MHOTOUWICHOB.
[onxpo6Ho 5Ta 3amada paccMoTpeHa B § 12.3.
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§ 10.6. ConpsizkeHHBbIE OIIEPATOPbI B €eBKIWA0BOM

NPOCTPAHCTBE

[TocKONBEKY €BKIMIOBO MPOCTPAHCTBO SBIISIETCS YaCTHBIM CIIydaeMm JIH-
HEIHOTO MPOCTPAHCTBA, TO BCE U3JIOKCHHBIC B TJ1aBe 8 YTBEP)KICHUS CIIpa-
BEJITUBBI U JIJIsl THHEHHBIX OMEPaTOPOB, NCHCTBYIONINX B CBKIMIOBOM IPO-
crpanctBe. OHAKO omepanusi CKaJSipHOrO MPOU3BEIEHHS MO3BOJISIET BbI-
JIEJIATh B €BKJIMIOBBIX MPOCTPAHCTBAX CICIH(PUUCCKUE KITACCHI JIMHCHHBIX
OIIepaTopoB, 00TaJAIOIINX PSIOM MOJE3HBIX CBONCTB.

Onpenenenve JIMHCHHBIN onepatop 4™, 3ajaHHBII B €BKIMIOBOM IIPO-

10.6.1.

Mpumep
10.6.1.

CTpaHCTBC E, Ha3bIBACTCA CONPAMNCEHHbIM ]luHelZHOMy

onepamopy 4, ecmu VX,y € E umeer mecto pasen-

cso (Ax,y) = (x, 4" y).

B €BKJIMIOBOM MPOCTPAHCTBE, OOPA3OBAHHOM OECKOHEYHO

nuddepeHmpyeMbiMi QYHKIMSAMH, PABHBIMU HYJIO BHE He-

KOTOPOTO KOHEYHOTO MHTEPBAIA, CO CKANISPHBIM TPOU3BEIE-
+00

nuem (X,y) = Ix(r)y(r)dr JUIsl JIMHEHOTO Oreparopa

—00

121 = d_ (muddepeHpoBaHns) CONPSIKEHHBIM OyIeT orre-
T
~ d
patop A" =——.
dt

ﬂeﬁCTBHTeHLHO, COTJIACHO IIpaBWJly MHTCTPUPOBAHUA HEC00-
CTBCHHBIX UHTETPAJIOB IO YaCTIAM UMCIOT MCCTO paBCHCTBA

(A5, = 2 oy -

—00

+ oo

X(1)y(v) j x(1) =

— 00 —00

dy(r)
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- j x(1)(- d);]—iﬂ)dr =(x, A7 y).

PaccMmoTpuM Tenepbh KOHEUHOMEPHOE E€BKJIMIOBO NMPOCTPAaHCTBO E 77 ¢
6asucoM {g,,Z,,---»g, } M BBIACHHM CBS3b MATPHIL JIMHEHHBIX OTIEPATO-
poB 4 u 4" B3TOM Oasuce, IPEIIONIOKHB, YTO CONPSDKCHHBIN OIIepaTop

cymecTByeT. IlycTs Marpuubl omepaTopoB 4 M 4+ HMEIOT COOTBET-

A

A

CTBCHHO BH] n

o+

A Hg, a KOOpIMHATHBIE TPEICTABIEHHS dTeMeH-
ToB X u YV BGasuce {g,,8,,»8,} —

& M

RS M2
Il | =) w 1yl ™)

€, n,

Torna pasenctBo ( Ax,y) = (x, A" y) moxuo 3anucars Kax

(| 4 r| |4

DT

T
4

Y, =[x (10.6.1)

g g’

E: |y
g g g

rae ”F”g — Matpuia I'pama BeiOpanHoro B F” 6asmuca.

B cuny cooTHOmICHNUS (H A H H B H)T = H B HTH A HT IIOC/IC/IHEE PAaBEH-

CTBO MOJKHO Ipeo0pa3oBaTth K BUIY

T
[<l. 4] Il =1l |4 L], =0,

a MOCKOJIbKY 9TO PaBEHCTBO CIIPABEMIUBO IPH JIFOOBIX X U )V, TO, IIPUHSB
BO BHMMAaHHE HEBBIPOXKICHHOCTh MAaTpPHUIbI I'pama M MpoBeds paccyxie-
HUSI, aHAJIOTHYHbIC HCIIOJIb30BAaHHBIM IIPH JO0KA3aTeNbCTBE JIEMMBI 5.1.2,
3aKJII0YaeM, YTO MaTpHIA, CTOSIIAs B KPYIJIBIX CKOOKax, — HyJeBas, a U3
COOTHOILIEHUS

ey

A At
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T T
A A A -1 A~
A ”F —”F * =||O|| cnenyer | A” =||F A "F
g & g g g & g
KOTOpOE, B YaCTHOCTH, Ui OPTOHOPMHUPOBAaHHOTO Oa3nca {el 5€p 5.0t ,en}
~y ~ T
HMEET BUJI H AT = H A
e e

Nemma Ecmn (x, ,Zly) =0 Vx,y € E, To onepatop A HyJIeBoii.
10.6.1.

[loka3aTenbCcTBO.

Mycts VX,y € E cnpasennuso paBeHcTBO (x, ,21 y)=0 . Torna
OHO Oymer BepHBIM H Ui X = ,21 y. Ho wu3 pasencrsa
( 12[ v, 12[ y) =( coriacHo ompenenenuto 10.1.1 cremyer, d9ro

Ay = 0. HaKOHCL{, B CUJIy TPOU3BOJIBHOCTH 3JICMCHTA y n o1pe-

A

JeneHus 8.2.2 NPUXOIUM K 3aKIIIOUEHUIO, UTO 4 = () .
Jlemma pokasaHna.

Teopema Kaxaplii JMHeHHbI onepaTop B €BKJIWAOBOM IIpPO-

10.6.1. cTpaHcTBe £ uMeeT eIMHCTBEHHbIN CONPSKEHHbIN oIme-

parop.
[okasaTenbCTao.

CymecrBoBanue B J”* omeparopa 4%, CONPSIKEHHOTO OIEpaTopy

A, CJICAYET W3 BO3MOXHOCTH IOCTPOCHUA MaTpullbl BHOA

(xm

i AT 5 n
||F|| JUIst TF000T0 JIMHEHHOTO oneparopa 4 .
g g
g
ITokakeM Temeph emMHCTBEHHOCTh AT . Ilpemmonoxum, 4ro 4
HMeeT JiBa CONIPSDKEHHBIX omeparopa 4 W 4*. DTo o3HayaerT,

uto VX, € E 01HOBpeMeHHO BBINONHEHb PABEHCTBA

g5
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(Ax,p)=(x,A7y) n (Ax,y)=(x,4"y).

BrrunTas ux MO4ICHHO, MOIYYHUM (x,(AJr - A )y) =0, Ho To-

A

riaa no nemme 10.6.1 4+ — 4% = .

Teopema gokasaHa.

Teopema Jast 100bIX JIMHEHHBIX 0NepaTopoB 4 W B, AeilicTBYIO-
10.6.2. mMx B [, iMeeT MeCTO paBeHCTBO
[okasaTenbcTBO.
Nmeer mecto VX, Yy €E

(AB)* x,y) = (x,ABy) = (A*x,By) = (B* 4*x,).

ITO 03HAYAET, YTO (((ﬁé)* —é*}l*)x,y) =0 Vx,yeFE us

cuiy nemmbr 10.6.1 (,&é)Jr ~B 4t =0.

TeopeMa gokasaHa.

Teopema MMeer MecTO paBeHCTBO (21+)+ = 4.
10.6.3.

D,OKa3aTeJ'IbCTBO.
Vx,y € E cnpaBemmuBbl paBeHCTBa
(A7) ' x,y)=(x,A"y)=(Ax,y).

OTKyna cieayer, 4ro ((A (A ) )x ¥)=0 Vx,y €E uro-
raa o aemme 10.6.1 A (A )

Teopema gokasaHa.
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Teopema OpTOFOHaJ’ILHOC JIOTIOJIHEHHE 00J1aCTH 3HAYEHU I onepartro-

10.6.4.

pa 4 B E" siBAsieTcs siApOM omepaTtopa 4.

[okasatenbcTBO.

1°.

2°.

INokakeM BHauaje, 4To AAPO ormeparopa 4T, obo3HauaeMoe de-
o+
pes ker A", comepxurcs Bo MHOXecTBe || — oproromamsHomM
JOTIOTHEHNH 001acTH 3HaYeHHUiT oneparopa /4 .
o o ~ o
JleiicTButensbro, 060l snement ) eker 4”, TO ecTh Takoi,

aro A"y =0, oproronanen snementy b= Ax, x e E", no-

CKOJIBKY
(b,y) = (Ax,y) = (x, ATy)=0.

Teneps cpaBunm pasmeprocti ker A+ u I1. C oxnoit cTopoms,

B CHJIy HEBBIPOXKIECHHOCTH 0a3ucHOI Marpuisl ['pama u TeopeMsl
8.43

dim(ker A" )=n-rg HQF

T
=n-rg

~

] T ~ ~
=n—1g (|0 |4]| |T])=n-rg|4 A

Ho, ¢ nmpyroit croponsl, mo teopeme 8.4.1 pasmepHOCTh o0nacTu
3HaueHHil | paBHA rg” A H, nostomy dim(I1) =n—rg H A H
o Teopeme 10.5.1.

Haxomen, wu3 coornomennii  dim(ker ,2[*) =dim(II) =

ker A" — I1 cnenyer copnanenue mHoxkecTs Ker A" u IT,

Teopema gokasaHa.
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3amevaHus:

Teopema
10.6.5
(Ppen-
ronoma).

1) B ucroabp30BaHHBIX 0003HayeHUsx Teopema 10.6.4 no-
myckaet (hOopMyJIMPOBKY, COBIAIAIOIIYIO ¢ (HOPMYTHPOB-
Kol Teopemsl 6.7.3 (®Ppearospma), MOCKOIBKY paBEH-
CTBO 4x — /) O3HAUAET, YTO JEMEHT b NPHHAIEHKHUT

00IacTH 3HAUCHUI INHEWHOTrO oriepaTopa 4 .

2) B NIPEIMOJOKECHHH, YTO CTONOLBI H y” u Hb” CYTh
KOOpAHWHATHBIC MPEACTABICHHUS JIEMEHTOB F™ B OpTO-
HOPMHPOBaHHOM 0a3suce, TaKkKe M HIDKCCICIYIOUIYIO
(hOpMyIHPOBKY:

Cucrema JIMHEHHBIX ypaBHEHHId H A HH X H = Hb H COB-

MEeCTHA TOTAAQ U TOJILKO TOTJAA, KOIJa KaxKl0e pelieHune

T
OTHOPOJHOI CONMPS:KEHHOH CHCTEMBbI H A H H yH = H o H

OPTOTOHAJILHO CTOJIOIY CBOGOTHBIX YIEHOB H b

§ 10.7. Camoconpsi:keHHbIE 01IePaTOPbI

Onpepenetne JIMHEHHBIH onepaTop R, ACHCTBYIOIMH B EBKIMIOBOM

10.7.1.

Mpumep
10.7.1.

HPOCTPAHCTBE [, HA3BIBACTCS CAMOCONPAIHCEHHBIM, CCITH
Vx,y € E umeer mecto paBeHcTBO

(Rx,y)=(x,Ry).

B eBkIMEZOBOM NpOCTpaHCTBE OIeEpaTopsl BHIa 4 4 AT,
AAT m 4T 4 OynyT camMocONpsiKEHHBIMH I JIFOOOTO JIH-

~
HeWHOro orneparopa /4 .

[eiictBuTensHO, Ui onepatopa 4% 4, HalpuMep, HMeeMm,

uto VXx,y €E .
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(1?1+21x,y) = (z?lx, zzly) = (x,21+121y),

OTKYJa U CJIEAYET €Iro CaMOCONPS)KECHHOCTD.

CBolicTBa CaMOCOTIPSKCHHBIX ONEPAaTOPOB CHOPMYINpPYEM B BUIE Clie-
JIYIOIINX YTBEPXKICHUH.

Nemma
10.7.1.

JIuneiinplii omepatop R B " sBJIAAETCH CaMOCONPSKEH-

HbIM TOT/Ia M TOJILKO TOI/Ia, KOT/Ia €r0 MaTpHIa B KaXI0M
OPTOHOPMHPOBAHHOM (a3KMce CHMMeETpUYECKAas.

[oka3aTtenbCcTBo.

ST LR IT,

U3 onpenenenus 10.7.1 u dpopmysbt H R*

JUTSL HEKOTOPOTO OPTOHOPMUPOBAHHOTO 6asuca {€1,€,,...,€,} B
T

A A

R R

Ilepeiinem Tenepp K JpyroMy OpPTOHOPMHPOBAaHHOMY Oa3ucCy

e

CHUITYy CaMOCOIPS)KEHHOCTU omepaTopa R HUMEECM
e

, Kak OBLIO MOKA3aHO B

{e|,€,...,e. } . Marpuua nepexosa H S

§ 10.4, opTOroHAIBHAs, TO €CTh JUIS HEE H SH_I: H S HT . lToaTomy
R =SR] [sDT=(s["[R]|s]" =
T T
=SR] (sID"=Is]|&] |s]=

=|s["| 2] |s|=|s["|R] |5 2],
Bepro w o6parroe: ecnn | R |'=[ R | 10 Vax,y € E”
(Re.y) =] & T, = 2] J<1,)71 5], =
==& 0, == LRL I, =l 2] = 2.

Jlemma gokasaHna.
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IIpusnax caMOCONIPSHKEHHOCTH MOXKET OBITh CHOPMYITHPOBAH KaKk

CrepncTaue Eciu nuHeiiHbli onepaTtop B £ uMeeT cHMMeETpHHYe-

10.7.1 CKYI0 MATPHIY B HEKOTOPOM OPTOHOPMHPOBAHHOM 0a-
3Hce, TO OH CAMOCONPSIKEHBIIH.
TNemma Bce coO0cTBeHHbIE 3HAYEHHSI CAMOCONPSIZKEHHOr0 ornepa-
10.7.2. TOpa R B " BellecTBEHHbIE YHCIA.
[okasaTenbcTBo.

I[OHYCTI/IM MPOTUBHOC: MYCTh XAPAKTCPUCTHUUCCKOC YPABHCHUC
CaMOCOIIPSAKEHHOTO oneparopa R HAMEET KOMILICKCHEIN KOpPCHb

A=a+Pi,rme f=0.
ITo Teopeme 8.6.2 omepatop fg B 3TOM CJIy4ae UMEeT JBYMEPHOE

MHBapHaHTHOE MOANPOCTPaHCTBO. TO ecTh CyIecTByeT napa JuHeil-
HO HE3aBHCHUMBIX DJIEMEHTOB X W ) Takux, 4To

Rx = ax-By,
IéyzOty-i—Bx.

VMHOKas 3TH PaBeHCTBA CKAILIPHO: TIEpBOE — CIipaBa Ha V' , BTOpoe
—cieBa Ha X, TOJIyYUM

(Rx, y) = a(x, 7) = B(y7),
(x, Ry) = (i, ) + B, ).

BrrunTas noujaeHHO BTOPOC PaBCHCTBO M3 MNEPBOIo U MpUHUMAA BO
BHUMAaHHUE CaMOCOIIPAKECHHOCTH R , IPUXOJUM K 3aKIIFOUCHUIO, YTO

2 2
B( |x| + | y| ) = 0. OxHako 5T0 MPOTHBOPEUHT MPEATOTOKEHHUIO

oTom, uto B #0.

Jlemma gokasaHa.
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Jlemma Co0cTBeHHbBIE BEKTOPbI CAMOCOIIPS’KCHHOI'0 orneparopa, oT-

10.7.3.  pevaromme pazIHIHBLIM COOCTBEHHBLIM 3HAYEHHSIM, MOIAPHO
OPTOrOHAJIBLHBI.
[okasatenbcTBo.

ITycTh A5t CAaMOCOMPSKEHHOTO Ofeparopa R HMMEIOT MECTO PaBeH-
CcTBa Rf1 = 7\,1f1 u sz = Xzfz , TJIc HCHYJICBBIC JJIEMCHTBI fl

u f, — coOcTBeHHBIE BEKTOHI Omepatopa 4 H A, # A, — COOT-
BETCTBYIOIINE UM COOCTBEHHBIE 3HAUEHHUs. YMHOXHB 3TH PaBEHCTBA
COOTBETCTBEHHO: IIEPBOE — CKAJIPHO CrpaBa Ha f, , BTOpoe — cKa-

JNISAPHO ceBa Ha ] , MOMydHM

REL)=00h 1) [RE L) =1 (o o).
(fi.Rf2) = (fi.ho f3) (f1,Rf3) =0, (/1. 13)-

BbrunTast TH paBeHCTBAa MOWIEHHO M YYUTHIBAs, 4YTO J — CaMOCO-
NIPSDKEHHBIA OIlepaTop, NPUXOJUM K PaBEHCTBY

(7"1 _kz)(ﬁafz)zos
OTKyZa (f1af2):0~

Jlemma gokasaHa.

Nemma  Iycrs F' — uHBapHaHTHOE MOANPOCTPAHCTBO CAMOCOMPS-
10.7.4. skenmoro omepatopa R, neiicreyomero 8 E , u nycrs E"
— oproroHajnHoe gonojanenue k F' B E. Torma E" -

A

TaKKe HHBAPHAHTHOE NMOANPOCTPAHCTBO onepaTopa R .
JokasaTenbcTao.
E' MHBapHAHTHO [ OIIEPaTOpa J , TO €CTh
VxeE':RxeE’.
Ecnu E'" — oproronambHoe gononHenue F', 1o Vx'eE' u

Vx"eE": (x',x")=0.
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IMockonbky [F' — WHBapHaHTHOE MOANPOCTPAHCTBO R, TO Oymer
taioke nmets Mecto (Rx',x") = 0. Ho B cumy caMocomnpspkeHHO-
cru R u (x',Rx") = 0. IlocnenHee paBeHCTBO 03HAYACT, YTO

DI " " "

Rx"e E" Vx"eE",
TO €CTh U MOANPOCTPAHCTBO F " OymeT MHBapHaHTHBIM IS OIepa-
Topa R .

Jlemma gokasaHna.

Teopema LISl J110GOr0 camMoconpsieHHOTo onepaTopa R B E" cy-
10.7.1. HIeCTBYeT OPTOHOPMHPOBAHHBIA G6a3mc, COCTOMINUIA W3
c00CTBEHHBIX BEKTOPOB R .

[loka3aTenbCcTBO.

A

JUis camMocomnpsbkeHHOro omeparopa R B ™ CyllecTByeT, MO
KpalfHel Mepe, 0JTHO COOCTBEHHOE 3HAYCHUE 7\-1 . o nemme 10.7.2
9TO COOCTBEHHOE 3HAa4YEHHE BEIECTBEHHO. M3 cucTemMbl ypaBHEHHH

(8.5.1) MOXHO HaWTH OTBEYAIOLIUH 7\,1 COOCTBEHHBII BEKTOp €.

Be3 orpannyenns oOMIHOCTH MOXHO CUHTATh, UTO ‘ e ‘ =1. Eciu
n =1, To n0Ka3aTENBCTBO 3aBEPIICHO.

Paccmotpum E! — numeiiHyro 0605104Ky 3€MEHTa €, , SBISIONIYO-
CA OTHOMCPHBIM HHBapHUAaHTHBIM COOCTBEHHBIM TMOANPOCTPAHCTBOM
R . Tycts E"! — oproronansnoe nononnenue k F!. Torna mo
nemme 10.7.4 F"~! — Takke MHBaApMaHTHOE MOAIPOCTPAHCTBO OIE-
paropa R.

PaccmoTrpum Tenepn omepaTtop ]AQ KaK JEWCTBYIOIIMH TOJIBKO B
E""!. Torna ouesnano, uto ﬁ — CaMOCOIPSDKEHHBIN OmIepaTop,
3ajanHblil B 1, mockonbky ! MHBapMaHTHO OTHOCHTENHHO

R 1o nemme 10.7.4 u, kpome TOTO,
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Vx,yeE": (f?x,y) = (x,ﬁy),

B TOM umcie 1 VX, ) € E"'.

[TpuMeHsIsT W3TOKEHHBIE BBIIIE PACCYXKIEHHS, HalJeM HOBOE COO0-

CTBEHHOE 3HAa4YeHHE 7\-2 W COOTBETCTBYIOIINH €My COOCTBEHHBIH
BEKTOp €,. be3 orpanmueHuss OOIIHOCTH MOXHO CUHUTaTh, UYTO
‘ e, ‘ =1 . Ilpu aTOM A > MOJET CIIy4ailHO COBIIACTh C 7L1, OJIHAaKO
W3 mocTpoeHwus sicHo, uto (e;,e, ) =0.

Eciu n =2, 10 nocrpoenue 6asuca 3aBepiieHo. MHaue paccMoT-

pum E2 — nuHeiHylo 060IOYKYy {€;,€, } M ee OpTOroHaibHOE
nononHerne F "2, HaiifeM HOBOe COOGCTBEHHOE 3HAUeHHE A, W

COOTBETCTBYIOIIHMH €My COOCTBEHHBII BEKTOp €3 U T.1.

AHanoruuHbIe PacCyKACHHUS IPOBOIUM A0 HcUepnanus F .

Teopema gokasaHa.

Cnegcteve B 0asuce, moctpoeHHom B Teopeme 10.7.1, camoconps-

10.7.2. JKeHHbIH onepatop R HMEET JUAroHaJIbHYI0 MaTpully B
E}’l
[okasaTenbCcTBo.

BrITekaeT u3 3aMe4aHus 0 BAXKHOCTH COOCTBEHHBIX BCKTOPOB B § 8.5.

Creacteve  Pa3sMepHOCTH COOCTBEHHOT0 HWHBAPHAHTHOIO MOANPO-

10.7.3. CTPAHCTBA, OTBEYAIOIIEr0 HEKOTOPOMY COOCTBEHHOMY
3HAYEHHIO CAMOCONPSI)KEHHOT0 0NepaTopa, paBHa Kpar-
HOCTH 3TOT0 COOCTBEHHOI0 3HAYEHHSI.

[loka3aTenbCcTBO.

Crenyet u3 nokazatenscTBa TeopeMsr 10.7.1.
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Cregacreme Eciu simneiinbiii oneparop R B F” umeer 7 momapHo

10.7.4. OpPTOrOHAILHBIX COOCTBEHHBIX BEKTOPOB, TO OH CAaMOCO-
NPsSKeHHBbIH.
[okasaTtenbCcTBO.

ITpoHOpMHpYeM cOOCTBEHHBIE BEKTOPHI OIlepaTopa R W IPUMEM HX
32 OPTOHOPMHPOBAHHBIA 0a3nC, B KOTOPOM MaTpHlia 3TOTrO JIMHEH-

A

R

HOro oreparopa JruaroHaJibHas u, CJI€10BaTCiIbHO, CHUMMCT-
e

puueckas. Torma B cuiry nemmsl 10.7.1 nuHelHBI omepatop R
CaMOCOIPSIKEHHBIH.

CnepncTtsue OoKasaHo.

CnepcTsue Ecin H R H cHMMeTpHYecKasi MAaTPHLA, TO CYLIeCTBY-
10.7.5.
€T OPTOrOHAJIbHAS MATpPULA HQH TaKasi, YTO MaTpH-
na
-1 T
[pl=lol |zllel=Iol [zl
AMATOHAJBHAS.
[okasaTenbCTao.

B oproHOpMHUpOBaHHOM 0a3uMce CHMMETPHUYECKAs MaTpHIla ||R||
OIpeIENIIET CaMOCONIPSKEHHBIN oneparop B F” , IO3TOMY B Kaye-

CTBE MCKOMOI MaTpHIIBI H 0 H MOYKHO BBIOpaTh MaTpUIly Mepexo-

Jla OT JaHHOTO OPTOHOPMHPOBAHHOTO 0a3nca K OPTOHOPMHPOBAH-
HOMYy Oa3ucy, 0Opa3oBaHHOMY COOCTBEHHBIMH BEKTOPaMH 3TOTO
orreparopa 1o cxeMe, UCIOJIb30BaHHOW B JIOKA3aTEIbCTBE TEOPEMBI
10.7.1.

CrnepacTtsue goKasaHo.
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A

Teopema  /lBa CaMOCONPs:KEHHBIX omepaTopa 4 M [ HMelOT 00-
10.7.2. IIyI0 CHCTeMy COOCTBEHHBIX BEKTOPOB B ['' Torma m

TOJIBKO TOrAa, Koraa gé = ZALZI .

[oka3aTenbCcTBo.

JokaxeMm HEOOXOIUMOCTb.
Ilycts Iaa YR éa = la , roraa
BAa = \Ba = Aua ; ABa = Ma =Aua,
M, BBIYUTAsS OWIEHHO, MOJTY4UM, 4TO ( ,21 B— éﬁ) a = o . Ilockone-

Ky @ — IpOU3BOJIbHBINA COOCTBEHHBIH BEKTOP, TO JTaHHOE COOTHOIIIE-
HHUE BEPHO U JUIA BCEH COBOKYITHOCTH COOCTBEHHBIX BEKTOPOB, a 3Ha-

YWT, U JJIS1 JIF0OOTO JIeMEHTa B "', Tak KaK M3 COOCTBEHHBIX BEKTO-

POB MO3KHO 06pasoBath Gasuc. [Tosromy AB — BA = O -

JlokaxxeM TOCTaTOYHOCTb.
ITycts camocompspKeHHBIE ONEpPaTopsl 4 ¥ B KOMMYTHPYIOT H

MyCTb, KpOME TOTO, g = Aq - PaccMoTpum 31ech JULIb Cly4ai,

Koraa BCE COOCTBEHHBIE 3HAUECHUS oreparopa A Pa3JINYHEBI.

A
HOKa)KeM, YTO DJICMCHT CBKIIMA0BA IMPOCTPAHCTBA b = Ba SIBJIIACTCA

COOCTBEHHBIM BEKTOPOM OTlepaTopa /Al [elicTBuTensHo, B CHIIY
1B = B umeenm

Ab = ABa = BAa = Bha =\ Ba =\b -
[TockonbKy Bce COOCTBEHHBIE 3HAYECHUS 2 KpaTHOCTU €JUHMLA, TO
A €CTb €ro COBCTBEHHOE 3HAYEHHE, OTBeyaomee ¢ u b omHOBpe-

menHo. [TostoMy b = Ka ¥, TOCKONIBKY ) = fga , TaKXKe E’a = Ka-

3HaunT, d — COOCTBEHHBII BEKTOp oreparopa J .

Teopema gokasaHa.
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§ 10.8. OproronanbHbie onepaTopbl

Onpepnenexve JIMHENHBI omepaTop Q, JIEUCTBYIOLIUN B E€BKJIUIOBOM

10.8.1.
MPOCTPAHCTBE [/, HA3BIBACTCS OpmMOcOHAIbHbIM (WA

usomempuueckum), ecma VX, € E umeer mecro pa-

BEHCTBO (Qx,Qy) =(x,))-

W3 onpenenenns 10.8.1 cienyet, 4To OpTOrOHAJIBLHBINA ONEPaTOP COXpa-
HSIET HOPMBI 3JIEMEHTOB U BETMUUHBI YTJIOB MEKAY HUMH.
JlelicTBUTENBHO,

‘Qx‘zwl(QAx,Qx =1/(x,x):|x
©O%.0y) _ (%)
Oc|0v| Ixl¥l

2

cosy = =cosQ; x,yek,

rie P — BenuumHa yria MexIy HeHyneBbiME dementamu X u Y ,a W — ge-

nM4uHa yria Mexay snementam Ox u Oy .

Teopema Ecian oproronanbnelii onepatop () MmeeT CONpsiKeHHbIi

10.8.1. oneparTop, T0 OH MMeeT M OOpaTHBIH omepaTop, Npu4eM

Q—l _ Q+.

[okaszaTtenbCcTBO.

o onpenenennio 10.8.1 Vx,y € £ (QX,Q)/) =(x,y), oTkyza

CJIeayeT, 4YTO

(x,0"0y)=(x,y) mwm (x,(Q"'0-E)y)=0.
ITocnennee paBeHcTBO B crity JieMMbl 10.6.1 o3nagaer, 9To

0'0-E=0.
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U3 pasercrsa Q) — E = O sortexaer, uto 0 0= E . Torma
O"00" = EQ", ar cuny Toro, uto euHuuHEIi 0MEpaTop KOM-
mytupyer ¢ mobeiv apyruM, monysaem QO Q0" =0 E wm

QQ" = E . Haxosert, 10 onpeeneHuio 8.2.8 mpuxommm K

A A

Q—l — Q+'

Teopema AoKa3aHa.

Cnepncrteue Omnepartopsl Q+ " Q_l TaK:Ke OPTOrOHAJbLHbIE.
10.8.1.

Teopema Martpuna opToroHajJbLHOro omeparopa B F” B Kak-
10.8.2.

JA0M OPTOHOPMHPOBAHHOM 0a3uce OPTOroHAJbHaA.
[oka3aTenbCcTBo.
IIycte omeparop Q opToroHalibHbIA. Torga M3 COOTHOLIEHUSA

Qfl = Q+ no teopeme 10.8.1 u B cuny § 8.3 (4°) B opToHOp-
MHPOBAaHHOM Ga3uce CIIPaBELINBbI PABEHCTRA

ol =107, =[¢]. =]
1o =07 =]o], =10
-1 T

= , HTO U O3HA4YacT, COTJIACHO OIPECaACicC-

e

0

T
o

A A

0 0

Huto 5.1.4, OpTOrOHAILHOCTH MATPHULIBI

Ho torma

e

e

Teopema gokasaHa.

Ilpusnax opTOrOHAJIBHOCTH JIMHENHOTO oriepaTtopa B F” naer

Teopema Jist Toro 4ro0n! JIMHEHHBIH onepaTop B F” ObL1 op-
10.8.3. TOTOHAJILHBIM, JAOCTATOYHO, 4TO0bI €ro MaTpuua

OblJIa OPTOTOHAJLHON B HEKOTOPOM OPTOHOPMHPO-
BAaHHOM 0a3muce.
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[okasatenbCcTBo.

A

1°. Ilyctb y nuueiinoro omnepatopa () B HEKOTOPOM OPTOHOPMHPO-

-1 T
BaHHOM 6azuce H 0 H = H 0 H .Torma Vx,y € E"
e e

(Ox,09) = AEIRN
=], =] <[, =Ll = o
To ecTh ycioBrUe OPTOrOHANBHOCTH BBIIOJIHEHO B
{e;,ey,....e,}.
2°. Tlepeiinem Teneps K {61' , e; ,...,e; — HEKOTOPOMY APYroMy OpTO-

HOPMHPOBAHHOMY 0a3ucy M yOeIuMcs, YTO YCIOBHE OPTOTOHAJb-
HOCTH IIpY 3TOM IIEPEXO/IEC HE HapymuTcs. [IeicTBUTENbHO, B CUILY

OpmocoHalbHOCMU MaTpPULBbl IEpEXoaa HS

, CBSI3BIBAIONICH Ba
OPTOHOPMHUPOBAHHBIX 0a3uca, IMEEeM

-1 - - -1 - T
o, =ds[ =Is[Tlal Is1=Is["1¢,1s]=
T T A
=|sl'ol,Isi=]sl"el,cIsHT =[]0 =
=([s["]
Teopema gokasaHa.
B psine npunoskeHuit okazpiBaeTcs MoJIe3HOM
Teopema JI1000i1 JIMHEHHBI onepaTop 121 B E" ¢ detH le #0
2(? ;'I8(5;4'IﬂpHOM MOXKeT ObITh €IMHCTBEHHBIM 06pa30M NpeacTaBJieH B

PasnoxeHun).  gyje QR e omeparop Q OpPTOroHAbHbII, a

oneparTop R — CaMOCONPSIKCHHbII U MMEIOIIHIA 110J10-
JKUTeJIbHbIE COOCTBEHHbIE 3HAYEHMS.
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[okasatenbCcTBo.

1°. TlokaxxeM BHauale, 4TO CaMOCONPsDKeHHbINA omepatop 41 4 (cm.

2°.

3°.

npumep 10.7.1) ¥MeeT TONBKO MOJOXKUTEIbHbIE COOCTBEHHBIE 3HA-

4yeHus. JIefcTBUTEIBHO, TyCTh 21* 121 f =\ f , TOIJ1a, C OJHOM CTO-
POHEI, (12[+12[f,f):(12[f,1:1f)>0 npu f # 0, ac apyroii

(A Af. )= Of. ) =ML 1)
TO €CTh (zaf,zaf):}\,(f,f) Ho torma Bce A >0 B cuiy

OINPCACIICHUA CKAJIPHOI'O MNPOU3BCIACHUA, MMOCKOJIbKY M3 JONYHIC-

Hust A f =o0 npu f # o0 cuenyer, uro
Af=0f < detH21H=o.

Ilycto {el ,€) ,...,en} — OPTOHOPMHUPOBAHHEIA 0a3HC, COCTOSIIUI
13 COOCTBEHHBIX BEKTOpOB omeparopa 4t 4 . PaccMoTpum MHOXe-

CTBO 3JIEMEHTOB Ael. il = [l,n] , TSl KOTOPBIX

(Ae,, Ae;) = (A" e, e;) =\ (e,e;) =85, j =[Ln].
' 1 o .
Ho 5710 03HauaeT, uto | €; = TAei ;i=[l,n]p — raxe Ga-

3UC U IPUTOM OPTOHOPMHUPOBAHHBIM.
ITpumem 3a MCKOMBIH OpTOroHaNbHBIA omnepatop () omeparop,
TICPEBOJIAIINN OPTOHOPMHUPOBAHHBINA 0a3uC {61,62 ,...,en} B Op-

o ! ! !
TOHOPMHPOBaHHKII Gasuc {€],€,,...,€, } , u ybeaumcs, 4To B Kaye-
CTBE R MOXHO B3SITh ONEPATOP Q_1 A.

A A A

JlelicTBUTENBHO, BO-TIEPBBIX, MMEET MeCTO paBeHcTBO A = OR.

Bo-BTOpBIX, U3 COOTHOLLIEHUN

Re,=07de, =07 kel = [h;e 5 i=[ln]
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4e,

CIeqyeT, 4To Oa3UCHBbIE JIIEMEHTHl €; ,i=[1,n] CyTh COOCTBEH-

HBIC BCKTOPHI ONEparopa R , OTBCHAIOIIHUE IMOJOKHUTCIbHBIM co0-

A

R e

CTBCHHBIM 3HAUYCHUAM ?\. B Oasmce

; » 4 3HA4YWT, MaTpuna
{el 5 62 geses en } JAuaroHajibHagd U MOTOMY CUMMETPHUYCCKad. Toma

B cuiy nemmbl 10.7.1 omepaTop R caMOCONpPSKEHHBIH.

ITokaxeM, HaKOHEIl, CIMHCTBEHHOCTD Pa3NOKeHMsA. Bo BBEICHHBIX
0003HaUCHHSX CIIPABEINBO PABEHCTBO 4™ 4 = R?, OCKONIBKY H3

A=

DR A+ = }AFQA* CJIE/Iy€eT, YTO
A*A=R*O*OR=R*Q"'OR=R"R.

TO B CHITy CAaMOCOIIPSDKEHHOCTH ﬁ A" ,21 - R?.

Hpe,Z[HOJ'IO)KI/IM 4qTo CyH.[eCTByIOT JABa PA3JINYHBIX CAMOCOIIPAKCH-

HBIX OTlepaTopa R u R C TIOJIOKHUTENEHBIMI COOCTBEHHBIMH 3HA-

A

YEeHHUSIMH, TaKHUE, 9TO A+A = Rz; A+A = R22 n R12 —R22 =0.
3amerum, uro R, u R, 10 HocTpoeHuro (cM. 2°) UMEroT o0ulyto

CHUCTEMY COOCTBCHHBIX BEKTOPOB, a MOTOMY OHU KOMMYTUPYIOT. Ho
TOTJa, corjacHo § 8.2, cmpaBeIjIuBbl PAaBEHCTBA

RP-RP=R*-R R, +RR —R =
=R -R,)(R, +R,)=0.
W3 HEBBIPOKIECHHOCTH U JTUHEWMHOCTH ]%1 u ]AQZ B CHJIy TEOPEMBI
8.6.8 omepartop ]AQI +]%2 TaKkXKe HEBBIPOXKJICHHBIM U TO3TOMY W3
paBeHCTBa (}AR1 — ]ABZ )(f?l + }%2) =0 creayer }AEI - IAEZ =0.
Takum obpazom, fg — CaMOCONPSKEHHBIM omepaTop, ompesensie-
MBI TIO 121 onHo3HayHO. Ho Q = AR™" u, 3naunr, Taxxke ompene-

JI€TCA OAHO3HAYHO I10 A .

Teopema AOoKa3aHa.



396 AHAIMTHYECKAsI TeOMETPHUSA U JUHelHas ajarebpa

3ameuanusi. 1°. Teopema 0 MOJSIPHOM pa3IOKEHUH SIBISIETCS 000011e-
HUEM TeopeMbl 5.5.2 0 BO3MOXHOCTH IPECTaBICHUSI
adhpuHHOTO TIPE0Opa30BaHUs TUIOCKOCTH B BUIC MTPOU3-
BEJICHUS JIBYX ONEpPaTOPOB, MEPBBIH M3 KOTOPBIX OPTO-
TOHAIIBHBIHN, a BTOPOH — CKAaTHE 110 ABYM B3aUMHO TIep-
NEHIUKYISIPHBIM HaIpaBIEHUsIM, MaTpulia KOTOPOro
JIuaroHaibHasl.

2°. B cnydae BBIpOKACHHOIO oneparopa 4 pa3jioKeHue,

aHaJIOTHYHOE yKa3aHHoOMY B Teopeme 10.8.2, ¢ HeoTpu-
LaTeJbHBIMA COOCTBEHHBIMH 3HAYCHUSIMH CaMOCOMIPSI-

JKECHHOI'O omeparopa R CyHIECTBYET, HO HE CIUHCTBCH-
HO.

3apaua B nexomopom opmonopmupoeannom basuce 6 E? nuneiinviii

10.8.1. NCE

onepamop 4 umeem mampuyy A 0= . Hatimu
¢ 0 /2

€20 NOJIAPHOE PA3TIOHCEHUE.
PeweHne.

1°. BbInosHUM HCKOMOE pa3ioXeHHUeE 10 CXEME, UCTIOIb30BaHHON B J10-
kazatenbcTBe Teopemsl 10.8.2. Marpuna omepatopa 4+ 4 B Hc-

XOZHOM (CTaHIAapTHOM) OPTOHOPMHPOBAaHHOM Oaznce {elo ,e;)}

HUMECT BU]

A A THA

A aly =) 4], =] 4], 4
2 ofl2 2 -2
-1

0

e e

200 2 -2 3
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CoOCTBEHHBIE 3HAYEHUS U COOCTBEHHBIE BCKTOPLI 3TOr'0 Ooreparopa
PpaBHbBI COOTBETCTBEHHO

2

1

>

P

9

AM=1;h,=4;f

-1
“ 2

60_

Mo3TOMY (COXpaHsisi 0003HAYCHISI, UCIIOJIb30BAHHBIC B JJOKA3aTellb-
ctBe Teopembl 10.8.2) momydnM KOOpAWHATHBIE MPEICTABICHUS B

{elo ,eg } It aneMeHTOB, 00pasyIOLIMX OPTOHOPMUPOBAHHbIC Ga-

3ucel {€,,e,} :

W | N

Sl

E

ezHZ = )

/2

IAl_) "2

lal="=) s

il

-
W | N

u {ef, e}

ol
(98]

W | N
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2°.

00603HaUMB Yepes

2
3

(9'8)
ol -
(SR )

1
Gl= w|Fl=
1
NERE K
COOTBETCTBEHHO MATPHIIbI [IEPEX0/IA OT UCXOIHOrO (CTAHIAPTHOIO)
Gasnca {e;, ey} « Gasucam {e,e,} u {e],e,} u paccyxnas Tak

XKe, KaK TPU PeIIeHUH 3a4a4n 7.5.2, MOIyduM AJIsl MaTPHUIIBI OPTO-

)
W | N

&l

TOHAJIBHOTO oreparopa () BBIPAKEHHE
A -1
0, = FllG]".
e

JleiicTBUTENHHO, B pacCMaTPUBAEMOM cIIydae peoOpa3oBaHme

! [
{e;,ey} > {ef,e}
MOXET 6BITB HpeHCTaB.HeHO KakK HpOI/I3Be,HeHI/Ie (HOCHC,HOB&TGHI)HOG

BBITIOJIHEHKE) TIPE0Opa3oBaHuit
-1

0 0
{e,e;} = {e),ey)

Q L HF
Haxonen, B cuty onpenenenuii (8.3.1) u (7.4.2), a Takke paBeHCTBA

G =lG o =[Fllel™

u 0 0 .
{el an} - {el',eé}

CrnenoBaTensHO,

-1
oG

60.

-1
eO nojxy4aem, 4To H Q

YuuThIBas, 4TO MaTpHUIA H G H OpTOTOHANBHAS (KaK MaTpHIia mepe-

X0/1a, CBSI3BIBAIOIIAs /[Ba OPTOHOPMHMPOBAHHBIX 0a3nca), HaXOIUM
MaTpHILy

10

o=lFliGI"=|FlG|" =
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1 2 2

|
3 3 33 3 3

21_1f 1 22
3 30 3 V3| |3 3

KOTOpas B UICXOAHOM OPTOHOPMUPOBAHHOM Oasuce OpTOroHajibHas.

3°.  Tlockomeky R= QA_I/Al , TO

[Ro=07 ol a]0=[0]04]0=|0]0] 4], =
22 1 4 2
3 3 2 -] 303
1o2n|l0 2 g S|
3 3 3 3

H, CJICA0BATCIbHO, HICKOMOC NOJIAPHOC PA3JIOKCHUEC UMECT BU

2+/2 1 4 A2

. 3 3 3 3
H A Heo - H Q Heo H R HgO:

1 2+/2 2 5

3 343 3
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MaBsa 11

YHUTAPHOE NMPOCTPAHCTBO

§ 11.1. Onpenenenne yHUTAPHOIO MPOCTPAHCTBA

OnpepeneHxve Ilycth B KOMILIEKCHOM JMHeiiHOM mpocTtpanctee U
1.1.1. KaXKIIOU YIOPSIOYEHHON mape neMentoB & u b mo-

CTaBJICHO B COOTBCTCTBUC KOMI'IJ'ICKCHOG]5 YHUCJIO <a|b> 9

Ha3bIBAEMOEC UX CKAIAPHbIM np0u3eedenueﬂ4, TaK, 4TO
BBITIOJITHCHBI AKCHOMBI:

1°. {alb)=(bla);

2. (Aa|b)=1(a|b);

|
A
30 <al +a2|b> :<a1|b> +<a2|b>;

4°, <a|a> — BEIECTBEHHOE HEOTpPHIIA-

TEJIBHOE Y1CJIO, IPUYEM
<a‘a>=0 S a=o,

TOTrAga roBoOpAT, 4YTO 3aaHO YHUmMAapHoe npocmpancmeo.

Jns 0003HAa4EeHUS CKAJSIPHOTO TPOHM3BEACHUS B YHUTApHOM IIpPO-
CTPAHCTBE HCIOJIB3YIOTCS HE KPYIJIble CKOOKH, IIPUHSTHIE B €BKIMJOBOM
MIPOCTPAHCTBE, a CKOOKH THIIA “Opakem”.

3amMeyaHve: BHJ aKCHOMBI 1° MO3BOJSIET M30€XKATh MPOOJIEMBI, KOTOpas
BO3HUKAET B CIlyyae MCIOIb30BAHMS €BKJIMJOBCKOTO MpaBH-
Ja KOMMYTaTHBHOCTH CKaJSIPHOTO TPOW3BENCHHUS VIS
KOMIIIEKCHBIX JINHEHHBIX POCTPAHCTB.

1 .
5 OrnpeneneHre U OCHOBHBIC CBOMCTBA KOMIUICKCHBIX YHCEIN MIPUBOIATCS B MPHIIO-
JKEHHH 3.
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JIeHCTBUTENLHO, €CNIU MPHHATH, YTO <a‘ b> = <b‘ a> , TO
<a ‘ Xb> = 7»<a ‘ b> , U OUEBHJIHO, UTO MPU HEKOTOPOM HEHY-
TeBoMam A =1:
<ia‘ia> = (f)(f)<a‘a> = (—i)2<a‘a> = i2<a‘a> = —<a‘ a>,
HO Torza JIMbo <ia‘ia>, 6o <a\ a> HE MOJIOKUTEIBHO U
akcroma 4° He OyZeT CIIpaBeINBOM.

B cnyuae e paBeHCTBa <a ‘ b> = W BBIHOC A, M3 BTODO-
r0 COMHOXHTENS CKATAPHOTO TPOU3BEACHHUS BBINONHAETCS
UHAYE:
la|b) = (hbla)=Lbla)=1{bla)=Nalb) .
MOCKOJIBKY ; — 9, » 9TO B paccMaTpuBacMOM NpUMEpe IpH-
BOJIUT K PABEHCTBY
<ia‘ia> =ii <a‘ a> = <a‘ a>,

KOTOPOE COTIIACYeTCs C aKCHOMOM 4°.

Mpumep 1°. TIpoCTPaHCTBO F-MEPHBIX CTONOIIOB

11.1.1.

& ut
_ &, n

. J— 2 . ; —
a > b= , IAC &i’ni 5 l—[l,l’l]
S, n,
— KOMINUICKCHBIC 4YHMCJIa, CO CKaJsIpHBIM IPOU3BCACHUEM,
n
oIpeiessieMbIM 110 (opMyJie <a\b> = Z&in ; » ABISETCA
i=1

YHUTApPHBIM.
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2°. YHuUTapHbIM OyAe€T IPOCTPAHCTBO HENPEPHIBHBIX Ha
[0, B] xommexcHO3HAUHBIX (BYHKIMIT BEMECTBEHHOTO ap-

TYMCHTA CO CKaJIIPHBIM ITPOU3BECACHUEM

B
(a|b)=[a(v)b(v)dr .

(04

B yHHTapHBIX NPOCTpaHCTBaX, KAaK MPABHIIO, CYLIECTBYIOT AHAIOIU
ONpeneNeHuil U TeopeM, CHpPaBeAIMBBIX I E€BKJIMIOBA IPOCTPAHCTBA.
Hanpumep, HepasencTBo Komm—byHsAKoBCKOro umMeeT BUA

ala)(b|b) 2 (ab)(bla).
JleCTBUTEIIBHO,
(ala){b[b) 2 a|b)" = (a[b)[alb) = (a b)(b]a) Vab<U.

6asuc

B  koHeuHOMEpHOM  YHHMTapHOM ImpocTpaHcTtBe  [J”
{g1,82,--»,} TIPU HEOOGXOMMMOCTH MOKET OBITH OPTOTOHATH3UPOBAH

no cxeme ['pama—IlIMuzara. BeipaxeHnue Uil CKaasipHOTO MPOU3BEACHUS B
KOOpJMHATaX AHAJIOTMYHO COOTBETCTBYIOLIEH (oOpMyie B EBKIHIOBOM

HPOCTPAHCTBE!

un
lab)=]& & .. &]|r| ”2 _
nl’l
<g1‘g1> <g1‘g2> <g1 gn> M
=H€1 g g <g2‘g1> <g2‘g2> <g2 gn> N, ’
(&.|g) (g.lg2) - (g.]g.)]In,
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rue H r Hg — GasucHast mampuya I pama B yHUTaApHOM IPOCTpAHCTBE [ .

gi>’ TO UMECT MECTO pPaBCH-

g/‘>:<g/‘7

3aMeTI/IM, YTO MNOCKOJIbKY <gl

T
erso | I =[T],.

g

Onpe,u,eneHme ManI/H.Ia H A H , YAOBJICTBOPAIOIIAsA COOTHOIICHHUIO

T 7 .
HAH = HAH , Ha3BIBACTCS IPMUMOBOLL.

Marpumia H A H’ YAOBIICTBOPSIONIAs  COOTHOLICHHSM
HAHTM = HEH " MH A HT = H E H , Ha3bIBACTCS VHU-

MapHo.

Onpenenurenb YHUTAPHONH MATPHUIIBI €CTh KOMIIEKCHOE YHCIIO, MOIYJIb
KOTOpOTO paBeH eAuHULE. J[eficTBUTENBHO,

det (|4]'[4])=det|4|" det|4]=det|4|det4]|=
- [det||* = det|£ | =1,

§ 11.2. JIuneiinbie onepaTopbl B YHUTAPHOM
NPOCTPAHCTBE

11 yHUTapHOrO MpPOCTPaHCTBA CIPABEUIMBHI ONPEACICHUSI, BBEICH-
HBIE JIJIs TMHEHHBIX orrepaTopoB B riase 10.

B nanHoM maparpade OyIayT pacCMOTPEHBI JIMIIb ClIeHU(pUISCKUE 0COo-
OCHHOCTH JIMHEWHBIX OIEPAaTOpOB, ICHCTBYIOIMIMX B YHHUTAapHOM IIpO-
CTpaHCTBE.
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OnpegeneHve
11.2.1.

3ameyvaHue:

OnpepeneHve
11.2.2.

JIuneiHbI oneparop 121 , JCUCTBYIOIIMNA B YHHUTapHOM
npocrpanctee {J , Has3piBaeTcs yHumaphulm (WIH U30-
mempuueckum), ecmu Va,b € U umeer mecro pasen-
CTBO

<,?1a‘121b>:<a‘b>.

YHUTapHBIN JIMHEHHBIN ONepaTop, ACUCTBYIOIIUN B KOHEU-
HOMEPHOM YHHWTapHOM IIPOCTpaHCTBE [/”, B OPTOHOP-
MHPOBAaHHOM 0a3nce UMeeT yHUTApHYIO MaTpHILy.

JluneiHbIl onepaTop 121* , JIGUCTBYIOIUI B YHUTapHOM
npocrpanctBe U/ , Ha3bIBAETCS IPMUNOBO CONPANCEH-
HbIM TUHEMHOMY OIIEpaTopy /Al ,ecmu Va,b eU umeer
MECTO PaBEHCTBO

<ﬁa‘b>=<a‘ﬁ+b>.

Teopema st JMHEHAHBIX 0NEPaTOPOB 4 M R, ACACTBYIOLIMX B

11.2.1.

yHUTapHOM mpoctpaHcTBe U, cipaBe[sIMBBI COOTHOILIE-

HUS: (1?1]})* =B*A4* (A" =AA".

[okasaTenbCcTBO.

I[oxameM NEPBOC COOTHOILICHUE. HNmeem
((AB)a|b)=(Ba A"b)=(a|B*A"b) Va,beU.

Otkyna noiay4aem 1o omnpenaenenuro 11.2.2, yro

(AB)" =B 4".

AHaIOrn4Ho
((AA)a|b)=1(Aa|b)=1{a| Ab) =(a| MA"b) Va,beU

TUTS TF0OOTO KOMITIIEKCHOTO YHCia A, .

Teopema AoKa3aHa.
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Jl1 5pPMUTOBCKU CONPSKEHHBIX ONEPaTOPOB, ACUCTBYIOIIUX B KOHEU-
HOMEPHOM IIPOCTPAHCTBE [ /" , UMEET MECTO

Teopema Martpuua onepatopa /4*, 5pMHTOBO CONPSIKEHHOIO oOIe-

122 paropy ] B [J", B 6asuce {g,,8,,...g,} onpereasercs
COOTHOIIEHHEM

a =T

’

"Ir
|

JIOKa3aTeNbCTBO KOTOPOM aHaJorn4Ho BeIBOLY (opmyunsl (10.6.1) s es-
KJIMJ0BA [IPOCTPAHCTBA.

§ 11.3. DpMHUTOBHI ONIEPATOPbI

Onpepenewne JIMHCHHBIA omepatop 4, ACHCTBYIOIMHA B YHHTAPHOM
11.3.1. TIPOCTPAHCTBE, HA3BIBACTCS OPMUMOBO CAMOCONPANCEH-
HoiM (VI TIPOCTO 3PMUMOBbIM), €CTH 4= 4™ .

3ameyaHue: HSpPMUTOB OIEPATOP, ACUCTBYIOIIMKA B KOHEUHOMEPHOM
YHUTapHOM IIPOCTpaHCTBe [/”, obiagaeT CBOMCTBaMH,
AQHAJIOTMYHBIMH CBOMCTBAM CaMOCOMPSKEHHOTO OIepaTo-

pa B €BKIIMJOBOM MpOCTpaHCTBe F”. B wacTHOCTH:

1°. CoOcTBeHHBIE 3HAUCHHS 3PMHUTOBA OIEpaTOpa
BEIIIECTBCHHEI.

2°,  CoOCTBEHHbIE BEKTOPHI, OTBEYAIOIINE pa3liy-
HBIM COOCTBEHHBIM 3HAUCHHUSIM SPMHUTOBA OIle-
paropa, OpTOrOHalbHBI.

3°.  Jlng xKaxkgoro SPMHTOBA ONEepaTopa CYIIECTBYET
OPTOHOPMHPOBAHHBINA 0a3UC, COCTOSIIMN U3 ero
COOCTBEHHBIX BEKTOPOB.
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4°. B n1r1000M OPTOHOPMHPOBAHHOM 0a3uce yHHUTAp-
HOTO IpPOCTPaHCTBA [/" 3PMUTOB OIEPaTOp
HUMEET IPMHUTOBY MATPHILY.

Onpenenerne  COOCTBEHHOE 3HaueHHe A JMHEHHOro onepatopa [ Ha-

11.3.2. 3BIBAETCS 6bIPOANCOCHHBIM, €CIU OTBEYAIOIIEE €My MHBa-
PUAHTHOE COOCTBEHHOE HOAMPOCTPAHCTBO UMEET pasMep-
HOCTb OOJIBIIE €IUHUIIBL.

[TpuBenem GpopMynmupoBKH 1 000CHOBaHNE HaHOOJIEe BaKHBIX CBOWCTB
PMUTOBBIX OIEPATOPOB.

Teopema /lBa 5PMHTOBBIX omepaTopa A m B umeoT ofumyio cu-

11.3.1. CTeMy COOGCTBEHHBLIX BEKTOPOB TOIAa M TOJLKO TOIAA,
Koria 4B — B/, TO €CTh KOI/Ia 3TH ONEPATOPbI KOMMY-
THPYIOT.

[loka3aTenbCcTBO.

Hoxaxxem HeoOxoaumocTs. [Iycts g = Ag # Ba = Wa , Torna
BAa = \Ba = Ma,
ABa = nda = hpa,
M, BBIYUTAs MO4UNeHHO, nonydum, uto (4B — BA)a = o. Tlo-
CKOJIbKY g — IIPOU3BOJILHBIA COOCTBEHHBII BEKTOP, TO JAHHOE COOT-
HOIIEHHE BEPHO U JUIS BCEH COBOKYITHOCTH COOCTBEHHBIX BEKTOPOB,
a 3HAYUT, ¥ AJIS JTI000T0 JIEMEHTa YHUTapHOTO MPOCTPAHCTBA, TaK
KaK U3 COOCTBEHHBIX BEKTOPOB MOKHO 00pa3oBaTh Oasuc. [loaTomy
AB—-BA=0-
JokaxeM fgocTatodHOCTh. IlycTh 3pMHTOBBI omepaTopsl 4 U B
KOMMYTHUPYIOT U IYCTh, KPOME TOro, 4q = \q - Paccmorpum ciy-

Yal JHUIIb HEBBIPOKICHHBIX COOCTBEHHBIX 3Ha‘IeHPII>'I, TO €CTh Cl1y-
qaﬁ, Korga BCC COOCTBEHHBIC 3HAUCHUS pas3InIHbIL.
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IloxaxxeM Temepb, 4YTO 3JEMEHT YHHUTapHOTO MPOCTPAHCTBA
b = Bg fBIsieTcad COOCTBEHHBIM BEKTOpPOM omeparopa /4. Heii-

CTBUTENBHO, B Uy 4B = BA

Ab = ABa = BAa = Bha = Ba=\b -
TTOCKOMEKY BCe COGCTBEHHBIE 3HAYCHUS 4 KPATHOCTH EIUHHIA, TO
A ecTb ero coOCTBEHHOE 3HaueHHe, OTBevarolee a U b oxHOBpe-
menHo. [Tostomy b = Ka u B cuiy }) = éa Ba =«xa.Toectba

— cOOCTBEHHBIH BEKTOp Omeparopa pj .

Teopema gokasaHa.

Teopema Eciu 3)pMHTOB ONEPaTop 4 KOMMYTHPYET € KAsKIAbIM
11.3.2 U3 JIBYX HEKOMMYTHPYIOUUX MeK/1y €000ii IPMUTOBBIX
0 BLIPOXOe-
|(4|/||/|) POXAE onepatopoB B m (', To Bee cOBCTBEHHbIC 3HAUCHHS
onepaTopa / BBLIPO:KIEHHBIE.
[okasaTenscTBo.

ITycte A* — nuHeliHas 00O0NOUKA 37EMEHTa f — ABIACTCS OIHOMEp-
HBIM WHBApUaHTHBIM COOCTBEHHBIM TOIIMPOCTPAHCTBOM OIlepaTopa

/A, OTBEUAIOIMUM €ro COOCTBEHHOMY 3HAYEHHIO A KPATHOCTH €IH-
nuna. To ects mpeanonoxum, uro dimA* =1 .

W3 KOMMYTHPYEeMOCTH OIIepaTOpPOB 2 " é (o teopeme 11.3.1)
uMeeM, ut0 B f =unf,awus koMmyrupyemoctu A n ¢ cuenyer,
4TO é f =K f . Ho torma B cury 12[ f =\ f CIIPaBEUTUBLI PaBEH-
cTBa

ABf =BAf =nuf, CBAf =iuxf,
ACf =CAf = f, BCAS =huxf,
CBOf) = ux(Lf) u BCOLf) = pe(A f).



408 AHaTUTHYeCKasi TeOMeTPHUs U JUHeiiHas aaredpa

BI)I‘-II/ITaH OTH paBCHCTBA NOYICHHO, IIOJYy4acM, 4TO
(BC-CBLf)=0 VfeAl,

T0 ecTb B(C — CB = () W oneparopel B u (C xoMmyTtupyror. Ho
IIOC/IEIHEE YTBEPKACHUE MPOTUBOPEYNT YCIOBHIO TEOPEMEI, U, ClIe-
JIOBaTeIbHO, HEOOXOIMMO MAOIyCTHThH CYIIECTBOBaHHE Ooyiee dYeM

OZIHOTO JIMHEHHO HE3aBHCHMOTO dIeMEHTa B A ™.

TeopeMa gokasaHa.

Ta6mnuma 11.3.1

EBkiIN10BO NPOCTPaHCTBO

YHuTapHOE NPOCTPAHCTBO

HpaBI/IJ'IO BBIHOCA KOHCTAHTBhI U3
NEpBOTO COMHOXKHUTCIIA B CKaJIAp-
HOM IIPOM3BCICHUN

(Aa,b) = \(a,b)

HpaBI/IJ'IO BbIHOCA KOHCTAHTBI U3 IICP-
BOIro COMHOXMHUTCIIA B CKaJIAPpHOM
MMPOU3BEACHUU

(hab) =Halb)

OproroHanbHbIN ONEpaTop 4 :

(Aa, Ab) = (a,b) Va,beE

VYHuTapHsIi onepaTop 4 :

<21a‘21b> =<a‘b> Ya,beU

OpTOFOHaJ'ILHaS[ MaTtpuna:

4" =] £]

YHuTapHas MaTpuLa:

[al' =] £]

B oproHopmupoBaHnHOM 0a3uce B
E" OpTOrOHaNbHBIA  OIEpPATOp
UMEEeT OPTOTOHAIBHYIO MaTPHILY

B opronopmupoBanHoM 0asnce B
U”" yHUTapHBIA OIIEPaTOp HMMEET
YHUTapHYIO MaTpPHILy
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ConpspkeHHBIH ortepatop 4+

(Aa,b) = (a,A*b) Va,be E

DPMHTOBO COTIPSDKEHHBIN OmepaTop
At
(Aa|b) < \A b> Va,beU .

B E" comnpsskeHHBIH oreparop
HMMEET MaTpHILy

|2 =|r || 4

"IT
T

B " 5>pMHTOBO CONpSKCHHBIN
orepaTop UMEET MaTPHILY

|2 ="

CamoconpsKeHHBI OIepaTop:

(Aa,b) = (a,Ab) Va,beE

DPMHTOBO CaMOCOTPSIKEHHBIN (3p-
MHUTOB) OIIEPaTOP:

<21a‘b>:<a‘21b> Va,beU

Cummerpuueckast MaTpHIia:

|4]" =] 4]

DpMHTOBa MaTpuIa:

| 4" =[4]

B opronHopmupoBaHHOM 6a3uce B
E" caMOCONpsKEHHBIN oIepaTop
HMMeeT CUMMETPUYECKYIO MAaTPUILY

B oproHopmupoBaHHOM 0a3zuce B
UU" S5pMHUTOB OIIEPaTOp HMMEET Op-
MUTOBY MaTpHIly

M3 COOCTBEHHBIX BEKTOPOB CaMoO-
COIPSDKEHHOIo omeparopa B E

MOJKHO 00pa3oBaTh OPTOHOPMHPO-
BaHHBIH 0a3Kc

N3 coOCTBEHHBIX BEKTOPOB 3PMHTO-
Ba onepaTopa B [/ MOXKHO 00pa3o-
BaTh OPTOHOPMHUPOBAHHBINA Oa3uc

B Tabmmrie 11.3.1 nmpuBeneHbI HEKOTOPHIE TIOHSITHS M CBOWCTBA EBKIIH-
JIOBa ¥ YHHTApPHOTO NMPOCTPAHCTB TAKUM 00pa3oM, YTOOBI OOJIETYHTH UX

CPaBHHUTCIIbHOC COIMOCTABJIICHUC.
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§ 11.4. DpmuToBsl pyHknunonansl. Cpegnee 3Ha4YeHHE
U AUCIIepCcHusi 3pMHUTOBA ONlepaTopa

Kak u B mo00M JITHHEITHOM IIPOCTPAHCTBE, B YHUTAPHOM HPOCTPAHCTBE
MOXHO BBECTH OMJIMHEHHBIC N KBapaTHIHbIe QyHKIHOHAIBL. Hampumep, B

YHUTapHOM TIPOCTPAHCTBE HEMPEPHIBHBIX KOMIUIEKCHO3HAYHEIX Ha [OL, 3]
dysxmmit Y(T) GuanHEHHBIM 110 o(T) u W(T) bynKupoHaTOM SBNACT-

CA BBIPAXKCHHUE

B(o(),y(1) = [[ ¢(0) K(0,1) y(7) dodt

Onpepenenne  Kpanpartuunbiii Gyrkimonan suga P (x) = <x‘ Ax> , Te
11.41.
x €U , a nuneiinblii onepatop 4 — SpMHUTOB, Ha3bIBACT-

CSl 9PMUMOBLIM DYHKYUOHANOM (VI 3PMUMOBOU (Pop-
Moti) B yHUTapHOM nipoctpancte U .

Onpegenexne  Yyeo ﬁa :<a‘Aa> Ha3bIBACTCS CPEOHUM 3HAYCHUEM
11.4.2.

A
apMmumosea onepamopa 4 no a — HOPMUPOBAHHOMY Ijle-
MeHmy U3 YHUmapHo20 npocmpancmea.

3ameyvaHus. 1°. Eciu a — HOpMUpOBaHHBIH (TO €CTb € ‘a‘ =, <a‘ a>: 1)

COOCTBEHHBII BEKTOp DPMHUTOBA OIepaTopa 4 C COOT-

BETCTBYIOIIUM COOCTBEHHBIM 3HaueHueM A, 10 A,= A,
TTOCKOJIBKY B 3TOM CITydae

Aa=<a‘1§la> =<a‘7ua> =7»<a‘a> =A.

2°. CpeaHee 3Ha4YeHHE DPMHUTOBA OMNEPATOpa, 3aJaHHOTO B
VHUTapHOM  IIPOCTPAHCTBE,  BeIIeCTBeHHO. IIycTh

AT = 4 ,Torma
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Onpepenexve
11.4.3.

(Aa|a) = (o] 2"a) (o] Aa) = (2aa),
HO €CJIM HEKOTOPOC YUCIIO paBHO CBOEMY KOMIUICKCHOMY
COIIPSAKCHUTIO, TO OHO BEIIECTBEHHO.

3°. Ecnu npuHATB, YTO ONEpaTop YMHOXKCHHUSI HA KOHCTaHTY

K ectb R=kE, rie E‘ — €IUHHUYHBIA Omeparop, TO

umeer Mecto cootHomenne A — Aa =0, HeiicrBu-
—_a

TEJILHO,

A-A., =<a‘(ﬁ—47a)a>:<
( a

Al e A )
Yuecno A = (A-4,) , HasbIBaeTCS Oucnepcuei
00 -

OpMUMoea onepamopa 4 1O HOPMUPOBAHHOMY DJIEMEH-
Ty YHUTapHOI'O IPOCTPAHCTBA d.

OTMeTHM cleayIomue CBONCTBA JUCIICPCHH.

A

I?‘Zp?""a Jucnepenss 4 spmuroBa onepatopa J, neiictyiome-
s I ==a
r0 B YHHTAPHOM NPOCTPAHCTBE, €CTh BeIIECTBEHHOE He-
OTpHIATEIbHOE YHCIO, ISl KOTOPOro CHPAaBeIIMBO pa-
A ) A 2
BEHCTBO A _@a _(Aa) .
=a
[okasaTenbCcTBO.

TToxaxem BHa4dajC, 4TO 4YHUCIIO A BCHICCTBECHHOC W HEOTpUILIA-

=—aq

Tensroe. Onepatop A — A, oueBnHO, 5PMUTOB, IOCKOIBKY -

MHTOBBIMH SBIISIOTCS OIEpaTopbl 4 (10 YCIOBHIO TEOPEMBI) U

é , (KaK omeparop yMHOKEHHs Ha KOHCTAHTY).
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(4-4,)a)=(a|(4-4 )4~ 4 )a)=
(G A, el 2,)a) -

(A= 4 )a| (i 4 )a) 20

C Apyro# cTOpoHBL, Hexoas 13 onpenenenns 11.4.2, nonyunm
A =(a-4) =(a|(i-1)a)=
E =<\(T)2—22121 (4))a)-
={a[()*a) 24, (a| da)+ (4,)*(a]a) -

=(4)° -24 4 +(4 ) =(4)" -(4)"

Teopema gokasaHa.

Teopema /LIS 5PMHTOBA omepaTopa 4, JAeiiCTBYIOIIEro B YHHTap-
11.4.2.  Hom mpocTpaHCTBe, AUCHEPCHS, B35ATAsl 0 €ro HOPMHPO-
BAHHOMY COOCTBEHHOMY BEKTOPY, PABHAETCS HYJIIO.

[okasaTenscTBo.
Iycts 4q = ha , Torna
A=?,~(4,)* = e (A)'a)-(a|da)’ =
=(a|A(4a)) - (a da)’ =
400))-(alra)” a2 )~ (ala)’ =
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=k<a‘ka>—k2<a‘a>2 :7»2<a‘a>—k2<a‘a>2 =
==\ =0,

HOCKOIBKY <a ‘ a> =1.

Teopema gokasaHa.

§ 11.5. CooTHomIeHUE HeonpeaeIeHHOCTEN

[ns >pMHUTOBBIX OIlEpaTOpOB, NEHCTBYIOUIMX B YHUTapHOM IMpO-
CTPAHCTBE, CIIPaBEUINBA

Teopema Jast ABYX SPMHTOBBIX ONEpPaTOpoB 4 W [, 3aiaH-
11.5.1 HBIX B YHUTAPHOM HPOCTPAHCTBE, HMEET MECTO CO-
(cooTHOLWIEHNE  grHomeHHe
HeonpeaeneH- | 2
HocTe). A B >—-| AB-BA
=a=a 4|——4a
[loka3aTenbCcTBO.

1°. Paccmorpum omepatop Q = (A — éa) + r(é - éa)i (rne T —

HEKOTOPBIH BEIECTBEHHBIH TapaMeTp), AIsi KOTOPOTro 3pPMHUTOBO CO-
NpsDKEHHBIM OyJIeT onepaTop Buaa

Q" =(4-4 )-t(B-B )i,

nbo OPMUTOBBIMU  ABJIAKOTCA CICAYIONIUC YCTBLIPE oOneparopa:

A4, A 2 B,B , - 3aMeTHM TaKoKe, 4TO onepaTop 00 - »spmu-

TOB M YTO <a‘QA+QAa> = <Qa‘Qa> >0 VQ. (Cm. jmokasarenn-

cTBO TeopeMsl 10.8.2, myHkT 1°.)
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2°. Beipasiu omepatop O () uepes oneparopsr A, é B.B
nonyauM
0 0=((4-4,)-u(B-B)i)(A-4,)+
+1:(B—§a)i)=
=(A-A4 )+ (B-B )+
+1(A-A)B-B)-(B-B )4~ 4))i=
=(A-4) +*(B-B )’ + (4B - BA)i.

3°. OGosuaunm C = —(AB - B/Al)l , IPUYeM OTMETHM, YTO U3 Ipe-

JBIOYIIETO PaBEHCTBA CIEAYyeT dPMUTOBOCTH omeparopa (O Kak

JIMHEHHON KOMOWHAITNH SPMHUTOBBIX orepaTopoB. [TogcunTtaem te-

Teph CpejiHee 3HaYeHHe SpMUTOBa oreparopa Q70

00 =£a +r2£a +<a‘r(21§—1§’21)ia> _

=t'B -1C +4 .

=a =a

AL . .
HOHy‘ICHHOC 3HA4YCHHUC Q Qa €CTb BCUICCTBCHHBIN KBAAPATHBIN

TPEXWIEH OTHOCUTENHLHO T, KOTOPBIA NOJMKEH OBITh HEOTpHIIa-
TenbHBIM TIpu Jr006oMm T. OTcioma cliemyeT, YTO €ro AUCKPHMH-
HaHT HE ITOJIOKUTENICH, TO €CTh

>

(C)-44 B <0

HJIM OKOHYATCIIbHO

[ s
| &>
\Y;
> =
N>
b|c>
=

Teopema gokasaHa.
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MnaBsa 12
NMPUKNAOHBIE 3A0AYN
NUHEMHOW ANMEBPBLI

B nanHOl rimaBe paccMaTpHUBAIOTCS HEKOTOPBIE KIIACCHI 3a7ay, UMEO-
M€ BaXKHOE 3HAUCHHE B NMPUKIAJHBIX pa3/ieNax MaTeMaTHUKH, TaKuX, Kak
Maremaruueckas (hPU3UKa, TEOpHsI ONTUMAIBHOIO YIIPABJICHHUS, MaTeMaTH-
YecKasi 9KOHOMUKA, BBIUMCINTEIbHAsI MaTeMaTHKa M T.1., IPUYEM OOLIIM
JUTSL 3TUX 3a/1a4 SBIISCTCS] MCIONB30BAHUE B MPOIECCE MX PEIICHUS MOHS-
THI ¥ METOJIOB PA3IMYHBIX PA3/IeIIOB JINHEHHON areOpsbl.

§ 12.1. IIpuBenenne KBaAPATUYHBIX (PYHKIIHOHAJIOB
K INarOHAJBLHOMY BHIY

3agaya OThICKaHMs Oasmca, B KOTOPOM KBaJpaTWYHBINA (DyHKIIHOHAIT
HUMEET JUArOHAIbHBIA MM KAHOHWYECKUN BUJ, JOCTATOYHO 4acTO BCTpeE-
YaeTcsl B pa3InYHbIX TPHIOKEHUIX MEXaHUKH, (PM3HKU, TECOPUH ONTHMAITb-
HOT'O YIPaBJICHUsL.

MpviBeaeHne Kk avaroHanbHOMY BuAy KBagpaTUYHOrO (OyHK-
uMoHana, 3a4aHHoro B OpTOHOPMMpPOBaHHOM Gasuce

[TycTh B opTOHOpMHUpPOBaHHOM 0azmnce {e1 5€) 5y en} €BKJIMJI0BA MPO-
cTpaHCTBa [F" 3amaH HEKOTOPHIA KBAagPaTHYHBIN (YHKIIHOHAI D(x).
PaccmoTpuM 3amauy oThicKaHus B F” OpTOHOPMHUPOBAHHOrO Oasumca

’ ! ’ @ o
{el,ez,...,en}, B KOTOPOM (DYHKIIMOHA (X) wmMeer aMaroHaMBHBIH

BU/I.
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[MpuHOMNUaNEHas pa3pelruMoCcTh MMOJOOHOW 3ajauu JJIsl HEOPTOHOP-
MHPOBaHHOTO 0a3uca cienyer u3 reopemsl 9.2.1. O4yeBuaHO, 4TO TaKkoW Oa-
3UC HC e}lHHCTBeHHBIﬁ, 1 IOTOMY NPEACTABIACTCA MHTECPECHBIM UCCICIO0-

BaHUE BO3MOXKHOCTHU IOCTPOCHUS B [ OpPTOHOPMHUpPOBAaHHOTO Oas3mca, B

KOTOPOM JaHHbIi kBampatiunbii Gyrxmuonan P(X) wmmeer auaromans-

HBIN BHL.
Hanomuum nipeaBaputensHo (cM. § 9.2), 4To KBagpaTU4HbIN QYyHKIHO-

Hall B A" MOXeT ObITh 3a/1aH (hOpMYIIOi

D(x) = izn:(Pki&kéi = H x| |®

k=1 i=1

T
g

g g’

B KOTOPOW CHMMETpUYecKasi MaTpHila H @ Hg npeobpasyeTcs Ipu mepexo-

ne ot 6asuca {g,,g,,-» g, | K basucy {g{,g;,...,g;} IO TIPAaBUITY

T
|of, =lslells].

IIpu noxa3zatenscTBe Teopemsl 9.2.1 ucmnonp3oBanach MaTeMaTHUECKas
HHAYKIXSA B COYETAaHUH C METOJOM 6bl0eNeHUs NOAHbIX K8aopamog (Ha3bl-
BacMbIM MHOTJa METOAOM Jlazpansica), NPUMEHEHUE KOTOPOro Ha IPaKTU-
K€ MOXKET MOTPeOOBaTh 3HAYUTENBHBIX 3aTPAT BHIYMCIUTEIBHBIX PECYPCOB.
CymectBeHHO Oonee 3¢ GEKTUBHBIM OKa3bIBACTCsl AITOPUTM, OCHOBOI KO-
TOPOTO SBISIETCS

Teope- JJ1s1 BCSIKOr0 KBAJAPATHYHOIO (PyHKLMOHAJIA, 32IaHHOTO0 B
Ma OPTOHOPMHPOBAHHOM 0a3uce, CyleCTBYeT OPTOHOPMHUPO-
12.1.1. BaHHBIHA 0a3HMC, B KOTOPOM 3TOT (YHKIHOHAJ MMeeT JAua-

rOHAJbLHBII BUL'®.

' Mrorma 3amauy oTHICKaHHS OPTOHOPMHPOBAHHOTO 0asvca, B KOTOPOM KBajpa-
THUYHBIA (YHKIMOHAJI MMEeT THarOHAIBHBEINA BHJ, HA3BIBAIOT “TIPHUBEIAECHHEM KBaJl-
patuyHOro (yHKIHOHANA K JUAaroHaJbHOMY BHIY HPH MOMOIIM OpPTOTOHAIBHOU
MaTpHILbl epexoa’.
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[okasaTtenbCcTBo.

1°.

2°.

3°.

4°.

Kak 6puT0 MOKa3aHO B § 9.2, MaTpuIla KBaIpaTHIHOTO (PYHKITHO-
nama D (x) m3mensercs no npasmy

|of, =|s[]e

>
e

e H SH = H G| — marpuna nepexona ot Gasuca 1€;,€,,..-,€, |

K Oasucy {e{,e;,...,e;} , TO €CTh
n
!
e, = Zoskes, k=[1,n],
s=1

a H CDHe — CHMMETpHYECKasi MaTpHuLa OMIMHEIHOrO (yHKIHOHA-

J1a, TOPOsKIAoIIero kKBaaparuanbii Gyakimonan D(x) .

[ockonbky MaTpuLa nepexona H S H OT OJIHOTO OPTOHOPMHPO-

BaHHOro 0asnca K Japyromy oproroHaibHas (§ 10.4), To anst Hee
-1 T

CMPaBEJIMBO PABEHCTBO H S H = H S H . OTKyza BBITEKAET, YTO

B pacCMaTpruBa€MOM HaMH Ci1y4dae

|, =[s[]e

S|

e

dopmanbHO CUMMETpUYEcKasl MaTpula H (I)He B OPTOHOPMHPO-
BaHHOM Oa3uce {el,ez,...,en} OIIPEIEIIACT CaMOCOIPSIKECHHBII
omeparop (memma 10.7.1) ¢, maTpuma koToporo B Gasuce
{e]', e; yeees e;} HaxoauTcs 1o Gopmyne (Teopema 8.3.2)

|, =Is[lo]]s].

Cosriazierne (hopMyn M3MEHEHHs] MaTpHLl KBaJApaTUIHOTO (DyHK-
IIOHAIA U CaMOCOIPSKEHHOTO OllepaTopa HpH Hepexojie OT Of-
HOTO OPTOHOPMHPOBAHHOTO 0a3zuca K JpyroMy MO3BOJIAET HC-

e

! ! !
MOJIK30BaTh B KayecTBe Oasmca {el,ez,...,en} — OPTOHOPMHPO-

BaHHBIN 0a3KC U3 COOCTBEHHBIX BEKTOPOB omneparopa (P .
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3rot 6aszuc cymecrByer (cMm. Teopemy 10.7.1) u B HemM Mmarpuua
omeparopa (p (a 3HAUAT, ¥ MATPHIA KBAJPATHIHOTO (DYHKIHOHA-

na D(X) ) umeer uaroHanbHEIHA BU, MPHYEM HA [IABHON JUATO-
HaJIM PacIOJI0KEHBI COOCTBEHHBIC 3HAYCHUS CAMOCOIPSDKEHHOTO
omepatopa (@ -

Teopema AoKa3aHa.

3aMeTuM, 4TO yTBep)KIeHHe TeopeMbl 12.1.1 cormacyercs ¢ yrBepkie-
aueM caeacteus 10.7.4.

Onpepenenve JIMHEHHBIA CaMOCONPKEHHBIH OIEPATOP &d mnaswBacrcs
12.1.1. npucoedunennbiM K  KBaApPaTUYHOMY  (YHKIHOHAIY

d(x) B E" .

HpI/I 3TOM OYE€BUIHO BBINIOJHECHHUE PaBEHCTBA

O(x) = (x,dx); Vx e E"-

(x, Ax)
Onpepenetne  ®yukimonan P(X)=-—"— " 3ajaHHblii B £" 1 He-
12.1.2. (x,x)

KOTOPOTO CaMOCONPSDKEHHOrO omeparopa 4 , Ha3blBaeT-
cst omHoutenuem Penes.

HUcnonb3ys Teopemy 12.1.1, MOXKHO YyIIPOCTUTH NPOLIEYPY OLIEHKH JKC-
TpeMaJIbHbIX 3HaYCHUH KBaJpaTn4yHOro (hyHKIMOHANA. B kauecTBe mpume-

pa paccMOTPUM 3ajiady HAXOKIEHHs MakcuMyMa ¥ MuaIMyMa P(X) .

Cnepacteue B oproHOpMHMpoOBaHHOM 0a3uce MaKCHUMaJIbHOe (MH-

12.1.1. HuMabHoe) 3HaueHne P(X) paBHO MaKCHMATbLHOMY
(MMHMMAJIBHOMY) COOCTBEHHOMY 3HAYEHHIO ONEPATO-
pa 121 , ¥ 3TO 3HaYeHHUe JA0CTUTAeTCsl HA COOTBETCTBY-
01IeM COOCTBEHHOM BEKTOPe ITOr0 onepaTopa.
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[okasaTtenbCcTBo.

ITockonbKy mpu Tepexoje K OPTOHOPMHPOBaHHOMY Oasucy, 00-
Pa30BaHHOMY M3 COOCTBEHHBIX BEKTOPOB CaMOCONPSHKEHHOTO OIe-

paropa 121 (B crty Teopemsl 12.1.1), cipaBeATTMBBI COOTHOIICHUS
. a.&.E. A E?
iy DOSE XA

i=1

p(x) = = = :

(x,x) Zn:};? ig’?

TO, IIPOBOISL PACCYKICHHS, AHAIOTUYHBIC JOKA3aTeIbCTBY TEOPEMBI
9.5.1, nonygaem, uto A < P(X) < A

CnepcTeue OoKasaHo.

[Ipoummoctpupyem npumenenue teopemsl 12.1.1 Ha nmpumepe pere-
HUS CeyIOIIeN 3a1a4H.

3apava IIpu nomowu opmozonanvro2o onepamopa npugecmu K oud-

12.1.1. conanvromy 6udy 6 E° xeaopamuunviii hyHKyuonan

O(x) =288, +2§,&; —28,8;-
PelueHne.

1°.  IlycTh HCXOIHBIH OPTOHOPMHPOBAHHBIN 0a3UC COCTOUT U3 DJIEMEHTOB
1 0 0

{e;, ey, 65} ¢ Hele 0], e2H= 1], e3H: 0|. Boccrano-
0 0 1

BUM [10 KBAIPATUYHOMY (yHKIIHOHAIY
D(x) = 2&1&2 + 2&1&3 - 2&2};3

MOPOXKAAIOMNN €ro CHMMETPHYHBIH OWIMHEHHBIH (YHKIMOHAI
B(x,y), ucnonszosas ¢hopmymy
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2°.

B(x,y) = ;(cb(x £ )= D) - D) (e, §9.2)

B nannom cyqae @(y) =2nm, +2nm; —2n,1n;,a

O(x+y)=2(& +m )&, +n,) +
+2(&, +n,)(E; +13) —2(E, +M,)(E; +13),

" IoTOMY

B(x,y)= imz +§1n3 —§2ﬂ3 +n1§2 +n1§3 _nz‘:so

& uf

me [ x), =18 u|y] = m .
S5 s
CrnemoBarenbHo, MaTpuna ¢pyrakimonana O (X) umeer Bun
0 1 1
=1 0 -1
1 -1 0

PaccMOTprM MOCTPOCHHYIO CHMMETPHUYECKYI0 MaTpHIly KakK 3aJaro-
LIyI0 CAMOCOTPSIKEHHbI omepatop (p B [£° u HaiieM mis Hero

coOcTBeHHBbIC 3HaueHUs. COCTaBIIsIEM XapaKTEPHCTHUECKOE YpaBHE-
Hue 8.5.2:

—A 1 1
det I =& —=1|=0wmwm)?-30+2=0.
I -1 —-A
Ouo umeer kopun: Ay =—2, A 23 = 1, xoropsie u sBmsIOTCS COO-

CTBEHHBIMHU 3HAYCHUSIMU. 3aMETHM, YTO €CJIM HAC UHTEPECYET TOIBKO
OUazoHaIbHBIN U0 KBAAPATHYHOTO (DYHKIMOHANA, TO €r0 MOXKHO Ha-
MHCcaTh, OCHOBBIBAsCh Ha cieacteuu 10.7.1:
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3°.

D(x) =28 +E) +&F

1 Ha 3TOM 3aKOHYUTH PCIICHUE 3aJa4uu.

B ciyuae, korga tpeOyeTcs HAWTH TakKe M MaTpHILy H S H — MaTpuIy

Mepexoa OT UCXOJHOIO OPTOHOPMHUPOBAHHOTO 0a3nca K HCKOMOMY,
HEOOXOIMMO OIIPENIENUTh COOCTBEHHBIE BEKTOPHI oneparopa @ . s
3TOro OyJaeM MOCIENOBAaTENbHO IOACTABIATh HalJEHHBIE COOCTBEH-
HBIC 3Ha4YCHUS B cuctemy (8.4.1) u ctpouts ee obmme permeHus. s
A =—2 umeem

2 1 1llg] o
1 2 -1]|&, =0
1 -1 2|lg, |o

3ameTuM, 4TO PaHT OCHOBHOM MAaTpHUIIBl 3TOH CHCTEMBI paBeH 2, MO-
CKOJIbKY TPEThE YpaBHEHHE €CTh PAa3HOCTH NMEPBBIX IBYX. Jlanee, nei-
CTBYS TI0 CX€Me, ONucaHHoil B § 6.8 (memoo aycca), nomydaem uis
KOMITOHEHTOB COOCTBEHHOI'0 BEKTOPA CHCTEMY YCIIOBHM

26, + &, =-¢€;,
& +28, = &;.
[Tpuanmast §3 3a CBOOOJHOE HEM3BECTHOE, MOJIyYHM COOCTBEHHBIN
-1

sektop f1 =| 1
1

KparHocTs coOcTBEHHOro 3Ha4eHus A =1 paBHa 2, U B CHJLy CIIEJ-
ctBust 10.7.2 eMy HOKHBI OTBEYATh JIBA JIMHEWHO HE3aBUCHMBIX (HO
HE 00s13aTebHO OPTOTOHAIBHBIX) COOCTBEHHBIX BekTopa. KoHKpeTHO,
KOMITOHCHTBI COOCTBEHHOTO BEKTOpA JIOJKHBI YIOBICTBOPSITH CIICITY-
IOILIEH CUCTEME YpaBHEHUI:
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-1 1 1] &, 0

1 -1 —1{|&,|=
1 -1 —1]|&, 0

M3 KOTOPBIX He3aBHCHMOE Toibko omHo &, =&, +&,. O6mee pe-

IIIEHUE ITON CUCTEMBI OyIeT UMETh BU]T

el 1]
g,l=a|1|+Bl0 Vo,B.

g 0 1

Ka)KI[BIﬁ CTOJ'I6€I_[ TAKOT'0 BHJla OPpTOrOHAJICH f , HO BBI6paHHLIC KOH-

KpeTHbIe (pyHAaMEHTaIbHbIE PELICHHS HE OPTOTOHAIIBHEI IPYT APYTY.
[TosToMy mapy OpTOTOHAIBHBIX COOCTBEHHBIX BEKTOPOB, OTBEYAIO-
mux A =1, chopmupyem U3 mepBOro GpyHIaMEHTAILHOTO PENICHHS
W OPTOTOHAIBHOM eMy JIMHEHHOW KOMOWHAIIMH NEPBOTO U BTOPOTO.

1 o+p
VYciioBHE OPTOrOHAIBHOCTH CTONIONOB || 1| u a , OYEBHUIHO,
0 p

ectb 200+ =0. Orkyna, nanpumep, BoiGpas oo =1 u f=-2,

1 -1
HOJIyYUM f2 =1 1/1f3 = 1
0 -2

4°. Habop 31eMeHTOB { fl, f 25 f 3} ABNAETCA B [ OPTOTOHATBHBIM,

HO HEHOPMHUPOBaHHBIM 0a3rcoM. UTOOBI MOCTPOUTH OPTOHOPMHPO-
BaHHBII 0a3uC, BBIMOIHIM HOPMHPOBKY KaXKJOT0 U3 JIEMEHTOB 0a3u-

ca { fl , [ 2, f 3 }.B pe3yapTaTe MoJIy4YuM
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==

!
e H € =

i1~

B

Marpuna

Is|=

o ﬁ‘_‘%\‘h‘
-

il -

(mepexona oT “craporo” 6asuca {€;,€,,€;} K “HOoBOMY” Gasucy
! ! ! o
€/,€,,€;}), cToNbLaMi KOTOPOil SABIAIOTCS KOOPIMHATHBIC TIPE/-
1,€2,€;

! ! !
CTaBJIeHHs 2eMEHTOB Gasuca {€,€5,e3} mo Gasucy {€;,e,,es},
OPTOrOHANLHAs, TO ECTh YIOBIETBOPSET COOTHOIIEHUIO

Is["=]s".

YTO TO3BOJIACT JIETKO MOJYYUTh (POPMYJIBI, BBIpAXKAIOIIHNE “HOBBIC™
KOOpPJMHATHI uepe3 “crapnie’.
’
& &

JleitcTBuTensHo (§ 7.4), n3 cootHomenus | &, | = H S H &, | cmenyer

&5 &

& g,
a’z = H S H71 €, |, umm oxonuarenpHO

& &
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1

&
&,

e 3

0

2 &3
/6

&=
&5

Sl =t
Sl =l

MocTtpoeHune 6asuca, B KOTOPOM

ABa KBagpaTU4HbIX PYHKLMOHaNa

(oAnH 13 KOTOpPbIX 3HaKooNpeaeneHHbIN)
MUMEIOT auaroHasnbHbI BUA

Iycth B HexkotopoM Gasuce 1g;,&,,---»,} JHHEHHOTO mpo-
cTpancTBa A" 3a1aHa mapa KeaapaTHuHBIX ¢yHkmuoHanoB P(X) nu
W(X), nepBblit U3 KOTOPHIX 3HAKOONpEEICHHBIH (HAIPUMED, TOIOKH-
TenbHO). PaceMoTpuM 3amady oThicKanus Gasuca {Z|, Qs sy &)}, B KO-

topom dyrximonan P(X) umeer kanonnuecknii, a hpyuxmonan ¥ (x) —

MarOHAJIBHBIA BUI.

OTMeTHuM, 4TO YCIOBHE 3HAKOBOH ONPENENCHHOCTU OJHOTO U3 MPHBO-
JIMMBIX KBaJIPaTHYHBIX (YHKIIMOHAJIOB CYILIECTBEHHO, ITOCKOJIBbKY B 00ILEM
cilydae JBa Pa3IMYHBIX KB3JPAaTUUHBIX (DYHKIMOHANA OJHHUM JIMHEHHBIM
npeo0pasoBaHueM K MArOHANLHOMY BuIy He npuBoastes.'’ Hampuwmep,
KBaIpaTUYHBIA (DYHKIIMOHAI

2 2
D(x) = A&I + 23@& + Caz
B A’ MOXHO NPHUBECTH K JMArOHAILHOMY By HPHU IIOMOILIU JIMHEHHOIO

orepaTopa, CBOAAILIETOCs K IMOBOPOTY MJIOCKOCTU PaJHyCOB-BEKTOPOB Ha
yroin O.

'7 Kak u panee, o “lpHBeIcHIEM KBaIPaTHIHOTO (DYHKIHOHAIA K JHATOHAIBHO -
My BHAY’ TOHHMMaeTcsl 3ajada OTBHICKaHHWsS Oa3uca (WJIM IOCTPOSHMS MaTpHIBI
nepexona K 6a3ucy), B KOTOPOM MaTpHIa KBaJApPaTHYHOIO (YHKIHOHAJIA JHATO-
HaJIbHas.
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[Tpn s>ToM HEOOXOaMMO (CM. J10Ka3aTeabcTBO TeopeMsbl 4.4.1), yroOsr O
ynosnersopso ypasaenuio (4 — C)sin2a = 2B cos2a. .

OnHako Juist Tapbl KBaApaTHIHBIX (QYHKIIMOHAJIOB

O, (x) = if —?2; n ®@,(x)=E&,
yria O, yIoBJIETBOPSAIOIIETO CUCTEME YCIOBUIt
2sin2a0. =0,
0 =cos2a,
OYEBHUJIHO, HE CYIIECTBYET.
OnuieM Tenepb aITOPUTM IPUBEACHHS B A" Maphl KBaIpaTHYHBIX
dysxmmonanos D(x) u W(x), 3ananubix B HekoTOpPOM HCXOHOM Ga3n-

ce {g 158258, } , TIepBBI U3 KOTOPBIX MOJIOKHUTEIHHO OMPEICICHHBIIA,

COOTBETCTBEHHO K KAHOHHYECKOMY U AHAarOHaAJIbHOMY BUIY.

1°. Tlockoneky kBanpaTuusbii  dyrkmuonan  P(X)  momoxwurensro
OTIpeNeNeHHbI, TO s HEero B A" Halzercs Opyroi O6asuc

! ! !’ o
{g1 38758, } , B KOTOPOM OH MMECT KAHOHUYCCKHUH BHUJ, IIPUYCM

Bce ero Kod(UIMEHTH paBHBI eauHUIe (cM. Teopemy 9.2.1). [Ipuse-
JeM 3TOT (YHKIHMOHAN K JaHHOMY BHIY KaKMM-THOO METOJOM,
HarpuUMep, BBIICIUB MMOJHBIC KBAJPAThl C MOCIEAYIOMEH HOPMHUPOB-
KO 3JIeMEHTOB ero MaTpuubl. OTHOBPEMEHHO meM dice CaMbiM METO-

JIOM TpeobpasyeM Takke i kBaapatuausii dyukimonan P (x) .
2°. Beemem B A" ckamspHOE IpOM3BENEHHUE 10 (HOpMyIIe
n
!/ !
(x,y)= Zﬁkm )
k=1

HpEBPaTHB TEM CaMbIM JAHHOE JTHHEHHOE IPOCTPAHCTBO B €BKINJIO-
B0 F".OtrMmeTuM, 9TO B 3TOM ciIy4dae 0azuc
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3°.

! ' 'y ror i
{gl »&> ""’gn} - {el €, ""’en} B
B KOTOpOM CD(X) HMEeT KaHOHMYECKUH BUJI, OPTOHOPMUPOBAH-

HBIH.

[Toctpoum Temeps TpeTwii, Takke OPTOHOPMHPOBAHHBIN Oa3mc

" n n
{e],€5,...,e. } , mepexon K KOTOPOMY BBIIOJIHSETCS TPH MTOMOIIH

, mpuBens Kpajapatuussii Qyskmmonan P(x) x

MAaTpPHIBI H S
JIUaroHanbHOMY BHIY 1O cxeme, onucaHHoil B § 12.1.1. IIpu stom
nepexoze kBaapaTuuneii ¢pynkuuonan P(X) me morepser kamo-

HUYECKOTO BHUJA, TOCKOIBKY U3 YCIOBHS H @ He = H E H U OpTOro-

HaJIBHOCTH H S H CIIeIyeT, 4To

lof, =Is[e|[s|=[s]"|E]ls]|=

e/
T -1
=IslIs[=lsTlsi=]£].
Takum 00pa3oM, MOCTpoeH 06a3uc, B KOTOPOM KBa/IPaTHUHbIA (QyHK-

LIMOHAI CD(x) MMEeT KaHOHWYCCKHIA BH, @ YHKIIMOHAI ‘P(x) —
JTHaroHaJIbHBIN.

B 3akmrodeHne OTMETHM, YTO MaTpHla Mepexofa K MCKOMOMY OpTO-
HOPMHUPOBAHHOMY 0a3HCy €CTh IPOU3BEACHNE MATPHIIBI IIEPEXO/IA, ITPU KO-
TOPOM 3HAKOOIIPEENeHHbII KBAJpaTHUHbIA (YHKIMOHAT HPUBOAUTCA K

KaHOHUYCCKOMY BUY, U OpTOFOHaJ’ILHOﬁ MaTpHUIlbl H S H .

3apaya Haiimu 3ameny nepemenHblX, NPUBOOAWYIO KEAOPAMUUHbLE

12.1.2.

@yuKkyuonanvl
D(x) =& +2€ &, +38] u
W(x) =487 +16E &, +68]

CoOoOmeemcmeeHHO K KAHOHUYECKOMY U ()udZOHCUleOMy euc)y
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PeweHne.

1°.

2°.

3°.

Uccnenyem xagparnunbie dpynxmuonamst P(x) u W(X) na 3ua-

KOBYIO omnpezeneHHocTs. U3 kputepust CusbBectpa (Teopema 9.3.2)
M HEPABEHCTB

1 1 4 8
det =2>0; det =-40<0
1 3 8 6

saxmiouaeM, 40 P(X) — MoNOKHTETHHO ONMpe/IeeHHbI KBaapa-

THUHBI (yHKIMOHAT, B TO BpeMs kak ¢pynkimonan VP(X) me sB-
JISIETCS. 3HAKOONPEIEIEHHBIM.

TIpuBeseM MONOKUTETHHO ONPEIEeHHbIH KBAAPATHIHbIH (YHKIH-
onan D(X) x xamommueckomy Buay meromom Jlarpamxa. Ilo-
CKOJBKY

D(x) = Enz +2§1EJ2 +3E.>§ =& + &2)2 + 2&5 ’
&1 = &1 +§2

TO, BBIIIOJIHUB 3aMCHY IIEPEMEHHBIX , NI
&= 26,

’ 1 ’
& =& N <)
|
&, = N &
nonyanm D(x) = é;z + &'22 U COOTBETCTBEHHO

W00 = 487 + 428 - 365

Beenenne B A’ CKAJISIPHOTO TPOU3BEACHUS C €JUHUYHOM MaTpu-
o ! !
neit I'pama o3Havaer, 4T0 KOOPAMHATHI {él N 622} €CTb KOOpJAUHATHI

2 !/ !
€BKJIMJI0Ba NIpocTpancTBa 2 ¢ G6asucom {e;,e, }, rae
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4°.

1 0
o =lo| 3 el =],

1
H €

Marpuna ksagparuuroro ¢yskimmonana F(X) B srtom Gasuce

v 4 22

g = . OHa 3amaeT TMPHCOEIUHEHHBII CaMoCo-
242
NPSUKEHHBIH ONEPaTop, MMEIOLMii cOOCTBeHHbIE 3HaueHus A, =5

-3

u A, =—4, a TakKe OPTOHOPMUPOBAHHBIE COOCTBEHHBIE BEKTOPHI
2~/2 1
3 3

Hf1 “Hfz e

1 2.2
3

= , KOTOpble TpUMEM 3a
e

3

HoBbIit Gasuc {e],e) } .

MarpuIia Tiepexoaa oT OpTOHOPMHPOBAHHOTO Gasnca {€],e5} K

opTOHOpMHpOBaHHOMY Gasucy {€],e5 } , B koTopom

Do) =y n W) = SE -4l

OpTOTOHAJIbHAA 1 UMECT BU

2.2
3

W | —

NE
1 22
33

OTKyzia OKOHYATEIbHO HOIy4YaeM, ITO
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14 2ﬁ ! 1 ! [/ 2ﬁ
1= 5 ST *E.’Z 1=Tél+ﬁéza

3 3
=
1 2-/2 " 1

" ey + ' - _ + .
Gt G t= 8+

2

Ecnmu B 3amadye ONHOBPEMEHHOTO INpPHUBEIEHHSA Mapbl KBaApaTHUYHBIX
(YHKIIMOHAIOB, OJIMH M3 KOTOPBIX TOJIOKHUTENBHO OINpPECICHHbIH, COOT-
BETCTBEHHO K KaHOHMYECKOMY WM JHaroHaIbHOMY BHIY, TpeOyeTcss HaWTH
JIMIIB 3TOT B (2 HE (GOPMyIIBI 3aMEHBI IEPEMEHHBIX ), TO MOXKHO BOCIIOJb-
30BaThCsI OoJIee MPOCTON CXEMOH pacyeToB.

JlomycTHM, YTO TOJIOXKUTEIBHO ONpPEAEIECHHBIH KBaJApaTU4HBIA (QyHK-

monan P (X) mpusenen npu momomm MaTpHIbI IEpexoa H S H K KaHo-
T

HUYECKOMY BHJIY, TO €CTh H S H H D H H S H :H E H IMocne Toro ke

npeoGpa3oBaHus MaTpuna KsajapaTuuHoro Qyskmmonama P(X) 6Gymer

=|s[e[ls]

B3
HUMCTH BU]] H \P

CormacHo Tteopeme 12.1.1 B OpPTOHOPMHPOBAaHHOM Oa3uce MJIs TIO-
CTPOEHHS JIMATOHAILHOTO BHIA KBajpaTuusoro ¢ynkimuonana Y(Xx) mo-
CTaTOYHO HAMTH COOCTBEHHBIE YMCIIa CAMOCOIPSDKEHHOTO OIlepaTopa, MaT-

*
\P H . HaH}IeM BBIPAXXCHUEC I OTOU MAaTPHUIIbI, YUU-

pHIa KOTOPOTO €CTh

ThIBAIOLICEC CBA3b MCKAY MaTprullaMu H (D H n H S H

U3 paBencTBa

Islells|=|z

CJIE/IyeT, YTO H S H = (H S HTH () H )_1 . Torma, ucmone3ys mpaBuia 00-

pamieHus ¥ TPAHCIOHHPOBAHMS MPOU3BENECHUS MaTpPHII, MEPECTAHOBOY-
HOCTBH OOpaIlleHHs U TPAHCIIOHUPOBAHMS, a TAK)Ke CHMMETPUYHOCTh M He-

BBIPOXKJACHHOCTb MaTpHIbL Hq) , HIMEEM
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=Is[wlls|=cds[loh™)Tw[ls|=
=((eD™ A sHM) ]l 5=

=|si"qe D wllis|=ls["d e[ ¥)ls].

A

E
[lonmydeHHOE pPaBEHCTBO O3HA4YaeT, YTO MaTpHIa H‘P H MOJXKET
paccMaTpuBaThCsl Kak Pe3yiabTaT MpeoOpa3oBaHMS MaTpPHUIBI JMHEHHOTO
-1 o
oreparopa H (0)) H H ¥ H IIpu 3aMeHe 0a3uca ¢ MaTpHLel epexoza H S H

. [lockonbKy coOCTBEHHBIE 3HAYEHHS TMHEHHOTO OIlepaTopa HE 3aBUCAT OT
BBIOOpa 6asmnca, TO peleHne 3aJa4l MOXKET OBITh CBEAEHO K OIPEACICHHIO

o -1
COOCTBEHHBIX 3HAYCHUH OepaTopa, HMEIOIIETO MATPHUILY H (0] H H v H .

CoOcTBeHHBIE BEKTOPBI M COOCTBEHHBIE 3HAYEHHS ATOTO OIEepaTopa Ha-
XOZATCS COrIacHo § 8.5 U3 cUCTEMBI TMHENHBIX YPABHEHUH

(lo 1wl ri=s

KOTOPYIO MOKHO ITpeo0pazoBaTh K BUIY

(P¥[=afeD] fl=lel.

>

YcnoBue CymecTBOBaHNS HEHYJIEBBIX CTOJIOIOB H f H :

det”‘i’—%é‘gzo

— anreGpanyecKoe ypaBHEHUE OTHOCHUTENBHO A, KOPHH KOTOPOTO M SIB-
JSIFOTCSL MCKOMBIMHM  KOA((UIMEHTaMH JIMaroHaILHOTO IIPECTaBICHUS
kBajpaTyroro pynkuuonana F(x).

[IpomnntocTpupyeM NpUMEHEHHE JAHHOTO METoJa sl HaXOXKICHUS
JIMaroHaJIBHOTO BHJA KBaApaTH4HbIX (opM B 3amade 12.1.2. B stom ciy-

11 48
wae | @ = w | W=
13 3

3G QUIMEHTOB NUArOHAIBHOTO IMPEJCTABICHUS KBaJPAaTUYHOTO (YHKIHO-

, TO €CTh IJId ONPCACICHUSA KO-

nama ¥V (X) meobxommmo pemmTs ypapuenue
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4 8 1 1 4-A 8-A
det ( -\ )=0 wm det =0
8 3 1 3 8—A 3-3A
TlocKoNbKy 1aHHOE ypaBHEHHE UMeeT KopHu A, =5 u A, =—4, 10

MCKOMBIN JUArOHAJILHBINA BUJ IS "P(x) Oymet \P(x) = 5&;2 — 4{’;'22 , B

TO Bpems Kak oueBuHO, uto D(x) = ?’;;2 + 822 .

§ 12.2. Knaccudukanus nopepxHocreii BTOPOro nopsigka

ITycTh B €BKJIMI0BOM TIPOCTPAHCTBE > ¢ Gasucom {€, €,, ey}, rie

1 0 0
HeIHZ 01, 62H: 1, esHZ 0],
0 0 1

JaHO YPaBHCHUC NOBCPXHOCTU

0‘11‘212 +20.,&,&, +(122};§ +20,8,&; +0‘33&§ +
+20,6,8; + 20,8, + 20,8, +203,&;+0,, =0

3k
BTOPOTO MOPSIIKA (Z Z ‘ oy
k=1 i=1

>0).

KBagpaTHuHyI0 4acTh JAHHOTO YPaBHEHHsI MOYKHO PacCMaTpUBATh Kak
KBaJpaTHuHbli Gynkimonan B £ . [IpuBeieM ero K JMaroHaIbHOMY BHJLY
OPTOTOHAJIBHBIM OIEPATOPOM IO cxeMe, u3nokeHHoi B § 12.1. Tlomyunm
YpaBHEHHE

MEZ +N,E7 +NET + 20,6 + 20,8 + 20,8 +al, =0,
A+ |As] +[2s] >0,

JUTSL KOTOPOTO PACCMOTPHM TPH CIIEIYIOMINX CIIydasl.
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. IenTpanbHbIi ciay4daii: 7b]7b27h3 # 0 wm, uro B CUILYy TE€OPEMBIL
8.6.8 10 K€ camoe,
Q& Oy
det|a,, o, oy|#0.
Qs Oz Oy

IToce NEpeHOCAa HavYasla KOOPAWHAT, YCTPAHAIOLICTO JINHCHHEIE cl1a-
raceMbIC, MOJIy4acM YPaBHCHUC

"2 "2 "2 "o
METT + A8 + A8 +ay, =0,
JUISL KOTOPOTO MOYKHO BBIIEITUTE CIIEAYIOLINE BAPHAHTHI:
"
ecin Oy, # 0
1) mHuMBbLL Sa1URCOUO
mpu  sgn(h,) =sgn(ay,), i=1,2,3;

2) anauncouod

mpu  sgn(h;) =-sgn(al,), i=1,2,3;

3) oonononocmusill cunepbonoud
mpu  sgn(A,) =sgn(d,) =
= —sgn(};) = —sgn(ay,) ;
4) 0eynonocmmviii 2unepo0oaouo
mpu  sgn(A,) =—sgn(i,) =
=—sgn(};) = —sgn(ay,);
ecm oLy, =0
5) mMHUMBLE KOHYC
npu $gN(4;) = sgn(4,) = sgn(4;) ;

6) Konyc

npu SgN(4;) = sgn(4,) = —sgn(4;) .
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II. IlepBbIif HELEHTPATBHBIN CIIydaii: Ay #0,h, # 0,7»3 =0.
Ilocne mepeHoca Hayama KOOPAMHAT IIPUXOJAMM K YPaBHEHHUIO
2 2

METT+N,E0° + 205,87 +al, =0, s kotoporo BbizieNsieM Ba-
PHAHTBI:

"
eciu Oy, # 0, 1o ypaBHeHue puBOAMTCA K

m?2 m2 mem
MET + X85 +2058 =0,
U TOT/1a UMEEM:

7) sanunmuveckuti napabdoioud
npn sgN(A,) = sgn(k, );
8) eunepbonuuecxuti napaboioud

npn sgn(h,;) = —sgn(d,);

" "
ecm o3, =0, o, # 0, To nmeem:
9) MHUMBLE SATUNMUYECKUT YUTUHOD

mpu sgn(A,;) =sgn(al,), i=12;

10) snnunmuyeckuil yurunop

npu Sgn(}"i) = —sgn(aL , 1= 1’2;

11) eunepbonuueckuii yununop

npu $ZN(A,) = —sgn(}, ) ;

ecmmxe Oy, =0, al, =0, 10 umeem:
12) napy muumeix nepecekarouuxcs niockocmet
npu SgN(A;) = sgn(d,) ;
13) napy nepecexarowuxcs niockocmeti

npu $EN(A;) = —sgn(d,).
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[II. Bropoii HeHeHTPAILHBIHA CIy4aii: AM#0ul, = 7u3 =0.

Ilocne IEepEHOCa HavaJla KOOpAUWHAT MMPUXOAUM K YPAaBHCHUIO
"2 " oen " oen "o
MET +205,85 +2a5,8; +ag, =0,
I aHaJin3a KOTOpOTro uenecooGpasﬁo nepeﬁm K HOBOMY OPTOHOD-

MHPOBaHHOMY 0a3ucy 1o ¢hopmyiam

"oen "oen "oen "oen
m__¢en, m_(x’24 2 +a34 3 . m_o“34 2 —0(24 3

17 > 2 b 3
"2 "2 n2 "2
(124 +a34 0(‘24 +a34

(‘-ITO, OYCBUAHO, ABJIACTCA IMMOBOPOTOM B IIJIOCKOCTU 0%25’3 ) B uto-

re nmojiydyacM ypaBHCHUC

"2 ”2 "

A E;;”z +2(\Jaly +af)EY +al, =0

1 COOTBECTCTBYIOIIIUC €EMY BAPUAHTHI:

4 "
ecmu oy, #0 wm o, # 0, To nocne nepenoca Hauana koopu-

HAT UMEEM:
14) napaboruueckuii yurunop;

ecmn 0L, =0y, =0, To mmeem:
15) napy muumsix napanienvusix niockocmeti
npu sgn(A ) =sgn(a},) ;
16) napy napannenvnvix niockocmet
mpu sgn(h,) = —sgn(aj, ) ;

" " "
ecmn Oy, =0y =0y = 0, o nmeem:

17) napy cosnadaiowux niockocmeil.
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3ameuanus. 1°.  [ns knaccuduKkanyy KOHKPETHOH MOBEPXHOCTH BTOPOTO
HopsJiKa HEoOXOJUMO cJenarh Npeodpa3oBaHHME KBajI-
paTHOI YacTH ypaBHEHHMS K JUArOHAJIBHOMY BHIY U BbI-
TIOJTHATH TIEPEHOCH HaYaIa KOOPAWHAT.

2°.  (Cxema uccienoBaHUs KPUBBIX BTOPOTO MOpsAKa Ha MIIOC-
KOCTH aHAJIOTM4Ha CIy4ar0, pPacCMOTPEHHOMY MJs IIO-
BEPXHOCTEH BTOPOT'0 NOPsAKA.

§ 12.3. Annpoxkcumanus GyHKUMH MHOTOYJIeHAMH

3amava MOCTPOCHUST HAWIYYIIEro (B HEKOTOPOM CMBICIIE) MPHUOIHKE-
HUsE 3a1aHHol Ha [a,b] dhyHKIMU f (T) nuueitHol KOMOMHAIHEH HEKO-
TOPBIX IPYTUX (QYHKITHHA
gO (T)agl (T)agz (T)e"'agn (T)""’
ONpENICICHHBIX M O0JIAMAoNMX OoJiee MPHUBICKATEIBHBIMU (C TOYKH 3pe-
HUSL yI06CTBA X HCCienoBanus 1o cpasaennio ¢ f (T)) cBoiicTBamu Ha
T €[a,b], nocrarouno yacTo BCTpeyaeTcs B PA3TUUHBIX HPHIOKEHHSAX.

BBuny Gomnbmroro pazHooOpa3us MOCTAHOBOK 3afad ATOTO Kilacca MBI
OrpaHUYMMCST PACCMOTPEHHEM JIMIIb JBYX M3 HHX, MMes LEIbI0 TOJBKO
MIPOMJUTIOCTPUPOBATh Ha NPHMEpPE WX PELICHHs, UCIIOJIb30BAaHWE METOJIOB
JIUHEWHOM anreOphl.

PaccMoTpuMm B KauecTBe OOBEKTa alllPOKCUMALIMHM HENPEPHIBHYIO Ha

[-1,1] ¢pymxmmo f(T), a B kauecTBE AMMPOKCHMUPYIOUTHX DYHKIIHH BbI-
6epem ommowrens Buna {g, (1) =1°, k =[0,n]} .

3auaqa COCTOUT B OThICKaAaHHUHU anre6pa14quKoro MHOI'o4JiIcHa, CTCIICHU

n
k .
we Bemme 71, P (1) = Z& 4T, KOTOpBI# HAMTYHITIM 006pa3oM TIpHOIH-
k=0

xaet pynxumo f (T) .
TIpeaBapHTEILHO 3aMETHM, YTO MHOXECTBO HernpepbiBHbIX Ha [—1,1]

GbyHKIMI 00pa3yeT JUHEIHOE MPOCTPaHCTBO A, 3JIEMEHTaMH KOTOPOTro
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spasrores u Gyaxuan g, (T), npuuem A¥ — numeiinas o0onouka coBo-

xymsoct snemento g, (T) =1, k =[0,n]} ects (1 +1)-meproe

HOANPOCTPAHCTBO NPOCTPAHCTBA A, B KadecTBe 6a3nca KOTOPOH MOXKHO
B3SITh HA0Op 3JIEMEHTOB

{g, =g (1), k=[0,n]}.

s KomMm4decTBEHHOH OICHKH KadecTBa alMpOKCHMAINH OAHOHN (yHK-
UM JPYroi BBeIEM B A CKalsIpHOE MPOU3BEACHUE 1O hopmylie

(x,) = [x(r)y(v)d

U TIPEBPATUM €T0 TEM CaMbIM B €BKIMIOBO MpocTpaHcTBo [ . Torma mepa

6mmsoctn snementoB X(T) u V(T) MoxkeT GbITh OllEHEHA BETHYHHOM

p=|x=y[=[r—y.x=y) = [ [(:() - y(2)) dr

(Ha3bIBaeMOil 06b1aHO paccmosnuem mecoy X(T) u Y(T) 6 E), xoto-

past B CHIIy CBOMCTB OIIPEICTICHHBIX HHTErPAJIOB PaBHA HYJIIO TOJIBKO B CITy-

qae X(7) = (1) Vre[-11].
Hanee mis KpaTKOCTH OyIeM OITyCKaTh apryMEHTHI QJIEMEHTOB B F , TO

ecTb Oynem obosnauats pynkumo [ (T) xak f € E . Kampar paccros-

n
HUSI MEXTy dJIeMeHTaMi | | Z};kg « B E pasen
k=0

p2 =(f_i&kgk’f_iékgk)'

MonGepem 3Hauenms kodddurmentos &,, K =[0,7] rak, uroGe Be-

2 o o
JIMYHUHa p OKa3allach MUHHMaJIbHOU. B cuiy OMIIMHEHHOCTH CKaJEIPHOTI'O

IMPOU3BCACHUS NOJTydacM
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pz :(f_znlékgkﬂf_i&kgk) =

— (£ D28 (.80 +Y Y EE (802,

k=0 i=0
o 2
a U3 YCJIOBUHM PABCHCTBA HYIIO YaCTHBIX IMTPOU3BOAHBIX OT p 10 BCEM (i;k

k =[0,n], 1o ecTh U3 cHCTEMBI THHEHHBIX ypaBHEHHiT
Zéj(gkagi):(fagk)a k:[oan]a (12~3-1)
i=0

HAXOJIATCS ONTHMATBHBIE 3Hauenus koddumentos &, , k =[0,n], npn

2 o
KOTOPBIX p MUHHUMAJIBHO. 3aMeTI/IM, 4YTO JdaHHasA CUCTEMa YpaBHCHHUU

MMeET €IMHCTBEHHOE pellieHue, TTOCKOIbKY €€ OCHOBHAsI MaTpHUILla HEBBIPO-
JKJICHHAs, Kak Marpuiia [ pama 0a3uCHBIX BEKTOPOB.

OTtmeruM ¢opMaabHOE COBIAACHUE MOIXYYEeHHON (OPMYIBI C yTBEp-
sxaeHreM TeopeMsbl 10.3.2, KoTopoe MO3BOJISET 3aKIII0YUTh, YTO ONTHMAaIIb-

HBIC 3HAYCHUS KOI(PPHUINECHTOB &z, k= [O,n] CYThb KOOpPJIWHATHI dJIe-
MCHTa f B Oasuce {gk =& (’L‘), k= [O,n]} B TOM Ciy4ae, Korja f

MIPUHAJICKUT JIMHEHHON 000710UKe A* .

Haiinem MUHMMaNIbHOE 3HAUCHHE p2 :
pr = ()= X80+ Y () + 8 (808)) =

- (ﬁf)—ia;:(f,gk) - (f,f—iazgu.

Hnaue TOBOpPs, MOJYUCHHOC BbIPAXKEHUE PABHO HYJIIO UL

f=Yge.
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YTO O3HA4YacT PABCHCTBO HYJIKO MOIPCIIHOCTU allllpOKCUMAllMU JIWIIb B
cjl1y4dae, Korja 3JIEMEHT f IMPUHAUICKUT NOANPOCTPAHCTBY A*

bonee CoACpiKaTeIbHAasA OLICHKAa BEJIMYMHBI MMOTPCIIHOCTH alllIpOKCUMaA-

2
Ouu p Nnojy4yacTcsa MpU MOACTAHOBKE B IpaByHO 4YaCTb PAaBCHCTBaA

p’ = (f,f—Z&ng) ontumanbubx 3navennit &, , k =[0,n], ua-

k=0
XOJMMBIX MPU PEIIEHUH CUCTEMBI JIMHEWHBIX ypaBHeHUH 12.3.1. 3ameTum,
YTO 3TO CJENaTh ropas3zo yaoOHee B clydyae OPTOHOPMHUPOBAHHOTO Oa3uca

HOAIPOCTPAHCTBA A¥.

MoskHO IMOKa3aTb, YTO NPUMCHECHUE K HECOPTOIOHAJIbHOMY 6331/1(3}7

18¢ :gk(T):Tka k=[0,n]}

npouenyps! oproroHanusanuu I'pama—IlImMunara, nenoas30BaHHON NpU 10-
KazarenbcTBe Teopembl 10.2.1, maeT HEHOPMHPOBAHHYIO CHCTEMY OPTOTO-
HAJIbHBIX MHOTOYJICHOB BUJIa

(=15 el()=1; e;(r):rz—;;

4y,

3
e(t)=t"-=1; ..; e(1)=
3(7) s . (D) o

Ha3bIBACMBIX NOJUHOMAMU ./Yegfcauc)pa.
HOCKOJ'H)Ky BCC€ MNpeAbIAYIIMEC BbIYUCICHUA OCIAJIUCh JId basmca

k
{g, =1", k=[0,n]}, Ho Ge3 yuera ero KoHKpeTHOrO BUAa, TO OHU Oy-

JIyT W CHOPaBeUIMBHI Ui OPTOTOHAIBHOTO (HO, BOOOIIE TOBOpS, HEHOP-
MHpPOBAHHOT0) 6a3uca

e @=4 @Dt k=[0,n]}.
dt

s oproronanpHOro 0asuca Matpuiia ['pama nuaroHajgbHas W, CIEJ0Ba-
TEeNbHO, CHcTeMa ypaBHeHui 12.3.1
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S (el = (f.6))  k =[0.n]

OyneT WMeTh peIICHUs BH[A: &k = % e,) ; k=[0,n], a pemnun-
k>Ck

2,

Ha P
0 =(f.f - Zak &)= (f1 /)~ Z(fek

k=0 ko k)

Ecim xe, kpome Toro, 6asuc {€,, k =[0,n] } opronopmuposaumsiii, To

ects (€,,€,)=0,;V k,i =[0,n], rorna
& =(fre) sk=[0.m] mp® =[ £ =252
k=0

OTmeTuMm, 4TO 3HAYCHUSA az , k =[0,n] — ontumansubIx KO PUIH-

€HTOB alNPOKCUMHPYIOIIET0 MHOTOWIEHA ()OPMAJIBHO COBIIAAAIOT:

1) C pCIICHUEM 3aJlavd O HaXOKIACHHUU OpTOFOHaHLHOﬁ IIPOCKIINHN

JJICMCHTA f CBKJIMJI0BA NPOCTPAHCTBA HA MMOAIIPOCTPAHCTBO A* 5

2) CO 3HAYCHHUAMU KOMIIOHCHT PA3JIOKCHUSA DJICMCHTA, IPpUHAJIC)KA-

mero A*, o OPTOHOPMHPOBAHHOMY 0a3HCy

ler, k=[0,n]}

(cm. cnencrBue 10.3.2).

TakuM 00pa3oM, OPTOTOHAIBHOCTH CHCTEMBI HJIEMEHTOB, HCIIONB3Ye-
MOM IS anpOKCUMALUY, CYIIECTBEHHO yIpollaeT BelurcieHus. Bmecre ¢
TeM opToroHanm3anus no merony I'pama—IlImuara B ciydae GeCKOHEUHO-
MEpHOTO €BKJIMIOBA MPOCTPAHCTBA MOXET OKAa3aTbCsl JOCTATOYHO CIIOXK-
HOM npouenypox.



440 AHaTuTHYeCKAasi TeOMETPHUs U JUHeiiHas ajaredpa

Bo3MoxHOI anbTepHAaTHBON B MPOLECCE MOCTPOCHHUS OPTOHOPMHUPO-
BaHHOM CHCTEMBI allIPOKCUMHUPYIOIIUX JIEMEHTOB sBjsiercs emma 10.7.3,
YTBEP)KIAOMIast, YTO COOCTBEHHBIE BEKTOPBI CAMOCONPAHNCEHHO20 OTIEPaTO-
pa, OTBEYAIOLINE PA3IHMYHBIM COOCTBEHHBIM 3HAUCHUSM, ITOIIAPHO OPTOTO-
HaJIbHBI.

PaccMOTpMM ITMHEHHEIN Omeparop [ B €BKIMAOBOM HPOCTPAHCTBE

6eckoneuno aupdepentmpyembix Ha [—1,1] dynxumii, crapsmmii kaxoit

Takol (YyHKIIMM B COOTBETCTBHE'® €€ BTOPYIO NPOW3BOIHYIO, B3ATYIO C
00paTHBIM 3HAKOM, U BBISICHUM, IIPH KaKUX YCJIOBHSX 9TOT ONEpaTop Oyner
€aMOCOIPsLKEHHBIM. IHTErpupyst IO 4acTsM, nonyth

1 2

d°x
<Rx,y)——_jl Rl —fy(r) -

+I xdy

Ho, ¢ apyroii croponsl,

d dx d
(x,Ry) = —I ydr —x(r)—y +I Y
dv|_, “duvdt
[TosTOMy JUIsl CAaMOCOMPSDKEHHOCTH OMEPATOpa [ JOCTATOYHO, YTOOBI
dx ! dy !
—y(r) = x(r)— . OTO ycJOBHE BBINOIHIETCS, HAIPUMED, IS
dr 1 dr|_,

(GyHKITHA, KOTOpBIE (TaK e, KaK M MX IMPOU3BOIHBIC) NMEIOT paBHBIC 3HA-
yeHus Ha KoHIax orpeska [—1,1].

'® B mpumepe 10.7.1 Gblo moKa3aHo, uto oneparop Buga 4* 4 ecTb camocomps-

J)KCHHBI W HMMEET HEOTpPHUIIaTeNIbHbIe COOCTBCHHBbIC 3HaueHHs. Ecim A=— n
dt
+ v
At =—— (pu  BBITIOJIHEHWH COOTBETCTBYIONIMX TPAHUYHBIX YCIOBHi), TO
T
d2
R=A"A=-".
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Haiiem Teneph COGCTBEHHBIE BEKTOPBI JIMHEWHOTO omepartopa fR .

Venoue Rx = Ax B JaHHOM cllydae CBOAMTCA K Au(pdepeHInaTbHOMY
YPaBHEHUIO
d*x
= =-hx, 420,
dt
pelIeHne KOToporo jaaercst popMyion x(r) = eT = + [3 e_T = ,

rae A u B — MPOU3BOJIbHBIC, HC PABHBIC HYJIIO OAHOBPEMCHHO KOHCTAH-
TBI.

5 dx dx
U3 yenopuit X(—1) =x(1) w —| =—| nomyuaem o gopmyze
dv|_, dt|,

Diinepa (cM. mpuitoxkeHue 3):
eﬂ—e_ﬂ=0 = sinﬁ:O-
CrieoBaTebHO COOCTBEHHBIE 3HAUCHUS OYIyT
A, =k’ Vk=01,2,..,
a OTBEYAIOIINE UM COOCTBEHHBIE BEKTOPHI —

x, (1)=&, cosmkt + 1, sinmkt.

Yucna &, m 1, 3/€ch NPOH3BOJIbHBIE, HO HE PAaBHBIE HYIIO OJHOBpE-
MEHHO IS KaXKIOTo K.
Taxum 06pa3oM, MbI IOTYYUIH CUCTEMY HONAPHO OPTOTOHANBLHBIX JIIe-
MEHTOB, JHHEiHas 006070YKa KOTOPBIX SBJISETCS MOANPOCTPAHCTBOM EB-
KJIMI0Ba mpocTpaHcTBa HenpepbiBabiX Ha [—1,1] dynkumii. Dra cucrema

(Tak e, KaK cHCTeMa IOJIMHOMOB JlexxaHapa) MOKeT OBITh UCITOIb30BaHA
JUIsL IOCTPOCHUS aNIIPOKCUMUPYIOIUX MHOIOWICHOB, OJHAKO B JAHHOM
clly4ae 3TH MHOTOWIEHBI OY/yT TPUTOHOMETPUYECKHMHU.
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3ameuaHve: noayueHHvle pe3yabmamsl NPUBOOAM K eCIECMBEHHOM)Y 60-
npocy: MONCHO U YMEHbUUMb NOZPEUHOCINb ANNPOKCUMA-
yuu 3a cuem ygeauuenus N ? Hnu, unaue 2oeops, cnpa-
8€0/1UB0 Nl PABEHCMBO

n
lim (|.f]" = &%) =072
" k=0
OTBeT Ha 3TOT BOIpOC B 0OIIEM ciydae OTpHLATeNbHBIH. PaccMorpum,
HalpuMep, HEKOTOPOEC IMOANPOCTPAHCTBO E * CBKJIMJI0BAa IPOCTPAHCTBA

E , He nmeromee 6asuca (To ecth F* OECKOHEYHOMEpHOE), M IyCTh Cy-

v * v
mectByeT Henynesoit snement f € E  no f ¢ E*, akoii, uto

(f.8:)=0 Vk

* v
(roe Bce g, € E’, a ux nr060e KOHEYHOE TIOIMHOXKECTBO JIMHEHHO He3a-

BUCHMO). B 3TOM citydqae Bce anmpoxcumupyrompe Ko3(QOUIUeHT paBHBI
HYJIIO U IaHHOE MPEJIENBHOE PABEHCTBO, OYEBH/IHO, HE BHITTOIHAETCS ',

1 VeroBus BO3MOKHOCTH TIOCTPOEHHS TUHEHHON KOMGHHAIIH 3 TEMEHTOB MHO-
JKECTBA {gk ,k=0,1,2, } , AIIPOKCHMHUPYIOWEH Vf eE ¢ moboii

Hanepen 3aI[aHHOﬁ TOYHOCTBIO, BBIXOAT 3a paMKH IIPpEAMETa JIMHEHHOM aJ'IFerLI u
H3Yy4aroTCs B KypCc€ MaTEMaTHUICCKOI'0 aHa113a.
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MpunoxeHune 1

CBOWCTBA JIUHUA BTOPOIO NOPAOKA
HA NNOCKOCTU

B § 4.4 Gbutn IEpeYnCIIeHbl KOHKPETHBIE TUIIBI JIMHUA BTOPOTO TIOPSII-
Ka, pa3Indre MEeXAYy KOTOPBIMH COXpaHIETCs MPH Iepexoie U3 OTHOH ae-
KapTOBOW CHCTEMBI KOOPIMHAT B APYrylo. B maHHOM mpuioxeHnu OymyT
pacCMOTpPEHBI XapaKTepPHbIE CBOMCTBA 3TUX JIMHHI.

IMpuaoxenne 1.1. Boipo:KaeHHbIE TMHUN
BTOPOTr0 NOPsAKA

K svipooicoennvim aunusm 6mopozo nopsioka OyaeM OTHOCUTH BCE TH-
Ibl, MEPEYKMCICHHbIE B IMEPBBIX HYETHIPEX CTONONAX TaOJIUIBI TEOPEMbI
4.4.1. KpaTko onuIiieM ux CBOWCTBA.

1°. Tuin nuHuKn “Hecosnagatowmne npsmblie”

X2 y2

YpaBHeHne — — bT =0 onpenensier mapy mepecexaoUXCs Mpsi-
a

-> >
MBIX B cucreme KoopauHar {(, el,ez}. B cBoro odepens ypaBHEHHE

2 2
Yy =a npu a* 0 OIIpeIeiseT apy NapajuieIbHBIX NPSMbIX.

-> -
Mpumep ITycTh Ha TUTOCKOCTH {O’ e1aez} 3a/1aHa JIMHUS BTOPOTO
Mpun. 1.1.1. 2 )
nopsiKa 3x"+4xy+y° =0. [MpeoGpa3oBaB ee ypas-
HCHHE K BHILY
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QCx+y)>—x*=0 , g

(meton  Jlarpamka), x
MOJy4HM JIBE IPSIMBbIE
y=—x , y=-3x_

(Puc. Tlpun. 1.1.1.)
B pannom ciyuae (0]

A=-1<0 4 yron
NOBOpOTa OCeii cucTe-
MBI KOOPIHHAT

1
o= Earctg 2 . Puc. [pun. 1.1.1

2°. Tvin nuHum “CoBnagatrowme npsimbie”

2 —
ypaBHeHI/Ie y = O OIPCALIIACT NPSAMYIO y - 0 B CUCTEMC KOOpAU-

- -
o
Har {0, e, ez} . [lomywaetcst u3 Tumna nuHUU 1° MpeaenbHBIM IEPEXOIOM

npn b —> 10,

3°. Tun nuHum “Todku’

2 2
Ypasnenne — +° o = 0 onpenensier eMHCTBEHHYIO TOUKY — Havua-

- >
5o koopzwHar cucteMsl {0, e, e, } -

4°. Tvin nuHUK “IycTble MHOXecTBA”

- >
Ha nmockoctu {O, e, ez} HE CYUIECTBYET TOUEK, KOOPIUHATHI KOTO-

PBIX YIOBJICTBOPSIIOT YPABHEHUSIM
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2 2
X Y 2
—+—=-1 ym Yy o =-a
a’ b

OHAKO JTH CITydau HHOTIa UMEHYIOT “MHUMbIMU JUHUAMU .

2

IMpuaoxenne 1.2. DJIIMIIC ¥ €ro CBOMCTBA

Onpepenenne JlunHus, ypaBHEHHE KOTOPOH B HEKOTOPOH OPTOHOPMHUPO-

Mpun. 1.2.1. BaHHOM cHCTEME KOOPAUHAT UMEET BUJ
2 2
X
—2+y—2:1;a2b>0,
b

Ha3bIBACTCA 2/I/IUNCOM.

2 2
a —-b

Onpepenexne Ymcno € =————— Ha3bIBACTCI IKCYeHmMpucume-

Mpun. 1.2.2. a
moMm DIIATICA.

tea
TO‘-IKI/I 0 Ha3bIBAKOTCA d)OKyCLZMu JJIJIAIICA.

a
+

[Mpsimveie X = —; Ha3bIBAIOTCS OUPEKMPUCAMU DILTHIICA.

2

Yuciio P = —— Ha3bIBaeTCI DOKAILHHIM NAPAMEMPOM
a

SJIJIMIICA.

CpolicTBa annunca

1. Dmmurc — orpaHuYeHHAs JTUHYS: [ x|<a y |y, uro CHEMyeT U3

3aIMCcH KAaHOHUYECKOTO YpaBHEHUS B opme
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b 2 2
y=*x—+a —x" .
a
2. Dwmne L obnamaeT OCeBO CUMMETpHUEH OTHOCHUTEIILHO OCEH

Ox y Oy , @ TaKXe IEHTPAIbHOW CUMMETpUEH OTHOCHUTEIHLHO
Havajia KOOPAUHAT. DTO BBITEKAET U3 OTHOLICHUH

-X X X
el < el < el,
y y -y
)
- X
el,
-y

OYCBUAHBIX MJISI KAHOHUYCCKOT'O YPaBHCHUA JJIJTATICA.

YA
D, D,
b
b A
B
o X
= F, O F, a -
-b

Puc. ITpun. 1.2.1

Bynem o6o3Hauath uepes p(P,0) PACCTOSIHHE MEXIY T'eOMETpHue-
cknumu obbekramu P Q, auepes & n B o6o3maunm YTIIBI MEXITY Ka-

caTeNbHOH U (POKATBFHBIMH PaIHyCaMH — OTPE3KaMHU FAy F,A.
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X
Teopewma Myers 4=

eCTh TOYKA, MpUHAJJIeKAIAS JIJIHII-
Mpun. 1.2.1.

cy L, 3aJaHHOMY KAaHOHUYECCKHM YpPaBHCHHEM, TOorjaa
HMEIT MECTO CJIeAYIIHE COOTHOIICHUSA

- -
D r=|FA|l=a-¢ex;r, =|F,A|=a+ex;

2) |FA|+|F,A|=2a;
| PULF) p(AF)
) p(4,D,) p(4,D,)

- -
5) | F,B|= p,rtae F,B oproronanen ocu Ox ;

6) Za = ZB .
[okasatensbcTso.
1°.  Hwmeem (cm. puc. Ilpuin. 1.2.1)

h =«/(x—as)2 +y2; vy :«/(x+a8)2 +y2.

Torma, yuuTbiBasi KaHOHHYECKOE YpaBHEHHE U OIpE/IEICHUE

SKCLEHTPUCHTETA, oNydaeM st ¢ = 1,2:

2
7 = J(x+ag)’ + y* :\/(xias)2 +b—2(a2 —x?) =
a

= J(xtag)’ +(1-&*)(a® -x*) =
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=\/x2 +2xac+a’e’ +a’ —a’e? —x? +x%* =

:\/a2 +2xag +x°e> =|atex|.
Ho nockombKy |x|<a y 0<e<l 10 atex20 y cpe-
JIOBATEIbHO,
- -
n=|FA|l=a-¢ex;r, =|F,A|=a+ex.
2°. Y1BepxaeHue 2° 0ueBUIHO B cuiry 1°.
3°. Jlanee

p(4,F) a-—xe e p(4,F,) a+xe .
p(AD) a__ p4D,) 4
€ €

+ X

4°. CrpaBeJIUBOCTb 4° JOKAXKUTE CAMOCTOSITENBHO.

5°. Hakoserr,
FB1=2a—ae =Lali—e =p2 = p,
2
a a a

6°. Jloka3aresbCTBO NPHUBOAUTCS IIOCIE JO0KAa3aTesbCTBA TEOPEMBI
Ipun. 1.2.2.

Teopema gokasaHa.

MNpoBeaeHue KacaTenbHbIX K ANnuncy

X9

Teopewma IIycrn A= ecTh TOYKa, MPUHAJJIeKalas 3J1-
Mpun. 1.2.2. Yo

JIMIICY, 3AJTAHHOMY KAHOHHYECCKUM YPaBHCHUEM,
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TOr/la YpaBHEHHE KACATEJBHON K JITOMY JJLIHICY,
npoxosiuieii yepe3 ToUKy A, UMeeT BH/I
XX VoV
0 0
US4 S|

2 2 .
a b

[okasaTtenbcTBo.

VpaBHeHue KacarensHOM B Touke A mMeer Bij
_ ’
Y=Y =Y (x)(x—x,) .

I[J'ISI OJUIUIICA U3 KAHOHUYECKOI'O YPaBHCHUS IMOJIydacM

2x Zw/_o

2 2
a b

TO ecTb
b* x
' _ 0
Vi(x)=——F—.
a Yo

b* x,
Ho torga V= Vo = _Ti(x_xo) , U, IPUHUMAs BO BHUMa-

0

2 2
Xo Vo

HHUE, uT0 ——5 T b2 =1, oxonuarensHo TTOJTY9 UM

XX Yy

2 2
a b
HaKOHCH, HCHOCPCHCTBCHHO HpOBepﬂeM yTBep)K,HeHI/IG TeOpeMLI

JJII TOYCK yO = 0, rac ypaBHCHI/I}I KacaTeJIbHbBIX HMCIOT BHI
x==a.

Teopema AoKa3aHa.

[okasaTenbcTBO cBOMCTBA 6° Teopemsbl MNpun. 1.2.1.

ITycTh KacaTelbHas K YUIAICY IPOBEACHA Yepes TouKy Kacarus A
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X
0
HMEIOIIYI0 KOODPIHHATEI . Torzma paccTosiHHE d, or dokyca
Yo
—c
F, ¢ xoopaunaramu ol " KacaTeNbHOH paBHO (CM. 3ajauy

3.2.1):
1| x,(=c) »,(0) 1| x,c
dy, =— st ol =—| 41| =
A a b Al a
2
1 r X
=—|xe+a|=-2, taeA= —g+y—g
Aa Aa a b
AHaJIOTUYHO HaXOAUM PacCTOSIHUE d, ot (okyca B¢ KOOpJUHA-
c
TaMH 0 JI0 KacaTeJIbHOM:
1|x,cC 1 7
A a a Aa
[ockonbky yrimsl & n B OCTpbI€, TO U3 PABEHCTB
) d 1 . d 1
sing=-—=— , sinf=—2%=—
n  Aa rn Aa

cnenyer L0 = ZB

CsowicTBo 6° Teopemsl Mpun. 1.2.1 gokasaHo.

W3 teopem Ilpun. 1.2.1 u Ipun. 1.2.2 crenyeT BO3MOXKHOCTb albTep-
HATUBHBIX (OPMYINPOBOK CBOMCTB AILIMIICA.

DoxanvHoe c80UCMB0 AIUNCA. DIUTAIC €CTh reOMETPHUICCKOC ME-
CTO TOYCK, CyMMa paCCTOHHI/Iﬁ OT KOTOPBIX OO0 ABYX (I)OKYCOB I10-

CTOsIHHA U paBHA 2(1 .
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Jlupexmopuanvhoe cgoticmgo daaunca: dUTANC (MCKI0Yas cirydai
OKpPY>KHOCTH) €CTh TE€OMETPHYECKOE MECTO TOYEK, OTHOIICHHE pac-
CTOSIHHSL OT KOTOPBIX IO JAHHON TOUYKH ((OKyca) K PacCTOSHHUIO JI0
JTAHHOM MIPSMOi (AMPEKTPHUCHI) TOCTOSTHHO Y MEHBIIIE €THHUIIBL.

Onmuueckoe cgoticmeo duIunca. KacaTejbHasi B JI00OW TOYKe 3JI-
nmrica o0pasyer ¢ (HOKaJbHBIME paJiyCaMHi TOUKH KacaHHs PaBHbIE
ocTphle yribl. (JIroO6oi Tyd cBeTa, HCXOIAIIMNA U3 OgHOTO (oKyca,
TIOCJIe OTPAKEHHUS B DIIIUIICE TTPOXOTUT Uepe3 Apyrou (hokyc.)

YpaBHeHWe annunca B NosISPHON CUCTEME KOOPAUHAT

[TomMecTrM TONFOC MOJISIPHOW CHCTEMBI KOOPIUHAT B JIEBBIH (DOKYC 3J1-
JIAIICA, a MOJISIPHYIO0 OCh HAIPAaBUM IO JIMHUH, COSANHSIOMEH ero (OKYCHI.

JI1s1 IpOM3BOJIEHOM TOYKH A | nexameit Ha smmnce (puc. Tpun. 1.2.1.),
nMeeM

p=r,=a+xe=a+g&(pcosQ—ag)=a-+epcos—as’.

Ortkyna
%

p(1—ecoso) =

=a(l-¢%) b )
1 OKOHYATEIBHO P ¢ X

F a
- P
l—€gcoso”

(CpaBaute 318 (HOPMYJIBI
¢ BbIKJIaIKaMu B § 4.6.) Puc. Hpur. 1.2.2
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puaoxenne 1.3. 'unep6oJia u ee cBoiicTBa

Onpepnenenve JIuHMSA, ypaBHEHHE KOTOPOW B HEKOTOPOH OPTOHOPMHPO-

Mpun. 1.3.1. BaHHOM CHCTEME KOOPAMHAT UMEET BUJ
2 2
X
—z—y—zzl; a>0, b>0,
a b

Ha3bIBACTCSI 2UnepooIou.

2 2
Na®+b
Onpepenenne Yucno &€ =—————— Ha3bIBACTCA OKCYeHmpucume-
Mpun. 1.3.2. a

TMOM TUIIEPOOIIBL.

tea
Touku 0 Ha3bIBAIOTCS (pOKYcamu TAIIEPOOIIBI.

a
[psmere X = ig Ha3bIBAIOTCS OuUpexmpucamu THTIEP-
0O0JIBL.

2

Yuciio P = —— Ha3bIBaeTCI DOKAILHHIM NAPAMEMPOM
a

THIIEPOOJIBI.

CeolictBa runep6onsi

1°. Tmmepbona — HeEOrpaHWYCHHASs KpPUBAas, CYIISCTBYIOMIAS IS

X2 a, uro CIeflyeT W3 3aMMCH KAHOHMYECKOTO YpAaBHEHHUS B

b r>—7
dopme y:ig x*-a’ ;
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2°. Tumepboma L o6namaer oceBoil cHMMETpHeil OTHOCHTEIBHO

oceiit Ox y Oy , @ TaK)Ke IEHTPAIbHOW CUMMETPHUEN OTHOCH-
TEJIbHO Hayaja KOOPAMHAT. DTO BHITEKAET U3 OTHOIICHUN

—-X X X
el < el < el,
y y -y
g
—-X
el,
-y

OYCBUAHBIX MJISI KAHOHUYCCKOT'O YPaBHCHUA I‘I/IHCp6OJ'H:I.

Yepes & u B o6osmaunm YIIIBI MEXAY KacaTelnbHOH M (POKAIBHBIMH
paauycami (puc. ITpun. 1.3.1).

Onpegenexne

anIJ'I 133 HpﬂMa}I Y= ux+v HAa3bIBACTCS ACUMNMOMOU JUIA JIA-

wmn V= S (X) mpu X > © ecnm

u=1tim? ) v =lim(f(x)—ux)

X—>0 X

3°. TumepGona o6iagaeT acUMNTOTAaMH BHaa )V = T—x, Jewct-
a

. b [ ) b
BUTENLHO, U = lim —+x" —a” =+— U, KpOME TOTO,
a

x—too ax
v= lim (éx/xz—a iéx)zé lim(vx* —a’ Fx)
x—too a a a X—>to0
2 2y 2
AT Gl 0 bk S TR S

q x—to Ix2_a2 ix X—>tw x2_a2 ix
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CaoiicTBa Turep6obl wutrocTpupyeT puc. [Ipmr. 1.3.1.
Y

//
/1B X
v
N -~
N
N
N
AN
N
Puc. [Tpun. 1.3.1
X
Teopema MycTb A= eCTh TOYKa, MPUHAAJIEKAIAA TUIep-

Mpun.1.3.1

0oJe L , 3aIaHHON KAHOHMYECKUM YpaBHeHMEM, TOIda
HMEKT MECTO CJICAYIOIIHE COOTHOIICHUSA

1°. [as npaBoii BeTBU

5
rn=|FA|l=-a+ex;

N
r,=|F,A=Fa+ex (x>a).
Jlns1 1eBoOii BeTBH

N
r,=|FA|=a-¢x;

-
r,=|F,A|=-a-¢ex (x<-a);

2°, lrn—r,|=2a;
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p(A4,F)  p(AF,) .

3°. = =g
p(AaDl) p(AaDZ)
M,F

o PME) o ML
p(M’Dl)
H

5 |FBl=p;

6. ZLo=<1Lp,

[okasaTenbcTBo.

1°.  Jloka3aTenbCTBO aHAJOTHYHO JI0Ka3aTelIbCTBY TeopeMbl [Ipwil.
1.2.1, mosToMy OrpaHMYNMCS 37€Ch JIMIIh HAX0KJCHUEM BEIH-
YUH

r :«/(x—as)2 +y2 N =«/(x+a8)2 +y2 ,

HCIIONb3ys KAHOHMYECKOE yPABHEHME M OMpejeleHHe HKCLEH-
tpucutera. Jns [ = 1,2 momyuaem

2

ro=4/(xtag)” +y’ :\/(xiag)2 +b—2(x2 —a’) =
a

= J(xtag)* + (2 -1’ —a®) =

—\x P+ 2xac+a’ed +at —alet —x2 +x%e} =

=~Ja’ £2xag+x2e> =|atex].

Ho nockonbky st runep6onst | X| > a u € > 1, 1o ans npa-

BOM BETBU

- -
n=|FA|l=-a+ex;r,=|F,A|=a+ex,
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a IS JICBOM COOTBETCTBEHHO
- -
n=|FAl=a—-¢ex; r, =|F,4 =-a—ex.
Ortkyna u cienyet 2° u 3°.
CrpaBesIuBOCTb 4° JOKaXKUTE CAMOCTOSITENBHO.

5°. Hakoser,

. b 2.2 2 b 2 b
| F,B|=—+a’e" —a" =—ale —1=b—=
a a a

6°. JlokaxxuTe 3TO YTBEPHKACHUEC CAMOCTOSTEIHHO MO AHAIOTUH C
JIOKa3aTeIbcTBOM CBOMCTBa 6° Teopemsl [Ipui. 1.2.1, ncnons3ys
Takke Teopemy Ipwm. 1.3.1.

Teopema AoKa3aHa.

3ameyvaHue o cBoMcTBax runepbornbl

KanoHnueckoe ypaBHeHUE U3y4aeMoOil B Kypce JIeMeHTapHOl MaTreMa-

a o

TUKH TMIEpPOONBl Y = — MOJIy4aeTcs IyTeM CleAYIOIEeH 3aMeHBl KOop-
X

JIMHAT:

!
x A A
y= —x +—

A4

N3 teopem Ilpun. 1.3.1 u IIpun. 1.2.2 crenyeT BO3MOXKHOCTb albTep-
HATUBHBIX (POPMYINPOBOK CBOMCTB THIICPOOIIBI.

Doxanvroe ceolicmeo eunepbosvbl. THIEpOOIAa €CTh T'eOMETpHYe-
CKOE MECTO TOYCK, A0COJIFOTHAS BEJIMYUHA PA3HOCTH PACCTOSIHUI OT

KOTOPBIX 10 JBYX (POKYCOB IIOCTOSHHA U paBHA 2a.
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Hupexmopuanvhoe ceolicmeo 2unepbonvl: TunepOoia eCTb TeOMeT-
pHYECKOEe MECTO TOYEK, OTHOLICHHE PACCTOSHUS OT KOTOPBIX IO
JlaHHOM TOYKH ((OoKyca) K pacCTOSHUIO 0 NaHHOW MPsSMOH (IHUpeK-
TPHUCHI) TIOCTOSTHHO ¥ OOJIBIIIEC €TUHHIIBI.

Onmuueckoe ceolicmeo cunepOoivl: KacaTelibHas B JIOOOW TOUKe
runepOoasl odpasyeT ¢ (HOKaJbHBIMH paIMyCaMH TOYKH KaCaHH
paBHbIe yribl. (M300pakeHre TOYEUHOTO NCTOYHUKA CBETA, PACIIO-
JIO)KEHHOTO B OJTHOM 13 (DOKYCOB, €CTh MHMMOE U HAXOJIUTCS B PY-
rom (okyce runepOOIIBI. )

MNpoBeaeHue KacaTenbHbIX K rnnepbone

X9

Teopewma Hycrn A= €CTh TO4YKa, NPHHANIeKAlass IH-
Mpun. 1.3.2. Yo

nepooJie, 3a1aHHOH KAHOHHYeCKHM YpaBHEeHHeM, TOr1a
YPaBHeHHe KacaTeJIbHOH K 3TOoH rumepooJie, IMpoxoasi-
el yepe3 TOUKy A, uMeeT BUJY

XX Yoy

2 2 .
a b
D,OKaSaTeJ'IbCTBO.

YpaBHeHue KacaresHOM B Touke A mMeer B
!
Y=Y, =Y (x)x—x,).

Jlng runep6oI6I U3 KAHOHWYECKOTO YPaBHEHHS TIOITydaeM

2x _2p"
aZ bZ >
’ b2 X bz X,
TO ecTb Y (xo)zizio.HOTorna Y=Xo :ﬁfo(x_xo),
a Yo a Yy

1, IpUHUMAas BO BHUMAaHHUE, YTO
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2 2
xO yO _ 1
— — 5 — 1, OKOHUYATENLHO MONYYUM
a b
xOx _ yOy _ 1
2 2
a b

HaxkoHen, HEMOCPEACTBEHHO MPOBEPSEM YTBEPIKACHHE TEOPEMBI

JJIsT TOYECK yO = 0, rae ypaBHeHI/ISI KaCaTCJbHbBIX HMCKT BUJ
x==a.

Teopema gokasaHa.

YpaBHeHue runepborbl B NOMSIPHOM CUCTEME KoopAUHAT

ITomecTrm moJTtOC MOISPHOU y
CHCTEMBI KOOPJAWHAT B TIPaBBIi b )
(dhoxyc runepOoIIbl, a MOJSIPHYIO b A4
OCh HANpaBUM IO TOJOXKHUTEIb- \ i

noit nonyocu Ox (puc. Ipu. N e x
1.3.2). K
Toraa ayig NpOU3BOJIIBHON TOYKU

A, nexaieii Ha npaBoll BETBH o b
rUIepooIIH,

p=r=—a+xe=
=—a+gpcosQ+ag’.
2
Orxyma P(1—€cos@) =a(e” —1) u oxoruarensno

_ p
l—gcoso’

(Cpasnute 3T GOpMYIIBI C BRIKIAIKAMU B § 4.6.)
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IMpuaoxkenne 1.4. [Tapadosa u ee cBoiicTBa

Onpegenexve
Mpun. 1.4.1.

Onpegenexve
Mpun. 1.4.2.

JIunus, ypaBHEHHE KOTOPOW B HEKOTOPOM OPTOHOPMHU-
POBaHHOH CHCTEME KOOPANHAT UMEET BHT

y?=2px; p>0,

Ha3bIBACTCS napaboioil.

P
2
Touka Ha3bIBACTCS hOKYCOM TapadoIIbL.
0
__P N
Ipsmas X = — 5 Ha3pIBACTCSA oupexmpucou napabo-

JIBI.

Yucno P waswisaetcs GokanbubiM napamempom napa-
OOJIBL.

CaoiicTBa napaboisl wnmoctpupyet puc. [Ipun. 1.4.1, Ha koTOpOM Ye-

pes & 0Go3HaumM yron Mexay KacaTenbHOI M (DOKATBHBIM PAIHycOM, a

qepes B — Yroj Mexnay KacaTelIbHOM M ITOJI0KUTCIbHBIM HanpaBJICHUECM

ocu abcrucc.

CeowicTtea napabornbl

1°. TlapaGomna — HeorpaHHYEHHAsI KPUBasi, CYIIECTBYIOIA Vx2 0;

2°. IlapaGona L o6nanaer ocegoit CUMMeETpUEN OTHOCUTEIBHO OCU

Ox , UYTO BBITCKACT U3 OTHOIICHUA

X
el < el,
Y -y

OYCBUIHOTO JId KAHOHUYCCKOTO YPABHCHUA napa6om,1.
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Y

D

0] F

Puc. ITpun. 1.4.1

3°. Jlna mapabosibl UMEeT MECTO MOHOTOHHOE BO3pacTaHue abco-
JFOTHOW BEJIMYUHBI OPJMHATHI TPH BO3PACTAHUM aOCIHCCHI,
IpUYeM B HyJle KacaTelibHas K napadolie BepTUKAIbHA.

X
Teopema Mycrs A=

ecTh TOYKA, NPUHAAJIeKALIAsA apa-
Mpun. 1.4.1.

o0ose L , 3a/JaHHOM KAHOHHYECKHM YpaBHeHMEM, TOrd1a
HMEIT MECTO CJIeAYIIHEe COOTHOIICHUSA

p
o r=x+7.
1°, P

p(A,F)_1
20.7— .
p(4,D)
p(M,F)

30, =1=>VM,MelL.
p(M,D) ’

4. |FB|=p ; g0, Lou=Lp,
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[okasaTenbcTBo.

1°. Nmeem 7" =

P2 2
(x— 5) + YV, ucnonmb3ys KAHOHUYECKOE

ypaBHEHHE, MTOyIaeM

2
2 p p
r=.x"—px+-~—+2px =|x+"—|,
px+ =+ 2px =[x+

HO TOCKONBKY X = — 5 , IPUXOAUM cpa3y K CIIpaBeIu-

BOCTHU yTBepKJIeHUN 1° 1 2°.

CripaBeNIMBOCTD 3° JOKKUTE CAMOCTOSITEITHLHO.

4°, Haxkomnerr, |FB |= 2p§ =Pp.

5°. JlokazaTenbCTBO MPUBOIUTCS TOCIE JOKA3aTeNIbCTBA TEO-
pemsr [pui. 1.4.2.

Teopema AoKa3aHa.

3ameyvaHusi o cBoMcTBax napaGonsi

Kanonnueckoe ypaBHeHue mnapaboibl Buma J = aX 2, HU3y4aeMoi B
Kypce 3JIEMEHTApHOW MaTeMaTHKH, NOJIy4aeTcsl IyTeM B3aUMHOIO Iiepe-
MMEHOBaHHS KOOPAWHATHBIX IEPEMEHHBIX.

W3 teopemst Ilpun. 1.4.1 cnenyer BO3MOXKHOCTh albTEPHATUBHBIX
(hOpMYIHPOBOK CBOMCTB MapadoIIb.

Hupexmopuanvroe ceoticmeo napaboivl: napadojia ecTb TeoMeTpH-
YEeCKOe MECTO TOUYEK, OTHOIIEHHE PACCTOSHUS OT KOTOPBIX A0 JaH-
HOHU TOYKH ((OKyca) K PacCTOSIHUIO 10 TaHHOW NPSIMOH (IUpEKTpH-
Chl) IOCTOSIHHO U PABHO €IUHUIIE.



462 AHaJTUTHYECKAs] TeOMeTpHsI U JInHeiiHas anredpa

Onmuueckoe colicmeo napabo.vl: KacaTelbHas B JIIOOOW TOYKe
TUepOoIBl 00pa3yeT paBHBIC YIUIbI ¢ POKAIBHBIM PAINYCOM TOYKH
KacaHusl ¥ MOJIOKHUTEIbHBIM HarpasieHreMm ocu abcuuce. (Kaxmpriit
JIyd CBETa, BBIXOAAIIUH 13 QoKyca nmapadoibl, OCIEe OTPAKESHUS OT
napaboJIbl pacIpoOCTPAHIETCS apajlIeIbHO €€ OCH.)

MNpoBeneHve kacaTenbHbIX kK napabone

Xo
Teopema MycTb A= eCTh TOYKA, MPUHAMJIeKALIAs Napa-
Mpun.1.4.2 Yo

0one, 3aJaHHON KAaHOHHYECKHM YpPaBHEHHeM, TOrJa
YPaBHeHHe KacaTeJbHOM K 3T0il mapa0oJie, npoxoas e

uepes Touky A, mmeer Bux

Wo =p(x+x,).

[okasaTtenbcTBO.

YpaBHeHHE KacaTeIbHOM B TOUKE A wumeer BH]T
_ ’
Y=Yy =Y (x)(x—x,).

Jns mapaboItbl 13 KAaHOHHYECKOTO YPaBHEHHUS IOITydaeM

, ' p
2v"=2p 10 ects y(xO)ny, Yo #0,

0

p
Ho torma Y~ Yo = (x— xo), ¥l IPUHMMAsi BO BHUMAHUE,
Yo
o=2
uro Vo = <PX;, OKOHYIATENEHO TIOTYYHM

Wo = p(x+x) .

HaKOHCH, HCTIOCPCACTBCHHO IMPOBEPICM YTBCPIKACHUC TCOPEMbI

1 Toukm Yo = 0 , TJie ypaBHEHHE KacaTeiabHon X = 0.

Teopema gokasaHa.
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HokasaTenbcTBo cBoicTBa 5° Teopemsl Mpun.1.4.1.

HaHpaBJ’IHIOIIII/Iﬁ BCKTOD KacaTelIbHOM K napa6one B TOYKC A €CTb

y p
0 Xo
, @ BEKTOp (poKasIbHOTO pajuyca — 2 |. [osTomy
Yo
p
J’o(xo_z)‘*‘pyo y
cosa, = = \/ - L =
+
x/y§+p2\/(xo—§)2+y§ Yoo P

Yo

Ho, ¢ apyroii cTropoHbl, KOCUHYC yria B MEX]ly BEKTOpaMu » u

1

0 BBIpaXaeTcs Toi ke (popmynoit. TTockonsky yrasr & u B
OCTpBIE, TO OHH PaBHBL

Teopema AoKa3aHa.

ypaBHeHl/Ie napa6onbl B I'IOJ'IFlpHOIZ cnucrtemMme KkoopaunHat

[TomecTuM moJIOC TOJSPHOM D
CHUCTEMBI KOOpAMHAT B (pokyc \
napaboJibl, a MOJSIPHYIO OCh Ha- i
MPAaBUM [0 JIMHUH, TEPICHINKY- P
JSIPHOW TUPEKTPUCE M MPOXOAS- 2 — - b . ol
mieit uepes ee Gokyc (puc. [Ipwm. 2

1.4.2). JInst npou3BOABHOM TOUKH

A | nexameit Ha napaGoe,

v P _
p=x+ 2 - Puc. Ipun.1.4.2
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=§+pcosa+§:p+pcoscp,

Otkyna p(1—cos®) = p y oxonuarensro
__ P
l—coso -

(Cpasnure 3T GOpMYIIHI C BRIKIAIKAMU B § 4.6.)
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MpunoxeHune 2

CBOUCTBA NOBEPXHOCTEM
BTOPOI'O NMOPAOKA

B teopeme 4.5.1 ObUTH MEPEUNCICHBI KOHKPETHBIC TUITBI TIOBEPXHOCTEH
BTOPOTO MOPS/IKA, pa3IuIre MEXIAY KOTOPBIMHU COXpaHSETCs MpH Mepexoe
13 OJHOW JEKapTOBOM CUCTEMbl KOOPAMHAT B Ipyryr. B naHHoMm mpuno-
KEHUU OyIyT PacCMOTPEHBI OCHOBHBIE CBOMCTBA MOBEPXHOCTEH ITHX TH-
TOB.

Mpuio:xkenue 2.1. BbiposKaeHHbIE TOBEPXHOCTH
BTOPOI0 MOPSiAKA

K BBIpOXXIEHHBIM HMOBEPXHOCTSIM BTOPOTO HOPSAIKA OTHOCSTCS THIIBI,
yKa3aHHbIE B TIEPBOM YacTH TaOIHULIBI POPMYITHPOBKH TeopeMsl 4.5.1.

B mepBeIX aBYX cTONOIAaX 3TOM TaOIMIBI EPEYUCICHBI TUIIBI ITyCTHIX
MHOXECTB, a TaKXKe 0OBEKTH TOUCYHO-IMHEHHOTO THIIA, HCCIEAOBAaHUE KO-
TOPBIX MOJHOCTHIO aHAJIOTUYHO CIy4asiM, PACCMOTPEHHBIM B NPHUII0KEHUU
1, B OpPTOHOPMHMpPOBaHHOW, KAHOHMYECKON CHCTEME KOOpIMHAT

> o o

{0’61’62563} ’
IlepBbie Tpu TUIA MOBEPXHOCTEH, colepKaIIrecs B TPETbeld KOJOHKE
TaOJHIIBI, SBJIIOTCS YACTHBIME CITy9assMU IUIMHAPHYCCKON MOBEPXHOCTH,

x=0,
00pasyromasl KOTOPBIX MaparieIbHa MPSIMOH a HaIPaBIAIOIINMHA

b
CIy’aT TIOCKHE KPUBbIE — SJLIUIIC, THTIep6oIa 1 Mapabosia, COOTBETCTBEH-
HO pacrosoxkennbie B miockoctu OXY .
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OnucaHue CBOWCTB HEBBIPOXKACHHBIX IOBEPXHOCTEIl BTOPOro mopsaka
Oyzmer TakKe BBINOJIHEHO B OPTOHOPMHMPOBAHHOW CHUCTEME KOOpIMHAT
> o o

{0,¢,,¢,,65} -

B o6mem ciydae MOXHO IOKA3aTh, 4TO B CEUCHHH TOBEPXHOCTH BTO-
POTO MOPAJKA MIOCKOCTBIO MONYYaeTcsi KpHBas BTOPOro mopsiaka. OaHaKo
JUISI OTIMCAHMSI OCHOBHBIX CBOMCTB HEBBIPOYICHHBIX OBEPXHOCTEH BTOPO-
T'O TIOPA/KA JOCTATOYHO PACCMOTPETh CEUEHNS, MapasIeNbHbIE KOOPINHAT-
HBIM TUIOCKOCTSIM.

[Mpuioxkenue 2.2. IJITHNICOU

Onpegenenve [loBepxHOCTb, 3amaBaeMas B HEKOTOPOH OPTOHOPMHPO-

Mpun. 2.2.1. BaHHOM CUCTEME KOOPIMHAT YpaBHEHUEM BUAA
2 y2 2
72+b72+72:1, a>0,b>0,c>0,

HA3BIBACTCS JJLIUNCOUOOM.

CeoncTBa annuncovaga

1°.  Dnanuncouj — OrpaHUYEHHAsl MOBEPXHOCTh, MOCKOJBKY M3 €ro KaHo-
HUYECKOTO YPaBHEHUS CIIEIYeT, 9TO |x \S a, \ y ]S b; \Z \S C.
2°.  Diumrcons o0nagaer:

- ILEHTPAJIbHOM CHMMeETpHUEH OTHOCHUTEIBHO Hauyana KOOpIu-
HaT;

- 0CEBOM CUMMETPHUEN OTHOCUTEIIBHO KOOPAUHATHBIX OCEil;

- TUIOCKOCTHOM CHMMETPHEH OTHOCUTEIHHO KOOPIWHATHBIX
TUTIOCKOCTEH.

3°. B ceYeHuH AUIMICOUIA IIOCKOCTHIO, OPTOTOHAIBLHON JTF000H M3 oceid
KOOP/IMHAT, MoJydaeTcs aumc. Hanpumep, paccMaTpHBasi CEKYILIYO
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IUIOCKOCTh Z = Z), TAe ‘ZO‘ <c, nojiygaeM CJlIeayromice ypaBHCHUE

JIMHUHN CCUCHUA:

z=2z,,

siBrstroteiicst ammrcom. (Puc. Tpun. 2.2.1.)

(]

-—-

Puc. ITpun. 2.2.1

puioxkenue 2.3. JuUNTHYECKUAT Tapado 10U

Onpepenenne IloBepxHOCTh, 3a7aBaeMas B HEKOTOPOW OPTOHOPMHPO-
Mpun.2.3.1.  BaHHOM cHCTEME KOOP/MHAT ypaBHEHHEM BU/IA
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2 2
x—2+y—2=22, a>0,b>0,
a b

HA3BIBACTCSI J/LIUNMUYECKUM NAPAOOIOUOOM.

CeoncrtBa annuntmnyeckoro napabonovnaa

1°.  Dmmnrryecknit mapaboion — HEOTpaHMYEHHAs MTOBEPXHOCTH, T0-
CKOJIbKY M3 €r0 KaHOHHYeCKOTOo ypaBHeHus ciexayeT, uto Z =0 u
MIPUHUMAET CKOJb YTOAHO OOJBINNE 3HAYCHHUS.

N

b <

Puc. ITpun. 2.3.1

2°.  Dmmmnrrdeckuit mapaboony obxagaer
- oceBo# cummerpuei otHocuTensHo ocu Oz ;
- IUIOCKOCTHOM CHMMETPHEH OTHOCHUTEIBHO KOOPIMHATHBIX
nnockocreit Oxz u Oyz.
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3°. B ceueHUU 3JUITMITHYECKOTO napa60ﬂ0m[a MJIOCKOCTBIO, OPTOTOHAJIb-
HOH ocH OZ , IOJIYHaCTCA DJUIMIIC, a TNIOCKOCTAMH, OPTOrOHAJIbHBIMU

ocsm Ox wm Oy — napa6ona. Hanpumep, paccMaTpyBas CeKyILyio
IJIOCKOCTh Z = Zy > 0, MOJIy4YaeM ClIeIylollee YpaBHEHUE TIOCKOU

JIMHUW:
2

al + Y =1
(@22, (by22,)°

Z =2z,

sistromeiicst ammrcoM. (Puc. Ipun. 2.3.1.) C npyroii cTopoHsI, ce-

YCHME IIJIOCKOCTBIO ) =} NPHUBOJUT K YPABHCHUIO JIMHUU

2
x* = 2a2(z—2yb°2),

Y=Yy

ABjstoLeiics napadonoi. [l ciyyas ce4eHus INIOCKOCThI0 X = X

YPpaBHECHHUE CE€UCHUSA UMEET aQHAJIOTUIHBIN BHI:

)

2
Xy
2
a

2

y? = 2b2(z—

X =X,.

Ipunoxenne 2.4. 'unepdoiuvecknii napadoaoua

Onpepenenve IloBepxHOCTh, 3aJaBaeMas B HEKOTOPOW OPTOHOPMHPO-

Mpun. 2.4.1. BAHHOM CHCTEMe KOOPIMHAT YPaBHEHHEM BHIA
2 2
X
T Y =2z, a>0,b>0,
a b

HA3BIBACTCSI 2UNEPOOIUYECKUM NAPAOOIOUOOM.
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CeowvicTea runepbonuyeckoro napabononga

1°. T'unepGonuyeckuil mapadboon] — HEOrpaHUYEHHAs! IOBEPXHOCTb, MO~
CKOJIBKY M3 €T0 KaHOHHYECKOI'0 YPaBHEHUS CIEAyeT, 4To Z — Jr00oe.

Puc. ITpun. 2.4.1

2°.  TumepOonwdeckuii mapaboion 1 oomanaeT
- oceBO# cuMMmeTpuel oTHocuTensHo ocu (2 ;
- IDIOCKOCTHOH CHMMETPHEH OTHOCHUTEIBHO KOOPIMHATHBIX
nnockocreit Oxz u Oyz.

3°. B cedyenun rumepOoIMyUecKoOro mapadosonsa MIOCKOCThI0, OpTOro-
HanbHOW ocu koopanHat (Jz , mojydaercs ruiepboia, a MIOCKOCTS-

mu, oproronamsubiMu ocsim Ox wmwm Oy, — mapa6oma. (Puc.
pun.2.4.1.)
Hanpumep, paccMaTpuBasi Cekymlyio miockocts Z =z, > 0, nony-

HacM ciieayroniee ypaBHCHUC JIMHUU CCUCHUA !
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4°.

2 B yz .
(ay22,)°  (022,)’
zZ=2z,,

spsomeiics runep6oioit. Ipu z, < 0 ypasuenue runep6oner Gy-

JAC€T UMCTb BHUJ{
2 2

x y
- =-1

(a-2z,)"  (by-22)"
z=2z.

C npyroil CTOPOHBI, NPH CEYEHHH THIEPOOIMUECKOTro napaboiounia

INIOCKOCTBIO X = Xy IOJy4aeM IUIOCKYHO KPUBYIO:

2
P =-2b*(z- 2’22)’
X=X,

SIBIISIOILYIOCS TapaboIIoi.
Jisa caydast ce4eHus IJIOCKOCThIO Y = ) ypaBHEHHUE aHAJIOTIMyY-

HO U UMCCT BU

2
x* = 2a2(z+2yb02),
Y=DXo-

U3 nosrydeHHBIX YpaBHEHUH CIEIYET, YTO THIIEPOOIUUSCKU mapabo-
JIOUJI MOXET OBITh MOJYYCH MOCTYNATEIBHBIM IIEPEMEIICHUEM B TIPO-
CTpaHCTBe MHapaboyibl Tak, YTO €€ BEpIIMHA IIePEeMEIIaeTCs] BIOJb
JIpyroi mapaboIbl, 0Ch KOTOPOH MapauielbHa OCH TIEpBOH MapaboIbl,
a BETBH HAIPABJICHBI MPOTHBOIOJIOXKHO, IIPHYEM MX IUIOCKOCTH B3a-
UMHO TIePICHINKYIIIPHEIL.

lunepOonmyecknii mapaboIonua UMEET IIBa CEMEHCTBA NpAMOLUHel-
HbIX 00pPA3YIOUUX.
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Ecnu 3anucars YpaBHCHHUE L[aHHOﬁ TOBEPXHOCTU B BUJIC

X Y\gX Y
G )%

TO MOXHO TPUNTH K 3aKJIFOUEHHIO, YTO TIPH JIFOOBIX 3HAYCHUSAX Tapa-
meTpa Ol TOUKH, JISKAIe Ha IPSIMbBIX

i+—=20L, 1——=20L,
b b

a " a
X X
(X(g—%):Z (X,(;'F%):Z,

TaKKe NPUHAIEKAT U TUIEpOOIMYECKOMY 11apaboIOnay, TOCKOIbKY
MOYWJIEHHOE NMEPEMHOKEHHE YpPaBHEHUHN IIOCKOCTEW, 3aJar0IUX 3TH
HpsMBbIe, TaeT ypaBHEHHE TUIIEPOOTNIecKoro napabononsa.

3aMeTnM, 9TO U KaKAOH TOYKH rumnepbosmdeckoro mapabdomonna,
CYILECTBYET Napa npsmulx, MIPOXOAAIINX Yepe3 3Ty TOUKY M LETUKOM
JIeXalX Ha THIepOoIIIeckoM mapadosionae. YpaBHEHHS 3THX TIPsi-
MBIX MOTYT OBITH IOJy4€HBI (C TOYHOCTBIO JI0 HEKOTOPOro 0O0IIero
HEHYJICBOI'O0 MHOXKUTENS) MyTeM IoJ00pa KOHKPETHBIX 3HA4YeHUH ma-
pametrpa OL.

punioxkenne 2.5. OQHONOJOCTHBIN rUNEPOOI0H

OnpeﬂeneHme HOBerHOCTb, 3agaBacMasi B HGKOTOpOﬁ OpPTOHOPMHPO-
Mpun. 2.5.1. BaHHOW CHCTEME KOOPANHAT ypaBHEHHUEM BHIa
2 2 2

X Z
—+y———:l,a>0,b>0,c>0,
2 2 2
a- b° ¢
HA3bIBACTCSI 0OHONOLOCHHBIM 2UNepOoIoOUOOM.

CeovicTBa 0gHOMNONOCTHOrO rmnepbonounga

1°. OgHOMOJIOCTHBIN T'HITEpOOIONT — HEOTpaHHMYEHHAs TIOBEPXHOCTB, T10-
CKOJIBKY M3 €T'0 KAHOHHYECKOTO YPaBHEHUS CIeayeT,
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uro Z € (—00,+ ).

N

Puc. [pwun. 2.5.1

2°.  OpHOmoJOCTHBIN runepoonons oonamaet (puc. Ipun. 2.5.1)
- LEHTPIbHON CUMMETpHUEH OTHOCHUTEIBHO Haudana KOOpIH-
HAT;
- 0OCEBOM CHUMMETpHEH OTHOCHTENBHO BCEX KOOPAMHATHBIX
ocel;
- TIJIOCKOCTHOH CHMMETpHEH OTHOCHTENBHO BCEX KOOpPAMHAT-
HBIX IUIOCKOCTEH.

3°. B ceueHHH OJHOIIOJOCTHOTO THUIIEPOOJIOHIA IUIOCKOCTBIO, OPTOrO-
HaNbHOM ock KoopauHat (Jz , MOyYaeTcs JIUIAIC, a IUIOCKOCTSIMH,
oproronansubivu ocsim Ox umu Oy — runep6ona. BeiBoa ypasHe-

HUW JUIsl IMHUM CeUeHHUs aHAJIOTMYEH PAacCCMOTPEHHBIM paHee cilyda-
SIM.

4°.  OnHOMOJOCTHBIA THIEPOOJION] UMEET JBa CEMEHCTBA HPSIMOJIHHEH-
HBIX 00pa3yrolux. 3anicaB ypaBHEHHE TaHHOW TOBEPXHOCTHU B BUJIE
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X ZNX Zy o Y
(a+c)(a c 1 b’

MOXXHO MPUITH K 3aKITFOYEHHUIO, YTO IPH JFOOBIX HE PABHBIX HYIIIO OJI-
HOBpeMeHHO O m [, TouKwm, Jekaniye Ha IPAMBIX

(I el =R,
G Dmel)) (G0

OyIyT IpHHAIIEKATh M OAHOIIOJIOCTHOMY T'HITEpOOJIONAY, TOCKOIBKY
MOWIEHHOE NMEPEMHOKEHUE YPaBHEHHMH IIIOCKOCTEH, 3aJar0IlUX 3TU
npsiMble, JTaeT ypaBHEHHE OJHOIOJIOCTHOro runepbononna. To ecth
JUISl KXIOH TOYKM OJHOIOJOCTHOTO THIEpOOJIONaa CYIIECTBYET
napa npsamslx, TPOXOAAIINX Yepe3 3TY TOUKY M HETUKOM JeXKAIIX Ha
OJTHOTIOJIOCTHOM TunepOosonae. YpaBHEHHS 3THX MPSIMBIX MOTYT

GBITh HOMYYEHBI ITyTeM 10160pa KOHKPETHBIX 3HaueHui O u 3 .

IMpuio:xkenne 2.6. {BynoaocTHbIil runepooa0u1

Onpepenenne IloBepXHOCTH, 3aJaBaeMas B HEKOTOPOH OPTOHOPMHUPO-
Mpun. 2.6.1. BAaHHOM CHCTeMe KOOpMHAT ypaBHEHHUEM BHA

77777 :1’ a>0,b>0,c>0,

Ha3bIBACTCSI 08YNOIOCIMHBIM SUNEPOONOUIOM.

CeowicTBa gBynonocTHoro runepbonovga

1°.  JIBynomocTHbIH TunepOoIonl — HEOrpaHNYEHHAs! MTOBEPXHOCTH, IO-
CKOJIBKY M3 €r0 KaHOHWYECKOTO YPaBHEHMsI CIEAYyeT, UTo ‘x‘ Zawu

HE OTPaHUYEH CBEPXY.
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A X

Puc. ITpun. 2.6.1

2°.  JIBynomnocTHBIA rumepOonona obaagaet
- [EHTpPAlbHOW CHMMETpPHEH OTHOCHTEIFHO Hadana KOOpH-
HAT;
- OCECBOH CHMMETpHEH OTHOCHTEIBHO BCEX KOOPIMHATHBIX
ocel;
- CHUMMETpPHEH OTHOCHUTEIIbHO BCEX KOOPIWHATHBIX ILUIOCKO-
CTei.

3°. B cedeHuu ABYNOJOCTHOrO THNEPOOIIOU A MIIOCKOCTHIO, OPTOTOHAIIb-

HOii ocu koopauuar (Ox , npu \x ‘ > @ 1ojy4aercs 3JUIUIC, a IUIoC-

xoctamu, oproroansaeiMa ocaM Oy wm Oz , — runepbona. (Puc.
[Tpui. 2.6.1.)

Ipunoxenue 2.7. IloBepxHOCTH BpalieHust

ITycth HEKOTOpask KpUBasi, pacIioyioKeHHas B miockoctd (OXz , uMeer
ypasnenne [(x,z) = 0. Ecmu Bpamarts 1y kpuByio Bokpyr ocu Oz , T0
KakJas ee TOUYKa OyJIeT OIHMCHIBATh OKPY>KHOCTb.
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Onpepenenne  COBOKYIHOCTh TOYEK, KOOPIMHATBI KOTOPBIX YIOBIETBO-
Mpun. 2.7.1.  psroT ypaBHEHHIO

F(£(x* +y%,2) =0,

Ha3bIBACTCA NOBEPXHOCMbIO 8pAUlEHUA.

Mpumep K moBepxHOCTSIM BpaleHus, HapuMep, OTHOCSATCS:
Mpun. 2.7.1. o
1°. DIUTMTICOUT BpAIIICHUS
2 2 2
X" +y z
—t = 1.
a C
2°. Konyc pamenns k°z° = x* + y°.

3amMeyaHue: TMOBEPXHOCTH BPALICHHS JIMHUU BTOPOrO TOPsAKA HE BCeria
3aJ1al0TCS YPaBHEHUSIMU BTOPOTO TOPS/IKA.

Hanpumep, ecnu kBaapatHyro mapaboiy 22 =2 pPXx Bpa-

mark BOKpyr ocu (X , TO MOJIy4aeTcst S/UTMITHYECKUIA napa-
Gosiony BpallleHUs], OJJHAKO NP BPAIIEHUU JTOH ke KPUBOH
BOKpYr ocu (Jz TONYYHUTCS IOBEPXHOCTb, 3a/1aBacMast ypas-
HEHHEM BHUJIA

z? :i2p4/x2 +y2 wm z* =4pz(x2 +y2).

3apava CocTaBUTh ypaBHEHHE NOBEPXHOCTH BpallleHHs, MOIydae-

Mpun. 271 \ioii npn Bpamerm mummn 22 = 2 px Boxpyr ocu OX .

Pewenve. 3adukcupyem Ha BpamiaeMoH JIMHHM TOYKY C KOOpAWHATAMHU
Xo

0 |. JIunns, nojydaeMasi IpU BPAILIEHUU ITOH TOUKU BO-
2

kpyr ocu Ox B IWIocKocTH X = X( » €CThb OKPYKHOCTb pajuy-

2 2 _ .2
ca Z, c ypaBHEHHEeM )~ +Z~ =Z;.
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C apyroii cTOpoHBI, Zg = 2 pX, , 103TOMY
y +z7 =2px,.
Xo
Haxowuen, B cumy nipoussosbaoctd Toukn || O ||, BeiGpanHoit
Zy

Ha JIMHWW BPAILICHUS, MTOJIYy4YdeM, YTO YPABHCHUC TOBEPXHOCTU
BpAIICHUA — SJUIMITUYCCKOTO r[apa60n0m[a — €CTh

y +z =2px.
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MpunoxeHue 3

KOMIMJEKCHbIE YUCTIA

PaccMOTpHMM JIByMEpHOE JIMHEHHOe mpoctpancTBo (), usomophuoe”
JIMHEHHOMY IPOCTPAHCTBY PaJlyCOB-BEKTOPOB HA IJIOCKOCTH, C OPTOHOP-

MupOBaHHoii cuctemoii koopaunar {0, g,, g, } .

Kaxnplii anemeHT Z mnpoctpaHctBa () B HEKOTOPOM 0aszuce OJHO-

o
3HAYHO 3a/1aeTCA JABYXKOMIIOHEHTHBIM CTOJIOLIOM . Ecmn Ga3ucHele
3IIEMEHTHI IPOCTpaHcTBa () CyTh & = 0 ug, = 11’ TO MMPOM3BOJIbL-
o
HBII DJIEMEHT Z = MPEACTABISIETCSA B BUAC

1 0
z=0q 0 +B | =og, +Bg,.

Brenem HOBYIO OI€paluo — ONepanurd YMHOOINCeHU:A IJICMECHTOB
paccMaTpuBacMoro JIMHEHHOTO IpOoCTpaHCTBaA.

OnpepeneHne  Pe3ynbTaToM omepaniuy YMHOXKEHUS 9JIEMEHTOB
Mpun. 3.1.
oy o,

e " )8,

Zy

20

Hzomopdusm (cm § 7.5) B 1aHHOM ciiydae O3HAYAET, YTO OTEPALUH CPABHEHUS,
CJIONEHHS U YMHO)KEHUSI Ha BENIECTBEHHOE YKCIIO BBIMOJHIIOTCS B JAHHOM MHO-
JKECTBE TaK e, KaK M JUI1 BEKTOPOB Ha MIOCKOCTH.
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Onpepenexve
Mpwun. 3.2.

3amevaHus.

1°.

2°.

3°.

npocTpaHcTBa () SBISIETCS 3JIEMEHT DTOr0 K€ IIpo-
CTpaHCTBa

_ o Q, _BIBZ
b = .
0‘182 +a281

JIByMepHOe JHHEHHOE MPOoCcTpaHcTBO ) ¢ 6asrcom

{g 1 = 0 s g 2 = 1 }9
B KOTOPOM BBEJICHA OIEpaIisl YMHOXKCHHS 3JICMEHTOB
cornacHo omnpexaeneHuto [pwu. 3.1, Ha3pIBaeTCcs MHOXeE-

CTBOM KOMHNJIEKCHbIX YUcel, a Ka)K,Z[BIﬁ JJIEMCHT Z & Q
— KOMNJIEKCHbIM YUCTIOM.

Omnepanus yMHOXKEHHsSI KOMIUIEKCHBIX YHCENI KOMMY-
TaTHBHA U 00Ja/1aeT pacrpeienuTeIbHBIM CBOHCTBOM
OTHOCHTEJILHO ONEPaIMU CIOKEHUS, UYTO CIEAYeT He-
MTOCPEACTBEHHO U3 €€ ONPEETICHUS.

Onepauml YMHOXCHHSA KOMIUIEKCHBIX YHCEJI ITO3BO-
JIAET BBECTU OIICpAHIO OelleHusl: YaCTHBIM OT JcJie-

HMSI KOMIJIEKCHOTO YHMClla Z] Ha HEHyJeBOE Z, Ha-
3BIBAETCS KOMIIEKCHOE YHCIIO ™, TAKOE, YTO
Z, =2z,Z

Hetpynuao y6enuThes, 9TO IOAMHOKECTBO KOMIIIIEKC-

a
HBIX YHCCJI BUJA O , TaAc o — IMPOU3BOJIBHOC BEC-

IIECTBEHHOE YHCIIO, B CHily ompeneneHus [Ipmm. 3.2
obJlajaeT BCEMH CBOWCTBAaMH BEICCTBEHHBIX YHCEI,
1 TIOTOMY MOXHO TOBOPHUTb, YTO BEUICCTBEHHBIE YHC-
JIa €CTh II0IMHO’KECTBO KOMIUIEKCHBIX YHCEIl.
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Ha npakTuke Oonee yrmoTpeOUTENbHA ClICIUaIbHAS, YIIpolieHHas (op-
Ma 3alMCH KOMIUIEKCHBIX YHCEN: B MPEICTABICHUN

1

0
z=0a 0 +B 1 =0cg1+[3g2

CHUMBOIJI gl OIIYyCKaeTCsa (3aMeHHeTCH HC 3allMChIBACMBIM SBHO MHOXH-

TeneM “edunuya’), a CHMBONL g, 3aMEHSETCS CHMBOJIOM I (HA3bIBAEMBIM
uHOTHA “MHuUMOU edunuyet’”). Toraa MPOU3BOIBHOE KOMIUIEKCHOE YHCIIO
Z TpencTaBUMO Kak Z = Ol + Bi, asammcn orepanuii ¢ KOMIUIEKCHBIMU
YHCIaM{ IPUHAMAIOT CIECIYIOIINN BHI:

zi+z, =(o, +B)+ (o, +B,0) =(a, +o,)+ (B, +B,)i ;
Az = Ao+ Bi) = (ha) + (AB)i ;
71z, =(0, +Bi)(a, +B,0) = (o0, —B,B,) + (o, B, + )i

HaHHaﬂ (bOpMa 3allucCu y,u06Ha TEM, 4TO C KOMIUICKCHBIMU 4YHCJIaMHU
MOXHO ONCpHUpPOBATh KakK C OOBIYHEIMU anre6panquKMMI/I JABYWICHAMU,

€CJIM IIPUHHUMATh BO BHUMAHUEC, YTO i2 = —1 , [IOCKOJIBKY
.2 .. . . 0}/0 -1 .
i“=ii=0+1)0+1i)= NN = 0 =(-1)+0i=-1.

Torz[a, NEPEMHOKAA KOMIUJICKCHBIC YWC/Ia KaK JABYYJICHBI U 3aMCHASA I10-
BCrOAY i2 Ha 4ucClJio (_ 1) ,» MbI q)OpMaJ'ILHO MpUXOoaUM K COOTHOILICHHIO

z,z, = (o, +B,i)(a, +B,i) =a,0, +a1Bi+a2B1i+Blﬁzi2 =

= (o0, =B,B,) + (o), + 0,7,
KOTOPOE COTIIaCyeTCsl C BBEICHHBIM BhIe onpeaenenuem Ipu. 3.1.

HOCTaTO‘{HO IIPOCTO MOKET BBITMIOJHATHCA TAKXKE U OIICpalua ACJICHUA:
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% +B,i _ (o, +Bii)(o, =Byi)

z, o, +Byi (o, +B,0)(a, —B,i) -

_ (040 +B1By) + (0,3 —ayBy)i _
a3 +B3

_ Q% +B,B, N a,f, —aB, ;
oy +B3 s +B3

Onpenenexne  J{is KOMIUIEKCHOrO uncia Z = O+ i :
Mpun. 3.3.

1°. BemectBenHoe unciio O Ha3bIBaeTCs selye-
cmeennoll yacmoio Z W 06o3Hayaercs Rez

2°. BemecTBeHHOE YHUCIIO B Ha3bIBACTCS MHU-
Mot uacmwio Z W 0003HadaeTca Imz .

3°. BemecTBeHHOE YHCIO p = Jo? +B2 Ha-

3BIBaeTCA MOOyieM Z W 00O3HAYAETCS ‘ z‘ .

4°. Bemecrsennoe uncio P, takoe, uro
cosQ = o
-5, S u
a’ +p°
2 2’
Vo< +B

Ha3BIBAETCA apeymMenmom Z W 0003HAYaeTCs
argz mpu ycnosuu, uto z # 0.

sin@ =

5°. KommmekcHoe umcino O —[ i naseBaercs

KOMNJICKCHO-CONPANCEHHLIM — YUCTY Z |
o0o3Havaercs Z .
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3amevaHua: 1°.

o

2°.

OnpeneneHus, aHaJoruyHble ImyHKTam 1°, 2° u 5°,
MOTYT OBITh CEJIaHbI U JUIS MaTPHUIL], SIEMEHTaMH KO-
TOPBIX SIBIISFOTCS] KOMITJIEKCHBIE YHCIIA.

HOCKOJ'H)Ky CyHICCTBYET B3aUMHO OAHO3HAYHOEC COOT-
BETCTBUE MHOXKXECTBA paaAnlyCOB-BEKTOPOB Ha IJIOCKO-
CTH U MHOXXCCTBa KOMIIJICKCHBIX YHUCEJII, TO KOMIIJICKC-
HBIC YHCJIa MOXKHO I/1306pa)I(aTI> TOYKaMH Ha IIIIOCKO-
CTH.

CsoncrBa KOMMMEKCHOro conpsxeHud

HMeroT MecTo cleayroniye, JIETKO MpoBepsieMble CBOMCTBA JIJIST TIOOBIX

z,2,,2, €2

1°.

2°.

3°.

4°.

5.

F-=-.

Yucino z OyaeT BEIECTBEHHBIM TOT(A U TOJILKO TOT/IA,
Korma Z = Z .

= 2, 2
Yucno zZ =0 +[3° Bcerna BelIeCTBEHHOE U He-

OTpHULATCIBHOC.

Z,+2z, =2z, +Z,; 2,2, =Z,Z,.

n
k
Ecmu Pn (Z) = Z Ol,Z — MHOIOYIEH C BEIIECTBEH-
k=0
HBIMA KO3 (HIMEHTAMH, UMEIOIMI KOPEHb A, TO

9TOT MHOTOWIEH Takke OyleT MMeTh U KOPEHb ), .

n
. k _
JleiicTBuTensHo, mycts Y O, A" =0, torna
k=0
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3ameyvaHue:

3apava
Mpwun. 3.1.

Peluenne.

OzﬁzZakkkz o, A
k=0

= k=0

€Clii areOpandyeckoe ypaBHEHHE C BEIICCTBEHHBIMH KO3()-
(I)I/IHI/ICHTaMI/I HNMECT KOMIIJICKCHBIC KOpPHU, TO OHHU ITOIIApHO
COINPSDKEHBI, a anredpandeckoe YpaBHEHHE C BEIIECTBEHHBI-
MU k03 uIeHTaMK HEYETHO# CTEeTIeHN UMEET, 10 KpalHel
Mepe, OJIMH BEIICCTBEHHBINH KOPCHB.

Ha muooicecmee xomniexcnulx wucen pewums ypaeHeHue

z2+1=0.

IIepenuceiBas 3T0 ypaBHEHUE, IPUHSB, YTO

o ol a 1 0
Z=0L+Bl= , IOJTy4aeM

+
B BIIBL [Of [0

3aMeTnM, 9TO 3/1€Chb MBI BOCIOJIB30BATHCH Pa3BEPHYTHIMU
MIPEACTABICHUSIMHU YHCEIT

1 0
1=1+0i= 0 u 0=0+0i= ol

BbINONHUB YMHOXKEHUE U CIIOKEHHE B IIPaBON 4acTH ypaBHe-
HUS, IPUXOJUM K PaBEHCTBY

2 2
o’ —p +1 0
203 0
Ho INOCKOJIbKY JIBa KOMIUICKCHBIX YMCJIa paBHbI TOraa H
TOJIBKO TOrJa, Korjaa OAHOBPEMCHHO PAaBHbI UX BCHICCTBCH-

HbIC U MHUMbIC YaCTH, TO MbI IOJIy4acM CIICAYIOLIYIO CUCTC-
My HEJITMHEMHBIX ypaBHeHI/Iﬁ OTHOCHUTCJIIPHO BCHICCTBCHHBIX

HEU3BECTHBIX O B .
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2 2
o —-p +1=0,
20B =0,
a=0,

KOTOpad, Kak JICTKO BUJACTb, UMCCT ABAa PCULICHUS B 1 )51

a= 0,

B 1 HOBTOMY HNCXOJHOC YpPABHCHHC TAKIKE MMCECT IBa
peleHus

0 0
z, = : =0+1li=i n z, = . =0+(-Di=—i.

TperHomeTpmquKaﬂ N 3KCrMoHeHunanbHas (bOprI 3anncum
KOMIMJTEKCHbIX Yncen

Ucnone3ys onpenenenne [Tpun. 3.3, MOXKHO MONYyYUTHh CHEIUATBHYIO
(dopMy 3amucH HEHYJICBBIX KOMIUIEKCHBIX YHCEIN, HA3BIBAEMYIO MPULOHO-
Mempu4eckou:

z=o+PBi=-/a’+p*( a b i)=

\/(12+[32 +\/a2+52

=p(cos@+isin@).

TpI/IFOHOMeTpI/I‘IeCKaH (bopMa 3allMCU KOMIIJICKCHBIX YHUCCII aHaJIOrMYHa
OIIMCAHUIO TOYKH, I/I3o6pa>l<a101ueﬁ KOMIIJICKCHOC 4HCJIO, B HOJ'[HpHOfI Cu-
CTEMC KOOPJWHAT.

HYCTL HapaBJIAOIIUM JICMCHTOM HOHHpHOP‘I OCH CIIYKUT IJIEMCHT

1
81:0:

a IIOJIKI0C CoBIIagacT ¢ Ha4aJIloM OpTOHOpMHPOBaHHOﬁ CHUCTEMbI KOOpAUHAT

{0,g81,8,}-
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Tornma
- 3HauYE€HUE MOMYJS KOMIUIEKCHOTO YHCIia |Z | paBHo P — paccros-
HUIO OT Ha4yaja KOOPIMHAT A0 TOUYKH, H300pakaroiel TaHHOE YuC-

110,

- 3Hayenue aprymenta AI'ZZ coBmagaeT ¢ BENIUYMHOU IOJSPHOTO
yriaa ¢, oTcunTHIBAEMOrO MPOTUB YACOBOM CTPEJKH, MIO3TOMY, CO-
riacHo onpezeneruo Ipui. 3.3, komiuiekcHoe uncio Z = oL + i
HpPeICTaBUMO B TPHTOHOMETPUYECKOH (opme:

z=p(cosQ+isin@).

Im:=

Re:z

Puc. pun.3.1

Hpyroit gacTo ucmoms3yeMoi (opMON TpeACTaBICHHUS] KOMILICKCHBIX
YuCcen SIBISIETCS WX OKCHOHeHyuanvhas (Hopma, KoTopas MoIydaercs
npeoOpa3oBaHUEM TPUTOHOMETPUYUECKOM (OPMBI IO hopmyne Diiepa:

e? =cosz+isinz VzeQ.
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B atom cnyyae u3
z= 0L+Bi:|z|(COS(p+isin(p)

crIesIyer, 4to z = p e'e.

Hcnonp3oBaHue 3KCIIOHCHITNATBHON (YOPMBI 3aIACH KOMITICKCHBIX YH-
CeJl MOXKET YIPOCTUTh PELICHUE HEKOTOPBIX 3aJay, MOCKOJbKY IPHU Iepe-
MHOXEHUHN KOMIUIEKCHBIX YMCEN UX MOJYJM NEPEMHOXKAIOTCA, a apryMEH-
THI cknanpiBaloTca’'. Harmpumep,

ig g, i(q +¢,)
212, =€ P€ = pip,€

WJIk, IpUHAB BO BHUMAHUE, YTO

) ) T .. T i
i=0+li=cos—+isin—=¢?,
2 2

MOJTy4YUM
i N
i'=(e ) =e 2.
3agava Haiimu xaxoe-1ubo seuwjecmeennoe peuieHue ypasHeHus.
Mpwun. 3.2.
P cos\/; =5.

Pewenve. U3 popmyinsl Ditnepa cienyer, 4ro

iz —iz
e +e
cosz =# VzeQ,

MO3TOMY JAHHOC YPABHCHHUEC MOXKHO 3allMCaTh B BU/JIC

2! OBocHOBaHNE 00OOIIEHNS CBOACTB SKCIOHEHIHANBHOM (DYHKIHH BEleCTBEHHO-
ro apryMeHTa Ha KOMIUIEKCHBIN citydali npusoautcs B Kypce TOKII.
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2
Vx|

1
_g wm y+——-10=0,
B y
rac y:el

OTtkyna HaXoIUM, 4TO ei\/; =5+2 % , TO €CTh

iJx = In(5£2-/6),

wm okonyatenso x = —In’(5+ 2./6 ).
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MpunoxeHue 4
ANEMEHTbI TEH30OPHOIO MCHUCIIEHUA

IIpnioxenne 4.1. 3amedyanusi 06 onpeaejieHNH 00bEKTOB
B JIHHEIIHOM IIPOCTPaHCTBE

B mpenpinymux pasznenax Kypca JIMHEHHO# aireOphl MCCIeoBaInCh
HanboJiee 4acTO BCTPEUAIOLIMECS B NPHUIOKEHUAX BHIBI OOBEKTOB B JIM-
HEWHOM TPOCTPAHCTBE, TAKNE, KAK HIEMEHT JIMHEHHOTO POCTPAHCTBA, JIN-
HEHHBIN (QyHKIMOHAN, JTHHEHHBIA omepaTop, OMIMHEHHBIN (YHKIMOHAT H
T.JI., XOTS BIIOJIHE OYEBUIHO, YTO B JJMHEWHOM IPOCTPAHCTBE MOTYT OBITH
orpejieIeHbl U UHBIE, OBITh MOXET, 0oJiee CIIOKHbIe 00BEKTHI, IPENICTaB-
JIAIOIIME MPAaKTUUECKUI UHTEpEC.

OmpeneneHue Bcex pacCMOTPEHHBIX paHee OOBEKTOB /1aBaJIOCh BHE 3a-
BHCHMOCTH OT HAJIMYMS WIIM OTCYTCTBUS Oasmca JIMHEHHOTO MPOCTPAHCTBa,
IIPUYEM B CiIydae CyIecTBOBaHM 0asuca JUIsl KaXIOro U3 OOBEKTOB IIpU-
BOJIMJICS aJIbTEPHATUBHBIA, ITOKOMIIOHEHTHBIH crioco0 ero omumcanus. 1
MOCKOJIBKY 3aMeHa 0a3uca MEHseT, BOOOIIe TOBOPs, JaHHOE OIUCaHHE, TO
CHENHANbHO HUCCIIEI0BAJICS BOIPOC O XapaKTepe 3TOT0 W3MEHEHUS.

OpHaKo €CTECTBEHHO JOMYCTHTb, YTO B JIMHEHHOM NpocTpaHCTBE A"
CYIIECTBYIOT OOBEKTHI, KOTOPHIE MOXHO OIPEICINTh, WCIIOJIb3YS JIHIIb
3HAa4YEeHUS UX KOMIIOHEHTOB B HekoTopoM Oasuce. Takoil moaxon mpusie-
KaTeJIeH TeM, 4TO, BO-TIEPBBIX, B 3TOM Cllydae He TpeOyercs OOBSICHATH,
YTO MPEACTaBIACT COOON MaHHBIA OOBEKT OE30THOCHTENBHO K 0asucy, H,
BO-BTOPBIX, ONPE/IENICHNSI 00BEKTOB Pa3HOHW MPHUPOIBI MOTYT OBITH BBITION-
HEHBI eIMHO00pa3Ho.
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C npyroil cTOpoHBI, HEJOCTATKOM TaKOH CXEMbI SIBJISIETCSI OYEBHIHAS
3aBUCHMOCTh OIUCaHHs 00BEKTa OT BbIOOpa 0asuca, TO ecTb HEoOXOIu-
MOCTh YKa3bIBaTh (B CaMOM OIpeIeNieHNH o0BbekTa!), YTO NMPOUCXOIUT C
€ro KOMIIOHEHTaMH TPH NEPEXOAE OT OJHOTo 0a3uca K Jpyromy.

JInst OLICHKH [esIecOO0pa3sHOCTH MCIIONBb30BAHMS ONpPEIETICHUs] 00beK-

TOB B A" yepe3 WX KOMIOHEHTHI npuBenaeM B Tabmuie [Ipmi. 4.1.1 ocHOB-

HBIE, PACCMOTPEHHbIC HAMHU paHee, TUIIBI 00bEKTOB, (POPMBI UX TPENCTaB-
JeHus B 6a3nce W MpaBmiia N3MEHEHHMS 3TOTO TPEACTABICHUS PU IEPEXO-

zie oT Gasuca {g,,Qss» &, | KOasuCcy {g1,Znsr @},

Ta6numa [pun

.4.1.1

Tun KoopaunaTtHoe npeacrabJieHue IIpaBu/10 n3mMeHeHust
o00bexTa B Gasnce {g,, &y, <, } KOOPIMHATHOIO Mpea-
B A" cTaBJIeHUsI TP Mepexo/e
! ! !
K Gazucy {81,858, )
DjeMeHT Cronben -1
X x ! = S x 4
3 . .
£ I
2 n
[ =1, = :
¢ g =21k,
£ i=1
n
JIuneit- Crpoxa ” i ” _ ” f S "
HBII H fH — g' g
GbyHKIH- g WA
OHall

J(x)

b

:H¢1 ¢2 ¢n

rue (I)i :f(gi)

n
¢, =260,
i=1
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Jluneii- 1:1 _ | _
HBIH or1e- g g
partop a]] alz aln ‘ S H
121 _ Oy Oy e Oy,
B cee cee cee cee ’ I/IHI/I
a, o, . o, Oﬁ;a —
e - ZZTM mi O jm
N =1 m=1
Ag] zal]gl’ 1 l’l] "
pamei-| |5, - 18,-
g[8, By By| | =[s[|B],]s]
_ le Bzz an
Bx,y) | | .. o i
Bnl BnZ Bnn B;a =
rae = chjkaiBjm
By = B(g;»g,) i»j =[ln] j=t m=1
Kanpa- | @ = o], -
b o 0w oou | <[ S[Te] 5]
P P e Dy,
D (x) [ R
(pnl (an (pnn
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rae AN

Bi‘+B'i .. (P’i:
(Pij :%7 l:.]:[lan] *

= G kO i P jm

Kak u panee, Oymem npearmonaraTs, 9To MaTpHUIla mepexoaa H S H HMe-
n

€T KOMIIOHEHTHI Gl«j, rae g} = ZGijgi; ] = [l,l’l], a Marpuua
i=l

-1
oOpaTHOro mepexona H TH :H S H UMeeT KOMIIOHeHTHl T, TO eCcTh

i

g; =Ztijg; ; j=[1,n].
i=1

Cormocrapienue GopMys TpeTheil KOJIOHKH TaOJHIIBI [TO3BOJISET 3aMe-
TUTBH, YTO U AAHHBIX O0BHEKTOB!

’ ! ! o
1°  3HAaYeHHs UX KOMIIOHEHTOB B Oasuce {g 198358 ,,} JIUHElIHbL

10 3HAYECHUSIM KOMIIOHEHTOB B Oasnce {g 1982598, } ;

2°  koa(pdunueHTaMu B 3TUX (HOPMYNaX CIyKaT JTHOO KOMITOHEHTHI

-1 o o
MaTpHIl H S H Wi H S H , IM00 U TOH U JPYyroii OTHOBPEMEHHO.

B kypce nmHeitHON anreOpbl HaMu OBUIM pacCMOTPEHBI JIAJIEKO HE BCe
BU/IbI 00BEKTOB, KOTOPBIE 00JIaal0T MOJXOOHBIMU TPaHC(HOPMAIIMOHHBIMH

cpoiictBamu. Hampumep, B A’ MOKHO BBECTU npousseoenue 71eMenmos

X ® y , IOCTaBUB B KAXKIOM Oasuce yHOpHI[O‘IGHHOﬁ nape 5JICMCHTOB

x:H& & - %nHT u y=Hm Ny - mHT




492 AHaJTUTHYeCcKasi TeOMETPHUsl M JUHeiiHas ajiredpa

B COOTBETCTBUE MATpULly pasmepa 1 X 1 | UMEIOLYIO BUJL

Emy &m, - §nm,
&En &M, .o &im,

Fﬁnnl E.mn2 Fﬁnnn
Hertpyaso y6enutses, uto o6bekt X @ ) mpu mepexome ot 6Gasuca

! ! !
{g,,8,,-8,} x Gasucy {g/,g,--»&,} MEHSETCS B COOTBETCTBHH C

npaBuiaMu 1° u 2°. JIefiCTBUTENBHO, U3

n n
1A _ ! _
F:vk = ztki&i u mn;= ZT_,-mﬂm
i=1 m=1
n

n
! !
CIeayeT, 4To ak nj = Z z T ijai N,, » WIK XK€, B MATPUIHOM BHJIE,

i=l m=1

[x@yl, =dsIxey], Is]"

IlocnenHee paBeHCTBO O3HAYAET, YTO BBEAECHHOE HAMM NPOU3BEACHUE dJIe-
MEHTOB 001a1aeT cBoiicTBamMu 1° u 2°.

PaccMoTrpum apyroii npumep, AeMOHCTPUPYIOLIMHI CyIleCTBOBaHHE 00-
JIee CIIOXKHBIX 00BEKTOB, 00JIaIAI0IINX TaHHBIMH CBOMCTBAMH. JlocTaToyHo
4acTo B (PM3MYECKUX IPHIOKEHHUIX HCIOJB3YEeTCs METOJl, B KOTOPOM JIH-
HEWHBIN OIEepaTop OMHCBHIBAET 3aBUCHMOCTb OJHOTO BEKTOpA, XapaKTepu-
3YIOIIEr0 HEKOTOPOE CBOMCTBO TOYKH IMPOCTPAHCTBA, OT APYrOro BEKTOpa,
SIBIISTFOIIETOCS IPYTOoH (PU3UIECKOM XapaKTEPHUCTUKON ITOH Ke TOUKH.

- o
HaanMep, 3aKOH FyKa CBA3BIBACT BCKTOP CHUJIBI F , BOBHHKAIOUICH B

pe3yibTaTe ynpyroi aehopmanuu, ¢ BEKTOpoM AedopmMarim A_;” COOTHO-

HICHUEM
F, K, K, K. Ax
F)’ = ny Yy vz Ay 4
F z K zx K zy zz AZ
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N
WA K€ UHAYKOUA BJICKTPUYCCKOI'O ITOJIA D BbIpaXXa€TCsA 4€pE3 HaIpsA-

- o
JKCHHOCTD 3JICKTPHUYCCKOI'O IMOJIA E q)OpMyJIOI/I

Dx exx exy exz Ex
Dy = e)’x eyy eyz Ey
Dz ezx zy ezz Ez

Ecmm cpena omHOpOmHAsA, TO KO3((GHUIMEHTH MATPUI 3THX ONEPATOPOB
KoHCTaHThl. OHAKO ecloM HCCleqyeMBble CBOMCTBA CPeIbl MEHSIOTCS OT
TOYKH K TOYKE, TO COOTBETCTBYIOIINE ONEPATOPHI yXKe He OyIyT JIMHEHHBI-
MH, U MOXET BO3HMKHYTh BOIIPOC O XapaKTepe MX 3aBUCHMOCTU OT KOOp-
JIUHAT.

B 3TOM ciyyae MOXKHO BBECTH B PacCMOTPEHHME OOBEKT, KOMIOHEHTHI
KOTOPOTO SIBIISTFOTCSI YaCTHBIMH IPOW3BOJHBIMA KOMIIOHEHTOB MAaTPHIIBI
omeparopa no nepemeHHsiM X>V u Z . J[ns paccMaTpuBaeMbIX IPHMEPOB
TaKMX YaCTHBIX MPOU3BOJHBIX OyneT 27, U nX yaoOHO NPEACTaBUTh B BULIE
TpeXMepHOH TabnuIpB! (MITH, KaK MHOTa TOBOPAT, “KyO-MaTpuisr”).

Hanpumep, s 3akona ['yka 3TOT 00BEKT COCTOUT U3 TPEX MATPHIL
BUZA

Ok, 0Ky Ok, | 0k, OKy Ok, |0k, 0Ky Ok,
ox ox ox || oy oy oy || 0z 0z oz
0K, OK,, Ok, |0k, Ok, Ok,||0k, OK, 0K,
Ox ox ox oy oy oy 0z 0z 0z
o, Oy dx, |ox B, S | [ 0Ky Ok,
ox ox ox || oy dy dy || oz 0z oz

B of6miem ciaydae #-MEepHOTO JHHEHHOTO MPOCTPAHCTBA MOYKHO BBECTH

00BEKT, Ha3BIBAEMBIH npouU3600HOU onepamopa, 0003HAYaeMbIi ||

or

g
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U 3a7aBaeMblii B KOHKPETHOM Oa3uce YIOpsIOYEeHHBIM HabopoM H3 5
qHCelT.
Haiinem 3akoH mnpeoOpa3oBaHHs KOMIIOHEHTOB 3TOTO OOBEKTa IpH

’ ! !
nepexose ot 6asuca {g,,g,,--»g,} K 6asucy {g,&5,-»g,}. Io-
CKOIIBKY TIPABIJIO H3MEHEHHs KOMIIOHEHTOB MaTPHIE! orepatopa 4 B A
MIMEeT BHJI

-1
=ls]
4

g‘S” (mmu Ot;a»:zzrkjﬁ O ) s

j=t m=1

TO U3 npasuia JuddepeHInpoBaHUs CIOKHON QYHKIIMH CIEAYET, YTO

0oy, L oo, O,
TP D WL aal ‘ZZ “° ””’Z ‘oe, o)
_ZZZ% WTMGPI’
j=1 m=1 p=1 P

WM, B MATPUIHOH (opme,

0A - 0A
—=| =IsI'lIslF| =] sl
or |, or

g g

Ortkyna genaeM 3akIlOYeHHe, YTO BBEIEHHBI HAMH HOBBIM OOBEKT TaKKe
oOiamaer cBoiicTBamu 1° u 2°.

C npyroit CTOpOHBI, OTMETUM, YTO HE BCSKHI OJHO3HAYHO OTpe/essic-
MBIA CBOMMH KOMITOHEHTaMH OOBEKT OyaeT 001agath MOoJOOHBIMH TPaHC-
(hOopMaMOHHBIMU CBOHCTBAMHU.
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Hampumep, paccMOTpUM OJHOKOMIIOHEHTHBIH 00beKkT (O, 3HaueHue

&

2
KOTOpPOTO /I Ka)XJOro 3jJeMeHTa X = npocrpaHctBa A" ecTb

F:vn

cymMa KoMroHeHToB X . [t Hero B 6asuce {g, &, -, &, | UMeeM

n
0-3%
i=1

M, XOTs 3HaueHHe @ WU ompezienseTcs OIHO3HA4HO B Oasuce
! ! !/ o«
{gl 580 seees gn} , OHO HE BbIpaxkaercs JuHeuHo depe3 M, Tak Kkak

n n

0= ia’ =227,

=1 j=1

Taxum 006pa3om, MbI IPUXOJUM K 3aKJIIOUYEHHIO, YTO B KOHEYHOMEPHOM
JIMHEHHOM MPOCTPAHCTBE CYLIECTBYET JOCTATOYHO IIMPOKHUHA Kilacc 00beK-
TOB:

- 3aJaBacMbIX COBOKYITHOCTBHIO 3HAYECHUH CBOMX KOMIIOHCHTOB B HE-
KOTOpoM Oasmce;

- o0najmaronmx cBolicTBamMu Buja 1° u 2°, XapakTepHU3yOUMMH H3Me-
HEHUS 9THX KOMIIOHEHTOB IIPH TIEpeXo/ie OT OJHOTo Oa3uca K apy-
roMmy.

OOBeKTHI, 0b0Namaromuye IEePeYNCICHHBIMA CBOWCTBAMH, HA3BIBAIOT

meHn3opamu, YTO4HsAd 3TO Ha3BaAHUE, B CJIydaC MNPHUCYTCTBUSA MaTpUL] H S H

WA H S

31ca, TEPMUHOM KOGapuanmmuwlil (TO €CTb npeoopasyiowuiicss max dce, Kaxk

T B hopMymax mepecuera KOMIOHEHTOB TEH30pa NPH 3aMeHe Oa-

-1
U OasucHvle d1emeHmpl) WK Ke B Cllydae MPHUCYTCTBHS MaTpPUIl H S H

_1 §
wm (H S H )T — TEPMHUHOM KOHMPABAPUAHMHBI.
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IIpnioxenne 4.2. Onpenesnenue
1 0003HAYCHNE TEH30POB

OrmpenieneHye TEH30pa, UCXOMAS M3 BBIICH3IOKEHHBIX COOOpasKeHHH,
MOJKHO OBLTO OBI 1aTh, HATIPUMEP, B TaKOH (opme:
Bynem roBopHuTh, YTO B BEIIECTBEHHOM JIMHEHHOM MIpO-

CTpaHCTBE A" ONpeeNeH meH30p muna (g.p) 49 pas
Kowmpagapuanmuoli u P paz  xosapuanwmmuoviti  (uiu
( p+ q) -6asleH-mHublil), €CIM B A" 3a]laH 00BEKT, KOTOPBIi
B Ka)XJOM Oasmce XapakTepHU3yeTcs YyIOpsIOYeHHBIM Habo-
+
poM nP*4 “meet éjljz-~/},i1iz~~ip (rae
Jm =[1l,n]; m=[l,q] — xourpaBapuanTHBIC MHIEKCH U
i, =[1,n]; k=[l,p] - xoBapuantbe), Tpeobpazyo-

muXcs TpH mepexoe ot 6asuca {g,,<,,..» g, K 6asucy

{g],g55» &)} 1o 3aKony

n n n n n n
!/
E_, S g g — E E E 2 2 E 6..0....0.., X
J1J2Jghiz Ly hh bl Iplp

i=liy=l  i,=1=1j,=1 j,=I

T.Ilvllr.lzv/z T.lq]q JiJz - Jghiy iy 2

e i =[Ln]; k=[Lp] u j; =[Lpl; k=[Lm], a

Gij u Tij CYTb COOTBETCTBCHHO KOMIIOHCHTBI MaTpHIIbI

‘ S H H eii oGpaTHoit H TH = H S H_] .

I'poMO3IKOCTD 3aIiCH M HEY1000YNTaeMOCTh TEH30POB ITPU HCIONB30-
BaHWHU CTAHJAPTHOW CXEMbl 0003HAYCHUI OUEBHIHBI YK€ Ha IPUMEPE ITO-
ro ompezaeneHus. [1oaToMy B TEH30PHOM HCUHMCIEHHH UCIIOJb3YETCs CIie-
[UanbHas1, 0ojiee KOMITAKTHAs (opma omvcaHus TEH30PHBIX OOBEKTOB H
omnepanuii ¢ HUMHU, OCHOBY KOTOPOH COCTaBJISIIOT CJIEAYIOLINE ITpaBUiIa.

nepexonaa
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3anncb TEH30pOB

1°.

Mpumep
Mpun. 4.2.1.

2°.

Mpumep
Mpun. 4.2.2.

3°.

YruopsiioueHHbI# HAOOp BEIICCTBEHHBIX YHCEI, SIBIISFOIIUXCS
KOMITOHEHTAMH TeH3opa, obpasyer (g + p) -mepuyio mabnuyy

(maspiBaemyto taxke (§ + p) -mepnoii mampuyeii, v (q + p)

-MEPHbIM M(ICCI/I60M), Ka)K,IILIfI OJIEMCHT KOTOpOﬁ OJTHO3HA4YHO
OIIPCACIICH Ha60pOM 3HAYCHUN KOHTpaBapHUaHTHBIX HWHICKCOB

J15J25++5J 4 ¥ KOBAPUAHTHBIX MHAGKCOB 15105051 .

Eciu kakoit-mnbo 13 MHIEKCOB IPHHUMAET 3Ha4yeHus ot 1 go 7,
TO B 3alUCH TCH30pA nepeueHsb 3HaueHull UH0eKca He yKasvléaem-
¢ W TPEATIONAraeTCs, YTO BBINHCAHBI KOMIIOHEHTBI TEH30pa It
6cex THX 3HAYECHUI.

3anuce &; =1, o3mauaer, uro

& =n, Vi=[Ln].

Ilopsadok cnedosanus uHOEKco8 8 3anucu MeH30po8 CYUJeCHEeH.
s Toro 4toObI M30eXKaTh BOSMOXKHOW HEOJHO3HAYHOCTH, INPH-
MEHSETCs CeIylomiee MPaBMIo: €CIIM HE0OXOIUMO BBIIHCATH IT0-
CJIEZIOBATEIIFHO BCe KOMIIOHEHTHI TEH30pa (HAIpUMEp, B BHIE OJI-
HOW CTPOKH), TO B IMEPBYIO OUYCPEAb YBEIWYHBAIOTCS WHIICKCHI,
PAaCIONIOKEHHBIC OJIMKE K IPABOMY KOHITY HHACKCHOTO CITHCKA.

Tenzop éijk B A2 uMeeT CileayroHil TOPAJOK KOMIIO-

HEHTOB: &111 > &112 > &121 > &122 > &211 > &212 > ézzn &222 .

B TeH30pHBIX 3amucax IS OTIWYHST KOHTPaBAPUAHTHBIX WHACK-
COB OT KOBAapHAHTHBIX MPHUHATO TEpPBbIE 0003HAYATH GEPXHUMU
unoexcamu, a BTOpble — Hudchumu. IIpu 3TOM, 4TOOBI COXPAHHUTH
o0mmuMii MOPAIOK CIeOBaHUS MHACKCOB B CITUCKE, B 3aIUCh KaX-
JIOTO WHAEKca NO0aBIsAETCS CUMBOJ “‘TOYKA™ IO KaXIbIM BEpX-
HUM HMHJIEKCOM M HaJ KaXXJbIM HIDKHHIM.
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Mpumep é-/k -
Mpun. 4.2.3. idm
4°. Eciu ToO4kM HE UCIIONB30BAHbI B 3aIMCH TEH30pPa, TO IIpeaIoara-

€TCA, YTO HMKHUEC UHJCKCHI CJICAYIOT B CIIMCKE IMOCJIC BEPXHUX.

Mpumep JluneliHbIi onepaTop S‘ , TIEPEBOIATITNI Oa3uc
Mpun. 4.2.4.

{81,8208,) B {81,855 80},

sABIseTCA JBYXBaleHTHBIM Tensopom tuma (1,1) G{

(omvH pa3 KOHTpaBapHAHTHBIM M OJWH pa3 KOBAPHAHT-
HBIM), IPUYEM €TI0 KOMIIOHEHTBI COBIAJAlOT C KOMIOHEH-

TaMH MaTpHulbI [IEPEXoaa G ;; Kak CIIeJCTBUE COBIIaJICHUS

Ji
onpeneneHus 7.3.2 U OmpeneeHus] MaTPULLI THHEHHOTO
oneparopa 8.3.1.

CornawieHne o CymMMUpOBaHUM

[IycTh MMeeTcs BBIpa)KCHHE, SIBIISIONICECS MTPOU3BEACHUEM COMHOKH-
TeNel, IMEIOIINX KaK BEPXHHE, TaK U HWKHUE WHACKCHI, TIPUYEM HEKOTO-
PBIA MHICKC BCTPEYACTCSI B 3aITUCH BBIPAXKCHUS 06adCObl: ONUH pa3 Kak
BEpPXHHUI, a BTOPOM pa3 Kak HWKHUH. Toraa mog TakuM BBIPAYKEHUEM II0O-
HUMACTCSI CYMMA 4l1eHO8 OAHHO20 8U0d, BLINUCAHHBIX OJi 8CeX 3HAUEHUl
NOBMOPAIOUIE20CA UHOCKCA.

B cnydae mpucyTCTBHS B BBIPQ)KEHHH HECKOJIBKUX TMap COBITQIAFOIIIX
WH/ICKCOB IMEET MECTO MHOTOKPATHOE CyMMHUPOBAHHE.

Mpumep 1°.  KsagpaTuuHsiii (GyHKIIMOHAN 3allMCBHIBACTCS TEHEepPh
Mpun. 4.2.5. T (D(x) — (Pij&z&/ _
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2°. Cucrema JUHEHHBIX ypaBHEHUI BHUA
lel 1¢2 len _ Ql
o0& +a,E +..+a,E" =P
2¢1 2¢2 2¢n _ Q2
o0& +oyE +...+a 8" =P
nel neg?2 nen _ Qn
o, & +oyE +..+al" =P
C YYETOM COTJIAIICHUH O TeH30PHBIX 0003HAYCHUSIX 3aITH-

kei k
CbhIBACTCs MMPOCTO KaK (X‘i E_} = B .

Hcnonb3ys cornameHust O TeH30pHBIX 0003HAUYEHHSX M MPHHUMAs BO
BHHMaHHE, 4T0 yncna O; u T;; (KOMIIOHEHTBI MATPHIL HPSMOT0 i 00par-

! ! !
HOIo Iepexoja Mexay 0Oazucamu {g1 550w gn} " {gl 38250 8, })
SBJIAIOTCS TAKXKe KOMIIOHEHTaMH TeH30poB Tumna (1,1), chopmynupyem

OnpepeneHve byznem roBopure, 9T0 B BEMIECTBEHHOM JHHEHHOM IIPO-
Mpun. 4.2.1. cTpanctBe A" ompenenen menzop muna (4, p), 4 pas
Kowmpasapuanmubii ¥ P pas kosapuawmmblil, eCld B

A" 3a1aH 00BEKT, KOTOPbIH B KaI0M 0a3uce Xapakre-

pusyeTcss YHOpsOOYeHHBIM HabopoM p P19  uucen

Judned -
ill-z?__ipq (rne j,.» m=[l,q] — xourpasapuantusie un-
nexcel m 1,5 kK =[1, p] — xoBapuantHbIe), M3MeHsIO-

mUMcs TIpU miepexoie ot 6asuca {g,,&,,.-, g, ) K Oa-

3UCY {g{,g; ,.-.,g,',} I0 3aKOHY

Vs edg i i [ Jg & Ja-Jg
i Wi, OO VT el Sas n
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Onpepenexve
Mpun. 4.2.2.

Onpenenexne
Mpun. 4.2.3.

3ameyaHus. 1°.

2°.

Yucno (q + p) HA3bIBACTCS 8aleHmHocmblo (WIN paH-

JiJ2-Jq

2om) TeHsopa G; .~ .
162 -+ P

JIBa TeH30pa Ha3BIBAIOTCS PAGHBLIMU, €CIU OHU OIHOTO U

TOTO K€ THIIa M BO BCEX 0a3mcax MMEIOT PaBHBIE KOMIIO-

HEHTBL.

Jnst paBeHCTBa TEH30POB OJHOI'O THUIIA JOCTATOYHO, YTO-
OBl X KOMITOHEHTbI OBUIN PaBHBI JIMIIL B HEKOTOPOM 0a-
3uce, Tak Kak u3 (GopMyla mepecyeTa KOMIOHEHTOB Clle-
IIyeT, 4TO 3TU TE€H30phl OyIyT UMETh paBHBIE KOMIIOHEH-
THI U B JIIOOOM JIpyroM Gasmce.

Ecin 00BEeKT XapakTepu3yeTcst OJHUM YHCIIOM, TPHYEM
HE 3aBUCSIIMM OT BbIOOpa 6a3uca, TO ero MOKHO CUMTATh
ten3opom tumna (0,0).

Ta6numa [pu. 4.2.1

Tun odobexra | Tun TeH3opa u ero 3a- HN3meHeHNe KOMIIOHEHT
B A" nuch B 6azuce TeH30pa NpHU nepexoje K
’ ! !
181,825 8.} 6asucy {g/,Z5,--9,}
DIEeMEHT X OpnHoBaneHTHBIN  (OAMH éfj — Tj ai
pa3s KOHTpPaBapMAHTHBIMN) !
tensop tumna (1,0) &’
JInuennbIi OnHOBaNCHTHBIN  (OAMH q)" — d).Gi ,
(GyHKIIMOHAN | pa3 KOBApPHAHTHEII) TCH- J e

f(x)

30p tuna (0,1) (1)‘,4
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HI/IHGfIHfIﬁ orne-| JIByxBaJeHTHBII (omxnj Oc;(m — ‘5762 OLz]
patop 4 pa3 KOHTpaBapHAHTHBIN :
U OIMH pa3 KOBapHaHT-
HBIH) Tenzop Tumna (1,1)
J
;
bununeinblit BYXBaJICHTHBIN Ba- A -
A yX (H . Bkm _GkaBji
(dyHKIMOHAI HKJIBI KOBAapHaHTHBI)
B(x,y) tensop Tuna (0,2) B ji
KsanpaTtuunslii BYXBaJICHTHBIH Ba- (S
P A yX (H o (pkm - Gka(pji
(hyHKITHOHAT HKITBI KOBapHaHTHBIN)
D(x) tensop Tuma (0,2) @ ;
CumBon BYXBaJICHTHBIM  (OJUH rmo_m i S
HAByx (onun ;" =170,0]
Kponekepa pa3 KOHTpaBapHUaHTHBIN
' l,i=j |¥ OmMH pa3 KOBapHaHT-
Sf = 0. _ | mB1) Tensop thma (1,1)
E I
) J
5;

Tabmuna [lpun. 4.2.1 comepXWUT ONUCAaHHE OCHOBHBIX TEH30PHBIX
00BEKTOB M MPaBHJI IlepecyeTa UX KOMIIOHEHTOB TIPH 3aMeHe Oaswuca.

OTMeTuM, 4TO HOCIENHMN W3 HpUBEAEHHBIX B Tabmuue [lpmi. 4.2.1
TEH30poB — cuMBOJI KpoHekepa — BO Bcex 0a3zucax MMeEET KOMIIOHEHTHI,
COBMAJIAIONINE ¢ KOMIOHEHTAMH €IMHWYHONW MAaTPHIBI, €CII CYUTATh, 9TO
BEPXHUI HHJIEKC 3TOT0 TEH30pa €CTh HOMEP CTPOKH, & HIKHUH — CTOJIOIA.
JelictButensHo, no onpexaenenuto Ilpun. 4.2.1 cropaBeAnuBbl COOTHOILE-
HUS

l,i=j,

rmo_ o om i Sj o m__j __
3" =170,6] =17o; = o
0,i#].
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HOCJ’ICZ[HCC PaBEHCTBO, OYE€BUIHO, UMECT MCCTO, IOCKOJIbKY BbIPAKCHHUE

m j
Tj Gi €CTb PpE3YJIbTAaT MPOMU3BCACHHA ABYX HEBBIPOXKICHHBIX, B3aMMHO

06paTHI)IX MaTpul, KOMIIOHCHTBI KOTOPBIX COBHAAAOT C KOMIIOHECHTaAMH

m i
TEH30pOB T1; U (Si.

3amevaHna o ManVI‘-IHOIZ 3anncn TeH30poB

B psne cimy4aeB TeH30pHI YIOOHO MPENCTABIATh B BUAC ON0OUHBIX MAM-
puy, TO €CTb MaTpPHII, SJIEMEHTAMH KOTOPBIX SBILIOTCS OOBITHBIC MATPHIIBI
C YMCIIOBBIMH JIeMEHTaMU. [Ipu 3TOM IPUMEM CIIEAYIOIINE COTITAIICHUS:

1°.

2°.

3°.

Tenzop Tuna (1,0) zanmcsiBaercs MaTpurei-cronomnom. Tersop

tina (0,1) 3anmceBaercs MaTpuneii-cTpoKoii.

OJeMeHTHl MaTpHI, UCTIOIB3YEeMBIX TS 3alUCH TEH30pOB, HyMe-
PYIOTCS HW)KHUMH HHIEKCaMH, IOPSIOK CIIEJOBAaHUS HHIEKCOB
olpezeseH Bbie, B npaswie 2° "3amuck TeH3opos". OOpaTute
BHUMAHUEC, 4YTO IPH OTOM 3allUCb TCH30POB BAJICHTHOCTU
Oomnpmeis, gem 1, He OyIeT oTpakaTh THI TEH30pa.

[epBbiii HHAEKC ONPEAEIAET HOMEP CTPOKU B YHUCIOBON MAaTpHIIE,
BTOpPOW WMHAEKC — HOMEp croyona. TpeTwid WHAEKC OIpeaenseT
HOMEpP CTPOKH B OJIOWHOW MAaTpHIIC, COCTOSIICH W3 YHCIOBBIX
MAaTPHII, YeTBEPThIA UHICKC COOTBETCTBEHHO — HOMEp CTOJIOIA B
0JIOYHO MaTpwHIIe.

[puBenem s WILTIOCTpPAIMK OOIIUI BUI MAaTPUYHOW 3aIFCH TEH30pa
YETBEPTOM BaJICHTHOCTH B IBYMEPHOM MPOCTPAHCTBE:

O Qg | Oy Qg

Ooiip Aoy | Ogrp Ay

Oligp oy | Oy Qyppp

Oloipp oy | Ogpp Apypy
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3apava
Mpun. 4.2.1.

PeweHne.

Kaoicooui nape osnemenmos X u YV auneiinozo npo-
cmpancmea A* conocmasisemes uucno f(X,y), onpe-

oensiemoe uepes KOMROHEHMbL IMUX ICMEHIN08
1 g2 ¢3 ¢4 1,2 3 4
£,8.,6.,8" v ' ,n,n
6 cmanoapmuom basuce {gy »&€2,83 ,84} no gopmyne
_ gl 3 2. 4
fley)=&m +3&m".
Tokazamop, umo OanHoe conocmasieHue onpedensiem mem-

30p, HAUMU €20 MUun, SbINUCAMb €20 KOMNOHEHMbl 6 OaH-
HoM basuce.

1°. O4yeBHOHO, YTO JAHHOE COITOCTABJIEHHE JIMHEHHO IO
Ka)XJIOMy M3 aprymeHtoB. Haiiem 3akoH H3MeHEHHs
€ro KOMITOHEHTOB TIpH 3ameHe Oasuca. I1yctb

4
r_ k
8 = zGi &
k=1

npyu nepexone ot 6azuca {g,,<,, g3, g.} x Gasucy

! ! ! ! o
{gl 287,83 g4} . Torma B cuily JMHEHHOCTH cOmO-

CTaBJICHUA

4 4
f(gz"g’,) = f(chglmzcljgl) =
k=1 =1

= Zzgfclj‘f(gkogz) .

4
k=1 [=1

[TockonbKy KOMIIOHEHTHI UCCIEYeMOr0 00bEKTa B HO-
BOM 0a3uce BBIPAKAIOTCS JIMHCHHO Yepe3 KOMITOHCHTHI
B CTapoM, a KO3(QQHIMEHTaMH CIyX)KaT TMOoHnapHbIe

IIPOU3BECACHUA DJJICMCHTOB MAaTpPHUIIbI IIEPEXOJaa H SH,

1O 10 omnpeneneHuto [Ipmi. 4.2.1 3TOT 00BEKT SBIACTCSA
tersopom tina (0, 2).
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2°. Haiinem KOMIIOHEHTBI 3TOr0 TEH30pa f (g 8 ,) B HUCXOJHOM

Oasuce

g

4

l,: > , D) D)
lel, Heall, ={  |I: e ;g

1
0
0

oS O = O
S = O O
- o O O

0

[To ycnoButo 3anaun

f(g.8)=1; f(g,,8,)=3n f(gr,g)=0

B OCTAJBHBIX Cilydasx. TakuMmM o0pa3oM, MCKOMas MaTpHuIla
TEH30Pa UMEET BUJL

oS O O O
oS O O O
S O O =
S O w O

IIpunioxenue 4.3. Onepanuu ¢ TeH30paMHu

BBoauMbIe HIDKE OIEpaliy ¢ TEH30PaMH BO BCEX CIIydasix TPeOyroT 00-
OCHOBaHHMS TOTO, YTO PE3YNIBTATOM KaKIIOH N3 HUX SIBISIETCS TaKXKe TeH30p. B
paMKax JaHHOTO Kypca 3TH YTBEP)KACHUS NPEANararoTcs B KauecTBe
yIpa>KHEHUH.

CnoxeHne TeH30poB

JiJaJ
Onpenenenne IlycTs naHbl 1gBa TEH30pa THUIIA (q, p) i q
Mpwn. 4.3.1. S o )

Jia--Jg JiJa--Jg
Bilizu.ip . Tensop tuna (¢, p) Yi,iz...ip Ha3bIBACTCS
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Mpumep
Mpun. 4.3.1.

YMHOXeHune

OnpepeneHne
Mpwnn.4.3.2.

3ameyvaHue:

TeH30pHoe

Onpegenexve
Mpun. 4.3.3.

JiJa-- jq lejZ"‘jq

CyMMOM TEH30POB o iiyi, €CJIIM B KAXXJIOM
el

ijiy..
0a3uce UMeeT MECTO paBeHCTBO
JiJa- JiJa- Jq JiJa-Jg
y iyl .0, =a; ijiy.. Bi1i2...ip

CyMMa JIByX JIMHEHHBIX OMIEPATOPOB OL u Bl , SIBJISTFOLIIHX -
cs1 rersopom tuma (1,1), ecTh TakkKe JTUHEHHBIN ONepaTop H,
cienoBarTensHo, Terzop Tuma (1,1) j/ij , 17151 KOMITOHEHTOB

KOTOPOTI'O CIIpaBCIJIMBbI COOTHOIICHUA

J _ ~J J
v/ =a] +B/.

TEH30POB HAa 4YnUCIo

Iycts nau Tewsop tuma (¢, p) O jlj_z_.ipj M uHCIo A .
Tenzop Tuna (q p) 'Yljllljz & HA3bIBACTCS 1poussede-
Huem TEeH30pa OLZJIZZZPJ" Ha A, €CIM B KaXIOM Oaszuce
HMEET MECTO PABEHCTBO

Vi =Rt

HETPYAHO MOKa3aTb, YTO MHOXECTBO TEH30pPOB THIIA

(¢, P) c onepauusMu CIOKEHHS H YMHOXKEHHS HA YHCIO

SBISIETCA  JIMHEHHBIM  NPOCTPAHCTBOM  Pa3MEpPHOCTH
+

A

npovsseneHve

JiJa-Jq

IycTh naHk! gBa Tensopa tuna (¢, p) . i, HMTHIA
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Mpumep

Mpwun. 4.3.2.

3apava

Mpwun. 4.3.1.

(r,s) B ;?1]2{2 . Temsop muma (q+7r,p+s)

Jida - Jghkiks .k,

i1i2-~~i lllz‘"ls Ha3bIBACTCA np0u3se()eyue/w TEH30POB

J1Jz B k k2

lllz , ECIIM B Ka)KJIOM Oa3uce MMEET Me-

CTO PABCHCTBO

Sz Jgkiky ke oL /2 ]q Bklkz
iyiy i phly lllz L,

WHorna TeH30pHOE MPOU3BEICHHE O0O03HAYAOT CHUMBO-
J0M ®.

MBI BUJENH, YTO 31EMEHThI JUHEHMHOTO MpocTpaHcTBa A”
ABJIAIOTCA OJWH pa3 KOHTpaBapHMaHTHBIMHU TCH30paMU.
Haiinem mx mpomsBenenue no omnpexaenenuto [Tpmi. 4.3.3.

[omyyaem, uto X ® y = &kn’ €CTh JIB&K/IBI KOHTPaBapH-

AQHTHBIN TEH30p.

3ameTnm, x®y¢y®x. Jleno B TOM, 4YTO XOTAd |
ki ik

EN' =N'€", HO ynopadouusanue KOMIIOHCHTOB OSTHX

TEH30POB BBINOJIHACTCS MO-pasHoMy. ClenoBaTenbHO, TEH-
30pHOE MPOU3BEICHUE HEKOMMYMAMUBHO.

Onpedenums mun u mampuyy mensopa ¢ = a @ b, eciu

1 2
3 4

a — menzop muna (0,3) ¢ mampuyeii 5_6 ub -
7 8

meH30p muna (0,1) ¢ mampuyeti H 9 IOH.
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PeweHne.

Ilo onpenenenuto TEH30pPHOTO Mpou3BeneHUus C ecTb TeH-
sop tuma (0,4) ¢ marpumeit, cocraBenHoii (¢ yaeToM co-
TJIAIIEHUS 0 TOPAIKE MHICKCOB) M3 MO3JIEMEHTHBIX MPOU3-

BE/ICHHUH BU/A Oti,-kB,, rne Ol m B, — xommonenTHI Ten-

30poB @ U b COOTBETCTBEHHO.

Takum o0paszom, MaTpuIia TeH30pa C HUMeeT BUI

1-9 2.9/1-10 2-10 9 18|10 20
3-9 4.9[3-10 4-10) 27 36|30 40
5.9 6-9|5-10 6-10| |45 54|50 60
7-9 891710 8-10 63 72170 80

CBepTbiBaHWe TEH30POB

Onpenenexne
Mpun. 4.3.4.

Jij2-Jq
it

Ilyctb maH TeH30p TUONa (q, p) , IpuIeM

q21 u p=1. Brbepem ommn BepxHumii (Hampumep,

J) ¥ O1UMH HIDKHUH (Hanpumep, [ ) MHACKCH U B 3aIli-
CH TEH30pa 3aMEHMM MX 0003HAYEHMS OJHUM H TEM e
cumBonoM (Hanpumep, M ). Tenszop una (¢ —1, p—1)

le.iz-njqq

ity iy

. JiJa e dr g

Ha3bIBACTCA ceepmKou TEH30pa ailiz i 10 UHACK-
g,

caM J, u Ig, ecnm B KaXkAoM 0a3nce MMEET MeCTO pa-

BCHCTBO

Bj1j2~-~]‘q71 _ JiJa-teejy
Iy Dy iyiy...m...[,,
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3aMeTuM, YTO B MOCIEJHEM PABEHCTBE NpaBas 4acTb — 3TO cymMMma 7
cilaraeMslx, rjae M — MHIEKC, 110 KOTOPOMY BBIIIOJIHACTCSI CYMMUPOBAHUE,

a caMo JaHHOE TeH3opHoe paBeHcTBO paHocwibHO (¢ —1)(p—1) cka-
JISIPHBIM PABEHCTBAM.

Mpumep Ceeprka tensopa tuma (1,1), sensromerocs nmueiinbM
Mpun. 4.3.3. j
oneparopom 0./ , ects tensop tuna (0,0), o ects unsa-
PHAHT OTHOCHMTENBHO 3aMEHBI  0a3Mca, HMEOIIMil
€IMHCTBEHHBIN KOMITOHEHT, PaBHBIN

m _ 1 2 n
(Xm —(11+0L2 +...+(Xn.

JlaHHOE BBIp@)XCHHE eCTh CyMMa IHaroHaJbHBIX JJIEMEH-
TOB MaTPHIIEI JIMHEHHOTO OrepaTopa, KoTopas He MEHSET-
cs IpH 3aMeHe Oasuca. 3aMeTHM, YTO JIAHHBIM CBOHCTBOM
He o0Jia/iaeT, HalpuMep, MaTpua OMWIMHEHHOTO (QYHKIIM-
OHaJa.

Omepanys CBEpTKH 4acTO KOMOMHHPYETCS C Olepanued yMHO)KECHHS
TeH30poB. Hampumep, pe3ynpTaToM MpOU3BEACHHS OJUH Pa3 KOBapUaHT-
HOTO TEH30pa Ha OUH pa3 KOHTPaBapUaHTHBIN C MOCIEAYIOLEH CBEpTKON
SIBJISIETCS MHBAPUAHT, MPECTABISIONMN 3HAYeHUE JTMHEHHOTO (DYHKIIMOHA-

na B A". Jeiicteurensro, f(x)=,& . B stom ciyuae roBopst, uto

k
menzop O, ceepmvisaemes c menzopom E".

3apava Haner menzopoi:

Mpun. 4.3.2. a — muna (1,1) c anemeHmamu OL; u mampuyei
1 2 3
4 5 6|;
7 8 9
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PeweHne.

b —muna (1,0) ¢ anemenmamu Bj u mampuyei
2
—3;
4
¢ —muna (0,1) ¢ onemenmamu Y, u mampuyeri

2 34l
. ipJ i
Haiimu ceepmxu OL].B u oYy,
1°. Tlo ompenenenuio omepauun cseprosanms, 07 —

3
i inJ
tensop tuna (1,0) ¢ xommonenramu &' = ZOC B
=
IToaToMy

8'=alf' +alp’+alp® = 1.2+2-(-3)+3-4=8,
$2 :(XIZBI+Q§B2+a§B3:4.2+5.(_3)+6,4=17’
S :o(fB1+oL3[32 +OL§B3 =72+8(_3)+94=26

2°. AHajoru4dHo, Otlj}’[ — TEH30p TUNa (0, 1) ¢ KOMIIO-

3
HeHTamu @, = Z(x’jyi . Torna
i=1

0, :qiyl +0ley2 +0Lf“{3 =1-2+4'(—3)+7'4=18,
0, :alzyl +(x§y2 —|—OLZ’Y3 =2-24+5-(-3)+8-4=21,
P, =0y, +05y, +oiy; =3-2+6-(=3)+9-4=26.
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TpaHcnoHnpoBaHMe TEH30POB

Kak yxe oTMeuanoch paHee, IepecTaHOBKAa MECTaMH JI000# maphl KO-
BapHaAHTHBIX (MJIM Tapbl KOHTPaBapUAHTHBIX) MHAEKCOB y TEH30pa, TO €CTh
TPAHCIIOHUPOBAHHS TEH30pa, BOOOILE TOBOPs, NPUBOAUT K €ro M3MEHe-
HUIO, MTOCKOJIbKY B ONPEICICHUH TEH30pa TOBOPHUTCS 00 YHOPSIOYECHHOM
cucTeMe MHIEKCOB. [Ipy 3TOM HOBBIN TEH30p OYAET TOrO K€ THUIIA, YTO U
HCXOJHBIH.

B o6miem ciydae uist rpymmbl, cocrosimieil u3 N BepXHHX (MM HUXK-
HMX) UHAEKCOB, cymectByeT N! pasianmuHbix croco6oB NMEPECTAHOBOK.

DTO 03HAYAET, YTO, EPECTABIIAS JAHHbBIE HHIEKCHI, MOKHO MOCTPOUTH [V!
HOBEIX TCH30POB.

1 2
) 3 4
3apava Tenzop Otli 3a0an mampuyei || —
Mpun. 4.3.3. 56

7 8

Haiimu mampuyy mpancnonuposannoz2o mensopa.

PeweHne. JlaHHBII TEH30p MOXKHO TPAHCIOHMPOBaTh MO Mape
KOHTpaBapUaHTHBIX WUHICKCOB iu ] Hocne NEepeCTaHOBKU
COOTBETCTBYIOUINX 3JIEMCHTOB IMOJIy4yaceM TEH30p C MaTpu-
e

W

1
2

O\U’u‘
[c RN |

CummeTpupoBaHme 1 anbTepHMPOBaHNE TEH30POB

Onpenenenve TeH30p Ha3BIBACTCA CUMMEMPUUHBIM  OMHOCUMENHHO
Mpun. 4.3.5.  zpynnur (6epxHUX UnU HUICHUX) UHOEKCOE, ECIIM OH HE
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MEHSIETCS TPU MEPECTAHOBKE JIFOOBIX JBYX HHICKCOB,
MPUHAIeKAIUX TaHHOM TpyIIIe.

OnpepeneHve TeH30p Ha3bIBaeTCA anmucUMMempuiHviM (WA KOCO-

Mpun. 4.3.6. CUMMEMPUYHBIM) OMHOCUMENLHO 2PYINbL UHOEKCO8, ECITH
OH MEHSET, B CMBICJIE YKA3aHHOI'O BBILIE OIIPEIEICHUS Pa-
BEHCTBA TEH30pPOB, CBOM 3HAK Ha MPOTUBOIOIOKHBIN IpU
MIEPECTAHOBKE JIIOOBIX JIByX HHIEKCOB, MPUHAIJIEKAIIHX
JIaHHOU TpyIIIE.

BbigenuM y TeH3opa rpyimy, cocrosutyo u3 N uHIeKcoB (Jinbo Bepx-
HUX, JU0O0 HIKHHX), TIOCTPOMM IIyT€M II€pPECTaHOBOK HHJEKCOB JAHHOU
rpynnsl [N! BCEBO3MOMHBIX HOBBIX TEH30POB U BO3BMEM HUX CPEIHEE
apudmernyeckoe. B pesynbraTe Mbl MOIydHM TEH30P, CHMMETPUYHBIN O
BBIOpaHHOH T'pyIIe HHICKCOB.

JaHHast oreparys Ha3bIBACTCS CUMMEMPUPOBAHUEM MEH30pa NO 2Pyn-
ne unoexcog. I'pyrma UHAEKCOB, 0 KOTOPOH BBIIOJHSIETCS CUMMETPUPO-
BaHHE TEH30pPa, BBIJENACTCA KPYTJIBIMU CKOOKaMHU.

Mpumep N=1 é(,‘l) = gi, >
Mpun. 4.3.4.

1

N=2 E.a(il,iz) =5(§il,iz +§i2,i, ),

1
N=3 &(il,iz,lé) = 7{§il,i2,i3 + E.>i3,i1,i2 + E.>i2,i3,il +

]
8 TS F St

iy,0),03 I3,i3 ) 015355
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Omnepanyss CHMMETPUPOBAHKS 4aCTO KOMOMHHUPYETCS ¢ YMHOKCHUEM,
IIPUYEM HMEET MECTO CIEAYIOUIMM MOPSIOK ACHCTBUM: CHayajla yMHOXeE-
HUE, a I0TOM CUMMETPUPOBAHUE.

Mpumep in?.
Mpwun. 4.3.5. &n

BeienuM y TeH3opa rpyminy, coctosmyo u3 N uHaekcoB (6o Bepx-
HUX, JIHOO HIKHMX), TIOCTPOUM ITyTeM IEPECTAaHOBOK HHICKCOB JIaHHOU
rpymibl N! BCeBO3MOMKHBIX HOBBIX TEH30POB, PHUITUCAB KAXKIOMY U3 HHUX

3HAK (_1)B (kroky k) , TIe B(k1 ,kz,...,kN) — 4ucio OecrnopsaKkoB B

nepecrasoBke uncen {1,2,...,N}, u BoseMem uX cpenHee apudmerHue-

ckoe. B pesynbTare MBI OJTydHM TEH30p, aHTUCUMMETPHYHBIA 1O BEIOpaH-
HOM IpyIIe UHAEKCOB.

JlaHHasi oniepaLysl Ha3bIBACTCSl ANbMEPHUPOBAHUEM MEH30PA NO SPYRne
unoexcog. I'pyrmna MHIEKCOB, IO KOTOPOH BBIMONIHACTCS albTEPHUPOBAHHE
TEH30Pa, BBIIEISIETCS KBaAPATHBIMKA CKOOKaMH.

N =1
Mpumep a[il] = &il 5
Mpwun. 4.3.6.

1
N=2 é[il,iz] = ;{&il,iz _&iz,il }s

1
N=3 &= §{§il,i2,i3 +8 it

iiz i §i3,i2 i éil sl ¥
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Onepanysi ajJbTEPHUPOBAHUSI 4acTO KOMOMHHUPYETCS C YMHO)KEHHEM,
IIPUYEM HMEET MECTO CICAYIOLIMH MOPSIOK ASHCTBUM: CHayajla yYMHOXE-
HUE, a IOTOM aJIbTEPHUPOBAHUE.

Mpumep é[inj] .
Mpwun. 4.3.7.

3aMCTI/IM, YTO KaK CHUMMCTPUPOBAHUC KOCOCUMMETPHUYHOI'O TCH30pa,
TaK U AJIbTCPHUPOBAHUEC CUMMETPUYIHOI'O Ja€T HyﬂeBOﬁ TEH30D.

3apava Tenzop O 3adan mampuyetl | — ||. Haimu mampu-
Mpun. 4.3.4.

Ybl MEH30pP08 Oﬁ(y)k, a‘i(jk) u OLi[jk]'

PelueHne. 1°. Ten3sop B,-jk = O j;; , TPAHCIIOHUPOBAHHBIA K JaHHOMY
O Mape UHJEKCOB [ U j , UMEET MaTPHILy
1 3
2 4
—— || (cm. 3amauy Ilpum. 4.3.3).
5 7
6 8

Tensop Yy = Oy, TPAHCIOHUPOBAHHBIA K JAHHOMY

IO TIape MHICKCOB j U k , OyeT UMEeTh MaTPHUILy

1 5
3 7
2_6 >
4 8
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B KOTOPO# 3JIEMEHTHI MEPBBIX CTOJOLOB OJOYHBIX
MaTpul, HUCXOAHOTO TEH30pa 3aliucaHbl B HepBOﬁ
0JI0YHOI CTpOKE.

2°. Torna tensop @y, MMeEET MaTpHUIY
1+1 2+3 5
1 —
2 2 2
3+2 4+4 5
- 4
2 2 2
= - 2
5+5 647 13
5 —
2 2 2
7+6 8+38 13
— 8
2 2 2

TeH30p O;( ;) — MaTpHILy

1+1 245 7

1 -
2 2 2
3+3 4+7 11

3 —
2 2 2

= - b

542 6+6 7

- 6
2 2 2
7+4 8+8 11

— 8
2 2 2

aTeH3op O — Marpuiy
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1-1 2-5 3
- - - 0 -~
2 2 2
3-3 4-7 3
- - - 0 _=
2 2 2
5-2 6-6 3
— — ] |- o0
2 2 2
7-4 8-8 3
— — |- o0
2 2 2

IIpniaoxenne 4.4. Tenzopsl
B €BKJIMI0BOM IPOCTPAHCTBE

B cimydae eBkiIMaoBa MpOCTPaHCTBA TEH30PH! 00IAal0T JOMOIHUTEINb-
HBIMH CIIeIM(HUUECKUMH CBOMCTBAMH, OOYCIOBIEHHBIMU TeM (pakToM, 4TO
CKaJIIPHOE TIPOM3BEACHHUE €CTh OMIMHEHHBINH (YHKIMOHAN, a TOTOMY SB-
JISieTCsl JBaKAbl KOBApUAHTHBIM TE€H30POM, KOMIIOHEHTBI KOTOPOTO B JIO-
OoM Oa3mce COBIANAIOT C KOMIIOHEHTaMH Matpullbl ['pama. DToT KOBapu-
aHTHBII TEH30p HMHOT/IA HA3bIBAIOT (QVHOAMEHMATbHbIM MEMPUYeCcKUM
MEeH30pOM.

IMosicanM 3TH cBOWCTBa ciiemyromuM mpuMmepoM. Ilycte nmam Gaszuc

{g€,,8,,-»8,} B E" W ero HekoTophlii snemMenT X , ABJISIOMIMIICS O1I-
HOBAJICHTHBIM, OJIHMH pPa3 KOHTPaBapHaHTHBIM TeHzopoM &'. CBepHeM

¢ynnamenTanbHbIil MeTpudeckuii Teuszop Y = (g 294 j) C TEH30POM &' R

MOy IUM
EJJ' ZYijii :(giagj)ai :(giaiogj):(xogj)

JlaHHOE PaBEHCTBO O3HAYAET, YTO IEMEHT X OJHO3HAYHO XapaKTepu-
3yeTcs B KaK/IOM 0aszuce [ Takke M KOMIIOHEHTaMH OJINH pa3 KOBapHaH-
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THOI'O TEH30pa éj . YHucna &j Ha3bIBAIOTCS KOBAPUAHMHbIMU KOMNOHEH-

mamu >neventa X B Gasuce {g,,&,»--» &, }, ¥ OHH OJTHO3HAYHO OMpE-

JIEIISIFOTCSL OOBIYHBIMU KOHTPaBapUaHTHBIMH KOMIIOHEHTaMH 3JIeMeHTa X B
CUJIy HEBBIPOXKAEHHOCTH MaTpullel I'pama u3 cucTeMbl ypaBHEHUI

g, = Yi_jE.sl'

Takum 00pa3oMm, B EBKJIMIOBOM IPOCTPAHCTBE UCYE3ACT MPUHIIUTHAID-
Hasg pasHula MEXIAY KOBApUAaHTHBIMUA M KOHTpPpaBapWaHTHBIMU MHIACKCAMU
TeH3opoB. bojee Toro, B opTOHOPMHpPOBAaHHOM Oa3uce KOBapUaHTHBIC U
KOHTpaBapHaHTHBIE KOMIIOHEHTHI 3JIeMeHTa X COBHANAOT (CM. TEOpeMmy
10.3.2).

Onepauust onyckaHus nHaekca

JijaeJ
Onpepenenve Ilycte B F” 3agaH T€H30p TUIA (q, p) 88t 7
P

Mpun. 4.4.1.

, TAe

q>1. Tensop tuma (¢ —1L p+1) B lq Ha3bIBAET-

iohiy

Csl pe3yibmamom onepayuu OnyCKaHusi KOHmpasapuamnm-

1112 jq
HO20 UHOeKca _]1 Y mensopa OL , €CJIM B KaXIOM
0asuce UMEET MECTO PaBCHCTBO
B L Jljz~~~jq
101112 ylojl hiy...dp

3amMeTHM, YTO HCIIOJIb30BAHHWE TOUYEK JJIS yKa3aHUsl TOpsjKa ClieoBa-
HUS WHAEKCOB B ATOH OIepanny OKa3bIBA€TCS HEOOXOAWMBIM, YTOOBI cle-
JaTh ee OHO3HaYHOH. MIHade HeMMOHATHO, KyAa CIIEAYeT OIyCTHUTh MHIEKC.

Onepauust NoaHATUS nHAaekca

Onpepenenne JlBaXIbl KOHTpaBapHaHTHBIM TEH30D, KOMIIOHEHTBI KOTO-
Mpun. 4.4.2. poro B Ir000M 0a3uce eBKIMA0BA MPOCTPAHCTBA [ COB-
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MaJIaloT ¢ MaTpHUIleH, 00paTHO# MaTpuile I’ paMa, Ha3bIBa-
€TCs KOHMPABAPUAHMHBIM MEMPULECKUM MEH30POM.

YbenumMcs BHawase, 4TO MaTpulia, oOpaTHas marpuile [ pama, 3amaer B
T
kakoM Gasuce tenszop tuma (2,0). Hmeem H r Hg, =H S H H r HgH S H

Hcxons M3 3TOr0 COOTHOLICHHMS, MOTy4aeM CIeIylollee MPaBUilo Mpeod-
pa3oBaHus 00paTHOI MaTpuIls! ['pama mpu 3ameHe Oa3mca:

L8[ =

=( st

=S

=5[] FHg(HSH*

nocxonsey s | E = E " =(|S|[s|™" =(| s/ S]" ene
JIyeT, uTO JUIs HEBBIPOYXKICHHON MATPHIIBI H S H CIIPaBEJTHBO PAaBEHCTBO
(H S H_l )T = (H S HT )_1 . A 3T0 1 03HayaeT, uTo 06paTHas MaTpuua I'pa-

Ma OmpeIeIsieT BO BeeX 0as3ucax JBaKAbl KOHTPABAPUAHTHBIA TCH30D y”
ITo ananoruu c onepauren onyckaHusi MHAEKCA JaAUM
0 I a ( ) a/l]z ]q
npegenexHne ycte B F'" nman TeH3op tuna (g, p iy .
Mpun. 4.4.3.
JoJ1J2-J
p>1 Tenzop tuna (q+1 p— 1) B 127 HaspiBa-

, TIe

€TCA pe3yibmamom I’lO@H}ZmM}l KosapuanmHozo uHoexca

J1J2

ll Y meH3opa OL 5 , €CIIH B KaXXIOM 0asmce UMeeT
tp

MECTO PAaBCHCTBO

joj1jz~~~jq_ i jo JiJa- ]q
B 0iy...0p y alllz
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3apava B E? ¢ pynoamenmanvHolm MempuvecKum meH30opom
Mpun. 4.4.1. 2 3 ‘
Yi = 3 meH30p O(l_jk 3a0an mampuyeu
3 4
5.7
2 5
1 3

Hatimu mampuysr menzopos Oy u OLZ;'.
Pewetne. 1°.  Jlns omycKaHHMs MEPBOrO HMHIEKCA BOCIIONB3YEMCS
(opmymoit A =Y ,«,,,Otfr}k . [Tonyyaem

Oy = ’Yllail +7120L121 =2-3+3-5=12],
Oy = Yuaiz +712(x122 =2-243-1=7,

Ay = Yllalzl +Y12a§1 =2-4+3-7=129,
Ay = Y11a122 +Y120£§2 =2-5+3:3=19,
Oy = ’YZIO'}I +Y220€121 =3-3+5-5=34,
Aypn ='Y210~i2 +'Y220l]22 =3-2+5-1=11,
Oy = Y21a121 +Y220‘§1 =3-445-7=47,

Oy :Yzlalzz +Y220L§2 =3-5+5-3=30.

CHCHOBaTeHLHO, MaTpula TeH30pa a‘ijk HUMCECT BUJ

21 29
34 47
7 19

11 30
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2°. J1s monHATUSA BTOPOrO MHAEKCA CIIELYeT IPUMEHUTH
hopmyny OL” P ocfmkymj , Tae 'y’j — KOHTpaBapuaHT-
HBI METPUYECKUH TEH30p, MaTpHIla KOTOpOTo odpar-
Ha MaTpulle TeH30pa Y ; U UMeeT BUJ|

2 3™ | 5 =3

35 -3 2

IToatomy
oy = oy o,y =3-5-4.3=3,
12

ol

OL-Z-ll = 0(-2117(11 "’OL.221Y21 =5-5-7-3=4,

al =aly?+aLy? =5-(3)+7-2=—1,

ai-lz = chlzy“ ‘fozzyﬂ =2-5-3-5=-5,

o :al.nylz +0L121Y22 =-3:3+4-2=-1,

12

Ao = 0‘112712 + O‘In?’zz =2-(-3)+5-2=4,

azlz = Ot.zlzyl1 + 0(,_222'Y21 =1-5+3-(-3)=-4,

azzz = Ot.zlz'y12 + (x.zzzyzz =1 '(—3)+3 -2=3

ije
Takum 06pa3om, TeH3op OL', MMeeT MaTpHILy

3 -1
4 -1
-5 4
~4 3

ij i
B opToHOpMHpOBaHHOM Gasuce OYEBMIHO, YTO Y, =7 1=98 j» TO

€CTbh MCKIAY KOBApUAHTHBIMU U KOHTpAaBaApUAHTHBIMH MHACKCAMU HET
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. -1 T
HUKAKOM pa3HUIbl, YTO TAKXKE CJIEAyeT M3 PaBEHCTBa H S H = H S H s

BEPHOT'O B OPTOHOPMHUPOBAHHOM 6a3I/ICG, 1 OIPCACIICHUSA TCH30POB.

Ipunoxenne 4.5. Tenzopsl
B OPTOHOPMHUPOBAaHHOM 0a3uce

CoBrajieHne KOBapHAaHTHBIX M KOHTPaBapHaHTHBIX WHIIEKCOB B OPTO-
HOPMHUPOBAaHHBIX 0a3ucax €BKIIMJOBA IPOCTPAHCTBA ITO3BOJISIET BBECTH B
paccMOTpeHHeE YIPOIIEHHBIH KJIacC TEH30POB, ONPEAEICHHBIX TOJIBKO B Ta-
KHX 0a3ucax U Ha3bIBACMBIX €6KIUOOEbIMU MEH30PAMU.

JlBa €BKIMIOBBIX TEH30pa CUNUTAIOTCS OJWHAKOBBIMH, €CIM OIJUH U3
HHUX MOXXET OBITh IpeoOpa3oBaH BO BTOPOH ONEPALMSIMU OITYCKaHUS HIIH
HNOJHATUS MHAEKCOB. [103TOMY MOXKHO B JalbHEHIIEM paccMaTpUBaTh €B-
KJIUIOBBl TEH30pbl KaK HMEIOIUE JMIIb HIKHUE WMHAEKCHL. Ilpu 3tom,
MpaBa, MPUJETCA JOMYCTUTh CYMMHPOBAHUE IO Mape COBMATAIOUINX KO-
BapHaHTHBIX HHJCKCOB.

IIpn momomyM EBKIMIOBBIX TEH30POB YZOOHO NHPOAEMOHCTPHPOBATH
CBSI3b METOZIOB TEH30PHOT'O MCUHCIICHHS U aIlliapata BEKTOPHOH anreOps! B
OGBITHOM TPEXMEPHOM BEKTOPHOM TIPOCTpaHCTBe [

BBeznem mpenBapuTenbHO B pACCMOTPEHHUE TPEXBATIEHTHBIA OUCKpUMU-
Hanmmuolll TEH30p €5, ONPENENAEMBIH BO BCEX OPTOHOPMUPOBAHHBIX 0a-

3UCax MO IpaBUITy

B(i,j .k .o
€ = (—1) (10 , €CIIM CPEU YUCET l,],k HET PaBHEIX,

€ = 0 — B ocranbHbIX CIIy4dasx.

3necs B(/,m,n), xax n panpie, 0603HauaeT YHCIO GECTIOPSIIKOB B MEPe-
craHoske uncen {/,m,n} (cm. § 6.1).
Bcero y Tenszopa € , aHTUCUMMETPHYHOTO TIO 000K T1ape HHIEKCOB,

27 KOMIIOHEHTOB, U3 KOTOPHIX TONLKO IECTh HEHYIEBBIX: TPH paBHbIe | U
Tpu paBHble — | .
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Y6enumcs BHauaie, 4To 00beKT €, NpeodpasyeTcs MpU NEPEXojie OT

OJIHOTO OPTOHOPMHPOBAHHOTO 6a3uca B F° K JAPyroMy Kak TPHIKIbI KOBa-

pPIaHTHbII;‘I TEH30D. 3anuiiem BbIPpAXKCHUSA I KOMIIOHCHTOB B HOBOM 6a3u-
C€ B ABHOM BUJC:

! _ —_ —
€ =0,90,,0,4€; =06,0,,0,; +6,,6,:06, +05,36,,0,,
—6,6,30,, 70,,6,,0,3 =0;306,,0,; =
Gy Op Op

=det|c,, © c

m2 m3 ||

Gnl Gn2 Gn3

4YTO B CBOIO O4Y€peab 110 CBOMCTBaM OMPCACIIUTECII 1aCT

' Bb(l,m,
e =(=1)"" ecmu cpemn uncen [,m,n wer pasmwIx,

4 —
€ = 0 — B ocranbHbIX ClIy4dasx,

MOCKOJIBKY MaTpHLa

Gl 1 c 12 8] 13

Gy Oxpn Opn

G311 O3 Oy
OpTOoroHajbHas (KaK MaTpula nepexoga OT OAHOTO OPTOHOPMUPOBAHHOT'O
0a3nca K Ipyromy) U €€ OIpeNeIuTeNb paBeH 1.

Ho ecnn o6bekT €;; B HOBOM IIPOM3BOJBLHOM OPTOHOPMHPOBAHHOM

Oaszmce mMeeT (NP HCIIONF30BAaHHEIX TPaBHIAX MpPeoOpa3oBaHUA) TE K
KOMIIOHEHTBI, YTO M B UCXOJHOM, TO MBI MPUXOIUM K 3aKIHOYCHHIO, YTO
3TO TPEXBAIECHTHBII €BKJINI0B TEH30P.
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TeH30pbl U NPOM3BEAEHUS BEKTOPOB

IToxaxkxeM Temephb CBA3b TEH30PHOTO MPOU3BEICHMS 3JIEMEHTOB IMPO-
CTpaHCTBa [ M NPOM3BEICHHUI BEKTOPOB, BBEICHHBIX B JaHHOM MOCOOMH
(em. § 2.2 u § 2.4). Bece 6a3ucel mo-npexHEMY OpTOHOPMHUPOBAHHEIE.

PaCCMOTpI/IM JABa OJHOBAJICHTHBIX KOBAPUAHTHBIX TCH30pa ai u nk .

KOTOpLIC B aHAIIMTHYECKOU reoMeTpuun (‘{TO OBLIO IIOKA3aHO paHee) HUHTEP-

-> o
MIPETUPYIOTCS KaK OOBIYHBIE T€OMETPUUYECKHE BEKTOPHI a b Ux ten-

30pHOE TIpom3BeieHue &; 1), €cTh JABaX/IbI KOBAPHAHTHBII €BKJIMIOB TeH-

30p, HMeEoIIi 9 KOMITOHCHTOB, 3aITMChIBACMBIX OOBIYHO B BHUJIC MaTpPUIIBL

CIIEYIOMIETO BU/A:

En, &m,
&ny &om,
&n, &M,

&n;
E.M;
&sM;

CornacHo npaBujaM CJIOKCHHSA TCH30POB U YMHOXKCHHA UX HaA YHCIIO,
)IaHHLIﬁ TCH30p MOXXHO MPEACTAaBUThL KaK CyMMY CUMMETPUYHOI'O U aHTU-

CUMMECTPHUYHOT'O TCH30POB!:

= @GN +Em)+ 2 Ene-Em),

WM B MATPUIHOM BHUIE!:

En, &M, &nms Emn, +&m,
&n &M, &n; :5 Em, +&m,
Emn, &mn, &n; &, +Emn;
0
1
+§ &, —&m,
§3n1_§1n3

Emn, +&,m,
&,m, +&m,
&m, +E,m;

&mn, —&,m,
0

é3n2 - &2“3

Emn; +&;m,
&,n; +&;m;,
E;M; +E5M;

§1n3 _§3n1

&21’13 _§3n2
0

PaCCMOTpI/IM TCHIEPb KAXKAOC cliara€Moe€ 1Mo OTACIbHOCTH.
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Bo-nepBbiX, 0TMETHUM, YTO U3 CHMMETPUYHOCTH MAaTPUYHOTO MPEICTAB-
JICHHUS A MEPBOTO CJIaraeéMoro cieayeT CyLIeCTBOBAaHHE OPTOHOPMHUPO-
BaHHOTO 0a3nca, B KOTOPOM 3Ta MaTpHIla JHaroHalbHa.

Teneps mokakeM, 9YTO CBEPTKA 3TOTO CIIaraéMOro e€CTh WHBApHAHT, TO
©CTh OHA HE 3aBHCHUT OT BEIOOpa Oa3uca.

ﬂeﬁCTBHTCJ’ILHO, ydurthbiBas, 4TO E-ii u nk CYTb OAHOBAJICHTHBIC KOBa-

PHUAHTHBIC TCH30PbI, U UCIIOJIb3YyA CBOMCTBa MaTpulbl Ie€pexona H S H , 110-

JyYUM CIIeAYIOIIee MPaBHIIO MPeoOpPa30BaHMSI UX CBEPTKHU:
P _ T _ _
éknk - Gki&ickjn]‘ - GikajE.n'nj - Szjéinj - E.nﬂi s

YTO M 03Ha4YaeT MHBAPUAHTHOCTh ITOW CBEPTKH OTHOCHUTEIHHO 3aMEHBI 0a-
3uca.

Otcrona cnemyeT BayKHBIN BBIBOJ: JIFOOOH Tape 31€MEHTOB (BEKTOPOB)
N
a "
HO TIOCTaBUTh B COOTBETCTBUE HE 3aBUCSIIEE OT BEIOOpa OPTOHOPMHUPOBAH -
Horo Gasuca uucno &M, = &M, +&,M, +&;MN;. (Cm. Takxe § 2.9.)

BBISCHUM reOMeTpUYeCcKHi CMBICI 3TOTO WHBapHaHTa, 0003HAYAEMOT0

_)
b , HIMCIOIIIUX COOTBETCTBCHHO KOMITOHCHTEI &i nu nk B E’3 , MOX-

s K 6 6 2oy 7
— . AKOBBI bl HHU bIJIN BCKTOPBI n BCECraa
(a,b)=06,Em, PP g b- %

HaljeTcs OpPTOHOPMHUPOBAaHHBIM 0a3uc, B KOTOPOM WX KOOPIMHATHBIE
NIPEACTABICHUS COOTBETCTBEHHO UMEIOT BUL

5

Z blcos
H

ol ™ blsino |,

0 0
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- -
rne ¢ — yron mexmy a % b Torna 3HaueHHe WHBapHaHTa PaBHO
-

- - -
(a, b) =la|b COS (D, U MBI IPUXOIUM K (POPMYIIE CKAIAPHO20 NPOU3-

6edensl 6eKmopos, KOTopasi 00BIYHO IPUHUMACTCS 3a €r0 OIIpe/le/ICHHE.
PaccmoTpuM Teneps BTopoe ciaraemoe. Kak HeTpyJHO BUAETh, MaTPH-
na

0 En,—&m, &m;—&m,
Em, —&m, 0 &,M; —&:m,
‘};3711 —iuﬂs &3”2 _§2n3 0

HUMEET TOJIBKO TPU HE3aBUCHUMBIX KOMIIOHEHTA, U3 YE€ro CICAYET, YTO Iape

- > .
BEKTOPOB , U 1 B E3 MoxeT GBITh OCTAaBIEH B COOTBETCTBHE TpPETUH

-> -
BEKTOp, 0003HAYaEMBbIil KaK [a, b]> ¢ KOMIOHEHTAMH
b

En; —&m,
&M, —&m;
Em, —&,m,

I/ICCJ'IC,HYCM €ro CBOICTBA. BO—HCpBLIX, 3aMCTHUM, 4YTO YHUCJIO HE3aBUCHU-
MbBIX KOMITOHCHTOB Y KOCOCHMMeTpH‘IHOﬁ YacTU TCH30PHOI'0 IMPOU3BEAC-

(n—1n
HHS 3JIEMEHTOB B CIIydae pa3sMEepHOCTH MPOCTpaHCTBa /! paBHO T ,
ITOCKOJIBKY 3TO €CThb YHMCJIO KOMIIOHCHTOB, CTOANIMX B MaTpPUIIC HAL €€
I7IaBHOM quaroHansio. OTCIONA CIEAYET, UTO MObKO 6 [° 9TO YHCIO COB-
nagacTt ¢ pa3MCpHOCTBIO MPOCTPAHCTBA, U MOJAbKO 6 E‘3 MMPOU3BECACHUIO

ZIBYX 3JIEMEHTOB MOKHO MTOJJOOHBIM 00pa30M CTaBUTh B COOTBETCTBUE Tpe-
TUH DJIEMEHT.
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BO-BTOPHIX, YOEIMMCS, YTO HMEIOT MECTO COOTHOIIEHHUS
- >
[a,b], =€,E M,

JeiicTBUTENLHO, HAPUMED, st { =1 :

Sljkéjnk =& ;&N +&,EM, +&,;§M; +
+€15,8,M +€8,M, +€,38,M; +
+&383M +€3,8,M, T€5,E,M; =
=&,M; — &M,

B-Tperbux, mokaxkeM HWHBapUAaHTHOCTh TeH30pa K; = Sijki ;M 1pu
Tepexoie OT OIHOTO OPTOHOPMUPOBAHHOTO GasKca K Apyromy B .
[lycTh 3TO COOTHOIIEHHWE B HOBOM OPTOHOPMHPOBAHHOM Oa3uce

’ ! ’ ’
K, =€ ijka Nk, TOrIa B HEXoaHOM 6asuce OyyT CpaBeIMBbI PABEHCTBA
!
6,K, =€;;0,,0 klémn /- YMHOXHMB 00€ 4acTu IIOCJIEIHEr0 PaBEeHCTBA

Ha TeH30p O ,; W CBEpHYB IIPOU3BEIECHUSA 110 MHACKCY I, TOIYIUM

qi
_ '
qucls K, = quGijkIS[jkE:mnl 5

!
HO O 0K, = quKs =K,,a €, =0,0;,0,€; , NOCKOIbKY TCH-

30p gy'k HWHBAPUAHTCH IpU Hepexone€ OT OAHOTO OPTOHOPMHUPOBAHHOTO

6asuca k gpyromy. CienosaTensHo, K; = aim,gmn ;> UYTO ¥ O3HAYAET WH-

BAapUAHTHOCTD 3TOI'0 3JIEMEHTA OTHOCUTEJILHO 3aMCHBI Oaswuca.

- >
BolsicHuM, HaKoHel, FeOMETPUUECKUN CMBICT BEKTOPA [ a.b ] . ame-
b

- -
THM, 9TO JUIA JIIOOBIX BEKTOPOB q W p MOXHO BBIOpaTh OPTOHOPMHPO-

BaHHBIN 0a3KuC B [, B KOTOPOM X KOOD/IMHATHBIE MPEICTABICHUS HMEIOT
BHUJ] COOTBETCTBEHHO
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0

b|cos@

b|sin @

>
rae ¢ — yron mexny ap-

NN b
Torz[a 3HAa4YCHUC MCPBOI0 KOMIIOHCHTA [ a b ] eCcTh |d b Sin (p , B
b

TO BpEMsI KaK OCTaJbHbIC KOMIIOHCHTBI HYJICBBIC, M MOJyYHIach (hopMyIia
B8EKMOPHO20 NPoU38edeHUs, TpuHUMaeMasi OOBIYHO 32 €r0 OMpeeliCHUE.

Takum 06pa3oM, MOXKHO 3aKJIIOUNTH, YTO BBEIEHHBIE B KypCe BEKTOp-
HOW anreOpsl OIepannyl CKaIpHOTO W BEKTOPHOTO MPOM3BEACHU 0a3znupy-
I0TCA HE TOJBKO Ha “UX IMOJIE3HOCTH JJISl MPHJIOKEHUIN’, HO U OTPaXKaloT
MHBapHaHTHbIE CBOMCTBA TEH30PHOI'O MPOU3BEIEHUS SJIEMEHTOB €BKIIUI0-
Ba MPOCTPAHCTBA MPH MEPEX0JlaX MEXKIy OPTOHOPMUPOBAHHBIME Oa3uca-
MH.

B 3axmodeHne mokaxkeM, 9YTO TEH30pHAs CHMBOJHMKA MOXKET OBITH 3¢-
(hEeKTHBHO HCIIOIH30BaHA U IJIs1 O0Jiee CIIOKHBIX KOHCTPYKIIUI BEKTOPHOMH
anreOpel. Hanmpumep:

1°. CMemniaHHoe MpOU3BENIEHUE TPEX BEKTOPOB (cM. § 2.6) mpezcra-
BUMO B BUJIC
-> o> > - - -

(a,b,c)=(a,[b,c])= (to[b C isym Ky = y‘k‘t:mij .

2°.  BelpaxkeHHe Ui ABOIHOTO BEKTOPHOTO IPOU3BEHCHUS Tpex
BEKTOpPOB (cM. § 2.8) MOXeT OBITh IOIYYEHO CIEAYIOINUM 00-
paszom:

[aa[ba C] ]i = gijkgj[ba C]k = 8ijk&jglclmnlK

= gijkgklm&:jan
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[IpuHUMasi BO BHUMaHUE JOCTaTOYHO JIETKO MPOBEpIeMyto (op-

Myny €&y =00, —8,,8 ;, npuxomum x pasencry

> > >

[aa[bac]][ :gijk(tjjeklmnl](m :(8i18jm _Simsjl)(tvjanm =

- - - -
= niame —Kiﬁjﬂj =n,(a,c)—x,(a,b),
WJIH, OKOHYATENbHO,

> o5 > - o5 > - > >

[a,[b,c]]=b(a,c)—c(a,b)-
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NMPEOMETHbINA YKA3ATEINb

A

Anrebpandeckas muHuA § 4.1.

Anrebpandeckas HOBEpXHOCTH § 4.2.

Anrebpandeckoe IOTMOHCHHUE 3JIEMEHTa MAaTPHUIIHI § 6.3.
AnbrepHupoBanue TeH3opos [Ipui. 4.3.
Anrnpokcumanus GpyHkiuid MHOrowieHamu § 12.3.
Addunnoe mpeodpa3oBaHme IIOCKOCTH § 5.4.

b

baszuc § 1.5.

basuc B mpoctpancrse § 1.5.
Basuc nuHeitHOTO IpOCTpaHcTBa § 7.2.
basuc na npsimoii § 1.5.

basuc na miockoctu § 1.5.
BasucHas ctpoka matpuusl § 6.5.
basuchsrit MuHOD § 6.5.

basucHslit cronber MmaTpuirst § 6.5.
Bunmneitnas ¢popma § 9.1.
Bunmneitarnii pyakomnonan § 9.1.
BuoproronansHsIit 6asuc § 8.7.

B

BexTop, MHOkKECTBO BEKTOpOB § 1.3.
BexTopHoe nmpoussenenue BektopoB § 2.4, Ilpuin. 4.5.
B3anmMHO oHO3HaYHOE OTOOpakeHue § 5.2.
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B3anMHO 01HO3HaYHOE cooTBeTCTBUE (OMeknus) § 8.4.

Bsaumusrii 6azuc § 2.5, § 8.7.

Bropuunoe nBoiicTBeHHOE (BTOPHUYHOE COMPSHKEHHOE) MPOCTPAHCTBO
§8.7.

BripakeHHE BEKTOPHOTO TIPOM3BEACHUS BEKTOPOB B KOOPIUHATAX
§2.5.

BrIpaxkeHue BEKTOPHOTO NMPOU3BEIECHUS BEKTOPOB B OPTOHOPMUPOBAH-

HOMH cucteme KoopauHar § 2.5.

BripaxkeHue CKaJspHOTO MPOM3BEACHUS BEKTOPOB B KOOPIHMHATAaX
§23.

BripakeHHE CMEIIaHHOTO MPOM3BEACHHUS BEKTOPOB B KOOpPIMHATAX
§2.7.

BrIpaxxeHue cKanspHOro Npou3BeAECHUsI BEKTOPOB B OPTOHOPMUPOBAH-
HOM cucteme koopauHat § 2.3.

BripaxkeHne CMEIaHHOTO TNPOW3BEICHUS BEKTOPOB B OPTOHOPMHPO-
BaHHOH cucTeMe KoopauHar § 2.7.

Bripoxaennas matpuua § 5.1.

Beipoxxaennsle tuHuM BTOpOro nopsaaka [Ipum. 1.1.

BrIpoxaeHHble TOBEPXHOCTH BTOpOro nopsiaka Ipu. 2.1.

r

I'eomerpruecknii cMbICI MOy omnpeneinuTenst adpGUHHOTO Npeod-
pazoBanus § 5.4.

I'eomMeTpuueckuii CMBICT 3HaKa omnpenenuTess ahpGuHHOro npeodpaso-
BaHus § 5.4.

T'umep6oma § 4.4.

TumepOommueckwii mapadomounn § 4.5.

TumrepOommueckwii rmuHAp § 4.5.

l'unepnnockocTs B TMHEHHOM NPOCTpaHCTBE § 7.4.

I'maBHbI1 BekTOp TIOCKOCTH § 3.3.

I'pynma § 5.6.
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A

JBoitHOe BekTOpHOE Ipou3BeaeHue § 2.8, [Ipui. 4.5.
JIBOliCTBEHHOE TMHEMHOE MPOCTPAHCTBO § 8.7.
JByrionocTHsIH runepbostons § 4.5.
HeiictBust ¢ nMHEHHBIMU oniepaTopamu § 8.2.
JeiicTBusl ¢ TMHEHHBIMU OIlEpaTOpaMu

B MaTpuuHOi popme § 8.3.
JerepmuHaHT MaTpunbl 2-ro ¥ 3-ro mopsiaka § 1.1.
JleTepMuHaHT MaTpHLbI n-To nopsiaka § 6.1.
JlnaroHaIbHBIA BUJI KBaJpaTHYHOTO QyHKIMOHANa § 9.2.
JupekropuansHoe cBoHCTBO rumnepooss! [pu. 1.3.
JupekropuanbHoe cBoiicTBO napadoisl [Ipui. 1.4.
JupexTopuanbHoe cBoiicTBO Auunca [Tpum. 1.2.
Hucnepcus spmuToBa oreparopa § 11.4.
HomnonuurenbHblil MuHOD § 6.3.
JIONOMHUTENBHBIA MUHOP 2JIEMEHTA MaTpHIs! § 6.3.

E

EBximaoBo npoctpancrso § 10.1.
Enunnynas marpuua § 1.1.
Enunuuneiit onepatop § 8.2.

3

3anuce TeH3opos [Ipun. 4.2.

n

H3MeHeHne KOMITOHEHTOB OWJIMHEHHOTO (YHKIIMOHAJNa IpH CMeHe Oa-
3uca § 9.1.
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V3meHeHne KOMIIOHEHTOB KBaJApaTUYHOIro (hyHKIMOHANA IPU CMEHE
6asuca § 9.2.

M3MeHeHne KOMIIOHCHTOB JIMHEHHOTO (hYyHKIIHOHAIA TIPH CMEHE Oa3uca
§ 8.7.

W3MeHeHne KOOpIIMHAT TOYKH IIpH cMeHe Oasmca § 1.8.

W3MeHeHne KOOpIUHAT 3JIEMEHTA JIMHEWHOIO IPOCTPAHCTBA MPU CMEHE
basuca § 7.3.

M3MeHeHne MaTpulibl JIMTHEWHOTO onlepaTopa Mpu CMEHE
6asuca § 8.3.

Wzomopdmsm § 7.5.

WzomopdHrbIe nTHHEHHBIE TpOcTpaHcTBa § 7.5.

WuBapuaHTHOE NOANPOCTPAHCTBO JIMHEWHOTO onepartopa § 8.5.

WuBapuanTHOE COOCTBEHHOE MOANPOCTPAHCTBO JIMHEHHOTO OIEpaTopa
§ 8.6.

VHBapuaHThI IUHUI BTOPOTO MOPSIKA Ha INIOCKOCTH § 9.4.

HupexkTuBHOE IMHEWHOE oToOpaxeHne (MHbeknus) § 8.4.

K

Kanonnveckne ypaBHEHHUS JINHIH BTOPOTO MOPSAIKa

Ha TUIOCKOCTH § 4.4.
Kanonuueckue ypaBHEHHs IOBEPXHOCTH BTOPOTo nopsiaka § 4.5.
Kanonnveckuii Bu KBagpatndHOro (hyHKIMOHANA § 9.2.
Ksagparnas matpuna § 1.1.
Ksagpatuunas gopma § 9.2.
Ksagpatmunsiit pyakimonan § 9.2.
Ksagpataas marpuma nopsinka 72 § 1.1.
Krnaccugukarms noBepxHOCTel BTOporo nopsaka § 12.2.
Konnureapnocts § 1.4.
Konnuneapusie BexTops! § 1.4.
KommyTatop nuHeHHbIX onepaTopoB § 8.2.
Kommnanaprocts § 1.4.
Kommnanapasie BekTopsr § 1.4.
Kommnekchsle uncna Ilpuin. 3.0.
Komnonentsl Bextopa § 1.5.
KomrmoHeHTsI a51eMeHTa JTMHEHHOT0 pocTpaHcTBa § 7.3.
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Konunueckast moBepxHocts § 4.3.

Konnueckoe ceuenue § 4.6.

Konyc § 4.5.

KoopannatHoe nipencTaBieHne OMIHHEHHOTO (QYHKIIMOHATIA
B Oasuce § 9.1.

KoopaunarHoe npezcraBieHne IJMHEHHOTO orepaTopa
B Oasuce § 8.3.

KoopaunarHoe npezcraBieHue JMHEWHOro QyHKIMoHaNa
B Oasuce § 8.7.

KoopaunatHoe npencTaBieHne CKIIPHOTO
npousseneHus § 10.3.

Koopaunars! Bektopa § 1.5.

KoopauHnatsl anemenTa iuHeHOro mpocrpasncrsa § 7.3.

Kommnosurus oneparopos § 5.2.

Kommonents! BekTopa § 1.5.

Koopaunats! Bektopa § 1.5.

Kpurepuii Cunssectpa § 9.3, § 10.3.

JI

JInneiiHas 3aBUCIMOCTH BEKTOPOB § 1.4.

JIuneiHas 3aBUCUMOCTb 3JIEMEHTOB JIMHEHHOTO
mpocTpaHncTsa § 7.2.

JIuneiinas komMOuHanuMs BEKTOpoB § 1.4.

JInneitnas koMOMHANNSA 3JIEMEHTOB JIMHEHHOTO
mpocTpascTsa § 7.2.

JInneiiHas HE3aBHCUMOCTE BEeKTOPOB § 1.4.

JIuneiiHas He3aBUCUMOCTD 3JIEMEHTOB JINHEHHOTO
mpocTpaHncTsa § 7.2.

JIunelinas 000104YKa 3JIEMEHTOB JIMHEHHOTO MPOCTPaHCTBA § 7.4.

JInneitnoe HepaBeHcTBO § 3.2.

Jluneitnoe mpoctpancTBo § 7.1.

JInneitHOe MPOCTPAaHCTBO IMHEWHBIX OIepaTopos § 8.2.

JIuneltHOE MPOCTPaHCTBO TMHEWHBIX (DYHKIIMOHAIOB § 8.7.

JInneitnsiit oneparop § 8.1.

JIuneitnslil oneparop Ha miockoctH § 5.3.
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Jluneiinas ¢popma § 8.7.

Jluneiinpiii pynkuonan § 8.7.

JIunus B mpoctpanctse § 4.1.

JIuaus BTOpOTO MOpsAIKa Ha THIOCKOCTH § 4.4.
JIunus Ha mockoctu § 4.1.

M

Marpmuma § 1.1.
Marpuma 6unmaeitHOTO PyHKIHMOHANA § 9.1.
Martpuua I'pama § 10.3.
Marpuna kBagpaTHyHoro ¢pyHkuuonana § 9.2.
Martpuia 1uHerHoro oneparopa § 8.3.
Martpuiia TuHeHHOTO 0TOOpaXkeHus § 8.4.
Marpmuma THHeHHOTOo orepaTopa Ha IUTIOCKOCTH § 5.3.
Marpuna nepexosaa oT OJHOI CHCTEMbI KOOPJHHAT
K apyro# § 1.8.
Marpuna nepexona OT oxHoro 0asuca K Jpyromy B JIMHEWHOM IIpO-
cTpaHcTBe § 7.3.
Martpuiia 35ieMeHTapHbIX TIpeodpa3zoBaHuii § 6.8.
Merton I'aycca § 6.8.
Merton Jlarpanxa § 9.2.
Munop k -ro nopsuxa § 6.3.

H

Hampasnennsrii orpe3ok § 1.2.

Hanpasnsromie BeKTOpHI TUIOCKoCcTH § 3.3.
Hampasnsromuii BeKTop IpsAMOH Ha IMIOCKOCTH § 3.2.
Hesripoxnennaa matpuna § 7.5.

Heonnopoanast cuctema JIMHEHHBIX ypaBHEHUH § 6.6.
HeonHopoauslit TMHEHHBIN OnepaTop Ha IUIOCKOCTH § 5.3.
Hepasencto Konm—bynskosckoro § 10.1.

HepagenctBo tpeyromsauka § 10.1.
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HepassepHyToe npencrasnenue matpunsl § 1.1.
HerpuBunanbHas nuHeiHas KOMOMHaNMs BEKTOpoB § 1.4.
Hopwma snemenTa B eBKIHI0BOM npoctpanctse § 10.1.
HopmanpsHast mpsMoyrosibHas cucteMa Koopausar § 1.7.
HopmanbsHoe ypaBHEHHE NPsAMON Ha TUIOCKOCTH § 3.2.
HopmanbHblil BEKTOp IpsAMON Ha MIOCKOCTH § 3.2.
HopmaneHslit BekTop miockoctd § 3.3.

Hynesas matpumna § 1.1.

Hynesoii BexTop § 1.3.

HyneBoit HanpaBieHHBIH 0Tpe3ok § 1.2.

Hynesoii oneparop § 8.2.

Hynesoit pynkimonan § 8.7.

HyneBoit anemenT nunHelHoro npocrpancraa § 7.1.

O

OOnacTp 3HaYeHU JIMHEHHOTO oreparopa § 8.4.

Oo6parHas matpuna § 5.1.

OO6patHas matpuiia nepexonaa § 7.5.

O6patHoe oToOpaxenue § 5.2.

O6partnsIit onepatop § 8.2.

Oopamenne nponsBeaeHns MaTpui § 5.1.

OOparenne TMHEHHOTO oniepaTropa B MaTpudHo# ¢opme § 8.3.

Oouias gekapToBa cuctemMa koopauHar § 1.7.

Oob11iee pelieHre CUCTeMbl JIMHEHHBIX ypaBHEeHUH § 6.6, § 6.7.

Oo1ee pereHre HeOTHOPOTHON CUCTEMBI TMHEHHBIX
ypaBHEeHH# § 6.7.

OOmee penreHre CHCTEMbI OTHOPOIHON JIMHEHHBIX
ypaBHeHu# § 6.7.

OnHomonocTHbIN runepoonons § 4.5.

OpHopoHas cucTeMa JIMHEHHBIX ypaBHEeHuH § 6.6.

OnHOPOIHBIN JIMHEHHBIN OlepaTop Ha TIOCKOCTH § 5.3.

Omeparop § 5.2, § 8.1.

Omneparop cxaTust K ocam § 5.3.

Onepanmu ¢ TMHEHHBIMA QYHKIMOHaTaMu § 8.7.

Onepaunu ¢ Tenzopamu [Ipui. 4.3.
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Omnepanuu ¢ 371€MEHTaMU JIMHEWHOTO MPOCTPAHCTBA B KOOPAMHATHOM
dopme § 7.3.

Omnpenenurens MaTpuibl 2-ro mopsiaka § 1.1.

Omnpenenmrens MaTpunbl 3-ro nopsiaka § 1.1.

Omnpenenurens MaTpunbl 72 -ro mopsiaka § 6.1.

Omnpenenurens Npou3BeaeHNs MaTpul § 6.2.

Omnyckanue uaaexca y Tensopa Ipun. 4.4.

OnTuueckoe cBoiicTBO runepoonst [Tpui. 1.3.

OnTudeckoe cBoicTBO mapabdossl [pu. 1.4.

Omnrtugeckoe cBoiicTBO Ammmmca [Ipm. 1.2.

Oproronanu3arus 6a3uca § 10.2.

OproronansHas Matpuna § 5.1, § 10.4.

OproronansHoe npoektupoBanue § 2.1, § 10.5.

OpTtoroHaibHas MPOEKIIKs BEKTOpa Ha och § 2.1.

OpToroHanbHas MPOEKIUs TOYKK Ha och § 2.1.

OproronansHoe gonoiaeHue § 10.5.

OproroHansHOE IPeoOpa30BaHMe TUIOCKOCTH § 5.5.

OproroHanbHbIE JIEMEHTHI B €BKJINA0BOM IpocTpancTse § 10.1.

OptoroHansHbli 6a3uc § 1.5.

OproronanbHelil oneparop § 10.8.

OproHOopMHUpOBaHHAs cucTeMa KoopauHar § 1.7.

OproHopmupoBanHbIii 6a3zuc § 1.5, § 10.2.

OcHOBHast MATpHIIa CUCTEMBI JIMHEHHBIX YpaBHEHHH 6.6.

Ocs § 2.1.

OrtHomenue Penes § 12.1.

OtobpakeHue miockocty § 5.2.

OTpuLaTeNbHO OTpeIeIICHHbBIN KBaAPaTHIHBIHI
¢yaknmonan § 9.3.

II

ITapaGouna § 4.4.

[Napabommuecknit umuHAp § 4.5.

[Tapametpuueckoe npencraBieHue WIOCKOCTH § 3.3.
IMapameTpuueckoe mpeacTaBaeHUE NpsMOil Ha mIockoctu § 3.1.
Ilepecedenne noaANpPOCTPAHCTB JTMHEHHOTO IPOCTPAHCTBA § 7.4.
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Ilepexon oT 01HOI OPTOHOPMHUPOBAHHOM CUCTEMBI KOOPAMHAT
K apyroi § 1.8.

ITosepxHoctu Bpamenus [Tpui. 2.7.

[ToBepxHOCTH BTOpOTO TIOpsiAKa § 4.5.

[Honnsarue unnekca y tenzopa Ipui. 4.4.

[HoanpocTpancTBO TMHEHHOTO MpOCTpaHcTBa § 7.4.

[Monunuuelnslii pyHkumonan § 9.6.

ITosoxuUTENBHO ONPENEICHHBIN KBaAPaTUYHbII
¢ynkuuonain § 9.3.

[onspuas cuctema koopauHar § 4.6.

[opsimok anrebpandeckoi TuHUN § 4.1.

[opsmok anredpanveckoi moBepxHOCTH § 4.2.

IIpasuno 3ambikatomiei § 1.2.

IIpasuno Kpamepa § 6.4.

[IpaBuio TpeyronpHuKa § 1.2.

[paBuio nmapamenorpamma § 1.2.

[IpeobpazoBanue MWIOCKOCTH § 5.2.

[MpuBenenne KBajgpaTHYHOrO (YHKIMOHATA K IHArOHAJIHHOMY BHAY
§9.2,§12.1.

[TpuBenenne mapbl KBaJpaTHYHBIX (YHKIMOHAJIOB K JIHAaroHaJbHOMY
Buay § 9.2, § 12.1.

ITpuBeneHne ypaBHEHHS JIMHUU BTOPOTO TOPS/IKA HA INIOCKOCTH K Ka-
HOHMYECKOMY Buny § 4.4.

Ipucoenuuennslii oneparop § 12.1

IIpounssenenue matpur § 5.1.

IIpousBenenue onepaTopos § 5.2.

[TpousBeneHne TMHEHHBIX ONepaTopoB § 8.2.

[Ipou3BeneHre TMHENHBIX ONIEPATOPOB B MATPUYHOU
thopme § 8.3.

[IpousBeneHue yrcna u TMHEWHOro oneparopa § 8.2.

[Ipoussenenue yrcia u IMHEWHOTO (QyHKITMOHAA § 8.7.

IIpousBeaenue uncna u Mmatpuusl § 1.1.

[IpousBeneHre nciaa u HanpaBIeHHOTO oTpe3ka § 1.2.

[IpoTrBONIONIOXKHEIH omrepatop § 8.2.

[IpoTHBONONIOKHEINA (QYHKITHOHAT § 8.7.

[TpoTHBONON0XKHEIN TEMEHT JIMHEWHOTO IpocTpaHcTBa § 7.1.
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[psimast cymMmMa OAIIPOCTPAHCTB JIMHEIHOTO
npoctpancTsa § 7.4.

ITy4goxk mutockocTteli B mpocTpancTse § 3.3.

[Ty4gok mpsaMbIx Ha TUIOCKOCTH § 3.2.

P

PaBeHCTBO BEKTOPOB B KoOpAWHATHOU hopme § 1.6.
Panmyc-Bexrop Touku § 1.7.
PasBepnytoe npencrasienue marpunsl § 1.1.
Paznoxenune onpenenureneit § 6.3.
Paznoxxenne onpenenurens 3-ro nopsijika 1o cToyomy
nm ctpoke § 1.1.
Pazmep matpurst § 1.1.
PasmepHOCTH MHMHEHHOTO TpocTpaHcTBa § 7.2.
Panr nuneitnoro onepatopa § 8.4.
Pa3HOCTB HanpaBineHHBIX OTpe3KoB § 1.2.
Panr matpungs! § 6.5.
PaccrosiHMe MEeXIy CKpeIMBaIOIIUMUCS MPSIMBIMHU § 3.4.
PaccrosHre MexIy 3JeMEHTaMH B €BKJIHIOBOM
mpoctparctse § 10.1.
Paccrostnuie oT TOUKM 10 npsAMOit Ha TIocKoCTH § 3.2.
PaccrosHue OoT TOUKM 10 IpsAMOM B IpocTpaHCTBe § 3.4.
Paccrosiaue ot Touku 10 miockoctu § 3.3.
PacmpenHas MaTpuIia CHCTEMBI JTMHEHHBIX YpaBHEHUH § 6.6.
Pemenune cucremsl 1ByX JIMHEHHBIX YPABHEHUN C IBYMSI HEU3BECTHBIMU

§1.1.

C

Camocomnpsixennblit oneparop § 10.7.

CaeptriBanue TeH3opos [Ipui. 4.3.

CgoiictBa adppuHHOTO TIpe0OpazoBaHUSA TUIOCKOCTH § 5.4.
CBoiicTBa BEKTOPHOTO MIPOU3BEAECHUS BEKTOPOB § 2.4.
CgoiicTBa runepoonunueckoro napadonouna [Ipu. 2.4.
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Caoiicta runep6osnst [pui. 1.3.

CaoiicTBa nByIog0CcTHOrO Tuniepooonaa [pui. 2.6.

CaoiicTBa ogHOMONOCTHOTO TUNIepOoonaa [Tpm. 2.5.

CaolicTBa omepanuii CIOXXEHHS BEKTOPOB M YMHOXEHHUsSI BEKTOpa Ha
yucno § 1.3.

CoiicTBa OnpeAenuTeNs MaTPHUIbI N-ro nopsaka § 6.2.

CaoiictBa mapabdoutsl [1pui. 1.4.

CBoiicTBa COOCTBEHHBIX 3HAUCHHI JIMHEHHOTO omeparopa § 8.6.

CBoiicTBa COOCTBEHHBIX BEKTOPOB JJMHEWHOTO orneparopa § 8.6.

CBoifcTBa CKaJSIPHOTO MIPOM3BEICHIS BEKTOPOB § 2.2.

CBoifcTBa CMEIIAHHOTO TIPOHM3BEICHHS BEKTOPOB § 2.6.

CgoiictBa ammunca pu. 1.2.

CgoiictBa ammunconna [Ipun. 2.2.

CBoiicTBa /UTMNITHYECKOro mapadonounna [Ipui. 2.3.

CBsi3Ka TIIOCKOCTEMH B IpocTpaHcTse § 3.3.

CurHaTypa KBaIpaTHIHOTO PyHKIMOHATA § 9.3.

CumBon Kponekepa § 2.3.

Cummerpupoanue TeH3opos [Ipun. 4.3.

Cummerpuueckast Matpuna § 1.1.

CuMMeTpHyHbIi OMIMHENHHbIH QyHKIHOHAT § 9.1.

Cucrema /! nUHEHHBIX YpaBHEHHH ¢ /1 HEM3BECTHBIMH § 6.4.

Cucrema " TUHEHHBIX ypaBHEHUH ¢ /I HEM3BECTHBIMH § 6.6.

CkansipHOe pon3BeieHre BeKTopoB § 2.2, [Tpui. 4.5.

CkaysipHOE TPOM3BEACHHE BJIEMEHTOB B EBKJIMIOBOM IIPOCTPAHCTBE
§ 10.1.

Cnoxenne matpui § 1.1.

CrnoxxeHue BEKTOPOB B KOOpIUHATHOH opme § 1.6.

Crio)xeHue JTHHEHHBIX OMepaTOpPOB B MaTpudHOH dopme § 8.3.

Crno)keHue HamlpaBICHHBIX OTPE3KOB § 1.2.

Cnoxenue tensopos Ilpun. 4.3.

CMeriaHHOE NPOU3BEIEHNE BEKTOPOB § 2.6.

Co0cTBeHHOE 3HaUEHUE (YUCII0) TUHEHHOTO oreparopa § 8.5.

CoOCTBEeHHBIM BEKTOP JTUHEHHOTO ormepaTopa § 8.5.

CoBMecTHas cucTeMa JTMHEHHBIX ypaBHEHHH § 6.6.

Cornamenne o cyMmMupoBaHu# § 1.4.

CootHomienue Heonpenenennocreit § 11.5.
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ConpsbkeHHOE TMHEHHOE MPOCTpaHcTBO § 8.7.

Conpsprennbiit onepatop § 10.6.

Cpasuenne matpun § 1.1.

CpaBHeHHEe HaIIpaBIIECHHBIX OTPE3KoB § 1.2.

Cpennee 3HaueHue orneparopa § 11.4.

Cronber 2memeHTOB MaTpuisl § 1.1.

Ctpoka 21eMeHTOB MaTpulsl § 1.1.

Cymma nuHeHbIX oniepaTopoB § 8.2.

CyMmMa JTMHEHHBIX (PyHKIIMOHATOB § 8.7.

CyMMa TOATIPOCTPAaHCTB JIMHEHHOTO MPOCTpaHcTBa § 7.4.

CreneHp KBaJpaTHOM MAaTPHIBI C LEIBIM HEOTPHLIATECIHHBIM ITOKAa3a-
teneMm § 8.6.

Cdepuueckas cucrema koopauHaT § 4.6.

CropbeKTUBHOE JTUHEHHOE 0ToOpaskeHue (cropbekius) § 8.4.

T

Tensops! [pun. 4.2.

Tenzopsl B eBKINI0BOM npoctpancTse [Ipui. 4.4.
Tenszopsl B opToHOpMHpOBaHHOM 0azuce [Ipwui. 4.5.
Teopema ['amupToHa—Kam1m 8.6.

Teopema I'pama—IIImuara § 10.3.

Teopema nHEepINH KBaIpaTHYHBIX QYHKIIMOHATOB § 9.3.
Teopema Kponekepa—Kanemnnu § 6.6.

Teopema Jlamnaca § 6.3.

Teopema o 6asucHoM MuHOpE § 6.5.

Teopema o monsiparOM pasnoxernn § 10.8.

Teopema o panre MaTpuusl § 6.5.

Teopema 06 n3omopdusme § 7.5.

Teopema @pearonsma § 6.7, § 10.6.
ToxnecTBeHHBIN onepatop § 8.2.

Touka nepecedeHns: IpsAMON U IIOCKOCTH § 3.4.
Tpauncnonnposanue MaTpurs § 1.1.
TpancnioHupoBaHue nNpousBeAcHus MaTpui § 5.1.
Tpancnonuposanue TeH3opos [Ipum. 4.3.
TpuBuanbHas TMHelHHass KOMOWHALMSI BEKTOpoB § 1.4.
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TpuronomeTrpuveckas opma 3amuch KOMILIEKCHBIX
yucen [Tpun. 3.0.

Y

VYron mexxay Bekropamu § 2.2.
VYros Mexay 3JeMeHTaMu B €BKJINA0BOM npocTpancTse § 10.1.
YMHOKEHHEe MaTpHUIlsl Ha yncno § 1.1.
YMHOKEHHE HalpaBIEHHOTO OTpe3Ka Ha gucio § 1.2.
YMHOKEHHE BEeKTOpa Ha YHCIIO B KOOpAWHATHOH (opme § 1.6.
YMHOXkKEHUE TMHEHHOT0 OIepaTopa Ha YUCIIO0
B MaTpuuHOU opme § 8.3.
YMuoxxeHue Tenzopos [Ipui. 4.3.
YMHOKEHHE TeH30poB Ha yucio [Tpur. 4.3.
Yauraproe mpoctparctso § 11.1.
YHutapHslii onepatop § 11.2.
YpaBHEeHHE IIIOCKOCTH B IEKapTOBOU CHCTEME KoopAuHar § 3.3.
VYpaBHeHHe IpsMOH Ha INIOCKOCTH B JEKAPTOBOH CHCTEME
koopauHar § 3.1.
YpaBHeHHE IydKa MPAMBIX Ha IUNIOCKOCTH § 3.2.
VcnoBre KOJIIMHEAPHOCTU BEKTOPOB B KOOPAMHATHOM
thopme § 1.6.
VYcnoBre KOMIIIAHAPHOCTU BEKTOPOB B KOOPJMHATHON
dopme § 1.6.
VYcnoBre opTOroOHaTBLHOCTH MPSMBIX Ha TIOCKocTH § 3.5.
YcnoBrue opTOroHaIFHOCTH MPSMBIX B ITPOCTpaHcTBe § 3.5.
VYcnoBue opTOroHATBHOCTH MPSMOM U IIOCKOCTH § 3.5.
VYcnoBue napamienbHOCTH NPSMBIX Ha MIIOCKOCTH § 3.1.
VYcnoBue napanienbHOCTH IPSMBIX B IpocTpaHcTse § 3.1.
VYcnoBue napaieabHOCTH IpsAMOH U ItockocTH § 3.1.

()

doxanbHOE cBOMCTBO runepbons! [Ipm. 1.3.
®doxkanbHOe cBOMCTBO Aunca [Ipumn. 1.2.
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®opmyna Jitnepa IIpui. 3.0.
DopMyIel IEpexoa OT OJHOM CUCTEMBI KOOPAUHAT
K apyroit § 1.8.
@DopMEbI 3a1aHIS TUIOCKOCTH B TIpOocTpaHCTBe § 3.3.
®opMbl 3a1aHus IPSIMOI Ha MIIOCKOCTH § 3.2.
dyHaaMeHTanbHAs CHCTEMa PEIICHUH CUCTEMBI JIMHEHHBIX
ypaBHeHuit § 6.7.
®dynnameHTanpHas MaTpuia § 6.7.
Oynxrmonan § 5.2.

X

XapakTepruCcTHYECKHI MHOTO4JIeH JIMHEeHOTo omneparopa § 8.5.
XapakTeprucTHYECKOe YpaBHEHHE JIMHEHHOTro omneparopa § 8.5.

I

Hunuaapuueckas moBepxHocTh § 4.3.
Hunuaapuyueckas cuctemMa KoopauHar § 4.6.

|

YacTHoe pelieHrne CUCTeMbI JIMHEHHBIX ypaBHEHUH § 6.6.
UucneHHoe 3HaUYEHHE OPTOrOHAJBHOM MPOEKIINH Ha och § 2.1.

C/

DKCIOHEHIMANIbHAsE JopMa 3aITUCH KOMITJIEKCHBIX
gucen [pwu. 3.0.
OKcTpeMalbHbIe CBOHCTBA KBapaTHIHBIX (QYHKITHOHAIIOB § 9.5.
OnemeHT MaTpuis § 1.1.
DnemeHT 00paTHOi MaTpuIs § 6.3.
DjeMeHTapHble Ollepanyy IpeoOpa3oBaHUsl MaTPHULBI CUCTEMBI JIMHEH-
HBIX ypaBHEHUil § 6.8.
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Onnurc § 4.4.

Onmuncoun § 4.5.

OmmnTuaeckuii napadomnounn § 4.5.
OmmunrTrdeckuii mummHap § 4.5.

OpPMHTOBO CONPSDKEHHBIN oriepatop § 11.2.
OPMHTOBO CaMOCONPSKEHHBIN oneparop § 11.3.
Opmuros onepatop § 11.3.

OpmuroB QyHkiuonan § 11.4.

Opmurosa dopma § 11.4.

A

Snapo nuHeiHOTO omeparopa § 8.4.



YyebHoe nsgaHue

YmuoB Anexcanap EsrenbeBnu

AHAJIUTUYECKAS TEOMETPUSA
W JINHEMHAS AJITEBPA

Hayunsie penaxtopsl B. . Yexnos, U. A. Yybapos
Xynoxuuk I FO. Kanycmun
Penakroper /. A. Boaxosa, O. Il. Komosa
Koppekrop Y. A. Boakosa

Moanucano B neyars . .2020r. ®opmar 60 x 84 /1. Yeu. neu. 1. 34,0.
Vu.-u3n. 1. 33,5. Tupax 400 ox3. 3akaz .

DenepanbHOE TOCYAAPCTBEHHOE OI0KETHOE 00PAa30BATENBHOE YUPEKACHUE
BBICIIETro NMPOo(hecCHoHANBHOr0 00pa3oBanust «MOCKOBCKUHN (PU3UKO-TEXHIUUECKUN
UHCTUTYT (HAaIlMOHAJBHBIN HCCIEI0BAaTENbCKUI YHUBEPCUTET)»

P® 141700, MockoBckast 06:1., r. Jloaronpynusiii, MHcTUTYTCKMIT TIEp., 9

E-mail: rio@mail.mipt.ru

OtnevaTaHo B IIOJHOM COOTBETCTBUH C KAUECTBOM IIPEAOCTABICHHBIX IUAIO3UTHBOB
B Otnene onepatuBHO# nonurpadpun MOTU.



