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£/  | £¨¤à® ªãáâ¨ç¥áª ï ( â¥ )
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� ®¥ ãç¥¡®¥ ¯®á®¡¨¥ ¯®á¢ïé¥® á®¢à¥¬¥ë¬, ãáâ®©ç¨¢ë¬
¬¥â®¤ ¬ à¥è¥¨ï ®¡à âëå ¯à¨ª« ¤ëå § ¤ ç. �â® |  ªâã «ìë¥
§ ¤ ç¨ ª®¬¯ìîâ¥à®© (à¥â£¥®¢áª®© ¨ ���-) â®¬®£à ä¨¨, ®¯â¨-
ª¨ (¢®ááâ ®¢«¥¨¥ á¬ § ëå ¨ ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨©),
á¯¥ªâà®áª®¯¨¨ (¢®ááâ ®¢«¥¨¥ á¯¥ªâà®¢), ¤¨ £®áâ¨ª¨ ¯« §¬ë,
®¡à ¡®âª¨ á¨£ «®¢ (à ¤¨®«®ª æ¨®ëå, £¨¤à® ªãáâ¨ç¥áª¨å), ¡¨®-
ä¨§¨ª¨ (¢®ááâ ®¢«¥¨¥ ¨§®¡à ¦¥¨© ¡¨®¬¨ªà®®¡ê¥ªâ®¢, ¨áá«¥¤®-
¢ ¨¥ à¥ç¥¢®£® âà ªâ , à á¯ ¤ ª«¥â®ª, ¢¥â¨«ïæ¨ï ¢ «¥£ª¨å),
¬¥å ¨ª¨ (à áç¥â ª®áâàãªæ¨¨ £«ãè¨â¥«ï  ¢â®¬®¡¨«ï ¯® á¯¥ªâàã
¥£® èã¬®¢, ®¯à¥¤¥«¥¨¥ á¢®©áâ¢ £ §®¢®©, ¦¨¤ª®© ¨ â¢¥à¤®© áà¥¤ë
¯® á¯¥ªâàã ¯à®å®¤ïé¥£® §¢ãª , ¡®àì¡  á èã¬ ¬¨ ¢ æ¥å å) ¨ ¤à.

�¡é ï áå¥¬  ¨§¬¥à¥¨© ¨ ®¡à ¡®âª¨. �ãâì ®¡à âëå ¯à¨-
ª« ¤ëå § ¤ ç á®áâ®¨â ¢ â®¬, çâ® ¯® ¥ª®â®à®© ¨§¬¥à¥®©
á ¯®£à¥è®áâï¬¨ äãªæ¨¨ f ( ¯à¨¬¥à, íå®-á¨£ «ã ¢ ���-
â®¬®£à ä¨¨, ¨áª ¦¥®¬ã á¨¬ªã ¢ ®¯â¨ª¥ ¨«¨ áª ¨àãîé¥©
äãªæ¨¨ ¢ £¨¤à® ªãáâ¨ª¥),   â ª¦¥ ¯®  ¯¯ à â®© äãªæ¨¨ A
( ¯à¨¬¥à, å à ªâ¥à¨áâ¨ª¥  ¯à ¢«¥®áâ¨ | �� ¢ £¨¤à® ªãáâ¨-
ª¥) ¬®¦® ®¯à¥¤¥«¨âì ¨áå®¤ãî (¢å®¤ãî) äãªæ¨î y ( ¯à¨¬¥à,
¯«®â®áâì ¯à®â®®¢ ¢ ¥ª®â®à®¬ á¥ç¥¨¨ ¢ ���-â®¬®£à ä¨¨, ¥-
¨áª ¦¥ë© á¨¬®ª ¢ ®¯â¨ª¥, ¯®«¥   ¢å®¤¥  â¥ë ¢ £¨¤à®-
 ªãáâ¨ª¥) ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨ï

Ay = f (1)

®â®á¨â¥«ì® y, ª®â®à®¥ ¬®¦¥â ¡ëâì ¨â¥£à «ìë¬ ãà ¢¥¨¥¬
(��), ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬, á¨áâ¥¬®© «¨¥©ëå  «-
£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����), á¨áâ¥¬®© «¨¥©®-¥«¨¥©ëå
ãà ¢¥¨© (����) ¨ â. ¤.
�â® ¬®¦® ®â®¡à §¨âì ¢ ¢¨¤¥ ¤¢ãå á«¥¤ãîé¨å áå¥¬ (á¬. à¨á. 1 ¨ 2).
�®£« á® â¥å¨ç¥áª®© áå¥¬¥ (à¨á. 1),   ¢å®¤ ¨§¬¥à¨â¥«ì®£®

ãáâà®©áâ¢  (�§�) ¯®áâã¯ ¥â ¢å®¤®© ¯à®æ¥áá: ¯®«¥§ë© á¨£ «
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�¨á. 1. �¥å¨ç¥áª ï áå¥¬ 

�¨á. 2. � â¥¬ â¨ç¥áª ï áå¥¬ 

z + èã¬ (¯®¬¥å ) Æy ¨§ ¢¥è¥© áà¥¤ë. Ǳà®©¤ï ç¥à¥§ �§�, å -
à ªâ¥à¨§ãîé¥¥áï  ¯¯ à â®© äãªæ¨¥© (��),  ¯à¨¬¥à, å à ª-
â¥à¨áâ¨ª®©  ¯à ¢«¥®áâ¨ (��)  â¥ë, á¨£ « + èã¬ ¯à¥-
®¡à §ãîâáï ¢ ¢ëå®¤®© á¨£ « (à¥§ã«ìâ â ¨§¬¥à¥¨©),  ¯à¨¬¥à,

áª ¨àãîéãî äãªæ¨î ef = f + Æf , £¤¥ Æf |  ¯¯ à âãà ï ¯®-
£à¥è®áâì ¨§¬¥à¥¨©. � «¥¥ á«¥¤ã¥â ãáâà®©áâ¢® ®¡à ¡®âª¨ (��),
æ¥«ì ª®â®à®£® | ¯®«ãç¨âì ey | à¥§ã«ìâ â ®¡à ¡®âª¨, ¯® ¢®§-
¬®¦®áâ¨ ¡«¨§ª¨© ª ¯à®æ¥ááã y = z + Æy ¨«¨ ¤ ¦¥ ª á¨£ «ã z.
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®¬¥å  Æf | íâ® ¬¥è îé¨© ä ªâ®à, á
ª®â®àë¬ ã¦® ¡®à®âìáï,   Æy ¢ § ¢¨á¨¬®áâ¨ ®â ¥ª®â®à®£® ªà¨-
â¥à¨ï ¬®¦¥â ®â®á¨âìáï ª ¯®¬¥å¥,   ¬®¦¥â ®â®á¨âìáï ¨ ª ®¤®©
¨§ ª®¬¯®¥â ¢å®¤®£® á¨£ «  (íâ® å à ªâ¥à® ¤«ï  ¤ ¯â¨¢ëå
¬¥â®¤®¢ ®¡à ¡®âª¨ | á¬. ¯. 3.1).
Ǳ®¬¨¬® â¥å¨ç¥áª®© áå¥¬ë ¨§¬¥à¥¨© ¨ ®¡à ¡®âª¨ à áá¬®âà¨¬

â ª¦¥ á®®â¢¥âáâ¢ãîéãî ¥© ¬ â¥¬ â¨ç¥áªãî áå¥¬ã, ª®â®à ï á
ãç¥â®¬ ¢¢¥¤¥ëå ®¡®§ ç¥¨© ¨¬¥¥â ¢¨¤, ¯®ª § ë©   à¨á. 2.
� ¬ â¥¬ â¨ç¥áª®© áå¥¬¥ ®¯¥à â®à ¨§¬¥à¨â¥«ì®£® ¯à¥®¡à §®¢ ¨ï
A (  «®£¨çë©  ¯¯ à â®© äãªæ¨¨) ¯à¥®¡à §ã¥â ¢å®¤®© á¨£-
 « + ¢¥è¨© èã¬ y = z + Æy ¢ â ª  §ë¢ ¥¬ãî ¯à ¢ãî ç áâì

(¢ëå®¤®© á¨£ «) ef = A(y) + Æf , £¤¥ Æf | ¯®£à¥è®áâì ¯à ¢®©
ç áâ¨. � «¥¥ á ¯®¬®éìî ®¡à â®£® ®¯¥à â®à  A�1 ¢ëç¨á«ï¥âáï

¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ey = A�1( ef) ¨ æ¥«ì ¬ â¥¬ â¨ç¥áª¨å ¬¥â®-
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¤®¢ ¨  «£®à¨â¬®¢ | ¯®áâà®¨âì â ª®© ®¡à âë© ®¯¥à â®à A�1,
çâ®¡ë ® ¤ ¢ « å®à®è¥¥ ¯à¨¡«¨¦¥¨¥ ª ¯à®æ¥ááã y = z + Æy ¨«¨
¤ ¦¥ ª á¨£ «ã z ¨ ¯à¨ íâ®¬ ¡ë« ãáâ®©ç¨¢ ¯® ®â®è¥¨î ª
¯®£à¥è®áâï¬ Æf .
�á«¨ â¥å¨ç¥áª¨ A | íâ®  ¯¯ à â ï äãªæ¨ï (��) ¨§¬¥à¨-

â¥«ì®£® ãáâà®©áâ¢ ,  ¯à¨¬¥à, å à ªâ¥à¨áâ¨ª   ¯à ¢«¥®áâ¨
(��)  â¥ë, £« § , ãå  ¨«¨ á¯¥ªâà «ì ï çã¢áâ¢¨â¥«ì®áâì
(��) á¯¥ªâà®¬¥âà  ¨ â. ¤., â® ¬ â¥¬ â¨ç¥áª¨ A | íâ® ¨â¥£à «ì-
ë©, ¤¨ää¥à¥æ¨ «ìë©,  «£¥¡à ¨ç¥áª¨©, ¥«¨¥©ë© ¨ â. ¤. ®¯¥-
à â®à.
�¥è¥¨¥ ãà ¢¥¨ï (1) ¯®§¢®«ï¥â, ¢ ¯à¨æ¨¯¥, ¢ë¯®«¨âì à¥-

¤ãªæ¨î (¯à¨¢¥¤¥¨¥) à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© ª ¨¤¥ «ì®¬ã ¨§¬¥-
à¨â¥«ì®¬ã ãáâà®©áâ¢ã ( ¯à¨¬¥à, ª ä®â® ¯¯ à âã ¡¥§ á¬ §  ¨
®è¨¡ª¨ ä®ªãá  ¨«¨ ª  â¥¥ á ¡¥áª®¥ç® ã§ª®© ��), ¯à¨ç¥¬
¢ë¯®«¨âì íâ® ¬ â¥¬ â¨ç¥áª¨ (á ¨á¯®«ì§®¢ ¨¥¬ ª®¬¯ìîâ¥à ),
çâ® ¯®§¢®«¨â ¨á¯®«ì§®¢ âì ¤ ¦¥ ¥á®¢¥àè¥®¥, ¥¤®à®£®¥ ¨§-
¬¥à¨â¥«ì®¥ ãáâà®©áâ¢®. �®¯àï¦¥¨¥ ¨§¬¥à¨â¥«ì®£® ãáâà®©áâ¢ 
á ¢ëç¨á«¨â¥«ìë¬, ®¡¥á¯¥ç¨¢ îé¨¬ à¥è¥¨¥ § ¤ ç¨ à¥¤ãªæ¨¨,
à ¢®§ ç® á®§¤ ¨î ®¢®£® ¨§¬¥à¨â¥«ì®£® ãáâà®©áâ¢  á ¡®«¥¥
¢ëá®ª®© à §à¥è îé¥© á¯®á®¡®áâìî (¯® ã£«ã, ¢à¥¬¥¨, ç áâ®-
â¥ ¨ â. ¤.). �é¥ ¡®«¥¥ ¢ ¦ë¬ ï¢«ï¥âáï á«ãç ©, ª®£¤  ¢ á¨«ã
á¯¥æ¨ä¨ª¨ § ¤ ç¨ ¤ ¦¥ á®¢¥àè¥®¥ ¨§¬¥à¨â¥«ì®¥ ãáâà®©áâ¢®
( ¯à¨¬¥à, â®¬®£à ä) ¥ ¯®§¢®«ï¥â ¥¯®áà¥¤áâ¢¥® (¡¥§ ¬ â¥¬ -
â¨ç¥áª®© ®¡à ¡®âª¨) ¯®«ãç¨âì ¨áª®¬ãî äãªæ¨î y (á¬. £«. 1).
Ǳ®íâ®¬ã á«¥¤ã¥â áç¨â âì  ªâã «ìë¬ ¨á¯®«ì§®¢ ¨¥ ¬ â¥¬ â¨-

ç¥áª®© (¨ ª®¬¯ìîâ¥à®©) ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© ¤«ï
®¯à¥¤¥«¥¨ï ¢å®¤®© ¨ä®à¬ æ¨¨   ¨§¬¥à¨â¥«ì®¬ ãáâà®©áâ¢¥
( ¯à¨¬¥à, ¯«®â®áâ¨ ¢¥é¥áâ¢  ¢ â®¬®£à ä¨¨) ¨«¨ ¤«ï à¥¤ãªæ¨¨
ª ¡®«¥¥ á®¢¥àè¥®¬ã ¨§¬¥à¨â¥«ì®¬ã ãáâà®©áâ¢ã (¯à¥ªà áë©
¯à¨¬¥à íâ®£® | ¬ â¥¬ â¨ª®-ª®¬¯ìîâ¥à ï ®¡à ¡®âª  ¤¥ä®ªãá¨à®-
¢ ëå æ¢¥âëå á¨¬ª®¢, á¤¥« ëå  ¬¥à¨ª áª¨¬ ª®á¬¨ç¥áª¨¬
â¥«¥áª®¯®¬ ó� ¡¡«ô [82]).

�¥ª®â®àë¥ ¯à¨¬¥àë ¯à¨ª« ¤ëå § ¤ ç. Ǳà¨¢¥¤¥¬ ¥ª®â®-
àë¥ å à ªâ¥àë¥ ¯à¨¬¥àë ®¡à âëå ¯à¨ª« ¤ëå § ¤ ç. �¡à ¡®â-
ª  ¨áª ¦¥ëå ¨§®¡à ¦¥¨© (¯. 2.1, 2.2), ¢®ááâ ®¢«¥¨¥ á¯¥ªâà 
(¯. 2.3), ®¡à ¡®âª  á¨£ «®¢ (¯. 3.1), à¥¤ãªæ¨ï ¨§¬¥à¥¨© (¯. 3.2)
¨ ¤à. | íâ® § ¤ ç¨, ¢ ª®â®àëå ¢ ¯à¨æ¨¯¥ ¬®¦® ¯®«ãç¨âì

¢ëå®¤®© á¨£ « ef , ¡«¨§ª¨© ª ¢å®¤®¬ã á¨£ «ã y, ¡¥§ ¬ â¥¬ â¨-
ç¥áª®© ®¡à ¡®âª¨, ¥á«¨ ãà®¢¥ì èã¬®¢ Æf ®ç¥ì ¬ « ¨  ¯¯ à â ï
äãªæ¨ï A ®ç¥ì ã§ª� ,  ¯à¨¬¥à, á¨¬®ª ¡¥§ á¬ §  ¨ ¢ ä®ªãá¥,
¨§¬¥à¥¨¥ á¯¥ªâà  á¯¥ªâà®¬¥âà®¬ á ®ç¥ì ã§ª®© ��, ¯à¨¥¬ á¨£-
 «®¢  â¥®© á ®ç¥ì ã§ª®© �� ¨ â. ¤. �¤ ª® ¤«ï íâ®£® ã¦®
¨¬¥âì á®¢¥àè¥®¥ ¨ ¤®à®£®¥ ¨§¬¥à¨â¥«ì®¥ ãáâà®©áâ¢®,  ¯à¨-
¬¥à,  â¥ã ®ç¥ì ¡®«ìè¨å à §¬¥à®¢, çâ® ç áâ® ¥¢ë¯®«¨¬®.
� â¥¬ â¨ç¥áª ï ¦¥ ®¡à ¡®âª  ¯®§¢®«ï¥â áª®¬¯¥á¨à®¢ âì íâ®â
¥¤®áâ â®ª. � ¥é¥ ¡®«ìè¥© áâ¥¯¥¨ ¥®¡å®¤¨¬  ¬ â¥¬ â¨ç¥áª ï
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®¡à ¡®âª  à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© ¢ â ª¨å § ¤ ç å, ª ª à¥â£¥-
®¢áª ï ¨ ���-â®¬®£à ä¨ï (£«. 1), ¤¨ £®áâ¨ª  ¯« §¬ë (¯. 2.4),
§ ¤ ç¨ ¬¥å ¨ª¨   ®á®¢¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ (¯. 4.3) ¨ ¤à.,
â ª ª ª,  ¯à¨¬¥à, ¢ �� ¨§¬¥àï¥¬ ï äãªæ¨ï | ¨â¥á¨¢®áâì  
¤¥â¥ªâ®à å I(l; �) ¥ ¨¬¥¥â ¯à ªâ¨ç¥áª¨ ¨ç¥£® ®¡é¥£® á ¨áª®¬®©
äãªæ¨¥© | ¯«®â®áâìî ¢¥é¥áâ¢  ¢ á¥ç¥¨¨ c (x; y) ¨ ¯®íâ®¬ã,
áª®«ì ¡ë á®¢¥àè¥¥ ¨ ¡ë« â®¬®£à ä, ¡¥§ ¬ â¥¬ â¨ç¥áª®© ®¡-
à ¡®âª¨ ¢ ¯à¨æ¨¯¥ ¥¢®§¬®¦® ®¯à¥¤¥«¨âì ¯«®â®áâì c (x; y) ¯®
¨§¬¥à¥®© ¨â¥á¨¢®áâ¨ I(l; �) (á¬. ¯. 1.1).

�¥®¡å®¤¨¬®áâì ¨á¯®«ì§®¢ ¨ï ãáâ®©ç¨¢ëå ¬¥â®¤®¢. � ¤ -
ç  à¥è¥¨ï ãà ¢¥¨ï â¨¯  (1) ï¢«ï¥âáï, ª ª ¯à ¢¨«®, ¥ª®àà¥ªâ-
®© (á¨«ì® ¥ãáâ®©ç¨¢®©) ¨ ¤«ï íää¥ªâ¨¢®£® ¥¥ à¥è¥¨ï ã¦®
¨á¯®«ì§®¢ âì á®¢à¥¬¥ë¥, ãáâ®©ç¨¢ë¥ ¬¥â®¤ë. �â® | ¬¥â®¤ë à¥-
£ã«ïà¨§ æ¨¨ �¨å®®¢ , ¨â¥à â¨¢®©, áâ â¨áâ¨ç¥áª®©, «®ª «ì®©,
¤¨áªà¨¯â¨¢®© à¥£ã«ïà¨§ æ¨¨, áã¡®¯â¨¬ «ì®© ä¨«ìâà æ¨¨, à¥-
è¥¨ï   ª®¬¯ ªâ¥ ¨ ¤à. | ¯¥à¢ ï £àã¯¯  ¬¥â®¤®¢, à §¢¨âëå
á®¢¥âáª¨¬¨ (à®áá¨©áª¨¬¨) ãç¥ë¬¨,   â ª¦¥ ¬¥â®¤ë ®¯â¨¬ «ì-
®© ä¨«ìâà æ¨¨ � «¬  -�ìîá¨ ¨ �¨¥à , ¬¥â®¤ë ã¯à ¢«ï¥¬®©
«¨¥©®© ä¨«ìâà æ¨¨ (�í©ªãá -�¨«ì¡¥àâ ) ¨ ¤à. | ¢â®à ï £àã¯-
¯  ¬¥â®¤®¢, à §¢¨âëå § ¯ ¤ë¬¨ ãç¥ë¬¨. �®âï ¬¥â®¤ë ¢â®à®©
£àã¯¯ë ï¢«ïîâáï ¢ ¯à¨æ¨¥ ¡®«¥¥ â®çë¬¨, ® ¬¥â®¤ë ¯¥à¢®©
£àã¯¯ë (¢ ¯¥à¢ãî ®ç¥à¥¤ì, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ) âà¥-
¡ãîâ £®à §¤® ¬¥ìè¥ ¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨ ® à¥è¥¨¨ ¨
¯®íâ®¬ã  å®¤ïâ ¡®«¥¥ è¨à®ª®¥ ¯à¨¬¥¥¨¥ ¯à¨ à¥è¥¨¨ ¢ëè¥-
¯¥à¥ç¨á«¥ëå (  â ª¦¥ ¤àã£¨å) ®¡à âëå ¯à¨ª« ¤ëå § ¤ ç.
Ǳ®íâ®¬ã ã¦® ®â¬¥â¨âì ¡®«ìèãî ¥®¡å®¤¨¬®áâì á¨áâ¥¬ â¨-

ç¥áª®£® ¨§«®¦¥¨ï (¢ ç áâ®áâ¨, ¢ ¢¨¤¥ ãç¥¡®£® ¯®á®¡¨ï) ª ª
 ªâã «ìëå ¯à¨ª« ¤ëå § ¤ ç, â ª ¨ íää¥ªâ¨¢ëå ¬ â¥¬ â¨ç¥-
áª¨å (¨ ª®¬¯ìîâ¥àëå) ¬¥â®¤®¢ ¨å à¥è¥¨ï.

�à ¢¥¨¥ á ¤àã£¨¬¨ ¨áâ®ç¨ª ¬¨. �â¬¥â¨¬ á«¥¤ãîé¨¥
ãç¥¡ë¥ ¯®á®¡¨ï,   â ª¦¥ ãç¥¡¨ª¨ ¨ ¬®®£à ä¨¨, ¯®á¢ïé¥-
ë¥ ¤ ®© â¥¬ â¨ª¥ (¢ åà®®«®£¨ç¥áª®¬ ¯®àï¤ª¥): [42] �à á¨«ì-
¨ª®¢ �. �. �¢ãª®¢ë¥ ¨ ã«ìâà §¢ãª®¢ë¥ ¢®«ë ¢ ¢®§¤ãå¥, ¢®¤¥
¨ â¢¥à¤ëå â¥« å (¨§«®¦¥ë ¯à¨ª« ¤ë¥ § ¤ ç¨ ¬¥å ¨ª¨); [15]
� á¨«¥ª® �.�. �¥®à¨ï ¢®ááâ ®¢«¥¨ï á¨£ «®¢: � à¥¤ãªæ¨¨ ª
¨¤¥ «ì®¬ã ¯à¨¡®àã ¢ ä¨§¨ª¥ ¨ â¥å¨ª¥ (®¡à ¡®âª  ¨áª ¦¥ëå
¨§®¡à ¦¥¨©, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ , ¬¥â®¤ ®¯â¨¬ «ì-
®© ä¨«ìâà æ¨¨ �¨¥à ); [14] � ¯¨ª �.�. (à¥¤.) �«£®à¨â¬ë ¨
¯à®£à ¬¬ë ¢®ááâ ®¢«¥¨ï § ¢¨á¨¬®áâ¥© (à á¯®§ ¢ ¨¥ ®¡à §®¢,
¢®ááâ ®¢«¥¨¥ à¥£à¥áá¨¨, ¨â¥à¯à¥â æ¨ï íªá¯¥à¨¬¥â®¢, ¬¥â®¤
áâàãªâãà®© ¬¨¨¬¨§ æ¨¨ à¨áª , ¯à®£à ¬¬ë); [19] �¥à« ì �.�.,
�¨§¨ª®¢ �. �. �â¥£à «ìë¥ ãà ¢¥¨ï: ¬¥â®¤ë,  «£®à¨â¬ë, ¯à®-
£à ¬¬ë (¯à¨ª« ¤ë¥ § ¤ ç¨, ¬¥â®¤ë �¨å®®¢ , � «¬  -�ìîá¨,
�¨¥à , ¯à®£à ¬¬ë); [69] �¨å®®¢ �.�. ¨ ¤à. � â¥¬ â¨ç¥áª¨¥
§ ¤ ç¨ ª®¬¯ìîâ¥à®© â®¬®£à ä¨¨ (à¥â£¥®¢áª ï, ���- ¨ ã«ìâ-
à §¢ãª®¢ ï â®¬®£à ä¨ï, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ , ¬¥â®¤ «®-
ª «ì®© à¥£ã«ïà¨§ æ¨¨); [4] � ªãè¨áª¨© �. �., �®ç àáª¨© �. �.
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�¥ª®àà¥ªâë¥ § ¤ ç¨. �¨á«¥ë¥ ¬¥â®¤ë ¨ ¯à¨«®¦¥¨ï (®¡à ¡®â-
ª  ¨áª ¦¥ëå ¨§®¡à ¦¥¨©, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ); [49]
� ââ¥à¥à �. � â¥¬ â¨ç¥áª¨¥  á¯¥ªâë ª®¬¯ìîâ¥à®© â®¬®£à ä¨¨
(à¥â£¥®¢áª ï â®¬®£à ä¨ï); [71] �¨å®®¢ �.�. ¨ ¤à. �¨á«¥ë¥
¬¥â®¤ë à¥è¥¨ï ¥ª®àà¥ªâëå § ¤ ç (¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨-
å®®¢ , à¥è¥¨¥   ª®¬¯ ªâ¥, ¯à®£à ¬¬ë); [74] �í¡¡ �. (à¥¤.)
�¨§¨ª  ¢¨§ã «¨§ æ¨¨ ¨§®¡à ¦¥¨© ¢ ¬¥¤¨æ¨¥ (à¥â£¥®¢áª ï ¨
���-â®¬®£à ä¨ï); [51] Ǳ®â¥¥¢ �.�., �¨§¨ª®¢ �. �. Ǳ®¢ëè¥¨¥
à §à¥è îé¥© á¯®á®¡®áâ¨ ¨§¬¥à¨â¥«ìëå ãáâà®©áâ¢ ¯ãâ¥¬ ª®¬-
¯ìîâ¥à®© ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© (¯à¨ª« ¤ë¥ § ¤ ç¨,
¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ); [93] Cho Z.H. et al. Foundations
of medical imaging (���-â®¬®£à ä¨ï); [16] � á¨«ì¥¢ �.�., �ã-
à®¢ �.Ǳ. �®¬¯ìîâ¥à ï ®¡à ¡®âª  á¨£ «®¢ ¢ ¯à¨«®¦¥¨¨ ª
¨â¥àä¥à®¬¥âà¨ç¥áª¨¬ á¨áâ¥¬ ¬ (®¡à ¡®âª  á¨£ «®¢, ¯à¥®¡à -
§®¢ ¨ï �ãàì¥, �¨«ì¡¥àâ  ¨ � àâ«¨, ä¨«ìâà æ¨ï � «¬   ¨
�âà â®®¢¨ç ). �â¬¥â¨¬ â ª¦¥ ¨áâ®ç¨ª¨ [2, 3, 8, 10, 13, 17, 18,
23, 27, 30, 32, 36, 45, 47, 48, 52, 54{57, 67, 70, 72, 79, 81, 84, 87]
¨ ¤à.
� «¨§ ¯à¨¢¥¤¥ëå ¨áâ®ç¨ª®¢ ¯®ª §ë¢ ¥â, çâ® ¥á¬®âàï  

¨å ®¡¨«¨¥, ¯à ªâ¨ç¥áª¨ ¥â ¨áâ®ç¨ª , ¢ ª®â®à®¬ á®¢à¥¬¥ë¥
¯à¨ª« ¤ë¥ § ¤ ç¨, ¬¥â®¤ë ¨ ¯à®£à ¬¬ë ¡ë«¨ ¡ë ¨§«®¦¥ë ¯®«-
® ¨ ¢ áâ¨«¥ ãç¥¡®£® ¯®á®¡¨ï. Ǳà¥¤« £ ¥¬®¥ ãç¥¡®¥ ¯®á®¡¨¥ |
íâ® ¯®¯ëâª  á®§¤ ¨ï â ª®£® ¨áâ®ç¨ª .
� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¢ ¤ ®¬ ãç¥¡®¬ ¯®á®¡¨¨ ¥ à á-

á¬ âà¨¢ îâáï â ª¨¥ ¢®¯à®áë â¥®à¨¨ ¨§¬¥à¥¨©, ª ª ¬¥âà®«®£¨ï
(  ¨¬¥®, áà¥¤áâ¢  ¨ ¬¥â®¤ë ¨§¬¥à¥¨©),   «¨§ ¨ ¯« ¨à®¢ -
¨¥ íªá¯¥à¨¬¥â®¢, ¬ â¥¬ â¨ç¥áª ï áâ â¨áâ¨ª . �â¨, ã¦¥ áâ ¢-
è¨¥ ª« áá¨ç¥áª¨¬¨, ¢®¯à®áë ¤®áâ â®ç® ¯®«® ¨§«®¦¥ë ¢ â ª¨å
ª¨£ å, ª ª [39] �«¥¯¨ª®¢ �.Ǳ., �®ª®«®¢ �.�. � «¨§ ¨ ¯« ¨-
à®¢ ¨¥ íªá¯¥à¨¬¥â®¢ ¬¥â®¤®¬ ¬ ªá¨¬ã¬  ¯à ¢¤®¯®¯®¡¨ï; [86]
�®è¨ �. �¥®à¨ï ¨ ¯à ªâ¨ª  ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨©;
[12] �ãà¤ã �.�., � àª®¢ �.�. �á®¢ë ¬¥âà®«®£¨¨ ¨ ¤à. Ǳà¥¤« -
£ ¥¬®¥ ¯®á®¡¨¥, ¯®-áãé¥áâ¢ã, ¯à®¤®«¦ ¥â íâã â¥¬ â¨ªã, à áá¬ âà¨-
¢ ï (¥é¥ ¤®áâ â®ç® ®¢ë¥) ¥ãáâ®©ç¨¢ë¥ ®¡à âë¥ ¯à¨ª« ¤ë¥
§ ¤ ç¨ ¨ à¥£ã«ïàë¥ ¬¥â®¤ë ¨å à¥è¥¨ï.

�à âª®¥ á®¤¥à¦ ¨¥ ãç¥¡®£® ¯®á®¡¨ï. �ç¥¡®¥ ¯®á®¡¨¥ á®-
áâ®¨â ¨§ ¤¢ãå ç áâ¥©. �   á â ì I (á®¤¥à¦ é ï £« ¢ë 1{4) ¯®á¢ïé¥-
  ¨§«®¦¥¨î ®¡à âëå ¯à¨ª« ¤ëå § ¤ ç,   ç   á â ì II (á®¤¥à-
¦ é ï £« ¢ë 5{8) | ãáâ®©ç¨¢ë¬ ¬¥â®¤ ¬ à¥è¥¨ï ãà ¢¥¨©,
®¯¨áë¢ îé¨å íâ¨ § ¤ ç¨.
� £«   ¢ ¥ 1 ¨§«®¦¥ë § ¤ ç¨ ª®¬¯ìîâ¥à®© â®¬®£à ä¨¨,  

¨¬¥®, à¥â£¥®¢áª®© â®¬®£à ä¨¨ ¨ ���-â®¬®£à ä¨¨.
� £«   ¢ ¥ 2 à áá¬®âà¥ë ¥ª®â®àë¥ ®¡à âë¥ § ¤ ç¨ ®¯â¨ª¨

¨ á¯¥ªâà®áª®¯¨¨: ¢®ááâ ®¢«¥¨¥ á¬ § ëå ¨ ¤¥ä®ªãá¨à®¢ ëå
¨§®¡à ¦¥¨©, ®¡à âë¥ § ¤ ç¨ á¯¥ªâà®áª®¯¨¨ ¨ ®¡à â ï § ¤ ç 
¤¨ £®áâ¨ª¨ ¯« §¬ë.
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� £«  ¢ ¥ 3 ¤   ®¡®¡é¥ ï ä®à¬ã«¨à®¢ª  ®¡à âëå § ¤ ç ¢
â¥à¬¨ å § ¤ ç¨ ®¡à ¡®âª¨ á¨£ «®¢ ¨ § ¤ ç¨ à¥¤ãªæ¨¨ (¯à¨¢¥-
¤¥¨ï) ¨§¬¥à¥¨© ª ¨¤¥ «ì®¬ã ¨§¬¥à¨â¥«ì®¬ã ãáâà®©áâ¢ã (à¥-
¤ãªæ¨® ï ¯à®¡«¥¬  �í«¥ï).
� £«   ¢ ¥ 4 áä®à¬ã«¨à®¢ ë ¥ª®â®àë¥ ®¡à âë¥ § ¤ ç¨ â¥®-

à¨¨ ã¯à ¢«¥¨ï, ¡¨®ä¨§¨ª¨ ¨ ¬¥å ¨ª¨.
� £« ¢ å 1{4 ¤ ë ¯®áâ ®¢ª¨ § ¤ ç, ¢ë¢¥¤¥ë ®á®¢ë¥ ãà ¢-

¥¨ï, ®¯¨áë¢ îé¨¥ § ¤ ç¨, ¨ ¤ ë ç¨á«¥ë¥ ¨««îáâà æ¨¨.
� £«   ¢ ¥ 5 ¯¥à¥ç¨á«¥ë ®á®¢ë¥ â¨¯ë ãà ¢¥¨© (¨â¥£à «ì-

ë¥ ãà ¢¥¨ï, á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
¨ â. ¤.), ®¯¨áë¢ îé¨¥ ¯à¨ª« ¤ë¥ § ¤ ç¨, ¨ ¤ ë ®á®¢ë¥ á¢¥-
¤¥¨ï ¨§ «¨¥©®©  «£¥¡àë ¨ â¥®à¨¨ ¢¥à®ïâ®áâ¥©.
� £«   ¢ ¥ 6 ¤ ë í«¥¬¥âë â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨© (äãª-

æ¨ï �í¢¨á ©¤ , Æ-äãªæ¨ï �¨à ª ), ¯à¨¢¥¤¥  ä®à¬ã«  �©«¥à 
¨ à áá¬®âà¥ë ¨â¥£à «ìë¥ ¯à¥®¡à §®¢ ¨ï (�ãàì¥, � àâ«¨ ¨
� ¯« á ) ¥¯à¥àë¢ë¥, ¤¨áªà¥âë¥ ¨ ¡ëáâàë¥, ®¤®- ¨ ¤¢ãå¬¥à-
ë¥.
� £«   ¢ ¥ 7 ¨§«®¦¥  ¯à¥¤ëáâ®à¨ï à¥£ã«ïàëå ¬¥â®¤®¢: ª®à-

à¥ªâ®áâì ¨ ¥ª®àà¥ªâ®áâì ¯® �¤ ¬ àã, ª« áá¨ç¥áª¨¥ ¬¥â®¤ë
à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨©, ��� � ãáá , �Ǳ�� �ãà -
Ǳ¥à®ã§ .
� £«   ¢ ¥ 8 à áá¬®âà¥ë ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ , ¬¥â®-

¤ë ®¯â¨¬ «ì®© ä¨«ìâà æ¨¨ � «¬  -�ìîá¨ ¨ �¨¥à ,   â ª¦¥
¨â¥à¯®«ïæ¨ï, íªáâà ¯®«ïæ¨ï, á£« ¦¨¢ ¨¥ ¨  ¯¯à®ªá¨¬ æ¨ï (¯®-
«¨®¬ � £à ¦ , á¯« ©ë ¨ â. ¤.).
�®£¨¥ ¬¥â®¤ë ¤®¢¥¤¥ë ¤® à ¡®ç¨å  «£®à¨â¬®¢ ¨ ¤ ë ááë«ª¨

  áâ ¤ àâë¥ ¯à®£à ¬¬ë, à¥ «¨§ãîé¨¥ íâ¨ ¬¥â®¤ë ¨  «£®à¨â-
¬ë.
�¥ªáâ ¤ ®£® ¯®á®¡¨ï  ¡à  ¢ à¥¤ ªâ®à¥ AMS-TEX. �â® ¦¥

ª á ¥âáï ¨««îáâà æ¨©, â® à¨áãª¨ 1.1, 1.4, 1.5, 1.30, 2.2, 2.6, 2.8,
2.9, 2.18, 2.19 ¨ 3.14 ¯®«ãç¥ë ¯ãâ¥¬ ªá¥à®ª®¯¨à®¢ ¨ï ¨§ ¯¥à¢®¨á-
â®ç¨ª®¢; ¤«ï ¯®«ãç¥¨ï à¨áãª®¢ 1.36, 1.37, 3.15, 6.14 | 6.16, 7.1,
8.1 | 8.6 ¢ë¯®«¥ë à áç¥âë   ï§ëª¥ Fortran MS 5 (¨ Fortran
90), ¯®áâà®¥ë £à ä¨ª¨ ¢ £à ä®¯®áâà®¨â¥«¥ Grapher ¨ ¢ë¯®«¥ 
¨å ¤®¢®¤ª  ¢ £à ä¨ç¥áª®-â¥ªáâ®¢®¬ à¥¤ ªâ®à¥ PaintBrush; à¨áã-
ª¨ 2.3 ¨ 2.7 à ááç¨â ë ¨ ¯®áâà®¥ë ¢ Visual C++ á ¤®¢®¤ª®© ¢
PaintBrush'¥; à¨áãª¨ 2.24 ¨ 2.25 ¯®áâà®¥ë ¢ à¥¤ ªâ®à¥ MathCad
6 á ¤®¢®¤ª®© ¢ PaintBrush'¥; à¨áãª¨ 1.25, 1.26, 5.3, 6.4{6.8 ¯®áâà®-
¥ë ¢ à¥¤ ªâ®à¥ Excell á ¤®¢®¤ª®© ¢ PaintBrush'¥; ®áâ «ìë¥ à¨-
áãª¨ ¯®áâà®¥ë ¥¯®áà¥¤áâ¢¥® ¢ PaintBrush'¥. �ª®ç â¥«ì ï
¤®¢®¤ª  à¨áãª®¢ ¢ë¯®«¥  ¢ CorelDraw ¨ PhotoShop'¥. � á®®â-
¢¥âáâ¢¨¨ á íâ¨¬ ¬®¦® ¤ ¢ âì áâã¤¥â ¬ §   ¤   ¨ ï,  ¯à¨¬¥à:
à ááç¨â âì à¨á. 6.16   �®àâà ¥ (¨«¨ ¤àã£®¬ ï§ëª¥) á®£« á®
ä®à¬ã« (6.63){(6.65), ¯®áâà®¨âì £à ä¨ª¨ ¢ Grapher'¥ ¨ ¢ë¯®«-
¨âì ®ª®ç â¥«ìãî ¤®¢®¤ªã £à ä¨ª®¢ ¢ PaintBrush'¥, CorelDraw
¨«¨ PhotoShop'¥.
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� ®¥ ¯®á®¡¨¥ ¥áâì à¥§ã«ìâ â ¬®£®«¥â¥©  ãç®© ¨ ¯¥¤ £®£¨-
ç¥áª®© à ¡®âë  ¢â®à . �¢â®à ¨áªà¥¥ ¡« £®¤ à¥ ¯à®ä.�.�. � -
ªãè¨áª®¬ã, ¯à®ä.�.�.�®©ª®¢ã, prof.H. Brunner, ¯à®ä.�.�.�¥à-
« î, ¯à®ä.�.�.�®áª®¡®©¨ª®¢ã, ¯à®ä. Ǳ.�. � « ©¤¨ã, ¯à®ä.
�.�.�¥«ã¤¥¢ã, ¯à®ä. �. �.�ãª®¢ã, ¤®æ. �.�. � ¬ïâ¨ã, ¤®æ.
�.�. �¢ï£¨ã, ¯à®ä. �.�.�¢ ®¢ã, ¯à®ä. �.�.�¥«ì¨ª®¢ã, ¯à®ä.
�.�.Ǳ®â¥¥¢ã, ¯à®ä. �.�.�¥¤¥«ì¨ª®¢ã §  ¯«®¤®â¢®à®¥ á®âàã¤-
¨ç¥áâ¢® ¨ á®¤¥à¦ â¥«ìë¥ ¡¥á¥¤ë. �¢â®à ¡« £®¤ à¨â à¥æ¥§¥â®¢
¯à®ä.�.�.�¥à¨ª®¢  ¨ ¯à®ä.�.�.�¤¨  §  âàã¤ ¯® ¯à®á¬®âàã
àãª®¯¨á¨ ¨ æ¥ë¥ § ¬¥ç ¨ï. �¢â®à ¡« £®¤ à¥ á¢®¥© ¦¥¥ �«¥-
¥ §  ¤®«£®â¥à¯¥¨¥ ¢ ¯¥à¨®¤ à ¡®âë  ¤ àãª®¯¨áìî. � ª®¥æ,  ¢-
â®à ¡« £®¤ à¨â áâã¤¥â®¢ �.�¯¯®«®®¢ , �.�¥«®¢ , �.�®§ ç¥ª®
¨ ¤à. §  ¯®¬®éì ¯à¨  ¡®à¥ ¯®á®¡¨ï.
�á¥ ¯®¦¥« ¨ï ¨ § ¬¥ç ¨ï ¯® ¯®¢®¤ã ¤ ®£® ãç¥¡®£® ¯®-

á®¡¨ï  ¢â®à ¯à®á¨â  ¯à ¢«ïâì ¯®  ¤à¥áã: 197101, �-Ǳ¥â¥à¡ãà£,
ã«.� ¡«¨áª ï, 14, �Ǳ¡ ����� (��), ¯à®ä. �. �.�¨§¨ª®¢ã ¨«¨
¯® í«.  ¤à¥áã: sizikov@beam.ifmo.ru ¨«¨ ¯®ä ªáã: 812-2335952.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. Ǳp¨¢¥áâ¨ ¯p¨¬¥pë ®¡p âëå ¯p¨ª« ¤ëå § ¤ ç.
2. �§®¡p §¨âì â¥å¨ç¥áªãî ¨ ¬ â¥¬ â¨ç¥áªãî áå¥¬ë ¨§¬¥p¥¨©.
3. Ǳ¥p¥ç¨á«¨âì ãáâ®©ç¨¢ë¥ ¬¥â®¤ë ®¡p ¡®âª¨ ¨§¬¥à¥¨©.
4. �¡êïá¨âì áãâì ®¡p âëå ¯p¨ª« ¤ëå § ¤ ç   ¯p¨¬¥p¥

ãp ¢¥¨ï Ay = f . �â® ®§ ç îâ A, y ¨ f ¬ â¥¬ â¨ç¥áª¨ ¨
â¥å¨ç¥áª¨?



�  á â ì I

�������� Ǳ��������� ������

� ¤ ®© ç áâ¨ à áá¬ âà¨¢ ¥âáï àï¤  ªâã «ìëå ®¡à âëå
¯à¨ª« ¤ëå § ¤ ç â®¬®£à ä¨¨, ®¯â¨ª¨, á¯¥ªâà®áª®¯¨¨, £¨¤p®-
 ªãáâ¨ª¨, p ¤¨®«®ª æ¨¨, ¡¨®ä¨§¨ª¨, ¬¥å ¨ª¨, ¬¥¤¨æ¨ë ¨ â. ¤.
Ǳ®¤ ®¡p â®© § ¤ ç¥© ¡ã¤¥¬ ¯®¤p §ã¬¥¢ âì § ¤ çã, ¢ ª®â®p®©
¯® ¨§¬¥p¥®¬ã ¢ëå®¤®¬ã á¨£ «ã (¯p®æ¥ááã) f ¨ ¨§¢¥áâ®©  ¯-
¯ p â®© äãªæ¨¨ A ã¦® ®¯p¥¤¥«¨âì ¨áª®¬ë© ¢å®¤®© á¨£ «
(¯p®æ¥áá) y ¯ãâ¥¬ p¥è¥¨ï ®¯¥p â®p®£® ãp ¢¥¨ï

Ay = f

Ǳà¨¬ ¥ à ®¡p â®© § ¤ ç¨ | ®¡p â ï § ¤ ç  á¯¥ªâp®áª®¯¨¨
(§ ¤ ç  ¢®ááâ ®¢«¥¨ï ¥¯p¥pë¢®£® á¯¥ªâp ), ª®â®p ï ä®p¬ã-
«¨pã¥âáï á«¥¤ãîé¨¬ ®¡p §®¬. �¯¥ªâp®¬¥âp®¬ á® á¯¥ªâp «ì®©
çã¢áâ¢¨â¥«ì®áâìî ( ¯¯ p â®© äãªæ¨¥©) K (�), £¤¥ � | ç áâ®-
â , ¨§¬¥pï¥âáï ¨â¥á¨¢®áâì á¯¥ªâp  u (�) ¢ äãªæ¨¨ ç áâ®âë;
â®£¤  ¨áâ¨ë© (¥§ £« ¦¥ë©  ¯¯ à â®© äãªæ¨¥© ¨ ¥¨áª -
¦¥ë© ¯®¬¥å ¬¨) á¯¥ªâp z (�) ¬®¦¥â ¡ëâì  ©¤¥ ¯ãâ¥¬ p¥è¥¨ï
¨â¥£p «ì®£® ãp ¢¥¨ï �p¥¤£®«ì¬  I à®¤ :

bZ
a

K (� � �0) z (�0) d�0 = u (�); c 6 � 6 d;

£¤¥ [a; b] | ®¡« áâì ¯®¨áª  p¥è¥¨ï z (�), [c; d] | ®¡« áâì ¨§-
¬¥p¥¨ï u (�).
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� «   ¢   1

������ � ��Ǳ�������� ����������

� íâ®© £« ¢¥ à áá¬ âà¨¢ îâáï § ¤ ç¨ à¥â£¥®¢áª®© â®¬®£à -
ä¨¨ (��) ¨ ���-â®¬®£à ä¨¨. �ãé¥áâ¢ãîâ â ª¦¥ ã«ìâà §¢ãª®¢ ï,
¯à®â®-í¬¨áá¨® ï ¨ ¤à. â®¬®£à ä¨¨.

�«®¢® óâ®¬®£à ä¨ïô ¯à®¨áå®¤¨â ®â £à¥ç¥áª¨å á«®¢ �o�� |
á¥ç¥¨¥ ¨ ��'! | ¯¨èã, â. ¥. ó¯¨èã ¯® á¥ç¥¨ï¬ô. �ãâì ¢á¥å
â¨¯®¢ â®¬®£à ä¨¨ ¥¤¨ : ¯® áã¬¬ à®© ¨ä®à¬ æ¨¨, ¯®«ãç¥®©
®â ¥ª®â®à®£® á¥ç¥¨ï (á«®ï) ¢¥é¥áâ¢ , ã¦® ®¯à¥¤¥«¨âì «®-
ª «ìãî ¨ä®à¬ æ¨î,   ¨¬¥®, ¯«®â®áâì ¢¥é¥áâ¢  ¢ á¥ç¥¨¨
c (x; y), £¤¥ x, y | ª®®à¤¨ âë ¢ á¥ç¥¨¨,   §  â¥¬ ¯® ¯«®â®áâï¬
cz(x; y) ¢ àï¤¥ á¥ç¥¨©, £¤¥ z | ª®®à¤¨ â , ¯¥à¯¥¤¨ªã«ïà ï á¥-
ç¥¨î, ¯®«ãç¨âì (áª®áâàã¨à®¢ âì) ®¡ê¥¬ãî¯«®â®áâì c (x; y; z).
� à §ëå â¨¯ å â®¬®£à ä¨¨ áã¬¬ à ï ¨ä®à¬ æ¨ï ª ç¥áâ¢¥®
à §«¨ç  (¢ �� íâ® ¨â¥á¨¢®áâì   ¤¥â¥ªâ®à å I (l; �), ¢ ���-
â®¬®£à ä¨¨ íâ® íå®-á¨£ «ë s (t; gx) ¨ â. ¤.) ¨ ¬ â¥¬ â¨ç¥áª¨¥ ®¯¨-
á ¨ï à §«¨çë (¢ �� íâ® ¨â¥£à «ì®¥ ãà ¢¥¨¥ � ¤®  ¨«¨
�à¥¤£®«ì¬ , ¢ ���-â®¬®£à ä¨¨ íâ® ¤¢ãå¬¥à®¥ Ǳ� ¨ â. ¤.), å®âï
¥áâì â¥¤¥æ¨ï ®¯¨á âì ¢á¥ ¢¨¤ë â®¬®£à ä¨¨ ¥¤¨ë¬ â ª  §ë¢ -
¥¬ë¬ ®á®¢ë¬ ãà ¢¥¨¥¬ ª®¬¯ìîâ¥à®© â®¬®£à ä¨¨ [69, á. 19,
26, 32, 38]. �¤ ª® ª®¥ç ï æ¥«ì ¥¤¨  | ¯®«ãç¥¨¥ c (x; y), ¯®-
íâ®¬ã,  ¯à¨¬¥à, à¥â£¥®¢áª¨¥ ¨ ���-â®¬®£à ¬¬ë (®â®¡à ¦¥¨¥
  ¯à®§à çëå ¯«¥ª å ¯«®â®áâ¨ c (x; y)) ¢ë£«ï¤ïâ ¯à ªâ¨ç¥áª¨
®¤¨ ª®¢®, å®â ïâà¥¡ã¥¬ ï ¤«ï ¨å ¯®«ãç¥¨ï ä¨§¨ª , â¥ å¨ª  ¨
¬ â¥¬ â¨ª  à §«¨çë.

1.1. �¥â£¥®¢áª ï â®¬®£à ä¨ï (��)

�«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì �� [3, 49, 68, 69],
[74, â. 1], [79] ¯à¨¬¥¨â¥«ì® ª ¨áá«¥¤®¢ ¨î àãª¨, £àã¤®© ª«¥âª¨
¨«¨ ¬®§£ , å®â ï®¡« áâì ¯à¨¬¥¥¨ï �� è¨à¥ (á¬. ¤ «ìè¥).

�¥¤®áâ âª¨ ®¡ëç®© à¥â£¥®£à ä¨¨. �¡ëç ï à¥â£¥®-
£à ä¨ï (¯®«ãç¥¨¥ ®¤®£® à¥â£¥®¢áª®£® á¨¬ª ,  ¯à¨¬¥à, £àã¤-
®© ª«¥âª¨) ¨¬¥¥â á«¥ ¤ãîé¨¥ ¥ ¤ ® á â   â ª ¨:
1) �  §«¨ç¥¨¥ ¯® ¯«®â®áâ¨ á®á¥ ¤¨åãç áâª®¢ ¢®§¬®¦® «¨èì

¢ á«ãç ¥, ª®£ ¤  ¨å ¯«®â®áâ¨ ®â«¨ç îâáï   & 2% (¥á«¨ ¤¢ 
á®á¥ ¤¨åãç áâª  ®â«¨ç îâáï ¯® ¯«®â®áâ¨,  ¯à¨¬¥à,   1%, â®
®¨ ¢ë£«ï¤ïâ ª ª ¨¬¥îé¨¥ ®¤¨ ª®¢ãî ¯«®â®áâì, çâ® ãåã¤è ¥â
ª ç¥áâ¢® ¬¥¤¨æ¨áª®£®   «¨§ ).
2) �¥à §«¨ç¨¥ ¯à®áâà áâ¢¥ëå áâàãªâãà (¥á«¨ ®¤¨ ãç áâ®ª

§ á«®ï¥â ¤àã£®©, â® ¯®á«¥¤¨©   à¥â£¥®¢áª®¬ á¨¬ª¥ ¥ ¢¨¤¥
¨ â. ¤.).
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�¨á. 1.1

�  à¨á. 1.1 ¯à¥¤áâ ¢«¥  â¨¯¨ç ï à¥â£¥®£à ¬¬  £àã¤®©
ª«¥âª¨ [74, â. 1, á. 139].

�¤¥ï ��. �¥¤®áâ âª¨ ®¡ëç®© à¥â£¥®£à ä¨¨ ¯®à®¤¨«¨ ¨¤¥î
¯®«ãç¥¨ï ¥ ®¤®£®,   àï¤  á¨¬ª®¢, ¢ë¯®«¥ëå ¯®¤ à §-
ë¬¨ à ªãàá ¬¨, ¨ ®¯à¥¤¥«¥¨ï ¯® ¨¬ ¯ãâ¥¬ ¬ â¥¬ â¨ç¥áª®©
®¡à ¡®âª¨ ¯«®â®áâ¥© ¢ àï¤¥ á¥ç¥¨©. �¤¥î ¬®¦® ®â®¡à §¨âì
¢ ¢¨¤¥ à¨á. 1.2, £¤¥ ¢ æ¥âà¥ à¨á. 1.2  | ¨áá«¥¤ã¥¬ë© ¬®§£,  
¢®ªàã£ ¥£® |  ¡®à á¨¬ª®¢, ¨§ ª®â®àëå ¡¥à¥âáï «¨èì ã§ª ï
¯®«®áª , á®®â¢¥âáâ¢ãîé ï ¥ª®â®à®¬ã ã§ª®¬ã á«®î ¬®§£ . Ǳ®-
á«¥ ®¡à ¡®âª¨ ¨â¥á¨¢®áâ¥© ¢ ¯®«®áª å á¨¬ª®¢ ¤®«¦  ¡ëâì
 ©¤¥  ¯«®â®áâì c (x; y) ¢ á«®¥ (á¥ç¥¨¨) ¬®§£  | á¬. à¨á. 1.2¡.
� â¥¬   «®£¨çãî ®¡à ¡®âªã ¬®¦® ¢ë¯®«¨âì ¤«ï ¤àã£¨å á«®-
¥¢ (á¥ç¥¨©) ¬®§£  ¨ ¢ à¥§ã«ìâ â¥ ¯®«ãç¨âì ®¡ê¥¬ãî ¯«®â®áâì
c (x; y; z).

Ǳ®áâ ®¢ª  § ¤ ç¨. �®«¥¥ ª®áâàãªâ¨¢® ¨¤¥ï �� ¢ë£«ï¤¨â
á«¥¤ãîé¨¬ ®¡à §®¬ (á¬. à¨á. 1.3, £¤¥ ¯à¥¤áâ ¢«¥  áª ¨àãîé ï
áå¥¬  à¥â£¥®¢áª®£® â®¬®£à ä  2-£® ¯®ª®«¥¨ï).
�  à ¬¥ ¯®¬¥é¥ àï¤ à¥â£¥®¢áª¨å âàã¡®ª (¨áâ®ç¨ª®¢), ¨§-

«ãç îé¨å ®áâà® ¯à ¢«¥ë¥ ¯ à ««¥«ìë¥ «ãç¨ (¯ãçª¨). �ãç¨
¯à®å®¤ïâ ç¥à¥§ á¥ç¥¨¥ ®¡ê¥ªâ  ( ¯à¨¬¥à, ¬®§£ ) ¨ ¨å ¨â¥-
á¨¢®áâ¨ ä¨ªá¨àãîâáï á®®â¢¥âáâ¢ãîé¨¬¨ ¤¥â¥ªâ®à ¬¨ (¯à¨¥¬¨-
ª ¬¨). � â¥¬ ¢áï à ¬  á ¨áâ®ç¨ª ¬¨ ¨ ¯à¨¥¬¨ª ¬¨ ¯®¢®à -
ç¨¢ ¥âáï   ®¢ë© ã£®« � ¨ íªá¯¥à¨¬¥â (¨§«ãç¥¨¥ ¨ ¯à¨¥¬)
¯®¢â®àï¥âáï ¨ â. ¤.

� ª® �¥à . �®£« á® § ª®ã �¥à  [74, â. 1, á. 138], ¨â¥á¨¢-
®áâì à¥â£¥®¢áª®£® «ãç , ¯à¨ïâ®£®   ¤¥â¥ªâ®à¥, à ¢ 

I (l; �) = I0(l; �) e
�

R
L (l;�)

c (x;y) ds
; (1.1)

£¤¥ l | ª®®à¤¨ â  ¤¥â¥ªâ®à , � | ã£®« ¯®¢®à®â  à ¬ë,
I0(l; �) | ¨â¥á¨¢®áâì á®®â¢¥âáâ¢ãîé¥© ¨§«ãç îé¥© âàã¡ª¨
(®¡ëç® I0(l; �) = I0 = const), c (x; y) | ¯«®â®áâì ¢¥é¥áâ¢   
«ãç¥-¯àï¬®© L (l; �), ãà ¢¥¨¥ ª®â®à®©

x cos � + y sin � = l: (1.2)



1.1. ������������� ���������� (��) 19

�¨á. 1.2

�â¥£à¨à®¢ ¨¥ ¢ (1.1) ¢¥¤¥âáï ¯® «ãçã L (l; �), ¢ à¥§ã«ìâ â¥ ç¥¬
¡®«ìè¥ ¡ã¤¥â

R
L (l;�)

c (x; y) ds | ¬ áá  ¢¥é¥áâ¢    «ãç¥, â¥¬

¬¥ìè¥ ¡ã¤¥â ¯à¨ïâ ï ¨â¥á¨¢®áâì I (l; �).

�à ¢¥¨¥ � ¤®  ®â®á¨â¥«ì® ¯«®â®áâ¨ c (x; y):c (x; y):c (x; y): � ¯¨-
è¥¬ (1.1) ¨ ç¥:

I (l; �)=I0(l; �) = e�q (l;�); (1.3)

£¤¥

q (l; �) =

Z
L (l;�)

c (x; y) ds: (1.4)

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �ëà ¦¥¨¥ (1.4), £¤¥ L (l; �) ¥áâì ¥ª®â®àë©
«ãç §à¥¨ï, c (x; y) | ¯«®â®áâì ¢¥é¥áâ¢    íâ®¬ «ãç¥,   s  -
¯à ¢«¥® ¢¤®«ì íâ®£® «ãç ,  §ë¢ ¥âáï ¯à¥®¡à §®¢ ¨¥¬ � ¤® 
(Ǳ�) (1917 £.).
�®£ à¨ä¬¨àãï (1.3), ¯®«ãç¨¬:

q (l; �) = � ln [I (l; �)=I0(l; �)]: (1.5)

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �ãªæ¨ï q (l; �)  §ë¢ ¥âáï ¯®£«®é¥¨¥¬ ¨
¬®¦¥â ¯à¨¨¬ âì § ç¥¨ï ®â 0 (áà¥¤  ¯à®§à ç ) ¤® 1 (áà¥¤ 
 ¡á®«îâ® ¥¯à®§à ç ).
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�¨á. 1.3

�¯à ¥ ¤ ¥ « ¥  ¨ ¥. �â®è¥¨¥ I (l; �)=I0(l; �)  §ë¢ ¥âáï ¯à®§à ç-
®áâìî ¨ ¬®¦¥â ¯à¨¨¬ âì § ç¥¨ï ®â 0 (áà¥¤  á®¢¥àè¥®
¥¯à®§à ç ) ¤® 1 (áà¥¤  ¯à®§à ç ).
� ¯¨è¥¬ (1.4) ¨ ç¥:Z

L (l;�)

c (x; y) ds = q (l; �): (1.6)

�ëà ¦¥¨¥ (1.6) ¥áâì ä®à¬ã« , ¨«¨ ãà ¢¥¨¥ � ¤®  (1917 £.).
�¤¥áì ¤¢ãå¬¥à ï äãªæ¨ï q (l; �) ®¯à¥¤¥«ï¥âáï á®£« á® (1.5),
£¤¥ I (l; �) ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¨§¬¥à¥¨©. � ¤¢ãå¬¥à ï
äãªæ¨ï c (x; y) ï¢«ï¥âáï ¨áª®¬®©. Ǳ®íâ®¬ã (1.6) ¬®¦® à áá¬ -
âà¨¢ âì ª ª ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® c (x; y) ¯® ¨§-
¬¥à¥®© ¯à ¢®© ç áâ¨ q (l; �). �¥è¥¨¥ ãà ¢¥¨ï (1.6) ¯®§¢®«ï¥â
¢ ¯à¨æ¨¯¥  ©â¨ ¯«®â®áâì ¢¥é¥áâ¢  c (x; y) ¢ ¥ª®â®à®¬ á¥ç¥¨¨
(á«®¥) ®¡ê¥ªâ  ( ¯à¨¬¥à, ¬®§£ ) ¯® ¨§¬¥à¥®© I (l; �),   § ç¨â ¨
q (l; �). � ª ï § ¤ ç   §ë¢ ¥âáï à¥ª®áâàãªæ¨¥© à¥â£¥®¢áª®£®
¨§®¡à ¦¥¨ï.

�áâ®à¨ç¥áª ï á¯à ¢ª . �¯¥à¢ë¥ § ¤ çã à¥ª®áâàãªæ¨¨ ¨§®-
¡à ¦¥¨ï à áá¬®âà¥« � ¤® ¢ 1917 £. � ¦¥ ¯®«ãç¨« à¥è¥¨¥
ãà ¢¥¨ï (1.6), ª®â®à®¥ ¢ á®¢à¥¬¥®© «¨â¥à âãà¥ § ¯¨áë¢ ¥âáï
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¢ ¢¨¤¥ [69, á. 40]:

c (x; y) = � 1

2�2

�Z
0

d�

1Z
�1

@q (l; �)

@l

dl

l � (x cos � + y sin �)
: (1.7)

�¤ ª®   «¨§ ¯®ª § «, çâ® à¥è¥¨¥ ãà ¢¥¨ï (1.6) á®£« á-
® (1.7) ï¢«ï¥âáï á¨«ì® ¥ãáâ®©ç¨¢ë¬ (â¥¯¥àì ¬ë £®¢®à¨¬, çâ®
§ ¤ ç  ¥£® à¥è¥¨ï ¥ª®àà¥ªâ ) ¨ ¢ à¥§ã«ìâ â¥ ¤  ï § ¤ ç 
  ¬®£® «¥â ¡ë«  ®â«®¦¥  ¢ áâ®à®ã, ® § â¥¬ ¡ë«  ¢®¢ì ¯¥à¥-
®âªàëâ . �â® á¤¥« «¨ á®¢¥âáª¨¥ ãç¥ë¥ � ¥â¥«ì¡ ã¬, �®à¥¡«î¬
¨ �îâ¨ ¢ 1956{58 ££ ., à §à ¡®â ¢è¨¥ ¯¥à¢ãî á¨áâ¥¬ã à¥ª®áâàãª-
æ¨¨ à¥â£¥®¢áª¨å ¬¥¤¨æ¨áª¨å ¨§®¡à ¦¥¨©. � «¨èì ¢ 1973 £.  
� ¯ ¤¥ �.� ãáä¨«¤ à §à ¡®â « ¯¥à¢ãî ª®¬¬¥àç¥áªãî á¨áâ¥¬ã
(áª ¥à £®«®¢®£® ¬®§£   £ «¨©áª®© ä¨à¬ë EMI), ¢ à¥§ã«ìâ â¥
¢ 1979 £. �.� ãáä¨«¤ (  â ª¦¥ �.�®à¬ ª §  « ¡®à â®àë¥ íªá-
¯¥à¨¬¥âë ¯® �� ¢ 1963 £.) ¨ ¢ 1982 £. �.�«ã£ §  ¯à¨¬¥¥¨¥
¢ ¡¨® å¨¬¨¨¯®«ãç¨«¨ �®¡¥«¥¢áª¨¥ ¯à¥¬¨¨. �â¬¥â¨¬ â ª¦¥, çâ®
¢ 1980 £. ¡ë« á®§¤  ¯¥à¢ë© á®¢¥âáª¨© à¥â£¥®¢áª¨© ª®¬¯ìî-
â¥àë© â®¬®£à ä ���-1000 2-£® ¯®ª®«¥¨ï, ¢ ª®â®à®¬ ¢ ª ç¥áâ¢¥
¬¥â®¤  à¥è¥¨ï ãà ¢¥¨ï (1.6) § «®¦¥ ¢ëá®ª®íää¥ªâ¨¢ë© ¬¥-
â®¤ «®ª «ì®© à¥£ã«ïà¨§ æ¨¨ �àá¥¨  (¡®«¥¥ â®çë©, ç¥¬ ¬¥â®¤
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ) | á¬. ¤ «ìè¥.

�â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  ®â®á¨â¥«ì®
c (x; y):c (x; y):c (x; y): �ë ¥ ¡ã¤¥¬ ¯® ¤à®¡® ®áâ   ¢«¨¢ âìáï   ó§ ¯ ¤ëåô
¬¥â®¤ å à¥è¥¨ï ãà ¢¥¨ï (1.6),   à áá¬®âà¨¬ ¯à¨¢¥¤¥¨¥ ãà ¢-
¥¨ï (1.6) ª áâ ¤ àâ®© ä®à¬¥ ¨ ¨á¯®«ì§®¢ ¨¥ ãáâ®©ç¨¢ëå
¬¥â®¤®¢ ¥£® à¥è¥¨ï. �¨å®®¢ �.�. ¨ ¤à. (1982 £.) ¯à¨¢¥«¨ ãà ¢-
¥¨¥ (1.6) ª áâ ¤ àâ®© ä®à¬¥ | ¤¢ãå¬¥à®¬ã ¨â¥£à «ì®¬ã
ãà ¢¥¨î �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨:

1ZZ
�1

c (x0; y0) dx0 dy0p
(x� x

0)2 + (y � y
0)2

= S (x; y); (1.8)

£¤¥

S (x; y) = 1

�

�Z
0

q (x cos � + y sin �; �) d�: (1.9)

�à ¢¥¨¥ (1.8) ¨¬¥¥â áâ ¤ àâãî ä®à¬ã. � ¥¬ ï¤à® à ¢®

K (x � x0; y � y0) = 1=
p
(x� x0)2 + (y � y0)2, ¨áª®¬ ï äãªæ¨ï ¥áâì

c (x; y),   ¯à ¢ ï ç áâì S (x; y) ¬®¦¥â ¡ëâì ¢ëç¨á«¥  ç¨á«¥®
¯® ¨§¢¥áâ®© q (l; �) á®£ « á® (1.9).

� ¥è¥¨¥ ãà ¢¥¨ï (1.8) ¬¥â®¤®¬ Ǳ� ¡¥§ à¥£ã«ïà¨§ æ¨¨
¨ á à¥£ã«ïà¨§ æ¨¥©. � ¯. 7.2 ¨§«®¦¥ ¬¥â®¤ Ǳ� à¥è¥¨ï ¤¢ãå-



22 ����� 1. ������ ���Ǳ�������� ����������

¬¥à®£® ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâ-
ª¨. �®£« á® ¥¬ã, à¥è¥¨¥ ãà ¢¥¨ï (1.8) ¨¬¥¥â ¢¨¤:

c (x; y) = 1

4�2

1ZZ
�1

bc (!1; !2) e�i (!1x+!2y) d!1 d!2; (1.10)

£¤¥ Ǳ� à¥è¥¨ï (¥£® á¯¥ªâà, ¨«¨ �ãàì¥-®¡à §) à ¢®

bc (!1; !2) = b
S (!1; !2)b
K (!1; !2)

=

q
!
2
1 + !

2
2

2�
bS (!1; !2); (1.11)

£¤¥ bS (!1; !2) ¨ bK (!1; !2) | Ǳ� ¯à ¢®© ç áâ¨ ¨ ï¤à , à ¢ë¥

bS (!1; !2) = 1ZZ
�1

S (x; y) ei (!1x+!2y) dx dy; (1.12)

bK (!1; !2) =

1ZZ
�1

K (x; y) ei (!1x+!2y) dx dy =
2�q

!
2
1 + !

2
2

: (1.13)

�¤ ª® à¥è¥¨¥ (1.9) ¥ãáâ®©ç¨¢®. �¥©áâ¢¨â¥«ì®, ¨§-§  ¯®£à¥è-
®áâ¥© ¨§¬¥à¥¨© äãªæ¨¨ I (l; �) ¡ã¤ãâ ¨¬¥âì ¯®£à¥è®áâ¨ â ª¦¥
äãªæ¨¨ q (l; �) ¨ S (x; y). Ǳà¨ íâ®¬ ¯®£à¥è®áâ¨ ®¡ëç® ¨¬¥îâ
ª®¬¯®¥âã ¡¥«®£® èã¬ , â. ¥. ¯®áâ®ïãî (¥§ ¢¨áïéãî ®â ç á-

â®â !1 ¨ !2) ª®¬¯®¥âã. � à¥§ã«ìâ â¥ bS (!1; !2) ! const ¯à¨
!1; !2 ! 1,   bc (!1; !2) ! 1 ¯à¨ !1; !2 ! 1 (á¬. (1.10)) ¨ ¨â¥-
£à « ¢ (1.10) à áå®¤¨âáï. �  ¯à ªâ¨ª¥ ¨â¥£à « (1.10) (â. ¥. ��Ǳ�)
¢ëç¨á«ï¥âáï ç¥à¥§ ª®¥çãî áã¬¬ã (�Ǳ� ¨ �Ǳ�, á¬. ¯. 6.3) ¤®
ª®¥çëå ¬ ªá¨¬ «ìëå § ç¥¨© ç áâ®â !1 ¨ !2 (â. ¥. ¨¬¥¥â ¬¥-
áâ® ãá¥ç¥¨¥ ¯® ç áâ®â ¬) ¨ íää¥ªâ ¥ãáâ®©ç¨¢®áâ¨ á¨¦ ¥âáï,
å®âï ¨ ®áâ ¥âáï.
� ¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  (á¬. ¯. 8.1) ¤«ï bc (!1; !2) ¢¬¥-

áâ® (1.11) ¨á¯®«ì§ã¥âáï ä®à¬ã«  [69, á. 68]:

bc�(!1; !2) = 1

2�

!

1 + �!
2(!4 + 1)

bS (!1; !2); ! =

q
!21 + !22 ; (1.14)

£¤¥ � > 0 | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨, á¯®á®¡ë ¢ë¡®à  ª®â®à®£®
¨§«®¦¥ë ¤ «¥¥ (á¬. ¯. 8.1).
�«ï ¢ëà ¦¥¨ï (1.14) å à ªâ¥à® á«¥¤ãîé¥¥. �®-¯¥à¢ëå,bc�(!1; !2)! 0 ¯à¨ ! !1 ¨ ¨â¥£à « (1.10) áå®¤¨âáï. �®-¢â®àëå,

¯®¤ ¢«¥¨¥ ¢ëá®ª¨å ç áâ®â ! ¢ (1.14) ¯à®¨áå®¤¨â ¡®«¥¥  ªªã-
à â®, ç¥¬ ¢ ¬¥â®¤ å, ¨á¯®«ì§ãîé¨å ãá¥ç¥¨¥ ¯® ç áâ®â¥. �¥«®
¢ â®¬, çâ® á ®¤®© áâ®à®ë, ¢ëá®ª¨¥ ç áâ�®âë  ¨¡®«¥¥ á¨«ì-
® à¥ £¨àãîâ   ¯®£à¥è®áâ¨ ¨ ¯®íâ®¬ã ¨å ã¦® ¯®¤ ¢«ïâì,  
á ¤àã£®© áâ®à®ë, ¢ëá®ª¨¥ ç áâ�®âë ã¦ë ¤«ï ¢ëá®ª®£® à §à¥-
è¥¨ï â®¬®£à ¬¬ (à §à¥è¥¨ï ¡«¨§ª¨å ¤¥â «¥© ¨ â. ¤.), ¯®íâ®¬ã
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�¨á. 1.4

íâ® ¯®¤ ¢«¥¨¥ ¤®«¦® ¡ëâì ã¬¥à¥ë¬. �¡®¨¬ íâ¨¬ ªà¥â¥à¨ï¬
(¢ ¯à®¯®àæ¨¨, à¥£ã«¨àã¥¬®© ¯ à ¬¥âà®¬ �) ã¤®¢«¥â¢®àï¥â ¬¥â®¤
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ .

�¨á«¥ë¥ ¨««îáâà æ¨¨. Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë à¥ª®áâàãªæ¨¨
à¥â£¥®¢áª¨å ¨§®¡à ¦¥¨©, ¢ë¯®«¥ë¥ á®£« á® à §«¨çëå ¬¥-
â®¤¨ª. �  à¨á. 1.4 ¯à¨¢¥¤¥ë à¥§ã«ìâ âë à¥è¥¨ï ¬®¤¥«ì®£® ¯à¨-
¬¥à  [68] á®£« á® ¬¥â®¤  �¥¯¯ -�®£   (¬¥â®¤  ó¨âã¨â¨¢®©
à¥£ã«ïà¨§ æ¨¨ô, ¨á¯®«ì§ãîé¥£® Ǳ� ¨ ¯à¨¥¬ ãá¥ç¥¨ï ç áâ®â) |
á¬. à¨á. 1.4  ¨ á®£« á® ¬¥â®¤  «®ª «ì®© à¥£ã«ïà¨§ æ¨¨ �àá¥-
¨  [68, 69, 91, 104] (¥é¥ ¡®«¥¥ â®ç®£®, ç¥¬ ¬¥â®¤ à¥£ã«ïà¨-
§ æ¨¨ �¨å®®¢ ) | á¬. à¨á. 1.4¡. �¨¤¨¬, ª ª¨¬ ¥ãáâ®©ç¨¢ë¬,
§ èã¬«¥ë¬ ï¢«ï¥âáï à¥è¥¨¥ ¬¥â®¤®¬ �¥¯¯ -�®£   ¨ ª ª¨¬
¢ëá®ª®â®çë¬ | à¥è¥¨¥ ¬¥â®¤®¬ «®ª «ì®© à¥£ã«ïà¨§ æ¨¨.

�¨á. 1.5

�  à¨á. 1.5 ¯à¨¢¥¤¥ë â®¬®£à ¬¬ë [68] ®¤®£® ¨ â®£® ¦¥ á¥ç¥-
¨ï £®«®¢®£® ¬®§£  ç¥«®¢¥ª , ¯®«ãç¥ë¥ ¯® ¬¥â®¤¨ª¥  £«¨©-
áª®© ä¨à¬ë EMI (â®¬®£à ä CT-1010) | á¬. à¨á. 1.5  ¨ ¯® ¬¥â®¤ã
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«®ª «ì®© à¥£ã«ïà¨§ æ¨¨ (â®¬®£à ä CPT-1000) | á¬. à¨á. 1.5¡.
�«ï íâ®£® á¥ç¥¨ï å à ªâ¥à® â®, çâ® ¯«®â®áâ¨ á®á¥¤¨å ãç áâ-
ª®¢ ®â«¨ç îâáï «¨èì   0.5% ¨ ¬¥â®¤¨ª  ä¨à¬ë EMI (à¨á. 1.5 )
¨å ¥ à §à¥è ¥â, ¢ â® ¢à¥¬ï ª ª ¬¥â®¤®¬ «®ª «ì®© à¥£ã«ïà¨§ -
æ¨¨ (à¨á. 1.5¡) ®¨ à §à¥è îâáï.
Ǳà¨¬¥àë ¯à¨¢¥¤¥ë â ª¦¥ ¢ [49, 69], [74, â. 1, á. 141] ¨ ¤à.

5 ¯®ª®«¥¨© à¥â£¥®¢áª¨å â®¬®£à ä®¢ [74, â. 1, á. 142{146].
� â®¬®£à ä å 1-£® ¯®ª®«¥¨ï (à¨á. 1.6) ®¤  ®áâà® ¯à ¢«¥ ï
à¥â£¥®¢áª ï âàã¡ª  ¨ ®¤¨ ¤¥â¥ªâ®à ¯¥à¥¤¢¨£ îâáï á¨åà®®
¢¤®«ì à ¬ë ¤«ï ¯®«ãç¥¨ï äãªæ¨¨ I (l; �1) (1-¥ áª ¨à®¢ ¨¥).
� â¥¬ à ¬  ¯®¢®à ç¨¢ ¥âáï   ã£®« �2 ¨   «®£¨ç® ¨§¬¥àï¥âáï
I (l; �2) ¨ â. ¤. �¡é¥¥ ¢à¥¬ï ¨§¬¥à¥¨© T � 4¬¨.

�¨á. 1.6. �� 1-£® ¯®ª®«¥¨ï

� â®¬®£à ä å 2-£® ¯®ª®«¥¨ï | â® ¦¥, â®«ìª® ¨¬¥¥âáï N âàã-
¡®ª ¨ N ¤¥â¥ªâ®à®¢, à ¡®â îé¨å ®¤®¢à¥¬¥®. �¡é¥¥ ¢à¥¬ï
¨§¬¥à¥¨© T � 20 á¥ª. Ǳ¥à¢ë© á®¢¥âáª¨© à¥â£¥®¢áª¨© â®¬®£à ä
CPT-1000 (1980 £.) [68] | íâ® â®¬®£à ä 2-£® ¯®ª®«¥¨ï.
� ¬¥â¨¬, çâ® ¢ â®¬®£à ä å 1-£® ¨ 2-£® ¯®ª®«¥¨© ¨á¯®«ì§ã¥âáï

¯ à ««¥«ì®¥ áª ¨à®¢ ¨¥,    ç¨ ï á â®¬®£à ä®¢ 3-£® ¯®ª®-
«¥¨ï ¨á¯®«ì§ã¥âáï ¢¥¥à®¥ áª ¨à®¢ ¨¥.
� â®¬®£à ä å 3-£® ¯®ª®«¥¨ï (á¬. à¨á. 1.7) ®¤  âàã¡ª  ¨§«ã-

ç ¥â ¢¥¥àë© ¯ãç®ª, ¯à¨¨¬ ¥¬ë© ¤¥â¥ªâ®à ¬¨ (¨å ª®«¨ç¥áâ¢®
� 100), à á¯®«®¦¥ë¬¨ ¯® ¤ã£¥ | 1-¥ áª ¨à®¢ ¨¥. � â¥¬ âàã¡-
ª  ¨ ¤¥â¥ªâ®à ¯®¢®à ç¨¢ îâáï ¨ ®áãé¥áâ¢«ï¥âáï 2-¥ áª ¨à®¢ ¨¥
¨ â. ¤. �à¥¬ï T = 4{5á¥ª.
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�¨á. 1.7. �� 3-£® ¯®ª®«¥¨ï �¨á. 1.8. �� 4-£® ¯®ª®«¥¨ï

�¨á. 1.9. �� 5-£® ¯®ª®«¥¨ï

� â®¬®£à ä å 4-£® ¯®ª®«¥¨ï (á¬. à¨á. 1.8),  ¯à¨¬¥à, ¢ â®¬®-
£à ä¥ P�zer 0450 (���) ¨¬¥¥âáï á¯«®è®¥ ¥¯®¤¢¨¦®¥ ª®«ìæ®
¤¥â¥ªâ®à®¢ (� 1000) ¨ ¯®¢®à ç¨¢ îé ïáï à¥â£¥®¢áª ï âàã¡ª .
�à¥¬ï T � 0:1 á¥ª.
� â®¬®£à ä å 5-£® ¯®ª®«¥¨ï (á¬. à¨á. 1.9) ¨¬¥¥âáï â ª¦¥

á¯«®è®¥ ¥¯®¤¢¨¦®¥ ª®«ìæ® ¤¥â¥ªâ®à®¢ (� 1000) ¨ ¥¯®¤¢¨¦ ï
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à¥â£¥®¢áª ï âàã¡ª  ¢ ¢¨¤¥ ¤ã£¨ ®ªàã¦®áâ¨ ¢ � 210Æ. �áãé¥-
áâ¢«ï¥âáï áª ¨à®¢ ¨¥ í«¥ªâà®ë¬¨ ¯ãçª ¬¨ ¯® ¯®¢¥àå®áâ¨
¤ã£¨. �à¥¬ï T | ¥áª®«ìª® ¬á¥ª.
�â¬¥â¨¬ ¥é¥, çâ® èª «  á®¢à¥¬¥ëå ª®¬¯ìîâ¥àëå â®¬®-

£à ä®¢ à §«¨ç ¥â � 1000 £à ¤ æ¨© ¯«®â®áâ¥© ¢ëè¥ ¨ ¨¦¥
¯«®â®áâ¨ ¢®¤ë (®â ¯«®â®áâ¨ ¢®§¤ãå  ¤® ¯«®â®áâ¨ ª®áâ¨), ¥á«¨
ª®¥ç® ¬ â¥¬ â¨ç¥áª¨© ¬¥â®¤ á¯®á®¡¥ à §«¨ç âì ¯«®â®áâ¨ á®-
á¥¤¨å ®¡« áâ¥© ¤® � 0:5%.
� ª ¬ë ¢¨¤¨¬, £« ¢®¥ ¢ â®¬®£à ä å | ¥  ¯¯ à âãà  (® 

¤®áâ â®ç® á®¢¥àè¥  ¢ § àã¡¥¦ëå â®¬®£à ä å),   ¬ â¥¬ â¨-
ç¥áª®¥ ¨ ¯à®£à ¬¬®¥ ®¡¥á¯¥ç¥¨¥. � § àã¡¥¦ëå â®¬®£à ä å
¨á¯®«ì§ãîâáï ¯à¥®¡à §®¢ ¨ï � ¤®  ¨«¨ �ãàì¥ ¨ ¯à¨¥¬ ãá¥-
ç¥¨ï ¨«¨ á£« ¦¨¢ ¨ï | ó¨âã¨â¨¢ ï à¥£ã«ïà¨§ æ¨ïô, áãâì
ª®â®à®© á®áâ ¢«ï¥â â ©ã ä¨à¬ë, ® ª®â®à ï § ç áâãî ¥¤®áâ -
â®ç® íää¥ªâ¨¢ . � ®â¥ç¥áâ¢¥ëå ¦¥ â®¬®£à ä å ¨á¯®«ì§ã¥âáï
¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ | ¢ à¥§ã«ìâ â¥ â®ç®áâì ¢®ááâ ®¢«¥¨ï
c (x; y) ¢ëè¥, ç¥¬ ¢ § àã¡¥¦ëå â®¬®£à ä å (á¬. à¨á. 1.4, 1.5).

�¡« áâ¨ ¯à¨¬¥¥¨ï ��. �á®¢ ï ®¡« áâì ¯à¨¬¥¥¨ï �� |
¬¥¤¨æ¨  [74],   ¨¬¥®, ¨áá«¥¤®¢ ¨¥ ¬®§£ , ¡àîè®© ¯®«®áâ¨,
£àã¤®© ª«¥âª¨, àãª ¨ â. ¤. á æ¥«ìî ¢ëï¢«¥¨ï âà ¢¬, ¯à¥¤à ª®-
¢ëå ®¯ãå®«¥©   à ¥© áâ ¤¨¨ ¨å à §¢¨â¨ï (à §¬¥à®¬ � 1 ¬¬),
¨áá«¥¤®¢ ¨ï ªà®¢¨ ¢ ªà®¢¥®áëå á®áã¤ å, â®ª®© áâàãªâãàë
¬ï£ª¨å âª ¥©, ¤¥â «¥©   â®¬¨ç¥áª®£® áâà®¥¨ï á¥à¤æ , ¯®«ã-
ç¥¨ï ¤¨ ¬¨ç¥áª®© ª àâ¨ë à ¡®âë á¥à¤æ , ¯¥ç¥¨ ¨ ªà®¢®â®-
ª  á ª¨¥¬ â®£à ä¨ç¥áª®© à¥£¨áâà æ¨¥© (¢ �� 5-£® ¯®ª®«¥¨ï)
¨ â. ¤. �àã£¨¥ ®¡« áâ¨ ¯à¨¬¥¥¨ï ��: ¨áá«¥¤®¢ ¨¥ âà¥å¬¥à®©
¢ãâà¥¥© áâàãªâãàë â¥å¨ç¥áª¨å ¤¥â «¥© á«®¦®© ä®à¬ë, ¡¨®-
«®£¨ç¥áª¨å ®¡ê¥ªâ®¢, ¯« §¬ë,  «¬ §ëå ¢ëà ¡®â®ª, ¤à¥¢¥á¨ë ¡¥§
¥¥ à á¯¨«®¢ª¨, ª®âà®«ì ã§«®¢ à¥ ªâ¨¢ëå ¤¢¨£ â¥«¥©, ¯à®á¬®âà
á®¤¥à¦¨¬®£® ¡ £ ¦  ¡¥§ ¥£® ¢áªàëâ¨ï   â ¬®¦¥, ¯à®á¢¥ç¨¢ -
¨¥ ¬ â¨¨ �¥¬«¨ (£¥®ä¨§¨ª ), ®æ¥ª  à á¯à¥¤¥«¥¨ï ¯«®â®áâ¨
í«¥ªâà®®¢   áä¥à¨ç¥áª¨å ¯®¢¥àå®áâïå ¢®ªàã£ �®«æ  á ¨á¯®«ì-
§®¢ ¨¥¬ ¥áâ¥áâ¢¥®£® â®¬®£à ä  �®«æ¥{�¥¬«ï ( áâà®ä¨§¨ª )
¨ â. ¤.
�â®¡ë ¯®¢ëá¨âì ª ç¥áâ¢® â®¬®£à ¬¬, á«¥¤ã¥â ¤®¯®«¨â¥«ì®

¢ë¯®«¨âì á«¥¤ãîé¨¥ ®¯¥à æ¨¨ (à¥¤ãªæ¨¨): áïâ¨¥ ¢«¨ï¨ï  ¯-
¯ à âãàëå ¨áª ¦¥¨© ¨ ¢¨§ã «¨§ æ¨ï à¥§ã«ìâ â®¢ c (x; y)  
¤¨á¯«¥¥ [3].

Cïâ¨¥ ¢«¨ï¨ï  ¯¯ à âãàëå ¨áª ¦¥¨©. �¯¯ à âãàë¥
¨áª ¦¥¨ï ¬®£ãâ ¡ëâì á«¥¤ãîé¨¥.
 ) �àã¡ª  ¨§«ãç ¥â ¥ ¡¥áª®¥ç® ã§ª¨© «ãç,   ã§ª® ¯à ¢«¥-

ë© ¯ãç®ª (á¬. à¨á. 1.10), ¢á«¥¤áâ¢¨¥ ç¥£® ¤¥â¥ªâ®à ¢®á¯à¨¨¬ ¥â
¨§«ãç¥¨¥ ¥ â®«ìª® á®®â¢¥âáâ¢ãîé¥© ¥¬ã âàã¡ª¨, ® ¨ ¤àã£¨å
âàã¡®ª (¯à ¢¤ , ¡®«¥¥ á« ¡®).
¡) Ǳ® ¯ãâ¨ à¥â£¥®¢áª¨© «ãç ¨á¯ëâë¢ ¥â à áá¥ï¨¥ (á¬.

à¨á. 1.11) ¨ ¯®¯ ¤ ¥â (¢ ®á« ¡«¥®¬ ¢¨¤¥) ¢ óçã¦®©ô ¤¥â¥ªâ®à.
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�¨á. 1.10 �¨á. 1.11

¢) �¥â¥ªâ®à ¢®á¯à¨¨¬ ¥â ¨§«ãç¥¨¥, ¯à¨å®¤ïé¥¥ ¥ â®«ìª®
¢ ¥£®, ® ¨ (¢ ®á« ¡«¥®© ä®à¬¥) ¢ á®á¥¤¨¥ ¤¥â¥ªâ®àë (ª®-
áâàãªâ¨¢ë© íää¥ªâ ¢§ ¨¬®£® ¢«¨ï¨ï ¤¥â¥ªâ®à®¢).
�ää¥ªâë  ), ¡), ¢) ¯à¨áãé¨ â®¬®£à ä ¬ 2-£® ¯®ª®«¥¨ï,  

â®¬®£à ä ¬ 3{5 ¯®ª®«¥¨© ¯à¨áãé¨ íää¥ªâë ¡) ¨ ¢).
� à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï íâ¨å íää¥ªâ®¢ ¨§¬¥àï¥âáï (¢ § ¢¨á¨-

¬®áâ¨ ®â l) ¥ äãªæ¨ï I (l; �),   ¥ª®â®à ï ¡®«¥¥ á£« ¦¥ ï

äãªæ¨ï eI (l; �). �á«¨ eI (l; �) ¯®¤áâ ¢¨âì ¢ ä®à¬ã«ã (1.5) ¢¬¥-
áâ® I (l; �), â® ¢ à¥§ã«ìâ â¥ ¢¬¥áâ® äãªæ¨¨ q (l; �) ¬ë ¯®«ã-
ç¨¬ ¥ª®â®àãî ¡®«¥¥ á£« ¦¥ãî (¢ § ¢¨á¨¬®áâ¨ ®â l) äãªæ¨î

v (l; �) = � ln[eI (l; �)=I0(l; �)] (á¬. à¨á. 1.12).
� â¥¬ â¨ç¥áª¨ íää¥ªâë  ), ¡), ¢) æ¥«¥á®®¡à §® ®¡ê¥¤¨¨âì

¢ ®¤¨ íää¥ªâ. �®£¤  äãªæ¨¨ v (l; �) ¨ q (l; �) ¡ã¤ãâ á¢ï§ ë
á«¥¤ãîé¨¬ á®®â®è¥¨¥¬:

v (l; �) =

1Z
�1

q (l0; �)K (l � l0) dl0; (1.15)

£¤¥ K (l) | �� á¨áâ¥¬ë, ãç¨âë¢ îé ï íää¥ªâë  ), ¡), ¢). � -
¯¨è¥¬ á®®â®è¥¨¥ (1.15) ¨ ç¥, ®¯ãáâ¨¢ �, ¨£à îé¥¥ à®«ì ¯ -
à ¬¥âà :

1Z
�1

K (l � l0) q (l0) dl0 = v (l): (1.16)

�®®â®è¥¨¥ (1.16) ¥áâì ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥
�à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨ ¯à¨ ª ¦¤®¬ § ç¥¨¨ ¯ à ¬¥âà 
�. � ¥¬ v (l) ¨§¢¥áâ  ¨§ ¨§¬¥à¥¨©, K (l) ¬®¦® ®¯à¥¤¥«¨âì
§ à ¥¥ íªá¯¥à¨¬¥â «ì®,   q (l) ¥áâì ¨áª®¬ ï äãªæ¨ï. �« áá¨-
ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.16) ¬¥â®¤®¬ Ǳ� (¨¢¥àáë© ä¨«ìâà)
¨¬¥¥â ¢¨¤ (á¬. ¯. 7.2):

q (l0) = 1

2�

1Z
�1

bq (!) e�i!l0 d!; (1.17)
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�¨á. 1.12

£¤¥

bq (!) = bv (!)b
K (!)

; (1.18)

bv (!) = 1Z
�1

v (l) ei!l dl; (1.19)

bK (!) =

1Z
�1

K (l) ei!l dl: (1.20)

�¤ ª® à¥è¥¨¥ (1.17) ¥ãáâ®©ç¨¢®, â ª ª ª § ¤ ç  à¥è¥¨ï ãà ¢-

¥¨ï (1.16) ¥ª®àà¥ªâ  (á¬. ¯. 7.1). Ǳ®ïá¨¬ íâ®. �¬¥áâ® v (l) ¨§-
¬¥àï¥âáï ev (l) = v (l) + Æv (l), £¤¥ Æv (l) | ¯®£à¥è®áâì ¨§¬¥à¥¨©
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(¯®¬¥å ). Ǳ®íâ®¬ã (1.19) ã¦® § ¯¨á âì ¢ ¢¨¤¥:

bv (!) = 1Z
�1

v (l) ei!l dl +

1Z
�1

Æv (l) ei!l dl; (1.190)

£¤¥ cÆv(!) = 1R
�1

Æv (l) ei!l dl ¥áâì Ǳ� ®â ¯®¬¥å¨, ª®â®à ï ®¡ëç®

á®¤¥à¦¨â ª®¬¯®¥âã ¡¥«®£® èã¬  (cÆv(!) ! const ¯à¨ ! ! 1)
¨ ¨â¥£à « (1.17) à áå®¤¨âáï. �  ¯à ªâ¨ª¥ ¨â¥£à «ë § ¬¥ï-
îâáï ª®¥çë¬¨ áã¬¬ ¬¨ ¨ íää¥ªâ ¥ãáâ®©ç¨¢®áâ¨ ®á« ¡¥¢ ¥â,
® ®áâ ¥âáï. �£® ¬®¦® ¯à®¨««îáâà¨à®¢ âì à¨á. 1.13, ª®â®àë© £®-
¢®à¨â ® â®¬, çâ® óàï¡ìô ¢ ev (l) (¤ ¦¥ ®ç¥ì ¬ « ï) ¯à¨¢®¤¨â
ª á«¥¤ãîé¥¬ã íää¥ªâã: bv (!) ! const ¯à¨ ! ! 1, çâ® ¢¥¤¥â
(¤ ¦¥ ¯à¨ ®ç¥ì ¬ «®¬ § ç¥¨¨ const) ª ¥ãáâ®©ç¨¢®¬ã á¯¥ªâàãbq (!) ¢ ¢¨¤¥ ó¯¨«ëô ¡®«ìè®©  ¬¯«¨âã¤ë ¯à¨ ¢ëá®ª¨å ç áâ®â å
j!j,   íâ® ¢¥¤¥â ª ¥ãáâ®©ç¨¢®¬ã à¥è¥¨î eq (l) ¢ ¢¨¤¥ ó¯¨«ëô
¡®«ìè®©  ¬¯«¨âã¤ë ¯à¨ ¢á¥å § ç¥¨ïå l (  à¨á. 1.13 �q (l) |
â®ç®¥ à¥è¥¨¥).

�¨á. 1.13

�áâ®©ç¨¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.16) ¤ ¥â ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨
�¨å®®¢  (á¬. ¯. 8.1), á®£« á® ª®â®à®¬ã

q�(l
0) =

1

2�

1Z
�1

b
K (�!) bv (!)��� bK (!)

���2 + � j! j2p
e�i!l

0

d!; (1.21)
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£¤¥ � > 0 | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨, p > 0 | ¯®àï¤®ª à¥£ã«ïà¨-
§ æ¨¨ (®¡ëç® p = 1). �áâ®©ç¨¢®áâì à¥è¥¨ï q�(l) (¥£® ¡«¨§®áâì
ª �q (l)) ®¡ãá«®¢«¥  (ã¬¥à¥ë¬) ¯®¤ ¢«¥¨¥¬ ¢ëá®ª¨å ç áâ®â ¢bv (!).
�®¥ç®, ¤«ï ¯à¨¡«¨¦¥¨ï äãªæ¨¨ v ª äãªæ¨¨ q ¬®¦® ¥

¨á¯®«ì§®¢ âì ¤ ãî ¬ â¥¬ â¨ç¥áªãî ¬¥â®¤¨ªã,   ¨á¯®«ì§®¢ âì
¡®«¥¥ ¦¥áâª¨¥ à¥â£¥®¢áª¨¥ «ãç¨ | â®£¤  íää¥ªâ  ) ã¬¥ìè¨â-
áï, ® ¦¥áâª¨¥ «ãç¨ ¢à¥¤ë ¤«ï ¯ æ¨¥â®¢ ¨ ®¡á«ã¦¨¢ îé¥£®
¯¥àá® «  ¨«¨ ¦¥ ¨á¯®«ì§®¢ âì ¡®«¥¥ á®¢¥àè¥ë¥ (¨¬¥îé¨¥
¬¥ìè¨© íää¥ªâ ¢)) ¤¥â¥ªâ®àë, ® íâ® ¯®âà¥¡ã¥â ¡�®«ìè¨å ä¨-
 á®¢ëå § âà â. �¤ ª® íâ®£® ¬®¦® ¤®áâ¨çì ¨ ¬ â¥¬ â¨ç¥áª¨¬
¯ãâ¥¬,   ¨¬¥®, ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨ï (1.16) á®£« á® (1.21),
(1.19), (1.20).

�¨§ã «¨§ æ¨ï à¥§ã«ìâ â®¢ c (x; y)c (x; y)c (x; y) (¯à¥¤áâ ¢«¥¨¥ á«®ï  
¤¨á¯«¥¥). � ááç¨â  ï äãªæ¨ï c (x; y) (¯«®â®áâì ¢¥é¥áâ¢ 
¢ á¥ç¥¨¨) ¯®¤ ¥âáï   ¤¨á¯«¥© (¢¨¤¥®¬®¨â®à, íªà ) ª®¬¯ìî-
â¥à  ¤«ï ®â®¡à ¦¥¨ï (á¬. à¨á. 1.4, 1.5). �¤ ª® ¤¨á¯«¥© ¨¬¥¥â
®£à ¨ç¥ë© ¤¨ ¯ §® ïàª®áâ¥©. �£® ïàª®áâ ï å à ªâ¥à¨áâ¨ª 
¨¬¥¥â á«¥¤ãîé¨© ¢¨¤ (á¬. à¨á. 1.14).

�¨á. 1.14

�¨á. 1.14 £®¢®à¨â ® â®¬, çâ® ¤¨á¯«¥© ®â®¡à ¦ ¥â ¡®«ìè¨¥ ïà-
ª®áâ¨ á § ¨¦¥¨¥¬ ¨ ¨§®¡à ¦¥¨¥ ¯®«ãç ¥âáï ¥¤®áâ â®ç® ª®-
âà áâë¬. �®¦®, ª®¥ç®, ã¢¥«¨ç¨âì ª®âà áâ ¨§®¡à ¦¥¨ï, ¯®-
¢®à ç¨¢ ï àãçªã ª®âà áâ  ¤¨á¯«¥ï, ® ¢ íâ®¬ á«ãç ¥ ¯à¥ã¬®-
¦¨âáï íää¥ªâ ª®¥ç®£®  ¡®à  £à ¤ æ¨© ïàª®áâ¨ ¤¨á¯«¥ï ¨ íâ®
¡ã¤¥â ¢ë£«ï¤¥âì ª ª ¯®¬¥å . �ëå®¤ ¨§ ¯®«®¦¥¨ï | ¨á¯®«ì§®-
¢ âì á®¢¥àè¥ë© ¤¨á¯«¥© (á ¡®«ìè¨¬ ¤¨ ¯ §®®¬ ïàª®áâ¥© ¨
¡®«ìè¨¬  ¡®à®¬ £à ¤ æ¨© ïàª®áâ¨) ¨«¨ ¢®á¯®«ì§®¢ âìáï ¬ â¥-
¬ â¨ç¥áª¨¬ à¥è¥¨¥¬ ¤ ®£® ¢®¯à®á .
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� â¥¬ â¨ç¥áª¨ § ¤ ç  á¢®¤¨âáï ª à¥è¥¨î á«¥¤ãîé¥£® ãà ¢-
¥¨ï: ZZ

G

H (x � x0; y � y0)w (x0; y0) dx0dy0 = c (x; y); (1.22)

£¤¥ H (x; y) | �� ¤¨á¯«¥ï (ãç¨âë¢ îé ï íää¥ªâ ®£à ¨ç¥®-
áâ¨ ¤¨ ¯ §®  ïàª®áâ¥©), G | £à ¨æ  ¤¨á¯«¥ï, c (x; y) | â 
äãªæ¨ï, ª®â®àãî ¬ë å®â¨¬ ®â®¡à §¨âì   ¤¨á¯«¥¥, w (x; y) |
¨áª®¬ ï, ¡®«¥¥ ª®âà áâ ï, ç¥¬ c (x; y), äãªæ¨ï, ª®â®àãî ã¦-
® ¯®¤ âì   ¯®«ãâ®®¢ë© (ç¥à®-¡¥«ë© ¨«¨ á¥àë©) ¤¨á¯«¥©,
çâ®¡ë ® ®â®¡à §¨« ¬¥¥¥ ª®âà áâãî äãªæ¨î c (x; y). �®®â®-
è¥¨¥ (1.22) ¥áâì ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬ 
I à®¤  â¨¯  á¢¥àâª¨ (á¬. ¯. 5.1). �£® ª« áá¨ç¥áª®¥ à¥è¥¨¥ ¬¥â®¤®¬
¤¢ãå¬¥à®£® Ǳ� (¨¢¥àáë© ä¨«ìâà) ¨¬¥¥â ¢¨¤:

w (x; y) = 1

4�2

1ZZ
�1

bw (!1; !2) e�i (!1x+!2y) d!1d!2; (1.23)

£¤¥

bw (!1; !2) = bc (!1; !2)b
H (!1; !2)

; (1.24)

bc (!1; !2) = 1ZZ
�1

c (x; y) ei (!1x+!2y) dx dy; (1.25)

bH (!1; !2) =

1ZZ
�1

H (x; y) ei (!1x+!2y) dx dy: (1.26)

�¤ ª® à¥è¥¨¥ (1.23) ¥ãáâ®©ç¨¢®, â ª ª ª § ¤ ç  à¥è¥¨ï ãà ¢-
¥¨ï (1.22) ¥ª®àà¥ªâ . �áâ®©ç¨¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.22)
¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¨¬¥¥â ¢¨¤ (á¬. ¯. 8.1):

w�(x; y) =
1

4�2

1ZZ
�1

b
H (�!1;�!2) bc (!1; !2)��� bH (!1; !2)

���2 + �M (!1; !2)

e�i (!1x+!2y) d!1 d!2;
(1.27)

M (!1; !2) = !21 + !22 : (1.28)

�¡  «£®à¨â¬ å ¨ ¯à®£à ¬¬ å. �  ¯à ªâ¨ª¥ ¨§«®¦¥ë¥ ¬¥-
â®¤ë à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© (1.6), (1.8), (1.16), (1.22)
à¥ «¨§ãîâáï ¢ ¢¨¤¥  «£®à¨â¬®¢. �¬¥¥âáï ¢ ¢¨¤ã á«¥¤ãîé¥¥. Ǳ®-
áª®«ìªã ¢á¥ ãà ¢¥¨ï ï¢«ïîâáï ãà ¢¥¨ï¬¨ â¨¯  á¢¥àâª¨ ¨ ¨å
à¥è¥¨ï ¢ëà ¦ îâáï ç¥à¥§ ¯à¥®¡à §®¢ ¨ï �ãàì¥, â® ¢á¥ á¢®¤¨â-
áï ª ¢ëç¨á«¥¨î ¥¯à¥àë¢ëå ¯à¥®¡à §®¢ ¨© �ãàì¥ (¯àï¬ëå ¨
®¡à âëå, ®¤®- ¨ ¤¢ãå¬¥àëå) (1.10), (1.12), (1.17), (1.19), (1.20),
(1.21), (1.23), (1.25), (1.26). �¥¯à¥àë¢ë¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥
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(�Ǳ�) à á¯¨áë¢ îâáï ¢ ¢¨¤¥ ¤¨áªà¥âëå ¯à¥®¡à §®¢ ¨© �ã-
àì¥ (�Ǳ�),   �Ǳ� à¥ «¨§ãîâáï ¢ ¢¨¤¥ ¡ëáâàëå ¯à¥®¡à §®¢ ¨©
�ãàì¥ (�Ǳ�) (á¬. ¯. 6.3). �â® ¬®¦® ®â®¡à §¨âì á å ¥¬ ®©:

�Ǳ� ! �Ǳ� ! �Ǳ�,

��Ǳ� ! ��Ǳ� ! ��Ǳ�.

�«ï ª®¬¯ìîâ¥à®© à¥ «¨§ æ¨¨ �Ǳ� à §à ¡®â ® ¬®£® áâ -
¤ àâëå ¯à®£à ¬¬, á¬.,  ¯à¨¬¥à, FFT [56] ¨ FTF1C [71, á. 183,
190] | ¯à®£à ¬¬ë ®¤®¬¥à®£® �Ǳ� ¨ FTFTC [71, á. 190] |
¯à®£à ¬¬  ¤¢ãå¬¥à®£® �Ǳ�. �ãé¥áâ¢ãîâ â ª¦¥ á¯¥æ¯à®æ¥áá®-
àë �Ǳ�.
� §à ¡®â ë â ª¦¥ ¯à®£à ¬¬ë ¤«ï à¥è¥¨ï ®¤®- ¨ ¤¢ãå-

¬¥àëå ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâ-
ª¨ ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ . �â® | ¯à®£à ¬¬ë PTIKR
[71, á. 178], CONV1, CONV2, CONV3, CONV4, CONV5 [19,
á. 379{388], CONVOL [61, ¯ ª¥â CONF] ¨ ¤à. | ¤«ï à¥è¥¨ï
®¤®¬¥àëå ãà ¢¥¨© ¨ PTITR [71, á. 185] ¨ ¤à. | ¤«ï à¥è¥¨ï
¤¢ãå¬¥àëå ãà ¢¥¨©.

�¡é ï áå¥¬  ®¡à ¡®âª¨ ¢ ��. � ¨â®£¥ ®¡é ï áå¥¬  ®¡à ¡®â-
ª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© ¢ à¥â£¥®¢áª®© â®¬®£à ä¨¨ ¢ë£«ï¤¨â
á«¥¤ãîé¨¬ ®¡à §®¬ (à áá¬®âà¨¬ ¥¥   ¯à¨¬¥à¥ ¬¥â®¤¨ª¨, ¨á-
¯®«ì§ãîé¥© ¨â¥£à «ì®¥ ãà ¢¥¨¥ (1.8), ¬¥â®¤ Ǳ� ¨ ¬¥â®¤
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ):
1) �§¬¥àï¥âáï I (l; �) (á¬. à¨á. 1.3, 1.6{1.9) ¤«ï ¤¨áªà¥âëå § -

ç¥¨© l ¨ �: l1; l2; : : : ; �1; �2; : : :
2) �ëç¨á«ï¥âáï q (l; �) á®£« á® (1.5).
3) �ëç¨á«ï¥âáï S (x; y) ¯ãâ¥¬ ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï (1.9)

¤«ï à ¢®¬¥àëå á¥â®ª ¤¨áªà¥âëå § ç¥¨© x ¨ y:

x1; x2; : : : ; xN ; y1; y2; : : : ; yM ; (1.29)

£¤¥ N ¨ M | æ¥«ë¥ áâ¥¯¥¨ ç¨á«�  2,  ¯à¨¬¥à, N =M = 256 (íâ®
ã¦® ¤«ï �Ǳ�). Ǳà¨ íâ®¬ ¤«ï ¢ëç¨á«¥¨ï q (x cos � + y sin �; �)
¨á¯®«ì§ã¥âáï ¨â¥à¯®«ïæ¨ï.

4) �ëç¨á«ï¥âáï ¤¢ãå¬¥à®¥ Ǳ� bS (!1; !2) á®£« á® (1.12)  
à ¢®¬¥àëå á¥âª å ¤¨áªà¥âëå § ç¥¨© !1 ¨ !2 á ¯®¬®éìî
¤¢ãå¬¥à®£® �Ǳ�.
5) �ëç¨á«ï¥âáï ¤¢ãå¬¥à®¥ Ǳ� á à¥£ã«ïà¨§ æ¨¥© bc�(!1; !2)

á®£« á® (1.14) ¯à¨ �, ¢ë¡à ®¬,  ¯à¨¬¥à, á¯®á®¡®¬ ¯®¤¡®à 
(á¬. ¯. 8.1).
6) �ëç¨á«ï¥âáï ¨áª®¬ ï ¯«®â®áâì c (x; y) á®£« á® (1.10)  

á¥âª å ã§«®¢ (1.29) á ¯®¬®éìî ¤¢ãå¬¥à®£® ��Ǳ� (£¤¥ ¢¬¥áâ®bc (!1; !2) ¨á¯®«ì§ã¥âáï bc�(!1; !2)).
Ǳà¨ íâ®¬ ¤®¯®«¨â¥«ì® ¬®£ãâ ¡ëâì ¯®¤ª«îç¥ë § ¤ ç¨ áï-

â¨ï ¢«¨ï¨ï  ¯¯ à âãàëå ¨áª ¦¥¨© (á¬. (1.21)) ¨ ¢¨§ã «¨§ æ¨¨
à¥§ã«ìâ â®¢   ¤¨á¯«¥¥ (á¬. (1.27)).
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�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � âì ®¯à¥¤¥«¥¨¥ ®¡à â®© § ¤ ç¨ ¨ ¯à¨¢¥áâ¨ ¯à¨¬¥à.
2. �¡êïá¨âì áãâì ¢á¥å â¨¯®¢ â®¬®£à ä¨¨ (��, ��� ¨ ¤à.),

ãª § ¢ ¨å áå®¤áâ¢  ¨ à §«¨ç¨ï.
3. Ǳ¥à¥ç¨á«¨âì ¥¤®áâ âª¨ ®¡ëç®© à¥â£¥®£à ä¨¨.
4. � ç¥¬ § ª«îç ¥âáï ¨¤¥ï ��?
5. Ǳà¨¢¥áâ¨ áå¥¬ã à¥â£¥®¢áª®£® â®¬®£à ä  2-£® ¯®ª®«¥¨ï.
6. � ¯¨á âì ¨ ¨áâ®«ª®¢ âì § ª® �¥à .
7. � ¯¨á âì ¯à¥®¡à §®¢ ¨¥ � ¤® .
8. � ¯¨á âì ¨ ¨â¥à¯à¥â¨à®¢ âì ãà ¢¥¨¥ � ¤® .
9. � ¯¨á âì ãà ¢¥¨¥ � ¤®  ¢ ¢¨¤¥ ¤¢ãå¬¥à®£® ¨â¥£à «ì-

®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨.
10. �å à ªâ¥à¨§®¢ âì 5 ¯®ª®«¥¨© à¥â£¥®¢áª¨å â®¬®£à ä®¢.
11. Ǳ¥à¥ç¨á«¨âì ®¡« áâ¨ ¯à¨¬¥¥¨ï ��.
12. Ǳ¥à¥ç¨á«¨âì 3 â¨¯   ¯¯ à âãàëå ¨áª ¦¥¨© ¢ ��. � ¯¨-

á âì ¨â¥£à «ì®¥ ãà ¢¥¨¥, ®¯¨áë¢ îé¥¥ íâ¨ íää¥ªâë. Ǳà¨¢¥-
áâ¨ ¥£® à¥è¥¨¥ ¬¥â®¤®¬ Ǳ� ¡¥§ à¥£ã«ïà¨§ æ¨¨ ¨ á à¥£ã«ïà¨§ -
æ¨¥©.
13. � ç¥¬ § ª«îç ¥âáï ¥¤®áâ â®ª ¢¨§ã «¨§ æ¨¨ ¯«®â®áâ¨

c (x; y)   ¤¨á¯«¥¥?
14. � ¯¨á âì ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬ 

I à®¤  â¨¯  á¢¥àâª¨ ¤«ï § ¤ ç¨ ¢¨§ã «¨§ æ¨¨ ¨ ¤ âì ¥£® à¥è¥¨¥
¬¥â®¤®¬ Ǳ� ¡¥§ à¥£ã«ïà¨§ æ¨¨ ¨ á à¥£ã«ïà¨§ æ¨¥©.
15. � ç¥¬ § ª«îç ¥âáï ¯à ªâ¨ç¥áª ï à¥ «¨§ æ¨ï ¬¥â®¤®¢ à¥-

è¥¨ï ®á®¢ëå ¨â¥£à «ìëå ãà ¢¥¨© à¥â£¥®¢áª®© â®¬®£à -
ä¨¨?
16. � âì ®¡éãî áå¥¬ã ®¡à ¡®âª¨ ¢ ��.

1.2. �¤¥à®-¬ £¨â®-à¥§® á ï (���-) â®¬®£à ä¨ï

� 1960 £. �.�.�¢ ®¢ [34] ¢¯¥à¢ë¥ ¯à¥¤«®¦¨« á¯®á®¡ ®¯à¥¤¥«¥-
¨ï ¯«®â®áâ¨ ¢¥é¥áâ¢    ®á®¢¥ ï¤¥à®£® ¬ £¨â®£® à¥§® á 
(���) [1, 7], [74, â. 2], [85]. Ǳ®¤®¡ë¥ á¯®á®¡ë á®áâ ¢«ïîâ áãâì

���-â®¬®£à ä¨¨ [1, 7, 24, 25, 34, 35], [74, â. 2], [85, 93, 96, 99, 100].

�ää¥ªâ ��� ¢¯¥à¢ë¥  ¡«î¤ «áï ¢ 1937 £. � ¡¨   ¨§®«¨à®¢ -
ëå ï¤à å,   ¢ 1946 £. £àã¯¯ ¬¨ ä¨§¨ª®¢, àãª®¢®¤¨¬ëå �«®å®¬
¨ Ǳ àá¥««®¬, ¢ ª®¤¥á¨à®¢ ëå áà¥¤ å.

�ää¥ªâ ���. � ª ¨§¢¥áâ®, ¢¥é¥áâ¢® á®áâ®¨â ¨§ ¬®«¥ªã«
( ¯à¨¬¥à, H2O), ¬®«¥ªã«ë | ¨§  â®¬®¢,    â®¬ë ¨¬¥îâ ï¤à ,
á®¤¥à¦ é¨¥ ¯à®â®ë (p) ¨ ¥©âà®ë (n). Ǳà®â® p ¨ ¥©âà® n
¨¬¥îâ á®¡áâ¢¥ë¥ ¬¥å ¨ç¥áª¨¥ (¢à é â¥«ìë¥) ¬®¬¥âë ª®«¨-
ç¥áâ¢  ¤¢¨¦¥¨ï | á¯¨ë,   â ª¦¥ ¬ £¨âë¥ ¬®¬¥âë o%�.
� ï¤¥à, á®áâ®ïé¨å ¨§ p ¨ n ¨ ¨¬¥îé¨å ¥ç¥â®¥ ç¨á«® p ¨ n,
¥áâì á¯¨ ¨ ¬ £¨âë© ¬®¬¥â. �â® á¯à ¢¥¤«¨¢®,  ¯à¨¬¥à, ¤«ï
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�¨á. 1.15

¢®¤ë, ¬®«¥ªã«  ª®â®à®© H2O á®áâ®¨â ¨§ ¤¢ãå  â®¬®¢ ¢®¤®à®¤  ¨
®¤®£®  â®¬  ª¨á«®à®¤ ,   ï¤à® ¢®¤®à®¤  á®áâ®¨â ¨§ ®¤®£® p.
� ®âáãâáâ¢¨¥ ¢¥è¥£® ¬ £¨â®£® ¯®«ï ¬ £¨âë¥ ¬®¬¥âë

ï¤¥à ¢¥é¥áâ¢  � ®à¨¥â¨à®¢ ë á«ãç ©ë¬ ®¡à §®¬ (à¨á. 1.15 ).
Ǳà¨ ¢ª«îç¥¨¨ ¦¥ ¬ £¨â®£® ¯®«ï  ¯àï¦¥®áâ¨ H0 ¢¥ªâ®à� 

¬ £¨âëå ¬®¬¥â®¢ ï¤¥à �i ¡ã¤ãâ ¯à¥æ¥áá¨à®¢ âì ¢®ªàã£ ¢�¥ªâ®à 
H0 ª ª ¯® ¯®«î, â ª ¨ ¯à®â¨¢ ¥£® (á¬. à¨á. 1.15¡).
�  ¬ ¥ ç   ¨ ¥. � ¤ ®¬ ¯ à £à ä¥ ¤«ï ®¡®§ ç¥¨ï ¬ £¨â®£®

¯®«ï ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤¢  ®¡®§ ç¥¨ï: H ( ¯àï¦¥®áâì)
¨«¨ B (¨¤ãªæ¨ï).

�à ¢¥¨¥ � à¬®à . �¢¨¦¥¨¥ ¬ £¨â®£® ¬®¬¥â  ¨§®«¨-
à®¢ ®£® á¯¨  (¯à®â® ) ¢ ¯®áâ®ï®¬ ¬ £¨â®¬ ¯®«¥ ®¯¨áë-
¢ ¥âáï ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ � à¬®à  [7, á. 19], [74, â. 2,
á. 109]:

d� (t)

dt

=  [� (t)�H0(t)]; (1.29)

£¤¥  | £¨à®¬ £¨â®¥ ®â®è¥¨¥, à ¢®¥  = e=2m, ¯à¨ç¥¬ e ¨
m | § àï¤ ¨ ¬ áá  ¯à®â® . �¢¥¤¥¬ ¥¯®¤¢¨¦ãî (« ¡®à â®à-
ãî) á¨áâ¥¬ã ª®®à¤¨ â xyz, ¯à¨ç¥¬ ®áì z  ¯à ¢¨¬ ¢¤®«ì H0.
�¯à®¥ªâ¨àã¥¬ ãà ¢¥¨¥ (1.29)   z, x ¨ y, ¯®«ãç¨¬:

d�z(t)

dt

=  (�xHy � �yHx) = 0;

d�x(t)

dt

=  (�yHz � �zHy) = �yH0;

d�y(t)

dt

=  (�zHx � �xHz) = ��xH0;

9>>>>=>>>>;
(1.30)

â ª ª ª Hz = H0, Hx = Hy = 0. �§ ¯¥à¢®£® ãà ¢¥¨ï (1.30)
¨¬¥¥¬: �z(t) = const,   § ç¨â, � = const, £¤¥ � | ã£®« ¬¥¦¤ã
�(t) ¨ H0. Ǳà®¤¨ää¥à¥æ¨à®¢ ¢ ¢â®à®¥ ãà ¢¥¨¥ (1.30) ¯® t ¨
¨á¯®«ì§®¢ ¢ âà¥âì¥ ãà ¢¥¨¥, ¯®«ãç¨¬:

d
2
�x

dt
2 + (H0)

2�x = 0: (1.31)
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�à ¢¥¨¥ (1.31) ¥áâì ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ £ à¬®¨ç¥-
áª¨å ª®«¥¡ ¨©. �£® à¥è¥¨¥

�x(t) = A cos (H0t+ ');

£¤¥ A ¨ ' | ¥ª®â®àë¥ ª®áâ âë. � «®£¨ç®,

�y(t) = �A sin (H0t+ '):

�¢¥¤¥¬ �? | á®áâ ¢«ïîéãî ¢ ¯«®áª®áâ¨ x; y, à ¢ãî �? =

=
q
�2x + �2y. Ǳ®«ãç¨¬:

�?(t) = A = const :

� à¥§ã«ìâ â¥ �z(t) = const,   ª®¥æ ¢¥ªâ®à  �?(t) ¢à é ¥âáï ¢
¯«®áª®áâ¨ xy á ã£«®¢®© áª®à®áâìî

!0 = H0; (1.32)

â. ¥. ¢ ¯à®áâà áâ¢¥ ¢¥ªâ®à �(t) ¯à¥æ¥áá¨àã¥â ¯® ª®ãáã ¯à¥æ¥áá¨¨
¢®ªàã£ H0 á ã£«®¢®© áª®à®áâìî (1.32) (á¬. à¨á. 1.16).

�¨á. 1.16

Ǳà¥æ¥áá¨ï ¬ £¨âëå ¬®¬¥â®¢ ¯à®â®®¢ (  â ª¦¥ í«¥ªâà®®¢
¨  â®¬ëå ï¤¥à) ¢ ¬ £¨â®¬ ¯®«¥ | íâ® ®á®¢®© ¯à®æ¥áá,
å à ªâ¥àë© ¤«ï ���.

�¯à ¥ ¤ ¥ « ¥  ¨ ¥. �£«®¢ ï áª®à®áâì !0 = H0  §ë¢ ¥âáï ã£«®-
¢®© áª®à®áâìî � à¬®à®¢®© ¯à¥æ¥áá¨¨.
�® ¢à é îé¥©áï ¦¥ ¢®ªàã£ ®á¨ z á ã£«®¢®© áª®à®áâìî

!0 = H0 á¨áâ¥¬¥ ª®®à¤¨ â ¨¬¥¥¬: �z(t) = const, �(t) = const,
�x(t) = A cos' = const, �y(t) = �A sin' = const.
�¤ ª® íâ® | ª« áá¨ç¥áª¨© ¯®¤å®¤. � ¯®§¨æ¨© ¦¥ ª¢ â®¢®-¬¥-

å ¨ç¥áª®£® ¯®¤å®¤  ¬ £¨âë© ¬®¬¥â � ¥ ¯à¥æ¥áá¨àã¥â ¯®
ª®ãáã á ®¯à¥¤¥«¥®© ç áâ®â®©,   ã¦® £®¢®à¨âì ® ¢¥à®ïâ®áâ¨
¥£®  å®¦¤¥¨ï   ¯®¢¥àå®áâ¨ ª®ãá .
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�á ¬¡«ì ¯à®â®®¢. � áá¬®âà¨¬ ¥ª®â®à®¥ ¡®«ìè®¥ ª®«¨ç¥-
áâ¢® ¯à®â®®¢ |  á ¬¡«ì (¯®¯ã«ïæ¨î) ¯à®â®®¢. Ǳà ªâ¨ç¥áª¨
íâ® ¬¨««¨®ë ¨«¨ ¬¨««¨ à¤ë ¯à®â®®¢. �á¥ ¯à®â®ë, ¢å®¤ïé¨¥
¢  á ¬¡«ì, ¨¬¥îâ «¨èì m ª®ãá®¢ ¯à¥æ¥áá¨¨, ¯à¨ç¥¬ m = 2I+1,
£¤¥ I = 0; : : : ; 6 | á¯¨,  ¯à ¢«¥ë© ª ª ¢¤®«ì ¯®«ï H0, â ª
¨ ¯à®â¨¢ ¥£®.
�¢®¤¨âáï ¢ à áá¬®âà¥¨¥ áã¬¬ àë© ¢¥ªâ®à

M =
X
i

�i; (1.33)

 §ë¢ ¥¬ë© ¢¥ªâ®à®¬ ï¤¥à®©  ¬ £¨ç¥®áâ¨. � § «®áì ¡ë,
¢ á¨«ã á¨¬¬¥âà¨¨, M ¤®«¦¥ ¡ëâì à ¢¥ ã«î. �¤ ª® ¥á¨¬-
¬¥âà¨ç ï ª¢ â®¢ ï ¬¥å ¨ª  ¯®ª §ë¢ ¥â, çâ® ®â®è¥¨¥ ç¨á« 
¯à®â®®¢, ¯à¥æ¥áá¨àãîé¨å ¯® ¯®«î, ª ç¨á«ã ¯à®â®®¢, ¯à¥æ¥á-
á¨àãîé¨å ¯à®â¨¢ ¥£®, çãâì ¡®«ìè¥ ¥¤¨¨æë ¨ à ¢® [74, â. 2,
á. 118]

N®â = e�E=kT ; (1.34)

£¤¥ �E = ~H0, ~ = h=2�, h ¨ k | ¯®áâ®ïë¥ Ǳ« ª 
¨ �®«ìæ¬  , T |  ¡á®«îâ ï â¥¬¯¥à âãà . �á«¨,  ¯à¨¬¥à,
T = 25ÆC = 298ÆK, H0 = 1�«, â® N®â

�= 1:000003 = 1+3 �10�6, â. ¥.
¨§ ¬¨««¨®  ¯à®â®®¢ «¨èì   3 ¯à®â®  ¡ã¤¥â ¡®«ìè¥ ¯à¥æ¥á-
á¨à®¢ âì ¯® ¯®«î, ç¥¬ ¯à®â¨¢ ¯®«ï. � à¥§ã«ìâ â¥ ¢¥ªâ®à ï¤¥à®©
 ¬ £¨ç¥®áâ¨ M ¡ã¤¥â  ¯à ¢«¥ ¯® ¯®«î H0:

M = �H0; (1.35)

£¤¥ �  §ë¢ ¥âáï ï¤¥à®© ¯ à ¬ £¨â®© ¢®á¯à¨¨¬ç¨¢®áâìî. �¤-
 ª® M ®ç¥ì ¬ «, ¯®ç¥¬ã ¨ ¥ ¬®£«¨ ¤®«£® ®¡ àã¦¨âì íää¥ªâ
ï¤¥à®©  ¬ £¨ç¥®áâ¨. �®«¥¥ â®£®, ¢áï ���-â®¬®£à ä¨ï, ¯®-
áãé¥áâ¢ã, ®á®¢     ®â«¨ç¨¨ � ®â ã«ï, ¤àã£¨¬¨ á«®¢ ¬¨,  
¥á¨¬¬¥âà¨ç®áâ¨ ®à¨¥â æ¨¨ ¯à®â®®¢ ¯® ¯®«î H0 ¨ ¯à®â¨¢
¥£®, å®âï ¨ ®ç¥ì ¬ « íâ®â íää¥ªâ. Ǳ®íâ®¬ã ¨¦¥¨§«®¦¥ë¥
¬¥â®¤ë ���-â®¬®£à ä¨¨ á¢ï§ ë á ®ç¥ì á« ¡ë¬¨ á¨£ « ¬¨
(íå®-á¨£ « ¬¨) ¨ âà¥¡ã¥âáï ®å« ¦¤¥¨¥ â®¬®£à ä  ¦¨¤ª¨¬ £¥-
«¨¥¬, ¢ëá®ª ï áâ¥¯¥ì ®¤®à®¤®áâ¨ ¯®«ï H0 (�H=H0 � 10�6)
¨ â. ¤.

�¢¨¦¥¨¥ ¬ £¨âëå ¬®¬¥â®¢ ¨§®«¨à®¢ ëå ¯à®â®®¢
¢ ¯®áâ®ï®¬ ¨ ¯¥à¥¬¥®¬ ¬ £¨âëå ¯®«ïå [7, á. 23{26].
Ǳãáâì ¯®¬¨¬® ¯®áâ®ï®£® ¬ £¨â®£® ¯®«ï H0 (¢¤®«ì z) ¤¥©-
áâ¢ã¥â ¯¥à¯¥¤¨ªã«ïà®¥ ¥¬ã ¯¥à¥¬¥®¥ ¯®«¥, ®áæ¨««¨àãîé¥¥
¢¤®«ì x: Hx = Hx(t) = 2H1 cos!t, ¯à¨ç¥¬ H1 � H0 (  ¯à ªâ¨-
ª¥ ! � 1{10 �£æ | à ¤¨®ç áâ®âë© ¤¨ ¯ §®). �®¦® ¯®ª § âì,
çâ® Hx(t) à ¢® áã¬¬¥ ¤¢ãå ¢à é îé¨åáï ¢ à §ëå  ¯à ¢«¥¨ïå
¯®«¥© H(1)(t) ¨ H(2)(t) á ®¤¨ ª®¢®© ç áâ®â®© ! ¨  ¬¯«¨âãâ®© H1

(á¬. à¨á. 1.17).
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�¨á. 1.17

�¥©áâ¢¨â¥«ì®, áã¬¬  ¯à®¥ªæ¨© H(1)(t) ¨ H(2)(t)   ®áì x à ¢ 

H(1)
x (t) +H(2)

x (t) = H1 cos!t+H1 cos!t = 2H1 cos!t = Hx(t); (1.36)

  áã¬¬  ¯à®¥ªæ¨© H(1)(t) ¨ H(2)(t)   y à ¢ 

H(1)
y (t) +H(2)

y (t) = H1 sin!t�H1 sin!t = 0: (1.37)

Ǳ®áâ®ï®¬ã ¬ £¨â®¬ã ¯®«î H0 á®®â¢¥âáâ¢ã¥â ç áâ®â  !0 = H0,
  ®¤®¬ã ¨§ ¢à é îé¨åáï ¯®«¥© H(1)(t) ¨«¨ H(2)(t) | ç áâ®â 
!1 = H1.

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. � áâ®â  !0 = H0  §ë¢ ¥âáï ç áâ®â®© ¯à¥-
æ¥áá¨¨, ç áâ®â  !1 = H1 � !0 | ç áâ®â®© ãâ æ¨¨,   ! |
ç áâ®â®© ¢à é¥¨ï ¯®«¥© H(1)(t) ¨ H(2)(t).

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. � §®áâì ç áâ®â �! = !0 �!  §ë¢ ¥âáï à á-
áâà®©ª®© ¯® ç áâ®â¥.
�á«¨ �! = 0, â. ¥. ®¤® ¨§ ¯®«¥© H(1)(t) ¨«¨ H(2)(t) ¢à é ¥âáï

¢ â ªâ á ¯à¥æ¥áá¨¥© ¯à®â®  ¢®ªàã£ H0, â® ¨¬¥¥â ¬¥áâ® à¥§® á
(!0 = !). � à¥§ã«ìâ â¥ ¬ £¨âë© ¬®¬¥â � ¡ã¤¥â á®¢¥àè âì
®¤®¢à¥¬¥® ¤¢¥ ¯à¥æ¥áá¨¨: ¢®ªàã£ H0 (¨«¨ ®á¨ z) á ã£«®¢®©
áª®à®áâìî ¯à¥æ¥áá¨¨ !0 = H0 ¨ ¢®ªàã£ H1 (¨«¨ ®á¨ x) á ç áâ®â®©
ãâ æ¨¨ !1 = H1 � !0,   ¨¬¥®, ¢ « ¡®à â®à®© (¥¯®¤¢¨¦®©)
á¨áâ¥¬¥ ª®®à¤¨ â ª®¥æ ¢¥ªâ®à  � ¡ã¤¥â ¢ë¯¨áë¢ âì á¯¨à «ì
  ¯®¢¥àå®áâ¨ è à . Ǳà¨ íâ®¬ ¥á«¨ �! = 0, â® ã£®« ãâ æ¨¨
�©«¥à  � ¡ã¤¥â ¨§¬¥ïâìáï ®â ¥ª®â®à®£® ¬¨¨¬ «ì®£® § ç¥¨ï
�1 ¤® ¥ª®â®à®£® ¬ ªá¨¬ «ì®£® § ç¥¨ï �2,   ¢¥ªâ®à � ¡ã¤¥â
¯¥à¥å®¤¨âì á ¢¥àå¥£® ª®ãá  ¯à¥æ¥áá¨¨   ¨¦¨© ª®ãá ãâ æ¨¨
(á¬. à¨á. 1.18).
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�¨á. 1.18

� ª¢ â®¢®¬¥å ¨ç¥áª®¬ ¯à¥¤áâ ¢«¥¨¨ íâ®â ¯¥à¥å®¤ ¡ã¤¥â
áª çª®®¡à §ë¬. �á«¨ �! = 0, â. ¥. ! = !0, â® ¡ã¤¥â ¨¬¥âì ¬¥-
áâ® ï¤¥àë© ¬ £¨âë© à¥§® á, ¨«¨ ¨§¡¨à â¥«ì®¥ ¯®£«®é¥¨¥
í«¥ªâà®¬ £¨â®© í¥à£¨¨ ¢¥é¥áâ¢®¬. � ª ¯®ª § ® ¨¦¥, íâ®
¯à¨¢¥¤¥â ª â®¬ã, çâ® á ¬® ¢¥é¥áâ¢® ¡ã¤¥â ¨§«ãç âì í«¥ªâà®¬ £-
¨âãî í¥à£¨î ¢ ¢¨¤¥ â ª  §ë¢ ¥¬®£® íå®-á¨£ « , ¯® ª®â®à®¬ã
¬®¦® áã¤¨âì ® ¯«®â®áâ¨ ¢¥é¥áâ¢ .

�à ¢¥¨ï �«®å . �¯ïâì à áá¬®âà¨¬  á ¬¡«ì ¯à®â®®¢ ¨
á«ãç © ¨§¬¥¥¨ï ¯®«ï,   ¨¬¥®, ¯®«®¦¨¬, çâ® ¯®«¥ B0 (áâ à®¥
§ ç¥¨¥) ®âª«îç¥® ¨ áà §ã ¢ª«îç¥® ®¢®¥ ¯®«¥ Bz (®áì z
 ¯à ¢¨¬ ¢¤®«ì Bz) ¨ ¯ãáâì ã£®« ¬¥¦¤ã B0 ¨ Bz à ¢¥ �. �áâ¥á-
áâ¢¥®, ¢  ç «ìë© ¬®¬¥â ¢¥ªâ®à M  á ¬¡«ï ¯à®â®®¢ à ¢¥
M (0) = �B0,   ¯à¨ t ! 1 M (t) = Mz = �Bz. �¯à è¨¢ ¥âáï,
ª ª®¢® ¡ã¤¥â ¯®¢¥¤¥¨¥ ¢¥ªâ®à  M (t) ¯à¨ t 2 [0;1)? �â¢¥â  
íâ®â ¢®¯à®á ¤ îâ ä¥®¬¥®«®£¨ç¥áª¨¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥-
¨ï �«®å  (¢ « ¡®à â®à®© á¨áâ¥¬¥ ª®®à¤¨ â) [7, á. 42], [74, â. 2,
á. 119], [85]:

dM (t)

dt

=  [M (t)�Bz]� Mz(t) �Mz

T1
ez � Mx(t) ex +My(t) ey

T
�

2

; (1.38)

£¤¥ ex, ey, ez | ¥¤¨¨çë¥ ¢¥ªâ®à�  ¢¤®«ì x, y, z.
Ǳ¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (1.38) [M (t)�Bz] ¯®   «®-

£¨¨ á (1.29) ®§ ç ¥â ¯à¥æ¥áá¨î ¢¥ªâ®à M (t) ¢®ªàã£ Bz á ã£«®¢®©
áª®à®áâìî ! = Bz,   á«¥¤ãîé¨¥ á« £ ¥¬ë¥ ãç¨âë¢ îâ â ª  §ë-
¢ ¥¬ë¥ ¯à®æ¥ááë à¥« ªá æ¨¨ (®á« ¡«¥¨ï, ã¬¥ìè¥¨ï, ¯¥à¥å®¤ 
¢ ®¢®¥ ¯®«®¦¥¨¥),   ¨¬¥®, á¯¨-à¥è¥âç âãî ¨ á¯¨-á¯¨®¢ãî
à¥« ªá æ¨¨.
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�¯¨-à¥è¥âç â ï, ¨«¨ ¯à®¤®«ì ï à¥« ªá æ¨ï (å à ªâ¥à¨§ã¥-
¬ ï ¢à¥¬¥¥¬ T1) ®¡ãá«®¢«¥  í¥à£¥â¨ç¥áª¨¬¨ ®¡¬¥ ¬¨ ¬¥¦¤ã
á¯¨ ¬¨ (¯à®â® ¬¨) ¨ áà¥¤®©, ¢ ª®â®à®© ®¨  å®¤ïâáï. �¯¨-
á¯¨®¢ ï, ¨«¨ ¯®¯¥à¥ç ï à¥« ªá æ¨ï (å à ªâ¥à¨§ã¥¬ ï ¢à¥¬¥-
¥¬ T2) ®¡ãá«®¢«¥  ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ¬¥¦¤ã á¯¨ ¬¨. �â¨ ¢§ ¨-
¬®¤¥©áâ¢¨ï á®§¤ îâ «®ª «ìë¥ ¯®«ï, â. ¥. ¥®¤®à®¤®áâ¨ ¯®«ï B,
çâ® ¢¥¤¥â ª ¥®¤¨ ª®¢®áâ¨ ã£«®¢ëå áª®à®áâ¥© ! ¨«¨ ª à áä §¨-
à®¢ ¨î á¯¨®¢ ¨ ¯®â¥à¥ à¥§® á  ¢ ¯«®áª®áâ¨ xy (á¬. à¨á. 1.19).

�¨á. 1.19

�à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® â¥å¨ç¥áª ï ¥®¤®à®¤®áâì ¬ £¨â-
®£® ¯®«ï �B, ãá¨«¨¢ îé ï à áä §¨à®¢ ¨¥. �¢®¤¨âáï ®¢®¥
¢à¥¬ï ¯®¯¥à¥ç®© à¥« ªá æ¨¨ T �2 [74, â. 2, á. 131]:

1

T
�

2

=
1

T2
+  �B

2
;

¢ à¥§ã«ìâ â¥ T �2 6 T2, â. ¥. à¥« ªá æ¨ï (à áä §¨à®¢ ¨¥, ¯®â¥àï
à¥§® á ) ¢ ¯«®áª®áâ¨ xy ¯à®¨áå®¤¨â ¡ëáâà¥¥ ¯à¨ �B 6= 0, ç¥¬
¯à¨ �B = 0.
� « ¡®à â®à®© (¥¯®¤¢¨¦®©) á¨áâ¥¬¥ ª®®à¤¨ â à¥è¥¨¥

ãà ¢¥¨© (1.38) ¨¬¥¥â ¢¨¤:

Mz(t) =Mz + (M0 cos � �Mz) e
�t=T1 ;

Mx(t) =M0 sin � cos� (t) e
�t=T�2 ;

My(t) =M0 sin � sin� (t) e
�t=T�2 ;

9>=>; (1.39)

£¤¥ �(t) = �0 + !t = �0 + Mzt, ¨«¨

Mz(t) =Mz + (M0 cos � �Mz) e
�t=T1 ;

M?(t) =M0 sin � e
�t=T�2 :

)
(1.40)

�¥è¥¨¥ (1.40) ¯®ª §ë¢ ¥â, çâ® ª®¥æ ¢¥ªâ®à  M ¡ã¤¥â ¤¢¨£ âìáï
¯® á¯¨à «¨ ®â M0 (¯à¨ t = 0) ¤® Mz (¯à¨ t! 1), ¯à¨ç¥¬ ¯à®-
¥ªæ¨ï M?(t) ¡ã¤¥â á®¢¥àè âì ªàã£®¢®¥ ¢à é¥¨¥ ¢ ¯«®áª®áâ¨ xy
á ã£«®¢®© áª®à®áâìî ! = Mz (á¬. à¨á. 1.20).
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�¨á. 1.20

� â ¡«. 1.1, 1.2, 1.3 ¯à¨¢¥¤¥ë § ç¥¨ï , T1 ¨ ¯à®æ¥â®¥
á®¤¥à¦ ¨¥ ¢®¤ë ¢ à §«¨çëå âª ïå ®à£ ¨§¬  [34, 35].

� ¡«¨æ  1.1

ï¤à® , �£æ/�« =2�

¢®¤®à®¤  H2 267.8 42.58

ã£«¥à®¤  C13 67.1 10.7

ä®áä®à  P31 108.1 17.2

� ¡«¨æ  1.2

®à£  T1, á¥ª (§¤®à®¢ ï âª ì) T1, á¥ª (à ª)

«¥£ª®¥ 0.73 1.1

ª¨è¥ç¨ª 0.68 1.15

¦¥«ã¤®ª 0.75 1.2

¯¥ç¥ì 0.59 0.8

á¥«¥§¥ª  0.7 1.1

� ¡«¨æ  1.3

âª ì % ¢®¤ë

á¥à®¥ ¢¥é¥áâ¢® ¬®§£  83

¯®çª¨ 81

á¥à¤æ¥ 80

¬ëèæë, «¥£ª¨¥ 78

¯¥ç¥ì 71

ª®¦  68

ª®áâì 12
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�  ¡«. 1.1 ¯®ª §ë¢ ¥â, çâ® § ç¥¨ï ,   § ç¨â « à¬®à®¢ë
ç áâ�®âëà §«¨çëå ¢¥é¥áâ¢ ¢¥áì¬  à §«¨çë. Ǳ®íâ®¬ã ¨§ãç ï,
 ¯à¨¬¥à, à á¯à¥¤¥«¥¨¥ ¢® ¤®à®¤  ¢ ®à£  ¨§¬¥¢ à ©®¥ ç áâ®âë
! = B, £¤¥  = 267:8�£æ/�«, ¬ë ¥ ¡ã¤¥¬ ¯®«ãç âì ¨áª ¦ î-
éãî ¨ä®à¬ æ¨î ®â ¤àã£¨å ¢¥é¥áâ¢ (ã£ «¥à®¤ , ä®áä®à  ¨ â. ¤.).
�  ¡«. 1.2¯®ª §ë¢ ¥â, çâ® ¢à¥¬ï ¯à®¤®«ì®© à¥« ªá æ¨¨ T1 § ¬¥â-
® ®â«¨ç ¥âáï ã §¤®à®¢®© ¨ à ª®¢®© âª ¨. Ǳ®íâ®¬ã, ®¯à¥¤¥«ïï T1
¥ª®â®à®£® ®à£   ¨«¨ ¥£® ç áâ¨, ¬®¦® ¯®áâ ¢¨âì ¤¨ £®§ (§¤®à®-
¢ ï âª ì, ¯à¥¤à ª®¢ ï âª ì, à ª). �à¥¬ï T1 ¬®¦® ®¯à¥¤¥«¨âì
¯® ®£¨¡ îé¥© íå®- á¨£ « , ª®â®à ï � e�t=T1 (á¬. à¨á. 1.22) ¨«¨
¤àã£¨¬¨ á¯®á®¡ ¬¨ [74, â. 2, á. 129{130]. � ¡«. 1.3 ¯®ª §ë¢ ¥â, çâ®
¢ âª ïå ®à£ ¨§¬  ¤®áâ â®ç® ¢®¤ë,   § ç¨â, ¯à®â®®¢, ¯®-
íâ®¬ã à¥ª®áâàãªæ¨î ���-¨§®¡à ¦¥¨© (á¬. ¤ «ìè¥)  ¨¡®«¥¥
íää¥ªâ¨¢® ¢ë¯®«ïâì, ®¯à¥¤¥«ïï ¯«®â®áâì ¯à®â®®¢ cz(x; y).
�â¬¥â¨¬ â ª¦¥, çâ® e�1 �= 0:37, e�2 �= 0:13, e�3 �= 0:05,

e�4 �= 0:02, e�5 �= 0:007, e�6 �= 0:0025, e�7 �= 0:0009; : : : �à®¬¥
â®£®, § ç¥¨¥ T2 (¨ T �2 ) ¡«¨§ª® ª T1, â. ¥. T2 � T �2 � 1 á¥ª. �â®
£®¢®à¨â ® â®¬, çâ® ¯à®æ¥ááë ¯à®¤®«ì®© à¥« ªá æ¨¨ (á¬. ¯¥à¢®¥
ãà ¢¥¨¥ (1.40)) ¨ ¯®¯¥à¥ç®© à¥« ªá æ¨¨ (á¬. ¢â®à®¥ ãà ¢¥¨¥
(1.40)) ¯à®å®¤ïâ ¢ âª ïå ®à£  ¨§¬  ¯à ªâ¨ç¥áª¨ §  ¥áª®«ìª®
á¥ªã¤ (¯®á«¥ ç¥£® M? ¯à ªâ¨ç¥áª¨ ®¡ã«ï¥âáï).
�á«¨ £®¢®à¨âì ® à §«¨çëå ¢¥é¥áâ¢ å, â® ®â¬¥â¨¬ á«¥ ¤ãîé¥¥.

� ¦¨¤ª®áâïå ®¡ëç® T1 ¨ T2 ¡«¨§ª¨ ¤àã£ ¤àã£ã. Ǳà¨ íâ®¬ ªà¨-
áâ  ««¨§ æ¨ï ¯à¨¢®¤¨â ª § ç¨â¥«ì®¬ã ã¬¥ìè¥¨î T2. � ç¨áâëå
¤¨ ¬ £¨âëå ( ¬ £¨ç¨¢ îé¨åáï ¢ ¬ £¨â®¬ ¯®«¥ ¢ ¯à®â¨¢®-
¯®«®¦®¬ ¥¬ã  ¯à ¢«¥¨¨) ªà¨áâ «« å T1 � 1{ 10ç á. � ¯ à -
¬ £¨âë¥ ¯à¨¬¥á¨ ( ¬ £¨ç¨¢ îé¨¥áï ¯®  ¯à ¢«¥¨î ¯®«ï)
ã¬¥ìè îâ T1:  ¯à¨¬¥à, ¤«ï ¯ à ¬ £¨âëå ¦¨¤ª¨å à áâ¢®-
à®¢ T1 � 10�3 | 10�4 á¥ª. � ¬¥â «« å (¯à¨ â¥¬¯¥à âãà¥ 1{ 10K)
T1 � 10�3 | 10á¥ª.

�å®-á¨£ «, �=2�=2�=2- ¨ ���-¨¬¯ã«ìáë. � ¦®© ®á®¡¥®áâìî ���-
â®¬®£à ä¨¨ ï¢«ï¥âáï â®, çâ®  á ¬¡«ì ¯à®â®®¢ ¨§«ãç ¥â â ª
 §ë¢ ¥¬ë© (í«¥ªâà®¬ £¨âë© à ¤¨®ç áâ®âë©) íå®-á¨£ « ¨ íâ®
¨¬¥¥â ¬¥áâ® «¨èì ¯à¨  «¨ç¨¨ M? ª®¬¯®¥âë (¯®¯¥à¥ç®©
 ¬ £¨ç¥®áâ¨, á¬. (1.40) ¨ à¨á. 1.20). �¤ ª® M?(t) ã¡ë¢ ¥â
á à®áâ®¬ t, ª ª íâ® ¢¨¤® ¨§ (1.40), ¨ íâ® ã¡ë¢ ¨¥ ®¡ãá«®¢«¥®
à áä §¨à®¢ ¨¥¬ ¯à®â®®¢ ¨ ¥®¤®à®¤®áâìî ¯®«ï. � ¢ ¯à¥¤¥«¥
(¯à¨ t!1)  áâã¯ ¥â à ¢®¢¥á®¥ á®áâ®ï¨¥, ª®£¤  M  ¯à ¢«¥
¢¤®«ì Mz ¨ M? = 0, â. ¥. ¥ ¡ã¤¥â ¯à¥æ¥áá¨¨ M ¢®ªàã£ Mz

¨ íå®- á¨£ «  ®â á¨áâ¥¬ë. �â®¡ë ¯®«ãç¨âì íå®-á¨£ «, ã¦®
®âª«®¨âì ¢¥ªâ®à M ®â Mz | ¢ íâ®¬ á«ãç ¥ M? 6= 0. �â® |
®á®¢  ���-¨§¬¥à¥¨©.
�®ªà¥â® ¤ ãî ¯à®æ¥¤ãàã ¬®¦® ¢ë¯®«¨âì á ¯®¬®éìî â ª

 §ë¢ ¥¬®£® ¨¬¯ã«ìá®£® ¬¥â®¤ . � § ª«îç ¥âáï ¢ á«¥ ¤ãîé¥¬.
�®§¤ ¥âáï ª®à®âª¨© ¬®éë© �� (à ¤¨®ç áâ®âë©) ¨¬¯ã«ìá ¢  -
¯à ¢«¥¨¨, ¥ ¯ à ««¥«ì®¬ Bz, «ãçè¥ ¢á¥£® ¯®¤ ã£«®¬ 90Æ ª Bz
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�¨á. 1.21

(�=2-¨¬¯ã«ìá � àà -Ǳ àá¥««  à¥§® á®© ç áâ®âë ! = Bz),  -
¯à¨¬¥à, ¢¤®«ì y (¡¥§ ®âª«îç¥¨ï Bz). � íâ®¬ á«ãç ¥ ¢¥ªâ®à M
¡ã¤¥â á®¢¥àè âì á¯¨à «¥¢¨¤®¥ ®âª«®¥¨¥ ®â ®á¨ z á ¯®ï¢«¥¨¥¬
ª®¬¯®¥âë M? (á¬. à¨á. 1.21).
�â  á ¬¡«ï ¯à®â®®¢ ¡ã¤¥â ¨áå®¤¨âì íå®-á¨£ «, ¨«¨ á¨£-

 « á¯ ¤  á¢®¡®¤®© ¨¤ãªæ¨¨ (���). �¤ ª® íâ®â á¨£ « ¡ã-
¤¥â á« ¡ë¬ ¨ § âãå îé¨¬ ¨§-§  à áä §¨à®¢ ¨ï ¯à®â®®¢ |
á¬. à¨á. 1.22 , £¤¥ ®â®¡à ¦¥ë ¤¢¥ ª®¬¯®¥âë íå®-á¨£ «  |
¯® y ¨ ¯® x (® ®¡ëç® ®â®¡à ¦ îâ «¨èì ®¤ã ª®¬¯®¥âã,
¯à¨ç¥¬ ¥à¥¤ª® ¢ ¢¨¤¥ ®£¨¡ îé¥©).

�¨á. 1.22
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�¯¥ªâà �ãàì¥ íå®-á¨£ « , ®â®¡à ¦¥®£®   à¨á. 1.22 , ¨¬¥¥â
¢¨¤, ¯à¥¤áâ ¢«¥ë©   à¨á. 1.22¡, £¤¥ ¤ ë ¢¥é¥áâ¢¥ ï ç áâì
á¯¥ªâà  | á¨£ « ¯®£«®é¥¨ï S¯®£«(!) ¨ ¬¨¬ ï ç áâì | á¨£ «
¤¨á¯¥àá¨¨, ¨«¨ à áá¥ï¨ï Sà áá(!) [74, â. 2, á. 121]. �«ï S¯®£«(!) ¨
Sà áá(!) ¯®«ãç¥ë á«¥¤ãîé¨¥ ä®à¬ã«ë [7, á. 51]:

S¯®£«(!) = j  j H1T2Mz=(1 +�!2T 22 + 2H2
1T1T2);

Sà áá(!) = � j  j H1T2Mz�!T2=(1 +�!2T 22 + 2H2
1T1T2);

£¤¥ �! = !z � !, !z = Bz.
�å®-á¨£ «, ¨§®¡à ¦¥ë©   à¨á. 1.22 , ¯à ªâ¨ç¥áª¨ ¥«ì§ï § -

à¥£¨áâà¨à®¢ âì. �â®¡ë ¯®«ãç¨âì ¤®áâ â®ç® á¨«ìë© íå®-á¨£ «,
á®§¤ ¥âáï (¯® ¨áâ¥ç¥¨¨ ¥ª®â®à®£® ¢à¥¬¥¨ T ) ¥é¥ ®¤¨ ¨¬¯ã«ìá,
  ¨¬¥®, �-¨¬¯ã«ìá � àà -Ǳ àá¥««  | ¨¬¯ã«ìá, ¯à®â¨¢®¯®«®¦-
ë© Bz . � ¢®§¢à é ¥â á¯¨ë ¢ ä §ã ¨ ¢¥¤¥â ª â®¬ã, çâ® ¯®
¯à®è¥áâ¢¨¨ ¥é¥ ¢à¥¬¥¨ T ¯®ï¢¨âáï á¨«ìë© (à¥£¨áâà¨àã¥¬ë©)
íå®-á¨£ « (á¬. à¨á. 1.23).

�¨á. 1.23

�  ï ¯à®æ¥¤ãà   §ë¢ ¥âáï ¬¥â®¤®¬ íå  �   (áãé¥áâ¢ã¥â
â ª¦¥ ¬¥â®¤ £à ¤¨¥â®£® íå  [24, 25]). �¥â®¤ íå  �   ¬®¦®
®¡êïá¨âì ¯®   «®£¨¨ á ¡¥£ã ¬¨   ¤®à®¦ª¥ [72, â. 2, á. 127].
�â àâ¥à ¤ ¥â ¢ëáâà¥«®¬ áâ àâ (�=2- ¨¬¯ã«ìá) ¨ ¡¥£ãë (á¯¨ë)
à §¡¥£ îâáï ¢¤®«ì ¤®à®¦ª¨, ® ¡¥£ãâ á à §ë¬¨ áª®à®áâï¬¨ (à á-
ä §¨à®¢ ¨¥) ¨ ®â ¨å ®£ ¨áå®¤¨â á« ¡ë© á¨£ « s (t). � â¥¬ ç¥à¥§
t = T áâ àâ¥à ¤ ¥â ¢â®à®© ¢ëáâà¥« (�-¨¬¯ã«ìá), ¡¥£ãë ¯®¢®à ç¨-
¢ îâ, ¡¥£ãâ ®¡à â® á® á¢®¨¬¨ áª®à®áâï¬¨ ¨ ó¬¥¤«¥ë¥ô ¡¥£ãë
®ª §ë¢ îâáï ¢¯¥à¥¤¨ ó¡ëáâàëåô. � à¥§ã«ìâ â¥ ¯à¨ t = 2T ¢á¥
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¡¥£ãë ¡ã¤ãâ   áâ àâ¥ ¨ ®¤®¢à¥¬¥® (¢ ä §¥) ã¤ àïâ ®£ ¬¨
¯® ¤®à®¦ª¥ | ¢®§¨ª¥â á¨«ìë© íå®-á¨£ « S (t).
Ǳà¨ íâ®¬ ®â¬¥â¨¬ á«¥¤ãîé¥¥:
1) ¬®é®áâì íå®-á¨£ «  S (t) ¥á¥â ¨ä®à¬ æ¨î ® ¯«®â®áâ¨

¢¥é¥áâ¢ ,
2) ç áâ®â  « à¬®à®¢®© ¯à¥æ¥áá¨¨ ! | ® â¨¯¥ ¢¥é¥áâ¢  (á¬. â -

¡«. 1.1),
3) ¢à¥¬ï ¯à®¤®«ì®© à¥« ªá æ¨¨ T1 | ® ä §®¢®¬ á®áâ®ï¨¨

¢¥é¥áâ¢  (á¬. â ¡«. 1.2).

�à ¤¨¥âë¥ ¯®«ï. Ǳà¥¤¯®«®¦¨¬, çâ® ¨áá«¥¤ã¥âáï,  ¯à¨¬¥à,
ç áâì àãª¨ ®â ª¨áâ¨ ¤® «®ªâï. � ¯à ¢¨¬ ®áì z ¢¤®«ì ¥¥ ¤«¨ë
(á¬. à¨á. 1.24, £¤¥ ¨§®¡à ¦¥ àï¤ á¥ç¥¨© àãª¨).

�¨á. 1.24

Ǳãáâì ¢ ¥¥ ®¡ê¥¬¥ á®§¤ ® ¯®áâ®ï®¥ ¬ £¨â®¥ ¯®«¥ B0,  -
¯à ¢«¥®¥ ¢¤®«ì z. �à¥¬¥® ¡ã¤¥¬ ¯®« £ âì, çâ® à áä §¨à®¢ -
¨¥ á¯¨®¢-¯à®â®®¢ ®âáãâáâ¢ã¥â ¨ çâ® �B = 0. � íâ®¬ á«ãç ¥ ¢á¥
¯à®â®ë ¡ã¤ãâ ¯à¥æ¥áá¨à®¢ âì á ®¤¨ ª®¢®© « à¬®à®¢®© ç áâ®â®©
! = B0 ¨ ¥á«¨ ¯à¨«®¦¨âì �=2- ¨ �-¨¬¯ã«ìáë, â® ¬ë ¯®«ãç¨¬
®â¢¥âë© íå®-á¨£ « S (t) (á¬. à¨á. 1.23). �¥¤®áâ âª®¬ â ª®£® íªá-
¯¥à¨¬¥â  ï¢«ï¥âáï â®, çâ® ¨ä®à¬ æ¨ï ¢ ¢¨¤¥ íå®-á¨£ «   
ç áâ®â¥ ! ¡ã¤¥â ¯®áâã¯ âì ®â ¯à®â®®¢ ¢á¥£® ¨áá«¥¤ã¥¬®£® ®¡ê¥¬ ,
  ¨¤¥ï â®¬®£à ä¨¨ ¢ â®¬ ¨ á®áâ®¨â, çâ®¡ë ¯®«ãç âì ¨ä®à¬ -
æ¨î ®â ®â¤¥«ìëå á¥ç¥¨© (¨«¨ â®ª¨å á«®¥¢) | â®£¤  ¬®¦®
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à¥è âì § ¤ çã à¥ª®áâàãªæ¨¨ (á¬. ¤ «ìè¥). �â¤¥«¨âì ¦¥ à §-
«¨çë¥ á¥ç¥¨ï ¤àã£ ®â ¤àã£  ¬®¦®, á®¯®áâ ¢¨¢ ¨¬ à §«¨çë¥
§ ç¥¨ï ¨¤ãªæ¨¨ ¯®«ï B,   § ç¨â, « à¬®à®¢®© ç áâ®âë !. �®£-
¤ , ¯à¨¨¬ ï íå®-á¨£ «   à §«¨çëå ç áâ®â å !, ¬ë ¯®«ãç¨¬
¨ä®à¬ æ¨î ®â¤¥«ì® ¤«ï ª ¦¤®£® á¥ç¥¨ï.
�â®¡ë ª ¦¤®¬ã § ç¥¨î z á®®â¢¥âáâ¢®¢ «® á¢®¥ ¨ â®«ìª® á¢®¥

§ ç¥¨¥ B, äãªæ¨ï B (z) ¤®«¦  ¡ëâì ¬®®â®® ¢®§à áâ îé¥©
(¨«¨ ã¡ë¢ îé¥©). Ǳà®é¥ (¬ â¥¬ â¨ç¥áª¨ ¨ â¥å¨ç¥áª¨) § ª®
¨§¬¥¥¨ï ¯®«ï B (z) ¯®« £ âì «¨¥©ë¬ | íâ®¬ã á®®â¢¥âáâ¢ã¥â
¯®ïâ¨¥ £à ¤¨¥â®£® ¯®«ï.

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �à ¤¨¥âë¬ z-¯®«¥¬  §ë¢ ¥âáï ¯®«¥,  -
¯àï¦¥®áâì (¨«¨ ¨¤ãªæ¨ï) ª®â®à®£® G(z) ¨§¬¥ï¥âáï ¯® «¨¥©-
®¬ã § ª®ã:

Gz � G (z) = gzz; (1.41)

£¤¥ gz = const | ¥ª®â®à ï ¯®áâ®ï ï ¢¥«¨ç¨ , ®§ ç îé ï:
gz = @G(z)=@z.
� «®£¨ç® ¢¢®¤ïâáï £à ¤¨¥âë¥ ¯®«ï ¯® x ¨ ¯® y:

Gx = gxx;

Gy = gyy:

�
(1.42)

�¥¯¥àì ¬ë ¬®¦¥¬ ®¡à â¨âìáï ª ®á®¢®¬ã ¢®¯à®áã | à¥ª®áâàãª-
æ¨¨ ���-¨§®¡à ¦¥¨©.

�¥ª®áâàãªæ¨ï ���-¨§®¡à ¦¥¨©. Ǳ®¤ à¥ª®áâàãªæ¨¥©
(ä®à¬¨à®¢ ¨¥¬) ���-¨§®¡à ¦¥¨© ¯®¤à §ã¬¥¢ ¥âáï ®¯à¥¤¥«¥¨¥
¯«®â®áâ¨ ¯à®â®®¢ cz(x; y) ¢ á¥ç¥¨ïå ¯® ¨§¬¥à¥ë¬   à §ëå
ç áâ®â å ! = !(z) íå®-á¨£ « ¬ S!(z)(t).
�á®¢®© ¯à¨æ¨¯ à¥ª®áâàãªæ¨¨ ���-¨§®¡à ¦¥¨© § ª«îç -

¥âáï ¢ â ª  §ë¢ ¥¬®¬ ¯à®áâà áâ¢¥®¬ ª®¤¨à®¢ ¨¨ ç áâ®âë
à¥§® á  [21, 22]. � á®áâ®¨â ¢ â®¬, çâ®   áâ â¨ç¥áª®¥ ¯®«ïà¨§ã-
îé¥¥ ®¤®à®¤®¥ ¬ £¨â®¥ ¯®«¥ B0  ª« ¤ë¢ îâáï £à ¤¨¥âë¥
¯®«ï, ¨¤ãªæ¨¨ ª®â®àëå § ¢¨áïâ ®â ª®®à¤¨ â x, y, z,   § ç¨â
¨  ®¡®à®â ª ¦¤®© â®çª¥ (x; y; z) á®®â¢¥âáâ¢ã¥â ®¯à¥¤¥«¥ ï ¨-
¤ãªæ¨ï,   á«¥¤®¢ â¥«ì®, ç áâ®â  ¨/¨«¨ ä § . �àã£¨¬¨ á«®¢ ¬¨,
â®çª¨ ¯à®áâà áâ¢  (x; y; z) ª®¤¨àãîâáï ¯®¤ ç áâ®âã ¨/¨«¨ ä §ã
¨  ®¡®à®â ¯®¤ ç áâ®â®© ¨/¨«¨ ä §®© § ª®¤¨à®¢ ë ª®®à¤¨ -
âë x; y; z.
Ǳà¥¤¯®«®¦¨¬ ¤«ï ¯à®áâ®âë, çâ® ¯®«¥ B0 ®âáãâáâ¢ã¥â,   ¢ª«î-

ç¥ë áà §ã âà¨ £à ¤¨¥âëå ¯®«ï Gx, Gy ¨ Gz , â®£¤  ¢ ¥ª®-
â®à®© â®çª¥ (x; y; z) ¨¤ãªæ¨ï ¯®«ï ¡ã¤¥â à ¢  [24, á. 25], [25]
Gx+Gy+Gz = gxx+gyy+gzz,   à¥§® á ï ç áâ®â  (ç áâ®â  « à-
¬®à®¢®© ¯à¥æ¥áá¨¨) ¡ã¤¥â à ¢  !(x; y; z) = (gxx+gyy+gzz) = Gr,
£¤¥ G | ¢¥ªâ®à áã¬¬ë £à ¤¨¥âëå ¯®«¥©,   r | à ¤¨ãá-¢¥ªâ®à
â®çª¨ (x; y; z). �¢¥¤¥¨¥ £à ¤¨¥âëå ¯®«¥© ¯®§¢®«ï¥â à¥è âì
®¡à âãî § ¤ çã | ®¯à¥¤¥«ïâì ª®®à¤¨ âë x; y; z â®çª¨, ¨§ ª®â®-
à®© ¨áå®¤¨â á¨£ « ¥ª®â®à®© ç áâ®âë !. �â® | ®á®¢  ¬¥â®¤¨ª¨
à¥ª®áâàãªæ¨¨ ���-¨§®¡à ¦¥¨©.



46 ����� 1. ������ ���Ǳ�������� ����������

�®¦¥áâ¢® â®ç¥ª, á®®â¢¥âáâ¢ãîé¨å ¥ª®â®à®¬ã ä¨ªá¨à®¢ ®-
¬ã § ç¥¨î !, ®¡à §ãîâ ¢ ¯à®áâà áâ¢¥ ¯«®áª®áâì:

 (gxx+ gyy + gzz) = !: (1.43)

�á«¨ ¨§¬¥à¥¨ï ¢ë¯®«ïâì   íâ®© ç áâ®â¥ !, â® íå®-á¨£ « ¡ã¤¥â
à ¢¥

S!(t) = A

ZZZ
c (x; y; z) ei (gxx+gyy+gzz) t dx dy dz; (1.44)

£¤¥ A | ¥ª®â®à ï ª®áâ â . �â¥£à¨à®¢ ¨¥ ¢ (1.44) ¢¥¤¥âáï
¯® ¯«®áª®áâ¨ (1.43) á ãç¥â®¬ ä §ë, ¯®áª®«ìªã S (t) | ¢®«®¢®©
¯à®æ¥áá, ¯®íâ®¬ã ¢¢®¤¨âáï ¬®¦¨â¥«ì exp[i(gxx + gyy + gzz)t],
ãç¨âë¢ îé¨© ä §®¢ë¥ à §«¨ç¨ï ¨â¥£à¨àã¥¬ëå â®ç¥ª.
�¤ ª® (1.44) ¥«ì§ï à áá¬ âà¨¢ âì ª ª ¨â¥£à «ì®¥ ãà ¢¥-

¨¥ ®â®á¨â¥«ì® c (x; y; z), ¯®áª®«ìªã ¨áª®¬ ï äãªæ¨ï c (x; y; z) |
âà¥å¬¥à ï äãªæ¨ï,   ¨§¬¥à¥ ï äãªæ¨ï S!(t) | ®¤®¬¥à-
 ï. Ǳ®íâ®¬ã ¢¢®¤¨âáï àï¤ ¯à ªâ¨ç¥áª¨å áå¥¬, ¢ ª®â®àëå íâ®
¯à®â¨¢®à¥ç¨¥ à §à¥è¥®. �¥ª®â®àë¥ ¨§ ¨å ¬ë à áá¬®âà¨¬. �®
¢á¥å áå¥¬ å ¯®« £ ¥âáï, çâ® gz � gx ¨ gz � gy | íâ® á®§¤ ¥â
â ª  §ë¢ ¥¬ãî á¥«¥ªæ¨î ¯® z, ¢ à¥§ã«ìâ â¥ ª®â®à®©, ¢®-¯¥à¢ëå,
¯«®áª®áâ¨ (1.43) ¯®«ãç îâáï ¯à ªâ¨ç¥áª¨ ¯¥à¯¥¤¨ªã«ïàë¬¨ z,
  ¢®-¢â®àëå, ¯®«ãç ¥âáï ç¥âª®¥ à §£à ¨ç¥¨¥ ¯® ç áâ®â ¬ !
¢¤®«ì z.
� áá¬®âà¨¬ ¨¤¥î á¥«¥ªæ¨¨ ¯«®áª®áâ¨ ¯®¤à®¡¥¥ [24, á. 27{31], [25].

�á«¨ ¢®§¡ã¦¤ âì  á ¬¡«ì ¯à®â®®¢ á ç áâ®â®© !0 = B0 ¨ ®¤-
®¢à¥¬¥® ¯à¨ª« ¤ë¢ âì £à ¤¨¥â®¥ ¯®«¥ Gz = gz(z � z0), â ª
çâ®

Bz = B0 + gz(z � z0); (1.45)

â® ¡ã¤ãâ ¢®§¡ã¦¤ âìáï â®«ìª® ¯à®â®ë ¢ ¯«®áª®áâ¨ z = z0. �¤-
 ª® ¨áå®¤ïé¨© ¨§ íâ®© ¯«®áª®áâ¨ íå®-á¨£ « ¡ã¤¥â ¡¥áª®¥ç®
á« ¡. Ǳ®íâ®¬ã ã¦® ¢®§¡ã¦¤ âì ¥ ¯«®áª®áâì,   á«®© ¥ª®â®à®©
â®«é¨ë Æz, ª®â®à ï ¤®«¦  ¡ëâì ¤®áâ â®ç® ó¡®«ìè®©ô, çâ®-
¡ë ¯®«ãç¨âì  ¤¥¦® ¤¥â¥ªâ¨àã¥¬ë© íå®-á¨£ «, ¨ ¤®áâ â®ç®
ó¬ «®©ô, çâ®¡ë ç áâ�®âë ¯à®â®®¢ ¢ ¯à¥¤¥« å á«®ï ¥ á¨«ì®
®â«¨ç «¨áì.
�¡ëç® �=2-¨¬¯ã«ìá ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤ ¢ äãªæ¨¨ t

(á¬. à¨á. 1.25).
�£® ®£¨¡ îé ï å®à®è® ¯à¥¤áâ ¢«ï¥âáï £ ãáá¨ ®©. �¡®§ ç¨¬

ç¥à¥§ 2� è¨à¨ã £ ãáá¨ ë   ¯®«ã¢ëá®â¥ (íää¥ªâ¨¢ãî è¨à¨ã
£ ãáá¨ ë). Ǳà¥®¡à §®¢ ¨¥ �ãàì¥ ®â íâ®© £ ãáá¨ ë (á¯¥ªâà ®£¨-
¡ îé¥© ¨¬¯ã«ìá ) ¥áâì â ª¦¥ £ ãáá¨   (á¬. à¨á. 1.26) á è¨à¨®©
  ¯®«ã¢ëá®â¥ (íää¥ªâ¨¢®© è¨à¨®©) Æ! = 4 ln 2=� .
�á«¨ ¢ª«îç¨âì ¯®«¥ (1.45), â® à¥§® á ï ç áâ®â  á¯¨®¢

¡ã¤¥â ¨§¬¥ïâìáï ¯® § ª®ã

! (z) = !0 + gz(z � z0): (1.46)
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�¨á. 1.25

�¨á. 1.26
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� ¥á«¨ â¥¯¥àì ®¡«ãç âì ¢¥é¥áâ¢® �=2-¨¬¯ã«ìá®¬ (à¨á. 1.25, 1.26),
â® ¡ã¤ãâ ¢®§¡ã¦¤ âìáï ¯à®â®ë ¢ á«®¥ á íää¥ªâ¨¢®© â®«é¨®©

Æz =
Æ!

gz

=
4 ln 2

gz�
: (1.47)

�§ (1.46) ¨ (1.47) á«¥¤ã¥â, çâ® ¬®¦® ¨§¬¥ïâì ¯®«®¦¥¨¥ ¢®§-
¡ã¦¤ ¥¬®£® á«®ï (¥£® áà¥¤îî z-ª®®à¤¨ âã), ¬¥ïï !0, ¨ ¥£®
íää¥ªâ¨¢ãî â®«é¨ã Æz, ¬¥ïï gz ¨/¨«¨ � . �¤ ª® ¢ ¯à¥¤¥« å
á«®ï (1.47) ¯à®â®ë ¡ã¤ãâ ¨¬¥âì à §«¨çë¥ ç áâ�®âë (1.46) ¨ ¡ã¤¥â
¨¬¥âì ¬¥áâ® à áä §¨à®¢ ¨¥ ¢¤®«ì z (¢ ®â«¨ç¨¥ ®â à áä §¨à®-
¢ ¨ï ¢ ¯«®áª®áâ¨ x; y, ¨§®¡à ¦¥®£®   à¨á. 1.19), ¢ à¥§ã«ìâ â¥
ç¥£® áã¬¬ àë© íå®-á¨£ « ®â á«®ï ¡ã¤¥â ®ç¥ì á« ¡ë¬. �«ï
ãáâà ¥¨ï íâ®£® íää¥ªâ  �®ã«â ¢ 1977£. ¯à¥¤«®¦¨« ¯®á«¥ ¤¥©-
áâ¢¨ï �=2-¨¬¯ã«ìá  ¨§¬¥ïâì  ¯à ¢«¥¨¥ £à ¤¨¥â®£® ¯®«ï Gz
  ¯à®â¨¢®¯®«®¦®¥, çâ® ¢¥¤¥â ª à¥ä §¨à®¢ ¨î ¯à®â®®¢ ¨ ª
á¨«ì®¬ã íå®-á¨£ «ã (á¬. à¨á. 1.27).

�¨á. 1.27

�â®  ¯®¬¨ ¥â ¤¥©áâ¢¨¥ �-¨¬¯ã«ìá , ®¯¨á ®¥ ¢ëè¥.
� ¬¥â¨¬, çâ® ç áâ® �=2- ¨ �-¨¬¯ã«ìáë,   â ª¦¥ £à ¤¨¥âë¥

¯®«ï ¨§®¡à ¦ îâáï ¯àï¬®ã£®«ì¨ª ¬¨ (á¬.,  ¯à¨¬¥à, à¨á. 1.27).
�¤ ª® íâ® ãá«®¢®áâì. � ¤¥©áâ¢¨â¥«ì®áâ¨,  ¯à¨¬¥à, ¯®¤ �=2-
¨¬¯ã«ìá®¬ ¥ª®â®à®© è¨à¨ë 2� ¯®¤à §ã¬¥¢ ¥âáï ¨¬¯ã«ìá â¨¯ 
¨§®¡à ¦¥®£®   à¨á. 1.25 á è¨à¨®© 2�   ¯®«ã¢ëá®â¥.
1-ï ¯ à  ª â ¨ ç ¥ á ª  ï á å ¥¬   [93, á. 272] (á¬. à¨á. 1.28).
�®£« á® íâ®© áå¥¬¥, ¤«ï á¥«¥ªæ¨¨ ¢ª«îç ¥âáï £à ¤¨¥â®¥ ¯®-

«¥ Gz á ¡®«ìè¨¬ § ç¥¨¥¬ gz. �¤®«ì x ¢ª«îç îâáï ¯®®ç¥à¥¤®
¥áª®«ìª® £à ¤¨¥âëå ¯®«¥© Gx (¢ë¯®«ï¥âáï ¥áª®«ìª® íªá-
¯¥à¨¬¥â®¢) á à §«¨çë¬¨ gx ¯à®¤®«¦¨â¥«ì®áâìî Tx, â. ¥. ¯à¨
ª ¦¤®¬ § ç¥¨¨ gx á®§¤ ¥âáï ä §®¢®¥ ª®¤¨à®¢ ¨¥, ¯®áª®«ìªã
¢ ª ¦¤®¬ íªá¯¥à¨¬¥â¥ íå®-á¨£ «ã á®®â¢¥âáâ¢ã¥â ¯®áâ®ïáâ¢®
ä §ë gxxTx. �¤®«ì y ¢ª«îç ¥âáï ®¤® £à ¤¨¥â®¥ ¯®«¥ Gy
¢ ¯à¨æ¨¯¥ ¡¥áª®¥ç®© ¤«¨â¥«ì®áâ¨, â. ¥. á®§¤ ¥âáï ç áâ®â®¥
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�¨á. 1.28

ª®¤¨à®¢ ¨¥, ¯®áª®«ìªã íâ®¬ã á®®â¢¥âáâ¢ã¥â ¯®áâ®ïáâ¢® «¨èì
ç áâ®â�ë gyy. � à¥§ã«ìâ â¥ íå®-á¨£ « ¬®¦¥â ¡ëâì § ¯¨á  ¢ ¢¨-
¤¥:

S (gx; t) = A

ZZ
c (x; y) ei (gxxTx+gyyt) dx dy: (1.48)

� á®®â®è¥¨¨ (1.48) gx ¨ t ¯¥à¥¬¥ë,   Tx ¨ gy ¯®áâ®ï-
ë (¨¬¥îâ ¯® ®¤®¬ã § ç¥¨î). �¥å¨ç¥áª¨ íâ® ®§ ç ¥â, çâ®
§ ¤ ¥âáï àï¤ § ç¥¨© gx ¨ ¯à¨ ª ¦¤®¬ § ç¥¨¨ gx ¨§¬¥àï-
¥âáï íå®-á¨£ « S (t). � à¥§ã«ìâ â¥ ¡ã¤¥â ¨§¬¥à¥  ¤¢ãå¬¥à ï
äãªæ¨ï S (gx; t). �«¥¤®¢ â¥«ì®, á®®â®è¥¨¥ (1.48) ¬®¦® à á-
á¬ âà¨¢ âì ª ª ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì®
c (x; y):

A

1ZZ
�1

c (x; y) ei (gxxTx+gyyt) dx dy = S (gx; t); (1.49)

á®®â¢¥âáâ¢ãîé¥¥ ¥ª®â®à®¬ã á¥«¥ªâ¨¢®¬ã á¥ç¥¨î (á«®î) á ª®-
®à¤¨ â®© z ¨, á«¥¤®¢ â¥«ì®, ç áâ®â®© !z = gzz. �â® ®§ ç ¥â,
çâ® ¨§¬¥à¥¨ï ¯à ¢®© ç áâ¨ S (gx; t) ¢ë¯®«¥ë   ¥ª®â®à®©
áà¥¤¥© ç áâ®â¥ !z,   ¨áª®¬ ï äãªæ¨ï c (x; y) á®®â¢¥âáâ¢ã¥â
ª®®à¤¨ â¥ z = !z=gz. �«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (1.49) ¬®¦®
§ ¯¨á âì ¡®«¥¥ â®ç®:

A

1ZZ
�1

cz(x; y) e
i (gxxTx+gyyt) dx dy = S!z(gx; t): (1.50)

�¤ ª® ¤«ï ¯à®áâ®âë ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï § ¯¨áìî â¨¯  (1.49).
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�¥è¥¨¥ ãà ¢¥¨ï (1.49) á ¯®¬®éìî ®¡à â®£® ¯à¥®¡à §®¢ ¨ï
�ãàì¥ (�Ǳ�) ¨¬¥¥â ¢¨¤ (áà. (6.46), ¯. 6.3):

c (�=Tx; !y=gy) =

2
Txgy

4�2A

1ZZ
�1

S (gx; t) e
�i (�gx+!yt) dgx dt: (1.51)

�â ª, ¯«®â®áâì c ®¯à¥¤¥«ï¥âáï ç¥à¥§ ¤¢ãå¬¥à®¥ �Ǳ� ®â  ¡®à 
íå®-á¨£ «®¢ S.
2-ï ¯ à  ª â ¨ ç ¥ á ª  ï á å ¥¬   [93, á. 272] (á¬. à¨á. 1.29).

�¨á. 1.29

� íâ®© áå¥¬¥ § ¤ ¥âáï  ¡®à £à ¤¨¥âëå ¯®«¥© ¯® x á ®¤¨ -
ª®¢ë¬¨ gx, ® á à §®© ¯à®¤®«¦¨â¥«ì®áâìî ¤¥©áâ¢¨ï tx. � ¯® y,
ª ª ¢ 1-© áå¥¬¥, á®§¤ ¥âáï ç áâ®â ï ª®¤¨à®¢ª . � à¥§ã«ìâ â¥ ¯®-
«ãç ¥âáï  ¡®à íå®-á¨£ «®¢, ®â«¨ç îé¨åáï à §ë¬¨ § ç¥¨ï¬¨
tx:

S (tx; t) = A

1ZZ
�1

c (x; y) ei (gxxtx+gyyt) dx dy; (1.52)

£¤¥ tx = n ��tx; n = 1; 2; : : :
�ãé¥áâ¢ã¥â ¥é¥ àï¤ ¯®å®¦¨å áå¥¬ ®¡à ¡®âª¨ ¤¢ãå¬¥àëå

íå®-á¨£ «®¢ [74, â. 2, á. 142{145]. �â¬¥â¨¬ ¯à¨ íâ®¬, çâ® ®¡à -
¡®âªã â¨¯  áå¥¬ 1 ¨ 2 ã¦® ¢ë¯®«ïâì   àï¤¥ ç áâ®â !z |
íâ®¬ã ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ®¯à¥¤¥«¥¨¥ ¯«®â®áâ¨ c (x; y) ¢ àï¤¥
á¥ç¥¨© á à §«¨çë¬¨ z, â. ¥. cz(x; y).
� áá¬®âà¥  â ª¦¥ âà¥å¬¥à ï �ãàì¥-®¡à ¡®âª  [93, á. 273{274].
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�á¥ ¢¨¤ë ®¡à ¡®â®ª (®¤®-, ¤¢ãå- ¨ âà¥å¬¥à ï, â. ¥. ¯® «¨¨¨,
¯® á¥ç¥¨î ¨ ¯® ®¡ê¥¬ã) ¬®¦® § ¯¨á âì ª ª á«¥¤ãîé¥¥ á®®â¢¥â-
áâ¢¨¥ ¬¥¦¤ã íå®-á¨£ «®¬ S ¨ ¯«®â®áâìî (â®ç¥¥, ¯«®â®áâìî
 ¬ £¨ç¥®áâ¨) c [24, á. 27], [25]:

S (k) =

Z
c (r) e�ikr dr; (1.53)

c (r) =

Z
S (k) eikr dk; (1.54)

£¤¥ r | à ¤¨ãá-¢¥ªâ®à,   k | ¢®«®¢®© ¢¥ªâ®à, à ¢ë©

k = 

tZ
0

G (t0) dt0;

¯à¨ç¥¬ G | áã¬¬ àë© ¢¥ªâ®à £à ¤¨¥âëå ¯®«¥©, ¢®®¡é¥ £®¢®-
àï, § ¢¨áïé¨© ®â t. � ª¨¬ ®¡à §®¬, à¥ª®áâàãªæ¨î ¨§®¡à ¦¥¨©
¬®¦® âà ªâ®¢ âì ª ª ®¯¨á ¨¥ ¯à®áâà áâ¢  fkg ¨ ¯®á«¥¤ãîé¨©
¯¥à¥å®¤ ¢ ¯à®áâà áâ¢® frg ¯®áà¥¤áâ¢®¬ ¯à¥®¡à §®¢ ¨ï �ãàì¥.
�â¬¥â¨¬, çâ® ¬¥â®¤ ¯à¥®¡à §®¢ ¨ï �ãàì¥  ¨¡®«¥¥ ç áâ® ¨á-

¯®«ì§ã¥âáï ¤«ï à¥è¥¨ï § ¤ ç¨ à¥ª®áâàãªæ¨¨ ���-¨§®¡à ¦¥¨©.
�â®â ¬¥â®¤ ¢¯¥à¢ë¥ áä®à¬ã«¨à®¢ «¨ �ã¬ à, �¥«â¨ ¨ �àáâ
¢ 1975 £. [85]. Ǳ®¬¨¬® ¥£®, ¨á¯®«ì§ãîâáï â ª¦¥ á«¥¤ãîé¨¥ ¬¥â®-
¤ë: ¬¥â®¤ óçã¢áâ¢¨â¥«ì®© â®çª¨ô �¨è®ã [35], [74, â. 2, á. 147],
¬¥â®¤ë «¨¥©®£® áª ¨à®¢ ¨ï [74, â. 2, á. 147{149], ¬¥â®¤ë ó¡ë-
áâà®©ô ¢¨§ã «¨§ æ¨¨ [74, â. 2, á. 149{154], ¬¥â®¤ë ó®¡ê¥¬®©ô ¢¨-
§ã «¨§ æ¨¨ [74, â. 2, á. 154{157] ¨ ¤à.

Ǳà¨¬¥àë à¥ª®áâàãªæ¨¨ ¨§®¡à ¦¥¨©. �  à¨á. 1.30  ¯à¨-
¢¥¤¥® ¨§®¡à ¦¥¨¥ c (x; y) á¥ç¥¨ï £®«®¢®£® ¬®§£  ¯ æ¨¥â ,
áâà ¤ îé¥£® ¡®«¥§ìî �®¤¦ª¨ , ¯®«ãç¥®¥ á ¯®¬®éìî áå¥¬ë
â¨¯  1-© ¯à ªâ¨ç¥áª®© áå¥¬ë ¯à¨ TE = 2T = 0:012á¥ª, Æz = 7¬¬,
256 â®ç¥ª ¢ ä §®¢®¬ ª®¤¨à®¢ ¨¨ ¨ 512 â®ç¥ª ¢ ç áâ®â®¬ ª®-
¤¨à®¢ ¨¨. �  à¨á. 1.30¡ ¨ ¢ | ¢¥é¥áâ¢¥ ï ¨ ¬¨¬ ï ç áâ¨
¤¢ãå¬¥à®£® Ǳ� bc (!x; !y) ¨§®¡à ¦¥¨ï c (x; y) (¯® £®à¨§®â «ì®©
¨ ¢¥àâ¨ª «ì®© ®áï¬ ®â«®¦¥ë ç áâ�®âë �ãàì¥ !x ¨ !y) [74, â. 2,
á. 141].
�«¨ï¨¥ ¥®¤®à®¤®áâ¨ ¯®«¥©   à §à¥è îéãî á¯®á®¡-

®áâì â®¬®£à ¬¬. Ǳãáâì á®§¤ ® áâ â¨ç¥áª®¥ ¯®«ïà¨§ãîé¥¥ ¯®-
«¥ B (x) = B0 + �B0(x), £¤¥ B0 = const,   �B0(x) | ¥®¤®-
à®¤®áâì,   â ª¦¥ £à ¤¨¥â®¥ ¯®«¥ Gx(x) = gxx. �®£¤ , ª ª
¯®ª § ® ¢ [24, 25], ¥®¤®à®¤®áâì �B0 ¢¥¤¥â ª â®¬ã, çâ® ¢ ���-
¨§®¡à ¦¥¨¨ ¡ã¤ãâ à §à¥è âìáï ¤¥â «¨ á à ááâ®ï¨¥¬

Æx >
B0

gx

�B0
B0

; (1.55)

â. ¥. à §à¥è îé ï á¯®á®¡®áâì â®¬®£à ¬¬ ãåã¤è ¥âáï (Æx ã¢¥«¨-
ç¨¢ ¥âáï) ¯à®¯®àæ¨® «ì® ®â®á¨â¥«ì®© ¥®¤®à®¤®áâ¨ ¯®«ï-
à¨§ãîé¥£® ¯®«ï �B0=B0 ¨ ®¡à â® ¯à®¯®àæ¨® «ì® gx. �®¦®
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�¨á. 1.30

§ ¯¨á âì ®æ¥ªã ®â®á¨â¥«ì®© ¥®¤®à®¤®áâ¨ ¯®«ïà¨§ãîé¥£®
¯®«ï, á®®â¢¥âáâ¢ãîé¥© § ¤ ®¬ã à §à¥è¥¨î Æx:

�B0
B0

6
gx

B0
Æx: (1.56)

�á«¨ ¦¥ á®§¤ ë ¯®«ï B0 ¨ gxx+�gxx, £¤¥ �gx | ®âª«®¥¨¥
®â «¨¥©®áâ¨ £à ¤¨¥â®£® x-¯®«ï, â® ®â®á¨â¥«ì®¥ ®âª«®¥¨¥
®â «¨¥©®áâ¨ £à ¤¨¥â®£® x-¯®«ï, á®®â¢¥âáâ¢ãîé¥¥ Æx,

�gx
gx

6 Æx

x

: (1.57)

� «®£¨çë ®æ¥ª¨ ¤«ï �gy=gy ¨ �gz=gz.
� áá¬®âà¥ ¯ à ¨¬ ¥ à [24, 25]: Ǳãáâì B0 = 0:1�«, gx = 5¬�«/¬,

x = 20 á¬, âà¥¡ã¥¬ ï à §à¥è îé ï á¯®á®¡®áâì Æx = 0:2¬¬, â®£¤ 

�B0
B0

6 10�5;
�gx

gx

6 10�3; (1.58)
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â. ¥. ¤«ï ®¡¥á¯¥ç¥¨ï ¢ëá®ª®© à §à¥è îé¥© á¯®á®¡®áâ¨ â®¬®-
£à ¬¬ (¢ ¤®«¨ ¬¬) ¥®¡å®¤¨¬  ¢ëá®ª ï áâ¥¯¥ì ®¤®à®¤®áâ¨
¯®«ïà¨§ãîé¥£® ¯®«ï B0 ¨ «¨¥©®áâ¨ £à ¤¨¥âëå ¯®«¥© Gx,
Gy, Gz.

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. � ¡®ç¨¬ ®¡ê¥¬®¬  §ë¢ ¥âáï â  ®¡« áâì §®ë
¤®áâã¯  â®¬®£à ä , ¢ ª®â®à®© ¢ë¯®«ïîâáï âà¥¡®¢ ¨ï ¯® à §-
à¥è îé¥© á¯®á®¡®áâ¨ ¨ ®â®á¨â¥«ìë¬ ®âª«®¥¨ï¬ ¯®«¥© â¨¯ 
(1.55){(1.58).

� ®æ¥ª¥ (1.57) x | «¨¥©ë© à §¬¥à à ¡®ç¥£® ®¡ê¥¬ .

�¡ëç® ¤¨ ¬¥âà à ¡®ç¥£® ®¡ê¥¬  ¥ ¯à¥¢ëè ¥â 40{50% ¤¨ ¬¥-
âà  §®ë ¤®áâã¯ . �¤ ª® Ǳ.�. � « ©¤¨ë¬ ¨ �.�. � ¬ïâ¨ë¬ [25]
à §à ¡®â   ¬¥â®¤¨ª  ã¢¥«¨ç¥¨ï à ¡®ç¥£® ®¡ê¥¬  §  áç¥â ¢¢¥-
¤¥¨ï ª®àà¥ªâ¨àãîé¨å ª âãè¥ª.

� â¥¬ â¨ç¥áª¨© ãç¥â â¥å¨ç¥áª¨å ¥®¤®à®¤®áâ¥© ¯®-
«¥©. �« ¤ª¨¥ â¥å¨ç¥áª¨¥ ¥®¤®à®¤®áâ¨ ¯®«¥© (¢ ®â«¨ç¨¥ ®â «®-
ª «ìëå ¥£« ¤ª¨å ¯®«¥© à¥« ªá æ¨¨) ¬®¦® ¥ ª®¬¯¥á¨à®¢ âì,
ª ª ¢ ¬¥â®¤¨ª¥ � « ©¤¨ -� ¬ïâ¨  ¨«¨ ¢ § ¤ ç¥ á¨â¥§  ¬ £-
¨â®£® ¯®«ï (á¬. ¤ «ìè¥),   ãç¥áâì ¬ â¥¬ â¨ç¥áª¨, ª ª íâ®
á¤¥« ® ¢ à ¡®â¥ [96]. � áá¬ âà¨¢ ¥âáï § ¤ ç  à¥ª®áâàãªæ¨¨
¨§®¡à ¦¥¨ï, à¥è ¥¬ ï ¯® áå¥¬¥ â¨¯  1-© ¯à ªâ¨ç¥áª®© áå¥¬ë
(áà. à¨á. 1.28) | á¬. à¨á. 1.31.

�¨á. 1.31
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� â¥¬ â¨ç¥áª¨ § ¤ ç  ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ¤¢ãå¬¥àë¬
¨â¥£à «ìë¬ ãà ¢¥¨¥¬ (áà. (1.49)) [60, 96, 100]:

A

1ZZ
�1

c (x; y) ei [
 (x;y) �+P (x;y)p] dx dy = s (�; p); (1.59)

�1 < �; p <1;

£¤¥ 
(x; y) = [B0 + �B (x; y) + Gx + �Gx(x; y)], P (x; y) = [Gy +
+�Gy(x; y)]Ty, ¯à¨ç¥¬ Ty | ¯à®¤®«¦¨â¥«ì®áâì ¤¥©áâ¢¨ï ¯®-
«ï Gy,   �B (x; y), �Gx(x; y) ¨ �Gy(x; y) | ¥®¤®à®¤®áâ¨ ¯®-
«¥© (¨§¢¥áâë¥ £« ¤ª¨¥ ¬®®â®ë¥ äãªæ¨¨). �¬¥îâáï ¢ ¢¨¤ã
¥®¤®à®¤®áâ¨, ®¡ãá«®¢«¥ë¥, ¢ ¯¥à¢ãî ®ç¥à¥¤ì, â¥å¨ç¥áª¨¬¨
®á®¡¥®áâï¬¨. � ¯à¨¬¥à, ¥á«¨ áâ â¨ç¥áª®¥ ¯®«¥ B á®§¤ ¥âáï ®¤-
®© ª âãèª®©-á®«¥®¨¤®¬ á  ¬®âª®© ¯®áâ®ï®© â®«é¨ë, â®  
¥¥ ®á¨ ¯®«¥ ¡ã¤¥â ¬®®â®® ã¡ë¢ âì ®â æ¥âà  ª ¥¥ ªà ï¬.
� áá¬ âà¨¢ ¥âáï àï¤ £à ¤¨¥âëå ¯®«¥© ¯® y, à ¢ëå pGy,

£¤¥ p 2 (�1;1). Ǳà ¢ ï ç áâì s (�; p) ¥áâì á®¢®ªã¯®áâì íå®-á¨£-
 «®¢ ¢ äãªæ¨¨ � ¯à¨ ª ¦¤®¬ p. �  ¯à ªâ¨ª¥ � 2 [��max; �max],
p 2 [�pmax; pmax].
�¥è¥¨¥ ãà ¢¥¨ï (1.59) ¯®áà¥¤áâ¢®¬ ¤¢ãå¬¥à®£® Ǳ� ¨¬¥¥â

¢¨¤ [96, 60, 100]:

c
�
x (�; �); y (�; �)

�
= Q (�; �)

1ZZ
�1

s (�; p) e�i (��+�p) d� dp; (1.60)

£¤¥ Q (�; �) = 1=4�2AjJ (�; �)j,   x = x (�; �) ¨ y = y (�; �) ®¯à¥¤¥«ï-
îâáï ¨§ á¨áâ¥¬ë ¥«¨¥©ëå ãà ¢¥¨© (���):

x =
� � !0

gx

� �B (x; y) +�Gx(x; y)

gx

;

y =
�

gyTy

� �Gy(x; y)

gy

;

£¤¥ !0 = B0,  

J (�; �) =

����@x=@� @x=@�
@y=@� @y=@�

����
| ïª®¡¨  ¯à¥®¡à §®¢ ¨ï.
�«ï ¯®¢ëè¥¨ï ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï (1.60) ¯à¨¬�¥¨¬ ¬¥â®¤

à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  n-£® ¯®àï¤ª  [60]. �¥è¥¨¥ (1.60) á à¥-
£ã«ïà¨§ æ¨¥© ¡ã¤¥â ¨¬¥âì ¢¨¤:

c�
�
x (�; �); y (�; �)

�
= Q (�; �)

1ZZ
�1

s (�; p)

1 + �M (�; p)
e�i (��+�p) d� dp; (1.61)

£¤¥ M (�; p) | äãªæ¨ï ¢¨¤ 

M (�; p) = �2n + qp2n
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¨«¨

M (�; p) = (�=T )2n + (p=P )2n;

¯à¨ç¥¬ n 2 N, â. ¥. n = 1; 2; 3; : : : (®¡ëç® n = 1), � > 0 | ¯ à -
¬¥âà à¥£ã«ïà¨§ æ¨¨, q > 0 | ¥ª®â®àë© ¬®¦¨â¥«ì â ª®©, çâ®¡ë
á« £ ¥¬ë¥ �2n ¨ qp2n ¡ë«¨ ®¤®£® ¯®àï¤ª ,   T; P > 0, ¢ ç -
áâ®áâ¨, T = �max, P = pmax. Ǳ à ¬¥âà à¥£ã«ïà¨§ æ¨¨ � ¬®¦¥â
¡ëâì ¢ë¡à  à §«¨çë¬¨ á¯®á®¡ ¬¨,  ¯à¨¬¥à, á¯®á®¡®¬ ¯®¤¡®à 
ª®âà áâ  ¨§®¡à ¦¥¨ï (ç¥¬ ¬¥ìè¥ �, â¥¬ ¢ëè¥ ª®âà áâ ¨  -
®¡®à®â |   «®£¨ç®  áâà®©ª¥ ª®âà áâ  â¥«¥¨§®¡à ¦¥¨ï) ¨«¨
á¯®á®¡®¬ ¥¢ï§ª¨ ¨§ ãà ¢¥¨ï [60]

1ZZ
�1

j es (�; p) j2 h �M (�; p)

1 + �M (�; p)

i2
d� dp = Æ2

¯à¨ ãá«®¢¨¨
1ZZ

�1

j es (�; p) j2 d� dp > Æ2;

£¤¥

k es� s k2L2 6 Æ2;

â. ¥. Æ | áà¥¤¥ª¢ ¤à â¨ç¥áª ï ¯®£à¥è®áâì ¨§¬¥à¥¨ï íå®-á¨£-
 «  s (�; p), ¯®« £ ¥¬ ï ¨§¢¥áâ®© (s | â®çë© íå®-á¨£ «,  es | ¨§¬¥à¥ë© íå®-á¨£ «).
�¥è¥¨¥ ¯à¨¬¥à®¢ á®£« á® (1.60), ¯à¨¢¥¤¥®¥ ¢ [96], ¯®ª §ë¢ -

¥â, çâ® ¬®¦® ¬ â¥¬ â¨ç¥áª¨ ãç¥áâì ¥®¤®à®¤®áâ¨ ¯®«¥©. � íâ¨å
¯à¨¬¥à å �B=B0 � 3:6 � 10�5, �Gx=gx � 3:4¬¬, �Gy=gy � 4:1 ¬¬
¨«¨ �gx=gx � 2:8 � 10�2, �gy=gy � 3:3 � 10�2. �¤ ª® ¤  ï ¬¥â®-
¤¨ª  ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¨ ¢ á«ãç ¥, ª®£¤  �B=B0, �gx=gx
¨ �gy=gy § ¬¥â® ¡®«ìè¥ íâ¨å § ç¥¨©. �« ¢®¥, ã¦® § âì
äãªæ¨¨ �B (x; y), �Gx(x; y) ¨ �Gy(x; y). � ®¨ ¬®£ãâ ¡ëâì ¨§-
¬¥à¥ë ¢ â®¬®£à ä¥ ¨«¨ à ááç¨â ë ¯® ä®à¬ã« ¬ [24, 25].
�â® ª á ¥âáï à¥£ã«ïà¨§ æ¨¨, â® ª ª ¯®ª §ë¢ ¥â à¥è¥¨¥ ¯à¨-

¬¥à®¢ [60], ¨á¯®«ì§®¢ ¨¥ à¥£ã«ïà¨§ æ¨¨ (á¬.(1.61)) ¯®¨¦ ¥â ®â-
®è¥¨¥ �c�=c� (£¤¥ �c� | ¯®£à¥è®áâì à¥è¥¨ï c�) ¢ 2{3 à § ,
â. ¥. à¥£ã«ïà¨§ æ¨ï ¯®¢ëè ¥â ª ç¥áâ¢® â®¬®£à ¬¬ (á¨¦ ¥â ¨å § -
èã¬«¥®áâì).

�¨â¥§ ¬ £¨â®£® ¯®«ï   ®á¨ ª âãèª¨ ���-â®¬®£à ä .
� áá¬ âà¨¢ ¥âáï á«¥¤ãîé ï § ¤ ç  ���-â®¬®£à ä¨¨: ®¯à¥¤¥«¥-
¨¥ à á¯à¥¤¥«¥¨ï ¯«®â®áâ¨ â®ª  (â®ç¥¥,  ¬¯¥à-¢¨âª®¢ ¨«¨ ¬ £-
¨â®¤¢¨¦ãé¥© á¨«ë) J (a) ¢¤®«ì ®¡¬®âª¨ æ¨«¨¤à¨ç¥áª®© ª âãè-
ª¨ ¯® § ¤ ®¬ã ¯®«î ( ¯àï¦¥®áâ¨) H (z)   ¥¥ ®á¨ | § ¤ ç 
á¨â¥§  ¬ £¨â®£® ¯®«ï   ®á¨ ª âãèª¨. � á«ãç ¥ ª âãèª¨ á
¡¥áª®¥ç® â®ª®© ®¡¬®âª®© (á¬. à¨á. 1.32)
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�¨á. 1.32

¨¬¥¥â ¬¥áâ® ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  (¢ ¡¥§-
à §¬¥àëå ¯¥à¥¬¥ëå) [88]:

s0Z
�s0

K (x; s) J (s) ds = H (x); �s0 6 x 6 s0; (1.62)

£¤¥

K (x; s) = K (x� s) = 0:5p
[1 + (x� s)2]3

;

s = a=R, x = z=R, s0 = l=R, R | à ¤¨ãá ª âãèª¨, l | ¥¥
¯®«ã¤«¨ , a | à ááâ®ï¨¥ ¢¤®«ì ®¡¬®âª¨ ª âãèª¨, z | à ááâ®-
ï¨¥ ®â æ¥âà  ª âãèª¨   ¥¥ ®á¨, H (x) | § ¤ ®¥ ¬ £¨â®¥
¯®«¥   ®á¨ ª âãèª¨, J (s) | ¨áª®¬ë© â®ª ¢ ¨§®«¨à®¢ ëå ¤àã£
®â ¤àã£  ¢¨âª å ®¡¬®âª¨.
�á«¨ ¯®«®¦¨âì,  ¯à¨¬¥à, H (x) = const, x 2 [�s0; s0], â® à¥-

è¥¨¥ ãà ¢¥¨ï (1.62) ¨ ¥£® â¥å¨ç¥áª ï à¥ «¨§ æ¨ï ¯®§¢®«ïâ
á®§¤ âì (¢ ¯à¨æ¨¯¥) ¯®áâ®ï®¥ áâ â¨ç¥áª®¥ ¯®«ïà¨§ãîé¥¥ ¯®«¥
  ®á¨ ª âãèª¨.

�  ¬ ¥ ç   ¨ ¥. �¥«ì§ï £®¢®à¨âì ® á®«¥®¨¤¥, ª ª ¢ à ¡®â¥ [88],
â ª ª ª á®«¥®¨¤ | íâ® ¥¤¨ë©  ¬®â ë©   ª âãèªã ¯à®-
¢®¤ á J (s) = const,   á«¥¤ã¥â £®¢®à¨âì ® ª âãèª¥,  ¯à¨¬¥à,
á«¥¤ãîé¥£® â¨¯  (á¬. à¨á. 1.33).
�¬¥¥âáï ®¤¨ ®¡é¨© ¨áâ®ç¨ª  ¯àï¦¥¨ï U . �â ¥£® ¤¥« -

¥âáï N ®â¢®¤®¢ á á®¯à®â¨¢«¥¨ï¬¨ � (s) = U=J (s), £¤¥ J (s) |
à¥è¥¨¥ ãà ¢¥¨ï (1.62). � ¦¤ë© ®â¢®¤ ¯¥à¥¤ ¥â â®ª J (s) â®«ì-
ª®   ®¤¨, á®®â¢¥âáâ¢ãîé¨© ¥¬ã ¢¨â®ª ®¡¬®âª¨, ¨§®«¨à®¢ ë©
®â ¤àã£¨å ¢¨âª®¢. � à¥§ã«ìâ â¥ ¬ë ¯®«ãç ¥¬ ®¡¬®âªã ¨§ N ¨§®-
«¨à®¢ ëå ¤àã£ ®â ¤àã£  ¢¨âª®¢, ¢ ª ¦¤®¬ ¨§ ª®â®àëå â¥ç¥â
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�¨á. 1.33

á¢®© â®ª J (s). � ¨¤¥ «¥, ª®£¤  N !1, ¯®«ãç¨¬ £« ¤ª¨¥ äãªæ¨¨
J (s) ¨ H (x).
�®¦® ¯à¥¤«®¦¨âì ¨ ¤àã£®¥ â¥å¨ç¥áª®¥ à¥è¥¨¥ ¤ ®£® ¢®-

¯à®á ,  ¯à¨¬¥à, ¢ ¢¨¤¥ á®«¥®¨¤  á ¥¤¨ë¬  ¬®â ë¬   æ¨-
«¨¤à ¯à®¢®¤®¬, ¨¬¥îé¨¬   ª ¦¤®¬ ¢¨âª¥ (¤«¨®© 2�R) á¢®¥
á®¯à®â¨¢«¥¨¥ � (s) = U=J (s), £¤¥ U | ¯®¤ ¢ ¥¬®¥   ¯à®¢®¤
 ¯àï¦¥¨¥.
� áá¬®âà¨¬ ¢®¯à®á ® à¥è¥¨¨ ãà ¢¥¨ï (1.62) ¯à¨ H (x) = const.

� à ¡®â¥ [88] ¨á¯®«ì§®¢  ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¢ á®¥¤¨-
¥¨¨ á ¬¥â®¤®¬ ª¢ ¤à âãà (á¬. ¯. 8.1). �¥è¥ ¯ à¨¬ ¥ à á® á«¥¤ã-
îé¨¬¨ ¤ ë¬¨: s0 = 1, è £ ¤¨áªà¥â¨§ æ¨¨ �s = �x = 0:1, ç¨á«®
è £®¢ ¤¨áªà¥â¨§ æ¨¨ n = 20 (ç¨á«® ¢¨âª®¢ N = n+1 = 21). � ¨¡®-
«¥¥ ¢ ¦ë¬ ®ª § «áï ¢®¯à®á ¢ë¡®à  § ç¥¨ï �. �¥«® ¢ â®¬, çâ®
¯®«¥ H (x) § ¤ ¥âáï â®ç® (¡¥§ ¯®£à¥è®áâ¥©) ¨ ®¤¨ ¨§  ¨¡®«¥¥
íää¥ªâ¨¢ëå á¯®á®¡®¢ ¢ë¡®à  � | á¯®á®¡ ¥¢ï§ª¨ (á¬. ¯. 8.1) ¤«ï
¤ ®© § ¤ ç¨ ¯à ªâ¨ç¥áª¨ ¥ ¯®¤å®¤¨â. Ǳ®íâ®¬ã ¢ à ¡®â¥ [88]
¢ë¡à  ¤àã£®© á¯®á®¡ ¢ë¡®à  � ( §®¢¥¬ ¥£® á¯®á®¡®¬ ¬¨¨-
¬ «ì®© ¥¢ï§ª¨, ¨«¨ ¬¨¨¬ «ì®£® ®âª«®¥¨ï). �  à¨á. 1.34
¤ ë à¥§ã«ìâ âë à¥è¥¨ï ãà ¢¥¨ï (1.62) ¬¥â®¤®¬ à¥£ã«ïà¨§ -
æ¨¨ �¨å®®¢  ¨ ¬¥â®¤®¬ ª¢ ¤à âãà ¯à¨ à §«¨çëå § ç¥¨ïå �
á®£« á® [88].
�¨¤®, çâ® á ã¬¥ìè¥¨¥¬ � ä«ãªâã æ¨¨,   § ç¨â, ¥ãáâ®©ç¨-

¢®áâì J (s) ¢®§à áâ îâ, â®ª J�(s) ¨¬¥¥â ª ª ¯®«®¦¨â¥«ìë¥, â ª
¨ ®âà¨æ â¥«ìë¥ § ç¥¨ï, â. ¥. ¤ ¦¥  ¯à ¢«¥¨¥ â®ª  ¢ ¢¨âª å
à §«¨ç®. �  à¨á. 1.35 ¤ ë ¯à®æ¥âë¥ ®âª«®¥¨ï (¥¢ï§ª¨)

Æ�(x);% =

� s0Z
�s0

K (x; s) J�(s) ds�H (x)

�Æ
H (x) � 100:
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�¨á. 1.34

�¨á. 1.35

�¨¤¨¬, çâ® á ã¬¥ìè¥¨¥¬ � ¥¢ï§ª  Æ�(x) ã¬¥ìè ¥âáï, â. ¥.
ª § «®áì ¡ë, â®ç®áâì à¥è¥¨ï J�(s) ¯®¢ëè ¥âáï. �¤ ª® íâ® |
å®à®è® ¨§¢¥áâë© íää¥ªâ (á¬.,  ¯à¨¬¥à, [67, á. 162]), ª®£¤  ¯à¨
¬ «ëå � à¥è¥¨¥ ¯®«ãç ¥âáï ¢ ¢¨¤¥ â ª  §ë¢ ¥¬®© ó¯¨«ë ¡®«ì-
è®©  ¬¯«¨âã¤ëô (â. ¥. à¥è¥¨¥ ®ç¥ì ¥ãáâ®©ç¨¢® ¨ á®¢¥àè¥®
¥ ¯®å®¦¥   â®ç®¥ à¥è¥¨¥), å®âï ¯à¨ ¯®¤áâ ®¢ª¥ ¯¨«®®¡à §-
®£® à¥è¥¨ï ¢ (1.62) ¯®«ãç ¥âáï ¥¡®«ìè ï ¥¢ï§ª  Æ�(x) ¨ â¥¬
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¬¥ìè ï, ç¥¬ ¬¥ìè¥ �. � áâ âì¥ ¦¥ [88] á¤¥«  ¨¬¥® â ª®©
¥ª®àà¥ªâë© è £: � ¢ë¡¨à ¥âáï ¨áå®¤ï ¨§ ãá«®¢¨ï:

min
�

max
x2[�s0;s0]

j Æ�(x) j : (1.63)

�¡®§ ç¨¬ ¥£® ç¥à¥§ �min. � à¥§ã«ìâ â¥ ¤«ï �min ¯®«ãç¥®
®ç¥ì ¬ «®¥ § ç¥¨¥: �min � 10�13. �â®¬ã á®®â¢¥âáâ¢ã¥â ªà ©-
¥ ¥ãáâ®©ç¨¢®¥ à á¯à¥¤¥«¥¨¥ â®ª  J�min(s) | à¥è¥¨¥ ãà ¢¥-
¨ï (1.62) ¬¥â®¤®¬ ª¢ ¤à âãà ¯à ªâ¨ç¥áª¨ ¡¥§ à¥£ã«ïà¨§ æ¨¨.
� à ¡®â¥ [99] ¯à¥¤«®¦¥ ¡®«¥¥ íää¥ªâ¨¢ë© á¯®á®¡ ¢ë¡®à  �.

�â®â á¯®á®¡ ®á®¢    á«¥¤ãîé¨å ä¨§¨ª®-â¥å¨ç¥áª¨å ¯à¥¤¯®-
áë«ª å. �á«¨ J (s) = const, â® H (x) ¡ã¤¥â ã¬¥ìè âìáï ®â æ¥âà 
(x = 0) ª ªà ï¬ ª âãèª¨ (x = �s0). �á«¨ ¦¥ J (s) ¬®®â®® ¨
£« ¤ª® ¢®§à áâ ¥â ®â æ¥âà  ª ªà ï¬, â® ¯à¨ ¥ª®â®à®¬ § ª®-
¥ ¢®§à áâ ¨ï (¥£® ã¦®  ©â¨) ¡ã¤¥â H (x) = const. Ǳ®íâ®¬ã
¢ ª ç¥áâ¢¥ á¯®á®¡  ¢ë¡®à  � ¯à¨ H (x) = const ¢§ïâ á«¥¤ãîé¨©
á¯®á®¡ ( §®¢¥¬ ¥£® á¯®á®¡®¬ ¬®®â®®£® à¥è¥¨ï): ¢ë¡¨à ¥âáï
¬¨¨¬ «ì®¥ �, ¯à¨ ª®â®à®¬ J�(s) ¬®®â®® ¢®§à áâ ¥â ®â æ¥-
âà  (s = 0) ª ªà ï¬ ª âãèª¨ (s = �s0). �¡®§ ç¨¬ â ª®¥ �
ç¥à¥§ �mon.

�¨á. 1.36

� §à ¡®â  ¯ ª¥â ¯à®£à ¬¬ MFS (the Magnetic Field Synthesis)
  Fortran MS, ver. 5 ¨ Fortran 90. � ¯®¬®éìî ¥£® ¤«ï ¤ -
®£® ¯à¨¬¥à   ©¤¥® �mon à ¢ë¬ 5 � 10�4. �  à¨á. 1.36 ¯à¥¤-
áâ ¢«¥® ¯®«¥ H (x) ¯à¨ J = const,     à¨á. 1.37 | ç¨á«¥-
®¥ à¥è¥¨¥ J�(s) ¯à¨ � = �mon ¨ N = 21,   â ª¦¥ ¯®«¥
H�(x) =

R s0
�s0

K (x; s) J�(s) ds.
Ǳà®  «¨§¨àã¥¬ à¥§ã«ìâ âë, ®â®¡à ¦¥ë¥   à¨á. 1.37. �¨¤¨¬,

çâ® à¥è¥¨¥ J�mon(s) ¯à¨¬¥à® ¢ 10 à § ¢®§à áâ ¥â ª ªà ï¬ ª -
âãèª¨ ¯® áà ¢¥¨î á æ¥âà®¬, çâ® â¥å¨ç¥áª¨ ¢¯®«¥ à¥ «¨§ã¥¬®
¥ ¢ ¯à¨¬¥à à¥è¥¨î J�min(s). Ǳà¨ íâ®¬ jÆ�mon(x)j � 0:1%, â. ¥.
®â®á¨â¥«ì ï ¥®¤®à®¤®áâì ¯®«ï H (x) à ¢  �H=H � 10�3.
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�¨á. 1.37

�â®¡ë ã¬¥ìè¨âì íâ® § ç¥¨¥, ã¦® ã¢¥«¨ç¨âì ç¨á«® ¢¨âª®¢ n.
� ¯à¨¬¥à, ¯à¨ n � 40 ¨¬¥¥¬ �H=H � 10�4 ¨ â. ¤.

� à ¡®â å [88, 99] à áá¬®âà¥ â ª¦¥ á«ãç © ª âãèª¨ á ª®¥ç-

®© (¯®áâ®ï®©) â®«é¨®© ¨§®«¨à®¢ ëå ¢¨âª®¢ | ¯®«ãç ¥âáï

ãà ¢¥¨¥ â¨¯  (1.62), ® á ¨ë¬ ï¤à®¬ K (x; s). �á¥ ¢ëè¥¨§«®-

¦¥®¥ ¢ ¯à¨æ¨¯¥ ¯®¤å®¤¨â ª íâ®¬ã á«ãç î.

� ª®¥æ, ¢ à ¡®â¥ [99] à áá¬®âà¥ á«ãç © á®«¥®¨¤  (â. ¥. ¥¤¨®-

£® ¯à®¢®¤ ) á ®¤®à®¤ë¬ â®ª®¬ ¢ ¯à®¢®¤¥ J (s) = J = const ¨ ¯¥-

à¥¬¥®© (¨áª®¬®©) â®«é¨®©  ¬®âª¨ ¯à®¢®¤  y = y (s), ¤àã£¨¬¨
á«®¢ ¬¨, á ¯¥à¥¬¥ë¬ (¨áª®¬ë¬) à á¯à¥¤¥«¥¨¥¬  ¬¯¥à-¢¨âª®¢

J � y (s) ¢¤®«ì æ¨«¨¤à  ª âãèª¨ (á¬. à¨á. 1.38).

�¨á. 1.38



1.2. ���-���������� 61

� íâ®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ® ¥«¨¥©®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥
�àëá®  I à®¤ :

J

s0Z
�s0

K [x; s; t (s)] ds = H (x); �s0 6 x 6 s0; (1.64)

£¤¥

K [x; s; t (s)] = K [x� s; t (s)] =
1p

1 + (x� s)2
�

� 1 + t (s)p
[1 + t (s)]2 + (x� s)2

+
ln
n
1 + t (s) +

p
[1 + t (s)]2 + (x� s)2

o
1 +

p
1 + (x� s)2

;

t(s) = y (s)=R | ¨áª®¬ ï äãªæ¨ï.
� ë© ¯®¤å®¤ (á¬. à¨á. 1.38)  ¯®¬¨ ¥â ¨á¯®«ì§®¢ ¨¥ ª -

âãè¥ª á¥¤«®¢¨¤®© ä®à¬ë ¤«ï ®¡¥á¯¥ç¥¨ï ®¤®à®¤®áâ¨ ¯®«ï
[74, â. 2, á. 211].

�¡« áâ¨ ¯à¨¬¥¥¨ï ���-â®¬®£à ä¨¨. �á®¢ ï ®¡« áâì
¯à¨¬¥¥¨ï ���-â®¬®£à ä¨¨, ª ª ¨ ��, | ¬¥¤¨æ¨  [74, â. 2].
Ǳà¨ íâ®¬ ���-â®¬®£à ä¨ï ó¢ëâ¥áï¥âô �� ¨§ ¬¥¤¨æ¨ë, ¯®-
áª®«ìªã à¥â£¥®¢áª®¥ ¨§«ãç¥¨¥ £®à §¤® ¢à¥¤¥¥ ¬ £¨âëå ¯®-
«¥© ¤«ï ¯ æ¨¥â®¢ ¨ ®¡á«ã¦¨¢ îé¥£® ¯¥àá® « . Ǳ¥à¥å®¤¨âì ¦¥
  ¡®«¥¥ ¬ï£ª¨¥ (â. ¥. ¨§ª®ç áâ®âë¥) à¥â£¥®¢áª¨¥ «ãç¨ ¥¦¥-
« â¥«ì®, â ª ª ª íâ® ¢¥¤¥â ª ¯®¨¦¥¨î à §à¥è îé¥© á¯®á®¡-
®áâ¨ â®¬®£à ¬¬.
���-â®¬®£à ä¨ï â ª¦¥ ¯à¨¬¥ï¥âáï ¢ ä¨§¨ª¥, å¨¬¨¨, ¡¨®«®-

£¨¨, â¥å¨ª¥.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ç¥¬ § ª«îç ¥âáï íää¥ªâ ��� (®¡êïá¨âì ¯®ïâ¨ï: á¯¨,
¬ £¨âë© ¬®¬¥â, ¢¥ªâ®à ï¤¥à®©  ¬ £¨ç¥®áâ¨, ¯à¥æ¥áá¨ï,
£¨à®¬ £¨â®¥ ®â®è¥¨¥, ï¤¥à ï ¢®á¯à¨¨¬ç¨¢®áâì, ç áâ®â  « à-
¬®à®¢®© ¯à¥æ¥áá¨¨)?

2. �¡êïá¨â¥ á ¯®¬®éìî ãà ¢¥¨ï � à¬®à  å à ªâ¥à ¤¢¨¦¥-
¨ï ¬ £¨â®£® ¬®¬¥â  ¯à®â®  ¢ ¯®áâ®ï®¬ ¬ £¨â®¬ ¯®«¥.

3. �â® â ª®¥ ¢¥ªâ®à ï¤¥à®©  ¬ £¨ç¥®áâ¨  á ¬¡«ï ¯à®-
â®®¢?

4. �¯¨è¨â¥ ¤¢¨¦¥¨¥ ¬ £¨â®£® ¬®¬¥â  ¯à®â®  ¢ ¯®áâ®-
ï®¬ ¨ ¯¥à¥¬¥®¬ ¬ £¨âëå ¯®«ïå (¯à¥æ¥áá¨ï, ãâ æ¨ï, à á-
áâà®©ª , à¥§® á).

5. � ¯¨è¨â¥ ¨ ¨áâ®«ªã©â¥ ãà ¢¥¨ï �«®å , ®¯¨áë¢ îé¨¥ ¯¥-
à¥®à¨¥â æ¨î ¢¥ªâ®à M ¢ à¥§ã«ìâ â¥ ¨§¬¥¥¨ï ¯®«ï H á ãç¥â®¬
¯à®¤®«ì®© ¨ ¯®¯¥à¥ç®© à¥« ªá æ¨¨.

6. �ë¢¥¤¨â¥ à¥è¥¨ï (1.39) ¨«¨ (1.40) ãà ¢¥¨© �«®å  (1.38)
(§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤®áâ¨).
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7. �â® â ª®¥ íå®-á¨£ «? �á«®¢¨¥ ¥£® ¯®ï¢«¥¨ï ¨ ¯à¨ç¨ 
¥£® § âãå ¨ï.

8. �«ï ç¥£® ã¦ë: ¯®áâ®ï®¥ ¬ £¨â®¥ ¯®«¥ B0, ¯¥à¥¬¥-
®¥ í«¥ªâà®-¬ £¨â®¥ ¯®«¥ á ç áâ®â®© 
 = ! = B0, ª®à®âª¨©
¨¬¯ã«ìá à¥§® á®© ç áâ®â�ë?

9. �ä®à¬ æ¨î ® ª ª¨å á¢®©áâ¢ å ¢¥é¥áâ¢  ¥áãâ: ¬®é®áâì
íå®-á¨£ «  s (t), ç áâ®â  « à¬®à®¢®© ¯à¥æ¥áá¨¨ ! ¨ ¢à¥¬ï ¯à®-
¤®«ì®© à¥« ªá æ¨¨ T1?
10. �¡êïá¨â¥ �=2- ¨ �-¨¬¯ã«ìáë � àà -Ǳ àá¥«« , íå®-á¨£-

 «ë, à áä §¨à®¢ ¨¥. Ǳà¨¢¥¤¨â¥   «®£¨î á ¡¥£ã ¬¨.
11. �â® â ª®¥ à áä §¨à®¢ ¨¥ ¯à®â®®¢? �£® ¯à¨ç¨ë.
12. �à ¤¨¥âë¥ ¯®«ï ¯® z, x ¨ y. �«ï ç¥£® ®¨ ¢¢®¤ïâáï?
13. �¥ª®áâàãªæ¨ï ���-¨§®¡à ¦¥¨©. �¯à¥¤¥«¥¨¥ ¨ ®á®¢®©

¯à¨æ¨¯ à¥ª®áâàãªæ¨¨.
14. �¯¨á âì 1-î ¨ 2-î ¯à ªâ¨ç¥áª¨¥ áå¥¬ë à¥ª®áâàãªæ¨¨

���-¨§®¡à ¦¥¨©.
15. �â® â ª®¥ ä §®¢®¥ ¨ ç áâ®â®¥ ª®¤¨à®¢ ¨¥ ¯à®áâà áâ¢ ?
16. � §à¥è îé ï á¯®á®¡®áâì â®¬®£à ¬¬. �â® íâ® ¨ ®â ç¥£®

®  § ¢¨á¨â?
17. �¯¨è¨â¥ â¥å¨ç¥áª¨ ¨ ¬ â¥¬ â¨ç¥áª¨ à¥ª®áâàãªæ¨î ¨§®-

¡à ¦¥¨© á ãç¥â®¬ ¥®¤®à®¤®áâ¨ ¯®«¥© �B (x; y), �Gx(x; y),
�Gy(x; y).
18. �ä®à¬ã«¨àã©â¥ § ¤ çã á¨â¥§  ¬ £¨â®£® ¯®«ï   ®á¨

ª âãèª¨ ���-â®¬®£à ä  (âà¨ ¢ à¨ â  ®¡¬®âª¨).
19. �¢  á¯®á®¡  ¢ë¡®à  ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ � ¢ § ¤ ç¥

á¨â¥§ . � ç¥¬ ®¨ § ª«îç îâáï ¨ ª ª®¢ë ¨å ®á®¡¥®áâ¨?
20. Ǳ¥à¥ç¨á«¨â¥ ®¡« áâ¨ ¯à¨¬¥¥¨ï ���-â®¬®£à ä¨¨.
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� íâ®© £« ¢¥ à áá¬®âà¨¬ § ¤ çã ®¡à ¡®âª¨ ¨áª ¦¥ëå ¨§®-
¡à ¦¥¨© ª ª ®¤ã ¨§ ®¡à âëå § ¤ ç ®¯â¨ª¨ [4, 55, 84, 101].
Ǳà¨ íâ®¬ ¯®¤ ¨§®¡à ¦¥¨¥¬ ¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ä®â®á¨¬®ª
ç¥«®¢¥ª , â¥ªáâ , ®¡ê¥ªâ , ¯à¨à®¤ë, â¥«¥áª®¯¨ç¥áª¨© á¨¬®ª ¨«¨
®¯â¨ª®-í«¥ªâà®®¥ ¨§®¡à ¦¥¨¥ ª®á¬¨ç¥áª®£® ®¡ê¥ªâ  ¨ â. ¤. �¤-
 ª® ¤«ï ®¯à¥¤¥«¥®áâ¨ ¯®¤ ¨§®¡à ¦¥¨ï¬¨ ¡ã¤¥¬ ¯®¤à §ã¬¥-
¢ âì ä®â®£à ä¨¨. �ã¤¥¬ ¯®« £ âì, çâ® ¢ë¯®«¥  ¯à¥¤¢ à¨â¥«ì-
 ï ®¡à ¡®âª  ¨§®¡à ¦¥¨©,   ¨¬¥®, ãáâà ¥ë æ à ¯¨ë  
á¨¬ª¥, ¯®¤®¡à   ¥£® ª®âà áâ®áâì ¨ â.¯. (®¯¥à æ¨¨, ¥ âà¥¡ãî-
é¨¥ ¬ â¥¬ â¨ç¥áª®© ®¡à ¡®âª¨). � ¬ë ®áâ ®¢¨¬áï    ¨¡®«¥¥
âàã¤®© § ¤ ç¥ |   ®¡à ¡®âª¥ (¢®ááâ ®¢«¥¨¨, à¥ª®áâàãªæ¨¨)
¨§®¡à ¦¥¨©, ¨áª ¦¥ëå ¢ à¥§ã«ìâ â¥ á¬ §  (á¤¢¨£ , á¬¥é¥¨ï)
¨ ¤¥ä®ªãá¨à®¢ª¨.

2.1 �®ááâ ®¢«¥¨¥ á¬ § ëå ¨§®¡à ¦¥¨©

� áá¬®âà¨¬ ¤ ãî § ¤ çã   ¯à¨¬¥à¥ á¬ § ®£® ä®â®á¨¬ª 
[4, 55, 70, 101, 105, 106].

Ǳ®áâ ®¢ª  § ¤ ç¨. �ç¨â ¥¬, çâ® ä®â®£à ä¨àã¥¬ë© ®¡ê¥ªâ
(¤«ï ¯à®áâ®âë ¯®« £ ¥¬ë© ¯«®áª¨¬) ¨ ä®â®¯«¥ª  ä®â® ¯¯ à -
â  à á¯®«®¦¥ë ¯ à ««¥«ì®  ¯¥àâãà¥ «¨§ë ä®â® ¯¯ à â  ¯®
à §ë¥ áâ®à®ë ®â ¥¥   à ááâ®ï¨ïå á®®â¢¥âáâ¢¥® f1 ¨ f2
®â «¨§ë, ¯à¨ç¥¬ [46, 77]

1

f1
+

1

f2
=

1

f

; (2.1)

£¤¥ f | ä®ªãá®¥ à ááâ®ï¨¥ «¨§ë ¨ f1 > f . � à¥§ã«ìâ â¥  
ä®â®¯«¥ª¥ ¢®§¨ª¥â ¯¥à¥¢¥àãâ®¥ ¨§®¡à ¦¥¨¥ (á¬. à¨á. 2.1).
�¢¥¤¥¬ ¢ ¯«®áª®áâ¨ ®¡ê¥ªâ  ¯àï¬®ã£®«ìãî á¨áâ¥¬ã ª®®à¤¨ â

�0o0�0,     ä®â®¯«¥ª¥ �o�. �®§ì¬¥¬   ®¡ê¥ªâ¥ ¥ª®â®àãî â®çªã
A0(�0; �0) á ¨â¥á¨¢®áâìî ¨§«ãç¥¨ï w0(�0; �0). �ãç¨, ¨áå®¤ïé¨¥
¨§ ¥¥ ¨ ¯à®è¥¤è¨¥ ç¥à¥§ «¨§ã, ¯¥à¥á¥ªãâáï ¢ ¥ª®â®à®© â®çª¥
A (�; �). �§ ¯®¤®¡¨ï âà¥ã£®«ì¨ª®¢ A0CO0 ¨ ACO á«¥¤ã¥â:

��!
A
0
O
0

f1
=

�!
OA

f2

¨«¨ ¢ ¯à®¥ªæ¨ïå:

�
0

f1
= � �

f2
;

�
0

f1
= � �

f2
:

� à¥§ã«ìâ â¥ â®çª  A (�; �)   ä®â®¯«¥ª¥ (á®®â¢¥âáâ¢ãîé ï â®çª¥
A0(�0; �0)   ®¡ê¥ªâ¥) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨¥ ¨â¥á¨¢®áâì w ¨
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�¨á. 2.1

ª®®à¤¨ âë �, � (¯àï¬ ï § ¤ ç ):

w (�; �) = w0(�0; �0); � = ��0=q; � = ��0=q; (2.2)

£¤¥ q = f1=f2, ¯à¨ç¥¬ f2 ®¯à¥¤¥«ï¥âáï ª ª

f2 =
�
1

f

� 1

f1

�
�1

: (2.3)

� ª¨¬ ®¡à §®¬, ª ¦¤®© â®çª¥ A0   ®¡ê¥ªâ¥ ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì
â®çª  A   ä®â®¯«¥ª¥ á â®© ¦¥ ¨â¥á¨¢®áâìî, ® á ã¬¥ì-
è¥ë¬¨ (¨ ¯¥à¥¢¥àãâë¬¨) ¢ q à § ª®®à¤¨ â ¬¨ (á¬. (2.2)).
Ǳà ¨¬ ¥ à. Ǳãáâì f1 = 5 ¬, f = 4 á¬, â®£¤  f2 = 4:04 á¬ (á®-

£« á® (2.3)), q = 123, â. ¥. ¨§®¡à ¦¥¨¥ ¡ã¤¥â ¢ 123 à §  ¬¥ìè¥
®¡ê¥ªâ .
Ǳ® ä®â®á¨¬ªã ¬®¦® ¢®ááâ ®¢¨âì ®¡ê¥ªâ (®¡à â ï § ¤ ç ):

w0(�0; �0) = w (�; �); �0 = �q�; �0 = �q�: (2.4)

�§ (2.1) ¨¬¥¥¬ ä®à¬ã«ã ¤«ï f1:

f1 =
�
1

f

� 1

f2

�
�1

: (2.5)

� «¥¥ ¯®« £ ¥¬, çâ® §  ¢à¥¬ï íªá¯®§¨æ¨¨ � ä®â®¯«¥ª  á®¢¥à-
è¨«  ¯àï¬®«¨¥©ë© ¨ à ¢®¬¥àë© á¤¢¨£ á® áª®à®áâìî v ¢¤®«ì
®á¨ �, â. ¥.   ¢¥«¨ç¨ã � = v� . �®¦® â ª¦¥ áç¨â âì, çâ® á¤¢¨£
á®¢¥àè¨«  ¥ ä®â®¯«¥ª ,   ®¡ê¥ªâ (¤¢¨¦ãé ïáï æ¥«ì)   ¢¥-
«¨ç¨ã �� � q. � à¥§ã«ìâ â¥ ¨§®¡à ¦¥¨¥   ä®â®¯«¥ª¥ ¡ã¤¥â
á¬ § ë¬ (á¤¢¨ãâë¬, á¬¥é¥ë¬) ¢¤®«ì � | á¬. à¨á. 2.2  [55]
¨ 2.3  [105, 106].
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�¨á. 2.2

�¨á. 2.3

�ë¢®¤ ¨â¥£à «ì®£® ãà ¢¥¨ï. �¯¨è¥¬ ¬ â¥¬ â¨ç¥áª¨
¤ ãî § ¤ çã. �¢¥¤¥¬  àï¤ã á  ¡á®«îâ® ¥¯®¤¢¨¦®© á¨áâ¥¬®©
ª®®à¤¨ â �o�   à¨á. 2.1 á¨áâ¥¬ã ª®®à¤¨ â xoy, ¥¯®¤¢¨¦ãî
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®â®á¨â¥«ì® ¯«¥ª¨ ¨ á®¢¯ ¤ îéãî á �o� «¨èì ¢  ç «ìë©
¬®¬¥â (� = 0). �  â®çªã (x; y) ä®â®¯«¥ª¨ §  ¢à¥¬ï � ¡ã¤ãâ
¯à®¥æ¨à®¢ âìáï â®çª¨ A á  ¡áæ¨áá ¬¨ ®â � = x ¤® � = x + � ¨
á ¨â¥á¨¢®áâï¬¨ w (�; y), â. ¥. à¥§ã«ìâ¨àãîé ï ¨â¥á¨¢®áâì
(®¡®§ ç¨¬ ¥¥ ç¥à¥§ g) ¢ ¥ª®â®à®© â®çª¥ (x; y) ä®â®¯«¥ª¨
¡ã¤¥â à ¢  áã¬¬¥ (â®ç¥¥, ¨â¥£à «ã) ¨â¥á¨¢®áâ¥© w (�; y),
� 2 [x; x+�]:

g (x; y) = 1

�

x+�Z
x

w (�; y) d�: (2.6)

� (2.6) ¯¥à¥¤ ¨â¥£à «®¬ ¯®áâ ¢«¥ ¬®¦¨â¥«ì 1=�. �¡êïá¨¬,
¯®ç¥¬ã íâ® á¤¥« ®. Ǳà¨ � ! 0 (®âáãâáâ¢¨¥ á¬ § ) ¢ ¯à ¢®©

ç áâ¨ (2.6) ¨¬¥¥¬ ¥®¯à¥¤¥«¥®áâì â¨¯ 
0
0
, â ª ª ª ¨â¥£à «R ! 0. � áªàë¢ ï ¥¥ ¯® ¯à ¢¨«ã �®¯¨â «ï, ¨¬¥¥¬:

g (x; y)
��
�!0

=
@[
R
x+�
x

w (�; y) d�]=@�

@�=@�

����
�=0

= w (x+�; y)
��
�=0

= w (x; y);

(2.7)
ª ª ¨ ¤®«¦® ¡ëâì ¯à¨ �! 0. �á«¨ ¦¥ ¢ (2.6) ¯¥à¥¤ ¨â¥£à «®¬
¯®áâ ¢¨âì ¤àã£®© ¬®¦¨â¥«ì,  ¯à¨¬¥à, 1=�2, â® à ¢¥áâ¢® (2.7)
¥ ¡ã¤¥â ¨¬¥âì ¬¥áâ .
� ¯¨è¥¬ (2.6) ¨ ç¥:

1

�

x+�Z
x

w (�; y) d� = g (x; y): (2.8)

�®®â®è¥¨¥ (2.8) ï¢«ï¥âáï ®á®¢ë¬ ¢ § ¤ ç¥ ¢®ááâ ®¢«¥¨ï
á¬ § ëå ¨§®¡à ¦¥¨©. � ¥¬ g (x; y) | ¨§¬¥à¥ ï ¨â¥á¨¢-
®áâì   ä®â®¯«¥ª¥ (á¬ § ®¥ ¨§®¡à ¦¥¨¥ | á¬. à¨á. 2.2 
¨ 2.3 ), � | ¢¥«¨ç¨  á¬ § , ¯®« £ ¥¬ ï ¨§¢¥áâ®©,   w (�; y) |
¨áâ¨ ï ¥¨áª ¦¥ ï ¨â¥á¨¢®áâì | â® ¨§®¡à ¦¥¨¥, ª®â®à®¥
¡ë«® ¡ë   ä®â®¯«¥ª¥ ¢ ®âáãâáâ¢¨¥ á¤¢¨£  (á¬ § ).
�®®â®è¥¨¥ (2.8) ¥áâì ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨-

¯  �®«ìâ¥ààë I à®¤  ®â®á¨â¥«ì® w (�; y) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®-
¢ ®¬ § ç¥¨¨ y, ¨£à îé¥¬ à®«ì ¯ à ¬¥âà , ¤àã£¨¬¨ á«®¢ -
¬¨, (2.8) ¥áâì á®¢®ªã¯®áâì ®¤®¬¥àëå ãà ¢¥¨©.
�â¬¥â¨¬, çâ® ¢ àï¤¥ à ¡®â ([4, 70] ¨ ¤à.) à áá¬ âà¨¢ îâáï ¡®-

«¥¥ á«®¦ë¥ ä®à¬ã«¨à®¢ª¨ ¤ ®© § ¤ ç¨: ¥à ¢®¬¥àë© ¨/¨«¨
¥¯àï¬®«¨¥©ë© á¤¢¨£ ¯«¥ª¨ (¨«¨ ®¡ê¥ªâ ), ¥¯ à ««¥«ì®áâì
¯«®áª®áâ¥© ®¡ê¥ªâ  ¨ ¯«¥ª¨ ¨ â. ¤.
�â¬¥â¨¬ â ª¦¥, çâ® § ç¥¨¥ � (¨«¨ v) ç áâ®  ¯à¨®à¨ ¥¨§-

¢¥áâ® ¨ ¥£® ®¡ëç® ®¯à¥¤¥«ïîâ ¯ãâ¥¬ ¯®¤¡®à    ®á®¢¥ ¢¨-
§ã «ì®© ®æ¥ª¨ à¥è¥¨ï w (�; y) [4, á. 164]. �â® ¦¥ ª á ¥âáï
 ¯à ¢«¥¨ï á¬ §  (¢¤®«ì ª®â®à®£®  ¯à ¢«ï¥âáï ®áì x), â® ¥£®
¬®¦® ®¯à¥¤¥«¨âì ¯® èâà¨å ¬   á¨¬ª¥ (á¬. à¨á. 2.2  ¨ 2.3 ).
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�â ª, ¢ ¯à¨æ¨¯¥, ¯à ¢¨«ì® ¢ë¡à ¢  ¯à ¢«¥¨¥ ®á¨ x (¢¤®«ì
á¬ § ) ¨ § ç¥¨¥ á¬ §  �, ¬®¦®, à¥è¨¢ ãà ¢¥¨¥ (2.8) (â®ç-
¥¥, á®¢®ªã¯®áâì ãà ¢¥¨©), ¢®ááâ ®¢¨âì ¥¨áª ¦¥ë© á¨¬®ª
w (x; y) ¯® ¨áª ¦¥®¬ã á¨¬ªã g (x; y). � ¨áª ¦¥ë© á¨¬®ª ¬®-
¦¥â ¡ëâì,  ¯à¨¬¥à, ®ç¥ì áâ àë¬ á¨¬ª®¬,   ª®â®à®¬ § «®¦¥-
  ®ç¥ì æ¥ ï, ® ¥à á¯®§ ¢ ¥¬ ï ¨ä®à¬ æ¨ï (ä®â®£à ä¨ï
§ â®£® ç¥«®¢¥ª , ¨áâ®à¨ç¥áª®£® § ¤ ¨ï, ¢ ¦®£® â¥ªáâ  ¨ â. ¤.),
¨ â®«ìª® ¬ â¥¬ â¨ç¥áª¨¬ ¯ãâ¥¬ (á ¨á¯®«ì§®¢ ¨¥¬ ª®¬¯ìîâ¥à )
¬®¦® ¡ã¤¥â ¨§¢«¥çì íâã ¨ä®à¬ æ¨î.

�ç¥â å à ªâ¥à¨áâ¨ª¨ çã¢áâ¢¨â¥«ì®áâ¨ ¯«¥ª¨. �â®¡ë ®¡-
à ¡®âª  á¨¬ª  ¡ë«  ¡®«¥¥ â®ç®©, ã¦® ãç¥áâì å à ªâ¥à¨áâ¨ªã
çã¢áâ¢¨â¥«ì®áâ¨ ¯«¥ª¨.
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. � à ªâ¥à¨áâ¨ª®© çã¢áâ¢¨â¥«ì®áâ¨ (��)

¯«¥ª¨  §ë¢ ¥âáï § ¢¨á¨¬®áâì à¥ ªæ¨¨ ¯«¥ª¨ p ®â ¯ ¤ îé¥£®
  ¥¥ ¨§«ãç¥¨ï g (¢ ¥ª®â®àãî â®çªã ¯«¥ª¨).
�¡ëç® �� ¯«¥ª¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤ (á¬. à¨á. 2.4):

�¨á. 2.4

�� ¯«¥ª¨  ¯®¬¨ ¥â ïàª®áâãî å à ªâ¥à¨áâ¨ªã ¤¨á¯«¥ï
(á¬. à¨á. 1.14).
�¥ ªæ¨ï ¯«¥ª¨ p ¢ëà ¦ ¥âáï ¢ ¢¨¤¥ áâ¥¯¥¨ ¥¥ ¯®ç¥à¥¨ï,

¥á«¨ íâ® ¥£ â¨¢ (¨ ¢ ¢¨¤¥ ó¯®¡¥«¥¨ïô, ¥á«¨ íâ® ¯®§¨â¨¢), ª®-
â®à ï, ¢ á¢®î ®ç¥à¥¤ì, ®â®¡à ¦ ¥âáï ª®«¨ç¥áâ¢®¬ ¯à®à¥ £¨à®¢ ¢-
è¥£® á¥à¥¡à . Ǳà¨ ¬ «ëå ¯ ¤ îé¨å ¨â¥á¨¢®áâïå g à¥ ªæ¨ï
¯«¥ª¨ p ¡ã¤¥â «¨¥© : p = cg, £¤¥ c | ¥ª®â®àë© ª®íää¨æ¨¥â,
® ¯® ¬¥à¥ ã¢¥«¨ç¥¨ï g ¡ã¤¥â ¢á¥ ¢ ¡®«ìè¥© áâ¥¯¥¨ áª §ë¢ âì-
áï ¤¥ä¨æ¨â á¥à¥¡à  ¨ à¥ ªæ¨ï p ¢á¥ á¨«ì¥¥ ¡ã¤¥â ®â«¨ç âìáï
®â p = cg (á¬. à¨á. 2.4). Ǳ®íâ®¬ã ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¢ ª ¦¤®©
â®çª¥ ¯«¥ª¨ (x; y) ®â®¡à ¦¥® ¥ § ç¥¨¥ g (x; y),   ¥ª®â®à®¥
¬¥ìè¥¥ § ç¥¨¥ p (x; y). �¤ ª®, § ï �� ¯«¥ª¨ p = p (g) (® 
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¤®«¦  ¡ëâì § «®¦¥  ¢ ¯ á¯®àâ¥ ¯«¥ª¨ ¨«¨ ¬®¦¥â ¡ëâì ¯®«ã-
ç¥  ®â § ¢®¤ -¨§£®â®¢¨â¥«ï ¨«¨ ¦¥ ¨§¬¥à¥  íªá¯¥à¨¬¥â «ì®),
¬®¦® ¯® § ç¥¨ï¬ p (x; y)  ©â¨ § ç¥¨ï g (x; y), â. ¥. g (p (x; y))
(¨¤ï ¯® áâà¥«ª ¬   à¨á. 2.4), ¤àã£¨¬¨ á«®¢ ¬¨, ¨á¯®«ì§ãï äãª-
æ¨î, ®¡à âãî ��. �®£¤  ãà ¢¥¨¥ (2.8) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥:

1

�

x+�Z
x

w (�; y) d� = g (p (x; y)): (2.9)

�á¯®«ì§®¢ ¨¥ ¢¬¥áâ® p ¡®«¥¥ â®çëå § ç¥¨© g ¤®«¦® ¯®¢ë-
á¨âì ª®âà áâ®áâì ®¡à ¡®âª¨ ¯«¥ª¨.
�ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï ª ª ¢ëà ¦¥¨¥¬ (2.9), â ª ¨ (2.8),  

â ª¦¥ ¥é¥ ¡®«¥¥ ¯à®áâë¬ ¢ëà ¦¥¨¥¬:

1

�

x+�Z
x

w (�) d� = g (x); (2.10)

á¯à ¢¥¤«¨¢ë¬ ¯à¨ ª ¦¤®¬ y.
� áá¬®âà¨¬

�¥â®¤ë à¥è¥¨ï ãà ¢¥¨© (2.8), (2.9), (2.10).
Ǳ¥à¢ë© ¬¥â®¤ | ¬¥â®¤ ¤¨ää¥à¥æ¨à®¢ ¨ï [63, 105, 106]. Ǳà®-

¤¨ää¥à¥æ¨àã¥¬ ¯® x á®®â®è¥¨¥ (2.9), ¯®«ãç¨¬:

1

�
[w (x+�; y)� w (x; y)] = @

@x

g (p (x; y));

®âªã¤ 

w (x+�; y) = w (x; y) + �
@

@x

g (p (x; y)): (2.11)

�®®â®è¥¨¥ (2.11) ¥áâì à¥ªãàà¥â®¥ á®®â®è¥¨¥, ®§ ç îé¥¥,
çâ® ¯® ¯à¥¤ë¤ãé¥¬ã § ç¥¨î w (x; y) ¬®¦® ®¯à¥¤¥«¨âì ¯®á«¥¤ã-
îé¥¥ § ç¥¨¥ w (x+�; y). Ǳà ªâ¨ç¥áª¨ íâ® ®§ ç ¥â á«¥¤ãîé¥¥.
Ǳãáâì  ¯à¨®à¨ ¨§¢¥áâ® w (x0; y) ¯à¨ ¥ª®â®à®¬ x = x0 ( ¯à¨¬¥à,
¢ ¬¥áâ å ó¯à®¢ «®¢ô ¢ ¨§®¡à ¦¥¨¨   à¨á. 2.3  ¬®¦® ¯®«®¦¨âì
w (x0; y) = 0). �®£¤  á ¯®¬®éìî (2.11) ¬®¦®  ©â¨ w (x0 +�; y),
w (x0 + 2�; y), w (x0 + 3�; y), : : :
� ¯¨è¥¬ (2.11) ¨ ç¥:

w (x; y) = w (x+�; y)��
@

@x

g (p (x; y))

¨«¨ (§ ¬¥¨¢ x   x��)

w (x��; y) = w (x; y)��
@

@x

g (p (x��; y)): (2.12)

�®£¤ , ¨á¯®«ì§ãï (2.12), ¬®¦®  ©â¨ w (x0 ��; y), w (x0� 2�; y),

: : : Ǳà¨ íâ®¬ ¯à®¨§¢®¤ãî
@

@x

g (p (x; y)) á«¥¤ã¥â ®¯à¥¤¥«ïâì ¯ãâ¥¬
ç¨á«¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï,  ¯à¨¬¥à, ¯® ä®à¬ã«¥:

@

@x

g (p (x; y)) �= g (p (x+ h; y)) � g (p (x� h; y))

2h
; (2.13)
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£¤¥ h | è £ ç¨á«¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï (¢®®¡é¥ £®¢®àï,
®â«¨çë© ®â �). �¤ ª® § ¤ ç  ç¨á«¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï
äãªæ¨¨, ¨§¬¥à¥®© á ¯®£à¥è®áâï¬¨ (  g (p (x; y)) ¨§¬¥à¥ , ª®-
¥ç®, á ¯®£à¥è®áâï¬¨) ï¢«ï¥âáï ¥ª®àà¥ªâ®© (¥ãáâ®©ç¨¢®©) ¨
¥®¡å®¤¨¬® ¯à¥¤¢ à¨â¥«ì® á£« ¤¨âì äãªæ¨î g (p (x; y)),  ¯à¨-
¬¥à, á ¯®¬®éìî  ¯¯à®ªá¨¬¨àãîé¨å á¯« ©®¢ (á¬. ¯. 8.4) ¨«¨ ¨á-
¯®«ì§®¢ âì ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¤«ï ãáâ®©ç¨¢®£® ¤¨ä-
ä¥à¥æ¨à®¢ ¨ï § èã¬«¥ëå äãªæ¨© [67, á. 18{19, 158{159].

�â®à®© ¬¥â®¤ | ¬¥â®¤ ¯à¨¢¥¤¥¨ï ª ¨â¥£à «ì®¬ã ãà ¢¥¨î
â¨¯  á¢¥àâª¨ [4, 70, 105, 106]. �â®â ¬¥â®¤ ï¢«ï¥âáï ¡®«¥¥ íää¥ª-
â¨¢ë¬ ¨ à á¯à®áâà ¥ë¬. � ¤ ®¬ ¬¥â®¤¥ ãà ¢¥¨¥ (2.10)
(  â ª¦¥ (2.8) ¨ (2.9)) ¯à¥®¡à §ã¥âáï ª áâ ¤ àâ®© ä®à¬¥. �¥«®
¢ â®¬, çâ® § ¯¨áì (2.10) ¥ ï¢«ï¥âáï áâ ¤ àâ®© § ¯¨áìî ¨â¥-
£à «ì®£® ãà ¢¥¨ï �®«ìâ¥ààë ¨«¨ �à¥¤£®«ì¬  (á¬. ¯. 5.1), ¯®-
íâ®¬ã ¥¯®áà¥¤áâ¢¥® ª ãà ¢¥¨î (2.10) ¥«ì§ï ¯à¨¬¥ïâì âà -
¤¨æ¨®ë¥ ¬¥â®¤ë à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© (á¬. ¯. 7.2).
�à ¢¥¨¥ (2.10) § ¯¨è¥¬ ¢ ¢¨¤¥

x+�Z
x

1

�
w (�) d� = g (x) (2.14)

¨ ¯à¨¢¥¤¥¬ ª áâ ¤ àâ®¬ã ¢¨¤ã | ®¤®¬¥à®¬ã ¨â¥£à «ì®¬ã
ãà ¢¥¨î �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨

1Z
�1

k (x� �)w (�) d� = g (x); �1 < x <1; (2.15)

£¤¥

k (x� �) =

�
1=�; �� 6 x� � 6 0;

0; ¨ ç¥;
(2.16)

¨«¨

k (x) =

�
1=�; �� 6 x 6 0;

0; ¨ ç¥:
(2.17)

�à ¢¥¨¥ (2.15) ®¡ëç® à¥è ¥âáï ¬¥â®¤®¬ ¯à¥®¡à §®¢ ¨ï �ãàì¥
(Ǳ�) (á¬. ¯. 7.2). �®£« á® ¥¬ã, à¥è¥¨¥ ¨¬¥¥â ¢¨¤ (�Ǳ�):

w (�) = 1

2�

1Z
�1

W (!) e�i!� d!; (2.18)

£¤¥ Ǳ� (á¯¥ªâà) à¥è¥¨ï

W (!) =
G (!)

K (!)
; (2.19)
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  G (!) ¨ K (!) | Ǳ� (á¯¥ªâàë) ¯à ¢®© ç áâ¨ g (x) ¨ ï¤à�  k (x)
ãà ¢¥¨ï (2.15), à ¢ë¥

G (!) =

1Z
�1

g (x) ei!x dx; (2.20)

K (!) =

1Z
�1

k (x) ei!x dx: (2.21)

�¤à® k (x) ¨¬¥¥â   «¨â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ (á¬. (2.17)), ¯®-
íâ®¬ã K (!) ¬®¦¥â ¡ëâì  ©¤¥®   «¨â¨ç¥áª¨ á®£« á® (2.21).
�¬¥¥¬:

K (!) =

1Z
�1

k (x) ei!x dx =
1

�

0Z
��

ei!x dx =
sin (!�)

!�
+

cos (!�) � 1

!�
i:

(2.22)
� G (!) ¬®¦¥â ¡ëâì  ©¤¥® ç¨á«¥® ¯® ¥ª®â®à®© áâ ¤ àâ®©
¯à®£à ¬¬¥ ¢ëç¨á«¥¨ï �Ǳ� (®¡ëç® ¢ ¢¨¤¥ �Ǳ�).
Ǳà®  «¨§¨àã¥¬ ¯®¢¥¤¥¨¥ á¯¥ªâà®¢ G (!), K (!) ¨ W (!). Ǳà¨

j!j ! 1 á¯¥ªâà G (!) ¯à ¢®© ç áâ¨ g (x) á ãç¥â®¬ ¥¥ § èã¬«¥-
®áâ¨ áâà¥¬¨âáï ª ¥ª®â®à®© ª®áâ â¥ (ãà®¢î ó¡¥«®£® èã¬ ô),
  á¯¥ªâà K (!), â®ç¥¥, ®£¨¡ îé ï K (!) ¯à¨ j!j ! 1 ¢¥¤¥â á¥¡ï
ª ª � 1=! (á¬. (2.22)), â. ¥. K (!) ! 0 ¯à¨ j!j ! 1 ¨, á«¥¤®¢ -
â¥«ì®, W (!)!1 ¯à¨ j!j ! 1 ¨ ¨â¥£à « ¢ (2.18) à áå®¤¨âáï.
� ª¨¬ ®¡à §®¬, à¥è¥¨¥ á®£« á® (2.18){(2.22) å®âï ¨ ¢ë£«ï¤¨â
¨§ïé®, ® áâà®£® £®¢®àï, ¥ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ®   ¯à ª-
â¨ª¥ ¨§-§  ¥ãáâ®©ç¨¢®áâ¨. �â® ¤¥¬®áâà¨àãîâ à¨á. 2.2¡ ¨ 2.3¡,
  ª®â®àëå ¯à¥¤áâ ¢«¥ë à¥è¥¨ï á®£« á® (2.18){(2.22), ¯à¨ç¥¬
¨â¥£à «ë ¢ (2.18), (2.20), (2.21) § ¬¥ï«¨áì áã¬¬ ¬¨, â. ¥. �Ǳ�
§ ¬¥ï«®áì   �Ǳ� (¨   �Ǳ�), ¢ à¥§ã«ìâ â¥ ç¥£® ¨¬¥«® ¬¥-
áâ® ãá¥ç¥¨¥ á¯¥ªâà  ç áâ®â (á¬. ¯. 7.2), ¯®íâ®¬ã ¢ëà ¦¥¨ï (2.18)
¨ (2.19) ¢ ¡¥áª®¥ç®áâì ¥ ®¡à é «¨áì, ®, â¥¬ ¥ ¬¥¥¥, ¨¬¥« 
¬¥áâ® á¨«ì ï ¥ãáâ®©ç¨¢®áâì à¥è¥¨ï.
�â ª,   à¨á. 2.2¡ ¨ 2.3¡ ¯à¥¤áâ ¢«¥ë à¥§ã«ìâ âë ¢®ááâ ®-

¢«¥¨ï á¬ § ëå ¨§®¡à ¦¥¨© ¬¥â®¤®¬ Ǳ� ¡¥§ à¥£ã«ïà¨§ æ¨¨.
�¨¤¨¬, çâ® ¨§®¡à ¦¥¨ï ¥ ã«ãçè¨«¨áì,    ®¡®à®â ãåã¤è¨-
«¨áì. Ǳ®íâ®¬ã ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ ¨¥ ¥ª®â®à®£® ãáâ®©ç¨¢®£®
¬¥â®¤ . � ª ç¥áâ¢¥ â ª®¢®£® à áá¬®âà¨¬ ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨
�¨å®®¢ .
�á¯®«ì§®¢ ¨¥ ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  [4, 70, 105, 106].

�¥è¥¨¥ ãà ¢¥¨ï (2.15) ¬¥â®¤ ¬¨ Ǳ� ¨ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ 
¨¬¥¥¬ ¢¨¤ (á¬. ¯. 8.1):

w�(�) =
1

2�

1Z
�1

W�(!) e
�i!� d!; (2.23)
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£¤¥

W�(!) =
K (�!) G (!)

L (!) + �M (!)
; (2.24)

L (!) = jK (!)j2 = K (!)K (�!), M (!) = !2, � > 0 | ¯ à ¬¥âà
à¥£ã«ïà¨§ æ¨¨.
�«ï ¢ë¡®à  � à §à ¡®â  àï¤ á¯®á®¡®¢,  ¯à¨¬¥à, á¯®á®¡ ¥-

¢ï§ª¨ (á¬. [4, 70, 71] ¨ ¯. 8.1). �¤ ª® ¤«ï § ¤ ç¨ ¢®ááâ ®¢«¥¨ï
¨§®¡à ¦¥¨ï ¡®«¥¥ íää¥ªâ¨¢¥ á¯®á®¡ ¢ë¡®à  �,  §ë¢ ¥¬ë©
á¯®á®¡®¬ ¯®¤¡®à  [63, 105, 106]. � § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.
� ã¬¥ìè¥¨¥¬ � ª®âà áâ ¢®ááâ  ¢«¨¢ ¥¬®£® ¨§®¡à ¦¥¨ï ã¢¥-
«¨ç¨¢ ¥âáï, ® ã¬¥ìè ¥âáï ãáâ®©ç¨¢®áâì,   á ã¢¥«¨ç¥¨¥¬ �,
 ®¡®à®â, ª®âà áâ ¨§®¡à ¦¥¨ï ã¬¥ìè ¥âáï,   ¥£® ãáâ®©ç¨¢®áâì
ã¢¥«¨ç¨¢ ¥âáï. �«¥¤®¢ â¥«ì®, ¤®«¦® ¡ëâì ¢ë¡à ® ¥ª®â®à®¥
ã¬¥à¥®¥ § ç¥¨¥ �. Ǳà¨ íâ®¬ ¯à¨ ¢ë¡®à¥ � ã¦® ¯à¨¢«¥ª âì
¥ áâ®«ìª® ¬ â¥¬ â¨ç¥áª¨¥, áª®«ìª® ä¨§¨®«®£¨ç¥áª¨¥ ªà¨â¥à¨¨.
�â®â íää¥ªâ   «®£¨ç¥  áâà®©ª¥ ª®âà áâ  â¥«¥¨§®¡à ¦¥¨ï.
�®à¬ «ì® á¯®á®¡ ¯®¤¡®à  á®áâ®¨â ¢ á«¥¤ãîé¥¬. � ¤ ¥âáï àï¤

§ ç¥¨© �:
� = �1; �2; : : : ; �n:

Ǳà¨ ª ¦¤®¬ � ¢ëç¨á«ï¥âáï w�(�) � w�(�; y) á®£« á® (2.23), ¢ë-
¢®¤¨âáï   ¤¨á¯«¥© à¥è¥¨¥ w�(�; y) ¨ ¢ë¡¨à ¥âáï â® �, ¯à¨
ª®â®à®¬ à¥è¥¨¥ w�(�; y) ï¢«ï¥âáï  ¨¡®«¥¥ à §à¥è¨¬ë¬, ãáâ®©-
ç¨¢ë¬ ¨/¨«¨ ¯à ¢¤®¯®¤®¡ë¬, ª ª,  ¯à¨¬¥à,   à¨á. 2.2¢ ¨ 2.3¢.
� à ¡®â¥ [63] ¤«ï à¥è¥¨ï ãà ¢¥¨ï â¨¯  á¢¥àâª¨ â¨¯  (2.15)

¨á¯®«ì§®¢  ¥ ¬¥â®¤ Ǳ�,   ¬¥â®¤ ¯à¥®¡à §®¢ ¨ï � àâ«¨ (á¬. [9]
¨ ¯. 6.3). �â® ¯®§¢®«ï¥â ®áãé¥áâ¢«ïâì ®¡à ¡®âªã ¢¥é¥áâ¢¥ëå
äãªæ¨© k, w ¨ g ¢ ®¡« áâ¨ ¢¥é¥áâ¢¥ëå ç¨á¥« ¢ ®â«¨ç¨¥
®â Ǳ�, ®â®¡à ¦ îé¥£® ¢¥é¥áâ¢¥ë¥ äãªæ¨¨ ¢ ª®¬¯«¥ªáãî
®¡« áâì, ¨ â¥¬ á ¬ë¬ íª®®¬¨âì ª®¬¯ìîâ¥àãî ¯ ¬ïâì ¨ ¢à¥¬ï
(¯à¨¡«¨§¨â¥«ì® ¢ 2 à § ).

� ¯à®£à ¬¬ å. � ¤ ç  à¥ª®áâàãªæ¨¨ á¬ § ®£® ¨§®¡à ¦¥-
¨ï á¢®¤¨âáï ª ¬®£®ªà â®¬ã à¥è¥¨î ¨â¥£à «ì®£® ãà ¢¥-
¨ï (2.8), (2.9) ¨«¨ (2.15) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  á®-
£« á® ä®à¬ã« ¬ (2.23), (2.24) ¯à¨ ¥ª®â®à®¬ § ç¥¨¨ �, ¯à¨ç¥¬
ã¦® ¯®«ãç¨âì áâ®«ìª® à¥è¥¨© w�(�) � w�(�; y), áª®«ìª® § ¤ -
® § ç¥¨© y. �á«¨ ¤¨á¯«¥© ¨¬¥¥â m � n ¯¨ªá¥«®¢ ( ¯à¨¬¥à,
640 � 480), â® íâ® ®§ ç ¥â, çâ® ã¦® ¯®«ãç¨âì 6 n à¥è¥¨©.
�®¦® ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ¯à®£à ¬¬ë   �®àâà ¥: PTIKR
[71, á. 124{130, 178{179], CONV3 [19, á. 384{385], CONVOL [61,
¯ ª¥â CONF] ¨ ¤à., ª®â®àë¥, ¢ á¢®î ®ç¥à¥¤ì, ®¡à é îâáï ª
¯à®£à ¬¬ ¬ ¢ëç¨á«¥¨ï �Ǳ� | ¬®¦® ¨á¯®«ì§®¢ âì ¯à®£à ¬-
¬ë FFT [56], FTF1C [71, á. 183{184, 190{192] ¨ ¤à. �é¥ ¡®«¥¥
íää¥ªâ¨¢ë¬ ï¢«ï¥âáï ¯ ª¥â ¯à®£à ¬¬ IMAGE   ï§ëª¥ Visual
C++ [102, 105, 106]. Ǳ ª¥â IMAGE ¯®§¢®«ï¥â à¥è âì ª ª ¯àï¬ãî
§ ¤ çã (¬®¤¥«¨à®¢ ¨¥ á¬ § ®£® ¨§®¡à ¦¥¨ï), â ª ¨ ®¡à â-
ãî § ¤ çã (à¥ª®áâàãªæ¨ï ¨§®¡à ¦¥¨ï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨
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�¨å®®¢  á ¯®¤¡®à®¬ § ç¥¨© � ¨ �). Ǳ ª¥â IMAGE ¯à¥¤-
 § ç¥ ¤«ï ®¡à ¡®âª¨ ª ª ç¥à®-¡¥«ëå ¨§®¡à ¦¥¨© (¢ íâ®¬
á«ãç ¥ ¤«ï ¯®«ãç¥¨ï ¡®«ìè®© £à ¤ æ¨¨ ïàª®áâ¥© ¨á¯®«ì§ã¥âáï
á¥àë© æ¢¥â | á¬¥áì ªà á®£®, §¥«¥®£® ¨ á¨¥£® æ¢¥â®¢ ¢ ®¤¨-
 ª®¢®© ¯à®¯®àæ¨¨), â ª ¨ æ¢¥âëå ¨§®¡à ¦¥¨© (¢ íâ®¬ á«ãç ¥
¨á¯®«ì§ã¥âáï à §¤¥«ì ï ®¡à ¡®âª  ¢ âà¥å æ¢¥â å ¨ ¯®á«¥¤ãîé¥¥
 «®¦¥¨¥ âà¥å ¨§®¡à ¦¥¨©).

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ § ¤ çã ¢®ááâ ®¢«¥¨ï á¬ § ëå ¨§®¡à -
¦¥¨©.

2. �á¯®«ì§ãï ä®à¬ã«ë (2.5) ¨ (2.3), ¯®ª ¦¨â¥, çâ® f1 > f ¨
f2 > f .

3. �á¯®«ì§ãï ä®à¬ã«ã (2.3), ¢ëç¨á«¨â¥ f2 (à ááâ®ï¨¥ ®â «¨-
§ë ¤® ä®â®¯«¥ª¨) ¯à¨ f1 =1, f1 = 3f ¨ f1 = f .

4. �á¯®«ì§ãï ®¡éãî ä®à¬ã«ã ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® ¯ à -
¬¥âàã:

@

@x

 (x)Z
' (x)

f (�; x; y) d� =

 (x)Z
' (x)

@

@x

f (�; x; y) d�+

+ f ( (x); x; y) 0(x) � f (' (x); x; y)'0(x);

§ ¯¨è¨â¥ ¢ëà ¦¥¨¥

¤«ï
@

@�

R x+�
x

w (�; y) d� (á¬. (2.6), (2.7))

¨ ¤«ï
@

@x

h
1
�

R x+�
x

w (�; y) d�
i
(á¬. (2.9)).

5. �« áá¨ä¨æ¨àã©â¥ ãà ¢¥¨¥ (2.8) (®¤®¬¥à®¥ ¨«¨ ¤¢ãå¬¥à-
®¥ ¨ â. ¤.).

6. �â® â ª®¥ �� ¯«¥ª¨?
7. �¡®áã©â¥ ¯¥à¥å®¤ ®â (2.14) ª (2.15){(2.16).
8. � ©â¥ ¡®«¥¥ ¯®¤à®¡ë© ¢ë¢®¤ ä®à¬ã«ë (2.22).
9. � ç¥¬ ¯à¨ç¨  ¥ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï (2.18){(2.22)?
10. � ç¥¬ ¯à¨ç¨  ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï (2.23){(2.24)?
11. �ä®à¬ã«¨àã©â¥ á¯®á®¡ ¯®¤¡®à  ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ �.

�¯¨è¨â¥ ¯®¢¥¤¥¨¥ à¥è¥¨ï w�(�) ¯à¨ ã¬¥ìè¥¨¨/ã¢¥«¨ç¥¨¨ �.

2.2. �®ááâ ®¢«¥¨¥ ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨©

� áá¬®âà¨¬ ¥é¥ ®¤ã ®¡à âãî § ¤ çã ®¯â¨ª¨ | § ¤ çã ®¡-
à ¡®âª¨ (¢®ááâ ®¢«¥¨ï, à¥ª®áâàãªæ¨¨) ¤¥ä®ªãá¨à®¢ ëå ¨§®-
¡à ¦¥¨© (ä®â®á¨¬ª®¢ ç¥«®¢¥ª , â¥ªáâ , ª®á¬¨ç¥áª®£® ®¡ê¥ªâ 
¨ â. ¤.) [4, 15, 16, 28, 62, 70, 82, 84, 105, 106].
�âã § ¤ çã à áá¬®âà¨¬   ¯à¨¬¥à¥ ¤¥ä®ªãá¨à®¢ ®£® ä®â®-

á¨¬ª .
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Ǳ®áâ ®¢ª  § ¤ ç¨. �  ï § ¤ ç  ¨¬¥¥â ¬®£® ®¡é¥£® á ¯à¥-
¤ë¤ãé¥© § ¤ ç¥© (¢®ááâ ®¢«¥¨¥ á¬ § ëå ¨§®¡à ¦¥¨©), ®
¨¬¥¥â ¨ áãé¥áâ¢¥ë¥ ®â«¨ç¨ï. �ç¨â ¥¬, çâ® á¨¬ ¥¬ë© ®¡ê¥ªâ
(¯®« £ ¥¬ë© ¯«®áª¨¬) ¨ ä®â®¯«¥ª  à á¯®«®¦¥ë ¯ à ««¥«ì®
«¨§¥ (¯® à §ë¥ áâ®à®ë ®â ¥¥)   à ááâ®ï¨ïå ®â «¨§ë f1 ¨
f2 + Æ á®®â¢¥âáâ¢¥®, £¤¥ Æ | ¯®£à¥è®áâì ä®ªãá¨à®¢ª¨ ¨§®¡à -
¦¥¨ï (ãáâ ®¢«¥¨ï à ááâ®ï¨ï f2) | á¬. à¨á. 2.5.

�¨á. 2.5

Ǳà¨ íâ®¬, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥© § ¤ ç¥, ¨¬¥¥â ¬¥áâ® á®®â®è¥-
¨¥ (2.1), £¤¥ f | ä®ªãá®¥ à ááâ®ï¨¥ «¨§ë.
�¢¥¤¥¬ ¢ ¯«®áª®áâ¨ ®¡ê¥ªâ  ¯àï¬®ã£®«ìãî á¨áâ¥¬ã ª®®à¤¨-

 â �0o0�0,   ó¨¤¥ «ì®©ô ä®â®¯«¥ª¥, à á¯®«®¦¥®© ó¢ ä®ªãá¥ô
(Æ = 0) | á¨áâ¥¬ã ª®®à¤¨ â �00o00�00,     à¥ «ì®© ä®â®¯«¥-
ª¥, à á¯®«®¦¥®© ó¥ ¢ ä®ªãá¥ô (Æ 6= 0) | á¨áâ¥¬ã ª®®à¤¨ â
�o�,   â ª¦¥ á®¢¯ ¤ îéãî á ¥© xoy. �¡®§ ç¨¬ ç¥à¥§ w0(�0; �0)
¨â¥á¨¢®áâì, ¨áå®¤ïéãî ¨§ ¥ª®â®à®© â®çª¨ A0(�0; �0) ®¡ê¥ªâ .
�®çª  A0 ®â®¡à §¨âáï   ó¨¤¥ «ì®©ô ä®â®¯«¥ª¥ â ª¦¥ ¢ â®ç-
ªã A00 á ¨â¥á¨¢®áâìî w00(�00; �00) = w0(�0; �0) ¨ á ª®®à¤¨ â ¬¨
�00 = ��0=q, �00 = ��0=q, £¤¥ q = f1=f2 (áà. (2.2)), ¯à¨ç¥¬ f2 ®¯à¥-
¤¥«ï¥âáï á®£« á® (2.3).
�  à¥ «ì®© ¦¥ ä®â®¯«¥ª¥ â®çª  A0 ®â®¡à §¨âáï ¥ ¢ â®çªã,

  ¢ ¤¨äà ªæ¨®ë© ªàã£ à ¤¨ãá 

� = aÆ

f2
; (2.25)
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£¤¥ a | à ¤¨ãá  ¯¥àâãàë «¨§ë, á æ¥âà®¬ ¢ â®çª¥ A (x; y),
¯à¨ç¥¬

x = �f2 + Æ

f1
�0; y = �f2 + Æ

f1
�0 (2.26)

(áà. (2.2)).

�ë¢®¤ ®á®¢®£® á®®â®è¥¨ï. �¯¨è¥¬ ¬ â¥¬ â¨ç¥áª¨ § -
¤ çã ¤¥ä®ªãá¨à®¢ª¨. � áá¬®âà¨¬, ¯®¬¨¬® ¤¨äà ªæ¨®®£® ªàã£ 
á æ¥âà®¬ ¢ â®çª¥ A (x; y), â ª¦¥ ¥ª®â®àë© ¤àã£®© ªàã£ á æ¥-
âà®¬ ¢ â®çª¥ (�; �) (á¬. à¨á. 2.5). � ¤¨ãáë íâ¨å (  â ª¦¥ ¤àã£¨å)
ªàã£®¢ ®¤¨ ª®¢ë ¨ à ¢ë � (á¬. (2.25)),   ¯«®é ¤¨ ªàã£®¢ à ¢ë
S = ��2. � à¥§ã«ìâ â¥ ¥ª®â®à ï ¨â¥á¨¢®áâì w (�; �), á®®â¢¥â-
áâ¢ãîé ï â®çª¥ (�; �), ¡ã¤¥â óà §¬ §  ô ¯® ªàã£ã à ¤¨ãá  � ¨
¯«®é ¤¨ S = ��2 á ¯«®â®áâìî ¨â¥á¨¢®áâ¨ w (�; �)=��2 (¯®-
áâ®ï®©, ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨, ¢ ¯à¥¤¥« å ¤¨äà ªæ¨®®£®
ªàã£ ).
�â¥á¨¢®áâì ¢ â®çª¥ A (x; y) ¡ã¤¥â à¥§ã«ìâ â®¬ áã¬¬¨à®¢ ¨ï

(¨â¥£à¨à®¢ ¨ï) ¯® ¢á¥¬ â¥¬ ªàã£ ¬, ª®â®àë¥  ªàë¢ îâ â®çªã
A (x; y). �á«®¢¨¥  ªàëâ¨ï â®çª¨ A (x; y) ªàã£®¬ á æ¥âà®¬ ¢ â®çª¥
(�; �) ¨ à ¤¨ãá®¬ � ¥áâìp

(x� �)2 + (y � �)2 6 �: (2.27)

� à¥§ã«ìâ â¥ ¨â¥á¨¢®áâì ¢ â®çª¥ A (x; y) ¡ã¤¥â à ¢ 

g (x; y) =

ZZ
p
(x��)2+(y��)26�

w (�; �)

��
2 d� d�: (2.28)

�®®â®è¥¨¥ (2.28) ï¢«ï¥âáï ®á®¢ë¬ ¢ § ¤ ç¥ à¥ª®áâàãªæ¨¨
¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨©.

�¨á. 2.6
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�¨á. 2.7

�  à¨á. 2.6  ¨ 2.7  ¯à¨¢¥¤¥ë ¯à¨¬¥àë [15, á. 171], [105, 106]
¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨© g (x; y).
�â ¤ àâ ï ä®à¬  ãà ¢¥¨ï. � ¯¨è¥¬ (2.28) ¢ ¢¨¤¥ZZ

p
(x��)2+(y��)26�

w (�; �)

��
2 d� d� = g (x; y): (2.29)

�®®â®è¥¨¥ (2.29) ¥áâì ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ I à®-
¤  ®â®á¨â¥«ì® w (�; �). �¤ ª® ®® § ¯¨á ® ¥ ¢ áâ ¤ àâ®©
ä®à¬¥. Ǳà¥®¡à §ã¥¬ ¥£® ª áâ ¤ àâ®© ä®à¬¥. � ¯¨è¥¬ (2.29)
¢ ¢¨¤¥ [62]:

1ZZ
�1

k (x� �; y � �)w (�; �) d� d� = g (x; y); �1 < x; y <1; (2.30)

£¤¥

k (x� �; y � �) =

(
1

��
2 ;

p
(x� �)2 + (y � �)2 6 �;

0; ¨ ç¥;
(2.31)
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¨«¨

k (x; y) =

(
1

��
2 ;

p
x2 + y2 6 �;

0; ¨ ç¥:
(2.32)

�®®â®è¥¨¥ (2.30) ¥áâì ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥
�à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨. � ¥¬ g (x; y) | ¨â¥á¨¢®áâì
¢ ¯«®áª®áâ¨ à¥ «ì®© (à á¯®«®¦¥®© ó¥ ¢ ä®ªãá¥ô) ä®â®¯«¥-
ª¨, ª®â®à ï ¬®¦¥â ¡ëâì § ¯¨á   ª ª g (p (x; y)), £¤¥ p (g) |
å à ªâ¥à¨áâ¨ª  çã¢áâ¢¨â¥«ì®áâ¨ (��) ä®â®¯«¥ª¨ (á¬. à¨á. 2.4),
  g (p) | ¥¥ ®¡à â ï å à ªâ¥à¨áâ¨ª , ¯à¨ç¥¬ p (x; y) | ¨§¬¥-
à¥®¥ ¯®â¥¬¥¨¥ ¯«¥ª¨ á ãç¥â®¬ ¥¥ ��, ¬¥ìè¥¥, ç¥¬ g (x; y).
� «¥¥, k (x; y) ¥áâì ï¤à® ¨â¥£à «ì®£® ãà ¢¥¨ï, ¯à¨ç¥¬ � ®¯à¥-
¤¥«ï¥âáï á®£« á® (2.25), £¤¥ a ¨ f2 ¨§¢¥áâë,   Æ (¨«¨ �) ¬®¦¥â
¡ëâì ®¯à¥¤¥«¥® ¯ãâ¥¬ ¯®¤¡®à  (  «®£¨ç® � ¢ ¯à¥¤ë¤ãé¥© § -
¤ ç¥). �¤à® ¨â¥£à «ì®£® ãà ¢¥¨ï k (x; y)  §ë¢ ¥âáï äãªæ¨¥©
à áá¥ï¨ï â®çª¨ [81, á. 34]. � ª®¥æ, w (�; �) ¥áâì ¨áª®¬ ï ¨â¥-
á¨¢®áâì, ª®â®à ï ¡ë«  ¡ë   á¨¬ª¥ ¯à¨ Æ = 0 (¥¨áª ¦¥®¥
¨§®¡à ¦¥¨¥ ¢ ¯«®áª®áâ¨ �00o00�00).
�â¬¥â¨¬, çâ® ¢ à ¡®â¥ [70] à áá¬®âà¥  â ª¦¥ § ¤ ç  ¤¥ä®-

ªãá¨à®¢ª¨ ¤«ï á«ãç ï ¥¯ à ««¥«ì®áâ¨ ¯«®áª®áâ¨ ®¡ê¥ªâ  ¨
¯«®áª®áâ¨ ¯«¥ª¨.
Ǳ®á«¥ à¥è¥¨ï ãà ¢¥¨ï (2.30) ¬®¦® ¢®ááâ ®¢¨âì ¨áå®¤®¥

¨§®¡à ¦¥¨¥ ¢ ¯«®áª®áâ¨ ®¡ê¥ªâ  (®¡à â ï § ¤ ç , áà. (2.4)):

w0(�0; �0) = w (�; �); �0 = � f1

f2 + Æ

�; �0 = � f1

f2 + Æ

�: (2.33)

�¥è¥¨¥ ¬¥â®¤®¬ ¤¢ãå¬¥à®£® Ǳ�. �à ¢¥¨¥ (2.30) ª ª ¤¢ãå-
¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨
¬®¦¥â ¡ëâì à¥è¥® ¬¥â®¤®¬ ¤¢ãå¬¥à®£® ¯à¥®¡à §®¢ ¨ï �ã-
àì¥ | Ǳ� (¨¢¥àá ï ä¨«ìâà æ¨ï). �¥è¥¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥
¤¢ãå¬¥à®£® �Ǳ� (á¬. ¯. 7.2):

w (�; �) = 1

4�2

1ZZ
�1

W (!1; !2) e
�i (!1�+!2�) d!1 d!2; (2.34)

£¤¥ Ǳ� (á¯¥ªâà) à¥è¥¨ï

W (!1; !2) =
G (!1; !2)

K (!1; !2)
; (2.35)

  G (!1; !2) ¨ K (!1; !2) | ¯à¥®¡à §®¢ ¨ï �ãàì¥ (á¯¥ªâàë) ¯à -
¢®© ç áâ¨ g (x; y) ¨ ï¤à�  ¨â¥£p «ì®£® ãp ¢¥¨ï (2.30), à ¢ë¥

G (!1; !2) =

1ZZ
�1

g (x; y) ei (!1x+!2y) dx dy; (2.36)

K (!1; !2) =

1ZZ
�1

k (x; y) ei (!1x+!2y) dx dy: (2.37)
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�¤à® k (x; y) ¢ëà ¦ ¥âáï ¢ ¢¨¤¥   «¨â¨ç¥áª®© ä®à¬ã«ë (2.32),
¯®íâ®¬ã ¢ ¯à¨æ¨¯¥ K (!1; !2) ¬®¦¥â ¡ëâì  ©¤¥®   «¨â¨ç¥-
áª¨ á®£« á® (2.37) (¯à¥¤®áâ ¢«ï¥¬ ç¨â â¥«î ¢®§¬®¦®áâì á¤¥-
« âì íâ®). � G (!1; !2) (  â ª¦¥ K (!1; !2)) ¤®«¦® ¡ëâì  ©¤¥®
ç¨á«¥® ¯® áâ ¤ àâ®© ¯à®£à ¬¬¥ ¤¢ãå¬¥à®£® �Ǳ� (®¡ëç®
¢ ¢¨¤¥ �Ǳ�).
�¤ ª® § ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (2.30) ï¢«ï¥âáï ¥ª®àà¥ªâ-

®© [4, 15, 19, 23, 45, 48, 67]. �â® á¢ï§ ® á â¥¬, çâ® äãªæ¨ï
p (x; y),   § ç¨â ¨ g (p (x; y)) ¨§¬¥àï¥âáï á ¯®£à¥è®áâìî ¨ íâ®
¢¥¤¥â ª çà¥§¢ëç ©® ¡®«ìè¨¬ (¢ ¯à¨æ¨¯¥, ¡¥áª®¥ç® ¡®«ìè¨¬)
¯®£à¥è®áâï¬ à¥è¥¨ï w (�; �). Ǳ®íâ®¬ã ä®à¬ã«ë (2.34){(2.37) ¥
£®¤ïâáï ¤«ï ãáâ®©ç¨¢®£® à¥è¥¨ï ãà ¢¥¨ï (2.30). �á¯®«ì§ã¥¬
¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¤«ï íâ®© æ¥«¨. �â¬¥â¨¬, çâ® ¢
à ¡®â¥ [4, á. 164{177] ¨á¯®«ì§ãîâáï â ª¦¥ ¬¥â®¤ë ¨â¥à â¨¢®© à¥-
£ã«ïà¨§ æ¨¨,   ¢ à ¡®â¥ [62] | ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ 
¢ á®¢®ªã¯®áâ¨ á ¯à¥®¡à §®¢ ¨¥¬ � àâ«¨ (¢¬¥áâ® Ǳ�).

Ǳà¨¬¥¥¨¥ ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ . �¥è¥¨¥
ãà ¢¥¨ï (2.30) ¬¥â®¤ ¬¨ ¤¢ãå¬¥à®£® Ǳ� ¨ à¥£ã«ïà¨§ æ¨¨ �¨-
å®®¢  ¨¬¥¥â ¢¨¤ (á¬. ¯. 8.1):

w�(�; �) =
1

4�2

1ZZ
�1

W�(!1; !2) e
�i (!1�+!2�) d!1 d!2; (2.38)

£¤¥

W�(!1; !2) =
K (�!1;�!2)G (!1; !2)

L (!1; !2) + �M (!1; !2)
; (2.39)

L (!1; !2) = jK (!1; !2)j2 = K (!1; !2)K (�!1;�!2), M (!1; !2) =
= (!21 + !22)

2, � > 0 | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨. �¥è¥¨¥
(2.38){(2.39) ¯à¨ ¯à ¢¨«ì® ¢ë¡à ëå § ç¥¨ïå � ¨ Æ (¨«¨ �)
®¡« ¤ ¥â ãáâ®©ç¨¢®áâìî ¨ ¤®áâ â®ç®© à §à¥è îé¥© á¯®á®¡®-
áâìî.
�¡ëç® ¤«ï ¢ë¡®à  � ¨á¯®«ì§ã¥âáï á¯®á®¡ ¥¢ï§ª¨ (á¬. ¯. 8.1).

�¤ ª® ¤«ï § ¤ ç¨ à¥ª®áâàãªæ¨¨ ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥-
¨© (ª ª ¨ ¤«ï § ¤ ç¨ à¥ª®áâàãªæ¨¨ á¬ § ëå ¨§®¡à ¦¥¨©)
¡®«¥¥ íää¥ªâ¨¢¥ á¯®á®¡ ¯®¤¡®à  [62]. �«£®à¨â¬¨ç¥áª¨ ® á®áâ®¨â
¢ á«¥¤ãîé¥¬. � ¤ ¥¬ àï¤ § ç¥¨© �:

�1 < �2 < �3 < : : : < �n;

¯à¨ç¥¬ �min = �1 ¨ �max = �n § ¤ ¥¬   ®á®¢¥ ¤®¯®«¨â¥«ì-
®© ¨ä®à¬ æ¨¨ ® à¥è¥¨¨ w (�; �),  ¯à¨¬¥à, ¨á¯®«ì§ãï ®¯ëâ
®¡à ¡®âª¨ ¤àã£¨å ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨©. Ǳà¨ ª ¦¤®¬
§ ç¥¨¨ � à ááç¨âë¢ ¥¬ à¥è¥¨¥ w�(�; �) á®£« á® (2.38){(2.39) ¨
¢ë¢®¤¨¬ ¥£®, ª ª ¨§®¡à ¦¥¨¥,   íªà  ª®¬¯ìîâ¥à . �  à¨á. 2.6
¢ ª ç¥áâ¢¥ ¯ à ¨¬ ¥ à  ¯à¨¢¥¤¥ë:   à¨á. 2.6  | ¨áå®¤®¥ ¤¥ä®-
ªãá¨à®¢ ®¥ ¨§®¡à ¦¥¨¥ g (x; y) (â®ç¥¥, p (x; y)),   à¨á. 2.6¡ |
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�¨á. 2.8

à¥è¥¨¥ w�(�; �) ¯à¨ § ¨¦¥®¬ �,   ¨¬¥® �1 = 10�5 (à¥è¥-
¨¥ á ¯®¢ëè¥ë¬ ª®âà áâ®¬),   à¨á. 2.6¢ | à¥è¥¨¥ w�(�; �)
¯à¨ ¡®«ìè¥¬ �,   ¨¬¥®, �2 = 10�3 (ª®âà áâ ã¬¥ìè¨«áï ¨
ãáâ®©ç¨¢®áâì ¯®¢ëá¨« áì),     à¨á. 2.6£ | à¥è¥¨¥ w�(�; �) ¯à¨
¥é¥ ¡®«ìè¥¬ (§ ¢ëè¥®¬) �,   ¨¬¥®, �3 = 10�2 (ãáâ®©ç¨¢®áâì
¥é¥ ¯®¢ëá¨« áì, ® ª®âà áâ,   § ç¨â ¨ à §à¥è îé ï á¯®á®¡-
®áâì, § ¨§¨«¨áì). �¨¤¨¬, çâ®  ¨¡®«¥¥ ¯à¨¥¬«¥¬®¥ § ç¥¨¥
� | íâ® ¥ª®â®à®¥ óã¬¥à¥®¥ô § ç¥¨¥, ®¡¥á¯¥ç¨¢ îé¥¥ ã¬¥-
à¥ë© ª®âà áâ ¨ ã¬¥à¥ãî ãáâ®©ç¨¢®áâì. � ¤ ®¬ á«ãç ¥
íâ® � = �2 = 10�3 (á¬. à¨á. 2.6¢). � ë© á¯®á®¡ ¢ë¡®à  �   -
«®£¨ç¥  áâà®©ª¥ (¢ë¡®àã) ª®âà áâ  â¥«¥¨§®¡à ¦¥¨ï, ª®£¤ 
¨á¯®«ì§ãîâáï ¥ áâ®«ìª® ¬ â¥¬ â¨ç¥áª¨¥, áª®«ìª® ä¨§¨®«®£¨ç¥-
áª¨¥ ªà¨â¥à¨¨. � «®£¨çë¥ à¥§ã«ìâ âë ¯à¨¢¥¤¥ë   à¨á. 2.7
[105, 106], ¯®«ãç¥ë¥ á ¯®¬®éìî ¯ ª¥â  ¯à®£à ¬¬ IMAGE [102].
�  à¨á. 2.8 ¨ 2.9 ¯à¥¤áâ ¢«¥ë ¥é¥ ¡®«¥¥ ¯®ª § â¥«ìë¥

¯ à ¨¬ ¥ àë. �¥«® ¢ â®¬, çâ® ¢ 1990 £. ¢ ª®á¬®á ¡ë« § ¯ãé¥
 ¬¥à¨ª áª¨© ª®á¬¨ç¥áª¨© â¥«¥áª®¯ ó� ¡¡«ô (���) [82] ¤¨ ¬¥-
âà®¬ 2.4 ¬ á æ¥«ìî ¯®«ãç¥¨ï á¨¬ª®¢ ª®á¬¨ç¥áª¨å ®¡ê¥ªâ®¢
á ¨áª«îç¨â¥«ì® ¢ëá®ª¨¬ à §à¥è¥¨¥¬ (¨§-§  ®âáãâáâ¢¨ï ¨áª -
¦ îé¥£® ¢«¨ï¨ï  â¬®áä¥àë   ®à¡¨â¥). �¤ ª® ¨§-§  ®è¨¡ª¨
à ¤¨ãá  ªà¨¢¨§ë §¥àª «  ��� (¯à¨ ¥£® ¨§£®â®¢«¥¨¨) ¨§ ª®á-
¬®á  áâ «¨ ¯®áâã¯ âì ¤¥ä®ªãá¨à®¢ ë¥ á¨¬ª¨ (â¨¯  à¨á. 2.8 
¨ 2.9  | á¨¬ª¨ � âãà  ¨ ¯ë«¥¢®£® ®¡« ª  §¢¥§¤ë � �¨«ï).
Ǳà¨¬¥¥¨¥ ¦¥ ¬ â¥¬ â¨ç¥áª®© (¨ ª®¬¯ìîâ¥à®©) ®¡à ¡®âª¨

¯®§¢®«¨«® ¢®ááâ ®¢¨âì ¥¨áª ¦¥ë¥ ¨§®¡à ¦¥¨ï (á¬. à¨á. 2.8¡
¨ 2.9¡), ®¤ ª® ¯à¨ íâ®¬ ¡ë« ¨á¯®«ì§®¢  ¥ ¬¥â®¤ â¨¯  ¬¥â®¤ 
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ,   ¬¥â®¤ â¨¯  ãá¥ç¥¨ï á¯¥ªâà  ç áâ®â
¨ á£« ¦¨¢ îé¨å ®ª®.

� ¯à®£à ¬¬ å. � ¤ ç  à¥ª®áâàãªæ¨¨ ¤¥ä®ªãá¨à®¢ ëå ¨§®-
¡à ¦¥¨© á¢®¤¨âáï ª ¬¥â®¤ã ¤¢ãå¬¥à®£® Ǳ� ¨ ¬¥â®¤ã à¥£ã«ïà¨-
§ æ¨¨ �¨å®®¢  á®£« á® ä®à¬ã« ¬ (2.36){(2.39). �®¦® ¨á¯®«ì-
§®¢ âì á«¥¤ãîé¨¥ ¯à®£à ¬¬ë   �®àâà ¥: PTITR [71, á. 130{136,
185{186 ], CON2 [61, ¯ ª¥â CONF] ¨ ¤à., ª®â®àë¥ ¨á¯®«ì§ãîâ ¯à®-
£à ¬¬ë ¤¢ãå¬¥à®£® Ǳ� (¬®¦® ¨á¯®«ì§®¢ âì ¯à®£à ¬¬ã FTFTC
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�¨á. 2.9

[71, c. 190] ¨ ¤à.). �®¦® ¢®á¯®«ì§®¢ âìáï â ª¦¥ ¯ ª¥â®¬ ¯à®£à ¬¬
IMAGE [102]   ï§ëª¥ Visual C++ (à¥è¥¨¥ ¯àï¬®© ¨ ®¡à â®©
§ ¤ ç, ¨á¯®«ì§®¢ ¨¥ á¥à®£® æ¢¥â  ¤«ï ®¡à ¡®âª¨ ç¥à®-¡¥«ëå
¨§®¡à ¦¥¨© ¨ à §¤¥«ì ï ®¡à ¡®âª  ¢ âà¥å æ¢¥â å æ¢¥âëå ¨§®-
¡à ¦¥¨©).

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ § ¤ çã ¢®ááâ ®¢«¥¨ï ¤¥ä®ªãá¨à®¢ ëå
¨§®¡à ¦¥¨©.
2. �®ª ¦¨â¥ p ¢¥áâ¢  (2.25), (2.26) ¨ (2.33).
3. �« áá¨ä¨æ¨pã©â¥ ãp ¢¥¨ï (2.29) ¨ (2.30) (®¤®¬¥pë¥ ¨«¨

¤¢ãå¬¥àë¥ ¨ â. ¤.).
4. � ç¥¬ã ¯p¨¤¥â «¥¢ ï ç áâì ãp ¢¥¨ï (2.30) ¯p¨ �! 0 ?
5. �á¯®«ì§ãï (2.32), ¢ë¢¥¤¨â¥   «¨â¨ç¥áª®¥ ¢ëp ¦¥¨¥ ¤«ï

K (!1; !2) á®£« á® (2.37) (§ ¤ ¨¥ ¯®¢ëè¥®© âpã¤®áâ¨).
6. � ç¥¬ ¯p¨ç¨  ¥ª®pp¥ªâ®áâ¨ (¥ãáâ®©ç¨¢®áâ¨) p¥è¥¨ï

(2.34){(2.35) ?
7. � ç¥¬ ¯p¨ç¨  ãáâ®©ç¨¢®áâ¨ p¥è¥¨ï (2.38){(2.39) ?
8. �ä®p¬ã«¨pã©â¥ á¯®á®¡ ¯®¤¡®p  ¯ p ¬¥âp  p¥£ã«ïp¨§ æ¨¨ �.

� ª ¢¥¤¥â á¥¡ï p¥è¥¨¥ w�(�; �) ¯p¨ ã¬¥ìè¥¨¨/ã¢¥«¨ç¥¨¨ �?
9. �¯¨è¨â¥ áå®¤áâ¢  ¨ à §«¨ç¨ï § ¤ ç ¢®ááâ ®¢«¥¨ï á¬ § -

ëå ¨ ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥¨© (¨áå®¤ë¥ ¤ ë¥, ¨áª®-
¬ë¥ à¥è¥¨ï, à §¬¥à®áâ¨ § ¤ ç, â¨¯ë ãà ¢¥¨© ¨ â. ¤.).

2.3. �¡à âë¥ § ¤ ç¨ á¯¥ªâà®áª®¯¨¨

�¯¥ªâà «ìë©   «¨§ ¨ ¯à¨¡®àë. �«ï ª ç¥áâ¢¥®£® ¨ ª®-
«¨ç¥áâ¢¥®£® ¨áá«¥¤®¢ ¨ï ¢¥é¥áâ¢ è¨à®ª® ¨á¯®«ì§ã¥âáï á¯¥ª-
âà «ìë©   «¨§. � ®á®¢    ¨§ãç¥¨¨ á¯¥ªâà®¢ ¨§«ãç¥¨ï
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(¨á¯ãáª ¨ï), ¯®£«®é¥¨ï, ®âà ¦¥¨ï, ª®¬¡¨ æ¨®®£® à áá¥ï-
¨ï á¢¥â  ¨ «î¬¨¥áæ¥æ¨¨. �«ï à §«®¦¥¨ï ¨§«ãç¥¨ï ¢ á¯¥ªâà
¨ ¥£® à¥£¨áâà æ¨¨ ¨á¯®«ì§ãîâáï ®¯â¨ç¥áª¨¥ á¯¥ªâà «ìë¥ ¯à¨¡®-
àë. � ª®© ¯à¨¡®à á®áâ®¨â ¨§ âà¥å ®á®¢ëå ç áâ¥©: ®á¢¥â¨â¥«ì®©
(¥®¡ï§ â¥«ì ï ç áâì), á¯¥ªâà «ì®© ¨ à¥£¨áâà¨àãîé¥©. � § -
¢¨á¨¬®áâ¨ ®â á¯®á®¡  à¥£¨áâà æ¨¨ á¯¥ªâà  à §«¨ç îâ á«¥¤ãîé¨¥
¯à¨¡®àë: á¯¥ªâà®áª®¯ë (á ¢¨§ã «ì®© à¥£¨áâà æ¨¥©), á¯¥ªâà®£à -
äë (á ä®â®à¥£¨áâà æ¨¥©), á¯¥ªâà®¬¥âàë ( ¯à¨¬¥à, ¨â¥àä¥à®-
¬¥âà � ¡à¨-Ǳ¥à®) ¨ á¯¥ªâà®ä®â®¬¥âàë (á ä®â®í«¥ªâà¨ç¥áª®©
à¥£¨áâà æ¨¥©).

�¡« áâ¨ ¯à¨¬¥¥¨ï á¯¥ªâà «ì®£®   «¨§ . �â® | ä¨-
§¨ª  (¨§ãç¥¨¥ á¯¥ªâà®¢ £ §®¢, ¦¨¤ª®áâ¥©, ¬¥â ««®¢ ¨ ¯« §¬ë,
¨áá«¥¤®¢ ¨¥  â®¬®© á¥á¨¡¨«¨§¨à®¢ ®© ä«ã®à¥áæ¥æ¨¨ á¬¥-
á¥© ¨ ¯ à®¢ ¬¥â ««®¢ ¯® ª®âãà ¬ á¯¥ªâà «ìëå «¨¨©),  áâà®-
ä¨§¨ª  (¨§ãç¥¨¥ á¯¥ªâà®¢ §¢¥§¤, ¯« ¥â, £ « ªâ¨ª, âã¬ ®áâ¥©,
ª®¬¥â, ª¢ § à®¢), ¬¥â ««ãà£¨ï (®¯à¥¤¥«¥¨¥ ¯® á¯¥ªâàã á®áâ®ï¨ï
à á¯« ¢«¥®£® ¬¥â «« ), å¨¬¨ï (®¯à¥¤¥«¥¨¥ ¯® á¯¥ªâàã å¨¬¨-
ç¥áª®£® á®áâ ¢  ¢¥é¥áâ¢ ), £¥®ä¨§¨ª  (à §¢¥¤ª  àã¤, ¬¨¥à «®¢)
¨ â. ¤. �â¬¥â¨¬ ¥é¥ â ª®¥ ¯à¨¬¥¥¨¥ á¯¥ªâà «ì®£®   «¨§ , ª ª
®¯à¥¤¥«¥¨¥ ¬ £¨â®£® (¨«¨ í«¥ªâà¨ç¥áª®£®) ¯®«ï ¯® á¢¥àåâ®-
ª®© áâàãªâãà¥ «¨¨¨   ®á®¢¥ íää¥ªâ  �¥¥¬   (¨«¨ �â àª ).
�®¢®àï ¤ «¥¥ ® á¯¥ªâà «ì®¬   «¨§¥, ¬ë ¡ã¤¥¬ ¨¬¥âì ¢ ¢¨¤ã,
¢ ®á®¢®¬, á¯¥ªâàë ¨§«ãç¥¨ï ¨ ¨å ¨§ãç¥¨¥ á ¯®¬®éìî á¯¥ª-
âà®¬¥âà®¢, å®âï ¨¦¥¨§«®¦¥®¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï ¨ëå â¨¯®¢
á¯¥ªâà®¢ ¨ ¯à¨¡®à®¢.
Ǳ®¤ á¯¥ªâà®¬ ¡ã¤¥â ¯®¤à §ã¬¥¢ âì § ¢¨á¨¬®áâì ¨â¥á¨¢®áâ¨

¨§«ãç¥¨ï ®â ç áâ®âë �. Ǳà¨ íâ®¬ ¨á¯®«ì§ã¥âáï á«¥¤ãîé ï â¥à-
¬¨®«®£¨ï: á¯¥ªâà «ìë© ª®âãà, á¯¥ªâà «ìë© ¯à®ä¨«ì, ª®âãà
á¯¥ªâà , ¯à®ä¨«ì á¯¥ªâà .

�¨¯ë á¯¥ªâà®¢. Ǳ® ¢¨¤ã á¯¥ªâàë ¡ë¢ îâ [46], [53, á. 712{713]
¥¯à¥àë¢ë¥, ¨«¨ á¯«®èë¥ (¯à¨¬¥àë: á¯¥ªâàë à á¯« ¢«¥®£®
¬¥â «« , �®«æ  ¨ â. ¤.) | á¬. à¨á. 2.10, 2.11, 2.13{2.15, ¤¨á-
ªà¥âë¥, ¨«¨ «¨¥©ç âë¥, á®áâ®ïé¨¥ ¨§ ®â¤¥«ìëå á¯¥ªâà «ìëå
«¨¨©, á®®â¢¥âáâ¢ãîé¨å ¤¨áªà¥âë¬ § ç¥¨ï¬ ç áâ®âë � (¯à¨-
¬¥àë: á¯¥ªâàë  â®¬ à®£® ¢®¤®à®¤ ,  âà¨ï, ¬¥¤¨ [53, á. 528]) |
á¬. à¨á. 2.16, 2.17 ¨ ¯®«®á âë¥, á®áâ®ïé¨¥ ¨§ ®â¤¥«ìëå ¯®«®á,
ª ¦¤ ï ¨§ ª®â®àëå ®å¢ âë¢ ¥â ¥ª®â®àë© ¨â¥à¢ « ç áâ®â � (¯à¨-
¬¥à: á¯¥ªâà ¨á¯ãáª ¨ï ¯ à®¢ ¨®¤  [53, á. 528]). �âà®£® £®¢®àï,
®â¤¥«ì ï á¯¥ªâà «ì ï «¨¨ï â ª¦¥ ¥ á®®â¢¥âáâ¢ã¥â ¢¯®«¥
®¯à¥¤¥«¥®¬ã § ç¥¨î �, ¯®áª®«ìªã ¨¬¥¥â, ¢®-¯¥à¢ëå, ¬¨¨-
¬ «ìãî (¥áâ¥áâ¢¥ãî, à ¤¨ æ¨®ãî) è¨à¨ã, ®¡ãá«®¢«¥ãî
ª¢ â®¢ë¬¨ íää¥ªâ ¬¨, ¢®-¢â®àëå, è¨à¨ã, ®¡ãá«®¢«¥ãî íä-
ä¥ªâ ¬¨ �®¯«¥à  (â¥¯«®¢®¥ ãè¨à¥¨¥), �¥¥¬   (¬ £¨â®¥ ãè¨-
à¥¨¥), �â àª  (í«¥ªâà¨ç¥áª®¥ ãè¨à¥¨¥) ¨ â. ¤. �¤ ª® ¥á«¨ «¨-
¨ï ¨¬¥¥â «¨èì ¥áâ¥áâ¢¥ãî è¨à¨ã, â® ¢ ¡®«ìè¨áâ¢¥ ¨áá«¥¤®-
¢ ¨© «¨¨î áç¨â îâ ¤¨áªà¥â®© (¬®®åà®¬ â¨ç¥áª®©). Ǳà¨¬¥à:
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«¨¨¨ á¯¥ªâà®¢ ¬¥¦§¢¥§¤ëå âã¬ ®áâ¥©; ®¨ ¨¬¥îâ ¯à ªâ¨ç¥á-
ª¨ «¨èì ¥áâ¥áâ¢¥ãî è¨à¨ã, â ª ª ª â¥¯«®¢ë¥, ¬ £¨âë¥ ¨
í«¥ªâà¨ç¥áª¨¥ íää¥ªâë çà¥§¢ëç ©® ¬ «ë.

�¨¯ë á¯¥ªâà «ì®£®   «¨§ . �¯¥ªâà «ìë©   «¨§ ¬®¦®
à §¤¥«¨âì   è¨à®ª®¯®«®áë© ¨ ã§ª®¯®«®áë©. �¨à®ª®¯®«®á ï
á¯¥ªâà®¬¥âà¨ï | íâ® ¨§ãç¥¨¥ á¯¥ªâà  ¢ è¨à®ª®© ®¡« áâ¨ ç á-
â®â,  ¯à¨¬¥à, ¨§ãç¥¨¥ á¯¥ªâà  §¢¥§¤ë ¢® ¢á¥¬ ¢¨¤¨¬®¬ ¤¨ ¯ -
§®¥ (®â ªà á®£® ¤® ä¨®«¥â®¢®£®) | á¬. à¨á. 2.10.

�¨á. 2.10

�§ª®¯®«®á ï á¯¥ªâà®¬¥âà¨ï | íâ® ¨§ãç¥¨¥ á¯¥ªâà  ¢ ã§-
ª®© ¯®«®á¥ ç áâ®â,  ¯à¨¬¥à, ¨§ãç¥¨¥ á¢¥àåâ®ª®© áâàãªâãàë
¬¥áá¡ ãíà®¢áª®© «¨¨¨, ®¡ãá«®¢«¥®© ¬ £¨âë¬¨ ¨«¨ í«¥ª-
âà¨ç¥áª¨¬¨ ¯®«ï¬¨ ¨ â¥¯«®¢ë¬¨ íää¥ªâ ¬¨ [53, á. 407] | á¬.
à¨á. 2.11.

�¨á. 2.11

�¤ ª® ¤¥«¥¨¥   è¨à®ª®- ¨ ã§ª®¯®«®áãî á¯¥ªâà®¬¥âà¨î
§ ç áâãî ãá«®¢®.
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�ªá¯¥à¨¬¥â «ìë© á¯¥ªâà. �¢¥¤¥¬ á«¥¤ãîé¥¥
�¯à ¥ ¤ ¥ « ¥  ¨ ¥. �¯¯ à â®© äãªæ¨¥© | �� (¨«¨ äãªæ¨¥©

¯à®¯ãáª ¨ï, ç áâ®â®© å à ªâ¥à¨áâ¨ª®© | ��, á¯¥ªâà «ì®©
çã¢áâ¢¨â¥«ì®áâìî | ��) á¯¥ªâà®¬¥âà  [53, á. 704] K (�; �0)  -
§ë¢ ¥âáï à¥ ªæ¨ï á¯¥ªâà®¬¥âà  (¢ ¢¨¤¥ ¨§¬¥à¥®© ¨â¥á¨¢®-
áâ¨)   ¤¨áªà¥âãî «¨¨î ¥¤¨¨ç®© ¨â¥á¨¢®áâ¨ ¨ ç áâ®â�ë
�0 ¯à¨  áâà®©ª¥ á¯¥ªâà®¬¥âà    ç áâ®âã � | á¬. à¨á. 2.12.

�¨á. 2.12

Ǳà¨¬ ¥ à ��,  ¯¯à®ªá¨¬¨à®¢ ®©   «¨â¨ç¥áª®© ä®à¬ã«®©
¢ ¢¨¤¥ £ ãáá¨ ë:

K (�; �0) = exp

�
� (� � �

0)2

2 (a � b�)2

�
á ¬ ªá¨¬ã¬®¬ ¯à¨ �0 = � ¨ á íää¥ªâ¨¢®© è¨à¨®©, ®¡à â®
¯à®¯®àæ¨® «ì®© � (a > 0 ¨ b > 0 | ¥ª®â®àë¥ ª®áâ âë).
�á«¨ ä®à¬  K (�; �0) ¥ ¬¥ï¥âáï ¯à¨ ¨§¬¥¥¨¨ �, â® K (�; �0) =

= K (� � �0), â. ¥. �� (¨«¨ ��) ï¢«ï¥âáï à §®áâ®© äãªæ¨¥©.
�� (¨«¨ ��) á¯¥ªâà®¬¥âà  ¯®« £ ¥âáï ¨§¢¥áâ®©. �  ¤®«¦-

  ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¯ á¯®àâ¥ á¯¥ªâà®¬¥âà  ¨«¨ ®¯à¥¤¥«¥ ,
 ¯à¨¬¥à, á ¯®¬®éìî ®¤®ç áâ®â®£® « §¥à , áâ ¡¨«¨§¨à®¢ ®£®
¯® ¯à®¢ «ã �í¬¡  [44].
�ã¤¥¬ ¯®« £ âì, çâ® íªá¯¥à¨¬¥â «ìë© (¨§¬¥à¥ë©) á¯¥ªâà

(®¡®§ ç¨¬ ¥£® ç¥à¥§ u (�)) | íâ® á¯¥ªâà, ¨§¬¥à¥ë© ¯ãâ¥¬ áª -
¨à®¢ ¨ï ¯® ç áâ®â¥ à¥ «ìë¬ á¯¥ªâà®¬¥âà®¬,   ¨¬¥®, á ãç¥-
â®¬ ¥£® �� K (�; �0) ¨ ¯à¨  «¨ç¨¨ à §«¨çëå èã¬®¢ (¯®£à¥è®-
áâ¥© ¨§¬¥à¥¨© ¨ â. ¤.),   ¨áâ¨ë© á¯¥ªâà (®¡®§ ç¨¬ ¥£® ç¥à¥§
z (�)) | íâ® á¯¥ªâà, ª®â®àë© ¡ë« ¡ë ¨§¬¥à¥ ¯à¨ ¡¥áª®¥ç®
ã§ª®© �� ¨ ¢ ®âáãâáâ¢¨¥ èã¬®¢ (® ¯à¨  «¨ç¨¨ ¬ £¨âëå ¨
í«¥ªâà¨ç¥áª¨å ¯®«¥©, â¥¯«®¢ëå ¤¢¨¦¥¨©  â®¬®¢, á ¬®¯®£«®é¥-
¨ï ¨ â. ¤.).
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�§¬¥à¥ë© á¯¥ªâà u (�) ®â«¨ç ¥âáï ®â ¨áâ¨®£® z (�). �â®
¯à®ï¢«ï¥âáï, ¢®-¯¥à¢ëå, ¢ ¡®«ìè¥© á£« ¦¥®áâ¨ u (�) ¯® áà ¢-
¥¨î á z (�) (¥à §à¥è¥ë ¡«¨§ª¨¥ «¨¨¨, § £« ¦¥  ¬¨ªà®-
áâàãªâãà  á¯¥ªâà ) ¨, ¢®-¢â®àëå, ¢ § èã¬«¥®áâ¨ u (�) (á« ¡ë¥
«¨¨¨ óâ®ãâô ¢ èã¬¥). �  à¨á. 2.13  ¨§®¡à ¦¥ íªá¯¥à¨¬¥â «ì-
ë© á¯¥ªâà ¡¥§ èã¬  u (�),     à¨á. 2.13¡ | íªá¯¥à¨¬¥â «ìë©
§ èã¬«¥ë© á¯¥ªâàeu (�) = u (�) + Æu (�) + U; (2.40)

£¤¥ Æu (�) | á«ãç © ï èã¬®¢ ï ª®¬¯®¥â  (®¡ãá«®¢«¥ ï ¯®-
£à¥è®áâï¬¨ ¨§¬¥à¥¨© ¨ ¢¥è¨¬¨ ¯®¬¥å ¬¨),   U | ¤¥â¥à¬¨-
¨à®¢  ï èã¬®¢ ï ª®¬¯®¥â  (ä®), ¯®« £ ¥¬ ï ¯®áâ®ï®©.

�¨á. 2.13

� ¤ ç  à¥¤ãªæ¨¨ ª ¨¤¥ «ì®¬ã á¯¥ªâà «ì®¬ã ¯à¨¡®àã.
�áâ¥áâ¢¥® ¢®§¨ª ¥â á«¥¤ãîé ï §  ¤   ç  : ¯® íªá¯¥à¨¬¥â «ì®-
¬ã á¯¥ªâàã eu (�) ¨ �� K (�; �0) ¯ãâ¥¬ ¬ â¥¬ â¨ç¥áª®© ®¡à ¡®âª¨
¢®ááâ ®¢¨âì ¨áâ¨ë© á¯¥ªâà z (�). �á¯¥è®¥ à¥è¥¨¥ íâ®© § ¤ -
ç¨ ¯®§¢®«¨â ¯®¢ëá¨âì à §à¥è îéãî á¯®á®¡®áâì á¯¥ªâà®¬¥âà ,  
§ ç¨â, ª ç¥áâ¢® á¯¥ªâà «ì®£®   «¨§  ( ¯à¨¬¥à, ¡®«¥¥ â®ç®
®¯à¥¤¥«¨âì ä §®¢®¥ á®áâ®ï¨¥ à á¯« ¢«¥®£® ¬¥â ««  ¢ ¤®¬¥
¨«¨ å¨¬¨ç¥áª¨© á®áâ ¢ ª®á¬¨ç¥áª®£® ®¡ê¥ªâ  | âã¬ ®áâ¨, ª®-
¬¥âë, ¯®¢¥àå®áâ¨ §¢¥§¤ë ¨ â. ¤.).
� ¤ ç  ®¯à¥¤¥«¥¨ï ¨áâ¨®£® á¯¥ªâà  z (�) ¯® íªá¯¥à¨¬¥â «ì-

®¬ã á¯¥ªâàã eu (�) ¨ �� K (�; �0)  §ë¢ ¥âáï § ¤ ç¥© à¥¤ãªæ¨¨
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(¨«¨ ¯à¨¢¥¤¥¨ï) ¯à®ä¨«ï á¯¥ªâà  ª ¨¤¥ «ì®¬ã á¯¥ªâà «ì®¬ã
¯à¨¡®àã [44]. �â¬¥â¨¬, çâ® ¢®ááâ  ¢«¨¢ ¥¬ ï äãªæ¨ï z (�) ¬®-
¦¥â ®¡« ¤ âì á«®¦®© áâàãªâãà®© (á¬. à¨á. 2.13, 2.14), ¯à¨ç¥¬
è¨à¨  ¥¥ ®â¤¥«ìëå ¯¨ª®¢ ç áâ® á®¨§¬¥à¨¬  á è¨à¨®© �� ¨«¨
¤ ¦¥ ¬¥ìè¥ ¥¥ (á¬. à¨á. 2.13). �â® | ®¤  ¨§ ®¡à âëå § ¤ ç
á¯¥ªâà®áª®¯¨¨ [17, á. 130 | 133]. � áá¬®âà¨¬ ¤¢¥ ¥¥ ä®à¬ã«¨à®¢-
ª¨ | ¯à¨¬¥¨â¥«ì® ª ¥¯à¥àë¢®¬ã ¨ ¤¨áªà¥â®¬ã á¯¥ªâàã.

�¨á. 2.14

�¥¯à¥àë¢ë© á¯¥ªâà. � áá¬®âà¨¬ á«ãç © ¥¯à¥àë¢®£® á¯¥ª-
âà , ª®£¤  ¨áª®¬ë© á¯¥ªâà z (�0); �0 2 [a; b]; ¥áâì ªãá®ç®-
¥¯à¥àë¢ ï äãªæ¨ï (á¬. à¨á. 2.13 ¨«¨ 2.14). �â®â á«ãç © ¨¬¥¥â
¬¥áâ® ®¡ëç® ¤«ï ¢¥é¥áâ¢ á ¯®¢ëè¥®© ¯«®â®áâìî (¦¨¤ª¨©
¬¥â ««) ¨«¨ ¯à¨ ¨§ãç¥¨¨ á¢¥àåâ®ª®© áâàãªâãàë «¨¨¨, ª®£¤ 
¯à¥¤¥«ë [a; b] ã§ª¨¥. � íâ®¬ á«ãç ¥ ¨§¬¥à¥®¥ § ç¥¨¥ ¨â¥-
á¨¢®áâ¨ u (�) ¯à¨  áâà®©ª¥ á¯¥ªâà®¬¥âà    ç áâ®âã � à ¢®
¨â¥£à «ã ¯® ¢á¥¬ ¨â¥á¨¢®áâï¬ z (�) á ¢¥á®¢®© äãªæ¨¥©, à ¢-
®© K, â. ¥.

u (�) =

bZ
a

z (�0)K (�; �0) d�0; (2.41)

£¤¥ [a; b] | ¯à¥¤¥«ë ¨§¬¥¥¨ï �0. �§ (2.41), ¢ àì¨àãï � (â. ¥.
¢ë¯®«ïï áª ¨à®¢ ¨¥ á ¯®¬®éìî áª ¨àãîé¥© á¨áâ¥¬ë) ¨ ãç¨-
âë¢ ï § èã¬«¥®áâì u (�), ¨¬¥¥¬:

bZ
a

K (�; �0) z (�0) d�0 = eu (�); c 6 � 6 d; (2.42)

£¤¥ [c; d] | ¯à¥¤¥«ë ¨§¬¥¥¨ï � (¡®«¥¥ è¨à®ª¨¥, ç¥¬ [a; b]) |
á¬. à¨á. 2.15.
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�¨á. 2.15

� á®®â®è¥¨¨ (2.42) ¨§¢¥áâë (¨§¬¥à¥ë ¨«¨ § ¤ ë) eu (�),
K (�; �0), a, b, c, d,   z (�0) ï¢«ï¥âáï ¨áª®¬®©. �®®â®è¥¨¥ (2.42)
¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  ®â®á¨â¥«ì®
z (�0). �á«¨ K (�; �0) = K (� � �0), â® (2.42) ®¡ëç® § ¯¨áë¢ îâ
¢ ¢¨¤¥:

1Z
0

K (� � �0) z (�0) d�0 = eu (�); 0 6 � <1: (2.43)

�®®â®è¥¨¥ (2.43) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®-
¤  â¨¯  á¢¥àâª¨   ¯®«ã®á¨. � ¤ ç  à¥è¥¨ï ãà ¢¥¨© (2.42) ¨
(2.43) ï¢«ï¥âáï ¥ª®àà¥ªâ®© (á¬. ¯. 7.1). Ǳ®íâ®¬ã ¤«ï ¨å ãáâ®©-
ç¨¢®£® à¥è¥¨ï ¥®¡å®¤¨¬® ¯à¨¬¥¥¨¥ à¥£ã«ïàëå (ãáâ®©ç¨¢ëå)
¬¥â®¤®¢,  ¯à¨¬¥à, ¬¥â®¤  à¥£ã «ïà¨§ æ¨¨ �¨å®®¢  (á¬. ¯. 8.1)
  «®£¨ç® à¥è¥¨î ã¦¥ à áá¬®âà¥ëå (®¤®¬¥àëå) ãà ¢¥-
¨© (1.16), (1.62), (2.15).
�á«¨ ¯à¥¤¥«ë [a; b] ¢ (2.42) ¯®«®¦¥ë è¨à®ª¨¬¨, â® ¬ë ¨¬¥-

¥¬ ¤¥«® á ®¡à ¡®âª®© á¯¥ªâà  ¢ è¨à®ª®© ¯®«®á¥ ç áâ®â. � ¥á«¨
¯à¥¤¥«ë [a; b] ¢§ïâë ã§ª¨¬¨ (¢¯«®âì ¤® à áá¬®âà¥¨ï áâàãªâãàë
«¨èì ®¤®© «¨¨¨), â® íâ® ¡ã¤¥â § ¤ ç  ®¡à ¡®âª¨ á¯¥ªâà  ¢ ã§-
ª®© ¯®«®á¥ ç áâ®â (¨«¨ § ¤ ç  ¢®ááâ ®¢«¥¨ï â®ª®© áâàãªâãàë
«¨¨¨).
� ¥§ã«ìâ âë à¥è¥¨ï ¯à¨¬¥à®¢ ¬ë ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬ | ®¨

â¨¯  ¨§®¡à ¦¥ëå   à¨á. 3.15, 8.3, 8.4, 8.6 (á¬. ¤ «ìè¥).

�¨áªà¥âë© á¯¥ªâà. � ¥¯¥àìà áá¬®âà¨¬ á«ãç © ¤¨áªà¥â®£®
(«¨¥©ç â®£®) á¯¥ªâà , ª®£¤  ¨áª®¬ë© á¯¥ªâà z (�0) á®áâ®¨â ¨§
®â¤¥«ìëå ¤¨áªà¥âëå (¬®®åà®¬ â¨ç¥áª¨å) «¨¨© (á¬. ¤ «ìè¥
à¨á. 2.21), å à ªâ¥à¨§ã¥¬ëå ¨å ç áâ®â ¬¨ ¨  ¬¯«¨âã¤ ¬¨. � ª®©
á¯¥ªâà ¨¬¥îâ,  ¯à¨¬¥à, âã¬ ®áâ¨ ¨ ¨§ª®â¥¬¯¥à âãà ï, ¢ ç -
áâ®áâ¨, £ §®à §àï¤ ï ¯« §¬ ,   ¢®â ¢ à¥ª« ¬ëå «î¬¨¥áæ¥â-
ëå « ¬¯ å ¨ « ¬¯ å ó¤¥¢®£® á¢¥â ô ¨¬¥îâ ¬¥áâ® ¯à®æ¥ááë
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¨®¨§ æ¨¨ ¨ à¥ª®¬¡¨ æ¨¨, ¢ à¥§ã«ìâ â¥ ç¥£® ¨å á¯¥ªâà | íâ®  -
¡®à ¯®«®á, â. ¥. ¥çâ® áà¥¤¥¥ ¬¥¦¤ã ¥¯à¥àë¢ë¬ ¨ ¤¨áªà¥âë¬
á¯¥ªâà®¬ | â ª®© á¯¥ªâà  §ë¢ ¥âáï ¯®«®á âë¬ [53, á. 712{713]
(á¬. ¤ «ìè¥ à¨á. 2.22). � á«ãç ¥ ¤¨áªà¥â®£® á¯¥ªâà  ¨§¬¥à¥-
®¥ § ç¥¨¥ ¨â¥á¨¢®áâ¨ u (�) ¯à¨  áâà®©ª¥ á¯¥ªâà®¬¥âà   
ç áâ®âã � à ¢® áã¬¬¥ ¨â¥á¨¢®áâ¥© ( ¬¯«¨âã¤) ¢á¥ å «¨¨©
á ¢¥á®¢®© äãªæ¨¥© K (á¬. à¨á. 2.16),

�¨á. 2.16

â. ¥.

u (�) =

nX
j=1

zjK (�; �0j); (2.44)

£¤¥ zj |  ¬¯«¨âã¤  (¨â¥á¨¢®áâì) j-© «¨¨¨, �0j | ¥¥ ç áâ®â ,
n | ç¨á«® «¨¨©. �§ (2.44), ¢ àì¨àãï � ¨ ãç¨âë¢ ï § èã¬«¥-
®áâì ¨§¬¥à¥¨©, ¯®«ãç¨¬:

nX
j=1

K (�i; �
0

j) zj + F = eu (�i); i = 1;m; c 6 �i 6 d; (2.45)

£¤¥ �i | ¤¨áªà¥âë© ®âáç¥â �, m | ç¨á«® â ª¨å ®âáç¥â®¢, [c; d]
| £à ¨æë ®âáç¥â®¢, eu (�i) = u (�i) + Æu (�i), Æu | á«ãç © ï
¯®£à¥è®áâì, F | ¤¥â¥à¬¨¨à®¢  ï ¯®£à¥è®áâì (ä®) (á¬.
à¨á. 2.17).
� (2.45) ¨§¢¥áâë (¨§¬¥à¥ë ¨«¨ § ¤ ë) eu (�i), K (�i; �

0

j), �i, c,
d, m,   ¨áª®¬ë¬¨ ï¢«ïîâáï zj , �

0

j , n, F ( ¬¯«¨âã¤ë ¨ ç áâ�®âë «¨-
¨©, ¨å ç¨á«®,   â ª¦¥ ¤¥â¥à¬¨¨à®¢  ï á®áâ ¢«ïîé ï èã¬®¢).
�®®â®è¥¨¥ (2.45) ¥áâì á¨áâ¥¬  «¨¥©®-¥«¨¥©ëå ãà ¢¥¨©
(����) (¥áâ  ¤ àâë© â¥à¬¨), ¯®áª®«ìªã ç áâì ¥¨§¢¥áâëå
(zj ¨ F ) ¢å®¤¨â «¨¥©®,   ç áâì (�0j) | ¥«¨¥©®.
�â¬¥â¨¬ ¥ª®â®àë¥ ®á®¡¥®áâ¨ § ¯¨á¨ (2.45). �¥¨§¢¥áâ®¥ F

á¯¥æ¨ «ì® ¢ë¤¥«¥® ¢ ®â¤¥«ì®¥ á« £ ¥¬®¥. �®-¯¥à¢ëå, ª ª ¯®-
ª § «® à¥è¥¨¥ ¬® ¤¥«ìëå ¯à¨¬¥à®¢ [59, ç. III], íâ® ¯®¢ëè ¥â
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�¨á. 2.17

â®ç®áâì à¥è¥¨ï ����,   ¢®-¢â®àëå, ®¯à¥¤¥«¥¨¥ F , ª ª ä®-
 , â ª¦¥ ¯®«¥§®, ª ª ¨ ®¯à¥¤¥«¥¨¥ zj ¨ �0j «¨¨©. �à®¬¥
â®£®, ¢¢¥¤¥  ¤¨áªà¥â¨§ æ¨ï ¯® �. �â® á¤¥« ® ¤«ï â®£®, çâ®¡ë
¨á¯®«ì§®¢ âì ¨§¢¥áâë¥ ¬¥â®¤ë à¥è¥¨ï ��� ¨ ����.

�¥è¥¨¥ ����. � áá¬®âà¨¬ ¢®¯à®á ® à¥è¥¨¨ ���� (2.45)
(á¬. â ª¦¥ ¯. 3.2). �¨áâ¥¬  ãà ¢¥¨© (2.45) ¬®¦¥â à áá¬ âà¨-
¢ âìáï ª ª á¨áâ¥¬  ¥«¨¥©ëå ãà ¢¥¨© (���) ®â®á¨â¥«ì®
2n ¥¨§¢¥áâëå zj ¨ �0j (  â ª¦¥ F ) ¯à¨ ¥ª®â®à®¬ n. �¥ ¬®¦®
à¥è âì ¨§¢¥áâë¬¨ ¬¥â®¤ ¬¨ à¥è¥¨ï ��� ¡¥§ ®£à ¨ç¥¨©  
à¥è¥¨¥: ¬¥â®¤ ¬¨ £à ¤¨¥â , �ìîâ® , å®à¤ ¨ ¤à. [5, 11, 71] ¨«¨
¬¥â®¤ ¬¨ à¥è¥¨ï ��� á ®£à ¨ç¥¨ï¬¨   à¥è¥¨¥ (¬¥â®¤ -
¬¨ ¥«¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï): ¯à®¥ªæ¨¨ £à ¤¨¥â , ®¢à £®¢
¨ ¤à. [80]. Ǳà¨ íâ®¬ ¡®«¥¥ íää¥ªâ¨¢® ¯à¨¬¥¥¨¥ ¬¥â®¤®¢ ¥-
«¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï, â ª ª ª   ¥¨§¢¥áâë¥ zj , �

0

j ¨ F
¬ë ¬®¦¥¬  «®¦¨âì á«¥¤ãîé¨¥ ® £ à    ¨ ç ¥  ¨ ï:

zj > 0; a 6 �0j 6 b; F > 0; (2.46)

£¤¥ [a; b] | ¥ª®â®à ï ®¡« áâì, ¡®«¥¥ ã§ª ï, ç¥¬ [c; d].
�¤ ª® íâ¨ ¬¥â®¤ë ¥ ãç¨âë¢ îâ á¯¥æ¨ä¨ª¨ á¨áâ¥¬ë (2.45),

ªà®¬¥ â®£®, ®¨ ®áâ ¢«ïîâ ®âªàëâë¬ ¢®¯à®á ® n. Ǳ®íâ®¬ã à¥è¥-
¨¥ á¨áâ¥¬ë (2.45) ¡ã¤¥â ¡®«¥¥ íää¥ªâ¨¢ë¬ (¯®âà¥¡ã¥âáï ¬¥ì-
è¥ ª®¬¯ìîâ¥à®£® ¢à¥¬¥¨ ¨ ¯ ¬ïâ¨, ¡ã¤¥â ¬¥ìè¥ ¢¥à®ïâ®áâì
«®¦ëå ª®à¥© ¥«¨¥©®© á¨áâ¥¬ë ¨ â. ¤.), ¥á«¨ ¬ë ãçâ¥¬ á¯¥-
æ¨ä¨ªã á¨áâ¥¬ë (2.45),   ¨¬¥®, â®, çâ® ¯®«®¢¨  ¥¨§¢¥áâëå
(zj) ¢ ¥¥ ¢å®¤¨â «¨¥©®,   ¯®«®¢¨  (�0j) | ¥«¨¥©® (¥á«¨
¥ áç¨â âì F ). �«ï à¥è¥¨ï ¯®¤®¡ëå ���� ¢¥áì¬  íää¥ª-
â¨¢¥,  ¯à¨¬¥à, ¬¥â®¤ Ǳà®¨ [38], ®¤ ª® ® ¯®¤å®¤¨â «¨èì
¤«ï ���� á ¬ âà¨æ¥© � ¤¥à¬®¤  (ª®£¤  K (�i; �

0

j) ¨§¬¥ï¥âáï
¢¤®«ì áâà®ª¨ ¯® £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨),   ¬ âà¨æ  ¢ (2.45)
â ª®¢®©, ¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï. �á¯®«ì§ã¥âáï ¥é¥  «£®à¨â¬
Ǳ¨¡«§ -�¥àª®¢¨ç  [50], ®¤ ª® ® ¢¥áì¬  ¥â®ç¥,   â ª¦¥  «-
£®à¨â¬ � «ìª®¢¨ç -�®®¢ «®¢  [76], ® íâ® á«¨èª®¬ £à®¬®§¤ª¨©
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 «£®à¨â¬. Ǳ®íâ®¬ã ¤«ï à¥è¥¨ï (2.45) ¬®¦® ¢®á¯®«ì§®¢ âìáï
 «£®à¨â¬®¬ ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨ [59, ç. I, III].

�à âª®¥ ¨§«®¦¥¨¥  «£®à¨â¬  ¨â¥£à «ì®©  ¯¯à®ªá¨¬ -
æ¨¨. � íâ®¬  «£®à¨â¬¥:

1. �¥è ¥âáï ¨â¥£à «ì®¥ ãà ¢¥¨¥ (2.42) ¨«¨ (2.43) ¬¥â®¤®¬
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  á § ¨¦¥ë¬ § ç¥¨¥¬ ¯ à ¬¥âà  à¥-
£ã«ïà¨§ æ¨¨ �. Ǳ®«ãç ¥âáï à¥è¥¨¥ z�(�

0).

2. � à¥è¥¨¨ z�(�
0) ¢ë¤¥«ïîâáï L 6 N  ¨¡®«¥¥ ¬®éëå ¬ ª-

á¨¬ã¬®¢, £¤¥ N § ¤ ¥âáï   ®á®¢¥ ¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨
â ª, çâ®¡ë N > n, ¨ ä¨ªá¨àãîâáï ¨å ã£«ë e�0j ; j = 1; L.
3. �¥è ¥âáï ãâ®çïîé ï ����

LX
j=1

K (�i; e�0j) ezj + eF = eu (�i); i = 1;m; c 6 �i 6 d; (2.47)

®â®á¨â¥«ì® ezj ¨ eF .
4. �áâ ¢«ïîâáï «¨èì â¥ ezj ¨ eF , ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢®:

ezj > Z; j = 1; k; eF > 0; (2.48)

£¤¥ Z > 0 | ¥ª®â®àë©  ¯à¨®à¨ § ¤ ë© ¡ àì¥à,   k 6 L |
ª®«¨ç¥áâ¢® ezj , ¯à¥®¤®«¥¢è¨å ¡ àì¥à Z. Ǳà¨ íâ®¬ ¡ àì¥à Z ¬®¦®
®¯à¥¤¥«¨âì, ¨á¯®«ì§ãï á®®â®è¥¨¥ [72, á. 126]:

Z = �u
p
�2 lnF«â; (2.49)

£¤¥ �u | áà¥¤¥ª¢ ¤à â¨ç¥áª®¥ § ç¥¨¥ á«ãç ©®© á®áâ ¢«ïîé¥©
¯®¬¥å¨ Æu (�), ¯®« £ ¥¬®¥ ¨§¢¥áâë¬,   F«â 2 [0; 1] | § ¤ ¢ ¥¬ ï
ãá«®¢ ï ¢¥à®ïâ®áâì «®¦®© âà¥¢®£¨.

�®áâ®¨áâ¢®¬ íâ®£®  «£®à¨â¬  ï¢«ï¥âáï â®, çâ®  ¨¡®«¥¥ âàã¤-
 ï ç áâì § ¤ ç¨ | ®¯à¥¤¥«¥¨¥ ¥«¨¥©® ¢å®¤ïé¨å § ç¥¨© �0j ,
  â ª¦¥ n | ¨å ç¨á«�  | à¥è ¥âáï «¨¥©®,   ¨¬¥®, ¯ãâ¥¬
à¥è¥¨ï «¨¥©®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (2.42) ¨«¨ (2.43).

�®¤¥«ìë© ¯à¨¬¥à. �  à¨á. 2.18 ¯à¥¤áâ ¢«¥ á«¥¤ãîé¨© ¬®-
¤¥«ìë© ¯à¨¬ ¥ à (â¨¯  ¯à¨¬¥à  2 ¨§ [59, ç. III]): 1 | «¨¥©-
ç âë© á¯¥ªâà, á®áâ®ïé¨© ¨§ 6 «¨¨©, 2 | íªá¯¥à¨¬¥â «ìë©
(¨§¬¥à¥ë©) á¯¥ªâà u (�) ¡¥§ ¯®£à¥è®áâ¥©, 3 | § èã¬«¥ë©
íªá¯¥à¨¬¥â «ìë© (¨§¬¥à¥ë©) á¯¥ªâà eu (�) | á¬. (2.40), ¯à¨-
ç¥¬ U = 0:3, �u = 0:2, 4 | à §®áâ ï �� (��) K (�).
�¨¤¨¬, çâ® ¢ ¨§¬¥à¥®¬ á¯¥ªâà¥ ¡«¨§ª¨¥ «¨¨¨ (¤¢¥ á«¥¢  ¨

âà¨ á¯à ¢ ) ¥à §à¥è¥ë. � ¤ ç  à¥¤ãªæ¨¨ à¥è « áì á ¨á¯®«ì§®-
¢ ¨¥¬  «£®à¨â¬  ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨. Ǳà¨ íâ®¬ ç¨á«®
¤¨áªà¥âëå ®âáç¥â®¢ ¯à¨ à¥è¥¨¨ ¨â¥£à «ì®£® ãà ¢¥¨ï (2.42)
¯®« £ «®áì à ¢ë¬ m = 481, a = c, b = d, N = 10, � = 10�4, ¡ àì¥à
Z ®¯à¥¤¥«ï«áï ¯® ä®à¬ã«¥ (2.49) ¯à¨ F«â = 10�4.
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�¨á. 2.18

�¨á. 2.19

�  à¨á. 2.19 | à¥è¥¨¥ ¤ ®£® ¯à¨¬¥à : 1 | â®çë¥ ¨â¥-
á¨¢®áâ¨ «¨¨© zj , 2 | à¥è¥¨¥ z�(�

0) ¨â¥£à «ì®£® ãà ¢¥¨ï
(2.42) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¯à¨ � = 10�4, 3 | à¥-
è¥¨¥ ezj ãâ®çïîé¥© ���� (2.47). �¨¤¨¬, çâ® ¢ à¥§ã«ìâ â¥
à¥è¥¨ï ãà ¢¥¨ï (2.42) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  (ªà¨-
¢ ï 2 ) à §à¥è¨«¨áì ¢á¥ ¨áâ¨ë¥ «¨¨¨, ®¤ ª® ¯®ï¢¨«®áì ¬®£®
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«®¦ëå «¨¨© (¬ ªá¨¬ã¬®¢ ¢ à¥è¥¨¨ z�(�
0)). �® ¯®á«¥¤ãîé¥¥

à¥è¥¨¥ ãâ®çïîé¥© ���� (2.47) ¯®§¢®«¨«® áãé¥áâ¢¥® (  1{3
¯®àï¤ª ) á¨§¨âì ¨â¥á¨¢®áâ¨ «®¦ëå «¨¨©, á¤¥« ¢ ¨å ¬¥ì-
è¥ ¯®à®£  Z, ¨ ¯à¨¡«¨§¨âì ¢ëç¨á«¥ë¥ § ç¥¨ï ¨â¥á¨¢®áâ¥©
¨áâ¨ëå «¨¨© ª ¨å â®çë¬ § ç¥¨ï¬.
� à¥§ã«ìâ â¥ ¢á¥ è¥áâì á¯¥ªâà «ìëå «¨¨© à §à¥è¨«¨áì ¨

á å®à®è¥© â®ç®áâìî ®¯à¥¤¥«¨«¨áì ¨å ç áâ�®âë ¨ ¨â¥á¨¢®áâ¨,
  â ª¦¥ ä® F , ¯à¨ç¥¬ ¨ ®¤  «¨¨ï ¥ ¯®â¥àï« áì ¨ ¨ ®¤ 
«®¦ ï ¥ ¯®ï¢¨« áì, å®âï ¯®¬¥å®-á¨£ «ì ï á¨âã æ¨ï ¢ íâ®¬
¯à¨¬¥à¥ ¢ë¡à   á¯¥æ¨ «ì® á«®¦ ï, çâ®¡ë ¯à®¤¥¬®áâà¨à®¢ âì
¢®§¬®¦®áâ¨  «£®à¨â¬  ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨.

�àã£¨¥ ®¡à âë¥ § ¤ ç¨ á¯¥ªâà®áª®¯¨¨. Ǳ¥à¥ç¨á«¨¬ ¤àã-
£¨¥ ®¡à âë¥ § ¤ ç¨ á¯¥ªâà®áª®¯¨¨ [44] (ª®â®àë¥ ¤®«¦ë ¢ë-
¯®«ïâìáï ¢ ¯®àï¤ª¥ ¨å ¯¥à¥ç¨á«¥¨ï): à¥¤ãªæ¨ï ª ®¯â¨ç¥áª¨
â®ª®¬ã á«®î (à¥¤ãªæ¨ï §  á ¬®¯®£«®é¥¨¥ ¢ «¨¨¨, ¨«¨ § 
à¥ ¡á®à¡æ¨î), á¥¯ à æ¨ï ¯¥à¥ªàë¢ îé¨åáï ª®¬¯®¥â®¢ á¢¥àå-
â®ª®© (¬ã«ìâ¨¯«¥â®©) áâàãªâãàë «¨¨¨ (à §«®¦¥¨¥ á«®¦®£®
áã¬¬ à®£® ª®âãà  z (�) | á¬. à¨á. 2.11   ª®âãàë ®â¤¥«ìëå
ª®¬¯®¥â®¢ «¨¨¨,  ¯à¨¬¥à, ¢ ¢¨¤¥ £ ãáá¨ ), ¢®ááâ ®¢«¥¨¥
äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¯® áª®à®áâï¬ ¤¢¨¦ãé¨åáï  â®¬®¢, ¢®-
áïé¨å ¢ª« ¤ ¢ ª®âãà ¥ª®â®à®£® ª®¬¯®¥â  «¨¨¨ ¨ â. ¤.

� ¯à®£à ¬¬ å. � ¤ ç  à¥¤ãªæ¨¨ ª ¨¤¥ «ì®¬ã á¯¥ªâà «ì®¬ã
¯à¨¡®àã ¢ á«ãç ¥ ¥¯à¥àë¢®£® á¯¥ªâà  á¢®¤¨âáï ª à¥è¥¨î ¨-
â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤  (2.42) ¨«¨ â¨¯  á¢¥àâª¨
(2.43). �«ï ¨å à¥è¥¨ï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  (  â ª¦¥
¬¥â®¤ ¬¨ «®ª «ì®© à¥£ã«ïà¨§ æ¨¨, áã¡®¯â¨¬ «ì®© ä¨«ìâà æ¨¨
¨ ®¯â¨¬ «ì®© ä¨«ìâà æ¨¨ �¨¥à ) ¬®¦® ¨á¯®«ì§®¢ âì á«¥¤ãî-
é¨¥ ¯à®£à ¬¬ë   �®àâà ¥: PTIMR, PTIZR, PTIPR, PTIKR [71],
TIKH1, TIKH2, TIKH3, TIKH4, TIKH5, CONV1, CONV2, CONV3,
CONV4, CONV5 [19], CONVOL, LOCAL0, LOCALINF, LOCALN,
SUBOPT, OPT [61, ¯ ª¥â CONF].
� á«ãç ¥ ¦¥ ¤¨áªà¥â®£® á¯¥ªâà  § ¤ ç  á¢®¤¨âáï ª à¥è¥¨î

���� (2.45), ¤«ï à¥è¥¨ï ª®â®à®© ¬®¦® ¨á¯®«ì§®¢ âì ¯à®£à ¬-
¬ë   �®àâà ¥ [80] ¨«¨ [61, ¯ ª¥â SLNE].

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � §®¢¨â¥ â¨¯ë á¯¥ªâà®¢ (¨§«ãç¥¨ï ¨ â. ¤.).
2. Ǳ¥à¥ç¨á«¨â¥ ®¯â¨ç¥áª¨¥ á¯¥ªâà «ìë¥ ¯à¨¡®àë.
3. � §®¢¨â¥ ®¡« áâ¨ ¯à¨¬¥¥¨ï á¯¥ªâà «ì®£®   «¨§ .
4. � ª¨¥ ¡ë¢ îâ á¯¥ªâàë ¯® ¨å ¢¨¤ã (¥¯à¥àë¢ë¥ ¨ â. ¤.).
5. �â® â ª®¥ è¨à®ª®¯®«®áë© ¨ ã§ª®¯®«®áë© á¯¥ªâà «ìë©

  «¨§? Ǳà¨¢¥¤¨â¥ ¯à¨¬¥àë.
6. � ç¥¬ á®áâ®ïâ ®â«¨ç¨ï íªá¯¥à¨¬¥â «ì®£® á¯¥ªâà  ®â ¨á-

â¨®£®?
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7. � ©â¥ ®¯à¥¤¥«¥¨¥  ¯¯ à â®© äãªæ¨¨ (á¯¥ªâà «ì®© çã¢-
áâ¢¨â¥«ì®áâ¨) á¯¥ªâà®¬¥âà .
8. �ä®à¬ã«¨àã©â¥ § ¤ çã ¢®ááâ ®¢«¥¨ï ¥¯à¥àë¢®£® ¨ ¤¨á-

ªà¥â®£® á¯¥ªâà®¢.
9. � ª¨¬¨ ãà ¢¥¨ï¬¨ ®¯¨áë¢ ¥âáï § ¤ ç  ¢®ááâ ®¢«¥¨ï

á¯¥ªâà ?
10. � á¯¨è¨â¥ ¯®¤à®¡® ���� (2.45) ¯à¨ n = 2, m = 5.
11. Ǳ¥à¥ç¨á«¨â¥ ¬¥â®¤ë à¥è¥¨ï ��� ¡¥§ ®£à ¨ç¥¨©, ���

á ®£à ¨ç¥¨ï¬¨ ¨ ����.
12. � ç¥¬ á®áâ®¨â  «£®à¨â¬ ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨ à¥-

è¥¨ï ����?

2.4. �¡à â ï § ¤ ç  ¤¨ £®áâ¨ª¨ ¯« §¬ë

� áá¬®âà¨¬ ®¡à âãî § ¤ çã ¢ëç¨á«¨â¥«ì®© ¤¨ £®áâ¨ª¨
¯« §¬ë.

Ǳ®ïâ¨¥ ¯« §¬ë. �ä®à¬ã«¨àã¥¬ ¯®ïâ¨¥ ¯« §¬ë ¢ ¢¨¤¥
®¯à¥¤¥«¥¨ï.
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥ . Ǳ« §¬  [53, á. 536] | íâ® ç áâ¨ç® ¨«¨ ¯®«-

®áâìî ¨®¨§®¢ ë© £ §, ¢ ª®â®à®¬ ¯«®â®áâ¨ ¯®«®¦¨â¥«ìëå
¨ ®âà¨æ â¥«ìëå § àï¤®¢ (¢ ®á®¢®¬ ¨®®¢ ¨ í«¥ªâà®®¢) ¯à ª-
â¨ç¥áª¨ ®¤¨ ª®¢ë.
��®«ìè ï ç áâì ¢¥é¥áâ¢  ¢® �á¥«¥®©  å®¤¨âáï ¢ á®áâ®ï¨¨

¯« §¬ë (§¢¥§¤ë, §¢¥§¤ë¥  â¬®áä¥àë, âã¬ ®áâ¨ ¨ ¬¥¦§¢¥§¤ ï
áà¥¤ ). �ª®«® �¥¬«¨ ¯« §¬  áãé¥áâ¢ã¥â ¢ ª®á¬®á¥ ¢ ¢¨¤¥ á®«¥ç-
®£® ¢¥âà , à ¤¨ æ¨®ëå ¯®ïá®¢ ¨ ¨®®áä¥àë. � « ¡®à â®àëå
ãá«®¢¨ïå ¨ ¢ ¯à®¬ëè«¥®áâ¨ ¬ë ¨¬¥¥¬ ¯« §¬ã,  ¯à¨¬¥à, ¢ ¢¨-
¤¥ í«¥ªâà¨ç¥áª®£® à §àï¤  ¢ £ § å, ¢ ¯« §¬¥ëå ãáª®à¨â¥«ïå
¨ â. ¤.

� à ªâ¥à¨áâ¨ª¨ ¯« §¬ë. Ǳ« §¬ã å à ªâ¥à¨§ãîâ á«¥¤ãîé¨¥
¯ à ¬¥âàë:
| ¯«®â®áâì n (®  § ª«îç¥  ¢ ®ç¥ì è¨à®ª®¬ ¤¨ ¯ §®¥:

®â � 10�6 á¬�3 ¢ ¬¥¦£ « ªâ¨ç¥áª®¬ ¯à®áâà áâ¢¥, � 10 á¬�3

¢ á®«¥ç®¬ ¢¥âà¥ ¨ ¤® � 1022 á¬�3 ¢ æ¥âà¥ §¢¥§¤),
| áâ¥¯¥ì ¨®¨§ æ¨¨ � (®â®è¥¨¥ ç¨á«�  ¨®¨§®¢ ëå  â®-

¬®¢ ª ¯®«®¬ã ¨å ç¨á«ã),
| â¥¬¯¥à âãà  T (¨§ª®â¥¬¯¥à âãà ï ¯« §¬  ¨¬¥¥â T . 105

K,   ¢ëá®ª®â¥¬¯¥à âãà ï ¯« §¬  ¨¬¥¥â T & 106 K,  ¯à¨¬¥à,  
¯®¢¥àå®áâ¨ �®«æ  T = 6 � 103 K,   ¢ãâà¨ ¥£® T = 20 � 106K),
| «®ª «ì ï ¨§«ãç â¥«ì ï á¯®á®¡®áâì " (á¢ï§   á n, �, T )

¨ â. ¤.
�¥à¬¨ ó¯« §¬ ô ¢¯¥à¢ë¥ ¢¢¥¤¥ ¢ ä¨§¨ª¥ ¢ 1929 £.  ¬¥à¨ª -

áª¨¬¨ ãç¥ë¬¨ �¥£¬îà®¬ ¨ �®ªá®¬.
Ǳ« §¬  ¢® ¬®£®¬ ®â«¨ç ¥âáï ®â ¥©âà «ì®£® £ § . �«ï ¯« §-

¬ë (¢ ®â«¨ç¨¥ ®â ¥©âà «ì®£® £ § ) å à ªâ¥àë ¨®¨§ æ¨ï, ªã«®-
®¢áª¨¥ á¨«ë ¬¥¦¤ã ç áâ¨æ ¬¨, ¢§ ¨¬®¤¥©áâ¢¨¥ á í«¥ªâà®¬ £¨â-
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ë¬¨ ¯®«ï¬¨. �â® ¯®§¢®«ï¥â à áá¬ âà¨¢ âì ¯« §¬ã ª ª ®á®¡®¥,
ç¥â¢¥àâ®¥ á®áâ®ï¨¥ ¢¥é¥áâ¢ .
� ãáâ ®¢ª å (á¨áâ¥¬ å) â®ª ¬ ª (á®ªà é¥¨¥ ®â óâ®à®¨¤ «ì-

 ï ª ¬¥à  á ¬ £¨âë¬¨ ª âãèª ¬¨ô), ¯à¥¤ § ç¥ëå ¤«ï á®-
§¤ ¨ï ¨ ã¤¥à¦ ¨ï ¢ëá®ª®â¥¬¯¥à âãà®© ¯« §¬ë, §  áç¥â ¢¨-
â®¢ëå á¨«®¢ëå «¨¨© ¬ £¨âëå ¯®«¥© á®§¤ îâáï ¯« §¬¥ë¥
èãàë (á¬. à¨á. 2.20).

�¨á. 2.20

�¯¥ªâà ¨§«ãç¥¨ï ¯« §¬ë. �¯¥ªâà ¨§«ãç¥¨ï ¨§ª®â¥¬¯¥à -
âãà®© ( ¯à¨¬¥à, £ §®à §àï¤®©) ¯« §¬ë á®áâ®¨â ¨§ ®â¤¥«ìëå
á¯¥ªâà «ìëå «¨¨© (á¬. à¨á. 2.21).

�¨á. 2.21

� à¥ª« ¬ëå « ¬¯ å ¨ « ¬¯ å ó¤¥¢®£® á¢¥â ô ¨¬¥îâ ¬¥áâ®
¯à®æ¥ááë ¨®¨§ æ¨¨ ¨ à¥ª®¬¡¨ æ¨¨, ¢ à¥§ã«ìâ â¥ ç¥£® ¨å á¯¥ª-
âàë ï¢«ïîâáï ¯®«®á âë¬¨ ¢ ¢¨¤¥ è¨à®ª¨å ¯®«®á (á¬. à¨á. 2.22).

�¨á. 2.22

� ¤«ï ¢ëá®ª®â¥¬¯¥à âãà®© ¯« §¬ë á® § ç¨â¥«ì®© áâ¥¯¥-
ìî ¨®¨§ æ¨¨ å à ªâ¥à® â®à¬®§®¥ ¨§«ãç¥¨¥ á ¥¯à¥àë¢ë¬
á¯¥ªâà®¬.

�¨ £®áâ¨ª  ¯« §¬ë.
�¯à ¥ ¤ ¥ « ¥  ¨ ¥. �¨ £®áâ¨ª  ¯« §¬ë | íâ® ®¯à¥¤¥«¥¨¥ ¥¥

¯ à ¬¥âà®¢ (¯«®â®áâ¨ n, â¥¬¯¥à âãàë T , «®ª «ì®© ¨§«ãç â¥«ì-
®© á¯®á®¡®áâ¨ ", í«¥ªâà¨ç¥áª¨å ¨ ¬ £¨âëå ¯®«¥© ¨ â. ¤.)
¢ äãªæ¨¨ ª®®à¤¨ â x, y, z (â. ¥. «®ª «ìëå ¯ à ¬¥âà®¢) ¨
¢à¥¬¥¨ t.
�¨ £®áâ¨ª  ¬®¦¥â ¡ëâì  ªâ¨¢®© ¨ ¯ áá¨¢®©. �ªâ¨¢ ï

¤¨ £®áâ¨ª  | íâ® ®¯à¥¤¥«¥¨¥ ¯ à ¬¥âà®¢ ¯« §¬ë á ¯®¬®éìî
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í«¥ªâà¨ç¥áª®£® ¨«¨ ¬ £¨â®£® §®¤ , ¯ãâ¥¬ ¯à®á¢¥ç¨¢ ¨ï ¯« §-
¬ë ��� ¨§«ãç¥¨¥¬, ¯ãçª ¬¨ § àï¦¥ëå ¨/¨«¨ ¥©âà «ìëå
ç áâ¨æ, ¯ãâ¥¬ « §¥à®£® ¯à®á¢¥ç¨¢ ¨ï ¨ â. ¤. Ǳ áá¨¢ ï ¤¨ £®-
áâ¨ª  | íâ® ®¯à¥¤¥«¥¨¥ ¯ à ¬¥âà®¢ ¯« §¬ë á¯¥ªâà®áª®¯¨ç¥-
áª¨¬¨ ¬¥â®¤ ¬¨, ¯ãâ¥¬ ä®â®£à ä¨à®¢ ¨ï, á ¯®¬®éìî ¨§¬¥à¥¨ï
í«¥ªâà®¬ £¨âëå ¯®«¥© ¨ â. ¤.
�ë ®áâ ®¢¨¬áï   ¥ª®â®àëå ¢®¯à®á å ¯ áá¨¢®© ¤¨ £®áâ¨ª¨

¯« §¬ë. �¥«® ¢ â®¬, çâ®,  ¯à¨¬¥à, [30] ¢ â¥à¬®ï¤¥àëå ãáâ ®¢-
ª å ¥®¡å®¤¨¬® § âì ¯ à ¬¥âàë ¯« §¬ë. �® ¨§-§  ¢ëá®ª®© â¥¬¯¥-
à âãàë (¤¥áïâª¨ ¬¨««¨®®¢ £à ¤ãá®¢) ¯àï¬ë¥ ¨§¬¥à¥¨ï ¢ãâà¨
¥¥ (â. ¥.  ªâ¨¢ ï ¤¨ £®áâ¨ª ) ¥¢®§¬®¦ë. Ǳ®íâ®¬ã ®¯à¥¤¥-
«¨âì ¢ãâà¥¨¥ ¯ à ¬¥âàë ¯« §¬ë ¬®¦® «¨èì   ®á®¢ ¨¨
ª®á¢¥ëå ¨§¬¥à¥¨© ¢¥ ¯« §¬ë ¨ ¯®á«¥¤ãîé¥© ¨å ¬ â¥¬ â¨-
ç¥áª®© ®¡à ¡®âª¨. �â® ¦¥ å à ªâ¥à® ¨ ¤«ï ¯« §¬ë ¢® ¢¥§¥¬®¬
¯à®áâà áâ¢¥, £¤¥ ¢®§¬®¦  ¢ ®á®¢®¬ ¯ áá¨¢ ï ¤¨ £®áâ¨ª  á
¬ â¥¬ â¨ç¥áª®© ®¡à ¡®âª®©, ª â®¬ã ¦¥ §¤¥áì  è¨ ¢®§¬®¦®áâ¨
®£à ¨ç¥ë (¬ë ¥ ¬®¦¥¬ ¢ë¯®«ïâì ¨§¬¥à¥¨ï ¯®¤ à §ë¬¨ à -
ªãàá ¬¨,   ¨¬¥®, ¯®¤ à §ë¬¨ ã£« ¬¨ � | á¬. ¤ «¥¥ à¨á. 2.23).

�å¥¬  ¯ áá¨¢®© ¤¨ £®áâ¨ª¨ ¯« §¬ë. � áá¬®âà¨¬ á«¥¤ãî-
éãî áå¥¬ã ª®á¢¥®© (¯ áá¨¢®©) ¤¨ £®áâ¨ª¨ ¥ª®â®à®£® á¥ç¥¨ï
¯« §¬ë (á¬. à¨á. 2.23).

�¨á. 2.23
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�ãâì ¥¥ § ª«îç ¥âáï ¢ á«¥ ¤ãîé¥¬. � §ª® ¯à ¢«¥ë¥ ¯à¨¥¬-
¨ª¨ ¯à¨¨¬ îâ (ª ¦¤ë©) ¨â¥£à «ì®¥ ¨§«ãç¥¨¥ I (l; �), ¨¤ãé¥¥
á á®®â¢¥âáâ¢ãîé¥£® «ãç  L (l; �). �  â¥¬á¨áâ¥¬  ¯à¨¥¬¨ª®¢ ¯®¢®-
à ç¨¢ ¥âáï   ¤àã£®© ã£®« � ¨ ¨§¬¥àï¥âáï ®¢ ï äãªæ¨ï I (l; �)
¨ â. ¤. � à¥§ã«ìâ â¥ ¡ã ¤¥â ¯®«ãç¥  ¤¢ãå¬¥à ï äãªæ¨ï I (l; �).
Ǳãáâì " (x; y) | «®ª «ì ï ¨§«ãç â¥«ì ï á¯®á®¡®áâì ¯« §-

¬ë ¨§ ¥ª®â®à®© â®çª¨ (x; y). � ®£¤ ,¥á«¨ ¯à¨¥¬¨ª¨ ®¡« ¤ îâ
¡¥áª®¥ç® ã§ª®©  ¯à ¢«¥®áâìî, ª ¦¤ë© ¨§ ¨å ¯à¨¨¬ ¥â
¨§«ãç¥¨¥ «¨èì á á®®â¢¥âáâ¢ãîé¥£® «ãç  L (l; �).
�§«ãç¥¨¥ ¬®¦¥â ¯à¨¨¬ âìáï ¢ ¯®«®á¥ ç áâ®â | ¢ íâ®¬ á«ã-

ç ¥ áâ ¢¨âáï §   ¤  ç  : ¯® ¨§¬¥à¥®© I (l; �) ®¯à¥¤¥«¨âì " (x; y).
�á«¨ ¦¥ ¨§«ãç¥¨¥ ¯à¨¨¬ ¥âáï   ¥ª®â®à®© ç áâ®â¥ � (¨«¨  
àï¤¥ ç áâ®â), â® áâ ¢¨âáï §  ¤   ç  : ¯® ¨§¬¥à¥®© (¨§¬¥à¥ë¬)
I�(l; �) ®¯à¥¤¥«¨âì "�(x; y). � â¥¬ â¨ç¥áª¨ ®¡¥ § ¤ ç¨ ä®à¬ã«¨-
àãîâáï ®¤¨ ª®¢® (á¬. ¤ «ìè¥). Ǳ®íâ®¬ã ¬ë à áá¬®âà¨¬ «¨èì
®¤ã ¨§ ¨å | ¢ ¯®«®á¥ ç áâ®â. �  ï § ¤ ç  ¢¥áì¬   ¯®¬¨ ¥â
§ ¤ çã à¥â£¥®¢áª®© â®¬®£à ä¨¨ (á¬. ¯. 1.1 ¨ à¨á. 1.3).
�ãªæ¨¨ I (l; �) ¨ "(x; y) á¢ï§ ë á«¥ ¤ãîé¨¬ ¨â¥£à «ìë¬

ãà ¢¥¨¥¬ (áà. (1.6)):Z
L (l;�)

" (x; y) ds = I (l; �): (2.50)

�à ¢¥¨¥ (2.50) ¥áâì ãà ¢¥¨¥ �  ¤®  ®â®á¨â¥«ì® " (x; y).
� ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (2.50)  §ë¢ ¥âáï § ¤ ç¥© ®¯à¥¤¥«¥¨ï
«®ª «ìëå å à ªâ¥à¨áâ¨ª ¯« §¬ë ¯® ¥¥ ¨â¥£à «ìë¬ å à ªâ¥-
à¨áâ¨ª ¬. � ¬  â¥¬ â¨ç¥áª®© ¯®áâ ®¢ª¥ íâ   § ¤ ç  ¢®áå®¤¨â ª
à ¡®â ¬ �  ¤®  (1917 £.),   ¯à¨¬¥¨â¥«ì® ª ¯à ªâ¨ç¥áª¨¬ § -
¤  ç ¬ ¤¨ £®áâ¨ª¨ ®  ¯®ï¢¨« áì ¢ è¥áâ¨¤¥áïâë¥ £®¤ë ¯®çâ¨
®¤®¢à¥¬¥® ¢ ¬¥¤¨æ¨áª®© à¥â£¥®¢áª®© â®¬®£à ä¨¨ (à ¡®âë
�®à¬ ª  1963{1964 £.) ¨ ¢ ä¨§¨ª¥ ¯« §¬ë (à ¡®âë �¥áâà®¢áª®£®,
�®áâ®¬ à®¢  ¨ ¤à. 1966{1968 £.).

�¥â®¤ë à¥è¥¨ï ãà ¢¥¨ï (2.50). �à ¢¥¨¥ (2.50) (ª ª ¨
ãà ¢¥¨¥ (1.6)) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® " (x; y)
¯® ¨§¬¥à¥®© ¯à ¢®© ç áâ¨ I (l; �). �£® ª« áá¨ç¥áª®¥ à¥è¥¨¥ |
íâ® à¥è¥¨¥ �  ¤®  â¨¯  (1.7).
�®¦® ãà ¢¥¨¥ (2.50) ¯à¨¢¥áâ¨ ª áâ ¤ àâ®© ä®à¬¥ áà. (1.8)):

1ZZ
�1

" (x0; y0) dx0 dy0p
(x� x

0)2 + (y � y
0)2

= S (x; y); (2.51)

£¤¥

S (x; y) = 1

�

�Z
0

I (x cos � + y sin �; �) d�; (2.52)
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�¨á. 2.24

¯à¨ç¥¬

x cos � + y sin � = l (2.53)

| ãà ¢¥¨¥ ¯àï¬®© L (l; �). � ®£¤  ¬®¦® ¨á¯®«ì§®¢ âì ¬¥â®¤ Ǳ�
¤«ï à¥è¥¨ï ãà ¢¥¨ï (2.51) ¨ ¯®«ãç¨âì à¥è¥¨¥ â¨¯  (1.10){
(1.13).

�¤ ª® ¬¥â®¤ �  ¤® ,   â ª¦¥ ¬¥â®¤ Ǳ� á¨«ì® ¥ãáâ®©ç¨¢,
â ª ª ª § ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (2.50) ¨ (2.51) ¥ª®àà¥ªâ-
 . � à¥§ã«ìâ â¥ ¢¬¥áâ® £« ¤ª®© äãªæ¨¨ "(x; y) (á¬. à¨á. 2.24 ,
  â ª¦¥ à¨á. 2.24¡, £¤¥ "(x; y) ¯à¥ ¤áâ  ¢«¥ ¢ ¢¨¤¥ ¨§®«¨¨©)
¯®«ãç¨¬ ¥ãáâ®©ç¨¢®¥ à¥è¥¨¥ ¢ ¢¨¤¥ â ª  §ë¢ ¥¬®© ó¯¨«ëô
(á¬. à¨á. 2.25  ¨ 2.25¡; áà. à¨á. 1.13).

�¨á. 2.25
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�á®, çâ® â ª®¥ à¥è¥¨¥ ¥¯à¨¥¬«¥¬®. � áâ®©ç¨¢®¥ à¥è¥¨¥
ãà ¢¥¨ï (2.51) ¤ ¥â ,  ¯à¨¬¥à, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®-
¢  (á ¨á¯®«ì§®¢ ¨¥¬ ¤¢ãå¬¥à®£® Ǳ�). �®£« á® ¥¬ã (á¬. ¯. 8.1)
à¥£ã«ïà¨§®¢ ®¥ (ãáâ®©ç¨¢®¥) à¥è¥¨¥ à ¢® (áà. (1.10), (1.12){
(1.14))

"�(x; y) =
1

4�2

1ZZ
�1

b"�(!1; !2) e�i (!1x+!2y) d!1 d!2;
£¤¥

b"�(!1; !2) = 1

2�

!

1 + �!
2(!4 + 1)

bS (!1; !2);
bS (!1; !2) = 1ZZ

�1

S (x; y) ei (!1x+!2y) dx dy;

! =
p
!21 + !22 , � > 0 | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨. �¥è¥¨¥ "�(x; y)

¯à¨ ¯à ¢¨«ì® ¢ë¡à ®¬ � ¢¥áì¬  ¡«¨§ª® ª â®ç®¬ã à¥è¥¨î
" (x; y).
� ª¨£¥ [52, á. 163{175] ¨§«®¦¥ë â ª¦¥ ¤àã£¨¥ ¬¥â®¤ë à¥è¥-

¨ï ãà ¢¥¨ï (2.50): ¯à¥ ¤áâ ¢«¥¨¥ ¤¢ãå¬¥à®© äãªæ¨¨ " (x; y)
¢ ¢¨¤¥ ®¤®¬¥à®© äãªæ¨¨ " (z), £¤¥ z | ¯ à ¬¥âà, å à ªâ¥-
à¨§ãîé¨© ¢¨¤ ¨§®«¨¨© ( ¯à¨¬¥à, ¢ ¢¨¤¥ í««¨¯á®¢); ¯à¨¬¥¥-
¨¥ ®âà¥§ª  ¤¢ãå¬¥à®£® àï¤  �ãàì¥; á¢¥ ¤�¥¨¥ ¤¢ãå¬¥à®£® ¨â¥-
£à «ì®£® ãà ¢¥¨ï (2.50) ª á¨áâ¥¬¥ ®¤®¬¥àëå ¨â¥£à «ìëå
ãà ¢¥¨© â¨¯  �¡¥«ï á ¨á¯®«ì§®¢ ¨¥¬ ¯®«¨®¬®¢ �¥¡ëè¥¢ ,
�¥à¨ª¥, � £¥àà , �à¬¨â  (¯® à ¡®â ¬ �®à¬ ª , � «ì¤® ¤®
¨ ¤à.); ¨á¯®«ì§®¢ ¨¥ ¤¢ãå¬¥àëå á£« ¦¨¢ îé¨å á¯« ©®¢ ¤«ï
ç¨á«¥®© à¥ «¨§ æ¨¨ à¥è¥¨ï � ¤®  â¨¯  (1.7) ¨ ¤à.

�«ãç © æ¨«¨¤à¨ç¥áª®© á¨¬¬¥âà¨¨. � ¯à ¢¨¬ (ªà¨¢®«¨-
¥©ãî) ®áì z ¢¤®«ì ¯« §¬¥®£® èãà  (á¬. à¨á. 2.26).
�  áá¬®âà¨¬ á«ãç ©, ª®£¤  «®ª «ì ï ¨§«ãç â¥«ì ï á¯®á®¡-

®áâì " § ¢¨á¨â «¨èì ®â à ááâ®ï¨ï r ®â ®á¨ z (®á¨ á¨¬¬¥âà¨¨),

â. ¥. "z(x; y) = " (r), r =
p
x2 + y2. �â® | á«ãç © æ¨«¨¤à¨ç¥áª®©

á¨¬¬¥âà¨¨ ¯« §¬¥®£® èãà . �é¥ à¥ «ì¥¥ á«ãç © ªàã£®¢®©
á¨¬¬¥âà¨¨, ª®£ ¤  ¢ ª ¦¤®¬ á¥ç¥¨¨ ¯« §¬¥®£® èãà " § ¢¨á¨â
«¨èì ®â r, ® ¯à¨ íâ®¬ § ¢¨á¨â â ª¦¥ ®â z, â. ¥. "z(x; y) = "z(r).
�  áá¬®âà¨¬ ®¡  íâ¨ á«ãç ï ¢ ®¤®¬ ª«îç¥, ®¯ãáª ï ¨¤¥ªá z.
� ®¡®¨å á«ãç ïå ¤¨ £®áâ¨ªã ¯« §¬ë ¤®áâ â®ç® ¢ë¯®«ïâì ã§-
ª® ¯à ¢«¥ë¬¨ ¯à¨¥¬¨ª ¬¨, ¥ ¯®¢®à ç¨¢ ï ¨å   à §ë¥
ã£«ë � (á¬. à¨á. 2.27).
�®£¤  I (l; �) = I (l), " (x; y) = " (r). �§¬¥à¥ ï ¨â¥á¨¢®áâì

I (l) à ¢  ¨â¥£à «ã ¯® «ãçã §à¥¨ï, â. ¥.

I (l) =

Z
G

" (r) ds; (2.54)
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�¨á. 2.26 �¨á. 2.27

£¤¥ G | £à ¨æ  á¥ç¥¨ï (®ªàã¦®áâì à ¤¨ãá  R). Ǳà¥®¡à §ã-
¥¬ (2.54), ãç¨âë¢ ï, çâ® s =

p
r2 � l2, ds = r dr=

p
r2 � l2; ¯®«ãç¨¬:

I (l) = 2

RZ
l

" (r) r drp
r
2 � l

2

¨«¨
RZ
l

rp
r
2 � l

2
" (r) dr =

I (l)

2
; �R 6 l 6 R : (2.55)

�®®â®è¥¨¥ (2.55) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ I à®¤  á ¯¥à¥¬¥-
ë¬ ¨¦¨¬ ¯à¥¤¥«®¬, ¯®íâ®¬ã íâ® | ¨â¥£à «ì®¥ ãà ¢¥¨¥
â¨¯  �®«ìâ¥ààë, ® ¯®áª®«ìªã ¯à¨ r = l ï¤à® K (l; r) = r=

p
r2 � l2

®¡à é ¥âáï ¢ ¡¥áª®¥ç®áâì, â® íâ® â ª¦¥ á¨£ã«ïà®¥ ¨â¥£à «ì-
®¥ ãà ¢¥¨¥. �£®  §¢ ¨¥ | ¨â¥£à «ì®¥ ãà ¢¥¨¥ �¡¥«ï
[30, 52] (â®ç¥¥, ¨â¥£à «ì®¥ ãà ¢¥¨¥ �¥©¯¥«ï [19, á. 109]). �
¥¬

I (l) | ¨§¬¥à¥ ï äãªæ¨ï (¨§«ãç¥¨¥, ¯à¨ïâ®¥ ¯à¨¥¬¨ª®¬),

" (r) | ¨áª®¬ ï äãªæ¨ï («®ª «ì ï ¨§«ãç â¥«ì ï á¯®á®¡-
®áâì ¯« §¬ë),

K (l; r) = r=
p
r2 � l2 | ï¤à® á® á« ¡®© á¨£ã«ïà®áâìî.

�â ª, ¢ á«ãç ¥ ªàã£®¢®© (¨«¨ æ¨«¨¤à¨ç¥áª®©) á¨¬¬¥âà¨¨
¯« §¬ë ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (2.50) ¨«¨ (2.51) ¯à¥-
®¡à §ã¥âáï ¢ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (2.55).
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�«ãç © è à®¢®© á¨¬¬¥âà¨¨. �â®â á«ãç © ¨¬¥¥â ¬¥áâ®,  -
¯à¨¬¥à, ¤«ï è à®¢®© ¬®«¨¨,   â ª¦¥ (¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨)
¤«ï §¢¥§¤. Ǳ®« £ ¥¬, çâ® ¯« §¬  | íâ® è à ¨ " = " (�), £¤¥ � |
à ááâ®ï¨¥ ®â æ¥âà  è à  (á¬. à¨á. 2.28).

�¨á. 2.28

� â¥¬ â¨ç¥áª ï § ¤ ç  ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬ â¨¯  (2.55),  
¨¬¥®:

RZ
l

�p
�
2 � l

2
" (�) d� =

I (l)

2
; �R 6 l 6 R : (2.56)

�¥è¥¨¥ ãà ¢¥¨© (2.55) ¨ (2.56). �à ¢¥¨ï (2.55) ¨ (2.56)
¯à¨ ¤«¥¦ â ª â®¬ã à¥¤ª®¬ã â¨¯ã ¨â¥£à «ìëå ãà ¢¥¨©, ª®-
â®àë¥ ¨¬¥îâ   «¨â¨ç¥áª®¥ à¥è¥¨¥. � ¯à¨¬¥à, à¥è¥¨¥ ãà ¢¥-
¨ï (2.56) ¨¬¥¥â ¢¨¤

" (�) = � 1

�

RZ
�

dI (l)=dlp
l
2 � �

2
dl; 0 6 � 6 R : (2.57)

�¤ ª® ¯à¨ ¢á¥¬ ¨§ïé¥áâ¢¥ à¥è¥¨ï (2.57) ®® ¨¬¥¥â â®â ¥¤®áâ -
â®ª, çâ® ¨â¥£à « ¢ (2.57) ï¢«ï¥âáï á¨£ã«ïàë¬ (¯®¤ëâ¥£à «ì-
 ï äãªæ¨ï ®¡à é ¥âáï ¢ ¡¥áª®¥ç®áâì ¯à¨ l = �). � ¯®áª®«ìªã
äãªæ¨ï I (l),   § ç¨â ¨ dI (l)=dl | íªá¯¥à¨¬¥â «ì ï (ç¨á«¥-
 ï, â ¡«¨ç ï) äãªæ¨ï, â® ¨â¥£à « ¢ (2.57) ã¦® ¢ëç¨á«ïâì
ç¨á«¥® ¯® ¥ª®â®à®© ª¢ ¤à âãà®© ä®à¬ã«¥. �¤ ª®, ¥á«¨ ¢ ª -
ç¥áâ¢¥ ª¢ ¤à âãà®© ä®à¬ã«ë ¢§ïâì,  ¯à¨¬¥à, ä®à¬ã«ã âà ¯¥-
æ¨©, â® ¢ëç¨á«¥¨ï ¡ã¤ãâ ¥¢®§¬®¦ë ¨§-§  ®¡à é¥¨ï äãªæ¨¨
1=
p
l2 � �2 ¢ ¡¥áª®¥ç®áâì ¯à¨ l = �. �â®¡ë ®¡®©â¨ íâ®, ¬®¦®

¨á¯®«ì§®¢ âì á¯¥æ¨ «ìë¥ ª¢ ¤à âãàë¥ ä®à¬ã«ë ¤«ï á¨£ã«ïà-
ëå ¨â¥£à «®¢ [6]. �® ¥é¥ ã¤®¡¥¥ ¢®á¯®«ì§®¢ âìáï á«¥¤ãîé¥©
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¬®¤¨ä¨ª æ¨¥© ä®à¬ã«ë (2.57), ª®â®àãî ¬®¦® ¯®«ãç¨âì á ¯®¬®-
éìî ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬:

" (�) = 1

�

RZ
�

p
l2 � �2 d

dl

h
1

l

dI (l)

dl

i
dl; 0 6 � 6 R : (2.58)

� ä®à¬ã«¥ (2.58) ¯®¤ëâ¥£à «ì ï äãªæ¨ï ¥ ®¡à é ¥âáï ¢ ¡¥á-
ª®¥ç®áâì (ªà®¬¥ á«ãç ï l = � = 0), ¯à ¢¤ , âà¥¡ã¥âáï ¤¢ãªà â®¥
¤¨ää¥à¥æ¨à®¢ ¨¥ íªá¯¥à¨¬¥â «ìëå ¤ ëå I (l).

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � âì ®¯à¥¤¥«¥¨¥ ¯« §¬ë, ¯à¨¢¥áâ¨ ¯à¨¬¥àë.
2. � ª¨¥ ¯ à ¬¥âàë å à ªâ¥à¨§ãîâ ¯« §¬ã?
3. � ª¨¥ â¨¯ë á¯¥ªâà®¢ ¡ë¢ îâ ã ¯« §¬ë?
4. �â® â ª®¥ ¤¨ £®áâ¨ª  ¯« §¬ë? Ǳ®ïá¨âì ¯®ïâ¨ï  ªâ¨¢®©

¨ ¯ áá¨¢®© ¤¨ £®áâ¨ª¨.
5. Ǳà¨¢¥áâ¨ ¨ ¯®ïá¨âì áå¥¬ã ¯ áá¨¢®© ¤¨ £®áâ¨ª¨ ¯« §¬ë.
6. � ¯¨á âì ¨ ¨áâ®«ª®¢ âì ãà ¢¥¨¥ � ¤®  ®â®á¨â¥«ì® «®-

ª «ì®© ¨§«ãç â¥«ì®© á¯®á®¡®áâ¨ ¯« §¬ë " (x; y).
7. Ǳ®ç¥¬ã à¥è¥¨ï ãà ¢¥¨© (2.50) ¬¥â®¤®¬ � ¤®  ¨ (2.51)

¬¥â®¤®¬ Ǳ� ¥ãáâ®©ç¨¢ë ¨ ¯®ç¥¬ã ãáâ®©ç¨¢® à¥è¥¨¥ ãà ¢¥-
¨ï (2.51) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ?
8. �ë¢¥áâ¨ à¥è¥¨¥ (2.57) ãà ¢¥¨ï (2.56) (§ ¤ ¨¥ ¯®¢ëè¥-

®© âàã¤®áâ¨; ¯®¤áª §ª : ¢ë¯®«¨âì ¢ (2.56) ¨â¥£à¨à®¢ ¨¥
¯® ç áâï¬ ¨ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® ¯ à ¬¥âàã l, ã¬®¦¨âì  
1=
p
l2 � x2, ¯à®¨â¥£à¨à®¢ âì ¯® l ®â x ¤® 1 ¨ ¨§¬¥¨âì ¯®àï¤®ª

¨â¥£à¨à®¢ ¨ï).
9. Ǳà¥®¡à §®¢ âì (2.57) ¢ (2.58) á ¯®¬®éìî ¨â¥£à¨à®¢ ¨ï ¯®

ç áâï¬.
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� «   ¢   3

���������� ������������ �������� �����

� íâ®© £« ¢¥ ¬ë ¤ ¤¨¬ ¡®«¥¥ ®¡éãî, ç¥¬ ¢ ¯à¥¤ë¤ãé¨å £« ¢ å,
¯®áâ ®¢ªã ®¡à âëå § ¤ ç.

3.1. �¡à ¡®âª  á¨£ «®¢

� áá¬®âà¨¬ è¨à®ª® à á¯à®áâà ¥ãî § ¤ çã | ®¡à ¡®âªã
á¨£ «®¢ (signal processing) [14{16, 59]. �  ¨¬¥¥â ¬®£® ®¡é¥£®
á § ¤ ç ¬¨, ¨§«®¦¥ë¬¨ ¢ £«. 2 ¨ 4, ® ¨ ¨¬¥¥â á¢®î á¯¥æ¨ä¨ªã.

Ǳ®áâ ®¢ª  § ¤ ç¨. � à ¤¨®«®ª æ¨¨, à ¤¨® áâà®®¬¨¨, ¡¨®-
«®£¨ç¥áª®© ¬¨ªà®áª®¯¨¨ (¯. 4.2), ®¯â¨ª¥ (¢ § ¤ ç¥ ¢®ááâ ®¢«¥¨ï
¨§®¡à ¦¥¨© | ¯. 2.1, 2.2), á¯¥ªâà®áª®¯¨¨ (¯. 2.3), â®¬®£à ä¨¨
(£«. 1), â¥®à¨¨ ã¯à ¢«¥¨ï (¯. 4.1), ¬¥å ¨ª¥ (¯. 4.3), £¨¤à® ªãáâ¨-
ª¥, £à ¢¨¬¥âà¨¨ ¨ â. ¤. ¡®«ìè®¥ § ç¥¨¥ ¨¬¥¥â ¨â¥à¯à¥â æ¨ï
ª®á¢¥ëå ¨§¬¥à¥¨© [14], á¢®¤ïé ïáï ®¡ëç® ª à¥è¥¨î ®¡à â-
®© § ¤ ç¨, ª®â®à ï ¬ â¥¬ â¨ç¥áª¨ ä®à¬ã«¨àã¥âáï ¢ ¢¨¤¥ ®¯¥-
à â®à®£®, ¨â¥£à «ì®£®, ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨©, ����,
���, ���� ¨ â. ¤.
Ǳãáâì   ¢å®¤ ¨§¬¥à¨â¥«ì®© ¯®¤á¨áâ¥¬ë (�Ǳ�) ( â¥ë,

â¥«¥áª®¯ , ¬¨ªà®áª®¯ , ä®â® ¯¯ à â , á¯¥ªâà®áª®¯ , â®¬®£à ä ,
á¨áâ¥¬ë ã¯à ¢«¥¨ï, £à ¢¨¬¥âà  ¨ â. ¤.) ¯®áâã¯ îâ ¢å®¤ë¥ ¢®§-
¤¥©áâ¢¨ï (��) p | ¢å®¤ë¥ á¨£ «ë, «ãç¨, ¯®¬¥å¨, ¯®â®ª ¨§-
«ãç¥¨ï ¨ â. ¤. �¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© ¬®¦¥â ï¢«ïâìáï ã£«®¢ ï
ª®®à¤¨ â  (¯à¨¥¬ �� á à §ëå  ¯à ¢«¥¨© ¢ à ¤¨®«®ª æ¨¨,
à ¤¨® áâà®®¬¨¨, £¨¤à® ªãáâ¨ª¥), «¨¥© ï ª®®à¤¨ â  (  ä®â®-
á¨¬ª¥,   â®¬®£à ¬¬¥, ¢ ¬¨ªà®áª®¯¥), ¢à¥¬ï (¢ ���-â®¬®£à ä¨¨,
¢ â¥®à¨¨ ã¯à ¢«¥¨ï, ¢ ¬¥å ¨ª¥, ¢ à¥ç¥¢®©  ªãáâ¨ª¥), ç áâ®â 
(¢ á¯¥ªâà®áª®¯¨¨) ¨ â. ¤.
�� ¬®£ãâ ¡ëâì áâ®å áâ¨ç¥áª¨¬¨ (á«ãç ©ë¬¨) ¨«¨ ¤¥â¥à¬¨¨-

à®¢ ë¬¨, ¯à®âï¦¥ë¬¨ (à á¯à¥¤¥«¥ë¬¨) ¨«¨ «®ª «ìë¬¨
(¤¨áªà¥âë¬¨), â® «ìë¬¨ (¬®®åà®¬ â¨ç¥áª¨¬¨) ¨«¨ è¨à®ª®-
¯®«®áë¬¨.
Ǳ®« £ ¥¬, çâ® �� ¯à®å®¤ïâ ç¥à¥§ âà ªâ �Ǳ�, á®¤¥à¦ é¨© ç -

áâ®âë© ä¨«ìâà, ª¢ ¤à â¨çë© ¤¥â¥ªâ®à ¨  ª®¯¨â¥«ì ¯® ¢à¥¬¥-
¨, ¯à¨ç¥¬ §  ¢à¥¬ï  ª®¯«¥¨ï (ãáà¥¤¥¨ï) á¨£ «  ¢®§¬®¦¥
á¤¢¨£ (á¬ §) �Ǳ� (  «®£¨çë© á¬ §ã ¢ § ¤ ç¥ ¢®ááâ ®¢«¥¨ï
á¬ § ëå ¨§®¡à ¦¥¨© - á¬. ¯. 2.1). �  ¢ëå®¤¥ �Ǳ� ä®à¬¨àã-
¥âáï à¥§ã«ìâ â ¨§¬¥à¥¨© f | ¢ëå®¤®© á¨£ « (áª ¨àãîé ï
äãªæ¨ï | C�, ¨¤¨ª â®àë© ¯à®æ¥áá | �Ǳ ¨ â. ¤.).
�¢ï§ì ¬¥¦¤ã p ¨ f § ¯¨è¥¬ ¢ ®¯¥à â®à®© ä®à¬¥:

Rp = f; p 2 P; f 2 F; (3.1)
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£¤¥ R |  ¯¯ à â ï äãªæ¨ï (��) �Ǳ�. � áá¬ âà¨¢ ¥âáï «¨¥©-
 ï �Ǳ�; ¢ íâ®¬ á«ãç ¥ R ¥áâì ¥ª®â®àë© «¨¥©ë© ®¯¥à â®à,
  P ¨ F | ¥ª®â®àë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢  ( ¯à¨¬¥à, W 1

2
¨ L2). �  ¯à ªâ¨ª¥ á®®â®è¥¨¥ (3.1) ¥áâì «¨¥©®¥ ¨â¥£à «ì®¥
¨«¨ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥, ���� ¨ â. ¤. Ǳ®« £ ¥¬, çâ®

¢¬¥áâ® â®çëå R ¨ f ¨§¢¥áâë eR ¨ ef â ª¨¥, çâ® k eR � Rk 6 �,

k ef � fk 6 Æ, £¤¥ � ¨ Æ | ¢¥àå¨¥ ®æ¥ª¨ ¯®£à¥è®áâ¥© R ¨ f .
� à¥§ã«ìâ â¥ ¢¬¥áâ® (3.1) à áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥eRep = ef; ep 2 P; ef 2 F: (3.2)

� «¥¥ ¤«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã ®¡à -
¡®âª¨ £/  á¨£ «®¢. � íâ®¬ á«ãç ¥ R | íâ® ��  â¥ë, p |
£/  ¯®«¥   ¢å®¤¥  â¥ë, f | ¨§¬¥à¥®¥ £/  ¯®«¥ (��, ¥á«¨
¨§¬¥àï¥âáï ¤ ¢«¥¨¥, ¨«¨ �Ǳ, ¥á«¨ ¨§¬¥àï¥âáï ¬®é®áâì).
�ã¦® à §«¨ç âì 3 â¨¯  ®¡à ¡®âª¨.

�¨¯ë ®¡à ¡®âª¨ á¨£ «®¢:
1) Ǳ¥à¢¨ç ï ®¡à ¡®âª  | ¢ë¤¥«¥¨¥ á¨£ «  ¨§ èã¬ . �¡ëç-

® ¢ íâ®¬ á«ãç ¥ ®¡à ¡ âë¢ ¥âáï ¢à¥¬¥®© ¯à®æ¥áá S (t) |
á¬. à¨á. 3.1 «¨èì á æ¥«ìî ®¯à¥¤¥«¥¨ï, ¯à¨áãâáâ¢ã¥â «¨ ¢ S (t)
¯®«¥§ë© á¨£ « (á ¥ª®â®à®© ¢¥à®ïâ®áâìî) [72].

�¨á. 3.1

2) �â®à¨ç ï ®¡à ¡®âª  | ®¯à¥¤¥«¥¨¥ ¯ à ¬¥âà®¢ á¨£ «®¢:
ã£«®¢ ¯à¨å®¤ ,  ¬¯«¨âã¤ ¨ ç áâ®â ¢ á«ãç ¥ ¤¨áªà¥âëå á¨£ «®¢
(¯«®áª¨å ¢®«) ¨«¨ ¢å®¤®£® ¯à®æ¥áá  ¨ ¥£® á¯¥ªâà  ¢ á«ãç ¥
¥¯à¥àë¢ëå á¨£ «®¢,   â ª¦¥ ¯ à ¬¥âà®¢ ¯®¬¥å¨. �  à¨á. 3.2
¯à¥¤áâ ¢«¥ á«ãç © ¤¨áªà¥âëå á¨£ «®¢, £¤¥  j | ã£«ë ¯à¨-

å®¤  á¨£ «®¢, Aj | ¨å  ¬¯«¨âã¤ë, N | ¨å ç¨á«®, ef ( ) |
§ èã¬«¥ë© �Ǳ, à ¢ë© (áà. (2.45))

ef ( ) = NX
j=1

K ( ;  j)Aj + Æf (3.3)

¢ á«ãç ¥ ¨§¬¥à¥¨© ¨ ®¡à ¡®âª¨ ¢ ¯®«®á¥ ç áâ®â, ¨«¨

ef�( ) = NX
j=1

K�( ;  j)Aj� + Æf� (3.4)
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�¨á. 3.2

¢ á«ãç ¥ ¨§¬¥à¥¨© ¨ ®¡à ¡®âª¨   ç áâ®â¥ �, £¤¥ K | ��
 â¥ë ¯® ¬®é®áâ¨, Æf | èã¬ (¯®¬¥å  ¨§ áà¥¤ë + ¯®£à¥è®áâì
¨§¬¥à¥¨© f). � ¤ ç  § ª«îç ¥âáï ¢ â®¬, çâ® ¯ãâ¥¬ à¥è¥¨ï
���� (3.3) ¨«¨ (3.4) (¨«¨ ¤àã£¨¬ á¯®á®¡®¬ | á¬. ¤ «ìè¥ ¬¥â®¤ë
�¤¥àá® , �à®áâ  ¨ ¤à.) ã¦® ®¯à¥¤¥«¨âì ã£«ë  j ,  ¬¯«¨âã¤ë
Aj ¨ ç¨á«® á¨£ «®¢ N ¢ ¯®«®á¥ ç áâ®â ¨«¨   àï¤¥ ç áâ®â �
(â®£¤  ¤«ï ª ¦¤®£® á¨£ «  ¡ã¤¥â ¯®«ãç¥ á¯¥ªâà Aj� � Sj(�) |
á¬. à¨á. 3.3).

�¨á. 3.3

3) �à¥â¨ç ï ®¡à ¡®âª �) | ª« áá¨ä¨ª æ¨ï, à á¯®§ ¢ ¨¥
æ¥«¥©. � ¯à¨¬¥à, ¯® à¥§ã«ìâ â ¬ ¢â®à¨ç®© ®¡à ¡®âª¨   àï¤¥

�) ¥áâ ¤ àâë© â¥à¬¨
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ç áâ®â (á¬. à¨á. 3.3) ã¦® ®¯à¥¤¥«¨âì, çâ® 1 | íâ® ¬®é ï
è¨à®ª®¯®«®á ï ¯®¬¥å , 2 | ¬®®åà®¬ â¨ç¥áª ï ¯®¬¥å , 3 |
¯®«¥§ë© á¨£ « ¨ â. ¤.
�¤ ª® ¤ «¥¥ ¬ë ¡ã¤¥¬ ¢ ®á®¢®¬ à áá¬ âà¨¢ âì «¨èì ¢â®-

à¨çãî ®¡à ¡®âªã á¨£ «®¢.

Ǳ¥à¥ç¥ì ¬¥â®¤®¢ ¢â®à¨ç®© ®¡à ¡®âª¨ á¨£ «®¢. �«ï
¢â®à¨ç®© ®¡à ¡®âª¨ á¨£ «®¢ ¯à¨¬¥ïîâáï á«¥¤ãîé¨¥ ¬ ¥ â ® ¤ë:
ª« áá¨ç¥áª¨¥ ¬¥â®¤ë ¯¥«¥£®¢ ¨ï, ¬¥â®¤ë ª®¬¯¥á æ¨¨ «®ª «ì-
ëå á¨£ «®¢-¯®¬¥å, ¬¥â®¤ë  ¤ ¯â æ¨¨ (¯à¨á¯®á®¡«¥¨ï, ¯®¤-
áâà®©ª¨ ¯®¤ ¯®¬¥å®-á¨£ «ìãî á¨âã æ¨î), ¬¥â®¤ë ¨á¯®«ì§ãîé¨¥
á®¡áâ¢¥ë¥ § ç¥¨ï ¨ ¢¥ªâ®à�  á¯¥ªâà «ì®-ª®¢ à¨ æ¨®®© ¬ -
âà¨æë, â¥®à¥â¨ª®-¨ä®à¬ æ¨®ë¥ ¬¥â®¤ë, ®¡®¡é¥ë© á¯®á®¡
à¥¤ãªæ¨¨ (¯à¨¢¥¤¥¨ï). �§«®¦¨¬ ¥ª®â®àë¥ ¨§ ¨å.

�« áá¨ç¥áª¨¥ ¬¥â®¤ë ¯¥«¥£®¢ ¨ï. �â® | ¬ ªá¨¬ «ìë©,
ä §®¢ë© ¨ ¤à. ¬¥â®¤ë [73, á. 178{190]. � ¯à¨¬¥à, ¢ ¬ ªá¨¬ «ì®¬
¬¥â®¤¥ á¨£ «ë (  ¨¬¥®, ¨å ¯ à ¬¥âàë: ã£«ë,  ¬¯«¨âã¤ë ¨ ¨å

ç¨á«®) ®¯à¥¤¥«ïîâáï ¯® ¬ ªá¨¬ã¬ ¬ ¢ �� ef ( ) (á¬. à¨á. 3.4).

�¨á. 3.4

�¤ ª® íâ®â ¬¥â®¤ ¨¬¥¥â á«¥¤ãîé¨¥  ¥¤ ® á â   âª ¨ ¨: 1) ¥à §-
à¥è¨¬®áâì (¤ ¦¥ ¢ ®âáãâáâ¢¨¥ èã¬®¢) ¡«¨§ª¨å á¨£ «®¢; 2) ¯®-
â¥àï á« ¡ëå á¨£ «®¢ ¢ èã¬¥. �¯à®ç¥¬, ® ¨¬¥¥â ¨ á«¥¤ãîé¨¥
¤ ® á â ® ¨  á â ¢  : 1) ¯à®áâ®â  ®¡à ¡®âª¨; 2) ¬¨¨¬ã¬ ¨ä®à¬ æ¨¨.
Ǳ®íâ®¬ã ¥£® ç áâ® ¨á¯®«ì§ãîâ ¢  ç «¥ ®¡à ¡®âª¨ ¤«ï ¢ë¤¥«¥¨ï
 ¨¡®«¥¥ á¨«ìëå á¨£ «®¢. � § â¥¬ ¨á¯®«ì§ãîâ ¡®«¥¥ â®çë¥,
¨¦¥á«¥¤ãîé¨¥ ¬¥â®¤ë.

�¥â®¤ë ª®¬¯¥á æ¨¨ «®ª «ìëå á¨£ «®¢-¯®¬¥å. �â® |
¬¥â®¤ë, ¨á¯®«ì§ãîé¨¥ ¨ä®à¬ æ¨î ® «®ª «ìëå á¨£ « å, ª®-
â®àë¥ ¨«¨ ï¢«ïîâáï ¯®¬¥å ¬¨, ¨«¨ ¬ë ¨å â ª®¢ë¬¨ ãá«®¢®
áç¨â ¥¬. � íâ¨¬ ¬¥â®¤ ¬ ®â®áïâáï ¬¥â®¤ë �¤¥àá®  ¨ ª®£¥-
à¥â®© ª®¬¯¥á æ¨¨.
�§«®¦¨¬ ¬¥â®¤ �¤¥àá®  [32, 47, 89]. � á®áâ®¨â ¢ ª®¬-

¯¥á æ¨¨ (¨áª«îç¥¨¨) ¬ â¥¬ â¨ç¥áª¨¬ ¯ãâ¥¬ «®ª «ìëå ¯®¬¥å
  ¢ëå®¤ å áä®à¬¨à®¢ ëå ¯à®áâà áâ¢¥ëå ª  «®¢ ¨ § ª«î-
ç ¥âáï ¢ á«¥¤ãîé¥¬. Ǳãáâì  â¥  ¨¬¥¥â ¯à®¨§¢®«ìãî ä®à-
¬ã, á¨£ «ë ï¢«ïîâáï «®ª «ìë¬¨ (íâ®¬ã á®®â¢¥âáâ¢ãîâ ¯«®áª¨¥
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¢®«ë), ã§ª®¯®«®áë¬¨, ¢§ ¨¬® ¥ª®àà¥«¨à®¢ ë¬¨ ¨ ¨¬¥¥âáï
¤®¯®«¨â¥«ì ï ¨ä®à¬ æ¨ï | ª®®à¤¨ âë (¯ à ¬¥âàë) ( 0; A)m
¥ª®â®à®£® á¨£ « . �ëå®¤®© á¨£ « (¨§¬¥à¥ë© á¨£ «, áª ¨-
àãîé ï äãªæ¨ï) à ¢¥

f ( ) =

NX
j=1

K ( ;  0j)Aj

| á¬. à¨á. 3.5, ¨§ ª®â®à®£® ¢¨¤®, çâ® ¢ f ( ) ç¥âª® ¢ë¤¥«ï¥âáï
 ¨¡®«ìè¨© (m-©) ¬ ªá¨¬ã¬.

�¨á. 3.5

Ǳ®íâ®¬ã ¢ ª ç¥áâ¢¥ ¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨ ¬®¦® ¨á-
¯®«ì§®¢ âì ¯ à ¬¥âàë m-£® á¨£ « :  0m ¨ Am � f ( 0m). �®£-
¤  ¬®¦¥â ¡ëâì à ááç¨â   ®¢ ï áª ¨àãîé ï äãªæ¨ï (¡¥§
m-£® á¨£ « , ª®â®àë© ¡ã¤¥¬ áç¨â âì «®ª «ì®© ¯®¬¥å®©, ¨«¨
¬¥è îé¨¬ á¨£ «®¬):

f ( ) = f ( )�K ( ;  0m)Am (3.5)

(á¬. à¨á. 3.6).

�¨á. 3.6

�§ äãªæ¨¨ f ( ) â ª¦¥ ¬®¦® (¥á«¨ íâ® ¢®§¬®¦®) ¢ë¤¥-
«¨âì  ¨¡®«ìè¨© ¬ ªá¨¬ã¬ á ¥£® ¯ à ¬¥âà ¬¨, â. ¥. ®¯à¥¤¥«¨âì
¯ à ¬¥âàë ¥é¥ ®¤®£® á¨£ « , à ááç¨â âì á«¥¤ãîéãî ®¢ãî
äãªæ¨î ¨ â. ¤.
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�¥â®¤ �¤¥àá®  | íâ® ¬¥â®¤ ª®¬¯¥á æ¨¨ «®ª «ì®£® á¨£ -
« -¯®¬¥å¨ (¨«¨ ¥áª®«ìª¨å â ª®¢ëå)   ¢ëå®¤¥  â¥ë ¯ãâ¥¬
¬ â¥¬ â¨ç¥áª®£® ¢ëç¨â ¨ï ¨§ áª ¨àãîé¥© äãªæ¨¨ ¢ª« ¤  íâ®-
£® á¨£ « . �£® ¤®áâ®¨áâ¢® | ¯à®áâ®â  (¬¥â®¤ á¢®¤¨âáï ª ®¯¥-
à æ¨¨ ¢ëç¨â ¨ï á®£« á® (3.5)). �¤ ª® ® ¨¬¥¥â ¥¤®áâ âª¨:
1) �§ £à ä¨ª  â¨¯  à¨á. 3.5 ¯ à ¬¥âàë  0m ¨ Am ®¯à¥¤¥«ïîâ-
áï ¯à¨¡«¨¦¥®, â¥¬ ¡®«¥¥ ¯à¨  «¨ç¨¨ á«ãç ©®© ¯®¬¥å¨ |
á¬. à¨á. 3.4. 2) �«¨§ª¨¥ á¨£ «ë (¤ ¦¥ ¬®éë¥) ¬®£ãâ ¥ à §-
à¥è âìáï (¤¢  «¥¢ëå á¨£ «    à¨á. 3.4{3.6),   á« ¡ë¥ ¬®£ãâ
óâ®ãâìô ¢ èã¬¥.
� ¬¥â®¤ã �¤¥àá®  ¯à¨¬ëª ¥â ¬¥â®¤ ª®£¥à¥â®© ª®¬¯¥á -

æ¨¨ [32, 47]. �£® ®â«¨ç¨ï ®â ¬¥â®¤  �¤¥àá®  á®áâ®ïâ ¢ â®¬,
çâ® ª®¬¯¥á æ¨ï «®ª «ì®£® á¨£ «  ¯à®¨§¢®¤¨âáï ¥ ¬ â¥¬ â¨-
ç¥áª¨¬,   â¥å¨ç¥áª¨¬ ¯ãâ¥¬ ¨ ¥   ¢ëå®¤ å ¯à®áâà áâ¢¥ëå
ª  «®¢ (â. ¥. ¨§ áª ¨àãîé¥© äãªæ¨¨),     ¢ëå®¤ å ®â¤¥«ìëå
¯à¨¥¬¨ª®¢ (í«¥¬¥â®¢, ¯à¥®¡à §®¢ â¥«¥©)  â¥ë.

�¥â®¤ë  ¤ ¯â æ¨¨. �¥â®¤ �¤¥àá®  | íâ® ¯à¥¤¤¢¥à¨¥ ¬¥-
â®¤®¢  ¤ ¯â æ¨¨. Ǳ®á«¥ ¥£® ¯®ï¢¨«®áì ¡®«ìè®¥ ª®«¨ç¥áâ¢® ¯ã-
¡«¨ª æ¨© ¯® à §«¨çë¬ ¢ à¨ â ¬ ¬¥â®¤®¢  ¤ ¯â æ¨¨. �â® |
¬¥â®¤ë �®ãí«á -�¯¯«¡ ã¬ , �¨¤à®ã, �à¨ää¨âá , �à®áâ  ¨ ¤à.
�¨ ç áâ¨ç® ®âà ¦¥ë ¢ ª¨£ å [32, 47].
�á®¢ ï ¨¤¥ï ¬¥â®¤®¢  ¤ ¯â æ¨¨ á®áâ®¨â ¢ â®¬, çâ® ã¦®

áä®à¬¨à®¢ âì â ªãî �� ¯à¨¥¬®£® ãáâà®©áâ¢  (��  â¥ë ¨«¨
�� ä¨«ìâà  ¨ â. ¤.), çâ®¡ë ¢  ¯à ¢«¥¨¨ (¨«¨   ç áâ®â¥) ¥ª®-
â®à®£® á¨£ « , ª®â®àë© ¬ë áç¨â ¥¬ (ç áâ® ãá«®¢®) ¬¥è îé¨¬,
¨«¨ ¯®¬¥å®©, ¡ë« áä®à¬¨à®¢  ó¯à®ª®«ô (£«ã¡®ª¨© ¬¨¨¬ã¬)
¢ �� (��, �� ¨ â. ¤.). Ǳ®ïá¨¬ íâ®   ¯à¨¬¥à¥.
Ǳà ¨¬ ¥ à (ç áâ®â ï ¨§¡¨à â¥«ì®áâì â¥«¥¢¨§®à ). Ǳãáâì

(á¬. à¨á. 3.7 ) â¥«¥¢¨§®à á �� (à¥ «ìë¬ ä¨«ìâà®¬) Sâ(�) ¯à¨¨-
¬ ¥â ¯®«¥§ë© á¨£ « (â¥«¥¯à®£à ¬¬ã) á æ¥âà «ì®© ç áâ®â®©
�0 ¨ á¯¥ªâà®¬ Sá(�).
Ǳãáâì, ªà®¬¥ â®£®,   â¥«¥¯à®£à ¬¬ã ¢®§¤¥©áâ¢ã¥â èã¬ (¢¥è-

¨© ¨ ¢ãâà¥¨©) á® á¯¥ªâà®¬ SǱ = const (ó¡¥« ï ¯®¬¥å ô) ¨
¥ª ï ¯à®¬ëè«¥ ï ¯®¬¥å  á æ¥âà «ì®© ç áâ®â®© �¯ ¨ á¯¥ª-
âà®¬ S¯(�), £®à §¤® ¡®«¥¥ ã§ª¨¬, ç¥¬ Sâ(�). �á®¡¥®áâì á¨âã æ¨¨
á®áâ®¨â ¢ â®¬, çâ® å®âï �¯ § ¬¥â® ®â«¨ç  ®â �0 (¯®¯ ¤ ï «¨èì
  ¡®ª®¢®¥ ¯®«¥ á¯¥ªâà  Sâ(�)), ® S¯(�¯) ¢ ¥áª®«ìª® à § ¡®«ìè¥
Sá(�0) ¨ ¯®íâ®¬ã ¯à®¬ëè«¥ ï ¯®¬¥å  ®ª §ë¢ ¥â § ¬¥â®¥ ¬¥è -
îé¥¥ ¢®§¤¥©áâ¢¨¥   â¥«¥¯à¨¥¬. �¥®¡å®¤¨¬® â ª ¯¥à¥áâà®¨âì ��
(à¥ «ìë© ä¨«ìâà) Sâ(�), çâ®¡ë   á¯¥ªâà ¯à®¬ëè«¥®© ¯®¬¥å¨
S¯(�) ¯à¨å®¤¨«áï ¯à ªâ¨ç¥áª¨ ®«ì (ó¯à®ª®«ô) ¢ ��. � ¨«ãçè¨¬
à¥è¥¨¥¬ ¡ë«  ¡ë �� ¢ ¢¨¤¥ ¯àï¬®ã£®«ì¨ª , ¢ëà¥§ îé¥£® «¨èì
®¡« áâì ç áâ®â á¯¥ªâà  Sá(�) (¨¤¥ «ìë© ä¨«ìâà, á¬. à¨á. 3.7¡).
�¤ ª® â ªãî �� á®§¤ âì ¨ â¥å¨ç¥áª¨, ¨ ¬ â¥¬ â¨ç¥áª¨ á«®¦-
® (â®ç¥¥ £®¢®àï, ¥¢®§¬®¦®). �®à §¤® à¥ «ì¥¥ á®§¤ âì â ªãî
�� ( ¤ ¯â¨¢ë© ä¨«ìâà, á¬. à¨á. 3.7¡), ª®â®à ï ¬ «® ®â«¨ç ¥âáï
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�¨á. 3.7

®â Sâ(�) §  ¨áª«îç¥¨¥¬ ®¡« áâ¨ ç áâ®â ¢ à ©®¥ �¯, £¤¥ ® 
¨¬¥¥â ó¯à®ª®«ô. � à¥§ã«ìâ â¥ ¯à ªâ¨ç¥áª¨ ¨áª«îç¨âáï ¢«¨ï¨¥
¯à®¬ëè«¥®© ¯®¬¥å¨   â¥«¥¯à¨¥¬.
�á®¡¥®áâìî § ¤ ç¨ ï¢«ï¥âáï â®, çâ® ¬¥è îé¨© ¨áâ®ç¨ª

(¢ ¤ ®¬ ¯à¨¬¥à¥ ¯à®¬ëè«¥ ï ¯®¬¥å ) ¬®¦¥â ¬¥ïâì á¢®©
á¯¥ªâà S¯(�), ¢ à¥§ã«ìâ â¥ ä®à¬  ó¯à®ª®« ô ¤®«¦  ¯®¤áâà ¨-
¢ âìáï ( ¤ ¯â¨à®¢ âìáï) ¯®¤ S¯(�).
�§ ¬¥â®¤®¢  ¤ ¯â æ¨¨ ¨§«®¦¨¬  ¤ ¯â¨¢ë©  «£®à¨â¬ �à®áâ 

[32, 47, 78]. � ë©  «£®à¨â¬ à áá¬®âà¨¬ ¯à¨¬¥¨â¥«ì® ª § ¤ ç¥
 ¤ ¯â æ¨¨ (¯®¤áâà ¨¢ ¨ï) ��  â¥ë ¯®¤ ¯®¬¥å®-á¨£ «ìãî
á¨âã æ¨î.
� áá¬®âà¨¬ ¤¨áªà¥âãî «¨¥©ãî ¯à¨¥¬ãî  â¥ã ¨§ M

í«¥¬¥â®¢ (¯à¥®¡à §®¢ â¥«¥©) (á¬. à¨á. 3.8).

�¨á. 3.8

�¨ ä®à¬¨àãîâ �� (¯® ¬®é®áâ¨) [31, 65, 73]. �  ¡ã¤¥â
¨¬¥âì à §«¨çë© ¢¨¤ ¢ § ¢¨á¨¬®áâ¨ ®â ¢¥á®¢ëå ª®íää¨æ¨¥â®¢
¯à¥¡à §®¢ â¥«¥© w1; w2; : : : ; wM (ª®¬¯«¥ªáë¥ ¢¥«¨ç¨ë). �á«¨
¢á¥ ¢¥á®¢ë¥ ª®íää¨æ¨¥âë ®¤¨ ª®¢ë, â® ¢¢®¤ï § ¤¥à¦ª¨ ¤«ï
í«¥ªâà¨ç¥áª®£® ¯®¢®à®â  �� [31, 65, 73], ¬ë ¯®«ãç¨¬ �� K ( ;  0)
á«¥¤ãîé¥£® ¢¨¤  (á¬. à¨á. 3.9, £¤¥  | ã£®« ª®¬¯¥á æ¨¨,    0 |
â¥ªãé¨© ã£®«).
�á«¨ ¦¥ ¢¥á®¢ë¥ ª®íää¨æ¨¥âë ¯ ¤ îâ ª ªà ï¬  â¥ë, â®

¯®«ãç¨¬ �� â¨¯  ¨§®¡à ¦¥®©   à¨á. 3.10.
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�¨á. 3.9

�¨á. 3.10

� íâ®¬ á«ãç ¥ ®á®¢®© «¥¯¥áâ®ª �� ¡ã¤¥â è¨à¥,   ¡®ª®¢®¥
¯®«¥ á« ¡¥¥,ç¥¬ ¢ á«ãç ¥ ®¤¨ ª®¢®áâ¨ ¢¥á®¢ëå ª®íää¨æ¨¥â®¢.
Ǳà¨ ¥ª®â®à®¬, ¡®«¥¥ á«®¦®¬, à á¯à¥¤¥«¥¨¨ ª®íää¨æ¨¥â®¢ w

¬®¦® ¯®«ãç¨âì �� á ¯à®ª®«®¬ ¢  ¯à ¢«¥¨¨  ¥ª®â®à®£®
¬¥è îé¥£® á¨£ « , ª®â®àë© ¬ë å®â¨¬ ¯®¤ ¢¨âì (á¬. à¨á. 3.11).

�¨á. 3.11

�á«¨ ¦¥ ¬ë ¬¥ï¥¬ § ¤¥à¦ª¨ ¨ â¥¬ á ¬ë¬ á®§¤ ¥¬ ¤àã£®©
ã£®« ª®¬¯¥á æ¨¨ (á¬. à¨á. 3.12), â® çâ®¡ë áä®à¬¨à®¢ âì ¯à®ª®«
¢ �� ¢  ¯à ¢«¥¨¨  â®£® ¦¥ ¬¥è îé¥£® á¨£ « , ã¦® áä®à-
¬¨à®¢ âì ¥ª®¥ ¤àã£®¥ à á¯à¥¤¥«¥¨¥ ª®íää¨æ¨¥â®¢ w. � íâ®¬
á®áâ®¨â ¨¤¥ï  «£®à¨â¬  �à®áâ . Ǳà ¢¤ , ¢ ¤ ®¬  «£®à¨â¬¥ ��
¢ ï¢®¬ ¢¨¤¥ ¥ ä®à¬¨àã¥âáï, ® ¥ï¢® ®  ¯à¨áãâáâ¢ã¥â.
�  «£®à¨â¬¥ �à®áâ  ¯®« £ ¥âáï, çâ®  â¥ ï à¥è¥âª  ¨¬¥¥â M

í«¥¬¥â®¢ (¯à¥®¡à §®¢ â¥«¥©). �  íâ®© ®á®¢¥ á®§¤  ¯à®æ¥áá®à
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�¨á. 3.12

á M í«¥¬¥â ¬¨, ã ª ¦¤®£® ¨§ ª®â®àëå ¨¬¥¥âáï J ®â¢®¤®¢, á®®â-
¢¥âáâ¢ãîé¨å J  ¯à ¢«¥¨ï¬. �®«¦  ¡ëâì ®¯à¥¤¥«¥  ¬ âà¨æ 
W à §¬¥à  M � J ¢¥á®¢ëå ª®íää¨æ¨¥â®¢ w. �  «£®à¨â¬¥ �à®-
áâ  íâ  ¬ âà¨æ  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ á«¥¤ãîé¥£® ¢¥ªâ®à  à §¬¥à 
N � 1 (£¤¥ N =MJ):

W T = (w1; w2; : : : ; wM ; � ¤«ï 1-£®  ¯à ¢«¥¨ï  1;

wM+1; : : : ; w2M ; � ¤«ï 2-£®  ¯à ¢«¥¨ï  2;

: : : : : : : : : : : : : :

wN�M+1; : : : ; wN ) � ¤«ï J-£®  ¯à ¢«¥¨ï  J :

Ǳ®« £ ¥âáï, çâ®   à¥è¥âªã (¨ ¯à®æ¥áá®à) ¯®áâã¯ îâ á à §ëå
 ¯à ¢«¥¨© á¨£ «ë ¨ èã¬ë. � ¦¤ë¥ � á¥ª ¯à®¨áå®¤¨â ¢ë¡®àª 
§ ç¥¨©  ¯àï¦¥¨© ¢ ®â¢®¤ å à¥è¥âª¨. Ǳ®¤ ¢ë¡®àª®© ¯®¤à §ã-
¬¥¢ ¥âáï à¥ «¨§ æ¨ï ¨§¬¥à¥¨©, ¤àã£¨¬¨ á«®¢ ¬¨, ¢ë¯®«ï¥âáï
¥ ®¤® ¨§¬¥à¥¨¥   ª ¦¤®¬ ®â¢®¤¥,   àï¤ ¨§¬¥à¥¨© (à¥ «¨§ -
æ¨©) ¨ § â¥¬ ¯à®¨§¢®¤¨âáï ãáà¥¤¥¨¥ ¯®  á ¬¡«î à¥ «¨§ æ¨©
(á¬. ¨¦¥).
�¥ªâ®à  ¯àï¦¥¨© (à §¬¥à  N�1) ¢ ®â¢®¤ å ¯à¨ k-© ¢ë¡®àª¥

à ¢¥

XT (k) = [x1(k�); x2(k�); : : : ; xN (k�)]; k = 1; 2; 3; : : : ;

¯à¨ç¥¬ X (k) = L (k) + N (k) ¥áâì áã¬¬  L (k) |  ¯àï¦¥¨ï
á¨£ «  á § ¤ ®£® (j-£®)  ¯à ¢«¥¨ï ¨ N (k) |  ¯àï¦¥¨ï
èã¬®¢ á ¤àã£¨å  ¯à ¢«¥¨©. Ǳ®« £ ¥âáï, çâ® á¨£ «ë ¨ èã¬�ë |
á«ãç ©ë¥ ¯à®æ¥ááë á ã«¥¢ë¬¨ ¬ â®¦¨¤ ¨ï¬¨ ¨ á«¥¤ãîé¨¬¨
ª®àà¥«ïæ¨®ë¬¨ äãªæ¨ï¬¨:

RXX = E [X (k)XT (k)];

RNN = E [N (k)N T (k)]; (3.6)

RLL = E [L (k)LT (k)];

£¤¥ E [�] | á¨¬¢®« ãáà¥¤¥¨ï ¯®  á ¬¡«î à¥ «¨§ æ¨©, ¯à¨ç¥¬
¢¥ªâ®à á¨£ «  L (k) á § ¤ ®£®  ¯à ¢«¥¨ï ¨ ¢¥ªâ®à èã¬®¢
N (k) á ¤àã£¨å  ¯à ¢«¥¨© ¥ª®àà¥«¨à®¢ ë: E [N (k)LT (k)] = 0.
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�ã¬¬ àë© ¢ëå®¤®© á¨£ « ¢á¥© à¥è¥âª¨ ¯à¨ k-© ¢ë¡®àª¥
á ãç¥â®¬ ¢á¥å J  ¯à ¢«¥¨© à ¢¥ (áª «ïà):

y (k) =W TX (k) = XT (k)W: (3.7)

� â®¦¨¤ ¨¥ ¬®é®áâ¨ á¨£ «    ¢ëå®¤¥ à¥è¥âª¨ à ¢®

E [y2(k)] = E [W TX (k)XT (k)W ] =W TRXXW:

�  «£®à¨â¬¥ ¢¢®¤ïâáï á«¥¤ãîé¨¥ ® £ à    ¨ç ¥  ¨ ï: áã¬¬  ¢¥á®-
¢ëå ª®íää¨æ¨¥â®¢ ¢ j-¬  ¯à ¢«¥¨¨ à ¢  § ¤ ®¬ã ç¨á«ã fj :

cTj W = fj ; j = 1; J; (3.8)

£¤¥ cj | j-© áâ®«¡¥æ ¬ âà¨æë ®£à ¨ç¥¨© C (à §¬¥à  N�J). �â¨
®£à ¨ç¥¨ï § ¢¨áïâ ®â § ¤ ®£® (j-£®)  ¯à ¢«¥¨ï,   ¯®áª®«ì-
ªã § ¤ ¥âáï ¥áª®«ìª® (J)  ¯à ¢«¥¨©, â® ¢  «£®à¨â¬¥ �à®áâ ,
¯®-áãé¥áâ¢ã, ª ¦¤®¥ j-¥  ¯à ¢«¥¨¥ ®¡êï¢«ï¥âáï ¯®«¥§ë¬ ¨
¢ë¤¥«ï¥âáï á¨£ « á ª ¦¤®£® j-£®  ¯à ¢«¥¨ï á ¯®¤ ¢«¥¨¥¬
èã¬®¢ á ¤àã£¨å  ¯à ¢«¥¨©. �â  § ¤ ç  à¥è ¥âáï ª ª § ¤ ç 
®¯â¨¬¨§ æ¨¨. Ǳà¨ íâ®¬ ¢ ª ç¥áâ¢¥ ®á®¢®£® ªà¨â¥à¨ï ®¯â¨¬¨§ -
æ¨¨ ¨á¯®«ì§ã¥âáï ¬¨¨¬¨§ æ¨ï áã¬¬ à®© ¢ëå®¤®© ¬®é®áâ¨
W TRXXW ¯à¨ ®£à ¨ç¥¨å (3.8). �â® ®áãé¥áâ¢«ï¥âáï ¬¥â®¤®¬
¥®¯à¥¤¥«¥ëå ¬®¦¨â¥«¥© � £à ¦ . � ¨â®£¥ ®¯â¨¬ «ìë© ¢¥ª-
â®à ¢¥á®¢ëå ª®íää¨æ¨¥â®¢ ¯®«ãç ¥âáï ¢ ¢¨¤¥

Wopt = R�1XXC (CTR�1XXC)
�1F ; (3.9)

¯à¨ç¥¬ (3.8) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

CTW = F ;
£¤¥ FT = (f1; f2; : : : ; fJ).
Ǳà®æ¥áá®à, ¯®áâà®¥ë©   ®á®¢ ¨¨ ¤ ®£®  «£®à¨â¬ ,  §ë-

¢ ¥âï ®¯â¨¬ «ìë¬ ¯à®æ¥áá®à®¬ ����� ( ¨¬¥ìè¥£® áà¥¤¥£®
ª¢ ¤à â  ®è¨¡ª¨ á ®£à ¨ç¥¨ï¬¨), ï¢«ïîé¨¬áï ¯à®áâà áâ¢¥-
®-ç áâ®âë¬ ä¨«ìâà®¬. Ǳ®¤áâ ¢«ïï (3.9) ¢ (3.7), ¯®«ãç¨¬ ®¯â¨-
¬ «ìãî ¢ á¬ëá«¥ ����� ®æ¥ªã á¨£ «  á § ¤ ®£®  ¯à -
¢«¥¨ï:

yopt(k) =W T
optX (k): (3.10)

�àã£¨¥ ¬¥â®¤ë ®¡à ¡®âª¨ á¨£ «®¢. Ǳ¥à¥ç¨á«¨¬ ¤àã£¨¥ ¬¥-
â®¤ë ¢â®à¨ç®© ®¡à ¡®âª¨ á¨£ «®¢:
| ¬¥â®¤ë, ¨á¯®«ì§ãîé¨¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¨ ¢¥ªâ®à� 

á¯¥ªâà «ì®-ª®¢ à¨ æ¨®®© ¬ âà¨æë (¬¥â®¤ë Ǳ¨á à¥ª®, �¥¤¤¨,
Ǳà®¨, �¬¨¤â , �¦®á®  ¨ ¤à.) [13, 38, 97];
| â¥®à¥â¨ª®-¨ä®à¬ æ¨®ë¥ ¬¥â®¤ë (¬ ªá¨¬ «ì®© íâà®¯¨¨

�¥à£ , ¬ ªá¨¬ «ì®£® ¯à ¢¤®¯®¤®¡¨ï ¢ âà ªâ®¢ª¥ �¥©¯®  ¨ ¤à.)
[16, 38];
| ¬¥â®¤ë à¥¤ãªæ¨¨ (®¡®¡é¥ë© ¬¥â®¤ à¥¤ãªæ¨¨ ¨§¬¥à¥-

¨© [59], á¬. ¯. 3.2) ¨ ¤à.
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�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ ¯®áâ ®¢ªã § ¤ ç¨ ®¡à ¡®âª¨ á¨£ «®¢.
2. �â® â ª®¥ ¯¥à¢¨ç ï, ¢â®à¨ç ï ¨ âà¥â¨ç ï ®¡à ¡®âª  á¨£-

 «®¢?
3. Ǳ¥à¥ç¨á«¨â¥ ¬¥â®¤ë ¢â®à¨ç®© ®¡à ¡®âª¨ á¨£ «®¢.
4. �ä®à¬ã«¨àã©â¥ ¬ ªá¨¬ «ìë© ¬¥â®¤ ¯¥«¥£®¢ ¨ï.
5. �ä®à¬ã«¨àã©â¥ ¬¥â®¤  ¤ ¯â æ¨¨ �¤¥àá® . � ç¥¬ ®â«¨ç¨¥

¬¥â®¤  ª®£¥à¥â®© ª®¬¯¥á æ¨¨ ®â ¬¥â®¤  �¤¥àá® ?
6. � ç¥¬ á®áâ®¨â ®á®¢ ï ¨¤¥ï ¬¥â®¤®¢  ¤ ¯â æ¨¨?
7. �§«®¦¨â¥ ¯à¨¬¥à ç áâ®â®© ¨§¡¨à â¥«ì®áâ¨ â¥«¥¢¨§®à .
8. �ä®à¬ã«¨àã©â¥  ¤ ¯â¨¢ë©  «£®à¨â¬ �à®áâ .
9. � ä®à¬ã« å (3.6){(3.10) ¯à®áâ ¢ìâ¥ à §¬¥àë ¬ âà¨æ ¨ ¢¥ª-

â®à®¢ RXX , X ¨ â. ¤.

3.2. �¥¤ãªæ¨ï ¨§¬¥à¥¨© ª ¨¤¥ «ì®¬ã ¨§¬¥à¨â¥«ì®¬ã
ãáâà®©áâ¢ã

�¢¥¤¥¨¥ ¢ § ¤ çã. �  áá¬®âà¨¬ àï¤ ¨§¬¥à¨â¥«ìëå ãáâ-
à®©áâ¢: à ¤¨®«®ª â®à, â¥«¥áª®¯, à ¤¨®â¥«¥áª®¯, £¨¤p® ªãáâ¨ç¥-
áª ï  â¥ , á¯¥ªâà®¬¥âà, ¬¨ªà®áª®¯, ä®â® ¯¯ à â, â¥«¥¢¨§®à,
á¨áâ¥¬  ã¯à ¢«¥¨ï, â®¬®£à ä ¨ â. ¤. �«ï ¢á¥å ¨å å à ªâ¥à® â®,

çâ® ¨§¬¥à¥ë© á¨£ « ( ¯à¨¬¥à, ¨¤¨ª â®àë© ¯à®æ¥áá | �Ǳ ef
¢ £¨¤à® ªãáâ¨ª¥ | á¬. à¨á. 3.2 ¨«¨ íªá¯¥à¨¬¥â «ìë© á¯¥ªâà eu
¢ á¯¥ªâà®áª®¯¨¨ | á¬. à¨á. 2.13, 2.15, 2.17, 2.18) ®â«¨ç ¥âáï ®â
¨áâ¨®£® á¨£ «  (¯�®«ï   ¢å®¤¥ £¨¤p® ªãáâ¨ç¥áª®©  â¥ë y

¨«¨ ¨áâ¨®£® á¯¥ªâà  z),   ¨¬¥®, ¢ ef ¨«¨ eu ¥ à §à¥è¥ë
¡«¨§ª¨¥ ¬ ªá¨¬ã¬ë, á« ¡ë¥ ¬ ªá¨¬ã¬ë óâ®ãâô ¢ èã¬¥ ¨ â. ¤.,
â. ¥. ¨§¬¥à¥ë© á¨£ « ç áâ® ®¡« ¤ ¥â ¥ ¤®áâ â®ç®© à §à¥è î-
é¥© á¯®á®¡®áâìî. �â® ®â«¨ç¨¥ ¨§¬¥à¥®£® á¨£ «  ®â ¨áâ¨®£®
®¡ãá«®¢«¥®, ¢®-¯¥à¢ëå, èã¬ ¬¨ à §«¨ç®© ¯à¨à®¤ë (¢¥è¨¬¨
èã¬ ¬¨, èã¬ ¬¨ ¢ ¨§¬¥à¨â¥«ì®¬ ãáâà®©áâ¢¥ ¨ ¯®£à¥è®áâï¬¨
¨§¬¥à¥¨©) ¨ ¢®-¢â®àëå, â¥¬, çâ®  ¯¯ à â ï äãªæ¨ï | �� K
(�� ¢ £¨¤à® ªãáâ¨ª¥ | á¬. à¨á. 3.9{3.12 ¨«¨ � � ¢ á¯¥ªâà®áª®-
¯¨¨ | á¬. à¨á. 2.12, 2.18) ¥ ï¢«ï¥âáï ¡¥áª®¥ç® ã§ª®©,   ¨¬¥¥â
¥ª®â®àãî è¨à¨ã.
�áâì ¤¢  á¯®á®¡  ¯à¨¡«¨¦¥¨ï ¨§¬¥à¥®£® á¨£ «  ª ¨áâ¨-

®¬ã.
Ǳ¥ à ¢ë© á¯ ® á ® ¡ § ª«îç ¥âáï ¢ á®¢¥àè¥áâ¢®¢ ¨¨ ¨§¬¥à¨-

â¥«ì®©  ¯¯ à âãàë,  ¯à¨¬¥à, ¢ ã¢¥«¨ç¥¨¨ à §¬¥à®¢ £¨¤p®-
 ªãáâ¨ç¥áª®©  â¥ë (¢ íâ®¬ á«ãç ¥ áâ ®¢¨âáï �ã¦¥ ��) ¨«¨
¢ á®§¤ ¨¨ á¯¥ªâà®¬¥âà®¢ ¢ëá®ª®£® à §à¥è¥¨ï (¤«¨®ä®ªãáë¥
¬®®åà®¬ â®àë, ¯®¬¥é¥ë¥ ¢ ¢ ªãã¬ë¥ ª®à¯ãá�  ¢ ¢¨¡à®§ é¨-
é¥ëå ¨ â¥à¬®áâ ¡¨«¨§¨à®¢ ëå ¯®¬¥é¥¨ïå á ¨á¯®«ì§®¢ ¨-
¥¬ ¨â¥àä¥à®¬¥âà®¢ � ¡à¨-Ǳ¥à® [53, á. 705]) ¨ â. ¤. �¤ ª® íâ®â
á¯®á®¡ á¢ï§  á ¢ëá®ª®© á«®¦®áâìî ¨ áâ®¨¬®áâìî  ¯¯ à âãàë.
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�à®¬¥ â®£®, ¢ àï¤¥ á«ãç ¥¢ íâ®â á¯®á®¡ ¯à¨æ¨¯¨ «ì® ¥ ¬®¦¥â
(¡¥§ ¨á¯®«ì§®¢ ¨ï ¬ â¥¬ â¨ç¥áª®© ®¡à ¡®âª¨) ¯à¨¢¥áâ¨ ª æ¥«¨.
Ǳà¨¬ ¥ àë: ®£à ¨ç¥®áâì à §¬¥à®¢ £¨¤p® ªãáâ¨ç¥áª®©  â¥ë
¤«¨®© ¯® ¤¢® ¤®©«® ¤ª¨; áâ àë¥, ¨áª ¦¥ë¥ ä®â®£à ä¨¨, ª®â®-
àë¥ ¥«ì§ï ¯®¢â®à¨âì; § ¤ ç¨ â®¬®£à ä¨¨ (á¬. £ «. 1), ¢ ª®â®àëå
¯® à¥§ã«ìâ â ¬ ¨§¬¥à¥¨© q (l; �) | á¬. à¨á. 1.12 ¨«¨ S (t) |
á¬. à¨á. 1.23, 1.28, 1.29 ¥«ì§ï ¢ ¯à¨æ¨¯¥ ¡¥§ ¬ â¥¬ â¨ç¥áª®©
®¡à ¡®âª¨ ®¯à¥¤¥«¨âì ¯«®â®áâì ¢¥é¥áâ¢  c (x; y) ¨ â. ¤.
� â ® à ® © á¯ ® á ® ¡ § ª«îç ¥âáï ¢ ¨á¯®«ì§®¢ ¨¨ ¬ â¥¬ â¨ç¥á-

ª®© ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© á æ¥«ìî ãáâà ¥¨ï ¨áª -
¦ îé¨å ä ªâ®à®¢,   ¨¬¥®, á£« ¦¨¢ îé¥£® (ãè¨àïîé¥£®) íä-
ä¥ªâ  �� ¨ èã¬®¢, â. ¥. á æ¥«ìî ¯à¨¢¥¤¥¨ï (à¥ ¤ãªæ¨¨) ¨§¬¥à¥-
¨© ª ¨¤¥ «ì®¬ã ¨§¬¥à¨â¥«ì®¬ã ãáâà®©áâ¢ã. �àã£¨¬¨ á«®¢ ¬¨,
íâ®â á¯®á®¡ á®áâ®¨â ¢ ¯®¢ëè¥¨¨ à §à¥è îé¥© á¯®á®¡®áâ¨ ¨§¬¥-
à¨â¥«ìëå ãáâà®©áâ¢ §  áç¥â ¬  â¥¬ â¨ç¥áª®© (¨ ª®¬¯ìîâ¥à®©)
®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨© [17, á. 129], [51].
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �¤¥ «ìë¬ ¨§¬¥à¨â¥«ìë¬ ãáâà®©áâ¢®¬  -

§®¢¥¬ ãáâà®©áâ¢®, ¨§¬¥àïîé¥¥ ¥¯®áà¥¤áâ¢¥® ¨áª®¬ãî äãªæ¨î
¨«¨ ¢¥«¨ç¨ã, ¯à¨ç¥¬ ¡¥§ ¯®£à¥è®áâ¥©.
Ǳà¨¬ ¥ àë: £¨¤p® ªãáâ¨ç¥áª ï  â¥  á ¡¥áª®¥ç® ã§ª®© ��

¢ ®âáãâáâ¢¨¥ ¯®£à¥è®áâ¥© ¨§¬¥à¥¨©; á¯¥ªâà®¬¥âà á ¡¥áª®¥ç-
® ã§ª®© �� ¢ ®âáãâáâ¢¨¥ ¯®¬¥å; â®¬®£à ä, ¨§¬¥àïîé¨© ¥-
¯®áà¥¤áâ¢¥® ¯«®â®áâì ¢¥é¥áâ¢  c (x; y) (â ª®¢ë¬, ¢ ¯à¨æ¨¯¥,
ï¢«ï¥âáï,  ¯à¨¬¥à, ���-â®¬®£à ä   ®á®¢¥ ¬¥â®¤  �¨è®ã |
á¬. ¯. 1.2) ¨ â. ¤.
�¯à¥¤¥«¥¨¥ ¨¤¥ «ì®£® ¨§¬¥à¨â¥«ì®£® ãáâà®©áâ¢  ¢ â ª®©

ä®à¬¥ ¥áª®«ìª® è¨à¥ ¯à¥¦¥£® ®¯à¥¤¥«¥¨ï, ª ª ãáâà®©áâ¢ 
á ¡¥áª®¥ç® ã§ª®© �� ¨ ¢ ®âáãâáâ¢¨¥ èã¬®¢ [15]. �® ¢ª«îç ¥â
¢ á¥¡ï ¨ ¯à¥¦¥¥ ®¯à¥¤¥«¥¨¥, ¨ ¨¬¥¥â ¢ ¢¨¤ã â ª¦¥ â¥ § ¤ ç¨
(â®¬®£à ä¨¨ ¨ â. ¤.), ¢ ª®â®àëå �� ª ª â ª®¢ ï ®âáãâáâ¢ã¥â
¨/¨«¨ ¨§¬¥àïîâáï ª®á¢¥ë¥ ¢¥«¨ç� ¨ë(¥ ¯«®â®áâì c (x; y),  
 ¯à¨¬¥à, íå®- á¨£ «S (t) ¢ ���-â®¬®£à ä¨¨).

� ¥¤ãªæ¨® ï¯à®¡«¥¬  �í«¥ï. �é¥ ¢ 1871 £. �í«¥© áä®à-
¬ã«¨à®¢ « á«¥ ¤ãîéãî§   ¤  ç ã (¢ á¢ï§¨ á § ¤ ç ¬¨ á¯¥ªâà®áª®-
¯¨¨): ®¡à ¡®â âì ¬ â¥¬ â¨ç¥áª¨ ¥ª®â®àãî ¨§¬¥à¥ãî ¯à¨¡®à®¬
äãªæ¨î (¢ëå®¤®© á¨£ «) â ª, çâ®¡ë ¢®ááâ ®¢¨âì ¨áâ¨ë©
á¨£ «, ¯®áâã¯¨¢è¨©   ¢å®¤ ¯à¨¡®à  (¢å®¤®© á¨£ «), ãç¨âë¢ ï
¥£® ��. �¥©ç á íâ   § ¤ ç   §ë¢ ¥âáï à¥¤ãªæ¨®®© ¯à®¡«¥¬®©
�í«¥ï [15, 27] ¨ ® , ¯®-áãé¥áâ¢ã, £®¢®à¨â ® à¥¤ãªæ¨¨ (¯à¨¢¥¤¥¨¨)
¨§¬¥à¥¨© ª ¨¤¥ «ì®¬ã ¨§¬¥à¨â¥«ì®¬ã ãáâà®©áâ¢ã.
�® ¢à¥¬¥  �í«¥ï á  ç «  ª § «®áì, çâ® íâ   ¡«¥áâïé ï ¨¤¥ï

¢¯®«¥ ®áãé¥áâ¢¨¬  ¨ â®£¤  ¬ë ¡ã¤¥¬ ¨¬¥âì ¢®§¬®¦®áâì ç¨-
áâ® ¬ â¥¬ â¨ç¥áª¨¬ ¯ãâ¥¬ ãáâà ïâì â¥å¨ç¥áª¨¥ ¥á®¢¥àè¥áâ¢ 
à §«¨çëå ¨§¬¥à¨â¥«ìëå ãáâà®©áâ¢. �¤ ª® § â¥¬ ¢ëïá¨«®áì
(¢   ç «¥XX ¢¥ª , ¢® ¢à¥¬¥  � ¤ ¬ à ),çâ® ®ç¥ì ¬®£¨¥ ¯à¨-
ª« ¤ë¥ § ¤ ç¨ ¢ ¬ â¥¬ â¨ç¥áª®¬ ®â®è¥¨¨ ï¢«ïîâáï ¥ª®à-
à¥ªâë¬¨ | çà¥§¢ëç ©® çã¢áâ¢¨â¥«ìë¬¨ ª ¤ ¦¥ ®ç¥ì ¬ «ë¬
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¯®£à¥è®áâï¬ ¨§¬¥à¥¨©,  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à  ( ¯à¨¬¥à,
§ ¬¥¥ ¨â¥£à «  ª®¥ç®© áã¬¬®©) ¨ â. ¤. � à¥§ã«ìâ â¥ à¥¤ãª-
æ¨® ï ¯à®¡«¥¬  �í«¥ï ¢ ¬ â¥¬ â¨ç¥áª®¬ ®â®è¥¨¨ ®ª § « áì
§ ç¨â¥«ì® á«®¦¥¥, ç¥¬ ¯à¥¤áâ ¢«ï«®áì à ìè¥.
�ä®à¬ã«¨àã¥¬ ¬ â¥¬ â¨ç¥áª¨ à¥¤ãªæ¨®ãî ¯à®¡«¥¬ã �í«¥ï.

Ǳãáâì f | à¥§ã«ìâ â ¨§¬¥à¥¨©, ¨«¨ ¢ëå®¤ ï äãªæ¨ï (¨â¥-
á¨¢®áâì §¢ãª®¢®£® ¯®«ï ¢ äãªæ¨¨  ¯à ¢«¥¨ï ¢ £¨¤à® ªãáâ¨ª¥,
á¯¥ªâà | à á¯à¥¤¥«¥¨¥ í¥à£¨¨ ¯® ç áâ®â¥ � ¢ á¯¥ªâà®áª®¯¨¨,
¨áª ¦¥®¥ ¨§®¡à ¦¥¨¥ ¢ äãªæ¨¨ «¨¥©®© ª®®à¤¨ âë ¢ § ¤ -
ç¥ ¢®ááâ ®¢«¥¨ï ¨§®¡à ¦¥¨©, íå®-á¨£ « ¢ äãªæ¨¨ ¢à¥¬¥¨ t
¢ â®¬®£à ä¨¨ ¨ â. ¤.), y | ¢å®¤ ï (¨áª®¬ ï, ¥¨§¢¥áâ ï) äãª-
æ¨ï ¨ ¯ãáâì y ¨ f á¢ï§ ë ¬ â¥¬ â¨ç¥áª¨ (  â ª¦¥ ä¨§¨ç¥áª¨ ¨
â¥å¨ç¥áª¨) á®®â®è¥¨¥¬:

Ay = f; (3.10)

£¤¥ A | ¥ª®â®àë© ¬ â¥¬ â¨ç¥áª¨© ¨§¢¥áâë© ®¯¥à â®à (¨â¥-
£à «ìë©, ¤¨ää¥à¥æ¨ «ìë©,  «£¥¡à ¨ç¥áª¨© ¨ â. ¤.), ¯®¤à §ã-
¬¥¢ îé¨© ��, ��, �� ¨ â. ¤. �®£¤  à¥è¥¨¥ ãà ¢¥¨ï (3.10)
¬®¦® à áá¬ âà¨¢ âì ª ª ®¡à âãî § ¤ çã ®â®á¨â¥«ì® y, â. ¥.
ª ª § ¤ çã à¥¤ãªæ¨¨. �®à¬ «ì® à¥è¥¨¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

y = A�1f; (3.11)

£¤¥ A�1 | ®¡à âë© ®¯¥à â®à ( ¯à¨¬¥à, �Ǳ�, ®¡à â ï ¬ âà¨æ 
¨ â. ¤.)

Ǳà¨¬¥à 1 (à¥¤ãªæ¨ï «®ª «ìëå á¨£ «®¢). Ǳà®¨««îáâà¨-
àã¥¬ ¢®§¬®¦®¥ à¥è¥¨¥ à¥¤ãªæ¨®®© ¯à®¡«¥¬ë �í«¥ï   ¯à¨-
¬¥à¥ à¥¤ãªæ¨¨ «®ª «ìëå (¤¨áªà¥âëå) á¨£ «®¢ ¨ ¨á¯®«ì§®¢ -
¨ï ¤«ï íâ®© æ¥«¨ ®¡®¡é¥®£® ¬¥â®¤  à¥¤ãªæ¨¨ ¨§¬¥à¥¨© [59].
Ǳãáâì (á¬. ¯à¨¬¥à 3 ¢ [59, ç. III])   ¢å®¤  â¥ë ¯®áâã¯ ¥â
N = 4 «®ª «ìëå ¥ª®àà¥«¨à®¢ ëå á¨£ «®¢ á  ¬¯«¨âã¤ -
¬¨ A1 = 7:8, A2 = 9:1, A3 = 0:8, A4 = 8:4 ¨ ã£« ¬¨ ¯à¨å®¤ 
 01 = 8Æ:1,  02 = 12Æ:3,  03 = 22Æ:2,  04 = 32Æ:1. Ǳãáâì áä®à¬¨à®¢ 
¢¥¥à ¨§ M å à ªâ¥à¨áâ¨ª  ¯à ¢«¥®áâ¨ (M ¯à®áâà áâ¢¥ëå
ª  «®¢, á¬. à¨á. 3.13).
Ǳãáâì ã£«ë ª  «®¢ à ¢ë  i; i = 1;M ,   ¨¬¥®,  1 = 0,

 2 = 0Æ:5, : : : ,  M = 40Æ, â. ¥. � = const = 0Æ:5, M = 81. �®£¤ 
¨§¬¥à¥ë© á¨£ « ¢ i-¬ ª  «¥ (¨¤¨ª â®pë© ¯à®æ¥áá) à ¢¥
(á ãç¥â®¬ èã¬®¢)

eU ( i) =

NX
j=1

AjR ( i;  
0

j) + F + ÆU; i = 1; M; (3.12)

£¤¥ F = 10 | ¤¥â¥à¬¨¨à®¢  ï ç áâì ¯®¬¥å¨,   ÆU 2 N (0; 3)
| á«ãç © ï ç áâì ¯®¬¥å¨, R ( ;  0) | ��  â¥ë, à ¢ ï

R ( ;  0) = e
�

15 ( � 0)2

0:1 ( �20)2+100 ; (3.13)

£¤¥  ¨  0 | ¢ £à ¤.
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�¨á. 3.13

Ǳà®  «¨§¨àã¥¬ XH (5.13) (¯ à  ª â ¨ ç ¥ á ª ® ¥ §    ï â¨ ¥). �á«¨
 = 20Æ, â®

R (20Æ;  0) �= e�
(20� 0)2

2:62 : (3.14)

�á«¨ ¦¥  = 0 ¨«¨ 40Æ, â®

R ( ;  0) �= e�
( � 0)2

3:12 : (3.15)

� ª ç¥áâ¢¥ è¨à¨ë �� �R ¡ã¤¥¬ à áá¬ âà¨¢ âì ¥¥ è¨à¨ã ¯®
ãà®¢î e�1 �= 0:37. �®£¤  ¢¨¤®, çâ® �R ¯à¨  = 20Æ à ¢  5Æ:2,
  ¯à¨  = 0 ¨«¨ 40Æ à ¢  6Æ:2, â. ¥. ¢ ¢¥¥à¥ ��, ¨§®¡à ¦¥®¬
  à¨á. 3.13,  ¨¡®«¥¥ ã§ª ï ( ¨¡®«¥¥ ®áâà ï) �� | áà¥¤ïï
( = 20Æ ¨«¨ i = 41),    ¨¡®«¥¥ è¨à®ª¨¥ �� | ªà ©¨¥ ( = 0
¨«¨ i = 1 ¨  = 40Æ ¨«¨ i =M = 81).
� ¯¨è¥¬ (3.12) ¢ ¢¨¤¥

NX
j=1

R ( i; e 0j) eAj + F = eU ( i); i = 1; M: (3.16)

�®®â®è¥¨¥ (3.16) ¥áâì á¨áâ¥¬  M «¨¥©®-¥«¨¥©ëå ãà ¢-

¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâëå eAj , e 0j , F ¨ N ( eAj ¨ F ¢å®¤ïâ

«¨¥©®,   e 0j | ¥«¨¥©®). ���� (3.16) à¥è « áì ®¡®¡é¥ë¬
¬¥â®¤®¬ à¥¤ãªæ¨¨ ¨§¬¥à¥¨© (á ¨á¯®«ì§®¢ ¨¥¬  «£®à¨â¬  ¨â¥-
£à «ì®©  ¯¯à®ªá¨¬ æ¨¨ ¨ ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ). Ǳà¨
íâ®¬ ¯®« £ «®áì: a = c = 0, b = d = 40Æ. �  à¨á. 3.14 ¯à¥¤áâ ¢«¥-
ë: 1 | â®çë¥ § ç¥¨ï  ¬¯«¨âã¤ á¨£ «®¢ Aj , j = 1; N ; 2 |
â®çë© �Ǳ U( ); 3 | ¤¨áªà¥â¨§¨à®¢ ë© ¨ § èã¬«¥ë© �ǱeU( i), i = 1;M (á¬. (3.12)); 4 | à¥è¥¨¥ P�( 

0) ¨â¥£à «ì®£®
ãà ¢¥¨ï

bZ
a

R ( ;  0)P ( 0) d 0 = eU ( ); c 6  6 d;
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¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  (� = 0:6); 5 | à¥è¥¨¥ ãâ®ç-
ïîé¥© ����

LX
j=1

R ( i; e 0j) ePj + F = eU ( i); i = 1; M;

®â®á¨â¥«ì® ePj ¨ F ¯à¨ L = 6, e 01 = 12Æ:5, e 02 = 8Æ:5, e 03 = 32Æ,e 04 = 22Æ, e 05 = 18Æ, e 06 = 26Æ. �¥§ã«ìâ â à¥è¥¨ï: eP1 = 12:9,eP2 = 10:8, eP3 = 6:1, eP4 = 1:6, eP5 = �0:05, eP6 = �0:08, F = 10:7.

�¨á. 3.14

�¨á. 3.14 ¯®ª §ë¢ ¥â, çâ® ¢ ¤ ®¬ ¯à¨¬¥à¥ ¨¬¥¥â ¬¥áâ® á«®¦-
 ï ¯®¬¥å®-á¨£ «ì ï á¨âã æ¨ï,   ¨¬¥®, ¤¢  «¥¢ëå á¨£ « 
ï¢«ïîâáï ¡«¨§ª¨¬¨ ¨ ¤ ¦¥ ¢ ¥§ èã¬«¥®¬ U( ) (ªà¨¢ ï 2 )

¥ à §à¥è îâáï,   âà¥â¨© (á« ¡ë©) á¨£ « ¢ § èã¬«¥®© eU( )
á®¢¥àè¥® ¥ ¯à®á¬ âà¨¢ ¥âáï. � â¥¬ ¥ ¬¥¥¥, ¢á¥ á¨£ «ë (5
  à¨á. 3.14) à §à¥è¨«¨áì,   «®¦ë¥ ®âä¨«ìâà®¢ «¨áì (¯®¤à®¡¥¥
 «£®à¨â¬ ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨ á¬. ¢ ¯. 2.3).
Ǳà¨¬¥à 2 (à¥¤ãªæ¨ï ¯à®âï¦¥ëå á¨£ «®¢). Ǳãáâì á®

¢á¥å  ¯à ¢«¥¨© ¨§ á¥ªâ®à  [a; b] ¯®áâã¯ îâ    â¥ã §¢ã-
ª®¢ë¥ á¨£ «ë ¨ ¨å ¨â¥á¨¢®áâì P § ¢¨á¨â ®â  ¯à ¢«¥¨ï
 á«¥¤ãîé¨¬ ®¡à §®¬ (á¬. á¯«®èãî «¨¨î   à¨á. 3.15, â¨¯ 
à¨á. 1 ¢ [59, ç. III]).
�ã¤¥¬ ¯à¨¨¬ âì ¨å  â¥®©, ¯®¢®à ç¨¢ ï (áª ¨àãï) ¥¥ ��.

Ǳãáâì ��  â¥ë (¯® ¬®é®áâ¨) à ¢ 

R ( ;  0) =

r
Q

�

e
�
Q ( � 0)2

1+ 2 ;

£¤¥  | ã£®« ª®¬¯¥á æ¨¨ (ã£®«  ¢¥¤¥¨ï ��),    0 | â¥ªãé¨©
ã£®«, Q = 59:924.
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�¨á. 3.15

�  à¨á. 3.15 ¯ãªâ¨à®¬ ®â®¡à ¦¥ ¥§ èã¬«¥ë© ¨¤¨ª â®p-

ë© ¯à®æ¥áá U( ) =
R b
a
R ( ;  0)P ( 0) d 0. � äãªæ¨¨ U( ) ¤®-

¡ ¢«ï«¨áì � 1% ¯®£à¥è®áâ¨. �  à¨á. 3.15 ¯à¨¢¥¤¥® à¥è¥¨¥
¨â¥£à «ì®£® ãà ¢¥¨ï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  P�( )
(� = 10�3:5). �¨¤¨¬, çâ® ¢á¥ ä«ãªâã æ¨¨ ¢ à¥è¥¨¨ ¢®ááâ ®¢¨-
«¨áì, ¯®ï¢¨«áï «¨èì ®¤¨ ¥¡®«ìè®© «®¦ë© ¬ ªá¨¬ã¬ (¯®¤à®¡-
®áâ¨ | ¢ [59, ç. III]; §¤¥áì ®¡®§ ç¥¨ï ¨§¬¥¥ë ¯® áà ¢¥¨î
á [59, ç. III]).

�¨á. 3.16

�¡  ¯¯ à â®© äãªæ¨¨. �áâ ®¢¨¬áï ¥é¥ à §   ¢®¯à®-
á¥ ®¡ �� ¢ á¢ï§¨ á à¥¤ãªæ¨®®© ¯à®¡«¥¬®©. Ǳà¨¬¥¨â¥«ì® ª
 â¥ ¬ ��  §ë¢ ¥âáï �� ¨«¨ �� [31, 65, 73]. �«ï ¯àï¬®-
ã£®«ì®£® ¯®àè¥¢®£® ¨§«ãç â¥«ï ¨«¨ ¯à¨¥¬¨ª  (á¬. à¨á. 3.16)
�� ¯® ¤ ¢«¥¨î ¢ äãªæ¨¨ ã£«   0, ®âáç¨â ®£® ®â ®à¬ «¨,
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§ ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ [73, á. 91{100]:

R ( 0) =
sin

�
�l

�

sin 0
�

�l

�

sin 0
; (3.17)

£¤¥ l | ¤«¨  ¨§«ãç â¥«ï, � | ¤«¨  ¢®«ë, ¨ £à ä¨ç¥áª¨
¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬ (á¬. à¨á. 3.17  ¢ ¤¥ª àâ®¢ëå ª®®à-
¤¨ â å ¨ à¨á. 3.17¡ ¢ ¯®«ïàëå ª®®à¤¨ â å).

�¨á. 3.17

�  à¨á. 3.17 2 01 | ã£®« à áâ¢®à  £« ¢®£® ¬ ªá¨¬ã¬  ��, ¯à¨-

ç¥¬  01  å®¤¨âáï ¨§ ãá«®¢¨ï: sin(
�l

�

sin 01) = 0 ¨«¨
�l

�

sin 01 = �,
®âªã¤ 

 01 = arcsin
�

l

: (3.18)

� ¯à¨¬¥à, ¯à¨ � = 0:1l ¨¬¥¥¬:  01 = arcsin 0:1 �= 6Æ. �®à¬ã«  (3.18)
¯®ª §ë¢ ¥â, çâ®  01 ã¬¥ìè ¥âáï (�� ®¡®áâàï¥âáï) á ã¬¥ìè¥¨-
¥¬ ¤«¨ë ¢®«ë � (â. ¥. á ¯¥à¥å®¤®¬   ¡®«¥¥ ¢ëá®ª¨¥ ç áâ�®âë)
¨ á ã¢¥«¨ç¥¨¥¬ à §¬¥à®¢ ¨§«ãç â¥«ï. � ç¥ £®¢®àï,  01 ã¬¥ì-
è ¥âáï á ã¢¥«¨ç¥¨¥¬ â ª  §ë¢ ¥¬®£® ¢®«®¢®£® à §¬¥à  ¨§«ã-
ç â¥«ï l=�. �¤ ª® ¡®«ìèãî à®«ì ¨£à ¥â ¨ ¡®ª®¢®¥ ¯®«¥ ��
(á¬. à¨á. 3.17).
�� à áá¬ âà¨¢ îâ â ª¦¥ ¯® ¬®¤ã«î ¤ ¢«¥¨ï:

jR ( 0) j =

�������
sin

�
�l

�

sin 0
�

�l

�

sin 0

������� (3.19)

¨ ¯® ¬®é®áâ¨:

R2( 0) =

264 sin
�
�l

�

sin 0
�

�l

�

sin 0

375
2

(3.20)
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�¨á. 3.18

(¢ íâ®¬ á«ãç ¥ à¥§ª® á¨¦ ¥âáï ãà®¢¥ì ¡®ª®¢®£® ¯®«ï). � áâ®
à áá¬ âà¨¢ îâ �� ¢ ¯®«®á¥ ç áâ®â | â®£¤  ®  ¡ã¤¥â £®à §¤®
¡®«¥¥ £« ¤ª®© äãªæ¨¥©, ç¥¬ (3.17){(3.20) (á¬. à¨á. 3.18).
�á«¨ �� ¨§¬¥àï¥âáï ¯® ¤ ¢«¥¨î (R¤), â® ¨á¯®«ì§ã¥âáï è¨à¨-

  �� ¯® ãà®¢î 0.7: �R¤ 0:7
,   ¥á«¨ �� ¨§¬¥àï¥âáï ¯® ¬®é®áâ¨

(R¬), â® ¨á¯®«ì§ã¥âáï è¨à¨  �� ¯® ãà®¢î 0.5: �R¬ 0:5
. Ǳ®-

áª®«ìªã 0:72 � 0:5, â® �R¤ 0:7
� �R¬ 0:5

.
Ǳà¨ ¬¥å ¨ç¥áª®¬ ¢à é¥¨¨ (¯®¢®à®â¥) ¯®àèï �� § ¯¨áë¢ -

¥âáï ¢ äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå:

R ( ;  0) =
sin

�
�l

�

sin ( �  
0)

�
�l

�

sin ( �  
0)

= R ( �  0); (3.21)

£¤¥  |  ¯à ¢«¥¨¥ ®à¬ «¨ ª ¯®àèî,  �  0 | ã£®«, ®â-
áç¨â ë© ®â ®à¬ «¨. �¨¤¨¬, çâ® �� ¢ íâ®¬ á«ãç ¥ ï¢«ï¥âáï
à §®áâ®© äãªæ¨¥©, â. ¥. ¯®¢®à ç¨¢ ¥âáï ¢¬¥áâ¥ á ¯®àè¥¬ ¡¥§
¤¥ä®à¬ æ¨¨. �á«¨ ¦¥ ¯®¢®à®â �� ®áãé¥áâ¢«ï¥âáï í«¥ªâà¨ç¥áª¨
(§  áç¥â ¢¥á¥¨ï § ¤¥à¦¥ª), çâ® ¨¬¥¥â ¬¥áâ® ¤«ï  â¥ ¯®¤-
¢®¤ëå «®¤®ª, â®

R ( ;  0) =
sin

�
�l

�

(sin � sin 0)

�
�l

�

(sin � sin 0)

; (3.22)

£¤¥  ¨  0 ®âáç¨âë¢ îâáï ®â ®à¬ «¨ ª ¡®àâã. Ǳ¥à¢ë© ã«ì

¢ �� ¢¨¤  (3.22) ¨¬¥¥â ¬¥áâ® ¯à¨
�l

�

(sin 01 � sin ) = �, â. ¥. ¯à¨

 01 = arcsin
�
�

l

+ sin 
�
: (3.23)

�®à¬ã«  (3.23) ®â«¨ç ¥âáï ®â (3.18). Ǳà¨ ¬¥å ¨ç¥áª®¬ ¯®¢®-
à®â¥ ã£®« à áâ¢®à  2 01 £« ¢®£® ¬ ªá¨¬ã¬  �� (á¬. (3.18)) ¥
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§ ¢¨á¨â ®â  ,   ¯à¨ í«¥ªâà¨ç¥áª®¬ ¯®¢®à®â¥ 2 01 à áâ¥â á à®áâ®¬
 (á¬. (3.23)). � ¯à¨¬¥à, ¥á«¨ � = 0:1l, â® ¯à¨  = 0 ¨¬¥¥¬ ¯®
®¡¥¨¬ ä®à¬ã« ¬:  01 = arcsin 0:1 � 6Æ,   ¯à¨  = 30Æ ä®à¬ã« 
(3.18) ¤ ¥â  01 � 6Æ,   ä®à¬ã«  (3.23) ¤ ¥â  01 = arcsin 0:6 � 37Æ,
â. ¥. �� (3.22) ¯à¨  = 30Æ ¢ 6 à § (!) è¨à¥, ç¥¬ ¯à¨  = 0.

�¥å¨ç¥áª ï à¥ «¨§ æ¨ï  «£®à¨â¬®¢ à¥¤ãªæ¨¨. �â ª, à¥-
è¥¨¥ à¥¤ãªæ¨®®© ¯à®¡«¥¬ë �í«¥ï á¢®¤¨âáï ª  ¤¥ª¢ â®¬ã ¬ -
â¥¬ â¨ç¥áª®¬ã ®¯¨á ¨î ¯à®æ¥áá®¢ ¨ íää¥ªâ¨¢®¬ã à¥è¥¨î á®-
®â¢¥âáâ¢ãîé¨å ¬ â¥¬ â¨ç¥áª¨å á®®â®è¥¨© (¨â¥£à «ìëå, ¤¨ä-
ä¥à¥æ¨ «ìëå, âà áæ¥¤¥âëå ãà ¢¥¨©, á¨áâ¥¬ «¨¥©ëå, ¥-
«¨¥©ëå ¨«¨ «¨¥©®-¥«¨¥©ëå ãà ¢¥¨© ¨ â. ¤.). Ǳ®¤ íä-
ä¥ªâ¨¢ë¬ à¥è¥¨¥¬ ¯®¤à §ã¬¥¢ ¥âáï ¥ â®«ìª® ãáâ®©ç¨¢®¥ ¨
¢ëá®ª®â®ç®¥ à¥è¥¨¥, ® ¨ à¥è¥¨¥, âà¥¡ãîé¥¥ ¯® ¢®§¬®¦®áâ¨
¬ «ëå § âà â ª®¬¯ìîâ¥à®£® ¢à¥¬¥¨ ¨ ¯ ¬ïâ¨. �â¨ ¢ëç¨á«¥¨ï
¬®£ãâ ¢ë¯®«ïâìáï á ¯®¬®éìî æ¨äà®¢ëå ¨«¨   «®£®¢ëå ���,
¯à¥®¡à §®¢ â¥«¥© (��Ǳ ¨ ��Ǳ), ä¨«ìâà®¢,   â ª¦¥ á¯¥æ¨ «¨§¨-
à®¢ ëå ¢ëç¨á«¨â¥«ìëå ãáâà®©áâ¢ (���).
�®¥¤¨¥¨¥ ¨§¬¥à¨â¥«ì®£® ãáâà®©áâ¢  á ¢ëç¨á«¨â¥«ìë¬ á æ¥-

«ìî à¥è¥¨ï § ¤ ç¨ à¥¤ãªæ¨¨ ¨§¬¥à¥¨© ¢¥¤¥â ª á®§¤ ¨î â ª  -
§ë¢ ¥¬ëå ¨§¬¥à¨â¥«ì®-¢ëç¨á«¨â¥«ìëå ª®¬¯«¥ªá®¢ (���). �â®
à ¢®§ ç® á®§¤ ¨î ®¢ëå ¨§¬¥à¨â¥«ìëå ãáâà®©áâ¢ á ¡®«¥¥
¢ëá®ª®© à §à¥è îé¥© á¯®á®¡®áâìî (¯® ã£«ã, ¢à¥¬¥¨, ç áâ®â¥
¨ â. ¤.). � ª¨¥ ãáâà®©áâ¢  á¯®á®¡ë ¢®ááâ  ¢«¨¢ âì ¬¨ªà®áâàãª-
âãàã ¨§¬¥àï¥¬®£® ¯®«ï, à §à¥è âì ¡«¨§ª¨¥ á¨£ «ë, ¢ë¤¥«ïâì
á« ¡ë¥ á¨£ «ë ¨§ èã¬  ¨ â. ¤. �á«¨ ¯®¤ ¨§¬¥à¨â¥«ìë¬ ãáâà®©-
áâ¢®¬ ¯®¤à §ã¬¥¢ âì,  ¯à¨¬¥à, à ¤¨® â¥ã ¨«¨ â¥«¥áª®¯, â®
á®§¤ ¨¥ ��� ¡ã¤¥â à ¢®á¨«ì® á®§¤ ¨î  â¥ë ¨«¨ â¥«¥-
áª®¯  ¡�®«ìè¨å à §¬¥à®¢. �®¦® áª § âì, çâ® á®§¤ ¨¥ ���, â. ¥.
à¥è¥¨¥ § ¤ ç à¥¤ãªæ¨¨ ¨§¬¥à¥¨© ¬®¦¥â ¤ âì § ç¨â¥«ìë©
â¥å¨ç¥áª¨© ¨ ä¨ á®¢®-íª®®¬¨ç¥áª¨© íää¥ªâ.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ç¥¬ á®áâ®ïâ ¤¢  á¯®á®¡  ¯à¨¡«¨¦¥¨ï ¨§¬¥à¥®£® á¨£ « 
ª ¨áâ¨®¬ã? Ǳà¨¬¥àë.
2. �ä®à¬ã«¨àã©â¥ à¥¤ãªæ¨®ãî ¯à®¡«¥¬ã �í«¥ï.
3. �  ®á®¢¥ à¨á. 3.13 áä®à¬ã«¨àã©â¥ § ¤ çã à¥¤ãªæ¨¨ á¨£ -

«®¢.
4. �ë¢¥¤¨â¥ (¯®¤à®¡®) á®®â®è¥¨ï (3.14) ¨ (3.15) ¨§ (3.13).
5. �  ®á®¢¥ à¨á. 3.14 ®¯¨è¨â¥ ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à æ¨©

¢ ®¡®¡é¥®¬ ¬¥â®¤¥ à¥¤ãªæ¨¨ ¨§¬¥à¥¨©.
6. � à¨áã©â¥ £à ä¨ª¨ �� ¯® ¬®¤ã«î ¤ ¢«¥¨ï jR ( 0)j (á¬.(3.19))

¨ ¯® ¬®é®áâ¨ R2( 0) (á¬. (3.20)) â¨¯  à¨á. 3.17  ¨ ãª ¦¨â¥ § -
ç¥¨ï ¬ ªá¨¬ã¬®¢ ¢ ¡®ª®¢®¬ ¯®«¥ ��.
7. �¯¨è¨â¥ â¥å¨ç¥áªãî à¥ «¨§ æ¨î ¬¥â®¤®¢ à¥¤ãªæ¨¨ á ¨á-

¯®«ì§®¢ ¨¥¬ ¨§¬¥à¨â¥«ì®-¢ëç¨á«¨â¥«ì®£® ª®¬¯«¥ªá .
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4.1. �¡à âë¥ § ¤ ç¨ â¥®à¨¨ ã¯à ¢«¥¨ï

� áá¬®âà¨¬ ªà âª® àï¤ ®¡à âëå § ¤ ç á®¢à¥¬¥®© â¥®-
à¨¨ ã¯à ¢«¥¨ï, ®¯¨áë¢ ¥¬ëå ¨â¥£à «ìë¬¨ ãà ¢¥¨ï¬¨ [10,
57, 87].

�®ááâ ®¢«¥¨¥ á¨£ «  ¢ ¤¨ ¬¨ç¥áª®© á¨áâ¥¬¥. �¡è¨à-
®© ®¡« áâìî ¯à¨«®¦¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© â¨¯  �®«ì-
â¥ààë ï¢«ïîâáï § ¤ ç¨   «¨§  ¯à®æ¥áá®¢ ¢ ¥¯à¥àë¢ëå ¤¨ -
¬¨ç¥áª¨å á¨áâ¥¬ å ã¯à ¢«¥¨ï á ®¡à â®© á¢ï§ìî ¨«¨ ¡¥§ ¥¥.
Ǳãáâì y (t) | ¢å®¤®© á¨£ « ¢ á¨áâ¥¬ã ã¯à ¢«¥¨ï (ã¯à ¢«ï-

îé¥¥ ¢®§¤¥©áâ¢¨¥   á¨áâ¥¬ã), f (t) | ¢ëå®¤®© á¨£ « (®âª«¨ª,
à¥ ªæ¨ï á¨áâ¥¬ë), £¤¥ t | ¢à¥¬ï (¯®íâ®¬ã á¨áâ¥¬   §ë¢ ¥âáï ¤¨-
 ¬¨ç¥áª®©). �®£¤ , ¥á«¨ á¨áâ¥¬  «¨¥© , á¢ï§ì ¬¥¦¤ã ¢å®¤ë¬
¨ ¢ëå®¤ë¬ á¨£ « ¬¨ ¢ëà ¦ ¥âáï ¢ ¢¨¤¥ á«¥¤ãîé¥£® ®¡é¥£®
á®®â®è¥¨ï [10, á. 198]:

l (t) y (t) +

tZ
t0

L (t; �) y (�) d� = F (t); t 2 [t0; T ]; (4.1)

£¤¥

F (t) = k (t) f (t) +

tZ
t0

K (t; �) f (�) d� � v (t; t0); (4.2)

L (t; �) ¨ K (t; �) | ¨¬¯ã«ìáë¥ ¯¥à¥å®¤ë¥ äãªæ¨¨, ®¯à¥¤¥«ïî-
é¨¥ ¨¥àæ¨®®áâì (¯®á«¥¤¥©áâ¢¨¥) á¨áâ¥¬ë; l (t) ¨ k (t) ®¯à¥¤¥-
«ïîâ ®¡à âë¥ á¢ï§¨ ¢ á¨áâ¥¬¥: ç¥¬ ¡®«ìè¥ l ¨ k, â¥¬ á¨«ì¥¥
®¡à â ï á¢ï§ì ¨ â¥¬ ¢ëè¥ ¯®àï¤®ª á¨áâ¥¬ë [10, á. 62], ¥á«¨
l = k = 0, â® á¨áâ¥¬  ¥ ¨¬¥¥â ®¡à âëå á¢ï§¥©; t0 | ¬®¬¥â
 ç «  äãªæ¨®¨à®¢ ¨ï á¨áâ¥¬ë, ¢ ç áâ®áâ¨, t0 = �1 (á¨áâ¥-
¬  á ¡¥áª®¥ç®© ¯ ¬ïâìî, ¨«¨ ¨¥àæ¨®®áâìî) ¨«¨ t0 = t��
(á¨áâ¥¬  á ª®¥ç®© ¯ ¬ïâìî � > 0) ¨«¨ t0 = 0 (á¨áâ¥¬  ¢ á®áâ®ï-
¨¨ ¯®ª®ï ¯à¨ t < 0); v (t; t0) å à ªâ¥à¨§ã¥â ¢«¨ï¨¥ ¯à¥¤ëáâ®à¨¨
á¨áâ¥¬ë ¤® ¬®¬¥â  t0   ¢ëå®¤®© á¨£ « ¢ ¬®¬¥â t (¤àã-
£¨¬¨ á«®¢ ¬¨,  ç «ìë© § ¯ á í¥à£¨¨,  ª®¯«¥ë© á¨áâ¥¬®©
¤®  ç «  äãªæ¨®¨à®¢ ¨ï).
�®®â®è¥¨¥ (4.1) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥ààë

II à®¤  ®â®á¨â¥«ì® ¢å®¤®£® á¨£ «  y (t), ¥á«¨ l (t) 6= 0 ¯à¨
t 2 [t0; T ], ¨«¨ ãà ¢¥¨¥ �®«ìâ¥ààë I à®¤ , ¥á«¨ l (t) � 0 (á¨áâ¥-
¬  ¡¥§ ®¡à â®© á¢ï§¨), ¨«¨ ãà ¢¥¨¥ �®«ìâ¥ààë III à®¤ , ¥á«¨
l (t) = 0 ¯à¨ ¥ª®â®àëå, ® ¥ ¢á¥å § ç¥¨ïå t 2 [t0; T ].
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�¥â®¤ë à¥è¥¨ï ãà ¢¥¨© �®«ìâ¥ààë II ¨ I à®¤  áãé¥áâ¢¥®
à §«¨çë. � ¤ ç  à¥è¥¨ï ãà ¢¥¨ï �®«ìâ¥ààë II à®¤  ï¢«ï¥âáï
ª®àà¥ªâ®© (ãáâ®©ç¨¢®©) ¨ ¤«ï ¥£® à¥è¥¨ï ¢¥áì¬  íää¥ªâ¨¢ë
â ª¨¥ ª« áá¨ç¥áª¨¥ ¬¥â®¤ë, ª ª ¬¥â®¤ë ª¢ ¤à âãà, ¨â¥à æ¨©,
à¥§®«ì¢¥âë, ª®««®ª æ¨¨, á¯« ©®¢, ªãá®ç®-£« ¤ª¨å ¯®«¨®¬®¢
¨ ¤à. [19, á. 24{94]. � ¤ ç  ¦¥ à¥è¥¨ï ãà ¢¥¨ï �®«ìâ¥ààë
I à®¤ , áâà®£® £®¢®àï, ¥ª®àà¥ªâ  (¥ãáâ®©ç¨¢ ), å®âï óáâ¥¯¥ì
¥ª®àà¥ªâ®áâ¨ô ¨¦¥, ç¥¬ ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤ . Ǳ®íâ®-
¬ã ¤«ï à¥è¥¨ï ãà ¢¥¨ï �®«ìâ¥ààë I à®¤   àï¤ã á ¬¥â®¤ ¬¨
ª¢ ¤à âãà, ª®««®ª æ¨¨, á¯« ©®¢ ¨ ªãá®ç®-£« ¤ª¨å ¯®«¨®¬®¢
[19, á. 120{126, 134{137] ¯à¨¬¥ïîâ ¬¥â®¤ë à¥£ã«ïà¨§ æ¨¨ (�¨å®-
®¢ , �¥¨á®¢ , �¯ àæ¨ , �¥à£¥¥¢ , � £¨æª®£®) [19, á. 126{134].
�â® ¦¥ ª á ¥âáï à¥¤ª®£® ãà ¢¥¨ï �®«ìâ¥ààë III à®¤ , â® ®®
§ ¨¬ ¥â ¯à®¬¥¦ãâ®ç®¥ ¯®«®¦¥¨¥ ¬¥¦¤ã ãà ¢¥¨ï¬¨ �®«ì-
â¥ààë II ¨ I à®¤ .
�®®â®è¥¨¥ (4.1) ç áâ® à áá¬ âà¨¢ ¥âáï â ª¦¥ ª ª ãà ¢¥¨¥

�®«ìâ¥ààë ®â®á¨â¥«ì® ¢ëå®¤®£® á¨£ «  f (t) ¨ § ¯¨áë¢ ¥âáï
¢ ¢¨¤¥:

k (t) f (t) +

tZ
t0

K (t; �) f (�) d� = Y (t); t 2 [t0; T ]; (4.3)

£¤¥

Y (t) = l (t) y (t) +

tZ
t0

L (t; �) y (�) d� + v (t; t0): (4.4)

�á«¨ L (t; �) = L (t � �), K (t; �) = K (t � �), l (t) = l = const,
k (t) = k = const, â® á¨áâ¥¬   §ë¢ ¥âáï áâ æ¨® à®©, ¨«¨ á¨áâ¥-
¬®© á ¯®áâ®ïë¬¨ ¯ à ¬¥âà ¬¨, ¨ ¤«ï ¥¥ ¨¬¥¥â ¬¥áâ® ®¤®áâ®-
à®¥¥ (¯à¨ t0 = 0) ¨«¨ ¤¢ãáâ®à®¥¥ (¯à¨ t0 = �1) ãà ¢¥¨¥
�®«ìâ¥ààë II à®¤  â¨¯  á¢¥àâª¨:

ly (t) +

tZ
t0

L (t� �) y (�) d� = F (t); t 2 [t0; T ]; (4.5)

¨«¨

kf (t) +

tZ
t0

K (t� �) f (�) d� = Y (t); t 2 [t0; T ]: (4.6)

�á«¨ á¨áâ¥¬  á®áâ®¨â ¨§ n í«¥¬¥â®¢, â® ¨¬¥¥â ¬¥áâ® (¯à¨
l = k = 1) á«¥¤ãîé ï á¨áâ¥¬  n ãà ¢¥¨© �®«ìâ¥ààë II à®¤ 
[87, á. 13{15]:

yi(t)+

nX
j=1

tZ
t0

Lij(t; �) pij(�) yj(�) d� = Fi(t); i = 1; n; t 2 [t0; T ]; (4:7)



4.1. �������� ������ ������ �Ǳ�������� 121

¨«¨

fi(t) +

nX
j=1

tZ
t0

Kij(t; �) qij(�) fj(�) d� = Yi(t); (4.8)

£¤¥ i ¨«¨ j | ®¬¥à í«¥¬¥â , pij ¨ qij | ¨§¢¥áâë¥ ¨â¥á¨¢®áâ¨
áâàãªâãàëå á¢ï§¥© ¯® ª  «ã j ! i.
�á«¨ á¨áâ¥¬  ¥«¨¥© , â® ®  ®¯¨áë¢ ¥âáï ¥«¨¥©ë¬ ¨-

â¥£à «ìë¬ ãà ¢¥¨¥¬ �®«ìâ¥ààë-�àëá®  II à®¤  [10, á. 29],
[87, á. 16]:

y (t)�
tZ

t0

A [t; �; y (�); f (�)] d� = y (t0); t 2 [t0; T ]; (4.9)

¨«¨

f (t)�
tZ

t0

B [t; �; f (�); y (�)] d� = f (t0); t 2 [t0; T ]; (4.10)

£¤¥ A ¨ B | ¥ª®â®àë¥ ¨§¢¥áâë¥ ¥«¨¥©ë¥ äãªæ¨¨.
�  ¬ ¥ ç   ¨ ¥. Ǳ®áª®«ìªã ¯¥à¥¬¥ ï t (¨ �) ï¢«ï¥âáï ¢à¥¬¥-

¥¬, â® ãá«®¢¨¥ ä¨§¨ç¥áª®© à¥ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (¢ëå®¤®©
á¨£ « ¥ ¬®¦¥â ¯®ï¢¨âìáï à ìè¥ ¢å®¤®£®) âà¥¡ã¥â, çâ®¡ë

L (t; �) = K (t; �) = 0 ¯à¨ t < � (4.11)

¨«¨ ¤«ï áâ æ¨® à®© á¨áâ¥¬ë

L (t) = K (t) = 0 ¯à¨ t < 0: (4.12)

Ǳ®íâ®¬ã ¢¥àå¨¥ ¯à¥¤¥«ë ¨â¥£à «®¢ ¢ (4.1){(4.10) ¯¥à¥¬¥ë ¨
à ¢ë t.

�®ááâ ®¢«¥¨¥ á¨£ «  ¢ ¤¨ ¬¨ç¥áª®© á¨áâ¥¬¥ ¡¥§ ®¡-
à â®© á¢ï§¨. �¯¥æ¨ «ì® à áá¬®âà¨¬ ãà ¢¥¨¥ (4.1) ¯à¨
l = K = v = 0, k = 1:

tZ
t0

L (t; �) y (�) d� = f (t); t 2 [t0; T ]: (4.13)

�à ¢¥¨¥ (4.13) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥àà  I à®-
¤  ¨ ®® ®¯¨áë¢ ¥â ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ ã¯à®é¥®© ¤¨-
 ¬¨ç¥áª®© á¨áâ¥¬¥ ¡¥§ ®¡à â®© á¢ï§¨. � ¥¬ y (t) | ¢å®¤®©
á¨£ « ¢ á¨áâ¥¬ã (ä¨«ìâà), f (t) | ¢ëå®¤®© á¨£ «, ¨«¨ ®âª«¨ª,
  L (t; �) | äãªæ¨ï,  §ë¢ ¥¬ ï ¢ â¥®à¨¨  ¢â®¬ â¨ç¥áª®£® ã¯à -
¢«¥¨ï ¨ à ¤¨®â¥å¨ª¥ ¨¬¯ã«ìá®© ¯¥à¥å®¤®© äãªæ¨¥© (¨«¨ ¨¬-
¯ã«ìá®© à¥ ªæ¨¥©, ¨«¨ ¢¥á®¢®© äãªæ¨¥©). �á«¨ L (t; �) = L (t��),
â® á¨áâ¥¬  á â ª®© ¨¬¯ã«ìá®© äãªæ¨¥© ¢ â¥®à¨¨  ¢â®¬ â¨ç¥-
áª®£® ã¯à ¢«¥¨ï  §ë¢ ¥âáï áâ æ¨® à®©, ¢ â¥®à¨¨ á¨áâ¥¬ |
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®¤®à®¤®©, ¨«¨ ¨¢ à¨ â®© ª á¤¢¨£ã, ¢ ®¯â¨ª¥ | ¨§®¯«  â¨-
ç¥áª®© ¨ â. ¤. � íâ®¬ á«ãç ¥

tZ
t0

L (t� �) y (�) d� = f (t); t 2 [t0; T ]: (4.14)

�à ¢¥¨¥ (4.14) ¥áâì ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥ààë I à®-
¤  á à §®áâë¬ ï¤à®¬,   ¯à¨ t0 = 0 | ®¤®áâ®à®¥¥ ¨«¨ ¯à¨
t = �1 ¤¢ãáâ®à®¥¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥ààë I à®¤ 
â¨¯  á¢¥àâª¨. �«ï à¥è¥¨ï ãà ¢¥¨ï (4.14) â¨¯  á¢¥àâª¨ ã¤®¡-
ë¬ ï¢«ï¥âáï ¬¥â®¤ Ǳ� (á à¥£ã«ïà¨§ æ¨¥© ¤«ï ãáâ®©ç¨¢®áâ¨)
[19, á. 110{114, 126{134].
�  á âë ¥ á «ã ç   ¨ ¤ ®© § ¤ ç¨ (ãà ¢¥¨¥ (4.14) ¯à¨

t0 = 0) [67, á. 29, 164]: ®¯à¥¤¥«¥¨¥ à ¤¨®¨¬¯ã«ìá  y (t), ¨§«ãç¥®-
£® ¨áâ®ç¨ª®¬, ¯® ¯à¨ïâ®¬ã á¨£ «ã f (t) ¨ ¨§¢¥áâ®© ¨¬¯ã«ìá-
®© ¯¥à¥å®¤®© äãªæ¨¨ áà¥¤ë L (t); ®¯à¥¤¥«¥¨¥ í«¥ªâà¨ç¥áª®£®
¨¬¯ã«ìá    ¢å®¤¥ ª ¡¥«ï y (t) ¯® ¨§¬¥à¥®¬ã á¨£ «ã   ¢ëå®¤¥
ª ¡¥«ï f (t) ¨ ¨§¢¥áâ®© ¨¬¯ã«ìá®© äãªæ¨¨ ª ¡¥«ï L (t).
�  ¬ ¥ ç   ¨ ¥. �«ï à¥è¥¨ï ãà ¢¥¨ï (4.14) âà¥¡ã¥âáï § -

¨¥ ¨¬¯ã«ìá®© ¯¥à¥å®¤®© äãªæ¨¨ L. Ǳ®íâ®¬ã ¤®«¦  ¡ëâì
¯®áâ ¢«¥  á«¥¤ãîé ï (¯à¥¤è¥áâ¢ãîé ï) §  ¤   ç  : ¯® § ¤ ë¬
¢å®¤®¬ã y ¨ ¢ëå®¤®¬ã f á¨£ « ¬ ®¯à¥¤¥«¨âì ¨¬¯ã«ìáãî ¯¥-
à¥å®¤ãî äãªæ¨î L. � â¥¬ â¨ç¥áª¨ íâ  § ¤ ç  ¤«ï «¨¥©®©
áâ æ¨® à®© á¨áâ¥¬ë ¯à¨ t0 = 0 ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¤®-
áâ®à®¨¬ ãà ¢¥¨¥¬ �®«ìâ¥ààë I à®¤  â¨¯  á¢¥àâª¨ [67, á. 30]:

tZ
0

y (t� �)L (�) d� = f (t); t > 0: (4.15)

�«ï à¥è¥¨ï â ª®© § ¤ ç¨ ã¦¥ á«¥¤ãîé¨© ¤®¯®«¨â¥«ìë©
á¯¥æ¨ «ìë© í ª á¯ ¥ à¨¬ ¥ â: § ¤ ¥¬ y (t), ¨§¬¥àï¥¬ f (t), ¯®á«¥
ç¥£®  å®¤¨¬ L (t) ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨ï (4.15).
�á«¨ ¤¨ ¬¨ç¥áª ï á¨áâ¥¬  ¥«¨¥©  (¢ ç áâ®áâ¨, á«¥¤ïé ï

á¨áâ¥¬ ), â® ®  ®¯¨áë¢ ¥âáï ¥«¨¥©ë¬ ãà ¢¥¨¥¬ �®«ìâ¥ààë{
�àëá®  I à®¤  [87, á. 11]:

tZ
t0

H [t; �; y (�)] d� = f (t); (4.16)

£¤¥ H | ¥ª®â®à ï ¨§¢¥áâ ï ¥«¨¥© ï äãªæ¨ï.

�®ááâ ®¢«¥¨¥ á¨£ «  ¢ á¨áâ¥¬¥, ¥ ï¢«ïîé¥©áï ¤¨ -
¬¨ç¥áª®©. �á«¨ t (¨ �) ¢ ãà ¢¥¨ïå (4.1){(4.16) ¥ ï¢«ï¥âáï
¢à¥¬¥¥¬ (  ï¢«ï¥âáï,  ¯à¨¬¥à, ã£«®¢®© ª®®à¤¨ â®©, «¨¥©®©
ª®®à¤¨ â®©, à ááâ®ï¨¥¬, ç áâ®â®©, í¥à£¨¥© ¨ â. ¤.), â® á¨áâ¥¬ 
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¥ ï¢«ï¥âáï ¤¨ ¬¨ç¥áª®© ¨ ®£à ¨ç¥¨ï (4.11), (4.12) ¥¯à¨¬¥-
¨¬ë. �®£¤  ¨¬¥îâ ¬¥áâ® ¨â¥£à «ìë¥ ãà ¢¥¨ï �à¥¤£®«ì¬ 
II à®¤  [10, á. 81]:

y (x) +

bZ
a

h (x; s) y (s) ds = f (x); c 6 x 6 d; (4.17)

¨«¨ �à¥¤£®«ì¬  I à®¤  [19, á. 144]:

bZ
a

h (x; s) y (s) ds = f (x); c 6 x 6 d; (4.18)

¢ § ¢¨á¨¬®áâ¨ ®â å à ªâ¥à  § ¤ ç¨. � ãà ¢¥¨ïå (4.17) ¨ (4.18)
®¡®§ ç¥¨ï ¨§¬¥¥ë ¯® áà ¢¥¨î á (4.1){(4.16). � (4.17) ¨ (4.18)
h (x; s) |  ¯¯ à â ï äãªæ¨ï (äãªæ¨ï ®âª«¨ª    ¥¤¨¨ç-
ë© ¨¬¯ã«ìá, ¢¥á®¢ ï äãªæ¨ï ¨ â. ¤.), y (s) | ¨áª®¬ë© ¢å®¤-
®© á¨£ «, f (x) | ¨§¬¥à¥ë© ¢ëå®¤®© á¨£ «. � ¬  § ¤ -
ç  ¢ ¤ ®¬ á«ãç ¥  §ë¢ ¥âáï § ¤ ç¥© ¢®ááâ ®¢«¥¨ï á¨£ « 
(á¬. ¯. 3.1),   â ª¦¥ § ¤ ç¥© à¥¤ãªæ¨¨ ¨§¬¥à¥¨© ª ¨¤¥ «ì®¬ã
¯à¨¡®àã (á¬. ¯. 3.2) ¨ â. ¤.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ § ¤ çã   «¨§  ¯à®æ¥áá®¢ ¢ ¥¯à¥àë¢ëå
¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ å á ®¡à â®© á¢ï§ìî ¨ ¡¥§ ¥¥.
2. � ª �ë ¯®¨¬ ¥â¥ ä¨§¨ª®-â¥å¨ç¥áª¨ (  ¥ ¬ â¥¬ â¨ç¥áª¨)

®¡à âãî á¢ï§ì?
3. Ǳ®ç¥¬ã ¢ á®®â®è¥¨ïå (4.1){(4.16) ¢¥àå¨© ¯à¥¤¥« ¨â¥£à¨-

à®¢ ¨ï à ¢¥ t,   ¥ ¯®áâ®ï®© ¢¥«¨ç¨¥, ª ª ¢ (4.17), (4.18)?
4. � ª®¢® � è¥ ä¨§¨ª®-â¥å¨ç¥áª®¥ (  ¥ ¬ â¥¬ â¨ç¥áª®¥) ¯®-

¨¬ ¨¥ áâ æ¨® à®áâ¨ á¨áâ¥¬ë?
5. � ª �ë ¯®¨¬ ¥â¥ äà §ã: ó�¨áâ¥¬  á®áâ®¨â ¨§ n í«¥¬¥-

â®¢ô?
6. �á¯®«ì§ãï á®®â®è¥¨ï (4.1) ¨ (4.2), ®¡êïá¨â¥, ª ª¨¬¨

¤®«¦ë ¡ëâì ¢å®¤ïé¨¥ ¢ ¨å äãªæ¨¨ l (t), L (t; �), k (t), K (t; �)
¨ v (t; t0), çâ®¡ë ¢ëå®¤®© á¨£ « f (t) ¡ë« ¡«¨§®ª (  ¢ ¯à¥¤¥«¥
à ¢¥) ¢å®¤®¬ã á¨£ «ã y (t).

4.2. �¡à âë¥ § ¤ ç¨ ¡¨®ä¨§¨ª¨

�¯¨á ë¥ ¢ ¯. 4.1 § ¤ ç¨ â¥®à¨¨ ã¯à ¢«¥¨ï ¯à¨¬¥¨¬ë â ª-
¦¥ ¨ ª ¨áá«¥¤®¢ ¨î ¯à®æ¥áá®¢ ¢ ¡¨®ä¨§¨ç¥áª¨å ¤¨ ¬¨ç¥áª¨å
(¨ ¥ ¤¨ ¬¨ç¥áª¨å) á¨áâ¥¬ å,  ¯à¨¬¥à, ª   «¨§ã ¯¥à¥¤ ç¨
¡¨®â®ª®¢ (ª ª á¨£ «®¢) ¢ ¬®§£ã ç¥«®¢¥ª  á ãç¥â®¬ á«®¦ëå á¢ï-
§¥©, § ¯ §¤ë¢ ¨© (§ ¤¥à¦¥ª), ¨¬¯ã«ìáëå ¯¥à¥å®¤ëå äãªæ¨©,
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¢®§¬®¦ëå ¥«¨¥©ëå á¢ï§¥© ¨ â. ¤. � íâ®¬ á«ãç ¥ ¢®§¬®¦-
ë ¯à¨¬¥¥¨ï ãà ¢¥¨© (4.1){(4.16) ¤«ï ¨áá«¥¤®¢ ¨ï ¤ ëå
¯à®æ¥áá®¢.
�¤ ª® ¥áâì ¨ ¤àã£¨¥, ¡®«¥¥ á¯¥æ¨ä¨ç¥áª¨¥ ¤«ï ¡¨®ä¨§¨ª¨

§ ¤ ç¨.

�®ááâ ®¢«¥¨¥ ¨áª ¦¥ëå ¨§®¡à ¦¥¨© ¡¨®«®£¨ç¥áª¨å
¬¨ªà®®¡ê¥ªâ®¢. Ǳà¨  ¡«î¤¥¨¨ ¡¨®«®£¨ç¥áª¨å ¬¨ªà®®¡ê¥ªâ®¢
(¢¨àãá®¢, ¡¥«ª®¢,  ¬¨®ª¨á«®â ¨ â. ¤.) á ¯®¬®éìî ¥ª®â®à®© á¨-
áâ¥¬ë (®¯â¨ç¥áª®£® ¨«¨ í«¥ªâà®®£® ¬¨ªà®áª®¯  ¨ â. ¤.) ¬®£ãâ
¨¬¥âì ¬¥áâ® á«¥¤ãîé¨¥ ä ªâ®àë, á¨¦ îé¨¥ ª ç¥áâ¢® ¨å ¨§®¡à -
¦¥¨©: 1) á¬ § (á¤¢¨£) ¨§®¡à ¦¥¨ï, 2) ®è¨¡ª  ¢ ãáâ ®¢«¥¨¨
ä®ªãá  ¨ 3) ¥¤®áâ â®ç ï à §à¥è îé ï á¯®á®¡®áâì á¨áâ¥¬ë.
� à¥§ã«ìâ â¥ á¬ §  (á¬. à¨á. 4.1) ¨áâ¨®¥ ç¥âª®¥ ¨§®¡à ¦¥¨¥

¬¨ªà®®¡ê¥ªâ®¢, ®¯¨áë¢ ¥¬®¥ äãªæ¨¥© (¨â¥á¨¢®áâìî) w (x; y)
(á¬. à¨á. 4.1 ), ¯à¥¢à â¨âáï ¢ ¥ç¥âª®¥ ä®â®¨§®¡à ¦¥¨¥, ®¯¨áë-
¢ ¥¬®¥ ¨â¥á¨¢®áâìî P (x; y) (á¬. à¨á. 4.1¡).

�¨á. 4.1

�ãªæ¨¨ w (x; y) (¨áª®¬ ï) ¨ P (x; y) (¨§¬¥à¥ ï) á¢ï§ ë á«¥-
¤ãîé¨¬ ®¤®¬¥àë¬ ¨â¥£à «ìë¬ ãà ¢¥¨¥¬ �à¥¤£®«ì¬  I à®-
¤  â¨¯  á¢¥àâª¨ á ¯ à ¬¥âà®¬:

1Z
�1

K (x� �)w (�; y) d� = P (x; y); (4.19)

£¤¥

K (x) =

(
1
�
; �� 6 x 6 0;

0; ¨ ç¥;
(4.20)

� | ¢¥«¨ç¨  á¬ §  (á¤¢¨£ ),   y ¨£à ¥â à®«ì ¯ à ¬¥âà . Ǳ®¤-
à®¡® íâ  § ¤ ç  à áá¬®âà¥  ¢ ¯. 2.1.
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� à¥§ã«ìâ â¥ ®è¨¡ª¨ ¢ ãáâ ®¢«¥¨¨ ä®ªãá  ¡ã¤¥â ¯®«ãç¥®
¤¥ä®ªãá¨à®¢ ®¥ (à §¬ëâ®¥) ¨§®¡à ¦¥¨¥. �¬¥¥â ¬¥áâ® ¤¢ãå¬¥à-
®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨:

1ZZ
�1

K (x � �; y � �)w (�; �) d� d� = P (x; y); (4.21)

£¤¥

K (x; y) =

( 1

��
2 ;

p
x2 + y2 6 �;

0; ¨ ç¥;
(4.22)

� = aÆ=f2 | à ¤¨ãá ¤¨äà ªæ¨®®£® ªàã£ , ¢ ª®â®àë© ¯à¥¢à é -
¥âáï ª ¦¤ ï â®çª  ¨áâ¨®£® ¨§®¡à ¦¥¨ï, a | à ¤¨ãá  ¯¥àâãàë
«¨§ë á¨áâ¥¬ë (¬¨ªà®áª®¯ ), Æ | ¯®£à¥è®áâì ä®ªãá¨à®¢ª¨ ¨§®-
¡à ¦¥¨ï, f2 | à ááâ®ï¨¥ ®â «¨§ë ¤® §à  çª   ¡«î¤ â¥«ï.
Ǳ®áª®«ìªã ¢ ¬¨ªà®áª®¯¥ ¥áª®«ìª® «¨§ á à §ë¬¨ a, Æ ¨ f2, â®
æ¥«¥á®®¡à §¥¥ ¥ ®¯¥à¨à®¢ âì ¢¥«¨ç¨ ¬¨ a, Æ ¨ f2,   ¨á¯®«ì§®-
¢ âì «¨èì ¢¥«¨ç¨ã �, ª®â®àãî á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª ¥ªãî
áà¥ ¤îî ¢¥«¨ç¨ã ¤«ï ¢á¥ å «¨§ ¨ ¥¥ ¬®¦®  ©â¨ ¯® ¤¡®à®¬.
Ǳ®¤à®¡® ¤  ï § ¤ ç  (¯à¨¬¥¨â¥«ì® ª ®¤®© «¨§¥) à á-

á¬®âà¥  ¢ ¯. 2.2.
� ª®¥æ, ¥¤®áâ â®ç ï à §à¥è îé ï á¯®á®¡®áâì á¨áâ¥¬ë

¯®à®¦¤ ¥â § ¤ çã à¥¤ãªæ¨¨  ¡«î¤¥¨© ¡¨®«®£¨ç¥áª¨å ¬¨ªà®®¡ê-
¥ªâ®¢ §   ¯¯ à âãî äãªæ¨î á¨áâ¥¬ë, ª®â®à ï ®¯¨áë¢ ¥âáï
¤¢ãå¬¥àë¬ ¨â¥£à «ìë¬ ãà ¢¥¨¥¬ �à¥¤£®«ì¬  I à®¤  â¨¯ 
á¢¥àâª¨:

1ZZ
�1

h (x� x0; y � y0)w (x0; y0) dx0 dy0 = P (x; y); (4.23)

£¤¥ w (x; y) | ¨áª®¬®¥ ¨áâ¨®¥ à á¯à¥¤¥«¥¨¥ ¨â¥á¨¢®áâ¨
¬¨ªà®®¡ê¥ªâ®¢ (â¨¯  à¨á. 4.1 ), P (x; y) |  ¡«î¤ ¥¬®¥ à á¯à¥-
¤¥«¥¨¥ ¨â¥á¨¢®áâ¨,  ¯à¨¬¥à, ¯® ®¡®«®çª¥ ¢¨àãá  ¡¥«ª®¢ëå
¬®«¥ªã« ¯à¨ ã¢¥«¨ç¥¨¨ ¢ 640000 à § (â¨¯  à¨á. 4.1¡), ¥ ®¡« ¤ -
îé¥¥ ¤®«¦ë¬ à §à¥è¥¨¥¬, h (x; y) | äãªæ¨ï à áá¥ï¨ï ( ¯-
¯ à â ï äãªæ¨ï) á¨áâ¥¬ë. �ää¥ªâ¨¢®¥ (¤®áâ â®ç® â®ç®¥ ¨
ãáâ®©ç¨¢®¥) à¥è¥¨¥ ãà ¢¥¨ï (4.23) ¤ áâ ¢®§¬®¦®áâì ¯à¨¡«¨-
§¨âì P (x; y) ª w (x; y), â. ¥. ¬ â¥¬ â¨ç¥áª¨¬ (¨ ª®¬¯ìîâ¥àë¬)
¯ãâ¥¬ ¯®¢ëá¨âì à §à¥è îéãî á¯®á®¡®áâì á¨áâ¥¬ë ( ¯à¨¬¥à,
¬¨ªà®áª®¯ ). Ǳ®¤®¡ ï § ¤ ç  à áá¬®âà¥  ¢ ¯. 3.2.

� ®¬®£à ä¨ï ¡¨®«®£¨ç¥áª¨å ¬¨ªà®®¡ê¥ªâ®¢.�«ï ¢®ááâ ®-
¢«¥¨ï 3-¬¥àëå áâàãªâãà ¢¨àãá®¢, ¡¥«ª®¢,  ¬¨®ª¨á«®â ¨ â. ¤.
¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   à¥â£¥®¢áª ï â®¬®£à ä¨ï, ¨§«®¦¥-
 ï ¢ ¯. 1.1 (á¬.,  ¯à¨¬¥à, à¨á. 1.12),   â ª¦¥ ���-â®¬®£à ä¨ï
(á¬. ¯. 1.2).
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�¡à â ï § ¤ ç  à¥ç¥¢®©  ªãáâ¨ª¨ [98]. �¥ç¥¢®© ¯à®æ¥áá
¬®¦¥â ¡ëâì ®¯¨á  ¨â¥£à «ìë¬ ãà ¢¥¨¥¬ �à¥¤£®«ì¬  I à®¤ 
â¨¯  á¢¥àâª¨:

1Z
�1

h (x� �)x (�) d� = y (t); �1 < t <1; (4.24)

£¤¥ x (t) | ¢®§¡ã¦¤¥¨¥ ¢ £®«®á®¢®© é¥«¨ ª ª ¢ ¨áâ®ç¨ª¥ (¢å®¤-
®© ¯à®æ¥áá), h (t) | ¨¬¯ã«ìá ï å à ªâ¥à¨áâ¨ª  £®«®á®¢®£® (¢®-
ª «ì®£®) âà ªâ , y (t) | à¥ç¥¢®© ¢ëå®¤ (à¥çì). � ãà ¢¥¨¨ (4.24)
¨áª®¬®© ï¢«ï¥âáï äãªæ¨ï x (t) ¯à¨ ¨§¢¥áâ®© h (t) ¨ ¨§¬¥à¥®©
y (t) | ¢á¥ ¢¥«¨ç�̈ë áãâì  ªãáâ¨ç¥áª¨¥ ¤ ¢«¥¨ï.

� áá¬ âà¨¢ ¥âáï â ª¦¥ ¤àã£ ï § ¤ ç : ¯® ¨§¢¥áâë¬ x (t) ¨
y (t) ®¯à¥¤¥«¨âì h (t). �â  § ¤ ç  ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬:

1Z
�1

x (t� �)h (�) d� = y (t); �1 < t <1: (4.25)

�â®à ï § ¤ ç  ï¢«ï¥âáï ¡®«¥¥ ¢ ¦®©, â ª ª ª ®¯à¥¤¥«¥¨¥
¨¬¯ã«ìá®© å à ªâ¥à¨áâ¨ª¨ £®«®á®¢®£® âà ªâ  á¢ï§ ® á ®¯à¥¤¥-
«¥¨¥¬ ¥£® á¯¥ªâà  �ãàì¥ H (!) (¢®¯à®á ® à¥è¥¨¨ ãà ¢¥¨©
â¨¯  (4.24), (4.25) á¬. ¢ ¯. 7.2 ¨ 8.1),   § ¨¥ H (!) ( ¯à¨¬¥à,
â¨¯  ¨§®¡à ¦¥®£®   à¨á. 4.2) ¯®§¢®«ï¥â ¯®áâ ¢¨âì ¬¥¤¨æ¨áª¨©
¤¨ £®§ ®â®á¨â¥«ì® á®áâ®ï¨ï £®«®á®¢®£® âà ªâ .

�¨á. 4.2

� á¯ ¤ ª«¥â®ª ¨ à ¤¨® ªâ¨¢ëå í«¥¬¥â®¢ [92]. � ¡¨®«®£¨¨
¢ § ¤ ç¥ à á¯ ¤  ª«¥â®ª ¨ ¢ ä¨§¨ª¥ ¢ § ¤ ç¥ à á¯ ¤  à ¤¨® ª-
â¨¢ëå í«¥¬¥â®¢ ¯®« £ ¥âáï, çâ® ¢¥é¥áâ¢® á®áâ®¨â ¨§ ª«¥â®ª
¨«¨ í«¥¬¥â®¢, à á¯ ¤ îé¨åáï ¯® ®¤¨ ª®¢®¬ã § ª®ã � e�t=T ,
£¤¥ t | â¥ªãé¥¥ ¢à¥¬ï,   T | íää¥ªâ¨¢®¥ ¢à¥¬ï à á¯ ¤ , ®
á à §ë¬¨ § ç¥¨ï¬¨ T . � íâ®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ® ¨â¥£à «ì-
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®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤ :

1Z
0

e�t=T � (T ) dT =M (t)=M (0); t > 0; (4.26)

£¤¥ � (T ) | ¨áª®¬ ï äãªæ¨ï à á¯à¥¤¥«¥¨ï ç áâ¨æ ¢¥é¥áâ¢  ¯®
íää¥ªâ¨¢®¬ã ¢à¥¬¥¨ à á¯ ¤  T (¯® § ª®ã � e�t=T ), ¯à¨ç¥¬R
1

0
� (T ) dT = 1,   M (t) | ¨§¬¥à¥ ï ¢ äãªæ¨¨ ¢à¥¬¥¨ t

®¡é ï ¬ áá  ¥à á¯ ¢è¥£®áï ¢¥é¥áâ¢ .

� ¤ ç  ã¤¥«ì®© ¯à¨«¨¢®© ¢¥â¨«ïæ¨¨ ¢ «¥£ª¨å [92].
� ä¨§¨®«®£¨¨ ¨¬¥¥â ¬¥áâ® § ¤ ç ,   «®£¨ç ï ¯®á«¥¤¥©,  
¨¬¥®, § ¤ ç  ã¤¥«ì®© ¯à¨«¨¢®© ¢¥â¨«ïæ¨¨ ¢ «¥£ª¨å á ¢ë-
¬ë¢ ¨¥¬  §®â  N2 ¯à¨ ¬®£®ªà â®¬ ¤ëå ¨¨ (¢ ¬®¤¥«¨, ¥ ãç¨-
âë¢ îé¥© ¯®áâã¯«¥¨ï ®¢®£® N2). �¯à ¢¥¤«¨¢® ãà ¢¥¨¥ (4.26),
¢ ª®â®à®¬ � (T ) | ¨áª®¬ ï äãªæ¨ï à á¯à¥¤¥«¥¨ï ¯® T | íä-
ä¥ªâ¨¢®¬ã ¢à¥¬¥¨ ¢ë¬ë¢ ¨ï N2 ¨§ «¥£ª¨å,   M (t) | ®¡é¥¥
ª®«¨ç¥áâ¢® ¥¢ë¬ëâ®£® N2 ¢ äãªæ¨¨ ¢à¥¬¥¨ t, á¢ï§ ®£® á
¯à®æ¥áá®¬ ¤ëå ¨ï.
� ¡®«¥¥ ®¡é¥¬ á«ãç ¥ à áá¬ âà¨¢ ¥âáï ¥ª®â®àë© § ª® à á-

¯ ¤  ¨«¨ ¢ë¬ë¢ ¨ï ¨®©, ¥¦¥«¨ � e�t=T ,   ¨¬¥®, k (t; T ),
¯à¨ç¥¬ k (t; T ) | ¥ª®â®à ï ã¡ë¢ îé ï äãªæ¨ï ¢à¥¬¥¨ t,  
¯à®¨§¢®¤ ï j@k (t; T )=@tj ®¡à â® ¯à®¯®àæ¨® «ì  T , â. ¥. ç¥¬
¡®«ìè¥ T , â¥¬ ¬¥¤«¥¥¥ ¯à®¨áå®¤¨â à á¯ ¤ ¨«¨ ¢ë¬ë¢ ¨¥.
�®£¤  á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì-
¬  I à®¤ : Z

D1

k (t; T ) � (T ) dT = g (t); t 2 D2; (4.27)

£¤¥ g(t) |  ¡«î¤¥ë¥ ¤ ë¥, � (T ) | ¨áª®¬ ï äãªæ¨ï à á-
¯à¥¤¥«¥¨ï ç áâ¨æ ¢¥é¥áâ¢  ¯® íää¥ªâ¨¢®¬ã ¢à¥¬¥¨ à á¯ ¤  T
¯® § ª®ã k (t; T ),   D1 ¨ D2 | § ¤ ë¥ ®¡« áâ¨ ¨§¬¥¥¨ï T
¨ t.
� § ª«îç¥¨¥ íâ®£® ¯ãªâ  ®â¬¥â¨¬ ¥é¥ ¤¢¥ ¨â¥à¥áë¥ § ¤ ç¨

¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨ | § ¤ ç  ª¨¥â¨ª¨ ¯¥ç¥¨ [95] ¨ § -
¤ ç  ¬®¤¥«¨à®¢ ¨ï §à¥¨ï «ï£ãèª¨ [94]. �¡¥ § ¤ ç¨ ¨á¯®«ì§ãîâ
 ¯¯ à â ¨â¥£à «ìëå ãà ¢¥¨©.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ãà ¢¥¨¨ (4.19) ª ª  ¯à ¢«ïîâáï ®á¨ x, �, y ¨ �?
2. � ©â¥ ª« áá¨ä¨ª æ¨î ãà ¢¥¨ï (4.19). �â® ®¤®- ¨«¨ ¤¢ãå-

¬¥à®¥ ãà ¢¥¨¥ ¨«¨ á®¢®ªã¯®áâì ãà ¢¥¨© ¨«¨ ¦¥ á¨áâ¥¬ 
ãà ¢¥¨©? �¥¬ ®â«¨ç ¥âáï á®¢®ªã¯®áâì ãà ¢¥¨© ®â á¨áâ¥¬ë
ãà ¢¥¨©?
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3. � ãà ¢¥¨¨ (4.23) ª ª®© ¤®«¦  ¡ëâì äãªæ¨ï h (x; y),
çâ®¡ë P (x; y) = w (x; y)?
4. �¤¥« âì ¯¥à¥å®¤ ®â (4.24) ª (4.25) (¨á¯®«ì§ãï § ¬¥ã ¯¥à¥-

¬¥®©).
5. � ª ¯à¥®¡à §ã¥âáï (4.26), ¥á«¨ ¢á¥ ç áâ¨æë ¢¥é¥áâ¢  ¡ã-

¤ãâ ¨¬¥âì ®¤¨ ª®¢®¥ íää¥ªâ¨¢®¥ ¢à¥¬ï à á¯ ¤ ,  ¯à¨¬¥à T0?
Ǳ®¤áª §ª : ¨á¯®«ì§®¢ âì Æ-äãªæ¨î (§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤-
®áâ¨).
6. �«ï ®¡é¥£® á«ãç ï (á¬. (4.27)) ¯à¨¤ã¬ âì ¯à¨¬¥àë äãªæ¨¨

k (t; T ), ã¡ë¢ îé¥© á à®áâ®¬ t, ¯à¨ç¥¬ § ª® ã¡ë¢ ¨ï ®¡à â®
¯à®¯®àæ¨® «¥ T (â. ¥. ç¥¬ ¡®«ìè¥ T , â¥¬ ¬¥¤«¥¥¥ ã¡ë¢ -
¥â k (t; T )).

4.3. �á¯®«ì§®¢ ¨¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¢ ¯à¨ª« ¤ëå
§ ¤ ç å ¬¥å ¨ª¨

� ¤ ç¨ ¬¥å ¨ª¨ | íâ® ®¡è¨à ï ®¡« áâì ¯à¨«®¦¥¨© à §-
«¨çëå à §¤¥«®¢ ¬ â¥¬ â¨ª¨. � ¯à¨¬¥à, ¬®£¨¥ ¥áâ æ¨® àë¥
§ ¤ ç¨ ¬¥å ¨ª¨ ®¯¨áë¢ îâáï ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨
¢ ç áâëå ¯à®¨§¢®¤ëå. �â® (á¬.,  ¯à¨¬¥à, [64]) | ¯à®¤®«ìë¥
¢®«ë ¢ áâ¥à¦¥, ¯à®¤®«ìë© ã¤ à áâ¥à¦ï ¯à¨ ¥£® ¯ ¤¥¨¨  
¦¥áâªãî £®à¨§®â «ìãî ¯à¥£à ¤ã, ¢®«ë ¢ ¡¥áª®¥ç®© æ¥¯®çª¥
¨§ è à¨ª®¢, à á¯®«®¦¥ëå ¢¤®«ì ¯àï¬®© ¨ á®¥¤¨¥ëå ¯àã¦¨-
 ¬¨, ¯à®¤®«ìë¥ ¢®«ë ¢ ¯« áâ¨¥ ¨ ªàã£®¢®© æ¨«¨¤à¨ç¥áª®©
®¡®«®çª¥, ¨§£¨¡ë¥ ¢®«ë (¤¨ ¬¨ç¥áª¨© ¨§£¨¡ áâ¥à¦ï ¯®¤ ¤¥©-
áâ¢¨¥¬ ¥¤¨¨ç®© á®áà¥¤®â®ç¥®© á¨«ë, ¯®«�ï  ¯àï¦¥¨© ¯à¨
¤¢¨¦¥¨¨ ¯®àèï á ¦¥áâª¨¬ ä« æ¥¬, § ¤ ç  ® èâ ¬¯¥), ¥ª®â®-
àë¥ «¨¥©ë¥ § ¤ ç¨ ¤¨ ¬¨ª¨ á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ¨ ¥¥ ¢§ ¨-
¬®¤¥©áâ¢¨¥ á ã¯àã£¨¬¨ â¥« ¬¨ (¤¨äà ªæ¨ï ¯«®áª®©  ªãáâ¨ç¥áª®©
¢®«ë ®ª®«® ¦¥áâª®£® ªàã£®¢®£® æ¨«¨¤à ,  ªãáâ¨ç¥áª¨¥ ¢®«ë
¢ ¦¨¤ª®áâ¨ ¯à¨ ¥¥ ¯ ¤¥¨¨   æ¨«¨¤à, ã¤ à â¥«  ® ¯®¢¥àå®áâì
á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨, ¢®«ë ¢ ®¡®«®çª¥, ®ªàã¦¥®© ¨¤¥ «ì®©
á¦¨¬ ¥¬®© ¦¨¤ª®áâìî, ¨§£¨¡ë¥ ¢®«ë ¢ ¯« áâ¨¥, ¯®£àã¦¥®©
¢ á¦¨¬ ¥¬ãî ¦¨¤ª®áâì) ¨ ¤à. �®£¨¥ ¨§ íâ¨å § ¤ ç à¥è îâáï
á ¯®¬®èìî ¯à¥®¡à §®¢ ¨ï �ãàì¥.
�â¬¥â¨¬ á«¥¤ãîéãî å à ªâ¥àãî ®á®¡¥®áâì ¯¥à¥ç¨á«¥ëå

§ ¤ ç: ãà ¢¥¨ï ¯à ªâ¨ç¥áª¨ ¢á¥å íâ¨å § ¤ ç ¥¯®áà¥¤áâ¢¥®
¥ ¨¬¥îâ ¢ ª ç¥áâ¢¥ ¯à ¢®© ç áâ¨ äãªæ¨î, ¯®«ãç ¥¬ãî ¢ à¥-
§ã«ìâ â¥ ¨§¬¥à¥¨©,   § ç¨â, á ¯®£à¥è®áâï¬¨ (â ª ï äãªæ¨ï
¯à¨áãâáâ¢ã¥â «¨èì ¢ £à ¨çëå ãá«®¢¨ïå). �áª«îç¥¨¥ á®áâ -
¢«ï¥â,  ¯à¨¬¥à, § ¤ ç  ® à á¯à®áâà ¥¨¨ ¯à®¤®«ìëå ¢®« ¢
áâ¥à¦¥. �  ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢-
¥¨¥¬ [64, á. 180]

�F @
2
u

@t
2 �EF @

2
u

@x
2 = Q (t; x); (4.28)
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£¤¥ Q (t; x) | § ¤ ¢ ¥¬ ï ¢¥èïï ¯à®¤®«ì ï  £àã§ª    ¥¤¨-
¨æã ¤«¨ë áâ¥à¦ï, � | ¯«®â®áâì áâ¥à¦ï, F | ¯«®é ¤ì ¥£®
¯®¯¥à¥ç®£® á¥ç¥¨ï, E | ¬®¤ã«ì �£ , u = u (t; x) | ¨áª®¬®¥
¯à®¤®«ì®¥ ¯¥à¥¬¥é¥¨¥ â®ç¥ª áâ¥à¦ï. Ǳ®áª®«ìªã § ¤ ¢ ¥¬ ï
¨ ¯à ªâ¨ç¥áª¨ à¥ «¨§ã¥¬ ï  £àã§ª¨ Q (t; x) ®â«¨ç îâáï (¢á«¥¤-
áâ¢¨¥ ¯®£à¥è®áâ¨ ¨áå®¤ëå ¤ ëå), â® ¨ à¥è¥¨¥ u (t; x) ¯®¬¨¬®
¬¥â®¤¨ç¥áª®© ¯®£à¥è®áâ¨ ¡ã¤¥â á®¤¥à¦ âì ¯®£à¥è®áâì, ®¡ãá«®-
¢«¥ãî ¯®£à¥è®áâìî § ¤ ¨ï Q (t; x),   § ç¨â â ª ï § ¤ ç 
¤«ï á¢®¥£® à¥è¥¨ï âà¥¡ã¥â ãáâ®©ç¨¢ëå ¬ â¥¬ â¨ç¥áª¨å ¬¥â®¤®¢.
� ¬¥å ¨ª¥ ¥áâì ¥é¥ æ¥«ë© ª« áá § ¤ ç, ¨¬¥îé¨å ¤¥«® á ¯®-

£à¥è®áâï¬¨ ¨áå®¤ëå ¤ ëå (¨§¬¥à¥¨©). �â® | § ¤ ç¨, á¢ï-
§ ë¥ á ¢ëç¨á«¥¨¥¬ ¨ ¯®á«¥¤ãîé¨¬   «¨§®¬ á¯¥ªâà  �ãàì¥
[33, 42, 56].

Ǳà¥®¡à §®¢ ¨¥ �ãàì¥. Ǳãáâì ¤   ¥ª®â®à ï ¥¯à¥àë¢ ï
äãªæ¨ï y (t),  ¯à¨¬¥à, §¢ãª®¢®© ¯à®æ¥áá (á¬. à¨á. 4.3).

�¨á. 4.3

� íâ®¬ á«ãç ¥ ®ç¥ì ¢ ¦ãî ¨ä®à¬ æ¨î ® ¯à®æ¥áá¥ ¤ ¥â
�Ǳ� (á¯¥ªâà �ãàì¥, �ãàì¥-®¡à §):

Y (!) =

1Z
�1

y (t) ei!t dt: (4.29)

Ǳà¨ íâ®¬ ¤«ï   «¨§  ¨á¯®«ì§ãîâ ¢¥é¥áâ¢¥ãî ¨ ¬¨¬ãî
ç áâ¨ �Ǳ�:

ReY (!) =

1Z
�1

y (t) cos!t dt; (4.30)

ImY (!) =

1Z
�1

y (t) sin!t dt (4.31)

¨«¨ ¦¥ ¬®¤ã«ì ®â Ǳ�:

jY (!) j =
p
Re2Y (!) + Im2Y (!) (4.32)

(á¬. à¨á. 4.4).
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�¨á. 4.4

�¨á. 4.5

�¨á. 4.6

�¨á. 4.7
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�á«¨ ¢à¥¬¥®© ¯à®æ¥áá y (t) | ¥¯¥à¥®¤¨ç¥áª¨¥ ª®«¥¡ ¨ï
â¨¯  à¨á. 4.3, â® á¯¥ªâà ¥¯à¥àë¢¥ (â¨¯  à¨á. 4.4). �á«¨ ¦¥ ¢à¥-
¬¥®© ¯à®æ¥áá y (t) | ¯¥à¨®¤¨ç¥áª¨ ¯®¢â®àïîé¨¥áï ª®«¥¡ ¨ï
(á¬. à¨á. 4.5), â® á¯¥ªâà | ¤¨áªà¥âë© (á¬. à¨á. 4.6).
� ¯à ªâ¨ç¥áª¨ á¯¥ªâà ®¡ëç® á«®¦¥¥ (à¨á. 4.7).
Ǳ®¤à®¡¥¥ ® Ǳ� á¬. ¯. 6.3.

�¯¥ªâà «ìë¥ § ¤ ç¨ ¬¥å ¨ª¨. Ǳ¥à¥ç¨á«¨¬ ¯à¨ª« ¤ë¥
§ ¤ ç¨ ¬¥å ¨ª¨, ¢ ª®â®àëå ¨á¯®«ì§®¢ ¨¥ Ǳ�,   ¨¬¥®, ç -
áâ®âë©   «¨§ §¢ãª , ¯®§¢®«ï¥â ¤¥« âì ¢ ¦ë¥ § ª«îç¥¨ï ®
á¢®©áâ¢ å ¨§ãç ¥¬®£® ®¡ê¥ªâ :
| ®¯à¥¤¥«¥¨¥ á¢®©áâ¢ £ §®¢®©, ¦¨¤ª®© ¨ â¢¥à¤®© áà¥¤ë ¯®

á¯¥ªâàã ¯à®è¥¤è¥£® §¢ãª ,
| à áç¥â ª®áâàãªæ¨¨ £«ãè¨â¥«ï ¤¢¨£ â¥«ï  ¢â®¬®¡¨«ï ¨«¨

á ¬®«¥â  ¯® á¯¥ªâàã ¥£® èã¬®¢ (¢ëå«®¯®¢),
| à áç¥â ãáâ «®áâ®© ¯à®ç®áâ¨ ª®áâàãªæ¨¨ à ª¥âë ¨ ¯à¥¤-

®â¢à é¥¨¥ ¥¥ à §àãè¥¨ï ¯®¤ ¤¥©áâ¢¨¥¬ èã¬®¢ ¤¢¨£ â¥«¥©  
®á®¢¥ § ¨ï ¨å á¯¥ªâà®¢,
| ¡®àì¡  á èã¬ ¬¨ ¢ æ¥å å, £¤¥ ¬®£® áâ ª®¢,   ®á®¢ ¨¨

  «¨§  ¨å á¯¥ªâà®¢ ¨ â. ¤.
�¯à¥¤¥«¥¨¥,  ¯à¨¬¥à, §¢ãª®¢®£® á¯¥ªâà  áâ ª®¢ (â¨¯  à¨á. 4.6)

¤ áâ ¢®§¬®¦®áâì § £«ãè¨âì ¥ª®â®àë¥ ç áâ�®âë á ¡®«ìè¨¬¨  ¬-
¯«¨âã¤ ¬¨, ¯à¨áãâáâ¢ãîé¨¥ ¢ æ¥å®¢®¬ èã¬¥. � ®¯à¥¤¥«¥¨¥,  -
¯à¨¬¥à, á¯¥ªâà  èã¬®¢ ¤¢¨£ â¥«ï  ¢â®¬®¡¨«ï (â¨¯  à¨á. 4.7) ¯®§-
¢®«¨â à áç¨â âì â ªãî ª®áâàãªæ¨î £«ãè¨â¥«ï, ª®â®à ï ¡ã¤¥â
®á« ¡«ïâì «¨èì ¥ª®â®àë¥ ó¥¯à¨ïâë¥ô ç áâ�®âë.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ª  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (4.28)?
2. �á¯®«ì§ãï ä®à¬ã«ë (4.29){(4.31),  ©â¨ Y (!) ¯à¨

 ) y (t) = cos (ct), ¡) y (t) = e�a
2t2 .

3. �®ª § âì, çâ® ¥á«¨ y (t) =
P
j

bj cos (cjt) (¯¥à¨®¤¨ç¥áª ï äãª-

æ¨ï), â® Y (!) | áã¬¬  Æ-äãªæ¨©, â. ¥. á¯¥ªâà | ¤¨áªà¥âë©
(§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤®áâ¨).

4. �®ª § âì, çâ® ¥á«¨ y (t) = e�a
2t2+

1R
�1

b(c) cos (ct) dc (¥¯¥à¨®-

¤¨ç¥áª¨© ¯à®æ¥áá â¨¯  à¨á. 4.3), â® Y (!) | ¥¯à¥àë¢ ï äãªæ¨ï
â¨¯  à¨á. 4.4 (§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤®áâ¨).
5. � ª¨¥ ç áâ�®âë ã¦® ¯®¤ ¢¨âì ¢ á¯¥ªâà å   à¨á. 4.6 ¨ 4.7?
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� ¤ ®© ç áâ¨ à áá¬ âà¨¢ îâáï á®¢à¥¬¥ë¥ ¬¥â®¤ë (à¥£ã«ï-
à¨§ æ¨¨, ä¨«ìâà æ¨¨, á£« ¦¨¢ ¨ï,  ¯¯à®ªá¨¬ æ¨¨) à¥è¥¨ï â¥å
ãà ¢¥¨©, ª®â®àë¥ ¯à¨¢¥¤¥ë ¢ ç áâ¨ I. �«¥¤ã¥â ®â¬¥â¨âì, çâ®
¢ ç áâ¨ I ¯à¨¢¥¤¥ë ¢ ®á®¢®¬ § ¤ ç¨, ª®â®àë¥ ®¯¨áë¢ îâáï
¨â¥£à «ìë¬¨ ãà ¢¥¨ï¬¨ �à¥¤£®«ì¬  I à®¤ . �â®¬ã ã¦®
¤ âì ®¡êïá¥¨¥. �®-¯¥à¢ëå, ¥á«¨ £®¢®à¨âì «¨èì ® â¥å ¯à¨ª« ¤-
ëå § ¤ ç å, ª®â®àë¬ á®®â¢¥âáâ¢ãîâ ¨â¥£à «ìë¥ ãà ¢¥¨ï, â®
ª ª ¯®ª §ë¢ ¥â ¡®£ â ï ¯à ªâ¨ª  [4, 10, 14{19, 23, 45, 48, 52,
54, 55, 59, 67{71, 87, 90{92, 94{96, 98{100, 104, 105], ¡®«ìè¨áâ¢®
¯à¨ª« ¤ëå § ¤ ç ®¯¨áë¢ îâáï ãà ¢¥¨ï¬¨ �à¥¤£®«ì¬  I à®¤ .
�®-¢â®àëå, ¨¬¥¥âáï, ª®¥ç®, ¬®¦¥áâ¢® § ¤ ç, ª®â®àë¬ á®®â¢¥â-
áâ¢ãîâ ¤¨ä¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (§ ¤ ç¨ ¬¥å ¨ª¨,  ªãáâ¨ª¨,
â¥¯«®¯à®¢®¤®áâ¨ ¨ â. ¤.), ® ª ª ã¦¥ ¡ë«® ®â¬¥ç¥® ¢ ¯. 4.3,
¢ ¡®«ìè¨áâ¢¥ íâ¨å § ¤ ç ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¥¯®-
áà¥¤áâ¢¥® ¥ á®¤¥à¦¨â íªá¯¥à¨¬¥â «ì® ¨§¬¥àï¥¬ãî ¯à ¢ãî
ç áâì. � ¯à¨¬¥à, § ¤ ç  ®¯à¥¤¥«¥¨ï ¯®â¥æ¨ «  ' ¥ª®â®à®£®
( ¯à¨¬¥à, §¢ãª®¢®£®) ¯®«ï ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬ �¥«ì¬£®«ìæ 

�'+ k2' = 0;

¢ ª®â®à®¬ ¥¯®áà¥¤áâ¢¥® ¥â íªá¯¥à¨¬¥â «ì®© äãªæ¨¨. �¤-
 ª® ®  ¯à¨áãâáâ¢ã¥â ¢ £à ¨çëå ãá«®¢¨ïå (  ¥ª®â®à®© § -

¬ªãâ®© ¯®¢¥àå®áâ¨ S): ' = � (§ ¤ ç  �¨à¨å«¥) ¨
@'

@n

= N
(§ ¤ ç  �¥©¬  ), £¤¥ k | ¢®«®¢®¥ ç¨á«®,   n | ¢¥èïï
®à¬ «ì ª S. �¥è¥¨¥ ¤ ¥âáï ä®à¬ã«®© �à¨ :

'(p) = 1

4�

ZZ
S

n
N(S) e

ikr(p;S)

r(p; S)
�� (S) @

@n

h
e
ikr(p;S)

r(p; S)

io
dS;

£¤¥ p | ¥ª®â®à ï â®çª  ¢ãâà¨ S, r | à ááâ®ï¨¥ ¬¥¦¤ã p
¨ ¥ª®â®à®© â®çª®© ¯®¢¥àå®áâ¨ S. Ǳà¨ íâ®¬ � ¨ N § ¤ îâáï
(¨«¨ ¨§¬¥àïîâáï) á ¯®£à¥è®áâï¬¨, ® ¢ëç¨á«¥¨¥ ¯® ä®à¬ã«¥
�à¨  ¥áâì ¯àï¬ ï,   ¥ ®¡à â ï § ¤ ç . �á«¨ ¦¥ § ¤   «¨èì
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®¤  äãªæ¨ï � ¨«¨ N , â® ¬ë ¯à¨å®¤¨¬ ç¥à¥§ ¯®áà¥¤áâ¢® ¬¥â®¤ 
£à ¨çëå ¨â¥£à «ìëå ãà ¢¥¨© [19, 37, 83] ª ¥®¡å®¤¨¬®áâ¨
à¥è âì ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® ¤àã£®© äãªæ¨¨,
â. ¥. ª ®¡à â®© § ¤ ç¥ á ¨§¬¥àï¥¬®© á ¯®£à¥è®áâï¬¨ äãªæ¨¥©.
�-âà¥âì¨å, ª ª ¯®ª § ® ¢ [18, 19, 43] ¨ ¤àã£¨å à ¡®â å, «î¡® ¥

¤¨ä¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢ ®¡ëª®¢¥ëå ¨«¨ ç áâëå ¯à®¨§-
¢®¤ëå ¨«¨ á¨áâ¥¬  â ª®¢ëå ãà ¢¥¨© (ª ª «¨¥©ëå, â ª ¨
¥«¨¥©ëå) ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥® ª ¥ª®â®à®¬ã ¨â¥£à «ì®¬ã
ãà ¢¥¨î, ® ¥ ¢áïª®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¬®¦¥â ¡ëâì ¯à¨-
¢¥¤¥® ª ¤¨ää¥à¥æ¨ «ì®¬ã, â. ¥.  ¯¯ à â ¨â¥£à «ìëå ãà ¢-
¥¨© ï¢«ï¥âáï ¡®«¥¥ ®¡é¨¬, ç¥¬  ¯¯ à â ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©.
�-ç¥â¢¥àâëå, àï¤ § ¤ ç ( ¯à¨¬¥à, § ¤ ç  ¢®ááâ ®¢«¥¨ï ¤¨á-

ªà¥â®£® á¯¥ªâà  | á¬. ¯. 2.3 ¨«¨ § ¤ ç  à¥¤ãªæ¨¨ «®ª «ìëå
á¨£ «®¢ | á¬. ¯. 3.2) ®¯¨áë¢ ¥âáï á¨áâ¥¬ ¬¨ «¨¥©®-¥«¨¥©ëå
ãà ¢¥¨© (����) ¨ ¤«ï ¨å à¥è¥¨ï ¢¥áì¬  íää¥ªâ¨¢ë¬ ï¢«ï-
¥âáï  «£®à¨â¬ ¨â¥£à «ì®©  ¯¯à®ªá¨¬ æ¨¨ [59, ç. I, III] (á¬. ¯. 2.3),
¢ ®á®¢¥ ª®â®à®£® «¥¦¨â ¯à¨¬¥¥¨¥  ¯¯ à â  ¨â¥£à «ìëå ãà ¢-
¥¨©.
� ª¨¬ ®¡à §®¬, ¨â¥£à «ìë¬ ãà ¢¥¨ï¬ ¤®«¦® ¡ëâì ã¤¥-

«¥® ¯®¢ëè¥®¥ ¢¨¬ ¨¥, çâ® ¨ á¤¥« ® ¢ ¤ ®¬ ãç¥¡®¬
¯®á®¡¨¨.
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� «   ¢   5

�������� ��Ǳ� ���������

� ��Ǳ���������� �� Ǳ������

5.1. �á®¢ë¥ â¨¯ë ãà ¢¥¨©

Ǳ¥à¥ç¨á«¨¬ ®á®¢ë¥ â¨¯ë ãà ¢¥¨©, ª®â®àë¬¨ ®¯¨áë¢ îâáï
¯à¨ª« ¤ë¥ § ¤ ç¨, à áá¬®âà¥ë¥ ¢ ç áâ¨ I.

�â¥£à «ìë¥ ãà ¢¥¨ï. �¤®¬¥à®¥ («¨¥©®¥) ¨â¥£à «ì-
®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤ :

bZ
a

K(x; s) y (s) ds = f(x); c 6 x 6 d; (5.1)

£¤¥ K (x; s) | ¬ â¥¬ â¨ç¥áª¨ ï¤à® (  ä¨§¨ç¥áª¨ ¨ â¥å¨ç¥áª¨
��, �� ¨ â. ¤.), f (x) | ¯à ¢ ï ç áâì (¢ëå®¤®© á¨£ «, ��,
�Ǳ ¨ â. ¤.) | ¨§¢¥áâë¥ äãªæ¨¨, y (s) | ¨áª®¬ ï äãªæ¨ï
(¢å®¤®© á¨£ « ¨ â. ¤.), x ¨ s | «¨¥©ë¥ ¨«¨ ã£«®¢ë¥ ª®-
®à¤¨ âë, ¢à¥¬ï, ç áâ®â , â¥¬¯¥à âãà , í¥à£¨ï ¨ â. ¤., ¯à¨ç¥¬
x |  àã¦ ï ¯¥à¥¬¥ ï,   s | ¢ãâà¥ïï ¯¥à¥¬¥ ï, [c; d] |
§ ¤  ï ®¡« áâì ¨§¬¥à¥¨ï f (x), [a; b] | § ¤ ¢ ¥¬ ï ®¡« áâì
¯®¨áª  y (s). Ǳà ªâ¨ç¥áª¨ ¢¬¥áâ® â®ç®© f (x) § ¤ ¥âáï íªá¯¥à¨-

¬¥â «ì ï § èã¬«¥ ï ¯à ¢ ï ç áâì ef (x) = f (x) + Æf (x), £¤¥
Æf (x) |  ¤¤¨â¨¢ ï ¯®£à¥è®áâì, ¢¬¥áâ® â®ç®£® ï¤à  K (x; s)

â ª¦¥ ç áâ® ¨§¢¥áâ® ¯à¨¡«¨¦¥®¥ eK (x; s),   ¢¬¥áâ® â®ç®©
y (s) ¯®«ãç ¥¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ey (s) = y (s)+ Æy (s), ¯à¨ç¥¬
Æy (s) ®¡ãá«®¢«¥  ¥ â®«ìª® ¯®£à¥è®áâï¬¨ Æf (x) ¨ ÆK (x; s), ®
¨ ¬¥â®¤®¬ à¥è¥¨ï.
Ǳà¨ª« ¤ë¥ § ¤ ç¨, ®¯¨áë¢ ¥¬ë¥ ãà ¢¥¨¥¬ (5.1): ¢®ááâ -

®¢«¥¨¥ ¥¯à¥àë¢®£® á¯¥ªâà  ¢ ®¡à â®© § ¤ ç¥ á¯¥ªâà®áª®-
¯¨¨ (ãà ¢¥¨¥ (2.42)), à¥¤ãªæ¨ï ¯à®âï¦¥ëå á¨£ «®¢ (¯. 3.2),
¢®ááâ ®¢«¥¨¥ á¨£ «®¢ ¢ á¨áâ¥¬¥, ¥ ï¢«ïîé¥©áï ¤¨ ¬¨ç¥-
áª®© (ãà ¢¥¨¥ (4.18)), à á¯ ¤ ª«¥â®ª ¨ à ¤¨® ªâ¨¢ëå í«¥-
¬¥â®¢ (ãà ¢¥¨ï (4.26), (4.27)), ¢¥â¨«ïæ¨ï ¢ «¥£ª¨å (ãà ¢¥-
¨ï (4.26), (4.27)).
Ǳà ¨¬ ¥ à [71, á. 43, 127], [91, 104] | á¬. à¨á. 5.1.
�¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  á à §-

®áâë¬ ï¤à®¬:

bZ
a

K(x� s) y (s) ds = f(x); c 6 x 6 d: (5.2)

Ǳà¨ª« ¤ ï § ¤ ç : á¨â¥§ ¬ £¨â®£® ¯®«ï   ®á¨ ª âãèª¨ ���-
â®¬®£à ä  (ãà ¢¥¨¥ (1.62)).
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�¨á. 5.1

�¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  â¨¯ 
á¢¥àâª¨:

1Z
�1

K(x� s) y (s) ds = f(x); �1 < x <1: (5.3)

Ǳà¨ª« ¤ë¥ § ¤ ç¨: áïâ¨¥ ¢«¨ï¨ï  ¯¯ à âãàëå ¨áª ¦¥¨©
(ãà ¢¥¨¥ (1.16)), ¢®ááâ ®¢«¥¨¥ á¬ § ëå ä®â®¨§®¡à ¦¥¨©
(ãà ¢¥¨¥ (2.15)), ¢®ááâ ®¢«¥¨¥ á¬ § ëå ¨§®¡à ¦¥¨© ¡¨®-
«®£¨ç¥áª¨å ¬¨ªà®®¡ê¥ªâ®¢ (ãà ¢¥¨¥ (4.19)), ®¡à â ï § ¤ ç 
à¥ç¥¢®©  ªãáâ¨ª¨ (ãà ¢¥¨ï (4.24), (4.25)).
�¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  â¨¯ 

á¢¥àâª¨   ¯®«ã®á¨:
1Z
0

K(x� s) y (s) ds = f(x); 0 6 x <1; (5.4)

Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ ¥¯à¥àë¢®£® á¯¥ªâà  (ãà ¢-
¥¨¥ (2.43)).
�¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  â¨¯ 

á¢¥àâª¨:

1ZZ
�1

K(x1 � s1; x2 � s2) y (s1; s2) ds1 ds2 = f(x1; x2); (5.5)

�1 < x1; x2 <1:
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Ǳà¨ª« ¤ë¥ § ¤ ç¨: ®¯à¥¤¥«¥¨¥ ¯«®â®áâ¨ ¢¥é¥áâ¢  c (x; y) ¢ ��
(ãà ¢¥¨¥ (1.8)), ¢¨§ã «¨§ æ¨ï à¥§ã«ìâ â®¢ c (x; y)   ¤¨á¯«¥¥
(ãà ¢¥¨¥ (1.22)), ¢®ááâ ®¢«¥¨¥ ¤¥ä®ªãá¨à®¢ ëå ä®â®¨§®¡à -
¦¥¨© (ãà ¢¥¨¥ (2.30)), ®¡à â ï § ¤ ç  ¤¨ £®áâ¨ª¨ ¯« §¬ë
(ãà ¢¥¨¥ (2.51)), ¢®ááâ ®¢«¥¨¥ ¤¥ä®ªãá¨à®¢ ëå ¨§®¡à ¦¥-
¨© ¡¨®«®£¨ç¥áª¨å ¬¨ªà®®¡ê¥ªâ®¢ (ãà ¢¥¨¥ (4.21)).

�¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  II à®¤ :

y (x) +

bZ
a

K(x; s) y (s) ds = f(x); a 6 x 6 b: (5.6)

Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ á¨áâ¥¬¥, ¥ ï¢«ïî-
é¥©áï ¤¨ ¬¨ç¥áª®© (ãà ¢¥¨¥ (4.17)).

�¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  II à®¤ :

y (x1; x2) +

b1Z
a1

b2Z
a2

K(x1; s1; x2;s2) y (s1; s2) ds1 ds2 = f(x1; x2); (5:7)

a1 6 x1 6 b1; a2 6 x2 6 b2:

Ǳà¨ª« ¤ ï § ¤ ç : ®¯à¥¤¥«¥¨¥ ¯®â¥æ¨ «    ¯®¢¥àå®áâ¨ ¢ ¬¥-
â® ¤¥ £à ¨çëå ¨â¥£à «ìëå ãà ¢¥¨© [19, á. 146].

�¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ � ¤®  (ãà ¢¥¨¥ ¨â¥-
£à «ì®© £¥®¬¥âà¨¨): Z

L(l;�)

c (x; y) ds = q(l; �); (5.8)

£¤¥ L (l; �) | «ãç §à¥¨ï (¯àï¬ ï ¨«¨ ªà¨¢ ï, ãà ¢¥¨¥ ª®â®à®©
§ ¤ ¥âáï ¢ äãªæ¨¨ l ¨ �), c (x; y) | ¨áª®¬ ï äãªæ¨ï, q (l; �)
| ¨§¬¥à¥ ï ¯à ¢ ï ç áâì (¯®£ «®é¥¨¥).�à ¢¥¨¥ (5.8) ¬®¦¥â
¡ëâì ¯à¨¢¥¤¥® ª ãà ¢¥¨î â¨¯  (5.5) (â®ç¥¥, ª ãà ¢¥¨î (1.8)
¨«¨ (2.51)).

Ǳà¨ª« ¤ë¥ § ¤ ç¨: ®¯à¥¤¥«¥¨¥ ¯«®â®áâ¨ ¢¥é¥áâ¢  ¢ ��
(ãà ¢¥¨¥ (1.6)), ®¡à â ï § ¤ ç  ¤¨ £®áâ¨ª¨ ¯« §¬ë (ãà ¢-
¥¨¥ (2.50)).

�¥«¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �àëá®  I à®¤  :

bZ
a

K[x; s; y (s)] ds = f(x); c 6 x 6 d; (5.9)

£¤¥ K[x; s; y (s)] | § ¤  ï ¥«¨¥© ï äãªæ¨ï.

Ǳà¨ª« ¤ ï § ¤ ç : á¨â¥§ ¬ £¨â®£® ¯®«ï   ®á¨ ª âãèª¨
���-â®¬®£à ä  (ãà ¢¥¨¥ (1.64)).
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�¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥àà  I à®-
¤ :

xZ
a

K(x; s) y (s) ds = f(x); a 6 x 6 b: (5.10)

Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ ¤¨ ¬¨ç¥áª®© á¨-
áâ¥¬¥ ¡¥§ ®¡à â®© á¢ï§¨ (ãà ¢¥¨¥ (4.13)).
�¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥àà  I à®-

¤  á à §®áâë¬ ï¤à®¬:
xZ
a

K(x� s) y (s) ds = f(x); a 6 x 6 b: (5.11)

Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ áâ æ¨® à®© ¤¨-
 ¬¨ç¥áª®© á¨áâ¥¬¥ ¡¥§ ®¡à â®© á¢ï§¨ (ãà ¢¥¨¥ (4.14)).
�¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥àà  I à®-

¤  â¨¯  á¢¥àâª¨ ®¤®áâ®à®¥¥ (¨«¨   ¯®«ã®á¨):
xZ
0

K(x� s) y (s) ds = f(x); x > 0: (5.12)

Ǳà¨ª« ¤ ï § ¤ ç : ®¯à¥¤¥«¥¨¥ ¨¬¯ã«ìá®© ¯¥à¥å®¤®© äãªæ¨¨
¢ â¥®à¨¨ ã¯à ¢«¥¨ï (ãà ¢¥¨¥ (4.15)).
�¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨¯  �®«ìâ¥ààë

I à®¤  á ¯ à ¬¥âà®¬:

1

�

x+�Z
x

w(�; y) d� = g(x; y); �1 < x; y <1; (5.13)

£¤¥ w (�; y) | ¨áª®¬ ï äãªæ¨ï, � > 0 | ¥ª®â®à®¥ ç¨á«®,
g(x; y) | § ¤  ï ¯à ¢ ï ç áâì, y | ¯ à ¬¥âà, â. ¥. (5.13) ¬®¦®
à áá¬ âà¨¢ âì ¨ ª ª á®¢®ªã¯®áâì ®¤®¬¥àëå ãà ¢¥¨© (áâ®«ì-
ª® ãà ¢¥¨©, áª®«ìª® § ¤ ® § ç¥¨© y). �à ¢¥¨¥ (5.13) ¬®¦¥â
¡ëâì ¯à¨¢¥¤¥® ª ãà ¢¥¨î â¨¯  (5.3) (á¬. ¯. 2.1).
Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¬ § ëå ä®â®¨§®¡à ¦¥-

¨© (ãà ¢¥¨¥ (2.8)).
�â¥£à «ì®¥ ãà ¢¥¨¥ �¥©¯¥«ï :

RZ
l

rp
r
2 � l

2
"(r) dr =

I(l)

2
; �R 6 l 6 R; (5.14)

£¤¥ "(r) | ¨áª®¬ ï äãªæ¨ï, R > 0 | ¥ª®â®à®¥ ¨§¢¥áâ®¥ ç¨á«®
(¢ ç áâ®áâ¨, R = 1, ¥á«¨ (5.14) ¯à¨¬¥ïâì ª è à®¢ë¬ §¢¥§¤-
ë¬ áª®¯«¥¨ï¬ [19, á. 109]), I (l) | ¨§¬¥à¥ ï äãªæ¨ï. �à ¢-
¥¨¥ (5.14) ¬®¦® ª« áá¨ä¨æ¨à®¢ âì ª ª «¨¥©®¥ ®¤®¬¥à®¥
¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨¯  �®«ìâ¥ààë I à®¤  á¨£ã«ïà®¥.
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Ǳà¨ª« ¤ ï § ¤ ç : ®¡à â ï § ¤ ç  ¤¨ £®áâ¨ª¨ ¯« §¬ë (á«ã-
ç © æ¨«¨¤à¨ç¥áª®©, ªàã£®¢®© ¨«¨ è à®¢®© á¨¬¬¥âà¨¨, ãà ¢¥-
¨ï (2.55), (2.56)).
�¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥àà :

g(x) y (x) +

xZ
a

K(x; s) y (s) ds = f(x); a 6 x 6 b; (5.15)

£¤¥ g(x) | § ¤  ï äãªæ¨ï. �á«¨ g(x) � 0, â® ãà ¢¥-
¨¥ (5.15) ¥áâì ãà ¢¥¨¥ �®«ìâ¥ààë I à® ¤  (á¬. (5.10)); ¥á«¨
g(x) 6= 0 8x 2 [a; b], â® ãà ¢¥¨¥ (5.15) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

y (x) +

xZ
a

K(x; s)

g(x)
y (s) ds =

f(x)

g(x)
; a 6 x 6 b ; (5.16)

â. ¥. ¢ ¢¨¤¥ «¨¥©®£® ®¤®¬¥à®£® ¨â¥£à «ì®£® ãà ¢¥¨ï �®«ì-
â¥ààë II à®¤ ; ¥á«¨ ¦¥ g(x) = 0 ¯à¨ ¥ª®â®àëå, ® ¥ ¢á¥ å §  ç¥-
¨ïå x 2 [a; b], â® (5.15) ¥áâì «¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥
ãà ¢¥¨¥ �®«ìâ¥àà  III à®¤ .
Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ «¨¥©ëå ¤¨-

 ¬¨ç¥áª¨å á¨áâ¥¬ å ã¯à ¢«¥¨ï á à §«¨ç®© óá¨«®©ô ®¡à â®©
á¢ï§¨ (ãà ¢¥¨ï (4.1), (4.3), (4.5), (4.6), (4.13){1.15)).
�¥«¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥ààë-

�àëá®  I à®¤ :

xZ
a

K[x; s; y (s)] ds = f(x); a 6 x 6 b; (5.17)

£¤¥ K[x; s; y (s)] | § ¤  ï ¥«¨¥© ï äãªæ¨ï.
Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ ¥«¨¥©®© ¤¨-

 ¬¨ç¥áª®© á¨áâ¥¬¥ ã¯à ¢«¥¨ï ¡¥§ ®¡à â®© á¢ï§¨ (ãà ¢¥-
¨¥ (4.16)).
�¥«¨¥©®¥ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �®«ìâ¥ààë-

�àëá®  II à®¤ :

y (x) +

xZ
a

K[x; s; y (s)] ds = f(x); a 6 x 6 b; (5.18)

£¤¥ K[x; s; y (s)] | § ¤  ï ¥«¨¥© ï äãªæ¨ï.
Ǳà¨ª« ¤ ï § ¤ ç : ¢®ááâ ®¢«¥¨¥ á¨£ «  ¢ ¥«¨¥©®© ¤¨-

 ¬¨ç¥áª®© á¨áâ¥¬¥ ã¯à ¢«¥¨ï á ®¡à â®© á¢ï§ìî (ãà ¢¥-
¨ï (4.9), (4.10)).
� «¨¥©ë¬ ¨â¥£à «ìë¬ ãà ¢¥¨ï¬ �à¥¤£®«ì¬  I à®¤  â  ª-

¦¥ á«¥ ¤ã¥â ®â¥áâ¨ ¥¯à¥àë¢ë¥ ¨â¥£à «ìë¥ ¯à¥®¡à §®¢ ¨ï
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[9, 11, 33, 40, 43, 56, 64]. �â® | ®¤®¬¥à®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥
(�Ǳ�):

Y (!) =

1Z
�1

y (t) ei!t dt; �1 < ! <1; (5.19)

ª®â®à®¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥:

1Z
�1

ei!t y (t) dt = Y (!); �1 < ! <1; (5.20)

£¤¥ ei!t ¬®¦® áç¨â âì ï¤à®¬ ãà ¢¥¨ï, Y (!) | § ¤ ®© ¯à ¢®©
ç áâìî,   y (t) | ¨áª®¬®© äãªæ¨¥©. �®£¤  á®®â®è¥¨¥ (5.20)
¬®¦® à áá¬ âà¨¢ âì ª ª «¨¥©®¥ ®¤®¬¥à®¥ ª®¬¯«¥ªá®¥ ¨â¥-
£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  ®â®á¨â¥«ì® y (t). � «¥¥,
¤¢ãå¬¥à®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥:

Y (!1; !2) =

1ZZ
�1

y (t1; t2) e
i(!1t1+!2t2) dt1 dt2; �1 < !1; !2 <1;

(5.21)
¨«¨

1ZZ
�1

ei(!1t1+!2t2) y (t1; t2) dt1 dt2 = Y (!1; !2); �1 < !1; !2 <1:

(5.22)
�®®â®è¥¨¥ (5.22) ¬®¦® à áá¬ âà¨¢ âì ª ª «¨¥©®¥ ¤¢ãå¬¥à-
®¥ ª®¬¯«¥ªá®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  . �¬¥-
îâ ¬¥áâ® â ª¦¥ ª®á¨ãá-¯à¥®¡à §®¢ ¨¥ �ãàì¥:

Yc(!) =

1Z
�1

y (t) cos(!t) dt; (5.23)

á¨ãá-¯à¥®¡à §®¢ ¨¥ �ãàì¥:

Ys(!) =

1Z
�1

y (t) sin(!t) dt; (5.24)

¯à¥®¡à §®¢ ¨¥ � àâ«¨:

YH(!) =

1Z
�1

y (t) cas (!t) dt; (5.25)
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£¤¥ casx
def
= cosx+ sinx, ®¤®áâ®à®¥¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á :

	(p) =

1Z
0

y (t) e�pt dt; (5.26)

£¤¥ p = �+ i� | ª®¬¯«¥ªá ï ¯¥à¥¬¥ ï, y (t) | ®à¨£¨ «, 	 (p)
| ¨§®¡à ¦¥¨¥,   â ª¦¥ ¨â¥£à «ìë¥ ¯à¥®¡à §®¢ ¨ï � ¤® 
(á¬. (1.4)), �¥««¨ , �  ª¥«ï, �¥áá¥«ï [19, 40] ¨ ¤à., ª®â®àë¥
â ª¦¥ ¬®¦® à áá¬ âà¨¢ âì ª ª ¨â¥£à «ìë¥ ãà ¢¥¨ï �à¥¤-
£®«ì¬  I à®¤  ®â®á¨â¥«ì® y (t).
� ãà ¢¥¨ïå (5.1){(5.7), (5.9){(5.12), (5.15){(5.18) y 2 Y , f 2 F ,

£¤¥ Y ¨ F | ¥ª®â®àë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ . �¡ëç®
Y = W 1

2 (¯à®áâà áâ¢® �®¡®«¥¢ ) ¨«¨ Y = L2 (¯à®áâà áâ¢® ª¢ -
¤à â¨ç® áã¬¬¨àã¥¬ëå äãªæ¨©),   F = L2.
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥ ®à¬ í«¥¬¥â®¢ (äãªæ¨©) ¢ íâ¨å ¯à®áâà -

áâ¢ å:

kykW 1
2
=

vuuut bZ
a

y2(s) ds+

bZ
a

y02(s) ds; (5.27)

kykL2 =

vuuut bZ
a

y2(s) ds; (5.28)

kfkL2 =

vuuut dZ
c

f2(x) dx: (5.29)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® àï¤ ¨â¥£à «ìëå ãà ¢¥¨© à¥è ¥âáï   -
«¨â¨ç¥áª¨. �â® | ãà ¢¥¨ï (5.3){(5.5), (5.8), (5.12), (5.14), (5.19){
(5.26). �áâ «ìë¥ ãà ¢¥¨ï à¥è îâáï, ¢®®¡é¥ £®¢®àï, «¨èì ç¨-
á«¥®.
�¥â®¤ë à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© ¨§«®¦¥ë ¢ £«. 7, 8.

�¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. �¨áâ¥¬ 
«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

Ay = f; (5.30)

£¤¥ A | § ¤  ï m�n ¬ âà¨æ  í«¥¬¥â®¢ aij , i = 1;m, j = 1; n
(m | ç¨á«® áâà®ª ¨«¨ ãà ¢¥¨©, n | ç¨á«® áâ®«¡æ®¢ ¨«¨
¥¨§¢¥áâëå), y | ¨áª®¬ë© (¥¨§¢¥áâë©) ¢¥ªâ®à-áâ®«¡¥æ n � 1
í«¥¬¥â®¢ yj , j = 1; n, f | § ¤  ï (¨§¬¥à¥ ï) ¯à ¢ ï ç áâì |
¢¥ªâ®à-áâ®«¡¥æ m� 1 í«¥¬¥â®¢ fi, i = 1;m, ¨«¨

nX
j=1

aij yj = fi; i = 1;m: (5.31)
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���� ¨á¯®«ì§ã¥âáï ¢ ¤ ®¬ ãç¥¡®¬ ¯®á®¡¨¨, £« ¢ë¬ ®¡à -
§®¬, ¯à¨ à¥è¥¨¨ ¨â¥£à «ìëå ãà ¢¥¨© ¬¥â®¤®¬ ª¢ ¤à âãà
(á¬. ¯. 7.2, 8.1) ¨ ¯à¨ à¥è¥¨¨ ����  «£®à¨â¬®¬ ¨â¥£à «ì®©
 ¯¯à®ªá¨¬ æ¨¨ (á¬. (2.47)).

�¨áâ¥¬ë «¨¥©®-¥«¨¥©ëå ãà ¢¥¨©. �¨áâ¥¬  «¨¥©-
®-¥«¨¥©ëå ãà ¢¥¨© (���� ) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

nX
j=1

K(�i; �
0

j) zj + F = u(�i); i = 1;m; (5.32)

¨«¨ ¡®«¥¥ ªà âª®

nX
j=1

Kij zj + F = ui; i = 1;m; (5.33)

£¤¥ m | ç¨á«® ãà ¢¥¨©, n | ç¨á«® «¨¥©® ¢å® ¤ïé¨å¥¨§-
¢¥áâëå zj (  â ª¦¥ F ) ¨ ¥«¨¥©® ¢å®¤ïé¨å ¥¨§¢¥áâëå �0j
(â. ¥. ¢á¥£® 2n + 1 ¥¨§¢¥áâëå), ui = u (�i) | § ¤ ë¥ (¨§¬¥-
à¥ë¥) ¯à ¢ë¥ ç áâ¨, Kij = K (�i; �

0

j) | ¥ª®â®à ï ¥«¨¥© ï
äãªæ¨ï.
Ǳà¨ª« ¤ë¥ § ¤ ç¨: ¢®ááâ ®¢«¥¨¥ ¤¨áªà¥â®£® á¯¥ªâà  ¢ ®¡-

à â®© § ¤ ç¥ á¯¥ªâà®áª®¯¨¨ (ãà ¢¥¨¥ (2.45)), à¥¤ãªæ¨ï «®ª «ì-
ëå á¨£ «®¢ (ãà ¢¥¨¥ (3.16)).

�¯¥à â®àë¥ ãà ¢¥¨ï. �á¥ ¢ëè¥¯à¨¢¥¤¥ë¥ ãà ¢¥¨ï
(5.1){(5.26), (5.30){(5.33) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ ¥¤¨®£® ®¯¥à -
â®à®£® ãà ¢¥¨ï :

Ay = f; y 2 Y; f 2 F; (5.34)

£¤¥ A | § ¤ ë© ®¯¥à â®à («¨¥©ë© ¨«¨ ¥«¨¥©ë©, ¨â¥-
£à «ìë©, ¤¨ää¥à¥æ¨ «ìë© ¨«¨  «£¥¡à ¨ç¥áª¨© ¨ â. ¤.), ç áâ®
 §ë¢ ¥¬ë© ¨§¬¥à¨â¥«ìë¬ ¯à¥®¡à §®¢ ¨¥¬, f | ¨§¬¥à¥ ï
¯à ¢ ï ç áâì, y | ¨áª®¬®¥ à¥è¥¨¥, Y ¨ F | ¥ª®â®àë¥ £¨«ì-
¡¥àâ®¢ë ¯à®áâà áâ¢ ,  ¯à¨¬¥à, W 1

2 , L2 (á¬. (5.27){(5.29)).
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �®à¬  ®¯¥à â®à  ®¯à¥¤¥«ï¥âáï á«¥ ¤ãîé¨¬

®¡à §®¬:

kAk = sup
y

kAykF
kykY : (5.35)

�¯à ¥ ¤ ¥ « ¥  ¨ ¥. �§¬¥à¥¨ï  §ë¢ îâáï ®¤®ªà âë¬¨ (¨«¨
®¤®è £®¢ë¬¨), ª®£ ¤  ¤   ®¤  à¥ «¨§ æ¨ï f , ¨ ¬®£®ªà âë-
¬¨ (¨«¨ ¬®£®è £®¢ë¬¨), ª®£¤  ¨§¬¥à¥® ¬®£® à¥ «¨§ æ¨© f
(á¬. ¯. 8.2).
� ¯à ¥ ¤ ¥ « ¥  ¨ ï. � ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (5.34) (  § ç¨â ,

¨ ãà ¢¥¨© (5.1){(5.26), (5.30){(5.33))  §ë¢ ¥âáï áâ â¨ç¥áª®©,
ª®£ ¤  A, y ¨ f ¥ § ¢¨áïâ ®â ¢à¥¬¥¨, ¤¨ ¬¨ç¥áª®©, ª®£¤ 
A, y ¨ f § ¢¨áïâ ®â ¢à¥¬¥¨, ¨ ª¢ §¨áâ â¨ç¥áª®©, ª®£¤  A, y
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¨ f § ¢¨áïâ ®â ®¬¥à  íªá¯¥à¨¬¥â  (à¥ «¨§ æ¨¨), ® §  ¢à¥¬ï
íªá¯¥à¨¬¥â  ¯à ªâ¨ç¥áª¨ ¥ ¨§¬¥ïîâáï.
� ¯à ¥ ¤ ¥ « ¥  ¨ ï. � ¤ çã ®âëáª ¨ï y ¢ ¢¨¤¥: y = Bf ¡ã¤¥¬

 §ë¢ âì § ¤ ç¥© ¯à¨¢¥¤¥¨ï ¢ëå®¤  ª® ¢å®¤ã,   ®¯¥à â®à B,
à ¢ë© A�1, (A�A)�1A�, A+, (�E +A�A)�1 ¨ â. ¤. (á¬. ¯. 5.2, 7.3,
7.4, 8.1), | ®¯¥à â®à®¬ ®¡à ¡®âª¨.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ãà ¢¥¨¨ (5.1) ¯¥à¥¬¥ë¥ x ¨ s ®¡ï§ â¥«ì® ¤®«¦ë
¨¬¥âì ®¤¨ ª®¢ë© ä¨§¨ç¥áª¨© á¬ëá« ( ¯à¨¬¥à, «¨¥©ë¥ ª®®à-
¤¨ âë) ¨«¨ ¬®£ãâ ¨¬¥âì à §ë© ä¨§¨ç¥áª¨© á¬ëá« ( ¯à¨¬¥à,
x | «¨¥© ï ª®®à¤¨ â ,   s - ¢à¥¬ï)? � á ¬¨ äãªæ¨¨ y ¨ f?
2. �â¢¥â¨âì   ¯à¥¤ë¤ãé¨© ¢®¯à®á ¯à¨¬¥¨â¥«ì® ª ãà ¢¥¨-

ï¬ (5.6), (5.10), (5.15).
3. �â® ®§ ç ¥â à §®áâ®áâì ï¤à  K (x � s) ¬ â¥¬ â¨ç¥áª¨

(¢ á¬ëá«¥ ¥£® £¥®¬¥âà¨ç¥áª®© ä®à¬ë) ¨ ä¨§¨ª®-â¥å¨ç¥áª¨ ( 
¯à¨¬¥à¥ ��  â¥ë)?
4. �á«¨ ¢ ãà ¢¥¨ïå (5.3), (5.5) ï¤à® K áâà¥¬¨âáï ª Æ-äãæ¨¨,

â® ¢ ª ª¨¥ á®®â®è¥¨ï ¯¥à¥å®¤ïâ íâ¨ ãà ¢¥¨ï?
5. �á«¨ ¢ ãà ¢¥¨¨ (5.13) � ! 0, â® ¢ ª ª®¥ á®®â®è¥¨¥

¯¥à¥å®¤¨â íâ® ãà ¢¥¨¥?
6. Ǳ®ç¥¬ã (5.14) ¥áâì á¨£ã«ïà®¥ ãà ¢¥¨¥?
7. � ¯¨è¨â¥ ãà ¢¥¨¥ (1.16), ¢®ááâ ®¢¨¢ ¯¥à¥¬¥ãî �, ¨

ª« áá¨ä¨æ¨àã©â¥ ¯®«ãç¥®¥ ãà ¢¥¨¥.
8. Ǳà¨¢¥¤¨â¥ ¯à¨¬¥àë áâ â¨ç¥áª®©, ¤¨ ¬¨ç¥áª®© ¨ ª¢ §¨áâ -

â¨ç¥áª®© § ¤ ç.

5.2. �¥ª®â®àë¥ á¢¥¤¥¨ï ¨§ «¨¥©®©  «£¥¡àë

�®£¨¥ ¨§ ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥-
¨© (¬¥â®¤ë ª¢ ¤à âãà,  ¯¯à®ªá¨¬ æ¨¨ ¯®«¨®¬ ¬¨), ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨© (¬¥â®¤ë ª®¥çëå à §®áâ¥©) ¨ â. ¤. ¯à¨¢®¤ïâ
ª ¥®¡å®¤¨¬®áâ¨ à¥è âì á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-
¥¨© (����). Ǳ®íâ®¬ã ¥®¡å®¤¨¬® ¯à¨¢¥áâ¨ ¥ª®â®àë¥ ¯®ïâ¨ï
¨§ «¨¥©®©  «£¥¡àë [19, á. 504{509], [20, 21, 26, 75].

�¨áâ¥¬  «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����).
�¨áâ¥¬  m «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® n
¥¨§¢¥áâëå § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (5.30) ¨«¨ (5.31), £¤¥ A | ¬ -
âà¨æ  m� n, y | ¨áª®¬ë© ¢¥ªâ®à-áâ®«¡¥æ n� 1, f | § ¤ ë©
¢¥ªâ®à-áâ®«¡¥æ m�1 | ¯à ¢ ï ç áâì (A, y ¨ f | ¢®®¡é¥ £®¢®àï,
ª®¬¯«¥ªáë¥) ¨«¨ ¯®¤à®¡¥¥

a11 y1+ a12 y2+ : : :+a1n yn = f1;
a21 y1+ a22 y2+ : : :+a2n yn = f2;
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
am1 y1+ am2 y2+ : : :+amn yn= fm:

9>=>; (5.36)
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�ã¤¥¬ ¯®« £ âì, çâ® áâà�®ª¨ ¬ âà¨æë A «¨¥©® ¥§ ¢¨á¨¬ë.
� íâ®¬ á«ãç ¥ ¥á«¨ m = n, â® A | ª¢ ¤à â ï ¬ âà¨æ ,   ����
¨¬¥¥â ®¤® ¨ â®«ìª® ®¤® à¥è¥¨¥, à ¢®¥

y = A�1f; (5.37)

£¤¥ A�1 | ®¡à â ï ¬ âà¨æ , ®¯à¥¤¥«¥¨¥ ª®â®à®©:

A�1A = E; (5.38)

£¤¥ E | ¥¤¨¨ç ï (ª¢ ¤à â ï) ¬ âà¨æ , í«¥¬¥âë eij ª®â®à®©
®¯à¥¤¥«ïîâáï ª ª

eij =

�
1; i = j;

0; i 6= j:
(5.39)

�  ¯à ªâ¨ª¥ à¥è¥¨¥ ���� ®¡ëç®  å®¤¨âáï ¥ ¯® ä®à¬ã-
«¥ (5.37),   ¯® ¯à ¢¨«ã �à ¬¥à , ¬¥â®¤ ¬¨ � ãáá , �à ãâ -
�®«¥æª®£® ¨ ¤à. [11, 20, 21, 26, 75].

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¨ â¨¯ë ¬ âà¨æ. � à ªâ¥-
à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ª¢ ¤à â®© ¬ âà¨æë (¯à¨ m = n)
¨¬¥¥â ¢¨¤: �������

a11 � � a12 : : : a1n
a21 a22 � � : : : a2n

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
an1 an2 : : : ann � �

������� = 0; (5.40)

£¤¥ j � j ¥áâì ®¯à¥¤¥«¨â¥«ì. �®à¨ ãà ¢¥¨ï (5.40)  §ë¢ îâ-
áï á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨, ¨«¨ á®¡áâ¢¥ë¬¨ ç¨á« ¬¨ �i,
i = 1; n. �®¡áâ¢¥ë¥ § ç¥¨ï ¯à®¨§¢®«ì®© ª¢ ¤à â®© ª®¬-
¯«¥ªá®© ¬ âà¨æë, ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªáë. �¥«¨ç�̈ë 1=�i,
i = 1; n,  §ë¢ îâáï å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨.
�¨®à ¯®àï¤ª  k ¬ âà¨æë A ¥áâì ®¯à¥¤¥«¨â¥«ì k-£® ¯®àï¤ª ,

á®áâ ¢«¥ë© ¨§ «î¡®© ç áâ¨ A á á®¡«î¤¥¨¥¬ à á¯®«®¦¥¨ï
í«¥¬¥â®¢ aij . � £ r = rang (A) ¬ âà¨æë A | ¬ ªá¨¬ «ìë© ¯®-
àï¤®ª ®â«¨çëå ®â ã«ï ¬¨®à®¢. �¢®¤¨âáï ¢ à áá¬®âà¥¨¥ â ª¦¥
� = rang (A j f) | à £ à áè¨à¥®© ¬ âà¨æë. � ¨á¯®«ì§®¢ ¨¥¬
¯®ïâ¨ï à £  ¬®¦® á«¥¤ãîé¨¬ ®¡à §®¬ ¨§«®¦¨âì ¢®¯à®á ® à¥-
è¥¨¨ ���� (5.36) [11, c. 162]. �á«¨ � > r (á¬. (7.2), £¤¥ � = 3,
  r = 2), â® ���� ¥ ¨¬¥¥â à¥è¥¨ï ¨ ï¢«ï¥âáï ¯¥à¥®¯à¥¤¥-
«¥®©. �á«¨ � = r, â® ¯à¨ � = n (á¬. (7.4), £¤¥ � = r = n = 2)
���� ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥,   ¯à¨ � < n (á¬. (7.3), £¤¥
� = r = 1 < n = 2) ���� ¨¬¥¥â ¬®¦¥áâ¢® à¥è¥¨© ¨ ï¢«ï¥âáï
¥¤®®¯à¥¤¥«¥®©.
� âà¨æ  A� = �AT = (bij), i = 1; n, j = 1;m;  §ë¢ ¥âáï á®¯àï-

¦¥®© á A (¨«¨ íà¬¨â®¢® á®¯àï¦¥®©, ¨«¨ ª®¬¯«¥ªá® á®¯àï-
¦¥®© ¨ âà á¯®¨à®¢ ®©), ¥á«¨ bij = �aji (§ ª �� ®§ ç ¥â
ª®¬¯«¥ªá®¥ á®¯àï¦¥¨¥, T | âà á¯®¨à®¢ ¨¥,   * | íà¬¨â®-
¢® á®¯àï¦¥¨¥). �¢ ¤à â ï ª®¬¯«¥ªá ï ¬ âà¨æ  A  §ë¢ ¥âáï
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íà¬¨â®¢®© (á ¬®á®¯àï¦¥®©), ¥á«¨ A = A� ¨«¨ aij = �aji. �á«¨
â ª ï ¬ âà¨æ  ¢¥é¥áâ¢¥ , â® ®   §ë¢ ¥âáï á¨¬¬¥âà¨ç®©:
A = AT ¨«¨ aij = aji. � íà¬¨â®¢®© ¨ á¨¬¬¥âà¨ç®© ¬ âà¨æ
¢á¥ �i ¢¥é¥áâ¢¥ë (® «î¡®£® § ª ). �¢ ¤à â ï ¬ âà¨æ  A
 §ë¢ ¥âáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®©, ¥á«¨

Pn
i;j=1 aij yi yj > 0

¯à¨ «î¡ëå ¢¥é¥áâ¢¥ëå yi. Ǳà¨¬¥àë ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥-
®© ¬ âà¨æë: A�A, AA�, ATA, AAT , E (£¤¥ A, ¢®®¡é¥ £®¢®àï,
¯àï¬®ã£®«ì ). � ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æë ¢á¥ �i
¢¥é¥áâ¢¥ë ¨ ¥®âà¨æ â¥«ìë.
�«ï ¯àï¬®ã£®«ì®© m�n-¬ âà¨æë A ¢¬¥áâ® á®¡áâ¢¥ëå § -

ç¥¨© ¨á¯®«ì§ãîâáï á¨£ã«ïàë¥ ç¨á«  | íâ® ¢¥é¥áâ¢¥ë¥ ¥®â-
à¨æ â¥«ìë¥ ç¨á«  �i(A) =

p
�i(A�A), i = 1; n, ®¡ëç® à á¯®« £ ¥-

¬ë¥ ¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï: �1 > �2 > : : : > �r > �r+1 = : : : = �n = 0,
£¤¥ r | à £ ¬ âà¨æë. �á«¨ r < n, â® ¬ âà¨æ  A ¥áâì ¢ëà®¦¤¥-
 ï, ¨«¨ ®á®¡¥ ï ¬ âà¨æ ; ¥¥ ®¯à¥¤¥«¨â¥«ì det(A) � jAj = 0
¨ ®¡à â ï ¬ âà¨æ  A�1 (¯à¨ m = n) ¨«¨ (A�A)�1 (¢ ®¡é¥¬
á«ãç ¥) ¥ áãé¥áâ¢ã¥â. �á«¨ ¦¥ r = n, â® A ¥¢ëà®¦¤¥ ,

jAj =
p
jA�Aj = �1�2 : : : �n,   ®¡à âë¥ ¬ âà¨æë A�1 (¯à¨ m = n)

¨ (A�A)�1 (¢ ®¡é¥¬ á«ãç ¥) áãé¥áâ¢ãîâ. Ǳà¨ íâ®¬ ¢ á«ãç ¥
m = n

A�1 = 1

jAj

0@A11 A21 : : : An1
: : : : : : : : : : : : : : : : : : :
A1n A2n : : : Ann

1A ; (5.41)

£¤¥ Aij |  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï.
�á«¨ A | ¯à®¨§¢®«ì ï (ª®¬¯«¥ªá ï ¯àï¬®ã£®«ì ï) ¬ âà¨-

æ , â® ¥¥ ®à¬  kAk = � (A)max =
p
�(A�A)max,   ®à¬  ®¡à â®©

¬ âà¨æë kA�1k = 1=� (A)min = 1=
p
�(A�A)min. �á«¨ A | íà¬¨-

â®¢  ¨«¨ á¨¬¬¥âà¨ç ï ¬ âà¨æ , â® kAk = � (A)max = j�(A)jmax,
kA�1k = 1=� (A)min = 1=j�(A)jmin. �á«¨ A - ¯®«®¦¨â¥«ì® ®¯à¥-
¤¥«¥ ï ¬ âà¨æ , â® kAk = � (A)max = �(A)max, kA�1k =
= 1=� (A)min = 1=�(A)min.
�®à¬ë ¢¥ªâ®à®¢ ¨ ¬ âà¨æ. �®à¬ë ª®¬¯«¥ªáëå ¢¥ªâ®à®¢ y

¨ f ¨ ª®¬¯«¥ªá®© ª¢ ¤à â®© ¬ âà¨æë A ®¯à¥¤¥«ïîâáï ª ª

kyk =
vuut nX

j=1

jyj j2; kfk =
vuut mX

i=1

jfij2; kAk =
vuut nX
i;j=1

jaij j2 : (5.42)

�â¨ ®à¬ë  §ë¢ îâáï íà¬¨â®¢ë¬¨. �á«¨ ¦¥ y, f ¨ A ¢¥é¥-
áâ¢¥ë, â® ®à¬ë  §ë¢ îâáï í¢ª«¨¤®¢ë¬¨.

�¨á«® ®¡ãá«®¢«¥®áâ¨. Ǳãáâì ¢¬¥áâ® â®çëå f ¨ A § ¤ ëef ¨ eA â ª¨¥, çâ® k ef�fk 6 Æ, k eA�Ak 6 �, £¤¥ Æ ¨ � | ¯®£à¥è®áâ¨
§ ¤ ¨ï ¯à ¢®© ç áâ¨ ¨ ¬ âà¨æë. �®£¤  ®â®á¨â¥«ì ï ¯®£à¥è-
®áâì à¥è¥¨ï ���� (5.36) (¯® ä®à¬ã«¥ (5.37) ¨«¨ ¤à.) ¬®¦¥â
¡ëâì ®æ¥¥  ¢ ¢¨¤¥ á«¥¤ãîé¥£® ¥à ¢¥áâ¢ :

kÆyk
kyk 6 cond (A)

�
Æ

kfk +
�

kAk
�
; (5.43)
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£¤¥

cond (A) = kAk � kA�1k = �(A)max=�(A)min > 1 (5.44)

| ç¨á«® ®¡ãá«®¢«¥®áâ¨ ¬ âà¨æë A.
�á«¨ cond (A) ®â®á¨â¥«ì® ¬ «�® (®¡ëç® . 103), â® ¬ âà¨æ  A

(¨ ����)  §ë¢ ¥âáï å®à®è® ®¡ãá«®¢«¥®©. �á«¨ ¦¥ cond (A)
®â®á¨â¥«ì® ¢¥«¨ª® (®¡ëç® & 104), â® ¬ âà¨æ  A (¨ ����)
 §ë¢ ¥âáï ¯«®å® ®¡ãá«®¢«¥®©. � ¬¥â¨¬, çâ® ¬ «®áâì (¯® áà ¢-
¥¨î á ¥¤¨¨æ¥©) ®¯à¥¤¥«¨â¥«ï jAj, ¢®®¡é¥ £®¢®àï, ¥ ¥áâì
ªà¨â¥à¨© ¯«®å®© ®¡ãá«®¢«¥®áâ¨.

�¬®¦¥¨¥ ¬ âà¨æ ¨ ¢¥ªâ®à®¢. �¬®¦¥¨¥ ¤¢ãå ¯àï¬®-
ã£®«ìëå ¬ âà¨æ:

Z
m�l

= X
m�n

� Y
n�l

(5.45)

¨«¨ ¯®¤à®¡¥¥

zik =

nX
j=1

xij yjk; i = 1;m; k = 1; l: (5.46)

�¬®¦¥¨¥ ¬ âà¨æë   ¢¥ªâ®à:

f

m�1

= A

m�n

� y

n�1

(5.47)

¨«¨ ¯®¤à®¡¥¥

fi =

nX
j=1

aij yj ; i = 1;m: (5.48)

Ǳà¨¬¥àë. � áá¬®âà¨¬ ¤¢  ¯à¨¬¥à .
Ǳà¨¬ ¥ à 1. � áá¬®âà¨¬ á¨áâ¥¬ã ¤¢ãå ãà ¢¥¨© á ¤¢ã¬ï

¥¨§¢¥áâë¬¨:
y1 + 2 y2 = 3;

�y1 + 3 y2 = 7:

�
(5.49)

�¥ ¬ âà¨æ 

A =

�
1 2

�1 3

�
(5.50)

ï¢«ï¥âáï ª¢ ¤à â®©, ¯®íâ®¬ã ¬®¦® à áá¬ âà¨¢ âì á«¥¤ãîé¥¥
å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥:���� 1� � 2

�1 3� �

���� = 0 ; (5.51)

®âªã¤  �2 � 4� + 5 = 0 ¨ ª®à¨ à ¢ë �1;2 = 2 � i, â. ¥. á®¡áâ¢¥-
ë¥ § ç¥¨ï ª®¬¯«¥ªáë¥, çâ® ¢®§¬®¦® ¤«ï ¬ âà¨æë (5.50),
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¥ ï¢«ïîé¥©áï á¨¬¬¥âà¨ç®© ¨«¨ ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®©.
�¯à¥¤¥«¨â¥«ì

jAj =
���� 1 2

�1 3

���� = 5 : (5.52)

�¡à â ï ¬ âà¨æ , ¢ á®®â¢¥âáâ¢¨¨ á (5.41), à ¢ 

A�1 =
1

5

�
3 �2
1 1

�
=

�
3=5 �2=5
1=5 1=5

�
: (5.53)

Ǳà®¢¥àª  (á¬. (5.38)) á ¨á¯®«ì§®¢ ¨¥¬ ¯à ¢¨«  (5.46) ã¬®¦¥¨ï
¬ âà¨æ:

A�1A =

�
1 0

0 1

�
: (5.54)

�¥è¥¨¥ ���� (5.49) á®£« á® (5.37) á ¨á¯®«ì§®¢ ¨¥¬ (5.48)
à ¢®

y = A�1f =

��1
2

�
(5.55)

¨«¨ ¯® ¯à ¢¨«ã �à ¬¥à  [11, á. 163]

y1 =

���� 3 2

7 3

����
5

= �1; y2 =

���� 1 3

�1 7

����
5

= 2: (5.56)

Ǳà¨¬ ¥ à 2. � áá¬®âà¨¬ ¯àï¬®ã£®«ìãî ¬ âà¨æã 3� 2:

A =

0@ 2 �3
�1 2

1 4

1A: (5.57)

�à¬¨â®¢® á®¯àï¦¥ ï ¬ âà¨æ  A� à ¢ 

A� =

�
2 �1 1

�3 2 4

�
: (5.58)

Ǳà®¨§¢¥¤¥¨¥ íâ¨å ¬ âà¨æ (á®£« á® (5.46)) ¤ ¥â ¯®«®¦¨â¥«ì®
®¯à¥¤¥«¥ãî ª¢ ¤à âãî ¬ âà¨æã 2� 2:

B = A�A =

�
6 �4

�4 29

�
: (5.59)

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ¬ âà¨æë B:���� 6� � �4
�4 29� �

���� = 0 ; (5.60)

®âªã¤  �2 � 35� + 158 = 0 ¨ ª®à¨ (á®¡áâ¢¥ë¥ § ç¥¨ï ¬ -
âà¨æë B) à ¢ë �1(A

�A) �= 29:675, �2(A
�A) �= 5:325, â. ¥. ª®à¨

¢¥é¥áâ¢¥ë ¨ ¥®âà¨æ â¥«ìë, ª ª ¨ ¤®«¦® ¡ëâì ¤«ï ¯®«®-
¦¨â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æë A�A. �¨£ã«ïàë¥ ç¨á«  ¬ -
âà¨æë A à ¢ë �1(A) =

p
�1(A�A) �= 5:47 = � (A)max = kAk,
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�2(A) =
p
�2(A�A) �= 2:32 = � (A)min = kA�1k�1. �¨á«® ®¡ãá«®-

¢«¥®áâ¨ ¬ âà¨æë A à ¢® cond (A) = � (A)max=� (A)min �= 2:36,
â. ¥. ¬ âà¨æ  (5.57) ï¢«ï¥âáï å®à®è® ®¡ãá«®¢«¥®©.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ª �ë ¯®¨¬ ¥â¥ «¨¥©ãî ¥§ ¢¨á¨¬®áâì áâà®ª ¬ âà¨æë?
2. � ©â¥ ®¯à¥¤¥«¥¨ï ¬ âà¨æ: AT | âà á¯®¨à®¢ ®© ¯®

®â®è¥¨î ª ¬ âà¨æ¥ A ¨ �A | ª®¬¯«¥ªá® á®¯àï¦¥®© á A.
3. �á¯®¬¨â¥ ®¯à¥¤¥«¥¨ï ¬¨®à  ¨  «£¥¡à ¨ç¥áª®£® ¤®¯®«¥-

¨ï.
4. �á¯®¬¨â¥ ¯à ¢¨«® �à ¬¥à  à¥è¥¨ï ���� (5.36) ¯à¨

m = n.
5. �«ï¤ï   ä®à¬ã«ë (5.45) ¨ (5.47), ®â¢¥âìâ¥, ¤®¯ãáâ¨¬® «¨

ã¬®¦¥¨¥ X7�5   Y4�6 ¨«¨ A8�9   y11�1?
6. �¥è¨â¥ á«¥¤ãîé¨© ¯à¨¬¥à (����):

2 y1� 3 y2 =� 4;
� y1+2 y2 = 3

�
(5.61)

( ©¤¨â¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë ¨ à¥è¥¨¥ ���� ¯®
¯à ¢¨«ã �à ¬¥à  ¨ ¯® ä®à¬ã«¥ (5.37)).
7. �á¯®«ì§ãï ä®à¬ã«ë (5.46) ¨ (5.48), ¢ë¯®«¨â¥ ã¬®¦¥¨¥

¤¢ãå ¬ âà¨æ ¨ ¬ âà¨æë   ¢¥ªâ®à:0@�2 5 �1 0

0 3 4 3

1 2 �3 �4

1A
0B@

3 �4
�1 0

0 1

2 �3

1CA (5.62)

¨ 0@ 2 �3
�1 2

1 4

1A� 1
2

�
: (5.63)

5.3. �«¥¬¥âë â¥®p¨¨ ¢¥p®ïâ®áâ¥©

�á®¢ë¥ ®¯p¥¤¥«¥¨ï. � ¤¨¬ ¥áª®«ìª® ®¯p¥¤¥«¥¨©.
� ¯à ¥ ¤ ¥ « ¥  ¨ e 1. �¥©áâ¢¨â¥«ì ï ¯¥p¥¬¥ ï, ª®â®p ï ¢ § -

¢¨á¨¬®áâ¨ ®â ¨áå®¤  ®¯ëâ , â. ¥. ¢ § ¢¨á¨¬®áâ¨ ®â á«ãç ï ¯p¨¨-
¬ ¥â p §«¨çë¥ § ç¥¨ï,  §ë¢ ¥âáï á«ãç ©®© ¢¥«¨ç¨®©.
Ǳãáâì X | ¥ª®â®p ï á«ãç © ï ¢¥«¨ç¨ . �®£¤  ¨¬¥¥â ¬¥áâ®
�¯à ¥ ¤ ¥ « ¥  ¨ e 2. �ãªæ¨¥© p á¯p¥¤¥«¥¨ï F (x) á«ãç ©®©

¢¥«¨ç¨�ë X  §ë¢ ¥âáï äãªæ¨ï

F (x) = P (X < x);

£¤¥ P (A) 2 [0; 1] | ¢¥p®ïâ®áâì á®¡ëâ¨ï A.
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�«ãç ©ë¥ ¢¥«¨ç�̈ë ¬®£ãâ ¡ëâì ¤¨áªp¥âë¬¨ ¨ ¥¯p¥pë¢ë-
¬¨. � áá¬®âp¨¬ «¨èì ¥¯p¥pë¢ë¥ á«ãç ©ë¥ ¢¥«¨ç�̈ë.
�¯à ¥ ¤ ¥ « ¥  ¨ e 3 . �«ãç © ï ¢¥«¨ç¨   §ë¢ ¥âáï ¥¯p¥pë¢-

®©, ¥á«¨ äãªæ¨ï p á¯p¥¤¥«¥¨ï ¬®¦¥â ¡ëâì ¯p¥¤áâ ¢«¥  ¢ ¢¨-
¤¥:

F (x) =

xZ
�1

f(t) dt;

£¤¥ f (x) | ¯«®â®áâì p á¯p¥¤¥«¥¨ï.
Ǳp¨ íâ®¬ f (x) = dF (x)=dx, F (1) =

R
1

�1
f (x) dx = 1, P (a 6

6 X 6 b) = F (b)� F (a) =
R b
a
f (x) dx, P (X = x0) = 0.

� ¯à ¥ ¤ ¥ « ¥  ¨ e 4. � ¢®¬¥p®¥ p á¯p¥¤¥«¥¨¥ á«ãç ©®© ¢¥-
«¨ç¨�ë x | íâ® p á¯p¥¤¥«¥¨¥ á ¯«®â®áâìî

f(x) =

�
1=(b� a) = const; x 2 [a; b];

0; x =2 [a; b]:
(5.64)

� á«ãç ¥ p ¢®¬¥p®£® p á¯p¥¤¥«¥¨ï ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ¨¥
(��, ¨«¨ ¯¥p¢ë© æ¥âp «ìë© ¬®¬¥â) á«ãç ©®© ¢¥«¨ç¨�ë x
p ¢®

m0 �MX =

1Z
�1

x f(x) dx =

bZ
a

x

b� a

dx = a+ b

2
; (5.65)

  ¤¨á¯¥pá¨ï (¢â®p®© æ¥âp «ìë© ¬®¬¥â) p ¢ 

�2 � DX =

1Z
�1

(x�m0)
2 f(x) dx =

bZ
a

�
x� a+ b

2

�2
dx

b� a

=
(b� a)2

12
;

(5.66)
®âªã¤  áp¥¤¥ª¢ ¤p â¨ç¥áª®¥ ®âª«®¥¨¥ (���) p ¢®

� = b� a

2
p
3
� 0:577 � b� a

2

(á¬. p¨á. 5.2).
� ¯à ¥ ¤ ¥ « ¥  ¨ e 5. H®p¬ «ì®¥ p á¯p¥¤¥«¥¨¥ (p á¯p¥¤¥«¥¨¥

� ãáá ) á«ãç ©®© ¢¥«¨ç¨ë x | íâ® p á¯p¥¤¥«¥¨¥ á ¯«®â®áâìî

f(x) = 1p
2��

e�
(x�a)2

2�2 (5.67)

(á¬. à¨á. 5.3).
� ª®ã (5.67) á®®â¢¥âáâ¢ã¥â ��

m0 =

1Z
�1

xp
2��

e�
(x�a)2

2�2 dx = a (5.68)
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�¨á. 5.2. � ¢®¬¥à®¥ à á¯à¥¤¥«¥¨¥

�¨á. 5.3. �®à¬ «ì®¥ à á¯à¥¤¥«¥¨¥

¨ ¤¨á¯¥pá¨ï

�2 =

1Z
�1

(x� a)2p
2��

e�
(x�a)2

2�2 dx = �2: (5.69)

�¬¥¥¬ (á¬. p¨á. 5.3): f (a+ �) � 0:606f (a).
�á«¨ á«ãç © ï ¢¥«¨ç¨  X ¨¬¥¥â ®p¬ «ì®¥ p á¯p¥¤¥«¥¨¥

á ¯ p ¬¥âp ¬¨ a ¨ �, â® £®¢®pïâ, çâ® X p á¯p¥¤¥«¥  ®p¬ «ì®
á®£« á® § ª®ã N (x; a; �) ¨«¨ N (a; �) ¨ ¯¨èãâ: X 2 N (x; a; �)
¨«¨ X 2 N (a; �).
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�ãªæ¨ï

'(x) = 1p
2�
e�

x2

2 ;

â. ¥. äãªæ¨ï f (x) (á¬. (5.67)) ¯p¨ a = 0, � = 1  §ë¢ ¥âáï ¯«®â-
®áâìî ®p¬¨p®¢ ®£® æ¥âp¨p®¢ ®£® ®p¬ «ì®£® p á¯p¥¤¥-
«¥¨ï. Ǳ«®â®áâì ' (x) ¨ á®®â¢¥âáâ¢ãîé ï ¥© äãªæ¨ï p á¯p¥¤¥-
«¥¨ï

� (x) =

xZ
�1

'(t) dt =

xZ
�1

1p
2�
e�

t2

2 dt

§ â ¡ã«¨p®¢ ë. �ãªæ¨î � (x) ç áâ®  §ë¢ îâ £ ãáá®¢ë¬ ¨-
â¥£p «®¬ ®è¨¡®ª. �®£¤  § ¤ ¥âáï äãªæ¨ï

�0(x) =
1p
2�

xZ
0

e�
t2

2 dt;

¯p¨ç¥¬ � (x) ¬®¦¥â ¡ëâì ¢ëp ¦¥  ç¥p¥§ �0(x) ¯®áp¥¤áâ¢®¬ á®-
®â®è¥¨ï

� (x) =

�
�0(x) + 0:5; x > 0;

��0(jxj) + 0:5; x 6 0
(5.70)

¨«¨
� (x) = sign(x) ��0(jxj) + 0:5 : (5.71)

�¢ï§ì ¬¥¦¤ã f (x) ¨ ' (x),   â ª¦¥ F (x) ¨ � (x) ¨¬¥¥â ¢¨¤:

f(x) = 1

�

'
�
x� a

�

�
; (5.72)

F (x) = �
�
x� a

�

�
= sign(x� a) ��0

� jx� aj
�

�
+ 0:5 : (5.73)

Ǳp®£p ¬¬  RNDAN. H  �®pâp ¥ (¨ ¤pã£¨å ï§ëª å ¯à®-
£à ¬¬¨à®¢ ¨ï) p §p ¡®â ë áâ ¤ pâë¥ ¯p®£p ¬¬ë, ¯®§¢®«ïî-
é¨¥ ¨¬¨â¨p®¢ âì á«ãç ©ë¥ ¯p®æ¥ááë,   ¨¬¥®, ¢ë¤ ¢ âì ¯®á«¥-
¤®¢ â¥«ì®áâ¨ á«ãç ©ëå ç¨á¥«, ¯®¤ç¨¥ëå ª ª®¬ã-â® § ª®ã
p á¯p¥¤¥«¥¨ï. � ª¨¥ ¯p®£p ¬¬ë ®¡ëç®  §ë¢ îâ ¤ âç¨ª ¬¨
á«ãç ©ëå ç¨á¥«. �¤®© ¨§  ¨¡®«¥¥ p á¯p®áâp ¥ëå ¯p®£p ¬¬
ï¢«ï¥âáï ¯®¤¯p®£p ¬¬  RNDAN.
�  áâ®ïé¥¥ ¢p¥¬ï  ¨¡®«¥¥ ã¯®âp¥¡¨¬ë¬¨ ¤«ï p¥è¥¨ï ¯p¨-

ª« ¤ëå § ¤ ç ï§ëª ¬¨ ¯p®£p ¬¬¨p®¢ ¨ï ï¢«ïîâáï Fortran,
C, Pascal, Basic ¨ ¤à. H ¨¡®«¥¥ á®¢¥pè¥ë¬¨ ¢¥pá¨ï¬¨ ï§ëª 
Fortran ï¢«ïîâáï MS Fortran, ver. 5.0, 5.1 ¨ Fortran 90 (â®«ì-
ª® ¢ íâ¨å ¢¥pá¨ïå ¨¬¥¥â ¬¥áâ®,  ¯à¨¬¥à, â ª®© ¨áª«îç¨â¥«ì®
ã¤®¡ë© ¯à¨¥¬, ª ª ¤¨ ¬¨ç¥áª®¥ p á¯p¥¤¥«¥¨¥ ¯ ¬ïâ¨ ¢ ¢¨-
¤¥ ®¯¥p â®p®¢ ALLOCATE ¨ ¤p.), ï§ëª C ¨¬¥¥â ¢¥pá¨¨ QuickC,
TurboC, C++ ¨ â. ¤. � ¤ ®¬ ¯®á®¡¨¨ ¬ë ¡ã¤¥¬ ¤¥¬®áâp¨p®¢ âì
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p¥§ã«ìâ âë, ¯®«ãç¥ë¥   MS Fortran'¥ 5.0, 5.1 (á®¢¯ ¤ îé¨¥ á
à¥§ã«ìâ â ¬¨   Fortran'¥ 90),   â ª¦¥   QuickC, ver. 4.2.
H¨¦¥ ¯p¨¢¥¤¥ë â¥ªáâë £®«®¢®© ¯p®£p ¬¬ë EXAMPLE1.for

(¯p¨¬¥p ®¡p é¥¨ï ª RNDAN.for), ¯®¤¯p®£p ¬¬ë RNDAN.for
¨ ä ©«  à¥§ã«ìâ â®¢ à¥è¥¨ï EXAMPLE1.dat   Fortran'e,  
â ª¦¥ £®«®¢®© ¯p®£p ¬¬ë EXAMPLE1.c (¯à¨¬¥à ®¡à é¥¨ï
ª RNDAN.c), äãªæ¨¨ ¡¥§ ¢®§¢p é ¥¬®£® § ç¥¨ï RNDAN.c
¨ ä ©«  à¥§ã«ìâ â®¢ EXAMPLE1.dat   QuickC. � ¯à®£à ¬-
¬ å EXAMPLE1.for ¨ EXAMPLE1.c ¢ë¯®«¥® ®¡à é¥¨¥ ª
RNDAN.for ¨ RNDAN.c ¯p¨ l=0 (p ¢®¬¥pë© § ª® p á¯p¥¤¥«¥-
¨ï), mo=0, sig=1, ur=0.37843. �â¬¥â¨¬ á«¥¤ãîé¥¥. Ǳ à ¬¥âàã
ur ã¦® ®¡ï§ â¥«ì® ¯à¨á¢ ¨¢ âì ¥ª®â®à®¥  ç «ì®¥ § ç¥¨¥
®â 0 ¤® 1 ¯¥à¥¤ ¯®«ãç¥¨¥¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå ç¨-
á¥«. Ǳà¨ íâ®¬ ¢¨¤ ¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå ç¨á¥« ¡ã¤¥â
§ ¢¨á¥âì ®â  ç «ì®£® § ç¥¨ï ur. � «¥¥, áà ¢¥¨¥ ä ©«®¢
EXAMPLE1.dat   Fortran'¥ ¨ QuickC ¯®ª §ë¢ ¥â, çâ® à §«¨ç-
ë¥ ï§ëª¨ ¯à®£à ¬¬¨à®¢ ¨ï ¢ë¤ îâ ¥áª®«ìª® à §«¨çë¥ ¯®-
á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå ç¨á¥« (¥á«¨ ¨á¯®«ì§®¢ âì ¤¢®©ãî
â®ç®áâì, â® à §«¨ç¨ï ã¬¥ìè âáï), ®¤ ª® íâ® ¥ áãé¥áâ¢¥®,
â ª ª ª ¯à¨ ¡®«ìè®¬ ª®«¨ç¥áâ¢¥ á«ãç ©ëå ç¨á¥« (¡®«ìè®© ¢ë-
¡®àª¥) ®¨ ¯®¤ç¨ïîâáï ¢ë¡à ®¬ã § ª®ã à á¯à¥¤¥«¥¨ï ¨ ¥£®
¯ à ¬¥âà ¬ ¢¥ § ¢¨á¨¬®áâ¨ ®â ï§ëª  ¯à®£à ¬¬¨à®¢ ¨ï.

C EXAMPLE1.for:

program EXAMPLE1

integer n,l,i

parameter (n=12)

real ur,mo,sig,f (n),df (n),f1(n)

common /urn/ur

ur=.37843 !¨«¨ ¤àã£®¥ ç¨á«® ®â 0 ¤® 1

OPEN(1,file='EXAMPLE1.dat')

WRITE(1,'(//3x,''EXAMPLE1.dat:'')')

PRINT *,' �¢¥¤¨â¥ l<1 - § ª® à ¢®¬¥àë©',

* ' ¨«¨ l>=1 - § ª® ®à¬.:'

READ *,l

WRITE(1,'('' l='',i1)')l

PRINT *,' �¢¥¤¨â¥ mo>=0 ¨ sig>0:'

READ *,mo,sig

WRITE(1,'('' mo='',f8.4,'', sig='',f8.4)')mo,sig

C �®à¬¨àã¥¬ f, df ¨ f1:

do 10 i=1,n

f(i)=3.141593+.5*float(i**2) !¨«¨ ¤àã£ ï ä®à¬ã« 

C �¡à é¥¨¥ ª ¤ âç¨ªã á«ãç ©ëå ç¨á¥«:

call RNDAN(l,mo,sig,df(i))

10 f1(i)=f(i)+df(i) !§ èã¬«¥ ï äãªæ¨ï

WRITE(1,*)'f=' !â®ç ï äãªæ¨ï

WRITE(1,20)f

20 format(7f9.4)
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WRITE(1,*)'df=' !á«ãç ©ë¥ ç¨á«  (¯®£à¥è®áâ¨, èã¬ë)

WRITE(1,20)df

WRITE(1,*)'f1=' !§ èã¬«¥ ï äãªæ¨ï

WRITE(1,20)f1

CLOSE(1)

STOP

end ! EXAMPLE1.for

subroutine RNDAN(l,mo,sig,r) !¯®¤¯à®£à ¬¬    Fortran'¥

C**************************************************************

C � âç¨ª á«ãç ©ëå ç¨á¥« (¬®¤¨ä¨ª æ¨ï �¨§¨ª®¢  �.�.) *

C �å®¤ë¥ ¯ à ¬¥âàë: *

C l<1 - à ¢®¬¥à®¥ à á¯à¥¤¥«¥¨¥, *

C l>=1 - ®à¬ «ì®¥ à á¯à¥¤¥«¥¨¥, *

C mo>=0 - ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ¨¥, *

C sig>0 - áà¥¤¥ª¢ ¤à â¨ç¥áª®¥ ®âª«®¥¨¥, *

C �ëå®¤®© ¯ à ¬¥âà: r - á«ãç ©®¥ ç¨á«® *

C (®â -0.5sig+mo ¤® 0.5sig+mo ¯à¨ l<1) *

C**************************************************************

integer l,k,j

real mo,sig,r,ur

common /urn/ur

r=0.

if (l .lt. 1) then

k=1

else

k=12

endif

do 5 j=1,k

f=37.*ur ! ®â 0 ¤® 37

ur=f-aint(f) ! ®â 0 ¤® 1

5 r=r+ur-.5 ! ®â -0.5 ¤® 0.5 ¯à¨ k=1 (l<1)

r=mo+r*sig ! ®â -0.5sig+mo ¤® 0.5sig+mo ¯à¨ k=1

RETURN

end ! RNDAN.for

EXAMPLE1.dat:

l=0

mo= .0000, sig= 1.0000

f=

3.6416 5.1416 7.6416 11.1416 15.6416 21.1416 27.6416

35.1416 43.6416 53.1416 63.6416 75.1416

df=

-.4981 -.4293 .1152 .2639 -.2361 .2627 -.2811

-.3993 .2248 .3179 -.2393 .1441

f1=

3.1435 4.7123 7.7568 11.4055 15.4054 21.4043 27.3605

34.7423 43.8664 53.4594 63.4022 75.2857
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//EXAMPLE1.c:

#include <stdio.h>

#define N 12

#define NEWLINE if (i%7==0) fprintf(F1,"nn ")

extern float ur=.37843; //¨«¨ ¤àã£®¥ ç¨á«® ®â 0 ¤® 1

void RNDAN(int l,float mo,float sig,float *r); //¯à®â®â¨¯

main() //£®«®¢ ï ¯à®£à ¬¬    QuickC

f int l,i1; float mo,sig,f[N],df[N],f1[N]; register int i; FILE *F1;

if ((F1=fopen("EXAMPLE1.dat","w")) == NULL)

f printf("nn � ©« F1=EXAMPLE1.dat ¥ ®âªàë«áï   § ¯¨áì"); exit(1);g
fprintf(F1,"nnnn EXAMPLE1.dat:");

printf("nn �¢¥¤¨â¥ l<1 - § ª® à ¢®¬¥àë©");

printf(" ¨«¨ l>=1 - § ª® ®à¬ «ìë©: ");

scanf("%i",&l); fprintf(F1,"nn l=%i",l);

printf("nn �¢¥¤¨â¥ mo>=0 ¨ sig>0: "); scanf("%f%f",&mo,&sig);

fprintf(F1,"nn mo=%.4f, sig=%.4f",mo,sig);

// �®à¬¨àã¥¬ f,df ¨ f1:

for (i=0; i<N; i++) f i1=i+1;

f[i]=3.141593+.5*(float)(i1*i1); //¨«¨ ¤àã£ ï ä®à¬ã« 

RNDAN(l,mo,sig,&df[i]); //®¡à é¥¨¥ ª ¤ âç¨ªã á«ãç ©ëå ç¨á¥«

f1[i]=f[i]+df[i]; //§ èã¬«¥ ï äãªæ¨ï

g //end i

fprintf(F1,"nn f[%d]=",N); //â®ç ï äãªæ¨ï

for (i=0; i<N; i++) f NEWLINE; fprintf(F1,"%9.4f",f[i]); g //end i

fprintf(F1,"nn df[%d]=",N); //á«ãç ©ë¥ ç¨á«  (¯®£à¥è®áâ¨, èã¬ë)

for (i=0; i<N; i++) f NEWLINE; fprintf(F1,"%9.4f",df[i]); g //end i

fprintf(F1,"nn f1[%d]=",N); //§ èã¬«¥ ï äãªæ¨ï

for (i=0; i<N; i++) f NEWLINE; fprintf(F1,"%9.4f",f1[i]); g //end i

fclose(F1); return 0; g//end MAIN38.c

//RNDAN.c:

extern float ur;

void RNDAN(int l,float mo,float sig,float *r)

/*� âç¨ª á«ãç ©ëå ç¨á¥«   QuickC (¬®¤¨ä¨ª æ¨ï �¨§¨ª®¢  �.�.)

�å®¤: l<1 - § ª® à ¢®¬¥àë©, l>=1 - § ª® ®à¬ «ìë©,

mo>=0 - ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ¨¥,

sig>0 - ��� (áà¥¤¥ª¢ ¤à â¨ç¥áª®¥ ®âª«®¥¨¥)

�ëå®¤: r - á«ãç ©®¥ ç¨á«® (®â -0.5sig+mo ¤® 0.5sig+mo ¯à¨ l<1)*/

f int k; register int j; float f;

*r=0.; k = (l<1)? 1 : 12;

for (j=1; j<=k; j++) f f=37.*ur; //®â 0 ¤® 37

ur=f-(float)(int)f; //®â 0 ¤® 1

*r += ur - .5; //®â -0.5 ¤® 0.5 ¯à¨ k=1 (l<1)

g //end j

*r = mo + (*r) * sig; //®â -0.5sig+mo ¤® 0.5sig+mo ¯à¨ k=1

g //end RNDAN.c
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EXAMPLE1.dat:

l=0

mo=0.0000, sig=1.0000

f[12]=

3.6416 5.1416 7.6416 11.1416 15.6416 21.1416 27.6416

35.1416 43.6416 53.1416 63.6416 75.1416

df[12]=

-0.4981 -0.4293 0.1151 0.2579 -0.4595 -0.0025 -0.0912

-0.3736 0.1761 -0.4845 0.0728 -0.3078

f1[12]=

3.1435 4.7123 7.7567 11.3994 15.1821 21.1391 27.5504

34.7680 43.8177 52.6571 63.7144 74.8338

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � âì ®¯p¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨�ë, äãªæ¨¨ ¥¥ p á¯p¥-
¤¥«¥¨ï ¨ ¯«®â®áâ¨ p á¯p¥¤¥«¥¨ï.
2. �â® â ª®¥ p ¢®¬¥p®¥ ¨ ®p¬ «ì®¥ p á¯p¥¤¥«¥¨ï á«ãç ©-

®© ¢¥«¨ç¨ë?
3. �®ª § âì á®®â®è¥¨ï (5.65) ¨ (5.66).
4. �®ª § âì á®®â®è¥¨¥ (5.68), ¨á¯®«ì§ãï â ¡«¨çë© ¨â¥£p «:

1Z
0

e�p
2x2dx =

p
�=2p (p > 0):

5. �®ª § âì á®®â®è¥¨¥ (5.69), ¨á¯®«ì§ãï â ¡«¨çë© ¨â¥£p «:

1Z
0

x2e�p
2x2dx =

p
�=4p3 (p > 0):

6. �®ª § âì á®®â®è¥¨ï (5.70){(5.73).
7. � âì å p ªâ¥p¨áâ¨ªã ¯p®£p ¬¬ë RNDAN | ¤ âç¨ª  á«ã-

ç ©ëå ç¨á¥« (p §êïá¨âì ¥¥ ¢å®¤ë¥ ¯ p ¬¥âpë l, mo, sig ¨
¢ëå®¤®© ¯ p ¬¥âp r).
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� «   ¢   6

���������� �������, ������� ������ �
������������ Ǳ�������������

6.1. �«¥¬¥âë â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨©

�¯à¥¤¥«¥¨¥ ®¡®¡é¥®© äãªæ¨¨. � á®¢à¥¬¥®¬ ¬ â¥¬ -
â¨ç¥áª®¬  ¯¯ à â¥ è¨à®ª® ¨á¯®«ì§ãîâáï â ª  §ë¢ ¥¬ë¥ ®¡®¡-
é¥ë¥ äãªæ¨¨ [103]. �¥®¡å®¤¨¬®áâì ¨å ¢¢¥¤¥¨ï ¡ë«  á¢ï§  
á â¥¬, çâ® ¢ ª« áá¨ç¥áª®¬ ¬ â¥¬ â¨ç¥áª®¬   «¨§¥ ¯®áâ®ï®
ã¦® ¤¥« âì ®£®¢®àª¨ ® á¢®©áâ¢ å äãªæ¨©: ¯à¨ ¤¨ää¥à¥æ¨à®-
¢ ¨¨ äãªæ¨¨ ã¦® âà¥¡®¢ âì, çâ®¡ë ®  ¡ë«  n > 1 à § ¤¨ä-
ä¥à¥æ¨àã¥¬ , ¯à¨ ¨â¥£à¨à®¢ ¨¨ | çâ®¡ë ®  ¡ë«  ªãá®ç®-
¥¯à¥àë¢  ¨ áã¬¬¨àã¥¬  ¨ â. ¤. �¬¥áâ¥ á â¥¬ ®ç¥ì ç áâ® à¥-
 «ìë¥ äãªæ¨¨ (¢ ¯¥à¢ãî ®ç¥à¥¤ì, ¯®«ãç¥ë¥ ¢ à¥§ã«ìâ â¥
¨§¬¥à¥¨©) â ª¨¬¨ á¢®©áâ¢ ¬¨ ¥ ®¡« ¤ îâ. Ǳ®íâ®¬ã ¢®§¨ª« 
¥®¡å®¤¨¬®áâì à á¯à®áâà ¨âì ¬ â¥¬ â¨ç¥áª¨©   «¨§ (¤¨ää¥-
à¥æ¨ «ì®¥ ¨ ¨â¥£à «ì®¥ ¨áç¨á«¥¨ï)   â ª¨¥ äãªæ¨¨.

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �¡®¡é¥®© äãªæ¨¥©  §ë¢ ¥âáï äãªæ¨ï,
¤«ï ¤¨ää¥à¥æ¨à®¢ ¨ï ¨ ¨â¥£à¨à®¢ ¨ï ª®â®à®© ¥ âà¥¡ã¥âáï
¢ë¯®«¥¨ï ª« áá¨ç¥áª¨å á¢®©áâ¢ ¤¨ää¥à¥æ¨àã¥¬®áâ¨, ªãá®ç®©
¥¯à¥àë¢®áâ¨, áã¬¬¨àã¥¬®áâ¨, ¨â¥£à¨àã¥¬®áâ¨ ¨ â. ¤.

�ãªæ¨ï �í¢¨á ©¤ . �áâ®à¨ç¥áª¨ ¯¥à¢®© ®¡®¡é¥®© äãª-
æ¨¥© ï¢«ï¥âáï äãªæ¨ï �í¢¨á ©¤  (¨«¨ áâã¯¥ç â ï äãªæ¨ï)
[40, á. 676]:

H (x) =

�
0; x < 0;

1; x > 0:
(6.1)

(á¬. à¨á. 6.1).

�¨á. 6.1
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Æ-äãªæ¨ï �¨à ª . �áâ®à¨ç¥áª¨ á«¥¤ãîé ï ®¡®¡é¥ ï äãª-
æ¨ï | íâ® Æ-äãªæ¨ï �¨à ª  (¨«¨ á¨¬¬¥âà¨ç ï ¥¤¨¨ç ï ¨¬-
¯ã«ìá ï äãªæ¨ï) [40, á. 678{680]. �¤®¬¥à ï Æ-äãªæ¨ï �¨à ª 
®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬¨ âà¥¬ï ¯ãªâ ¬¨:

1) Æ (x) =

� 1; x = 0;

0; x 6= 0;
(6:2)

2)

1Z
�1

Æ (x) dx = 1; (6:3)

3)

1Z
�1

f (x) Æ (x � x0) dx = f (x0); (6:4)

£¤¥ f (x) | ¥ª®â®à ï (ª« áá¨ç¥áª ï) äãªæ¨ï,   x0 | ¥ª®â®à®¥
§ ç¥¨¥  ¡áæ¨ááë x.
Ǳãªâã 1) (á¬. (6.2)) á®®â¢¥âáâ¢ã¥â à¨á. 6.2 ,   ¯ãªâã 3)

(á¬. (6.4)) | à¨á. 6.2¡ :

�¨á. 6.2

�§ (6.3) ¨ (6.4) á«¥¤ãîâ, ¢ ç áâ®áâ¨, á«¥¤ãîé¨¥ á®®â®è¥¨ï:

1Z
�1

Æ (ax� x0) dx =
1

j a j ; (6.5)

1Z
�1

f (x) Æ (ax� x0) dx =
1

ja j f
�
x0

a

�
: (6.6)

�ãªæ¨ï �í¢¨á ©¤  ¨ Æ-äãªæ¨ï �¨à ª  á¢ï§ ë á®®â®è¥¨ï¬¨:

Æ (x) = H 0(x); (6.7)

H (x) =

xZ
�1

Æ (t) dt: (6.8)
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�¨¤¨¬, çâ® íâ¨ äãªæ¨¨ ¬®¦® ¤¨ää¥à¥æ¨à®¢ âì ¨ ¨â¥£à¨à®-
¢ âì (® ¥ ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥).
�á¯®«ì§ã¥âáï â ª¦¥ ¤¢ãå¬¥à ï Æ-äãªæ¨ï �¨à ª :

Æ (x; y) =

� 1; x = y = 0;

0; ¨ ç¥;
(6.9)

1ZZ
�1

Æ (x; y) dx dy = 1; (6.10)

1ZZ
�1

f (x; y) Æ (x� x0; y � y0) dx dy = f (x0; y0): (6.11)

�§ (6.10) ¨ (6.11) á«¥¤ãîâ á«¥¤ãîé¨¥ á®®â®è¥¨ï:

1ZZ
�1

Æ (ax� x0; by � y0) dx dy =
1

j ab j ; (6.12)

1ZZ
�1

f (x; y) Æ (ax� x0; by � y0) dx dy =
1

jab j f
�
x0

a

;
y0

b

�
: (6.13)

�¢ãå¬¥àãî Æ-äãªæ¨î ¬®¦® ¯à¥¤áâ ¢¨âì ª ª ¯à®¨§¢¥¤¥¨¥ ®¤-
®¬¥àëå:

Æ (x; y) = Æ (x) Æ (y): (6.14)

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ¯¨è¨â¥ ä®à¬ã«ã ¤«ï Æ (x � x0) â¨¯  6.2 ¨  à¨áã©â¥
£à ä¨ª.
2. � ¯¨è¨â¥ ä®à¬ã«ë ¤«ï Æ (ax) ¨ Æ (ax� x0) â¨¯  6.2.
3. �¥¬ã à ¢ë ¨â¥£à «ë

1Z
�1

Æ (x� x0) dx ¨

1Z
�1

Æ (ax) dx?

4. �®ª ¦¨â¥ á®®â®è¥¨ï (6.5) ¨ (6.6) (¨á¯®«ì§ã©â¥ § ¬¥ã
¯¥à¥¬¥®©: ax = u).
5. � à¨áã©â¥ £à ä¨ª Æ (x; y) (á¬. (6.9)).
6. � ¯¨è¨â¥ ä®à¬ã«ã ¤«ï Æ (x�x0; y�y0) â¨¯  (6.9) ¨  à¨áã©â¥

£à ä¨ª.
7. �¥¬ã à ¢ë ¨â¥£à «ë

1ZZ
�1

Æ (x � x0; y � y0) dx dy ¨

1ZZ
�1

Æ (ax; by) dx dy?
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8. �®ª ¦¨â¥ á®®â®è¥¨ï (6.12), (6.13) (¨á¯®«ì§ã©â¥ § ¬¥ë
¯¥à¥¬¥ëå: ax = u, by = v).
9. Ǳ®ª ¦¨â¥, çâ® ¯à¨ ¨á¯®«ì§®¢ ¨¨ ä®à¬ã«ë (6.14) ®áâ ãâáï

¢ á¨«¥ ä®à¬ã«ë (6.9){(6.13).

6.2. �®à¬ã«  �©«¥à 

�¯à¥¤¥«¥¨¥ ä®à¬ã«ë �©«¥à . �®à¬ã«  �©«¥à  ¨¬¥¥â ¢¨¤:

Aei' = A (cos'+ i sin'): (6.15)

�¥ ¬®¦® ¯à®¨««îáâà¨à®¢ âì £à ä¨ç¥áª¨. Ǳãáâì § ¤   ª®¬¯-
«¥ªá ï ¯«®áª®áâì xy ¨   ¥© ®ªàã¦®áâì à ¤¨ãá  A (á¬. à¨á. 6.3).
Ǳãáâì â®çª  (x; y)   íâ®© ®ªàã¦®áâ¨ § ¤ ¥âáï ¯®«ïàë¬
ã£«®¬ ( à£ã¬¥â®¬) '. �®£¤  x = A cos', y = A sin',   ª®¬-
¯«¥ªá®¥ ç¨á«® z, á®®â¢¥âáâ¢ãîé¥¥ â®çª¥ (x; y), ¡ã¤¥â à ¢®
z = A(cos'+i sin'). �â ª, ä®à¬ã«  (6.15) ¤ ¥â á¢ï§ì ¬¥¦¤ã ¯®ª -
§ â¥«ìë¬ ¨ âà¨£®®¬¥âà¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥¨ï¬¨ ª®¬¯«¥ªá®£®
ç¨á«  (¢ ¤®¯®«¥¨¥ ª  «£¥¡à ¨ç¥áª®¬ã ¯à¥¤áâ ¢«¥¨î: z = x+iy).

�¨á. 6.3

�®à¬ã«  �©«¥à  § ¯¨áë¢ ¥âáï â ª¦¥ ¢ ¢¨¤¥:

ei' = cos'+ i sin': (6.16)

�   å®¤¨â è¨à®ª®¥ ¯à¨¬¥¥¨¥ ¢ à §«¨çëå ®¡« áâïå ¬ â¥¬ -
â¨ª¨. � ç áâ®áâ¨,  ¬ ¤ «¥¥ (á¬. ¯. 6.3) ¯®âà¥¡ã¥âáï ¢ëà ¦¥¨¥
¨â¥£à «  ®â ä®à¬ã«ë �©«¥à . Ǳ®ª ¦¥¬, çâ® ® á¢ï§ï á Æ-
äãªæ¨¥©.

�®à¬ã«  �©«¥à  ¨ Æ-äãªæ¨ï. �â ª, ã¦®  ©â¨ ¨â¥£à «
(¨â¥£à « �ãàì¥):

I (!) =

1Z
�1

ei!t dt: (6.17)
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�á¯®«ì§ãï (6.16), § ¯¨è¥¬:

1Z
�1

ei!t dt =

1Z
�1

cos!t dt+ i

1Z
�1

sin!t dt: (6.18)

�çâ¥¬, çâ® ¥á«¨ ¥ª®â®à ï äãªæ¨ï f (x) ï¢«ï¥âáï ç¥â®©, â. ¥.

f (�x) = f (x), â®
1R
�1

f (x) dx = 2
1R
0

f (x) dx,   ¥á«¨ f (x) ï¢«ï¥âáï

¥ç¥â®© äãªæ¨¥©: f (�x) = �f (x), â®
1R
�1

f (x) dx = 0. � ¯à ¢®©

ç áâ¨ (6.18) ¯¥à¢ë© ¨â¥£à « | íâ® ¨â¥£à « ®â ç¥â®© äãªæ¨¨,
  ¢â®à®© | ®â ¥ç¥â®© äãªæ¨¨. Ǳ®íâ®¬ã

1Z
�1

ei!t dt = 2

1Z
0

cos!t dt: (6.19)

Ǳà¨ ! = 0 ¨â¥£à «
1R
0

cos!t dt =1,   ¯à¨ ! 6= 0

1Z
0

cos!t dt = 1

!

lim
t!1

sin!t: (6.20)

�¤ ª®, áâà®£® £®¢®àï, ¯à¥¤¥« lim
t!1

sin!t ¥ áãé¥áâ¢ã¥â. �®

sin!t | íâ® äãªæ¨ï, ®áæ¨««¨àãîé ï ¢®ªàã£ ã«ï, ¨ ¥¥ áà¥¤¥¥
§ ç¥¨¥ (¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ¨¥) à ¢® ã«î. Ǳ®íâ®¬ã ¥á«¨
®â®©â¨ ®â ª« áá¨ç¥áª®£® ¬ â¥¬ â¨ç¥áª®£®   «¨§ , â® ¬®¦® áç¨-
â âì, çâ®

1Z
�1

ei!t dt =

� 1; ! = 0;

0; ! 6= 0;
(6.21)

â. ¥. ¨â¥£à «
1R
�1

ei!t dt ¯à®¯®àæ¨® «¥ Æ-äãªæ¨¨ Æ (!). �®«¥¥

â®ç®¥ ®¡®á®¢ ¨¥ ¯®ª §ë¢ ¥â, çâ® [40, á. 681]:

1Z
�1

ei!t dt =

1Z
�1

cos!t dt = 2�Æ (!): (6.22)

�§ (6.22) á«¥¤ã¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ Æ-äãªæ¨¨ (¥¥ ¢ë-
à ¦¥¨¥ ç¥à¥§ ¨â¥£à « �ãàì¥):

Æ (!) = 1

2�

1Z
�1

ei!t dt:
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� «®£¨ç ï ä®à¬ã«  ¨¬¥¥â ¬¥áâ® ¢ ¤¢ãå¬¥à®¬ á«ãç ¥:

1ZZ
�1

ei (!1t1+!2t2) dt1 dt2 = 4�2Æ (!1; !2): (6.23)

Ǳ®«ãç¥ë¥ ä®à¬ã«ë (6.22) ¨ (6.23) ç áâ® ¨á¯®«ì§ãîâáï ¢ ¬ â¥-
¬ â¨ª¥ (á¬.,  ¯à¨¬¥à, ¯. 6.3).

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ¯¨è¨â¥ ä®à¬ã«ã �©«¥à  (6.15) ¨«¨ (6.16) ¯à¨ ' = 0, �=2,
�, 3�=2, 2�.

2. �¡®áã©â¥ (¨áå®¤ï ¨§ £¥®¬¥âà¨ç¥áª®£® á¬ëá«  ¨â¥£à « ),

çâ® ¢ á«ãç ¥ ç¥â®© äãªæ¨¨
1R
�1

f (x) dx = 2
1R
0

f (x) dx,   ¢ á«ãç ¥

¥ç¥â®© äãªæ¨¨
1R
�1

f (x) dx = 0.

3. Ǳ®ç¥¬ã ¯à¨ ! = 0 ¨â¥£à «
1R
0

cos!t dt =1?

4. �¡®áã©â¥ £¥®¬¥âà¨ç¥áª¨, çâ® ¯à¨ ! 6= 0 ¨â¥£à «
1R
0

cos!t dt

¢ áà¥ ¤¥¬ à ¢¥ ã«î.
5. �áå®¤ï ¨§ (6.22) ¨ ¨á¯®«ì§ãï (6.14), ¤®ª ¦¨â¥ (6.23).

6.3. �â¥£à «ìë¥ ¯à¥®¡à §®¢ ¨ï

�  áá¬®âà¨¬¨â¥£à «ìë¥, ¨«¨ ¥¯à¥àë¢ë¥ (  â ª¦¥ ¤¨áªà¥â-
ë¥ ¨ ¡ëáâàë¥) ¯à¥®¡à §®¢ ¨ï (5.19){(5.26), ª®â®àë¥  å®¤ïâ
è¨à®ª®¥ ¯à¨¬¥¥¨¥ ¢ ¬  â¥¬ â¨ª¥ ¨ ¯à¨ª« ¤ëå § ¤ ç å [9, 11,
15, 16, 19, 33, 40{ 42, 56, 60, 64, 71, 91, 93, 104{106].

�¥¯à¥àë¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥. Ǳãáâì § ¤   ¥ª®-
â®à ï (ªãá®ç® ¥¯à¥àë¢ ï) äãªæ¨ï (¨áå®¤ë© ¯à®æ¥áá) y (t),
�1 < t < 1, £¤¥ t | ¢à¥¬ï, «¨¥© ï ª®®à¤¨ â , ã£«®¢ ï ª®-
®à¤¨ â  ¨ â. ¤. �á«¨ t | ¢à¥¬ï, â® y (t) | ¢à¥¬¥®© ¯à®æ¥áá.
�®£¤  ¨â¥£à «

Y (!) =

1Z
�1

y (t) ei!t dt; �1 < ! <1; (6.24)

 §ë¢ ¥âáï (®¤®¬¥àë¬) ¯àï¬ë¬ ¥¯à¥àë¢ë¬ ¯à¥®¡à §®¢ ¨¥¬
�ãàì¥ (�Ǳ�) ¨«¨ ¯à¥®¡à §®¢ ¨¥¬ �ãàì¥ (Ǳ�), �ãàì¥-®¡à §®¬,
á¯¥ªâà «ì®© äãªæ¨¥©, á¯¥ªâà®¬, ¨§®¡à ¦¥¨¥¬ ¯® �ãàì¥ ¨ â. ¤.
� äãªæ¨ï y (t) ¢ íâ®¬ á«ãç ¥  §ë¢ ¥âáï ®¡à âë¬ ¯à¥®¡à §®-
¢ ¨¥¬ �ãàì¥ (�Ǳ�) ¨«¨ ®à¨£¨ «®¬. Ǳ¥à¥¬¥ ï !  §ë¢ ¥âáï
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ç áâ®â®© �ãàì¥. �ãªæ¨ï y (t) ¬®¦¥â ¡ëâì ¢¥é¥áâ¢¥®© ¨«¨
ª®¬¯«¥ªá®©,   Y (!) | ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªá ï, ¯®áª®«ìªã
Y (!) ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥ (  ®á®¢ ¨¨ ä®à¬ã«ë �©«¥à 
(6.16)):

Y (!) =

1Z
�1

y (t) cos!t dt+ i

1Z
�1

y (t) sin!t dt (6.25)

¨«¨

Y (!) = ReY (!) + i ImY (!); (6.26)

£¤¥

ReY (!) =

1Z
�1

y (t) cos!t dt; (6.27)

ImY (!) =

1Z
�1

y (t) sin!t dt: (6.28)

�®®â®è¥¨¥ (6.27)  §ë¢ ¥âáï ª®á¨ãá-¯à¥®¡à §®¢ ¨¥¬ �ãàì¥,
  (6.28) | á¨ãá-¯à¥®¡à §®¢ ¨¥¬ �ãàì¥. �á¯®«ì§ãîâ ç áâ® â ª¦¥
ª¢ ¤à â ¬®¤ã«ï Ǳ�:

jY (!) j2 = Re2Y (!) + Im2Y (!): (6.29)

� áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢.

Ǳà¨¬ ¥ à 1: y (t) = cos ct (¨áå®¤ë© ¯à®æ¥áá | ®¤  £ à¬®¨-
ª ). �ç¨âë¢ ï, çâ® ¨â¥£à « ®â ¥ç¥â®© äãªæ¨¨ à ¢¥ ã«î ¨
§ ¬¥ïï ¯à®¨§¢¥¤¥¨¥ ª®á¨ãá®¢ ¨å áã¬¬®©, ¯®«ãç¨¬:

Y (!) =

1Z
�1

cos ct cos!t dt+ i

1Z
�1

cos ct sin!t dt =

=
1

2

1Z
�1

cos (! + c) t dt+ 1

2

1Z
�1

cos (! � c) t dt: (6.30)

�á¯®«ì§ãï ä®à¬ã«ã (6.22), ®ª®ç â¥«ì® ¨¬¥¥¬:

Y (!) = ReY (!) = �Æ (! + c) + �Æ (! � c): (6.31)

�¥§ã«ìâ â |   à¨á. 6.4.
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�¨á. 6.4

Ǳà¨¬ ¥ à 2: y (t) = e�a
2t2 (£ ãáá¨  ). �¬¥¥¬:

Y (!) =

1Z
�1

e�a
2t2 ei!t dt =

1Z
�1

e�a
2t2 cos!t dt+ i

1Z
�1

e�a
2t2 sin!t dt =

= 2

1Z
0

e�a
2t2 cos!t dt =

p
�

a

e�!
2=4a2 = ReY (!):

�¤¥áì ¬ë ¨á¯®«ì§®¢ «¨ â ¡«¨çë© ¨â¥£à «
1R
0

e�a
2t2 cos!t dt

[11, á. 110]. �¥§ã«ìâ â ¯à¨ à §«¨çëå § ç¥¨ïå a |   à¨á. 6.5
¨   à¨á. 6.6 (¯à¨ ¥ª®â®à®¬ ®¤®¬ § ç¥¨¨ a).

�¨á. 6.5

�ë ¢¨¤¨¬, çâ® y (t) ¨ Y (t) | £ ãáá¨ ë, ¯à¨ç¥¬ ç¥¬ �ã¦¥ y (t)
(ç¥¬ ¡®«ìè¥ a), â¥¬ è¨à¥ á¯¥ªâà Y (!). �â® | ®¡é ï § ª®®¬¥à-
®áâì.
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�¨á. 6.6

�¨á. 6.7

Ǳà¨¬ ¥ à 3: y (t) = e�a
2t2 + b cos ct (£ ãáá¨   + ®¤  £ à¬®¨-

ª ). �¬¥¥¬:

Y (!) =
p
�

a

e�!
2=4a2 + �bÆ (! + c) + �bÆ (! � c) (6.32)

(á¬. à¨á. 6.7).

Ǳà ¨¬ ¥ à 4: y (t) = e�a
2t2 +

1R
�1

b(c) cos (ct) dc (£ ãáá¨   + ¡¥á-

ª®¥çë©  ¡®à £ à¬®¨ª, â. ¥. £ ãáá¨   + á«ãç ©ë© ¯à®æ¥áá |
á¬. à¨á. 6.8 )).
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�¨á. 6.8

�¯¥ªâà Y (!) à ¢¥:

Y (!) =
p
�

a

e�!
2=4a2 + � [b (�!) + b (!)]: (6.33)

�á«¨ b(!) ! const (ó¡¥«ë© èã¬ô) ¯à¨ ! ! 1, ª ª íâ® ç áâ®
å à ªâ¥à® ¤«ï § èã¬«¥ëå ¯à®æ¥áá®¢, â® Y (!) ¡ã¤¥â ¨¬¥âì
¢¨¤, ¨§®¡à ¦¥ë©   à¨á. 6.8¡.
�¥¯¥àì à áá¬®âà¨¬ ¢®¯à®á ®¡ ®¡à è¥¨¨ ä®à¬ã«ë (6.24), â. ¥.

¯®-áãé¥áâ¢ã, ® à¥è¥¨¨ ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®-
¤  (6.24) ®â®á¨â¥«ì® y (t).

�¢ï§ì ¬¥¦¤ã ¯àï¬ë¬ ¨ ®¡à âë¬ Ǳ�. � ¯¨è¥¬ (6.24)
¢ ¢¨¤¥

Y (!) =

1Z
�1

y (t0) ei!t
0

dt0; (6.34)

ã¬®¦¨¬ (6.34)   e�i!t, ¯à®¨â¥£à¨àã¥¬ ¯® ! ®â �1 ¤® 1 ¨
¨§¬¥¨¬ ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï. Ǳ®«ãç¨¬:

1Z
�1

Y (!) e�i!t d! =

1Z
�1

y (t0)

� 1Z
�1

ei (t
0
�t)! d!

�
dt0: (6.35)

�§ ä®à¬ã«ë (6.22) á«¥¤ã¥â, çâ®
1Z

�1

ei (t
0
�t)! d! = 2�Æ (t0 � t); (6.36)

¨ â®£¤ , ¨á¯®«ì§ãï (6.4), ¯®«ãç¨¬:
1Z

�1

Y (!) e�i!t d! = 2�

1Z
�1

y (t0) Æ (t0 � t) dt0 = 2�y (t); (6.37)
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®âªã¤  ®ª®ç â¥«ì®

y (t) = 1

2�

1Z
�1

Y (!) e�i!t d!: (6.38)

�â ª, ¨áå®¤ï ¨§ ¯àï¬®£® Ǳ� (6.24), ¬ë ¯®«ãç¨«¨ ¢ëà ¦¥¨¥ ¤«ï
®¡à â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ (�Ǳ�) y (t) ¨ íâ® ¬®¦® à á-
á¬ âà¨¢ âì ª ª à¥§ã«ìâ â   «¨â¨ç¥áª®£® à¥è¥¨ï ¨â¥£à «ì®£®
ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤  (6.24).

�â¬¥â¨¬ ¯à¨ íâ®¬, çâ® ç áâ® ¢ (6.24) áâ ¢ïâ § ª ó�ô ¯¥à¥¤ i.
� íâ®¬ á«ãç ¥ ¨§¬¥¨âáï § ª ¯¥à¥¤ i ¢ (6.38). �à®¬¥ â®£®, ¢ (6.24)
¯¥à¥¤ ¨â¥£à «®¬ ¥à¥¤ª® áâ ¢ïâ ¬®¦¨â¥«ì 1=

p
2�. � íâ®¬ á«ã-

ç ¥ â ª®© ¦¥ ¬®¦¨â¥«ì ¡ã¤¥â ¯¥à¥¤ ¨â¥£à «®¬ ¢ (6.38). �àã£¨¬¨
á«®¢ ¬¨, (6.24) ¨ (6.38) ¬®¦® § ¯¨áë¢ âì ¢ ¢¨¤¥:

Y (!) = 1p
2�

1Z
�1

y (t) e�i!t dt; (6.39)

y (t) = 1p
2�

1Z
�1

Y (!) e�i!t d!: (6.40)

�¤ ª® à §«¨ç¨¥ ¢ § ¯¨áïå ¥ ¢¥¤¥â ª à §«¨ç¨î ¢ëç¨á«ï¥¬ëå
Y (!) ¨ y (t). Ǳ®íâ®¬ã ¬®¦® ¯®«ì§®¢ âìáï «î¡®© § ¯¨áìî. � ¤ -
®¬ ãç¥¡®¬ ¯®á®¡¨¨ ¨á¯®«ì§ãîâáï á®®â®è¥¨ï (6.24) ¨ (6.38).

Ǳ®¬¨¬® ª®¬¯«¥ªá®£® Ǳ� ¨á¯®«ì§ãîâáï â ª¦¥:
ª®á¨ãá-¯à¥®¡à §®¢ ¨¥ �ãàì¥ (¯àï¬®¥ ¨ ®¡à â®¥):

Yc(!) =

1Z
�1

y (t) cos (!t) dt; (6.41)

y (t) = 1

2�

1Z
�1

Yc(!) cos (!t) d! (6.42)

¨ á¨ãá-¯à¥®¡à §®¢ ¨¥ �ãàì¥ (¯àï¬®¥ ¨ ®¡à â®¥):

Ys(!) =

1Z
�1

y (t) sin (!t) dt; (6.43)

y (t) = 1

2�

1Z
�1

Ys(!) sin (!t) d!: (6.44)
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�¢ãå¬¥à®¥ Ǳ�. Ǳãáâì § ¤   ¤¢ãå¬¥à ï äãªæ¨ï y (t1; t2).
�®£¤  ¤¢®©®© ¨â¥£à «

Y (!1; !2) =

1ZZ
�1

y (t1; t2) e
i (!1t1+!2t2) dt1 dt2 (6.45)

¥áâì ¤¢ãå¬¥à®¥ ¯àï¬®¥ ¥¯à¥àë¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥,   ä®à-
¬ã«  ®¡à é¥¨ï,   «®£¨ç ï (6.38):

y (t1; t2) =
1

4�2

1ZZ
�1

Y (!1; !2) e
�i (!1t1+!2t2) d!1 d!2; (6.46)

¤ ¥â ¤¢ãå¬¥à®¥ ®¡à â®¥ ¥¯à¥àë¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥.
Ǳà¥®¡à §®¢ ¨¥ �ãàì¥ (®¤®¬¥à®¥ ¨ ¤¢ãå¬¥à®¥) è¨à®ª®

¨á¯®«ì§ã¥âáï ¤«ï á¯¥ªâà «ì®£®   «¨§  ¢à¥¬¥�ëå ¯à®æ¥áá®¢
(á¬. ¯. 4.3), ¤«ï à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© �®«ìâ¥ààë ¨
�à¥¤£®«ì¬  I, II ¨ III à®¤  â¨¯  á¢¥àâª¨ ®¤®¬¥àëå ¨ ¤¢ãå-
¬¥àëå (á¬. ¯. 1.1, 2.1, 2.2, 2.4), ¤«ï à¥è¥¨ï ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© [64] ¨ â.¤.

�¨áªà¥â®¥ Ǳ�. �  ¯à ªâ¨ª¥ § ç¥¨ï äãæ¨© y ¨ Y § ¤ -
îâáï ¨/¨«¨ ¢ëç¨á«ïîâáï ¥ ¥¯à¥àë¢®,     ¤¨áªà¥âëå á¥âª å
ã§«®¢, ¨ ¨â¥£à «ë ¢ ¢ëè¥¯à¨¢¥¤¥ëå á®®â®è¥¨ïå § ¬¥ïîâ-
áï ª®¥çë¬¨ áã¬¬ ¬¨, â. ¥. ¥¯à¥àë¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥
(�Ǳ�) à¥ «¨§ã¥âáï ¢ ¢¨¤¥ ¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥
(�Ǳ�). � áá¬®âà¨¬ íâ®   ¯à¨¬¥à¥ ¢ëç¨á«¥¨ï ¯à¥®¡à §®¢ ¨ï
�ãàì¥ á®£« á® (6.24). Ǳà¨ íâ®¬ ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¤¢®©-
®© â¥à¬¨®«®£¨¥© (¨ ®¡®§ ç¥¨ï¬¨): á®£« á® [41, 56],   â ª¦¥
(¢ áª®¡ª å) â¥à¬¨®«®£¨¥© ¢ áâ¨«¥ ¤ ®£® ãç¥¡®£® ¯®á®¡¨ï.
Ǳãáâì á¨¬ îâáï ¤¨áªà¥âë¥ ®âáç¥âë y (t)   à ¢®¬¥à®©

á¥âª¥ ã§«®¢:

tk = kh; k = 0; N � 1; (6.47)

£¤¥ h = �t = const | ¨â¥à¢ « (è £) ¤¨áªà¥â¨§ æ¨¨ ¯® t,   N |
ç¨á«® ®âáç¥â®¢.
�¯à ¢¥¤«¨¢  â¥®à¥¬  �®â¥«ì¨ª®¢  [41], ¢ á¨«ã ª®â®à®©:
1) «¨¥© ï ç áâ®â  ¤¨áªà¥â¨§ æ¨¨ (¬ ªá¨¬ «ì ï «¨¥© ï

ç áâ®â ) ¢ �Ǳ� à ¢ 

fg � fmax =
1

h

(6.48)

(§ ¬¥â¨¬, çâ® ! | íâ® ªàã£®¢ ï ç áâ®â , á¢ï§  ï á «¨¥©®©
ç áâ®â®© f á®®â®è¥¨¥¬: ! = 2�f);
2) ¨â¥à¢ « (è £) ¤¨áªà¥â¨§ æ¨¨ ¯® ç áâ®â¥ à ¢¥

�f =
fmax

N

=
1

h �N =
1

tmax
; (6.49)
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£¤¥ tg � tmax = tN = h �N | ¤«¨  ¢ë¡®àª¨;

3) !l = 2�fl; l = 0; N � 1; fl = l ��f = l

h �N : (6:50)

�â¥£à « ¢ (6.24) § ¬¥ï¥¬ ª®¥ç®© áã¬¬®© ¯® ä®à¬ã«¥ «¥¢ëå
¯àï¬®ã£®«ì¨ª®¢ á è £®¬ h (á¬. à¨á. 6.9) ¨ ¢ à¥§ã«ìâ â¥ ¢¬¥áâ®
¥¯à¥àë¢®£® á®®â®è¥¨ï (6.24) ¯®«ãç¨¬ ¤¨áªà¥â®¥:

Yl � Y (!l) = h

N�1X
k=0

yke
i 2�flkh; (6.51)

®âªã¤ 

Yl = h

N�1X
k=0

yke
i 2�lk=N ; l = 0; N � 1; (6.52)

£¤¥ yk = y (tk).

�¨á. 6.9

Ǳ®«ãç¨«¨ ä®à¬ã«ã (6.52) ¤«ï ¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ã-
àì¥ (�Ǳ�) ¢ á«ãç ¥, ª®£¤  è £¨ ¤¨áªà¥â¨§ æ¨¨ ¯® t ¨ ! ¯®áâ®-
ïë ¨ ç¨á«® ®âáç¥â®¢ N ¯® t ¨ ! ®¤¨ ª®¢®.
� «®£¨ç® ®¡à â®¬ã ¥¯à¥àë¢®¬ã ¯à¥®¡à §®¢ ¨î �ãàì¥

(��Ǳ�) (6.38) ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ®¡à â®¥ ¤¨áªà¥â®¥ ¯à¥-
®¡à §®¢ ¨¥ �ãàì¥ (��Ǳ�):

yk � y (tk) =
1

h �N

N�1X
l=0

Yl e
�i 2�lk=N ; k = 0; N � 1: (6.53)

�áá«¥¤ã¥¬ ä®à¬ã«ã (6.52) ¨ áà ¢¨¬ ¥¥ á ä®à¬ã«®© (6.24). �¥-
§ã«ìâ âë ¡ã¤¥¬ ä®à¬ã«¨à®¢ âì ¢ ¢¨¤¥ ¢ë¢®¤®¢.
�ë¢® ¤ 1. � ä®à¬ã«¥ (6.52) ¥ ä¨£ãà¨àãîâ § ç¥¨ï ã§«®¢ !l

¨ tk,   ä¨£ãà¨àãîâ «¨èì ®¬¥à  ã§«®¢ l ¨ k. �â® § ç¨â¥«ì®
ã¯à®é ¥â ¨ ã¡ëáâàï¥â ¢ëç¨á«¥¨ï,   ¢ ª®¥ç®¬ ¨â®£¥ ¯®§¢®«¨«®
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á®§¤ âì  «£®à¨â¬ ¡ëáâà®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ (�Ǳ�) (�ã«ì
¨ �ìîª¨, 1956 [16, 33, 56]), á¬. ¤ «ìè¥.

� «¥¥, ¢ (6.51) ª fl ¤®¡ ¢¨¬ n > 0 § ç¥¨© fg = 1=h, ¯®«ãç¨¬:

ei 2� (fl+n=h) kh = ei 2�flkh ei 2�nk = ei 2�lk=N ; n = 0; 1; 2; : : : (6.54)

�ë¢® ¤ 2. Yl - ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï á ¯¥à¨®¤®¬ fg = 1=h.

�ë¢®¤ 2 ¯®à®¦¤ ¥â á«¥¤ãîé¨¥ á«¥¤áâ¢¨ï. Ǳãáâì Y (!) ¨«¨
Y (f) | ä¨¨â ï äãªæ¨ï, à ¢ ï ã«î ¯à¨ j!j > !¢ ¨«¨
jf j > f¢, £¤¥ f¢ | ¢¥àåïï ç áâ®â  (á¬. à¨á. 6.10, £¤¥ ¯®¤ Y (f)
¯®¤à §ã¬¥¢ ¥âáï ¨«¨ ReY (f), ¨«¨ jY (f)j ¨ â. ¤.).

�¨á. 6.10

�®£¤  ¯à¨ fg > 2f¢ ¨«¨ h < 1=2f¢ ¯®«ãç¨¬ ¢¬¥áâ® �Ǳ�
(à¨á. 6.10) �Ǳ� á®£« á® (6.52) | á¬. à¨á. 6.11, £¤¥ ¥¯à¥àë¢-
 ï «¨¨ï á®®â¢¥âáâ¢ã¥â § ç¥¨ï¬ l 2 [0; N � 1],   ¯ãªâ¨à |
§ ç¥¨ï¬ l =2 [0; N � 1]. �¨¤¨¬, çâ® �Ǳ� § ¬¥â® ®â«¨ç ¥âáï
®â �Ǳ�.

�¨á. 6.11

Ǳà¨ fg = 2f¢ ¨«¨ h = 1=2f¢ ¨¬¥¥¬ (á¬. à¨á. 6.12):
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�¨á. 6.12

� ¯à¨ fg < 2f¢ ¨«¨ h > 1=2f¢ ¨¬¥¥¬ â ª  §ë¢ ¥¬ë© íää¥ªâ
 «®¦¥¨ï, ¨áª ¦ îé¨© á¯¥ªâà (á¬. à¨á. 6.13):

�¨á. 6.13

Ǳ®áª®«ìªã ¯à¨ h > 1=2f¢ ¨¬¥¥â ¬¥áâ® íää¥ªâ  «®¦¥¨ï, â®
è £ h ¤¨áªà¥â¨§ æ¨¨ ¯® t ã¦® ¡à âì ¢ á®®â¢¥âáâ¢¨¨ á ¥à ¢¥-
áâ¢®¬:

h 6 1

2f¢
;

®æ¥¨¢ ¯à¨ íâ®¬ ª ª¨¬-â® ®¡à §®¬ f¢.
�á«¨ ¤®¡ ¢«ïîâáï ®âáç¥âë tk ¨§ãâà¨ ®¡« áâ¨ [0; tg), â. ¥.

ã¬¥ìè ¥âáï h ¯à¨ ¥¨§¬¥®¬ tg, â® fg ã¢¥«¨ç¨¢ ¥âáï (á¬. (6.48))
¨ íää¥ªâ  «®¦¥¨ï á¨¦ ¥âáï, ®¤ ª® è £ ¤¨áªà¥â¨§ æ¨¨ ¯®
ç áâ®â¥ �f = 1=tg ¥ ¨§¬¥ï¥âáï ¨, á«¥¤®¢ â¥«ì®, ¥ ¨§¬¥ï¥âáï
à §à¥è¥¨¥ ¯® ç áâ®â¥ f .
�á«¨ ¦¥ ¤®¡ ¢«ïîâáï ®âáç¥âë tk á àã¦¨ ®¡« áâ¨ [0; tg), â. ¥.

¯à¨ ¥¨§¬¥®¬ h ã¢¥«¨ç¨¢ ¥âáï tg, â® fg = 1=h ¥ ¨§¬¥ï¥âáï ¨,
á«¥¤®¢ â¥«ì®, á®åà ï¥âáï íää¥ªâ  «®¦¥¨ï, ® ã¬¥ìè ¥âáï
�f = 1=tmax, â. ¥. ¯®¢ëè ¥âáï à §à¥è¥¨¥ ¯® f .
�â ª, ®á®¢ë¥ á¢®©áâ¢  �Ǳ�:
1) Ǳ¥à¨®¤¨ç®áâì á ¯¥à¨®¤®¬ fg.
2) �ää¥ªâ  «®¦¥¨ï (¯à¨ fg < 2f¢).
3) �§¬¥¥¨¥ íää¥ªâ   «®¦¥¨ï ¨ à §à¥è¥¨ï ¯® f ¯à¨ ¤®-

¡ ¢«¥¨¨ ®¢ëå ®âáç¥â®¢ ¯® t.
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�¡  «£®à¨â¬ å �Ǳ�. �  ¯à ªâ¨ª¥ �Ǳ� ®¡ëç® à¥ «¨§ã¥âáï
¢ ¢¨¤¥  «£®à¨â¬  ¡ëáâà®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ (�Ǳ�) (Fast
Fourier Transform - FFT). �¯¥à¢ë¥ â ª®©  «£®à¨â¬ ¯à¥¤«®¦¨«¨
�ã«ì ¨ �ìîª¨; ¢ íâ®¬  «£®à¨â¬¥ ç¨á«® ®âáç¥â®¢ ¯® t ¨ ¯® f
à ¢® N = 2m, £¤¥ m 2 N,  ¯à¨¬¥à, N = 1024; ¥á«¨ ®¡ëç®¥
�Ǳ� âà¥¡ã¥â N2 ®¯¥à æ¨©, â® �Ǳ� âà¥¡ã¥â N log2N ®¯¥à æ¨©
(¥á«¨ N = 1024, â® á®®â¢¥âáâ¢¥® � 106 ¨ � 104 ®¯¥à æ¨© |
à §¨æ  áãé¥áâ¢¥ ï).
� â¥¬ àï¤ ¡ëáâàëå  «£®à¨â¬®¢ ¯à¥¤«®¦¨« �¨®£à ¤; ¢ ¥£®

 «£®à¨â¬ å N | ¯à®¨§¢¥¤¥¨¥ ¢§ ¨¬® ¯à®áâëå ç¨á¥«.
�  áâ®ïé¥¬ã ¢à¥¬¥¨ à §à ¡®â ® ¬®£® áâ ¤ àâëå ¯à®-

£à ¬¬ (�Ǳ) ¤«ï �Ǳ�,  ¯à¨¬¥à, FFT [56], FTF1C [71, á. 183,
190].
�â® ª á ¥âáï ¤¢ãå¬¥à®£® �Ǳ� (á¬. (6.45)), â® ®®   ¯à ªâ¨ª¥

à¥ «¨§ã¥âáï ¢ ¢¨¤¥ ¤¢ãå¬¥à®£® �Ǳ�, ª®â®à®¥ ¬®¦¥â ¡ëâì § ¯¨-
á ® ª ª  ¡®à ®¤®¬¥àëå �Ǳ� [71, á. 45]. � ¯à¨¬¥à, ¤¢ãå¬¥à®¥
�Ǳ� (6.45) ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥:

Y (!1; !2) =

1Z
�1

� 1Z
�1

y (t1; t2) e
i !1t1 dt1

�
ei !2t2 dt2;

â. ¥. ¢ ¢¨¤¥ ®¤®¬¥à®£® �Ǳ� ®â ®¤®¬¥à®£® �Ǳ�. � ¤¢ãå¬¥à®¥
�Ǳ� ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (á¬. (6.52)):

Ylj = h1h2

N�1X
k=0

M�1X
m=0

ykme
i 2� (lk=N+jm=M) =

= h2

M�1X
m=0

�
h1

N�1X
k=0

ei 2�lk=N
�
ei 2�jm=M ; (6.55)

â. ¥. ¢ ¢¨¤¥ ®¤®¬¥à®£® �Ǳ� ®â ®¤®¬¥à®£® �Ǳ�. � [71, á. 190]
¥áâì �Ǳ FTFTC ¤«ï ¢ëç¨á«¥¨ï ¤¢ãå¬¥à®£® �Ǳ�.

�á¯®«ì§®¢ ¨¥ à¥£ã«ïà¨§ æ¨¨. � ¤ ç  ¢ëç¨á«¥¨ï Ǳ� á®-
£« á® (6.24), (6.38), (6.41){(6.46), (6.52), (6.53) ¨ â. ¤. ï¢«ï¥â-
áï, áâà®£® £®¢®àï, ¥ª®àà¥ªâ®© (¥ãáâ®©ç¨¢®©), â ª ª ª á¢ï§  
á à¥è¥¨¥¬ ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤ , å®âï
óáâ¥¯¥ì ¥ª®àà¥ªâ®áâ¨ô ¢ § ç¨â¥«ì®© áâ¥¯¥¨ á¨¦ ¥âáï ¡« -
£®¤ àï â®¬ã, çâ® íâ® ãà ¢¥¨¥ à¥è ¥âáï   «¨â¨ç¥áª¨.
� à ¡®â¥ [60] ¤«ï ¯®¢ëè¥¨ï ãáâ®©ç¨¢®áâ¨ ¨á¯®«ì§®¢  ¬¥â®¤

à¥£ã«ïà¨§ æ¨¨ n-£® ¯®àï¤ª  �¨å®®¢  (n 2 N, â. ¥. n = 1; 2; : : : ).
� à¥§ã«ìâ â¥,  ¯à¨¬¥à, ¢¬¥áâ® ä®à¬ã«ë (6.24) ã¦® ¨á¯®«ì§®-
¢ âì ä®à¬ã«ã

Y�(!) =

1Z
�1

y (t)

1 + �t
2n e

i !t dt; (6.56)

£¤¥ � > 0 | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨.
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�¨á. 6.14

Ǳà¨¢¥¤¥¬ ¯ à¨¬ ¥ à [60], ¨««îáâà¨àãîé¨© íää¥ªâ ¨á¯®«ì§®¢ -
¨ï ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ n-£® ¯®àï¤ª  �¨å®®¢  ¤«ï ¯®¢ëè¥¨ï
ãáâ®©ç¨¢®áâ¨ ¢ëç¨á«¥¨ï Ǳ�. � ¤ ®¬ ¯à¨¬¥à¥ ¨áå®¤ ï äãª-
æ¨ï y (t) = sin(!zt)=(!zt). � íâ®¬ á«ãç ¥ Y (!), á®£« á® (6.24),
à ¢® (á¬. à¨á. 6.14)

Y (!) = ReY (!) =

8><>:
; ! 2 (�!z; !z);
0; ! =2 [�!z; !z];
=2; ! = �!z;

£¤¥  = �=!z. Ǳ®«®¦¥®: !z = 1, tz = �=!z = � | ¯¥à¢ë©
®«ì äãªæ¨¨ y (t), ç¨á«® ®âáç¥â®¢ N = 128, h = �t = tz=8,
tmax = hN = 50:26549, a = �b, b = tmax=2, !max = 2�=h = 16,
!z=�! = 8, !max=2!z = 8 (â. ¥. íää¥ªâ  «®¦¥¨ï ãáâà ¥ á ¢®áì-
¬¨ªà âë¬ § ¯ á®¬).

� ¤¨áªà¥âë¬ ®âáç¥â ¬ yk ¡ë«¨ ¤®¡ ¢«¥ë ¯®â®ç¥çë¥ ¯®-
£à¥è®áâ¨ Æ1 2 N (0; 0:05), â. ¥. 5% ®â ymax. �  à¨á 6.14 â®çª¨ |
à¥§ã«ìâ â à áç¥â  Y�(!l) ¯à¨ � = 0, â. ¥. ¡¥§ à¥£ã«ïà¨§ æ¨¨,    
à¨á. 6.15 | Y�(!l) ¯à¨ n = 1, � = 1:6 � 10�2, ¯à¨ç¥¬ � ¢ë¡à ®
¯® á¯®á®¡ã ¥¢ï§ª¨. � áç¥âë ¢ë¯®«¥ë á ¯®¬®éìî ¯à®£à ¬¬
¯ ª¥â  FFTREG [61].

�§ à¨á. 6.14 ¢¨¤®, çâ® ¢¬¥áâ® Y (!) ¢ ¢¨¤¥ ¯àï¬®ã£®«ì®£® ®ª 
¯®«ãç ¥âáï ®ª® á ®áæ¨««ïæ¨ï¬¨ (íää¥ªâ �¨¡¡á ),   ¨§ à¨á. 6.15
¢¨¤®, çâ® à¥£ã«ïà¨§ æ¨ï ã¬¥ìè ¥â ¯®£à¥è®áâì ¢ëç¨á«¥¨ï
Y (!) (  § ç¨â, ã¢¥«¨ç¨¢ ¥â ®â®è¥¨¥ á¨£ «/¯®¬¥å ) ¢ 2{3 à § .
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�¨á. 6.15

Ǳà¨ç¨  íâ®£® á®áâ®¨â ¢ â®¬, çâ® á« £ ¥¬®¥ �t2n ¢ (6.56)
¯®¤ ¢«ï¥â (ã¬¥à¥®) ¤ «ì¨¥ ®âáç¥âë ¢ y (t), çì¨ ¯®£à¥è®áâ¨
¢®áïâ  ¨¡®«ìè¨© ¢ª« ¤ ¢ ¯®£à¥è®áâ¨ Y�(!).

Ǳà¥®¡à §®¢ ¨¥ � àâ«¨. �¥¤®áâ âª®¬ ¯à¥®¡à §®¢ ¨ï �ã-
àì¥ (6.24) ï¢«ï¥âáï ª®¬¯«¥ªá®áâì ä®à¬ã« ¤ ¦¥ ¢ á«ãç ¥ ¢¥é¥-
áâ¢¥®áâ¨ ®à¨£¨ «  y (t). �â® ¢¥¤¥â ª â®¬ã, çâ® Ǳ� Y (!) ¯®«ã-
ç ¥âáï ª®¬¯«¥ªáë¬,   § ç¨â, ¨§«¨è¥ § £àã¦ ¥â ¯ ¬ïâì ª®¬-
¯ìîâ¥à . �é¥ ®¤¨ ¥¦¥« â¥«ìë© íää¥ªâ | íâ® ª®¬¯«¥ªá®áâì
à¥è¥¨© ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨
®¤®- ¨ ¤¢ãå¬¥àëå (1.8), (1.16), (1.22), (1.59), (2.15), (2.30), (4.19),
(4.21), (4.23){(4.25) ¬¥â®¤®¬ Ǳ� (á¬. (1.10), (1.17), (1.23), (1.60),
(2.18), (2.34)) ¨ ¤à., å®âï à¥è¥¨ï ¢ ¡®«ìè¨áâ¢¥ á«ãç ¥¢ ¤®«¦ë
¡ëâì ¢¥é¥áâ¢¥ë.
�â®¡ë ¨§¡¥¦ âì ª®¬¯«¥ªá®áâ¨, ¬®¦® ¨á¯®«ì§®¢ âì ª®á¨ãá- ¨

á¨ãá-¯à¥®¡à §®¢ ¨ï �ãàì¥ (6.41){(6.44) ¨«¨ ¦¥ ¯à¥®¡à §®¢ ¨¥
� àâ«¨.
�¤®¬¥à®¥ ¥¯à¥àë¢®¥ ¯à¥®¡à §®¢ ¨¥ � àâ«¨ | Ǳ� (1942 £.)

®¯à¥¤¥«ï¥âáï ä®à¬ã«®© [9, 16] (áà. (6.24), (6.41), (6.43)):

YH (!) =

1Z
�1

y (t) cas (!t) dt; �1 < ! <1; (6.57)

£¤¥ (¢¥é¥áâ¢¥ ï) äãªæ¨ï cas ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à -
§®¬:

casx = cosx+ sinx (6.58)



6.3. ������������ Ǳ������������� 173

¨«¨
cas (!t) = cos (!t) + sin (!t): (6.59)

�¡à â®¥ ¯à¥®¡à §®¢ ¨¥ � àâ«¨ (�Ǳ� ) ¨¬¥¥â ¢¨¤ (áà. (6.38),
(6.42), (6.44)):

y (t) = 1

2�

1Z
�1

YH(!) cas (!t) d!: (6.60)

Ǳà¨ íâ®¬ ä®à¬ã«ë (6.57), (6.60) ¬®£ãâ ¡ëâì § ¯¨á ë ¢ áâ¨«¥
ä®à¬ã« (6.39), (6.40) [9, á. 16]:

YH(!) =
1p
2�

1Z
�1

y (t) cas (!t) d!; (6.61)

y (t) = 1p
2�

1Z
�1

YH(!) cas (!t) d!: (6.62)

�®à¬ã«ë (6.61), (6.62) ¨¬¥îâ á®¢¥àè¥® ®¤¨ ª®¢ë¥ § ¯¨á¨ ¢ ®â-
«¨ç¨¥ ®â ä®à¬ã« (6.39), (6.40) ¯à¥®¡à §®¢ ¨ï �ãàì¥.

Ǳà ¨¬ ¥ à. � ª ç¥áâ¢¥ ¯à¨¬¥à , ¨««îáâà¨àãîé¥£® áå®¤áâ¢ 
¨ à §«¨ç¨ï Ǳ� ¨ Ǳ�, à áá¬®âà¨¬ á¬¥é¥ãî ¯àï¬®ã£®«ì-
ãî äãªæ¨î (¯àï¬®ã£®«ìë© ¨¬¯ã«ìá, áâà®¡¨àãîéãî äãªæ¨î)
[9, á. 20{21] (á¬. (2.17)):

y (t) =

�
1=�; �� 6 t 6 0;

0; ¨ ç¥:
(6.63)

Ǳ� à ¢® (á¬. (2.22))

Y (!) =
sin (!�)

!�
+

cos (!�)� 1

!�
i; (6.64)

  Ǳ� á®£« á® (6.57) à ¢®

YH(!) =
1

�

0Z
��

cos (!t) dt+ 1

�

0Z
��

sin (!t) dt =

=
sin (!�)

!�
+

cos (!�)� 1

!�
: (6.65)

�  à¨á. 6.16  ¯à¥¤áâ ¢«¥ ®à¨£¨ « y (t),   à¨á. 6.16¡ | ¢¥-
é¥áâ¢¥ ï ¨ ¬¨¬ ï ç áâ¨ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ReY (!) ¨
ImY (!),     à¨á. 6.16¢ | ¯à®¥®¡à §®¢ ¨¥ � àâ«¨ YH (!).
�¨á. 6.16 ¤¥¬®áâà¨àã¥â á å ® ¤ á â ¢ ® ¬¥¦¤ã Ǳ� ¨ Ǳ�:

YH(!) = ReY (!) + ImY (!); (6.66)

â. ¥. Ǳ� ¥áâì áã¬¬  ¢¥é¥áâ¢¥®© ¨ ¬¨¬®© ç áâ¥© Ǳ� (¡¥§ ¬®-
¦¨â¥«ï i), ® ¢ íâ®¬ § ª«îç¥® ¨ ¨å à  § « ¨ç ¨ ¥ (íâ® ¯®ª §ë¢ îâ
à¨á. 6.16¡ ¨ 6.16¢).
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�¨á. 6.16

� ¬¥â¨¬, çâ® ¥á«¨ ¤«ï Ǳ� ¨á¯®«ì§ã¥âáï ä®à¬ã«  (áà. (6.39))

Y (!) =

1Z
�1

y (t) e�i !t dt; (6.67)

â® ¢¬¥áâ® (6.66) ¡ã¤¥¬ ¨¬¥âì ä®à¬ã«ã:

YH(!) = ReY (!)� ImY (!): (6.68)

�¥¯à¥àë¢®¥ Ǳ� à á¯¨á ® ¤® ¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï
� àâ«¨ (�Ǳ�) [9, á. 34]. �«ï �Ǳ�, ª ª ¨ ¤«ï �Ǳ�, ¨¬¥îâ
¬¥áâ® á«¥¤ãîé¨¥ á ¢ ®© á â ¢  : ¯¥à¨®¤¨ç®áâì, íää¥ªâ  «®¦¥¨ï
¨ ¤à.

�«ï ¯®¢ëè¥¨ï áª®à®áâ¨ ¢ë¯®«¥¨ï �Ǳ� à §à ¡®â   «£®-
à¨â¬ ¡ëáâà®£® ¯à¥®¡à §®¢ ¨ï � àâ«¨ (�Ǳ� ) [9, á. 91{120],  
â ª¦¥ à §à ¡®â ë áâ ¤ àâë¥ ¯à®£à ¬¬ë: FHTBAS ¨ FHTSUB
  �¥©á¨ª¥ [9, á. 132{139] ¨ FHTBAS ¨ FHTFOR   �®àâà ¥
[9, á. 156{162].

� áá¬®âà¥® â ª¦¥ ¤¢ãå¬¥à®¥ Ǳ� [9, á. 65{73].
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Ǳà¥®¡à §®¢ ¨¥ � ¯« á . �¥¦ é¥¥ ¢ ®á®¢¥ ®¯¥à â®à®£®
¬¥â®¤  ®¤®áâ®à®¥¥ ¯àï¬®¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  ¥áâì ¨â¥-
£à «ì®¥ ¯à¥®¡à §®¢ ¨¥ ¢¨¤  [19, á. 94]:

	 (p) =

1Z
0

' (x) e�px dx; (6.69)

£¤¥ p = �+ i� | ª®¬¯«¥ªá ï ¯¥à¥¬¥ ï; ' (x) | äãªæ¨ï ¤¥©-
áâ¢¨â¥«ì®© ¯¥à¥¬¥®© x (®¡ëç® ¢à¥¬¥¨),  §ë¢ ¥¬ ï ®à¨£¨ -
«®¬; 	 (p) | ¨§®¡à ¦¥¨¥ äãªæ¨¨ ' (x), çâ® ç áâ® § ¯¨áë¢ ¥âáï
ª ª ' (x)! 	(p) ¨«¨ 	 (p)! ' (x) ¨«¨ 	 (p) = L[' (x)].
�¢ãáâ®à®¥¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  ®â«¨ç ¥âáï ®â (6.69)

¨¦¨¬ ¯à¥¤¥«®¬ ¨â¥£à¨à®¢ ¨ï, à ¢ë¬ �1. �¡ëç® ¯®¤ â¥à-
¬¨®¬ ó¯à¥®¡à §®¢ ¨¥ � ¯« á ô ¯®¤à §ã¬¥¢ ¥âáï ®¤®áâ®à®¥¥
¯à¥®¡à §®¢ ¨¥ (6.69).
�à¨£¨ « ' (x) ¤®«¦¥ ã¤®¢«¥â¢®àïâì á«¥¤ãîé¨¬ ã á« ® ¢¨ ï¬:

 ) ' (x) | ªãá®ç®-¥¯à¥àë¢ ï äãªæ¨ï,

¡) ' (x) = 0 ¯à¨ x < 0,

¢) j' (x)j < Mecx ¯à¨ x > 0, £¤¥ M > 0 ¨ c > 0 | ¥ª®â®àë¥
ª®áâ âë, ¯à¨ç¥¬ ¥á«¨ j' (x)j 6 j' (0)j, â® c = 0.

�®£¤  á¯à ¢¥¤«¨¢® ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á , ¤ îé¥¥
¢ëà ¦¥¨¥ ¤«ï ®à¨£¨ « :

' (x) = 1

2�i

c+i1Z
c�i1

	(p) epx dp: (6.70)

�  à¨á. 6.17 ¯ãªâ¨à®¬ ®â®¡à ¦¥  ¯àï¬ ï, ¯® ª®â®à®© ¨¤¥â ¨â¥-
£à¨à®¢ ¨¥ ¢ (6.70), ¥á«¨ 	 (p) ¥ ¨¬¥¥â ®á®¡ëå â®ç¥ª, ¨ ç¥ ¯ãâì
¨â¥£à¨à®¢ ¨ï ¢ (6.70) «¥¦¨â á¯à ¢  ®â ¢á¥å ®á®¡ëå â®ç¥ª 	 (p).

�¨á. 6.17
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Ǳà¨¬ ¥ à. Ǳãáâì § ¤ ® ¨§®¡à ¦¥¨¥ L[' (x)] = 	 (p) = 1=p,  
¢ ®â®è¥¨¥ ®à¨£¨ «  ' (x) ¨§¢¥áâ®, çâ® c = 0. �®£¤  p = i�,
� = 0 ¨, ¢ á®®â¢¥âáâ¢¨¨ á (6.70),

' (x) = 1

2�i

i1Z
�i1

1

p

epx dp = 1

2�i

1Z
�1

1

�

ei �x d� =

=
1

2�i

1Z
�1

cos�x

�

d� + 1

2�

1Z
�1

sin�x

�

d�: (6.71)

Ǳ¥à¢ë© ¨â¥£à « ¢ (6.71) à ¢¥ ã«î, â ª ª ª ¯®¤ëâ¥£à «ì-
 ï äãªæ¨ï ¥ç¥â ,   ¢â®à®© (â ¡«¨çë©) ¨â¥£à « à ¢¥ 2�.
� à¥§ã«ìâ â¥

' (x) = 1: (6.72)

�¥â®¤, ®á®¢ ë©   ¯à¨¬¥¥¨¨ Ǳ� (¬¥â®¤ Ǳ�, ®¯¥à -
æ¨®ë© ¬¥â®¤) è¨à®ª® ¨á¯®«ì§ã¥âáï ( àï¤ã á ¬¥â®¤®¬ Ǳ�)
¤«ï à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© â¨¯  á¢¥àâª¨, «¨¥©ëå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ¨
¨â¥£à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [19, á. 94{105, 137{138].

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � ¯¨è¨â¥ ®¤®¬¥àë¥ ¯àï¬ë¥ ¥¯à¥àë¢ë¥ ¯à¥®¡à §®¢ ¨ï:
¯à¥®¡à §®¢ ¨¥ �ãàì¥, ª®á¨ãá-¯à¥®¡à §®¢ ¨¥ �ãàì¥, ¯à¥®¡à §®-
¢ ¨¥ � àâ«¨, ¯à¥®¡à §®¢ ¨¥ � ¯« á  ¨ ¤ ©â¥ ¨¬ áà ¢¨â¥«ìãî
å à ªâ¥à¨áâ¨ªã.

2. � «®£¨çãî § ¯¨áì ¨ å à ªâ¥à¨áâ¨ªã á¤¥« ©â¥ ¤«ï ®¡à â-
ëå ¯à¥®¡à §®¢ ¨©.

3. �¥è¨âì ¯ à ¨¬ ¥ à 5: � ©â¨ Ǳ� Y (!) ¤«ï y (t) = sin ct. Ǳ®-
«ãç¨âì ä®à¬ã«ã â¨¯  (6.31) ¨ ¯®áâà®¨âì £à ä¨ª â¨¯  à¨á. 6.4.

4. �¥è¨âì ¯ à¨¬ ¥ à 6: � ©â¨ Ǳ� Y (!) ¤«ï

y (t) = e�a
2t2 +

X
l

bl cos (clt):

Ǳ®«ãç¨âì ä®à¬ã«ã â¨¯  (6.32) ¨ ¯®áâà®¨âì £à ä¨ª â¨¯  à¨á. 6.7.

5. � ¯à¨¬¥à¥ 4 ¤ âì ¡®«¥¥ ¯®¤à®¡ë© ¢ë¢®¤ ä®à¬ã«ë (6.33).

6. �áå®¤ï ¨§ ä®à¬ã«ë (6.38) ¤«ï �Ǳ�, ¢ë¢¥áâ¨ ä®à¬ã«ã (6.24)
¤«ï ¯àï¬®£® Ǳ� (  «®£¨ç® ¢ë¢®¤ã ä®à¬ã«ë (6.38) ¨§ (6.34)).

7. �áå®¤ï ¨§ ä®à¬ã«ë (6.39), ¢ë¢¥áâ¨ ä®à¬ã«ã (6.40), ¨§ ä®à-
¬ã«ë (6.41) ¢ë¢¥áâ¨ ä®à¬ã«ã (6.42), ¨§ ä®à¬ã«ë (6.43) ¢ë¢¥-
áâ¨ (6.44),   ¨§ ä®à¬ã«ë (6.57) ¢ë¢¥áâ¨ (6.60).



6.3. ������������ Ǳ������������� 177

8. �§ ä®à¬ã«ë (6.45) ¢ë¢¥áâ¨ ä®à¬ã«ã (6.46) ¨  ®¡®à®â (  -
«®£¨ç® ¢ë¢®¤ã ä®à¬ã«ë (6.38) ¨§ (6.34), ® ¨á¯®«ì§ãï ¢¬¥áâ®
®¤®¬¥à®© ä®à¬ã«ë (6.36) ¤¢ãå¬¥àãî ä®à¬ã«ã â¨¯  (6.23)).

9. � ©â¥ ä¨§¨ç¥áªãî âà ªâ®¢ªã ä®à¬ã« (6.48) ¨ (6.49).
10. �á«¨ �Ǳ� Y (f) ¨¬¥¥â ¢¨¤ :

�¨á. 6.18

â® ª ª ¡ã¤¥â ¢ë£«ï¤¥âì �Ǳ� ¯à¨ fg > 2f¢?
11. � ¯¨è¨â¥, ª ª¨¥ § ç¥¨ï ¬®¦¥â ¯à¨¨¬ âì N ¢  «£®à¨â-

¬ å �Ǳ� �ã«ì ¨ �ìîª¨ ¨ �¨®£à ¤ .
12. �®«¥¥ ¯®¤à®¡® ¢ë¢¥áâ¨ ä®à¬ã«ã (6.65).
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� ¤ ®© £« ¢¥ ¨§«®¦¥ë ¬¥â®¤ë ¨ ¯®ïâ¨ï, ¯à¥¤è¥áâ¢ãî-
é¨¥ à¥£ã«ïàë¬ (ãáâ®©ç¨¢ë¬) ¬¥â®¤ ¬ à¥è¥¨ï â¥å ãà ¢¥¨©
(¢ ¯¥à¢ãî ®ç¥à¥¤ì, ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤ ),
§ ¤ ç  à¥è¥¨ï ª®â®àëå ¥ª®àà¥ªâ .

7.1. �®àà¥ªâ®áâì ¨ ¥ª®àà¥ªâ®áâì ¯® �¤ ¬ àã

�¯à¥¤¥«¥¨ï ª®àà¥ªâ®áâ¨ ¨ ¥ª®àà¥ªâ®áâ¨. �. �¤ -
¬ à ¢ 1902 £. ¢¢¥« ¯®ïâ¨ï ª®àà¥ªâ®áâ¨ ¨ ¥ª®àà¥ªâ®áâ¨
[19, á. 224], [48, á. 5], [67, á. 15{18]. � áá¬®âà¨¬ ®¯¥à â®à®¥ ãà ¢-
¥¨¥:

Ay = f; y 2 Y; f 2 F; (7.1)

£¤¥ y | ¨áª®¬®¥ à¥è¥¨¥, f | § ¤  ï ¯à ¢ ï ç áâì, Y ¨
F | ¥ª®â®àë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢  ( ¯à¨¬¥à, W 1

2 ¨ L2),
A | § ¤ ë© ¥¯à¥àë¢ë© ®¯¥à â®à («¨¥©ë© ¨ ¥«¨¥©ë©,
¨â¥£à «ìë©, ¤¨ää¥à¥æ¨ «ìë© ¨«¨  «£¥¡à ¨ç¥áª¨© ¨ â. ¤.).
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. � ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (7.1)  §ë¢ ¥âáï

ª®àà¥ªâ®© ¨«¨ ª®àà¥ªâ® ¯®áâ ¢«¥®© (well-posed), ¥á«¨:
1) à¥è¥¨¥ áãé¥áâ¢ã¥â,
2) à¥è¥¨¥ ¥¤¨áâ¢¥®,
3) à¥è¥¨¥ ãáâ®©ç¨¢®.
�á«¨ å®âï ¡ë ®¤® ¨§ íâ¨å ãá«®¢¨© ¥ ¢ë¯®«ï¥âáï, â® § -

¤ ç   §ë¢ ¥âáï ¥ª®àà¥ªâ®© ¨«¨ ¥ª®àà¥ªâ® ¯®áâ ¢«¥®©
(ill-posed).
�®«¥¥ â®£®, �¤ ¬ à ¢ë¤¢¨ã« ãâ¢¥à¦¤¥¨¥, çâ® ¥ª®àà¥ªâ-

ë¥ § ¤ ç¨ ¥ ¨¬¥îâ ä¨§¨ç¥áª®£® á¬ëá« , ¤àã£¨¬¨ á«®¢ ¬¨,
¥á«¨ ãà ¢¥¨¥, ®¯¨áë¢ îé¥¥ ¥ª®â®àãî ¯à¨ª« ¤ãî (ä¨§¨ç¥-
áªãî, â¥å¨ç¥áªãî ¨ â. ¤.) § ¤ çã, ï¢«ï¥âáï ¥ª®àà¥ªâë¬, â® ¨«¨
íâ  § ¤ ç  ï¢«ï¥âáï ¨áªãácâ¢¥®© (¥à¥ «ì®©), ¨«¨ ®  ®¯¨á -
  ¬ â¥¬ â¨ç¥áª¨ ¥ ¤¥ª¢ â®,  ¯à¨¬¥à, ®¯¨á   ¨â¥£à «ìë¬
ãà ¢¥¨¥¬ �à¥¤£®«ì¬  I à®¤ , § ¤ ç  à¥è¥¨ï ª®â®à®£® ¥ª®à-
à¥ªâ ,   ã¦® ¡ë ¤®¡ ¢¨âì ¥é¥ àï¤ ®£à ¨ç¥¨©   à¥è¥¨¥
¨ â®£¤  § ¤ ç  áâ ¥â ª®àà¥ªâ®©. � ¯®áª®«ìªã, ª ª ¢ëïá¨«®áì
¢ ¯®á«¥¤¨¥ ¤¥áïâ¨«¥â¨ï, § ç¨â¥«ì ï ç áâì ¯à¨ª« ¤ëå § -
¤ ç ï¢«ï¥âáï ¥ª®àà¥ªâë¬¨, â® ãâ¢¥à¦¤¥¨¥ �¤ ¬ à  ¯à¨¢¥«®
ª § ¬¥¤«¥¨î à §¢¨â¨ï ¬®£¨å à §¤¥«®¢ ç¨áâ®© ¨ ¯à¨ª« ¤®©
¬ â¥¬ â¨ª¨.

Ǳà¨¬¥àë. Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë ãà ¢¥¨© ¨«¨ ¨å á¨áâ¥¬, § -
¤ ç  à¥è¥¨ï ª®â®àëå ¥ª®àà¥ªâ .
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Ǳà¨¬ ¥ à 1. Ǳ¥à¥®¯à¥¤¥«¥ ï ����:

2y1 � 3y2 = �4;
�y1 + 2y2 = 3;

y1 + 4y2 = 15:

9=; (7.2)

� ª ï ���� ¥ ¨¬¥¥â à¥è¥¨ï y1, y2. �¥©áâ¢¨â¥«ì®, ¥á«¨ à á-
á¬ âà¨¢ âì «¨èì ¯¥à¢ë¥ ¤¢  ãà ¢¥¨ï, â® ¯®«ãç¨¬ à¥è¥¨¥:
y1 = 1, y2 = 2, ¥á«¨ à áá¬ âà¨¢ âì ¢â®à®¥ ¨ âà¥âì¥ ãà ¢¥¨ï,
â® ¯®«ãç¨¬: y1 = y2 = 3,   ¥á«¨ à áá¬ âà¨¢ âì ¯¥à¢®¥ ¨ âà¥-
âì¥ ãà ¢¥¨ï, â® y1 = 2:635, y2 = 3:09, â. ¥. (¥¤¨®¥) à¥è¥¨¥ ¥
áãé¥áâ¢ã¥â |  àãè¥ 1-© ¯ãªâ ª®àà¥ªâ®áâ¨ ¯® �¤ ¬ àã.
Ǳà¨¬ ¥ à 2. �¥¤®®¯à¥¤¥«¥ ï ����:

2y1 � 3y2 = �4: (7.3)

�  ¨¬¥¥â ¬®¦¥áâ¢® à¥è¥¨©,  ¯à¨¬¥à, 1) y1 = 1, y2 = 2;
2) y1 = 2, y2 = 8=3; 3) y1 = 0, y2 = 4=3 ¨ â. ¤. � ª¨¬ ®¡à §®¬,
à¥è¥¨¥ ���� ¥¥¤¨áâ¢¥® |  àãè¥ 2-© ¯ãªâ ª®àp¥ªâ®áâ¨
¯® �¤ ¬ àã.
Ǳà¨¬ ¥ à 3. ����:

2y1 � 3y2 = 3;

�1:33y1 + 2y2 = �1:99:
�

(7.4)

�¥è¥¨¥ ���� (7.4) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®: y1 = 3, y2 = 1.
�¤ ª® ¥á«¨ ¯à ¢ë¥ ç áâ¨ ¥¬®£® ¨§¬¥¨âì,   ¨¬¥®:

2y1 � 3y2 = 3:01;

�1:33y1 + 2y2 = �2;
�

(7.40)

â. ¥. ¢¥áâ¨ ®â®á¨â¥«ìë¥ ¯®£à¥è®áâ¨ kÆfk=kfk < 0:5%, â® ¯®-
«ãç¨¬ ®¢®¥, § ¬¥â® ®â«¨ç®¥, à¥è¥¨¥: y1 = 2 (®â®á¨â¥«ì-
 ï ¯®£à¥è®áâì > 30%), y2 = 0:33 (®â®á¨â¥«ì ï ¯®£à¥è®áâì
> 60%), â. ¥. ®â®á¨â¥«ì ï ¯®£à¥è®áâì à¥è¥¨ï   ¤¢  ¯®àï¤ª 
¯à¥¢ëá¨â ®â®á¨â¥«ìãî ¯®£à¥è®áâì ¯à ¢®© ç áâ¨. �â® ¬®¦®
®æ¥¨âì ¨ ç¥à¥§ ç¨á«® ®¡ãá«®¢«¥®áâ¨ cond (A) (á¬. ¯. 5.2). �«ï
íâ®£® § ¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥:���� 2� � �3

�1:33 2� �

���� = 0; (7.5)

®âªã¤  �1 = 3:997, �2 = 0:003, â. ¥. á®¡áâ¢¥ë¥ § ç¥¨ï ¢¥é¥-
áâ¢¥ë ¨ ¯®«®¦¨â¥«ìë (  § ç¨â, ¬ âà¨æ  ���� (7.4) ï¢«ï¥âáï
¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®©). �®£¤ :

cond (A) =
�max

�min
=

�1

�2
= 1:332 � 103 (7.6)

¨ k Æy k
k y k 6 cond (A)

k Æf k
k f k : (7.7)
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�ë ¢¨¤¨¬, çâ® à¥è¥¨¥ ���� (7.4) ¥áª®«ìª® ¥ãáâ®©ç¨¢®. � ç -
áâ® ���� ¨¬¥îâ £®à §¤® ¡®«ìè¥¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨, â. ¥.
£®à §¤® ¡®«¥¥ ¥ãáâ®©ç¨¢ë. �® ¥é¥ ¡®«¥¥ ¥ãáâ®©ç¨¢ë ¨â¥£à «ì-
ë¥ ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤ , â ª ª ª ã ¨å �min = 0.
� «¥¥ ¡ã¤¥â ¯®ª § ®, çâ® ¥á«¨ à¥è¥¨¥ ¥ áãé¥áâ¢ã¥â, â® ¨á-

¯®«ì§ãîâ ¬¥â®¤ â¨¯  ¬¥â®¤   ¨¬¥ìè¨å ª¢ ¤à â®¢ � ãáá  (¯®-
«ãç îâ ¯á¥¢¤®à¥è¥¨¥ | á¬. ¯. 7.3), ¥á«¨ à¥è¥¨¥ ¥¥¤¨áâ¢¥®,
â® ¨á¯®«ì§ãîâ ¬¥â®¤ â¨¯  ¬¥â®¤  ¯á¥¢¤®®¡à â®© ¬ âà¨æë �ãà -
Ǳ¥à®ã§  (¯®«ãç îâ ®à¬ «ì®¥ à¥è¥¨¥ | á¬. ¯. 7.4),   ¥á«¨
à¥è¥¨¥ ¥ãáâ®©ç¨¢®, â® ¨á¯®«ì§ãîâ ãáâ®©ç¨¢ë¥ (à¥£ã«ïàë¥)
¬¥â®¤ë (à¥£ã«ïà¨§ æ¨¨, ä¨«ìâà æ¨¨ ¨ ¤à. | á¬. £«. 8).
�® ¯à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª íâ¨¬ ¬¥â®¤ ¬, ¬ë ®áâ ®¢¨¬áï  

ª« áá¨ç¥áª¨å ¬¥â®¤ å (¨¬¥ï ¢ ¢¨¤ã, çâ® ®¨ ®¡ëç® ¤ îâ à¥è¥-
¨ï, ¥ª®àà¥ªâë¥ ¯® �¤ ¬ àã).

7.2. �« áá¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥¨ï
¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  I à®¤ 

�¥â®¤ ª¢ ¤à âãà. � áá¬®âà¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤-
£®«ì¬  I à®¤ :

bZ
a

K (x; s) y (s) ds = f (x); c 6 x 6 d; (7.8)

£¤¥ K (x; s) | ï¤à®, y (s) | ¨áª®¬ ï äãªæ¨ï, f (x) | ¯à ¢ ï

ç áâì (¨¬¥¥âáï ¢ ¢¨¤ã § èã¬«¥ ï ¯à ¢ ï ç áâì ef (x)), [a; b] |
®¡« áâì ¨§¬¥¥¨ï s,   [c; d] | ®¡« áâì ¨§¬¥¥¨ï x. �¥â®¤
ª¢ ¤à âãà § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬:
1) �¡« áâì [a; b] à §¡¨¢ ¥¬ ç¥à¥§ è £ �s = h1 = const,  

®¡« áâì [c; d] ç¥à¥§ è £ �x = h2 = const (à áá¬®âà¨¬ á«ãç ©
¯®áâ®ïáâ¢  è £®¢ ¤¨áªà¥â¨§ æ¨¨ h1 ¨ h2, å®âï ¬¥â®¤ ¬®¦®
®¡®¡é¨âì ¨   á«ãç © ¥¯®áâ®ïáâ¢  h1 ¨ h2). Ǳ®«ãç¨¬ ç¨á«®
ã§«®¢ n = (b� a)=h1 + 1 (¯® s) ¨ m = (d� c)=h2 + 1 (¯® x).
2) �â¥£à « ¢ (7.8) § ¬¥ï¥¬ ª®¥ç®© áã¬¬®©, à á¯¨áë¢ ï

¥£® ¯® ¥ª®â®à®© ª¢ ¤à âãà®© ä®à¬ã«¥,  ¯à¨¬¥à, ¯® ä®à¬ã«¥
âà ¯¥æ¨©:

bZ
a

K (x; s) y (s) ds �
nX
j=1

pjK (x; sj) y (sj); (7.9)

£¤¥

pj =

�
0:5h1; j = 1 ¨«¨ j = n;

h1; ¨ ç¥;
(7.10)

sj = a+ (j � 1)h1: (7.11)
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3) �¢®¤ï ¤¨áªà¥â¨§ æ¨î ¯® x:

xi = c+ (i� 1)h2; (7.12)

®ª®ç â¥«ì® ¯®«ãç¨¬:
nX
j=1

Aij yj = fi; i = 1; m; (7.13)

£¤¥ Aij = pjK (xi; sj) | í«¥¬¥âë ¬  âà¨æë A à §¬¥à  m � n,

yj = y (sj), fi = f (xi).
�â ª, ¯®«ãç¨«¨ á¨áâ¥¬ã m «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-

¥¨© (7.13) ®â®á¨â¥«ì® n ¥¨§¢¥áâëå yj . �¥è ï ¥e, ¬®¦®
¯®«ãç¨âì à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï (7.8) ¢ ¤¨áªà¥â®¬
¢¨¤¥.
� âà¨æ  A á¨áâ¥¬ë ãà ¢¥¨© (7.13), ¢®®¡é¥ £®¢®àï, ¯àï¬®-

ã£®«ì . �á«¨ m = n, â® ¬  âà¨æ A | ª¢ ¤à â ï ¨ ���� (7.13)
¬®¦® à¥è âì ¯® ¯à ¢¨«ã �à ¬¥à , £ ãác®¢áª¨¬¨ ¬¥â®¤ ¬¨ ¨ ¤à.
�á«¨ m > n, â® ���� (7.13) ã¦® à¥è âì ¬¥â®¤®¬  ¨¬¥ìè¨x
ª¢ ¤à âãà �  ãáá  (á¬. ¯. 7.3) | ¯®«ãç¨¬ ¯á¥¢¤®à¥è¥¨¥,   ¥á«¨
m < n, â® ã¦® ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯á¥¢¤®®¡à â®© ¬  âà¨æë
�ãà -Ǳ¥à®ã§  (á¬. ¯. 7.4) | ¯®«ãç¨¬ ®à¬ «ì®¥ à¥è¥¨¥. � -
ª¨¬ ®¡à §®¬, ¯¥à¢ë¥ ¤¢  ¯ãªâ  ª®àà¥ªâ®áâ¨ ¯® � ¤ ¬ àã¡ã¤ãâ
¢ë¯®«¥ë.
�¤ ª® ¢á¥ íâ¨ à¥è¥¨ï ®ç¥ì ¥ãáâ®©ç¨¢ë, â. ¥.  àãè ¥âáï

3-© ¯ãªâ ª®àà¥ªâ®áâ¨ ¯® � ¤ ¬ àã. �â  ¥ãáâ®©ç¨¢®áâì ®¡ãá«®-
¢«¥  â¥¬, çâ® ¬¨¨¬ «ì®¥ á¨£ã«ïà®¥ ç¨á«® �min ¨â¥£à «ì-
®£® ®¯¥à â®à  ãà ¢¥¨ï (7.8) à ¢® ã«î ¨ ç¨á«® ®¡ãá«®¢®áâ¨
cond =1. �á«¨ ¦¥ m ¨ n ª®¥çë, â® �min ¬®¦¥â áâ âì ¥áª®«ì-
ª® ®â«¨çë¬ ®â ã«ï, ® à¥è¥¨¥ ���� (7.13) ¡ã¤¥â ¯®-¯à¥¦¥¬ã
®ç¥ì ¥ãáâ®©ç¨¢ë¬. �  à¨á. 7.1 ¯à¨¢¥¤¥ë à¥§ã«ìâ âë à¥è¥¨ï
¯ à ¨¬ ¥ à  (¯à¨¬¥à 1 ¨§ [59, ç. III]; á¬. â ª¦¥ ¯à¨¬¥à 2, à¥¤ãª-
æ¨ï ¯à®âï¦¥ëå á¨£ «®¢, ¯. 3.2, à¨á. 3.15) ¬¥â®¤®¬ ª¢ ¤à âãà
á®£« á® (7.13) ¯à¨ m = n = 137.
�¥¯à¥àë¢®© «¨¨¥© ®â®¡à ¦¥® â®ç®¥ à¥è¥¨¥ y (s),   ¯ãª-

â¨à®¬ | ¯à¨¡«¨¦¥®¥ (¤¨áªà¥â®¥) à¥è¥¨¥ yj , j = 1; n,
���� (7.13). �¨¤¨¬, çâ® à¥è¥¨¥ yj ¯®«ãç¨«®áì ¢ ¢¨¤¥ â ª
 §ë¢ ¥¬®© § ª®¯¥à¥¬¥®© ó¯¨«ëô ¡®«ìè®©  ¬¯«¨âã¤ë, ¨ç¥-
£® ®¡é¥£® ¥ ¨¬¥îé¥© á â®çë¬ à¥è¥¨¥¬. �¥¦¤ã â¥¬, ¥á«¨
¤«ï ¯à®¢¥àª¨ ¯® ¤áâ  ¢¨âìó¯¨«ãô ¢ (7.13), â® ¯®«ãç¨¬ á®¢¯ ¤¥¨¥
«¥¢®© ¨ ¯à ¢®© ç áâ¥© (7.13) á â®ç®áâìî ¤® 3{ 5 æ¨äà, ¥á«¨
¢ëç¨á«¥¨ï ¢ë¯®«ïâì á ¯à®áâ®© â®ç®áâìî (¤® 7 æ¨äà), ¨«¨
¤® 6{10 æ¨äà, ¥á«¨ ¢ëç¨á«¥¨ï ¢ë¯®«ïâì á ¤¢®©®© â®ç®áâìî
(¤® 14 æ¨äà). � ¬¥â¨¬ ¥é¥, çâ® ¢¨¤ ó¯¨«ëô § ¢¨á¨â ®â ¬¥â®¤ 
à¥è¥¨ï ���� , ®â ¯à®£à ¬¬ë ¨ â. ¤.
�§ ¨§«®¦¥®£® ¬®¦® á¤¥« âì á«¥¤ãîé¨¥ ¢ë¢® ¤ë:
1) ¬¥â®¤ ª¢ ¤à âãà à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤-

£®«ì¬  I à®¤  (  â ª¦¥ ¢ ¬¥ìè¥© áâ¥¯¥¨ ãà ¢¥¨ï �®«ìâ¥ààë
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�¨á. 7.1

I à®¤ ) ï¢«ï¥âáï ªà ©¥ ¥ãáâ®©ç¨¢ë¬ ( àãè ¥âáï 3-© ¯ãªâ
ª®àà¥ªâ®áâ¨ ¯® � ¤ ¬ àã);
2) ª« áá¨ç¥áª®¥ ®¯à¥¤¥«¥¨¥ â®ç®£® à¥è¥¨ï �y ª ª à¥è¥¨ï,

¯à¨ ª®â®à®¬

kAy � f k = 0; (7.14)

¢®®¡é¥ £®¢®àï, ¥ ¯®¤å®¤¨â ¤«ï á«ãç ï ¥ª®àà¥ªâëå § ¤ ç, â ª
ª ª ¢ á«ãç ¥, ª®£¤  à¥è¥¨¥ ¥ áãé¥áâ¢ã¥â (á¬. ¯à¨¬¥à 1 ¢ ¯. 7.1),
®âáãâáâ¢ã¥â â ª®¥ �y, ¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï (7.14),   ¢ á«ãç ¥
¥¥ ¤¨áâ¢¥®áâ¨ à¥è¥¨ï(á¬. ¯à¨¬¥à 2 ¢ ¯. 7.1) áãé¥áâ¢ã¥â ¬®-
¦¥áâ¢® �y, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï (7.14), ¨  ª®¥æ, ¢ á«ãç ¥
¥ãáâ®©ç¨¢®áâ¨ (á¬. ¯à¨¬¥à 3 ¢ ¯. 7.1 ¨ à¨á. 7.1) ªà¨â¥à¨© (7.14)
¤ ¥â ¥ãáâ®©ç¨¢®¥ à¥è¥¨¥.

�¥â®¤ Ǳ�. �  áá¬®âà¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬ 
I à® ¤  â¨¯  á¢¥àâª¨

1Z
�1

K (x� s) y (s) ds = f (x); �1 < x <1: (7.15)

� ¯¨è¥¬ y (s) ¢ ¢¨¤¥ �Ǳ� (áà. (6.38)):

y (s) =
1

2�

1Z
�1

Y (!0) e�i !
0s d!0: (7.16)
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�¬®¦¨¬ (7.15)   ei!x ¨ ¯à®¨â¥£à¨àã¥¬ ¯® x ®â �1 ¤® 1.
Ǳ®«ãç¨¬ (§ ¬¥¨¢ ¢ «¥¢®© ç áâ¨ (7.15) x   x0):

1

2�

1ZZZ
�1

K (x0 � s)Y (!0) ei (!x
0
�!0s) d!0 ds dx0 = F (!); (7.17)

£¤¥

F (!) =

1Z
�1

f (x) ei !x dx: (7.18)

�¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®©: x0�s = x ¢ (7.17), ¯®«ãç¨¬, ¨§¬¥¨¢
¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï:

1

2�

1Z
�1

K (x) ei !x dx �
1Z

�1

Y (!0)

� 1Z
�1

ei (!�!
0) s ds

�
d!0 =

=

1Z
�1

K (x) ei !x dx �
1Z

�1

Y (!0) Æ (! � !0) ds =

=

1Z
�1

K (x) ei !x dx � Y (!) = F (!):

�¡®§ ç¨¢

� (!) =

1Z
�1

K (x) ei !x dx; (7.19)

¯®«ãç¨¬

� (!)Y (!) = F (!); (7.20)

â. ¥. ¤«ï ãà ¢¥¨ï (7.15) á¯à ¢¥¤«¨¢® ã â ¢ ¥ à¦¤ ¥  ¨ ¥: ¯à®¨§-
¢¥¤¥¨¥ ¯à¥®¡à §®¢ ¨© �ãàì¥ ï¤à�  ¨ ¨áª®¬®© äãªæ¨¨ à ¢®
¯à¥®¡à §®¢ ¨î �ãàì¥ ¯à ¢®© ç áâ¨. �§ (7.20) ¨¬¥¥¬ ®ª®ç -
â¥«ì®:

Y (!) =
F (!)

� (!)
: (7.21)

�â ª, ãà ¢¥¨¥ (7.15) ¨¬¥¥â   «¨â¨ç¥áª®¥ à¥è¥¨¥ ¨ ®® § ¯¨-
áë¢ ¥âáï ¢ ¢¨¤¥ �Ǳ�:

y (s) = 1

2�

1Z
�1

Y (!) e�i !s d!; (7.22)

£¤¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ Y (!), F (!) ¨ �(!) ®â ¨áª®¬®© äãªæ¨¨,
¯à ¢®© ç áâ¨ ¨ ï¤à�  § ¯¨áë¢ îâáï ¢ ¢¨¤¥ (7.21), (7.18) ¨ (7.19).
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�®à¬ã«ã (7.22) ¬®¦® § ¯¨á âì ¢ ¨®¬ ¢¨¤¥ (¨§¬¥¨¢ ¯®àï¤®ª
¨â¥£à¨à®¢ ¨ï):

y (s) = 1

2�

1Z
�1

� 1Z
�1

f (x) ei !x dx

�
e
�i !s

� (!)
d! =

=

1Z
�1

�
1

2�

1Z
�1

e
�i ! (s�x)

� (!)
d!

�
f (x) dx

¨«¨

y (s) =

1Z
�1

R (s� x) f (x) dx; (7.23)

£¤¥

R (s) = 1

2�

1Z
�1

e
�i !s

� (!)
d!: (7.24)

�®à¬ã«  (7.23) ã¤®¡  â¥¬, çâ® äãªæ¨ï R (s) ¬®¦¥â ¡ëâì ¢ëç¨á-
«¥  § à ¥¥ ¨ ¥¤¨®¦¤ë,   § â¥¬ ¤«ï àï¤  äãªæ¨© f (x) ¬®£ãâ
¡ëâì ¢¥áì¬  ¡ëáâà®  ©¤¥ë á®®â¢¥âáâ¢ãîé¨¥ à¥è¥¨ï y (s).
�¤ ª® à¥è¥¨¥ (7.22) (¨«¨ (7.23)), ª ª ¨ à¥è¥¨¥ ¬¥â®¤®¬

ª¢ ¤à âãà, â ª¦¥ ªà ©¥ ¥ãáâ®©ç¨¢® ¨ íâ® ¬®¦® ®¡êïá¨âì
á«¥ ¤ãîé¨¬®¡à §®¬. �¤à® K (x) ®¡ëç® § ¤ ¥âáï ¢ ¢¨¤¥ £« ¤ª®©
äãªæ¨¨ (  «¨â¨ç¥áª®© ä®à¬ã«ë â¨¯  (3.17) ¨«¨ (8.33)), ¯®íâ®-
¬ã ¥£® á¯¥ªâà �(!) ¡ëáâà® ¨á¯ ¤ ¥â á à®áâ®¬ j!j ¨ lim

!!1
�(!) = 0.

�ãªæ¨ï ¦¥ f (x) ®¡ëç® § ¤ ¥âáï ¢ ¢¨¤¥ â ¡«¨æë § èã¬«¥-

ëå §  ç¥¨©, â. ¥. ¢¬¥áâ® f (x) ¨¬¥¥¬ ef (x) = f (x) + Æf (x), £¤¥
Æf (x) | ¯®£à¥è®áâ¨, ®¡« ¤ îé¨¥ â¥¬ á¢®©áâ¢®¬, çâ® ¨å á¯¥ªâà
¯à¨ j!j ! 1 ®¡ëç® áâà¥¬¨âáï ª ¥ª®â®à®© (¯ãáâì ¤ ¦¥ ®ç¥ì
¬ «®©) ª®áâ â¥ (á¬. à¨á. 6.8) | ãà®¢î ó¡¥«®£® èã¬ ô. Ǳ®íâ®-
¬ã lim

!!1
F (!)=�(!) = lim

!!1
Y (!) =1 ¨ ¨â¥£à « (7.22) à áå®¤¨âáï.

�àã£¨¬¨ á«®¢ ¬¨, ¥ãáâ®©ç¨¢®áâì ¬¥â®¤  Ǳ� ®¡ãá«®¢«¥  ®ç¥ì
á¨«ì®© à¥ ªæ¨¥© ¢ëá®ª¨å £ à¬®¨ª ¢ ¯à¥®¡à §®¢ ¨¨ �ãàì¥  
¤ ¦¥ ®ç¥ì ¬ «ë¥ ¯®£à¥è®áâ¨ ¨§¬¥à¥¨© f (x). �á«¨ ¦¥ ¢ëç¨á-
«¥¨ï ¢ë¯®«ïîâáï ¯® ª®¥çë¬ ª¢ ¤à âãàë¬ ä®à¬ã« ¬, â. ¥.
¢¬¥áâ® �Ǳ� �(!), Y (!) ¨ F (!) ¨á¯®«ì§ãîâáï ¨å �Ǳ� á ª®¥çë¬
ç¨á«®¬ ®âáç¥â®¢ N , â® íâ  ¥ãáâ®©ç¨¢®áâì ¥áª®«ìª® ã¬¥ìè ¥âáï
(áâ  ®¢¨âáï ª®¥ç®©), ® â¥¬ ¥ ¬¥¥¥ ®áâ  ¥âáï ¡®«ìè®©.
� ¬¥â¨¬, çâ® ª ª ¯®ª §ë¢ ¥â à¥è¥¨¥ ¡®«ìè®£® ç¨á«  ¯à¨-

¬¥à®¢ [19, 43], ¬¥â®¤ Ǳ� ¤ ¥â ¬¥¥¥ ¥ãáâ®©ç¨¢®¥ à¥è¥¨¥, ç¥¬
¬¥â®¤ ª¢ ¤à âãà, ¨ íâ® ®¡ãá«®¢«¥® â¥¬, çâ® ¢®-¯¥à¢ëå, ¬¥â®¤ Ǳ�
¤ ¥â   «¨â¨ç¥áª®¥ à¥è¥¨¥ (7.22) ¨«¨ (7.23) ¨ ¢®-¢â®àëå, ¯à¨
ç¨á«¥®© à¥ «¨§ æ¨¨ ¬¥â®¤  Ǳ�  ¢â®¬ â¨ç¥áª¨ áà ¡ âë¢ ¥â ãá¥-
ç¥¨¥ á¯¥ªâà  ç áâ®â (á¬. (6.48)).
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�¥â®¤ Ǳ� ¤«ï ¤¢ãå¬¥à®£® ãà ¢¥¨ï. �«ï ¤¢ãå¬¥à®£®
¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨

1ZZ
�1

K (x1 � s1; x2 � s2) y (s1; s2) ds1 ds2 =f (x1; x2); (7.25)

�1 < x1; x2 <1;

¬¥â®¤ ¤¢ãå¬¥à®£® Ǳ� ¤ ¥â á«¥¤ãîé¥¥ à¥è¥¨¥ (áà. (7.22)) [19,
á. 268], [71, á. 44]:

y (s1; s2) =
1

4�2

1ZZ
�1

Y (!1; !2) e
�i (!1s1+!2s2) d!1d!2; (7.26)

£¤¥

Y (!1; !2) =
F (!1; !2)

� (!1; !2)
; (7.27)

F (!1; !2) =

1ZZ
�1

f (x1; x2) e
i (!1x1+!2x2) dx1 dx2; (7.28)

� (!1; !2) =

1ZZ
�1

K (x1; x2) e
i (!1x1+!2x2) dx1 dx2:

(7.29)

�â¬¥â¨¬, çâ® ¢ à ¡®â¥ [63] à áá¬®âà¥ ¢®¯à®á ® à¥è¥¨¨ ãà ¢-
¥¨ï (7.15) ¬¥â®¤®¬ ¯à¥®¡à §®¢ ¨ï � àâ«¨,   ¢ à ¡®â¥ [62] |
¢®¯à®á ® à¥è¥¨¨ ¤¢ãå¬¥à®£® ãà ¢¥¨ï (7.25) ¬¥â®¤®¬ ¤¢ãå-
¬¥à®£® ¯à¥®¡à §®¢ ¨ï � àâ«¨.
� § ª«îç¥¨¥ ¤®¡ ¢¨¬, çâ® ¯®¬¨¬® ¬¥â®¤  ª¢ ¤à âãà ¨ ¬¥â®-

¤  Ǳ� ¤«ï à¥è¥¨ï ãà ¢¥¨© �à¥¤£®«ì¬  I à®¤  à §¢¨âë: ¬¥â®¤
à §«®¦¥¨ï ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ [19, 36, 67], ¬¥â®¤ ¨â¥à æ¨©
(¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©) [4, 19, 67] ¨ ¤à. �¤ ª® ¨ ¤ -
ë¥ ¬¥â®¤ë ¤ îâ ãáâ®©ç¨¢ë¥ à¥è¥¨ï «¨èì ¯à¨ ¨á¯®«ì§®¢ ¨¨
à¥£ã«ïà¨§¨àãîé¨å ¬®¤¨ä¨ª æ¨©, á¯¥æ¨ «ìëå áâ ¡¨«¨§¨àãîé¨å
¯à¨¥¬®¢ ¨ â. ¤.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ®áâ¨ ¨ ¥ª®àà¥ªâ®áâ¨
¯® �¤ ¬ àã.
2. �¢«ï¥âáï «¨ ¯¥à¥®¯à¥¤¥«¥®© á«¥¤ãîé ï ����

2y1 � 3y2 = �4;
�y1 + 2y2 = 3;

4y1 � 6y2 = �8

9=;
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¨«¨ (¯®¤áª §ª ) ®¤® ¨§ ãà ¢¥¨© ¥áâì «¨¥© ï ª®¬¡¨ æ¨ï
¤àã£®£® (¨«¨ ¤àã£¨å)?
3. Ǳà¨¤ã¬ ©â¥ ¯à¨¬¥àë ���� â¨¯  (7.2){(7.4).
4. � ¯¨è¨â¥ ä®à¬ã«ë ¤«ï ¬¥â®¤  ª¢ ¤à âãà (¨á¯®«ì§ãï ä®à-

¬ã«ã âà ¯¥æ¨©) à¥è¥¨ï ãà ¢¥¨ï (7.8) ¢ á«ãç ¥ ¥à ¢®¬¥àëå
á¥â®ª ã§«®¢: s1 < s2 < : : : < sj < : : : < sn ¨ x1 < x2 < : : : < xi < : : :
: : : < xm (§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤®áâ¨).
5. � ¬¥â®¤¥ ª¢ ¤à âãà á ã¢¥«¨ç¥¨¥¬ m ¨ n  ¬¯«¨âã¤  ó¯¨«ëô

¡ã¤¥â ã¢¥«¨ç¨¢ âìáï ¨«¨ ã¬¥ìè âìáï?
6. � ¬¥â®¤¥ Ǳ� ¥ãáâ®©ç¨¢®áâì à¥è¥¨ï ¡ã¤¥â ¯®¢ëè âìáï ¨«¨

ã¬¥ìè âìáï á ã¢¥«¨ç¥¨¥¬ ç¨á«�  ®âáç¥â®¢ N ¢ �Ǳ�?
7. � ¬¥â®¤¥ ¤¢ãå¬¥à®£® Ǳ� ¢ë¢¥¤¨â¥ ¯®¤à®¡® ä®à¬ã«ã (7.27)

  «®£¨ç® ¢ë¢®¤ã ä®à¬ã«ë (7.21) (§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤-
®áâ¨).

7.3. �¥â®¤  ¨¬¥ìè¨å ª¢ ¤à â®¢ � ãáá 

�§«®¦¨¬   ¯à¨¬¥à¥ à¥è¥¨ï ���� ¬¥â®¤  ¨¬¥ìè¨å ª¢ -
¤à â®¢ (���) � ãáá .

Ǳ¥à¥®¯à¥¤¥«¥ ï ����. � áá¬®âà¨¬ á¨áâ¥¬ã m «¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����) ®â®á¨â¥«ì® n ¥¨§¢¥áâëå,
¯à¨ç¥¬ m > n ¨ rang(Ajf) > rang(A), â. ¥. ¯¥à¥®¯à¥¤¥«¥ãî ����
( ¯à¨¬¥à, (7.2)):

Ay = f; (7.30)

£¤¥ A | ¬ âà¨æ  m�n, y | ¨áª®¬ë© ¢¥ªâ®à-áâ®«¡¥æ n� 1, f |
§ ¤  ï ¯à ¢ ï ç áâì | ¢¥ªâ®à-áâ®«¡¥æ m � 1. � ª ï ����
¥ ¨¬¥¥â à¥è¥¨ï, ¤àã£¨¬¨ á«®¢ ¬¨, ¥â â ª®£® �y, ¤«ï ª®â®à®£®
á¯à ¢¥¤«¨¢®

kAy � f k = 0; (7.31)

â. ¥. ¥¢ï§ª  à ¢  ã«î. � ��� � ãáá  ¢¬¥áâ® (7.31) ¢¢®¤¨âáï
ãá«®¢¨¥

kAy � f k = min
y
: (7.32)

�¯à ¥ ¤ ¥ « ¥  ¨ ¥. Ǳá¥¢¤®à¥è¥¨¥¬ ���� (7.30)  §ë¢ ¥âáï à¥-
è¥¨¥ y, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (7.32), â. ¥. ¬¨¨¬¨§¨àãîé¥¥
¥¢ï§ªã kAy � fk.
� ª¨¬ ®¡à §®¬, ¢ ��� ãá«®¢¨¥ à ¢¥áâ¢  ã«î ¥¢ï§ª¨ § -

¬¥ï¥âáï   ãá«®¢¨¥ ¥¥ ¬¨¨¬ã¬ ,   ¢¬¥áâ® â®ç®£® à¥è¥¨ï �y
à áá¬ âà¨¢ ¥âáï ¯á¥¢¤®à¥è¥¨¥ y. � ¬¥â¨¬, çâ® ¥á«¨ kAy�fk = 0,
â® ¯á¥¢¤®à¥è¥¨¥ y á®¢¯ ¤ ¥â á â®çë¬ à¥è¥¨¥¬ �y, â. ¥. ¯á¥¢¤®-
à¥è¥¨¥ ®¡®¡é ¥â ¯®ïâ¨¥ â®ç®£® à¥è¥¨ï.

�ë¢®¤ ®à¬ «ì®© ����. � ¯¨è¥¬ ãá«®¢¨¥ (7.32) ¢ ¢¨¤¥:

kAy � f k2 = min
y
; (7.33)
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  ®à¬ë ¡ã¤¥¬ ®¯à¥¤¥«ïâì á®£« á® (5.42). �ë¢¥¤¥¬ (¥áâà®£®, ®
 £«ï¤®) ®¢ãî ���� ¨§ ãá«®¢¨ï (7.33). �¨¨¬¨§ æ¨ï (7.33)
®§ ç ¥â à ¢¥áâ¢® ã«î ¢ à¨ æ¨¨ (¨«¨ ¯à®¨§¢®¤®©) ¯® y:

2 (Ay � f)A = 0 (7.34)

¨«¨, ãç¨âë¢ ï ¯à ¢¨«  ã¬®¦¥¨ï ¬ âà¨æ ¨ ¢¥ªâ®à®¢ (5.45), (5.47),

A�(Ay � f) = 0: (7.35)

� à¥§ã«ìâ â¥

A�Ay = A�f: (7.36)

�â ª, ¢¬¥áâ® ¯¥à¥®¯à¥¤¥«¥®© ���� (7.30) ¯®«ãç¥  ®¢ ï
���� (7.36),  §ë¢ ¥¬ ï ®à¬ «ì®© ����.
� ¯¨è¥¬ (7.36) ¢ ¢¨¤¥:

By = u; (7.37)

£¤¥

B = A�A; (7.38)

u = A�f; (7.39)

¨«¨ ¢ á«ãç ¥ ¢¥é¥áâ¢¥®áâ¨ A

B = ATA; (7.40)

u = AT f: (7.41)

�á¯®«ì§ãï ¯à ¢¨«  (5.46) ¨ (5.48), § ¯¨è¥¬ ¯®¤à®¡® ¢ëà ¦¥¨ï
¤«ï í«¥¬¥â®¢ ®¢®© ¬ âà¨æë B ¨ ®¢®© ¯à ¢®© ç áâ¨ u (¢ á«ãç ¥
¢¥é¥áâ¢¥®áâ¨ A):

Bij =

mX
k=1

ATikAkj =

mX
k=1

AkiAkj ; (7.42)

ui =

mX
k=1

ATikfk =

mX
k=1

Akifk: (7.43)

���� (7.36) ¨«¨ (7.37) ¬®¦® à¥è âì ¯® ä®à¬ã«¥

y = (A�A)�1A�f (7.44)

¨«¨

y = B�1u (7.45)

¨«¨ ¦¥ ¯® ¯à ¢¨«ã �à ¬¥à , ¬¥â®¤ ¬¨ � ãáá , �à ãâ -�®«¥æª®£®
¨ ¤à.
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��� ¯à¨¬¥¨â¥«ì® ª ¨â¥£à «ì®¬ã ãà ¢¥¨î. �á«¨
¯à¨¬¥¨âì ��� � ãáá  ª ¨â¥£à «ì®¬ã ãà ¢¥¨î (7.8), â®
¯®«ãç¨¬ á«¥¤ãîé¥¥ ®¢®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (áà. (7.37)):

bZ
a

B (t; s) y (s) ds = u (t); a 6 t 6 b; (7.46)

£¤¥ (áà. (7.42), (7.43))

B (t; s) = B (s; t) =

dZ
c

K (x; t)K (x; s) dx; (7.47)

u (t) =

dZ
c

K (x; t) f (x) dx: (7.48)

�á®¢ë¥ ® á ® ¡ ¥   ® á â¨ ��� � ãáá :
1) � âà¨æ  B | ª¢ ¤à â ï n � n, â. ¥. à¥è ¥âáï á¨áâ¥¬  n

ãà ¢¥¨© ®â®á¨â¥«ì® n ¥¨§¢¥áâëå ¨ ¢ á«ãç ¥ det(B) 6= 0
à¥è¥¨¥ ���� (7.37) áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬.
2) � âà¨æ  B ¨ ®¢®¥ ï¤à® B (t; s) ï¢«ïîâáï á¨¬¬¥âà¨çë¬¨

¨ ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬¨.
3) �¥è¥¨ï ãà ¢¥¨© (7.37) ¨ (7.46) ¥ãáâ®©ç¨¢ë.
Ǳà¨¬ ¥ à. � áá¬®âà¨¬ ¯à¨¬¥à 1 ¨§ ¯. 7.1 (á¬. (7.2)). � âà¨æ 

���� (7.2) à ¢  (á¬. (5.57))

A =

0@ 2 �3
�1 2

1 4

1A : (7.49)

�á¯®«ì§ãï ä®à¬ã«ë (7.42), (7.43),  ©¤¥¬

B =

�
6 �4

�4 29

�
; (7.50)

u =

�
4

78

�
; (7.51)

â. ¥. ¯à¨¤¥¬ ª ®¢®© ����

6y1 � 4y2 = 4;

�4y1 + 29y2 = 78:

�
(7.52)

�¥ à¥è¥¨¥: y1 = 2:71, y2 = 3:06. �â®¬ã á®®â¢¥âáâ¢ã¥â ¥¢ï§ª  (¬¨-
¨¬ «ì® ¢®§¬®¦ ï) kAy � fk = 0:3993 � 0:4 (á®£« á® (5.42)).
�®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë B = A�A à ¢ë (á¬. ¯à¨¬¥à 2
¢ ¯. 5.2): �1(A

�A) = 29:675, �2(A
�A) = 5:325, â. ¥. �1 ¨ �2 ¢¥-

é¥áâ¢¥ë ¨ ¥®âà¨æ â¥«ìë, çâ® ¯®¤â¢¥à¦¤ ¥â ¯®«®¦¨â¥«ìãî
®¯à¥¤¥«¥®áâì ¬ âà¨æë B = A�A.
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�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ ®á®¢ãî ¨¤¥î ��� � ãáá .
2. Ǳà®áâ ¢ìâ¥ à §¬¥à®áâ¨ ã ¬ âà¨æ ¨ ¢¥ªâ®à®¢ ¢ (7.34) ¨

 ©¤¨â¥  àãè¥¨¥ ¯à ¢¨« (5.45), (5.47) ã¬®¦¥¨ï ¢¥ªâ®à   
¬ âà¨æã. Ǳà®áâ ¢ìâ¥   «®£¨çë¥ à §¬¥à®áâ¨ ¢ (7.35) ¨ ¯®¤â¢¥à-
¤¨â¥, çâ®  àãè¥¨© ¯à ¢¨« ã¬®¦¥¨ï ¥â.
3. � ª  §ë¢ îâáï ¬ âà¨æë A�, AT ¨ B�1?
4. Ǳ®ç¥¬ã ��� ¥ à¥è ¥â ¯à®¡«¥¬ã ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï?
5. � ©¤¨â¥ á¨£ã«ïàë¥ ç¨á«  �1(A) ¨ �2(A) ¨ ç¨á«® ®¡ãá«®¢-

«¥®áâ¨ cond (A) ¬ âà¨æë A (7.49).

7.4. �¥â®¤ ¯á¥¢¤®®¡à â®© ¬ âà¨æë �ãà -Ǳ¥à®ã§ 

� ª ¨ ¯à¥¤ë¤ãé¨© ¬¥â®¤ (��� � ãáá ), ¨§«®¦¨¬ ¬¥â®¤ ¯á¥¢-
¤®®¡à â®© ¬ âà¨æë (�Ǳ��) �ãà -Ǳ¥à®ã§  á ç «    ¯à¨¬¥à¥
à¥è¥¨ï ����.

�¥¤®®¯à¥¤¥«¥ ï ����. � áá¬®âà¨¬ ����

Ay = f; (7.53)

£¤¥ A | m � n-¬ âà¨æ , y | ¨áª®¬ë© n-¢¥ªâ®à, f | § ¤  ï
¯à ¢ ï ç áâì | m-¢¥ªâ®à, ¯à¨ç¥¬ m < n. � ª ï ¥¤®®¯à¥¤¥«¥-
 ï ���� ¨¬¥¥â ¬®¦¥áâ¢® à¥è¥¨© �y, â. ¥.  àãè ¥âáï 2-© ¯ãªâ
ª®àà¥ªâ®áâ¨ ¯® �¤ ¬ àã. � ¯à¨¬¥à, ���� (7.3) ¨¬¥¥â ¬®¦¥-

áâ¢® à¥è¥¨©: 1) �y1 = f1; 2gT , 2) �y2 = f2; 8=3gT , 3) �y3 = f0; 4=3gT
¨ â. ¤. �«ï ¢á¥å ¨å ¢ë¯®«ï¥âáï à ¢¥áâ¢® (7.31).

�®à¬ «ì®¥ à¥è¥¨¥ ¨ ¯á¥¢¤®®¡à â ï ¬ âà¨æ . �¥¤®-
®¯à¥¤¥«¥ ï ���� ¬®¦¥â ¡ëâì à¥è¥  ¬¥â®¤®¬ ¯á¥¢¤®®¡à â®©
¬ âà¨æë (�Ǳ��) �ãà -Ǳ¥à®ã§  (1930 £.) [19, á. 508], [21], [26].
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �®à¬ «ì®¥ à¥è¥¨¥ | íâ® à¥è¥¨¥ á ¬¨¨-

¬ «ì®© ®à¬®© áà¥¤¨ ¬®¦¥áâ¢  à¥è¥¨©, â. ¥. ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î

k y k = min
y

(7.54)

¨«¨
k y k2 = min

y
: (7.55)

�®à¬ «ì®¥ à¥è¥¨¥ | íâ®  ¨¡®«¥¥ £« ¤ª®¥ ¨§ à¥è¥¨©.
�®£« á® �Ǳ��, áà¥¤¨ ¬®¦¥áâ¢  à¥è¥¨© ¥¤®®¯à¥¤¥«¥®©

���� ¢ë¡¨à ¥âáï ®à¬ «ì®¥ à¥è¥¨¥. �®ª §ë¢ ¥âáï [26], çâ®
®à¬ «ì®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ ¨  -
å®¤¨âáï ¯® ä®à¬ã«¥:

y = A+f; (7.56)

£¤¥ A+ | ¯á¥¢¤®®¡à â ï n�m-¬ âà¨æ  �ãà -Ǳ¥à®ã§ . � âà¨æ 
A+ ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬:

AA+A = A (7.57)
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¨«¨ (â¥®à¥â¨ç¥áª ï  á¨¬¯â®â¨ç¥áª ï ä®à¬ã« )

A+ = lim
�!0

(�E +A�A)�1A�: (7.58)

�¤ ª® á®®â®è¥¨ï (7.57) ¨ (7.58) ¥ã¤®¡ë ¤«ï ¯à ªâ¨ç¥áª®£®
 å®¦¤¥¨ï A+. Ǳà ªâ¨ç¥áª¨ ã¤®¡ë©  «£®à¨â¬ ®âëáª ¨ï A+

¯à¨¢¥¤¥ ¢ [26], [19, á. 508].

� á«ãç ¥ ª¢ ¤à â®© ¥¢ëà®¦¤¥®© ¬ âà¨æë A ¨¬¥¥¬: A+ =
= A�1 (áà. (5.37)),   ¢ á«ãç ¥ ¯¥à¥®¯à¥¤¥«¥®© ���� A+ =
= (A�A)�1A� (áà. (7.44)), â. ¥. § ¯¨áì (7.56) ï¢«ï¥âáï ®¡é¥©
¤«ï ¥ ¤®®¯à¥¤¥«¥®©, ®¯à¥¤¥«¥®© ¨ ¯¥à¥®¯à¥¤¥«¥®© ���� .
�à®¬¥ â®£®, à¥è¥¨¥ (7.56), ª®â®à®¥ ã¬¥áâ® § ¯¨á âì ¢ ¢¨¤¥
y+ = A+f , ¤ ¥â ã«¥¢ãî ¥¢ï§ªã kAy+�fk = 0, â. ¥. ®® ï¢«ï¥âáï
¯á¥¢ ¤®à¥è¥¨¥¬(áà. (7.32)) ¨ áà¥¤¨ ¢á¥å ¯á¥¢¤®à¥è¥¨© (ª®â®àëå
¢ á«ãç ¥ ¥¤®®¯à¥¤¥«¥®© ���� ¬®¦¥áâ¢®) ¨¬¥¥â, ª ª ®à¬ «ì-
®¥ à¥è¥¨¥, ¬¨¨¬ «ìãî ®à¬ã. �àã£¨¬¨ á«®¢ ¬¨, ®à¬ «ì®¥
à¥è¥¨¥ ï¢«ï¥âáï ¨ ¯á¥¢ ¤®à¥è¥¨¥¬.�¤ ª® § ¬¥â¨¬, çâ® ¯®«ì-
§®¢  âìáïä®à¬ã«®© (7.44) ¤«ï ®âëáª ¨ï «î¡®£® à¥è¥¨ï, ¢ â®¬
ç¨á«¥ ¨ ®à¬ «ì®£®, ¯à¨ m < n ¥«ì§ï, â ª ª ª ¢ íâ®¬ á«ãç ¥
¬ âà¨æ  A�A ï¢«ï¥âáï ¢ëà®¦¤¥®©.

Ǳà¨¬¥à. � ª  ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¥¤®®¯à¥¤¥«¥ãî
���� (7.3). �ë ã¦¥ ãª § «¨ (á¬. 7.1) ¥áª®«ìª® ¥¥ à¥è¥¨©:
1) y1 = 1, y2 = 2, ®à¬  à¥è¥¨ï (¢ á®®â¢¥âáâ¢¨¨ á (5.42)) à ¢-
  kyk =

p
12 + 22 = 2:24; 2) y1 = 2, y2 = 8=3, kyk = 3:34; 3)

y1 = 0, y2 = 4=3, kyk = 1:33. �®à¬ «ìë¬ ¦¥ à¥è¥¨¥¬ ï¢«ï¥âáï
á«¥ ¤ãîé¥¥: y1 = �1=2, y2 = 1, kyk = 1:12. � «¥¥

A = (2 � 3); A� =

�
2

�3
�
; A�A =

�
4 �6

�6 9

�
;

å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥���� 4� � �6
�6 9� �

���� = 0

¤ ¥â ª®à¨: �1(A
�A) = �(A�A)max = 13, �2(A

�A) = �(A�A)min = 0.
�«¥¤®¢ â¥«ì®, á¨£ã«ïàë¥ ç¨á«  à ¢ë

� (A)max =
p
13; � (A)min = 0;

ç¨á«® ®¡ãá«®¢«¥®áâ¨

cond (A) = � (A)max=� (A)min =1; det(A�A) = 0;

â. ¥. ¬ âà¨æ  A�A ï¢«ï¥âáï ¢ëà®¦¤¥®© ¨ ®¡à â ï ¬  âà¨æ 
(A�A)�1 ¥ áãé¥áâ¢ã¥â (¥¥ ®à¬  k(A�A)�1k = 1=� (A)min =1).
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�Ǳ�� ¯à¨¬¥¨â¥«ì® ª ¤àã£¨¬ ãà ¢¥¨ï¬. �á«¨ ¯®¤
§ ¯¨áìî (7.53) ¯®¤à §ã¬¥¢ âì ¨ë¥ ãà ¢¥¨ï, ¢ ç áâ®áâ¨, ¨-
â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  I à®¤  (7.8) ¨«¨ ®¯¥à â®à®¥
ãà ¢¥¨¥ (5.34), â® ¨§«®¦¥ë© ¬¥â®¤ â ª¦¥ ¯à¨¬¥�̈¬,   ¨¬¥®,
¢ ª ç¥áâ¢¥ à¥è¥¨ï ¨â¥£à «ì®£® ¨«¨ ®¯¥à â®à®£® ãà ¢¥¨ï
¢ë¡¨à ¥âáï ®à¬ «ì®¥ à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (7.54)
¨  å®¤¨¬®¥ ¯® ä®à¬ã«¥ (7.56), £¤¥ A+ | ¯á¥¢¤®®¡à âë© ®¯¥-
à â®à, ®¯à¥¤¥«ï¥¬ë© ¯®áà¥¤áâ¢®¬ (7.58).

�¡é¨© ¢ë¢®¤. Ǳ® ¬ â¥à¨ « ¬ ¤¢ãå ¯®á«¥¤¨å ¯ãªâ®¢ ¬®¦®
á¤¥« âì á«¥¤ãîé¨© ¢ë¢ ®¤: ¥á«¨ ¢ ª ç¥áâ¢¥ à¥è¥¨ï ¡à âì â ª
 §ë¢ ¥¬®¥ ®à¬ «ì®¥ ¯á¥¢¤®à¥è¥¨¥ (®à¬ «ì®¥ ¨«¨ ¯á¥¢¤®à¥-
è¥¨¥), â® ¡ã¤ãâ ¢ë¯®«¥ë ¤¢  ¯¥à¢ëå ¯ãªâ  ª®àà¥ªâ®áâ¨ ¯®
�¤ ¬ àã. �¤ ª® ��� ¨ �Ǳ�� ¥ à¥è îâ ¯à®¡«¥¬ã ¥ãáâ®©ç¨-
¢®áâ¨ à¥è¥¨ï, â. ¥. âà¥â¨© ¯ãªâ ª®àà¥ªâ®áâ¨ ¯® �¤ ¬ àã ¤«ï
®à¬ «ì®£® ¯á¥¢¤®à¥è¥¨ï, ¢®®¡é¥ £®¢®àï, ¥ ¢ë¯®«ï¥âáï.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. ���� (áà. (7.3))

2y1 � 3y2 = �4;
4y1 � 6y2 = �8

�
ï¢«ï¥âáï ®¯à¥¤¥«¥®© (à £ r = n = 2) ¨«¨ ¥¥ á«¥¤ã¥â ®â¥áâ¨
ª â¨¯ã ¥¤®®¯à¥¤¥«¥ëå ���� (r < n)?
2. � ç¥¬ § ª«îç ¥âáï ®á®¢ ï ¨¤¥ï ¬¥â®¤  ¯á¥¢¤®®¡à â®©

¬ âà¨æë (®¯¥à â®à )?
3. Ǳ®áâ ¢ìâ¥ à §¬¥à®áâì ¢¥ªâ®à®¢ ¨ ¬ âà¨æ ¢ (7.56){(7.58).
4. �áá«¥¤ã©â¥ ���� (¢â®à®¥ ãà ¢¥¨¥ ¨§ (7.2)):

�y1 + 2y2 = 3:

� ©¤¨â¥ àï¤ à¥è¥¨© ¨ ®à¬ë kyk ¤«ï ¨å. � ¯¨è¨â¥ A, A�,
A�A,  ©¤¨â¥ �(A�A)max, �(A

�A)min, � (A)max, � (A)min, cond (A),
det(A�A), k(A�A)�1k.
5. Ǳ®ç¥¬ã �Ǳ�� ¥ à¥è ¥â ¯à®¡«¥¬ã ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï?
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� ¤ ®© £« ¢¥ ¨§«®¦¥ë ãáâ®©ç¨¢ë¥ ¬¥â®¤ë à¥£ã«ïà¨§ æ¨¨
�¨å®®¢ , ä¨«ìâà æ¨¨ � «¬   ¨ �¨¥à , á¯« ©- ¯¯à®ªá¨¬ æ¨¨
¨ â. ¤. à¥è¥¨ï â¥å ãà ¢¥¨© (¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì-
¬  I à® ¤  ¨ ¤à.), § ¤ ç  à¥è¥¨ï ª®â®àëå ¥ª®àà¥ªâ .

8.1. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ 

�¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  (1963 £.) [4, 15, 19, 23, 36, 45, 48,
67, 71] ï¢«ï¥âáï ¤ «ì¥©è¨¬ à §¢¨â¨¥¬ ¬¥â®¤   ¨¬¥ìè¨å ª¢ -
¤à â®¢ (���) �  ãáá (¤ îé¥£® ¯á¥¢¤®à¥è¥¨¥) ¨ ¬¥â®¤  ¯á¥¢¤®-
®¡à â®© ¬ âà¨æë (�Ǳ��) �ãà -Ǳ¥à®ã§  (¤ îé¥£® ®à¬ «ì®¥
à¥è¥¨¥).

�ãé¥áâ¢® ¬¥â®¤ . � ç «  à áá¬®âà¨¬ ¬¥â®¤ ¯à¨¬¥¨â¥«ì®
ª ®¯¥à â®à®¬ã ãà ¢¥¨î:

Ay = f; y 2 L2; f 2 L2; (8.1)

£¤¥ A | «¨¥©ë© ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à, f | § ¤  ï
¯à ¢ ï ç áâì,   y | ¨áª®¬®¥ à¥è¥¨¥, ¯à¨ç¥¬ ¢¬¥áâ® â®çëå f
¨ A ¨§¢¥áâë ¨å ¯à¨¡«¨¦¥¨ï ef ¨ eA â ª¨¥, çâ® ef � f


L2
6 Æ; (8.2) eA�A

 6 �; (8.3)

£¤¥ Æ > 0 ¨ � > 0 | ¯®£à¥è®áâ¨ ¯à ¢®© ç áâ¨ ¨ ®¯¥à â®à 
(â®ç¥¥, ¨å ¢¥à å¨¥ ®æ¥ª¨, ¯®íâ®¬ã ¢ (8.2) ¨ (8.3) áâ®ïâ § ª¨
6 ,   ¥ § ª¨ =), â. ¥. à¥è ¥âáï ãà ¢¥¨¥eAey = ef; ey 2 L2; ef 2 L2: (8.4)

�¤ ª® ¤«ï ã¯à®é¥¨ï § ¯¨á¨ ¬ë ¤ «¥¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì § -
¯¨áì (8.1), ¯®¤à §ã¬¥¢ ï, çâ® ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ à áá¬ âà¨¢ ¥âáï
ãà ¢¥¨¥ (8.4).
� ¬¥â®¤¥ à¥£ã «ïà¨§ æ¨¨ �¨å®®¢  áâ ¢ïâáï ¤ ¢   ã á« ® ¢¨ ï:

ãá«®¢¨¥ ¬¨¨¬¨§ æ¨¨ ¥¢ï§ª¨ â¨¯  (7.33), ª ª ¢ ��� �  ãáá ,¨
ãá«®¢¨¥ ¬¨¨¬¨§ æ¨¨ ®à¬ë à¥è¥¨ï â¨¯  (7.55), ª ª ¢ �Ǳ��
�ãà -Ǳ¥à®ã§ . �â® | § ¤ ç  ãá«®¢®© ¬¨¨¬¨§ æ¨¨ ¨ ®  à¥è -
¥âáï ¬¥â®¤®¬ ¥®¯à¥¤¥«¥ëå ¬®¦¨â¥«¥© � £à ¦ ,   ¨¬¥®,Ay � f

2
L2
+ �

 y 2
L2

= min
y
; (8.5)
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£¤¥ � > 0 | ¯ à ¬¥âà à¥£ã «ïà¨§ æ¨¨,¨£à îé¨© à®«ì ¥®¯à¥¤¥-
«¥®£® ¬®¦¨â¥«ï � £à ¦ . �§ ãá«®¢¨ï (8.5) ¢ëâ¥ª ¥â ãà ¢-
¥¨¥ �¨å®®¢  (áà. (7.36)):

(�E +A�A) y� = A�f; (8.6)

£¤¥ E | ¥¤¨¨çë© ®¯¥à â®à (Ey = y). �â ª, ¢¬¥áâ® ãà ¢¥¨ï
I à® ¤  ¯®«ãç¥® ãà ¢¥¨¥ II à®¤  (8.6).

� «¨§ ¬¥â®¤ . Ǳà®  «¨§¨àã¥¬ ãá«®¢¨¥ (8.5) ¨ ãà ¢¥-
¨¥ (8.6).
�á«¨ � = 0, â® ¬¥â®¤ à¥£ã «ïà¨§ æ¨¨ �¨å®®¢  ¯¥à¥å®¤¨â

¢ ��� �  ãáá  á ªà ©¥ ¥©áâ®©ç¨¢ë¬ à¥è¥¨¥¬, ® ¬¨¨¬ «ì-
®© ¥¢ï§ª®© kAy�fk2. � ã¢¥«¨ç¥¨¥¬ ¦¥ � à¥è¥¨¥ áâ ®¢¨âáï
£« ¦¥ ¨ ãáâ®©ç¨¢¥©, â. ¥. ã¬¥ìè ¥âáï ®à¬  à¥è¥¨ï ky�k2 , ®
ã¢¥«¨ç¨¢ ¥âáï ¥¢ï§ª . �áâ¨  | ¯®á¥à¥¤¨¥, â. ¥. ¯à¨ ¥ª®â®à®¬
ã¬¥à¥®¬ � à¥è¥¨¥ y� ¡ã¤¥¬ ¨¬¥âì ¨ ã¬¥à¥ãî £« ¤ª®áâì,
¨ ã¬¥à¥ãî ¥¢ï§ªã. �¥ª®â®àë¥ á¯®á®¡ë ¢ë¡®à  � ¨§«®¦¥ë
¨¦¥.
�á«¨ Æ; � ! 0, â® �! 0 ¨

y� = lim
�!0

(�E +A�A)�1A�f � A+f (8.7)

(á¬. (7.58)), â. ¥. à¥è¥¨¥ y� ¯¥à¥å® ¤¨â ¢ ®à¬ «ì®¥ ¯á¥¢ ¤®à¥-
è¥¨¥. �  ª¨¬ ®¡à §®¬, ¬¥â®¤ à¥£ã «ïà¨§ æ¨¨�¨å®®¢  ï¢«ï¥âáï
®¡®¡é¥¨¥¬ ¬¥â®¤   ¨¬¥ìè¨å ª¢ ¤à â®¢ �  ãáá  ¨ ¬¥â®¤  ¯á¥¢-
¤®®¡à â®£® ®¯¥à â®à  �ãà -Ǳ¥à®ã§ .
�¥â®¤ à¥£ã «ïà¨§ æ¨¨ �¨å®®¢  ãáâ®©ç¨¢, â. ¥. ¢ë¯®«ï¥âáï

3-© ¯ãªâ ª®àà¥ªâ®áâ¨ ¯® � ¤ ¬ àã ¨ íâ  ãáâ®©ç¨¢®áâì ®¡ãá«®-
¢«¥  á«¥¤ãîé¨¬¨ ®¡áâ®ïâ¥«ìáâ¢ ¬¨. �¯¥à â®à A�A ¢ (8.6) ï¢«ï-
¥âáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬, ¯®íâ®¬ã ¢á¥ ¥£® á®¡áâ¢¥ë¥
§ ç¥¨ï ¢¥é¥áâ¢¥ë ¨ ¥®âà¨æ â¥«ìë: �i(A

�A) > 0, ¯à¨ç¥¬
�(A�A)min = 0. � «¨ç¨¥ ¦¥ á« £ ¥¬®£® �E ¢ (8.6) ã¢¥«¨ç¨¢ -
¥â ¢á¥ �i(A

�A)   �, ¯®íâ®¬ã �E + �(A�A)min = �. �á«¥¤áâ¢¨¥
íâ®£®, ®¯¥à â®à �E + A�A áâ  ®¢¨âáï ®¡à â¨¬ë¬, ®à¬  ®¡à â-
®£® ®¯¥à â®à  k(�E + A�A)�1k = 1=� 6= 1 ¨ § ¤ ç  áâ ®¢¨âáï
ãáâ®©ç¨¢®©.
� ¥è¥¨¥ ãà ¢¥¨ï (8.6) ¥áâì

y� = (�E +A�A)�1A�f: (8.8)

� ¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  à áá¬ âà¨¢ ¥âáï â ª¦¥ ¡®«¥¥
®¡é¨© ¯®¤å®¤, ª®£¤  [19, á. 238]

kAy � f k2 + � k y �  k2 = min
y
; (8.9)

£¤¥  |  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ (¬ â®¦¨¤ ¨¥, ¯à®£®§) à¥è¥-
¨ï y. � íâ®¬ á«ãç ¥ à¥è¥¨¥ à ¢®

y� =  + (�E +A�A)�1A�(f �A ): (8.10)
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�¤ ª® á®®â®è¥¨ï (8.9), (8.10) ¨á¯®«ì§ãîâáï à¥¤ª® ¨§-§  ¥-
®¯à¥¤¥«¥®áâ¨  . �ë ¨å ¯à¨¢®¤¨¬ «¨èì ¤«ï á®¯®áâ ¢«¥¨ï ¬¥-
â® ¤  à¥£ã «ïà¨§ æ¨¨�¨å®®¢  ¨ ¬¥â®¤  ®¯â¨¬ «ì®© ä¨«ìâà æ¨¨
� «¬   (á¬. ¯. 8.2).

� ¥£ã«ïà¨§®¢ ®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥. Ǳà¨¬¥¨â¥«ì-
® ª ¨â¥£à «ì®¬ã ãà ¢¥¨î �à¥¤£®«ì¬  I à® ¤ 

Ay �
bZ
a

K (x; s) y (s) ds = f (x); c 6 x 6 d; (8.11)

á®®â®è¥¨¥ (8.6) ¯à¨®¡à¥â ¥â ¢¨¤ ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤-
£®«ì¬  II à® ¤  á ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬ ï¤à®¬ (áà. (7.46){
(7.48)) [19, á. 241]:

�y�(t) +

bZ
a

R (t; s) y�(s) ds = F (t); a 6 t 6 b; (8.12)

£¤¥

R (t; s) = R (s; t) =

dZ
c

K (x; t)K (x; s) dx; (8.13)

F (t) =

dZ
c

K (x; t) f (x) dx: (8.14)

�¯®á®¡ë ¢ë¡®à  ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ �. � §à ¡®â 
àï¤ á¯®á®¡®¢ ¢ë¡®à  � ¢ ¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  [19,
48, 67]. Ǳà¨¢¥¤¥¬ âà¨ ¨§ ¨å.
1-© á ¯ ® á ® ¡ | á¯®á®¡ ¥¢ï§ª¨, á®£« á® ª®â®à®¬ã � ¢ë¡¨à -

¥âáï ¨§ ãá«®¢¨ï [19, á. 244], [23, á. 156], [36, á. 75{77], [67, c. 71{ 80]
¯à¨ � = 0:

kAy� � f kL2 = Æ: (8.15)

�á«¨ kfkL2 > Æ, â® à¥è¥¨¥ ãà ¢¥¨ï (8.15) ®â®á¨â¥«ì® �
áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬. Ǳà¨ � 6= 0 á¯®á®¡ ¥¢ï§ª¨
¯¥à¥å®¤¨â ¢ ®¡®¡é¥ë© ¯à¨æ¨¯ ¥¢ï§ª¨ [19, á. 242], [36, á. 83],
[48, á. 63], [71, á. 13].
2-© á ¯ ® á ® ¡ | á¯®á®¡ ¯®¤¡®à  [62, 63, 104]. �®£« á® ¥¬ã,

 å®¤ïâáï à¥è¥¨ï y� ¤«ï àï¤  óà §ã¬ëåô § ç¥¨© � ¨ ®ª®-
ç â¥«ìë© ¢ë¡®à � ¤¥« ¥âáï   ®á®¢¥ ¤®¯®«¨â¥«ì®© ¨ä®à¬ -
æ¨¨ ® à¥è¥¨¨, ¢ ®á®¢®¬, ¢¨§ã «ì®. �¯®á®¡ ¢¥áì¬   ¯®¬¨ ¥â
¢ë¡®à ª®âà áâ  â¥«¥¨§®¡à ¦¥¨ï. �¥©áâ¢¨â¥«ì®, ã¬¥ìè¥¨¥ �
á®®â¢¥âáâ¢ã¥â ¯®¢ëè¥¨î ¥ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï y�, â. ¥. ã¢¥«¨-
ç¥¨î ª®âà áâ  ¨§®¡à ¦¥¨ï, ¥á«¨ ¯®¤ ¨§®¡à ¦¥¨¥¬ ¯®¤à §ã-
¬¥¢ âì y�, ¨  ®¡®à®â, ã¢¥«¨ç¥¨¥ � á®®â¢¥âáâ¢ã¥â ã¬¥ìè¥¨î
ª®âà áâ  (á¬. à¨á. 2.3, 2.7). �¥á¬®âàï   ¯à®áâ®âã á¯®á®¡ , ®
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¬®¦¥â ¡ëâì ¢¥áì¬  íää¥ªâ¨¢¥ ¢ á«ãç ¥, ª®£¤  ¨¬¥¥âáï ¥¬ « ï
¨ä®à¬ æ¨ï ® à¥è¥¨¨ (áâ¥¯¥ì £« ¤ª®áâ¨, ç¨á«® íªáâà¥¬ã¬®¢
¨ â. ¤.),   â ª¦¥ ¢ë¯®«¥  ®¡à ¡®âª  ¯à¥¤è¥áâ¢ãîé¨å ó¡«¨§ª¨åô
¯à¨¬¥à®¢, ¯®§¢®«ïîé ï ¢ë¤¥«¨âì ®¡« áâì ¢®§¬®¦ëå § ç¥¨© �
(á¬. ¤®¯®«¨â¥«ì® ¯. 2.1, 2.2).
3-© á ¯ ® á ® ¡ |  á¨¬¯â®â¨ç¥áª¨© á¯®á®¡, ®á®¢ ë©   á«¥-

¤ãîé¥© § ¢¨á¨¬®áâ¨ ¯à¨ � = 0 ¨ Æ ! 0 [19, á. 240, 245], [36, á. 134]:

� = CÆ2; (8.16)

£¤¥ C > 0 | ¥ª®â®à ï ª®áâ â . �â®â á¯®á®¡ ¬®¦® ¨á¯®«ì§®-
¢ âì ¯à¨ ¬ «ëå § ç¥¨ïå Æ.
� §à ¡®â ë â ª¦¥ ¤àã£¨¥ á¯®á®¡ë ¢ë¡®à  �: á¯®á®¡ ª¢ §¨®¯â¨-

¬ «ì®£® (ª¢ §¨ ¨«ãçè¥£®) �, á¯®á®¡ ®â®è¥¨ï, á¯®á®¡ ¥§ ¢¨-
á¨¬ëå à¥ «¨§ æ¨©, á¯®á®¡ ¯¥à¥ªà¥áâ®© § ç¨¬®áâ¨, á¯®á®¡ ¬®¤¥-
«¨à®¢ ¨ï ¨ â. ¤. [17, á. 135{137], [19, á. 245{249], [23, á. 156{165].

�¨á«¥ë©  «£®à¨â¬. � áá¬®âà¨¬ ¢®¯à®á ® ç¨á«¥®¬ à¥-
è¥¨¨ ¨â¥£à «ì®£® ãà ¢¥¨ï (8.12). �áâ ®¢¨¬áï   ®¤®¬ ¨§
 ¨¡®«¥¥ íää¥ªâ¨¢ëå  «£®à¨â¬®¢ | ¬¥â®¤¥ ª¢ ¤à âãà.
Ǳãáâì ¯à ¢ ï ç áâì f (x) § ¤   â ¡«¨ç®   á«¥¤ãîé¥©, ¢®-

®¡é¥ £®¢®àï, ¥à ¢®¬¥à®© x-á¥âª¥ ã§«®¢:

c = x1 < x2 < x3 < : : : < xl = d; (8.17)

  à¥è¥¨¥ y�(s) ¨é¥âáï   ¤àã£®© ¥à ¢®¬¥à®© s-á¥âª¥ ã§«®¢,
á®¢¯ ¤ îé¥© á t-á¥âª®© ã§«®¢:

a = s1 = t1 < s2 = t2 < s3 = t3 < : : : < sn = tn = b; (8.18)

¯à¨ç¥¬ l 7 n. � á¯¨è¥¬ ¨â¥£à « ¢ (8.12) ¯® ¥ª®â®à®© ª¢ ¤à -
âãà®© ä®à¬ã«¥, «ãçè¥ ¢á¥£® ¯® ä®à¬ã«¥ âà ¯¥æ¨©. Ǳ®«ãç¨¬:

�yk +

nX
j=1

rjRkjyj = Fk; k = 1; n; (8.19)

£¤¥ yk = y�(tk), yj = y�(sj), Rkj = R (tk; sj), Fk = F (tk). � -
«®£¨ç® ¨â¥£à «ë ¢ (8.13) ¨ (8.14)  ¯¯à®ªá¨¬¨àã¥¬ ª®¥çë¬¨
áã¬¬ ¬¨ ¯® ª¢ ¤à âãà®© ä®à¬ã«¥. Ǳ®«ãç¨¬:

Rkj = Rjk =

lX
i=1

piKikKij ; k; j = 1; n; (8.20)

Fk =

lX
i=1

piKikfi; k = 1; n; (8.21)

£¤¥ Kik = K (xi; tk), Kij = K (xi; sj), fi = f (xi),   rj ¨ pi |
ª®íää¨æ¨¥âë ª¢ ¤à âãàëå ä®à¬ã«.
� ¯¨áì (8.19) ¥áâì ���� ®â®á¨â¥«ì® yj , j = 1; n. Ǳ®¤à®¡®-

áâ¨ | ¢ [19, á. 249{251].
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Ǳà®£à ¬¬ë. � [19, á. 371{379] ¯à¨¢¥¤¥ë ¯à®£à ¬¬ë TIKH1,
TIKH2, TIKH3, TIKH4, TIKH5,   ¢ [71, á. 104{117, 157{174] |
¯à®£à ¬¬ë PTIMR, PTIZR   �®àâà ¥, à¥ «¨§ãîé¨¥ ¬¥â®¤ à¥-
£ã«ïà¨§ æ¨¨ �¨å®®¢  á®£« á® ä®à¬ã« â¨¯  (8.17){(8.21) á à §-
«¨çë¬¨ á¯®á®¡ ¬¨ ¢ë¡®à  ¯ à ¬¥âà  à¥£ã «ïà¨§ æ¨¨�.

�¨á«¥ë¥ ¯à¨¬¥àë. Ǳà¨¢¥¤¥¬ ¥áª®«ìª® ¯à¨¬¥à®¢ à¥è¥¨ï
¨â¥£à «ì®£® ãà ¢¥¨ï (8.11) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ .
Ǳà¨¬ ¥ à 1. �â® | ¯à¨¬¥à 4.2 ¨§ [19, á. 280]. � ¤ ®¬ ¯à¨¬¥à¥

â®ç®¥ à¥è¥¨¥ à ¢®

y (s) =

(�
1�

�
s

0:85

�2�2
+ 0:5 sin4

�
�s

0:85

�
cos
�
6:5�s

0:85

�)�
1� s

4

�
; (8.22)

ï¤à®

K (x; s) =

r
Q

�

e�Q (x�s)2=(1+x2); (8.23)

a = c = �0:85, b = d = 0:85, è £¨ ¤¨áªà¥â¨§ æ¨¨ �x = const = 0:05
(l = 35), �s = �t = const = 0:025 (n = 69), Q = 59:9. � ¯à¨¬¥-
à¥ § ç¥¨ï fi; i = 1; l, ¢ëç¨á«ï«¨áì ç¨á«¥® ¯® ª¢ ¤à âãà®©
ä®à¬ã«¥ â¨¯  (7.9):

fi =

NX
j=1

pjK (xi; sj) y (sj)

á è £®¬, §  ç¨â¥«ì®¬¥ìè¨¬, ç¥¬ �s = 0:025, â. ¥. N � n. � -
â¥¬ á ¯®¬®éìî ¤  âç¨ª á«ãç ©ëå ç¨á¥« RNDAN ª §  ç¥¨ï¬fi
¤®¡ ¢«ï«¨áì ¯®£à¥è®áâ¨ Æfi, à á¯à¥¤¥«¥ë¥ ¯® ®à¬ «ì®¬ã § -
ª®ã á ã«¥¢ë¬ ¬  â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ¨¥¬ ¨ áà¥¤¥ª¢ ¤à â¨ç¥-
áª¨¬ ®âª«®¥¨¥¬ Æ = 0:5�10�2 ¨ Æ = 0:5�10�3 (íâ®¬ã á®®â¢¥âáâ¢ã¥â
Æ®â � 1% ¨ Æ®â � 0:1%). �à®¬¥ â®£®, ¢¬¥áâ® â®ç®£® Q = 59:9

¯®« £ «®áì eQ = 60 (íâ®¬ã á®®â¢¥âáâ¢ã¥â �®â � 1%) ¨ eQ = 59:91
(íâ®¬ã á®®â¢¥âáâ¢ã¥â �®â � 0:1%). �  à¨á. 8.1 ¯à¥ ¤áâ ¢«¥ë â®ç-
®¥ à¥è¥¨¥ y (s) ¨ â®ç ï ¯à ¢ ï ç áâì f (x).
�á®¡¥®áâ¨ ¯à¨¬¥à : ¨áª®¬ ï äãªæ¨ï y (s) ¨¬¥¥â § ç¨â¥«ì-

ë¥ ä«ãªâã æ¨¨, ® ï¤à® K (x; s) ¥ã§ª®¥  áâ®«ìª®, çâ® ä«ãªâã-
 æ¨¨ ¢ f (x) ®âáãâáâ¢ãîâ. � ë© ¯à¨¬¥à å à ªâ¥à¥ ¤«ï § ¤ ç¨
¢®ááâ ®¢«¥¨ï á¨£ «    ¢å®¤¥ ¨§¬¥à¨â¥«ì®£® ãáâà®©áâ¢  |
 â¥ë, á¯¥ªâà®¬¥âà , á¨áâ¥¬ë ã¯à ¢«¥¨ï ¨ â. ¤. ¨ § ¤ ç  á®-
áâ®¨â ¢ ¢®ááâ ®¢«¥¨¨ ¬¨ªà®áâàãªâãàë ¢å® ¤®£® á¨£ «  y (s)
¯® ¨§¬¥à¥®¬ã (á ¯®£à¥è®áâï¬¨) ¢ëå®¤®¬ã á¨£ «ã f (x) ¨
 ¯¯ à â®© äãªæ¨¨ K (x; s).
Ǳà¨¬¥à à¥è «áï ¯® ¯à®£à ¬¬ ¬ TIKH1 ¨ TIKH2. �  à¨á. 8.2

¯à¨¢¥¤¥  ®â®á¨â¥«ì ï ¯®£à¥è®áâì ky��ykL2=kykL2 ç¨á«¥®£®
à¥è¥¨ï ¢ äãªæ¨¨ � (¯® ¯à®£à ¬¬¥ TIKH2) ¯à¨ Æ®â � �®â � 1%
(ªà¨¢ ï 1 ) ¨ Æ®â � �®â � 0:1% (ªà¨¢ ï 2 ).
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�¨á. 8.1

�¨á. 8.2

� áá¬®âà¨¬ á«ãç © Æ®â � �®â � 1%. �¨¤¨¬, çâ®

ky� � ykL2=kykL2 = 0:105 = min

¯p¨ � = �opt = 10�3:6. Ǳ® ¯p®£p ¬¬¥ ¦¥ TIKH1, ¨á¯®«ì-
§ãîé¥© ¯p¨æ¨¯ ®¡®¡é¥®© ¥¢ï§ª¨ ¢ë¡®p  �, ¯®«ãç ¥âáï
� = �d = 10�1:9 ¨ ky�d � ykL2=kykL2 = 0:204. �  à¨á. 8.3 ¯p¥¤-
áâ ¢«¥ë à¥è¥¨ï y�opt(s) (�) ¨ y�d(s) (+) ¯à¨ Æ®â � �®â � 1%.
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�¨á. 8.3

�¨á. 8.2 (ªà¨¢ ï 1) ¨ 8.3 ¯®ª §ë¢ îâ á«¥¤ãîé¥¥. �®-¯¥à¢ëå, ¯à¨
¬ «ëå � (. 10�6) p¥è¥¨¥ y�(s) ¥ãáâ®©ç¨¢® (®p¬  ky��yk=kyk
¢¥«¨ª ) ¨ íâ® ®¡ãá«®¢«¥® ¥ª®pp¥ªâ®áâìî § ¤ ç¨,   ¯p¨ ¡®«ì-
è¨å � p¥è¥¨¥ y�(s) á«¨èª®¬ § £« ¦¥® (®p¬  ky��yk=kyk � 1).
H® ¥áâì ®¡« áâì ã¬¥p¥ëå § ç¥¨© � (¢ ¤ ®¬ ¯p¨¬¥p¥
®â � 10�4:5 ¤® � 10�1), ¯p¨ ª®â®pëå p¥è¥¨¥ y�(s) ¡«¨§ª�® ª
y (s). �®-¢â®pëå, ¯p¨æ¨¯ ®¡®¡é¥®© ¥¢ï§ª¨ ¤ ¥â § ¢ëè¥®¥
§ ç¥¨¥ � ¨, ª ª á«¥¤áâ¢¨¥, § £« ¦¥®¥ p¥è¥¨¥. �-âp¥âì¨å,
¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¯®§¢®«¨« (¯p¨ � = �opt) ¢®ááâ -
®¢¨âì ¢á¥ ä«ãªâã æ¨¨ ¢ p¥è¥¨¨ y (s) (å®âï ¨ á ¥ª®â®pë¬¨
á¬¥é¥¨ï¬¨), ¯p¨ç¥¬ ¡¥§ «®¦ëå ä«ãªâã æ¨©. �â® p ¢®á¨«ì®
â®¬ã, çâ® ¨§¬¥à¨â¥«ì®¥ ãáâà®©áâ¢®, á®¯àï¦¥®¥ á ¢ëç¨á«¨â¥«ì-
ë¬ ãáâà®©áâ¢®¬ (á § «®¦¥®© ¢ ¥£® ¯à®£à ¬¬®©, à¥ «¨§ãîé¥©
¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ), ¯à¨¢®¤¨â ª ®¢®¬ã ¨§¬¥à¨â¥«ì-
®¬ã ãáâà®©áâ¢ã á ¡®«¥¥ ¢ëá®ª®© à §à¥è îé¥© á¯®á®¡®áâìî.
Ǳà¨¬ ¥ à 2. �â® | ¯à¨¬¥à 1 ¨§ [59, ç. III] (á¬. â ª¦¥ ¯à¨-

¬¥à 2 ¨§ § ¤ ç¨ à¥¤ãªæ¨¨ ¯à®âï¦¥ëå á¨£ «®¢, ¯. 3.2, à¨á. 3.15).
� ¤ ®¬ ¯à¨¬¥à¥ à áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥ (8.11), ¯à¨ç¥¬ â®ç-
®¥ à¥è¥¨¥ à ¢®

y (s) = 6:5e�(
s+0:66
0:085 )

2

+ 9e�(
s+0:41
0:075 )

2

+

+ 12e�(
s�0:14
0:084 )

2

+ 14e�(
s�0:41
0:095 )

2

+ 9e�(
s�0:67
0:065 )

2

; (8.24)

a = �0:85, b = 0:85, c = �1, d = 1, ï¤à® K (x; s) ¨¬¥-
¥â ¢¨¤ (8.23), £¤¥ â®ç®¥ Q = 59:924. � £¨ ¤¨áªà¥â¨§ æ¨¨
�x = �s = const = 0:0125, ç¨á«® ã§«®¢ n = 137, m = 161.
�  à¨á. 8.4 ¯à¥¤áâ ¢«¥ë â®ç®¥ à¥è¥¨¥ y (s) ¨ ¯à ¢ ï ç áâì f(x).
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�¨á. 8.4

� § ç¥¨ï¬ f(x) ¤®¡ ¢«ï«¨áì ¯®£à¥è®áâ¨ Æf(x) 2 N (0; 0:0513),

  â®ç®¥ §  ç¥¨¥ Q § ¬¥ï«®áì   ¯à¨¡«¨¦¥®¥ eQ = 60, â. ¥.
Æ®â � �®â � 10�2 (¯®£à¥è®áâ¨ ¯à ¢®© ç áâ¨ ¨ ®¯¥à â®à  � 1%).
� ç¥¨¥ ¯ à ¬¥âà  à¥£ã «ïà¨§ æ¨¨ � ¢ë¡à ® á¯®á®¡®¬ ¬®¤¥-
«¨à®¢ ¨ï (¯ãâ¥¬ à¥è¥¨ï àï¤  ¡«¨§ª¨å ¯à¨¬¥à®¢) [59, ç. III]
á ¯®¬®éìî ¯à®£à ¬¬ë TIKH2 [19, á. 252, 374{376] (� = 10�3:5).

�  à¨á. 8.4 ¯à¨¢¥¤¥® à¥è¥¨¥ y�(s) ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨-
å®®¢  ¯® ¯à®£à ¬¬¥ TIKH3 (à¥è¥¨¥ á ¢ë¡à ë¬ �) [19, á. 253,
376{377].

�àã£¨¥ å à ªâ¥àë¥ ¯à¨¬¥àë á¬. ¢ [71, á. 34, 35, 113, 117].

�¥â®¤ à¥£ã«ïp¨§ æ¨¨ ¤«ï ãà ¢¥¨ï â¨¯  á¢¥pâª¨. � á-
á¬®âà¨¬ ç áâë© á«ãç © ¨â¥£p «ì®£® ãp ¢¥¨ï �p¥¤£®«ì¬ 
I à®¤  | ãà ¢¥¨¥ â¨¯  á¢¥pâª¨ ®¤®¬¥à®¥ (á¬. (5.3), (7.15),
(1.16), (2.15), (4.19), (4.24), (4.25)) ¨ ¤¢ãå¬¥à®¥ (á¬. (5.5), (7.25),
(1.8), (1.22), (2.30), (2.51), (4.21)). �á«¨ ãà ¢¥¨¥ ®¡é¥£® ¢¨-
¤  (8.11) ¯à¨ ¥£® ç¨á«¥®¬ à¥è¥¨¨ ¬¥â®¤®¬ ª¢ ¤à âãà âà¥¡ã¥â
à §¬¥é¥¨ï ¢ ª®¬¯ìîâ¥à®© ¯ ¬ïâ¨ ¬  âà¨æë���� (á¬. (8.19))
¨ íâ® ®£à ¨ç¨¢ ¥â ¢®§¬®¦®áâ¨ ¬¥â®¤ , â® ¤«ï à¥è¥¨ï ®¤®-
¬¥à®£® ãà ¢¥¨ï â¨¯  á¢¥àâª¨ ¢®§¬®¦® ¯à¨¬¥¥¨¥ ¬¥â®¤ 
¯à¥®¡p §®¢ ¨ï �ãàì¥, ®¯¥à¨àãîé¥£® «¨èì á ¢¥ªâ®à ¬¨, çâ® áã-
é¥áâ¢¥® à áè¨àï¥â ¢®§¬®¦®áâ¨ ¬¥â®¤  ¢ ®â®è¥¨¥ ¯ ¬ïâ¨ ¨
¢à¥¬¥¨ à¥è¥¨ï. �ª § ®¥ ¢ ¥é¥ ¡®«ìè¥© áâ¥¯¥¨ å à ªâ¥à®
¤«ï ¤¢ãå¬¥à®£® ãà ¢¥¨ï.
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�  áá¬®âà¨¬ ®¤®¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬ 
I à®¤  â¨¯  á¢¥àâª¨:

Ay �
1Z

�1

K (x� s) y (s) ds = f (x); �1 < x <1: (8.25)

Ǳà¨¬¥¨â¥«ì® ª ¥¬ã ¢ ¬¥â®¤¥ à¥£ã«ïp¨§ æ¨¨ �¨å®®¢  à¥è¥¨¥
 å®¤¨âáï ¨§ ãá«®¢¨ï ¬¨¨¬ã¬  á£« ¦¨¢ îé¥£® äãªæ¨® « 
(áà. (8.5)):

1Z
�1

[Ay � f (x)]2dx+ �

1Z
�1

M (!) jY (!) j2 = min
y
; (8.26)

£¤¥
M (!) = j! j2q (8.27)

| à¥£ã«ïà¨§ â®à q-£® ¯®àï¤ª , ¯à¨ç¥¬ q > 0 | § ¤ ¢ ¥¬ë© ¯®-
àï¤®ª à¥£ã«ïà¨§ æ¨¨,  ¯à¨¬¥p, q = 1.
�§ ãá«®¢¨ï (8.26) ¯®«ãç ¥âáï á«¥ ¤ãîé¥¥¢ëà ¦¥¨¥ ¤«ï à¥£ã-

«ïà¨§®¢ ®£® à¥è¥¨ï (áà. (7.22)):

y�(s) =
1

2�

1Z
�1

� (�!)F (!)

L (!) + �M (!)
e�i !s d!; (8.28)

£¤¥

L (!) = j� (!) j2 = � (!)� (�!) = Re2� (!) + Im2� (!) (8.29)

(á¬. â ª¦¥ (7.18), (7.19)), ¨«¨ (áà. (7.23))

y�(s) =

1Z
�1

R�(s� x) f (x) dx; (8.30)

£¤¥ (áp. (7.24))

R�(s) =
1

2�

1Z
�1

� (�!)
L (!) + �M (!)

e�i !s d!: (8.31)

�à ¢¨¬ ª« áá¨ç¥áª®¥ à¥è¥¨¥ (7.22) ¨ à¥£ã«ïà¨§®¢ ®¥ à¥-
è¥¨¥ (8.28). � (8.28) §  áç¥â á« £ ¥¬®£® �M (!) ®̄ ¤ëâ¥£à «ì ï
äãªæ¨ï áâà¥¬¨âáï ª ã «î ¯à¨ j!j ! 1, â. ¥. á« £ ¥¬®¥ �M (!)
¯®¤ ¢«ï¥â à¥ ªæ¨î ¢ëá®ª¨å £ à¬®¨ª   ¯®£à¥è®áâì ¨áå®¤ëå
¤ ëå, ¯à¨ç¥¬ ¯®¤ ¢«¥¨¥ â¥¬ á¨«ì¥¥, ç¥¬ ¡®«ìè¥ §  ç¥¨ï
� ¨ q. Ǳà¨ íâ®¬ ç¥¬ ¡®«ìè¥ q, â¥¬ á¨«ì¥¥ ¯®¤ ¢«ïîâáï ¢ëá®-
ª¨¥ £ à¬®¨ª¨ ¢ à¥è¥¨¨ ¯® áà ¢¥¨î á ¨§ª¨¬¨, ¯ à ¬¥âà ¦¥
� ®¯à¥¤¥«ï¥â £«®¡ «ì®¥ ¯® ¤ ¢«¥¨¥: á ¥£® ã¢¥«¨ç¥¨¥¬ á¨«ì¥¥
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¯®¤ ¢«ïîâáï ¢á¥ £ à¬®¨ª¨. Ǳ®íâ®¬ã ¢ ®â®è¥¨¥ q á«¥¤ã¥â àã-
ª®¢®¤áâ¢®¢ âìáï á«¥¤ãîé¨¬ ¯à  ¢¨«®¬: ¥á«¨ ¨áª®¬®¥ à¥è¥¨¥
¨¬¥¥â ä«ãªâã æ¨¨ (â¨¯  à¨á. 3.15, 7.1, 8.1, 8.4, 8.5), â® q á«¥¤ã¥â
¢§ïâì ¯®¬¥ìè¥ ( ¯à¨¬¥à, q = 1),   ¥á«¨ à¥è¥¨¥ £« ¤ª®¥ (â¨¯ 
à¨á. 6.5), â® q ¬®¦® ¯®¢ëá¨âì,  ¯à¨¬¥à, q = 2. �â® ¦¥ ª á ¥â-
áï �, â® á¯®á®¡ë ¥£® ¢ë¡®à  â¥ ¦¥, çâ® ¨ ¤«ï ãà ¢¥¨ï (8.11)
(á¯®á®¡ë ¥¢ï§ª¨, ¯® ¤¡®à  ¨ ¤à.).
�  §à ¡®â  àï¤ ç¨ á « ¥  ëå  « £ ®à ¨ â¬ ® ¢ ¯®«ãç¥¨ï à¥è¥-

¨ï y�(s) [71, á. 38{43, 123{124], [19, á. 263{267]. �á¥ ®¨ ®á®¢ ë
  § ¬¥¥ ¨â¥£à «®¢ ¢ (8.28), (7.18), (7.19), (8.30), (8.31) ª®¥ç-
ë¬¨ áã¬¬ ¬¨ (¯® ä®à¬ã« ¬ ¯àï¬®ã£®«ì¨ª®¢ ¨«¨ âà ¯¥æ¨©),
¯¥à¥å®¤¥, â¥¬ á ¬ë¬, ®â �Ǳ� ª �Ǳ� ¨ ¨á¯®«ì§®¢ ¨¨  «£®à¨â-
¬  �Ǳ� (áà. ¯. 6.3).
�®£« á® ç¨á«¥ë¬  «£®à¨â¬ ¬ à §à ¡®â ë ¨ ®¯ã¡«¨ª®¢ ë

á«¥ ¤ãîé¨¥ ¯ à ® £ à  ¬¬ë ¤«ï à¥è¥¨ï ãà ¢¥¨ï (8.25) ¬¥â®¤®¬
à¥£ã«ïp¨§ æ¨¨ �¨å®®¢ : PTIKR [71, á. 124{130, 178{179], CONV1,
CONV2, CONV3, CONV4, CONV5 [19, á. 379{388], CONVOL [61]
¨ ¤à.
Ǳà¨¢¥¤¥¬ à¥§ã«ìâ âë à¥è¥¨ï á«¥ ¤ãîé¥£® ¯ à ¨¬ ¥ à  [91]

(¡«¨§ª®£® ª ¯à¨¬¥àã [71, á. 43, 127{129], [104], ¨§®¡à ¦¥®¬ã
  à¨á. 5.1):

1Z
0

k (t� �) y (�) d� = f (t); 0 6 t 6 2; (8.32)

£¤¥ ï¤à®

k (t) = e�80 (t�0:5)
2

; (8.33)

â®ç®¥ à¥è¥¨¥

y (�) =
h
0:45e�(

��0:29
0:18 )

2

+ e�(
��0:71
0:16 )

2
ir

1�
�
� � 0:5

0:5

�2
; (8.34)

«®ª «ìë¥ ®á¨â¥«¨ (®¡« áâ¨, ¢®®¡é¥ £®¢®àï, ¥ã«¥¢ëå § ç¥¨©
äãªæ¨©): supp k (t) � [0; 1], supp f (t) � [0; 2], supp y (�) � [0; 1].
�à ¢¥¨¥ (8.32), å®â ï ¨ ¨¬¥¥â ª®¥çë¥ ¯à¥¤¥«ë ¨§¬¥¥¨ï �
¨ t, ® ï¢«ï¥âáï ãà ¢¥¨¥¬ â¨¯  á¢¥àâª¨, â ª ª ª ¢¥ ¯à¥ ¤¥«®¢
¯¥à¥¬¥ëå � ¨ t (¢¥ «®ª «ìëå ®á¨â¥«¥©) äãªæ¨¨ k (t), f (t)
¨ y (�) à ¢ë ã«î, â. ¥. ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¯à¥¤¥«ë ¨§¬¥¥¨ï �
¨ t ¡¥áª®¥çë.
�®£« á® ç¨á«¥®© ¬¥â®¤¨ª¥ ¤¨áªà¥â¨§ æ¨¨ § ¤ ç¨, ¨§«®¦¥-

®© ¢ [71, á. 39, 123], ¢¬¥áâ® (8.32) à¥è «®áì ãà ¢¥¨¥:

1:5Z
�0:5

k (t� �) y (�) d� = f (t); 0 6 t 6 2; (8.35)
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á ®¢ë¬¨ ®á¨â¥«ï¬¨ à ¢®© ¤«¨ë: supp k (t) � [�0:5; 1:5],
supp f (t) � [0; 2], supp y (�) � [�0:5; 1:5]. �¨á«® ã§«®¢ ¤¨áªà¥â¨-
§ æ¨¨ ¯®«®¦¥® à ¢ë¬ 64. �¬¥áâ® â®ç®© f (t) ¨á¯®«ì§®¢ « áìef (t) = f (t) + v (t) á® á«ãç ©®© ¯®£à¥è®áâìî v (t) 2 N (0; 0:0164),

â. ¥. áà¥¤¥ª¢ ¤à â¨ç¥áª ï ¯®£à¥è®áâì � 10% ®â max
t2[0;2]

f (t).

�  à¨á. 8.5 ¯à¨¢¥¤¥ë â®çë¥ k (t), y (�), f (t),   â ª¦¥ ef (t).

�¨á. 8.5

�  à¨á. 8.6 ¯à¨¢¥¤¥ë: y (�) | â®ç®¥ à¥è¥¨¥, y�1(�) | à¥-
è¥¨¥ ¬¥â®¤®¬ à¥£ã«ïp¨§ æ¨¨ �¨å®®¢  á �, ¢ë¡à ë¬ ¯® ®¡®¡-
é¥®¬ã ¯à¨æ¨¯ã ¥¢ï§ª¨ (� = �1 = 4�10�4) | á«¨èª®¬ £« ¤ª®¥
à¥è¥¨¥ ¨ y�2(�) | à¥è¥¨¥ ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ 
¯à¨ � = �2 � �1,   ¨¬¥®, �2 = 10�6 | à¥è¥¨¥ á £®à §¤®
«ãçè¨¬ à §à¥è¥¨¥¬.
�â®â ¯à¨¬¥à ¥é¥ à § ¯®ª §ë¢ ¥â, çâ® ¯à¨ ¡®«ìè¨å ¯®£à¥è®-

áâïå ¨áå®¤ëå ¤ ëå (� 10%) á¯®á®¡ ¥¢ï§ª¨ ¨«¨ ®¡®¡é¥ë©
¯à¨æ¨¯ ¥¢ï§ª¨ ¤ ¥â § ¢ëè¥®¥ § ç¥¨¥ � ¨ ã¦® ¨á¯®«ì§®-
¢ âì ¤®¯®«¨â¥«ìë¥ á¯®á®¡ë,  ¯à¨¬¥à, á¯®á®¡ ¯®¤¡®à .
� áá¬®âà¨¬ ªà âª® ¤¢ãå¬¥à®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤-

£®«ì¬  I à®¤  â¨¯  á¢¥pâª¨:

Ay �
1ZZ

�1

K (x1 � s1; x2 � s2) y (s1; s2) ds1 ds2 =f (x1; x2);

�1 < x1; x2 <1: (8.36)

Ǳà¨¬¥¨¬ ¤«ï à¥è¥¨ï ãà ¢¥¨ï (8.36) ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨
�¨å®®¢ , ¨á¯®«ì§ãï   «®£¨î á ®¤®¬¥àë¬ ãà ¢¥¨¥¬ (8.25).
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�¨á. 8.6

�¢¥¤¥¬ ãá«®¢¨¥ ¬¨¨¬ã¬  äãªæ¨® «  (áà. (8.26))

kAy � f k2 + �

1ZZ
�1

M (!1; !2) jY (!1; !2) j2 d!1 d!2 = min
y
: (8.37)

�§ ãá«®¢¨ï (8.37) á«¥ ¤ã¥â à¥£ã «ïà¨§®¢ ®¥à¥è¥¨¥ (áà. (7.26),
(8.28))

y�(s1; s2) =
1

4�2

1ZZ
�1

� (�!1;�!2)F (!1; !2)

L (!1; !2) + �M (!1; !2)
e�i (!1s1+!2s2) d!1 d!2;

(8.38)
£¤¥ (áà. (8.29))

L (!1; !2) = j� (!1; !2) j2 = � (�!1;�!2)� (!1; !2) =
= Re2� (!1; !2) + Im2� (!1; !2) (8.39)

(á¬. â ª¦¥ (7.28), (7.29)), ¨«¨ (áà. (8.30))

y�(s1; s2) =

1ZZ
�1

R�(s1 � x1; s2 � x2) f (x1; x2) dx1 dx2; (8.40)

£¤¥ (áà. (8.31))

R�(s1; s2) =
1

4�2

1ZZ
�1

� (�!1;�!2)
L (!1; !2) + �M (!1; !2)

e�i (!1s1+!2s2) d!1 d!2:

(8.41)
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�¥£ã«ïà¨§ â®à M (!1; !2) (áà. (8.27)) ¢ à ¡®â¥ [71, á. 44] ¢ë¡à  ¢
¢¨¤¥:

M (!1; !2) = 1 + (!21 + !22)
2; (8.42)

®¤ ª® á«®¦¥¨¥ ¡¥§à §¬¥à®£® á« £ ¥¬®£® 1 ¨ á« £ ¥¬®£®
(!21 + !22)

2, ¨¬¥îé¥£® à §¬¥à®áâì, áâà®£® £®¢®àï, ¥¤®¯ãáâ¨¬®,
â ª ª ª ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¡à ®© á¨áâ¥¬ë ¥¤¨¨æ á®®â®è¥-
¨¥ á« £ ¥¬ëå ¡ã¤¥â ¬¥ïâìáï ¨ ¡ã¤¥â ¬¥ïâìáï áâ¥¯¥ì ¯®¤ ¢«¥-
¨ï ¢ëá®ª¨å £ à¬®¨ª ¢ à¥è¥¨¨. Ǳ®íâ®¬ã ¡®«¥¥ íää¥ªâ¨¢ë¬
ï¢«ï¥âáï,  ¯à¨¬¥à, ¢ëà ¦¥¨¥

M (!1; !2) = (!21 + !22)
2; (8.43)

å®âï ¨ ¢ ¥¬ á« £ ¥¬ë¥ !21 ¨ !22 ¨¬¥îâ, ¢®®¡é¥ £®¢®àï, à §ãî
ä¨§¨ç¥áªãî à §¬¥à®áâì.
Ǳà¨ ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨, ª®£¤  x1, s1, x2, s2 § ¤ îâáï

¤¨áªà¥â® ¨ ¢ ª®¥çëå ¯à¥¤¥« å, ¤¢ãå¬¥àë¥ �Ǳ� (7.28), (7.29),
(8.38), (8.41) § ¬¥ïîâáï   ¤¢ãå¬¥àë¥ �Ǳ�, ª®â®àë¥ ¢ëç¨á«ï-
îâáï ª ª  ¡®à ®¤®¬¥àëå �Ǳ� ¯® áå¥¬¥ (6.55). Ǳà¨ íâ®¬
®¤®¬¥àë¥ �Ǳ� ¢ëç¨á«ïîâáï ¯®  «£®à¨â¬ã �Ǳ�.
Ǳ à ¬¥âà à¥£ã«ïp¨§ æ¨¨ � ¢ë¡¨à ¥âáï â¥¬¨ ¦¥ á¯®á®¡ ¬¨,

çâ® ¨ ¢ á«ãç ¥ ®¤®¬¥à®£® ãà ¢¥¨ï (8.25) (á¯®á®¡ ¬¨ ¥¢ï§ª¨,
®¡®¡é¥®© ¥¢ï§ª¨, ¯®¤¡®à  ¨ ¤à.).
� [71, á. 130{136, 185{186] ¯à¨¢¥¤¥  ¯ à ® £ à  ¬¬  PTITR  

�®àâà ¥ ¤«ï à¥è¥¨ï ¤¢ãå¬¥à®£® ¨â¥£à «ì®£® ãà ¢¥¨ï
�à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥pâª¨ (8.36) ¬¥â®¤®¬ à¥£ã«ïp¨§ æ¨¨
�¨å®®¢ ,   â ª¦¥ ¯à®£à ¬¬  FTFTC [71, á. 190] ¤«ï ¢ëç¨á«¥¨ï
¤¢ãå¬¥à®£® �Ǳ�.
� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¢ ¯. 6.3 ¨§«®¦¥ ¢®¯à®á ®¡ ¨á¯®«ì§®-

¢ ¨¨ ¬¥â®¤  à¥£ã«ïp¨§ æ¨¨ �¨å®®¢  ¤«ï ãáâ®©ç¨¢®£® à¥è¥¨ï
¥é¥ ®¤®© § ¤ ç¨ (¯®¬¨¬® à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï),  
¨¬¥®, ¢ëç¨á«¥¨ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ (�Ǳ� ¨ �Ǳ�).
�â¬¥â¨¬ â ª¦¥, çâ® ¤«ï ãáâ®©ç¨¢®£® à¥è¥¨ï ãà ¢¥¨© I à®-

¤  (¨â¥£à «ìëå, ¤¨ää¥à¥æ¨ «ìëå,  «£¥¡à ¨ç¥áª¨å ¨ â. ¤.),
¯®¬¨¬® ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ , à §¢¨âë á«¥¤ãîé¨¥
¬ ¥ â ®¤ë: ¬¥â®¤ë à¥£ã«ïà¨§ æ¨¨ � ¢à¥âì¥¢ , �¥¨á®¢ , ó¯®£àã-
¦¥¨ïô � ªãè¨áª®£®, ¬ ªá¨¬ «ì®© íâà®¯¨¨ �¥à£ , ¨â¥à â¨¢-
®© à¥£ã«ïà¨§ æ¨¨ �à¨¤¬  , � ªãè¨áª®£®, �®à®§®¢ , «®ª «ì-
®© à¥£ã«ïà¨§ æ¨¨ �àá¥¨ , £¥¥à â®à �� (à¥£ã«ïp¨§¨àãîé¨å
 «£®p¨â¬®¢) � ªãè¨áª®£®, ª¢ §¨à¥è¥¨© �¢ ®¢ , ¬¥â®¤ ¯®¨á-
ª  à¥è¥¨ï   ª®¬¯ ªâ¥, ¤¥áªà¨¯â¨¢®© à¥£ã«ïà¨§ æ¨¨ �®à®§®¢ 
¨ ¤à. [4, 19, 36, 43, 45, 48, 67{69, 71, 104]. �â® ¢á�¥ ¬¥â®¤ë
¤¥â¥à¬¨¨áâáª®© à¥£ã«ïà¨§ æ¨¨.
�áâì ¥é¥ ¬¥â®¤ë áâ â¨áâ¨ç¥áª®© à¥£ã«ïà¨§ æ¨¨, ¨á¯®«ì-

§ãîé¨¥ áâ â¨áâ¨ç¥áª¨© (¢¥à®ïâ®áâë©) ¯®¤å®¤. �â® (¢ ¯®àï¤-
ª¥ ¯®¢ëè¥¨ï â®ç®áâ¨ à¥è¥¨ï ¨ ª®«¨ç¥áâ¢  ¤®¯®«¨â¥«ì®©
¨ä®à¬ æ¨¨ ® à¥è¥¨¨) | ¬¥â®¤ ¬ ªá¨¬ «ì®£® ¯à ¢¤®¯®¤®¡¨ï,
áâ â¨áâ¨ç¥áª®© à¥£ã«ïà¨§ æ¨¨ �ãàç¨ , � «ä¨ , � ¢à¥âì¥¢ ,
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�ãª®¢áª®£®, áã¡®¯â¨¬ «ì®© ä¨«ìâà æ¨¨, ã¯à ¢«ï¥¬®© «¨¥©-
®© ä¨«ìâà æ¨¨¨, ®¯â¨¬ «ì®© ä¨«ìâà æ¨¨ � «¬  -�ìîá¨, �¨-
¥à , ¬ ªá¨¬ «ì®©  ¯®áâ¥à¨®à®© ¢¥à®ïâ®áâ¨ ¨ ¤à. [15, 16,
19, 23, 67, 69, 91, 104].
�¢  ¨§ ¨å (¬¥â®¤ë � «¬  -�ìîá¨ ¨ �¨¥à ) ¨§«®¦¥ë ¨¦¥.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. � «¨§¨àãï á®®â®è¥¨¥ (8.5), áä®à¬ã«¨àã©â¥ ®á®¢ãî
¨¤¥î ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ .

2. �¯¨è¨â¥ á®®â®è¥¨¥ á« £ ¥¬ëå ¢ «¥¢®© ç áâ¨ (8.5) ¯à¨
¨§¬¥¥¨¨ �.

3. � ª ¢¥¤¥â á¥¡ï à¥£ã«ïà¨§®¢ ®¥ à¥è¥¨¥ y� ¯à¨ ¨§¬¥¥-
¨¨ �?

4. �¥¬ ®¡ãá«®¢«¥  ãáâ®©ç¨¢®áâì ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �¨å®-
®¢ ?

5. � á¯®á®¡¥ ¯®¤¡®à  � ¯à®¢¥¤¨â¥   «®£¨î ¬¥¦¤ã § ç¥¨¥¬ �
¨ ª®âà áâ®áâìî â¥«¥¨§®¡à ¦¥¨ï.

6. � ¯¨è¨â¥ ¢ëà ¦¥¨ï ¤«ï ª®íää¨æ¨¥â®¢ rj ¨ pi ª¢ ¤à -
âãà®© ä®à¬ã«ë âà ¯¥æ¨© ¯à¨ § ¬¥¥ ¨â¥£à «®¢ ¢ (8.12){(8.14)
ª®¥çë¬¨ áã¬¬ ¬¨ á ¨á¯®«ì§®¢ ¨¥¬ ¥à ¢®¬¥àëå x- ¨ s-á¥â®ª
ã§«®¢ (8.17) ¨ (8.18) (§ ¤ ¨¥ ¯®¢ëè¥®© âàã¤®áâ¨).

7. � ç¥¬ á®áâ®ïâ ¯à¥¨¬ãé¥áâ¢  ª®¬¯ìîâ¥à®£® à¥è¥¨ï ãà ¢-
¥¨ï â¨¯  á¢¥àâª¨ (8.25) ¯® áà ¢¥¨î á ®¡é¨¬ ãà ¢¥¨¥¬
(8.11)?

8. �®¯®áâ ¢ìâ¥ á¯¥ªâà Y (!) ¢ á«ãç ¥ £« ¤ª®£® à¥è¥¨ï y (s)
¨ à¥è¥¨ï á ä«ãªâã æ¨ï¬¨. � ª ªãî áâ®à®ã ã¦® ¨§¬¥ïâì �
¨ q ¢ á«ãç ¥ ã¢¥«¨ç¥¨ï (ã¬¥ìè¥¨ï) £« ¤ª®áâ¨ y (s)?

9. �¯¨è¨â¥ à®«ì á« £ ¥¬®£® �M (!) ¢ (8.28) ¨ (8.31).
10. �â® ®§ ç ¥â § ¯¨áì: v (t) 2 N (0; 0:0164)?
11. Ǳ®ç¥¬ã ¢ëà ¦¥¨¥ (8.43) ï¢«ï¥âáï ¡®«¥¥ ¯à ¢¨«ìë¬, ç¥¬

(8.42)? Ǳà¥¤«®¦¨â¥ ¤àã£¨¥ ¢ëà ¦¥¨ï ¤«ï M (!1; !2) â¨¯  (8.42)
¨«¨ (8.43), ® ¢ª«îç îé¨¥ â®«ìª® ¡¥§à §¬¥àë¥ á« £ ¥¬ë¥ (¯®¤-
áª §ª : ¢¢¥¤¨â¥ !1max ¨ !2max).

8.2. �¥â®¤ ®¯â¨¬ «ì®© ä¨«ìâà æ¨¨ � «¬  -�ìîá¨

� ¯¯. 7.2{7.4, 8.1 ¡ë«¨ à áá¬®âà¥ë ¥ª®â®àë¥ ¤¥â¥à¬¨¨áâ-
áª¨¥ ¬¥â®¤ë à¥è¥¨ï ãà ¢¥¨©. �§ ¨å  ¨¡®«¥¥ íää¥ªâ¨¢¥
(¢ ®â®è¥¨¥ â®ç®áâ¨, ãáâ®©ç¨¢®áâ¨, ¢à¥¬¥¨ ª®¬¯ìîâ¥à®© à¥ -
«¨§ æ¨¨, âà¥¡ã¥¬®© ª®¬¯ìîâ¥à®© ¯ ¬ïâ¨, ¨áå®¤®© ¨ä®à¬ æ¨¨
¨ â. ¤.) ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ , ª ª ¯®ª §ë¢ ¥â à¥è¥¨¥
¡®«ìè®£® ç¨á«�  ¯à¨ª« ¤ëå § ¤ ç [4, 15, 19, 36, 67{71, 99, 100,
104{106], ¥á¬®âàï   â®, çâ® ® ¨á¯®«ì§ã¥â ¬¨¨¬ã¬  ¯à¨®à®©
¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨: «¨èì § ç¥¨ï ¯®£à¥è®áâ¥© Æ ¨ �
(  â ª¦¥ ¨®£¤  ¯à®£®§ à¥è¥¨ï  ).
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�é¥ ¡®«¥¥ â®çë¬¨ ï¢«ïîâáï ®¯â¨¬ «ìë¥ ¬¥â®¤ë ä¨«ìâà -
æ¨¨ � «¬   (� «¬  -�ìîá¨) ¨ �¨¥à  | ¬¥â®¤ë, ¨á¯®«ì§ã-
îé¨¥ áà¥¤¨ ãáâ®©ç¨¢ëå (à¥£ã «ïàëå)¬¥â®¤®¢  ¨¡®«ìè¥¥ ª®«¨-
ç¥áâ¢®  ¯à¨®à®© ¨ä®à¬ æ¨¨: ¢ ¬¥â®¤¥ � «¬   | ª®¢ à¨ æ¨¨
®è¨¡®ª ¨ ¬ â®¦¨¤ ¨ï ¯à ¢®© ç áâ¨ ¨ à¥è¥¨ï,   ¢ ¬¥â®¤¥
�¨¥à  | á¯¥ªâà «ìë¥ ¯«®â®áâ¨ ¬®é®áâ¨ èã¬®¢ ¯à ¢®© ç -
áâ¨ ¨ à¥è¥¨ï. �â¨ ¬¥â®¤ë ®â®áïâáï ª ¬¥â®¤ ¬ áâ â¨áâ¨ç¥áª®©
à¥£ã«ïà¨§ æ¨¨.

�¤®è £®¢ë© (®¤®ªà âë©) ä¨«ìâà � «¬   [8, 16, 19].
�  áá¬ âà¨¢ ¥âáï ����

Ay + v = f (8.44)

¨«¨
nX
j=1

aijyj + vi = fi; i = 1; m; (8.440)

£¤¥ A | m�n-¬ âà¨æ  , y | ¨áª®¬ë© n-¢¥ªâ®à, f | ¨§¬¥à¥ë©
m-¢¥ªâ®à (§ ¬¥à), v | m-¢¥ªâ®à | ¯®¬¥å .
�á«¨ à áá¬ âà¨¢ ¥âáï ¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨¯  (7.8), â®

¢¬¥áâ® ¥£® ã¦® à áá¬ âà¨¢ âì ¥£® ¤¨áªà¥âë©   «®£ â¨-
¯  (7.13).
� ¬¥â®¤¥ ä¨«ìâà æ¨¨ � «¬   ¤¥« îâáï á«¥ ¤ãîé¨¥¯ à ¥ ¤ ¯ ® -

« ®¦¥  ¨ ï:
1) � â®¦¨¤ ¨¥ á«ãç ©®£® ¢¥ªâ®à  v à ¢® ã «î:

E [v] = 0; (8.45)

£¤¥ § ¯¨áì E [v] ®§ ç ¥â ¬ â®¦¨¤ ¨¥ (¨«¨ áà¥¤¥ à¨ä¬¥â¨ç¥áª®¥
§ ç¥¨¥) ¯®  á ¬¡«î à¥ «¨§ æ¨©, â. ¥.

E [v] � hvi = lim
Q!1

1

Q

QX
q=1

viq = 0; i = 1; m; (8.450)

£¤¥ q | ®¬¥à à¥ «¨§ æ¨¨, ¨«¨ íªá¯¥à¨¬¥â ,   Q | ç¨á«®
à¥ «¨§ æ¨© á«ãç ©®£® ¯à®æ¥áá  v.
2) � ¤   á¨¬¬¥âà¨ç ï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï m�m-¬ â-

à¨æ  | ª®¢ à¨ æ¨ï ®è¨¡®ª ¯à ¢®© ç áâ¨:

R = E [vvT ] (8.46)

¨«¨ ¯® ¤à®¡¥¥:

Ril = lim
Q!1

1

Q

QX
q=1

viqvlq ; i; l = 1; m: (8.460)

� ¦¤ë© ¤¨ £® «ìë© í«¥¬¥â ¬ âà¨æë R ¥áâì ª¢ ¤à â áà¥ ¤-
¥ª¢ ¤à â¨ç¥áª®© ¯®£à¥è®áâ¨ ¨§¬¥à¥¨ï fi, â. ¥. Rii = Æ2i = �i,
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  ¢¥¤¨ £® «ìë© í«¥¬¥â Ril, i 6= l, ®¯à¥¤¥«ï¥â ª®àà¥«ïæ¨î
¯®£à¥è®áâ¥© vi ¨ vl.
3) � ¤  n-¢¥ªâ®à

 = E [y] (8.47)

| ¬ â®¦¨¤ ¨¥ ( ç «ì®¥ ¯à¨¡«¨¦¥¨¥,  ¯à¨®à ï ®æ¥ª ,
¯à®£®§) ¢¥ªâ®à  y ¨«¨ ¯®¤à®¡¥¥:

 j = lim
Q!1

1

Q

QX
q=1

yjq ; j = 1; n: (8.48)

4) � ¤   á¨¬¬¥âà¨ç ï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï n � n-
¬ âà¨æ  |  ¯à¨®à ï ª®¢ à¨ æ¨ï ®è¨¡®ª à¥è¥¨ï :

M = E [(y �  )(y �  )T ]: (8.49)

� «¥¥ ¨áª®¬®¥ à¥è¥¨¥ y  å®¤¨âáï ¨§ ãá«®¢¨ï ¬¨¨¬ã¬  ª¢ -
¤à â¨ç®© ä®à¬ë (áà. (8.9)):

(Ay � f)TR�1(Ay � f) + (y �  )TM�1(y �  ) = min
y
: (8.50)

�§ ãá«®¢¨ï (8.50) ¯®«ãç ¥âáï (áà. (8.10)) à¥è¥¨¥ ( ¯®áâ¥à¨®à ï
®æ¥ª  y, á¢¥àâª  § ¬¥à  á ¯à®£®§®¬):by =  + (M�1 +ATR�1A)�1ATR�1(f �A ); (8.51)

¯à¨ç¥¬  ¯®áâ¥à¨®à ï n�n-¬ âà¨æ  ª®¢ à¨ æ¨© ®è¨¡®ª à¥è¥¨ïby à ¢ 

P � E [(by � y)(by � y)T ] = (M�1 +ATR�1A)�1: (8.52)

�â ª, ¥á«¨ ¯®¬¨¬® f ¨ A ¨§¢¥áâë ¤®¯®«¨â¥«ì® R,  ¨ M , â®
ãâ®ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (8.44) á®£« á® ¬¥â®¤  ä¨«ìâà -
æ¨¨ � «¬   ¢ëà §¨âáï ä®à¬ã«®© (8.51),   ãâ®ç¥ ï ¬ âà¨æ 
ª®¢ à¨ æ¨© ®è¨¡®ª à¥è¥¨ï | ä®à¬ã«®© (8.52).

�à ¢¥¨¥ ®¤®è £®¢®£® ä¨«ìâà  � «¬   á ¬¥â®¤®¬ à¥-
£ã«ïà¨§ æ¨¨ �¨å®®¢ . �á«¨ A, y ¨ f ¢¥é¥áâ¢¥ë, â® ãá«®¢¨¥
¬¨¨¬¨§ æ¨¨ (8.9) ¢ ¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¬®¦® § -
¯¨á âì ¢ ¢¨¤¥:

(Ay � f)T (Ay � f) + � (y �  )T (y �  ) = min
y
: (8.53)

�à ¢¥¨¥ (8.50) ¨ (8.53) ¯®ª §ë¢ ¥â, çâ® à®«ì � ¨£à ¥â (á¨¬-
¢®«¨ç¥áª¨) R=M . � ¨¡®«¥¥ ¦¥ ®âç¥â«¨¢® áà ¢¥¨¥ ¬¥â®¤®¢ � «-
¬   ¨ �¨å®®¢  ¢ë¯®«ï¥âáï ¢ á«ãç ¥, ª®£¤ 

M = "2E; R = Æ2E; (8.54)

£¤¥ " ¨ Æ |  ¯à¨®àë¥ áà¥¤¥ª¢ ¤à â¨ç¥áª¨¥ ®è¨¡ª¨ à¥è¥¨ï ¨
¯à ¢®© ç áâ¨,   E | ¥¤¨¨ç ï ¬ âà¨æ . � íâ®¬ á«ãç ¥ à¥è¥¨¥
¬¥â®¤®¬ � «¬   ¨¬¥¥â ¢¨¤ (á¬. (8.51)):

by =  +

�
Æ
2

"
2 E +ATA

�
�1

AT (f �A ); (8.55)
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   ¯®áâ¥à¨®à ï ¬ âà¨æ  ª®¢ à¨ æ¨© ®è¨¡®ª à¥è¥¨ï à ¢ 
(á¬. (8.52)):

P = Æ2
�
Æ
2

"
2 E +ATA

�
�1

: (8.56)

�¥è¥¨¥ ¦¥ ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¨¬¥¥â ¢¨¤ (á¬. (8.10)):

y� =  +
�
�E +ATA

��1
AT (f �A ): (8.57)

�à ¢¥¨¥ (8.55) ¨ (8.57) ¯®ª §ë¢ ¥â, çâ® ¯à¨

� =
Æ
2

"
2 (8.58)

¨ á¯à ¢¥¤«¨¢®áâ¨ (8.54) ¬¥â®¤ë � «¬   ¨ �¨å®®¢  ¤ îâ ®¤¨-
 ª®¢ë¥ à¥è¥¨ï. Ǳà¨ íâ®¬, ª ª á«¥¤ã¥â ¨§ (8.56) ¨ (8.58),  ¯®-
áâ¥à¨®à ï ¬ âà¨æ  ª®¢ à¨ æ¨© ®è¨¡®ª à¥è¥¨ï à ¢ 

P� = Æ2
�
�E +ATA

��1
; (8.59)

®âªã¤ 

k�y� k =
p
kP� k 6 Æp

�

(8.60)

| ®æ¥ª  ®è¨¡ª¨ à¥è¥¨ï ¯® ®à¬¥.

�®£®è £®¢ë© (¬®£®ªà âë©) ä¨«ìâà � «¬  . �«ï ®¤-
®è £®¢®£® ¯à®æ¥áá , ª®£¤  ¨¬¥¥âáï «¨èì ®¤  à¥ «¨§ æ¨ï ¢¥ª-
â®à  f , âà¥¡®¢ ¨¥ ®¡  ¯à¨®à®¬ § ¨¨  ¨ M , á®¤¥à¦ é¥¥áï
¢ ¬¥â®¤¥ � «¬  , âàã¤® ¢ë¯®«¨¬®. Ǳ®íâ®¬ã ä¨«ìâà � «-
¬   ®¡ëç® ¯à¨¬¥ï¥âáï ¤«ï ¬®£®è £®¢ëå ¯à®æ¥áá®¢, ª®£¤ 
¢ äãªæ¨¨ ¢à¥¬¥¨ ¯®áâã¯ îâ ®¢ë¥ à¥ «¨§ æ¨¨ f ,    ¨ M
¨â¥à â¨¢® ãâ®çïîâáï. �å¥¬  ¬®£®è £®¢®£® ä¨«ìâà  � «¬  
¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬ [8].
�§  ¯à¨®àëå á®®¡à ¦¥¨© ¢ë¡¨à îâáï  ç «ìë¥ ¯à¨¡«¨¦¥-

¨ï ¤«ï à¥è¥¨ï y0 �  ¨ ¬ âà¨æë ª®¢ à¨ æ¨© ®è¨¡®ª à¥è¥¨ï
P0 � M . �«ï ¢ë¡®à   ç «ìëå ¯à¨¡«¨¦¥¨© ¬®¦® ¨á¯®«ì§®-
¢ âì ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ¨ ¯®«®¦¨âì (á¬. (8.8), (8.59)):

y0 = (�E +ATA)�1AT f; (8.61)

P0 = Æ2(�E +ATA)�1: (8.62)

Ǳ®á«¥¤ãîé¨¥ ¯à¨¡«¨¦¥¨ï ¡ã¤ãâ  ©¤¥ë á®£« á® á«¥¤ãîé¥©
¨â¥à æ¨®®© áå¥¬¥ (áà. (8.51), (8.52)):

yk = yk�1 + (P�1k�1 +ATR�1k A)�1ATR�1k (fk �Ayk�1); (8.63)

Pk = (P�1k�1 +ATR�1k A)�1; k = 1; 2; 3; : : : (8.64)

�  à¨á. 8.7 ®â®¡à ¦¥ (ª ç¥áâ¢¥®) ¯à®æ¥áá ¨â¥à æ¨© á®£« á-
® (8.63). � ¯®ª §ë¢ ¥â, çâ® ¢ â® ¢à¥¬ï ª ª § ç¥¨ï fk � fik
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�¨á. 8.7

¡ã¤ãâ ä«ãªâã¨à®¢ âì ¢®ªàã£ â®çëå f , § ç¥¨ï yk � yjk ®â ¨â¥-
à æ¨¨ ª ¨â¥à æ¨¨ ¡ã¤ãâ ¯à¨¡«¨¦ âìáï ª â®çë¬ § ç¥¨ï¬ y,
¤¥¬®áâà¨àãï áå®¤¨¬®áâì ¯à®æ¥áá  ¨â¥à æ¨© (8.63) ª â®ç®¬ã à¥-
è¥¨î.
Ǳà¨ íâ®¬ ¬®¦¥â ¨¬¥âì ¬¥áâ® áâ æ¨® àë© á«ãç ©, ª®£¤  Rk

®â n ¥ § ¢¨á¨â, â. ¥. Rk = R,   ¨¤¥ªá k ã y ¨ P ®§ ç ¥â
®¬¥à ãâ®çïîé¥© ¨â¥à æ¨¨ ¨áª®¬ëå y ¨ P . �®¦¥â ¨¬¥âì ¬¥áâ®
¨ ¥áâ æ¨® àë© á«ãç ©, ª®£¤  ¨¤¥ªá k ®§ ç ¥â ¥ â®«ìª®
®¬¥à ãâ®çïîé¥© ¨â¥à æ¨¨, ® ¨ ¯¥à¥¬¥®áâì (§ ¢¨á¨¬®áâì
®â ¢à¥¬¥¨ t = tk) § ç¥¨© y, P , f , R.
�¨¤¨¬, çâ® ¬®£®è £®¢ë© ä¨«ìâà � «¬   ®¡« ¤ ¥â ¡®«ìè¨-

¬¨ ¢®§¬®¦®áâï¬¨ ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ ¨§¬¥à¥¨©, ® âà¥¡ã¥â
¡®«ìè®£® ®¡ê¥¬  ¤ ëå.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ ®¤®è £®¢ë© ä¨«ìâà � «¬  .
2. � «¨§¨àãï (8.50), áª ¦¨â¥, ª®£¤  ¬¥â®¤ � «¬   ¯à¨¡«¨-

¦ ¥âáï ª ��� � ãáá  ¨ ª®£¤  ª �Ǳ�� �ãà -Ǳ¥à®ã§  (á à®áâ®¬
¨«¨ ã¡ë¢ ¨¥¬ í«¥¬¥â®¢ ¬ âà¨æ R ¨ M).
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3. Ǳà®áâ ¢ìâ¥ à §¬¥à®áâ¨ ¢á¥å ¢¥ªâ®à®¢ ¨ ¬ âà¨æ ¢ (8.50){(8.53),
(8.55){(8.57), (8.59), (8.61){(8.64).
4. �â® ®§ ç îâ § ¯¨á¨ (8.54)?
5. � ç¥¬ à §«¨ç¨¥ q (á¬. (8.450)) ¨ k (á¬. (8.63), (8.64))?
6. � ¬¥â®¤¥ à¥£ã «ïà¨§ æ¨¨�¨å®®¢  âà¥¡ã¥âáï ®¤  à¥ «¨§ -

æ¨ï ¯®£à¥è®áâ¥© v ¨«¨ ¥áª®«ìª® (â. ¥. Q = 1 ¨«¨ Q > 1)?
7. � ¯¨è¨â¥ ¯®¤à®¡® ¢ëà ¦¥¨¥ ¤«ï Mil (á¬. (8.49)) â¨-

¯  (8.460).

8.3. �¥â®¤ ®¯â¨¬ «ì®© «¨¥©®© ä¨«ìâà æ¨¨ �¨¥à 

�ãé¥áâ¢® ¬¥â®¤ . �  áá¬ âà¨¢ ¥âáï ¨â¥£à «ì®¥ ãà ¢¥¨¥
�à¥¤£®«ì¬  I à®¤  â¨¯  á¢¥àâª¨ (áà. (5.3), (8.25)):

1Z
�1

K (x� s) y (s) ds = f (x); �1 < x <1: (8.65)

� ¬¥â®¤¥ ä¨«ìâà æ¨¨ �¨¥à  ¤¥« îâáï á«¥¤ãîé¨¥ ¯ à ¥ ¤ ¯ ® -
« ®¦¥  ¨ ï [19, á. 315]:
1) �áª®¬ ï äãªæ¨ï y (s) ¨ ¯®£à¥è®áâì ¯à ¢®© ç áâ¨ v (x)

ï¢«ïîâáï à¥ «¨§ æ¨ï¬¨ áâ æ¨® àëå, ¥ª®àà¥«¨à®¢ ëå ¬¥¦¤ã
á®¡®© á«ãç ©ëå ¯à®æ¥áá®¢.
2) Ǳ®« £ îâáï ¨§¢¥áâë¬¨ áâ â¨áâ¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ íâ¨å

¯à®æ¥áá®¢: á¯¥ªâà «ì ï ¯«®â®áâì ¬®é®áâ¨ (�Ǳ� ) ¨áª®¬®£®
à¥è¥¨ï

Ry(!) = lim
T!1

1

2T
E

" ����
TZ

�T

y (s) ei !s ds

����2
#

(8.66)

¨ �Ǳ� ¯®¬¥å¨

Rv(!) = lim
T!1

1

2T
E

" ����
TZ

�T

v (x) ei !x dx

����2
#
: (8.67)

� ¬¥â¨¬, çâ® á®£« á® â¥®à¥¬¥ �¨¥à -�¨ç¨  [19, á. 315]

Ry(!) =

1Z
�1

ry(x) e
i !x dx; (8.68)

Rv(!) =

1Z
�1

rv(x) e
i !x dx; (8.69)

£¤¥ ry(x) = E [y (s+ x) y (s)], rv (x) = E [v (x0 + x) v (x0)] |  ¢â®ª®à-
à¥«ïæ¨®ë¥ äãªæ¨¨ ¨áª®¬®£® à¥è¥¨ï ¨ ¯®¬¥å¨.
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� ¬¥â®¤¥ �¨¥à  à¥è¥¨¥ yR(s) ¨é¥âáï ¨áå®¤ï ¨§ ãá«®¢¨ï
¬¨¨¬ã¬  ¢¥«¨ç¨ë E [yR(s)� y (s)]2, £¤¥ y (s) | â®ç®¥ à¥è¥¨¥.
� à¥§ã«ìâ â¥ [19, á. 316]

yR(s) =
1

2�

1Z
�1

� (�!)F (!)

L (!) + Rv(!)=Ry(!)
e�i !s d!; (8.70)

E [yR(s)� y (s)]2 = 1

2�

1Z
�1

Rv(!)

L (!) + Rv(!)=Ry(!)
d!: (8.71)

�®à¬ã«  (8.70) ¤ ¥â à¥è¥¨¥ ãà ¢¥¨ï (8.65) ¬¥â®¤®¬ ä¨«ìâà -
æ¨¨ �¨¥à ,   ä®à¬ã«  (8.71) | §  ç¥¨¥áà¥¤¥ª¢ ¤à â¨ç¥áª®£®
ãª«®¥¨ï íâ®£® à¥è¥¨ï ®â â®ç®£®, ï¢«ïîé¥¥áï ¬¨¨¬ «ì®
¢®§¬®¦ë¬ | ¯®íâ®¬ã ä¨«ìâà  §ë¢ ¥âáï ®¯â¨¬ «ìë¬ (á¬. â ª-
¦¥ (7.18), (7.19), (8.29)).

�à ¢¥¨¥ ¬¥â®¤®¢ �¨¥à  ¨ �¨å®®¢ . �®¯®áâ ¢«¥¨¥ ä®à-
¬ã« (8.28) ¨ (8.70) ¯®ª §ë¢ ¥â, çâ® à¥£ã«ïà¨§®¢ ë¥ à¥è¥¨ï,
¤ ¢ ¥¬ë¥ ¬¥â®¤ ¬¨ �¨å®®¢  ¨ �¨¥à , ¯¥à¥å® ¤ïâ ®¤® ¢ ¤àã£®¥
¯à¨

�M (!) = Rv(!)=Ry(!): (8.72)

� ¬¥â¨¬ á«¥¤ãîé¥¥. �á«¨ äãªæ¨î Rv (!) (�Ǳ� ¯®¬¥å¨) ¬®¦-
® ¯®«ãç¨âì ¢ à¥§ã«ìâ â¥ á¯¥ªâà «ì®© ®¡à ¡®âª¨ àï¤  à¥ «¨§ -
æ¨© ç¨áâ® èã¬®¢®£® ¯à®æ¥áá  (¡¥§ ¯®«¥§®£® á¨£ « ), â® äãªæ¨î
Ry(!) (�Ǳ� à¥è¥¨ï)   «®£¨çë¬ ®¡à §®¬ ¯®«ãç¨âì ¥¢®§¬®¦-
®. Ǳ®íâ®¬ã ¬¥â®¤ ä¨«ìâà æ¨¨ �¨¥à  á«¥ ¤ã¥â à áá¬ âà¨¢ âì,
áâà®£® £®¢®àï, ¥ ª ª à ¡®ç¨© ¬¥â®¤,   ª ª â¥®à¥â¨ç¥áª¨© ¬¥-
â® ¤, ï¢«ïîé¨©áï ¯à¥¤¥«ì® â®çë¬ ¬¥â®¤®¬ áà¥¤¨ ¢á¥¢®§¬®¦ëå
¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (8.65).
�â¬¥â¨¬ â ª¦¥, çâ® ª ª á«¥¤ã¥â ¨§ (8.70), ãáâ®©ç¨¢®áâì ¬¥â®¤ 

�¨¥à  â¥¬ ¢ëè¥, ç¥¬ ¡®«ìè¥ ®â®è¥¨¥ Rv (!)=Ry(!), ¨£à î-
é¥¥ à®«ì ®â®è¥¨ï ¯®¬¥å /á¨£ «. �àã£¨¬¨ á«®¢ ¬¨, ¯®¬¥å 
áâ ¡¨«¨§¨àã¥â à¥è¥¨¥. �¤ ª®, ª ª á«¥¤ã¥â ¨§ (8.71), á à®áâ®¬
¯®¬¥å¨ Rv (!) à áâ¥â ¯®£à¥è®áâì à¥è¥¨ï. �ë¢®¤: ¢ ¬¥â®¤¥
�¨¥à  ¨¬¥¥â ¬¥áâ® ª®¬¯à®¬¨áá ¬¥¦¤ã ãáâ®©ç¨¢®áâìî ¨ â®ç®-
áâìî à¥è¥¨ï. �¯à®ç¥¬, â ª®£® à®¤  ª®¬¯à®¬¨áá ¨¬¥¥â ¬¥áâ®
¨ ¢ ¬¥â®¤¥ à¥£ã «ïà¨§ æ¨¨ �¨å®®¢ , ® ® ¢ ¥¬ ¥ ï¢«ï¥âáï
®¯â¨¬ «ìë¬.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ä®à¬ã«¨àã©â¥ ¬¥â®¤ ä¨«ìâà æ¨¨ �¨¥à  (¨áå®¤ë¥ ¤ -
ë¥, à¥è¥¨¥ ¨ â. ¤.).
2. �®£¤  ¬¥â®¤ë �¨¥à  ¨ �¨å®®¢  ¯¥à¥å® ¤ïâ ¤àã£ ¢ ¤àã£ ?
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3. �¯¨è¨â¥, ª ª ¢ § ¢¨á¨¬®áâ¨ ®â Rv (!) ¨ Ry(!) ¨§¬¥ïîâáï
ãáâ®©ç¨¢®áâì ¨ â®ç®áâì ¬¥â®¤  �¨¥à .
4. Ǳ®ç¥¬ã ¬¥â®¤ ä¨«ìâà æ¨¨ �¨¥à   §ë¢ ¥âáï ®¯â¨¬ «ìë¬?

8.4. �â¥à¯®«ïæ¨ï, íªáâà ¯®«ïæ¨ï, á£« ¦¨¢ ¨¥ ¨
 ¯¯à®ªá¨¬ æ¨ï

�® ¬®£¨å § ¤ ç å, ¢ â®¬ ç¨á«¥ ¯à¨ª« ¤ëå, ¨á¯®«ì§ã¥âáï ¯à¨-
¥¬ § ¬¥ë äãªæ¨¨ y (x) (§ ¤ ®©   «¨â¨ç¥áª¨ ¨«¨ â ¡«¨ç®)
¥ª®â®à®© ¤àã£®© äãªæ¨¥©, ã¤®¡®© ¤«ï ®¡à ¡®âª¨ ¨ ãáâ®©ç¨-
¢®© ¯® ®â®è¥¨î ª ¯®£à¥è®áâï¬. �ë à áá¬®âà¨¬ ¨á¯®«ì§®¢ ¨¥
¤«ï íâ¨å æ¥«¥© ¯®«¨®¬®¢.

�¨¥© ï ¨â¥à¯®«ïæ¨ï ¨ íªáâà ¯®«ïæ¨ï. Ǳãáâì   á¥âª¥
ã§«®¢

a = x0 < x1 < : : : < xj�1 < xj < : : : < xn = b; (8.73)

¢®®¡é¥ £®¢®àï, ¥à ¢®¬¥à®© § ¤ ë § ç¥¨ï äãªæ¨¨ y (x):

y0; y1; : : : ; yj�1; yj ; : : : ; yn; (8.74)

£¤¥ yj = y (xj) (á¬. à¨á. 8.8).

�¨á. 8.8

Ǳãáâì ¤ «¥¥ âà¥¡ã¥âáï ®¯à¥¤¥«¨âì § ç¥¨¥ äãªæ¨¨ y (x)
¢ â®çª¥ x, ¯à®¬¥¦ãâ®ç®© ¬¥¦¤ã xj�1 ¨ xj , â. ¥. ¯à¨ x 2 [xj�1; xj ].
�®á¯®«ì§ã¥¬cï ¤«ï íâ®£® ¯à¨¥¬®¬ «¨¥©®© ¨â¥à¯®«ïæ¨¨. � § -
ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �¥à¥§ â®çª¨ yj�1 ¨ yj ¯à®¢®¤¨¬ ¯àï¬ãî
«¨¨î, â. ¥. ¯®«¨®¬ 1-£® ¯®àï¤ª  (á¬. à¨á. 8.8):ey (x) = ux+ v; (8.75)

£¤¥ u ¨ v | ¥ª®â®àë¥ ª®íää¨æ¨¥âë, ª®â®àë¥ ¬®£ãâ ¡ëâì
®¯à¥¤¥«¥ë ç¥à¥§ á¨áâ¥¬ã ¤¢ãå ãà ¢¥¨©:

uxj�1 + v = yj�1;

uxj + v = yj ;

�
(8.76)

à¥è¥¨¥ ª®â®à®©:

u =
yj � yj�1

xj � xj�1
; v =

xjyj�1 � xj�1yj

xj � xj�1
: (8.77)
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�«¥¤®¢ â¥«ì®,

ey (x) = yj � yj�1

hj

x+
xjyj�1 � xj�1yj

hj

; (8.78)

£¤¥ hj = xj � xj�1, ¨«¨

ey (x) = � x� xj

xj�1 � xj

�
yj�1 +

�
x� xj�1

xj � xj�1

�
yj (8.79)

¨«¨ ey (x) = yj�1 +
x� xj�1

hj

�yj ; (8.80)

£¤¥ �yj = yj � yj�1.
�î¡ ï ¨§ ä®à¬ã« (8.78), (8.79) ¨«¨ (8.80), ¨á¯®«ì§ã¥¬ëå  

¯à ªâ¨ª¥ [11, á. 12], ¯®§¢®«ï¥â ¢ë¯®«¨âì «¨¥©ãî ¨â¥à¯®«ï-

æ¨î. �« £ ¥¬®¥
x� xj�1

hj

�yj ¢ (8.80)  §ë¢ ¥âáï ¨â¥à¯®«ïæ¨®®©
¯®¯à ¢ª®©.

Ǳà ¨¬ ¥ à 1. �à¥¡ã¥âáï ®¯à¥¤¥«¨âì y (x) = ex ¯à¨ x = 0:853,
  ¢ â ¡«¨æ¥ [11, á. 47] ¤ ë § ç¥¨ï yj�1 = e0:85 = 2:3396 ¨
yj = e0:86 = 2:3632. Ǳ® ä®à¬ã«¥ (8.80) ¨¬¥¥¬:

ey (0:853) = 2:3396+ 0:0071 = 2:3467:

�á«¨ á ¯®¬®éìî ¯®«¨®¬  1-£® ¯®àï¤ª  ã¦® ®¯à¥¤¥«¨âì y (x)
¢ â®çª¥ x ¢¥ ¨â¥à¢ «  [xj�1; xj ], â. ¥. ¯à¨ x =2 [xj�1; xj ], â® â -
ª ï ®¯¥à æ¨ï  §ë¢ ¥âáï «¨¥©®© íªáâà ¯®«ïæ¨¥© (¯ãªâ¨à ï
ç áâì ¯àï¬®©   à¨á. 8.8). �«ï «¨¥©®© íªáâà ¯®«ïæ¨¨ ¯®¤å®¤¨â
â ª¦¥ «î¡ ï ¨§ ä®à¬ã« (8.78), (8.79) ¨«¨ (8.80).

Ǳà ¨¬ ¥ à 2. �¯à¥¤¥«¨¬ y (x) = ex ¯à¨ x = 0:853 ¨§ ¯à¨-
¬¥à  1, ® ¨á¯®«ì§ã¥¬ ¤àã£¨¥ § ç¥¨ï yj�1 ¨ yj ,   ¨¬¥®,
yj�1 = e0:84 = 2:3164 ¨ yj = e0:85 = 2:3396. Ǳ® ä®à¬ã«¥ (8.80)
¯®«ãç¨¬: ey (0:853) = 2:3164 + 0:0302 = 2:3466, â. ¥. ¯à ªâ¨ç¥áª¨ â®
¦¥ § ç¥¨¥, çâ® ¨ ¢ ¯à¨¬¥à¥ 1.

�¤ ª®, ¥á«¨ x ®âáâ®¨â ¤ «¥ª® ®â ¨â¥à¢ «  [xj�1; xj ], â® «¨-
¥© ï íªáâà ¯®«ïæ¨ï ¬®¦¥â ®ª § âìáï ¢¥áì¬  ¥â®ç®©. �â® ¤¥-
¬®áâà¨àã¥â

Ǳà¨¬ ¥ à 3. �ã¦® ®¯à¥¤¥«¨âì y (x) = ex ¯à¨ x = 0:853, ¨á¯®«ì-
§ãï yj�1 = e0:1 = 1:1052 ¨ yj = e0:11 = 1:1163. Ǳ® ä®à¬ã«¥ (8.80)
¯®«ãç¨¬: ey (0:853) = 1:1052+ 0:8358 = 1:9410, â. ¥. á® § ç¨â¥«ì®©
¯®£à¥è®áâìî.

�¢ ¤à â¨ç ï ¨â¥à¯®«ïæ¨ï ¨ íªáâà ¯®«ïæ¨ï. �®«¥¥ â®ç-
®© ï¢«ï¥âáï ª¢ ¤à â¨ç ï ¨â¥à¯®«ïæ¨ï ¨ íªáâà ¯®«ïæ¨ï. Ǳãáâì
âà¥¡ã¥âáï ®¯à¥¤¥«¨âì § ç¥¨¥ äãªæ¨¨ y (x). �á¯®«ì§ã¥¬ § -
ç¥¨ï yj�1 = y (xj�1), yj = y (xj) ¨ yj+1 = y (xj+1) â ª¨¥, çâ®
x 2 [xj�1; xj+1], ¯à¨ç¥¬ xj�1 < xj < xj+1. Ǳà®¢®¤¨¬ ç¥à¥§ â®çª¨
y (xj�1), y (xj) ¨ y (xj+1) ¯®«¨®¬ 2-£® ¯®àï¤ª  (á¬. à¨á. 8.9).
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�¨á. 8.9

�à ¢¥¨¥ ¯®«¨®¬  ¡ã¤¥â (®¡®¡é¥¨¥ ä®à¬ã«ë (8.79)):

ey (x) = (x� xj)(x� xj+1)

(xj�1 � xj)(xj�1 � xj+1)
yj�1 +

(x� xj�1)(x� xj+1)

(xj � xj�1)(xj � xj+1)
yj +

+
(x� xj�1)(x� xj)

(xj+1 � xj�1)(xj+1 � xj)
yj+1: (8.81)

�ëç¨á«¥¨¥ ey (x) ¯® ä®à¬ã«¥ (8.81) ¯à¨ x 2 [xj�1; xj+1]  -
§ë¢ ¥âáï ª¢ ¤à â¨ç®© ¨â¥à¯®«ïæ¨¥©,   ¯à¨ x =2 [xj�1; xj+1]
| ª¢ ¤à â¨ç®© íªáâà ¯®«ïæ¨¥©. �®à¬ã«  (8.81) ¬®¦¥â ¡ëâì
¯à¥®¡à §®¢   ª ¢¨¤ã, ¤ îé¥¬ã ª¢ ¤à â¨çãî ¨â¥à¯®«ïæ¨î ¯®
�¥áá¥«î [11, á. 12].
Ǳà ¨¬ ¥ à 4. �ã¦® ®¯à¥¤¥«¨âì y (x) = ex ¯à¨ x = 0:853, ¨á¯®«ì-

§ãï yj�1 = e0:1 = 1:1052, yj = e0:11 = 1:1163 ¨ yj+1 = e0:12 = 1:1275.
Ǳ® ä®à¬ã«¥ (8.81) ¯®«ãç¨¬ey (0:853) = 3009:565� 6161:407+ 3154:063 = 2:2209;

â. ¥. à¥§ã«ìâ â, § ç¨â¥«ì® ¡®«¥¥ â®çë©, ç¥¬ ¢ ¯à¨¬¥à¥ 3, ®¤ ª®
âà¥¡ãîé¨© ¢ëç¨á«¥¨© á ¯®¢ëè¥®© â®ç®áâìî (íâ®£® ¥ âà¥¡ã¥â
ª¢ ¤à â¨ç ï ¨â¥à¯®«ïæ¨ï ¯® �¥áá¥«î).

Ǳ®«¨®¬ � £à ¦ . �®£¨ç¥áª¨¬ ¯à®¤®«¦¥¨¥¬ «¨¥©®© ¨
ª¢ ¤à â¨ç®© ¨â¥à¯®«ïæ¨¨ ¨ íªáâà ¯®«ïæ¨¨ ï¢«ï¥âáï ¯®«¨®¬
� £à ¦  [11, á. 502]. Ǳãáâì ¢ ã§« å (8.73) § ¤ ë § ç¥¨ï äãª-
æ¨¨ (8.74). �®£¤  ç¥à¥§ ¨å ¬®¦® ¯à®¢¥áâ¨ (¥¤¨ë©) ¯®«¨®¬
n-© áâ¥¯¥¨ (®¡®¡é¥¨¥ ä®à¬ã«ë (8.81)):

ey (x) = (x� x1)(x� x2) : : : (x� xn)

(x0 � x1)(x0 � x2) : : : (x0 � xn)
y0+

(x� x0)(x � x2) : : : (x� xn)

(x1 � x0)(x1 � x2) : : : (x1 � xn)
y1+

+ : : :+
(x� x0)(x� x1) : : : (x� xn�1)

(xn � x0)(xn � x1) : : : (xn � xn�1)
yn (8.82)

¨«¨ ey (x) = nX
j=0

� nY
i=0
i 6=j

�
x� xi

xj � xi

��
yj : (8.83)



8.4. �����Ǳ������, ������Ǳ������ � �ǱǱ���������� 215

�á«¨ x 2 [x0; xn], â® ¯®«¨®¬ � £à ¦  ¡ã¤¥â ¨â¥à¯®«ïæ¨®-
ë¬,   ¥á«¨ x =2 [x0; xn], â® íªáâà ¯®«ïæ¨®ë¬.

�á«¨ x = x0, â® ey (x) = y0; ¥á«¨ x = x1, â® ey (x) = y1; : : :
¥á«¨ x = xn, â® ey (x) = yn, â. ¥. ¯®«¨®¬ � £à ¦  ¯à®å®¤¨â
â®ç® ç¥à¥§ § ¤ ë¥ § ç¥¨ï äãªæ¨¨: ey (xj) = yj , j = 0; n,
®¤ ª® ¬¥¦¤ã ã§« ¬¨ ¨â¥à¯®«ïæ¨¨ xj ¯®«¨®¬, ª ª ¯à ¢¨«®,
¥ãáâ®©ç¨¢, ¯à¨ç¥¬ áâ¥¯¥ì ¥ãáâ®©ç¨¢®áâ¨ à áâ¥â á ã¢¥«¨ç¥¨-
¥¬ n (á¬. à¨á. 8.10).

�¨á. 8.10

�à®¬¥ â®£®, ¤ ¦¥ ¥¡®«ìè¨¥ ¯®£à¥è®áâ¨ § ç¥¨© yj ¬®£ãâ
á¨«ì® ¨§¬¥¨âì å®¤ ¯®«¨®¬  ¬¥¦¤ã ã§« ¬¨. �â¬¥ç¥ë¥ íä-
ä¥ªâë ¥ãáâ®©ç¨¢®áâ¨ ¯à®ï¢«ïîâáï, ª®£¤  n & 15,   ¢ ¯à ªâ¨ç¥-
áª¨å § ¤ ç å, ª®£¤  n � 100, ¥ãáâ®©ç¨¢®áâì ¯®«¨®¬  � £à ¦ 
®ç¥ì ¢¥«¨ª .

�â¬¥ç¥ë¥ ¥¤®áâ âª¨ ¯®«¨®¬  � £à ¦  ¯®à®¤¨«¨ ¨¤¥î á®-
§¤ ¨ï ¢¬¥áâ® ¥¤¨®£® ¯®«¨®¬  ªãá®ç®-¯®«¨®¬¨ «ì®© äãª-
æ¨¨, ¨«¨ á¯« © .

�¯« ©ë [2, 11, 19, 22, 23, 29, 48, 66, 90].

� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �¯« © | íâ® ªãá®ç®-¯®«¨®¬¨ «ì ï äãª-
æ¨ï â ª ï, çâ®:

1) �áï ®¡« áâì [a; b] à §¡¨â    ¯®¤®¡« áâ¨ (ãç áâª¨, ®âà¥§-
ª¨), ¢®®¡é¥ £®¢®àï, ¥®¤¨ ª®¢®© ¤«¨ë, ¢ ª ¦¤®© ¨§ ª®â®àëå
äãªæ¨ï ¥áâì ¯®«¨®¬ (¬®£®ç«¥) áâ¥¯¥¨ m > 0.

2) �  £à ¨æ å ¯®¤®¡« áâ¥© ¯®«¨®¬ë áâëªãîâáï ¤® ¯à®¨§¢®¤-
ëå d = (m� p)-£® ¯®àï¤ª , £¤¥ p 2 [1;m+ 1] | ¤¥ä¥ªâ á¯« © ,
  d 2 [�1;m � 1] | ¬ ªá¨¬ «ìë© ¯®àï¤®ª ¥¯à¥àë¢®© ¯à®¨§-
¢®¤®©.

�àã£¨¬¨ á«®¢ ¬¨, á¯« © ¥áâì á®¢®ªã¯®áâì ¯®«¨®¬®¢ áâ¥¯¥¨
m, à §«¨çëå ¤«ï ª ¦¤®© ¯®¤®¡« áâ¨, ® áâëªãîé¨åáï   £à ¨-
æ å ¯®¤®¡« áâ¥© ¤® ¯à®¨§¢®¤ëå (m�p)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®.
�âëª®¢ª  ¯à®¨§¢®¤ëå ¯®§¢®«ï¥â ¤¥« âì ¯« ¢ë¬ ¯¥à¥å®¤ ¬¥¦¤ã
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�¨á. 8.11

¯®¤®¡« áâï¬¨ (â¥¬ ¡®«¥¥ ¯« ¢ë©, ç¥¬ ¬¥ìè¥ p). �  à¨á. 8.11
¨§®¡à ¦¥ ®¤¨ ¨§ ¢®§¬®¦ëå á¯« ©®¢ ¯® ¤ ë¬ à¨á. 8.10.
�ë ¢¨¤¨¬, çâ® ªà¨¢ ï   à¨á. 8.11 § ç¨â¥«ì® ¡®«¥¥ ¯« ¢ ï,

ç¥¬   à¨á. 8.10.
�á®¡¥®áâì á¯« ©  á®áâ®¨â ¢ â®¬, çâ® ® ï¢«ï¥âáï £®à §¤®

¡®«¥¥ ãáâ®©ç¨¢®© ¨ £« ¤ª®© äãªæ¨¥©, ç¥¬ ¯®«¨®¬ � £à ¦ ,
¯à¨ç¥¬ £« ¤ª®áâì ¬®¦® à¥£ã«¨à®¢ âì § ç¥¨¥¬ p (ç¥¬ ¬¥ìè¥ p,
â¥¬ ¡®«¥¥ £« ¤ª¨¬ ¡ã¤¥â á¯« ©),   â ª¦¥ áâ¥¯¥ìî m.
�á«¨ d = �1, â® á¯« ©ë  §ë¢ îâáï à §àë¢ë¬¨ (¢®§¬®¦¥

à §àë¢ § ç¥¨© ¯®«¨®¬®¢   £à ¨æ å ¯®¤®¡« áâ¥©), ¨«¨ B-
á¯« © ¬¨ (åà®®«®£¨ç¥áª¨ ¯¥à¢ë¬¨ á¯« © ¬¨) | á¬. à¨á. 8.12.

�¨á. 8.12

�á«¨ d = 0, â®   £à ¨æ å ¯®¤®¡« áâ¥© áâëªãîâáï «¨èì
§ ç¥¨ï ¯®«¨®¬®¢ (¥¯à¥àë¢ë¥ á¯« ©ë) | á¬. à¨á. 8.13.

�¨á. 8.13

� áâë© á«ãç © ¥¯à¥àë¢ëå á¯« ©®¢ | íâ® á«ãç ©, ª®£¤ 
m = 1 (¯à¨ íâ®¬ d = 0, p = 1). � íâ®¬ á«ãç ¥ á¯« © ¤ ¥â
«¨¥©ãî ¨â¥à¯®«ïæ¨î (á¬. à¨á. 8.14).

�¨á. 8.14
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� ¥á«¨ d = m � 1, â®   £à ¨æ å ¯®¤®¡« áâ¥© áâëªãîâáï
¯à®¨§¢®¤ë¥ ®â ¯®«¨®¬®¢ ¤® (m � 1)-£® ¯®àï¤ª  (ª« áá¨ç¥áª¨¥
á¯« ©ë). Ǳà¨¬¥à: ¨¦¥á«¥¤ãîé¨¥ ªã¡¨ç¥áª¨¥ á¯« ©ë, ¯®«ãç¨¢-
è¨¥  ¨¡®«ìè¨¥ ¯à¨«®¦¥¨ï ¢ ä¨§¨ª¥ ¨ â¥å¨ª¥.

�ã¡¨ç¥áª¨¥ ¨â¥à¯®«¨àãîé¨¥ á¯« ©ë. � áá¬ âà¨¢ ¥âáï
§ ¤ ç  ¨â¥à¯®«ïæ¨¨ äãªæ¨¨ y (x) á ¨á¯®«ì§®¢ ¨¥¬ § ç¥¨©
äãªæ¨¨ (8.74) ¢ ã§« å (8.73).
� ¯à ¥ ¤ ¥ « ¥  ¨ ¥. �ã¡¨ç¥áª¨¬ á¯« ©®¬ ¤¥ä¥ªâ  p = 1  §ë¢ -

¥âáï äãªæ¨ï S (x), ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¨¬ âà ¥ ¡ ® ¢   ¨ ï¬
[11, á. 504], [19, á. 84], [22], [23, á. 35], [48, á. 140]:
1) S (x) ¥¯à¥àë¢  ¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤ë¬¨ ¤® ¢â®à®£®

¯®àï¤ª  ¢ª«îç¨â¥«ì®: S (xj�0) = S (xj+0), S
0(xj�0) = S0(xj+0),

S00(xj � 0) = S00(xj + 0);
2)   ª ¦¤®¬ ®âà¥§ª¥ [xj�1; xj ] ®  ï¢«ï¥âáï ªã¡¨ç¥áª¨¬ ¯®-

«¨®¬®¬ (â. ¥. m = 3):

S (x) = Sj(x) =

3X
l=0

a
(j)
l (xj � x)l; j = 1; n; (8.84)

3) ¢ ã§« å á¥âª¨ (8.73) ¢ë¯®«ïîâáï à ¢¥áâ¢  S (xj) = yj ,
j = 0; n;
4) ¤«ï S00(x) ¢ë¯®«ïîâáï £à ¨çë¥ ãá«®¢¨ï:

S00(a) = S00(b) = 0: (8.85)

�ë¯®«¥¨¥ ¯à¨¢¥¤¥ëå âà¥¡®¢ ¨© ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢ë-
à ¦¥¨¥ (8.84) ¤«ï á¯« ©  ¯à¨¨¬ ¥â ª®ªà¥âë© ¢¨¤:

S (x) = Sj(x) = �j�1
(xj � x)3

6hj
+ �j

(x� xj�1)
3

6hj
+

+

�
yj�1 �

�j�1h
2
j

6

�
xj � x

hj

+

�
yj �

�jh
2
j

6

�
x� xj�1

hj

; (8.86)

£¤¥ hj = xj�xj�1 (è £ á¯« © ),   ¢¥«¨ç�̈ë �j = S00(xj), j = 0; n,
¯®¤«¥¦ â ®¯à¥¤¥«¥¨î (á¬. à¨á. 8.15).

�¨á. 8.15
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�§ (8.85) á«¥¤ã¥â: �0 = �n = 0,   �1, �2, : : : , �n�1 ®¯à¥¤¥«ïîâáï
¨§ ����:

A� = Dy; (8.87)

£¤¥ ª¢ ¤à â ï ¬ âà¨æ  A à §¬¥à  (n � 1) � (n � 1) ¨¬¥¥â ¢¨¤
(3-«¥â®ç ï á¨¬¬¥âà¨ç ï ¬ âà¨æ ):

A =

8>>>>>>>>>>>>>>>>>>>:

h1 + h2

3
h2

6
0 : : : 0 0

h2

6
h2 + h3

3
h3

6
: : : 0 0

0
h3

6
h3 + h4

3
: : : 0 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 0 : : :
hn�1

6

hn�1 + hn

3

9>>>>>>>>>>>>>>>>>>>;
; (8.88)

¯àï¬®ã£®«ì ï ¬ âà¨æ  D à §¬¥à  (n � 1) � (n + 1) ¨¬¥¥â ¢¨¤
(3-«¥â®ç ï ¬ âà¨æ ):

D =

8>>>>>>>>>>>>>>>:

1
h1

�
� 1
h1

� 1
h2

�
1
h2

0 0 : : : 0 0 0

0
1
h2

�
� 1
h2

� 1
h3

�
1
h3

0 : : : 0 0 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 0 0 0 : : :
1

hn�1

�
� 1
hn�1

� 1
hn

�
1
hn

9>>>>>>>>>>>>>>>;
; (8:89)

¢¥ªâ®à y = (y0; y1; : : : ; yn)
T § ¤ ,   ¢¥ªâ®à � = (�1; �2; : : : ; �n�1)

T

ï¢«ï¥âáï ¨áª®¬ë¬.

� âà¨æ  A ï¢«ï¥âáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¨ ¥®á®¡¥-
®©, ¯®áª®«ìªã ¨¬¥¥â ¯à¥®¡« ¤ îé¨¥ ¤¨ £® «ìë¥ í«¥¬¥âë,
§ ç¨â, á¨áâ¥¬  (8.87) ®¤®§ ç® à §à¥è¨¬ ,   ¢ëç¨á«¥¨ï �1,
�2, : : : , �n�1 ¡ã¤ãâ ¢ë¯®«ïâìáï á ¢ëá®ª®© â®ç®áâìî.

�á«¨ è £ á¯« ©  hj = h = (b� a)=n = const, â®

A =

8>>>>>>>>>>>>>>>>>>:

2
3
h

1
6
h 0 : : : 0 0

1
6
h

2
3
h

1
6
h : : : 0 0

0
1
6
h

2
3
h : : : 0 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 0 : : :
1
6
h

2
3
h

9>>>>>>>>>>>>>>>>>>;
; (8.90)

D =

8>>>>>>>>>>>>:
1

h

� 2

h

1

h

: : : 0 0 0

0
1

h

� 2

h

: : : 0 0 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 0 : : :
1
h

� 2
h

1
h

9>>>>>>>>>>>>; : (8.91)
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� ¯à¨¬¥à, n = 2 (á¬. à¨á. 8.16). �®£¤  �0 = �2 = 0,

A =
2

3
h; D =

�
1

h

;� 2

h

;
1

h

�
; y = (y0; y1; y2)

T ; Dy =
y0 � 2y1 + y2

h

;
(8.92)

�1 =
Dy

A

=
3

2

y0 � 2y1 + y2

h
2 : (8.93)

�¨á. 8.16

� à¥§ã«ìâ â¥ (á¬. (8.86))

S1(x) =
�1

6h
(x� x0)

3 + y0 � x1 � x

h

+
�
y1 � �1h

2

6

�
� x� x0

h

=

=
y0 � 2y1 + y2

4h3
(x� x0)3 + y0 � x1 � x

h

� y0 � 6y1 + y2

4h
� x� x0

h

; (8:94)

S2(x) =
�1

6h
(x2 � x)3 +

�
y1 � �1h

2

6

�
� x2 � x

h

+ y2 � x� x1

h

: (8.95)

�¨á. 8.17

Ǳà¨¬ ¥ à. Ǳãáâì a = x0 = 0, x1 = 1, b = x2 = xn = 2, h = 1,
y0 = 1, y1 = 1:5, y2 = 1:6 (á¬. à¨á. 8.17).
�®£¤  �1 = S00(1) = �0:6 (á¬. (8.93)),   á ¯®¬®éìî (8.94), (8.95)

 ©¤¥¬:

S1(x) = �0:1x3 + 0:6x+ 1; (8.96)

S2(x) = �0:1 (2� x)3 + 1:6: (8.97)
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�¨á. 8.18

�á«¨ n ¢¥«¨ª® ( ¯à¨¬¥à, 50), â® ¡ã¤¥â óáè¨â®ô ¬®£® ¯®«¨-
®¬®¢ ¢ ¥¤¨ë© á¯« © (á¬. à¨á. 8.18).
� [58, á. 134] à áá¬®âà¥ á«ãç ©, ª®£¤  ¤«ï ªã¡¨ç¥áª¨å á¯« ©®¢

§ ¤ ë ¥ â®«ìª® § ç¥¨ï äãªæ¨¨ yj , ® ¨ ¥¥ ¯à®¨§¢®¤ëå y0j
¢ ã§« å (8.73), ¯à¨ç¥¬ ¤«ï ¤¥ä¥ªâ  p = 2.
�â¬¥â¨¬ á«¥¤ãîé¨¥ ¯®«®¦¨â¥«ìë¥ ® á ® ¡ ¥   ® á â¨ á¯« ©®¢:
| ®¨ å®à®è® áâà®ïâáï £à ä¨ç¥áª¨ (¢ àï¤¥ ª®¬¯ìîâ¥àëå

à¥¤ ªâ®à®¢,  ¯à¨¬¥à, �à ä®à, Grapher ¨ ¤à., ¥áâì ®¯¥à æ¨ï
á¯« ©-¨â¥à¯®«ïæ¨¨),
| á¯« ©ë ã¤®¡® ¤¨ää¥à¥æ¨àãîâáï ( ¯à¨¬¥à, ¬®¦® ¤¢ ¦-

¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨à®¢ âì ¢ëà ¦¥¨ï (8.86), (8.94){(8.97)),
¯®íâ®¬ã ®¨ ¨á¯®«ì§ãîâáï ¤«ï ¤¨ää¥à¥æ¨à®¢ ¨ï â ¡«¨ç® § -
¤ ëå äãªæ¨©,
| á¯« ©ë ã¤®¡® ¨â¥£à¨àãîâáï (ª ª ¨â¥£à «ë ®â ¯®«¨®-

¬®¢), ¯®íâ®¬ã ®¨ ¨á¯®«ì§ãîâáï ¤«ï ¨â¥£à¨à®¢ ¨ï â ¡«¨ç®
§ ¤ ëå äãªæ¨©,
| á¯« ©ë ¯à¨¬¥ïîâáï ¤«ï à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨©

[19, á. 86].
�â¬¥â¨¬ ¥é¥, çâ® á¯« ©-¨â¥à¯®«ïæ¨ï ¨á¯®«ì§ã¥âáï â ª¦¥

¤«ï äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå f (x; y) ¨ ¡®«ìè¥£® ç¨á«  ¯¥à¥-
¬¥ëå [2, 66].
�§«®¦¥ë¥ ¢ëè¥ «¨¥© ï, ª¢ ¤à â¨ç ï ¨ á¯« ©-¨â¥à¯®-

«ïæ¨ï (  â ª¦¥ íªáâà ¯®«ïæ¨ï) ¯à¨¬¥¨¬ë, £« ¢ë¬ ®¡à §®¬,
¢ á«ãç ¥, ª®£¤  § ç¥¨ï äãªæ¨¨ (8.74) ï¢«ïîâáï ¥§ èã¬«¥-
ë¬¨,  ¯à¨¬¥à, â ¡«¨çë¥ § ç¥¨ï äãªæ¨¨ ex ¨«¨ sinx ¨ â. ¤.
�¤ ª® ª àâ¨  ¬®¦¥â à¥§ª® ¨§¬¥¨âìáï, ª®£¤  ¢ ª ç¥áâ¢¥ â ¡«¨ç-
ëå § ç¥¨© äãªæ¨¨ (8.74) ¢ëáâã¯ îâ § èã¬«¥ë¥ (¢ ¯¥à¢ãî
®ç¥à¥¤ì, íªá¯¥à¨¬¥â «ìë¥) § ç¥¨ï. �  à¨á. 8.19  ¨§®¡à ¦¥ë
â®çª ¬¨ â®çë¥ § ç¥¨ï ¥ª®â®à®© äãªæ¨¨ (h = const) ¨ ç¥à¥§
¨å ¯à®¢¥¤¥ ªã¡¨ç¥áª¨© á¯« © (¤¥ä¥ªâ  p = 1). �ë ¢¨¤¨¬, çâ®
á¯« © ¤ « å®à®èãî ¨â¥à¯®«ïæ¨®ãî ªà¨¢ãî ¨ ¤ ¦¥ å®à®è¨¥
ªà¨¢ë¥ ¤«ï ¯¥à¢®© ¨ ¢â®à®© ¯à®¨§¢®¤ëå (¥ ¯à¨¢¥¤¥ë¥   à¨-
áãª¥). �  à¨á. 8.19¡ â®çª ¬¨ ®â®¡à ¦¥ë § èã¬«¥ë¥ § ç¥¨ï
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�¨á. 8.19

äãªæ¨¨ ¨ ¯à®¢¥¤¥ë© ç¥à¥§ ¨å ªã¡¨ç¥áª¨© á¯« © (p = 1).
�ë ¢¨¤¨¬, çâ® á¯« © å®âï ¨  ªªãà â® á®¥¤¨¨« â®çª¨, ® ¤ «
ä«ãªâã¨àãîéãî ªà¨¢ãî, ª®â®àãî, ª®¥ç®, ¥«ì§ï ¨á¯®«ì§®¢ âì
¤«ï ®âëáª ¨ï ¯¥à¢®© ¨ ¢â®à®© ¯à®¨§¢®¤ëå.

�« ¢ ï ¯à¨ç¨  ä«ãªâã æ¨© | ¢ â®¬, çâ® ¨á¯®«ì§ã¥¬ë©
á¯« © ï¢«ï¥âáï ¨â¥à¯®«ïæ¨®ë¬. �«ï ¤ ®£® á«ãç ï ¡®«¥¥
íää¥ªâ¨¢ë¬¨ ï¢«ïîâáï á£« ¦¨¢ îé¨¥, ¨«¨  ¯¯à®ªá¨¬¨àãîé¨¥
á¯« ©ë. Ǳ®íâ®¬ã à áá¬®âà¨¬ ¢®¯à®á ® á£« ¦¨¢ ¨¨ ¨  ¯¯à®ª-
á¨¬ æ¨¨ ¯®«¨®¬ ¬¨.

�¨¥© ï  ¯¯à®ªá¨¬ æ¨ï («¨¥©®¥ á£« ¦¨¢ ¨¥). �â -
¢¨âáï á«¥¤ãîé ï §   ¤  ç  : ¨á¯®«ì§ãï â®çª¨ (8.73), (8.74), ¯à®¢¥-
áâ¨ â ªãî (¥¤¨ãî) ¯àï¬ãî «¨¨î

ey (x) = �x+ ; (8.98)

£¤¥ � ¨  | ¥ª®â®àë¥ ª®íää¨æ¨¥âë, çâ®¡ë

nX
j=0

[ey (xj)� yj ]
2 = min

�; 
; (8.99)

â. ¥. çâ®¡ë ¥¢ï§ª  ¬¥¦¤ã ¯àï¬®© ey (x) ¨ § ¤ ë¬¨ § ç¥¨ï¬¨
yj ¡ë«  ¬¨¨¬ «ì . �§ (8.99) ¢¨¤®, çâ® ¯àï¬ ï (8.98)  å®¤¨âáï
¬¥â®¤®¬  ¨¬¥ìè¨å ª¢ ¤à â®¢.

� ¯¨è¥¬ (8.99) ¨ ç¥:

nX
j=0

(�xj +  � yj)
2 = min

�; 
: (8.100)



222 ����� 8. ������ �������������, ���������� � �ǱǱ����������

Ǳà¨à ¢¨¢ ï ¯à®¨§¢®¤ë¥ ®â (8.100) ¯® � ¨  ã«î, ¯®«ãç¨¬

nX
j=0

xj (�xj +  � yj) = 0;

nX
j=0

(�xj +  � yj) = 0:

(8.101)

� ¯¨è¥¬ (8.101) ¢ ¢¨¤¥ á¨áâ¥¬ë ¤¢ãå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
®â®á¨â¥«ì® � ¨ :� nX

j=0

x2j

�
� +

� nX
j=0

xj

�
 =

nX
j=0

xjyj ;� nX
j=0

xj

�
� + (n+ 1)  =

nX
j=0

yj :

9>>>>=>>>>;
(8.102)

Ǳàï¬ ï «¨¨ï (8.98) ®áãé¥áâ¢«ï¥â «¨¥©ãî  ¯¯à®ªá¨¬ æ¨î
(¨«¨ «¨¥©®¥ á£« ¦¨¢ ¨¥). �â  ¯àï¬ ï ¬®¦¥â ¨á¯®«ì§®¢ âìáï
ª ª ¤«ï ¨â¥à¯®«ïæ¨¨ (¯à¨ x 2 [a; b]), â ª ¨ ¤«ï íªáâà ¯®«ïæ¨¨
(¯à¨ x =2 [a; b]) | á¬. à¨á. 8.20.

�¨á. 8.20

Ǳà¨¬ ¥ à: x0 = 0, x1 = 1, x2 = 2, y0 = 1, y1 = 2:5, y2 = 2 (n = 2).
���� (8.102) ¯®«ãç ¥âáï ¢ ¢¨¤¥:

5� + 3 = 6:5;

3� + 3 = 5:5;

�
(8.103)

®âªã¤  � = 0:5,  = 4=3. �«¥¤®¢ â¥«ì®,ey (x) = 0:5x+ 4=3: (8.104)

�¢ ¤à â¨ç ï  ¯¯à®ªá¨¬ æ¨ï (ª¢ ¤à â¨ç®¥ á£« ¦¨¢ -
¨¥). �®«¥¥ â®ç®© ï¢«ï¥âáï ª¢ ¤à â¨ç ï  ¯¯à®ªá¨¬ æ¨ï, á®-
£« á® ª®â®à®© ã¦®  ©â¨ â ª®© ª¢ ¤à â¨çë© ¯®«¨®¬:ey (x) = �x2 + x+ �; (8.105)
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£¤¥ �, , � | ¥ª®â®àë¥ ª®íää¨æ¨¥âë, çâ®

nX
j=0

[ey (xj)� yj ]
2 = min

�;;�
: (8.106)

�£« ¦¨¢ îé¨¥ ( ¯¯à®ªá¨¬¨àãîé¨¥) ªã¡¨ç¥áª¨¥ á¯« ©-
ë [22], [23, á. 43], [29], [48, á. 27]. �®£¨ç¥áª¨¬ ¯à®¤®«¦¥¨¥¬
«¨¥©®© ¨ ª¢ ¤à â¨ç®©  ¯¯à®ªá¨¬ æ¨¨ ï¢«ïîâáï ªã¡¨ç¥áª¨¥
á¯« ©ë (¤¥ä¥ªâ  p = 1), ¥ ¯à®å®¤ïé¨¥ â®ç® ç¥à¥§ ã§«ë (8.73){
(8.74),   ¯à®å®¤ïé¨¥ ó¢ áà¥¤¥¬ô ç¥à¥§ ¨å. � ª¨¥ á¯« ©ë ¨á-
¯®«ì§ãîâáï ¢ á«ãç ¥ § èã¬«¥®áâ¨ § ç¥¨© yj (á¬. à¨á. 8.19¡),
ª®£¤  ¢¬¥áâ® § ç¥¨© (8.74) § ¤ ë § ç¥¨ïey0; ey1; : : : ; eyj�1; eyj ; : : : ; eyn: (8.107)

� ª¨¥ á¯« ©ë  §ë¢ îâáï á£« ¦¨¢ îé¨¬¨, ¨«¨  ¯¯à®ªá¨¬¨-
àãîé¨¬¨.
�«ï ¤ ëå ªã¡¨ç¥áª¨å á¯« ©®¢ (¤¥ä¥ªâ  p = 1) ¨á¯®«ì§ã¥âáï

®¯à¥¤¥«¥¨¥ ªã¡¨ç¥áª¨å ¨â¥à¯®«¨àãîé¨å á¯« ©®¢ (á¬. ¢ëè¥),
®¤ ª® ¨§ ®¯à¥¤¥«¥¨ï ¨áª«îç ¥âáï âà¥¡®¢ ¨¥ 3 ¨ ¤®¡ ¢«ï¥âáï
ãá«®¢¨¥ ¬¨¨¬ã¬  äãªæ¨® «  [22], [23, á. 43], [48, á. 27]:

nX
j=0

[S�(xj)� eyj ]2 + �

bZ
a

S002� (x) dx = min
S�(x)

; (8.108)

£¤¥ S�(x) | ¨áª®¬ë© á£« ¦¨¢ îé¨© á¯« ©,   � > 0 | ¯ à ¬¥âà
á£« ¦¨¢ ¨ï. �á«®¢¨¥ (8.108)  ¯®¬¨ ¥â ãá«®¢¨¥ (8.5) ¢ ¬¥â®¤¥
à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ ,   � | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨.
Ǳà¨ � ! 0 á¯« © S�(x) ¯¥à¥å®¤¨â ¢ ¨â¥à¯®«¨àãîé¨©, â. ¥.

¡ã¤¥â ¢ë¯®«ïâáï âà¥¡®¢ ¨¥ 3: S0(xj) = eyj , j = 0; n,   ¯à¨ § ¢ë-
è¥ëå � äãªæ¨ï S�(x) ¡ã¤¥â á«¨èª®¬ £« ¤ª®©, â. ¥. ¥®¡å®¤¨¬®
¢ë¡à âì ã¬¥à¥®¥ § ç¥¨¥ �.
� à ¡®â¥ [22] ¯à¨¢¥¤¥ë â¥ªáâë ¯à®£à ¬¬ SMF1V1 ¨ ¤à. ¤«ï

¬¨¨¬¨§ æ¨¨ äãªæ¨® «  (8.108), ¢ë¡®à  ¯ à ¬¥âà  �, ¢ëç¨á«¥-
¨ï § ç¥¨© á¯« ©  S�(x) ¨ ¥£® ¯¥à¢®© ¨ ¢â®à®© ¯à®¨§¢®¤ëå
¢ ã§« å á¥âª¨, ¢®®¡é¥ £®¢®àï, ®â«¨ç®© ®â (8.73). �  à¨á. 8.21
¯à¨¢¥¤¥ ¯ à ¨¬ ¥ à (â¨¯  à¨á. 8.19¡) à áç¥â  á£« ¦¨¢ îé¥£® ªã-
¡¨ç¥áª®£® á¯« ©  S�(x) ¯® § èã¬«¥ë¬ ¤ ë¬ eyj , j = 0; 39.

�®âà®«ìë¥ § ¤ ¨ï ¨ ¢®¯à®áë

1. �ëç¨á«¨âì y (x) = cosx ¯à¨ x = 1:022 à ¤ ¯® ä®à¬ã«¥ (8.80)
«¨¥©®© ¨â¥à¯®«ïæ¨¨, ¨á¯®«ì§ãï § ç¥¨ï: yj�1 = cos 1:02 =
= 0:5234 ¨ yj = cos 1:03 = 0:5148.
2. �ëç¨á«¨âì y (x) = cosx ¯à¨ x = 1:022 ¯® ä®à¬ã«¥ (8.80)

«¨¥©®© íªáâà ¯®«ïæ¨¨, ¨á¯®«ì§ãï ó¤ «¥ª¨¥ô ®âáç¥âë: yj�1 =
= cos 0:3 = 0:9553 ¨ yj = cos 0:31 = 0:9523.
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�¨á. 8.21

3. �ëç¨á«¨âì y (x) = cosx ¯à¨ x = 1:022 ¯® ä®à¬ã«¥ (8.81) ª¢ -
¤à â¨ç®© íªáâà ¯®«ïæ¨¨, ¨á¯®«ì§ãï â ª¦¥ ó¤ «¥ª¨¥ô ®âáç¥âë:
yj�1 = cos 0:3 = 0:9553, yj = cos 0:31 = 0:9523, yj+1 = cos 0:32 = 0:9492.
�à ¢¨âì ¯®«ãç¥ë¥ à¥§ã«ìâ âë.
4. �â¬¥â¨âì ¤®áâ®¨áâ¢  ¨ ¥¤®áâ âª¨ «¨¥©®© ¨ ª¢ ¤à â¨ç®©

¨â¥à¯®«ïæ¨¨ (¨ íªáâà ¯®«ïæ¨¨) ¨ ¯®«¨®¬  � £à ¦ .
5. � ª¨¥ § ç¥¨ï  ¡áæ¨áá á®®â¢¥âáâ¢ãîâ £à ¨æ ¬ ¯®¤®¡« áâ¥©

á¯« © ?
6. �ã¦® «¨ § ¤ ¢ âì § ç¥¨ï äãªæ¨¨ y (x) ¢ãâà¨ ¯®¤®¡« -

áâ¥© ¨«¨ â®«ìª®   ¨å £à ¨æ å ¤«ï ¯®áâà®¥¨ï á¯« © ?
7. �á¯®«ì§ãï (8.86), ¯à®¢¥à¨âì, ¢ë¯®«ïîâáï «¨ à ¢¥áâ¢ :

S (xj) = yj , S (xj�1) = yj�1, S
00(xj) = �j , S

00(xj�1) = �j�1.
8. Ǳà¨ n = 2 (á¬. (8.92){(8.95)) ¯à®áâ ¢¨âì à §¬¥à®áâ¨ A, D, y

¨ ¡®«¥¥ ¯®¤à®¡® ¢ë¢¥áâ¨ (8.92), (8.93).
9. �á¯®«ì§ãï (8.96), (8.97), ®¯à¥¤¥«¨âì § ç¥¨ï S1(0), S1(1),

S2(1), S2(2), S
0

1(0), S
0

1(1), S
0

2(1), S
0

2(2), S
00

1 (0), S
00

1 (1), S
00

2 (1), S
00

2 (2).
10. �«ï ª¢ ¤à â¨ç®©  ¯¯à®ªá¨¬ æ¨¨, ¨áå®¤ï ¨§ (8.105), (8.106),

¢ë¢¥áâ¨ á¨áâ¥¬ã âà¥å  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® �,
, �,   «®£¨çãî á¨áâ¥¬¥ (8.102) ¤«ï «¨¥©®©  ¯¯à®ªá¨¬ æ¨¨.
11. � «¨§¨àãï à¨á. 8.21, ®â¢¥â¨âì, ª ª¨¬ ¡ã¤¥â á¯« © ¯à¨

� = 0.
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