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BnarogapHoctn

[Tpexxne Bcero, aBToOp BblpakaeT UCKPEHHIOIO MPU3HATENBHOCTD U
roBoput Godibiioe cnacu6o HMropio Onerosuuy KopsikoBy — cBoemy
cTaplieMy KoJijiere mo Kadenpe anreO6pbsl U TUCKPETHOW MaTeMaTHKH
Ypanbckoro roc. ynueepcutera. Korna aBtop Oblal elle CTyZeHTOM,
umenHo WM. O.KopskoB 6jecTsiiie 4uTan JeKUMd 10 AUQepeHIIn-
aJbHOH reOMeTPHM Ha MaTeMaTUKO-MeXaHHUeCKOM (DaKyJbTeTe U Mo-
3HAKOMHJI aBTOpa C OCHOBAMH 3TOH HayKu. Kpome Toro, Ha 3Kk3amMeHe
no nuddepeHLNaNbHON T€OMETPUH OH, Mpecjefysl BOCIUTATe bHbIe
neau M 1oOMBAasiChb OTJIWYHOTO 3HAHHUS MPEIMeTa, MOCTAaBUJ ABTOPY
neoiiky. Jlekuuu UM.O.KopsikoBa okaszanu CylleCTBEHHOE BJUSIHHE
Ha colepXKaHHe U MEeTOIMKY H3JI0KEHHUs MaTepHasa B 3TOH KHHXKKE.

ABTop GeckoHeyHO OJarofapeH W TOBOPUT OTPOMHOE Cracubo
Esrenuto BuranseBnuy CyxaHoBy — mpodeccopy Haled Kadeapsl.
HmenHo oH corsacuscs B3siTh Ha ceOsi TsXKeJbIH TBOPUECKHH TPy
MepBOro MPOUTEHHUs U pelleH3upoBaHus pyKonucH. [IpenBaprrtensHoe
o0CyKIeHHe colepKaHusl Kypca U Nocyaenylolre «paboynes COBETH,
BeickazaHHble E. B. CyxaHoBbIM, 3HaUUTENbHO YAYUIIHIN TEKCT ITOH
KHHXKKH.

ABTop Gmaromaput cBowo Muayio keHy HOauio BanepreBny Mo-
KUHY 3a J1060Bb W TeprnieHde. OHA caMOOTBEpPKEHHO BblAeprKasa
CYpOBO€ HCIbITaHWe HAaMHUCAHUEM MYy»KeM KHUTH HOYaMH.

Agmop 6aracadapum gupmy Microsoft 3a casdanue
8eAUKAAENHOL npazpamel npasepku apdaepaduu.

OtnenbHoe crnacku60 BceM pa3HOOOPa3HbIM, 00CYXKIABLIMM CTH-
JIUCTHKY CO MHOH, 0COGEHHO PelaKkTopy.

Kpome Toro, aBTop »KeJlaeT BBIPA3UTh OJarofapHOCTb MHOTMM H
MHOTHM JIIOJISIM, KOTOPble TaK WJU WHaue MPHHIIM ydacTHe B CO3Ja-
HUM 3TOH KHUXKKH, U X04YeT OTMETHUTb, YTO BCe OLIMOKH, HelLoYyeThl U
JIOBOJIbHO (DPUBOJIbHBIH CTHJIb JajbHEHIIero TeKCTa LeJUKOM Jiexat
Ha COBECTH aBTOpa.

Cnacu6o Bcem!



BBegenune

Ckanaphoe npouseederue — npu4uHa 2eomempuu.

Buduwbs moxcdecmeo — ougppepenyupyii!

Y 1ol KHMXKKH ABa snurpada. OnuH — pPyKOBOACTBO K MOHUMA-
HUIO, IPYrodl — pyKOBOIACTBO K JeHcTBHIO. Kpenko 3anoMHUTe 3TH
(pasbl — OHMU CJYyKAT MyTeBOAHOH HUTHIO Ha MNPOTSKEHUHM BCEro
Ja/IbHEHIIero Kypca JeKLIHH.

HuddeperHunansuas reoMmetpuss — 3To O6oraras U CTpoHHasi CH-
cTeMa 3HaHMMH, SIBJASOLLASACS YOUBUTENbHBIM KOHIVIOMEPAaTOM, 00b-
eNMHSILMM B cebe pes3y/abTaThl M MeTOAbl MHOTMX pasieJsoB Ma-
temMaTUKU. HuddepeHnunanbuas reoMeTpusi — 3TO HayKa, KoTopas
M3y4yaeT pasHOOOpa3Hble MPOCTPAHCTBEHHBIE (POPMBI (B TEPBYIO Oue-
penb, KpUBble U MoBepxHOCTH). OHA — SIPKHUi TpUMep NepernJieTeHus
U 3(p(}eKTHBHOTO HCIOJNb30BaHHs aOCTPAKTHBIX pe3y/bTaTOB ajred-
pbl, MaTeMaTHYeCKOro aHa/ju3a, TOMOJIOTMH, TEOPHUH (PYHKUHH....
HuddepenuranbHas reoMeTpusi, 0 CyTH CBOEH, IBJASETCS MHPOBO3-
3peHuecKol HayKoH, KoTopasl U3yuaeT He YTO HHOe, KaK yCTPOHCTBO
OKpYy2Kawllero mMupa. Ee BBIBOABI CYyLeCTBEHHO (OPMHPYIOT HAlLH
ecTecTBEHHOHayuHble U 00lle(dUIocO(PCKUe B3IJISAb Ha OKpyXKalo-
LI1YIO MPUPOLY U CBOWCTBA OKPYXKAIOLIEr0 HAC MPOCTPAHCTBA.

B nagyane XX B. mocremneHHoe pa3BUTHe AU(PepeHLHATbHOH
reoMeTPHUH IIPHUBEJIO K CO3[JaHHIO 00ILeH TeOPUH OTHOCHUTEJIbHOCTH —
CTPOMHON cUcTeMbl (PUIOCOPCKUX U (PU3HUECKUX BO33PEHHUH Ha OKpYy-
)atomiyo npupony. O61as Teopus OTHOCUTeNbHOCTH A. DlHIITeHHA,
MpULLIealIasi HA CMeHY HbIOTOHOBCKOMY KJIACCHYECKOMY eCTeCTBO3Ha-
HUIO, SIBJISIETCSl, B CYLIHOCTH, €CTeCTBEHHBIM (PU3HUYECKUM TOJKO-
BaHHEM M MNPAaKTHUYECKHUM IpPUJIOXKEHHEM pe3yJbTaToB, MOJY4YeHHbIX
paHee B nuddepeHLIHaNbHON TeOMETPUH.

Jlo/mkeH mpru3HaThCs BaM, YTO 110 CBOEH MaTeMaTH4ecKOH CreLu-
aJIbHOCTH 1 He §IBJISIOCH CIIe[UaJUCTOM B 00/1acTH AH(depeHL Al b-
HOH reoMeTpHUH, IOITOMY BeCbMa BepPOSITHO, UTO HEKOTOPbIE BONPOCHI
M3JI0KEHBl B 3TOH KHHXKKE He TakK, KaK 3TO chesas Obl ydeHbIH,
BeyILHH Hay4yHble H3BICKAHUS B 3TOH 00JaCTH.

C npyroéi cropoHbl, HeT Xyaa 6e3 mo6pa, XU MOH CTOPOHHHH
B3I/ MaTeMaTHKa-NpodeccHoHala 103BOJNI, B IPOLECCe CaMOCTO-
SITeJIBHOTO BOCIIPUSITHS T€OMETPHUH, NOBOJBHO KPUTHYHO OTHOCHUTBCS
K TPAaOULMOHHBIM W 3aKOPEHeJbIM Cl10co0aM HU3J0KEHHUS U, B 0CO0EeH-
HOCTH, K CTAPOMOAHON cucTeMe o6o3HaueHuH. [lopo#t neso moxomuso
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10 BO3MYLIEHUS — HACTOJbKO 3aTPYAHSIOT MOHMMaHHe MPOCTBIX U
HaT/ISIAHBIX TeOMEeTPUYEeCKHX Bellled CJIOBECHBbIE LITAMIIBl U CTapble
o6o3Hauenus! Tpamuuus e H3jaraTb TEOPHUI0 KPUBBIX U TEOPHIO
TIOBEPXHOCTEN TOJIBKO B TPEXMEPHOM MPOCTPAHCTBE (SIKOOBI, [JIs «Ha-
TJISIAHOCTH» U «00JIerdeHHs TePBOHAUANBHOTO BOCIIPUSATHS»), HA MOH
B3IJVISIA, TOJBKO MellaeT YBHAeTb KpacHBble 00lMe 3aKOHOMEPHOCTH
B YCTpOHCTBe HM3ydaeMbiX 00beKTOB. Hapmeioch, 4To B 3TOM Kypce
JeKLMH MHe y[naJjoch HUCIpaBUThb TaKylo chTyauuio. [Ipenonasaresib-
CKasi MpaKTHKa MOKa3blBaeT, YTO W3ydeHHe TeOMeTPUU B MPOCTPaH-
CTBax MPOU3BOJIBHON pa3MepHOCTH (0COGEHHO NpH TepBOHAYabHOM
3HAKOMCTBE C TIPeIMETOM) BBI3bIBAE€T Y MHOTHX CTYLEHTOB TPEMeTHOe
BOCXHIIIEHHEe U FOPAOCTh 3a CHJy yesioBedeckoro pasyma! MHoromep-
Hasl TeOMeTpHsl BOCXHIAeT KaK 3Be3/iHOe HeOO Haj TrOJIOBOH. .. .

¢ He Xouy pasBOOUTH 3/eCb MHOTOCJOBHYIO OOLLYI0 GOJTOBHIO
0 TmpeaMeTe, KOTOPOMY € J1I060BBIO MOCBALLAI0 3TY CKPOMHYIO KHHX-
Ky, ONHAKO, N0 TPaiAMLMH, BO BBENEHHSX K KHUIaM BCero Mupa
[eJ1al0T HeCKOJIbKO MpefBapUTeJIbHBbIX 3aMeYaHUH U HH(POPMHUPYIOT
yuTartess 00 yCTPOUCTBe AasbHEHIIero TeKCTa, a, CTaJjo ObIThb, U Kyp-
ca nuddepeHIHaNbHON TeOMETPUH.

TexkcT HacTosllel KHUXKKM He3aTeWanBO pasbuBaeTcs Ha mapa-
rpagbl, KaxKablH U3 KOTOPBIX OCBelllaeT CBOI TeMY NOCTAaTOYHO MOJIHO
C TOYKH 3peHHs] aBTopa (M, BO3MOXKHO, TOJNBKO aBTopa). Kaxkmbri
naparpag, B CBOM ouepelb, pa3buBaeTcss Ha HeOOJblLIMe MYHKTHL.
YBaxkaemble cTyneHThl! OxupaeMblii MHOIO YCTHBIH OTBET Ha 3K-
3aMeHalMOHHbBIH BOMPOC — 3TO JIMOO OTHEJbHBIH NMYHKT (ecau OH
He OYeHb OOJBIION), MO0 TeopeMa C J0KA3aTeJNbCTBOM (Ja0OOMY
CTYIEHTY 3TO JOJKHO OBbITb MOHSATHO). YMOPSAOYEHHOCTb MaTepH-
aga BHYTPU Ka)kIoro naparpada JuHeHHas, MO3TOMY KHHXKKY pe-
KOMEH/YyeTCsl YUTaTb MOAPSA, 4 He TakK, KakK JoOWJ UHWTaTb OIUH
MOH ONHOKYPCHHK — CHayaJjla 4eTHble MYHKTHl, IOTOM — HeYeTHBbIe.
OnHako, ecnyd y Bac MexaHM4YeCKH-HIeasbHasi MaMsiTh, Bbl MOXKeTe
N03BOJIUTh cebe MoCTHUraTb AH((epeHLHaNbHY0 TeOMEeTPHIO JaxKe
KaKUM-HHOYb 00Jlee HIUOTCKUM CITOCOOOM.

B TekcTe HacTosLMX JeEKUUH NpHBeldeHO 6o0JbllIoe KOJIUYeCTBO
ynpaxKHeHuH. He ruymatitech BBIIONHUTB NpedJaraeMble yrpaxHe-
HUs, OO UesOBEK HauMHaeT YIOTHO UyBCTBOBaTb cebs B H3yuaeMOM
TEOpPEeTHUECKOM MaTepuasie TOJNbKO M0CJe PelleHHs] HEeCKOJbKHUX 3a-
nad. Kpome toro, yTBepxKIeHHs, colepxKalluecs B YIpakKHEHMAX,
3a4acCTyl0 HOCST MPUHUHUNHMAJNBHBIA XapaKTep WU OuYeHb BaXKHBI /5
NOCTpOeHHs 00l1eldl KapTHHBIL.

Bce 0003HaueHUs] B KHHKKe OOBSICHSIIOTCS KaxKAblH pas B Mo-
MEHT MX TOSIBJEHHs], MO3TOMY MNPUBOAWTH HX MOJHBIM CIMCOK HET
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Hago6HOCTH. ABTONOPOXKHBIH 3HAK , MOCTAaBJEHHBIH Ha TMOJSX,
IOTIOJIHUTENBHO OTMeYaeT Te MecCTa, Ha KOTOpble aBTOPY XOueTcs
006patuTh 0coboe snumanue uumamens. CumBoa {f Hurge najee
He BcTpeyaeTcsi, a OyOHOBEIH Ty3 4 OObIYHO 0003HA4YaeT KOHeL|
JI0Ka3aTesbCTBA WJH 3aBepllieHHe HEeKOTOPOTO BaKHOTO LeJbHOTO
(parmeHTa Tekcra.

OT Bcero cepaua xeJjal0 BaM KpPENKOrO 370pPOBbs, XOPOLIEro
HaCTPOEeHHUs U YCIEeXOB B U3yUYeHHH YAWBUTEJBHOTO pas3jiesia MaTeMa-
TUKH — AU epeHLHanpHoi reomeTpur. Bee octanbHoe, uTo XoTed
CKasaThb aBTOp, CKa3aHO B 3TOH KHMxkKe. Uuraiire!



§1. IPEABAPUTEJIbBHBIE CBEIEHHA
N JOTOBOPEHHOCTH

1. BekTopHbIe NMpoCTpaHCTBa

BekTopHoe (MM JIUHEHHOE) MPOCTPAHCTBO — €/iBa JIU He CaMblil
MOMYJISIPHBI MaTeMaTH4YeCKHil 0OBEKT, W He CJydalHO Ballle 3Ha-
KOMCTBO C HHM COCTOSIJIOCH YK€ Ha TepBoM Kypce. ¢ HacTosiTeNbHO
COBETYIO BaM OCBEXKHUTb B MaMATH OCHOBHbLIE qjaKTbI 0 BEKTOPHBIX
MPOCTPAHCTBAaX, HHAye JaJibllle MPOCTO HHUUEro He OymeT MOHSTHO.
HOBTOpI/ITe AKCHOMbI BE€KTOPHOI'0 IMPOCTPaHCTBa, IOHATHSA 0asuca
¥ pa3MepHOCTH, (pOpMysbl H3MEHEHHs] KOOpAHHAT BEKTOpa MpH 3a-
MeHe 0asuca, oNpefiesleHHs MepeceyeHuss U CYMMBl TTOANPOCTPAHCTB,
BCTIOMHHTE CBOMCTBA MPSIMOH CYMMbI TOANPOCTPAHCTB. Bce mpwuro-
JIIATCSL.

A Tenepb naBaiiTe noroBopuMcsi 06 0003HaYEHHSIX, KOTOpbIE Ka-
CarTCsA BEKTOPHBLIX MPOCTPAHCTB U BCTPETATCA B 3TOH KHHIKKE.

Haru ocHoBHOM mepcoHax — apugmemuueckoe 8eKmoproe npo-
cmpancmso pasmeprocmu m Had norem R Odeiicmeumenvrolx uii-
cen:

xr

=m .TQ i

R™ = ) ' eR
2

OTO MPOCTPAHCTBO COCTOUT M3 BCEBO3MOMKHBIX CMoAbU08, CONepKa-
IUX M WTYK A€HCTBUTENbHBIX YHces (T.e. BCe CTOJOLbI «BBICOTHI»
m). (_))6panne BHHMaHMe Ha CTpesouky Hapn OykBod R B o06o03Haue-

Hud R™. OHa HanoMHHAET, YTO peyb UIET O 8EKMOPHOM NPOCMPAH-
cmee; o603HaueHHe ke R'™ (6e3 cTpesoukH) MBI npubepexeM MJs
m-MepHOT0 a@urHr020 POCTPAHCTBA, KOTOPOE MOSIBUTCS HA HalleH
CLIeHEe UyThb T03Ke.

WHpekcol y 3/eMeHTOB CTOJOLA IOTOBOPUMCS BCETAA CTABUTH
cripaBa BBepXy. Takasi MaHepa MOXKeT BBECTH HEKOTOPBIX UMTaTesel
B 3a0/yKJeHHe, MO0 «MKC B KyOe» x° B HanHCaHMH HHUUEM He
OTJMYaeTcsi OT «UKC Tpu». OnHAKo ynoOCTBa, HOCTaBJsieMble TaKOH
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MaHepoH, B CKOPOM BpPeMeHHU [lepeBecsaT 3TOT MajJeHbKHH Hel0oCTaToK.
[lockonbKy, mpr 3TOM, MeCTO NPaBOTO BEPXHEro HMHAEKCa OKa3blBa-
eTCsl 3aHATBHIM, NOrOBOPUMCS CHMBOJ TPAaHCIIOHHPOBAaHUS ¢ CTaBHUTh
cJeBa BBepXy OT TPAHCIOHHPYEMOH MaTpPHLBbL:

.

Takum o6pasom, 3JeMeHT apUpMeTHYeCKOro BEKTOPHOT'O MPOCTPaH-
CTBa CTOJIOLOB 3aMuIIeTcs TaK:

4TO, KOHEeYHO, GoJjiee ymoOHO MpPU MHUCbMe cjeBa Hampaso. Brpodem,
eJsible HapoAbl Ha 3eMJie MNPHUBBIKJIMW THUCATb CBEPXY BHU3 U Y HUX
TpaHCIIOHHWPOBAHHE CTO.H6Lla B CTPOKY BBI%IBaeT HEeIO0yMEHHUE.
Edunuunoim 6asucroim sekmopom 8 R™ OyneM Ha3bBaTh CTOJM-
Hell:
e; = 0,0,...,0,1,0,...,0),

2-51 IO3ULIUS

colepxKalllMil eIMHUUYKY Ha i-M MecTe, a BCe OCTaJbHble 3JeMeHThI
3TOro cronbua — Hyau. OOpaTuTe BHHMMaHHe, UTO Yy BEKTOPOB,
B OTJIHYME OT 3J€eMEeHTOB CTOJIOLOB, MHAEKCH CTaBUM CIIpaBa BHHU3Y.
Takum o6pasoM, pacrosnokKeHWe MHAEKCa M03BOJSET OTJIHYATh BeK-
TOp OT YHCJA U, BO MHOTHX CJydasX, AeJaeT HEHYKHBIM PUCOBaHHe
CTPEJIOUKH HaJ BEKTOPOM.

—_
Cmandapmnoim 6a3ucom 6 R™ OyneM HasbiBaThb COBOKYITI-

HOCTb €IMHUYHBIX OA3HUCHBIX BEKTOPOB (€], €9, ..., €y, ), B3ATHIX
UMEHHO B 3TOM €CTEeCTBEHHOM MOPSIKE.
O6paTtute BHHMMaHHe, uTo 0asucoMm (ai,as,...,ad;,) MPOU3-

BOJIbHOTO BEKTOPHOTO MPOCTPAaHCTBA Mbl Bcerna Oynem Ha-
3bIBaTh YMOPSAOYEHHYIO JIHHEHHO HEe3aBHCHMYIO CHCTEMY 00pasyto-
IMX 3TOTO MPOCTPAHCTBA, TaK YTO, HAmpumep, (aj,as,...,dn,) H
(ag,ai,...,a,) — CyTb pa3Hble OA3UCHI.

Yepes L(ay,ag, ..., ar) Oynem 0603Ha4aTh JUHEHHYIO 00OJOUKY
BEKTOPOB af, Ay, ..., Ak, T.€. TOAMPOCTPAHCTBO, MOPOKAEHHOE BEKTO-
paMu ai, ag, ..., ag.

JloBOJIbHO 4YacTO Mbl OylIeM HCIO/Nb30BaTh /s 3alHCH
MaTpUL, KBajpaTHble CKOOKH. Takum o0pasom, Hampumep, 3amuchb
le1,€9,...,6y,] O3HauaeT eduHuuHyro mampuyy TOpSAKa M
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(cTos161Bbl 3TOH MaTpULbl — Ga3ucHble eIUHHUUYHbIE BEKTOPHI). Dynem
00603Ha4YaTh eIUHUUHYI0 MATPULY *KUPHOH eIUHULIEH:

le1,€e9,...,em] = 1.

3amuch [x], coryiacHoO Halie#d NOTOBOPEHHOCTH, O3HAuYaeT CTO.HE?LL,
MMsi KOTOporo x. 3amuce |aj,as,...,ag], TAe aj,as,...,ar € R™,
O3HAYaeT MaTpHILy pasmepa (m x k), i-# cTonben KOTOpo# ecThb [a;].

[lycts D : R™ — R™ — nunedinsiéi onepatop. Torma [D] =
= [Dey, Dey, ..., Dey,| — marpuua JuHedHOTo onepaTtopa DD B CTaH-
napTHoM 6asuce ‘).

XopolIo M3BECTHO, YTO BCAKHH 3JEeMeHT BEeKTOPHOrO MpOCTpaH-
CTBa MOXKET ObITb €IMHCTBEHHBIM 00pa30oM Pa3JjioxkKeH MO NAHHOMY
6asucy, T.e. NpencTaBJ/eH B BUle JUHEHHOW KOMOMHALUU 0A3HUCHBIX
BekTOpoB. KoadduuneHTsl 3Tol JMHEHHON KOMOMHAIIUU HAa3bIBAIOT-
csl Koopodunamamu 8exkmopa B NaHHOM 0Oasuce. s CTaHZAPTHOTO
6asnca UMeeM

m
x :t(wl,xQ,...,xm) :leei =

= (e1,€9,...,€m) : = (e, €9,...,em) [2],
wm
)

IT0 YMHOXKEHHE CTPOKH
Ha cToJibeL;

MO3TOMY B CTaHIApTHOM Oasuce x = [x| mJjsi J1060ro BeKTOpa & €
—
e R™.
B Hauase nBanuatoro Beka reHuasbHbE AsbOepT DUHIITEHH
m m

TMOJMETHJI, UTO 3HAK CyMMBI Y B BBIDaXKEHHSIX THMA Y Z'e; BBINOJ-
i=1 i=1

HSIeT HCKJIIOUMTEJBHO 3arpoMOXKAaomyo (GyHKIHo 2). OKasbiBaert-

cs1, 61aromapsi Hallled yIauHOH IOTOBOPEHHOCTH O PACIOJIOKEHNUN HH-

JIEKCOB, B 3aIMCH MOJOOHBIX BbIpaXkKeHUH MOKHO CITOKOHHO 000UTHCH

6e3 CHMBOJIAa CYMMBI.

') OGpatute BHMMaHHe, 4TO CHMBOJ JHMHEHHOrO OMepaTopa NMUIIEM CJeBa OT
BeKTOpa.

?) PasymeeTcsi, reHHa/NbHOCTb JHHILITEHHA 00YyCJ/OBJIEHA He TOJNBKO 3TOH Ha-
6mtonatebHOCTbI0. MBI elle OyaeM MMeTb 4eCTb TO3HAKOMHTBHCS B 3TOH KHHXKKe
C HEKOTOPbIMH HOCTHXKEHUSIMH BeJMKoro AsibGepra.
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JloroBopumesi, 4To BCSKHH pas, KOrga B 3allUCH BCTPeUaloTCs

OIMHAKOBBle MHIEKCHl Ha pPa3HBIX BbICOTaX (T.e. M BHH3Y,
BBEPXY), MPOU3BOIUTCS CYMMHPOBaHHe 10 3THM HHIeKcaM OT 1 1o
m (mpesesbl U3MeHEeHHsT HHAEKCOB 00bIUHO ICHBI U3 KOHTEKCTa). Tak,
Hanpumep, B 0003HaUeHUsIX DUHIITeHHA:

tr(ak) = al — cjien MaTpuIbl (ak) T.€. CyMMa JHaroHaJjbHBIX

3JIEMEHTOB;
m m

m
d ale;=ale;; > Y gijalal = gjjad;
i=1 i=1 j=1

m m m

Z Z Z Rl g%s; = Rl g5

i=1 k=1 =1

(B mocnienHem ciyuae TPOHHOH CyMMBbI pe3ysbTaT, eCTeCTBEHHO, 3a-
BUCHUT OT «C80000H020», T.€. He yqaCTBy}omero B CyMMHDPOBAHHH,
MHIEKCA T M HE 3aBHCHT OT «C8A3AHHbLX» \) WHIeKcoB i, [, k. Unaue
TOBOpPSI, 3TOT PE3Y/NbTaT SIBJSETCS BEJUUHUHOH C OJHUM HHMKHUM
HHIEKCOM T'.)

O6o03HaueHust DiHIITeHHA Mbl OyleM YacTO HUCMOJb30BaTh B 3TOM
KHUYKKe, 0COOEHHO TMPU 3aMUCH TPOMO3AKUX BhIpaxKeHWH. BoT mpo-
CTOH MpUMeEp — M3MeHeHHe KOOPIMHAT BEKTOPA MPH 3aMeHe 6asuca.

[lyctb V — npou3BOJIbHOE BEKTOPHOE MPOCTPAHCTBO pasMepHO-
cti m Hapg noseM R; (ajp,ag,...,anm), (ayr, a9, ... ,ap/) — OBa €ero
KaKHX-HUOynb 6asuca. Jl0BOJBHO pacrnpocTpaHeHHas MaHepa cTa-
BUTh LITPUXH Yy HHAEKCOB, a HE Y CAMHUX UHJIEKCUPYEMBIX 3JIEMEHTOB,
Ha TepBbIH B3IV MOXKET MoKa3aThbesi AMKOH. OfHAKO K 3TOH MaHepe
He TaK YK CJIOXKHO NPUBBIKHYTh, a yno6CTBa OHA TPHHECET OOJIbIIHE.

[Tyctb BekTOp € V HMeeT B NepBOM («HELITPUXOBAHHOM») Oa-
3uce KoopauHATHLIHA cTonben Yzl z?..., ™), a Bo BTOpOM («LHTpHXO-
BaHHOM») 6a3uce — KOOPIUHATHBIN CTOJ16eL1 (wl 22 .. ) B o6o-
3HayeHUsiX DUHIUTelHa:

z=a'a; =" ay.
M3BecTHble ¢ mepBoro kypca (popmyJiel 3aMeHbl 6asuca
(ay,agr, ..., am) = (ag,ag,...,am) - (74),
B 0003HaueHHUAX DHUHIITEHHA BBINISAAAT COBCEM HECJOXKHO:

%
Ay = ;1 G,

1) Hapbl OIMHAKOBBIX UHJIEKCOB, CTOALIMX HAa PAa3HBIX BbICOTAX, YACTO HA3bIBAIOT
elle «HeMbIMHU HHAEKCAMHU».
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rae (v,) — mampuya nepexoda OT HeLITPUXOBAHHOTO 0asuca
(a1,az,...,ay,) K WTPUXOBAHHOMY Oasucy (ai/,agr,..., Ay, ). Bepx-
HUH MHIEKC y 3/JeMeHTa <y, O3HauaeT HOMep CTPOKH, HHMXKHHMH —
HOMep cTo/0ua; k-H cTosbell 3TOH MATPULBl €CTh KOOPAUHATHI BEK-
TOpa ajs B HELITPHXOBAHHOM Oasmce. !

@dopmysibl 3aMeHBl KOOPAMHAT B 0003HAYeHUSIX JUHIITEHHA TaK-
’Ke HUKOTO He MCIYTal0T CBOMM BHEIIHUM BHIOM:

roe (7¥) = t(’yf,)_l — mampuya npeobpasosanus KOOPOUHAM BeK-
TOpa Npu 3aMeHe 0asuca, T.e. MaTpuUa, oOpaTHasi K TPaHCIOHHUPO-
BAaHHOU MaTpHlle mnepexoma. Marpuiy, o6paTHY K TPaHCIOHHPO-
BaHHOU (MJIK, YTO TO Ke caMoe, TPAHCIMOHMPOBAHHYIO K 0OpPaTHOMN)
MHOT/A HA3bIBAIOT KOHMpPaecpaduermnotl K UCXOLHOH.

[louyserByiiTe pasuuny! Ilpu 3ameHe 6asuca cTpoka mpeol-

pasyeTcsi yMHOXKEHHEM Ha MaTpULy Mepexoia Crpasa, a CToJ-
6ell — yMHOXKeHHEeM Ha o6paTHyto Matpuily ciaea! FMimenHno nostomy
TOBOPSIT — CTPOKH NpeobpasyroTest Ko8apuarnmmo (T.e. coracoBaH-
HO C U3MeHEHHeM), a CTOJIOUbl — KOHmpasapuarmno (T.e. IPOTHB
u3MeHeHus1, 00 oOpaTHasi MaTpUlla eCTb MaTpulla 0OpaTHOro mepe-
xoza).

3agauku U ynpaKHeHus

1. IlpuBblKaeM K 0603HadeHusM DfHmTeNHA. [TycTh

, 12 -2 , 30 1
@h= 31 2)umh=(-51 -1
—2 4 2 03 2

— naBe kBajpartHble MaTpuusl. OGbsicHute, uto Takoe (gFhl) u

(gLh¥)? BbluncauTe X U PACCKAXKUTE COCELY, YeM 3TH OOBEKTHI
OTJIHYAIOTCS APYT OT Apyra. Beluucaute 3HaueHHst BbIpaKeHUE

g glgl. glni. glhbgi. glhkgini.

') Ha siexuuu B 3TOM MecTe s Bceria KpHuy Tak, uTo CTeKJa Apoxkar: «Mar-
pHIy mep-p-pexofa MulleM crpapa-a-a-a-alll> 1o o6bsicHAETCS JOrOBOPEHHOCTHIO
YMHOXKAaTb MaTPHULBl «CTPOKA HA CTOJIOEL» U XKeJaHHeM MPHUBJedYb K 3TOH JOr0BO-
PEHHOCTH BHHUMaHHE CTY/EHTOB.
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2. BcriomuHaeM 0CHOBBI JiMHeHHOH anre6pol. [Tycthb

a; =Y1,1,0) by =1%1,2,2)
ag =%1,0,1) u by=1%2,1,-2)
a3 =10,1,1)  by="42,-2,1)

— qBa 0asuca MpPOCTpaHCTBA ﬁ3. [IpoBepbTe, uTO 3TO 6Gasu-
col. OThIIMTE MaTpHLBl Tepexoga oT 0Oasuca a K Gasucy b
u ot Oasuca b x 0Gasucy a. Haligure KoopnuHaTbl BeKTOpa
x =1Y43,-1,7) B 0boux Gasucax. Hallaure KoOpAMHATH BEKTOPa
y = 3a; — ag + Tas B 6asuce b.

2. OpueHrauus

[Tycthb vV — MPOM3BOJIbHOE BEKTOPHOE MPOCTPAHCTBO pasmep-
HocTH m Han moiem R; (ay,ao,...,an), (by,bg,...,b,) — nBa
KaKnX-HUOyIb ero 6asuca. B mepBoM MyHKTEe MBI YK€ BCIOMHHJIH,
uTo

(ar,a9,...,am) = (by,ba, ..., b)) - T,

rne T — matpuia nepexona oT 6asuca b kK 6asucy a. Baxuelmum
SBJIsIETCS TO 0OCTOSITENIbCTBO, UTO MATPUIla Mepexona BCEeraa HeBbI-
pOXKJIeHa, T. e. ee onpenesutesb det T Bcerma OTJIUUEH OT HYJIA.

Onpenenenue 2.1. [Ipa 6331403) (ar,a9,...,am), (by,bo,...,
b;,) BEKTOPHOTO TPOCTpaHCTBa V 00UHAKOBO OpUEeHmMUpPOsa-
Hol, ecnu (ay,ag, ..., am) = (b1, bo, ..., b)) - T wdetT > 0.

Yopamxuenue 2.1. [lycts D : I_{m — I_{>m — HEeBBIPOXKIAEHHBIN
JHUHeHHbIH oneparop, (ar,ag,...,a,) — KakoH-HUOyAb Gasuc mpo-
crpanctBa R™. Torna coBOKyMHOCTb BEKTOPOB (Day, Dag, ..., Day,)
Takxke sBJsieTcs 6asucoM mpoctpancTBa R™. Jlokaxure, 4yTo 6as3u-
col (ag,ag,...,am) 1 (Day, Day, ..., Da,;,) OpUeHTHPOBaHBl OIHHA-
KOBO TOTJia U TOJIbKO Torna, Koraa det [D] > 0.

JIerko MOHATH, YTO OTHOLIEHHe «OLITh OLHHAKOBO _OPHEHTHPO-
BaHHBIMH» HAa MHOXECTBE BCeX 0a3MCOB MPOCTPaHCTBA V sBJsETCS
OTHOIIIEHHEM 3KBHBaJieHTHOCTH. O003HaYUM 3Ty 3KBUBAJIEHTHOCTh
OYKBOH w.

Ynpamxuenue 2.2. [IpoBepbTe, 4TO OTHOIIEHUE W NEHCTBUTETHHO
SBJISIETCS 9KBUBAJEHTHOCTbIO, T.e. Pe(JeKCHBHO, CHMMETPHUHO U
TPAH3UTHUBHO.

[IInpoko M3BeCTHO (B Y3KHMX Kpyrax), YTO BCSIKOMY OTHOLIEHHIO
9KBHBAJIEHTHOCTH Ha JaHHOM MHOXXECTBE COOTBETCTBYeT pasOueHHe
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3TOr0 MHOYKECTBA Ha KJIACCHl SKBUBAJIEHTHBIX MeXKAy co00i 3/eMeH-

ToB. UHCJI0 KJIACCOB B 3TOM pa3bHeHUH Ha3bIBAIOT UMOeKCOM NaHHOU

3KBUBAJIEHTHOCTH.

Ynpaxuenue 2.3. ,[[oxammitno w pa3buBaeT MHOXKECTBO
Bcex 0a3UCOB MPOCTpaHCTBa V B TOYHOCTH Ha JBa KJacca

OIMHAKOBO OPHEHTHUPOBAHHBIX MeXAy c000# 6a3ucoB (T.e. MHAEKC

5KBHUBAJIEHTHOCTH w pPaBeH IBYM).

Onpenenenue 2.2. Kaxbiii kaace 9KBHMBAJICHTHOCTH W Ha3bl-
BaeTcs opuexnmauyuel npocmparcmea V ECJIH B MPOCTpaH-

CTBe V BbIOpaHa Kakas-HUOyIb OpHeHTalHs, TO V HasblBaeTCs
OpUEHMUPOBAHHbLM  NPOCMPAHCIMEOM. OpueHTanusi MpoCTpaHCTBA

R™, comep:allasi cTaHIapTHbIM 0asnc, Ha3bIBaeTCs NOAOHCUMENb-
HoU opuenmauuetl.
—
IIpumep 2.1. [1ycTtb npocTpaHcTBo V MOPOXKIEHO MAapPOH HEKOJ-
JIMHEapHBIX BEKTOPOB a U b Ha MJIOCKOCTH:

-
A%

Paccmotpum nBa ero (pasHeix!) 6asuca (a, b) u (b, a). OueBuaHO:

(b,a):(a,b)-[(l) (1)] det[(l) (1)]:—1<0,

@ T.e. 3TH 0Ga3uChl OPUEHTHPOBAHBI MO Pa3HOMY, U OPHEHTH-
pOBaHHBIE BEKTOPHBIE MPOCTPAHCTBA, MNOPOXKAEHHBIE (a, b)
u (b, a), pazauunel. (M 3To HecMoTpst Ha To, uTo 06a 3TH Gasuca
MOPOXKAAIOT OJHO H TO JKe HeOPHEHTHPOBAHHOE BEKTOPHOE MPOCTPaH-

ctBo V.) IlouyBcTByiiTe pasuuiy!

Eme npumep 2.2. [locMoTpuTe Ha PUCYHOK.

Ha stom pucyHke nzobpaxkeHa mpaBasi pyKa HHTeJNJUTE€HTHOTO
nprMaTa ¢ TpeMsl PaCTONbIPEHHBIMH NaJsblamu. Hymeparus nasbles
yKa3aHa Ha pHUCYHKe W COBMNafaeT C OOILENPHUHATOH HyMepaluen
Cpeld HCIOJNHUTEJeH Ha KJaBHUIIHBIX MY3blKaJbHBIX HHCTPyMEHTaX.
Tpu pacTonbipeHHBIX MaJbIla-BeKTOpPa ¢ HOMepamu I, 2 u 3 06pasyoT
B YKa3aHHOM TOPS/Ke TaK Ha3biBaeMYIO npasyro mpouxy W sBJs-

foTcsl 6a3UCOM OKPYIKAIOLIEr0 HAC TPeXMepPHOr0 MPOCTPAHCTBA RS,
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[TockosibKy mpaBlIel cpeay MHTEJNHUTeHTHBIX MPUMAaTOB OOJbIIMH-
CTBO, OPHEHTALlHf, COepxKallas 3TOT «npasvitl» 6asuc, Hanbosee
4aCcTO CUUTAETCS «n0A0KMUmenvHol». OIHAKO SCHO, YTO NPHUCBOEHHE
NpaBoil OpHEeHTALMU 3BAHHUS <«II0JIOKHUTEJbHAsI» €CTh JHUILb MpeaMeT
f0roBopeHHoCTH. |) VIMeHHO B BHIe NpaBoil TPOMKM MPUHATO PHCO-
BaTb NPOCTPAHCTBEHHYIO CHCTEMY KOOPAMHAT:

MMEeHHO TMpaBas TpoKKa (QUIypHpyeT B ONpele/eHHH BEKTOPHOTO
NPOU3BeeHHUs, UIMEHHO IpaBble TPOUKHU (DUTYPUPYIOT B PA3HBIX (H-
3MYECKHUX KOHCTPYKUHMAX U T. M., U T. L.

OnHako f mpouly Bac, KaKk MaTeMaTHKOB, SICHO MOHUMaTb pas-

HULy MeXIY «PaBOH TPOHKOW» U «IMOJIOXKUTENbHOH TPOHKOMH»
BeKTOpoB. [IpaBasi opreHTHpOBaHa Tak ke, KaK TPH MNaJ/bla MpaBou
DYKH, a TIOJIOXKHMTeJbHas — OPHEHTHUPOBAHA TaK ke, KaK CTaHAapT-
HbIH 6asuc (mpo KOTOpPBIE BOOOILIe TPYyAHO CKa3aTh, JIEBBIH OH WJIH
NpaBblH, MOCKOJbKY OH COCTOUT U3 CTOJIOLOB YUCE U KOTOPBIH, B CH-
JIY KaKMX-TO NpPeJBapUTeJIbHbIX J0rOBOPEHHOCTEH, MOXKeT CUHUTAaThCs
U JIEBBIM).

Onpenenenue 2.3. Llenoyka noamnpocTpaHcTB
— — — =
VicVecCc...CcVyC...CR

Ha3bIBAETCS OPUEHMUPOBAHHbIM arazom (WU, Kopoue, opgraeom),
ecim: ‘ ‘

1) dim V; =i AIS KQXKJI0T0 4,

2) kaxpnoe V; OpPHEHTHPOBAHO.

[IpusHaioch 4ecTHO, YTO OOLIENPHUHSATHIH TEPMUH «(Jar» s Cuu-
Tal0 HeymauHbIM. §1 He 3HAKW HHUKAKOrO Pa3yMHOr0 OOBSCHEHHS,

') Cmero mpeanonoxuts, uTo TgaZLHHHOHHbeI BBIOOpP MMEHHO IpaBOH TPOHKH
3a MOJIOXKHUTE/bHYI0 opHeHTauuio R’ 06yc/ioB/IeH He TOJBbKO MyTalomiM OOJbLIHH-
CTBOM IIpaBlLeH, NepeopaBlUUX JeBlleld Ha o0lieM coOpaHUU, NOCBSLLEHHOM BbIOOPY
MOJIOXKHUTEBHON OpUEHTALMH. BO3MOXKHO 3TOT BBIOOp, B KAKOH-TO CTENEeHH, MOTHBH-
pyeTcs ellle ¥ HEKOTOPBIMH (PU3NUYECKHUMHU SIBJEHHSIMH THIA «IIPaBUJa NPaBoOH pyKH»
WJIM TOJABJISIOMINM OOJBIIMHCTBOM 3JE€KTPOHOB C MPABBIM CIHHOM, BBIJIETAIOMIAX
npu (-pacnaje U3 sjaep aToMoB 6opa.
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roueMy BO3pacTarollas LeloyKa BJ0XKEeHHBIX I10ANPOCTPAHCTB Ha3bl-
BaeTcss UMEHHO «(yarom» (a, HarpuMep, He «MaTPEIKOH», KOTopas
KaK pa3 TakH ABJfeTcs HaBOPOM BJIOMKEHHBIX 00BEKTOB). |

Omnpenenenue 2.4. HyCTb yropsiiodeHHasi COBOKYMHOCTb BeK-
TOPOB (al,ag,...,am) .HI/IHeI/IHO He3aBUCHMA. Bynem roBoputk, 4TO
— —

oppaar Vi C Vo C ... C Vk C...C Vm nopocoern 8eKmopamu
(ar,ag,...,an), €Ciu:

—

1) xaxjgoe HOANPOCTPAHCTBO V', TIOpPOXKIEHO BEKTOpaMH
(ar,a9,...,a;), T.e. V; :_>£(a1,a2,...,ai);

2) opueHTalHio0 B KaxaoMm V; 3anaetr 6asuc (ap,as,...,a;) (0a-

3UCHbI€ BEKTOPbI B3ATbl HMEHHO B 3TOM yKAa3aHHOM HOpHI[Ke!).

Jlerko BHUOETb, UTO Pa3JUYHBIM YIOPSNOYEHHUSIM OLHOH U TOH
JKe COBOKYMHOCTHM BEKTOPOB COOTBETCTBYIOT pasJ/H4yHble OpQJaru.
C/enoBaTe/ibHO, YMCJIO PA3NHUHBIX Op(JaroB, KOTOpPble MOXKHO IO-
POOUTb HNAHHOH HeyNMOpsiAiOUeHHOH COBOKYMHOCTbIO M3 k JIMHEHHO
HE3aBHCHUMBIX BEKTOPOB, PABHO YHCJ/Y €€ Pa3JH4YHBIX YIOPSA0YEHHH,
a UMeHHo, k!.

[Tonsituss opuentrauuu u opdJara OyAyT UrpaTh OajeKko He TMo-
CJIeHIOI pOJib B AajbHEHIIeM H3J0XKEHUH, MO3TOMY INpOAyManTe
U 3alOMHHTE HUX XOPOLIEHbKO. DTHUM MOXKeJaHHUeM Mbl U 3aKOHUYUM
BTOPOH MYyHKT.

3agauku U ynpaKHeHus

1. Ilpu xakux 3HadeHusix napamerpa o € R Tpoiika BeKTOpoB

by =11,2,3),
by =1(3,1,-2),
bg = t(?, —2, a)

o6pa3yeT 6a3uc MOJOKUTEJbHOH OPUEHTALH?
2. Y3uaiite, ABJSAIOTCA JU 0a3UChI

ar =41,1,1,1) by =1(1,2,3,4)
a="(11,=1,=1) = b="2312)
as =41,—1,1,—1) " by=11,1,1,-1)
ar=41,—1,—-1,1) by =11,0,-2,—6)

OIWHAKOBO OPUEHTHPOBAHHBIMHU HJIA HeT?

') Mot crapmuii kostera no kadeape M. O. KopsiKoB ofiHasK/Ibl BHICKa3a/l TaKoe
TosiKoBaHue: «OnHOMepHOe MOANPOCTPAHCTBO — NpsiMas — 3TO APEBKO, AByMepHOe
MOANPOCTPAHCTBO, COLEPrKalllee STy MPSIMYI0, — 3TO IJIOCKOe MOJOTHHIE (J1ara Ha
LpeBKe, HY, a Jasblile — He 3Ha10». [I0JHOCTBIO COrJIaceH C ero TOYKOH 3peHHs, HO
BBl PellafTe CaMH — NPUHHUMATh WUJIM He TIPUHUMATh TaKOH XyJ0XKeCTBeHHBIH 00pas.
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3. Ilyerb (a1, ag, a3, as) — HEKOTOPHIH 6asuc MpOCTpaHCTBA
R*. PaccmoTpum nBa opduaara:

(a1) C (a1, as) C (a1, as,a3) C (a1, ag, as, as)
u

(a1) C (a1, a1 + a2) C (a1, a9, az + az) C
C (a1,a; + ag,ag + as, as + aa).

Pas6eputech, coBnafaloT Ju 3TH opdJard Uil Het?

3. bununeiiHble U KBagpaTU4YHbIe (POPMBI

[TycTsb VvV — MPOH3BOJIbHOE BEKTOPHOE MPOCTPAHCTBO HAA TMO-
qaem R.

N

Onpenenenne 3.1. [j;t/lui?ﬁﬂoﬂ ¢opmoti Ha V HasbBaeTcs
BcAKoe otoOpaxeHue g : V x V — R Takoe, uro:

D) g(A1z1 + Aewo, y) = Aig(z1,y) + Aog(@2,y),

2) g(@, Miy1 + Aoy2) = Mig(@,y1) + Aag(z, y2)

U1 M00BIX Aj, A9 € R u 066X 1, T9,T,y1, Yo,y € V.

WubiMu ciioBamu, 6unrHeliHast hoopma — 3TO 0TOOpakeHHe, KOTO-
poe OepeT mapy BEKTOPOB U JieJaeT U3 HUX UMCJIO, PHUEM 3TO O0TOO-
pakeHWe JIMHEHHO KakK MO MepBOMY, TaK U 110 BTOPOMY apryMeHTaM.

Onpenenenue 3.2. BI/IJIHHemEH (hopma g HasbIBaeTCs cummem-
puunoll, ecau Aas MoobX z,y € V BbiNoaHeHO g(x,y) = g(y, x).

Onpenenenue 3.3. bununeiinas ¢opma g HasblBaeTcs 10.10-

HUMENbHO ONpedeseHHOll, eClu s J1060ro = € V.  BHIIOJIHEHO
g(z,z) > 0, mpu atom g(z,x) = 0 Torma u TOJBKO TOrHa, KOraa
—

x=0.

[lycts (a1 ag, ..., ay,) — 6asuc v (r.e. v Ternepb KOHEYHOMEP-
HO), =,y € vV — J1Ba MPOU3BOJBbHBIX BEKTOpA, & = x'a;,y = yja] —
pas/IoKeHUs 1) s3tux BekTOpPOB MO Gasucy, a g — GuAMHelHas GopMa
Ha V. He nosenumcs 1 nomnpobyem nocyutaTb 3HaueHue g(x,y):

( ) _ ( R | ) __ [ nonbayemcs cBoiictBamu 1 u 2 w3\ __
g\T,Y) = g\T Qi Y a5) = | onpenenenus ounnneiinoit popm | —

= a'yiglai, a;),
i.j

') Bunmanue! O6o3nauenys DiHmTeiiHa (CyMMHPOBaHHeE MO HEMBIM MHJEKCAM).
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T.€. BBIUHCJIeHHe yucaa g(x,y) ynepaocb B HeoOXOAHMOCThb

3HaTb 3HayeHHUs g(ai,aj) ounrHeliHOW (DOpMbl Ha OGa3UCHBIX
BEKTOpax MPOCTPaHCTBA V [IycTh HaAM 3TH 3HAUEHUS W3BECTHBHIL. D)
O60o3HaunM ToTHA

g(az’7aj) = Gij,

HepekHO coxgaHI/IB MeCTOpaCIoJ0KeHHe HHAEKCOB ¢ U j BHHU3Y. CJe-
JI0BaTeJJbHO, o
9(z,y) = gijz"y’,
WU/, B MAaTPUYHOH 3aNUCH:

dgir 912 - dim y2
go1 g2 - G2
g(z,y) = (:171:1723;7”) ) ) L "o y =
Iml Gm2 *° Gmm ym
¢
=Tzl (9i5) - [y]-
Martpuua (g;;) HaseBaeTcs mampuyeli 6usureliHot gopmol g
6 basuce (ay,ag,...,an), a UACHA g;; — Koapduyuenmamnu
buauneinol gopmol g 8 b6asuce (aj, a9, ..., ay). AcHO, UTO yKasaB

6as3uc JHHEHHOro MPOCTPAHCTBA M MaTpULy OUJIMHEHHOH (QOPMEI
B 3TOM 0asuce, Mbl OIHO3HAYHO OMpene UM OUNHHEHHYIO (hopMy Ha
BCEM JIMHEHHOM NPOCTPAHCTBe.

OueBugHo, uTO OWJMHeHHass ¢opMa CUMMETpPUYHA TOTAA H

TOJIKO TOTJa, KOra €e MaTpHlla B HeKOTOpOM 0Oasuce CHM-
MeTpuyeckas, T.e. gi; = ¢ji. (Ilopasmbimasiite! § ckasan: «..B
HeKOTOpoM 6aswuce...», HO Ha CaMOM-TO Jejle — B Jo6oM 6asuce!).
ITo o3HauyaeT, 4yTO MO Ko3d(pdUUHeHTaM OUIUHEHHOH (DOPMBI OUeHb
JIETKO Y3HaThb CHMMeTpPHUHA OHa HJIM HeT — HaJlo NPOCTO MPUMEHHUTH
METOJ MX BHUMATEJbHOTO Pa3IJANbIBAHUS.

[Tyctb cHoBa V — TIpOM3BOJIbHOE KOHEUHOMEPHOE BEKTOPHOE
MpocTpaHCcTBO Hax moJeM R, g(x,y) — NpousBo/ibHASE CUMMETPUYHAS
—

6unrHeliHas gopma Ha V.

—

Onpenene}me_3>.4. Keadpamuunoti ¢popmoii na V HasblBaeTcs
OTOGBgH(eHHe k :'V — R, 3HaueHHe KOTOPOTO Ha J10O0OM BEKTOpE
x € V omnpenessiercsi paBeHCTBOM k() = g(z, x).

') Ouesmano, uto B KauecTBe 3HaueHwi g(a;, a;) MOXKHO Ha3BaTh J0GOH HABOP
NeiCTBUTeNIbHBIX UMCesN B KOJMYecTBe m° IWITYK M, HasbiBas pasHble HaGopHI,
(hakTH4ecKH, OyleM 3anaBaTb pasHbre 6unuHeiinble opMel. OueBUIHO OITOMY, YTO
pasHbIX OUNHHEHHBIX GopM Ha V — KOHTHHYYM.

%) CMOTpHM MepByI0 CHOCKY Ha MpeJblylileli CTpaHHIle.
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HacroarenbHo npowy Bac, noporue cTyneHTbl, HUKOTIA He IIy-
TaTh KBaJpaTH4YHBIE (POPMBI C OUJIMHEHHBIMH — 3TO pasHble 0ToOpa-
xkenusi! Ot pasHoro uncaa aprymeHntos! KoHeuHo, Mexxay HUMH cy-
11leCTByeT TecHas CBfI3b. Bcsikas cuMMeTpuyHasi OUauHelHas gopma
g(z,y) OIHO3HAUHO OMpelessieT COOTBETCTBYIOLLYHO e€H KBaapaTHy-
Hytw dopmy k(x) = g(x, x) MOCTaHOBKOH OIHOTO MU TOTO XKe apryMeH-
Ta Ha o6a cBoOOAHBIX MecTa. boJiee Toro, BepHO U 006paTHOe: BCsKas
KBanpaTuyHasi gopMa k(x) 0OIHO3HAUHO OMpe/eisieT MOPOIUBIIYIO ee
OUIHHeHYI0 (hOpMY 10 CJefyIOeMy NpaBuy: |

9(x.y) = 3 [k(z + ) — k() — k(y)].

Martpuua (gi;) HCXONHOH CHMMETPHYeCcKOH OHJIMHeHHOH (opMBl
g(x,y) = gijz'y’ B Gasuce (aj,ay,...,a,) HasbiBaeTCs mampuyell
keadpamuunoti gopmer k(x) = g(x,x) 8 6asuce (ay,az,...,an).
OueBHUIHO, YTO

gir g12 - Gim x

k) ( | o m) 921 922 0 Gom z?
)= |z, z5...,2") - | . ) o . =

Iml 9m2 - GGmm ™

= 2] (gij) [2] = gija'a’.

BunHo, 4To KBagpaTHuHast popMa — OJHOPOLHBIH MHOTOYJIEH BTOPOH
cTereHy oT mepeMeHHbIX ), 2% ..., 2™, o

Kpanparuunasa dopma k(z) = g(x, x) = g;ja's’ HasbiBaeTcs no-
NOKHCUMENLHO 0Npedeser oL, eCi TON0KHUTeNbHO ONpejeseHa Mo-
ponmBiuas ee GuiauHeHHas dopma g(x,y) = g;ja'y’. Jpyrumu co-
BaMH, KBagpaTHuHast (opma k(x) TOJIOKHUTEJBHO ONpelesieHa, eCyu
k(x) > 0 o n060ro HeHY/I€BOTO BEKTOpA X.

[IlecTpro ab3amaMu BbIle MBI JIETKO OTBETHJIM Ha BONPOC: Kak,
paccMatpuBas MaTpuLy OWUJHMHEHHOH (OpPMEI, Y3HAaTb — CHMMeT-
puyHa (opma uau HeT? HeckosnbKo GoJjiee CIOXKHBIM SIBJISETCS BO-
mpoc: Kak, paccMaTpHBasi TOJAbKO Matpuuy (g;;) OuanHeiHHOH (op-
MBI, y3HaThb — sIBJseTCsS JM Ou/auHedHass ¢dopma g(x,y) = gijwiyj
(MsH, 4TO TO Ke camoe, COOTBeTCTBYIOLlas el KBaJapaTHuHas (hopma
k(xz) = g(z,z) = gijx'x’) nojokKHUTeNbHO ONpeneNeHHOH, HJIH HeT?
YesioBeyecTBO pacriosiaraeT OTBETOM M Ha 3TOT Bompoc. OmHHUM H3
BapMaHTOB TAaKOTO OTBETAa SIBJSETCS M3BECTHBIN

') 310 npasuno nerko mosmyuuth us pasenctsa k(x +1y) = glz +y,x +y) =
= g(z,x) +29(z,y) + 9(y, ).
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Kpurepnii CunbBectpa. bunnneiinas dopma g(z,y) = gijz'y’
TMOJIOXKUTENBHO OINpefesieHa TOTAA M TOJIbKO TOrJa, KOTAa BCe IJaB-
HBIE YTJIOBble MHHOPBI MAaTPHLBI (g;j) MOJOXKHTENbHBI:

Al=g;; >0 Ay= g; g;g >0,...
gir gz - gik
RV | B
91;1 91;2 gl.ek
g gi12 - gim
N R B Y
9ml 9m2 " Gmm

Hoporue papysesa! B sToM nyHKTe MHe 0CTaj0Chb HANOMHHTb
TOJBKO 3aKOH M3MeHeHHUs MaTpuubl (g;;) OMIMHEHHOH (MM KBan-
—

paTH4HOH) (opMbl TP 3aMeHe Gasuca B MPOCTPAHCTBE V. [ycrs
(ar,a9,...,am), (ay,ag, ..., an) — 0Ba KaKUX-HUOYIb Oasuca V U
@y = 7;a) — BbIPaXKEHHs BEKTOPOB IITPUXOBAHHOrO 0asuca uepes
He LITPUXOBaHHbIE BEKTOPbI, T.e€. (fyf/) =T — marpuua nepexona.
[TocunraeM KoahuLUHeHTH OunUHelHOH Ghopmbl g(z,y) = gijx'y’
B LUTPUXOBAHHOM 0asuce:
k ! k.l k.l
girjr = g(ai, ay) = g(viak, vya) = vy 9(a, ar) = ViV gij-

Takum o6pa3om, B MaTPUYHOH 3alKUCH 3aKOH H3MEHEHHUS] MaTpHLbI
OUIMHEeHHON (QopMbl PU 3aMeHe 6asuca BBINVIAIUT TaK:

G=T-G-T,

rae G' u G — matpuusl Gopmbl g(x, y) B LITPUXOBAHHOM U B HELITPH-
XOBaHHOM 0a3ncax COOTBETCTBEHHO.

3amayky ¥ ynpaxKHeHHs

1. CHoBa BcrioMHHaeM HaBBIKH U3 Kypca anredpsl. Ilyctb

2
12 -2
(9)={ 25 4
-2 4 2

— —
— MaTpuua GuirHeitHoi dopmbl g(x,y) : R? x R® — R B ctan-
flapTHOM Gasuce. BbluncanTe 3HAaueHHe 3TOH (GOPMBI OT BEKTOPOB

z='3,-1,7)u y=141,2,-2).
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Ha#inure marpuny dopwmsl g(x,y) B 6asuce

b =1(1,2,2),
b2 - t(27 17 _2)»
by = 1(2,-2,1).

Asasiercst au popma g(z,y) MOJOKUTENBHO ONpPeIeNeHHOMH?
2. Tlpu Kakux 3HaueHWsAX napametpa « € R KBamgpaTHuHas
thopma
E(z) = (z1)? + 2(2?)? + 3(2)? + 20z 2? + 2223
TOJIOXKUTENBHO OTpe/esieHa?

3. JlokaxkuTe, 4TO KBagpaTUyHas ¢opma Torga 4 ToJbKO TOTAA
TMOJIOXKUTEJbHO ONpefiesieHa, KOrna ee MaTpHULla NpelcTaBiseTcs
B Buge G ='B - B, rie B — HekoTOpas HeBHIPOXKIEHHAs Bellle-
CTBEHHasl Martpula.

4. EBKIuUAOBbI IPOCTPAHCTBA

Omnpenenenue 4.1. KoHeuHoMepHOe BeKTOpPHOE MPOCTPAHCTBO

V Han nosem R HasbiBaeTcsi esxaudosvim, eCqd Ha HeM 3amaHa

CUMMETpPHYHAas TMOJIOKUTEJbHO OIlpeaesJeHHas funrHelHas (bopMa

g(w,y), TpaAULIMOHHO UMEHYyeMasad CKAAAPHbIM npouseedeuuem BEK-
—

mopos x,y € V.

HoroBopumest 0G03Ha4aTh CKa/lAPHOE MPOM3BENEHHE BEKTOPOB
x,y € V yrioBeMH cKoOkaMu ¢(x,y) = (z,y). He noseniocs u Bbl-
MHULIY B HOBBIX 0003HAUEHHUsIX OINpefeseHHe CKajspHOrO MpOU3Bese-
HUSL. N

Otobpaxenue (x,y): V x V — R saBisercs ckaisapHolm npous-

—
gederuem 8eKmMopos NPOCTPAHCTBA V., €C/IH BBITOJNHEHBI C/leYOL1e
YeTblpe aKCHOMBI:
—
1) Va,y,z € V{(x+vy,2) = (x,2z) + (y,z) — IUCTPUOYTHBHOCTb,
—
2) Vz,y € V,Va € R (az,y) = a(z,y) — OTHOPOAHOCTB,
—
3) Va,y € V(z,y) = (y,) — CUMMETPUYHOCTb (KOMMYTaTHB-
HOCTB),
— —
4) Ve e V{z,z) 20 u (z,2) =0< x = 0 — nonoxuresbHas
Onpe/e/IeHHOCTb.
Xouy 3a0CTPHUTh Ballle BHUMaHHe Ha OYEBHIHOM, HO Upe3Bbl-
YafHO BaXKHOM /ISt JaJibHEHLIMX PACCMOTPEHHH, 00CTOsATe M b-
crBe. Eciv Ha_[BYX 5K3eMIUIsIpax OZHOrO M TOTO Ke BEKTOPHOrO
npocTpaHcTBa V 3ajaTh pasHble CKassipHble NPOU3BeleHHs (orpe-
LeJUTb pasHele ¢opMbl g (z,y) U go(x,y)), TO MOJdydaTCss pasHble
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eBKJIMOBbI MpocTpaHcTBa! DTO 06CTOATEBCTBO ChIrPaeT OrPOMHYIO
pOJIb B TEOPHH MOBEPXHOCTEH. ~

Ecau (ay,ag,...,a,) — Kako#-HuOynb 6a3uc nmpocTpaHcTBa V,
T0 Martpuua (g;;) OunuHeiiHoit dopmbl g¢(x,y) = (z,y) B 3TOM
6asuce HaswiBaeTcs mampuueil Ipama') (ykasawmoeo 6asuca),
a ee 3JIeMeHTbI (T. €. CKaJspHble MPOU3BeNeHNs] Ga3HCHBIX BEKTOPOB)
gij = 9(ai, aj) = (a;, aj) — mempuueckumu Kosppuyuenmamu.

Ecmu xe (al,ag,...,%) — TpOM3BOJIbHAS CHCTeMaA 2) KAKMX-TO
BEKTOPOB NpocTpaHcTBa V, TO mampuyeii [pama cucmemol 8ekmo-
pos (ay,ag, ..., aj) TakKe OyIeM HasblBaTb MaTPHIly, COCTABJEHHYIO
M3 BCEBO3MOXHBIX TOMAPHBIX CKaJSPHBIX NPOU3BEIEHHH BEKTOPOB
3TOH CHCTeMBI, T.e. MaTpuly (gi;), Tie gij = (a;, a;j).

Croenyer elmle pas MOAUEPKHYTb, 4TO 3adame OuiuHelHyto

¢opmy Ha BEKTOPHOM MPOCTPAHCTBE O3HAUAET TO Ke CaMOe,
4To 3adame mampuuyy 3moil ¢opmer 8 Kakom-Hubyds basuce (cM.
n.3). Wmenno _TI09TOMY  CKaJ/IApHOE MNPOM3BE/IeHHe Ha BEKTOPHOM
npocTpaHcTBe V. yalle BCero 3a1aloT, yKasbiBas MaTpHLLy ['pama
KaKoro-HUOYAb 6asnca npocTpaHcTBa V.

[lepeuncnuTh Bce CBOHCTBa MaTpulbl [pama HEeBO3MOXKHO, Kak
HEBO3MOXKHO TMepeurCJUTh BCe CBOWCTBA, HAMpHUMep, 3JeKTpoHa,
Bellb «3JEKTPOH TaK:Ke HeHCueprnaeM, Kak i aToM». 3) OIHAKO OCHOB-
Hble CBOHCTBa MaTpHLbl ['pama (g;;) ¥ MeTpHuecKuX Ko3(QhHIHeHTOB
gij, JlOKa3aHHble B JIEKUHSX Ha MepPBOM Kypce, HaM HeoOXOAMMO
3a(PUKCUPOBATH 3[eCh AJIs OYAYLUIMX HYXKI.

CeoiictBa marpunbl I'pama.

1) Ha rnaBHo# nuaronanu matpuiisl [pama so6oro 6asuca CTosIT
CKaJIsIpHBble KBaZpaThl 0a3HUCHBIX (T.e. 3aBeIOMO He HYJeBHIX!) Bek-
TOpOB, T.e. g;; > 0.

2) Matpuua ['pama m060# crcTeMbl BEKTOPOB CHMMETPHYeCcKas,
T.€. gij = Gji, HOO CKa/JAPHOE NPOHU3BEIeHHe KOMMYTATHBHO.

3) Martpuua [pama mwo6oro 6asuca TMONOKHTENBHO OIpe-
nesieHa (sABJIseTCS MaTpHULEH IOJOXKUTENBHO OIpe/ie/eHHON
KBaJpaTUYHOH (POpMbI), T.e. BCe ee TIJIaBHble YIJIOBble MHHOPbI

') ®amusus wemenkoro martematnka Bropoil mososunbl XIX B. F.TI.Tpama
MHULIeTCS ¢ OfHOH OyKBOH «M» BEpPOSITHO [/ TOrO, YTOObl He MyTaTb ee C OJHOH
THICSIUHOH KHJIOTpaMMa.

?) He o6sizatenbHo Gasuc.

%) Cm. Jlenun B.H. Marepuaiusm u smnupuokputuuuaM. TICC. 4 usn. T. 14.
C.3-295.
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Ay, Ay, ..., Ay, TIOJOXKUTEIbHBL. B 4acTHOCTH, OMpenesuTeb MaTpPU-
uel pama g = det (g;;) > 0.
4) O6vem V [ay,as, ..., a,] napamenotona '), mocrpoeHHoro
Ha BekTopax (aj,ag, ..., Gy ) PaBeH

Viay,ag,...,an] =+/g9 =

(ar,a1) (ar,a2) -+ (a1, am)
e P e
(am.,a1> <am;a2> <am,'am>

OdueHb 4aCTO rOBOPAT, UTO «CKANSPHOE MNPOHM3BENEHHe OMpeiesser
Ha BEKTOPHOM IMPOCTPAHCTBE V METPHUUECKYID CTPYKTYpy», HUMes
B BHJLY, CKOPee, He TO 0GCTOATE/IbCTBO, YTO CKa/IAPHOE MPOH3BeleHH e
samaetr Ha V Metpuky no dopmyre p(z,y) = \/(z —y,z —y) 2,
a Ty ryobajbHYyl0 CHUTyalHIO, YTO uepe3 CKaJsspHOe MpOH3BeleHHe
OTPEeeJISIIOTCS BCe BEJUUHHBI, KOTOPble B OOBIIEHHOH XKHU3HU MPUHSI-
TO Ha3bIBaTb «METPUUYECKUMH» — IJIHUHBI, YIVIbl, IJIOMAAH U 0OBEMBL.
HanomHio 3TH onpene/ieHus. .

_)HyCTb (a1,a9,...,am) — Gasuc R™ u x = z'a;, y = yla; €
€ R™ — npounsBoJibHbIE BEKTOPHL.

|
Hauna sekmopa x:
’x‘ = w/<:ZZ,ZZI> = \/<:z:iai,xjaj> = \/gijx"xj .

JI1vHa BeKTOpa eCTh KBaJgpaTHBIH KOpPeHb M3 3HAUEHHUS KBagpaTwu-
HOW (opMBI OT BeKTOpa x. fICHO, UTO ITOT KBaAPATHHIH KOpPeHb —
4HCJI0 IeHCTBUTENbHOE, TaK Kak Bcerna (x,z) > 0.

Kocunyc yera o mexncdy 08yms HeHyse8oiMU BeKMOPAMU X U Y-

(z,y) gij 'y’
cos p = = —— —
|| - [yl Vi 5T \/ gijyty?

1) m'MeprIﬁ napaJJeJsaenunen ¢ pe6paMH ay,az,...,Qam, T.€. MHOXKECTBO BeEK-
TOPOB {m =Y o"ar] 0 < o < 1}, Ha3blBAEM NAPAALCAOMONOM, TIOCTPOEHHOM Ha
BEKTOpax (ai,as, ..., am). [lepedyncssiio napassiesoTonsl Mo BO3pacTaHHIO pa3Mep-
HOCTH: OTPE3OK, ﬂapaﬂﬂeﬂorpaMM, napaJJesenunen, napaJJgaesnoTor, ..., napaJsJe-
JioroI, ..., HapaﬂﬂeﬂOTOHHU.[e, HeHHOXO 3allIOMHHUTL TaKxKe, 4TO IMpH M = 1

00beM 0OBIYHO HA3BIBAIOT AJHHOH, a MPU m = 2 — TIOMIA/bIO.
2) [TpoBepbTe, uto (yHKUUST p(x,y) NEHCTBUTENBHO SIBJSETCS METPUKOH, T.e.
HeoTpHLaTe/IbHA, CHMMETPHYHA U Y/OBJETBOPsieT HePaBeHCTBY TpeyroJbHUKA.
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— a BOT 3/1€Cb B YHUCJIUTEJIE CTOUT OUNMHENHas (opmMa — cKaJsipHOe
npousBeneHue. B mpeablaylieM NyHKTe s yKe MPOCUJ He TNyTaThb
KBaJpaTHUYHble (POPMBI ¢ OMIHHEHHBIMH.

EcTecTBeHHBIH Bonpoc: noyeMy ApoOb, CTOSILLASl B ONpeLeseHHH
KOCHHYyCa yIja, BCeraa M0 MOAYMI He NPEBOCXOAUT eIHHHULEL, T.e.
noyeMy 3Ta ApoOb NEHUCTBUTENBHO ABJISETCS KOCUHYCOM HEKOTOPOTO
yrya ¥ JaHHOe Olpefie/ieHHe 3aKOHHO?

EcTecTBeHHBIH OTBET: 3aKOHHOCTb AAHHOT'O OMpejeieHHs rapaH-
TUpyeTcst HepaBeHCTBOM Kommn—-ByHsikoBckoro. Bot oHo:

HepaBenctBo Komu—-ByHsakoBckoro. {5 /006X IBYX BEKTO-
pOB U y €BKJ/HI0BA IPOCTPAHCTBA CIIPABEAJHBO:

(x,y)” < {z,2) - (y,y) .

N3 sToro HEpaBeHCTBa, KOHEYHO, CJeAYEeT, YTO

JlokazatenbcTBO HepaBeHCcTBa Koin-DyHSKOBCKOTO HaBepHsiKa
paccKasbiBajioch B Kypce JIMHeHHOH anre6pbl, MO3TOMY MpejJara
BaM OCBEXKHTb €r0 B IIaMATH CAMOCTOSITEJIbHO.

HNpem nasee.

—
Omnpenenenue 4.2. Bekropnl z,y € V opmoeonarvrol (nep-
neHOUKYASIPHbL), TOTAA U TONBKO TOraa, koraa (z,y) = 0.

Omnpenenenue 4.3. basuc (e, eg,...,e,) €BKAUIOBA IpO-
—
CTpaHCTBa V HAa3bIBAETCS OPMOHOPMUPOBAHHBIM, €CITH

I, mpu i=j,
(enes) =05 = { o oo 122
®ynxumna 0;; : N x N — {0,1} Hocut HasBanue «cumsos Kpore-
Kepa» W IOBOJbHO 4YacTo OyleT MOSIBJASATBCA Y HAc B JaJbHefIIeM
(mpuyeM B pasHbIX MOEMQHUKALMAX: 0j; = &) = &5 = §7).

W3 ompenesieHust BUAHO, YTO BEKTOPBI OPTOHOPMHPOBAHHOTO 6a-
3Uca MOMapHO OPTOrOHaJMbHBI (Opmoconasviocmy Gas3uca), a JHHA
Ka)I0oro 0a3MCHOr0 BEKTOpA paBHA eIuHHLE (HOPMUPOBAHHOCMD
Gasuca).

Buumanue! PacnipocTpaneHHas yc.nognocn:! CraHnapTHbIH

6asuc (ey,eg,...,6ey,) mpocTpaHcTBa R MPUHATO CUUTATH
OPTOHOPMHPOBAHHBIM, T.€. €ro MaTpuily ['pama MpPUHSTO ToJarath
enrHUYHOM. OIHAKO KaXkKIOMy IPaMOTHOMY MaTeMaTHKY [OHSITHO,
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4TO 3TO He GoJslee YeM CaydaifHasi JOrOBOPEHHOCTh, HMelollast Macco-
BB XapakTep W MPHUHsTAas Ha Halled MjaHeTe B CHJIY HCTOPHUECKH
C/IOXKUBIIUXCS 0OCTOATENBCTB. |

OproHOpMHpOBaHHBEIE Ga3WCHl BeCbMa M BecbMa MpUsiTHBL Jleso
B TOM, UTO B OPTOHOPMHMPOBaHHOM Gasuce (ej, €g, ..., €,) €BKIMA0BA
MPOCTPAHCTBA OYeHb NPOCTO BEIYUC/SATH KOOPAHHATHI IPOU3BOJILHOTO
BeKTOpa T = x'e;. JleiCTBUTEIIBHO, IOCJe YMHOXKEHHS PABEHCTBA & =
= z'e; CKaJsIPHO Ha BEKTOP e; MOJIYyYUM (x,e;j) = Zx (€i,ej) =
= :IZZ(SZ] = :Iij, T. €.

x:Z@,ei)'ei.

i

¢l nymaio, 3TOT HECJOXKHBIH, HO BaXKHBIH (PAKT HETPYOHO M BaXKHO
3aMlOMHUTB.
BcrnoMHHM ellle napy omnpefneJseHUH.

Onpenenenue 4.4. [lyctb v < R™ — MPOM3BOMBLHO® TOAMPO-
cTpaHcTBO. Bynem FOBOPHTD, UTO 6EKMOP X OpMOSOHAAEH V, ecan
IJIS BCSIKOTO BeKTopa y € V. BbIl’IOJIHeH()_><l‘,y> =0, T.e. BEKTOp
neprneHAUKY/IspeH KaxaoMy Bektopy u3 V. O6osHadyenune: x 1 V.

L — —

Omnpenenenue 4.5. MHO)eCTBO BEKTOPOB V :{xeRm]xJ_V}

—

Ha3bIBAETCS OPMO2OHAAbHbIM O0NnOAHeHuem noonpocmparcmsa V .

Xopo11o U3BeCTHO, YTO OPTOTOHANBHOE JONOJHEHHE 0600 MO -
MPOCTPAHCTBA CaMO SIBJSETCS MOANPOCTPAHCTBOM U, KpOMe TOTo, BCe
MPOCTPAHCTBO $IBJSIETCS MPSMOH CYMMOH IPOM3BOJBHOIO MOAIPO-
CTPAHCTBA M €ro OPTOrOHAJIBHOTO NOMOJHEHHUS:

= — =31 L = . L
R"=VaeV-um=dmV +dimV-—.

— NP . —
Ecin R™ =V & V-, 1o npousBoJ/ibHbIH BeKTOp & € R™ MOXHO
eMHCTBEHHBIM o6pa30M Hpeﬂ,CTaBI/ITb B BHJE CYMMbl & =y + 2, Il

Y € V aze V5 B srom c/lIy4yae cjaraemoe z € V Ha3bIBAIOT
OpPMO20HANBHOU cocmasAaaroujell, a cniaraemoe y € VvV — opmo-
=

COHAAbHOU npoeKuyuerl BeKTopa T € R Ha MOANPOCTPAHCTBO V.
CoBepllIeHHO €CTEeCTBEHHO TeNepb HA3BaTh yeA0M Men0y 8eKmMOopom

') Banymaiitecs max stum! Hy mouemy, coGeTBeHHO, ualle BCero AJs COBO-
KYMHOCTH KaKMX-TO abCTPAKTHBIX CTOJIOLOB M3 HyJell M eIMHHI[ Mbl Ha3HauaeM
eIMHUYHYI0 MaTpuly [pama?
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S Rm U noonpocmpaHcmeom v Yros MexJy CaMHM BeKTOpOM

z € R™ u ero OpPTOTOHAJNBHOH MpoeKIHeH Ha V.
Crenylolee yTBepxKAeHHe, B BHAY €ro Ba)KHOCTH U YHOOCTBa
NaNbHEeHIIHNX CChIIOK, OKpECTI/IM «JIEMMOH».

Jlemma 41 Hycmeo V cCW — __Opuermuposanbole noonpo-
cmpancmea 8 Rm dim V = k, dim W = kE+1, (aj,ae,...,ax)

— —
basuc V. Toeda cyujecmsyem edurncmeennoili eexmop a € W
maxoil, 4mo:

1) ac \—;J-,

2) la] =1,

3) (ay,as,...,a,a) — 6asuc W onpedeastouuti 8 W 3adan-
HYto opuenmayuto (m.e. npuradiexcaujuil 3a0anHol 8 W
opuermauui). ¢

KpOMe caMoi JIEMMBI, BeCbMa Ba>XHbIM IJi 6yﬂyLuero IOHUMa-
HHsA MIpeaMeTa OKaxxeTcCd

CaenctBue. /[as awboeo oppraca Vi C Vo C ... C V), cyuje-
cmeyem eOUHCMBEHHAS NOPOHIAOULAS €20 OPMOHOPMUPO-
samuHas cogokynHocme sekmopos (by,bo, ..., by).

HecmoTpst Ha BClO OYEeBHAHOCTb MPHUBENEHHBIX YTBEPKIEHHH —
JIeMMbl M CJIeACTBHS, Ha BCSKHH Caydadl akKypaTHO MPOTOBOPHUTE
cebe MX J0KazaTesabcTBa. Xyxe He OyJIeT.

Wnem nanee. M3BecTHO, UTO BCSKYIO JIMHEHHO He3aBHCHMYIO CH-

cTeMy BEKTOpOB (aj,as,...,ar) BEKTOPHOTO MpPOCTpaHCTBA V. MOXK-
HO TepefesaTb B OPTOHOPMHpOBaHHYW0 cuctemy (by, by, ..., b;). Ca-
Ma 3Ta «IepefiesiKa» HOCUT Ha3BaHHe npouecca opmoeoua/zusauuu
Tpama-IInudma. ') JlaBaiite BbISICHUM, UTO MPOMCXOMHT B MPOLIECCE
OpPTOTOHAJIM3ALHUN C OpPHeHTalHel cucteMsl (ay, ag, ..., ak ). [loHSATHO,
YTO CHayaJja JAJisi 3TOr0 HYXKHO JeTaJbHO BCIIOMHUThL CaM MpoIecc.

IIponecc oproronanusanuu I'pama—IImuara.

[lyctb (aj,ag,...,ar) — TPOHU3BOJbHAS JHHEHHO He3aBHCHMAasi
CHCTeMa BEKTOPOB, KOTOPYIO HaM Mopy4eHo nepeenats. bynem ctpo-
UThb U3 Hee OPTOHOPMHpOBaHHYIW cuctemy (by, by, ..., bg) M0 HHIYK-

HH.
I a1

[lepBblii BEKTOP OPTOHOPMHPOBAHHON CHCTEMBI: b = Tl
ai

') Spxapn LIMuAT — HeMmelKUil MaTeMaTHK Hauana XX B., paGOTaBIIHi B KPyry
MaTeMaTHKoB ['€TTHHreHa, LeHTpanbHON (urypoit koroporo 6e1 1. 'niabbeprt.
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Ecau BekTopbl by, by, ...,b;—1 yxke mnoctpoensl (1 < i < k), TO

noJjiaraem i1

bi = a; — Z <CLZ', bj> bj.
j=1
BekTop b; — 3T0 BcromoraTenbHbl BekTop. (Ha Jjexkuuu s kpuuy:
«HoBBI# BeKTOp — 3TO CJeNyOUIMHA BEKTOP M3 HWCXOMHOH CHCTEMBI
MUHYC JIMHelHas KoMOMHauusi yxe noctpoeHHbix!!!») OH moka 4to
He eIMHUYHOU JJIMHBI, 3aTO y»Ke OPTOrOHajeH BCEM paHee MOCTPO-
eHHbIM. UTOOBI IPOBEPUTH 3TO, CUUTAEM CKaJSIPHOE MPOU3BeNeHHe

(manee s < 1):
i—1 i—1
<E~,bs> - <a,- =3 laiby) b-,bs> = (i bs) = 3 {ai, b)) (bj, bs) =
=1 j=1
i—1
= (aibs) — > {aibj) s = (@i bs) — (ai,bs) = 0.
j=1

TYT BCe cJlaraeMble — HYJIH,
KpOMe OJIHOTO, NPH $=j

[Tocne sTOro ocraercs HOPMMPOBATb BCIIOMOTaTe/bHbIE BEKTOpP b;,

T. €. TIOJIOXKHUTb b; = |,Z—1| OuepenHON BEKTOp CTPOSILIETOCS OPTOHOP-
MHUpOBaHHOTrO 6asnca TOTOB.
OnucaHHylo TIpoLefypy CleayeT NOBTOPSITh A0 MOJHOTO HCYepIa-
HHUS1 TIePBOHAYAJ/IbHO 3aBE3€HHOT0 3araca BeKTOpoB (aj, ag, ..., ar).
BuumaresnbHoe  pasrisipiBaHMe Mpolilecca  OPTOrOHAMH3ALUH
(B COBOKYMHOCTH C UYeTKMM MOHMMAaHHeM TOr0, KakK YCTPOEHBI
MaTpHLbl TTepexXo/ia) MO3BOJSeT YBUAETh, YTO

|ai
0 NL * *
ol
(bl,bg,...,bk):(al,ag,...,ak)' 0 0 @ * s
0O 0 0 ... L
L bk |

') A xax nnaue?! Jaxxe UeGypaluka yke 3HaeT, uTO BEKTOPbI MepreH UKy JIAPHbI
TOrJa ¥ TOJbKO TOTAA, KOTAA UX CKaJ/IsIpHOe NPOU3BeLeHHe PABHO HYJIIO!
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e 3Be3[0UKaMH B MaTpHIle Tepexofia 0003HaYeHbl He OYeHb MHTe-
pecylolie Hac YHcsa.

CoBepllleHHO $ICHO, YTO OMpelesHTe/Nb U BCe TJaBHbIE YIJO-

Bble MHHOpBI MaTpPHIIbI Mepexoja, CTOsIIEH crpaBa, CTPOro
MOJIOKUTEJIbHBL. DTO 03HAYaeT, YTO COBOKYIHOCTH (ay,ag, ..., a)
(b1, b, ..., by) He TOJBKO OMHAKOBO OPUEHTHPOBAHbI, a 1aXKe MOPOXK-
naT onuMH U TOT ke opduar! BoT kako# xopoliu#i, okasbiBaercs,
mporecc OpToroHasusannu!

3aKOHYMM 4eTBepTHIH MYyHKT HAallOMHHAHMEM HeKOTOPHIX (DaKTOB
U3 Kypca JIMHeHHOH aare6pbl OPTOroHaNbHbIX JHHEHHBIX OMlepaTopax.

— —
Onpenenenue 4.6. Jluneiinwii onepatop @ : R™ — R™ Ha-

3BIBAETCS OPMO2OHANAbHbIM (CUHOHHUMBL YHUMAPHbIM, USOMEmpU-

4ecKum), eciu OH COXpaHsAeT CKa/spHOe NPOH3BE/CHHE, T.e. I

JIOOBIX IBYX BEKTOPOB x,y € R BBINOJHEHO PaBEHCTBO

(Qz, Qy) = (z,y).

I/ISBGCTHO, 4TO B CTAHAAPTHOM 0asuce

QQ=1. Q=%

Tax kak (Qz, Qz) = (z,2) = |z|> = |Qz[%, T0 oproroHanbHbIl Ome-
paTop coxpaHsieT IJIUHY BEKTOPOB: |x| = |Qz].

M3BecTHO TakxKe, UTO OMNpENEIUTENb MATPHIbl BCSKOTO OPTOrO-
HaJbHOTO onepaTopa paseH saubo 1, nubo —1. Ecau det @ = 1, To
OrepaTop COXpaHseT OpPHEHTALUI0 TMPOCTPAHCTBA, COXPAHSET IJHHBI
6a3UCHBIX BEKTOPOB U YTJIbl MEXIY HUMH, T.e. (PaKTHYECKH, BBIMOJ-
HSIeT TOJIBKO BpaleHue 6asuca. Ecau xe det Q = —1, To omeparop
M3MeHsleT OpHeHTalMi0 0asuca, T.e. KpoMe BpAIleHHs, BBIMOJHSET
ele ¥ HEKOTOPYI0 CHMMETPHIO MPOCTPAHCTBA.

Bort raxk.

3amayky U ynpaxKHeHHus

?

12 1 2
1. Moxet a1 Matpuua (g;;) = % ? é _(1) ObITH MaT-
20 -1 3

puuedt I'pama HekoToporo 6asuca?
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2. Haiinure yroa wmexny BekTopamu a = (1,-2,3,2) wu
b=7%2,1,—1,5), ecnu KOOPOMHATHl ITUX BEKTOPOB yKa3aHbl B
6asnce, matprua ['pamMma KOoToporo ecTb

12 0 O
25 0 0
(9i3) = 00 2 —1
00 -1 3
3. Haiinure 06beM mapaJsiiesoTona, MOCTPOEHHOTO Ha BEKTO-

pax
=11,-2,3,2),

( )
=1-1,2,3,2),
=1(1,2,-3,2),
=11,2,3,-2).

(OtnaBast naHb TpamuuMH, 6yzLeM CUMTATh B 3TOH 3amaye MaTpu-
ny 'pama crannaptTHoro 6asuca eqIMHUYHOH.)

4. Pebsral Ilycts, KaK 00bIUHO, MaTpuua ['pama craHmapTHOro
6asuca NpoCTpaHCTBA R* elMHUYHas. Toraa BeKTOPHI

by =11/2,1/2,1/2,1/2),
=1(1/2,1/2,-1/2,-1/2),
=1(1/2,-1/2,1/2,-1/2),

by =4(1/2,-1/2,—1/2,1/2)

—
00pasyloT OpTOHOPMHMPOBaHHbIE Gasuc npoctpanctea R*. Tlpo-
Bepre, He 0OMaHyJ JId 51 Bac, U HakaHWTe KOOPAMHATBHI BEKTOpa
=%4,6,—-2,10) B 3TOM Gasuce.
5. Haiinute Gasuc opTOroHabHOrO JOMOJHEHHS OAMIPOCTPaH-
cra V C R4 MopoXKAeHHOro BekTopamu aj = 1(1,2,2,—1) u
=(1,1,—5,3). OTbIlIKTE OPTOrOHABHYI COCTABJSIOILYIO U
OpTOI‘OHaJIbHyIO npoekurio BekTopa = = (4, —1,—3,2) Ha nox-
—
NPOCTPAHCTBO V.

6. U3 fnonuu B pmepeBHI0O Dosbline YMUIIM NpUBe3IH Ha
TeJslere yeTblpe HOBEHbKHX BEKTOpa

2,1,3,—-1), 47,4,3,-3), 1,1,-6,0), (5,7,7,8)

M [pOCAT CHeNaTh M3 HHUX OPTOHOPMHPOBAHHBIN Ga3uC TOro
NOANPOCTPAHCTBA, KOTOpPOe OHM INopoxkpawT. [lomorure nepe-
BEHCKMM MYXKMKaM; KaK 0ObI4HO, MaTpula pama cranapTHoro

6asuca NpoCTpaHCTBA R* — elMHUYHAS.
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7. TlponmenaiiTe mnpolecc OPTOroHaJM3aUUHU [J5 BEKTOPOB
42,0,0,-1), 40,1, 3,0), (1, —-3,1,2), eciu ux KOOPAHHATHI yKa-
3aHbl B 6asuce, Matpuua [pama KoToporo ectb

22 0 0
94 0 0
Gi)=100 1 -1
00 -1 3

8. Haitnure yronm wmexny Bektopom z = (2,2,1,1) wu
MOJAMPOCTPAHCTBOM, MOPOXKAEHHBIM BEKTOPaMH t(3,4, —4,-1),
40,1, —1,2), ecaiu KOOPAHHATHI BCEX BEKTOPOB yKa3aHbl B Gasu-
ce, Matpuua ['pama KOTOPOro ecth

—_—— —

1 1
a) (gij) =14, 6) (gij) = (2) g

0
0
|
00 -1 3
9. Haiinure uucsio nuaroHalei n-MepHoro Ky6a, opToroHasb-

HBIX K JJAHHOH JHAaroHaJu.

10. Hailigute nauHy OOJBIIOH AHMArOHANU T-MEPHOTO Kyba
¢ peGpoM a W Tpenes 3TOH JJHHBI IPU 1 — OC.

11. Jlokaxute, uTo BCce GOJbILINE THATOHANH N-MEPHOTO Kyba
00pasyloT OAMH U TOT Ke YroJ ¢, CO BCeMHU ero peGpami.
Haiinute aToT yros u ero npenes npu n — oo.

12. Haiinure yros Mexay OOJIbILIOH NHATOHAJBIO 7.-MEPHOTO
Ky6a 1 ero k-MepHOH rpaHbIo.

5. BekTopHble (PyHKIIMM CKAJSIPHOTO apryMeHTa

Mynpeusl He ycTalT MOBTOPSITh, UTO LIYTKa, MPOU3HECEHHas
IBaXK[bl, CTAaHOBUTCS TynocTbio. CiaBa 6ory — MX LIyTKa He OT-
HOCUTCSl K MaTeMaTHYecKHUM (hakTaM, U B 3TOM NYHKTE Mbl MOXKeM
CMeJIO TIOBTOPUTb HEKOTOpPbIE CBEeIEHUS U3 MaTeMaTUYeCKOro aHaa13a
0 BEKTOPHBIX (PYHKIUSX.

[Iyctb I € R — OTKpBITHIH WHTepBaJ, T.e. MHOXECTBO [el-
CTBUTEJIbHBIX YHCeJ OAHOTr0 u3 BHIOB: (a,b), (—o0,b), (a,+00),
(—00, +00). XOpolLlIeHbKO MpeACTaBbTe cebe HECKONBKO Pa3JHuHbIX
UHTePBaJIOB Ha NpSIMOH, OO BCe BCTpeydarollrecs HaM faJjee BeKTop-
Hble (PYHKLHUU 6yﬂpraCCManHBaTbCH MMeHHO Ha MHTepBa/ax.

[Tycts « : I — R™ — HenpepblBHAsi BeKTOpHAas (PYHKLUS CKa-
JISPHOTO apryMeHTa (Kopoue — <«BeKkmop-@yHKkuus»). S uckpeHHe
MHTAl0 HalexXay, 4YTo (pasa «BeKTop-QpyHKUUsS x(t) cCKaJIsgpHOro ap-
ryMmeHnTa t € I'» MOHATHA BCEM YUTATENSIM, OMHAKO, HA BCAKUN caydait
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paciugpyio, 4TO 3TO TaKoe:

— T.€. KaXJIOMY 3HAUeHUIO apryMeHTa ¢ COMOCTaBJIAeTCs BEKTOP x(t)

13 BeKTOpHOTO npocTpaHcTBa R™. HenpepelBHOCTD BeKTOP-(PYHKLIUH
03HayuaeT, YTO BCe KOMIIOHEHTH 2/ (t) BekTOpa x(t) HenpeprIBHE! Ha I.

, Ho CﬂO)KHBHJGﬁCH TpafMLuUK, apryMeHT ¢ € I BeKTOp- (PyHKI_LI/II/I

) NPHHATO HasbBaTh napamempom. Y (HU3MKOB !) cylie-
CTBy}OT CBOM B3IVISAABl Ha JKH3Hb, [0ITOMY I[apaMeTp OHHM 4YacTo
Ha3blBAIOT CJIOBOM «8pemsi», a NPOU3BOJBHOE KOHKPETHOE 3HaueHHe
napamMeTpa UMeHYIOT TOPABIM TEPMHUHOM «MOMEHM».

Bynem roBopuTb, 4TO BekTOp-QpyHKUHUS x : [ — R™ sada-
Ha napamempu4eckKi, ecid KaKHM-TO o6pa30M yKa3aHbl Bce ee
KoopauHaTHBle ¢GyHKUMH 2/(t) : I — R, a camy sanuch z(t) =
= 2! (t),2%(t), ..., 2™ (t)) GymeM HasbBaTh AAPAMEMPULECKUM 3a-
daHuem BeKTOP-(OYHKUUH ().

Ha nexuuu npo HenpepbIBHBIE BEKTOP-(QYHKLHH y MEHs B T0JIOBE
(a mHOrIA W Ha NOCKe) BO3HHMKAeT NPHUMEPHO CJeAyollast KapTHHKA:

z

(ty)

a(ty)
v (ty)

ITO MOJIOTHO TEMOHCTPHUPYET, UTO MPHU H3MEHEHUH napamerpa t,
KOHel[ TepeMeHHOro BekTopa x(t) omucbiBaeT B mpocTpaHcTBe R™
HEKOTOpYI0 JMHHHUI0. Takylo JIHHUIO paHbllle HasblBaIU e0doepadom
BeKTOP-(DYHKIHUH, HO cefuac 3TOT KPacUBbIH TEPMHUH MOUEMY-TO Bbl-

') dusuky — 310 BechbMa JIOGONBITHBIE YUeHblE JIONH, KOTOPble IOCTOSHHO H
JI0BOJIBHO CyMOYPHO HCIOMB3YIOT MaTeMaTHKy B CBOeH »KH3HeIesITeJbHOCTH.

%) OTnanuM H0MKHOe GpaThaAM-(PH3MKAM — HX TEPMHHOJOTHS OKa3bIBaeTCsl TMo-
poil BecbMa yHOOHOH, HampuMep, NMPH H3YYEHHH TPAEKTOPHM NBHXKYIIEHCH TOUKH
(nBU2KEHHe CIyTHHKA HAa OKOJIO3EMHOH OpOHTE, TPAaeKTOPHSI BPaxKECKOro CHapsiia,
TMOJIET LIMeJs B YeMOJaHe), T. €. KOIla POCTPAHCTBEHHbIE KOOPIHHATHI [1BHIKY LM~
Csl TOUKH SIBJASIIOTCS (DYHKLUHSMH BpeMeHH t.

2 C.B. Cusblii
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meJa U3 MOIBI. HHTYHTHBHO [NOHATHO, 4YTO FOHOFpﬁ@ Herll epHBHOﬁ
BEKTOpP- ®YHKHHH €CTb HelpepbiBHas CIJOMWHAA JHUHHA. ! (DﬂHaKO

MPUMEHNUTEJbHO K BeKTOP-(DYHKLHUSM W MPOCTPAHCTBY R™ TaKas

KapTHHKa COBepLIeHHO OecCMBICJeHHa, Belb B INPOCTPAHCTBE R™
HeT HM TOYyeK, HM HalpaB/eHHbIX OTPEe3KOB, HHU JUHHH. Bce 3TH
00beKThl 0OPETYT MPaBO Ha CYLIeCTBOBAHHE JHIIb B ad()UHHBIX MPO-
CTPaHCTBaxX, HO a(pUHHBIE NPOCTPAHCTBA — MpeaMeT 00CYXKAeHHS
C/IelyIOIHUX MYHKTOB.

Onpenenenue 5.1. [lycte t € I u t + At € I. llpenen

. a(t+ A —x(t)
AT A T

ecJM OH CYIIeCTBYeT, Ha3blBAeTCsl NpouU3BOO0HOL 8ekmop-dyHKuuL
x(t) 8 mouke t, a BeKTOp-PyHKIUHs =(t), B Caydae CylLleCTBOBAHHUS
9TOro Tpejiesia, HasbiBaeTcs dugeperyupyemoil 8 mouxe t. Bekrop-
(byHKUHMS HasbiBaeTcs duggpeperyupyemoli Ha uxmepsare I, ecnn
oHa auddepeHIMpyeMa B KaX10¥ Touke HHTepBaJsa [.

JloroBopuMcs, uTo TOYKa Haj BeKTop-(pyHKIHMei %) Bcerna Gy-

neT 0003HauaTh NpPoW3BOAHYIO Mo napameTtpy. OpnHako, MpH
HeoOXOAUMOCTH, 1J/151 IPOM3BOAHOMN 10 TapaMeTpPy BO3MOXKHO HCIIOJb-
30BaHMe U APYTUX 0003HAYEHHH:

PasrasinpiBast npuBeneHHOe onpenesieHHe, JIeTKO MOHSTb, YTO
BEKTOp-PYHKLUMA OU(pdepeHIHpyeMa TOTAa M TOJBKO TOTAA,
Korna AudgepeHnupyeMa Kaxaas ee KOOpAMHATHas (YHKUMS, MPH

9TOM:
() =@ @), #2(t), ..., a™(t)).

3anoMHUTEe pa3 M HaBcerga — IPOM3BOAHAS BEKTOP-PYHKLHH 3TO
TOXKe BeKTop-pyHKLMA!

—
Onpenenenue 5.2. Bekrop-pyHkuuio z(t) : I — R™ 6ynem Ha-

3bIBaThb 24a0KOL, €C/IU BCe ee KOOpPAMHATHbIE (GYHKUUH 27 () UMEIoT

Ha [ HempepbIBHbIE TIPOM3BOAHBIE CKOJIb YTOMHO BBICOKOTO MOPSIIKA.

') Aror dakT moHATEH JMIIL MHTYMTMBHO TOJIBKO TOTOMY, YTO Mbl TOKa He
JlaBali HUKaKOro ompese/eHUs HelpepbiBHOCTH JHUHUM. Jla W onpejesieHUs TUHUH
MBI, COOCTBEHHO, TOXKe He JaBaJlu.

?) Pasymeercsi, TOuKa He Haj CaMoH BeKTOp-(DYHKLMel, a HaJ 3aluchio ee
MMEHH.
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B 3Tofl KHMXKe MBI OyneM HMeTb [eJs0, [peHMyIleCTBEHHO,
C IVIaAKUMU BEKTOP-(PYHKUHUAMH. DTO 0OBSCHSETCS yI0OCTBOM MX
H3ydeHUs, BO3MOXHOCTBIO 0e3 JIMIIHUX TOJOBHBIX OoJied mudde-
pPEHLHMPOBATh UX CTOJBKO pa3, CKOJBKO MOTpedyeTcsl, CJO0XKHBIIEHCS
Tpaguuued U paccaabJasioliuM BJAUSHUEM Npy3el-(pU3UKOB, Y KOTO-
pbIX TIOUTH BCe H3ydaeMble TPAeKTOPHUH [BHKEHHs MaTepHa/bHbBIX
Touek riagkue. OnHako B Le/six Gosee TOHKOH KJjacCU(PHUKaALUU
BeKTop—®yH£uHﬁ Mbl HHOTIA OyIeM TOBOPHUTH, UTO 8eKmop yHKYUA
z(t) : I — R™ npunadrexum xaaccy eradkocmu CF, ecnu oma
MMeeT HelpepelBHbIE MPOU3BOAHBIE N0 Kk-rO MOPsiAKa BKJIOYUTEJNb-
HO (XOT$l, OBITb MOXKET, YK€ He HMeeT HelpepblBHOH TPOM3BOAHOU
(k + 1)-ro nopsinka). Kmnacc Bcex rmagkux (pyHKUHH HOTOBOPUMCS
o6o3Hauatb C'°.

HanomHIo HY>KHYI0 IJ1s1 fasbHelIero uanoxenus gpopmyay Teil-
Jopa IJsl TJIaAKUX BeKTOp-QyHKIHMH (OCTATOUHBIH UJjeH NpHBeleH
B (opme [leano):

(t —to) + M(t—z&o)2+... +

21
N 2™ EtO)
n:

x(t) = z(to) +
+o((t —to)™).

3nechb t,tyg € I;n € N.

o d
OueBupnblid pakr 5.1. Oneparop pr (omepartop B3sATHS Mpo-
M3BOJIHON) sIBJISETCS JIMHEHHBIM, T.e. s mo0bix audeper-

LUpyeMbIX BeKTOp-QpyHKUMH z,y : [ — R™ u moboro uucia a € R
BBITMIOJTHEHO:

& @) +y0) = Sl + Tyl w5 (o x() = o a(t).

ITOT oueBUAHBIH (PaKT MO3BOJSET yClelHO AU(QepeHIHpoBaTh
JINHEHHble KOMOMHALMK BEKTOP-(PYHKUHMH C MOCTOSSHHBIMHU KO3((Hu-
LIMeHTaMH.

OnHako KpoMme JIMHEHHBIX KOMOMHALUK U3 JaHHBIX BEKTOP-(yHK-
LIHUH MOXKHO COCTaBJ/ATb U Maccy APYTMX KOHCTPYKUHH. [Ipumepsi:

e (x(t),y(t)) — ckanspHOe NMPOU3BeleHHE BEKTOPOB;

e z(t) X y(t) — BeKTOpHOE MPOU3BeleHHE BEKTOPOB B 3-MEPHOM

NPOCTPAHCTBE;
e \(t) - x(t) — mpousBeneHue ckaasipHOH (GYHKUHH A(1) Ha Bek-
Top x(t);

9
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o det [z(t), g(t) ., Ty (t)] — ompemenuTes b MaTPHLBI, CTOMNO-
1aMH KOTOPO¥i SBJIAIOTCS BEKTOPDI z1(t),xo(t), ..., xpm(t) : I —
— Rm

o X(t)-Y(t) — MPOM3BE/IeHHe  MATPHLL, Tae X)) : I —
— I—ikX",Y(t) I — R™ — MaTpuyHble (DYHKLHH, T.e€.

MaTpHILbI, CTOJ'[6LI3MI/I KOTOPbIX ABJAIOTCA BeKTOp-(i)YHKLlI/II/I.

Kak nuddepenunpoate nono6Hble KOHCTPYKUHH? BoT Bompoc Bo-
npocoB! OnHaKo OKasblBaeTcsi, YTO OTBET Ha 3TOT BONPOC MOXKHO
MOJNYYUTb OJHUM YAApOM, €C/M MOAMETHTb, YTO BCe MNPHUBEIEHHbIE
KOHCTPYKIMH ABJAAIOT CO60i PUMephl GUIHHeHHBIX 0ToGpaxeH . 1)

nk BN _m
Onpenenenue 5.3. OroGpaxenne B(z,y): R* x R" - R
Ha3blBaeTCsl OUAUHELIHbIM, €CTH OHO JIMHEHHO MO KaXKAOMYy CBOEMY
apryMeHry, T.e.

B(Aizy + Axa,y) = N\ B(z1,y) + AeB(x2,y),
B(z, \iy1 + Aay2) = M B(z, 1) + Ao B(z, y2)

IJ151 JIIOOBIX BEKTOPOB &, X1, L9 € ﬁk; Y, Y1, Yo € ﬁ" Y JII0OOBIX YHCeJ
AL, A2 € R.

3ameTuM, 4To OMNMHeHHas GopMa ecTb YACTHBIM caydadl OUnH-
HeliHoro otobpakeHus npu m =1 u k = n.

anamnergde_é:) 1. Iloxamme 4TO B Clydae KOHEYHOMEPHOCTH
MpOCTPaHCTB U,V u W Guaumeiinoe orobpaxkenue B(z,y) : U x
x 'V — W Bcerna HenpepbIBHO.
Jlemma 5.1 (o mnuddepeHUHpPOBAHUH 6HJII/IH€HHbIX 0T06pa-
x)eHu#t). [lycmo omobpascerue B(x Y) - RF x R” ~ R™

burunetino, a gexkmop-pyuxkyuu x : I — RF u y: 1l — R" oug-
Geperuupyemor Ha I. Toeda nHa unmepsaise I sexmop-QyHKuus

z(t) = B(z(t),y(t)) ouppeperyupyema u
(t) = B(a(t), y(t)) + B(x(t),y(1))-
Joka3areabcTBo. CMOTPHM:

2(t+At) —2(t) 1

A = ag Bt Ayt AD) = B (2(t). y(1))] =

') A B cyuae onpenenutens det [z (), 22(#), ..., m(t)] M UMeeM Kes0 naxe
C M-JIMHEHHBIM 0TOOpaXKeHHeM, T.e. 0TOOpaXKeHHeM, JIHHEHHBIM [0 BCEM CBOHM m
apryMeHTaM-cToJ01aM.
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1
il

B (z(t + At), y(t + At)) — B ((t), y(t + At)) +
+ B(x(t),y(t + At)) — B (x(t),y(t) | =

- B <$(t * AAti —20 et At)) +

iy <:E(t), y(t-{-AAti—y(t)) =, B(#,y) + B(z, 9). ¢

M3 nokasaHHOH JieMMBI Cpa3y BbLITEKAIOT MHTepecylolihe Hac

, C.J'leJ.ICTBPIﬂ
1. T,y) + (x,y) — npoudBoOHas CKAAAPHOZO NPOU3-
eedenuﬂ eefcmopoe

2. Ecau x(t) # 0 das aw0bozo t € I, mo

d d 2(x, ) (z, )
z(t)| = (z,2) = =
dt dt 2\/(z, z) ||
— npou3soonas mooyss 6eKmop-PyYHKUUU.
3. (xxy) =% Xy+x Xy — npoussooHas 8eKmMopHocO npo-
uzsedenus 8eKMOPO8 8 MPEeXMEPHOM NPOCMPAHCMEe.

4. (X(t)-Y(t) = X(t) - Y(t) + X(t) - Y(t) — npoussodnas
npousgederus MampuiHovlx QYHKYUL.

5.%det[wl(t),xg(t),...,:pm(t)] R det [w1(0) (),
em(t)] — npoussodwas onpedeaumens mampuusi, cmoaGubl

Komopoii ecmb KoopOuHammvie cmosbybl 8eKMOpP-PYHKULULL.

Ynpaxunenue 5.2. Ilycte A(t) = (ai;(t)),,,, — KBalpaTHas
matpuua, AY(t) — anreGpandeckoe NOTIOJNHEHHE K 3JeMEHTY a;j;(t).

JloKaXkuTe, HCTIONb3Ysl CEACTBHE 5), UTO %det A(t) = AY(t) - ai; (1)
(cymmupoBanue ot 1 1o m).

[Tocsie Toro, kak Mbl HayuyuJuch AH((epeHIUpPoBaTh pas3inuHble
NPOU3BEJEHUS] BEKTOP-(PYHKLUMH, M/ HaCc He COCTAaBUT HHKAKOro
TpyZLa MOHATb BaKHeHUIIUH (PaKT, CIpaBedJUBBINA A/ BEKTOP-(PYHK-
IUH OCTOSHHOH MJIMHBL. DTOT (PyHAaMeHTa  bHBIH (aKT MUPO3aHHUS
(u3BecTHBIH emte HetoTony!) GymeT MHOrOKpaTHO MPUMEHSATLCS B pas-
JIMUHBIX BapHalHMsX BO MHOTHX YTBEpPKAEHHSX BCEro Mnocjaenyolle-
ro Kypca auddepeHuralbHON reoMeTpUn. 3allOMHHUTe, MoXanyHcra,
3TOT (PaKT 04eHb XOpoLo!
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®akr 5.2. [lycmov |z(t)| = C = const. Toeda (u moavko
moeoda!) e aoboil momenm t sexmopol x(t) u @(t) nepnendu-
KYAAPHObL.

IlOKaSaTeJILCTBO. LIenqua 9KBHBaAJIEHTHBIX YTBep)KIIeHI/Iﬁi

|x(t)| = C = const < (z(t), z(t)) = const < % (x(t),z(t))y =0«<

& (t,x) + (x,2) =0 (T,2) =0< Vt (t) Lx(t). ¢

YBaxaemble untaresnu! I[lonxoguT K KOHLY NATBIH MYHKT 3TOH
KHUKKH M XOYeTcsl JOCTOHHO 3aKOHYHMTb €ro HEKOTOPbIMH 3aMme-
anI/IHMI/I_?6 MHTerpasax OT BeKTOPHbIX (yHKUMH. IlycTh cHoBa

z:I - R™ — HempephiBHast BeKTOpP-PyHKUUS, (€],€9,...,6n) —
crannaptHelid 6asuc R™. Torna

(1) = t(xl(t),xQ(t), ,:rm(t)) — (1) - e
Tenepb /erko MOHSATb, KaK MPaBUJIbHO MOCUHUTATb MHTErpas OT BEK-
TOp-(pyHKLUH:

b:r(t) dt = b i:pi(t)ei dt = zm: e bxi(t) dt =
a a \i=l i=1 a
=t Jb:nl(t) dt,Jb:pQ(t) dt, ,bem(t) dt |,

T. €. JIJ151 BBIYUC/IEHUS] HHTerpasa oT BeKTOp-(PYHKIHUH HYKHO MPOCTO
00OpPOCOBECTHO TMOCUMTATh WHTErpajbl OT BCEX €e KOOPAHHATHBIX
¢yuxuui. 3Hamenntas dopmyna Heiorona—-JleiibHnua B HanucaHUU
17151 BEKTOP-(PYHKLHUH HHUEM He OTJIHYaeTcsi OT CBOeH CKaJ/sipHOH
POLCTBEHHHLIBL:

Ynpaxuenue 5.3. JlokaxkuTte, a IOTOM 3a[IOMHUTE, YTO CKaJsp-
HOe MpOH3BelleHHe BEKTOP-(YHKUUH x(f) HA MOCTOSHHBIH BEKTOP Yo
HUHTErPUPYeTCs TaK:

b b
J<yo,x<t>>dt ~ (. j £(t) dt

dTa GopMyJsa HAM HECKOJBKO pa3 MPUTOLUTCS «I10-KPYITHOMY».
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3amayky U ynpaxKHeHHs

1. AKKypaTHO HamlMLINTE TepPBble BOCEMb ClaraeMbiX (HOPMYJIbl
Teiiniopa nisi BeKTOp-PYyHKLUHUH

x(t) = t(cost, sint,el, t2 + 3t + 1)

B Touke to = 0. [lommeTbTe 3aKOHOMEPHOCTb W HaMMLIUTE 00-
KK usieH 3Tod (opmynbl Teisopa, 3aTeM — OCTaTOYHbIE UJIEHbI
B ¢opme Ileano u B popme Jlarpanxa.

2. Ha jocke HamncaHo napaMeTpHuecKoe 3ajaHue Tpex Bek-
Top-pyHKuMil z,y, z : R — R3:
x(t) = Ycost,sint, et),
y(t) = (3 +t,sin 3¢, et),
2(t) = (t?,sin 2t, =3t + In(t> + 1)).

BbisicHuTe, «OTKyHa» U «Kyla» NEeHCTBYIOT CJefyollHe 0To6pa-
JKEHHS U HaUIuTe UX NPOU3BOIHBIE!

@)l 5 |z(); x(t) x y(t); (2(t) x y(t) x 2();
(@), y(t));  (2(t),y(@®)) - 2(1);  det[z(t), y(t), 2(2)]-

3. Jlokaxkute, 4TO 3HaUe€HUs BEKTOP-(YHKLHUH

z1(t) = (cost,sint, e?*),
x9(t) = H(—sint, cost, 2e**),
x3(t) = ¥~ cost, —sint, 4e?)
B JI0O0OH MOMEHT BpeMeHH ¢ € R 00pasyloT 6asuc mpocTpaH-

=
ctBa R”.
—
4. Tlycts :c@ : 1 — R® — BekTOp (QyHKUMSA Kacca ragKoCTH

C' w z(t) # 0 npu mobom t € I. Jlokaxute, uto BekTop x(t)
MMeeT MOCTOSIHHOe HanpaB/eHHe TOTAa M TOJbKO TOTAa, KOraa
B J1060# MoMeHT ¢ € I BekTOpbl 2(t) M &(t) KOJNIHHEAPHBI.

5. [yerb x(t) : [ — R? — BEKTOp (pYHKIMS Kjacca riaaKoCTh
C? v nast mo6oro t € I BLINOJHEHb 1BA YCIOBHS: _
1) Bekropnl z(t) u &(t) He KoaaMHeapHHl, T.e. 2:(t) X @(t) # 0,
2) BekTopbl x(t), ©(t), Z(t) KOMIJIaHAPHEI, T. €.

(x(t), &(t), Z(t)) = det[x(t), &(t), Z(t)] = 0.

JlokaxkuTte, 4yTo Torza BeKTop x(t) BCerga HaXOOMUTCS B HEKOTO-
po¥ (PMKCHPOBAHHOH MJIOCKOCTH (T. €. rogorpad BeKTop-(PpyHKIHNH
2(t) sIBJsIETCS MIIOCKUM).
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6. O6BscHUTe, HUCMOJB3YS 3a7auy O, MOYEMY TPaeKTOPHs Ma-
TepPUaJbHOM TOUKH, NBHXKYILEHCS MOJ JeHUCTBHUEM LEHTPa/bHOH
cusbl (HO He TPOXOASIeH dYepe3 LEHTP), fBJSETCS IMJIOCKOM.
B uactHOCTH, OpOMUTBEI NJIAHET COJHEYHOH CHCTEMbl SBJSIOTCA
MJIOCKUMH  (mopasuTesibHbIA (akT, OTKpuiThil M. Kemsepom wu
BrepBble 00bsicHeHHbIH M. HbloTOHOM).

7. Hy(lTb yacTHIla JBHXKETCS TMoJ JAeHCTBHEM LLeHTpaJIbHOIjI
CHJIBI U €€ TPACKTOPUA He NMPOXOAUT Hepe3 LEHTP. ,[onax&me, 4To
pacctossHhe OT YacCTHLbl A0 HEHTPA MaKCUMaJlbHO TOJIBKO TOTAQ,
Korga CKOpOCTb 4aCTHULLbl MMHHUMaJlbHaA. OHpOBepI‘HI/ITe, 4YTO CKO-
pOCTb 4YaCTULbl MaKCHMaJibHa TOJbKO TOrAa, Koraga pacCTosgHHe
OT Hee N0 LUEeHTPa MHHHUMaJIbHO.

6. OGoOmEeHHOEe BEKTOPHOE MPON3BEIeHHE

MEbI HaYHEM 3TOT IIYHKT C (bOpMyJII/IpOBKI/I K J0Ka3aTeJbCTBa JieM-
MBI, KOTOpad CbIl'pa€T OYeHb BaXXHYIO pPOJIb B JaJbHEHIIHX paccMoT-
peHUMAX. COCpeILOTOLIbTer 41 CKOHHeHTpprﬁTe BCe CBOE€ BHHUMaHHE.

Jlemma 6.1. [Tycmo xy,z9,..., Tpm_1 : [ — R — dugcheperyu-
pyemote (uru daxce 6oavue — eradkue) 8eKmop-pyHKyuU, maxKue,
umo 8 awboiu momenm t € I sexmopol x1(t),zo(t),..., Tm_1(t)
Aunellno Hedasucumot. Toeda cyuecmeyem edurncmeennas ougge-
peryupyemas (Uaw, COOMBEMCMEERHO, 2AA0KAR) BEKMOP-PYHKUUA
n(t) : I — R™ makasa, umo:

1) n(t)La(t), z2(t),..., Tm—1(t) Oaa awboco t € I, m.e. sek-
mop n(t) 6cecda opmocoHarer Kaucdomy U3 BeKMOPO8
z1(t), z2(l), ..., T (1),

2) det [z (t), z2(t), ..., xm—1(t),n(t)] > 0 0as ar060c0 t € I, m. e.

opuenmayus 6asuca (xy(t),xo(t),...,xm_1(t),n(t)) sceecda
NOAOIHUMENbHA,

3) In(t)] =1, m.e. sekmop n(t) eceeda umeem eOUHUUHYIO
OAuny.

[lepen Hauamom mpouecca A0Ka3aTeJbCTBA S PEKOMEHAYIO UH-
TaTe/sIM CPaBHHTb 3Ty JEMMY C JeMMOH M3 0.4 W O0OHapyXKHTb
M3psIIHOE CXOACTBO MX YTBEPXKIEHHH. DTO CXOLCTBO CTOJb pasu-
TeJIbHO, UTO HEBOJBHO BO3HHMKAeT UJes: AJIs J0Ka3aTesbCTBa Hallel
JIEMMBbI HYKHO TPOCTO HATH MO MHTepBany I ¥ B KaXKAblH MOMEHT
BPEMEHH ¢ CChIaThCsl Ha yTBepxKaeHHe JeMmMbl M.4. OnHaKO Takok
METOJl HHYero He CKa)keT HaM O MVIAAKOCTH (GYHKUHH n(t) U, KpoMe
TOrO, He MPeIbsBUT HUKAKOH sSIBHOM KOHCTPYKLMH BekTOpa n(t) u3
BeKTOpOB x| (), zo(t), ..., Ty—1(t), @ TAKYIO KOHCTPYKIHIO XOTEJIOCH
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Obl UMETh. HpenﬂaraeMbe/’I HHU2Ke croco® J0Ka3aTeJbCTBA MOJHOCTHIO
YAOBJETBOPUT BCEM HALIUM 2KeJaHUAM.

—
JoxkasareabctBo. Bo3bMmem kakoi-Hubyns Bektop x € R™, x =
=Y2!,2%,...,2™), u paccMOTPUM OmpesneUTeNb

det [z (1), xo(t), ..., xm_1(t), 2] = A(x)

— 4YHMCJI0, 3aBUCALIEe OT B3ATOTO BEKTOPA ¥, KOTOPBIA Mbl I1OCTa-
BUJM B MOC]eAHME cronber sToro ompenenutens. Ilyets N'(t) —
anrebpandeckoe JOMOJHEHHE K 3JIeMeHTY &' U3 MOCJeHero cToaoua.
Torpa:

1) BekTop N(t) = {(N(t), N?(t),..., N™(t)) He 3aBucCHT OT ,
3TO COBEpPLIEHHO OYEBHJIHO;

2) Bekrop-pyHKuMs N (f) — riagkas, MocKoJbKy ee KOOpAHHAT-
Hble (GyHKuMH N'(t) ABAATCA ONpeneauTensMu (a, CTao ObITh,
MHOro4jieHaMu!), COCTaBlIE€HHBIMU U3 IVIAJIKUX KOOPAMHATHBIX (PYHK-
uui BekTopoB x(t),zo(t),...,Tm_1(t), @ MHOTOYJNEH OT TIJIadKHX
(YHKUHI, Ge3yc/oBHO, ABAAeTCS TIanKoi pyHKuued; |)

3) paccMoTpuM cKassipHoe npousBefenue (N, x):
m . .
(N,x) = ZNW = det [z, 29, ..., Tpm_1, 2] = A(z),

i=1

9TO OYEBHUOHO, 2)

4) pasymeercs, (N,z;) = A(z;) = 0, Tak Kak OmNpelesUTe/b
C IByMSI OIMHAKOBBHIMH CTOJIOLAMH PABEH HYJ0. DTO 03HAYEET, UTO
B JiI060H MOMeHT ¢ € I BekTOop N (t) MeprneHAUKY/ISIPEeH KaXKIOMY H3
BeKTOPOB x| (t), x2(t), ..., Tym_1(t);

5) koopmuHaTel N° Bektopa N CyTh MHHOPBI MaTpHILIBI

[x1(t), zo(t), ..., Tm—_1(t)], B3sATHIE C TMOAXOSILIMM 3HAKOM. Tak
Kak npu qwo6oM t € I Bektopsl x(t), x2(t), ..., Tm—1(t) NHUHEHHO
He3aBUCHUMBI, TO paHr Matpuusl [z)(t),zo(t), ..., zm_1(t)] (T.e.

HauOOJBUINH TOPSIOK OTJIWYHOrO OT HyJs MHUHOpa) paBeH m — .
3HauuT, cpeau KoopauHAT BeKTopa N ecTb XOTs Obl OfiHA HeHyJseBas

B
KoopauHata, T.e. N(t) # 0 nas moboro t € I;

') Tounee gmaxe Tak: ecJM 3/eMEHTHl OIpeie]HTe]s ecTh (YHKIHH KJacca
rnagKocTd He Huxke CF, To caM ompenesnuTesh — (QYHKUMA Kiacca TaiKOCTH He
HHxe k.

%) D10 OUeBMIHO TOIBLKO AJS TeX, KTO yMeeT pacK/IafblBaTh ONMPefeHTe/b [0
nocsie[HeMy CTOJIOLLY.
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6) COIJIaCHO aKCHOMe IMOJIOXKUTeJJbHOM OornpeneJeHHOCTU CKaJisip-
HOr'o npou3BeaeHUsA

(N, N) = det [z1 (), z2(t), ..., N(£)] > 0.

ATo o3Hauaer, 4TO B J000H MoMeHT t € [ opueHTauus 6asuca
(x1(t), zo(t),..., N(t)) mosoxuTenpHa.

Tenepb, [J1s1 3aBeplIeHud AoKa3aTeJ/JIbCTBa, OCTaeTCd IOJI02KHUTh

n(t) = (t)
[N (t)]
OTo U ecTb HCKOMas BeKTOP-(DYHKLHS, YIOBJETBOPSIOLLAs BCEM
YCJIOBUSIM JlIeMMbl. ENHHCTBEHHOCTb MOCTPOEHHOH BEKTOP-(PYHKIHUH
B KaXKIbld MOMEHT BpeMeHH ¢ cjieflyeT U3 JeMMbl II. 4.

B mpoiiecce mpHBeNeHHOTO M0Ka3aTesbCTBa BO3HHKJ/A 3aMeua-
TeJibHAsE KOHCTPYKLHsS — BeKTOp N, KOOPAHMHATBI KOTOPOTO CYThb
anrebpanyeckue NOMOJNHEHHS K 3J/eMeHTaM MOoCJ/eIHEero cTonba Mat-
pHLBL [x], T, ... ,:17%1,:17]. OH nepreHAHKYAsSPeH TaHHBIM BEKTOpaM
x1,T9,...,Tm—1 € R™ u opueHTauus 6asuca (zp,zo,...,N) nosuo-
JKUTeJIbHA.

[TocunTaeM, paigd HMHTepeca !), HJHHY CTOJb 3aMedaTesbHOro
BekTOpa N:

’N’ = \/<N’N> = \/det [‘TU‘TQ””’xm—IaN]a

T. €.
]N\Q = det [xl,xg,---,%’m—laN]-

PacemoTpum kBajapat onpenenutess det [z, zo, ..., Ty_1, N

(det [:El,l‘g,...,l‘m_l,N])Q =

=det [z, z9,...,Tp_1, N] - det [z1,29,..., 21, N] =
[ ]
]
= det : e, e, oo, N | =
t[xm—l]
LYN]

') U1 we tosbKo pany MHTepeca M TpOIBeTaHUs Ha 3eMJe BCETO JKH3HEpamoCT-
HOro coofliecTBa nporpeccuBHbIX Xomo CanueHcoB. 3HaTh MJIMHY 3TOTO BEKTODa
HaM O4YeHb MOHaLOOUTCA B JajbHeHIIeM.
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B OPTOHOPMHPOBAHHOM Oa3uce

[ (z1,71) (r,29) - (21, Tme1) (1, N) T
(xo, 1) (x9,m2) -+ (To, 1) (w2, N)
= det : : : z =
(Tm—1,21) (@m-1,22) ~* (Tm-1,Tm-1) (Tm—1,N)
(N, z1) (Nyzg) -+ (N,zm-1)  (N,N)
[ (xy,21) (x1,x9) -+ (X1, Tpm_1) 0
(o, 1) (w2, m2) -+ (T2, %) 0
= det s A s I
<xm—l7xl> <:Zim_1,:112> <xm—l7xm—l> 0
0 o . 0 (NN |
(w1, 21) (r,ze) - (T1,Tmo1)
NN - det (xo,21)  (x9ym2) -+ (T2, Tp1)
<$m—.1, x1) <36m—.1 , L) - (-1 ,. Tn—1)

[Tonyuaercs, uto
(det [z1, 29, ..., Zm_1, N])2 = |[N|* = (N,N) - g = N> g,

rie g — OIpefeJuTesb MaTpulbl [pama cucTeMbl BEKTOPOB
Ti,...,Tm_1, U, Cllef0BaTeNbHO, |[N| = /7.

M3  cBoiictB  Matpuubl [pama (cm. 1m.4) nosayudaem
V9 =Vl[z1,...,xpm_1] — obbem napasienorona, NOCTPOEHHOTO Ha
BEKTOPaX &1, ..., Ty—1, N03TOMY [N| = /g =V [z1,..., Tp_1].

OxasbiBaeTcsl, AJMHA BekTopa N 4YMC/JEHHO paBHa 00beMY
napaJijesoTona, NOCTPOEHHOT0 Ha BEKTOPax X1, ..., Tym—1, KO-
TOpbIM BeKTOp N 00513aH CBOMM CYLIeCTBOBaHHEM!

O yeM roBopsAT nepeuncyaeHHble cBoiicTBa BekTopa N? Jla o Tom,
4yTo BeKTOp /N, TOCTPOEHHBIH MNpPHU J0Ka3aTeJqbCTBe Halled JeM-
MBI, SIBJISIETCS MHOSOMEPHbIM AHAJIOTOM BEKTOPHOTO NPOH3BENEHUS
B TPeXMepHOM NPOCTPAHCTBE. Cymn_e) caMH: BeKTOpHOe INpOH3BeJe-
HMe ¢ = a X b mapbl BeKTOpoB a, b € R3 neprneHankyaapHo KaxaoMy
coMHoxkUTe 0. Tpoiika (a, b, ¢) — nmpaBasi (OpHeHTaLUsI T0JI0KHUTENb-
Ha). JlnuHa BeKTOpa ¢ UHCJEHHO paBHA IJIOMIAAH MapaJjienorpaMma,
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MOCTPOEHHOT0 Ha BeKTOpaX a W b. A BOT KOOpPAMHATHI BEKTOpa ¢
ecThb ajrebpanyeckre NONOJMHEHHUS K 37eMeHTaM MOoCAeJHEer0 CToa01a
MaTpPHUIbI

ad v

rae a’, b — KoOpAMHATHl BEKTOPOB a M b. B TpexmepHoM Ipo-
CTpaHCTBe Hall BeKTOp /N eCTb MPOCTO BEKTOPHOE TMpou3BereHHe
N =a xb.

B ciyyae nBymepHOro npocTpaHCTBa OMHCAHHAS KOHCTPYKIUSA

BekTOpa N [aeT BeKTOp, MEPNeHAUKYNIPHBIA K TaHHOMY BeK-

Topy a = a',a®) € R? ¢ xoopmunaramu N = {(—a?,a'), koroprie

SIBJISIIOTCS aareOpandecKMMH IOTONHEHHSIMH K 3JIeMEeHTaM MOoCJ/eiHe-
ro CTo/6IA MaTPHIIbI

al e

a? e |’

PesonHo Temeps, B c/ydae TpOCTPaHCTB MPOH3BOJBbHBIX Pas-

MepHocTeH, Bektop N € R™, obnamawomuil cjenymomuMi
CBOWCTBaMH:

1) N neprneHIuKyJsipeH JlaHHBIM JIMHEHO HEe3aBUCUMBIM BeEKTO-

pam x(,x9,...,Tm—1 € R™,
2) N umeer AnuHY /g (rae g — onpejenuTe/b MaTpuubl ['pama
—
JIaHHOH CHCTEMBI BEKTOPOB X, X9, ..., Tm—_] € R™),
3) N obGpasyeT ¢ faHHBIMH BeKTOpaMH 6asuc (xy, xo, ..., Tym—1, N)

TMOJIOXKUTENbHOH OpHEeHTallNH,
Ha3bIBATD 0605LL§EiHbLM BeKMOpPHbLIM npousgedeHiem B8eKmopos

1,29, ..., Tm—1 € R™.
ATo ymoOHOe W eCTeCTBEHHOe Ha3BaHHE He sIBJseTcs OOIlle-
NPUHATEIM B MaTeMaTU4YeCKOH JIUTepaType, HO B Hallled KHHXKKe

Mbl, 6e3ycsoBHO, OyieM HM MoJb30BaThcsi. Kpome Toro, moroso-
puMcst 0603HaYaTh 0006IIEHHOE BEKTOPHOE TPOU3BeIeHHEe BEKTOPOB

Y
1,29, ..., Tm_1 € R™ (m > 2) caenymomnm o6pasom:
N =21 Xx9 X ... X Tpy_1-

O6paruTe BHUMaHHE, YTO g6o6meHHoe BEKTOPHOE IMpOH3Be/leHHe
BEKTOPOB M3 mpocTtpaHcTBa R, m > 2, siBasercs (m — 1)-mecTHO#M
onepanued.

[TyHkT 6 3aKOHUeH.
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3amayky U ynpaxKHeHHs

1. HaiiTn 0600111eHHOE BEKTOPHOE NPOHU3BeeHHe BEKTOPOB!
t

a) (3, —4);

6) (3,2,-1), (-2,5,-3);

B) 1(3,2,—1,4), 10,1, -1,3), (-2,2,3,2);

r) {3,2,-1,4,1),%0,2,1,0,1),%(1,-1,—1,4,5),4(—4,0,-1,0,2).

Boeiuucante 06beMbl napaJsijeJioTonoB, MOCTPOEHHBIX HAa AAHHBIX
BEKTOpPaX.

2. Hafimute HOpMasbHBIH BEKTOP eAMHUYHON AJHUHBI K OAMPO-
CTPAHCTBY, OPOXKJIEHHOMY BEKTOPAMHU:
a) z(t) = (1> +2t, 32,1 — t), (t) = 42t + 2,6t,2t*> — 1);
6) x(t) = (> + 1,317, 43 — 17, 2¢%), @(t) = (3%, 61, 3t> — 2t, 61%),
#(t) = (6t, 6, 6t — 2, 12t).
[TonpoGy#iTe 06BSCHUTH, TOUEMY MOJYUHUBIIMHACS HOPMAJbHbIH
BEKTOP TOCTOSIHHBIA M UTO 3TO 3HAYMT.

3. JlokaxuTe njsi 06OOLIEHHOTO BEKTOPHOTO INPOU3BEJEHHS
aHaJIorM CBOMCTB OOBIYHOrO BEKTOPHOTO NPOH3BENEHUS:
a) 060011eHHOe BEKTOPHOe TPOH3BeleHHe aHTHKOMMYTATHBHO IO
JM1060H Mape apryMeHTOB;
6) 060011eHHOE BEKTOPHOE TIPOM3BE/IeHHE PABHO HYJIIO TOTAA
U TOJIBKO TOT[a, KOraga apryMeHTbl JIMHEHHO 3aBHUCH MBI,
B) 0600111eHHOE BEKTOPHOE MPOH3BeJeHHEe JTHHEHHO 10 KaXKIOMY
apryMeHTy.

4. Ilyets a,b,c € I_i“ U BEKTOp a He KOJIJIMHeapeH BEKTOpYy b.
Haiinure HeoGxoauMoe M J1OCTATOUHOE YCJIOBUSI Pa3peLIMMOCTH
ypaBHeHHS a X b X x = ¢. Ecau BaM 3TO ypmanoch, TO HaHIuTe
ofliee pelleHHe 3TOrO YpaBHEHHUS.

7. ApcduHHBIE eBKJINA0BbBI IPOCTPAHCTBA

Jlo cux mop OCHOBHBIMH 0ObeKTaMHU Halllel KHMKKH OblJIH BEKTO-
pBl M BEeKTOpHBIE IPOCTPAHCTBA. B nasnpHeAINX pacCMOTPEHUSIX HaM
OyZleT BBIFOJHO HapSILY C TMOHSATHEM «BEKTOP» BBECTH B YIOTpeOieHe
TIOHSATHE «TOUKa», KOTOPOE TOXKe, KaK U MOHATHE «BEKTOP», B 0OIIEM-
To, HeompesiesisieMoe ). Mbl I0rOBOPHMCS BCerjia PasinyaTh «TOUKH»
M «BEKTOPBI».

') MOXHO, KOHEUHO, MBITATbCA STH MOHATHSA ONPENE/ATh H FOBOPHTb, UYTO BEK-
TOpP — 3TO 3JileMeHT BeKTOPHOI0 NMPOCTPAHCTBA, TOUKA — CYThb 3JeMeHT ap(pHHHOro
MPOCTPAHCTBA, HO TaKHe «OMpeJesIeHHs», 110 CYTH, HHUUEro He OMNpefessioT, MO0
TOUYKaMM M BEKTOPAMH MOTYT MPH 3TOM SIBJSTHCS JIEOOble 00BEKThI: HaMpaBJeHHble
OTPe3KH, MaTPHLbl, (PYHKLHH, BO3AYIIHbIE LIAPUKH HJH, KaK rosopua Jasun [mib-
6epT, — MHUBHbIE KPYXKKH. 3/1€Cb BaXKHO JIHIb HaJH4Yhe COOTBETCTBYIOLIUX Olepa-
OUH ¢ 3TUMH 0OBEKTaMH H BBHIIIOJHEHHE aKCHOM COOTBETCTBYIOLIEr0 NMPOCTPAHCTRA.
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3auem HaMm 3T0? BoT uuTara, MOTHBHUpYIOLLAs HaLIW YCHJIUS:
«J/151 TOCTPOEHUS NOAHOUEHHOL TeOMeTPUHU OJHHUX BEKTOPOB, KOHeu-
HO, HeIOCTATOUHO; KAK MUHUMYM HYyXcHbL euje mouku».') Crenys
9TOH MPOCTOH HO CHUJBHOHW MBICJAH, OCBEXKHM B MNaMSTH CBETJbIH
00pa3 a(pMHHOTrO MPOCTPAHCTBA, B KOTOPOM yIHMBUTENbHBIM 00pa3oM
JKMBYT Ha PaBHBIX MpaBax KaK HY»KHble U HeXKHble TOUKH, TaK U
ropzble CBOOOAHbIE BEKTOPHI.

[Iycte V — HemycTOe MHOXXECTBO 3/1€eMEHTOB MPOH3BO/IbHOH MpH-

POJIEL, KOTOPBle MBI GyleM HasblBaTh MOUKAMU %), vV — BEKTOPHOE
MPOCTPaHCTBO Haz moJjeM R, aeMeHTBl KOTOPOro Mbl, KakK OOBIYHO,
OylneM HasblBaTb 8eKmopamii. PacCMOTPUM eCTeCTBEHHYIO (C TOYKH
3peHHs1 00lIeyeoBeUeCKOH TreOMeTPHUYECKOH HHTYHLHH) ONepalHio
«ITIOC» — OMKAQObIBAHUE 8eKMOPA OM MOUKU:

(VX V)=V

T
ptaz=yq

Ha npencrapiienHoM pucyHKe p H ¢ — TOYKH U3 'V, = — BEKTOp

U3 V, To4uKa ¢ ecTb pe3yrbmam OmMKAQObIBAHUS 8eKMOpPA T OmMm
MOuKU P, UTO €CTECTBEHHO 3aMUChIBATh TaK: p + = = q.

3amMeTuM, 4TO OnepaLus «+» HEKOMMYTaTHBHAs, HOO Mbl MOXKEM
OTJIO2KUTb BEKTOP OT TOYKH, HO UYTO 3HAYUT «OTKJIAAbIBATb TOUYKY
OT BeKTopa»? Dyner yno6HO JOroBOPUTbCS Ha Oymylllee, UTO 3aMUCh
¢ — p = x O3HauyaeT MNPOCTO p + = = ¢, a PA3HOCMb MOYeK q — P
03Ha4yaeT BEKTOP, COeOUHAOULULL 3TH TOUKU (0603HAUaeMBbIH, OOBIUHO
Pq). YI06HO (¥ NMPUBBLIYHO) HA3BIBATH TOUKY ¢ KOMUOM, @ TOUKY P —
HA4aA0M COEUHSIONIEr0 KX BEKTOpa.

Onpenenenue 7.1. Aqbqbunnbm npOCMPaHCMEOM (Hao sekmop-
HbLM NPOCMPAHCMBOM V) HasbIBACTCS Tpoiika (V V +) rie V. —

HENyCToe MHOIMecmso mouex, V — BEKTOpPHO€ MPOCTPAHCTBO 3),

1) Cm.: M. M. [Tocmnukos. Jlexuuu mo reomerpun. Cemectp 1. AHanutHueckas
reomerpusi. — M.: Hayka, 1979. C.40, derBeprasi u TpeThsi CTPOUKH C KOHIIA,
KypcHuB Mo#. MHe Xo4eTcsl MPOLO/IKHUTD LUTHPYeMOe NpefJIoKeH e TaK: «...H TOMBI
YIOPHOT'O YMCTBEHHOTO TPYJA. . .».

?) Tlpu cioBe «TouKa» 5, BCe-TaKH, MBICIEHHO TPENCTAB/IAW ceGe He 00BEKThI
TNPOU3BOJILHOM TPUPOMbl, THIIA MUBHBIX KPY2KeK, a MaJleHbKHH uepHeHbKHH KpYyKo-
yeK, CTOSILIUH B KOHLE 3TOTO MpPeAJIOKEeHHs.

%) D/eMeHTH 3TOrO BEKTOPHOTO MPOCTPAHCTBA HHOLJA HABBIBAIOT «CBOGOLHBIMH
BEKTOPAMH» — 3TOT TEPMHUH JIIOOST B TEOPETUUYECKOH MeXaHHUKe.



7. Ajpunnvie eskaudosel npocmparcmsa 47

«+» — omepauusi OTKJaAblBaHHS BEKTOpa OT TOYKH; NPH YCJOBHH,
YTO BBITNIOJNIHEHB! CJEAYIOIHE aKCHOMBI: .
1) nns 0608 ToykH p € V U J1060ro BeKTopa = € V CyllecTByeT
eIMHCTBEHHasl TouKa ¢ € V Takas, 4To p + T = ¢;
2) nas .H_>}06bIX TOYeK p, ¢ € V CyllecTByeT eIMHCTBEHHBIH BEKTOP
x € V, COeMHAIOWNN 3TH TOUKH: ¢ — P = T; .
3) nns 060 ToukH p € V U J11060d Mapsl BEKTOPOB =, y € V
BBINOHEHO: p+ (7 +y) = (p+2) +y. 1)

Jlns Kpemnkoro 3amoMMHaHHUSI 3TUX aKCHOM HHKAaKHX THTaHHWYe-
CKHX YCHJUH He TpebyeTcs, /5 HaC 9TH aKCUOMbl COBEpLIEHHO ecTe-
CTBEHHBI W TPUBBIYHEL, 110 CYTH, ellle CO LIKOJAbHOH ckaMbH. OmHAKO,
MOCKOJIBKY B Pa3HbIX y4yeOHMKax IMPHUBOAATCS, MOPOH, pas/jvyHble
BapUaHTBl aKCHOMAaTUKKU apPUHHOrO MPOCTPAHCTBA, TO YTOOBI OBITh
yYBEPEHHBIM B PaBHOCHJBbHOCTH 3THX BAapHAHTOB (@ Takxke [IJs TOTO,
YTOOBl OCBOUTHCS M MPUBBIKHYTb padoTaTh B ayPUHHBIX MPOCTPaH-
CTBaX), 5 HACTOSITENILHO COBETYIO BaM BBINOJHUTH CJENYIOLIHe

Ynpaxunenue 7.1. Ii())Ka)KI/ITe, 4yTo AJS JIOOBIX TOYeK p,q,7 € V
U J1000r0 BeKTopa & € V BBINOJHEHO:

Np-—p=0, 2)p—q=—(q—p),
3)p+(q¢—p) =g, 4 (p+a)—p=um

Ynpaxuenue 7.2. Jlokaxxute, 4To napa akcuoM 2) u 3) U3 omnpe-
neJieHust ap(pUHHOTO MPOCTPAHCTBA PABHOCHJIbHA OIHOM aKCHOME

p—a)+(@-—1)=p—r

Otmeuy, uyto paBeHcTBO (p — ¢q) + (¢ — r) = p — r WHOTIA Ha3biBa-
I0T «aKCHOMOH TPeyro/ibHHKa» HiH «akcuomoit Illans» ). Haspanue
«aKCHOMa TPEeYroJbHUKa» CTAHOBUTCS aOCOJIOTHO MOHSTHBIM, €CJH
BHUMATEJbHO PA3MJISiAbIBATH PUCYHOK, BOIS 10 HEMY MaJjbleM:

') O6patute BHMMaHMe HA pasHbI CMBIC 3HAKOB MMIOC B TOCTYIHPYEMOM
paBeHCTBe: B JIEBOH 4acTH PaBEHCTBA MEPBBIH 3HAK MJIIOC — OTKJaJbIBaHHE BEKTOPA
OT TOYKH, a BTOPOH IJIIOC — CJIOXKEeHHe BeKTOpoB. B mpaBoil uacTu paBeHcTBa 06a
3HaKa IJII0C eCThb OTKJ/aJblBaHHE BEKTOPa OT TOUKH. BoT Kak mpuuyp/inBa nopod
COBpeMeHHast MaTeMaTHYecKasi CHMBOJIHKa!

%) Mumens Ilans (M. Chasles, 1793-1880) — dpaniysckuii reomerp.
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Onpenene}me 7.2. Pazmeprocmoio appurnoeo npocmparcmea
(V V —i—) HasblBaeTCsl pa3MepHOCTb BEKTOPHOTO MPOCTPAHCTBA V.

IIpumep 7 1 acppunHOrO NMpocrpancrBa. PaccmoTpum Tpoii-

Ky (Rm Rm ) B 370l Tpoiike MHOKECTBOM TOUeK SBJIS-
ercst MHOXKecTBO R — BCEBO3MOXKHBIE m-3/1eMEHTHBIE CTOJIGLb! U3
HNeUCTBUTeNBHBIX 4dHces; R — apugmeTHyeckoe BeKTOPHOe MpO-
CTPaHCTBO Pa3MepHOCTH m; Olepalusl OTKJ/aAblBaHUS BEKTOP-CTOJNO-
1a OT TOYKU-CTONOLA ONpeNe/SeTcsl COBEPLUIEHHO eCTeCTBEeHHBIM 00-
pasoM — Kak IOKOOpAHMHATHOe CJI0XKeHHe ABYX CTO.H6L[0B

CoBeplLIeHHO 0YeBHIHO, UTO MAJI TPOHKH (Rm Rm ) BBIIOJI-
HeHbl BCe aKCHOMbI M3 OTIpele/leH s a(p(pUHHOrO MPOCTPAHCTBA, I0-
3TOMY (Rm Rm ) — ad¢uHHOEe mpocTpaHcTBO. bBynem o6o3Ha-
4yaTh 3T0 ad(UHHOE MPOCTPaHCTBO cHUMBoJoM R™ (6e3 cTpesouku
Haj OyKBO#) U HasblBaTh apumemuueckum ap@duHHblm NPOCmpan-
CMBOM PA3MEpHOCMU M.

HakoHel-To cTa/a MOHATHA MOS NIPUXOTh — CTaBUTb CTPEJIOUKY
Hal o6o3HaueHHeM BeKTopHOro npoctpaHcTBa! OkaseiBaeTcs, 3TO
HY?KHO 4TOObl OT/JMYaTb BEKTOPHbIE MPOCTPAHCTBA OT aPPUHHBIX
IPOCTPAHCTB, BEKTOP-CTONOLEl — OT TOUEK-CTOJNOLO0B, U T. I.

W3 Kypca anreGpel H3BecTHO ), uTo addUHHLIE MPOCTPAHCTBA
OIMHAKOBOH PasMepHOCTH H30MOP(HEI 2), I09TOMY NMPHBEICHHEIi BbI-
lle NpUMep KOHEYHOMEepHOro ag(HUHHOro MPOCTPAHCTBA SBJSETCH,
B HEKOTOPOM CMBICJIE, €IUHCTBEHHO BO3MOXKHBIM MW KaHOHHUECKHM.
OcmoTpuTe ero U 3aoMHHUTE, Belb UMEHHO B 3TOM a(rUHHOM Mpo-
CTPaHCTBE HaM NPelCTOUT B JaJbHeHIleM KUTb U paboTarTk.

OnpeneJIeHI/Ie 7.3. Penépom B adPUHHOM TMPOCTPAHCTBE
(V V —|—) Ha3bIBaeTCs YNOPSIOUeHHBIH Habop (p;ay,as,...,ay),
rie p € V. — TouKa, Ha3blBaeMasi Ha4alOM fcoop(?uﬂam
(a1,ag,...,a,) — 06asuc BEKTOPHOTO TMPOCTPAHCTBA V. Koopou-
Hamamu mouku q € V B penépe (p;ai,as,...,a,) Ha3bIBAOTCS
KOODAMHATH BeKTOpa pg B 0asuce (ay,as,...,an). Bekrop pg
Ha3bIBAETCS paduyc-8eKMopom mouku q B penépe (p;ay, ag, ..., ay,).

Ilpumep 7.2. Ha pucyHke HHXKe Touka ¢ HMeeT B pernepe
(p;ay,az) Ha adPUHHON IBYMEPHOH MJIOCKOCTH KOOpPAMHATH (3, 2):

1) Cm., nanp.: Massyes A. H. OcHoBrl nuHeiHOM anre6psl. — M.: Hayxa, 1975.
C. 333 u okouo.

?) Pasymeertcs, B ClTyuae KOHEUHBIX Pa3MepHOCTe.
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Jlerko coo6pasuth, 4To B adyprHHOM mpocTpaHcTBe R™ TouKa-cTodI-
ben p = t(pl,pQ,...,pm) € R™ uMeeT B HeKOTOpOM pernepe Habop
KOOPJIMHAT B TOYHOCTH (pl, .. ,pm) TOrZa U TOJBKO TOTAA, KOrja

HayaJloM KOOpIMHAT B 3TOM pernepe siBasieTcs Touka o = £(0,0, ..., 0),
aB KaquTBg633Hca B3T CTaHIApTHBEIE 6asuc (eg, ey, ..., €y, ) MpPO-
crpanctBa R™. [loroBopuMcsi HasbiBaTh penep (o0;eq,€9,...,€Enm)
cmanoapmHoLM.

B nanpHefimmx paccmoTpenusx (ocobenHo B riiaBe «[lo-
BEPXHOCTH») HaM IOHALOOUTCS Cjefylolllee MPOCTOe OIpese-
JIeHHe.
O_r>1peneJ1er1e 7.4. Ilycte B adduHHOM MPOCTPAHCTBE
(V,V,+) 3aukcupoBaHa HekoTopasi Touyka p € V. MHoxecTBO
—

BCEX BEKTOPOB @ € V, OTJOXKEHHBIX OT TOUKH p € V, 04eBHIHO,

SIBJISIETCS] BEKTOPHbIM MPOCTPAHCTBOM, H30MOP(HBIM MPOCTPAHCTBY
J—

V. OHo Ha3biBaeTCs  uUeHmpoa@@unHoiM  NPOCMPAHCMBOM,
omaoxcerHoim om mouku p € V (npukieenHoim K mouke p € V) u
—

o0o3HauaeTcs CMMBOJIaMK V), uian 1,V.

Onpenenenue 7.5. AQduHHOE MPOCTpaHCTBO (V, V,—i—) Ha3bl-
—

BaeTcsl e8KAU008bIM, €CJIM BEKTOPHOE MPOCTPAHCTBO V sBJseTCS
€BKJIUIOBBIM.
Cpasy oTmeTuMm, uTo B a(pUHHOM €BKJHIOBOM IPOCTPAHCTBE

2,

(V, V, —i—) MHOKECTBO Touek V sBJIeTCs MeTPUUECKUM Mpo-
CTPaHCTBOM, U00 PACCTOSTHHE MEXIY JIOOBIMH TOUYKAMH P U ¢ MHOXKe-
ctBa V (meTpuka Ha V) omnpenesisieTcst O4eHb JIETKO U €CTeCTBEHHO:

p(p.q) = |pdl =/ {g—p.qg—p).

Ynpaxnenue 7.3. [IposepbTe, 4To Tak onpefeseHHass PyHKLIHS
p(p, q) NeACTBUTEBHO SBJASETCS METPUKOH.

Eme pas (kak U B m.4) mpoury o6paTHTb BHHMaHHE, YTO
ecid Ha JBYX 9K3eMILIAPAX OHOTO M TOro ke appuHHOro

npoctpanersa (V, V,+) 3a1aTh pasubie cKalsipHble IPOU3BEEHHS,
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TO ToJyuarcs pa3uvlie appUHHBIE €BKJWIOBBl MPOCTPAHCTBA, T.e€.
MPOCTPAHCTBA C PAa3HBIMU MeTpUKaMu! DT0 06CTOSTENBCTBO ChITPAET
OTPOMHYIO POJib B TEOPUM NOBEPXHOCTEH.

3axkaH4MBasi CelbMOH MYHKT Halllell KHUXKKH, HAaTIOMHUM HEKOTO-
pble noJie3Hble PakThl 00 0ToOpaKeHUsaX ahPUHHBIX TPOCTPAHCTB.

Onpenenenue 7.6. [Iycts V u V’ — aq)qJI/IHHbIe NPOCTPaHCTBA
Hajl BEKTODHEIMH MPOCTPaHCTBAMH V u V’ cootBeTcTBeHHO. OT06-
paxenune A :V — V HasblBaeTcs agppurHbiM, ecny CyllecTBYeT
JIMHEHHBIH omepaTop AV - V’ TaKOH, UTO AJ1s1 JIIOOBIX IBYX TOUEK
p,q € V 1 moboro BeKTOpa 7 € V BBITIOJIHEHO

1) A(p) — A(q) = A(p_—) q) WIH, UTO TO XKe caMoe,

2) A(p+z) = A(p) + A(z).

Onpenenenue 7.7. Abdpunnoe orobpaxkenne A : V — V' eBkin-

noBbIX ahuuHBIX TmpocTpaHcTB V U V' HasbiBaeTcs usomempuetl,
eCJIU IS I0OBIX ABYX TOYEK p,q € V BBHIIOJHEHO

[A(p) — Alg)| =
T.e. oToOpakeHue A coxpaHsieT paccTosiHie B ad(hUHHOM eBKJHMIO-
BOM IMIPOCTPaHCTBE.

Ynpaxuenue 7.4. (Ouenb u3BecTHbIH (QakT). JloKaxuTe,
uto ortoOpaxenne A : V — V' eBKJIHI0BbHIX apPUHHBIX MPO-
CTPAHCTB SIBJSIETCS M30METpPHEH TOTAa 1 TOMbKO TOTAA, KOTAA COOT-

BETCTBYIOIUH JINHEHHBIH OllepaTop AV - V’ OpPTOTOHAJIEH.

Hy, u, HakoHel, s 3a0CTpi0 Ballle BHUMaHHe Ha INPOCTOM Ha-
6monennn. Ilycte A : R™ — R™ — adduHHoe oToOpaxkeHue.
3adukcupyem B R™ kakoii-HuOyIb pernep C HayajJbHOH TOYKOH

=140,0,...,0). Torna ans mo6oro BektTopa = € R™ (cTpenka Haj
BEKTOPOM I MOCTaBJeHa JJs TOro, 4TO6bl OTIMYUTh B IPOCTPAHCTBE
R™ «BEKTOp T'» OT «TOYKH Z C PafilyCc-BEKTOPOM I ») BBIMOJHSETCA

Alo+T) = Alo) + A(T), te Alx)=po+ A(T).
[TocsenHee paBeHCTBO O3HayaeT OYKBaJNbHO CJENYIOIIEE: BCSIKOE
addrHHOE mpeoOpa3oBaHKe MPOCTPAHCTBA €CTb IE€PEHOC HCXOLHOTO
Hadasia KoopauHat — Toukd o = (0,0,...,0) — B HEKOTOPYIO TOYKY
po C TOCJAEIYIOUIMM 3amycKoM B JeHCTBHe JHMHEHHOro ormeparopa
A Tak, Hampumep, ecsu A — OPTOTOHAJIbHEIE OrlepaTop jeoé—
pasoBaHue A — uzoMeTpus), TO BO3MOXKHBI IBa cayuasi: det A = 1

mdetA=—1 B MepBOM CJyuyae OpHEHTALWs MPOCTPaHCTBA CO-
XpaHsieTcsi, a u3omMetpust A sIBJsieTCs KOMIO3ULMeH MapasiiesbHOTO
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nepeHoca HayasbHOH TOYKH O B TOUKY pg MU HEKOTOPOTO TOBOPOTA
BEKTOPOB HCXOIHOTO perepa (¢ coXxpaHeHHeM IJIMH BEKTOPOB U YTJIOB
MexX1y HUMH). Taxkas u3oMeTpHsi 0ObIYHO HA3bIBAETCS OBUNCEHUEM.

Bo Bropom cayuae (det A = —1) opueHTaLHUsI NPOCTPAHCTBA MEHSI-
eTcsl Ha TPOTHBOMOJNOXKHYIO, ¥ TaKyl0 H30METPHUIO YaCTO HA3bIBAIOT
cummempueti. !

f cunraio, 4TO K HACTYMHUBIIEMY MOMEHTY Mbl Pa3JIOXKHJIH MO
MOJIOYKAaM Hallero CO3HaHHs BCe HeOOXOAHUMbIE TMpelBapUTesbHbIE
CBelleHUS W [OCTHIVIH KOe-KaKHX [OTOBOPEHHOCTEH MPO TepMHHBI
1 ob6o3HayeHus. Ecau 4To-TO OKasanoch yNyLIeHHBIM, TO Halee
BCIIOMMHATb M JIOTOBAPUBATLCSI OyeM y2Ke MO XO4Yy OCHOBHOT'O H3JI0-
YKEeHHS.

Ilpy3bsi! MBI HAaCTOJBbKO MPOHUKJ/NCH TYXOM TPENeTHOr0 0XKHAa-
HHsl BOJIHYIOIIEH BCTPEUM C HACTOsILeH reoMeTpHel, 4TO BCTpeuaem
KOHel[ 3TOro MyHKTa, a BMeCTe ¢ HUM M BCEro MepBoro naparpaga,
He TOJIbKO C YIOBJETBOPEHHEM, HO M C 0e3rpaHHUHOH pajoCThIO.
Briepenu Hac XueT MHOTO MHTepPecHOro!

3amayky U ynpaxKHeHHs

1. B mnockoctu 7 C R?3, npoxoasiieil uepes Tpu Tou-
(@ ku: A(2,1,3), B(2,4,0) u C(-3,0,4) sadukcupoBaH pernep

(A; AB,AC). Touka p € ™ MMeeT B 3TOM perepe KOOPIHHATHI
(5,3). Haiinute KoopaMHaThi TOYKM p B CTaHAAPTHOM perepe
npoctpancta R3. Haiinure B M10ckocTHOM pernepe KOOpAHHATbI
TOYKH TepecedeHHs MJI0CKOCTH 7 C MpPSAMON

r+3 y—6 z+2

\Wj

2 0 3
2. Haiinute pouHbI CT05pOH U BHYTPEHHHE YTJIbl TPeyToJbHUKA
ABC B npoctpaHcTBe R”, eciM B cTaHAApPTHOM perepe

A(2,4,2,4,2), B(6,4,4,4,6), C(5,7,5,7,2).

Hanummre kKaHOHHUeCKHe ypaBHEHHS BBICOTBI 3TOTO TPEYToJib-
HHKa, TIPOXOAsIIel Yepe3 TOUKy A.

3. Mapannenoron B R* nmoctpoen Ha BekTOpax
a; =40,2,1,1), a2=1%1,-2,0,3),
a3 =12,2,1,-1), as=1%3,2,2,5),

') YnoTpeGutenbHbl TakiKe TEPMUHBI «IBHXKEHHe MEPBOTO Pojiar H «IBHIKeHHe
— —
BTOpOro popa» assi caydaeB det A = 1 u det A = —1 cooTBeTCTBEHHO.
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OTJIO?KEHHBIX OT TOYKH po(3, 1,0, 1). [IpoBepbTe, NeKUT 1K ToUKA
q(4,2,1,5) BHyTpH 3TOro mapajjesnorona, uiu cHapyxu? Haii-
IUTe IJIMHY BBICOTHI, OMYIEHHON U3 KOHIA BEKTOPA @4 HA I'PaHb
(a1, ag,a3), ¥ HAMUIIKUTE ypaBHEHHsE 3TOK BhICOTH. Hatinure 06b-
eM rpauu (ai,ag, as).

4. Kakue ¢urypel B ahduuHbIX npoctpancTsax R?, R3 u R*
3a/1aI0TCsl YPaBHEHUAMH

a)lr —p| =4, 6)lx—p|+|r—q| =4,

ec/id p, ¢ — DUKCHPOBaHHbIE TOUYKH?
5. Haiipure Toukn nepeceuenust cepsl |z — p| = 4 u npsimo#t
r=q+tas R ecnp(1,2,1,3), ¢(1,2,1,2), a =%1,-2,0,3).

6. Hanumure ypaBHeHue rumepmiockoctu ') ¢ HopMalb-
HBIM BeKTOpoM 7 = (3, —2,—4,5), npoxoasuleil yepes TOUKY
A(1,2,-3,4).

7. Haiinure touky B, cummerpuunyio touke A(1,2,3,4) or-
HOCHTEJBbHO THNEPIIOCKOCTH T = po + t1a; + teas + t3a3, rue

po="(1,4,-2,3), a1 ="0,2,1,1),
as =%(1,-2,0,3), as="221,-1).

8. B npoctpanctee R* Haiimure yron Mexmy IByMepHbIMH
MJIOCKOCTSAMU & = po + t1a) + toas U x = qo + t1b) + toby, ecau

p0(3,1,0,1), a3 =7%1,0,0,0), as=7"0,1,0,0),
(2,1,1,3), b ="41,1,1,1), by ="(1,—1,1,-1).

9. Haiinute BblpaxkeHHe paguyca R cdepbl, OMHCAHHOH OKOJIO
n-MepHoro Ky6a uepe3 ero pe6po a. CpaBHHTE BeJUUHHB R U a
npu pasHelx n € N.

10. [okaxuTe, 4YTO OpPTOrOHaJbHble TMPOEKLUHH BePLIMH
n-MepHoro Kyba Ha /o0yl 00JbLIYI0 IHAaroHadb 3TOro Kyba
NIEJISIT ee Ha N PaBHBIX yacTed.

11. Acpcplxu—n—xoe oToOpaxeHHe A( ) = po +Z( ) mpocTpaH-
ctBa R? nepesomut Touku A(l, ), B(2,1,3), C(-1,1,3),
D(0,1,7) B rtouku A’(0,1, 1) B'(2,1,0), C'(-2,0,3),
D'(0,1,4) COOTBETCTBEHHO. Haymme TOUKY po YU MaTpULy
onepatropa A B cranmaptHoM 6asuce. Haiinute o6pa3 ToukH
q(2,—1,4) npu 3TOM 0TOOPaKEHUH.

") TunepniockocTbio B adyMHHOM mpocTpancTBe V HasbiBaloT adHHHOE MOJ-

NPOCTPAHCTBO, Pa3MePHOCTb KOTOPOIO Ha €IMHMIYy MeHblle Da3MepHOCTH BCEro
npocTpaHcTsa V.



7. Ajpunnvie eskaudosel npocmparcmsa 53

12. Hsomerpust A(z) = po + A(7) npoctpatcrsa R2, coxpa-
Hslollas opHeHTauMio, nepeBoauT touky (1,0) B Touky (0,0),

a touky (0,1) B TOUKY (\@ 2\@> Haiinute Touky
) - = = ] Po
. W5 V5

U Marpuly omepatropa A B craHgaptHoM Oasuce. OTblnTe
HETOABHUKHYIO TOUKY 3TOH M30METPHH.

—

13. Usomerpus A(x) = pg + A(Z) npocrpanctea R?® moso-

paunBaeT TOUYKHM MPOCTPAHCTBA BOKPYI OCH T = Yy = Z Ha yrol

/4, moclie 4ero CABHraeT MX B HampaBJeHHH 3TOH OCH Ha

=

paccrosiuve 1. Haiimure Touky pp u MaTpuiy omeparopa A
B CTaHAapTHOM 6asuce.



I'naBa I. KpusBbie

§2. OBIIUE CBEAEHHA O KPUBbBIX
B A®PHUHHbBIX EBKJIUIOBLIX ITPOCTPAHCTBAX

8. Ompenesnenue raagkod KpuBOWM.
PerynsapHocts. [{nHa KpuBOM

[Tpuctynum k geny u 3aduxcupyeMm B appuUHHOM NpoCTpaHcTBe
R™ cranpaprublil penep (o0; ey, €9, ..., en). [lyets aft) : I — R™ —
HeKOTOpasi BEKTOP-(YHKIIMS, ompenesneHHass Ha uHTepBase [. Jloro-
BOPUMCS Ha3bIBaTh 3Hauexuem sekmop-gyrnkuuu o(t) (6 momenm t)
8 agdurrom npocmparcmee R™ Ty TOUKY, paauyc-BeKTOp KOTO-
poil B cTaHzapTHOM pernepe (o;eq, €9, ..., €,) €CTh UMeHHO «(t). He
oracasicb myTaHHLbl, OyeM B JajbHelleM 0003HauaTb TaKyk TOUKY
o+ «(t) mpocro «(t).

Onpenenenue 8.1. [nadxoil kpusoii 8 aggurrom npocmpar-
cmee R™ HaspiBaeTcsl ryagkas Bektop-pyHkuus «(t) : I — R™ co
3HaueHUsAMU B adppuHHOM npocTpaHcTBe R™.

MuoxectBo a(I) = {a(t)|t € I} Bcex ToYeK, SBJSIOLIMXCS 3HA-
yeHUAMH (QYHKUHMH «(t) HasbiBaeTcss obpadom kpusoi «(t) 8 ag-
purrom npocmparcmee R™. Bynem roBoputs, uto kpusas «(t) 3a-
dana napamempuuecku, €CIU IBHO YKa3aHbl BCe ee KOOPAHHATHble
(hYHKLUU:

alt) = t(xl(t),wQ(t), ,mm(t)) :

Takum o6paszoM, KpuBasi — 3T0 eaadkoe omobpascerue UH-
TepBasa BO MHOXKECTBO TOueK a(p()UHHOrO MPOCTPAHCTBA.

3ameuanne. Ecau HyKaa 3acTaBUT Hac paccMaTprHBaTh KPHUBYIO
a(t), onpeneseHHYI0 He Ha HHTepBaJse, a Ha OTpe3Ke [a, b], TO Oynem
Ha3blBaTh ee 2Aa0dKou, ecid Ha uHTepBate (a,b) KpuBas «(t) —
TJIaJiKast B CMbICJIE TIPEIBIAYIINX OTNpPefeseHUH, a B KPaHHHUX TOYKAX
a ¥ by BeKTOp-OYHKIHMH o (t) CYILIECTBYIOT COOTBETCTBYIOLIHE OfHO-
CTOPOHHHE TPOU3BOJAHBIE CKOJIb YTOAHO BBICOKOTO TOPSIIKA.
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PaccMoTpyUM KapTHHKY.

S RM
.

Ha He#l u3oOpaxeHbl: M3BUJKCTAasi MyHKTHPHAsi JIUHHS, CHMBO-
Jquupytoulas 6esarpaHudHoCcTb adppuHHOro npoctpanctsa R™, obpas
KPUBOH «v(t) B 9TOM MpOCTPAHCTBe U 1Ba BeKTopa. UeTKo mpocMaTpu-
BaeTcsi gekmop cekyuei a(t + At) — a(t), coeTUHSAOWMA 1Be TOUKH
a(t) u a(t + At) xkpuoit «. [TockosbKy pasHOCTb MeXAy ABYMs
TOUKAMHU SIBJISIETCS] 8EKMOPOM, TO 3HAUEHHE BbIPAXKEHHUS

a(t + At) — a(t)

; .
Ao At a(t)

(mpousBonHasi KPUBOH « B TOUKe ) siBAsieTCsl 8eKkmopom. BexTop
&(t), GyayuH npenesbHBIM MOJIOXKEHHEM CEKYIIero BeKTopa, siBjseT-
Csl HANpasAfOWUM 8eKMOPOM KACAmeAbHOl K KPUBOH « B TOUKe

1) Kpome Toro, momusi 1 yBakast (pM3MUeCKHIl CMbIC/ TPOH3BOAHOM,
Mbl MHOTAA OyneM Ha3biBaTh BEKTOp &(t) sexmopom (meHo8eHHOLL)
ckopocmu TOUKH «(t).

MomeHTabHO MHIIETCs ypaBHEHHWE KacaTeJbHOH K KPHBOH
a(t) B R™ B MOMEHT BpeMeHH to:

p = a(to) + ud(to),
TIe p — NPOMU3BOJIbHASL TOUYKA KacaTesbHOH, u € R — napamerp.
fcHo, uTo HampaBasiOIIKE BeKTOpP (i(tp) KacaTesqbHOH K KPUBOH
IOJ2KeH ObITb OTJIMUEH OT HYJs, MHaye HalHMCaHHOe ypaBHEHHe Mpo-
CTO TepsieT CMbICJ. BOT nepBbIfl MpHUIIEAIIMH MHe B TOJIOBY NpUMep
NoJ06HOH NOTepH CMBbIC/A.

IIpumep 8.1. PaCCMOT I/IM kpuBylo « : R — R?, 3anauuyio
napameTpuuecku: a(t) = t3). Jlerxo coo6pa3mb 4To B LI€KapTO-

') Tounee, mampaBsiomMM BEKTOPOM KacaTenbHOH K 00pasy KpPHBOH «, HO
Mbl 4acTeHbKO (He B ylep® MOHHMAaHHIO, KOHEUHO) OylaeM JONycKaTh MOLOOHYIO
BOJIBHOCTB P€UH, OTOXK/ECTBJISIS KPUBYIO C ee 00pa3oM.



56 §2. O6bwue ceedenus o kpusvlx 8 apdurHbiX e8KALOOBLIX NPOCMPAHCMBAX

BOH MpsIMOYTOJIbHOH cucTeMe KoopauHaT X OY (T.e. B cTaHIApTHOM
periepe), 06pas 3ToH KpHUBOH HMeeT ypaBHeHHMe z° = y?, T.e.
y = +Vax3. Dra KpUBas Ha3bIBAETCH <IIOJY-

Y KyOuueckass mapabosa». Ee mpousBomHas B

tTouke tg = 0 paBHa &(t) = (2t.3t2)‘t0:0 -

o = (0,0) — st0 HyJaeBo# BekTOp! Hampassio-
T

Py

MK BEKTOP KacaTesJbHOH K « B Touke tg = 0
\ (a kacaresbHasi-TO CYIIECTBYeT — 3TO OCb
OX!) HaM mpupeTcss HAyYUThCS HAXOMUTb M3
APYTUX CO0OpaXKeHUH B OIHOM U3 CJIEYIOLINX
nyHkToB. [lockosibKy npousBonHast &(t) siB-
JIsieTCsl BEKTOPOM MIHOBEHHOH CKOPOCTH, TO
B 3TOM MpHMepe To4Ka «(t), IBUrasiCh ¢ POCTOM MapameTpa t CHU3Y
BBEpPX I10 MOJNYKYyOHYecKo# mapaboJie, MPOCTO-HAPOCTO «TOPMO3UT»
B HayaJsle KOOPAMHAT U ee CKOPOCTh TaM HyJeBasi.

YyBCTBYeTCs, UTO «TOPMOXKEHHE», T.e. oOpallleHHe B HyJb BeK-
TOpa CKOPOCTH B HEKOTOPOH TOUKE, MOXKET CO3[aTh OMpeleseHHble
HeNPUSITHOCTH TIPY H3Y4YeHHH KpHBhIX. !) JlaguM cJaefyiollee omnpe-
nenerve. OHO TO3BOJHUT HaM, [IJsi Hauasa, MPUSTHbIE U HENPHUSITHbIE
TOUKH XOTs1 Obl HA3bIBaTh MO-Pa3HOMY.

Onpenenenue 8.2. [mankas kpuBas « : I — R™ HasbiBaercs

peeyasprotl 6 momenm spemeru t € I, ecan &(t) # 0. Kpu-
Basi «(t) : I — R™ HasbiBaeTcsi pecyasipHoli Ha uxmepsare I, eciu
OHa peryJ/sipHa B KaXKIOW TOUKe 3TOTO HHTepBaJa.

3ameuanue. J[0BOJIbHO 4aCTO MpUAraTejbHoOe «peryJsipHas» Mbl
6yneMm ynotpeb/siTe U MpUMeHUTebHO K pyHKUMsAM Buga f : [ — R,
noapasymeBasi Mpud 3TOM, 4TO (DYHKUHUS f sIBJsieTCS HelpepblBHO-
IuddepeHLHpyeMOll U ee NPOU3BOAHAS OTJIHMYHA OT HYJSA B KaxKAOH
TOUKe WHTepBaJsa [.

Taxkum o6pasom, perynsipHele KpuBble — 3TO Xpalpble IKHUTHUTBHI,
KOTOpble Ha MHTepBase I HUrae He TopMo3sT. CBOHCTBO peryssipHoO-
CTH MHTYHTHBHO §BJIIETCS OYEHb XOPOIIHMM, MO0 B KaxKAOHW TOYKe
peryJispHOd KpPHUBOH OIpelesieH HeHYJeBOH KacaTeJbHBIH BEKTOp,
CJ1e[l0BaTeJ/IbHO, 1151 peryssipHOl KPpUBOH JIerKO HalKcaTh ypaBHeHHe
KacatesnbHOH. Kpome 3TOro, pery/sipHble KpUBble HMEIOT elle Maccy
3aMeydaTe/IbHbIX CBOHCTB, O KOTOPBIX MBI MOTOBOPHUM B CJEAYIOIINX
NyHKTax, a ceduac pAaBaiTe noigem pajbliue. f npepsaraio Bam
MBIC/JIEHHO TPOTYJIATHCS MELIKOM.

') B rakux Toukax, HampuMep, HEBO3MOXKHO Cpasy HAmMMCaThb ypaBHEHWe Kaca-
TeJLHOH K KPHBOH.
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[loutn n060My uUesoBeKYy HM3BECTHO, YTO €CJM MATH [Ba 4aca
CO CKOPOCTBIO O KHMJIOMETPOB B 4ac, To mnpoipemb 10 KHI0METpPOB,
nMpyUUeM HEe3aBUCHMO OT TOrO, MO TPSIMOH A0POTe Thl WMIelllb, WU
no KpuBoH. TyT BaKeH MONYyJb CKOPOCTH, a He ee HalpaBJeHHUe.
MatemaTuk crnoco6eH Ha Oosbliee. OH, JaXke CTOS Ha MeCTe, B
COCTOSIHUM COOOPA3UTh, UTO €CJH MATH CO CKOPOCThbIO |v| B TeueHHe
npoMexyTKa BpeMeHH At, TO TpeofoJeellb paccTosiHue |v| - At.
Ecau xe, Kak Ha3J10, P X0AbOe MOAY/Ib CKOPOCTH M3MEHSETCS, TO
MaTeMaTHKa 3TO He OCTAaHOBUT. Ly HAX0XKIEHUS MPOUIEHHOTO Iy-
TH ¢ OH pa3o0beT BpeMs MepeiBHKEHUsS HA MaJleHbKHe MPOMEXYTKH
Aty,, CKOPOCTD |vg| Ha KaXKIOM H3 3THUX MPOMEXKYTKOB OOBSIBUT BeJH-
YHHOU MOCTOSIHHOM, HalmeT MyTH |vg| - Aty, TPOIeHHbIE Ha KAXA0M

M3 MPOMEXKYTKOB BpPEMEHH, U BCe HX CJIOKHUT: ¢ = Y |vg|- Atg.
k
Ecin ke Bbl MombITaeTech YIPEKHYTb XUTPOrO MareMaTHKa, YTO OH

Halles IJUHY MPOHAEHHOTO MyTH JIUIIb NPUOIHKEHHO, TO YC/bILINTE
NIOCTOMHBIH OTBET: XOTHTE MOCUHTATb TOUHEe — yMeHblIaklTe BeJsH-
unHy mpomexkyTKoB Aty. [IpaBna, Bo3pacTeT WX UMCJIO, HO 3aTO Ha
Ka)K[IOM M3 HHUX CKOPOCTb |vg| MeHbIle OTJIHYaeTCs OT peaJsibHOH,
M03TOMY U pe3ysbTaT OyneT TOuHee:

MOMEHT
(huHuIIA

= lim V| - Aty = v|dt.
max|Atk|—>OZk:‘ k‘ ¥ J ’ ’
MOMEHT
crapra

BCKpHTHe 31eChb COO6p8H&HHH MaTeMaTHKa [OalT BeCbMa BeCKHE
OCHOBaHHA [Jid CJACAYIOULEro OonpeaesJeHusd.

Omnpenenenue 8.3. Jaunoii ¢ [a] kpusoi «(t) : I = [a,b] —
— R™ HasblBaeTca HHTerpaJs OT MOAYJIS CKOPOCTH 3TOH KpH-
BOH:
b

(o] = J G(t)] dt.

a

B Tom csyuae, Korma HEKOTOPBIE MPOMEXYTOK [c,d| JIEXKHUT CTPOro
BHYTPU MHTepBasa [, Mbl HMHOraa OyaeM ymnoTpeOssaTb MOHSATHBINA
TepMuH Oaura Oyeu kpusou «(t) : I — R™ mendy moukamu c u d
(uM, naxke MeHee KOpPPeKTHO: dauna Oyeu ') mencdy moukamu a(c)

') Uro Takoe myra?
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1 «(d)) ¥ ucnosnb3oBaTh 0603HaUEHHE

d

ol = J (1)) dt.

(&

OTmeTuM, 4TO B cjydyae HeOrpaHHUYEHHOro HHTepBasta I M-
HOU KpuBOH «(t) : [ — R™ Ha3bIBa}OT 3HaYyeHHe COOTBETCTBYIOLLETO
HecoOCTBEHHOTO HHTerpana £ [« f|oz )| dt, ecnu Takoil uHTErpad
CXOIMTCH.

3aMeTUM TaKxKe, UTO HHTerpaJs, YKasaHHBIH B MPUBEIEHHOM
OIpelesleHUU JJIMHBl KPUBOH Ha OTpe3Ke, BCerjaa CyllecTByeT, Tak
KaK MOLYJb CKOPOCTH TJIaAKOW KPUBOH €CTb CKandpHas (PyHKLHS,
3aBeIOMO HempepbiBHAsi U OrpaHUYeHHast Ha oTpeske [a,b]. Kpupas
a(t), y KoTopoii Memay M060H mapol Toyek t; WU to CylllecTByeT
nnuHa ayru fo ‘t , TPAAULHOHHO HasblBaeTcsl cnpamasemoti. Meul,
TakuM o6pasoM, BCIOAY AaJjee OyneM HMeTb [eJ10 TOJbKO CO CIIpSIM-
JIIeMBIMM KPUBBIMM, OLHAaKO s XOouy IpelocTepeyb 4uTaTes]ed OT
usuiHed pacciaabaenHoctu. He Bce kpuble cnpsimasiembl! B kypce
MaTeMaTH4eCKOro aHaJu3a CTPOsITCS IIPUMepbl He CIPSIMJIsSeMbIX KPH-
BbIX. Y He cjleqyeT cuuTaTb 3Ty HesiTeJbHOCTb 3/I0HAMepPEeHHbIM Bpe-
OUTeNbCTBOM! DTHU MpPUMepbl HeOOXOAMMBI AJis YETKOrO MOHUMAaHHS
MOHATHH «MHTerpad» U «iauHa». OHU cayKaT Kak Je/1y MOCTPOeHHs
o01Lel TeopuH, TaK U [e]y BOCIHTAHUS IPAMOTHBIX MaTeMaTHKOB.

3amayky ¥ ynpaxKHeHHs

1. JlectHuua AB JJUHBL ¢ CKOJIB3UT CBOMMH KOHLIAMH 110 OCSM
NPSIMOYTOJIBHOH CHCTEMBI KOOPAHHAT, KOTOPYIO CTYAEHTHI 3a60T-
Ja1Bo HaTepsu MblIoM. [Ipsimeie AC' u BC, mapanjenbHble KOOp-
JIUHATHBIM OCSIM, nepeceKkaioTcsl B Touke C, U3 KOTOPOH NpoBesieH
neprnenaukyasip CM k jectnuue AB. Touka M o6o3HaueHa
9Toll OyKBOH He cjay4alHO, MOCKOJbKY TepenyraHHbll MOHTep,
TMOYYSB CKOJIbXKEHHE JIECTHHUIIBI, CI0JI3aeT M0 Hell BHU3 Tak, 4To
caMBaeTcs ¢ TOUKOM M B ofHO NepenyraHHoe LeJjoe. Haiinure
napaMeTpuyecKoe 3aaHre TpaeKTopuu MoHTepa. (Acmpouda.)

2. Koseco paauyca a KaTHTCs MO DOBHOH TMpsMOH Jopore.
Haiinute napamerpusanuio TpaeKTOpUM TOUKH K, 2KeCTKO CBSi-
3aHHOU C KOJIeCOM M Haxopsllefics Ha pPacCTOSHHUU d OT €ro
ueHrpa (d < a — anuyukaouda, d = a — yukiouda, d > a —
eunoyuxkiouoa).

3. Jlyu OL Bpamaercsi BOKpYT To4kd O C TIOCTOSHHOH yTJIOBOU
ckopocTbio w. Touka M nBukercst mo ay4dy OL co CKOPOCThIO,
NponopuuoHanbHoi paccrosinuio |OM|. Hadinure napamerpusa-
1Mo TpaekTopuu Touku M. (Jloeapupmuueckas cnupars.)
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4. Ha nnockoctn XOY Ha ocu OY B Touke (O,a) CTOUT
TpaKTOpHas TeseKKa. TpakTop MOCTAaBHJM B Ha4asl0 KOOPIUHAT U
TNPUBSI3aMH K TPAKTOPHOH TeseXKKe BEPEBOUKOH I/IHHBL a. Tpak-
Top noues 1o ocu OX. Tenexka, ecTeCTBeHHO, MOKATH/IACh 32
HHUM Tak, UYTO BepeBOYKa [JIHMHBI @ BCETJa fIBJISETCS Kacareb-
HOH K TpaeKTOpHM TesexKH. Hafinure mapamerpusanuio 3Toi
TpaekTopuH. (Bbl Oynere cMesiTbCs, HO 3Ta JMHHS Ha3blBaeTCs
mpaxkmpuca.)

5. Tapaxkan paBHOMepHO 6eraer mo mosy KabWHBI JU(TA, MPO-
TanThiBas OKPYKHOCTb 22 + y? = a?. JIupT paBHOMEPHO BUKET-
cst BBepX BIoJsb ocd OZ co ckopocTeio b. Halinure napamerpude-
cKoe 3ajaHue TpaekTopuu Tapakana B R3. (Bummosas aunus.)

6. Hafinute mapamerpusanuio KpHBOH, o6pas KOTOPOH eCTb
nepecedyeHue cepsl paguyca [ U nNpsiMOro KPyroBoro LUJIMHJIPA
nvamerpa R, omgHa H3 06pasylollUX KOTOPOTO NPOXOAMT uepes
ueHtp chepsl. (Kpusas Busuaru.)

7. Haiinure mapamerpusanmio Kpusoil a : I — R3, ynosie-

o . — — "

TBOpsioleH ypaBHeHUO (t) = @, roe d — (PUKCHPOBAHHBLIN
BEKTOP.

8. Tpaekrtopus s/ekTpoHa o : I — R3 B TOCTOAHHOM MarHHT-

HOM [0Jle 3ajaeTcs ypaBHeHueM & = & x H, rne H — mnocro-
SIHHBI{ HeHYJIeBOH BeKTOp (HANpsi)KeHHOCTH MarHHTHOTO MOJIs).
JlokaxkuTe, YTO TPAEKTOPHS IJEKTPOHA — BHUHTOBAS JIMHHUSA.

9. Hanuumre ypaBHeHHs KacaTeslbHOH K KPUBOH «(t) B TOUKe
to = 1, ecau:
a) a(t) =2, 13); 6)a(t) ="t 13,2t); B) a(t) =213, 2t ).

10. Haiinute nHanbosiee ypajeHHble OT Hauajsa KOOpPAMHAT Ka-
care/bHble K actpouse a(t) = H(acos®t, asin’t).
11. Halinure nivHy OOHOH apKH LUKJIOWABI.

12. Hailinute njuMHY mepBOro BUTKa cnupaau Apxumeda p =
= ayp.

13. Haiinure nnuny kapduouder p = a(l 4 cos ).

14. Hatinute OJWHY OQHOTO BUTKA BHHTOBOW JIMHHUH.

15. Hafinure mjuHy Ayrd MexAay ABYMSs IPOU3BOJIbHBIMH TOY-
KaMH CJIeYIOLUINX KPUBBIX:

a)y=Ilnz; 06)y= achg;
B) a(t) = (acht,asht,at)
r) a(t) = Ycost,sint, t,In(cos 2t)).
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16. Hafimure mapamerpusamuio Kpusoil « : [ — R?, miuHa
OYyTH KOTOpPOH, OTCUMTbIBaeMasi 0T HEKOTOPOH (PUKCHPOBAHHON
Touk" A 10 MpoH3BOJNBHON TOYKH M, PONOPLHOHANbHA YTJIOBO-
My KO3(p(ULHEHTY KacaTeJbHOH, NpoBeeHHOH B Touke M.

9. 3ameHa napamerpa. IKBUBAJEHTHOCTh KPUBBIX

[lepefinem Temepb K pacCMOTPEHHIO UPE3BBIYaMHO BaXKHOT'O MOHSI-
THS1 B MU(depeHLInaNbHON reOMeTPUH — TIOHSTHS 3aMeHbl MapaMer-
pa y KpUBOH.

[lyctb a: I - R™ u §:J — R™ — nBe ri1ajgkue KpUBHIE,
omnpefeseHHble HA HHTepBanax [ U J COOTBETCTBEHHO.

Omnpenenenne 9.1. T'oBopsT, uto Kpusas [ noryuaemcs us
Kpusoll « 3ameHoli napamempa ¢ , eCJIu HaWAeTcs rnagkoe
oTtoOpakeHHe ¢ Takoe, UTo:

1) p:J =51, T.e. ¢ — CIOPBEKIHUS;

2) ¢(0) # 0 nast Bcex 6 € J, T.e. ¢ — PeryJsipHo;

3) B(0) = a(e(9)) nns mwoboro § € J, T.e. f=aop.

BoT pHCyHOK, HEMIOXO WJIIOCTPUPYIOLIUH CUTYaLHIO:

B=acp
B©O)
a B
I J
@] 0
Puc. 9.1

Ecsnu kpuBasi (3 mosydaercsi U3 KpUBOH « 3aMeHOH mapamerpa,
TO 4acTO TOBOPAT INPOCTO: Kpusvie « U [3 c8s3aHbL 3aMEeHOU na-
pamempa, He yKa3biBas SBHO, KaKas KpHBasi U3 KaKOH MosydyaeTcs.
2Kesie3Hoe onpaBiaHHe TAKOH BOJIBHOCTH PeUM 3aKJ/I0UaeTCs B Clle-
AyIolLleM NPOCTOM, HO O4€Hb BaXKHOM HaOJII0JeHHH.

Baxnoe HaOmopenune 9.1. buwnaproe omwuouleHue mencoy

Kpusvimu «OblTb CBA3AHHBIMU 3aMEHOM NapameTpa» L8ASLemcs
OMHOULeHUEM IKBUBANCHMHOCMU, M. €. PehAeKCUBHO, CUMMempPUY.-
HO U MPAH3UMUBHO.
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Joxka3arenbctBo. PedsekcuBHOCTh oueBHAHA. Bcesikas xpusas
«a: I — R™ nonyudaercss U3 camoil cebst (T.e. U3 KpuBo# « : I —
— bf R™) 3amenoii napametpa ¢ : I — I, rie p(0) = 0 — Toxze-
CTBEHHOe 0TOOpaKeHHe, KOTOPOe, KOHEYHO, PeryyspHo, T.K. ¢ = 1.

CHMMeTpPHUHOCTh Hallero OGMHAPHOTO OTHOILLEHHWS YCTaHABJHMBA-
eTCcsl UyTh CJI0XKHee, TaK Kak MPHUAeTCs BCIIOMHUTh CYacT/MBbIE MTHO-
BEHHS M3 JIEKLUH 10 MaTeMaTHUYecKOMY aHa/ln3y Ha MepBOM Kypce.
[lycte kpuBasg (3 :J — R™ noaydaercs us kpuBodh « : I — R™
3aMmeHo# mapamerpa ¢ :J — I, T.e. § = a o ¢. [lockosbKy npous-
BOAHAas ¢ He oOpallaeTcsi B HyJb HU B OLHOHM TO4YKe HMHTepBana .J
U HerpepbiBHA Ha HeM, TO OHa JUOO BCIOAY MOJIOXKHTeJbHA Ha J,
J160 BCIOAY OTpHLIaTeNbHAa. DTO O3HAuYaeT, UTO cama (YHKUUS ¢
CTpPOro MOHOTOHHa Ha J, W, cTamso OblTh, ¢ :J — [ — OuekUus.
10, B CBOIO 04Yepellb, 03HAYAET, UTO CYLIeCTBYyeT oOpaTHas (PyHKLIUS
P = go_l Y N J, xotopasi, Tak ke KaK WU (p, CTPOr0 MOHOTOH-
Ha, HemnpepblBHA U AH(pdepeHuupyema. [IockonbKy ¢ — peryJspHa,

MPOM3BOIHAST 0OpaTHOH (PYHKIMHU 1) = — TaKKe pery/spHa (Ha HH-
¥

TepBase ), cienoBaTesNbHO, 1) — TpeKpacHasi 3aMeHa TMapaMeTpa U
kpuBas « : I — R™ noayvaercs u3 xpuso#l 3 : J — R™ crenytomum
obpazom: o = 3 o 1. 3HAUUT, eClr KpHUBas « CBfi3aHA C KPHUBOH [3
3aMeHOU TapameTpa (, TO KpuBasi [ CBf3aHa C KPUBOH < 3aMeHOH
napameTpa (', CHMMETPHUHOCTb [OKa3aHa M BOJBHOCTb (pasbl
«KpUBBle v ¥ (3 CBfi3aHbl 3aMeHOH rapameTpa» ONpaBaaHa.

Tpausutusnocts. Ilyetp o : I — R™, f:J - R™, v: K —
— R™ — Tpu ragkue KpUBBIE, TOCJENOBATEJbHO CBfI3aHHBIE 3a-
MeHo#l mapameTrpoB ¢ :J — I u ¢ : K — J, T.e. = aop,
v = [ o ¢. OueBUOHO, KPUBbIE (v U 7y TaKXKe CBSI3aHbl MeXKAY COOOH:
7 = o po¢p, rae KOMIO3ULUS oTobOpaxeHu#d (po ¢): K — I,
Oyoydd KOMIIO3HIHUEH TJaJKUX PeryJspHbIX CIOPbEKLHH, SIBJAsSeTCS
3aMeHOU mapameTpa (cM. puc.9.2).

I/ITaK, 6I/IHapH06 OTHOLIEHHWE MEXKAY KPHBBIMU «OBITh CBSI3aHHBbI-
MU 3aMeHOH [mapamMeTrpa» €CTb OTHOLUIEHHE 3KBHBAJEHTHOCTH. ’

B nanbHefilieM, coBeplIeHHO 3aKOHHO OMMUpasch Ha MpoBe-
peHHOe HalbJroneHue, Mbl OyneM BMeCTO (hpasbl «KPHUBBIE «
U ( cBsi3aHbl 3aMEHOH MapaMeTpa» TOBOPUTb KOpOUe: «Kpusvle «
U 3 9K8uBaLEHMHbLY, €CIIH, Pa3yMeeTcsl, B KOHTEKCTe He HJET peyb
0 KaKoM-Ju60 IpPyroM OTHOIIEHWH 3KBHBAJEHTHOCTH Ha MHOXKECTBE
KDHUBBIX.
[Ipsamo W3 ompeneseHus caefyeT, 4TO y ABYX PEryJspHbIX KBU-
BaJIEHTHBIX KPHUBBIX 00pa3bl coBmajfatoT. Kaszanoce Obl, cripaBeiivBO
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O0pa3 KpUBBIX
R" a.puy

peop
Puc. 9.2

1 oOpaTHOe yTBep:KAeHHe — ecau 00pasbl PeryJspHbIX KPUBBIX COB-
nagaioT (cMOTpUM cHoBa pHc.9.1), To KpuBble & U 3 NOJKHBI OBITH
9KBHUBaJIeHTHbl. EcTecTBeHHAsl KAaHAWAATYpa Ha 3aMeHy rapaMmeTpa —
dynkuusa ¢ = a~! o B. OmHako orToBpaxkenve a~! He Bcerma cy-
ILIECTBYET, a [aXKe KOTha OHO CyLIecTByeT (T.e. KOraa KpuBas a —
MHBEKTHBHA, 6e3 TOYeK caMorepeceyeHHs] U HaJlOXKeHHi), o6paTHOe
yTBep:KJeHWe He Bcerga BepHO. BoT mnpumep He 3KBHBa/JeHTHBIX
UHBEKTHBHBIX PErYJSIPHBIX KPHUBBIX C ONMHAKOBBIMH 00pa3aMu.

Paccmotpum KpuByo & : R — R?, 3anaHHyio mapaMeTpuyecKH:
a(t) = (sint, 2sin(2t)).

O6pasoM 3TOH KPUBOH SIBJISETCS «BOCbMEPKa», BaJbSXKHO JiexkKalast
Ha 60Ky, a Touka miockoctd (0,0) = a(wk), k € Z, siBasieTcs TOUKOH
camoriepeceueHusi. Cjerka MonH(UIHpyeM oToOpakeHHe &, HaIpH-
Mep, B3siB

a(t) = (sin(2arctgt), 2sin(4 arctg t)).

KpuBasi o ocyliecTBJsieT Ternepb B3aMMHO-OIHO3HAUHOE 0TOOpA-
xenue o : R —- «(R) U MPOXOIUT yepe3 Haual0 KOOPIMHAT TOJIbKO
omHax bl (npu ¢t = 0). O6pa3 KpUBOH v — CHOBa «BOCbMEpKa», HO
TOJIBKO C «KaXKyILIHMCsl» caMorepeceueHrHeM B HadyaJjie KOOPAHHAT:

4

W z
AGCOTIOTHO TOUHO TaKo# e 06pa3 umeer kpupas 3 : R — R?,

B(t) = (—sin(2arctgt), 2sin(4 arctgt)) :
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Y

W x

O6e kpuBble, o U [3, pery/asipHbl, UHBEKTHBHbI, UMEIOT OIUH H
TOT e 06pa3, Ho Komnosuius ¢ = (o~ ! o B) : R — R He siBisieTcs
JlayKe HEMpepBIBHBIM OTOOpakKeHHeM!

Ha camom nmese, 13 mogpo6HOro Kypca aHajansa U3BECTHO: YTOObI
N0Ka3aTb 3KBHUBAJEHTHOCTb ABYX PEryJsPHBIX HHBEKTHBHBIX KpH-
BBIX, MMEIOLIUX ONMHAKOBBIH 00pa3, MIOCTATOYHO HAJIOXKHTb Ha KpH-
Bble ellle OIHO YCJIOBHEe — YCJIOBHE NPOCMOmbl KPUBOH.

WMubvexktrBHas kpuBasg « : I C R — R" HaswiBaetcs npocmotl,
eCJId OHa SIBJISIETCS B3aUMHO-HENpPePbIBHBIM (MM, KaK elle TOBOPST,
MOHEOMOPPHbIM) OTOOPAKEHHEM, T.e. 1JIs JMIO0H TOUKH p € a(l),
Jexkalleil Ha o6pase 3TOH KPUBOH, CyLIECTByeT CKOJb YTOAHO MaJsas
oTKpbiTasi okpectHocTb O(p) C R™ 3Toil ToukH B ah(pUHHOM Tpo-
crpancTBe R’ (OTKPBITBHIA 1Iap ¢ LEHTPOM B TOUKE p) TakKasi, 4To
npoo6pas a~ ! (O(p) N a(I)) ecTb OTKPLITOE CBA3HOE MOAMHOXKECTBO
Ha mpsaModl R (T.e. mombiHTepBas B I, a ellle TOYHee — OTKphITasi
CBSI3HAS OKPECTHOCTb TouKM o~ ! (p)).

B Halem naTosioruyeckom nprHMepe «BOCbMEPKH» C MPOKOJOTOH
TOYKOH B HaudaJje KOOpPAHHAT TpeOOoBaHHe MOHEeOMOP(HOCTH KPHUBOH
o : R — R? oueBumHO He BHINOMHAETCS. Beskas CKOMb YTOAHO MaJas
okpectHocTh Touku (0, 0) OymeT comep:kaTb M KYyCOK «BOCbMEPKH»,
NPOXOISIIHMI Yepe3 Hayal0 KOOPAMHAT, U 1Ba «KOHLa» KPUBOH, BXO-
IsSllMe B Hayajo KOOpAMHAT. DTO O3HAuaeT, YTO Mpoobdpa3 BCSKOH
floctaTouHo Masoit okpectHoetd oL (O((0,0)) N a(R)) npokonoToi
TOYKHU COCTOMT, MO MeHbILEH Mepe, U3 TPeX HelepeceKaroluXcs OT-
KPBITBIX HHTEpBaJIoB (—o0, a), (b, ¢), (d, +00), rie a < b < 0 < ¢ < d,
YTo OueHb MelaeT oTobpaxkenuio ¢ = (a~!o3): R — R 6uThb
HerpepelBHEIM. Mbl He OyfeM 31ecb Jajee yrayO/saTbcs B 3TH J0-
CTAaTOYHO TOHKHE BOIMPOCH CYLIECTBOBAHUS 3aMeHbl NapaMeTpoB, MO-
CKOJIBKY 3TH BOTIPOCH! HE BIIOJIHE COOTBETCTBYIOT 3aMJIaHUPOBAHHOMY
Collep:KaHMIO 3TOrO MyHKTA.

C/enyeT OTMETHTb, UTO KJaCChl 3KBHBAJEHTHBIX KPHUBHIX Ha-
3bIBAIOTCS HENapamempu3o8aHHbLMI KPUBbIMU, XOTS MHOTHE
aBTOPbl (B OCHOBHOM 0o0Jsiee TPaAMIHOHHOTO U «OPTOAOKCAJNBHOTO»
HarnpaBJieHHs1) HA3blBAIOT MX TPOCTO KPHUBBIMM, & KOHKpPETHbIE BeK-
TOP-PYHKIMH B aPUHHBIX TPOCTPAaHCTBAX (KPUBbIE B CMBIC/IE Hallle-
ro omnpefieseHHs]) HAa3bIBAIOT NAPAMEMPUIOBAHHBIMU KPUBLIMU, W
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nymamu. ') S He 6yny B 3TOH KHMXKKe NMPUHHMATh MOXOGHYIO TOUKY
3peHHs1, TaK Kak OHa MHe He HpaBuTcsl. Becbma yGenurtebHyIO0 KpH-
THKY TOHSITHSl HelapaMeTPH30BAHHOH KPUBOH H pPa3yMHble TOBOJBI
B 110/1b3y MapaMeTPU30BaHHBIX KPHUBBIX MOXKHO HAaHTH Ha CTPaHHIAX
¢ 241 mo 242 npekpacHoi KHMKKH M. M. [TocTHMKOBa. 2

Omnpenenenue 9.2. Bynem roBopuTb, uTO ABe KpuBble « : [ —
— R™ u B:J — R™ nosroxumenrvro 3Kk8uUBaAAEHMHbL, €CTTH OHH
CBsI3aHbl 3aMeHOH napametpa ¢ : J — I u, npu atom, $(6) > 0 nns
qmoboro 0 € J.

Ynpaxuaenue 9.1. [IposepbTe, UTO 3TO AEHCTBUTEJNBHO OTHOILIE-
HHMe 3KBHUBAJEHTHOCTH Ha MHOXKeCTBe BCeX KPHBBIX.

Bosee ToHKoe (MO CpaBHEHWIO C MPOCTOH 3KBHBaJEHTHOCTHIO)
TIOHSITHE TIOJIOKUTEJTbHOH SKBUBAJEHTHOCTH HM300pPETEHO HJsi TOro,
4TOOBl YXBaTUTb 3(PQeKT COXpaHeHHs HJIU H3MeHEHHs HarpaBJe-
HUS JBUXKEHUS TOYKH MO 00pa3y KPUBOH (MO «MyTH») MpU 3aMeHe
napamerpa. PU3UUECKHE CMBIC/ MOJOXKHUTEJbHONH 3KBHUBAJEHTHOCTH
BUJIEH W3 CJIAYIOLIero npumepa.

IIpumep 9.1. PaccMoTpuM Tpu perysisipHble KPUBLIE, ONpee/eH-
HBle Ha OJIHOM H TOM e uHTepBase %): a(t), 3(6),v(7) : (0,1) — R2.
Bor ux napamerpuueckue 3aiaHus:

1) a(t) =t t), (Bugno, uto &(t) =(1,1) # 0 npu JiroboM t €

el =(0,1));

2) B(t) = {(63,0%), (B(0) = {(362,30%) # 0 npu moGom 6 € J =
=(0,1));

3) ()= 1—7,1=7), G(r)=%(-1,-1) # 0 pH J1I060M T €
e K =(0,1)).

O6pa3 ka0l U3 ITUX KPUBBIX — NUATOHANb €IHHUUHOTO KBa-
paTa Ha TJIOCKOCTH 0e3 KOHIIEBBIX TodeK (cM. puc.9.3).

') Xots B MOeM NpelCTaBIEHHH CJIOBO «IyTh» Kyaa Gojee MOAXOLUT AJs 000-
3HAUeHUs] UMEeHHO 00pasa SKBHBAJEHTHBIX KPUBBIX — OIMH M TOT XK€ IYTb B 3a-
BUCHMOCTH OT NapaMeTpH3alliK TOUKa MOXKeT NPOXOAUTb MO-pasHoMy (yCKopsisich,
3aMeqJIsisiCh, PABHOMEPHO U T.[.), YTO COOTBETCTBYET PA3HbIM KPHUBBIM C OfHHAKO-
BbIM 00pa3oM B CMBICJIE HALIEro OMNpejeseHus.

%) Cwm.: ITocmuuxos M. M. Jlexuuu no reomerpun. Cemectp 2. JInueiinas aj-
re6pa ¥ nuddeperunanbias reomerpusi. — M.: Hayka, 1979.

%) IMepanTuuHOe pasbscHeHHe — KpHBHIE 3a/aHbl Ha TPeX PasHbIX MHTepBajax,
y KaxJ0ro HHTepBaJa CBOe UMs U IO KaxaoMy Oeraer cBoil mapamerp. Ha nnrep-
Base [ Oeraer mapameTp ¢, Ha HMHTepBase J — napamerp 6, Ha hHTepBale K —
napamerp 7. Ho stu unrepsassr cosnamu I = J = K = (0, 1).
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N

Puc. 9.3

ITH TPU KPHUBbIE SKBHUBAJEHTHbI:
t=p@) =60 ¢:J—=I t=yrn)=1—7, ¢:K—1I

— COOTBETCTBYIOLIME 3aMeHbl NapaMeTpoB. BunHo, uto ¢(0) = 362 >
>0, a (1) = —1 < 0. D10 03HaUaeT, 4TO KPUBbIE < U [3 MONOKH-
TeJIbHO SKBHBAJIEHTHBI, a KPUBble v U v — HeT. [Ipu BospacTaHuH
mapameTpa TOYKH KDPHMBBIX « M (3 GeryT Mo [uMaroHajd Ksajapara
B OIHY CTOPOHY, a TOYKa KPUBOH 7y — B NPOTHBOIMOJOXKHYIO (T.e.
BEKTOPBI CKOPDOCTH (¢ M 7 MPOTHBOHAMPaBJeHbl). [IpUHATO TOBOPHUTE:
«TIPU TIOJIOXKHUTEJIbHOH 3KBHBAJIEHTHOCTH HalpaBjeHue 00Xola KpH-
BOW COXpaHsIeTCs».

IIpenocrepexxenue. Panu KpaTKOCTH peud, CTyNEHTBl HHO-
ria ynotpebJ/siioT CJA0BOCOYETAHHE «OTPULIATENbHO SKBUBAJEHTHBI»,
¥Mesi B BHIY KpHBble « H <, CBsi3aHHble 3aMeHOH Mapamerpa 1
¢ oTpuuaTenpHo# mpousBonHod V7 € K (1) < 0. D10 cioBoco-
yeTaHHe KpalHe HeynauHO, UOO OTHOLUEHHe «ObITb OTPHULIATENBHO
9KBUBAJEHTHBIMH» Ha MHOXKECTBE KPHBBIX, KaK JIErKO MOHSAThb, He
SIBJISIETCS] TPAH3UTUBHBIM, T.e€. BOOOLIE He $SIBJASEeTCS OTHOLIEHHEM
5KBHBAJIEHTHOCTH.

[IpencraBnsieTcss mpaBAOMOAOOHBIM, UTO IJIMHBl 9KBUBaJEHTHBIX
KPUBBIX COBMafalT — 00pasbl-TO y HHUX OAMHAKOBH. MHTYHTHBHO
SICHO, UYTO CBOHCTBO «OBITb peryJ/sipHOH» COXpaHsieTcsl NpHU 3aMeHe
napamerpa. Jlerko BepuTcsl, 4TO INpU NapaJjebHBIX IepeHocax,
MOBOPOTAX U CHMMETPHUSX, Y KPUBBIX TaK¥Ke COXPaHSIOTCH PEryssp-
HoCcTb U anuHa. CdopmysnupyeM Bce 3TH HallM OLIYIIEHHS B BHAE
JIEeMMbl H, TIO[ 3aHaBeC JEBSITOrO MYHKTA, aKKYypPaTHO JOKayKeM ee.

3 C.B.Cusnlii



66 §2. O6bwue ceedenus o kpusvlx 8 apdurHbiX e8KALOOBLIX NPOCMPAHCMBAX

Jlemma 9.1. Csoiicmso peeyrsprocmu 1 OruHa KpusoL uHBA-
puarmruel ) omrocumesvro samensl napamempa u uzOMEMPULL.

Jloka3aTeJabCTBO.

1). 3amena mapamerpa.

MuBapuaHTHOCTb peryasipHocTu. [lycTs KpuBble o 1 3
cBsi3aHbl 3aMeHO# mapametpa a(p(6)) = 3(0), @ — pery.spHa. Torna
B(0) = a(p(0)) - ©(0). Tak kak ¢(0) #0,& # 0, To § — perynsipHa.

MHBapuaHTHOCTD AJHUHB KPHUBOHU.

[lycts « : [a,b] — R™, B : [ag,bp] — R™ u nycTb, Hampumep,
¢(ap) = a,p(bp) =b (1.€. ¢ — Bcerga MOHOTOHHO BO3pacTaer, ¢ >
> 0). Cunraem:

by bo

19 = | [50)| o = | itateton)71 do =

ag ag

by

- j 6(0(6))] $(6) db =

ag

b
J]d(t)\dtzﬁ[a].
2). Uzomertpusi.

MuBapuantHocTbh peryasipHoctu. Ilycte Az = po +
+ Qx — unsomerpuss R™, () — oproroHanpHbeiii onepatop. IlycTb
B(t) = Aa(t),t € I. Torna

L1506+ At) — B(0)

i) = fm, -
= lim. Ait [Aa(t + At) — Aa(t)] =
= Ay Ait [po + Qa(t + At) — po — Qu(t)] =
~ @ (a(t + AAt?f - a(t)> — Qalb).

. —
D10 o3HauaeT, 4To ((t) # 0, Tak Kak () He MeHsieT JJUH BEKTOPOB.

1) CHHOHHM 3aMOPCKOTO CJI0Ba «MHBAPUAHTHBI» — «HEU3MEHHbI».
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MuBapuaHTHOCTBH AJHUHB KpHBOH. Cuuraem:

bo bo bO
(9= | || ar = | Qa1 de = | lacolat = efal.
Yro u TpeGoBaIOCh NOKA3aTh. ¢

Ha stom 1.9 3akoHuuM.

3agauku U ynpaKHeHus

N 1. Iyetb t,0 € (—o0; +00) — 06/1aCTb U3MEHEHHs MapaMer-
& , | po. Tlokaxute, uro kpubie a(t) = (t,t) u B(0) = (6%, 6°) ne
9KBHMBAJIEHTHBI, XOTS UMEIOT OIHHAKOBBIH 06pas.

2. Ilyctb Teneph t,0 € (0;4+00) — ob6JacTb HU3MeHeHHs Ma-
pamerpoB. [lokaxute, uTo Terepb Kpubbie «(t) = t,t) u
B(0) = 1(0%,6%) skeuBaNEHTHBI.

3. OxBuBajeHTHb g1 Kpubbie (1) = YacosT,bsinT) u
- 2
B(t) = t(aig» TR
1+t 1+t
A ecnu t, 7 € (—00; +00)?

4. Tlpupymadite msiTh pasHbIX KPHBLIX, 00pasaMH KOTOPBIX
caykut okpyxHocts 22 + y? = R?. Kakue W3 BallMX KPUBbIX
9KBHBaJIeHTHbI? Kakue MoJsoKUTeNbHO 9KBUBaJeHTHbI? Kakue 13
BAIUMX KPHBBIX HHBEKTUBHBI?

5. IaiiTe MOHATH MpenojgaBarteio, 4to o6pas KpuBoi af(t) =
=(acht,bsht) — BeTouka runep6oJbL.

t+Va?+t2
6. [Tokaxwure, uto at) = t(a In u, va? + tQ) ecTh
a

napaMeTpH3alus UenHOH JuHUK y = ach(z/a).

~
—

), ecan ¢ € (—oo;+00), T € (—m,m)?

10. KpuBble eqTUHUYHOI CKOPOCTHU

[Tocsie BHUMaTebHOrO MpouTeHHUs 1.9 cTaso sICHO, YTO MHOXKe-
CTBO BCEX KPHUBBIX pa30MBaeTCsl Ha KJacChl TOJNOKUTENbHO 3KBHBA-
JIEHTHBIX MeXy co00# KpPUBBIX. B KaxK/0M TakoM KJsacce HaXOIUTCS
BEJIMKOE MHOXECTBO KPHUBBIX C OAMHAKOBBIMU 00pazamu. Mx Touku
TNPOXOAAT 3TOT 00pa3 ¢ BO3pacTaHHeM NapameTpa B OAMHAKOBOM Ha-
TNpaBJeHHH, HO, ObITh MOXKET, [10-Pa3HOMY — C Pa3HbIMH CKOPOCTSIMH,
pPaBHOMEpPHO, yCKOpsisich U T.1. B ofuuem, rnasa pasberaiorcs.

[TpencraBbre cebe, UTO Bbl — TMOJKOBOAEL M K BaM TMpHILIa Ha
rleperoBopbl O MepeMUpPUU JeJseraius, COCTOsiliasi cpasy H3 BcCex
opuuepos Henpusitesas — 12000 wryk. fdcHo, 4TO MeperoBopoB He

3
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nosnyuutes. HyHo BeIOpaTh ogHOro napJiameHTepa-npeacTaBUTeNs
U TOTA C HUM MOXKHO OyIeT XOPOLIEHbKO MOTOBOPUTb.

Bor 1 B reomMeTprd BO MHOTHX BOMPOCAaX OKa3blBaeTcsl yHOOHeH
(ma u mpocto KoMmopTHeil) BBIOpaTb M3 KaxKIOTO KJjacca 3KBHBa-
JIEHTHBIX KPUBBIX KaHOHWYECKOTO NPeICTaBUTE/sI C LeJbl0 MOCIeny-
IOIIEro ero MayueHWs. AmMpuopu, Ha POJb KAHOHHYECKOTO MpeNcTa-
BUTeJA (34aKOT0 Map/jaMeHTepa Ha IMeperoBopax Mo TeopeTHYeCKHM
BOMpPOCaM) MOXKHO BbIOUpPATh JI0OYI0 KpHBYyt0. 2KesaTesNbHO, KOHEU-
HO, 4TOObl 3Ta KpuBas Oblia HauboJiee AOCTYMHA OJs1 HU3y4deHHS,
4TOOBI ee CBOHMCTBA JIerKo 0OHAPYKHUBaJNUCh, OYAYUH NPOCTBIMU U SiC-
HeiMU. [lompoGyem, mo3ToMy, M3 KaxKAOro TMIaHTCKOTO KJjacca Beex
MOJIO’KUTENbHO SKBHBAJEHTHBIX KPUBBIX B3SITh CAMYIO €CTECTBEHHYIO
U TMIPOCTYI0 — TaKylo KPHUBYIO, y KOTOPOH TOUKa ABHKETCS M0 00pasy
KPUBOH PaBHOMEPHO, CO CKOPOCTBIO, MOIYJIb KOTOPOH paBeH eIUHHULIE.
Pasymeercsi, HanpaB/eHHe y BEKTOPA CKOPOCTH TaKOH KPUBOH MOXKET
OBITb B pa3Hble MOMEHTHl pasHbIM (a HMEHHO — IO KacaTeJbHOH
K TPaeKTOPHHU JBHXKEHHS), HO JJIMHA BeKTOpa CKOPOCTH BCEria OfH-
HaKOBa — eIWHHLA.

Onpenenenue 10.1. KpuBasi o : I — R™ HasbiBaetcs kpusoi
eduruuHoll ckopocmu, ecau |&| =1 (t.e. Vt € IT'|a(t)| = 1).

CBOHCTBa Y KPUBBIX €IMHHYHOH CKOPOCTH OKMOAKOTCS NEeHCTBH-
TeJIbHO TMPUSATHBIE U MOHSITHBIE.

Bo-niepBbiX, KpHBbe eIMHMYHOM CKOPOCTH 3aBeJOMO Bceria
M Be3Jle peryJsipHbl, Belb |&| =1, T.e. & # 0.

Bo-BTOpBIX, ycKOpeHHe ¢ KPUBOH eIHHUYHOH CKOPOCTH BCeria
TMepreHIUKY/ISIPHO ee CKOPOCTH (¢ — TOBOPSIT, UTO (v HAINpaBJeHO IO
Hopmaiu K KpuUBOH «(t). (MexaHHUKH cKazanu Obl — «yCKOpeHHe
BCeraa LeHTPOCTPeMHUTeNbHOe»!). DTO BaxKHelIIee CBOHCTBO BEKTOP-
(PYHKUMH MOCTOSHHOH IJIMHBI Mbl 10KAa3aJju B L. .

B-TpeTbux, nIMHA KPUBOH €IUHUYHOH CKOPOCTH BBIYHMC/ISIETCS
oco6enHo npocto. CMoTpHUTE:

a-+s a+s
la] = J |&(t)| dt = J l-dt=s

— nnuHa KpuBo# « : I — R™ mexnay Toukamu afa) U ala + $)
paBHa s. !

') Pasymeetcs, ecaiu s oTpUIIATeNIbHO, TO AJIMHY IyTH KPHUBOH MPHAETCS CUMTATH
OTpHLIATeNbHOM — JBHXKEHHe-TO MPOUCXOAMT IPOTHUB HaNpaBJeHHs BO3pacTaHHUs
napaMerpa (T.e. IPOTHB HANpaBJIeHHsl BEKTOPA CKOPOCTH KPHBOH).



10. Kpusovie edunuuroii ckopocmu 69

DTo 03HaYyaeT, YTO y KPHUBHIX €IUHUYHOH CKOPOCTH MBI HMeeT
JIeJ0 C PeAKUM M 3aMedyaTesbHBIM SBJEHHEM — eCJHd NapameTp
YBEJHWYUTb Ha BEJHWYMHY S, TO JJHHA KPHUBOH YBEJHUHUTCA Ha TY
JKe BeJMUUHY s; NIpHpallleHle napaMeTpa paBHO MPHpPAlLleHHI0 AJHHBI
OYyTH CaMOH KPHUBOH. DTO HEYyIHMBHUTEJNbHO — ecJd B HadaJjbHbIH
MOMEHT BpeMeHH fy = a BBl BKJIIOUHUTE CEKYHIOMEp, U C eAUHUYHOU
CKOpOCTbl0 OyneTe ABUraThbCsl S CEKYHJ, TO Bbl MpOWJETE TOYHO §
METpOB.

MoxHo Takke Boo6paxkaTh cebe, UTO KpUBast eMUHUUHOH CKOPO-
cTu (KpuBasi — 3To oToOpakeHue!) MPOCTO MPUUYIJIHUBO pacrosaraer
uHTepBaa I B mpoctpaHcTBe R™, He M3MeHAS ero AJHHBI, T.e€.
HU30MEeTPUYHO «BKJaabiBaeT» ero B R, Kak TOHKUH HepacTsSKUMBbIH
IIHYPOK OT mamuHoro 6otuHKa (cM. puc. 10.1).

R m

Wnrepsan / a a+ s R

Puc. 10.1

Bri3biBaeT omaceHue JMIIb TO, YTO B Hayraj BeIOPAaHHOM KJjac-
ce MOJIOXKHTENbHO 3KBUBAJEHTHBIX KPUBBIX MOXKeT BOOOle He oKa-
3aTbCsl KPUBOH eIMHHUYHON cKopocTH. Hawum Hamexnel BeIOpaTh M3
KaXI0T0 KJjacca 3KBHUBAJEHTHBIX KPHUBBIX JOCTOMHOIO MpEeNCTaBHU-
TeJsis-apJjamMeHTepa co CTO/b 3aMaHYMBO-NIPOCTBHIMHU CBOHCTBAMH MO-
ryT pyxHyTtb! Cpasy pasBeeM 3TO omaceHue — KpHUBasi eIHHUYHON
CKOPOCTH €CTb B KaKIOM KJacce pPeryysipHbIX KPHUBBIX.

Teopema 10.1. Bcakaa pezcyarapras Kpusas NOAOHUMEALHO
IKBUBANECHMHA HEKOMOPOL Kpueoll eQuHUUHOL CKOPOCMU.
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Hoxka3areabctBo. [lycTb «(t) : I — R™ — perynsipHa u tg € 1.
Pacemorpum pauny nyru

s = u(t) = [ a(o)] db.

Bunum, 4yto .
5= () = Ja(t)| > 0

— MPOU3BOJHAST BCIOAY MOJIOXKHUTeNbHA, (PyHKUMS 1) (t) HempepbiBHA
M MOHOTOHHA Ha [, cjenoBaTesbHO, () OCylIeCTB/seT B3aUMHO-
OJIHO3HayHOe 0TOoOpaXKeHHe

¥ I =5 J =)

untepsana I Ha unTepsan J. \)

DTo o3Hayaet, 4TO AJs (QYyHKUUU (t) cyliecTByeT obpaTHas
dyukuus 2 o(s) 1 J — I, u ((t)) =t, T.e. porp = id|;, —
TOXKIECTBEHHOEe 0TOOpaXkeHHe Ha HHTepBaJe I.

BosbMeM B KauecTBe MCKOMOE 3aMeHBI mapameTpa 3Ty Camyio

obpaTHy0 (OYHKIHIO ¢ = p(s) U pacCMOTPUM HOBYIO KPHUBYIO
B(s) = a(p(s)), T.e. BMecTo ObIBIIEro napaMeTpa ¢ HOBBIM Mapa-
METPOM Y KPUBOH CTaHeT JjinuHa nyrd s. OyHkius ¢(s) mpekpacHo
MOAXOAUT Ha POJIb 3aMeHbl MapameTpa, Tak Kak

, do 1 1
dt

[Tockosbky ¢ > 0 Bciony Ha J, kpuBasi [(s) = a(p(s)) moa0XKu-
TeJIbHO SKBHBAJIEHTHA KPUBOH «v(t) W SIBJISETCS KPUBOH €IMHUYHOM
CKOPOCTH:

1. ¢

) 1
“@'w\

') To, uto MHOx)ecTBO J = 1)(I) NEHCTBUTEbHO ABJSETC MHTEPBAIOM, CELyeT
u3 TeopeMbl Bosbuano-Kowmn — HenpepbiBHas QyHKUMS 00si3aHa NPHHUMATb BCe
NPOMeKYTOUHble 3HAUeHMSI.

?) Kotopasi, KCTaTH, ToXe MOHOTOHHA, HenpepbiBHAa M Hud(pepeHIMpyeMa —
U3BeCTHbE (DAKTHl U3 Kypca MaTeMaTH4ecKOro aHaJsu3a.
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HMrak, 4ToObl M3 NPOHU3BOJNBHON perynsipHoil KpuBoH «(t) cre-

JIaThb KPUBYIO €IUHUYHOH CKOPOCTH, HY>KHO 3aMeHHUTb ee Ma-
paMeTp Ha AJHHY [AYTH, T.€. B KayecTBe 3aMeHbl MapameTpa B3siThb
(hyHKLIHIO, 06paTHYIO K (DYHKIIUU

s=(t) = J 16(0)] db.

TeopernueckH, KOHeUHO, 31eCh BCe BBIMIAUT KPAaCHBO, BEPHO U fiC-
Ho. OpHako OyKBaJsIbHO, Ha NMPAaKTHKE, TaKylo MPOLELYPY NPoAesaTh
TPyOHO (M, KaK NpaBHJIO, — JayKe HEBO3MOXKHO). JlBa OCHOBHBIX
BO3MOXKHBIX IPENsATCTBUS:

1) HeBO3MOKHO HAWTH (QYHKUHIO s = 1)(t), T.e. He BbIYMC/ISAETCS

t
B siBHOM Buze unrerpan s(t) = [ ()| df — sTo oObuHOE 5iB-
to

JieHWe 1axke JJis BeCbMa MPOCTBIX MOABIHTErPasbHbIX (PYHKIHUH;
2) HEBO3MOXKHO  pas3pelluTb  OTHOCHTEJNbHO ©  ypaBHeHHe
5§ = z/z(t?, T.€. HEBO3MOXKHO $IBHO HaWTH 00paTHYI0 (PYHKLHIO
t =17 (s) — 3To He MeHee OObIUHOE SIBJIEHHe Ja)ke MJs
ajnre6panyecKkux ypaBHEHUH CTeNeHH Bbllle YETBEPTOH;
Tem He MeHee, B crieliMasibHO MOAOOPAHHBIX IPUMEPAX B KOHLE 3TOTO
MyHKTa W B TLIATeJbHO MPOAYMAHHBIX 3ajauaX H3 ClellhagbHbIX
COOPHUKOB 00a 3TUX «HEBO3MOXKHBIX» 3Tala yoaeTcs MPoaesaTh U Mo
3aJlaHHOHM KPUBOH «(t) SIBHO OTBICKATBH MOJIOXKHUTENbHO SKBHUBAJEHT-
HYI0 el KpuBYy10 (3(S) eIMHUYHOH CKOPOCTH, Y KOTOPOH MmapaMeTpom
SIBJISIeTCSl JIMHA NyTH. TeopeTHuecKH Takas KpuBasi [3(s) CyllecTBy-
eT BCeraa.

Onpenenenue 10.2. Kpusas (3(s), mapameTpoM KOTOpoO#l sB-
JsieTCs JJIMHA IyTH 3TOH KPUBOM, OTCUMTHIBaeMasi OT HEKOTOPOH
(PMKCHPOBaHHOH TOYKHM 3TOM KPHUBOH, Ha3bIBAETCSl HAMYypaabHO na-
pamempuzosanrol kpusoti. [lapamerp s (navHa nyru kpuBoi [((s))
B 3TOM CJIy4ae Ha3bIBAETCS HAMYPAAbHbIM napamempom. Jloroso-
pUMCsl HaTypaJbHbIH mapameTp Bcerga o603Ha4aTh OYKBOH .

Buumanue! OnbT nokasbiBaeT, YTO B CTYIEHUYECKHUX TOJO-

Bax pacrpocTpaHeHa myTaHuia. CTy#eHTbl TOBOPST: «¥Y KpH-
BOH €IMHUYHOH CKOPOCTH MapaMeTPOM CJAYXKHT AJUHA Ayru». SIcHo,
4To 3T0 He Tak. [lJIMHA AyrU SIBJAsETCS MapaMeTpoM Y Hamypaib-
HO napamempu3osarnHoil kKpusoi! HarypanabHo nmapameTrpr3oBaHHas
KpUBasi, KOHEYHO, fIBJASeTCS KPUBOH eIMHUYHOH ckopocTH. Obpart-
HOoe-TO He BepHO! Y MpOM3BOJBHOH KPHBOH €IMHHUHOH CKOPOCTH
napaMeTpoM MoxKeT ObITb 4TO yroiHo! Bor mpoctoii mpumep KpuUBOH
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eIMHUYHOH CKOPOCTH, KOTOpas He sIBJISIeTCS HaTypaJbHO NapaMeTpu-
30BaHHOH KPHUBOH.

Mpumep 10.1. Paccmorpum kpusylo «ft) : [51,53] — R2,

t t .
at) = <E—2> drta KpuBasi, OUEBUIHO, €IUHUYHOH CKOPOCTH:

|a(t)]

’(1 1)’ = 1. nvHa Bce#l KpuBoH «(f) paBHa

_53 V2 V2
lla) = [1-dt =2, 9To HHKaK He NOTSITHBAeT [0 3HAYEHWH CaMoro
51

napamerpa, Oerawiiero B mnpomexytke [51,53] u, cienoBaTesbHO,
napaMeTp ¢ HUKaK He MOXKET SBJATbCS IJMHOH IyTH.

OnHako mocrenry Bac YCIOKOUTb — TOHSATHSI KPUBOH eTUHUYHON
CKOPOCTH M HaTypa/bHO NMapaMeTpPU30BaHHOH KPHUBOH AeHCTBHUTE/b-
HO ouyeHb Osu3kH. M3 /M000H KpUBOH eIMHMYHOH CKOPOCTH MOXKHO
MOAXOASIIIMM CABHIOM IapaMeTpa CAeJaTb HATYpasbHO MapaMeTpH-
30BaHHYI0 KpHUBYI0. UTOObI MOHATh, KAK 3TO HCIOJHUTB, AOCTATOYHO
aKKYPaTHO BBINOJNHUTD CJeNylollee

Ynpaxuenue 10.1. [lokakute nocJjenoBaTeJbHO Ba YTBepPKIe-
HUS:

1) nyers a(t) n B(f) — MONOKUTENBPHO SKBHBAaJEHTHbIE KPHBbIE

envHUYHOH cKopocTh. Toraa cyiuecTByeT 4HC/O ty TaKOe, UTO
a(t) = B(t — to);

2) nyctb «ft) — KpuBasi enMHHUHOH ckopocTH. Torma Haiimercs
TaKoe YUCI0 Sg, 4TO KpuBasi (s) = a(s — s9) — HaTypasbHO
napaMeTpH30BaHa.

[TpouyBCTBYHTE pA3HUIY MEXKAY KPUBBIMH €IHHHUHOH CKOPOCTH
¥ HaTypaJibHO TTapaMeTPH30BAHHBIMU KPHBBIMU H MOPA3UTe T1yOHHON
CBOEro MOHMMaHHUs 3K3aMeHaTopa Ha 3K3ameHe. Torma mJsi moJay-
YeHHs] OTIIUYHOM OLIEHKH BaM OCTaHeTCsl TOJbKO OTBETHTb Ha BCe
ocTajibHble BOMNPOCH M PELINTb BCe MpeNJoKeHHble Ha JK3aMeHe
3afauu. Bot rak.

3agauku U ynpaKHeHus

| 1. CocTaBbTe HAaTYpa/JbHYIO apaMeTPU3aLUI0 OKPYKHOCTH pa-
< auMyca R ¢ LeHTPoM B HayaJje KOOpAMHAT, jJexaileil B R?.

S 2. Hafinute KpHBYy10 eIUHHUYHOH CKOPOCTH, MOJIOXKHUTENBHO IK-
. x
BUBAJIEHTHYIO LENHOH JUHUK y = ach —.

a

3. HaﬁﬂHTe HaTypaJIbHYIO MapaMeTpUsalrio LUKJJAOHObI
a(t) ='(a(t — sint), a(l — cost)).
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4. CocraBbTe HaTypaJbHYI0 MNapaMeTPHU3ALMIO CJeNYIOLUHX
OKpY2KHOCTeH, Jexkamux B R°:

a) 2’ +(y—12=R? z2=1;
6) > +1y*+22=R? ax+y+2=0.
5. Hanuuure B cBOell TeTpajke HaTypajbHYIO MapaMeTpH3a-
M0 BUHTOBOM JuHUK o(t) = Hacost, asint, bt).
6. IlepemapamerpusyiiTe cjeayiollfe KPHBbIE HATYPasbHBIM
napamMeTpoM:
a) a(t) = (et cost, el sint, e?);
6) a(t) = Y(cht, sht,t).
7. Hafinure KpyBYyIO €IMHUYHOH CKOPOCTH, MOJIOXKHTENBHO K-
BUBa/leHTHYI0 KpuBoi a(t) : R — R*:

a(t) = Yacost,asint, bcost, bsint).



§ 3. IINIOCKHUE KPUBBIE.
IKCKYPCHA K HCTOKAM
JUPPEPEHIIMAJIBHONU TEOMETPUHU

[lepen Bamu maparpad, comep:kKaHHe KOTOPOTro IMPHUHALJEXHT CKOpee
yKe HCTOPHH, HexesJHd COBPeMEHHOH MaremaTwke. B nyxe reomerpos
XVII-XVIII BB. Mbl OymemM paccMaTpuBaTh 37eCh IJOCKHE KPHUBbIE, TOU-
Hee — KpuBble Buja o : | — R2.

HyxHo ckasate, 4TO B Te JajleKMe BpeMeHa, Koria elie He OBLIO
BEPTOJIETOB M TeJIeBU30pPOB, @ O TPAaMBAHHBIX KOMIOCTEPax MOXKHO OBLIO
TOJIBKO M€4TaThb, H3y4YeHHe KPUBBIX Ha MJOCKOCTH OBLJIO OYEeHb MOMYJISPHBIM
3aHsiTHeM. B pa6oTax Toro BpeMeHH, 3a4acTyio 6e3 CTPOTHX omNpefeseHHH
JIMHWH, KPUBOH W [JIMHBI, H3y4aJ/HCh MHOTHe CBOHCTBA 00beKTa, HHTYHUTHUB-
HO BOCNPHHMMAEMOro KaK <«JHHHs». [Ipy 3TOM B reoMeTpHio MOCTeNeHHO
CTa/q¥ TNPOHMKATb MIEeH W MeTOIbl POXKIEHHBIX B TY »Ke 3noxy andde-
peHIHAJbHOTO HCUHCJ/eHHsT W anre6pel BekTopoB. KoHeuHo, cefiuac 3TH
MHOTOYHC/IeHHbIe PAGOTHI KaXKyTCsl CTAPOMOIHBIMH, HO M3 HUX MOCTENEeHHO
CJIO?KUJINCH lieJible HarpaBJjeHUsl COBpeMeHHOH MaTeMaTHKHM U MeXaHMKH.

C TOUYKH 3peHMs JIOTHKH MOCTPOeHHUs: Kypca AuddepeHUHalbHON reo-
MeTPHUH BblJeJIeHHEe TJOCKHX KPUBBIX B OTHEJNbHBIH Maparpad oObscHsSeTCs
He TOJIbKO JAaHbI0 TPAAULMH U yBaXKEHHEM K HCTOPHUH HJHM HEOOXOAMMOCTHIO
MpOBeleHHs MaTeMaTHUeCKOro JMKOe3a |) cpeid CTyIeHTOB. PeryaspHble
KpHUBble Ha MJIOCKOCTH — 3TO NPOCTEHIIMH cay4yal «THIeprnoBepXHOCTeN»,
pacCMOTPeHHe KOTOPBIX COCTOMTCS B 3TOH KHH)KKE HECKOJbKHMH Mapa-
rpaamu nozxe. Muorrne 3¢QeKTs, CBOHCTBEHHBIE THIEPIIOBEPXHOCTSIM,
MaTeMaTHK-TpenojaBaTesb MPOJEMOHCTPUPYET B «UIPYLIEUHOM» BHIE y¥XKe
17151 TJIOCKUX KPUBBIX W 3TO BHeCeT B JlajibHelilllee U3yueHHe THIIePIOBEPX-
HOCTEH MPHUATHBIA JIeMEHT y3HaBaHUSA U PalOCTH.

11. JIuauu HaA NIOCKOCTU

JIunus Ha IIJIOCKOCTH, Ka3aJoChb 6]31, — HWHTYUTHBHO fCHOE€ U
BIIOJIHE OYEBHAHOE TeoOMeTpHYeCKOoe IMOHATHE. Onnako HUCTOpHUSA I10-
Ka3bIBaeT, YTO TOYHOE (I/I JOCTAaTOYHO O6LLLee) onpeneJsieHrue JUHHUHU
HaBaJioCb 4YeJ0BeYeCTBY C O0JIbITUM TPyAOM.

') Jlux6es — nuKkBuaaIKA 6€3rpaMOTHOCTH — JIO3YHT M mporpamma 30-X ronoB
XX B. B CCCP.
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B sjemeHTapHOH reoMeTpuH MOHATHE JHHUM [0 CUX TOP HOCHT
OueHb MYTHBIH XapaKTep M ONHCHIBAETCS PAa3HBIMM CJIOBAMH, BPOJE
«1aMHa 6e3 mupHHb». [lo cymecTBy, B IIKOJBHOH 3/1eMeHTapHOH
reOMeTpUH U3yuyeHHe JUHHH CBOAMUTCS K M3YUEHHIO NPUSATHBIX MPHU-
MepoB — OTPE3KOB, OKPY2KHOCTeH, JIOMaHbIX U NpsaMblX. He pacnosa-
rasi OOLMMH MeTOJaMH, «LIKO/bHAasl» MaTeMaTHKa JOBOJbHO N1yOOKO
MPOHMKAeT B H3yueHHe pa3JHUYHBIX CBOHCTB KOHKPETHBIX JHHMH,
cOo3laBasl y Hac BeyaT/eHHe SICHOCTH U 3aBepLIEHHOCTH JpeBHerpe-
4eCKOH reOMeTPUUYeCKOH KapTHHBI OKPY2KaloLlero MHUpa.

UyTb Mo3:ke, B LIKOJIbHOM Kypce MaTeMaTHKH, MOSIBJSIOTCS MHO-
FOYHCJIEHHBle TPA(QUKKU Pa3HUHBIX (YHKLHH, KOTOpBIE MPEKpacHoO
COOTBETCTBYIOT HAlleMy MHTYHTHBHOMY MOHMMaHHIO JUHHU. [lo-
CKOJIbKY B ILLIKOJIE BCTPEYalOTCs TOJMBKO «XOpOolIHe» (DYHKLHUH, TO Y
Hac BO3HMKAaeT OLLylLIeHHe, YTO JIUHHUS BOOOIIe U eCTb rpadUK MOAXO-
nsied (PyHKUHH. DTa MIKOJAbHAS WANJIUS MOPOXKIAET y HAaC UCKPEeH-
Hee yIMBJIeHHE U HACTOsIIlee BOCXUIIEHHe, KOT[la B YHUBEPCUTETE Mbl
CTaJKMBaeMcCsl C NpUMepaMHy JUHUH, 00/afalolKX Pa3JHyHOro posa
«ITapa/IoKCabHBIMU» CBOHCTBAMHU (OTCYTCTBHEM JJIMHBI, H3JOMOM B
Ka)K[10i TOYKe U T.II.).

Onnako crnopy HeT, KaxKAblH K3 Hac corJlaceH, 4TO

orpefesieHHe JHHUM JOJMKHO ObITb TaKHUM, 4TOObl Trpa-
¢uK rnagkod QyHKUMH f, T.e. MHOXKECTBO TOUEK IJIOCKOCTH
I' = {(z,y)ly = f(z),z € D(f)}, oOsizaTesbHO SBJSJICS JHHHEH.
[Ipr 3TOM MBI HHTYHUTHBHO NMOHMMAaeM, YTO Ha00OPOT HEBEPHO — He
BCSIKAA JIMHHUS ecTh rpaduk HexoTopoi (yHkuuu. !) OTmetnm mis
ce0s1 3TO 0OCTOSITEbCTBO U MOHAEM JaJiblle.

B ananuTtH4eckoll reoMeTpUH JIMHHUS Ha MJIOCKOCTH OIpefesieTcs
KaK MHOXEeCTBO TOUeK, KOOPAMHATHl KOTOPHIX Y/OBJIETBOPSIOT HEKO-
TopoMy ypaBHeHHI0 Buna F'(x,y) = 0. [Ipu atom, Kak npaBuso, B Ka-
yecTBe (PyHKUHMH F'(z,y) Oepercs MHOTOYJIEH H COOTBETCTBYIOLLHE
JIMHUM Ha3bIBAIOTCS aire6pandecKHMU KPUBBIMU. Ecsi e 3TOT MHO-
ro4jleH — MHOTOUJIEH MEepBOH HJIM BTOPOH CTENeHH, TO BO3HHKAIOT
«KJacCHyecKue» 0ODbeKThbl HU3yYeHHs aHAJUTHYECKOH reoMeTpuu —
NpsIMBle U KBAJPUKH Ha MJIOCKOCTH.

Pasymeercs, uaen aHaJUTHUECKOH reOMeTPHH BeldyT (M MPHUBEJH
mHorux MmatematHkoB XVII-XVIII crosmeTtnii) K cobnasHy onpene-
JSITb CaMy JIMHUIO Ha KOOPAMHATHOH MJIOCKOCTH KakK MHOXKECTBO TO-
4eK, KOOPAMHATBl KOTOPBEIX YIOBJIETBOPSIIOT HEKOTOPOMY YPaBHEHHIO
F(z,y) =0 ¢ ¢oyHkuueil F'(x,y) IOCTaTOYHO MPOU3BOJBHOTO BHIA.

N Hanpumep, 0Kpy>KHOCTb He MOXeT SIBJIATbCS TpaPKOM HHKaKoH (oaHO3HAU-
HOM) (DYHKLHH.
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[lonpo6yem BcTaTh Ha TOT MyTh W MOPAHTA3UPOBATH, KAKUM TaKHUM
3araJlouHbIM YCJIOBHSIM [OJI)KHA YIOBJETBOPSTH (PyHKUMsS F(z,y),
9TOOBI MOJyYalolirecss MHOXKECTBA TOYEK MOXKHO Oblo OBbI, B COOT-
BETCTBUM C Halllell MHTYWLHMEH, Ha3bIBATh JTUHUSIMHU.

flcHO, 4YTO HaAM XOo4yeTcsi UMeTb JeJOo C JHHHUAMU THUNa cJefa
KapaHjalia Ha 6ymare (MpoBeleHHBIMH Ge3 OTPbIBA, HEMPEPbIBHBIMU
HeJUKOM HWJIH, M0 KpaiHel Mepe, COCTOSIILIMMH W3 HENpPEepbIBHBIX
KyckoB). [losToMy mepBoe, YTO MPUXOIUT B TOJOBY — TOMPOCHTh
dynkumo F(z,y) ObTb HEmpephIBHOM. |

Bropoe, o yem Ham ciemnyeT mo3abOTHTbCA C TOUYKU 3pPeHUS
31paBOTO CMbIc/a, — ypaBHeHHe F'(z,y) = 0 DOMKHO HMeTh 3aBe-
noMo GecKOHeuHOe, W Ja)ke HecueTHOe, MHOXKECTBO pelleHHH, T.e.
GyHkuus F(z,y) HAOMKHA HMETb HeCUeTHOe MHOXKECTBO HYJeH Ha
MJI0CKOCTH. B camMoM nesie, TOCMOTPUM Ha CJenyiollie YpaBHEHHUS:

YpaBHeHMe Pemenne
2?2 +y?+1=0 [TycToe MHOXKecTBO
2?4+ =0 Touka (0, 0)
sin x + sin’ y=0 | Touku Buma (vk,mn), k,n€ Z

MHoxecTBa Touek, 3a7laBaeMbIX 3THMH ypaBHEHHSIMH, SI3bIK KakK-
TO caM co6ol He NMOBOpauYMBaeTCs HAa3BaTh JHUHUAMH.

Hakoner, TpeTbe pasymHoe TpeGoBaHHe Ha (yHkuuio F(x,y)
BBITEKAET W3 HAIEero »KeJaHHS MUMeTb HeJ0 C IJaBHBIMH TJIaJAKHUMH
JUHUAMH 6e3 U3/JI0MOB (HarmpuMep, ¢ JUHUAMH, Y KOTOPBIX B KaXKI0H
TOYKe MOYKHO MPOBECTH ONHY KacaTesbHY10). Mcmonb3ys BocromMuHa-
HHS U3 Kypca MaTeMaTH4eCKOro aHa/u3a O reOMeTPUYeCKOM CMBICIIe
TNPOM3BOJHOM, MONPOCUM OT QyHKUMH F'(z,y), Ha BCAKUEU caydai,
cpasy MHOro (3amac kapMmaH He TsiHeT!) — uTo0bl (pyHKUMs F'(z,Y)
OblIa TIafKoH, T.e. HMesa BCe (HeregbIBHbIe) YacTHBIE TIPOU3BOJ-
Hble CKOJIb YTOIHO BBICOKOTO MOPSIIKA. 2)

Tenepb, ¢ yueToM npHBeleHHBIX COOOpaKeHHH, BO3SHUKAET MblJ-
KOe »KeJlaHHe «Cpas3y JaTb ONpefeseHHe» — B3SITb U Ha3BaTb «IJal-

') Jlerko MOHATH, uTO ecaM He TPeGOBaTh HENPepHIBHOCTH (DYHKIMHU f(ac,yg,
10 ypaBHeHueM f(z,y) = 0 MoxHO 3anarh BooOlle swGoe MHOKecTBO A € R”.
ILnst aTOr0 moctatouHo B3sTh f(x,y) = 1 — xa, THE XA — Yapakmepucmuueckas
yHKyus MHOXKecTBa A, paBHas eJMHMIeE B TOUKAX MHOXKecTBa A M HyJMO —
B OCTaJIbHbIX TOYKaX IMJOCKOCTH.

%) 1o yxKe oueHb CHIbHOe TpeGoBanue Ha (yHkimio! Hamle mepsoHauanbHoe
TpeGoBaHNe HENPEPBIBHOCTH CTAHOBUTCSI Telepb HEHYKHBIM, NOCKOJbKY I/agKasi
(hyHKLHUS aBTOMAaTHUECKH HelpephiBHA.
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KO# JIMHHEH» BCSKOE MHOXKECTBO TOYEK, KOOPAHHATHI KOTOPBIX YIO-
BeTBOPsiIOT ypaBHeHuto F(x,y) =0, rne F(x,y) — rnaakas QpyHK-
IMsl IBYX MMepPeMeHHbIX C HeCUeTHbIM MHOXeCTBOM HyJed. MHbimu
crosamu, eciu F : R? — R — riagkas (yHKIES C HECUETHBIM
MHOKECTBOM HYyJIeH, TO «[JaaKod JHHHeH» XoTeJoCh Obl Ha3BaTh
MHOX€eCTBO

F1(0) = {(z.y) € R*|F(x,y) = 0}

— MOJIHBIHA Npoo6pas HyJs NMpu oToOpaxKeHUuu F.
Crnenyrouuil npyuMep — XOJOAHBIH MOXKIMK Ha HALy MbIIKYIO
TPBITh.

IIpumep 11.1. PaccmoTpum ¢pyHKILIHIO

1

2_,2

)
)

F(z,y) = el-= ecan 22 + % > 1,
0, ecn 2 + y2 < 1.

[paduxom ¢yHKuMM z = F(z,y) sBJAsieTCS MOBEPXHOCTb, KOTOpast
CUMMeTpPUYHa OTHOCHTeNbHO oc OZ 10 BCeM MepreHAUKY/ISPHbIM
K ocu OZ HanpaB/eHHsM. DTO CTaHeT COBEpLIEHHO MOHATHO, eCJH
Bbl yBUIHUTEe, uTO F'(x,y) 3aBUCHUT, 1O CYTH, TOJBKO OT BeJHUYHHBI

r? = 2 4+ y®. JleficTBUTeNLHO, AMS KaskKAOro paamyca 7 > | (yHK-
1

uus F(r,y) TpUHHUMaeT ONHO M TO »Ke 3HayeHHe el-* BO Bcex

Toukax okpyxHocTH 72 = 22 + ¢?, a Bce 3TM OKPYXKHOCTH JIeXKaT
Ha naockocTd XOY u uMeoT oOUUH LeHTP — Hadasjgo KOOpAHHAT.
Urobel Bo0OpasuTh cebe (hopMy 3TOH MOBEPXHOCTH, B3IJSHHUTE Ha
puc. 11.1. Ha aTom pucyHKe H3006paxkeHO OJHO M3 CeUeHHH MOBepX-
HOoCTH 7z = F(z,7) BepTHKaJbHOH MIOCKOCTBIO 1), mpoxonsmeii yepes
ocb OZ (Bce Takue BepTHUKA/bHble CeueHHs Halled MOBEPXHOCTH
BBITVIAAAT OAMHAKOBO!):

-1 0 1 z
Puc. 11.1

Tenepsb sicHO, 4TO MOBepxHOCTh z = F'(x,y) mpeacraBser coboi
«Ta3HWK» C IIJIOCKMM [HHIIEeM (eIMHWUYHBIA KpPyT), MPHUYEM CTEHKH

') Hanpumep, nockoctsio XOZ.
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Ta3uKa OueHb [JIaJKO MPUMBIKAIOT K €ro JHHUILY B TOYKAX €IHHHYHOMN
OKpPYKHOCTH. MOXKHO COBEpPIIEHHO CTPOTO MPOBEPUTH, YTO (PYHKIIHUS
F(x,y) — BCcropy raankas.

Ynpaxuenue 11.1. JlokaxkuTe C€aMOCTOSITENbHO, MOJb3YSCh
TOJBKO OIlpelesieHMeM YacTHBIX MPOMU3BOAHBIX, UTO (YHKLHS
F(x,y) — rnagkas B TOYKaxX €IMHUYHOH OKPYKHOCTH (B MecTe
MPUMBIKAHHUA CTEHOK K AHHILY TasHKa). )

Urak, B Hamem mnpumepe ¢yHkuus F(x,y) — HempepbiBHAs,
BCIONY [/IajKasi, HMeeT HeCueTHOe MHOXKECTBO HyJed W ypaBHeHHe
F(x,y) = 0 3anaer Ha minockoctd XOY enunnunbiél kpyr! Enunnu-
HBIH KpPYT, 10 HAllleMy pasyMeHHI0, — HHKaK He JIHHHs!

Ec/ii npuBefieHHBIH TPUMED SBJISI/ICS JIMIIb XOJOAHBIM 10K AHKOM
Ha HAlly MBJIKY MPBITh, TO CJAEAYIOUMHA HEOXKUAAHHBIH U (eHoMe-
HaJIbHbIH Pe3yJIbTaT, OTKPHIThIH aMepUKaHCKHM MaTeMaTHKOM YUTHH,
ecTh He UTO HHOE, KaK YCMUPSIOIIKH yaap ONbITHOrO GOKcepa.

Teopema 11.1 (Yurtuu). [Tycmo M C R?> — npoussonbHoe

3aMKHYmMoe MHOMIecmso mouek Ha naockocmu. Toeda cyuie-
cmeyem 6ciody enadkas gyuxyus F(x,y) : R? — R makas, umo
M = F~10).

Bot Ttak! OkasbiBaeTcst Ji060e 3aMKHYTOE MHOXKECTBO Ha MJIOC-
KOCTH MOXKHO 3ajaTb ypaBHeHueM Bupa F'(x,y) =0, rae F(z,y) —
mopxoAsiasi raankas GyHkuus. JJokasaTesbCTBO 3TOH 3aMedaTelib-
HOW TeOopeMbl, K COXKaJEeHHI0, BBIXOMUT 32 paMKU Halllero Kypca, of-
HAKO MPEeKPACHBIM yIpaKHeHUeM KaXKI0MY CTyIeHTY OyneT MOMbITKa
CaMOCTOSITEJIbHO €ro pazobpaTbh U MOHSATb — CIOCOOHOCTb CAMOCTO-
SITEJIbHO Pa3OUpaThCsl B CJAOXKHBIX TEKCTaX SIBJSETCS HEOTbEMJEMOM
COCTaBJISONIEH YacThio 00IeMaTeMAaTHYECKOM KYJIbTYPHI.

Ynpaxuenue 11.2. Paszbepute caMoCTOATENbHO [0Ka3aTesb-
CTBO TeopeMbl YUTHH (cM., Hampumep, M. M. IloctHukos. Jlekuu
no reomerpun. Cemectp 3. C. 16-21).

Mbl BUAMM, 4TO HALLK MOMBITKK ONpPeNeUTb JUHHIO Ha MJI0CKO-
CTH KaK MHOXeCTBO TOUeK, 3ajaBaeMbix ypaBHeHuem F(x,y) = 0,
HaTaJ/IKUBAIOTCSl Ha OlpeleJsIeHHble CJI0XKHOCTU. MBI OHKHMaeM, 4To,
KpoMe TJIaAKOCTH, Ha (PYHKUHIO F'(z,y) HYKHO HAaJOXKHUThb elle Ka-
kue-To ycaoBus. Ho kak e Mbl MOxkeM HX C(HOPMYJHPOBATh, €CJIH
He 3HaeM M0Ka CaMOro OCHOBHOT'0 — 4To Takoe JHHUsI! OueHb TPyAHO

1) Co6eTBeHHO, COMHEHHSI B IMIaaKOCTH ¢yHKUHH F ¥ BO3HHUKAIOT TOJBKO
B TOUKAX eIMHHYHOH OKDPYXKHOCTH. [mamkocTb (yHKUMHM F' B OCTaJbHBIX TOUKAX
miockoct XOY oueBuaHA.
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copMy/IMpoBaTh Kakue-To TpeGoBaHHs K ypaBHeHHI0 F'(x,y) = 0,
He 3Hasl, 4TO Mbl COOCTBEHHO XOTHM, MOCKOJBbKY TaK U He CPOPMYJH-
pOBaJ/IM 10 CUX MOP, KAKUM HOJKHO OBITh MHOXKECTBO €ro pelieHHH!

Mbl nonanu B CUTyalUMio, KOTLA MHe, KaK aBTOPY 3TOH KHUXKKH,
yKe 00Jbllle HEBO3MOXKHO TSIHYTb W 3aKpyuHMBaTb MHTpUry. HyxKHO
BOJIEBEIM YCHJIMEM TOCTYJIMPOBaTh omnpenesneHde JuHuu. Cirenyer
UMeTb B BHAY, UYTO B PasHBIX pasiesjax MaTeMaTHKH CYLIeCTBYIOT
pasHble ONpefeNeHHs JIMHUH, YIOBJETBOPSMOLIME HYKIaM TaHHOTO
pasmena. Pasymeercs, Bce 3TH omnpefeseHus: 6epyTcs He ¢ MOTOJMKA,
a ABJISIOTCS IJIOZIOM CEePbe3HOr0 U AJIMTEeJIbHOIO OCMBIC/EHHUs siBJle-
HUH OKpYyZKaIollero Mupa.

Hns vyxn nuddepeHInanbHOR reoMeTpuu OyeT oueHb ynoOHO
BCTaTb Ha TOUKY 3peHMs reHUabHOro gpanuysa Kamunnasa 2Kopnasa,
KOTOPBIH, OCHOBBIBAsICb HA MeXaHUYECKHUX MPEeACTABJCHUAX, NPELIO-
JKUJT IOHUMATh JIHHUIO KaK CJefl (TPaeKTOPHIO) IBHXKYLIEHCS TOUKH.
[Tockonbky Mbl aOCOJIIOTHO TOTOBBI NPUHSITH 3Ty TOUYKY 3PEHHUSl He
TOJIBKO HHTYUTHBHO, HO U TeXHHUYECKH (B CMBIC/E MpeaBapUTebHOH
MaTeMaTHYeCKOH TMOArOTOBKH), CPOPMYJUPYeM HaKOHEl OCHOBHOE
oIpefesieHHe 3TOro MyHKTa.

Onpenenenue 11.1. Jlunuei Ha naockocmu (eaadkoil scop-
darosoti aunueil) Ha3biBaeTcst 06pa3 () HEKOTOPOH I1aaKoH
KpuBoii av : I — R2.

Tosnbko He roBopuTe pazodapoBaHHO: «Py, 4TO TYT OBLIO CTO
jget aymats! Urto TyT reHuasbHoro?». IIpocToTa M SICHOCTH 3TOrO
OTpelieJieHHs] — ero IOCTOWHCTBO, a er0 eCTECTBEHHOCTb (Kak OyATo
OHO «CaMO COOOH pasyMeolleecsi») CTaja BO3MOXHA TOJNBKO MOCJe
(opMHpPOBaHHS B 4es0BeUeCKHX Mo3rax oOlieHay4dHOH KyJbTypbl —
a 3TO NPOLECC YYIOBUIIHO TPYAHBIH U IJIMTCS CTOJIETHSIMH.

3ameuanue 11.1. TpeGoBaHue ragkocTH KpUBOH «(t) B ompe-

JeJIeHUU JIMHHUW BBIMJIIOIUT MasO3HAYUMBIM M 3aHECEHHBIM
B omnpefesieHHe CAy4alHO, Kak Obl mo uHepuud peuyd. OmLHAKO OHO,
oka3eiBaeTcsi, uMeeT pernatoiee 3HadeHue! B 1890 r. nranbsHckui
maTteMatuk JIx.Ileano mopasus MaremMaTHyecKHH MHp, MOCTPOUB
nenpepolényro kpusyio o : [0, 1] — R?, o6pasoM KoTopoil BseTcs
envHUuHBIA KBaapar [0, 1] x [0, 1]. BrociencTBuu BEISICHUIOCH, UTO
He TOJMBKO KBajpaT, HO H JIOOBIe JIOKaJbHO CBS3HLIE MHOXKecTBa !
B €BKJINJ0BOM a()(MHHOM MPOCTPAHCTBE NMPOU3BOJBHON Pa3MEPHOCTH

1) MHOXeCTBO HA3BIBAETCS AOKAAGHO CEA3HBIM, €CIW KaxKias ero Touka 06-
JlaflaeT CKOJb YTFOAHO MaJIOH CBSI3HOH OKPECTHOCTbIO, COCTOSALIEH U3 TOYEK ITOro
MHO>KecTBa. OKpECTHOCTh Ha3blBaeTCsl CBA3HOU, €C/N ee HeJb3si pasbHUTb Ha 1Ba
NOJMHOXKECTBA, 3aMbIKaHUSI KOTOPBIX HE MePeCceKaroTCs.
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(Hanpumep, KyO, wwap, U jgaxke GeCKOHEYHOMEPHBIH MapaJl/esoTor
C KpacHBbIM Ha3BaHHEM <«THJbOEPTOB KHUPMHU»!) SBJASIOTCS Herpe-
PHIBHEIMH 06pasaMu oTpeska. !) OmHako GbLIO J0Ka3aHO, 4ToO s
2nadkux KpuBbX o : I — R? Takue ynuutesbHbe 3D(EKTH HEBO3-
MOXHBI. 2

Mexy NpouuM, NMpHUBeeHHOe 3aMevyaHHe — JIMIIHUE MOBOX 3a-
NyMaThCsi O «€CTECTBEHHOCTH» M «OUEBHIHOCTH» OTPENeeHHUsT KOp-
JIAHOBOH JIMHHH.

[TocMOTpHUM Temnepb, Kak MPeKpacHO YKJAABIBAIOTCS B KOPAAHOBO
orpelieieHHe JIMHUM HAIIH UHTYWTHBHBIE NPUMEPHI TJIaAKUX JHUHHUH,
TMOYepIHYyThle U3 KU3HEHHOTO OMbITA.

IIpumep 11.1 — rpadux pynakuun. [padux nuddepeHunpye-
MoH ¢yHKuMHM y = f(x) Bcerna siBasiercs JuHHeH. JleHCTBHUTeNBHO,
rpaduk ¢pyHkuuu y = f(z), T.e. muoxectso I' = {(x,y)|ly = f(x)},
OUEBHIHO sBJseTCs 00pa3oM, HampuMep, Takoid KpuBoH: «aft) =
= (¢, f(t)) — 2TO OOMH M3 MHOTHX BO3MOXKHBEIX CIIOCOOOB Mapamer-
pusauuu auHuu [. Mexny npouuM, kpusas a(t) = (t, f(t)) Bcerna
3aBeJIOMO peryJssipHa, Tak Kak (QyHKIHs f(x)_)anq)cpepeHquyeMa Ha
obnactu onpenesenust U &(t) = (1, f/(t)) # 0.

Ilpumep 11.2 — o6pa3 ypaBHenus F(r,y) = 0. Bompoc
0 TOM, KOraa y TIIafKol (QYHKUHM TOJHBIH [poobpas HyJs
F~10) = {(z,y) € R*|F(z,y) =0} siBaseTcss JuHuel, neficTBH-
TeqbHO HempocToil. JlocTaTouHble ycaoBus Toro, uto F~1(0) —
JIMHUS, [aeT W3BeCTHas TeopeMa «O HesiBHOH (yHKILHH» H3 Kypca
MaTeMaTHYeCKOr0 aHa/lu3a. IDTH [0CTATOUHblE YCJOBUSI BIIOJIHE
[OCTaTOYHbl (KajamGyp) [Jsi HYXKI Hallero Kypca TeoMeTpHH,
MO3TOMY 3/€Ch si TOJbKO C(OPMYJHPYIO B HAIIMX 0003HAUEHHSIX
TEOpeMy O HesiBHOH (DYHKUHH M fHajee B 3Ty MNpOGJEeMATHKY Mbl
yrayoasiThesl He Gynem.

Onpenenenue 11.2. [lycts F(x,y) — raankas ¢yHKuusi. Bek-
Top 3
grad F(zo, yo) = (Fx(x0,%0), Fy (%0, %0)),

') D10 wacTHBIH caydaii Tak HasbiBaeMoi TeopeMbl XaHa—Masypkesnua. OHa
CrpaBefJIMBa 1Ji51 NPOU3BOJNBHOTO METPH3YEeMOro JIOKAJbHO CBI3HOTO KOHTHHYyMa
(HemycTOro CBSI3HOTO OUKOMIAKTHOTO Xaycnop(oBa TOMOJOIMYECKOro MpOCTpPaH-
CTBa).

%) 310 crencTBHe Tak HasbBaeMoil TeopeMbl Capna. U3 Hee caieyer, 4To 06pa3
rafKoM KPUBOH UMeeT Mepy HY/b U He MOXKET MMeTb BHYTPEHHHX TOYEK.

%) He mory yiep:aThcst U XO4y CKA3aTh XOTS OBl B MOACTPOYHOM IPUMEUAHUH,
4TO rpaJMeHT, Ha CaMOM JieJie, sIBJISIETCS He BEKTOPOM, a KOBEKTOPOM, HO 00 3TOM
y Hac NOUAET peyb ropasio Nosxe.
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rae F, = 0F/0x, F,, = OF /0y, nHasbiBaetcs epaduenmom (QpyHKIHH
F(x,y) B Touke (g, yo).

Teopema 11.2 (o HessHoil dynkuuu). Iycms U C R? —
omxkpoimoe mHoxecmso, F : U — R — eﬂadrcaﬂ QyHKyu,

muoxcecmeo M = F~1(0) nenycmo u grad F # 0 60 scex mou-
kax muomcecmea M. Toeda drs awboi mouku p = (xg,yo) € M
cyujecmsyem okpecmuocms O(p) C R? makas, umo O(p) N M —
epaguk Hekomopoil eradkou Gyukuuu (aubo y = y(z), aubo

z = x(y)). ¢

Takum o6pasom, 4ToObl ypaBHeHue F'(z,y) = 0 3amaBano Ju-
HHMIO Ha IJIOCKOCTH, MAOCTATOYHO, 4TOOBl B TOYKAaX MHOXKECTBA
M = F~Y(0) rpaauent ¢yukuuu F 6b1 oTiMueH oT Hyas. Ilpu
5TOM, ecTecTBeHHO, JuHus M = F~1(0) asnsercs o6pasoM HeKoTo-
pOii peryaspHoit Kpuoit 1), Tak kak rpaduKu GyHKLIMH i = y(z) nan
x = x(y) ecTb 00pa3bl peryasipHbIX KpUBHIX (¢, (1)) nau (z(t),t).

3amayku U ynpaxKHeHHus

1. TlpumeHsis cmekanky, Hapucy#te Ha nyockoctd X OY cie-
LYIOIHe JIUHUH (Be3fe moppasyMeBaetcs, uto a > 0):

%

e a) 2° + y3 = 3axy (Oekapmos aucm);

6) y° = a2 (_a + :v) (cmpogpouda);
a—x

B) (22 4+ 9%)% — 2a%(2® — 9?) = 0 (nemnuckama Bepryaau);
r) z* +y* = 22 +9® (npocmo 3a6a6nas 3amkHymas AuHUA
uemsepmoeo nopaoka).

2. Myets F(z,y) = 22 + y2. Hapucyiite JII/II-II/II/I F(z,y)=C
mis 3HaueHudn C =1, C = 2, C = 4, = 25 (aunuu
yposus pyukuuu F(x,y)). HaI/II[I/ITe BeKTOpr grad F'(3,4),
grad F'(—2,0), grad F(1,1) 1 0T/I0KHTE HX OT T€X TOUEK, B KO-
TOPBIX OHHM BbluMcJeHbl. Kyna HampaBieH rpafHeHT (QYHKLHH
F(x,y) 1 4TO OH MOKa3bIBaeT?

1.

3. [yctb

F(z,y) = () | ecan 422 +32 > 12,
0, ecan 4z? 4+ 3y% < 12.

[TpoBepste, uto dyukuus F(x,y) — Bciony raankas. Hapucyfite
Ha niockoctd X OY muoxectso F~1(0).

') BO3MOMKHO — COBOKYMHOCTBIO 00Pa3oB HECKOMbKHX PeryMspHbIX KPHBBIX.
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12. Kacanue niaockux KpuBbix. Orubarouias

B 3TOM nyHKTe MBIl PacCMOTPHUM KJaCCHYeCKHMH BONPOC — UTO
3HAUUT, 4TO [Be KPUBble KacaloTcs?

BEIHYKZleH H3BMHHUTBHCS, UTO B 3TOM IyHKTe § JOBOJIBHO 4a-
cTo Oyny HONyCKaTb BOJBHOCTb PeYd W HasblBaTb KPHUBYIO JIMHHEH,
a JUHHI0 — KpuBOH. [Ipn 3TOM 4, KOHEUHO, MOMHIO, YTO KpPHUBAs —
3TO OTOOpaKeHHe, a JUHUS — o0Opa3 0ToOpaxKeHHs, HO OrOBOPKH
tHna «IuHus «t)» unan «kpusas F(x,y) = 0» OyayT mpocKasb3bl-
BaTb J0BOJIbHO YacTo. Hanpumep, B npepyoxkeHud «H4To 3HAUUT, 4TO
IBe KPUBBIE KacaloTCs?» HYKHO OBIIO Obl BMECTO CJIOBA «KPHUBBIE»
YyNOTPeOUTb CJI0BO «JMHHUH», HO 51 BEPIO, YTO MOAOOHbIE OMJIOLIHOCTH
HHMKOTO B JaJsibHellleM He BBeAyT B 3a0/1y>KIeHHe.

Haunem ¢ cucremaTusauuu ypaBHEHHH KacaTesJbHOH MpPSIMOH
K JIMHUSIM, 3a[laHHBIM Ha MJOCKOCTH PasJIMUHBIMH CIIO0COOaMH.

ITepeouii cnocob. Jlunus — o06pa3 TIagKoH peryssipHOH KpH-
Boit «v: I — R?, 3ajaHHOi cBoeil ABHOH mapameTpusauueil a(t) =
= Yx(t),y(t)). Torna &(t) = (i(t),y(t)) — HanpaBJAOWHKHA BEKTOP
KacaTe/bHOH NPSIMOH U ypaBHeHHe KacaTe/JbHOH B MOMEHT t( BbIIVIS-
IMT TaK:

p(u) = a(to) + udi(to).

3nech p(u) = p(x(u),y(u)) — Touxka adduuHOrO MpocTpaHcTBa R2,
a(tp) — HauajabHasg TouykKa TNpsMoH (Touka KacaHus), u € R —
napamerp. B mapamerpryeckom BHIe 3TO ypaBHEHHE BHILJISAHT Tak:

xr = x(t r(t r(t
{ (to) +uil(to) (33):(1‘0)_'_“(3?(0)),
y = y(to) + uy(to) Yy Yo y(to)
HpI/I‘-IeM BTOpaH 3alllcChb 60ﬂee HpeﬂHO‘-ITI/ITeJIbHa B CI/IJIy Halllux nO0-

rOBOpPEeHHOCTEH 0 BeKTOpaX (KoTopble — cToJOLbI!) U 00 onepauuu
OTKJIa[IbIBaHUS BEKTOPA OT TOYKH B apPUHHOM MPOCTPAHCTBE.

Bmopoii cnocob6. Jlvunus — rpaduk raaakoid GyHkuunu y = f(x),
T.e. ob6pas kpuBod «ft) = (¢, f(t)). Torma a(ty) = (1, f'(tg)) —
HampaBJsIOLIMHA BEKTOP KacaTesbHOH K rpauky B Touke (xq, f(xo))
¥ MapamMeTpuuecKHe ypaBHEHHs KacaTe/JbHOH BBIMISAAT Tak:

r=x0+ U,
y = yo +uf’(xo).

[Toce ucCKIIOUEHHS rnapameTpa u € R Bce craHoBUTCS coBCeM YK

3HAKOMBIM:
y = f(x0) + f'(z0)(x — x0).
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Tpemuii cnoco6. Jlunus 3anaHa Kak obpas ypaBHenus F'(z,y) =
=0, roe F(x,y) — rmaakasi GyHKIUHsI, TPAAHEHT KOTOPOH OTJUYEH OT
Hy/Js B TouKaxX MHoxkectBa F'~!(0). BosbMeM TPOHM3BOMBLHYIO TOYKY
(z0,90) € F~1(0). Torna, no Teopeme 0 HesBHOH (QYHKIMH, B HEKO-
TOPOH OKPECTHOCTH TOYKH (Xq,yo) HAlla JHUHHS SIBJsEeTCs 006pa3om
KakoH-To KpuBo# «(t) = (x(t),y(t)), npuuem a(ty) = (zo, yo)-

Pasymeercsi, KoopiHHATBHl TOueK KpUBOH «(t) (a B mpenesax
paccMaTpUBaeMOM OKDECTHOCTH — U TOJBKO 3THX Todek!) yno-
BJIETBOPSIIOT ypaBHeHMIO F'(z,y) = 0. 3HauuT, HAIMLO TOXKAECTBO:
F(a(t)) =0, 1.e. F(x(t),y(t)) =0.

B snurpage 3Toll KHHXKKH cKazaHo: «Buguiup TOXKHEeCTBO —
nuddepennupyit!s. [Tocnenyem xoporiemy coBeTy (U, 3a01HO, BCIIOM-
HUM TIpaBuJia TUPGEPeHIIUPOBAHHUS):

F,-2+F,-y=0.
B Hamux 0603HaueHHUsIX MOC/EHee TOXKIECTBO 3alHUCHIBAETCS
TaK: )
(grad F(a(t)),a(t)) =0
— CKaJIsipHOe NpoH3BeieHHe BekTopa grad F' Ha KacaTeJsbHbIH BEKTOP
& (t) ToKIECTBEHHO paBHO Hys0! TO 03HAYAET, YTO TPaJHEHT BCeraa
(B /06O MOMEHT ) NepreHAHKYJsIpeH KacaTeJbHOMY BEKTODY H,

CTaJso ObITh, SIBJSIETCS HAMPABJ/SIOUIMM BEKTOPOM HOPMAAL K KPUBOU
a(t) V). Bor puc. 12.1, mpeKpacHoO MIMIOCTPUPYIOLIHUI CHTYALHIO:

grad F a(ty)

F(Z‘:y)zo

Puc. 12.1

Tenepb, ucnonb3ysi CBeLeHHUs], NOJYUEHHBIE B Kypce aHAJUTHUe-
CKOFl IeOMeTPHH, MCHOBEHHO MHIIEM ypaBHEHHe KacaTesJbHOH K JIH-
Huu F(z,y) = 0 B Touke (z0,¥op):

Fi(20,v0) - (. — o) + Fy(20,y0) - (¥ — yo) =0,

') 10 usBecTHBII (akT M3 Kypca MaTeMaTHUeCKOro aHanM3a — TpajMeHT
¢yukuun F(z,y) Bcerna MepneHAHKYASPEH K JUHUH ypoBHS QyHKUUU F(z,y) n
HalpaBsJIeH B CTOPOHY Bospacranust F'(z,y).
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¥ ypaBHEHHEe HOPMaJH B TOUKe (T, Yyp):

—Fy(20,y0) - (x — z0) + Fu(20,y0) - (¥ — y0) = 0.
DTH ypaBHEHHSs! YIOOHBI TE€M, UTO [JIs KX HATIMCAHHUS HE HYXKHO OTBIC-
KHBaTb SIBHYIO MapaMeTpU3al{io TOH caMod KpuBOH «(t), o6pa3om
KOTOpO# sBaserca aunus F~1(0).

Onpenenenue 12.1. [oBopsT, 4TO ABe JUHUU KACQHOMCS B HEKO-
TOPOH TOUKe, ec/JM OHH HMelOT B 3TOH To4Ke OOILYI0 KacaTesbHYI0
NpsIMYIO0.

Pasymeercst, 4To Kacarolilecs JMHUH MepeceKaloTes B TOH TOUKe,
IJle y HAX UMeeTcs o0mast KacaTesbHasi. Jlonyckas H3BeCTHYIO BOJb-
HOCTb peuH, OyleM TOBOPHUTb, 4TO KpuBble «(t) WU [(6) KacawoTcs,
ec/i 1/ HeKOTOPbIX 3HA4YeHHH MapaMeTpoB o, fp BBIONHEHB! [1Ba
YCJIOBHS:

1) a(to) = B(6p) — 3TH «KpHBbIe NepeceKalTcs»,

2) &(to)||B(0y) — xacaresnbHble BEKTOPBI 3THX KPHBBIX B TOUKE
nepecevyeHHs KOJJIHHEapHBI.

CdopmynupyeM yc/i0BHe KacaHHs ABYX JHHHE Ha MJIOCKOCTH 1JIs1
cayuasi, KOTla OfHA JIMHHS 3alaHa Kak o0pa3 ypaBHenus F(z,y) =
= 0, a BTOpas JMHUSA 3a/laHa KaK 00pa3 HEKOTOPOH KPHUBOH «(t).

Jlemma 12.1 (ycnoBue kacauusi). Kpusovie ot) u F(x,y) =0
kacaromces 8 mouke a(ty) = (xg, yo) mozda u moavko moeoa,
kozda F(a(tyg)) = F(xo,y0) =0 u

(grad F'(z0,yo), &(to)) = 0.
Bot usanoctpupytowus puc. 12.2.

grad F(zg, yp)

Puc. 12.2

fl mpomry Bac caMoCTOSITeNIBHO NMPOrOBOPUTh BCJIYX JAOKa3aTesib-
CTBO 3TOH OYEBHAHOH JeMMBI, BOAs MO puc.12.2 ykasarejbHbIM
naJbLeM.
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[lofinem nanbiue. [IpencraBbTe cebe ABe Kacarollinecss OKPYKHO-
ctu. OHH, BoOOIIle TOBOPS, MOTYT OBITh PAa3HBIX PAJMYCOB, KacaThCs
Ju60 BHEIIHUM, MO0 BHYTPEHHUM 00pa3oM — 3TO HeBaxkHO. BaxHo
TO, UTO IBE OKPYXKHOCTH, B 3aBUCHUMOCTH OT pacloJjoXKeHUs U Be-
JIMYUHBl PAJUyCOB, MOTYT KakK AOBOJBHO CHUJBbHO OT/JIMYATbCS, TaK
U BecbMa MOXOAWUTb APYT HA APyra B OKPECTHOCTHU TOUKU KacaHHsl.
Ha puc. 12.3 u3o6pakeHbl Be TNapbl KacalolIUXCS OKPYKHOCTEH,
NpyUYeM paauychl BHEIIHUX OKPYKHOCTeH ONMHAKOBbI, a BHYTpPEH-
HUX — PasJIUYHBL

Puc. 12.3

PasHuua B mnoBeleHWH JHHHH (OKPYXKHOCTeH) B OKPECTHOCTH
TOUKHM KacaHWUs BHIHA KaK HEBOOPYXKEHHBIM, TaK H BOODPYKEHHBIM
T71a30M, XOTsl Y 9THX OKPY?KHOCTeH B TOUKe KacaHHs ofHa obIas Ka-
caTesbHas npsimasi. M3 Kypca MaTeMaTM4ecKOro aHa/ju3a H3BECTHO,
4TO BECbMa TOHKO «CIOCOObI NPHKOCHOBEHHS» IBYX JHMHHH Ha MJOC-
KOCTH OITMCBIBAIOTCS TMOHSATHEM «KacaHWe k-ro mopsinka». JlaBaiite
BCIIOMHHUM 3TO KJIaCCHUeCKoe MOHSATHE.

IlycTh MMeeTcs Kakasi-To rmagkas Kpubas « : I — R2, a(t) =
= (x(t),y(t)) u xpusas F(x,y) =0 (1.e. tuaus F~1(0)). Paccmor-
pUM BCIIOMOTATeJNbHYI0 (PYHKIHIO:

Tenepb BHHMaTesnbHO MISAMM Ha puc. 12.2 W cocpemoTOUeHHO pac-
CYXKIaeM.

1. Ecau npu HeKOoTOpOM 3HaueHUH napametpa tg € I okaxkercs
BBIIIOJIHEHHBIM yc/IoBHe f(to) = 0, TO HallKM KpHBbIE MepeceKaiTcs.
JeticTBuTesibHO, paBeHCTBO f(typ) = 0 o3Hauaet, uTo Touka «(ty) =
= (z0,Yyo) C MepBOH KPUBOH MOAXOAUT B ypaBHeHue F'(xz,y) =0, T.e.
JIE?XKUT Ha BTOPOU KPHUBOH.

2. Ecau mpu ToM ke camoM tog € I oKasblBaeTcsi BbIOJHEHHBIM
B106aBoK ere U yciosue f'(tg) =0, To B TOUKe MepecedyeHust HaIIH
KpHUBble KacawTcs. JleHCcTBUTEBHO:

f'(to) = Fy - & + F, -y = (grad F (o, yo), &(to)) = 0,
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a 3TO U eCTb YCJOBHe KacaHHUsl IBYX KPHUBBIX, C(OPMYJHPOBaHHOE
ceMblo a63alamMu BbIle B BUJe JeMMbl. MOXKHO CKa3aTb, 4TO B 3TOM
ciyyae, BEKTOPbl CKOPOCTEH NBYX HALIMX KPUBBIX KOJJHHEAPHBI.

3. Ecan npu atom ke camoM ty € I, B10OaBOK K MepPBBIM IBYyM
YCJIOBHSIM, OKa3blBaeTcst BhiMosiHeHO eme U yciosue f”(tg) =0, To,
KaK HeTPyIHO MOHSATh, B TOUKE MepeceyeHHs] OKA3bIBAIOTCS KOJJIH-
HeapHbl He TOJbKO BEKTOPBI CKOPOCTH NAHHBIX KPHUBBIX, HO U CTaHO-
BSITCSl ONMHAKOBBIMH BEKTOPBI UX LIEHTPOCTPEMHUTENBHBIX YCKOPEHUH.
C MexaHMYeCKOH TOYKH 3peHHs 3TO O3HAuaeT, UTO PafHUyChl MOBO-
poTa TOYEK MPH IBHKEHWH 110 CBOUM TPAEKTOPHSIM OAMHAKOBBI, TO
eCTb KpPHBble B OKPECTHOCTH TOYKHU TlepecedeHHs BBITVIAAT COBCEM
«IIOX0XKe» YT Ha JApyra.

[IprBeneHHbIe 3Tanbl HAO/IOIEHHS 32 BCIIOMOraTebHOH (DyHKLH-
eil f(t) McTopHuecKH BbI3BAJM K KH3HU Cjefyiollee (Temepb yxe
KJIaCCHUYECKOe) OTpefie/IeHHe.

Onpenenenue 12.2. Kpusas «(t) B MoMmeHT to € I uMmeer
¢ nunnelt F~1(0) xacanue nopadka k, eciu nas GyHKuuu
f(t) = F(«a(t)) BbIMONHEHB! YCJIOBHUS:

0. f(to) =0.
1. f'(to) =0.
2. 1" (to) =0.
3. 1" (to) = 0.

k. f®)(ty) = 0.
k4 1. fEFD(tg) #0.

Mexny npouuM, ¢yHKuM f(t) = F(c(t)) MOXKHO TpaKTOBaTb
elle U Kak «Mepy OT/IHUMs» TOUYeK KPUBOH «(f) OT TOuek JHHHH
F~1(0) (Tosicuenue: ecan f(t) = F(a(t)) = 0, To Touka at) «mmom-
XomuT» B ypaBHeHHe F(x,y) =0; a ecan f(t) = F(a(t)) = C # 0,
10 uucao C' — CcBOeoOpas3HbIH MOKas3aTesb, Ha CKOJbKO TOYKa «(t)
«He TIOAXONUT» B ypaBHeHHe F'(x,y) = 0).

[IpuBeneHHOe ompesiesieHHe TOBOPUT HaM, UTO B Cjydyae KacaHHs
k-ro mopsinka «BenuumHa passuuus> f(t) = F(a(t)) ectb Gecko-
HeuHo Masias k-ro mopsaaxa: f(t) = o((t — to)*). fcHo, uTo uwem
BBIILIE TOPSIIOK KacaHWsl, TeM MEHbIle OKa3blBAeTCsl Ta «BeJHYMHA
pas/nuMs» KacalollUXcs KPHUBbIX, a TOUKH KPUBOH (), B3siThle M3
okpectHOCcTH O(a(tg)), «ToUTH MOAXOAAT» B ypaBHeHue F(x,y) = 0.
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MHorouurcieHHbIe 3aadyud Mpo KOHCTPYKUHUIO KaCaHHs k-ro mo-
psAaKa Bbl, HalelOCb, C yCIIeXOM IopelraeTe Ha MPAKTUYECKHUX 3aHf-
tusix. Celyac s HaIOMHIO TOJIBKO KJACCHUECKHE Ha3BaHUA, OYEHb
BaKHble I/ JaJbHeHIlIero U3JoxKeHHus.

Onpenenenne 12.3. OKpyKHOCTb, KMeIOIIasi B HEKOTOPOH TOUYKE
a(tp) ¢ kKpuBOH «(t) MOPSIIOK KAacaHHUsI He HUKE BTOPOTO, Ha3blBaeTCs
conpukacaroweiics. Pagiyc comnprkacalieiicsi OKpy»KHOCTH Ha3bl-
BaeTCsl paduycom Kpusu3Hol Kpusoil B Touke kacauusi a(tg). Llentp
COMpPHKACAIOLIEHCS OKPYKHOCTH HA3bIBAETCS UEHMPOM KPUBLIHbL
KPUBO# B Touke «(tp).

B oKkpecTHOCTHM TOUKHM KacaHHs CONPHUKACaloLlasics OKPYKHOCTb
OueHb «I0X0XKa» Ha caMy KpuBylo. CoNpHKacaioLlascs OKPYyKHOCThb
B OKPECTHOCTH TOYKH KacaHHUsi GoJibllle APYTHX OKPYKHOCTeH «Ha-
TIOMHHaeT» KPUBYIO, KOTOPOH Kacaercs (cM. puc. 12.4).

Kacaromascs
OKDY/KHOCTb Comnpukacaroniascs
OKPYXKHOCTB | N ‘ .
Puc. 12.4

Bosbiias npoce6a — oTHecHTeCh yBaXKMTEJNBbHO U XOPOLLIEHbKO
3alOMHHTE 3TH TNpocThle (Kaszasnoch Obll) reoMeTpuyecKkue MOHSATHS:
CONpHUKacalolleNcsl OKPYKHOCTH, LieHTpa U paiuyca KpUBHU3HBI KpH-
Bod. UyTb mo3ke Mbl 00s13aTe/IbHO BEPHEMCS K 3THM MOHSATHSIM —
OHM OKa3aJ/iM Pa3BUTHIO eCTeCTBO3HAHHUS HeOLeHUMYIo ycayry. Cmero
BAaC 3aBepUTb — eBpoONeHcKas LUUBUJAM3aLUS 00g3aHa 3THUM TMOHS-
THUSIM MHOTHMM CBOMMH JOCTHXKeHHsIMH. HekoTopele Takue 00CTH-
JKeHUH OYAyT YNOMSIHYTBHl B HalleH KHHXKKe, a Mbl cedyac moiaem
JaJjblle.

JlaBailiTe BCIOMHMM ellle OfIHO BaKHOe MOHSITHe, UMelolllee Helo-
CpeNCTBEHHOE OTHOLIeHHe K TeMe «KacaHWe JHUHHH». BeposTHO, BBl
y2Ke TI03HaKOMHUJIUCh C 9TUM MOHATHEM B Kypce AH(QepeHIHa bHbIX
ypaBHEHUH, KOTZla paccMaTpUBa/M TaK Ha3blBaeMble «0COOble pellle-
HUS».
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Onpenenenue. [lycTh Ha MIOCKOCTH 3a1aHO CEMEHCTBO JIMHUH

Cy, tne t € I C R — napamerp (T.e. ans kaxjoro t € [ —
cBosi iuHus). JluHus L HaswBaeTcs oeubaroujell ceMeHcTBa JIMHUN
Cy, ecau B Ka)KI0# cBoeH Touke JIMHHUS L KacaeTcs OJHOH U3 JUHUH
cemeiictaa Cf.

Bot puc. 12.5, uI0CTpUPYIOLIMH 3TO ONpeaeseHue:

Orubaromias L

CewmetictBo C;

Puc. 12.5

Ha stom pucyHke squHuH cemeiicTBa C; BecbMa ynauHo (M 10-
BOJIbHO TIPUXOTJIUBO!) pacrosiararoTcsi Ha MJIOCKOCTH TakK, YTO OKA3bl-
BaeTCsl BO3MOXKHBIM MIPOBECTH OTHOAIONLYIO, T. €. KpUBYI0 L, KoTopas
KacaeTcs KaxJ1ou nuHun ceMeiictsa C;. Ha nepBbifl Baraisia Kaxercs,
4TO CTOJIb YHOOHOE PAacrnoJjioyKeHHe JIUHUH B ceMeHCcTBaX Clydaercs
He 4acTo M MO3TOMYy orubamlias — JA0BOJbHO penkoe siBJeHHe,
Tpebyollee 175 CBOEr0 BO3HUKHOBEHHsI PEIKOr0 M YAaYHOTO CTeye-
HUs obcTosiTesbeTB. OfHAKO c/efylollee MpocToe HabJjiofeHHe T10-
Ka3blBaeT, UTO BOTPEKH KaxKylleHcs IPUYYANUBOCTH, orubaiomas —
OYeHb paclpocTpaHeHHOe SBJEHHe.

HaG6aionenne 12.1. Bceskas peryssipHass KpuBasi sIBJseTCs
orubarmllel ceMelcTBa CBOMX KacaTeJbHbIX MPSMBIX.

EcTtecTBeHHBIH BOMPOC — KaK HCKATb OrMOAIoILYIo0, €CIU 3a[aHo
cemericTBo auHuM C}? JlanuM OTBET Ha ITOT BOMPOC IJS JOBOJBHO
TUIHUYHOTO CJIydasl, KOraa ceMeicTBO MuHUE Cy 3afaeTcs ypaBHEHHU-
em Bupa F'(z,y,t) =0, roe x, y — Tekyllle KOOPAUHATH TOUKH Ha
aunaun Cy, t — napametp. Pasymeercs, uto MY KaXKJOM 3HauYeHHH
napameTtpa ¢ BbinosHeHo grad F' = (Fy, Fy) # 0.

Bynewm nckartb orubaroiiyio £ cemeiictBa Cyp Kak 00pas HEKOTOPO#H
KpuBo# «(t) = (z(t),y(t)). BeiuBuraem sicHoe TpeGoBaHHe — mpH
Ka)K[IOM 3HaueHHH mapametpa t Todyka a(t) ¢ orubatwouiei L JexHuT
Ha cooTBeTcTBYyIOlIeH KpuBoH Cy. DT0O TpeGoBaHHe O3HAUYAET, YTO

F(x(t),y(t),t) = 0.
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«Bupnb ToxknectBo — augdepeHIupyi!s:
F,-2+F,-y+F =0.

[Tockonbky £ — orubaroiiasi, B KaKIbli MOMeHT ¢ KpuBasi a(t)
Kacaetcsi suHuu Cy. YeaoBue Kacauus auHuil F(x,y,t) =0 u a(t)
M3BECTHO:

(grad F,a(t)) =F,-¢+ F,-y=0.

M3 sToro ycnoBus kacanus M toxaectsa Iy -& 4+ Fy-y+ F; =0
noJiyyaeTtcsi, 4To

Fy(x,y,t) =0.

Takum 006pa3om, BO3HUKAeT CHCTeMa M3 IBYyX YCJOBH:
F(z,y,t) =0,
Fy(z,y,t) =0.

MHoxkecTBO To4ek (x,y), YHOBJETBOPSIOUIMX 3TOH CHCTEMe, Ha3bl-
BaeTcst OUCKpumuranmoti (W OUCKPUMUHAHMHbILM MHONCECMBOM)
cemeiictea (. JIHMCKPUMHHAHTY
MOXKHO HaWTH, HalpuUMep, HUCKJIIO-
YUB K3 MOJYUYEHHOH CHUCTEMBI Ma-
pameTp ¢ WJAM BBIPA3UB SABHO
U3 JaHHOW CHUCTEMBI NepeMeHHbIe
x=ua(t) ny=uy(t). JuCKprMHUHAHTA
Hamu npepbinyiue paccyx-
IeHUs TOKa3blBAIOT, 4TO oruda-
oias JuHusg L CONepKHUTCH B Puc. 12.6
nuckpuMuHante. OnHAKO M3BeCT-
HO, UTO JAUCKPUMHUHAHTA MOXET COAepKaThb HEe TOJIbKO TOUKH OTHba-
IOleH, HO ¥ Pa3HOro pofia «0cobble» TOUKH KpHUBHIX ceMelcTBa C}y —
TOUKH caMolepeceyeHHusl, TOUKK BO3BpaTa, TOYKH MPHUKOCHOBEHUS U
T.1. (cM. puc. 12.6).
JocTaTouHble yclOoBUSI TOTO, UTO AUCKPHUMHUHAHTA BCe-TaKH fiB-
JisgeTcs orudarolleil, naet ciaenyrollee

Cewmeiicto C;

Ipennomxkenue. [Tycmv 8 moukax peuleHus cucmemol

F(z,y,t) =0,
Ft(x’y’t) = 0

npoussodnoie I, u F, oepanuuero. u Xomo 00HQ U3 HUX OMAUUHA
om wyas. Toeda ama cucmema onpedessem moAbKO 02UbOAOULYTO.
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JokasateabctBo. [1ycTs, Hanpumep, F(z(t), y(t),t) # 0. dud-
(pepenuupyem 1o ¢ nepBoe ypaBHeHHe cHCTeMbl: Fj - + F, X
x g+ Fy = 0. B cuny Broporo ypaBHenus F; = 0, cjienoBaTesibHO,
noJiyyaeTcst ycJloBHe KacaHWs JUHUH cemeiictBa F(x,y,t) =0 u
KpUBOH «(t):

Fp-&+ F,-y=(grad F,&(t)) = 0. ¢

3amayky U ynpaxKHeHHs

>

1. Hanumure ypaBHeHHe KacaTebHOW K LMKJIOWAE B TPOHU3-
BOJIbHOU TouKe. OOBbSCHUTE, MT0YeMY TPsi3b C JOPOTU HeH30exKHO
ronajfaeT Ha CIMHY BEJOCHIIEAUCTY, AayKe ecJM 3aHee KOJeco
BeJIOCHIIEeNa MPUKPHITO LIUTKOM.

2. Hanuiurte ypaBHeHHs1 KacaTe/IbHOH W HOPMaJ/H K JIMHHSIM:
a) a(t) = Yacost,bsint) B Touke to = 7/3;

6) y = tgx B Touke x0 = 7/4;
B) 2% 4+ 4> = 3xy B Touke A(3/2,3/2);
r) p = 2a.cos B TouKe po = /4.

3. B kakoil Touke KacatesbHas K napabose y = z° — 6z + 5
nepreHIUKyaspHa npsMoil © — 2y + 8 = 0?

4. 3anaua-meperneBouyka (yHZaMeHTaJbHOro (hakta MHUpPO3Za-
HUst U3 1. 5. JloKaxKnTe, 4TO €CJH BCe HOPMAJH IJIOCKOH JHHHH
MPOXONSAT uYepe3 (PUKCHPOBAHHYIO TOUKY, TO 3Ta JIHHHUS €CTb
OKDPY2KHOCTb HJIH ee 4acTb. OG0OLIHTE 3TO YTBep:KAeHHE MJIs
KpuBbIX B R™.

5. [Nox KakuM yryioM mepecekarTCs JHUHUH:
o _ -6 2 2 8 2 .3 9 _ )
a)y=sinz uy=-cosx;, 0)z*+y=8xuy =ux°/(2—x)"
6. JlokaxkuTe, UTO TaHreHC yrya p, 0OPa30BAHHOTO KacaTesb-
HOH K JIMHHM p = p(p) C pagHyc-BEeKTOPOM, [POBEIEHHBIM B
TOUKY KacaHusi, 3amaetcs Gpopmysoh tgp = . [IpoBepsbre,

i dp/dp
4TO 3TOT YroJ p y jJorapupmudeckoit cnupanu p = Ca?, a > 0,
NMOCTOSSHHBIN. JloKa)KuTe, 9YTO 3TUM CBOHCTBOM MOTYT 00JIafaTh
TOJIBKO TIPSIMble, OKPY?KHOCTH U Jiorapu(MHUUeCKHe CIIHpPaJIH.

7. Haiiaute nopsmok KacaHusi JHHME y = sinz ¥ y = o' —

— %x3 -+ 2 B HauaJje KOOpIAHUHAT.

8. Hafinure ypaBHeHHe OKDY:KHOCTH, UMelOlled ¢ nmapa6osion
y = 2’ B Hayajle KOOPAMHAT KacaHHe HaHOOJbIIero NopsaKa.

9. Haligure ypaBHeHHe mapaboJibl, UMelollel ¢ JUHUEH Yy =
= Inz HauGosbKi nopsiioK KacaHus B Touke A(1,0).

10. Haiinure mHorous1eH y = ag + a & + ... + a,x™, UMeni
¢ aunuedl y = f(z) B Touke A(O, f(0)) KacaHue n-ro mnopsiaxa.
CrhenafiTe U3 3TOH 3a1a4M NPaBUJIbHbBIH BBIBOL.
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11. Haiinure orubaroumyro cemeidcTBa NPsIMBIX, Ha KOTOPBIX
JIEXKUT JIECTHHULA [IOCTOSIHHON JJIMHBL @, €CJIH ee KOHLbl CKOJIb3SIT
0 OCSIM NPSMOYTOJbHOH CUCTEMbl KOOPIUHAT.

12. Tlpsimast BpamiaeTcsi ¢ MOCTOSIHHOH YIJIOBOH CKOPOCTBIO
BOKPYT TOYKH, PaBHOMEPHO ABMIKYILEHCS 10 BTOPOH MpPSMOH.
Haiinure orubatoiiyio 3Toro cemeicTBa npsiMbiX.

13. Haiinute orubarwliyio ceMeHUCTBA OKPYXKHOCTeH, MOCTPO-
eHHBIX, KaK Ha nMameTpax, Ha xopaax mapaboawm y> = 2az,
TNeprIeHIUKYISAPHBIX K €€ OCH.

14. Haiinure orubarouiyto cemeiicTBa HopMaJsield K KPpUBOH
a(t) = (a(cost + tsint), a(sint — t cost)).

15. Ha sepkaJo, umewllee (popMy MONYOKPYKHOCTH, Tagaer

My4yoK MNapaJsjesnpHBIX Jydel cBera. Ha#inure orubaromiyio ce-
MeHCTBa oTpa)KeHHbIX Jydeld. (Kaycmuka.)
16. JlokaxkuTe, 4TO CEMEHCTBO JIMHHE, OPTOTOHAJBHBIX K JIH-
HUsIM ceMelicTBa F'(x,y) = C, eCTb CeMeHCTBO HMHTerpasbHbIX
x dy
OF/0x  OF/0y’

KPHUBBIX IH((PepeHINaNbHOr0 yPaBHeHHS

13. Penep ®PpeHe MI0CKON KPUBOUA €IUHUYHOU CKOPOCTH

B cepenvne neBsitHamuaroro Beka PpaHuus nana MUPY Lesbld
psill 3aMevaTesbHBIX yUeHbIX, paboTaBLUIMX B PasHbIX 00/1aCTAX Hay-
KA. OT COPOKOBBIX JI0 LIECTUIECATBIX FOLOB BeAYLIMM MaTeMaTHKOM
®panunn 6bl1 2Kosed JIuyBusabp — npeKpacHb yueHBIH, Mperno-
JaBatesib U opraHusarop. B kpyry npodeccopa Jlnysunans padorasno
MHOTO 3aMeyaTe/ibHbIX MaTeMaTHKOB, B TOM 4YHCJ/e U Tepod HacTo-
suero nyHkra — 2Kan Ppenepuk Ppene (1816-1900) u 2Kozed
Anbdpen Ceppe (1819-1885). OHu siBAAOTCS aBTOpaMH, MOXKanyi,
OJTHOTO M3 OCHOBHBIX M 4acTO NMPUMEeHSeMbIX NOHATHH AH(depeHIH-
aJbHOU TeOMEeTPUH KPHUBBIX — MOHATHS MOIBHKHOTO perepa BHOJb
KPUBOW U «ypaBHEHHWH NBHXKEHHS» 3TOTO perepa.

PaccMOTpPUM MPOM3BOMLHYIO PeryaspHyio kpusyio oft) : I — R2
(cMm. puc. 13.1).

OT Ka)K10H TOUKHU KPUBOH x(t) MOXKHO OTJIO?KUTb JBa BEKTOpa —
eOunuunbLl 6exmop xKacameavroli T (t) (0603HaueHHe T OT JaTHH-
cKoro tangential — «kacaTeJbHBIN») U e0UHUUHbLL BEKMOP HOPMAAL

1) dpene otkpbin «ypasHenus Ppene» B 1847 r. Hesasucumo ot Hero, Ceppe
OTKPBI 3TH (opmyssl B 1851 r., Ho mevaTHe# BapuaHT padoTbl PpeHe BbiLes
Tosbko B 1852 r. Cefiuac TPyQHO yCTAHOBHTb, KTO M3 HHUX peaslbHO ObLI MePBBIM
B 9TOM BOIIPOCE, 1a ¥ BONPOCH NPUOPHUTETA BHIMJISASAT COBEPLIEHHO HHUUYTOXKHO IO
CPaBHEHHIO CO 3HAUMMOCTBIO CAMOI0 OTKPBITHSI.
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a(t)

u(t) (1)

Puc. 13.1

V' (t) (normal) x xpusoii a(t). Ctporo rosops, 3/1eCh MBI HMeeM
JIeJI0 ¢ TMapoil IMajiKuX BeKTop-GyHKIMi 7,7 : I — R?, KoTophIe,
IJisl KPATKOCTH peuH, YCJOBHMCS Ha3blBaTb MPOCTO KACAMeNbHOL
(7)) u nopmanavro (7). MoxHO mpencTaBisaTh ceGe, 4TO 3Ta mapa
BekTopoB (7 (t), 7 (t)) «mon3eT» Mo KpuBOH «t) MPU H3MEHeHHH
napametpa t. IMeHHO Tako#l BIOXHOBEHHBIH MOJET KHHeMATHYeCKOH
(haHTa3u¥ MPUBOAUT H3HAUAJNbHO Ge3MbIXaHHBIH perep B ABUKEHHE U
OOBSICHAET 4acTO ynoTpeOasieMblid TEPMUH «ITOJBHXKHBIH pernep BAOJb
KPUBOH» (Kak 6yATO Kakas-To KoJwouas packopska (7, U') JBHKeT-
csl BAOJIb OPOXKKH v, MJABHO TOBTOPSiSi €€ U3TMObl U MOCKDPHIIbIBas
Ha KPYTBIX MOBOPOTAaX).

Onpenenenne 13.1. Penep («(t); 7 (t), 7 (t)) HasbiBaeTcs pe-
nepom Ppere MNOCKOH perynspHod Kpusod «(t) : [ — R?,
eCJ/IM BBITIOJIHEHB! CJIEAYIOLIMEe TPH YCIOBHS:

1) B s060ii Moment t € I umeem |T(t)] = |7 (#)] =1 wu
(7 (1), 7 (1) = 0;

2) B J11060H MOMeHT t € I BeKTOp T (t) COHampaBJeH C BEKTOPOM
cKopocTH & (t);

3) B so6oii MomeHT t € I napa Bektopos (7 (t), 7 (t)) umeer
TIOJIOKUTE/IbHYIO OpHEHTalHIo (T.e. OPHEHTHPOBAHA TaK XKe,
KakK cTaHmapTHbHI 6asuc (€, €9), 3a60TIMBO H300paKeHHbIH

B MPaBOM HHKHEM yriy puc. 13.1).

[Tapy BekTOpOB (?(Q> 7 (t)), paccMaTpuBaeMylo Kak 6asuc Bek-

TopHOro mpoctpancTBa R? (6e3 HayambHOH ToukM a(t)), MBI Gynem
HasbBaTb 6asucom Ppene. fcHo, 4yTo 6asuc PpeHe B KaxAbIH
MOMEHT ¢ € I sBnsieTcs 6asucoM LeHTpoap(pUHHOTO IPOCTPAHCTBA
Ri(t) (cm. 1. 7).

B 3ToM nyHKTe MBI HaUHEM M3y4aTb cBoHcTBa pernepa Ppene 1.1
KPUBBIX eIMHHUUHOH CKOPOCTH. J[esio B TOM, UTO eCyiu «(s) sIBasieTCs
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KPUBOH €MHMYHOH CKOPOCTH, TO MPOCTO-HANpocTo T (s) = ci(s),
Mo3TOMY Bce cBoicTBa perepa PpeHe B 3TOM CJydae BHITVISAST
0COOEHHO SICHO.

[Tyctb a(s) = (z(s),y(s)) — napamerpusanuss KpUBOH eIMHHY-
Holt ckopoctH. Torma 7 (s) = (&(s),5(s)), 7 (s) = (=y(s),2(s)) —
napamMeTpHU3ally BEKTOPOB KacaTe/JbHOH M HopMasH. JleficTBHTENb-

— = — | —

Ho, | T|=|V]=1, 717V, u

P -

det[7,V]=|".
y @

=i +9P=1>0,

— —
4TO O3HAYyaeT MOJIOKHUTENbHYI0 OpHeHTaluio napel (7 (t), vV (t)).

O6paTHT_e> BHHMaHHe, 4TO, 10 CYTH, BTOPOH BeKTOp perepa
Dpene V' (s) = (—y(s),2(s)) moaydaercss U3 nepBoro BeKTOpa
7 (s5) = ((s),9(s)) npuMeHeHHeM omepaluu 0GOBLUIEHHOrO BEKTOp-
HOTrO MPOU3BeNeHUsl. DTO TOT CaMblil «HIPYIIEUHBIN» (IBYXMepHbIH)
cayyai 060011€HHOr0 BEKTOPHOIO MPOH3BeNeHHs], KOTOPbIH YIMOMH-
Hajcs HaMmd B 1.6. Pasymeercsi, s ofpauiai Balle BHUMaHHe Ha
TNPUCYTCTBHE 3[eCh KOHCTPYKIHMH 000OIIEHHOr0 BEKTOPHOTO MPOHU3-
BelleHHs] BOBCe He [JIs1 TPUAAHHs HallleMy M3JI0XKeHHI0 3ayMHOro H
HayKkooOpasHoro Buaa. B nasbHefimeMm, B cydae NpoCTPaHCTBA MPO-
M3BOJIHOH pa3MepHOCTH, MocaeHUH BeKTop perepa PpeHe Kak pas
1 OyleT onpenesaTbCs yepe3 00001IeHHOe BEKTOPHOE MPOU3BeIeHHe
BCeX MpPeABIAYLINX BEKTOPOB perepa.
Ceffuac Mbl y3HaeM, KaKOBbl CKOPOCTH (T.e. MPOW3BOAHLIE) Oa-
3UCHBIX BeKTOpPOB perepa ®peHe Mpu IBHKEHUH BIOJb KPUBOH.

Teopema 13.1 (®pene-Ceppe). [Tycmo o(s) : I — R? — xpusas
eduruunotl cxkopocmu. Toeda cyuecmsyem eaadkas CKAAAPHAA
Qynryus k(s) : I — R makas, umo 8 aroboti momenm s € I 8ol-
noAHeHbl cAeOyiouyue YCA0BUSL:

[IprBeneHHBle yC/IOBUSI HA3BIBAIOTCS TeNepb  YPABHEHUAMU
Dpene '), a bdyuxuus k(s) — kpususHor Kpusoi a(s).

Hy»xHo ckasartp, 4To nepBoe ypaBHeHHe B (DOPMYJIMPOBKE TeO-
pembl ®pene—Ceppe 5 BbIIMCAA TOJIBKO B CHJY HCTOPHUECKH CJIO-

1) Jto UCTOPHUYECKHU CJIOKUBIIEECS Ha3BaHHE. Ha camom aeJse 3TH YCJOBUA
ABJISIOTCA HE «ypaBHEHUAMH», @ TOKIACCTBEHHBIMU COOTHOLUIECHUSAMH.
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JKUBLIEHCS TpaAullMKU HAIUCaHHA CUCTEMbI ypaBHeHI/Iﬁ CDpeHe — OHO
ABJIAETCA JIWIIb HAallOMUHAHUEM OIlpeleJsJIeHUs BEKTOopa KacaTeJsbHOH.
COILep)KaTe.HbHy}O HacCTb TeOopeMbl COCTABJIAIT, KOHEUHO XK€, BTOpOe
U TpeTbe ypaBHEHHUA CUCTEMBI.

JlokasareabctBo. Tak Kak | 7| =1, 10 7 L7 (cMOTpH BaxKHbIN
dakt us 1m.5). CiegoBarenbHo, T ||V M CyluiecTBYeT cKaJspHas
dyukuus k(s) Takas, uto 7 (s) = k(s) 7 (s

YMHOXKHM 3TO PaBEHCTBO CKaJsipHO Ha

(7 (), T (5)) = k(s) (T (5), 7 (5)) = k(s).

DTo 3HAuuT, uTO (QYHKUUS k(s) — TIyagkas, Tak Kak cKajsgpHoe
NpOU3BeJleHHe IMIaAKUX (PYHKIUH ABJAseTCS TMIagKoH (PyHKLHEH.

Ianee, |7'| = 1, cienosatenbHo, ¥ L7 W cyllecTByer ckaJjsp-
Hast DyHKUHUS m(s) Takas, uTo
T (s) = m(s)T(s).

Hopmanp Bcerna Ovlia, ecTb W OyneT MepleHAMKYJspHA Kaca-
Te/bHOM, TI03TOMY Ha/MMLO TOXAeCTBO (7, ) = 0. Bunuib Toxe-
cTBO — auddepeHupyn!

<_7.'>,7> + 7),_1./)> =0.
N

Nt

(s):

BcTaBUM B 3TO TOXKIECTBO BLIPasKeHHs A T H 7
(k(s)V, V) + (7T, m(s)T)
k(s) (V, V) +m(s )< )
W, Tak Kak (v, V) = (7T, 7T) = |, nonydaem

k(s)+m(s) =0, Tt.e. m(s)=—k(s),

a 3T0, COOCTBEHHO, U TPebOBaJIOCh. ¢

Cﬂ,eJIaI-O HECKOJIbKO BaXHbIX 3aMeuaHuH.

3ameuanue 13.1. Jlerko 3anoMHuTh ypaBHeHUs1 PpeHe B MaT-
pu4HOH (opme:

= = — — 0 —k
[T,I/]:[T,V]' o0 )
(0 —k
ManI/II_[a «repexofa» w = k‘ O ), CBsA3bIBalolllasi COBOKYITHOCTH

- — - = o
BEKTOPOB [’T , I/] 148 [’T , UV ] , ABJIAETCA KOCOCUMMETPHYECKOHU.
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3ameuanne 13.2. C ToukM 3peHUs JUHEHHOU ajareOphl ypaB-
HeHusi @peHe eCcTh He YTO WHOE, KaK Pa3jIoKeHUs CKOPOCTeH
(T.e. mpousBoaHbIX) 6a3UCHBIX BEKTOPOB 1o Oasucy Ppere.

3ameuanne 13.3 (115 smob6uTe el MeXaHHMYeCKUX MpeJCTaB-

nennit). [ockobky 7 (s) = k(s)7'(s), a Bektop 7 (s) Bcerna
eIMHUYHOH JIIMHBI, TO MOAY/b KPUBU3HbI |k(s)| — 9TO NJHHA BEKTO-
pa 7 (s). A MOCKOJbKY caM BEKTOp T (s) eCTb BEKTOP MOCTOSIHHOM
JUTMHBL, TO €ro NPOM3BOAHAs T (s) ecThb He uTO HHOe, KaK CKOpOCMb
nosopoma BeKTopa KacaTelbHOH 7 (s) BOKPYT TOUKHM KacaHHs («yr-
JIOBasi CKOpPOCTh»). TakuM 06pa3oM, KpUBU3HY k(S) MOXKHO Ipe/cTaB-
JSATh cebe KaK 8eAuUUUHY CKOPOCMU 8pAU,eHus KacaTeJbHOT0 BEKTO-
pa T (s) WM, UTO TO Ke caMoe, — BeJHUHHY «yIJIOBOH CKOPOCTH»
HOpMaJIbHOTO BekTopa v (s) (MOCKO/MbKY 6asvCHble BEeKTOPhbl HaXo-
ISATCS B «XKECTKOH CBsI3Ke»). DTO NMPEKPACHO COIVIacyeTcsl ¢ HalIUMH
MHTYUTHBHBIMH TIPEACTABJEHHUSMH — 4YeM <«KpHBee» KpHBasi, TeM
ObICTpee MOBOpauMBAETCsl e HOPMAJbHBIH BEKTOD MPH PaBHOMEPHOM
JBHXKEHUH BJOJIb 9TOH KPUBOH.

3ameuanne 13.4 (1715 eme 6o/ee HCKYIIEHHbIX MEXaHHKOB).

Mockonbky |k(s)| = |7 (s)| = |é(s)|, To Momy/nb KpUBH3HBI
eCcTb MOJY/1b HOPMAJIbHOTO (LEHTPOCTPEMUTENBHOT0) YCKOPEHHS TOY-
KW «(s) TpH ABHXKEHHH IO KPUBOH. TaHreHUHasNbHOE YCKOpeHHe
TOUKH «($) TIPU 3TOM paBHO HyJIO, Tak Kak |&| = 1 (em. m. 10). dto
TOXKE COTJIacyeTcsl C Hallell MHTYMIMell — ueM cuabHee !) TaHemb
TOUKY NePreHANKYSPHO TPAEKTOPHH IBUKEHHs, TeM 0osiee UCKDPHB-
JIEHHOH OyneT TmoJydaTtbcs HajbHeilInas TpaeKTopusi (TeMm OoJiblie
KpUBH3HA k(s)).

JlBa mocneqHUX 3aMevyaHHUsi IEMOHCTPUPYIOT HaM, YTO KPHBH3HA
KPHBOH — 3TO NpeKpacHasi UHCJIOBasi XapaKTEPUCTHKA ee «HCKPHB-
JeHHOCTH». UeM Oosibllle KpPUBH3HA, TeM OoJjiee H30THYTa JHHUS
B OKDECTHOCTH paccMaTpHBaeMod Toukd. CJjiefyioliye pesy/bTaThl
TMOAKPEIISIOT TAKYI0 PeryTalyio KPUBU3HbI C TeOMEeTPUUECKOH TOUKH
3peHwUs.

Teopema 13.2 (xapakTepusaius NpsiMod ¥ OKpyKHOCTH). [Tycme
a:I —R? — kpusasn l-ckopocmu, k(s) — ee xpususna, M =
= a(I) — obpas kpusoii a(s) na naockocmu R?. Toeda:

1) CnoBeuko «cH/IbHEE» 3/1eCh TOCTAaBJEHO He TOJLKO Paid YCHJIEHHS XyJIo-
JKecTBeHHOro 00pasa, HO WU B OykBasbHOM cMbicjie. CoriacHO BTOPOMY 3aKOHY
HetoToHa cusa nmponopuyoHanpHa YCKOPEHHIO, a peub Kak pa3 uaeT 00 yBeJHUeHHH
HOPMAaJIbHOTO YCKOPEHHS.
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1) k=0< M — npamas uaru ee uacmeo,

2) k = const # 0 < M — okpyscrocms paduyca R = |]1€| unu ee
yacmeo.

Hokasarenscteo. 1. Hueen & = T = k7, nostomy k=0 <
sa=0 (trak xak v # 0).
. - . . -
[Tycts v = 0. MHTerpupyeM 310 TOXAECTBO: (i(S) — &(sg) = 0,
caeoBaTeIbHO, &(s) = &(sg) = const. Eule pas unterpupyem:

J a(s0) dor = é(s0)(s — s0) = Jd(s) do = a(s) — a(so).

B pesynbrare mnosydaem ypaBHeHHe mpsMod «(s) = a(sg) +
+ &(s0)(s — sp) ¢ HauaJbHOU TOUKOH (v(Sp) U HAMpPABJSIOMIUM BeK-
TOPOM ().

O6patHoe oueBHIHO: ecnu «a(s) = a(sg) + &(sg)(s — sp) — npsi-
Masi, TO rocje JABYKPAaTHOrO AM((pepeHLUpoBaHKs MO/NydaeM, HTo
& = 0. CnenoparesnsHo, k = 0.

2. BosbmeMm kpuByi «(s), y koTopo#t k = const # 0. Buu-
MaHue! 3ameuaTe IbHBIA U BaXKHbIH TpHeM paccyxaenust! Pac-
CMOTPUM KOHCTPYKIIHIO:

1,
p(s) = ols) + 1 7 (5).
[Ipy Ka)KI0M KOHKDETHOM 3HaueHHWH MapaMeTpa § Mbl <«UIEM»
OT TOYKH «S) BIOJb HOPMANbLHOTO BEKTOpa ¥ (S) Ha (PUKCHPOBAH-

HO€ pacCTosAHHE E B pesyJibTaTe onepauri OTKJaAblBaHHSA BEKTOPa

1

—7(s) or Touku «(s) moaydaem, KoHeuHO, TOUKy p(s). [Tocuntaem
MPOU3BOAHYI0 P(S) M BOCMONb3yeMCsi, M0 XOAY [eJa, ypaBHeHHeM
Dpene:

: 1 \ 1 1 -
pls)= (a(s)+ 77 () =als)+ LV (5) =7 (s) 4 (k7 (s) = 0.
D10 03Hauaert, 4To p(s) = const = pg. Touka-To okaszasach Hemo-
JBU2KHOU W TOCTOSIHHOH! DTO 3HAUMT:
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- —
Tak kak || = 1, nnuna BekTopa «(s) — pp paBHa
1

la(s) = pol = 77

||
DTO 03HAUaeT, UTO BCe TOYKH KPUBOH v(S) HAXOAATCA HA (DPUKCH-
pPOBaHHOM pPaCCTOSIHUU 0 OT HEINOABHXKHOH TOYKH P, T.e. as) —

OKPY2KHOCTb paanyca R = C LEHTPOM B TOYKE po.

[]
O6paTHoe yTBepXKJeHHe 04eBHAHO: e a(s) = po + RV (s) —
OKPY>KHOCTb paauyca R, To «060Boe» BBIUMC/IEHHE 0Ka3bIBAET, UTO

1

- — o=\
k)| = (7, 7)] = 16, 7)] = 3,
T. €. KPHBH3Ha OKPY>KHOCTH IOCTOSAHHA W ABJIAETCA BeJ'[H‘-IHHOﬁ, 00-
paTHOH K pajuycy 3TOH OKPYKHOCTH. ¢

Onpenenenue 13.2. Ilyctb «(s) — npousBosibHAsT KPHUBasi eiu-

|k (s0)]

HHYHOH cKopocTH, k(s) — ee KpuBH3HA. Bennuuna Ha3blBa-

eTcsl paduycom KpususHol KPUBOH «(s) B TOUKe S.

Mexxay npouum, B mpeiblayleM M. 12 Mbl y2Ke 1aBaju onpejeJe-
HHe pajnyca KPUBH3HBI KPUBOH «(s) Kak pajuyca colmpHKacaroencs
OKPYKHOCTH K KPHBOH B Touke «(sg). Pasymeercs, maTeMaTHKH —
pasyMHbIe JIIOAHM W He OydyT 1aBaTb PA3HbIM TOHATHAM OJHHAKOBbIE
HasBaHus. Celfuac g BaM 3To JoKaxy. Bor 3amaua Ha Oaukaliluee
Oynyluee.

3agauya. CocTaBUTb ypaBHEHHE CONpPHKACAIOLIEHCS OKPYKHOCTH
K TIPOM3BOJIBHON KPHUBOH «v(S) eIHHUYHOH CKOPOCTH B NPOU3BOJBHOM

TOYKe So M JI0Ka3aTh, UTO ee pajinyC paBeH Zeh
50
PemeHnne. YpaBHeHune oKpy>KHOCTH paguyca R ¢ LleHTpOM B TOY-
Ke p:
|z—pl =R,
rie z — Tekywas touka. Hango Ha#itn p u R. UroObl 136aBUTbCS OT
MOZyJ/s, yioOHee BO3BECTH 3TO ypaBHEHHe B KBaaparT:

(z—p,z—p) =R’
T. €. OKPY2>KHOCTb 3alaeTcsl Kak 00pa3 ypaBHeHUS
F(z)={(z—p,z—p)—R*=0.
BcnomoraresnbHas pyHKUNA
f(s) = Fla(s)) = (als) = p,a(s) —p) — R”.
4 C.B.Cusiii
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ComnpuKacarlasicsi OKPy»KHOCTb MMeeT TOPSIIOK KacaHWs He HHXKe
BTOPOTO, T.€. B TOUKE KacaHWs Sy MOJIXKHBI ObITb BBITOJHEHBI TPH
yenosusi: f(sg) =0, f'(so) =0 u f"(sg) =0, koTopble mamyT Ham
CHUCTEMY MJIsi HaXOXKIeHHs p ¥ R.

1). f(s0) = 0. D10 03Hauaer, 4To |(s9) — p| = R, c/enoBaTesb-
HO, OKPYXKHOCTb U KpHBasi MepeceKkaroTcsi B ToUke «(sg) (3TO MBI U
Tak cpasy noHumasu!).

2). f'(s0) = 0. Curtaem MpoOU3BOAHYIO:

f'(s) = (a(s),a(s) — p) + {als) = p,a(s)) = 2(7 (s),a(s) = p) -

DTa Npou3BOJHAs JOJKHA ObiTb paBHA HYJIO B TOUKE Sp. JHAUMT,
(T (s0),a(sg) — p) = 0. 10 03HaAUaeT, 4TO paguyc a(sg) — p COMpH-
Kacalollelcs OKPY’KHOCTH TepHeHANKYIspeH KPHUBOH «(S) B TOUKe
KacaHusl ¥ HarpabJ/eH Mo HopMmanu: a(sg) —p = A - 7 (sg) (310 MBI
TOXKe Cpasy IMOHHMaJ/{ U3 FeOMeTPUUECKHX MpeACTaBIeHHH!).

[lepBble 1Ba yC/I0OBHS HUYEro HOBOTO MJIS HalleH reoMeTpHYecKon
MHTYHLHH He COOOLIMIIH.

3). Paccmorpum, HakoHel, yeaosue f”(sg) = 0. Cuntaem BTOpyIO
NPOM3BOAHYIO U HCIOJb3yeM CBOe 3HaHHe ypaBHeHHH Ppene:

f"(s) = (2 <?(s),a(s) p) =
=2(7( —pY+2(T(s), T (5)) = 2 (k(s) 7 (5), a(s) — p) + 2.

B Touke S0 9TO BbIpaxKe€HHE€ NO0J2KHO OBIThH PaBHO HYJIIO, T. €.

2 (k(s0) 7 (s0), a(s0) — p) +2 = 0.

[Tonyuaem . .
2 (k(s0) 7V (s0), A+ V' (s0)) +2 =0,
T. €. RN
k(so) - A-(V, V) =—1.

CJenoBaTeNbHO, A =

k(_ y Bosibllle HaM HHUYEro ¥ He HYXKHO, MO0
S0

3 paBeHCTBA a(Sg) — p = A - 7 (S0) MTHOBEHHO CJIeflyeT, UTO paauyc
COTPUKACAIIEHCS OKPYKHOCTH PaBeH

|Oé($0) _p| = |]{7(30)

, a ee LIEHTP HAXOMUTCS B Touke p = a(Sp) + @7(30). ¢
0
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Onpenenenue 13.3. Touka p = a(sg) + 7 (s0) (1.e. ueHTp

|
i k(so)
CoMpHKacaleiicss OKPY»KHOCTH B TOYKe «(Sp)) Ha3blBAeTCS UEeH-
mMpoM KpususHvl KPUBOH «(S) B MOMEHT .

3anoMHHUTe, TOXKAJYHCTa, 3TO OMNpeleseHHe, a TaKkKe 3ameua-
TeJbHYI0 CBsI3b KPHUBM3HBI KPHUBOH M paauyca CONpHKacailleics
OKPYKHOCTH — OHU HaM ellle PUTOASTCsA B 3TOM naparpade, a s Ha
3TOM II. 1 3 3aKaHuUHUBalO.

14. HarypanbHble ypaBHeHUS KPHBOU

B 3TOM nyHKTe 51 IPOAEMOHCTPUPYIO BaM 3aMedaTtebHbIH (PaKT —
NJ10CKasl HaTypaJibHO NapaMeTpPU30BaHHAA KPHBas MOJHOCTBIO OIpe-
JeJsisieTcsl HeKOTOpPOH Havya/jbHOH TOUKOH, HalpaB/eHHEeM [BHXKeHHS
M3 3TOH TOYKH U cBoeH (DyHKLUHEH KPUBH3HBL. DTOT (DaKT SBJSETCS
YaCTHBIM CJIy4aeM TakK Ha3blBaeMOH «OCHOBHOH TeOpeMbl JIOKaJbHOH
TEOPUH KPHUBBIX», KOTOPYIO MBI [0KaxKeM B CjelylolleM Haparpage
IJ151 KPUBBIX B MPOCTPAHCTBE MPOW3BOJBHOH pasdmepHocTH. OgHako
IJIOCKUH cJlydal TPAJULMOHHO BBIIE/ISAETCS B OTHAe/bHOe paccMoTpe-
HUe 110 ABYM IIpUUYMHAM. Bo-nepBbIX, OH 0COOEHHO HarvsilieH, BO-BTO-
pbIX, B IIJIOCKOM CJ/ydyae OKa3blBaeTCsl BO3MOXKHBIM yKas3aTb B SIBHOM
BUJIe TIPOLECC «BOCCTAHOBJEHHS» KPUBOH €LMHWYHOH CKOPOCTH IO
KPUBH3HE M Haua/JbHBIM AaHHBIM (TOUKAa M HarpaB/eHHe [BHXKEHHS
M3 3TOH TOYKH). Bosee TOro, Mel OJy4uM, B HEKOTOPOM CMBICJIE, TO-
TOBBIE (DOPMYJIBI, AAIOLIMe MMapaMeTpPHU3aLHNI0 UCKOMOH KPUBOH uepes
ee (PyHKLHIO KPUBU3HBL. B ciyyae npocTpaHcTB GoJsiee BBICOKOH pas-
MepPHOCTH NOJYUYUTb TaKue xKe (POPMYJbl 1151 IPOU3BOJBHBIX KPHUBBIX
He TPeiCTaB/sSeTCs BO3MOXHBIM.

Iyers o : T — R? — KpuBasi eIMHHYHOH CKOPOCTH. 3a(HKCHpyeM
MOMEHT Sqg € I:

a(s0) = (2(s0), y(s0)) = (20, yo)

— 3TO «HQUAAbHAsA» TOUKA Ha KPUBOH; yroa p — 3TO yroa Mexay
TOJIOKUTENBbHBIM HanpasjaeHHeM ocd OX W BEKTOPOM KacaTesbHOH
— — v

T o= T (S0) — «HauasvHolli» yroa (cm. puc. 14.1).

«Teopema» 14.1. [lo ¢ynkuuu kpususwor k = k(s) u Hauase-
Holm ycaosuam [(xo,yo), bo] Kpusas edunuunoil ckopocmu a(s) 8
OKPEeCmHOCMU MOMEHMA So 80CCMAHABAUBAEMC S 00HO3HAUHO.

O6paTI/ITe BHUMaHHE — 51 HaMEpPEHHO 3aKJ/4YHJ CJI0OBO «Teope-
Ma» B KaBblUKH. Kak Yy2Ke T'OBOPHUJIOCb, 3TO YTBEpP2KIAEHHE SABJACTCA

4%
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Yo

Puc. 14.1

JacTHBIM cJydaeM 6oJjiee 00IIeld TeopeMbl, ¢ KOTOPOH HaM TMpef-
CTOUT MO3HAKOMHUTBCS B AaspHeleM. Kpome Toro, 1o Hacrosiuero
MOMeHTa Mbl HHKaK He YTOUHSIJIH TePMHHBl «BOCCTaHaBJ/MBaeTCs» U
«OJIHO3HAYHO», KOTOPble (PUTYPUPYIOT B NMPHUBEAEHHON (hOPMYJIHUPOBKE
«TeopeMbl». Mpl MoKa faxKe He O4YeHb NMOHHMAaeM, YTO OXKHUIATh OT
pacrJ/blBYaTOro CJI0Ba «BOCCTAHABJIUBAaeTCs» (UTO, COOCTBEHHO, HA/I0
I0Ka3bIBaTb-TO?) U, IPU3HAIOCH BaM 3apaHee, st BOOOLIE B 3TOM MyHK-
Te He OyAy HOKa3blBaTb «OJHO3HAYHOCTb» IOJYYaIOIIEHCs KPHUBOM.
Ho xoTh B ueMmM-TO MHe Hafo ObITb IOCJENOBATENbHBIM, MO3ITOMY
cJeNyIollee CJOBO 5 TOXKE BbIHYKJEH 3aKJIOUNTb B KaBBIYKHU.

«Jloka3areabcTBO». BaleMy BHUMaHUIO TIPEAaranTCs Claeny-
[OLLME PACCYXKIEHHs, MPeACTABJISIOLINE «TIPOLECC BOCCTAHOBJIEHHUSI».
[ycts a(s) = (z(s),y(s)) — uc-

B R KoMasl riajnkas kpuBas ) M T (s) =
. (5 = (x(s)y(sz) — HEH3BECTHBIH MOKa
. | KacaTesJbHbI BEKTOP HMCKOMOH KpH-
g \ BOH. MBIC/IEHHO OTJIOXKHM €ro OT Ha-
yasia koopauHar (ot Touk 0(0,0)). ?)
[lockonbky 7 (s) — BeKTOp eau-

. / HHUYHOU [JIMHBI, TO €ro KOHell OKa-

“ S JKETCsl Ha eIUHUYHOH OKPYXKHOCTH

(cMm. puc. 14.2).
Puc. 14.9 DTo 03HAYaeT, YTO B OKPECTHOCTH
MOMEHTa Sy MOXHO YKa3aTb TaKyo
—
dynkuuio 6(s) (yron mexay ocbio OX u BeKTOpoM T (S) B MO-

!) Mbl MO/TUANHBO MPEANOIOKHM, YTO OHA cylecTByeT!
?) Bosee KpacouHas (paHTas3usi: 6epexKHO CHUMeM KacaTeJ/bHbIH BeKTOp ¢ KPUBOH
U He meHas eeo Hanpasierus (!) mepeMecTHM ero Hauajo B Hauyajo KOOpAMHAT.
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MEHT S), UTO
7 (s5) = (cos B(s),sinf(s)),

npuyeM f(s) — raagxas GyHKUMs. ')
Torna

7 = (—0(s) - sinB(s),0(s) - cos0(s)) = O(s) - (—sin(s), cos 0(s)),

=
7 (s) = 6(s) - V(s).

Ho u3 3 ypaBHeHHil dpeHe MBI 3HAEM, UTO Ha CAMOM Jee T (s) =

= k(s) - V'(s), nostomy

T.e€.

dTo ellle pas HATIOMMHAET HAM MEXaHHYECKHH CMBIC/T KPHBH3-
HBI KPUBO# KaK CKOPOCMU NOBOPOMA KACAMENAbHO20 8eKmopa
(ckopocTH H3MeHeHMsl yria ero HakjgoHa K ocu OX) U, Mexay
MPOYMM, NOATBEPKJaeT Hally Bepy B IMaAKOCTb QYHKIHH 6(s).
[Tocnie mosnyueHuss KJjwoueBoro cooTHowleHus 6(s) = k(s)
fajbHefilllee pa3BUTHe COOBITHH OuyeBHAHO. [locKo/bKY —(yHK-
uus k(s) u HavyasmbHble ycaoBHs [(wo,%0),00] HaMm pnaHBl, A
T (s) = (cosf(s),sinf(s)) = ((s),y(s)), To moCaEnOBATENBHO
HaXoIHUM XKeJlaeMoe:

i s

s
~

y(s) =y(so) + | sinf(s)ds.

O6Benute y cebsi B TeTpaike 3TH (DOPMYJBl B paMOYKYy — OHH
KaK pa3 ¥ MO3BOJISIOT BBIYUCIUTD (€C/M MOBE3eT B3SITh TH KYTKHe
MHTerpaJsbl!) mapaMeTprU3aLnio UCKOMOH KpUBOH «(s). «JlokasaTesb-
CTBO» «T€OpPeMbl» Ha 3TOM 3aKaHYMBAeTCs.

') Pas y>x Mbl MOJUANHBO MpPEAMONOKHAN CYIIECTBOBAHHE TJaIKOH HCKOMOH
KPUBOH, TO HaM MPHUAETCS MPUHSATBH, 4TO U (pyHKuUUs O(s) o6s3aHa ObiTb [VIAAKOH,
160 OHa paBHa, HampuMep, arccos(x(s)).
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Becb npenbmyumﬁ pacCka3d 3TOro myHKTa I[O3BOJAET, HaKOHELL,
0aTb TaKoe

Onpenenenue 14.1. YpaBHeHue k = k(s) WM PaBHOCHJbHBIE
eMy rnapameTpuyeckue ypaBHeHus k = k(t),s = s(t) HasbiBalOTCH
HAMYpPaLbHbIMU YPABHEHUSMU KPUBOH «(s).

CorsacHo «Teopeme» 14.1 3TH ypaBHEHHs OIpeNeJSIOT KPUBYIO
a($) ¢ TOUHOCTBIO [0 PAClOJIOKEHHs Ha MJIOCKOCTH, T.e. C TOUHO-
CTBIO [0 U30METPHUH, & B COBOKYMHOCTH C HayaJbHBIMH YCJOBHSMH
[(z0, y0), Bo] HaTypasbHbBle ypaBHEHHsI ONPeNEsioT KPUBYO «(s) of-
HO3HAUYHO.

3ameuanue 14.1. [leparoruueckuil OoneIT aBTopa MOKa3blBa-

eT, UTO CTYAEHTbl B3SIJIM MOAY MyTaTh MOHATHUS <«HATypasb-
Hble ypaBHEHUSI» KPUBOW M «HaTypaJsibHasi MapaMeTpu3alusi» KPUBOH.
Banbecwl! d nM He 3aBUAYI0, 0COOEHHO HA YK3aMeHe.

B 3akJawoueHue m. 14 xoyeTcs elle pa3 MoceToBaTb, UTO BCe
pacCyKIeHUs MOJYUUIUCh Yy HAC OYeHb YK HECTPOTUMH, CKopee
3TO OBbLIM HEKOTOpPble «HAOPOCKH» UIeH U pacCyKIeHUH, KOTOopble
006peTyT 3aKOHHYIO CHJy B cJjenytouieM mnaparpade. OnHako st
NeJaHTUYHBIX YUTaTesel, JobuTeseidl CTPOrocTH U 3aBEPLUEHHOCTH
paccyKJeHui, NpUBeLYy HaspeBllee K 3TOMY MOMEHTY yNpakKHeHHUe.
OHO paccTaBUT BCe TOUKH Hal «2».

Ynpaxnenue 14.1. AKKypaTHO ITOKaXKHTe OCHOBHYIO «T€OPEMY»
3TOr0 MyHKTa, paccMmartpusasi ¢opmysnbl PpeHe Kak cUCTeMy OOBIK-
HOBEHHBIX AU(QepeHLHalbHbIX YPaBHEHHUH:

7 7] =77 |y
’ I k, 0
— —
C HEW3BeCTHBIMH 7 U U/ (peasbHO [Be HEHU3BECTHBIE CKaJsspHbIE

GyHKIMM) W 3amaHHOM GyHKuMed k = k(s). Kpupas «(s) rtorma
MOJYYUTCA M3 HAKIEHHOTO PellleHusi T () 9TOH CHCTeMBbl:

a(s) = JLi T (s) ds.

AkkypaTHoe pelleHHe 3TOTO YNpa)KHEHHs AO/KHO Y3aKOHHTb BCe
BOJIBHOCTH U «HECTPOrOCTH», BO3HUKIIIHNE B 3TOM MYHKTE, MOCKOJbKY
«BOCCTAHOBJIEHHE» U «OIHO3HAYHOCTb» KPUBOH «(S) OyayT Tpak-
TOBaTbCS Telepb KaK CYLleCcTBOBAHHE M €IUHCTBEHHOCTb pelIeHHs
CUCTEMBI OOBIKHOBEHHBIX NU((epeHLHaNbHbIX yPaBHEHUH.
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3amayky U ynpaxKHeHHs

1. Jlerckasi 3agayka — HANHUIIKTe HATypaJsibHble ypaBHEHHS
OKpY2KHOCTH panuyca 741.
? 2. Kakue kpuBble 331aI0TCsI HATYyPAbHBIME ypaBHEHUsIMHU (a >
> 0):
a 1 5 1 9
a) k pERR G)E:as, B) s —&—P: 16a°;
1 9 a?
r)ﬁ—Qas, ﬂ)p =t

3. Hapucy#ite cxemMaTHUHO KPHMBYIO, BBIXOASLLYK H3 Hadasa
KOOpAMHAT B HampasJeHHH BeKTopa e; (ocu OX), y KOTOpPOH
KPUBH3HA NPONOpPLUOHANbHA ANuHe AyTH: k = as, a > 0. (Kao-
mouda.)

4. Tlycte B HEeKOTOPO# ToYKe So € I KpuBoH o : [ — R? Bbi-
noJiHeHbl yeaoBus k(so) = 0, k(so) = 0 u k(so) # 0. Jdokaxure,
4TO B HEKOTOPOH MOCTATOUHO MaJiod OKPECTHOCTH TOYKH ()
COTIPUKACAIOIIAsICST OKPYKHOCTh KPUBOH «(s) He Nepecekaer ca-
My KPUBYIO «(S) HHTIE, KpOMe TOUKH «(sp).

5. Jlokaxure, 4YTO LUKJIOUAA SIBISETCS USOXPOHHOL MpPaeKmo-
puetl, T.e. eClN apKy LUKJOHIB PACIOJOKUTb B BePTHKAJIbHOH

MJIOCKOCTH BepIIMHOA A BHM3, TO BpeMs, 3aTpaulBaeMoe Mare-
pHUaNbHOM TOUKOH Ha CKAThIBaHUE 110 LUKJOUJAE U3 MPOU3BOJbHON
TOUKH B 10 BepinHbl A 1mox nefCTBHEM CHJIBI TSIKECTH, He 3a-
BHCHUT OT HayaJbHOTO MOJIOKEHUs] TOUKH B Ha nukJjaoune. (Paxr,
oTKphITHIH X. [tolireHcom.)

15. Penep ®peHe u KpuBU3HA MPON3BOJIBHON
peryJsipHON MJOCKOU KPUBOM

Jo cux mop Mbl paccmaTpuBa/u pernep PpeHe U KPUBU3HY KpH-
BbIX E€IMHHUYHOH CKOPOCTH (M, Hago CKa3aTb, OOHAPYXKHUJIHM Maccy
MHTEePEeCHBIX MOJMe3HbIX cBoicTB). Ilyeth Temeps a(t) : I — R? —
TNPOU3BOJIbHASA perynspHas Kpuas. Mbl yxke o6cyxaanu B 1. 10, 4To
TEeOpPEeTHUECKH 3Ta KpPHUBas BCErla IKBHUBAJEHTHA HEKOTOPOW KPHUBOU
eIMHUYHON CKOPOCTH, OAHAKO MPAaKTHUECKHU OTBICKATh HATypaJbHYIO
napaMeTpU3allhio PerysipHOH KPHBOH MOXKeT 0Ka3aTbCsl CJI0XKHO U
oaxke HeBbIMONHUMO. [loaToMy psf NpakTHUeCKMX HYXKA BecbMa
M0JIe3HO 3HATb, KaK BBINISAAT ypaBHeHUs DpeHe A/ NPOU3BOJBHO
napaMeTpU30BaHHON KPHUBOH, M yMeTb BbIYMC/SATb KPUBHU3HY, He Ile-
pexonsi K HaTypaJ/bHOH mapameTpusauuu. PellleHHI0 3THX 3agad Mbl
U MOCBSITHUM HACTOSILLMH MYHKT.



104 § 3. Ilhockue kpusvie

Wrak, nycts oft) : I — R?> — peryasp-
Ha. OueBHIHO, UTO ee €IMHUYHBIH BEKTOp Ka-
caTesbHOH 7T (t) ToJyyaeTcs HOPMHPOBAHHEM
BeKTOpa ckopocTH (cM. puc. 15.1):

—na = - B (@), 9()
T (a7 (6) = T AOESZ0R

a(i)

CiyienoBatesbHO, €IMHUYHBIH BEKTOP HOPMaJH
UMeeT KOOPAHHATHI

Puc. 15.1

- 0,50
V(D) + (0

TakoBbl BekTOphl pernepa PpeHe M/ MPOU3BOJBHON MJIOCKOH pery-
JISPHOH KPUBOH.

Hatinem rtenepp KpuBu3Hy. [lockosmbKy «(t) — perynasipHa, TO
a(t) = B(s(t)), rne [(s) — KpuBas eAHHHYHOH cKopocTH. Tak Kak

t
s(t) = [|a(t)|dt, o §(t) = ds _ |&(t)|. TTocunTaem Temepb Mpowus-
to

dt
BOJHbIE KPUBOH (t):

[Ipy BBHIYHC/JEHHHM BTOPOM MPOM3BOAHOH MbI BOCIOJIb30BAJIHChH

y¥e M3BECTHBIM HaM ypaBHeHueM PpeHe AJsi KPUBBIX €IHHHUHOM
—/ — o o

ckopoct T (s) = k(s) - 7/(s). Jloburenn nuHeiHON anre6pbl CKa-
XKYT, YTO Mbl TMOJYUHJIH PA3JIOKEHHEe BEKTOPA BTOPOK MPOM3BOAHOK
no 6asucy dpene, a JOOUTEIH MEXaHUKH CKa)XyT, UTO Mbl PasJio-
KHUIA yCKopeHHe &(t) Ha maneenyuarvhyro (KOIPULHEHT Tepen
— =
T ) ¥ HopmaaoHyto (KOS(D(ULHEHT Mepes /) COCTABJSIOLIHE.

') Eme pas oGpaato Bamie BHHMaHHe Ha MeXaHHUeCKHil CMBIC] KPUBM3HBI —
Y KPHUBOH eJMHHYHON CKOPOCTH KPHBHM3HA €CTb BeJMYHHA HOPMAJIBbHOIO YCKOPEHHUS.
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[Tocuuraem ornpeneJsanuTedb, cToabuaMu KOTOPOTO SABJISIOTCA BEK-
TOPbI CKOPOCTH U YCKOPEHHUS:

det [&, & = det [|a| 7,

a]-?+|a|2-/~:-7}:

= det [ja]- 716 k- 7] =[al* - k- det [7, 7] = | -k,

OTciona MrHOBEHHO HaXOIUM KPHUBHU3HY:

k(1) = ‘W

611aro0 KpuBas peryaspHa, T.e. |&| # 0 u Ha |&|3 MoxHO cMeso ne-
JUTh. ATO obI11as «HHKeHepHast» dopmyna. O6BenuTe ee B paMOUKY.

Tenepnb Jerko Hamucatb «paGoure» (GOPMYJIbl [Js1 BbIUHCIEHHUS
KPUBH3HBI KPUBBIX, 3alaHHBIX pa3/HuHbIMU criocobamu. Hampumep,
IJIST TTapaMeTPUYeCKH 3aJaHHOE KPUBOM B JIE€KAaPTOBOH MPSIMOYTOJIb-
HOU CHCTeMe KOOpIMHAT:

& — &
B(t) = =Y
(4% +§2)°"2

— B 3HaMeHaTeJle CTOUT «HEMpHUsITHAs» CTeneHb ¢ NPOOHBIM MOKa3a-
teseM. Hudero He mopenaelnb, Tak yCTpOeHA MaTyIIKa MPHUPOAA —
(DYHKIUHS KPUBU3HBI 9acTO UMeeT 0COOEHHOCTH.

Ynpaxuenue 15.1. Haiinute KpuBU3HY KpPUBOH, 3aJaHHOH
B Buze y = f(x) B 1€KapTOBOH MPSIMOYTOJbHON CHCTEMEe KOOPAHHAT.

Ynpaxuenue 15.2. Haiinute KpUBU3HY KpPUBOH, 3aJaHHOH
B Buzie p = p(y) B MOJSIPHOM CHCTEMe KOOPAMHAT.

[TocmoTpuMm Temnepb, Kak BHIIALAT ypaBHeHUs: DpeHe MNpous-
BOJILHOH TJIOCKOH pery/ispHoil Kpubo#. Ilycte af(t) : I — R? —
peryasipHast KpuBas M (3(s) — TIOJIOKHTEJNbHO SKBHBAJIEHTHas e
KpUBasi eIMHHUUHOM cKopocTH, T.e. «(t) = (3(s(t)). HoroBopumes,
YTO HUXKHUH WHIEKC y BeKTOpoB perepa PpeHe BpeMeHHO OyHeT
00603HauyaTb Ty KPUBYIO, K KOTOPOH 3TH BeKTOpbl OTHOcsATCs. Torna,
OUYeBHHO, B JII0OOH MOMEHT ¢ € [
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Haxonum [IPOMU3BOAHLIE

Talt) =T s(s) - 5(t),
Valt) = Vs) - 5(2).

Ypasrenus ®peHe 118 KPMBOH eIMHUUHOH CKOPOCTH (T.e. BbIpa-
KeHHsl /151 BEKTOPOB T 3 U U/ g) Mbl y2Ke 3HaeM H3 1. 13, Kpome Toro,
5(t) = |&(t)|, mosTOMy OKOHUATeJbHO MosydyaeM ypasHerus Ppere
0451 NPOU3BOALHOLL NAOCKOL pecyAspHOL Kpueou:

a(t) = lat)]- 7 (1),

T(t) = |&t)] - k() -V (1),

V(t) =lat)] - (—k(1) - T (1)
OTH COOTHOLUEHUS OTJAMYAIOTCS OT ypaBHeHMH PpeHe n/s1 KPUBOH
eIMHUUHON CKOPOCTH TOJIBKO HAJHUYHEM MHOXKHTEJS || B KaxXIoM
COOTHOIIEHHWH (KOTOPBIH, padymeercsi, paBeH eIMHHLE IJs KPHUBOH

eMHUUYHON cKopocTH). B maTpuuHo# (opme ypaBHeHus: Ppene nsis
MPOU3BOJIBHOHN TJOCKOH PEerysnsipHOM KPUBOH BBIMIAAT TakK:

7.7 w771} 76
Bce KOMMEHTapHu K 3THUM YypaBHEHHSAM W pa3JIM4YHbIE TOJKOBaHUS
cMbic/ia (DYHKIMK KPUBHM3HBI TpoYHTaiTe elle pas B 1. 13 — oHH
OCTalTCA B CUJIEe U [J5 TIPOU3BOJIBHBIX IMJIOCKHUX PEryJspHbIX KpH-
BbIX, 4 4 Ha 3TOM II. 15 3aKaH4YKWBaAlO, IMOCKOJbKY BC€ HallW LEeJIH,
AHOHCHPOBAHHbIE B Ha4daJjie 3TOT'0 MYHKTAa, OKa3aJHUCb NOCTUTHYTHI.

3agauku U ynpaKHeHus

2 2
1. Bosbmure saune — + Z_Q = |, BbIYMC/IUTE €r0 KPHUBU3HY
a
U yKa)KUTe Ha HeM TOUKH, Ille KPUBH3HA MaKCHMaJjbHa U Tle

MHUHHUMaJ/bHA.
2. Haiinute KpUBHU3HY CJEAYIOLIMX KPHBBIX:

a) y = sinx; 6) 3> = 2az;
B) a(t) =412, 13); 1) p=a(l + cosy).
3. Hamuummre ypaBHeHHe CONMPHKACAIOLIEHCS OKPYXKHOCTH
K JUHUK y = sinz B Touke A(7w/2,1).

4. JlokaxKuTe, 4TO B TOYKe KPHUBOU, IJle KPUBU3HA NIPUHUMAET
3KCTPeMaJsibHOe 3HaueHHe, COMPUKAcalollascs OKPy>KHOCTb UMeeT
C KPHMBOH KacaHHe MOpsJKa, He HHXKe TPeThero.
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5. Haiinute BekTophl perniepa @peHe U KPUBU3HY LIUKJIOUIBI
a(t) ='(a(t — sint), a(1 — cost)).

AkkypartHo 3anuiuTte ypaBHeHuss PpeHe N7 9TOH LUMKIOUIb U
ybenuTech B UX CIpaBelHBOCTH.

6. JlokaxkuTe, 4TO €CJH B TOUKe {o KPUBH3HA KPUBOH «(t) mpH-
HHUMaeT MHHHMaJIbHOe 3HaueHHe, To 06pa3 KpUBoH «(t) B HEKOTO-
pO# OKPECTHOCTH TOUKH x(fo) JIEXKHT BHYTPH CONpHKacaroLeics
OKPY2KHOCTH K KpuBOH «(t) B Touke atp).

16. IlonaTtue o chepuueckoM oTOOpPaIKEHUU
— 3ameuareJbHOU ujee l'aycca

B 3ToM MyHKTe Mbl BOCCTAHOBUM HCTOPUYECKYIO CIIPABENJIUBOCTh
U OTHATUM JOJKHOe BesukoJenHod unee Kapaa @punpuxa laycea,
KOTOPBIH 3ai0/ro 10 mnosisaeHuss pador dpene u Ceppe mpumgymad
Croco6 ONpejiesieHHs KPUBU3HE KPUBBIX M ToBepxHocTeil. !) Peup
UJIET O TaK Ha3bIBaeMOM «C(epuyeckoM OTOOpPaXKEHUH».

[aycc obpatusn BHHUMaHHe Ha cjenyioliee 0OCTOSTENbCTBO —
ec/H paccMaTpHBaTh KpHBble Ha MocKocTH R? WM moBepxHO-
ctu B mpocTpaHcTBe R3, To B KaxIoil TOuKe paccMaTpHBaeMOro
oO6bekTa (KpUBOH WJIM TIOBEPXHOCTH) MOMKHO IMOCTPOUTH B HEKOTO-
pPOM CMBICJIE €MHCTBEHHBIH HOPMaJIbHBIH BEKTOP €IMHUUHON AJHHBI
(cm. puc. 16.1).

R2

\ Kpusas

31ech CyIIECTBEHHO, UTO «Pa3MepHOCTb» 2) 00beKTa (KPHBOii
WJIH TIOBEPXHOCTH) Ha €IMHHUIY MeHbllle pa3MepHOCTH MPOCTPAHCTBA,
B KOTOPOM HaxoAuTcs 3TOT oObeKT. Hampumep, /g «0fHOMepHON»
KPHUBOH B TPEXMEPHOM MPOCTPAHCTBE 3TO He TaK — B KaxK10H TOuke
kpuBoil B R? cylecTByeT 6ecKoHEUHO MHOTO «HOPMAJbHBIX» BEKTO-

\ IloBepxHocTh

Puc. 16.1

') Pa6otsl Taycca 1o TeopuH MoBepXHOCTEH BHITIONHeHH B Hadate XIX B., B TO
BpeMs Kak ypaBHeHusi @pene narupyrores 1847 r.

%) TepMUH «pa3MepHOCTb» MIOKa GyAeM BOCIPUHHMATH JHIIL MHTYHTHBHO, [10-
9TOMY OH B3SIT B KaBBlYKM — Mbl JaJUM OIpele/eHHe pa3MepHOCTH KPHUBOH H
MIOBEPXHOCTH BO BTOPOH IJlaBe 9TOH KHHMXKKH.
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pOB (B TOM uHCJie U €IHHUYHBIX). BEKTOpPOB, KOTOpbIE MEPHEeHANKY-
JIIPHBI KacaTeJbHOMY BEKTOPY B 3TOH TOUKE — axk LieJiasi MJI0CKOCTh
(cMm. puc. 16.2).

Puc. 16.2

BeposiTHO, B 1eTCTBe BaM MPUXOHJA B FOJOBY MBIC/AbL O TOM, UTO
B JHaMeTpa/JbHO MPOTHBOIMOJOXKHBIX TOUKAaX 3€MHOTO Illapa BepTH-
KaJbHO pPacTyIlHe eJKH PacTyT B MPOTHBOIOJOKHbBIE CTOPOHBI. Eciu
HeT, TO oOayMaliTe XOpOIIEHbKO 3TY MBICJAb ceiddac, U BOT B KaKOM
pakypce — B pa3HbIX TOUKaX MJOCKOH KPMBOH (MJIH TOBEPXHOCTH B
R?) HopMa/IbHBIe BEKTODEI MOTYT TOPUaTh B pa3Hble CTOPOHBI — IO-
CMOTpHTe elle pa3 Ha puc. 16.1. OueBnaHo, 4TO YeM OoJsiee U30THYTA
KpuBasi (MU MOBEPXHOCTh), TeM OOoJblle pa3dpOC HAMpaBJIeHUH y ee
HOpPMaJIbHBIX BeKTOpPOB. Bbl Korja-HuOyAb H3rubanu pykamu Mmac-
CaXKHYIO LIETKY W/ BUAEH, KaK CBOPAUMBAETCS UCIYyTaHHBIH €K?

[ayccy mpuiisia MbIC/Ib BBIIENUTD HA KPUBOH HEOOJIBILIOH y9acTOK
BOKPYT HEKOTOpPOH TOYKH 1’ (B c/yuae MOBEPXHOCTH — HeGOJbLIYIO
TUIOIIAKYy BOKPYT TOYKH 1'), aKKypaTHO CHATb C BblIeJEHHOU [e-
JISTHKH BCe eIMHUYHblE HOPMaJibHble BEKTOPBI M OepeKHO, He MeHsis
MX HampaBjeHHH, OTJOXKHUTb COOpaHHblE HOPMaJsbHble BEKTOPBI OT
HavaJsia KoopauHat (cM. puc. 16.3).

' >

Puc. 16.3

HCHO, YTO KOHIbI IEepeHeCeHHbIX B Ha4daJ/J0 KOOpAWHAT €OWHHY-
HBIX HOPMAaJIbHBIX BEKTOPOB OKaXKyTCSl HA €IMHWYHOH OKPYKHOCTH
(a B coryyae moBepxHOCTH B R? — Ha e mMHHYHO#M cdepe), H YTHIKAOT
Ha eIUHUYHON OKPYKHOCTH HEKOTOPYIO AYry (@ KOHIBI BEKTOPOB,
[IepeHeCeHHbIX C MOBEPXHOCTH, YThIKAIOT HaA e[LHHH‘-IHOﬁ cq)epe HEKO-
Topyto mioiiaaky). CeronHs MaTeMaTHKH Ha3blBalOT 3TY MPOLELYPY
nepeHeceHHs] HOPMAJbHBIX BEKTOPOB cepureckum omobpasceruem
laycca.
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Teneps BHUMaHue! Uem Gosiee u3orHyTa ncxonHas kKpusas (1o-
BEPXHOCTh), TeM 0o0Jblile pa3dpoc HanpaBJeHHH HOPMaJbHBIX
BEKTOPOB, TeM OOJbIIEro pa3mMepa Ayra OKPYKHOCTH (MJIoLlagKa Ha
cdepe) oKaxkeTcst YTHIKAHHON NPH c(hepruyecKoM 0ToOpaKeHHH!
[Tocne stux HaGmomeHWH I/ ompenesieHUs KPUBU3HBI [ayccy
0CTaJIOCh TOJNBKO TEXHUYHO MPUMEHUTD TOHSTHE Npefesa U3 MaTeMa-
THUYECKOr0 aHa/M3a, KOTOPbIM OH Bjajes B coBeplueHcTBe. OH HasBas
KPUBHU3HOH KPHUBOH (TTOBEPXHOCTH) B TOUKe 1’ BEJUUHHY
( Pasmep o6s1acTu Ha chepe, >

YTbIKAaHHOH NpH c(hepruiecKoM
oTo6paKeHHuH

K = lim
(Pasmep okpecTHOCTH

(PasMep OKPECTHOCTH)
Toukn 1) — 0

Touku T’

[lom cioBoM «pa3mep» B 3TOH (hopMmyJie MOHUMaeTcs W00 AJUHA Y-
rd (B ciayudae cepruueckoro oTobpakeHHs KPUBOH), JHOO MJOLLIAAb
nJowanku (B caydae chepryeckoro oTobpakeHHs MOBEPXHOCTH).
Tax omnpenesneHHylo BesnunHy K Mbl HasblBaeM TeMepb eayccosol
KpusuaHoll. VIHTYUTHBHO sICHO, UTO 4yeM OoJiee H30THYTa KpHBas
(moBepxHOCTB), TeM OoJibllle YUCJUTENb APOOH, CTOSLIEH MON 3Ha-
KOM Tpefiesa, TeM GoJblie NOJKHO TMOJydaThCsl 3HaUeHHe rayccoBOH
KPUBH3HBI K.

Bor Takumu 0OLIMMM CJI0OBAaMH § NEepBOHAYa/JbHO MO3HAKOMHUJI
Bac ¢ (pyHAaMeHTaJbHBIMH MOHATHSAMH NHU((pepeHIHaIbHOH reoMeT-
puu — cdepuyeckuM (HOpPMa/JbHBIM) OTOOpPaXKEHWEM U TayCcCOBOH
KpHBH3HOH. BoJsiee hopmasbHble U CTpOrve onpefesneHHst HaXOAATCS
B CJelylollel ryiaBe 3TOW KHHXKKH, U Mbl He CTaHEM ceHdac CHJbHO
3aberaTb BIlepel B MOroHe 3a OOLIHOCTBIO M KPacOTOH reomeTpuye-
CKHUX TMOHATHH.

JlaBaiiTe cHOBa oOpaTuMcs K MHJOMY [IJig 3TOro mnaparpada
C/Ty4alo ¥ pacCMOTPHM TLIOCKYIO peryaspHyio kpusyio a(t) : I — R2.
OkasbiBaeTcsi, rayccoBa KpUBH3Ha KPUBOH «(f) B MPOU3BOJIBHOMN TOU-
Ke a(tg) ecTb He UTO MHOe, KaK Halla poiHas KpuBusHa k(p), BO3-
HUKILIAs npu udydyeHuu pernepa Ppene. YToObl MpoieMOHCTPHPOBAThH
9TO UyldeCcHOe COBMajgeHHe NBYX (Kasanocb Obl!) pasHBIX MOHSTHH
KPHUBH3HBI, HaM Mpujercss Gosee cTporo (Gopmasnn3oBaTb MOHSATHS
cepryeckoro 0ToOpaKeHUs] M TayCCOBOH KPHUBH3HBI HMEHHO [
cyyas mIockoi KpuBoi a(t) : I — R2. DTuM u 3aiimMemcs.

Mycts S! — eauHUYHAS OKPYKHOCTb C LEHTPOM B Hauase KOop-
JIMHAT, pacrio/lo’KeHHas, pasymeercsi, B miockocty R2.

Omnpenenenue 16.1. Otobpaxenue o : agI) — 8! conocrasas-
folee Ka)kaoi Touke «(t) KpuBod «v : I — R® TOUKY Ha eIHHHUYHOH
okpyxkHocty Slc pamuyc-BexTopom 7(t), HaskIBaeTCs chepuuecKum



110 § 3. Ilhockue kpusvie

omo6pascenuem. Jlyra oxkpyxuoctu o(a(l)) C S! — obpas cpepu-
yecKko2o omobpaxcerus o.

[Tycts a|§(1) — ayra KpuBoH «(t) Mexnay TOuKaMu tg u ti, T.e.
MHOXECTBO TOYeK MJOCKOCTH a|§(1) = {a(t)|to <t <ttt € 1},
KOTOpOe siBjIsieTcs yacTbio auHUK (). Uepes ¢[[] o6o3HauaeM, Kak
00BIUHO, IJUHY Ayrd (3. Takum o6pa3om, Hanpumep, ﬁ[a(a];‘))] 03Ha-
qaeT NJIMHY AYTH eIHHUYHOH OKPYXKHOCTH, SIBJSIOLLYIOCS 06pasoM
oyTH a\;') npu chepruyeckoM 0ToOpaKEeHHH.

[Tocnenyem nanee unesm laycca u pagum

Onpenenenne 16.2. Benuunna

=gl

Ha3bIBAETCS 2QyCCOB80L KPUBU3HOL KPUBOH «(t) B TOUKe tg.

3ameuyanne 16.1. CorsacHo Hallemy oOIpejie/leHHI0 rayccoBa
KpuBHu3Ha K (tp) Bcerna siBJsieTCsi HEOTPHUILATEbHON BEJHUHHOMN, MO-
CKOJIBKY B ee OMpefeseHHUH Y4YacTBYIOT JHILIb HEOTPULATE/bHbIE Be-
JUYHHBl — AJIUHBL OyT. J{s1g Toro uto6sl mpunucath BeandnHe K (tg)
ornpeleJieHHBIH 3HaK, WMEIOIIUH OCOOBIH TeoMEeTpPUYECKUH CMBICI,
cam laycc npuberas K HEKOTOPHIM IOMOJHUTENbHBIM MOCTPOEHHUSIM.
Mbl oka 3To fesaTh He OyaeM, TaK KakK CTOJb Mogpo6Has npopaboT-
Ka MOHSITHUSA IayCCOBOM KPUBHU3HBI [I0KA HE BXOAUT B HALUM IJIAHBL.

Teopema 16.1. IIycmo o : I — R?> — pecyaspras Kpuseas,
k(t) — ee ¢yukuyus xpususwol, o : a(l) — S!' — cepepuueckoe
omobpascernue, tg € I — Qurcuposarnnviii momenm. Toeda

Jloka3aTeabCcTBO. Bo3bMeM MOMEHT ¢ HACTOJIBKO OJU3KHUM K MO-
MeHTY to, 4TOOBl M3MeHeHHe yIr/ia HakKjoHa BeKTopa ¥ K ocu OX
OblJIO MOHOTOHHBIM Ha MPOMeEXYTKe [to,t] (uau [t,t]). ¥ ennHnu-
HOH OKDYXKHOCTH [JIMHA AyTM paBHA LEHTPAJbHOMY Y1y ¢ (CM.
puc. 16.4).

Takum obpasowm,

f[a(aﬁ(‘))] = ( = arccos W = arccos (7 (tg), 7 (1)) .
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N0
0 i)
1
Puc. 16.4

[Tocuuraem Tenepb HHTepeCcyIOLUIUH HAaC NpeneJ:

arccos (V' (tg), 7 (t))

t—to W - th—>ntlo . = (HJ%OI;ITTB;IJ;},) =
? [ l(t) it
to
o P Te)
t—t
*Ja()] /1~ (7 (o), 7 (1)
o K@) 160 (T (), T#)
t—t
)] /1 — (7 (k) 7 (1)
™
. k(t) - cos <§ — <p) _ k(to).
=t \/1—cos2p
Yro, coOCTBEHHO, U TpeboBaJsOCh. ¢

O6patute BHHMaHMe, YTO KpPUBH3HA k(tp) KPHBOH B NaHHOH

Touke a(tp) HUKaK He 3aBHUCHT OT Crocoba MmapameTpH3alun
paccmaTpHBaeMOl KPMBOH, TaK Kak OHa paBHa rayCCOBOH KPHBH3HE,
T. €. BeJIMUUHe, 1715 ONpefie/leHHsl KOTOPOH MOHSATHe apaMeTpU3aluu
CoBeplIeHHO He ucronbayercs. |) TakuM 06pasoM, KpMBH3HA MI0CKOH
KPHUBOH ABJ/ISIETCS «4UUCTO» FeOMEeTPUUYECKOH XapaKTepUCTUKON JIMHUU
M 3aBHUCHUT TOJbKO OT <«HM30THYTOCTH» 3TOH JHMHHM B OKPECTHOCTH
paccMaTpHBaeMOH TOUKH.

1) ﬂJ]H OonpeneseHus rayccosoﬁ KPUBHU3HBI HCIIONb3yeTCA TOJIbKO TOHATHE NJIH-
HBbI KpI/IBOI;'I, a IOJIMHa Kpl/IBOIL/'I WHBapHaHTHa OTHOCHUTEJIbHO 3aMEHbI ITapaMeTpa.
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ITUM 3aMeyaHHeM, MOxKaJjyHd, Mbl M 3aKOHUHUM Halle MepBOHa-
YaJibHOe 3HAKOMCTBO C TOHSAATHUAMM C(PepUdecKoro OTOOpakKeHHs U
rayccoBO¥ KPHUBHU3HBI.

3agauka u ynpaxKHeHUe

1. Bosbmure Hennyio JauHuio y = a ch(x/a), Hatinute ee pernep
.// DpeHe W aKKypaTHO BBHIMHIINTE (POPMYJIBI, 3afatoliHe ee chepH-
yeckoe oToOpaxenue. Cyenys umesm [aycca, BblUMCIHTE rayc-
€ coBy KpuBH3HY K (fg) uemHo# JuHuM B ee BepuiuHe. CpaBHUTE
MOJIYYEHHBIH Pe3yJbTaT CO 3HAYEHHEM KPHUBU3HBI k(fp) LEMHOH

JIMHHUU B €€ BEpIIUHEe.

17. JlokanbHOe cTpoeHHe IJIOCKUX KPUBBIX

OcHoBHast 3ajia4a 3TOr0 MyHKTa — TMOHSITh, KaK MOXKET BECTH
cebs ryagkasi KpUBasi B HEKOTOPOH JOCTATOUHO MaJjioH OKPEeCTHOCTH
CBOEH TOUKH, T.€. PaCCMOTPEThb «JIOKaJbHOe CTpoeHUe» KpuBoi. [lo
XONly pelleHHs 3TOH 3afayd Mbl HapucyeM (parMeHThl JUHWH, CO-
OTBETCTBYIOIIMUX Pa3HbIM THUIAM TOBeIeHUS KPUBOH B OKPECTHOCTHU
paccmaTpuBaeMoi Touku. [Ipy 3TOM Ha MPOTSIKEHUHW BCEro MyHKTa
MBI He OGylIeM CTPEMHUTbCS K aOCOJIOTHOH CTPOTOCTH HAllIUX paccyX-
NIEeHWH, MOCKOJbKY Hallla IeJib — pPasTysifeThb OCHOBHbIE 3((DEKTH U
VJIOBUTb CYTh PacCy>XIeHUU NBYXCOTJeTHEeH NaBHOCTH, a He MpHUa-
BaThb UM abCOJIIOTHO KOPPEKTHble (POPMYJHUPOBKH B JTyXe COBPEMEH-
HBIX YHUBEPCUTETCKUX YUeOHMKOB 110 MaTeMaTHUeCKOMY aHa/u3y.

Wrak, Hama 3amaua — usydatb (HOPMY JHUHUH B OKPECTHOCTSX
pa3JIMUHBIX TOYEeK W KJACCU(PUUHUPOBATh 3TH (PopMmbl. [ne-To s cibi-
maJj Bblpa)keHWe: «Xodelllb MO3HATHb SIBJEHHE — H3ydal ero 0co-
6enHoctul». Pagymeercsi, 4To Hac Kak pa3 ¥ OyoyT HHTepecoBaTh
BO3MOKHbIE 0COOEHHOCTH MoBefeHUs1 KpuBoH. [logobHO GoTaHMKaM,
KOTOpBle KJacCU(PUUUPYIOT pacTeHWss W MAIT WM Ha3BaHHS, MBI
6yneM KJacCH(UIHMPOBATh U HANENSITh UMEHaMU TOYKH HA KPHUBHIX,
B OKPECTHOCTSAX KOTOPBIX MPOUCXOAST Te WJIK UHbIE SBJIEHHS.

Haunem BoT ¢ Kakux HaOJomeHUH. Mbl BUAeJH B 1.8, UTO
B TOYKAX KPHUBOH, Ille HapyIllaeTcs ee PeryasipHOCTb, MOTYT BO3HH-
KaTb 0COOEHHOCTH THIA «HU3JOM». BO3HMKAeT MBIC/b, MPexie BCEro
pasiesNuTh B HalleHd KJacCU(PUKALWH PeryjspHble U HepeTyJspHble
TOUYKHU U JaTb UM Ha3BaHHUS.

_
Onpenenenue 17.1. Touka tg € I, rne &(tp) = 0, HasbiBaeTcs
ocobotl moukoli.

Takum ob6pasom, B 0co60# TOUKe NMPOUCXOAUT HapylleHHe pery-
JISIPHOCTH.
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Wnem nanee. Mbl NOMHUM, UYTO KPHMBH3HA IJOCKOH KPHUBOH BbI-
det[q, @]
s o .
=0 < d&||&. Paszgennm B Hawed kaaccupHUKalLHWK TOYKH C HYJIEBOH
KPUBH3HOH U TOUKH C HEHYJeBOHW KPUBU3HOH.

yucsasieTcst mo gopmyne k = . 3nauurt, k = 0 < det[a, @] =

Onpenenenne 17.2. Kpusas o : I — R? HaspBaetcs 6upeey-
aspHoti 8 mouke t € I, ecan det[q(t), &(t)] # 0, T.e. BekTOpBI ()
u @(t) He xonnmneapusl. Kpusas « : I — R? naswiBaeTcs 6upeey-
AApHOLL, ecii OHa OHMperyJsipHa B KaxKIOH Touke HHTepBasa I.

Ha6aionenne 17.2. BuperynspHasi KpuBas BCeria SIBJAseTCS
peryasipHoil. O6paTHoe HeBepHO. KoHTpripuMep — mnpsimast Jiu-
HHUS, Y KOTOPOH &/||d.

Omnpenenenue 17.3. Touka tg € HasblBaeTCs:

1) mouxoii pacnpamaenus, ecnu &(tg) # 0, Ho &(tg)||é(ty), T. €.
B 3TOH TOUKE MPOUCXOAUT HapylleHHe OUPerynspHOCTH, HO He
peryJsipHOCTH;

2) 6upecyasproti moukoii, ecnu &(tg) || é(tg), T.€. B 3TOH TOUKe
y KpuBOH «(t) KpuBU3HA k(tg) OTIHUHA OT HYJIS.

BosbMeM rankyio Kpusyio o : I — R? u 3adukcupyeM MOMeHT
to € I. IlocmoTprTe BHHMaTeJ/IbHO Ha pUc. | U npexnctaBbTe cebe, Kak
M3MeHsieTCsl BEeKTOp cekylled a(t) — a(ty) mpu t — to:

Koneuno, npu ¢t — t9 Bektop «(t) — «(tp), obpasHO TroBOpS,
«C)KHMMaeTcsl B TOUKy» (KpuBasi-To HempepeiBHa!). Ho ero nampasie-
HHe CTAHOBUTCH BCe O/IMKe M OJIMXKe K HalpaBJ/eHHIO KacaTesJbHOro
BekTopal
@) PasymHO cuuTaTh, 4TO MpEJE/bHOE MOJOKEHHE CeKyLIed mps-

Mot (a(t),a(tp)) mpu t — top U ecTb KacameavHas NPAMAs
K KpUBOH «(t)B Touke «(tp), ecsqH, KOHEUHO, TAKOBOE MpelesbHOe
T0JIOXKEHHE CYIIECTBYeT.
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3anumem dopmyay Teitnopa s BekTopa cekyiied «(t) — af(tp):

a(t) = a(ty) =

= a0 + g0 L0

rae R, — OCTaTOUHBIH uJIeH.

[Ipomoszkaem Hamry Kaaccu@UKaluio TOUEK HA KPUBOH U MPUCBO-
eHHe UM Ha3BaHuH. [locMoTpHTe BHUMaTeNbHO Ha opmyay Tefisopa.
B HeH y4aCTBYIOT MPOU3BONHBIE KPHBOH a(t), BbIYMCJ/IEHHbIE B TOUKE

[lycts p — mopazok nepBoi OTIMYHOM OT HYJIA NMPOH3BOLHON

( (to) # O q — mnopsnox mepsoil cnepyoueit 3a aP)(ty) mpo-
usBonHoi Takoi, uto aP)(tg) He konnuHeapHa ol? (tg). HcHo, uto
q>p.

B Takoil curyauuu OyneMm TOBOPUTb, UTO TOUKa to umeem mun
(p,q) (mnu sBAsieTcs moukoti muna (p,q)). !

(t —to)"

+ ...+ aM(tg) o

+ R,

Ha6mronenue 17.2. BuperyssipHble TOUKM — 3TO TOYKH THna (1,
2); ocobble TOYKH — 3TO TOUKH THNA (p,q), TAe p > 1; eciv y TOUKH
pacmpsiMjieHusl CyLecTBYeT THI, To 3T0 Touyka tuna (1, q), roe ¢ > 2.

Hpem nanee. IlycTb Touka to siBasieTcs Toukoi tuna (p, q). Torna

t— to) (t —to)?
q!

a(t) — a(ty) = a® (to)( + ...+ aD(tg) +...+R.

ATy (GopMysy MOXKHO Nepenucarb U Tak:

(t—p!to)fn(o‘(t) —alto)) = a(to) + R,

rne R — 0. M3 rtakoél 3amucu cpasdy BUIHO, YTO BEKTOP
—l0

alP)(ty) ABISETCH HANPABAAIOULUM BEKMOPOM KACAMELbHOL,
T.€. IpelesibHOe TMOJOKeHHe ceKyled npsmoit (aft), a(ty)) Kosu-
HeapHo BekTopy aP) (tp).
[ns npupaHdsi AajdbHEHIIUM 3amMUCSM  SICHOCTH W OoJbliue
KOMIMAKTHOCTH, BBeIeM CJlefyloliie 0G03HadYeHHS: aP(ty) = @,
ol )(to) = b t —to = u. BexTopw (@, v ) obpasytoT 6asuc, a TpoHKa
(a(ty); @, b) — penep Ha miockoctn R? (cM. puc. 17.2).

') Pasymeercs, MOKeT C/yUHTBCSI, UTO y TOUKH He CyUIeCTBYeT THMA — MpH-
MepoM sijsieTcst jirofast Touka npsmoit (t) = (¢,0) uam (MeHee TpuBHaibHO!) —
touka (1, 0) Ha puc. 11.1. Toukn Ge3 TMna — 3To, yalle BCEro, TOUKH pacrpsimie-
HUSL.
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b=ad(t,)

SR

Puc. 17.2

Pa3i0KuM Bce BEKTOPBI-NPOH3BOAHbIE a9 (tg) B hopmyne Teiino-
pa no Gasucy (@, b ) u npuBeaeM NoOGHbIE:

alt) — alty) = (E1uP + &P +..)T + (mu? +..)D .

B stom pas/oxeHuH HauOoJblllee BAUSIHUE HA KOI(DPULHUEHTH Mepes

BEKTOpaMH @ U b 0Ka3sblBAIOT MepBble caraeMble B KaXKJ0H CKOOKe,
Bellb OCTaJbHble CJaraeMble B KaXKI0H CKOOKe — OeCKOHEYHO MaJble
GoJiee BBICOKOrO mopsiika (mpu ¢ — tg), 4eM TMepBble cJaraeMble.
HPEHQGE)E)KEM 6ecKoHEYHO MaJsblMKU GoJiee BBICOKOTO MOpsiiKa W Ha-
nuiem 1) —

alt) —altg)~&-uP-a +n-ul- b,
rae, OUeBHAHO, £ = = >0,n= — > 0.

p q

[Tpenpiayiiye paccyxaeHUsl O3HAUalOT, YTO 3HAKU KO3(hdu-
UEeHTOB Nepesl 0a3UCHBIMU BEKTOPAMH OIPeNessIoTCs TOJIbKO
3HAKOM BeJMUMHBI T —fo = . 3Hak1 KO3(p(PHULIHEHTOB Mepel Bek-

TOpaMM @ W b OMNpeiensioT, B KaKoil 4YeTBepTH KOOPAMHATHOMH

TJIOCKOCTH (a(to);?,?) HaxomuTcsl Touka at). CTaHOBHTCS SICHO,
4TO pacrosioXKeHHe TOUKH «(t) B OKPECTHOCTH Hauaja KOOpAMHAT
(ToukH «(tp)) 3aBUCHUT OT YETHOCTH CTeMeHed p U q.

Huuero He momenaeliib, NpuaeTcs najee pacCMaTpPUBaTh Caydyau
pa3JIMYHBIX THMOB (P, q) TOYKH t.

Cnyuait 1. p — HeuemHO, ¢ — HeuemHo.

Ecau t < tg, To u < 0, cyepoBatesibHo, SuP < 0, nu? < 0. Obe
KOOPAMHATBl TOYKH «(f) OTpHULlaTeJbHbl. 3HAYMT, KOHEL BEKTOpa

a(t) — a(tg) nexut B TpeTbeil yeTseptH pemnepa (a(ty); @, ?)

') {1 nonmmalo, 4To Bech MpeABILYIIMH aG3all COBEPUIEHHO HeTpHeMJeM s
COBPEMEHHOI0 YHHBEPCHUTETCKOr0 y4eOHHKA [0 MaTeMaTHYeCKOMY aHaJ/M3y, HO MpH-
NlaHHEe JI0JKHOH CTPOTOCTH 3TOMY BOJIBHOMY a03ally MOXKET PacTSHYTbCs CTPaHHLbI
Ha TOJITOPBl U SICHOCTH B CYILIECTBO Borpoca He BHeceT. OrpaHU4nMCst 31eCh TaKUM
«HEKOPPEKTHBIM» pacCyAeHHeM, a B KauecTBe yTelleHHs AJis JIoOUTes el CTPOrux
paccyskKaeHHH MOCTaBUM B CJeAyIoLlel Gopmyse 3HAK «TPUOJMKEHHO PABHO».
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Ecau t > tg, To u > 0, cinepoBatesibHo, SuP > 0, nu? > 0. Obe
KOOPAMHATHI MOJOXKHUTEIbHBl. 3HAYUT, KOHEL[ BeKTOpa a(zl— a(to)

JIeXKUT B NIepBOH UeTBepTH cucTeMbl KoopauHaT (a(ty); @, b ).

KpuBas npu Bospactanuu mapamerpa t € O(tp) BBIXOLHUT U3 Tpe-
Tbell YeTBEPTH U INE€PeXOAUT B MepBYI0 UeTBepPTb (B MOMEHT ¢ = ty
KpHBasi MPOXOIUT Yepe3 Hauajo KoopauHat). IIpy 3TOM B MOMEHT
t = tp KacaTeJbHOU K HeH CJYXKHUT BEKTOD oP) (to) = @, T.e. ropu-
30HTa/IbHas OCb KOOpAMHAT. KauecTBeHHO !) KpHBas BBIMIAIMT Kak
Ha puc. 17.3.

Pestome: ecnu Touka to tHma (p,q) sBAseTCS TOUKOH (Heuem,
Heuem), TO KpPHBas B OKPECTHOCTH TOYKH «(fp) KauyeCTBEHHO BbI-
IVISAMT Kak M0Ka3aHo Ha puc. 17.3, a Touka tp HasbIBaeTCs MOUKOL
nepezuba.

B cienyomux Tpex ciydasix Bce paccyKIeHHs NMPOUCXOAAT aHa-
JIOTHUHO M KaK I0 Maciy.

Cnyuail 2. p — HeuemmHo, ¢ — 4emHo.

Ecnu t < tg, To u < 0, cnenoBarenbho, {uP < 0, nu? > 0. 3Hauur,
KoHell BeKTopa «(t) — «(tp) JeskUT BO BTOpOil ueTBepTH. Ecau t > 1,
To u > 0, cnenoBaresvHo, {uP > 0, nu? > 0. 3Ha4UT, KOHeL BEKTOpa
a(t) — a(tp) nexut B nepsoit yetBeptH (cM. puc. 17.4).

HanomuHalo, 4To B MOMEHT t = tg KacaTeJbHOH K «(t) CIyXKHUT
BekTop a'P)(tg) = @, T.e. TOPU3OHTAIbHASA OCh KOOPIHHAT.

Puc. 17.3 Puc. 17.4

Pesiome: ecnu Touka ty THma (p,q) sIBAsSETCS TOUKOH (Heuem,
yem), TO KPUBasi B OKPECTHOCTH TOUYKH «(t() KaueCTBEHHO BBITVISIAUT
KakK MoKasaHo Ha puc. 17.4, a Touka t( Has3blBaeTCsl MouKol useuba.

a(ty)

Qy

Canyua#t 3. p — uemno, ¢ — Heuemmo.

Ecnu t > tg, To w > 0, cnegoBarensho, EuP > 0, nu? > 0. 3Hauur,
KoHell BekTopa «(t) — a(tg) JexXUT B TepBoi yeTBepTH. Ecsin ¢ < 1,

') O61enpyuHATEIl MaTeMAaTHUYECKHI TEPMUH «KaueCTBEHHO» B JAHHOM KOHTEK-
CTe O3HayaeT — NPHUMepPHO, NPUOIU3NUTEBHO, HO 00I1ast 3aKOHOMEPHOCTh U OOIIHH
BUJl UMEHHO TaKOH.
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To u < 0, cnenoBarensHo, {uP > 0, nu? < 0. 3HauuT, KOHELl BEKTOpa
a(t) — a(tg) neKUT B UeTBepTOH UeTBepTH (CM. pHc. 17.5).

Pesiome: eciu Touka to Tumna (p,q) sBAseTCs TOUKOH (uem,
Hewem), TO KpUBasi B OKPECTHOCTH TOYKH «(tp) KaueCTBEHHO BBbI-
TISIAAT KaK T0Ka3aHo Ha puc. 17.5 W Touka t( HA3blBaeTCs MOUKOU
8o38pama nepsozo pooa.

Cnyuaii 4 (cambiéi KpacuBbiit!). p — wemno, ¢ — uemno.

Ecnu t < tg, To u < 0, cnenoBarenbho, EuP > 0, nu? > 0. 3Hauur,
KOHel[ BeKTopa a(t) — () JIeXKHUT, KaK 00bIYHO, B NIEPBOH YETBEPTH.
Ecmu t > ty, T0o u > 0, caemoBatenbHo, uP > 0, nu? > 0. 3Hauur,
KoHel[ BekTopa «(t) — «(tp) OMATh J€XKHUT B MepBOi yeTBepTH!

KpuBasi npu Bo3pactanuu napamerpa t € O(tyg) Mo OKPeCTHOCTH
TOUKH t( CJieBa HAlpaBO BBIXOAHT M3 MepBOH UYeTBEPTH M BO3Bpa-
[aeTCsl CHOBAa B IMEPBYH UETBEPTh, JIMIIb OIHO MTHOBEHHE MOCTOSIB
B HauaJle KOOpauHAaT. B MOMeHT ¢ = to KacaTeJbHOH K Hell CJYKHUT
FOpPU30HTa/IbHAsi OCb KOOPAMHAT (KaueCTBEHHBIH BHJ [OKa3aH Ha
puc. 17.6).

Pestome: ecaiu Touka tg TMNA (p, ¢) ABASETCS TOUKOH (vem, uem),
TO KPHBasi B OKPECTHOCTH TOUKH a(tg) BBITIIAUT TakK, KaKk MOKa3aHO
Ha puc.17.6, a Touka ty Ha3bIBAeTCs MOUKOL 8038pAMA 8MOPO20O
poda. O6pasHoe Ha3BaHHe TAKOH TOUKU — KAHO8.

.

b -
b

)
s
QY

Ry

Puc. 17.5 Puc. 17.6

Bce deTblpe BO3MOXHBIX C/y4asi YeTHOCTH Mapbl YUCEJ, COCTAB-
JSIOWMX THUIT TOUKH, paccMoTpeHbl. CTano ObITb, KJacCH(UKALHKS
TOYeK M0 3TOMY NPHU3HAKY 3aKOHYEHaA.

OcraHoBUMCS 31ech B Halled KJaacCU(PUKAUWH TOYEK TMJI0CKOH
KpuBOH. fcHO, uTO MomoOHYIO KJacCUpHUKAHI0 MOKHO BecTH bec-
KOHEYHO, TPHUBJEKAas K PacCMOTPEHHIO HOBble M HOBble XapaKTepH-
CTUKH paccMaTpUBaeMbIX TOUueK («G0oTaHHKa» KPUBBIX OeckoHedHa!).
O6muM utorom Hame# paGoTBl B 3TOM IMYHKTe IMYCTb OCTaHeTCs
MOHUMAaHHe TOro, YTO MJOCKAs IJagKas KpUBas:
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1) B OKpPeCTHOCTH GUPEry/nsipHOH TOUKH HMeeT U3THO,

2) B OKPECTHOCTH TOUKH pACIpSIMJIEHHUS UMeeT H3THO WU Iepe-
ruo,

3) B OKpPECTHOCTH 0CO00# TOUKH, umeroueti mumn, MOXKET Bbl-
IJsi1eTb KaueCTBEHHO UeThIPbMSI PasHbIMU CIOCOO0AMH: HU3THO,
neperu0, BO3BpaT MEPBOTO pPOAA WJM BO3BpPAT BTOPOro poja
(kJ110B).

3agauku U ynpaKHeHus

1. AkKypaTHO MoCTpoiiTe 006pa3bl CJAENYIOIIMX KPUBbIX Ha JIH-
/ cTe KJeTyaTod HGymaru:
1 a) a(t) = (4,12 —t°); 6) a(t) = H(4¢%, 3> + 3t);

6) af
442 44 | 45). O o 2c08’t
g B) a(t) =(t*,t* +¢°); 1) at) = (251nt,m),
n) aft) =13+ 2,62 — 1)~ e) a(t) =1t> — 1,13 —t);
®) aft) = Y(tet, te‘t); alt) =1t +3t+ 1,13 =3t + 1);
) at) = {(cos* t,sin t) K) at) =Ysht —t,cht—1).

18. dBoJjrora u 3BOJBbLBEHTA

YBaxkaemble yuratesu! B 3TOM myHKTe mpuiio BpeMms MO3Ha-
KOMHUTbCS C MapOYKOH KJaCCHUECKHX MOHSATHH, KOTOpble CO BpeMeH
cBoero uzobperenus [oiirencoM !) HAYT Mo KU3HK BMecTe, IPHHOCH
TNOJb3Y JIOASM.

Iycrs kpuBas o : I — R? perynspHa.

Onpenenenne 18.1. Jsorromoii xpusoit a(t) : I — R? nasbiBa-
eTCsi MHOXKECTBO BCEX TOUYEK, KOTOPble SIBJASIOTCS LEHTPAMH KPHBH3-
HbI KPUBOH (), T. €. MHOXECTBO LIEHTPOB BCEX €€ CONMpPHKACAIOIINX-
Csl OKPY2KHOCTeH.

Kpusyio [((t), o6pa3omM KOTOpO# §IBJsIETCS MHOXKECTBO LEHTPOB
KPUBH3HBI KPUBOH «v(t), TakxKe OylIeM Has3blBaTb 980AHOMOLL.

TepmuH «3BoJIIOTa» MPOUCXOAUT OT JIATMHCKOTO <«evolutus» —
«pa3BepHyTbiH». [loueMy HMeHHO «pa3BepHYTBIH», MBI TOHMEM B
3TOM NYHKTe YyTb HHIXKE.

YpaBHeHMe 3BOJIOTH HaM, (DaKTHUECKH, YK€ U3BECTHO M3 MYHK-
ToB 12 1 13, roe Mbl fanu onpeneseHHsl COMPUKACAIOLIEHCS OKDPYXK-

1) Xpuctnan Trofirenc (1629-1695) — rosnaHicKuii MaTeMaTHK, (DH3HK, acT-
pPOHOM M ecTecTBoHcHbITaTeslb. B 1673 r. ony6auxoBan kuury Horologium
oscillatorium (MasTHHKOBBlE uachl), B KOTOPOH BIEPBble MOSBUJIUCh OCHOBHbIE
repoM HACTOSILIETrO MyHKTa — 3BOJIIOTA U 3BOJIbBEHTA.
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HOCTH, LEHTPa W paguyca KPHUBHU3HBI KPUBOH W YCTAHOBUJM CBSI3b
MeXK1y KPUBH3HOM U pafnycoM KpuBH3HBL. [10aToMy cpasy BhIMHIIEM
ypaBHEHUE 3BOJIOTHI:

| .
t) = a(t) + ——= V().
(1) = (1) + g5 7 1)
Ha nexkuuu g uyurtalo 3TO ypaBHeHHe Tak, Kak OYATO OOBSCHSIO
JOPOTY TIPOX0XKeMy Ha yuaule: «I{js Toro 4ytobbl 0T TOYKH «(t) Ha
KPHUBOM (v JIOUTH 1O COOTBETCTBYIOIIEH TOYKHM 3BOJIOTHI, HANO HUATH
BOJIb TI0 HOPMaJIbHOMY BEKTOPY 1/ (t) Ha pajmuyc KpUBM3HBI».

Hab6uaronenuns 18.1, oueBuaHble. DBOJIOTA IVIAAKOH KPUBOH —
rnajKas KpuBas. DBOJIOTA OKPYXKHOCTH — ee HeHTP. !) Y mpamoii
JIMHUH 3BOJIIOTHI HET, TaK KaK KPMBU3HA NPSIMOH JIMHUU HYJeBasl.

[Tyctb Temepsb KpuBasi «(t) GuperysnsipHa, cjiefoBaTenvHo, k(t) #
# 0 mpu J060om t € I. D10 03HAYAET, UTO y OUPEry/asipHOH KPUBOH
BCerja CyLlecTByeT Iafkas 3BojioTa. [TycTb y KpuBOH av(t) UMeeTcs
napametpuueckoe 3ananue «(t) = (x(t),y(t)). Haltnem napamerpu-
4eCcKOH 3aJlaHHe 3BOJIIOTHI.

W3 . 15 ussecrtHo, 4TO

k(t)_det[d,d]_ i — &y - )_m
e _(¢2+y2)3/2’ o /_i2+y2'

TOI‘I[a, MIYyTEM BBIIIOJHEHHSA «B YMeE» IIKOJbHBIX npeo6pasosaHHf/’1, U3
YPaBHEHHs 3BOJIOTHI Cpady HaXOAUTCA €€ MapaMeTpHu3alus:

B+ P i+ P

=yt i)

ﬁ(t)=<w—... Y, Y+
Ty — Iy Ty — TY

Mbl yxe 3HaeM, 4TO ec/M KPUBHM3HA MJIOCKOH KPUBOH IMOCTOSIHHA
(k(t)=C, 1.e. k(t) =0), To 3Ta KpUBasi — npsiMast UJIW OKPYKHOCThb
(nu ux yacte). [laBaiiTe UCKJIIOYMM U3 NaJbHEHILIETO PACCMOTPEHHUS
9TU TPUBHAJBHBIE CIy4ad U CPa3y HAJ0XKHM Ha (DYHKLHIO KPHUBHU3HBI
JIOBOJIbHO CHJIbHOE TpeOoBaHHe — pery/aspHocTb. Ham 6ynet yno6Ho
CUUTATh KPUBHU3HY PEryJspPHOH, XOTS 3TO AeHCTBUTENBHO «CHUJbHOE»
Tpe6oBaHHe, UCKJ/IOYalollee Jaxe HaJuuue SKCTPeMyMOB Y (DyHKILHUH
KPHUBH3HBIL.

Teopema 18.1. [lycmo kpusas «o(t) bupeeyrspra, k(t) — ee

kpusuana u k(t) # 0 das awboeo t € I. Toeda cnpasediuss. dsa
ymeepocoeHus.

D) Pasymeercs, mocTostHHAS BeKTOP-(PYHKLHUS SBJASETCS IVIAAKOH.
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1. Kpusas «(t) umeem peeyrspryro 3sosromy ((t), npuuem
agoaoma — amo oeubarou,as cemeiicmsa Hopmaret Kpusot ot).

2. Jlauwa  Odyeu  280at0mMbL
E[ﬂ]z] paswa moOyato  pasHocmu
|R(te) — R(t1)| Oaun xacamesvHoix
K Hell 8 KOHYe8bLx MOuKax Oyeu.

[TosicHio, YTO OauHa KacamesbHOL
R(t) — aT0 n/MHa OTpe3Ka KacaTesb-
HOHM R(t) OT TOUKH KacaHHUs Ha KPUBOH
(B(t) mo nepeceueHus ¢ KpuBo# «f(t).
Puc. 18.1 mpekpacHo mosicHsieT MOHS-
THe OJUHBl KacaTeJbHOU U (HOPMYJHU-
POBKY TEOpEMBI.

Puc. 18.1 JloKa3aTeJabCTBO.
1. YpaBHeHnue sBosOTH: [(t) =
1
=alt) + m?(t). [IpoBepuM ee pery/isipHOCTb — MOCUHUTAEM MPO-

M3BOJIHYI0, UCTIOJb3Ysl ypaBHeHUsT DpeHe:

B=d+ (%) V() + %7@) =
:d—i-;—;cu(t)—%\d\k?(t):—k—y(t)# 0,

T.€. 3BOJIOTA peryjsipHa W ee KacaTesJbHbIH BeKTOp (3 BCcerna Ha-
npasJeH 1o HopMaau v (t). CienoBaTenbHo, U () — KacaTeJbHBbIi
BeKTOp I/ [(f) W, Tak KakK Kakaas HOpMaJb KPUBOH «(t), oueBHI-
HO, TlepeceKaeTcs ¢ SBOJIOTOH, TO 3BOJII0OTAa — OrH6aoIas ceMelCcTBa
HopMaJiell KpuBol «(t) (cm. puc. 18.1).
2. CunraeMm Tenepb IJIHHY OYTH 3BOJIOTHI:
to

f(s12) = [ 1660t =

S[EnT

Uro, co6CTBEHHO, U TPeOOBANOCH. ¢

] 1

Onpenenenue 18.2. Kpuas «o(t) HasbiBaeTcs 980168eHMOLL 115
KpuBoit 3(t), ecau B(t) — 3BoJIOTa KPUBOH (v (t).
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DBoJIOTAa U 3BOJIbBEHTa — Kpernkas napodka. («Evolventis» —
9TO POOMTEJNBHBIH MafeX OT JATUHCKOTO «evolvens» — «pa3BopayH-
BaloLIMH».) CBSA3b MEXIY BOJIOTOH U 3BOJbBEHTOH MO (hopMe 0YeHb
HalOMHHAEeT CBsI3b MeKJy MPOU3BOLHOH U MepBOOOPa3HOM.

[TocmoTpuTe ewte pas BHUMaTesnbHO Ha puc. 18.1. [lpu pasrasiabi-
BaHUHU PHUCYHKA BO3HHKAaeT 3a0aBHBIN XYN0KEeCTBEHHBIH 00pa3 3BOJIb-
BeHTHI. [IpencraBbTe, 4To KpuBasi (3(t) okJeeHa HUTOUKOH. B Heko-
TOPOH TOYKe HUTOUKY paspesasu M Hadajd CMaThlBaTb C KPHUBOH.
Ha KoHIle HUTOUKM 3aKpenu/au KapaHTAWK (WU J000H Opyrou
MUIIYyLe-MaKyIK# annapat). HuTouky cmarteiBaioT Tak, 4ToObl OHa
Oblia Bce BpeMsl HATSHYTa, NIPU 3TOM OHA ABTOMAaTHUeCKH OyneT
HaTsiHyTa 1o Kacare bHO# K 3(t) (cm. puc. 18.1). Torna kapanmaruk
TOCJ/Ie10BaTENbHO NPOHeT TOUKU «(t), a(ta), ... © HAYEPTUT IBOJIb-
BeHTY (pa3BepTKy) KpuBo# [((t). VIMeHHO Tako#l Xym0XKeCTBEHHBIH
0o06pa3 pacKpyuMBaHHUs HHUTOYKH OOBSICHSET MPOUCXOKAeHHe oblle-
TMPUHATBIX HAa3BaHUH — JIATHHCKUX TEPMHHOB «3BOJIOTAa» U «3BOJb-
BEHTa».

HaGmonenne 18.2. Hurtouky MoxHO H3HAuajbHO paspe3aThb
B TIPOM3BOJIbHOH TOUKe KPHUBOH [3(f), NMPH 3TOM, COOTBETCTBEHHO,
OyLyT moJy4aTbCs pasHble 3BOJNBBEHTBI, OTAMYAIOIINECS APYTr OT
Jpyra HadyaJbHOH TOUKOH.

TaxuM o6pazom, 3BONbBEHT Yy AaHHOH KPUBOH OGECKOHEYHO MHO-
ro. DTo MOAYEPKUBAET AHAJOTHIO 3BOJbBEHTH C MepBOOOPA3HOH —
nepBo0OPasHbIX (PYHKIUE TOoxKe OeCKOHEeUHO MHOTO (M BCeé OHU OT-
JUYalTCs APYT OT Apyra Ha KoHcTaHTy). [IpousBomHasi »ke y Bcex
nepBooOpa3HbIX OJHA M Ta e, KaK OJHa 3BOJIOTa Yy BCeX CBOMX
9BOJIbBEHT.

MBI yKe HayuHJIHCh HaXOOUTh 3BosOTy [(t) = a(t) + %7@@)

M0 JAHHOH 3BosibBeHTe «(t) (HMKHUH MHIEKC Yy BEKTOpa O3Hadyaer
KPHBYI0, K KOTOPOH 3TOT BeKTOp OTHOcHTCs). IlycTh Temepp naHa
kpuBass (3(t). Kak HailTh ee sBosbBeHTY? PakTHUecKH, MBI cefdac
OyneMm pemiaTb oOpaTHYIO 3aady — HAHTH IBOJIBBEHTY 10 JAHHOH
3BosiIoTe. JTO GOJlee CJOKHAs 3afaya, yeM HaxOXJAeHHe 3IBOJIOTHI
B(t) no maHHOH KpHUBOH «(t), Tak Kak MBI TI0Ka He 3HaeM HHU «a(t),
HU Uy (t).

Ecnu mocmoTpets Ha puc. 18.1, To cTaHeT sicHO Kak IeHb — 75
TOTO, 4YTOOBI 106PaThCsl OT TOUKU [3(t) Ha 3BOJIOTE [0 TOUYKH «(t) Ha
3BO/IbBEHTE, HAJI0 MATH «BJIOJb Ja N0 KacaTesIbHOi» |) Ha HekoTopoe

') Ha nekuun s pacnesaio 31y dpasy Ha MoTHB mecHu «Bjosb mo ITutepckoii!
[To Teepckoii-Amckoi!»
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paccrosinue A(t):
a(t) = B(t) + A(t) - 75(t).

Mbr He 3Haem mnoka A(t) u Bektop Tj(t). IlpuGernem, Kak
00OBIYHO, K YHHMBEpPCaJ/JbHOH MajouKe-BbIpy4yasoyke — AU(PPepeHIu-
poBaHMIO (MHe Haf0eJ0 MUCaTh apryMeHT t, MO3TOMY B CJIEAYIOLIHX
TPeX CTPOUKAX ero HeT):

G=F+A-Tot AT =BT+ A Ta+ Ak |5 75 =
— (|,8'|+>\) ?ﬁ+(>\-/~c-|ﬁ'|) V.

[lo onpeneseHuio 3BOJbBEHTHI, dJ_?g. IT10 03HaYaeT, 4TO KO3PPH-
LMEHT B 3TOM PasJOKEeHHH Tepel BeKTopoM T4(t) paBeH HyJo:

18]+ A =0,
cJieaoBarTeJibHO,
t
A0 =€ = | 130) .
to
DTo He UYTO MHOe, KaK JJWHa KpuBod ((f) — Hy, a UTO BHI,

coOCTBEHHO, OXHJaMU? Benb Mbl 2Ke cMaTbiBaeM HHUTOYKY, KOTOPOH
«00TsIHyTa» Kpuas (3(t)! CoBeplIeHHO eCTeCTBEHHO, YTO JIJIHHA 3TOH
HUTOYKHM (T.e. IJMHA KacaTeJbHOH) B TOUHOCTH paBHA AJIHHE TOU
OYTH, Ha KOTOPYIO 3Ta HUTOYKA Obla HakjeeHa!

Hrak, ypaBHeHHe 3BOJIbBEHTHl COIEPXKUT HHTerpas (MOMHHUTE Ha-
Iy aHaJOTHIO: 3BOJIbBEHTA — 3TO Ne€pBOOOpasHasi, T.e. MHTErpal).
Bor cranpapTHas 3anuck 3TOro ypaBHeHHUS:

t

alt) = A1) + O—meMt-ﬁw»

to

MG}K,ZIY [IpOYUM, YpaBHEHHE 3BOJIOTHI, B MOATBEPKACHHUE Hallel
aHaJioTuu nap (ssoaroma — 3sosbsenma) v (npoussodnas — nep-
6000pa3HAs), CONEPIKHUT B CBOEH 3aMUCH TOJBKO MPOU3BOLHBIE.

BH,U,HO, YTO Ha MpPaKTHKe YypaBHEHHsS 3BOJIbBEHTbl COCTaBJIATD,
BOO6U.[€ roBop4d, CJOXHee, yeM ypaBHeHHs 3BOJIIOTHI, B€Ab HUHTEIrpHU-
poBaTh (BBIYUC/ATE AJHHY KPUBOK) TpydHEe, ueM MpocTo auddepeH-
LUPOBAaTh JaHHble (DYHKLHH.
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Ecnu xpuBas (3(t) siBaseTcs KPUBOH e€IMHUYHOH CKOPOCTH, TO
ypaBHEHHE 3BOJbBEHTH BBITVIAAUT Mpolle (MO0 BCe CJI0XKHOCTH BbI-
YHCJIEHUS] HHTErpasa yxke «Cbeja» MpOLeAypa BBeIeHUsS HaTypasb-
HOTO MapameTpa):

a(s) = B(s) + (C — 5)Tp(s),

rie C' — mNpou3BOJIbHAS KOHCTAaHTa, KOTOpasi OMpeessieTCss MecTo-
MOJIOKEHHEeM HadyasbHOH TOYKM 3IBOJbBEHTHl — TOUKH pa3pbiBa HH-
TOYKH, KOTOPOH OKJieeHa NaHHAas KpHUBas U KOTOPAas CBOMM KOHIIOM
yIep:KHUBaeT KapaHaall.

MHe xoueTcsl 3aKOHYUTb 3TOT MYHKT HEOOJbIIUM HCTOPUYECKUM
OTCTYyMJIEHUEM TPO 3BOJIOTY U 3BOJbBEHTY.

dnoxa Bo3poXKaAeHHUs. JNoxa BeJUKUX OTKphITHH. EBpona Bo3Bpa-
1iaeTcs K MaeasaM JApeBHerpedeckod KyabTypel. TBopsaT Jleonapno n
Padasnb, nuwer Jdante. dnoxa pasBuTusi MopensiaBanus. Maresnan
oOHapyxuJa, 4yto 3emas — Kpyraas. Bce Oypaut mnocse cpenHe-
BEKOBOTO 3acTosi. Hayka cTaHoBHUTCH caMblM BaKHbIM (DaKTOPOM,
ofecrneynBaOLIMM Pa3BUTHe OOLIECTBA.

Tenepp Gavke K meay. B 1598 r. Tanuneét B cBOoMX Tpymax oT-
Kpbl1 1) MUpY yuKkA0uOy — TPaeKTOPHIO TOUKH Ha KoJece, KOTOpoe
KaTuTcs no npsimoil (cm. puc. 18.2). ®panuys Pobepsanb B 1634 T.
HalleJ1 MJ0LaAb OOHOH apKH LHUKJJOWIBI, a UyTh NM0o3xke (ppaHuys Pex
CIIPSIMMJT LUKJOUAY (T.e. HalleJ NJHHY OfHOH ee apku). [Ipuuem
clesiaqi OHM 3TO, ellle He 3Has AU((epeHIIHaNbHOT0 HCUHC/EHUS
Heiotona u Jleiit6uuua.

- O T

Puc. 18.2

[nksonna nproGpesia MomnyssipHoCThb B Hay4- 4

HBIX Kpyrax — BCe W3BECTHble [€OMEeTPhl TO-

ro BpeMeHH o0pallajuch B CBOMX paboTax K AN

ee ngydennio. Hanpumep, Horann bBepuyniu

o6Hapyxua B 1696 r., 4To HUKIOWIA — KPHU- B
Basi HaUCKOpeHIero crnycka («OpaxucToxpo- Puc. 18.3

Ha»), T.e. UMEHHO MO 3TOH KPUBOHU NOJIKEH

KaTUTbCS 1IapHUK, UTOOBI CKATUTHCS M3 BEepPXHEH TOUKH A B HHUXKHIOI
TOYKy B 3a HauMeHbllee BpeMs (cM. puc. 18.3).

') Ucropuueckn nepsoe ymomunanue o nukgoune aatupyercs 1503 r. u Haxo-
nutesl B «[llect KHMrax BBelleHHs B reoMeTpHIo» (hpaHiysa de-Dysens.
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3anosnro no storo lanusell mpuaymas HCIOJb30BaTh MasiTHUK
IJ1s1 KOHCTPYKIIMK 9acOB — OH OTKPBII MOCTOSIHCTBO IMepHoaa KoJie-
Ganuit MasTHHKA. |) K coXKaleHMIo, STOT MepHoJ OKAa3ascsi CHILHO
3aBUCAUM OT pa3Maxa (aMILUIUTYAB) KoseGaHuii, ) uto memaso
MasiTHUKOBbIE UaChl BeCbMa HETOYHBIMH.

Ho uenoBeuecTBy OblM HYKHBI TOuHble Yachl! Hanpumep, TouHoe
BpeMsi Ha KopabJie 3HATb MPOCTO HEOOXOAHWMO, MO0 OHO MO3BOJSET
onpenessiTh KOOPAHWHATBI Kopabss. To4HO B TOJAEHb, C TOMOLIBIO
acTpo/isiOuM, Hal0 M3MEpPUTb Yros MoabeMa COJHLA HajJ TOPU30H-
TOM — 3TO, (paKTHUECKH, U3MepeHHe LIHUPOThl MecTHOCTH. Ho mas
9TOTO HYXKHO 3HaTh, Korjaa mojneHn! M ecnn Ha cyie, xyno-6enHo,
MOKHO MOJJeP>KUBATh MOCTOSHHYIO aMIIMTYAYy KoseOaHUH MasTHH-
Ka 4acoB, TO Ha Kopabse BO BpeMsl KauKH 3TO MPOCTO HEBO3MOXKHO.

Tonnannen Xpuctuan [oiirenc B 1665 r. oOHapyXHUJ ellle OfHO
3aMeyaTejibHOe CBOHCTBO LMUKJOHAB — OHA $SIBJseETCS TOH camoi
KPHUBOH, 10 KOTOPOH IOJKEH IBUTaTbCsl MAsTHUK, YTOOB! €ro Mepuof
KoJeOaHWi He 3aBHUCes OT aMIIUTYIBl («M30XpPOHHAS KPHUBAs» WU
«TayToxpoHa»). B 1673 r. B cBoem TpakTaTe «MasiTHHKOBbIE Yachl»
OH BIIEpBble BBeJ TOHSATHS 3BOJIOTHl U 3BOJbBEHTHl W OOHAPYXKHUII,
4TO 3BOJIOTA (9BOJNIbBEHTA) LMKJOWABI — CHOBA LMKJIOWAA. JTO
MO3BOJIUJIO €My CHeJaTh IIHKapHOe H300peTeHHe — H30XPOHHBIN
MasiTHHK /151 0c000 TOYHBIX KOpabesbHbIX XPOHOMETPOB.

CwMmortpurte, yTo oH caenan (puc. 18.4):

JlepeBsiHHbBIC
ILIEKH»

/

~ -

~__-

Puc. 18.4

JlepeBsiHHbIe 1leKW B (popMme LMKJIOMIBI. BepeBouka npu KoJe-
0aHUM MasTHUKa 00JieTaeT 3TH IIEKH, U BCe BpeMs SIBJSETCS Kaca-

') Tanuseit cmoTpen Bo Bpemst 6orocTyKeHHs B COG0pe Ha KAualoulyiocs TOCTPy
M CUMTas yAapbl CBOEro Cepala.

%) 10 TOMBKO B MIKOJIE yuaT, uTO MepHoJl KoleGaHUii MasTHUKA He 3aBHCHT OT
AMIIJIMTYAbl — B HIKOJIbHOM Kypce qJI/I3I/IKI/I paccMaTpuBaeTcs Hﬂea.ﬂbeIﬁ MaTteMa-
THYECKHUH MasiTHHK. IIJIH peaJsibHOr'0 KPYyroBOoro MasiTHHUKa (LHapl/IKa, MOABEILICHHOI' 0
Ha BePEBOYKE) ITO He TaK.
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TeJbHOH K IleKe. DTO 3HAUYMT, YTO caM MasiTHUK (rpy3) ABHKETCS
M0 3BOJIbBEHTE LUKJOUIBL, T.€. TOXKE 10 LUKJIOUIE, CTaJ0 OBITh, €T0
Mepuo[ He 3aBUCHUT OT pasMaxa KosneOaHu#! TakoMy MasgTHHKY Kauka
Kopabsisi He crpamHa. HeT Hy»KIbl roBOPHTBb, CKOJb BayKHO OBLJIO
3TO0 H300peTeHHe /51 MOpEIJaBaHWs, U KaKYI0 BEJHUKYIO CJIyXKOy
COCJIY>KUJIM 3[eCh 3BOJIIOTA U 3BOJIbBEHTA!

3aKOHYMM 3THM HCTOPHUYECKHUM OTCTYIJEHHeM Hallle 3HaKOMCTBO
C MJIOCKUMH KPHUBBIMH U, Kak OOJbLIOH KopabJ/b, MPSMHUKOM MOHAEM
B CcjedyIOLIUE naparpad.

3amayky U ynpaxKHeHHs

pal

7y

1. 3amauka Ha pa3BHUTHE BOOODAXKEHMS O Pa3MaThIBAIOIIUXCS
HUTOUKAaX M BIHCAHHBIX KpyxKouykax. Hapucyiite cxemaTHUHO
9BOJIIOTHl U 9BOJIbBEHTH KPHBBIX, H300paxKeHHBIX Ha CJIeAyIOLIeM
pUCYHKe (3T0 MOH J1II0GUMBIE BOIPOC MPO IBOJIOTHl U 3BOJBBEHTHI
Ha 9K3aMeHe, MOUepnHyThIH U3 Jgekuuil B. V. ApHoabna):

(HauanpHast TOUKA AJIST 3BOJIBBEHTHl yKas3aHa Ha KaXKJIOH KPHUBOH
JKHUPHBIM KPYKOUKOM). OObsSCHUTE MpenogaBaTe/l0 CBOH pHUCY-
HOK.

2. Hafigute mapameTpHu3allill U HApUCYHTe 3BOJIOTHl CJENYIO-
IMX KPHUBBIX:

a) a(t) = {acost,bsint); 6)y = 2?;

B) a(t) = 1t(a(lm (tg %) + cost),asint);

r) p=a(l 4 cosyp).

3. JlokaxkKuTe, 4TO 3BOJIIOTA LMKJOWIbI — CHOBA IHMKJOHJA,
M30MeTpHUYHas JaHHOH.
4. JlokakuTe, 4TO 3BOJIIOTA ACTPOMABI — CHOBA acTPOMJA,

nogo6Has ucxopHoi. Hainure koapduumnent nogodus.

5. Hainure mapametpusauuio u HapHcyHTe KaKy-HUOyIb O-
HY 9BOJIbBEHTY OKDPYXKHOCTH 22 +9° = a’.

6. Haiinute napaMeTpI/lsaumo U HapUCYHTe 3BOJIbBEHTY Lel-
HOH JIMHUK Y = ach —, BBIXOJSIIYIO U3 ee BepliuHbl. YTo 3TO 32
JIMHUS?

7. Haiinure napaMeTg)Hsaumo U HapHCyHTe 3BOJIbBEHTY Napa-
Gosel a(t) = (¢, (1/4)t%), npoxoasuiyio uepes ee BepIIMHY.
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8. Haiinure mamny nyru actpoumsl aft) = Yacos®t, asin’t),
NPeCTaB/IsAg €€ B BHIE 3BOJIOTH HEKOTOPOH MOAXOASALIEH KpH-
BOH.

9. Haitnure nanHy Bceit kapauounsl p = a(l + cosy), mpen-
CTaBJ/IfA €€ B BHJE 3BOJIOTH HEKOTOPOH MOAXOASAIIEH KPHUBOK.

10. [loxaxkuTe, 4TO €C/IM IJIOCKAsk KPUBasi UMeeT TOUKY Mepe-
ruba, TO ee 3BOJIbBeHTAa (He BBIXOASAIIAS W3 3TOH TOUKH Iepe-
ruba) Bceria MMeeT 0CcOOEHHOCTb (BO3BpaT BTOPOro pona, T.e.
«KJIIOB») B TOYKE, COOTBETCTBYIOIIEH TOUKe repern6a HCXOMHOH
KPUBOH.

11. JlokaxkuTe, 4TO €C/IM KPHBU3HA MJIOCKOH KPUBOH B HEKOTO-
poll Touke MPMHUMAaeT KCTpeMasbHOe 3HaueHHe, TO B COOTBET-
CTBYIOLIIEH TOYKe ee 3BOJIOTHI BCErga HMeeTcss 0COOEHHOCTb —
BO3BpAaT MEPBOTO Poja.
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B stom maparpade Mbl cHOBa o6paTHMCSl K H3y4YEHHIO KPHUBHIX B ag-
(buHHBIX NpocTpaHcTBax R™ Npou3BOJIbHON PasMepPHOCTH, U JIOKaJbHblE
CBOMCTBA KPUBBIX MpPeNCTaHYT Nepel HaMU BO Bcell CBoed Kpace U 0OIl-
HOCTH BBISIB/JSIEMBIX 3aKOHOMepHocTel. JIuwb u3penka Mbel OyneMm JesaTb
OTCTYIIEHHs B GoJiee TPANMIMOHHbIE M HaLIAAHBIE Caydau miockoctd R2
u npoctpaHcTBa R ¢ 1e/bio 3HAKOMCTBA ¢ «apXaHyHOH» TepMUHOJOTHeH
U (PUKCAUMU 1 KEHTIbMEHCKOro Habopa o6s3aTesIbHbIX MOHATHH U QOpMYyJ
17151 TIPEJCTOSIIIEr0 B KOHLIE YHUBEPCHUTETCKOr0 00y4YeHHsI TOCYAapCTBEHHO-
ro sK3aMeHa.

19. KpuBsbie o6mero Buaa

CHavasa 3acukcupyeM 1J1 BCero AajbHeHllero U3JoXKeHUs 1Ba
BaxKHbIX MoHATUA. [IycTh o : I — R™ — ryankas kpupas.

Onpeggnem/le 19.1. IlpousBosbHas riankas BeKTOP-(PYyHKIUS
X : I — R™ HasbiBaeTcs BEKMOPHbLM NOACM gdoav kpusoti o : [ —
— R™. BekropHoe none X : I — R™ Bposab kpuso#l o : I — R™
Ha3bIBACTCH KACAMEAbHbIM, €CNH B KaXKIblll MOMEHT ¢ € I BeKTOphI
X(t) n &(t) KonavHeapHsI.

EcTecTBeHHBIMM TpPHMepaMH BEKTOPHBIX TOJIeH BIOJb TJIAAKOH
KpuBoit « : I — R™ cayxar ee mpousBomHbie &(t),a(t), a(t)....
PaccmatprBasi MPOU3BOJIbHOE BEKTOPHOE
nosie X (t), MOXKHO TIpPeACTaBAATh cebe, YTO
B KaXKJblii MOMeHT ¢ € I BekTop X (t) oTiio-

XeH OT COOTBETCTBYIOLIEH TOUKH «(f) KpH-

BoiH « (cm. puc.19.1). Ilpu Takom mpen-

CTaBJIEHUH M3 KaXXIAOH TOUKH KPUBOH «TOp- a
YHUT» COOTBETCTBYIOLIMH BEKTOp M KpUBasi
HarmoMHHaeT HOBOTOJHIOK €JI0YHYI0 MHIIY- I
py. { He 6yny 3mech HACTOWYHBO MpoOTaraH- tp 191
JTUPOBATh TOMOOHBIA XYMO0KECTBEHHBIH 00- he. 29,

pa3 BeKTOPHOTO MOJIsi BIOJb KPUBOH, TaK KakK Takoe MpeACTaBJeHHe
BEKTOPHBIX MOJIEH He Bcerga yHOOHO M TJIONOTBOPHO — BCIIOMHHTE

X(1)

a(t)
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[aycca, koTopblfl npuayMas OTKJaAblBaTh eAWHHUHble HOpMaJjbHble
BEKTOPBI NAHHOH KPUBOHW He OT TOYeK CaMOHM KpHWBOH, a OT Hayasna
KOOPAUHAT, UTO IMPUBEJIO €ro K MOHSITUIO chepuueckoro otodpaxe-
Husi! Kpome Toro, B 6osiee abcTpakTHBIX pasfenax AuddepeHIHab-
HOH reOMEeTpHH 4YacTO pacCMAaTpHUBAIOTCS KPHUBBIE, PACIOJOKEHHBIE
He B HaceJleHHBIX BeKTOpaMH ap(UHHBIX MPOCTPAHCTBAX, a B MpPO-
U3BOJIbHBIX TOIOJIOTUYECKHUX MIPOCTPAHCTBAX, B KOTOPHIX BOOOILE HET
HUKAaKHX BEKTOPOB. fICHO, YTO TOrna OTKJ/AABIBATh BEKTOPHI OT TOUEK
Ha KPUBOH CTAHOBUTCS MPOCTO HENPaBOMEPHO.

Onpenenenue 19.2. [lodsuscHoim penepom 80046 KpusoL
a : I — R™ HasbiBaeTcss COBOKyMHOCTh pernepoB {(a(t); F(t),
Es(t),...,En(t)),t € I}, rne a(t) — HauagbHas TOUKa pernepa,
COOTBEeTCTBYyIOLIero MoMeHTy t € I, a (Ej(t), Eqo(t),..., En(t)) —
Takoh HabOp BEKTOPHBIX MOJeH BAOIb KpuUBOH « : I — R™, uto
B KaXIblil MOMeHT t € I Bektopwl E|(t), Eo(t),..., Ep(t) nuHeiHO
He3aBUCHMBL. Habop JMHEHHO He3aBUCHMBIX BEKTOPHBIX MoOJeH
(Ei(t), Eqy(t), ..., En(t)) Boomb KpuBo# « : I — R™ HasbBaetcs
6asucom 80046 KpUBOLL Q.

O6paTtuTe BHHMMaHHe, UTO B 3TOM OINpeJeJeHHH $I, HaxoHsCh
B a(pvHHOM mpocTpaHcTBe R, mpenJjarato NpeacTaB/siTh cebe Oa-
3UcHble BeKTOpBl (F(t), Eo(t),..., Ep(t)) OTIOXKEHHBIMH OT COOT-
BEeTCTBYIOLLEH TOUKH «(t) Ha KpuBOH. TakuM 006pasoM, B KaKablil
MoMeHT ¢ € I Bektopwl (Ej(t), Eo(t),... Em(t)l) obpasyioT 6asuc

(BekTOpHOTrO!) 1HIEHTpOAPPUHHOrO MPOCTPAHCTBA R;”(t). [TonBHKHBIH

perep MOXHO MBICTHTb ce6e UMEHHO KaK HroJbYaTylo I'DO3/b BeEK-
TOPOB, MJIABHO MOJI3YILYyI0 CBOMM OCHOBaHHEM 10 KPHUBOH «.

Pasymeercs, MoaBHKXHBIH perep CyLIecTByeT BIOJb J0060H Kpu-
Boit o : I — R™. TpuBua/bHBIA MpHMep MOABUXKHOIO perepa naet
CoBOKYMHOCTh («(t); ey, €9,...,6en), TOe (€],€9,...,€y) — CTaHAApT-
HbI} (I/I_)C&M no cebe OueHb NaKe HENOABHXKHbIN) 6asuC MPOCTpaH-
ctBa R"™. Taxo# penep, rpy6o ToBOpsi, HMKAKOH CBSI3U (Kpome
HauaJbHOH TOYKH) C KPUBOH «(t) He HUMeeT W NpPaKTHUECKH HHUUe-
ro He T03BOJISIET BBISICHUTH NP0 CBOHCTBAa caMod KpuBOH. OmHako
B JaJsibHelilleM Hac OyoyT MHTEpecOBaThb TaKHe CIellhajbHble pe-
nepbl, KOTOpPble MMEIT CO CBOMMH KPHUBBIMHU 0OoJsiee TeCHYIO CBSI3b
M yXBaThIBAlOT 3aKOHOMEPHOCTH WX TOBeleHHs. M3ydeHue «xut-
pBIX» TOABHXKHBIX PENepoB BIOJb KPHUBBIX MO3BOJUT HaM PA3BUTh
BeCbMa COJep:KaTeJbHYI0 TEeOpHIo, Belb perepbl MOXKHO H3yuars,
HCIOJIb3Ysl MOLIHEHIINe Opynusi JHUHEHHOH anrebpbl U MaTeMaTH-
yeckoro aHanusza! TakoB, B 0o0KX uepTax, MJaH 3aXBaTa TEOPHH
KPHBBIX.
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Jl1s peanusaliy Hallero MJaaHa MOCTPOEHHUS «XUTPOTr0» MOABUXK-
HOrO perepa HaM ToTpefyeTcsl ellle OJHO BaXKHOe TMOHSITHE, HUMS
KOTOPOTO CJIY>KUT Ha3BaHHEM 3TOTO NMYHKTA.

[lyetb o« : I — R™ — rnankas kpuBasi; &(t), a(t),...,

a™~1(t) — ee npoussonHble, o6pasyoime Habop U3 (m — 1)
IITYK BEKTOPHBIX MoJel BIoMb (t). O6GpaTuTe BHUMaHHE, YTO YHUCIIO
3THUX BEKTOPHBIX IOJIEH HA eMHUIY MeHblIe PAa3MEePHOCTH MPOCTpPaH-
craa!

Onpenenenne 19.3. Kpusas « : I — R™ HasbiBaetcs
Kpusoii obuijeco suda, ecad B JOO0H MOMeHT t € I BeKTOpHI
a(t), a(t),...,a™ 1 (t) nuHefiHO He3aBHCHMBI.

Ha6arwonenune 19.1. [lpu m = 2 kpuBble 0611ero BHUAa — 3TO
B TOYHOCTH peryJ/sipHble KpHBBle; a MpU m = 3 KpHUBble 0O0I1ero
BHa — 3TO B TOUHOCTH OUpEryJ/sipHble KPUBLIE.

CBOHCTBO ABJIATHCS KPUBOH 0OLLEro BHAA, KaK U CBOHCTBO pery-
JISIPHOCTH (CM. JieMMy M3 1. 9), HHBAapHMaHTHO OTHOCHUTEJBHO 3aMeHbl
nmapaMeTpa U HM30MeTpHU. B moaTBep:kIeHHe 3THX CJIOB JOKaXKeM
CJIelIOLLYIO JIEMMY.

Jlemma 19.1. [lycmo o — kpusas obuieco suda, xpusas (3
noayuaemcs u3 Kpueol « 3amMeHoll napamempa uiu usomempuet.
Toeda  — kpusas obueeo suoda.

Hoxka3areabctBo. 1. 3amena napamerpa. [lycts B(t) = a(p(t)),
rae o(t) — 3ameHa mapameTpa, T.e. HJsi BceX ¢ € I BBINOJHEHO
o(t) # 0. Boiuncasiem npousBoaHble KpuBoil 3(t):

B=a(p) ¢
B=d(p)-¢* +alp) - &,
B=alp) &> +2i(p)-¢-G+...,

R = B (@) - pF 4 ... u T 1.
MBI nosrydaeM pasJiosKeHHUsT TPOM3BOIHBIX KPUBOH ( O CHCTeMe

BEKTOPOB &, &, ... ,a(m_l). 3HauuT:
$ ¢ x *
0 ¢* =« *
(B, 5,..., 8 V) = (d&,d,...,am D). | 0 0 ¢ *
0 0 O gpm_l

5 C.B. Cusnlii
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Tak kak Bcerna ¢ # 0, To MaTpuIla Mepexoia B 3TOM PaBeHCTBE
m(m—1

. m(m=1)
HEBLIPOXKAEHA, ubo ee OorpeneJiuTe/ib paBeH ¢ 2 (B rnokasareJie

CTOUT CyMMa apudmeTHueckoit mporpeccuut 1 +2+ ...+ (m—1) =
1 -
= %). CriemoBaTesibHO, cUcTeMa BeKTOpoB (3, 3, ... ,ﬂ(m_l))

JIUHEHHO He3aBHCUMa, 4To, CO6CTB€HHO, U TpeéoBa.HOCb [IPOBEPHUTD.

3amerum yauBureabHoe. Ecan ¢ > 0 (KpuBble MOMOXKUTEJIb-

HO 9KBUBAJIEHTHBI), TO OPUEHTAIUS] CUCTEMBI (,8 ,8 ,ﬂ(m_l))
COBMajaeT C OpHeHTauued cucrtembl (d&,d, ... ,a(m_l)). Ecan
ke ¢ < 0, To opueHTaUMs MOJyYawolleHcss CHUCTeMbl BEKTOPOB
(3,0,..., 1) zaBucur or pasmeproctu npocrpancrsal ')

2. Nzomerpus. [lyctb Ax = pg + Qx — u3omerpus HpOC’I‘ZgaHCTBa
R™, rne (Q — oproroHaJsbHblil oneparop. Torna, oueBUAHO,

3=0Qa, f=0Qa,.. B™Y=QamD.

[Tockoibky () — HEBBLIPOXKAEHHBIH OMEpaTop, TO OH MEPEBOAUT
BCSIKYIO JIMHEHHO HE3aBUCHMYIO CHCTEMY BEKTOPOB B OMNSATb-TaKH
JIMHEHHO He3aBHCHMYIO cHcTeMy BeKTopoB. CiieoBaTe/IbHO, BEKTOPEI
(8,8, ..., 3m=1)) tuHeiiHO He3aBHCHMbI, a 3TO U TPeGOBANOCH J0Ka-
3aTh. ¢

K HacTosileMy MOMEHTY Mbl NpOAesaNd BCIO HeOOXOOUMYIO MOJ-
TOTOBUTE/bHYIO pab0Ty U Telepb FOTOBBI MPUCTYNUTh K MOCTPOEHUIO
OYeHb M0JIE3HOTO «XHUTPOr0» MOJIBHKHOTO perepa BIOJb KPHUBOH, HO
00 3TOM peub MOHIET B CJAEAYIOIEM MyHKTe.

3amayky U ynpaxKHeHHs

1. TIposepbTe, uTo KpuBas o : R — R*, umeromas napamerpu-
‘/ samumio aft) = Y(et, e, €3, e*), apnsercsa xpupoit obuero Buaa.

2. Tpu kakux sHauenusix k € N kpusasg o : R — R*, umero-
€ masi mapaMeTpHU3aImio

O((t) _ t(tk, tk+l ) tk+2, tk+3),

siBJIsieTCsl KPUBOW 0611ero Buaa?

1 m(m —1)

) TIpuuem 3Ta 3aBMCUMOCTb BeCbMa IPHUXOTJIHBA — YHCJIO — YeTHO
npu m = 4k wan m = 4k + | ¥ HeueTHO B OCTaJbHBIX CJAy4asiX, a 3HaK Ompeje-
JIUTEJIS MaTpPHLBl MMepexoja B PacCMaTpPUBAEMOM CHTyallHM Kak pa3 U 3aBUCHT OT
YEeTHOCTH 3TOrO UHCJIA.

2) Ecan caenytomast CTPOUKa He OYeBHJHA, MOCMOTPHUTE ellle pa3 IoKasaTelb-
CTBO JIeMMbI U3 1.9 U omnpeleseHHe H30METPUH €BKJIHAOBA MPOCTPAHCTBA.
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20. Penep PpeHe KpUBOU 00LIEr0 BHAA

K HacrosillieMy MOMeHTY Mbl IpOfieJIa/Ik BCIO HEOOXOAHUMYIO MOJ-
FOTOBUTE/bHYIO Pa0OTy U FOTOBBI NPUCTYNHUTb K MOCTPOEHHIO OUEHb
MOJIE3HOTO «XHUTPOT0» MOABHKHOTO perepa BAOJb KPUBOH.

[Iycte a: I — R™ — kpuBas obliero Buja.

Onpenenenune 20.1. IlonBrxxHBIN perep

{(a(®); Ex(t), Eo(t), .., Em(t)) ,t € I}

BIOJIb KpUBOH «v : I — R™ HasbiBaetcs penepom Ppene kpusoii aft),
eC/IM BBIMOJHSIOTCS CJeNyIOLIe TPH YCTOBHS:
1) B moGoit MomeHT t € I BekTOpHl (E) (t),Eg(t),...,gm(t)) 006-
pasyloT OPTOHOPMHPOBaHHBINH 6a3uc mpocTpaHcTBa R™;
2) B moboil MomeHT t € I cucreMbl BeKTOpoB (&(t),d(t), ...,
o™ () u (E\(t), By (t), ..., Ey_1(t)) MOpoXKAAIOT OAUH U TOT
e opdar;
3) B mo6oi MoMeHT ¢ € I opueHTauus 6asuca (Ej(t), Eqo(t),...,
E,,(t)) nonoxuTenpHa.
Bekrtopusle nonsi (E(t), Ea(t), ..., En(t)) Oynem HaspiBaTb 8eKmo-
pamu penepa Dpere. fcHO, UTO B KaKABIH MOMEHT ¢t € I BEKTOPHI
(E1(t), Ea(t) E,,(t)) obpasytor 6asuc ueHTpoa(UHHOTO MpoO-

N
m
crpancTBa R, , MPHK/ICEHHOTO K TOUKe a(t).

[Tpomy o6patutbh oco6oe BHMMaHHe Ha BTOpOe YCJOBHE MpHU-

BEJIEHHOTO OMpefieJieHUs — MMEHHO OHO «OTpaXKaeT» B perle-
pe Ppene cBoicTBa McxonHOH KpuBOH! Llenouku opreHTHPOBaHHBIX
TMOATPOCTPAHCTB

(&) C (&, &) C (&, a) C ... C (&, é,...,al™mD)

(El) C (El,EQ) C (El,EQ,Eg) cC...C (El,EQ,... 7Em—l)

nosjeMeHTHO coBnanatwt! B yactHocTH, BekTOp F|(t) — eNMUHUUHBIN
BEKTOp KacaTeJbHOH K KPUBOH «(t).

Takum ob6pa3om, Ha mepBbI B3rasa, B pernepe PpeHe coxep-
JKUTCA MHU3epHast nHhopmauus 06 YCTPOHCTBe UCXOAHOW KPUBOH —
HarpaBJ/ieHne KacaTebHOTO BEeKTOpa K JaHHOH KPUBOU M OpUeHTaL s
MOJAMPOCTPAHCTB, MOPOXKAEHHBIX BEKTOPAMH CTAPLIMX MPOHU3BOAHBIX.
N 6osbuie Huuero! Ho odeHb cKOpo Mbl YBUAHMM, YTO 3TOH CKYAHOH
UH(POPMALKMK W MPerNoJoKeHUsT 0 HaTypasbHOH NapaMeTpU3alUud

5%
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HCXOMHOU KpHBOﬁ OKa3bIBaeTCd BIIOJIHE JOCTAaTO4YHO, YyTOOBl JlarXKe
BOCCTAaHOBUTbL MCXOAHYIO KPHBYIO OJIHO3HAYHO!

O,U,HaKO, npexuae Bcero, naBauTe Y6eILI/IMCH B CaMOM CylleCTBOBa-
HHUHU pernepa CDpeHe MU ero eJMHCTBEHHOCTH, a TaKxKe IMO3HAKOMHMCHA
C HEKOTOPbLIMHU €TI0 Ba>KHbIMHU CBOMCTBaMHU.

Teopema 20.1. /[15 scaxoil kpusoii obujeco euda o : I — R™
cyuecmayem edurcmeertolil penep Ppere.

Hoxka3zarenbcTBo. Bo3bMeMm /HHEHHO HE3aBUCHUMYIO COBOKYII-
HocTb BekTOpoB (c(t), Gi(t), ... ,a(m_l)(t)) M NPUMEHHUM K Hell mpo-
necc oproroHanusauuu ['pama—Ilmuara (cm. n.4). Ha nepsom mare

MOJIYYUM
a(t)
E(t) =
a(t)|
— 3TO0, 0OYeBHUAHO, IJagkKad BeKTop-(i)yHKLLI/IH. Ha mare I/IH[IyKU.I/II/I

MOJyUUM CHauasa (OPTOTOHAJbHBIH BCEM YK€ MOCTPOEHHBIM BEKTO-
pam) BCIIOMOTATeJsbHbIH BEKTOP

By =ak®) - § (a®, B;) B

=1

— 3TO, OYEBHMIHO, TOXKE TIJafKas BeKTOp-(YHKUHUS (Kak JHHeHHas
KOMOHHALMS TJIaJKUX BeKTOp-(DYHKIHI), a 3aTeM HOPMUPYEM €ero:

By,

Ep,=—.
| Bl
Y Hac cHOBa MoJiyduJach ryafKkast ¥ HeHyseBasi BeKTOP-(DyHKIHS.
Hawm usBectHo (cM. 1. 4), 4To opdaaru

(&) C (&, &) C (&, @ @) C ... C (&, d,...,a™m™D)

(El) C (El,EQ) C (El,EQ,Eg) cC...C (El,EQ,...,Em_l),

nosTy4aloliiecs B npouecce oproronanusauuu I'pama—IlImuara, cos-
najaioT.

Ocranocb mpucTpouth K BekTopam (Ej(t), Eo(t), ..., Epm—1(t))
MOCJMeHUH eIMHUYHbIH BeKTOp F),(t) Tak, 4ToObl OpHeHTalHs Io-
JIYUHBLIETr0Csl OPTOHOPMUpPOBaHHoOTO 6asuca (E(t), Ea(t), ..., En(t))
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oKasajach MOJIOKUTEJNbHOH. Bocrosb3yemess KoHCTpyKIHei 0606-
ILIEHHOT0 BEKTOPHOTO Mpou3BeneHus (cM. 1. 6):

E,=FE xXFEyx..xFE,_

— 3TO OpPTOTOHAJbHAS KaXXJOMy COMHOXHTEJIO TJagkas Bek-
TOp-pyHKLUUS €eOUHUYHOM MAJHHBI, Tak Kak o0beM MapaJjeso-
TOMa, TMOCTPOEHHOrO0 HA OPTOTOHAJNBHBIX EIWHUYHBIX BEKTOPax
FE\,Es,...,E, 1, paBeH enunuie. Kpome TOro, B KaKAbli MOMEHT
t € I opuenrauus 6asuca (Ey, Eo, ..., E,,) N0J0XHTeNbHA.
EnvHCcTBEHHOCTL MocTpoeHHOTO perniepa Ppere (B KaxKablH MO-
MeHT t € I) cjenyeT W3 €IMHCTBEHHOCTH OPTOHOPMHPOBAHHOH CH-
CTEMBI BEKTOPOB, MOPOXKAAIOIIKX AaHHBIH opdJar (cM. cjencTBHe U3
JIeMMbl T.4) ¥ OfHO3HAUHOCTH Ofepaldd 000O0IIEHHOI0 BEKTOPHOTO
Npou3BeieHHs (yeMMa U3 11. 6). ¢

Hrak, B obleM ciayyae AJd NPaKTHYECKOro MOCTPOEHHUs pe-

nepa ®peHe kpuBod obuiero Buua, « : I — R™, Hano cHa-
yajia MPUMEHHUTb MPOLECC OPTOTOHA/MM3aUUH K COBOKYIHOCTH BEK-
TOpOB (d,d,...,a(m‘l)) M TOJY4YuTh TepBble (m — 1) BekTOpOB
FEi, Fy, ..., Ey 1 penepa @pene. [locnennnii Bektop penepa ®Ppene
noJydaetcss 000OIIEHHBIM BEKTOPHBIM MPOU3BeleHHEM BCEX IMpeNbl-
ayuux: By, = By X Eo x ... X B y.

OTtcrynuenue s npoctpancTsa R3.

B TpexmepHOM ciyuyae mpoliecc MOCTPOEHHS BEKTOPOB pernepa
®dpeHe MOXKHO MpozesaTb OOLIMM CHOCOOOM, C(HOPMYJIHPOBAHHBIM
B npeablayuieM a6saue. OpHako Ha MpakTHKe OOBIYHO XHUTPAT U
HaxonsaT pernep PpeHe Gosee ObICTPBIM crocoboM 6e3 MpHUMEHEHHs
HYIHOTO Mpoliecca OpPTOroHanu3alri. ATo 0Ka3blBaeTcsi BO3MOKHBIM
To/1bKO (!) B TpexmepHOM ciydae, Garofapsi CBOHCTBEHHOH MaTeMa-
THKaM H3BOPOTJIMBOCTHU. BOT 3TOT XUTPBIK crocob.

Iycts xpuBas o : I — R3 GuperynspHa (T.e. BaSeTCS KPUBOH
obiero Buaa). Bektop | HaxonuTcs cpa3y U 6e3 YXHUIILPEHHUH:

B =2

|&]

Hanee nocmotpum Ha puc. 20.1.

Ha Bextopwl (Fi, E9) HaTsHyTa Ta »Ke IJIOCKOCTb, YTO M Ha
BEKTOPHI (¢, (). DTO 0O3HAYAeT, YTO CPa3y MOKHO HAUTHU eIUHHUUHbBIN
HOpPMaJIbHBIH BEKTOP 3TOH MJIOCKOCTH:

& X &
3= T o
|& x &l
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Puc. 20.1

— 9710 TpeTHil BekTop pernepa Ppene! Teneps, Korna Mbl y:Ke HaLlIHU
eIMHUYHble BeKTOpbl F| U Ej3, Jerko CKOHCTPyHUPOBaTb BTOPOH BeK-

Top perepa PpeHe:
EQ = E3 X El.

O6patuTe BHHMaHHe, YTO BeKTOpPHOe NpousBeieHue F3 u E) Oe-
peTcst UMEHHO B 3TOM MOPsiiKe, 4YT0ObI Tpoiika BekTopoB (Ey, Fy, E3)
OKasaJjiacb MpaBoi (CMOTpUTE ellle pa3 BHUMaTesJbHO Ha puc. 20.1),
a opueHrauus napsl (F, E9) coBnajna ¢ opueHTanuei napsl (&, é).

Hcropuueckue onpenenenus. [1yctb o : I — R3 — Guperyiisp-
Hast kpuBasi, (E, Eo, F3) — ee 6a3uc ®pene. Bektop F| Ha3biBaeTcs
Kacameavbroil W 00603HauyaeTCss CHMBOJIOM 7T ; BeKTop Fy HasbiBa-
eTCsl HOPMAAbIO (vHOTIA — enasHOl HOpMaabio) ¥ 0603HAUAETCS
CHMBOJIOM U} BEKTOP E3 HaseiBaetcsi 6uropmasvto U 0003Ha4aeTcs

CHMBOJIOM (3.

Cam penep ®pene GuperyaspHoii kpusoii o : I — R? yacto (oco-
OEHHO B TEOPETHUECKOH MeXaHWKe) HasblBAIOT NOO0BUINCHbIM Mpex-
ePaHHUKOM KPUBOH «(t), U ecmecmeerHHblM mpexeparHiKOM.

Koopnunathble miockoctd penepa PpeHe, T.e. MIOCKOCTH, Ha-
TSAHYTBle Ha Mapbl 0a3WCHBIX BEKTOPOB C Ha4aJbHOH TOYKOH a(t),
MCTOPHUUECKH HAa3bIBAIOTCS TaK:

— v o= TN —
e mockocTh (Ko, E3) = (v, @ — nopmanvrot, (V, §)LT,
o mnockoets (B, Bp) = (7, V) —  conpukacaouetics,
(7,7)L B3 (uMeHHo compuKacamascs MIOCKOCTh H306parKe-
Ha Ha puc. 20.1);

o miockocts (B, Bs) = (7, B) — cnpamasiowed, (7, §)L7.
Ynpaxunenne 20.1. ITycte o : I — R® — GuperyaspHas kpu-
Basi. Uepes Tpu ee Touku «afty), a(ty), a(te) MpPOBEIEM «CEKYIIYIO»
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MJIOCKOCTh (4epe3 TPU TOUKH, He JiexKallle Ha OJHOU MpsSMOU, Bcerna
MOXXKHO TPOBECTH OJHY TMJOCKOCTh). JloKa)kuTe, 4TO compuKacaro-
11asicsl IMJIOCKOCTb €eCTb MpelesbHOe MOJNOXKEHHEe 3TOH «CeKyllek»
IJIOCKOCTH MpU t] — o U Tg — Tp.

3aKOHUUM 3TO HeGOJbIIOe HCTOPHUECKOE OTCTYILIEHHE MPOo 3Jle-
MEeHTBI TpexMepHoro pernepa PpeHe U nolueM Aasblie, B CleAyOLIHHA

MYHKT.

3agauku U ynpaKHeHus

o
¢

1. 3apaua Ha BbIHOC/AKMBOCTb. Haiinute 6asnc ®peHe KpHUBOH
tr —t 2t _t _—2t
alt)="e " e e’ e™)

B Touke to = 0. CocraBbTe ypaBHeHMs KOOPAMHATHBIX Ocel,
IABYMEPHBIX M TPEXMEPHBIX KOOPAMHATHBIX IJIOCKOCTEH perepa
®pene B 3TO TOUKe.

2. Ha#inure nocnennuii Bektop 6asuca PpeHe KpUBOH
alt) =135, 20 + ¢, 83 412 — 1).

Kak BBl mymMaeTe, uTO O3HaUaeT MOJyUEHHBIH Pe3y/bTaT?
3. Ha#inure BekTopnl penepa @peHe KpuBoH

at) = t(sin t, cost, sin 2t, cos 2t),

nexxarieil Ha cepe pagmyca V2 ¢ LEHTPOM B Hauaje KOOPIH-
Hat. Kak HampaBneHbl BeKTOpbl perepa PpeHe M0 OTHOLIEHHIO
K pafilyc-BeKTOpPY TOUKH v (t)?

4. Hatinure 6asuc ®pene caenyiommix Kpusbix B R3:
a) a(t) = (sin®t, cos’ t, cos 2t);
6) a(t) = H(a(t —sint),a(l — cost),4acos(t/2)).

5. Hatinnre 6asucHble BekTOphl pernepa PpeHe BUHTOBOH JH-
Hun «a(t) = Yacost,asint,bt). CocTaBbTe ypaBHEHHSI KOOPIH-
HaTHBIX NPSMbBIX M KOOPIAHHATHBIX MJOCKocTel perepa Ppere.
[IpoBepbTe, 4TO ryaBHast HOpMalb MepecekaeT OCb BHHTOBOH
JIMHKH 0] TIPSIMBIM YTJIOM, @ GMHOPMaJib 00pa3yeT ¢ 0Cbl0 BUHTA
MOCTOSIHHBIN YTOJI.

6. Onsatb 3a crapoe! JlokaxkuTe, UTO €CJM BCe CONpPHUKAcalo-
1mpecs MJ0CKOCTH GuperyaspHoil kpusoi B R® mpoxoaar yepes
(PMKCHPOBaHHYIO TOYKY, TO 3Ta KpHUBas IJocKas.

7. JlokaxKuTe, 4TO €CJd BCe HOPMaJjbHble MIOCKOCTH KPHBOH
B R3 mpoxomar yepes (hMKCHPOBaHHYIO TOUKY, TO 00pa3 3TOH
KPHUBOH JIEXKHUT Ha cepe. B KakoM MyHKTe Bbl yKe pellajy 3Ty
3ajaqy?
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21. Teopema Ppene—2Kopnana.
YpaBHeHus PpeHe KpuUBOil 001ero Buga

Kak u B ciaydae TmJIOCKOH KPHUBOH MOHHTEpecyeMcsi, TpeKIe
BCEro, KaKOBBI CKOPOCTH (T.e. TPOM3BOAHBEIE) 0A3UCHBIX BEKTOPOB
periepa DpeHe Tpu NBUXKEHWM perepa BHoJb KpuBod. OTBeT Ha
3TOT BOTIPOC JaeT CJAeNyIollasi TeopeMa, OTKPhITas AJsl TPEXMEPHOTO
cayudas K. D. Opene, a B moJiHOH OOIIHOCTH NoKa3aHHas B 1897r.
K. 2Kopnanowm.

Teopema 21.1 ((DpeHe—}KopLLaH)._ﬂycmb a: I — R™— kpusas
obuweeo suda, E, Fo, ..., E, : I — R™ — ee 6asuc ®pene. Toeda

cyujecmsyrom eaadkue ckarsipHole pynkuuu ki, ko, ... . ky_1: 1 —
— R maxkue, umo npu scex t € I gvinoarnervl caedyroujue Ycao8Us:
& = |a|Ey,
E\ = |a|k Es,

Ey = |&|(=k1 By + ko Ej3),
(1)

E; = |&|(=ki-1Eio1 + kiEi),

Em = |d|(_km—l)Em—l;
() k1 >0, kg >0,.... K, o> 0.

KommeHTapun k QopmynupoBke TeopeMbl. ¥YcsaoBus (1) — 3To
pasJyioxKeHHsl MPOU3BOAHBIX (T.€. CKOPOCTeH) 6a3HCHBIX BEKTOPOB I10
6asucy Ppene. YcioBue (2) yTBepxpaaeT, 4To Bce (GYyHKUHU k;(t),
ydacTByolre B (HopMyaHpoBKe ycaoBui (1), o6s3aHbl OBITH MOJIO-
JKUTEJIbHbI, KPOMe OJHOH — MOCJ/eHeH.

Omnpenenenue 21.1. Yenosus (1) U3 popMyIMPOBKH TeOpeMbI

Dpene-2Kopnana HaseBawoTcs ypasHenusmu PDpere KpHUBOH
obuero Buna «(t). @yukuuu ky(t), ko(t),..., ky_1(t) Ha3biBalOTCS
Kpususnamu KpUBOH a(t).

O6patiato Ballle BHUMaHue, 4To ycjoBus (1) HasbiBawoT ypas-
Henuamu Ppene B culy cJI0KUBILIeHcs Tpaauuuu. Ha camom nese
3TO He «ypaBHEHHs», KOTOpble HYXKHO «pellaTb» U «HaXOOUTb» Ka-
KHe-TO HEHU3BECTHBIE, a TOXKIECTBEHHO BBITNOJHEHHBIE COOTHOLIEHHS.
[TepBoe ypaBHeHHne PpeHe fBJAsSETCS JNUIIb HATOMHHAHHEM OTIpele-
JIEHUsI BEKTOpa KacaTeJsIbHOM; cofiepaKaTesbHyl0 yacTb cucteMsl (1)
COCTaBJISIIOT, KOHEUHO, OCTaJbHble ypaBHeHHs cucTeMbl. OcoOeHHO
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HarJasgaHO YpaBHEHUS deeHe BBITVIAOAT B ManI/I‘-IHOﬁ 3alinucH:

[EI,EQ,...,Em] = |a| [E],EQ,...,Em] X

0 —k 0 0 0 0 -

ki 0 —ky O 0 0

0 ke 0 —k 0 0
<10 0 ks 0 0 0

0 0 0 0 -+ 0 —ky

0 0 0 0 - kyy O |

[Ipu Takod 3amucH BHIHO, YTO MAMPUUQA KPUBU3H, CTOSIIIAS
cripaBa, sIBJsIeTCsl, 1O CYTH, MaTpUlledl mnepexoma OT OpPTO-
HOPMHUPOBaHHOTO 6asuca (E1, Ey,...,Ey) K COBOKYIHOCTH BEKTO-
poB (Ey, E9,...,Ey;) (COBOKYNMHOCTh MPOM3BOAHBIX — He 003a-
TesibHO Gasuc!). TpamuiuuoHHOe 0603HAaUEHHe MAaTPHLIbl KPUBU3H —
3T0 w(t). Marpuua KpUBH3H SIBJISETCS KOCOCHMMETPHUECKOH, T.e.
tW(t) = —w(t), u mpexduaeornanvroll, T.e. BCe ee HeHyJeBble 3Jie-
MEHTBI pacroJ/iararoTcsi BHYTPU MOJOCH M3 TPeX JHUHWH — TJ1aBHOH
JMaroHajy U ABYX MPSIMBIX HEMOCPEACTBEHHO BIOJIb [JIAaBHOH JHAro-
Ha/ld CBEPXY H CHH3Y.
lokaxxem Tenepb Teopemy Ppene—KopnaHa — Ha nyTH ee Jo-
Kas3aTesibCTBa Mbl y3HAaeM MHOT'O MHTEPECHOTO.

IloxasaTenLCTBo. Tak kak (Fy, Eo, ..., E,,) — 6a3uc npoctpaH-
CTBa Rm, TO BEKTOPEI E\, Es, ..., Ep MOXHO PasJIoKUThb 110 3TOMY
6asucy: |

Ej = w; LE;.

Hama 3amaga cocToMT B TOM, UTOGB B SIBHOM BHJE OTBICKAaTh KO-
— 2

5 QULUHeHT! W}, T.e. HAalTH MaTpULy nepexona w(t) = (wj(t)) oT

6asuca (B, By, ..., Ep) K COBOKYIHOCTH BEKTOPOB (El,Eg, s En).

Ecan pasnoxenne Ej = wiE; yMHOXKUTb CKaJSIPHO Ha BeKTOp Ej

(cranpapTHBI# crioco6 HaXO)KIIeHI/IH KOOpAMHAT BEKTOpPa B OPTOHOP-

MHUPOBaHHOM Gasuce), TO MOJYUUM
(Bj, Br) = i (Ei, Bi) = wi(t),

OTKyZa CJIe[yeT, YTO BCE 3J€MEHThl MaTPHULbl w(t) SBJSIOTCS TJaf-
KUMHU PYHKLIHAMHU.

') Buumanue: o60snauenns Dinmreiina. Y cpasy ele oiHO HaNoOMUHAHHeE: BeK-
Topbl — 310 cTos161Bl! CrleoBaTe/IbHO, y 3/71€MEHTOB MATPHIbl HUKHUE HHIEKC —
HOMep cTosibua (6ekmopa), BepXHUH HHIEKC — HOMep CTPOKH (Kosexmopa).
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[lycts X = [Ey, Ey, ..., Ey] — MaTpHuIla, COCTaBJ€HHAs M3 BeK-
TOpOB-cTOIOLOB 0asuca Ppene, torna X = [El,EQ,...,Em], Tak
KaK MaTpHULbl, 0 ONpefeseHuIo, 1uhdepeHIHPYIOTCs 103JeMEeHTHO.

Nmeem

X=X w.
[locsie TpaHCIOHWPOBAHHUST COMHOXKHUTEIN MOMEHSIOTCS MECTaAMU:
X = X,

Matpuua X(t) oproroHa/nbHa (ee cTo/1061bl — OPTOHOPMHPOBAHHBIH
6asuc!), ciemoBartesibHO, 0OpaTHasl K Hell COBManaeT ¢ TPAHCIOHUPO-
BaHHOH:

1, =X -X.

«Bupnmp ToxxaectBo — auddepeHuupyit!» u npeobpasyi nosyyeH-
HOe BBIpaXKeHHe:

0,=X-X+X X=(w-X) X+X X -w)=
=W (X X)+ (X X) w=w+w.

Takum oGpasom, MaTpula ‘w + w — HyJeBasi, CJeI0BaTeJbHO, MaT-
puua nepexoaa w(t) o6s3aHa ObITh KOCOCHMMeTPUYeCKO! 1) 310
osHauaeT, 4yt0 wi = 0, wi = —w] ¥ BUA MaTpHLBl W(t) MOCTENeHHO
HayuHaeT BbIPHCOBBLIBATHCH.

Wpem nanee. Ilyers V; = Vj(t) — nORmpoOCTpaHCTBO, MOPOXK-
J€HHOE MePBBbIMU j NPOU3BOAHBIMU &, é,...,a" . Tlo OIIpelesIeHUIO
perepa PpeHe 3TO Ke caMmoe MOANPOCTPAHCTBO V; mopoxpaercs
BeKTOpaMu Fy, Fo, ..., E;. CrenoBarensHo, F; € Vi u

Ej =&+ ...+ ).

3Hauwr, ) ) ) '
By =&+ &a+&a+ ...+ &alth,

T.e. FE; € Vj41 wu Bektop Ej packnaiabiBaercs 1o 0asucy
E\, Ey, ..., E;y nognpoctpancTBa Viy:

Jj+1

Ej == Zw;EZ

=1

') KococHMMeTpUUYHOCTL 3TOH MAaTpHIbI, T.e. ypaBHeHHe %w + w = 0, BXOHT
B TaK Ha3bIBAEMYIO CUCMEMY YPABHEHUL CmpyKmypbl e8KAU008aQ NPOCMPAHCMBA,
T.e. SIBJSIeTCS ONHHUM M3 HauboJiee (DyHIAMeHTaJbHBIX CBOMCTB €BKJMIOBBIX ITPO-
ctpaHcTB. K coxasnenuio, o6CcykaeHHe NOAOOHBIX BONIPOCOB OCTaeTcsl 3a paMKaMH
Hallel KHUXKKH.
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A 3T0 03HauaeT, YTO B pas3JIOKEHWH BEKTOpPa Ej no 6asucy Ppene
BEKTOPbl Ej 19, Ejt3, ..., iy He yuacTBywT, 1 w; = 0 npu z’ > g+ 1.
B cuny KococHMMeTPUUYHOCTH MaTPHILbl w(t) mosydaercs w; = 0 mpu
t>j+1, e npuj<i-—1.

Taxkum o6pasom, B MaTpulie w(l) Bce 3JeMeHTHl 00si3aHbl ObITh
j+1

HYJIEBBIMH, KPOMe 3JIEMEHTOB w) '~ H ij 3Ha'—II/IT Matpuua w(t) —
TpexauaroHanbHas! [Ipu sTOM wj“ = —w]H Bun marpuub w(t)
elle GOJIbILE MPOSICHUJICS:
0 w) 0 0
w% 0 w% 0
3

00 0w, 0

[Tosoxkum, o ompenenenuto, ajs Beex ¢ = 1,2,...,m — 1
with(t) <Ez', Eiy1)
ki(t) = =% = —
|a(t)] |a(t)]
¥ HasoBeM (YHKUMIO k;(t) kpususwou (i-ti Kpusu3HOLl) KPUBOH
a: I — R™. BunHo, 4to KpuBHM3Ha k;(t) — Tmiagkas ckajspHas

(hyHKILUS.
OueBuUAHO, YTO Tenepb UCXOAHOE 00lllee COOTHOLIEHHEe

X=X w

npuodpetaeT TpeOyeMbld B (DOPMYJHPOBKe T€OPEMbl BUI:

=& X @,
rne _ -
0 -k 0 - 0 0
ki 0 —ky -+ 0 0
0 k 0 -+ 0 0
w(t) = : : : - : :
0 0 0 -+ 0 —kn
(0 0 0 - Ky 0

— KOCOCHMMeTpHYecKas TpexAuaroHasbHas MaTpHLa KpPHUBHU3H.
Yenous (1) w3 dopmynupoBku Teopembl DPpene—Kopnana
JOKa3aHbl.
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JloxakeM Ternepb MOJOXHTENbHOCTb BCEX KPUBHU3H KPUBOH «(t),
KpoMe mocsenHed. Jljs 3TOr0 PacCMOTPUM  3JIEMEHTBI wj.“(t) =
= <EZ-,EZ-+1> MaTpHLbl Tepexofa w(t) TONBKO AJSI 3HAYEHWH i
=1,2,....m—2.

[Iycts B; — BCromoraTesbHble BEKTOPHI, BOSHHKAKOIIKE B MPO-
necce oproronanusanuu (Ipama-IlIMuaTra) COBOKYMHOCTH MPOU3BOJA-
HBIX ¢, &, ..., ™) npu noctpoeHur penepa PpeHe KpuBoH «aft)
(cm. m. 20).

Janee g nosso/to cebe HECKOJbKO BOJIBHYIO, HO BecbMa IOHST-
Hylo MaHepy 3anucu (opmya. [lo onpenenennto penepa @Ppene (u
caMoi CYyTH IpoLecca OPTOTOHAJTU3ALHH)

B; =bjE; = o) 4+ (BeKTop U3 Vj_l) .
Eciv yMHOXHTB CKaJSAPHO 3TO PaBEHCTBO Ha [Jj, TO MOJy4YHUTCA
bj = bj(t) = <Ej,a(j)> > 0,

§) — Yron-TO MeXJy BeKTOpaMH E; u all) — octpeiit, B cuy
OMHAaKOBOH opueHTHpoBaHHOCTH (aaros! Torma (masnee, njs
Oynyuiero yno6cTBa, 3aMeH0 UHIEKC j Ha 1)

E; (a(i) + (BekTop u3 Vi_y)).

_ L
-

HuddepeHurpyemM U «IPUBOAUM MOLOOHbBIES

b = <l> ) (a(i) + (BekTop u3 Vi_1)) +

n l(a(i“) + (Bektop U3 V;)) =

, (o™ 4 (ektop u3 V;)).

1
b;
Crenaiite He6O/IbILOE YCHIME U COOBPA3HUTE, UTO

o) = b, By + (Bektop u3 Vj)
(310 crenctere pasenctBa b;Ej = alf) + (ektop us Vj_) npu j =

=i+ 1).
Taxkum o6pasom, mosydaem
o

(@D + (ektop uz V;)) = — (b1 Ey1 + (Bektop 13 V;)).

S -

1
b;
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BbI‘-II/IC.HI/IM, HaKOHeL, NHTepeCYyIolllue HaC 3JE€MEHThl MaTPULLbl Mepe-
xXona:

w“‘l(t) = <EiaEi+1> =

1

1 b;
= <—bi+1E,-+1 + (BexTop u3 V;) ,EZ-+1> =2l 5.

Crano ObITh, BCe KPHUBHU3HBEI, KPOME TOCJEIHEH, CTPOTO TIOJOKH-
Te€JIbHDI:

wit (1) bit1
ki(t) = =% = — > 0.
la@)] )b
Hrak, mNOJOXKUTENbHOCTb KPUBHU3H ki, ko,...,Kkmnm_2  €CThb
CJle[ICTBUE  COBMajeHHWs opdJaroB, TMOPOXKAEHHBIX BEKTOpPaMHU
&, d, ..., alm ) g BekTopamu penepa Dpene Fy, Ey, ..., E, |

(nM, ecqu  yromHO, CJENCTBHe TMpollecca OPTOrOHaJNH3aLHUN
[pama-1Imunra).
OTMeTHM, UTO TIPO NOCJNEIHIO KPUBHU3HY k,,_ () U ee 3HaK
HHUYEro yTBepXKIaTh HeJb3fl, TaK KaK MOCJefHUH BeKTOp Fi,
periepa PpeHe kpuBoH «(t) mosydyaeTcss He ¢ MOMOLILbIO Tpoliecca
OpPTOTOHAJIM3ALMH, & IPUMEHEeHHeM Ollepallii 0000IIEeHHOTO BEKTOp-
HOT'O MPOU3BE/IEHH .
Teopema @pene-2Kopnana nokasana. ¢

B KoHIe 3TOr0 MyHKTa BBIIULIY elle pa3 o0lixe (OpMyJibl /s
HaXO0XIe€HUs] KPUBU3H KPUBOH oOllero Buaa:

ki(t) = %,

O6BenuTe UX B paMo4Ky. DTH (DOPMYJIbl MPUTOAHLI K yTOTpebiie-
HUIO B TIPOCTpaHCTBe JI0OOH padmepHocTH. OmHAKO Mpenynpexaat
BaC — BBIYUCJEHHE KPUBU3H MO 3THUM (POPMYJaM B MPOCTPAHCTBAX
60JIbLION Pa3MepPHOCTH — JOCTATOUHO NOJTHH U TPYLOEMKHUH Mpo-
ecc, Tak Kak oH TpeOyeT MOCTPOEHHUs BCeX BEKTOPOB pernepa PpeHe
C MOMOIIIBIO TIPOIecca OPTOroHa n3alHuH U 0000IIeHHOT0 BEKTOPHOTO
MPOU3BENIEHUS.

=1,2,....,m—1.

3amayka U ynpaxkHeHUe

/ 1. IlposiBUTEe YCUIUMBOCTb M BBIYMCJAUTE CHauaja BEKTOPHI
., periepa ®peHe, a MOTOM M KPUBM3HBI KpuBOH o : R — R*, nme-

g [olIed mapameTpH3aluio
’ ., cos2t sin2t
a(t) =" cost,sint, 5 o .
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22. Kpusble 001iero Bujga B TPeXMePHOM MPOCTPAHCTBE

Lesan u 3amayu 3TOro HeOOJBIIOIO MYHKTA BIIOJIHE €CTeCTBEH-
Hbl — TMopaboTaTh ¢ KPHUBBIMH OOILIEero BHAAa B MPUBBLIYHOM TpeX-
MepHOM MPOCTPAHCTBE, I03HAKOMHUTHCS C TPaAHULMOHHOH «HCTOpHYe-
CKOH» TepMHHOJIOTHEH, BbIBECTH I0JIe3Hble BbIUHUCJ/IUTENbHBIE POPMY-
JIBl JIJIS1 KpUBU3H U IOCMOTPETh, KaK BelleT ce0s1 KpUBas 0OLIero BUIa
B OKPECTHOCTH CBOEH NPOHU3BOJNBHOH TOUKH.

Iyets o : I — R?® — kpuBas o61ero Buaa (MM, UTO PaBHOCHIb-

HO, — OuperysspHas Kpupas). Mbl yxe 3HaKOMBI C HCTOPHYECKOH
o —
HOTalMed s/eMeHTOB ee pernepa PpeHe: F| = T — KacaTeJsbHaf,
— —
FEy =7V — Hopmanb, E3 = § — OuHopmaJsb. fcHo, 4To y Oupe-

TYASIPHOE KPHUBOH B TPEXMEPHOM MPOCTPAHCTBE MMEIOTCS BCEro JBe
KpUBH3HBL: ki (t) U ko(t).

Hctopuueckue omnpenenenus. [lepsas kpususHa ki(t) Oupe-
ryasipHOil KpuBOH « : I — R3 HasplBaeTcsi NPOCTO KPUBUSHOL M
o6o3Hauaercs k(t) (natuHckas OykBa k). Bropas xpususHa ko(t)
buperyaspHoil kpuBoH « : I — R? HasblBaetcsd Kpyueruem u 000-
3Hayaetcsi &(f) (rpeyeckast OyKBa «Karmma» &).

Dopmysnbl Ppene a5t GUperynspHOi KpuBoi «(t) B TpeXMepHOM
NPOCTPAHCTBE BBINISAAT CJAeAYIOLUM 00pa3oM:

«Hamu» o603Hauenus «CrapoMopiHble» 0603HaYeHHUs
& = |alE 6 =la|7
Ey = |d|ki B 7 = |alkv
. ] ~
Ey = |&|(=k1Ey + ke E3) V =la|(-kT +20)
E3 = |&|(—ko) By ﬁ _ |O}|(—a)7

BhiBesieM Ternepb BHIYUCTUTENbHbBIE «HHKEHEPHbIe» (DOPMYJBI 1151
KPUBHU3Hbl U KPYYeHHs], KOTOPble MMO3BOJHUIN Obl HAXOAUTb KPUBHU3HY
M KpydeHHe 3aJaHHON KpuUBOH «(t) 0e3 OTbICKaHHs BEKTOPOB ee
penepa @pene. las aToro, kak o6bluHO, Oynem auddepeHLIUPOBATD
KpuByI0 «(t) U ucnosnb3oBath ypaBHeHHs PpeHe. [Ipu 3TOM, 4TOOBI
TIOJTHOCTBIO TIOTPY3UTbCS B CTApHHY, OyIeM HCIONb30BaTh CTAPOMOJ-
Hble 0003HaueHHUs.

Hmeem

. o —
a=|a| T,

') TIpu nepexozie K M3yueHMIO 1M-MEPHBIX MPOCTPAHCTB HCIOb30BAHUE Tpeue-
CKHX OYKB 0Ka3asoCb HeylLOOHBIM, 1polle KPUBU3HBI HyMepOBaTh.
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=67 + a7 =a|*7 +|al*k 7,
6= ()T 4 ()T + 6Pl F

— pasJsiokKeHHUs NPOU3BOAHBIX Mo 6asucy Ppene. B nocnenHem Bbl-
pakeHWH HaM OyLeT He OUeHb BaXKHO, UTO CTOHUT Mepel BeKTOpaMu
T W U, I03TOMY A M TO3BOJIMJ cebe TaKyl CXeMaTHYHYIO 3aruCh.
CkaxKy 4ecTHO — 51 HM pa3y B »KM3HM TOJKOM M He CYMTaJ, UYTO Ha
CaMOM JieJle CTOHT B 3THX cKoOKax, a Ko3((ULUHEHT epes BEKTOPOM
# npocto «coo6pa3m1» rsns Ha ypaBHeHMs PpeHe M NOHHMaf,

4TO BEKTOP ﬂ MOXKET MOSIBUTHCS TOJIBKO NMPH AU((DepeHIHPOBAHUH
BEKTOpa U/ B BBIPaXKEHUHU O/ (V.
Teneps J1erko nmocuuTathb, YTO

& x &= (la|7) x (a7 + a2k 7) = [aPR(F x 7) = |al*k 5.

Mbi nomHuM, 4yTo no Teopeme Ppene—Kopnana k£ > 0 npu Bcex 3Ha-
YyeHUsX mapamertpa t € I. YuuTbiBasg TpeGOBaHHE MOJOXKHUTEJIbHOCTH
KPHUBH3HBI, U3 MpeJbIAYIIero paBeHCTBA MOMEHTAJbHO MoJydaeM

— Ta xe camas (opMyaa, 4To U Ang mpocTpaHctBa R?! O6Benute
ee B CBOMX TeTpajlkaX B paMO4Ky W XOpPOLUeHbKO 3allOMHHUTE.
O6paTuTe BHUMaHHEe Ha (DU3UUECKYIO «Pa3MEPHOCTb» KPHUBHU3-
Hbl — KBaApPaTHBIH MeTp pa3iesnuTh Ha KyOU4YeCKUH MeTp, T.e.
KPHBU3HA HMMeeT pasMepHocTb (MeTp)”!. Jlas Tako# BeJMUMHB Y
(M3MKOB HMeeTCs CliellHabHOe Ha3BaHUe — duonmpus (onTHdecKas
CHJIa JIMH3BI, T.e. eMHHUIA MOAeJUTb Ha PaauyC KPUBHU3HBI).
Hanee, nis Toro utoObl BBIYUCAUTH KPyueHHe TOCUHUTAEM CMe-
IIaHHOE MIPOU3Be/ieHHe (T. €. ONpe/eIUTeNb TPEThEro MopsaKa):

(&, &, a) =det]d, &, a] = (@ x &, a) =
13173 - — 8L 3 - 167.2
:<yay kB, ()T + ()T + 4 kaeﬂ>:\a\ ke
HOCKOﬂbe BbIpaXK€HHEe [Jis1 KPUBU3HBI Yy2Ke€ HM3BECTHO, MOMEH-
TaJbHO HAXOAUTCA KpydeHHe:
(&, a,a)  (a4,d,a)
GfRE T Jaxap
H, cJaBa 60Fy, ectasi CTeleHb B 3HaMeHaTeJsie COKpaTHJacCh. HOJIy-

YeHHYI0 (POpMYJy TaKKe HYy>KHO pa3MeCTHTb U B PaMOYKy, U B CBOIO
naMsTh HaBeyHo!
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O6paTrTe BHHMaHHe Ha (DM3HUECKYIO «Pa3MepPHOCTb» Kpyue-

Hua @(t) — obbeM (M3) pasiesuTh Ha KBaApaT MIOIIAMIM
(M?), T.e. kpyueHue Takxke KaK M KPUBM3HA, SIBJISETCS BeJUUYHHOH,
o6paTHoi# muHe (M~!) |, T.e. nHonTpHed.

YnpaxHenue 22.1, cepbe3Hoe. BriBenuTe BBbIUUCAUTENbHbBIE
(Gopmysibl /151 HAXOXKAEHHST BCEX TPeX KPHBHU3H KPUBOH «(t) B ue-
TEIpexMepHOM mpocTpaHcTBe R*. Y6emurech, uTo Bce Tpu moMydHB-
IMecsl KPUBHU3HBI TaKXKe I/ISMGFH}OTCH «B IUONTPHUSX», T.€. UMEIOT
(pu3nUecKy pasmepHOCTb (M~ ")

Kak 6uperyaspras kpusas « : I — R3 Bezer ce6s1 B oKpecTHOCTH
HEKOTOPOH cBOel TOUKH? BOT BecbMa TpPajiMLMOHHBIH M HACYUIHBIH
C NpaKTH4YeCKOH TOUKH 3peHUs Bompoc. [lysl ynpolieHHs TeXHHue-
CKOTO CyeTa JOroBOPUMCS fajee CUMTaTh, uTo Kpueas o : [ — R3
HaTypaJ/JbHO MNapaMeTpHU30BaHa, T.e. SBJSETCS KPHUBOH eIMHHYHOU
CKOpPOCTH: |&| = 1. DTO He yMEHbUIUT OOLIHOCTH MOJyUaeMbIX BbIBO-
I0B, HO U30aBUT Hac OT MHOTOYMCJ/IEHHBIX CTelleHeHd MOAyJsl CKOpo-
CTH KPUBOH, BO3HHUKAIOLIUX MPH MOACUETE ee MPOU3BOAHBIX U 3aMHCH
ypaBHeHUH DpeHe.

YpaBuenus ®pene 1719 KPUBOH eAHHUYHOH cKOpocTH « : [ — R3
BBIMJISIASIT COBCEM IIPOCTO:

o =7,

7 =k,

V= kT +ae_>.
B =(-=)7.

J17is1 BBISICHEHHSsI TIOBENEHUsI KPUBOM «v(S) B OKPECTHOCTH TOUKH
a(sp) Mbl, KaK 00bIYHO (CM. MyHKT 17), mpocseqyM 3a U3MeHeHHeM
BeKTOpa cekyued a(s) — a(sp), 4TOObI MOHSTb, KaK IBHUTAeTCs 3TOT
BEKTOpP OTHOCHTEJIbHO perepa PpeHe KPUBOH «(s), BBIUKUCJIEHHOTO U
3ad)MKCHUPOBAHHOIO B TOouke Sg € 1.

[TocunutaeM cHavasa NPOM3BOLHBIE KPHUBOH «(s) W TOJyUHM,
UCIOJIb3Ysl ypaBHeHUs PpeHe, Pas3/IoKeHHs] STHX MPOU3BOAHBIX 10
6asucy Ppene:

&=,
G=T=kv v,

a=kT) =kT +k(—kT +20).

PasnoxxuMm Temepb BeKTOp cekylled «(s) — a(sg) mo 6asucy
dpene, ucnosbsys popmyiy Teitsopa 1o craraeMblX TPETbEro MOPS-
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Ka MaJIOCTH U NMPaKTUKYSA 0603HaueHHe S — S0 = 0 AJid COKpalleHHsA
3allrCH:

(5—s0)+ 20 (5 )2 200 (33

a(s) ~a(s0) = &(50) > >
9 9= - P —
:a?+ki,7+ k T+];?eﬂ+kya3+}2:
k‘2 3\ — k’Q ].C3_> ]{7$3—>
—(0—60)7—1— 5 —l—ga)V—i—(Fa)ﬂ—i—R—
=27 +yV +26 +R,

rne R — 0 npu o0 — 0, a 6ykBamu (x,y, z) 0003HaYeHBI KOOPIHHATbI
BekTOpa «(s) — a(sp) B 6asuce Ppene.

HynHble BbluHC/IeHUS 3aKOHUY€EHbI. Terepb MOXKHO MPUOTH3UTEb-
HO (T.e. KaueCTBEHHO) HApHCOBATh NMPOEKIMH KPUBOH «(s) Ha KO-
OpIMHaTHBIe MJIOCKOCTH pernepa PpeHe, 3apHUKCHPOBAHHOTO B TOUKE
a(sp). s Toro 4TOGBl OTOOPa3HTh MpPOEKLHMH KPUBOH Ha Kax-
Ly W3 KOOPAHMHATHBIX IIJIOCKOCTEH, HYXKHO KaxIbBlH pa3 orbpa-
ChIBATH COOTBETCTBYIOILYIO HOPMA/IbHYIO COCTABIIONLYIO BeKTOpa
a(s) —a(sg) ® 27T +y7 + 2z K IJIOCKOCTH MPOEKLHMH U PaccMart-
pHBaThb OCTaBlleecsi BeIpaxkeHHe. Mrak, mepeGupaeM KOOpIHHATHbIE
MJI0CKOCTH perniepa PpeHe.

— — .
1. Conpukacartomasicst miockoctb (7, v'). [1poekuns KpuBoi

a(s) = als) +27 +yv + zﬁ

Ha COMPHKACAIOMYIOCA ILIOCKOCTE MOMyHaeTcs BBIOpACBIBAHHEM K3
BhIpaXkeHus a(sg) + =7 +yv + zﬂ HOPMaJIbHOH COCTaBJISIOIIEH

z 3 K CONpHKAcaIleHcs I0CKOCTH.
Mb1 momuuM, uto k > 0 B 110608 MOMEHT
s € I. PaccMoTpuM 3HaKH KoopauHaT (x,y)

BeKTOpa T T + YV .

Ecmu 0 < 0, to x < 0,y > 0 u npoekuus z
KPUBOW MPOXOAMUT BO BTOPOH UETBEPTH; €CJIH [a(Sy)
o0>0, 102 >0,y >0 1 npoekuusi KPUBOH
JIEXKUT B MepBOH ueTBepTH (CM. puc.22.1). Puc. 99 1

BunHo, uTo mpoekuus KpuUBOH «(s) Ha

COMPHUKACaloLyoCcs MJI0CKOCTh BCEraa UMeeT U3rub B Touke sg € 1.

-
v

HaGmionenue (reomerpuueckuii cMbica KpydeHusi). Koopnu-
HaTbl (z,y) NMPOEKUHH «(S) Ha CONpPHKACAIOILYI0Cs IJIOCKOCTb He
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colepKaT KpyueHue &(s). To 03HauaeT, YTO MOBeLeHHE MPOEKLHH
KPUBO# «¢(s) Ha COMPHUKACAIOLIYIOCS MJIOCKOCTh COBEPIIEHHO HE 3aBHU-
CUT OT KpyueHHs KpuBoH. DyHKIUS KPyUeHUs] XapaKTepU3yeT JHIb
TO, KaK KpuBas «(s) BEIXOAUT (Gosiee 06pa3HO — «BBIKPYYHMBAETCS»)
u3 CBOEH COTIpPHKACAMIIEHCS MJIOCKOCTH BIOJb BEKTOpa OHHOPMAJH

(. UyTb HMXKe Mbl T0KaxkeM, 4To ecau &(s) = 0, To KpuBasi BooOLLe
BCerja JIeXXHUT B CBOEH CONpHKacaillleics MI0CKOCTH U HUKyda U3

Hee He BBIXOIMT.
—

2. Cnpsamasionias Ma0CKOCTb (?, ﬂ) COOTBeTCTBy}omaH npo-
ek KpUBOH a(s) ~ (so) + 27T +yv + zﬂ noJiydaeTcsi Tenepb

oTOpacbiBaHHEM HOPMaJIbHOH COCTaBJSIONIEH ¥ 1/ .

PaccmoTprM 3HaKH KOOpAHMHAT (7,z) BeKkTOpa-mpoeKUHH T T +
+z20.

Ecin 0 <0, 0o x < 0,2 < 0 1 mpoekuusi KpUBOH MPOXOAHUT B
TpeTbell yeTBepTH; ecau o > 0, To z > 0,2 > 0 1 npoeKUHs KPUBOH
JIEXKUT B MEPBOU ueTBepTH (CM. puc. 22.2).

BuzHo, 4TO MpOeKUHUsI KPUBOH «v(s) HA COPSIMJISEMYIO MJIOCKOCTh
Bceraga MMeer neperud B Touke sg € 1.

=
3. HopmasnbHast nockocts (77, (). CoOTBeTCTBYIOLIAS TPOEKIIUs
KpI/IBOI/I a(s) noJiyyaeTcsl yaajeHHeM U3 BbipakeHus a(sg) + 27T +

+yv + z,B HOPMaJIbHOH COCTaBJ/IsIOIEH (K HOPMaJbHOH TMJIOCKO-
cTH) T .

[TomHMM, UTO Bceraa k > 0. CmoTpuM 3HaKH KoopauHat (y, z)
BeKTOpa-MPOeKLUHH y U + 2 ﬂ

Ecim 0 <0, To y > 0,2 < 0 1 mpoekuusi KpUBOH MPOXOAUT
B yeTBepToil yeTBepTH; ecaud o > 0, To y > 0,z > 0 u npoexuus
KPHUBOH JIEJKUT B MEPBOH 4eTBePTH (CM. puc. 22.3).

BuziHo, 4TO MpoeKiusi KPUBOH «(s) HAa HOPMAJBHYIO MJIOCKOCTh
BCeraa UMeeT 0COOEHHOCTb B TOUKe sg € I — BO3Bpar nepsoro poxa!

=

p

Al
]
&

<y

a(S)

Puc. 22.2 Puc. 22.3
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B nomnynspHo-MaTemaTHueckoil KHuxKKe «Teopus kaTactpod» 1)
M3BECTHOTO poccuiickoro mateMmatuka B. M. ApHosbna unratesnn mo-
TYT CaMOCTOSITEJIbHO MPOUNUTATh CEPHI0 BOCTOPKEHHBIX MaccaxKek Mo
MOBOJY 3TOH 3aKOHOMepPHOH 0COOEHHOCTH — BO3BpaTa MepBOro Poja,
BO3HHMKAIOIIEro MPH MPOELUPOBAHUH KPHUBOW Ha HOPMaJbHYIO TLJIOC-
KOCTb. B 5T0l KHMXKKe 2) ADHOJbJ CYHTAET, YTO C 3TOTO MPOCTOrO
(baxkTa OGepeT CBOe HayaJo Liesast OTPacjb COBPEMEHHOH MaTeMaTHKH,
Ha3blBaeMasi «Teopueidl 0COOeHHOCTEH» WM «TeopueH KaTacTpod».
¢l e, B CBOI0O OYepeb, CUMTAI0, UTO 0OCYXKIeHHe STUX UPE3BBIYAHHO
MHTepPEeCHBIX BOMPOCOB HAXOAWUTCS AaJeKO 3a INpelesaMyd TeMaTHKH
Haulell KHUXKKH. 91, To-mpekHeMy, pacCMaTpPUBal0 3TOT HeGOJbIIOH
MYHKT NP0 KPUBBIE B TpPeXMepPHOM MPOCTPAHCTBE HCKJIOYHUTEJNbHO
KaK JaHb NUAAKTHUYECKOH TPagWllMM, MO3TOMY W 3aKOHUY €ro 3jech
C UYBCTBOM HCIOJHEHHOr0 AO0JTra.

3agauku U ynpaKHeHus

1. Ha#izute KpHBH3HY H KpydYeHHe CJEAYIOUMX KPUBBIX:
a) a(t) ={acht,asht,at); ©6) at) =Het et tv/2);
B) aft) = Y2t,Int, ).

2. Hafinure KpHBH3HY M KpyyeHHe BHHTOBOH JIMHHH
a(t) =Yacost,asint,bt). [Ipu KaKOM 3HAYEHHH b KPyUeHHe BUH-
TOBOH JIMHMH MaKCHMaJbHO, €C/IH a = const?

3. Y6enutech, 4TO OJs JI0O0H KPUBOH €IUHUYHOH CKOPOCTH
a(s) : I — R? BbINOJIHEHbI TOXKIECTBA: .
a) |af® = k* + k*22 + k% 6) (&, a) = —k%; B) (4,0) = kk.

4. Tlyetb a(s) : I — R? — npousBosibHas KpUBasi eqMHHYHOMN
CKOPOCTH. JlokaxkuTe, 4TO CylLlecTBYeT TaKOH 3arafo4yHbli Bek-
TOp W, 4TO A/l BeKTOpoB perepa Ppexe KpuBo# a(s) BbINOJ-

- —
= — - = — — —
HSIIOTCSA TOXKAECTBA T = W X T, V=W X UV, 0 =W x (.

o —
O6bscHUTE q)I/ISI/I‘{eCKI/II/I CMBICJI 9TOTO 3araloyHOro BeKTopa w H“
anuyMaﬁTe 3TOMY BEKTOPY Inoaxojsliee Ha3BaHUE.

5. JloxaxuTe, YTO €C/JM KPUBH3HA U KpyueHHe KPHUBOH «(s)
nocrosiHHbl ¥ & # 0, To 006pa3 «(s) — BUHTOBAst JIUHUS HJIH ee
4acTh.

6. Cdepa, umeroliasi ¢ 1aHHOM KPHUBOW B JIAHHOW TOYKe Kaca-
HUe MOpsiiKa He HUKe TPeTbero, Ha3blBaeTcs conpuxkacarouelics
cgpepoti B 310l Touke. Ilycth «fs) : I — R® — npoussosbHas
KpUBasl eIUMHHYHOU ckopocTH. JeHcTBys mo o6pasy M MOf0OHIO

1) Aprorvd B. H. Teopus katactpod. — M.: Hayka, [nas. pen. ¢us.-mar. Jur.,
1990. — C. 128.

%) Y1, ckopee BCero, TOJMBKO B 3TOH KHHIKKE — YK GOJMBHO MOTEeMHUYECKH-3a10p-
HBIM BBITJISIIUT CJIeNyIOLlee YTBEPXKIEHHE.
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pellleHHst 3ajayM M3 1. 13 0 HaxXOXAEHHH CONpHUKacamolercs
OKPY2KHOCTH, HAlUTe LEHTP U PafiuyC CONMpUKacamwlleics ceprl
KPHBOH v($) B MPOU3BOJIBHOI TOUKE.

7. Halinure paguyc conpukacatouleiicsi cpepbl B IPOU3BOJBHOM
Touke KpuBOH «t) = (e’ sint, e cost, e').
8. Y6em/ITec13, YTO /U1 IPOH3BOJIBHON KPHUBOH:

D (7. 5. F) == 0 @ﬁ,?)zaé(i)';
8) (7,7, 7 )—k5<k>..

23. CpoiicTBa KpMBHU3H KPUBBIX 00IIEro BUaa

B 3TomM myHKTe MBI y3HaeM, 1O CyTH, TOJbKO OIHO BaKHOE
CBOWCTBO OKpYyzKalolled MPUPOIbl, KOTOPOE B BOJBHOM CTHJIE MOXKHO
c(opMy/nUpOBaTh TaK — KPHBble OAMHAKOBBEI TOTA U TOJBKO TOT/A,
KOrJa MX KPHUBH3HBI COBMNanaioT. HeompenmeneHHOCTb 3TOrO yTBep-
JKIEHHS 3aKJ/I04aeTcsl JHLb B BO3MOXKHOCTH Pa3/JMYHOIO TOJKOBA-
HUS TpUJaraTe/lbHOr0 «0dUHaKoBble». Pasymeercsi, BOJbHBIH CTHIb
IONYCTUM B mnpeaMOyse K NYHKTY, HO He NONYCTHM IpU MareMma-
THYeCKOM OINHCAaHUM SIBJEHHUH OKpPYzKalollero Mupa, MO3TOMY Hall
JNaJbHEHIIUH paccka3 o BOJILIEOHOW onpefessiollell cuie KPUBU3H
Mbl pa3oObeM Ha HECKOJIbKO IOC/e]0BaTe/IbHbIX CTPOIMX MaTeMaTH-
YeCKHUX yTBEPXKAEHHH.

[Tlepass Teopema 3TOro MHyHKTa JibeT BOAY Ha MeJIbHHLY HM-
IJIMKALUUKU <«eCJU KpPUBble ONMHAKOBbI, TO KPHUBH3HBI COBNALAlOT».
[Ipu stom mpunaraTesbHOe «OAHHAKOBBIE» O3HAYaeT — CBfI3aHHBIE
3aMeHOH NapameTpa.

Teopema 23.1 (MHBapHAHTHOCTb KPHUBH3H OTHOCHTEJBHO 3aMe-
Hbl TMapameTpa). Hycmb a: I —- R™ — kpusas obujeco suda,
E\,Ey,....E, : I — Rm — ee 6asuc Dpene, ki, ko, ..., km_1 :
I — R — ee kpususno.. Ecau ¢ :J — I — 3amewna napa-
mempa, COXpaHawas opuenmaquro (m e. VO € J evinoanero

o(0) > 0), mo basuc Ppene Ey, Fo, ..., cJ = Rm U KpUBUSHbL
ki, ko,....km—1: J — R kpusoti 3 = Ozogp (m.e. B(0) = a(p(@)))
umerom 8uo

Ei=Ejop (Oani=12,..,m),

%i =kiop (drai=12...,m—1).

Takum o6pas3om, y KpHUBBIX, CBSI3aHHBIX 3aMEHOH MapaMmeTpa,
BeKTOpbl periepa ®PpeHe W KPUBU3HBI B COOTBETCTBYIOLIMX TOUKaX
IIPOCTO COBNAJAIOT.
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Joka3areabcTBO. MBI yXKe 3HaeM CBsi3b MeXAy MPOU3BOIHBI-
MU KpHUBHIX o0uiero Bupa «(t) u [(0) (cM. m0Ka3aTesbCTBO JEM-
Mbl 1. 19):

p P * *
0 ¢ =« *
(B, Fr-, B V) = (6,0, ..., @m0y | 00 QP e
00 0 ... pm!
M3 npuBeeHHOr0 COOTHOIIEHHUS] ¥ MOJOXKHUTENbHOCTH MPOHU3BOMI-
HOH () cienyeT, 4TO COBOKYIHOCTH BEKTOPOB ([3,[3,...,ﬂ(m_1))
B MoMeHT 6 € J u (d, d, ..., 1) B Mmoment o(f) € I nopoxnaior

OIUH U TOT ke opdaar. [Tepsbie (m — 1) BekTOpoB penepa Ppere —
eIMHCTBEHHAass OPTOHOPMHMPOBAHHAs CHCTeMa BEKTOPOB, MOPOXKIao-
mas 3ToT opdaar (cM. clefcTBHe M3 JeMMbl M.4). DTo O3Hayaer,
uro E;(0) = E;i(¢(0)) nna i =1,2,...,m — 1. CornacHo semme 06
00600111eHHOM BEKTOPHOM MPOM3BEJeHHH U3 M. 6, 0TCIOfA BhiTEKaeT U
COBIAJIeHHe TIOC/eNHUX BeKTOpoB: Fy,(6) = E,,(¢(0)). CoBnanenue
BekTOpOB penepoB Ppene kpuBbix «(t) u [F(0) mokasaHo.
Tenepb paccMOTPUM KPHBH3HBIL:

7 _ <Ei’Ei+1> o <E2(90(0 ) 90(0) E2+1(30(0))> _ (HOMHHM,) _

SO0 T I -4l e
_ ¢ (Ei(p(9)), Eis1(2(6)))

To ey O

T.€. COBMaJeHHe KPUBHU3H KPpUBbIX a(t) u ((#) Takke noKazaHo. ¢

Bropasi TeopeMa 3TOro myHKTa CHOBA IOJIbET BOAY Ha MeJIbHHUILY
UMILIMKALUK «eCJIU KPHUBble OJMHAKOBbI, TO KPUBU3HBI COBMALAIOT»,
TOJIBKO 3[1eCh IMpHUJaraTejbHOe «ONUHAKOBBIE» OyAeT 03HAuaTbh «CBS-
3aHHble IBHKEHHEM>.

[IycTh, Kak # npexe, o : I — R™ — xpuBas obluero BHAa,
E\,Es,....E, 1 — Rm — ee Oasuc Dpene, ki, ko, ..., ky1: 1 —
— R — ee KpI/IBI/ISHbI.

Teopema 23.2 (MHBapHaHTHOCTb KPUBH3H OTHOCHTEJBbHO IBH-
x)enus). [Tycmov Ap = pg + Qp — usomempus npocmparncmsa R™,
asaaowancs osuxcenuen (m.e. detQ = +1), a(t) = Aa(t) —
HO8AsL Kpusas, El,Eg,..., - Rm — ee basuc Dpere u
]{71,]{72,...,]{7 _1: I —-R —ee fcpueusubz. Toeoa

] = e,
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Ei = QEZ (d/lﬂ 1= 1,2, ,’I’)’L),
kz:kz (dﬂﬂizl,Q,...,m—l).
Takum 06p330M, Y KPHUBBIX, CBA3AHHBIX NBU2KEHHEM, COBIIAaAaroT

He TOJIbKO KPUBH3HBI, HO U HUX abCoJIOTHBIE CKOPOCTH. I/IHTyI/ITI/IBHO
9TO BBIIVIAAUT COBEPLIEHHO €CTECTBEHHO — €CJHW HEKOTOPYI0 KPUBYIO
B34Tb U 6epe>KHo [epeHeCcTH B Apyroe MeCTO INPOCTPAHCTBA, HE Me-
HAA ee qJOprI, TO €€ KPUBHU3HBI U NJIMHBI KaCaTeJbHbIX BEKTOPOB He
HU3MEHATCA (MOFYT HU3MEHUTBCHA TOJBKO HUX HaHpaBJIEHI/IH). B stom —
CyTb OBHXKEHHUA, Be€IAb BCAKOE [IBHUXKEHHE SABJAETCA KOMITO3ULIMeH
rnapaJijie/;ibHOro rnepeHoca M moBopoTa.

Ynpaxuenue 23.1. [loxanyiicTa, H0OKa)KUTe CaMOCTOSITEJNbHO
3Ty TMOYTH OYEBHJAHYIO TeopeMy 00 WHBAapMAaHTHOCTH KPHUBH3H H
abCOMIOTHBIX CKOPOCTEH OTHOCHTENBHO JBHKEHHS €BKJIHMIOBA IpoO-
crpancTBa R™. 9To OymeT coBCeM HECJOXKHO CHeJaTh, €C/IH elle
pa3 MoCMOTpeTb OmpeleseHHe U30MEeTPHUH €BKJMI0BA TPOCTPAHCTBA
B . 7 ¥ JI0Ka3aTesJbCTBA JeMM B MyHKTax 9 u 19.

Urak, ecau onHa KpuBas MoJaydaeTcsl U3 IPYroH IBHUXKEHHEM, TO
Yy HUX KPUBH3HBI U a0COMIOTHbIE CKOPOCTH COBMANAIOT. YAUBUTEIbHO
yCcTpoeHa MaTyllKa-mpupoga — oOpaTHOe YTBepxKIeHHe, OKasblBa-
etcsi, Toxke BepHOo! Ecsii KpUBHU3HBEI U abCOMIOTHBIE CKOPOCTH ABYX
KPHUBBIX COBMAJalOT, TO OfHA KpUBas MoJydaeTcs U3 APYrod napad-
JieJIbHBIM TiepeHocoM W noopotoM! Ho nokasaTb 3To okaseiBaeTcs
3HAUUTeJNbHO TPyHHeH. Eciu paHblie, o 06pasHOMY BBIPaXKeHHIO,
Mbl «JHJHA BOLY W MeJbHHLA KPYTHJacb», TO Telepb, Bce OyITO
Obl BCTaHET C HOT Ha TOJIOBY — HYXHO KPYTHTb MeJIbHMILY, YTOObI
MoJIMJach BOAA, & 3TO HAMHOTO TsixKeJek!

B ¢dopmynrpoBKe U 10Ka3aTesbCTBE CAeayIollel TeopeMbl coxpa-
HeHBI NpeablAyllide 0003HaueHUs I KPUBBIX U KPUBH3H.

Teopema 23.2 (06 H30METPUUHOCTH KPUBBIX C ONHHAKOBBIMH
KPUBM3HAMHU U aOCOMIOTHBIMHM CKOPOCTAMH). [Tycmo o, c: [ — R™ —
dse Kkpusvle obujeco suda. Ecau |a| = |&| u ki(t) = ki(t) (0an
i=1,2,...,m—1), mo cyuwecmeyem dsuxcenue A npocmparcmea
R"™ makoe, umo a(t) = Aa(t).

HoxkasareabcTBo. [lo yci0BHIO, MBI HMeeM PaBEHCTBO MaTpHIL
KPUBH3H 1J151 BYX JAHHBIX KPHUBBIX:

w = w.

PaccMoTpyM MaTpHIEl, COCTaBJeHHble U3 GA3UCHBIX BEKTOPOB perie-
pa ®pene: X = [Fy, Ey, ..., E,| u X = [Ey, Es, ..., Ey]. O6e 311
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MaTpHIbl YIOBJAETBOPSIOT NU((epeHIHaIbHOMY YPaBHEHHIO
7Z=17- w,

TaK KakK 3TO ypaBHeHHe sIBJseTcs, 110 CyTH, MaTPUYHOH 3aMHChiO
ypaBHeHUH DpeHe.

3agukcupyeM MoMeHT to € I. CyliecTByeT OpTOrOHaJ/bHBIN OIe-
patop (M/M, YTO PaBHOCHJIBHO, OPTOTOHAJbHAs MaTpuua) (Jy, Ko-
TOPBI TIepeBOOHUT ((PUKCHPOBAHHBIH!) OPTOHOPMUPOBAHHBIA Gasuc
(E1(to), Eo(to), ..., Em(to)) B (puKcHpoBaHHBIH!) OpTOHOPMHUPOBAH-

HbIH 6asuc <E1 (to), Ea(to), ... ,Em(to)), T. €.

[E1(to), Es(to), ... ,Enl(to)] = Qo - [E1(to), Ea(to), ..., Em(to)],
X(to) = Qo - X(to).

PaccmoTpuM Tenepb nepeMeHHYI0 MaTpHUILy
Y (t) = Qo - X(2).

Jlerko mpoBepuTh, YTO 3Ta MepeMeHHass MaTPULA TaKxkKe yIO0BJeTBO-
psieT nuddepeHIHaNbHOMY ypaBHeHHIO Z = Z - w. [lefcTBUTENBHO,
nuppepenuupyeM mMatpuny Y (¢) (Matpuua Qo — noctosiHHas!):

Y:QQ'X:QQ'X-w:Y'w.

KpOMe TOro, O4eBHJHO, 4YTO

Y (to) = Qo - X(to) = X(to),

CJIeI0BaTEeJbHO, N
Y (t) = X(t),

B CHJIy €JIMHCTBEHHOCTH pelueHus sanaun Kown nns ypasuenus Z =
= Z - w ¢ HavyasbHBIM ycaoBueM Z(tg) = X(to).

Mbl 00HapyKUIM caMblii TJIaBHBIM (paKT B 3TOM O0KasaTesib-
crBe! OkxaseiBaeTcsi, NOCTOSIHHAs OPTOTOHaJjbHasg Matpuua (o,
3a()MKCHpOBaHHAass B MOMEHT log € I, «IpUrogHa K HCIOJb30Ba-
HMIO» M B OCTajbHble MOMeHTbl ¢ € I, T.e. mepexoi OT 0asuca

(E\(t), Bs(t), ..., En(t)) x basucy (El(t),ﬁg(t),...,ﬁm(t)> B

JM000i MOMeHT t € I OCyLIeCTBJIsSIETCS C MOMOLLbIO ONHOH U TOU XKe
OpPTOTOHAJIbHOH MaTpuLbl (o:

X(t) = Qo - X(t).
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Hanblie Bce IIpoCTO. HonyquHoe TOXAECTBO AJisd MATpUL, B 4acCT-
HOCTH, O3Ha4aeT TOXKAECTBEHHOE COBIlaJeHHUE MEPBbIX CTOJIOLOB 3THUX
MaTpHUIL: .

El = QOEI-
Torna noJiydyaeTcs, 4TO

a(t) = |al B = |a|QoEr = Qo(|&|E1) = Qoalt),

a(t) = Qoa(t).
VIMeHHO paiiy 3TOro TOXKAECTBA Mbl M HaMpSITaJUCh ey CTpa-
HUILy!

MBI yXXe CTaJKUBaJNUCh C cCUTYyalled (cM. M. 13), Korna «BUIHIIb
TOXECTBO», HO ero Haxo He nuddepeHIHPOBaTh, @ HHTETPUPOBATD.
31ech Kak pa3 TakoH cjydyail, Befb Mbl XOTHM, 3Hasi COOTHOLIEHHE
MeXy MPOU3BOAHBIMH KPUBBIX, TOJNYUHTb COOTHOLIEHHE MEXIY HC-

XOOHBIMHU KPHUBBIMH:
t

at) —alty) = J&(t) dt = JQod(t) dt =

to

T.€.

~ Qo j a(t) dt = Qo(alt) — alto))-

Tenepw BuaHO, 4TO KpuBble «(t) W /(t) cBA3aHBl U30MeTpHeN:

a(t) = po + Qoal(t),
rme po = aftp) — Qoa(tp) — HauambHasg Touka. HalineHHas
M30MeTpHUsl sIBJseTCs JBHXKeHHeM, Tak Kak detQo > 0 B cuiy
ONMHaKOBOK opueHTauuu 6asucoB (K| (t), Ea(t),..., Ep(t)) wu
(Er(t), Ea(t), ..., En(t)).
Teopema nokasaHa. ¢

Wrak, ecnu y NBYyX KPUBBIX abCOJIOTHbIE CKOPOCTH M KPHUBH3HBI
ONMHAKOBBI, TO 3TH KpPHUBBblE OTJIMYAIOTCH APYr OT APYra TOJbKO
MecTopacrnoJjiokeHueM B TpoctpaHcTBe. [lompoGyem ycuauTh 3Ty
MBIC/Ib U CKa3aTh TaK: «KPUBU3HBI U MOAYJb CKOPOCTH 3aJal0T KPH-
BYIO C TOUHOCTBIO [0 PACIOJOXKEHUS B MPOCTPAHCTBE». 3aMaHYUBOE
yTBepKaeHue! OnHaKko M/ CIPaBefMBOCTH CTOJb CHJIBHOTO YTBEp-
JKIEeHUsT HeoOXOlMMa YBEPEeHHOCTb B caMoM (DaKkTe Cyiuiecmeosanus
KPUBOU C 3aJaHHOW abCONIOTHOH CKOPOCTBbIO WU HAOOPOM KPHBU3H.
Bor yx Torma Takas KpuBas OyoeT eNMHCTBEHHA C TOYHOCTbBIO
[0 PaCIoJIOKeHHUs] B MPOCTPaHCTBe! YBEPEHHOCTh B CYILECTBOBAHUU
KPUBOHM C 3afaHHBIM HaOOpOM KPHUBH3H W 3adaHHOH abCOJIOTHOH
CKOPOCTBIO JACT HaM CJeAYIOIHH MyHKT.
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24. OcHoBHas TeopeMa JOKAJbHON TEOPUN KPUBBIX

[Tpenbinymuii NyHKT Mbl 3aKOHUHJ/IM 3aMaHUYMBON TUIIOTE30H TPO
OTpeessieMOCThb (C TOYHOCTBIO IO PACHOJIOkKeHHs] B MPOCTPAHCTBE)
KPUBOU 00I11er0 BHA M0 JaHHOMY HAabopy ee KPUBU3H U ee abCOJIOT-
HOH CKOPOCTH. DTy 3aMaHUMBYI0 THIIOTE3y [A0Ka3blBAET OCHOBHAA
meopema LOKANbHOL Meopul KpusblLx.

B orsuune 0T «0OCHOBHOU TeopeMbl aire6Gpbl», KOTOpPast MOJyUnIa
CBOH BeJINYEeCTBEHHBIH TUTYJ TOJNBKO 32 caM (hakT CBOEro CYLIECTBO-
BaHMs (B Te JajieKHe BpeMeHa, Korja ajredpa ele Oblia 6efHa (QyH-
JIaMeHTaJbHBIMH TeOpPeMaMH), OCHOBHASI TeopeMa JIOKaJbHOH TeOpHu
KPUBBIX HA3bIBAETCS] «OCHOBHOH» COBEpIIEHHO 3acayxeHHO. OHa —
(yHIaMeHT JIoKa/JbHOH Teopur KpuBBIX. OHa JesaeT 3aKOHHBIM Halll
«TIJIaH 3aXBaTa» TEOPHUH KPUBLIX C TIOMOLLbBIO TIOCTPOEHHUS U U3YUeHHUS
penepa PpeHe (MOMHHUTE, Mbl CTPOUJIHM TAKOH IJaH BOEHHO-HAYYHBIX
nedictBu# B 1m.19). OHa, mo cyTtH, yTBep:kaaet, uto pernep PpeHe
KPUBO# 00111ero BUA CONEPKUT B cebe abCOMIOTHO BCIO HH(OPMaLIUIO
00 MCXOOHOH KPUBOH W SIBJSIETCS 3aKOHHBIM HHCTPYMEHTOM [JIsl ee
U3y4eHHusl.

TakumM o6pasom, B 3TOM NYHKTe Mepel HAMHU CTOUT CJeAylollas
3ajlaya: 10Ka3aThb CYLIECTBOBAHNE U €IMHCTBEHHOCTb KPUBOH 00ILEr0
Buga « : I — R™ c 3ajaHHBIMU KpPHUBU3HAMH M abOCOJIOTHOH CKO-
pocteio. OO6CyniuM cpasy HadasbHble YCJOBHS [Jis TakoH 3afaud.
4 nmpensaraio MpUHATH CJAENYIOUIUH CIHUCOK YCJIOBHH:

1) 0 € I — BbINOJIHEHHE 3TOTO YCJIOBUS BCEr/a NOCTHIAeTCs 3aMe-
HOW mapameTpa y KpHBOH, IPH 3TOM COOTBETCTBYIOILAs 3aMeHa
napameTpa fIBJASIeTCs] IPOCTBIM CIBHUIOM;

2) a(0) =0=10,0,...,0) — BBINOJHEHHE 3TOTO YCJIOBHS BCErMa
JOCTHUTaeTCsl NapaJlyie/lbHbIM NepeHoCcoM B npocTpaHcTBe R™;

3) (Ey(0), E9(0),...,Epn(0)) = (e1,e9,...,6y,) — B HaualbHBIA
MomeHT O € I penep ®PpeHe 3aHHMaeT MOJOKEHHE CTAHOAPT-
Horo 6asuca; 3To BCeraa JOCTUraeTcs MOBOPOTOM B MPOCTpPaH-
ctee R™;

4) |&| = 1 — HarypasbHasi mapaMeTpU3allusl KPUBOH Bcerna obec-
neynBaeTcs MOAXOASAIIEH 3aMeHOH napameTpa.

Tenepr Hama ucxomHasi Tumorte3a 00 ONpenessieMOCTH KPUBOH
BBITJIIAUT TaK: CyILIeCTByeT eIUHCTBEHHAs KPUBasi eAMHUYHOHN CKOPO-
CTH «(s) C Hamepel 3afaHHBIM HaOOPOM KPUBH3H, YI0BIETBOPSIOLLAS
TMPYBELEHHBIM BBIIIEe HAaYaJbHBIM YCJIOBHSAM 2) U 3).

B cuny Bcex TeopeM mpeablayliero MyHKTa 00 H30MeTPUYHO-
CTU KPUBBIX U UHBAPUAHTHOCTH KPUBU3H, NIPe/JI0KEHHbIe HauaJsbHble
YCJIOBUS [J1s1 UCKOMOH KPHBOH «v(S) HUKAK He OydyT OrpaHHUHBATb
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OOILIHOCTb pPACcCyXAEHHH M OOLIHOCTb OKOHYATEJNbHOTO pe3ysbTaTa.
JIeH#CTBUTEIBHO, €CJAM Mbl HayuyHUMCSl HaXOAMUTb KPHUBYIO C 3THUMH
HayaJIbHbIMH YCJIOBUSIMH, TO Mbl, (haKTHUECKH, HAYYHUMCs HAXOIHTh
KpHBBIE C JIIOOBIMU IPYTHMU HadaJbHBIMH YCJIOBHSIMU, HOO KpHBas
C NaHHBIMM KPUBU3HAMH U IPYTHMH HauaJbHBIMH YCJIOBHSIMH MPOCTO
noJjiyyaeTcsi M3 HaUJE€HHOH KPUBOH COOTBETCTBYIOIIMMU 3aMeHaMU
napaMeTpa W M30MeTpUed — cJjaBa 00Ty, KPUBU3HBI TMPH TaKHX
npeo6pa3oBaHUSAX HEU3MEHHbI!
CoopmynpyeM, HaKOHEI, OCHOBHYIO TEOPEMY.

Teopema 24.1 (ocHOBHasi TeopeMa JIOKaJbHOU TEOPHU KPUBBIX).
Ilycmo I C R — unmepsar u 0 € I. [lycmo ky, ko, ..., kp_1: 1 —
— R — enaodkue pynuryuu, npuwem ki(s),ka(s),..., kmn—2(s) >0
ors 6cex s € 1. Toeda cywecmeyem edurcmaennas Kpusas obueeo
suda u edunuuroil ckopocmu afs) : I — R™ makas, umo:

1) a(0) =0,
2) [El (0),E2(0), ,Em(O)] = 1m7 m.e. EZ(O) = €4,
3) ki, ko, ... km—1 — KpususHol a(s).

Cpasy nocsie popMynHPOBKH T€OpPEMBbl YMECTHO AaTh

Onpenenenue 24.1. YpaBHenus k; = ki(s) (tme i =
=1,2,...,m — 1), Ha3bIBAIOTCH HAMYPALLHOIMU YPABHEHU-
MU KpUBOH a(s).

CoryiacHO TeopeMe HaTypaJsibHble YPaBHEHHUS] KPUBOH ONHO3HAYHO
OTIPeNeJITIOT KPUBYID €IMHUYHOH CKOPOCTH C TOYHOCTBIO O Pacro-
JIOXKeHUsT B mpocTpaHcTBe. «HaTtypasbHble ypaBHeHHS» OJH3KH M0
CMBICJTy K KPeCThSHCKOMY HaTypasJibHOMY XO3SHCTBY, KOTOpOe CaMo
cebs1 oOecrneynBaeT BceM HeoOXoOUMbIM. HaTypasbHble ypaBHeHHS
3aal0T KPUBYIO uYepe3 HaTypasJibHbId TapameTp (AJUHY HOyTH) U
KPUBH3HBI — KpuBas OynTo Obl cama cebsi obecrneyuBaeT BCEMH
napamMeTpaMH, HeOOXOAMMBIMH 1Jisi CBOero 3ajnaHusi. B ocHoBe Ha-
Typa/lbHBIX YPaBHEHHH JieXKaT YUCTO I'eOMeTpPHUeCKHe, BHYTPEeHHUE
CBOUCTBA KPUBBIX, NHBAPHAHTHbIE OTHOCHUTEJBHO 3aMeHbl apaMeTpa
U u3oMetpun. HaTypasbHOCTh 03Ha4aeT eCcTeCTBEHHOCTb, CBOGOLY OT
MPOU3BOJIA UCCJEN0OBATENS, OT TMPEAB3SATOCTH BbIOOpa MapaMeTpH3a-
MU W PACloJIOKEHUs] B MPOCTPAHCTBE, HE3aBUCHMOCTb OT BCSKHX
BHELIHUX (M0 OTHOLIEHHIO K JMHHH, KaK K reOMeTpUUecKoi (urype)
(hakTOpOB.

[TpucTynum K J0Ka3aTeNbCTBY OCHOBHOW TeOPEMbl JIOKAJbHOH
Teopun KpuBBIX. [lo myTH Mbl y3Haem ellle 10CTAaTOYHO MHOTO HHTe-
pecHOro.

HMoka3areabctBo. [lycth «fs) — wuckomast kpuBasi, F(s),
Ey(s), ..., Epn(s) — ee 6asuc Ppene. [l OTbHICKAHUS 9TOH KPHBOH,
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B XOlle pacCyXJeHHH, HaM MpPeACTOUT peluTb ABe 3aadd Kouin.
HasoBem ycsioBHO 3TH 3agaun A u b.
HMckomasi kpuBasi «(s) siBAsieTCst pelueHuem 3agadu A.

Sanaua A. Haiitu a(s), y10BIEeTBOPSIOLLYIO YPAaBHEHHIO ((s) =
= F(s) ¢ HauaabHbIMK yeaoBusMU «(0) =0

JlomKeH 4YeCTHO TPHU3HATBCS, MBI MOKa He MOXKEM J1aKe IpH-
CTYNHUTb K pelleHHI0 3anauu A, u6o Mbl He 3HaeM BekTopa Fi(s).
OnmHako cpady 3aMeTHM, 4TO €CJH HaM YAacTCsl HaHTH pelleHHe
3agaud A, T.e. HaWTH KpPUBYyIO «(Ss), TO OHa OyHeT eIHHCTBEHHA
B CHJly €IMHCTBEHHOCTH pellleHus 3anaun Kouu.

Uro penate? [lpumercs cHauana pemaTh 3amady b — wuckartb
BeKTOpBI penepa PpeHe KpUBOH 001Iero BUaa afs).

3anaua B. Pemuts ypashenne X = X - w ¢ HauyaJbHBIMH
ycaosusivu X (0) = 1,,, rae

0 —k --- O 0
kb 0 -+ 0 0
wls)=1| 1 = :
0O 0 -+ 0 =Ky
0 0 - Ky 0
— JlaHHas MaTpHla KPUBHM3H HCKOMOH KpuBoi, X(s) = [Ei(s),
Ey(s), ..., Ep(s)] — MaTpHLia HEU3BECTHBIX.

Hy, tak Bo3bMeM M pewuM 3amady b, xoTs Obl TeopeTHuecKH!
[To Teopeme CylIeCTBOBAHUS M €IMHCTBEHHOCTH pPeIIEHHS] CHCTEMBI
JVHEHHBIX TU(QepeHIHalbHbIX ypaBHeH!H, |) HckoMoe pelleHHe —
matpuna X(s) = [E|(s), Ea2(s),..., En(s)], ynoreTBopsiomas Ha-
uanbHoMy yeqoBuio X (0) = 1,,, cyuiectByet u enuHcTBeHHa! Bynem
CUMTATh MO3TOMY, UTO 3a1auy b Mbl peuruau.

[TocmoTpum GoJiee BHUMAaTeJbHO Ha HaWJIeHHOe pelleHHWe 3a/a-
un b — marpuny X(s). OkasbiBaercsi, oHa 00s13aHa ObITH OPTOTO-
HaJbHOM! JleHCTBUTEBHO:

(X 'X)" =X "X+ X X = Xw) "X+X {Xw) =
=X w-X+X - w- X=X (w+w) - X=0,,

TaKk Kak w(s) — KococuMMeTpuueckas. Cie0BaTesbHo,

(X -'X) = const = X(0) - *X(0) = 1,,,.

') NoxasatenncTBo 3T0i TeopeMbl U3 Kypca AH(QEPeHIHaTbHBIX YPaBHEHUI 5
HaCTOATEJIbHO COBETYIO MOBTOPHTH CAMOCTOATENBHO.
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D10 o3HayaeT, uto X(s) — OpTOroHajbHas MaTpula B JHOOOH
MoMeHT s € I. Takum o6pasom, cTo/I6LIbI Elgs),Eg(s), vy B (s) —
OpPTOHOPMHUPOBaHHKIN 6a3uc npoctpaHcTea R™.

Bynewm periath teneps 3agauy A. Tak kak &(s) = E|(s), To

a(s) = IEl(S)dS
0

— 370 peueHue 3agaun A, u6o «(0) = 0. Haiinennas kpuBas a(s)
eIMHCTBEHHA.
Tenepb mpoBepuM, UTO 1/ HalIEHHOH KPUBOH NeHCTBUTENbHO
BBINIOJIHEHBI BCE YTBEPXKAEHHUS TEOPeMbl. DTOr0-TO MBI M0Ka He

Ouesunxo, uto |&(s)| =|E1(s)| = 1, 1. e. HaiineHHas KpuBas a(s)
SIBJISIETCSI KPUBOH €IMHUYHOH CKOPOCTH.

JlokaxkeM Temnepb, 4To «(s) — Kpuas obuiero Buga. s storo
Hano AU(QepeHINPOBaTh KPUBYIO «(s). DymeM HcKaTb passokeHHs
BCeX MPOM3BOAHBIX KPUBOH «v(s) 1Mo HalmeHHOMY (13 3amaun B) opro-
HOpMHUpOBaHHOMY 0asucy FEi, Fo,..., E,,. Ham, ecrecTBeHHo, nona-
N00sITCS COOTHOIIEHUS MexXAy BeKTopamu Fp, o, ..., E,, W ux npo-
M3BOIHBIMH, 4TOObI N0/Ib30BaThCsl UMK /ISl BBIMOJHEHHST TPe0Opaso-
BaHWH. YcJaoBHe 3agaud b gaeT HaM 3TH cooTHouweHHsd: X = X - w.

O6paiato Balle BHUMaHHE Ha TO, UTO MBI MOKAa HE HMEeM
nmpaBa HA3bIBATH COOTHOIIEHUS W3 3aladd D ypaBHeHUSIMH

®pene kpuBoi «(s)! Mbl elle He TPOBEPUJH, YTO BEKTOPHI
E\, Ey, ..., E,, sBaswotcs 6asucom PpeHe s «(s), a GyHKUUH
ki,ko,..., ky_1 — ee kKpuBu3Hamu!

CnpaBa Ha cTpaHuIle, /sl ynoOCTBa, 1 MOAPOOHO BBINUIIY COOT-
HOIIIeHUS /s BEKTOpoB E, Ko, ..., Fyy,, B3aThie U3 3anaun b. Ciena
Ha CTpaHHIle — MPOUCXOAUT TMOACUET MPOU3BOAHBIX. B 3TOM mopcue-
Te, KaKk OObIYHO, S TI03BOJIIO ceOe HeCKOJbKO BOJBHYIO 3aMHUCh —
BMeCTO KO3((UIIMEHTOB, KOTOpble Jajee HaM He MOHAMOOSTCs, 5
6yy CTaBUTb MHOTOTOYHS B CKOOKaXx. |

Haunewm Boruncaenus. [lepas npousBonHas:

a=E.

9TO paBeHCTBO BBIIIOJITHEHO TOJIBKO HOTOMy, 4qTo KpI/IBaH OA(S)
nosiBUJIaCh M3 3a1auu A.

) Kak u B m.22, eme pas cosHaioch, uTo 3TH KO3(QQUIHEHTH B CKOGKAX
HHKOIJa B XKHM3HM N0OPOCOBECTHO He BBIUMCAAI. A 3ps, — BIPYr B HHX €CTb
KakKoe-HHOy1b HEH3BeJaHHOE CBOHCTBO U § MPOLIEJ MUMO BEJIHKOIO OTKDPBITHS?
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Cﬂenyxnune [IPOU3BOAHDbIE:

BeKTopbl IPOM3BOIHBIX KPHBOH COOTHOILIEHHUS
eﬂHHHqHOﬁ CKOpPOCTH U3 3ajgadyu b
. E:l =k1Es
a=F =k E, EQ = (—klEl + kQEg)
al®) = kikoEs + (...)Es + (...)E} FEs=...

a® = kikoksEy + ()Eg + ()EQ +...
Q(S) = kikoksksEs + ()E4 + ()E?, + ...

[losyueHHbIe pa3/OXKeHHSI MPOU3BOAHBIX CIIPABEAJNUBBI TOJBKO
MOTOMY, UTO BeKTOphl Ky, Eo, ..., E,, SIBASIOTCA pelleHHUsIMH 3afa-
yu B, T. e. HIMeHHO /151 HUX BBIIIOJIHEHBI COOTHOLIEeHUS 3agadu b ¢ 3a-
OAHHBIMHU B (DOPMYJIUPOBKE TeopeMbl QYHKUUAMHU ki, Ko, ..., Ky 1.

Takum o6pasom, B MaTPUUHOU 3aMUCH MBI UMEeM

<d,d,...,a(m_1)) — (E1, B, ..., Eyt) %

1 0 =« * *
0 k  x * *
0 0 klkg * *
X 10 0 0 Fkikoks *
(00 0 0 - kikyookm o |

B zanucu marpuusl nepexona 1, CToslled CrpaBa, yyacTBYIOT
¢Gynkuuu ¢ nepsoit (k;) mo npennocnenseit (k,, o), a Bce 3Tu
(YHKLHH, 10 YCJOBHIO TeOpeMbl, MonokuTeabHbl. CijenoBatesbHo,
detT" > 0, T.e. COBOKYIMHOCTb BEKTOPOB (d,d,...,a(m_l)) NOPOK-
[aeT TOT e OpJar, 4To U COBOKYMHOCTb BekTopoB (Fp, Fo, ...,
E,_1). dTo o03HauaeT, 4To BeKTOPHl (&, i, ..., ™~ D) nuneiino
He3aBUCHMBI, T. €. KpUBasi «(s) — siBJsieTCsl KPUBOH 0011ero BUaa.

Wpem nanee. Jlerko moHsith, uto det [Fy, Eo, ..., E,,| = 1. lei-
CTBHUTEJ/IbHO, OMpeNe/UTeNb OPTOrOHAJNbHOH MAaTPHULBI MOXKET ObITh
paBeH TOJIbKO MJIIOC eIMHHIIE UIH MHUHYC eIuHHLE. B To ke Bpewms,
det X(0) = 1 u det X(s) — HempepbiBHasi YHKIHS, CJI€L0BATENBHO,
sHaueHne det X(s) HUIe He MOXKET «I1€PECKOYHTb» C eIHHHLBl Ha
muHyc enununy u det X(s) = 1.
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Takum o6pasom, cucrema (Ei, Eo,..., E,,) NOJ0XHTENbHO OpH-
HTHPOBaHa, ABJIALTCA OPTOHOPMHPOBAHHBIM 6a3ucoM MPOCTPaHCTBA
R™, ee noacucrema (Ey, Ey, ..., E,,_1) TOPOXKAaeT TOT ke opdar,
YTO M CHUCTE€Ma MPOU3BOAHBIX (d,d,...,a(m_l)). CnenoBaTesibHO,
(E1, Es, ..., E,) — 6asuc ®peHe KpUBO# «(s) B CHIY €IHHCTBEHHO-
ctu 6asuca PpeHe y KpuBOH 06I11ero Buga. JTO, KpOMe TOTO, O3Ha-
yaeT, 4To PYHKUUU ki, Ko, ..., ky,—| SBJAAIOTCS KPUBU3HAMU KPHBOH
a(s).

OcHoBHasi TeopeMa JIOKaJbHOU TEOPHHU KPUBBIX NOKa3aHa. ‘

Bce Teopembl 1. 23 06 HHBapHAHTHOCTH KPUBHU3H B COBOKYITHOCTH
C TOJIBKO 4TO [OKAa3aHHOH «OCHOBHOH TeOpeMoH» HaloT OCHOBaHHe
yTBep:KJaTh, YTO JIJIMHA AYyTH s KpUBOH « : I — R™ U ee KPUBH3HBI
ki, ko, ..., ky_1 00pa3yloT Tak HA3bIBAEMYIO NOAHYH CUCMEMY UH-
sapuarnmos kpuBod «(I) C R™ Kak reoMeTpruueckoro oobekta. dTo
O3HauaeT, uTo, C OAHOH CTOPOHBI, YKa3aHHble (PYHKLUHH He 3aBUCAT
oT BbIOOpa MapaMeTpH3allMd M BeiOOpa Haya/JbHOI'O HENOABHKHOIO
penepa B mpocTpaHcTBe R™, a ¢ OpPYrod CTOPOHBI, MOJHOCTHIO U
OZHO3HAYHO OTpEeNessIoT CBOH reoOMeTPHUeCKHH OOBEKT — JHMHHIO
a(l) C R™ (obpas KpHBOH), T. €. comepkat B cebe BClo HH(OPMALHIO
00 uccsenyeMoM reomeTpuuyeckoM obpase. K coxasnenuto, o6cyxe-
HUe 4Ype3BblYaHHO MHTEPECHBIX BOIMPOCOB, CBSI3aHHBIX C CHUCTEMaMH
MHBApUAHTOB reOMeTPHUECKHX 0OBEKTOB, Mbl BbIHYXK/EHbI OCTaBUTb
3a paMKaM{ 3TOH KHHXXKH B CHJIy OIPaHUYeHHOCTH ee oObeMa.
JaBafiTe 1BHHEMCS B CJAEAYIOLIMH MyHKT.

3amayky U ynpaxKHeHHs

2 1. CocTaBbTe HaTypaJ/bHble YPaBHEHUS CJEAYIOUIMX KPUBBIX:
a) a(t) = {acht,asht,at); 6) a(t) =4, et tv/2).

2. Hafizute XOTb KaKylo-HHOYIb MapaMeTpU3alHI0 KPHUBHIX,
3aJaHHbIX HATypaJbHbBIMHA yPpaBHEHUAMHU: a
Ak=C1#0,2a=0,#0;, 0) k== —.

) # # ) 507 1
25. Teopema o mocaenHeill KPUBU3HE

Mbl HauHeM 3TOT MYHKT C yTBEPXKIEHHS, KOTOPOe, (PaKTHYECKH,
SIBJISeTCS CJAeICTBHEM M3 IIPOBEIEHHOrO HaMH JOKas3aTesbCTBa OC-
HOBHOH TeOopeMbl JIOKaJbHOH TeOPUH KPUBBIX.

YrBepxkaenue 25.1. Ecau a(t) : I — R™ — kpusas obuezo
suda, mo

det[c, &, ..., o™ = |a] " 2 AT RPTR T Ry K
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Hoka3zarenbcTBo. CHOBA «CUMTaEM TOUKH» — HILEM Pa3JioKeHHe
MPOU3BOMHBIX KPUBOH Mo 6Gasucy PpeHe (MCMOJb3ys, pasymeercs,
ypaBHeHus1 PpeHe 1/ KPUBOH 0OILETr0 BUA):

& = |&| B,
& = (|a|Er) = |a[k1 By + (...) E1,
o® =62k ko B3 + (..)Es + (.. E),
o® = 6| k1 koksEy + (..)Es + (..)Ey + (.. B\,
o® = |6k kokskaEs 4+ (..)Ey + (..)E3 + (..)Ey + (... E},

al™ =& kiky Ky 1By + () Bt + (o) Erg + o
+ (..)E;.
OTC}OILa, HCII0JIb3Yys Hallle YMeHHe BbIHOCHUTb YUCJOBOU MHOXKH-
TeJb OT KazKIA0ro CTOJI6LI21 3a 3HaAK ONpenenauTeJis (Hy, U, pasyme-

€TCsdA, YMeHHe CYMMHPOBATb apI/Iq)MeTI/I‘-IECKI/Ie HpOFpeCCI/II/I), MOMEH-
TaJbHO ITOJy4aeM, 4TO

det[d, é, ..., a™] = det [|&|Ey; || * k1 Eo +
+ (...)El; cevy ’d‘mklkg s ‘km_lEm + ...+ ()El] =

. m(m+1) _ _ _
=la|" T KRR RPT kR g K X
x det [E],EQ,...,Em].
A 370, cOGCTBEHHO, U yTBepxKAaI0Ch, Belb det [Ey, By, ..., Ey,] =1
(370 XKe 06beM eIMHUUHOIO M-MepHOTro Kyoukal). ¢

Mp&l mopouiv K TeopeMe, Ha3BaHHMe KOTOPOH Ha JIEKLHMH 51 BCe-
ria TNPOM3HOLIY TParuyeckWM TrOJ0COM — TeopeMma «O Moc/eqHel
KPUBHU3HE». DTOH TEOpeMOH 3aBepllaeTcsl CIIUCOK 00s3aTesbHBIX K
9K3aMeHYy TeOpeM M3 TeOpUM KPHUBBHIX. DTa 3aMeuare/bHas Teopema
MOBECTBYET HaM O HEPa3pbIBHOH CBSI3M MeXAY T[eOMeTpPHUYeCKHUMHU
CBOHCTBaMH KPHUBOH (ee (popMe) U YUCJIEHHBIM 3HAYEHHEM ee MOCTe]-
Hel KPHUBHU3HBIL.

TauncTBeHHas nocieduas Kpusu3Ha, B OTIHUHE OT OCTAJbHBIX
CTPOTO TOJIOXKHUTeNbHBIX (0 Teopeme Ppene—2KopnaHa) KpHUBH3H,
cBo6ofHa B CBOEM H3MEHEeHHM M MOXKeT MPUHHUMAaTh Kakue YTroj-
HOo 3HaueHus. [locsenHsAsi KpUBHU3HA, TAaKUM 00pa3oM, CPelIM BCeX



160 §4. Obujan r0KarbHAS MEOPU KPUBLLX

KPUBH3H HaXOAWUTCH Kak Obl Ha 0COOEHHOM MOJIOKeHUU. Eil 6oJbliie
MO3BOJIEHO.

Teopemy o mocJsienHell KpuBHU3He s 06ellan 10Ka3aTh elle B 1. 22,
KOTJIa Mbl BBISICHSIJTM T€OMeTPUUYECKHH cMblca KpydueHusi. Kpydenne —
39TO TOCJEeNHsIsT KPUBHU3HA KPHUBOH B TPEXMEPHOM IIPOCTPAHCTBE.
B n.22 6bina BcKonb3b 06poHeHa (pasa — ecau KPydeHHe PaBHO
HYJII0, TO KpHUBast BOOOIIe HUKY/a U3 CBOEH COMpHKacalollencs maoc-
KOCTH He BBLIKPYUYHBaeTcCsi, a Bcerna B Hed Haxomutcsi. OxkasbiBaeTcs,
nmofo6HOe CBOHCTBO CIPAaBENJIMBO U JJiS KPHUBHIX B IMPOCTPAHCTBE
MPOU3BOJIbHOH Pa3MepHOCTH.

Teopema 25.1 (o mocnenHe#t Kpususue). [lycmo «ft) : I —
— R™ — kpusasa obweeo suda. Toeda caredyroujue ycro8us 9K8u-
BQNEHMHbL:

1) 06pas o(t) aexmum 6 nekomopoti eunepniockocmu V);

2) deta, @, ..., a(m)] =0;

3) km—l =0.
[To cyTtu, B chopMynnpoBaHHOU TeopeMe UIET pedb YKe O IJIOo-
6a/lbHOM CBOHCTBE KPHUBOHM — LIEJUKOM JieXaTb B HEKOTOPOH TIH-

NepIIOCKOCTH. [yo6aibHble cBOMCTBAa — B MPOTUBOBEC JIOKAJbHBIM
CBOHCTBaM — KacaloTcsl BCeH KPHUBOH «B LeJioM». [no6asbHble CBOH-
CTBa pPacCMaTPUBAIOTCS HE B OKPECTHOCTH HEKOTOPOH TOYKH tg € I,
a cpasy Ha BceM MHTepBaJ/le U3MeHeHMs NapaMeTpa.

JlokasarenbcTBo. DByneM oTne/sbHO M0Ka3biBaTh HMIJIMKAIUH
TakK, UTOOBI IeMoUKa HUMIIMKAIUU 3aMKHYyJIach. DTUM OyneT JIoKa-
3aHa 9KBUBAJIEHTHOCThb TpPHBENEHHbIX ycaoBuid. Ham Oyner ymo6HO
JI0Ka3blBaTb MMILIMKALKWK B TaKoH TMOC/JEN0BATENbHOCTH: 2) — 3),
1) —2),3) —1).

Vmnaukauus 2) — 3). Iycts det[d, d, ..., (™) = 0. Cornacho
YTBEPKIEHHIO, JOKa3aHHOMY B HadaJjle 9TOr0 MyHKTa,

m(m+1)

det [aaa(m] B L TS Y S

(mH)

m—1 m—2 1.m—3 2 —
Takum o6pasom, |df SRk TR kL g R =
= 0, cnegoBartesbHO, MOCJENHSIS KPHUBHU3HA Ky, = 0, Benp mepsble
(m~-2) KpUBU3HBI KPUBOH «(t) CTPOr0O MOJNOKUTENbHBI M KpHBas «(t)
peryJsipHa, T.e. || # 0.

') To ectb B M0CKOCTH, pa3MepHOCTL KOTOPOIl Ha eJMHUILY MeHbIIe pa3MepHo-
CTH OKpY’KalOLero NpocTPaHCTBa.
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Umniukauus 1) — 2). HanomHIo cHavasia ypaBHeHMe HIIEPIIIOC-
KOCTH B mpocTpaHcTBe R™ ¢ HOPMaJIbHBIM BEKTOPOM 77, MPOXOMIS-
e uepes HauasbHYIO TOUKY po = a(tp) € R™. BoT oHo:

Pucynok 25.1 unmoctpupyer 3T0 0011eM3BECTHOE YPaBHEHHE.

-
n

Do

Puc. 25.1

Urak, nano: (a(t) — a(ty), W) = 0 — KpuBas JeXUT B THIep-
nnockocTH. Bupnmb ToxknectBo — nuddepenunpyit! dnddepenuu-
pyeM m pas:

(&, W) =0,
(6, ) =0,
<a(m), W> =0.
ATo 03HaYaet, 4To ¢, d, ..., al™ € (W)L, T.€. BCe MPOHU3BOI-

Hble JleXKaT B OPTOTOHAJbHOM JOMOJHEHHH K MOAMPOCTpaH-
cTBy (7), MOPOXKAEHHOMY HOpPMa/lbHBIM BeKTOpoM 7. $IcHO, 4To

R™ = (W) @ (W) u dim (W) = 1, sHaunr,
dim ()" =m — 1.

HNwmeemM, Takum o0pasoMm, m IUTYyK BEKTOPOB &, ..., alm g
1

€ (W)™, Jnexamwux B MOANPOCTPAHCTBE, Pa3MEPHOCTb KOTOPOTO

(m — 1). CnenoBaTesqbHO, 3TH BEKTOPbl JUHEHHO 3aBHUCUMBI H

det [d, a,..., a(m)] =0.

WMmnnukauuss 3) — 1). PaccmoTpum mocsiefHee ypaBHeHHe
Dpene: )
E, = —kp_1-|a| En_1.

. —
Tak xak k,,—1 =0, 10 E,, = 0, ciepoBartensHo, E,,(t) = const,
MO3TOMY MOCJENIHUN BeKTOp pernepa PpeHe — MOCTOSTHHBIM.

6 C.B. Cusblii



162 §4. Obujan r0KarbHAS MEOPU KPUBLLX

BosbmeM TOXKmecTBO (G(t), Ey) = 0 (3TO IeHCTBUTENBHO TOXK-
NeCTBO, Tak Kak & 1 E,,B j060i mMomeHT t € I). HHTerpupyem
ero (B MPOMeKYTKe OT g 1O MOMEHTa t):

(a(t) — a(to), Ey) = const.

Hatinem sty koncranty. OueBumHO, mpu t = ty CKaJsipHOE MPOU3-
BelleHHe, CTOsilllee B TOXKJAECTBE CJeBa, PABHO HYJMIO. DTO 03HAUYAeT,
uro (a(t) — a(ty), Ep) = 0. Takum o6pasom, Kpuas «(t) Bcerna
HaxXOUTCS B TUIEPIJIOCKOCTH, YpaBHEHHE KOTOPOH ecTb

(p— alty), Em) = 0.

HopMasbHBIM BEKTOPOM 3TOH THIEPIIOCKOCTH CJYXKHT MOCTOSHHBIH
BekTOp F,,, — mocaenHuil BekTop penepa Ppene.
Teopema o mocnenHe#t KpUBU3HE NOKa3aHa. ¢

[TosnpaBasito Bac, moporue untateau! O6si3aTesbHAS K HU3yUeHHIO
Ha MaTeMaTHKO-MeXaHHUYeCKoM (haKysabTeTe 4acTb CBEIEHHH M3 Teo-
PHH KPHUBBIX Ha 3TOM 3aKOHYHJ/ach. OMHAKO JHOOOMBITHEIX UHTaTeNeH
MPUTIAIIAK TOCETHUTh CJEAYIOIMH MYyHKT.

3amayky ¥ ynpaxKHeHHs

Jlokaxkute, 4TO CclenylOllHe KpHBble LEJUKOM JeXaT B
N HEKOTOPOH THIEPIJIOCKOCTH, T10CJie Yero HamuIIMTe ypaBHeHHe
?., 3T0f/’1 TUIIEPIJIOCKOCTH:

aft) =42t +t — 1,32 — 2t + 75, 1> — 2t + 4);
2 6)@@ (1+t 1 ’ 1>;
(
a(t

12 1+t
alt) =12t2,3t3 — 26,83 + 22 + 4, — 3 + 2+t + 1);
) =H2t,3t2, 13,4, 2t —1).
Hauﬂme nocJeAHUH BekTop penepa PpeHe KaxK 0 TaHHOH KpH-
BOH.
2. Haiigure Bce ¢ynkuuu f(t) Takue, 4YTOo KpHUBas
a(t) =Yacost,asint, f(t)) sBaseTCs MIOCKOM.

3. JlokaxkuTe, 4TO eC/IM BCe HOpPMaJsbHBIE TJIOCKOCTH OHpery-
JISPHOH KpUBOW o : I — be3 napasliie/lbHbl HeKOTOPOMY MOCTO-
SIHHOMY BEKTOPY €, TO KpUBas « IBISAETCA MJIOCKOM.

4. JlokaxkuTe, 4TO €C/lH Bce COMPHKAcaiollyecs MI0CKOCTH
OUperyssipHOd KpUBOH Qa : I — R® opToroHanbHbl HEKOTOpOMY
NMOCTOSIHHOMY BEKTOPY €, TO KPUBAsi v SIBJISIETCS MJIOCKOH.
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26. KpuBble ¢ NOCTOSHHbBIMA KPUBM3HAMU

Kak Bemet cebGsi KpuBasi, y KOTOPOH BCe KPUBH3HBI MOCTOSHHbBI?
JIpyruMu cJIOBaMH, KakdHe KpPUBBbIE 3aJaloTcsl MPOCTEUIIMMH HaTy-
panbHbIMH ypaBHeHusmu ky = C, ko = Cy, ..., kyp_1 = Cyq, THE
Cy,Cy,...,Cp_1 — QUKCHPOBaHHBIE MOCTOSIHHBIE (3[€Ch, padyMeerT-
ca, C1,Co,...,Chp_o >0 B cuny teopembl @pene—2Kopnana)?

[TocTaHOBKa 3TOro BOMpOCa MOTHBHUPYETCS HE TOJNBKO BHEIIHEH
MPOCTOTOM JaHHBIX HATypaJbHBIX ypaBHEHWH. DTOT BOMPOC BaKeH
17151 BBISICHEHHST T€OMETPUUYECKOTO CMBIC]a KPUBU3H. EcTecTBeHHOCTD
TAKOTO BOIMPOCA C FeOMETPUYECKOH TOUKH 3pDEHUST CTAHOBUTCS TOHST-
HOM, eCJli BCIOMHHUTb M. 13, Tie BepBble y HAC MOSIBUJIOCH MOHITHE
KPUBHU3HBI TIJIOCKOH KPUBOU. [/l BBISIBJEHUS ee HATJISAHOTO FeOMeT-
PHUYECKOTO CMbICJIA Mbl PACCMOTPEJH MJOCKHE KPHBBIE MOCTOSHHOU
KPHUBH3HBl M YBHIEJH, UTO TaKas KpuUBasi e€CTb JIHOO OKDPYXKHOCTb
(nnu ee yactp), 60 npsimasi (MK ee yacTb). Ha myTtu xapakrepu-
3allUM MJIOCKUX JIMHHUH MOCTOTHHON KPUBHU3HBI Y HaC BOZHUKJIM OYeHb
TMJIONOTBOPHBIE TOHSITHSI COTpUKAacalollleicss OKPYXKHOCTH M IEHTpPa
KPHUBH3HBI KPUBOH. KpuBHU3Ha Mpu 3TOM 00peJia sICHBIH reoMeTpHue-
CKHU CMBICJ — 3TO BeJMUYHMHa, 00paTHas pajuyCcy conpuKacarwlieics
OKPY?KHOCTH.

®axkr 26.1. [lnockast KpuBasi NOCTOSSHHON U OTIAWYHON OT HYJIS
KPUBHU3HBl Kk JIEXKUT Ha OKPYXKHOCTH, T.€. Ha <«OJHOMEpPHOH»
cepe S! pamuyca R = 1/|k|.

B TpexmepHOM mpocTpaHCTBe e
kpuBble o : I — R ¢ nocTosHHBIMU
KpuBu3HamMu k; = const > 0 u
ko = const Toxke NOCTaTOYHO MPOCTO
0XapaKTepH30BaTh U MpPeACTaBUTb MX
HaTJISIAHBIA reoMeTpUUecKUil 06pas.

_—

/

Eciu kpyuenue ko (mocsenHsis e
KPUBH3HA) TOXKIECTBEHHO PaBHO HY-
JII0, TO [0 TeopeMe O MocJeJHel Kpu-
BU3He (I.25) KpuBas «(t) sBaseTcs P v

MJI0CKOH W TIpefcTaBJsieT co60H 160
OKpy2KHOCTb (mpu k| = const # 0), CTT L
mubo npsmyto (npu k; = const = 0).

Ecnn xe obe KpuBH3HBI ki, ko =
= const OTJIHUHBl OT HYJS, TO Mbl
umeeM neso (cM. puc. 26.1) ¢ Kpacu-
BOH TMPOCTPAaHCTBEHHOW KPUBOH — BUHMOB0U AuHuel (JATUHCKOE
HaszBaHHe — helix, T.e. «BUHT»). OfHA U3 BO3MOXKHBIX MapaMeTpPH-

|
=)

7
/

Puc. 26.1. (b > 0)

6*
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3allui BUHTOBOH JIMHHUU TaKoBa:
a(t) = (acost,asint,bt), a>0, b+#0,

— TOuKa ABHXKeTcs B MI0cKocTH X OY N0 OKPYKHOCTH pafnyca a 4
OHOBPEMEHHO HauMWHaeT MogHuUMathbes (ecau b > 0) UM omycKaTbCs
(ecmu b < 0) Boosb 0cH Z ¢ NMOCTOSIHHOH cKopocTbio |b|. Takast BUH-
TOBas IMHUA LEJHKOM JIeXUT Ha LuuHape 2> + y?> = o’ panuyca a,
0CbI0 KOTOPOTO CJYKHUT ochb OZ. B moment ¢ = 0 compukacarwlien-
sl TJIOCKOCTBIO BUHTOBOH JIMHUH CJYXKHT KOOPAHMHATHAS MJIOCKOCThb
XOY. Ecin b > 0, To BUHTOBas JIHHUSA 3aKpyuHBaeTcsl (BBIXOLHUT
M3 CONpUKacarllelics MI0CKOCTH) KaK «IpaBblif» BHHT, ecau b < 0,
TO JIMHHUSI 3aKPYyUMBaeTCs KakK «JeBblii» BUHT. KpHBHU3HBI BHHTOBON
JIMHUH TIOCTOSIHHBI U PaBHBI

a I b
a? + b2’ a? + b2
BI/IILHO, YTO 3HaAK pr‘-IeHI/IH onpeneﬂHeT, KakKuM BHHTOM {ABJIAETCHA
BUHTOBAasa JIMUHUA — HpaBbIM UJIN JIEBBIM.

Ky

Ynpaxuenue 26.1. Jlokaxure eile pa3 (cM. 3agauy 5 us m. 22),
YTO ecM KPHBH3HA M KpydueHHe KpuBOH « : I — R3 MOCTOAHHEI
OTJIMYHBI OT HYJSl, TO 3Ta KPHBas — BHHTOBasl JIUHUS UJH €€ YacTb.

®akrT 26.2. KprBas ¢ NOCTOSSHHBIMU HEHYJEBbBIMU KPUBU3HAMHU
ki, ko B mpoctpanctee R3® nexxur Ha mumuuape S!' x R 1)
ki

ki + k3
Kak 06CcTOUT feJI0 B IPOCTPAHCTBE NPOU3BOJIbHON Pa3MEPHOCTH?
[IpusHaioce yecTHO, 51 He CyMeJs HaWTH B MaTeMaTHUeCKOH JuTepa-
Type CKOJIb HUOYAb NPHEMJIEMOr0 H3JI0XKEeHHS BOIPOCOB, CBS3aHHbBIX
C ONMHCAHHEM KPHUBBIX C MOCTOSIHHBIMM KPUBU3HAMH B MPOCTPAHCTBAX
MPOM3BO/IbHOH pasMepHoCcTH. ) [To3TOMY Ha/bHeilIMe pesymbTaThl

panuyca R =

1) LHununap — 3To AeKapToBO MpOM3Be/eHHe OKPYXKHOCTH HA MPAMYI0, OTCIONa
TaKoe «MyIpeHOe» 0003HaUeHHe.

?) BecbMa GerJioe pacCMOTPeHHe KPHBLIX C MOCTOSHHBIMM KPUBH3HAMH B IIPO-
CTPAHCTBAX MPOMU3BOJILHOH Pa3MepHOCTH 5 0OHAPYKHJI Ha MOCJENHUX LIECTH CTpa-
Huuax KHWXKKH fO. A. Amunosa «InddepeHunanbHasi reoMeTpuss U TOMOJOTHS
KpuBbix». — M.: Hayka. [, pen. ¢us.-mar. snut., 1987. Tam umeroTcs aBe CCHIIKH
Ha craTbd (paHLy3cKuX aBTopoB 30-X TOLOB MPOLIJIOrO BeKa W OfHA CChLIKA
Ha pYCCKOs3blYHYI KHHUrY 1939 r. — 3TH paGoThl OKasa/juCb MHe HEIOCTYIHBI.
B kumxke FO.A. AMUHOBa A/ MCC/IeIOBAaHHS KPHUBBIX C MOCTOSIHHBIMHU KPHBH3-
HaMH{ TPUMeHsIeTCsT BecbMa IPOMO3AKHH MeTon (paccMoTpeHHe ypaBHeHHi Ppene,
KaK CHCTEeMbl OOBIKHOBEHHBIX AH(QepeHlHaNbHbIX ypaBHEHHH), He 00J/anaoiui
HarJISIAHOCTBIO U XKeslaeMo# reoMeTpuuecKoi sicHocThbio. [IprBoaHMbIE faliee B 3TOM
MyHKTe YTBEPXKAEHHUS MePeKpPbIBAIOT YTBEPXKAEHHS M3 YIOMSHYTOH KHHXKKHU M I10-
JyqarTcst 6oJiee MPOCTBIMH U HATJIAHBIMU CPeICTBaMH.
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KW [JO0Ka3aTeJbCTBa HACTOALLEro0 IMYHKTA LEJUKOM SBJISAIOTCA TBOP-
4eCTBOM aBTOpa 9TOH KHHXKKHU 1, BO3MO2KHO, HY6JII/IKYIOTCH 3J1eCb

BIIEPBBIE.
Hanee Gynem cuuTaTh, UTO y paccMaTpuBaeModl KpuBod « : [ —
— R™ Bce kpuBu3HB ki, kg,...,kp_| TIOCTOSHHBI ¥ OTJHUHBI OT

HyJIs, MHade (110 TeopeMe O MocJeJHeH KPUBH3HE) paccMaTpHBaemast
KpHBasl JIEXKUT B POCTPAHCTBe MeHbllel pasmepHocTd. He Hapyluas
OOIIHOCTH pacCyKaeHuH, Kpusyo « : I — R Bclony najnee Oynem
CUMTAThb KPUBOH €IUHUYHOH CKOPOCTH. DTO 3HAYUTEJBHO YIPOCTHUT
TeXHHYeCKHe BbIYMC/IeHHS.

B npouecce n3dydeHHs KPUBBIX C MOCTOSIHHBIMH KPUBH3HAMH 00-
Hapy>KUBaeTCsl BeCbMa HEOXKHUIAHHOE sIBJeHHE — BUJ TaKHX KPUBBIX
B YETHO-MEpPHBIX M HeueTHO-MepHBIX MPOCTPAHCTBAX CYLIECTBEHHO
paznudaercsi. (Kazanock 6bl, HY, 4eM TaKUM NMPUHIMUITHAJIBHBIM MOTYT
OTaMuaThCA APYT OT Apyra mpoctpaHctBa R!'Z7 u R!?8?! Okaswipa-
eTCsl OHH OTJIMYAIOTCS BUIOM JeXKaIIWX B HUX KpuBbIx!) MBI HauHeM
Hallle pacCMOTpPeHHe C MPOCTPAHCTB YETHOH Pa3MepHOCTH.

Teopema 26.1. Ilycmo o : I — R™, ede m = 2n, — xpusas
obuieco 8uda e0uHUUHOL CKOPOCMU C NOCMOAHKHbIMU HeHYAe8blMU
kpususwamu ky, ko, ..., ky—1. Toeda obpas a(l) rexcum Ha (2n —
— 1)-meproii cgpepe S~ paduyca

n—1
k2k2 - ... k2
R= ZM (npu i =0 nosacaem ky = 1).
=0 173ttt 2441

Iosicnenue. Eciau ycTpoiictBo popMysibl B (DOPMYJHPOBKE TeO-
peMBbl He cpa3y yKJaJblBaeTcsl B FOJI0BE, paCCMOTPUTE MOAPOOHYIO ee
3anuch npu m = 6:

2 21.2
NI
VR KR RIRIRS

1 13 135
Takum o6pasom, 00pa3 KpUBOH C MOCTOSIHHBIMM KPHBHU3HAMMU
B YeTHOMEPHOM TIPOCTPAHCTBE BCErIa JIEKHUT B OTPaHHUEHHON
06/1aCTH TOTO MPOCTPAHCTBA.

Hab6aonenne 26.1. ®dusnyeckass «pasMepHOCTb» BbIpaXKeHHUS,
CTOAIIETO TIOJ 3HaKOM KOpHA — (MeTp)?, Tak Kak Kaxkias KpMBH3HA
U3MepsieTCsl B « IMONTPHUSX». TakuM 00pa3oM, cOriacHO NMpHUBeIeHHON
bopmy.ie, paauyc chepsl U3MepsieTcss B MeTpax. ATO BecbMa MPaBLio-
MOo00HO.
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Jloka3arenbcTBO TeopeMbl. Bocrnosb3yemcs uueell qokasaresib-
CTBa TEOPEMBI O XapaKTepU3aluH OKPY>KHOCTH U3 M. 13 (unu, ecan
YTOIHO, KOHCTPYKIIMEH 3BOMIOTHI TaHHOW KPHUBOH).

Honyctum, 4yto kpuBast a(s) : [ — R™ neficTBUTEBHO JIEXKHUT
Ha cdepe, U monpobyeMm yeadamsv UeHTP 3TOU chepbl. s sToro
nonpo6yeM CKOHCTPYUPOBATh MPOCTPAHCTBEHHBIH aHAJOT «3BOJIIOTHI»
KPUBOH «(s), ¥ IOTPe6OBaTh, YTOOBI 3T «3BOJIOTA» OblJa TOUKOH —
HeHTpoM cdeprl. PaccMoTpruM KpHUBYIO

p(s) =a(s) + B +&Es+GE3+ ...+ &1 Ep—1 + &mEm,

rie Bce KoapduuueHTH &; OyneM CUMTaTb MOCTOSIHHBIMH (BIPYT
HaM TOBe3eT U ypaBHEHHE «3BOJIOTHl» AEHUCTBUTEJIbHO MOJNYUHUTCS
C TIOCTOSIHHBIMU Ko3(duireHtamu!?).

[eomeTpuyecknil cMbIC/ BblpakeHHst mas p(s) TakoB. OT TOUKH
«(s) Ha KpUBOH HYXKHO IBHUraThCsl Ha pacCTOsiHHe &| BIOJb Kaca-
TeJIbHOTO BeKTopa [F|, 3aTeM — Ha paccTosiHMe &y BIOJb I€PBOrO
HOpMaJsIbHOTO BeKTopa Fo U T. .. B pesynbrate Mbl 10JKHBI NPUHTH
B LeHTp ceprl, Ha KOTOPOi HaXoMuTCs Haia Kpusas a(s) |). Koneu-
HO, LIKOJIbHAsl HHTYMLMSI TOBOPUT HAM, UTO /s MOMAAaHHUs B LIEHTP
cepsl BLOJb IO KacaTeJbHOMY BeKTOpy F| IBUraThCsl He Hano, T. €.
& IOMXKHO, B TEpCleKTHBe, 0Ka3aTbCsl paBHBIM HYJ10. Ho moka Mbl
B 3TOM He yBepeHbl U OCTaBHM BCe KaK eCTb.

MBI X0THM, UTOOBI TOUKa p(S) OKa3anach HEMOABUKHBIM LIEHTPOM
cepbl, T.e. DOMKHO BBIMOJHATbCS ToxkaecTBO p(s) = 0. Cuuraem
TMIPOU3BOAIHYIO:

p(s) =a+E B+ &Fy+ ... 4 EmEn.

[Ipeobpasyem BepaxkeHue aJist p(s), UCrogb3ysi ypaBHeHUs1 DpeHe:

P(s) = E1 + §1(k1E2) + So(—k By + ko E3) + §3(—koFo + k3 Eg) +
+ ...+ €m_1(—km_2Em_2 + km_lEm) + fm(_km—lEm—l) =
= (1= &k1)Ey + (§G1ki — E3ko) Eo +
+ (oko — Sak3) B + ... + (i—1hic1 — S ki) B + .. +
+ (gm—ka—2 - gmk’m—l)Em—l + (gm—lk’m—l)Em'
Mgl monyuusnn passoxeHnue BekTopa p(s) mo 6asucy Ppene. 3ako-

HOMEPHOCTL B KOSCbCpI/ILLI/IeHTaX 9TOr0 pasJjoXKeHHs BHIHA HEBOOPY-
2KE€HHBIM IJIa30M.

) Tyt choa (kak u B m.18) y MeHs B rosoBe 3By4uT mecHsi «Brosb o
[Turepckoii» co cnoBamu «Brosb no Bekropy! ITo kacaresbHOMY. . .»



26. Kpusbvle ¢ nOCMOAHHbIMU KPUBUIHAMU 167

Mel X0THUM, 4TOObl BeKTOp p(s) OB HYJEBBIM. DTO BO3MOXHO
TOTZla U TOJNBKO TOT/A, KOrJa Bce KOI(P(PHULUHUEHTH B €ro pasJjoKeHHH
no 6asucy paBHbl HYJI0. [loaydaem cucTeMy OOBIYHBIX JIMHEHHBIX
YPaBHEHHUH:

1 =&k =0,
§1ky — &3k = 0,
§oko — E4k3 = 0,
§3k3 — &sky = 0, (&)

gm—ka—Q - gmkm—l = 0,
€m—lkm—l =0.

B cucreme (M) Heu3BeCTHBIMH SIBJSIOTCS KOHCTaHTH &1, &o, ...,
&m, a TIOCTOSIHHBIE KPUBH3HH ki, ko, ..., k,,_1 HaMm 3amasbl. Ywucmao
ypaBHeHHUH B cucTeMe (M) paBHO m (4eTHO).

Jlerko BHIeTh, UTO MOJMy4eHHasi cicTeMa (M) pacranaercs Ha iBe
He3aBUCHMbIE CHCTEMbI JIHHEHHBIX yPaBHEHHH OTHOCHTEJNbHO HEH3-
BecTHBIX & (i — 1,2,...,m) no m/2 WTyK ypaBHEHHH B KaxKIOH.
[TepBasi noncucrema (cucmema A) COCTOUT U3 ypaBHEHHH MCXOIHOM
CUCTEMbl C UETHBIMH HOMepaMH (HyMepalusi YpaBHEHHH HauMHaeTCs
C HyJs), BTopasi nojacuctema (cucmema D) COCTOUT W3 ypaBHeHHH
C HEUYeTHbIMU HOMEpPaMHU:

«YerHble» — cucmema A «Heuertuble» — cucmema b
1 — &k =0, &1k — &k =0,
&oky — &4k3 =0, §3ks — &5khy =0,

&4ky — &oks = 0,

: gm—Skm—S - gm—liﬁm—Q - 07
{m—?km—Q - gmkm—l - 0 gm—lkm—l - 0

PacemoTpum cHagasa cucremy B, DTa cucrema Bcerma COBMecCT-
Ha, Tak KakK siBJseTcs onHoponHOoH. Ee ompenmenuTtenb OTIHYEH OT
HYyJISL:

ki —ks O - 0
0 ks —ky -+ O
det| 0 0 ks o 0 | o

0 0 0 - ky
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cJjenoBaTesqibHO, CUCTEMaA b uMeer enuHCTBEHHOE peuieHne — HyJe-

BOe€:
Si=8=...=&m1=0.

Hamm oxunanus, uto /s MONagaHUs U3 TOUKH «(S) B LEHTP
cepbl BHOJMBb IO KacaTeJbHOMY BeKTOPY F| HBHUraTbCs He
Hazo, ONpaBAaNnCh ¢ JUXBOH. OKa3biBaeTCs, He TIPUAETCS BUTAThCS
M BIOJb BeKTOpPoB FEj3, Fs, ..., T.e. BIOJb BCeX 0a3HCHBIX BEKTOPOB
C HEeUeTHBIMU HOMEpPaMH.
Paccmotpum teneps cucremy A. M3 ypaBHeHwuii cuctemsl A mo-
CJIe10BaTeIbHO HAXOANM:

52:]?1.

_ R
&4 = Y

_ koky
&6 = ks
DY
T kiksks .k

Takum oGpaszom, MpU 4YETHOM m HCXOAHAas cucTeMa (M) oka-
3ajach coBMecTHOH. Ham ymanmock momobpaTh Takue MOCTOSTHHBIE
K03 puuueHTs &1, €, ..., &y B BhIPAXKEHUH

p(s) =al(s) + & B +&Es+&GE3+ ...+ &1 Ep—1 + &mEm,

uro p(s) = 0. D10 o3Hayaet, 4To p(s) = pp = const. Ham kpymnHo
nosesJio! Bekrop

1 ko koky ko ...km—2

—Fs + by + Eg+...+ ——————E,,

Tk 2T kiks kerksks ° kiks . km ™"
OyLy4H OTJOKEHHBIM OT MPOM3BOJbHOH TOUKH KpPUBOH a(s) (T.e.Vs €
€ I), Bcerja TNPUBOLUT B OAHY MU Ty Ke HENOIABHKHYIO TOUKY pp.
JlnnHa R BeKTOpa 7 MOCTOSIHHA BCJIEACTBHE MOCTOSHCTBA BCEX KPH-
BH3H:

=|rl=1Ipo — a(s)| =

1 ks koks k. ko
—|—F By + E 22
2 kst Tkaks T ks ko

= =
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n—1 n—1
koky ... ko; ) ( koky ... ko; >
- LI DN T Nl (R R -
Z;<klk3---k'2i+l S Z kiks . koier o1

= i=0

n=1 ;9,9 2
kyky ... k3;

- Zk%kg...kQ

=0 2i+1

DTo 03HAYaeT, uToO KaxKias TOYKa KPUBOH «v(s) HAXONMUTCS Ha pac-
CTOSHUM R OT TOYKM po, T.e. KpuBas «(s) Jexut Ha chepe S77~!
C LIEHTPOM B TOYKE py U PafHyCcOM

n=1 ;979 2
ksky ... ks;

R = -t et

Teopema nokasana. ¢

Ha6monenne 26.2. B cayuae npocrpanctea R?*! neuerHoii

pasMmepHoCTH, m = 2n + 1, cuctema (), BO3HHKIIAS NPH JO-
Ka3aTeJIbCTBE TEOPEMbl, OKa3bIBaeTCs HECOBMECTHOU. [leHcTBUTENb-
HO, B cJydae HeYeTHOTO UHCJa ypaBHEHWH, MocCjelHee ypaBHeHUe
Em—1km—1 = 0 cucteMbl (M) UMeeT YETHBIH HOMep, T.e. HAXOAUTCA
B MoAcucTeMe A U MPOTHUBOPEUUT MPENbIAYIIUM YpPaBHEHHUSIM MOJI-
cCHCTeMbl A, M3 KOTOPBIX CJAeAyeT, 4TO &,_1 = J2t e Amed # 0.

kiks...km—2

CkazaHHOe 03HAuaeT, YTO B HEUETHOMEPHOM IPOCTPAHCTBE HAM He
ynactest mopodpaTh Takue MOCTOsIHHbIE KOG DULUUEHTH &1, &9, ..., Em,
4YTOOBI TOYKA

p(s) =a(s) + §1EI +&Ey+ &E3 + ...+ &1 Ep—1 + &mEm

OblJia HEMOABHKHOH. DTO, B CBOIO OUepelb, O3HAYAET, UTO B HEYeT-
HOMEPHOM TIPOCTPaHCTBe KpPHBasi c(s) C MOCTOSSHHBIMM KPUBH3HAMH
He MOXKeT JlexKaTb Ha cdepe.

Onpenenenne 26.1. Ilycts «(s) : I — R?" — mpousBosibHas
KpUBasi eIMHUYHOH CKOPOCTH B NPOCTPAHCTBE YETHOH Pa3MEepHOCTH,
ki(s),..., km_1(s) — ee KpuBHU3HBI (He 00s13aTeJLHO MOCTOSIHHBIE!).
Kpusyto

1 ko koka ko ...km—o

- S Byt 2 g4 2 gy 2w g
p(s) = als) + B 4 oo By 4 e e

Ha30BeM NPOCMPAHCMBEHHOL d80AHOMOLL KPUBOH a(S).
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BekTopel penepa @peHe ¢ ueTHBIMH HOMepaMu Fa, Fy, ..., Epy,
npejJiaraio HasblBaTh eAa8HbIMU (UTH CYUyecmBerHblMU) HOp-

maramu. O4eBUIHO, UTO NPOCTPAHCTBEHHAS IBOJIOTA BCETAA JIEXKHUT

B IOANPOCTPAHCTBE, MOPOXKAEHHOM IVIAaBHBIMU HOPMaJ/IsIMU KPUBOH.

Ynpaxuenue 26.2. J[okakuTe, YTO NMPOCTPAHCTBEHHAS 3BO-
JiotTa siBjsieTcsl orubaiolledl cemelicTBa IVIaBHBIX HopMaJsei
KPUBOH.

Ynpamxuenue 26.3. [lokakute, 4TO TJIaBHbIE HOPMAJH BOJIOTHI
p(s) KpHBOH «(s) HampaBieHBl BIOJNb BeKTOpoB Ey, Ejs, ..., Ep,,
periepa Ppene kpuBoil a(s), T.e. BeKTOpHl Ky, E3, ..., E,,_| urpawot
pOJIb KacaTesbHBIX BEKTOPOB K KpI/IBof/’I a(s)!

Onpenenenne 26.2. Chepy S?*~! samanHyio B npocTpaHcTBe
R2" ypaBHeHHeM R = |z — p|, Ha3oBeM conpukacaroueiics K KpUBOH
a(s) : I — R? B Touke sg € I, ecId B 3TOH TOUKE OHA HMeeT
KacaHue ¢ KpUBOH nopsinka He HHxe 2n. LleHTp p COHpI/IKacaIOU_LEI/ICH
cepbl Ha30BeM yeHmpom Kpususr Kpusoi a(s) : I — R?™ B Touke
so € I, pamuyc R coanKaca}omeHCH cepbl HazoBeM paduycom
kpususn KpuBoh afs) : I — R>™ B Touke so € 1.

Ynpaxuenue 26.4. LLOKamee 4YTO MPOCTPaHCTBEHHAs 3BO-
mota KpuBoil as) : I — R?™ B 4eTHOMepPHOM NpPOCTpPaHCTBE
SIBJISIETCS] MHOXKECTBOM LIeHTPOB KPUBHM3H 3TOH KPHUBOH.

[lepefinem Teneps kK PAcCMOTPEHHIO KPHBEIX C NOCTOAHHBIMH KDH-
BM3HAMH B TpocTpaHcTBax R HeueTHo#l pasmepHOCTH.

Onpenenenne 26.3. MHOXeCTBO BCeX TOUEK €eBKJHIOBA IpoO-
crpanctBa R*™FL nexamux Ha 3aganHHOM _paccTostHuu R ot Heko-
TOpOi(i)I/IKCI/IpOBaHHOI/I npsAMol p = pg + s @ (po — HauaJbHas TOY-
Ka, @ — HampaBJsIOLIHE BeKTOp) OyoeM HasbiBaTb (2n)-mepHoim
yuaunopom pagmyca R 1 oGosHauath uepes R x 827! IIpsmyio
p=1po+ Sa TPY 3TOM eCTeCTBEHHO Ha3blBaTh OCbHIO UUAUHODA
R x 8271,

Teopema 26.2. [Iycmo o : I — R™, ede m = 2n + 1, — kpusas
obuieco suda u eOUHUUHOL CKOPOCMU C NOCMOAHHbLIMU HeHYle-
soimu Kpusuanamu ki, ko, ..., kyn_1. Toeda obpas a(l) rexcum Ha
(2n)-meprom yurundpe R x S~ paduyca

> &,

i=1

ede cosokynnocmo uucen &9,&4,8,...,8, Asasemcs (00HO3HAU-
HO onpedeasiembim!) peuieruem KpameposcKoL CUCMeMbl AUHelHbLY
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ypasHenuli ¢ mpexouaeoHasbHOl mampuyel:

(24 kD) hoks 0 0
koks  —(K3+ k%) kaks 0
0 kaks  —(k3+ k3) 2 g
_ 0 0 v kp—skp—o _(k:7277,—2+ kfn—l )_
&2 —ki
&4 0
x| & | =] 0|,
e 0

Kpome moeo, mouka o(s) HamyparvHo napamempusos8artol Kpu-
soti a(s) : R — R™ npu Heoeparuuenrom so3pacmanuu napamem-
pa s € R yxodum no wanpasaenuro ocu yururndpa 8 beckoweu-
nHocmo. O6pas a(R) kpusoii a(s) He moxcem yerukom rexcamov Hu
8 Kakol oeparuuerHol obaacmu npocmparcmsea R™.

Ilosicnenue. He 3Hato, XOpolmo 3TO WM TJIOXO, HO Tak YK
yCTpOEHa TMpHUpOJa, YTO B CJyuae HeYeTHOH pa3MepHOCTH yKasaTb
KpacuBylo oburyto Gopmyay AJs paauyca LUuauHApa (HamomoGue
thopMysibl 17151 pagryca cepbl B UeTHOMEPHOM MPOCTPAHCTBE) MPOCTO
HEeBO3MOXKHO. $1 MpuBesy B Mpollecce M0KA3aTeJbCTBA KOHCTPYKLHIO
(dopMysbl AJS pajnyca LMJHHApPA uyepe3 3aJaHHble KPUBU3HBI, HO
OHa CTOJIb I'POMO3JIKa, YTO MOMEIATh ee B (hOPMYJTHUPOBKY TEOPEMBI
npocTo Hellesecoo6pa3Ho. B (opmynupoBke TeopeMbl OKa3biBaeTcsi
npolie 3a1aTh KoahuuneHtsl &9, €4, &g, ... , £y C TOMOILBIO CHCTEMBI
JIMHEHHBIX YpaBHEHHH.

Uro6bl MOYYBCTBOBATh, HACKOJIbKO 3aT€HJHUBO BbIpaXKaeTCs pajiu-
yC UUJMHAPA uepe3 JaHHble KPHUBH3HBI, MPUBELY SIBHble UTOTOBbIE
(hopMyJIBl B CayUae MPOCTPAHCTB Pa3MePHOCTEN TPU U MSATh:

PasmepHocTs m = 3:

k:l B ki
(k2 + k22 kP +k

R= g%;

PasmepHocTh m = 5:
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2 2
ki(k3+ k3) kikoks

(KP4 R5) (k3 + k) — kgkg )\ (k§ + k3) (k3 + k) — k3k3

VR + I (K3 + k)
kI + k3 k3 + k3k?

Hoxka3areabctBo. [lonyctum, uto kpusas «(s) : I — R™ ned-
CTBUTEJIHO JIEXKHUT HA UMUAMUHApPe. Tak ke, Kak U B JI0Ka3aTeJbCTBE
NpenbloYIIed TeopeMbl, MomnpodyeM yeadams ocb p(s) = pg + sa
3TOTO UHUJMHAPA (BeKTOp @ — mocTosiHHBIA!). BozbMeMm

p(s) =a(s) + B +&Es+GE3+ ...+ &1 Ep—1 + &mEm,
m=2n + 1.

Mpl XoTUM 1MoA06paTh Takue MOCTOSHHbIE KOI(PPUIUEHTH &1, &y, ...,
&m, uToOBl TouKa p(s) Bcerma (Vs € I) smexana Ha OCH LMJIHHAPA,
T.€. KpuBas p(s) sBasiaach Obl npsMoi. [l 3TOro JOJKHO BBITOJ-
HATbCA TOXAECTBO P(s) = @, To ecThb H(s) = 0.

[lyctb, kKak ob6biuHo, X = [E|, E9,..., E;] — opToroHanbHas
MaTpulla M3 BeKTOpoB 6asuca PdpeHe, w — MOCTOsHHAsA MaTpHlla
KpUBHU3H mJs1 KpuBoH «(s), X = X -w — ypaBHeHus Ppene ass
kpuBoi a(s), & =&y, &, ..., &n) — BEKTOP-CTONGEL HCKOMBIX KO-
spuunenton. Torna, oueBUAHO:

p(s) = a(s) + X &,
ps)=FE+X - £=E+X w-¢&

— 3THU BbIYMCJIEHUS B Pa3BEPHYTOM BHIe Mbl NpOAeJaJu NpH J0-
Ka3aTeJbCTBE MpeJbIAyllell TeopeMbl (MOC/Ie Yero pellasd CHCTEMY
JIMHEHHBIX ypaBHeHUH X - w - & = E|, KoTOpy10 0603HAUNJIH B NIPELibI-
LYyILIeM J0Ka3aTesabcTBe uepe3 (M)). duddepenuupyem nanee:

Bls) = k1B + X - w® - &.
3Ha'—IHT, OOJIZKHO BBITIOJTHATBCA TO2XKIAECTBO
kiEy+X - w?-£=0. Y)Y

dto — cucrema u3 m = 2n + 1 WTYyK OOBIYHBIX JHHEHHBIX
ypaBHEHWH, B KOTOPOH HEU3BECTHBIMH SIBJSIOTCS KOI(P(PUIIUEHTHI
£1,89,...,&n. Bor ee 3amuch B pasBepHyTOM BHie (CO3HAKOCH,
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oJist ee I0JydeHUsd MHe HOTpe6OBaJIOCb OKOJIO HacCa YTOMHTEJIbHBIX

BBIUMCJIEHUH M [Ba Yaca pa3nyMHH — Ha BEPHOM JH 5 IyTH?):

—&1k} + &kiky = 0,

—&o(K? + K3) + Eakoks = —Fky,
Eikiky — &(k3 + k3) + Ekska = 0,
Eokoks — & (k5 + k3) + Eekaks = 0,

Em—akm—akm—3— Eno (K}, s+ k2 o)+ Enkim—oky-1=0,
fm—3km—3km—2 - €m—1 (kgn_g + kzn,—l) = 0,
gm—ka—ka—l - ﬁmk‘?n_l =0.

()

Cucrema (##) cHoBa (Kak u cucTeMa (M) U3 [0Ka3aTesJbCTBaA
MpeablayIed TeopeMbl) pacragaeTcss Ha JBe He3aBUCHMbIE CHCTEMBbI
JUHEHHBIX ypaBHEHHH. YpaBHEHHs] C HeueTHbIMH HOMepaMu oOpa-
3yIOT cucmemy A, ypaBHEHHs C YETHBIMH HOMEDAMH COCTABJSIIOT
cucmemy B, npu 3TOM YMCIO HeYeTHBIX ypaBHeHHE paBHO (n + 1),

YHCJIO YETHBIX ypaBHeHI/Iﬁ PaBHO n.

PaccMmoTpum cHauasa cuctemy b. 9T0 — HeomHOpomHAs cHCTeMa
U3 n JUHEHHbIX ypaBHeHHH. BoT ee 3anuch B pa3BepHYTOM MaTpHy-

HOM BUJe (MMEHHO OHa MpUBelieHa B (DOPMYNHPOBKE TEOPEMBI):

(K3 + k3)  koks 0 0 ]
koks  —(K3+ k)  kaks 0
0 kaks — —(k2+ k2) X
km—Bkm—Q
0 0 kp—skm—o —(k2 o+ K2 )
&o —k1
&4 0
Em 0

JlokaxeMm, uto omnpenesuTenb Ag, 3TOH CHCTEMBI OTJUYEH OT
HYJISl, T. €. 3Ta CUCTeMA SIBJISIETCS KpaMepPOBCKOH. TeM caMbIM MBI J10-

KaXKeM, 4TO 3TOU CHUCTeMOH «ueTHble» KOIDPUUUEHTH &9, &y, ..

orpeneJsisgroTCsd OOAHO3HAYHO.

. a€2n
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PaccmoTtpuMm  mocsienoBatesnbHOCTh onpefenuteneidn Ao, Ay, ...,
Ag;, ..., COOTBETCTBYIOUIMX CHCTeMaM b a/isg mNpocTpaHCTB
R3, R®,... R%**"! . nocaenosaresbho BO3pacTamwlleld HeyeTHOH
pasMepHOCTH. SIcHO, YTO MOPSIOK onpeneautens Ag; paBeH i.

Ha6arwonenne 26.3. IlocnenoBatenbHOCTh omnpenenutenein Ag,
Ay, ..., Ag;, ... YIOBIETBOPSIET PEKYPPEHTHOMY COOTHOIIEHHIO

Ao = —Noi (k3,1 +k3;) — Doi_a(kd;_ok3;_y), i=2,3,4,...,
¢ HauaMbHBIMU ycaoBHAMH Ag = 1, Ay = — (k¥ + k2).

JlokasaTeabCcTBO. JTO, 10 CYTH, IPOCTOE YIIPaKHEHHe U3 3a1ayu-
Huka U. B.IlpockypsikoBa Ha BbIUHCJIEHHE ONpeeUTe el METOLOM
PEeKyppPEeHTHBIX COOTHOIIeHHH. TpebyemMoe COOTHOLIEHHE JIETKO MOJY-
qaeTcs pas3soxkKeHHeM ompefennTens Ag; M0 MOCAeTHEMY CTOJOLY. 4

Ha6aronenne 26.4. BuumatebHoe pasriisiibiBaHHe MOJyUeHHO-
ro peKyppeHTHOro COOTHOLLUEHUS MO03BOJISIeT IOJNYUUTh Pa3BepHYTOe
BBIpaKeHHe IJ1s1 onpenenuTens Ag; Kak MHOTOYJIEHA OT MepeMeHHBIX
kl,kg,...,kgii

Ngi = (1) k5K, o k2K, 1 <o < ... < i

Onpepenutenb Ag; SABISETCS CyMMOH BCEBO3MOXHBIX MPOU3BENIEHUH
KBaJIpaTOB MepeMeHHbIX. B 3Tol cymMMe Ka)Kao0e caaraeMoe COIePKUT
B TOYHOCTH ¢ IUTYK COMHOXKHTEJIEH U B KaXKJOM TaKOM COMHOXKUTEJe
3ampelaetcs MosiBJAeHUE Maphl PAIOM CTOSIIUX OYKB U3 CJIENYIOUIEr0
cnucka: koks, kaks, kekz, ..., k;_3k;_o. Jlerko moacuuTaThb, 4TO YUCJIO
cjaraeMblX B yKasaHHOH cyMMe paBHO ¢ + 1. 3HaK mepen CyMMOH
OTIpeliesisieTCsl UeTHOCTBIO MOpsiKa onpenenutess. JlokasaTenbcTBO
9TOro HaOJMIOEHUs JIETKO TPOBOAUTCS METOLOM MaTeMaTHUeCKOH WMH-
OYKIHH.

Hoscusirommii npumep. s npoctpaneTBa R/ onpenenntens
cucrteMbl b paBen

Do = (1) (KT R3S + kP k3G + kP kG + K3kihy)

— B CJIaTaeMbIX OTCYTCTBYIOT Napel koks, kgks. (MIMeHHO 3TO BhIpa-
JKeHHWe, COrJiacHO mpaBuay Kpamepa, OyneT cTosiTh B 3HaMeHaTeJse
dhopMyJIBl IJI5 paguyca UUAWHAPA, HA KOTOPOM JIEXKUT KPUBAs C TI0-
CTOSIHHBIMH KPHBM3HAMM B npocTpaHcTBe R7.)

Ha6awonenune 26.5. [lpu no6om ¢ onpenenutenb Ag; OTJIHUYEH
OT HyJs, TaK KaK OH SIBJsieTCS CyMMOH TNpOM3BeleHUH KBaapaToB
HEeHYJIeBBIX KPUBH3H.
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Takum obpasom, cucrema b Bcerna MMeeT eIMHCTBEHHOE pellle-
HUe U KO3 hULUeHTH &9,&y, ..., 9, OMPENENSIOTCS OMHO3HAUHO.

CrenyeT OTMETHUTh, YTO PEILIUTh CUCTEeMY DB B IBHOM BHIe BecbMa
3aTpynHUTeNbHO. [l pellleHHs TaKHWX ClelurupUUecKUX Tpexaua-
FOHAJIbHBIX CHCTEM, YaCTO BO3HHUKAWIIUX B MPAKTHUECKHUX TPHUJIO-
JKEHUSIX, TIPUAyMaH ClelruanbHbBIH UTePAlMOHHBIH METON — METON
npsAMOH U 0OpaTHOM «NPOroHKU». Il KaxKI0H KOHKPEeTHOH (PUKCH-
pPOBaHHOH pa3mepHOCTH m = 2n + | mpoctpancTBa R™ oH mo3BoJIs-
eT [0BOJIbHO OBICTPO IOCJEN0BATENbHO BBIUHUCAUTD KO3(PPHULUEHTH
Eony&on_9,...,E9, KOTOPBIE HAM XOTeJOCh Obl UMeTh. ONHAKO METOJ
«TIPOTOHKH», SIBJISIICH UTEPAIIMOHHBIM METONOM, He NAeT SIBHBIX BHI-
pakeHWH A/ 3TUX KO3(P(ULHEHTOB.

Jas Toro 4ToOGB HUKTO HE CMOT YIPEKHYTb MEHsS B OTCYT-
CTBUU yCepaus, TIPUBELY SIBHble BbIpaXKeHHUS /5 KO3(DPHUIIHEHTOB
£,&4, ..., &, depe3 3amaHHble KPHUBU3HBI, MOJYy4YeHHBIE MO TPaBH-
ny Kpamepa pereHusi cuctembl JUHEHHBIX ypaBHeHHH (cjiaBa Gory,
cTosibel] CBOOOAHBIX UJIEHOB 3TOH CHCTEMbI CONEPKUT BCEro OAMH
3JIeMEeHT, OTJIMUHBIA OT HYJISl, YTO AaeT BO3MOXKHOCTb JIETKO pacKJa-
IbiBaTh Tpebyemble B mpaBuje Kpamepa ompenenuTend UMEHHO IO
3TOMy cToaOmy!).

3adukcupyeM cucteMy b, BbIIMCaHHYIO [J1s1 MPOCTPaHCTBA
R?"*! i nyets Ay, — ee onpenenuTenb GUKCHPOBAHHOTO TOPSAKA
n. O6osHauum yepes Ag, ONpeneUTe b, NOTydalomUics U3 onpe-
nenutens Ag, BblOpacbiBaHUeM i-r0 CTOJOLA U YCTAHOBKOH Ha ero
MecTo cToJsibua cBoOoAHBIX ujeHoB. CorsnacHo Qopmynam Kpamepa
3TOT OTIPeNleNINTENb HEOOXOMUM /i1 HaX0oxXKaeHus KoapdunueHta Eg;:

§oi = A&
AQn
PaccmoTpuM otaenbHO onpeaenutenb Ag, :
Aim =
—(KHKD)  Koks 0 o =Ky e 0 0
koks  —(K2+k2)  kuks 0 0 0
0 kyks — —(k2+k2) - 0 0 0
0 0 keks 0 0 0
0 0 0 o 0 kypskms 0
0 o —(K2_,+K2 ) km—skm—o
0 0 = 0 - kpmogkm_o —(k2 K )

,

i-i cTosber]
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PacknanpiBas onpenenurenb Ag, M0 i-My CTOJOLY, JerKo yOennuThb-
csl, 4TO

Ag,, = (—1)'k1koks ... ko1 Dy,

rne D, _; — omnpenesuTeNb, NoJydatoliuiics U3 onpeneautes Ao,
BbIUePKHBAHHWEM MEPBBIX ¢ CTPOK U 4 cTos610B. [locKOMbKY BHelIHe
onpenenutenb [, ; BBINIAIAT TOYHO TaK Ke, KaK W OMpenesu-
Tesib Ag, cuctembl b (TosbKO D, ;, KOHEYHO, MEHBIIIET0 MOPsIAKa),
UCIOJIb3ysl HabJtofleHHe 2 JIeTKO cpasy HamucaTh ero pa3BepHyToe
BbIpaKeHHEe KaK MHOTOUJIEHA OT MepPeMeHHBbIX k911, k2i 12, ..., Kon:

n—i 2 2
Dp—i = _1 Z Joit1 J2z+2 k.]?n 1kj2 ’

Joit1 < Joige < ... < Jon,

— CyMMa BCEBO3MOXHBIX IMPOU3BEJeHHH KBaJpaToOB MepeMeHHBIX,
B KOTOPOH Ka)K/l0e cJlaraeMoe CONEpXKHUT B TOYHOCTH 7 — i CO-
MHOXKUTEJIEH U B KaXKJIOM TAaKOM COMHOXKHTEJe 3ampeliaeTcs TIo-
SBJEHWE Tapbl PSAOM CTOSIIUX OYKB H3 CJAEAYIOMIETO CITHCKA:
koitokoit3, koirakoiis, .., kop—3kon—2. 3HAK BBIPaXKEHUS ONpemeJis-
eTCsl YeTHOCTbIO MOpsiiKa onpenenutens D, ;.

OxkoHuaTebHO 15 KO3pPUUUeHToB &9, &y, ..., £9,, TIONyIaEM BbI-
pakeHHus

Aim

&oi = N

(—1)%11@21@3....-/.@%_1-(—1)" ISR " jw-. /{:?2 71/@2%

2 2
_ klekS k?l—l Z J2i4+1 321+2 o k]Qn lkj2n
SRR - ...-kfn_len

rIe CyMMbl B YUCJWUTEJE U 3HAMEHATeJse YAOBJEeTBOPSAIT OrOBOPEH-
HBIM BbILIE YCJIOBHSIM, HHIEKC i mpoGeraet MHOxkecTBO {1,2,...,n},
m— 1

Yop-¢b!
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PaccMoTpum Temnepb cucTeMy A — «HeueTHble» YpaBHEHHUS:
(k2 kiky 0 0 0
kiky —(k3+k3)  ksky 0 0
0 ksks — —(kj+k2)  kske 0
0 0 kske  — (k2 + k2) %
kon—1kon
0 0 0 an—len _kgn
[ & ] [0]
€3 0
& 0
X . =
£2n—1 0
| Sont1 | [ O]
DTo — onHOpomHas cucreMa U3 (n + 1) JHMHEHHOrO ypaBHEHHS.
Bceskas OAHOpPOAHAsA CHUCTeMa SBJSCTCA COBMECTHOH H OJHO H3 ee

pelleHUH — HyJleBoe:

§l =& = .= s = 0.

OueBHIHO, UTO paHT CHCTeMbl A He MeHblIe 7, TaK KaK y MaTPULbI
cucteMbl A mepBble 1 CTOJOLOB JHHEHHO HE3aBUCHMBI (HU ONHUH M3
HUX He MOXeT JIMHEHHO BbipaxkaTbCsl uepe3 Tpelbayline). Takum
00pa3oM, MPOCTPAHCTBO PEIIEHHH CHCTeMbl A MOXeT ObITb, camoe
6oJiblliee, OMHOMEPHBIM.

PaccMoTpuM MaTpully KpHBHM3H w. M3BecTHO, UTO omnpenesnuTesb
BCAKOM KOCOCMMMETPHYECKOH MAaTpHIBl HEYeTHOTo IMOpsiKa paBeH
HYJI0 — 4TOOBl yOeAUTBhCS B 3TOM, TPAHCIOHHUPYHTe ONpenesuTeNb
(cHoBa ynpaxHenue u3 3anaunuka M. B. [IpockypsikoBa). Onpeneu-
TeJIb MaTPULBI BJISETCS CBOOOAHBIM UJIEHOM €€ XapaKTepUCTHUYECKO-
ro MHOrouseHa. JTO 03HA4YaeT, UYTO UYHUCJAO HOJIb SIBJSETCS KOpPHEM
XapaKTepUCTHUECKOr0 MHOTroYJeHa MaTpulbl w. TakuMm o6pazom, y
MaTpHLBI w HMeeTCs HyJeBoe COOCTBEHHOE 3HAaUYeHHE U COOTBETCTBY-
IOLMH 3TOMY 3HaYeHHIO COOCTBEHHBIH BEKTOP

h = t(C],CQ, C3,...,Cp), Cj=const € R.

C npyroél CTOpPOHBI, OUEBHAHO, UYTO y MaTPHULbl KPUBHM3H w Iep-
Bble m — | CTONOUOB JHHEHHO HEe3aBUCHMbl (HM ONMH W3 HHUX He
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MOXKeT JIMHEHHO BblpakaTbcsl uepes npenbiayire). CiaenoBaTesnbHo,
rank(w) =m — 1, Ker(w) = (h) 1 ykasaHHBII COOCTBEHHBIH BEKTOD
h, oTBeuawINH HyJeBOMY COOCTBEHHOMY 3HAueHHIO, — €IHHCTBEH-
HBIH C TOYHOCTBIO IO MOCTOSIHHOTO MHOXKHTEJIS.

OueBHHO, YTO YKa3aHHBIH BEKTODP h SIBJSIETCS U COOCTBEHHBIM
BEKTOPOM MAaTPHIILl w?, TaKxKe OTBEYAIOMM HY/JIeBOMY COBCTBEHHO-
My 3Ha4eHHIO, T.e.

w?-h=0.

ITo 03HauaeT, UTO BEKTOpP h fBJASETCS pelleHHeM OIHOPOLHOH CH-
creMbl X - w? - € = 0, T.e. ero KOOPAMHATEL C HEYeTHBLIMH HOMepPaMH
SIBJISIIOTCSL PelleHHsIMH OIHOPOLHOH cHcTeMbl A (Beib ypaBHeHHS
C HeyeTHLIMM HOMepaMH u3 cucTeMbl X - w?-& = 0 Kak pas u
COCTaBJISIIOT cUCTeMY A).

Hrak,

— o0llee pellleHHe CUCTeMBI A.

Tenepp, Korma Mbl HallJIM 110 OTHE/JbHOCTH pelleHUs] CHCTEM
A u B, HeTpynHO cocTaBUTb 00llee pellleHHe HCXOTHOU JHHEHHOH
HeONHOPOAHOH crucTeMbl (ddh). BoT oHO:

E = t()‘Cl1 £2v )‘037 547 >\C5’ ce 5277,1 )\CQn-H)

Ecnu Mbl 3adpukcupyeM Kakoe-HUOYyAb KOHKpPETHOE 3HaueHHe A,
TO CTaHeT BMAHO, UYTO HaM OMNsTh noBesJso! Mel cMmorin noxo6path
TaKHe TOCTOSHHBIE KOI(PPUIHEHTHI &1, &9, ..., &y, B BBIPAXKEHUH

p(s) =a(s) + & B+ &Ey+&GEs+ .o+ &1 Bt + EmEm,

yto f(s) = 0. 1o o3Havaer, uTo P(s) = @ = const u p(s) = po +

+ sd — mpamasi, AJMHA OTPe3Ka KOTOPOi OT HauaJabHOH TOUKH JI0

TOUKH p(s) MPSIMO MPOMOPLUOHANBHA AJHHE IYTU KPUBOH (s).
BekTtop

r=p(s) —a(s) = A\C1E| + &FEy + AC3E3 + ... +
+ fm—lEm—l + )\CmEma

OyIyud OTJIOKEHHBIM OT MPOM3BOJBHOM TOYKH KPUBOH «a(s), Bcerna
(r.e. Vs € I,Y\ € R) npuBOIMT Ha ONHY M Ty Ke NPAMYyl0 — 0OChb
nuanHapal

JlnuHa BeKTOpa r MOCTOsIHHA (MpyU (DUKCHMPOBAHHOM A) M paBHA

P = \A2C2 + € +ACE + ...+ €4, + NCE,.
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OueBupHO, 4YTO [JMHA BeKTOpa 7 MHHMMa/lbHa mpu A = 0, T.e.
pannyc R MCKOMOro LIMJIMHAPA PaBeH

Hanpap/isiioliiM BEKTOPOM OCH ILUJIMHAPA CJAYXKHUT BEKTOP, UMe-
OUMH B 110604 MoMeHT s € I B 6asuce ®pene kpuBoi o : [ — R™

KOOPJIMHATEI @ = (C1.0.C5.0 0.0

B kauecTBe HayaJbHOM TOUYKH OCH HUJUHAPA B MPOCTPAHCTBE R™
MO2KHO B34ATb IIPOM3BOJIbHYIO TOYKY BHIaA

po = a(so) + &o»

rne &, = %0,&,0,£4,0,...,&,,0) — uyacTHOe pelleHHe CHCTEMb
(o) mpu A = 0. Torna ypaBHeHHe ocu LHMAHHAPA B penepe PpeHe,
3a(DMKCUPOBAHHOM B J11060# MOMEHT s € I, MOXKHO 3amucaTh B BHIE

p = 50 + \a.
Hakownern, npu A = 0 BekTOp
ro(s) = oBo + &4 B3 + ...+ {1 B

SIBJISIETCS] KpaTYallliiM U3 BCeX BEKTOPOB, COENUHSIOLIMX TOUKY (S)
Ha KPUBOH C OCbIO LIMJIMHJPA, CJIe10BAaTeNbHO, OH MepleHAUKYJIsSpPeH
OCH LHWJWHIpA. YpaBHeHHe KPHUBOH «(s) MOXKHO 3amucaTh CJeylo-
UM 06pasom:

a(s) = p(s) —ro(s) = po+sa —ro(s),

TaK Kak p(s) = @ = const U p(s) = po + s @ . «XyL0KECTBEHHbIF

06pas» TOro ypaBHEHHsI TaKOB: BEKTOP TMOCTOSTHHON IJIUHBL (—7(S))
TNPUKpEIJIeH CBOMM HadajoM K mnpsMoid. OH Bce BpeMsi NepreHIH-
KYyJSipeH 3TOH NpPsSMOM U ero HadaJjo ABHXKETCS 110 9TOH NpSAMOU
paBHOMEpHO, C MOCTOSIHHOH CKopocTbio a . [lpn cBoeM HBHXKeHHH
BeKTOp (—7rp($)) BpalaeTcss BOKPYT MPSIMOHA U ero KOHEIl OMUChIBAeT
KpuByI0 «(s). DTo o3Hauaet, uto KpuBas a(s) : R — R ¢ Heorpa-
HHUEHHO M3MEHSIOIUMCS TapaMeTpoM s (IJIHHON AYTH) «YXOLUT» IO
HalpaBJIeHUIO NIPSIMOK p(s) B 6ECKOHEUHOCTh M HE MOXKET 0CTaBaThCH
B OIpaHHYeHHOH o6JsacT mpocTpaHcTBa R™.

Teopema nokasaHa. ¢
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[TosBosibTe 3aKOHUHTb Ha 3TOM HACTOSIIUMH MYHKT, MOJY4YHB-
IIKHCA BecbMa MJHUHHBIM M HENpOCTHIM. BMecTe ¢ 3THM MYHKTOM
3aKaHUMBaeTCs W TepBasi IVlaBa Hallled KHHXKKH — Mbl pacCTaeMcsi
C KpacHuBOH TeopHel KPHUBBIX B a(pUHHBIX NPOCTPAHCTBAX U I'PYCThb
paccTaBaHHSl TOTOBA KOCHYThCSl Haulero cepaua. Ho He Hamgo rpy-
cruth! Briepenu Hac xpmeT HOBas M He MeHee WHTepecHas TyaBa —
TEOpHs NOBEPXHOCTEH.



I'naBa II. ITloBepxHOCTH

§ 5. TIOHATHUE IIOBEPXHOCTH

27. Nuddepennuan riagkoro oroopakeHus

CHoBa mepen BaMM — NYHKT-BOCMOMMHaHHe. Marepuan 3Toro
MYHKTa, M0 CYTH, yXKe 3HaKOM BaM M3 KypCOB a/jreOpbsl U MaTeMa-
THYECKOT0 aHaJ/Mu3a, I03TOMY OH He fBJseTCsl HeBOOOPa3sHUMO CJIOXK-
HBIM s BocrpusiTHsi. OCHOBHAS TPYAHOCTb 3TOTO NMYyHKTa — HOBAas
TEPMHUHOJIOTHS U HOBble 0003HaueHUsi. OnHa U3 LeJiel NajbHeHIIero
U3JI0KeHUs] — 1opaboTaTh C M3BECTHBIMM MOHATHUAMM Ha clelUu(u-
YeCKOM s13blKe OU((pepeHLHaNbHON FeOMeTPUH, YTOOBl MPHUBLIKHYTh
K ynoOHOH TepMHHOJOrMH. DynbTe, moxxanyiicra, BHUMAaTeJbHBI H,
TpU HeOOXOAMMOCTH, NPOroBapyUBaiTe («MepeBOANUTE») HEPUBBIUHbIE
(hparMeHTHl Aa/JbHEHIIEr0 TEKCTa «CBOUMHU TPUBBIYHBIMU U MOHSTHBI-
MH CJIOBAMU».

[Tycts U C R™ — obaacme, T.e. OTKPBITOE CBSI3HOE MHOXECTBO;
f:UCR"— R™ — Hekoropoe otobpaxenue. [lycts u € U —
Touka u u = ‘(ul,u?,...,u") — ee KoopamHaTH (cTonGem!) B cTaH-
naptHoMm pernepe. Buumanue! Celiyac s mepBelH M mMocC/AeqHUH pas
Hamuuy noapo6HO (B KOOPAMHATHOH (hOpMe), UTO O3HAYAIOT CJIOBA

«oTobparkeHue u3 odsactu U C R™ B ap¢puHHOe npocTpancTBo R™»:

Flu) =" ), ), () =

:t(fl(ul,UQ,...,u"),fQ(ul,uQ,...,u”),...,fm(ul,uQ,...,u”)).

Onpenenenue 27.1. ®ynkuuu f*: U C R" — R HasbiBaloTcs
Koopouramroimy pyrnkyusmu omobpasxcenus f: U C R — R™.

B ToM ciydae, Korma Bce KoopauHaTHble (yHKumu f': U C
C R" — R ykasaHbl B IBHOM BHJE, OyIeM TOBOPHUTb, YTO UMeeTCs
napamempuueckoe 3adarnue (WU napamempusauus) oToOpaKeHus
f:UCR"— R™

Omnpenenenue 27.2. Oro6paxenue f: U C R" — R Hasbl-
BaeTcsl 2Aa0KUM, €CJU y KaKIOH ero KOOPAWHATHOH (YyHKLUHH
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fi:U C R® — R cyllecTBYIOT M HeNpepbiBHb BCe BO3MOXKHbIE
YacTHBIE MTPOMU3BOIAHbIE (CKOJb YTOIHO BBICOKOTO Topsifka k):
(95"
(Buin)F (Qui2)k2 . (Quin)h”
rie ki +ko+...+k; =k nna Bcex i =1,2,...,n.

Ecau BApYr BO3HUKHET HyK1a B 0osiee TOHKOH KJacCH(UKaLKH
rMafiKuxX oToOpakeHHH (Uero B »KHU3HHM He ObiBaeT!), TO ycJOBHMCS
roBopuTh, 4to ortobpaxenue f : U C R"™ — R™ npuwnadrexcum
kaaccy eradkocmu CF| ecnn y Kax ol ero KoopAuHATHOH (QYyHKIMH
CYILLECTBYIOT U HeNpepbIBHBI BCe BO3MOXKHbIE YACTHbIE MPOU3BOLHBIE
10 k-To MopsiiKa BKJIOUHUTEJNbBHO.

[ycts ug = t(u(l),u%, ...,uy) € U C R" — Hexoropas (hUKCHPO-
BaHHas To4yka obmactu U.

Onpenenenue 27.3. [lpenen
i f(u(l),u%,...,ué_l,ué—i—h,ué“,...,ug) — f(uo) 8f( )
im = ——(up),
h—0 h oui
eCJIM OH CYLIEeCTBYeT, Ha3blBAeTCH “acmHoli npou3sooHoli omobpa-
acenus f:U CR™ — R™ 6 mouke ug € U.

Ha6aropenune 27.1. Uucanrtenb npobu, cTosiliel MO 3HAKOM
npenesa — PasHOCTb MeXAY TOUKaMHM a(pUHHOrO MpoCTpaH-
ctBa R™. DTo 3HAuWT, UTO YacTHAs MPOU3BOAHAs — 3TO BEKTOP-
crosibern U3 npoctpanctea R™ |
JoroBopumMes 0603HauaTh najee 4acTHYIO MPOU3BOAHYIO 0TOoOpa-
x)enusi f: U C R™ — R™ B Touke ug € U OOHUM H3 CJEAYIOLUIUX
Crioco6oB:

(‘i{’ (uo) = fui(uo) = fi(uo) = i f(uo) = fuily, -

HaoGaonenne 27.2. Paccmorpum kpuBywo « : I — R™ Bot
C TaKoW mapaMmeTpu3aluen:

a(t) = f( g),u%,...,ué_l,t,ué"'l,...,ug).
O6pa3s stoit KpuBoi JexkutT B 0o6paze f(U) otobpaxkenus f. Cosep-
ILIEHHO OYeBHMHO, UTO

Jfui(uo) = a(ug),
T.€. YacTHas TIPOU3BOJHAS €CTb KaCameAbHbulll 8eKmop K KpH-
Bo# «(t). VMMeHHO mMO3TOMY B CJEAYIOIIMX IYHKTax Mbl Oynem
Ha3blBaThb BEKTOPbl YaCTHBIX MPOM3BOAHBIX (a TaKKe HX JHMHEH-

Hble KOMOWHAIMM) KACAMEeNbHbIMU B8eKMOpamu K 0mobpajieHuro
f:UCR"— R™.
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Onpenenenue 27.4. [lycth Touka ug — mnpenesbHas ajs 06-

gactu U C R™. Oto6paxenue f: U C R” — R™ HasbiBaeTcs
Jughpeperuupyemoim 8 mouke ug € U, ecH B HEKOTOPOU OKPECTHO-
cti O(ug) TOUKH ug npupautenue f(ug + h) f(ug) orobpaxkeHus
f MOXKHO MpencTaBUTh B BHIE

Fluo+ 1) = f(ug) = Dug(R) + o(ug, 1),

rae:
1) - HpOH3BOJIbeII/I BEKTOp M3 MPOCTPAHCTBA R" TaKoH, 4TO

ug + h e O(up);

— —
2) D,, — nuHe#HBI onepaTtop, AedctByromwuit us R™ B R™
(erasras, unu aunetinas, wacme otobpaxenus f: U C R" —

— Rm);

- —
3) lo(uo, 1)| — 0, npu | 7| — 0.

Bot usymurenbHblil puc. 27.1, KOTOpbIH HJMIOCTPUPYET 3TO BaXK-
Hellllee OTpefe/eHHe:

Puc. 27.1

Ha puc.27.1 Bunno, uto otobpaxenue f:U C R" — R™ ne-
PEBOAMUT TOUKH mpocTpaHcTBa R™ B TOUkH NMpOCTpaHCTBa R™. Hc-

HO, YTO PA3HOCTh MEXJY TOUKaMHU flug+ h) — f(ug) siBasieTcs
BEKTOPOM M3 MPOCTPaHCTBA R™. Bunto, 4To JIMHEHHBIH orepaTop
D,, Oepet BEKTOP 7 ous NPOCTPaHCTBA R" W JeJaeT W3 HEro
BeKTOp Dy ( R ), Jle>KaLLLI/II/1_B> MPOCTPAHCTBE Rm, KOTOPBIH OTJIH-
4aeTcs OT BEKTOpa f(up+ h) — f(up) Ha HeOGOJBIIYIO BEJTHUUHY
o(uy, h) S Rm

Cefluac MBI YTOYHMM <«OTKyAa M KyHa» OeHCTByeT JHMHEHHBIH
onepatop D, COOTBETCTBYIOIKH AU hepeHIHpyeMOMy 0TOOpaxKe-
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HHUIO f ILHH 9TOro HaM NpUAETCA OCBOUTb HECKOJbKO OUE€Hb BAa>KHbIX
MOHSITUH U 3allOMHUTbH HX o6meyn0Tpe6HTeﬂbeIe Ha3BaHUA.

O@enenem/le 27.5. MHOXeCTBO BCeX BEKTOPOB MpPOCTpPaH-
ctBa R", oTyioxkeHHBIX OT TOoukd p € R"™, HasblBaeTcsd kacamenov-
Hoim npocmparcmeom K R™ 6 mouxe p € R™ n obo3Havaercs
uepes T,R™.

[Tocmotpute Ha puc.27.2. OH sBAsSieTCS TOCUNBHOH HJIIIOCTpPa-
1el aBTopa K TOJBKO YTO AAHHOMY OMpefeseHHIO.

Puc. 27.2

OueBugno, uto T,R"™ — uenTpoaduHHOE NPOCTPAHCTBO
(cMm. 1. 7), T.e. OHO sIBJISIETCSl BEKTOPHBIM MPOCTPAHCTBOM (CO-
CTOUT TOJNIbKO U3 BeKTOpOB!). FiMeeT MecTo 0YeBUAHBIA U30MODP(HH3IM

T,R" = R"
R .
W3 wHanuuus 3Toro wusoMopdusMa cjaeiyeT, B YaCTHOCTH, YTO
dim T,R" = n.
O6osnauenne T}, NPOMUCXONUT, KaK OOBIYHO, OT NEPBOH OYKBHI
JIATUHCKOTO cJIoBa tangential — «KacaTesbHblH», a caM TepMHH
0OBbSICHSIETCS OUeHb MPOCTO.

®akt 27.1, oueBnaHbIi. Kacatenbnoe npoctpanctso 1,R™

COCTOUT B TOYHOCTH M3 BCEX BEKTOPOB, KacaTesbHbIX B TOUKE
p € U C R"™ Ko BCeBO3MOXKHBIM KPUBHIM v : [ — R, mpoxoasmum
yepe3 Touky p € U.

JleficTBUTE/IbHO, COBEPILIEHHO OYeBHJHO, UTO BCSKHUH Kacaresb-
HBI BEKTOP B TOYKe e p € R" x kpuBoil « : I — R" nexur B T,R".

O6patHo, ecn @ € T,R™, T0 BeKTOD @ 0053aTesIbHO ABJIAETCS
KacaTeJbHbIM BEKTOPOM K HeKOTopo# kKpuBoHd « : I — R™, npoxons-
el uepes Touky p € U (Hanpumep, K npsiMolt at) = p +ta’).
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Jlns cnpaBeJIMBOCTH OTMeUeHHOro (hakTa O4eHb BaKHa OTKPbI-
TocTb obmactu U C R™ — mnpopymaiiTe 3TO 0OOCTOSITebCTBO Ca-
MOCTOSIT€/IbHO, TOAKJIOYHUB K paboTe HEMHOTO (PaHTAa3WH U CBOU
rOJIOBHOH MO3T. |

Onpenenenue 27.6. MHOXKeCcTBO BCeX BEKTOPOB, KacaTeJsbHbIX
B Touke p € U C R"™ K0 BceBO3MOXHBIM KpuBbiM v : I — U C R,
NPOXOJSIIMM depe3 TOUKy p € U W LEeNIMKOM nexaliux B 00JacTh
U C R", HasbIBaeTCss KaAcamenvbHbviM NPpOCMpancmsom K obiacmu
U C R" 6 mouke p € U u o6osHauaercsa yepes T,U.

AT0 ompenesieHre MO3BOJSET COBCEM YK TOHKO OTJIHYATh LIEHTPO-
aunHoe npoctpaHcTBo T, R™ (KaK MHOXeCTBO BCeX BEKTOPOB, Bbl-
XOASALMX U3 TOUKH p € R™) 0T MHOXKeCTBa BCeX KacameabHblx BeK-
TOPOB K BCEBO3MOXKHBIM KPHBBIM, MPOXOASILIMM 4epe3 To4Ky p € U.
Mbzl, onHako, mpekpacHO MoHUMaeM, 4yTo ecau obsaacte U C R”
oTKphiTa, T0 T,R™ = T,U.

Teneps, Korna Mbl TO3HAKOMHUJIUCH C HY>KHBIMH MOHSATHAMH, MOX-
HO TOYHO CKa3aTb «OTKyda U KyAa» NeHlCTBYyeT JIMHEHHBIH omepaTop
D,, — rnaBHas (JqMHelHas) 4acTh nHU(depeHLHpyeMoro oTobpaske-
Husg f: U CR" — R™.

®akr 27.2. JIuneinsit onepatop Dy, 1eACTByeT U3 BEKTOPHO-
ro mpocrpancrsa 1y, R"™ B BektopHOe mpocTpaHcTBO Tp(, ) R™
(cmoTpu ermte pas puc. 27.1):

Dy : TygR™ — T R™,
WJIH, €CJIH YTOIHO,

Dyy 2 TugU — T R™.

Omnpenenenune 27.7. Jlunefinw#i oneparop D, : T,,R" —
— Ty R™ HasbiBaetcst duppepernyuarom omobpascenus
f:UCR"™ — R™ u 0o603HauaeTcs OMHUM U3 CJEAYIOIIUX CIOCOOO0B:

Jast gero HyxeH nuddepennuan? Cpasy oTKpow BaMm cekper. Pak-
THUYECKH, BCe JajbHeHIlIne pacCMOTPEHUS JIOKAJbHBIX CBOHCTB 0TO0-
paxenus f: U C R™ — R™ oCHOBBIBAIOTCS Ha OJHOH reHepasbHON

") MoganTasupyiite, 4To MOXKeT CIy4uThCH, ec/id o61acTh U Gyaet, Halpumep,
3aMKHYTOH, a TOuKa p — rpaHuuHoi? Kakue kpuBble Torna OyayT NpOXOAUTb uepes
TOUKy p ?
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unee, Oepyiuiell cBoe Hayaso emle oT HeiotoHa u JlefibHuua. Mel
OyzneM 3aMeHsIThb pupalieHre oToOpaxeHus: f (B OKPeCTHOCTH TOYKH
up) €ro IJaBHOH JMHEHHOH 4acTbio, T.e. AU(GDepeHIHAIOM dfy,.
DTO 03HAUAET, YTO BMECTO «CJIOXKHOT'O U HEMOHSTHOr0» 0TOOpaKeHUs
f Ham mpencTOUT wH3ydyaThb 6GoJiee MPOCTOH OOBEKT — JIMHEHHBIH
onepatop dfy,. A JHHeHHBe omepaTopel HaM He CTPalIHbl — MJIs
UX HM3yUeHHsl Yy Hac ecTb MOILHble OpYyAHsl JHHeHHOH anrebpsl. Ilio-
OOTBOPHOCTb 3TOr0 Te€HEPaJbHOrO 3aMbicjla CTAHeT siCHA y»Ke OYeHb
CKOPO.

[Tycts p € U C R™. [loroBopumMcsl 10 KOHLA 3TOr0 MYHKTa BeK-
topel u3 T,R" (uam T,U) cHaGxaTb Npu 0603HAUEHHH CTPEJIKAMH,
a BekToppl U3 Ty, R™ mucate Ges cTpesok (4T0GBI Kaxabii pas
BH3yaJIbHO pa3/juuaTh BeKTOpPHl M3 obpas3a U npoobpasa auddepeH-
MaJa). .

Haiinem matpuity oneparopa dfy,. Ilyets h = t(h!, A2, ... A").
Beiuucssiem, ucnonbsys dopmyay Tefinopa:

Fuo+ ) = £ (uo)

— 2u E)— 2u
o+ T) — Flug) = S (uo + :) Fluo) | _

Fr(uo + 1) = f™(uo)

n 1 _ _

> pwivol(my\ [28 ot o

=i I ou” | [h!

S pig () X )l N 2 N
—| =1 ou = ou 92 ou™ || | +o(h).

noopm | e e e | LT

Z 8uzh +o (h) —aul aug ou” |

i=1
3Iech BCe YacTHbIe NMPOU3BOJHbBIE BHIUKCJEHB B ToUKe ug € U. Bun-
HO, 4TO

oft ort o oft ]
oul  ou? ou”"
af ot o

[dfue) = | ou' 0u®  ou" | = [fur(uo), fur(uo), ..., fun (uo)].

afm 8‘]('771 o afm
L Hu! ou? ou”™ J
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dta MaTpulla HasbiBaeTcs mampuyet Skobu WA npou3Bo0HOL
otobpaxenus f: U C R"™ — R™. ¥YnotpeOUTebHBI TaKkKe CJIeIyIO-
mye 0003HaYeHUs Ui MaTpPUIbl SKoOu:

[fug] = [Dug] = ' (u0)-

3anoMHMTEe XOPOWIEHBKO: MaTpulla AuddepeHunana df,,

3T0 MaTpula KoOH, cTOIOIB KOTOPOH CYyTh BEKTOPBI YaCTHBIX
MPOU3BOAHBIX 0TOOpakeHUs f. 3HaHHe 3TOro (pakta M30aBUT Bac OT
U3JIMIIIHEr0 HaTpSiKEeHUs TIPY MOHUMaHUM JabHeliero matepuasnal

Cornamenue. [{ns yno6ctBa npuMeHeHHss 0603HAaUeHUH DUH-
—fl WHIEKC ¢ TPUHATO
ou
cuntath HMKHUM. He Beppb rmaszam cBoum! MHmekc nedCTBHUTENBHO
CTOMT BHM3y, B 3HaMmeHarese! A TO, YTO OH SIBJISIETCS BEPXHHUM
HUHJIEKCOM Y NepeMeHHOH — 3TO «He CUUTAeTCsi»!

IITedHa B BbIpaxKeHHUsX THMa f,i(ug),

Kak HaiiTu 3HavYeHHe nudQepeHHana s MPOU3BOJbHOIO BeK-
topa? [lycts 7 € T,R™. Torna @’ = '€}, rne (€1, €2,..., €n) —
—
CTaHAapTHBIHM 6a3uc mpoctpanctea R”™. Umeem

2!

72

dfy(T) = lfur @), fur D] | = ' f,i(p).

xn

o —
TaKI/IM) o6pasoM, nudepeHLHan NepeBOIUT BCAKHUH BEKTOp & €

€ T,R" B nuHelHy0 KOMOMHALMIO YaCTHBIX MPOM3BOAHBIX, KO3(D(DH-
UEeHTaMH KOTOPOH SIBJSIIOTCS KOOPAMHATHI UCXOAHOTO BEKTOPA.
B cuny Tpaguuuu, Cl0XKMBLIEHCS B MaTeMaTHYECKOM aHaJu3e,

— —
KOOPJMHATHI MPOCTOr0 M MOHsATHOro BekTopa h € T,R™ (umerolle-
roO CMBIC/ <«TIpUpalleHusl aprymeHTa» B mpocTpaHcTBe R™ — cm.
puc. 27.1) yacTo 0603Ha4aOT MOBOJbHO CJOKHBIM 00pa3oM:

h' = du’.
[ToaToMy B HEKOTOPBIX KHHXKKAX §1 BCTpeyaJ Aa)ke TaKylo 3aluch:
- i
dfu,(h) = fui(ug)du

— B MpaBOH 4YacTH 3TOrO0 paBeHCTBA B JIMHEHHOH KOMOMHALHH
fui(ug) du® kosbpuuueHTsl (uncna) du' HamucaHbl He Tepei Bek-
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TopamMu f,i(ug), rae UX OOBIUHO TPUHATO MHCATh, a MOCJAEe HHUX.
[IpumuTe 3T TpamuMUUH K CBEAEHHUIO, a UX MpeJecTH Mbl 00CYAHUM
4yTb MO3XKeE.

Ouenp BaxHo! Eure pas ofpamiato Balle BHUMaHWe, 4TO, B

YaCTHOCTH,
—
dfp(€'i) = fui(p)

— nuddepeHunan oTobpakeHus f MepeBOAUT BEKTOPbl CTaHAAPTHO-
ro 6asuca B BeKTOPbl YACTHBIX MPOU3BOIHBIX O0TOOpaXKeHUs f.
JlBrHeMcs fadblie.

Onpenenenue 27.8. Ilycts f: U C R" — R™ — ruankoe
otobpaxenue, a(t) : I C R — U — npousBosibHas Iafkasi KpUBasi.
Torna komnosuuus otrobpaxenudt § = (f o) : I — R™ Takxe ABJs-
eTcsl riankoi kpuBod ((t) : I — R, KoTopyto Mbl GyfeM HasblBaTb
Kpusoii 8dorv omobpascerus f.

Coryiacutech, UTO TEPMHH «KPHBasi BOJb OTOOPaXKeHHsI» 3BYUHUT
KaK-TO HEeCTeCTBEHHO M abCTPaKkTHO (0COOEHHO ecs M300paxaTh
oToOpakeHHs CTPeJKaMU, Kak Ha puc. 27.1, — Torga B roJioBe MOXKeT
BO3HHKHYTb COBeplleHHeHIIasi Yylllb — «KPUBasi BAOJb 3TUX CTpe-
JIOK»). B 06uxo0/e Mbl IPUBBIKJIH, YTO TPEIJIOTH «BIOJb» U «TIOTIEPEK»
yTOTpebISI0TCS MPUMEHUTENbHO K HATJISIAHBIM F€OMeTPUIeCKUM 00-
pazam, HMeIIIUM HampaBjeHHe (BLOJb MpPSMOH, BIOJb Oepera, Mo-
nepek Hopord U T.m.). OtobpaxkeHue f, KOHEUHO, He SIBJSIETCS HH
CTPEJIKOH, HH PeKOH, HHU NOPOroi, BIOJNb KOTOPBIX MOXKHO HATH. Ho
UMEHHO 3TO CJIOBEUKO «BJIOJIb» OKAa3blBaeTCs BO MHOTHMX CJydasx
6osiee ynoOHBIM, HeXXeJld KOHKPETHO yKasylollHhe CJ0Ba, Pa3bsCHS-
[OllHe MPOUCXOXKIEHHE M MecTopacroJiokeHue kpuBod ((t) (tuna
«KpHUBasd, Jexalas B o0pase 0TOOpaKeHUsI» UIIH «KpHUBasi, UMEIIas
CBOMM MpPo0Opa3oM KpPUBYIO M3 00JACTH OINpeleseHUss OToOpake-
Hus»). [losTomy Mbl GyneM NMpUBBIKATH HCIOJIb30BATH UMEHHO 3TOT
TEPMHUH — <«BJOJIb OTOOPaKEHUS».

Jlemma 27.1. [lycmo f:U C R" — R™ — dugeperyu-

pyemoe omobpascenue, p € U, kpusas o : 1 CR — U —
enadkasn, alty) =p u a(ty) =2 € T,U. Ecau B:1 — R™ —
Kkpusas 60orb omobpascenus f, m.e. = foa«, mo

dfp(T) = B(to).

Orta JeMMa pacKpblBaeT BakHelillee CBOHWCTBO nu(depeHLHa-
Jla — BCSIKMH KacaTe/JbHBIH BEKTOP OH IMEPEBOAUT B KacaTeJbHBIH
BekTop! f oueHb /10610 HUJMIOCTPUPOBATb BbICKa3aHHbIE YTBepKIle-
HUS KapTHUHKaMHu (cM. puc. 27.3):
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<
N

Puc. 27.3
HoxkasareabctBo. [lycts ((tg) = f(a(to)) = f(p). Kpusas
a(t) — raagkas, 3HAuUUT, O/ Hee MOXKHO 3amucaTb (QopMmyay
Teiinopa:

a(t) = a(ty) + a(to)(t — to) + 0 (t — to) =
=p+(t—ty)Z + 0(t—1tp).

npupaiiente o(t)

fcHo, uTo coOBITHS, ONKCbIBaeMble 3TOH (POPMYJIOH, pa3aBOpaunBaloT-

csi B mpocTpaHcTBe R".
[TocmoTpuM, UTO B 3TO BpeMsi MPOUCXOAUT B mpocTpaHcTBe R™.
Otobpaxenue f: U C R"™ — R™ nuddepeHunpyemo, nostomy

B(t) = fla(t)) = f(p) + [dfy] - [(t — t0) T + 0 (t — to)] + o1t — to),

rae [df,] — marpuna fkobu (Matpuna nuddepennnana dfy).
B cuay snuHeliHOCTH auddepeHrana

B(t) = f(p) + (t — to)dfy] - T + [dfy] - 0 (t — to) + 01 (t — to)

H, CJIEO0OBATEJ/bHO,

t) — B(t "(p)- 0 (t—t t—t
5(1 tﬂ(o):f/(p)‘?Jrf(p) 0 (t = to) + 01t — to)
— 1o t—1p
CJaaraemoe Fp)-oft t_ t02 +oi(t —to) ABJIIETCST OECKOHEYHO MaJIol
— 1o

BeMunHOH (pH ¢ — o), caenoBatenbHo, ((tg) = dfy(T).
Jlemma nokasaHa.
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Ynpaxnenue 27.1 (KOHTpoJib KauecTBa MOHUMaHHs). BHuma-
TeJIbHO PACCMOTPUTE U PACTOJKYHTe 3alHCh:

Fat) (6(10)) = 5 (7 0.) (10).

O6’bHCHI/ITe, rpie U B KaKOM IMPOCTPAHCTBE HaXOAATCsS HallMCaHHbIE
BEKTOpPbI, B KAKUX TOYKaX BBIYHUCJAAKTCA ILI/ICp(bepeHU,HaJ'IbI U Mpous-
BOJHBbIE.

Onpenenenne 27.9. Ilyctb aft) = p +t7 — npsamas B 06-
gactu U C R"™, npoxoxasimasi 4yepe3 Touky p € U (Tak Kak
a(0) = p, &(0) = 7). Torna

d : +t7) —
AToT mpenes Has3blBaeTcs npoussodroli omobpancenus f U C
C R" — R™ gdoav sexmopa * € T,R" (unu npoussodnoil f no
Hanpasrenuo T ).

[IoHATHe npon3BOAHON 0TOOpaXKEHHS 110 HANPaBJAEHHUIO BJSETCA
00II1eU3BECTHBIM M BeCbMa MPUTOAWTCS HaM B OYAYLIMX PacCMOT-
peHusix. A cefiuac, B KayecTBe MpHMepa Ha MHCIOJNb30BaHHE IPO-
W3BOJHOU MO HaNpaBJeHUI0, BHIUUCAUM Au(depeHuran apgpuHHOro
oToOpaxeHus (npeobpa3oBaHus).

Ipumep 27.1. Ilycte A : R™ — R™ — addunnoe mnpeobpa-
soBanue, T.e. A(p) = qo + Q7 , rme Q — JMHeiHBIH omepatop,
— m ©
P — panuyc-BekTop Toukd p € R™. Haiinem nugdepenunan storo
npeobpa3oBaHus B Touke p € R™.

Jlns m060oro BeKTopa v € T,R™ umeem

4A,(F) = lim 1 (Ap + 1) — A(p)) =

~tim L (Q(F + %) - Q7)) - @7

[TockosbKy 3TO paBeHCTBO CIpaBelJMBO [Jsi JIIOOOrO BeKTOpa
v € T,R™ (T.e. 1o JI060My HarpaBJeHHIO), TO MOJyd4aeTcsi, uTo
dA, = Q.

ITOT pe3y/bTaT UMeeT JajeKo UAyllue cAeAcTBUs. B yacTHOCTH,
nycte U C R™ — otkpeitasg obusacte, Idy : U — U — Toxae-
cTBeHHOe oToOpakeHHe. TokaecTBeHHOe 0TOOpaxKeHHe, padyMeeTcs,
ABJseTC ap(PUHHBIM NpeoOpa3oBaHUEM:

VpeU IdU(p) :O+IdTpU?.
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3rto O3HayaeT, 4To

d(Idy), = Idr,u

— nuddepeHMan TOXKAECTBEHHOIO 0TOOpaXKeHUsl OTKPBITOH 006.1a-
ctu U C R™ ag¢puuHoro npoctpanctBa R™ ecTh TOXAeCTBEHHOE
oToOpakeHHe KacaTeJbHOro npoctpaHctsa 1,U (BeKTOPHOro LieH-
TpoadprHHOro npoctpanctea 1,R™).

Ynpaxuenue 27.2. O6bsicHUTE elle pa3, MoUeMy IJs CIpa-
BEJJIMBOCTU TPEJbIAYIIEro yTBepXKIeHHS TaK Ba)KHa OTKPbI-
TocTh obmact U C R™!

Npem nasee.

Jlemma 27.2.
1. I{ennoe npasuno: nycmo f:U CR" =V CR"™ ug:V C
CR™ — R* — eaadkue omobpasxcenus, p € U. Toeda

d(go f),=dgsp) o dfp.

2. ugpgpepenyuan obpamuozo omobpaxcenus: ecau omobpa-
aenue f: U CR™ — V C R™ obpamuno, npuvem f~1:V - U —
eaadkoe, mo m=mn u

A(f )y = ()™

B ManI/ILIHOI:I 3allkMCH IepBoe yTBep2KIeHHEe 9TOHU JIeMMBbl BBHITJISI-

AT TaK:
(g0 f) () =9 (f(P) - f'(p)

— B npaBoﬁ HaCTHU paBEeHCTBa CTOUT IMPOU3BEACHHUE MaTpPULL AKkobwu.
BTOpOQ YTBEpP2KAEHHE JE€MMbl B ManI/ILIHOIL/'I 3alrCcu MMeeT BHU]

(A1) ) = L)

T.e. Matpuua auddepeHnrana o6paTHOro oToOpaxKeHUst ecTb 06paT-
Hasi MaTpHlla K MaTpule AuQepeHrasa npsMoro oToopaxKeHus.

Hoxka3zarenbcTBo. 1. HesblOneMbiM (pakTOM MHUPO3AaHHS SIBJIS-
eTcsl TO, UTO B OTKPBITOH o6sactu U Bcerna Haiinercss Kpusas aft),
MPOXOoAsIias yepe3 3aJaHHYI0 TOUYKy p € U ¢ 3alaHHBIM KacaTeJb-

—
HeIM BeKTOpoM x' € T,U (cm. puc. 27.4).

lanee mnpengaraio BaM CaMOCTOSITeNIBHO, Tisis Ha puc. 27.4,
TIPOTOBOPHUTDL JI0KA3aTeJNbCTBO MEPBOro yTBep:kaeHUs JemMMbl. (Kak
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RE oy (dh(5) =
SV CRMN, J
/ S \ d( go
N / d};(l‘) (g\‘\ f)p

Puc. 27.4

M3BECTHO, JUISl 10Ka3aTesbCTBA KaKOro-au00 yTBepXKAEHUS ApeBHHE
TPEeKH pUCOBaNM KAapPTHHKY Ha TecKe, a MOTOM TOBOPUJH coOeceqHH-
Ky: «CmoTpu!». YMHBIH W rpaMOTHBIH COOECeNHUK BIIOJIHE YIOBJE-
TBOPSJICS Takoi (pOPMOH N0Ka3aTeJqbCTBa M BCe MOHHUMaJ CaM.)
Corsacutech, 4To, MO CyTH, puc.27.4 u siBAseTcs N0Ka3aTesb-
CTBOM TIepPBOH YaCTH JIeMMBbl — LIE[THOTO MpaBUJa.
2. JlokaxkeM BTOpOe yTBep:xKIeHHe JeMMbl. Mmeem

flof=1Idy

— TOXJeCTBeHHoe oToOpaxeHHe Ha obsactu U. CornacHo LenHomy
NpaBUJy MOJydaeM

d ( f‘l)f(p) o df, = Idg, gn

— TOXK/ECTBEHHbIH JIMHEHHBIH ornepaTop Ha BEKTOPHOM IPOCTPaH-
ctee T,R". Crenosarenbto, df, : T,R" —> Ty R™ — romomop-
¢usM (JUHelHHOe OTOOpa’keHHe) BEKTOPHBIX TMPOCTPAHCTB, Y KO-
TOPOro ecTb ofpaTHoe oToOpaxkeHHe. DTO O3HayaeT, 4yTo df, —
usomopuam npocrpancts T,R™ u Ty, R™. KoHeuHomepHble Bek-
TOpPHblE MPOCTPAHCTBA HM30MOP(HBI TOrAa M TOJBKO TOTAA, KOTAA
UX pasMepHOCTH COBMafaioT, T.e. m = n. Kpome Toro, paBeHCTBO
d (f_l)f(p) odf, = Idr,rRn B TOYHOCTH 03HAYAET, UTO

a (f_1>f(p) = ()

Jlemma 2 nokasasa. ¢
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Omnpenenenue 27.10. Ilycts f: U — V — rnankoe otobpa-
kenne obsactu U C R™ Ha obsacte V' u cyllecTByeT oOpaTHOe
otobpakenne f~!:V — U, Takxke sBasiouleecs raikuM. Torxa
otobpaxkeHue f HaswbiBaetcs dughgpeomopgpuszmon (obaracmu U C R™
Ha obracme V).

Tepmun «nuddeomopdram» 0THOCUTENTHHO MOJOLOH, €ro Hauaau
aKTHBHO ynoTpe6ssaTh Jullb B cepennHe XX B. OH okasajcs CToJb
yIOOHBIM, YTO OBICTPO MPUKUJACH U CTaAJ 00LLeyNoTpeOUTebHBIM —
3TOT TePMHH Ha3blBaeT OJHHUM CJIOBOM COBEpPLUEHHO eCTeCTBeHHOe I10-
HAATHe TJIaJKOro B3auMHO obpaTHoro otobpaxeHus. Eiie pas chop-
MyJIMpyeM BakHel1Me cBoicTBa nU(PhHeoMop(hrsMoB.

CnencrBue u3 jgemmbl 27.2. Ecau f: U CR" — V — dug-
Geomopgpusm, mo:

1) 6 arboii mouke p € U omobpadxcerue df, A6.45emcs HeBbIPOXK-
LEeHHbIM AuHetinbim omobpasceruem (usomopusmom) ex-
moproeo npocmpancmea T,U na sekmoproe npocmpan-
cm60o T,V (m. e. HEBbIPOXKAEGHHBIM AUHELIHbLM ONepamopoMm

Ha
dfp : TyR™ — Ty, R"),

2) mampuya [df,] aunetinoeo onepamopa df, (m.e. mampuya
Sxobu omobpascenus f) asisemcs KBafpaTHOW,

3) det[df,] # 0 — akobuan omobpascenus f (m.e. onpedeau-
meab K8aopamrot mampuuvl 5IKob6u) OTAMYEH OT HYNS.

Ham pacckas HeymosnMo npub/nzKaeTcss K KOHLY, U HaM ocCTa-
JIOCb TIPOTOBOPUTH B HOBOMOJIHBIX TEPMHHAX TOCJAEeIHEE B 3TOM MYHK-
Te BOCIIOMHHAHHE U3 Kypca MaTeMaTHuecKoro aHanusa. OkasblBaet-
csl, UTo C(OPMYJIHPOBAHHOE CJIEACTBHE U3 JeMMbl 27.2 B HEKOTOPOM
CMBICJIE IOTTyCKaeT oOpalleHHe.

Teopema 27.1 (06 obGpatHoM oToGpaxenuu). [Tycmo f : U C
C R"™ — R" — eaadxoe omobpascerue, U — omkpoimas obaacmo
u peU. Ecau df, asrsemcs u30MOPPUIMOM BEKMOPHBLLX NpPO-
cmparcme T,R" u TypyR" (m.e. det[df,] # 0), mo 6 obaacmu
U cyuwecmsyem okpecmnocmo O(p) mouku p € U makas, umo
cyamenue floq, — Ouppeomopgusm obracmu O(p) na obracme

f(O)).

ﬂOKa3aTeJIbCTBO 3TOH  KJlacCHUeCKOM TeopeMbl COLEPKHUTCHA
B JIEKOHUAX [0 MaTeMaTH4YeCKOMY aHaJHu3y 3a BTOpOﬁ Kypc.
HQPGQHTaﬁTe BHUMATEJbHO 3TO [OOKa3aTe/JIbCTBO U aAKKYpaTHO
[IPpOroBOPpUTE €ro, UCIoJb3yd Hally HOBYIO TE€PMHUHOJIOTHIO.

Onpenenenne 27.11. Ilyets f: U C R® — R™ — mnpous-
BOJIbHOE TJIafIkoe OToOpa)keHWe U CyKeHHe f|0(p) Ha HEKOTO-

7 C.B.Cusbiii
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pyto okpectHocTh O(p) Touku p € U sBisercss audpeomopdruaMom
flog) : Op) — f(O(p)). Torna oroGpaxenue f Ha3bIBAIOT L0KANL-
Howm dugppeomopgpuzmom 8 mouke p € U.

BunHo, 4Tto Teopema 00 o6paTHOM OTOOpaxKeHMH Kak pas U
YTBEpXKIaeT, 4TO ec/IM B HEKOTOpoi Touke p € U sikobuaH det|df,]
OTJIMYEH OT HyJisl, TO OTOoOparkeHue f siBJsieTCs JIOKAJbHBIM OU((eo-
MOP(HU3MOM B 3TOH TOYKe.

Hamr matemaTuuecku# (fa M >KHTEHCKHi) ONBIT TOBOPHUT, UTO
JIOKaJIbHOe CBOHCTBO 00beKTa BOBCe He 00513aHO SIBJATbCS I106aJb-
HBIM CBOHCTBOM — eCJId BEPOJIIOf XKEeJIThIH B OKPeCTHOCTH HEKOTOPOH
CBO€H TOYKH, TO OH BOBCe He 0053aH OBITb KEJTHIM LeJUKOM. Tak,
U JIOKaJbHBIH B HEKOTOPOH Touke nuddeomopdram BoBce He 0053aH
rjo6anbHO ABASATHCS nuddeoMoppu3MOM Ha BCel 00JacTH ompene-
JIEHHUS.

Bosiee Toro, rnagkoe oroOpaxkeHue OblBaeT YCTPOEHO TOpasio
xuTpee, ueM Bepbiion. Ecau BepOsion KeaThIH B OKPECTHOCTH KaAd#-
doul cBOeH TOYKH, TO, OYEBHIHO, OH SIBJSETCS KEJTHIM LEeJHKOM.
Onnako Jierko npuayMatb oToOpakeHHe, KOTOpOoe SIBJSETCs JIOKaJb-
HBIM Ad(PeoMop(dr3MOM B OKPECTHOCTH KandOU TOUKH 00JacTH
ornpenesieHusi, HO He siBaseTcsd muddeomopdpusmMom raodanbHo. Bor
NIPOCTOHU NpUMep.

Ilpumep 27.2. Paccmotpum otobpaxenue f : (R\{0}) x R —
— R?, 3a1aHHOe CIeAYIONMM 06DPa3oM:

flu,v) = (ucosv,usinv), ue€ R\{0}, veR.

Martpuua Iko6u otobpaxenus f(u,v) TakoBa:

1df,] = [cosv —usinv]
p] = .

sinv U COS VU

fkobuan orobpaxkeHus f(u,v) eCTb ONpeleNUTeNb 3TOH MaTPHULbI
AxoOu:
detldfy] = u #0,

T.e. JUHEHHBIA onepaTop df, — HEBBLIPOXKIEHHBIH. JTO O3HAYaer,
uTo oToOpaxeHue f(u,v) — JOKaJbHBEIH HUPPeoMopdhH3M B 060K
touke p € (R\{0}) x R. Onnako otobpaxenue f(u,v) (rmodanbHo,
Ha Bcedl obmactu onpenenenuss U = (R\{0}) x R) HuKak He Mo-
KeT SBJAATbCS AU(PeoMoppU3MOM, TaK KaKk OHO JaxKe He SBJSeTCs
B3aMMHO OJIHO3HAUHBIM, U, CJI€J0BaTENbHO, 00PATHOTO OTOOpAXKEHHUS
f~! mpocto He cymectsyer!
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3amayka U ynpaxkHeHUe

1. Orobpaxenue f: R?® — R* umeer napamerpusaumio
.’/ flu,v,w) = 1t(u2 + 03 u? — 0% 20+ w? uvw).

g Haiinure matpuuy [df,] B npoussosibHoii Touke p € R3. Haiinure
o6pas kpuBoi «(t) = Yacost,asint,bt) npu otoGpaxenun f.
Hafinute pesynbrar aedicTBus auddepeHurana df, Ha BeKTOp
CKOPOCTH 3TOH KPUBOH B MPOU3BOJBHOH TOUKE.

28. OmnpeneneHne MOBEPXHOCTH.
KacareasHoe npoctpaHcTBo. KacarenbHoe pacciioenne

[IyHKT ¢ coBepileHHBIM HOMepoM 28 oueHb BaXKeH MJs TOHH-
MaHHs BCEro AajibHeHIero MmarepuaJsa, MO3TOMY ero HeoOXOAHMO
MPOUNTATDH MPeNeSbHO BHUMATEBHO.

VHTYUTHBHO, BCe MBI MPECTABJSIEM MTOBEPXHOCTh MPUMEPHO OfIU-
HAaKOBO — 3TO HEYTO BPOJie U30THYTOrO JIUCTA OyMaru WU He O4eHb
U3MSTOH TOJHUITUJIEHOBOH TJIEHKH, BOJIIEOHBIM 00pa3oM BHUCSILEN
B mpocTpaHcTBe. DOpPMyNUPOBKA CTPOTOTO OMpenesieHUsl MOBEPXHO-
cTU (HaXomsllerocss B COMJIaCHH C HAIIUMHU WHTYUTHBHBIMHM MpeJ-
CTaBJEHHSIMU) HATAJKUBAETCS Ha Te K€ TPYAHOCTH, UTO U B CJydyae
onpeneneHus JuHUM (cM. 1. 11), Tonbko GoJiee U3olIpeHHbIe. MBI He
6yneMm ceiyac moapoOHO 0OCYXKIAThb 3TH TPYAHOCTH M CPa3y AajuM
onpenesneHre moBepxHocTH. ONHAKO HYXKHO MOHHUMAaTb, UTO TaKoe
oTnpelesieHHe B3SATO He «C TOTOJKAa», a SIBUJIOCH IJIOAOM JOJTHUX
pasMbIIJIEHUH MHOTHX Y4YeHbIX MYXKel. DTO orpeaesieHHe BOCXOIUT
K paboram [aycca, KOTOpBIH (B rofabl CBOEro yBJeUYeHHs reonesneit)
MPEeNJI0KHUJ CUCTEMaTUIECKH U3yUYaTh MOBEPXHOCTH, 3aJJaHHbIE Mapa-
MeTpPUUECKH, T.€. 10 aHAJOTUH C KPUBBIMH, CYMTATb MOBEPXHOCTHIO
BEKTOP-(YHKIHIO, HO y>Xe He OJHOTO, a HEeCKOJbKHX apryMeHTOB.
[locTeneHHo, B CHJIy CBOHUX MHOTOUHCJEHHBIX TMPEHUMYIIECTB, Ta-
KOW B3IJIsiI Ha OMNpejiesieHHe MOBEPXHOCTH CTaj TOCMOACTBYIOIIHUM
B auddepeHHaIbHON TeOMETPUM — OH sICeH, HalJsjieH, C HHUM
JIETKO COTJIacHJach fae Mos Tema. Mtak, mepen BaMu onpenesieHue,
OCHOBaHHOe Ha upaesix [aycca.

Omnpenenenue 28.1. Ilycte U C R"™ — oTkpbiTas cBs3Has 00-
nactb. [mankoe otobpaxenue f: U C R™ — R™ nHasbiBaercs n-mep-
Hou (anemenmaprotl) nosepxHocmoto, eaosxcenHol & R'™, ecan
B KaX10# Touke p € U panr marpuisl dkobu f/(p) otobpaxenus f

paBeH n:
rang (f'(p)) = rang[df,] = n.

7
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Takum 06pazom, MOBEPXHOCTh (TaK e, KAK ¥ KPUBasi) — 3TO
omobpascerue! A BOT 06pa3 3TOro 0ToOpa’KeHHs, T. €. MHOXKe-

ctBo touek f(U), Oymem HasbiBaTh obpasom nosepxrocmu. O6pas

MOBEPXHOCTH (Kak ¥ 00pa3 KPUBOK) — FeOMeTPHUECKHH 00bEKT.

B ToM csydae, Korna Bce KoopaumHaTHble (yHKumu f': U C
C R"™ — R noBepxHOCTH

f(ul,u2,...,u")
_t 1

(fl U, 2,...,u"),fQ(ul,uQ,...,u”),...,fm(ul,uQ,...,u”)>

<

yKasaHbl B SBHOM BHJE, OyIeM TOBOPUThb, 4YTO HMeeTCs na-
pamempuueckoe 3adaunue (UIH napamempusauus) TOBEPXHOCTH
f:UCR"— R™.

Ha puc. 28.1 nzobpaxeH o6pa3 AByMepHOH MOBEPXHOCTH B TPeX-
MepHoM npoctpancTie. OtoGpaxenue f : U C R? — R? GepeT Touku
u3 o6mactu U C R Ko/LyeT Hal HUMH, H B pe3y/bTaTe MOJydYaroTes
IpyTHe TOYKH, KOTOpBIe TPYAONI06HBOEe O0TOOpaXKeHHe f MpUUyIJIUBO
pasBellnBaeT B mpocTpaHcTBe R7.

N
\

. 2
u2 [fUCR?->R?

R3

Puc. 28.1

[IsiTb BaKHBIX HAOJIIOLEHUH.

Ha6arwonenne 28.1. [lockonbky matpuna fkobu, T.e. marpuia
nvpdepenrana oTobpaxkeHus: f UMeeT pasmMepbl m X n, TO yCJI0BHe
rang [dfp] = n o03HauyaeT, uTO paHr MaTpHIbl FKOOM MaKCHMaslbHO
Bo3MOxHBIH. [losTomy ycsoBue rang [df,] = n U3 onpejeseHUs T0-
BEPXHOCTH 4YacTO HA3blBAIOT YCAOBUEM MAKCUMAALGHOCMU DPAH2q.
(Buumanue! He nmyraiiTech 3anucu B cleytollei CTpoke — TaM HeT
OIeYaTKH):

rang [dfp] = min{m, n}.
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Hao6monenne 28.2. luddepenunan df, nosepxHoctu f: U C
C R" — R™ gBasieTcsl HEBBIPOXKAEHHBIM JHHEHHBIM OMepaTopoM
B KaxJ0¥ Touke p € U.

Ha6aronenne 28.3. Iockonbky rang [df,] = n, a cTon6uamu
MaTpHULbl SJKOGH SIBASIOTCS BEKTOPBI YACTHBIX MPOU3BOIHBIX

[dfp] = [fulvaQv"'7fu"]7

TO OTpe/iesieHHe TOBEPXHOCTH TOBOPUT HaM, YTO B KayKJIOHW TOUKe
p € U yacTHble MPOU3BOJIHbIE OTOOPaXKeHUsA f JIMHEHHO HE3aBUCHMBI.
B yactHocTH, n < m.

Hao6monenne 28.4. Ilpu n = m ortobpaxenue f: U C R" —
— R" ynosjerBopsitollee yCJA0BUIO MAaKCUMaJbHOCTH paHra, §BJs-
eTcs BecbMa CBOe0OpasHoOH «IoBepXHOCThIO». CornacHo TeopeMe 00
00paTHOM 0TOOpaKeHHUH MOBEPXHOCTb f BJSETCS B 3TOM CJydae J0-
KaJbHBIM 1u(peomopdusmom Ha obaactu U C R"™, o6pasom KOTOpo#H
cHOBa sBJiseTcs obsnacTb B npoctpaHcTBe R™. Takoe oTobGpakeHue
4acTo Ha3blBAOT 3AMEHOU Koopouram WIH 3aMEeHOU napamempos,
a (PU3MKHU U «TeopeTHUeCKHe MeXaHHUKH» BecbMa BOJIBHO Ha3blBalOT
ero KpusosuretiHoimu Koopournamamu 6 obaacmu f(U) C R™.

HaG6aionenne 28.5. YcjoBue MakCHMa/JbHOCTH paHra siBJsi-

eTcsl HeOTbeMJIEMOH M CYyLIEeCTBEHHOH YacCTblO OIpelesieHHs
nosepxHocTH! Bes aToro ycnoBus 3ameuaresbHas ues [aycca Moxer
npocto nepecraTb paborats! Paccmorpum mpocto#t mpumep. Ilepen
Bamu otobpaxenue f : R> — R3:

flahu?) = 1w +u?ul +udul +u?).
Bot ero marpuna dxobu:

11
[dfp) = [fur fuzl = | 11
11

Panr 3Toil MaTpuLBl B Kax1o0i Touke p € R? pasen 1, xoTs cama
MaTpulla UMeeT Pa3Mepsl 3 X 2, T.e. PAHT He SIBJSEeTCS MaKCHMaJbHO
BO3MOXKHBIM. B pesysnbrate 06pasom 3TOro oToOpa)KeHHs SBJSETCS
BOBCE He MOBEPXHOCTh, a MpsMasi JIUHHUS B TPEXMePHOM MPOCTPaH-
CTBe — OUCCEKTpUCA TIEPBOTO U CEAbMOTr0 KOOPAMHATHBIX OKTAHTOB.
flcHo, UTO MPSIMyIO JIMHHWIO HAa3blBaThb <«JIBYMepPHOH MOBEPXHOCTBIO»
HexKeJlaTesbHO.
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IIBI/IHeMCH nanbliie. Bo Bcel rJiaBe, MOCBSIIEHHON [NOBEPXHOCTSAM,
caenyrouiee orpeneseHue aBadeTCsd, nomaﬂyﬁ, HauboJiee BaKHBIM U
OCHOBOIIOJIaTalOIIUM.

Omnpenenenue 28.2. Ilycte f: U C R"™ — R™ — noBepx-

HocTh. O6pas nuddepenunana Im(df,) 3To# noBepxHOCTH B
Touke p € U HasblBaeTCss KacamenvHblM APOCMPAHCMBOM NOBEPX-
nocmu [ B Touke p € U u o6o3Hauaercs 1), f. BekTophl U3 KacaTe/b-
HOro mnpoctpaHcTBa 1), f Ha3bIBAlOTCS KACAMEAbHbIMU 6EKMOpamu
nogsepxwocmu f B Touke p € U.

Taxkum ob6pasowm,

Ty f = Im(dfy) = df,(T,U)

— o0pas JauHerHoro npoctpancTsa 1,U npu JMHeHHOM oTOOpaKe-
HuM df,, cnenosaresbHo, T,f — aunelinoe nodnpocmparcmeo B
Ty R™
Lf <TypR
v depenunan df, nosepxHocTH f ecTb, TaKUM 00pa3oM, JH-
HeHlHbIH omepaTop, NEHCTBYIOLIMH H3 KacaTeJbHOr0 MPOCTPAHCTBA
T,U na xacartesnbHOe MPOCTPaHCTBO 1), f:

dfy : T,U — T,f.

Tax kak, 1o onpeneJsieHHIO IOBEPXHOCTH, IU(QepeHLHal eCcTb
HEBBLIPOXKIEHHbIH JIMHEHHBIH OlepaTop, TO

dim (T, f) =n

— Pa3MEepHOCTb KacaTeJIbHOI'o IIPOCTPAHCTBA paBHa pPasMEPHOCTH
[TOBEPXHOCTH.

Omnpenenenue 28.3. Ilycte f: U C R"™ — R — noBepxHOCTb.

JluHeliHO He3aBHCHMBle BeKTOPBI f,1(p), f,2(D), ..., fun(p) YaCTHBIX
MPOM3BOAHBIX (OHH »Ke — CTOJIOLBl MaTpHibl HKOOH; OHH Ke —
00pa3bl BEKTOPOB CTaHIapTHOro Gasuca (e, g, ..., €,) MPOCTPAHCTBA

T,U npu otobpaxkeHuH df},) HasbiBalOTCA cmanOapmHoim 6a3Ucom
kacameavroeo npocmpancmea T, f.

KakoB HarmsigHbli reomeTpuyeckuil o6pas KacaTesJbHOro IMpo-
ctpanctBa? Bot puc. 28.2, unmocTpupyomini BBeeHHble MOHATHS.

O6paTtuTe BHUMaHHE Ha TO, YTO 51 TpelJaraio H3oOpaxaTb Ka-
caresibHOe MPOCTPaHCTBO 1), f MOBEpXHOCTH f Kak LieHTpoadhHHHOe
JIMHe#HHOe MPOCTPAHCTBO, MPUKJIeeHHOe K Touke f(p). DTO, KOHEUHO,
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Kacarensnoe mpo-
crpauctso 1), f

R | UCR"!
e B
T, oS == .
/ Puc. 28.2

He 0oJiee yeM YCJOBHOCTb M JOTOBOPEHHOCTH, MPUHHUMAaeMasi UCKJIIO-
YUTENbHO [/ MPOCTOTBl M HArJAsiAHOCTH. Mbl cTpeMHMCsl coxpa-
HUTb IIKOJNbHbIE (M HayajibHble YHUBEPCUTETCKHE) reoMeTpUudecKue
Mpe/CTaBJeHUsT 0 KacaTesJbHOM IPOCTPAHCTBE, KaK O KacaTesbHOH
MJIOCKOCTH K MOBepXHOCTH. HacTo, onHAKo, ObiBaeT yn0oOHO M Tro-
pasno GoJsiee pasyMHO TPUKJEHWBATh LieHTpoadUHHOE KacaTesbHOe
npoctpaHcTBO 1), f B Apyrue Mecrta, Hanpumep, K caMoi Touke p € U
(6naro, pasmepHocth T,U mospojser 3TO clesaTb) WM BOOOLIE
HUKyJIa He TIPUKJEeHBaTb. DTO CTAHOBUTCS OCOOEHHO aKTyasbHBIM,
Korja B aOCTPaKTHBIX pasjenax anddepeHIHa bHON reOMETPUH pac-
CMaTpUBAIOT MOBEPXHOCTH, PACIOJNOXKeHHble (BJIOXKEHHBIE) He B ad-
¢unHOe mpocTpaHcTBo R, a B mpou3BoJibHOE TOMOJOTHYECKOe TIPO-
CTPaHCTBO, B KOTOPOM BOOOIle He CYLIECTBYeT HUKAKHX BEKTOPOB U
pacroJiaratb TaM KacaTeJ/bHble BEKTOPHbIE TPOCTPAHCTBA CTAHOBUTCS
coBceM HerpaBoMepHO. ([ToMHHTE, MBI y2Ke paccyXaajd Ha 3Ty TeMy
B HauyaJe 1. 19.)

He noxanefite 15 MHHYT BpeMeHH ¥ BHUMATEeJNbHO PACCMOTPHUTE
Halll OCHOBOMOJIAraloKUK puc. 28.2, Ha30BUTe BCAYX M300paKeHHbIE
Ha HeM OOBeKThl M OOBSCHUTE, OTKyJNa M Kyla NeHCTBYIOT HapHCO-
BaHHble OTOOpaXKeHUsl.

Ha6awonenune 28.6. Mmeer mecTo M3oMop(du3M JIHHEHHBIX MPO-
crpaHet: T,U =T, f. Msomoppusmom siBaserca otrodpaxeHue dfy,.
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Bot usymutesnbHas B CBOeH MPOCTOTE U eCTECTBEHHOCTH TeopeMa
06 yCTpPOHCTBe KacaTe/bHOTO NPOCTPAHCTBA K MOBEPXHOCTH.

Teopema 28.1 (06 ycTpoiicTBe KacaTeJbHOTO MPOCTPAHCTBA).
Ilycmo f: U CR™ — R™ — nosepxrocmo, M = f(U) — ee obpas,
p € U. Toeda:

1) ecaw x € Ty, f, mo x = é(ty), ede a: I — R™ — nekomopas

kpusas edoav f, m.e. a(l) C M, u a(ty) = f(p).
2) obpamno: ecau f — unwexkyus, mo ois ar0bol Kpusol oft)
gdosb [ eexmop x = d(tg) sexmcum 6 T),f.

Takum ob6pasom, KacaTe/bHOe NpocTpaHCcTBO 1), f K MOBEpXHO-

CTH B To4Ke p € U COCTOUT B TOUHOCTH H3 BCEX BEKTOPOB,
KacaTeJbHbIX KO BCEBO3MOXKHBIM KDHMBBIM Ha MOBEPXHOCTH, MPOXO-
IALUMM 4Yepe3 TOUKy f(p). DTo Kese3HOe 0OOCHOBAHHE HaLIero HH-
TYUTHBHOTO TNIPEACTABJEHHS] KacaTe/bHOTO IPOCTPAHCTBA KaK Kaca-
TeJIbHOM MJIOCKOCTH. DTO CTajlbHOe 000CHOBAHHE CaMOr0 Ha3BaHUS —
«KacaTeJIbHOe» MPOCTPAHCTBO.

HoxkasareabctBo. [locmotpute Ha puc. 28.3.

f(p) = f(ulty)) o df, () = élt)

U

wl

Puc. 28.3

1). Ecmn o € T, f = df,(T,U), To, BCIOMHHB ycTpPoHCTBO (TOU-
Hee, caMo oOmnpejesieHHe) KacaTesabHOro npoctpanctsa 1,U, MOXHO
cKasathb, 4to = = dfy,(U(to)), rae u(t) — HeKoTopas KpuBas B obJa-
ctu U C R™, npoxopxsiiasi yepe3 Touky p € U, T.e. u(tg) = p (cMm.
puc. 28.3).

Hyxxnas kpuBasg B oTKpbiTOH ob6smactu U C R™ ecTb Bce-
rna, Hanpumep, npsmas u(t) = p + (t — to)v. Bosbmem Torma
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a(t) = f(u(t)) — sto u OymeT uckoMmasi KpuBasi BHOJb f, Belb
x = a&(ty), a(l) € M = f(U). (Ilocmotpute Ha puc.28.3. Ha Hem
BCe OTJMUHO BHAHO.) MImeeM df, — n3oMOpPDH3M MeXKIy JTHUHEHHbI-
mu npoctpaHctBamu 1,U u T),f, npu 3ToM H30MOp(HU3ME BEKTOPY
x € T}, f COOTBETCTBYET BEKTOD v € T,U.

2). O6partno. Ilycts f — uubekuus, x = &(ty), rae a(l) C M,
a(tg) = f(p). Cmorpure cHoBa Ha puc.28.3. Temepp oToGpaxkeHue
f — B3auMHO OgHO3HAUHOE OTOOpaKeHHe Ha CBOU 00pas:

f : U6I/IeKL[I/IHf(U) — M.

DTo 03Hayaert, 4To y KpuBod a(l) C M eCTb OQHO3HAUHO OMpe/eseH-
HBIH 1poo6pa3 — HekoTopasi kpuBas u(t) B obnactu U C R™ rakas,
uto a(t) = f(u(t)). CnenoBatenbHo,

6(10) = T(f 0 u)(10) = dfugu (lt0)) € Ty,

OueBUIHO, BCe NOKA3aHO. ¢

J{BuHeMcs najiee W BBeleM elle OfHO O0OLIeyNoTpebUTeNbHOE
noHaTHe. Paccmorpum B obsactu U C R™ mpsmble, mapasesibHble
0CSIM KOOPAHUHAT:

ul(t) :p—i-t?i.

Onpenenenue 28.4. CoBOKYNHOCTb MNpsIMBIX u;(t) IS Bcex
1= 1,2,...,n Tpu BCeBO3MOXHBIX p € U Ha3wiBaeTcs KoopduHam-
Hoti cemoro 8 obaacmu U C R™. O6pasbl 3TUX NPSIMBIX HA TTOBEPXHO-
ctu (npu orobpaxenuu f : U — f(U)) HasbBalOTCS KOOPOUHAMHOU
cemoio nogepxrocmu f: U C R"™ — R™ unu nosepxuocmmuotl cu-
cmemoil Koopouram.

CHoBa o6paTuM CBOH B30p K OCHOBOIIOJArawlleMy puc.28.2, HO
HEeCKOJIbKO MOIEPHHU3HUPYeM CaM PUCYHOK MJISl HJJIOCTPAlUM [aH-
HOTO OTpefiesieHHsl, yOpaB JHIIHWE AeTaqu WU J00AaBHB HeNOCTalo-
ue. [lonyuntes puc. 28.2M (BTOpO#, MOEPHU3HPOBAHHBIN), 06pa3-
na 2005 r., peBOCXOASANUIHMEU B ICHOCTH W 6€30TKA3HOCTH MOHUMAaHHS
MHOTHe 3apy0eKHble aHaJOTH, CTOSIILIHE HA BOOPYXKEHHH 3araIHbIX
M BOCTOUHBIX y4eHbIX. [locMoTpuTe Ha Hero.

KoopnvHaTHasi ceThb MOBEPXHOCTH — 3TO HMEHHO «CeTb» (M
puc.28.2M  OTIUYHO HJIIIOCTPUPYET TAKOH XyHOXKEeCTBEHHBIH 00-
pas), cocrosiliasi M3 n WITYK cemelicms KpuevlX BIOJb TOBEPXHO-
ctu. Kaxnas kpuBasi i-ro cemeiictBa ectb f(u;(t)). Ecanm Touka
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Kpunan J(0(D)]

\
L //’;/7 Yi ”'
MMOBEPXHOCTH \l//g‘hmn.

’ Obpa3
L0 d fp MOBEPXHOCTU

Koopaunarusie
nuHun B obnactu U

Puc. 28.2M

p= t(u(l),u%,...,ug) 3aUKCHPOBaHa, TO i-s1 KOOpPAMHATHAS JIHHHS
uepe3 TOUKy f(p) ecTb:

a;(t) :f(u(l),u%,...,uf)+t,...,u8),

cnenoBatesbHo, ;(0) = f,i(p), Tak Kak «;(0) = f(p) = f(u;(0)),
, — -
a u;(0) ="€; ndfpy(’e;) = fui(p).
Takum 06pasoM, BEKTOPBI CKOPOCTEH KOOPAHHATHBIX JIMHUH Ha
NOBepXHOCTH f B Touke p € U ecTb yacTHble MPOM3BOIHBIE
futs fu2s -+, fur, T.€. BEKTOPBI CTAHAAPTHOro 0asHca KacaTeJbHOIO
npoctpancTsa 1), f.

ELL[G O HEMHOTIoO HEHpHBbI‘{HOI;,I ", Ha HepBbII;,I B3IJIsL, HeecTe-
CTBEHHOH C TOYKH 3peHHUdA 34paBoOro CmbiCjJa TEPMHUHOJOIHH. Ko-
OpPAWHATHI t(u(l),u%,...,ug) TOUKU p € U MNpUHATO HA3bIBaTh nNO-
sepxHocmHolmu Koopounamamu mouku f(p) Ha nosepxwocmu f.
M xoTsa cama Toyka P € U JnexXXuT BOBCe He Ha HOBeszHOCTI/I, pu-
HSATO TOBOPUTb, YTO HUMEHHO ee KOOpHHMHAThI (ul,uf,...,ud) ectb
KOOpAMHATBl TOYKH f(p) B KOODAHHATHOH CETH Ha MOBEPXHOCTH.
®du3MKH B 3TOH CHUTyallMM 4acToO yNOTPeOJISIOT BbipaXkKeHHe «KOop-
JIMHATBl TOYKH B KPUBOJIMHEHHBIX KOOPAMHATaX», @ B TEOPETHUECKOH
MeXaHUKe 0011eynoTpeduTesieH TepMUH «0600uUjeHHble KOOpOuHamol
mouku». B mpoTHBOBeC MOBEPXHOCTHBIM KOOpPAHHATaM, KOOPIHHATHI

t(:rl, 2 xm) touku f(p) B mpocTpaHcTBe R mpuHATO Ha3bIBaTh
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npocmparcmeenHoimu Koopournamamu. PU3UKH 4acTO Ha3bIBAKOT
ux abcoaromnvimu Koopouramamu. ScHo, 9TO

b= fi(ul,u%... ,u), i=1,n,

rie f° — i-1 koopaMHaTHas (QyHKUMA oTobOpaxenus f: U C R™ —
— R™.

Otnanum Temnepb AaHb APeBHeH TpaiuLMK H3jiaraTh AuddepeH-
[[MaJIbHYI0 TeOMETPUI0 UCKJIOUHUTENbHO [J/5 MOBEPXHOCTEH B TpeX-
MEPHOM TPOCTPAHCTBE W PACCMOTPUM TPUMED, HJJIOCTPUPYIOLUIUN
BBeJlEHHbIE TIOHATHS W 3HAKOMSIIHH UUTATEJsI C «apXaudHOH» Tep-
MHHOJIOTHEH.

Mpumep — pamp tpagunuu. Ilycte f: U C R? — R3
IBYMepHasi MOBEPXHOCTb B TPEXMEPHOM MPOCTPAHCTBE (CMOTPHUTE
MaJsieHbKHE puc. 28.4).

TpaguuMOHHbIE «aHaXPOHUUHBIE» 0003HAUEHHUSs TMepeMeHHbIX W3
o6nacth U C R? TakoBe:: u! = u, u?> = v — 3T0, OIHOBPEMEeHHO,

TIOBEPXHOCTHbIE KOOPAHWHATBI TO- f
yek obOpaza mnoBepxHocTH. [Ipo- Yo
CTPAHCTBEHHbIE KOOPAMHATHl TeX fu
xe Touek B R3 o6osmauarnrcs, /(2)

KaK 0OblYHO, uepe3 (z,y, z). Cra- %\/
pes (z,y,2) )

pOMOJIHAsi 3aMHUChb OTOOpaKeHHs

f:UC R? - R? B KOOpJIMHA-

Tax (T.e. mapamMeTpuUyeckoe 3aja- Puc. 28.4
HHe) BHIMVISIUT TaK:

flu,v) = (2(u,v), y(u,v), 2(u, v)) .

KacaTenbHOe MpOCTPaHCTBO K IBYMEPHON MOBEPXHOCTH B TpexXMmep-
HOM TIPOCTPAHCTBe OOBIYHO HA3BIBAT KACAMEAbHOU NAOCKOCMbIO
(momyckasi HEKOTOPYI0 BOJIbHOCTBIO peuyH, HOO KacaTesbHOe Mpo-
CTPaHCTBO TMOBEPXHOCTH JOJKHO ObITb BEKTOPHBIM, a IMJOCKOCTb
ABjsieTcss a@@UHHBIM MPOCTPaHCTBOM). Hy»KHO NMPUBLIKHYTH K 3TOH
YCJIOBHOCTH M CMHPHUTBCS, HallpuMep, ¢ TeM OOCTOATEIbCTBOM, YTO
pasHble KacaTeJbHble MJOCKOCTH B TPEXMEPHOM MPOCTPAHCTBE MOTYT
nepecekatbcst (MMeTb OOIMe TOUKH), B TO BpeMs Kak pa3Hble Kaca-
TeJIbHBlEe MPOCTPAHCTBa (Kak LeHTpoad)(hHHHbBIE MTPOCTPAHCTBA, MPH-
KJIeeHHble K Pa3HbIM TOUYKaM MOBEPXHOCTH) TepeceKaTbCsl B MPUHIIU-
re He MOTYT — y HUX HeT OOLIMX BEKTOPOB. DTO pasubie JUHeHHble
npoctpaHcTal

Hanumiem ypaBHeHHe KacaTeJbHOH TJIOCKOCTH K MOBEPXHOCTH f
B Touke p € U. OueBHUOHO, UTO TOUKA ¢ JIEXKUT B apPpUHHON Kaca-
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TeJIbHOH TJIOCKOCTH TOTJAa U TOJIbKO TOTrJa, Koraa BeKTopbl ¢ — f(p),
fu, fo KOMIIaHapHBI (cM. puc. 28.4). Torna, ¢ UCMoONb30BaHUEM 3JI€-
MEHTapHbIX CBEJEHHH U3 aHaJHUTHUECKOH IeOMETpPHH, JIETKO U cpasy
MUIIETCS YpaBHEHHEe KacaTebHOU MJIOCKOCTH:

det[q - f(p)7 fm fv] =0.

B pasBepHyToMm BuIe U B MOApPOOHOH 3amUCH ypaBHEHHE KacaTelb-
HOH MJIOCKOCTH K ToBepxHOCTH f(u,v) = (z(u,v),y(u,v), z(u,v))
B TOYKE C KOOpAMHATaMK p = (g, vg) (cama MmiockocThb, pasymeercs,
MPOXOIUT uepe3 TOUKYy f(p)) BBITIAIUT TaK:

X — x(up,v9) z,(uo,vo) x,(uo,vo)
Yu(uo,v0) Yy (uo,vo) | =0,

Y = y(uo, vo)

Z — z(ug,vo) 2y (uo,v0) 2 (uo, vo)
rie q = t(X,Y,Z) — cToJqi0el, KOOpAMHAT IMepeMeHHOW TOUKU ¢
KacaTesJbHOH miockocTd. Haima HeGosbliasi 3KCKypcHst B CTapuHY
3aKOHYeHa.

Hy, Temepp cocpenoTodybTech — HaM MPEACTOUT OCBOUTH ellle
OIHO, TIOCJefHEe B 3TOM IyHKTe, HO CJOXKHOE WU O4YeHb aOCTpPaKT-
Hoe noHsTHe. CHauasa elle pa3 copMyaupyeM Hally MyTeBOLHYIO
HUTb — IeHepasibHYIO MJel0 JHHeapu3aluu, uayulyio oT HbioToHa U
Jle#ibHnua. Mbl XOTHM MOAMEHHUTH (TOUYHEe, 000CHOBAHHO 3aMEHHTD,
X0Ts1 OBl JIOKAJbHO) M3yueHHE CJIOXKHBIX M HEMOHATHBIX M30THYTBIX
MOBEPXHOCTEH Ha M3yueHHe OoJiee MPOCThIX 00BEKTOB — ap(HUHHBIX
npocTpaHcTB. Mbl He TIOHHMaeM, KakK TMPOBOAUTb KPUBOJHHEHHbIE
«reojile3nyeckre» HM3MepeHHs Ha HCKPUBJIEHHOM pesbede MOBepX-
HOCTH, MO3TOMY Mbl XOTHM 3aMEHHTb HX JIETKO OCYI1eCTBHMBIMU
MU3MEpPeHHUsIMH B apu(MeTHUeCKOM eBKJHAOBOM MpOCTpaHCTBe. Tam,
Tle ecThb CKaJsipHOe MpOU3Be/leHHe, MOXKHO JIeTKO BBIYMCIHTb BCE
MeTpHUecKHe U reoMeTpHyecKHe BeJHUHHBL. BOT mopasuresnbpHas Mo
CBOEH SICHOCTH M KpacoTe MbICAb — dasaiime 3amMeHsmb nogepx-
HOCMb 8 OKPECMHOCMU ee HeKOMOpOoL MOUKU Ha KacameabHoe npo-
CMPAHCMB0 8 IMOLl MouKe U 8Ce HYMHbLE UBMEPEeHUs NPOU3BOO0UMb
8 YOOOHOM U NOHAMHOM AUHEUHOM eB8KAUDOB80M KACAMEAbHOM
npocmparcmae! ITo He MPOCTO MBIC/b, 3TO HACTOSILAs MPOrpamMma
K ne#cTBuio!

XOTUM Mbl, CKa)KeM, M3MEPHUTb YTroJ MeXAy ABYMsS peYKaMH-
JUHHUSIMH Ha rj00yce (KPHUBOH MOBEPXHOCTH) B TOUKE MX CJHSHHUS.
[TousiTHO, YTO yros MeXKAy KPUBBIMM — 3TO Yo/l MeXIy KacareJb-
HBIMH K 3THM KPUBBIM, NIPOBEAEHHBIMU B TOUKe INepeceueHus. A e
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JlekaT KacaTeJibHble BEKTOPHl K 00eUM KpuBBIM? — B Kacareib-
HOM rpocTpaHcTBe! A Kacate/bHOE NMPOCTPAHCTBO — 3TO €BKJHLOBO
MPOCTPAHCTBO, U yTOJ MeXAY BEKTOPAMH MBI MOXKEM JIETKO HaWTH,
UCIIO/Ib3YSl CKassipHOe MPOU3BELEHHE.

fcHo, 4TO MOBEPXHOCTDL B Pa3HBIX MECTax MOXKET OBbIThb YCTpoeHa
(HampuMep, M30THYTA) MO-PA3HOMY W [Jisi ee M3ydeHHs ONHUM Ka-
caTeJIbHBIM MPOCTPAHCTBOM B OTIEJBHO B3SITOH TOUKe He O00OHTHCH.
[lostomy MBI, crenysi reHepaJibHOH Hiee, TOHIAEM elle AaJjblie —
npoBeaeM 6 KaxOOL TOYKe IOBEPXHOCTH CBO€ KacaTeJbHOe IpO-
CTPAHCTBO W OyfeM H3ydyaTb BCIO COBOKYIHOCTb KacaTeJsbHBIX MPO-
CTPAHCTB K MOBEPXHOCTH.

[TpoBenem Mbic/ieHHBIH sKcnepuMeHT. [IpencraBbre cebe moBepx-
HOCTb, HallpuMep c(epy, B KaXA0H TOUKe KOTOPOH MpPOBELeHa Kaca-
TeJIbHasl MJIOCKOCTh. Tenepb yaasuTe U3 Balllero MbICJEHHOTO oOpasa
camy MOBEepPXHOCTb, OCTAaBHB TOJIbKO BCE ee KacaTesbHble MPOCTpPaH-
ctBa. Cornacutech — TOJIBKO UTO yhajeHHas cdepa, HECMOTPS Ha
CBOE OTCYTCTBHE, SIBCTBEHHO MPOCMATPUBAETCS CPEAM KacaTeJbHbIX
MJIOCKOCTEH, OCTaBIIMXCSl Ha TNpeXkKHUX Mecrtax! BosHukaer coBcem
IUKasi MbIC/Ib — CaMa-TO TIOBEPXHOCTb JJIsl ee M3ydeHUs] He HY»KHa!
JI1s M3MepeHHH Ha TMOBEPXHOCTH CaMOM TOBEPXHOCTU He HYKHO!
HysKHa TOMBKO COBOKYIHOCTb €€ KacaTesbHbIX MiockocTeil. 1) dTu
cooOparkeHHs1 MPUBOAAT HAC K OJHOMY M3 CaMbIX H3SIIHBIX H YIIO-
TpeOUTEIbHBIX TIOHSATHEH COBPEMEHHOH TeOMeTPUM — MOHSITHIO KACa-
MenAbHO20 PACCAOCHUA.

PaccMOTpHM COBOKYMHOCTb BCEBO3MOXKHBIX KacaTesbHBIX MPO-
crpaHetB T, f mosepxHoctH f : U C R"™ — R™, OT/JI0XKEHHBIX OT
BCEBO3MOXKHbBIX Touek f(p) obpasa mosepxHocTH f(U). Yrobsl pas-
JIM4aTh KacaTeJbHble BEKTOPHI U3 PAa3HBIX KACATeJbHbBIX MPOCTPAHCTB
(T.e. passMuaTh BEKTOPbI, OTJIOXKEHHbIE OT Pa3HbIX TOYEK MMOBEPXHO-
CTH), YI0OHO pacCMaTpUBaTh He CaMU KacaTeJbHble BEKTOPH OTIEb-
HO, a BCeBO3MOXKHble mapel BUAa (f(p),h), tnepe U, a h e T,f —
COOTBETCTBYIOLUIMH 3TOH TOUYKe KacaTeJbHBIH BeKTOp. Takum obpa-

') Tpu mocsennye dpasbi — B YMCTOM BHJE MOAPOCTKOBHIH paiukanuaMm. OHH
HamucaHbl TOJBKO MJIf TOro, 4yToObl B3OYyNOPa*KUTb yMbl uuTatesed. Kak moxer
ObITb «HEe HYy2KHa» MOBEPXHOCTb, KOrJa KacaTesbHble MJIOCKOCTH B MPOCTPAHCTBE
HY2KHO OT Yero-To OTKJalbiBaTh? Kak MOxHO 000#THCh G€3 MOBEPXHOCTH, KOrja
6a3McoM B KacaTeJbHOM MPOCTPAHCTBE CJYKAT €€ uYacTHble NPOU3BOAHblE? Bot
€CJ/IM TIJIOCKOCTH YK€ OTJIOXKeHBl M 0a3MChl B HUX 3a(PUKCHPOBaHbI, TOTAa MOBepX-
HOCTb JEHCTBUTENBHO MOXKHO yOpaTb. IIpu 3ToM ocraBliascs KOHCTPYKLHUS OyIeT
XpaHUTh B cebe BCIO MH(OPMALHIO O TaK HA3bIBAEMOH «BHYTPEeHHeH» reoMeTpuH
MOBEPXHOCTH, HO BO3MOXHO, YTPAaTUT MH(MOPMALMIO O B3aHMOCBS3H MOBEPXHOCTH
C OKPY’KAIOLIUM IPOCTPAHCTBOM («BHELIHeH» reOMEeTPUH).
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30M, €CTE€CTBEHHO BO3HHUKAET MHO2KECTBO IIap

Tuf ={(f(p).h)lp e U, h €Tpf},

NMOHMMaeMoe HaMH KaK MHOXECTBO BCEBO3MOXKHBIX KacCaTeJsbHBIX
BEKTOPOB K MOBEPXHOCTH f, AJs KaXKAOTO M3 KOTOPBIX YKa3aHO, OT
KaKOH TOUKH OH OTJIOKEH.

Mbl MOMHHM, 4YTO BCe KacareJsbHble npocTpanCTBa T,f (B

pa3HbIX TOYKAX MOBEPXHOCTH) H30MOP(HBI KaK JHUHEHHbIE e po-
CTpPaHCTBAa OAHOMY H TOMY K€ JIMHEHHOMY MPOCTPaHCTBY R" ).
Tenepp moHATHO, UTO, (hOPMaNbHO, MHOXKECTBO 1y f sIBAsieTCS neKap-
TOBBIM [IPOM3BeJleHUEM:

Tyf = f(U) x R".

MoxHo cunTath, 4To Kaxnaas napa (f(p),h) € Ty f popmanpHO
3ajiaeTcst CTONOLOM YHCelI

t(pl’p27“‘7pn’h17h27“‘7hn)7

rie p',p?,...,p" — KOOpAMHATH TOUKHM p € U WJH, eclH YroiHo,
TIOBEPXHOCTHbIE KOOPAMHATHl TOYKH f(p) B NMOBEPXHOCTHOH CHCTeMe
KOOpAHUHAT, a RURZ, . W — KOOpJMHATHl KacaTeJbHOr0 BEKTOpa
h € T,f B cranpaptHoMm 0asuce KacaTeabHOro npocrpanctsa 1), f.
HasoBem ykaszaHHBIN cTON6ell U3 2n 4UCeJ KoopduHamamiu napsl
(p,h) € Ty f v omuH pa3 B 3TOH KHHMXKKe NMPOM3HECEM MHTYHUTHBHO
MOHATHYI0, HO BCe-TAKH «3ayMHYI0» /s Hac (pasy: «IpOCTPaHCTBO
Ty f umeeT pasMepHOCTb 2n».

Pas y Hac mosiBuioch eKapTOBO MPOU3BENEHHE, TO aBTOMAaTHUe-
CKH TOsiBJIsseTCs 0TOOpakeHue

m: f(U) x ﬁ"—>f(U),

IeHCTBYIOLIee O MPABUITY

') Ho, Kak Mbl mo3e yBHAMM, BCe KacaTesbHble MPOCTPAHCTBA MOTYT GBITh
PasHBIMH KaK eBKJ/MIOBBHI IPOCTPAHCTBA — CKaJipHOE NPOU3BeJeHHe B KaXKIOM M3
HHUX MOXKeT ObITb 33[1aHO Pa3HbIMHM OUIHHEHHBIMU (POpMaMH.

?) lns npunanus 3Toil (hpase ACHOTO CMBICJA HEOOGXONMMO BBECTH MOHATHS
I1ajkoro MHOroo6pasusi, pasMepHOCTH MHOroo0pasus, AaTh CTPOroe onpejeseHHe
JeKapToBa IPOM3BeleHUs] MHOroo06pasui W T.J., TO eCTb NOrpy3uThcs B OoJee
riy6okye U abCTpakTHble pasiesibl AU((hepeHIHaIbHON reoMeTpUH. 31eCh Mbl 9TO
nenatb He OyneM.
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['oBopsi abcTpakTHO-(hopManbHO, 3TO OTOOpaKeHHe SIBJASETCS
npoexkyuell Tapsl Ha NepBYI0 KOMIOHEHTY. [0BOpsl HaI/IsIHO-COMEp-
XKaTeJIbHO, 10 CYTH, 3TO OTO6E)a}KeHI/Ie CTaBHUT B COOTBETCTBHE KaxK-
JIOMy KacaTe/JbHOMY BEKTOPY |) TOUKY Ha MOBEPXHOCTH, OT KOTOPOE
OH OTJIOXeEH.

Bosbmem Touky f(p) Ha noBepxHoctd f(U) M paccMOTpUM ee
nosHBIH Mpoo6pas, T.e. MHOXKecTBO 7 (f(p)) Bcex KacaTeNbHBIX
BEKTOPOB, KOTOpble MPOEKTHPYIOTCS 0TOOpakKeHHeM m B TOUKy f(p).
OueBHIHO, YTO 3TO MHOXKECTBO €CTb MPOCTO BCe KacaTeJbHble BeK-
TOPBI, OTJIO’KeHHble OT TOuKH f(p). [lockonbKy paHee Mbl 10T0OBO-
PUJIMCh TIPUKJIEMBATh LleHTpoa(PHUHHOE KacaTebHOe MPOCTPaHCTBO
T,f x Touke f(p) Ha MOBEPXHOCTH, TO

T (f(p) = Tpf.

Bynem HasbiBaTh npoo6pas 7! (f(p)) touku f(p) (T.e. nuneiiHoe
KacaTeJbHoe rpocTpaHcTBO 1), f) caoem nad moukoli f(p).

Hacrynuna nopa nath «omnpeenente» 2), dbukcupyioliee Ha3pa-
HHSI BCEX PACCMOTPEHHBIX 0OBEKTOB.

«Onpenenenue 28.5». UeTsepka (TUf,f(U),ﬁ",w) Ha3bl-
BaeTcsl KacamenvHoim paccroeruem nosepxrocmu f U C
CR" — R™, npu 3ToM:
— MHOXKeCTBO 1y7f Ha3bIBaeTCs NPOCMpancmeom paccioeHus.,
— MHOXKEeCTBO f(U_)> HasbiBaeTcs 630l paccioenus,

— npoctpancteo R™ = T, f HaspiBaeTcs munosgoim (WM cmar-
dapmHeim) cA0em PaCCIOeHHs,

— orobpaxenne 7 : Tyf — f(U) peficTByeT 1o mpaBuiIy
w(f(p),h) = f(p) v HasbiBaeTcs npoekyuetl (MU pacciausa-
rouum omobpasceruem).

[TonsTre KacaTeJbHOIO pPacc/0eHHS HHTYHTUBHO OUeHb MPOCTOe
U siCHOe. DTO — MHOYKECTBO BCEBO3MOXKHBIX KacCaTeJbHBIX BEKTOPOB
K TOBEPXHOCTH, KOTOpOe «pacc/jauBaeTcs» C MOMOLIBIO MPOEKIHH
m:Tyf — f(U) Ha cnou — KacaTesbHble NPOCTPAHCTBA K MOBEPX-
HocTU. JJ1s1 HY»KJ Ha/ibHeHIIero U3JoXKeHHs MOXKHO MBICJIHUTb cebe
KacaTeJ/bHOe paccjoeHHe KaK COBOKYIHOCTb BCeX KacaTe/bHbIX MPo-

') Tyr npockosb3Hy/a BOJLHOCTbL pedd: Ha CaMOM Jeje, He KacaTeJbHOMY
BEKTOpY, a Mape TOYKa—BeKTOp.

%) KaBblukM 3liech He CJIydaiiHbl — NpejjaraeMoe <«OnpefeJeHues, 1o CyTH,
SIBJISIETCS JIMLIb Tepeurc/eHleM Ha3BaHMH 3JIeMEHTOB KacaTesJbHOr0 pacClOeHUst
6e3 yKa3aHHsl B3aUMOCBs3ell MeX1y STUMHU 3j1eMeHTaMU. VI3BUHEeHHS] U 0ObsCHEHNS
aBTOpa [0 9TOMY MOBOLY MOXKHO YBHJETb Ha CJeLyIOlLlel CTpaHHULE.
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CTPaHCTB K IOBEPXHOCTH, 3aMHAECKCHUPOBAHHBIX CBOMUMU Ha4aJbHBIMH
TOYKaMH.

Ha6aronenne 28.7. IloHsiTHe KacaTesJbHOTO pPacC/AOeHUS 1aeT
pasyMHOe O0OBsICHEHHEe YKe OTMeuaBlleMycsl Bblllle (akTy, YTO
pasHple KacaTesbHble npoctpaHctBa T,f u T, f (oTnoXeHHbIe
OT pasHBIX TOUeK p # ) He mnepecekaioTcs. JleHCTBHUTENBHO,
37eMeHTaMM KacaTe/JbHOI0 PACCI0eHUs SBJSIOTCS CTOJOLBl BHIA
t(pl,pQ,...,p”,hl,hQ,...,h”). PasHble KacaTe/bHBIE TPOCTPAHCTBA
MPOCTO HE MOTYT UMEeTh OAMHAKOBBEIX 3JIEMEHTOB, HOO CTOJOLbI

t(p17p27"'7pnah17h27"' 7hn) H t(q17q27”~ ’qnahla h27ahn)

O4UEeBHUIHO, pPa3JanuyarTCd XOTd Obl Ha NepBbIX 7 IMO3ULUAX. Kak
y2Ke O0TMedaJsoCb, 3Ta TOYKA 3pEHHUA HeCeT MHOI'O II0JIe3HOIr'o, XOTd
HECKOJIbKO MPOTUBOPEUYUT Halleyd HarJasgHOH WHTYWUHWH, KOrga, Ha-
[IpuMep, Mbl NPpEeACTaBJ/AAEM [ABE KacaTeJibHble IMJOCKOCTH, MPOBEAEH-
Hbl€ B PA3HbIX TOUYKaAX K OIHOHM W TOH 2Ke cq)epe, KOTOpbI€, KOHEYHO,
JIETKO MOTYT IepecekaTbCo.

3ameuaHus K NpeJOKEeHHOMY «OMpesiesneHuto». J{okeH oroo-
PUTBCS M M3BUHHUTBCS Tepel YUTATEsIMM — B LeJAAX MPOCTOTHl U
SICHOCTH TIOHMMaHHSl §1 JOBOJbHO CHJBHO cayKasus. Omnpepenenue
KacaTesJbHOI'O pacC/0eHUs, NPHUBENEHHOe 3[eCb, SIBJSETCS HeroJ-
HBbIM U OTJIMYaeTcsl OT OOLIeNPUHATOro, 03TOMY AaxKe CaMo CJIOBO
«ompefiesieHre» 51 U3HAYAJbHO 3aKJIOYUJ B KaBbluKH. [Ipexne Bcero,
B KadyecTBe 6a3bl paccjoeHuss 6epyT o6eluHO He ob6pa3 f(U) C R™,
a camy obsacte U C R", 1. e. cpa3y NpUKJIEUBAIOT LeHTpoa(PpHUHHbIE
KacaresbHble mpoctpaHcTBa 1),f K Toukam p € U — 3TO MeHee
Har/IsHO, HO UMeeT Maccy NPerUMYILIeCcTB, 4acTb U3 KOTOPBIX Mbl y2Ke
YIOMHHaJMU. B «MCTHHHOM» ONpefiesleHUH KacaTe/bHOTO pacC/OeHHs]
6osee moapobHO paclin(POBBIBAIOT, YTO TaKOe MPOCTPAHCTBO pac-
CJIOEHHSI, TOBOPSIT, UTO OHO «JIOKaJ/bHO NH((PeoMop(hHO» NeKapTOBO-
My NIPOM3BEEHHIO, HaslaraloT Ha IPOeKLHI0 T TpeOoBaHUS I1aJKOCTH
U T.A. Mbl He GyneM B 3TOH KHUre YTOUHSATb U HeTalW3UPOBATH
caMo orpefesieHHe KacaTeJbHOIO PACCIOEHHsT — 3TO MOXKeT YBeCTH
Hac JaJ1eKO B CTOPOHY OT UHTYUTHUBHO SICHOI'O IOHSTHUS, BOSHUKILETO
3nech. [lockosbKy Bce TOHKOCTH «HCTHHHOTO» OTpelesieHHs paccsio-
€HHUS B 9TOH KHHXKKe He MOHaao0sTCs, HaM BaXKHO ceHyac JHILIb
oblllee KOHLENTya/bHOE IOHMMaHHe TOro, 4TO TaKoe KacaTeJsbHOoe
pacc/joeHHe MOBEPXHOCTH M KaKOB ero HarsiiHbIH reoMeTpHuecKui
obpas.

UroObl NOTPEHUPOBaTb CBOe IPOCTPAHCTBEHHOE BOOOpaKeHHe,
MBICIEHHO TIpeacTaBbTe cebe Takod mpouecc. Touka p MoJ3eT MO
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HeKoTOpol KpuBoH « B obsmacth U C R™. Tlpu stom Touka f(p)
noJizet mo KpuBoH f(«v) Ha obpase mosepxHoctu f(U) C R™. (Has
00JIerdeHus peicTaBeHns BooOpaxaiTe cebe 3TH COOBITUS B TpPeX-
MepHOM IIPOCTPAHCTBe, a MPOCTPAHCTBA Gosiee BBICOKUX pa3MepHO-
CTell Mmoka BOoOOpa)KaTh He HAl0 — 3TO MOXKET TJIOXO KOHUHThCS.)
BwmecTe ¢ Toukod f(p) Mo MOBEPXHOCTH MOJ3ET MPHUKJIEEHHOE K Hedl
KacaTeJbHoe npocTpaHcTBo T, f (peicTa/siiTe KacaTeabHYIO MJ10C-
KocTb B Touke f(p)). OHa moBopaunBaetcs, HaKJIOHseTCs (KaK IJ0C-
KOCTb KpBIJa CaMOJIeTa, BBIMOJNHSIOUIET0 BUPaK), MJIaBHO MOBTOpPSET
B CBOEM JBHXKeHHM H3rubbl noBepxHocTH. Kpacuso, npaBna? U Bechb
9TOT KPAacHUBBIH TVIaAKHWH MPOLleCC CKOJIbXKEHHsI KacaTeNbHOH MJI0CKO-
CTH 110 MOBEPXHOCTH MPOUCXOAMT He rae-HUOyIob, a B KacaTeJbHOM
paccnoenuu! Cron ryafiko CMeHSIOT APYT Apyra Npu Mnepexojie OT
ONHOW TOUKH K ApPYrod Ha 0ase paccioeHus. MaHepa OBHKeHHS,
CKOPOCTb MOBOPOTA, U3MEHEHHE IOJIOKEHUS] ITHX CJI0eB-IIJIOCKOCTEH
OYeHb MHOTOe TOBOPUT O CTPOEHHH CaMoi MOBEPXHOCTH, O ee peJibe-
(e, ropax U paBHUHAX.

OO61KH BBIBOA 3TOTO MyHKTa TAaKoB. XOYelllb U3yyaTb [eOMeT-
pHUI0 MOBEpXHOCTeH — M3ydall UX KacaTeJsbHble NPOCTpaHCTBa!

3agauku U ynpaKHeHus

| 1. B xakux Toukax miaockoctd R? oro6paxenue f: R> — R3,
2J MMelollee NapaMeTpU3aLHtio

zﬁ f(u!,u?) = %3 cosu' cosu® 4 cosu' sinu? 2sinu'),

YIAOBJIETBOPSAET YCJIOBHUIO MaKCHMaJbHOCTH paHra?

2. Haiinure 6asuc KacaresnbHOro mpocrpaHcTBa Tp,f HaHHBIX
MOBEPXHOCTEH B YKa3aHHOW Touke p € U:
t .
a) f(u,v) = Yu,v,uv), p(1,2);
6) f(u,v) =Hucosv,usinv, 4v), p(2, Z),
. . 7T
B) f(u,v) = Yacosu,asinu,bcosv,bsinv), p (0, —);
r) fu,v,w) = Yu+v,u—v,uv,u+w vow), p(1,2,3).
Haiigure napameTprusalMu KOOPAMHATHBIX JIMHHH 3THX I1OBEpX-
HocTel, npoxoasimux 4epes Touky f(p). CocraBbTe ypaBHeHHS
aUHHBIX KacaTeJbHBIX IJIOCKOCTeH (COOTBETCTBYIOIIEH pas-
MEPHOCTH) K 3THM IOBEPXHOCTSIM B yKa3aHHBIX TOUKaX.
3. Hanummre ypaBHeHHe KacaTeslbHOH MJOCKOCTH K TOBEPX-
HocTH 2 = 2° + y° B Touke A(1,2,9).
4. Hanuwmute ypaBHeHMe KacaTe/bHOH IJIOCKOCTH K IOBEpX-
noetu 22 — 2y — 322 — 4 =0 B Touke A(3,1,—1).
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5. HanuiinTe ypaBHeHHe KacaTesbHOM MJIOCKOCTH K TOBEPXHO-
etu fu,v) = Yu, u® — 2uv, u® — 3u’v) B Touxe A(1,3,4). Haii-
JMTe MOBEPXHOCTHBIE KoopauHaThl Touku A. Haiinure mapamer-
PH3ALHI0 KOOPAHMHATHBIX JIMHHH 3TOH MOBEPXHOCTH, MPOXOASIINAX
yepe3 TOUKy A.

6. CocraBbTe ypaBHEHHSI [BYNapaMeTPUUYECKOr0 CeMeHCTBa
BCeX KacaTeJIbHbIX MJI0CKOCTeH K chepe («KacaresbHOe paccioe-
Hue» cdepbl):

f(u,v) = (Rcosucosv, Rcosusinv, Rsinu).

Haiinute Ha 3T0# chepe MHOKECTBO TOUYEK, B KOTOPLIX KacaTeslb-
Hble TJIOCKOCTH MapaJijiesbHbl Bektopy s (1,2, —3).

29. IIpumepsl NoBepxHOCTEU

ITOT NYHKT MOX0X Ha AETCKUH anbOOM C KapTHMHKAMHU U TOsICHe-
HUSAMH K HUM. OH CONEepKHUT MPUMepbl HEKOTOPBIX MTOBEPXHOCTEH —
WX Ha3BaHHsl, PUCYHKH, NTapaMeTpU4YecKHe 3aJaHHUsl, OMUCAHNS UX KO-
OpPAMHATHBIX CeTell U KacaTeJ/bHbIX NPOCTPaHCTB. Mrak, mpucTynum
K OCMOTDY.

IIpumep 29.1. Peeynapunas kpusas. Besikas pecyispras Kpu-

sas aft) : I C Rl — R™ spnserca ofHOMepHOH MOBEPXHOCTBIO
(cMm. puc. 29.1).

Puc. 29.1

OueBupHo, uto Matpuleidt dxko6u (matpuueit nuddepenumana)
rnaakoro otobpaxkenus at) : I C R! — R™ B npousso/bHOi TouKe
p € I sBasietcst CTO£>6€LL a(p). Tockonbky «t) — perynsipHasi Kpu-
Basi (Vt € I&(t) # 0), To oTobpaxkeHue «(t) B J0boH Touke p € [
YIOBJIETBOPSIET YCIOBHIO MaKCUMaJbHOCTH PaHra:

rang [doy,) = rang [&(p)] = 1.
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Takum o6pasom, Beskasi peryaspHas kpusas a(t) : I CR — R™
IeHCTBUTENBHO SIBJSIETCS OHOMEPHON MOBEPXHOCTBIO (YTO, KOHEUHO,
corjacyeTcsi ¢ HallMMH HHTYUTHBHBIMH NIPeICTaBJEHUSMH O pasMep-
HOCTH KpuBoH suHMHK). KacaTesbHoe mpoctpaHcTBO T, KPHBOH «
B TOUKe p € I sABJsIeTCS OMHOMEPHBIM M €ro, AOMycKas TPaguLUOH-
HYIO BOJIBHOCTb Pe4Yd M BOOOpaKeHHsl, OTOXKAECTBJSIOT C KacaTeJb-
HOH TIpsIMOH B TouKe «(p ) (cm. puc.29.1). CranpapTHeIM 6a3ucom
«Ha KacaTe/JbHOH mnpaAMOi» Tjor CIyXKHUT BEKTOD CKOPOCTH a(p)
KOTOPBIi, pasymeeTcs, siBisieTcs o6pasoM eauHcTBeHHOoro B TR/
6a3HUCHOTO BEKTOpa € | MPH AeHCTBUH AuddepeHnnaa dovy.

KoopnunatHast ceTb Ha «(t) COCTOMT U3 €IMHCTBEHHOH JIMHUH —
camoit KpuBOH «(t). EQMHCTBEHHOH MOBEPXHOCTHOH KOOPAHHATOMH
TOUKH «(p) siBAIsieTcs mapamerp ¢ € 1.

[TosTomy, Korma B JOKyMeHTa/JbHOM (pUJIbBMe aKaaeMHKY
C.II. KoposneBy noknanbiBaior u3 LleHTpa ymnpaBseHus MoJeTaMu
(LLYII): «JlecaTh ceKyHA — TmoJeT HopMasbHbIE!», To [NaBHBIN
KOHCTPYKTOp TOHHMaeT, 4yTO, Ha CaMOM JeJie, B NepBOH 4acTH 3TOro
NOKJIa/la CONeP:KUTCS KPUBOJNMHEHHAs KOOpAUHATA paKeTbl-HOCHTE s
Ha TPAeKTOPHH MOJeTa.

Ipumep 29.2. Hseymepunasa naockocmeo. IlapameTpuueckoe 3a-
JlaHHe JBYMepHOH miockocTH f : U = R?2 — R™ TakoBo:

Fluv) =qo+ud +vb

— M3BECTHOe M3 Kypca aHaJUTUYECKOH reOMeTPUH 8eKMOpHOe ypas-
HeHue naockocmu (OHO Ke, HO B Pa3BepHYTOH KOOPIUHATHOH 3a-
HCH, H33E>BaeTCH NapaAMemPUUeCKUM  YDABHEHUEM NAOCKOCML).
3nech @, b € R™, @ }f b — nanpasisroujue 6eKmopol MNOCKO-
ctu f, a qo = f(0,0) € R™ — Hauaavnas mouka TJIOCKOCTH f.
O6pas miockoctu f(U) — nByMepHast ah(HUHHAS TJIOCKOCT, JeXa-
mas B npoctpaHcTBe R™ (cM. puc. 29.2).

0, 0) U

Puc. 29.2
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—
.
fcHo, uto f, = @ u f, = b . [lockosbKy HampaBJSOIIHE BEKTO-
pBI TJIOCKOCTH f He KOJIJIHHeapHbl, TO
.
—
rang [dfp] = rang [a’, b] =2

B J11060# Touke p(u,v) € R2. Takum o0pa3oM, ycJoBHe MaKCUMaJb-
HOCTH paHra MaTpHIbl SKOOM BEIMOMHEHO Ha Beeil o6mactu U = R?
U MJIOCKOCTb f JE€HCTBUTEBHO SIBJSETCS NBYMEPHOH MOBEPXHOCTHIO,
BJIOKeHHOH B R™.

Jlonyckas yxe o06CyKIaBIIyIOCS paHee BOJBHOCTb peun (00
OTOXIECTBJEHHH B HallleM CO3HAHWH BEKTOPHOTO KacaTesJbHOTO Mpo-
CTpaHCTBa U ad(hUHHOU KacaTeJbHOH MJOCKOCTH), MOXKHO CKa3aTh,
YTO KacaTesJbHOE MPOCTPAHCTBO K MJIOCKOCTH B JIOOOH TOUKE COB-
najaeT ¢ caMod 3Tod myockocTblo. basucom T),f B sM060d Touke

5
_
p € R? cyxut napa (@, b ) HanpaBAsIOMIEX BEKTOPOB.
KoopauHaTHyt ceThb Ha IJOCKOCTH 00pasylT ABa cemeicTBa
napa/ie/lbHBIX MPSIMBIX C HATIPAaBISIOLMMK BEKTOPAMH fy = @ u

fo = b cooTBeTCTBeHHO (MYHKTHpHBIE TIpsiMble Ha puc. 29.2). B kyp-
Ce aHaJMTHYECKOH TreOMETPUH MOBEPXHOCTHblE KOOPAMHATHI (u, V)
TOUKH f(p) OOBIYHO HA3BIBAIOT NAOCKOCMHbIMU KOOPOUHAMAMU
mouku f(p). TlnockocTHble KoopauHATH (u,v) TOYKH f(p) ecTb He

=
YTO MHOE, KaK KOOpAMHAThl BekTopa f(p) — qo B 6asuce (@, b ).

Taxkum o6pa3om, Korja carmep, 1moJji3as Mo MJOCKOH paBHUHE, Ie-
pefaeT KOMaHAMPY POTHI, YTO OH OOHApPYXKWUJ MUHY f(p) B KBagparte
(2,5), To 3TO 03HAUAET, YTO OHHU B IITabe, BMECTe C KOMaHIUPOM, 3a-
paHee pacuepTHJIM KapTy MJIOCKoH paBHHHB U C R? KoopivHATHBIMH
NpsSIMBIMU Ha KBaApaThl, © KOMaHIUPY CJelyeT UCKaTb (pparMeHThl
carepa B OKPECTHOCTH 06pa3a TOYKH p(2,5).

IMpumep 29.3. Jsymepnas cpepa 8 mpexmeprHom npocmpan-
cmee. DTO KJACCHUYeCKUH MPUMEP «BOWCTHHY HETPUBHUAJNBHON», T. €.
He OJHOMEpPHOH M He IJIOCKOH IMOBEPXHOCTH, C HM3Y4YeHHs KOTOPOH
B CTapOJaBHHE BPEMEHA 3apPONUIACh BCS «T€OMeTPHS MTOBEPXHOCTEH».

PaccmoTprM onHY M3 MHOTMX BO3MOXKHBIX NapaMeTpusalluil cde-
pol. ['eoMeTpuuecKuil CMBICT 3TOH HpeBHEHIIeN MapaMeTPU3aliu 3a-
KJIo4yaeTcs B cienytoueM. [ToBepxHOCTHbIE KOOPAMHATHEI TOUKH f(p)
Ha cgepe paguyca R c LeHTPOM B Hayaje KOOPAHMHAT — 3TO [Ba
yrjaa u ¥ v, KOTOPBIMH MOJIHOCTBIO OMpeessieTcs MOoJ0KeHHEe TOYKH
Ha cepe. DTH yIJIbl HOCSAT AOCTOHHblE UCTOPHUECKHE HA3BaHUS —
wupoma u doacoma W Ha3bIBAIOTCS eeoepauueckumu KOOpOouHa-
mamu (u,v) Touku f(p). [locmoTpute Ha puc.29.3.
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Puc. 29.3

PasrisigeiBasi npsiMoyroJibHble TPEYTOJbHUKHA Ha 3TOM PHUCYHKE,
JIerko yscHHTL cebe mapamerpusauuio chepsl f : U C R? — R3
C TMOMOLbIO reorpad)uueckUX KOOPAUHAT:

f(u,v) = {Rcosucosv, Rcosusinv, Rsinu).

s Takoih mapameTpusaudd HeOOXOOUMO YTOUHHUTb (GOPMY H
pasmepsl o6macTu onpegenenus U C R?. Vso6paskenue 3Toil 06.ia-
ctit U C R? Ha nmcte Gymary TpaauLMoHHO (0C06eHHO B reorpadun)
IIPUHATO Ha3blBaTb Kapmou.

Jlns Toro 4to6bl oToGpaxenue f : U C R?> — R3 6blI0 MHBEK-
THBHBIM, HY?KHO OTPaHHMYHTD 00/1acTh ompenenenus U C R? pesuun-
HOU TepHona TPUTOHOMeTpHUecKHuX (pyHKIHH. OOBUHO (Hampumep,
B reorpauu) 6epyT ApAmMOYeoNbHUK

Tcu<i
2 2’

—m<v <.

Bce HepaBeHCTBa B 3TOH CHCTeMe CTPOTHe, Tak Kak obaacts U C R?
JOMKHA ObITh OTKpHITOH (cM. puc.29.4). Takum obGpasom, IIKUpoTa

u MeHsieTCsl OT roscHoeo noawoca cheprl (u = —m/2) 10 cesepro-
2o noatoca coepsl (u = +7/2). Joarora v MeHsieTCss OT JHHHH
mepeMeHbl AT CO CTOPOHBI BOCTOUHOH HONTOTH (v = —m) dYepe3

[punBnu (v = 0) K JHUHHU TepeMeHbl AT CO CTOPOHBI 3amamHOH
poarotsl (v = +7). Pacemorpute puc. 29.4. Ha nem kapra U C R?
n3o0paxKeHa Tak, KaK 3TO MPHUHATO B reorpauu — oCb v HampasJ/eHa
cripaBa HaJieBO (T.€. C BOCTOKA Ha 3amaf).

KoopanHaTtHas ceTb Ha cpepe COCTOUT U3 ABYX CeMeHCTB KPHUBBIX
JIUHUH: OKPYXKHOCTH — napastresd (u = const) U MOJYOKPYIKHO-
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N
"3%%2
=

<
=
=
o

Puc. 29.4

et — mepuduansl (v = const). Kacarempnoe npoctpanctso T),f
K cepe 4acToO OTOXKAECTBJSIOT ¢ appUHHON KacaTeJbHOH MJIOCKO-
cThio (cM. puc. 29.4).

Y6enumcs, uto cepa f HEHCTBUTEIBHO SBJISETCS TTOBEPXHOCTHIO
B CMbIC/Ie onpesesieHus u3 1. 28. Marpuua nudepenunana (MaTpu-
na flko6u) orobpaxeHus f Takosa:

—Rsinucosv —Rcosusinv

[dfp] = [fu, fo] = | —Rsinusinv ~ Rcosucosv
Rcosu 0

Jlerko BHmeTb, UTO B JII0OOH TouKe p € U KacaTesbHble BeK-
TOpel f, U f, OTJIMYHBI OT HYJEBOTO BeKTopa. Kpome Toro,

BEKTOPBI f, U f, BCErIa OPTOTOHAJbHBEI, UOO HX CKaJspHOE
NPOU3BeNIeHHE TOXKJECTBEHHO PABHO HYJIIO:

(fu> fo) = R%sinu cos v cos usinv — R? sinusin v cos u cos v = 0.

DTO COBepIIEHHO eCTeCTBEHHO, Be/lb B JIOOOH TOUKe Ha cepe mepu-
duarolL nepnendukyaapro. napassessn! ) Takum o6pasoM, BeKTOPbI
fu ¥ f, He KosmMHeapHBbl, T. €. rang [df,| = rang [f,, fu] = 2. YcnoBue
MaKCHMaJIbHOCTH PaHTa BBITIOJNHEHO B JI060i Touke obaacti U C R?,
cseloBaTe bHO, c(hepa AeHCTBUTE/bHO SBJSETCS ABYMEPHOH MOBepX-
HOCTBIO.

Onpenenenne 29.1. KoopannatHas ceTb Ha TOBEPXHOCTH
f:U CR"™ — R" Ha3bBaeTcsl 0pmo2OHANbHOL, eClU sl JI0O0H

') Pasymeercs, kpome MosoCOB, KOTOPHIX B paccCMaTpHBaeMOi HAMH Tapamer-
pU3aLUU TIPOCTO HET.
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ToukHM p € U Bce KOOpAMHATHblE JIHHUH, MPOXOASIINE Yepe3 TOUKY
f(p), nomapHo OpTOrOHaNBHBI.

Takum obpa3om, MepuauaHbl W napaJjnennd obpasyoT Ha cdepe
OPTOrOHAJNBHYIO CETb.

Ha6aionenne 29.1. O6pature Buumanue! [Ipyu sapanHoil na-

pameTpu3auuu oTobOpaxkeHUs f W 3alaHHOM BbIOOpe 00./1acTH
U c R? o6pas ceper f(U) nonyuaerca «ymep6HbIM»! «Cdepar
f(U) He comep:KHUT TOJIOCOB M JHUHHH nepeMeHbl nat! [IpuBeruHas
cepa oxkasblBaeTCsl «IIPOPE3aHHON» MO OJHOMY MEPUAHAHY H C «BbI-
KOJIOTBIMK» moJttocamu! Ha puc. 4 nuHus nepeMeHsl 1aT H3oOpakeHa
nyHKTHpoM (ee HeT Ha oOpase f(U)), a mogtwoca cteper S u N
BBIKOJIOTHI.

Ecsn, HecMOTpPSs HU Ha 4YTO, MOXKEPTBOBATb HHBEKTHUBHOCTHIO
otobpaxeHus: f W 1006aBUThH NoJtoca cdepsl, T.e. paspeluTh Nepe-
MEHHOH u MPUHUMATb 3HaueHus +7/2, To, KaKk HETPYAHO 3aMETHTb,
B TOUYKax u = +7m/2 BekTOp f, cTaHeT HyseBbiM. CTajo ObIThb, B J0-
6aBJIeHHBIX T0JII0CAaX HApYLIUTCS YCJIOBHE MaKCUMaJbHOCTH paHra u
cdepa BooOlIe nMepecTaHeT ObITb TOBEPXHOCTBIO B CMbICJIE OTpene/e-
HUS TIOBEPXHOCTH U3 1I. 28.

MoxHO 10Ka3aTb, YTO HEBO3MOXKHO B3aHMHO HeENpPepbIBHO U Ofi-
HO3HAuYHO (T. €. ToMeoMOP(HO) 0TOOPA3UTH TIPOU3BOJBHYIO OTKPLITYIO
o6nacte U C R? Ha coepy. ') Tloatomy ¢ HanuumeMm Ha Haueil chepe
f(U) nblp u mpopeseil npupercsi cMUpUThCsi. HeBo3aMoXKHO mpuay-
MaTh TVIQAKYI HHBEKTHBHYIO TOBEPXHOCTb (B CMbIC/E MPHUHSITOTO
HaMH OIpeleJsieHHs] TIOBEPXHOCTH), 00pa3oM KOTOPOH sIBJsiIach Obl
B Tounocth Best cdepa 22 + y? + 22 = R?, T.e. MHOXecTBO Bcex
TOYeK, yHdaJeHHbIX OT Haya/ja KOOPAMHAT Ha paccTtosiHue R. 3to
U3BECTHbIH reorpadruueckuil (pakT — HEBO3MOXKHO TOYHO M300pasnTh
Ha OJHOH KapTe BCIO MOBEPXHOCTh 3eMJH. s mosHoro naobpake-
HUSl 3eMHOH MMOBEPXHOCTH 0€3 CYLIeCTBeHHBIX UCKaXKeHUH TpedyeTcs
HECKOJIbKO KapT.

CkosbKo KapT notpebyeTcs, uToObl Ha HHUX OblIM IpejacTaBJe-
HBbl BCe TOYKM 3eMHOro mapa? Kak BBeCTH Ha «UCTHHHOH» cdepe
2?2 4+ y?> + 2> = R? moBepxHOCTHEIE KOOPAMHATHI TaK, 4TOOb OXBa-
TUTb UMM Bce Touku? Kak HapucoBaTb BO3MOXKHO 0OoJjee TOUHYIO
KapTy 3eMHOro 1apa? Borpocel, BOIPOCH], BOMPOCHL. ... DTH BONPOCHI
BILIOTHYIO MPUBOASAT HAc K OoJiee BHICOKUM paszesaM AuddepeHII-

') Hanpumep motomy, uto cdepa KoMmakTHa, a J060e OTKPHITOE MHOYXKECTBO Ha
MJIOCKOCTH He KOMIIaKTHO, B TO BpeMsl KaK CBOHCTBO KOMIAKTHOCTH COXpaHsAeTcs
NpHU romMeoMop(UamMax.
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aJbHOH TreOMeTpPUH — K TEOpPUM IVIaJKUX MHOroo0pasuil, HO yI/y-
OUTbCA celyac B 3Ty TEOPHIO y Hac HeT HUKAKOH BO3MOXKHOCTH.

Wrak, ecqu KamuTaH OKEeaHCKOro JialiHepa MepefaeT BaM IO
pajno, UTO OH TepnuT GeACTBHE B TOuKe f(p) C TMOBEPXHOCTHBIMU
KOOpIHHATAMH 57 TPalycoB CeBEPHOH MHPOTH U 61 Tpamyc BocToU-
HOH HOJNTOTHl, TO BaM CTOUT 3aAyMaTbCsl, O KaKOM OeICTBHH HIET
peub, U6O 3Ta TOYKA HAXOAUTCS B caMoM LieHTpe EBpasuu, Ha Ypause,
B ropone ExartepunOypre.

Mpumep 29.4. ITogepxrocms spawenusa R3.

[Tosepxrocmamu spaujerus Ha3bIBAIOT NIOBEPXHOCTH, 06pasbl KO-
TOPBIX MOJYYAIOTCs BpallleHHeM 3a/laHHOH MJI0CKOH KpHBO# (npogu-
ASL NOBEPXHOCMIL), BOKPYT HEKOTOPOU MpsMoil (ocu nosepxrocmu
spauienus). IlycTb mpoduib MOBEPXHOCTH BpallleHHUsT — KpUBas
a(u) : I € R — R?® — usHavanbHO HaxomuTes B miockoctd XOZ,
a BpallleHHe TPOUCXOMUT BOKPYT ocu OZ (cM. puc. 29.5).

«Jluans
MepeMEeHBI 1aT»

[poduinb
a(u)

Puc. 29.5

[TockoabKy KpuBasi a(u) J€XKHUT B maockoctd X OZ, To mapamer-
pusanus npouis NOBEPXHOCTH BpallleHHsl TaKoBa:

a(u) = (x(u),0, 2(u)).

[ToBopot Bokpyr ocu OZ Ha yros v ecTb ap(pUHHOE H30METpPHUUECKOe

npeo6pa3oBaHue, KOTOPOMY COOTBETCTBYET OPTOTOHAJbHBIM JIHHEH-

HbIH onepatop mnoBopoTa A(v), HMeWWMH B CTaHAAapTHOM O6asuce
—

(e1, €9, e3) mpocTpaHcTBa R3 MaTpuiy

cosv —sinv 0
[A(v)] = | sinv  cosv O
0 0 1
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Cron6uamu HanucaHHOH Matpuubl A(v) SIBISIOTCS KOOPAHHATHI
BEKTOPOB, MOJy4aeMbIX U3 Oa3UCHBIX BEKTOPOB (€], €9, €3) TOBOPOTOM
Ha yros v (IIpOBepbTE 3TO CaMOCTOSATEbHO!).

O6pas 1noBepxHOCTH BpallleHHs COCTaBJ/sieT COBOKYIHOCTb BCe-
BO3MOXKHBIX JIMHHH, MOJYYEHHBIX M3 JUHHH «(u) MOBOPOTOM Ha
BCEBO3MOXHBIe yIbl —7 < v < 7. Crano ObITb, NapaMeTpU3aLUs
nosepxHOCTH Bpamenus f : U C R? — R? Taxopa:

cosv —sinv 0 x(u)
f(u,v) = A(v) -a(u) = | sinv  cosv O | - 0 =
0 0 1 z(u)

= "(2(u) cos v, z(u) sin v, z(u)) .

O6sactb U C R? npu 3TOM ABJAETCA OTKPBITHIM PSMOYTOIbHH-
koM U = I X (—m,7) (W14 TOJIOCOH, B C/yuae HeOrpaHHUEHHOCTH

untepBasia I C R):
el,
U:{ “
—m<v<Tm.

O6paTuTe BHUMaHMe, UTO cpepa U3 NpUMepa 3 SBJSETCS YacT-
HBIM CJly4aeM TOBEPXHOCTH BpallleHHsT — MpOo(UIeM BpalleHUs
CJTY2KUT TOJYOKPYKHOCTBb pafuyca R, jexauias B naockoctd XOZ.
KoopnuHaTHasi ceTb Ha MOBEPXHOCTH BpalleHHUs, KaK U B CJIYy-
yae cgepsl, COCTOUT M3 MepPUAMAHOB U mapasiesed. MepuauaHsl
(v = const) — 3TO BCeBO3MOXHbIe MPO(HIH MOBEPXHOCTH Bpallle-
Husi. [lapannenu (u = const) — 3TO OKPYXKHOCTH BpallleHHs, T.e.
TPaeKTOPHH (PUKCHPOBAHHBIX TOUEK Ha MPOPUIbHON KPUBOH )
Mpu WX BpauleHUH BoKpyr ocu OZ. Ilockonbky v € (—m,m), TO
MOBEPXHOCTb BpallleHHs, Kak U cdepa U3 npuMepa 3, He COLEPNKUT
OZHOTO MepHAHaHa — «/JIMUHHUH NepeMeHbl 1aT».
Halinem ycsoBus, Koria NoBepXHOCTb BpallleHUs, T.e. oToOpaxe-
HUe

fu,v) = *(z(u) cos v, z(u) sin v, z(u)),

SIBJISIETCSl MOBEPXHOCTBIO B CMBICJIE OITpefeJIeHHs], IPUHATOr0 HaAMH
B 1. 28. YacTHble Npou3BoAHbIe 0TOOpaxeHUs f(u, V) TaKOBBI:

fu = (@ (u) cos v, &(u) sin v, 2(u)),

fo = (—x(u)sinv, z(u) cos v, 0).
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Martpuua fIko6u otobpaxkenus f(u,v) UMeeT BUI

#(u)cosv —z(u)sinv

[dfp) = [fu, Jo] = | ©(u)sinv  z(u)cosv
Z(u) 0

Uro6bl y3HATh, KOraa BeKTOpbl f, U f, He KOJJIHHeapHbl (T.e.
KOTJla OHH JIMHEHHO He3aBHCHMBI), HalileM UX BEKTOPHOe NpOH3Bejie-
HHE!

fu X fo=2(u) - (—Z(u) cosv, —2(u) sinv, &(u)),

. WU MOAYJIb BEKTOPHOI'O MPOU3BEACHHUA:

LD 9 9,9, .9\ 9 NT
|fu X fol" = 27(2° + 27) = 27(u) - |&(u)]".

Mbl 3HaeM, 4To BeKTOpHoe HpOI/ISBeILeHI/Ie paBHO

HyﬂeBOMy BeKTOpy Torga U TOJIBKO Torga, Kkorga Iie-

peMHO)KaeMbIe BeKTOpr KOJIJIHHeaprI. CTaJ]O 6bITb,

YCJIOBHE MaKCHMaJbHOCTH paHra aJsi MaTpuupl [dfy)]

< ) BBINONHEHO, ec/i MPO(HIIb MOBEPXHOCTH BpALIEHHS
’ a(u) peryasiper (T.e. &(u) # 0) U He mepecekaeT
ochb Bpaulenus OZ (r.e. x(u) # 0). Y noBepxHoCTH
BpallleHHsl He JIOJI?KHO BO3HUKATb «II€PeTsKEK-Tiepe-
KpyTok» Ha ocu! (Cwm. puc.29.6.)
BuiHo, 4TO mNpH BBIMOJHEHHH OrOBOPEHHBIX BbILIE YCJIOBHE
Ha o6nacte U C R? u kpusylo a(u) B mMoboii Touke p € U
GasuCHble BEKTOpBI f, U f, KacaTesnbHOro mpocrpanctsa 1, f opro-
FOHAJbHBI, TaK Kak (fy, f) = 0. DTo 03HaUaeT, 4YTO Ha MOBEPXHOCTH
BpallleHHsl MepuaHaHbl (Mpoduan) B J1000H TOUKe MepreHIUKYJISIPHEI
napaJJessiM, T. €. KOOPAHHATHAsI CETh MOBEPXHOCTH BpallleHHsT OpTO-
roHaJbHa.

Puc. 29.6

IMpumep 29.5. «3onmux Yumnu». Teomerprueckass ¢urypa
C TaKUM Ha3BaHHUEM IOPOXKJAAeT MPOCTOH NMpUMep He HHBEKTHUBHON
MOBEPXHOCTH (C camorepecedeHHeM). 30HTUK YUTHH — 3TO MHOXKe-
CTBO Touek mpocTpaHcTBa R3, 3amaBaeMbIx anre6panueckvM ypas-
HeHHeM TpeTbero rnopsiaka:

y2 —1‘27::0,

T. €. OH SIBJIIeTCSl «anareOpauueckoil MOBePXHOCTbIO TPETbero Mopsif-
ka» B R3. Uro6bl npencTaBUTh cebe, KakK BBIMISAUT 3TOT 30HTHK,
pPacCMOTPHM ero CeuyeHHUs MI0CKOCTAMHU, NapaJesbHbIMU KOOpAUHAT-
HBIM TIJIOCKOCTSIM.
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Eciu 2 < 0, To MOXHO 0603HaulTh —z = a2. B 3toMm cayydae,
ypasreruo y> + a’z? = 0 yIOBJeTBOPAET TOJIBKO Mapa uMces: x =
=0,y = 0. Takum oGpasom, npu z < 0 06pa3oM ypaBHeHHS y> —
— 2%z = 0 gB/geTCA ML OTPHIATE/bHAS MOMYyoCh ocH OZ — 3T0
«py4Ka 30HTHKA».

Ecin z = 0 (mmockoets XOY), to ypasuenue y> = 0 3amaer
Tosibko ochb OX. Ecsu ke ropusoHtanbHyto miaockocts XOY mpu-
MOAHATb M PacCMOTPeTb CeyeHHe 30HTHKA YUTHH TOPHU30HTa/IbHON
MJIOCKOCTBI0 2z = a” > 0, TO B TakoM CeuyeHHH IOJYUYUTCS Mapa
nepecekalomuxcs npamex: y> — a’z? = 0.

B Kaxk10M BepTHKa/JbHOM CeYeHHH 30HTHKa YUTHH MapoH mJoc-
KocTed x© = +a (a # 0) mosydaioTcs [1Be OIMHAKOBble MapadoJibl
y?> = a’z BeTBAMM BBepX. 30HTHK YHTHH M300pakeH Ha puc. 29.7.

z

Puc. 29.7

30HTHK YUTHH nepecekaeT cam ce6st no ocu OZ, TakK Kak B IJOC-
Koct YOZ (npu x = 0) ceueHHeM MOBEPXHOCTH sIBJseTCS MNapa
cosmaBmux npambix y> = 0 (ocb OZ). Jlioboe npyroe ceyeHHe 30H-
THKA YUTHHU BePTUKAJIbHOHU MJIOCKOCTBIO, MPOXoAsiiel depe3 ocb O 7,
ABJsieTcs napadosiod (mapa Takux mapaboJi, HIYIIKMX U3 YIJa B yroJa
HapHUCOBAaHHOTO (parMeHTa 30HTHKA, H300paxKeHa Ha puc. 29.7).

Mapamerpusauus f : U C R? — R3 sontuka YuthHu nonyuaercs
oueHb mpocrto. Pacemorpum o6nacts U = R?\(0,0) — oTKpHITYIO
06/1acTh, MOJYUYaIONLYIOCS BbIKaJblBaHHEM M3 MJockocTH R“ Hauana
koopauHar. Ilyete (u,v) € U, 1.e. (u,v) # (0,0). ITockonbKy HMX-
Hsil 4acThb PYYKH 30HTHKA YHUTHH (OoTpuuaTe bHbIN syd ocu OZ)
OYeBHUIHO He SBJISIETCS IBYMEPHOH MOBEPXHOCTbIO, TO HHTYUTHBHO
SICHO, YTO MpH JI0O0H MapaMeTpUsallly B TOUKAxX 3TOH pPydku OyneT
HapyLIaTbCsl YCJIOBHE MaKCHMaJ/JbHOCTH paHra. [loatomy, ecian mbl
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XOTHUM TIOJYUHTh MapaMeTPU3aliio HMEHHO 1BYMepPHOH MOBEPXHOCTH,
TO PY4Ky 30HTHKA MpPHUAETCS «06JOoMaTh» W CUUTATh, uto 2z > 0.
[TosToMy monokuM z = v> W = = u. Torja, rsiAs Ha ypaBHeHHe
y?> — 222 = 0, nerko coo6pasuTh, 4to y = uv. OKOHYATENLHO HMeeM

f(u,v) = fu, uv, v?).

Buano, uto mosyyeHHoe otobpaxkenue f(u,v) He HHbEKTHBHO.

Hanpuwmep, nmapy pasubeix Touek (0,—1) u (0,1) u3 obmactu
onpenenenns U = R?\(0,0) oHO MepeBOIUT B OHY U Ty Ke TOUKY
npoctpaHcTBa R3:

£(0,—1) = f(0,1) = (0,0,1) € R®.
BekTopel UacTHBIX MPOU3BOAHBIX OTOOpPaKeHUS f(u,v) TaKOBBI:

fu="Y1,v,0),
fo =40,u,2v).

Yro06hI Y3HaTb, KOraa 3TH BEKTOPbl HE KOJJHUHEAPHBI, HalgeM Ux
BEKTOPHOE MPOHU3BEACHHUE!

Ju X fo= (21)2, —2v,u),
u MOILy.J'[b BeKTOpHOFO l'[pOI/I3BeI[eHI/IHI
| fu % fol = 807 + 0.

BuzHo, 4To BEeKTOPHOE MPOU3BeNeHHe [, X f, MOXKeT ObITb PaBHO
HYJIEBOMY BEKTOPY TOJbKO B caydae (u,v) = (0,0), a 3Ty TOUKy Mbl
TNPeLyCMOTPHUTEIbHO BBIOpOCHIN U3 obsacth U. DTo 03HAYyaeT, 4To
BEKTOPBI YaCTHBIX MPOU3BOAHBIX B JI000M Touke p € U He KOJJIUHe-
apHbl ¥ KacaTesbHOe NpocTpancTBo 1,U nByMepHO.

Takum o6pasom, oTobpaskenue f(u,v) = (u,uv,v?) neHCTBH-
TEeJIbHO YOBJIETBOPSIET YCJOBHIO MaKCHUMaJbHOCTH paHra B JI000H
TOUKE TJIOCKOCTH (u,v) € R2 3a UCKJIIOUEHHEM TOUKH (0,0), nosto-
My orobpaxenne f: U C R? — R3 apnaserca ABymepHO# MoBepx-
HOCTBIO, 00pa30M KOTOPOH fIBJsieTCs 30HTHK YHUTHH C 0Ope3aHHOH
PY4KO# U BBIKOJOTHIM HauajoM koopausat (0,0, 0).

[Ipu Hailell mapameTpU3alMyd KOOPAUHATHYIO CETb 30HTHKA YHUT-
HU 00pa3yloT BepPTHKAa/JbHO CToslIMe napabosibl U NepeceKaroliynecs
npsiMble B TOPHU30HTAJBHBIX MJIOCKOCTAX (cM. puc.29.7). ObpaTute
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BHUMaHHe, 4TO KOOpAHWHAaTHasA C€Tb 30HTHKA YUTHHU He OpPTOroHaJIb-
Ha, TaK KaK CKaJidapHOe IMpOoH3BeAeHHe

<fuv fv> = uv,

OYEBHJIHO, He BCErJla paBHO HYJI0 — BepTHKaJbHble MapadoJibl mep-
MEeHAMKYASPHBl 00pa3yIoLIMM MPSIMbIM 30HTHKA YUTHH TOJbKO B TOU-
kKax ocu OX.

IIpumep 29.6. Top. B nuddepeHunansHOd reOMeTpUH mMoOpom
HasblBaeTcsl eKapTOBO IpoM3BelleHUe ABYX cpep KaKUX YTrOAHO pas-
MepHOocTe#. Ctano ObITh, MPOCTEHIIWN TPUMEpP TOpa — IEKapPTOBO
NMpou3Be/ieHHe IByX OTHOMEPHBIX OKpykHocTell S! 1 S}, Bioxennsix
B R? panuycos a > 0 u b > 0 cooTBeTcTBeHHO. HHKAKHX NPyrux
OrpaHHUYeHUH Ha paiuyChl IepeMHOXKaeMblX OKPY2>KHOCTeH He HakJa-
I BIBAETCSI.

JlaBaliTe moliMeM OfHY M3 BO3MOXHbBIX [apaMeTpU3aLUH Topa
Sl x S}. Cdpepa S. sBnsercs obpasom kpusoit a (u) : (—m, ) — R?
C rnapameTpusaLrei

a)(u) = (acosu,asinu).

(Ecn yx rOBOpHUTH COBEpIIEHHO CTPOro, HY>KHO CKaszaTb Tak: 00-
pasoM KpuBOH aj(u) siBasieTcs chepa S. 3a uckmouenuem onmoi
BBIKOJIOTOH TOYKH!)

Ananornuno, cepa S} (3a McK/IIOUEHHEM OIHO! BBIKOJOTOH TOU-
KH) ABIseTCs 06pasoM KPUBOH ap(v) : (—m,7) — R? ¢ napamerpu-
3anuen

ag(v) = (beos v, bsinv).

Torma Top S! x S}, 6ynyun mexaprosem mpoussemenuem, siBnsercs
MHOXKeCTBOM mnap Todek Buaa (aj(u),ae(v)). Ero mapamerpusanus
TaKoBa:

flu,v) = t(a oS u, a sin u, b cos v, bsin v),

rae (u,v) € U = (—m,m) X (=7, m), T.e. obmacte U — OTKpPBITHIA
KBaJpar.

Buumanue! M3 ckasaHHoOro cienyer, 4to Top S! x S}) npen-

CTaBJsisieT cOOOH MepBBIM B Hallel KHUKKE eCTeCTBEHHBIH MpH-
Mep MOBEPXHOCTH, KoTopasi pacrosioxkeHa B mpocTpanctse R*. Hu
B KaKOM NPOCTPAHCTBE MeHblIeH Pa3MePHOCTH TOP HAxX0O0umocs He
moocermn! (Peub uper, Mexay NpoYMM, O TOpe CaMoil MaJjleHbKOMH
BO3MOXKHOHU pasmepHocTH!) B mpumepe 29.6 MBI nMeeM fnesio ¢ 0T06-
paxennem [ : U C R? — R* mostoMy Bce HayuHO-TOMyISpHbIE
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pacckasbl 1/ WKOJbHHKOB PO TO, UYTO «TOP — 3TO OyOJIUK» HJIH
4TO «TOP TMOXOXK Ha CrlacaTesbHBIH KPyr» OueHb HajeKd OT Hallero
npuMepa. Top He moxox HU Ha 4yto! OH, MOXKeT ObITb, JIMILb OTAA-
JIEHHO HarnoMHHaeT yJblOKYy BOCTOYHOCHMOMPCKOI'O FOpHOro GeremoTa
B COJIHEUHY0 noroay. VIMeHHO Mo3TOMy §i He MOTY CHaOIUTb 3TOT
MprMep HHUKAaKUM PHUCYHKOM (XOTSl TakK JIOOJI0 3TO OesaTth), a Ha
HacTOHUMBBIE MPOCHOBI CTYAEHTOB HApPHUCOBATb TOP Ha J0CKe, BCETAa
OTBEYal0 BEXKJHUBBIM OTKa30M.

YnpaxHeHue Ha CIOCOOHOCTh K 0000meHnio. B npoctpan-

CTBaX KaKHX pasMepHOCTell pacrosaraiotcs Tophl S! x 82,
S2 x 87, Sk x S;? Kakosel nx napamerpusauun? O6pasamu nosepx-
HOCTeH KaKMX Pa3MEpHOCTEH SIBJASIOTCS 3TH TOPHI?

BepHemcs K oToOpakeHHIO
flu,v) = t(a oS u, a sin u, b cos v, bsin v).
Ero yacTHble MPOU3BOJHbBIE TAKOBHI:

fu = Y—asinu,acosu,0,0),
fo= t(O, 0, —bsinwv, bcosv).

OueBHIHO, UTO BeKTOpHl f, U f, B JwbOod Touke (u,v) € U
OTJIMUHBl OT HYJIEBBIX BEKTOPOB W B3aWMHO TMEPNEHAMKYJSPHBI, TaK
Kak (fy, fu) = 0. Crano 6bITh, 3TH BEKTOPBI JHHEHHO HE3aBUCHMBI U
paccMaTpuBaeMoe otobpaxkenue f : U C R? — R* B mo6oii Touke
obsactu U ynoBseTBOpsieT YCAOBHIO MaKCUMaJbHOCTH paHra:

rang [fw fv] =2.

D10 03Hauaet, uto Top f(u,v) MEHCTBUTEJBHO SIBJASETCS 1BYMEPHOH
MOBEPXHOCTbIO, BJIOXKEHHOH B YeThIpeXMepHOe MPOCTPAHCTBO.
KoopnuHaTHy!o ceTb Ha TOpe COCTABJSIOT 1Ba CEMEHCTBA OKPYXK-
HocTel. JlroOble NMBe OKPYXKHOCTH M3 Pa3HBIX CEMEHCTB B JIOOBIX
CBOMX TOYKAaX B3aUMHO MEePHEHIUKYASIPHBI, U 3TO ONSATh-TaKW HEBO3-
MOXKHO cebe TpeCTaBUTh.
CrnpaBenIMBOCTH pajd HY>XXHO OTMETHTb, 4YTO OYeHb YacTo,
B Pa3roBOPHO-MaTeMaTHUeCKOH peud, BOMPEKH SICHBIM OTIpeje-
JIEHUSIM, «TOPOM» Ha3blBaIOT HEKYIO «peaM3al|i0o» HACTOSIIEro Topa
S! x S! B Buze noBepxHOCTM BpalleHHsi B TPEXMEPHOM IPOCTPAH-
cTBe. JTa «peasu3alus» Topa AEHCTBUTEJHHO MOX0XKAa Ha OyOMUK
UJIM Ha criacaTeJsibHbIHA KpyT. Bylnem ABUraTh MaJeHbKYI0 OKPY>KHOCTh
S,i Mo okpy:kHocTH S! Gosboro pagmyca Tak, 4TOGH MIOCKOCTH
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MaJIeHbKOH OKPY?KHOCTH BCerJa 0CTaBaJach MepreHauKyaspHa 60Jb-
LIOH OKPY’KHOCTH, a LeHTp S} Bcerna ocTaBascsi Ha OKPYKHOCTH S|
[TocmotpuTe Ha puc. 29.8.

Puc. 29.8

OkpyxkHocTb S} B mnockoctn XOZ uMeeT napameTpH3aLyiio
a(u) = (a+bcosu,0,bsinu) — 310 NpoduIb MOBEPXHOCTU Bpallle-
nus. Torna, cornacHo npumepy 29.5, mapameTpusanus Topa-0yoanka
KakK MMOBEPXHOCTH BpallleHHs TaKoBa:

f(u,v) ="((a +bcosu)cosw, (a+ beosu) sinv, bsinu) .

[eomeTpuueckuil cmblc/ mapameTpoB (u,v) siceH U3 puc. 29.8 — 3to
YIJBl COOTBETCTBYIOIIUX IMOBOPOTOB, WJH MOpoudaivrole KOOpOU-
Hamot Touku f(p). KoopauHaTHyio ceTb Ha Tope-OyOuHKe, KaK Ha
BCSIKOH TOBEPXHOCTH BpallleHHs, 00pasyoT mpoduau (0KpyKHOCTH
paguyca b) u mapasjenu (TpaeKTOPUM TOYEK BpalllaeMOd OKPYIKHO-
ctu S}).

B «marepuanuzanuu» Topa B BHAe OyOsHKa, B OTJAMUYHE OT Ha-
CTOSILIIETO TOPA, BO3HUKAIOT OrPAHUUEHHS] HA PAUYChl yUaCTBYOLIUX
B KOHCTPYKIIUH OKPY»KHOCTeH. OUeBUIHO, YTO JOJKHBI BBITOJHSATHCS
HepaBeHcTBa 0 < b < a, WHAue MOBEPXHOCThb BpaIlleHHUsT OKaXkeTcsl He
UHBEKTUBHOU (TOSIBUTCS camoliepeceueHue) U HapyLIUTCS YCJIOBHE
MaKCUMaJbHOCTU paHra.

Takum o6pa3oM, ecyiu TONOTHBIN COCEl-MAaTEMATHK B OOIIEKUTUN
MPOCHUT J1aTh €My TO0XKeBaTb TOpP, TO AakTe GyOJUK — MMEHHO ero OH
UMeeT B BUIY W MPOCTO HEYNAYHO LWIYTUT C TOJIOAYXH. Bam mpuaetcs
noxasjeTb COCeNa U CMHUPHUTbCS C 3TOH HUCTOPHUYECKH CJIOXKHBIIEHCS
pPa3roBOPHO-MaTeMaTHUECKOH NMPAKTHKOW — Ha3blBaTh OJHUM CJIOBOM
mop JiBe pasHble TIOBEPXHOCTH, BJIOXKEHHbIE B Pa3Hble MPOCTPAHCTBA.
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OcTaHOBHM 371ech Hallly MajieHbKYIO MPOrYJKY [0 OFPOMHOMY
MY3€l0 TOBEPXHOCTeH M3 CTpaHbl «IU(p(depeHLHaNbHasT TeOMETPHUS».
Kak u Opmurax, aTOT My3ell HEBO3MOXKHO OCMOTPETh 32 OINH 3aXO0[.
MHo0xxecTBO MHTepeCcHHIX NPHUMEPOB [OBEPXHOCTEH ellle BCTPETHUTCS
BaM Ha MPAaKTHUECKHUX 3aHATHUIX U B YIPaKHEHUAX K MOC/AeLYIOLIUM
MyHKTaM 3TOH KHUXKH. [{aBaiiTe moineM B CaenyrolUi maparpad u
3aliMeMcsl, HaKOHell, H3y4eHHeM OCHOBHBIX FeOMeTpPUUYeCKHUX CBOHCTB
MIOBEPXHOCTEH.

3agauku U ynpaKHeHus

po

5

1. Hailinure napameTpusaluio NOBEPXHOCTH, KOTOpas I0Jy4a-
eTcs BpalleHneM LenHo# JuHud o(u) = {ach(u/a),0,u) Bokpyr
ocu OZ. (Kamernoud.)

2. Hafigure mapameTpH3alHIO MOBEPXHOCTH, KOTOpast MOJIyda-
eTcsl BpallleHHeM TPaKTPUCHI

a(u) = t(a (ln (tg g) + cosu),O,asinu)

BOKPYT ee acUMITOThL. ([Icesdocgepa.)

3. Ilpsamas, nexamast Ha oct (OX, HauMHaeT DPaBHOMEPHO
BpalaTbcsl BOKpyr ocu OZ, ocTaBasch NPH BPALIEHHH IepreH-
IUKyNspHOH ocu OZ, U OJHOBPEMEHHO ABHIKETCS MOCTYIIATENbHO
BoJb oc OZ ¢ MOCTOSIHHOH cKopocTblo. Halinure mapamerpu-
3aLUI0 MOBEPXHOCTH, 3aMeTaeMo 3Toi npsimoil. ([Ipsamoti eeau-
Koud.)

Haiinute 6asuc xKacaTesbHOrO MPOCTPAHCTBA U HOPMaJlbHbIH
BEKTOP K I'eJIMKOHMIY B MPOHM3BOJNBHON Touke. Haiinnure mapamer-
pHYecKHe 3alaHusl KOOPAMHATHBIX JIMHUH NPSIMOrO IeJIMKOUIA.

4. Hanuiute napamMeTpusaL{io AByMEPHOTO MPSIMOTO KPyroBo-
ro UMJHHIpA, PACTIOJIOKeHHOro B mpocTpaHcTse R, KoTophiit iB-
JIsleTcs 1IeKapTOBBIM TpousBeieHHeM S. x R, ofHoMepHO# oKpy k-
Hoctu S. pammyca a, nexauweit B miockoctu XOY, u npsamoit
R (ocu OZ). Haiigure 6asuc KacaTesJbHOrO IMPOCTPAHCTBA H
HOpPMaJIbHbIH BEKTOP B MPOMU3BOJIbHOH TOYKE K 3TOMY LHJIMHAPY.

5. Hanuumure napamerpusauuio nuaumuapa S? x R, pacro-
noxenHoro B npoctpaHctBe RY rme S2 — neymepnas cdepa
pajMyca a, pacroJioxeHHas B npoctpanctse R3. Haiinure 6asuc
KacaTeJ/IbHOTO IPOCTPAHCTBA U HOPMAJIbHEIE BEKTOP B POU3BOJIb-
HOH TOUKE K 3TOMY LMJHHIPY.

6. Hanuwute napamerpusaumio Topa S. x S? B npocrpancrse
RS5. Haiinure 6asuc kacartespHoro npocrpanctsa Tp,f B mpo-
M3BOJIbHOH TOUKe K 3ToMy Topy. Hafinure 6asuc HOpMasbHOro
npoctpanctsa (T, f)1 K 3ToMy TOpy B MPOM3BONBLHOH TOUKe.

7. Hanuiute ypaBHeHUs! HOPMaJM K MOBEPXHOCTH 2 = 22 + 3/
B IIPOM3BOJIbHON TOUuKe. YOenuTech, 4YTO BCe HOPMaJH Nepeceka-
10T ocb OZ.
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8. JloxaxkuTe, 4To eC/JH BCe HOPMalH K ToBepxHocTH f : U C
C R? — R? mepecekaloT HEKOTOPYIO (DMKCHPOBAHHYIO NPAMYIO,
TO 3Ta NOBEPXHOCTb €CTh MOBEPXHOCTh BPAILEHHS.

9. Onsatb 3a crapoe! [lokaxkuTe, 4TO eCJH BCe HOpPMaJH K
nosepxHoct f : U C R? — R? npoxoasar uepes pUKCUPOBAHHYIO
TOYKY, TO 00pa3 3TOH MOBEPXHOCTH JIEXKHUT Ha cepe.

10. Haiimure mapameTpH3alHI0 MOBEPXHOCTH, 00pPa30BaHHOH
TJIaBHBIMHM HOPMaJsISIMH BUHTOBOH JIHHUH.

11. TloBepxHocTb f oOpasoBaHa KacaTeJbHbIMH K OHUpery-
asipuoit kpusoit a(u) : I — R?. Hafigute napamerpusanuio mo-
BepxHocTH f. JlokakhTe, 4TO BO BCEX TOUKAx ONHOH W TOH
e KacaTesJbHOH K «(u) MOBEPXHOCTb f HMeeT OfHYy H Ty XKe
KacaTeJIbHYIO IJIOCKOCTb (paccMaTpHBaeMylo, pasymeeTcs, Kak
ah(UHHOE MPOCTPAHCTBO).

12. Ilpu KakuX yclOBUSIX Ha 3HAUEHHs NapaMeTpoB a, b, A, i €
€ R o6pas npamoit a(t) = {\t, ut) : R — R? 6yner saMKkHyTol
nvHuel Baoab Topa f : R? — R?, umeromero napameTpusamuio

fu,v) ="*((a + beosu) cosv, (a+ bcosu) sinv, bsinu)?

A korma oOpas aToH mpsiMoil OymeT 3aMKHYTOH JHHHEH BIOJb
topa f : R?> — R* ¢ mapamerpusauueii

f(u,v) = Yacosu,asinu,bcosv, bsinv)?

8 C.B. Cusnlii
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[loHsiTHe BHYTpeHHEH TreOMeTPHUH IOBEPXHOCTH POAMJOCH B paboTax
[aycca. ComepxxaHue BHyTPEHHEH reOMETPHH COCTABJSIOT BCE Te CBOHUCTBA
(Uryp Ha NMOBEPXHOCTH M BC€ Te BEJUUYMHBI, KOTOPble MOTYT OOHapyKHTb
U U3MEpHUTh XKHUTeJH 3TOH MOBEPXHOCTH, He BHIXOIS U3 Hee B OKpyxKarwllee
MPOCTPAHCTBO (He OTPBIBAsICh OT MOBEPXHOCTH M «He MOJHHUMAsl [OJIOBBI»).
3abaBHO MpelcTaB/sATb cede ABYMEpHBIX TapakKaHOB, KOTOpble MOJ3AI0T MO0
JIBYMEPHOH TMOBEPXHOCTH KW He MOTYT IMOAHATb C ITOH MOBEPXHOCTH Haxe
yCOB. ¥ HHX HET MepUCKOMNa, 4ToObl OCMOTPEThCsi BOKPYT (y HHUX MPOCTO
HeT TpeTbero uamepeHusi). TapakaHbl MepsifOT Ha CBOEH MOBEPXHOCTH YTJIbI,
IJVHBl KPUBBIX M TJIOIIAAH 3eMeJbHBIX y4acTKOB — 3TO OHHU H3ydaioT
CBOMCTBA BHYTPEHHEH reOMeTPUM CBOEH MOBEPXHOCTH U 00 OKpyKalolleM
MPOCTPAHCTBE MPOCTO He MOL03PeBaloT.

30. IlepBas (pynapameHTadbHas opma

Kak Mbl yxe 00CyXaa/jud B MpPeAbAYLIMX MYHKTaX, BBIYUC/ATD
reOMeTpHUECKHe BeJHUYHHbl (IJHUHBI, YIJBI, TJIOMALH, O00BEMbl U
T.1.) MBI yMeeM TOJIbKO TpPH HAJHYHUHU CKaJsSPHOTO TPOU3BENEHHUS,
T.€. B eBKJHJIOBBIX NpoCTpaHcTBax. B m.28 Ow1a copmynrpoBaHa
reHepaJsibHasi mporpamMma OeHCTBHH — MJis ONpefesieHHs TeOMeTpH-
YeCKHX BeJHUMH Ha IMOBEPXHOCTH HYXXHO 3aMeHHTb <«H30THYTYIO»
MIOBEPXHOCTb B OKPECTHOCTH ee HEeKOTOPOH TOYKH Ha KacaTeJsbHOe
MPOCTPAHCTBO B 3TOH TOUKE W BCe HY)KHble M3MepeHHs MPOU3BO-
IWTh B yIOOHOM M MOHATHOM JIHHEHHOM eBKJ/MIOBOM KacaTeJbHOM
npocTpaHcTBe. Mbl XOTUM Hay4HUTbCSl ONpeNe/siTb FeoMeTpUyecKHe
BeJIMYMHBI Ha MOBEPXHOCTH Yepes3 CKaJsipHOe TPOM3Be/leHHEe B CJIOSIX
KacaTeJbHOTO PACCIOEHHs TOH TOBEPXHOCTH.

OnHako, [0 HacTosllero BpeMeHM, BCe KacaTeJsbHble MPOCTpPaH-
CTBa K MOBEPXHOCTSIM y Hac He OblIM eBK/JIMIOBbIMH! B HUX He ObLIO
ompenesieHO cKassspHoe npousBeneHre! OHU OB MPOCTO JHUHEHHBI-
MU NIPOCTPAHCTBAMHU, B KOTOPBIX CKaJssipHOE MPOU3Be/leHHe ellle HYyXK-
HO OIpENeJUTb, YTOObl MOJYYUTb BO3MOMKHOCTH BBIYMC/ISATH B HHUX
pa3juyHble TeOMEeTPHUeCKHe BeJHUHHbl. Kak TOJbKO Mbl 3afaguM
CKa/IsipHOe TpoM3BelleHHe B KayKJIOM CJl0e KacaTeJbHOro paccJoe-
HUS (B KaXKIOM KacaTesJbHOM MPOCTPAHCTBE MOBEPXHOCTH), TAK MH,
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(hakTHUeCKH, onpese MM Ha MOBEPXHOCTH HEKYIO «[eOMETpPHIO», T.e.
(Urypel Ha TOBEPXHOCTH OOpPETYT C IOMOLILBIO 3TOTO CKaJsSpPHOTO
MpPOH3BeNeH s CBOU MeTPUUYEeCKHe CBOHCTBA — IJMHBI, YIJIbl, 00beMB
U T. 1.

Bena B TOM, 4TO cKaJjspHOe MpOM3BeldeHHE B KaXKAOM Kaca-
TeJbHOM NpocTpaHcTBe 1), f MOXHO 3aJaThb OFPOMHBIM KOJHYECTBOM
Croco00B. IDTHUX CIOCOOOB CTOJNBKO, CKOJMBKO PasMUHBIX MaTpHL]
['pamMa MOXXHO HasHauMTb A1 CcTaHaapTHoro 6asuca T),f (cM. m.4),
a 3TW Marpuubl ['pamMa MOKHO MNpUAyMBIBaTb BoOOLIe «OT OaJ-
nbl»! Hampumep, MOXKHO CUMTaTh, YTO CKaJ/sipHOE NMPOU3BELEHHE BO
BCEX KacaTeJsbHBIX TPOCTPAHCTBAX MOBEPXHOCTH 3ahaeTcsl elMHHY-
HOH Marpuued I'pama, T.e. Ha3HaYUTb «OT (hOHAPS», UTO B JIOOOM
KacaTteJ/JbHOM npocTpaHcTse 1), f cKa/ispHoe MpoU3BeJeHHe JBYX BeK-
TopoB ) X = a'f, uY =y f,; us T, f BbluKCasieTcs no (opmydie

n
(X,Y) =3 a2Fy*. U «reomerpusi» nosepxHocTH rotosa!

HAcHo, %ﬂi{axo, 4TO TaKas «[eoMeTpusl» HUYero He FOBOPHUT HaM
O CBOHMCTBAaX CaMOH NOBEPXHOCTH — II0OBEPXHOCTb IIPOCTO HE y4acT-
ByeT B OIIpeleJIeHHH CBOHCTB TeOMEeTPHUECKMX OOBEKTOB, Ha HeH
Jgexamnx. IIpy TakoM «Tymom» onpele/ieHHH CKaJsipHOrO IpOH3Be-
JeHUs, CBOHWCTBAa (PUTyp, JeXkKalluX Ha <«H30THYTOH» MOBEPXHOCTH,
HU4eM He OyayT OTJIMYaThCS OT CBOWCTB (PUTYP, J€XKAIIUX Ha 00BIY-
HOM <«IIJJOCKOM» eBKJIMJ0BOM IIpocTpaHcTBe R™.

[ToHsiTHO Tak:Ke, YTO /ISl KaXKAOTO Croco0a 3alaHusl CKaJIpHOro
TNIPOU3BE/IEHUS B CJIOSIX KACATeNbHOTO PACCT0€HUs OyaeT MoydaThesi
CBOSI «T€OMETPHs» Ha MOBEPXHOCTH. DTO reHHa bHas uies Pumana —
3aJ1aBaTh reOMETPHIO HA TIOBEPXHOCTH ([1a HA UeM YTOIHO, He TOJbKO
Ha ToBepxHOCTH!), onpenessis HEKOTOPEIM (BooOILe roBopsi, — MPo-
M3BOJIbHBIM!) croco6oM cKa/sipHOe MPOHU3BeleHHe B ee KacaTeJbHbIX
npocTpaHcTBax. 2) Mien puMaHOBOI reOMETPHH TIOPOIMIM LeJble Ha-
NpaBJieHHUs] COBPeMEeHHOH MaTeMaTHKHU M eCTeCTBO3HAHHS, B 4aCTHO-
CTH, OHH IIpUBE/N K (DOPMHUPOBAHUIO KPACHBOI0 00LIe(UI0CO(PCKOro
B3IJISi4a Ha YCTPOHUCTBO OKPYXKAIOLIEro MHpa, KOTOPBIM HAa3bIBACTCS
«O0111as1 Teopusl OTHOCUTEJNbHOCTH DHUHIITEHHA».

') O6osnauenns diinmreiinal

%) Mosicusiio petent Pumana nmpocTeIME cioBaMu. EcTb «HeuTo» (Hampumep,
TOIOJIOTHYECKO€e MPOCTPAHCTBO C HEKOTOPEIMH Pa3yMHBIMH CBOFCTBaMH), COCTOsIIIee
13 Touek. K Kaxknoil TOUuKe 3TOro «HeuTo» MPHKJIeHBaeM K3eMILIsp LeHTPpoaphuH-
HOTO NPOCTPAHCTBA U MPOBO3IJIALLaeM ero «kKacaresJbHbIM NPOCTPAHCTBOM» K 3TOMY
«He4TO» B NaHHOH Touke. OOpasyercs «KacaTeJbHOe PACCJIOEHHE» ITOTO «HEUTO».
B kaxknom «kacaresJbHOM NPOCTPAHCTBE» 3aJaeM NPOHU3BOJIBHBIM 00pPa3oM CKaJsip-
Hoe 1pousBesieHHe. [‘eoMeTpHs 3TOro «HE4YTO» roTOBA.

8*
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Mbl ceffuac He cTaHeM MOAPOOHO 0OCYKIaTb HIeH PUMaHOBOH
reoMeTpUM, TaK KaK Halla 3agada 3[4ecb HeCKoJbKO apyras. [lomsi-
TaeMcsl ee MOHSATb U C(POPMYJTHUPOBATh.

Onpenenenune 30.1. [Ipoctpancteo R™, B KOTOpOM comepKUTCS

o6pa3 f(U) nosepxHoctu f: U C R™ — R, Gynem Ha3blBaTh OKpy-
acarowum (MM 06vemMaou,um) NPoCmMparcmeom nosepxHocmu f.

[TopaccyxnaemM HeMHOro o0 ecTeCTBEeHHBIX Bellax. Bce paccmart-
pHBaeMble HaMM IIOBEPXHOCTH JeKaT B CBOMX OOBEMJIOLIUX MPO-
crpanctBax. Crano ObiTh, ecqu HekoTopas ¢urypa ¢ Jjexur Ha
nosepxHocTH f(U), OHa, ONHOBPEMEHHO, JIEXXHUT U B NPOCTPAHCTBE
R™ oxpyxkawieM 3Ty MOBEPXHOCThb. YOepeM MBICJEHHO MOBEpPX-
Hocth f(U) M3 OKpy»Kalollero NpoCTPaHCTBA, OCTABUB TaM «BHCETb»
ToabKO purypy ® (dhopmy (Urypel ¥ pacrosiokeHHe ee TOYeK IMpH
3TOM He MeHsiem! — cm. puc. 30.1).
e

m
R m R

'f(U)/\

) J
z/ r

Puc. 30.1

Cawmo okpyxxartoliee npoctpaHctBo R yxe siB/sieTcsl €BKJINMI0-
BbIM IIPOCTPAHCTBOM, B KOTOPOM OIpeJesieHa CBOS «IeOMeTpHsi» (T. e.
3aJlaHO CKaJsipHOe Tpou3BesieHue). [TycTb B 3TOM OKpy»KalolleM Mpo-
CTPaHCTBE, HCIOJb3ys €ro cKaJjspHoe NPOHU3BeleHHe, HaM YAaJoCh
BBIYMCJ/IUThL KaKyIO-HUOYIb BEJUUHHY <«BHCALIeH» B HeM (QUrypbl P
(ckaxkem, Ha#iTH ee muowanb S). Termepb MbICJI€HHO BepHEM IO-
BepxHocTh f(U) obpaTHo Ha cBoe Mecto B R™ u ¢urypa ¢ cHoa
«JIsKeT» Ha mosepxHoCcTb f(U).

[IpencraBssieTcst BrOJIHE eCTECTBEHHBIM MOTpPe6OBaTh, UTOOBI

«reoMeTpusi» Ha noepxHocTH f(U) Oblia onpenesieHa Tak,
yToObl (purypa P, craB cHoBa (QUIYpoH Ha MOBEPXHOCTH, HMeJa
B «T€OMeTPUHM» IIOBEPXHOCTH TY »Ke CcaMylo MJoaab S, 4TO H
B «F€OMeTPUH» OKpyzKatollero npoctpaHctTsa R™. Mbl XxoThM, 4T0OObI
mowanb ¢urypsl ®, BelUKC/AEHHAs C [OMOLIBIO CKAJSIPHOTO MPO-
W3BeleHNs B KacaTe/bHbIX MPOCTPAHCTBAX TOBEPXHOCTH, COBMagasla
C IJIOLLAAb0 3TOH kKe (purypsl @, BbIUKC/IEHHOH ¢ IOMOLLBIO CKaJsp-
HOTO MPOM3BeNeHHUsI B OKpyxKaioleM npoctpaHcTse R™!
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Hrak, Hama 3ajmaya: onpele/nuTb Ha noepxHocTH f : U C

C R" — R™ «reometpuio» (T.e. ONpenesnuTh CKaasipHOE MPO-
u3BeneHue B caosix Ty f) TakuMm o06pa3oM, uTOOBl CBOHCTBa BCeX
¢uryp, Jexamux Ha nosepxHoctd f(U), coBnaganu co cBOHCTBAMU
3TUX Ke (UTyp Kak ecau Obl MOBEPXHOCTb yOpasu, a (Gurypsl Obl
OCTaJIMCh MPOCTO «BUCETb» B OKpyzKatouleM npoctpaHctee R™, co-
XpaHHUB CBOI (opMYy.

Kak To/ibKO MBI IOHAJ/IM Hally 3ajaudy, Tak cpasy cTaJjo sICHO, KaK
ee pewaTb. Mbl JOrOBOPUJINCH CUMTATh, UTO KaxKAOe KacaTesbHOe
npoctpancTBo 1), f mpukaeeHo k Touke f(p) € f(U), 1.e. T, f nexur
B 00beMJIIOIEeM eBKIUA0BOM npocTpaHcTBe R™ (TouHee tak: 1), f <

< Tf(p)Rm, a Tf(p)Rm =~ ﬁm) Haia 3apaya Oyner pelueHa, ecau
CKaJIfipHOe MPOM3BeleHHe BeKTOPOoB B 1), f OymeT MpoCTO COBNANaTh
CO CKaJISIpHBIM NPOM3BeLeHHEM 3THX BekTOopoB B R™!

IMeHHO 1M03TOMYy M3 BCeX BO3MOMKHBIX CIIOCOOOB 3aJaHHs CKa-
JIIPHOTO NpousBefieHust B 1), f Hy»XHO BbIOpaTb OJMH €IMHCTBEHHbIH
U CaMblH eCTeCTBeHHbIH — OOBSBUTb, UTO CKaJSIPHOE MPOU3BeleHHe
B KaKJIOM KacaTeJbHOM MPOCTPAHCTBE UHOYYUPOBAHO U3 OKPYyKalo-
mero npocrpancTBa R™, T.e. BHIUMCIATL CKaJssipHOe MPOM3BeleHHe
B KacaTesJbHOM IPOCTPAHCTBE MO TeM Ke MpaBUJaM, MO0 KOTOPHIM
BBIUMCJISIETCS CKaJsipHOE NIPOU3BENeHHE B OKPY2KAIOLEM €BKJHIOBOM
MPOCTPAHCTBe.

D10 o03HayaeT, 4To Matpuua ['pama crangaprtHoro 6asuca mnpo-
ctpanctBa 1), f (GopMHUpyeTCs BHIUHCJIEHHEM CKaJAPHBIX NIPOU3Bese-
HU# (fyi, f,7) OA3UCHBIX BEKTOPOB M0 MpaBHJIaM OKPYKaIOLIero mpo-
crpancTBa R™ (T.e. hakTHUECKH, C TIOMOILBIO «1aHHOH HaM CBbILIE»
matpuubl [pama 6asuca npoctpanctea R™). LlentpoadduHHoe Kaca-
TesqbHOe NpocTpaHcTBO 1), f, OyAyduH NOANPOCTPAHCTBOM €BKJHM/I0BA
o6bemJiollero npocrpadcTea R™, aBToMaTHyecKH caMoO CTaHOBHUTCH
eBKJIMI0OBBIM MpocTpaHcTBOM. PaKTUUYECKH, ellle 10 Hayasja pelieHusi
Hallle#l 3afaud CKa/sgpHOe NMPou3BefeHHe B KaxaoM 1), f yxe «Obl1o
OIpefieIeHO», MOCKOJbKY OHO OBIJIO OTNpeeJseHO /s BCeX BEKTOPOB
00BbEMJTIONIEr0 POCTPAHCTBA.

HcTopuuecku, 3T0T crocob onpeneseHns CKaaspHOTO IPOU3Bee-
HHS B KacaTeJbHbIX MPOCTPAHCTBAX BO3HHUK IMEPBBIM, OH YYUTHIBAET
CBOMCTBA NMOBEPXHOCTEH MPU BbIYMCAEHHH reOMeTPUUeCKUX BeJHYHH,
OH pellaeT MMOCTABJEHHYIO B 3TOM NYyHKTe 3aiady H, OGsaronapsi BceMm
3THM KauecTBaM, HMeeT CllellMabHOe Ha3BaHHUe.

Onpenenenne 30.2. [lepsoii ¢yndamernmanrvroil Qopmoti
L,(X,Y) nosepxnocmu f:U C R"™ — R™ B Touke p € U
HasblBaeTCsl CKaJsipHOe MPOU3BeleHHe B KacaTeJbHOM MPOCTPaH-
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CTBe Tpf, _)MH,D,yLl,MpOBaHHOG H3 OKpyxKarouero IMpoCTpaHCTBa

TypR™ = R™.
Taxum o6pasom, Mo onpeneseHHIo,

L(X,)Y)=(X,Y)gm, re X,Y €T,f.

B naHHOM KacaTesbHOM NPOCTPaHCTBE MOXHO 3a1aTb MHOTO

pasHBIX CKaJSIPHBIX [POM3BENEHHH, HO TOJNBKO OJHO M3 HHUX
HasbiBaeTcs MepBoH pyHAaMeHTanbHOM (hopmoii. [lepBas dyHnamen-
TasbHasg ¢opma nosepxHoctH f : U C R™ — R™ B Touke p € U
0003HayaeTcs ONHHUM M3 CJeYIOLHUX CIIO0COOOB:

L(X,Y)=I(pX,Y) = (X,Y),.

Sameuanue 1. [lepBasg dynnameHTanbHasi opma npeBparia-
eT KaXkJ0e BeKTOpHOe KacaTesbHOe MNpocTpaHcTBO 1), f B eBKJH-
JIOBO TPOCTPAaHCTBO, HAjeJsisi €ro CrelHaJbHbIM CKaJsPHBIM IIPO-
u3BefleHHeM. B pasHblX KacaTesbHbIX MPOCTPAHCTBAX [OBEPXHOCTH
f:UCR™— R™ (T.e. B pagHbIX CJOSAX KacaTeJbHOI0 PacCa0eHHUs
Ty f) ato ckagsipHOe Tpou3BefeHHe MOXKeT ObiThb pasHbiM! Takum
o6pa3oM, BCe CJIOM KacaTeJbHOIO paccjoeHHsl (Bce KacaresbHble
MPOCTPAHCTBA MOBEPXHOCTH B Pa3HbIX TOYKAX) H30MOP(HHBI MeKIY
coO0H KaK BEKTOPHBbIE MPOCTPAHCTBA, HO Pa3JMUHbl KaK €BKJIMAOBbI
npocTpaHcTBa — MaTpuibl [pama ux 6asucoB paszaundel! d yxe
npenynpexaasn Bac 06 3TOM SBJEHUU B 1. 4.

Sameuanue 2. [lepsoii pyrdamenmaroroii hopmoii nosepx-
nocmu f U C R™ — R™ (6e3 ykasaHHsl TOUKH) Ha3blBAlOT COBO-
KynHocThb opm L,(X,Y') mo Bcem Toukam p € U, paccmatprBaeMyro
Ha BCeM KacaTesJbHOM paccioeHud Tpf (B KaKIoM cjioe — CBOe
ckasspHoe npousBenenue). [lyerb u(t) : I — U — HeKoTOpas KpuBas
B oosmactu U C R, torna a(t) = f(u(t)) — kpuBasi BAOJb MOBEPX-
Hoctd f : U — R™. CoBeplleHHO eCTECTBEHHO, YTO INPH JABHKEHUH
Touk# f(u(t)) Mo KpUBOH «v HA MOBEPXHOCTH CKaJssipHOE TPOU3Beie-
HUE B COOTBETCTBYIOIMX 10X Ty f MOMKHO H3MEHATBCS TMJIABHO
M TMOCTENeHHo, T.e. ryafko. [1oaToMy 0OBIYHO MOCTYJNHPYIOT IJIaf-
Koctb oTobpaxkenus I,(X,Y) : (U x T,,f x T),f) — R 1o aprymeHty
p € U, T.e. 0 NepeMeHHbIM U ,u? ... u™ WM HaJaralT Kakue-au6o
crenuduyecKHe TPeGOBAHUA Ha KJacc IIafKOCTH MOBEPXHOCTH. )

') Hanpumep, B § 8 sToii kKKK Ham moTpebyetcss Au(depeHnupoBaTh Ko3¢h-
(UIMEHTH MepBOi (hyHIaMEHTANbHOH (POPMBI MO TepeMeHHBIM ), u’ ..., u™. It
KO3(P(ULHEHT! SBJSIOTCS CKAJISIPHBIMU NIPOU3BELEHUSIMH MePBBIX YACTHBIX MPOU3-
BOAHBIX fy,1, fu2, ..., fun oTOOpaxenus f:U C R™ — R". PazymHo noxesars,
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3ameuanue 3. Ilepas dyHnameHrtanbHasi Qopma —

ato Ouauneiinas ¢opma! Ilo onpenenenuro, mnepsas (op-
Ma eCcThb CKaJspHOe T[IPOU3BeNeHHEe O08yX pas3HbiX BEKTOPOB
L(X,Y) = (X,Y)gm! B 1.3 MBI 1moapo6HO oOCy»xJalyu pasHULY
Mex1y OUJIMHEHHBIMH M KBaApaTUYHBIMU (DOpPMaMH, U 51 MPOCUJ Bac
HUKOT[A UX He MyTaTb — 51 He BBIHOILIY 3TOro Ha sk3ameHe. Eie pas
TMIOBTOPSII0 CBOIO MPOChOY: HHUKOrJAA NpH MHe He HasblBalTe MepBYIo
(byHIaMeHTabHYIO (POPMY «MEPBOH KBaApaTHUYHOH (HOPMOH», XOTS
B MaTeMaTHUYeCKOH JIUTepaType TAaKOH »KaproH BCTpedaeTcs CIJIOLIb
U PSIOM.

Kak BelYMC/AUTD MepByl0 (pyHIAMEHTaNbHYIO (OpMY AJs AaHHOH
MOBEPXHOCTH M UTO BOOOLIE 03HAYAIOT CJ0BA «BBIYUCJAWUTBH MEPBYIO
(dyHrameHTanpHylo opmy»? JlaBaliTe OTBETHM Ha 3TOT BOINPOC.

[lycts X,Y € T,f — nBa BekTOpa M3 OJHOIO KacaTe/JbHOIo
MPOCTPAHCTBA (M3 OIHOTO CJIOSI KacaTebHOro paccyioeHusi). Torna nx
pasJioKeHUs Mo cTaHaapTHOMY 6asucy 1), f TaKoBBbI:

X = $ifui(p), Y = yjfuj (p)

3Hayur,

Ip(X7 Y) = <$quz(p), yjfuj (p)> = xiyj <fu2v fuj>p =
= xiyjlp(fui7 fuJ) - xingij‘

Onpenenenue 30.3. Pynkuun g;; : U € R" — R (ux Bcero n?
ILITYK), TIe

gij(p) = Ip(fuivfuj) = <fui7fuj>’

Ha3BIBAOTCH K0aPuyuenmamu nepsoti QyroamermanrvHoli gop-
mor moBepxHoctH f : U C R™ — R™ (uau, uHaue, mempuuecKumu
K03 uyuernmamy 3TONA TIOBEPXHOCTH).

OueBuaHo, 4T0 ¢;j(p) — TIanKue QYHKIMH, KO0 OHH ABJIAIOTCS
CKaJIIPHBIMU MTPOU3BENEHHUSIMHU TJIaIKUX BEKTOP-(DYHKIIHH.

OueBunHo, uto (g;j(p)) — maTpuua I'pama cranzapTHoro 6asuca
Juts fu2s--o, fun B (Tenepb yxe!) eBkauposoM mnpoctpaHcTBe 1), f.
Matpuny (g;;(p)) TakxKe HasbiBalOT mampuyeli nepsoti Pyroamen-
manvroti opmoel nosepxrocmu f 1 yacto o6osHauyaior depes [L].

4TOOBI MepBble NPOU3BOAHBIE KOI(DMUINEHTOB (DOPMBI XOTSI OBl MPOCTO CYILIECTBOBA-
Ju. Jlerko moHsiTh, 4To AJs1 3TOro camo orodpaxenue f: U C R" — R™ nosmkHO
ObITb 0TOOpa’KeHHeM KJjacca IyagkocTH He Huxe C~.
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Tax kak Ou/MHeHHas (popMa IONHOCTBIO OIIpeeJsieTCs] CBOUMU

Ko3(h(ueHTaMu B HeKOoTOpoMm Gasuce (cM. m.3), TO COBep-
[IEHHO SICHO, YTO CJIOBA «BBIYMCJUTb TMEPBYI0 (PyHIAMeHTaJNbHYIO
(opMy MOBEpXHOCTH» B TOYHOCTH O3HAYAIOT — BBIYMCJAUTb MaTpPHULY
nepBo# (pyHAaMeHTaJbHOH (GopMbl (MeTpHuecKHe KOd(P(PULHEHTHI)
B CTAHIAPTHOM 0asuce KacaTesJbHOIO MPOCTPAHCTBA MOBEPXHOCTH
B KaxXIoH Touke p € U. [ns 3TOro Hy»KHO HaHTH BCEBO3MOXKHBIE
TMONapHble CKaJsspHble MPOU3BENEHUS] BEKTOPOB f,1, fy2,..., fun 1O
npaBuJ/IaM, yCTAHOBJEHHBIM B O0OBEMJIIOLEM €BKJIMIOBOM MPOCTpPaH-
cre R™.

Eue pas o6patuTe BHUMaHHe — HMEHHO 3THM CIIOCOOOM BbIUHMC-
JIEHUS Y LleHHa 15 Hac nepBasi QyHaameHTasbHas ¢opma. Cxasnsp-
HOe NPOU3BeleHHe B KacaTeJbHOM MPOCTPAHCTBE B JAHHOH TOUYKe 3a-
BHUCHUT OT YCTpOMCTBa caMoOll NOBEPXHOCTH B OKPECTHOCTH 3TOH TOU-
KW — OT YIVIOB MeXAy KOOPAMHATHBIMH JIMHUSIMH, OT HalpaBJ/eHHH
M BeJUYMH YacTHBIX MPOM3BOAHBIX CaMOH MoBepxHOCTH. Martpuua
nepBoH (pyHIaMeHTaJbHOH (hOpMbl He NpPUAyMaHa OTBJIEYEHHO «C IO-
TOJIKa», @ BBIUMCJIEHA C MCIO0Jb30BAHHEM IOBEPXHOCTH U CONEPKUT
B ceOe uH(pOpMaLHIO 0 ee cBoHcTBaX. OHA «yXBaThIBAET» YCTPOHCTBO
MOBEPXHOCTH!

OcHoBHble cBoOHcTBa MaTpuubl [pama u MeTpuuyecKUX Ko3(pdu-
LIMEHTOB Mbl BCIIOMHHAJ/H B 1.4, KOIa FOTOBUJIMCH K UTEHHIO 3TOH
KHWKKH. TeM He MeHee, ellle pa3 0TMeuy, UTO B /000U Touke p € U
(B M0GOM cJ10€e KacaTe/JbHOTO PacC/OeHHsl) BBITOJNHEHBI CJeYIolIne
YCJIOBHSI:

1) gij = gji — Mmarpuua nepsoil (yHIaMeHTabHOH (POPMBI CHM-
MeTpPHUUHa,;

2) matpuua (g;j(p)) NONOXKUTEIBHO ONpeJe/eHa;

3) gi > 0 — sJeMeHTHI TIaBHOU NHaroHasd, OyAy4d KBajapaTamMu
JJIMH 62a3UCHBIX BEKTOPOB, CTPOTO MOJNOXKHUTEJbHBL;

4) det (gij(p)) = (V[fu1s fuzs --- , fur])? > 0 — onpenenutens Mat-
pUllbl MepBO¥ (PyHIaMeHTaJbHOH (opMmbl, OyAyUH KBaApaTOM
o0bema napassiesoTona, NOCTPOEHHOTO Ha 6a3UCHBIX BEKTOPax
npocTtpaHcTBa 1), f, CTPOro MOJOKHUTEJIEeH.

Ha6monenne 30.1. Baaromaps cuMmeTpuuHocTH (gi; = gji)
MaTpHUIlbl TepBoi (hyHIaMeHTaJbHOH (HOPMBI, AJsI TOJHOTO €e Ha-
XOKJIeHHS] HY?KHO BBIYUCJHUTDH PeasbHO He n’ MTYK (GyHKIM 9i;(p),

n(n+ 1)

a TOJIbKO ——o—" WITYyK (BepXHHH MJIK HHXKHUH TPeyrOJbHHK MaT-
puniel ['pama BMmecTe ¢ pauaroHasbio). [oBopsT: maTpuia nepBoH
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n(n+1)
2

(byHIaMeHTa bHOH (DOPMBI HMeeT TOJBbKO
KOMNOHEHM.

CYUeCmeeHHoLx

IIpumep 30.1. Boiuncaum mnepBylo (QpyHAAMeHTaAbHYIO (OpMY
MIOBEPXHOCTH BpallleHHs1 B oObeMJolleM npoctpaHcTBe R co cran-
IapTHBIM CKaJIIPHBIM TIPOM3BeileHHeM (eIMHUYHON MaTpulel ['pama).
[TapameTpusarusi moBepXHOCTH BpalleHus (cM. 1. 29) Takoa:

f(u,v) =Yz (u) cos v, x(u) sin v, z(u)).

YacTHble MPOU3BOAHbIE OTOOpakeHust f(u,v) eCcThb BEKTOPbl CTaH-
naptHoro 6asuca T),f. IX KoopauHaThl B cTaH1apTHOM 6asuce 00b-
emJolero mpocTpancTea R3:

fu= t(j; cos v, T sinw, 2),

fo = {(—xsinv, z cosv,0).

B eskiuposoM npocTpaHcTBe R3 ¢ eIMHUYHOK MaTpule# [pama
13 cka/isgpHOe MPOU3BeJeHHe BEKTOPOB T = r'e; U y = y’e; BbIUHMC-
JIsleTcsl 10 3HaKOMo# (hopmy.ie

(2,y) = 2'y! + 22y? + 235,

CunenoBartesibHO, KO3(QPHUIMEHTH MepBOH (PyHAaMeHTaabHOH (HOPMBI
MOBEPXHOCTH BpAILEHHS] UMEIOT BHJL

gi1 = (fu fu) = i% cos> v+ @?sin’ v + 22 = i + 2% = |a,
912 = 921 = (fu, fo) = —Zxcosvsinv + zx cosvsinv = 0,
G99 = (fo, fo) = 2% sinv + 22 cosv = 2.
Tak kak dim7,f = 2, To marpuua [I,] mepso# (yHIaMeHTanbHOMN
(OpMBI MOBEPXHOCTH BpALIEHHSI UMEET pa3Mepsl 2 X 2 W BBITJISAUT
CJIeYIOLIMM 00pasoM:

=G = |
=9ij) =
P J 0 1132
Marpuua nepeoil pyHnaMeHTaNbHOH (POPMBI TIOBEPXHOCTH BpaLleHHUs
noJyynsaach JAWaroHaJ/JbHOH, cjefoBaTesbHO, 6a3uc MNPOCTPaHCTBA
T, f B Kaxao0# Touke p € U OpTOrOHa/bHbIMA.
Tak xak 6asucHble BEKTOPH f,1, f,2, ..., fun SBJASAIOTCS KacaTesb-

HBIMH K KOOPAHWHATHBIM JIMHUSAM BIOJb MMOBEPXHOCTH, TO CTAHOBUTCA
OYeBHIHOH CIIpaBeAJIMBOCTDb CJIG/IYIOLU.GI';I JIEMMBI.
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Jlemma 30.1. Mampuya (g;;(p)) nepeoi pyHoamermaroHOL
@opmor nosepxrocmu f duaeonarvra 8 aroboil mouke p € U moeda
u moavko moeda, Koeda koopdumamHas cemv nogepxuocmu f
OpPMOCOHANbHA.

Buumanne — anaxponmsm! B cTapbix KHMKKaX TPaguLlMOHHO
U3JaraeTcst TeOpUsl TOJNBKO ABYMEPHbIX [TOBEPXHOCTEH B TPEXMEPHOM
npocTpaHcTBe. B aToM caydae HHAEKCH B 0003HAUEHUAX KOIDPULLU-
€HTOB ¢;; He HYXKHbI, H0O J/I 3alIUCH METPHYECKUX KOI(DPULHEHTOB
XBaTaeT MPOCTHIX OYKB JIATUHCKOTO asaBuTa (MOCUHTAHTE, LIYTKH
panu, IJs NPOCTPaHCTBA KaKoH HauOoJblled pasMepHOCTH XBAaTHUT
OyKB JaTHHCKOro andaBuTa 6e3 UHAEKCOB). Jlo CHX MOp BO MHOTI'HMX
yueOHHUKAaX W 3afa4HUKaX MPUMEHSIOTCS 0003HAYEHHUS:

g = F,
g12 = go1 = F,
g22 = G.

B Ttakux o603HaueHUsIX, HAMPUMep, TJIOMIA/b MapaJesorpaMma, mno-
CTPOEHHOTO Ha Ga3HCHBIX BEKTOpax f, W f,, 3amuIIeTCs TaK:

V= det(gij) =V EG—F2

— y3HaéTe BhIpa)KeHHe, U3PSIIHO HaOWBIIee OCKOMHHY B Kypce Ma-
TEMaTHUeCKOro aHa/ju3a (MCrmosb3yeMoe, HalpuMep, B 3anadHUKe
JlemMunoBu4ya) W Ha3blBaeMOe TaM TO <«3JIeMEHTOM IJIOMadd», TO
«IKOOMaHOM TIepexonas?

YBaxkaemele yutatenn! B aTom nyHKTe 1mja peyb 0 «BHyTPeHHeEH
reoMeTpPUM» MOBEPXHOCTH, HO CaM TEPMHUH «BHYTPEHHSS [€OMeTpHsl»
MOHUMAJICS JIMIIb Ha WHTYMTUBHOM ypoBHe. MBI 10 CHUX TOp He
YTOUHSJIH, UTO 3TO Takoe. M BOT, HaKOHeLl, MOJ, 3aHABEC 3TOr0 MyHK-
Ta, Mbl MOXKEM JaThb CTpOroe oIrpejejieHHe MOHSATHS «BHYTpPeHHeH
reOMeTPHUH MOBEPXHOCTH».

Onpenenenne 30.4. Bce cBoiictBa mosepxHoctu f : U C
CR"™ — R™ (4 ¢uryp Ha 3TOH MOBEPXHOCTH), KOTOPbIE MOTYT
ObITb BbIPaKeHBI TONIbKO Yepe3 KO3(QMHUIHEHTH g;;(p) nepBo# dyHAa-
MEeHTaJbHOH (DOPMbI 3TOH MOBEPXHOCTH (M MapaMeTphl, OMpenessiio-
IL[{e 3TH MOBEPXHOCTHbIE (DUT'YPhI), HA3BIBAIOTCS CBOLUCMBAMU BHYM-
penneil eeomempuu nosepxrocmu f. COBOKyMHOCTb TaKUX CBOHCTB
COCTaBJISIET BHYMPEHHIOI 2e0MEempPL0 TTIOBEPXHOCTH.
Hrak, neno cpenaHo. Ha paccmaTpuBaeMbX NOBEPXHOCTSIX BO3-
HUKJa BHYTpeHHss reomeTpusi. C MoMOIILbl0 MepBoi pyHAaMEHTa/b-
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HOM (hOpPMBI KakJoe KacaTesbHOe NPOCTPAHCTBO MOBEPXHOCTH IIpe-
BpAIleHO B €BKJHAOBO MPOCTPAHCTBO, U Mbl MOXKEM MPHUCTYMHUTh
K OTpeleseHUI0 U BBIYMC/IEHHIO TPUBBIYHBIX IeOMETPUUECKHX TOHS-
TUH — JJIMH, YIVIOB, MJolIafed H 06beMOB (PUIyp Ha NMOBEPXHOCTH.

3agauku U ynpaKHeHus

«
¢

1. Hatinure nepByto (yHAaMeHTasbHYI0 (OPMY CJeIyIOMIMUX
TIOBEPXHOCTEH, ecJM CKajsipHOe MPOHU3BeJEeHHE B OKPYXKalOLeM
NPOCTPAHCTBE KaxKIOH MOBEPXHOCTH 3aJaHO €IMHUYHOH MaTpu-
ueét ['pama:

a) f(u,v) = Yucosv,usinv, av);

6) f(u,v) =Y u+v,u—2v);

B) f(u,v) =Y{Rcosucosv, Rcosusinv, Rsinu);

r) z=F(z,y);

n) f(u,v) ="(a+ bcosu)coswv, (a+ bcosu)sinv, bsinu);
e) f(u,v,R) = Rcosucosv, Rcosusinv, Rsinu);

X)) f(u,v) = {acosu,asinu,bcosv, bsinv);

3) f(u,v,w) = (u+v,u—u,uvw,u2+u —|—w2);

") f(u,v,w) = 1t(uv,uS — 02, vw, u? + 20% + 3w?, v? — 3w?,

3v — w2);
K) f(u,v, w) = YR cosucosvcosw, Rcosusinvcosw,
Rsinucosw, Rsinw).

2. Ha#inure yros Mexny KOOPAHHATHBIMU JIMHHUSIMA Ha IIO-
BepxHOCTH f(u,v) = {u,v,uv) B Touke p(2,3), ecau ckasgpHoe
Mpou3BeileHHE B OKPY2KAIOIIEM POCTPAHCTBE 3aMaHO €IMHHUYHOM
matpuuei ['pama.

3. Hailinure nepByto ¢hyHnameHTanbHyo (hopMy MOBEPXHOCTEH:

a) f(u,v) = Yucosv,usinv, av);
6) f(u,v) = (R cosucosv, Rcosusinv, Rsinu),

ec/lu CKa/IApHOe MPOU3BeeHHe B OKPYIKaIOLIeM UX MPOCTPaHCTBe
R? sanano caenytouteii Matpuueii [pama:

110

00 4
4. Haiinure nepsyio ¢ HZ[aMeHTa.HbH 10 OpMy MOBEPXHOCTH
flu,v) = (u+v,u —v,u® +w?, u> — v?), ecan ckanspHoe mpo-

u3BeJleHHe B OKpy»KarolieM npoctpaHcTe R sanano caepytomeit
marpuuell I'pama:

(gij) =

OO = =
OO —
—_ WO O
~—_0 O
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31. JlanHa KpuUBOH BIOJIb MOBEPXHOCTHU

[lycts f : U € R®™ — R™ — noBepxHoctb, u(t) : [a,b] —
— U C R"™ — nekoropass kpupasg B obaacth U C R"™ u u(t) =
= t(ul(t),uQ(t), ...,u"(t)) — napameTpHyecKoe 3ajaHue STOH KpH-

Boil. Torma, oueBumno, «(t) = f(u(t)) : [a,b] — f(U) C R™ —
KpHBasi BOJIb TOBepxHOCTH f. Hayuumcss HaxoouTb IJHHY E[a]|z
KpUBOH «(t).

[To ompenesienuto, AaMHA KPUBOH «(t) eCTb MHTErpas OT MOALYJS
ee CKOPOCTH: b

fo]|” = J (1) dt.
a
3HauUT, HYXKHO HAUTH MOAY/Ib CKOpocTH |&(t)|. Hasi 3toro
CHayasa BBIYUCIMM CaMy CKOpocTb — BekTop &(t). fcHo, uTO
&(t) € Ty f. Huddepenunpyem, HCMOMb3yst BOCMIOMHHAHHMS M3
m. 27: 1)

a(t) = 4 (f(u(t)) = dfuw - a(t) = fui(u(t) - d'(t) =

= [fulv qu’ 7fu”] :
o
HnddepeHurpoBanre CJI0KHOTO OTOOpaXKeHUs MO TpaBHJAM,
M3JI0)KEHHBIM B KypCe MaTeMaTHUeCKOro aHaJju3a, cpasy AaeT
pasJiokeHHe BeKTOpa &(t) Mo cTaHAapTHOMY 0a3ucy f,i, fu2, .- fun
KacareJbHOro npoctpanctsa T,y f! Mbl roBopusin 06 910M B 11. 27 —
maddepenuuan df, ;) NepeBONUT KacaTeslbHbId BeKTOp u(t) B Kaca-
TeJbHBIA BeKTOp (1).
lanee Bce craHmapTHO M o4eBHAHO. [lycTh mepas pyHIaMeH-
TajbHas (opma nosepxHoctH I,(X,Y) numeer matpuiy (g;;(p)). Mul
XOTHUM HalTH MOAYJb CKOPOCTH — JJIs 3TOTO CHayaja CUHUTaeM
CKaJISIPHBIH KBaapaT BEKTOpa CKOPOCTH:

(& = (a(t), @(t)) = Ly (a(t), a (1)) =
= (' (t) - fus(u(t), @ (t) - fu (ult
= a'(t) - @ (t) - <fuz( (), fui (ut
= gij(u(t)) - i’ (t) -0 (t).

') Beiony nanee, Ge30roBOPOYHO, HCIIO/Ib3YeM 0003HAYeHHs DUHIITEHHA.
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Tenepb ABTOMATHYECKHU TOJYYA€TCA OTBET:

b
tlall, = [ ooy o . 0

a

BupHo, 4TO mJMHA KPUBOH BIOJb [OBEPXHOCTH BBIPAXKAETCS
TOJBKO yepe3 Kod(uuueHTs (g;;(p)) mepsBoil (yHIaMeHTanbHOM
(GopMBl M 3aaHHYK NapaMeTpusaluio (KoopauHaTHble (YHKIHN)
KpuBo# u(t) B obsactn U C R™.

OTO 03HayaeT, UTO AJHMHA KPUBOH BIOJb MOBEPXHOCTH €CTb

CBOHCTBO BHYTpeHHeH reomerpuu. JlJiMHa KpUBOH, B 4YacTHO-
CTH, HE 3aBHUCHUT OT CBOHCTB OOBEMJIOIIEr0 TPOCTPAHCTBA (HAMPH-
Mep, OT ero pasmepHocTH). TapakaHsl, mossasi Mo 06pasy MOBEPXHO-
CTH, MOTYT CaMOCTOSIT€JbHO M3MepsTb MJIUHbl KPUBBIX, HE BBIXOAS
B OKpy2Karollee NPOCTPAHCTBO.

[Tonesno moHumath, 4To Gopmysaa (#) siBjasieTcs, MO CYTH,
onpedeseruem TIOHITUST «IJHHA KPUBOH BIOJb MOBEPXHOCTHY.

Bor u Bce. TeopeTnyeckuil Matepuas 3TOro MyHKTa 3aKOHYeH —
OH YMeCTMJICS Ha OJHOH cTpaHule. [lasnblie uaeT TekcT, 0OyC/OB-
JIEHHBIH TPaIULUAMH U «UCTOPUUYECKOH HeOOXOAMMOCTBIO».

O6cyxpaenne tTpagunui. J[aBaliTe MOCBATHUM ellle Mapy CTpa-
HHL[ 3TOTO MYHKTa Pa3bsCHEHHIO CMbIC/]A HEKOTOPBIX MCTOPHYECKU
CJIO>KMBIINXCS 0603HAUEHHH.

4 yxe 6pro3xkaj Mo MoBOAY TPAAWIHH, IPUHSATOH B MaTeMaTHUe-
CKOM aHaJsin3e, 0003HayaTb NPOW3BOJIbHOE OTJIMYHOE OT HYJs YHCJIO
HeecTeCTBeHHOH KoMOuHaluel 6ykB dt.

Mbi nveem u(t) =t (ul (), u?(t), ..., u"(t)) — kpuByI0 B 0GnacTH
UCR"uat)="(a"(t),a(t),...,0"(t)) — ee BEKTOp CKOPOCTH.
Ecnn yMHOXKHTB BeKTOp (f) Ha mpousBoJbHOE yncao dt # 0, To oH
OCTaHeTCsl KOoJIIMHeapeH caM cebe, HO OylIeT pacTAHYT (MJIH CXKaT?)
B dt pa3. [las moJy4MBILErocsi KacaTeJbHOTO «BeKTOpa Heolpeje-
JIEHHOH JIJIMHBI»

a(t)dt =Yl (¢) dt, a® () dt, ..., 4™ (t) dt)

B JOIOTOIIHOH TEPMHUHOJIOTHU TIPUHATO 0003HaueHHe

u(t) dt = du,
KpacoTy KOTOPOTrO MBI yxKe Hauanu obcyxnaTh B 1. 27. Kpome Toro,
W'(t)dt = du' — nuddepeHIHaNbl KOOPAUHATHBIX (DYHKLIMH, M03-

TOMY
du = t(dul,dUQ, sy du').
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Bo MHOrMX KHHKKax pasHble aBTOPBI TOJNKYIOT cTonbel du Kak
KacaTeJIbHbIH BEKTOp «HeOIpeleeHHOH IHHbI» K KPUBOH u(t)
B o06sactu U U roBOpPST, YTO OH OLHOBPEMEHHO SIBJSETCS CTONOLOM
«KOOpPIHMHAT» BeKTopa «(t)dt B craHmapTHOM 6asuce KacaTesbHO-
ro npocrpaHctBa T, f. MHe KaxeTcs 3TO TOJKOBaHHe NOCTAaTOY-
HO MYTHBIM, IMOCKOJbKY $I He MOHHMA CJOBOCOUYETAHUS «BEKTOP
HeompeeleHHOH NJHHb». Ha camom nene, Bbipaxkenue du = (t) dt
€CTb BEKTOPHOE YpaBHEHHE OO0HOMEPHOeo NoONnpoCmpaHcmea 8
T, »R™ (1. e. xacaTesbHOl MpsiMoit K KpuBOH u(t) B 06nactu U), rie
U(t) — HanpaBJSIIOLIMH BeKTOp, a di — TPOM3BOJIBHBIA MapameTp.
U, (o 6oxke!), monyyaercs, 4To, OMHOBPEMEHHO, B 9THX K& KHHUXKKaX
Beipaxkenue du = u(t)dt = {(dul, du?, ..., du™) o6o3HayaeT odHoMmep-
noe nodnpocmparcmeo 6 Ty f (T.e. KacaTeJbHYIO TPAMYIO K KPH-
BOH a/(t) Ha MOBEPXHOCTH) C HANPABJSAIIMM BEKTOPOM df ;) (u(t))!
O6patuTe BHMMaHHWe Ha 3Ty MYTaHWIy B CMBICJaX CHUMBOJA du U
nocTapanuTech ¢ Held CMUPUTHCH.
Crenys Tpaiuiuy, «BHeCeM» (POPMAJIbHO UHCIO dt B BBIPAXKEHUN

b

| Vo iy eyiv ey ae

a

non 3Hak KopHs. [losyunm Ksaccudeckyto 3amuch (hOPMYyJibl AJHHBI
KPUBOH BIOJIb NIOBEPXHOCTH:

b

E[a”i = J \/ gijdutdu .

a

CrnpaBenIMBOCTH paiu Haf0 OTMETUTh, YTO TaKas (popma 3amucu
UMeeT CBOM IpeUMYIIecTBa, MO0 I/ HaX0XKIeHUS NJHHBl KPUBOH
no 3Toi hopmyJsie He TpeOyeTcsl SIBHOTO MapaMeTPUUYECKOro 3aJaHUs
KpUBOH 1 : [ — U. DTOH (hOpPMYJIOH MOXKHO MOJb30BaThHCA U B TOM
csyyae, KOTa siBHast NapaMeTpHu3aliust KOOPAMHATHBIX (PYHKUKH u'(t)
HEM3BECTHA, HO M3 KaKUX-HUOYIb CO00pakKeHHH yla/10Ch ONpPee/IUTh
cooTHolIeHuss Mexny nuddepenunanamu du'. Takoe caydaercs,
HampuMep, KOrja KpuBas BHOJb MOBEPXHOCTH H3Ha4yaJbHO 3a/aHa
ypaBHEHUSIMH B MOBEPXHOCTHBIX KOOpJAUHATaX.

') Ora nyranuua okasbiBaeTCs He CTOMb PASUTEJBHO, KOTA KacaTesbHoe Mpo-
crpanctBo 1), f HM3HauasbHO JOTOBapHUBAIOTCS IPHKJEMBAaTh He K Touke f(p) Ha
MOBEPXHOCTH, a K Touke p U3 obsactu U. Toraa, no xpafiHeil Mepe, npocTpaHCTBa
Tpf u T,R"™ HaXonATCsl B ONHOM MeCTe. ...
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Kak 06b1uHO, 0603HaYnM yepe3 s = s(t) HATypasbHBIE napamerp
(nmHy nyrH) KpuBo «(t):

s(t) = J 16(0)] db.

Torna ds = |&(t)|dt, v 3Ta BeJIMUMHA TPAIUIHOHHO HA3BIBAETCS
duppeperyuarom dyeu (nnu anemenmom Oyeu) KpuBod «(t). ITo-
CKOJIbKY

s(t) = [ /o Cul6))ie (0)i0 (6) do
TO ’
ds® = gi;(u(t)) du'du’.

OTo BbIpaXkeHWe YacTO BCTpeyaeTcss B aHAXPOHUYHOH JUTe-

patype. OHo sBAsieTcs keadpamuuroli ¢popmol — 3TO cKa-
JISIPHBIH KBaJpaT KacaTesJbHOTO BeKTopa &(t)dt (Oor 3HaeT Kako#
nauHbl!) K KpuBOH «(t). Bunnmo oTciona uaet 10BOJBHO pacripocTpa-
HeHHasi MaHepa IOCTOSIHHO HasblBaTb MepBYI0 (DyHIaMeHTaJ/bHYIO
(hopMy «MepBOH KBaApPaTHYHOH (POPMOH».

Ho 3710 eme He Bce! DTy ke abGCTPakTHYIO BEJHUUHY ds =
= \/gijduidu/ (reoMeTpHYECKHH CMBICJ KOTOPOH, Ha MOH B3IJIAL,
M TaK BeCbMa TyMaHeH), TIPUHSITO Ha3bIBaTb ellle U AUHelHbIM dNe-
menmom nosepxrHocmu! Buuta#iTech B 3TOT TePMMH — TaM HeT
HHUKaKoOro HaMeKa Ha ucxonHyt kpusyto! (Ha moit Barisia, Gbl1o Obl
TOYHee Ha3blBaThb BEJIUUYUHY dS AUHELHbIM IAEMEHMOM NOB8EepPXHO-
cmu [ 8 nanpasaenuu noonpocmparcmea du.) JINHEHHBIH 3/eMeHT
MIOBEPXHOCTH, TaKUM 00pa3oM, NMOHUMAaETCs B CTapbIX KHHMXKKaX Kak
HeKasi «(pYHKLHsi», KOTOpasi MO3BOJIsIeT M0 HCXOAHOH KPUBOH wu(t)
HaxoluTh ee nuddepeHLnan 1yru ds.

Hy, Torna, B a3THx 0603HaueHusXx, opmyJa AJUHB KPUBOH CTa-
HOBUTCSI COBCEM MPOCTOU U KPATKOMU:

DTa KpaTKOCTb MPUATHA, HO YK O4YeHb ycJioBHA. (5 cepbe3Ho omaca-

I0Cb, KakK Obl Hepaﬂ,HBbIﬁ CTYAEHT Ha 9K3aMeHe He «BbIHHCJIUJ ABHO»
b

MHTerpaJ, CTosLIMA B 5Tol (popmyJe crpasa: [ds =b — a.)
a
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Cayuait moBepxnoctu f : U C R?> — R®. B TpamuuuoHHOM
M3JI0KeHUH Kypca Au(depeHHaNbHON TeOMETPUN 3TOT Cay4yad 3a-
HMMaeT ocoboe MecCTo, MO0 ApPyrux ciaydaeB npocTo HeT. [Tocmort-
pUTe, KaK BBIMVIALAT (DOPMYJIbl /51 BHIYMC/AEHHUS AJHUHBI KPUBOH Ha
MOBEPXHOCTH B KJaccHuecko# (opme 3amucu. Ilycts

u(t) = (u' (t), w*(2))

— TapaMeTpH3alMsl TJIOCKOH KpuBoi B obnacth U C R2. Tlpu-
MeHsIeM TPaAULUOHHbIE 0003HAYeHHS MAJs1 KO3(P(PULUHUEHTOB MepBOU
P/HILaMeHTaJIbHOI/I dopmbl E, F,G ¥ 10J5 KOOPAWHATHBIX (DYHKIIUH
(t) = u(t), u*(t) = v(t). Torna dopmyna, BhIpaxKamolas NIUHY
KPUBOH Ha MOBEPXHOCTH, 3alHUIIETCs TaK:

b
([a]]) = \/gw W ()l () dt =

sov Q6

= \/QIIUQ + 2g10U0 + 922’[)2 dt =

sov Q6

= \/911 du? + 2g19 du dv + goo dv? =

Ssov Q6

— | VEdu? + 2Fdudv + G dv? .

J
a

[locnenHuii UHTETpa MOXKHO OOHAPYXKHUTD B JII0OOM CIIPaBOYHUKE
[0 «BBICIIEH» MaTeMaTHKe.

IIpumep 31.1. Haiitu niuHy KpuBOH v = 4u OT TOUKH u = —7r
10 TOYKH u = 7T Ha UUJHHApe paauyca 3:

flu,v) = (3cosu, 3sinu,v),

roe obmactb U — moJioca, 3aflaHHas HepaBeHCTBAMHU —7 < u < T,
—00 < v < 00.

Jlerko moHsATb, 4TO MpsiMas v = 4u mocJje NeHCTBUS HA Hee 0TOO-
paxkenueM f(u,v) craHoButcs Ha uuiauHape f(U) BUHTOBOH JHHUEH
(o6pasHo roBopsi, oToGpaxenue f(u,v) «CBOpauMBaeT B TPyOOUKY»
nosocy U). TpebyeTcss HalTH AJMHY ONHOTO BUTKA 3TOH BHHTOBOMH
JIMHUH.
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Marpuua nepBo#l (yHIaMeHTa bHOH (OPMbI UHUJWHAPA JErko

BBIUHCJ/ISIETCS:
90
[Ip] = (Qij) = [0 1]

Mbu1 «kak 6ynTo 6bl He 3HaeM» MapamMeTPUUYECKOro 3aJaHusl JTUHUN
v = 4u B obsactu U, HO 3T0 U He TpebyeTcs, TaK KakK Mbl JIerKO
HaXOIMM COOTHOILIeHHe Mexay nuddepenunanamu: dv = 4 du. Ilpo-
M3BOJIbHBIH KacaTesJbHBIH BEKTOP K BHHTOBOH JIMHUM HA UJUHIADE

MMeeT B KacaTesJbHOM MPOCTPaHCTBe KoopauHaThl (du, 4 du). Boiuuc-
JsieM:

™

{[a] =J V9 du2 + dv? :J V9 du? + 16 du? :J V9 + 16 du = 107.

—T

Bort u Bce.

3amayku U ynpaxKHeHHus

1. Haiinure pauny pyru kpusoit v = In ( + vVul + a2) MexX-
/ Ly IBYMS MPOU3BOJBHBIMU TOUKAMH BIOJb MPSIMOTO FeJHKOMIA
‘ f(u,v) = Hucosv,usinv, av).

€ 2. Haiimute mepuMmeTrp KpPUBOJMHEHHOTO TpPeyroJbHHUKaA, obpa-
30BaHHOTO KPUBBIMH u = +av®/2 u v = | BIOJb MOBEPXHOCTH,
nepBast pyHIaMeHTasnbHas (hopMa KOTOPOH HMEeT MaTpHIy

(gij)Z[(l) U23a2:|~

3. Haligure n/vHy oyru Mexxay AByMs POU3BOJIbHBIMU TOUKA-
MH KPUBOH % = v BIOJb IOBEPXHOCTH, NepBas PyHAaMeHTalbHas
(hopMa KOTOpOH MMeeT MaTpULy

1 0
@)= o aiu |
4. Ha nceBnocdepe
ot . . u
flu,v) = (asmucosv,asmusmv,a (111 (tg 2) +cosu)>

u

2) + C. Jlokaxure,

4TO AJIMHBL IYI BCeX JIMHUH OOHOrO ceMeHcTBa MexXIy ABYMs
(PMKCHPOBAHHBIMH JINHUSIMH BTOPOTO CeMeHCTBa OLMHAKOBEL.

3a7aHbl Ba CeMeHCTBa JUHUH v = £ 1n (tg
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5. Hatinure nauny «o6MoTku» u(t) = (¢, t),t € (—7, 7) BIOMB
Topa:
a) f(u,v) ="((a+ bcosu)cosv, (a+ bcosu)sinv, bsinu),
6) f(u,v) =t(acosu,asinu,bcosv, bsinv).

32. ¥Yribl Ha NOBEPXHOCTHU

M3BecTHO, 4TO yroa MexAy KPUBBIMH — 3TO yroJ MexXAy HX
KacaTesbHBIMH BEKTOpPaMH B TOUKe IepecedyeHHs 3TUX KpubhX. [lla-
BalTe HayyUMMCs HaxXOAUTb YIJbl MeXNYy KPHBBIMH Ha IIOBEPXHOCTH.
[Iycte f: U C R"™ — R™ — noBepxHOCTb, NepBast (hyHIaMeHTa/b-
Has dopma I,(X,Y’) xoropoit umeer marpuny [L,| = (gi;(p)).

[Iyctb

ar(t) = f(ui(t))
as(0) = f(uz(6) } AP KpHBHX BIOT:

[Tycth mpooGpassl 3THX KPHUBHIX (T.e. KpuBble u)(t) U ug(f)) mepe-
cexatorcsl B oosactd U B Touke p :

up(tg) = ug(fp) = p.

DTo 03HauaeT, uTo KpuBble «i(t) U () mepecekalTcs Ha MOBeEpX-
HoCcTH B Touke f(p):

ai(to) = az(bo) = f(p).

Hafinem kacartesibHble BEKTOPBI K KPUBBIM ] (t) U ao(f) B TOuKe
nepecedennsi. O6a 3TH BeKTOpa JieKaT B ONHOM KacaTesJbHOM IIpo-
crpanctee 1), f (cM. puc. 32.1) U yroa ¢ Mex1y HUMH — HCKOMBIH.

JuddepenurpoBane KpuBbIX «j(t) 1 ag(f) cpasy maer pasJo-
»KeHHMe KacaTeJbHbIX BEKTOPOB MO CTaHAapTHOMY Gasucy 1), f:

ai(to) = uy(to) - fui (p),

dg(0o) = uh(60) - fui (D).

[TockoabKY TpH HaxXOXKAEHHH yIyla MeKIy BEKTOPaMH COBep-
IIEHHO HEeBaXKHO, KaKOH OHM JJIMHBI, Mbl CMeJO YMHOXKaeM IepBbli
BeKTOp (o) Ha NpPOU3BOJIBHOE HEHyJeBoe 4HC/I0 df, a BTOPOH
BEKTOp io(f) — Ha NPOM3BOJNIBHOE HEHYJeBOe YHc/o 6f (ICHO, UTo
yroJa MeX1y BeKTOpaMH OT 3TOro JUOO He H3MEeHHUTCS, JUOO CTaHeT
LOTIOJIHHUTENBHBIM 10 pa3BepHyTOro). [Tomydyaem

Q (t()) dt = ull(to) dt - fuL (p) = du’i‘(to) . fuL (p) = daoy,
r(00)060 = 1}(00)0 - £, (p) = 6uh(0o) - fui(p) = bz
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Puc. 32.1

— HeKOTOpBIe KacaTesbHble BEKTOPHI (Ha CaMOM fiejle — KacaTeJbHble
OIHOMepHble MopanpocTpaHcTBal) K KpUBbIM «vf(t) U ag(f) cooTBert-
CTBEHHO.
[anblile Bce CTAaHZAPTHO M OYEBHIHO — YIJIBl B €BKJIMIOBBIX
MPOCTPaHCTBAX MILYTCs uepe3 CKaJsipHOe NPOU3BENEHHE:
cos p = <.a1(t0)’a.2(90)> =
&1 (to)] - |ca (6o)]
_ L, (dn (to), da(6h))
V(@i (t), éi(t)) - /Ip(da(6o), o (60))
I,(day, o)

\/Ip(dahdal) : \/Ip(5a2. dag)
B 9ij(p) duiouy
\/gij (p) duli dujl : \/gz'j () 5“3 5“%
— 39TO KJlacCHUyecCcKas 3allucChb qupMy.]'IbI OJI1 HAXOXIeHUsA yma Memny
KPUBBIMU BJIOJIb NMOBEPXHOCTH C HCIOJIb30BaHHEM MU hepeHHaNoB

KOODAMHATHBIX (DYHKLUHWH KpHUBBIX. JIMUHO MHe OoJibllle HPABUTCSH
Takas 3aluCh:

9i5 (p) it} (t0) ) (60)
— — (®)
/915 ()i (t0)it] (to) - 1/ g3 ()i (Bo i (Bo)

cosp =
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— IOHUMaHHe CMbICJIa BXOMSILMX B Hee CHUMBOJIOB He BbI3bIBaeT y
MeHSI HUKaKUX H3JHULIHAX YCUJNH.

BupHo, 4TO BeJMUMHBI YIJIOB MEXAY KPUBBIMH BHOJb IO-

BEPXHOCTH BBIPAKalOTCS TOJBKO depe3 Kod(PhHIHEHTb ¢;j(p)
nepBo# (pyHIAMeHTa bHOU (DOPMBI M 3aJaHHbIE MapaMeTpu3anuu (Ko-
OpIUHaTHHIE (PYHKIMU) KpUBbIX B obsactu U C R™. DTo o3Hayaer,
YTO BeJIMUMHBI YIJIOB MeXAY KPUBBIMU BIIOJIb IOBEPXHOCTH SBJISIOTCS
CBOWCTBAaMHM BHYTPEHHEH reOMETpPHH.

Kpome Toro, mosesno moHumatb, 4to ¢opmyna (M) sBiser-

csl, M0 CyTH, onpedeseHuem TOHSITUSL «yToJl MeXAy KPHUBbIMH
BLOJIb TOBEPXHOCTH».

Mpumep 32.1 (3amaua II.Hynweca, 1537 r.). Ha cdepe
TpebyeTcsl HAUTH KPHBbIE, MepeceKarolle Bce MEPUAHAHBI MO OTHUM
M TeM 3Ke OMHAKOBEIM YIJIOM (. JlioGas Takas KpuBas Ha cepe !)
Ha3blBaeTCs A0KCOOPOMOLL, UTO B Te-
peBole C JIATUHCKOTO O3HA4YaeT «KO-
coll 6er».

Cpasy HampalluBaeTcsi OYeBHI-
HBl oTBeT — mnapasnenu. Kaxknas
napaJjijiesb TNepecekaeT Bce MepHIH-
aHbl MO ONHUM W TeM XKe YIJIOM
¢ = w/2. Tlopryranen Hynbec ),
B faJjeKude roabl OypHOTO pPasBUTHSA
MapyCHOTO MOpernJaBaHus, 3a/aJcs
BOMIPOCOM — KakKHe ellle KPHUBble Ha
chepe mepecekarT MepUAUAHBI MOJ
ONHHM H TeM e YIJIOM ¢, HO Te-
nepp ¢ < 7/2. Hynbec, kak pebe-
HOK, CIpallKBaJ OKPYKaOIHUX — ec-
JIU BCe BpeMs MJbITb Ha CeBep, TO
MPUIJIBIBEIb HA CEBEPHBIH MOJIOC U
TaM OCTaHOBHILBCS, €CJHM BCE BPEMSs TJIBITh HA BOCTOK, TO 0OOHIeIb
3eMHOH ILIap M BepHeIIbCs B HCXOAHYIO TOUKY, a eCJIM BCe BpeMsl
MJBITh TOYHO HA CEBEPO-BOCTOK, TO KyJAa MPHUIJbIBellb? [TlocmoTpuTe
Ha puc. 32.2.

HyHbec OTKpBIT 3Ty BaXKHYI0 B MOpeNJIaBaHHH KPUBYIO U OMyO-
JIMKOBaJ ee onucaHue B pabore «Tpakrar B 3alIUTy MOPCKOH KapThl»,

') VI He TosibKO Ha cdepe, HO U Goslee 0G0 — Ha MPOM3BOJBHON TOBEPXHOCTH
BpalLeHHs.

%) O6ienpunsTas pycckas TPaHCKPHILUS (GaMUJIHH, KOTOPAS [0-TIOPTYralbCKH
npousHocurces: HyHber.
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usnanHoi B Jluccabone B 1537 r. IlepBoHauasbHO OH HasblBaj 3Ty
KpPUBYI0 «pyMO». JIokcompomy HccienoBaly MHOTHE yueHble TOTO
BPEMEHH, B YacTHOCTH, acTpoHoM O.lanne# (ero mMeHeM HasBaHa
3HaMeHMTasl KOMeTa) Hallles, 4YTO CTepeorpaduyeckast MpOeKLHs JOK-
COAPOMBI eCTb JiorapumMHuieckasi Crupalb.

Haiinem ypaBHeHHe mokconpoMbl Ha cdepe f: U C R? — R3,
rae

f(u,v) = {Rcosucosv, Rcosusinv, Rsinu).

Matpuua nuddepernuana otrodpaxenus f(u,v):

—Rsinucosv —Rcosusinv

[dfp] = [fu, Jo] = | —Rsinusinv ~ Rcosucosv
Rcosu 0
Marpurua nepoil pyHIaMeHTalbHON (opMBbI Chephl:
R? 0
[ p] (9i5) 0 R2cosu

[Tyctb KpuBasi o (t) — MepuanaH Ha cepe, Toraa v = const —
ypaBHeHHe ero mpootpasa B obnacté U C RZ?. 3Hauut, B Kaca-
TeJIbHOM TIpocTpaHcTBe 1), f KacarteabHbIH BeKTop (v (t) = f, nMeer
«koopauHathl» (du,0) = (1,0) - dt.

[Tycts KpuBasi ag(f) — snokconpoma Ha cdepe u mycTb ug(f) =
= (u(),v(0)) — napameTprUecKoe 3agaHue ee Mpoodpasa B 061aCTH
U C R?. Torna B KacaTe/JbHOM NPOCTPAHCTBE T,f KacaTenbHBI
BEKTOP dio(f) uMeeT «KoopauHATh» (du,dv) = (4, 0) - 66.

Yron Mmexay BceMH MepHIMaHAMHU H JIOKCOIPOMOH IMOCTOSIHEH
W paBeH ¢, CJIeI0BATENBHO,

Ly(a1, ég)
VIp(ar,ar) - \/Ly(ag, dg)
R%du u
VR2duZ VR25u® + RZ cos?udv?

[locnie Bo3BeneHHs B KBaipaT W HECJOXKHBIX MTPeobpa3oBaHui, MoJy-
yaetcs audepeHUHaNbHOe ypaBHEHUE

Ccos ¢ = const =

cos? p(ou? + cos?u 6v?) = du?,
TO €CTb, TOCJE Pa3jesieH s epeMeHHbIX,
u2

o’ =tgp- 5
COs?1u
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DTo ypaBHeHHE HYXKHO PElWTb W HAWTH (YHKIMOHAJbHYIO 3aBHUCH-
mocTb F'(u,v) = 0 mexay nepemeHHbIMH u ¥ v. Torma ypaBHeHue
F(u,v) = 0 6yger sanaBath B obmactu U C R? HekoTopyo Kpu-
Byl0O — Mpoo6pa3 JIOKCOAPOMBI, HJIH, €CJH YTOIHO, 3TO ypaBHeHHe
OyleT 3a1aBaTb L0KCOOpOMY HA Chepe 8 eeozpagdhuueckux Koopou-
Hamax.

Ynpaxnenue 32.1. Pemnte 310 ypaBHenue. (He xynpHuuaTh!)
OO6IuUM pellleHHEM 3TOTO ypaBHEHHs SBJsSETCS CEMEeHCTBO HHTe-
TpasbHBIX KPUBBIX
T u
172

pacro/ioxKeHHbIX B o6mactu U C R?. Kaxknas Takas KpuBas sBJseT-
cst MpooOPa3oM HEKOTOPOH JIOKCOAPOMBI.

U:tggp-lntg< )+v0,

Ynpaxuenue 32.2. Hapucyiite 311 kpusble B o6nacti U C R?
1 coobpasuTe, Kak BBINVIAAAT JIOKCOAPOMbl Ha cdepe. UTo 3aBUCHT
OT 3HaueHHsI NTPOU3BOJIBHON TOCTOSIHHOHU vg?

Ynpaxuenue 32.3. Coobpasute (1/s 3TOTO TPUAETCS MOKEPT-
BOBaTb MHBEKTUBHOCTbIO 0TOOpaxkeHHsi f(u,v) U PaCLIUPUTh MPSMO-
yrombuuk U C R? 10 6eckoHeuHOl M0JI0ChH), UTO JIOKCOLPOMa IPH
0 < ¢ < w/2 nenaer Ha cepe GeCKOHEYHOE YUCIO 0GOPOTOB BOKPYT
TMoJII0Cca, HeorpaHUYeHHO K HeMy MpUOJIMKAsACh, HO He J0CTHras ero
(roBOpSIT — TIOJIOC SIBJISIETCS QCUMNMOMUUECKOLU MOUKOL JIOKCO-
npomel). Ilokaxkute, 4To, TeM He MeHee, NJIMHA BCeH JIOKCOLPOMBI

KOHeYHa W paBHa
cos ¢
Sanaua Hynbeca pemena. [IyHkT 32 3akoHuUeH.

3agauku U ynpaKHeHus

1. Ilox xakuM yrjoM mepeceKkarTcs 06pasbl KPUBBIX
.’/ wn(t) = (t, 26, —t) u uz(0) = (36, —0,6%)

€ BI0/Ib TIOBepXHOCTH f(u, v, w) = H3u, u + v, uvw, v> 4+ w?)?

2. HalinnTte BHyTpPeHHHE yIJIbl KPHUBOJHHEHHOTO TPEYTrOJbHHU-
Ka, 00pa3soBaHHOrO KPUBBIMH u = +av®/2 u v = 1 BHOIbL TO-
BEPXHOCTH, NepBasg (yHIaMeHTaJbHas (popMa KOTOPOH HMeeT

MaTpULy
1 0
(gij): [0 u2+a2]

3. Tlom xakum yryom mnepecekalTcss JUHHH u + v = 0 u
u —v =0 Ha npamoM resmukouze f(u,v) = H(ucosv,usinv, av)?
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A mop KakUM yIJIOM 3TH XKe JIHHHK TepecekainTcs Ha cdepe
f(u,v) = (Rcosucosv, Rcosusinv, Rsinu)?
A Ha Tope
flu,v) = t(a cos u, asinu, bcosv, bsinv)?

4. Haiinure yron Mexny JUHUSAMM v = u + | 1 v = 3 — u Ha
nosepxHocTH f(u,v) = H(ucosv, usinv, u?).

5. JlokaxkuTe, 4TO KpHBbIE, KOTOpble B KaXKIOH TOUYKe HEJIST
TonoJiaM yrjbl MeXAy KOOPAMHATHBIMH JHHHUSIMH MOBEPXHOCTH
f:U CR? — R™, 3anaorca auddepeHiranbHEM ypaBHeHHeM

V11 du £+ \/ 922 dv = 0.

Haiinure ypaBHeHHs JMHHH, AeNALIKX [OMOJAM YIJbl MeX-
Ny KOODAMHATHBIMM JIMHHAMH Ha rejukoume f(u,v) =
= Yucosv,usinv, av).

6. Hatinure ypaBHeHHsI JIOKCOIPOM Ha MOBEPXHOCTH
f(u,v) = (ucosv,usinv, aln(u 4+ vVu? — a?)).
7. Hatinute ypaBHEHHS JIOKCOAPOM Ha TOpe

f(u,v) ="(acosu,asinu, bcosv, bsinv) .

33. O6beM MOBEPXHOCTH

Kak yxe oroBapuBasoch B .4, B cjydyae pasHbIX pasMepHOCTeil
eBKJIMJOBA TPOCTPAHCTBA (MM TMOBEPXHOCTH), BEJHUUHUHY «0ObeM»
0OBIYHO HA3bIBAIOT MO-PA3HOMY:

npu n = 1 — 0OBIUHO TFOBOPAT «AJHUHA»,

pu 1 = 2 — 0OBIYHO TOBOPST «IJIOIMIAIbY,

npu n > 3 — TOBOPAT «00BEMY.

Ham usBectHo, 4yto o6vem V [ay,a9,...,a,] n-MepHOro mapais-
JieJloTona, MOCTPOEHHOro Ha BeKTOpax aj, ag, ..., d, €BKJIMI0BA MpPO-
ctpaHcTBa, paBeH y/det((ai, a;)), rme ({(a;,a;)) — marpuna I'pama
CHUCTEMBI BEKTOPOB (aj, ag, ..., ay).

[lycts f: U C R®™ — R™ — WHDEKTHBHAs [OBEPXHOCTb,
I,(X,Y) — ee neppas ¢pynnamentanbHas dopma u [L,] = (g45(p)) —
MaTpula 3Tod ¢opmbl. Hamra sagaua B 3TOM MyHKTe — OINpenesuThb
M HayuuTbCs HaxoauTb o6beM V[f] obpasa f(U) mnoBepxHOCTH
f:UCR"— R™
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0603Ha:{I/IM onpenenutenb det(g;;(p)) mMaTpHibl nepBoi ¢yHna-
MeHTaJIbHOH (hOpMBbI MOBepXHOCTH uepe3 g(p). OueBUAHO, YTO 0OBEM
napaJijieJloTona, MOCTPOEHHOr0 Ha BEKTOpPax CTaHIapTHOro Gasuca
KacaTtesibHOTro npoctpaHcTsa 1, f, paBeH

Vifurs fuzs oo fun] = \/det(gi;(p)) = Va(p)-

O6osnavyenne V = /g kBaapara oObema napaJjesorona OyKBOH g
OOIIeNPUHATO B MaTeMaTHKe, HO 0COOeHHO JI06UMO (PU3UKAMU B 3a-
YMHBIX KHHKKAX 10 «T€OPHH TOJs». |

HanomHio, 4T0 eunepniockocmero B ap@UHHOM TIPOCTPaHCTBE
MBI TOTOBOPHJIUCH HA3bIBATH MOANPOCTPAHCTBO, PA3MEPHOCTb KOTOPO-
ro Ha eIWHHIly MeHbllle Pa3MePHOCTH OKPY?KAaoIlero MpoCTPaHCTBRA.

A nasnbiue, moporve uMTaTeNH, 1 pacCKaxKy BaM CKasKy Ipo TO,
KaK HUCTOPUUYECKH C(HOPMHPOBANOCH MOHATHE 00BEMAa MOBEPXHOCTH.
DTo 3aHUMaTesNbHOE MOBECTBOBAHUE MPO JMOJNbKH, KYCKU-JOCKYTKH U
YelyHKH.

[TycTb Aul Au? .. Au™ — MPOU3BOJIbHbIE MOJIOXKHUTENbHbIE (OT-
JIUUHBle OT Hynas!) yucaa (B MaTeMaTHUeCKOM aHajHM3e WX Ha-
3bIBAIOT «IPUpAlleHHsi aprymMeHToB»), a (ep,e9,...,€,) — CTaH-
naptHeiil 6asuc R™. Pasobbem obsacte U C R™ runepmnjocko-
CTSIMU, TIapaJiJieJbHBIMH KOOPAWHATHBIM TJIOCKOCTSIM, Ha 7-MepHbIe
napannesotonsl Uy, DTH MapassesoTOonbl MOCTPOEHB HA BEKTOpax
Auler, Aules, ..., Aume,, KOTOPBIE OTJIOXKEHHI OT TOYKH pj. [lapas-
Jejortonsl Uy, HazoBeM «jaonbkamus» objactu U C R™. IlocmoTpute
Ha puc.33.1 — OH WJTIOCTPUPYET MpPoJeJaHHOe pa3bueHHe U Najb-
Helllee pa3BUTHE COOBITHH.

OueBugHO, uto ecau obmacte U C R pa3bura Ha «I0JbKH», TO
toraa obpas mnosepxHocTH f(U) pasbuBaeTcs Ha «KYCKH-JOCKYTKH»
f(Ux) — o6pasbl «mosek». Ha puc.33.1 3TH «KyCKHU-JOCKYTKU»
006pa3oBaHbl KOOPAWHATHBIMHM JUHHASAMU Ha MOBEPXHOCTH. Tak moJy-
YUJIOCh JIMIIb OTOMY, UTO Halll PUCYHOK IByMepHbIH. KoopnuHaTHbIe
JIMHUW Ha JIBYMEPHOU MOBEPXHOCTH KaK Pa3 U SIBASIOTCH 0O0pasaMu
pa30UBaOIINX KOOPAUHATHBIX «THIEPIIOCKOCTeH» — KOOPIHHATHBIX
nunui B obnacty U C R2. B cayudae 6osiee BHICOKMX pasMepHOCTei
KOOpPAMHATHBIE JIMHUK 3[eCb HU TNpu 4eM, Benb obsacte U C R”
pasbuBaeTcs Ha MapaJeJOTONbl He KOOPAMHATHBIMHU JIMHUSMH, a KO-
OPIMHATHBIMU THIEPIIOCKOCTAMU. Ho TOorma um «KyCKH-JIOCKYTKH»
pUCOBATh KpalHe 3aTPyAHHUTEbHO.

) B rakux 3ayMHBIX KHH3KKAX (hu3uKH 3a0bIBAIOT, UTO g — 3TO Yy HHUX YCKO-
peHue cBOGOIHOrO najfeHus (CM., HanmpUMep, KHHXKKY «TeopHsi MoJis» BbIAAIOLIMXCS
coBerckux (usuxos JI. 1. Jlannay u E. M. Jludpunua).
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Pebpo Aud f,i

| [Mapannenoron — «yenryika»

Pebpo Aul f,,j

Puc. 33.1

Caymaiite nanbiie. BekTopsr Auley, Aues, ..., Aue, Jaexar
B KacaresnbHoM npocTpaHctee 1), R™. luddepenunan df,, nepeso-
JIUT 3TH BEKTOPbl B BEKTOPHI Aulful,AUqu2,... , Au” fum U3 Kaca-
TesbHOrO npoctpancTsa 1), f. Takum oGpasom, auddepenunan df,,
nepeBOAUT Mapasuenoron Uy B «napasnenoton-uemyiky» dfy,, (Ug),
MOCTPOEHHBbIH Ha BeKTOpax Aulful,AUquz,...,Au"fun. «[Tapau-
JenoTon-yemyika» dfy, (Uy) JeXHUT B KacaTelbHOM MPOCTPaHCTBe
Ty, f axkypat «Han KyckoM-nmockyTkoM f(Uy)»! (CmoTpute — Ha
puc. 33.1 dyemyika JMIIb YyTb-uyTb MNPHUIOAHSATA HAJ KYCKOM IIO-
BEPXHOCTH!)

B coorBercTBHM ¢ Hallell reHepasbHOH HIeel 3aMeHSATb «H30-
THYTYI0» TIOBEPXHOCTb B OKPECTHOCTH Ka)KIOH TOouku pi € U Ha
«IIpsAMOe» KacaTesbHOe NMPOCTPaHCTBO T, f, 3aMeHUM KaXKablH «Ky-
COK-N0CKyTOK» f(Uj) «mapasnenoronom-uernyikoi» dfy, (Uy) B Ka-
caTesJbHOM TIPOCTPAHCTBE, Belb «UellyHKa» M «JIOCKYTOK» OYeHb
MOXO0XKH JPYT Ha Apyra — CMOTPHUTe Ha puc. 33.1!

Tenepp ocTasoch MPUHSITH COIVIALIEHHE, YTO OOBEM «KyCKa-
naockyTKa» f(Uy) mpUMepHO paBeH 00beMy «lapaJsiiesoTorna-
uemyiku» df,, (Ug). Pasymeercs, ato He Gosee, 4yeM MHTYHTHBHOE
corJiallleHHe, HO JIMYHO s, TVIsiAsl Ha puc. 33.1, CKIOHEH CYUTATb, YTO
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MJIoMIaAb KYCKa-JOCKyTKa MOBEPXHOCTH MPUMEPHO paBHA IMJIOIILAAH
napaJsijiejorpaMMa-yelly K| Hall 3THM KYCKOM-JIOCKYTKOM.

[anee, mocJ/ie IPUHSITBIX COTJIALIEHHUH, BCe CTAaHIAPTHO U OUEBH[I-
Ho. O6bem V[Au!f,1, Auf,», ..., Au™ f,n] mapannenorona-uemyi-
KM, TIOCTPOEHHOTO Ha BekTopax Aulf, i, Au’f,2, ..., Au™ f,n BbIYHC-
JISIeTCSl aBTOMATHYECKH:

VIAU f 1, Al fo, .. AU fun] =

= Au'Au? - AUV [ fur, furs s fun =
= AulAu? - Audet((fuin fu) = Volpr) AulAu® - - Au™,

B cusy HawMx coryialleHHH Mbl BbIHY2KIeHbl Telepb NPU3HATh,
uTto 00beM moBepxHOCTH V[f| mpuMepHO paBeH cyMMe O0OBEMOB
yellyek:

V=Y VIS =Y VIdfp U] =Y Velpr) Au'Aud.
k k k

Konneru! dto wuHTerpasnbHas cymma! Ecnu Tenepp mnepeiTH
K MpeJesy, yCTPEMUB pa3Mepsl «10JeK» K HyJto (Mbl He OyneM ceidac
JI0Ka3blBaTb, YTO MOXKHO MepPeHTH K TaKOMy Tpezey!), To moayuuTcs

VIf] = J Vo(p) dutdu? ... du",

U

TIe 3TOT M-KPaTHBIM MHTerpas Oepercs mo Bced obgactu U C R”
omnpesesneHusi noBepxHocTH. Bor u Bce. Ckaska KOHYMJIACh, U MBI
TOTOBBI aTh (PopMaJsibHOE oTpenesieHre 00beMa MOBEPXHOCTH.

Onpenenenne 33.1. Ob6vemom n-mepHoil uHBEKMUBHOL NO-
gepxnocmu f: U C R™ — R HasblBaeTcs 4ucI0

VIf] = J Va(p) du'du? ... du™.

U

[TpoBepbTe camocTosiTEIBHO, UTO NP N = 1 3Ta hopmysa cTaHo-
BUTCS (DOPMYJIOU AJIS1 BBIUMCJEHUS IJIMHBI AYTH KPUBOU.
CoBepllleHHO OYEBHUIHO, UTO OOBEM MOBEPXHOCTH SIBJSETCS
CBOMCTBOM BHYTPeHHEH reoMeTpUU 3STOW IMOBEPXHOCTH, TaK
KakK B OMpelesieHUU oObeMa HUUero, KkpoMe Ko3(p(OUIUEHTOB MepBOH
(hyHIaMeHTa bHOH (POPMBI, HE y4acTBYeT.
JBa npumepa.



33. O6vem nosepxrocmu 251

IMpumep 33.1. BoiuucauM miomans (T.e. OBYMepHbIH 00beM)
noBepxHocTH Topa-6y6auka f : U C R? — R?, samannoro napamer-
pusanuen

f(u,v) ="((a+bcosu)cosw, (a+ beosu)sinv, bsinu), rae a > b.

O6nacts U C R? 3anaercs HepaeHcTBaMu 0 < u, v < 27 (M. 1. 29).
CranpaptHBIil 6asuc KacaTesbHOTO mpoctpaHcTBa 1p,f B MpowUs-
BOJIBHOH Touke p(u,v) € U:

fu = (—bsinucosv, —bsinusinv, bcos u),

fo =(—(a+bcosu)sinv, (a + bcosu) cosv,0).
[lepBas pyHnameHTanbHasA hopma Topa-0yOauKa UMeeT MaTpULLy

L=t = |5 )
P J 0 (a+bcosu)?

Torna g = det(g;;) = b*(a + beosu)? u, nockonbky a > b, KBajpar-

HBIFl KOPEHb MOXKHO H3BJIEYb:

Vg =bla+bcosu).

CuuTaeM moMIaab OBEPXHOCTH TOpa-0y0/nka (4yp, BEIYUCIUTD
MUHTErpaj CaMoCTOSITeNbHO, Osaro o6aacte U — TpsMOYTOJbHUK
¥ TIepexoi OT ABOMHOTLO MHTErpasja K MOBTOPHOMY OCYILECTBJSETCS
3JieMeHTapHo!):

VIf] = J J\@du dv :T Tb(a + beos u) dudv = 4x2ab = (27a)(2rb).
U 00

Takum o6pasom, TIOUIaAb TMOBEPXHOCTU TOpa-OyO/aHKa ecTb
NPOU3BeNIeHHe IJUH OKPYXKHOCTeH, Y4acTBYIOIIMX B 00pa3oBa-
HUM Topa.

IMpumep 33.2. BoiuncauM miomane (T.e. OBYMepHBIH 00beM)
nosepxHoctH f: U C R? — R* — nacrosiero Topa S! x S}, sa-
IaHHOTO napameTpusaluei

f(u,v) = Yacosu,asinu, bcos v, bsinv).

O6aacts U C R? 3anaercs HepaBeHcTBaMu 0 < u, v < 27 (cMm. 1. 29),
T.€. TOYHO TaKas ke, Kak U B cJaydae Topa-Oyb/auKa.
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CrannapTHeIfl Gasuc KacaTesbHOro npocrpaHcTsa 1), f B mpous-
BOJIbHOH TOuke p(u,v) € U:

fu=Y—asinu,acosu,0,0), f,=Y40,0,—bsinv,bcosv).

[lepBasi pyHnameHTasbHas (popmMa HACTOSILLIErO TOpa HMeeT MaT-

puny )
a® 0
Torna
g:a2b2H\/§ = ab.

CuuTaeM M/iowanb NoBepxHocTH Topa Sb x S} (TyT BRUMCAeHHe 1H-
Terpaja BooOlle He TpeGyeT HUKAKOrO YMCTBEHHOTI'O HAMpPSKEHHUS):

Vif] = || Vadudv = i QW(ab) dudv = (2ra)(27h).
U 00

BunHo, uTo muowanb nosepxHocTH Topa S} x S} B uernipex-

MEpPHOM TIPOCTPAHCTBE TOJNYUYHIACh TOUHO TaKas e, Kak y
Topa-6y06/iMKa B TPEXMEpPHOM IMPOCTPAHCTBE — TIPOU3BeleHHe NJUH
okpyxkHocTell S! u Sé. MHe kaxeTcs, 3T0 0OCTOATETBCTBO ABJISETCS
OYeHb CHJIBHOH WJJIIOCTPALlMEd CYIIHOCTH TOHSATHUS «BHYTPeHHssI
reoMeTpHsi» — IJIOLIaAb TOpa He 3aBUCHT OT TOrO, B Kakoe Mpo-
CTPAHCTBO OH BJIOXKEH W KaK OH TaM pacroJioxeH. [lnomane Topa —
3TO ero BHyTpeHHee cBoHCTBO! OH Be3le HOCHUT ero ¢ coboi.

Ha nexuuu 3TH 1Ba mpumepa, paccKa3aHHble TOAPSI, MPOU3BO-
ISIT Ha CTYIEHTOB CHUJIbHOe BredatieHHe. Kak 3Be3gHoe He0O Han
TOJI0OBOM, OHH 3aCTaBJSIIOT UX «3aMepeThb U 3aAyMaTbCsi». XOTs, KO-
He4YHO, s MOHMMAI, UTO 3TH TMPUMEPB — MPOCTo (oKyc, «OyOank
U3 WsAnel». Mbl Hamad oO0beMbl paswbiX TOBEPXHOCTEH, W 3TH
00beMbl OKasasiuch paBHbl. [IpaBia, oHM OKa3aJUCh PaBHBI COBCEM
He CJy4alHO, HO BCKPBIBATb MCTHHHBIE TIPUYUHBI PABEHCTBA 3THX
00beMOB Mbl, B 3TOH KHHKKe, HE HMeeM BO3MOXKHOCTH.

3agauku U ynpaKHeHus

1. IlpernopaBatenss Ha 3K3aMeHe OyHeT HHTepecoBaTb 00beM
b

bis
00J1aCTH 5 <u< 5; —m<v<m 0<w<5 Ha uuIUHIpE

f(u,v,w) =*Rcosucosv, Rcosusinv, Rsinu,w).
Crout HaliTH 3TOT 06bEM 3apaHee!
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2. Haiinure 06beM wwapa

flu,v,w) = 1t(w COS U COS U, W cOs U Sin v, w sin u),
0 ™
e —§<u<§; —rt<v<m 0<w<R.
3. Haiinute o6bem nopepxHocTH TpexmepHoii cdepsl B R*:

f(u,v,w) =R cosucosvcosw, R cos usinv cosw,
Rsinucosw, Rsinw).

4. Haiigure miolianb 4eTBIPEXYTOJbHHKA HA MPSIMOM TeJiu-
kouze f(u,v) = Yucosv,usinv,av), OrpaHUYEHHOrO JHHUAMH
w=0u=a,v=0,v=1. Ha aToM XKe rejiukouse Halaure IJo-
ajb TPEYyroJbHUKA, OTPAHMUYEHHOTO JUHUAMU u = + av, v = 1.

5. Haiinute miomanb npsiMOyroJibHOTO TPEYroJNbHUKA Ha che-

pe pamuyca R, CTOpOHaMH KOTOPOT'O SIBJISIIOTCS AYTH OOJIBIIKX
OKPYZKHOCTeH 3TOH cephl.

34. 3amMeHa mapamMeTpoOB Ha MOBEPXHOCTH.
HN3omeTpruHOCTh MOBEPXHOCTEN

[lepBasi mosloBMHA 3TOro MyHKTa aHAJOTMYHA IO CBOEMY COAEp-
XKaHMo 1.9, rae paccmatprBa/iach 3aMeHa MapameTpa Ha KPHBOH,
M03TOMY s COBETYIO B TIpollecce YTeHHs 3arvsiiblBaTh Tyla U ycTa-
HaBJIMBATh COOTBETCTBYIOLIME aHAJNOTHH. TEKCT MyHKTa CHeLHa bHO
HamMcaH MHOH [OCTAaTOYHO KpPaTko, 0e3 MoApOOHOTO TOJKOBAHHS
TNPUUUH BO3HUKHOBEHHS] 00CYKIAeMbIX MOHATHH. DTO JOJKHO IO-
CY>KUTb XOPOIIUM yTpa)KHeHHeM [JIs1 Ballleld CIOCOOHOCTH IMOHH-
MaTh He TOJbKO OyKBaJbHOE CONEpXKaHHe TeKCTa, HO U HIeHHYI0
CTOPOHY H3JlaTaeMbIX BOIMPOCOB.

_ Onpepenenne 34.1. [(se nosepxuoctu f:U CR" — R™ u
f:UCR"™— R™ csasanvl 3amenotl napamempos P, ecau:

) o: U5 U— nuddeomophusm; B

2) nns 060 Touku u € U BoinoaHeHo f(u) = f(P(u)), T.e.

f=fod.
[TocmoTpuTe Ha puc. 34.1, UAMOCTPUPYIOIIUK TAaHHOE OTpefiesieHHe.

Ynpaxuenune 34.1. [lokaxnTe, 4YTO Ha MHOXECTBE BCeX
n-MepHBbIX MOBepPXHOCTeH, BJOXKeHHbIX B R, GUHapHOe OTHOLIEHHe
«OBITh CBI3aHHBIMM 3aMEHOW MapaMeTpPOB» SIBJASETCS OTHOLIEHUEM
3KBUBAJEHTHOCTH.
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Puc. 34.1

Onupasicb Ha chopMy/JIHPOBaHHOE YTBEpXKIeHHe, YacTO BMECTO
(pasbl «1OBEPXHOCTH CBSI3aHBl 3aMeHOH MapaMeTpoB» TOBOPAT MPO-
CTO «NOBEPXHOCMU IKEUBANCHMHbLY .

3ameuanne 34.1. Bo MHOrMX KHMXKKaX TEPMHHOM <«ITOBepX-
HOCTb» WJIM «HelapaMeTPHU30BaHHAsl MOBEPXHOCTb» HA3bIBAIOT KJacc
5KBHBAJIEHTHBIX MOBEPXHOCTEMH, a KaxK10e KOHKpeTHoe 0ToOpaskeHue
f:UCR" — R™ u3 Takoro KJjacca Ha3blBalOT <«l1apaMeTpPH30-
BAHHOH MOBEPXHOCTbIO». MBI B 3TOH KHHXKKe He MpHAepKHBaeMCs
Nog0OHOH TOUKH 3peHHUS.

HaGmionenne 34.1. OO6pasbl 3KBUBAJEHTHBIX MOBEPXHOCTEH
COBIIAIAIOT.

Tuddeomopdusm @ : U —= U OCYIECTBJISIET TJIaJIKOe B3aMMHO-
ofHO3HauHoe oToOpaxkenue obiactu U C R" Ha obnacte U C R™,
T. €. IPon3BOAUT Ha noBepxHocTH f(U) = f(U) 3aMeHy NOBEPXHOCT-
HBIX KoopauHAT (ul,u?...,u") Ha «HOBLIe» TOBEPXHOCTHBIE KOOP-
auHath (0l @2 ..., u"). Tlostomy 3ameny napamerpos & : U —— U
4acTo Ha3blBAIOT €lle U 3ameHoll KoopouHam. o

[Tokaxkem, uto y moBepxHocTedt f:U CR" - R™ u f:U C
C R" — R', cBs3aHHbIX 3aMeHOK mapaMeTpoB @, B Toukax u € U u
u = ®(u) € U KacarejbHOe NPOCTPAHCTBO OTHO H TO XKe:

') Kacarenbubie mpocTpaHcTBa He TMPOCTO H30OMOPMHEI, a MMEHHO DAaBHBHI Kak
MHOKeCTBa BEKTOPOB.
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JleHCTBUTEJIBHO, _
f(u) = f(®(u)),

CJae10BaTeJ/JIbHO, COIVIaCHO LEIMHOMY IMpaBUJY

3uauut, Im df,, = Im(df¢(u) -d®,,). D10 03HAUaeT, UTO

[Tockonbky ® — nuddeomopdusm, dP,, — HEBBIPOKAEHHBIH JHHEH-
Hbll omepatop, rang (d®,) = n, sHauut, Im(d®,) = To(,)U. Or-
ciona, nockonbky Tyf = dfo) (TowU) n dimT, f = dim Ty, f,

cnenyer T, f = T4 f.
OueBHIHO, UTO CTaHAAPTHble 6A3UChl KacaTesbHBIX NPOCTPAHCTB
T.f u Ty f cBA3aHBl CIeYOMIAM 00pa3oM:

[futs Fuzs ooy fur) = [far, Fazs ooy fan] - @/ (w),

rne ®'(u) = [dP,] — maTpuua nepexona, SBJASMOLIASCS MaTpHIEH
nuddepenunana nuppeomoppusma ¢, T.e. Marpuuei kobu oTob-
paxenusi ®. ([Tomuum, uto rang (d®,) = n U sikoOHMaH Mepexona
det[d®,] oTanueH ot Hyxs B mo6o# Touke u € U.)

[TocmoTpuM Temnepb, Kak MeHsIeTCsl MaTpulla NepBoi (yHIaMeH-
TaJbHOW (DOPMBI MOBEPXHOCTH TIPU 3aMeHe NMapaMeTpoB.
OueBUaHO, UTO

(93 (w)) = df] - [df],
(95 (@) = "1dfz) - [dfz).
Tak kak [df,] = [dfa] - [d®,] v [df.] = [d®,] - [dfs], To nonyuaem

(935 (w)) = "ldf.] - [dfa] = [d®u] - 1dfz] - [dfa) - [dPu] =
= Td®.] - (3:5(@)) - [dPd].
OxkoHyaTe bHO, HMEEM
(963 () = 1d®u] - (G5 (@) - [dPu].

OTO HM3BeCTHOe M3 Kypca ajredpbl MPaBUIO H3MEHEHHS MaTPHLbl
OunvHelHOH (QopMbl MpH 3aMeHe 6asuca. (3ameHa 6asuca NPOMCXO-
IUT B JuHeHHOM mnpoctpaHctBe Ty, f = Ty f ¢ mMOMOLIbIO MaTpPHILLbl
nepexona [d®,].)
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Yreepxkaenne 34.1. [Jauwnor kpussix 80046 no8epxHOCMLUL,

yenvl mexucoy Kpusovimu i 06vem no8epXHOCMU UHBAPUAHMHbL
OMHOCUMENbHO 3AMEHbL NAPAMEMPOS, COXPAHAIOULCLL OPUCHMALUIO
(m.e. dugpgeomoppusma ® : U — U makoeo, umo det[d®,] > 0
8 arwboi mouke u € U).

Joka3zarenbcTBO. JTO [OCTATOUHO OUEBHAHOE YTBEpPXKIEHHE,
TaK KakK TP 3aMeHe NapaMeTpOB Ha IOBEPXHOCTH J0Oasi KpHUBas
BJIOJIb TIOBEPXHOCTH OyAeT MPOCTO MepernapaMeTpH30BaHa, NMOITOMY,
no JemMe 1.9, ee AJMHA He H3MEHHUTCs. BekTop CKOpOCTH KpUBOH
TIpU 3aMeHe MapaMeTpa pas3Be JIHIIb YMHOXKAeTCs Ha HEKOTOPYIO CKa-
JSpHYI0 (DYHKLHIO, T. €. OCTaeTcs KosnuHeapeH cam cebe. Cienosa-
TeJIbHO, YIJIbl MeXK1Yy KPUBBIMH MHBAPHAHTHBI OTHOCHTEJNbHO 3aMEHBI
napametpoB. HakoHell, 06beM MOBEPXHOCTH OCTaeTCs HEM3MEHHBIM
BCJIECTBHE IPaBHJA 3aMeHbl MepeMeHHBIX B KPaTHBIX HHTerpasgax
(monmeIHTErpaNbHOE BBIpAXKEHHE HEOOXOAMMO YMHOXKAThb Ha SKOOHaH
nepexona det[d@gl]):

VIf] = p\/§duldu2 coodu™ =

U

— [ \fdet(ld®, -Gy (@)-[d®,]) -detla@;"]-dit'di? - dii” =
o

— [ \/fdet @ @) - detld®,] - det[dd:"] - datda? - da” =
o

= p\/ﬁdﬂldﬂQ o du™ = V).
0 ¢

Bripouem, 3To yTBepxkKieHHe MOXHO OBLIO Tpeayrajatb U pa-
Hee, TaK KakK y 95KBHUBAJEHTHbIX IOBEPXHOCTEH B COOTBETCTBYIO-
IMX TOYKAX KacaTe/JbHble IPOCTPAHCTBA COBMNAJAIOT, @ COOTHOLIEHHE
(gij(u)) =1d®,] - (gij(w)) - [d®,] nokaseiBaet, 4To METPUUECKHE KO-
3(QOHULHEHTHI g;; U g;;j ABJAIOTCA KO3(hDULHEHTaMU 00HOL U motl jce
burunelinot ¢popmor (CKaISIPHOTO NIPOU3BENEHHS) B Pa3HbIX 6a3nucax
(cM. KoHerr . 3).

DTO 03HayaeT, YTO B COOTBETCTBYIOLIMX TOUKAX IKBHBAJEHT-

HBIX MOBEPXHOCTEH UX nepBble (hyHIAMeHTasbHble (DOPMBI MPO-
CTO COBNAJAIOT U 3THU MOBEPXHOCTH UMEIOT OfIMHAKOBYI0 BHYTPEHHIOIO
reoMeTpuio. BHYTpeHHSss reoMeTpHsi MOBEPXHOCTH He MeHseTcsl MpH
3aMeHe TapameTpos!



34. Samena napamempos Ha NOBEPXHOCMU 257

Taxoii UTOrOBBIH BBIBOA He CONEPKHUT B ce6e HHUErO HEOXKHAaH-
HOrO C MHTYHTHBHOH TOYKM 3PEHHs, Belb 00pasbl IKBHUBAJEHTHBIX
nosepxHocted f(U) u f(U) mpocto coBnanatwrt. [IpeacraBasiercs
BIIOJIHE €CTECTBEHHBIM, UTO TapakaHaM, MOJI3AMIMM Ha MOBEPXHO-
CTH, COBepLIEHHO Hal/eBaTh, KAKUM H3 BO3MOXHBIX CMOCOOOB OHA
napameTpuszoBaHa. M ecin yX OHH TaM HU3MEpPHJIH JJIHHY KaKOH-TO
KPUBOH, TO pe3yJbTaT MX HM3MEpeHHsl eCTh KOHCTAHTa, HUKAK He
3aBHCsILAs OT BbIOOPA CUCTEMbl KOOPIMHAT HA MMOBEPXHOCTH.

[Ipomo/kuM HauM paccmoTpeHusi. [laBallTe HECKOJIBKO YCJIO0XK-
HUM ¥ 0000IIMM CHUTYallMio, & UMEHHO, «pa3HeceM B pasHbie MecTa»
o6passl f(U) u f(U) B npoctparctBe R™ (cMm. puc. 34.2) u mo3Bo-
JIUM 3THM oOpasam ObIThb, BOOOL1E rOBOPS, PA3HBIMHU:

Puc. 34.2

[IpenmeTom Hariero majbHEUIIETO 0OCYXKIEHUS, TAKUM 06pa3oM,
OYLYT pasHbie TOBEPXHOCTH, HO C 00UHAKOBOU BHYympeHHel 2eo-
mempueti U aupdeoMoppHbIMU 06aacTAMU omnpeneneHus. Jaaum
TOYHBIE OTpee/ieHHUs .

Onpenenenune 34.2. [Iycts f: U CR" - R™ u f: UCR"—
— R"™ — n1Be vHbeKTHBHbIE M0BepXHOCTH. [Ipor3BosbHEIHA HH(eo-
mopduam & : U =5 U Ha3bIBaeTCs OUpPeomoppusmon nosepxHo-
cmu f na nogepxrocme f. B 3TOM ciiyd4ae roBopsT, 4TO MOBEPXHOCTH
f v f ceasanvt dugppeomoppusmom ® (Mau moBepxHOCTH f U f

dughpeomopghrot).

Mbu1 yxke o6cyXaanu B M. 28 3Ty OOLIENPUHATYI0 MPAKTUKY —

MpOBO3I/IallaTh KOOpAHHAaTaMU ToukH p € f(U) KoopaHHATHI
TOUKH f‘l(p) B o6mactu U C R™, T.e. npunuchLBaTh ToukaMm o6pasa
MOBEPXHOCTH «CBOHCTBA M XapaKTEPUCTHUKH» UX TMPOOOPa3oB U3 00-

9 C.B.Cusnlii
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JacTu onpeneseHus. Ternepb uaeM elle pajblie. [TockonbKy MBI Ha-
yUeHbl yCTaHABAUBATh JU(P(HeOMOP(PHUIMBI TOJBKO MEKAY OTKPbITbIMU
obsacTaMu npocTtpaHcTBa R, To MBI MpoBo3sryiamaeM MOBEPXHOCTH
nupdeoMopHBIMU, €CaU yCTaHOBJAEH AW(PGHeoMOpPU3M MeKAYy HUX
obsacTAMH onpejeseHusi. TakuMm o0pa3oM, TepMHUH «IH((eoMop-
(h13M 1oBepXHOCTEH», BJAACH OOLIEYyNOTPEOUTENbHBIM, HMeeT BCe-
TaKHW J0CTaTOYHO YCJIOBHBIH XapakTep — Beib AU((HeoMOp(HB He
06pasbl NOBEPXHOCTEH, a UX KOOPAHHATHBIE oOsacTu (T.e. Kapmol
TIOBEPXHOCTH).

Tem He wmeHee, o0pa3bl OU(D(PeOMOP(HHBIX [OBEPXHOCTEH He
YCKOJIBb3aI0T U3 HALIEero pacCMOTPeHHUs], OO MeXKAYy HUMH TOXKe POXK-
JaeTcsl CBSI3b.

HaGaronenne 34.2. Tak kak auddeomopdHbie MOBEPXHOCTH
T f u f npennonaraiorest uabekTuBHbIMU (T.€. f: U — f(U) u
f:U — f(U) — 6uekuuu), To BO3HHKAET €CTECTBEHHOE B3aUMHO-
OZIHO3HAYHOE COOTBETCTBHE ¢ MEXKIY TOUKaMHU UX 00pa30B:

1-1

¢p=Ffodofl:f(U) = fU).

Touke p € f(U) mpu 3TOM OTOOpaxkeHHH COOTBETCTBYeT TOUKa
q = f(®(f'(p) € f(U). (Cmorpute Ha puc.34.2 u BOAMTE IO
TOYeYHOH JIMHUH MaJfiblieM, UToObl MPOC/IeuTh, Kak JleHcTByeT 0T06-
paxenue ¢.) Touku p € f(U) u ¢ = ¢(p) € f(U), cBA3aHHBIE 0TOO-
pakeHHeM ¢, OymeM HasbiBaThb coomsemcmeerHvimu (npu Oug-
peomoppusme nosepxrocmeil ®). Takum 06pa3oM, BCSKOH (Hrype
(MHOkecTBY Touek) Ha f(U) cooTBeTcTBYeT HekoTOpass (urypa Ha
f(U), cocrositiasi U3 MHOXKeCTBa COOTBETCTBEHHbBIX TOYEK.

3ameuyanue 34.2. Jlerko MOHSATb, YTO JIIOOble [BE OTKPbIThbIE
opHocBasHbele obsactd U C R"™ n U C R™ MoxHo nugpdeomopdHO
oToOpasuTh Ipyr Ha apyra (oHH obe mudppeoMopdHBEl, HaMpHUMeD,
OTKPBITOMY €IMHHYHOMY luapy B mnpocTpaHcTBe R", a oTHolleHMe
obaacTell «ObITb AUPHEOMOPPHBIMU» SBASETCH CUMMETPHUYHBIM HU
TpaH3uTUBHBIM). [losToMy camo mo cebe, B OTpbIBe OT KOHTEKCTa,
noHsATHe AH(deomopdH3Ma OBEPXHOCTEH MaJjio 4YTO AaeT, OCKOJb-
Ky IMOTeHLHaJbHO, NIPH HAlUMX OOLIMX OIllpelesleHUsIX, Jo0Oble ABe
MOBEPXHOCTH MOTYT ObiTh nuddeomoppHel. OgHaKO Copep:KaTesb-
HBIF MHTEpeC B 3THX BONPOCAX MPEACTaBJsieT cama TePMHHOJOTHS,
KOHCTPYKIIMSI oToOpakeHus ¢ = f o ®o f~! nna auddeomopdHbIx
NOBepXHOCTel U pas3/MyHble NpUMeHeHUs NU((heoMoppHBIX 0BEpX-
HOCTeH B Apyrux (6ojee KOHKPETHBIX) MOCTPOEHHUSX.
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Omnpenenenue 34.3. [lycts f:UCR" >R u f:UCR" —
— R™ — 1Be HHDbEKTHBHBIE NOBEPXHOCTH, CBs3aHHbIE AM(pPeoMop-
dusmom @ : U —% U. Ecau marpuust (gij(u)) u (gi;(@)) nepsoit
(byHIaMeHTa bHOH (DOPMBI STUX MOBEPXHOCTEH BO BCeX COOTBETCTBY-
IOIUX TOUKaX u ¥ & = P(u) cBA3aHbl COOTHOLIEHHEM

(9i(u)) = 1d®u] - (33 (W) - [dDo],

TO TMOBepxXHOCTH f U f HasbiBalOTCs usomempuurovimu. Jludpdeomop-
¢usm @ HasbiBaeTcs usomempueti nosepxHocted f u f.

Crnenysi obmiell ycTaHOBKe ONHHAKOBO HMEHOBAaThb CBOHCTBA 00-
pasoB_MOBepXHOCTeH M o6aacTed MX OmpeleseHus, OTOoOpakeHHe
¢=fodo =L ocymecrsasiomee «Hanoxkenue» obpasa f(U) Ha
o6pas f(U) B npoctpancTBe R™, yacTo Takke HasblBalOT usomem-
puetl oBepxHocTed f u f.

Ha6aronenune 34.3. BuyTpenHue reomMeTpuud M30MeTPHYHbIX

nosepxHocted f U f coBnagaioT! ITO COBEPLIEHHO OYEBHIHO,
MOCKOJIbKY TOBEPXHOCTH f W f HMeT B COOTBETCTBEHHBIX TOYKaX
OHY U Ty Ke TepByI0 (pyHAaMeHTa bHY10 OUIMHeRHY10 Gopmy! [led-
CTBUTEJIbHO, HEBBIPOXEHHbIH JUHeHHbIH onepatop dP, mepeBOAUT
CTaHIapTHBIH 6asuC KacaTesbHOro npoctpaHcTsa Ty f B cTaHaapT-
HBIH 6a3uc KacaTeJbHOTO nmpocTpaHcTBa T3 f, a Mpu TakoM Tepexojie
MaTpula OuJKMHeHHOH (hOPMBI KaK pas U npeobpasyercsi M0 NPaBUITY
(gij(w)) = *[d®,] - (gij(w)) - [d®,]. DTO 03HAUaeT, 4TO B MPOCTPaH-
ctBax Ty f w Ty f omnpenmeseHO OOHO U TO Ke CKaJsIipHOE MPOU3-
BesleHre. KacaresbHble MPOCTpPaHCTBA M30METPUUHBIX TIOBEPXHOCTEH
B COOTBETCTBYIOLIMX TOYKAX OKa3blBAlOTCsS H30MOP(HBIMU HE TOJbKO
KaK JINHEHHbIe, HO U KaK e8KAud08bl. POCTpaHCTBa!

OO6beMbl, IJIUHBI, YIJbl U NMPOYHe MeTpUYeCKHe CBOHCTBAa COOT-
BETCTBEHHBIX (PUI'Yp HA H30METPHUUHBIX MMOBEPXHOCTSAX OKA3bIBAIOTCS
ONMHaKOBBIMH. Kpome Bcero mpodero, 310 O3Ha4aeT, YTO MJMHbI
JIOOBIX COOTBETCTBEHHBIX JMHMH Ha moepxHoctsax f(U) u f(U)
ONMHAKOBBl — B TPAAMIHOHHBIX yuyeOHHKAX Ha 3TO 0OCTOSTENbCTBO
NPUHATO 00paniaTh 0c060e BHUMaHHeE.

Ynpaxuenue 34.2. Jlokakute, uto ecau Ha auddeomopd-
HbIX MOBEPXHOCTSIX HJIHMHBI JIOOBIX COOTBETCTBEHHBIX KPHBBIX
COBMAJAIOT, TO 3TH MOBEPXHOCTH MU30METPUUHBI.

Pesgynbrar 3TOro ynpakKHeHUs MOPOXKAAeT TaKOH XyIO0KeCTBEH-
HBIH 00pas. [IpencraBum ceGe MOBepXHOCTh, U3TOTOBJAEHHYIO U3 T'HO-
KOH, HO HepacTsKHMOH IJIeHKH (Momoiner Takxke Oymara, (oJbra,
OpeseHT uau napycuHa). [IponsBosbHO H3rubas Takyio MOBEPXHOCTH,

[okd



260 § 6. Brnympennan eeomempus n0O8epXHOCMU

Mbl He U3MEHHMM MJIMH JIeXKalIMX Ha Hell KPUBBIX (a Takxke mJolnanei
(Guryp, yrjioB MexKay KpPUBBIMM U T.J.) U, CJI€0BATEIbHO, MOJYUUM
M30MeTPUYHYIO MOBepXHOCTb. OCHOBBIBAsICH HA 3TOM XYyIOXKECTBEH-
HOM mpeacTaBjeHuu, reomeTpbl XIX u Hadana XX BekoB Jaaxe
Ha3bIBaJH HM30MeTpUI0 u3eubaxuem (cefuac TePMHH <«H3rHOaHHe»
MOHUMAaETCsl B HECKOJbKO MHOM CMBIC/Ie — KaK HEKOTOPOe HelpeprIB-
HOe ceMeHCTBO Moc/e/l0BaTe/IbHBIX H30MEeTpPHH, Ha3blBaeMoe MHOrIa
«H30TOMHEN).

Taxk kak MOBePXHOCTH, KBHBAJEHTHbIE MU30METPUUHBIM I10BEPX-
HOCTSIM, CHOBA H30METPHUHBI, TO CIpaBelJ/IMBO CJlelylolee

Yreepxaenune 34.2. [lge npoussosvrole UHBEKMUBHbLE NOBEPX-
nocmu f:U CR" - R"™u f:U CR" — R™ usomempuuno, mo-
eda u moavko moeda, Koeda nodxodauetl 3amerot napamempos
Ha oonoll uz Hux (V:U — Uy uau ¥ : U — U)) mampuypl ux
nepeoti pyrnoamenmarvrot gopmel (gij(u)) u (gij(w)) moxcro coe-
Aamb 00UHAKOBbIMU C MOYHOCMbIO 00 0003HAUEHUS. NepPemMeHHblx
(nosepxrocmmuolx KoopOuram).

4 HacToOsiTesIBHO COBETYI0 BaM aKKypaTHO HamlucaTh N0Ka3aTesb-
CTBO 3TOTO HECJIO}KHOTO YTBEP:KJEeHHS, HAapUCOBAB COOTBETCTBYIOLIHE
KapTHUHKH C MOBEPXHOCTSIMH, 00/1aCTAMU U CTPeNKaMH-OTOOpaXKEHH-
sMu. Ecin BBl cripaBUTeCh C 3TOH 3aauell — Bbl MOHSIJIM COflepKaHKe
3TOTO MYHKTA.

Wrak, n3oMeTpUUHBlE MOBEPXHOCTH — 3TO MOBEPXHOCTHU C ONU-
HAaKOBOH BHYTpeHHel reoMeTpuel, OMMHAKOBBIMH IJMHAMH COOTBET-
CTBYIOILIMX KPHUBBbIX, PABHBIMH MJIOLIAASIMA COOTBETCTBEHHBIX (DUTYP
u T.A. ViMes nBe H30MeTpUYHble MOBEPXHOCTH, Mbl MOXeM TakK
MU30THYTb ONHY M3 HHUX B OKpY2KAlOLleM MPOCTPAHCTBE, UTO OHA
«TIOTeNbKA B TIOTEJbKY» JIS2KeT Ha BTOPYIO MOBEPXHOCTb. TapaKaHHl,
rnoJsi3aoliie Mo U30METPUYHBIM MOBEPXHOCTSM, HE CMOTYT OTJIHYHUTh
UX IPYyr OT Apyra HUKAaKUMH M3MEepPEeHHSIMH — HACTOJbKO 3TH IO-
BEPXHOCTH MOXO0XKH CBOUM «BHYTPEHHHM YCTPOHCTBOM».

Kazasock 6bl, uto 6/1arofaps CTo/lb CHJAbHOMY COBMAJEHHIO BCEX
CBOHCTB BHYTpEHHeH TeOMEeTpPHM, <«BHEIIHHH BHA» H30METPHUHBIX
MIOBEPXHOCTEH B OKpYy»KalolleM MPOCTPAHCTBE NOJKEH He CJHIIKOM
CUJBHO padaudatbest. Hy, mopymaerib, M30THY/IM cjerka OIHY IO-
BEPXHOCTb, U MOJY4YHJACh APYrasg — 3TO BCEraa MOxKHO ceOe mpen-
ctaBuTh! [losioca MIOCKOCTH M LMJIUHIP H30METPHUHBl — TaK MbI XK€
JIeTKO CBOpaurBaeM JHUCT 6yMaru B Tpy6ouky!

Ynpyuaromuii npumep 34.1. PaccMoTpum nBe nByMepHble MO-
BEPXHOCTH, BJIOXKEHHBIE B TPeXMepHOe NpocTpaHcTBO. BoT ux omu-
CaHMs.
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[TepBass noBepxHoOCTb. JIMHUA NpoBeca TSAKeJNOH OIHOPOI-
HOH HHUTH, KOHILBI KOTOpOﬁ 3aKpeIlJieHbl Ha ABYX I'BO3IAX, BOUTBIX
B CTEHKY Ha OIMHAaKOBOW BBICOTE, Ha3blBaeTcsl yenrot auxueli. Ha
puc. 34.3 nenHas JUHHS cpady M3o0pakeHa B HYXKHOM /IS JaJjibHeH-
mero pakypce — B miaockoctd XOZ. Mcxons U3 nocrynara o ToM,
4YTO MOTeHLlMaJbHas 3HEPTrus l'IpOBI/ICLUeﬁ HUTH MHHHMaJIbHA, MO>KHO
10Ka3aThb, YTO LelHas JUHUA SBJseTCs IPaUKOM THIepOouIecKoro

z o
KOCHHYCa 1) T = ach —, [I€ a — TOYKa liepecedyeHrs HeNnHOu JIUHHUH

a
¢ ocvlo OX (sepwuna uenHod JaunHuM). Takum obpasoM, mnapa-
MeTpH3alHus LEeNHOH JUHMH Kak KpuBo# a(u) : R — R3, mexares
B nockoctd XOZ, ¢ BeTBIMHU BHosab ocd OX, Takosa:

a(u) = (ach%,O, u) .

[ToBepxHOCTh BpalleHust, NPOMUIEM KOTOPOH CJAYKUT IemHast
JIMHUSI, HasbiBaeTcsi kamenoudom. [lapamerpusaiusi KaTeHOU, MO-
JIyueHHOTro BpalleHHeM Tpoduas «(u) Bokpyr ocu (OZ, TakoBa
(cm. m. 29):

flu,v) = t(ach%cosv,ach%sinv,u) ,

rme u € R u v € (—m, 7). Ecin ke moxepTBOBaTh HHBEKTHBHOCTBIO
otobpaxenusi f(u,v), TO MOXHO pPACLIHPUTL 00/1aCTb H3MEHEHHs
BTOPOTO MapameTpa U CYUTaThb, UYTO v € (—o0, +00). KateHoun nso6-
paxkeH Ha puc. 34.4.

Puc. 34.3. Llennas auaus Puc. 34.4. Karenoup

') A BoBce He mapabosoii, kak omMUGOUHO Mymas B cBoe Bpems lanuneo Tamu-
Jed.
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CrannapTHbiii 6a3uc KacaTeJbHOTO MPOCTPAHCTBA KaTeHOUA:
u u .
fu= t(sh— coswv,sh —sinw, 1) ,
a a
u . u
fo= t(—ach— sinv,ach — COSU,O) .
a a

Marpuua nepBod (QpyHIaMeHTaNbHOH (OPMbl KaTeHOMJA BBITJISAUT
cJefylomuM 06pasom:

ch?¥ 0
a

u
0 a?ch?”
a

(gij) =

Brtopass moBepxHocTbh. I[lycte mnpsmasi, mnepBoHadasbHO
Jexkapliass Ha ocu OX, paBHOMepHO BpallaeTcss BOKpYr ocu OZ u,
7 OCTaBasiCb el MeprneHAMKYISIPHOH, Of-
HOBpPeMEeHHO MofHHMaeTcs no ocu OZ
Ha BBICOTY, MPOMOPLHOHAJBHYIO YLy
nosopora. IloBepxHOCTb, 3ameTaemas
9TOW TNpPSIMOH, Ha3bIBaeTCH 2eAUKOU-
Oom. OuYeBHIHO, YTO TeJUKOWUN Ile-
JIUKOM COCTOMT M3 TpSMBIX (TIpsiMO-
Y MHeHHBIX 00pasyloOLIMX), T03TOMY OH
OTHOCHUTCSl K KJlacCy TaK Ha3blBaeMbIX
e AuHeluamolx nogepxrocmetl. I'ennko-
un n3obpazkeH Ha puc. 34.5. OH Moxox
Ha BUHTOBYIO JIECTHHULY WJ/H ILIHEK OT
MSICOPYOKH.
Ecin u — mapamerp Ha NpsIMOJMHEHHOH 00pasylolled resnko-
uina, a v — yroJ MoBopoTa BOKpyr ocu OZ, TO napaMmeTpH3alus
reJIMKOMa TaKoBa:

Puc. 34.5. l'esukous,

flu,v) = t(u cos v, usin v, av),

rae (u,v) € R x R.
CranpapTHbIH 6a3HC KacaTeJbHOro MPOCTPAHCTBA FeMKOMA:

fu = (cosw,sinv,0),
fo = (—usinv,ucosv,a).

Marpuna nepBoil (yHZaMeHTaNbHOH (OPMBI I'eJIMKOMIA BHIMVISAUT
cJlelyIoKM 06pasoM:

(Qij)Z[(l) u2?ra2]-
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A Ternepb BHUMaHue! Yerpoum nupdeomoppusm

®: R? ™5 R? (BHu3y s mpunucan 0003HAUEHMs Iepe-
(u,v) (u,v)

MeHHBIX B 3THX JBYX pPasHBIX 3K3eMIIsipax mnpocTpaHcTBa R?Z),
IeHCTBYIOUIMH 110 CJIENYIOLUIEMY MPABUIY:

®(u,v) = t(ash g, 5),

T. €. BbIIIOJIHUM Ha reJIMKOHIe 3aMEHY NnapaMeTpoOB:

u
u=ash—, v=u.
a
Marprua dkobu otobpaxeHuss ¢ Takosa:

u
[d®G5)] = @z 0
0 1
Bunno, uto d®, — HeBBLIPOXKAEHHBIH TUHEHHBIN onepatop, T.e. P
nelcTBUTeNbHO siBasieTcss Anddeomopdrsmom. Beiuucaum matpuiy
nepBoél pyHAaMeHTanbHOW (OPMBI FeNIMKOUAA MOCJe TAKOW 3aMeHbl
napaMeTpoB:

(Gi) = "[d®] - (gi;) - [d®] =

_ ~ _ 1 0 ~
_fatol -, fens 0 _
0 1] 0 (ash%) + a? 0 1
:t_Ch% 0] Lo Jao]_
0 1] 0 CLQChQS 0 1
ch? ¥ 0
pr— a —~
0 a?ch??
a

Jlake HEBOOpPYKEHHBIM B3IVISIAOM BHAHO, YTO MOCJe 3aMeHbl Na-
paMeTpoB MaTpHuLa NnepBoi (pyHIaMeHTaNbHOH (POPMBI TeIHKOUA OT-
JIM4aeTcsl OT MaTpUILLBI TepBOH (PyHOAMeHTaJbHOH (hOpMBI KaTeHOUA
ToJIbKO 0603HaueHueM nepemenHbix! [loTpsicalomuii pesynprar — Ka-
TEHOM] H30MeTpHUeH reqaukouay! Ilpruyem KaTeHOUI MOKHO LEJHKOM
TaK HaJIO)KUTb Ha TFeJUKOMJI, YTO MepHIMaHbl KaTeHOWAa JATYT Ha
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MpSAMOMIMHe HbIe 06pasyolIHe reJHKona. |) BHyTpeHHHe reoMeTpuu
9THX COBEPILEHHO HEMOXO0KHUX MOBEPXHOCTEH COBMANAOT. TapakaHsbl,
JKUBYIIME HA TaKOH MOBEPXHOCTH, MOTYT CIIOPUTH IO XPHUIOTHI, Ha
YyeM OHH, COOCTBEHHO, »KMBYT — Ha TeJIMKOWMAE MJH KaTeHOWMe, HO
y3HaTh UM 3TOTO NMPHHLUIHANBHO He aHO.

ITOT YAHMBUTEJbHBIH TpPHUMep OCOOEHHO OCTPO TMOKA3bIBAET, YTO
IJsl OTUCAHHSl MOBEPXHOCTeH HeI0CTaTOYHO CBOHCTB ONHOH TOJBKO
BHYTPEHHeH TeOMeTPUH — CJMIIKOM YK HEIOX0XKHe TOBEPXHOCTH
MOTYT MMeTb OJHHAaKOBble BHYTPeHHHe CBOHCTBa. Ham Heo6XomuMebl
MUHCTPYMEHTBI, C MOMOIbIO KOTOPbIX MOXKHO ObLI0 Obl B3IJISHYTb Ha
TMIOBEPXHOCTb CHAPY2KH, U3 OKpYIKalollero npoctpaHcraa. Marorosie-
HHe TaKWX HHCTPYMEHTOB U B3IVISIJ HAa MOBEPXHOCTH U3 OKPYKAIOLINX
MPOCTPAHCTB — TeMa cJjefylollero naparpadga.

3agauku U ynpaKHeHus

1. ﬂoxamme, yrto Jobas HUJHUHApHUYECKas MOBEPXHOCTb JIO-
KaJbHO M30METPHUYHA IJIOCKOCTH.

N1l

Y
" 2. ,ﬂOKa)KI/ITe, yTto Jobasi KOHHUYecKas MOBEPXHOCTb JIOKAJbHO
U30MEeTpHUYHA IJIOCKOCTH.

3. JlokaxkuTe, 4TO BUHTOBAS MOBEPXHOCTh
¢ . u
flu,v) =*ucosv,usinv,a( In—) + av
a
JIOKAJbHO U30METPUUYHA MOBEPXHOCTH BpallleHHs

fp, o) = t(PCOS%psinw,a\@ In(p + \/m))_

4. TlosepxHocTh f(u,v) : U C R? — RS, MaTpuiia MepBou
(hyHIaMEHTaJbHOH (POPMBI KOTOPOH MOXKET ObITh MPUBEAEHA K BH-

Ay
gy — [P Fe) 0
N 0 ¢(u) +¢(v) |
rie ¢, — HeKoTopble CKagspHble (DYyHKLHH, Ha3blBaeTcs no-

gepxrocmoro Jluysuars. Jlokaxute, 4To mniobas IByMepHas Io-

BepxHocTh Bpamtenus f: U C R? — R? nokanbHo u3omeTpuyHa
HEKOTOPOH MOBepXHOCTH JIMyBUIIA.

') 3mech MBI cuMTaeM KaTeHOM] MHBEKTHBHOH MOBEPXHOCTLIO BpallleHHs, 06pa3
KOTOPOH He CONEp:KHUT JIMHUH MepeMeHbl AaT, T.e. v € (—m, ). Pa3BepHuTe 3KBaTOP
KaTeHOUJa B MPSIMOJHHEHHBI OTPE30K, TOTAA KAaTEHOUJ CaMOCTOSITENbHO (B CHJIY
HEPACTS?KUMOCTH IJIEHKH) NIePEKPYTHUTCS U IPUMeT (POPMY KycKa FeIMKOUAA, a 3TOT
pasBepHYTBIE 3KBaTOp cTaHeT oTpe3koM oc OZ — ocu resnukouga. Mbic/ieHHO
NpeacTaBUTb cebe 3Ty onepaluio BeCbMa M BecbMa CJI0XKHO.
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5. PaccMotpum nBa Topa:

f(u,v) = Hacosu,asinu, bcosv, bsinv)

f(u,v) ="*((a + bcosu) cosv, (a + bcosu) sinwv, bsinu),

rae a > b.
CoBrnagamT JIM UX BHYTPEHHHE T€OMETPHU?



§ 7. BHEIIHAA T'EOMETPHUA
TUIEPIIOBEPXHOCTEX

Onpenenenue 35.1. [loeepxHocts f: U C R" — R"*!, umero-
masi pa3MepHOCTb Ha eIMHHUILY MEHbIIle Pa3MEPHOCTH OKPY’KaloIlero
MPOCTPAHCTBA, HA3bIBAETCS eunepno8epxHocmoto (UIn nOBepxXHO-
CMbio KopasmepHocmu 00uH). !

Xopolu# nmpuMep THIEPIOBEPXHOCTEN NAI0T ABYMEpPHBIE TTOBEPX-
HOCTH B TpexmepHoM npocTpanctse f : U C R? — R3 — cobeTBenHo
c 3Toro HauboJsiee HATJISAHOTO W MPAKTHUECKH BAXKHOTO CJydas
MCTOPHYECKH Hayasloch MOCTPOEHHe BCel reoMeTpPHH MOBEPXHOCTEH.

ConepxkaHue BHEILHEH reOMEeTPHUH MOBEPXHOCTH COCTABJ/SIOT Te
CBOHCTBA, KOTOPBIE 00YCJ/IOBJIEHB] €€ PACHONOKEHHEM B OKpYyzKalolleM
npocTpaHcTBe. B 3TOH KHHMXKKE Mbl OFPaHHUMMCS TOJBKO PacCMOT-
peHueM BHellHefl reoMeTpuu runeprosepxHoctedt f: U — R rak
KaK 3TOT cjyudall siBjsieTcsi HauboJsiee MPOCTBIM H, NPU n = 2, ellle
U HarasigHbIM. B cuiy cooOparkeHUH, KOTOpble Mbl yKe 00CyxKAaan
B 1. 16, u3ydyeHue runeprnoBepxHocTell 6oJsee AOCTYNHO, YeM HCCe-
JI0BaHHe MOBEPXHOCTEH KOpasMepHOCTH 6oJibllle eAHHHIbl — HUMEHHO
Ha THUIEPHOBEPXHOCTSX JIETKO OMpPeNeNUTh MOHSITHE HOPMaJbHOTO
BekTOpa. FMIMeHHO 1/151 KOpa3MepHOCTH OfiMH cpabaTbiBalOT MOLIHbIE
uneu l'aycca, KoTopble ¥ NPUBEAYT HAC K yCIeXy.

35. HopmanbHoe rayccoBo moJe.
Huddepennuan HOpMaIbHOTO O0TOOPaAIKEHNS

Onpenenenune 35.2. Ilycts f: U C R"™ — R" — npousBo/bHas
MOBEPXHOCTh. Bekmoproim nosem 8004b nogepxHocmu f Ha3biBaeT-
csl TJ1aikoe oToOpaXkeHne

— —
X:U—R"™

Ecsiv BHHMaTEIbHO MOCMOTPETH Ha 3TO ompesiesieHHe, CTaHOBHTCS

BUJHO, 4YTO MO OOJIbLIOMY CYeTy, BEKTOpPHOE IM0Je X:U - Rm

1) flcro, uTO B 0GO3HAUEHHH THMEPTIOBEPXHOCTEH MOXKHO He YKasblBaTh Mpo-
CTPAHCTBO, B KOTOPOM HaxXOOHUTCHA ob6s1acThb onpeneseHus U wu nwucatb MpoCTOo
f . U N Rn+l
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B/I0JIb NOBEPXHOCTH f HHUKAKOrO OTHOLIEHHS K CaMOH MOBEPXHOCTH
f #e umeer! Ilone — camo mo ceGe, MOBEPXHOCTh — cama Mo cebe.
O6was y HUX TOJbKO obsacte ompenenenns U C R™ u ppyroi
CBSI3M MeXJy IOJIEM M MOBepXHOCTbl0 HeT. Huuero crpariHoro —
3TO pacnpocTpaHeHHOe siBJeHHe B aOCTPaKTHBIX pasnenax audde-
peHUHaNbHOH reomeTpuu. OgHako Mbl Oynem OGosiee KOHKPETHBI H,
4TOObI MPeNOTBPATHTL yKAC HEMOHHMAHHS, NOTOBOPUMCH CUHTATh,
uto sexmop X (u) omaoscern om mouxuy f(u) ans nwodoro v € U (cMm.
puc. 35.1 — «Ex»). Kak 51 yxe roBopus1 paHee, 3Ta JOrOBOPEHHOCTb
o0ycyioBieHa, B OCHOBHOM, COOOpaXKeHHUSIMHU ynoOCTBa H Har/IsIHO-
ctd. Bnpouem, nHorzma GbiBaeT 1oJie3HO OTKJAABIBaTh BeKTOp X ()
OT KaKOW-HUOYyAb ApPYrod Touku (Kak 3to nenan layce, ompenensis
cepuyeckoe oToOpakeHre — cM. 1. 16).

Puc. 35.1. «Ex»

— —
Omnpenenenue 35.3. Bekropnoe none X : U — R Bposb 1o-
BEPXHOCTH [ Ha3blBAeTCS KACAMEAbHbIM, €CIH

—
YueU X(u)€Ty,f.

—
Takum o6pa30M, BEKTOpPHOE HO.He_)X ABJIAETCH KacCaTeJIbHbIM,

ecau B Jo6oil Touke uw € U BekTop X (u) sIBIsleTCS KacaTeJbHBIM
BeKTOpoM ToBepxHOCTH f (cM. puc.35.2 — «[lpudecanHbIfl €xK»).
[Ipu oGosHaueHUM KacaTesbHbIX BEKTOPHBIX MOJIeH CTpeJiouKy Han
BEKTOpaMH OOBIYHO He CTaBAT M MUIIYT NpocTo X (u).

Bompocsl cyliecTBoBaHUSI KacaTe/bHOrO BEKTOPHOTO MOJS BLOJb
MOBEPXHOCTEH BecbMa HEMPOCThl M UPe3BbIYaHHO MHTEPECHBI, a U3Y-
YyeHHe KacaTeJ/IbHbIX [0Jled MPEeNOofHOCHT HeMaJso Copnpu3oB. Hero
CTOUT TOJIBKO OfHAa 3HaMmeHHUTas TeopeMma [lyaHkape o «BosocaTtom
mape», KOTopasi yTBep:KaaeT, uTo Ha AByMepHoi cdepe S? He MoxKeT
CYLLeCTBOBATh [VIAJKOI0 KaCaTeJbHOrO BEeKTOPHOIO N0JI, KOTOPOe HH
B ONHOH Touke He oOpariaercss B Hy/b. OxasbiBaeTcs, BOJOCATHIA
OUJIbSPIHBIA IIap HEBO3MOXKHO TJIAAKO MpHuecaTb (T.e. pacroJo-
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Puc. 35.2. «IIpuuecaHHbIfl éK»

JKUTb BCe BOJOCHKH MO KacaTeJbHOH K IIapy) — XOTb B OIHOH
TOUKe na o6si3aTesbHO OyIEeT BUXOP U BOJIOCOK B ITOH TOUKe OymeT
TopyaTh. EcaM paccMoTpeTh BEKTOPHOE MOJie CKOPOCTEH ABHUKEHHS
BO3/LYLIHBIX MacC Ha MOBEPXHOCTH 3eMJid, To TeopeMa [lyankape njsi
MeTeOpOJIOTOB 03HAYAET, YTO HA 3eMHOM L1ape B KAaKOM-HUOYAb MecTe
00s13aTeIbHO MMeeTCs] LIMKJIOH, a B LIeHTPe LUMKJIOHA CKOPOCTb BeTpa
paBHa Hymo. !) K coxa/leHuo, Mbl He MMeeM BO3MOXKHOCTH B 3TOH
KHUXKKe CKOJbKO-HUOYAb MOAPOOHO 0OCYyKAaThb 3TH Upe3BblYalHO
UHTepeCcHbIe U MOJe3Hble BOMPOCHI.

— —
Onpenenenune 35.4. BexkropHoe note X : U — R™ Bposb mo-
BEPXHOCTH f HA3bIBAETCS HOPMAAbHbIM, €CTH

VuelU X(u)€ (Tuf)*

Takum O6p2130M BEKTOpPHOE HO.He X ABJISAETCA HOPMAJIbHBIM, €C-

J4 B 060 Touke u € U BeKTOp X( ) MepreHANKYJ/ISIpEH KacaTelb-
HOMY NpPOCTPAHCTBY K MOBEPXHOCTH B 3TOH Touke (cM. puc.35.3 —
«Ex B yxkace»). [Ipu 3anucu HopMaJsIbHBIX BEKTOPHBIX T10JIEH J0r0BO-
PUMCSl BCer/a CTABUTD CTPEJIOYKH HaJl BEKTOPAMH, T. €. [TUCaTh X( ).

Uro6bl XOPOLIO MOHUMATb JaJbHEHIINH TEKCT, HY?KHO BCIIOMHUTD
(cMm. m.4), 4TO BCSIKOE €BKJHMIOBO MPOCTPAHCTBO PACKJIAIbIBAETCS
B MNPSIMYI0 CYMMYy IPOH3BOJIBHOTO TOAMNPOCTPAHCTBA U €ro OpTOro-
HaJIbHOTO JOTIOJHEHHUS:

=m = = . = =
R"=VaV H m=dmV +dimV .

') Bipouem, Teopema [lyankape HHYero He roBOPMT O TOM, Ijie 3TOT LHMKJOH
HaXONMTCs, a JIMWIb yTBEP>KAaeT ero CyllecTBOBaHHe — HMMEHHO M03TOMY MeTeo-
poJioraM COBepIIEHHO GeCCMbIC/EHHO HCIO/b30BaThb TEOPEMY «O BOJIOCATOM LIape»
B CBO€H MnoBcefHeBHOH pabore. XOTsd, NPU3HATLCS, Y MEHS MHOTAA CKJajblBaeTcs
BIIeYaT/JeHHe, YTO HALlK CHHONTHKH TOJIbKO 3TOH TEOPEeMOH M IMOJb3YIOTCH.
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Puc. 35.3. «Ex B yxace»

3ameuanue 35.1. CoBOKYMHOCTb Bcex LeHTPoaPPUHHBIX BEK-

TopHBIX TpoctpaHcTs (T, f)* Aas paccMaTpuBaeMoii MoBepx-
Hoctd f: U C R™ — R™ (60/1e€ TOUHO — COBOKYMHOCTD Tap (u, 1),
rneuc U unmn € (T,f)") UHOTIa HA3LIBAIOT HOPMAALHBLM PACCAOE-
Huem nosgepxxocmu 1 ob6o3HauawT yepes vy f. BekTopsl u3 oproro-
HaJbHBIX fononHenuit (T, f) Ha3bIBAIOTCA HOPMANbHLIMU BEKMOPA-
mu nosepxHocty f. [Tpoctpanctso (T, f)* HasbiBaeTCs HOPMALLHBLM
npocmparcmeom nogepxrnocmu f 6 mouke u € U. PaccnauBatoiias
MpoeKIMs HOPMaJIbHOTO paccyoenus 7 : vy f — f(U) cTaBUT B COOT-
BETCTBHE KaXK/IOMYy HOPMaJIbHOMY BEKTOPY ITOBEPXHOCTH TY TOYKY, OT
KOTOPOH OH OTJIOKeH. THIOBBIM CTaHAAPTHHIM cioem Hopmaanoro
pacc/oeHHUs sBJSeTCs BeKTOPHOe IMPOCTPAHCTBO R 2 ~ (T, f)*
pasmeproctd m —n = dim T, )R™ — dim T}, f. Uneno m — n Hasbl-
Baetcs Kopasmeprocmoio nogepxrocmu f: U C R™ — R™.

Jlerko noHsATh, 4TO B cayyae runeprnosepxHoctd f: U C R™ —

— R™L proxennoit B npoctpancteo R™L oproronanshoe
nononnenve (T, f)" Kaxaoro KacaTeJqbHOrO MNPOCTPAHCTBA OOHO-
MepHO, TIOCKOJbKY Tf(u)R”Jrl =T,f ® (Tuf)* u dimT,f = n (cm.
puc. 35.4). OnHOMEPHOCTb HOPMaJIbHBIX IPOCTPAHCTB UTPaeT pellaio-
Y0 POJIb B UCCJIEOBAHUH BHEIIHEH reOMEeTPUU IHIIEPIIOBEPXHOCTEN
M BO BCEX HAIIMX NaJbHEHIINX PACCMOTPEHHSIX.

Eciu Mbl BO3bMeM NPOM3BOJIbHBIA HEHY/NeBOH HOPMaJslbHBIH BeK-
trop n € (T,f)* runepnoepXHOCTH f, TO OH, B COBOKYMHOCTH
CO CTaHAapTHBIM 6asucoM f,1, f,2,..., fun KacaTeJqbHOro MPOCTPaH-
crBa T, f, o6pasyert 6asuc (f,1, fu2, ..., fun, ) BCEFO OKPY?KAIOLIETO
npoctpaHcTBa. Ecau crapaTbest roBopUTh 6GoJiee TOUHO, TO HYKHO
cKa3aTb TaK: COBOKYMHOCTb BEKTOPOB (fy1, fu2,---, fun, ) 0Gpasyer
6asuc MpocTpaHCTBA Tf(u)R"+1 WJIH, 4TO TO K€ CaMoe, COBOKYII-
HoCTb (f(); futs fu2s--+» fun, ) €CTb penep ad(GUHHONO MPOCTPaH-
cta R
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( T?Lf)-L

TR =T, f®(T,f)*

~
=
"\,’
—
=
&

Puc. 35.4

Bce ckasanHoe AaeT MpekKpacHY BOSMOXKHOCTDL ONpene/IuTh AJd
FHHepHOBerHOCTeﬁ [IPOCTOE U €CTECTBEHHOE MOHATHE — eIWHUYHOE
HOpMaJibHOE€ BEKTOPHOE I10JIE.

Jlemma 35.1. [Tycmo f : U — R — n-mepras unvexmusnas
eunepnosepxrocmo. Tozda eao/zb f cyujecmsyem u e0UHCMBEHHO

HOPMANLbHOE BEKMOPHOE Noje N U— R makoe, umo 8 40001
mouxe u € U 8bLnoaneHo:
— —
1) [N(u)| =1, m.e. sekmoproe noze N eduruuroe;
2) det[ful(u),qu(U)_,)...,fun(u),N(U)] > 0, mo ecmv 6asuc
futs fuzsooos fur, N npocmpancmsa Ty, R™ noasoxcumens-
HO OPUEHMUPOBAH.

HoxkasareabcTBo. CopmynupoBaHHas jemMMma (hakKTHUECKH [0-
Ka3zaHa B 1.6 3TOH KHMXKKH, The s paccKasblBaj Tpo 0000IIeHHOe
BeKTOpHOe npousBeleHue. JJedcTBUTeIbHO, IYCTh fy1, f 2, ..., fun —
cranpaptHoii 6asuc Ty f. Torna, oueBUIHO, BEKTOD

ful X qu X oo X fyn o ful X qu X oo X fyn
|ful X fu2 X oo X fun| Nz

N(u) =

YAOBJIETBOPsAET BCEM YCJIOBHUAM JIEMMBbI (CM. H6) EnnHCTBEHHOCTD
9TOT'0 BEKTOpa B KaXJ0h TouKe cjaenyetr M3 €eAUMHCTBEHHOCTH 0600-
HI€HHOIr0 BEKTOPHOI'O MMPOMW3BEAECHH . ’

Onpenenenne 35.6. BextopHoe moJie N:U — R+ BIOJIb

runepnosepxHoctd f : U — R™H1 ynoenetopsiomtee ycmosu-
SIM [OKa3aHHOH JIeMMbl, HAa3blBAETCS HOPMANbHLIM 2AYCCOBbIM NO-
Aem 80046 [ WIH HOpMAAbHLIM OmObpadceriuem BIOJb TTOBEPXHO-
cTu f.



35. Hopmanvroe eayccoso nose 271

EOHCHHE, 4yTO JeJiaeT HopMaJbHOe OTOoOpaKeHHue ]_\f U —
— R"™!. OHO cTaBUT B COOTBETCTBHe Kax1oi Touke p € U
HOPMaJIbHBIH BEKTOP K MOBEPXHOCTH f eNMHUYHOH MAJHHBI, obpa-
3YIOLIMK BMeCTe C BeKTOpPaMM CTaHaapTHoro Oasuca 1,f Oasuc
Juts fuzs - ,fun,ﬁ MpOCTpaHCTBa Tf(p)R"+1 MOJIO)KUTENbHOH OpH-
eHTaluu (CM. moapobHbIE puc. 35.5).

wi
R” UCR"
// / ] _____///// //fif
(T

-
~

Puc. 35.5

3ameuanue 35.2. flcHo, UTO ompenesUTh eduHcmaenHvlM 06pa-
30m HOpMaJIbHOE rayccoBo noJse aas nosepxHoct f: U C R™ — R™
KOpPa3MepPHOCTH BhILle €AMHHUIL (T.e. mpu m > n + 1) KpakiHe 3a-
TPYAHMTENbHO, TaK Kak opToroHanbHble mononHenus (T, f)* kaca-
TeJIbHBIX MPOCTPAHCTB He OMHOMEPHBI M B KaXKJOH TOUKe MOBEPXHO-
CTH OJIHOBPEMEHHO CYIIEeCTBYIOT a)k LEJBbIX M — 1 WTYK JUHEHHO
He3aBUCHMBIX HOPMaJ/bHBIX K f BEKTOpoB. B Takoil curyauuu cra-
HOBUTCSl HEMOHSTHO, KaK M3 HHUX BbIOMPATb «eIWHCTBEHHBIH U Hero-
BTOPUMBIH» HOPMAaJIbHBIH BEKTOP eNMUHUUYHOH NauHb?! B cymiHocTH,
3TO 3aTPYAHEHHE U SIBJSETCS OCHOBHOHM NPUYMHOH HAlllero camoorpa-
HUYEHHUS] — pacCKasblBaTb B 3TOH KHHXKKe BHELIHIOIO [eOMETPHIO
TOMILKO AJI5 Cydas THIeproBepxHocTel. |

') Pasymeercs, 3To 3aTpylHeHMe MOXKHO OGOHTH, AeTaJbHO H3yyas oGLide
HOpMaJibHble PAacCJOeHHUs TTOBEPXHOCTEH MPOU3BOJIBbHOH (KO)pa3MepHOCTH, HO IpH
NepBOHa4Ya/JbHOM 3HAaKOMCTBE C H3JlaraeMoi Teopued 9TO JesaTh HE CTOMT.
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A tenepp — cuactee! meem ngis 060i Touku u € U
(N(u), N(u)) = 1.

Bunuib ToXxIECTBO — nn@cpepeHquyH' Huddeperuupyem mo Jro-

6oit mepemenHoit u'(i = 1,2,...,n):
0 — —
N,N)=0,
auz< >

— — — — — —

e. (N,i, N) + (N, N,i) =0. Cnenosaresbto, N, LN B m060ii
Touke u € U — npousBoiHasi BeKTOpa IOCTOSSHHOH IJIMHBI €My Op-
TOroHa/JbHa. DTOT (hPyHIAMEHTaJ bHbIH (PAaKT MHPO3AAHHS MBI 3HAJIU
1 pasblie (cM. 1.95). Ho HCTHHHOe cuacTbe 3akJ/iouaeTcs He B oue-
penHoH BcTpeue ¢ (byHD,aMeH’I‘aJIbeIM_g)aKTOM MHUPO3/aHHUd, a B TOM,

4yTOo /Lro6aﬂ_>wcmnaﬂ I’LpOLlSBOaHClﬂ NuijduHM%HOZO HOpMAALbHOZO

sexmopa N, 6ydyuu opmoeonarvHa K N, sceeda aexum 8 Kaca-
MeAbHOM NPOCMPAHCMEE:

N, € Tuf!

JleficTBUTEIBHO, Y TUIIEPIOBEPXHOCTH OPTOTOHAJNBHOE OOTMOJHE-
HHMe KacaTeJbHOTO MPOCTPAHCTBA ONHOMEPHO (T.e. sIBJsSeTCS HOP-
MaJIbHOH TIpsiMOH!) 1 MOPOXIEHO KaK Pa3 eIMHHYHBIM HOPMa/bHEIM
sektopoM (T, f)* = (N). 3Hauut, m060# BeKTOp, MepreHHKYIsp-
HBIH HOpPMaJIbHOMY BEKTOpY, JIEKUT B KacaTeJbHOM IMPOCTPAHCTBE.
B cnyuae runeproBepxHOCTH AH((epeHLIUPOBAHHE <«YKJaIblBAET»
HOpPMaJsIbHBEIH BEKTOP B KacaTeJsbHOe npOCTpaHCTBo'

P336epeMCH uTO  Jesaer nnq)cpepeHuHa.n de HOpPMaJIbHOTO
0T06pa>KeHHﬂ N - U — R". deno, yro dN — JIMHeHHBIH ore-

paTop, Bellb N( ) — r1agKoe oToOpaXkKeHHe. HyCTb u(t): I - U —
kpuBas B obsactu U C R". Tlo onpenesnenuio:

AN, (in(to)) = <%ﬁ(u(t))>

6 Tu(to)f

t=tg

—
CnenosatenbHO, JHHeHHBIH onepaTop dIV, NeHCTBYeT M3 Kaca-
TesbHOrO npocTtpaHcTBa 1,U B KacaTesbHOe NpocTpaHcTBo 1), f:

—
dN, : T,U = T,f.

1o panyer. OUeBUAHO, UTO €CM B KauecTBe KpuBOH u(t) : [ — U
B35ITh -0 KOOPAMWHATHYIO JHUHHUIO B obsactu U C R", To mosyuunm,
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Puc. 35.6

— —
uto dN,(e;) = N,i(p) — UMeHHO TaK AuddepeHIIHas HOPMaIbHOTO
oToOpakeHHsl JeHCTByeT Ha BeKTOPbl CTaHAapTHoro 6asuca. Ecau
tenepb x € 1,U — NpOU3BOJIbHBIA BEKTOP U T = x'€;, TO

— . — JR—
dN,(x) = 2" - dNpy(e;) = z' - N ,i(p).

Hraxk, nuddepennnas HOpMaabHOTO 0TOOpaXKeHHsI GepeT Bek-
TOpBl & = z'e; U3 KacaTeJsbHOI0 TNpOCTpaHCTBa T,U K obnactu

U CR" u nenaet u3 HUX BeKTOphl ' N ,i(p), KOTOpblE JiexKaT B Ka-
catesIbHOM npocTpaHcTse 1), f THIepPnoBepXHOCTH f.

Matpuna nuddepeHuasa HOPMAJBLHOTO OTOOPaXKEHHS HMEeT
CJIEYIOLMH BUL:

— — — —
[de] = [Nul(p),NUQ(p),,Nu7L(p)]
PaCCMOTpI/ITe, HaKOHell, pI/IC. 356, HpI/ISBaHHblf/'I XOTb KaK-TO II0{C-

HUTb paboTy nuddepeHrasa HOPMaJIbHOTO 0TOOPaKeHUsI U Ha 3TOM
1. 35 3aKOHUYHM.

3amayky ¥ ynpaxKHeHHus

1. Ha#inute HOpMasbHOE rayccoBo MoJe BHOJb 3adaHHBIX T'H-
.’/ NeproBepxXHOCTeH, 1oc/e yero HalauTe MaTpuLly aAuddepeHunana
HOPMaJIbHOT'0 0TOOpaKeHHsl B KaxKIOM CJyyae:
g a) f(u,v) = Yucosv,usinv,av);
6) f(u,v,w) = ¥cosucosv,cosusinv,sinu, w).
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2. Myets f : U — R — runeprnoBepXHOCTb, HMelO-
mas napamerpusaunio f(u,v) = (u + v,u — v,uvz), H TMyCTh
B(t) = 42t,1 —t?) — kpusasa B obmacth U C R?. Haiinure
o0pasbl BeKTOpa CKOPOCTH KpHBOfI_}ﬁ npu OeHCTBUM Ha Hero
JHHeHHbIMU omnepatopaMu df, U dN, B NPOHU3BOJbHOH TOUKe
peU.

36. OcHOBHO¥ omepaTop rHIIEPIIOBEPXHOCTU U BTOpasi
¢ynpamenraabHas ¢opma

— —

Myers f: U — R™! — runepnosepxnocts u N : U — R —
HOpMaJsibHOe rayccoBo mnoJje Bnosap f. Hama nenp — yXBaTUTb U
3anucaTb B KaKOM-HHOyAb BHUIe HH(pOpPMALHIO O pesbede MoBepX-
HOCTH B OKPECTHOCTH ee HEeKOTOPOH ToukH. Mcnosb3yst HopmasibHOe

otobpakeHne N B pPOJM MHCTPYMEHTA, Mbl XOTHM BHIBJISATh U B Ka-
KOM-HUOYb BUe (PUKCUPOBATh AaHHble 00 UCKPUBJIEHHOCTH I10BEpX-
HOCTH, 4TOOBI 6€PeKHO COXPAHATh 3THU CBeJeHHs AJId MOC/eLy0ero
W3y4eHHUs.

JlaBaiiTe nopaccyxnaem, NOAK/II0UHB NMPOCTPaHCTBEHHOE BooOpa-
keHue. Ecan ™Mbl Oynem nBHraTb HopMasbHBEIE BekTop N (p) CBO-
UM OCHOBaHHEM [0 MOBEPXHOCTH, TO YeM <«KpPHUBEe» IOBEPXHOCTb,
TeM ObicTpee OyoeT MOBOPAUMBATHCS KOHEL HOPMAJbHOTO BEKTOpa
(nMHa-TO y Hero BCerna enuHuuHasi). CreoBaTesbHO, CKOPOCTb
noBopoTta BekTopa N (p) TNpH ero ABHXKEHHH BIOJb MOBEPXHOCTH
sSIBJISIeTCS OTIIMYHOM XapaKTepUCTHKOH «KPHBHU3HbBI» I10BEPXHOCTH.

BrickazaHnHble coobpaxkeHHs 1J/s1 HAC HE HOBOCTb — 37€Ch SIBHO
NPOCMaTPUBAETCsl AHAJIOTHsl C KPHUBH3HOH MJIOCKOH KPUBOH — TaM
KPUBHU3HA €CTb He UTO HHOE, KaK CKOPOCTb I0OBOPOTa HOPMaJ/bHOIO
BEKTOpa KpHUBOH (0OpaTHTe BHUMaHHWe — peryjspHas TJI0CKas KpHu-
Basi fIBJISIETCsl TMIIEPIIOBEPXHOCTbIO). Kpome TOro, Mbl yxe 06CyX-
Jany HeuyTo nogo6Hoe B M. 16 Bo BpeMms Halllero rnepBOHauaJbHOTO
3HAaKOMCTBa ¢ uzesimu [aycca o cdepryeckoM 0TOOpaKeHHUH.

3aMopoyKa COCTOMT B TOM, YTO ABHUraTb HOPMaJ/bHbIH BEKTOp IO
TIOBEPXHOCTH (B OTJIMYHE OT KPUBOH) MOXKHO B Pa3HbIX HalpaBJ/eHH-
SIX U, B 3aBUCUMOCTH OT HaNpaBJEeHNS ABHUKEHHS, CKOPOCTb MOBOPOTA
MOxKeT ObITb pasHOH. [IpencraBbre ceGe MPsSIMOH KPYTrOBOH LIMJIHHAP
U HOpMaJIbHOe rayccoBO [10Jle Ha HeM — 31aKoe 6p31)3HO ¢ rBo3asmMu!
Ecnn nBurath ocHoBaHMe HOpMaJsbHOTO BekTopa [V BIIOJIb_OKPYX-

HOCTH BpallleHHs1 (M0 «3KBaTOpPY» LHMJAKHAPA), TO BeKTop N Oymer
MOBOPAUMBATbCS, U CKOPOCTb TAKOTO BpAIleHHS $IBHO OTJWYHA OT
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HyJsl. A ecqu OBUraTh HOpPMaJsIbHBIH BEKTOP BJOJb TPSMOJHHEHHOH
oOpasylollel, To oH OyfeT nepeJBUraThCsl, 0CTABASCH MapaJslie/]bHbIM
camomy cefe, U BoBce He OymeT noBopauuBatbest! Llunuunp B Ha-
npaByeHUH obpasylollell coBceM He HCKPHUBJIEH, 3aTO B HalpaBJeHHH
napaJjesned — N0BOJIBHO KPHUBOH.

BriBOM: 1151 MOJTHOTBI KAPTUHBI HY?KHO PacCMaTPUBATh JIBUXKEHHS
HOPMAaJIbHOTO BEKTOpPAa BJOJb MOBEPXHOCTH MO Pa3HbIM HaMpaBJeHH-
SIM, HampuMep, MO KOOPAMHATHBIM JIMHUSAM. B NHEBHUK HaGJIIOneHUN
HY’>KHO aKKypaTHO 3alMChiBaTb CKOPOCTH TOBOPOTa HOPMAaJbHOTO
BEKTOpA MPH ero MepeMelleHUH BIOJb KaXKI0H KOOPAMHATHON JIMHUU.
Takue 3anucu manyT HaMm OoJjiee-MeHee MOJMHYIO KapTHHY M30THYTO-
CTH THIEPIIOBEPXHOCTH B OKPECTHOCTH TOUKH.

Cﬂeny}omee HabJIloleHHE. CKOpOCTH [TIOBOPOTAa HOPMaJIbHOT'O BEK-

Topa ]_\f(p) MPU €ero JBMXKEHWH BJOJb KOODAWHATHBIX JUHHUH €CThb
He UTO MHOe, KaK yacTHble NpousBoiHble N,i, N,o,..., Ny». Kax
Mbl BBISICHUJIM B MPENBIAYIIEM MYHKTe, 3TH YacTHble MPOHU3BOJ-
Hble JIeXKaT B KacaTesJbHOM mnpocTpaHcTBe T, f. 3Hauur, aad co-
CTaBJIeHHs NHEeBHHWKA HaOJIONeHUH 32 MCKPUBJEHHEM IOBEPXHOCTH
B OKPECTHOCTH TOUKH p € U M0CTAaTOUHO 3aMHUCHIBATH KOOPAHUHATHI
YaCcTHBIX MPOU3BOJHBIX HOPMAJLHOTO BEKTOPA B CTaHAAPTHOM 6a3uce
futs fuz, -+, fun KacaTesabHoro npoctpanctsa 7, f. Ecau, npu sTom,
3aMHUCBIBAaTh KOOPAMHATHl YACTHBIX NMPOU3BOAHBIX N1, N2, ..., Nyn,
KaK M IIoJiaraeTcsl, B CTOJOMKH, TO Ha JHUCTOYKE BO3HUKHET MarT-
pUlla YOIUBUTEJBbHOTO JIMHelHHOro oneparopa f,i — IN,i, CTaBsIlero
B COOTBETCTBHE KaXKJIOMy HarpaB/IeHHIO fui cKopocTb moBopoTa IV,

HOpMaJIbHOTO BeKTopa N TMpH ero NBHXKEHUHW B 3TOM HampasjeHuu!
[Tose3unit BuIBOL!

Tenepb nopoiinem K gesy 0Gosee CTPOro U CypoBO, C TOYKH
3peHHs1 cepbe3HbIX MareMaTHKOB. CoOepeM BecCb Halll MHTEJIJIEKTY-
aJbHBIH TMOTEHIMaa B eIMHBIH Ky/lakK MOHMMaHUS U PacCMOTPUM
puc.36.1. Ha HeM myHKTHUpHBIMH CTpesiKaMu H300paxkeHa padota
IBYX JIHHEHHBIX ONepaTopoB — ﬂn(pq)epefgnana df, runeprnosepx-

Hoctu f: U — R™ ! u nuddepenunana d N, HOpMaJ/IbLHOrO 0TOOpA-
eHusi Bnoab f. O6a oneparopa Ha puc. 36.1 paboTaioT ¢ BeKTOpOM
e; € T,U, B3THIM Ha 9TOM PUCYHKe HMCKJIOYHTE]BHO NI IpHMepa
B KauecTBe MOJONBITHOrO KPOJMKa. Kpome TOro, Ha 3TOM pHCYHKe
CIJIOLUIHOM CTpesiKod u3obpakeHa padoTa oTOOpaKeHHs (dfp)_l, 06-
patHoro K df,. Mel nomuum (cm. n.28), uro dfy, : T,U — T,f —
M30MOpP(HU3M JHHEHHBIX MPOCTPAHCTB, MO3TOMY oOpaTHOe OTOOpa-
JKEHHe (al!)"p)_1 : T, f — T,U aBnsieTcss HeBBIPOXKAEHHBIM JHHEHHBIM
OTEepaToOpoOM.
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Puc. 36.1

ITepen HAMM BO3HMKAeT NpeKpacHas M YHHMKAJbHAs |) BO3MOXK-
HOCTb — OINPeJesIMTh HEeKOTOpBIH JMHelHblH onepatop L, us T, f
B T, f cnoco60oM «XOXKIeHHS» IO JKHUPHBIM CTpesJKaM Ha puc.36.1.
Cmotpute BHMMaresnbHo. CHauasna Ha BeKTOp f,: € 1), f nedcTByer
oneparop (df,)”!, kotopbiii nenaer us Hero Bektop e; € T,U, T.e.
HaxXOIUT Mpoo6pa3 BeKTopa f,i. SaTeM_3>a pabory Oepetcst nudde-
peHIMa] HOPMaJabHOro oTobpaxenus dN, — OH CHOBA yKJ/aJbBaeT
pesysbTaT paboThl omepatopa (dfp)_1_>o6paTHo B KacaTresbHOe Mpo-

CTpaHCTBO — mosydaercs BeKTop dNp(e;) = N,i. 3aTeM Mbl, XO-
MOCAIHeHChl, UCXOsl U3 HEKOTOPBIX CBOMX COOOpaKeHHH ynoOCTBa,
CTaBUM Tepel pe3yJbTaTOM 3HaK MUHYC (00 9TOM MHHyce — UyTb
03XKe).

Hror. B pesynbrate HOCJIG,E[(E&TGJIBHOIZ COBMECTHOH padoThl
oro6paxenuii (df,)”' n —dN, poxnaercs NHHeHHBIH ore-
patop L,, neACTByWOIIMH B KacaTeJbHOM npocTpaHctse 1,f — Ha
PHUCYHKe OH H300pakeH KUPHOH NMYHKTHPHOH CTPeJsKOH.
JLnis1 mopsinka nofyepkHy O4eBUAHBIH (haKT, YTO POXKAEHHOE 0T00-

—
paxenue L, = —dN, o (dfp)_l, Oyny4u KOMMO3UIMEH NBYX JIHHEH-
A

HBIX onepaTopos (df,) ! u dN,, neficTBUTeIbHO ABASETCS THHEHHBIM
0nepaTopoM.

') B cuny KopasMepHOCTH OMH.
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ITOT omepaTop Kak pa3 u OyneT (yCJOBHO, B CXKAaTOM BHJE) CO-
IepxkaTb B cebe HHTEpeCyIoLYl0 Hac HH(POPMALUIO — HalpaBJeHHUs
IOBHKEHHUS HOPMAJbHOTO BEKTOPAa U CKOPOCTH €ro MOBOPOTa B 3THUX
HanpaBJeHusx. HampaBnaeHus nBUKeHHUS — 3TO Oas3HCHBIE BEKTO-
pbl f,i craHmapTHoro 6asuca 1), f (kKacaTenbHble K KOODAMHATHBIM
JIUHHSIM), @ CKOPOCTH TOBOPOTA — 3TO YACTHbIE TPOU3BOAHBIE N,
eMHUYHOT0 HOpPMaJbHOTO BeKTopa. BUAHO, 4YTO 3HaUeHUs omeparopa
L, na 0asuCHBIX BEKTOpax f,i; KacaTeJbHOrO NPOCTPAHCTBA KaK
pas M ecTb BeKTOPHl —/NV,i, T.€. CKOPOCTH MOBOPOTa HOPMAaJIbHOTO
BEKTOpa ¢ oOpaTHBIM 3HakoM. Omnpenensis onepatop L, Mbl OLHHM
yIapoM pellaeM 3aJaud 0OHApYKEeHHs], 3allUCH U COXPAHEHUS B MPH-
BBIUHOM (M DOCTYMHOM [Jis U3yUEHHs BHIE) HYKHOH MH(pOpMALHK 00
M30THYTOCTH MOBEPXHOCTH. A yX HM3yuaThb JIMHEHHbIE OMepaTopbl Mbl
yMeeM, Y Hac B apceHaJsie eCTb MOIIHble OPYAHs JIUHEHHOH anre6psi!

Onpenenenue 36.1. Jluneiinniit onepatop L, : T,f — T, f,
JNEUCTBYIOLUIUH 110 MpaBUIY

N -1
Ly = —dNy o (dfy)~,

Ha3bIBAETCS OCHOBHbLM onepamopom eunepnosepxnocmu f : U —
— R™! unn onepamopom INemepcona—Belineapmena.

Kak yxe oTMedasiocb, 3HaK MHHYC B 3TOM OINpeleJeHHH CTOUT
13 HEKOTOPbIX CO0OpakeHHH yno0CTBa, KOTOPblE BCKPOIOTCH MO3XKe.
f nmpensiaraio moka BOCIPHHHUMATh 3TOT MHHYC (DHJIOCO(PCKH-CO3ep-
aTeqbHO — Belb Mbl HMEeM MPaBO ONpelessiTh YTO YIOAHO H Kak
YTOIHO, JHLIb Obl ONpefiesieMoe MOHSATHE He OblJI0 IPOTHBOPEUHBLIM.
Ho Ha sk3ameHe s 06s3aTesIbHO CIpOLIY — 3ayeM B ONpefeseHHH
OCHOBHOT'O OIlepaTopa rMIeprnoBepXHOCTH CTOUT MUHYC? Kakue Takue
yno6cTBa OH obecreynBaeT?

1) Kapn Muxaitnosuy ITerepcon (1828-1881) — poccHiicKHii MaTeMaTHK, MO
HaLMOHAJBHOCTH J1aThill, poauscs B Pure, OKOHUMJ yHHBEPCHUTET B ropope TapTy
(B Te BpemeHa ropon HaseBadcs Jepnt) B DcroHuu. [lpenomaBasn MarteMmaT-
Ky B [lerponaBsioBckom yuusuile B MockBe. ABTOp GoJiblloro uuciaa padoT mo
nuddepeHIHaNbHON TeOMEeTPUN U 10 AU(pepeHIHa bHEIM ypaBHeHUsaM. [loyuni
JOKTOPCKYIO CTelleHb «Yonoris causa», T.e. 3a Bblaawoliuecs 3acayru 6e3 opu-
uuasbHo# 3amuthl aucceprauud. HOanyc Beitnrapren (1836-1910) — Hemeukuit
MaTeMaTHK MOJbCKOrO NPOUCXOKIeHHs, poauscs B DBepaune, 3akonuuns Bepinn-
CKHU# yHUBepcHTeT (cayluasn jekuuu y Jupuxie). ABTop 3ameuaTesbHBIX padoT 1o
nuddepeHLHalbHON reOMeTPUU TOBEPXHOCTEH.

%) SIcHo, uTO NS OTBeTa Ha TaKoi BONPOC HYXKHO XOPOUIO MOHMMATh MaTepHaJl
BCero mnaparpada Mpo BHELIHIO TeOMETPHI0 THIeprnoBepxHocTel. [lasi cHibHO
3aMHTPUrOBAHHbBIX YHTaTeNell cpa3y CKaxKy OTBET — BBl €r0 3alOMHHUTE, a MoiMeTe
notoM. MuHyC HyXeH 1Js TOro, 4ToObl COOCTBEHHBIE YHMC/Ia OCHOBHOTO Oleparopa
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Takum o6pasom, Mbl OyneM [ajee HM3yyaTb OCHOBHOH omepaTop
TUIEPIIOBEPXHOCTH, YTOObBI TTIOTOM, UCIOMB3Ysl €ro KaK opyaue Tpyna,
M3y4daTh C €ro MOMOLIbIO CaMy THIEePIOBEPXHOCTbD.

[lo onpenenenuio oneparopa L, nMeem
Ly(fi)=—-Ny,, i=12..,n.

CoO6CTBEHHO, 3TH paBeHCTBA MOXKHO OBLIO Obl M TNPUHATH 32
ompezesneHde onepatopa Ly, MOCKONbKY /s 3alaHHs JHMHEHHOTO
oneparopa B JMHEHHOM IIPOCTPAHCTBE JOCTATOYHO YKa3aTb €ro 3Ha-
yeHHs Ha 6a3MCHBIX BeKTopax. OnHaKo TaKOH MyTb HUYEro He cKasas
OBl HaM O «BHYTpEHHeM yCTpPOKCTBE» Ly, W €ro CBsI3H C onepaTopaMu
dfp n dNp.

Ecan teneps X € T),f — nponssosibHbli BekTOp U X = 2’ fi —
ero pasJioxkeHHe 0 CTaHAApPTHOMY 0asucy KacaTeJbHOro MpOCTpaH-
CTBa, TO pesysabTaT AekcTBus oneparopa L, Ha Bektop X € T, f
BBIUMCJISIETCS TaK:

Ly(X) = Ly(2' fi) = —2"N,s.

Onpenenenne 36.2. Bmopoi ¢yndamenmanrvroil Qopmoti

eunepnosepxnocmu f : U — R™! B touke p € U naswiBaeTcs
onnuneiinas ¢opma IL,(X,Y'), onpenesneHHas B KacaTesJbHOM IIPO-
crpaHcTBe 1), f crlenyiomuM 06pasoM:

VXY € T,f IL(X,Y)=(L,(X),Y).

Sameyanue 36.1. Orobpaxenne IL,(X,Y) : T, f xT,f — R
aBasieTcs busunetinoil Gopmon. JleficTBUTENbHO, JUHEHHOCTD 3TOTO
0TOoOpakeHHsI 10 BTOPOMY apryMeHTY O4YeBHIHA, TaK KaK CKaJjspHoe
MpPOM3Be/ieHNe JIMHEHHO MO BTOPOMY apryMeHTy. A BOT JIMHEHHOCTh
dopmbl I1,(X,Y) no nepBoMy apryMeHTy Bbi3BaHa K »KM3HH JHHeH-
HOCTBIO omepartopa Ly:

IIp(ale + a9 Xo,Y) = <Lp(a1X1 + a9 Xo),Y) =
= (a1 Lp(X1) + a2Lp(X2),Y) = a1 (Lp(X1),Y) + g (Lp(X2),Y) =
= OqIIp(Xl, Y) + OéQIIp(XQ, Y)

SIBJISVINCh [VIABHBIMHM HOPMaJIbHBIMHM KPHUBH3HAMH THIIEPIOBEPXHOCTH. Ecau 661 MH-
Hyca He Obl0, TO MOTPe6OBaAIUCh Obl HEKOTOPBIE NOMOJHHUTE/bHBIE PACCYKIEHHS,
4TOObl ONpEeAe/NNUTb 3HAKHM IJIaBHbIX HOPMaJ/bHBIX KPDHUBH3H B COOTBETCTBHM C HX
reoMeTPUYECKUM CMBICJIOM.



36. OcrosHOLI onepamop eunepnosepxHocmu 279

Taxkum o6pasom, Bropasi (pyHaaMeHTa bHasi opMa — 3TO OUAU-
Hetinasa ¢opma! B MatemaTuueckoil cpesie ObITyeT XKaproH Ha3bIBATh
dopmy IL,(X,Y’) «BTOpO#l KBazpaTH4HOH (hopmoii». 5 yxe HeomHO-
KpPaTHO TMPOCHJ Bac He MyTaTb OWJMHEHHble (OPMBI C KBaipaTH-
HBIMH W He JIONyCKaThb TAKOH BOJILHOCTH peud, Mo KpakHeH Mepe, y
MeHs Ha 9K3aMeHe.

Sameuanue 36.2. Yacro BTOpo# (dyHIaMeHTasbHOU (OpMOH
runepriopepxHoctd f : U — R"™! (6es ykasanus Touku) HasbiBa-
10T coBokymHocTb (opm IL,(X,Y) mo Bcem Toukam p € U, pac-
CMaTpHUBaeMylo Ha BCEM KacaTesJbHOM paccioeHud Ty f (B KaxaoMm
cmoe — cBos ¢opwma). Ilycts w(t) : I — U — HekoTopasi KpuBas
B oosnactu U C R", torna a(t) = f(u(t)) — kpuBasi BAOJb THUIIEPIIO-
sepxHocTH f : U — R™!. CosepiienHo ecrecTBeHHO MoTpe60BaTh,
4TOOBI TIPH ABHKEeHHH TOUKH f(u(t)) Mo KPUBOH < HA TOBEPXHOCTH
dopma IL,(X,Y) B coorBerctByrommx cnosx T f H3MeHsach
MJIaBHO M MOCTENeHHO, T.e. rymanko. [lostomy Korpa roBopsT o BTO-
podl ¢dyHoaMeHTaJlbHOU (DOpPMe B KacaTesJbHOM pPAaCCJAOE€HHUH, 0ObIY-
HO TOCTYJAMPYIOT TamkocTh (Kjacca He Huxke C?) 0ToGpaxeHHs
IL,(X,Y) : (UxT,f xT,f) = R no aprymenty p € U, T.e. 1o

nepeMeHHbIM U, u”, ..., u".

Sameuanue 36.3. Bugno, uyro Bropas dyHaameHTan bHas (op-
Ma BHeILIHe MO0X0Ka Ha MepBYI0 (pyHAaMeHTaabHYIO (Gopmy (cKassip-
HOe NMpOM3BeleHHe) — BOT TOJNBKO MePBbIH apryMeHT B CKaJsipHOM
NPOM3BEJIeHHH <«IOANOpYeH» onepatopoM L,. MoxeT BO3HHKHYTb
co6sa3H 00001IeHNs U KeJJaHKe TIOUTH AaJblie B CBOUX (PaHTa3UsX.
A 4TO, ec/U OMpeNeNuThb mpemovio QYHOAMEHMANLLHYIO GOPMY —
TOXe CKaJsipHOe MpOU3BeleHHe, B KOTOPOM yxKe o00a apryMmeHTa
«IIOJTIOPUYEHbI» ONEePaToOPOM Ly

VXY € T,f TL(X,Y) = (Ly(X),Ly(Y))?

OnHako Ha 3TOM 0OMaHYMBO-3aMaHUWBOM MyTH MeXaHUCTUYECKO-
ro 0600IeHHUS MaJIo UTO MOJIy4YUTCsl. MOXKHO 10Ka3aTb, 4YTO B Cylydae
THIEePIIOBEPXHOCTH Pa3MepPHOCTH 2 Takasl «TpeTbsl» (pyHIaMeHTa/lb-
Hasl gopMa OyneT make JIMHEHHO BbIpaXKaTbCsl yepe3 MepByI0 U BTO-
pylo (yHIaMeHTanbHble (DOPMBI H, CJAeI0BaTeJbHO, HE AACT HUKaKOH
HOBOM MH(OPMALMH /ISl U3yUeHUs THIeproBepXHocTei. 1)

') Onsth-Taku, 3aberas Brepes, YTOGH CIMIIKOM yCePIHbIE YUTATENH He IbiTa-
JIUCb TIPSAMO ceiuac MoJqy4YnuTb JUHEHHOe BbIpaXKeHHe TPeTbel (GOpMEl uepes MmepBylo
¥ BTOPYI0, HAMMIIy 3TO BblPaKeHHe B IBHOM BHJE:

I, = 2H -1, - K - I,
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A Tenepp — BHHMMaHHe! OcHoBomoJaraiolllie CBOHCTBA BTOPOMH
(yHnaMeHTanbHOW (POPMbI U OCHOBHOTO ONEepaTopa THUIepProBepXHO-
CTH NIPHUBEEHbl B CJeNYyIOUIeH TeopeMe.

Teopema 36.1. /[aa npoussoivHoll eunepnogepxrocmu
f:U — R
1) emopas ¢yndamenmanvnas ¢opma IL,(X,Y) cummem-
puuna;
2) ocnosroli onepamop L, — camoconpaterHbolil.

Jloka3aTeJabCTBO.

1). Cummerpuunocts IL,(X,Y). Ham HeoGxoammo moxasath,
uto aas Jw6eix BekTopoB X,Y € T, f BemosHeHo IL,(X,Y) =
=1IL,(Y, X). Bosbmem BekTopel X,Y € T,,f, u nyctb X = ' f
Y =4/ f,; — HX pas3JoxkKeHHs 110 CTAHAAPTHOMY 6asucy KacaTesbHo-
ro mpoctpaHcTBa. Mmeem

I, (X,Y) = Iy(2" fui Y fus) = @'y I (fuss fus)-

CoBepllIeHHO ecTecTBeHHO BO3HHUKAM BenuuuHbl LI, (fi, fi) —
3Ha4YeHUs BTOPOH (pyHIaMeHTaJbHOH (POPMBI Ha OA3HCHBIX BEKTOpax.
B nmo/iHOM COOTBETCTBHH C 1. 3 3TU BeJUUYUHbI Ha3bIBAIOTCS KO3 (HU-
LMeHTaM{ BTOPOH (pyHAaMeHTa/ bHOH (hOpMBbl U 0003HAYAKOTCSH yepes

hij = I, (fyis fui)-

[lo onpenenenmuio,

hij - IIp(fu“fuJ) - <Lp(ful)’fuﬂ> - = <Nuz7fu3> :

PasenctBa hi; = — (Nyi, f,s) AalOT OIMH M3 BO3MOMKHBEIX CIIO-
co00B MPAKTHYECKOTO BBIUHUCJ/IEHUS] 3THX KO3 pHLHeHTOB. HyxHo
CHauaJsia BBHIYMC/AUTb HOPMasbHBIH BeKTOp N (T.e. HaWTH 0600IIEeH-
HOe BEKTOpHOe MpOoM3BefeHHe f,1 X f,2 X ... X fyn W HODMHDPOBaTh
ero), 3areM HaHTH YacTHble NPOM3BOJHBIE HOPMAJbHOTO BEKTOpa U
BBIYHCJUTD BCEBO3MOXKHBIE CKaJsIsipHble NpousBeieHust (N, f,i), He
3a0bIB MIOCTABUTH Iepell HUMU 3HaK MHHYC.

Marpuua BTOpoll (yHAaMeHTaAbHOH (POpMbL, TaKUM 00pasoM,
ects [IL,] = (hi;). bununeitnas popma cMMMeTpUYHA TOTAA U TOJb-

rie H — cpenusas KpUBH3Ha TMIIEPIIOBEPXHOCTH, K — MoJiHas rayccosa KpPMBH3Ha
TUIIEPIIOBEPXHOCTH (00€ 3TH KPHBH3HBEI TOXKE BBIUHC/ISIOTCS C NOMOLIBIO NEPBOH U
BTOPOH (pyHIaMeHTaNbHBEIX (hopM). BuaHO, 4TO 171 OTBICKAHMS TaKOH 3aBUCHMOCTH
HY2KHO MOYUTATh 3Ty KHHXKKY AaJjiblle.
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KO TOr[a, KOra ee MaTpHla B HEKOTOpOM 0a3uce CHMMETPHYHA
(cm. m. 3). Cefiuac Mbl OKaXKeM CHMMETPHYHOCTH MaTpHLLB! (hij)-

PaccMoTpuM  04eBHAHOE TOXIECTBO <N fu]> = 0, Tak Kak

NLT »f. BUIMIIbL TOXIECTBO — ﬂnq)q)epeHquyH' Huddepenuupy-
eM 3TO TOXKJAECTBO 0 MepeMeHHOH u':

(Nyi, fui) + <ﬁ, fuiui) = 0.

3HauuT,

hz’j:_<Nuivfuj>:<ﬁ’fujui>'

OT0, MexXay MpOUYUM, elle OIUH 3(PQPeKTHUBHbIH Crnocod BblYMC-
JieHUsT Ko3(pPULHUEeHTOB BTOPOH (hyHAaMeHTa bHOH (hopmbl. MoxKHO
He MCKaTb 4acTHble NIPOM3BOAHblE HOPMAaJ/bHOTO BEKTOpa, a MCKaTb
BTOpble YacTHble [POU3BOJHBEIE THIMeprnoBepXxHOCTH f. BoiGupaiite
TO, uTO BaM Oosblie HpaButcs! Pasymeercs, KaKAoplii pa3 Hy:KHO
BBIOMpPATh TOT CIOCOO, KOTOPBIH Npollle /s 1aHHOH NOBEPXHOCTH —
KaK{e IPOM3BOJIHbIE JIerye CUUTaTh, T€ U CUUTATh.

A Temepp BCIIOMHHM 3aMedaTesbHBIH (PAaKT U3 Kypca MaTeMaTH-
YeCKOro aHajMu3a — ecJM CMellaHHble YacTHble MPOU3BOAHBIE fi,i
U fuini (pasHblfl MopsiioK AH(QepeHIHpoBaHHUSA!) CYIIECTBYIOT U
HeTpepbIBHBI, TO OHU COBMNANAIOT:

fu’iuj = fuJuL

ITOT (PaKT U sBJSETCS OCHOBHOH NMPUUHMHOH CHMMETPHUYHOCTH
BTOPO#l (hyHIAMeHTa/1bHOH (OPMBI THIeproBepxHocTH: 1)

hij = - <Nuz7 fu1> = <ﬁv fu3u1> = <ﬁv fuzu1> = _< uJ7ful> = jl'

Urak, Bropas ¢pyHnameHTaspHas opMa rUIEpHoOBEPXHOCTH BCe-
ra CHMMeTpHYHa:

IL,(X,Y) = IL(Y, X).

2). CamoconpsizkeHHOCTb L;,. Mopuium J106 M CaMOCTOSITe/bHO
BCMIOMHHAEM OIpeJieieHHe CaMOCOTIPSI)KEHHOTO oTlepaTopa U3 Kypca
JquHeiHOU anrebpbl. Bemomuuau? Torma moHATHO, 9TO HEOOXOMHUMO
NPOBEPUTD BBINIOJIHEHWE PaBEHCTBA

(Lp(X),Y) = (X, Lp(Y))
nas moObX ABYX BekTopoB X,Y € T, f.

D) Pasymeercs, kaacca riagkocTy He HUXKE C?.
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A 3T0 paBeHCTBO eCTb COBepLIEHHO OYEBUIHOE CJEICTBHE TOJb-
KO YTO JOKa3aHHOW CUMMeTPHYHOCTH BTOPOH (PYHAaMEHTaJbHOH

(hopMbI:
(Lp(X),Y) =IL(X,Y) = IL(Y, X) = (Lp(Y), X) = (X, Lp(Y)) .

Bot u Bce. ¢

[IpuBeny elle pa3 BHIYUCAUTENbHBIE POPMYJIbI 15 KOI(DPULLUEH-
TOB BTOPOH (hyHAaMeHTaJbHOU (POPMBI:

N
hij = - <Nu’v fuJ> = <N7 fuJuL>

=

Ecau BCOMHUTB omnpefiesieHHe HOPMaJbHOTO BeKTopa V:

<= fua X fexX.oX fun f X fue XX fun
,

N_’fuleuQX"'xfu"’_ \/g

rie g = det(g;;) — omnpeenuTesNb MaTPULLLI IepBOH (yHIaMeHTaJb-
HOU popMbl (OmpenesuTeNb MaTpUIlbl [pama), TO JIErKo MoJydaTcs
caenywouue (popMyJbl:

hij = — (Nyi, fus) =

VY N fuleUQX...Xfun _‘>:
- <N’fu9uz> < \/§ ’fufuz

_ <fu1 X fu2 X ... X fun,fuiuj> _ det[ful,fUQ, ,fun,fuiuj]
Vi Vi
O6Benute y cebs1 B TeTpagke 3TH (GOPMYJBl B PAMOYKY, U KaxK-

IbIH pa3 UCMoJb3yHTe A5 NPaKTHUECKOrO BBIYUC/IEHHUS Ty (DOpMYyJY,
KoTopasi J/1s1 JaHHOH MOBEPXHOCTH TpeOyeT MeHBIINX BBIYUC/IEHHUH.

Anaxponusm! [lna caydas runeprnosepxsoctd f : U C R? —
— R3, 1.e. nn1a Haubosee HArMAAHOTO CJAydasi, B TPAAMLHOHHOH
JIUTEpaType HCIONb3YIOTCS HaUMeHee HarvsfHble 0003HAUeHHUs MJIs
K03((PULIMEHTOB BTOPOH (pyHAAMEHTANbHON (hOPMBI:

hit =L, hig=hoy =M, ho=N.

Bosiee Toro, BeTpeyaoTesi 0603HAUEHHST U TOTO XJIELe:
hll — D, h12 — h21 — D/, h22 — D”.

3aTo BBIUKC/IHTE/bHbIE (OPMYJbl /15 KO3(D(UIUEHTOB BTOPOH
(dyHnameHTanbHOH (opMbl B caydae runeprnoepxHoctd f : U C
C R? — R3 BHINMIAAAT COBCeM NPUBBLIYHO M HE CTOMb MyTalolle:
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hij = - <Nu“fu3> = <N>’fuﬂuz> =
<fu X fvv fuZuJ> _ det[fm fm fulul] (flu fvv fuZuJ)

v VY9 v

3nech (u,v) — TpaiHIMOHHbIE 0003HAUYEHHs IBYX MOBEPXHOCTHBIX
KoopauHat; (fy, fy) — CTaHZapTHBIH 0a3HC KacaTeJbHOH [MJIOCKO-
ctu Tp, f. Yncnurens (fy, fu, fuiyi) €CTh CMellaHHOE MPOM3BeJIeHHEe
(ompenesinTesib TPEThEro MOpsiKa) BEKTOPOB CTaHAAPTHOTO Oasuca
Ha BTOpbIe TMPOU3BOAHbBIE f,i,j THIIEPIIOBEPXHOCTH, NJs1 0003HAYEHHS
KOTOPBbIX BCE-TaKH MPUXOAUTCS HCIOJIb30BaTh 0003HAYEHHST MTepeMeH-
HBIX C MHAEKCAMH.

JlaBaiiTe 3aKoHYMUM T1. 36 BaxKHEHIIUM CJIEACTBUEM M3 OCHOBHOM
TEOPEMbI 3TOr0O MyHKTA.

Caencteue. [Tycmo f : U — R™ 1 — npoussosvnas eunep-
nosepxrocmo, L, — ee ocrnosroii onepamop. Tozda:
1) sce cobcmeennbie 3nauenus onepamopa L, eeujecmeennol;
2) & npocmpancmee T,f cywecmeyem opmoHOPMUPOBAHHbLLL
basuc u3 cobcmeennobix 8eKmopos onepamopa L.

Hoka3zareabcTBo. CM. CBOHCTBA CaMOCOMPSI2KEHHBIX OMEPAaTOPOB
B €BKJIMJOBBIX MPOCTPAHCTBaX — JIMHelHas anrebpa, MmepBbld Kypc.

¢

CchopmynpoBaHHOe CJefCTBHE SIBJSETCS OCHOBOHM BCEro Jalib-
HeUIero n3y4yeHust BHEIIHENH reOMeTPHH THIIEPIIOBEPXHOCTEHN C TTOMO-
b0 oneparopa L. [/yOUHHBIA CMBIC] 3TOTO CJIEACTBUS IO3HAETCH
He cpa3y. HyXHBbI ronbl pasMbllilieHUH W BHHMAaTeJbHOE MPOUYTEHHE
CJIeNYIOUIMX TYHKTOB, KOTOpPble HEMOCPEACTBEHHO OasupylTcs Ha
YTBEPXKAEHUSIX 3TOTO CJAeNCTBUS. Mmem B ceqyrolUUil MyHKT.

3agauky U ynpaKHeHus

5 1. Ha#inure BTOpyl0 (hyHIaMeHTaNbHYIO (OPMY CJeIyIOLINX
-" TUIePIIOBEPXHOCTEH]!

a) f(u,v) = {Rcosucosv, Rcosusinv, Rsinu);

(u,v)
B) f(u,v) = H(ucosv, usinv, u?);
r) f(u,v) = {Rcosv, Rsinv,u);
n) f(u,v) =*t((a+ bcosu) cosv, (a + bcosu) sinw, bsinu),

rue a > b
e)z = p(z,y);
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x) f(u,v)= t(asmucosu,asinusinv,a (ln (tg %)—i—cosu)) ;
3) f(u,v,w) = {Rcosucosv, Rcosusinv, Rsinu,w);

u) f(u, v, w) = Yu, v, w, vow)

K) f(u,v, w) = YR cosucosvcosw, Rcosusinvcosw,

Rsinucosw, Rsinw).

2. Jlokaxkute, 4yTo BTOpas (pyHAaMeHTasibHas (opMa AByMep-
HOH mJockocTH B R° ToxaecTBeHHO paBHa Hyuo (mpu J060M
BBIOOPE TJIOCKOCTHBIX KPUBOJHMHEHHBIX KOOPAMHAT).

3. JloxaxKuTe, 4TO ec/d Bropasi (PyHIaMeHTalbHas (opma TH-
TMEePrOBEPXHOCTH z = (T, y) TOXKIECTBEHHO paBHA HYJIO, TO 3Ta
TUIMeproBePXHOCTb SBJASETCS JABYMEepHOH MaockocTbio B R3 uau
ee 4acThlo.

4. BeisicHMTE CaMOCTOSITENbHO, SIBJASETCS JHW BTOpas (yHAaa-

MeHTaJ/ibHast (hOpMa MHBAPHAHTHOH OTHOCHTEJBHO 3aMeHbl Iapa-
METPOB Ha T'MIEPIOBEPXHOCTH?

37. Marpuna 0OCHOBHOTO ollepaTopa rurneproBepXHOCTH.
KpuBu3HbI U riaBHbIE HaNpaBJIeHHS.
JInHNU KPUBHU3IHBI

B 3TOM myHKTe MBI HayHeM H3yuaTb CBOHCTBA THIEPIOBEPXHO-
CTH, N0JIb3YSCh ee OCHOBHBIM ONepaTopoM Kak opyaueM Tpyaa. C ero
TIOMOLILbIO Mbl ONpPEeNeNUM CaMble MOMYJspHble YHCIOBbIE XapaKTepH-
CTUKH THUIIEPIIOBEPXHOCTEH — KPHUBU3HBI PAa3HBIX COPTOB M MacTel,
a TaK)Ke BBeIeM HEKOTOpble IPyrue WHTePeCHble MOHSTHS.

Myers f: U — R™! — runepnosepxnocts. s TOro uToObI
U3y4aTb I'MIIEPIIOBEPXHOCTb C [OMOLILbI0 OCHOBHOIO oreparopa, AJs
HayaJsa OblJ10 Obl HEMJIOXO y3HATb €ro MaTpHILy.

Jlemma 37.1. B cmandapmuom 6asuce f,1, f2,..., fun Ka-
camenvroeo npocmparcmea T,f mampuya onepamopa L,
umeem 6uod |
[Lp] = [Ip]_ : [Hp]-

CoBer 17151 3a0bIBUMBBIX CTYIEHTOB: MOPSAOK MaTPHIL-COMHOXKH-
TeJiel JIerKO 3alOMHUTb — YMHOXaTb Hago MaTpuubl (OpM B MO-
psiIKe BO3pacTaHMs MX HOMEpPOB — cHayasja CTOMT MepBasi, MOTOM
BTOpasi. BoT To/bKO y MaTpulbl nepBoi (YOPMbl HYKHO IpeiBapH-
TeJIbHO HalTH o6paTHYIo.

JokasareabctBo. [lycts [L,] = (a]) (TOMHMM, YTO HHXKHHH HH-
JIEKC — 3TO HOMep CTos01a, BEeDXHUH — HOMep CTPOKH). Mbl 3HaeMm,
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4To ¢-# crosbel] MaTpPULibl JHHEHHOro ornepatopa ecTb pe3yJabTaT
IeHCTBUS 9TOro oneparopa Ha i-i Oa3UCHBIH BEKTOp:

YMHOXHUM CKassIpHO 3THU paBeHCTBa Ha GasUCHble BeKTOpbl f,;. [lo-

JYYUM
k k
<Lp(ful)v fu3> = <ai fu’“ fu1> = a; <fukv fu3> .
Tenepb (kKak pas K MecTy) BCIOMHHM ONpeneseHus Ko3(puiu-
eHTOB MepBOi ¥ BTOPOH (hyHAaMeHTAaIbHBIX (OpM:

hij = <Lp(ful)’fuﬂ> - CL? <fuk7fu9> - afgkj'

Takum obpasom, h;; = afgkj, U hj; = gjkaf. 3nech 3amucaHo
(T.e. pacrucaHo TO3JEMEHTHO) He UTO UHOE, KaK PABEHCTBO MaTpHIL:

[IIp]::[Ip]'LLpL

[TockosbKy MaTpuua mepBoi (yHAaMeHTanbHOH (opmbl [I,] Bce-
raa obpatuMa (ee ompeesuTeNb CTPOro MoJOXKHTeNeH — cM. 1. 30),
MOXHO HalTH o6paThyio matpuuy [L,]~! u ymHOXuTb MmarpuunOe
pasenctso [II,] = [I,] - [L,] na marpuuy [I,]~! ¢ zesoi cmoponeL.
[locsie ymMHOXKEHHSI OJYUYUTCS

LLP]::[IPT_I’[IIPL
a UMEHHO 3TO U TpebOBaNOCh. ¢

YBaxkaeMble 4yuTaTe u! Tenepb Mbl TIPDUCTYIIUM K OIIpeAeJJIeHUIO
BaXKHEHUIINX U HEIHHOI'[y.HHpHeﬁH.IHX XapaKTEepPUCTHUK THUIIEPIOBEPXHO-
CTH.

Onpenenenue 37.1. Ilycts f : U — R™! — runepnosepx-
HoCTb, Ly, : T),f — T, f — ee ocHoBHOK onepatop. Torna:
1) onpenenutens K(p) = det[L,] naseisaemcs noarnoti (eaycco-
soul) kpususHotli eunepnosepxrnocmu f 8 mouke p € U,
2) cpennee apudmernueckoe H(p) = ﬁtr[Lp] 3JIEMEHTOB, CTO-

SAIMX Ha TJIaBHOH AMaroHanu MaTpuubl [Lp] (rae tr(ag) =
= > a! =a! — cnen marpuupl (al)), HaseiBaercs cpednell

rcpuleusnoﬁ eunepnosepxrnocmu f 8 mouke p € U;

3) coGcTBeHHble 3HadyeHus ki, kg, ..., k, onepatopa L, (oHM Bce
BEl[eCTBEHHbl — CM. M. 36) Ha3bIBAIOTCS 2AQBHbIMU HOPMANb-
HoiMU KpususHamu eunepnosepxrocmu f & mouxe p € U,
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4) cobctBeHHble BekTOpel X1, Xo,..., X, OCHOBHOTrO omepaTopa
L,, runepnosepxnoctu f: U — R"*! (ouu Bce monapHo opro-
roHaJIbHbl — CM. T1. 36) Ha3bIBAIOTCS AABHbLIMU HANPABACHUS-
mu eunepnosepxnocmu f 8 mouke p € U.

3ameuanue 37.1. Bce Tosbko UTO BBeleHHBIE XapaKTepH-

CTUKH THIeproBepxXxHOCTH f B Touke p € U OCHOBBIBAIOTCS Ha
MOHSITUM XapaKTepPUCTHUECKOTO MHOrOuUJeHa JIMHEHHOTo olepaTopa
L,. Tak Kak XapakTepHMCTHUeCKMH MHOroYJieH JIMHeHHOro ornepaTo-
pa He mensemcs npu 3amene 6as3uca, TO BBeJEeHHble BeJHYHHBI
He 3asucsm om evibopa bas3uca 8 KacameabHOM Npocmparcmee.
DTO 03HayaeT, UTO ONpeleseHHble BeJUYUHbl SABJSIOTCS «JTUYHBIMH»
CBOMCTBAMHM OCHOBHOTO OIepaTopa, CJel0oBaTeJbHO, OHH SBJ/SIOTCS
«JIMYHBIMHU» CBOHCTBAMU CaMOH I'MIEPIIOBEPXHOCTH. B Takux ciyua-
SIX MPUHATO TOBOPUTB, UTO Mbl UMEEM [IeJI0 C 4UCmO 2eomempuye-
CKumu sesuduHamu u obvexmamu, 3HadeHHe KOTOPbIX He 3aBHUCHUT
oT BeIOOpaA CUCTEMbl KOOPAMHAT W MPOU3BOJA YUEHBIX.

Sameuanue 37.2. B cuay camoconpsokKeHHOCTH OIepaTo-
pa L, B mpoctpanctse 1),f HMeeTcs OPTOHOPMHMPOBAHHBLIH 0asuc
X1, Xy, ..., X, U3 coOCTBEHHEIX BeKTOPOB onepatopa L, (cm. 1. 36).
M3BectHO, uTOo B 6asuce M3 COOCTBEHHBIX BEKTOPOB MaTpHla ole-
patopa UMeeT OMATOHAJbHBIA BUJ, NIPH 3TOM Ha IJIaBHOHM HHAarOHaNH
MaTpuibl [Ly,| Kak pa3 cToAT coOOCTBEHHble 3HAauUeHHs omeparopa L,
T. €. IIaBHble HOpMaJ/ibHble KpUBU3HBL. CJjle[] MaTpHULBl orlepaTopa U ee
onpenenuteb (Gyayud Koa(pQpUIHEHTaMH ee XapaKTepHUCTHUECKOTo
MHOTOUJIeHa) He MeHsI0TCs Mpu 3aMeHe 6asuca. C/enoBaTesbHO, MbL
MOXKeM cpasy (MCroJsib3ysl NHaroHaJbHbIH BHI MaTpHIlbl orlepaTopa
[Lp] B 6asuce X, Xo,...,X,) Hamucatb (hOpPMYyJbl, CBSI3bIBAIOLIHE
rJaBHble HOpMaJibHble KPUBHU3HBI C MOJHOHW raycCOBOH KPHUBH3HOH M
CO cpelHel KPHBU3HOH I'MIIEPIOBEPXHOCTH:

K =kiky o hnn H = (ki ks + ot b,

YT06bI HEMHOXXKO [NPHUBBIKHYTb K BBEACHHBIM IMOHATHUAM KPHUBHU3H
W MOYYBCTBOBATb UX €CTECTBEHHOCTDb, MPUBEAY TPHU MPOCTHIX MPpHUME-
pa. BZLYM‘-IHBOMY YUTATEJJI0 OHU CKaXXyT NOCTAaTOYHO MHOTO.

Hpumep 37.1. f =« : 1 — R? — niocKast KpI/IBaH eIMHUYHON
CKOPOCTH. DTO runeprnoepxHocThb. [las Hee N=7— HOpPMaJsIbHBIH
BEKTOp (rayccoBo HopMasbHOe moJe), ¢« — 6asuc T, f.

B srom Hpru_Ie‘-IHOM cnyqae umeem L; = —dyo (do)~ 1, T.e.
Li(¢) = =7 = k&, 1ak Kak — IV = ké — ypasHeHue ®pene. Ciiento-
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BaTeJIbHO, kK ecTb COOCTBEHHOe 3HauyeHHe onepaTtopa L; U gBjseTcs
KPUBU3HOH T'UIEPIOBEPXHOCTH B CMbICJe Hallero omnpenesnenus. U
9TO He yIMBHUTENbHO, Bellb KPUBHU3HA MJOCKOH KPHBOH €CTb He YTO
MHOe, KaK CKOpPOCTb [I0BOPOTa HOPMaJ/bHOTO BeKTopa MpH ero mnepe-
MeIlleHHH BIOJb KPUBOH, a UMEHHO 3TOT 3((eKT Mbl U CTapaauch
OTPasHThb B OIpeJe/eHUH OCHOBHOTO OIlepaTopa.

Hpumep 37.2. Ilyctb alz! + a®2? + ... + a?Tlg"t! = o0 —
TUIepIIOcKOCTh B addunHoM mpoctpanctBe R, Ouesnmno, uto
ee eJMHUYHBI HOpMaJ/bHbIH BEKTOP €CTb

— fal,a?, ..., a1

N e @t @y

CJaieoBaTebHO, al]T/Z = 0. 3HauUT, OCHOBHOH OmepaTop L, nnsa ru-
MePIJIOCKOCTH SIBJISIETCS] HYJIEBBIM, BCe KPWUBH3HBI THUIEPIJIOCKOCTH
HYJIeBble U BCe HalpaBJ/eHHUs TJaBHble. M 3T0 He ynuBHTEBHO — TIPH
nepeMelleHUH HOPMaJbHOTO BEKTOpPa CBOWM OCHOBaHHEM MO JI0O0OMY
HampaBJIeHUI0 Ha THUIEPIJOCKOCTH, KOHEI HOPMaJbHOTO BEKTOpa He
MOBOPAYMBAETCS U €ro yryoBasi CKOPOCTb HyJieBas — HUKAKHUX WU3TH-
60B-TO y TUIEPIJIOCKOCTH HET, OHa e poBHasi!

IIpumep 37.3. Menee TpuBHabHbll mpumep. [lycTb
(:El)2 + (12)2 + .+ (xn+1)2 _ RQ

— chepa S§ paavyca R (KopasMepHOCTH OfMH) B ap@UHHOM MPO-
crpanctee R™F1. 1) Tlentp cepbl momecTHM B Hauano KOOpAMHAT.
Torna enwHWUHBIE HOpPMaJbHBIH BEKTOP HAIpaBJeH BOOJb paguyca

cepsl:

~ _ (="
N=—"_.f.
R
[TpusanmymaiiTech caMOCTOSITE€NIbHO HaJ HaNpaBJeHHUeM HOpPMaJb-
HOoro BekTopa — 3HaK (—1)" mocTaBjeH Tak, 4TOObl OpHEHTALMs
—
6asuca f,1, f,2, ..., fur, N OKaszanach MosoXuTebHOH!
Hmeem
~ _ ="
A L
54
(="

') Ecant 6b1Th mpesielbHO TOUHBIMM — Gy/leM paccMaTpuBaTh Chepy Kak HHbeK-
TUBHYIO [IOBEPXHOCTD, T. €. 0€3 «IHHHUHU MepeMeHbl 1aT» U 6e3 «I0JI0COB».



288 § 7. Brewnas eeomempus eunepnosepxrocmet

3Hayur,
(_l)n—H
Lp(fuz) = _Nui = Tfu“

T. €. 10601 6a3suCHBIH BEeKTOp f,i SABJSETCS COOCTBEHHBIM BEKTOPOM
onepartopa L,. CienosaresbHO, Bce COOCTBEHHbIE uUKMcJ/a OmepaTopa
L, coBnajaioT W paBHBl KaK IJaBHBIM HOPMaJ/IbHbIM KPHBH3HAM, TaK
U, OHOBPEMEHHO, CpefiHell KpUBHU3HE n—MepHOH cdepbl:

(_l)n—H

ki=ky=...=k,=H= 7
TaknuM 06pa3oM, MoJiHas rayccoBa KpUBH3HA |) rumepcdeps Sk
B addurHOM mpocTpaHcTBe R™T! pasna

n (_1)(n+1)n 1
K — e i

i=1

Ynpaxnenue 37.1 (oas TBopuecKux umrarenei). [lomMHUTe,
B m. 16 s pacckaswiBaj, 4to [aycc ompemnesisii MOJMHYH KPUBHU3HY
IBYMEPHOU TOBEPXHOCTH KakK Tpeles OTHOLIEHHs pa3Mepa 00JacTH
Ha eIMHHUYHOH cepe, YTBIKAHHOH KOHLAMH €IMHHUHBIX HOPMaJbHbIX
BEKTOPOB, K pa3Mepy HCXONHOH MJOLIAAKHW Ha TOBEPXHOCTH, C KO-
TOPOH 3TH BEKTOPbl OBLIM CHATH U 6e3 M3MeHEeHUs WX HalpaBJeHHs
repeHeceHbl B Hauajo KOOpAMHAT? 3ar/isHuTe elle pas B M.16 u
OCBEXHTE B TaMATH «HOPMa/JbHOE» HJH «c(epuueckoe» OTOOpaxke-
Hue laycca! Bor cxemaTuyHasi 3anuch ero AeHCTBUH:

Pasmep obsacTu Ha efMHUYHOH cdepe,
YTbIKaHHbI{ KOHLIAMH €IHHHYHBIX
HOpMaJlbHbIX BEKTOPOB, BBIXOMSIIMX

U3 LeHTpa cdepsl

|K| = lim
(Pasmep oKpecTHOCTH

(Pa3mep OKpECTHOCTH)
toukn 1T')—0

Touku T'

Hokaxure, yto [aycc B Te nasekue rojibl ONpejesds, Ha ca-
MOM JieJie, MOJLY/ib TIOJIHOH TayCCOBOM KPHWBU3HBI I'MIIEPIIOBEPXHOCTH
f:U CR? — R3 (8 Touke T) B cMbIC/Ie HAIIEro onpeneseHus!

[IpuBeneM Tenepp oOLIMe BHIYUCAUTE/bHbIE (DOPMYJbI IS T0J-
HOU M cpelHel KPUBH3H T'MIIEpPIIOBEPXHOCTH, OCHOBaHHBIE Ha MepBOH

') Onpenenvrens MaTpHILl paBeH MPOU3BENEHHIO ee COOCTBEHHBIX 3HAUEHUI —
CM. Kypc JIHHEeHHOH a/ire6pbl, BTOPO# cemMecTp.
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JIEMME U3 9TOro MyHKTaA. dta JemMma Jlajla HaM SIBHBIH BH[I MaTpHUILbI
oriepaTtopa Lp B CTaHIAapTHOM 6asnce KacaTeJbHOTO [IPOCTpaHCTBA:

[Lp] = [Ip]_l ’ [Hp]'

[TockosbKy ompenennTesbp MPOU3BEAEHHS MATPUL, PaBeH MPOM3-
BeJEHHIO UX ONpefenuTesedl (cM. Kypc anre6pel, MepBHIi ceMecTp),
TO aBTOMAaTHYeCcKH MoJsydyaeTcss (opMmy/a A BbIYMC/IEHHS TOJHON
rayccoBoii KpMBH3HBI TuMeproBepxHocTH f : U — R

rae, Kak o6bdHO, uepe3 g = det(g;;) = det[I,] o6o3HaueH ompe-
JIeJUTeb MaTpULbl NepBOH (yHAaMeHTaJlbHOH (oOpMBI;, a uepes
h = det(h;;) = det[IL,] o6o3HaueH ompeneNUTe]b MaTPULBI BTOPOH
(byHIaMeHTa bHOH (POPMBI THIIEPNOBEPXHOCTH.

Buumanue! Haunosesneiimee cormamenue! Jlorosopumes

Ha Oynyuiee 0603Ha4aTh MaTpHILY (gi;)~", 1.e. marpuuy, 06-
paTHyio K (gij), yepe3 (¢’*). Mpl GyneM mpocTo nodxumamo um-
OeKcol y 3/IeMEHTOB MCXOJHOH MaTpPHIEI, MMes BBUIY, KOHEUHO, YTO
¢’" — 3TO COOTBETCTBYIOIHe ajnredpaudyeckde IOMONHEHHS K 3Jie-
MeHTaM g;j, pasfiefieHHble Ha onpefenauTens g = det(g;;). Ob6parure
BHUMaHMe, UTO MHJEKChl B 3aMUCH 06paTHO# MaTpulbl (g71) = (g;;) !
MOMEHSIIUCh MeCTaMH, Belb MaTpHlla M3 ajreOpanuecKux [OTMOJHe-
HMil «TPaHCTIOHHPOBAHA» 10 OTHOLIEHWIO K McXonHOH. !) Kak BbIsc-
HUTCS BIIOCJENCTBUH, KpPOMe COOOpaKeHUH yno0CTBa B UCMOJb30-
BaHWU 0003HaueHWH DUHILUTeHHa, Takas 3aluCb OOPATHBIX MaTPHI]
MMeeT HeTPUBHAJbHBIN IMTyOUHHBIH CMBICI.

[TpuBenem Tenepb BbIYUCAWTE/BHBIE (POPMYJIBI /ISl CPeIHEH KpH-
BH3HBI POM3BOJLHON THMeproBepxHocTH f : U — R

H= ltr[L,g] = ltr(gjk < hyj) =

e 1o
— i

—ay, = —g¢’" hij,

n n n k Tbg K

TaK KaK JHAaroHaJibHbI€ 3JIEMEHThI ai MaTpPHUILbI Lp BBIHUCJIAKTCA TaK:

ag = gjkhkj (cHauana mo uHAEeKCy k HeT cymMMHupoBaHus!); a 3atem
CYMMHpPOBaHHE TPOUCXOAMUT IO HHAEKCY k, 4TOOBl HAaHUTH CyMMY

JraroHaJibHbIX 3JIEMEHTOB.

') Bipouem, B 3TOM MecTe (akT TPaHCTIOHHPOBAHHS A HAac He CTOJb BaykeH,
Belb MaTpuLa (g;;) U3HAYAJIbHO CHMMETpHUeCKas.

10 C.B. Cusbiii
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Moi#i BaM COBeT — eCJH OT HHIEKCOB YKe Hauano <«pPsOUTb
B TJla3ax», MePEeMHOXKbTe Ha OTAEJbHOM JHUCTOUKE MSATKUM MPHUAT-
HBIM KapaHAallloM JBe HeOOJIbIINe MAaTPULbl ¥ HAUAWTE CJel UX
MPOU3BeIeHUs] — Bbl TPUBBIKHUTE W TMOYYBCTBYyeTe BCE H3SIIECTBO
0003HaYeHUH DUHIITEeHHA.

HJanp Tpagmumu. PaccMoTpuM Tenepb MHJIBIH, TpafiHLHOHHBIA
M HAaMAMHBIE caydail runeprnosepxHoctd f: U C R? — R3. Ilycts
TpafMLHOHHBIE 0003HAUEHHUS! MOBEPXHOCTHBIX KOOpPAUHAT TOYKH Oy-
ayt p(u,v) € R?, a (gi;) = [I,] u (hij) = [I1,] — mMaTpuub nepsoii
U BTOPOH (pyHOAMeHTaNbHOH (POPMBI THIEPIOBEPXHOCTH f COOTBET-
CTBEHHO.

['ayccoBa KpuBH3HA TaKOH rMIEPIIOBEPXHOCTH JIeTKO BBIUHUC/ISETCS

cpasy:

g _ huihas —hiy

9 911922 — 9%2

Ynpaxuenue 37.2. Hailinure noJHyio rayccoBy KpUBU3HY nces-
docgpepor — mosepxHoctn f : U C R? — R3, umeromteii mapamerpu-
yeckoe 3aJlaHue

flu,v) = t(Rsinucosv,Rsinusinv,R(ln <tg g) —i—cosu)).

[TonuBuTech pesyabTaTy 3TOrO YIpa*KHeHHsS M 3alOMHHUTe ero!
IosHas rayccosa KpuBHM3Ha mcespochepsl K = —1/R?, T.e.
MOCTOSIHHA U OTpHLIaTebHa! B
[lepemMHOXUM Temepb «B /106> Matpulbl (¢7¢) = [I,]~! u (hy) =
[IL,] (pasmepa 2 x 2) ¢ 1eJ/bl0 MOJYYUTb MATPHULly orepartopa L,
A5l 1BYMepHOH T'HIeproBepPXHOCTH:

-1
L) = | 91 9 L hi hae |
b 921 922 hai hoo
_ LD g —gia | | R hag | _
g | —921  9n ha1 hoo

Lt goohiyr — giohar  ga2hia — gi2hao
g | —g21hi1 +giher —gorhio +giihoe |-

©

[lepen BamM BbIHMCAHHBIN B SIBHOM BHAE O0OJHK MaTPHULbl OCHOB-
HOTO orepaTopa ABYMEPHOH THIeproBepXHOCTH!
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Ynpaxnenue 37.3 (mias ycMauyuBBIX). BbimuiniuTe B sBHOM
BHJ€ MAaTPULy OCHOBHOrO omepaTtopa L, IJs THIEpPHOBEPXHOCTH
f:UCR3 — R* ®usuku, kotopbie 4acTo paBoTaioT, HAmpUMep,
C TPeXMepHBIMH T'HIIePIIOBEPXHOCTSMH B UEThIPEXMEPHBIX MPOCTPaH-
CTBaX, OYeHb JIIOOAT BBIYMCJAATH MaTPHLbl OCHOBHOTO oOleparopa
B MPOCTPAHCTBAX BBICOKMX pa3MmepHocTeid. [Tomorute ¢pusnkam!

Tenepb, MockosbKY cjen MaTpulbl (Kak H JIOO0H APYrod Ko-
5Q(UIUEHT ee XapaKTepHUCTHYECKOro MHOroujeHa) He H3MeHseTcs
npU 3aMeHe 0asuca, Mbl C JIETKOCTBbIO MosydyaeM (opMy/1y IJs elle
OIHOH «TeOMeTPUYECKOH» BeJHUYUHbI-XapaKTEPUCTUKH THIEPIOBEpX-
Hocty f: U C R?> — R? — cpennei kpuusHe. Hano akkyparTHo
CJIOKMTb JMaroHasbHble 3JIeMeHThl BbIYUCAEHHOH MaTpullbl Ly, noje-
JIUTb Pe3yJbTaT Ha ompeje/uTe/] b NepBoi (pyHIaMeHTa bHOH (HOPMBbI
U He 3a0bIThb JABOHKY B 3HaMeHaTese, KOTOpas TALLUTCS TaM CO
BpPEMeH OIpejie/leHUs] cpefiHell KPUBHM3HBI KaK CpeaHero apugmeTH-
4ecKoro:

7 = 92211 — 2912013 + g11ho
2(g11922 — 975)

Hrak, o6BennTe B CBOMX KOHCIEKTaxX B PaMOUKy 3TH Haubojee
pacnpocTpaHeHHble (HOPMYJbI, npUeoOHble ALl O 2Unepnosepx-
nocmu f: U C R? — R3:

_ K2 _
oo I hiihe h212’ 1 — 92211 = 2912h19 ﬂ;911h22‘
g 911922 — 9iy 2(g11922 — 975)

OT1u QopMmyJbl B MEPBYI0 04Yepesib MPUTOASATCS BaM Ha roCcyqapCTBeH-
HOM 3K3aMeHe, KOTOPBIH MPeICTONUT B KOHILIEe BCEro nepuoia o0ydeHus
Ha MaTeMaTHKO-MeXaHU4eckoM (pakyJbTeTe!

B crapbix mocoOusix, HUCMOJB3YIOIMX apXauuHble 00603HAUeHHS,
3TH (HOPMYJIbl BBITJIAAAT TaK:

" LN — M? gy EN+GL-2FM

-~ EG-F?’ ~ 2(EG - F?)

BriGupaiiTe camocTosiTe/IbHO, Kakyr (opMy 3amnucH BaM Jerde 3a-
MIOMHHTb.

Taxk Kak coOCTBeHHble BEKTOPBI CaMOCOIPS2KEHHOTO oreparopa
L, THITEPIIOBEPXHOCTH f:U C R? — R? 06pasyloT opTOHOPMHPO-
BaHHBIA Oasuc npoctpancTBa 1), f, marpuua omeparopa L, B 6a-
3uce us cobcmeenHvlx 8eKmopos (TNaBHBIX HalNpaBJeHHEH) HMeeT
OUarOHaJbHBIA B, MPUYEM Ha TVIaBHOH NUAroHasd 3TOH MaTpHLbl

10*
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CTOSIT COOCTBEHHbIE YHUCJIa oreparopa Lp, T. €. IVlTaBHbl€ HOpMaJibHbI€

KPHUBU3HBI:
[k o0
mi=% el

BcriomuHasi mpo MHBapHaHTHOCTh XapaKTEPHUCTHUECKOTO MHOTO-
ysieHa JI0OOH MaTpuLbl NPU 3aMeHe 6asuca, 8 cayuae 08YmepHOL
NOBEPXHOCMU 8 MPexmepHoOM NPOCMparHcmee MTHOBEHHO MoJydaeM

K = kiky,
2H = ki + ko.
A 310 Ha6JIIOILeHI/Ie — KJII0OY K IMPOCTOMY H HENOCPeACTBEHHO-

My BBIUHCJIEHHIO TJIaBHBIX HOPMasbHBIX KPUBH3H k; U ko (c00-
CTBEHHBIX UHCes orepartopa L) Ans 06ymepHoLl THIePIOBEPXHOCTH
f:U CR? — R3 Bemuuunbi-to K 1 H K 3TOMy MOMEHTYy yiKe
HalineHpl! DTO 3HAYMUT, YTO KPUBU3HBI k| W kg corjlacHO Teopeme
Buerta aB/sil0TCS KOPHSMH OOBIYHOTO KBAAPaTHOIO YPAaBHEHHUS:

K2 9Hk+ K — 0.

PewuB ero, BBl ¢ ycrexoM HalgeTe 00a ero BelleCTBEHHBIX KOPHSA —
rJaBHble HOpMaJibHble KPUBH3HBI ki W ko JBYMepHOH THIeproBepX-
HOCTH.

JlaBaiiTe moka 3aBepliMM pacCMOTpPEHHe KPHUBHU3H /s TPaju-
LIMOHHOTO CJIydyas ABYMepHHIX TuIeproBepxHocTedl f : U — R3 m
MOrOBOPUM HEMHOTO O TJIaBHBIX HarpaBJeHHsX (COOCTBEHHBIX BEK-
Topax) omeparopa L, B c/lydyae THIePHOBePXHOCTeH MPOM3BOJIbHOMN
pasmepHOCTH. Bompoc: Kak MCKaTh ryiaBHble HATpaBJeHHS?

IIpennoxenne 37.1. [lycmo f: U — R — zunepnosepx-
nocme, p € U, X = 2'f,i € T,,f — wnenyaesoii sexmop, cmorbey,
koopduram komopozo ecms [X| =z 2% ... ™). ¥Ymsepmdaemcs,
4mo:

1) X — ecaasHoe Hanpasaenue, omseuaroujee 2Aa8HOLU HOpP-

ManvHol Kpususue k, moeda u moavko moeda, Koeda
([Hp] —k- [Ip])[X] =0,
uau, umo mo e camoe 0as 8cex i = 1,2,...,n 8blNOAHEHO

(hij — ]C . gij):llj = 0;
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2) k — enasnas Kpususna eunepnosepxnocmu f : U — R
8 mouke p € U moeda u moavko moeda, Koeda

det([IL,] — k- [I,]) = 0.

Jloka3aTeabCTBO 3TOrO NpeJIoKeHUs NpelcTas/sieT coOoi npo-
CTO€e TIOBTOPEHHE YacTO yNoTpeOIsieMbIX YTBEPXKAEHUH Kypca JUHEH-
HOU anredphl.

1). Iyers Ly(X) = kX, 1.e. [Ly)|[X] = k- [X]. Snauwur,

HQPEHQCGM BCe B JIEBYIO 4aCThb:
()~ )~ k- 1,) - [X] = 0,
YMHOXKHM IOC/Ie[IHee PAaBEHCTBO cesa Ha matpuuy [L,]:
([Hp] — k- [Ip]) ’ [X] =0,

4To, COOCTBEHHO, U TPe6OBAIOCH.

2). Onnoponnas cucrema ([IL,] — k- [I)]) - [X] = O umeer Heny-
JIeBOe pelleHHe, CJ1e[JoBaTebHO, ONpeNe/UTeb ee MaTPHLBl paBeH
HYJIIO:

det([IL,] — k- [L,]) =0,

d MMEHHO 3TO U yTBEP2KAaJI0Ch. ‘

CaencrBue. [lycmo cmandapmmuoili 6asuc f1, f,2,..., fur Ka-
camenvroeo npocmpancmea T, f opmoeonanen. B amom cayuae
gekmopol f1, fu2, ..., fun ABAAIOMCA 2AQBHOIMU HANPABAEHUAMU
onepamopa L, moeda u moavko mozda, koeda mampuya 6mopoti
pynoamenmanvroti popmer [IL,] duaconarvna. lpu amom

L hi;
;= 2
Gii
HoxkasareabctBo. OueBunHo. BouctuHy oueBuIHO. ¢

HOII KOHEeI, 3TOro <<aJ11‘e6pa1/1quKoro» [IyHKTa, A PHCKHY IIO-
3HAaKOMUTBb BaC C OAHHUM BaxXHbIM W IMOMYJIAPHBIM FeOMeTPHUYECKHUM
[MOHATHEM, HENOCPEeACTBEHHO CBASAHHBIM C TOJIBKO YTO HpOQHEHHbIM
MaTepuaJioM. ITO MOHSITHE AUHUL KpUBU3HDbL. Onu HaxogdaT CBOe€
[IpUMEHEeHHe B TeOMEeTpPHH, OITHKeE, TeOpeTH'—IeCKOﬁ ClDI/ISI/IKe, Jla " emie
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MHOro rae. B nallell KHHKKe MBI JIMIIb KOCHEMCS 3TOTO €CTeCTBeH-
HOTO TIOHSITHS [JIs1 Ciydast HauboJiee HaTJISIAHBIX TUTIEPIIOBEPXHOCTEH
Buga f: U C R? — R3. Kpowme Toro, B pasHbIX 3alaUHUKAX TOJHBIM-
MOJTHO 33724 Ha OTBhICKaHWE JIMHUH KPUBU3HBI KAaK Pa3 Ha JBYMEPHBIX
MOBEPXHOCTSIX B TpexMepHbIX mpocTpaHcTBax. (He mory ocraButh
6e3 paboTHI MpenofaBaTe/ied, BeAyINX NPaKTHKY, a OeHbIX CTyIeH-
TOB OPOCHUTBH B COCTOSIHMM y>Kaca Mepejl CTPAIIHBIMH 3aJadHuKaMu!)

Onpenenenne 37.2. KpuBasi « BHOb THIEPNOBEPXHOCTH
f:U — R™ ! naswiaercs Aunueii KpususHot, eCu B KaxK10#
ee TOUKe KacaTeJibHBbIH BEKTOp (v IBJSIETCS [VIABHBIM HampaBJieHHEM.

OrThlllleM ypaBHEHHS JIUHUH KPUBHU3HBI BIOJb THIIEPIIOBEPXHOCTH
f:U CR? — R3 Tyers a(t) = f(u(t)) — xpusas roas f. Tpa-
JMIMOHHBIE 0603HaueHust KoopauHaT B obmacth U C R? Takosbr:
(u(t),v(t)). Torna pasnoxeHHe KacaTeJbHOTO BEKTOpa (v 10 6asucy
T,f B aHaXpPOHHUYHBIX 0003HAYEHUSIX BHIMISIAUT TaK:

&(t) = fudu + fodv.

Ml XOTHM, YyToOBl 3TOT BEKTOp ABJAAJICA T[JIaBHBIM HallpaBJie-
HHUEeM, OTBeYHarlluM CO6CTBeHHOMy 3HaueHH0 k. ITO HpOI/ISOIL/'IILeT
TOoraa, Korga

[hll_kgll hi2 — kgi2 ] . [du] _ [0]
ho1 — kga1 hog — kgoo dv 0]"
[lepemuieM 5Ty CHCTEMY B C/IEAYIOMIEM BHIE:
h“du + hlgdv = k(g“du + glgd’u),
hoidu + hoodv = k’(ggldu + gQQdU)

¥ 3aIHIIeM BO3HHUKIIYIO MPOMOPLHUOHAIBHOCTD B BUJIE OTIPEIETUTES,
paBHOTO HYJIIO:

hiidu + hiodv  hojdu + hoodv N
gridu + giadv  gordu + goadv |

CrenaB Haj co0oi ellle OfHO YCHUJIME, MOXKHO MPHUBECTH MOJY-
yuplieecs: AuddepeHIHaibHOe ypaBHEHHWE IJIT HAXOXKAEHUS JIHHUH
KPUBHU3HbI HA JBYMEPHOH THIIEPIIOBEPXHOCTH K BECbMa YIO0GHOMY st
3allOMUHAHHUSI 3CTETHUHOMY BHUAY (OyAb OHO HeJamHO!):

dv? —dudv du?

gl g1z g2 | =0.

hir  hig  ho
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[To3Bo/ibTe MHe 3aKOHYMUTb 3THMH H3bICKAHUAMM TM.37, HO £
HACTOSITEJIbHO COBETYI0 MOUCKATh Ha MPaKTHYECKHX 3aHATHAX (moj
PYKOBOJCTBOM OMBITHOT'O MperofaBaTess!) ceMelcTBa JUHUE KpH-
BU3HbI HEKOTOPBIX TOBepxHOocTeH. [loueMy JIMHUU KPUBU3HBI BCErnaa
00pasyroT Ha MOBEPXHOCTSAX OPTOTOHANBHYIO CETh?

3amayky U ynpaxKHeHHs

1. HaiiauTe MaTpHily OCHOBHOrO OIeparopa, MOJHYI H Cpef-
HIOK KPUBHM3HBI B TMPOU3BOJBHOH TOYKE CJENYIOMIMX THIEPIO-
(1 BEPXHOCTEH:

a) f(u,v) =Y {Rcosucosv, Rcosusinwv, Rsinu);
6) f(u,v,w) = YR cosucosvcosw, Rcosusinwvcosw,

Rsinucosw, Rsinw);

B) f(u,v) = Yucosv,usinv,av);
r) f(u,v) = {(ucosv, usinv, u?);
n) f(u,v) =4Rcosv, Rsinv,u);
e) f(u,v) =((a+ bcosu)cosv, (a + bcosu)sinwv, bsinu),

U U
3) flu,v) = lt(ach—cosv,ach—simv,u);
a a

1) f(u,v) = t(asinucosv,asinusinv,a(ln (tg g) +cosu>);

k) f(u,v,w) =R cosucosv, Rcosusinv, Rsinu,w);
amH) f(u, v, w) = Yu, v, w, uvw).

2. Haiinure riaBHble HOpPMaJ/ibHble KPHBHM3HBI W IJIaBHble Ha-
TpABJIEHHUSI TIPSIMOTO TeJHKON/IA

f(u,v) = (ucosv,usinv, av)

B HpOI/ISBOJIbHOIjI TOYKe. y6e[[I/ITECb, YTO T[JIaBHble HallpaBJIeHUA
OeadAT TomoJiaM YIrJbl MeXny KOOPAWHATHBIMHU JHHWUAMU 3TOTrO
reJIMKonaa.

3. Haiinure rsiaBHble HOpMaJsibHble KPUBM3HBI M TJaBHble Ha-
NpaBJeHHUsl TUIePIIOBEPXHOCTH
z=2ay

B Touke A(1, 1, 1).

4. Haiinure ryiaBHBIE HOpMaJibHble KPWBU3HBI W TJIaBHbl€ Ha-
IpaBJeHUA B BEepPIIWHaX 3JJUlIcoua

2 2 2
T Y z
g
St
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5. Haiinure ryiaBHEIe HOpPMaJsibHBlE KPHUBH3HBl U IJIaBHBIE Ha-
NPaBJIEHHsI TUIIEPIIOBEPXHOCTH

flu,v,w) = Yu, v, w, uvw)
B touke p(0,0,0).

6. Haiiaute MHMH KPUBH3HBI CIIENYIOLIMX THMEPTIOBEPXHOCTeH:
a) f(u,v) = t(ucosv usinv, av);

)

0) f( ) (u 42 UZ—UQ,U)'

9 1009~ (e S, 2)

3 0=~ oo~ 1) )

7. Jlokaxute, 4TO KOOleI/IHaTHbIe JIMHHU TOBEPXHOCTH
f(u,v) = H3u + 3uv? — u3,v® — 3v — 3u?v, 3u® — 3v?)

ABAAIOTCA JIMHUAMH KDPHUBU3HBI. Haiinute MOJIHYI0 W CpeaHIoo
KPHUBU3HBI 3TOH IIOBEPXHOCTH B HpOI/ISBOJTbHOﬁ TOYKe.

8. IloxaxkuTe, YTO OAHA M3 IJIaBHBIX HOPMaJsbHBIX KPUBH3H
nosepxHocTH Bpaulenus f: U C R? — R? papHa Beanuune, 06-
paTHOH K [JIMHEe OTpe3Ka HOpMaJ/H, 3aKJIIOYEeHHOMY MexKIy IIo-
BEPXHOCTbIO M OCbIO BpalleHHUS.

9. JlokaxkuTe, uTO JBe IByMepHble T'MIEPHOBEPXHOCTH Mepe-
CeKaloTCsl MOofl MOCTOSHHBEIM YIVIOM TOTA@ M TOJBKO TOTAA, KOTrAa
JIMHUSA UX TepeceyeHus SB/sSeTCS JUHHeH KPUBU3HBHL KaK Ha Iep-
BOH, TaK WU Ha BTOPOH MOBEPXHOCTSAX.

10. Moxer ObiTb, KTO-HMOYIb M3 4YMUTaTesNeldl CyMeeT HAUTH
JIMHUM KPUBHU3HBI HA TPEXMEPHOM LUJIHHAPE

f(u,v,w) = (Rcosucosv, Rcosusinv, Rsinu,w)?

38. JlokaabHOe CTpoeHHe TMNepnoBepPpXHOCTHU

B sTOM myHKTe MBI BHISICHUM, KaK YCTPO€Ha I'MIIEepIOBEPXHOCTb
B JOCTaTOYHO MaJiOH OKPEeCTHOCTH KaXKIOH CBOEH TOUKH (T.e. BbI-
SICHUM <«JIOKaJbHOE CTPOEHHE THUIepPrnoBepXHOCTH»). [lomoryT Ham
B 3TOM BTOpasi (pyHAaMeHTasbHas (opma M TIJaBHble HOpMaJbHble
KPUBHU3HBl THIIEPIOBEPXHOCTH. Kpome Bcero mpouero, cjiemyiomias
TeopeMa B KAaKOW-TO CTeNeHW INPOJUBAeT CBET HA IeoMeTpUueCcKHiH
CMBIC/ TVIaBHbIX HOPMaJbHbIX KPHBH3H.

Teopema 38.1. [lycmo f: U — R — zunepnosepxnocme,
ki,ko,..., k, — ee enrasHble HOpMAAbHbIE KPUBUSHLL 8 MOUKe P €
€ U. Toeda cyuiecmsyem okpecmrocmo Uy mouku p u dexapmosa
npamoyeorvHas cucmema Koopounam maxue, umo p € Ug C U u
f(Uy) seasemcs epagurom Pyrkyuu
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1
p(x) = 5 (ki(@')? + ka(a®)? + .+ ka(2")?) +
+ o(Jz" P+ 222 + ...+ [z"]P),
ede © = t(xl, % .. ,x™) € Uy.
HokasareabctBo. Omnepartop L, — CcaMOCONDSXKEHHBIH, cJe-
JOBaTeJbHO, B KacaTeJbHOM npocTpaHcTBe 1),f €CcTb OPTOHOPMH-
> poBaHHbIH 6azuc Xi, Xo,..., X,
N W3 IJIaBHBIX HamMpaBJeHUH oneparTo-
pa Ly, 1.e. L,(X;) = k; X;. Cneno-
—
BatesbHO, (X1, Xo,...,X,, N) —
OPTOHOPMHPOBAaHHBIH 6a3uc Bce-
ro OKPY’KallIlero MpocTPaHCTBa
TypR™! (em. puc. 38.1).
Puc. 38.1 [Tepeo6o3HauuM BEKTOPBI Ga3u-
ca Tf(p)Rn+li

TrmR""

— — — ~N =
Xl = 611 X2: 621---v XTL: e'l’L1 N: en—l-l’

a B KauecTBe Hayasja KOOpAMHAT Bo3bMeM Touky f(p). Cornacu-
TeCh, 3TO OY€Hb €CTEeCTBEHHasl Hjesl — MepeHeCTH Hayaslo KOOpAH-
HaT B TOYKY f(p) Ha MOBEPXHOCTH, OCH KOOPAMHAT HAMpPaBUTb IO
IJIaBHBIM (B3aMMHO OPTOrOHAJbHBIM) HampaB/eHUAM orepartopa L,
M TOCMOTPETb, YTO OyleT MpeacTaB/asATb COOOH TI'MIepPNOBEPXHOCTh
B HOBOH CHCTeMe KOOpAMWHAT!

Myers u € U. Umeem f(u) = {(f (), ..., f(w), T (w)). Dud-
(epenuupyem f(u) B Touke p € U:

Fur(0) ="(fs (D). - f1 (D), £ (0).

Her comuenus, uro f,i(p) € Tf, T.e. fui(p)J_]T/Z(p) = Cpi =
= 40,0,...,0,1). CnenoBateJibHO, f:frl(p) =0 npas Jawboro i =
= 1,2,...,n. 3HauuT, BCA HHXKHSAS CTpoka B Marpuie Axkoou f'(p)
nynesas! ITockosbKy rumepnosepxHocts f : U — R™! ynosnerso-
psieT YCJOBHIO MakcHMaJbHOCTH panra, To rang (f'(p)) = n. Cue-
LOBaTeJbHO, KaK pa3 MHUHOP M3 TEPBBIX 1 CTPOK B MaTpule Skobu
1’ (p) e nyaesotl.
Ilanee Bo3bMeM TOUKy u € U 1 YCTPOUM Takoe 0TOOpakeHHe:

u -2 (fY(w), F2w), ..., fr () = (222 ..., 2") = .

[TIo Teopeme 06 o6patHoM oTobpaxkenuun W sBasercs auddeo-
Mop(dH3MOM HeKoTopok okpecTHocTH Uy (npuuem p € Up) Ha oKpecT-
Hocth V (mpuuem 0 € V) C R™).
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Huddpeomopdusam, obpatublil kK ¥, o6o3nauum uepes . Mmeem
®: Vo — Up; xkpome toro, u = ®(z) nu ¢(0) =

Torna otobpakenue f = (f o ®): Vy — R™"! ectb npocto 3ame-
Ha rmapameTpoB:

fl@) = (ah 2% . 2™ 7 (@(2))).
O6pas otobpaxeHns f — 570 rpaduk GpyHKuaK @(z) = f771(D(z)),
T. €.
xn—&-l _ (p(:l))
[TokaxeMm, 4To () — UckoMast GyHKLHUsS. Beruucasem:

(0 )Zf”“( (x ))Zf”“(p):O,

P (0 Z n+1 8%2 :0

CrnenosarenbHo, opmyna Teiisopa mist ¢(z) BEIVISAHT CJIeLyIO-
UM 06pasom:

1 o
= 32 @ais(0) - a2 +o(lal?),
i,J

KBaapatuuHas (opma H

T.e. B opmyse Teitsopa n/st ¢(x) OTCYTCTBYIOT UJIeHbl HYJEBOH M
MepBOH CTerneHU. DTO MPUSATHO.

flcHo, UTO BUA MOBEPXHOCTH, T. €. popMa rpaduka GyHKUHU @ (),
ompenessieTcss B OKPECTHOCTH HOBOTO Hadaja KOOPAMHAT (TOYKH
£(0,0,...,0)) maTpuieii KBanpaTHIHOH hopmbl H WM, €CH YTOIHO,
caMoil KBagpaTHUHOH (hopmoli H, ¢ TOUHOCTBIO M0 GECKOHEUHO Ma-
JIBIX TIOPSIIKA He HMXKe BTOPOTO.

Martpurua kBagpaTuyHoi GopMbl H BBIVIAANUT CJAeAYIOIIUM 06pa-
30M:

Prlpl  Pplg2 0 Prlgn
Pa2gl Pa2a2 " Prlpn

= Hess (¢(0)),
Pangl  Pang2 7 Panan

W HasbiBaeTcs eeccuarom V) ¢ymxyuu o(z) 6 mouke 0.

') Orro Tecce (1811-1874) — Hemenxuii MaTemMaTK, yyeHuk Kenu u CuibBe-
cTpa, 6b11 npodeccopom B Kénurcbepre, s3atem B [elinensbepre u B MionxeHe.
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[Tokaxkem, 4TO B HOBOH cHcTeMe KOOpAHHAT reCCHaH AMaroHaseH,
T.€e. KBajipaTuyHas (opma H vMeeT KaHOHHYECKHH BHIL.

Umeem f,i(0) = €;, caenoatenbHo, f,i(0) — rnasHble Hanmpas-
JeHusl. A rnaBHble HampaBjeHHs, Oyoydd COOCTBEHHBIMH BEKTOPAMH
camocomnpsizKeHHoro onepatopa L,, o6pasyloT OpTOHODMHDPOBaHHbBIH
6asuc (mMatpuua ['pama KOTOpOro enMHUuYHAas). B

Tockonbky  BekTopst f,1(0) = €1, f,2(0) = €., fun(0) =
= €, — OpPTOrOHa/IbHbI U SIBJSIOTCS IVIABHBIMH HAIpaBJeHHUSIMH, TO
(cMm. ciencreue u3 1. 37) BTOopast gyHnameHTtanbHas ¢opma [II,] —
nuvaroHanbHa. [lpy aTom

Ho B namewm ciyuae g; = 1, cnenosarenbHo, k; = hy. Bot u Besi
XUTpocThb. OUYEeBUAHO, YTO

Friai(0) = 40,0, ...,0, 04145 (0) = ©9gigi (0) - €.

Torna

- ki, i =17,
hij = <Nv f:cZ:L‘]> = <?TL+1’ Prigi €>TL-"-1> = Prigi (0) - {02’ i 7&]
— TeCCHaH-TO, KaK Mbl yXKe MoKa3aJii, JdaroHaJen!

Hraxk,
1 & .
pla) = 5 3 ki~ (@) +o (|af’).
=1
vo(x)

Uro, co6CTBEHHO, U TPeOOBANOCH. ¢

Kommenrapuii. [papuk ¢QyHKUHM @o(z), KOTOpass BO3HHKJA
B KOHLIE 0Ka3aTesJbCTBA TEOPEMBI, alNPOKCUMHUPYET MOBEPXHOCTb f
B OKPECTHOCTH TOUKH Z C TOYHOCTBIO 10 GECKOHEUHO MaJblX BTOPOTO
nopsinka. Ilo kpaliHeli Mepe, JIOKa/JbHO 3TO MO3BOJISIET YCMOTpPETh
XapakTep MOBeNeHUs] THIEePNOBEPXHOCTH M, MOAKJIOYHB H3PsAHOE
NPOCTPAHCTBEHHOEe BOOOpaXkKeHHe, CKa3aThb, Ha YTO OHA I10X0XKa?

Haup Tpaguumu. OCHOBBIBAsICh Ha OOIIEH TEOPHU, PACCMOTPHUM
JIOKaJIbHOE CTpoeHUe OJU3KUX HallleMy Cepllly JBYMEPHbIX THIEPIOo-
BepxHocTed f: U C R? — RS3.

B aToM nByMepHOM ciyuae 00pa3 MOBEPXHOCTH f B OKPECTHOCTH
Hayajia KOOPAMHAT MpPUOJIU3UTENBHO COBManaeT ¢ rpadukoM (QyHK-

1885051
1

wo=2z2= (k1:r2 + k2y2).

DO
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Jns TpagMLIMOHHOTO M3JI02KEeHUsI BOIIpOCa Mbl NPHUHHMMaeM IPHUBBIY-
Hble 0003HaUeHHUs] 0Cel KOOpAMHAT X, Y U Z.

B nBymepHOM ciiydae 3HaueHHUs IVIaBHBIX HOPMaJsbHBIX KPHBH3H
ki W ko mosiHOCTbIO ompefensitoTcs BenndyuHamu K u H — noJg-
HOU raycCOBOH KPUBHU3HOW U CpefiHel KPUBHU3HOH T'MIIePIIOBEPXHOCTH.
IT0 — HemnpesoXKHbIH (DAKT, BBITEKAIOLIHUH U3 CUCTEMBI

K = kiko,
2H = ki + ko.

PaCCMOTpI/IM HECKOJIbKO CJIy4YaeB.

Cayuai 38.1. Ilyets K > 0. IT1o 3Hauut, 4yTo rpaduk PyHK-
IUU (o9 — OJIJIUITHUECKHE Mapabosioni B OKPECTHOCTH TOYKH
p € U. Touka f(p) HaspiBaeTcsi, B 3TOM CJlydae, AAUNMULECKOL
(cM. puc.38.2). B HampaB/eHUM TJaBHBIX 0Oa3HCHBIX BEKTOPOB IMO-
BEPXHOCTb «3arubaeTcsi» B OfHY U Ty e CTOPOHY.

Cayuain 38.2. Ilycte K < 0, cnenoBatenbHo, kiko < 0, T.e.
ki1 un ko pasubix 3HakoB. [lyctb, Hanmpumep, k; > 0, ko < 0. I'padux
(YHKLHH g B OKPECTHOCTH TOUKH p € U — runepOoJuyecKuil napa-
6onoun (cenno). Touka f(p) HasbiBaeTcsi, B 9TOM cJjyuae, eunepbo-
auneckotl (unu cedrosoil) (cM. puc. 38.3). B HanmpaBieHUU TJIaBHBIX
6a3uCHBIX BEKTOPOB MOBEPXHOCTb «3arH0AETCsI» B MPOTHBOMOJIOKHbIE
croponsl (k; > 0, ko < 0).

Cayuann 38.3. Ilycte K =0, vo H # 0. Ilycts, Hampumep,
ki = 0,ky # 0. I'paduk (PyHKUHH @9 B OKPECTHOCTH TOYKH p € U
npencTaBiaseT coboil mapabosuyeckuil LUAMHAP. Touka f(p) Hasbl-
BaeTcs, B 3TOM ciyuae, napaboiuteckoil (cMm. puc. 38.4). B nanpas-
JIEHUH TepBOro 6a3HCHOrO BEKTOpa MOBEPXHOCTb MOXKET ObIThb BOBCE
He uckpuBseHa (k; = 0), HO 3aTo OHa MCKpHBJIEHA B HalpaBJeHHH
BTOPOro ry1aBHOTO GasucHoro Bektopa (kg # 0).

Cnayuait 38.4. Dror cayuail camblii 3ab6aBHbil. [lyetp K =
= H = 0. Ilpy Takux 3HaYeHUsIX KPHUBHU3H Touka f(p) HasbiBaeTCs
mouKkou ynaouwjenus. B sTom ciyuae o6e TaBHble HOpPMaJsbHbIE

Puc. 38.2 Puc. 38.3 Puc. 38.4
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KPUBHM3HBl paBHbI Hym0: k; = ko = 0, a QyHKUMUS (o HMeeT BH]
@o(z) = o(x? +y?). I XOTS MHTYHTHBHO KaXKeTCs, YTO B OKPecT-
HOCTH TOUKM YIJIOLIeHHs] f(p) TOBEPXHOCTb CHJBHO HAMOMHHAET
MJ0CKOCTh («HUUYEro HUKyna He 3arubaeTrcsi»), Ha CaMOM JeJie Tpo
(opMy MoBepxHOCTH BoOOlle HHUYEro yTBepXKIaTb HeJab3sl — 3Ta
TMIOBEPXHOCTb BOBCE He 00s13aHa ObITb MJIOCKOCTBIO MJIH €€ 4acThio!

IIpumep 38.1. PaccmoTprM 3HAMEHHUTYIO TIOBEPXHOCTD:
o(x) = Re (z +iy)® = 23 — 32°.

[IpoBepbre camoctositesnbHo, uto (0,0) — TOuUKa YymJIOIIEHHUS,
HO TMOBEPXHOCTb BeleT ceOs B OKPECTHOCTH 3TOW TOUKH OOBOJBHO
npuaynauBbIM 06paszoM (cm. puc. 38.5). [1nockoets XOZ paccekaer
3Ty MOBEPXHOCTH M0 KyOudeckoil napadoJe, a niaockoctb Y OZ — 1o
ocu OY, LeqUKOM JiexKallled Ha 3TOH MOBEPXHOCTH.

Puc. 38.5. «O6e3bsHbe ceLo»

TMoBepxHoCcTh z = 3 — 3xy? HasbiBaeTcss «obesvsrbe CeONO.
Crosib XynoKeCcTBEHHOE Ha3BaHHe BBI3BAHO TIpeNCTaBJeHHEM, OYyITO
Ol 00€e3bsiHAa MOKET CECTh KOMYMKOM Ha TOUKY YILIOLIEHHS, CBECHTh
B cTopoHy ocu OX o6e HOrM, a B CTOPOHY 4YHUTaTeJsi — XBOCT.
Hapetocy, uto o6e3bsiHa NMPUHHMMAeT TaKylo MO3y, He MpearoJaras
BBIPA3UTh KaKoe-J1UO0 OTHOLIEHHE K JIMUHOCTH UHUTATEJS.

JlroGonbITHBIN Bompoc. Kakoro »xe THna NOJ/KHBI ObITb TOUKH
Ha THUMEPIOBEPXHOCTH, YTOOBI OHA BJSAJIACH-TAKH IJOCKOCTBIO WJIH,
Ha XyHOH KoHell, cepoii?

Onpenenenue 38.1. Touka f(p) runepnosepxHoctu f : U —
— R™! naswiBaerca ombuauueckoii, eciu B Touke p € U BHIMOJHe-
HO OJIHO M3 CJIeNYIOUIMX 9KBUBAJEHTHBIX YCJOBUH.
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l.ky = ko9 = ... = k, — Bce rJaBHble HOpPMaJbHble KPHUBU3HBI
paBHHI.

2. Oneparop L, — ckanspHblil, T.e. L, = k(p) - Idr,; (u1u, 4t0
TO 2Ke camoe, [L,] = k(p) - 1,).

3. B uentpoadduHHOM KacaTeabHOM IpocTpaHcTBe T,f BCe
HeHyJleBble BEKTOPBI SIBJSIOTCS TJIaBHBIMM HArpaBJeHUSIMH.

3ameuanne 38.1. HerpynHo nomMeTuTh, 4TO B ciayudae ABY-
MepHO# rumeprosepxHoctd f : U C R? — R3 Touka p € U 6yner
OMOMIMYECKOH, ecau B 3T0i Touke K = H2

Teopema 38.2 ([lap6y). Ecau n = 2, obaacme U C R™ 00ro-
cesznas u y eunepnosepxrocmu f : U — R sce mouku ombu-
auveckue, mo obpas f(U) ecmv aubo naockocmv uiu ee wacmo
(k; = 0), aubo cpepa uru ee wacmo (k; # 0).

JlokazaTeibCTBO 3TOH 3aMeuaTesbHOH TeOpeMbl HaXOAMUTCS
HECKOJIbKO B CTOPOHE OT TeHepasjibHOW JIMHUM Halled KHHUXKKH,
MO3TOMY § TpeJJaral YUTaTeNsiM MPOBECTH €ro CaMOCTOSITENbHO
B KayeCcTBe XOPOIIEro yrpakKHeHHUs.

Takum 06pa3oM, B 3TOM MYyHKTE Mbl BBIIEJUJIH YeTbIpe THIA
TOYEK Ha JBYMEPHOH THIEPINOBEPXHOCTH — IJJIHUNTHYECKHE, THIep-
Gosueckre, napabojMyecKdie ¥ TOYKH YIJIOMIEHHs. A THN TOYKH
XyH0-0eIHO XapaKTepuadyeT (OpMYy TUIIEPIOBEPXHOCTH B OKPECTHO-
CTH 3TOH TOUKH. DTO BeCbMa YIOBJETBOPHUTEJbHBIH Pe3ysbTarT, Te-
peKJHKatuics ¢ BoiBogamu 1. 17 «JlokasbHOe CcTpoeHHe MIOCKHX
KpUBbIX». CHM YIOBJIETBOPUMCS U MOUIEM B CJEAYIOUIHH MyHKT.

3agauku U ynpaKHeHus

1. Hafinure snnunTHyecKHe, runep6oMueckyie 1 napaGoanye-
v CKHe TOYKH Ha Tope
g f(u,v) ="((a+bcosu) cosv, (a+ bcosu)sinwv, bsinu),
re a > b.

2. OnpezennTe THI TOUEK HA MOBEPXHOCTH, NOJYUEHHOH Bpa-
ILleHHEM CUHYCOUIbl Y = sinx
a) Bokpyr ocu OX,
6) Bokpyr ocu OY.

3. [IposiBUB cMeKasKy U COCOOHOCTb K 0000IIEHHIO TTIOHATHH,
onpenesuTe TUI TOYEK Ha LMJIMHIPE

f(u,v,w) =R cosucosv, Rcosusinv, Rsinu, w).

4. Knaccuduuupy#Te TOUYKM Ha CJAEAYIOLIMX IBYMEPHBIX T'H-
MeprnoBepXHOCTSAX (BTOPOTO MOPSAKA):

a) BJIJIHIICOHU;

6) OMHOMOJIOCTHBIH TUIIEPOOJIOUT,;
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TOUKe
hir hig ho

gi g12 g22

ITOBEPXHOCTH omMbuIMYeCKas.

39. HopmanbHaa kpuBusHa. Teopema MeHnbe.
Teopema diinepa. ACUMNTOTUYECKHNE JUHUMN

ﬂaBafITe HayHEM 3TOT MYHKT C OYE€Hb M0JIE3HOH JIEMMBI.

B) [IBYIOJOCTHBIH TUNepOOJIOn;
r) SJJIUNTHYECKHE MapaboJounn;
1) runepbosnuecKuit mapadosoun (cemso);
€) SJIMNTHYECKUH LUIHUHID;
) TUMepOOJTHUECKHUH HUIHHID;
3) KpYroBOi KOHYC.
5. JlokaxkuTe, uTo TodYKa Ha rumeprobepxHoctd f : U — R3

sIBJIsSIeTCST OMOMJIMUECKOHM TOrma M TOJbKO TOTHA, KOrla B 3TOH

6. lokakMTe HepaBeHCTBO H? > K nnig npou3BOJIBHOU TH-
neprosepxHocTH f : U — R® u y6emurech, 4To 9TO HEpPaBeHCTBO
obpaliaeTcs B pPaBeHCTBO TOrAa MW TOJbKO TOT/A, KOrjga TOuka

Jlemma 39.1. [lycmo o — Kpusas 8doav eunepnosepxHocmu

f:U =R ua(ty) = f(p). Toeoa
IL, (6, @) = (dlto), N (p)).

Hoxka3arteabctBo. Mmeem af(t) = f(u(t)), rome u(t) — xpusas
= p(

B obnact U C R"™. [anee, &(tg)

—

(a(t), N (u(t))) = 0.

Ifp(t(to)) € Tpf. Snauwmr,

Bunumib toxkpectBo — nuddepenunpyit! Pesynbrat nuinem cpa-

3y B TO4Ke t = {p:

CJie10BaTebHO,

(i(to), N(p)) = —(d(to), AN, (ii(to))) =

= (=dNy(i(to)), a(to)) = (=dN,((df,) " (@(t0)). (ko)) =

= <Lp(d)vd> = Hp(dvd)‘
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Bor TyT-TO HaM ¥ TPUTOAMJIOCH 3HAHHWE <«BHYTPEHHEro»
YCTPONCTBA OCHOBHOTO OTEPaTOpa THUIEPIIOBEPXHOCTH, Hal TO-
HUMaHHEM KOTOPOTO Mbl OUJHKCH B 1. 36! ¢

[ToroBopuM Terepb HeMHOTO O MPUBBIYHOM HATJISIAHOM CJyuae.
PaccmoTpuM  KpuBYH «ft) BHOJIb [IBYMEPHOH THIEPHIOBEPXHOCTH
f:U — R3 (cm. puc.39.1). HanomHio TpaaHIMOHHbIe 0603HAYEHUS
BekTOpOB pernepa PpeHe s KpE)BOI;’I a: 1 — R3 T — kacarenb-
HBIH BeKTop, U/ — HopManb, (3 — GuHOpMaab. OueBMAHO, uTO
& =|&|- 7 € T,f. Conpukacaiowascs miockoctsb (7, 7) KpUBoi «,
BoOOILe ToBOps, He 00s3aHa conaaathb ¢ 1), f, u60 BeKTop v/ He 004-
3aH JiexKaTh B KacaTeJIbHOM MPOCTPAHCTBe (KacaTeJbHOU MJI0CKOCTH)
T,f. Hanpumep, Ha puc.39.1 HopManb 7 06pasyeT ¢ HOPMaJbHbIM

BekTopoM N (p) yroa 60, npuuem 0 < 6 < 7/2.

Puc. 39.1

Teopema 39.1 (Menre) ) ITycmo a(t) — kpusas sdors eu-
nepnogepxHoCmL f:U — R3 alty) = f(p) u 6 — yeor mexnoy
sexmopamu N (p) u 7 (tg). Tozda

IL,(d, &)

k-cosf = L(da) ,

ede k — kpususna kpusoii a(t) 8 momenm t = ty.

1) )Kan Menve (1754-1793) — reHepas, OXMH M3 TepOEB PEBOMIOLHOHHOI
®panuny, norud npu obopore Maiinna. McTopust MaTeMaTHKH 3HaeT He TaK YK
MHOTO TeopeM, I0Ka3aHHbIX AeHCTBYIOLIMMH BOEHHBIMH reHepanamu. Teopema Me-
Hbe — PeIKOe M YAUBHUTE/JbHOE HCKIHUEHHE.
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Hoka3sareabcTBo. Mbl 3HaeM (CMOTpH M. 22) pasniokeHHe yCKO-
peHust KpUBOH «v(f) Ha HOPMaJIbHYIO U TAHTE€HIHAJbHYI COCTABISIIO-
1He:

a=lal* 7 +|al’k(t) - 7,

rae k(t) — kpuBU3Ha KpuBOH «(t). B nyxe renepana MeHbe BbYHC-
JisleM CTPOTO M0-BOEHHOMY, HCIIOJIb3Ys MOJIE3HYIO JIEMMy M3 Hadasa
3TOr0 MYHKTA:

1L (6, &) = (&, N) = (|&|°7 + |62k 7, N) =
= |6?k(7, N) = L(6, &) - k - cos 6,

=
TaK Kak ¥ ¥ N — eJlMHHYHble BEKTOPHbIE NoNsl. A 3T0, COOCTBEHHO,
¥ Tpe6oBasoCh. ¢

[Ipomo/KUM Hallle pacCMOTpPeHHe [BYMEPHBIX THIEPIOBEPXHO-
CTell M KpPUBBIX BHOMb HHUX. [lycTh Temepb uymecHbIM 006pa3om
cosf = +1. Dro cayyaercs Korma, Hampumep, «(t) — KpuBasi, siB-
MISTOIIASCS CeYeHHEM TOBEPXHOCTH f(U) niockocTbio, HATAHYTOH Ha
BekTOp N M Hekortopblii BekTop X € T}, f, T.€. 0QHOH M3 MHOrOuYHC-

JIEHHBIX BO3MOXKHBIX HOPMAAbHBLY NAOCKOCMel K 2UuneprnosepxHo-
cmu (cm. puc. 39.2).

Omnpenenenue 39.1. Kpusas «(t), siBasiomascs nepeceyeHu-
eM f(U) ¥ HeKOTOPOH HOPMaJsibHOH MJOCKOCTH T'HIEpPIOBEpPX-
HoctH f : U — R3, HasbiBaeTCs HOPMAAbHOLM Cevenuen.

HopmaneHoe
ceueHue

Puc. 39.2
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Ynpaxuenue 39.1. JlokaxkuTe, UTO BCsKOe HOpPMaJjbHOE ceye-
HUe runeprnosepxHoct f: U — R3 ectb o0pa3s peryJsipHoil KpUBOH.

Ha6aronenue 39.1. [lns n060ro HopMaabHOrO ceueHus ot)
7 =%N.

DTO JIETKO J10Ka3aTh, Bellb KpHUBas «(t) sBJsETCS MIOCKOH!

Hy, Torna nsis HopmasbHOro ceyeHusi o(t) treopema MeHbe naet

. I, (&, &)
- IL(d,a)

— 3TO KpPUBH3HA HOPMaJ/ibHOTrO cedeHuss B uuctoMm Buze! [lpu 3Tom
MOBEPXHOCTD f(U) paccekaeTrcsi IOCKOCTbIO, HATSIHYTOH Ha BEKTOPHI
N u &. (O6paTuTe BHHMaHHe — BOT 31eCb, B HalMCaHHOM OTHO-
[IeHWH BTOpOH (hopMbl K TNepBoH, obe OGUHHEHHBIE (POPMBI MOXKHO
Ha3blBaTh U KBaJPAaTUYHBIMH. )

Onpenenenue 39.2. Ecin X € T,f — HeHy/eBol KacaTeJb-
HBIfi BeKTOp rumeprosepxHocty f: U — R™! 1o uncno

) - )

HAa3bIBAETCS HOPMAAbHOLU KpususHol eunepnogepxvocmu f : U —
— R™! 6 mouke p € U 6 nanpasaenuu sexkmopa X € T,f.

CeolicTBa HOPMAJILHOU KPUBU3HBI.

1. Ecau A # 0, mo kn(AX) = kn(X).

2. Ecau X; € T),f — erasnoe nanpasaerue, omsgewaroujee eaas-
HOU HopmaivHOU KpusudHe k; (cobcmeenHomMy 3HaueHUIO
onepamopa Ly), mo

3ameuanne 39.1. VMMeHHO pajau CrHpaBeiJMBOCTH BTOPOTO

CBOMCTBA HOPMaJIbHOK KPMBH3HBI B ONpe/ie/leHHH onepaTtopa L,
(B m. 36) ObL1 MOCTaBJeH 3HaK MUHYC. IMEHHO 3TO BTOpOe CBOHCTBO
ABJIsIeTCS 00bSICHEHHEM TEPMUHA «2AABHbLE HOPMALbHLLE KPUBUSHbLY
111 COOCTBEHHBIX 3HaYeHHH OCHOBHOTO omnepatopa L.
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Jloka3arenbcTBo cBOMcTB. [lepBoe cBoiicTBo oueBHMaHO. Jloka-
JKeM BTOpoe. Brraucnsiem

I, (X, Xa)  (Lp(X0), Xa)  (kilXy, Xi)
L(X, X;) (X, Xy) (X, Xi)

kv (X;) = — ki ¢

[TosHakomMuMCS Ternepb ¢ OAHUM U3 CaMbIX 3aMe4daTeJIbHbIX (1)aK-
TOB BHEIIHEH reoMeTpuu FHHepHOBerHOCTeﬁ.

Teopema 39.2 (diinep). [lycmo Xy, ..., X, € T,f — opmorop-
MUPOBAHHbBLL 6A3UC U3 2AABHLLX HANPABACHUL OCHOBHOZO Onepa-

mopa L, eunepnosepxrnocmu f:U — R uky, ..., k, — ee eras-
Hole HopmanabHoie Kpususwol. [lycmo X € T,f — npoussonvroill
HeHYyAsesol eekmop, obpasyrowiuil yeavl 01,...,0, ¢ sexmopamu
Xi,..., X, coomsemcmsenro. Toeda

= Zn: k; cos® 0;.

i=1

HokasateabcTBo. be3 orpaHuueHusi 06LIHOCTH (CMOTPU MepBOe
CBOKCTBO HOPMaJIbHOH KDPHMBM3HBI), cuMTaeM Bektop X € T,f enu-
HUUHBIM. Torma N

X = Z X, cos 0;
i=1
— 3TO M3BECTHBIH (PaKT M3 Kypca aHaJUTHUYEeCKOH reOMeTpHH, Ko3d-

(ULHEHTBI COS 0; HA3BIBAIOTCS HANPABASIOULUMU KOCUHYCAMU.
Torna, mockosbky | X| = 1, umeem

IL,(X, X)
L(X, X)

=1I, ZX COSHZ,ZX cosl; | =

i=1

—ZCOSH -cos B - I ( ' Zk‘ cos? 6;.

%7 i=1

kn(X) = = IL,(X, X) =

[TocnenHee PaBEHCTBO B 3TOH 1Llernoyke BEPHO, MOCKOJIbKY Lp(XZ) =
= kzXz 51
ki, ©=7,

IL,(X:, X;) = (L, (X)), X;) = ks (X,-,Xj>:{ 0 it
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Koneuno, ditsiep nokasas CBOIO TeopeMy He B CTOJb 0b11e# dhop-
MyJnupoBKe. Pagymeercs, B Te fajekue rofbl OH paccMaTpPUBaJ TOJb-
KO c/Tyuail IByMepHoi rumeproBepxHoctd f : U — R3 u oGHapyxum
OyKBaJbHO CJjenylollee yTBepXKIeHHEe, KOTOPOe Mbl C(HOPMYNHPYyeEM
TakK.

Caencteue (dhopmyna disepa). [lycme
f:U — R3 — Osymeprasn eunepnosepx-
Hocmo, X1,Xo — oOpmoHOpMUpPOBAHHbLL X
basuc u3 ee 2AQABHbLX Hanpasierul u
k1, ko — ee enasHbie HOpMALbHOLE KPUBUS-
Hot. [Tycmo 01 = 0 — yeoa mexncdy nepsoim )
basucnoim eexkmopom X| U Npou3soLb- 0,=6
Hoim Kacamenvroim eexkmopom X € T, f
(cMm. puc. 39.3). Toeda

kn(X) = ki cos® 0 + kg sin? .

HokasareabcTBo. B cayuae n = dim7),f = 2 wkonbHas npo-
rpaMma naet cosfly = +sinf] W TOJNBKO YTO NOKa3aHHas obiias
n

dopmyna ky(X) = 3 k;cos® §; mpespalnaeTcsi B «KJacCHUeCKyI0»
i=1
dopmyny Dditsepa. ¢
dTa ynuBUTeNbHAsE opmysia Oblia 0OHApyKeHa DiaepoM 3am10-
o 10 TOTO, KaK ObLIK H300peTeHbl OCHOBHOH OIMEpaTOp UIeproBepX-
HOCTH W HOpMaJsibHOe oToGpaxkenue [aycca! Ditnep — reHui.

Ha6awonenune 39.1. opmyna Diisepa elle pa3 [0Ka3bIBaET yxKe
OTMeUYeHHOe HaMH CBOHMCTBO 1) HopmasbHOH KpHUBH3HB ky(X) —
OHa He 3aBMCHT OT AJHMHBI BekTopa X € T,f, a ABasercda ToJb-
KO (DYHKLHeH HampaBjeHHs HOpMaJbHOro ceueHus (yraa ), T.e.
kn(X) = kn(6).

Ha6arwonenune 39.2. «[loranuyem» Bokpyr Teopemsl [Tudaropa u
npeobpasyem ¢opmyny Dijepa, BOCIONb30BABILIUCh OCHOBHBIM TPH-
FOHOMETPUUYECKHM TOXKAECTBOM:

kn(X) = ki cos® 0 + kysin® 0 = ky + (ko — k1) sin” 6.

W3 rtakoiél samucu Qopmyael DHsepa cpasy BHIAHO, UTO K
u ko — akcmpemanvHole 3HAUEHUS HOPMANLHOU KPUBUSHOL.
Ecau MbiceHHO BpallaTh CEKYLIYI0 HOPMA/NbHYIO MIOCKOCTb BOKPYT

HopMaJibHOTO BeKTOopa N (cM. cHoBa puc.39.2), TO MakCUMyM H
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MUHUMYM KPUBHU3HBI HOPMaJbHBIX CEUYEHHWH NOCTHUTaeTcs Ha MABYX
B3aUMHO TeprneHAUKY/ISPHbIX HampaB/ieHusiXx X; U Xo, KOTOpDHIE,
coOCTBEHHO, DHJjep U Ha3wbiBas «ryaBHBIMH»! OH Ke, B Te najekue
BpeMeHa, ellle He MOT 3HATh MOHSITHS COOCTBEHHOTO BEKTOpa JIMHEH-
Horo omepartopa! M, TeM He MeHee, OH CyMeJl OTKPBITb TOPA3UTENb-
HBIH (DakT — y J1000H (ma)ke caMOH XHUTPO-KPHUBOM) TOBEPXHOCTH
HampaBJ/eHHdss Haubosblllell W HaWMeHbIlEH «U30THYTOCTH» BCerja
neprneHAuKyasipHbl! Iy HAC »Ke 3TO MPOCTOE CleACTBHE CAMOCOIPSI-
»KEHHOCTH omepaTopa L.

Crnenytolllee yTBepXKJeHHe s TIepBOHAUaJbHO XOTeJ TPHUBECTH
B BHIE HECJIOXKHOTO yNpaKHEHHUS, HO PELIUJ-TAKH, B CHJIY KPacoThl
OTMEYaeMOro CBOMCTBA U MOEro TPENeTHOro OTHOLUEHWS] K HCTOPHUH
BO3HUKHOBEHHSI PacCMaTPHUBaEMBbIX 3/leChb MOHATHH, cHOPMYIUPOBATH
3TO CBOWCTBO B SIBHOM BHJe U 0OpaTHTh HAa Hero Balle BHHMaHHe.

YrBepxkaenne 39.1. Cpednasn kpususna H dsymeproil eu-

nepnosepxuocmu f : U — R3 asasemcs ne moavko cpednum
apugmemuueckum eAABHLLX HOPMAAbHLLY KpuBusH ki u ke, HO u
CpeOHUM UHMecPANbHbIM BCEBOSMONCHOLY 3HAUEHUL HOPMANLHOL
kpususmol ky(X).

Joka3ateabctBo. CHauaja HANOMHIO UHTATEeNIIM TEOpeMy
Jlarpanxka «0 cpenHeMm»: ecau (yHKUHs f(r) HempepbiBHA Ha
oTpeske [a,b], To HalljeTcs Takoe yucao M € R, uto

b

Jf(x)d:c:M-(b—a).

a

Tax BoT 310 camoe uncs0 M U HasbIBAETCS CPEOHUM UHMESPANLbHbIM
¢yHkunu f(x) Ha oTpeske [a, b]. HTerpaabHOe cpenHee, eCyu yroa-
HO, — 3TO CMocob HaUTH «cpelnHee apu(MeTHUECKOe» GECKOHEUHOTOo
YHC/a ClaraeMblX — Halo «CJI0XKUTh» O€CKOHEYHO MHOTO 3HaueHHH
¢ynxuuu f(z) (mpouHTerpupoBath f(x)) U 3aTeM HalTH UX Cpe/lHee
3HaueHue (pas3ienuTb Ha AJHUHY TPOMEXKYTKa) )

1
M = b—a) Jf(x)d:z:.

a

') 3anymatitech, Hanpumep, Hal BOTIPOCOM, KaK HAHTH CPENHION0 TeMIepaTypy
Ha yJHLe B TeUeHHe JHs?
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Teneps, no/b3ysch popmyioit Ditnepa ky(0) = ki + (kg — ki) sin® 6,
HalleM cpeliHee HHTErpajbHOe 3HAYeHHe HOPMaJibHOM KPHUBH3HBI,
T.e. QyHKUKH ky(0) 1o BceBo3aMokHBIM yraam 6 € [0, 27]:

2 2
L J kn(0)do = S J (ki + (ko — ky) sin® 0)df =
2w 2w

0 0

_ {cunTaeM 3TOT HHTErpas CaMOCTOSITE/IbHO, MOJNb3YSCh LIKOJIBHOA
o (OPMYJIOf MOHMKEHUs CTeneHu aas sin® 0 o

_/Cl—i-kg_
=—5 =

A

¢

[TozHakoMHUMCS Ternepb C elle OOHUM BaxXHbIM KW IOMYJIAPHBIM
reoMeTpu4eCKUuM MNOHATHEM, HENNOCPEACTBEHHO CBA3AHHBIM C TOJIBKO
4yTo HpOfII[eHHbIM MaTepHaJJoM — IMOHATHEM aCUMIITOTUYECKUX JIUHUH
BOOJIb MTOBEPXHOCTH.

Onpenenenne 39.2. Ilycts f : U — R™! — npoussosnbnas
runeprnosepxHocTb. Henynepoit Bektop X € T}, f HasbiBaetcs acumn-
momuueckum, eCjy B ero HampaBjeHUH HOpMaJsibHas KPUBH3HA PaB-
Ha HYJIO:

kn(X)

=0.
IL(X, X)
[Tockonbky kn(X) = (X, X’

X € T,f ABngeTcs aCHMNTOTHYECKHM TOTJa M TOJNBKO TOTAA,
xorna IL,(X, X) = 0.

Onpenenenne 39.3. Kpusas «a(t) : [ — f(U) Boab rumepro-
BepxHocTd f : U — R™! waswiBaercs acumnmomuueckoii, ecan
B JII060H MOMEHT ¢ € I ee KacaTeJbHBIH BeKTOp ((t) — acUMMTOTH-
YeCcKHH.

OueBupHO, 4TO ypaBHeHHe, 3a1alollee aCHMITOTHYECKHE JIMHHU
Ha runeproBepxHocTH, ecth I (&, &) = 0. Ecau (ul,u?...,u") —
TIOBEPXHOCTHbIE KOOPAMHATH, TO ypaBHEHHE ACHMITOTHYECKHUX JIH-
HHH B 3THX KOOpIAMHATaX MMeeT BH[

TO OYEBHUAHO, YTO BEKTOD

hij du'du? = 0.

HeicrButensno, & = (f(u(t)))® = H(ul 4% ..., 4"). TlockoabKy
3HaueHHe HOPMaJbHOH KPMBH3HBI He 3aBHCHT OT AJHHBI BEKTOpa, a
3aBHCHT JIUIIb OT €r0 HATPABJIEHHUS, MOXKHO CMEJI0 YMHOXKUTb BEKTOP
& =l 4% ..., 4™) va npousBosbHOE unco dt # 0 M MOMYYUTH BeK-
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TOp ) da = t(dul, du? ..., du'). Tlocsie 3TOTO OCTAETCS «TIOACTABUTH»
3TOT BEKTOP BO BTOPYI (hyHAaMeHTaJbHYI (GOPMY U TPUPABHATH €€
K HYJIO.

Hns narnspHoro caydas nByMepHo# runeprnoBepxHocTd f: U C
CR? > R? ypaBHEHHe aCHMITOTHUECKUX JUHUH B NMOBEPXHOCTHBIX
KoOpAMHaTax (u,v) BHINISIUT TakK:

h“(du)2 -+ 2h12 dudv + hgg(dv)2 =0.

O6BenuTe B CBOMX KOHCIEKTaX 3TO YpaBHEHHe B PaMOUKy —
B 3aJayHMKax Mo Au(depeHIHanbHOH TeOMeTPHH MOJHBIM-TIOJHO
3a/lad Ha OTbICKAHMe AaCUMINTOTHYECKHWX JIMHUH Pa3HBbIX IBYMEPHBIX
MIOBEPXHOCTEH.

Yupaxuenue 39.1. [Tycts f: U — R® — nBymepHas rumepro-
BepXHOCTb. [loKaxKuTe, UTO:

1) B 3MIUNTHUECKHUX TOUKAX MOBEPXHOCTH f aCHMMTOTHYECKHX
HalrpaBJeHUH HeT,

2) B mapaboJM4ecKUX TOUKAaX MOBEPXHOCTH f aCHMITOTHUECKOe
HarpaBJ/ieHHne OfIHO,

3) B runepOOMHUECKHX TOUKAX MOBEPXHOCTH f aCHMNITOTHYECKHUX
HalnpasJieHUH 1Ba.

Ynpamxuenue 39.2. JlokaxuTe, 4To BesKas mpsMasi, Jexamias
Ha obpase f(U) runepnosepxuoctd f : U — R apngercs acumn-
TOTHUECKOH snnHuel. [IpunymaiiTe mpuMep, MOKa3bIBAOIIHE, UTO 00-
paTHOe, KOHEUHO JKe, HEBEPHO.

MHe xo4eTcsi 3aKOHYUTb TOT MYHKT, U BMeCTe ¢ HUM Becb napa-
rpa o BHeLIHEH reOMeTPHH MOBEPXHOCTEH, HeOOJBIIMM PAaCcCKa30oM
TMONyJsIPHOrO XapakTrepa. Brnpouem, satoT monyssipHbli pacckas, Mpu
YCJIOBUH AKKYpPaTHOTO BBINOJHEHHUS PEKOMEHIyeMbIX B HEM YIIpark-
HEHHUH, MOXKET MPeBPATUThCS B HACTOSILEE HAyUHOE TOBECTBOBAaHHE
U NIPUHECTH BaM HeMaJylo MoJb3y.

AcuMNTOTHYECKHE JIMHUM JABHO HAXOASIT CBOe MpPHMEeHeHHe
B TeOMeTpHM, TeopeTHuecKod ¢usuke W MHoro rae eme. Oco6o
CTOUT OTMETHTb MOSIBJEeHHe U yrnoTpebseHHe aCHMITOTHUECKHUX JIH-
HUH TIpH pelleHHH npobGaeMbl [unb6epra (mocrasnenHoi B 1900 r.)
0 CyllecTBOBaHMM B mpocTpaHcTBe R> MOBepXHOCTH, BHYTpeHHsS
reoOMeTpHusi KOTOPOH B LeJOM COBIajaeT C reoMeTpHed MJIOCKOCTH
Jlo6aueBckoro. ['nnpbepT cam pelusa CBOK MpobJeMy OTpHULATe b-

1) Mui yke obcyxnanu B m. 31, 4yTo 3To, Ha caMOM [eJie, He BEKTOp, a OJHO-
MepHOe MOATPOCTPAHCTBO.
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HO, HO €ro J10Ka3aTeJibCTBO MOPOAMJIO IeJblil Baj reoMeTpUYecKHX
UCCJIEOBAHUH U IO CUX TIOp MPHBJEKaeT BHUMaHHe reomeTpoB. Oka-
3aJ10Ch, UTO MOHSTHSI aCHMITOTHUECKUX JTUHUH (K CBI3aHHBIX C HUMH
4eObILIEBCKUX CeTell BIOJb TOBEPXHOCTEH) HTPaloT HEMaJyil poJb
B KBAaHTOBOU MEXaHHKe U B TEOPHH CBEPXIIPOBOAUMOCTHU. YCJOBUS Ha
noteHuuan B apdexre [Ixkozedcona u3 Teopuu CBEPXIIPOBOIUMOCTH
BBIPAXKAIOTCS ypaBHEHHWEM, BIepBble BO3HMKIIEM B J0Ka3aTeJbCTBe
[unbbepra — (PU3UKH Tenmepb HA3BIBAIOT €ro ypPaBHEHHEM «CHHYC-
lopnona». [los:ke BBIICHMJIOCH, UYTO YypaBHeHHe «cuHyc-l'opmonas
BCTpeuaeTcsl He TONbKO B KBAHTOBOHW MeXaHWKe W TEOPUU CBEPXIPO-
BOJUMOCTH, a elle BO MHOTHUX APYTUX pasjienaxX eCTeCTBO3HAHHS.
M3on1poBaHHbIe pellieHHs] 3TOro ypaBHeHHUsl (0HHOUHbIE BOJHBI) (DU-
3WKH Ha3blBalOT KPACHBBIM CJIOBOM COAUMOHbL. Hanprumep, HepBHBIN
UMIYJIbC, UAYIIHH 110 BOJOKHAM HEPBHOHM TKAHU UeJIOBEKA, BJSETCS
COJIUTOHOM, T.€. OTUCHLIBAETCS HEKOTOPBIM CIEIHAJbHBIM pPelleHHeM
ypaBHEHUs] THMNa ypaBHeHHs «cuHyc-lTopmona»! ColMTOHAMH TaKxKe
SIBJISIIOTCS, HAMIPUMep, pPa3pylinTe/bHble OKeaHCKHe IIYHaMH.

[Iycte BO Bcex TodKax NByMepHOU rumeproBepxHoctd f: U —
— R3 nosnas rayccoBa KpMBH3HA OTpHLaTeslbHa (Bce TOYKH TIO-
BEPXHOCTH — runepbosnueckue). Torna uepes KaXkayw TOUKY ITOH
MOBEPXHOCTH TMPOXONAT JBE ACUMIITOTHYECKHe JUHWM W Ha 3TOH
MOBEPXHOCTH HMEIOTCS JBa ceMelcTBa aCHMMTOTHUECKHUX JIMHHUH,
00pasyoluX TaK HA3bIBAEMYIO ACUMNIMOMULECKYIO CeMb NOBEPXHO-
cmu f.

Boo6iue, cemovro na nosepxnocmu f : U C R? — R? HasbiBa-
I0T Tapy OAHOTAapaMeTPHUECKHX CeMeHCTB KPHUBBIX BHOJb [ TaKHX,
9TO Yepe3 KaxKIyK TOUKY TMOBEPXHOCTH MPOXOMHUT POBHO IO ONHOH
KPUBOH M3 Ka)KJOro CeMeHCTBAa W KpPHBble H3 pa3HbIX CEMeHCTB
nepeceKaioTcs, He Kacascb Ipyr Apyra.

Onpenenenne 39.4. Cetb Ha mosepxHoctd f: U C R? — R3
HasblBaeTCsl 4ebblileB8CKOL, €CU B KaXKJIOM CETeBOM YeThIpex-
YTOJIbHUKE TPOTHBOIMOJIOXKHBIE CTOPOHBI UMEIOT paBHbIE AJHUHBI (CM.
puc.39.4). Yron w, mnokazaHHbIH
Ha puc.39.4, Ha3biBaercss ceme-
BbLM YeNOM.

Harasguelt npuMep ueObllieB-
CKOM CeTH HAr0T MPOJOJbHbIE U TI0-
nepeuyHble HUTU OOBIYHOM TKAHU —
CaM{ HHUTH HepacTsKUMBbI, He Bbl-
TATCMBAIOTCH K3 TKAHOTO TMOJIOTHA M M3HAYaJIbHO TMepreHIUKYJISPHBI
Ipyr APYTy (ceTeBble YeTHLIPEXYTOJbHUKH SIBJSIOTCS MPSIMOYTOJb-

Puc. 39.4
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HUKaMu). [losToMy eciu KycOoK TKaHH Kak-HHOyIb H30THYTb, TO
B KaXKZIOM CETEBOM UYETBIPEXYTOJbHUKE MPOTHBOIOJOKHbBIE CTOPOHBI
(COOTBETCTBYIOIIME OTPE3KH HHUTEH) OCTAHYTCS JHHUSIMH pPaBHOU
JJTUHBL.

PaccKasbBalT aHEKAOT, 6yato Gbl Uebbimes ) menan B ITapux-
CKOH akameMuu noknazn «O HaWIydIIMX MeTogax packposi TKaHW», Ha
KOTOPBIF CJIeTeNUCh BCe MapHKCKHe MOJesbepbl TOro BpeMeHH. Pac-
CMaTpUBAaJICs BOMPOC — BBIKPOUKHM KAKOH (POPMBI HY?KHO BBIPE3aTh
U3 TKaHH, UTOOB OHU 06J/Ierasny 3aaHHYIO TOBEPXHOCTh 63 CKJIaI0K.
YeOkbI1IeB BBEJ TIOHSATHE CETH, HOCSAILEH Terepb ero UMsi, Mocje Yero
npousHec: «[Ipennosiokum 151 MPOCTOTHI, UTO TEJO UeJOBeKa HMeeT
¢dopmy wmapa...». [loOpasi mojoBHHA ayoMTOPUH CHSJACH CO CBOHX
MeCT M ylaJujiach ¢ HerogoBaHWeM. UeOblllleB, HUMaJO He CMYylIla-
ICb, TIPOLOJKHJ NOKJAL U [0Kasas, 4yTo LIap Jydllle BCEero oOTsArHU-
BaThb ABYMS OIMHAKOBBIMH KyCKaMH TKaHH B (DopMe raHTeJsH. Tenepb
TaKUM 00pa3oM H3rOTaB/JAMBAIOT MSUHM [1J1s GOJBIIOTO TEHHHCA.

Ynpamxuenue 39.3. JlokaxkuTe, UTO CeTh KOOPAHHATHBIX JTHHHUH
Ha JIByMepHOU MOBEPXHOCTH SIBJsIETCS YeOBIIIEBCKOM TOTIa U TOJBKO
TOTMa, KOrJa ONHOBPEMEHHO BBIMIOJHEHBI YCIOBHUS

dgn O0go2 _

ov ou

O6patum Temepb CBOe BHHMaHHe Ha [BYMepHble THIIEPIOBEPX-
HoctH f : U C R* — R® uMelome nocmosHHy OTPULATEBHYIO
rayccoBy KpuBuaHy. OHH 3aMeudare/bHbl y»Ke TeM, YTO HX BHYT-
peHHsIsl TeOMeTpHUsl JIOKaJbHO COBMajaeT C TreoMeTpHedl Ha TuIoc-
KocTu JloGaueBcKoro. DTO 3HAUUT, 4YTO IJs (PUTYp, JeKalMUX Ha
TIOBEPXHOCTSIX MOCTOSTHHOM OTPHULIATETbHON KPUBHU3HBI, BBIOJHSIOTCS
B TOYHOCTH Te€ K€ COOTHOILIEHHs, KOTOpPble HMEIT MeCTO B MJaHH-
meTpun Jlo6aueBckoro. Hamprumep, Tpuronomerpudeckue (opmysbl
171l TPEYTOJbHUKOB Ha TMOBEPXHOCTSX MOCTOSTHHOHM OTPHIIATENbHOH
rayccoBO¥ KPUBH3HBI M COOTBETCTBYIOIIME (POPMYJIbl B HEeBKJHUMIO-
BOH reomeTpuu JloGaueBCKOro MpocTO COBMAnarmT. TeM cambiM, Ha
IBYMEPHOU TOBEPXHOCTH TOCTOSTHHON OTPHUIlATENbHOH KPUBU3HBI MO-
JIlydaeTcs JIOKaJbHasi MOJieJib TeoMeTpun JloGaueBcKoro.

Ynpaxuenue 39.4. Ilycte aByMepHass THIEPHOBEPXHOCTD
f:U CR? - R3 uMeer NoCTOSHHYIO OTPHIATE/JbHYIO TayCCOBY

1) Maduyruii Jbeosuy YeGsimen (1821-1894) — BrinamomHiics pycckuii Mate-
MaTuK. CaM OH HEOIHOKPATHO MOAYEPKUBAJ, YTO ero (paMUJIHs IPABU/IBHO IPOU3HO-
cutcst Kak YeObléB (¢ yarapeHHeM Ha MOCJEIHHH CJIOT), HO 10 CTPAHHOH TPafHLHUU
BeChb MaTeMaTHYeCKUH MMp HasblBaeT ero YHObILIEBbIM.
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kpuBu3Hy K = const < 0. [lokakuTe, uTo TOraa acHUMMITOTHUECKAS
CeTb 3TOU MOBEPXHOCTHU SIBJSIETCS UeOblILIEBCKOH.

Ha6arwonenune 39.3. B ciyuae nBymMepHO# MOBEPXHOCTH MOCTOSIH-
HOH OTpHULIATEeNbHOW KPUBH3HBI €€ aCUMIITOTHYECKYIO 4eObIlIeBCKYI0
ceTb MOXKHO B3fIThb B KauyecTBe HOBOH KOODAMHATHOH CeTH 3TOH
nosepxHocTH. [lycth (@,V) — HOBBlE MOBEPXHOCTHbIE KOOPAMHATHI.
Torna cemeficTBa JMHUE U = const U U = const — aCUMITOTHUECKAs
yeObIllIeBCKASl CETh, A CEeTeBOH yrosa w OyneT, KOHEUHO, SIBJSTHCSA
(yHKLHEeH HOBBIX MOBEPXHOCTHBIX KOOPAUHAT:

w=w(u,).

Ynpaxuenue 39.5. [lokaxnTe, UTO eCju KOOPAMHATHAs CETb
noBepxHoctH f: U C R? — RS3 siBasieTcst 4eGbILIEBCKOR, TO MaTpula
nepBOH (pyHIAMeHTaNbHOH (OPMbI ITOH TOBEPXHOCTH UMEET BU]L

- |

rae w = w(u, v) — ceTeBodl yros B Touke p(u,v) € U.

| COS W
b
CoS w 1

HakoHel, 4To6bl MOH MOMyJSIPHBEIA paccka3 OKOHYATEJbHO Ipe-
BpaTHJICS B HayuyHBIH M IepecTas OBITb NPOCTO pasBjeKaTesbHbIM
MOBECTBOBAHMEM MPO YAUBUTEJBbHble (DAKThl COBPEMEHHOH HayKH,
NonpoOyHTe OCUJINUTDH CJelylollee

Ynpaxuenue 39.6. Ilycte naBymepHass THIEpPHOBEPXHOCTD
f:U CR? — R3 uMeerT MOCTOSHHYIO OTPHIATEJbHYIO TayccoBy

KpuBU3Hy K = —1 ¥ KoopAHHATHAs CeTb ITOH MOBEPXHOCTH COCTOMT
U3 aCUMIITOTHUECKUX JUHUH. Toraa BHIIOJHEHO
9w

- =sinw (ypaBHeHHe «cuHyc-[opnoHa»).
Ou Jv

B 1901 r. HaBun ['mab6epT mokasas, uTo 3TO ypaBHeHHE He MO-
JKeT UMeTb pelleHHs], Pery/sspHoro Ha Bcel KOOPAMHATHOH MJI0CKOCTH
U TIoMUUHEeHHOro ycaoBrio 0 < w < 7.

M3 storo pesysbrarta cienyert, YTO HUKaKas MoJHas (Kak MeTpH-
yecKoe NMPOCTPAaHCTBO) ABYMepHasi IOBEPXHOCTb MOCTOSTHHOH OTpHILa-
TeJIbHOH rayCCOBOH KPUBH3HBI HE MOXKeT ObITb U30METPUYHO BJIOXKEHA
B eBKJHIO0BO NpocTpaHcTBO R3. Peanns3oBaTh LEJHKOM MIOCKOCTb
Jlo6aueBCKOTO B €BKJIMAOBOM MPOCTPAHCTBE, YBbl, HEBO3MOXKHO.

B KkayecTBe yTelleHHs NOJKeH HAallOMHUTb BaM (CM. yTpakKHe-
Hue u3 1.37), uto B R3 Bce-taku cymecTsyer (mpaBaa, He BCIOLY
pery/asipHasi, T.e. UMelollas TOYKH, B KOTOPBIX HapyllaeTcs yCJOBHe
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MaKCHUMaJ/JbHOCTH paHra) MOBEPXHOCTb MOCTOSTHHOH OTpPHLATebHOH
rayccoBoil KpHBH3HEI — ncesdocgepa. )

HmenHo Ha nceBnocdepe JIOKaAbHO BBIMOJHSETCS reomeTpust Jlo-
6adyeBckoro. AtoT (axT BHepBble oOHapyxua B 1868 r. nranbsHer
O.benbrpamu, yeM, HakoHell, paccesis yOexaeHHe MHOTMX MaTeMa-
THKOB TOTO BPeMEHH, UTO HEEeBKJMIOBA reoMeTpHsl poxaeHa 6oJb-
HOM (hbaHTasuel pycckoro matemaTHka Jlo6aueBCKOro M BEHIePCKOrO
MateMaTHKa DoJibsid, SIBJSETCS <«UI'POH UHUCTOTO pasymMa» W HHUTIe
B MPHUPOLE BCTPEUATHCS He MOXKET.

3amayku U ynpaxKHeHHus

1. Bbluncante HOPMasibHYI KPUBH3HY THIEPNOBEPXHOCTH
(% f:U—R*

\Wj

Flu,v,w) = u+v,u—v,v+w, uvw)

B HampaBJeHHH BeKTOpa cKopocTH KpuBok «(t) = f(/5(t)) B Tou-
ke tg = 1, rne B(t) = %(2t, —3t,t*) — kpusasa B obnactu U C R3.

2. Hailinure KpHBM3HY HOPMaJbHOIO CEUEHHs] LHJIMHAPA
y = 2?/2 (pacnonoxennoro B R?) B Touke Ag?,2,4) B Harmpas-
JeHUH KacaTesbHOH K JUHUH y = 2°/2, 2z = x°.

3. Ilns runepnosepxHoctd f(u,v) = {u® + v?, u? — v?, uv)
otbiute B Touke p(1,1): a) rMaBHble HOpMaJibHble KPUBUSHEL
6) HOPMaJIbHYI0 KDUBU3HY B HANpaBJIeHUH KACaTeJbHOH K JHHHH
v = u% B) YIJIbl MeXJy BEKTOPOM CKOPOCTH KPUBOH v = u’ u
rIaBHBIMU HarpaBieHUsMU (ocTapaiiTech raBHble HAMpaBJeHus

He OTBICKHBATh).
4. Haiinute HOpMa/lbHYIO KPHBH3HY IOBEPXHOCTH z = 2% +

9
+ §y2 B HayaJie KOOpAWHAT B IPOM3BOJBbHOM KacaTe/IbHOM Ha-

IpaBJ€HUHU X. Ecnn B KacaTesbHOH TJIOCKOCTH K NOBEPXHOCTHU
B KaxJIOM KacaTeJbHOM HallpaBJIEeHUU X OTJIOXKHUTb OT TOUKH

KacaHWsi OTPe30K IJIHHE ————— (KOpeHb KBapaTHbIA U3
|k (X))

paauMyca KPUBH3HBI HOPMAJbHOTO CEYEHHs ), TO B KacaTeJbHOH

MJIOCKOCTH TIOJYUHTCSt KpHBasi, HasbiBaeMas undukampucoil Jio-

') Kpome mcesnocdeps, B TpexmMepHOM TPOCTPAHCTBE CYIHIECTBYIOT ellle fBa
BULA MEPUOAUYECKUX IOBEPXHOCTEH MOCTOSIHHOM OTPHULATENbHOH KPUBH3HBI (MX
obHapyxusn eue B 1839 r. pycckHi MaTeMaTHK HeMELKOro MPOUCXOXKAEHHUs
@. Munaunr). Pasymeercst, y 3THX NOBepXHOCTeH, TakkKe KakK M y MceBrochepsl,
B HEKOTOPBIX TOUKaX HapyllaeTcsl ycJoBHe MaKCUMasbHOCTH paHra. JIpyrux nosepx-
HOCTEH TOCTOAHHOH OTPHMLATEIbHOH KPHBH3HBI B TPEXMEDHOM MPOCTPAHCTBE HET,
TOUHee — OCTaJ/IbHble TOBEPXHOCTH MOCTOSIHHON OTPULATE/IbHOH KPUBHU3HBI MOJyYa-
I0TCA M3rnOaHueM HEKOTOPBIX KYCKOB IceBaoc(ephl UM MoBepxHocTel MUHAMHTA.
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§ 7. Brewnas eeomempus eunepnosepxrocmet

nera. Hanumure ypaBHeHMe MHAMKaTpHChl J[10NeHa NOBEpXHO-
et z = 222 + §y2 B HayaJse KOOpAHHaT.

5. Ilyets X,Y € T}, f — mapa mpoH3BOJIbHBIX OPTOrOHA/BHBIX
KacaTesbHbIX BEKTOpPOB rureprosepxHoctd f : U — R3. Jloka-
JKHTe, 4TO 1

H= 5 (IL,(X, X) +IL,(Y,Y)).

[Tonpo6y#iTe 0606mKUTh 3TO HabJOIEHHE Ha CJaydald THUIEepIo-
BepxHocTH f: U — R™.

6. Mycts nBe moeepxHocTH B R3 nepecekaoTcst mo KpuBoii
a(t), (nepsasi) kpuBusHa Kotopoit ectb k(t). Ilycts ki(&(t)) u
Kko(éu(t)) — HOpMasibHblE KPHBHM3HBI 3THX NOBEPXHOCTEH B TOYKAX
KpPHUBOH «(t) B HampaBjeHUH ee BeKTopa ckopoctH, O(«(t)) —
YTOJl MeX/y HOPMaJsIMH K TIOBEPXHOCTSIM B TOUKaX KPUBOH «(f).
JloKaxkuTe, 4TO B JII0OOH MOMEHT t € I BBIIIOJHEHO

k2 sin? 0 = k} + k3 — 2k ky cos 6.

7. Halinute acumnroTHueckue JUHUM nceBnocdepsl. IIposeps-
Te, YTO OHU 00pPa3yloT YeObILIeBCKYIO CeTb.

8. Haiinure acuMnTOTHYECKHe JIMHHU CJIEAYIONIMX MOBEPXHO-
cTeit:
a) f(u,v) = Yucosv,usinv,av);
6) f(u,v) = Hchucosv,chusinv,u);
B) f(u,v) =%((a + bcosu)coswv, (a+ bcosu)sinv, bsinu),

9. JlokaxkuTe, 4YTO KOOPAMHATHBIE JIMHUK Ha THIIEPIOBEPXHO-
et f: U — R® aBNsI0TCA aCHMNTOTHUECKHMH TOTAA H TOJBKO
Torzma, Korga hiy = hoo = 0.

10. Hokaxute, uto ecau H = 0 B HEKOTOPOH TOUKe THIep-
nosepxHocTd f : U — R, To acHMNTOTHYECKHe HAIpaBJeHHs
B 3TOH TOUKEe MepreHANKYJ/ISPHEL.

11. Hokaxwurte, uto Ha runepnoBepxHoctd f: U — R3 mo6as
JIMHHUS sIBJIsIeTCS aCHMITOTHYECKOH TOra M TOJIbKO TOTAA, KOria
f(U) — njocKkocTh UJIM ee YacTb.

12. Jlokaxkute, 4TO B 0OJACTHU TUNEPOOJHUECKHUX TOYEK T10-
BepXHOCTH f : U — R3 JMHUM KPUBUSHBI B KaXKI0H TOUKe NeJAT
TornoJaM yrjbl MeXJ1y acCMMITOTHYeCKHMH JIHHUAMH.

13. JlokaxKuTe, uTo B JIOGOH TOUKE aCHMIITOTHUECKOH KPUBOH
Ha runeprosepxHocTH f : U — R® Buimonneno @? = —K, rie
& — KpyuyeHHe KpUBOH, K — mosiHas rayccoBa KPHBH3HA MMOBEPX-
HOCTH.



§8. IBU2KEHUE PEIIEPA BJ0OJIb
IIOBEPXHOCTH

Cewmb maparpaoB HUrpel B Iu(QepeHLHalbHYI0 IeOMeTPHUIO 3a-
KoH4YHUIMCh. [lepen Bamu maparpad mocjioxKHeH — 3TO OCHOBA HEKO-
TOPBIX COBPEMEHHBIX pa3/ie/loB reOMEeTpHH, BO3HHKIIMX B Hayalje
XX B. OcHoBHas uzes 3Toro naparpada aJjs Hac He HOBa — OHa yKe
nosB/d/aach B oOpase NoaBUxkKHOro penepa PpeHe BLOJb KPHUBOH.
MbI prK/IeUM K KaxKI0H TOoUYKe MOBEPXHOCTH CIelHasbHBIH penep U
OyzeM u3ydaTb caMy [OBEPXHOCTb, M3ydasi 3TH pelepbl cpeicTBaMU
JINHEHHOW a/reOpbl U MaTeMaTHYeCKOTO aHaJ/Mu3a.

Kak u B ciyyae KpuBBIX, Hac OyLyT HHTepecoBaTb TaKue CIie-
[lMaJbHble perepsl BIOJb MOBEPXHOCTEH, KOTOPblE HMEIOT CO CBOMMH
TIOBEPXHOCTSIMU TECHYIO CBSI3b M yXBaThIBAIOT 3aKOHOMEPHOCTH HX
noBeneHusi. V3yueHWe «XUTPBIX» IMOABHIKHBIX PENepoB BIOJb IIO-
BEPXHOCTeH MO03BOJISET Pa3BUTb BeCbMa COLEPKATEJIbHYIO TEOPHIO.
MaremaTuky pasHBIX CTPaH MPHUJIOKHJIN PYKY K OTKPBITHIO M Ha-
KOIJIEHUI0 (pakTOB sl Takod Teopu. OQHAKO OCO3HAHHE 3TOrO
HarpasJeHHs] KaK eIMHOr0 HOBOI'O pasfiesia reOMeTpPUH OKOHUYaTe/b-
HO CJIO2KHJIOCH TOJbKO B pabotax uTasnbsiHUeB [l:kopxuo Puuun-
Kyp6actpo (1853-1925), Jlyumxku bBuanku (1856-1928) u Tynnno
JleBu-Uuura (1873-1941), HopBexckoro matematka Codyca Jlu
(1842-1899) u ppanuysa dmu Kaprana (1869-1951).

Onpenenenne. CmandapmHoim no08UNHBIM penepom 8004b
nosepxrocmu f : U C R™ — R™ 6GyneMm HasblBaTb COBOKYII-
HOCTb pernepoB OKpyxKawllero npocrpancrasa R™:

{F@): fa @) fu @)oo i @ N (0 N o)}

Mo BCeBO3MOXKHBIM ToukaM p € U. [lpu atom f(p) — HavasbHasi TOU-

Ka perepa, KacaresbHble BeKTOpHbE NOJsT f,,1(p), f,2(P)s .- fun (D)

o6pasyioT craHiapTHuId Gasuc T),f, HOpMa/bHBIE BEKTODHBIE IIO-
— —

asi N,i1(p)y..., N;u(p) o00OpasyioT HeKOTOpbl 6asuc  opToro-

HanbHoro ponosnenusi (1,f)L, npuuem opueHTauus Bcero 0a-

—> —
suca  f,1(p), fu2(p), -y fur (p); Nng1(p), ..., Nim(p) mpocTpancTsa
Tf(p)Rm B KaxX10¥ Touke p € U MoJ0OXKHUTeJbHA.
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Oco60 CTOUT OroBOPUTb CJy4yal MOABHKHOIO perepa BAOJb
. n n+1
runeprioBepxHoctd f: U C R™ — R"™. B atom cayyae cman-
dapmmulil no0BUNMCHbLLL penep — 3TO COBOKYNHOCTb PerepoB

{F@) @), o), Fur N )}

—
rne N — HOpMaJibHOE€ TayCCOBO Ti0JiI€ BOOJIb f fcHo, 4yTO BHOJB
TUMNEePIOBEPXHOCTH CTaHILapTHbIﬁ MO BUKHBIH penep onpeneJsieH on-
HO3HA4YHO:

Jlns pU3MKOB TaKKe Ype3BblUaHHO HHTepeceH CJyual MnoBepx-

Hoctu Buna f: U C R™ — R" 1.e. nupdeomopdusma (3a-
MeHBl KoopauHat). B aTom ciyuae cTaHmapTHBIN MOABUKHBEIN perep
BJI0JIb OTOOpaXKeHUs1 f ecThb NPOCTO COBOKYIHOCTb PeNepoB

{f®); fur(P), L), -, fun (D)}

T.e. HabOp CTaHIapTHbIX 0a3HCOB KacaTeJbHBIX npoctpaHcTs T),f,
KaXIbli M3 KOTOPBIX OTJOXKEH OT COOTBETCTBYIOLIEH TOUKU f(p).

[ moHrMaHus najbHeHIIero TeKCTa KHUXKKH BIIOJIHE 10CTATOU-
HO INpelcTaB/saTb cebe OObIUHBIA B TaKHUX CJyyasX XyN0KeCTBEHHBIH
KHHEeMaTHYeCKUH 00pa3 MOABHKHOTO perepa — KoJto4yas packopsika,
KoTopasi (Mpud M3MeHeHHH TOUKH p € U) IBUraeTcsi CBOUM OCHOBa-
HHEM MO0 TOBEPXHOCTH, IJIABHO MOBTOPSisS ee M3THOBI (CM. PHCYHOK).
JIBUraThCcsl pernep Ha MOBEPXHOCTH MOXKET MO Pa3HBIM HaIpaBJeHH-
sm. (IIpexxnme Bcero, Hac OynyT HHTepecoBaThb €ro MepelBHKEHHUS
BJIOJ1b KOOPAMHATHBIX JIMHHUH.) [103TOMY TeopHs MOABHKHBIX perepoB
BOJIb [IOBEPXHOCTH MOJIy4aeTCs] HECKOJIbKO CJIOXKHee, 4yeM AJIs pelle-
pa ®PpeHe, KOTOPBIH MOXET ABUraTbCsl TOJNBKO BHOJb ONHOH CBOeH
KPHBOH.

Uuraresu, 6o/1ee CKIOHHbIE K TeOPeTU3HPOBAHUIO U 0000LIEHHUIO,
VYIJASAAT B MOHATHH MOABUIKHOTO pernepa BAOJb MOBEPXHOCTH JLOPOXK-
Ky K MOHSITHIO pACCAOCHHOEO NPOCMPAHCMBA:

%= (/) Ty)R™)}

pelU
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¢ paccaauBaroied npoekuued w: R — f(U), conocraBasiomes Kax-
JOMy KacarteJbHOMY mpocTpancTBy 1'p, R™ Ty TOUKy, 0T KOTOpOI
OHO oTyoxkeHO. [Ipu 3TOM B KaxkI0M KacaTesJbHOM MNPOCTPAHCTBE
TrpR™ sapurcupoBan 6asuc CrelHa bHOrO BHAA, @ HMEHHO

— —

Jur (@), f2(), s fun (); N1 (D), -+ s Nm(p)-

HarsnsnHerii o6pa3 3Toro pacc/aoeHHOTO MPOCTPAHCTBA TAKOB —
K KaXJoH Touke oOpasa TOBEPXHOCTH TPHKJEEH CBOH 3K3eM-
nysip  ueHTpoadGUHHOr0 KacaresnbHoro mnpocrpanctsa Ty, R™ =
=Tpf ® (T,f)t = R™ u B KaKIOM TakoM 3K3eMILIsipe MpPOCTpPaH-
crBa Ty, R™ 3adukcupoBan cBoH 6asuc W3 KacaTesibHBIX BEKTO-
poB fulép),fui()p),...,fun(p) U HEKOTOPBIX HOPMAaJIbHBIX BEKTOPOB
Noyt1(p)s s Non(p)-

Hanpuwmep, B ciyuae nugpdeomopdpusma f: U C R — R” pac-
cioerroe npocrpanctso R = |J {f(p); Ty, R™} ects mpocto Ka-

peU
catesibHOe paccioeHde obaactd f(U) ¥ B KaKaoM LeHTpoadpuH-

HOM KacaTesbHOM mpoctpancTse Ty, R" = df,(T,U) sadurcuposan
OOBIUHBIH CTaHAAPTHBIM 0a3UC M3 YACTHBIX POM3BOAHBIX 0TOOpaxe-
HUs f.

Yxxe B camMoM Hadaje MYTH PACCMOTPEHHS PacCAOEHHBIX MpO-
CTPaHCTB BO3HHMKaeT Macca BONPOCOB — HalpuMmep, KakK c643a-
Hbl MeXLy cOoOOH CTaHIapTHble perepbl B PasHbIX MPOCTPAHCTBAX
TrpR™ v T yR™, ecmu Toukn p,q € U coenuHeHbl HEKOTOPOH
raaakod KpuBoi? Kak 6ynyT ycTpoeHsl MaTPI/IU,bI nepexona OT OfHOI0
TaKoro permepa K apyromy? ¥ T.a., u T.1. 1)

Mbl He OyneM B 3TOH KHHKKe YIyyOJsITbCSl OUeHb AaJeKO B 3TH
ne0pr BBICOKHX pasliesioB cOBpeMeHHOH nu(depeHLIMaNbHON reoMeT-
PHHU U JHLIb HAYHEM 3HAKOMHUTBCS C MepBOHAYAIbHBIMU pe3y/ibTaTa-
MU B 3THUX HallpaBJ/IeHHUsIX.

40. IIpousBogHble 6A3UCHBIX BEKTOPOB.
Koacd¢pumnneHTs! cBA3HOCTH

Kak u B cayuyae pernepa dpeHe mouHTepecyemcsi, TIpexie BCe-
ro, MPOU3BOAHLIMUA Oa3HUCHBIX BEKTOPOB TOJABUXKHOTO pernepa BIOJb
noeepxHoct f : U C R"™ — R™ wu nonpobyeM MOJMYUHUTb HEUYTO

") Haxe 0OMIHO — OT 3THX BONPOCOB 10 (YHIAMEHTaJbHOIO OHATUSA a@uH-
HOU c83HOCMU B PACCJOEHHUSIX OCTaJ/ICs OAMH MaseHbKuH mar... Ho He moxer xe
Halla KHHXKa ObITb BCEOODbeMJIIOLIEH!
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aHasornyHoe ypaBHeHusiM @Ppene. Tosnbko BoT Gea — Teneps y Hac
6ynyT yacTHble nponsBoaHble! [lepeMeHHBIX-TO, MO KOTOPBIM MOXKHO
nudgepenurpoBath Ueabix n wWTyk! Hac, Tem cambim, OyayT uHTe-
pecoBaThb cKopocmu usmereHrus. 6a3UCHbIX BEKTOPOB NP JBHKEHHH
perepa BIOJIb Ka)KIOH M3 7 LITYK KOOPAMHATHBIX JIMHUH TOBEPXHO-
CTH.

Koe-yTo Ha 3TOM myTH, Ha caMoM JeJjle, Mbl yxKe 3HaeM. [Tycts
f:U — R™! — runepnosepxHocTb, futs fu2s ooy fun, N — craH-
INapTHBIA 6asnc Tf(p)R”+1 B Touke p € U. Tak BOT, U3 NpeablAyLLero
naparpaga HaM y»Ke MU3BeCTHO, 4TO

N, = —Lp(fui) S Tpf.

Kpome Toro, Mbl yKe 3HaeM MaTpHIly OCHOBHOTO ornepatopa L:

(k) — (ol ,
[Lp] = (a¥) = (¢"hi;). Cnenosatenbro, pasnoxkenue Bexropa N,
no crannapTHomy 6asucy 7}, f BBINISAUT Tak:

Nyi = _Lp(ful) = _((a’?) iz)fuk = _(gklhlj Zl)fuk’

rie fii — j-1 KoopiuHarta (KOMIIOHeHTa) BekTopa f,i, MaTpHla
: - kl
(hij) — 3To MaTpuua BTOPOH q)YHILaMeuHTaJIbHOI/I bopml, a (") —
MaTpula, obpaTHasl K MaTpHlle NMepBod (yHAaMeHTaJabHOH (DOPMBI,
kly _ -1
e (97) = (qu) -
He nanpsirafitech cu/ibHO, TVISIAS Ha 3Ty 3aluChb — 3[€Chb MPO-
CTO aKKypaTHO 3allMcaHo, 4To MaTpuua [L,| = (gklhlj) YMHOXaeT-

ca Ha cronbeu [f,i] = (f);) n B pesyibrate nosydaercs crosGen
(gklhljfii) KoopaMHaT BeKTopa Ly (f,:) B 6asuce f,i, fi2, ..., fur.
A Kak BBINIAAAT Pas3/OKeHUs] MPOU3BOJAHBIX OCTAJNbHBIX 0a3uc-

HBIX BEKTOPOB M0 BEKTOpaM cTaHaapTHoro 6asuca? Bor oTser.

Teopema 40.1. [Iycmo f: U C R" — R™ — npoussoavras
nosepxrocme Kaacca eradkocmu He Husce C3. Tozda & to-
6oti mouxke p € U

k N Y il
1) fuiuj = Fz’jfuk + Nz'j7 eoe Nl'j S (Tpf) )

kL ghm (agim L O9mi _ 093 ) :
ij

) oul out oum )’
2)_6)0/111 m=n+1 (m.e f — eunepnosepxxocmo), mo ﬁ,-j =
= hsz
Joka3aTeabCcTBO. 3aMeTHM CHayaja, 4TO MPOU3BOMHAS [y
0a3ucHOro BeKTopa f,; BOBCe He 00si3aHa JiexKaThb B KacaTeJbHOM
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npoctpancTe 1), f («cKopocTb» f,i BJSETCS KacaTeJbHbIM BEKTO-
pOM, a «ycKopeHHues» f,i,; BOBCe He 00s3aHO JieXKaThb B KacaTesJbHOM
npoctpancTBe!). [ToaToMy pasnoxeHue MPOU3BOAHON f,i,; O GasUCy
MPOCTPAHCTBA
m o__ 1
Ty R™ =Tpf © (Tpf)

MOXKET COLEPXKaTh KaK KacaTesbHYI0, Tak ¥ HOPMaJbHYH COCTaBJIsI-
joLme: .
Juivi = Xij + Nij,

—
: i
rzLeuXZ-j eT,f — KacaTesbHbIH BeKTOp, a N;j € (T,f)" — Hekoro-
pBIl HOPMaJIbHBIA BeKTOp K moBepxHOCTH f (cM. puc.40.1).

TypR™ =T, f& (T, [)*

Puc. 40.1

Hao6mronenne 40.1. Hetpynuo BumeTsh, uto BeKTOp X;; ABJA-
eTCsl OPTOTOHAJIbHOH TIpOeKIWel BeKTopa f,i,; HA MPOCTpaH-
ctBo 1) f.
Jlokakem cHauasa BTOpoe YTBEpPXAeHWe TeopeMbl. B ciayudae
runepnosepxHoctd f : U — R™H! (kopasmepHocTb onviH) HMeeM

dim (7, f)* = 1,

— — —
caegoBatenbHo, Ny = o3;N. Benomunaem, uto hiy = (N, fii)-
—
[Tockonbky X;; LN, nosyuaem

—

— — — —
hij = (N, fuini) = (N, Xij + Nij) = (N, Nij) =
== <N>, O'Z'jﬁ> == O'Z'j<ﬁ, ﬁ> == Uz'j-
OépaTI/IM Telnepb CBOH SICHBIH B30p Ha nepBoe YyTBep>XaeHue

TEOpeMBI.

11 C.B.Cusbiii



322 § 8. Hsumcernue penepa 80046 no8ePXHOCMU

Her a6co/110THO HUYEro yauMBUTE/IbHOTO B TOM, UTO KacaTeJ/bHbIH
BekTop X;; € T}, f packnapeieaercs mo 6asucy f,i, f,2,..., fun Kaca-
TEJIbHOTO npOCTpaHCTBa T, f. Bot TonbKO 151 0603HaquHH K03 (ppH-
LIUeHTOB F 3TOTO pasJ/oxkKeHHs TpeOylOTCS yXKe TPH MHIeKca — 1Ba
BHU3Y (COOTBeTCTByIOT MPOU3BOIHON fi,j) U ONUH BBepXy (HOMEp
camoro Ko3(duIireHTa):

Xij =T fu-

Ha6arwopenue 40.2. Fﬁj = ng — KO3(p(ULUHEHTHl CUMMEMPUUHDBL
no HuscHell nape undexkcog. dTO 0YEBUIHO, MOCKOMBKY fyini = fuiui
(B cHJIy HOCTATOYHO BBICOKOTO KJacca TJaJKOCTH TMOBEPXHOCTH).

Baaronaps nabmaronenuto 40.2, pa3auuHbIX KO3(P(HHUIHEHTOB I‘i-j

*(n+1
He OoJsee % IITYK.
Ha6aropenne 40.3. [lpu kaxaoMm (UKCHPOBAHHOM j MaT-
puna [[L.] saBnsercs MaTpuueil mnepexoma 0T Gasuca
(futs fuz, - fun§ K COBOKYTHOCTH BEKTOPOB (fy,1y,5, fu2uis -+ » funui)s

T. €.
(Furwis Fuzais - funwi) = (ful,qu,...,fun)[Fi-j], i=12,....n

(CneBa Bce BTOpble NPOM3BONHLIE B3ATHI M0 MepeMeHHOH u/, U OHM
He 006s13aTeIbHO JUHEHHO He3aBUCHUMBbI!)

Onpenenenue 40.2. Koappuuuenrts Féj B pas/oxkeHHH X;; =
= I‘i-jfuz OPTOrOHA/ILHOH Npoekuuu X;; BeKTopa fyi,; Ha T,f mo
crangaptHomy 6asucy (f,1, f,2,---, fun) KacaTeJbHOrO NPOCTPaH-
ctBa T, f HasbplBalOTCA KOIPPuyuenmami C8S3HOCMU WU CUMEO-
aamu Kpucmoggenrs emopoeo poda.

3ameuanune 40.1. Korna xoTsiT moguepkHyTh, UTO pedb HOET

MMEHHO 00 0pmoeoHaAbHOU npoeKyuu BeKTopa fyi,; Ha T, f
(MOKHO Belb pacCcMaTpUBaTh M KaKylo-HHUOyAb APYTYIO MPOEKLHIO,
WM BOOOIE «yKJaAblBaTh» BEKTOD fyi,i B 1) f ¢ MOMOLIBIO KAaKOro-
HUOYAb TOAXOASIEro JIMHEHHOro orepatopal), TO KO3 pULHEHTHI
Fi-j Ha3bIBAIOT Koaguuuenmamu ceasznocmu Jlesu-Husuma.

Onpenenenue 40.3. CxanspHble PyHKLIUU

ij <fulu37 f >

HasbiBaOTCA cumsoramu Kpucmoggers nepsoeo pooa.
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Ha6monenne 40.4. I';;;, = I';;, — cumposel Kpucroddens nep-
BOTO POJIA CUMMEMPUUHbLL MO Nep8bim 08YM UHOEKCaM.

fcHo, 4TO 3Has mapameTpH3allMi0 MOBEPXHOCTH f, CHMBOJIBI
Kpucrodpens I';j; oueHb JI€rKO BHIYHUCIHTD. BJIaI‘OI[QapH Ha-
n“(n+1)

OnofieHuIo 3, pasiM4YHbIX CUMBOJIOB L', Oyner He Gosee 3

wtyK. Umeem
-
Lijk = (fuivi» fur) = <Xij + Nij7fuk> =
= (Xij, fur) = <F§jful’fuk> =T%; - quk.

Takum obpazom, [ HaxoKAeHHS KO3(D(ULHUEHTOB CBA3HOCTH
Féj TMoJIy4aeM CHCTEMY JIMHEHHBIX ypaBHeHWi (TouHee — /IS KaxK-
IOU Mapbl HHAEKCOB %, j MOJY4aeTcsl CBOSI CUCTeMa M3 M LITYK ypaB-

HEHUH C 1 HEU3BECTHBIMHU Féj):

LCiji = Flz'j * Glk-

O‘-leBI/I,U,HO, yTo Jbas Takas cucTeMa — KpaMepoBCKas, TaK Kak

det(gix) # 0.
PemiyM 3TH CHCTEMBI «OQHUM Yylnapom», YMHOXXHB KaxXAyI H3

HUX Ha o6paTHyI0 MaTpuiy (g*™):
Tijng™™ =T gug™™ =T - 67" =T

Hraxk,
Iy = Tijrg™

— MPOCTOe BhIpakeHHe KO3(pduLHeHTOB cBsidHOCTH [} uepes Jserko
BhIYMCAeMble cuMBOJIEL KpucToddens nepsoro popa L', u metpu-
yeckre KOIPPUIHUEHTB! G, -

Pacemotpum ToxkIectBO g5 = (fyi, fu1). Auddepeniupyem ero
1o mepeMeHHol u’:

dgi
a‘zjl = <fuLuJ7ful>+<ful7fuluJ>:le—’_rlﬂ

— npaBuso AH(PPepeHIUPOBAHUA METPUYECKUX KOI(PPUIIUEHTOB.
MEHe npuxonusoch BCTpeuaTh HaxKe TaKylo, A0 Mpefena (opmalb-
HYIO, HO JIeTKO 3allOMHHAeMyl0 M Har/IaJHYI0 3alUCh 3TOrO MpaBHJa:

(i,1); = igl + Lji.

11*
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Takasi 3amuch MOKasblBaeT, uTo Npu AvdepeHIHpoBaHuK Mo u/,
HHJIEKC j «BCTAeT B CEPEeNMHY» MeXIy WHIeKCaMHu ¢,l U [, 1.
[TposiBUM ycepave U MOyNpaXkHsieMcsi — MOJYYUM TPH PaBEHCTBA:

091 T T
8qu s e
dg1 T T
ou? et L * Mzil
892’]’

—95 =1 Lji + I lji-

B aTHX paBeHCTBaX OMHHAKOBO MOMUYEPKHYTHI OMMHAKOBBIE CJlaraeMble
(cM. HabuoneHue 3).
CJI0XKHM TIepBble [1BA 3THX PABEHCTBA H BBIUTEM TPETbE:

dgii ~ Ogi;  0gij

2 = oul ' dut Oul
CJie10BaTebHO,
1 dga  Ogij  0gij
N " . i i 99
By =97 =59 <8uj T ouw T 9ul )
Uro u TpeboBaJOCh. ¢

[lon 3anaBec 3TOrO MNyHKTa OTMETHUM CJaeayroliee Ba)kHeHlIee /151
BCETO MaJibHeHIIero naJjoxKeHHs: HabJIoneHHe.

Ha6awonenue 40.5 (Baxkueiimee). KoadduiuueHTo Ffj "

Ly = Fi?jgkl SIBJISIIOTCSL CBOMCTBAMU BHYTPEHHEH reoMeTpuu
MOBEPXHOCTH f, TaK Kak HJ/s1 UX BbIYUCJIEHHUS HYKHO 3HAaThb TOJBKO
MaTpHLly NepBoi (yHAaMeHTaNbHOH (OpMBbI (g;j) MOBEPXHOCTH [ U
yMeTb AUQhepeHupoBaTh.

Ynpamxuenue 40.1. [Tycts ¢ : U C R" — UCR" — nuddeo-

R
Mop(u3M (3aMeHa KoopAMHAT u' — u' Ha moBepxHOCTH). JloKa»Ku-
Te, 4To CUMBOJIbI I, W D'y, Opu 3aMeHe KOOPAMHAT HM3MEHSIOTCS
C/IeyIOIMM (JI0BOJBHO MPUXOTIHBBEIM!) 06pasom:

fo_ o 0w oW ., 0w 0w

k= ou ouk ous Y ououk  ous’

Foooou 0w ow o St owl
oul  ouk our Y owouk  our 7V

[Tynkt 40 3akoHueH.
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3amayky U ynpaxKHeHHs

1. Haiinute koscdduureHTs cBsizHocTH [ U I‘ cJIey IO X

/ MOBEPXHOCTEH:
v a) f(u,v) =Y{Rcosu, Rsinu,v);
QY | © 0 = o)
B) f(u,v) = YRcosucosv, Rcosusinv, Rsinu);
r) f(u,v,w) = ¥wcosucosv, w cosusinv, wsinu);
1) f(u,v,w) = YR cosu cosvcosw, R cosusinvcosw,
Rsinu cosw, Rsinw);
e) f(u,v) =Y acosu,asinu,bcosv,bsinv).

41. YpaBuenus I'aycca—Ilerepcona—Kogauuu—Maiinapamn

B sTOoM myHKTe MBI MOJTYYMM «3aJMXBaTCKHe» ypaBHeHHs (Tou-
Hee — TOXKIECTBA), KOTOPbIe YBSA3bIBAIOT MeX1y co60H KoapdUIU-
eHTBl cBsA3HOCTH I} M KOa(QOHULMEHTBl g;; W h;j MepBOH U BTOPOH
(yHIaMeHTaNbHBIX (POPM MPOHU3BOJBHOH T'MIIEPHIOBEPXHOCTH.

WcTopusi paseickaHWs 3TUX YpaBHEHHWH paCTsHYJACh HALOJTO.
[TepBble ypaBHeHHsi Obliu HaiineHbol emie [ayccom B 1828 r. (06
5TOM y Hac ellle MOHIET peub B KHHKKE), a OCTaJbHble ypaBHEHHUs
OOBIUHO CBSI3BIBAIOT C UMEHEM HTaJbsIHCKOrO MateMaTuka [lenbhuHo
Konauuu (1824-1873), koropblii Hamien ux B 1868 r. OnHako oHH,
(akTHuecKH, OblIM HaH[eHbl elle paHblle APYTUM HTaJbSHLEM —
Anmxeno Matnapnu (1800-1879), sanmucaBiIMM HUX B HECKOJbKO
npyrom Bume B 1856 r. Ho eme panbme, B 1853 r., ux Hamen
K. M.IletepcoH B cBOel MarucTepckod auccepTalud, NpaBaa IucC-
cepranus [lerepcoHa ocTaBanach HeonmyOJIMKOBAaHHOU axk 1o 1952 r.
M CTaJja U3BeCTHA MaTeMaTHYecKOMY MMPY TOJIbKO TOT[a, KOrjaa ee
oOHapy»KMUJ B apXHWBax M OMyOJHMKOBaJ M3BECTHBIH HCTOPUK MaTe-
MaTUKU W nonynaspusatop Hayku WM. d. [lenman. B maremaruuecko#
JIUTEpaType 3TH YpaBHEHUS UMEHYIOT 10-pa3HOMY, BbIOMpasi TO Tak,
TO CAK pasHble (haMHUJIHU U3 3TOH UeTBEPKH MaTeMaTHKOB, HO C yye-
TOM HMCTOPUYECKHX OOCTOSTENBbCTB W TOJHOHW HE3aBUCHUMOCTH padoT
MOCJeIHUX TPeX aBTOPOB, YPaBHEHHUS MPABUJbHO UMEHOBATb HMEHHO
tTak — ypaBHenus [aycca-Ilemepcorna-Kodayyu—Maiinapou.

Myers f: U — R — npousBosbHas rUNepnoBepXHOCTh KJac-
ca rmajkocTH He HiKe C3. B mpeiplayIieM MyHKTe Mbl BBISCHHJIH,
4To

—
fuivi = Fi’jful + hijN.

Hafinem temnepb TpeTbio NPOM3BOAHYIO, MNPUYEM BOT TaKyIo:
Juiukyi- IIpolly IpolieHUs, S B JaJbHeHIIeH 3aUCH KOe-Tie OTCTYII-
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JIIo OT 0003HaYeHUH DHUHILITeHHA U OYIy HHOT[A MUCATh 3HAK CYMMH,
9TOOBI MOAUEPKHYTh, 0 KAKOMY HHAEKCY HJIeT CyMMHpOBaHHE. DTO
MOMOXKET MOHSITb MOMEHTBl HU3MeHEeHHUs MOpsiika CYMMHUPOBAHUS U
neperMeHOBaHHUsl HMHAEKCOB. Ellle pas mpenynpexkjpat — He Myrau-
TeCh, Mbl He CTaHeM JeJaTh HUYero sampefnesbHoro. Mbl mpocTo
Ooynem audQpepeHUUpPOBATh, MOACTABJIATh U MPUBOAUTH MONOOHBIE.
Hy, ¢ Borom! Cuuraewm:

Furatus = (ffz (s + V) =

Ohji,
_Z 82 ul+rjkuuz +8]

N + hjkNui =

Ohjy,
—Z a]kfumJFZF kfutui T 5 EN + (~hjLp(f)) =

_Z o fum ZF]k Zrlzfum+hlz +

Ohjy,
Gt N | ok B ) | =

kLt = hik (Lp(fu))™ 0 fum +

h

Z

Yb-b! Mer nosyuuan passoxeHue NPOU3BOAHOH f,,j,,k,i O CTAH-
JapTHoMy 0asucy MpocTpaHCTBa Tf(p)R"+1.

B cuny mocTaTouHO BBICOKOTO KJacca TJ1aJKOCTH TOBEPXHOCTH f
CMellaHHble YaCTHbIE MPOU3BOAHBIE f iy kyi U fyiykys PABHBL

fujukui = Juiukud

(kKaKko#, OKa3bIBAETCsl, 3TO UACTO ynoTpebaseMblid U (hyHIAMeHTa b-
HbIH (DakT M3 MaTeMaTHyeckoro aHanausal!). Ham npenctouT mpupas-
HATb APYT K APYTY Pa3J/oKeHUs MO CTaHAAPpTHOMY 0a3ucCy MPOU3BO/-
HBIX foiykui B fuinkus-

UToObl He TepsiThb BpeMs, MeXaHWYeCKH 3aMeHUM B HaliJleHHOM
BBIPDAXKEHUU I/ [y, k. KAKABIH UHIEKC 7 HA j, a KaXIblll MHIEKC
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J — Ha i, U cpady MOJYUYHM pasjoKeHHe MNPOU3IBOLHOU fiyk,i MO
CTaHAapTHOMY 6as3ucy NMpocTpaHCcTBa Tf(p)R”“:

fuiukuj - Z {

LI — ha (L (fua))m}fum+

ahz
{Z Flkhl] ! }

[TockonbKyY fiiukui = fuivkui» TO PA3JA0KEHHS 3TUX MNPOHU3BOAHBIX
COBIMAJAIOT:

orm

St ST~ By )” e+
{Zrkhlz 8hjk}ﬁ
{Zrkhlj ahlk}N.

C ¢opmanbHON TOUKH 3peHus ypaBHeHus [aycca—Ilerepcona-—
Kopanun—MatiHapoy — 3TO TOXIECTBEHHOE PaBEHCTBO HYJIIO
KOOPIMHAT BEKTOPA, CTOSALIETO B JIEBOM YaCTH OUEBHMHOTO TOXKECTBA

fujukui - fuzu kyi = 0

HepeHeceM BCe cJjaraemble B JIEBYIO HaCTb U IpHUBeaeM Nnogo0OHbBIE:

{5

oary
ouw’

B Zrkrlj + ik ( P(fuj))m }fu’”""
8h oh; —
{Zr i + Jk Zrkhlj ’“} =0.

Y HyJeBOro BeKkTOpa BCe KOOPAHHATHI (B J11060M 6a3uce) paBHbI
HYJIIO, CJIE[0BATENBHO,

krlz - jk( (ful))
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ory
8u’ +ZF krlz - Jk( (ful)) oul

— Y TLIT A+ b (Ly(fus)™

l

— ypasrernus laycca, v
8h c‘)hZ
l

— ypasrenus [lemepcorna-Kodayyu—Maiinapou.

[Touemy cam laycc He Hauies mocjienHe#d rpynmnel ypaBHeHHH —
OJIs1 MeHsl OCTaeTcsl 3aragkoi. PHCKHY MpeamnosioKuTb, 4TO OH 3HAJ
BCe BBIIIUCAHHbIE YPaBHEHMS [Jis IBYMEPHOH T'HIIEpPIOBEPXHOCTH, HO
onyOJIMKOBaJ TOJIBKO TO, YTO TpeGoBasoch eMy /15 10Ka3aTe/bCTBa
3HaMEeHHUTOH «TeopeMbl egregium», 0 KOTOPOH y Hac MOHAET peyb
gyTh mno3xe. Ilns TBopyectBa [aycca 310 0OBIYHOE siBJieHHEe —
HanpHuMep, yxe nocje cMepTH ['aycca U3 ero JHeBHMKOB CTaJO SICHO,
YTO OH 3HaJ O CyIleCTBOBAHUM HEEBKJ/JIHMIOBBIX TeOMeTPHUH 10 MOsIBJIe-
Husi paboT JlobGaueBckoro u Bosbsiv, HO cuuTaa IpexaeBpeMEHHBIM
coo0lIaTb MaTeMaTUYecKoMy MUPY 00 3THUX OTKPBITHUAX.

PasymHO mepenucath noJydeHHble YpaBHEHHs TaK, 4TOObl pasHe-
CTH TO pasHble CTOPOHBI OT 3HAKa PAaBEHCTBA CBOHMCTBA BHYTPEHHeH
U CBOHCTBa BHelllHeH reomeTpuil moBepxHocTH. CobepeM B JieBOH
YacTH ypaBHEHHUH CBOHCTBA BHYyTPeHHEH reoMeTpUH U MOJY4YUM Tpa-
IMLUHOHHYIO 3aMUCh 3THX ypaBHEHWH (CHOBa Ha MOJHYI KaTYIIKY
HCI0/Ib3yeM 0003HaYeHUs] DUHIITEHHA).

YpaBuenus [aycca:
oy, orm . .
2 = S (DhTf = DT = hie (Ly(fu)™ = hir (Lyl(fus )™

rne i, j,k,m=1,2,...,n (1.e., bopmManbHo, n

* mTYyK ypaBHeHHI).

YpaBuenus [lerepcona—Kopanun—Maiinapau:

Oh;.  Ohyy
azjz - 8qu + (F;khli - Fékhlj) =0,
rne i,j,k =1,2,...,n (T.e., popmasbHO, n3 HITYK YPaBHEHHH).

YnpaxHenue 41.1. B cuny cuiMMeTpUUHOCTH MePBOH U BTOPOH
(yHIaMeHTaNbHbIX (POPM THIEPIIOBEPXHOCTH U CHMMETPHUHOCTH KO-
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3 duLHeHTOB cBSI3HOCTH I M0 HUXKHHUM HHIEKCaM, peasbHOe YHC-
JI0 pa3nnuHblx ypaBHeHu# [aycca-Ilerepcona—Konauuu—-Malinapau
3HauuTeNbHO MeHblie, yeM nt + n3. [locuuraiite, CKOMBKO HX.

HaG6aronenune 41.1. YpaBHenus [aycca MOXHO HeCKOJb-
KO MOJIeDHH3HPOBATh, €CJH BCMOMHHUTb, 4T0 (Ly(fyi))" =
= —(gmlhljfii). Torna npaBble yacTu ypaBHeHHi [aycca He OynyT

cogepkaTb CUMBOJIa OCHOBHOI'O OoIlepaTtopa:

ory  org
ou? ouw’

+ (O =T ) = — (g™ hur 1)+ i (9™ ar 1)

[Ipu Tako#i 3amucu cpasy BumgHO, 4To ypaBHeHus1 [aycca—Iletep-
coHa—Kopanun—-MaiiHapan CBA3bIBAIOT MeKAY CO00H Ko3a(h(UllUeH-
Thl CBSI3HOCTH M KO3()(PHULIUEHTHI IepBOH ¥ BTOPOH (PyHAAMEHTaJbHbIX
(opM runeprnoBepxHocTH. VM3 mpenbiayliero myHKTa M3BECTHO, 4TO
Kosbduumenter 177 cBssnocty Jlesn-HUnBura, B CBOIO 04epelib, BbIpa-
JKAKTCA yepe3 MeTpUYecKre KO3(QPUUHUEHTHI g;; U UX NPOU3BOLHBIE.
Taxkum o6pasom, ypaBuenusi laycca—Ilerepcona—Konanun—Maiinap-
W TOKa3bIBAIOT, 4TO KO3()(PHULHUEHTHl MepBOH M BTOPOH (PyHIAMeH-
TaJIbHBIX (POPM THUIIEPIIOBEPXHOCTH He ABAAOMCA HE3A8UCUMbIMU
Ipyr OT Apyra.

Ha6aionenune 41.2. Ypapuenus [lerepcona—-Konanun—-Maii-

HapAW NalT HeoOXOOUMble YCJIOBHSI IJI TOTO, 4TOOBl MaTpH-
ua (h;j) morna ObITh MaTpHleH BTOPOH (yHAaMeHTalbHOH (HOPMBI
TUIEePIOBEPXHOCTH C 3aJaHHOW MepBod (PyHAAMeHTaJbHOH (hOpMOH
(9ij) (KO3 OHULHEHTE CBA3HOCTH I'J; BBIUMCIISIIOTCS Yepe3 KO-
(uureHTH g;;). MoXHO 10KasaTh, 4TO 3TH YC/IOBHS SIBJASIOTCA H
JNOCTaTOUYHBIMH.

Uro emre ckasaTh Npo 3TH ypaBHeHusi? Okas3biBaeTcs, 4TO BCS-
Kasi TUIepPIIOBEPXHOCTb ONHO3HAYHO (C TOYHOCTBIO N0 H30METPHH
06BbeMJIIOIIEr0 TPOCTPAHCTBA) OMNpeessieTcsl CBOUMU MepBOH U BTO-
poH (pyHIaMeHTaJbHBIMU (pOPMaMH — 3TO TaK HasblBaeMas TeopeMa
Bonne.

MbI He paccMaTpuBaeM B 9TOH KHHXKKe J0Ka3aTeJbCTBO TeOPEMB
BoHHe, HO KpaTKO MOXHO CKa3aTh, 4TO (KaK W B cJydae OCHOBHOM
TEOpeMBbl JIOKa/JbHOH TEOPHH KPUBBIX) OTBICKAHHME TOBEPXHOCTH IO
3alaHHbIM (pyHIaMeHTaJbHBIM (POpMaM CBOAMUTCS K peLleHHI0 HEeKO-
TOpPOH cHcTeMBbl AH((epeHIUaIbHBIX YpaBHeHUH. Tak BOT, ypaBHe-
Husi laycca—-Tletepcona-Konannu—Maiinapau kak pas npeacTaBJsi-

') ComocrasbTe 310T hakT ¢ HE3ABHCMMOCTBIO KPHBH3H KPUBOH OOIIEro BUAA H
MOPa3MBILIJIARTE O TIPUYMHAX TaKOTrO PasJH4us.
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10T cO00H HeoOXOOUMble U NOCTATOYHble YCJIOBUS MHTEIPUPYEMOCTH
CUCTEMBI AM((pepeHHalbHbIX YPaBHEHUH, K KOTOPOH CBONMTCS 3a-
[ada 0 BOCCTAHOBJIEHUH TMIIEPIIOBEPXHOCTH M0 €€ 3aJaHHBIM (PyHIa-
MeHTa/nbHBIM (popmaM. [lo aTol mprHuKHe HeKOTOpble aBTOPHl Ha3blBa-
toT ypaBHeHus [aycca—Iletepcona—Konanun—Mailinapau ocrognoimu
YPABHERUAMU AOKAAbHOL Meopuu 2unepnosepxHocmel.

B 310l kHUXKe ypaBHeHus [aycca-Iletepcona—Konanuu—Maii-
HapAWd TOHaA00sITCS HaM He JJs J10KasaTesabCcTBa TeopeMbl Bonne
WU aHa/Ju3a CBA3eld MeKIy MepBOH M BTOPOH (PyHIaMeHTaJbHBIMH
¢opmMaMH, a 1711 HEKOTOPBIX APYTHUX LeJseH, KOTOpble CTaHYT $ICHBI
qyTh HHUXKeE.

O603HaunM JieBble YacTH ypaBHeHui [aycca depes R

m o Ok OT
Wk ut Qu

Omnpenenenue 41.1. Beauuunsl R}, HasBIBAIOTCS KOMNOHEHMA-
mu men3opa Kpusuarol Jlesu-Husuma.

+ (ngl“}? - Fﬁkf?f)-

Baxnoe wHaOmopenume 41.3. Besauuunb R;?k SIBJISIIOT-

csi CBOWCTBAMHM BHYTpPEHHEH T'eOMETPUH THIIEPIOBEPXHOCTH
f:U — R

BoT Mbl M MOOWIIM K TOMY MOMEHTY, KOTJ@ CTajo0 SiCHO, UTO
6e3 TMOHATHSA TeH30pa HaJbllle HUKyda He ABHHellbcs. Mbl yrepsauch
B HEOOXOIUMOCTb Y3HAaTh, UTO TaKOe TE€H30pbl, KOE-UTO MPO TEH30PH,
M 3a4eM 3TH TeH30pbl HYKHbl B reoMeTpuu. CKopell B CjefyIOLIHi
NyHKT!

42. TeHn3sopsl

EcrecTBeHHOE MeCTO 3TOr0 MyHKTa — B CaMOM [epBOM Tapa-
rpade «[IpenBapuresnbHble CBefeHUS] U JIOroBopeHHOCTH». OnHAaKoO
pacckas Mpo TeH30pel, OyAydYH TOMeIleHHBIM B MepBbIH naparpad,
MPOCTO <«IOBHUC» Obl, HEMOHSTHO [Jii 4ero npeiHa3HAYeHHBIH, H,
KpPOMe TOro, JIMIIKJICS Obl HECKOJBKHX BaXKHBIX NPHMEPOB TEH30pPOB,
CO3pPEeBIUMX K HACTOSILIEMY MOMEHTY.

Ho Ttemepp, xorma Haspesna HacyliHasi HeOOXOLMMOCTb U 0e3
TEH30pOB JlaJiblile IPOCTO HUKY/A He MOoHellb, s Npefsaraiw BalleMy
BHUMaHMIO 3TOT MYyHKT. Tenepb, mo kpakiHed mepe, OyneT MOHSTHO,
OTKyJa B IH(depeHIHnalbHON reOMeTpUH OepyTCs TEH30Pbl, KaK OHU
B Hell pabOoTalT M MPUHOCAT I10J1b3Y, BHOCAT SICHOCTb M MOHUMaHHe
B 3aKOHOMEPHOCTH OKPYKakolleld MPUPOBI.

[ToHsiTHe TeH30pa NnepBOHAYaJbHO BO3HUKJO B TE€OPHH YIPYTOCTH
NPH HU3YYEHHUH HaNps)KeHWH BHYTPH YIPYroro Tejga — TaM HCCJe-
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NYIOTCSl TaK Ha3blBaeMble «TE€H30DPbl HAMpsKeHWH». Mexny mpodum,
CJIOBOCOYETAaHUE «TE€H30p HAMPSKeHUH» SIBJSETCS TABTOJIOTHEH, TO-
CKOJIbKY €aMo CJIOBO tension mo-(ppaHIy3CcKH (@ W TO-aHIJIHHUCKH)
KaK pa3 U 03HayaeT «HaMpsKeHUe».

[Tpuctynum K peny. [lo/okeH NpenymnpeiuTb Bac, YTO B 3TOM
MYHKTE MBI MOCTOSIHHO OYyJeM CTaBHThb CTPEJOYKH HaJ BEKTOPaMH,
gTOObl OTJIMYATh WX OT 0OBEKTOB MHOH mpupoxabl. [Ipn HakomaeHnn
OMbITa HAZOOHOCTb B TaKOU TMPaKTHKE TMOCTENMEHHO OTMAameT cama
cobol (mpupona 0603HaUaeMbIX 00bEKTOB OYIeT sicHa U3 KOHTEKCTA),
HO NpU MepBOHAaYa/bHOM 3HAKOMCTBE C TEH30paMH 3TH CTPEJIOUKH
CUJIBHO 00J/1er4aioT BOCIIPHUSTHE.

— —

[Iycte U I/I_)V — TPOU3BOJIbHBIE BEKTOPHbIE MPOCTPAHCTBA Hal
nosneM R, dim U = n, dim V' = m. 3adukcupyem B MpoCTpaHcTBe U
HeKOTOprI/I 6a31/1c (al, as, ..., an) a B NIPOCTPAHCTBE V — 0asuc
(bl, bg,..., bm).

_ Pa_C>CMOTpI/IM JIeKapTOBO MPOW3Be/leHHe BEKTOPHBIX MPOCTPAHCTB
U u V (Kak MHOXKECTBO YNOPSIIOYEHHBIX Tap):

UxV={Z.7)Tecl, 7eV}h

[nsins Ha 3TO 1eKapTOBO MPOU3BENEHHE, TIOCTPOUM MO0 HEMY HEKO-
TOpOe HOBOE <<CHGI.LI/I@)I/I‘-IGE)KOG»_)BGKTOPHOG MPOCTPAHCTBO, KOTOPOE
Hynem o6o3Hauath yepes U @ V u HasbiBaTh MEH3OPHbLI NPOUSEe-
Odenuem sexkmoproix npocmparcms U u V.
IToaramHoe onpesesieHue 42.1.
1 1) basuc U ® V. Basucom BEKTOPHOTO TIPOCTPAHCTBA
U ® V sBasieTcsl MHOMXECTBO BCEBO3MOXKHBIX ynopﬂnoquHblx nap
( ai, ? j), KOTOpEIe Gynem 3amHChIBATH B BHJe T ® b] = flj Takum

o6pasoM, pazmepHocTb dim UeV KOHCTPYHPYEMOTro MPOCTPaHCTBA
10 ONpeeseHHI0 PaBHA 1 X M.

- = NN - =

2) OQnementsl U ® V. Ecu (o, y) € U x V u pasinoxe-
HUSl BEKTOPOB & M 3 MO 6asucaM COOTBETCTBYIOUIMX MPOCTPAHCTB
TaKOBBI:

— — — i
7=z, Y=y bj,
77 o TF - —
10 B npoctpanctee U ® V nape (', 7y), Mo onpeleseHuio, cooT-

BETCTBYET 2JIEMEHT

—

7Y =2y (d;® b;) =2y fi,

Ha3LIBAEMBIH MEH30PHbLM NPOU3Ee0eHemM 8eKmOopos T 1 1 .



332 § 8. Hsumcernue penepa 80046 no8ePXHOCMU

L=
3)OnepauHHB U®V Ecmu P, ¢ 6U®VH =" fij,

—> —
q =q9 ij — UX pasJjoxeHus no 6asucy npocrpanctea U @ V', To

10 onpeﬂeﬂeHmo MTOJIO2KUM
T+T =07 +¢7)f

YAER AT = (W) F .

HpHMO nu3 ornpeneJieHus BBITE€KAIT cJaeayrouue CBOH-
CTBa TeHSOngI‘O HpOI/ISBeIIEHI/IH BEKTOpOB —  [J4d JIIOOBIX

T, T, T e U Y, Y1, Yo € V u jwoboro A € R crnpaBennnso

1)?®(71+72):‘>®71+‘>®72,
2)(F1+ 7)Y =710y + 720,
M)y =Toa\y)=AT oY)

YKasaHHble CBOHMCTBa 03HAYalOT, YTO ONeparusi TEH30PHOro MPOU3-
BeJIeHHSl BEKTOPOB fIBJsieTCs OuauHelHol. JlokaxunTe, moxanyhcra,
3TH CBOHCTBA CaMOCTOSITEJbHO.

— —
3ameHa 6a3uca B TEeH30PHOM TNpoU3BeNeHUH U ® V. B no-

CTPOEHHOM BEKTOpPHOM TNpocTpaHcTBe U ® V' ycioBUMCs cuH-

TaTb NONYCTHMOH He BCSIKYyI0 3aMeHy 0asuca, a TOJbKO Ty, KO-

TOpas WHAYLHUPOBaHA 3aMeHaMH 0a3UCOB B HCXONHBIX BEKTOPHBIX
- =

npoctpanctBax U u V. MeHHo, nycTh

- =
Qg = Q;r Ag,
— i
by =b,b;

— pasJioKeHHsI HOBBIX Ga3WCHBIX BEKTOPOB B CTapbiX Gasucax, (al)
" (b;./) — MaTpulbl nepexoaa. Toraa anemMeHTEHI

@y ® by =apbl, (@i bj)=aybl, fij = fuy

- = - =
OyzneM cuuTaTh HOBBIM 6asucoM B U @ V. 3ameHbl 6asuca B U @ V,
MOCTPOEHHbIE 0 KAaKHUM-JAHO0 IPYrHM IpaBujaaM, OyleM CUHTaTh
HeJOMyCTHMBIMH.

CHoBa (cMm. m. 1) ofpamiato Balle BHHMaHWe Ha YHOOHYIO Tpa-
IWLHIO CTABUTh IUTPUXU HE Y HOBBIX 0A3MCHBIX BEKTOPOB, a y HX
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MHIEKCOB. JTa Tpaaulus yOuBaeT cpasy ABYX 3allleB — Ha/jaudyue
IITPUXa O3HAuaeT TPHUHAMJNEKHOCTb K HOBOMY 0a3uCy W, OIHOBpe-
MEHHO, TI03BOJISIET SKOHOMHUTb OYKBBI JJIsi HHIEKCOB, Belb i H 4’
3TO pa3Hole UHIEKChI!

Jlemma. Onpede/zeuue MEeH30pHOEO NpPou3sederus KoOppeKmHo,
m.e. daemenm T ® Y He 3asucum om ev.bopa 6a3UCO8 8 npo-

cmpancmaax TuV.

_ 7 —> -7
IloxasaTeJILCTBo. [IycTtb =2'd;, Y = y bj, ® ¥y =
- = _) -
—ﬂcyjfl] 3amenuM 6asucel B U u V: /—a,al, b/—b b
CTPOKa CTapbiX Ga3UCHBIX BEKTOPOB YMHOXKAETCH Ccnpasa Ha ManHuy
nepexosia. Torna KOOPAHWHATH BEKTOPOB MPeoOpasyTcs KOMmpasa-
puarmno (cm. m. 1):
., . .y -/
at =a;at, Y =0y
— cToJbell KOOPAMHAT BeKTOpa YMHO}KaeTCH creea Ha MaTpHLy,
obpamnyo K MaTpule nepexona. 3Hauut, =’ al, = a', y’ b7 =7,
PasnioxkeHnsi BeKTOPOB B HOBBIX 6a3ucax TaKOBBI:
N i — /—>
T=x"day n y =1 bjr.
Torna

N —\/ il )= R —
(¥ @y) =a"y foy=a"y apby fij =
(i iINTF i iR = o —
= (z ai/)(y]bj/)fij—my]fij—$®y. ¢
CHeHHaJIbHO JAJIA I-II/I'I'EI'I‘eJIeI‘;I, CHJIBHO YMYIAPEHHBIX B am‘e6pe,
npuBeny elile oaHo (GoJiee KpaTkoe, GopMasbHOE U MEeHee KOHCTPYK-
TI/IBHOG) orpeneJieHue TEH30PHOr'o IMNpOoU3BEAEHUA BEKTOPHBIX IIPO-

CTPaHCTB, KOTOpPOe, pasyMeeTcCsd, 9KBHUBAJE€HTHO TOJIbKO YTO JaHHOMY
«I[1I03TATHOMY» OIpeae/IeHUIO.

Onpenenenne 42.1. Ilyctb F(a2 I_/) — CcBOOONHBEIA abeJieB
MOLyJb Haj MOJeM R ¢ MHOXeCTBOM CBOGOAHBIX [0POXKAAIOLIAX
UXV—{( Rl GUyGV}(Te F(UV)COCTOHTH3
BCEBO3MOKHBIX ClDOpMa.HbeIX KOHEUHBIX CYMM BHJI SNI(T, YY)
PaccMoTpuM KOHIPYSHUHIO p Ha F(U V) 3aJlaHHYI0 OTMpeMeJsito-
LMMH COOTHOLIEHUSIMH:

(Z, Y1+ Ye) = (7, 7))+ (7, Y),
(T + 7o, Y) = (71, 7) + (T2, Y),
\Z,7) = (2, \Y) ==, 7).
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— = —
Teisopnbm npoussedernuem U @ V sexkmopHoix npocmparcme U

u V HasbiBaetcsi (haKTOP-MOAYJb

FU.V
(p’):ﬁ@m—/.

Ynpaxuenue 42.1. [lopoiitech B yyeOHUKAX, OTHILIUTE HEOOXO-
OUMble BaM OTpelesieHHsI U MOUMHUTe PAaBHOCHUJIBHOCTb ABYX AAHHBIX
onpeJesieHUH TEH30PHOTO MPOH3BeeHHS.

Iogsemem mtor. Jlio60i snement 1T = pij7,-j E_}ﬁ ®_>1_/> TeH-

30PHOTO NIPOU3BEJEeHHs BEKTOPHLIX NpocTpaHcTs U u V' Haswl-
Baetcs mernaopom. Koadruunents p* Ha3bIBAIOTCS KOMMOHEHMamu
(r1m Koopdunamamu) TeHsopa T B Gasuce f” [locne monmyctumo#
3aMeHbl 6a3uca B U ® V TeHzop T', pasymeercsi, MeHsieT KOOPAH-

HaThL: o Vi i o
T=p"7 fuy=p"7aybj fi =p" fij.

C/1e[10BaTe/IbHO, KOMIOHeHTH p* TeHsopa T MeHSIOTCS M0 MPaBUJIY
. sl .. Y
Pl = al b; p” (unu, B oOpaTHyH CTOpOHY, pY = aﬁ/b;/p” ), The

=

(al) u (b;,) — ManHubI mepexofia B MPOCTPaHCTBAX UunV,u

e 7
()~ = (), (B)) " = (b)),

[TosBosibTe Temepb HANOMHHUTbL BaM elle HECKOJIbKO (DyHIAMeH-
TaJbHBIX (DAKTOB M3 Kypca JIMHeHHOH anreopsl.

—

Omnpenenenue 42 2. Ilycte V' — JMHefiHOoe MNpPOCTPaHCTBO.
OTtobpakeHue ¢ : V - R HasbiBaeTes AUHEUHbIM PYHKYUOHALOM
(uu aunetinoti opmoil) Ha V ecJu

VZ,.TheV YALMeER

M T+ A T9) = Mp(T1) + Aop(To).

— i—

[ycts ¢ — JII/IHeI/IHbII/I (hyHKIIMOHAJ Ha Vuzd=ua a; — pas-
— —

JI0OXKEHUE BEKTOpa TeV o HeKoTopoMmy 6asucy (dy, a2,..., dn)

MPOCTPaHCTBA V. Torna
p(T) = p(a"ai) = a'o(dy).

fcHo, uTo asg TOro, YTOGHE BBIUMCIUTE (X ), HAM KTO-TO H0JI-
—
»KeH COOOIIUTb 3HaueHusi ¢( a@;) 3TOro (QyHKIHOHAIAa HAa GA3HUCHBIX
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BEKTOpaxX, T.€. BCAKUH JMHEHHbIH (DyHKIHMOHAM MOJHOCTBIO Ompeje-
nseTcs HabopoM 3HaueHuil ¢(@;). [lyctb 311 3Hauenus 1) cyTh

90(72) =& € R.
MrHOBeHHO MOJTyuaeM

X

2

o(T) = o2l @) = 2lp(@) = 2i& = (61,60 En) - |
xn

B cuny ocHoBomoJarawouieil 10roBOPeHHOCTH YMHOXKAaTb MaTpH-
bl «CTPOKa Ha CToJ0el» W3 TaKOW 3alucH BHAHO, YTO JIMHEHHBIN
(hYHKIIHOHAJ, B OTJMYHE OT BEKTOpa-cTo/bIla, Pa3yMHO CUYHUTATh
cmpokoii! Tlpu 3TOM HHIEKCHl Yy 3JeMEeHTOB CTPOKH HeoOXOAHWMO
CTaBUTb BHM3Y B NaMsTb 00 MHJAEKCEe TOro 6a3WCHOro BEKTOpa, KO-
TOPBIM «MOCTpafad» OT NeHCTBHS Ha HEro JMUHeHHOro pyHKLHOHAJA.
Takum o6pasom, neiicTBre (hyHKLUHOHANA-CTPOKH ¢ = (£1,&9,...,&n)
Ha BeKTop-cTo/iben = = t(xl,a;Q,...,x") ornpeneJsisieTcsi MPaBUIOM
YMHOXKEHHUSI MaTPUL U 0COOEHHO TPOCTO 3aMuchiBaeTcss B 0603Haye-
HUSIX DHUHIITEHHA: .

T
— 22 .
o(7) = (£1,€2, -, &) | . | =26
:z:.”

Onepauuu coXKeHUs] JUHEHHBIX (DYHKLUHOHAJOB M YMHOXKEHHS
JIMHeHHOro ()yHKILHMOHAJa Ha YUCJI0 ONpeleJIsIFoTCsl aHaJOMYHO olle-
pauusM CJOXKEeHUs] PYHKIUH U yMHOXKeHHs1 YHKUMH Ha 4duco. Hs-
BECTHO, 4TO MHOXECTBO BCeX JIMHEHHBIX (DYHKLHMOHAJNOB Ha BEKTOp-

HOM IMPOCTPAHCTBE V' takxke sBAsSeTCS BEKTOPHBIM TPOCTPAHCTBOM,
—

KOTOpoe 0003HauaeTcsi yepes V*_H> Ha3bIBaeTCsl MPOCTPAHCTBOM,

conpsicerroim (Mnu dyasvroim) K V. sBecTHO, 4TO

. _>* . oy
dimV*=dim V.
Takum o6paszoM, Ha COBepIlIEHHO 3aKOHHBIX OCHOBAaHHSAX Mbl

—
OymeM OTOXHeCTBAATh TmpocTpaHcTBo (R™)*, compsieHHOe
—

K apu(pMeTHUYeCKOMY BeKTOPHOMY TMpOCTpPaHCTBY cToa1010B R”,
C apu(MeTHYeCKUM BEKTOPHBIM MPOCTPAHCTBOM CTPOK:

(R™)" = {(€1, &9, ... .&)[& € R}

') Onpenensiomye, cOGCTBEHHO, TOT JMHEHHBIH (hYHKIHOHAJ,
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BaxcHoe cornamenune. Eciin paccMaTpHBaeTCs YNOps0UeH-
Has mnapa (V v ) BEKTOPHBIX TMPOCTPAHCTB, TO 3JEMEHTHI
—

COTIPSKEHHOTO MpocTpaHcTBa V' * (T.e. JIMHeHHble (DYHKIHOHAJIbI)
MPUHATO HAa3bIBATh KOBEKMOPAMU (kosapuarnmmuoimu sekmopamu),

a 3JeMeHTBl IPOCTPaHCTBA V' IMPUHSTO HA3blBATh KOKMPABAPUAHM-
Hoimu gekmopamu. B OyKBEHHOH 3amucH BEKTOPOB W KOBEKTOPOB
(a Takke MX KOODIMHAT), HHKHHE MHJEKCbl HA3bIBAIOT KOBAPUAHM-
HbLMU, 8 BEPXHHE WHIEKCH — KOHMPAB8aAPUAHMHbLMU.

[TporcxoxneHue Takod TEPMHHOJOTHH OBIIO OOBSICHEHO B TIO-
cefHeM a03alle MepBOro MyHKTA, [Je 0TMeyasoch, YTO IPHU 3aMeHe
6asuca CTPOKH MpeoOpasyloTcss yMHOXKEHHEM ClpaBa Ha MaTpHULLy Tle-
pexona (T.e. KosapuaHmHo, COTJIACOBAHHO C U3MEHEHHEM), a CTOJ16-
bl — YMHOXKEHHMEeM CJIeBa Ha MaTpHULy, 0OpaTHYIO K MaTpulle mepe-
xozna (T.e. KOHmMpasapuawmHo, IPOTHB M3MeHeHHUsi, U160 oGpaTHas
MaTpHlla eCTb MaTpUlla 0OPaTHOTO Mepexona).

UroObl OKOHUATEJbHO MOAYEPKHYTh ABOHUCTBEHHOCTb 00CYKIa-
eMbIX 37echb MOHATHH cTo/jbell, — CTPOKa, BEKTOP — KOBEKTOP,
MPOCTPAHCTBO — COMPSAKEHHOE MPOCTPAHCTBO, AOrOBOPHMCA MPH

0603HauUeHUH KOBeKTOpa (B MPOTHBOBEC BEKTOpPaM a, b . € V)
CTaBUTb CTPEJIOUKY Moi GyKBOH, Ja elle W HaNpaBJsiTh B I'IpOTPIBO-

TIOJIOXKHYK CTOPOHY: _
a,b,...eV*
—

IPY 3TOM MHIEKC Y BEKTOPOB CTABHUTCSl BHHU3Y, a Y €ro KoopauHaT —
BBepxy. ¥ KOBEKTOPOB — HA00OpOT, MHIAEKC CTAaBUTCS BBEPXY, a
KOOPAHMHATHl KOBEKTOpa CHA0KalOTCsl HUKHUMH MHIEKCaMHU.

Onpenenenue 42.3. PaCCMOTpHM napy npocTpaHCTB (I_/ ‘_/2 )
(11

Basuc npocrtpaHcTBa V*, COCTOSILIIMH M3 KOBEKTOPOB
HbIX (DYHKIIMOHAJIOB)

te 12
(a',a%,...,a"),
— —
- — — e
HasbiBaeTcs dyaavHbim K 6asucy (ay, ao,..., a,) OpocTpaHcTBa V,
ecsu o
d(@y=si={ " 177
- J 1, i=j.
N
HaGaopnenne 42.1. Eciu V' — eBKJHOOBO MPOCTPAHCTBO
—  — — o o
u e, e, ..., 6, — KAKOU-HUOYIb ero_OpTOHOPMHMPOBAHHEIH
6asuc, TO MyasbHBIH 0Oas3uc mpocTpaHcTBa V¥ mosaydaetcs mpo-
—  — —
CTBIM TPaHCIIOHUPOBAHHUEM BEKTOP-CTOJOIOB €|, €9, ..., €, B CTPOKHU

€1, €9,..., €. JIefCTBUTEBHO, B CUJTY OPTOHOPMHUPOBAHHOCTH 6a3u-
— —
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ca ?1,_5)2,...,27“ CKaJ/IsipHOe MPOH3BeleHHe BEKTOPOB B NPOCTPaH-
ctBe V' BbIUMC/ASETCS MO TOMY »Ke INpaBUJy, YTO U TPOU3BefleHHe
CTPOKH Ha cTosbel (Kak MaTpHll), a MMEHHO — CyMMa MPOU3BeeHNH
KOOPIMHAT C ONMHAKOBBIMH HoMepamu. CJjiefoBaTe/IbHO:

— t — — — .
ei(e;) = ((e1). €5) = (ei €j) = 0i; = 0.
DTO M 03HauaeT AyaabHOCTb 6a3MCOB €1, €9,...,equ el €2 ., e

— —

BepHemcsi Tenepp K MOHATHIO TEH30PHOTO MPOH3BeNCHH. AHa-
JIOTUYHO TeH30pHOMY rnpousBeleHnio U ® V' IBYyX BEKTOPHBIX IMPO-
CTPAHCTB OMNpee/sieTcsl TEH30pHOe MPOH3BeeHHe NI0O0r0 KOHEUHOT0
4ucaa BEKTOPHBIX MpocTpaHCTB. [lyif reoMeTpuu BakeH CJaydad,
KOrjla KaK[l0e M3 MPOCTPAHCTB-COMHOXKHTe/IEH COBMaaeT ¢ JaHHbIM
BEKTOPHBIM MPOCTPAHCTBOM V' uau ¢ nyanbHbBIM K HeMy npocTpaH:
ctBoM V'*. Ilpu sTOoM B KaXIOM 3K3eMILIsipe INpocTpaHcTBa V|
3a(pUKCHPOBaH OJIMH ¥ TOT e 6asuc (€;), a B KaXKI0M COMPSKEHHOM
npoctpancTBe V * 3aduKcupoBaH nyanbHbii K (€;) 6asuc (ef).

—
Bo mHorux Bompocax (HO He BO BCeX) He TIPeNCTaBJsET HH-
Tepeca pas3/HyeHHe MOopsiiKa COMHOXKHUTeNeH B MOAOOHBIX TeH-
30pHBIX MPOU3BENEHUSIX — Ba’KHBIM OKa3bIBAETCS JIHIIb KOJHYECTBO
KOHTPAaBapUAHTHBIX M KOBAapHAHTHBIX COMHOXHTeseH. [loaTomy Mbl
(B Hamel KHHMKKe Y To4HO!) He OymeM pas/juyath, HarpuMep,
— — = — — —
TeH30pHBIE TpousBelneHuss V @ V @ V¥ u V @ V*® V, xora
¢ (opmasbHOH TOUKHM 3peHHs 3TO, 0e3yC/JOBHO, pas3Hble (XOTf U
HsoMop(pr@ BEKTOPHBIE TTPOCTPAHCTBA.

[lycte V' — mn-MepHOe BeKTOpHOE MPOCTPAHCTBO, B KOTOPOM
33(1)HKCHpOB_a>H 6asuc (e;). Cie1oBaTe/NbHO, B COMPSIKEHHOM MPO-
cTpaHcTBe V' * aBTOMaTHuyecKH (hUKCHpyeTcs AyaJsbHBIA 0asuc (gj).

paCCMOTpI/IM TEH30pHOE MPOoU3BeIeHHE

p q
RV)® (@ V"),

colepKalliee p SK3eMILIAPOB NPOCTPAHCTBA V ou ¢ 3K3eMISPOB
NyaJbHOTO TpocTpaHcTBa V' * (Kak Mbl y»Ke OTOBOPHJIHCH, MOPSIIOK
COMHOXKHTEJIEH He WrpaeT CYLIECTBEHHOH pOJIM MAJs HajbHeHIIero
H3JI02KEHHST).

Basuc BekTOopHOro mpoctpaHcTBa T COCTaBASIOT BCEBO3MOXKHbIE

TEH30pbl BUAA (€, @ €, X ... ® €, ® e R®e?R...Q el), cieno-
— — —

T=(
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BaresbHo, dim T = nPT9, a m060i snement T € T packiaabiBaercs
no 6asucy:

T'= TJZ:JZ; sz(ell ® elz ®...® eZp ® 6]' ® 632 ®...® ejq)

Onpenenenue 42.4. Besikuii anementr T € T = (é 7)@

® (é 17*) HasbiBaeTcs mensopom muna (p,q) (WM p pas KoH-
TpaBapUaHTHLIM M ¢ Pa3 KOBapHaHTHBIM TeH30poM). Uucsa T;l';; ;p
Ha3bIBalOTCsA Komnoxnexnmanu (Wi koopouramamu) tensopa 1" € T.
Ha6J11011eHHe 42.2. Tensop tuna (1,0) — 310 0OBIYHBIH BEKTOp
U3 V TEH30p THMa (0,1) — 3T0 OOBIYHBIH KOBEKTOp (JHHEHHas
¢dopma) uz V*. JloroBopumcst cKa/asippl U3 R CUUTaTb mex3opamu
muna (0,0).
[Ipu 3amene 6asuca ey = aﬁ,g} B HCXOTHOM TIPOCTPAHCTBE v
6asuc TeH30pHOTro npousBeneHus T MeHsieTCs MO MPaBUIY:

— — — j/ j/ j/

(e ey ®..Q0 ey e ®e2®...® el1) =
1 2 p = e e

ip J1 Js Jg

P 1 2 q

—allalé ...ai,pajlan... jq

(e, @€ ®...0 €, ®£jl ®£j2®...®£jq),

X

a KoMmrnoHeHTbl TeH3opa 1’ € T npeo6pasytoTcs MO MpaBUIYy:

2122...%7 Zi Z', p ]l j2 ]q ilig...ip
T, " =a'a’ --aralla? - -a} T.'>" 7,
J1354 e R N T gy T Jide-dq

rne (al,) — marpuna nepexona, (a ) = (a},)~.

Xouy cpasy YCIMOKOMTb Bac, 4TOObI Bbl He HampsiraJuch 3aro-
MHHATh 3TH 3aKOHbI MPeoOpa3oBaHKsi TEH30POB H HX KOMIIOHEHT —
OHM TMHIIYTCS MeXaHW4yecKH. JloCcTaToYHO TOJBKO MOHMMATh, YTO
MPU CYMMHPOBAHHH OIMHAKOBbIE MHAEKCHl HA PA3HBIX BBICOTAX «IIPO-
nagamT» (Hemble WHIEKChI), @ B MTOTOBOM BbIPAaXKEHHH OCTalOTCs
Te WHIEKChI, KOTOpble «He HallIu cebe Mapbl» Ha APYro# BHICOTE
(c80600mHbLe uHAEKCH). KpoMme TOTO, TOJIXKEH YeCTHO MPU3HATHCS, UTO
B CBOEH MareMaTHYeCKOH MpakTHKe MHE HH pa3y He MPUXOIHJIOCH
M0JIb30BaThCsl 3THMH 3aKOHAMH MPeoOpa3oBaHHsI B CTOJb OOIIek
(bopMyIHpOBKE — BCAKHUH pas, HMes [eJ0 C TEH30POM KOHKDETHOTO
THIIA, MOXKHO <«IPIMO Ha MeCTe» CO00PasHTh, KaKoe YHUCJIO MaTPHIL
nepexoia U 0OPATHBIX K HUM HY>KHO HalMCaTb Mepej KOMIOHEeHTaMK
TeH30pa, 4TOOBI BHIMOJHUTL 3aMeHy Gasuca.
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WUnem nanee. B maTemaTuueckoM MHUpe OBITYeT TPamgULUs OTOXK-
nectBasATh npu ¢ > 0 TeHsopul 7' € T tuna (p,q) ¢ NONUIHHEHHBIMH
oToOpaKeHUsIMU BUIA

T (VxVx.xV)=(8V).

qpas

O6pasHo roBopsi, Hes TAKOrO OTOXKAECTBJEHHS COCTOUT B CJle-
nytoiieM. B tensope T' tuna (p,q) CHOAT ¢ WTYK JUHEHHBIX (QYHK-
IHOHAJIOB U p IITYK BEKTOPOB. DTUM JIHHEHHBIM (YHKIMOHAMAM K3
TeHzopa T MOXHO «OTHaThb Ha CbeleHHe» ¢ Pa3HbIX BEKTOPOB —
MPOCTO 3aKUHYTh BEKTOPHI B TeH30p T’ KakK ApoBa B neub. PyHKIHO-
HaJlbl «CheIsiT» 9TH BEKTOPbI, CAMH CTOPSAT — MPEBPATATCS B YMCJIA,
M ocTaHeTcs TeH3op Tuna (p,0).

Mpl cefiuac He OyneM MPUBOAUTH CTPOTHX OMpeeeHUH MO MOo-
BOLY TOTO, KaKMM TaKHUM 3arafio4HbiM 00pa3oM BCSKOMY TEeH30pY
T rtuna (p,q) CTaBUTCS B COOTBETCTBHE HEKOTOPOE MOJHUJIMHEHHOEe
otobpaxenue. CyTb Hesa OyleT siCHA M3 CJEAYIOLMX MPUMEPOB
TEH30POB U COOTBETCTBYIOLIHUX UM 05)6pa>KeHHf/’1.

B nByx cienymomux npumepax Vo o— n- MepHOe BEKTOPHOE Mpo-
CTPaHCTBO, B KOTOPOM 3aHKCHPOBaH Ga3HC (€;), KOTOPOMY B COTpsi-
»KEHHOM TIpocTpaHcTBe V' * comocraByieH AyasbHbIH Gas3uc (£ ).

— —

IIpumep 42.1. PacngOT%M TeHsop A€ V ® V* tuna (1,1).

Basuc mpoctpanctBa V ® V¥ COCTOMT H3 BCEBO3MOXKHBIX Tap
(e; ® e7), cnemoBaTesbHO,

A=dj(e;® ).

B TeHsope A «CHAHT» OIMH KOBEKTOp, 3HAUUT, STOMY TeH30py (TOY-

Hee, ero KOBEKTOPY) MOXHO «OTHATH HA CbeleHHe» OfIMH BEKTOp.
BoabMeM MpOH3BOMIBHBII BeKTOp # = xF ey € V W nososum no
onpedenenuro

—

A(z) = di(e; - €l(x)).
Briuncasem

. PRSI

A7) = aj(e; - ¢ (x)) = aj(ei- & (aey)) =

_)z : xkij(gk)) a](—> ' ké])

S
—
D

= aj»a-xj = aj»a;j e = [ai]. - [z).
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—
Bunko, uto nosyuenHoe oToGpaxeHHe A nepeBOIUT BeKTOpPH U3 V

B BEKTOPBI U3 V' U, 0UeBUIHO, sIBJsieTCs THHeHHBIM. TakuM o6pasom,
TeH30p Alyma (1,1) oroxpmecTBisieTcss C JHMHEHHBIM OIEPaTOPOM
A:V — V, kotopblii B BbiOpaHHOM Oasuce (E}) UMeeT MaTpHUIly
[a}]e. DnemenTbl 5TOA MaTpPHULBI €CTh He YTO MHOE, KaK KOMIOHEHTHI
TeH3opa A.

IMpumep 42.2. PaCCMOTpI/IM TeHsop B € V*® V* tina 0,2).

Basuc npocrpancTBa V*® V* COCTONT U3 BCEBO3MOXKHBIX nap
(e ® e]) CJIe10BaTe bHO,

B = bz’j(el ® €j).

B reHsope B «CHIAT» yXKe IBa KOBEKTOpa, KOTOPble MOTYT OJHO-
BPEMEHHO «IIPOTVIOTHTb» LEyIo napy BeKTopOB .

BosbMeM nBa BekTOpa T =ake,, y =1 e, u3 npoctpancTBa V
U NOA0KHCUM 1O ONpedeseHiIo

— —

B(Z.5) = by(er(T) - &/(3) = by (¢ (e¥en) - /(') =

—

= byaty" - gl(gk) ‘ 3](61) = bya*yloL5] = bija'y’.

Takum o6pasom, TeHsop B }_runa (0,2) ecTb He 4TO HHOe, Kak
—
OununeliHas ¢gopma B : V X V- R, ee marpuua (b;;) B Gasmuce
(€;) COCTOMT M3 KOMIIOHEHT [BaXK/bl KOBAPHAHTHOrO TeH30pa B.

3ameuanue 42.1. TosbKO UTO paccCMOTpPEHHBIH MpHUMep 00b-

SICHsIeT LIMPOKO yrnoTpedsseMoe B (PU3UYECKOH JUTepaType Ha-
3BaHHE «Mempu4ecKull men3op g;j» AJs CKalspHOrO NPOM3BeIeHHS,
Belb CKaJspHOE MPOU3BeJeHHUE SABJsIeTCS OUNHHEHHON (hOPMOH.

Bosee o610, paccmotpum TeHzop P € (éi—/}*) tuna (0, q).
B 3ToM «1MHO3aBpe» CHIST yKe ¢ ILITYK HPOKOPJHMBBIX KOBEK-
TOPOB, MO3TOMY OH MOXET MpPOIJIOTHTH CPady ¢ IWITYK BEKTO-
pos! Ilyets P = pm2 Ja (e 1 ® 6]2 ®..8® eJ‘Z) Bosbmem BeKTOpHI

— k — — k

ry =" ey, x9 = x2 ek2, ooy Tg = 24" €, ¥ NOA0INCUM NO Onpede-
AEHUIO

P(xr, @3, ) = Djij.gy (€7 (21) - €2 (@) - - () =

.t j2_ Ja
= DPjijojgtl Xy " oee g -
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- = —
IosnyuuBieecs orobpaxenne P: (V x V x...x V) — R Ha-

q pas
3bIBaeTcsl nO/LuﬂuneﬁH%i (TouHee, g-aumMetiHol) ¢opmoli Ha Bek-

TopHoM mpoctpaHcTBe V. TlosuinHeiiHble (OPMbI OTOXKAECTBIASAIOT
¢ tenzopamu tuna (0, q).

IIpumep 42.3 (xoHKpeTHBIH). BepHemcs K reomerpuu rmo-
BepxHocTeH. 3aduKkcupyeM B KacaTe/JbHOM npocTpaHcTse 1), f
CTaHAAPTHBIH 6a3uC U PacCMOTPUM CJEAYIOLIUH TeH30p:

Re (Tpf) @ (Tpf) @ (L f)" @ (Tpf)"

tuna (1, 3). Pasnoxenue storo teHsopa rno 6asucy TeH30pHOTO MPoO-
M3Be/IeHHs TaKOBO:

j k
z_jk(fum@fu fu ®fu )v
a KOMIOHeHTbl [T 3anatorcs hopmyiamu
m _ory oy
ik = oy oul

(B mpeabiaylleM MyHKTe 3TO ObIJIH JieBble UacTH ypaBHeHHU# [aycca).
CornacHo oOlIed cxeMe MPeNbAYIIUX MPUMEPOB, OMpPeaeSUM
mpuiuHetinoe omobpascerue

R:(T,f)* = T,f,

IeHCTBYIOLIee O MPABUTY

+ (T4, I —TLI

ROX,Y.Z) = Ry fun - () - (V) 1(2)) =

= Ry (fum - £ @ ) - 1Y @) - 1 ur)) = R 2 fun

pns mooeix X,Y,Z € T,f. (Bynbre BHUMaTesbHBI! 1 mocTeneH-
HO TIpeKpallal CTaBUThb CTPEJNOYKH HaJ KacaTeJbHbIMH BEKTOPaMH,
BeJb 00BIYHO HX BooOLIe He cTaBsT!) BumHo, yto

R(X’ Y’ Z) Rijx‘yjzkfum E Tpfa

T.€. NPOU3BONBbHOK TPOHKe KacaTenbHbix BekTopoB X,Y,Z € Tpf
TeH30p ¥ COmocTaBJsieT KacaTeNbHbIH BeKTOp 2! 7% i 2k fum € T, f
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Omnpenenenue 42.5. Ilycte f: U C R" — R® — npousBosbHas
nosepxHocTb U 1), f — ee KacatesbHoe mpocTpaHcTBO. Tensop (Tpu-
JMHelHoe 0ToOpakeHue)

R(X.Y,Z): (T,f)’ = T,f,
KOMIIOHEHTbI KOTOPOI'O OolpeneJeHbl qJOpMy.IIaMI/I

m _ Ok _ O
ijk o’ ouJ

Ha3bIBaA€TCS MeH30pOM KPUBUIHDBL Jlesu-HYusuma.

+ (T4, — TLID),

Ha6aronenne 42.3. Tenzop xpuBusnbl JleBu-Uupura sBis-

eTcsl CBOHCTBOM BHYTpPeHHeH TeOMeTpPUH MOBEPXHOCTH. ITO
OYEBHJIHO, TaK KakK B 3a(UKCHPOBAHHOM 0asuce TEeH30p OIHO3HAUHO
onpeneJssieTcss HaOOPOM CBOMX KOMIIOHEHT, KOTOpBIE, KakK ObLIO OT-
MeueHO B MpeNbIAYLIeM MyHKTe, SIBJSIOTCS CBOHCTBAMM BHYTpPeHHeH
reOMeTpPUH MOBEPXHOCTH.

B crenytomieM NyHKTe HaM IpPeACTOUT Yy3HaTb MaccCy APYrHX
MoJIe3HBIX CBOHCTB TeH30pa KpHWBH3HBI JIeBU-UuBHUTA U TecHO CBf-
3aHHOTO C HUM TeH3opa PumaHa. DTH cBolicTBa MpUBEAYT HAC K YIHU-
BUTeJNbHOMY OTKphITHIO! MieM B c/ienylomuil myHKT.

3agayky U ynpaxKHeHUs

1. Yb6enurech, UTO TpagMeHT CKaJspHOH (QYHKUHUN
f:UCR"™ — R saBnsercsa K08eKkmopom, T.e. TPH 3aMeHe
koopauHat (nuddeomopdusme) B R™ ero KOMIOHEHTH H3Me-
HSIOTCST KaK KOMMOHeHThl Tersopa tuna (0, 1).

2. BbluncanTe KOMIIOHEHTHI ¢;; METPHYECKOro TeH3opa Ha
ABYMepHO# cepe S% B 1€KapTOBBIX KOOPAHHATAX CTepeorpa-
(bUUECKOH TPOEKILHH.

3. Ob6bsicHuTe cebe, noueMy K03 UIUEHTH CBS3HOCTH I‘fj
He SBJISIOTCS KOMITOHEHTaMH TeH30pa.

4. Haiinute pa3mMepHOCTb MPOCTPAHCTBA N-JUHEHHBIX (OPM
Ha R™, KococuMMeTpruyecKUX Mo JoboH nape apryMeHTOB.

5. Hafinute pasmMepHOCTb MPOCTPAHCTBA N-JTHHEHHBIX (HOPM
Ha R™, cuMMeTpHUuyecKHuX 1o JM060d nape apryMeHTOB.

6. BbluncsinTe KOMIIOHEHTH TeH30pa KpuBU3HbI JleBH-UnBH-
Ta [1Jis1 TIOBEPXHOCTEH:
a) f(u,v) =Y{Rcosucosv, Rcosusinv, Rsinu);
6) f(u,v) = "u,v,2u+ 3v); B) f(u,v) = Hucosv,usinv);
r) f(u,v,w) = Ywcosucosv,wcosusinv, wsinu).
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43. Tensopsl KpuBusHsbl Jlesu-Uusura u Pumana.
Teopema «egregium» Iaycca

B sTom myHKTe mnpexie BCero Mbl [I03HAKOMHMMCSI C HEKOTOPBIMH
CBOHCTBAMH TeH30pa KpHBH3HbI JIeBU-UHBHTA ¥ TECHO CB3aHHOTO C
HHUM 3HaMEHHTOTO TeH30pa KPHBHM3HbI PHMaHa.

JlaBaiiTe cHauyana onpegeauMm 3ToT TeH3op Pumana. IlycTb
R(X,Y,Z): (Tyf)? — T,f — Tensop kpususnbl Jleu-Unsura.

4
Paccmorpum Tensop R € ®(7),f)* tana (0,4), 1.e. memparu-
Helinyo popmy (Mau «4-aunelinyro gopmy»):

R(X,Y,Z,W): (T,/)* = R,

orpeneJsJieHHYI0 Ha KacaTeJbHOM IPOCTPAHCTBE Tpf CJIe1y IO M 00-
pasoM:
R(X,Y,Z, W)= (R(X,Y,Z),W).

[Tonyuennsii Tensop R(X,Y, Z, W) tuna (0,4) u HasbiBaeTcsi mer-
3opom Kpusuawo. Pumarna (nnu npocto — men3opom Pumara)

[Tyctb Bac He cmywiaer, 4To TeH3op JleBu-UuBuTa M TeH30p
Pumana o6o3HadyeHbl OfHOW M TOH ke OyKBOH R — 3TH TEH30DBI
CBfI3aHbl CTOJIb TECHO, 4TO 0003HayaThb MX ONHOH OYKBOH BOLLJIO
B Tpaauuuio. Celuac Mbl yBMAMM 3Ty cBA3b. Ilyctb X = 2'fyi,
Y =9 f, Z=2Ff ., W =w!f, — ueTsipe MpOU3BOIBHBEIX BEKTOPA
M3 KacaTeJbHOro mpoctpanctsa 1), f. Beluucium sHaueHue TeHsopa
PumMaHa Ha 3TOH yeTBepKe BEKTOPOB:

R(X,Y,Z,W) = (R(X,Y,Z),W) = <R;gkxiyjz’f Furm 10! ful> -
= R?;kl‘iyjzkwl (fum, fu) = R;?kﬂciyjzkwlgml e R.

Koadduuuentsl Terpanuneiinoil dgopmel R(X,Y,Z, W) saBasoTcs
3HaueHUAMH 3TOH (OpMBlI Ha GA3UCHBIX BEKTOpaX:

R(fu“ fuj7fuk7 ful) - Rglkgml = Rijkl'

Omnpenenenune 43.1. Beanunnbl Ryji = Rg?kgml Ha3bIBAIOTCS
KOMNOHeHmami me13opa Kpususro. Pumana.

[oBopar, yto Tensop Pumana R;;;; nmonydaercsa us tensopa Jlesu-
Husnra R onyckanuem eepxneco undekca ¢ noMousbro mempu-
4ecKo2o Mmensopa gm;. Lpyroe Bbipaxkenue: TeH3op Pumana R;jp
ABJseTC cgepmkoli men3opa Jlesu-Husuma Rg?k C mempuvecKum
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MeH30pOM G- Ho Kak Obl He Ha3bIBa/IM OCHOBOINOJATAIOLLYIO (HOP-
MyJty
m
Rijp = Ri_jkgmh

MBI TIOHHMaeM, 4TO 4Hcaa R;jj; €CTh NPOCTO BCEBO3MOXKHbBIE CKaJlsp-
Hble MPOU3BEIEHHUs] KacaTeJbHbIX BeKTOPOB BUma R(fyi, fuis fuk) H
fui, @ cllOBa «OMycKaHHMe HHIEKCa C MOMOIbI0 METPHUYECKOTO TeH30-
pa» WM «CBepPTKa C METPUUECKUM TEH30POM» SIBJISIOTCS CHHOHUMAaMHU
CJIOBOCOYETAHHUS «CKAJSIPHOE MPOU3BEIEHHE.

HaG6naronenne 43.1. Tensop Pumana sBjsieTcss cBOHCTBOM

BHYTpEHHeH TeOMeTpPHUU MOBEPXHOCTH. DTO COBEPLUEHHO O4Ye-
BHJIHO, Be/lb KOMIOHEHTEI I35 = R}y gy BBIPAXKAIOTCS Hepe3 KO-
(buLMeHTH NepBoH (hyHAaMeHTaJbHOH (JOPMBI U KOMITOHEHTBI TEH30pa
JleBn-UuBHTa, KOTOPHIH SIBJIsSIeTCS CBOMCTBOM BHYTpPeHHeH reoMeTpUH
(cM. mpenmocaeHUN ab3all MPebIAYIIETrO MyHKTa).

Ha6uaronenne 43.2. OueBUaHO, UTO KOMIIOHEHTH TeH30pa JleBu-
YuBHuTa BhIpaXKaloTCs yepe3 KOMIIOHEHTH TeH3opa PumaHa cienyio-
UM 00pa3oM:

ml) —l.

R = g™ Riji,  tae (9™) = (gim)

Ha mepBoM Kypce MaTeMaTHKO-MeXaHUYeCKoro (akysbTeTa, BCe-
ro mocjie JByX MeCsileB M3yyeHUs aHaJUTHYECKOH TreoMeTpHH, Ha
Bonpoc: «[Ipunymaiite oToOpakeHHe, JUHEHHOE MO KaXKIOMY apry-
MEHTY, KoTopoe OepeT 08a BeKTOpa M JlejiaeT U3 HHUX HOBBIH BeK-
TOp», — HepBOKprHI/IKI/I MTHOBEHHO OTBEUalOT: BEKTOPHOE MPOH3Be-
NeHHe a X b Ha Bompoc: «A npunymaiite oToOpaxeHue, JuHelHOe
Mo KaXKJAOMYy apryMeHTy, KOTopoe GepeT mpu BEKTOpa U AesaeT U3
HUX HOBBIH BEKTOpP», — MOCJe HeOOJbILIOH 3a€PXKKH, TTePBOKYPCHHU-

—
KM 0oTBevawT: «J[BoiiHOe BeKTOpHOe MpousBeeHHe a X (b x ¢ )»
3arto Ha Bompoc: «Kakyto dhopmyny ajs TBOHHOTO BEKTOPHOTO MPO-
U3BeJIeHUsI Bbl 3HAETEP», TIOUTH BCE CO CMEXOM ToBOpSAT: «Dbal MuHyc
nabl», T.e.
— —
a x (b b

xT)=1(7.T)— 27,

HUJHU, 4TO TO 2K€ caMoe,
(Cxb)xa=b(a,)—c(a, b

Cefiuac Bbl y2Ke 3HaeTe ropasao 6oJibllie NepBoKypcHUKOB. He 6e3
ropiocTu 3a ce0si, B KauecTBe NpUMepa TPUAHHEHHOTO 0TOOpaKeHus,
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KOTOpOe OepeT TPW BeKTOpa W JeJaeT W3 HUX HOBBIH BEKTOP, BBI
MoxeTe HasBatTh TeHsop Jlesu-Uusura R(X,Y, 7). lymato, Bam Oy-
JeT UCKIIOYUTEJBHO MPUITHO CHOBA BCTPETHTHCS C (HOPMYJIOH «Oalf
MUHYC 11ab» W TOHSTh, uTo TeH3op JleBu-YuBura ecTh, Mo CyTH,
«JIBOHHOE BEKTOPHOE MPOU3BEIEHUE.

Teopema 43.1. [Tycmo f : U — R™! — zunepnosepxrocmeo
kaacca eradkocmu He Husce C° p € U — npoussosvras mod-
ka, XY, Z,W € T,f — npoussonrvrvie KacamerbHbie 8EKmMOpbL.
Toeda
1) 0as mensopa Jlesu-Husuma 8vinornero

R(X,Y,Z) = (Lp(Y), Z) - Lp(X) = (Lp(X), Z) - Lp(Y),
2) Oas mensopa Pumara 8v6inoiHeHO

IL(X, W) IL(Y,W)

RX.Y,2,W) = IL,(X,2Z) IL(Y,Z)

3ameuanne 43.1. Utob6bl yBUIeTh Qopmyny «bam MHUHYC a0y,
MPOCTO MepernulluTe NMepBoe YTBepKAeHHEe TeOpeMbl HYKHBIMH OyK-
BaMHU:

R(C,B,A) = (Lp(B), A) - Lp(C) — (Lp(C), A) - Ly(B),
H, €CJIM YTOJHO, 3alIOMHHTE ero B TaKoH (pOpMyJHMpPOBKe.

Jloka3aTeJabCTBO.
JlokaxkeM mepBoe yTBepKaeHue. BcemomHuM ypaBHeHusi [aycca
(cm. m. 41):

Z]k - ( (fu’)) — hi (Lp(fui))m )

¥ TPOBEPUM CIIPaBENJHBOCTb TPeOyeMOro paBeHCTBA JJsi 0A3UCHBIX
BEKTOPOB NpocTpaHcTBa 1), f:

R(fuis fuis fur) = kaum—(h' (Lp(fui)™ = hite (Lp(fu3))™) fum =
= hik - (Lp(fus)™ fum— ik (Lp(fui))™ fum =
= hji - (Lp(fui)) = hir - (Lp(fus)) =
< p(fui)s fur) - L (fuz)—<Lp(fuz‘),fuk>'Lp(fuj)-

TakuMm o6pasom, g0Ka3blBaeMoe PaBeHCTBO BBINOJNHSETCH 114 Oa-
3UCHBIX BeKTOpoB npoctpancTtsa 1), f. [lockonbky otoGpaxeHue

R(XY.Z): (Tpf)* = Tpf
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TpHﬂHHeﬁHO, OTClOAa HEeMeOJeHHO CJeAyeT CIpaBedJMBOCTb pPaBEH-
CTBa

R(XvaZ) = <LP(Y)vZ> : Lp(X) - <LP(X)vZ> 'Lp(Y)

pas mobeix BekTopoB X,Y, Z € T),f.
BTopoe yTBepxKIeHHe TeopeMbl OUEBHIHO, TaK KakK, 10 Ompesee-

HUIO,
R(X,Y,Z,W) = (R(X,Y,Z),W),

¥ BTOPOE DaBEHCTBO MOJyuaeTcsi YMHOXKEHHEM TMepBOro paBeHCTBa
ckansapHo Ha Bektop W € 1), f:

(R(X,Y,Z),W) =
= (Lp(Y), Z) - (Lp(X), W) — (Lp(X), Z) - (Lp(Y), W) =
=IL,(X, W) - IL,(Y, Z) — IL,(X, Z) - IL,(Y, W) =
| IL(X, W) IL(Y, W)
T IL(X,2) IL(Y.Z) | ¢

Bﬂaronapﬂ JIOKa3aHHOU TeopeMe CTAHOBATCSA MOYTHU OUYEBUIAHBIMU
caeayroue CBOMCTBA TE€H30POB KPHBHU3HDI Jlesu-Uusura v Pumana:

CBoiicTBa T€H30pOB KPUBU3HBI
1L.Iyers X =a'f, Y =yify, Z=2"fu, W=uwlf, —
%eTpre NPOM3BOJILHBIX BEKTOPA M3 KacaTeJbHOro npoctpancTsa 1), f.
orna

hit  hj

I, (X, W) 1IL,(Y,W -
R(X,Y,Z,W) :‘ p( ) P( ) ‘ i, 7.k, hk hk
v J

IL,(X,2) IL(Y,z) | “7V%Y

— BblpaxkeHHe TeH3opa PumaHa depe3 Koa(pUIHUEHTH BTOPOH (PyH-
NAMeHTaJbHOH (POPMBI THIIEPIIOBEPXHOCTH.

2. Ry = —R7, — Tensop JleBu-UnBuTa KOCOCHMMETpPHYEH MO
nepBoi Nape KOBapUAHTHBIX HH/EKCOB.

3. Rijri = Rypiij = —Rjiy = —Ryj, — nepsasg u BTOpas napa
MHIEKCOB TeH3opa PriMaHa nepecTaHOBOUHBI APYT C APYTOM H TEH30D
Pumana kKococuMMeTpUieH OTAENbHO MO TepBOH M [0 BTOPOH Tape
WHIIEKCOB.

4. m m m

e+ R+ Ry =0 }
Rijri + Ripj + Rije = 0
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— momxcdecmsa Puuuy (xoTsi, Ha MOH B3IJIL, MOMXKHO OBLIO OBl
Ha3bIBATb THU COOTHOIIEHUS U «TOXKIeCTBAMU HK0OU», [0 aHAJIOTHH
C KOMMYTaTOPHBIM TOXAeCTBOM |[[a, b],c] + [[b,c],a] + [[¢,a],b] =0
IJs 3JIEMEHTOB MPOU3BOJBHOK anre6psl JIn).

JlokasaTesbCTBO BCEX 3THX CBOUCTB 3aKJ/JIOUaeTCs B IMPOCTOH
MPOBEPKe BBIMMHUCAHHBIX COOTHOIIeHUH. Bosbinas mpocsba — mpome-
JIaliTe 3Ty TIPOBEPKY CaMOCTOSITEbHO. ¢

Ha6maionenne 43.2. bBoaromapsi Haqdunio yKa3aHHBIX CHM-
X m

T werpuid y TeH30POB  KPHBU3HbI Rl.jk U R, roe

1,7, k,l,m = 1,...,n, 4YUCAO WX pA3JHUUHBIX KOMIIOHEHT, KOTO-

pble MOTYT OBITb OTJHYHBI OT HYJs (CyujecmeerHvlx KOMNOHEHM)

3HAUMTENbHO MeHblle, ueM n%. B 4acTHOCTH, H3 COOTHOIIEHHH

m _ _ ppm = ..

S Rjik ¥ Rjjp = —Rjji BbHITEKaeET, 4TO
m J—
ik = 0w Riikl = 0,

TIOCKOJIBKY €CJTH JIBa OIMHAKOBBIX MHIEKCA MEHSIOTCS MeCTaMU, KOM-
MIOHEHTA MOJ/KHA MU3MEHHUTb 3HAK U MPHU ITOM OCTAThCS HEH3MEHHOM.
Tax, Hampumep, npy n = 2 cpeny 2* = 16 KOMIOHEHT y TeH30-
pa Pumana R;ji; MMeeTcs BCero ONHa CyujecmeenHas. KOMIIOHeHTa
R1991. Tpy KOMMOHEHTH MOJYUYaOTCS U3 HEE COTJIACHO CBOHCTBY

Ri991 = Rot12 = —Ry219 = —Ray91,

a OCTaJbHble [BEHAAlaTh KOMIIOHEHT (C OIMHAKOBBIMH HHIEKCAMH
B MepBOK WJIM/M BO BTOPOH Mape) TOKIECTBEHHO PaBHBI HYJIIO:

Ri111 = Rin2 = Ri121 = Ryjge = ... = Raggo = 0.

A renepb 6apabanHasi 1poOb U paHdaps! Mbl MOIOMIIH K OTHO-
My M3 CaMbIX 3HAUMMBIX U 3aMeuaTesqbHbIX (PaKkToB IUpdepeHLranb-
HOU reomeTpuu!

Teopema 43.2 (Jlesu-Uusura, 1906 r.). [lycmo f : U C R —

— R — 2unepnosepxrocmo wemmnoti pazmeprocmu, m. e.
n =2s, s € N. Toeda ee noanas kpususwa K seisemcs c80li-
cmeom eHympenueti eeomempuu. B wacmnocmu (Tayce, 1828 r.),

npu n = 2 8bINOAHEHO
Ry991
K= i
g
(O6patute Buumanue! [Ipu n = 2 BennunHa Ri99| — €IHHCTBEH-
Hasl CylleCcTBeHHasi KOMIOHEHTa TeH30pa KPUBU3HBI PrMaHa.)
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Jloka3sarejabcTBO. MMeeMm

hi h;
Rz’jkl = R(fuivfuj7fuk’ful) - ‘ hik hjk
1 )

— MMHOp BTOPOTO MOPSIKA.
[losHas KpUBH3HA TUMEPIOBEPXHOCTH omnpenessieTcss (popMyion

K= - detly]
g det[L)]

Passoxkum (mosb3ysice Teopemoi Jlamsmaca o passoKeHHH ompeje-
JIUTEJISl TI0 MHHOpaM) ompefesuTe/b yetTHoro mopsaka det[IL,] mo

ha hj | _ p

MMHOpaM BTOPOro MOpfka BHIa | p -  p° | = R;jp. Tlonyuum mHO-
7 ]

r'odJieH OT MHHOpOB YeTHOr o HOpHILKa n—=42,8B KOTOpOM KOSqu:)I/IU,I/I-

€HTaMH ABJANTCA BEJUYHUHDBI Rijl MI/IHOpr nopsiaKa n — 2, B CBOIO
oyepelb, MOXKHO CHOBA pPasJ/oKWUTb IO MHUHOpPaM BTOPOTO IMOpsoKa
H, npoaoJizkasg 3TOT IMpoUecC, OKOHYATEJIbHO IOJYYUTLb BbIpaxKe€HHEe
onpenesuress det[IL,] depe3 ompenesnTeny BTOPOro mopsiika Buia
R;jk. DTO 03HayaeT, 4TO omnpelesuTe]b yeTHoro nopsiaka det[IT)]
ABJISIETCA CBOMCTBOM BHYTPEHHEHW reOMEeTpPHH, MMOCKOJbKY TaKOBBIMH
ABJIAITCA KOMIIOHEHTBI TEH30pa PumaHna. CJIeIIOBaTeJIbHO, KPHBH3HA
K — h_ det[IL,]
9 det|[L)]

s cayuas n = 2 umeem

SIBJISIETCSI CBOMCTBOM BHYTpeHHef;I reoMeTpuu.

hir hig
ho1  hoo

det[IL,] = ‘ = Rig1. ¢

‘hll hai
hig  hoo

Korpa T'aycc oGHapykus 3Ty Teopemy A/ ABYMEPHBIX THIlep-
MIOBEPXHOCTeH B TPEXMEPHOM MPOCTPAHCTBE, OHA HACTOJBKO BOCXH-
THJIA ero, 4TO OH HasBas ee «theorema egregium» — mno-yaTeiHU
«6mucraTenbHas Teopema». OKasblBaeTcsl, 10JHAas KPUBH3HA, KOTO-
pas ompeneJ/ifijlach HAMH Kak «IBHO€» CBOMCTBO BHeILIHeH reoMeTpuu
(ompeseMTeNIb MATPHUIBI OCHOBHOTO OMEpaTopa THUIEPIOBEPXHOCTH),
IJs TIOBePXHOCTEH UeTHOH PasMepHOCTH SIBJISeTCS CBOHCTBOM BHYT-
peHHel TeoMeTpHH, T.e. BbIpaXkKaeTcsd MOAbKO 4yepe3 MeTpHYecKHe
KO3(POULHEHTH g;;!

Mexy npouuM, 3TO 0O3Ha4yaeT, YTO y M30METPUYHBIX UeTHOMEp-
HBIX MOBEPXHOCTeH IMOJIHAs rayccoBa KPUBH3HA B COOTBETCTBYIOLIMX
TOYKax coBMNafaeT. B yacTHOCTH, NMpU U3rMOaHUU MOBEPXHOCTH, ee
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nosiHasi KpHBH3HA He MeHsietcsi! B aTo TpyaHO MOBepUTb, HO 3TO
TaK — CKOJIbKO BBl He HM3THOalTe JucT Oymard (He paspbiBasi U He
CMHHasi ero), ToJiHasi KPUBH3HA JIUCTAa B JI0OOH TOUKE OCTaHETCS
HYJ1IeBO#H!

M3 Teopembl egregium, B 4acTHOCTH, CJefyeT, YTO HHKaKYIO
Joaxke caMylo MaJsylo 4acTb cepbl HeJb3si U30METPUUHO HaJOXKHUThb
Ha IJIOCKOCTh, Bellb KPUBH3HA IJIOCKOCTH PaBHA HYJIO, a y cepbl —
MOCTOSIHHA U noJiokuTebHa! Hukakas kapra 3eMHOH NOBEPXHOCTH
He MOXKeT JAaTh abCOMIOTHO TOYHOrO ee M300pakKeHHs — (akT, Xo-
pOLLO U3BECTHBHIH BCeM KapTorpadam co BpeMeH BeJIMKOIO OTKPBITHS
[aycca.

Ho ¢unocodcko-MrpoBo33peHdeckoe 3HaueHHEe 3TOH 3ameda-
TeJIbHOH TeOpeMbl BOBCE He OrpaHU4YMBaeTcsi 3a0aBHBIMHU CJIEACTBHUS-
MU IIpo U3rubaHus Jucta 6ymard. Bo BpeMeHa HbIOTOHOBCKOH KJjac-
CUYECKOH MeXaHWKH (PU3HKH MPEACTaBJSANN cebe OKPYKaoUHUNH MUD
KaK HEeMoOABHKHBIH TPEXMePHbBIH «aKBapHUyM», B KOTOPOM MPOHUCXOAAT
Bce COObITHA. B KOHLe AeBATHaALATOr0 — Hayaje ABajAllaTOro Be-
KoB, Bo BpemeHa JlopeHua, [lyankape, MuHKOBCKOro 1 DUHILTeHHA,
B3IVISIABl YYEHBIX HA OKPYKAIOLIUH MHpP pe3ko u3MeHHJsnch. Mope-
JIbI0 OKPY2KalOLlero MHUpa CTaJjo YeTblpeXMepHOe «IIPOCTPaHCTBO-Bpe-
MsI» U Ha CMeHy KJaccuyeckKod MexaHHKe HbloToHa mpuilsa Teopusi
OTHOCHTE/JbHOCTH DUHILITEHHA.

Owenomasitomuil npopeiB! Jlo6aBjeHHe B MOAeJSb MHpa «OCH»
BpPeMEHH clles1ajl0 NIPOCTPAHCTBO YEMHOMEPHbIM W, KaK CJeACTBHE,
MOJIHYI0 KPUBH3HY MPOCTPAHCTBA-BPEMEHHU CMAAU PACCMAMPUBAMD
KaK CBOHCTBO BHyTpeHHell reomerpun! OkasbiBaeTcsi Mbl, XKHTeJH
4yeTbIpeXMepPHOro IPOCTPAHCTBA-BPEMEHH, MOXKeM 3KCIIepUMeHTaNbHO
OMpeNeNnTh — B NPOCTPAHCTBE KAKOW MOJHOH KPUBU3HBI Mbl KHBeM!
(BcromuuTe TapakaHoOB, KOTOpPBIE H3y4yalOT CBOK MOBEPXHOCTh, HE
BBIXOISl M3 Hee B OKpy»Kallllee npocTpaHcTBo.) Kakasi reomerpus
peasibHO BBIMOJIHSIETCS B HallleM MuUpe — reometpusi EBkaupna, Jlo-
6aueBcKoro uau cheprudeckas (3nauntrdeckas)? [TocTaHOBKOM 3THX
BOJIHYIOIIUX KOCMOTOHMYECKHX BOIIPOCOB, UMEIOLIUX OrPOMHOE 3Ha-
YyeHHe 17151 PA3BUTHS HAyUHBIX B3IJISIA0B Ye0BeUeCKOH LHUBUIU3ALUN
U TI03HAHHUSl OKPY2KaIOLLEro MUpa, Mbl 00si3aHbl He YeMy HHOMY, Kak
tTeopeMe egregium [aycca—JleBu-Husnura.

Ynpaxuenue 43.1 (nag oyeHb ycMauuMBbIX). BoT sBHOE BHI-
paxKeHHe MOJIHOH KpPUBHU3HBl [BYMEPHOH THIIepPIIOBEPXHOCTH yepes
KO3()(PHULMEeHTHl CBA3HOCTH U METpHYeCKHe KO3(PPHUIIUEHTHI:

_ R Rigogi1 + Rigogo1 1

g g11922 — 9%2 (911922 — 9%2)

K X
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ol OI)
(< 3u212 a 8u122 (D3oT1y + T30 — DipTyp — F%2F52)> g+

ors, org 2 2 2 2
+ <W212 - ng (P3oTT) +T3,05, — Tjol'fy — F12F22)> 921) :

Hanumure anajsornuHoe pa3BepHYTOe BbIpaXkeHHe MJis TIOJHOH
KPHUBH3HBl YeThlpeXMepPHOH T'HIePIOBEPXHOCTH, CTOJNb HEOOXOAMMOe
(pU3MKaM — HENoCPeNCTBEHHO 3TO BblpaXkKeHHe OHH CUHMTAIOT OTpe-
IesleHUeM TIOHATHS TIOMHOH KPUBH3HBI UETBIPEXMEPHOTO «IIPOCTPaH-
CTBa-BpeMeHM», MOCKOJIbKY OHO SIBJISIETCS BHYMPEHHUM, T.€. TI03BO-
JISIeT BBIUMCJAWTH KPUBH3HY, OCTAaBasiCb BHYTPHU HCCJENYEMOTO Tpo-
CTPaHCTBA.

3amayky ¥ ynpaxKHeHHus

1. Beruncaute KOMIOHEHTHI [2;5,; TeH3opa Pumana a4 coe-

IYIOLUIUX TTOBEPXHOCTEMH:
) = {Rcosucosv, Rcosusinv, Rsinu);

6) f(u,v) = "(u,v,2u — 3v);
B) f(u,v) = Y(ucosv,usinv);
r) f(u,v) = Yucosv,usinwv, av).

2. Hanumure pasBepHyTOe BbIpaKeHUe MJisl OJHON KPHUBHU3-
Hbl runeprosepxuoctd f : U — R’ uepes KoMmoHeHTbl R;jk
Tensopa Pumana.

44. KoBapuautHoe yckopeHue. I'eoge3nueckue

«Kaxasi mecusi 6e3 6asina», Kakoil Kypc nuddepeHnaabHON reo-
MeTpuM 0e3 TOHSITHS TeOfe3NUeCKHX KPHUBBIX BJOJb IMOBEPXHOCTH!
Bnaromapst HayuHO-MOMYJSIPHOH JMTepaType, TMOHSITHE Teofe3uye-
CKOM JIMHHHM Yy BCeX Ha CJIyXy M C HHUM CBsI3aHO OUeHb pPacrpocTpa-
HeHHOe 3abJ1yxK/eHne, OyATO Obl «reofe3ndeckas — 3To KpaTdyaniias
JIMHUS MeXKIY NBYMSI TodKaMu». [IoCcKOsbKY 3TO jiajieko He Bceraa
TaK, faBadTe pasbepeMcsl CaMOCTOSITENbHO, UTO Ke TaKOe I'eOe3H-
YyecKHe JIMHUH Ha CaMOM flele i KaKUMH CBOMCTBAMH OHH 006J1aJaloT.

Jlnst ompenesieHUss reofe3WdyecKod KpUBOH HaM mNoTpebyeTcs
OueHb eCTECTBEHHOE MOHITHE KOBapHaHTHOrO ycKopeHwus. IlycTb
f:UCR"™ — R™ — npousBo/ibHasi MOBEPXHOCTb KJjacca IMagKoCTH
e nuxke C3 a(t) : I — R™ — xpusas Broab f, T.e. a(t) = f(u(t)),
rie u(t) = t(u!(t),u?(t),...,u"(t)) — kpuBas B o6mactu U C R™.

Mer yxke 3HaeM (cM. 1. 40), 4yTo, B OT/IHUHE OT BEKTOPA CKOPOCTH
G(t), yckopenue ¢(t) KpuBoi at) BoBce He 00513aHO JiexaTb B Ka-



44. Kosapuanmroe yckoperue. [eodeauneckue 351

catesibHOM npoctpancTse T, f. B obwmewm ciydae, yckopenue di(t)
MMeeT KaK KacaTesJbHYIO, TaK U HOPMaJIbHYIO COCTABJISIOIINE:

—

rie X € Tu(t)f7 a ﬁ S (Tu(t)f)J‘ (cm. puc. 44.1).

Puc. 44.1

Onpenenenne 44.1. Kosapuanmruoim ycKopeHuem KpH-
Bo# «(t) = f(u(t)) Ha3biBaeTcss OPTOroHaJbHAs MPOEKIUS
X € Ty)f yckopenus G(t) Ha KacaresnbHoe NMpocTpaHcTBO Ty f.

Kosapuanthoe yckopenre X € Ty f 00o3Hauaercss uepes d—?.

3ameuanne 44.1. Eciy npu onpesesieHMH KOBAPHAHTHOTO YCKO-
peHHs] XOTSIT MOAYEPKHYTb, YTO pedb HAET HMMeHHO 006 opmoco-
HaAbHOU npoekyuu BeKTopa (v(t) Ha KacaTeJbHOE NPOCTPAHCTBO,
TO YMOTPeOJISIOT TEPMHH KOBAPUAHMHOE YCKOpeHue 8 C8A3HOCMU
Jlesu-Husuma (cMm. aHajorndHoe 3amedanue B 1. 40).

JlaBaiiTe BBIUMCIMM KOBapHaHTHOe yckopeHHe. CHauasa npoaud-
(epenuupyem ToxznectBo «(t) = f(u(t)) ¥ MoOJTyuHUM passoxKeHHe
CKOpPOCTH KpuBOH a(t) = f(u(t)) no crangapTHOMY 6a3uCy KacaTesb-
Horo mpoctpancTBa Ty f:

Q(t) = u'(t) - fri(u(t)).

Tenepb mocunTaeM BTOpYy0 NPOU3BOAHYIO (3arysiablBast IPH HEOO-
X0AUMOCTH B 11. 40, e mosyueHbl PasJioKeHHs: TPOU3BOAHBIX [y ):

a(t) = ' (t) - fui(w(t)) + 4" (8) - (@ (1) - fuai (u(t))) =
— i f o+ W0 (T for + Noj) = (i + uﬂrf ) fub + Wi N .
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[TockosibKy KOBapHaHTHOE yCKOpeHHe eCTb OPTOrOHaJ/IbHasl MPOeKIHs
é(t) Ha KacaTeJbHOE MPOCTPAHCTBO, TO OKOHUATEJIbHO MOJMydaeM

Va

dt

BunHo, 4To KoBapHaHTHOe YycKopeHHe J1000H KPHBOH BHOJb

[TOBEPXHOCTHU SABJIAETCA CBOMCTBOM BHYTpeHHeﬁ reoMeTpuu
3TOM [TOBEPXHOCTH.

= (ii* + @'/ TE) foe.

CBoiicTBa KOBapMaHTHOTO YCKOpEHUSI.

l. Vzt(t) € Ty — odeBunHo.

2. Ecu X € Ty f, 10 (a(t),X) = <% —|—J_\>7,X> = <%,X>,
TaK Kak BEKTOpHI NuX OpTOTOHAJbHBI.

o Va | . .
3. Ecan |&| = const, To ELO[' JleCTBUTEJIBHO,
d d d 3
= —const = a(yaﬁ) = = (6, d) = 2, &) =2 <%,a> ,

MoCKOMbKY & € Ty f- ¢

A Temepb BKJ/IOUHTe, MOXKaJyHCTa, CBOe BOOOpaKeHHe W TIpe-
cTaBbTe cebe MaTepHasbHYIO TOUKY, HAlpUMep, »KeJe3HbIH LIapHK,
KOTOpBIH CBOGONHO ABMXKeTcs B mpoctpaHcTse R3. Tlo kakoil Tpaek-
TOpUH OyIeT ABUTAThCS LIAPHK, €CJIM HA HEero He 1eHCTBYIOT HHKaKHe
cunpl? [lpaBuibHO, — 1o mpsmoil! dTo He UTO MHOe, KaK MepBHIH
3akoH HbloTOHa: BCsiKOe TeJlo, e/ Ha Hero He JIeHCTBYIOT HUKaKHe
CHUJIBI, IBHXKETCS PAaBHOMEPHO M TPSIMOJIMHEHHO (MM HaXOOUTCS B
cocTosiHUM nokost). OBpaTuTe BHUMaHHe — IMOCKOJBKY Ha LIApPHUK He
NEeHCTBYIOT CHUJIBI, €r0 YCKOPEHHE pasHo HYyato!

A Temepb mpencTaBbTe, UTO ITOT K€ CAMBIH IMIAPUK KATHUTCS IO
MIOBEPXHOCTH TOHKOH 2KeJsle3HOH cepbl U HUKYIA OT 3TOH chephl 0TO-
pBaTbhCs He MOXKET (HampuMep, OH MPOCTO HAa3JEeKTPU30BaH HJIM Ka-
TaeTcs M0 BHYTPeHHeH cTopoHe). Mexay lIapuKoM U cepold cylie-
CTBYET HepaspblBHAsl CBSI3b, KOTOPYIO MEXaHHWKH HA3bIBAIOT yAAUHBIM
TepMHUHOM yldepacusarowjas. Ha wapuk, no-npexxHemy, He HeHCTBY-
IOT HHKaKHe CHJbl (pasymeeTcs, KpoMe yraepkuBatoiied csizu). [lo
KaKOH TpaeKTOpPHM Tenepb OymeT ABUraTbes mapuk? [IpaBusabHO, —
no Gosblioil okpyKHocTH ceprl! Illapuk He cTaHeT BBIMUCHIBATH
Ha MOBEPXHOCTH C(epbl HUKAKUX KPeHAeJNeH U CUHYCOU, TIOCKOIbKY
OJIs1 3TOrO Ha Hero OOJ2KHA BO3/EHCTBOBATH CHJA, HalpaBJ/eHHas
no Kacameavrol K cgepe, KoTopast OTKJIOHsIA Obl €ro oT 60JbIIOH
OKPY2KHOCTH!
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Ob6paTuTe BHUMaHHe, B TaKOH CHTyalllH, PU CBOOOTHOM IBHKe-
HHUU IIapHKa 1Mo cdepe, ero yCKOpeHHe He pasHo HyAro! Y 1aprka
BCerja HMeeTCs yeHmpocmpemumenvHoe yCKopeHre (HarpaBJeHHoe
B LEHTP c(eprl), MTOCKOJIbKY OH PAaBHOMEDPHO JBHXKETCS MO OKPY?KHO-
ct. UTo Ke paBHO HYyJIO B 3TOM caydae? OTuUero mwapuk He «BUJSET»
10 noBepxHOCTH cdepsl? [IpaBuIbHO, HYJ/IIO paBHA KAcameAbHAA CO-
cmasasouyas YCKOPeHHUs LIapuKa, T.e. K08apuaHmuoe yckoperue!
KoBapuaHTHOe ycKOpeHHE — 3TO MPOEKIHs] LEHTPOCTPEMHUTENBHOTO
YCKOpPEeHHsI IIapvKa Ha KacaTe/bHYIO MJIOCKOCTb K cepe.

Omnpenenenue 44.2. Kpusas «(t) = f(u(t)) : I — R™ BnoJb
noBepxHoct f : U C R™ — R HaswiBaeTcs eeode3uueckoil,
ec/IM ee KOBapHaHTHOE yCKOPEHHEe TOXKAECTBEHHO PaBHO HYJIO:

Va
%:07

JIH, 4TO TO Xe camoe, G(t) LT, ) f B moGoit Touke t € 1.

Takum obpasom, reomesnyeckass — 3TO Ta KpHBas, M0 KOTOPOH
JBUKETCSl MaTepuaJjibHasi TOYKA Ha MOBEPXHOCTH, €C/AM Ha Hee He
JNEUCTBYIOT HUKAKHe CUJIbI, KpOMe YIepXKHBAIOIEeH CBSA3UM — TOUKa
«CBOOOJHO» NBHUIKETCS 10 MOBEPXHOCTH.

OueBUIHO, YTO TeONE3WUECKUMH KPUBHIMU Ha cdepe SIBJSIOT-
csi OOJIbIINE OKPYKHOCTH, U TOJBKO OHH. ¥Yke 3TOT (hakT MO3BO-
JIleT YBUIETb HEKOTOPYI0 HECOCTOATEJNbHOCTb HAay4YHO-TOMYJSPHOTrO
«OmpenesieHUsI» reofle3anyeckoi, Kak KpaTuaiiuell JUHUM Ha MOBepX-
HOCTH, COeNMHSIONEeH NBe 3aJaHHble TOUYKH. JleHCTBHUTENbHO, BO3b-
MUTE JBe N0CTaTO4YHO Osiu3kue ToukH A u B Ha cdepe (raBHOE,
4TOOBl OHM He ObLJIM JHAMETPasJbHO MPOTUBOMOJNOXKHBIMH) — Yepes
HUX TIPOXOAMT OfHA OoJblliasi OKPYyXHOCTb. MaseHbKas ayra 3Toi
OKPY?KHOCTH Mex1y ToukaMu A u B NeHCTBUTENbHO SIBJAsSETCs KpaT-
yaiule#l JMHUEH, coeqUHsIOe! 3TH TOYKH, HO BOT OoJibllasi AyTa,
UIylas BOKPYT cdepsl... A ecau Mexnay Toukamu A u B Ha cdepe
npopesaHa JbIpKa. ..

HaGuaronenune 44.1. Ecin kpuBas «(t) — reomesuueckasi, TO
|| = const (T.e. ABHXKEHHE TOYKH 110 OBEPXHOCTH SIBJISIETCS PABHO-
MEepPHBIM M ¢ MepBbIM 3aKoHOM HetotoHa Bce B mnopsake!). JeficTsu-
TesibHo, d/dt (|&|?) = 2(d, &) = 0, Bexb & L d.

[naas Ha onpelesieHHe reoje3nyecKodl KPHBOM, JIerKO HalMcaTb
ee ypaBHeHHs. KoBapuaHTHOe ycKOpeHHe PaBHO HYJIIO:

& .
—= = (if 4Tl £ = 0,

12 C.B.Cusbiii
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CJae10BaTeJ/IbHO, KaxKaasd ero KoopaAuHaTa paBHAa HYJIIO:

i* + 0Tk =0, k=1,2,...,n.

1)

AT1o u ecTh cucteMa U PepeHINaTbHBIX YPABHEHUH /I OTBICKAHUS
reofile3MUeCKHX KPUBBIX Ha MOBEPXHOCTH.

Ha6aionenne 44.2. Xouy o0paTuTh Ballle BHUMaHHe, UTO Treo-

Je3ddecKre KpUBble — 3TO CBOHCTBO BHYTpPEHHeH reoMeTpHUH
MIOBEPXHOCTH, MO0 /11 MX Pa3blCKaHHS HYXKHO 3HATh TOJbBKO KO-
3 PULHEHTbl CBA3HOCTH Ffj (sABasAtOLIMECS] CBOMCTBAMH BHYTPeHHeH
TeOMEeTPHH) U YMETb pelllaTb CHCTeMBI AH((hepeHIHaNbHBIX ypaBHe-
HUH.

B cuny ormeueHHoro HabmoaeHHs I/IHOI‘II,a rOBOPSIT, YTO CHCTe-
Ma auddepeHIHaNbHBIX yPaBHEHUH U —i—ouFk = 0 onpenessier
reoge3nyecKye KpUBble Ha MTOBEPXHOCTH enympeHHuM obpasom, n6o
OHa M03BOJIsIeT HAHTH YypaBHEHUS Teofile3UYeCKUX KPHUBBIX B MOBEPX-
HOCTHBIX KOOpPIMHATAX U COAEPXKHUT B CBOEH 3aMUCH TOJNBKO CBOHCTBA
BHYTpPEHHEH reoMeTpHH.

Bcerna su cylecTBylOT reonesuyeckue KpHUBblE U CKOJBKO HX
MOXKeT ObITb Ha JaHHOH noBepxHOCTH? OKasbiBaeTcs, 4TO yepe3
KaXAYI0 TOUKY MOBEPXHOCTH B 3aJaHHOM HaIpaBJjeHUH gce2da npo-
xodum moavko o0xa reofesudeckas. ChopMyaupyeM 3TO yTBepxKae-
HMe B BHJE Ba)KHOTO (paKrTa.

Baxubiii ¢daxr 44.1. [lycmo f: U C R" — R™ — npo-
useoavras nosepxrocmoe. Toeda Oaa arboil mouku p € U
u aroboeo kacameavroeo sekmopa X € T,f cyuecmeyem eoun-

cmeennas eeodesuueckas o(t) = f(u(t)) makas, umo «(0) = f(p)
u &(0) = X.

HoxkasarteabctBo. Yeaous «(0) = f(p) nu &(0) = X sBasiorcs
HauaJIbHBIMH YCJIOBHSIMU /IS CHCTeMbl U depeHIHalbHBIX ypaBHe-
HUH o

i + @' TE =0, k=1,2,...,n

MO3TOMY /ISl [0Ka3aTeJbCTBA 3TOIO BaKHOrO (pakTa HYXKHO JHIIb
COCJIaTbCSl HA COOTBETCTBYIOLLYIO TEOPeMYy CYLIeCTBOBAHHUS U €IHUH-
CTBEHHOCTH pelleHUsl 3aiadu Koluu ansg cucTeMbl OOBIKHOBEHHBIX
nuddepeHIHaNbHbIX YPaBHEHUH. ¢

IIpumep 44.1. laBaiiTe OTHILIEM Treofe3uyecKHe KPHUBbIE Ha
npsiMoM KpyrosoM uuiueape f: U C R? — R? pamuyca a:

f(u,v) = (acosu,asinu,v),
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rie obsactb U — moJjioca, 3afiaHHas HepaBeHCTBaAMM —7 < u < T,
—00 < v < 0co. Marpuua nepso#i (yHIaMeHTa bHOH (POPMBI TaKOro
LIUJUHAPA JIETKO BBIUMC/SETCS:

L= =5 1)

Bce merpuueckre Ko3(hpULUHEHTH UUJIMHAPA TOCTOSIHHEBI, CJe10Ba-
TeJbHO UX TMPOU3BOAHBIE paBHBI HYJH0. [Tockosbky (cm. m. 40)

rk = Ly (99im \ O9ms _ 09is
Y2 ouJ out  oum )’

TO BCe KO3((ULHEHTbl CBA3HOCTH LMJIMHIPA TOXKIECTBEHHO PaBHBI
HYJIIO!
k

CnenoBartesibHO, cucTeMa oU(QpepeHIHaNbHbBIX YPaBHEHUH, BHYTPEH-
HUM 00pa3oM 3anamwlias reonesndeckue kpusble (u(t),v(t)) B mo-
BEPXHOCTHBIX KOOpPAMHATaX UHJAHHAPA (u,v), UIMeeT BHI:

i(t) =0,
{ o(t) = 0.
Jlerko BHIETb, UTO pelleHHsSIMH 3TOH pacnablIefcsl CHCTeMbl AU-
(epeHIMaNbHBIX ypaBHeHUH siBasioTcs kpusble (Cit + Co, Dit +
+ Do), KOTOpbIe TPH Pa3HbIX 3HAUEHUSX MPOU3BOJNBHBIX MOCTOSHHBIX
C1,Co, Dy, D9 ABAAIOTCA HA UUJAMHAPE BUHTOBBIMH JHUHUSAMH, MPsi-
MOJIMHEHHBIMY 00pasyoIUMH HJIU OOJbLIMMH OKPYKHOCTAMU. IDTO
OTJMYHO COIJIacyeTcss C HAlIMMHU MOBCEAHEBHBIMH HHTYUTHBHBIMH
MpeACTaBJAEHUSIMH O TPAEKTOPHH Ha3JeKTPU30BAHHOTO LIapHKa, CBO-
OOIHO KaTaloLlerocsi Mo CTeHKaM TpyObl, BUCsLLeH B KOCMHYECKOM
NPOCTPAHCTBe.

B npuBeneHHOM mpuMepe ¢ UMJIMHAPOM HaM CHJIBHO MOBE3JIO —
cucteMa A QepeHIHaNbHEIX ypaBHeHUH iF + ulajffj = 0, 3anaio-
1as reojie3uyeckre KpHBble, OKasajacb O4YeHb MPOCTOH, U ee yaa-
JIOCh pelldThb B BHOM BHIe. Hano moHumare, 4To B c/aydae Npowus-
BOJIBHOH TIOBEPXHOCTH 3Ty CHCTeMY MpaKTHUeCKH HHUKOTrIa He yaa-

eTcs pelIUTh siBHO. Jlaxke s cayyasi AByMepHOH cdepsl pelleHHe
TAKOU CHUCTEMBbI TpeaCcTaB/sieT cOO0H HETPUBHANbHOE YIpaXKHEHHUE.

Ynpaxuenue 44.1. Halinute reonesuueckue KpuBble Ha cepe

f(u,v) = (Rcosucosv, Rcosusinv, Rsinu),

12%
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4eCTHO pelIMB cucTeMy AHddepeHLHaIbHBIX YPaBHEHUH, 3a1a0LLYI0
reoje3nyeckre KprHBble BHYTPEHHUM 00pa3oM.

Jlns oTbICKaHHSI Teofe3ndecKMX KPHUBBIX HA IBYMEpHOU THIep-
nosepxHocTH f : U — R® 4acTo MCHONB3YIOT C/eIYIOWHMI MpHeM.
JTOT mnpHeM MopoH cpabaThiBaeT B TeX c/lydyasaX, KOra CHcTeMa
i + 4" Tj; = 0 «ne pemaercs».

Onpenenenue 44.3. Kpuas (§ BIo/b NOBEPXHOCTH f Ha3blBa-
eTcsl npedeeodes3uueckot, ecii OHa 3KBHBaJeHTHA HEKOTOPOH
reoie3MUecKol KPUBOU v BIOJb f.

[TockoabKy 006pa3bl 3KBHBaJEeHTHBIX (CBS3aHHBIX 3aMeHOH Ia-
pamMeTpa) KPHUBBIX COBMALaOT, TO 00pa3 Mpeareoae3nvyeckod KpH-
BOW MpeacTaB/isieT COOOW Treofe3nvyecKylo JHHHIO Ha MOBEPXHOCTH.
[Ipenreonesnueckass kpupas ((f), TakuMm 00pa3oM, OTIHUAETCS OT
reofe3ndeckoi KpuBoi «(t) TeMm, 4To Touyka (3(f) mpy ABHKEHHH IO
reofe3nyeckol TpaeKTOpPUH He 0053aTebHO JABUKETCS PaBHOMEPHO.
Ynpaxuenue 44.2. Ilycts ﬂ(ﬁ)j f(u(f)) — xpuBasi BLOJb

runeprosepxHoctd f : U — R3, N(p) — npousso/bHOE HOp-
MaJjibHoe moJsie Baosib f. Jlokaxwure, uto () siBisieTcsi mpeareope-
3MYE€CKO¥ KPHBOH TOrla M TOMbKO TOrAa, KOT/la CMellaHHOe MPOH3Be-
nenue (N (u(6)),5(0),5(0)) paBHo Hysto (T.e. det[N 3,6 =0).

Hao6umroneune 44.3. ToxmgecTBo (N,,B, ,8) = <N,ﬂ X ﬂ> =0
B TOYHOCTHM O3HAYAET, YTO OWHOPMaJb MPEAreoe3HUecKOd KPUBOH
BCEr/la JIEXHUT B KACATEIIbHOM I0CKOCTH TOBEPXHOCTH f.

BunHo, uto nuddepeHunasbHoe ypaBHeHHe (N 3, 3) = 0 3anaer
MpeAreofesuueckie KpHBble «BHEUIHHM 00Pa3oM», MOCKOIBKY B HEM
HCIIO0JIb3YeTCsl TOHSTHE HOPMAJIbHOTO BeKTopa N MOBEpXHOCTH f, KO-
TOPBIH, Pa3yMeEeTCsi, He SIBJISIETCS CBOUCTBOM BHYTPEHHEH reOMETpPHH.

Taxk BoT, 0GelaHHbIH PHEM PA3BICKAHUSI F€0Ie3UUECKUX COCTOUT
B crenyiomeM, Jacto okasbiBaercs ropasﬂo MpoLle PELIUTb OIHO

ypaBHeHHe (N 3,6) =0, yem cucremy iiF + i uJFk = 0. Pewus

ypaBHeHHe (N 3,5) = 0, Hainem MPe/reosie3nyeckyio KpHByio B(0)
Bro/ib f. Eci MHTepecyeT TONBKO BUJ re0le3UdYecKOl TPaeKTOPHH,
TO Ha 3TOM MOXKHO OCTaHOBHUThbCs. Ec/iu ke, BO 4TO Obl TO HH
cTajio, X04eTcs HAHTH HMEHHO Treole3HuecKyio KPHUBYH, TO Hai-
IeHHYI0 mpeareonesnueckyio () Hamo mepernapaMeTpU3OBaTh Tak,
4TOObl CHeJaTh MOAY/b €e CKOPOCTH MOCTOSIHHBIM (Hampumep, Hai-
TH HaTypaJjbHyl0 Napamerpusauuio Kpuod (3(0)). Teomesuueckas
KpUBasi TOTOBa. 3aloOMHHTE, MOXKaJyHCTa, 3TOT MpHEM OTHICKAHHA
reojie3MyecKUX KPUBBIX Ha JBYMePHBIX MOBepXHocTAX B R? — aBoch,
TPUTOAUTCS.
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3amayky U ynpaxKHeHHs

1. Haiinure xoBapuaHTHOe yCKOZPEHI/Ie KpuBoH v = 2u + 1
. B =t 1,3
N n0Jib noBepxHoctu f(u,v) = *(u, u*,v) B Touke p(l,3).

2. Haiinute koBapuanTHoe yckopeHue Kpusoit 3(t) = t(3t, —t?)
B1oJb ceana f(u,v) = (u,v,uv) B TOuKe 1o = 1.

3. Haiinure reomesnueckre BIOJb CJAEAYIOUIHX MOBEPXHOCTEM:
a) f(u,v) ="*(Rcosucosv, Rcosusinv, Rsinu);
6) f(u,v) =t(ucosv,usinv, av);
(

B) f u,u):t asmucosu,asmusmv,a(ln (tgg) +cosu)>;

2

~

=
<

U u
):t ach—cosv,ach—smv,u);

a a
n) f(u,v,w) ="*(Rcosu, Rsinu, v, w);
e) f(u,v) =*t(acosu,asinu,bcosv,bsinv).

4. JlokaxxuTe, YTO BCsKas Ipsmas, Jexamias Ha obpase Io-
BepxHocTH f : U C R™ — R, aBasieTcs reofe3ndeckoi JUHUEH.

5. JlokaxkuTe, 4TO reoje3ndecKas KpUBas BIOJb THIEPIOBEPX-
Hoctu f : U — R? aBnisieTcsl IMHMeH KPUBUSHBI TOTA U TOJNBKO
TOrJa, KOrga OHa MJIOCKas.

6. Jloka)KuTe, UTO reoje3nyeckas KpUBasi BIOJb CHIIEPIOBEPX-
Hoctu f : U — R? sBaisieTcst aCHMITOTHUECKOH JIMHHEH TOrHA U
TOJIBKO TOTJIa, KOTJla OHa NpsiMasi.

7. Haligute reogesuyeckue KpHBble Ha IIOBePXHOCTH
f(u,v) : U C R? — R™, maTpuia nepsoii (hyHmamMeHTa bHOM
(hopMBl KOTOPOH MMeeT BUJ

w)=|6

45. Bapuanum KpUBBIX Ha MOBEPXHOCTH.
JKcTpeMaJibHble CBOMCTBA reoJe3ndyecKux

B 3TOM nMyHKTe KpaTKO MOroBOPUM 06 3KCTPeMaJsbHBIX CBOHCTBAaX
reo/ie3n4eCKUX JUHUH BIOJb TIOBEPXHOCTEH — reoje3ndeckue o6s-
3aHBl CBOEH TOMYJSPHOCTBIO UMEHHO 3THM CBOHCTBaM. Pesynbrathl
3TOTO MyHKTa TPAAMLMOHHO H3JaraloTCs HAa OCHOBE METOMOB BapHa-
[IUOHHOTO MCUYUCJEHHUS], HO B YHUBEPCUTETCKOH Mporpamme Kypc Aud-
(hepeHIHANbHON reOMETPHH CTOUT PaHbllle Kypca BapHALMOHHOTO HC-
gyucyenns! B pesysnbrate MHe MPUOETCS B CBOEM pacckasze 00OUTHUCH
6e3 MpsIMBIX CCHIJIOK Ha TEOPeMbl U METObl, C KOTOPBIMH CTYAEHTHI
3HaKOMATCS 1o3ke. Ho BOT y»X TouHO 6e3 yero He 0OOUTHCH, TaK
370 6e3 MOHSATHS BapHAIMHU KPHUBOU BIOJb MMOBEPXHOCTH.

[lycts f: U C R"™ — R™ — WHDEKTHBHAs [OBEPXHOCTb,
a(t) : [a,b] — f(U) — xpuBas BIosb f, ompelesieHHast Ha OTpe3Ke
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[a,b], n «a(t) = f(u(t)), roe u(t) — xkpuas B obnactu U C R™.
PacemoTpuM ceMeHcTBO KPUBBIX 7s(t) = (¢, s) BAOJIb MOBEPXHOCTH
f (mpu kaxkmom 3HaueHuWH mnapametpa s € (—g,e) € R — cBosi
KpHBasi).

Onpenenenue 45.1. [nankoe oTo6parkeHue

V(L. 5) : [a,b] x (=¢,6) — f(U)

HasblBaeTcs sapuauuell Kpusot «(t) Ha nosepxwocmu f, ecau
Y(t,0) = yo(t) = a(t).

Onpenenenue 45.2. Bapuauus v;(t) HasbiBaeTcsi co6cmaenHOl,
ecsid OHa (PUKCHUPYeTCsl B KOHLAX oTpeska [a,b], T.e. v(a, s) = a(a)
1 (b, s) = a(b) (cMm. puc.45.1).

Puc. 45.1

ov(t, s
PaccMoTpyM 4acTHYIO MPOU3BOAHYIO Vé ) = X(t,s). Ouna siB-

S
JISIeTCsl KacaTesIbHbIM BEKTOPOM K TMOBEPXHOCTH f, MOKA3biBAIOIINM,
Kyja ABHXKeTcsi Touka ~y(f,s) ¢ pOCTOM s MpH (DMKCUPOBAHHOM ¢
(L, s)

(cMm. puc. 1). TlpousBonHas = X (t, s), BbIUMC/IEHHAs] B TOUKE

Nts)| X(t) Bnonb Kpu-
0s =0

BOH «(t), KOTOpPOe Ha3bIBAETCH BEKMOPHbIM NoAeM sapuauu vs(t).

S = 0, ABJIAETCA BEKTOPHBIM TOJIEM

Onpenenenue 45.3. Bapuauus ~,(t) HasbiBaeTCss HOPMANLHOLL,
ec/id B JI060F MOMeHT ¢ € [a, b] BekTop X (f) opToroHasneH ¢(t).

[Tyctb 75(t) — Bapuauus KpuBod «(t) Ha mosepxHocTH f. Pac-
CMOTPHUM JJIMHY KPUBBIX 7s(t):

s (1)) = f ‘%gtt, )

— pasymeeTcs, 3Ta AJHHa sBJAseTcs (QYyHKLUHEH OT S, Beldb IpH
pa3HbIX s — pa3Hble KpHBble!

dt = 0(s)
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Teopema 45.1. Ecau v5(t) — cobcmsenHas uiu HOPMANbHAS
sapuayus kpusoti eduruurot ckopocmu «(t), TO

0(0) = —T(d,X} it = —T<Z?,X(t)>dt.

a a

Hoxa3areabctBo. JluddepeHurpyem noa 3HaKOM HHTerpaJga:
b<8v(t s) 9t s )>
ot ot
)] e
a

‘ t’

TaK Kak
‘87'_( <8’y 87>) B ot’ Otds
ot ot’ ot . o 0y
ot’ ot
Tlanee, o(1.0) p
v(t,
—o(t
ot dta( )
caenoBatesibHO, pu s = 0 HMeeM ‘%’ =1, Benb a(t) — KpuBas

eIMHUYHON ckopocTH. Kpome Toro,

Oy

oy 9*4(t,0)
Js

X(t) = 50 OtOs

= X(t).

3Hayur,
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Takum o6pasom, ecin v5(t) — cobCTBeHHAst BapHalLus, TO

0v(a, s) da(a)
X = — =
(a) ds .o ds 0
07y(b, s) Oa(b)
_X b = — = = 0’
(®) 0s  |,_o 0s
CJIe10BaTebHO, <d,X>\Z =0.
Ecin ke ~4(t) — HopmasbHasi Bapuauus, To BeKTop X (t) =
= 8751’ ) oproroHalseH &(t), crenoarenpto (&, X) = 0. ¢
s=0

Haxonen, Mbl momowiu K (OpMyJHPOBKE CaMOTO MOMYJASPHOTO
CBOWCTBA reofie3UUeCKHX KPUBBIX BAOJb MOBEPXHOCTH — MAJHMHA Teo-
J1e3U4eCKON KPUBOHU 3KCTpeMasibHa, T. €. IPOU3BOAHAS (PYHKIMHU C Ha-
3BaHUEM «[[JIHHA KPUBOH M3 BapUallU{ reoe3nduecKoi» obpaliaeTcs
B HYJIb UIMEHHO Ha CaMOH reoje3nyuecko.

Teopema 45.2. [lycmo f: U C R" — R™ — unovexmusnasn
nosepxrocmo, a(t) : [a,b] — f(U) — kpusas edunuunot cko-
pocmu 60oab f, onpedenennas Ha ompeske [a,b], u at) = f(u(t)),
rae u(t) — kpusas 8 obaacmu U C R™. Toeda caedyrowue ycrosus
9KBUBANEHMHDL:
1) a(t) — eeodesuueckas;
2) £,(0) = 0 dan aroboti cobemsennoil sapuayuu vs(t) kpusoi a(t);
3) £,(0) = 0 das awboii Hopmarerol sapuayuu vs(t) kpusoti aft).

Jloka3sarejbcTBO. MMeeMm

b

év(o) = —J<%,X(t)>dt, rae X (t) = % _O'

Torna, oueBugHo, U3 ycnoBust 1) caenyioT ycaoBus 2) U 3), Tak
KaK y BCSKOH reofie3nueckoil KpuBOH «(t) KoBapHaHTHOE YCKOpeHHe
Va

PaBHO HYJIO: —- = 0.

O6paTHo, TOKaXKeM, UTO M3 YCJOBUs 2) ciaenyeT ycjaoBue 1) H,
OTHOBPEMEHHO, U3 YCJIOBHS 3) CjefyeT ycjoBue 1).

Ot nporusHoro. [TycTe kpuBast a(t) He sIBJsIETCS Te0Ie3HUeCKOH.
Torna ykaxem coGCTBEHHYIO M, OMHOBPEMEHHO, HOPMaJIbHYIO Bapua-

o 7, (t) Takyio, uro £,(0) < 0.
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a
Tak kak kpuBast a(t) — He reonesuueckas, To d_? #0. Ilockonb-
Va

Ky —- — HempepiBHas BEKTOP-(DYHKIIHS, TO CYIIECTBYeT LEJbIi
. Va

OTPe3oK [ag, bo] C [a, b] Takoi, 4To > # 0 BCIOLY Ha 3TOM OTpe3Ke

[ao, bo).

Onpegniesum BekTop « (f) Kak mpooGpa3 KOBapHaHTHOrO yCKope-
HUS1 KPUBOH «(t):

—

Z() = (dhuy)”" <%> 47,

[Iycts ¢ : R — R — npousBosbHasg riagkas QyHKLHsA ¢ HOCUTEJeM
(ap,bo), T.e. p(t) > 0 na unrepsane (ap,bp), u p(t) =0 BHe HH-
TepBana (ag, bp) (Takue PYHKLUUH MPUHSITO HA3BIBATb PUHUMHBLMUL).
Hanpuwmep, B KauecTBe ¢(t) mopoiaeT QpyHKIHS

_1 _1
ot) = exp <(t— a0)2> - exp <m> , ecau t € (ag, boy),
0, ecau t & (ag, bo).

Ynpamxuenue 45.1. IlpoBepbre-ka caMOCTOATENbHO, YTO TakK
onpenesieHHast GYHKUHUS ¢(t) siBaseTcs Bclony raankoi Ha R (obpa-
THTe BHUMaHHe Ha KOHIIbI HHTepBaJga (ag,by)).

Paccmorpum Bapuauuio (¢, s) = f(u(t) +s- p(t) - 7' (t)), rne s €
€ (—&,€), a YHCIO € TAKOBO, 4TOOBI apryMeHT u(t) + s - @(t) - z (t)
nosepxHoctu f : U C R™ — R™ ocraBajca B obmactu U C R".
BunHo, uto (¢, s) — Bapuauus KpuBo# «(t).

Cunraem:

—

v(a, s) = f(u(a) + 6>) ala) } CJIeoBaTeIbHO, BapUallus

(b, s) = f(u(b) + 0) = a(b) ~(t,s) — cobeTBeHHas.
Hanee,
_ s 0 o T _
x= "0 = e Ty
0 -
=df | =—(u s - - T =
y (gt + 500 50|

= df [olt) 7] = pt) - -
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Tak kak |&| =1, To %J_d. 3unaunt, X = (1) - %J_d, T. €.
~(t,s) — HOpMaJsibHasi BapHalHsi.
HakoHell, BHIYUCIUM MPOU3BOIHYIO €€ IJIHHbL:
[ /v t Vi Va
. 6 (6% (6]
0,0)=—|(—, X )dt =— t)y-(—,— )dt =
a ag
bo
Ve |?
=— t)-|——| dt <0,
[t | | ae <

ag

TaK Kak MOAbIHTerpaJjibHasi (GyHKIIHs CTPOrO MOJOXKHUTENbHA Ha HH-
TepBaJe (ag, bp). ¢

Takum o6pa3om, AJHHA TeONe3UYECKOH IKCTpeMaJsbHA Cpe-

1IN BceX KPHMBBIX 7Y(t,s), coemuHsoMNX To4kH «(a) U a(b)
Ha noBepxHocTH f. Bcsikas kpartuaiiiiasi siBjsieTcsl reoje3nyeckoy
KpuBOH. Bcesikas reomesnueckasi B AOCTaTOUHO MaJsieHbKOH 00/1acTH
nosepxHoctH f(U) sBasiercss Kpartyaiimed. [o6anbHO TocsenHee
yTBepKJeHHe HEeBEPHO — 3TO [10Ka3blBaeT IpUMep U3 NpeAblAyLlero
MyHKTa NpPO JBe AOCTATOYHO OJIM3KHe TOYKH C(epbl, COeJUHEHHble
60JIbIION W MaJIeHbKOH NyraMu OfHOH OOJIBIIOH OKPYXKHOCTH.

Bor u Bce.

46. KoBapuantHoe nudgepeHupoBaHue

[Tyctb p(u) : U € R™ — R — npousBoJibHAs IMIaiKkasi CKaJssipHasi
GyHKUMA (ckaaapHoe noae) Brogb nosepxHoctd f: U C R™ — R™.
Kak u B ciydae ¢ BEKTOPHBIMH MOJISIMH, BEKTOPBI KOTOPBIX Mbl IOTO-
BOPHUJ/IMCh OTKJ/aJbIBaTh OT TOYEK Ha MOBEPXHOCTH, HaM OyaeT yno6HO
CYMTATh, UYTO (PYHKUHUS () CTABUT B COOTBETCTBHE KaxKIOH TOYKe
f(u) € f(U) HekoTopoe neficTBUTEbHOE YHCIO (1), KOTOPOE, eCH
YTOIHO, «IIpUKJeeHO» K Touke f(u). XopolUM (pU3HUECKHUM TpH-
MepOM CKaJISIpHOrO MOJISI CYKHUT TeMIlepaTypa MOBEPXHOCTH 3eMJH
B HEKOTOPBIH (PUKCHPOBAHHBIF MOMEHT BPEMEHH.

Onpenenenue 46.1. Ilycts X (u) = 2'f,; € T,f — npous-

BOJIbHBIH KacaTesbHbIH BekTOp nosepxHoctH f : U C R" —
— R™ B touke u € U, a p(u) : U C R™ — R — rnagkoe ckajsipHoe
nosie Bnosb f. Yucmo

i d¢p(u)
out

Vxp(u) =z
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Ha3BIBAETCS NPOU3BOOHOL CKANAPHO2O NOAS p(U) NO HANPABAEHUIO
sekmopa X (u).

[ToHsiTe mMpOM3BONHOH MO HAaNpaBJ/EeHHIO XOPOLIO HM3BECTHO W3
Kypca MaTeMaTHYeCKOTO aHajIi3a, T03TOMY sl OTMeUy ceduac TOJNbKO
YeTbIpe OYEeBHUIAHDLIX CBOHCTBA HpOH3BO}1HOIjI 10 HallpaBJIEHHIO:

dp
1) Vi, o= L
2) nmasi mobbIX KacaTeJbHBIX mosedl X,Y u J00bIX CKaJspHBIX
nosed A, i, ¢ BIOJb MOBEPXHOCTH f

Vox+uy)p = AVxe + uVyp

— omepalus B3sTHUs MPOU3BOJHOU MO HAaNpaBJeHHUI0 JHUHeHHa
M0 HHXKHEMY apryMeHTY (HanpaBjeHuo n1uddepeHIHPOBaHHUSA);

3) nns qoboro KacatesnpHoro moss X (u), JOOBIX CKaJspHBIX
noJiedt 1, o BROMb f U 006X KoHcTaHT C,Co € R

Vx(Cror + Copa) = C1Vxp1 + CoVixpo

— onepauusl B3ATHA NPOU3BOLHOM IO HANpaBJEHHIO JIMHEHHa
10 BepXHEMY apryMeHTY (CKa/sipHOMY MOJIIO).

4) nas mo6oro kacatesbHoro nojs X (u) W J0OBIX CKaJsSpPHBIX
noJied ¢, 1) BAOIb f

Vx(e- 1) = (Vxp) b +¢- (Vxi)

— OCHOBoOMoOJarawllee NnpaBuao AUPGepeHIUPOBAHNUS MPOU3-
BeJleHHUs.

Ckaxy BaM 10 CeKpeTy, 4To MpaBujo N pepeHInpoBaHUs TIPO-
U3BeJleHUsI CHA0KeHO 3MHUTETOM «OCHOBOIMOJATaloLIee» He ctyyaiiHo,
U BoT mnoyemy. [lycTh Ha JIMHEHHOM MPOCTPAHCTBE v (KaKOBBIM,
B YACTHOCTH, SIBJISETCS MHOXKECTBO BCEX TJIaJKHX CKaJspPHBIX I10-
Jed BHOJb f) ompenesieHa HeKoTopasi OWJIMHeHHas omepauusi a o b
«IIPOM3BEJICHUS> SMEMEHTOB 3TOr0 JIMHEHHOr0 MPOCTPAHCTBA. Torna
BCAKHMIL JIMHeHHDIH orepaTop AV =V, 3aJlaHHbIA_Ha JIHHEHHOM
npocTpaHCcTBe V' ¢ omepauyed «MPOU3BENEHUS» O : VxV - V
KaK pa3 U Ha3blBaeTCs onepamopom ouggeperyuposarnus (Mnu npo-
cTo duggpeperyuposaruem), eclnu IJs JNOObIX 371eMeHTOB a,b € V

BBIIIOJTHEHO
A(aob) = A(a) ob+ao A(b).

[ToHsiTe NMpPoW3BOAHOH MO HANpaBJEHHIO YPE3BBIUAMHO ILHPOKO
UCNO/b3yeTCsl B (pU3HKe AMA U3yUYeHHWH Pas3/U4YHBIX CKaJspPHBIX I10-
Je#l, Tak Kak IO CMBICJYy CBOeMYy INPOM3BOAHas Vx( eCcTb He UTo
MHOE, KaK «CKOPOCTb» H3MEHEeHHs CKaJsipHOro noJs o(u) Tpu mepe-
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MellleHUH co cKopocTbio X (u). [TocKosbKy B pas3sinMuHBIX 06/1aCTSIX
Hay4YHOTO 3HAHHUSl MPUXOANUTCA HMMeTb JeJO He TOJBKO CO CKaJsp-
HBIMH, HO M C BEKTOPHBIMU MOJSMH, ydeHble (B OCOOEHHOCTH —
(GH3MKM) XOTAT HUMETb Ha BOOPYKEHHM aHAJOTHUHYIO XapaKTepH-
CTUKY «CKOPOCTH» M3MeHeHHsI BEKTOpPHOTro moJsi. JaBaiTe momoxxeM
yUeHBIM-(PU3HKaM U pa3paboTaeM TaKyl XapaKTEPHUCTHKY.

[Tpobsema onpenesieHUs] MPOUM3BOAHOH BEKTOPHOIO MOJS 3aKJIO-
yaeTcsl B caenyomeM. [lycts X (u) — KacaresnpHOe BEKTOPHOE T0JI€
B0JIb NOoBepxXHOCTH f. Ecan Mbl, 6€30yMHO C/efysl «IIKOJBHOMY»
CTEpEeOTHIly, COCTaBUM «OTHOLIeHHe NpUpalleHuss PyHKLHUH K IpUpa-
IIeHUI0 apryMeHTa»:

X (ug + Au) — X (ug)
Au ’

TO TOJYUHUM COBeplleHHeHIyo dyus! B addunHOM mpocTpaHCcTBe
R™ npupaiienve aprymeHta Aw sIBJsieTCS BEKTOPOM, OTKJIaIbIBae-
MBIM OT TOYKH ug € U, a NeJUTb UTO-TO HA BEKTOP IMPOCTO HENO-
CTOWHO IIJIi TPAMOTHOTO YeJI0BEKa.

MoxxHo nonpo6oBaTh BEIUTH U3 MOJN0KEHUS, T0J00paB B 006J1aCTH
U C R"™ HekoTOpyl KpuBYW «(t), YHOBJETBOPSIOLLYIO YCJOBHIM
a(ty) =ug € U n a(ty) = Au € T,,,U. Torna nosyuurcs Heuto Gojee
BpPa3yMHUTEJIbHOE!

X (alty + At)) — X(a(ty))
At ’

HO, K COXKaJleHWI0, TOXKe JIMIIeHHOe BCAKOro cmbicsa. [leso
B TOM, 4TO KacarejbHble BekTOpbl X (a(tg + At)) u X («a(to))
JIeXAT B PA3HLLY KACaTeJbHbIX NPOCTPaHCTBax 1o ;o ar)f 1 To ) f!
Wx Henb3si BBIUKMTATH APYr W3 apyral DTo BeKTOPbl W3 pasHblx
MPOCTPAHCTB, UX KOOPAWHATHI BBIUMCJEHBl B pasHulx 0asucax, HX
IJIVHBl HAXONATCS € TIOMOILBIO pa3Hblx MaTpul ['pama u T. 1., ¥ T.1I.
ABTOp TO CBOEMY OMNBITYy 3HaeT, CKOJb TPYAHO ObIBaeT pac-
TOJKOBaTh CTYAEHTY-(H3UKYy, HauWHawoIleMy H3ydaTb Kypc «Teo-
pus moJsi», mouemy Bblpaxkenue X (a(t + At)) — X(a(t)) sBaser-
csi OeccMbiC/eHHBIM. YesioBeKy, He 3HAKOMOMY C TIOHSTHSIMH Kaca-
TEJbHOTO TIPOCTPAHCTBA M KAaCATEJbHOTO PACCAOEHHSs, OYeHb TPYI-
HO YSICHUTb, MOUEMY «BEKTOPbl, OT/JOXKEHHBbIE OT pa3HBIX TOYEK,
HeJIb3s1 CKJIa[blBaThb U BBIUMTATb» (LUTaTa M3 KJACCHUYECKOH KHHUTH
JI. 1. Jlannay u E. M. JIudbumuna «Teopuss nossi»). Jleso ocioxKHs-
eTcs TeM, 4TO (DU3HMKH, KaK MPaBUJIO, UMEIOT €0 C TOBEPXHOCTS-
mu Bupa f: R™ — R™ («3aMeHa KoopauHAT»). YTJsiIeTb KaKHM-
TO LIECTHIM YYBCTBOM CYILECTBOBAaHHE Pa3HbIX Henepecekaroujuxcs
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(!) xacaTesbHBIX MPOCTPAaHCTB, H30MOP(pHBIX R M NpUKIEEHHBIX
K KaXJI0H Touke u3yuaemoro npoctpaHctBa R, siBasieTcsi, Ha MoOH
B3IJISIM, 3alpefieIbHBIM YMCTBEHHBIM MOABUTOM. Te HEMHOTHE, KOTO-
PBIM YIAETCS COBEPLIUTDH 3TOT MOJBUT, UMEIOT XOPOLlIHe [IaHChl CTaTh
HaCTOSILLUMU (PU3UKAMHU-TEOPETHKAMH.

Wtak, Mbl XOTHM OMpEeIeSUTh HEKOTOPHIM «Pa3yMHBIM» 00pa3oM

orneparmio
VxY T,f xTyf — Tuf

Jughgepenyuposarus BekTopHoro mnojsi Y (u) B HampaieHud X (u),
06J1alatoly0 CBOMCTBAMH, CXOXHMH €O cBoHCTBaMu 1)—4) mpous-
BOJIHOK CKaJISIPHOTO MOJIs 10 HarnpaBaeHuio. JlaBaiiTe cpasy HazoBeM
pesyabrat VxY € Ty, f 3To# Oynylied omnepamuu Ko8apuanmHol
npoussodnoti sekmopa Y (u) 8 Hanpasienuu sexmopa X (u).

Mbl HayHeM Hallld PacCMOTPeHHs] C HaIJISAHOrO W Haubojee
MOHATHOTO cJaydasi. JlBurascb OT yacTHOro K 00uIeMy, Mbl Oyaem
MOCTENEeHHO, T03TANHO, OMNpelessTh «pa3yMHOe» IOHSITHE KOBapH-
AHTHOU NPOU3BOJHOM.

[Tycts f: U CR™ — R™ m > n, — NoBepxHOCTb KJacca Iaf-
Koctu He HKe C% M f,i — ONMH M3 Ga3HCHEIX BEKTOPOB Kaca-
TesibHOTO TpocTpancTea T, f. Pasymeercs, f,i(u) ecTb KacaTesbHOe
BeKTOpHOe roJe Boab f. ') 3 m. 40 Ham M3BeCTHO, UTO A/ BEKTOPA
fuivi (1) BBITOTHEHO:

k -—
Fuivi = Fijfuk + Nij,
N, L
rae N e (T,f)", a
FZ’ _ lgkm <8gim O 592’3') '

) Jui " du Qum
Omnpenenenne 46.2. Kosapuanmuoil npouseo0nol Vy . fui

sexmopa ?) f,i no manpasienuio sexkmopa f,; (B CBA3HOCTH
JleBu-UuBHTa) Ha3blBaeTCsl OPTOTOHAJbHAS TPOEKIHs YACTHOH MpPo-
M3BOIHOU f,i,j (u) Ha KacaTeJbHOEe MpocTpaHcTBO Ty f, T. €.

Vi Fui =T e

HaG6aronenne 46.1. KosapranTHas nponssonHasi Vy . fyi sB-
o o U
JIsieTCsl CBOUCTBOM BHYTPeHHEH reOMeTpHUH MOBEPXHOCTH f.

') Jlasiee Mbl I0BOJILHO YACTO, [/ KPATKOCTH PeuH, GyeM BMeCTO CJIOB «BeK-
TOpPHOE I10JI€ BJOJb TOBEPXHOCTH» TOBOPUTb IIPOCTO — «BEKTOP».

%) CM. mpeibIyLLyI0 CHOCKY.
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HaG6aronenune 46.2. [lockonbKy ornpeneseHrde KOBapHAHTHOH
NPOU3BOAHON V¢ . fi SIBISIETCS «BHYTPEHHHM>», T.€. HCIOJb-
U

3yeT TOJIbKO CBOHCTBa Ffj BHYTpPEHHeH reoMeTpPHH, OHO BIIOJIHE TPH-
TOIHO U [IJIS cjyudasi «3aMeHbl KOOPAHUHAT», T.e. MOBEPXHOCTH BHIA
f:UCR"™— R", ocobo uHTepecHoO# (hr3uKaM.

Wnem nanee mo myTH omnpejiesieHUs] KOBAPUAHTHOW MPOU3BOAHOH
BeKTopa. [/isiisi HAa CBOWCTBO 2) MPOU3BOAHON CKAJSIPHOTO TOJIs MO
HampaBJeHHI0 BekTopa X, M03aboTUMCSl O JIMHEHHOCTH KOBapHUaHT-
HOM MpPOM3BOMHOH MO HHMXKHEMY apryMeHTy (HampaBjeHHio TU(de-
PEHIIUPOBAHHUS).

Onpenenenue 46.3. [Tycts X (u) = 27 (u) f,;(u) — Kacatenb-

HOe BEKTOpHOe moJe BAoJdb mnoepxHoctd f: U C R™ — R™
(cnyua#t m = m He uckwouaercs!). Torna nas m060oro 6a3ucHOrO
BeKTOpa f,i KacaTeJqbHOro npoctpaHctsa 1, f MojoxuUM

Vxfu = V(xjfuj)fui = :ZZ](U) ) Vfujful

Takum 06pa3om, Mbl OMpenesuJIu KOBAPHAHTHYIO MPOU3BOAHYIO
6a3uCHBIX BeKTOpOB Mo Jobomy HanpasiaeHdntio X € T, f. Ocranoch
chesaThb «/10OBIM» BEPXHHMH apryMeHT Y orepalud KOBapHaHTHOTO
niddepenuuposanus VxY. [l 3Toro B3I/IsSHUTE Ha CBOHCTBA 3)
¥ 4) NmpoM3BOLHON CKaJIIPHOTO MOJIs MO HANpaBJeHHIO, T0C/Ie UYero
CTaHeT TOHSITHBIM CJIeAYyIollee OnpesieseH e,

Onpenenenue 46.4. [Tycts Y (u) = y*(u) f,i (u) — npousBob-
HOe KacaTe/IbHOe 1oJie BAOJb TMOBEPXHOCTH f U f,; — MpOU3-
BOJIbHBIH 6a3ucHbIi BekTOp mpoctpaHcTsa T, f. Torma nosoxum

vfuj (yzful) = (vf yz) *fu +y - (vfuj fui) =

_9y'(w) dy* k
k3 F — ZF ° .
g Ju Y Tifu =55+ fur
3nopoBo, na? [lo-moemy, — kpacuBo nosyuaercs! Cobepem Te-

nepb BCe CKa3aHHOe B OJAHOM OIIpeaeJIeHHH.

Omnpenenenne-utor 46.5. Ilycte X(u) = 2/(u)f,i(u) n

Y (u) = y*(u) f,i:(u) — NpoU3BOJIBHbBIE KacaTe bHble BEKTOPHbIE
noJsisi BooJib nosepxtHoctu f: U C R™ — R™. Torna xosapuanmmoii
npoussodnoil VxY sekmopa Y 8doav sexmopa X HasblBaeTcs
KacaTeJsbHbIH BEKTOD

. 3 ) ] a
VXY =Viip @' fur) =2V (4 fui) = <3y3 " ZI‘k> e
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Ha6aronenue 46.3. Kosapuantnas npoussonHas VY sB/s-

€TCsl He YeM HHBIM, KaK OpMOEOHANbHOU npoeKyuet BEKTopa

Y (u

Z =a) ()
ou?

U

Ha KacareJsibHOe TpocTpaHcTBo Ty, f. IlelicTBUTENBHO,

; 0 - OyF —
Z=u auj<ku>:x]<aj uk T Y (Fgwful"f'Nkj)):

ok . RN
=’ (a—zj + y’FZ‘) < fur + 27y Ny,

OTKYJa, MocJje 0TOpachiBAHUS HOPMAJIbHOH COCTaBJSIOLIEH ﬂcjy"ﬁij,
noJiyyaeM omnpefeseHue KOBApUaHTHOH npousBogHod VY.

Corsacurech, 4TO 3TO ONpe/eJsiiollee Har/IsiJHOe CBOWCTBO KOBa-
PUAHTHOH MPOU3BOAHOH OueHb TPYHAHO 3aMeTHThb (QuU3uKaM, paboTa-
oM ¢ noeepxHocTsimu Bupa f : U C R™ — R™. B cayuae, xorma
f — nuddeomopdusm (3amMmeHa KOOPIUHAT), HOPMATBHOK COCTaBJISIO-
el y Bektopa Z npocto Het! Kak pasrsisiieTb B KOBapHaHTHOH Mpo-
H3BOJIHOM OPTOTOHAIbHYIO MpoeKIHio? «OueHb TPYAHO HAUTH UePHYIO
KOLUKY B TEMHOW KOMHaTe, 0COOEHHO, eC/id ee TaM HeT...»

YnpaxHenue 46.1. [lepeuntaiite, noxadnayiicra, n.44 u cpaBHU-
Te MOJIyyHBlleecs ONpeleseHHe KOBAPUAHTHOH NpPOU3BOAHOH VY

o} .
¢ ompejiesieRMeM KOBAPHAHTHOTO YCKOPEHHS — ~ KPUBOH a(t) BLOJb

noBepxHocTH. [IpoBepbTe, uTO % = Va&. Tnaps Ha n.44, sany-
MalTech elle pa3 O M0Jb3e KOBAPHAHTHOTO AU (PepeHLHPOBAHUS U
MPUYMHAX BO3HHKHOBEHHS 3TOTO TIOHSTHS.

Tenepb, A1 MOMHOTBI KAPTHHEI, TIEPEUNCIIO YETblpe OUEBHUIHBIX
CBOHCTBA KOBapHaHTHOH NMPOH3BOAHOH BekTOpa. CpaBHHTE CAMOCTOS-
TEJbHO 3THU CBOHUCTBA CO CBOMCTBAMH MPOU3BOIHON CKAJISIPHOTO TOJIS
10 HarpaBJ/eHHUIO.

CsoiicTBa KOBapl/IaHTHOI/I MPOU3BOIHOMN:

1) Vf i —Fufuk,

2) s JI}O6bIX KacaTtesbHbIX Togeit X1, Xo,Y W m006bIX cKaJsp-
HBIX TOJIEH A[, Ao BIOJIb TTOBEPXHOCTH [ BBIMOJHEHO:

Vouxinx)Y =MV Y + VY

') Konoyuuii, HaBepHoe, GBI Gbl HEMIOXUM (PU3HKOM-TEOPETHKOM.
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— ormepalus B3siTHS KOBAapHUaHTHOH MPOW3BOIAHOU JIMHEHHA MO
HUXKHEMY apryMeHTy (HampaB/jeHHI0 AudQepeHIIUpoBaHus);

3) nJst mo0bIX KacaTeabHbX mosed X, Y7, Yo u J10ObIX KOHCTAHT
C1,Cy € R BBINOJHEHO:

Vx(C1Y1 4 CoYs) = C1VxY) + CoVyx Yo

— ormepalus B3siTHS KOBapHaHTHOH MPOW3BOMAHOU JIMHEHHA MO
BEPXHEMY apTyMeHTY.

4) nns moO6bIX KacaTesbHBIX mosed X, Y W J1000ro CKajsipHOTO
MoJIsl ¢ BIOJb MOBEPXHOCTH f BHIMOJHEHO:

Vx(pY)=(Vxp) Y +¢-VxY

— MpaBuJIo IU(QepeHLHpOBaHNs POU3BeNEeHHS.

Ynpaxuenue 46.2. Bosbmute snuctouek Gymard M akKypaTHO
HAIHUIIKTE J0Ka3aTeJbCTBa CBOUCTB 2), 3) u 4). DTO MO3BOJUT BaM
TMPUBBIKHYTb K MOHATHIO KOBaPUAHTHOH MPOH3BOIHOM.

C KoBapHaHTHBIM AH(p(epeHIUPOBaHHEM BEKTOPHBIX MOJIEH TeCHO
CBSI3aHO OfHO M3 BaKHEHILIMX reOMeTPUUECKUX TOHATHH — TMOHSATHE
napainesbHo2o nepexecerus BeKTOpa BLOJNb KPUBOH Ha MOBEPXHO-
cti. C HaryIIIHO-UHTYUTHBHOH TOYKH 3peHHsl, HECTH MNapaJJesbHO
BEKTOP BIOJIb KPUBOH, 3HAUUT, TAK MepPeiBUTaTb BEKTOP CBOUM OCHO-
BaHHUeM 10 KpPUBOH, UTOObl €ro AJMHA W HarpaBjeHHe He MeHSJIHCh.
JlaBaiite (hopManndyeM 3TO MOHSATHE.

Onpenenenne 46.6. Ilycts f: U C R® — R™ — noBepx-

HOCTb, t € [a,b] u a(t) = f(u(t)) — xpuBas Bmosip f. Kaca-
TeJIbHOe BEKTOPHOE MoJie Y (1) Ha3blBaeTCst KOBAPUAHMHO NOCMOAH-
Holm (M napasiensbroim) BIOAb KPUBOH «(t), eciM KoBapHaHTHas
NPOU3BOJHAs BeKTOpa Y = y'f,i B HalpaB/JeHHH BEKTOpPa CKOPOCTH
&(t) =4 f,; nns Beex t € [a,b] paBHa HYyJIIO:

oy*

_ -
Vd(t)Y: O, T.€. w @

+yi1“§j> =0 Bcex k=1,...,n.

Ecnn BektopHOe mose Y (u) KOBapHaHTHO MOCTOSIHHO BJOJb
a(t) = f(u(t)), To roBopat, uto sexkmop Y (u(b)) noayuen us
sekmopa Y (u(a)) napasrenrvroim nepernocom 80oab kpusoti a(t).

Jns TapakaHoOB, H3y4yalOlIMX BHYTPEHHIOID T'EOMETPHIO CBOEH
MOBEPXHOCTH, KOBAPHUAHTHO MOCTOSHHBIA BEKTOP BBITIIAUT MPOCTO
NIOCTOSIHHBIM, Be/lb OHM He MOTYT 3aMeTHTb ero U3MeHeHHs B 00b-
emsiomieM npoctpaHctBe! TapakaHbel BUAST TOJIbKO MPOEKLHIO MPO-



46. Kosapuanmmoe oughgepenyuposarue 369

M3BOJHOH BeKTOpa Ha KacaTeJbHOe MPOCTPAaHCTBO (KOBapHAHTHYIO
TNPOM3BOJHYI0) — a OHa-TO, Kak pas, HyxeBas! Ecau TapakaHbl
HECYT KaKOH-TO KacaTesbHbIH BEKTOP BIOJb KPHUBOH M 3TOT BEKTOP
KOBapHaHTHO MOCTOSIHEH, TO OHU OYyAyT B TOJHOH YBEPEHHOCTH, UTO
TIPOU3BOIST MapaslyiebHbli nepeHoc!

PaccmoTpum uyTh Gosee o6umi cayuait. I[lycts a(t) = f(u(t)) —
TNPOM3BOJIbHAS KYCOUHO-TJIafKasi KpPHUBasi BIOJb TOBEPXHOCTH f U
t € [a,b] = [a1,a9] U [ag,a3] U ... U [ag,ags1] U... — oTpe3kH ee
TJIaIKOCTH. $ICHO, UTO COBCEM HECJIOKHO PaclpOCTPAHUTH MOHSTHE
rnapaJiie/IbHOTO MepeHoca BeKTopa Y (u) Ha caydyad KyCouHO-T1alKHuX
KpuBbIX. Hy»XHO MpOCTO MOrOBOPUTbCS CUMUTATh, YTO HA KaKIOM
CJIeNyIOIEM OTpe3Ke IVIAfAKOCTH [a;, a;4|] TIPOU3BOIUTCS Mapase/ib-
Hbli nepeHoc BekTopa Y (u(a;)) (T.e. pesysnbTata napasesbHOTO
nepeHoca BeKTopa Y Ha MpelblaylieM OTpe3Ke INIafgKoCTH).

[ToHsiTHe mnapa/sieNbHOrO MepeHoca MOMOXKEeT HaM, HAKOHEI-TO
YSCHUTb T€OMeTPHUUECKHH CMBICJ MOTYIIECTBEHHOTO TeH30pa KPHBH3-
Hbl JleBu-UuBura, (hopMasbHO BO3HMKILETO y HAaC B 3TOH KHHXKKe
npu BbiBozie ypaBHeHUH [aycca-Iletepcona—Konanun—Makinapau.

[lyets f: U C R™ — R™ — noBepxHOCTb U fy1, fu2,- s fun —
CTaHAApPTHBIH 6a3uc ee KacaTejbHoro mpoctpancTsa 1), f. Bosbmem
MPOM3BOJIbHYIO Mapy Oa3UCHBIX BEKTOPOB f,i, f,,; © PACCMOTPHUM «Ia-
panenorpamMm» Pj;(e) Ha nosepxHoctu f(U), siBasioouuiics o6pasom
kBagapata K;;j(e) us obmactu U C R", MocTpoeHHOro Ha BeKTOpax
e;,eej (eM. puc. 46.1).

Puc. 46.1
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fIcno, uto Pjj(e) — KyCOYHO-TIaKMH 3aMKHYTbIH KOHTYD Ha Io-
BepxHOCTH f. Bo3bMeM Temepb MPOU3BOJIbHBIFE KacaTe bHbIH BEKTOP
Y €T, f n oGHeceM ero napa//enbHo BOKPYT Koutypa Fj;(e). Tlony-
UUM HeKOTOpHIH HOBHIH BeKTOp Y (¢) € T}, f — pesynbTaT mapaJesb-
HOro nepeHoca Bektopa Y € T, f BlO/Nb KYCOYHO-T/IaJIKOK 3aMKHYTOH
KpHBO# P;j(g). BosHuKaeT nuHelHbIH (JoKaxKuTe!) omepaTop

Az’j(g) : Tpf - Tpf7

KOTOPBIH 3aHMMAaeTcsi TeM, YTO TapaJsijielbHO OOHOCHT KacaTeJsbHble
BeKTOpbl U3 T}, f BOKpYT «6asucHoro» Koutypa Fjj(€), T.e. A;;(e) ¥
x (Y)=Y(e).

Buumanue, Bonpoc! Hackonbko omepatop A;j(e) oTnnyaercs ot
TOX/1eCTBeHHOro onepartopa Idr,;? VHTYMTHBHO SCHO, 4YTO eC/H
KOHTYp Pjj(g) mmockuil (MOBEPXHOCTb B HampaBAeHWsX fi, f,i He
MCKPHBJIEHA), TO TOCje MapaJsie/bHOro nepeHeceHus BOab Fij(e),
000l BEKTOp 3aliMeT MCXOlHOe nojoxenue, T.e. Ajj(e) = Idr,y.
A ecsiu moBepXHOCTb M30THYTa?

Pacemorpum  pastocts  Ajj(e) — Idg,y. Tlyers Y = yF e €
€ T, f — mponsBoJbHBIH KacaTesbHBEIH BeKTOD, Y (€) = A;j(e)(Y) —
pe3y/abTaT MapaJJjesbHOro MepeHoca BeKTopa Y BOKPYT KOHTYpa
Pij(e).

Buumanue! Ilepen Bamu ynpaxkHeHHe, pacKpbIBaloLee reOMeTpH-
YeCKHH CMBICJ TeH30pa KpHBH3HbI JleBu-Uusura.

Ynpaxuenue 46.3. Jlokaxxute, uto

A;i(e) — Id Y Y (e) —
lim (Aij(e) d 7,7) (Y) ~ im Y(e)2
e—0 g e—0 g

k

¢

Taxum obpasom, TeH3opy R}%) MOXKHO MPHIKCATH CJEAYIOLLYIO
reOMeTpPHUECKYI0 HHTeprpeTalurio. MoxHO ckasath (momyckas
HEKOTOPYIO BOJBHOCTb PEUH), UTO MPH (PUKCHPOBAHHBIX HHIEK-
cax i,j marpuua ( Zbk) SIBJISIETCSI MATPULIEH JIMHEHHOro omnepaTtopa
Ajj — Idr,, KOTOPBIH TOKa3bIBAET, HACKOJBKO OTJIHMYAETCS OT HC-
XOJHOTO BEKTOpa pe3y/bTaT €ro MapalJesbHOrO IepeHoca BOKPYT
«0eCKOHEYHO Masioro 6asucHOro mnapaJjsesnorpamMmma» ;.

YnpaxHenue 46.4. Jlaiite Ternepb reoMeTpUUecKoe TOJKOBaHHE
y2Ke W3BECTHBIX HaM CBOHCTB TeH30pa KpuBH3HBI JleBu-Yupura:

m m m
ik = — R m Ry = 0.
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[TonXomuT K KOHILY COPOK II€CTOH MYyHKT 3TOH KHUXKKH, a BMECTe
C HUM M BeCb Hall PaccKas O HayaJbHBIX IMaBax AudQepeHIHATbHOH
reomeTpu. [lox KoHel Halllero nMoBecTBOBaHMS, 51 X04y HAy4YUTb Bac
NpaBUIbHO TU(P(HEpPeHIHPOBATh He TOJNBKO CKajspHble H BEKTOPHbIE
TMoJIst BIOJb MOBEPXHOCTH, HO U MPOU3BOJIbHBIE TEH30PHI (T€H30pHbBIE
nosisi). KTo u rae eme o6yuuT Bac 3ToMy?

CHauasa HayuyuMcsi HaXOOUTb KOBAaPHAHTHYIO TMPOU3BOAHYIO KO-
BEKTOPHOTO ToJss (NHHEHHOH (OpPMBI, 3alaHHOH B KaXIOM Kaca-
TesibHOM TpoctpaHcTBe 1), f). IlycTh B compsizKeHHOM NpOCTpaHCTBe
(T, f)* 3apukcupoBaH 6asuc fulFY L FY" nyasdbHBIE K CTaHAApT-
HOMY 0asucy fy1, fu2,..., fun KacatembHoro npoctpanctsa Tpf, u
nyetb £(p) = &(p) f* (p) — NPoOU3BO/ILHOE KOBEKTOPHOE MoJe BAOJb
f. d obbiuHO TpexncTaBisiio cebe 3Ty CUTyalHIO CJAEIYIOIIUM 00-
pasoM: K Kaxpaoi Touke f(p) € f(U) moBepxHOCTH [ MPHUKJEEHO
KacarteJ/ibHOe NpocTpaHcTBO 1), f, Ha KOTOPOM 3ajaH HeKOTOPBIH JIH-
HeUHbIH (QyHKUHOHAT &(p) (T.e. KOBEKTOp), TIAaAKO 3aBUCSIIHHA OT
aprymenrta p € U.

Jlns onpeneneHusi MPOU3BOAHOH KOBEKTOpa OMSATb-TAKH HeJb3sl
COCTaBUTh TIPHUBBIYHOE BBIPa’KEHHE THIA

(ot + At)) — &(aft))
At ’
MOCKOJIbKY KoBeKTOpbl &(at + At)) u &(«(t)) ompenesieHsl Ha pas-
HBIX KacaTeJbHBIX [MPOCTPAHCTBAax. ¥ Hac He ONpeleseHa ore-
pauusi BbIYMTAHUSI JHHEHHBIX (YHKIIHOHAJIOB, B3ITHIX H3 pasHbIX
MPOCTPAHCTB. '

[Tycts X (u) = 27 (u) f,s(u) — NPOU3BOBHBIN KacaTeJNbHBEIH Bek-
TOp, KOTOPBIH OyIeT CayKUTb HaM HarpaB/eHneM IuhepeHInpoBa-
ausi. [lonbitaemest cpasy mo aHa/JOrHH ¢ KOBapHAHTHOH MPOHU3BOIHOH
VxY BeKTOpHOro moJsisi Hamucath ONpeae/eHHe KOBaPHAHTHOH Mpo-
usBoaHOH V x& koBektopa &(u) = & (u) f* (u):

&;
ouJ

B sToii 3anucH BUAHO, YTO Mbl MOJIOKHJIK KOBaPHAHTHBIE TPOU3BOJ-
Hble KOBeKTOpa £ B HamnpaB/ieHUH 0a3UCHBIX BEKTOPOB f,; PaBHBIMU

08 ¥

roe AF. — Hekue HensBecTHble HaM MoKa KO3(DhULMEHTDI, HAMOLOGHE
ij

cumBoJsioB Kpuctoddess Fi-“j, T.e. Mbl (paKTHUYECKH CUHTAeM, 4TO

VxE = Vs o (Gf") =alVy (&f") =27 ( * ka§3~> e
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«OpTOTrOHaJIbHbIEe TIPOEKUHHU» TPOU3BOAHDBIX 0a3UCHBIX KOBEKTOPOB
HUMEIOT pas3J/iozKeHHs

k 7
u® _ Ak pu
Het Takux BEepLIHH, KOTOPble Mbl HE CMOIJIHA OBl HOKOpI/ITb' Tem

6oJiee, UTO TI0C/E BCErO MPOUUTAHHOTO, OTBICKAHHE KO3(D(HUIIHEeHTOB
A IJIs1 Hac He BepLUI/IHa a Jjuiup HebGosbluasg kouka! Ham ckasa-

n
HO, 4TO Ga3HuChl f“ f“ S fY m four, fu2s ooy fun IyasnbHBIE. DTO
m
03HayaeT, uTo HpOI/ISBELLeHI/IH (cTpoku Ha crosiben) f“° - fur =6
SIBJISIIOTCSI KOHCTAHTAMM U, CJIeI0BATEJIbHO:

O™ 1) 08
ouw’ ouJ

Mbr xoTHM, 4TOOBI ONpenessieMast Hamu omepauus Vy . Oblia
onepauueil nudepeHIUPOBAHUS, T. €. 1Jis Hee BBINOJHAJIOCH Obl OC-
HOBOTOJIaraoliee npaBu/Io auddepeHLHpoBaHNs NpousBeneHus. Hy,
TaK «IOKOJILyeM» HEMHOrO, UCIOJIb3ysl Hallle XKeJaHHe:

00} ™
= (A’z'? ) fu A S (T 'ful) =

= A" - fur) + (F - fu)Thy = Af6, + 07"y = ATy + T =
Bor Bam u pesynbrar:

mo_— _Tm |

kj kj
OxkasbiBaetcst KO3 (ULIHEHTHI Ak- 00513aHBl OBITb TEMH Ke CaMBbIMH
KO3(p(pULUEeHTaMH CBI3HOCTH FZ], TOJIBKO ¢ 0OpaTHBIMH 3HaKaMu!
Onpenenenue 46.7. KosapuantHo#l mnpousBomHod Vx§&

kosektopa &(u) = &(u)f*(u) B HampaBleHWH BeKTOpA
X (u) = 27 (u) f,; (u) Ha3bIBaeTCA KOBEKTOP

Vx€ = Vs ) &Gf") =a7Vy (Gf") = <g§; - @CFZ’) .

Kak Bumute, HUYEro CTpaLLHOro.

Tenepp ocrasnoch npuBecTH caMoe ofllee oOmNpefe/eHHe KOBa-
puaHTHOH mpousBogHOH V x7T' mpousBosbHOrO TeH3opa T'(u) BHOJDb
TMIOBEPXHOCTH f B HANpaB/JeHHH KacaTesbHOro BeKTopa X (u).



46. Kosapuanmmoe oughgepenyuposarue 373

Onpenenenue 46.8. Ilyctb X (u) = 2/f,; — KacaTe/bHbii
BekTop nosepxHocTy f. Torma omepanusi KOBapuaHTHOTO TH-
(pepeHLMPOBaHHUS B HalpaBJeHUU BeKTopa X (u) ompenessieTcs cJe-
LYIOUUM 00pa3oM:
1) xoBapuaHTHasi mpousBogHas Vy¢ cKaaspHoro moss (u)
BJIOJIb TIOBEPXHOCTH f €CTh MPOM3BOIHAS M0 HATPABJIEHHUIO:

; Op(u)
Vxolu)=zx"- -
p(u) Sui
2) xoBapuaHTHas mpousBopHas VxY Bektopa Y = y'f,; BIOJb
MOBEPXHOCTH f €CTb KacaTeJbHbIH BEKTOp:

Ok .
VxY =27 <%+yﬂ“§j> - furs

3) KoBapuaHTHas npousBofHas V x& KopekTopa & = & f% BHOJb
MOBEPXHOCTH f ecTb (KacaTesbHbIH) KOBEKTOP:

[ 0¢; i
— J _ k| . pu'.
4) KOBapUaHTHas Hp%SBOIIHaH TeE’;OpHOI‘O [IPOMU3BEAECHNS T ® R

aneMeHToB 1" € V. n R € W 1pou3BOJbHBIX BEKTOPHBIX
MPOCTPAHCTB ONpeJessieTcsl Mo MpaBUy IU(QepeHLHpoBaHUS
NPON3BENEHHUS:

Vx(T®R)=(VxT)® R+ T® (VxR)
U [ABJIAETCA TEH30pPOM TOrO 2K€ THIla, YTO U TEH30p T® R.

[TyHKT 4 NpHBeNEHHOTO OMpefie/eH s [I03BOJISIET, OTIPABJISAACH OT
KOBaPHAHTHBIX TPOU3BOIHBIX BEKTOpPa M KOBEKTOpPa (TEH30POB THIIA
(1,0) u (0,1) cooTBeTCTBEHHO), MOMYUHTb KOBAPHAHTHYO MPOU3BOJ-
HYIO TeH30pa J11000ro THIA.

IIpumep 46.1. KosapuanTtHas npoussonHas Vy , B OUITHHEAHOH
(opmbl B : Tuf xT,f — R Broab nosepxHoctH f (T.e. TeH30pa
B =b;;(f* ® f*) tuna (0,2)) BeUHCASETCS CAEAYIOWMM 0GPA3OM:

Vi (b (f @ f4)) = (Vg byg) - (f" @ ) +
by (Vy S @ 7+ by 0 (Vy  f) =
(f @ %) = by - (T f*) @ f* = by - f* @ (DI, f*) =
_ (8sz bl_]r le]k> (fu fuJ)

_ Obij
©Ouk

ouk
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C.HEILOBaTe.HbHO, KOMITIOHEHTbBI TE€H30pa Vf kB HMEIOT BH[
u

abz 1 1

Ha6aronenune 46.4. KoBapuanThnasi mpousBoaHas o60ro TeH-
3opa SIBJSIeTCSl CBOHCTBOM BHYTPEHHeH TeOMeTpUM MOoBepX-
HOCTH.

Ynpaxuenue 46.5. Jlokaxkute, 4yTo TepBas (PyHAaMeHTaJlbHAas
¢opma I, moBepxHOCTH f KOBapuanmmuo nocmoaHna (MeTpUUecKUH
TeH30p gi;(u) KOBAPUAHMHO NOCMOAHHbLE), T. €. AJs JM0O0ro Kaca-
TesabHOrO BekTOopa X (u) € 1), f BBINOJIHEHO:

VxI,=0.

K pesynbraty nmpuBeIeHHOr0 ynpaxKHeHHsT MOXKHO OTHECTHCH J0-
BOJIbHO (PUJIOCO(CKH — MepeMellasch BHYTPH MPOCTPAHCTBA HEBO3-
MOKHO 3aMEeTHTb H3MeHeHHe METPUKU 3TOT0 MpOoCcTpaHCcTBa. PUIHKH
IeJaloT U3 3Toro akTa najeko UAyLIHe BbIBOIBL.

Ynpaknenne 46.6 (nas ycunuuBbix). [lycTb R}, — Tensop
KpuBH3HBI JleBu-HuBura. Jokaxure, 4To

Vfule'Lk +VfuijTZl —i—VfukR% =0.

AT1o Tak HaswiBaeMoe modxcdecmso buanxu (JI. Buanku oGHapyxuma
ero B 1902 r.).

3agauku U ynpaKHeHus

/ 1. Haiinure KoBapHaHTHYIO MPOM3BOAHYI0 KACaTEJIbHOTO BEK-
., toproro nosisi X = {u + v, uv) = (u + v)fu, + (uv)f, BIOIb 1H-
G | 7, ) = (u,0,0)
B Touke p(l,2) B HampaB/eHUH KACaTENbHOrO BEKTOPA K KPUBOH
2u —v=0.

2. BexTopsl cTaHzapTHOro 6a3nca KacareJpHOr0 IPOCTPAHCTBA
napaJsijieJIbHO MePEHOCATCA BAOJb NIPAMOYTOJbHOTO cq)epnqecxoro
TPeyroJbHHKA, CTOPOHAMH KOTOPOTO SIBJSIOTCS AYTH OOJBIIMX
OKpYy2KHOCTeH chephbl

f(u,v) = (Rcosucosv, Rcosusinv, Rsinu).

HcxonHoH M KOHEYHOH TOYKOHM 00OHOCA CJy>KHT OfHA H3 Bep-
IIMH JAaHHOTO TpeyroJbHHKa. HaliauTe KoopaMHATHI pe3ysbTaTa
napasJ/ejnbHOro repeHeceHUs] 0a3HCHBIX BEKTOPOB B HCXOAHOM
6asuce.
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3. JlokaxkuTe, UTO NPH MapaJsjebHOM MepeHeceHHH BEKTOPOB
BJIOJIb IVIaZIKOH KPUBOH Ha NMOBEPXHOCTH, JJHHBI BEKTOPOB U YTJIbl
MeK/1y HHMH COXPaHSIOTCS.

4. Jlokaxkute, 4TO 2yr0J1 MOBOPOTa KacaTeJbHOrO BEKTOpA T10-
BepxHocty f: U C R* — R® npu napansenbHOM 0GHeCeHHH ero
BIIOJIb MPaHHLBI OIHOCBSA3HOH obaactu f(D), rne D C U, paseH
UHMeepanbHol KpusuaHe 3Tol 00JIaCTH, T. €.

Ap = JJ Kdudv.
D

5. Haiinure koBapuaHTHBIE MPOM3BOIHBEIE BTOPOH (PyHIAMEH-
TaJbHOH (DOPMBI MU OCHOBHOTO OIlepaTopa reJMKouaa

f(u,v) = Y(ucosv,usinv, av)

B Touke p(l, 1) B HampaBJjeHUH KacaTesnbHOH K JuHUK u — v = 0.

Bort u Bce. [TocnenHu#l myHKT HaLIMX JEKIUH OO K KOHILY H
Bbl, 1 HAJIeI0Ch, MOJYYHMIIH U3 3TOH KHHKKH HEKOTOpPOe MepBoHaYaJlb-
HOe MpejcTaBjaeHHe O IUdQepeHLHaNbHON reomeTpud. MckpeHHe
HalIerCh, YTO YHUTATENbCKOTO HHTepeca M TOJNyUeHHBIX 3[IeCh CBe-
IeHuH OyfeT A0CTAaTOYHO, YTOOBI MPUCTYIHTb K MOCTHXKEHHIO OoJjee
Cepbe3HOH JIUTepaTypbl, Bellb reOMETPUsl — 3TO HeOOBSATHAS U yxKac-
HO MHTepecHasi HayKa, MPOHM3bIBAKOIIAs caMble (QyHAaMeHTaJbHble
pasaeJsibl COBPEMEHHOTO ecTecTBO3HaHUsA. OT AyLIM XKeJsalo BaM ycrie-
XOB B INOCTHXKEHHH yCTpoHCTBa oKpyxatoulero Mupa. KpucranbHo#
SICHOCTH BO BCeX H3y4yaeMbIX Borpocax!



Jlureparypa, B KOTOpYyIO 3arJasigbiBaj aBTOpP
MPY HATIMCAHUM 3TON KHUKKU

. HAybposun 5. A., Hosuxos C.II., @omenro A. T. CoBpeMeHHas reo-

metpusi. — M.: Hayka, 1979.

Cmpoiix /[]. 4. Kpatkuii ouepk ucropuu matrematuku. — M.: Hayka,
1990.

3. Padoees JI. K. Jlekunu no anrebpe. — M.: Hayka, 1984.

4. Buneiinmnep [I'. Hcropus maremathku oT [lekapTa 10 cepenuHbI

10.

11.

12.

13.

14.

XIX cronerus. — M.: Hayka, 1966.

Hemudosuu b.11. COOpPHUK 3a1ad W ymnpaKHeHWH M0 MaTemMaTHye-
ckomy aHamusy. — M.: Hayka, 1990.

IIpockypsakos H.B. CO0pHUK 3anad Mo JUHEHHOU anrebpe. — M.:
Hayka, 1974.

[Tocmuukos M. M. Jlekuuu no reometpun. Cemectp 1. AHanutnye-
ckas reomerpusi. — M.: Hayka, 1979.

ITocmrnuxkos M. M. Jlekuuu no reomerpuu. Cemectp 2. JlnHeiiHas
anrebpa u nuddepeHuuanpHas reomerpus. — M.: Hayka, 1979.

[Tocmnukos M. M. Jlekuun mo reomerpun. Cemectp 3. [nankue
MHoroo6pasusi. — M.: Hayka, 1987.

Amunos 0. A. InddepeHunanbHas reoMeTPUs U TOMOJOTHS KPH-
Bbix. — M.: Hayka, 1987.

basvines B. T. Teomerpusi auddepeHuINpyeMblX MHOr000pasui. —
M.: Bricias mkosa, 1989.

Bopucosuu [0.T., baususkos H.M., Hapaunresuu H.A., Domen-
xo T.H. Beenenue B TonoJjioruto. — M.: Brcmas mkosa, 1980.

Llepbakos P.H., Muuypun JI. . NuddepeHunans NoOMOrawT reo-
metpun. — M.: [IpocBemienne, 1982.

KopHuenko C. B. PeMOHT SITOHCKHX aBTOMOOH el (3aMeTKU aBToC/Ie-
capsi). — OOO Hzn-Bo ACT, 1999.



	Титульный лист

	ISBN

	ОГЛАВЛЕНИЕ

	Благодарности
	Введение
	§ 1. ПРЕДВАРИТЕЛЬНЫЕ СВЕДЕНИЯ И ДОГОВОРЕННОСТИ
	1. Векторные пространства
	2. Ориентация
	3. Билинейные и квадратичные формы
	4. Евклидовы пространства
	5. Векторные функции скалярного аргумента
	6. Обобщенное векторное произведение
	7. Аффинные евклидовы пространства
	Глава I. Кривые
	§ 2. ОБЩИЕ СВЕДЕНИЯ О КРИВЫХ В АФФИННЫХ ЕВКЛИДОВЫХ ПРОСТРАНСТВАХ

	8. Определение гладкой кривой. Регулярность. Длина кривой
	9. Замена параметра. Эквивалентность кривых
	10. Кривые единичной скорости
	§ 3. ПЛОСКИЕ КРИВЫЕ. ЭКСКУРСИЯ К ИСТОКАМ 
ДИФФЕРЕНЦИАЛЬНОЙ ГЕОМЕТРИИ
	11. Линии на плоскости
	12. Касание плоских кривых. Огибающая
	13. Репер Френе плоской кривой единичной скорости кривой

	15. Репер Френе и кривизна произвольной регулярной плоской
	16. Понятие о сферическом отображении — замечательной идее Гаусса

	17. Локальное строение п лоских кривых

	18. Эволюта и эвольвента
	§ 4. ОБЩАЯ ЛОКАЛЬНАЯ ТЕОРИЯ КРИВЫХ
	19. Кривые общего вида
	20. Репер Френе кривой общего вида
	21. Теорема Френе–Жордана. Уравнения Френе кривой общего вида

	22. Кривые общего вида в трехмерном пространстве
	23. Свойства кривизн кривых общего вида
	24. Основная теорема локальной теории кривых
	25. Теорема о последней кривизне
	26. Кривые с постоянными кривизнами
	Глава II. Поверхности
	§5. ПОНЯТИЕ ПОВЕРХНОСТИ

	27. Дифференциал гладкого отображения
	28. Определение поверхности. Касательное пространство. Касательное расслоение
	29. Примеры поверхностей
	§ 6. ВНУТРЕННЯЯ ГЕОМЕТРИЯ ПОВЕРХНОСТИ
	30. Первая фундаментальная форма
	31. Длина кривой вдоль поверхности
	32. Углы на поверхности
	33. Объем поверхности
	34. Замена параметров на поверхности.Изометричность поверхностей
	§7. ВНЕШНЯЯ 
ГЕОМЕТРИЯГИПЕРПОВЕРХНОСТЕЙ
	35. Нормальное гауссово поле.Дифференциал нормального отображения
	36. Основной оператор гиперповерхности и вторая фундаментальная форма

	37. Матрица основного оператора гиперповерхности.Кривизны и главные направления.Линии кривизны 

	38. Локальное строение гип ерповерхности

	39. Нормальная кривизна. Теорема Менье.Теорема Эйлера. Асимптотические линии 

	§ 8. ДВИЖЕНИЕ РЕПЕРА ВДОЛЬ ПОВЕРХНОСТИ
	40. Производные базисных векторов. 
Коэффициенты связности 
	41. Уравнения Гаусса–Петерсона–Кодацци–Майнарди
	42. Тензоры
	43. Тензоры кривизны Леви-Чивита и Римана. Теорема «egregium» Гаусса

	44. Ковариантное ускорение. Геодезические
	45. Вариации кривых на поверхности. Экстремальные свойства геодезических

	46. Ковариантное дифференцирование
	Литература, в которую заглядывал автор при написании этой книжки


