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Bseaeune.

Necars qer masan Apuo Bopmis omy6mukosarx o6zop [Bel', rae
Bcero Ha 16 cTpaHMmax AaJj MOMHOE U U3SAUIHOE BBEJEHUE B DTOT CIIE-
mupudeckuil pasgen aaredbpamdeckon reomerpuu. Cerogns HaM IO-
TpebyeTca ropa3no 6ombire OymMarw, maxe ecau IpPeanoJaraTb, ITO
amrarens 3HakoM ¢ [Be| (rge yxe mabaogena cBa3b 0600ueHHbIX -
PYHKIUN ¢ KIACCHIeCKAMA U KBAHTOBBIMUA KOH(DOPMHBIMUI TEOPUAAMU
o).

B sTou kxuure mel, crepys crpareruu A. BoBuis, He npuBogum
HI MOTMBUPOBOK, HE A0Ka3aTenbcTB. OIHAKO 6ce HEOGXOAUMBIE 2€0-
MEMPUUECKUE KORCTPYKYUY Oy Ay T IPEICTABICHBI, & UCXOMA U3 HUX,
qUTaTECIb YyX€ JEI'KO CyMeeT OTbhICKATHb (I/IJII/I yFaAaTb) AOKa3aTelIb-
crBa caM. Takum 06pa3oM, HACTOALIUYN TEKCT HE ABIACTCI MATEMATH-
YECKOW MOHOrpadpUen, HO JUIIb KOHCIEKTOM OOIIMPHENIIErO HAIPA-
BIEHUA WCCIEOBAHANZ.

B aberesom cayuae® gpukcanmua [OIOIHATEIHHEIX KOMOMHATOPHBIX
MAHHBIX — TaK HA3BIBAEMBIX U-CTPYKTYpP YPOBHA k — NOCTABIAET
CIICII1AJIBHBIC 6&31/1(:]:)1 B IIPOCTPAaHCTBAX Ce‘IeHI/Iﬁ TEH30PHBIX CTeIle-
HEU KAHOHUIECKOU MOJNSIPU3ANUA IKOOMAHA, ITO MO3BOJIAET IIPENCTAa-
BILATH CEYECHUA MOJOMOP(HBIMU DYHKIUAMHE Ha, «a0€IeBOM IIPOCTPAH-
crBe llorTrkm» (C*)Y u nucaTs 3amedaTenbHEE ABHEIE AHAIUTHIECKAE
GdOpMyJIBI, HIMPOKO MCIOJIL3YIOIIUECa B YI}IH, TEOpUU MHTErpupye-
MBIX CHCTEeM ¥ Kiraccudeckon mexanuke (cM. ceuiku B [DKN]).

Hamen neasto 6yger peaiusanus mog00HOU NpOrpaMMbl B Heabe-
JEBOM CJIy4ae, YITO SABIAETCS MPAKTAIECKUM OTBETOM HA MTOCOBBIN
Boupoc A. Bosuusa (codpmymuposannem B [Be] nog Homepom 9).

To, aro yxe cama KoHcmpykyus J-PyHKIUA ¢ XaPAKTEPUCTUKA-
MU BHYTPEHHUM 006pPa30M CB3aHA C IPOLEAYPON KBAHTOBAHUA (KBAH-
TOBOU TEOPUEN HOMA B PA3MEPHOCTH 1), OTMEYANIOCH HEOAHOKPATHO.

! «Vector Bundles on Curves and Generalized Theta Functions: Recent Results and
Open Problems»

ZMbr HazeeMca B GyAyIIeM pa3sBepHYTH €ro B MOIHONEHHYIO MOHOTrpadmio «Bek-
TOPHBIE PACCAOCHUA HAJ AIre0pamvIeCKUMKU KPUBLIMW)Y WM, Ha MPUHATOM HBIHYIE
B MaTeMaTu4eckKux kpyrax cienre, «VBAC»

3 .

U3J0XKEHHOM B 3aMedarTensHblx kaurax [B], [C], [Wi], [F1] u MEOrEX apyrmx



Beedenue 7

Oxa3a1och, 0JHAKO, ITO METO Bl KOH(POPMHOU TEOPUH OIS (T. €. Te-
opuu B pazmeproctu 2 = 1+ 1) u crangapraee dusugeckue coobpa-
JXKEHUA: CAMMETPUH, TIOJA, YPABHEHUA, CIIUBKA JOKAJbHBIX JATPAHKU-
AQHOB 1 T. II. OTKPBIBAIOT HOBLIC IIECPECIICKTUBLI 1 AAI0T B PYKU CTOJb
5P P EeKTUBHBIE BHIYUCINTENbHBIE CPEICTBA, O KAKUAX «aJredpandecKue
reomerpsl u He MedTanm (A. Bosuus).



[ naea 1.
MPOLUECC KBAHTOBAHUA

8 1 KoncTpykuusa.

[TepBoilt BOIPOC: 9TO MBI XOTUM KBAaHTOBATH! B reomerpuveckom
KBAHTOBAHMY —— 3TO CHMILIEKTHIecKoe MHoroobpasme (M,w) (da-
30BO€ IPOCTPAHCTBO KJIACCHIECKON MEXAHUIECKOU CUCTEMBI C KOHEY-
HBEIM 9HCIOM CTeleHed cBoGoxbl) min Omanarebpa C°°(M) raankux
dynkumu va M ¢ onepanusamu 066IMHOrO (IOTOYETHOI0) YMHOXECHUA

f1- fa m crobkot Ilyaccona:

{flufZ} = w(Hf17Hf2) )

rae Hy = w!(df) — 9T0 raMuibTOHOBO BEKTOPHOE IOIE, HOPOX JEH-
Hoe dyuknuen f € C°(M). Ormerum, uro ycaosue dw = 0 Breder
BBIIOJHEHUE TOXAeCTBa, fAkobu miusa ckobku Ilyaccona. Eciu M xowm-
AKTHO, TO abeneBa ymHOXeHna Ha C°°(M) mocTaTodHO m11 BOCCTa-
HoBnenus M, a w3 crpykTypsl aarebpsr Jlu ma C°°(M) Boccrana-
BIuBaeTcA w. Takum 06pa3oM B KOMIAKTHOM cirydae mapa (M,w) u
6uaarebpa (Habmogaemsix) C°°(M) cyTh SKBEBATEHTHbIE OOBEKTHL.

BRST-upenkBanTOBaHNE — DTO MOIBITKA MOCTPOUTH COOTBET-
cTBEE (), COMOCTABIAIONIEE KIACCHIECKUM 00BEKTaM KBAHTOBbIE TaK,
9T00BI

e Q(M) = H 6bwI0 rEILOEPTOBLIM IPOCTPAHCTBOM (BOJHOBBIX
yrKImiL);

Lem., mampvep, [GS1]
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e Q(f) pua f € C°°(M) 6butu GBI CAMOCONPAKEHHBIME OLEPATO-
pamu Ha H;

® BLIIIOJHAJICA 6I)I npUHuun coomsemcmaeua ,ﬂI/IpaKa:
[Q(f1), Q(f2)] = ih Q({ f1, f2}) ; (1.1)

® BO3HMKAIOIIEE TAKUM 00PA30M MPEACTABICHUE IIyaCCOHOBOU AJl-
re6pet C°(M) caMOCONpsAXKEHHBIME OlepaTopaMu Ha H ObLIO
OBl HEIPUBO JUMO.

Ho, cornacao Teopeme Ban X0Ba, Takas UIeAJbHAS KOHCTPYKIWI HE-
BO3MOXHa B IDUHIMUIIC.

[lBa OCHOBHBIX METOa F€OMETPUIECKOIO KBAHTOBAHUA Oy CKAIOT
HEKOTOPBIC Tpe6OBaHI/Iﬂ 73 INIPpUBCACHHOI'O BBHIIIEC CIIMCKA: KBAHTOBA-
uue Cypbe - KocTanTa He gaeT HEIPUBOIUMOIO IPEACTABICHUA, & B
KBAHTOBAHUU BepeBI/IHa HapymaeTCsa MPUHIUII COOTBETCTBUA, KOTO-
pbiit Oy/1eT BBIIOAHEH JUIIb ACUMIITOTHIECKH.

O6e 9TU KOHCTPYKIUU BBOAAT B MCXONHYIO KIACCUICCKYIO MEXa-
HUYIECKYI0 CACTEMY ONUHAKOBBIE MOIOJHUTEIbHBIE JaHHblE NPEIKEaH-
mosanus — napy (L,V), cOCTOAUYI0 M3 KOMIUIEKCHOI'O DPMHUTOBA
JIMHENHOrO pacciaoeHus L (¢ ¢pukcupoBaHHOM >pMuTOBOU hopMon h)
¥ YHUTAPHOU CBs3HOCTU V Ha L ¢ pOpMOU KPUBU3HBI

Fy =2miw. (1.2)

[Tocneguee TpeboBanme HAKIAOBIBAET CUIBHOE OIDAHUYIEHUE HA WC-
XOJHYIO CUMILIEKTHIECKYIO CTPYKTYPY — OHO O3HAadaeT, ITO KJIACC
KOIOMOJIOTYU CUMILIEK TUIECKOU (POPMBI ABIACTCA HENOUACTCHHBIM:

(w] € H*(M, 7). (1.3)

Yersepky (M, w, L, V) MOXHO KBAHTOBAThH, 6E€PA B KAIECTBE IPO-
CTPAHCTBA BOIHOBLIX (PYHKIUI IPOCTPAHCTBO IVIOOAMBHBIX CETCHUN

H=T"(L),
CHa6)KeHHO€ SPMI/ITOBI:IM CKaJIﬂpHI)IM HPOI/I3Be,Z[eHI/IeM

)= [ sty
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rae n = dim M/2 (o6brqHO TpOCTpancTBO H mMOmOMHAETCA mO L2-
Hopme). Kaxgon ynkumu f € C®(M) (kraccuaeckon HaOIIOgae-
MOW) MOXKHO COOCTABUTH OLEPATOD

Q(f) =Vu, +2mi-f, (1.4)

IEACTBYIOININI HA, CEIEHNUA IO IPABUILY

Q(f)(s) = Vu,(s) + 2mi fs.

Hecaoxuo npoBepuTs, 910 npuHnn cOOTBeTCTBUI [upaka npu sToM
BBIIOJHAETCS, HO HOLyYatoleecs npeacrasienue arreopst Jlu C°(M)
HUKOT/a HE SABIAETCA HEMPUBOAMMBIM (gaXxe B CaMOM HPOCTENeM
cryaae M = R2 = T*R).

[IpocTparcTBO H MOXHO Cy3UTH IPHU HOMOIIM NosApusayut. 11o
onpegenenuio, noaspusanmia Ha M — sro mogpaccaoenue I C TCM
paura rkll = n = dim M /2 B koMmIiekcudunrpOBAHHOM KACATEILHOM
paccroennu. Ecau noaspusanus GpukCpOBaHA, TO HA IPOCTPAHCTBO
BOJIHOBBIX (DYHKIIMY HAKIAJBIBAETCA €CTECTBEHHOE YCIOBUE:

QM) =H"={s€I>°(L)| Vys =0V vell}.

[lonapusamuu pa3auvarOTCsA CBOUM PACIOIOXKEHWEM II0 OTHOLIe-
mmio K umeomencs #a TCM KaHOHIIECKOR BEIeCTBEHHON CTPYKTY-
pe. OGBIMHO UCIIOIB3YIOT ABA «IUCTHIXY KPAUHAX CIYTad: 6EUECTNEEH-
HY10 noaspuzayuto, korga I = I, u KoMNAEKCHYIO NOAAPUSAYUIO, KO-
raa I u Il TpaucBepcalbHEL (1TO PABHOCKIBLHO BEIOOPY MOYTH KOM-
IUIEKCHOM CTPYKTYpPHI I ¢ TIO L= 7).

Boob6uie roBops, 04HOIO TOIBKO BHIOOPA MONAPU3ANAY elle He J0-
CTATOYHO [ BKJIIOUEHUsA IPOLUEAYPHI KBAHTOBAHUWS B KAaKyIO-Tu0O
XOPOIIO M3BECTHYIO MaTeMaTUIeCKyI0 Teopuio. TeM He MeHee, Takoe
BKJIIOYUEHME BCE XK€ IPOUCXONUT B [BYX CIEHMUATBHBIX CJLYIafAX:

® KOrjla BeleCTBeHHad noJsipu3aunus I[ BrosHe mHTErpupyema,
T. €. ABISETCSA PACIPEIEICHAEM KACATEIBHBIX IIOCKOCTEN HEKO-
TOPOI'0 JIAI'PAHKEBA CIOCHUA

M =+ B, (1.5)

o6yt caoit KoToporo 1™ = 71 (byey) ABIAETCA MArpPAHKEBBIM
TOPOM Pa3MEPHOCTH 71
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® KOr'Ja MOYTH KOMILIEKCHAA CTPYKTypa [, 3amaromas KOMILIEKC-
HYIO HOJADU3ANNIO, THTEIPUPYEMA U COIVIACOBAHA, C W, TAK YTO

mapa (w, ) 3agaer Ha M KerepoBy METPHKY XOIXKeBa THIA .

B BemecTBerHOM Citydae yCaOBUE HHTEIPUPYEMOCTH 3AKII0IACTCS
B TOM, 9TO JIOOBIE [BA BEKTOPHBIX MOA 01,02 € II KOMMyTHPYIOT IO
moxyJo I1:

[81,82] elIcTM, (16)

T. €. BEKTOPHBIE MOJS CO 3HAYeHUAME B [] cocTaBagioT nogairebpy B
aare6pe Jlu BCeX BEKTOPHBIX MmOIEHS.
B KOMILIEKCHOM Cily4dae yCIOBUE MHTErPUPYEMOCTHU HOYTU KOM-

ILIEKCHOU CTPYKTYPHI I 3312€TCA aHAJOTMIHBIM YPABHEHUEM:
[161, 182] = [81, 82] + I[I@l, 82] + I[al, 182], (17)

rge mbl paccmarpusaeM I kak cevenue End(7T'M ), yapoaersopsiomee
yeaopuam: 12 = —1, w(0y,10s) = —w(101,02) u w(dy,182) > 0.

MeTo Bl UCCIeOBAHAA STUX ABYX CILy9IaeB IPUHAIICKAT PA3IAI-
HBIM 00JACTAM FEOMETPUM: BEIECTBEHHbIE MOLAPU3ANUYA OTHOCATCA K
FeOMETPUHU CUMILIEKTHIECKOH, TOTIa KAK KOMILIEKCHBIE TOMAPI3 AN
YBOJAT HAC B PaMKHU reomerpun aarebpamveckoun. Ksanrosanue Ha-
3BIBACTCA TOAMHbIM, ECIA UCXOMAHAA MEXAHWIECKaA CHCTEMA OJTHOBPE-
MEHHO JOIyCKAeT MHTErpUpyeMble Hoaaspu3auu 06oux Tunos. Takum
06pa3oM, MOJTHOE KBAHTOBAHUE OTHOCHTCA K IIEPECEIEHUIO aarebpan-
9ECKOU U CUMILIEKTAIECKOU MeOMETPUH.

%1, e. yaoBIeTBOpsIOMYO yeaosuio (1.2)

3B obmeM CrIydae «(KOMMYTaHT» BCEX TAKHUX MOJEH ONpeJelseT KBAAPATHIHYIO
dopmy Ha II ¢ xosdpPuumenTamMu B HOpMaIbHOM paccioerumu 1M /II abcomor-
HO TaK XKe, KaK B KIACCHIECKOU nudPepeHInaIbHON IeOMETPHAU OMPEAENACTC
BTOpas KBAaIPATHYHAA (POPMA MOBEPXHOCTH, BIOKEHHOH B R>
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§ 2 BemecTBeHHaA MoaApU3anUA
(cuMmIeKTHUYECKas reoMeTpus).

Hamomumm, 910 muka 1I' C M Ha3BIBAETCA A4G2PAHHCEBBIM, €CIU
dim7T = n = dimM/2 u w|r = 0. Takum o6pas3om, JaHHBIE IpPeE.-
kBaHTOBaHUA (L,V) orpanmumBatorcs Ha T B TPUBHAIBHOE JIUHEU-
Hoe paccaoenue L] ¢ miockon cBa3HOCThIO0 V|7, IOCKOIbKY KPUBU3HA
Fy|r = 2miw|r = 0. Knaccel KarubpoBOYHON SKBUBAJEHTHOCTH ILIOC-
KX 9PMUTOBBIX CBHBHOCTefI COOTBETCTBYIOT, KaK U3BCCTHO, YHUTAP-
HBIM XapakKTepaM (byHIaMEHTAILHON TPy b

m(T) = U(1). (1.8)

OnpeAeaEHUE 1. Eciu x = 1, 7. e. orpanuyenue L|p obaagaer KoBa-
PUAHTHO MOCTOAHHLIM YHUTAPHBIM CEI€HHEM, TO JarpaHxKeB uKaI T’
HA3BIBACTCA 00p-30MmMmepdentdo8biM.

Yro6bl «yOuTHY XapakTep PyHIAMEHTAILHON I'PYIIIbI, HEOOX0 11~
Mo HanoxuThb rkH;(T,7Z) ycioBuyl, © MBI MOXEM OXUIATH, ITO KO-
Pa3MEpPHOCTD MOACEMENCTBA 6OP-30MMeP(dENbIOBbIX IUKIOB B 00meM
CeMENCTBe JAarPAHXKEBLIX [UKIOB Oya1eT MMEeHHO Takou. Kpome Toro,
HETPYAHO BUAETb, UTO €CHM TMaakui 6Gop-sommepdensbaos muka 17
[EIUKOM CONEPXKUTCA B HEKOTOpOU okpecTHoCcTH [lapby— Benncrenna,
IPYroro mIagkoro 6op-zommepdensnosa mukaa 1, TO 5TH ABa MUKIA
00532 TeIBbHO MMEIOT HETPUBUAIBHOE HEPECEICHHUE.

Jlarpamxesbl ciou BewecTBeHHON noaspusanuuy (1.5) npeacrasus-
0T COO0U CEeMEUCTBO JArPAHXKEBLIX IUKJOB, IAPAMETDPU30BAHHOE 71
meprolt 6asoit B. Iockonbky o6muit ciort T" = 7! (bgen) ABIAETCA
n-mepHBIM TopoM, rtkH 1 (T") = n = dim B. Takum 06pa3om, MHOXe-
cTBO 6OP-30MMeEPGEIbIOBLIX CIOEB B DTOM CEMENCTBE JUCKPETHO, U
ecau B KOMIIAKTHO, TO B HEM BO3HUKAET KOHEYHOE MHOXECTBO GOp-
-3ommepdenbnoBeix Todek BS = {by, ba, ..., bj} C B, orBegaromux
TakuM ca0aM (cM. puc. 1). B 5ToM ciydae MBI OIpegeruM npocmpan-
CMB0 B80AHOBLIT PYHKUYULT NEPB020 YPoBHA KAK HPIAMYIO CYMMY KOM-

lep. ¢ mpenn. 1 u3 § 5 ruaper 2
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IVIEKCHBIX IIPAMBIX:

QM) =HLE P C- s,
beBS

rfe s, — KOBAPUAHTHO MOCTOAHHOE yHUTApHOE cedenue L| -1 (oHO
OUpeneseTCsa OAHO3HATHO C TOYHOCTHIO 40 (Pa30BOr0 MHOXKUTENI U3

0000

Bop-30oMMepdensaoBb! TOPEI

Bop-3oMMepdens10BbI TOUKI

Puc. 1. Bop-3ommepdensaoBel ciaon

PaccMoTpuM Teneps k-Tyio TeH30pHYyio creness LF|p paccroennsa
npenkBaHTOBaHUI L m o0603HAaYIUM depe3 Vi DPMUTOBY CBA3HOCTD,
KAHOHUYICCKN MHAYIVWPOBAHHYIO HA HEM CBA3HOCTHIO IIPDEAKBAHTOBA-
Hug V Ha L. YcmoBusa Bopa— 3ommepdensbna OOyCKaT CaeqyIOIIee
pacimmpeHnue.

OnPEAENEHUE 2. Ecan Lk|T 00aKaeT KOBAPUAHTHO IIOCTOAHHBIM OT-
HOCHTEIbHO V), yHHTapHBIM cedenueM (T. e. x* = 1), To marpamxes
nuka T Ha3BIBAETCA O0p-30mmepPieabdosbim yposHa k WInM, KOpOdUe,
BS;-yux.aom.

Paccyxgas, kak Bbile, Mbl yBUIUM, 9T0O TOAMHOXeCTBO BS) C B
KOHCYHO, U OIPEAECIUM COOTBETCTBYIOIIECE IIPOCTPAHCTBO BOAHOGHIT
Pynryuld yposua k Kak IpAMYyIO CyMMY KOMILIEKCHBIX IDAMBIX:

Qu(M)=HEE P C-s,

beBSk
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TZe Sp ABIAIOTCA KOBAPUAHTHO MOCTOAHHBIMU YHUTAPHBIMU CEISHUI-
mu orpanuaenutt ((LF, Vi)|r—1(5))- Boree Toro, BPU-konCTpYyKIMA 3
§2 rIaBbl 8 KAHOHWYECKH CHA0XKAET DTHU MPOCTPAHCTBA DPMUTOBOU
CTPYKTYPOWU, onpeaeneHHON no moayato aeucrsua U(l) ma cevenus
sp (cm. cTp. 155).

WmMes neno ¢ KOHKPETHOU KIACCHIECKON TUHAMUYICCKOU CUCTEMON
(M,w), xoTenoch OB OXUAATH, UTO PE3YIbTAT KBAHTOBAHWUA HE 3a-
BUCHAT OT BbIOOpA KaKuX ObI TO HU OBLIO JOHNOJHUTENbHBIX CTPYKTYD
Bpoge L, V, m mau I. llpegpiaymas KOHCTPYKOUA IPOCTPAHCTB BOJ-
HOBBIX QYHKOUN H,; C TOYHOCTBHIO N0 CIABHUI'A XaPAKTEPOB HE 3aBU-
CHT OT CBA3HOCTHZ, & TOIBKO OT €€ (hOPMBI KPUBU3HEL, KOTOPAA €CTh
2Tiw, HO @ Priori 3aBUCUT OT BBIOOPA BEIIECTBEHHOU IOIAPU3AINI
7. Tem Gosee 3aMedaTeNbHBIM ABIACTCA TOT (PAKT, YTO NPOEKMUBU-
30Y%ui TPOCTPAHCTBA BOJHOBLIX (PYHKIIMUA OT BHIGOpPA BENIECTBEHHON
MOJAPU3ALUYA HE 3aBUCUAT!

Kak nokaszan B. II(OCTa.HT3, A JI0OOr0 APYroro JarpaHXKeBO-
ro pacciroenus M " + B' umeeTca KaHOHUIECKOE (c TOYHOCTBIO 70O
CKAIAPHOIO MHOXWUTENA) DPMUTOBO cnapuBaHme mexnay H, m Hgr,
[IO3BOJIAIONIEE OTOXJECTBUTH UX MPOEKTUBU3AINK:

IJTO MaeT HAM IIPABO MOHMMATH MPOCTPAHCTBA, BOJIHOBBIX (DYHKIUN
‘Hr UMEHHO KaK pe3y/JIbTaT KBaHTOBaHUA mapbl (M, w).

Zxapakrep X OIPENeIseT A KIACCOM KATOPOBOIHOU DKBUBAIEHTHOCTYU CBA3HOCTH

V u Ha 0AHOCBA3HOM M OJHO3HAYHO ONpEREIAETCA (POPMOU KPUBU3HEI, B HEOJ-
HOCBA3HOM CIyvae HeobXogumo emre 3abuxcupoars drement u3 H' (M, R) (cwm.
HIKE)

3cwm., manpumep, [JW2]
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§ 3 KeqrepoBo KBaHTOBaHUE
(anreb6pamyeckas reomeTpus).

B sToMm ciaydae gamHBIE IPEIKBAHTOBAHUA 00PA3ylOT HETBEDPKY
(M,w,V,I), B xoropou napa (w,l) onpenerser ma M cTpykTypy
KOMILIEKCHOT'O MHOT000GPa3usa U KeIEpOBY METPUKY ¢ KeIepoBOu (hop-
MOU, IPOMOPIUOHAIBHON w. B 9acTHOCTH, W, & 3HAYAT, U KPUBU3HA,
ces3Hoctu V Ha L, mmetor xomxkes Tun (1,1), mosTomy CBSI3HOCTH
OPEeNKBAHTOBAHWA ONPEAEMAeT Ha L CTPYKTYDPY 2040M0pPnoeo pac-
croermsa’. [To Teopeme Kogauper (1958), MeI0MHCIEHHOCTS KIacca KO-
romosoruit keneposo# dopumbl [w] € H2(M,Z) o3HaaeT X01KeBoCThb
KeIepoBou MeTpuku. Takum ob6pasom, M ABIAETCA IPOEKTUBHBIM
anreOpamaeckum MuHOrooOpasuem, a L = Oy (1) sagaer kmacc ero
CUNEPIVIOCKAX CEYEHWU, T. €. KOMILVIEKCHAA MONAPU3ANMA IIPUBOIUT
HAC K airebpanveckon reomerpun!

[IpocTpaHCTBO BOIHOBBIX (DYHKIUHU B 3TOM CJIydae IPeBPaIlaeTCs
B IIPOCTPAHCTBO 2040MOPPHbLE CeIeHUN paccaoenus L:

Qr (M) =H; =H(M;, L).

Dpmurosa popma Ha L maayuupyet spmuTosy dhopmy na HC (M, L),
T. €. OTOX IECTBICHUE

H;=H(M;,L) ~ H (M, L) . (1.9)

Mpoexrususamusa P (H'(M;, L)) ABIAETCA KIACCAIECKAM IPEMEPOM
noarot auretinot cucmembt Ha My, m cTaHTapTHAA aaredpo-reoMeT-
pmieckad KOHCTPYKIOUA 3aJaeT roJOMOPGHOe 0TOOpaXeHne

M, —2e P (HO(M;, L)) |

koTopoe B kombunanuu ¢ (1.9) ¥ CMEHOUM KOMILIEKCHOM CTPYKTYPbI
HA CONPAXKEHHYIO IepeBoAuT M B IPOEKTUBU3AIMIO IPOCTPAHCTBA
BOJIHOBBIX (DYHKIMU:

My -2 P(HO(MI,L)> . (1.10)

Lem., mampuvep, [GH]
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O6pasbr Touek M 1o HEeNCTBUIO 3TOT0 OTOOPAXKEHUA HABBIBAIOTCA
KO2EPEHMHBIMYU COCMOAHUAMY .

Amnanoruso, 6eps rodoMOp@HBIE CEYEHNS TEH30PHBIX CTENEeHEN
LF paccroenns L, Mbl mOIy<aeM OPOCTPAHCTBA, BOTHOBBIX (DyHKIIHIK
ypoBH:A k:

HE = HO (M, LF) (1.11)

st Kax goro nenoro k > 0. Takum 06paszom, 11060€e CUMILIEK THIECKOE
MHOroo6pasue (M,w), moazexaliee HOIAPU3OBAHHOMY airebpamtde-
ckomy muOroo6pasuio (M, O;(1)), nopoxgaer HAGOP IPOCTPAHCTB
BonHoBBIX yrkumia H(M;, O(k)), sapucammit a priori orT BeIGOpa
KOMILIEKCHON CTPYKTYPHIL.

HamomumM, 90 mpu gocTaTo4Ho Goabmmx? k oro6paxenns (1.10)
apaaorca saoxenmamu, u dim HO (M, L*) onpegenserca mo dbopmy.ie
Pumana— Poxa 4epe3 dmcTo Tomosormueckue mHBapuaHTHI M u L.
CrpemiieHrE K T€OMETPUIECKOU MapMOHUY TPeOyeT OT HAC OTBETA, HA
KJIIOYEBOU BOIPOC: 3ABUCUT JU MPOEKTUBU3AIUA DTUX IMPOCTPAHCTB
0T BBIOOPA KOMILUIEKCHOU CTPYKTYPBI! VIHBIMU CIOBAMU, ABAACTCA JU
HAIllE KBAHTOBAHUE KIACCUYECKOU MexaHm4Ieckon cucremst (M, w) yc-
[ENIHBIM, B TOM CMBICJIE, ITO

0 (PH(My, L))

« oI =0»7?

PasBepryras maremarniecku KOPPEKTHAA (POPMYJIUPOBKA DTOrO
Bompoca Takosa. O6o3uadum depe3 M MHOrooOGpasue MOAYIeH (B al-
re0po-reOMEeTPUIECKOM CMBICIE) MOIAPU30BAHHBIX AIre0PAMIecKux
muoroo6pasuu (My, Or(1)). Ilo Teopeme Komamper Han M ummeercs
BEKTOPHOE PACCAOCHUE

Vi 2+ M, (1.12)

croem xotoporo: p~t(My,Or(1)) = H°(M,0;(1)) asasiorcea Tomo-
MOp(QHBIE CeYeHMs PACCIOCHUs Houspudanuu. [Ipegbigymuit Boopoc

Zp.e. 6 weazuxaaccuueckom npedeae, Korga 1/k — 0; oTMeTHM TaKxke, 4TO B

kBaHTOBaHWK Bepesmna, rae Bmecto omeparopos (1.4) dymkumam f € C(M)
comocTaramoTca menauyesvl oneparoper Ty wa H°(M;, L¥) (cm., manpumep, [R]),
coorBercreue [lupaxa (1.1), Hapymennoe npu a060M KOHEIHOM K, BBIIOIHACTCS
aCUMITOTUYECKN Ipu k — 00
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CBOAUTCA K CyHeCTBOBaHUIO HpH k > ( NPOEKTWBHO IJIOCKOU IO-
JOMOP(MHOU CBA3HOCTU Ha Vi. Takasd MOCTAHOBKA 3a4a4U ABISAETCS
COBEpIIEHHO HOBOU B PAMKAX AJIreOpamIecKON reOMETPUN, U PeX e,
9eM PACCMATPUBATDH €€ BO BCEX NETANAX B MHTEPECYIOUEM HAC YaCT-
HOM caydae dim M = 2, mpuBegeM HECKOJbKO 3aMeIaHUUU OOIIEero
XapaxTepa.

1)

Ecau paccaoenune V' gonyckaer roaoMopdHYIO IPEKTUBHYIO IO~
CKYIO CBA3HOCTDb, TO €r0o MOJUHOM UepHa mMeeT BU]

cv(t) =1 —c- ) rpe c€ H}(M,Z), (1.13)

u B yacraocty, ¢1 (V) = rkV - ¢, 4ro HakaanBIBAET OYEHDb KECT-
KV OIPAHWYCHUs Ha TOIOJIOIMYECKU THI 3TOIO PACCIOCHUA.

Bce u3BecTHBIE KITacCHIeCKTE KOHCTPYKIIUY FOTOMOP(MHBIX IIPO-
C€KTHUBHBIX ILIOCKHX CB3HHOCTeﬁ OpuBOOAT K OPMUTOBBIM CBA3-
HOCTSAM, HO B HeabereBOM ciaydae (Hamboaee MHTEPECHOM L
HAC) TOT (HAKT B 00WEM BUAE N0 CUX [IOD HE yCTAHOBIEH.

Ecan uckomas casnocts Ha paccaoenmax (1.12) cymecrsyer,
TO OHa WHAYLIUPYeT Ha Vi HeKOTOpOe moae Xurrca.

Xors pacciaoerne Vi 1 romoMop@pHO, MBI BIIOJIHE MOLIN OBI IIPe-
MOMOXNTH, ITO MCKOMaA MPOEKTUBHO ILIOCKAA CBA3HOCTL Ha Vi
MOXeT ObIThb u He rojomopdguou. OIHAKO, B KOHTEKCTE KOH-
GOPMHOU TEeOpUM TOJISA OHG HEOOLOOUMO ABAACTNCHA 20A0MOPP-
HO1i, XOTA 33 HEJOCTATKOM BPEMEHM MbI BBIHY XK J€HBI OCTABUTH
06CyX IeHre 3TOr0 BOMPOCA, 33 PAMKAMU 3TOT'0 KPATKOT'O KOH-
CIIeKTa.

HekoToprie ¢usmyeckue 3amadu ¢ CAMOr0 HAYAJIA IPUBOIAT K
POEKTUBU3AMUAM IIPOCTPAHCTB BOMHOBBIX (DYHKIWMU, U TOLJA
BMeCTO BeKTOpHOro paccioenus (1.11) BosnumkaeT npoexmus-
Hoe paccaoenue, KoTopoe (naxe B GECKOHETHOMEDHOM CIydae,
rae runbbepTOBbI BEKTOPHBIE PACCAOEHUS BCETA TOIMOJOT U e~
CKU TPUBUAILHBI) HE ABAAEMCA, BOOOLE FOBOPS, MPOCKTUBU-
3alMell HUKAKOrO BeKTOpHOro. llpemsaTcrBus sexar B rpymmne
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Bpayepa H?(M,Z), koTopas T0CTaBIACT HETPUBUAILHLIN AHA-
aor K-pyakropa Arbu.

8§ 4 Pacuiupennas Teopus Kogaunpei—Cuoencepa.

Teopus medopMannii KOMIUIEKCHBIX CTPYKTYp ObL1a passura Ko-
paupor u CruescepoM MHOrO JeT Haszag. TeopeTudecku, Qs aHAIU3a,
YCIEIIHOCTH KeJePOBOr0 KBAHTOBAHUA HAM HAI0 PACHIMPUTH DTy Te-
opuio 10 reopun nedopmanun Tpoek (I, Ly, s), rae I — unTerpupye-
Masf KOMIUIEKCHAS CTPYKTYpa, L — romoMopgHOe JUHEHHOEe PaCCIoe-
uue, a s € HY(L;) — ero romomopduoe cevenne. Takas pacumpenHas
Teopusa HamboIee MOXHO IpexcTasreHa B [W].

Jlns HAaUATA PACCMOTPHM MH(PHHATE3NMAIBHYI fedopManmio |
koMILiekcHOU cTpykTypst 1. duddepenuupys [2 = —1, Bugmm, 910
IT+11=0,r.e.

I e Q% (M, 1Y), (1.14)

", Kak u 00bruHb guddepennuan beabrpamu, npegcrasiseT co60i0
IPOEKIUIO0 COGCTBEHHOrO (—14)-IOAIPOCTPAHCTBA onepaTopa I Ha ero
cob6crBernoe (+4)-mognpOCTPAaHCTBO. JIMHEapU3anusa yCioBUsS MHTE-
rpupyemoctu (1.7) mokaswiBaeT, 9TO

@0 =0. (1.15)
HperC[HOJIO}KI/IM TEnepb, ITO BBIIIOJHCHBIL cne,qylomne yCJIOBI/IfI:

1) xIacC NOMAPU3ALMY AETUT AHTUKAHOHWYECKHAU KaacCe K MHOro-

obpasusa My, T.e. —[K]| =n [c1(L)];

2) ceasuocTs Jleu— YuBura keneposou merpuku wl Ha My uHAy-
nupyeT Ha K CBA3HOCTD, IPONOPIUOHAILHYO YHUTAPHOU CBA3-
HOCTHU NPEeIKBAHTOBaHUA V HA L;
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3) k>0, Tak aro H (M, O(K/2 +Fk-c1(L))) =0mpui >0, n
(k+n/2)w (1.16)
SABISIETCA CUMILIEKTUYIECKOU KEIePOBOU (POPMOT

(mampumep, 5To Tak, ectu My aBiasercs MHOroobpasuem PaHO WH-
nekca n u L = O(k)). B srux npeanonoxenusx nedopManus KOM-
IIEKCHOU CTPYKTYPHI I MpEACTABIAAETCA B BUE CBEPTKU

(k+n/2)wxWo =1

keneposo# Gopmer (1.16) ¢ HEKOTOPLIM IVIAIKAM CedeHreM

Wy € I®(S*THO0M;) € (S*TM;)*° (1.17)

BTOPOU CHMMETPUIECKOM CTENEHN MOIOMOPGHOrO KAaCaTeIbHOIO PAC-
croenus. B camom gene, I(T%Y) € T, a cummrexTuyeckas dhopma
(1.16) mmeer Tun (1,1) u, Kax JUHEUHBIN OLEPATOD

(k4+n/2)w

710 g 701 QL0 @ QO

nocermaer TH0 8 Q01 a 70! 3 Q10 rak wTo xKoMmo3mIIA

def 1

= miow_l : Ql’o —_— Tl’o (118)

Wo
7 ABAACTCA CUMMETPUYICCKUM TEH30DOM Tpe6yeM0Fo THUIIA.

Tenepsb AOMyCTUM, ITO —-yMHOXEHUE HA KIACC KEIEPOBOU (hOPMBI
(1.16):

x < [(k+n/2)w]: H (M, TY) — H'(M7,0) (1.19)

ABIAeTca uzomopdusmom (Hampumep, 1o Tax, korga HO (M, TH0) =
HY(M;,0) = 0, wmu xkorga M| SBIAETCS MOIAPU3OBAHHBIM abe/eBBIM
mMHOrOO6Gpasmem). B aTom npeamnosoxennn roroMopdHas CTPYKTypa
HA JIMHEUHOM paccaoenun L He noGaBifeT cOOGCTBEHHBIX TAPAMETPOB

L51or BaxubI Temsop Gbur BBegen Yearepcom B [W], 9TO MBI M HOZYEDKHBAEM
0003HaYeHNEM
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pedopMaruu mpu gedpopMaiuy KoMmekcHon I Ha M, u HaM ocTaeTca

TOJIBKO MCCICA0BATDH AedopManuu roaoMOpQHBIX cedeHun L.
HamomumM, 9TO rosoMmopdgHas cTpyKTypa Ha Ly 3amaeTcs CBA3-

HOCTBIO IIPEJKBAHTOBAHUA V, KOTOPYIO MOXHO PA3JIOXUTb [I0 TUIIAM

kak V = VI + VOl ¢

1l
T2

1+l

v10
2

v, vit V.
Cuenys H. Xurumny, paccMoTpuM MHPUHUTE3UMAIBHYIO gedopMa-
nmo a rosomopdroro ceuenus s € H(Mj, L) B Hekoe cevenne,
rooMOpGHOE OTHOCUTEIBHO MHPUHUTEIUMAIBHO 1e(POPMUAPOBAHHON

crpykTypsl (I + I). [luddepeHnupys ycaoBue roroMopgHOCTH:
(1+i)Vs=0,
IIOJy9aeEM ypaBHEHUE
iIVs =vVhia, (1.20)

B K0TOpoM ¢ € '™ (L) imHeitno 3asucut o1 s u I u npejcraBiser co-
601 (KOBAPUAHTHYIO IMPOM3BOAHYIO)» S OTHOCUTEILHO MCKOMOU HAMMU
cBa3HOCTE Ha, paccaoenun Vi u3 (1.11). TnaBabiv HAOMIO 1€HMEM DAC-
mwmpennon reopuu Konauper - Criencepa ABIIeTCAa KOTrOMOJOT AT CKAs
uarepnperanusa ypasaenua (1.20). s ee momyvenus HALO IPOWMH-
repuperuposars 06e gactu (1.20) B Tepmumuax myuka D'(L) pocr-
KOB MudpepeHIuaIbHEIX OEPATOPOB IMEPBOr0 MOPAIKA, TEUCTBYIO-
IUX Ha cedeHuax L.

I[lo Teopeme Atem (cm. [A2]), paccioerme nmepebix mxetos J' (L)
JMHETHOr0 paccaoeHus L 3aaeTcsa palupeHneM BIAA

0— oL — JYL) — L —0, (1.21)

oTseatonmm komukay [c1 (L)] = [w] € HY(M;, QM0). Takum o6pazom,
nytox D'(L) = Hom(J'(L), L) BKmo9aeTca B TOTHYIO TPOUKY

0 — 0 — DYL) — T — 0,
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3ajaBacMyl0 KOIWMKIOM —|w]. [lIMHHAA KOrOMOIOIHMYECKas MOCIe0-
BATEILHOCTH DTOU TPOUKK PACHAJAETCSI HA ABE YaCTHU, PA3[eICHHBIE
m3omopdusmom (1.19):

0 — H°(M;,0) — H°(M;,D*(L)) — 0

1.22
0 — H'(M;,DNL)) — H" (M, T"") — - (122

[TepBas m3 HEX NOKA3BIBAET, YTO KAXKIBIA MNIOOAIBHO ONPENEICHHBIT
rooMopdHBIA aud@epeHnuaIbHbIA ONepATOp Ha L ABIACTCA YMHO-
HCEHUEM HA KOHCMAHMY, & BTOPAA BIEIET UHDEKMUBHOCTMb 0MOOpa-
HCEHUA CUMBOAE:

HY(M;,D' (L)) — H" (M, T™Y) . (1.23)
Ceuenne s € H'(M;, L) onpegenser roMOMOPGU3M BbIMACICHAS 3Ha~

qeHua AuddepeHnualbHOrO OepaTopa:

D—Ds

ds : DY(L) L.

Jlunennbie napUHUTE3UMANBHEBIE fedopmarnuu Tpouku (I, Ly, s) B3a-
VIMHO O/JHO3HAMHO COOTBETCBYIOT KIaccaM runepkoromonoruit Hj (dy)
IBYIEHHOT'O KOMILIEKCA,

0——DYL) %2+ L 0. (1.24)

Kaxapi kiracc rumepkoroMoaoruil 8 H ,}L(ds) peaausyeTca 1-KOmuKII-
OM TOTAJBbHOI'O KOMILIEKCA, ACCOIUUPOBAHHOTO C NTBOMHBIM KOMILIEK-
com

C*(U, DY (L)) —=

c,L),
rae U — HEeKOTOpOe MOKphITHE Uexa, U OPeNCTABIACTC TapOU
({8i}{eiy}) € C°W, L) ® CHU, DH(L)) - (1.25)

Cl’IeKTpa.JII)HaH II0CJAEeI0OBATEC/IBHOCTD 3TOI'0 ,Z[BOIZHOPO KOMILJICKCa, IIPDO-
U3BOAUT NATUWICHHYIO TOIHYIO ITOCJICNOBATEIBHOCTD

H°(M;,D' (L)) = C — H°(L;) — Hj(ds) —
—— HYDY(L)) — HY(L;) — ---. (1.26)
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C mpyrou cropossr, (1.24) onpenenser TOYHYIO 9€TBEPKY
0 — ker(dy) — D'(L) — L —— coker(d;) — 0, (1.27)

7 BTOpPadA CICKTPaJbHAA IIOCICAOBATECABHOCTD AT

0 — H'(ker(dy)) — Hj(ds) —
—— Hcoker(dy)) — H?(ker(dy)) .

Herpynso Bugers (Bcren 3a Yearepcom [W]), aTo HOCHTEND

Supp (coker(ds)) = Sing ((s)o)

COCPEAOTOYEH B OCOOBIX TOYKAX AMBU30DA HYJIEW CEICHUA S U MOXKET
ObITH OYCHb MAJCHBKMM. B gacTHOCTH, ecau AuBU30D ($)) NIAJKUK
(T. e. B 0Omem caydae), Tounas dersepka (1.27) ma gene aBrmerca
TOYHOU TPOUKOM.
Bepuemcs reneps k ypassenuio (1.20). U3 (1.14) u (1.15) xerko

YCMOTPETB, ITO

_ . 0,2

(a(uvlvo)) =0. (1.28)
Takum ob6pasom, ypasuerue (1.20) Bcerga paspeummmMo OTHOCHATEIb-
HO @ 10 Jemme [Jorp60. T0o6bI M3BIEYDb W3 HETO CBA3HOCTH, MbI HH-
repuperupyeM —a u i1 V0 € Q% (M, DY(L)) xak (0,1)-dpopmsr co
smavenmavu B D'(L) u paccmorpum kommaexc? C*®

o™ = Q¥ (M7, DY (L)) ® Q%™ (My, L)

(D,a)—(0D,0a+im "1 Ds) (1-29)

N Cm+1

dgy : C™

Torga B cmry (1.28) m (1.20) mama mapa (i1 V'Y, —a) € C' apas-
erca l-komuxaom:  dy(i I VY, —a) = 0, 1. e. moboe pemenue (1.20)
ompenenseT HEKOTOPHIU TUIEPKOTOMOJOITIeCKUN Kaace B H ,}L(ds).

Teneppb, aaa TOro YTOOBI TOCTPOUTH IPOEKTUBHYIO CBA3HOCTH HA,
BEKTOPHOM paccioeHnuu rosoMopdubix cedenuu (1.11), mam gocra-
TOYHO IIOCTPOUTH OTOOPAXKEHUE

O%L(My, TY°) @ HO(My, L) —2 HI(d,) (1.30)

ZpaBencTBO d? = () BEITEKAET M3 yCIOBIA rOIOMOPQHOCTH Os = ()
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KOMIIO3UIINA KOTOPOr'o € €eCTECTBEHHBIM OTO6pa.)KeHI/IeM CHUMBOJIA
1 o 1 1,0
Hi(dy) ==~ H (M, T™) (1.31)

nepesoaut mobyio napy (I,s) € Q% (M;, T'0) & H°(M;, L;) B koro-
mosormaeckuit krace [I] € HY (M, TH0).
NleiicTBuTensro, npeacrasum kiace u3 Hji (dg) mapon (1.25):

(D,s") € Q¥ (M;, D'(L)) & Q"°(M,, Ly) .

Torga (BBUAY MHBEKTUBHOCTHU CUMBOILHOrO 0TOOpaxenus (1.23)) u3
KOI'OMOJIOTMYHOCTH CUMBOJIOB —io(D) u i I V' BerTekaer Koromo-
JOTMYHOCTH camux atux oneparopos B QU1 (M;, DY(L)), 1. e. cyme-
cTBoBaHme robarsHOTO omepaTopa D € QY(M;, DY(L)), Taxoro aTo

oD =D —ilV'.
3 ycnoBusa konukmmanoctu dg(D, s') = 0 (cm. (1.29)) BorTekaer, aTo
Ds+0s' =iIV"'s+0(Ds+s'),

T.e. —a = Ds + s’ apasercsa pemenuem ypasuenus (1.20).

Tak Kax s TOOBIX ABYX PEWEHnN a1, ao ypasaenus (1.20) rumep-
korukast (i 1 VY0, —a;)) u (11 V', —ay) koromomorudssr, mx pas-
nocts mmeer Bug (0, a1 —ag) = dsD'. I3 onpenenenus ds (cm. (1.29))
BhITeKaeT, aTo 0D = 0, u cTano GBITb a; — Gy = AS, IOCKOIBKY
KaX IBI TOIOMOPMHBIN OIEPATOP MEPBOTO NOPAAKA ABIACTCA YMHO-
XKEHUEeM Ha HEKOTOPYIO KOHCTAHTY. ['eOMeTprIecKu 5T0 0O3HATACT Ha-
Jaraue roIOMOPGHON CBABHOCTHU HA IIPOEKTUBU3AINYA BEKTOPHOT'O PAC-
caoerus (1.11).

Urax, mam ocTaercsa mumb nocTpouts orobpaxenne A w3 (1.30).
OHO KAHOHWYECKH UHAYIUPYETCS TOIOMOPGMHBIM CAMMETDUYICCKUM
rerzopom Wy u3 (1.18). Paccmorpum nyuox D?(L) romomopdrbix
auddepeHnnaATbHBIX OIepaTOPOB BTOPOro HOpsAKa Ha L, 3amaBae-
MBIU CTAHAAPTHBIM PACIIMDEHUEM

0 — DYL) — D*(L) — S*(T*’) — 0, (1.32)
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7 aHanoru9Hel (1.24) nBYYICHHBIA KOMILIEKC

dl
0 — D*(L) —+~ L —0,

Iuddepernual KOTOPOro BBEIMUCIACT 3HAYCHUE OIepaTopa Ha cede-

amm s € HO(M;p, Ly). Toqnas TpoWKa ABYICHHBIX KOMILIEKCOB-CTO-

J0OI0B:
0 — DY(L) — D*(L) — S*(T"") — 0

0 L L 0 0
[IOPOXJAeT TOYHYIO MOCIELOBATEIFHOCTD MUIEPKOrOMOIOI AN

0 — Hp(ds) — Hp(d}) —

- HO(M, S2(T"0)) -2+ H}(dy) — H}Md) — -+,
(1.33)

COTJIACHO KOTOPOU BCAKAA TOJOMOpQHAA KBAIPATHIHAA (POPMA HA Ka-
CaTeIbHOM PACCIOCHUU OLpPENeIseT HEKOTOPBIU (BO3MOXHO, M TPUBH-
ANBHBIN) OJHOMEDHBIM KJAACC THIEPKOTOMONOTUE (3Ta KOHCTPYKIIWA,
pa3yMeeTcs, 3aBUCAT OT BBIOOPA CEYEHUS S, IODTOMY MBI U OOO3HA-
quaM MHTEpecyomee Hae 0ToOpaxenue depes ¢g). Kommosuuma ¢ ¢
orobpaxenueMm cuMBoaa o (cM. (1.31)) maer romomopduam

HO(M[,S2(T1’O)) L HI(M[,TI’O) ,
KOTOPBIN Y€ He 3aBHCHT OT §, HOCKOIBKY
(W) = —Wo x [er(5)] + o (134

Tak kak kaacc pacmmpenus (1.21), 3agaromero my<vok nXeToB, pa-
BeH TIOJOBWHE KaHOHmIeckoro kmacca: (K, ]/2 € Qb xommiexcro-
ro MEHOro00pa3us M; (OH 3aBUCAT TOJIBKO OT W ¥ HE MEHAETCA HPU

3popmyy (1.34) ecrecTBEHHO GBLIO GBI HA3BATH (KOTOMOOIIICCKAM Y PABHEHIEM
TEIJONPOBOJHOCTH»: Ha IMOJAPU30OBAHHOM abereBOM MHOr0oo0Opa3mm oTOOpakeHue
4o TpuBMaIbHO, KaK u Bce pacumpenus D" (), mosToMy Bce KOrpaHHIHBIE I'O-
MOMOP(MHU3MEI B 3TOM CIydae TPUBUATIbLHEI
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BapHUAIWK COIVIACOBAHHOU C W KOMILIEKCHOU CTPYKTYphI), u3 (1.18)
BerTekaer, 910 po(Wo) = =Wy x [Kp, /2] u

prL(Wo) = =Wo * ([er(L)] + [Knr,]/2)

(pasymeercs, 5Ty GOPMyLy OPU XKEJAHUA MOXKHO IIEPENucaTh Gomee
«IBHO», MPENCTABUB BCE KOIOMOJIOIMYECKUE KIACCHL (pOpMaMu U HUC-
DOJB30BAB ABHOE BBIPDAXECHUE NJIA CBA3HOCTHU J—IeBI/I* qI/IBI/ITa, Ha TCH-
30pHBIX paccaoeHusnx, cMm. [H1]).

Uraxk, paciupennas Teopus Kogaupei— Crencepa onpegenser Ka-
HOHMYICCKYIO I'OJOMOP@HYIO HPOCKTUBHYIO CBA3HOCTH HA BEKTOPHOM
paccnoernu (1.11), KpuBU3HA KOTOPOU MOXET OBITH BEIYUCICHA B TE€P-
MHUHAX KOTOMOJOruIecknx KiaaccoB [loap6o mmm Hexa.

B sakmodeHue oTMeTHM, UTO CyIIECTBOBAHWE TEH30pa YeaTepca
(1.17) HakIaAbIBACT 3HAYATEILHOE [EOMETPUYIECKOE ONDAHUYICHNE HA
M;: Hanpumep, ero KaHOHWYecKun kiacc Kps, He MOXeT OBITH IIO-
JOXUTEIbHBIM, TaK 9T0 M He MOXeT ObITH MHOT00Opa3ueM 001ero
THUMIA.

§ 5 CTporue MOAyJasIpHBIE COOTBETCTBHUSA.

[Ipenmonoxum, 9TO Halre MHOroobpasume My, paccMaTpuBaeMoe
Kak To4Yka I MHOroobOpasus mogyaen M Bcex ero gedopmamnuu, onpe-
IeJdseT HEKOTOPOe HOBOE IONAPU30BAHHOE AITreOpamt<IecKoe MHOTO-
obpasue M],, orBedatomee To4uke I’ KAKOro-TO APYroro MHOrooGpa-
3ua mogyaern M’ Taxum 06pa3zoM, ITO MBI MOXKEM IIOJHOCTBIO BOCCTA-
HOBHUTB UCXOHOe M B Tepmuuax M),. I'eomeTpuaeckn 9T0 0O3HaTAET
HAJIUY9€e TOJOMOPQHOrO BIOKEHUA MHOTIOOOPA3UUA MOIYIEN

M-LoM I =1. (1.35)

Eciau upu srom a0601 MOPGU3M MOAAPU3OBAHHBIX MHOIO00PA3un us3
M nopox gaeT MOpdu3M COOTBETCTBYIONMX MHOr0o6pasuu B M, To
orobpaxenue (1.35) HasBIBaeTCA Ccmpo2um MOOYAAPHHLIM COOTGEM-
cmeuem.
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B sToM caygae ucxomaHbie MEHOrOOOpasusa u uX 00passl 2€0Mempu-
YECKU IKBUBAAEHMKbL, XOTSI ¥ MOIYT UMETh [IPXA 3TOM PA3HbIE BHEII-
HZEe aTpuOyTHI — CKaXeM, Pa3MEpPHOCTH U T. II.. [Ipodeccuonammam
aIreOpamIecKoro reOMeTpa MPOABISETCS B YMEHUM PACIO3HATH Ta-
K7€ DKBUBAJEHTHBIE F€OMETPUIECKNE OOBEKTHI B UX PA3IUIHBIX KOH-
KPETHBIX Dealnu3alusix.

Hampumep, raagkoe mepecedernne X = Q1 N Q2 C P® mapsr kBa-
[IPUK B IATUMEPHOM IIPOEKTUBHOM IIPOCTPAHCTBE I'eOMETPUIECKH K-
BUBAJIEHTHO aIreOpanmvdecKor KpUBou X1 poaa 2. /111 BoccTaHOBICHAA
DTON KpuBOM N0 X AOCTATOYHO 3aMETUTh, 9TO X OZHOCBA3HO (IO
reopeme Jledmena), kanormdeckun kracc Kx = Ox(—2) (t. e. B1O-
xerne X B P° apiserca kanonwaeckum), mHeiHas cucrema |2H — X |
Beex KBagpuk B PO, mpoxogamux depes X, ABIASTCA My9koM (T. e. ma-
paMeTpU3yeTCsa NPOEKTUBHOU IPAMON), IOJMHOXKECTBO OCOOBIX KBa-
OPUK B 3TOM Iy9YKE COCTOUT U3 MIECTH PABIUIHBIX TOYEK, U UCKOMA
KpHUBas X1 pojia 2 IpeACcTaABIACT COOOI0 PA3BETBICHHOE B DTUX MIECTH
TOUKax ABOWHOE HakperTue Hag P! = |2H — X| (ormerum, 910 270
IBOMHOE HAKPBLITHE 33A€TCA KAHOHWIECKOU JUHEMHOU CHCTEMOMU Ha,
¥7). [IpoBepka Toro, 4To my4oK kBaapuk B P’ ¢ 3ajaHHBIM HAOOPOM
0COOBIX KBAJPUK, COOTBETCTBYIOMIMX TOYKAM BETBJICHUA NBOWHOI'O
HAKPBITAA, €IUHCTBEHEH C TOYHOCTHIO A0 JUHEWHOrO mpeobpa3oBa-
HUA, ABIAETCSI HECAOXKHBIM YIPAXKHEHUEM B JUHEWMHOU aarebpe.

Ecau M; — M), aBaserca cTpOruM MOAYIAPHBIM COOTBETCTBH-
eM MEeX [y PA3HLIMU PeATU3ANUAMYA SKBUBAICHTHBIX [€OMETPAICCKIX
00BEKTOB, TO €CTECTBEHHO CUYUTATH yCIIEIIHOe KBaHTOoBaHue Ha M’
KBaHTOBaHUEM i M, monaras

QM) & QM) . (1.36)

(ecim BekTOpHBIE paccaoenua (1.11) ma M’ momyckanm cymecTBoBa-
HUE IPOEKTUBHO IVIOCKUX TOJOMOP(MHBIX CBA3HOCTEH, TO UX HOIBHEM
Ha M Takxe Oyger 00IaJaTh STUM CBOUCTBOM).
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§ 6 IlotHOE KBaHTOBaHMUE.

[Ipeanonoxum, aro anrrebpamdeckoe maoroobpasue (My, O(1)) ¢
XomxKeBor (POPMOU w, KaK BEIIECTBEHHOE 2n-MePHOE CHMILIEKTHUYIe-
CKO€ MHOro0o0pasue, J0MyCKaeT KPOMe HHTErPUPYEMOU KOMILIEKCHON
MOJMAPU3AIMUA €llle U MHTErPUPYEMYIO BELIECTBEHHYIO IONAPU3ALIIO

(1.5), 7. e. mpoekuuo M — "+ B, o6muM cIoeM KOTOPOH ABIACTCA
n-mMepHbId darpamxkes Top 1. Bygem canrars (cm. § 2 raaser 1), 9o
MHOXeCTBO 60p-30MMepdenbaoBex c1oeB BS; C B KOHEYHO, u COOT-
BETCTBYIOIIEE MTPOCTPAHCTBO BOJHOBBIX (DYHKIUU YPOBHA Kk 3aa€TCA
KakK IpAMasg CyMMa

e sy CyTh KOBAPUAHTHO MOCTOsAHHBIE cederus ((LF, Vi)lr-1(5))- lo-
IIyCTUM TAKXe, 9T0 UMEETCA €CTECTBEHHBIN U30MOP(U3M

PQY% (M) = PH (M;,O(k)) . (1.37)

Ckaxem, 910 B 5TOM Crydae cucrema (M, w) ZOIyCKAeT noanoe KéaH-
MOBAHUE.

Ha,JII/I‘II/Ie IIOJTHOI'O KBAQHTOBAHUA BJICYICT MHOXECTBO 3aME€YIaTECJIb-
HBIX ¥ [IOJE3HBIX CIeqCTBUE. [Ipex e Bcero, 06a KBAHTOBAHUA yCIIEII-
HBI, IOCKOIBKY JeBasg JacThb (1.37) He 3aBHCAT OT BBIOOPA KOMILIEKC-
HOW MOJIAPU3ALNM, a [IPaBagd — OT BbIOOpa BemecTBeHHOU. Bo-BTO-
PBIX, KAHOHUYIECKOE PA3JIOXKEHUE JEeBOU JACTH B IPAMYIO CyMMY O/-
HOMEPHBIX IIPOCTPAHCTB JOCTABIACT CIEMUATLHBIN 0A3MC B IIOJHOM
JIMHENHON cucTeMe, crosAmen B mpasou dactu (1.37) (6asmc Takoro
BU/IA €CTECTBEHHO HA3BATH 00P-30MMEPPenbdosbim).

[TepBbiu HpUMED HOIHOIO KBAHTOBAHUSA HOCTABIACT KIACCAIECKAS
Teopusa U-pyHkuun. OgHAKO, dTOT NPUMEP HE ABIAETCA MPOCTEH-
myM — ropasgo 6ojee IPOCTOU HPUMED MOLYYAeTCA U3 JBYMEPHOU
cheprr S?, pearm3oBaHHOU Kak KOMILICKCHas cdepa Pumana CP; c
neicreuem U(1) = S Bpamenuamm Bokpyr ocu, npoxoasmen depes 0

! Bo3MoxHO, mOCIE PUKCALMN HOLOIHATEILHON «KECTKOCTH» BPOJIE J-cTpyKTYypBL
Ha abereBoM MHOroo6pasmuu, cM. [Mum]
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u co. [IpespaTum S? B paszoBOE IPOCTPAHCTBO KIACCHIECKON MEXAHM-
geckou cucreMsbl ¢ nomombio U(l)-MHBAPDMAHTHON CHMILIEKTUYECKON
dopMbI w equHIIHOTO 06beMA, a B KAIEeCTBE TAHHBIX IPEJKBAHTOBA-
Husa BosbMeM auaennoe paccaoenme O(1) crenenm 1 ma CPy co cran-
papraou U (l)-mHBapHAHTHOM yHUTAPHOU CBA3HOCTHIO V. [las xom-
IVIEKCHOI'O KBAHTOBAHUA MBI JOJI2XKHBIL BbI6paTb KOMILICKCHYIO CTDYK-
Typy — oHa Ha CPP; equHCTBEHHA, M IPUBOAUT K IPOCTPAHCTBY BOJ-
HOBBIX (DYHKIUHI

HE = HO(O(K)) . (1.38)

IIpoekuus Ha OCb BpameHusa S2 —» [—1, 1] 3agaer BemecTBEHHYIO
NOIAPU3ANUIO, GOP-30MMEPGETbIOBEI CIOM KOTOPOU B YIVIOBBIX KO-
OpPJAMHATAX B3aUMHO-OTHO3HATHO COOTBETCTBYIOT MOHOMaM Pypse,
cocrasasaomum crenuatbabii U(1l)-maBapuanTHbIM 6a3uC IPOCTPAH-
CTBa OJHOPOXHBLIX MHOrO4%IeHOB (1.38).

TakuMm 006pa3oM, HECMOTPSA HA TO, 9TO B 9TOM CIydae HAPYUIEHbI
BCE (TEOPETHYIECKUE) MPENIOCHLIKA, IMepeInCIeHHbe B §4 raaBol 1,
MBI IIOJdYyYaeM, TEM HE MEHEEC, YCIIEIIHOEC IIOIHOE KBAHTOBAHUE.

MoOXHO OTKa3aThCA OT TPeGOBAHUA «€CTECTBEHHOCTH) H30MOP-
dusma (1.37) u orpaHmIUTHCA UL TPEOOBAHMEM COBIAJCHUA PA3-
MEPHOCTEN MPOCTPAHCTB BOMHOBLIX (pyHKIMA. [Ipu BLIIOMHEHNT 5TO-
ro 0C1abJIEHHOT O CBOUCTBA MbI Oy/1€M HA3BIBATH KBAHTOBAHUE UUCAEH-
1o noanbim. Takue coBnageHus pa3sMEPHOCTEN U3BECTHBL U IIOBEPX-
HocTen Tuna K3 m MHOruX Apyrux, HO HCTOPUIECKH IIEPBBIM IIPUME-
pom 6butn cucremsl Lenbdanga—Ilenrauna (cm. [GS2]). T'eomerpus,
HOJeXAIAA TOA0OHOMY COBIAJEHWIO FHCEd, OOCYXAAETCA HUXKE B
dopmynax (2.8) — (2.9) (cm. rakxe [T3]).



[ naga 2.
ANFTEBPANHECKUE KPUBDbIE =
= PUMAHOBbI MOBEPXHOCTMH

§ 1 IIpamon moaxon.

[Iycts ¥ — koMmakTHas [Iaqkasd OPUEHTUPOBAHHAA PUMAHOBA
MOBEPXHOCTb pofa g > 1, u I — KOMILUIEKCHAA CTPYKTYpa HA HEH,
IIpeBpalaoIas 2 B aarebpandeckyio KpuByio Y. Takasa xpuBas no-
IIyCKaeT KAHOHUYECKYIO HOJAPU3AIUIO, 3a/4aBAEMYI0 KOKACATEAbHBIM
paccioeHuemM

7% = O(K) ,

rae K — xanonmyeckui kiracc! X7, Kpome Toro, KOMILIEKCHAA CTPYK-
Typa I onpepgenser Ha Y. KOH(POPMHBIU KIACC PUMAHOBBIX METPUK, U
eciu (PUKCUPOBATH HEKOTOPYIO METPUKY M3 DTOrO KIACCa U PaccMO-
TpeTh UHIYIUPOBAHHYIO CBA3HOCTH JleBu - uBura Ha T, MBI HOTY-
quM garHbe npeakBanToBanmA (1Y, Vi), KOTOpbIE HECYT B TOTHO-
cru Ty xe uHGOpMaIuo, 9To u roromopdusie ganuse (X7, O(K)).

Jist Kaxqoro ypoBHs k NPOCTPAHCTBA, TOJOMOP(MHBIX CEYCHUR
HY (X7,0(kK)) 06pa3yioT BEKTOPHOE PaCCIOCHUE

Hax (39 — 3)-MepHBIM MHOrooGpasmem M, MOJy/Iell KPUBBIX POJA
¢g. Hampumep, npu k¥ = 2 MBI moaydaeM pacciIoeHue KBAIPATATHBIX

Lem., mampuvep, [DSS)

29
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muddepennuanos Vo = 1T M, mzoMopdHOE KOKaCATEILHOMY PacCIo-
€HUI0 MHOrOO0Opa3us MOAYJIEH, U B YACTHOCTHU, KAHOHUYECKUAN KIACC
MHOT006pasma moayrerr Ky, = c1(V2) coBmagaer ¢ IepBbIM KIaccoM
Yepra BEKTOPHOrO paccaoeHus Va.

Coraacuo /. Mampopy, KAHOHAIECKUY KIACC MHOTOOOPA3UI MO-
OyJed IPEeACTABIACTCA B BUIE

Ky, = 130 + muBusophl, Jexamune Ha CPAHALE,

g

rae © — QUBU30P HYJIEBBIX U-KOHCTAHT, U ecau Obl Vo obaanano ro-
JOMOP(HON MPOEKTUBHON IIOCKOW CBI3HOCTBIO, 13 memmmoch Obl Ha
3g—3. IlockonbKy 3TO HE TaK, HIKAKOW INIOCKOU IPOEKTUBHOU CBA3HO-
cTu Ha V5 HET, M 3HAYAT, KAACCHICCKAS TUHAMUIECKASA CACTEMA,, OTBE-
YAIOIAsA OPPAHUYEHUIO Ha X7 cTaHgapTHOU popmbl Py6bunu— [Ty au,
HE MOXET OBITH YCIIENIHO MPOKBAHTOBAHA KAK IMOMAPU3OBAHHOE AJIre-
Opamieckoe MHOT0oOOpasme.

OHAKO, UCTOPHUA HA 3TOM HE 3aKAHIUBACTCA — BEIb MBI MOXKEM
IOMCKATH MOAXOALICe MOIY/IIPHOE COOTBETCTBHE!

§ 2 AxoOuaHbI.

CTporoe MOAYIAPHOE COOTBETCTBHUE, KOTOPOE IEPBBIM IIPUXOJUAT
B TOJIOBY, COIOCTABIAET AIre0parmvecKON KPUBOU €€ MOMAPU3OBAH-
Hem axobuan (J(Xr),0). U3 MHOXeCTBAa SKBUBAJIEHTHBLIX OILpeelre-
HUU SAKOOMAHA [UIA HAIIUX HYXJ O0lee BCEro MOAXOMAUT Peaaru3alius
J(X1) xak MHOroo6pa3us MOJYJIEN TOMOJIOIMIECKU TPUBAAIBHBIX I'O-
JOMOPQHBIX JUHENHBIX PACCAOCHUN HA, Yij.

PaccmaTpuBas TOYKYM KPUBOU KaK AUBU3OPHI CTENeHn 1, pukcupy-
eM 1100y TOYKY po € Yy. ComocTasisis NPOU3BOILHON TOYKE P € Xy
(Tomomormvecku TpuBmaabHOE) auHenHOe paccaoenue O(p — py), mo-
JydaeM oToOpaXeHue

S, 20 J(),
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KOTOpoOe, mo TeopeMe Pumana, aBagerca npu g > (0 BIOXeHWEM T
UHAyOUPYEeT u30MOphU3M

H\(3,Z) —— Hy(J(%1),Z) . (2.1)

Mmuoroobpasue MOLyJIed JIMHEHHBIX PACCIOCHUU ABIAETCA CPYIION
OTHOCUTEIBHO ONEPAIUN TEH30PHOI'0 NPOW3BEACHUA PACCIOCHUN, W
MBI MOXEM PaCCMOTPEeTh OoToOpaxenue IloHTpAruHa

—1
a?

Zgg_l] — J(%p),

nepesogsmee HAOOP TOYEK (P1, P2, ..., Pg—1) B IMHEHHOE PACCIOCHUE
O(p1+ -+ +pg—1—(9—Dpo) € J(X)) .

O6pas aroro oTobpaxkenus sapiserca ausuzopom' © C J(X;), u co-
OTBETCTBYIOIIEE eMy JUHENHOe pacciaoernue Ha J(Xy) obragaer egquH-
CTBEHHBIM (C TOYHOCTBIO [0 YMHOXEHUS HA HEHYJIEBYIO KOHCTAHTY)
HeTPUBUAILHBIM TIOGATBHBIM TOJOMOP(HBIM CeUIeHIeM?,

YTo6bI BOCCTAaHOBUTH KpuBYIO Y, 1o nape (0, J(X;)), mago pac-

cMmoTpeTh oTobOpaxenue [aycca:
G %
O — PT*J(X)),

COIOCTABIAIONIEE HEOCOOOU TOYKe ¢ € © NPOEKTUBU3ALMIO AHHYJIS-
TOpa ee KacarearbHOU runepmiockocra 1;0 C TJ(Xr). Hockoabky
KOKACaTeIbHOE PACCAOCHUE Ha, TPYIIE TPUBUAILHO:

PT*J (%) =Pt x J(Z)),
KOMIIOBUIAA MayCCOBa OTOOPAKEHUS ¢ NPOCKINEn
PT*J (%) —2 P9t

MaeT parmmoHATbHOE HaKpeITHe G op : © —— P91 = | K|, nusmsop
BETB/ICHMUA KOTOPOIO ABOMCTBEH 00pa3y KAHOHHYIECKOIO BJIONKCHHA®

lrax maseBaembiM ©-dusuzopom
% IMBM3OD Hy.eH KOTOPOro u ecrh O
3ecim xpuBas ¥; IUIEpILIHITHYHA, HAJO0 UCIOIB30BATE APYTHe apIyMEeHThI
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¥ —— |K|*, mocae 4ero Kraccmieckas T€OpUsa NPOEKTUBHOU JIBOU-
CTBEHHOCTHU BOCCTAHOBUT CaMy KPHUBYIO IIO ABOUCTBEHHOMY €U IUBU-
sopy. Takum obpasom, comocrasrenue Yy — (J(X7),©) meucrBu-
TEJAbHO ABAACTCA CTPOrMM MOAYJIAPHBIM COOTBETCTBUEM, U MBI MO-
XKeM CHAIAIa MPOKBAHTOBATH IVIABHO MOIAPU30BAHHOE a0EIeBO MHO-
roob6pasue (J(X;),0), a 3arem Bocnoab3oBaTbca pementom (1.36).

[IpocTpaBCTBaAME BOTHOBLIX (DYHKIUA TAKOTO KBAHTOBAHWA ABJIA-
IOTCA IPOCTPAHCTBA TOIOMOPQMHBIX CETCHUM:

Hi=H"(J(X1),0(kO)) ,

(06BIMHO HA3BIBAEMBIE Npocmparcmeamu V-@gyrnkyul yposra k Ha pu-
MAHOBOU MOBEPXHOCTHU Y ), M NPOEKTUBHO ILVIOCKAA CBA3BHOCTH HA CO-
OTBETCTBYIOINX BEKTOPHBIX paccaoeHusax (1.12) mag mMHOr006pasm-
€M MOAYJEU TJIABHO MOJSAPU30BAHBIX A0ENEBBIX MHOIO00OPA3UU, KaK
m3BecTHO?, mMeeTcs.

OxHaKO cuTyanus, ¢ KOTOPOU MBI TYT CTAJKUBAEMCHA, OKA3bIBALT-

ca Kyga Gojee 3aMeYIATENILHON, €M IPOCTO YCIENHOe KBAHTOBaHTE!

§ 3 Anre6po-reomeTpuyieckas Teopua J-pyHKIUH.

Beakoe g-MepHOe ri1aBHO MOJIAPU30BAHHOE abeIeBO MHOr0OOpas3ue
(A, ©) copepxur komeunyo noarpynny K, casuru Ha KOTOPYIO IIe-
peBogar auuennoe paccaoenune O(kO) B cebsa, m HETPYAHO BHAETH,
9TO0

K=A;CA (2.2)

COBIAAAET € MOATPYIION TOYEK k-TOro mopsigka B aDeJeBOU IpyImme
A. Ha K umMmeeTcs KaHOHMYECKasA CUMILIEKTHYIECKAs (popMa, 3a1aBa-
eMasl TOIONOTMIEeCKAM IepecedeHneM KIacca © ¢ OpUEeHTHPOBAHHBIM
2-UMKJIOM, HATAHYTHIM Ha mapy aaeMeHToB m3 K. MHaynupoBaHHOE
sroun ¢opmon pasmoxenne K = K, x K_ B OpaMyio CyMMy IByX
M30TPOIHLIX MIOATPYII HA3LIBaeTCA U-cmpykmypot yposHs k.

‘em. [W]
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3aMedaTeIbHBIA KIACCHICCKAR Pe3yIbTaT  COCTOMT B TOM, ITO

HOJHAA JUHEWHas cucreMa |kO| COZepXKUT €AUHCTBEHHBIN AMBHU30D
D, , "HBAPUAHTHBIA OTHOCUTEIBHO CABATOB HA DJIEMEHTHI IIOTDY LI
K, Tak 4T0 m060My saeMeHTy ¢ € K_ MOXHO KQHOHUYIECKH COIIO-
cTaBuTh AuBu30p D + ¢ u panmoHAILHYO QyHKIHO ¥, C IOIHCOM
Ha guBm3ope D u Hy/neMm Ha gusBusope D, 4 a, 94TO ZacT pa3ioxeHue
IPOCTPAHCTBA MOJIOMOPGHBIX CEYEHUN JUHEUHOrO paccioeHus kO B
OPAMYIO CYMMY OJHOMEPHBIX HOAIPOCTPAHCTB:

H(A4,0(k©)) = H'(A,0(D)) = €P C-¥,. (2.3)
aeEK_

Dyukmus 9, HaseBaeTcsa U-dyurxyueti ¢ raparmepucmurot a € K_|
a pasaoxenue (2.3) — pasaoscenuem no V-PGynkyuam ¢ rapaxmepu-
cmukamy. OTMETAM, 9TO MOPAIKYU HAIIAX KOHEIHBIX a0€IeBhIX IPYIII
paBHBI

K| =k, |Kel=k .

[Ipumennm Teneps k mape (A, O(kO)) pacumpennyio Teopuio Ko-
naupsl - Conencepa u3 §4 rmaser 1. [lockonbky orobpaxenue (1.19):

HY(A, TA) — H?*(A,0,)

Ha JI000M abereBoM MHOI000pas3uu ABIAETCA U30MOPGU3MOM, KOT'O-
MOJIOru9ecKas nocaegoBareabuocTs (1.22) maer

H°(A,0) = H(A, D' (O(k©))) .

W3 piuHHEON KOUOMOIOIMYECKON HOCKefoBaTelbHocTH Tpouky (1.32)
HO(A, $3(T)) = HY(4, D'(k)) ,

a (1.26) mpeBpamaeTcs B TOYHYIO TPOUKY

. H(A, O(k©))
C-s

Tem cambiv, npu gedopmanuu mapel (A, O(kO)) xaxpgoe cedeHue

s € H(A, kO) umeer eduncmeennyio aedopmManmio B roioMopdHOe

0

~ H}(dy) — H'(A,D'(O(k©))) — 0.

'socnpomssegenniit . Mamdopaom B [Mum]
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cedeHne. JTa nedpOPMALUA ABIAETCA PELUICHUEM YPAGHEHUS TMETA0-
nposodnocmu, n amxke B (2.19) Mbl gaguM A1 HEE CTAHAAPTHYIO AB-
HyI0 POPMYILY.

§ 4 KoMOMHATOPHO-CUMILIEKTUYECKAA TeOpusa J-PyHKIUM.

[Mockonbky abeneBo MHOrOO6Gpasue A ABIsETCA 2g-MEPHBIM BEILE-
CTBEHHBIM TOPOM, €r0 IVIABHAA IMOJAPU3AIUA OIPENeIeTCA KIACCOM

we H*(A,Z)=NH' (A7), (2.4)

KOTOPBIA MOXHO MHTEPIPETUPOBATH KAK YHUMOAYJSAPHYIO KOCOCUM-
merpuieckyo dopmy Ha Hi(A,7Z) (B caygae, korga A = J(X) asus-
eTCA AKOOMAHOM KpuBOU, aTa (HOpPMa UHAYIUPYETCA POPMOU Imepe-
cedeHUs 1-IMKIOB Ha MOJJEKAIIEN PUMAHOBOU MOBEpXHOCTH ). U3
obmen Teopum Takux Gopm Beirekaer, aro Hi(A,7Z) packaaasBaer-
CA B IPAMYIO CYMMY ABYX M30TPONHBIX EIOIUCICHHBIX II0IPEIIeTOK,
[JBOMCTBEHHBIX OTHOCATEIBHO W. DTO PA3JOKEHUE BEAET K PA3JIOKE-
HUO 2¢-MEpHOTO TOpa A B IpAMYIO CyMMy ABYX ¢g-MEDHBIX JArpaH-
JK€BBIX IOJTOPOB!

A=T% =T xT? , (2.5)

7 IPOEKNWs HA BTOPOU M3 HUX

A-". 19 (2.6)
3aaeT Ha A MHTErpupyeMmylo BEIIECTBEHHYIO HMOIAPU3ALMION, u He-
HOCPEACTBEHHO W3 OMpeeNeHrI MBI IOIy9aeM, ITO MHOXECTBO 6Op-
-3oMmepdensaoserx croes yposaa k: BS, = (T7), € T? B Tou-
HOCTH COBHAJAET C IIOATPYIIOH TOYEK k-TOro mopamka Ha Tope 17
(cm. puc. 2 Ha cTp. 35).

L1, e. BIOMHE MHTErpUPYEMYI0 IMHAMEYIECKYIO CHCTEMY
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Urak, 60p-30MmepdensI0B0 KBAHTOBAHUE IPUBOIUT K IIPOCTPAH-
CTBaM BOJHOBBIX (DYHKIIWH:

Qr(T¥,w)= @ C-s,, (2.7)

CLE(Tz)k

(rge sq CyTh KOBAPMAHTHO IOCTOSHHBIC YHUTAPHBIE CEUCHUSA ONDAHU-
YEeHUI PACCIOCHUS IPEAKBAHTOBAHUA HA 60P-30MMePdeIbA0BbI CJIOK ) ,
KOTOPbIE UMEIOT T€ XK€ PA3MEPHOCTH, ITO ¥ IPOCTPAHCTBA BOIHOBBIX
(bYyHKIUI KelepoBa KBAHTOBAHWA, TAK ITO HAIIE KBAHTOBAHUE SBILA-
eTCsl IMCACHHO IOJIHBIM (CM. KoHer § 5 ruassr 1).

10101020

Touku k-penenus

T_g

Puc. 2. Bop-3omMmepdenba0Bbl TOYKH TOPaA

M-br1 nosrygaem 31ech nepBoe HOUCTUHE yAUBATEILHOE COBIIA LCHUE,
I XOTEeJIOCh OBl CKa3aTh HECKOIBKO CJIOB O TOM €OMETPUHUH, KOTOpasd
3a HUM CTOHT.

Bosspamasce K JarpaHxkeBy pacciaoeHuio (2.6), 3aMeHEUM B HeM
kax i ciou 17 Ha ABOUMCTBEHHBI Top? (T])*. Tomyamm Tax HA3BI-
BaeMoe 080UCMBEHHOE PACCAOEHUE

A= (T2 "9, (2.8)

*mpome Beero mpeAcTasATh cebe (1) Kak IPOCTPAHCTBO KIACCOB KATMOPOBOt-
HO KBUBAJIEHTHBIX IIOCKKUX U(1)- CBA3BHOCTEN Ha TPUBUAIBHOM IMHENHOM PACCIO-
ermy man 179



36 [naBa 2. Anrebpaunyeckne KpuBble = PUMaHOBbI MOBEPXHOCTHU

IpeacTasigionee cobow ¢ Priori IPYrou 2g-MEepPHBIA TOP, MOMAPU30-
BaHHBIA HOBOM CUMILIEKTHYECKON (POPMOM w' Tak Xe, KaK U BBbIIIE.

Ecin 3agaTh Ha MCXOAHOM KOMILIEKCHOM TOpe A JMHENHOe pac-
ciroenue npeaxksanroBanus L ¢ U(1)-cBA3HOCTBIO, KPUBU3HA KOTO-
POY IPONOPIMOHAIBHA W, TO €0 OUPAHUYCHUE HA JAUDAHXKEB CJIOU
T9 = n!(a) mag npoussoasro Toukon a € 1Y Gyaer TpuBnaib-
HBEIM paccaoerueM ¢ maockoi U (1)-ceasnoctsio mag T, T. e. Toukon
ABOMCTBEHHOrO ToOpa sz (a) € (T9)*. VHbiMu croBaMu, paccioenue L
OIpefenseT CedeHue

g 5L N2g __ Al
Ty S (1= A
06pa3 koroporo si(19) C A’ ABigeTca IarpaHKEBHIM IOJMHOIO-
00pa3ueM CpeJUHHOU Pa3MEPHOCTH.

Kpome sToro cedenus paccroeHue Ha ABOUCTBEHHBIE TOPBL (2.8)

so o
umeeT Hysesoe cedenme 19 —— (1" )29, oTBewamee TPUBHAILHOMN

ceasnpocrn Ha 19 x U(1l) u 3agaomee eme OZHO JArPAHAKEBO IOJ-
MHOroo6pasue cpeauHHOU pasmepHocTH B A’. MHOXecTBO 60p-30M-
Mep(@ENbIOBbIX CIOEB yPOBHA k ABIAETCA, OYEBUAHO, IIEPECEICHUEM:
BSk, = s0(0)Ns k- [lockompky 06a TarpankeBbIX THKIA OPAEHTAPOBA-
HBI, YUCI0 60P-30MMEPQEIHAOBBIX CIOEB MOJOXUTENBHO U COBIAIAET
C MHIEKCOM MePeCceveHus KIaCCOB MOMOIOIUI

#BSk = [80] . [SLk] , (29)

KOTODBIU JIETKO BHIMHCIAETCA depe3 mepBbli Kaace depna cp(L).
BuiBox u3 Bcero ckasamaoro caenyiomwmu. [lias xaxmporo abese-
Ba MHOroo6pasua A = T2Y uMeeTcs CHMILIEKTHIECKH IBOMCTBEHHOE
abereBo muoroo6pasue A’ = (17)%9, Takoe uTo arre6pamtdeckas reo-
MeTpHA KOIe€PeHTHLIX IIyIKOB Ha A HAXOAUT CBOE OTPaXKEHWUE B CHM-
IIEK TUECKOU TE€OMETPUY JTArPAHKEBBIX [HUKIOB (MIM CyNEepPIUKIOB)
Ha A'. DTOT «JBOMHUK) OOBITHO HABBIBACTCA 3EPKAALHLIM NAPTHEPOM
MCXOJHOTNO MHOIr0006pasusa. 3epKadbHasg CUMMETPUA ABIACTCA HBbIHE
HACTOJBLKO BEICOKO Pa3BUTOM 0OJACTBHI0 MATEMATUKM U (PU3AKH, ITO
MBI HE MOXEM OXBATHUTD €€ TYT B ABYX CIOBaX, ¥ OTCHLLIAEM TUTATEIA,
Hanpumep, k 0630py [CK]. IlpuBesennas HaMu KOHCTPYKIMK COBIIA-
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paet ¢ mogxomoMm lllTpomunurepa — Ay — 3acmoBa, HO MBI He GyxeMm
cefaac BIABATHCA B €€ BO3MOXKHBIE (hOPMATbHBIE 0600MEeHIA® .

YuraTenb, BEPOATHO, yXKe MOTAAaJiCsa, ITO COBIAJEHUE Da3Mep-
HOCTEU — 3TO JHUIIb IPOMEXYTOYHBIN PE3YJAbTAT, U PA3BUBAA yCIIEX,
MOXHO IOCTPOUTH B 060MX IPOCTPAHCTBAX BOTHOBBIX (PYHKITUHN €CTe-
CTBEHHO COIVIaCOBAaHHBIEC 19—68,31/ICBI, T. €. KaHOHNYECKN COIIOCTABUTH
Kaxa0My 60p-30MMep(hETbA0By CIOK JTarpanxesa paccaoenus (2.6)
roromopdHoe cedeHne O-paccioeHus ypoBHsa k. DTO memaercs mo-
CPEJCTBOM TAK HA3BIBAEMOI'O NPE0OPA308GHUA KO2EPEHMHKBIT COCIMO-
anuti, obobmarmero m3omopdusm Curara—bBaprmana, xoropei (B
KOHTEKCTE KBAHTOBOU TEOPWH), OTOXAECTBIACT I'MIBOEPTOBBI IPO-
CTPAHCTBA (PYHKIWAUA ¢ WHTErPUPYEMBIM KBAJPATOM HA KOHPUTYDPa-
IMOHHOM MPOCTPAHCTBE U TOJIOMOPQHBIX (PYHKIIUU HA MTPOCTPAHCTBE
¢da30BOM.

B xoneunOMEpHOM ciydae KOH(MUI'YPALXOHHBIM IPOCTPAHCTBOM
aBiasercsa RY — peuecTBeHHas dacTh (daszosBoro npocrpancTsa (9, u

4

npeobpa3oBaHUe KOUEPEHTHBIX COCTOAHUN® 330aeT YHUTAPHBIN U30-

mopdusm L2 (RY, d9) ot L?(C9,dpg) NH(TY) , rae B mpasoi
qacTu depe3 H 0603HAUEHO IPOCTPAHCTBO IOJOMOP(HBIX (PYHKIUH,
a dp; 0603HaACT rayccoBy Mepy. B mamewm ciayuae RY 3amemserca®
ua semectsernbir Top® 17 = U(1)9, a Y — Ha KOMILIEKCHBIH TOD
(C*)?. ObosmauMm wepes Z = T + i §f KOOPAUHATH HA YHABED CATLHOM
HAKPbIBAIOIIEH

U=0C — (C)? 2.10
(ZlaZ2,---,Zn) — (627riz1, eZm’zZ’ e eZm’zg) ( : )

Torpa & = (z1,22,...,24) € [0, 1]9 nagyr nepmogmueckme Koop-
muaaTel Ha U(1)9, a dpopma dZ dy maaynupyer ma (C*)Y obbramyro

3cwm., manpumep, [T3]

1. e. coherent state transform

®B. K. Xoxx B [Ha] 0606mmt mpeo6pa3oBanme KOrepeHTHEIX COCTOAHME Ha CIIyqait
KOMILTEKCH(PUKAIIMY IIPOU3BOILHBIX BEIIECTBEHHBIX MPYI JI1 KOMIAKTHOrO THUIIA,
u HuxKe, B HeabeleBOM CiIydae, Mbl Oy €M HCIOIb30BATH €0 KOHCTPYKIMIO A I1a-
pet SU(2), SL(2,C); ograko, 34eCh MBI IMeeM ropa3ao 60Jaee IPOCTYIO CUTYAIHI0
abenesrrx rpynm U(1)? C (C*)?

b, e. «ayneBoe cewenmer mpoexmmm (2.6) — OTMETHM, WTO OHO SIBIACTCS CREYU-
AAbHBLM Aa2PaKIcesbim ToaqTopoM B A, cum. [T4]
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mepy Xaapa. Bosspamascs k pasnoxenmo H)(A,Z) = H(T{,Z) @
H{(T?,7) B cymMy m30TPONHBIX TIOATPOCTPAHCTB (GOPMBI W, (DUKCH-
PYEM B HEX HEKOTOpPBIE OA3UCHL:

{al,ag, R ,ag} - Hl(Tf,Z) R {bl,bQ,. .. ,bg} C Hl(T_i,Z) R (211)

TakK ITOOBI HOMHBIE HAGOD (ai,as,...,aq, bi,ba,...,by) ObL1 cTaAH-
JapTHBIM cuMImekTuaeckuM 6asucom Hi (A, Z) u paccMoTpuM MHIY-
IIPOBAHHYIO UM MATPHUILY HePHOLOB’ :

Q = [|2;]| = Re Q + i ImQ (2.12)

u coorsercrByommin U(l)-uHBApMAHTHBIN JAIIACUAH

9 2
Im©y;;, O
AM? — § Y , 2.13
ij=1 27 81718:)3] ( )

a Takxke U(1)Y-nHBAPUAHTHBIN KOMILUIEKCHBIN JAILTACUAH

g 2 2
Im$2;; 0 0
ImQ _ § : %) ( + > .
Ac 52 27 0x;0x;  0y;0y;

O6o3Ha4uM Yepes [ PyHIAMEHTAIBHOE PEIICHUEe yPABHEHUA TEILIO-
IIPOBOJHOCTH

4 % = Ay,

Ha (C")Y u paccmorpuMm yepenrenue vy(Z) dZdy monKpyIeHHON MepEL
Xaapa p; dZdy no gercrsuro U(1)9:

n(z) = / w7+ T) d =
U(1)s

/ T
/7= 3 (5 —7) ()" (2 — 7))

= Xp e
V/det(Imng) 2t 7

ABIAIOIIYIOCA TOYKOU BEPXHEr'O 3UreIeBa IOLyNpOCTpaHcTBa H

7
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Kpowme Toro, paccMoTpuM HeCaMOCONpAXKEHHBIA omepaTop Jlamraca:

. g 2
-0 _ 0
AT = >y S (2.14)

[Ipeo6pazoBanme KOrepEeHTHBIX COCTOIHUN

ost{~H

LA*(U(1)Y, d7) L*((C*)9, dvy) N H((TH)Y) (2.15)

nepesoaut dyukmmio f € L?(U(1)Y,dT) ¢ pasnoxermem Dypoe

F@) = ay exp (2miZ - i) (2.16)

nez9
B peoieHue KOMILVIEKCHOI'O YPaBHCHUA TEIVIOIIPOBOAHOCTHT

ou ,
2 _ - = A(—’LQ)
ot “

Ha (C*)Y ¢ mavanbubiv ycaoBueM f Bpoas U(1)9 C (CF)Y, r.e. B

(i)

osty "V f(Z) = ) an exp (witii- Q- i+ 2mi & - i)

neL9
B [FMN] K. ®nopenruno, 2K. Mypao u 2K. Hynbec nokasanu
peai0KEHUE 1. [Ipeobpasosanue (2.15) aBagerca yHHTADHBIM.

Hanee npeobpasosanue (2.15) npogomxaerca ¢ L?(U(1)9,dT) na
npocrparcTso (C°(U(1)Y)) 060061meHHbIX PYHKINI, 32,1aBAEMBIX Dii-
pavu (2.16), OrpaHUIEHHBIMU YCAOBUEM:

INeN: lim [n|

— = =0.
oo (1417 - 1)V

Crenenu oneparopa Jlammaca HeNCTBYIOT HA, TaKUX PACIEDENeIeHU-

Ax% Kak HempepbIBHBIC JHHEHHBIC OIEPATOPEL, TaK ITo mpu ¢ > 0

3 )
- e2 A=) =y P

2 : ane2mx I anemt Q42w 21 (2'17)

neZ9 Rez9

8 nBoticTBenHO ux AercTauio Ha O (U(1)9)
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B Tou xe pabore [FMN] nokazano

OpeatoxKenue 2. Jua f € (C°(U(1)Y)) mpasas gacts (2.17) asas-
ercsa romomopguon ¢pyuknmen ua (C*)9.

Tenepb MBI MOX€EM COIOCTABATH KAaXA0MYy O0p-30MMepdenbIoBy
caoto mpoeknuu (2.6) HekoTopyo aHaauTHIeCcKy0 GyHkmmo Ha (C*)9.
st 5TOr0 MBI 3aMEHUM HENpepLIBHBIA napameTp t > (0 B ypaBHe-
HUM TEeIVIONPOBOAHOCTY AUCKPETHBHIM 3HadeHueM l/k u musa mo6oro
snementa ¢ € Z9/k7Z9 npumenum npeobpasosanue (2.17) x 0-pyHK-
uuy k-TOro MOPALKA, COCPENOTOYEHHOU B /-Tou Gop-zomMMepdels I-
OBOU TO4Ke YypOBH: k mpoekunu (2.6):

ﬁ%ﬁ(gj) — Z 2t T-(E+kii) ’ (2.18)

neLI

[Tosnyuum ananuTrIecKyo QyHKIUIO

—i§2
CSTg/; )(9%) =
=Y exp (%(EJrkﬁ)-Q-(£+kﬁ)+27ri(£+kﬁ)-z’> -

nez9
=94(2,9) . (2.19)

OcraeTcs auiib IPOUHTEPIPETUPOBATE 3TY IOIOMOPGHYIO (HYHKIWIO
Ha (C*)Y xax romomopdHOE ceveHune MMHEMHOrO paccaoenus © ma A,
ITO MBI M CIEMAEM B caefymomeM maparpade. A B 3aKI0YMEHUE MMO/I-
YEPKHEM €lle pas, YTO XOTHA KIACCHYeCKad Teopus U-PyHKIUU Ha-
cauThIBAET yxke Oosnee 150 seT, onucaHHOE HAMU BBIIIE «CPABHUTEIb-
HOE KBAHTOBAHUE» OBLIO IMPOMAEIAHO JUIIL COBCEM HENABHO B paboTe

[FMN].
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8§ 5 Ilnockue rosomopdHbie abeneBbl CBA3HOCTH.

Jlumennoe paccroenune L mpuHATO 3a1aBATH HAOOPOM (iynkuyuti ne-
pezoda, acCONMUPOBAHHBIX € KOHeYHbIM HOKpbiTueM {U;} ero Ga3sbl.
Pysknuu nepexofa fi; = f;l CYyTh peryispHble u 06paTUMbIE KOM-
IIEKCHBIe (DyHKIMM Ha ABOMHEIX mepecedenusax U; N Uj, yaoBreTso-
paonze Ha TPouHBIX nepcederuax U; N U; N Uy ypaBHEHMIO KOIUKIIA
fij - fik - fra = 1. IIBa Babopa fij, fi'j 3aJaI0T OJUMHAKOBBIE PACCIIO-
€HUs, eCIU CYLIECTBYyeT HAOODP PEryJSApPHBIX U 00paTUMBIX (DYHKIUN
{Bi}, oupenenennix ua U;, TakOn 9TO i’j =05 fijﬂjfl HA BCEX IOMap-
ueIX nepecedenuax U;NU;. EcTecTBeHHO NONBITATHCA HOABICKATD LA
OAHHOrO L caMBIZ IPOCTOU HAOOP (DYHKITUHA IEPEX0aa;: HAIIPUMED, €C-
JI 3TO BO3MOXHO, CAEIATH BCE leg KOHCTAHTAMH.

Paccaoenme ¢ mocTosHHBIME (DYHKIUAMY TIEPEXONd, HABBIBACTCA
AOKAALHOY cucmemoti KoaPPuyuenmos. Ham o060l 0 fHOCBI3HOU OT-
KPBITOU 00JACTHI0 OHO TPUBUAIUIYETCI HEKOTOPBIM 0A3UCHBIM Cede-
HUEM, U IPO/OJKEHUE 3TOr0 CeYeHusA BAOJb eTelb Ha Oa3e omnpene-

X " .
aset xapakrep m; —— C* ee pyngamenTansaou rpynnsl. Hao6opor,
KaXIBIA XaPAaKTeD X OHNpee/sieT FOJOMOPQHOE BEKTOPHOE PACCIOe-
HEe — (PAKTOP MO AUATOHAJBHOMY MEUCTBUIO T1:

U x Cx
UxCX =222 (2.20)
iy 1
rae U — 5TO0 yHEWBEpCAIbHAA HAKPBHIBAKOIAA 0a3bl C KAHOHWUYIECKUM

nmeuctBueM 71, a CX = CE— omHOMEpHOE MpeICTABICHUE T] C XapaK-
TEepOM X.

Ecmu conocrasurs Hab0py dynkmun nepexopaa f;; Habop audde-
PeHIuAIbHBIX (OPM

{f;' dfij}, (2.21)

TO MBI moayaum Kormka w3 HY' = HY(Q), k1ace KoromMomoruit KoTo-
pOro COBHmaaeT ¢ mepBhEIM KiaccoMm Uepna ci(L) € HY!. Ecmm aTor
KJIace Hyaesou, T0 Ha U; cymecTByioT auddepeHunanibabie popMbl
hi, Takue aTo h; — h; = Z-;l dfij. OToT Habop mubdepeHTIATbHBIX
dopM h; HA3BIBACTCA 2040MOPPHOT NAOCKOT CBA3HOCMBIO HA BEKTOD-
HOM paccaoeHun L, acconuupoBaHHOU ¢ mokpbiTuem Uj.
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Eciu Takad cBA3HOCTH 33/JaHA, MBI MOXKEM OIIPENENATD Ha KAaX T0M
U; pyukuuu (; u3 ypaBHeHUs

Bt dp; = h

U 3aMeHUTb (PyHKIUM Hepexona f;; Ha i’j =05 fijﬂj ! koropere mo-
crosuusl, n6o df;; = 0.
Mgu1 mosydaeM KIacCHIeCKUU Pe3yabTaT:

ITPENIOKEHUE 1 (A. IIYAHKAPE). Tomonorm4ecku TpUBHAILHOE JIH-
HEHHOe DACCAOCHHe Ha KPHUBOH Y 001a4aeT IOJOMOPGHOH ILIOCKOH
CABHOCTBIO, U TAKHUE CBA3HOCTU B3aUMHO OJHO3HAIHO COOTBETCTBY-

0T XapakTepaMm (QyHAaMEeHTaIsHON rpymnsl (%) X,

Takum 06pazoM, TPOCTPAHCTBO A TOJOMOP(HBIX IIOCKUX CBA3-
HOCTEH HA TPUBHMAIBHOM PACCIOCHUM COBIAJAET C IIPOCTPAHCTBOM
xapakTepoB 71 (X), T. e. ¢ 2g-MEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM

A= (C)%.

ConocraBiaas roaoMOpQHON IIOCKOU CBA3HOCTH IONIEKAIIECE el ro-
JIOMOPGHOE PACCIOCHUE, MBI [IOLY9aeM 3a0bi8atouee 0mobpanicenue:

A-LL g, (2.22)

CJIOM KOTOPOT'O COCTOUT M3 BCEX I'OJOMOP(MHBIX ILIOCKUX CBA3HOCTEU
HA JAHHOM TOIOJOTHYECKH TPUBUAILHOM 2040MOPPHHOM PACCIOCHUM.
A Tak Kak PasHOCTB JIIOObIX ABYX Takux cBasnocrent {h;}, {h,} onuna-
K0BO orparmausaeTca Ha U;NU;j ¢ U; u ¢ Uj, 5Ta pasHOCTD CKICHBACT-
¢ B rI06ATBHOE TOJOMOP(MHOE CEIEeHNE KOKACATENILHOIO PACCIOCHUS
kpusoit: {h;} —{h.} € H(Ox(K)). IlpocTpaHCTBO TAKAX CEICHMIA, TIO
asoucreennocTu Ceppa, usomoppuo HY(Ox(K)) = HY(Ox)*, . e.
IO KOKacaTembHoro paccioerma {2jxy = T*J(¥) AKobmamy .
Nubivmu ciosamu, 3a0biBatomee oroOpaxenme (2.22) 3agaer Ha IPO-
CTPAHCTBE XapaKTepoB A CTPYKTYDPY afunno2o paccaoenus HaL KO-
KaCATeIbHBIM paccaoenueM () y) K AKOOUaHy KPUBOW.

1OTMETI/IM, ITO KOKaCaTeJIbHOE DaCCIOCHne QJ(E) ABJAACTCA TPUBUAJBHBIM g-MEP-
HBIM BEKTOPHBIM PDAaCCIOCHUEM
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JTO 03HAYAET, UITO HAJ AOCTATOTHO MAJILIM OTKPHITHIM U; C J
MBI MOXEM 3a(UKCHPOBATE HEKOTOpPOE «HyaeBoe» ceuenue A max U;
u oroxgectsuTsh Ay, ¢ Q;|y,. Oguako man nepecedenuamu U; N Uj
MEX Ay 9TUMU CEYICHUAMU MOXKET BO3HUKATH HECTBIKOBKA, U Ha60p
COOTBETCTBYIOUUX PA3HOCTEN MPEACTABIIET COO00 1-KOMUKII

eA € HY(J(X),Q) = H*(J(X),C)

mo JeMMe [loas60. Kimaccel HeTpUBUAIBHBIX a(p@UHHBIX PACCIOCHUN
HaJ OJHUM M T€M X€ BEeKTOPHBIM DACCIOCHUEM B3aMMHO OJHO3HATHO
COOTBETCTBYIOT TAKMM KOUUKIAM (B YACTHOCTH, €CIUA KOIUKI TPUBU-
ajeH, adpPuHHOE pacCIoeHue COBHAAACT € IIOQJeXalIUM BEKTOPHBIM
paccroenueM). B Hamem ciydae umeeT MecTo

HPEANIOKEHUE 2 (A. IIVAHKAPE). €4 = [O] = [w].

1A mOKa3aTeIbCTBA ATOCO PABEHCTBA M IIOCTPOCHUA MHTEPIIPe-
Tanuu, 00emanHou B § 4 NIaBbl 2, 3aMETUM, ITO U3 IPUHIUIA MAKCH-
MyMa, IS KOMIAKTHOIO KOMILICKCHOT'O MHOIOOOPa3ua BEITEKAET, ITO
0 AIPOCTPAHCTBO yHumaprui zapaxmepos? U(1)29 ¢ (C)% = A
ABIAETCA TIAAKUM (HO He rosoMopdHEM!) MIOGaIbHEIM® CedeHmeM
addurnOro paccroenusa (2.22), mO3BOAAIOIMAM TaanKO (HO HE TOJo-
MOpdHO) 0TOX 1ecTBUTH akobuan J(X) ¢ Topom U(1)%9. Oukcammus B
H\(X,Z) = H\(Jx,Z) cumuniekruygeckoro 6asuca (2.11) Beigenser B
A 1Ba BaXHBIX IOAIPOCTPAHCTBA:

e abeaeso npocmpancmeo Hlommrku

Sy =(C)? = {x € (C)* | x(a;) = 1} ; (2.23)

1. e. mpuEnMaomux 3Haxenns B U(1) C C

310, wT0 OrpamIenne 3abpBaomero orobpaxenns (2.22) ma U(1)% C (C*)* cio-
PBEKTHBHO 0TOOPAKAET YHUTAPHBIE XaDAKTEPHI Ha AKOOMAH, TOKA3BIBACTCA IPU-
MEHEHHMEM IIPOEKIUK

2 arg 2 z
(©) 5 U 2
|2l
MHa4Ye OBOPA, Ha JI060M I'0JOMOP(PHOM JIHHEMHOM PACCIOCHUHN €CThb 3PMUMO0GA
ILIOCKasA CBA3HOCTH
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e abeqeso ynumaproe npocmpancmeo lommuku
uSy = (U1)? = {x € U1)* | x(a;) =1} . (2.24)

OrpanwuuBas 3abpiBaromiee orobpaxenue (2.22) Ha mepBOe W3 HUX,
MBI ITOJy 1a€M 6eCKOHe‘{HOJII/ICTHoe HaKpPBITHUE

fls
Sy = (C)? — J(%)
¢ rpynnou Z9, Ha KOTOpoe O-paccioeHre mOMHUMAECTCA TPUBAAIBHO:
(fls)" 04(0) = Osg,

rak a0 roromopdusie cedenua Oy(0) (r.e. J-bynkuun) npespa-
matTcsa B roromopduse dyaknun zHa (C*)Y, npeobpasyommecs Mo
percrBueM 71 (J) ¢ HAQIEKAIIUME MHOHCUMEAAMU ABTMOMOPPHHOCTIU.

Ecau BepryThCs K 06Go3HadenuaM ¢opmyra (2.10) — (2.12) u3 §4
raasbl 2 (rae Z ObLIM KOMIUIEKCHBIMU KOODJMHATAMU HA, yHUBED CATb-
voM HakpeiTmu U —— (C*)?, marpuna nepmogos A 0603HATATACH
gepe3 Q u T. 1.) m 0603HauUTH Yepe3 u; € U = CY BekTOpBI, HA KOTO-
peie casuraerca U nox peucrsuem a; € 1 (J), To geucrsue b; € i (J)
Ha U OGyJeT COCTOATH B CABUTE HA BEKTOP

9
ugri =y Qujuy
j=1

a H'(J(X),0(kO)) ecTecTBEHHO OTOXAECTBATCA C MPOCTPAHCTBOM
roaomopdubix pyrakumu ¥ Ha (C*)Y, mogbem koTopbix Ha U ymoBIe-
TBOPAET COOTHOIIEHUAM:

Iz +u;) = 9(z)
N —27kz;—mik Qy; (225)
Pz +ugri) =€ 9(z) .

CrenoBaTenbHO, IPOU3BOALHOE cedeHue 1(z) MMeeT pasiokKeHue

9(z)= Y coPi(z), (2.26)

€9 kT

rae ¢y € C, a ¥y(z) cyrs 9-bynkuun ¢ xapakrepuctukamu u3 (2.19).
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§ 6 IlotHOE KBaHTOBaHMUE.

Wrorom Bcero npeabiaymero CiIyxuT

TEOPEMA 1. [1aBHO moapu3oBaHHbBIE A0€1eBbI MHOr000pa3us (a ¢ Hu-
Mu u anrrebpamdeckue KpUBBIE) JOIYCKAIOT IMOJHOE KBAHTOBAHHE B
pocTpascTBax V-pyHKIUA.

[IpuBemem erme pas CIUCOK AEUCTBUM, IPOAEIAHHBIX HAMY IIPX MO~
CTPOEHUU DTOr0O IMOJHOI'O KBAHTOBAHUA:

1)

MBI OTOXAecTBUIn g-MepHbI Top U(1)Y ¢ HyneBbIM cedenumeM

™
paccioerus A —— TY u paccMoTpeny ero KOMILIEKCUpUKAIIIIO

(C)? > U)Y;

KCIIOAB3Ys MATPHUILy meproaoB ), aCCOUUPOBAHHYIO ¢ (DUKCHU-
POBaHHBIM cUMILIEKTHIeCKUM GazucoMm B Hy(A), Mbr mocTpouiu
npeobpa3oBaHME KOTEPEHTHBIX COCTOAHUN € JUCKPETHBIM Bpe-
MEHEM

osT{ 7

Co(U(1)7) —— L2 (€7, dvs ) NH((C)7)

¥ IPUMEHWIN €r'0 K 0-PYHKIUAM 19%@ O60p-30MMepPdENTbAOBBIX TO-
vek Ha U (1), 3agannbix ceoumu psagavmu Pypoe (2.18); pesyian-
rarom cran Habop {U¢(z,2)} romomopdubix J-byHKIME C Xa-
pakTepuctukamu Ha (C*)9;

ele pa3 UCIOAL3YsA MATPUILY MEPUOAOB ), MBI MOCTPOWIM HAa-
kpeitue (C*)Y —— J(X), ma xoropoe paccioenune Ojs)(kO)
[MOJHUMAETCA TPUBUAILHO, X OTOX IECTBUINA IIPOCTPAHCTBO I'O-
aomopoubix ceveruit HC (J(X), O(kO)) ¢ mpocTpancTBOM romo-
MopdHubIX Gyakumz Ha (C*)Y, ynoBIeTBOPAIOIUX YCIOBUAM aB-
romopduOCTE (2.25); IPU DTOM MOLYIMIOCH TO XKe CaMOe mpo-
cTpaHCTBO (gaxke Te ke U-PyHKIMHU), YTO U HA NPEABIAYIIEM
mare.

Ha sToMm ucTopus MHOr006pa3uit MOIYJIEH TOMOJOTAICCKY TPUBAATD-
HBIX BEKTOPHBIX PACCIOCHUEN paHra, 1 Hau

a.nre6pamquKmMm KPUBBIMUA — PUMAHOBBIMHU ITIOBEPXHOCTAMMA
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ceromHsa 3akKaHumBaeTCA. Ho amrreOpam<deckon KpPUBOU MOXKHO COIIO-
CTABUTDb U Apyrue MHOrooOpasusa moxayiaeu. Hampumep, Tomonoruye-
CKYW TPUBHUAJBHBIX BEKTOPHBIX paccaoenuu panra 2. [Ipumaem sTo co-
IIOCTAaBJICHUEC TOXE 6y,qu TOYIHBIM MOAYJIAPDHBIM COOTBETCTBUECM. I/IH-
Tepec K TaKOU HeabeleBOr TEOPUU 0COOEHHO MO JOTPEBAETCA TEM, ITO
OHA TOJIEXKUT ABYMEPHOU KOH(POPMHOU TEOPUU IIOJIA.

Mer Gygem cTpouTh 0600menue Teopuu U-pyHKnuM Ha Heabe-
JEB CIy4dal, CIeAys TOJBLKO UTO BBIIHNCAHHOU IpPOrpaMMe IeHCTBUU.
[Tpu 5TOM 0COGEHHO BaXKHBIM [l HAC ABIACTCA CAEAYIOUICe CJAEACTBUAEC
cOPMYJIMPOBAHHON BBILIE TEOPEMBI (K60 MMEHHO €ro J0Ka3aTelb-
CTBO B HeabeneBoM Ciydae OyJeT HALIEH INIABHOU LEJBIO).

CaeactBut 1. IpocrpascTsa BorHOBBIX (ynknuy (2.7) He 3aBucAT
OT BBIGOpA BEHECTBEHHON IONAPH3AIIA " (APH(METHICCKOT0» THIIAZ,

Komeuno, B paMKax KIaCCHIECKOU TEOPHUHU Y-(PYHKIUA 5TO 3aMe-
gaHMe 04eBUAHO. HO mias HeabeneBbix -pyHKIUU 3TO yTBEPXK JCHUE
O3HAYAET BaXHeHIIee A1f KOH(POPMHON KBAHTOBOM TEOPUH HOIAS 1
MaJIOMEPHOU TOMOJIOTUY «YCJAOBHAE HE3ABUCUMOCTUY, M €70 JOKA3ATEIb-
CTBO MOTpPeOyeT OT HAC Ky/Aa OOJMBIINX YCUIANA, IeM B abeIeBOM CIy-
qae.

Crenyer oco6o ormeruts, aro HY(J(X),O(kO)) asmserca ne-
NpPUBOIUMBIM TIpeAcTaBIeHneM rpynnsl [amsenbepra 'y ypoBmsa k.
Tounee, 'y, meucTByer ma aunennom paccaoerun O(kO), m maaynu-
POBAaHHOE IIPEACTABICHUE B MPOCTPAHCTBE €r0 TOMOMOPQHBIX Cede-
HUW ABIACTCA €€ eQUHCTBEHHBIM (¢ TOYHOCTBIO 0 IIPOEKTUBU3ALIAY )
HEIPUBOAUMBIM TIPENCTABICHAEM. DTO 06CTOATEALCTBO COCTABIAECT
CEePAUEBUHY KIACCUIECKON Teopun J-(PyHKIUN, U CyIECTBOBAHUE CIIe-
OUATBLHOrO 6a3MCa B MPOCTPAHCTBE ¥-PHKIANA OOGYCIOBICHO MMEHHO
um: rpynna K B (2.2) asaserca dpaxropom 'y mo MyabTunimkaTuBaO
BIOXeHHOU moarpynne Z/kZ.

CBOMCTBO OBITH IPOCTPAHCTBOM EAUHCTBEHHOTO (C TOTHOCTBIO 10
NPOEKTUBU3AIMK) HENPUBOAMMOTO HPENCTABICHUA HEKOTOPOU Alre-
6pul Oymer npucyie n HeabemeBbIM ¥-pyHKIuaM. ToIbKO Temeps Ta-

la pazmoxenne (2.5) u mpoexuusa (2.6) Juumb GUKCHPYIOT CIENHATHHBIE (GA3WUCEHL B
STHUX HPOCTPAHCTBAX

1. e. 3agaBaeMol GOPMOH W, YAOBICTBOPAOMEH yeroBmio (2.4)

3ma cmure: CQFT
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KoU aarebpou OymeT KaamOpOoBOUHAA aarebpa KOH(POPMHOU KBAHTO-
BoM Teopuu nous Becca — 3ymuno — Burrena (WZW CQFT).



[ naea 3.
HEABEJNIEBbI 9-doYHKLUUUN

Ctporoe MOAyIsIpHOE COOTBETCTBUE
X— M®(X2)), (3.1)

KOTOPOE COMOCTABIIET aIrebpam<ecKor KPUBOM MHOr000Opasme Mo-
IyJeR MOXyCTAOMIBHBIX TOJOMOPQHBIX TOMOJOTAIECKN TPUBAAIHHBIX
BEKTOPHBIX PACCIOCHUUN DAHTa 2 HA HEU, CTOUT IEPBLIM B DALY He-
KOMMYMamuenbly o0600meHnr axkobuaHa. MoxHO, pasymeeTcsa, pac-
CMATPUBATDL U KyAa Oosee CIOXKHBIE KOHCTPYKIIUK, OHAKO, yXKE ITO-
MY ABYMEDPHOMY CJIyYaio BIOJHE IPUCYIIY BCe HOBBIE [€OMETPUIECKIE
YEPTHI, MOABIAIIIAECA B OOWEN CATyaluu. B 3TOR ruaBe Mbl, Caenys
peuenty u3 § 5 ruaBbl 1, IPOKBAHTYEM PUMAHOBY IIOBEPXHOCTD Y IPHU
HOMOIIY CTPOroro MoayisapHoro coorsercsus (3.1). [las sToro mer
WAar 3a WAroM HOBTOPUM BCE IOCTPOEHU u3 abeneBon reopun (T. e.
KIACCAIECKON Teopur ¥-(HyHKIUN), IPOACIAHHHBIC HAMY BBIIIE.

81 Aureb6pamyeckas reomMerpus
MHOroo6pa3uil MOAyJIe BEKTOPHbBIX PACCJI0EHUH.

Aunrebpo-reomerpuyeckas 9acTb TEOpUU HeabeaeBbIX U-pyHKIUT
6b11a x0pomo pa3suTa Tpysamu Hapacumana, Bosuis, Jlacmo, [laynnm,
Oxcbepu, Pamanana, Copaxepa u maorux apyrux. HoBou cocrasis-
oer HeabeleBOd TEOPUU ABIAECTCS BaXKHEHUIIEe IIOHATHE 704YCILA-
6uavrocmy. IloaycTabmiIbHOCTD ABYMEPHOT'O TOIOJOTMYECKN TPUBHU-
AIBHOT'O BEKTOPHOI'O paccioeHus F Ha KpUBOU O3HA4YaeT, 4TO I He

48
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COIePKUT JIUHEHHBIX [0 PACCIOCHAH 00K ATenbHON cTemnenn’. Kpo-
M€ DTOro, mag pabOoTHI C NBYMEPDHBIMUA BEKTOPHBIME PACCIOECHUAMU
HYXKHBI HEKOTOPBIE CBEJIEHUA O CTPOEHUY KOT'€PEHTHBIX Iy YKOB Ha aJl-

2 u kxoe-kakas romosormieckas airebpa’. Bee

rebpanv4eCcKux KPUBBIX
HEOOXOAMMOE MOXET OLIThL HAWAEHO B JIOOM 0630pe, MOCBAIIEHHOM
aToMy npeamery, Hanpumep B [DSS].

Urax, paccmorpum muOroo6pasme M5 () mogyren Tomomorn«e-
CKY TPUBUAJBHBIX MTOJYCTAOMIBHBIX TOJIOMOP(HBIX BEKTOPHBIX Pac-
CIOEHUN paHra 2 Han aarebpamyveckor KpuBou Y. Hamomuum, 4To
HeCmMabulbHble TTONYCTAOUIBHBIE PACCIOCHUS MPEICTABICHBI HA HEM
OPAMOU CyMMOU ABYX CONPAXKEHHBIX TOMOJOTUYIECKU TPUBUAIBHBIX
JIVHEWHBbIX PACCIOCHUM, a KacaTeIbHOe MpPOCTPaHCTBO K M (X) B

npoussombHON Touke E umeer sug Tp M = HY(Ad(E)), rae
Ad(E) CEnd(E) =E*QFE
210 moapaccaoerue 6eccaeaabix dHI0MOPdu3MOB. [lockoabky
H°(X7,AdE) =0

st II060ro crabmabHOro paccaoenus F, mo Teopeme Pumana— Poxa
“MeeM

dim M® = dim Ty M> = dim H'(Ad(E)) = —x(Ad(E)) =39 — 3 .

Omnpenenenne HeabGeneBbIX O-IMBU30POB MAapALIEIbHO KOHCTPYK-
nur u3 § 1 raaBer 2. 3aduKCupyeM HA Y IMHERHOE PACCAOCHUE 0 CTe-
mern (g — 1). Torga?

def

0=0,= {Ec M®(X)| H (S, E(0)) £ 0} (3.2)

lre. LCEcci(L)>0

2 11060% KOTePeHTHBIN MyvI0K HaJ TVIATKOH aIre6pamdecKol KPUBOH PACHagaeTcs
B IPAMYIO CYMMy JOKAIbHO CBOGOAHOrO mydka (T.e. ILy4Ka CeYeHUU HEKOTOPOIO
BEKTODHOI'0 PACCAOEHUA) U IMyIKa KPYIE€HUA C HOCUTEIEM B KOHEIHOM MHOXKECTBE
TOYeK

3 reopema Pumana— Poxa u mepBele KOroMOJIOIMH 11y 9KOB

*mamomumy, a0 Ha VBAC-crenre «arogkpyrias E — E(F) ' E® F ects Ten-

30pHOE YMHOXEHHE Ha JOKAIbHO CBOOOAHBIN Iy40K F (0OGBIMHO — HA JMHENHOE
paccioeHue)
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ABIsieTcA auBm3opoM B M. Boree Toro, kak airre6pandeckoe MHO-
roo6pasue, guBu30p O OUPANUOHAIBHO DKBUBAJEHTEH TPOEKTUBHOMY
npocTpancTBy P3974,

Mencrureasno, nockoabky c1(F) = 0, obmee cevenune E(o) nas
obmero F € O He umeeT HyJed, 1 OTKPYIUBAsA €r0 HA —d, MBI MOXEM
upeacrasuTh F B Buge pacmmpeHus

0 —— O(—0) E O(o) 0. (3.3)

A Tak xax TpuBmanrbaoe pacmmupenune E = O(—0)®O(o) e nomycra-
6unbHO, Hawe paciuupenue (3.3) onpefesseTcs HeHyJIeBEIM KOMUKIOM
u3

Ext!(O(0),0(-0)) = HY(Z;,0(—20)) = C3973

(pasmepHOCTD BhrMUCaeHA 10 Gopmyae Pumana— Poxa), npuaem n3o-
MOP(HBIM PACCIOEHUAM OTBEYAIOT IPOIOPIMOHATLHBIE KONUKILL. 1o
aromy, ecm cevenue equactsenso (. e. dim HO(X, E(0)) = 1, 4ro
uMeeT MecTo A obmero® B € ©), To £ 0MHO3HAMHO ONpeIeaeTcs
TOYKOW NpoekTuBHOro npocrpancrsa PH (X, O(—20)) = P39—4,
Msuoroobpasue monyaen M u camo GIM3KO K PAIMOHAILHOMY .
Ecin B popmyue (3.2) 6pars o me u3 Picg_1, a u3 Picg, T0 MbI oy 4mm

dim H°(2;, E(0)) 22 VY E €M™, Vo €Picy(D) .

W3 coobpaxeHni pasMepPHOCTH BBITEKAET, 9TO KAHOHUIECKUU I'OMO-
Mopduam Beraucaenus can : HO(Xj, E(0)) ® O —— E(0) unbek-
TUBEH mOYTH 1d BCeX F (COCTABAAIOMMX OTKPBITOE 110 3aPUCCKOMY
noamuaoX)ecTBo My C M) u onpenenser TOUYHYIO TPOUKY

Ca

n 2
. E(o) — ,6510 0, (34
1=

0—>C?20

B KOTOPOH 2¢ TOYEK {p1,P2,...,P2¢} COCTABIAIOT 3G PEKTUBHBIA [JH-
BU30D p1+p2+ -+ +p2g € |20] = PHY(X;,0(20)) = PY, oxpusanent-
HBIA 20, IOTOMY YTO NETEPMUHAHT KAHOHUYECKOrO TOMOMOPU3MA:

AZcan

o A? (E(0)) = O(20)

SOueHKA Pa3MEpPHOCTH IOAIPOCTPAHCTBA PACCIOCHUH, JOIYCKAIOUMX HECKOIBKO
CEYEHUN WA CEUYEHUE C HYJIAMU ABIAETCA MPOCTHIM YIPaXKHEHUEM



§1 I'eomempus modyaet 8eKMOPHBIT Paccaoenut 51

(mpexacrasmsromuu kaace ¢ (E(0))) 3anyasercs poBHO Ha 5TOM d-
(PEKTUBHOM AUBU3OPE.

Comnocrasusas paccroenuto E € My gususop > p; € |20|, moxy4a-
em (09eBHAHO, aTreOpamIecKoe) 0TOOpaKEHUE

My 2% po (3.5)

CJIOA KOTOPOTO JIErKO OMUCATH, OMPAHUYIUBAA KAHOHUYIECKYIO TPOUKY
(3.4) B TOUKe p;: JIA KaXKAOU M3 HAX OJHOMEPHOE IIOANPOCTPAHCTBO

Ker (cz A | E) c

3agaer To4ky y; = Pker (cany,) Ha mpoekTusHOM npsamon [P ((Cz), n
TEeM CaMbIM, CIOu oToOpaxenus (3.5) npegcrasiser co60u HAOOP TO-
9eK

{717727 s 77210} C Pl = IPHO(ZvE(U))a

pPaCCMAaTPUBAEMBIN ¢ TOYHOCTHIO [0 IIPOEKTUBHO JIMHEMHOT'O IIPeobpa-
sosamma (oToxaectsamomero HY(X, E(0)) ¢ C?). Takum o6pazom,
orobpaxenue (3.5) ABIAETCA AIreOpPAMYECKAM DPACCIOCHUEM HAL §-
MEpPHOU PAIMOHAIBHON 6a30u ¢ (29 — 3)-MEPHBIMU PAIMOHATLHBIMY
CJIOAMMU.

[Ipegpiayiiee paccyxpeHue paboOTaeT U I BEKTOPHBIX PacCIoe-
HuM 6OAbLIIErO paHra. Tem He MeHee, cTapuHHAA IPobdaeMa Gupanuo-
HAJIBHOU I'€OMETPUM:

PAYUOHAALHO AU MHO02000pasue modyaet M

[0 CHX IIOP OCTAeTCsA OTKPBHITOM, HECMOTPsA Ha HEOCAA0EeBAIOUME 110~
OBLITKA €€ PEIATh.

[Mpogoaxas omucanume reomerpun M mo 06pasiy npenbiayien
[JIABBI, MMEEM:

OnpPEAEIEHUE 1. [IpocTpaHCTBO rOIOMOP(pHBIX CETCHUN
My = H(M*(X),0(kO))

HA3BIBAETCA IPOCTPAHCTBOM Heabeaesir V-Pynkyud yposns k.
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[IPEAIOKEHUE 1. H2(M™,Z) = Z.
IIPENJIOXKEHUE 2. ©O-quBU30p 06MIEH.

[MpeanoKenuE 3 (I. ®anrunre, 1992). HOY(MS(X), O(kO)) apurs-
€TCA HEIPUBOAUMBIM HPEACTABICHHEM KAIAOPOBOIHOH aareOpsl KOH-
(pOpMHOM KBaHTOBOU Teopuu 1o B mogean Becca— 3ymuao— Bur-
TEeHa.

Hanee MBI TOKaxXeM BCE DTHU IIPEIIOXKEHUA.

§ 2 TosromopdHBIE ILIOCKNE CBA3HOCTH.

Mo cux mop MbI PACCMATPUBALY BEKTODHBIE PACCIOCHUA KAK JIO-
KaJIbHO cBOOOAHBIE Iy YKu. BMecTe ¢ TeM, BEKTOPHOE PACCIOCHUE DAH-
ra 2, KaK U JUHEHHOe, MOXHO 3aJaBaThb MANPUUAMU NePeroda j
MEX/y €r0 TPUBUAIU3ANMAMY HAJ{ HEKOTOPBIM KOHETHBIM IIOKDBITAEM
6aspl: X = UU;. Kax u B § 5 raBel 2, MaTpUIHBIC QYHKINH (v = a;il
JQOMKHBL OBITH PErYJIAPHBI X O0OPATUMBI HA, IOMAPHBIX MEPECEICHUAX
U; N Uj, a ma Tpouneix nepecedenuax U; N U; N Uy yaoBIeTBOPATH
ypasHeruio l-konukna jj - aji - ag; = 1. [pa komukna oy, o 3a-
JalOT OJHO X TO XK€ PACCIOCHUE, eCIU CYLeCTBYeT HAOOp [3; MaTpHIL,
peryaspHbix u o0paTuMbix Ha U;, TAaKOX 9TO a;j = ,Biozij,@j_l. Onna-
KO, (IPOCTEUIINN BU», K KOTOPOMY OBLIO OBl MHTEPECHO HPUBECTH
MaTPULB I€PexXoaa, B HeabeleBOM CIydae He CTONb OJHO3HAYEH.

Hanpuwmep, TpeyroibHBIM MaTpUIAM IEPEXOJa OTBEYAeT HIpes-
CTaBICHME pPAcCaoeHus B Buae pacumpenumsa (kax B (3.3)), a mocro-
AHHBIM — (PUKCAUA TOJOMOPQPHON ILNIOCKOU CBA3HOCTH.

HaGop marpun nmepexoga npoumsBoauT HAGOP MATPUYHBIX Aud-
depernmanbabx 1-popm {ai_jldaij} € Z' ({U;}), xoTopuiit aBiaet-
ca l-konukaom co suadenusmu B 2(End(E)). Knace ero xoromomno-
ruir ¢(E) € H'(Q(End(E))) masbsaeTca noanvin kaaccom Yepna.
[Ipr pewcrBum rpynnsi aBromopdusmoB Aut(E) Ha mpocTpaHCTBe
H'(Q(End(E))) aror kracc nmepexogut B cebs.

Ha xpusoirt H'(Q(End(E)))* = H'(End(E)) mo aBoicTBeHHOCTH
Ceppa, 1 HETPYAHO IPOBEPUTH CAEAYIOLIEE
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[IPEANOKERUE 1 (M. ATba). Ecmr (c¢(E), o) # 0, 7o 0> = o B
HY(End(E)).

OTO mpocToe HAOIIOAEHUE BAEIET MACCY CTPYKTYPHBIX PE3Yb-
TATOB O MHOI'OMEPHBIX paccioenusx. [lockonbky paccaoenue End(FE)
PACHIEIIAETCA B IPAMYIO CYMMY TPUBUAILHOTO JMHEMHOI'O PACCIOe-
HUSA [OCIOMHBIX MOMOTETHHN M PACCIOCHUA OECCAEIHBIX DHIOMOPduU3-
MOB;

End(E) = O & Ad(E),
BO3HUKACT PA3JTOXKCHUEC
Q(End(E)) = Q& (Ad(E) ® Q) , (3.6)

B KOTOPOM IIPOEKIUA Ha MEPBOE CJIATAeMOEe COMOCTABIAET DHIOMOP-
dusmy ero caex. B wacrrocrn, ecin B HY(End(E)) ects ogun ugem-
HOTEHT, TO CYWECTBYET U BTOPOU, U TOraa F MomXHO GLITH MPAMOU
CyMMOU ABYX JWUHEUMHBIX PACCIOCHUMN.

Paccioenne Ha3BLIBACTCS HEPA3AOHCUMbIM, €CIA OHO HE pacIana-
eTCA B IPAMYIO CyMMY ABYX COOCTBEHHBIX MOIPACCIOCHUMT:

E+E ®E,.

Anre6pa H°(End(E)) mepasmoxumoro paccioenus E He comepxuT
ugemnorentos, 1. e. HY(Ad(E)) = H}(Ad(E) ® Q) = 0, Tax 1ro

¢(E) = tre(E) € HY(R) .

Ecau, xax u Bbime, npeacrasuTh ¢(F) KOnembio {a;jl daj}, To co-
racHo u3omopdusmy [Joasbo,

tr(a;jldaij) € HY(X%,Q) c H*(%,0),
u GOPMATBEHOE MATPUIHOE BBITUCACHHE
tr(a;; deyg) = (det [ ||) " d det [|aj]|

MOKAa3BIBAET, ITO A JI000r0 HEPA3I0XKUMOro paccroenus F Ha Kpu-
BOH

c(E) = ci(det E) = ¢, (F) € HX(%,Z) c H*(%,C) , (3.7)
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U €CI OHO TPUBHAJILHO (KAK B PACCMATPUBAEMOM HAMHU CIY4Yae TO-
HNONOTUIECKY TPUBUATBHBIX PACCIOCHUM), TO

a,;" daij = hi — h; (3.8)

IS HEKOTOpOro Habopa MaTpudHbix guddepeHnuaibaex 1-popm h;
Ha Ui-
Ounpeae/enue 1. Habop marpuansx 1-gopwm (3.8), korpanmuen xo-
TOPOrO ABIACTCA KOUUKI (3.7), HABBIBACTCA 2040MOPPHHOTU NnaocKol
CBA3HOCMbIO HA, PAcCIoeHun F, acCOUUpPOBAHHON ¢ HAOOPOM MATPHIL
mepexona Qyy.

Uwmest Takou HAOOP, MBI MOXEM PEIIATh Ha Kax oM U; ypaBHEHUE
B; LdB; = h; u nepefiTu K SKBUBAICHTHOMY KOIIUKIY agj = B a5 ,8;1,
MATPHUIBI KOTOPOrO YIOBIETBOPAIOT YCJIOBUIO da;j = 0, T. e. mocTO-
suHbl. Paccroenne ¢ MOCTOSHHBIMU MATPHUIAME IEPEX0Ia HA3BLIBACT-
CA AOKAALHOU cucmemoti KoaPduyuenmos. Han m00bIM O qHOCBA3HBIM
OTKPBITHIM MHOXECTBOM OHO TPUBHMAJU3YETCA, U TEM CAMBIM, OMpe-
JeIAeT KIACC DKBUBAJEHTHBIX (OTHOCUTENIBHO IPUCOEMHEHHOTO AEH-
creus SL(2,C)) npexcrasrenun

m — SL(2,0) (3.9)

dyrgaMerTarbHON rpynbl 6a3bl. OO6PATHO, KAaX B KIACC SKBUBA-
JEHTHBIX npejcTasrenuit (3.9) o6braabiM 06pasoM! ompegenser pac-
CIOEHME ¢ TOJOMOP(HON IIOCKOU CBA3HOCTBIO

E=UxC? (3.10)

1
(paxTOp O AMATOHAILHOMY IEUCTBUIO 7] AaBTOMOPGMU3MAMEA YHUBED-
casbHOM HaxpeIBatoutenn U Gasur u onepaTopamu o(m) mHa C?).
MebI f0Ka3aIu KIaCCUIeCKUU Pe3yIbTaT:

[IPEITOXKEHUE 2 (A. BEiIb?). Ha TOmOIOrmIeCK: TPUBAAILHOM JBY-
MEPHOM BEKTOPHOM DACCJAOCHUH HAJ DPUMAHOBOH MOBEPXHOCTBIO X

Lep. ¢ (2.20)

OTMETHM, ITO B KI0IeBou pabore [We| A. Benib BBeX IOHATHE KAGCCA MATRPUY-
Mol JUBU30PO6, SKBIBATCHTHOE COBDEMEHHOMY IOHATHIO (BEKTOPHOE PACCIOCHIE),
U HEe TOJBKO JOKa3al 5TO IPEAIOXKEHre, HO I BBICKA3al WACI0, ITO BEKTOPHBIE PAC-
CJIO€HHs CTAPIIMX PAHIOB JOCTABIAIOT Hea(eqeBbl aHAIOIM AKOOUAHOB
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HMeeTCA rOIOMOD(pHAA IOCKAA CBA3HOCTD, W MIPOCTPAHCTBO Ay, Bcex
TAKUX CBA3HOCTEH COBOAJALT C IPOCTPAHCTBOM

RE(m(X),SL(2,0C))

KJIaCCOB SKBUBaJEeHTHBIX npexcrapreHuu w1 (%) B SL(2,C).

Pasymeercs, paccroenme (3.10) MmoxeT 0ka3aThCa HeCTAOUIBLHBIM
WM HEPA3JIOKUMBIM [OLYCTAOUILHBEIM. MBI HCKIIOUUM HX B3 PACCMO-
TpeHua u 0003HAYUM depe3

o C Axa = RE(m(X),SL(2,0))

IPOCTPAHCTBO KIACCOB MPEACTABICHUA (M COOTBETCTBYIOMMX UM TO-
JOMOP(MHBIX IVIOCKUX CBA3HOCTEN), AAIOIMUX CTAOMIBHBIE WIM IIOLY-
CTaOUILHBIC PA3JIOXMIMBIE PACCIOCHM.

Hockombky h; —h} u h; —h;- oJuHAKOBO oranmuusaloTca Ha U; NUj,
PAa3HOCTH ABYX OJIOMOPMHBIX IIOCKUX CBA3HOCTEN

{hi} — {1} € H°(Q® Eud(E))

3ajgaer raobaapHOe cedenue paccaoeHus (2 @ End(F). Takoe cedenne

¢
npegcrasaser co6oo0 romomophumsm E —— E ® ) u masbiBaeTcsa’

noaem Xueeca. B Hamem ciydae (TONOIONHYECKN TPUBHAILHOE He-
Pa3IOKMMOE PACCIOCHUE PAHTa, 2) none Xurrca HeoOX04uMO ABIAETCA
beccaednvim, T. €.

¢ € H(S,Ad(F) ® K) , (3.11)
u, o geoiicteennoctu Ceppa: HY(Ad(E) ® K) = H*(Ad(E))*, npo-
CTPaHCTBO OeccaeqHbIX noaer Xurrca Ha F KaHOHUIeCKH u30MOPQHO

CIIOK0 KOKACATEIBHOIO PACCIOCHUA (doss K MHOTOOOGPA3UI0 MOLyJIEH
M5 B Trouke E. Takum 06pa3om, 3a0bIBaioliee 0TOOpaXeHue

o L M (3.12)

3B cyuae paccroenmin Hax kpuBon,rae (s = Kx
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(caI0¥ KOTOPOro — MPOCTPAHCTBO FOMOMOPGHBIX INIOCKAX CBA3HOCTEN
HA JAHHOM T'OJOMOP(MHOM PACCIOCHUN) ABIACTCA aQOUHHBIM PACCIO-
eHMeM HaJ{ KOKACATeIbHBIM pacciaoeHueM Qs (cp. ¢ (2.22)). Kak mer
BUJeaU HA CTP. 42, Takoe paCCIOeHUE 3a4aeTCA IEXOBCKAM KOIIUKJIOM

Exa € Hl (MSS, QMss) — HI’I(MSS, (C)

Pa3HOCTEN JOKAJbHBIX cedeHni adp)PUHHOIO PACCIOCHU HAJ Iepece-
YEHUAMEA KapT.
Kak un B abereBom ciydae, CripaBeminBO

IIPEAJIOZKEHUE 3. £xy = [O].

Kak u B mpegpiaymen riase, Mol OyjeM AOKA3BIBATH €r0 IIPU IIO-
MOIIM BHIOOpa CHENWAIHLHOTO HEroJOMOP(QHOro ceveHus apduHHOTO
paccroenusa (3.12) (cm. crp. 42-44). U3 npuanmna makcumyma Ha
KOMITAKTHOU KPUBOU Y CHOBA BBITEKAET, UTO HMOAIPOCTPAHCTBO YHU-
TAPHBIX IPEICTABICHUN

RE(m1(X),SU(2)) C RE(m(X),SL(2,C))

ABIAETCA MIAAKUM (HO HE TOIOMOPGHBIM) cedeHueM adpdUHHOrO pac-
croenus (3.12), ogHako, Teneps, B HeAOEIEBOM CIydae, TAJIeKO He O1e-
BU/HO, 9TO DTO — 240004bH0E CEeYeHUe, T. €. ITO 3a0bIBAIOWAA IPO-
exiusa f orobpaxaer RE(m1(X),SU(2)) na sce M: Bcakoe im nomy-
CTabMIBHOE PACCIOCHUE JOMYCKACT ILIOCKYIO 9PMUMOBY CBA3HOCTH?

YyTb MO3K€e MBI [eTAIbLHO MPOAHAIU3UPYEM STOT BOIPOC U MOKA-
XKEM, ITO OI'DAHUYICHUE Ba6bIBaIOIHeFO OTO6pa)KeHHﬂ HQ YHUTAPHBIC
xapakTepsl gaet uzomoppusm Hapacumana— lewadpu:

NS : RE(m(2),SU(2)) — M. (3.13)
[Manee, 3adukcupyeM cTaHAapPTHYIO cucTeMy O0pasymomwmx (yH-
JaMEHTAJIBLHOU IPYIIILL

9

7T1(2): <a1,a2,...,ag, bl,bQ,...,bg | H[ai, bi]:1>
=1

¥ pacCMOTPUM WHAYIUPOBAHHBIE DTUM BEIOOPOM
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e neabeaeso Kommaexcroe npocmpancmeo lommrku, umeomee
BENIECTBEHHYIO pasmepHoCTh dimg M = 6g — 6:

Sy = {0 € RE(m(%),SL(2,0)) | o(ai) = 1} =
= SL(2, C)? /Adgiag (SL(2, 0)) ;

(rae «/Addiag» — daxTOpH3aIUA IO JUATOHATLHOMY JEHCTBHIO
COLIPSIKEHUSAMHU ).

e neabeaeso yrwumaproe npocmparcmeo Hlommuxu, umeromee Be-
IIECTBEHHYIO pa3MepHOCTh dimg M /2 = 3g — 3:

St = {0 € RE(m (%), 5U(2)) | olas) = 1} =
= 8, NRE(my (), SU(2)).

B a6eneBoMm ciaydae orpaHudeHume OoTOOpaxeHus [ Ha KOMILIEKCHOE
npocrparcTBo HlorTku maBano HaM HAKPBITHE, IPEBPALIAIONIEE CE-
geHna O-pacciaoeHus Ha skobuaHe B roxomMopdHble (DYHKIUA HA IPO-
crpauncTBe lorTku. B meabeneBoM cirydae cuTyanms ropasgo CIOXK-
Hee: OrpaHUIeHue

AL VETS) (3.14)

BCEro aumb MepOMOPGHO (ero 00pa3 COAEPKUT HECTAOMIBHBIE PAC-
caoenus gaxe i yaudopmusanuy [loTTku KpuBoM), a €ro CBOMCTBA
OO cuX IIOP mOaHOCTHIO He m3y4dennl. HegaBuo K. dmopenTuno moka-
3ad, 9T0 ero auddepeHnnal HeBEIPOX AeH BIOJb YHUTAPHOT'O IIPO-
crparcTBa HlorTku, a B §6 rmaser 9 MbI mOKaxem, 9TO A 0OmEN
KpuBOU % ero o6pa3 miorer B M (X) mo 3apucckomy.

Yro6bl 060UTH 3TO 0emoe MATHO, HAM TOHATLOOUTCA NOBOJHHO
OPOABAHYTAA CAMILIEKTUIECKAS W JAUPAHKEBA I€OMETPHUs, yCHUICH-
Has BeCbMa M3OIIPEHHBIM aAHAJII3O0M.
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§ 3 Muoroo6pasue MoayJen cTabMILHBIX Map
¥ paspelieHne ero 0COGEeHHOCTEH.

Muoroobpasus M5 ObLIM OCTPOEHBI B IMECTUAECATHIX T'OAAX,
npexae Bcero B pa6orax /. Mamdopma u B Tpymzax 60MOEHNCKOro
Tara - macruryTa. HoBble MeTOABI KAIUOPOBOYHOU reOMETPUU IIO-
3BOJAIOT BKJIIYATE 3TH MHOIO00OpPa3uA B IEHOYUKY MH02000pa3uti mo-
dyaeti cmabusbHbIZ Nap, CBABAHHBIX MOCIEA0OBATEILHBIMU OMPAIUO-
HAJILHBIME IIPE00Pa30BAHUAMY — (HAUNAMU, TTO OBLIO MCIIOAL30BAHO
B paborax Taggeyma, Beprpama n Bpemaoy — lackamomymoca mis
BBIUUCICHUN WX Kouer koromonoruu u B pabore lllemazxpu ([Se|) mus
paspemenna ocobernocren M,

Wrak, HOBEIM OO'BEKTOM U3y UIEHUS ABIAETCA [1aPa
(E,0—~E) (3.15)

COCTOAIIAA U3 BEKTOPHOrO paccaoenus F Ha KPUBOU Y U €0 HEHY-
Jaesoro rogomopduoro cevenus s. C. Bpemnoy onpemenun mis Takux
map HOBOE yCJOBUE CTAOUIHLHOCTH U AOKA3aJ TEOPEMY, CBA3BIBAOIIY O
CTaOUIbHBIC TAPEL C PEMICHUAME YPaA6HEHUA 6UTPAT Ha X. YpaBHEeHME
BUXPS 3aBUCUT OT IIOJOXUTEIHLHOTO BEIeCTBEHHOT'O IapaMeTpa t, u
HOBOE yCJIOBUE CTAOMIBHOCTH TOXE BKIIOYAET B ce0d4 9TOT mapamerp.
A mockoabky E € M He uMeIOT HEHYJIEBBIX TOIOMOPQHBIX CEYICHUN,
HaM HPUAETCA MOAKPYTUTH BCE HAIIU PACCIOEHUA HA HEKOTOPOE IO-
JOXUTEIHHOE JIUHEHHOE PACCIOCHUEe TAK, ITOOB UMETh

det E=D ¢ degD=d>0. (3.16)

st nByMepHBIX pacciaoenun E, yposrersopsromux (3.16), HoBOE
ycaoBue CTabuIbHOCTU (POPMYIUPYETC CIeAYIOmUM 06pasoM: mapa
(E,s) w3 (3.15) masbiBaeTca noaycmabuasrot, ecam aas aoboro Jam-

lypasrenue Buxpsa Tpebyer ¢ukcammm Ha ¥ HEe TOIBKO KOH(MOPMHON CTPYKTY-
PBI, HO KEIePOBOU METPUKY; B AIre0p0-reOMeTPUIECKOU NHTEPIPETALU, KOTOPYIO
MBI 3€Ch PAaCCMaTPHUBaeM, KeJepOBa MeTPUKa HOPMAIU3yeTCA TaK, ITOOBI 00beM

Vol(X) =47
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HEMHOro noapacciaoenus L C F BBINOIHACTCA HEPABEHCTBO

d
degLég—t,ecnns(O)CL,

d
degL<§+t,eCJms(O)gZL.

OcHoBBL Teopuu cTabUIBHBIX ITap MOryT ObiTh HaneHsl B [BD], [Ber],
[Th2]. Jlerko BugeTH, YTO MHOrOOOPA3USA MOIYIEH HOLYCTAOHILHBIX
nap M (D,t) umeroT crenyoume CBOUCTBA:

1) M(D,t) # 2 <<= t<d/2;
2) ecau t uppanuonaasHo, To M (D, 1) KOMIAKTHO;

3) (B,s) e M(D,t) = (E(£),s(¢)) € M(D(§),t) ara moGo-
ro a¢dpdeKTUBHOrO AUBU30PA & ;

a CaM¥ MOIYCTAOUIBHBIE TTAPHI 00MA 0T CBOUCTBAMMU:

1) Beaxuu romomopdusm E) N E, map (Ej,s;) € M(D,t), Ta-
KOU 9TO ¢($1) = $9, ABAAETCA M30OMOPPU3IMOM;

2) ecm (E,s) € M(D,t), To amkakon sugomopdusm FE, kpome
HYyJIeBOI'0, He AaHHYJIUPYET S, U HUKAKOU sHAoMopdusM E, kpome
TOX/JECTBEHHOI'O, HE COXPAHAET §.

[Ipu uppalmoHaIbHOM ¢ (& MBI CKOHIIEHTPUPYEM CBO€ BHUMAHUE IMEH-
HO HA TAKUX MHOrO00pPa3uax MOAyJen) Teopus aedOPMALUAU MaPbI
(E,s) € M(D,t) Toxe ogenn npocra. CedeHue s ompenenser ecre-
CTBEHHYIO TOYIHYIO IIOCJICAOBATECIBHOCTD

0 — H(Ad(E)) — H(E) — T(p,oM(D,t) —
— H'(Ad(E)) — H'(E),

u3 KoTopou rk (T(E,S)M(D,t)) =d—g—2V (E,s) € M(D,t), rak
gro npocrpanctso M (D, t) mria mppamuoHaasHOro t raajgko. Boaee
TOIHO, MHOr000Opasus mogayaern M (D, t;) rragku u KOMIAKTHBI A
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Beex max (0, (—i — 1+ d/2)) < t; < max(0,(—i + d/2)), u npu npo-
XO/I€ epPe3 IPAHUILY MHTEPBATA MHOr000DA3ne MOIyIeH NCIBITHIBAET
bmun? (vemM MBI emme BOCIOMB3yeMes).

[l paccioeHuy GOMBLUIErO PAHTa YCIOBUE CTa0MIBHOCTY BUTOU3-
MeHaeTca Tak: napa (F,s) Ha3bBaeTCA NOLYCTAOWIBHOW, €CIU I
1106010 co6CTBEHHOroO moapaccaoerus Fy C E BBIIOIHAETCA Hepa-
BEHCTBO

p(Er)
p(Er)

rae u(E) = deg(det E)/rk(FE) ecTb Tak HA3BIBAEMBIT HAKAOH PACCAO-
enus. Ilpu 5TOM BCe IepevducIeHHbIe BHIE yTBEPXKACHUIA COXPAHAIOT
cuny (cm. [BD]).

Muoromepsbie CTabUIbHBIE MAPBI HYXHBI HAM [JIA TOrO, ITOOBI
pa3pelmnTh 0COOEHHOCTH MHOr006Opasus Moayaen M. Paccmorpum
muoxectso nap (End(E),s), rue E € M, s € HY(End(E)). Jasa
crabmibaoro FE paccroenme End(F) umeer poBHO OZHO HEHYJIEBOE
cedernue (ero o6pa3soM ABIACTCA JUHEMHOE PACCIOCHUHE OMOTETHH),
HO Ui TOJyCTA0MILHOrO F/ BO3MOXHBI IBA, CIIy<asd:

p(E) —t, ecmm s(O) C By,

<
< u(E)+t, ecm s(O) ¢ Ey

dim H*(End(E)) = 2, 4.

Taxum 06pas3oM, riagKoe KOMIAKTHOE MHOr00Opasue MS = M; mo-
ayaern nomycrabuibabix map (End(E),s) upu t, 6auskom k 0, BMme-
CTe C eCTeCTBEHHON OMpAIMOHAIBHON MpoeKiuen Ha M paspewaem
ocobbre moaycrabuibhabie Touky Ha, M. Huxe B Tekcre MBI Beerma,
OyIeM CCBUIATBCSA HA OTY KOHCTPYKIUIO KAK HA KOHOHUYECKYIO JecUut-
2yaapusayuio’ M.

2
cu. [Re]
prepsbie ona GbLta mocTpoena Mlemaapu B [Se], rae oH TO xKe caMoe paspelreHne

M —— M pukcupys Ha BEKTOPHOM PACCIOCHHUM IIOAXO0AILYIO Napabosuye-
CKYW cmpyKkmypy HaJ HEKOTOPOU TOYKOU KPUBOU
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§ 4 FonoMmop(pHAA CUMILIEKTHIECKAA I€OMETPHUA
moJiem Xwurrca.

Bosspamasace k momam Xurrca (3.11), MBI BUguM, 9TO BCe Haphbl
(E,¢), rne E € M* a¢: E—— EQ Ky — bGeccreqHoe Xurrcoso
[IoJIe, COCTABAAIT KOKacaTeabHoe paccaoenue 1 M, Comnocrasiss
Takou nape (E, ¢) roroMopdHbIA KBaIPATAIHEN KuddepeHIra:

Np: O —» N2 (E®Ky) =K%,

MBI HOJLY9aeM T'OJIOMOpGdHOE 0TOOpaXeHune

"M~ H (2, K2) . (3.17)

Ha BCAKOM KOKACATENILHOM PACCIOCHUM MMEETCA KAHOHWIECKA
dopma deticmsus. B manaom caydae sTo 6yxeT 2osomopPras 1-pop-
Ma a, u ee roaomopdub guddepennuan ) = da 3agaer va T M5
rOIOMOPGHYIO CAMILIEKTUYIECKYIO CTPYKTYpY. [Ipomomxkas anamoruio
C BEMIECTBEHHON CUMILIEKTUYIECKOU I'€OMETPUEH, Mbl MOXEM PaCCMO-
TPETb IOJOMOP(QHBIA AHAJOT BIIOJIHE WHTETPUPYEMOU CUCTEMBL: T'OJIO-
MOP(MHYIO OPOEKINIO I'OIOMOP(PHOIO CUMINIEKTUIECKOI'0 MHOI'000pa-
3UA C JATPAHKEBLIMA CJAOAMU HAJ OOLWEN TOYKOU GA3BI, ABIAIOUIMUA-
s KOIMJIEKCHBIME TOpaMu (abeaeBbiMu MHOTO00Pa3nAMu) CPEANHHON
pasmepHOCTH. 3amedarenbHoe Habmiogenne H. Xwuramua cocrouT B
ToM, uT0 OoTOOpaxenme (3.17) mpeacraBaser cOO0UM MMEHHO TaKyIO
rooMOp¢pHO MHTErPUPYEMYIO cUCTeMy, mpudeM 1 M MoxHO cier-
Ka PACHIMPUTH [0 TOIOMOPGHOTO CAMILIEKTHIECKOI'O MHOTO0ODA3Us
TaK, rITO6I:>I Caon 7w CTaJaI KOMIIAQKTHBIMMU.

Onreae/ienue 1. lapa Xurrca (F, ¢) nazsBaeTca cmabusbnot napot
Xueeca, ecim E He CONEPXUT (P-MHBAPUAHTHBIX JAHEUHBIX PACCIOE-
Huit L € E nonoxurensHou crenenu, T. €. ¢(L) ¢ L® Ky, gus ao6oro
0#LG EcdegL > 0.

MoxHo «B 106y mokasaTs (cM. [H2]), uro mHOroo6pasume M mo-
oyJaen cTabuiIbHBIX Map XUrrca, COAEPKUT KOKACATEIBHOE PACCIOCHUE
T* M?® B KkadecTBe IWIOTHOI'O IO 3APUCCKOMY [IOAMHOXECTBA U OTJIN-
9AeTCA OT HErO JUIIb B KOPA3MEPHOCTH 2, TAK ITO MBI MOXEM IIPAME-
HATb IPUHIAN XapTOrca. bomee TOro, KAaHOHWYIECKAs roJ0MOpQHAL
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cuMmekTudeckas dpopma Ha T M5 u npoeknusa (3.17) mpomoaxa-
forca na MY 10 cummuiek ruaeckon GopMer (KOTOPYIO MBI TaKXKe 060-
3HaYIUM {)) ¥ rOIOMOP(MHOro 0TOGPAKEHUA MOMEHTOB

M L HO(S, 0(2Ky)) (3.18)

C KOMIIaKTHBIMMU CJIOAMMN. Mpbr XK€ OI'PaHNYIMMCA 34€Ch JUIIb OIIMCAHN-
eM o0mero cja0sa oToOpaXeHus .

O6mee 6eccrennoe none Xurrca ¢ € HY(Ad(FE) ® Ky;) uagyuupy-
eT OUpAMOHAIBHBIN SHIOMOPPU3IM

P(E) —2+ P(E ® K) = P(E)

[IPOEKTUBU3ALUY JBYMEPHOIO BEKTOPHOIO paccaoenus I, u B kax gou

TOUKe p € X ero orpanutenue P(E)) O, (Ep) Ha ciok HaJg DTOH

TOYKOU JuOO ABIAETCI aBTOMOPDU3MOM [P| ¢ AByMs pa3ninmaHbIMEA He-
HOJBIDKHBEIME TOUIKaMu 1,y € P(E,), mmbo crarusaer Py B oxmy
TouKy 7y € P(Ep). MbI nony4aem gBOMHOE HAKPHITHE

So —2 3 (3.19)

C JUBU30POM BeTBICHUA £j = (/\2g15)0 € |2Kyx|. HakpriBaromas kpuBas

Y, dexaman Ha auHeidaTou nosepxuoctu P(F), HasbBaeTcA cnek-
mpaavroti kpusol. llogkpyduBas TOYHYIO MOCIENOBATENBFHOCTD IPU-
COeTMHEHN

Ha, guHenHOE paccaoernme I'porenauxa H = Oppy(1), MBI moTydaem
TOYHYIO TPOUKY
0 — Opp)(—S¢) ® H —+ H — O, (H) —= 0,  (3.20)

. . pr
npaMon 00pa3 KOTOPOU OTHOCUTEIbHO npoekuuu P(E) —— 3 no-

CTaBJIAET H3OMopq)m3M1

0— E —+ RQpr*O§¢(H) — 0.

1HaurIOMHgM, aro R%r,(H) = E, R'pr,(H) = 0, a Ipu OrpaHd<YeHME Ha CIOH
Or (5)(=%)(H) e (5,) = Op1(=2) @ O, (1) = Op,(-1)
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Takum o6pasom, MCXOHOE BEKTOPHOE paccioenue k) mHpynupyer Ha
CHEKTPATBLHON KPUBOH Y4 IMHEMHOE PACCIOCHHE O§¢ (H) € Pic(Xg).

HanomuuM, 970 1poo6pas Hyas OTHOCATEIHLHO HOPMEHHOI'O OTO-
OpaxeHus

T(54) 2 J(5)

ABOMHOrO HakpbiTua (3.19) cBA3eH u ABIAETCA, TakUM 00pasoMm, abe-
JeBbIM MHOroo6pasuem. OHO Ha3bIBaeTCA MHo2000pasuem Ilpuma u
obozHagaeTcsa

Prym, & N(;l(O) .

U nockoabKy, cormacHo (3.20), Ny <0§¢(H)> = A?E = O, Mu1 nmeem
BKJIIOIEHUE (9§¢ (H) € Prymy.

C apyrou cTopoHBI, 110 00mmeMy KBaapaTudHoMy nuddepeHua-
ay w € H%(X,0(2Kyx)) MOXHO TOCTPOUTD HEMPHUBOUMOE TBOWHOE

HAKPBITHUE
S ¢
ZJ’w — % ’
Pa3BeTBICHHOE B AUBU30pe ero Hyten (w)y = {pi,p2,...,Pag—4}, aC

Kaxaeim L € Prymd)w MOXHO CBf3aTh BEKTOPHOE PACCIOCHUE
0
E; = Ry, (L)

ua Y. Jlerko BugeTs, uro tkE, = 2, A’Ep = O, u (EL, ¢,,) aBasercs
cTabmibHOM mapou Xwurrca. Takum o6pazom,

Y w) = Prym,, .
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§ 5 Kamu6poBo4Hasa Te€OPUA Ha PUMAHOBOM MOBEPXHOCTH.

HoBwi npuem, npuiiequuii B T€OMETPUI0 U3 TEOPUU IOJMA, CO-
CTOUT B CONOCTABICHUM OOBEKTOB Pa3HOU paszMepHOcTH. Hampumep,
TPEXMEpPHAA TEOPUA HA OrPAHUIUBAEMOM PUMAHOBOU MOBEPXHOCTHIO
Tene ¢ pyIKaMy AOCTABIACT BAXHENNIYI0 MH(OPMAIWIO 1A ABYyMEP-
HOU TEOpPHUU Ha CAMOU IMOBEPXHOCTH, & APYTHe MOJIe3HbIE (PDAKTHI MOXK-
HO IOy 9aTh U3 TEOPUU HA ACCOMUPOBAHHBIX C PUMAHOBOU MTOBEPXHO-
cTbio rpadax (0JHOMEPHBIX KOMILIEKCAX ).

Kuraccugeckas nosesas Teopus Ha1 MHOrooOpasuem M BKIO49aeT
B cebs TPU COCTABIAIOIINE:

e Habop noseti A wa M — 5T0 reomeTprieckue 0OGBEKTHI, TAKHUE
KaK CE€YICHUsA BEKTOPHBIX pa,CCJIOGHI/Iﬁ nin CBA3HOCTU Ha HUX,
nim orobpaxeHus w3 M B HEKOTOpPBIE BCIIOMOTI'aTeIbHBIE MHO-
roobpasusa u T. II.;

o Jynryuonaa deticmeus S : A —— C — 06bI4HO 5TO HHTErpAI
ot HEeKOTOpOU dyHKuu L (I1arpanxuana) OT IOJEH;

e HaGOpP Habaodaembiz — pyaxmmonanos w : A —— C ma opo-
CTPAHCTBE IOJEN.

Hanpuwmep, 8 meopuu Yeprna— Catimonca HA TpEXMEPHOM MHOI'O-
o6pasuu M moneBbIMU TEPEMEHHBIMU ABIAIOTCA 1-POpMBL ¢ KO Pu-
nmenTavu B arre6pe Ju A = QY (M) ® su(2), a dyaxnmonan mei-

CTBI/I}I]' mMeeT BUI

2 2
CS(a):§/tr(ada+§a/\a/\a> . (3.21)
M
B kadecTBe HAOIIO JAEMBIX BEIMIUH MOXHO PACCMOTDPETD Nemat Y u.a-

cona: Wi (a) = tr(Holg (a)) — creabr? roioHOMAY CBA3HOCTH] G BIOMIb
y3moB K C M.

!rax maswisaembiit Gynxyuonas Tepra - Catimonca
2poxpecrBo Mamgerscrama: tr(A)tr(B) = tr(AB) + tr(A™' B) mokasemaer, 1ro
Takme HabIogaemble 00pa3yoT aarebpy
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O6parumMcsa reneps kK npocrpancTsy RE(m (%), SU(2)) kraccos
YHUTAPHBIX MPEACTABICHUNA (PYHIAMEHTAJBHOU TPYIIIHGI PUMAHOBOU
MOBEPXHOCTH X pojia ¢g. UToOBI IpeBpaTUTh ero B (ha30BOE MPOCTPAH-
CTBO MOJEBOU TeOpUH, MbI OyeM CIUTATh, 9TO ¢ > 2, 1 0003HAIUM
gepes B, = X x C? TpuBmAIbHOE 2pMUMO060 BEKTOPHOE DPAaCCIoe-
Hze panra 2 Ha Y. Pacemorpum addurHOe mpocrpancTso® A ap-
MUTOBBIX CBA3HOCTEN Ha K, ¢ gercTBueM KaaubpOBOYHOU rpynnst Gy,
MVIAIKUX DPMHUTOBBIX aBTOMOpQu3MoB caoeB. Ha FEj mmeercs Bvige-
JEHHAS HYAE6aH4 C8A3HOCTL ¥ = d, MO3BOJIAIOWAL OTOX 4eCTBUTH Ay, ¢
QY(End(E})), conocTapassa ceasuocT® a 1-dbopmy a — ¥, MBI JacTO
OyIeM OTOX JECTBIAATH (POPMBI U CBA3BHOCTHU TakuM 06paszom. O6o3HA-
UM depes Afled C Aj, mOANpOCTPAHCTBO IPUBOAUMBIX CBA3HOCTEH, U
mycrs AT = Ay, \ Aed,

I[Ipocrpanctso Aj, = Q' (End(E})) aBageTcs mpocTpaHCTBOM MO
aen reopun fara— Muica, qeucTBre B KOTOPOU 3a1aeTCA PYHKUUOo-

naaom Anea— Muasca: S(a) = / |F,|>, rpe F, — kpuBm3na cBa3-
)

HocTr . ConoCTAaBAAA CBABHOCTHU €€ TEH30D KPUBM3HBL, MbI IIOLY Ia-
eM Gp,-5KBUBApPUAHTHOE 0M0OPAAHCEHUE MOMEHMO6 B Koaareopy Jlu
£(Gh)* KanubpOBOYHON I'PYIIIIbL:

a—Fy

F . A(Ep) Q*(End(Ep)) = £(Gn)*, (3.22)

HYJEBBIM YPOBHEM KOTOPOI'O ABIAETCA MPOCTPAHCTBO INIOCKUX CBA3-
HOCTEH

Ap = Fﬁl(O) ,

T,Ap = {’)’ c Ql(End(Eh)) | Voy = 0} ' (323)

Mgl BugnM, B 9aCTHOCTH, 9TO IIPOCTPAHCTBO A p COCTOUT U3 KIacCu-
9eCKuX pemenuu ypasrenus Jisepa— Jdaepanaca: 05 (a) = 0.

Ha mpocrpancrse A;, umeerca kanoHum9IecKas Gp-MHBAPUAHTHAA
CUMILICKTHIECKAsA CTPYKTypPa

Q1 72) = / (1 Ava) s e € Todn = QL (End(Er))  (3.24)
>

3man BexTopubM mpocrpancTtsoMm §2! (EndE})
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Ee orpanmiernne ma Ap BHIpOXAAETCA B TOYHOCTH BAOIL OpOUT Gj,
nockoabky T'Gp, C Ty Apj, coBnagaer ¢ 06pa3zom

Vo (£(Gh)) =V, (Q°(End(Ey))) € Q' (End(E3)) ,

u mua mobex ¢ € QV(End(Ep)) v € T, Ap (cm. (3.23)) umeem pa-
BercTBo: (V&€ v) = Q& Vey).

Taxum 06pa3oM, CHMILIEKTHYIECKAA PEIyKIMA OIpOCTpaHCTBa Aj
10 AEUCTBUIO KATUOPOBOYHOU IPYIIIBI IPY TOMOIIYM OTOOPAKEHUS MO-
MeHTOB (3.22) HajgexseT HIPOCTPAHCTBO OPOUT

RE(m (), SU(2) = Ar/Gr = An//Gh (3.25)

CHMILIEKTHYIECKOR CTPYKTYpoi® ) HaJ HOAIPOCTPAHCTBOM KIACCOB
CTAOWIBHBIX HEIIPUBOJAMBIX [IPEICTABICHUN

RE(m1 (), SU(2))™ C Re(m (X),SU(2))

7 CTPYKTYPOU CUMILIEK TUIECKOTO OpOmd oA 1a HA L TIOMY CTAOAIbHBIME
PA3JIOXUMBIMU IPEACTABICHUAMMI

RE (71 (X),SU(2)) € Re(m(8),SU(Q2)) .

Dopma (3.24) asasercs guddepennuanom 1-popMbl gencTBUA:

D) = [ uan. (3.26)
b
KOTOPAsA 33/Ja€T YHUTAPHYIO CBA3HOCTH A( HA TPUBMAIBHOM INIABHOM
U (1)-paccroenun Ly vag Ay. [lapa (Lg, Ap) coyckaercs Ha IPOCTPaH-
crBo opbut (3.25) npum nomomu O-ropcopa’ — byHKIUR

Ap x G, >, U(l) : ©O(a,9192) = O(a,91)0(a%,g2) , (3.27)

KOTOpas onpegenserca caepytommm obpasom: V (a,g) € Ap X Gy cy-
IIECTBYET INIAJKOe TpexMepHoe MHOroobpasume Y ¢ 9Y = X, SU(2)-
CBA3HOCTb A HA TPUBUAIBLHOM BEKTOPHOM paccioenuu £ Hajg Y u ee

4o uepKHeM, 9TO BTa CHUMILIEKTIIECKaA CTPYKTYPa OIPeJeeTCA B YICTO TOIO-
JOrMIECKNX TepMUHAX; mogpobuocru cM. B [Gl]

Scm. [RSW]



§5 Kanubposounas meopus Ha pumMaHo8ot noeepruocmu 67

kaaubpoBouHOe mpeobpasosanme G Takwme, 4ro Aly = a, G|y = g;
TOrga

O(a,g) = pi(es(A%)—cs(A)) , (3.28)

rae CS(A) — dpyuxknmonan Yepua— Canmonca (3.21) ma npocrpancrse
A(E},) yHUTAPHBIX CBA3HOCTEU HA TPUBUAILHOM JIBYMEPHOM BEKTOD-
uom paccaoenun’. [uddepenmuan Gynxumu © B Touke (a,g) como-
CTABIACT Mape KacaTeTbHBIX BeKTOpos 7 € Ty A, = QY(End(Ey)),
£ € £(Gp) = QY(End(Ey)) wucao

%@ / (tr(g_1 dg A g lyg) —tr(a A Vas€) + 2tr(Fye ANE))
D)

7 ero OrpaHdvIeHue Ha MOANPOCTPAHCTBO INIOCKUX CBA3HOCTEN MMEeT
BUI:

e _ _
d@(%f)zz@/tr(g Ydg A gl yg) |
>

T. €. He 3aBUCUT OT BTOPOU KOOPJUHATHL.

Topcop (3.27) sagaer ma mpocrpancTse opbut Ap /G, raaBHOE
U (1)-paccnoenune

SYL) = A, x U(1) (3.29)
Gh

(baxrop mo gencrsuio g : (a,z) — (a9,0(a,9)z), g € Gp). O60-
3HAYIUM 4epe3 L spMuTOBO JuHEnHOEe paccaoeHume Ham Ap, acconmm-
poBauHoe ¢ orparmwdenuem S'(L)|4, dTOr0 TIABHOTO PACCTIOCHWA HA
HOAIPOCTPAaHCTBO maockux csasHocren. Caenys [RSW], moxzO npo-
BepuTh, uTo dopma geucrsusa (3.26) sagaer ma L spmurosy U(1)-
CBA3HOCTH Agg ¢ (POPMOU KPUBU3HBI

Fa,=i-9Q, (3.30)

rae 0 — cummiektraeckas crpykrypa sa Ap /Gy = Ay [/ G, onucan-
Hag Ha cTp. 66. UTak, deTBepKa

(RE(m(X),SU(2), 2, L, Acs) (3.31)

moxmo mposeputs (cm. [RSW, §2]), wro dyuxuma (3.28) me 3asucut or BEIGOpA
rpouxku (Y, A, G)
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mpeAcTaBiasgeT co00I aHHBIE ZEOMEMPUUECKO20 NPEeIKEAHINOBAHUA
u3 § 1 rmaser 1.

§ 6 KomMIurekcHas moJisipu3anus IpOCTPaHCTBA
RE(r1 (), SU(2)).

CTaHIapTHBIT CIIOCO6 KOMILUIEKCHOU HOJSPU3AIUA MPOCTPAHCTBA
KJIACCOB MPEACTABICHUN — DTO (PUKCAIUSI KOMILUIEKCHOU CTPYKTYPbI
I ma ¥. HamomMHEM, 9TO KaxXgas CBA3BHOCTL a € A ompexpenser nud-
(epeHnuATHHBIN OIEePATOD MEPBOTO HOPALKA — KOBAPUAHMHYIO NPO-
uzsoduyto Vo : ['(E) — I'(E @ T X)), riaBHOU 49acTbI0 KOTOPOI'O
ABIAETCA OOBIYHBIA BHEIIHUE nqudepennuar d. KoMmiekcuas cTpyk-
rypa I Ha ¥ ungynupyer pasnoxesus d = 0+ 0 u V, = VH0 4 VoL,
rme

1,0 0,1
NE) YL T(E0QY)  T(E) - D(E Y,

TaK ITO IPOCTPAHCTBO BCEX CBA3HOCTEN PaCKIagbIBACTCA B IIPAMOE
IIPDOU3BEACHUE

A=A x A", (3.32)

rae A" — addunnoe npocrpancrso manx QMC(Ad(E)), a A" — man
QY% (Ad(E)). Kambposoumas rpynma § Beex riaIKuxX MOCIORHBIX aB-
TOMOPGU3MOB pacciaoeHus E coxpaHseT HpOeKIuo

AL AT (3.33)

Ha, IIPOCTPAHCTBO 0-0meparopos Ha, F.

3aganume Ha F KaKoU-auGO 3PMUTOBOU CTPYKTYPHI h BBIAEIIAET
IOAIIPOCTPAHCTBO apmumosvir ceasaocren Ap, C A, m orpanmaenne
npoexnun (3.33) ma Aj, ABIfETCA B3aUMHO OZHO3HAYHBIM COOTBET-
crBueMm. Kpome Toro, h onpegenser Ha kaaubpoBouHOU rpymme G co-

IIpAXKEHHUEC:

g—g=_(g")"",
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BEIIECTBEHHBIMU DIEMEHTAMEU KOTOPOT'O SABIAIOTCA MOCIONHBIE DPMU-
TOBBI ABTOMOP(U3MBIL:

Gn=1{9€G|lg=g9}.

[Ipw sTom nencrsue ¢ — ¢(a) TPOU3BOIBLHOrO KATUOGPOBOTHOIO MIPE-
obpa3oBaHua ¢ € G Ha KOMIOHEHTHI CBA3HOCTHU ¢ OMUCHIBAETCA (HOP-
MyJIaMU:

Voo =7 Va7t =V = ((Va'e) -97)
Vi =9-Vo' g7t = Vol = (Vo'lg) - g7

u coxpangeT nogupocTpancTso A, C A SPMHUTOBBIX CBA3BHOCTEH, a

oroxpecrsienue pr|y, : A, — A" 5KBUBapHaHTHO OTHOCHTEILHO
2TOr0 AEUCTBUA.

2
[ToCKOIBbKY KOMIO3UIUS ( 2’1> € Q%2(Ad(E)) = 0, mpocTpan-
CTBO OpbUT
A")G =M (3.34)

IpeJCTaBIAeT co60H O0beJUHEHNe BCEX KOMIIOHEHT HpPOCTPAHCTBA!

MO/YJeH TOMOJOTUYIECKN TPUBUAIBHBIX [-TOJOMOP(MHBIX PACCIOCHUN
Ha X7, ¥ OpOUTHL IIOCKUX CBA3HOCTed Ap C A COCTABIAIOT B HEM
KOMIIOHEHTY MaKCUMAJIbHOU pasMepHocTu M5 kiaccoB noaycrabuib-
HBEIX pacciaoeHuy (HanomamM, 9To dimc M® = 3¢g — 3). I[Ipumenenue
KJIACCUIECKOUN T€OMETPUIECKON TEOPUM MHBAPUAHTOB B cTuie Kemi-
da — Hecc maer mHaM:

ITpEANOXKEHUE 1 (HapacuMAaH — HIEmAnPu). MMeeT MecTO m30MOp-
Gusm

NS : RE(m (2),SU(2)) — M, (3.35)
uagynupytomus Ha RE(m1 (X), SU(2)) cTpykTypy KOMILIEKCHOIO MHO-
roobpasua ¢ M5,

[IPEANOKEHVE 2. Popma Fyu., u3 (3.30) mmeer Tum (1,1), n auoen-
HOe paccioenue L, onmcanHoe Ha cTp. 67, JOIyCKaeT equHCTBEHHYIO

11/13-3& npucy rCrBusa HECTAOMIbHBIX paCCJIOGHI/Iﬁ 3TOT OOBEKT HE ABIACTCA MHOI'O-
O6p343I/IeM7 HO BCE XK€ MOXeT ObITh ONUVCAH Ha A3BIKE CMIKOE
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roIOMOP(HYI0 CTPYKTYDY, COTMACOBAHHYIO C S DMATOBOH CBA3HOCTHIO
Ags M KOMILIEKCHOH CTDYKTYypPOU; npu 31oM m3omopdusm (3.35) oro-
xgecriager L ¢ Opss(0O).

Bwmecte ¢ Tem, Ha M umeeTcs KAaHOHUYIECKAA KEIEPOBA METPUKA,
(Tak HasbBaemas mempura Betias— Ilemepcona) ¢ xereposou ¢op-
MOU wyp = tF4,, =1}, garomas cBa3uocTh JleBu - YuBura HA KOM-
IUIEKCHOM KacaTeabHOM pacciaoeruu T M u cooTBeTCTBYIOIIYIO en
SPMUTOBY CBA3HOCTDH ALC Ha aHTUKAHOHNYIECCKOM JIHHeﬁHOM paccioe-
uuu det T M = O(40). D10 onpenenser SPMATOBY CBA3HOCTD % Arc
Ha L, cormacoBannyio ¢ romomopduou crpykrypon ma O(0) = L.
Haxomer, paccmaTpuBas M Kak CeMeHCTBO 0-OIIEpaTOPOB, MBI II0-
aydaeMm Hajg M5 rerepMuHaHTHOE AuHEXHOE paccaoenue Ksuiuiena,
L ¢ spmuToBOM CBA3HOCTBIO Ag, (DOpMa KPUBU3HBI KOTOPOU TAKXKe
COBHAJAET C HAIICH CUMILICKTHIecKou dopmon: Fy, =i - (.

IIPEANOXKEHUE 3. Agg = %ALC =A4,.

Paccmorpum Teneps kaaubpoBOYHYIO TeOpUIo mosen Xurrca. 1o-
aoMopdHOe none XUrrca ¢ ABIACTCA, KAK MBI 3HAEM, T'OJOMOP(HBIM
ceuennem ¢ € HY(Z;,Ad(E) ® K) = T;M™ u oupegerser xsa-
aparmanb guddepenmuar w = w(E, $) = tr(¢?). Cnapusas sTor
KBaApaTUIHBIL Auddepenuuar ¢ saemenTom I € QY2 K1) us
IBOUCTBEHHOI'O IPOCTPAHCTBA auddepeHnuanos beabrpaMu, Mbl 110-

JydaeM Ha KOKaCaTerbHOM paccaoenus T M pyrxnmio

H,(¢) = /tr (¢?) -1, (3.36)

b

KOTOpas coraacHo mpuanumy Xaprorca (cM. cTp. 61-62) mpogomxa-
eTCsl Ha BCe MHOrooOpasme MOAyJIed MOMyCTAOMIBHBIX Map XUITCA
MpeaNOKEHUE 4. Pyaxnuu H,, H,s, orBevaiqme pa3idIHbIM KBa-
APATUIHBIM U pepeHnaataM w # w', KOMMyTEPYIOT OTHOCHTEABHO
ck00ku IlyaccoHa, MHAYIUDYEMOH KAHOHUIECKOH I'OJOMOP(HOH CUM-
IIEKTHIECKOH CTPYKTypoH Ha MY,.

[JOKABATENLCTBO. IIpogomxum pyukumu Hy, 10 HOCTOSHHBIX 110
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6ase PYHKIUHI HA KOKACATEIHLHOM PACCIOCHUN
T*.A" — .A" % QO’I(Ad(E))

K miockomy adgdpunromy npocrpanctsy A" oneparopos Komm - Pu-
maHa Ha F (cM. pasmoxenue (3.32)). Ilockonbky mepemenHbie Ga3bl
U CJOS KAHOHUYECKU COIPSKEHBI OTHOCATEABHO KAHOHUYECKOU CUM-
maekTuaeckon ¢popmul Ha T* A" a mpocTpaHCTBO TOIOMOPQHBIX IIO-
aerr XArrca €CTh HE 9TO MHOE, KaK HYJEBOU yPOBEHb O0TOOPAKEHUs
MOMEHTA I10 AEUCTBUIO MOJHOU KOMILIEKCHOW KaJuOPOBOYHOU I'DYII-
oel G, ¢yukmun H,, u H,s TOIXHBI KOMMYTHDPOBATH OTHOCHUTEILHO
ckobku Ilyaccona. |

§ 7 Boruncaenue paHros.

B HeabeneBoM ciydae BBIYUCICHUE PA3MEPHOCTEN
dim H' (M, O(k©))

HCIONB3YyeT a0COMIOTHO HOBYIO HUIEI0 — PACCMATPUBATH IIPOU3BO/II-
YO (PYHKIUIO, HTAIOUIYI0 OTBET CPA3y U BCEX MHOI'00OPA3UU MOIY-
aen M B 3aBUCUMOCTH OT pofa g Kpusou Y. B ciydae KoMmIuekcHon
MOJNAPU3ANUN TAKAA WAEs HABEBAETCSI NOHAIBICOHOBCKOU KaaubpO-
BOYHOMN TeOpuell IeTHIpeXMePHBIX MHOT00OPa3Mii ', T/je aHAJIOrOM Iie-
JIOYIUCICHHOTO TIAPAMETPA § CILy KUT (TAKKe MEJOTIUCICHHBIN) BTOPOK
kaacc epHa co(F). B ciayduae BemecTBEHHON HONAPU3AUN COOTBET-
CTBYIOIIUE TPOW3BOAAIINE (PYHKIMK €CTECTBEHHO BO3HUKAIOT B KOH-
dopmMHOU Teopuu nousA. Be3ycaoBHO, ObLIO OBl OYEHb TOJE3HO OTHIC-
KaTh KOHCTPYKIIAIO, HAIPAMYO CBA3BIBAOIIYIO Teopuio [loHAIELICOHA
¢ KOH(MOPMHOU TEOPUER IO CTOMb XK€ ABHO, KAK DTO IPOUCXOIUT,
HAIpuMep, B KOHCTpyKiun Hakamxumer aas cxem ['mib6epra Hilb? S
auarebpanvdecKou MOBEPXHOCTH S.

Lem. [T2], [T3]
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Wrak, pacCMOTPUM IMIAJKYIO aareOparmvecKyo KpUBYIO X poaa g
u MHOroo6pasue M Moayen nonyCTabUIbHBIX FOIOMOPQHBIX BEK-
TOPHBIX PACCAOCHUN HA HEU PAHTa 2 C TPUBUAIBHBIM [€TEPMUHAHTOM.
Ha npsamom npoussegenun X X M® HeT yHUBEPCATBHOTO PACCIOCHU
&, Ho ectTb paccroerue Ad(E), crapmun kiacc epHa KOTOPOro CBs-
3aH C «BUPTYAJbHBIMIY Kiaaccamu £ 10 Gpopmyie

c2(Ad(E)) = —p1(E) = c1(E)? —dca(E) € HA(D x M7,

a pa.BJIO)KeHI/Ie KIOHHeTa nMeeT BHUI:
—pi1(€) = -2[X] ® [B] + [pt] ® [z]—

g
—4 Z(ai ® pla;) + b; ® :U(bi)) )
=1

rae [X] — dyHAaAMEHTAIBHBIN KIACC KPUBOM X, [pt] — Kaacc Touku
Ha KpPUBOHU X, aj, b; ¢ 1 = 1,...,9 — Kakou-1u60 CHUMILIEKTHIECKAN
Gasuc (2.11) B H'(%,Z), [0] = 2 u([X]) € H*(MP,Z) — ©-pusuzop
(32), 1] = 4p(pt) € H'(M,Z), plar), u(b) € H'(M). Taxm
obpazom, kaacc —p1(€) 3amaer romompdusm:

HL(S) —Le HA (M) _mlé)
4o
Paccmorpum rpagyupoBanuyio aarebpy
S(%) = Sym,(Heven (3, R)) © A" (Hoda (%, R)), (3.37)

rpanyupoBKa B KOTOPOU 3amaeTca TeM, uto o € H;(X) umeer cremnenn
deg(o) = 4 — i, Tak uro deg(a) =1 = p(a) € H'(MF).

. N,
OnPEAENEHUE 1. Jluneiinas dynxuua S(X) —> Q, 3HAUEHUEE KOTO-
poit Ny(oq-01+ --+ -0,) HA MOHOME @ = 01 -01 - -+ -0y € 05 € Hy,(X)

T
cymmapuou creneru d(a) = Y (4 — n;) paBHO
i=1

p(o1) ~ -+~ plor), ecm d(a) = dimg MG = 6g — 6, (3.38)
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a B OCTAJBHBIX CIy9IaAX PABHO HYJIO, HA3BLIBACTCA UHBAPUAHTLOM MM
noauromom® Hovrocmeda.

3AMEYAHUE 1. AHATOrWIHAA KOHCTPYKIWMA OPUMEHHMA K JIOOOMY cemeti-
CNBY 6EKMOPHBLIT Paccaoenul, T. €. K mo00My (BUPTYaTLHOMY) PACCIOCHUIO
€ man ¥ X B ¢ npousBonbHOU 62304 B, 1 TakxkKe 0aeT HEKOTOPBIA [OJUHOM
NB€ wa H.(S,R).

[Tonurom HpiocTena wHBapWMaHTEH OTHOCUTENIHHO I'PYHIbI nud-
deomopdusmos Diff | (), coxpansrommx OpueHTAIUIO, 1 TaK KAK 1A
kax10ro i ckpyuusanue Aena ¢; € Diff ; (X) menser 3nak y a; u b; n
IIEPEBOMUT BCE OCTAJIbHBIE OOpa3ymomue B ceOs, 3HAIEHUE

Ny (=)™ - w([ptD)" - 1(@is,) - 1bjs) - --)

MOXET OBITH OTJIMTHO OT HYJA, TOABKO €CIA %yin = Jmin- A TOCKOIb-
Ky [Jis JIOOOU Maphbl PyYeK CYMECTBYET COXPAHAIOIUNA OPUCHTAIUIO
nudeomopdpusM, IEPEBOAANMEA OAHY U3 HUX B APYTYIO, BHIPAXKEHUE

g
y=2> plai) - p(bi) € H (M)
=1

He 3aBUCUT OT BBIOOpa cuMmILeKTH4eckoro 6asuca {a;, b} H1(X), u
Ny € C[[pt], [X],7], T. e. Ny IpuHIMaeT HeHyIeBble 3HAMCHHUA TOIBKO
Ha MOHOMax Buga [X]™pt"+P, npudyem ¢ m + 2n + 3p = 3g — 3.

Taxum 06pa3oM, BMECTO I'Pa yupPOBAHHON AIre6pst (3.37) MBI MO-
KEM PACCMATPUBATEL YHUGEPCAALHYIO AA2EODPY

(cuMmeTpuIecKyo anre6py CBOGOLHOIO IpaIyUPOBAHHOIO Z-MOLYJIA
¢ Tpemsa obpasyommvu creneru dega = 1, degf = 2, degy = 3) n
TPAaKTOBATH BeChb HAOOP MOIMHOMOB [N, KaK OJHY JHHEHHYIO GopMy
Ss3 N, Q, IPUHUMAOULY IO HEHYIEBBIE 3HAMEHUA TOJIBKO HA, MOHOMAX,
cTeneHb KOTOPBIX d = 3n KpaTHA TPEM, U COHOCTABIAINIYIO TAKO-
My mMoHOMY 3Hadenue (3.38) nomunoma Ny, ;1 Ha dTOM MoHOME. UTak,

*OCKOMBKY ATa JumHeHHAs QyHKIES MOKET DPACCMATPUBATHCS KAK OXHODOJHBIM
noausoM cremenu 3(g — 1) ma H. (3, R)
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MBI IOy IaeM He0dHopoorbiti ToauHOM N, O THOPOJHBIE KOMIOHEHTHI
KOTOpPOT'0 UMEIOT CTENeHu 39 — 3.

OTHU OJHOPOJAHBIE KOMIIOHEHTHI (T.e. moamHoMbl Hbrocrena nis
Pa3INITHBIX pOrC[OB) CBsA3aHbI BaXHBIM DEKYPPECHTHBIM COOTHOIICHU-
em®

Ny(v-@) = g- Ny_i(a). (3.39)

YTo6bI 5TUM BOCIOJIB30BATHCA, YAOOHO MEPEUTH K HOPMUPOEUHHBIM
muozousenam Hotocmeda

0 N,
S3N Q : NO n+1

= 1) (3.40)

Toraga Bce coorHomenus (3.39) 3anuinyTcsa OAHAM ypPABHEHUEM
NO(y-z)=N%z) VzeS3 (3.41)

HA [OJHBIA HOPMAJU30BAHHBIN MHOTOWICH, TAK YTO MBI MOXEM WC-
KII09UThH 00pas3yomyio v u paccmarpusars NV kakx Q-3maunyio mau-
HEHHYIO (pOopMy Ha

Se=Sym, (- Z®[-Z).

Tak nHaspiBaeMas zunomesda Hviocmeda (cm. [Th2]) mpeackasvr-
Baer, aro N?(a/ - B¥) moxeT 6BITH OTIMTHO OT HyJIS TOIBLKO IIPH
k < (m + 2k)/3. Umes 10 B Buay, 3amMeHuM 00pasyouyio [ Ha

w=a-f8.

Torga N xak qunenas dopma ma Sym, (« - Z @ w - Z) Gyger yaoBie-
TBOPATH COOTHOIIEHWIO
No(agk W) = Ns(n+k)+1(04n+3k -B"),

13 KOTOPOI'O BBITEKAET UTOrOBOE INIABHOE pa.BeHCTBO4I

(—4)"FF . (n + 3k)!
(n+k+1)!

Nk . ) = - (2k)!- (4F —2) - By, (3.42)

dcm. [Th2, IIpeanoxenue 26]; HUXKe MBI YBUAUM, 9TO HOLOOHBIE [IPABUIA, CIMAHUA
HIMEIOTCA U AU BEMECTBEHHON HMOMAPI3ALIN
“cm. [Th2, popmyra (29)]



§7 Buiuucaenue paneos 75

rae B; — uucaa BepHy/wim.

3aMeuAHUE 2. Taggeym momyumn muHOrowriensl Heocrega (3.42) us dop-
Myanl Bepaunge nias npousBogsAmen GyHKINN PA3MEPHOCTEN IPOCTPAHCTB
KOH(OPMHBIX O/I0KOB (CM. HUXKE), OCHOBBLIBASCH HA [PEAIONOKEHUU, ITO
KBAHTOBAHUE C IIOMOUIBIO ./\/l;S SBIIETCSL YUCAEHHO Toanblm (cM. §5 rua-
Bol 1). Mbr o6ouun sTy runoresy Taggeyma npu moMomu KOHCTPYKLUY
Houanbacora u3 [Do.

3AMEYAHUE 3. BHemnee yMHOXeHUE HA OMHOPOIHBIN JIEMEHT T € S3 uHIy-
nupyer audPepeHIranIbHbI OIEPATOD B MPOCTPAHCTBE MOJIMHOMOB, IEpPe-

. . L
BOgALUY JuHENHYI dopmy S3 — Q B

8—L(z) = (degz +degz) - L(x A 2),

Ox
u coornomenusa (3.41) moryr paccmarpuBaThCa Kak guddepeHnnaIbHbe
ypaBHeHus Ha MHOrowieHsl Hetocrena. Bonee Toro, us stux ypasaenui ger-
KO YIaJBIBAIOTCA U PEKKYPEHTHBIE (POPMYJIBL /I IPOU3BOAAMINX (DYHKITUN
cnapuBanus (3.38) (cm. [Thl]). logxon Burrena onupascsa Ha BBIMUCICHU
o6bemos Vol(M3*) = N°(a?¥~?), nocie 1ero ocraibHele 3HAMCHA MHOTO-
aeroB HplocTega BOCCTAHABIMBAIOTC U3 STUX PEKKYPEHTHEIX (POPMY.I.

Ipyro# cooco® BeramcieHms’

HeiocTena mocrasiseT mpoueaypa reoMeTPUIeCKOR AP OKCUMAIIH.
6.

cnapusanus (3.38) 1 MHOrO4IEHOB

Nmeercsa nenodka Gpanmos
MP oy e -+ e MPy e~ MPy, (3.43)

rae xaxgoe MP; ects MHOroo6pasme MomyJel t-cTabMIBHBIX map,
[JAIolIee CBOE CEMEUCTBO BEKTOPHBIX pacciaoeHuu & Hanx X X MP; u
cBor MHOrOwIeHbl Ny ; (cM. 3am. 1 w3 § 7 rasbt 3) u NP, ananoruansie
(3.38) um (3.40). Camoe npasoe muOroo6pasue moayaen MPy B (3.43)
ABIETCS MIPOEKTUBHBIM IIPOCTPAHCTBOM Pa3MepHOCTH 3¢g — 2:

MP, = P32
a camoe jeBoe — Pl-paccioenmem Haz M

SS
MP . —r M,

»Tum BBrMECIEHEEM MBI 06s3aEkl 3arbe w Makaonarsay (cm. B [Thl] coorser-
CTBYIOIIME CCHLIKN)

Scu. [Re]

"em. [Th2], [BD] wmu [Ber]
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0« H = N° rpe H — xmacc I'porenguxa sroro P!-
paccaoenus, a N° — dopma Heiocrega. Mcnoas3ys aBHOE Omucanme
Kaxgoro quuna us (3.43), MBI MOXeM IIAr 3a MIATOM BOCCTAHOBUTD
BCe MHOTOICHBI N ;, HAMMHAA C CAMOT'O IIPABOTO P39—2,

rak aro NP

IIo Teopeme Pumana— Poxa— Xupiebpyxa

Z(—l)i dim H' (M5, O(k©)) =

= (ch(O(kO)) - td(MF)) (3.44)

3g—3 7
U T. K. quBu30p O MOOXWTENEH, B JEBOU IACTH, COTVIACHO TEOPEME
Koganpsr, cronr mmus dim H' (M, O(k©)) = dimHj. C apyroi
croponsl, Herocren mokazan®, aro ¢ (M) = 4[0], a p(MP) = (1+

292
5)29—2, rak o td(M>) = 2] (ﬁ%) ! . [losTomy B mpasou

qactu (3.44) morydaem:

k—+2\9" j
dim#H; = (%) Zsin2_2g k]—-:—TZ . (3.45)
J

§ 8 CeasnocTun XuTumHa.

B sTom naparpade Mbl HOKaXeM, 9TO COIOCTABICHUE KPUBOU Y|
poza g > 2 maoroobpasus monyiaen M (X ) roroMopdHbIX HOIycTa-
OWJIBHBIX TOMOJOIMYECKU TPUBUAIBHBIX PACCIOCHWN HA HEW ABJIACT-
€ CTPOrUM MOAYIAPHBIM COOTBETCTBUEM, & IPOCTPAHCTBA, (Heabee-
BbIX) U-pyHKIUN

HY(M* (%), 0(kO)) (3.46)

Scu. [Ne]
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MOCTABJIAIT yCIENIHOE KBAHTOBAHWE KpUBOU Y. MHade rosops, mpu
g > 2 KpmBag Y; OQHO3HAYHO BOCCTaHABIMBAETCA mo M5 a Bek-
TOpHOE paccioeHue co croeM (3.46) Ha MHOrooGpasmu Mogyten M,
KPUBBIX POZA ¢

Vi 2o My 0 pt(I) = HY(M®(2), 0(kO)) (3.47)

061a1aeT IIOCKOU MIPOEKTUBHON CBA3HOCTBIO, TAK ITO MPOEKTUBU3A-
s PHO(M®(X)), O(kO)) mokarsro ue 3asucut ot 1.

[lepBoe yTBepkjeHWE MOYTH OUEBHAHO B CHJIY TOrO, UTO MHO-
xKecTBO 000X TOuek Sing M* = Kum(X;) npeacrasizer co6o0
KyMMEpPOBY IIOBEPXHOCTH KPUBOU Y 1. PasnyeM KOHETHOE MHOXECTBO
Sing (Kum(3;)), paccMOTpuUM ABOMHOE HAKPBITUE IIOLYyIEHHOU II0-
BEPXHOCTH, PA3BETBICHHOE B HCKIIOYUTEILHOM [TUBHA30pPE, & 3aTEM
CTAHEM MCKIIOYATEABHBIN IUBU30D — MOLyIuTCa akobuan J (X)) Ha-
wen kKpuBou. HeTpynHo BugeTh, 9T0 OrpaHuyeHue HeabeneBa ©O-mu-
BU30pPa HA KyMMEPOBO MHOI'000pa3ue MepexouT IPK STOM B TUBU3OP
2 © na axobuane. Teneps kraccuaeckas reopema Topeamu (cm. Hada-
70 §2 ruaaBel 2) faeT HAILy KPUBYIO Y.

CyumecTBOBaHME TPOEKTUBHON IIOCKOU CBA3HOCTH HA PACCIOCHUAN
(3.47) B meabemeBoM caydael moxasam Xuram. UTOGHI TOCTPOUTDH
9Ty CBA3HOCTBH, MBI OIATH BOCHOJIb3YEMCSA TEOpUEr aedOopMaiuil u3
84 rmaBul 1, a KaauOPOBOYHAA TEOPHUA T'OJIOMOPQHLIX MoJer XHUITCa
(cMm. komer § 6 ruaBel 3) MO3BOMAT HAM BBIMUCIUTH €€ KPUBU3HY.

[Ipexae Bcero mamoMHUM (cM. §6 ruaBel 3), YTO HA IPOCTPAH-
crBe RE(71(X))r = M*(X) KaHOHMYECKU UHAYIUPYETCS BHIOOPOM
KOMILIEKCHOU CTPYKTYpHI I Ha Y KoMmmuekcHas ctpykrypa Z = Z(1).
Mpu1 gomXHBL yOEIATHCA, ITO MPA STOM BBIIOIHAIOTCA BCE YCIOBUA CO

crp. 18-19. Cormacuo pesyabrary Hapacumana u Pamanana’

HY(TM*®) = HY(M>,0) =0.

Nas moctpoerns romomopguoro Temzopa Wy € HO(S?(TM*)) pac-
CMOTpPHUM KacaTensHoe mpocTpancTso Tp M = HY(X, Ad(E)) B mo-
JycTabmiIbHOM BEKTOpPHOM paccaoenun F € M. Tlo gBoucTBeHHO-

Lo6eymaenne abereBa caywas cum. Ha crp. 33-34
2cm. [NR]
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ctu Ceppa T*M®*, = HY(X,Ad(E) ® Kyx), rae Ky — kanoHuwe-
CKUU KIace KpuBon Y. KacaTeabHbI BEKTOP K MHOIOOOPA3UI0 MOIY-
aen My KpuBBIX B TOUKe Y 3afaerca auddepennuanrom berprpamu
I € HY(Z;, K{), u ~-yMHOXeHUE Ha HEro

HY(2,Ad(B) ® Ky) —2200

H'(Z,Ad(E)) (3.48)
ABJIACTCA KBaApaTUIHON popmon Ha T, M. Ee npogomkenue Ha Bce
MHOroo6pasue moayiaern M u maer uckomoe cevenue Wy.

IIPEMNTOXKEHUE 1. OTobpaxkeHue

HI(ZI,TI’O) f HO(MSS’ SQ(TI,OMSS))7

nepepogamee gup¢epennuan beabrpamu IB KBagpaTAIHYIO (pOpMY

f() - gb»—)/tr(gbz)/\f, (3.49)
>

ABAACTCA U30MOPPU3MOM.

MOKA3BATENLCTBO. CormacHo npuaiuny Xaprorca (cM. §4 ria-
BBI 3), MBI MOXEM IIPOJOJKUTH JI00YI0 rOIOMOPMHYIO KBAAPDATUIHY O
dbopmy ¢ T* M na ero 3ameikanue Xur4maa MY, IpudeM IpoLoI-
xKeHHasg (dopMa MOMKHA OBLITH MOCTOSHHA HA CJAOAX [OJIOMOPQHOTO
oTobpaxenus MOMEHTOB (3.18), MOCKOIBbKY OHU ABIAIOTCA KOMIIAKT-
HBIME abeneBbIMEu MHOroobOpasusaMu. VTak, Halre mpoCTPAHCTBO I'O-
JOMOP(PHBIX KBAIPATUIHBIX (POPM JBOUCTBEHHO IPOCTPAHCTBY I'OJO-
MODP(}HBIX KBAAPATAIHBIX AUBPEpPEeHInanoB Ha Y. DTUM BCE CKa3a-
HO. [l

Paccmorpum gedopmatmio M 2+ B xommrekcroit CTPYKTYPHI
7 HaJ HEKOTOPOU OTKPHITOU OKpecTHOCTHIO Hylrs B C C™ (rakyio
aro p1(0) = M%) u roromopduoe sekropuoe none t € H'(B,TB)
ma B. Coruacuo kiaccutieckon teopum Komampwi— Cmencepa, OHO
OIpeeNseT CEMENCTBO KIACCOB MH(PUHUTE3UMAIbHBIX nedOpMaIun
B/IOJb BEKTODOB i, T. €. ceueHue

¢ € HY(B, R'p, TM) . (3.50)
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Bribpas mHang xkaxmou TOUKou b € B HOCTATOYHO MEIKOE OTKPBITOE
noxpsrrue croa M = p~1(b), paccmarpum cemeiicrso (3.50) kak ce-
MefCcTBO preMenTOB mpocTpanctsa H' (M3®, D(L)) kraccos xoromo-
aorunt quddepeHuAIbLHBIX OIEPATOPOB HA, PACCAOCHUN MIPENKBAHTO-
Banusa L, T. e. kak cewenme A € H(B, R'p,(D'(L))), onucrBaromee
VHPUHUTE3UMAIBHBIE AeOPMALUU PACCIOCHUA LONAPU3ALNU BAOIb
BekTOpOB t. [locTpoennas B (3.48) romomopduas kBaapaTuaaas Gop-
vma Wy € HY(B, R%p,(5%T)) noaammaeTcs (Ipu mOMOMIM CBA3HOCTH
Jlesu— Yusura merpuxu (3.49)) go cemencrsa oneparopos Jlammaca—
BeabTpaMu, 3afaHHBIX JOKAILHO HAJ OTKPBITHIMA MHOXECTBAMU 3a-
(PUKCHPOBAHHOIO HAMU MOKPHITHA Cl1oes M3°. OTu omepaToper BTO-
pOro HmOpAAKA UMEIOT OJMHAKOBLIE IVIABHBIE YACTHU, U CTAJIO OBITb,
sagator cetenue D € H° (B, R'p,(D*(L))). Teneps onucannas B § 4
rIaBbl | MammHEpUs aeT HaM TOJOMOP(HYIO IPOEKTUBHYIO CBI3-
HOCTH Ha paccaoeHumax (3.47) mag 6a3on B ¢ IMIABHBIM CHMBOJIOM,
PABHBIM

1
2% —4°7

Boaee Toro, komburanma 0; + P, rae

§(W) € H'(B, R'p,TM™) . (3.51)

_ i

3a7aeT MNIOOAIBHO ONPEIETeHHBIA 2040MOPPHbIT ONepamop menao-
npoeodrnocmu Ha L7, a ero rIaBHBIA CUMBOJ ABAAECTCA KBAIPATUIHON
dbopmon, nogaaTOon ¢ 6asbl paccaoenus XurawmHa (3.18), u cormacHo
npemt. 4 u3 §6 rIaBel 3, 9TW CHMBOJIBI KOMMYTHUDPYIOT KaK (OyHKIII
HA KOKACATEILHOM PACCIOCHUN.

Takum 06pa3oM, /uisd BBIMUCICHUS KPUBU3HBI HAIEU CBI3HOCTH
HAI0 BBIYUCIUTD JUIIbL KOMMYTaTOD

O Py — Op Py — [Py, Py] (3.53)

A ABYX FOJOMOP(MHEIX BEKTOPHBIX moten ¢ um ¢ ma B. Ilocregnun

anen B (3.53) a priori umeer mOpAAOK 3, HO €r0 IVIABHBIM CHMBOJ

3

aBraeTca® ckobkon IlyaccoHa KOMMYTHPYOUIMX CEMBOJIOB OIEPATO-

3em. [GS1]
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pos (3.52), Tak 9TO
Py — 0y P, — [P, Py] € H*(M®*, D?(L)) (3.54)

LA II000M KOMILIEKCHOU CTPYKTYPHI u3 B.

Yro6bl A0Ka3aTh, YTO MOCTPOEHHAA HAMU CBA3HOCTH SABIACTCA
IPOEKTHUBHO IVIOCKOM, MBI JOJKHBI IPOBEPUTH, ITO omepaTop (3.54)
nocrosHed. Ho mocienusas cTpenka B IMHHOW TOYHOU MOCJIEIOBA-
TEILHOCTH

0 ——» HO(MSS,D].(L)) ., HO(MSS’DZ(L)) _
—— H'(M®™, S*°T) — HY(M*,DY(L)) (3.55)

KOT'OMOJIOTUU TPOUKH
0 — DYL) — D*(L) — S*T — 0

ABJIACTCA BJOKECHUEM, ITIOCKOJIBbKY €€ KOMIIO3UIWA CO B3ATUEM CUMBOJIA
HY(M®>,DY(L)) — HY(T) ects msomopdmsm mo mpemt. 1 u3 §8
raaser 3. Hosromy HY (M, D?(L)) = H(M®, DY(L)) = C.

B mTore noxyvaerca
TEOPEMA 1. KerepoBo KBaHTOBaHHE MHOIOOODA3HH MOYJIEH TOIIOJ0-
I'U9€CKHA TPUBHAJBHBIX [JBYMEDHBIX BEKTOPHBIX DACCIOCHUH ABIACTCH
YCHELIHBIM.

u npobrema:

ABAAENCA AU NOCMPOEHHASL HAMU CEAZHOCTIL YHUMAPHOU Usy Ha Vi
ecmyb dpy2as YHUMAPHGA NPOCKMUBHO NAOCKAA CBAZHOCTMb ?



[ naBa 4.

CUMNNEKTUYECKAS TEOMETPUS
MHOIOOBPA3US MOAYNEN
BEKTOPHbIX PACCNOEHUA

§1 U(1)-ageucrBue I'ongmana.

Cumiuiek Tudeckas 9acThb HeabeneBOu Teopuu Y-PyHKIUU ObLia
paspaborana ycunmamu Y. Loxamana, [Ix. Beunvana, JI. [xeddppu
u [Ix. Xeprbiobanca. OTopaBHOU TOYKOU TYT ABIAsAETCA Teopema Ha-
pacumana — Hlemanpu (cm. mpema. 1 u3 §6 raaser 3) o coBmageHun

M*(E) = RE(m,SU(2)) .
Orob6paxenue kpuusssl F' :; Ay, il O?(Ad(E)) apageTcs
0TOOpPAXKEHNEM MOMEHTOB Ui CUMILUIEK TUYECKOrO JEACTBUS T'PYIIIbI
SU(2)-xamubpoBok G, Ha npocrpanctse SU(2)-cBasnocren Aj 0THO-
CUTEIBHO KAHOHUYECKOU KAJIMOPOBOYHO MHBAPUAHTHOU CUMILIEKTH-
9eCKOU (POPMEI

w(y1,72) = /tr(’h A7yz) . (4.1)
>

Ero mynesoit yposens F~1(0) = Ap C Ap COCTONT M3 TIOCKUX CBA3-
HOCTEH, ¥ CUMIVIEKTUYIECKAA PeayKIUs

RE(7m1,SU(2)) = An//Gr = Ar/Gn (4.2)

81
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€CTb CUMILICKTUICCKAN OpOuQ oI, ABIAIOMMMACA [VIATKAM CAMILICK-
TUYECKAM MHOI000pa3mueM HaJ HOMyCTaOUIbHBIMU HEePa3JI0XKUMbIMU
OpPEICTABICHIAMA.

Jltobas npocras 3amkHyTas nerias C Ha Y onpeenseT Ha, 3TOM
npocrpaacTse @ynkyuio 'oadmana: co : MVE(m,SU(2)) — [0, 1],
COMOCTABJAIONLY O MPEACTABICHUIO 0 TUCIO

colp) = % arccos (tr(Q[C])/2> .
B [G2] Tongman mokasax, 9TO ¢ ABIAETCS DAMUILTOHUAHOM CHM-
mekTrdeckoro geucrsua Ha RE(m, SU(2)) rpynmsr U(1l), xoropoe
MOXHO onucaThb cregyomum obpaszom. [lasa moboro g € SU(2), or-
awasoro ot +ld, cymecrsytor eguacTBenHBe Ing € su(2) ut € R
TaKHWE ITO

llng|? =2, eM9=g. (4.3)

[ononaunm knace [C] o kakoro-Huby b craHagapTHOro Gasuca QyH-
JAMEHTAJIBHOU IPYIIILGI PUMAHOBOW MOBEPXHOCTH Xl

9

771:<a17a27"'aaga blab27"'7b9 | H[a’ia bz] :Id>7 (44)
i=1

tax aTo6s1 [C] = a1. Ilockombky [g,e!"9] = 0 V t € R, npasmio
o(b1) — o(by) - e )

onpegeaser ramuabToHOBO aenctsue U (1) Ha Knace a060ro npeacra-
BJIEHUA Q, TaKoro 4ro p(ay) # +Id.

HeTpyaro BEAETH, 9TO TOIIMAHOBCKHE TaMUIbTOHUAHBI HEMEPE-
CEKAIOIIUXCA eTeMb HAXOAATCA B MHBOMOMUYA OTHOCUTEIBHO KAHOHY-
YECKOW CUMILIEKTUYECKOU CTPYKTYPHI (), MHAYIUPOBAHHOW HA MPO-
crpanctse RE(m,SU(2)) dopmon (4.1) npu pegykrun (4.2):

CiNCy =0 = {001,602 }Q =0. (45)

Takum 06pa3oM, eciau Mbl 3apUKCAPYEM HA Y. MAKCUMAJILHBIA HAOOP
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HEIIEPECEKAININXCA 'OMOTOIINICCK HEOKBUBAJCHTHBIX 1'IeTeJII>1

{017027"' 7039—3}7 (46)

(KOTOpBIE MBI B JaJabHedImeM OyAeM HA3BIBATH OKPYHCHOCTMAMU, CM.
puc. 3), TO MbI IIOIY9IUM IIOJHBIN HAGOP U3 3¢9 — 3 MHTErPAJIOB B UH-
BOJIIOI[AT

¢i(p) = 1 arccos (tr(g[Ci])/2> €[0,1] (4.7)

™

IJIA KIACCHIECKOM MEXaHWIeCKOU CHCTEeMbI (9‘{6(%1, SU(2)), Q)

Puc. 3. [Jonubil HAG0P NPOCTHIX METEIb

PumanoBa noBepxHOCTH ¢ PUKCUPOBAHHBIM PABIOKEHUEM HA [ITA~

HBI
39—3 292

> = YJUo v Un (4.8)
j=1 i=1

HA3BIBALTCA pasmeuenoti. KomObuHaTOpHAsS PeOMETPUS TAKOU Pa3MeT-
KU ONPENeNAeTCA TBOUCTBEHHBIM MpusaseHmubim epagom ', MHOKE-
CTBO BEPLIMH KOTOPOI'0 — 3TO MHOXECTBO IITAHOB, & pebpa — Ok-
PYXHOCTH-PA3PE3HL:

V(F) = {1)1,1)2, e ,1)29_2} = {PI,PQ, e ,PQQ_Q}
E() = {e1,ez,...,e39 3} ={C1,Ca,...,C35 3}

! terxo BugeTs, wTO OH coCTOMT U3 3g — 3 OXBATEIBAIOMINX «PYUKH) OKDPYKHOCTEH,
paspesaromux X Ha 2g — 2 «mTaHOB» (CM. puUC. puC. 3-puc. 4); Takou HaGOp pas-
DPE30B UIPAET B F€OMETPUM CBA3HOCTEH Ty XK€ POIb, ITO HaOOP TOYEK B TEOPUU
byHKIUI: Kak (QYHKOUA OrPAHUIMBACTCA HA TOYKY (T. €. BEIMHMCIAETCA B HEH),
TaK U CBA3HOCTH OI'DAHUYIUBACTCA Ha MNETIAI0; B 3TOM CMBICJIC IITAHBI — 3TO MU-

(4.9)

HUMAJIBHBIN T'€OMETPUIECKUN O0BEKT, NOIYCKAIINI HEeTPUBUAILHYIO HEeabeJIeBy
KaJuOpOBOYHYIO TE€OPHIO
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(ABe BepUIMHBL v; U Vj COCAUHAIOTCA PeOGPOM €¢, €CIE ¥ TOIBKO €C/II

Cy = 0P, N OP).

Puc. 4. Packpon Ha mrassr

§ 2 BemecTBeHHAsA MOJAPU3ALINA.

Urak, pasmerka I puMaHOBOU OBEPXHOCTH ) 331A€T BELIECTBEH-
HYIO TOJAPU3AIUI0 TAHHBIX IPEIKBAHTOBAHUSI

(RE(m1,SU2)), Q, L, Acs) . (4.10)

A umenno, 3g — 3 komMmyTupyomux Gyuakuuu oagmana (4.7) 3agaor
oTobpaxeHue

RE(mr1,SU(2)) — [0, 113973 c R3973 (4.11)

B €IMHUYHBIA Ky0, KOTOPOE ABIACTCA MAMUIBTOHOBBIM [ [EACTBUSM
(3g — 3)-meproro Topa U(1)3973 ma Re(m(Xr),SU(2)).

Dyuxumm longmana (¢, c2,. .., c39-3) — Koopdunamor deticmeus
raMuabTOHOBOU cucTeMbl (4.10) — BCroy HEIPEPBIBHLI U MVIAJKA HAJ
BHYTDEHHAME TOUKaMu egmamaroro xy6a [0,1]3973. Ws sroro cie-
myer!, 1ro o6pas mpoexmun (4.11) mpeacTaBIgeT cOGOM0 BHITYKIBIN
MHOIOIDAHHUK

Ar = mp (Re(m(Xr),SU(2))) C [0, 1]*973, (4.12)

Lem. [GS1]
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cummrekTudeckuy o6bem RE(m, SU(2)) paBer eBKamgoBy o0BeMy

STOr0 MHOIOI'DAHHUKA! / Q3973 = Vol (Ap).
R
MuoxecTBO 60p-30MMepPdETHIOBEIX OPOUT yPOBHA Kk BEIIeCTBEH-

HOM nmosapusanuu (4.11) coBmagaeT ¢ MHOXeCTBOM %—HGJII:IX TOYEK B
MHOrorpasuuke Ar:

1

# (BSk)
k39—3
npencKasbBaiu B § 2 ruassr 1.

VOE

F

(cm. pue. 5) u lim = / Q%973 = Vol (Ar), xak ™Mbl un
k—o00 RE

(1/k) - nenvle TOYKH

ar

Puc. 5. [lonapusanusa ['ongmana

Yr0o6Bl yBEAETH DTO, HHTEPIPETEPYyeM BeKTOphl w € R3973 kak
muddepennuatbable 1-pOpMEL Ha R39~3 » PacCcMOTPUM COOTBETCTBY-
OImue 1M I'aMWIbTOHOBBI BEKTOPHBIC IIOJA fw, KaCaTeJIbHBbIC K CJI0AM

mr. duddeomopdusmer
tw = & C Diff* (R€(my (Xr), SU(2)))

COXPAHAIT (POPMY KPUBUIHEI CBAZHOCTH A g, U IOCKOIBLKY IPOCTPAH-
crBo RE(71(Xr),SU(2)) ogroceasHO,

ty(Acs) = Ay
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IS TIOAXOMANINX KAJTHOPOBOYHBIX TpeoOpa3oBaHuit’ oy, € G (omHm
obpasytor U(1)393
OIUCAHUY KIACCUICCKUX U-DYHKIUHN A1 abeJeBbIX MHOIOOODA3NUH).
Takum 06paszom, Bce mepuoabl CBIA3HOCTU Agg OOHYIAIOTCA B TOYHO-
CTHU HAJ ﬁ—uenbnvm TOYIKAMH.

-TOPCOP TOYHO TAaK Xe€, KaK B §4 riaBbl 2 npu

Tounoe ommcanme MHOTONPAHHUKA Ar MOTYIAeTCA U3 OMUCAHUSI
npocrpascrBa wiockux SU(2)-ceasHocTen Ha ofHuX wraHax Py c
0Py = C, UCy UCs. B 5ToM cIydae HETPYAHO IPOBEPUTH>, ITO OTO-

6paxenue (4.11)

o - m@(ﬁl(Po), SU(Z)) SEAR Ay C R3 (4.13)

B3aUMHO OJHO3HAYHO M HENPEepBIBHO, a ero oOpas ABiadeTca TeTpa-
BAPOM, 3a/aBaeMbIM B KOOpAMHATaX (C1,Co,c3) Ha R® HepasencTsa-
MU:

1
| R
min(c; 4+ ¢2,2 — ¢; — ¢2)

mpudeM 7T IVIAAKO HA €ro BHYTpPEeHHuMHU Toukamu. B obiieMm ciydae
OIICaHUE MHOT'OIPDAHHUKA A B TEPMUHAX ABOUCTBEHHOI'O TPUBAJICHT-
Horo rpada I' mocrapisger

IIPEATOXKEHUE 1. MHororpanauk Ar 3amaerca HaOOpoM u3 2g-2 He-
paBercts (4.14), BBIIOIHEHHBIX A1 KaXJZOH TPOUKH (Ci,Cj,Ck) KO-
opguaar B R3973 | mpuxogamen m3 Kakmx-1u60 IITAHOB Da3I0XKEHHA

(4.8).

2 ommcanye KaauGpOBOTHEIX OPOUT ¢ GUKCHPOBAHHON (POPMON KPUBHU3HEL CM. B [AB]

Sem. [JW1]
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§ 3 Bop-3oMmmepdenba0BbI CIIOH.

KsanroBanue Bemecrsennon nomapusanuu (4.11) comocrasuser
Kaaccudeckon Mexanmdeckon cucreme (4.10) 6op-3oMmepdensIoBeL
IPOCTPAHCTBA BOIHOBLIX (DYHKIUN

He= € C-s, (4.15)
beATN 57

rie sp — KOBAPUAHTHO NOCTOAHHOE CeTeHue orpanmienus L -1 ).
dyuknua w Ha Habope pebep TpuBaleHTHOro rpadga I' co 3Hawe-
HUAME B MHOXeECTBe o--IelbIX TodeK oTpeska [0, 1]:

w 1 1 1 3

HA3BIBACTCA JONYCMuUMbLM yeabim secom ypoBHsa k Ha rpade [, ecan

OHAa yOOBJICTBOPACT TPEM yCJIOBI/I}IMli

1) w(er) +w(ez) + wles) € ﬁ 7,

2) w(er) +w(ez) +wl(es) <1,

3) |w(er) —wl(e2)| < w(es) < min (w(ey) +w(e),2 —w(ep —ez)).
MHOXeCTBO Beex Takmx BecoB obo3uagaerca qepes WF(T). IlpocTeim,
HO OYE€Hb BAXHBIM CBOMCTBOM BECOB ABIACTCA
[PEATOXKEHUE 1. Yucro |WF(T)| Beex gomycTumerx mesoTucieHHBIX
BECOB yPOBHA k 3aBUCHT TOJIBKO OT POJa ¢, a HE 0T caMoro rpaga I,
u coBOajgaer c wucaom Bepaunde (3.45):

g-1 ;
Wk = (%) Y sin? 20 T (4.17)
j

lrperse yemoBue (Bropoe mepasercTBo u3 (4.14)) mpencraBaser co60K0 HepaBeH-
CTBO TPEYTOABHUKA Ha ChEepe: eCIm HapUCOBATH BOKPYT KAXNOH BEPIIUHEI rpada
TpeyroabHuK O cTopoHamu gauHbl w(er), w(e2), w(es), OPTOrOHATHHBIMU BBIXO-
OAIUM 13 Hee pebpaM, U CKICUTh UX II0 COOTBETCTBEHHBIM CTOPOHAM, IOJLY IUTCA
TPUAHTYyIMPOBAHHAA PUMAHOBA IOBEPXHOCTH Yy, KOHCTHOIACTHO HAKDPBIBAIOLIA
chepy S? (mampmmep, aaa npocrenmero rpada © (cm. puc. puc. 6 Ha ctp. 104 5T0
OyAeT HAKPBITHME CTeIeHH 1) 1 3aJaloljas Ha Hell LEIOMUCICHHYIO 5r-TPUAHTY/Ii-
IO
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[Musa onmcanmsa reoMmerpuu 60p-3oMMepdenbI0Ba CI0sI, OTBETA0-
ero JOIMyCTHMOMY LEIOMY Becy w, 3adukcupyeM duar HoACPYyIIIn

Z)2Z C U(1) € SU(2) (4.18)

U 1A HEKOTOPOU CIENUAILHO IIPUCIOCOOICHHOR? K HaleMy pasbme-

HUIO Ha IITAHBI CBA3HOCTH @ € T (W) paccMOTPUM ABa OTOGPAKECHUA

E(I') =~ {U(1), SU(2)}
V() =% {Z,U(1), SU@2)},

conocrasasonme nerie C; saemerT duaara (4.18), conpaxeHHbIR cTa-
6UIM3aTOPY MOHOAPOMUM CBA3HOCTHY (@] BAOJIb HETIN, & ITanam Py —
DIEMEHT, CONPAXKEHHBIN CTA0UIM3ATOPY CBA3HOCTHU a|p, (ACHO, 9TO
upu atom C; C 0P, = wy(F,) C ew(Cj), u ecm 0P, = C; U
Cy U (3, TO ew(Cl) = ew(CQ) € SU(Z) — ew(Cg) € SU(Q) —
vy(Py) € SU(2) m . 1.)

[IPEJIOKEHUE 2. DYHKIHH €,y U Uy, 3aBACAT TOIBKO OT® W, HO HE OT
BrIOOpa cBAzHOCTH [a] € T L (w).

TakuMm o6pa3oMm, C KaXIbIM BECOM W MOXHO CBA3aTh JBE IIOM-
Ipynnbl

Ge= [] (@) u Gy= [] wu(P), (4.19)

CeE() PeV(D)

npuieMm G, geuctsyeT Ha Gy, IO CIeAyIOMEeMy IPABHATLY: DJIEMEHT

9 =9192" " g2g—2 € Gy ¢ gj € vyy(P})

3aMEHACT B HPOU3BEACHUAX {1ty - - - t34_3 € Gy 2meMeHTHI U; € e,(C;)
¢ C; C 0P, NP, na snementst ¢(t;) = gmtig,' (moapobmee >To
mercTsue OyneT 06CyXKAAThCA B § 3 TIABHL 6, MOCBAMIEHHOM KAJuOpO-
BOYHOU Teopum Ha rpadax).

2em. [JW1, Onpegerenne 2.2], rae MTxedbdpu u Beuman crpoarT KOBaDHAHTHO
IIOCTOAHHOE CEIeHMe s, orpanmdenua (L*, Acs) ma 7~ 1(w).

3ToYHee rOBOpA, OHM 3ABHCAT OT KOMOWHATOPUKW DA3I0KEHUN MHOXKECTB ypOB-
Ha bysximmm w Ha cBs3EBE xoMmomeHTEl W (a) = UT;(a), KoTOpyio Mbl eme
o6cyaum B ruase ri. 6
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[IPEANOKEHRNE 3 ([JW1, TEOPEMA 2.5]). 7~ Hw) = G¢/G,.

CnenctBuk 1. CymecTByoT HeOTpHOATEIbHBIE t, P, S € 7, U KOHEIHAA
abereBa rpynma Gy, 3aBUCAIIAE TOJIBKO OT W, TAKHE ITO

X (53)176;;(52)5

a Hi(m Y (w)) = Zt & (Z/2Z)P.
KombuaaTOpHas reomerpus 60p-30MMepPdEIbAOBBIX CIOEB TAKO-

Ba. Henouncaennas moapemerka Z39~3 C R3973 B npocrpancTse ¢
KOOPAMHATAMHU JAEUCTBUA C; 3aTA€T mMop deticmeus:

T4 = R3973 /73973 (4.20)

¢ mpoexumeit RE(m Yr), SU(2)) —2> T4, KOTOpAA OTOKAECTBIAET
GoabmmMHECTBO TOUeK rpanunbl JAp. Jliobaa dyakuua w suga (4.16),
YIOBIETBOPSIOIAA JULIb IepBLIM aByM yciaosuaMm (1), (2) co crp. 87,
33T HA TOPE NEUCTBUI TOYKY W € TZ“}C mopsagka 2k. Ilpm aTom
0 IMHOXKECTBO

WkT) C Ty (4.21)

JOILyCTUMBIX BeCOB (T. €. yAOBIEeTBOpsIomuX u ycaosuio (3)) Gyzer
OLY9aThCSA @ PrioTi Pa3HBIM [ PA3HBIX Pas3MeToK ' poxa g.

Pasaoxenue (4.15) mpocTpaHCTBa BOTHOBBIX (DYHKIUU B IPAMYIO
CyMMY OJHOMEPHBIX MOAIPOCTPAHCTB OIPEAEIEHO C TOIHOCTHIO [0
MOKOOP IUHATHOT'O [MEUCTBUA TOPA Pa3MEPHOCTH |W(kI‘)|, TOCKOJBKY
KOBApPpUaHTHO INOCTOAHHBIC YHUTAPHBIC CCICHUA Sp OIIPEACICHBI JUIIb
¢ TounocTbio 10 peuctsus U(1). Mbr cobupaemcs OTOXJeCTBATH " 3TO
IIPOCTPAHCTBO C IPOCTPAHCTBOM, IOPOXK JEHHBIM NOILyCTUMBIMU EJI0-
9UCIEHHBIMYA BECAMU:

H=@ C-w. (4.22)

weW{E

4570 0TOXJeCTBICHME GyIeT IMOCTPOEHO B § 8 MIABBI 6 IIPH MOMOIIYM KAIMOPOBO-
HOM TE€OPUHM TPUBAJICHTHBLIX I'PadOB, IPUIIEAIIC U3 PALMOHAILHON KOH(OPMHOKN
TEOpUHU MOJIA, KOTOPYIO MBI OOCYAUM B CACAYIOMHUX ABYX IIABAX
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OTO NPOCTPAHCTBO UMeeT (PUKCUPOBAHHBIA GA3UC U BBLACICHHYIO I1e-
k

nouucaennyio nogpemerky ZIWrl 7-[1'3. Bomee Toro, ono Bioxeno B

HeszaBucamee oT [ Goublnee TPOCTPAHCTBO

1= Ccw (4.23)
TA

v o A
C IEJOTUCICHHOU IIOPeIIeTKON ZIT3kl C HE

84 Mopgeap [denbuana.

Orobpaxennus MomeHnToB Tuna (4.11) aBaaoorca 06bEKTOM u3y-
YEeHUSA MOPuueckoll cumniexmuueckol zeomempun. A MMeHHO, ec-
JIM MMeeTCs IIaJKoe KOMIAKTHOe CHMINIEKTHIeCKOe MHOroobpasme
(M,w) pasmeprOCTH 21 C IIAJKUM TaMWIBTOHOBBIM JEUCTBUEM 71-
MepHOro TOpa 1™, TO COOTBETCTBYIOUZE KOODIWHATHI JEUCTBHE —
YTOJ 3aJal0T JaIDaHKeBY IIPOEKITIIO

M-+ ACR",

Ha BBINYKJLIA MHOCOIDAHHUK /A, yAOBIETBODAIOIIMM TaK HA3BIBAE-

! u 3axmogaer B cebe moaEyI0 MHGOPMAILIO

MbIM ycaoBusaM [lexpuana
0 cummuiekTrdeckou reomerpuu (M, w), B 9aCTHOCTH, MHOIOOOpa3ue
M, cumnmekTuygeckas GOpMa, W U MCXOAHOE CUMILIEKTAYECKOE Iei-
crBue Topa 1™ OJHO3HAYMHO BOCCTAHABIMBAIOTCI M0 A, a eciau pas3o-
Bo€ IPOCTPaHCTBO (M, w) MMEN0 KOMILVIEKCHYIO MOIAPU3AnMIO (T. €.
CTPYKTYpY XOAXKa C KeIepOBOU (POPMOU w), TO U 3Ta CTPYKTYPa TO-
Xe 0JHO3HA4HO cumThiBaeTca’ ¢ A. C Ipyroit CTOPOHEL, A J000r0
muororpanauka A C R", yposrerBopsouero ycaosusam [lenbiiana,
MOXHO IOCTPOUTH IVIAJKOE CUMILIEKTHYEeCKOe MHOroobpasme C ra-
MWIBTOHOBBIM fgeucTBueM 1" Tak, 970 06pa3oM COOTBETCTBYIOLIETO

0TOOpaXeHnsa MOMEHTOB OyaeT B TOYHOCTH A.

Lem. [D)
Zem. [G1)
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Ha npocrpancrse RE(m;(X), SU(2)) raMuabTOHOBO JelCTBUE TO-
pa 13973, kax MbI BUZEIH, IMEETCS, HO DTO IPOCTPAHCTBO 0C000 mpu
g > 2, a IedcTBHE — HE IVIAKO HAJ CPAHUIEH MHOTOrpaHHUKA Ar.
Tem He menee, MEHOrOorpasauk Ap yposaerBopseT ycaoBusaMm [lenbia-
HA, & 3HAYAT, ONPENeAeT VI TKOe KOMIAKTHOE XOMKEeBO MHOI00Opa-
sme MP ¢ rIajKuM CHMILIEKTHYECKUM JeUCTBHEM TOPA 13973, dro
MHOro06pasue HasbBaeTCA® Modeavio Jeabyana MHOrOOOpa3®Ma MO-

oyIen
RE(m1(X),SU(2)) = M*¥(X)) .

[Tockonbky mocaepree (A KOMIUIEKCHOM PHMAHOBOU IIOBEPXHOCTH
Y;) aBaseTca aarebpamdecKuM MHOTO0Opa3meM, CymIeCTBOBYeT Ou-
PALMOHATBHBIA MOPQU3M

M) L

B wactrOCTH, MOgens [lerpmana M} nMeeT KaHOHHYIECKYIO HOJAPH-
3anmioo — auHenHOe paccaoerwe H : f* = O. A mockoiapKy mongens
[lenblafa KaK KOMILIEKCHOE MHOI'000pa3ue SBIACTCS XKECTKOU, Keje-
poBo KBaHTOBaHKE (M, H) aBTOMATHICCKN ABIACTCA yCICIIHBIM.

[IpocTparcTBaME BOTHOBBIX (DYHKIUU DTOCO KBAHTOBAHUA CIY-
KAT IPOCTPAHCTBA FOJOMOP(MHBIX CeTeHUN

HO (M, HY), (4.24)

U MX Pa3MEPHOCTH JErKO BHIMUCIAITCA 110 (popmyae [Iprocrepmara, -
Xexkmana!. U mockombky 6op-zomMepdensaossl cion y (4.11) maxo-
OATCA HaO TEeMHA XK€ TOIYKAaMMU MHOT'OI'DAHHUKAQ AF, 9TO 1 y Moaean
[enbuana, pasMepHOCTH OPOCTPAHCTBA (4.24) OKAa3BIBAETCA PABHOU
qucty 6op-3oMMepdensnoBeix caoes mnpoeknuu (4.11). Takum obpa-
30M, KEIePOBO KBAHTOBAHME AMHAMUYECKOM cucreMbl (MP,w) aBis-
eTCA IUCICHHO MTOJHBIM.

3cem. [T8)
‘e, [T8]



[ naBa b.
WZW CQFT

PyMaHOBEI HOBEPXHOCTH ABIAIOTCA MNIABHBIME T€HCTBYONMIAMY JIH-
maMu B KOH(POPMHOU KBAHTOBOU TEOPUH IO B PA3MEPHOCTH 2 =
1 + 1, mpoucxojAmer U3 TEOPUX CTPYH W CILyXalled IS OOBACHe-
HUs Pa3/IUYIHBIX KPUTUIECKUX (PEHOMEHOB, ¥ IPOCTPAHCTBA BOJIHO-
Boix dyrkmain HO(M(X), O(k©)), apaaommeca B HAIEM MTOIXOMe
Pe3yIbTATOM YCIELIHOIO KeJIepPOBa KBAHTOBAHUA HEKOTOPOU KJIACCH-
9EeCKOU MEXaHWYECKOU CUCTEMbI, IePBOHAYAIBLHO BO3HUK/INA KAK Npo-
cmpancmsa KouPopmunir 6.40K06 KOHGOPMHOU KBAHTOBOU TEOPUU
noast. C gpyrout cToponsi, 60p-30MMePQEIbLOBLL IPOCTPAHCTBA

'Hﬁ = @ C-s
beBS;,

MOABJAAIOTCA B KOMOMHATOPHOU Bepcuu KOHPOPMHOU KBAHTOBOU TEO-
puy Hoa° KaK CIOM IPOCKTUBHO ILIOCKIX BEKTOPHEIX PACCIOCHUH HA,T
MHOrooOpasmem mogyaen M, kpusblx poga g. Boxee Toro, agsymep-
vag CFT moxeT ObITH CHOPMYIMPOBAHA B PAMKAX AIr€OPAUIECKON
reoMeTpUU MHOI000OPa3us MOLYIEH PIMAHOBBIX HOBEPXHOCTEN. Bax-
HeMIIIM YacTHBIM cIydaeM® TyT sBIgeTcsa mpokodoTas cdepa Pu-
mvana X = CP; \ {p}. C ool «kraccuueckon» NPOCTENIIEN BEPCUK

KOH(POPMHOU TEOPUH IO MBI U HATHEM.

Sem. [FS] u [MS]

6

un3ydenHblM Berapuubiv— Kumxaukom— 3amomoguukoseiM B [KZ] u mpexpacHo
OEMOHCTPHUPYIOIIUM KaK OOIIyI0 HAEOJOTHI0 DTOU TEOPUU, TAK U €€ XaPAKTEePHBIE
TEeXHUYIECKUe TeTaIn

92
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81 WZW-Bepcus.

OnHa U3 BaXHEUIIIX XAPAKTEPU3AMAN KIACCUICCKOrO IPOCTPAH-
CTBa, abeneBbIX U-(PYyHKIUA COCTOUT B TOM, 9TO OHO IHPEACTABIAET
co6OU eIMHCTBEHHOE HEIIPUBOJUMOE IpeIcTaBIeHne aareopsl ['ensen-
Oepra. AHAIOrUYHO, IPOCTPAHCTBO HeabenaeBbixX J-QyHKIMNA

H°(M*(),0(k0))

ABIAETCSA HEMPUBOIUMBIM IPENCTABICHAEM KATUOPOBOIHON AIreOpsI
WZW RCFT!.

OgepruM OCHOBHBIE MOMEHTHI 3TON Teopuu. LlycTs ¢ — moKaIB-
HBIN [TAPAMETP B TOUKE P € X5 20pu30nmaabroti aseebpoti WZW Ha-
apBaerca aqzebpa nemeav slh = sl(2,C) ® Clt,t~']. Ee nenrpansuoe
paciumpenue

sly =sl(2,0) @ Ct,t |@C-e, (5.1)

€O CKOOKOI
X@f,Y®g=[X,Y]® fg+k-te(XY) - reso(g df)

HA3BIBAETCA aIrebpon k-kaaubposok.

Uz obmen Teopum anre6p Kama — Myaum usBecTHO, 4TO aJjre-
6pa (5.1) mMeer egquHCTBEHHOE HEIPUBO AUMOE HpegcTasieHne HY, co-
nepxaliee HeHYJIeBOM BEKTOD, KOTODPBIA AHHYJIUPYETCA HOAAIreOpon
s((2,C) ® C[t], u ueHTpaIbHBIN DIEMEHT DPACLUIAPEHUSI 5_[; IEeUCTBYeT
Ha H¥ ckanapubM ymuOXeHEIEM Ha K (momeEp ypoBH:).

NmeeTcsa ecTeCTBEHHOE BIOXKEHUE

s(2,C) ® C(X) —» sl , (5.2)

rae C(X) — mone MepoMOpdHBIX QYHKIME HA KPUBOU Y. DTO HOJIE CO-
aepxut nogkoasno C(X), C C(X) GyHkuui, peryIapHEIX BHE TOYKM
p € ¥, u orpanudenue Biroxerus (5.2) Ha DTO HOAKOIBIO PEAIU3YET
sl(2,C0) ® C(X¥), C 5_[; KaK mojairebpy co cKoOKou

Xef,Yog=[XY]efg.

L. e. panuonanbHOR KOHGOPMHON KBAHTOBOM Teopuu n0ai Becca— 3ymunro— Bur-
TeHa
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PaccmoTpuMm ecTecTBeHHOE AelCTBUE DTOU HOJAIreOpBI HA KOH-
—t
TparpagueaTHOM Sly-Moxyae (HF)*.
OnpEAEIEHKE 1. IlogmpocrpancTso Vi C (HF)*, ammympyemoe moa-

aare6pon sl(2,C) ® C(X), C 5_[;, HA3BIBAETCA NPOCMPAHCMEOM KON~
Popmubir 640%08 ypoBHI k.

Kakum 06pa3zoM 5TO HPOCTPAHCTBO CBA3AHO C BEKTOPHBIMHU PacC-
cnoenusamvu Ha, 2.7 JIo60e BekTOpHOE pacciaoenre F MOXHO TPUBHAAIU-
30BaTh HaJ MaIbM auckoMm D), 3 p mHag ¥\ {p}. Pyuknua nepexosa
MEXy ABYMA TAKAME TPUBAAIUIANUAMIE TPEACTABIACTCA PAIOM JI10-

paHa
vE € SL(2,C) @ C[t, 7],

U KJIACChl TAKUX DPAJOB II0 MOAYIIO aBTOMOPGMU3MOB TPUBUAIBHBIX
paccioenun Hag Dy, u ¥\ {p} cocraBraior aseebpauueckul cmak

SL(2,C) ® C(%), \ SL(2,C) ® C[t,t *]/SL(2,C) ® C[t] ,

napamMeTpU3yomMi BCe (B TOM 9UCIE W HECTAOWIbHBIE) BEKTODHBIE
PAaCCIOEHUA C TOYHOCTHIO 10 U30MOp(duU3Ma. ITOT CTIK ABIAETCS (pak-
TOPOM YHHUBEPCAJIbHOI'O OJHOPOAHOI'O IIPOCTPAHCTBA

Q = SL(2,C) ® C[t,t™']/SL(2,C) @ C[¢] . (5.3)

Jlurennoe paccroenne O(O) MOAHUMAETCA OO YHUBEPCAIBHOIO JH-
HEMHOrO PaccioeHnsa L, Ha DTOM OJHOPOJHOM IPOCTPAHCTBE, H IO
Teopeme Kymapa u Merbio umeercs n3omopdusm

H(Q,LE) =H",

oroxaecteasomuit H (M, O(kO)) ¢ mogmpocrpancteom sl(2, C) ®
CY),-unBapumantos B (H¥)*. CrangapTHAs TeXHAKA MATPUIHBLIX /U-
BU30pOB? IIOKA3LIBACT, UTO BTO IPOCTPAHCTBO KOHEIHOMEpHO. Ho
TOYHOE BBIYHUCICHUE €r0 PasMepHOCcTEm Tpebyer Gosee m30upeHHbIX
MAHUITYJIAIAN,

3adukcupyeM Ha PUMAHOBOU MOBEPXHOCTHU Y. €Ile HECKOJIBKO I10-
HApPHO PA3IUYIHBIX TOYEK {P1,P2,.-.,Pm} C XL, OTIMIHBIX OT UCXO[-
HOU TOYKH p € 3 U Pa3MEYCHHBIX “IUCIAME {71,712, ..., Mm} C L>p,

“mampumep, xak B o63ope [T2]
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KOTOpBIe MBI OyeM MHTEPIPETUPOBATH KAK PA3MEPHOCTH KOHETHO-
MEPHBIX HenpuBoauMbix npeacrasienun s((2, C) :

Vors Vagy ooy Vi, dim(Vy,) = n; .
Aunrebpa s((2,C) ® C(X), meicrsyer Ha V), 10 mpaBmry
X@f v f(p) X(v),

rae p; € X — TOYKa, COOTBETCTBYIOUIAA IPEACTABICHUIO 1, & U € Vni.
Oxka3bIBaeTCA, 9T0 BEKTOPHBIE IIPOCTPAHCTBA

Vi ({(pi,n4)}) = Homgo 0yc(s), (Hk » © W, >

HE 3aBUCAT HA OT MOXYJEW KPWBOU, HU OT BBIOOpA TOYEK W 00Ja1a-
OT MHOTMMM ADPYTMMU XOPOIIMMEU CBOUCTBAMU, U3 KOTOPBIX HAUOO-
Jiee BAXHBIM I HAC ABIACTCSA WX MTOBEJEHUE IIPU BLIPOXK JCHUU Y B
KPUBYIO C OJHOU ABOWHOU TOYKOU: PE3YJIbTAT TAKOIO BBIPOXK ICHUSI
CEOMETPUTIECKY TPEACTABIICTC TIAJTKON KPUBOU g poma g — 1 ¢
OTMEYEHHOU mapou Touek (¢y,q_), n

Vis({(i,ni)}) = @ Viso({(pirni), (g4,1), (g-,n)})

TLEZZO

9TO MO3BOJAET BECTH WHAYKIUIO II0 POAY TOYHO TaK XK€, KaK B §7
rJIaBHL 3.

[Toce 5TOr0 MOXKHO OCTABATH I€OMETPHIO U PACCMOTPETH MOHOM [
My, cocroamui u3 GOopMaIbHBEIX cyMM N = 11 + ng + -+ + Ny,
[IPENCTABIAIONINX BO3MOXHBIE pasMeTKu To4YeK. COnocTaBuM Kax qou
Takou cymme cumBoia rkg (V) 4 dim Vi, ({(pi, nl)}) Jlerko BumeTs,
9TO0

rko(0) =1,  1tky(N)= > 1k 1(N+n+mn),
TLEZZO

g=¢ +9¢" = 1ky(N'+N") = Z rky (N' 4+ n) - tkgr (N" 4+ n) ,
TZEZZO
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OTKy/1a yOBIBAIOWEN MHAYKIMEHN MO ¢ MOMYIATCA TaK HA3BIBAEMBIE

npasuaq CﬂUﬂHUﬂs H

I‘ko(O) =1 )
tko(N' + N") = 3 tho(N' +n) - tko(N" +n), (59
TZEZZO

3agatoue Ha MoHOUAE M), CTPYKTYPY KOMMYTATUBHOI'O KOJAbIIA!

N-N'E S tko(N + N +n)-n,

neZ+t
KOTOPOE HA3BIBACETCA KOALYOM CAUAHUA X OT€Hb HATOMUHAET KOIbIIO
npexcrasrenny RE(s((2,C)). Pasnuane Mex gy HUMEU 3aKII09a€TCA B
3aBuCHMOCTU yMHOXeHus HA My ot ypoBHsa k: mo dopmyre Kuaeb-
ma — ['opgana, mpousseseHne IBYX HEIPUBOAUMBIX IIPEJCTABICHUN B
RE(sl(2,C)) onmcrBaercs npu ny = ng GoOpMyJIon

n1®n2=(n1+n2)®(n1+n2—2)6§---@(nl—ng) (55)

Torga Kak B My npowsBemeHue nj - Ny PaBHO N1 @ Mg TOJIBKO IPU
n1 +ne < k, a mpu ny + ny > k umeer Bupg

(2k—n1 —n2)® (2k—n1—n2+2)® -+ @ (ng —ng) .

Taxum 06pa3oM, Koabo camarua My ypoBHA k momydaerca gpakTo-
pusanuen koabua npeacrasieanin RE(s((2, C)) no npeary, nopoxaen-
HoMmy (k +1).

O6o3nauum uepes Spec(Mj) MHOXKECTBO XapakTepoB Koabia M
(T. e. romomopduzmoB My, X, C). DaxemeHTapHOE BHIYUCICHUE IIO-
Ka3bIBaeT, ITO

ky(@) = > x(97, (5.6)
X ESpec(My)
k k
rae c= Y. n-n € My, tak 110 X(c) = > |x(n)|*> V x € Spec(My).
n=0

n=0

3Ha camoM meme Bce 3arajodHBIC (POPMAILHBIC MAHWITY/IALMN, TPUBEIIAE HAC K
dopmyaam (5.4), mMeOT DPOCTYIO AIre6pPO-reOMeTPUIECKY0 MHTEPIPETALUIO B
KOHTEKCTe BEKTODHBIX PAaCCIOCHUN
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C apyrou CTOPOHBI, MHOXECTBO XapaKTePOB KOJIbIA [IPeICTaBIe-
aunt Spec(RE(s((2,C))) ucaepubiBaeTcsa, KaK U3BECTHO, XaPAKTEPAME

xa(n) = sin((:irj—zl) z)

sasucsamumu ot z € C. Takou xapakrep cogepxurcs B SpecMy (T. e.
sanysaerca Ha (k + 1)), ecau u TOIBKO ecan

™n
Z =
k+2

rrel <n<(k+1).

CaegoBarensno, o ¢popmyae (5.6), pasMepHOCTS IPOCTPAHCTBA KOH-
dopmubIX 610KOB (cM. onp. 1 u3 §1 ruaser 5) pasHa:

k+2\¢* g
rkVy, = rky(@) = <—> ZsinQng -,
2 r k+2

9T0 BHOBB COBIAAAET C 9MCIOM Bepuwsge!

Xorenochk 6B MOAYEPKHYTH, ITO IpU paboTe ¢ KOH(POPMHBIMUI
610KaMu MBI HUT'IE HE (PUKCAPOBAIN HUKAKUX SPMUTOBBIX CTPYKTYD,
“Mes Jel0 TOJABKO C §-00beKTaMy, ITO CYIIECTBEHHO OTAUTAET ITY
KOHCTPYKIWIO OT paHee PacCMaTPUBABIINXCA HAMU IPOLENYD KBaH-
TOBaHUA, I'le 3PMUTOBBL CTPYKTYPHI BCerjia ABHO IPUCYTCTBOBAJIMN.

82 WZW-CBA3HOCTb.

Nrak, Hajg MEOroobpasuem mMoxynei My | KPUBBIX pojJa g C OT-
MEYeHHOU (BBIKOIOTOU) TOYKOU BOBHUKAET BEKTOPHOE PACCIOCHUE HA
IPOCTPAHCTBA KOH(POPMHBIX OJOKOB

Pk
Vi — M, (5.7)
AHANOTMYHOE PaHee paccMaTpuBaBmuMcsa paccaoenuam (1.12). B kon-
(pOPMHOU TEOPHUH MOJAA HA DTOM PACCAOCHUE TOXE CTPOUTCS IPOEK-

TUBHO ILIOCKaA CBA3HOCTH, KOHCTPYKIUA KOTOPOHU MOYTH MAPAJLICIb-
HA MOCTPOEHUIO CBA3HOCTHM XmTumHa (CM. §8 rmaser 3), HO maercs,
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pasyMeeTcs, B HECKOIbKO MHEIX TepMmuHax'. OCHOBHOE OTIH4mE CO-
CTOMT B TOM, 9TO BMECTO MHOT000pa3us MOy Ien moaer Xurrca? 3a-
Jady Temepb MPUXOAUTCA IIOTHUMATH Ha 6€CKOHEIHOMEPHOE YHUBEP-
caapHOE OAHOpPOAHOE mpocTpancTsBo (5.3). Heobxogumas amia »Toro
MammHeepusa paboTH ¢ 6€CKOHETHOMEPHBLIMU 00pa30BaHUAMM IOCTA-
TO4HO cTporo npeacrasieHa B [BL]|, u mb1 (Bo usbexanue usmuuine
QANEKUX OTCTYILIEHUU OT HAIIEA OCHOBHOW TEMBbI) OFDAHUYUMCS TYT
JWIIb O9€HBb CKATHIM 0030pOM DTOU KOHCTPYKIUH.

Hanomuum, aTo ind-ogaopoguoe’® npocrpancTso (5.3) onucsBaeTt
BeKTOpHBIe SL(2)-paccioenus, TPUBHAIM3OBAHHBIE HAJ IPOKOJIOTOU
puMaHoBOU HoBepxHOCTHIO L\ {p} m3 M, ;. Koneano, mer cobupaemcs
PaCCMOTPETh TOABKO ILIOTHOE OTKPBITOE [OAMHOXECTBO

QOCQa
4

COOTBETCTBYIOLIEE nonycTabuibHbBIM paccaoerusM. B [DS] gokazano®,
9TO eCTeCTBEHHOE 0TOOpaXKeHue

Qo —L M=(%)

ABISIETCA JIOKAJIBHO TPUBAAJIBHBIM TOPCOPOM B 9TAJbHOU TOIOJOTUH.
B Jlacao moCcTpoOmI 4jia TAKAX TOPCOPOB CEMEICTBO T(I ) nubdepen-
OAATBHBIX OITEPATOPOB BTOPOT'O MOPAAKA HAJ IPOCTPAHCTBOM Jedop-
MAaIU KOMILUIEKCHOU CTPYKTYPbL. DT KOHCTPYKIUA KOMMYTUDPYET C
CUMBOJIBHBIME roMoMopdusmamu ¢ u3 (1.33) Ha cTp. 24, u u3 giuH-
HOM KOI'OMOJOI'MYECKOU MOCAEA0BATEIbHOCTH TOYHOU Tpouku (1.32)

Ha CTP. 23 MBI IOJXyIaeM OTOOpaXeHus
H'(3,T%) — H(S*(TM™(X))) — H;(ds) ,

paromme (1m0 MOAYJIIO ind-CXeMOTEXHUIECKHX NETAIEH ) IO IBEM TEH30-
pa Cyrosapet T'(1). Teneps gia mobou Gysxuun f Ha M1 1 J0KaIb-
HOT'O CeYeHMsA € PACCIOCHMA Ha HpocTpaHcTsa Hy Hag Mg | gercrsue

Yem. [TK] wm 3amewarensusiii 0630p [9)

1. e. HPOCTPAHCTBA KJIACCOB IIPEACTABICHUN (ByHIAMEHTAILHON IPYIIbI KPUBOM,
HO TOJBKO Ha 3>TOT pa3 B SL, a we 8 SU

3repmun B3aT us [BL]

‘eme ogHO JOKA3ATEILCTBO DTOr0 (GaKTa MMEETCHA B IIMPOKO U3BECTHOM HEOILy-
6iukoBaHHOM mpernpunTe Bernnuucona u Kaxgana
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uckomorr HaMu WZW-CBA3HOCTH OMUCHIBAETCA (HPOPMYIOR

1

+ o TOGESf) (mod5ef), (58)

V(f®@s)=1(f)-s
73 KOTOPOU OYEBUIHO €€ COBIAEHNE CO CBI3HOCTHIO XUTYINHA u3 § 8
IVIaBbI 3 — KaK W TaM, €IMHCTBEHHOE HETPUBHAJILHOE CIAraeMoOe B

(5.8) mpuxoaut m3 Tersopa Cyrosapbl, COOTBETCTBYIOMWIETO XUTIWH-
ckomy (3.51).

§ 3 MoHoaApOMHBIE HPECTABICHMA.

Muoroo6pasme mogynen Kpussix My = 7./, asiserca dax-
Topom npocmpancmea Teldzmoniepa Ty IO JEUCTBHIO MOOYAAPHOT
epynnvr M, = Diff ¥ /Diff g3, 1 npoekTUBHO MWIOCKME PACCIOCHUS BH-
na (5.7) MEAYUMPYIOTCA TMHENHBIMU WU TIPOEKTUBHBIMU MOHOOPOM-
HOLMU NPEICTNABACHUAMY DTOU TPYIIIHL:

M, ——~ PGL(Ng,C), Nj =rkVj .

Tak, B kiraccu4eckoun Teopuu a0eneBbx U-PYHKIUN TPOEKTUBHO
IUIOCKAsA CBA3HOCTD Yearepca (KOTopas CTPOUTCA CPEJCTBAMY PACIIA-
pennont Teopun Kogaups- Cnencepal) onpegenser mpejcrasienue

k
M, -4+ PGL(KY,C) .

C gpyrou cTopoHbI, cuMmILieKTrIecKas Teopus U-pyuakuuu (cm. [K1])
OOCTABILAET NPYI'YI0 KOMOMHATOPHYIO CBA3HOCTBH U G PriorTi APYroe
IpefCTaBICHAE

k
M, 25 PGL(KY,C).

K cuacTeio, m3-3a HAIUYIUA 30€CH NOAHO20 KBAHMOBAHUL, DTHA IBE
CBA3HOCTH €CTECTBEHHO OTOXAECTBIAITCI U AAIOT IWHOE abeAe60
[PEACTABIECHUE pff\b =uk = '“]]%S ¢ KOHEYHOU T'PYIIIOU MOHOIPOMUU

phy, (M) = Sp(29, Z/2k7) .

lem. §4 rmaser 1 u [W]
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B neabeneBoM caydae MBI IMeeM IPeACTABICHUE

k
o
Mm, — PGL(rky(2), C), (5.9)
3aJaHHOE CBA3HOCTHIO XmTumHa. /Ix. AHJepceH noKasaa’, ITO mpu
k — 0O 2TU OPENCTABICHUSI GCUMNMOMUUECKY TMOUHDL:

oo
1, mpu g > 2
M ker(ely) = PR
b1 Z )27, upu g = 2
(3TO BEPHO [ BEKTOPHBIX PACCIOEHUN JTIOO0r0 PAHTA).
C Opyrou CTOPOHBI, €CTh K IMCTO KOMOMHATOPHOE MOHOAPOMHOE
PEACTABICHAE

k
M, -+ PGL(rky(2),C) , (5.10)

KOTOpOE BO3HMKAET U3 CBA3HOCTH, mocTpoeHHon Komo® meromammu,
AHAJOI'MIHBIMU OIIMCAHHBIM B Hpe,qbl;(ymeﬁ jiaB€, B KOTODPBIX pPa3-
JOXEHWEe CIOeB Vi B MPAMYIO CyMMY OJHOMEPHBIX IHOAIPOCTPAHCTB
Buga (4.15) onpenenaerca pas3IokKeHueM NPENCTABICHAA CO CTAPIIAM
BecoM adduron aare6pst Jlu s((2, C) mo co6cTBEHHBIM OAIPOCTPAH-
cTBaM omeparopa L CyroBapOBCKOT'O MpeACTaBIeHUsA adreOpsl Bu-
pacopo. [Ipeacrasrenne (5.10) mo mOCTPOECHUIO IPMUMOB0, I KAK TIO-
kazamun Makcbaym u PpoHApP, €ro rpynna MOHOAPOMUY OECKOHETHA,
npu k #2,3,4,6 u k #10 qusa g = 2.

Yuacrtue koucTpykuuu Cyrosapel B mocTpoenun ceasHoctu (5.10)
HaBOOAUT HA MBICJIb, ITO 06a npenCraBiaCHUA JOJIXKHBL 6I:>IT]E> DKBUBA-
ameaTHbl. B [T3] 5T0 ymamoch gokas3aTh mpu mOMOIIZ OTOODPAXKEHU
Boprsuka — [lona — Ypube (MeTog BecbMa AATEKAU OT KOH(POPMHOU
KBAHTOBOU TEOPUH II0JIA ), HO 06001menHas KoHCTpYKiwsa CyroBapsl u3
[Sc], nosBoasieT cMOTpeTH Ha DTO COBHALEHUE KAK HA LIPIMOE CIE-
crBue Teopun KHMXHIKA — 3aMOIOITAKOBA.

cm. [An], re moxasamo, ITO TEMIUNEBHI OMEPATOPHI Ha CIOAX Vi, ACCONUUPOBAH-
Hble TaagkuM QyHKouaAM Ha M| ABIAIOTCA aCHMITOTHIECKH ILIOCKIME
3¢ mcmonp3osanmem oroxaecterermit w3 [TUY] u [TK]; cm. [K2]



[ naga 6.
TPUBANEHTHBDLIE NIPA®dLI

§ 1 CounceTkn.

®pugman u lenxep ([FS]), a rakxe Myp u 3au6epr ([MS]) npea-
JIOXKMIA AKCAOMATHAIECKOE OIMUCAHUE PAIUOHAIBHON KOH(MOPMHOU Te-
OpWHK TOJIA BTEPMUHAX MPUBAACHMHNIE 2Padios, yKe BCTPEIABIIUXCA
HaM B riase 4.

Mer yxe Bugenu (cm. puc. 3 u puc. 4 Ha cTp. 83,84), 9T0 KaX 4B
Takou rpad [ poga g 3amaer paspesanue pUMAHOBOU MOBEPXHOCTH .
poMa g Ha IWITaHbL. AHAJIOIMYHBIE PA3METKM MOXHO PacCMaTPUBATDL U
HA OPUEHTHPOBAHHON PUMAHOBOU MOBEPXHOCTH C N ABIPKAMU: KOMOU-
HATOPHAA TEOMETPUA TAKOU PA3METKM KOAUPYETCA TAaK HA3BIBAEMOU
ucmopueti' — gBoiicTBeHHBIM rpadoM I’ pona g u BatenTHOCTE 3-1
C N (BUCAIAMIY NAPAOOAUUECKUMY PEOPAMU 1, A2, ..., 0y , OTBEYA-
IOIUMY BEIKOIOTBIM TOYIKAM.

B sToM ciaydae MHOXECTBO Wllc(al,az, ey Q) donycmumbir ye-
AOUUCAEHHBIT 6ec06 cocTouT u3 GyHKuun w Buaa (4.16):

1 1 1 3
ET) —2+0,1]Nn—2Z= i A | 1
( ) [07 ]m2k {07 2]{;7 k? 2]{;, b }7 (6 )

KOTOpBIE YIOBIETBOPAIOT TPEM VCIOBHAM cO CTp. 87, a BO BCeX Ia-
pabonmueckux pebpax ai,q2,...,0;, IPUHEMAT (QUKCUPOBAHHBIE

Lormm duaepammot; Detnmana

101



102 Mnasa 6. TpueaneHTHbIe rpadbl

nocroaHHble 3HaYeHUs w(a;) = ;. U xak u B §3 ruaaser 4, ¢ Takon
Pa3METKOU CBA3AHO MPOCTPAHCTBO BOAHOBBIX (pyHkmi (4.22):

Hlli, o1,02,...,0p = @ (C W . (62)

weWk(a1,a2,...,an)

Ecaun ymuoxuts Bec (6.1) Ha HOMED ypOBHS k, TO MOLYy9IATCT OTO-
OpaxeHue

i Y% w B) — %@0 = IR (SU(2)) , (6.3)
3HAYEHUEe KOTOPOI'0 MOXHO HMHTEPIPETHPOBATH KAK MOJOBUHY Pas-
MEPHOCTH (CNUHOB0E YUCA0) HEIPUBOAUMOrO IPEACTABICHUA T'PYI-
nel SU(2), 9T0 MO3BOIAET CBA3ATH C KAXK/ABIM IIEIOYUCICHHBIM BECOM
«packpacky»? Bcex pebep e rpada [ HeIPUBO IMMBIME [P €ACTABICHA-
avu j(e) € IR (SU(2)). Ycaosre (3) co crp. 87 o3HAYAET mpH HTOM,
9TO I JI00BIX Tpex pebep e, eg, €3, CXONAIUXCA B OJHOU BEPLINHE
v, B pasnoxennu Kuebma — l'oprana (5.5) TEH30pHOrO IpOU3BEACHUA
npeacrasaeani j(e1) @ j(e2) @ j(e3) Ha HENPUBOAUMBIE CONEDPKUTCA
TpuBHMaAbHOE HpeacTasieHue! VHade roBops, B KaX[OU BEPUIMHE U
umeercsa cnaematowut onepamop (r. e. SU(2)-5KBUBADUAHTHBIA I'O-
MOMOPGhU3M):

2%

jle1) ® j(ez) — jles) -

Urax, maoxecTBo somycrumbix BecoB WF(T) ecTs me 110 muOE, Kak
muOxkecTBo GF SU(2)-cnmuceTok yposua k Ha rpade I

GE =wHkTI) .
B §3 rmaset 6 (cm. crp. (6.17)) MBI gaguM eme OgHY MHTEpIpETa-

7O JUIA MHOXECTBA JOIYCTUMBIX BECOB: IIPOU3BEICHUE MEIOTUCICH-
uoro Beca w € WF(T') Ha yaBoenHOe 3HAMEHEE YPOBHS

B(r) 2% 7, (6.4)

*Menpoys B [P] massax Takyo packpacky SU(2)-cnuncemsoti yposus k, cM. Takixe
[T1]
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ABIACTCA MONOAOLUNECKUM TUNOM nemau Ha rpade ', T. e. onpemxe-
JasgeT daeMeHT ero dyrgaMenTaabHon rpynnsl w1 (I'). DTo o3magaer,
9TO MHOXECTBO gomycTuMerx Becos WF(I') ogHosHauwrO ompegerser-
¢sa ronogaoruen rpada I

B srou raaBe mer cobupaemcs, caenys Komo [K1] m mombsysce
TOJBKO KOM6HHaTOpHO—TOHOJIOFH‘IeCKHMH UCXOOHBIMUA JAaHHBIMMU, II0-
CTPOUTH TOJOMOPGHOE BEKTOPHOE PACCIOEHUE C T'OJOMOPQHOU IIPO-
€KTUBHO IUIOCKOU CBA3HOCTBIO 1 caoeM (6.2) Han MHOrooGpasueM Mo-
mynren M, pEMaHOBEIX IIOBEpXHOCTed poja ¢. [lna sToro mam moHa-
100SATCA KOMOMHATOPHAA MO/Ie/Ib IIPOCTPAHCTBA TenxMioLepa, HeKo-
TOpBIE KOMILIEKCHI, CBA3aHHBIE C TPUBAJICHTHLIME IpadaMu, U yMEHUe
CPaBHUBATH IPOCTPAHCTBA 7-[1'3 mst pasubix rpados I' poga g. Bee
UJer U KOHCTPYKIUK, KOTOPBIE MbI Oy/ieM IIPU 5TOM KMCIOJb30BATH,
OPUILLIA U3 MAJOMEDHOU TOIOJOTUU U KOHPOPMHOU TEOPUU IOJA.

§ 2 TpexmepHas TOIOJOrUA.

Kax apii TpuBaieHTHBIN rpad OMUCHIBACT PAa3pe3aHue HA MITAHBL
PUMAHOBOM [IOBEPXHOCTH, KOTOPAsS ONPAHUYMBAET TPEXMEDPHOE TeJO
€ PydYKaMy, [OLYy4aloWeecs yTOMIEHneM UCXOAHOro rpada. 'oBops
TO4YHEe, BCAKAN MAKCUMAIBHBIM HAGOP HONAPHO HEMOMOTONHBIX OpH-
EHTUPOBAHHBIX OKpYyxkHOCTeR (4.6):

{Clu CQa s ,03973}

HA PIMAHOBOM IIOBEPXHOCTH Y POJa g paspesaer ee Ha (2g — 2) opu-
eHTUpOBaHHBIX WTaHoB (4.8) (cM. puc. 3 Ha cTp. 83):

2g9—2
S\ (CiuCiu - uCs3) = | J P,
=1

a KaXble OPUEHTUPOBAHHLIE IITAHBL P; OrPAHMYIUBAIOT TPEXMEPHOe
TeJo, Ha KOTOpPO€e OHM OJeTHI, U CKIeUBad dTU TeJa BMecTe, MbI IO-
JAy9aeM Teno ¢ pydkamu Hp, rpaHuIenl KOTOPOro ABIAETCI UCXOMHAL
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PUMaHOBA MOBEPXHOCTh: OHr = X U KOTOpO€ MOXHO CTAHYTH HA
rpuBatenTHb rpad [ (cm. puc. 6 ma cTp. 104).
JIro6ou anement h € M, MOAYIAPHOM I'DYIIIBL

M, = Diff *(X)/Diff(%)
3aaeT KOMIIAKTHOE TpexMepHOe MHOroobOpaswme 6e3 Kpas

. Xr = HF%HF R (65)

. MOy YAIOIIEECA CKICUKOU NBYX DK3EMILIA-

poB Hr BIOJAb I'DAHUITLL Y COTIACHO AU(p-
dpeomopdpuzma X PN Yr. IlIpencrapie-
HIE KOMIIAKTHOT'O TPEXMEPHOI'O MHOI000-
pasus X mapou (I',h) B Buge (6.5) HA3BIBAETCA €U0 PABAOHCEHUEM
Xezopa. [IBa pasnoxeHus Xeropa akeéu6aLeHMHbl, €CIA OHA 33,0aI0T
rOMEOMOP(MHBIE TPEXMEPHBIE MHOI0000PA3 K.

Puc. 6. Yroamenue rpada.

Hogrpymma Mp C M, coxpaHAOIMX OpHeHTAIMIO Auddeomop-
$u3mMOB X = Yr, KOTOPBIE PO JOIXKATCA 10 nuddeomopdu3mMoB

Hy —— Hy, peucrsyer Ha I, creBa m copasa, u guddeomopdus-
MaM h ¥3 OZHOrO ABOMHOI'O CMEXHOrO KJIacca B

Mr\ M,/ Mr

OTBEYAIOT DKBUBAJICHTHBLIE Pa3joxeHus Xeropa. OQ4eBuaHO, 9TO HO-
6aBieHye K pas3aoxenuto Xeropa (6.5) eme oqHOM pydKHU, HA KOTOPYIO
h PO OIKAETCA TOKACCTBEHHO (3TA IPOUENYDA HABBIBACTCA CNAOU-
AU3aYueti), TOXKE IPUBOAUT K SKBABAICHTHOMY DA3I0XKEHUIO.

IIPEMNOXKEHUE 1 (BuHrep, [S1)). OTHOLEHHE SKBUBAJICHTHOCTH MEXK-
AY Pas3IoXeHuAMH Xeropa HOpPOXAACTCA CTAOWIN3AIMEH, JEBBIM H
npaBbiM geucrBueM N, 1 U30TONUAMM.

Me1 co6upaeMca TOCTPOUTD NHBAPUAHT TPEXMEPHBIX MHOT006pa-
3UI, COMOCTABMAA Pa3I0kenuio Xeropa (6.5) HEKOTOPBIT BEKTOD

I(Xy) € HE
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B IpPOCTpaHCTBe BOMHOBLIX yHKmuu (6.2). B sTom mpocrpancrse
MMEEeTCs BbIACJICHHBIN Oa3UCHBIM BEKTOP W)y € 7-[1’3 (Tak Ha3BIBAEMBIN
BAKYYMHBIL 6€KMOpP) — DTO HyleBas BecoBas (QYHKIWA

wo(e) =0 Vee E().

Eciu 651 HAM yga10Ch BBECTH HA H{i SPMHUTOBY CTPYKTYPY 4 HOCTPO-
UTb JAHETHOE IIPEACTABICHAE MOIYIAPHON TPYIIILI

My — GL(HE) , (6.6)

COXPAHAIOIIEE BAKYYMHBIN BEKTOP, TO B KAYECTBE NCKOMOI'O WHBAPU-
aHTa Crofmica ObI BEKTOD

{wo, o(h) wo)

ol (6.1

Ig(XF) =
IIOCKOJBKY TAaKasg HOPMAJIW3ALINA AeJaeT ero NHBAPUAHTHBIM OTHOCH-
TeabHO crabmim3anuu. Ho HA camom gene Bce OyaeT UyThb CIOXHEE:
npencrasieare (6.6), mocrpoennoe Kono, He JMHENHO, HO IPOEKTUB-

HO, T. €. (II0YTH JUHENHO» — OMPEIEJEHO ¢ TOIHOCTBIO A0 $Ha30BOr0O
MHOXNUTEJA
ik
eak+8 | (6.8)

no>ToMy u uHBapuaHT (6.7) OyzeT ompegeneH ¢ TOIHOCTHIO 10 MHOXU-
reas (6.8). Kombunaropuka, He00X0aMMas AIA TOCTPOEHUA TAKOTO
OPOEKTUBHOIO IIPEACTABICHUA, M3IACACTCA B CICAYIONIEM Oaparpa-

de.



106 Mnasa 6. TpueaneHTHble rpadbl

§ 3 'eomeTpusa rpados.

I'pap — 5TO OJHOMEPHBLIN KJAETOYHBIA KOMILIEKC, COCTOAIINNA U3
pebep — KIeTOK OIZHOMEDHOI'O CKEJETA YW BEPUIMH — KIETOK HYJIb-
MepHOro ckejgeTa. Kak reomerpudeckunn o0bekT, Kaxapia rpagd [
COCTABJEH M3 CAEAYIONUX TACTEN:

e E(I') — muoxecTBO pebep;
e V(I') — MHOXeCTBO BepuINH;

e S(v) — 3Besga BepIIMHBI v (MHOXKECTBO UCXOIAUMX U3 v pebep);

L(I") — muoxecTBO l-merens (pebep ¢ OJHOU BEPUIMHON);

ﬁ(I‘) = F(I') = {v € e} — MHOXeCTBO OpPHEHTHPOBAHHBIX
pebep mimm GararoB «pebpo + BEPLIXHAY;

JI:060€ OpUEHTHpPOBAHHOE pebpo € € E(I‘) HA3BIBACTCA NYmMeM
daunvt 1 ma rpade ['. Kax qbiii TAKOR Iy Th HIMEET HAUAA0 vs(?) u Ko-
ey vy (7€), coBmagaiomue gua l-merens. [yTem qmmasl d HA3BBAETCA
YHOPAMZOIEHHAA TOCICA0BATEIBHOCTD (?1,?2,...,?0[) OpWEHTHUPO-
BaHHBIX pebep, B KOTOpPOU vt(?i) = vs(7i+1) Y i. Ecau npu sTom
v (€ q) = vs(€1), TO myTH HasBBaeTCa d-nemaeti. BEcau e; # ;4 Hu
VI KAKOT'O %, yTh HABBIBAETCA HENPUSEOOUMbIM.

I'pad mHaseBaeTcsa d-sasenmrbim, €CIA BCE €r0 BEPIIAHBI MMEIOT
O[HY U Ty XK€ BAIEHTHOCTD d (KaX1as BEePIINHA CLYXKUT KOHIOM POB-
HO mua d pebep). Hanpumep, 3aMKHY TBIU OJHOBAJECHTHBIN rpad ABIIA-
€TCA KOHETIHBIM HECBA3HBIM HAGOPOM MOMYHHTEDPBAJIOB, a ABYBAIEHT-
HbII — HabopoMm okpyxHOcTen. I'pad BatenTrocTr 3-1 (1) mmeer
TPUBAJICHTHBIE (T. €. (BHYTDEHHZE)) U OJHOBAICHTHBIC (T. €. (BUCH-
MIUEe», WIA (KOHIEBBIEY) BEPIIMHBI, KOTOPBIE HA3BIBAIOTCA NaPa00aU-
YECKUMU.

L1, e. KOMOUHATOPHEIN MHBAPMAHT IIPOKOIOTON PUMAHOBOM MOBEPXHOCTH, Pa3pe-
3AHHOM HA, IITAHEL, NIX (PEHHMAHOBCKAA JAATPAMMA B KBAHTOBOM ¢)>-Teopuy mous;
TPUBAJEHTHBIN Ipad 6e3 mapaboImIecKnx BEPIIVH B KBAHTOBOU TE€OPUU MOJIA Ha-
3BIBAETCA NOAAPUS0EAHHBIM 6AKYYMOM
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Hasa mpusasenmnozo rpada ecTeCTBEHHBIE TPOEKINT
E(T) «=— F(T) —- V(T)

CYTh HAKPBITHA CTEIICHN 2 U 3 C BETBIEHUEM B OJHOM U TOM XK€ IO/I-
muoxecree R, = L(T'), cocrosmem m3 map v € e, IPOMCXOAAIIAX
u3 l-merenb, TAK YTO MONIHOCTH DTHX MHOXECTB CBA3AHBI COOTHO-
wenuem 2 |E(I)| — |L(T)| = |F(T')| = 3|V(I')| — |L(T")|, u 3naunr,
V()| =29 —2,a|E(l')| =3g—3, rge g > 1 — HEKOTOpOE HATY-
paJdbHOE YUCI0, Has3biBaeMoe podom rpada I'. Ormernm, aTo

npu g > 11 ne uzBecmuo U MOUKO20 3HAUEHUS, HU TOPOULUL OYEHOK
das wucaa T, mpusasenmuniy epagdos poda g.

[IpomsBonbubI rpad ' momyckaeT aBa cTaHZAPTHBIX mpeobpa-
30BaHUA, HABBIBAEMBIC CMAUGAHUEM PeOpa W pasdymuem BEPIIUHBL.
[lepsoe ycrpanser Hekoropoe pebpo e € E(I'), ckrenBas ero KOHIBL
B OJIHY HOBYIO BEPIIMHY Upew, & BTOPOE — MPEBPAIIAECT HEKOTOPYIO
Bepumay v € V (I') B HOBOe pe6pO €6y, 4OOABIAA IBE HOBLIE BEPIIU-
HBI U)o L 00y = O€new M PACHpEENas MEXAy HAME CTapble pebpa,
BXOJUBILINE B U, COIVIACHO HEKOTOPOro pa3bmeHus

S(v) = S(Vpew) U S (Vhey,) -

Crarusarne ymenbmaer |E(I')| u |V(I')| Ba egmuuny um 3a xoHed-
HOE YHUCJIO WAroB npespargaer awobou rpad I' B TpuBnaisuabin rpad
[in, cocTOAmMN U3 eIMHCTBEHHOU BepmHBI 6Ge3 pebep. C mpyron
CTOPOHBI, PA3AYyTHUA MO3BOIAIT IPEBPATUATH NPOU3BOIbHLIN rpad I,
BCE BEpIIXHBI KOTOPOI'O HE MEHEee €M TPUBAJICHTHBLI, B IUCTO TPU-
BaleHTHBIX rpad [ax. MHOXECTBO BCEBO3MOXHBIX TPUBAJICHTHBIX
pacumupennt ', ganHOro rpada I HaswiBaeTcs eneadom rpada I’ u
o6osragaerca £(I'). MuOXeCTBO padnuvHbIX CHOCOOOB IIPEBPAICHAA
rxarsou BepmmHbl v € V(I') ¢ |S(v)| > 3 B TpuBaIeHTHYIO BepUIMHY
LEMOYKON MOCIEJOBATEIBHBIX PA3AYTUN HAXOMUTCI BO B3AMMHO O/IHO-
3HAYHOM COOTBETCTBHU C MAPAOOINICCKUMU TPUBAJICHTHBIMUA [Epe-
BbAMU € (HUKCUPOBAHHBIM MHOXECTBOM MAapPAOOIMICCKUX ((BUCAIUX))
Bepumea 07 = S(v). COBOKYIHOCTb TAKUX AEPEBLEB 0003HATACTCS
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E(v). fAcno, aro

1
E(v)| = Z )m-

T|80T=5(v

Hampumep, mias rpadga I' ¢ 0oqHOU YeTHIpEXBAJEHTHON BEPIIMHOU
IE(T)| = |€(v)| = 3, a gua d-BanerTHbIX Bepums v € V(I)

1
— 2d—4
cyTs uucaa Karanana.
Y kaxgoro rpusareHTHOro rpada I' ecTs buuncatiwue podcmeen-
HUKU, CBA3AHHBIE C HUM KOMIIOBULMEN CTAIMBAHUSA W DAa3AyTUsd, HE
m3versaoment |V (I')| u |E(L')|: cuagana cramem HekoTopoe peGpo e ¢

de=v'"Uv", SW)=eue Ue,, S(W") =eUel Uel,

a MOTOM pa3ayeM 00pa30BABIIYIOCA IIPU DTOM HOBYIO I€THIPEXBAICHT-
HYIO BEPIIUHY VUpeyw COMIACHO HPOM3BOJILHOTO Pa30OMeHUs ee 3Be3/bl
S(vnew) = {€], €, €/, )} ma gBe mapsr pebep. Hanpumep, pastuerue
S(vnew) = {€}, e} U {eh, 5} (cm. puc. 7) npuBogUT K MOABICHUIO HO-
BOT'0 pelpa €neyw C KOHIAME B IBYX HOBBIX BEPIIMHAX U] U V9, TAK ITO
Oenew = v1 U vg, S(v1) = epew L ej L€, S(v2) = enew L €} LI €.

@ - @
K -

Puc. 7. DjeMeHTapHbIE IPEeOOPA30OBAHM

OHPEL[EJ’[EHI/IE 1. OnucasEaAg TOJBKO 9TO KOMIIO3UIOUA CTAI'MBAHWUA U

pazayTusa [' — I, HasbIBaeTCA saeMenmapubim npeobpazosanuem’

Zpmxe, Ha crp. 116 Mbl YBUAMM, ITO 3TH IPeoOpa3OBaHUA COOTBETCTBYIOT J.e-
MEHMAPHBIM TLEPEKPOTKaM PA3PE3AHUA PUMAHOBOU MOBEPXHOCTY HA IITAHBI
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rpada ' B pebpe e. OTMeTuM, ITO IPU DTOM UMEETCA KAHOHUYECKAA
ouexyus

EQ) Y+ BE(I) : V(e) = enew - (6.9)

Herpyauo nokasars (ckaxeMm, MHAYKIUEH IO ¢), 9TO J00O60U TPHU-
BaseHTHBIX rpad ' MmoxeT 6bITh Npeobpa3oBaH B JI0O0U APYrOU TPHU-
BaJeHTHBIZ rpad I Toro xe poga KOHEIHON HEIOIKON SIeMEHTAPHBIX
npeobpasoBanui. TakuMm o06pa3oM, dJAeMeHTapHBIE MPeoOpa30BAHMIA
TPAH3UTHUBHO [ACUCTBYIOT Ha MHOXECTBE T, TPUBAICHTHBLIX I'DacdoB
pona g.

Tak KaK CTATMBAHUA U PA3IYTUA COXPAHAIOT ACHMOUHYIO CMPYK-

3 B paBHOU mepe

MYpy, BCA ONUCAHHAA TOJBKO 9TO KOMOWMHATOPUKA
OPUMEHUMA M K TaK HA3BIBAEMBIM JAeHMoukbim epadam. Hamomuro,
9TO CTPYKTYpa JeHTOIHOro rpada Ha [’ 3agaerca pukcanumen mukia-
9eCKOT0 MOPALKA HA KAXAOU €ro 3Be3fe, ITO SKBUBAJICHTHO BIOXKE-
HUO rpada B OPUEHTHPOBAHHYIO PUMAHOBY MOBEPXHOCTH WIU NBY-
MEPHOMY YTOJILEHUIO €r0 pebep N0 «WIEHTOYEK).

3aaHue JeHTOYHOU CTPYKTYPHI Ha d-BaJEHTHOM I'pade 03HAYAET
3aIaHIe HA HEM C6A3HOCMU™: IUIA KaxkK J0r0 OPHEHTHPOBAHHOIO pebpa
BO3HUKAET OTOXECTBICHUE 3BE3/]I

S(0s(@) - S((@) : Vele)=e VZEE

(raGop V = {Vg}, 3 TaKux OTOXK/JECTBICHUN M HA3BIBACTCA COA3-

nocmoto Ha I'). IyTs (?1, O ?d) Ha3bIBAETCA 2e0de3uveckot,
ecin V. (€) = €+ (vae, pasymeercs, i € {1+ Z/dL}, ecin pess

uger o d-nerae, T. e. 0 3amrnymot 2eodezuueckot). Hoarpadp IV C T
HA3BIBACTCA BMOAHE 2€00€3UUECKUM, €CIT TI00ad TeoIe3uIecKas, Ha-
yuHatomasaca B [V, He BRIXOAUT U3 3TOro moarpada.

Beakaa saMkHyTas reogesmaeckas £ = (71, s, ..., ?d) ompene-
JIET B KaXXJIOU BEPLINHE v, Iepe3 KOTOPYIO OHA IPOXOAUT, OEPATOD

s dusmaeckon auTeparype HazbBaeMas Juazpammruoti mernukot Pelinmana aasa
ONMCAHUA CTAHJAPTHBIX CXeM CIIaPWUBAHUA

tem. [BGH], rae rpadbl paccMaTpUBaOTCA KaK MHOI000Pa3us; B KBAHTOBOHU Te-
OpuM [IOJI JIEHTOYHBIE I'PAdbl BO3HUKAIOT, HAIIPDUMED, B MAMPUUHLIT MOOCAAT —
cm. [MP] u [Mu]
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mouoapomun S (v) SRS (v), nepecraBasomMR peGpa dTOU 3BE3 AL
Taxum 06pa3oM, KaxkI0U 3aMKHYTOU I'€0e3nIeCKON Ha d-BaJCHTHOM
rpade co CBA3HOCTBIO oTBedaeT cMmexubim kmace m(f) € Conj(Sy)
rpyuanbl Sy MepecTaHOBOK d DIEMEHTOB. JaMKHYyTas reojpesumdeckas ¢
HasbIBaeTCA naockot, ecmu m(f) = Id.

[Tockonbky mias 060U mapsl pebep u3 OMHOU 3BE3BI CYIIECTBYET
eIMHCTBEHHAA MPOXO/AIIAA Tepe3 dTU pedpa reoie3mtdecKas, CBI3-
HOCTB V OJHO3HAYHO BOCCTAHABIMUBALTCA MO MHOXecTBY G Henpu-
BOJIMMBIX 3aMKHYTBIX Ie0Ne3ndecKux Ha ', u oToGpaxenue

Gr —» Conj(Sy) (6.10)

ABJIACTCA INIABHBIM KOM6I/IH3.TOPHI>IM NHBAPUAHTOM CBA3HOCTH V. HPI/I
9TOM MHOXECTBO IINIOCKUX I'€ONC3UICCKUX

GE =m~1(1d)

ABISETCA IPOOOPA3OM €IMHUIHOIO KIacca, a camo oropaxenue (6.10)
MHBAPUAHTHO OTHOCUTEIBLHO AEUCTBUA KOMOUHAMOPHOT KaAAUOPOB8OU-

HOU 2pynnby
G= 11 s
veV(T)

(Sy = Aut(S(v)) ~ Sg cyTb rpynmsl nepecTaHoBOK pebep 3Be3f),
nerCTByOmen Ha MEHOXeCTBE A BCex cBasHocTen Ha [ mo mpasumry:

9(V)2 = 9u,(2)° V2 09, () (6.11)

e gy CyTh KOMIIOHEHTHI PDA3J0XeHus dieMenTa, ¢ € G. Takum o6pa-
3oM, pyukmusa (6.10) mogauMaeTcsa ¢ PYHKIMEA HA MHOXECTBE OpOUT
B=A/G.

3akaenBas KaxXIyi0 HEIMPUBOIUMYIO ILNIOCKYIO 3AMKHYTYIO T'eoe-
3UYECKYI0 JeHTOYHOr0 rpada ' co cBaA3HOCTBIO V OPUEHTUPOBAHHOU
IBYMEPHOU KJAETKOU, MBI IIOLYy9IaeM ABYMEDPHBIA OPUEHTUDOBAHHLIN
kaerounsr kKomieke Cy (). JlenTounen rpad HaswBIBACTCA N40C-
kum, ecim C(I') = S§? apaserca 2-cepoi.
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Bepremca, 01HAKO, K OOBLIMHBIM rpadgam 6€3 JIEHTOTHON CTPYKTY-
pet. O6o3uaum vepes Py(I') MHOXECTBO BCEX HENPUBOAUMBIX Iy TEH
mmEbL d B [ 1 paccMoTpuM aBa 0TOOpaAXKEHUA

Vs Ut

Py(I') —= V(I), FPy(l') — V()
CONOCTABJIAKOLIMAE MIyTH P = (?1,?2,...,?@ ero Hadato vg(p) =
vs(€1) m Komer vy(p) = vy(€q). MHOKECTBO HEIPUBOJAMEIX OPHEH-
tupoBanubx d-merers Lg([) = (vs X v;)~H(A) MoxmO ommcaTs Kak
npoo0pa3 AMArOHALU DU 0TOOPAKEHUY

Vs XUt

Py V() x V(T) .

— -1
B wactaoctu, Lg,(I') = (vs X v;)7' (v) cocTouT U3 HEIPUBOAXMBIX
OPHUECHTUPDOBAHHBIX d-HeTeJIb, HAIMHAIOIMNXCA U KOHYIAIINUXCA B OT-
MEYEHHOU BepIINHE v, U 00beJUHEHIEe

(1) € | Lao(T) (6.12)
d=1

OOIyCKAET OYEeBUHYIO IPYHIOBYIO CTPYKTYPy. us cBa3ubIX rpados
IMEEeTCS eCTECTBEHHBIN U30MOpP(PU3M

T

() — m(T)

9TOU T'PyHOBI CO CTAHAAPTHOW (PyHIAMEHTAILHOU rpynmou rpada
I' xak ogHOMEDPHOrO KIETOYHOrO KOMIuiekca. Hanpumep, dyrzamen-
TAJIbHAA TPYIINA TPUBAJEHTHOTO rpada poja g eCTh CBOOO HASI TPYyI-
ma ¢ g obpasytomumu: (') = Fj.

NugykTrBHOE M3yieHre TPUBAJIEHTHBHIX I'PA(OB OCHOBBIBATCI HA
TOM, ITO JIOOOU TAKOU I'pad IMOMYIACTCA U3 HECBAZHOIO OO0HEIMHEHAA
l-neTenb NPUMEHEHUEM KOHEYHOU LENOYKU JAEMERMAPHLIL NPeobpa-
s3osanuti I' — T'e, ynamdaomux u3 rpada kakoe-HuOyab pebpo e ¢
pPa3IUYHBIMU KOHLAMK v Ll vy = Je U ClIMBAIOUMX OCTABLIYIOCH B
KaXJOM 73 KOHIOB mapy pebep {e) e} = S(v;) \ {e} B oguo HOBOE

«mHHOE» pebpo €)'V = el Ue!, a Takxke oOpammubir ssemenmaprolr
v;
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npeobpazosanuti I' — L¢,,, KOTOpBIE TOGABIAIOT APy HOBLIX BEp-
WUH V1, V2 BHYTPb ABYX (BO3MOXHO, COBIAAAIOIUX) pebep e1, ey u
IPUPHUCOBBIBAIOT K HUM HOBOE PEOPO €pew € Oepew = {v1,v2}. Umeer-
CA [BA THIIA 33039, TAE BOSHUKAET TAKOTO POAA MHAYKIWA: 3G004G
atinepa & NPobaeMa PACKPACKU.

Henpusogumein myTs p = (?1, ..., ?d) € Py(T") maswBaerca
2UAEPOBLIM, €CIU OH HPOXOAUT Kaxkaoe peOpo rpada, IpuieM POBHO
II0 OJHOMY pa3y. AHAJIOCMYHO, CHCTeMa ImyTed Pp HasbiBaeTcsa oi-
aeposoti, ecan Kaxjgoe pebpo rpada POBHO OAMH Pa3 COLEPKUATCH
POBHO B OfHOM u3 myTed p € Pp. MuHMMAIbHO BO3MOXHAS MOII-
uocts e(T) ' min | Pr;| cuTeMbl 9MI€POBBIX 1Ly TEH SBISETCA BaXKHBIM
VHBapUaHTOM rpada.

\Q b/ \$ b/
) L > /\ /_—_—_-_—\
e
4 )
\d 7 \d P
\\‘ I/ \\__e_-—//
Lo o e \
v ‘A ’ R )
e.
¢ 2

Puc. 8. [IBa nyTu

v

~

Jlerko Bugers, 4TO 2aeMeHTapHOE npeobpasoBanue I' — [ e,
TPUBAJEHTHOrO Tpada IepeBOUT SWICPOBY cucTteMmy nyren Pp ma I
B DWIEPOBY CUCTEMY IIyTEN Pg e, Ha eMHUIY GOIbIIEN MOUHOCTY HA
Le, e, (cM. puc. 8). IlosTomy gis moboro TpusarerTHOro rpada L' cy-
WIECTBYET LEIMOYKA DJIEMEHTAPHBIX IPE00PA30BAHUY, IIPEBPALIAIONIAL

ero B rpad [V ¢ e(I') = 1. Takum o6pasom,
eM)=g—1 (mod2), ml<el)<<g+1

IUIA KaxX I0ro TpuBajeHTHOro rpada [ poga g.
Jltobon mnockuu gerTouHbn rpad ' MoxHO 6e3 camomepecede-
HI/Iﬁ yJIOXUTH Ha HJIOCKOCTH RZ. CBHBHBIe KOMIIOHCHTBI OOIIOJTHCHWS
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K HeMy Tp# 5TOM OyAyT OOpa3OBBIBATEH «CTPAHBIY HEKOU reorpadu-
9E€CKOU KaPThl, U BO3HUKAECT 3HAMEHUTAA NPOOACME YEMBIPET KPACOK
IS BJIOXKEHHBIX I'padoB.

[pyras 3aqada 0 pacKpacKaX IPUXOAUT u3 (PEUHMAHOBCKUX IUA-
rpamm. Packpacka rpada za6opom useros C = (¢, ¢z, ..., cN) Opel-
crapigeT cobo oToOpaxeHue

E(l) — C,

|
raxoe uro V v € V(I') uagymuposannoe orobpaxenue S(v) — C
UHBEKTUBHO, T. €. BCe pebpa, BLIXONAIIAE U3 OJHOU BEPIIUHBI, Kpa-
CATCA B Pa3HBIE IBETA (IPU DTOM, Pa3yMeeTCsA, PACCMATPUBAIOTCA
TOnbKO rpader 6e3 1-merens). MuHUMAIBEHO HEOOXOAUMOE LA DTOTO

def

qucao uBeToB X (I') = Npin HA3BIBAETCA LPOMAMUUECKUM UUCAOM.
O4eBuaHO, 9TO y JH0OOr0 TPUBAIEHTHHIX Ipada

3<x(l) <4.

UyTs caoxuee nokasarb, 9ro X (I') = 3, ecam u Toabko ecau Ha ' cy-
wecrByeT HAO0P (1,42, ..., {;) HEOPUBOAUMBIX IIETEJIH IETHBIX [IJIUH
6e3 obmux pebep, IPOXOAANINI Yepe3 Bce BepIIMHLL rpada. A yTBep-
XKEHre O TOM, ITO [ JI000r0o INIOCKOrO TpuBaieHTHOro rpada I’
6e3 l-merens x(I') = 3, KBUBAICHTHO IOJOXUTEILHOMY DELICHUIO
poOIEeMBI YeTHIPEX KPACOK.

Bce mpeapinymee MOXHO OTHECTH K KIACCAIECKOU TEOPUU I'Pa-
dos. Teneps xke, cregys ugesam Curana, MBI PACCMOTPHM NPOCMPAH-
€meo nemeab d-BaTeHTHOrO rpada, BOCIPUHUMAS MOCICJHUN (B CTHAIE
[BGH]) xax mHOrooGpasue.

Orpesok [0, 1] ¢ Bospacramomum HAGOPOM TOUEK:

[0 = Po, P1,P25---5,Pd—15 Pd = ]-]

OpEeCTABIAET COOO0 MPOCTENIIYIO NBYBAIEHTHYO UCTOPUIO C NBYMA
napaboaunaeckumu pebpamu [0, p1] u [pg—1, 1], coegunss koropyio B
Toukax 0 u 1, momydaemM AByBaJEHTHBIN d-TUKJI. Beskuu nyTs p € Py
Ha [ aBaseTcs 06paszoM KIeTOIHOTO 0TOOPAKEHUsA

p
[0:p07p17p27"'7pd—17pd:1] —>]‘—17
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U €U p HEIPUBOAUM, TO IPooOpa3 Kax goro pebpa e € E(I') apaser-
Cs1 HECBA3HBIM 06'beAI/IHeHI/IeM KOHEYTHOI'O Ha60pa KOMIIaAKTHBIX CBA3-
HBIX KOMIIOHEHT (6e3 ydueTa OpUEeHTAINN)

ple)=g ... U Geoly(e)s (6.13)

9UCI0 KOTOPBIX MBI Oynem o603Ha9aTh coly(e).
B wacrHOCTH, Kaxmaa HenpuBogmMasA (HEOTMedeHHAd) neTaa £
onpegenseT QyHKIIAIO

E(l') — Zxo, (6.14)

KOTOPYIO MbI OyIeM Ha3BbIBATH MUNOM NEMAL.

Paccmorpum kakyto-umbyap Bepuuny v ¢ S(v) = {ej, ez, e3} u
0003HAYUM epe3 7;; KOIXIeCTBO BXOJAOB B U IO Pebpy €; € BHIXOIOM
no pebpy e; npu obxoge neriu £. Ilockonbky

CO]g(eZ’) = Znij 5 (615)
J#

kaxgas BepmmHa v € V(I') HakaagpiBaeT Ha TN DETIU OYEBUHBIE
OrpaHNICHUA:

colg(ey) + colg(ez + colg(ez) =0 (mod 2)

6.16
|coly(e1) — coly(e2)| < coly(es) < colg(er) + col(ez) (6.16)

Ckaxewm, aro neria £ umeer yposens k, ecam coly(e) < k ama mo6oro
pebpa e € E(I'). flcHo, 94TO nas merenb ypoBHA k HUXKHAA CTPOUKA B
(6.16) 3ameHnseTca IyTh OOJlee CIOKHBIM yCIOBHEM

|colg(e1) — colyg(e2)| < coly(es) <
< min(coly(e1) + col(ez), 2k — colg(er) — col(ez)) , (6.17)

OTIMIAIOMAMCA OT OPEABIAYIIETO NAOCK020 HEPABEHCTBA TPEYTOMb-
HUKa TeM, ITO IPeACTABIAeT COO0I0 HEPABEHCTBO TPEYTONLHUKA Ha
cfepe paguyca ~ Vk. [105TOMYy IOBOIBHO €CTECTBEHHO HA3BIBATE IIe-
Tau ypoBua k y3aamu. Hamomaum Takxe (cm. crp. 102), 9T0 nexs tun
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y3i1a moImoaaM, MbI oy daeM Gysknmio (6.13), packpammsaomyo pe-
6pa mamero rpadga HenpuBoAuMbIMEU HpeacTasieauamu SU(2), u ycao-
Busg (6.16) u (6.17) osmagaror mpm sToMm, uro mapa (I',coly) 3agaer
SU(2)-cnunceTky.

§ 4 TleT/1eBOM KOMILIEKC, KOMILIEKC PAaCKpPOEK
M KOMILIEKC rpados.

HanomHI0, 9T0 MBI HA3BIBEM 0KPYHCHOCTNHIO HA OPUEHTUDPOBAHHON
HOBEPXHOCTH Xy, POAA § € 7 BEIKOIOTBIMEA TOYKAME U30TOMNIE CKIM
KJIaCcC MPOCTOU 3aMKHYTOU HecTAruBaeMon metiau C, He M30TOIHBIN
HHKaKOﬁ KOMIIOHCHTC I'DaHUIBI.

[leTaeBou cuMmmnuanbabii Kommaeke C(Xy,) KpuBoi X, uMe-
eT B Ka9eCTBE {-MEPHBIX CUMILIEKCOB HAOOPEL u3 (i+ 1) monapHo Heme-
PECEKAOUMXCA OKPYXKHOCTEN € OYEBUJHBI-
MU OPUMBIKAHUAME TpaHer. Ero omaoMep-
HBIM OCTOB COCTOUT W3 AP HElepeceKaro-
IAXCA OKPYXKHOCTEH, & CAMILIEKCHI MAKCH-
MaJbHOU PA3MEPHOCTH 30 —3 OTBEYAIOT Pa3-
pesarueM (4.8) mosepxrOCTH Y4, Ha 29 — 2
IIITaHOB.

B IByX BaXHBIX CHENUAIBHBIX CJLYIagX:
s Y4 ¥ X1 1, TJ€ HET HA OJHOU IIaPhI Ta-
KUX HEepeCeKalolnXCA IeTelb, onpeaere-  Puc. 9. Ipad Dapes.
HUe HEMHOI'0O MEHAETCA — JBe BEPIIUHBI IETIEBOr0 KOMILIEKCA COe-
HAIOTCA PEOPOM, €CIM OKPYXHOCTH MMEIT 2 mepecedenus (Ha Yo 4)
u 1 mepecevenue (Ha X ), Tak 4T0 C(Xg4) = C(¥1,1) OKasbIBaeTCs
udeasvroti mpuaneyssyuet' nymeproro mucka (cm. puc. 9).

Eme umeercs 6eckonednnint epad wmarnos I1(X), umeromun Bep-
IIMHAMY BCEBO3MOXHbIE PACKPorKky (4.8) moBepxuocTH Y4, HA 29 — 2
IITAHOB, U [BE TaKWe BEPIIUHBI COETUHAIOTCA pe6POM, eCIn COOTBET-
CTBYIOIIUE DA3PE3aHUsA HOIYyHAIOTCA APYT U3 ADPYTa J4EMERMAPHOTU
nepexpolikoti: oqHa W3 OKPYXHOCTeH, ckaxem, (], 3aMeHAETCA HA

lymn Tax maswBaembiM epagiom Papes
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HOBYI0 OKpyX)HOCTb C] (cM. puc. 7 Ha cTp. 108), KoTOpas nepecekaeT
UCXOAHYIO ABAXKABI, €CJIN IIOIIaAa€T B TE€ XK€ CaMbIC HNITAQHBL, 1 €ANHO-
KBl — B IIPOTUBHOM CIyqae.

ITOT 6ECKOHEUHBIN I'pad UMeeT KAHOHUIECKYIO KAETOIHYIO IPO-
eKIUIO

V((E®) 1%, (6.18)

HA KOHEIHBIN Ipad Ty, BEPIIMHAME KOTOPOT'O CIyXKaT BCE TPABAJICHT-
Hble rpadbl, X IBe BEPIIMHBI COEJUHAIOTCA peGpoM, KOrja COOTBET-
cTByomme M rpadbl CBA3aHBI DIEMEHTAPHBIM OPEOOPA30BAHUEM B
cmbicae? onp. 1 u3 §3 ruaser 6 (cm. crp. 108). Cnon npoexuun (6.18)
CyTb

7H(L) = My/Aut(Hr) ,

rge Aut(Hyp) — rpynna m30TONMYIECKUX KAACCOB OPUEHTUPOBAHHBIX
mudpdeoMopdu3aMoB 2 — 23, KOTOPBIE MOXHO IPOJOMXKUTE 10 TU(P-
deomoppuzmo Hp —— Hp Tema ¢ pydkaMu, OrPAHUYEHHOIO II0-
BEPXHOCTBIO 2.

O

Puc. 10. Tpeyronpankn

BaxuenmuM 48 TaJbHEUIIErO ABIAETCA TAKXKE OTOX IeCTBICHUE

M, = Aut(C(Zy)) (6.19)

2KOTOPOE B TOYHOCTH COOTBETCTBY €T OIMCAHHOMN BBIIIE DIeMEHTAPHON IepeKpOIKe
Pa3TOXKEHUA Ha MITAHBI
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3

MOYJSPHOU TPYIIILI® ¢ IPYIIION KIETOIHBIX aBTOMOP(U3MOB TIETJIe-

BOr'o KOMILIEKCa.

Puc. 11. YeTbIpexyroabHUKN

I'pad T, ABIAETCA OJHOMEPHBIM OCTOBOM KOHETHOI'O IBY MEPHO-
ro kaero4roro komimiekca C(Ty), KOTOPBIA MBI HA3BIBAEM KOMNACK-
com epagos. Crpourcsa or tak. CHadama Bce KOMMYTATHUBHBIE Tpe-
YUOIBHUKYU DIEMEHTAPHBIX MPEO0OPA30BAHUN 3AKICUBAIOTCA [IBYMED-
HBIME KiIeTKaMmu. [IpoobpaszamMu TakKuX TPeyroibHIKOB IIPY MIPOEKITUN
(6.18) sBmsrorca msobpaxenHsle Ha puc. 10 (crp. 116) Tpeyronbuum-
ku 6eckoHevHOrO rpada I, u ¢ TOYHOCTHIO [0 DTUX TPEYrOIHLHUKOB
Ha HalleM HCXOAHOM rpacde T, mMeeTca KaHOHHIECKAd CBA3HOCTD
(6.9). IlooToMy, TpUMEHAA TEXHWKY I'€OAE3UIEeCKUX, ONUCAHHYIO HA
ctp. 110, ymaeTcsa 3aKiIenTh KIETKAMA U BCE OCTAILHBIE COOTHOIIEHU
MEX [y DIEMEHTAPHBIME IPEOOPA30OBAHAAME U IOCTPOATE OJHOCBA3-

3mo reopeme Pyanena, 9, = Isom(ry) coBmajaeT ¢ TPYIION M3OMETpHI TPO-
crpanctsa Tenxmionrnepa 74 B Merpuke Telxmionnepa; 60aee TOro, METPUIECKHE
npocrparcTsa C(Xy,,) u 74 BooOwe ovens Gamskm: Hampumep, C (X, ,) ABiger-
ca 0-runep6ormdeckum ([MM]); To xe camoe cmpaBefIuBo M B MeTpuke Bemma —
IIerepcona

‘cm. [HT], a Taxxe 3aMevanue B KOHIE dTOT0 maparpada
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HBI ABymMepHBI Kommteke C(%,) = Cy(T,) ~ S?, romeomopdHbI
cepe.

Tem cameiM, rpad T, OKa3BIBAETCA IVIOCKAM (B IaCTHOCTH, IIPO
HEro MOXHO 3a/JaTh BCE KJIACCUIECKHME BOIPOCHI: O XPOMATUIECKOM
HCIE W T. 1), Hy & B ABYX CIEIUAATBHBIX CIyIasx

Ci1(IT(Z0,4)) = C1(X(Z1,2)) = C1(Zo,4) = C1(Z1,2) (6.20)

CHOBA ABJIAECTCA OJHOMEPHBIM OCTOBOM KoMILekca Dapes.
CraHgapTHOE JOKA3aTEAbCTBO MePEeInCAeHHBIX BhIIIE CBOUCTB CO-
CTOMT B ABHOM IMOCTPOEHHM (PYIKAMI» OECKOHEIHOT'O ABYMEPHOTO
komitekca C(II(X)) u mpoBepke BCeX YTBEPKICHUU [ HErO, a IO-
TOM npu nomomwm npoeknuu (6.18) pe3yabTaTel CoyCKarTCa HA KOM-

mrexc C(Ty).

Puc. 12. [IaTuyrossaukn

[ BymepHBIME KaeTKaMu 6eckoHedHOro kommiekca C(11) sBuaoT-
CA COOTHOIICHHWS MEXIY dJIeMEHTAPHBIMU IPe0Opa3OBAHUAMUA, T. €.
nerau rpada [I. Ouu 6BIBAIOT TpeX, YETHIPEX, MATHA U HIECTUYTOJdb-
HBIMU 7 MPUXOIAT U3 PPArMEHTOB IMOBEPXHOCTEN ¢ MEHBIIUMU ¢ U 1,
BCTPEYAIONMXCA IPU PACKPOE Ha MITAHBI JAHHOM IIOBEPXHOCTH Mg p,
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a MMEHHO: TPEyrOAbHbIE COOTHOLICHNA BO3HUKAIOT HA KyCKax |
u Yo4 (cm. puc. 10 ma crp. 116), YeTnpexyronabHble — Ha Y13 =
Y1,1 UXp4 (em. puc. 11 ma crp. 117), naruyronpasle — Ha X2 (cM.
puc. 12), mecTuyronsasie — Ha g5 (cM. puc. 13 Ha cTp. 119).
[lopasurenbro, uro asymepubn kommueke C(I1) me Hecer 60mb-
wen uHPOPMALMY, YeM er0 OJHOMEPHBIU 0CTOB I1, u CTPYKTypa ero
2-KJIETOK TEeIMKOM OnpemeraioTcs 3tum rpadom. Hanpumep, Bce ero
TpeyroabHble KJIETKU COMEPKATCA B MOAKOMILIeKcax Dapes

C(II(21,1)) mn C(X04)) ,

7 Kaxgoe pebpo CIYyXRHUT CTOPOHOU MAPBI TPEYTOJLHUKOB, COOTBET-
CTBYIOWMX ABYM IOAIIOBEPXHOCTAM Y11 1 X0 4.

Puc. 13. llecTuyronbHnkn

Dukcanusa kakou-aubyap BepmmHbl B a060om noarpade Papes
rpaca Il osmataer BeIGOp O-kMeTkm B C(X4,), T.€. OKPYXKHOCTH
Ha Y 5, MOCKOIBKY BBEIOOD moarpadga Papesa B [I-rpade onpenensger
packpor Ha mrassl (1. e. Ha6op oxpyxHOCcTen (C1,Cy,...,C34-3)) ¢
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JukcupoBaHHBIM mepBBHIM paspesom (. HaobGopor, mas aobou Bep-
umaer C € Cy(X) cymecrByer (me egmucrsennbin!) moarpadp Pa-
pes, BBIISNAIONIMA 3Ty BEpIIMHY ONUCAHHBIM BbIme obpasom. [leu-
CTBUATEJIBHO, AOHOJHUM OKPYXHOCTH C' 10 mOmMHOrO Habopa pas3spe3on
(C1,Cy,...,C34_3) c Cy = C. Bee packpou Ha ITaHEL C GUKCAPOBAH-
ubivu paspesamu (Ca, Cs, ..., C3g_3) cocrasnaior noarpad Papes
Fo ¢ BoIgeaeHHON BepmHOU p € F.
Taxum 00pa3oM, BOBHUKAET OTOOpaXeHue

Aut(Cy(IT)) —2~ Aut(Co(Sgn)) (6.21)

conocrasasioniee okpyxuaocT C € Cy(X,,,) €IMHCTBEHHYIO BEePIILHY
B Cy(X,,), coorBercrByiomyio ormedenHomy rpady Papes g(p) €
9(Fc).

Herpusuansusie’

n-yroabubie cooruomenus (¢ n = 4, 5, 6) Bos-
HUKAIOT TOIBKO U3 HENPUBOAUMBIX OPUEHTHPOBAHHBIX N-TETENb, Y
KOTOPBIX HUKAKafA Mapa MOCAe0BATEIbHBIX Pebep He COACPKUTCA HU
B oguoM moarpade Papes. Kpome Toro, Hamo MCKIOYATL U3 PAC-
CMOTDPEHU NICCTUYTI'OJBHUKN, CKJICCHHBIC U3 TPEYTI'OJIbHUKA U HETPU-
BHAJTBLHOTO KBagpaTa. CXoaa U3 5TUX OpOCTHIX cOOGpaxenuir, Map-

ramut® caagara npogomxmt orobpaxenne (6.21) 10 KOPPEKTHO Ompe-

nenernoro orobpaxenus Aut(Cy (1)) P Aut (C(H)), a 3aTeM 1
0 m30MOpPU3Ma

Aut(C(IT)) =2+ Aut(C(%)) . (6.22)

Takum o6pasom, Aut(Cy(IT)) = Aut(C(I)) = (AutC(X)) = M.
3ame4anuE 1. Kommnexe C'(IT) 6su1 BBenen Xerdepom u Tepcerenom B [HT],

rle OHM JOKA3aau, 9TO OH CBA3€H U ONHOCBS3€H, & BOT paBeHCTBO (6.22)
OBbLIO IIOLYYEHO COBCEM HEZABHO B pabore [M].

3amedaHuE 2. [IpocrpancTso koupopmubx 6a0kos WZW RCFEFT (cum. onp. 1
w3 §1 riaBer 5 Ha cTp. 94) MOXHO, KaK MBI BUJAEIM, UHTEPIPETUPOBATH
KaK TPOCTPAHCTBO TOJIOMOPQHLIX CEYEHUN TEH30DHOU CTEeHU HeadereBa
O-paccaoeHust Ha MHOroo6pasuu Mogyiaen M norycrabribHBIX BEKTOPHBIX

5. e. HE CKJICEHHBIE U3 TPEyrOIbHUKOB
bem. [M]
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paccIoeHuil Ha puMaHOBOU nosepxuoctu % (cM. rii. 3). Ilpu paspesanuu ¥
HA IITAHBL KOH(POPMHEBIE OJOKKM MOXKHO CTPOUTH, HHTECPUPYA MO OKPY2KHO-
CTAM Pa3pE3aHus BCE MPOMEXKYTOIHLIE COCTOAHUA, BOSHUKAIOIIAE OT IeIHHO
HA KAXILIX MTaHaX. PasIuIHbe CKICMKN OPUBOIAT TAKUM OOpPa3oM K pas-
JUMHBIM 6a31CaM OJHOT'O M TOr'O K€ BEKTOPHOI'O IIPOCTPAHCTBA, U OTH 0a3u-
CBI OyIyT BBIPAKATHCA APYT 9€PE3 APYra JUHEUHBIME IIPEOOPa30OBAHUAMUI
I MAMPUYAMYU OYGAbHOCTY, yIOBJETBOPAIOMINMEA YCAOBUAM CORAGCOSAH~
HOCTNU, KOTOPBIE YIOOHO ONUCHBaThH B TepMuHax kommiekca C(T).

Mockonbky xkommiaekc C(T) cBA3eH, Kaxnasd MATPULA 1yalbHOCTH PAC-
KJIAIBIBAETCA (MHOTMME CIIOCO0AMM) B IPOU3BEAEHNE IIPOCTENIINX MATPUL,
OTBEYAIINX DIEMEHTAPHBIM IIEPEKPOUKAM. Y CJIOBUAA COMVIACOBAHHOCTH CO-
CTOAT B TOM, YTOOBI PE3yAbTUPYIOMIEE IPEOOPA3OBAHNE HE 3aBUCENIO OT CIIO-
coba pasaoxkenus (T. e. OT BEIOOpa Iy TH Ha rpade): IPpOU3BeqeHne IPOCTen-
X MaTPUIL BIOIb KAXK JOU IETIN JOMKHO OBITHL paBHO equHmie. Bee Takme
COOTHOIIEHUS MOPOXK AAIOTCA TOXK NECTBAMI, BOSHUKAIOIIIMY 13 TI€PEINCICH-
HBIX BBILIE N-YDOIbHBIX Pyndamenmasvubix nemeab ¢ n = 3,4, 5, 6, u 10 B
TOYHOCTH yTBepxkAeHue 06 ogHocBszHocTH Komiekca C(T).

Takum 06pazom, BO3HUKAET cucTeMa (HEKOMMYTATUBHBIX) HOJIUHOMU-
ATBHBEIX YPABHEHUNU HA JIEMEHTAPHBEIE MATPUIEI IyalbHOCTH, PEIIECHA KO-
TOPOU COCTABIAIOT MH02000pasue modyseti RCFT, u B mpenene mpu k — 0o
MBL [IOJIy9aeM aarebpy CAUsSHUs, KOTOpas B paccMmarpusaemom Hamu SU(2)-
cllydae coBnajgaer ¢ KonbuoM npencrasiaenun RE(s((2,C)).

[IpocrpancTBa BOoaHOBBIX (yHKIuU (6.2) 00pasyoT mOapaccaoe-
HUE

HECO@) xCPY ™ =C(T)x @ Cq (6.23)
aeTé‘}c
B TPUBMAIBHOM BeKTOpHOM paccroenuu Han C(T) = S?, nokaabHO

pasmoxeHHoM (cM. (4.22)—(4.23)) B cyMMy JIMHEUHEBIX [I0IPACCIOCHAH.
1 nockoabky cdepa OLHOCBA3HA, PACCIOCHUE H% o0sagaeT BbIEJEH-
HOMU ILIOCKOU TPUBUAIU3ANMEN, €TMHCTBEHHON ¢ TOIHOCTBIO 10 YMHO-
KEHUsS HA KOHCTAHTY, YTO U NAET ILIOCKOE IPOEKTUBHOE PACCIOCHUE
Komno

PHY — M, .

A mmenno, cucrema marpun gyaasHOCTH (CM. 3aMm. 2 u3 §4 ruaasser 6)
oIpeJelreT IIOCKyo cBA3HOCTh Ha C1(%y) ¢ IPOEKTUBHO TPUBUAIDL-
HOU MOHOJPOMUEN

Aut(C1(%,)) —2= PGL(rk,(0), C), (6.24)
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KOTOpasa U ABAACTCA MCKOMBIM IIPDENCTABICHUECM Komo.

§ 5 Kanu6poBouHasa Teopusa Ha rpadax.

Ceasnocreio Ha TpuBnaabHoMm SU(2)-paccaoenun man rpadpom I
HA3bIBAETCA 0TOOpaXKeHue

P(D) = E() —~SU@Q) : ita(?) —a('e) =a(@)™", (6.25)

rae iy - @ — ‘¢ ectn cmena opumerTanuu pebpa e. IIpocrpancTBo
BCcex cBasHOCTen (T. e. dynkumu (6.25)) o6o3maunm wepes A(L'). fc-
HO, 9TO BCE CBA3BHOCTU — Naockue. Orobpaxenue

Py(L) =2~ SU(2) :  (a1,0a9,...,aq) — a(@1)a(E1) -~ a(Ty)

HA3BIBACTCA UHMEZPAAOM TLO TLYIMAM, I N3MEHEHNE OPUEHTAINYA BCEX
pebep obopaduBaeT UHTErPAJ:

i*a(€1, €2, €a) =a(fer,eq,..., e 0) = a(€1, €., €a)

Monroapomus L, (I") —%+ SU(2) (Baoab ommeuennbiz neTens) onpe-
MeTACTCA AHAJIOTHIHO.
I'pymna karubposounsx npeobpasosanmi G, = SU(2)Y () cocro-

v g
ur u3 gyskuun V(I') —— SU(2) ¢ HOKOMIOHEHTHBIM yMHOXEHUEM
u geucTByeT Ha npocrpaHcTse ceasHocren A(LY) mo mpasumry

9a(@) = g(v5(¥)) - a(@) - g(ve(T)) " (6.26)

[Tockonbky Ha rpade Bce CBA3HOCTU ILIOCKWE, IPOCTPAHCTBO KaJu-
OpPOBOYHBIX OPOUT

A(l) /Gy = RE(m (T),SU(2)) =
= Hom(m (), SU(2))/Adaiag (SU(2)  (6.27)
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COBIAAET C MPOCTPAHCTBOM KJIACCOB M30MODPQHBIX IPEJICTABICHUN
dyngamenTaasaon rpynnsl 71 (I'), koTopas y TpuBanenTHOrO rpada
poja g m3omopdra cBo6ogHOM Tpynne Fy, ¢ g obpasytomumu. Taxmm
06pa3om, GakTop nmpocrpancTso (6.27) ecTh HE UITO MHOE KAK YHU-
mapnoe npocmpancmeo Hlommuwu S§ n3 §2 raassl 3 (cM. cTp. 56).
Kanu6posodnas rpymnma ABIAETCA TOLYTIPAMBIM TPOU3BELCHUEM

G = G'(I) % SU(2)a

HopMmaasHon moarpynnsl GU(I') = {¢g € G, | g(v) = 1d} xarubposok,
TOXJECTBEHHBIX B CJIO€ HAM KAKOU-TMO0 (PUKCUPOBAHHOU BEPIIUHON
v, I JUATOHAJBLHOU IIOTPYIIIEL

SU(2)a CGa, SU(2)a =64/G°(T)
nocroauuex gyuxmuit V(L) —— SU(2). dakrop

A(m (T,0),SU(2)) = A)/G°(T) (6.28)

COCTOUT U3 OPOUT CBA3BHOCTEU, OMMEUCHHIE Ha0 U, T. €. IPOCTPAH-
CTBO BCEX MNPEACTABICHUU OTMEYEHHOU (PYHIAMEHTAIBHOU T'PYIIIbI
(oHO 3aBuCHT OT BHIGOpA ¥), & (PAKTOP

CA() = A(l')/SU(2)a

COBIAAET C MPOCTPAHCTBOM MOCTOAHHBIX CBA3HOCTEHW. Takum o6pa-
30M, IPOEKIINIO

A() —+ R®e(m1(T),SU(2)) (6.29)

Ha dakTop (6.27) MOXHO AByMs CmOCOOAMU PA3IOKUTH B KOMIIO3U-

/\

R(m CA(T (6.30)

N

RC ]. 7

[IAO IPOEKITNH;
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7 BBIOOP KaKoOro-ambo cedenus npoekuuu (6.29) masbiBaeTcs gukca-

i*
yueti Kaaubposku. O6opaunsanme crperox A(T) —» A(T') sagaerca

SJIEMEHTOM
def (0 1
5w (0 ) esuea.

u tpuBuaisbHO geucrsyer Ha CA(T).
Knaccer conpsaxennex amemerToB Conj(SU(2)) moxHO 3amapame-
TpusoBaTh orpeskoM [0, 1] npu nomomum @ynkyuu Kaaccos:

SU@) —9410,1] : g % arccos <¥) , (6.31)

[IpUMEHEHUEe KOTOPOU BO BCEX BEPIIMHAX AAET CIOPBEKIIUIO:

CAT) — Lo [0, 1772 = TJ [0, 1]. .

ecE(T)
Kombunupys ee ¢ daxropusanuen (6.30), momrydaeMm mpoeKIuo
AT) —or eAT) —2er TT [0, 1] (6.32)
ecE(T)

C TIOCJOUHBIM [JeUCTBUEM HHBOIIONIUU ¢, 000PAIMBAIOMIEN OpHEeHTa-
nuio pebep.

§ 6 AGeaeBa Bepcus: U (1)-cuuHCceTKH.

XopomuM BBOJHBEIM IPUMEPOM B KAIUOPOBOYTHBIE TEOPHAU HA T'Pa-
de I asaserca abeaesa U(1)-Teopus, COMHCETKU KOTOPOU ABIAIOTCA
HU €M MHBIM, KaK 1J-XapaKTePUCTUKAME B KIACCHIECKOM HMCIUCICHAN
J-pyHxuumi.

[TockonbKy MHOXECTBO HepUBOAUMBIX mpencrasienuu U(1):

IMU(1) =7,
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Beskasa U(1l)-counacerka Ha rpade ' 3agaerca HekoTopou QyHKIMER
E(I) =~ Z=IRU()) , (6.33)

ynosreTBopsomer(kak u B (6.3)) ycaoBuam Kiebma - [oppana, Ko-
TOpBIE B a0€IEBOM CJIy9ae BBIPAXKAIOTCA PABEHCTBOM

w(er) +w(ez) +w(eg) =0 (6.34)

st moboun Tpouku pebep {er,e9,e3} = S(v), cxopamuxes B ogHOU
Bepumue v € V(I'), a cumuceTku ypoBHA Kk NOLYMHAIOTCA AOMONHU-
TeabHOMY orpaHmdeHuo: w(e) < 2k V e. MHOXeCTBO TaKMX CIUHCET-
0K MbI 0603HAUAEM depes GF.

C apyrou croponsl, U(l)-cBasnocts Ha rpade I', kak u Bbie,
3a4aeTcs 0TOOpaXxeHuem

P(D) = BE(N) —“~ u(1) : ita(?)—a(e)=a(d)", (6.35)

a

uHAynupyomum uaTerpal mo mytam Py(I)) — SU(2):
a(€1,€2..., €a) =a(€1)a(¥1) -+ a(€a) ,

a
MoHogpomuio L, (I') —— SU(2) u 1. a. [IpocrparcTBo Takux cBa3-
HOCTEN MBI 0603HAYIMM depes A,.

A6enesa kaaubposounas rpymma G, = U(1)VI), cocrosmman u3

dyuxoun V (T') AN U(1), mericTByeT HAa NPOCTPAHCTBE CBA3HOCTEN

AL(T) no romy xe npasuny: ga(€) = g(vs(€)) - a(€) - gv (€))L,
HO ee pumaroHaubHas moarpynma U(l)a C G,(I') mercrsyer Temepb

TPUBUAJIBHO, U IIOITOMY
AL(T)/GA(T') = Hom(my (T),U(1)) =U(1)? (6.36)

ecTb B TOYHOCTH abeneBo yHuTapuoe npocrpanctso Hlorrku (2.24)
u3 § 5 rIaBseL 2, T. €. cioit mpoeknuu (2.8) mag mytem Topa T | 6-pyHk-
Oy KOTOPOro mpu npeo0pa3sOBaHUU KOUEPEHTHBIX COCToaamn (2.15)
[EPEXOUT B «OCHOBHYIO» ¥J-(PyHKIUIO HA KOMILVIEKCHOM IIPOCTPAHCTBE
MlorTku (C*)Y, garouryo aHAIMTAYECKOE BHIDAKEHUE IS HEHYJIEBOIO
cedenus ©-nuBu3opa Ha AKOOUMAHE.
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IIpocTpancTBO abeleBbIX CBA3HOCTEN iy -MHBAPUAHTHO BKIAJbIBA-
ercs B npocrpancTBo SU(2)-CBA3HOCTEN AMArOHAIBHBIM OTOOpaXe-
HUEM )

d i e'? 0
. Y
A e s o= (G0 8,
06pa3 KoToporo mpu mnpoexknuu (6.32) AByIMCTHO HAKPBIBAET KyO,
TAK ITO KOMIO3UIUA

Ar) —22 1T 10, 1]

ecE(T)
ecTb (haKTOpPU3ANUA IO AeUCTBUIO HHBOXIONUH ¢ ). O603HAINM Yepe3

AT =2 U(1)9 (6.37)
KAQHOHUYIECKYIO NPOEKINI0 IPOCTPAHCTBA a0elIeBbIX CBA3HOCTEW HA
MHOXK€ECTBO abeleBbIX KaauOpoBoIHbIX op6uT (6.36). HeTpynuo mpo-
BEPUTH

[IPEAJIOKEHUE 1. AGereBa npoexnma (6.37) packaagbIBA€TCA B KOM-
[IO3ULHIO:

AT) e A(T) -7 U(1)9 © Re(m1(T), SU2)). (6.38)

Broxuwm Teneps sxobuan kpusou Jy. = Hom(7(Xr),U(1)) gua-
roranbao B RE(m(Xr),SU(2)) m paccMoTpuM €ro roaamMaHOBCKYIO
IpoexIuio Ha Top geuctsus (4.20):

r

Jyp — T4 = U(1)P1) |

00pa3oM KOTOPOU ABIAETCA g-MEPHBIM TOP
Ar (mod Z*73) ~T9 c T4, (6.39)

C mpyrou croposnsl, geis Ha k BecoByto ¢yHkumio (6.33) npousBois-
uou U(1)-cnmucerku yposusa k Ha rpade [', Mbr moaygaer Touky k-
JeleHnA Ha Tope geicrBma TY. 3aMedaresHO, ITO 06pA3 BOZHHKA-
o1ero 0Tobpaxennsa

==L (1),
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cogepxuTca B nogrope (6.39), u 6oxee Toro,

1

- Sk = WHI) =BSk(I) c Ap =77 . (6.40)

B pesyabTare rpynna -xapakTepuUCTUK KAHOHUIECKU OTOX I€CTBILIA-
ercsa ¢ MEHOXecTBOM crmaCceToK GF yposH# k, Tak wT0 B abereBoM Ciry-
Jae MBI MOXeM HyMmepoBaTh ¥-xapakrepuctuku U (l)-cnuHceTkamu.
Nmenno Takum 06pa3zoMm Mbl cobupaemca 0600mars monarTue 1¥-xa-
PAKTEPUCTUKYU HA HeabelIeB CIydIan.

Kpowme sToro sam nonamgoburcsa HeabeneBa Bepcua npeoOpa3oBa-
HU KOTePEeHTHbIX cocTosumu (2.15) mua o-pynkumin (2.18), koropoe
B KJIACCAIECKOM BapuaHnTe u3 §4 riasbl 2 IpeacTaBiaio cobow dpar-
MEHT CTAHIAPTHOTO TapMOHMYECKOTO aHammsa Ha Tope 17 = U(1)9.

Temepb HAM HAJO PACIPOCTPAHWTH TEXHUKY pasiaoxenui Pypbe Ha
SU(2)-cryaan.

§ 7 Fapmonunyveckuu anaau3 SU(2)-cnuHCceTOK.

HanoMHMM, 9TO MBI OTOX ZE€CTBIAEM HEIPUBOIAMBIE IPELCTABIC-
Husa SU(2) ¢ noayueasiMu cnunosbimy wucaamu (IIOJOBUHKAMY Pa3-
MEpPHOCTEN):

IR (SU(2)) ~ %Z.

Pasznoxenne Kiebia — ['opmoHa TEH30PHOTO IPOU3BENEHUA 1 ® jo @3
TPEX HENPUBOJAUMBIX MPENCTABICHUN TOTIA YU TOJIBKO TOTIA COAEP-
KUT OJHOMEDHOE TPUBHAIBHOE HpejacTaBieHue (cnaemaiowul one-
Pamop), KOraa CIUHOPHBIE YUCAA YAOBIETBOPAIOT HEPABEHCTBY TPe-
YTONBHUKA:

lj1 —j2l <jz3 <ji+7J2. (6.41)

Dyukuua B(I) —L— 1 Z, yRoBIETBOPAIOIWIAL STOMY HEPABEHCTBY U
YCJIOBHIO
Jitjet+is €L
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A1A Kaxaou 3se3gel S(v), 3agaer Ha rpade ' SU(2)-cnunacerky I';.
Mebr roBopum, 9TO OHA MMeeT yposeHs k, ecan j(e) < k mua ao6oro
pebpa e, 1 B IPABOU YaCTU HEPABEHCTBA TpeyroabHuKa (6.41) BMecTo
J1 + jo MoxHO mOcTaBuTh Min(ji + jo2, k — j1 — j2). PukcupoBaHHyIO
CHMHCETKY ypoBHA k MbI o603HaIaeM tepe3 '), a MHOXecTBO Bcex
taxux crmucetok — uepes &F(T). fcwo, uro G*(T') € &™(T') npu
k < m. HamomauM Takxe, 9TO AeJsd COUHOPHBIE YUCTIA HA K, MBI
OTOX IECTBIAEM CIMHCETKU C JONYCINUMbIMU 6ECAMU:

Sk () = wk(I)

(cM. xoHers § 1 riaBer 6).
B sTom maparpade Mbl mpouHTEPIPETUPYEM KAXKIYIO CIUHCETKY
I'j x Kax dyHKnmO Ha yHATapHOM IpocTrpancTse IlloTTkn

S;’; = SU(Z)Q/AddiagSU(Z) .

[TockoabKy mocaenHee 3aBUCUT JUIIL OT POZA g, HO He OT CaMOr'o I'pa-
da, 3TO NO3BOIUT HAM KAHOHUYECKU OTOXJECTBAATH PEMIETKN CIWH-

CeTOK JJI PAa3HbIX TPUBAJEHTHBIX I'DA(OB OJUHAKOBOI'O POJA.

3adukcupyeMm Ha IPOM3BEJCHAN TPy’

sU@)P™ = [ su@). (6.42)
ecE(T)

_>
npoussesenue dr mep Xaapa dr Ha SU(2), HOpMAIX30BAHHBEIX TaK,
qaro
%
/ de=1= / dx .
SU(2) SU(2)EM)

—>
Jlio6as gyskmua f € L2(SU(2)Y(1), dz) ma sToit rpynme packiragsi-
Baerca o dpopmyde Ilerepa — Betus:

fla) =) tr(Byg (@), (6.43)

TEIM(SUR)EM)

!xoropoe duxcanmenn kaxoi-m60 opuenTanuy peGep rpada I' oToxgecTBiseTca
¢ mpocrparcteom A SU(2)-ceasuocren na I
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rie
IR (SU(2)E(F>) —{T=0000 - ©oy3| 0 €IN(SUE2)}

€CTh IPOCTPAHCTBO BCEX HENPUBOAMMBIX IIPEACTABICHUN IPOU3BELe-
mua (6.42), a

1 —
By = ——o / f(@)-F () de (6.44)
7.t dim Vj SUEED

CyTh DHAOMODPGU3MBL IPOCTPAHCTB V7 DTUX HENPUBOAUMBIX NIPEJ-
crapiennit’. Kaxgas comHCeTKA I'j sagaeT npeacrasienue

ﬁ

"= ® j(e) eI (SU(2)E(F>) :
ecE(T)

B IIPOCTPAHCTBE V?. B cuny aBroayamsrocTu npeacrasienuu SU(2),

KaX B SHIOMOP(U3M DTOr0 IPOCTPAHCTBA ABIAETCA BEKTOPOM B
TEH30PHOM IIPOU3BENECHUN

e€E(T) e€E(T)
e€E(I) ecE(I)

= Q) (1) ®j2(v) @ j3(v)) , (6.45)

veV(T)

rae {ji(v), ja(v),j3(v)} = S(v) cocrasmaor 3Be3ay Bepumubl v. Ho,
0 OIpeeIeHUI0 CIMHCETKM, Kaxqoe npomssenerue ji(v) ® ja(v) ®
J3(v) COmEPKMT €AUHCTBEHHBIN ¢ TOYHOCTHIO A0 MPOMOPIUOHAIBHO-
CTH CILIETAIOMAHA OIepaTop i,, TaK ITO 6epsA UX TeH30pHOEe IPOu3Be-
[leHre, MbI KAHOHUIECKW CBA3BIBAEM CO CIMHCETKOM OMepaTop

Br.= ® i,¢€End (V—)) .
T vev(n) J

23Ta KOHCTPYKIMA aHATIOIMYIHA CTAHIAPTHOMY pasioxenumio Pypse (2.16): mpes-
cTaBieHmE ¢ OTMEPAET (IACTOTY», & DHIOMOP(UIM B ; urpaeT poab «amrmIa-
Tynep mam koddduyuenma Pypve, Beramcaaomeroca mo dopmyae (6.44), Toxe
BIIOJIHE QHAJIOTUIHOU CBOEU KJIACCHIECKOU abeIeBOM BEpCUM
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Taxum 06pa3oM, MBI MOXEM CBSI3ATH C JIOOOU COUHCETKOU (PYHKIIWIO

fr@= Y (B 7@ e XU, @),
TEIR(SU2)EM)

MHBAPUAHTHYI OTHOCUTEILHO JEUCTBUA Ha mpocTpaHcTse (6.42):
SU@2)PM) ~ A

kamubposouron rpymer SU(2)Y (1) x (2/22)P(1) (kommomenTEL KO-
TOPOU 3aHyMepOBaHbI BepumHamu rpada [ u BerbopaMu opueHTanMN
Ha ero pebpax), u CTaI0 OBITh, CIYCKAIOULYIOCI HA (HAKTOD

9T0 U TPeOOBAIOCH.
Taxum ob6pasom, muoxectso crmaceroxk &F(T) ~ WF(T) myme-
pyeT HEKOTOPLIM HaGOp CHeruaTbHbIX QYHKIWHA fr; HA YHETAPHOM

upocrpancrse Horrin®.

IIPEATOKEHUE 1. CrnmaceTka I'j 04HO3HAHO BOCCTaHABINBAETCA 110
rpagy I' m pynknunm fr;.
[MOKABATEJBLCTBO. 3Has rpad, MbI BOCCTAHABIUBAECM IIPOEKIUIO
& u _ E(
A —— S u mopmmmaem dynxmmo fr; ma A = SU(2) ), U3 rap-
MOHUYECKOrO pasaoxkenus (6.43) >Tou GPyHKIMEA MBI HOLY9a€M Ipe/-
CTaBJICHUE

SU(2)E(F) j1®j2®...®j39—3 _ End (‘/]1 ® ij R X ‘/j39—3)

u sagoMopdusm B; € End (le V,® - ® nggfg), PA3JIOXEHUE KO-
TOPOro Ha GJIOKH, COOTBETCTBYIOIIUE BEPIIMHAM Ipada, BOCCTAHABIIN-
BaeT BECOBYIO (PYHKITUIO 7. O

Temepb HaM OCTAETCA JUIIL MOCTPOUTH NMPEOOPA3OBAHUE KOTe-
PEHTHBIX COCTOAHMA aua maper Sy C Sy (kax B §4 rmasbt 2), 4TO
u OygeT mpoeJaHo HaMu B I 7.

3 pouno Tak xe, kax B xonme (§ 5 rassr 2) MEOKeCTBO ¥-xapakrepuctux (Z9/kZ9)
HyMepoBaJIo abereBnl V-QyHKIIIN
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8§ 8 MS-Bepcusa RCFT u npexgcrasaenne Kowno.

AxkcumoMmaTudeckoe onmucaHue paruoHAILHON KOH(POPMHON TEOPUU
noas o Mypy u 3aubepry! (MS RCFT) Bkarouaer 3aaHume ajire-
Opet camanua A (kax B § 1 miaBel 5) u JUCKPETHOrO (KOHEIHOrO HA
KaxJI0M «ypoBHe» k) MHOXeCTBa R ee mpeacrasaeHun ©;, 06pasyo-
WUX MOOYAAPHYIO MEHIOPHYI KAME20PUI C BBIIEICHHBIM DIEMEHTOM
1€ R, takyo a0 p € R = 0" € R, 1" = 1, u Kax/0U ynopsamo-
YEeHHOU TPOUKE Q;, 0, Ok COHOCTABIAETCA KOHEYHOMEPHOE BEKTOPHOE
npocTpascTso Vg, , Tak 9o

1, ecum o; = 0
dimvl = G

8ir8j 0, B OCTAJBbHBIX CIyYagX .

HanmomunM, ¥T0 ¢ 1006BIM T'padoOM poga g U BaJeHTHOCTH 3-1 MBI
MOXEM CBA3ATH KOHEYHOMEDPHOE IIPOCTPAHCTBO BOJHOBBIX (PYHKIIAN, €
OTMEYEeHHBIM 6a3MCOM, HyMEpPYEeMBIM CIMHCeTKAMU. A UMEHHO, BCAKAA
cumacerka ['; Ha rpade I' sagaer gua kaxgon Bepumust v € V(T)
OHOMEPHOE MOAIPOCTPAHCTBO CILIETAIOIINX OIEePATOPOB

v

i EN®J2® s (6.46)

TeH30pHO IEPEMHOXAA UX IO BCEM BEPUIMHAM, & 33TEM CyMMUPYS IO
BCEM CIMHCETKAaM, IIOIyIaeM IPOCTPAHCTBO

. .
H=€@ o v, (6.47)
UEV(F) 72,73
JEGK(T)
B TOYHOCTH COBIAaiomee ¢ mpocTpancTBoM (4.15) BOMHOBBIX QyHK-
nui 60p-30MMepdeIb 0B KBAHTOBAHU.
Mgt xoTrM (PUKCHPOBATH B KAXK/JOM OJHOMEPHOM IPOCTPAHCTBE
,Hllij = 9 V]J;,]s
veV ()

HEKOTOPBIX Oasuc. Takas dukcanus ¢ priori He MHBAPUAHTHA, OTHO-
CUTENBHO DIEMEHTAPHBIX MEPEKPOEK pa3pe3aHus Ha MITAHBI, HO Ipe-
IATCTBUA K WHBAPUAHTHOCTY OIMUCHIBAIOTCA 2-KJIETKAMU KOMILIEKCA

Lem. [MS]
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rpados T4, 1 114 IPOBEPKN MHBAPUAHTHOCTH MBI JOMXKHEL yOe U Th-
Csl, ITO NPOU3BEACHUE MATPUL], 3aMEH 0A3UCOB, BOZHUKAIOIIUX IPU I10-
CIIeIOBATENbLHBIX IBUXKEHUAX [0 pebpaM, OrpaHMINBAIONIIM KAaX TYIO
TaKYIO KJIETKY, PABHO €QUHUIIEC.

B pamkax MS RCF'T c ao6eim rpadom posa g u BaleHTHOCTH 3-1
TOXE MOXHO CBA3ATH AHAJOIMYHOE MPOCTPAHCTBO U 3a(PUKCUPOBATH
B HeM 6aznc’. BO3HMKAIOMNE IPU DTOM MATPUIIBI BEIPAKAIOTCA 9epe3
ATH DIEMEHTAPHBIX MaTpuil, KoTopse B [MS] mo Tpagunuu 0o603Ha-
wqatorcs wepes F, S, T, Q u O: tpu pazosvie mampuyr QF, ©, T
QUArOHAJIBHEL (B MOAXOAAmEM 6a3uce) U 3a0al0T M30MOP(PU3MBL

0i . 10
ngygk ngygk ’
. S
S npegcrasaseT coomuowenue 6 pode 1: V;;_Z o EV@?@Z‘ Eme
b j E b

€CThb MAMPUYbL CAUAHUA:

. F .
0i Ok Q5 0¢
VQj:QIc ® VQt:Qm Z Voisor ® VQj:Qm
V4

u cnaemawwaes mempuyae BT = FQEF~1 yroprersopsiomas cran-
mapTHbIM yeaoBusaMm Pememancrepa: BioBosBie = BagBiaoBes. Mui
cobupaeMcsi IPOBEPUTDH, ITO COOTHOIIEHWA MEXAY HUMHU, aKCHOMA-
TH3UpPOBAaHHEIE B [MS], BEIIOMHIIOTCA W [/ HAIIMX CIIXHCETOK:.

Ha camom geme Bce >TO MATPUIHOE KMCUUCIECHUE BO3HUKAET W3
paccCMOTpEHUsA COJIOHOMUM ypaBHeHuWA KHUXHUKA - 3aMOJIOIIAKOBA

2g SU(2)-cIy4ae >TO MOXKHO CIEIATH MCIOIb3YA CTHAIAPTHBIE 3j-CHMBOIBI Bur-
Hepa, cu. [KR]

3B000IIIE TOBOPS, TOMOMOrWIECKOH (reomerpmieckoi) mogzerso aia MS RCFT
ABJIAETCSA IPOM3BOILHOE TPEXMEePHOe MHOr000pasne C BIOXKEHHBIM TPUBAJIEHTHBIM
rpadoM, u nepedOpMyIMPOBKA 3TOU 0OLEN IOCTAHOBKYU HA A3BIK CIMHCETK AHAJIO-
CUYHA MEHPOY30BCKOU MHTEPIPETALNN KBAHTOBOU IPABUTALNN; P€OMETPHUA CIIIH-
CeTOK IpOLIe TeM, YTO I'OJOHOMHUA OJHOrO pebpa BOKDPYI' APYrOro BCErJd TPU-
BUAJbHA, U IIO3TOMY HE€ BO3HUKACT HUKAKHUX ((COOTHOH.[eHI/II/UI 3aUCIIEHUA», TOraa
KaK B o0meM CIydae, IPOEKTUPYA y3eld Ha IIOCKOCTB, MBI JOMXKHBI CICAUTH 33
TeM, Kakoe U3 ABYX IepeKPBIBAIOINXCA pedep MPOXOAUT BHIIIE; B OCTAJIbHOM JJIe-
MEeHTAapHbIE IPe0OPa30BaHUA CIMHCETOK OMM3KU K IIPABUJIAM PAa3MAaTBIBAHUA LI
moauHOMOB /[ 0HCA
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(cm. [KZ]). Paccmorpum mapabGonumdeckuit (T.e. BageHTHOCTH 3-1)
rpad [, onuceiBaommu packpou mpokoaoTon chepsl Pumana

Y= (C]Pl \{p17p27 s 7pn}

HA ITAHBL, 1 3a(pUKCUPYEM [IPOU3BOILHBIA OPTOHOPMUPOBAHHBIN Oa-
suc {11, I2, I3} anrebpst s[(2,C) orocuTensHo cTaHgapTHON POPMBL
Kaprana — Kumiuara. [Toxoxum

Q= ZI ® I, € End(1) = End(sl(2, C))

' (6.48)
Z]—Zm I,) €EEnd(j1 ® 52 ® -+ ® jn),

rae 7;(1,) ecTb gercTBUE i-TOrO GA3MCHOIO OIEPATOPA HA i-OM KOM-
[IOHEHTE TE€H30PHOI'0 npom3BeneHus:d j1 @ - - - ® j,. Hanee, paccmoTpum
TPUBHUAIHLHOE BEKTOPHOE PACCIOEHHME CO CJIOEM j; ® -+ & j, HA KOH-
dUrypanmoHHOM IPOCTPAHCTBE

(Cn\AZ{(Z]_722,...7Zn)|Zi#Zj HpI/IZ#]}

YpaBuenue KamxHrKa — 3aMOJIOLINKOBA,

00 1 Qi .
— P 1< 4
0z k+2 Z Zi — zj (I<isn) (6.49)

onpeneasaeT Ha 9TOM PACCIOCHUU IJIOCKYIO IIDOCKTUBHYIO CBA3HOCTDH

k+2 >y dlog (zi — z)
1<J

OTHOCUTEILHO KOTOPOU Bce pemrerus (6.49) ABIAIOTCA KOBAPUAHTHO
HOCTOSHHBIME (FOPU3OHTANBHBIME) cedeHuamu. OnepaTopHbI Gop-
MaJu3M ABYMEPHOU KOH(MOPMHOU TEeOpUU NoJsi, BBegeHubin [lydus u
Kanmue B [TK], geranbHo popmammsyeT Bce CBONCTBA MOHOLPOMUM
2TOro ypapaeaus. Mbl, OMHAKO, IPEATIOYATAEM BBECTU MATPUILI My-
pa — 3aubepra 60jee MHBAPUAHTHBIM CIIOCOGOM.

s magana paccmorpuM rapdst ' u I, 3anaromue 18a BO3MOX-
HBIX PA3PEe3aHUA HA WTAHEL cheprl g4 ¢ 4 abIpkamu (cM. puc. 7 Ha
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crp. 108). OHE MMEIT OZHO U TO XK€ MHOXECTBO HapabOoImIecKux
pebep
P(F) = P(F:z) = {61’62a63a64} )

HO OHO II0 Pa3’HOMY BKJIAJBLIBAETCA B (yIOPALOYEHHBIE) MHOXECTBA
pebep »Tux rpadoB, TAK ITO MBI UMEEM IBA W30MOP(HBIX IPOCTPAH-
CTBa KOH(POPMHBIX OGJOKOB:
k . . . .
HF,jl,j2,j3,j4 - HOmSU(Q) (‘71 ® ‘72"73 ® ']4)
k . . . .
HE 1 o gore = HOMsy(2) (42 ® 73,41 @ J1)

B KOTOPBIX IO-Pa3HOMY BhIOpaH 6asmc. BDymem cuMmBoamieckm mpen-
CTABIATH 9THU 0A3UCHI MATPUAIAMUA:

, J2 73 .y J3 J4
= 1" : u =" :
J (]1 ]4) J (]2 Jl>
OnpeAEJAEHUE 1. MaTpuma

. F R
Homgy(2) (41 ® J2, 3 ® ja) —— Homgy2)(j2 ® j3,J4 ® j1) ,

MEePEeBOIAIIAA TEPBLIN 0A3UC BO BTOPOU, HABBIBACTCI MAMPUUET CAU-
AHUA.

MaTpuna CIusHus 3a4aeT IPeoOpa3OBaHUe PELICHUN yPABHEHUS
Kuauxuuka — 3amonogaukosa. Eciu 0603Ha49uTE Yepes

J2 73
" (Jl J4>
€€ KOMIIOHEHTEI B 6a3uce j, TO OHM OyAyT yAOBIETBOPATEH COOTHOIIE-
J2 73 Ja N
" (]1 34) " (]3 ]2)

J2 73 J3 Ja
F (92 B) g (7394 2 6y
zj: g <J1 J4> sk <J2 Jl) ik

U YPABHEHMIO NATHYTOIbHUKA', BOBHEMKaiomeMy Ha cdepe ¢ IATHIO

ABIPKaM# X 5.

HUAM:

Yem. puc. 12 Ha cTp. 118 u moackenns ma crp. 118-120
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Temneps, kak u 66110 06euano Ha cTp. 89 B §3 ruaswl 4, MBI MO-
KEM KAHOHUIECKHU OTOXACCTBUTH NPOCTPaHcTBO (4.15) 6op-30MMep-
(ebAOBBIX BOMHOBBIX (DYHKIUU € IPOCTPAHCTBOM (4.22), HOpOX AeH-
HBIM [ONYCTHMBIMK LeJIbIMU Becamu (pa3merkamu rpada): B Cury
ogHOCBsI3HOCTH KoMmIwiekca rpados C(T) mocaegoBarenbHOE HpuUMe-
HEHUe MATPUIL CIATHWS OTOX JECTBIAET MEX Ly COOOHU BCe MPOCTPAH-
crBa (6.47).

Ee oguo npeobpasoBanue moHOApPOMUY ypaBHeHus KHuXHUKA, —
3aMon04IuKOBa Bo3HEKAeT mpu n = 4 (mmm n = 3 U oo, kak B [K1]).

73 J2
J1 J4
Kax u Beime, Mbl 0603Ha9aeM KO3(P(GUIUEHTHL 3TOM MATPHUIIEL Te-

pes
J2 73
B [ .
" (Jl J4>

Jlerko BuAeTh, 9TO CONPAXKEHUE MATPULEH CAUAHUA [UATOHAIA3YET
CILICTAIOUIYI0 MATPUIY:

P ) p(% ) (2 B
J1 o J4 J1 J4 J1 J4

rae D — OAUarOHaJIbHAA MaTPHUIA U3 JIEMEHTOB

ONPEAEJIEHUE 2. KoMmoszunus npeobpa3oBaHun:

(jz js) (jl j3> F (js j4)
J1 Ja J2  Ja J1 J2

HA3bIBAETCA Cnaemarouett mampuyet.

d, = (—=1)7213 " exp (m' (V(kV_:Ql) _ jZ(chi;l) _ jS(Igi-ZFl))) )

Boaee Toro,
J2 U3\ _ 1+ ja—p—v
B ; . — _1 J1TJja—H X
e (]1 J4> (=)

. +1 +1)  j(atl)  ja(iat+l v s
X - exp (—m (H(kl:_Z) + V(ky+2) - ]1(13#1-2 L J4(kjj-2 )>> Fiuw (]2 ]4)
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PaccmoTpum Teneps (IIUITHYECKOe) dIeMeHTapHoe peobpaso-
BaHUE TOPA ¢ OAHOM AbIpKOu ['1 1 Ha puc. 7 (cTp. 108), koTOpOE TMEpE-
CTABIAET MEXAY COO0M a-uuKa u b-nmka (cTangapTHBE 06pa3yonme
dbyngamenTanrsaON rpynnsl Topa). CooTBercTByomui rpad mMeer
OJIHY TPUBAJICHTHYIO BEPUIVHY U, OJHO HOPMAIbHOE pe6po — l-meTiiro
G ¥ OJHO HapaboandeckKoe peépo p, OTBEYAoEee IPOKOJIOTON TOIKE.
ABanoruaso, TOPY ¢ ABYyMA AbIPKaMu X1 2 coorBeTcTByeT rpad I'1 o ¢
IBYMA BEPUIMHAME U1, U2, AByMA HOPMAJIbHBIMEA pebpamu a, ¢’ u ABY-
Ms napabonudeckumu pebpamu pi, pPo. DTUM ABYM TOPAM OTBEYAIOT
aBa mpocTpaHcTsa (6.47):

k . k
HFI,I;j’ JEL, m HF1,2,j17j2 :

Matpunsl ciuaana a-pebep 3a7al0T OTOX JeCTBICHAE

[ H1&1,2,j17j2 ~ @ Hllil,l;j’ (6‘50)

(rge cyMMuUpOBaHUE IPOUCXOAUT 110 BCEM J, YAOBICTBOPSIOMIAM yCIO-
Buam Kunebma — Topmana). B neBoM mpocTpancTBEe MMEETCA BbIge-
nenHbin 6asuc {wey, }, AHIEKCAPOBAHHBIA OIYCTUMBIMA BECAME W C
w(a) = £, w(a') = m. Beegem amHeNHBI OIEPATOP

k B k
HFI,Z,jl,jZ HF1,2,j1,j2’ (6'51)

OENCTBUE KOTOPOr'0 Ha 3TOT 0A3WC BBIPAKAETCA UepPe3 CILIETAOIINE
MaTPHUILL IO (POpMyIe:

B(wem) =Y Bu (jl ;75) Wym (6.52)
w

m

U OIpEeIennM Onepamop nodxpymry, 3aIalolni TeUCTBUE MOTYJIAD-
wou rpymust Ny 1 (Tounee, kracca guddeomopduama, pearnsyomne-
r'o BJIEMEHTAPHOE DILIAITHYeCKOoe IpeobpaszoBanume’

Ha puc. 7, crp. 108) Ha npocTpancTBe H{il "

, m300paxeHHOE
s oTOro comocraBum

SsTor OIIepaTOp MPECTAaHOBOYECH C aercTBueM Aud@eoMOpPPU3MOB, ABUTAIOLIMX
OBIPKY P2 Ha 2-TOpE, COOTBETCTBEHHO, BAOIb Q-II€TJN U BAOJIL b-meran
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kax oMy pebpy e € E(I') guaronanbaoe npeobpa3oBaHue «BECOBOIO)
npocrparcTsa HE orrosbIx dymKIEE (4.22), 3azaBacmoe B Gasuce
{w} = W} dopmymoit

T,(w) = exp <2m' (w(e)(kwf; +b S(kli 2)>> cw.  (6.53)

OnpPEAENEHUE 3. OmepaTopoM MOAKPY TKA HA3BIBAETCA DHAOMOP(PU3M
Sk(j) € EndHf., |
YAOBJIETBOPSAIOMIMA TPEM YCIOBUAM:
1) Sk(3)? = (=1)7emat D/ 1,
2) (Sk(j)Ta)® = Sk(5)*;

3) Sk(j1,42) o Tyt o Ty 0 Sk(j1,52) "' = B, rae
Sk(j1,g2) = 7o (@ Sk(j)) of €Bnd (Hf,,;,5) » (654)

B — omeparop (6.51) ¢ marpunen (6.52), a f — usomopdusm
(6.50)

(cymecTBoBanme Takon noakpyTkm muaa k = 1, 2, 3 nposepsaerca
DIEMEHTAPHBIM IPIMBIM BBIYUCICHUEM; A O0IIero k 3TO BHITEKAET
3 WZW SU(2)-RCFT naj Topom ¢ aBymsa abipkamu®).

3AME4YAHUE 1. Mebr BuguM, 9T0 mis 3aMKHYTHIX rpados (6e3 napabomiutde-
cKux pebep) CILIETAILME MATPULbL UCIOIB3YIOTCS TOIBKO B CAMOM OCJIE -
HeM ypaBHeHuu (6.54), npuueM TOIBKO B CHENUAIBHBIX KoMOuHanuax (6.52).
FeomeTpuyecku 5TO 03HAYAET, ITO MOAKPYTKA (KOHCTPYKIUA KOTOPOU MC-
HOJAB3YEeT MPOEKINID TPUBAJEHTHOI'O I'pada Ha IIOCKOCTDb) IOYTH HE 3aBU-
CUT OT TOI'0, KAKOe peOdpo Ipu mepeceveHnn IByX pebep IPOXOLUT BBILIE, &
KAKOE — HIXKE. DTO [MAeT MOBOJ HALEATHCS, YTO BHIYUCICHUsS IOAKPYTOK B
RCFT u B Teopun cumHCeTOK OYyAyT COBHAAATH U IS 3AMKHYTHIX IpadoB
CTapmmx poaoB g > 1.

Scwm., manpumep, [TUY]
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Teneps mbI, crenya Kouo' u ucmonp3ysa MaTpuns cinaaus F, qua-
rouanbuble oneparopel T, m nogkpytku S (6.52), mocrpoum mpo-
exTuBHOe npexcrasirenre (5.10) m paccaoenme (6.23). [lxa magana
paccMOTpuM rpad «MyIbTHTITay O4_1 poga ¢, IPeACTaBICHHBIA Ha
puc. 14 ma cTp. 138 (cm. Takxe [T3] u [K1, fig. 12b]).

z r
r®g-1 ®g-1 gx0

Puc. 14. Myuabrurara u rpaget O4, ['yxo

SadukcupyeM Ha pUMAHOBOY IIOBEPXHOCTH L, _, HAGOP IPOCTHIX
OKPYXKHOCTEN

{al,aQ,...,ag, bl,bQ,...,bg, (52, ey 59,62, ...,69_1}. (655)

Packpoit 5Toi MOBEPXHOCTH Ha IITAHBI, KOAUPyeMbI rpadoM O4_1,
3aAeTCA MOAHAOOPOM OKPYKHOCTEN

{al,ag,...,ag,ég, ey 59,62, ...,69_1}, (6.56)

KOTOPBIEC MBI OTOX IE€CTBJIACM C COOTBETCTBYIOIIUMN pe6paMI/I u CTpoO-
UM [0 HEM HaGOp AMArOHAIBHBIX onepaTopos (6.53)

{10y Tags o Ty Tsyy oo s Toy s Ty ooy Tey i }

Tem. [K1]
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HA IPOCTPAHCTBE H’(E)g, |+ OTH OIEPATODPHI NPECTABIAIOT CKPYUUEa-
nus Jewa Bpoas Bcex okpyxHOCTen (6.56), HO OHEM TOKa HE MOPO-
KAAIOT BCIO MOAYJIAPHYyI0 rpymiy IMg: eme 0CTAIOTCA CKPYIMBAHAL
[leHa BAOML meTeIb b;, NIA IPeACTABICHHA KOTOPBIX HAM IIPHAETCA
HECKOJIBKO YIIPOCTHUTH HAIl rpad.

Pacemorpum rpad I'yyo, n3obpaxennsi va puc. 14 u npegcra-

BIAIOMMA cO60I0 TenoKy u3 g okpyxuocTen Cp,Co,...,Cy , mocre-
AOBATEIbHO COeAMHEHHBIX (g1) pebpamu By, B, ..., By_1 Tak, 910
B; ceaseBaer C; ¢ Cjy1. Cpegane oxpyxnocTu Cy, ..., Cy_1 comep-

xar 1o gsa pebpa C; =ClUC!, u

! ! " "
E(ngo):CI,Cg,CQ,..., 971702,..., gflvBlv"'ng—l'

Paspesas cooTBeTcTByIONIYI0 PUMAHOBY OBEPXHOCTD XL, ., 1O (g—1)
OKPYXHOCTAM B;, MbI OIyIUM ABa TOPA C ABIPKOU Zh, ¥ m(g—2)
. )

TOpoB X 5 (rae 2 <4 < g—1) ¢ gByMA ABIPKaMU, DU 3TOM b-KpuBbIe
by u by m3 mcxoxHoro Habopa (6.55) OKa3BIBAIOTCA, COOTBETCTBEHHO,

HA [IEPBOM ¥ HA BTOPOM TOPE C OIHOU JABIPKOU:

1 )
b]_ C 2171 , bg C 21,1,
a OCTaJIbHBIEC b—KpI/IBI:Ie IIOIIaJAOT Ha ABAXKIbI IIPOKOJOTBIE TOPBIL:
biCSl, mpu2<i<g-1.

OTOoX AeCTBIAA IPOCTPAHCTBO H]ég,l C IPOCTPAHCTBOM Hlligxo, B KO-
TOpOoM (PUKCUPOBAH 6a3MC, WHICKCUPOBAHHLIN CIUHCETKAMUI YPOBHA
k ma I'gyo, MBI HOIy9aeM CICAYIONME IPEACTABICHAA IS CKPY IUBa-
uun [lena Broas b; (gercTByOmMUX Ha Iape TOPOB C OJHOU U C ABYMs
ABIPKaMu, Kak Ha cTp. 136):

T'a, 0 Sp(j(B1)) o T'a,
Ty o Sk(j(B1),5(B2)) o Ty
............... (6.57)
Tar_, © Sk(i(By—2),5(Bg-1)) © Tar_,
T'ag 0 Sp(j(Bg-1)) 0T,
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Wcnons3ys npeacraBieHue MOAYJIAPHOU IPYIIILL 00Pa3yIOUUMEA U CO-
orHomenusamu (cm. [Wal), npoBepsiercs, 9T0 HOCTPOEHHBIE HAMY OLe-
PATOPBL 33/JAl0T HYXKHOE HaM IPOEKTUBHOe npeacrasienue (cm. [K1]).
B pesyabTare MbI MOLy9aeM ABa (IIOYTH JUHEWHBIX) MPOEKTUBHBIX
npeacrasirerns (5.10), BOSHUKAIOMUX U3 ABYX BEPCUU PAIMOHAILHON
KOH(MOPMHOU Teopuu mous: u3 mogeaun Becca — 3ymumao — Burrena
(cBasrocTh (5.8) w3 § 2 ruaser 5) u u3 akcmomaruku Mypa — 3aubepra.
Cio COOTBETCTBYIOMMX INIOCKUX BEKTOPHBIX PACCIOCHUM ABIAIOTCI
IPOCTPAHCTBAMYU BOAHOBBIX (DYHKIUY [JIA ABYX PA3JUIHBIX TUIOB I10-
JIAPU3ANMA: KOMILIEKCHOU # BemecTBenHou. B pabore [K1] Kono pac-
CMATPUBAET COOCTBEHHYIO BEPCUIO0 KOH(MOPMHOU TEOPUU IO, OCHO-
BAHHYIO HAa KOMOMHATOPHOM OIMCAHUU MPOCTPAHCTBA KOH(POPMHBIX
60KOB. B KOHIIE DTON KHUTrM MBI OOCYUM, KAK HAIIPAMYI OTOX I€-
CTBUTDH BCE DTHU TEODUHU.



[ naea 7.
AHAMTMTUYHECKUWE ACNEKTDbI
TEOPUUN HEABENEBbIX 19-CDYHKUMI71

8§ 1 Yuurapuoe npocrpadncTeo IIlorTkm.

Marepuasn 5To% IIaBBI TOJHOCTHIO MapaLIeaeH § 4 TIaBeL 2 U OCHO-
BuIBaeTCA Ha npenpuaTe [FMNT.

PaccmorpuM npoctpanctso HE ma dopmyaer (6.2). Ero 6asuc
3aHyMEepPOBAaH MHOXECTBOM CIMHCETOK WIA COOTBETCTBYIOIIMX MM’
dbyuknun na yaurapaom npocrpancrse Hlorrku Sj. [lockonbky mHo-
roobpasue

St = SU(2)?/AdiagSU(2)

0co60, HaM MPHUAETCA UHTEPIPETUPOBATH BCe reOMeTpUIecKue 00b-
eKkTel Ha HeM KaK Adgiag (SU(2))-urBapmanTaEe 00BEKTEL HA IPAMOM
npoussegenun SU(2)9.

Kommexcudukanuenn KoMnakTHOM BemecTBeHHON rpynnsr SU(2)
assgeTcs KommekcHas rpymmna SL(2,C). Y sTux aByx rpynm oamHa-
KOBAasg T€OPUsA KOHEIHOMEPHBIX IIPEICTABICHUM:

IR (SU(2)) = IR (SL(2,C)) = %ZZO .
Kak u Bbime, mbl GygeM 0603HAMATH DTU HEIPHUBOJUMBIE IIPELCTA-
BJICHUs CAMBOJIAMU j € %ZZO, a IPOCTPAHCTBA, B KOTOPBHIX OHU IIPO-
ucxoxaar, — Oyksamu Vj, Tak uro dim V; = (25 4+ 1). OrmeTnm, 41O

Lear. mpema. 1 m3 §7 raser 6 ma crp. 130

141
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zeuctsue SL(2, C) Ha Vj, KoHEeIHO Xe, He COXpaHAECT SPMUTOBY CTPYK-
TYPY, HO yCJIOBHE CyIIECTBOBAHUA CINIETAIOIIUX OIIEPATOPOB B TEH30D-
HBIX [IPOW3BENEHUAX U CAMU DTU PIEPATOPHI Oy YT TEMH XKe, ITO U Y

SU(2) € SL(2,C).

§ 2 g-pacmmmpenune KOHCTpyKunu Xosra gas SU(2).

IIpexpge Bcero, mas ygobGcTBa amrarens u pukcanum HEOOXOM-
MBIX 00603HAYeHUN, HAIOMHUM BKpatue, 4ro B. Xouwr B [Hal, ncnons-
3yd AAPO Q; YPABHEHUA TEILIOIPOBOTHOCTH C JAIIACKAHOM A, WH-
OyIUPOBAHHBIM HOPMUPOBAHHOU ABYCTOPOHHE MHBAPUAHTHON METPU-
kou dz Ha SU(2), DOCTPOMI Npeobpa3osanue Ko2epermubly COCmosL-
Hud:

CST¢

L*(SU(2),dz) —> H(SL(2,C)) N L*(SL(2,C), dz) (7.1)

BemecTBeHHbIx Gyaknui Ha SU(2) B roromopdubie pyHKIMI HA KOM-
mnekcHou rpymme SL(2,C). A umMeHHO, AAPO TEIIONPOBOAHOCTH Qf
JOILyCKAeT eNWHCTBEHHOE aHamuTmaeckoe npogomxenue ua SL(2, C)
(koTopoe MbI Takxke OygeM 0603HAYATD Q;), U DYHKIUA

f e LA(SU(2), dx)

nepesoauTca orobpaxenuem (7.1) B romomopduyio GyHkumio, 3Ha-
genue koTopon ua saemente z € SL(2,C) pasno SU(2)-ycpeanenuio
KOTE€PEHTHBIX COCTOAHUM:

A
2

osuf(z) = [ foals D) ds = (2) =€ (¢2) £ (72)
SU(2)

(rge * o6o3Hagaer ceeprky Ha SU(2), a C — aHATMTHYIECKOE IPOLOI-
xenue ¢ SU(2) ma SL(2,C)). IIpeobpasosannas dyHKuMsA IpescTa-
BIAET COOOU PEIIEHNE YPABHEHMUA TEILIOIPOBOTHOCTH

ou 1

Z_ZA
ot 2°¢
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¢ mavareEEM yeaosmeM u(0,7) = f(z), mw ecmm f € L?(SU(2),dz)
nMena pasioxenue Ilerepa — Bets:

flz) =Y te(i(=)B)y)
FETR(SU(2))

rae cymma 6epeTcs 10 BCeM KJIACCaM SKBUBAJCHTHBIX HEIIPUBOIAMBIX
OpPEnCTABICHAN 1

1
dim Vj

By = / f@) j@ V) do € End(V),  (7.3)

SU(2)

To CST f(2) = Y. e7™N/%tr(j(2)Bjf), Te \j cyTh cobCTBeHHbIE 3HA-
FEIR(SL(2,0))
Jenna omepaTopa —A Ha GyHKIuax tr(Bj(r)).

OxaseIBaeTCs, ITO IPOJOIKAL IPeoOpa3oBaHue CST; HA MOLXOLA-
wun kaace 06006menabix Gyaknun Ha SU(2) (kak B §4 raassr 2), Mbl
CMOXeM Hoxy4aTh roaoMopdusre dyakmun Ha SL(2, C), apraomuecs
rOIOMOP(MHBIMA CEICHUAMY JIUHENHBIX PACCIoeHui. Boaee Toro, sra
KOHCTPYKIUA TOCIOBHO IIEPEHOCUTCA HA [IPOU3BEACHUS

SU(2)? C SL(2,C)?
¥ JaXKe MOXEeT ObITH CIIYIIEHa HA KOMIIAKTU(MUIUPOBAHHBIE (DAKTOPHI

Sy = SU(2)?/Adqiag (SU(2)) C Sy = SL(2,C)?/Addiag (SL(2,C)) ,
HO DTOT MNOCHEAHUU mar norpebyeT BBEACHUsS HEKOTOPBIX JIOMOJHU-
TEIbHBIX MAPAMETPOB, ¢ TOYHOT'O OMUCAHUA KOTOPBIX MBI M HATHEM.

3apuKCUpyeM KOMILUIEKCHYI0 CHMMETPHUIECKYIO ¢ X ¢ - MATPHUILY
¢ nonoxurensHon MEMMOR dacteiol Q@ = (Q4s) = ReQ 4 iImQ u
paccMOTpUM Ha Sy MHBAPUAHTHBIA JAIIACHAH

me) = L 0?
AV — —ImQyg ————
a%; o ’B&vaaxg

Lp. e. TouKy 3ureneBa MOIYIPOCTPAHCTBA H,
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(rme 0/0xq, 0/0xp cyTb mHBapuaHTHBIE BeKTOpHBIE moxd Ha SU(2)).

(Im)
O6o3naaum gepes p, pyHIAMEHTATBHOE PEMEHre KOMILIEKCHOTO

ypaBHEHUA TEILIONPOBOAHOCTH

u 1 (mo) S| Rz Rz
T _ZA = — Tm
ot 4a-c " a%; gr 0\ Graozy | Oyadys) "

a <epes duélmﬂ) — yCpeIHEeHHe IayCCOBOM MepBI> ,uglmm dw ma Sy

no snepoMy geucrsuio Sg. Ilpu Beex pemecrsenubrx ¢ > 0 Mbl uMeeM
yHUTApHOE IpeobpasoBanue XOmwia:

1(S,) N L2(S,, dv™)

U HETPYAHO BUAETH, 9YTO AOOaBIEHUE K JAILIACAAHY MHMMOU JIACTH,
T. €. 3AMEeHA €r0 HeCAMOCOIPSKEHHBIM JAIIACKAHOM Ha Sy

(ia) I 0?
AR = — Qo ——F—
a;l o ¢ O0r,0xp

He HapyllaeT YHUTAPHOCTH 3TOr'0 OIepaTopa:

(~i%2)

£ A—i()
IIPEATOXKEHUE 1. IIpeobpaszoBarue CST, =(Coez® :

L2(S¥, dx) —= H(Sy) N LA(Sy, dv{™) (7.4)

YHHTaApHO A14 Mo0bIx MaTpunrl () € Hy n BemectserHoro t > 0.

[MOKABATEJLCTBO. DTO NPEOOPA30OBAHUE PACKIAABIBACTCA B KOM-

(—iQ) —C (e%A(ImQ)> o e%A(ﬂ'ReQ)

no3unmio: CST; , B KOTOPOU yHUTAP-

t A(ImQ)
2 XOpomo m3BeCTHaA, a

HOCTB oreparopa C (e

e%A(—iReQ) _ e*i%A(Ren)
R A(Re Q) O
yHuTapeH npu t € R nockoabky CaMOCOIPAKEH.
Z3peck dw = drdy — MEAYIMPOBAHHAA HOPMAIM30BAHHON Mepol Xaapa CraH-

gaprHas Mepa Ha Sy = SL(2, C)Y /Adaiag(SL(2, 0))
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Ecau noguare gyuknuio [ € L%Sg,d?) 10 Adgiag (SU(2))-un-
BapuanTHOU QyHkuum Ha SU(2)Y u pasaoxurs ee B pag llerepa —

f@) =Y w (7@B3,),

7 EIR(SU(2)9)

Benns:

(rme, kak u B (6.43)(6.44), cyMMupOBaHUe IPOUCXOAUT IIO BCEM KJIAC-
caM DKBMBAJEHTHBIX HENPUBOJUMBIX npeacTapienuin SU(2)Y, a ko-
sppunmenTer Pypbe B7> € End V= BBIYHCAAIOTCS MO TPUBBIMHON

)

dbopmyae), To ee 00pa3 npu npeobpazoBanuu (7.4) OyaeT 3a4aBATHCA
dopmyton

—i) —aal g =
CSTE ' )f (7) = Z e Py (] (z)B7,f)> ,
7 €IR(SU(2)9)

(-i®)

rae AL cyTh COOCTBEHHOE 3HAYIEHUE OLEPATOPA —ACH) gy dyHK-
J

UAX BUAA tr(37(7)) (a B7 € End(V?) IPeACTaBIAIOT cOO0OU B
ToaHOCTH Te XK€ Adgiag(SL(2, C))-sxBuBapnanTHBIe 3HAOMOPGU3MBI
pPOBHO Tex ke mpocTpancTs, 9T0 u aaa SU(2)-cayqan). Takum o6pa-
30M, roioMopdHas QyHKIUA CST(_iQ)f (%) Adgiag(SL(2, C))-muBapn-
aHTHA, T.e. CIYCKAaeTcA Ha Sy, JOCTABIAA AHAIMTUIECKOE IIPOJOT-
xenue Ha SL(2,C)Y nmeromerocs va SU(2)Y pemenus KOMILIEKCHOIO
YPABHEHUS TEILIONPOBOLHOCTH

Ou 1 (),

gt 2
¢ HagaIbHBIM ycaosueM f Ha Sg. W 9T0 pacmmpennoe npeobpazosanue
KOT€PEHTHBIX COCTOSHUYN MPOIOIKACTCA HA IPOCTPAHCTBO 060 OIIeH-
HBIX (yHKI7 (C*(Sy))'":
I[IPEAJNOYKEHNE 2. /aa ar06bix §) € H, n Bemecrsennoro t > 0 mpe-
06paszoBaaue 0000MEHHBIX (PYHKIUH, 34,/[aBAEMO€ B TEPMUHAX PA3JI0O-

_)
3KOTOpHIE UCUEPIBIBAIOTCA TEH30PHLIMY IPOM3BEACHIAME | = j1 ® jo ® - - - ® Jg
c j» € IR (SU(2))

HAIIOMHUM, ITO yHUTapHOe mpocTpancTso lllorTikm S; xoMmakTHO
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xkenusa Ilerepa — Benina ¢popmyaon

S wF@ B )= X e T Puon; ). @9

T EIR(SU(2)9) T EIR(SU(2)9)

ABAACTCA KOPPEKTHO OHPEACICHHBIM JUHEHHBIM 0TOODaXECHUEM

s (—192)
; CST;

(C*=(8y)) —— H((5L(2,C))?) .

MOKA3ATENLCTBO. [lercTBme oneparopa Jlamiaca u ero cremnexen
Ha 0600mennble QyRKIMM JBOMCTBEHHO uX Aeicremio Ha C°(SY).

[Io ompenenenuto, f E—%jm o, I G%(?)B? f) € (C=(Sy)', ecmn

||B7 f|| < Cyell7 1l g mexoropoi xorcranTer Oy > 0 (rae HOpMa

9

||(j17j27 s 7jg)||2 = 2(2,71/ + 1)2
v=1
= (—iQ)
mg j € JR(SU(2)9)). Hy a romomopduocts CST;  f o3HadaeT
cymecTBoBaHme KOHCTAaHTBI Cy > (), TaKOU 9TO

—tAG 9 = — —
e *7 | 11B> Il < e@N7IE v eam(su@)?) e || 51> 0.

Ho rakoe Cs cymecrByer, nockoabky Im€) > 0. O

Uckomere Hamu HeabeneBbl ¥-(yHKIUME Ha Sy IOIy<IalOTCA IIPH-
MeHeHnueM npeobpasoBanus (7.5) M3 OPEABIAYHIErO MPEAIOKEHUs K
HOAXOAAIMM TMHEUHBIM KOMOMHAIMAM J-YyHKIUA Ha Sj. A MMEHHO,
npumenssa npeobpazosanume (7.5) ¢® t = 1/k x §-pynaxunn

Skak u B §4 ruaBel 2, MBI IPUAAEM BPEMEHHOMY HapAMETDPy YDPaBHEHUs TEILIONPO-
BOJHOCTH AUCKPETHOE MOIOXWUTEeIbHOE 3HadeHue t = 1/k
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C HOCUTEJEM B e[UHUIIE, IJIT KOTOPOU B7 = Id, moaxy1um romomopg-
k)

HYIO OYHKIIHAIO

f

. “ (i)
CSTgyl:m(ﬁig) = Z P R (7(z)>
7 €IR(SU(2)9)

Hy a ana npomssonbrou comucerknu I'; € G’li ypoBHiA k HaM caemgyer

(—i?)

[IPUMEHUTH CSTJ,: K 06001meHHON (HYHKIINN

) —

@) = et (7))
7 €IR(SU(2)9)

e (05) ma Sy,

[Moaygaembin Takum criocob6oM HaGOP roIOMOPGHBIX (HYHKIIUN

(e ()} L

Ha KOMIUICKCHOM IIDOCTPAaHCTBE IMMorTkKM M ABIAETCA MCKOMBIM He-

9TO AACT aHAIUTUIECKYIO pyHKIuo C

abeneBbIM 006001eHreM ¥-(QYHKITUUT ¢ XapakTepucTukamu. [logaepk-
HEeM, ITO OH CTPOHUTCA IO MATPHUIE IEPHOLOB NPOU3E0.4bH020 a0eTeBa
MHOTr000pasua 1 MHACKCUPYEeTCA CnmHceTKamu I'j € 61’3 Ha rpadge [



[ naea 8.
OTOBPAXXEHMUE
BOPTBUKA - INOJNIA - YPUBE

8 1 'eomeTpusa JarpaHKeBbIX UKJIOB.

B cayuae, korga paHru mpoCTPAHCTB BOJHOBBIX (DYHKIWH, IIOJY-
JaeMBIX B PE3yJbTAaTe KeJepoBa U OGOp-30MMepdenbaIoBa KBAHTOBA-
HPIEI COBIIQ AAOT (T. €. KOI'ia KBAHTOBAHME YHUCJICHHO IIOJMHO B CMBI-
cie §6 raaBel 1), BOBHHKAET BOIPOC O HAJIMYUAU €CTMECTMEEHH020 T30~
Mopdu3Ma MEX [y dTHMU IpOoCTpancTBamu. VlHade roBops, MOXeM Ju
MBI KQHOHUYICCKHM COIIOCTAaBUTH KOBAPUAHTHO IIOCTOAHHBIM CECYICHUAM
OT'PAHUICHUY JUHEHHOT'O PACCIOCHUS IIPEIKBAHTOBAHUA HA OOP-30M-
MepdesbIOBbl IUKJBI TMOOAJbHBIE TOJOMOP(MHBIE CEYEHUs DTOTO JH-
HEUHOI'O PACCIOCHUS HAJ BCEM MHOroo0pasuem?

HpI/IMepOM TaKOI'oO eCTEeCTBEHHOI'O OTOX ACCTBJACHUA IIPOCTPAHCTB
BOJIHOBBIX (DYHKIIAU ABIAETCA XOPOIIO M3BECTHOE MPe0Opa30oBaHue KO-
repeaTHbIX cocrosuun Curana — Baprmana, BIepBble BO3HUKIIEE B
KBAHTOBOU MEXaHWKe KaK MpeoOpasOBaHUe BEIECTBEHHLIX WHTErDU-
PYEMBIX € KBaApAaTOM (PYHKIIUU HA KOH(MUI'YPALMOHHOM ITPOCTPAH-
cTBe B rosoMopdHble (PYHKIUKA HaA (PA30BOM IpPOCTpaHCTBe. B mpo-
CTeﬁH.[eM Cryae KOH(pHpraLIHOHHbIM OPpOCTPAHCTBOM ABJAACTCA BE-
EeCTBEHHOE TPOCTPaHCTBO RY | paccMaTpuBaeMoe KaK BelleCTBEHHAS
9aCTh KOMILIEKCHOIO (paszosoro npocrpancrsa (Y. Oanako, oTa KOH-
CTPYKIUA MOXET ObITh 3HAYUTENIHHO 00001IeHA.

Tak, B knaccudeckon Teopuu abeneBbix ¥J-pyHkumuu (cM. §4 ria-
Bbl 2) Mbl 3ameruan R" Ha BemecTserHb TOp 1" (HyxeBoe cedenue

148
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TY BemecTBEHHON HOIAPU3AIIAMN (2.6), ABIAIOIIEECS CIEIUAIBHBIM Ja-
FPAHXKEBBIM HOATOPOM UCXOAHOIO KOMILIEKCHOrO Topa A), a C" —
Ha KoMmekcHe Top (C*)".

Hanee, B §2 ruaBer 7, mbl 3amermwin R’ Ha KOMIAKTHYIO I'DYLILY
Jim SU(2), a C* — ma ee xommiekcupukanmo' SL(2,C), a saTem
samenmin R" #a yaurapaoe npocrpanctso lorTkm

St = SU(2)/Adgiag(SU(2))
a C" — ma kommiekcHoe npoctpancTso loTTk;
Sy = SL(2,0)1 /Adgiag (SL(2,C))

Ho mamboiee M3AMHBIM ¢ AHAIMTHYECKON TOYKE 3pEHUA? 0006-
menueM npeobpaszosanus Curana — Beprmana saBasercs oTobGpaxe-
uue Bopreuka — [loma — Ypube3, B xkoncrpykmum xoroporo C" 3a-
MeHsAeTCd JI0BIM KOMIAKTHBIM KelepOBbIM MHOroob6pasueMm, a R* —
IIPOU3BOJBHBIM 00P-30MMePdEIbIOBEIM JAI DAHKEBBIM nukaom®. DTo
oTO6GpaXxeHne MOCTABIAET MOIIHEUIIAA WHCTPYMEHT i CPABHEHUA
pe3yabTaTOB 60p-30MMEPQEIbI0BA U KEIEPOBA KBAHTOBAHUN U TECHO
cBa3aHo ¢ kmaccmaeckuMm merogom WKB, Toabko mercTByer B mpo-
TUBOIOJOXHOM HampasieHun: W KB-anmpokcumarus comocTaBasgeT
BOJIHOBOU (DYHKIIMU HEKOTOPBIA JACPAHKEB IUKI B (Pa30BOM IPO-
CTPAHCTBE C MOMYILIOTHOCTHIO HA HEM, B TO BpeMs Kak BPU-oToOpa-
JXKEHUE nepeBoauT O0p-30MMepP(QeNbIoB UK C HOAYINIOTHOCTHIO HA
HEM B HEKOTOPYI BOIHOBYIO (PYHKIIHIO, ONPEAEIEHHYIO C TOTHOCTHIO
10 daszosoro muoxurens us U(1).

CpaBHEHZE KOMILICKCHOM ¥ CEMILICKTHYECKON MeOMEeTPHI® MbI Ha-
9HEM C PACCMOTPEHUsA MONIPU3OBAHHOTO KEJIePOBa MHOTI000pa3ms

(MI,(A),L,V) )

lqro, Kax MBI yXKe OTMeYaIn, ABIACTCA TACTHBIM CIyIaeM OOGMICH KOHCTDYKIAN
B. Xomra, IpUMEHIMON K IPOU3BOIBHBIM BEIIECTBEHHBIM IpynnaM JIu «koMmakT-
HOro Tumay: cM. [Ha]

2gHTerpaIbHEe 0mepaTopsl Oypbe, IekKAH IPOBLL PACIPEICICHHL I T. 1.

3cm. [BPU]

‘rounee, MEKAHAPOBBHIM IUKIOM, OTPAHMYMBAIONIAM KOMILIEKCHYIO IICEB JOBBIITY-
K1y 001acTh

® reramu Bcex KoHCTpyKImi cM. B [GT]
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Takoro 4To ¢popMa KpuBusHb Fy = 2miw. Ilom marpaHxeBbIM Iu-
KJIOM Ha, M| MBI HOHEMAEM KJIACC HEBBIPOX ICHHBIX" muddepeHmupy-
eMBIX 0TOoOpaxenuu B M

S M : Qw=0 (8.1)

PUKCHPOBAHHOIO IVIATKOIO0 KOMIIAKTHOI'O OPMEHTHUPOBAHHOI'O Belle-
CTBEHHOI'0 MHOr000pasus S pa3sMepHOCTHI

1
dimg S = 2 dimg My

0 MOJYJIIO ecrecTBeHHOro aeicrsmsa rpymmsl Diff T coxpamsommx
opuerTanuio guddeomopdpusmon S.

Kpanue BaxHO, 9TO HA OAWH TAKOU LIUKJ HE MOXET JEXATH HU
B KaKOM COOCTBEHHOM aare6pam<ecKoM MOAMHOroobpasuu (B 4acT-
HOCTH, Ha AUBU30DE), M MOITOMY TOJOMODP(MHBIE OOBEKTHI OJHO3HAT-
HO OIPEJeNIIoTCa TeM, KaK OHW OTDAHWYIUBAIOTCSA HA TAKWE ITAKIIBI
(HampuMep, MBI MOXEM OrDaHMYUBATH HA S TOIOMOPQHOE CedeHue
JAMHEVHOTO PACCIOCHWA, KPUBA3HA KOTOPOTO IMPOIOPIUOHAILHA, W).
3AMEYAHUE 1. C reoMeTpuvecKou TOUYKY 3PEHS, JArDAHKEBBL [IUKJIbL KMe-
IOT HAMMEHBIIYIO BO3MOXHYIO Pa3MEPHOCTH CpeAn BCEX IMOTECHIUAJIBHBIX HO-
CUTEIEeN TPAHWYHBLIX YCJIOBUU s DOJIOMOPQHBIX 00BeKTOB. OqHAKO Tpa-
OUITVOHHO I'DAHUYHBIE YCIOBUA Bi)qﬂ IIPUHATO 3a1aBaTh Ha [IOAMHOI000pa-
3UAX BelecTBeHHON kopasmepHocTu 1. Takon TpaiMuMOHHBLIA 1OIXOI CO-
BllagaeT C Jar'PAH2KEBBIM TOJIBKO Ha PUMAHOBBIX IIOBEPXHOCTAX, 1 UMEHHO B
9TOM KPOETCS OPUINHA TOr'0, ITO COBPEMEHHAA TEOPUI NHTEIPUPYEMBIX CH-
CTEM CBOAUT MHOXKECTBO aHAJIUTUICCKUX HpO6.TIeM K aJIl"e6paH‘IeCKOﬁ reoMe-
TPUM KPUBLIX IPU MTOMOIIU OTPDAHUYIEHUN TOJIOMOP(HBIX 00BEKTOB Ha MAJIBIE
okpyxnOCTH . Il0XOKE Ha TO, ITO €CTECTBEHHOE O6OOMEHe COBPEMEHHOM
TEOPUU WHTEIPUPYEMBIX CUCTEM Ha CTAPIINE PA3MEPHOCTH JOJIXKHO UITH II0
IIyTH OI'PAHUYICHUA FOJIOMOpq)HbIX 00BEKTOB MMEHHO Ha, JIA'PAH2KEBBL 110 I-
MHOI'000pa3us.

JlarpamxeBo Broxenue (8.1) MEOro0Opa3us S B CUMILIEK TUIECKOE
MHOroO06pasue M He mMeeT HUKAKWX JOKAJILHLIX WHBAPUAHTOB. 1eM
HEe MeHee, MMEIOTCA OBa CTAHAAPTHBIX CHOCO0a MX Pa3adduTh: pac-
CMATPUBATH UHBAPUAHTHI CEMENCTB JArPAHKEBBIX II0IMHOI000pa3nn

b1, e. Takux wro ker(dpp) = 0 xoTsa 661 B 0qHOH TOTKE
"ewm., manpumep, 0630p [DKN]
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(ckaxeM, IpeenbHbIe 0COOBIE WKL) U CHAOXKATD JATPAHKEBBL IO/
MHOFOO6pa3HH AOIIOMHUTEJIBHBIMU I'€COMETPUICCKUMU CTPYKTYypaMu
(momycTuM, PUKCUPOBATH HAJ HUMU CEYCHUsA KAKOIO-IMOO II0OAIb-
HOI'O paCCJI0OCHUA WIN CBA3HOCTDb Ha TPUBUAJBHOM JIHHeﬁHOM paccioe-
Hun). [IpumMepom Takoro poia JOMOMIHUTEAILHON CTPYKTYPHI ABIAETCS
OI'PAHMYICHMEC HA JAI'DAHXKEB ITUKJI S MJAHHBIX I'€OMETPUICCKOTO IIpen-
kBanToBanus (L,V) wa M.

llockombky Fo«v = 2mip*w = 0, orpanudenue ¢*L paccroeHns
npeaxkBaHTOBaHUA L Ha narpaxxes nukia (8.1) ssiasercs Tomonoru-
9eCKN TPUBUAILHBIM JIUHEUHBIM PACCIOEHUEM C ILIOCKOU SPMUTOBOKI
CBA3HOCTBIO 0*V, KATUOPOBOYHBIN KIACC KOTOPOU ONHO3HAYHO OIpe-

fenseTcs xapakTepoM ee Mosogpomun 7 (S) —— U(1). Paccioenue
©*L Torga u TOIBLKO TOra MMEET IMIOOAIBHOE KOBAPUAHTHO MOCTO-
AHHOE YHUTAPHOE CevIeHUue Ha g S, KOrAa dTOT XapaKTeD TPUBUAJICH.
Takum 06pa3oM, IPOCTPAHCTBO KOBAPUAHTHO MOCTOAHHBIX CEUEHUN
HY(¢* L, S) miu nyismepHo, uiu oguomepso. Jlarpamxkes nuxi S Ha-
3BIBAETCA 60p-30mmepPeapdosuim ypoBHa k, ectn x* = 1, 1. e. xapak-
Tep MoHOAPOMEE Ha ¢ L¥ Tpusmaren (cm. §2 riaser 1).

dukcamnys KOBAPUAHTHO MOCTOAHHOI'O YHUTAPHOI'O CedeHus (T. e.
FOPUBOHTAIBHON TPUBMAIM3ANMM) PACCIOeHUA @ L OTOXAeCTBIIeT
rnagkue (C°°) cedenns orpanudenus L Ha S ¢ MIAJKUMU KOMILIEKC-
HO3HAYHBIMU (DYyHKIUAMEA HA S:

I(LF|s) = C&°(S) -

Taxum 06pa3oM, orpaHmInBasg IIOOATLHBIE IOJOMOpPQHBIE cedeHusa L
Ha 60p-30MMeEPHENs 0B TUKI S, HOLYIAEM BA0HCCHUE:

HO(M;, LF) == C2(8) ,

KOTOpO€ IpHU BLIOOpPE NPYrOd YHUTAPHOU TOPU3OHTAILHOU TPUBHUA-
JAM3anUY yMHOXUTCS Ha KoHcTanTy u3 U(1).

OnpeaejeHue 1. O6pas Hg def res(H°(M;, L*)) C CZ(S) nasbsaer-
ca ananozom npocmpancmea Xapou yposaa k.

Oureaknenuk 2. Ilapa (S, /i), u3 marpamxesa nukia (8.1) u momry-
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dbopMBI® /I Ha HeM, HA3BIBACTCA 7N04Y636EULEHHbIM TANDAHKCBBIM
IVKJIOM.

Ddukcanus moxypopMer’ V// Ha S THO3BOIAET OTOXACCTBATDL C
npocTpaHcTBoM raagkux ¢ysknun CE°(S) Takxke u IPOCTPAHCTBO
noaydopm I'°(Al/2). B pesyibrare morydaeMm 0TOX JeCTBICHHE

(L) - i = T¥(A12) |

OTmMmeTnM, IYTO HA DTOM IPOCTPAHCTBE UMEETCSA €CTECTBEHHAS DPMU-
TOBa (HOpMa, 3aaBaeMasd UHTEIPUPOBAHAEM IO S TIPOU3BEICHUA IBYX

noxy popM.

§ 2 JlexxaHAPOBLI pacupeeIeHus.

. Bopreuk, T. Ilox u A. Ypube B 3ameuareasron pabore [BPU],
UCIIONb3YA OOBIMHBIE KPAEBBIE yCIOBUA B KOPA3MEPHOCTH 1 M HACTOA-
mee IpOCTPAHCTBO XapAu CTPOTO MCEB AOBBIMYKION 00JACTH, TOCTPO-
niu 06006mennyio Gyuxumo u3z (C*°(S)- /i)', orpanudenne KOTOPOI
Ha H'} ompegenser koBeKTop mwin cocmosnue' w3 HO(LE, Mp)*. Hu-
XKe MBI IPUBOAAM HAOPOCOK 3TOW KOHCTPYKIMM, OTCHLIAA TUTATENA
3a nmoapobHOCcTAMU K opuruHaabHOU pabore [BPU] mwin x [GT], rae
(c upusnevenuem pesyabraros [lx. Poncan) gaercs ee arrebpo-reo-
METPUIECKAA BEPCH,.

[Tockonbky pacciaoenue L momoxwurensHo, raasaoe U (1)-paccroe-
HUue

P2 M,

8. e. IIOGAIBHONO HEHYJIEBOIO CEdeHIHA /TR0 e (A1/2) KBaAPATHOI'O KODHS W3
KOMILIEKCHOI'O JeTEPMUHAHTHOIO pacciaoenus A Ha S

%ecTh HECKOIBKO CIIOCOGOB COIIACOBAHHO CHAGAMTH BCE JAUDAHMKEBBI IIOMHO-
roo6pasua moxygopMaMy; HAIPHUMED, €CIn (PUKCHPOBATH HA KEJEPOBOM MHOTO-
obpasum M MeTAINIEKTUYIECKYI0 CTPYKTYPY, TO OHA MHAYUUDPYET METAIAHEUHYIO
CTPYKTYPY Ha KaXAOM JarPDAHXKEBOM IOAMHOr0o6paszmm S, 9TO MO3BOJAET IIO-
crpouTs noILydopMmy \/ﬁg Ha S 1o xereposon merpuke g Ha M (cm. [Gu2]); apy-
Do mpuMep: Ha rpaduke T1000r0 MeTaCUMILIEK TOMOP(U3Ma UMEETCA oLy hopMa,
KBaIpaT KOTOPOU PaBEeH CUMILIEKTUYECKOU dopMe 00beMa,

lem. §3 rmamer 1
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acconmmpoBaHHOe ¢ L* (T.e. paccioeHrme eIUHUYHBIX OKPYKHOCTEH
P C L*), aBraeTcsa rpaHUnen CTporo mneesaoBbITyKIou obxactu D) C
L* — paccioeHus eqUHAIHBIX AUCKOB B L*, KOMIUIEKCHAA CTPYKTYpa
HAa KOTOPOM KAHOHWYECKU WHIYIUPYETCA KOMIUIEKCHOU CTPYKTYPOU
I ma kemepoBom mHOroo6pasuum M. CremoBaTenbHO, CyLIECTBYET Op-
roronanbubilt U (1)-2KBUBADMAHTHBIN IPOEKTOP — TAK HA3BIBAEMBIN
npoexmop Ceze:

L3(P) 2y (8.2)

Ha npocmpancmeo Xapdu, KOTOpoe COCTOUT u3 Beex L2-pyHKIuil Ha
P = 0D, saaAomuxcsa OrpaHnIeHuIME TOI0MOPQHBIX QyHKIMT ¢ Dy.
[Ipu >TOM JIErKO yriAmeTb, ITO BECOBOE PA3JIONKEHUE MPOCTPAHCTBA
Xapam no geuctsuio U(1l) umeer Bug

M =EPHE;, rae HY ~ H(M;, LF) (8.3)
k>0

B actHOCTH, 117 = P Llk.

OJPMUTOBA, CBA3HOCTH Ha L*, mHAyIUpyeMas CBA3HOCTBIO Mpe[-
KBaHTOBaHUA Ha L, npegcrasasercsa ducto MEumon U (1)-uaBapuant-
Hout 1-cpopmon?
CTPYKTYPY ¢ popMon 06beMa

a #Ha P, xoropas ounpexpeiaser Ha P KOHTEKCTHYIO

1

—aA(d) =aAp*w'™.

27

Kaxge 60p-3ommepdensnos mukn (S, /fi) OLHOBHAMHO € TOTHO-
crio 10 aewcrsua U(1) mogamMaerca® 10 MOMyB3BEMIEHHONO JIEXKAH-
IPOBa, MUKIA

(A, /) C P. (8.4)

A ecan ¢pukcupoBaTh HA M TOAXOIANIYIO METAIIEKTUIECKYIO CTPYK-
TYypy, TO Ha KaX1I0oM 60p-3omMepdenbaoBom nukie S C M kaHOHUT-
9E€CKM WHAYIUPYETCA NOMyOpMa /i, KOTOPYIO MOXHO MOTHATE [0
oy (pOpMBI Ha, JexaHapoBoM nukiae A C P, mexamem wan S.

ee sapa ABIAIOTCA TOPU3OHTATHHBIMY THIEPILIOCKOCTAME HAIIEH CBA3HOCTH
3rakoi mogbeM O3HAYAET (PUKCANMIO KOBAPUAHTHO MOCTOAHHOI'O YHHTAPHOIO Ce-
genusn L |, KOMILIEKCHO COIPSKEHHOI0 KAKOMY-HHOY Ab KOBAPUAHTHO IIOCTOAHHO-
My yHATapHOMY cedeHuio L|s



154 Mnasa 8. OTo6paxeHne BopTenka — Mona — Ypube

4 Ha TPOCTPAHCTBO 06OOIIEHHBIX

[Ipoexnms Cere mpompomxaercs
dyHKIUR, COnepxKaIIee KOHOPMAJIbHBIE DACIPENENCHN TOPITKA M+N
K JeXaHAPOBBIM IuKaIaM (HanomuuM, 4T0 dimg M; = 2n). Takum
obpasom, ¢ kaxaeiM A C P accoummpyercs HEKOTOPOEe ITPOCTPAH-
CTBO JI€XKAHIPOBLIX PACIPENETCHUN MOPAIKA 1M, CAMBOJIBI KOTOPBIX
BBIMVIAJAT KaK AeIbTa (DYHKIVY WIX UX IPOU3BOAHBIE U MOI'YT OBITH
OTOXJECTBICHBL C nonygopmamu wa, A. B gacrHOCTH, ¢ mOnyB3Be-
IICHHBLIM JIEKAHPOBBIM MUKIOM (A, (/1) MOXHO CBA3ATL BEIICJICHHOE
JEXAHAPOBO pacupejfeneHue nopsaaka 1/2 ¢ cumBoiom /4 I IpOeK-
nuto Cere J-pyukiun 0. Takum 06pasoM, ¢ Kax IbIM JEKAHTPOBBIM
nogbemoM (A, /i) C P moxys3semesHOro 60p-3oMMepdens 0Ba, mu-

ki1a (S, /i) C M MbI cBA3BIBaeM HAGOpP BEKTOPOB
BPUL(A, i) = 11¥/5(00) € HO (M, LF) (8.5)

rue H’\“/ﬁ — (mpopgomnxennas) npoeknusa Cere Ha k-yi0 KOMIIOHEHTY
(pacumpensoro) mpocrpancTsa Xapau (8.3) 0606IIEHHBIX DYHKIAN
¢ cumBoaoM /g Ho mockombKy mexanpoB NOABEM ONPE/IeIeH JIUIb
C TOYHOCTBIO N0 yMHOXeHus Ha daeMeHTH u3 U(l), Kax I mouy-
B3BENICHHBIN 60p-30MMepdensbaoB muk (S, (//) OFHOBHATHO 3a4aeT
JWIIb TOYKY HA MPOEKTUBU3AIWM, T. €. COCTOAHUE:

BPUL(S, /1) =P (H%(d@) el (HO(MI, Lk))

Ksagpar noxydopmser y = (\/,L_I,)Z 3aaeT Ha IIOLYB3BELUIEHHOM IIH-
ke (S, /i) dopmy o6bema. Mbl o603HaaeM 1epes

BS'J:{(S,\/E)EBSk‘/Su:v}

IIPOCTPAHCTBO HOJMYB3BEMIEHHBIX 60P-30MMeEP@EIHIOBBIX IUKIOB 00b-
eMma v. Ha camom mese 3TO IpOCTPAHCTBO ABIAETCA OECKOHETHOMED-
HBIM KOMNAECKCHbIM KEAEPOBbIM MHO2000Da3UEM, 1 BPU-KOHCTPY KIS
3aa€T €ro (paruoOHAILHOE 0TOOpaxKeHne’

BS; —% P (HO(M®,, 1F)) (8.6)

‘cm. [BPU, 2.1]
cm. [BPU, 2.2
bem. [T5], [GT)
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nuddepennua; KoToporo ABOUCTBEHEH MOHOMODP(MU3MY OrPAHMICHAS
rOJOMOP(MHBIX CEYCHUN HA JAUPAHKEB [UKJI.
Unmeercsa Takxe amaor «reopeMm A u By 2K.-II. Ceppa':

TeopPEMA 1. Ilpm k > 0 o6pas BPU,(A, /1) # 0 g1a moGoro mory-
B3BelIeHHOro Gop-3oMMepdesfoBa, mukaa (S, \/ft).

Haxower, Beskuu 60p-30MMepdenbaoB MUKI S OJHO3HATHO BOC-
CTAHABIMBACTCA KaK Keasukiaccuueckuti npedea® (1. e. npu k — 00)
cBOUX BPUk-00pa30B: BOTHOBBIE (PPOHTHI BPU-pacIpeieeHuN KOHIIeH-
rpupyitorca’ ma S C M;. Boaee TOro, aCUMITOTHYECKOE MOBEJCHEE

CKAJIAPHOrO IPOU3BEAEeHNA BPU-06pa30B ABYX MOTYB3BEIIEHHBIX OOp-
3omMMepdens 10Bbix TUKI0B (51, \/1h,) 1 (S2, \/Ii,)

(BPUL(S1, v/11y), BPUK(S2, v/1iy))

(OTHOCHTETBHO KAHOHUYECKOU 3pMUTOBOU CTPYKTYpHI (1.9) HA mpo-
crpancrse cedenumit HO(My, LF):

An
(s1, 89) = /(81,32)L'w ;
M
VHIYIXPOBAHHON MOCJIOMHBIM CKAIAPHBIM OPOU3BEAEHUEM (S1,52)L B

DPMHUTOBOU CTPYKTYpPE HA L) BBIMMCAAETCA B TEPMUHAX HNEPECETCHU
S1 NSy, brarogapsa HATUIAK ACAMIITOTUAKMN:

wrui(s, i, srus, v ~ (£) [urow. @0
S

B wactrOCTH, ecau S1NSe = &, TO ux BPUL-06pa3bl ACUMITOTUYIECKT
OPTOTr'OHAJbHBL:

n—1
(Brou (S, V), sruSa Vi) ~ (£) +00 ). 59

™

"em. [BPU, chap. 3]

8mamomuumM, wTo h = 1/k urpaer poms nocmoannot Ilaanka B aCHIMITOTHMECKOM
aHAIN3e KBAHTOBBIX COCTOAHUU IPY (PU3NIECKON NHTEPIPETANY KBA3UKIACCHIe-
CKOI'0 I'€OMETPHUYECKOr0 KBAHTOBAHUA

%cm. [BPU] u umeromumecs TaM JaJibHEHIIIE CCHLTKH
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BwmecTe ¢ mpeabraymuM onucarueM auddepenuaia BPU-oTobpa-
xenus (8.6) oo maer

[IPEANOXKEHUE 1. Ha aro6oMm Habope TpaHCBEPCAJbHBIX O0OP-30MMeED-
heIbJOBBIX CIOEB MPOU3BOJIBHOH BEUICCTBEHHOU MOJAPU3AIANA

M; -2+ B

Bcerja MOXHO 3a4aTh HOJY(QOpMBI Tak, I9TO0BI BPU-00pa3bl cOOT-
BETCBYIOUIMX ITOJYB3BEIICHHBIX [UKJIOB OBLIN JUHEHHO HE3aBUCUMBI B

HO(M;y,LF) npu k> 0.

A Gomnee BHUMATEIBHBIN AHAIN3 ACAMITOTUK KBAHTOBBIX COCTOSHUN

IO3BOJAET MOKa3aTh, UTO YMCIO IOMAPHO HEIepeCeKalommxca O0op-

-30MMep(EeNTbIOBbIX TUKJIOB ypoBHA k mpm k > 0 He mpesbmmaer

dim H°(L*), nerxo Beraumcasemoit mo ¢popmyae Puvana — Poxa.
BaxHno, 9T0 BPU-KOHCTPYKIUA paboTaeT u A IUKJIOB

S 2+ My,

ABIAIONIAXCA UMMEPCUAMY 24a0K020 0pbudoada'®. Takum obpasom,
BPU-KOHCTPYKIWA IPUMEHUMA W K MHTEPECYIOMEN HAC IeTBEPKe (CM.
(3.31), (4.10)):

(M™,Q,0(kO), Acs) ,

opudeM (cM. mpemr. 3 w3 §6 ruaBel 3 M OpeguIeCTBYOIIee €My Ha
cTp. 70 06CyX AeHME) B DTOM CIydae CymeCTBYeT KAHOHUIECKUU 2€0-
deauueckuti mogseM 60p-30MMepdeIbIoBbIX THKIOB!! 10 mexamapo-
BBIX, KOTOPBIX MBI OAPOOHO onuieM B § 3 raasbl 9.

[Tockonbky BekTOpHOE paccioerue (3.47) mpocTpaHcTB Heabele-
BBIX BOJXHOBBIX (pymKImit HF —— M nap mHOrOOOpasumem Mopy-
Jedl PUMAHOBBIX MOBEPXHOCTEH BIOXKEHO B TPUBUAILHOE PACCIOCHUE

Onpasna aas opbudonsos mokazaresn acumnToTuk B (8.7), (8.8) HECKOMBLKO YXy -
LIAIOTCA, HO ¥ TOr0 BIIOIHE XBATAET 1A BEChMA BIEYAT/IAIOUMX I'€OMETPUICCKIX
BEIBOIOB

" raxoit mogpem (0IHO3HAYHBIN C TOYHOCTHIO 0 KOHETHOT'O IHCIA BO3MOKHOCTEH,
BEIOOP M€Ky KOTOPBIMYU QHAIOIWIEH Guicanun ¥-CTPYKTYyPBI) CyLIECTBYET BCe-
ria, KOrqa KaHOHWYeCKuit kmace Ky, mpomopmumonanen ci(L*) = k [w]
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L?(P) x M, onpegenen mocrouns npoektop Cere

L¥(P) x M —— H = PHF,

k>0

a T. K. Ha paccroenmu HF —— M mmeercs maockas NPOEKTUBHAA
CBA3HOCTD, IIPOCTPAHCTBO PH’I“ JOKAJIbHO HE 3aBUCUT OT KOMILIEKCHOU
cTpykTypHl I. Takum 06pa3oM, BOSHHKAET IIPEACTABICHAE

M, —— Op(L*(P))

[IEeHTPAJIbHOI'0 PACIINDEHUI

1 — U(1) m, m, 1

MOYJAPHOU T'PYIIILL ﬁg B oneparopuon aare6pe Op(L?(P)) mpo-
crpancTBa QyHKuuu, npu koropom ueatp U(l) = Aut(P) C ﬁg
AercTByeT Ha P KaK CTPYKTypHAA TPYIIa 3TOrO IVMABHOIO PACCIO-
enna. [Jleiicrue snemenToB g € M, wa npoekrop Cere II; u3 (8.2)

sagaer U(l)-skBUBapraHTHOE JIUHEXHOE IPEOOPA3OBAHME

def
Prom = Ty o o(g) 0TI € End(H,) ,

N30TUIINICCKNE KOMIIOHCHTBI KOTOPOro OTHOCUTEJIABHO BECOBOI'O pa3-
JIOXKCHUA

End(H;) = 8 EndH(LF)

UHAYOUAPYIOT IPOCKTUABHBIC IIPEACTABICHUS

P (of) + 9y — Aut(P(H(LF))) .
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§ 3 I'eofe3amIeCKHUH MO HEM.

Dukcanys ¥-CTPYKTY PbI MO3BOJIAET UCKIIOIATH HEOTHO3HAIHOCTD
noabeMa (M3HAYAIBHO OIPEIENEHHOrO JUIIb ¢ TOYHOCTBHIO 10 [eH-
creus U(l)) Gop-3ommepdenbaoBbix UUKIOB U3 My 10 JexaHAPO-
BBIX IUKJIOB HAa P, u TeM CcaMbIM, NPEBPATUTDH JUHEUHO HE3ABUCHU-
MbI€ IIPOEKTUBHEIC COCTOAHMA BPU(S, //t) (3aJaHHBIE C TOYHOCTHIO
10 BbIOOpa (pa3bl) B MOMHOLNEHHBIM BEKTOPHBIM 0A3UC MPOCTPAHCTBA
HO(M;p, LF).

1A MOCTPOEHUA TAKOTO IMOABEMA PACCMOTPUM OPUEHTUPOBAH-
HYIO JIAIDAHXKEBY 'PACCMAHU3ALUIO Gr{ = Gr{ (T'M;) kacarerbHOrO
paccaoenus T My: B kaxgou Touke x € My KacaTelbHOE MPOCTPAH-
ctBO 1y M mzomopduo C" ¢ PUKCUPOBAHHBIMU CTAHAAPTHBIMEU CUM-
IIEKTUIECKOU (DOPMOHR Wy, EBKINIOBON METPUKOH (., I KOMILIEKCHOMI
CTPYKTYpPOU I, U cion

Gr]  =U(n)/SO(n)

npeacrasisieT cob600 IPaCCMAHUAH OPUEHTAPOBAHHBIX JArPAHKEBBIX
moAIpoCTpancTB B 1, My, Hy a IoOaIM3aIusa dTOU JOKAILHOU Kap-
TUHBL Ja€T OTHOCATEJIbHOE IPACCMAHOBO PACCIOEHUE:

Gr] (TM;) =~ M; ¢ =« Yz) = (Grl),. (8.9)

u—det u

Jlokansuere gerepmunanTer: U(n)/SO(n) U(1) = S. rmoba-

IU3yIOTCA B 0TOOpaxeHne
det
Gr] (TMy) ==~ S'(-K)

rae gepes S'(—K) ob6osmateno rmasroe U(1)-paccroenne, accomun-
POBAHHOE C JXHENHBIM PACCIOCHUEM

A"TM; = det TM; = O(—Kyy,)
(cm. [T2] u [T3)).

Eciu B 5T0M KOHCTPYKIuu 3a0bITH IPO OPUEHTALMIO, TO MBI II0-
ayauM (HEOPHEHTHPOBAHHBIN) OTHOCUTEIBHBIN JAIDAHKEB I'PAaccMa-
uuan Grp(T'M;) u gerepMuHaHTHOE 0TOOPAKEHUE

det

Gry, (T M) SY—K/2) . (8.10)




§3 I'eodesuueckut nodvem 159

@ o
[z 106010 JarpaHxeBa mukiaa S —— X uUMeEEeTCA KAaHOHUYIECCKUU
rayCccoB IOIABEM:

G
s 9%, Gro(TM)))s

comocTasisgiomun ¢ € S nognpocrpanctso T,S C T, M, koMmmosunus
KOTOPOro ¢ gerepMuHaHTHBIM oToOpaxenueMm (8.10) sagaer aexan-
IPOB IUKJ:

det oG()

S SY-K/2)|s (8.11)
B rtasaoM U (1)-paccaoennn, acconmuposanaoMm ¢ Oy, (—K/2). Pac-
cMoTpuM Teneph Ha JuHenHOM paccaoeHun Oy, (—K/2) spmuToBy
CBA3HOCTH A, MHAYIUPOBAHHYIO CBA3HOCTHIO JleBu — YuBura kee-
poBou MeTpuku Ha M.

ONPENENEHUE 1. JlarpaHxkeB nuKI S HA3BIBACTCA NOUMU 2€00e3Uu4e-
CKUM, €CITU €0 TayCCOB JIeXKaHApoB noabeM (8.11) ropusonranen or-
HOCHTEIBbHO CBA3HOCTH A .

3AMEYAHKE 1. Boo6mie rosops, mpeasrqymme paccMOTpEH TPeOyIoT (puk-
cauyy Ha M MeTaILIEKTUIeCKOU CTPYKTYPBI U 00/ee aKKypPaTHOI'O aHAJIU-
3a C HCIIOIBb30BAHUEM HHICKCA MaCJIOBa n T. II. OﬂHaKO B HameM Ciay'ae
(cM. HuKe) >TH HPOOIEMBL PELIAIOTCs ABTOMATUYECKU BCAEICTBUE DABEH-
crtBa K= = —40!

3AMEYAHUE 2. [[pyrue mpuMepsl UCIOIB30BAHUA [€0Ie3UIECKOr0 MOIBEMa
JIATPAHKEBLIX IUKIOB 10 JE€KAHIPOBEIX — B YACTHOCTH, B KOHTEKCTE 3€P-
KaubHOU cuMmMeTpun — umetores B [T1], [T2] u [T3].

Bepremcs Tenepb Kk HammM gaHHBIM npeakBanToBanua (4.10):
(M*,Q,0(kO), Acs)

Cormacuo mpemr. 3 u3 §6 rIaBbl 3 MOIYAHTUKAHOHUYIECKOE JIMHEHHOE
paccaoerue B oToM ciydae ectb Opgs(—K/2) = Opss(20) co ceas-
HOCTBIO A, HHIYIIUDPOBAHHOU CBA3SHOCTBIO MIPEIKBAHTOBAHUA Ay HA
paccnoennn npeakBanToBanua L = Opss(0). Mbr noxyaaem

IIPENNOXKEHUE 1. Jlarparxes nukia S C M 6op-3ommepgensnos To-
rja M TOJIBKO TOI'[A, KOI'Ja OH IOYTH I'€04e3UI€CKUH.
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[Maxee, rmaubie U(1l)-paccaoenus, acconumpoBaHuble ¢ L* u ¢
Opmss(—K/2) = L? cBasanb B HAIIEM CITydae TOCIOMHON KB IPATHY-

HOU AHTUM3OTEeHUen ;

SUL*Y) 22 SY(L?) = SH(—K/2)

(B 9aCTHOCTH, BCAKMU «OOBIMHBINY JEXAHAPOB noabeM (8.4) 6op-30M-
Mepdeabaosa mukaa S C M B P = SY(L*) w3 §2 rmasn 9 3ana-
€T HEKOTOPBIA — HEe 00A3aTEIbHO IOYTH I'eOJe3UIeCKUA — TayCCOB
nexangpos muka B S'(—Kg)). PaccmoTpum Temepn s 60p-3oMMep-

denbroBa MUK, S o M YPOBHA k KOMMYTATUBHYIO AUACPAMMY:

S].(Lk*) 2 . S]_(LQIC)
)\L T“k (8.12)
S c det OG(W) _ S]_ (LQ)
rae SY(L?) —25s SY(L2*) — crampapTHas usorenus cremenu k, a

A o
S <2 SY(LF") — oGbIvEBLA TeKAHIPOB HOABEM GOP-30MMepdEs -

®» o
oBa 1uKJIa, S —— M yposus k, 3a1aBaeMbIl KAKUM-I100 IOPU30H-
TaJIbHBIM YHETAPHBIM cedenmem’ LF|S.

OnPEAEIEHUE 2. Bop-30MMepdersaos mukt S —os M ypoBHa k Ha-
3BIBAETCA NOUMU 2e0de3udeckum, eIl TuarpaMma noabseMos (8.12)
kommyTaTuBHA: [ © det oG(p)(S) = Ty 0 A(S).

Hanomunm, 910 Jexangpossl mukisl B S'(LF") o6pasyor raas-
noe U (1)-paccioenme’ A, — BSj, Ha mpocTparcTBOM 60p-30MMep-
(peJIbAOBbIX OUKJIOB YPOBHA k, TaK 9TO MHOXECTBO BCEBO3MOXHBIX
HOYTH FeO0JE3MIECKUX IOABEMOB TOCTABAAET MHOTO3HAMHOE CEIEHUE
DTOrO PACCAOCHUA

A D BSj, —» BS;,

1 ABAAECTCA KOHEYIHBIM DUK/INYICCKNM HAKPDBITHUEM Ha I BSk

7. e. IBYTHCTHBIM HaKPEITHEM C 0GPAIICHUEM OPUEHTAIAY
2cu. (8.4) m obcyxaenue ma cTp. 153
30om0 HasbBaeTCA paccaoenuem Bapu yposra k, cm. [GT]
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Bepremcs Tenepb K rofiMAHOBCKOU BEIIECTBEHHOU MOJIAPU3AIAN

M s
u3 §2 rmaBbl 4. Y Hee uMeeTCA KOHEYHOE MHOXECTBO OOp-30MMEp-
¢ enbIOBBIX CJIOEB, PACIONOXKEHHBIX HAJJ TOIKAMEA

1
Sk=AN|—+%Z] .
=20 (z?)
ONPENENEHNE 3. Dukcanus MOYTHA Ie0€3UIECKOr0 04 BEMA
Ay = i 0 det oG (pw)(Sw) = g © A(Sw) C Sl(LZk)

Kaxg0ro 60p-sommMepdeabaoBa cios Sy, C M5 BemecTBeHHON 110415~
pU3anMyM T HA3BIBACTCA 6bI00POM (Heabeaesoti) ¥-cmpykmypvl nusa
DTOU MOJAPU3AINAL.

Ha xaxmom 60op-30MMepdeabIoBOM CI0€ BEIECTBEHHOU MOJAPHU-
3aIMy MOXHO KaHOHIIeCKUM 06pa3om BeIOpaTs noirydopmy. it sro-
O BCIIOMHUM [JAaHHOE HAMU B mpemia. 3 u3 § 3 riaBel 4 onucanue 60p-
30MMePQEIbIOBBIX CJIOEB BEIIECTBEHHON HOIIPU3AINN KAK OTHOPO-
HBEIX IpocTpaHcTB G /Gy, rae Ge, Gy cyTb rpynnst (4.19). Ha rpyn-
nax U(1) u SU(2) umerorcsa gByCTOPOHHE MHBAPUAHTHBIE TOLY(POPMBI
Vi, B /[y, KOTOPBIE MOXHO HOPMAIM30BATH TAK, ITOOBL IPOU3BE-
nenwe (cMm. caex. 1 m3 §3 ruaBer 4):

Vi = (Vi ()" (Vi ()" (8.13)

OBLIO OMHOPOMHO CTEIICHU 1 mo oTHOmEHNIO K PaCTAXKECHUAM

Vi (w) — t -/ (w) -

Hasosem Takyro noxydopmy /u, Ha 7 (w) 0dmopoduo nopmauzo-

sannot.

‘rerxo Bugers (cM. [JW2, 4.7]), 9TO 0AHOPOAHO HOpMaIM3OBaHHAA TOIYDOPMA
€JUHUIHOrO 00'beMa, Ha HE0COO0M 60p-30MMepdeabI0BOM CIO€ YPOBHA Kk MHIYIU-
pyercsa raMMJIbTOHOBBIM BE€KTOPHBIM IIOJEM, I'aMWJIBTOHUAH KOTOPOI'O IIOAHAT C
R3g73
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Wrak, Ha1 Kax aou ﬁ—ueﬂoﬁ TOYKOU W € A MBI (PUKCUPYEM IOYUTH
PeOIe3UIeCKUN JeKAHIPOB MO IHEM

Ay =iy 0 pa(S) € SH(L*)

¢
COOTBeTCTByIOmero 6op-3oMMepdensaosa caoa S s M peme-
CTBEHHOH TOIApu3anuy LonaMana 1 cHaGX)aeM ero moryhopMon

Vi = (i 0 det oG pu))” VI,

(rayccoBBIM IO IBEMOM KAHOHUIECKOM KOBAPUAHTHO HOCTOSHHOU HOD-
Manu30BaHHOU noxydopmer (8.13)). Tenepb MBI MOXEM IPUMEHUTH K
DTOMY IOJYB3BELUIEHHOMY JEXKAHIPOBY IUKIYy BPU-OTOOpaXeHue u3
§ 2 rmaser 8. [lockonbky M mo4YTH OQHOPOAHO OTHOCUTEIBHO TOPU-
9eCKOro gercTBus ['omaMaHa, OMMCAHHOTO B § 1 ruaBwl 4, MIBAPIEBO
AAPO BPU-0TOOpAXKEHWA HAJ BHYTPEHHUMM TOYKAME MHOTOI'DAHHU-
ka [lerpmana Oyxer BecTu cebsi TOTHO TAaK XKe, KAK U B OJHOPOLHOM
cay4ae, pazobpannom B [BPU, ¢opmyasr (10-13)], u Mb1 moxydaem
OKOHYIATEIbHBIA PE3yAbTAT HALIETO JOArOT0 IIyTeleCTBUA

TEOPEMA 1. Ilogbem HeabereBBIX ¥-(pyHKIHHT

- 1
Dy o BPUko (Aw, \/ﬁw> c weAN <% Z) (8.14)

Ha HeabeneBo npocrpaacTBo lloTTkm Sy BAOIE KAHOHHIECKOTO Me-
pomopgHOro orobpaxenusa (3.14):

5, M ()

mpeBpamaeT ux B Habop roaomMop@uerx cedeHun (7.6):

{C (7)) ¢ ryest,

HOCTPOEHHBIX HAMH B § 2 TVIABBI 7.

5¢ TowHOCTBIO 10 (pasoBEX MHOXHUTedel (6.8) >Ta Teopema OYEBHAHA W3 HAIIAX
FeOMEeTPUIECKIX MOCTPOCHUN; MOXET OBITh, (PUKCAIMIO D>TUX (PA3OBBEIX MHOXKU-
rexen caepyer (B gyxe RCFT) Bmocures mpsamo B onpeperenue neabemeBou ¥-
CTPYKTYpBI?
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Urak, HA KaxQ0M ypOBHE k MBI ©MeeM CAIIHIO U3 HAKPBITHUN:
SS
Mre — Mgy — Mp, — M,

rge M7 — mHOroo6pasue MOAyJew KpHUBBIX pofa g, Mp, — MHO-
roo6pasue MOAYJIed PUMAHOBBIX IOBEPXHOCTEN X.p, PACKPOEHHBIX HA,
wranel, Mg () — MHOrooGpasue MOAYJIe! PUMAHOBBIX IIOBEPXHOCTEN
Yr; ¢ dukcuposanHou cuuHceTkou, a Mpe — MHOroo6pasue Mo-
OyJledl KPUBBIX C (PUKCUPOBAHHOU -CTPYKTYPOU, OTBEYAIOIIECH [IOLY-
B3BEIEHHOMY G0op-30oMMepdensaoBy caoo npoeknuu (4.11). O6o3na-
9UM UX KOMIIO3HUIAIO epe3

Pro 1 Mro — My . (8.15)

U3 cosnamenus ceasuocTen Xurunaa, WZW u Kono BeiTekaeT

TEOPEMA 2. Ilogwem cBazHOCTH XUTIAHA HA BEKTOPHOM PAaCCAOCHUH
IIPOCTPAHCTB HEA0EIEBhIX BOIHOBBIX (pyHknmi (3.47) oTHOCHTEIBHO
maxpeITHa (8.15) 3agaeT SpPMUTOBY IIOCKYIO CBABHOCTE Ha IMpPOEK-
THBHOM DaCCJI0CHUN

IP(goz@’H’“> P @ O], (8.16)
wGGk(F)

rge gepe3 ¥, 0603Ha9eHEI BPUy-00pa3sr (8.14) kaHOHHYeCKHX reoe-
BMIECKHX IIOFHEMOB’ 60P-30MMeD(EIbJOBEIX IHKIOB e 1(w), oTBe-
9AIOIMUX (PUKCUPOBAHHOH U-CTPYKTYDE.

8CHO, 0JHAKO, TTO COOTBETCTBYIOMIAL SPMATOBA CTPYKTYPa Ha paccroexn (8.16)
HE MHBAPUAHTHA OTHOCUTEIBHO I'Pynnsl Hakperrusa (8.15)
Tem. §3 rmaBer 8



[ naea 9.
TOYHKUN MAKCUMAJNIBHOIO
BblIPOXAEHUA

§ 1 Ilpegenbubie M-KPUBLIE.

CeecTu BOEIUHO BCE MPECTABICHHBIE BBINIE KOHCTPYKIIAN TO3BO-
JIAeT peAyKnusa MHOrooOpasma momyaen M, KpUBBIX Poja g K He-
KOTOPOMY TOYEIHOMY IIOIMHOXECTBY, COCTOSANMIEMY W3 CIIEIAAIHHBIX
KPHUBBIX, HA KOTOPBIX BCE HAIIW KOHCTPYKIMH — KaK ajareGpo-reo-
METPHUYIECKUE, TAK W AHATUTUIECKUE — MPOCIEKUBAIOTCA W B3AMMO-
IENCTBYIOT MAKCUMAJBHO IPOCTHIM o6pasoM. Hamwmwme cormacoBam-
HBIX MPOEKTUBHO IUIOCKUX CBA3HOCTEN HA BCEX HAIINX PACCIOCHUAX
KOH(POPMHBIX OJOKOB MO3BOJAET 3aTEM PACIPOCTPAHUTD PE3yIbTATEL
TAaKOI'O aHAIN3d W Ha IPOU3BOJNBHBIC KPHUBBIC. I/I IIOCKOJIbKY aHaJIu-
THYECKas BepChsA ABYMepHOU KoHdopmHOU Teopuu mouas (cm. [FS])
OPEANONAraeT IPOA0IKAEMOCTh BCEX TE€OMETPUIECKUX 0OBEKTOB (B
YACTHOCTH, PACCAOCHUN KOH(MOPMHBIX OJI0KOB) HA KOMIAK TU(DUKAIIUIO
Hemunas — Mamdopaa ﬂg MHOr000pa3us MOAYJIEH KPUBBIX, B Kade-
CTBE CHEIUATbHBIX KPUBBIX MBI MOXKEM BBIOPATDH «(MAKCAMAIBLHO BBIPO-
X [EHHBIe» HEIVIATKUe IIPUBOJUMbBIC KpUBBIE. B 5TOM riiaBe MbI OIMKACHI-
BaeM COOTBETCTBYIOIME UM TOUKY Ha M, 1 MCCIeyeM reoMeTpHIo uxX
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nedopMaImit', ABIAIOMYIOCA MATEMATHICCKIM BEIPAKCHIEM 00HADY-
KEHHBIX (PU3UKAME MHOT'OYUCAEHHBIX COOTHOUIEHUT MEX Iy CTPYHHBI-
MU TeOpUAMU U KOH(POPMHBIME TEOPUAMHA HOJA B pasMepHocTr 1+ 1.

HamomuuM, TO mpom3BOJbHBIN TpuBajJeHTHHIN rpad ' poma g
onpenenaser (rOMOTOMUIECK DKBUBAJCHTHOE €MYy) TPEXMEPHOE TEeI0
¢ pyukamu Hp, rpaHuner KOTOpOro CIyXUT PUMAHOBA IOBEPXHOCTH

Sr = 0Hy | (9.1)

KOTOPYIO MOXHO IIPEACTABIATL ce0e KAK PEe3yAbTaT (HAKAIUBAHU)
pebep rpada [’ 10 «Tpy6oK»?, a BEPIIHH — O (IITAHOB» (T. e. cdep
¢ Tpemsa ablpkamm), Kak Ha puc. 6, crp. 104. IIpm sTom mabOp u3
(3g—3) momapHO HEM30TOMHBIX OKPYXKHOCTEN, OXBATHIBAIOIINX [OPJIO-
BUHBI TPYOOK, 3a43€T PACKPOU NOBEPXHOCTU L Ha, (29 — 2) mTaHOB.
Pasymeercs, Takas MOBEPXHOCTD €Ie HE ABIAETCA AIrebpam<IecKon
KPUBOU, MOCKOJABKY MOKa HE HALETCHA HUKAKOU KOMILUIEKCHOW CTPYK-
TYPOH.

O IHO3HAYHO U3BIEYL U3 I'Pada KOMIUIEKCHYIO CTPYKTYPY, O THAKO,
TOXE MOXHO — dT0 OygeT KOMIUIEKCHAA CTPYKTYPa (MaKCUMAJIbHO
OIPUBOAMMONY aAreOpam<decKon KpuBou Pr, pacmamaiomenca B 00b-
equnenne (29 — 2) npambix: puMasoBbIX chep P, = CP!, orseuaro-
mux BepumHaM rpada v € V(I['), koTopble CKIeeHbI APYr C APYroM
O TPOUKAM TOYEK {Pe,,Pey;Pes) C Py, OTBedaromumx pebpam 3Be3 [
S(v) = {e1, e2, e3}. nade roBops, MbI cTAruBaeM B TOUIKH Bee (3g—3)
OKPYXHOCTH, II0 KOTOPBIM X1 paspesaeTcd Ha mTaHbl. [loxyvatoma-
ACA B PE3yJabTATE CBA3HAA IPUBOAMMAA KPUBAA HABBIBACTCH Npededn-
#otl M-kpusoti. OHA UMeeT apuPMETHICCKUN PO § U JEKUAT B CAMOU

'3Ty TOUKM MOXOXM HA MAKCHMATHLHO YHHIOTEHTHBIE 0COOBIE TOUKM MHOT000pa-
3UA MOLYJEU TPexMepHbIX MHOro06pasuu Karabu — fly, KoTopsie npu 3epKaaibHOU
CUMMETPHUHA COOTBETCTBYIOT IPENeTbHLIM TOYKaM, BO3HUKAIOIIAM TP OECKOHEd-
HOM YBEIMICHWN PA3MEPOB MHOTO00DA3MSA; U XOTA HEAOCTATOK MECTa He MO3BOJLI-
€T HaM IPOBECTH 3[eCh MOIHYIO Iapalielb ¢ 3€PKAIbHOM CUMMETPUEA B KOHTEK-
cTe arreOpanmdecKnX KPUBBIX, MBI, Ja0BI MOJYEPKHYTh HATAINE TAKON IMapaLIes,
GyneM Ha3bIBATh HAIIW BBEIPOXKACHHBIE KPUBBIE NP E0CAbHLIMU M-KPUCHIMU

21U KQHA406, €CIH IOIB30BATHCA TEPMHUHOIOIME KBAHTOBOM KOH(OPMHOM Teo-
pUHA TOJA
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. 91
TIIyOOKOW KOMIIOHEHTE iDO D; rparuaHOro AuBH30pa’
g—1
DZMg\MgzD()U UDZ

=1

KoMOaKTudumupoBanHoro mo [leaunio — Mamdopay mMHOroobpasus
MOJyJeNd KPUBBIX POAa ¢. MHOXECTBO BCEX IPEIEIbHBIX M-KPUBBIX
IpeacTaBIgeT COOOM KOHEUHYI0 KOH(MUIYPAIMIO TOYEK Ha PAHUIE
M,

P ={Prires C M, \ My, (9.2)

3aHYMEPOBAHHBIX TPUBAJICHTHBIMU I'padamu.

§ 2 KaHoHMY€CKUE JIMHEUHBIE CUCTEMBIL.

CedeHnAMN KAHOHUYIECKOrO JUHEUMHOrO paccaoenus Kr mpemeib-
HOU M-KpUBOU Pr Hax Kaxnou KOMOOHEHTOU P, ABIAIOTCA Mepo-
MopdubIie 1uddepeHInaNb W C IPOCTHIMA IOJICAMA B TOYKAX CKJACH-

KU Peyy Peys Pes, T €.
Kr|p, = Kp,(pe; + Pey, + Pes) = Op, (1), (9.3)

rak aro ¢(Kp) = (1, 1, ..., 1) B pemerke Hepona — Cesepn

Ns(Pp) = [ Pic(®,).

veV(T)

['mo6ampHOe TomomMopdHOoe cevenne s € HO(Pr, Kr) mpeacrapisercs
HAOOPOM MepOMOP(MHBIX AudEPEHINATOB W, HAa KOMIOHEHTaX P, ¢

3 mamommEmM, 9TO 0O0mAA TOYKa UBH30pa Dy ABIAETCA HEMPUBOJUMON KPUBOI C
POBHO OQHHM NPOCTHIM CaMollepecedeHmeM, a obmas Touka Ha D; — Oykerom
IrIaAKUX KPUBBIX POJa ¢ U g — ¢
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IPOCTHIMA [OMIOCAMA B TOYKAX CKJICHKU, BHIYETHI KOTOPHIX YIOBIIeE-
TBOPAKT COOTHOUICHUAM:
_ _ /
resy wy +resy wy =0 Ve=[v,v] € E() (9.4)
resp, wy +resp, wy tresp, wy =0V S(v) = {e1,ez,e3}
Haszosem moawunot rpada I' murumansuoe wucao t(I') ero pebep,
HOCJe yAAIEHAsA KOTOPBIX I'pad CTAaHOBATCA HecBa3HbIM. V. Apram-
kuH B [Ar2] gokasan

HPEANIOKEHVE 1. KanoHndeckaa muHeHHaA cucrema |Kp.| He umeer
6a3MCHBIX TOYEK TOrAa W TOAbKO Torga, korga t(I') > 2, u odens
obuiabHa TOrAa M TOJIBKO TOorga, korga t(I') > 3.

Huxe MBI Ay IPOCTOTEI OrPAHTIMBAEMCA TOIBKO CIYIaeM Cpa-

GoB TOMUUMHEBL > 3, IS KOTOPHIX KAHOHUYECKAA JUHEUHAS CACTEMA,
|K p.| 3amaeT BIOXeHHe

P ol = P (HO(Pr, K},

IloBTOpsas kmaccmaeckoe paccyxaeHne KacTearbHyoBO, MBI IOy IaeM

IIPENIOMNKEHUE 2. Pa3zMepHOCTh HOJIHOHM JTUHEHHOH CUCTEMBbI KB, JDUK
B P91 mpoxoxammx 1epes xamommieckyto kpusyio ¢r (Pr), paaa

dim |2h — dx, (Pr)| = dim |2h] — 3g + 3 . (9.5)

CaeacTBUE 1. My aBrgercsa raagkum op6ugoIgoM B KaX 0 TOIKe
Pr € M, orBeqaromest npejeIbsHOR M-KDHBOH, U CJIOH KOKACATEIb-
HOI'O PACCAOCHHA B TAKOH TOYKE

17, M, = H' (P, Op (2K ) - (9.6)

PaccMoTpuM Temeph ABaX bl KAHOHHYIECKOE OTOOpaXKeHue KpH-
Bou P, 3agaBaemMoe HOMHOU JuHEeNHOU cuctemont |2Kp|:

2K

Pr P94 = 2Kp|* =P (Tpe M)

O6pasbl HPOCTBIX ABOMHBIX TOYEK (Pof . (Pe) COCTABIAIOT IIPU DTOM
BoXernn Kouduryparmmo w3 (3g — 3) = dim HC (P, O(2Kp,.)) mmu-
HEMHO HE3aBUCHMBIX TOYEK, & KOMIIOHCHTHI KPUBOU IIEPEXOAAT B He-
OPUBOUMbBIE KOHUKY, KAX Jad U3 KOTOPBIX OHO3HATHO ONPEAETACTCA
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JI000M TPOUKOM JIEXAIUX Ha HEU TO4YeK. B dacTHOCTH, KOHPUTYDaA-
Oy JBOVHBIX TOYEK 33,3€T PA3J0KEHNE KACATEIHHOrO IPOCTPAHCTBA

Tp,My= P C.. (9.7)
ecE(T)

B cregyromem maparpade MBI HOKaXeM, ITO KaxXI0e U3 dTUX Oa3uc-
HBIX KaCaTeIbHbIX HanpasieHun C, MHTErpupyeTcs 10 PAluOHAIbHOR
KpuBo# Ha M, 0TKyAa GyeT BEITEKATh, ITO KpuBasA P 0HO3HAHO
OIIPENeNAeTCA HEMOCPEACTBEHHO CBOUM [[BAXK bl KAHOHUIECKUM 00pa-
30M, a HE €ro OpOUTOM II0 MOAYJIK NEACTBHUA MPOEKTUBHLIX aBTO-
Mopduamos P34 kak 510 mpomcxoanT A1 06WUEH aareGpanIecKon
KPUBOU.

§ 3 CnenmanbHble O0QHONApPAMETPUAYECKNE AedopManuu
OpEJEJbHBIX M-KPUBBIX.

Haszosem npocmbim daazom TpexsaaeHTHOro rpada I' mapy
(ecT),

rge e € E(I') — a060e pebpo, He ABIAIOMWEECA IMETAEH, T. €. ¢ Je =
o' Uv", v # 0", Bygem maswmBaTh 36e3doti Takoro pebpa

def
S(e) = (S USW®M)\ {e},
T. e. ecim S(v') = {e, e, e}, S(v') = {e, €], e}, To
S(e) == {ey, ey, €], €5} .

Hanomuuwm (cM. § 3 raaset 6), 9T0 UMEIOTCA 3 dIeMeHTapHBIE Ipeobpa-
30BaHUsA, CTATUBAIINE PeOPO € B HOBYIO 4-BAJEHTHYIO BEPIIWHY Upew
¢ S(vnew) = S(e), a 3arem pasaysaiomue ee B HOBOe PeGPO

€new = [U:’IGW’ Uﬂew]

B COOTBETCTBUM C TPEMs BO3MOXHBEIMU pa3bueHuaMu S(vney ) HA ABE
mapsl pebep:
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1) S(vnew) = {€new, €1, €5}, S(Vnew) = {€new, €7, €3 };
2) S(vnew) = {enews €15 €5}, S(Vnew) = {€news €], €h};
3) S(,U;lew) = {eDeW7 6,17 elll}7 S(Ugew) = {enewa 6127 612, °

IlepBoe mpeo6pa3oBaHme BO3BpallaeT HAC K mcxogHoMy rpady I, a
ABa APYyrux npuBogaT K HOBbIM rpadgam [V, I ¢ BelgeseHHBIM pe-
OPOM €. DymeM Ha3BIBATH TPOUKY MPOCTHIX (PJIATOB

(eCT), (enew CI'), (enew CI'") (9.8)

enezdom paaros. OTMeTHM, ITO THE3A0 OJHO3HATHO OIMPENEIIeTCA
JI00BIM (DIaroM, BXOIALIIMM B TPOUKY, X UMEETCA KAHOHUIECKOE OTO-
X aecTBIeHUE rpadoB

L'\ S(e) =T"\ S(enew) =TI\ S(enew) -

S3AMEYAHME 1. DIeMeHTapHOE NpeoOpa3oBaHue 1-eTiu e Beerja IPUBOIUT
K TOMY 2K€ CaMOMy I'pady € TOU XKe IETIEH €ney = €.

Paccmorpum Teneps aBe komnonerTsl Py, P, xpusou Pr, oTBe-
Jaolme BepnHaM UcXoqHoro pebpa e = [v/,v""]. Bkaeusas BmecTo
pe = Py N Py tpybky, mbr noaydaem chepy S? = P! ¢ gBymsa ma-
paMu OTMEIEHHBIX TOYEK (pe/1 ' Del, ) u (perlr, Peg)- 3adukcupyem HA Hen
KOMILIEKCHYIO CTPYKTYPY M PACCMOTPHUM ABOMHOE HAKPBHITHE

E 2. p! (9.9)

C BETBJICHUECM B 3TUX TOYKaAX. MBI IOy 1a€M SIIUINTUICCKYIO KPDUBYIO
FE ¢ oTMeYeHHOU TOYKOU BTOPOrO IOPAIKA

O =P, + Pe, — Peyy — Dei - (9.10)

Takum 06pa3oM, IPOCTPAHCTBO MOAYJIEU KOMILIEKCHBIX CTPYKTYD Ha
5% 6e3 weTHIpex TOUEK COBHAZAET ¢ MHOTOOGpasmem momyJedr M2
DIAJKAX DJUIAITHIECKUX KPUBLIX ¢ OTMEYEHHOM TOYKOM BTOPOT'O II0-
pAfKa. Bapeupysa 5Ty KOMILIEKCHYIO CTPYKTYpy T € M? npu mems-
MEHHBIX KOMIIICKCHBIX CTPYKTYPAX HA BCEX OCTAJBHBIX KOMIIOHCHTAX
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KpuBOU Pr, MBI IOIy<IUM OJHOIAPAMETPUICCKOE CeMEUCTBO CTAOWIb-
T
HBIX ANreOpanv1ecKux KpuBblx P 1 BIOXEHUE
2 1/)5,1" 7

M ——— M, . (9.11)
Kax ma3sectno, M? = P!\ {0, 0', 0"} npeacrasuser co6o# npoekTus-
HyI0 OpaAMyI 6e3 Tpex TOYeK, KOTOPBIE KaK pa3 M COOTBETCTBYIOT
TPEM BO3MOXHBIM PA30OUEHUAM GCBIPEX BEPUIH Pty Pel s Pells Pelj HA
[IBE Mmapbl, T. €. BEIOOPY HA DILUIUNTUYECKOUN KPUBOU TOYKU BTOPOTO
nopsagka, u orobpaxenue (9.11) npogomxkaercs 1o oTobpaxeHus
Yer
Pt — s M,

! "

o— P, o+— P, o — P,

(9.12)

OTIPABIAIIIErO BEIKOJIOTHIE TOUKH B IIPEIEIbHBIE M-KPUBBIE, OTBETA-
IOIE TPEM ONMUCAHHBIM BBILIE IepecTporkaM rpada [, o6pasytommm
rue3n0 gaaros (9.8). Mbr gokasanm

[IPEATOKEHUE 1. Kaxgoe kacarerbHoe Hanpasaeaue C, u3 pasroxe-
aua (9.7), onpegergemoe JBOUHOR TOYKOH M-KpuBOH P, maTerpupy-
eTca 4o npoexTuBHOH npamor (9.12) B npoctpancTBe Mogyaern M.

CaeacTBuk 1. O6pa3s ABax bl KAHOHUYECKOT'O BAOXEHHUA OJHO3HATHO
BOCCTAHABINBACT KPHUBYIO.

3aMmedAaHUE 2. Ecau peGpo e asasercs l-netmen ¢ BepummHou v, u S(v) =
{e,€'}, To P, Oyger pauuoHaIbHON KPUBOU C OZHOU OTMEYEHHOU ABOUHOU
TOYKOU Pe U TVIAJIKOU TOYKOU Per. SAMEHss ABOUHYIO TOYKY P, HA TPYOKY,
HOJIy<aeM [IAIKHE TOp 12 ¢ OTMEYEeHHOHR TOYKOIN Per ¥ BBLIEICHHOHR OKPY K-
HOoCTRIO @ € H{(T?,7), OXBaTLIBAIONIEH BKICEHHYIO TPYOKY M TAKOH, UTO
kr1acc a (mod 2) sBageTCA TOIKOU BTOpOro mopsAaka Ha 12, IlpocTpancTBo
M? koMIIeKCHBIX CTPYKTYP Ha 12 ¢ TakuM HAGOPOM KECTKOCTER B30MOPdh-
o C* \ {1}, 1. e. croBa npencrasaser coboun P! 6e3 Tpex Touex, u pamu-
oHanbHaA Kpusas e p(M?) pomyckaer B 3TOM ClIydae KOMIAKTU(DUKAILIO
IBOWHOU TOYKOU, COOTBETCTBYIOMEN Fr.

Urak, xomnakTudukamusa lermaa — Mamdopaa Mg COJIEPXKUT
IPUBOJUMYIO KPUBYIO

C=|J Cor c My, (9.13)
(eCl')
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koMIOHeHTHI KoTopou C,r = .1 (P1) HymepyoTCA BCEBO3MOXHEI-
vu daaramvu (e C I'). Mbt Bugenn, 9To aas 1060ro npoctoro gaara
0TOOpaXKeHNue 1), ABIAETCA BIOXKEHHEM, I COOTBETCTBYIONIAA KOM-
noueHTa Cp C C — IIajKasd PAIMOHAIbHAA KPUBAd, IEePECeKAIomas
‘P poBHO O TpeM TOYKaAM

Cer NP = Pr + P + Pro

coorsercrytomum raesfy (I,IV, ') duara (e C I'), npuiem B xa-

XKJOM W3 HUX KacaTelbHOe MPOCTPAHCTBO K M, mMeeT pasioxeHme
(9.7). Orcioga cpasy caegyer

HpPEMIOKEHUE 2. /[Be pasmmuanbie kommnonerter C, C' kpuson (9.13)
Jau60 He MEPeCeKalTCs, TU00 MEPECEKAITCA TPAHCBEPCAIBHO, U

cnc'ep,

mpuiem muoxectso S(I') kommomenT, npoxogammx 4epe3 AaHHYIO
rouky Pr € P, Hymepyercs BepummHamu e € E(I).

leomerpus Beex kpupbix cemencrsa Ce 0O49€Hb OIM3Ka K reoMe-
TPUU IPEAETbHBIX M-KPUBBIX. PacCMOTpUM HA TAKOW KPUBOU TOUKY
Pg 5, 0TBe4aoNIyo IpUBOAUMON KPUBOK, OJHA KOMIIOHEHTa KOTOPOH
Py i siBIsieTCA CHEPOHR ¢ IETHIPMA BBIKOIOTHIMEI TOYKAMA

pe’l |—|pe’2 upe’l’ upeg (9'14)

(z coorBercTByeT smmnTEIeCKOr KpuBon (9.9) ¢ TOUKOM BTOPOro
nopsaaka (9.10)), a ocransubie (29 — 4) komnorents P, ¢ v # v, v”
OCTAIOTCA TEMHU XK€ TPEXIBIPOIHBIME cdepamu, 9To u B Pr (Tak ITo
BCero mmeeTcsa 3¢9 — 1 mpOCThIX ABOMHBIX TOYEK).

Cedenns kaHOHMIECKOrO oOpaTuMoro mydka Kp, = HaJL KaxIou

,o

CTApOy KOMIOHEHTOU P,, Kak ¥ Bble, ABIAITCA MEPOMOPMOHBIMU
nuddepeHnnaIaMu w € IPOCTHIMUA IOTIOCAMEA B Pe, Peys Pes, & HAL

HOBOM KOMIIOHEHTOU — MepoMOpdHbIME AudHEepEeHIUuAIaMUA ¢ IPOo-
CTBIME HOXIOCAMK B TOUKax (9.14), Tax 9T0 KAHOHHIECKUYU KIACC IMe-
er B rpyunne Hepona — Cesepu NSp, . tun ¢(Kp, ) = (2,1,...,1)

(mepBas KOOpAUHATA COOTBETCTBYET DILIUNTUICCKON KOMIOHEHTE).
[no6anbuele TomoMopdHbIe cedenus s € HY (K pE,U,PEyf,) 3a1a-
1orca Habopom m3 (3g — 4) mepomopdubIx AuddHEPEHINAIOB W, U e1Ie
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oxHuM AudpHepEHnUATOM Wy, KOTOPBIE HMEIOT B BBIKOIOTBHIX TOY-
KaxX BBIYETHI, CBA3AHHBIE TeMU ke orpanmaeHuamMu (9.4), 910 u ga
M-KPUBBIX.

K _

Kanornmieckoe orobpaxenune P, — P9 ! nepesoaut Bce KOM-
HoHEHTHI P, B mpaMele, a Py v — B KOHuKY. PasmeprocTh IpocTpaH-
cTBa KBaApAaTWIHBIX Auddepennnanos Ha Pg , paBHa (3g — 3), Tak
910 M, aBrgeTca raagkum opbudorgom B Touke Pg s, a IBaXIbI
KAQHOHUYIECKOE OTOOpaXeHne

*

Py —25e B =P (I, M) = [2Kp,,|

ABIAETCA BIOKEHUEM, IPUIEM Ha T 00pa3aMu JBOMHBIX TOYEK KPUBOU
Pp; » Mb1, Kax 1 Bbie, Oy1eM IMeTh KaHOHHIeCKOe pasioxenue (9.7)
KaCaTeIbHOI'0 IIPOCTPAHCTBA K M.

CuegoBarenbHo, 06passl IPOCTHIX IBOMHBIX TOYEK KPUBBIX Pg »
3aIAI0T PA3IOKEHUE

My, =TCr & P Lo
’ ¢'€E(T)\{e}

KacaTeIbHOr'0 paccaoeHnsa K M, Hag Kaxaou koMmnoreHTOn Cor =
e (P1) xpuBon (9.13). Jlumenusie craraemsie Lo 5TOro pasioxe-
HUs, 00pa30BAHHbIE OTHOMEPHBEIMY COCTABIIOIIAME pasnoxenus (9.7),
ABAAIOTCA, OI€EBUAHO, TaBTOJOI'TICCKIMN JIHHefIHBIMH pacCCiIOCHUAMMN
Oc, (—1), Tak 970

TMy|e, = Oc,(2) ® Oc,  (~1)?CY (9.15)

B JaCTHOCTH, orpaHmieHme Ha (. KaHOHHMICCKOIO KJIacca IPO-
CTPAHCTBA MOJYJEH MMEET BU [

= Oc¢, (39 —6) .

M
g e,
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8§ 4 CnenmanbHas ABynmapamMerpudeckasa gedopmanusa
OpeJeJbHbIX M-KPUBBIX.

Paccmorpum Teneps ma rpade I' daar (v C e C I') gaunsr 3, B
koTopoMm e € S(v), m mycts S(v) \ {e} = {e1} U{e2}, rae Oe; = vl v;.
CraruBas stu pebpa ej, ey, HoiaydaeM HOBHIA rpad ['pew ¢ HOBOU
IATUBAJEHTHOU BEPIIUHOU Upey, 3BE3/a KOTOPOU OyIeT eCTeCTBEHHO
pa3buTa Ha pebpo e u aBe napul pebep, npumenmux u3 S(vy) \{e1} u
S(v2)\{e2}. Teneps aBax ALl pa3ayeM vney OOPATHO, BKICHBAS HOBBIE
pebpa €], e ¢ 0e] = vpew L 0]V, 0¢)y = vpew U 05" 1 pacnpenemnss
mMexay HuME pebpa 3Be3abl S(Unew) B COOTBETCTBHAU ¢ KAKUM-IUOO
HOBBLIM ee pa3buerueM Buga b = 1+ 2+ 2. MbI nony4um HOBBII (irar

(W' ce cT’) (9.16)

AmuHBL 3 ¢ V' = Upew B € = S(Unew) \ (S(01V) U S(v5%7)). Beero
rMeeTca 15 TaKuX ImepecTpoek, OTBeYarImuX 15 pa3bueHusIM

S(vnew) = {e'} U (S@I™) \ {e1}) U (S(v3™) \ {e}}) ,

KOTOPBIE OPraHu3yioTcsa B b Tpoek ¢ o6mum e. Bosukarouiee B pesyib-
TaTe »Tux 15 mepecrpoek muoxecTsBo u3 15 duaaros (v C e C IV)
AauHbL 3 MBI OyieM Ha3bIBaTh 2He30om Paazo6 daunvt 3.

Crenuanusanuen 3TOU KOHCTPYKIUYU ABISAETCA CTAMMBAHUE JIWIID
OJHOYM BEpIIVHEBI, HAIPUMED, e1. lIpu 5TOM BO3HUKHET 4YeTHIPEXBa-
JEHTHAs BEPIIMHA Unew C S(Unew) = {€, €2, €3, es}, rge {es} U {es} =
S(v1)\{er}, a {efU{ea} = S(v)\{e1}. 3amensas e mobM pebpom u3
napsl {e3, €4}, ckaxem, peGpoM €3, U Pa3AyBasd BEPLIUHY Upey 4O HO-
Boro pebpa €' ¢ d¢' =o' Uv" u S(v') ={e,e,e3}, S(V") = {€, ez, €4},
MBI oy gaem HoBblz duaar (v' C ¢! C V) paunet 3 u3 Toro xe ruesga
(9.16) ¢daaros mauubr 3, ¥To m ucxonubw Quar (v C e C I'). Ilpu
arom mpocteie gaaru (e C I') u (¢/ C ') nexar B ogHOM THE3AE
(9.8) mpocTeIx duaros

(eeC), (¢ cI), (" "), (9.17)

TPETHUH DIEMEHT KOTOPOr'O IOLYJIAeTCA 3aMEHOU B MPEABIAYIIEeN KOH-
cTpyknuu pebpa e Ha pebpo ey.
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Ha reomerpuueckom s3vike duary (v C e C I') gamabr 3 cooTBert-
CTBYECT M-KpUBaAsA P[‘ C BBIACJCHHBIMU HCIIPUBOAMMBIMA KOMIIOHCHTA-
vu: P, n P,,, P,,, npukjieeHHBIMU K P, 10 TOYKAM De,,Pe, € Py.
3aMeHss DTU IBE IBOWHBIE TOYKU TPyOKaMU, MbI TOJAydaeM chepy ¢
OATHIO BBIKOJIOTBHIMEU TOYKAMU, OJHA U3 KOTOPBIX — P, — IPHUILIA C
P,, a gBe mapsl ocrasmuxca — ¢ P, u P,,. MHOroo6pasue mony-
Jell KOMILUIEKCHBIX CTPYKTYD Ha TakKOU cdepe npeacrasiser coHO0
panmoHaJdbHYI0 apPUHHYIO IOBEPXHOCTH

P! x S2(S%P!)

PGL(2,C) ’ (9.18)

o]
Sv,e,I‘:

¥ IOCKOJBKY KaXmaas cdepa € ONATHI0 BBIKOJIOTBIMU TOYKAMU OJTHO-
3HAYHO IPOJOMKAETCA [0 IPUBOIUMON KPUBOU POAA ¢ IO X0 AAIIIMUA
noakiaenkamu (3g — 5)-X IPAMBIX 110 TPEM TOYKAM, Mbl IMEEM BJIOXKE-
HUE

° 1/)1) e,I’ i
c €5
SU,E,F Mg )

00pa3 KOTOPOro KOMIaKTUMUIUPYETCA N0 3AMKHYTOU HOBEPXHOCTHI

def ° —-—
Sv,e,F = 17[]U,6,F (Sv,e,l“> C Mg (9.19)

IATHAATATUKOMIIOHCHTHBIM JUBU30POM

15
Sv,e,F \ ¢v,e,F (Sv,e,F) = U Cu ) (9.20)
v=1

cocTasaeHHEbIM 13 KoMoHeHT Kpuson C u3 (9.13), KoTopbie oTBE9AI0T
ree3aam npocThix (aaros (9.17) u HyMepyIOTCA DIEMEHTAMU THE3AA
(9.16) daaros mrusbI 3.
B pesyabraTe Ha M, BO3HEKAeT NPUBOAUMAsA PAIMOHATILHAA IIO-
BEPXHOCTH
S= |J SvercM,, (9.21)

(vCecCl)

KOMIOHEHTHI (9.19) KOTOpOM HYMEpYIOTCA BCEBO3MOXHBIMU (DiIara-
mvu (v C e C I') pauanr 3. Kaxgas kommnonenTa Sy,e,l' HEPECEKACTCA
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€ JOKycOM M-KpuBbIX P 1o 15-kommonenTrHOu kpusou (9.20), u mo-
CKOIBKY OIDAaHMYEHHE KaCaTEIbHOTO paccioerumsa T M, Ha Kaxayio
U3 9THX KOMIIOHEHT mMmeeT Buf (9.15), MbI HEMeIJIEHHO IOy IaeM

[IPEAJOXKEHWUE 1. /IBe pasmmaaple kommoHeHTHI S, S’ moBepXHOCTH
(9.21) 1m6o He mepecekaroTcCs, OO MEPECEKAIOTCA TPAHCBED CATBHO
BJOJb HEKOTOPOI'O HabOpa KoMIIOHEeHT KpuBou (9.20).

Crabuibnas kpuBasg Py, orBedaiomas obmen Todke s € S mo-
BepxaocTu (9.21), OTAMYAETCA OT NPEAETBHOU M-KPUBOM TEM, €UTO
ckrenBaeTcs u3 (3g —5) TPexABIPOIHBIX ¢ep U OHOU HMATHUABIPOIHON

1

cdepsl. B gacrHOCTH, €e kaHOHMYeckun Kaace™ umeer Tun ¢(Kp,) =

(3,1,...,1) B rpynne Hepona — CeBepu, a KaHOHIYECKAasA MOJIEIb
p, 25, po-l
npeacrasiier co00i0 KOHMUIypamuioo w3 OpsaMbix u KyOukw. [Ipo-

CTPaHCTBO MOAyIer M, mMeeT B KaxJod Touke Py CTPYKTypy riIaj-
KOro opbudoiuga, u ABAXK bl KAHOHUYECKOE BIOXEHUE

P, 5, piod — p(TM,) = [2Kp,|*

[IEPEBOAUT IPOCTHIE IBOMHBIE TOYKM KPpUBOU P B 6a3uC KacaTelbHO-
ro npocTpascTsa 1s My, 9T0, KaK ¥ BBIIIE, IPUBOAUT K PABIOKECHIIO

Tﬂg‘sv e.l’ = TS/U,e’F 69 @ Le ) (922)
o c€E(D)\{e1,e2}

IpUdeM JIWHEHHBIE PACCIOCHUs L, OrpaHUYIMBAIOTCA B COOTBETCTBY-
oue KOMIOHeHTH pasaoxenunt (9.15) u (9.7).

la xaHOHWYECKMI Iy4OK TAKOM KPHBOH JOKAJIBGHO CBOGOJEH U OIMCHIBACTCA O-

CJIOBHO TaK e, KaK U B IBYX NIPEIbIAYIINX CILydadax
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85 MoayaapHaa kOHpUrypanusm.

[Ipocrpancrsa mogyaen (9.11) u (9.18), Bo3sHUKaBUIME B IpEIBI-
OyIIUX ABYX maparpadax, ABIAIOTCI YaCTHBIME CIy 9aAMU CJAeLy OIIen
obmen koHCTpYKIMu. JIro6ou rpagd [’ ¢ BepumaaMu Ipou3BOILHON Ba-
JEHTHOCTH > 3 OIpeneaseT MPUBOLAMYIO KPUBYIO

PF = U PU )
veV(T)

Kax1asg KOMIIOHeHTa KoTopon P, = P! TpamcsepcambHO mepecekaer
komuoneHnTsl Py ¢ vUv' = de, rae e € S(v) mo |S(v)| Toukam pe € P,.
Ecau B rpade ecTb X0Th 0Ha 60/€e YeM TPeXBAJIEHTHAA BEPIIMHA, Y
TaKOM KPUBOM BOBHHKAIOT Moxyxu Mr, 3agamomue moxoxenue |S(v)|
TOYCK Ha KOMIIOHEHTE PU n 3aBucAmmue OoT KOM6HHaTOpHKH MHOXE-
crBa TpexBaleHTHBIX pacmupernuu &(I') mcexommoro rpada (cm. §3
raasel 6).

Hanpuwmep, eciu I' moaydaerca u3 TpexBajdeHTHOrO rpada ['pax
crArmBaHEEeM OZHOTO pebpa, To Mp = M? aBrserca TPOWHBIM Ha-
KPBITHEM MHOT'00ODA3uA MOAYJEH TIAJKUAX HJIUITAICCKUX KPUBLIX,
a 1A rpadOB C OAHON MATUBAJCHTHON BepmmMHOU M| npeacrasiger
€060 PAIMOHAIBHYO IOBEPXHOCTH (9.18).

Kaxpoe Takoe maoroo6pasue mogyaen M BkragbBaeTca B M,
U, CIef0BATENbHO, MOXET ObITh KOMIAKTU(MUIUPOBAHO B HEM 110 [le-
arHio — Mamdopay, Tak 49To

Mp=M,U | J My c M,,
>r
rae rpadul [V araorea pazgytuavu . O49eBrHO, 9TO MAKCHMATIBLHO
BO3MOXHAA PA3MEPHOCTH TAKOIO MHOIO00OPA3UsA MOLYJIEN PABHA, (Zg—

3), -
My nMpr = ) Mp,
>0,
¥ OrpaHUYeHHe KacaTelbHOro paccaoenus T M, Ha KaxIyl KOMIO-
HeHTy M nomyckaer pasaoxenume, nonobuoe (9.22) u (9.15).
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§ 6 Pico(Pr) m MogyJiu pacCIO€HUM HA M-KPHUBBIX.

Muoroobpa3ue MOAyJer BEKTOPHBIX PACCIOCHUU KPUBOU C IMPO-
CTBIMH NBOWMHBIMY TOYKAMY HE KOMIIAKTHO, HO MOXET OBITH KOMITAK-
TuPUIMPOBAHO MydkaMu 0€3 KPy9eHWsA, He JOKATHHO CBOOOMHBIMU
TOJBKO B OCOOBIX TOYKAX. JTa KOMIAKTU(PUKANUIA OYeHb OJU3KA K
TOH, KOTOPYIO B pabore [Arl] nocrpoun aus aare6panvecKux HOBEpX-
wocreu U. B. Apramkus.

A wmenno, mdo6ou mydok 6e3 kpydenus F Ha Pr BKIoodaeTcsa B
TOYHYIO MOCIEA0BATEIBHOCTh

0—>F —+F* —+ C(F) — 0,

B KoTopout SuppC(F) C |J pe, a F** nmogauMaeT HOpMAIM3AIUIO
ecE(T)
KPUBOU 0 BEKTOPHOI'O PACCIOCHUA, TaK ITO [SuppF| = co(F') usme-
pseT oTkaonenue nyuka F ot mokaasno cBo6ognOrO ¢o(F') = 0 Torga
1 TOJBKO TOTAa, KOraa F JOKaJIbHO CBOGOMEH, T. €. MOJHAMAETCA 10
BEKTOPHOI'O PACCIOCHUsA HA HOPMAJIU3AUUM KPUBOU. MBI Ha3bIBaeM
Takoe paccioeHue E monoao2uuecku mpusuaibrbim, €CIA TPUBAATD-
HBL Bee ero orpanuvenus E|p,, 4ro osmavaer, uro E|p, = @Op,,
nockoasky P, =P VoeV (D).
Huxe mbr onuceisaem MEOroo6pasus mogyen Picy(Pr) Tononorn-
JeCKM TPUBUAIBHBIX IMHEHHBIX paccioeHnit u MY (Pr) morycrabuib-
HBIX BEKTOPHBIX PACCIOEHAU PAHTA 2, & TAKXKE UX KOMIAKTH(PUKAIN

J(PF) = PiCO(PF) n MSS(PF) == W[Vb](PF)

myukamu 6e3 KpydeHusa F', mis KoTOpweIX paccaoenme F™** apisercs
DIEMEHTOM COOTBETCTBYIOIIEr0 OTKPBITOI'O MPOCTAHCTBA MOIYJIEH.

s onucanus uHEenHOro paccaoenus L va Pp paccMmoTpum Habop
Ly xakux-1u60 ero rpusnanumsanuu Op, HaT BCEMHU KOMIOHEHTAMU
P,. llpu arom cnou tpusnanmuzauuu Op,, Op , Hag TOUKOU

ple) e P,NPy, e€E[I), de=vU

OTOXICCTBAATCA IIPUA HOMOIE YMHOXKEHUSA Ha HEKOTOPYIO HeHyJe-
ByI0 KOHCTAHTY a(?) € C*, xoropas o6opaduBaeTcsa OOpalIaroLen
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CTPEIKW HHBOMIOIUEN:
: - 1
ipa=a(e)=a L)

(cp. ¢ (6.35)). Takum o6pasom, HAGOP TpuBHATE3ALUAY Ly HHAYIUDYET
oTobpaxeHue

BI) -, (9.23)

a M3MEHEHNEe TPUBMAIN3AIUA 33 0aeTCA (PYHKIMEN

A
V() — C",
IEUCTBYIOIEN HA ¢ 0 (hOpMyJIe

Xa(€) = A(vs) - a(€) - A H(w)

rJe vs I U; CyTh HAMAIO U KOHEI] OPHEHTHPOBAHHOIO pebpa € (Kak
Ha crp. 125). Takum o6pazom (cm. §6 raasel 6) DpOCTPAHCTBO Beex
TPUBUAIUIANMKA TOMOJOTMIECKA TPUBUAIBHOIO JIAHEMHOTO PACCIOe-
HuA HaL PP ecTh HE 9TO mHOE, Kak nmpocTpancTBo Ac miockux C*-
cBasHOCTer Ha rpade I, a rpynna Ge 3aMeH TPUBHAIU3AMMI — DTO
KOMILIEKCU(DUKALUA YHATAPHOU abeseBor KAaaubpOBOYHOU I'PYIIIILI U3
(6.36), Tak 4ITO
Pico(Pr) = Ac/Gc = Hom(m (T'),C") = 57

coBmagaeT ¢ abereBeiM npocrpancTsoM llorTku (2.23).

Ananoruvyno, BekTOpHOE pacciaoenue F panra 2 Ha Pr 3amaercs
Habopom E cBoux rpusnanusanuu E|p, ~ Op, &Op,, KOTOPBIX UHIY-
nupyeT HaboOp U30MOPPU3MOB a(?) € SL(2,C), oroxaecTBaaomux
UX CJIOW HAJ TOYKAMU CKJICUKY CHEp U yAOBIETBOPAIOUIMX CTAHIAPT-
HbIM cooTHOWeHuAM (6.25), T. e. miockyio SL(2, C)-cBazrocTs

E(1) —- SL(2,0).
a CMEHBbI TPUBUAJIU3AIN:

V() L. SL(2,0) (9.24)
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COCTABIAIOT KAJUOPOBOYHYIO I'PYIIY STOU CBA3HOCTH W JEUCTBYIOT
HA G 1O IPABUILY

ga(@) = g(vs) oa(@) o g *(vy)

(cp. ¢ (6.26)). IlosTomy B TepmuHax §5 raaser 6

b (Fr) = Ac/Gc = RE(m (I'),SL(2,C)) = Sy, (9.25)
rae Ac — npocrparcto miockux SL(2, C)-ceasnocren, Ge — KoM-
IJICKCHAA KaauOpOBOIHAA Ipynma, a S, — HeabeleBO KOMILICKCHOE
npocrpascTBo [lorTku u3 § 2 rmaBsr 3.

Paccmorpum Temeps Tpexmeproe yrommenune rpada [T — reno
¢ pyukamu (9.1). B Tounon mocregoBaTeasHOCTH (DYHIAMEHTAILHBIX
rpynu 1 — m(Hp) — m1(Zr) m1(T) 1 appo u xoAAPO

ABIAIOTCA CBOOOAHBEIMU rpynnamu Fy ¢ g, 06pasyromumMu
a1, 042,...,09 €7T1(HF), bluan"'7bg 6771(1—‘)7

n3 KOTOPBIX MOXHO COCTAaBUTH CTaHAAPTHOE IIPEACTABJICHUEC!:

g
7Tl(EF) = < ai, a2,...,0q, bluan"' 7bg| H[a27bl] = 1> )
i=1
IIO3BOJAIONIEE OTOX AECTBUTDH IPOCTPAHCTBO KOMIIEKCHBIX CTPYKTYD
Ha X ¢ mpocTparcTBoM Terxmiomrepa 7,.
Dukcarnua Ha Yr KOMILIEKCHOU CTPYKTYPHL I MO3BOMAET, KAK MBI
3HAEM, PACCMATPUBATEH IIPOCTPAHCTBO

Re(r (1), SL(2,0) = S,

KaK CEeMENCTBO INOCKUX BEKTOPHBIX PACCIOCHUN HA X, 9TO AAET Me-
poMopduoe oTobpaxenue (3.12):

!
Sy =+ M3(31) .

M MBI MOXEM PACCMOTPETH YHUBEPCAIBHOE CEMEMCTBO TAKHX 0TOOpa-
XKCHUU p
Sg X 17y — M, (9.26)
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rle CIPaBa, CTOUT YHUBEPCAIbHOE CeMencTBO M ., Ty MHOr0OGpa-
3UH MOJy/Iell BEKTOPHBIX PACCIOCHMI' .

Herpyaao BugeTh, 9T0 Cenuadu3amnus YHUBEPCAILHOIO 0TOOPa-
xeHus (9.26) B cogepxamuUcsa B KOMIAKTU(MUKAIAN IPOCTPAHCTBA
M, magyumpoBarnaon komnakTudukanuen lemuns — Mamdop ga npo-
CTPAHCTBA Ty, caioit M*(Pga) = M3 (P) Hajg OpeneasHon M-KPUBOK
Pr, coBnagaeT co CTaHAAPTHBIM BIOXEHAEM

ss Fpp
Sg = M®(Pp) —> M>(Fr)

TOJBKO 9TO ONMCAHHBIM Bbmie. V3 sToro HEeMEeIJICHHO HOJIy‘Ia.eTCﬂ2

YIOMWUHABIIEECA HA CTP. 57 dacTuaHOe pemerue npobaembr Hapacu-
MaHa:

[IPEATOXKEHUE 1. Ob6pas mepomopgHOro orobpaxenus (3.14):
Sy — MP(X)

IIOTEH 10 3aPUCCKOMY A OOIIEH TIa KOH AIreOpamdecKOd KPUBOU
X1 pozag.

[NOKABATENLCTBO. YTBEpXKJeHUe BepHO NI M-KpUBHIX I € M,
U yCTOMIMBO K MAJbIM IIeBeaeHuAM B M. U

Takoyll X0/ MBICIU IPENCTABIAETCA BEChbMA NPOJAYKTUBHBIM JaXkKe
U B KIaCCUIeCKOM abeneBoM caydae (M. §4 ruaser 2): BIOXeHUE

(C*)9 = 5% — Pico(Pr)

asasgercsa npeaenom Hakpoirun (C*)9 N, J(21) (em. (2.23)- (2.25)),
U CTOUT IOCMOTPETH, KaK BeAyT ce0s IPH STOM IIpenelbHOM Iepe-
xone kiaaccudeckue (abenesbl) U-pynkuuu (2.26) (ckaxem, 0-pyHK-
mun (2.18) 6buim o6HApYXeHbl MMeHHO TakuMm obpasom!). Bomee To-
ro, BCA Kaaccudeckas Teopus J-QpyHKIUA MOXET ObITH MOCTPOEHA,
npumenenueM K Picy(FPr) npeobpa3oBaHus KOIE€PEHTHBIX COCTOAHUN
u3 § 3 TIaBHI 2, & 3aTeM IPOJO/IKEHA Ha JIOOYIO MIALKYIO KPUBYIO IIPK

lu—l(I) — MSS(EI)
2}{ 6J1ar0,qap10 Fep,qa ,D;ETJIOCl)(ba 3a INPEeNIOKEHHOE MM YIIPpOIIEHUWEe MOEero IepBo-
HAQYaJBHOI'O PACCYyXNCHUA
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ITOMOIIA T'OJOMOP(MHON INIOCKOU CBA3HOCTH, OIMUCAHHOU Bearrepcom B

ViMeHHO TaKOU MOAX0 MBI M MCIIOAb30BAIA B HEAOEIEBOM CIyJae:
npeo6pa3oBaHKUA KOM€PEeHTHBIX COCTOAHUAN U3 TIABHI 7 IMO3BOMAIOT UH-
TEPIPETUPOBATH BCE CKA3aHHOE B iaBe 6 kak Teopuio HeabeneBbIx -
dyukuun zHa M (Pr), KoTOpas 3aTeM Pa3sHOCATCA HA IPOM3BOJIbHLIC
[VIAAKUE KPUBBIE IIOCPEACTBOM IIPOEKTUBHO ILIOCKOU CBA3BHOCTH XMUT-
quHa, — OOp-30MMepQEIbIOBO KBAHTOBAHWE W [€OMETPHUA JarpaH-
XKEBBIX U JIEXKAHIPOBBIX IUKJOB IO3BOIAIOT OOOUTH IIPOOJEMBI, CBS-
3aHHBIE C MEPOMOP(MHOCTHIO 3abbiBatomero orobpaxenns (3.14). [lpu
STOM MBI CYyIIECTBEHHO MCIOIb3yeM CyIeCTBOBAHUE AIreOpO-TreoMeT-
PUYECKON KOMIIAK TU(MUKAINYA IPOCTPAHCTBA, BEKTOPHBIX PACCIOCHUN
HAJ IpeeIbHBIMA M-KpuBbiMu. Omnuiiem ee Tenepsb 6ojee moapo6HO.

§ 7 Anre6paumyieckaa reomeTpusa V-pyHKIAA
npeaeJbHbIX M-KPHABBIX.

O6a npocrpancrsa Pico(Pr) mw M%(Pr) asraorcs apduHHEIME
MHOT000pa3uaAMu, AOILYCKAOIINMI KAHOHNIECKNE KOMIAK TU(DUKATII
mygkaMu 6e3 KpyIeHusd.

B abereBoMm ciydae Mbl OyZeM Ha3BIBATH TAKYH KOMIAKTHDUKA-
LU0 AKOOUAGHOM

J(Pr) = Pico(Pr)

mpeneiabHOn M-KpuBou. Ilydok 6e3 kpydenus F' pamra 1 samaercs,
kak u B (9.23) Bblme, (pyHKIUER G, HO TOIBKO Telepb CO 3HAYCHUAMU
we B rpynne C*, a B ee nonoanenuu Pl = C U {0,00} — pumano-
Bou cdepe ¢ AByMs OTMEYCHHBIMU TOYKAMU (AIu (PUKCUPOBAHHBIM
craagaprabev aercteuem C*). Tloaromy

(Pt )™

J(Fr) = G- 7
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nero rparuna Dp = J(Pr)\Pico(I') = U (D+(e) UD_(e)) aBaa-
ecE(T)
eTca obbenuHeHNeM 6g — 6 TUBM3OPOB

D.(e) ={a| a(?) =0}, D_(e)={a|a(¥) =00}

(rak aro Di(e) UD_(e) = {F| pe € Sing F'}).

Besakaa abemeBa cmnmuceTKa ', Ha rpadge I', sagamHas BecoBOn
dynkumen w (6.33), ygosrersopaomen ycaosuam (6.34), onpegeaser
Ha J(Pr) IIaBHBIA JUBU30D

D, = Zw(e) ’ Dsgn (w(e)) »

KOTOPBIA ABIAETC MPEAETOM OOBIYHBIX U-(DYHKIUT TIAIKUX KPUBBIX,
7 3HAYAT, JOJXKEH OBITH TUBA30POM PAIMOHAILHOU (QYHKIUHA ¥, Pe-
ryaapuon scoay Ha Picy(Pr). Eciu Bec w umeer yposens k, MbI MO-
®KeM 3aQUKCHPOBATHL OIWH €€ MOMIC TaK, YTOObI caeraTh Bce w(e)
HEOTPULATENLHBIMEA W, TEM CAMBIM, MOJLY9IATh KAHOHUIECKHU 0A3UC
73 Y-PYyHKIUA C XaPAKTEPUCTAKAMHA.

Anmanoruano afeneBoMy Cay9aio, KaXObli IMy90K 0e3 KpPy<IeHus
F € M®(Pr) panra 2 3agaerca QpyHKuuen

E() —“+SL(2,C) = P* = P End(C?))
¢ ¢pukcupoBarHou kBagpukon Cere ) C P3, Tak 410
(Ps)E(F)
gc
¢ Tou xe camon Kauubposounou rpynnon (9.24), aro u B (9.25). Ta-

KkuM o6pasoM, rparuna D = M>(Pp) \ M (Pr) asiserca o6benu-
HenueM (3g — 3) auBU3OPOB

D= []J D(e).

ecE(T)

M(Pr) = MS[vb](Pp) =

N3o6paxennoe Ha puc. 8 Ha cTp. 112 sremeHTapHOE IPEe06pPa3oBa-
Hue TpuBajteHTHOrO rpada [' poxa g, crupatomee kakoe-HuOy b €ro
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pebpo € BMECTe C ABYMA €ro BepIIMHAMM, IIpeBpamaeT ' B HOBBIN
rpad e poga g — 1 u gencrsyer ma auBusopsl D(e) no npasury

D(e) = Qe x M>*(Pp,) .

Musuzop O, = > w(e)-D(e), TOCTPOCHHBIN 110 IPOU3BOIBHON
ecE(T)
cumaceTke [y, ypoBHA 1, aBaseTca mpegeaoM >p¢peKTUBHLIX Heabese-
BbIX U-IMBU30POB IMIaIKUX KPUBBIX, 1 HAOOD

U e

wEG%

BCeX TAKWUX AWBU30POB gocTasisgeT Gazuc Mambopaa (2.3) s mpe-
IEeNIbHOU M-KPUBOU Pp.

Puxcupys Kaxyio-mb6o crmaceTKy wy € W(I') yposma 1, MBI
HEM/JIEHHO IOLyYaeM Ha KaxXJO0M ypoBHe k nuBu3op kO, u Habop
3(pPeKTUBHBIX JUBU30POB

U HOK. (kOu,, Ou)

k
weGH

U3 [OIHOU JuHeWHOu cucTeMbl |kO,,| zaer Gop-zomMepdens oBoB
6asuc (4.15) B npocTpaHCTBE BOAHOBBIX (DyHKIUE FOIAMAHOBCKOU Be-
IIECTBEHHON MOIAPU3ANMEA YPOBHA k mpeneibHon m-Kpusor Pr. Mox-
HO IPOBEPUTb, YTO €r0 ONPAHMYCHHE HA USy, OyAy<Tu IPOSOMLKEHO
HA [VIAIKAE KPUBLIE C MOMOIIBIO IIOCKOU CBA3HOCTH XWUTUWHA, TACT
B TOYHOCTHU O0P-30MMePQEabI0Bbl 0a3UChl TPOCTPAHCTB HEAOETEeBbIX
Y-(pyHKIMH, TOCTPOEHHBIE HAMU B IVIaBe 8§ MpHU MOMOIIZA BPU-METO/A.
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