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I penucioBue

Dacrodlllee U3NTaHue TPEACTaBIdgeT cOO0R U3I0KeHre Kypca JuHeli-
Hoit anrebpsr, unTaemoro B I'ymanutapuoMm yuuBepcutere 1. Ekare-
puHOYpTa IJId CTYJAEHTOB KOMMepuYecKoro ¢gakyiabrera. OHO BKJIIO-
YaeT, BMeCTe ¢ TPAIULIMOHHBIM MaTepuasaoM, 4acTh aHaJIUTHYeCcKoil
reoMeTPUM, OTHOCAULYIOCH K TPAMBIM U ITIJIOCKOCTAM, a TaKkKe He-
KOTOpble CBelleHUd, Kacaloumecd HeOTPULATEeTbHBIX MaTpHIl, NPU-
OJINK €HHOTO PellleHns CUCTeM JIMHelHbIX ypaBHEHUH W OlEHKU Mo-
rpemHocTell pu oOpalleHu MaTPHUI[ U PelleHnr CUCTeM JIMHeHHBIX
ypaBHenuii. CoBceMm He 3aTPAruBalOTCA BOMPOCHI, OTHOCHIINECH K JTH-
HeitHoMy mporpammMupoBanuio. OCHOBHON TEKCT U3MaHUA BKIOYAET
BBEeJEHUE U WEeCTh IVIaB. DeodXoMuMble Iad MOHUMaHUA OCHOBHOTO
TeKcTa MOHATHA U PaKThl, Kacalolimecd MHOXKeCTB, 0Tobpax eHuii,
MHOTOWJIEHOB U INCIOBBIX ToJelf, TpuBefeHsl B T1. 7. I3manne oxBa-
ThIBaeT HECKOJIBKO DO 00beM MaTepuaJia, YeM peajbHo yIaeT-
Cd TPOYUTATh B TeUeHWe rofla. JporpaMma Kypca U pacipeiesienne
MaTepuaJa Mo ceMecTpaM TpuBemeHbl B [15].

1 Xopotero ycoenng MaTepraJja HeOOXOINMO, KPOMe W3y de-
HUS TEOPHH U pa3bopa IPpUMEPOB, CAMOCTOATEIbHOE PEIleHne 3a0a4.
st ymobcTBa MCIOMB30BAaHIA HACTOAIIETO W3MAaHUA 3aMadHuK [17]
TMO/ITOTOBJIEH OTIEJbHO, & B KOHIle KaX 0 TJTaBbl yKa3zaHbl HOMEpa
3a7a¥, KOTOpPbIe PeKOMeHIYeTCd PellnTh.

I'naBbr mengrcs wa maparpadbl, HyMepyeMble TBYMS HHIEKCAMHU,
13 KOTOPBIX MePBbI 0603HavYaeT HOMep IJIaBbl. Daparpadbl, B CBOO
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odepenhb, TeIATcd Ha TYyHKTHI, HyMepyeMble TpeMs WHIeKCAMU’, U3
ROTOPBHIX TepBhIe TBa 0003HaYaIOT HoMep maparpada. Bcee yTBep-
KIEHUA HyMepyIoTCs B Tpefesax maparpada TpeMs WHIeKCaMM, 13
ROTOPBIX CHOBa TepBbhIe TBa 00603HATAIOT HOMep Taparpada. Boime-
JIEHHBIE B CTPOKY (POPMYJIBI HYMepyIoTCA B TpeneTax TJIaBbl IBY M
WHIEKCAMH, TTepBBIH N3 HIX—HOMEe]p TJIABBI; TPH 9TOM BBEIEHNE pac-
cMaTpuBaeTca Kak TaBa ¢ HoMepoM 0. KsagpaTubie cKOOGKM B Tek-
CTe MCTMOMB3YIOTCA I YRa3aHud aJbTepHaTuB. KoHen mokasaTerh-
cTBa obosHadaeTcsa cuMmBosiom O. Brepsbie ompenenseMbie TepMAHBL
BBITENATOTCA B TEKCTE KYPCUGOM, a GOPMYTHPOBKN YTBEPK TeHM—
HAKJOHHBIM TIPUGTOM.

De Bce pe3yabTaThl CHaOK eHbI MTOJTHBIMHE JOKa3aTeTbCTBAMEA. [T
HEKOTOPBIX YTBEPK TeHMT JOKA3aTeIbCTBA TTPOBEIEHBI JUIIH B CITY-
Jadx Hebosbimoilt pasMepHocTu. JleKTOp MOXKeT TPUMEHATH ITOT
TpueM Hupe, 3aMeHsIs TPUBeIeHHbIe TTOTHBIE JOKa3aTeTbCTBa boTee
TPOCTBIMY BapUaHTaM¥ B CJIydae HeOOMBUIONR pasMepHOCTH.

DpU MOATOTOBKE MAHHOTO M3TAHWA MCTOJb30BATNCH WCTOIHUKH
[1]-[14] m [19]-[25]. Do cpaBHeHuIO ¢ TepBBIM n3TanueM [16] mobaBTe-
HBI TTPUMEPHI BHITUCTEHUS OTpeaeaunTesneil, BRIoIad onpeIeInTe b
Bammepmonna, cBemeHns 0 MaTpHUIaX, NCTOIh3yEeMBIe B 9ROHOMETPH-
TeCKOM aHaJW3e, 0 XapaKTEePUCTAIECKUX MHOTOWIEHAX W MIAEMIIO-
TEHTHBIX JNHEHHBIX oepaTopax W MaTPHUIaX, a TaKKe WCTPaBIEHbBI
3aMevYeHHble HETOTHOCTH U OTIeJaTKN.

ABTop BeIpaxk aer riybokyio banaronapuaocts 9.0, Cecekuny, A.T.
lefiny w pemensenTy pYKOINCH 3a TOJE3HbIe 3aMeTanus.

KommbioTepnbrit MakeT n3mIanus TOATOTOBIEH ABTOPOM C HCTTOIb-
30BaHIEM CHCTEMBI Te9aTi MaTeMaTHIecKuX TeKcToB IATRX.



BBenenue

B,ILQCB O4Y€eHb KPaTKO OIINCbhbIBaeTCd ITOCTpOoeHne MaTeMaTuIeCKNX MO-
Heﬂeﬁ AJId pelleHnsd 3ada9 U3 Pa3JIMYHBIX obJractreit HayKnm U npmn-
BOOATCA HEKOTOpPbIe 3KOHOMUYECKHUEe 3aJa4vu, CBOAANINeCd K pelle-
HHUIO CUCTeM JIMHeliHBIX ypaBHeHI/Iﬁ. ILaJIee H3JIaraloTCHd 3JIeMeHTap-
Hble CBelleHnd O CUuCTeMax JIMHEeHHBIX ypaBHeHI/Iﬁ n MeTOomn, Fayccaf
}KopﬂaHa pelieHnd TaKUX CHCTEM IToCJIeJ0BaTeJIbHbIM UCKJIIOYeHneM
Hen3BeCTHBIX.

§ 0.1. DoHATHE 0 MAaTEMATHYECKUX MOJIEJISIX

D puMeHeHNe MaTeMaTHKN B KOHKPETHBIX HayKax (Takux, Kak Hu3n-
Ka, XNMHH, 5KOHOMUKa, OMOTOTHS, TEOTOTHS ) MOXK €T ObITh CXeMaTh -
HO ONHUCaHO cijemyomum obpaszom. Maremaruka mgocTapider cpe-
CTBA OTYACTH TMOCTPOEHUHA U TJIABHBIM 00Pa30M MCCJIEIOBAHUA MaTe-
MaTuyecKux Mojeneit 3anad Koukpernoit Hayku. Takue 3amadu op-
MYJUPYIOTCH B TEpPMUHAX COOTBETCTBYIOIIell HAYKHU ee Clelua ncTa-
Mu. 3aTeM CTpouTcd MareMaTuvecKas MOJIeJb PacCMaTPUBAEMOrO
ABJIeHNA !, M W3ydaeMad 3a/]atua CBOIUTCA K HEKOTOPOil MaTeMaTHe-
cKolf 3amavue UM KOMILIEKCY 3a/lad. 37eCh BMECTe CO CHelHaTuCcTa-
MM KOHKpeTHO# Hayku paboTatoT mpodeccruoHabHble MaTeMaTHKH.
DocTpoeHne MaTeMaTHieCKOil Momenn HaunHaeTcs ¢ (POPMYTHpPOBa-

1 .
Oburee monATHE MaTEMATHIECKOll MOIe N oMncano, HanpuMep, B [24], craTbs
“Maremarnyeckas Momesb”, c. 343-344.

11
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HUsA 3aKOHOB, CBA3BIBAIOIINX OCHOBHBIE OOBEKTHI MOIEN . 31eCh Tpe-
OyeTcsd MUPOKoe 3HaHUE PAaKTOB, OTHOCANINXCA K U3yUaeMbIM fgBJE-
HuAM, u TUIyOOKOe MPOHUKHOBEHUWE B UX B3aUMOCBA3U. IDTa CTATUA
3aBeplliaeTcd 3alllChi0 B MaTeMaTHYeCKUX TepMuHaX CHOpMyTupo-
BAHHBIX KaYeCTBEHHBIX NPEICTaBIEHUA O CBA3AX MeK Iy 00beKTaMu
MOJIeJI. DOCTe HTOTO UCCIENYITCH MaTeMaTudecKue 3ajavqu, K Ko-
TOPBIM IPUBOAAT MaTeMaTudeckue Monean. OCHOBHBIM pe3ybTaToM
371ech dBaAdeTcd MOJyUYeHtWe B Ipollecce aHaIW3a MOIETN BBIXOIHBIX
NAHHBIX WJIM TeOpeTUYeCKUX CIeNCTBUil 1Jid naabHeiillero comocTa-
BJIEHUH ¢ pe3yabTaTaMi HaDJIOMeHN n3yYaeMbiX dBJIeHu. Da 3ToM
sTale BaXKHYIO PoJb mpuobperaer MaTeMaTudyecKuil ammapar, HeoO-
XOIMMBIA NJ1d aHaIW3a MaTeMaTH4eCcKoil Momesin, W BBIYUCIUTE b-
Had TeXHUKa. 31ech PadboTaloT npodeccnoHa bHble MaTeMaTHKH UIIH
MpUMEHHAeTCHd COOTBETCTBYIOlIee IporpaMMHOe obecriedenne. 3aTem
BbldCHAETCHA, YIOBJIETBOPAET JIM NPpUHATAA TUIOTeTHYeCKad MOJesb
KPUTEPUIO TPAKTUKHU, T.€. BBIACHAETCH, COTJIACYIOTCH JIU Pe3yIbTaThl
HaOTIoIeHu{l ¢ TEOPETUIECKUMU CISICTBUAME MOIEIN. D POU3BOIUT-
Cd aHAJW3 MOIEJM B CBA3M C HAKOILIEHHEM JIaHHBIX 00 M3yYaeMbIX
ABJIEHUAX U MoIepHU3anusd Momenu. [lastee pe3syabTaThl WCCIIENOBa-
HUf MaTeMaTU4ecKoi MomesiM MHTEPIPETUPYIOTCA B TepMUHAX KOH-
KpeTHOIl HayKu.

M1 BNINM, 9TO OllMCaHHad BbIIIe CXeMa BKJIIOYaeT dYeThbIpe CJie-
Aywoune sTalla I MaTeMaTHKa UCIIOJIb3yeTCd JINIIb BO BTOPOM U Tpe-
TheM 13 HUX.

Caed)OpMaJIBHaH TTOCTaHOBKA 3aﬂaq@

|

CSOCTPOQHI/IQ MaTeMaTlveCKoii MO,ILQJII/D

|

CSQIHQHI/IQ MaTeMaTlveCKoii 3ada9l MaTeMaTn4YeCKNIMN MeTO,ILaMI/I)

¢

(I/IHTepHpeTaHI/IH pe3yJIBTaTOB)
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DacCMOTPUM 3TH 3TAlbl Ha MpocTelilieM TpuMepe pelleHus KOH-
KpeTHO 3KOHOMUYIEeCKO# 3a/laui — 3aladil MeXKOTPaCcJeBOro DaaaH-
ca ¢ IByMs TPOAYKTaMH.

DedopmasibHAST MOCTAHOBKA 33da4U. IJYCTh UMEIOTCH JIBE
OTpaCJIW MPON3BOICTBA, KOTOPBIE BBRIMYCKAIOT /B BUIA TMPOTYKIHH,
TpUIeM JIJIA TPON3BOJACTBA KaX JOTO U3 BUIOB PACXOIyeTCsd HEROTO-
poe KOJMYecTBO MPOLYKIUEU 00OUX BUIOB. DalpuMep, pedb MOKeT
UATH O MOOBIYe YTJIA W MPOW3BOACTBE TEKTPOIHEPTHUN: I TOTO,
ITOOBI TOOBITH TOHHY YT, HYKHO 3aTPATHTh ONMpeIeTeHHoe KOTH-
TeCTBO AJEKTPOIHEPTUN N U3PACKXOTOBATEH ONMpeeTeHHoe KOMNIeCTRO
Y75, a ITOOBI BRIpAOOTATh KMJIOBATT-YAC 3TEKTPOIHEPTUN, HYKHO
CEKeTIh HEeKOTOpOoe KOJIWIECTBO YTV M 3aTPATUTh KaKoe-TO KOJH-
TeCTBO 3JTeKTposHepTuu. I3BecTHo, KakKoe KOJWIeCTBO MPOIYRIIMH
RajK TOTO BUIa HYKHO 3aTPATUTh Ha €IUHUIY TPOLYKIIAU KakK IOTO
BIJIa W KOHEUHBIl BBIYCK MPOAYKINN KaxkI0TO BUIa (KaKoe KOJIH-
TeCTBO JOJIKHO OCTATHCH TTO OROHIAHWH TPOW3BOICTBA 34 BRIIETOM
HYX I Tpon3BoacTBa). CrpammBaercs, KaKoe KOJUTECTBO MPOIYK-
W KaXK TOTO BUA JOJIK HO OBITH 32T TaHNPOBAHO K BHITYCKY, ITOOBI
obeceunTh KOHEUHBIH BRITYCK?

DocTpoeHne MareMaTudeckKod momenau. O6G03HAINM KOHET-
HbIl BBITYCK TPOAYKIMU TepBOrO BUIA 4Yepe3 ¥; W KOHEYHbIH BbI-
MyCK MPOAYKIIMYU BTOPOTO BUIA — Yepe3 Yz. JYCTh HA TPOU3BOICTBO
eIMHUIBI TPOAYKIIMU MEePBOTO BUIA 3aTpauynBaeTcd a1 €IUHUIL TPO-
OYKIWYW TEPBOTO BUAA U (g €IUHUL MPOAYKIWYU BTOPOTO BUIA W Ha
MPOU3BOICTBO €NMHUIIBI TPOAYKIIMN BTOPOrO BUla 3aTpaduBaeTCd @19
eIMHUIL TPOAYKIWY MePBOro BUIA U 9y €IUHUL, TPOIYKIUUN BTOPOTO
BUIA. DaszyMeeTcs, U3 coobpaxeHuil 3MpaBoro cMbicyia, B 4aCTHOCTH,
4TOOBI TPOU3BOJCTBO HE OCTAHOBUJIOCH, BBEIEHHBIE THCJIIA TOJIZK HbI
VIOBJIETBOPATH CJENYIOMNUM OTPaHUYeHUAM:

>0, yo2 >0, (0.1
0§(Z11<1,0§(112<1,0§(121<1,0§(Z22<1, (02)
ayr +arz < 1, azr +az < 1.
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O603HaYuM TITAHUPYEMbIfl BBITYCK NPOLYKIUH TEPBOTO U BTOPOIO
TUTa Yepe3 1 U T COOTBETCTBeHHO. Torma KOJWvIecTBO MPOTYyKINH
MepBOTO BUa, PACXOAyeMOoe Ha MPOU3BOIACTBO X1 €NWHUL TPOIYKIUN
MepBOTO BUa, PABHO Z16G11, & HA MPOU3BOACTBO T9 €IUHUI TTPOILYK-
U BTOPOTO BUMAA HOTPEOYETCH Toa1p €TUHUIL, TPOAYKIUU MTEePBOTO
Buga. Takum 06pazoM, OCTAHETCH &1 — 21011 — T2y €AMHUIL TPOTYK-
WY TePBOTrO BUa, U MbI TIOJy4aeM ypaBHeHUE X1 — L1411 — Tol1y =
= y1. Anajsormyho, paccMaTpuBad MPOILYKIHIO BTOPOro BUIA, TPH-
XONUM K YPABHEHWIO Xo — iUy — Z2dgy = %Yo. UTak, Tpebyercs
PEUuTh CUCTeMY JIMHEHHbIX ypaBHeHu

T1 — T1Q11 — X2Q12 = Y135 (0 4)
Tg — 21021 — X2022 = Y2.

DellleHne MATEMATHYECKOHU 3a1aYU MAaTEMATHYECKUMH Me-
Togamu. DeperuireM cuctemy (0.4), mpuBenst B Kazk I0M ypaBHEHHT
monobHbIE YJIEHbI:

(1 —a11)z1 — a1222 = y1;
0.5
—an 1+ (1 — ax)zy = ya. (0.5)

DelliuM TOJYyYEHHYI0 CHUCTEMY JIMHEWHBIX ypaBHeHUil MeTomoMm uc-
KJIIOYeHUs HeW3BECTHBIX. UTOObI MCKJIIOUUTH X, YMHOKUM IepBOe
ypaBHeHUe Ha 1 — age, BTOPOE Ha (19 U CJTOK UM TTOJTyYeHHble ypaBHe-
Husd. Ciaraemble, colepiKallie Tz, B3AUMHO YHUYTOK AFOTCH, U MbI
nojaydaeM ciefyolilee YpaBHeHWe OTHOCUTEIbHO Z1:

((1 —a11)(1 —azz) — ar12a21 )1 = (1 — az2)y1 + a1292. (0.6)

Ocraercs ybenutbed, 410 KoadUIUEHT TP 21 OTIUYEH OT HYJId.
N3 wepasencts (0.3) cenmyer 1 — aqq > a2 1 1 — agy > agp. Takum
06pa3oM, YIOMAHYTHIR Kosdduuuent OoJblIe HyId, U X OIpeIe-
asercs u3 (0.6) OTHO3HATHO, IPUTEM €r0 3HAYEeHHEe TOJOXK NTeTHHO.
AHaIOTHIHO TOKa3BIBAETCSH, UTO Ty ONpenessercsa n3 cucremsr (0.5)
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OJHO3HAYHO, W ero 3Ha4YeHne IIOJIOZK UTeJIbHO. SABunre BbIpazK eHnd
AJId x4 U Ty 30eCh IJId HaC He BazZKHbI, 1 BbIIINCATh UX IIpeJoCTaBJId-
eTCd 3alHTepeCOBaHHOMY YUTaTeJIlO.

WNuTepuperanus pe3yabTaTOB. JHAUEHUd X1 U To MOJIYUU-
JUCh, KaK OTMeYeHO B TpelblaylleM TYyHKTEe, MOJ0XKUTeTbHbIMU U
MOTYT OBITH B34Thl B KayecTBe 3HaUeHWH MJIAHUPYEMOTO BBIMYCKa
NPOAYKIMM TEPBOTO U BTOPOTO THIA.

§ 0.2. DekoTopble 3aa4Uu, IPUBOLIIIAE K CH-
creMaM JIMHEHHBIX ypaBHEHHU

3amaya MeXoTpac/ieBoro dajanca ¢ n NpOAyKTAMH. 3a-
Jlava, pacCMOTPeHHas B HpelblaylleM mnaparpadwe mis IBYyX OTpa-
cJieif MpoM3BOACTBA U NBYX IPOIYKTOB, PEAJbHO pacCMaTPUBAETCH
OOBIYHO JJIs COTEH U Thicad TPoAyKToB. ChopMmynaupyem ee B 0dIEM
cJIydae IJid TPOU3BOJIBHOTO YMCTA 1 MPOAYKTOB. DYCTh HMEOTCH N
oTpacJieil Tpou3BOACTBA, KOTOPbIE BBIMTYCKAIOT 7 BUIOB TPOAYKIIUN,
npuyeM IJd TPOU3BOACTBA KAk JOTO U3 BUIOB PACXONYeTCHd HEKOTO-
poe KOJIMYeCTBO MPOAYKIIMU KAk I0T0 BUIA. DPU ITOM NIPEINosara-
eTcd, 4TO KakJad OTPACIb IIPOU3BOACTBA BHIMYyCKaeT TOJIbKO OIUH
MPOAYKT ¥ HET MPUTOKa NPOAYKTOB H3BHE WJIM MOTOKa ITPOIYKTOB
BOBHE. DacCMaTpUBAaeTCHd OIpeleseHHblil BpeMeHHo WHTepBaJl, Ha-
npumep Mmecsdi. CHpalnBaeTcsd, Kakoe KOJUIeCTBO MPOAYKINE Ka-
K TOTO BT JOJIK HO OBITH 3aIJIAHHPOBAHO K BBIIYCKY B TEUYEHUE Me-
cdla, 4To0bl 0H6eCednTh BhIMYCK 33JaHHOTO KOJIUYeCTBa IPOIyKTOB
Kaxk JOT0 BUIA, HpeTHa3HaYeHHBIX JJId TOTpeOJIeHns U HAKOILIeH!s |

O603HaTHM KOHETHBI{ BBITYCK MPOLYKINN i-T0 BUIa Yepe3 y; (i =
=1,2,...,n). fcuo, ato y; > 0 mpu Bcex ¢ = 1,2,...,n. Ymopd-
novenHbrit Habop wmcen (y1,Yz,- .-, Yn) HABBIBAETCH GEKIMOPOM KO-
HEYHO20 NompebaeHus. DYCTh Ha TPOU3BOICTBO €IUHUILI TTPOILYK-
UK j-TO BHUIa 3aTpaunBaeTcd @;; €IMHHUI, TMPOAYKIUU ¢-TO BUIA
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(i,7=1,2,...,n). MbI momy1aem CIenyOUy0 TAOJIHIY THCET:
al a1 N AT
as as9 N £ X ) (0 7)
Ap1 Ap2 ... App

Takue TabIULBI HA3BIBAIOTCH KSUIPAMHBIMU MAMPUUAMU NOPATKG
n. Marpuna (0.7) HaspBaeTCs MamMpuuell nPou36OICMEEHHIT 3a-
mpam. Ywucna B Hell moskHb HeorpuiaTesbHbiMu. (Q603HAYUM
TLIAHUPYEMBIll BBITYCK TMPOAYKIWHU ?-TO BHUIA depe3 ;. YIOPAIO-
JeHHbI HabOp wmcen (21,%2,...,%,) HA3BIBACTCH GEKINOPOM 6GAO-
8020 evinycka. YacTh MPoOU3BEMEeHHON NPOLYKIUE PacXOLyeTcd B
mpoiecce MpousBoacTBa. VMMeHHO, KOJMYeCTBO NPOLYKIUE (-TO BHU-
Tla, pacxXojyeMoe Ha IPOM3BOICTBO ; €IWHUI MPOAYKINK j-TO BU-
na, pasuo z;a;; (1,5 = 1,2,...,n). Taxum obpasom, ocramerca
Ty — X107 — Tz — ... — Tply, IUHAL TPOMYKIUN (-TO BUIA, U MbI
moJiydaeM ypaBHeHUe

T — TG — T2 — oo — Tpley = Y. (0.8)

Nrax, Tpebyerca pemnTh cucreMy JinHeitHbx ypasHenuit (0.8) mpn

i=1,2,...,n. Ee MOXHO IepenncaTh CIeIYIONNM 00pa3oM:
(1 —a11)z1 — @122 — ... — Q1 p—1Tp—1 — 10Ty = Y1;
—annr1 4+ (1 —a12)x2 — oo — A1 181 — Q1T = Y2; (0.9)
—A11%1 — Q1282 — ... — A1 181 + (1 — @1,)T0 = Yn.

Cucrema nunelinsx ypasaennit (0.9) 101K Ha IMeTh PelleHNe W3 Heo-
TPUIATEJbHBIX YMCEJ AJIA JI0OBIX HeOTPUIATeTbHBIX Y1, Y2, .- -, Yp-
MaTpuupl, yI0BIeTBOPIONINE TOMY yCJIOBIIO, PACCMATPUBAIOTC B
m. 6.2.3.

Cucrema snueitnpix ypasuennit (0.9) ¢ ykasanHoil BbIlre mwHTEp-
npetannell MaTpuubl A W BEKTOPOB (Z1,%2,...,%n), (Y1,Y25- -5 Yn)
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HA3BIBACTCH NPocmoli Aunelinoll modeavio npouseodemea (LIu Moze-
abio Jleonrnesa).

D pocTaa auHelHas Momean obmena' (Momesh Mex myHA-
ponHo#l TOprosJin).

Dycte crpanbl Cq,Cy, ..., TOPTyOT APYT C IPYTrOM, UCIIOJIb-
3yd eINHYI0 NeHexHylo enmuuny. CBoit moxom z; > 0 B Toprosie
crpana (/; oIydaeT OT IPOJakKy CBOUX TOBApOB KaK BHYTpH cebd,
Tak u apyrum crpanam C;. Momesnb 3aMKHYTa, UMIIOPT W 9KCIOPT B
apyrue crpaubl w3 Cq,Cy, ..., (, He TPOU3BOAUTCH. D PENIOIOK UM,
4TO 4acCTh JIOXONa T, KOTopad pacxomyercd B cTpane ('; Ha UMIOPT
3 crpansl C;, gBidgeTcd GUKCHPOBAHHBIM UHCIOM @;;. Mbl mory-
JaeM KBaapaTHyio Marpumy (0.7), HaspiBaeMy®o B JTaHHOM CJIydae
Mmampuueti oomena. B meii mag Bcex 1 < 14,5 < n uMeeM

a;; > 0w a; +ag; +...+a,; = 1. (0.10)

Marpuust co csoiictsom (0.10) HasbiBatoTca? Mmampuyamu obmena.

Tpebyerca mnsg xax ol crpanbl C; ONpenesuTh TOXOM &;. ITOT JI0-
XOJ CKIAIBIBAETC M3 TOXOMOB, MOJYIEHHBIX OT MPOTaK¥W TOBAPOB
Ha BHYTpeHHEM U BHENTHeM pPhIHKax. B cuiIy crelaHHOTO TPemno o-
KeHIdA CTOMMOCTh 3KcnopTa u3 C; B (; 6yner paBHa a;;T;. J03TOMY
CYMMAapHBIit TOXOI ¥; YIOBJIETBOPAET YPABHEHUIO

T = a1+ apxa + ..+ @iy, (0.11)

Taxkum obpazom, HJid onpemeseHns TOXOMOB BCEX CTPaH HYKHO pe-
WHTH cucTeMy JuHelHbrx ypasuenuii (0.11) mpu i = 1,2,...,n. dra
pellieHusd TaKUX U HECKOJIbKO Dojee 0OUUX CHCTEM JIMHEHRHBIX ypaB-
Henuit B §4.2 uzsaraercd HeoOXOAUMBIH TeopeTudecKuit Marepual.
Cucrema auneiinbix ypasuenuii (0.11) mpu ¢ = 1,2,...,n onpenens-
eT nNPoCmYo AUHETHY0 Modenn obmena. To, 410 yKazaHHad cucreMa
Bceryia uMeeT peliienne, obecneunpaercd Teopemoii 6.2.3 us m. 6.2.2.

1

B mepom wsmanum HacTosmero yvebumka [16] mcmonmbzoBasioch Ha3BaHUe
“Bamadya o Joxomax IIPH TOPTOBJIE MEXK Iy rocyIapcTBaMu’ .

2

B wspanmm [16] ymorpebssnca TepmMmH “cToXacTHYecKad IO CTONOIAM
MaTpuna’.
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§ 0.3. Meton I'aycca—2KopnaHna permeHusda cH-
cTeM JIMHEHHBIX ypaBHEHUH

0.3.1. Cuctembl JUHEHHBIX YpaBHeHU’

Cucrema k nunefiHbix asirebpandecKux ypapHeHuit ¢ n HeM3BECTHBI-
MM MOXKeT ObITb 3allMCaHa TaK:

a1121 + a1222 + ...+ a1,z = by
a1y + a4+ ...+ gz, = b

(0.12)

ap 1 + apeta + .. 4 g, = by
Bpmecy uncia a;; (1= 1,2,...,k, j = 1,2,...,n) naszslBatorca Ko-
sppuyuenmamu cucremsr (0.12), wmcaa b(t = 1,2,....k) — ee

c680600HbIMU Haenamu. OHEM TpemnosaraloTcd usBecTHbiMu. Yacm-
HoM pewenuem cuctemsr (0.12) HaspiBaeTCsl yUOpsmOYeHHBIH Ha-
6op (c1,¢€2,...,¢,) TUCENT, TAKOH|, ITO TPU TOICTAHOBKE B KAk I10€
ee ypaBHeHle BMeCTO HEU3BECTHBIX 1, L2, . .., Ly YUCEH C1,C2,. .., Cy
COOTBETCTBEHHO 9TO YpaBHEHUE TpeBpallaeTcd B BEPHOE PaBeHCTBO.
Demnth cuctemy (0.12) o3uavaeT HaiiTw Bce ee YacTHBIE pelleHUs
WIN TOKa3aTh, ITO WX He cyllecTByeT. MHOKecCTBO BCeX JaCTHBIX
pelennii maHHOl CHCTEMBbI JUHEHHBIX ypaBHeHn# Ha3bIBaeTICd ee 00-
WUM peeruem.

Cucrema JuHEHBIX ypaBHEHUH HA3BIBAETCH COBMECMHOU, €CTIu
OHa WMeeT IO KpaifHeil Mepe oIHO JacTHOe peleHue (T.e. ee 0buee
pellleHne He MyCTO); B IPOTUBHOM CJIydae TOBOPST, ITO CHCTEMA HECO-
smecmua. Cucrema, nMerolasd eIUHCTBEHHOE PellleHne, Ha3blBaeTCH
onpedesennotll, a cucreMa, uMeolas 0oJiee OHOTO PelleHusd, — He-
onpedesennoti. Mbl yBUIUM, Y4TO HeolpemeseHHasd CUCTEMa BCeria
nMeeT OECKOHEYHO MHOTO PellleHui.

[Be cucTeMbl MTUHERHBIX ypaBHeHN! HA3LIBAIOTCA PASHOCUALHbI-
MU, €CJIM OHU UMEIOT COBIMaJatolie oblue pelieHnd. JITO 03HATAeT,
4TO KaXKJoe YacTHOe pelieHue TepBoii cucTeMbl dBAdeTCA pellleHu-
eM BTOPO# u, 0OpaTHO, Kak Toe YacTHOe pelleHne BTOPO# cucTeMbl
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Oymer peuenueM mepBoii. Jliobble nBe HecoOBMeCTHbIE CHCTEMBI 1O
OlNpenesieHuio PaBHOCUJIbHBI.

DACCMOTPUM CJIENYIONNE IAEMEHMAPHDIE NPEOOPAIOBAHUA CUCTEM
JVHelHBIX ypaBHEHW.

I. YVuuoxenne onnoro ypaBHeHNs CUCTeMBI Ha HeHYJIeBOe TUCIIO.

1I. Dpubasiienrie K OTHOMY ypPaBHEHHUIO APYTOTO, YMHOK EHHOTO
Ha, YUCJIO.

Teopema 0.3.1. Ecam ogma cucreMa JIHHEHHbIX ypaBHEHHH MTOJIy-
qeHa U3 JAPYIroff KOHeUHBIM YHCJIOM 3JIEMEHTAPHBIX IPEOOPA30BAHUIL,
TO TaKpe CUCTeMbl PaBHOCUJIbHBI.

HoxkasarenbcTBo. locTaTouno yOenuThCs, YTO OTHO 3JeMeHTap-
HOe TpeoOpa3oBaHWe CUCTeMbl JUHEHHBIX ypaBHeHU{l TPUBOIUT K
paBHOCUIIBHOM eff cucreme. [lins mpeobpasoBanuda Bupa I 3to ove-
BUJIHO. DACCMOTPUM CHUCTeMY JUHEHHBbIX ypaBHeHUi, MoJydeHHYyO
u3 cucrembl (0.12) mpeobpaszoBannmem Buma lI, a mmenno mpubasie-
HWeM K i-My YPaBHEHHUIO j-TO, YMHOXKeHHOTO Ha dmcio t. Torma Bce
VPaBHEHU 3TUX ABYX CHCTEM, KpOMe i-TO, OMUHAKOBEI, & ¢-€ ypaBHe-
HMe BTOPOil cucTeMbl UMeeT BUT,

(an+taj)er+(ap+taj)ze+. .+ (i +taj, )z, =b; + th;. (0.13)

DoRaxeM, ITO Kakmuoe pemenne cucrembl (0.12) aBisiercst pemre-
HUEeM TOJTyYeHHO}| cucTeMbl. JycTh (¢1,Cg,. .., Cy) — MPOU3BOIHHOE
pemenne cucremsl (0.12). Do onpenenennio, Tpu MOACTAHOBKE THCET
€1,€2, ..., C, BMECTO HEH3BECTHBIX B JIt00OE ypaBHEHUE BTOPOil cucTe-
MBI, KPOME ¢-T0, Oy YaeTCsd BEPHOe PABEHCTBO. D PU MOJCTAHOBKE B
JIeBYIO JacTh ¢-TO ypaBHEHUs MMeeM

(ai1 + taji)er + (a2 + tajo)es + .o+ (ain + tajn e, =
= aj101 + a2¢2 + ..o+ G0yt taji0 +tajoea + .t tagae, =
= b; + tb;,
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ubo TPHU MOICTAHOBKE YUCES €1, Cg, ..., C; BMECTO HEU3BECTHBIX B 1-€
n j-e ypaBHenus cuctembl (0.12) momydaioTcsa BepHBIE paBeHCTBA.
NTax, u ¢-e ypaBHeHNe BTOPOil CHCTEMBI TTpeBpallaeTCd B BepHOe pa-
BEHCTBO PN TOICTAHOBKE YHUCEN Cq,C3, . . ., C;, BMECTO HEM3BECTHHIX.
Hokaszano, 410 Kaxkmoe pemenne cuctemsr (0.12) aBagercs peureHu-
eM BTOpO#i cuctembr. ObpaTHoe cienyer n3 Toro, 410 cncteMa (0.12)
MOXKeT ObITh MOJIyUeHa W3 BTOPOH CUCTeMBbI TPeodpa3oBaHeM THTIA
II, a umenso mpmbaBieHneM K i-My ypaBHEHHIO j-TO, YMHOXK €HHOTO
Ha 4Yucao —i. a

0.3.2. Meton I'aycca—2Kopnana Ha npuMmepax

Meton T'aycca—ZKopmana ocHOBBIBaeTCS Ha TTOCTETOBATETbHON 3a-
MeHe JTaHHOW cmcTeMbl JWHeUHBIX ypaBHEHWH pPaBHOCUJIBHBIMU eif
cucreMaMu HoJiee MPOCTOTO BUIA, MOJYYAEMBIMU C MOMOIILIO TIpPe-
obpasopanuit Buma I wiu 11, BBemenusix B n. 0.3.1. B urore momy-
JaeTcs CUCTeMa, ThOe OTHW Hem3BeCcTHBIe BLIpaXaloTCsd depe3 Ipy-
rme (ToTna cucTeMa HeolpelesTeHHAsd ), NN BCe HEM3BECTHBIE PABHBI
KaKNM-TO InucTaM (TOTIa CHCTeMa openeenHas ), TH00 MOy 1aeTcs
HEeCOBMeCTHas CHCTeMa, PaBHOCHIbHAA JTaHHON (Torma cmcreMa He-
COBMECTHA). DacCMOTPUM UCOJIb30BaHme MeToma ['aycca—zKopnama
Ha HEeCKOJIbKUX mpumepax. s ymobcrBa 3ammcu BMECTO CUCTEMBI
ypaBHeHuit GyneM paccMaTpUBATh €€ PACULUPEHHYI MaAmpuyy, T.e.
TabIUIy, KaK Jad CTPOKa KOTOpoii cogepk uT KoshGUuenTsr 1 cBO-
OOIHbIE YWIeHbl OIHOTO ypaBHeHud. ducia, 13 KOTOPHIX COCTOUT Ma-
TPUIla, TPUHATO HAZBIBATH €€ 3AeMEHMAMU. DaCIIUPEHHAs MaTPUILa
cucremst (0.12) umeer Buz

al a1 ce. Q1p bl
as as9 ce. Qop bg
a1 ko ... A, | bg

YpeobpazoBanud Bumga | u Il u3 n. 0.3.1 npumenuTenbHO K pac-
MUPEHHBIM MaTPUIAM CHCTEM CBOIATCH K YMHOXKEHUIO 3JIeMEHTOB
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ONHOM CTPOKM HA HEHYJIEBOE YUCJ0 U K TPUOaBIEHUIO 2JIeMEHTOB j-if
CTPOKU, YMHOKEHHBIX Ha YHWCJI0, K 3JeMeHTaM - crpoku. Kpo-
Me TOTO, YaCTO MPUXOIUTCHA TEPECTABIATH CTPOKU MaTPHUIBI, YTO
OYeBUIHBIM OOpa30M He U3MeHAeT CUCTeMbl JIMHelHbIX ypaBHEHU.
YKazaHHbIe TPe0OPa30BaHUA CTPOK MATPHUILI OyIeM Ha3bIBaTh 3.4€-
MEHMAPHBIMU.

Dpumep 1. DemuTh cucreMy JuHeHbIX ypaBHEHUH

a1 + 4z + 23 4 224 = 3;
9$1 —|— 12$2 —|— 3$3 —|— 10$4 = 13

BanuineM paciiupeHHy MaTPHUIy CHCTEMbI U Ipeobpasyem ee. Bro-
pad MaTpHUlla TOJyYaeTcd U3 MepBoil mpudaBeHneM KO BTOPO# cTpo-
Ke mepBoil, yMHOK eHHOR Ha —2, 1 npubaBiieneM K TpeTbell cTpoke
mepBoil, yMHOKeHHO# Ha —3. TpeThda MaTpula MOSTyIaeTCd W3 BTO-
poii mpubaBieHIeM K IepBOi CTPOKe BTOPOM, YMHOXK €HHOR Ha —2, a
K TpeTheli — BTOpOii, yMHOK eHHO Ha —4.

3 41 2| 3 34 1 2|3
6 8 2 5| 7|~10001]1/[|~
9 12 3 10 |13 000 4 |4
341 0|1
~1 00011
000 010

3anuimeM cucreMy JHHEHHBIX YpaBHEHMH, COOTBETCTBYIOULYIO TMO-
cJjleHell pacImpeHHON MaTpuIle.

{ 3vq + 4wy + w3 = 1

$421.

(0.15)

Cucremst (0.14) u (0.15) paBHocuabubr corytacuo Teopeme 0.3.1. Ox-

naxo cucremy (0.15) MOXKHO mepenucars B BUIe
=130y — day;

{ xrs 3$1 23 (016)

$421,
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KOTODBLl €CTECTBEHHO TaKKe Ha3bIBATL OOIIMM DelIeHHEeM CHCTEMbI
(0.14) (B Bume cucTeMbl JuHelHbIX ypaBHeHuii), n60 B (0.16) meus-
BECTHOE '3 BBIPAK €HO 4epes3 &y I X, a L4 paBHo 1. YTo6bl moIydnTsh
m060e dactHoe peutenne cucreMsl (0.14), HyKHO IPUIATH HEX3BECT-
HBIM 21 U 2 JIOOBIe 3HAYeHUs M BBHIYUCJIUTH 3 10 IepBoil dopmyie
3 (0.16), a 24 TOTOKUTH PAaBHBIM 1. DpPUMEpHl TACTHBIX pPelIeHui
cucremsr (0.14): (0,0,1,1); (1,2,—10,1). Obmee permenne cucTemb
(0.14) moxno sanucars B Buge {(a,b,1 —3a —4b,1) | a,b € R}.
B usBectnom cmbicie (0.16) ects cucreMa manbosiee IpoCcTOro BUIA,
paBHOCHIbHAA Hcxomnnoit cucteme (0.14).

Dpumep 2. DelluTh CucTeMy JUHEHHBIX ypaBHEHUH

3$1 - 5$2 + 2$3 + 4$4 = 27
Tx1 — 4y + T3 + 324 = 54 (0.17)
5$1 + 7$2 - 4$3 - 6$4 =3.

BanuineM paciiupeHHy MaTPHUIy CHCTEMbI U Ipeobpasyem ee. Bro-
pad MaTpHUlla TOJyYaeTcd U3 MepBoil mpudaBeHneM KO BTOPO# cTpo-
Ke TepBoii, yMHOXKeHHoOli Ha —2, U epecTaHOBKO# TepBoit 1 BTOpOit
ctpok. Tperbs momydaercsa uz Bropoit mpubaBieHneM KO BTOPOi
CTPOKe TepBoil, yMHOXKeHHO! Ha —3, U K TpeTheil cTpoke mepBoil,
yMHOKeHHO Ha —5. YeTBepTad MaTpulia TMoJyJaeTcd U3 TpeTbeit
npubaBiieHneM K TpeTbell cTpoke BTOpOii, yMHOK eHHOW Ha —1.

3 =5 2 4 |2 1 6 -3 =5 |1

7T —4 1 315 |~]13 -5 2 42|~

5 7 -4 -6 |3 5 7 —4 -6 |3

1 6 -3 =5 1 1 6 -3 =5 1
~10 =23 11 19 | -1 |~|] 0 =23 11 19 | -1

0 -23 11 19 | -2 0 0 0 0 ]-1

Cucrema JsuHeliHBIX ypaBHeHUH, COOTBETCTBYIOUAd YeTBepTO# Ma-
TpUlle, OYEBUIHBIM 00pa30M HECOBMECTHa, MOCKOJIbKY ee Tocjentee
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ypaBuennme umeer Bum 0zq + Oxo + 0z3 + 0zy = —1. Takum obpa-
30M, ucxomgaad cucrema (0.17) HecoBmecTHa. Ee obuiee pemrenme —
MyCcToe MHOXK eCTBO.

Dpumep 3. DelluTh cucTeMy JuHEHBIX ypaBHEHUH

221 4+ dxo — 8x3 = 8§;
4z1 4+ 329 — 923 = 9;
221 4+ 3x2 — dx3 =T;
€Tl + 8$2 - 7$3 =12.

(0.18)

BanuineM paciiupeHHy MaTPHUIy CHCTEMbI U Ipeobpasyem ee. Bro-
pad MaTpulia HoJyvYaeTcd U3 nepBoit mpubaBieHneM K mepBoit cTpoke
JeTBepTO#, yMHOK eHHOll Ha —1, U OOHyJIeHHeM TepPBbIX 3JIEeMEHTOB
BTOPOI, TpeThell W YeTBepTOil CTPOK TpHM moMonu TepBoit. TpeThd
nojydaeTcd U3 BTOPOil YMHOXKeHWeM BTOPO#l CTPOKM Ha %, npuda-
BJIEHUEM K TpeThell cTpoku HoBO#l BTOpO#l, yMHOXKeHHOH Ha —3, U
npubaBaeHreM K YeTBEpPTOil CTpoKe HOBOIl BTOPOIl, YMHOXKeHHOR Ha
—4. YerBepTag MaTpulia moJsydaercd u3 Tperbell mpubapieHneM Ko
BTOPOii cTpoKe veTBepToll, yMHOXKeHHOH# Ha —3, YMHOXeHUeM de-
TBepTOii cTpokm Ha —1, mepecTaHOBKOI BTOpOit 1 YeTBepTOil CTPOK
u oTOpachbiBaHueM HYJeBO# TpeTbell CTPOKU. DATad MATPUIA TOTY-
YaeTcd U3 YeTBepToli YMHOXKeHueM TpeTheil CTpPOKHU Ha —% u obHy-
JIeHUeM 3JEeMEeHTOB TpeTbero crosibila B mepBoit u BTOpoll cTpokax.
DocrenHss MaTpUIla TOJyYaeTcd OOHYJIEHUEM 3JIeMeHTa B MepBoit

CTpOKe 1 BTOPOM CTOJI6II€.

2 5 -8 | 8 1 -3 —1 | -4 1 -3 —1 | -4
43 -9 ] 9 0 15 -5 | 25 0 3 -1 5

23 5 7171l o 9 3|17l 0o o o o |~
1 8 -7 |12 0 11 -6 | 16 0 -1 -2 | —4
4 1 -3 0| -3 1 0 0

4 |~ 0 1 0 2 1~ 0 1 0|2

—7—7 0 0 1 1 00 1|1
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Mgt Bummm, uro cuctema (0.18) mMeeT enmHCTBEHHOE pellleHWe
(3,2,1). Ee obuiee pemrerne COCTONT W3 OITHOTO 3JT€MEHTA.

B pazobpanubix mpuMepax pacuimpenHas MaTPUIla CHCTEMBI CHa-
JaJIa TPUBOAUTCSA K CTYTEHIaTOMY BUILY, KOTHIA HYJIU B TEPBOM, BTO-
pPOM M IPyruX CTOJIOIaX o0pa3yioT “CTymeHbKH HeBO3pacTalolrei
BBICOTBI, & HAJ KAk IbIM CTOJOUKOM U3 HyJell CTOUT emuHna. 3aTem
U HAJ 3TUMHU eIWHUIIAMU TOJIYYAlTCHd HYJHW. Da 3TOM Ipecdpaso-
BaHUA MaTPUIHI 3aKaHINBAIOTCA, W HEM3BECTHDIE, COOTBETCTBYIONINE
CTOJOTaM, B KOTOPBIX €CTh TOJIBKO OTHA eINHUIIA U OCTAIbHBIE HYJIM,
MOTYT OBITh BBIpaXEHbI depes ApyTHe Hem3BeCTHBIE, 9eM 3aBeplra-
eTCd TPOIECC PeleHns.

0.3.3. Merton I'aycca—2Kopnaua B obiiem Bue

Onumem Tenepb meron Laycca—Kopmata B obiiem Buje. DpuMeHnM
ero K cucreme (0.12). 3amumem pacHImpeHHY MATPUIY CHCTEMBI,
3aMeHUB s eTMHO0OPa3Nd CBOOOIHBIE YIeHbl b; Ha 4, 41. 9 PEATO-
JIOK UM, 9TO @11 # 0; 9TO MPENNnooKeHne He OrpaHuInBaeT OOIIHO-
CTH, eCJU IPUHATH BO BHUMaHWe BO3MOXK HOCTb ME€PECTAHOBKU ypPaB-
HeHuil: B KaKOM-HHOYIbh W3 HUX K03(UIuenT npu x1 obd3aTe bHO
OTJINYEH OT HyJid. Y MHOKUB MEePBYIO CTPOKY MCXOMHOW MAaTPHUIBI Ha
a7, TOMYIMM TIepBYIO CTPOKY BTOPO# MATPHIBI (CHMBOJEI BBEPXY
B CKODOKax 0003HAYAIOT HOMEp mIara Mpeodpa3oBaHnili MATPHUIE ), Tak
410 a%) =ay;/a11, j =2,...,n+1. Ocraabuble CTPOKH Oy 4AIOTCA
mpubaBieHneM K i-if cTpoke 1-if, ymHOK eHHOM Ha —a;1 (1 = 2,..., k),

T.e. ag;) :aij—aﬂa%) (i=2,...k, j=2,....,n+1).

a1 - - - .« . . Q1p A1p41
as1 - . . . . . Q2p A2p41
aszr . . . . . . a3p A3p41 ~

a1 - - . o« . Qkn Qkp41
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o L
~ 0 as,., s, Q3,49
0o ... aﬁl e a&) agg_l_l

ObparumMca K noaydyeHHolt marpuile n Hafigem mepBblil cjaeBa CTOJ-
Oell, B KOTOPDOM He BCe 3JIeMEHThl B CTPOKaxX €O 2-if 1o k-0 paBHBI
nyaol. JycTh ry — HOMep 3Toro croabna. Kax u Bele, 6e3 orpa-
HUYeHUus OOIIHOCTH CYUTAeM agﬂl # 0. Takum obpazom, BO BTOPOI
MaTpuile 3JeMeHThl B CTpoKax co 2-if mo k-1 u crosnbiax ¢ 1-ro mo
(ro—1)-it paBubl Hy10. Temeps npuMenseM mpeobpa3oBaHus, TOMO0-
Hble TeM, 4TO HBLIN TOJIBKO YTO ONUCAHBI, K CTPOKAM BTOPO# MaTpu-
IIBI, HAYWHadA cO BTOpoii. [lesmM BTOPYIO CTPOKY Ha agﬂl " ToJIy4aeM
HyJIM TOJ eluHuIlell B cTONOIe r9; B HTOTe UMeeM TaKyio MaTPUILY:

T R R O I O T
0 ... 1 - a(ﬁl .. a(Qi) (1(22724-1
0 ... 0 - agil - aéi) ‘122724-1
o ... 0 ... aﬁl .o aﬁ) 022724-1

3mech, KaK W JJid BTOPOR MaTpHIBI, HAXONWM IMEepPBLIi cieBa CTOJI-
Oell, B KOTOPOM He BCe 2JIeMeHThl B cTpokKax ¢ 3-ff mo k-10 paBHBI
HYJIT0. DYCTb '3 — HOMED 9TOro cTojbia. JpuMeHdd K TpeTbeil Ma-
TpUlle ONUCaHHbIe Mpeodpa3oBaHusd U MPOIOIK ad Hajlee TPUMEHATH
nonobuble MTpeodpa3zoBaHus K OCTAJbHBIM CTPOKAM MOJYYarOIUINXCs
MaTpull, 4epe3 u — 1 mrar Mbl NPUIeM K cjenylolleli MaTpule Tak
Ha3bIBAEMOIO CIMYNEHUAMO20 8uda:

1 .
Yacro okaseiBaeTcs, 9TO 3TO BTOPO# cTOIOEN, omHAKO mMpuMep 1, pasobpaH-
uellf B . 0.3.2, moka3sIBaeT, YTO 3TO HE BCETTA TakK.
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1 1 1 1 1

ag’/’)g agrl agrl agn) ag 72—|—1
1 (2) (2) (2) (2)

Ao Ay, A5 2n41

SO SRR OO

ST T T N
o ... 0 ... 0 ... 0 - 0 0

o u—1
B mocnenneit marpuie a&m ) # 0, TaK 9TO Ha MeCTe 3TOTO HJTeMeHTa

1), a CTPOKHU C
w4+ 1-it mo k-10 COCTOAT UEJUKOM M3 HyJiell UM OTCYTCTBYIOT. Da
9TOM 3aKaHYHBAETCH TaK Ha3blBaeMblilt npamotll xod B metome Laycca—
Kopnana. Ecau r, = n+ 1, To Ha 5TOM BLIYHCIEHNA 3aKaHINBAIOT-

u—
MOXKHO MOJYYUTh 1, YMHOXKUB U-10 CTPOKY Ha 1/a£“,u

cs: B CUCTeMe, onpenedeMoii mociienneit MaTpuiieil, u-e ypaBpHeHne

w—1
nMmeeT Bung Ozy + ...+ O0x,, = a&m
BMeCTHa; BMecTe C Heil HecoBMecTHa W paBHOCHILHasd el cucrema

(0.12). B mpoTuBHOM CJIydae BBITOTHASTCA TaK Ha3bIBAEMBIil 0Opam-

) # 0, T.e. aTa CcUCTEMA HECO-

Hbill £0d, KOTOPBI COCTOUT B OOHYJIEHUHU HJIEMEHTOB, PACIOIONK €H-

HbIX HaJl eMUHULIAME B CTOJOIMAX Ty, Ty_1,...,72. YI00HO HIeraTh
3T0, HauWHad C TMocaennell cTpoku. B uTore mosyvaeM caemgyIonryio
buHATHHY IO MATPUILY (HaJ HEKOTOPBIME CTOJOMAMN YKA3aHbI X HO-

Mepa):

(R R (P A ]

Ve o e

o L o i
0 ... 0 0 1 o al,,
0 ... 0 0 0 0 0

B cucreme snmHeltHBIX ypaBHeHWi, omlpenendeMoil aTolt MaTpu-
neil, HeM3BECTHBIE T1, Tyy, - -

.y Lp,, BBIPpaZK alOTCAd Y€PE3 OCTaJIbHbIE He-



§ 0.3. Meron I'aycca—2Kopiana 27

3BeCTHbIe, U mpotecc pemenns cucrtembl (0.12) meromom ['aycca—
Kopmana 3apepmiaercs.

CienyeT OTMeTHTH, UTO ONUCAHHLIL MeTOII He BCeTa yIo0eH mpn
PYUHBIX BEIUNCIEHNAX, TaK KaK HHOTIa IPUXOINTCA IeIUTh Ha O0JIb-
e YNCIa W BeCTH BBIYUC/IeHNd ¢ TpodaMu. YToObI moUyBCTBOBATH
3TO, YUTATENI0 PeKOMeHIyeTcd Pa30o0dpaTh IpuMepsl 1-3, B TOUHOCTH
crenyd MpUBeIeHHOMY aaroputMy. OIHAKO IIpH pelleHNN CUCTEM, y
KOTOPBIX K03 PUINeHTHl 1 CBOOONHBIE UJIeHbl — IleJIble YnCya, MC-
MOJIB3Yd CBOMCTBA LEJIBIX YHCesI, yKa3aHHble TPYIHOCTH BCeryla MOX-
HO 0bofiTi (Kak 3To 6bLIO cresrano B mpumepe 2 u3 1. 0.3.2).

Bamawm: [17], Nel,2.



I'maBa 1

Matrpuiibl u
oIlpene/INuTeIn

B »Toit TmaBe m3snaraioTcsd 3JeMeHTapHBIE CBEIeHWs O MATPHUIAX W
olpeneTuTeNaXx—Bak HbIX MaTeMaTHIeCKUX 00beKTaxX, UTPAIINX, B
YaCTHOCTH, CYIIECTBEHHYIO POJIb NPU PelleHWr W UCCIEeNOBaHUU CHU-
CTeM JIMHEHBIX YpaBHEeHU.

§ 1.1. Marpuipl

1.1.1. DoHATHUE MaTPUIIbI

Mampuyet pazmepos m X k HazbIBaeTCd MPAMOYTOJIbHAA TaOIUIA U3
qucesr, UMeronas m cTpok u k cronbuos. Hucia, U3 KOTOPBIX COCTO-
UT MaTpUIa, HA3EBAIOTCH ee aaeMeHmamu’. DPHHATO 3aMUCHBATEH

1
B nepom wm3manmm Hactosmero ydebHuka [16] wmcmonmbzoBasica TepMuH
“koapdumuent” .

28
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MaTpHUIBL pa3sMepoB m X ks cJlellyomeM Buie:

a1 412 a1k
as as9 ce. A9k

A= . (1.1)
Am1 Am?2 cee Amk

0603Ha9aTh MATPUIBI Oy IeM TPeUuMYIEeCTBEHHO 3arIaBHbIMI JaTHH-
CKUMU OYKBAMU, TOJTYKUPHLIM MPUGTOM. D PUMEDPBI MATPHIL:

-1 2 3 0 -1 2 3
X = T -2 1 10|, Y= T -2 x|, (12
-1 0 0 9 - 0 0
-1 3 0
Z = Lo 10 (1.3)
-1 0 9
Kparko 6ynem sanucbiBarh Marpuuy (1.1) B Bume A = (aij)mxk-

Marpuust A = (@i;)mxk & B = (b;j)nx HA3bIBAIOTCA PAGHBIMU, €CITH
UX pasMephl COBHAmAOT (T.e. m = n, k = ) u s7eMeHTHI, cToAlIe
Ha COOTBETCTBYIOIINX MeCTax, TaK/Ke COBIANAIOT: @;; = b;; TP BCex
t, j, TpOOETAIoMNX He3aBUCUMO IPYT OT APYyTa 3HaUeHnsd { = 1,...,m
nj=1,...,k.

MHoX ecTBO BCeXx MaTPUIL pa3sMepoB m X k ¢ JIeMeHTaMy 13 (K-
CHPOBAHHOTO THcI0BOTO o F 6ymem obosmatars tepes XK.

Ecim B marpune (1.1) 3adukcnpoBarh Kakme-mmbo CTPOKH 1
CTOJIOTHI M PACCMOTPETh MATPHUILY, 0OPa30BAHHYIO 3TeMEHTaMM, CTO-
AMNMT Ha TTepecedeHnn BRIIeTEHHBIX CTPOK U CTOJIOOB, TO MOy IeH-
Had MaTpHUIa Ha3BIBAETCA NOIMampuyet! MCXOTHOR MaTpPUIB. Da-
mpumep, B (1.2) n (1.3) marpuist Y u Z dABIF0OTCA TOIMATPHIAME
MaTpuIbl X .

Marpuna A = (a;)mxk HasblBaeTCH CMpokoli [COOTBETCTBEHHO
cmoabyom|, ecim m = 1 [coorBercTBeHHO k = 1]. CTpokH 1 cTOIOIBI
OymeM 0003HaIaTh MAJIBIMH OYKBaMIL.
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Marpuna HassiBaeTcd keadpamuoti, eCIn B Heil 91CI0 CTPOK paB-
HO 4HCJIy cTo6moB. Ecam marpuma A mmeeT pasMepnl m X m, TO
ee Ha3bIBalOT KBaJpaTHO MaTpuieil nopadka m u obo3HAIAIOT TaK:
A = (@ )m. DIEMEHTDL 11, 432, . . ., Ay, 00PABYIOT 2aa6HYI0 Juazo-
HGAD KBAIPATHOW MaTpHIBI A, a 3JTEMEHTBL Ui, Gy 12, -« «» Gy —
nobounyio duazonass Mmarpuusl A. KBampaTmasd maTpuiia Has3bIBa-
eTCH 6EPTHEMPEY20AbHOT [COOTB. HUHCHEMPEY20AbHOTI, €CITH BCe ee
9JIeMeHTBI, CTOANINE HUKE [COOTB. BbIlle] TIABHON TWaroHaJn, pas-
HBI HyJ 0. KBagpaTHas MaTpHIla Ha3bIBAETCA MPey2oibHOU, €CJIn
OHa BepXHETPeyTOJIbHas WIN HIXHeTpeyroabHad. KBampaTHad Ma-
TPHUIla Ha3bIBaeTCHd JuaG2OHAALHOU, eCIIN OHa BepXHETpPeyTOJbHAd 1
HIK HeTPEYTOJabHasd, T.e. BCEe 3JIeMeHTHI BHE TJIaBHOM TuaroHaan pas-
HBI HyJII0. KBamgpaTHas MaTpHUIla Ha3LIBAETCI CKAAAPHOU, €CJIN OHA
IuaroHaJbHa W BCe 3JIeMeHTHI Ha TJIaBHO AumaroHal ONMHAKOBEL
CxaagpHasg MaTpHUIla TOPIIKa M C JIeMeHTaMu 1 Ha TyiaBHO mmaro-
HaJIM Ha3bIBaeTcs eduHuuHol Mampuuel nopadka m 1 0003HaIaeTCT
qepes F,,.

1.1.2. JluHeliHble ollepaliuy ¢ MaTPUIAMU

31ech MbI PACCMOTPUM CJOMKeHUe MATPUIl U YMHOXKeEHUe MaTPHUILhI
Ha uucyao. CUlokeHne OMpeesieHo TOJBKO JIJId MaTPUIl OLWHAKO-
BBIX pasmepos. Dycrs A,B € F™*F A = (a;;) 1 B = (b;;).
Cymmotli matput, A u B HasblBaeTcd MarTpulia, 0DO3HadaeMad de-
pe3 C = A+ B u nmeomag Bun C = (¢;;)mxk, KaKIblil 31€MeHT
KOTOPOil paBeH CyMMe COOTBETCTBYIONIUX 3JEMEHTOB MaTpul, A u
B: ¢; =a;+0b;, +=1,....m; 7 =1,...,k. Dpoussedernuem
MaTpHIBl A = (a;j)mxk B YUCTa { HA3BIBAETCH MATPHUIA TaKUX Ke
pasMepoB, Kak Mmarpuiia A, obosznavaemas vyepes D = tA u ume-

fomas Bun D = (d;;)mxk, Kaxoblit s1eMeHT KOTOpOil moJydaeTcs
YMHOXK €HNEM COOTBETCTBYIOIIETO 3JIeMeHTa MATPUIHT A Ha IUCTO 1
dij = tay;, + =1,...,m; j =1,...,k. [nd croxennd MaTpul, un

YMHOKeHnsd MaTpUulbl Ha YUCJIO BBIIIOJITHAKOTCA Cjeldylolne IIpoBe-
pdeMble O9€BUIHBIM 06pa30M cBoiicTBa.
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1. Hna m06beix Mmatpuil A, B OIMHAKOBBIX PA3MEPOB CIIPABEILIHBO
paBenctBo A+ B = B + A.

2. Haa modsix marpun A,B,C oIMHaKOBBIX pa3MepOB CIpaBe-
auBo pasenctBo (A+ B)+C = A+ (B +C).

3. Cymecryer marpuna O = O,, «; pa3MepoB m X k Takad, 4T0
st 000l MaTpuilbl A TAaKUX Ke pasMepoB CIPABEIJIUBO PABEHCTBO
A+0 = A.

4. Jlna goboit MaTpuubl A,,«r CyllecTByeT MaTpuna B Tex xe
pa3MepoB TaKasd, YTO CIpaBelnBo paBeHCTBO A + B = O, «;.

5. Ilaa siobeix maTpun, A,B OIMHAKOBBIX pasMepoB u Ji00OTO
qncia t crpaBeninBo paBeHcTBO H A + B) =tA 4 tB.

6. g mioboit maTpuibi A u J00BIX unucen s,1 CHpaBeIInBO
paBeHCTBO (s +1)A = sA + tA.

7. Hna mwoboit marpuubl A u 00X Yuces s,1 CIpaBemInBO
paBeHCTBO S(tA) = (st)A = t(sA).

8. Il m060if MaTpunsl A crpaBelJIMBO paBeHCTBO 1A = A.

CaoiictBa 1 u 2 ciienyoT U3 COOTBETCTBYIOUUX CBOUCTB CJIOXK e-
ong anuceld. B cBoiicTBe 3 B KavecTBe O, «} CIIeNyeT B34Th MaTPUILY
pasMepoB m X k ¢ HYJeBBIMU 2JIeMEeHTaMu; TaKad MaTpUIla Ha3blBa-
eTcda Hy.aesoli. B cpoiictBe 4 B KadecTBe B MOXKHO B3ATHh MaTPUILY
C 3JIeMeHTaMu, TPOTUBOTOTOK HEIMU 3JIeMeHTaM MaTpuubl A; TaKad
MaTpulla Ha3blBaeTCd npomusonosoxcroti matpuiie A. CBoficTBa H—8
00ecnevYnBaloTCAd COOTBETCTBYIONIMME CBORCTBAMYU YHCE.

SaMeTnM, YTO CKaJsdpHasd MATPHUIa TOPAIKa 7 C IHCIOM ¢ Ha
IJIaBHOW AmaronaJim MOXKeT OBITH IpencTaBjieHa Kak aF,, roe E,—
emMHWYHAd MaTpuUla MOpPAIKa 7.

Dycth Ay, ..., As—Marpuibl pazmepoB mxk, ty,. .., t,—HEKOTO-
poie uncia. Matpuna tq1 Aj+. . .+15 A, Ha3bIBaeTCI AUHETHOU KOMOU-
Hayued MaTpun Aq,..., As; ¢ aJeMeHTaMu tq,...,1s. Ecam marpuma
B paBua jnneiinoli xombuHammm MarTpuin Aq,..., A; ¢ HEKOTOPBI-
MU 3JIEMEeHTaMU, TO TOBOPAT, 4T0 B auHeliHo eviparcaemes depes
(i.4)

yKasanubple MaTpunbl. OQbosnaunm depes E| ) MaTpuuy pasmepos
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m X k, y KoTopoii Bce sJieMeHThl PaBHBI HYJII0, 33 UCKJIIOYEHUEM DJle-
MeHTa Ha TlepecevyeHuu i-i cTPOKH U j-ro cTojdIila, KOTOPhIi paBeH
enuHuIe. Takwe MATPUIl HA3bIBAIOTCH MAMPULHBIMY €JUHUUAMU
pasmepoB m X k. [lna marpuust A, «r = (@;;) CIpaBeIIuBO Ode-
BIJIHOE PAaBEHCTBO (B KOTOPOM HCIOIB3yeTCs KpaTkoe 0D03HATeHNe
> sy &y IJIS CYMMBI Z1 + . .. + 24 ), KOTOpOe TMOKa3bIBaeT, 9To JTbasd
MaTpuiia pasMepoB m X k JuHeiHO BBIpaKaeTcd Yepe3 MaTpUUYHbIE
eIUHUIBI pa3MepoB m X k:

m

k .
Anxk = ZZQUE:L’QIC (1.4)

=1 7=1

1.1.3. VYMHOKeHUe MaTpuii,

T'oBopat, uto pasmepsl MaTpull A = (@i )mxk, B = (bij)nxi cocaa-
co6ambl, ecam k = n, T.e. 9UCJO CTOJAOIOB MATPUILI A PABHO TUCJTY
CTpOK MaTpuilkl B. 3aMerum, 4To Npu 3TOM paszMepbl MaTpul B, A
MOTYT He OBITh COTJIACOBaHbI. 2 pouseedenue mampuy A B onpenesre-
HO TOJIBKO TOTIa, KOTMa pasMepbl MaTpull A, B coryiacoBaHbl, i 10
onpenesnennio AB = (¢;j)mxi, THE €5 = a;1b1; + ai2b; + ..+ by
oad Becex ¢ = 1,...,m; 7 = 1,...,1. Ucnoap3ysd KpaTkoe obo3Hade-
HUE IJIs CYMMBIL, 9JIEMEHT ¢;; MOXKHO 3allUCaTh B BUIE

k
¢ = Z airby;. (1.5)
r=1

®opwmysta (1.5) maer BeIpaKeHne I MPOU3BEIEHNA CTPOKN

b1
(a1, az,...,a;) Ha cTOSTOEI] b2 . DacCMOTPUM TIPUMEPHI.
bi;
—1 2 0 1 2 0 1 -6 20
1 -2 10 1 -2 10 | =19 16 70 |;

-1 0 9 11 9 8 7 81



§ 1.1. Marpunnr 33

ba)(ai)=(6s)

IIEINEEE
3 1 2
1

Mpr BuanM, 9TO YMHOXKEHNE MaTPHIL HEKOMMYMAMUGHO, T.e. He
Bcerga AB = BA. Dojee Toro, 00a 9TH MPOM3BEIEHNI He BCETIa
OIpesiesIeHbl.

VMHOKeHIe MaTpUIl obJ1afaeT ClenyouumMu ceofictsamu’.

9. [lng mo6bix Matput A = (a;5 )mxk, B = (bij)kxi, C = (¢i5)ixn
crupaBennBo pasenctso (AB)C = A(BC).

s mokasareabcTBa HEOOXOMNMO BOCIOIB30BATHCS CJIEMYOUIIM
CBOHCTBOM CYMMUPOBAHUA: » o g > (g st = 9 1= D 9eq Lst- IYCTH
AB = D = (dij)mxi, BC = F = (fij)kxn, (AB)C = G = (gij)mxn
u A(BC) = H = (hij)mxn. Bo3bMem B Marpune G 1pou3BOIbHBLI
3JIEMEHT ¢;; U IpeobpasyeM ero:

l l k Ik
9i; = Z dircrj = Z(Zaisbsr)crj = Z Zaisbsrcrj =
r=1 r=1 s=1 r=1s=1
ko1 k l k
Z Z aisbsrcrj = Z ais(z bsrcrj) = Zaisfsj = hzy
s=1r=1 s=1 r=1 s=1

Takum 06pazoM, TpebyeMoe paBEHCTBO JTOKA3aHO.

10.  [na mobsix Matpun A = (@i )mxk, B = (bij)ixi, C =
= (¢ij)kx1 cupaBennnso pasenctso A(B + C)= AB + AC.

11. [dna mobsix Marpun A = (@i )mxk, B = (bij)mxk, C =
= (¢ij)kx1 cupaBensuso pasenctso (A + B)C = AC + BC.

1 . s s
DyMepaiua >TUX CBOWCTB TPOMOIKAET HYyMepaluio CBOHCTB JuHEHHBIX
onepanuit.
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12. Hna moboix matpuli, A = (@ )mxk, B = (bij)kx1 1 1006010
qncia t crpaBenuBel paBercTBa (tA)B = {(AB) = A(tB).

13. Ina mo6oit matpuusl A = (@;;)mxk 1 €IMNHAYHBIX MaTPHI
E;. FE,, cupaBennuBbl paBencta AF, = F,, A = A.

DT cBoficTBa TMOJIYYAOTCH U3 ONpPeleseHns NPOU3BEIeHUd Ma-
TPUIL HECJIOK HBIMU PACCY K TeHUAMU, TPOBEIEHNEe KOTOPBIX OCTABIH-
€M B KauyecTBe ylpak HeHUd YUTATe0.

DacCMOTPUM MATPUIHYIO 3allICh CHCTEMEI JHHeHHEIX ypaBHeH il
B obmem Bume (0.12). Bemem marpuny A = (a;;)kxn, COCTOAUYIO
13 3JEeMEeHTOB Ipu Hem3BecTHHIX B cucTeme (0.12) (oHa HasbBaeTCH

1
ocroenoli mampuueli sToit cucremst), cronben & = | ... | meus-
x?’b
by
BeCTHBIX 1 cTombenr b = | ... | cBoOoxmbIx wieHoB. Torma cucrema
by,
(0.12) 3anuchiBaeTcA B MaTPUYHOM BHIE TaK:
Az =b. (1.6)

Marputa (A | b), mosyderHas IPUNINCHIBAHHEM K OCHOBHOI MaTpHIe
CHCTeMBl JIMHeHBIX ypaBHeHuil cToI0ma ee CBOOOIHBIX 9JIeHOB, ObLIa
Ha3BaHa B 1. 1.3.2 pacmupenHoit MaTpuueil cucTeMsl.

DaccMOTPUM KBapaTHbIe MaTPUILL TOpAaKa . VX MOKHO CKJla-
IBIBATh ¥ YMHOXKAaThb, B YaCTHOCTH BO3BOIUTL B CTeNeHb C HaTy-
PaJbHEIM IOKa3aTeJeM. JycTh A—KBajgpaTHasd MaTpHIa TOpPAI-
ka nu f(2) = apr” + ay2" " + ...+ a,_yx + a,—MHOrOUIEeH CTe-
oeHu 7. JHadveHe MHOTOWIEHa OT MaTpHUILl OIpeleJdeTcd TakK:
f(A) = apA" + ey A" ' + ...+ a,_1A + a, E,. DaccMoTpumM Tpu-

mep. Dyers f(z) =2 -3z +4, A= ; ? Torma f(A) =
— A? 3ALAE, - 54_36+40 _ 6 —2

4 5 6 3 0 4 -2 6



§ 1.1. Marpunnr 35

Mox HO paccMaTpUBATh I MaTpPUIHbIEe MHOTOUIEHbl Bumga F(z) =
= Apx" + A" V4 ...+ Az + A, Tne Ag,Aq,..., A, —
(dbuUKcHpoBaHHbIe KBaJpaTHEIe MATPUILL TOPANKA 7i. JHaYEHHe TaKO-
ro MHOTOYJIeHa OT KBaJpaTHON MaTpunsl B mopanka n BeIYHCIZeTC
no popvyie F(B) = AgB"+ A1B"" ' +...+ A,_ 1B+ A,. Daccvo-

TPUM IIPUMEP. SyCTBF($):(; 1)962_(3 ?)QC-I-(; §)7

C:(l _2).TomaF(C):
0 ()
(17)+(03)-

1 2
(2 -4 4 -3 5\ (-1 1
L1 =10 2 3 ) 3 =7/
1.1.4. TpaHcnoHupoBaHHe MaTPUIL U Iepexon K COnps-
2KeHHoIt MmaTpuiie

DaccMoTpuM MaTpuy A = (@i;)mxk. 1pancnonuposarnnoi k MaTpu-
e A Ha3bIBaeTCd MaTpHIa, TOJyIeHHad u3 A 3aMeHo#f CTPOK Ha
cronbusl. Ona obo3Havaercd depes Al u mosyvaercsd mo dopmye

Al = (aji)kxm > ecan A = (@i;)mxk- (1.7)
DacCMOTPUM TPUMEPHI.
1 2 o\"' 1 1 -1
1 21| = 2 2 o]
1 0 9 0 10 9
(1 6 QO)T_ _é 1‘2
9 16 70 20 70
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Hnsa moboit marpunst A € C™* nomomm A* = A" rieuepes A

obo3HavYeHa MaTpUIa, IMOJyIeHHad 13 A 3aMeHoll KaXK Ioro sjieMeH-
Ta, Ha KOMILTIEKCHO CONpAXeHHoe uncao’. Marpuma A* HaszbBaeTcs
0 nxk
conpaxcennoti x marpune A. Ecoim A — marpuna w3 R"*", To acno,
q10 A* = A'.
W3 ompenenenns omepanuii ¢ MaTpUIaMyl JIETKO BLIBECTH CJELY-
Ione cBolicTBa, MOKA3LIBAIOIINE, KaK TPAHCIOHIPOBAHNE I IePeXol

K COHpH)KeHHOﬁ MaTpune B3aHMO,ILel7[CTByIOT C 9THIMH OHepaHI/IHMI/IQ.

14. st mo6bix MaTpul, A,B 0IMHAKOBBIX Pa3sMepoB CIIpaBe-
JUBBI paBeHcTBa (A + B)T = A"+ BT, (A+ B)*= A"+ B™.

15. [daa sroboit MaTpuubl A u JI000T0 KOMILIEKCHOTO YHCIa,
crpasenuBbl paBenctsa (1A)T = tAT, (tA)* = TA*.

16. [lns mio6bix MaTpun, A,B corlacoBaHHBIX pa3MepoB CIpa-
BenuBbl pasenctBa (AB)T = B'AT, (AB)* = B'A™.

17. Hna aoboit MaTpuubl A CIpaBeIINBbI paBEHCTBA, (AT)T =A
n(A")" = A.

Matpuia Ha3BIBAETCH CUMMEMPUNECKOT [apMumosoti], ecin oHa
COBIIAaeT CO CBOell TpaHCIOHNPOBAHHOM [compsax ennoii]. Jlerko mo-
HATH, 9T0 CAMMeTPIUIeCcKas [9pMUTOBA] MATPUIIA ABIAETC KBAIPaT-
HOll W ee »JeMeHThl, CAMMeTPUYHble OTHOCHTeIbLHO IJIaBHOW araro-
HaJIM, COBIATAIOT [ABIAIOTCA KOMILIEKCHO COMPAKEHHBIMU YHCTa-
miu]. OdeBUIHO, 9TO CyMMa JIBYX CHMMETPHIECKUX [3PMUTOBBIX| Ma-
TPHII OHOTO MOPAIKA W TPOU3BeIeHne CHMMeTPHIeCcKol [3pMUTOBOI]
MaTPUIEI Ha [IeficTBUTETbHOE| YNCTI0 ABIAIOTCH CHMMETPHIECKUME
[>PMUTOBBIMY| MaTPUIAMHE.

1.1.5. MarpuiHble ypaBHeHUS
Mampwmbww YpasHeEHUEM Ha3bIBaeTCA YPpaBHeHIIe OTHOI'O U3 BIOOB

AX =Buwm XC =D, (1.8)

1 —
SaHOMHI/IM, 4TO 4Yepes 2 obo3zHavaeTCss KOMILJIEKCHOE YUCJIO, CONPpAXKEHHOE C
YHUCJIOM Z.
2 &
Mzt TpoaoJiZKaeM HyMeEepalliio CBOUCTB MaTpPHIIL.
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rnme A,B,C,D — u3BecTHble MaTpuIlbl; X — HeW3BecTHas MaTpH-
mna. Jaszymeercs, marpuiibl A u X B nepBom ypashenuu, X u C Bo
BTOPOM JOJIKHbI OBITH COIVIACOBAHHBIX Pa3MepOB, a YUCJIO CTPOK B
Marpuinax A u B, paBHO Kag u 4ncjo cToaomos B MaTpunax C n D,
JMOJZKHO OBITh OMMHAKOBBIM. C MOMOIIBI0 TPAHCIOHUPOBAHUA 0Oe-
ux Jacteit ypasuenus C = D, ucnonbsyd cBoiicTBo 15, momydaem,
4TO yKa3aHHOe ypaBHeHWe PABHOCHUJILHO CJIEYIOUEMY ypaBHEHUIO:
C'X" = D'. Takum 06pa3oM, JOCTATOYHO HAYINTHCA PENIATh Ma-
TpuuHble ypaBHeHud Buma AX = B. Tagme ypaBHeHUS CBOIATCHA
K HECKOJTBKNM CHCTeMaM JINHEHHBIX ypaBHEHUl (TUCTIO CHCTEM paB-
HO 9HCJTy CTOJMONOB MaTpuisl B) ¢ OIWHAKOBOi OCHOBHON MaTpwu-
meit. DTo JErko yCMOTpeTb W3 MaTPUYHON 3amucu cucTeMbl JinHel-
HbIx ypasuenuii (1.6). YmoOHO pemrath BCe CHCTEMBI OTHOBPEMEHHO
¢ momotisio Metona 'aycca—2Kopaana. Ecou o kpaiineit mepe onna
cUCTeMa OKa3bIBAETCHA HECOBMECTHOI, TO MaTpUYHOE YpABHEHHE He
uMeeT pelienud. Eciu Bce cucTeMbl COBMECTHBI W 10 Kpalineli me-
pe ofHa W3 HUX HeolpelesieHHasd, TO MATPUYHOE YypaBHEHUe WMeeT
OecKoHeYHO MHOTO peleHnii. Ecyiu Bce cucreMbl onmpenesieHHbie, TO
MaTpUYHOe ypaBHEHUE HMeeT eIWHCTBEHHOe pellleHne. JacCMOTPUM
MpUMEpHI.
1. Demurh Marpuunoe ypapuenne AX = B, rie

1 2 3 2 1
A= , B =
-1 1 0 1 2
YensBectHag Marpuna X uMmeer pasMmepbl 3 X 2, T.e. MOKeT ObITh
3allicaHa ¢ HeONpelleJIeHHBIMU 3JeMeHTaMU B BUIE

11 212
X =] z21 72
T31 32

It OTHICKAHWA HEW3BECTHBIX JIEMEHTOB MMeeM JBe CHCTeMbl JId-
HellHbIX ypaBHEHUI (114 KaK T0T0 W3 cTOI0n0B MaTpuisl X ) ¢ onu-
HaKOBOI 0CHOBHO# MaTpuiell (A) 1 pasHBIMI CTOIOIAMA CBOOOTHBIX
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€IeHoB (oHE 0bpasyior marpuuny B). [na pemenus mpeobpasyem
pacIiupeHHy MaTpUIly, MOJYIeHHYIO TPUIUChIBAHHEM K MaTPHIE
A matpuisl B:

1 2 3 |2 1 1 -1 0 | -1 =2
~ ~
-1 1 0 |1 2 0 3 3 3 3
1 -1 0 | -1 =2
~ .
0 1 1 1 1
SamuniieM 1o mocsienHeil MaTpuUIle IBe CHCTEMBI JIMHEHHLIX ypaBHe-
. 11 — @91 = —1; T1 — To = —2;
HIii: 3 nux maxomum
To1 + w31 = 1 T2 + 32 = 1.
BBIpAK €HUA JIEMEHTOB X11,X3; MaTpuibl X depe3 xgy, a dJIeMeH-
TBI 19, T3z BBIpAKAEM Uepe3 Tog: T11 = Xo91 — 1, T31 = —x91 + 1,
T1g = Xy — 2, T3p = —T99 + 1. 3HaueHUd 3JI€MEHTOB To1,T22

MOXKHO BbIOMpaTh mpousBosbHO. Takum obpaszoMm, paccMaTpuBae-
MOe MaTpU4YHOe ypaBHeHUe nMeeT OeCKOHEeYHO MHOTO pemenuii: X =
o1 — 1 rog — 2
To1 T99 IpH BCeX Ta1, T2z € R.
—x21+1 —ag+1
2. DemnTh MaTpuvHoe ypaBhuenue AX = B, rme

()i

YensBecTHad Marpuita X WMeeT pazMepbl 2 X 2. Dpeobpazyem Ma-

. 11121 1121
PIY Ay 1 |3 4 0011 3
CTeMbl OJId KazKJO0I'o U3 CTOJI6HOB ManHHBI X HeCOBMeCTHBI7 T.€.

. MBI BUINM, 9TO CH-

MaTpUYHOe ypaBHEHUe He WMeeT PellleHus.
3. Demuth MaTpuyHoe ypaBhuenue AX = B, rme

()02
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YeunsBecTHad Marpuita X UMeeT pazMepbl 2 X 2. Dpeobpazyem Ma-

TPUILY
10 12 10 10 |-5 2
0 1 0 -1 |-3 1 0 1 3 -1 )"

1 2
3 5
M1 BRANM, 9TO MaTpHUYHOE€ ypaBHeHNe nMeeT eJMHCTBEHHOe pelle-

HI/IQXI(_g _i)

Yuraremio mpeajaraercd NpPOBEPUTh, YTO €CJIU MPU PEIeHun Ma-
TpuuHOTO ypaBHeHnd AX = B ¢ KBajgpaTHO# MaTpuiieit A mopsaaxa
n Matpuua (A | B) simeMeHTapHBIMA TPeobpa3oBAHNAME CTPOK TIPH-
Bomurcd K Buny (E,, | C) c exnanvroit MaTpuueii creBa, To MaTpud-
HOe ypaBHeHWe uMeeT enuHcTBeHHoe pemernune X = C.

1.1.6. OObpaTHas maTpuiia

B »ToM pasmene paccMarpuBaioTCA TOJBKO KBaIpaTHBIE MaTPUILHI
urcupoBannoro nopanka n. Marpuiia A HasbiBaeTcd 00pamumot,
ecIm CyliecTByeT Takas MaTpuna B, 14To

AB=BA=E,. (1.9)

Jlemma 1.1.1. [l obparumoli MaTpunsl A CyeCTBYeT eIHHCTBEH-
Hasg Marpurna B co cpoifctamu (1.9).

HoxkaszateabcTBo. Homyctum, 9To MaTpuiibl By u By TakKoBHI, 9TO
ABy = BiA = FE, n AB;, = B;A = FE,. Tornma, ncnons3yd
cBoiicTBa 13 m 9 yMHOXK eHUA MATPUIL, & TaKK e TMOCTeTHIe PaBEHCTBA,
nMeeM Bl = BlEn = Bl(ABQ) = (BlA)B2 = EnBQ = BQ, T.e.
B, = By, uT0 un TpebyeTcsd I0Ka3aTh. o

Hna obpatumoit maTpuiibl A equHCTBEeHHAd MaTpulia B, yI0BJIeTBO-
paomas paBeHcTBaM (1.9), HasbBaeTcda 06pammoll n 06O3HATACTCA
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vyepes A™L. Onepanus B3aTus obpaTHONR MATPUILI 06JaJAET CITEILY-

IOIMMMN CBOIQ/J[CTBaMI/I1 .

18. Ecuu marpuna A obpatuma m {—HeHyJeBOe YHUCTIO0, TO Ma-
Tpuna tA obparuma u (tA)™' = 1A

19. Ecan marpunst A u B obpatumsl, To MaTpuna A B obparmma
n(AB)"' =B 'A™l.

DTu CBORCTBA HEMOCPEICTBEHHO BHIBOMATCH U3 OIlpeiesieHns obpa-
TUMOW MaTpHUIBI U CBOWCTB yMHOXKeHUH MaTPUIL.

20. Ecan marpuna A mopaaka n obparnma, a B,C — Ipou3BOJIb-
Hble MaTpuilbl pasmepa n X k, To u3 AB = AC cuenyer B = C.

It mokasaTebCcTBAa YMHOXKUM paBeHcTBo AB = AC cieBa
na A7 momyunm ATY(AB) = ATY(AC), otkyma (AT'A)B =
(A'A)C w E,B = E,C. Taxuum obpazom, B = C, 9T0 u Tpe-
Oyercs.

AHAJOTUYHO JTOKa3bIBaeTCd CJenyiollee CBORCTBO.

21. Ecam marpuna A mopaaka n obparnma, a B,C — Ipou3BOJIb-
HBle MaTpUIEl pazMepa m X n, To u3 BA = C A canenyer B = C.

22. Matrpuna A mopdaiaka n obpaTuMa TOTHa U TOJBKO TOLIA,
KOTJIa KOTJla obpaTiMa TpaHCTIOHMpOBaHHad K Heii MaTpuma A’ [co-
rTacoBanmas ¢ weit marpuma A*], w mpu stom (A™HT = (AT)~!
(A7) = (A7) 1),

DTO CBOICTBO JIETKO BBIBOLUTCH M3 cBOficTBa 16 (cM. c. 36).

Hna Haxox nenus oOpaTHON MATPHUIIBI MOK HO PEITUThH MATPUIHOE
ypaBuenne AX = FE,. B gadecTBe mpuMepa cM. mpumep 3 B 1. 1.1.5.

D pemyioxenue 1.1.1. FEcan kBanparnas marpuina A HOpsaara n
obparuma u Marpuina B umeer n cTpokK, TO MaTpHYHOE YDaBHEHHE
AX = B umeer exqnncrsennoe pemrerne X = A1 B,

HoxkazatennctBo. Nueem A(A™'B) = (AA™")B = E,B = B,
T.e. Mmarpuna A™1B ecth pemenne ypapuenus AX = B. Dyctb

"x mymepamusa TpogosKaeT HadaTyio pamee.
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C — mpousBOJIBbHOE pellleHre 3Toro ypaBHeHus. Torma AC = B.
YMHOKag obe 4acTH 3TOr0 paBeHCTBa cjeBa Ha A~l, moayvaem
AT (AC) = A7'B, otkyma (A7'A)C = A7'Bu C = A™'B,
4TO U TpebyeTcd NOKa3aTh. a

B cayuae, korma naa obpatumoit MaTpuilbl A mopanKa 1 U3BECT-
Ha obOpaTHas, WHOIIA NPUXOMUTCH BBIYHCAATH OOPATHYIO A Ma-
Tpunsl B = A+ XRY ,tne X, Y, R — MaTpumsl pa3zMepoB n X T,
T X M, T X T COOTBETCTBEHHO, IpuieMm MarTpuia R obparumasd. Eciau
B obparumas, TO CIpaBeIJIUBO PABEHCTBO

Bl=A"1"-A'X(R'+YA ' X)'vYA™ (1.10)

DycTh © HAMHOTO MeHbllie, yeM n. B aToMm ciaydae Haiitu obpar-
HBIe 1Jid MaTpul, R n R'+YA'X CYIIeCTBEHHO Jierde, 9eM JIId
B. Ecim obparsas MaTpuiia A~1 HaxonmTes JIerko, To HCIOIb30BA-
He dopmyst (1.10) maer mpemMymecTBa MO CPaABHEHWIO C MPAMBIM
BBIUNCITeHIeM o6paTHO# Marpunsr B7L.

Ecauw r = 1, To matpuusr X, Y, R nMmeoT pazMepnl n X1, 1 xXn,
1 x 1 coorBeTcTBento. Cuntasd, 4To0 R COCTOUT U3 OTHOTO 3JIeMEHTA
1, dopmysy (1.10) mepenunmrem B BuIe

1
Bl=A"1-—— —A"'XYA™" (1.11)
(1+YA'X)

B wactrocTH, ecii A = E, 1 B = E, + 2y 1719 HEKOTOPHIX
1
z,y € F'*", 10 mpn yenosun, uto 1 + yz' # 0, umeem

1

B l'=-FE, - —— 4.
1—|—y:1:Twy

1.1.7. Cuen kBagpaTHOW MaTPHUILbI

Hora kBamparnoit Marpuust A = (oy;) Hopanka n ee caedom tr(A)
HA3bIBAETCA CYyMMa 3JI€MEHTOB, CTOAIINX Ha [VIABHOI IMArOHAIIN:

tl’(A) = Q11 + Q99 + ...+ Q-
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YuraTesio IIpeldjlaraeTCsd IIpOBepuTh Cjellyiollee yTBepXK JeHue.

D pengioxkenune 1.1.2. /s sri0o661x KBagparTHsix MaTpur A,B mo-
PAAKA N JIF060r0 4UCaa Y CHPABEIJIUBHI PABEHCTBA

tr(A 4+ B) = tr( A) + tr(B); (1.12)
tr(yA) = ytr(A); (1.13)
tr(AT) = tr(A); (1.14)

tr(E,) = n; (1.15)
tr(AB) = tr(BA). (1.16)

Bamerum, uro dopmyra (1.16) ocraercs crpaBenauBoil u B CIy-
Jae, Korga MaTpuibl A u B mMeror pasmepst k X m u m X k cooret-
CTBEHHO, T.e. He ABJIAIOTCA KBaJIpPaTHBIMU, a UX IpousBelenus AB
1 BA aBisiorcd KBaIpaTHBIMI MaTPHIAME Pa3/IMdHOTO ITOPAIKA.

dyers a € F™'. Torna aa” € F**" u ala € F**!, re. nocnen-
HAA MATPUIA COCTOUT U3 OITHOTO 3neMenTa. U3 (1.16) moryvaem

d'a = tr(ala) = tr(aa’).
Dycrs A= (a) € F" " na; (1=1,2,...,n) — CTOIOILI MATPHI[BL
A. Tormoa
i3 i3 i3
tr(ATA) = ZGZTCH = ZZ&%.

1.1.8. DJi04YHBbIEe MaTPUIIbI

Do paszbuenneM MaTpPUIbl HA OJOKM MOHUMAETCH TMOJHOE pacdie-
HeHHWe ee HA HellepeceKalolnmecs MOIMATPHILl (OJOKM) Takoe, TTO
J0601 3JIeMEeHT MaTPUILI TOMATAET B OIUH W TOJbKO OIUH U3 HTUX
6s0K0B. [lyig mpocToThl OyIeM mpennoJararh, 9YTo pasOueHne KBa-
nparHoit mMarpuibl A = (a;;) HOPAOKA 7 OCYMIECTBJLETCA TaK:

A A
A = 1 12 , TpuYeM paszMepbl OJOKOB (ukcupoBanbl. B
Az Az
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dbopmysax, TPUBEIEHHBIX HIUK €, MPEANOIATaeTCs, ITO KBaIpaTHhIe
MaTpuIel A 1 B nMeoT omnHaKoBRIil TOPATOK U OJUHAKOBEIM 00pa-
30M pa3buThl Ha OJOKU. DTU OPMYJIBI TPOBEPHIOTCH HEMOCPE-
CTBEHHBIM BRIUUCTEHTEM.

AH A12 Bll Bl?
( Az Ay ) ( By B )
:(All‘l‘Bll A12+312)_

1.17
Ay + By Ay + By ( )

A11 A12 Bll BlZ
AB = =
( Ay Agp ) ( B; By )
_ ABi1+ Ai2Byy Ai1Bia+ ApaBoo (1.18)
A Bi1+ AypByy Ay Bio+ AxByy | ’

A—l — (Al_ll - A12A2_21A21)_1 A1_11A12C (1 19)
C Ay A -C ’ :

e C = (A3 A7 Ay — Agy)™h

B dopwmyse (1.19) mpennaraeTcs oiumH W3 HECKOJBKHX BO3MOK-
HbIX crocoboB pa3buenus obparHoit K manHoilt marpuie A; Bce Ma-
TPUILBI, JJIF KOTOPBIX B YIOMAHYTO# (hopMyJie BEITUCAHBI 0OpaTHbIE,
MpEeInoIaraloTCs KBAIPATHBIMU U OOPATUMbBIMH.

1.1.9. D pencraBjieHUS HEKOTOPBIX CYMM C IIOMOMIbIO
MaTpuiL

C moMolIboo MaTpul, yIOOHO MPEICTaABAATh CyMMbl BeJIUYUH U pabo-
TaTh ¢ TAKUMU CyMMaMu. 3apUKCUpYeM HaTypaJbHOe yucyo n. B
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x1 .

MPOCTPAHCTBE CTOJIOIOB F* = F" 3auUKCHPyeM CTOJOEI 2, COCTO-
a1
T2

Amuii n3 eguann. g moboro cronbua & = ) u3 F"* umeem

T,

n

ir = Z z;.

=1

Hamee,
n
ze = g z?.
=1

7 -S| n .

O603maumM Yepes T cpefiee 31eMeHTOB BeKTOPa T: T = = » iy T;.

Daccmorpum crosben @ — iz. Hmeem x — 17 = x — i(iiz) =
I 1T

E,x - (2 )z = (B, — 1t )z. O603H&‘II/§M Jepe3 M MaTpuiy

E, — 147, Yra marpuna nmeer unciaa 1 — L Ha ruaBHolt auaroma-

JIH, a OCTaJIbHBIE e BIeMeHThl — wncta —+. Marpuna Mo BechbMa

[IOJIe3Ha TIPU BBIYUCIEHUN CyMM KBaJIpPaTOB OTKJIOHEHMI.

Yuraremo mpenaraeTcs IpoBepuTh, 910 Mot = o, rme o —
HyeBoit cromben. Tak kak marpuna Mo cHMMeTpHYIecKas, OTCIOIA
caenyer, uto ¢ Mo = o'. CyMmMa Bcex OTKJIOHeHWH OT cpemHero
pasua Hymo: > (2; —2) =2 (Moz) = (?Mo)z = o'z = 0.

CyMMa KBaIpaToB BCeX OTKJIOHEHU OT cpelqHero paBHa

Sy (2= 2)? = (@ - 7) (@ — 7i) =

= (Moz)"(Moz) = 2’ M Moz = 2'MZz.

DenocpencTBeHHOe BEIYUCICHE TTOKa3bBaeT, 9to M2 = Mg. Cie-

AJO0BaTeJIbHO,
n

Z(wZ —z)? = 2'Mox.

=1
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Marpuna A HazbBaeTcsa udemnomenmuotl, ecin A2 = A. Marpuna
M aBadgercd nIeMIOTEHTHO.

§ 1.2. Onpeneaurtesn

B srom maparpade paccMaTpuBalOTCH TOIBKO KBaIPaTHBIE MATPHUILHI.

1.2.1. DoHATHUE ompeneuTe s

Dycrh A — KBafipaTHad MaTpuia nopdaiaka n. Onpedeaumenem Ma-
TpUIBl A Ha3bIBaeTCH InCII0, 0bo3HaTaemoe det( A) u omperesnsemoe
MO MHAYKIUU CHEAYIOMUM 00pasoM:

ecim n = 1, 10 det(A) = ay1, TIe 11 — €IMHCTBEHHBII 3T€MeHT
MaTpHILI A;

MyCTh ONpeNesiuTeNn MaTPUIl mopdaika n — | yke ompenesienbl;
TOra TO ONPeIeSeHnio

det(A) = anAn + 61121412 + ...+ alnAln, (120)

rIe a;; — ?JeMeHTBl MaTpuubl A; A;; — aseebpaureckue donoiHeHUus
3JIeMEHTOB d;;: 110 OlpeleseHnio A;; eCTh ONpele/nTeb MOIMATPHI-
Bl MaTPULH A, TOJNyIeHHO! BEIUYepKWBAHUEM W3 Hee i-if CTPORKW U
Jj-To cTosbna (1 nMeronIeit MOPATOK n— 1), ecin cymMma ¢+ j — deTHoe
IUCII0, W €CTh MPOTUBOIMOJIOK HOe TUCIIO K YKa3aHHOMY OTpelesuTe-
JI0, €CJIN ¢ + j — HeYeTHOe YHUCJIO.

Gopwmysta (1.20) onpenenser pasaoncernue onpedeiumens no nep-
60l cmporke.

C ucnosib30BaHuEM 3JIEMEHTOB MATPUIBI OIPEeNeTuTEe b 3aluChl-
BaeTCd TaK:

al a1 N AT )

det(A) = | 0 22 - Gz (1.21)
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BriBenmem dbopMyJInl mIs openeanTeaeii BTOPOro I TpeThero IMops-
a11 412
a21 G322
KakK IIPH BLIUEPKUBAHUK M3 MaTPHILl MOPsIiKa 2 IepBoil CTPOKM I
IEePBOro CTOJIOIA OCTAeTCI MATPHIa HOPAAKa 1 C 3JIEMEHTOM dog,
Tak 910 Ay; = ag2; aHATOTHIHO Az = —ag (Tak kak 2+ 1 = 3
— HeYeTHOe IHCJI0, A1y PABHO NPOTHBOMOTIOKHOMY THCIY K @21 ).

KoB. Umeem = a11A11 + 12412 = a11a99 — a12a91, TAK

Nraxk,

a1 a1z
= a110Q22 — A12431. (122)
21 33
DpumMensdd 3Ty (HoOPMYITy, Pa3BepHEM ONpeIenTeb TPEThEro MOP -
Ka:

a1; @12 G13
a1 @y a3 | = a1l + areAie + a3Az =
431 @32 @33

a9 G323 a1 @23 a1 @G22

= a1 — aqg + a13 =
a3y @33 a31 @33 a3; @32

= 411 (022033 - 023032) - 012(021033 - 023031) + 6113(@21@32 - 022(131) =

= (11022033 — Q11023032 — G12A21033+ A12023031 + Q13021032 — A13A22037 .
Taxum obpasoM, MogdydaeM CAETYIONYIo GOpMyJIy:

a1; @12 413
a1 dgz 023 | = Q11022033+ (12023031 + Q13021032 —
31 @32 a33

—@11A23032 — 12021433 — Q13022037 . (1.23)

g samomMuHanusa crmocoba obpa3oBaHUs CJIaraeMbIX €O 3HaAKaMU
“mrroc” u “MuHyC” UCIOIb3yeTcd CJIemylolee MHEMOHHIECKOe Mpa-
Busio. Ciaraemblie O 3HAKOM “+4” 00pa3ylOTCd yMHOK €HIHEM 3JIeMeH-
TOB OTPEIETNTEN ST, COSTNHEHHBIX OTPe3KaMy TPAMBIX Ha AnarpaMMe

puc. 1 cieBa, a ciaraeMble co 3HaKOM “—” — cIpaBa.
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Duc. 1

SIBHBIe BBIpAK €HUA IJIs OIpeIeIuTeNel MopsIKa Bhllle TPeThero Ha
IpaKTHKe He YIOTPeBIAITCA, MOCKONBKY THCIO CJaraeMbIX B OIIpe-
neautese mopsAnka 4 paBHO 24, a B oIpelesnTese MOPAIKa N OHO
paBuo n! = 2-3-...-n (9T0 MOKHO TOKa3aTh HHAYKIMEH 10 MOPAIKY
oIpenenTeNd).

1.2.2. CsolicTBa omnpeneautesei

DacCMOTPHUM OIpeeTuTe b MaTPUIsl A mopagka n [em. (1.21)]. Mu-
HOPOM 3TOTO OIIpelenTes] s Ha3blBaeTCd OIpeleJnTe]h MeHbIIero
HOpAKa, IOIydaeMblii U3 MCXOTHOTO BBIYEPKMBAHUEM HECKOJIbKHUX
CTPOK M TaKOTo XK e KOJMIecTBa CTOJI0I0B. MIHOD, MOy YeHHbli BbI-
JepKUBaHUeM CTPOK C HOMEpPaMW i1, ...,1; U CTOJOIOB C HOMepaMu
Jlye ey Jk, ABIAETCA OIpPEIEJUTEIeM NMopAaKa n — k 1 0bo3HavYaeT-
ca wepes My, i g, . Anrebpanteckoe TONOTHEHNE 3JeMEHTA
MOZXKeT BhIpaxKeHo (popMy.JIoi

Ay = (=) M;;. (1.24)

Teopewma 1.2.1. Oupenennrens nopsika n > 1 paBeH cymme npo-
H3BENEeHUl 3JIeMEHTOB [IE€PBOIrO CTOJIONA Ha HX ajrebpandecKue Jo-
MOJTHEHU S, T.e. HMeeT MEeCTO (DOpMyJia Pa3ioHCeHUs ONPeEJEAUMErs
no NEPBOMY CMOAOUY:

det(A) = anAn + 61211421 + ...+ anlAnl. (125)
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HoxkasareabcTBo. Bocnompsyemcs nuaykimeii o n (Opaaxy omnpe-
nennreng). s n =2 u n =3 yrBepK IeHne HEOCPEICTBEHHO CJTe-
ayer n3 gopmyn (1.22) u (1.23). Dycrb n > 3, U OHO JTOKA3AHO I
Bcex oIpefeuTesel mopanka, He npesocxondauiero n — 1. Cormacuo
dopmyie (1.20) nmeem det(A) = a11411 + a12412 + ... + a1, 41,
Yoemumcs, 910 a19A12 + ... + a1, A1, = a21401 + ...+ ap1Aug;
»TUM Tpebyemoe Oymer mokaszamo. Tax kax Ay = (—1)1+iM1i "
My; — onpemenurens mopanka n — 1, mas wero dopmyia (1.25)
yiKe IOKa3aHa, M, pasjarad €ro IO MePBOMY CTOJOIY, MBI HMeeM
My =377y aji(—1) My ;1. Otcona

61121412 + ...+ alnAln = Z ali(—l)l—l—i Z ajl(—l)jML]‘ 1, (126)
7=2

=2

Ananornuno, pasiaarag Mumop M;; Io IepBoil cTpoke, IHoJgydaeM
—_ n . j . .
My =377y ai(=1) My ;1q,;, oTkyma

61211421 —|— e —|— anlAnl = Z ail(—l)l—l—i Z alj(—l)jMM 1,5+ (127)
7=2

=2

CpaBHuBast mpasble 9acTn pasercTs (1.26) n (1.27), 3akT0qaeM, 110
OHM COCTOAT M3 OJMHAKOBBLIX CJIaraeMbIX, T.e. COBIIagafoT. MTak, pa-
BeHCTBO (1.25) mokaszaHo AT ONMpeIesuTesd TOPAIKA 7. ]

Caencrsue 1.2.1. Oupenesnuresp TPAHCIOHUPOBAHHON MATPHIIBI Pa-
BeH ompeeTeTio HeXoTHoi MaTpuisl, T.e. det(A ') = det(A).

HokasareabcTBo. Bocnomnbsyemcs nunykuuneil o n (Iopaaky omnpe-
nenutens). Haa n = 1 yrBepxgenue odeBHAHO. DycThb n > 1, n
OHO JIOKa3aHO [IJ1d BCeX olpelle/nTe leil mopsalKa, He IpeBoCcXoidlle-
ron — 1. Torma M;; = (M],)T, rme wepes M/, obosnaden MuHOp
ompenesntens det(A'), u, pasitarag TpaHCTOHHPOBAHHEIH oTpere-
JINTeJIb 110 IepBoil CTpoKe, MBI IIPUIeM K IpaBoil 4acTH paBeHCTBa
(1.25), 4vem 3aBepuIaeTCd TOKA3aTEIHCTBO CICICTBUA. a



1.2. Onpenegnresn 49
§ p

Taxum 06pa3oM, CTPOKHU U CTOJIOIEI OIpeIe/INTeId “paBHONPaBHEL,
T.e. J0boe CBOMCTBO, CIIPABEIINBOE IJIA CTPOK, BRITOIHAETCT W T
CTOJIONOB ¥ HAOOOPOT. DOITOMY HUIKEe BCe CBOHCTBA GPOPMYyIUPYIOT-
cd W JORA3bIBAIOTCHA JINITH JJIs CTPOK, & UCTOJIb3YIOTCA B maabHel-
meM Rak JJId CTPOK, TakR W JJI CTOJOMOB.

Daccy XK TeHUAME, TOTOOHBIMU TPUBEIeHHbIM B Teopeme 1.2.1, Mo-
®KeT ObITH IToKazaHa cJaeayiomas GopMyaa PasaoxKeHns OTpeIeTn-
TeJssT o TPON3BOILHOM cTpoKe:

det(A) —anAn + ...+ a;, A (1.28)

Cuoremytoue cBoficTBa onpegenTes el Jerko BRIBOIATCA MO WH-
nykunu w3 dopmy (1.28).

1. Onpenesrnress, cogepxk aufuii HyJIeBYIO CTPOKY, PaBeH HY.JIIO.

2. Opu mepecraHoBKe JBYX CTPOK B OIpede/uTesie MOy IaeT-
CA onpenenTe /b, PABHBIH IPOTHBONOIO0K HOMY IHCIY K HCXOTHOMY
onpenesHTe o,

3. Onpenenure/ib, CoOnep:K alluii 1Be OQUHAKOBBIE CTPOKH, PABEH
HYJTIO.

4. O6uuii MHOXK HTeJIb BCeX 2JIeMEHTOB OIHOH CTPOKH ONpereTH-
TeJIsl MOXK HO BBIHECTH 3a 3HaK ONpelesHTe .

5. Onpenenuresib, cogepx alini e MpomOPHHOHAIBHBIX CTPO-
KH, paBeH HY.JIO.

6. Ecam B ompenennrese Kakas-Inbo CTPOKa IIPeICTaBJeHa B
BHJIe CyMMbI IBYX CTPOK, TO OIpele/THTe/Ih PAaBeH CyMMe IBYX Ollpe-
JesTaTeieil, IoIy 9aeMbIX 03 HCXOTHOTO 3aMeHOil YIIOMSHY TOif CTPOKH
CTPOKaMH—CJIaraeMbIMH.

7. Oupengennresib He H3MEHHTCH, eCJIH K HeKOTOPOH ero crpoke
npubaBHThH APYTYIO CTPOKY, YMHOXK eHHYIO Ha THC/IO.

8. Ecuim B onpenesnTesie HeKoTopas CTPOKa eCTh JIHHeHHas KOM-

6uHAII IPYTHX CTPOK, TO OIpereTnTeIh paBeH HyIio!.

'B chaegcrsun 3.2.1 (cM. m. 3.2.2) mokaselBaeTCsH, YTO BEepHO M oBpaTHOe K
3TOMY YTBEPXK IeHUE.
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9. Cymma npousBeneHuli 3JIeMEHTOB ONHOH CTPOKH OIlIpeneJiu-
Tesis Ha aJjirebpamdeckiie JONOJIHEHHS K 3JeMEHTaM JIpYTroll CTPOKH
paBHa HYJIIO.

Dycts M — wmmHOp ompenenutens det(A), crosumii Ha mepe-
CeYeHUN CTPOK C HOMepaMu i1 < ... < i W CTOJOIOB C HOMepaMu
711 < ...< k. Hdonoanumeanrvim muropom ¥ M HaznIiBaeTCsa MUHOD

N =M;

Tyeeesll JlyeensJk?

TOTYIeHHbBII BBIYePKUBAHTEM W3 UCXOTHOTO OMPENeTHTENT YKa3aH-
HBIX CTPOK U cTOJONOB. Auszebpauneckum donosreruem ¥ M Ha3bI-
BaeTCsd IHUCJIO (—1)5(M)N, tme s(M)=1d41+ ...+t +j1+ ...+ Jr-

Crenyioiee yTBepix qeHue 06001aeT GopMyJIbl Pa3Iox eHis Olpe-
TEJUTEN o TPON3BOTBHON CTPOKe M MPOW3BOIBHOMY cTOOMY. [lo-
Ra3aTeJTbCTBO €70 MBI OMYyCKaeM.

Teopema 1.2.2. ZagurcupyeMm CTPOKH 11,...,1; B OlpelrejuTese
mopsKa n. DTOT OHpEesHTeN b PABEH CyMMe [IPOU3BeleHull Bce-
BO3MOX HbIX MUHODOB, CTOSIINHX B BbIODAHHBIX CTPOKAX, HA HX aJire-
OpandecKne JOMOJTHEHHS.

KBagparmas marpuna A = (a;;) IOpAIKA 7 HA3LIBAETCH NOAY-
pacnaswieiics, ecnu B Hell MMEOTCA M MePBBIX [COOTB. MOCTETHUX]
CTPOK W k TOCJIETHUX [COOTB. TEPBBIX| CTOIOIOB, Ha TlepecedeHnn
KOTOPBIX CTOUT HyJieBadg MaTpuiia, u m + k = n. JosypacuaBiiasics
MaTpuila OYeBUIHBIM 00pa30M dBJIdeTcsd OJOYHOM, U ee MOK HO TIpe-

B O B C
CTaBUTHh B OHOM W3 BUIOB A = c p )™ A= o D |
rme B u D — kBanpaTHble TonMaTpuisl; O — HydeBas MTOIMaTPHUIIA.
ToBopsar, uto B u C cmoam Ha 2aa6HOU Jua2oHasu TOypacnaBiedi-
A MaTPUIILI.
3 Teopemsr 1.2.2 BEITeKaeT TaKoe YTBEPK JeHNE.

Caencrsue 1.2.2. QOupenesuresp HoJIypacnaBiuielics MATPUIIbI Pa-
BeH [IPOH3BENEHUI0 MHHOPOB, CTOAHIMX HA €€ IJIaBHOH THaroHaJIu.
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B camom gnesie, mpumendas Teopemy 1.2.2 K Tem crpokam 6JI09HOR
MaTpHUIIbl, KOTOPbIe CONEPKAT HYJEBYIO MOIMATPUILY, U UCIOIb3Yd
TOT (hakT, YTO BCE MUHOPBI, 33 UCKIIOYEHNEM CTOAUIETO HA TJIaBHOH
JMATOHAJIN, COIEPKaT HyJeBO# cToIGel 1 TOo3TOMY PaBHBI HYJIIO, a
ajrebpanvyeckoe JTOTNOJNHEHWE K TOMY MUHODPY PaBHO JIPYyroMy Mu-
HOPY, CTOAIEMY Ha TJIaBHOW muaroHaJu, moJaydaeM Tpebyemoe.

C nmomotibio caenctBud 1.2.2 MoxkeT O6bITh JOKa3aHa CIAeTYIONast

Teopema 1.2.3. Oupenennrenb Npou3BedeHUs ABYX KBaJpaTHBIX
MaTpull DOPANKa T paBeH HPOHM3BeleHHIo olpelneanTesiell aTux Ma-
TpHI.

1.2.3. Kpurepuii obparumoctii MaTpuIibl

KBanparhnag mMarpuiia Ha3bIBAETCA HESHPOHCIEHHOT, ecin ee onpe-
NeJINTeN b OTJIUYEH OT HyJId.

Teopema 1.2.4. Marpuna sBIsgercs obpaTuMoii TOLIa 0 TOJIHKO TO-
ria, Korja OHa HEBBIPOXK TeHHAs.

JokasaresbcTBO. DyCTb KBajpaTHas MaTpuiia A mopanka n obpa-
tuma. Torma mo ompeneneHnio cymecTByeT MaTpuia B Takad, 4TO
AB = BA = E,,. 90 teopeme 1.2.3, yunteiBasg, uto det(E,) = 1,
nveeM | = det(AB) = det( A)det(B), oTKyIa HEIOCPEICTBEHHO CJIe-
nyet, 4o det(A) # 0, T.e. MaTpuiia A #BIAETCH HEBBIPOK ICHHO.
O6pario, IPeIIoIoK UM, 4TO KBaJpaTHad MaTpulla A TOPAIKa N
HEBBIPOK J€HHAL. DACCMOTPUM MATPHILY, COCTABICHHYIO CIICLY IOUINM
obpazoM 13 aaredpanIecKux IONOJHEHIH 51€MEHTOB OIpeIeTHTe s

det(A):

All A21 Anl
e (1.29)

Aln A2n Ann
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Ona HasbiBaeTcd npucoeduHerHHoli mampuyeld MaTpuibl A. Do-

d0KuUM B = —3—<A u nokaxeMm, uto B gpigerca marpuiei,

det(A)
obpatHoit Kk A. B camom mese, mcmomp3ys paseHcTBo (1.28) mpnm
v = 1,...,n u cBoiictBo 9 onpenenureneil, Jerko yoemuThCcH, 4TO
AA = det(A)E,,, oTKyzna B CHIy CBOWCTBA 12 yMHOXKeEHUS MATPUIL
BoiTekaeT AB = FE,. [na npoBepku pasenctBa BA = FE, Heob-
XOAUMO TPOBECTU aHAJOTHIHEIE PACCYXIeHWs C 3aMeHol paBeHCTB
(1.28) n cBoiicTBa 9 ompemenuTeseil Ha MX aHAJOTH IJIA CTOJIOIOB.
Taxkum obpasom, TeopeMa IOKa3aHa. a

Teopema 1.2.4 nmaer eme oauH cnocod HAXOK IeHUdA 0OpaTHOR
MaTpHUIBIZ. ITOT cIocod ocobenHo yaoben A MaTpHUl, BTOPOTO II0-
pAnKa, TaK KaK MOXK HO BBIMTUCATH CIAeAYIOMY0 (HopMyy mis odbpat-
HOU MaTpUIhL:

a b\ 1 d —b

¢ d T ad—be\ —c a

(1.30)

J1s MaTpuIl mopaaKa n yKasaHHLIE cocod Tpebyer BbIYUCIeHus n°

onpenenuTeseit nopaaka n — 1, moaToOMy Ha NpakKTHKe IJs MaTpPUIL
nopaaka Gosbine 3 OH He TPUMEHAETCH.

1.2.4. KpamepoBckue cucTeMbl JUHENHBIX ypaBHeHU

Cucrema JuHeHHBIX ypaBHEHU Ha3bIBAOTCH KPAMEPOSCKOTL, €CIU Y-
CJIO ypaBHeHUil B Hell paBHO YUCJIY HEM3BECTHBIX. DAaCCMOTPUM Kpa-
MEpPOBCKYI0 cucTeMy JuHefiHbIX ypaBHeHUit B 0blieM BHIE.

a1z + a1pr2 + ...+ a1px, = by
ary + a4+ ...+ agpx, = by

(1.31)

11 + Ap2T2 + .o AppTy = by

2Depsetil cocob cum. B m. 1.1.6.
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Beenem crenyionime onmpenenuTenn I8 3TOR CHCTEMBI:

a1 aiz - dip
A = 21 dg2 - d2p 7
Up1  Ap2 crr Qpp
bi aia -+ a, aj; aig -+ by
Ay = by azyy -+ ag, LA, = az ayy -+ by
bn Un2 crr O Up1  Ap2 U bn

3mech A HasbIBaeTCH 2aa6HbIM onpedeaumesem cuctemsr (1.31), a
oIpeneanTe b A; moaydaercd u3 A 3aMeHoii i-To ¢Toa01a cToI0moM
CBOOOIHLIX YJICHOB yPaBHeHHI M Ha3BLIBACTCI onpedeumenem npu
neussecmuom x; (1 =1,2,...,n).

Teopema 1.2.5. Ecjn riaBHbI ompegeanTesb A KpaMepoOBCKOMH
cucreMbl JHHEHHBIX ypaBHeHUH OTJIHYeH OT HYJIA, TO OHA ABJIAET-

cs ollpenejleHHOl U ee eqUHCTBEHHOe pelleHHe eCTh (%, e %).

HoxkaszarenabcrBo. 3annmewm cucremy (1.31) B MaTpuvHOM BHze:
Ax =b. (1.32)

Dycth A # 0. Tak kak A = det(A), B cuy Teopemsr 1.2.4 maTpu-
na A oboparuma. CorsacHo mpenjoxenuio 1.1.1 marpuuHoe ypas-
nenne (1.32) umeer enuucTBenHOe peimenue ¥ = A~'b. Dpumenss
NJ1e OOPaTHOI MaTPHUILI GOPMYJIy U3 IOKa3aTeabCTBa TeopeMsl 1.2.4,
mveeM & = < Ab. DaciuCHBag 5TO MATPHUHOE PABEHCTBO, TTO-

det( A
JIy4aeM CHCTeMY pPaBeHCTB

o biAin +b0A0 + ...+ b A
1 — 9

det(A)
biAig +baAs+ ...+ b, AR

Ty = ’

det(A)

Jo— blAln + b2A2n + ...+ bnAnn
e det(A) '
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B smamenarenax IIpaBbIX qacTeit IMOJIY9Y€eHHbIX PaBeHCTB CTOUT OIIpe-

IeanTeab A, a B YHCAUTENIX — onpeneantean Ay, Ao, ..., A,, pas-
JIOXK €HHBIE COOTBETCTBEHHO TIO TIEPBOMY, BTOPOMY T TaK Jajee, n-My
cTosbiy. ITuM Tpebyemoe M0Ka3aHO. a

1.2.5. Dpumepsbl BbIUUCIEHUs ONpeneanuTeseti

1. Ompenenuresp TpeyroabHOR MaTPUIbI. Dasjarad UCXOTHBIH
olnpeneJinTe b U BCe TMoJydaloluiecd 3aTeM olpeleuTen o TepBo-
My CTOJIOILy, TTOJNyYaeM

air a1z diz ... Qi
0 g9 A3 ... Q3gp
g9 A3 ... Q3gp 0
0 0 - ass ... da3p -
ass ... da3p = al =
0 0 ... a
0 0 0 Crn e
ass ... da3p
= a11ag | .. ... = ...=Qa11422 " App.
0 ... aun

2. Omnpenenutenpy BanmepMmonma. DycTb n — HaTypaJdbHOE YHi-
CJI0, G1,0dg ..., 0, — TPOU3BOJbHbIEe Yuciaa. Onpedeaumesem Ban-
depmorda Ha3bIBaeTCA CHENYIOUINI ONpeneuTesnb MopaIKa n:

1 1 1 . 1
a1 ay as Gy,
_ 2 2 2 2
d=1| aj as as ... ai |. (1.33)
n—1 n—1 n—1 n—1
ay ay (s a,

Horaxem, uyro npu JiroboM n onpeneanTesib BanmepMoHia paBeH

IPOM3BeeHNI0 BCeBO3MOXK HBIX pasHocTeil a; —a;, toe 1 < 7 <@ < n.

Bocrnosnb3yemcs unaykiueit mo n. Ipu n = 2 0YeBUAHO, UTO
1 1

= a9 — (1. DYCTh yIBEePXK JeHNE yKe TOKA3aHO g OIpe-
ayp az
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nenureneit Bannepmonna nopsanka n — 1. Dpeobpasyem onpemesu-
ternb (1.33) crnenytomum obpasoM: g Kammoro k = n,n —1,...,2
u3 k-t ero crpoku BbiuTeMm k — 1-10, yMHOK eHHYIO Ha aq. Torma

1 1 1 ... 1

0 as — aq as — aq a, — ay
d=1] 0 a%—alag a%—alag al — aja,

0 ag_l — alag_z ag_l — alag_z coooal —apa?

Dassiarad TOJY4YeHHBIH OMpenenunTesns Mo MepBOMY CTOJIOIY, Mbl MO-
JIVIUM ompenennTesb n — 1-ro mopgnka. Beiaocs usz k-ro crosbia

MHOKUTENDb ¢ — ¢y Ipu k = 2,...,n, IPHXOTUM K PABEHCTBY
1 1 e 1
as as e [£2%
— 2 2 2
d=(az—ay)(as—ay)---(ap—a1)| a3 aj ... a; |.(1.34)
-2 -2 n—2
aj as ay

DocaenHnit MHOXK HTeJIb sIBJISETCS olpefeuTe eM BangepMoria mo-
panka n — 1. DpuMeHssl NPEINOJOXKeHne WHIYKIUA, U3 HOPMYJIbI
(1.34) mosrysaem Tpebyemoe.

N3 monmydveHHoro pesyJsbTaTa CelyeT, 4TO olpegeqnTesab Ban-

JepMOHIa IOpPAAKa N, HOCTPOSHHBIH Ha YHCAAX A1,02,...,0,, Pa-
BEH HYJIIO TOIja M TOJIBKO TOLAA, KOLga (; = @) IPH HEKOTODBIX
1<j<k<n.

3. g maHHBIX Yucesa @,b BBIYMCAUTH cienyoluit onpemnesnu-
Tedb MopaaKa n:

a b b b
b a b b
b b o« b
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Ypeobpasyem ero, npubaBuB K 1-i CTpPOKe TMOCIETOBATENIBHO 2-10,
3-10 1 BCce ocTaJibHble, 3aTeM BLIHOCH U3 MepBo# cTporu obuiuit MHO-
xwuTenb @ + (n — 1)b n npubaBaga KO BCeM CTPOKaM, HAUWHAA CO
BTOPOIi, TEPBYIO CTPOKY, YMHOK €HHYIO Ha —b. D aKOHeIl, BOCIONb3Y-
eMcs mpumMepom 1.

a+(n—-1) a+(n—-10b a+(n—-1b ... a+(n—1)
b a b b
b b a b =
b b b a
1 1 1 1
b a b b
(a+(n=10b)] b b «a b | =
b b b . a
L1 1 1 1
0 a-b 0
(a+(n—1)b)| 0 0 a-0 0 |=(at(n—1))(a=b)""!
0 0 0 a—1b

4. Bopraucanrtb olrpelejJnTeJ b

T W N =
— O = WD
N = O e W
W N = Ot =
= WO DN = Ot

Cravasta Bce CTPOKHM IpubaBIgeM K mepBoii, 3aTeM BBIHOCUM 00-
muit MEOKWTe b 15 m3 mepBoil cTporu. [lasee BLIYMTaeM TepBYIO
CTPOKY, YMHOXK€EHHYIO Ha MOIXOoAdllee YHUCJIO, U3 OCTaJIbHBIX, a IO-
cJie 3TOTO paszJjaraeM OlpeleluTe]lb Mo MepBoMy cTosabiy. 3arem
BbIYMTaeM TPETHIO CTPOKY M3 YeTBEPTOil, BTOPYIO U3 TpeTheii, mep-
BYyIO 13 BTOPOit 1 BaX Nbl pa3JjaraeM MOJy4YeHHbIH onpenenuTesb M0
mepBOil CTpoOKe.
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1 23 45 15 15 15 15 15
2 3451 2 3 4 5 1
3451 2|=3 4 5 1 2|=
451 23 4 5 1 2 3
512 3 4 5 1 2 3 4
11111 11 1 1 1
2 3451 0o 1 2 3 -1
=15(3 451 2|=15/0 1 2 -2 -1|=
451 23 0 1 -3 —2 -1
512 3 4 0 —4 -3 —2 -1
1 2 3 -1 1 2 3 -1
12 -2 -1 0 0 -5 0
P s e TP 0 s 0 0T
-4 -3 -2 -1 -5 0 0 0
o 0 0| [0
= 15(—1)(=1)**! =15 0 -5 0=
0 -5 0 0 50 0
-5 0 0 0
= 15(=5)(—1)>*! _g _2‘21875.

5. BuraucauTh ompenennTenb, MOAb3ydACch TeopeMoit 1.2.2.

4 2

1 1+14+143434+14343
(_ ) -1 -1

= 2.

1
3
1
1

_ O = O
— W = DN

Bribupaem mepByIo U TpeThi CTPOKHU U npuMeHdeM Teopemy 1.2.2 K
9TUM CTPOKaM.

Bamawm: [17], Ne3-22.



I'maBa 2

DJIeMEeHTbI
aHaJIUTHUYeCcKOoUu
reoMeTpHuu

§ 2.1. BekTopHas ajrebopa

2.1.1. DouHATHUe BeKTOpa
—
DanpasieHHbim ompeskom AB HazbiBaeTCd 0TPE30K, KOHIIbI KOTOPO-
ro obpasyfor yrnopanouernyo mapy (A, B) Touek (He obf3aTenpHO
pawmtmmx) B IIPpOCTPaHCTBe; IIpU 3TOM TOYKa A Ha3bIBaeTCd ero
HAMAAOM, & TOYKa B — xonuyom. Jliunoli HaITpaBJIeHHOTO OTPE3Ka,
Ha3bIBaeTCid pacCCTOodHNe MeX Ny ero HadaJIoOM W KOHIOM. ECJII/I Ha-
=

4aJI0 W KOHeI HalpaBJeHHOro oTpe3ka AB He coBIamaloTr, TO Jyd,
ucxongumuit uz Touku A u BKIovatomuit Touky B, ompenenser Ha-
npasserue Ha TpamMoii, mpoxomdiel yepes Touku A u B. Da kax goi
npAMOil onpegesenbl 1Ba B3aUMHO TPOTUBOIOJIOXK HbIX HAITPaBJIeHUd.
DpaMasd Ha3bIBAETCH OPUEHMUPOBUHHOU NPAMOT, WU OCHIO, €CTN Ha
Heil 3a71aHO HaIpaBJieHUEe C MTOMOIIBIO HATTPABJIEHHOT'O OTPe3Ka HeHY-

58
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JieBOil IWHBI, Jiexanero Ha 3Toft mpamoii. M3o0paxatorca Hampa-
BJIEHHBIE OTPE3KU CJENYIOMUM 00Pa3oM.

E F
/B
A C D
L
K I
G
Duc. 2

ToBopgr, uro nBa wanpasienubix orpedka AB u C'D conanpasae-
Wbl [aHmuHanpasaensy], ecrn ORI a0 TapaslIedbHbl, JU00 JeXK aT
Ha OHOW MpAMOil I WMeroT OMMHAKOBBIE [TPOTUBOTIOIOK HbIe] Hallpa-
BJIEHW .

Bexmopom nHazbIBaeTcsd MHOK €CTBO BCeX COHAITPABJIEHHLIX OTpPe3-
KOB ofnHaKOBO# muuubl. JI1000i HampaBJIeHHBIH OTPE30K, IIPUHA]I-
JIeXK allliii BEKTOPY, HA3BIBAETCH €0 U300paHCEHUEM. Da PUC. 2 Ha-

—  —

npasJyenrbie orpes3ku GH u K L cyTh n300pak eHus 0JHOTO BEKTOPA.
Hna noboit Touku A npocTpaHCTBAa W TAaHHOTO BEKTOPA CYUIECTBY-
eT eIMHCTBEHHOE M300pakeHue TOr0 BEKTOPa ¢ HavyaJloM B TOYKe
A; TOTOMY MOMKHO MPEeINCTaBAATh cebe BEKTOD KakK HallpaBJIeHHbIH
OTPEe30K, HayaJa0 KOTOPOro MOXKeT HaXOIUThCH B J0DOH TouKe mpo-
CTPAHCTBA. DTa TOYKA HA3BIBAETCH MOUKOT NPUAOHCEHUA BEKTOPA.
CrnenoBaTesbHO, BEKTOP MOKeT ObITh NPUIOKEH K Jito0oill Touke.
Ob603Havat0TCH BEKTOPHI TaK: {, bu T BexTop, onpenensgembrii Ha-

—

IIpaBJIEHHBIM OTPE3KOM AA (C COBIIaJalOINMMI Ha4YaJIlOM " KOHI];OM)7
Ha3bIBaCTCA HYAEEHBIM N obo3HavaeTcd Hepes 6

Tax Kak Bce I/I306pa}KeHI/IH BEKTOpa UMeT OJNHAKOBYIO IJINHY,
€CTeCTBEHHO Ha3BaTh JAunoll BEeKTOpa OJIUHY J1000T0 ero I/I306pa}K e-
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Hug. Kax npiii HeHyIeBoil BEKTOD OTHO3HAYHO ONpeIetdeTCs TIHHOT
1 HaTpaBJIeHHeM. D yeBoil BeKTop nMeeT jinHy 0, a ero HampaBe-
Hue He onpeneneno. linHa BekTOpa @ 0003HAYAETCH Yepe3 ¢ WJIN
qepes |d].

JIBa BEeKTOpa PABHBI, €CJIM OHU MMEIOT COBIATAONNEe N300paK e-
s, MoXHO cKasaTh, 410 @ = b, ecIM BEKTODSL @ U b UMEIOT OHA-
KOBbIe IJTUHBI 1 (ecsu JIiuHa GOosThlie HyJIs) OMHHAKOBbIE HATIpaBJIe-
HUA.

—

IIBa HeHyJIeBBIX BEKTOpa W b HA3BIBAIOTCI COHANPAGAEHHBIMU
(obosnavenme: @ |1 b) [cOOTBETCTBEHHO GHMUHANPAGAEHHBIMU, 0DO-
3HaveHme: @ || b)], ecim cymecTBYIOT UX COHATpaBJIEHHBIE [aHTHHA-

mpaBeHHble] W300pak eHnd. Ja puc. 3 umeem d |7 l;, afleé.

¢

S

QY

Duc. 3

I Ba BeKTOpa HA3BIBAITCH KOAAUHEAPHBIMU, €CJIH JTOO0 O Kpali-
Heil Mepe OIWH W3 HUX — HYJeBOll BekTOp, JubO OHU COHANpABJIE-
HBI WJIW aHTUHATPABJIEHBI. ['0OBOPAT, ITO BEKTOP KOAAUHEAPEH TIPH-
Moit [KoMnaaHaper TIOCKOCTH], CIH CYyIEeCTBYeT n300paK eHle 3To-
TO BEKTOpa, JIeK alllee Ha 3TOH MpaAMOil [ILTOCKOCTH].

2.1.2. JluHeliHble ollepalluyd C BEKTOpaMu

DOl AUHETHBIMU ONEPAUUAMU TOHUMAIOTCH CJIOKEHUEe BEKTOPOB U
YMHOXK eHue BeKTopa Ha cKaadp. Cymmol IBYX BEKTOPOB @ U b Ha3BI-
BaeTCs BEKTOD, MOJTyIaeMblii cienyomnM obpasom (cm. puc. 4). Ot
HEKOTOPO# TOUKM OTJIOK UM H300pak eHne BeKTopa @, a OT ero KoHIa
OTJIOK UM U300paiKeHre BEKTopa b. Torma HanpaBJeHHbI OTPe30K,
HaIlpaBJIEHHbIR W3 Havaja HU300paKeHUsds d B KOHel M300pakeHus
I;, onpenender BEKTOp €, KOTOPBIH u OymeT cyMmoil BeKTOpOB @ u
b. Jlerxo MPOBEPUTH, YTO BEKTOP € ONpeesied KOPPEKTHO, TaK Kak
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OTPEIeTATONNIT eTo HATPABJIEHHBI OTPE30K He 3aBUCHT OT BHIGOpPaA
TOYKHU MPUIOKeHUs BeKTopa d. Obo3HaveHne IJid CYMMbI: @+b. Ta-
RO} cmocob BRIYMCIEHNS CyMMBI Ha3bIBAeTCH HAXOXK JEHUEM CyMMBbI
JIBYX BEKTOPOB NO NPAGUAY MPEY20bHUKA.

b

QY

a+b

Duc. 4

Eciii BeKTopsI @ 1 b He KOJLIMHeapHbl, TO MOK HO CKJIAIBIBATH X
1 110 TpaBUIy HapaJsuieorpaMMa; OTJI0KUTh 00a BEKTOpa OT 00UIero
HadvaJa ¥ ITOCTPOUTH Ha HUX ITapaJlie]orpaMM; BeKTOp, HalpaBJIeH-
HBIil 13 00uIero HavaJla II0 JUaroHa/ i B BepIIMHY TTapaJiieg orpaMMa,
u OymeT cymmoii (cm. puc. 5).

QY

Y]
_'_
S

S

Duc. 5

CJloX eHne BEKTOPOB nMeeT cJlelylomne CBOIQ/J[CTBa7 CXOIOHbIEe CO
CBoOiicTBaAMU CJIOXK eHUd YuceJI.

—

1. Hdas s106BIX BEKTOPOB d@ U b CIpaBenInBO PpaBEHCTBO
it+b=0b+d.

2. g J100BIX BEKTOPOB @, b 1 € CIpaBeIInBO PaBEHCTBO

- —

(@+b)+é=da+ (b+¢).

—
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3. JLing 1106010 BeKTOpa @ CIPABEIINBO PaBeHCTBO @ + 0 = d.

4. na moboro BeKTOpa d CYNIECTBYET BEKTOP b Takol, 4To
a+b=0.

HokazarenbcTBa ABYX HEPBBIX CBOWCTB mosyvdalorcsd nepebopom
BO3MOK HBIX CJyYaeB PACHOJOKeHUd BEKTOPOB 6,5 (n & mns cBoii-
CTBa 2) W TMpUMeHEHHeM TPOCTERIINX TeOMeTPHIeCKhX COobpake-
uuit. CpoifictBa 3 u 4 oueBuanbl. BexTop b B cBoiicTse 4 moayva-
eTcd U3 BEeKTOpPa d U3MEHEeHUeM HallpaBJIeHUd Ha MPOTUBOTIOJIOK HOE;
MpU 3TOM y HaIPaBJIEHHOTO OTpe3Ka, H300Pak alolero BeKTop d, Ha-
4aJi0 U KOHEeIl MeHAITCH poadaMu. fcHo, 4To BEKTOp b oIHO3HAMHO
olpenendercs M0 BEKTOPY @ B CBOWCTBe 4; OH Ha3bIBAETCHA NPOMUBO-
NOAOHCHBIM K BEKTOPY @ n 0003HaYaeTCd depes3 —d. Da PUC. 2 uMeeM
— —

FE=—-CD.

D poussederuem BEKTOpa @ HA 9UCIO ¢ Ha3biBaeTcd BEKTOP, 000-

3HavYaeMblii yepes {d u onpenesdeMblii o TpaBuIy

0, ecan t = 0 wmn @ = 0;
ti=1< & rtne@|ldnld=td, ecmmt>0ud0;
¢, tne @] @uld =—tld, ecmmt<O0ud#0.
— 7 _ 3= -
Da puc. 3 aad BeKTOpa ( M300paxkeHbl BEKTOPLL b = 5d 1 € =

= —2d. U3 onpenesienud BekTopa td caenyer, 4To
[t = [¢|a]

IJIsE BCeX BEKTOPOB @ u Beex t € R. YMHOK eHre BEKTOPOB Ha YHCIIO

BMeCTe CO CJIOZKeHlneM O6JI&,IL&IOT cJrelyromnmMmn CBOﬁCTBaMI/II.

—

5. s Jrio0BIX BeKTOPOB @ u b u Jrroboro dmciia ¢ CIpaBeIInBO
H(@+b) = tb + ta.

6. g 11000T0 BeKTOpa @ U J00OLIX dHCes t, S CIIPaBeIINBO
(t4 s)d = td + sd.

1 & &
HyMepyﬂ 9T CBOUCTBa, MbI IIPOIOJI2KaeM HYMEPAIUIO CBOUCTB CJOXKEHUA
BEKTOPOB.
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7. Ina maoboro BeKTOpa @ W JIOOBIX 4YuUCeT t,S CIPaBEIINBO
t(sd) = (ts)d = s(ta).
8. Il a10060T0 BeKTOpa @ CIpaBeminBo 1d = d.

HorazarenbcrBa CBOHCTB H—7 MOJIyYAOTCH TEPEOOPOM BO3ZMOIK -
HBIX CJIy4YaeB PaclojoXKeHud BeKTOPOB 6,5 W 3HaKOB 4ucen {,s.
CaoiicTBo 8 04eBUIHO.

ObpaiiaeM BHUMaHWe YHUTaTelsd Ha TO, YTO JUHeliHbie omepaiun
¢ Marpunamu (cM. 1. 1.1.2) n ¢ BeKTOpaMu 061aTal0T OINHAKOBBIMA
CBOMCTBAMHU. DTO OOBACHAETCH TEM, YTO MATPUILBl (HUKCHPOBAHHBIX
pasMepoB, paBHO KaK W BEKTOPHI (KOJINHeapHbIe TPAMOil, KOMILIA-
HapHbe IJOCKOCTH WJIM BCE BEKTOPHI B IPOCTPAHCTBE), 00Pa3yioT
TaK Has3bBaeMoe JiHefiHoe mpocTpaHcTBo? Haj moseM R.

HokazaTeabCcTBO CIEMVIONEro YIBEPK IeHd OYIeT HEeCJOXK HbIM
yIIpaK HEeHUeM Iad YnTaTesd.

D pemyioxenue 2.1.1. /Iy Toro 4Tobbl jiBa BEKTOPa ObLIH KOJLIH-
HeapHbl, HEODXOJUMO H JOCTATOYHO, YTOObI OJHH H3 HUX MOT OBITDH
NoJIy4eH ¢ NOMOUIBIO VMHOX€HHs JAPYyroro Ha Hoixojsdliee YHCJIO.
Ecorm nBa HemyJIeBoIX BEKTOpa KOJITHHEAPHBI, TO KaXK bl W3 HHX
MO eT ObITh IOJIYY€H C HOMOUIbIO YMHOX €HHS APYTOro Ha MOIX0/5-
ree 4ucJIo.

Kax n B caygae MaTpuir, Aunelinotl xombunayueli BEKTOPOB di,
a3, ..., a4 c Koadgdunmentamn ty,to,. .., ; Ha3bIBAETCA BEKTOP

tidl + toay + ...+ tpdg.

Ecoin BexTop b aBsieTcs TuHeiinofl KoMbuHalmell BEKTOPOB G, @3, . . . ,
@}, ¢ HeKOTOPBIMU K03 PUIUHEHTAMH, TO TOBOPST, 9TO0 b AUHETHO 6bi-
pascaemes 1epe3 BeKTOPBL G, (3, . . . , (k.

loBopaT, ITO TPU BEKTOPA KOMNAGHAPHHL, €CTU CYTNIECTBYIOT MX
n300paR e, Jex alne B OTHON TIOCKOCTH, WJIN, ITO PABHOCHIBHO,
OHM KOMTLTaHAPHBI OTHOR 1 Toif Ke MIOCKOCTH.

2
Omnpepgesienne »Toro HoHATHA cM. B 3.1.1.
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D pensoxenue 2.1.2. Tpwr BekTOpa KOMILTaHAPHEI TOIJa H TOJIBKO
TOrza, KOLJa OJMH U3 HUX JIMHEHO BbIpai aeTcsd depe3 oCTajibHble
JIBa.

JToKa3aTeqbCTBO. DacCMOTPHM TPU KOMILIAHADHBIX BeKTOpa @, b,
¢. Ecanm BexTOps @ 1 EHeKOJIJIHHeapHBI, TO BEKTOP ¢ MOXKeT ObITh
PasIOKeH 10 HIM, KaK IOKa3aHO Bbllle. DyCTh @ I b KOJLIHHeap-
#bl. CorsacHo npemoxennto 2.1.1 aubo d = tl_;, am6o b = 1@ nna
HekoToporo uucya t. Torna, oueBunno, @ = th 4 0¢ wm b = t@ + 0¢,

Obparho, ecyin BeKTOp @ JuHERHO BhIPaK aeTCA Yepes l;, ¢, TO U3
oTpeneTeHns TNHEHBIX oTlepannit ¢ BEKTOPaMU CJENYeT, 9TO BEKTO-
PEI @, l;, € KOMILTaHAPHBI. a

B cuny mpennmoxenus 2.1.2, ecsim Tpu BeKTOpa HeKOMIIJIAHAPHEI,
TO HU OJIMH U3 HUX He MOXKeT ObITh HpeicTaBJieH B BUie JiMHelHOl
KOMOWHAINE IBYX IPYTIMX BEKTOPOB.

Opmom HasbiBaeTcs BekTop HJmubl 1. Jlerko ybenurbes, 4To 114
JI0H0TO HEHYJIEBOT'O BEKTOPa @ COHANPABJIEHHBIH ¢ HUM OPT €7 UMeeT
BUI

&y = —a. (2.1)

2.1.3. KoMnoHeHTbI U NPOEKIMU BEKTOPOB

CyuiecTBy0T TpU BUILa TPOEKTHPOBAHUA TOUYKM:

a) MPOEKTHPOBAHME HA IJIOCKOCTH HA TaHHYIO NPIMYyIO MapaJi-
JeJIbHO TaHHO# mpaMoii,

6) MPOeKTHpPOBaHNEe B MPOCTPAHCTBE HA JAHHYIO IJIOCKOCTH Ia-
paJiieTbHO TaHHOW MpAMOIi,

B) MPOEKTHPOBAHNE B IIPOCTPAHCTBE HA JAHHYIO MPAMYIO MapaJ-
JIeJIbHO JaHHol m1ockoctn (cM. puc. 6).
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B
C
A
B c’
’ A
A/
«
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A/

B coorBercTBum ¢ a1UMEU criocobaMu TPOEKTUPOBAHUA TOYKHU TI0-
JYYaloTCd TPU BUIa MPOEKTUPOBAHNA BeKTopa. JIerko moHAThH, 9TO
Ipu MPOEKTHPOBAHUE KaKuUM-JIO0 crocoboM HavaJa W KOHIA U30-
OpakeHUsd TAHHOTO BeKTOpa {4 mojJydaercd u3obpaikeHHe BEKTOpa
KOM, 3@, Ha3bIBa€MOTO KOMNOHEeH MOl BeKTopa @ Ha TPAMYIO N
IJIOCKOCTh v TapaJLiesbHo mpaMolt wiu mimockoctu 3. OQueBumHO
TaKke, 4YTO TPU 3aMeHe JII0OOTO U3 0ObeKTOB o, [ MapaJijiebHbIM
eMy KOMIOHeHTa JI0b0oro BeKTopa He u3Mendercd. llasee, cupasen-

JIMBbI CBOMCTBA KOMIIOHEHT, BhIPakK aeMble (DOPMYIaMu

KOM o 5(7 + b) = KOy, 5 + KGM,, 5b; (2.2)

1

B mepBom m3manum HacToAmero ydebuuka [16] mna »Toro momaTHA OBLIT MC-
MOJIb30BaH Apyroit ymorpebuTe bHbIi TepMUH — “BEKTOP-IPOEKIUA”; CM. TaM
ompelesaeHne Ha C. 56.
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KoM, g(td) = tkom, gd. (2.3)

x mokasaTesbCTBA MOJIYYAIOTCH HECTOKHBIMI DACCYXKICHIAMI C
PacCMOTpeHNeM BCeX BO3MOXKHBIX CJIydaeB, OOUH W3 KOTOPBIX (MIJIf
paBeHcTBa (2.2)) mokasaiu Ha puc. 6.

flcHo, 4TO Ha JI06OI OCH MOXKHO 3a1aTh HAIpAaBJEHHE C IIOMO-
IIbI0 KOJLTHHeApHOTO efi HeHysleBoTo BekTopa. TakmMm oGpasoM, Ha
ar06ofi TpAMOR MOKHO 3aIaTh IBa HAIPABJIEHHS C IOMOIIBIO IBYX
IIPOTHBOIOJIOXK HBIX HEHYIEBLIX BEKTOPOB. (CM. puC. 7).

—
—a
a
_

Duc. 7

DacCMOTPUM TMPOEKTHPOBAHIE BEKTOPOB Ha OCh KOJLIHHEAPHO
mpsmoit (cm. puc. 8). fcHO, 9TO KOMIOHEHTa 3aBUCHUT JINNUIH OT HC-

—
XOIHOTO BEKTOpa € (OIpeneseMoro HapaBJIeHHbIM oTpe3koM AB),
BEKTOPAa, 3aJal0NIer0 HalpaBJIeHne Ha och (&) W TPON3BOTIHHOTO He-
HYJeBOI'0 BeKTOpa, KOJIJIMHeapHOro mpamoii, omnpenessioueii mpo-
eKTUPOBaHUE (l;) B srom coyuae 00603HAUUM KOMIIOHEHTY depes
K6ma||b€ u 6ymeM Ha3blBaTh €e KOMNOHEHMOU BeKTopa € Ha BEKTOP

—

@ KOJLIMHEeapHO BEeKTOpy b.

B

A B

S

=1

Duc. 8
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D poexyueti, NI AAZEOPAUNECKUM 3HAMEHUEM NPOEKUUL BEKTOPA
€ Ha BEKTOp @ KOJIINHEApHO BEKTOPY b, Ha3bIBaeTCd THCJIO npa||b€,
ompenenseMoe GopMyIoit

kot pc],  ecam (komgpE) 11 @
a

WPallb® =) —|k6i,pdl, ecomr (kGiy€) 1] @.

Mex oy mpoekiuell I KOMIOHEHTO! BeKTOpa ¢ Ha BEKTOD d KOJLIH-
HeapHO BEKTOPY b MMeeTcs CBH3b, BhIpaK aeMas cieryomueli popmy-
J10ii:
. S - T
KOM 43¢ = (Mp,)pC) (5 d) = —=—a. (2.4)
@ @
D1a dhopMyIa caenyer U3 onpeleseHns Tpoekunit n Gpopmyst (2.1).
JIJTst TPOEKINE BEKTOPOB CIPABEIINBEL CIIEIYIOIINe AHAIOTH CBOfi-
cTB (2.2) 1 (2.3):

NP, @ + b) = NP,y + npjab; (2.5)
pa(1d@) = tnp, d. (2.6)

JokaszareabcTBa 3TUX CBOMCTB JleTKo BhIBogATCH U3 (2.2) u (2.3).
Yenom MeX Ty HEHyJeBBIMU BEKTOPAMH HA3bIBACTCA HANMEHD-

i U3 IBYX yIJIOB, KOTOpBIe 00pa3yfoT W300pak éHIsA 3TUX BEKTO-

POB, OTJIOKEeHHbIe OT OOWero Hatasa. YTOJl Mek 1y BeKTOpaMu d u

b obo3HataeTCH Yepes (d, l;) Own 3axji0vYeH B mpemerax OT HyJId J0O
T, BRJTIOYas TPAHMIIEI.

DyCTh BEKTOPHI buc nepreHIuKyIsAPHbL.  DOJTOKHUM KOMpd =
KOM 5||6’L_i [cooTBeTCcTBEHHO Np;d = np[—;”é[i]. YymeM Ha3blBaTh UX OPMO-
20HAABHOT KOMTIOHEHTOH [COOTBETCTBEHHO TpoeKIneli] BekTopa d Ha
Bextop b. L1l OPTOTOHAIBHBIX KOMIOHEHTBI U IPOEKINH CIpaBe-
JUBLI cBolicTBa (2.2)~(2.6). Kpome Toro, 1€rko BBIBECTH CIIELYIOUIYIO
hopMyITy IIA OPTOTOHATBLHOW TPOEKIHN:

—

nppd = |7] cos (,0). (2.7)
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2.1.4. Daszuc. KoopaouHaTbl BeKTopa

DacCMOTPUM BCe BEKTOPbI, KOJJIMHEapHble HEKOTOPOMY PUKCHPOBAH-
HOMY HEHYJIeBOMY BEKTOPY. fcHo, 9To Bce TakKume BEKTOPHI KOJLIH-
HeapHbI HeKOTOpoii npsamoit [. O6o3HaYUM 3TO MHOKeCTBO depes V.
Da3ucom Ha npamol Ha3zbiBaeTCd JT000H HeHyIeBol BEKTOD, KOJLIH-
HeapHbIif T0# npaMoit. DycTh @ — Takoit BekTop. JIw0boi BekTop ¥
u3 V) MoK eT OBITH IpeICTaBeH B BUle & = td, /e t — HeKOTOpoe 9n-
CJI0, OTHO3HAYHO OTpeiesideMoe 110 BEKTOPY F. DTO YUCIO Ha3bIBALT-
ca koopduramoti eexmopa ¥ B 6asuce A = {d} u 6ynet 0bo3HATATHCH
gepes [Z]a. JIerko TpoBepUTH, ITO BBHIMOIHAIOTCS CIEIYIOIINe CBO-
CTBa KOOPAWHAT: JLIA JIOOBIX BERTOPOB I, §f, KOJIUHEAPHBIX JaHHON
MpAMOoit, T TI0O0TO IHCTa § CMPABENTHBLI PABEHCTBA

Yepes V,, 0603HaYUM MHOXKECTBO BCEX BEKTOPOB, KOMIITaHAPHBIX
IL10CKOCTH v. $ICHO, 9TO JTI06bIe BEKTOPDL &, b, € 13 Vs, KOMILTaHAPHDL.

Da3uUcoM HA NAOCKOCTU ¢« Ha3bIBAeTCd YIOPAIOUYeHHAad Tapa He-
KOJLIMHEAPHbIX BEKTOPOB, KOMILJIAHAPHBIX IJIOCKOCTH . IDYCTh
B = (51,52) — Takad mapa. Jlwoboit BekTop & u3z V, Moxer OBIThH
CIeIyoumM 0bpa3oM pasaoxcer no 6asucy B (cum. puc. 9).

—

by

&)

Duc. 9
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Orstoxk um u306pakeHns BEKTOPOB l;l, 52, Z o1 obmuiero HadaJa 1
qepes KOHel M300pakeHusd BeKTopa & MPOBeIeM MpAMble, KOInHe-
apHbIe BEKTOpaM by 1 by /0 ITepecete s ¢ IpAMBIMIE, IPOBEICHHbIMM
yepes U300pakK eHusd STUX BEKTOPOB. DOy UM U300paKeHUA BEKTO-
poB ¥ u Zo. fcmo, uTO

F=i 4+ T (2.10)

U Ty = KOMy |3, &, T2 = KOMy, |, T. YIHTBIBag CKa3saHHOE BBIUIE O
Hasnce Ha MPAMOIl U paccMaTpuBad B KadecTBe 6A3MCOB Ha COOTBET-
CTBYIOIINX TPAMbBIX BEKTOPBI by u by, oMy daem

F1 = tyby, Ty = lybs (2.11)

JLIS HEKOTOPBIX Yuces ty,to. DTH 9uCTa Ha3bIBAIOTCH KOOPAUHAMAMU
sexmopa T B 6azuce B. X 3anucbiBatoT B BUje CTPOKM WM CTOJOIA,
cHavasa t1, 3aTeM ty (MOPATOK cyurecTBeH!). DomoK UM

[#]B = (t1,12)". (2.12)

HoroBopumMcd yMHOKaTh CTPOKY BEKTOPOB Ha CTOJOEIL YiCeI 110
OOBIYHBIM TIPABUIAM YMHOXK €U CTPOKH Ha CTOJIOEI (CM. PaBEHCTBO
(1.5) 8 m. 1.1.3): B pesyibraTe nosydaercd JuHelinas KoMOUHAIM
BEKTOPOB CTPOKH C KO3 GpHUIneHTaM” CTOJIOIa, T.€.

(51

to

(1,62, ..,61) =46+ taés+ ..+ 1,6 (2.13)

28

Mrax, ecn paccMarpusaTh Gasuc B kax crpoxy (by, by), a Koop-
IMHATH BeKTOpa & B Gasuce B B Buge crosnbua (2.12), T0 13 paBeHCTB
(2.10) u (2.11) caenyer

T = tlgl + tggz; (214)
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InmocJjaengHee paBeHCTBO MOXKeT 6BITB 3allUCaHO B BUJle
7 = B[is. (2.15)

Qucna ty u iy onpenendiorcs no BekTopy & ofnosnaino. B camom ge-
JIe, MyCcTh T = S1 by —|—52b2 A7 HEKOTOPBIX S1, S € R. Torna us (2 14)
oIy IaeM 16y +12by = s1by —|—52b2, oTkyIa (11 —51)b1+( 2—52)b2 = 0.
Ecau t; # sy win ty # $9, TO OTUH U3 BEKTOPOB b1, by MOKHO BbIDa-

3UTH Wepe3 npyroii (Hampumep, mpu t; # S UMeeM 51 = t1 2b2)

cuty npentox enus 2.1.1 BeKkTopst by u by OKa3bIBAIOTCA KOJIIHHEAD-
opIMu. Tak Kak Mo yCIOBUIO 3TU BEKTOPHI HEKOJIINHEAPHBI, 3aKJIIO-

qaeM, 4To {; = 81 U 1y = So.

HokaxeMm, 9TO I CTOTOIOB KOOPIAWHAT BEKTOPOB Ha TJIOCKO-
CTH BBIIOTHAIOTCH CBoifcTBa (2.8) 1 (2.9). DpoBepuM IepBoe U3 HUX;
BTOpOE MOKA3BIBAETCA aHATOTHIHO. JYCTh , §f — ABa BEKTOpPa, KOM-
ITaapHble JanHol maockoctn u [F]g = (t1,t2) 7, [#]B = (U1, uz) ' —
nx CTOJI6IIBI KOOPJIMHAT. Torma B cuny (2.14) nmeem & = 64 51 + tzgz
uy= w1y + Usbs. CKJI&L;LLIBaﬂ 9TU PABEHCTBA, MOy TaeM T+y=
= Liby 4 toby + by + ugby = (4 + w)by + (2 + u2)by, orkymA B
CUJTY eIWHCTBEHHOCTH KOOPAWHAT CJIEIYET, ITO TepBasd KOOPINHATa
BeKkTOpa ¥ + § paBHa 1y + uy, a BTOpasg paBHA {3 + U3. DABEHCTBO
(2.8) B paccMaTpUBaEeMOM CJIydae TOKA3aHO.

Hasucom 6 npocmpancmee Ha3bIBAETCA YIOPALOTeHHAS TPoiika
HEeKOMILJTAHAPHBIX BEKTOPOB. Kak ¥ BEHINIE, MBI pacCCMaTpPUBaeM ee
RKakK CTPOKY BekTOpoB. Crenyioliee yTBEPK IeHNe aHATOTHIHO TOKa-
3aHHBIM BBIE (HO He CHOPMYTUPOBAHHBIM FBHO) YTBEPK ICHUAM O
basmcax Ha MpAMON W Ha TIOCKOCTH.

Teopema 2.1.1. Dycre C=(¢,¢2,¢3) — 06a3uc B IPOCTPAHCTBeE.
List srio6oro BekTopa ¥ CymecTBYIOT OTHO3HATHO ONpEeIeIeHHbIe -
cia ty,ty, 13 Takme, 970 & = 111 +t2Co + 13€3; OHT HA3BIBAIOTCI KOOP-
nuHATaMu BekTopa ¥ B 6asuce C u oboznavaworcs (cronbuom) [Z]c
st cTo1610B KOOPAHHAT CYyMMbI BEKTOPOB T H {f H HPOU3BELCHIHS
BeKTOpa ¥ Ha 4mucio t cupaBernBsl popMyist (2.8) u (2.9).
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&8y

Duc. 10

JokaszaTe/qibcTBO. De0bXOIUMO PA3JI0KUTh MPOU3BOJIbHBIA BEKTOP
Z TPOCTPAHCTBA O TPeM HeKOMILTAHAPHBIM BEKTOPaM €1, €z, €3 (CM.
puc. 10). [lsist »T0TO BCe BEKTOPHI MPUBOANM K OOIIEMY HATAIY,
ckaxeMm, K Touke O u MPOBONMM HpdAMble depe3 TOUYKY () KOJLIH-
HeapHO BEKTOPAM €1, €9, €3 W TAOCKOCTH Yepes3 TMaphl, COCTABICHHBIE
n3 ITUX TPAMBIX. Yepes KoHen m300paRkeHWs BEKTOpa & TPOBO-
MMM TPAMYI0, KOJTTHHEAPHYI0 BERTOPY €3, 0 TepecedeHns ¢ MI0C-
KOCTBIO BEKTOPOB 1, €. Bo3bMeM m306paxeHus BEKTOPOB ¥ Ha 3Toit
TJTOCKOCTH W &3 Ha TpaMoii, mpoxomsdiieit depes m3obpaxkenme cs;
ToTma ¥ = 4 + T3. BexTop § KoanrmHeapeH IIJIOCKOCTH BEKTOPOB
€1, Cy; CIETOBATETBHO, MOXKHO DA3IORUTh €T0 TO 3TUM BeKTOpaM
M MBI mOJydaeM § = &1 + T9. BexTopn &y, ¥o,¥3 KOLIHHEAPHBI
BEKTOpaM (i, Cy, €3 COOTBETCTBEHHO, MOATOMY IJId HEKOTOPBIX UH-
cen ty,ty,t3 uMeeM Ty = t1€1, To = toCy, T3 = t3€3. DABEHCTBO
T = t1€61 + 1262 + 1363 mokaszaHo. EIMHCTBEHHOCTH KOOPIWHAT M WX
CBOficTBa MOKA3BIBAIOTCA TaK XKe, KaK LI CJaydasd MIocKocTn. O

VEamkeM KpUTepUN KOJINHEAPHOCTH W KOMIIIAHAPHOCTH BEKTOPOB B
KOOpAMHaTaxX, BeITeKalolme n3 npemymoxennii 2.1.1, 2.1.2 u cBoiicTs
5, 8 ompemenutesneii (cm. m. 1.2.2, a Takxke ciaencrsue 3.2.1 B 1. 3.2.2
HUKE).
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D pemyioxenue 2.1.3. /Ia Bektopa d u b KOJLIHHEeAPHBI TOrna U
TOJIBKO TOT/Ta, KOTJa CTOIONB IX KOOPIMHAT B HEKOTOPOM basice (Ha
IJIOCKOCTH UJIM B IPOCTPAHCTBE) IPOIOPIHOHAIBHBL, T.6. B MaTPHUIE,
COCTaBJIEHHOH U3 3THX CTOJOIOB, JII060H MHHOP BTOPOrO HOPSIKA
paBeH HYJIO.

Tpu BexTOpa @, bué KOMILIaHapPHbBI TOLIA U TOJIBKO TOI/a, KOTIa
onpeneanTegab MATPHIIbI, COCTABJIEHHONH U3 CTOJIOIIOB KOODIMHAT 3THX
BEKTOPOB B HEKOTOPOM Da3mce B HPOCTPAHCTBE, PABEH HYJIIO.

B nampmeiinem Baxk Hy10 POTH 6VIYT UTPaTh CAENYIONNE TaCTHHIE
caaydan 6a3MCOB Ha MJIOCKOCTU W B TPOCTPAHCTBE. Da3uUC Ha3bIBAETCH
OPMOHOPMUPOBAHHBIM, €CTV B HEM BCe BEKTOPHI WMeOT MIuHY 1 u
Jirobble IBa PA3JIMYHBIX BEKTOPa MepHeHIuKyaapubl. CTaHIapTHBIE
0b03HaYeHnsd IJid BEKTOPOB OPTOHOPMHPOBaHHOIO Oasuca — 7,7 Ha
ILJIOCKOCTH 1 7, J, kB IPOCTPAHCTBE.

2.1.5. Cucrembl KOOpaUHAT

Hexapmosoti cucmemoti koopdunam Ha TIpAMOil, Ha IIOCKOCTH WK
B IIPOCTPAHCTBe Ha3bIBaeTCd COBOKYIHOCTD U3 GUKCHPOBAHHOM TOU-
Kn (HasbplBaeMoOit nauarom xoopdunam u obosnataemoii O) u H6as3u-
ca Ha JaHHOH IpAMOil, IJIOCKOCTH WM B IPOCTPAaHCTBe. Saduyc-
sexmopom sodolt Toukn M Ha ;LaHHOM IpAMOit, MIOCKOCTH U B

MPOCTPAHCTBE HA3bIBAETCH BEKTOP OM onHO m3 u30bpaxeHuit Ko-

TOPOTO HAIPaBJIEHO M3 Havyaja KoopiuHaT B Touky M. Koopduwa-

mamu ToIkE M B maHHO# cHcTeMe KOOPAMHAT Ha3bIBAIOTCI KOOP-

MMHATHT ee pagnyc-BeKTopa B GaswWce CHCTEMBI KoopawHAT. Tarum

00pa3oM, eclIu B TPOCTPAHCTBE CUCTEMA KOOPIMHAT 3aaHa HaTaIoM

O u basucom C' = (@, l;, ¢), To mpousBoNbHas TouKa M mMmeer Ko-
.

OpIaWHATEL (Z A7, YM, 20 ) Takme, w10 OM= xpd + ypb + 2. Mot
OyIeM 3amuchiBaTh TOYKY ¢ KoopauHaTamu B Bume M (xar, yar, 2a)-

llexkapToBa crCTeMa KOOPIMHAT Ha3bIBACTCA NPAMOY20ALHOTU, ec-
JII ee 0a3nC ABJIAETCS OPTOHOPMUPOBAHHBIM. B majibHeiimeM MbI
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OyIeM paccMaTpuUBaTh TOIBKO IPAMOYTOIbHBIE TeKAPTOBBI CHCTEMbI
KOODIMHAT.

Ornecem Ga3ucHble BEKTOPBI K HAYaly KOOPIMHAT U IPOBEIEM
4epe3 HavaJslo KOOPIMHAT IpAMble, KOJLINHeapHble 6a3MCHBIM BEKTO-
paM. 9Tu IpaMBle HA3BIBAIOTCA OcAMU koopdunam. B mpocrpan-
cTBe nMeroTca ocw abeyuce (Ox), oco opdunam (Oy) u oco annau-
kam (Oz). Da IIOCKOCTH OCh ANILINKAT OTCyTCTByeT. Koopaunnarst
TOYKE B (IIPAMOYTOJILHOM 1€KapTOBOli) CHCTeMe KOOPIUHAT €CTh Op-
TOTOHAJIBHDIE IPOEKINH €€ PaJNyC-BeKTOpa Ha OCH KOOPIHHAT.

DacCMOTPUM JIBe MPOCThIe 3aJavlM O KOoOpamHaTax TOUKm'. 3a-
urcupyem B npocrpancTbe cucremy Koopautat O, 7, 7, k.

Koopnuuars Bektopa. Dycts u3 1o9xu M (Zps, Yas, 2a ) B TOU-
Ky N(2nN,yN, 2N) TPOBEIeH BeKTOp d. DaliTin ero KOOpAnHATHI.

Yrobw! HaliTh pelienne, 3aMeTUM, 4TO ON=OM +a (cm. puc. 11),

otkyna @ =ON — OM. Do teopeme 2.1.1 B cuiry onpenenenus Koop-
MMHAT TOYKU UMeeM CIeTYIONne GOPMYIIBI T KOOPIUHAT Ly, Ya, Za
BeKTOpa a:

Tg = IN —ITM; Yo = YN — YM; Za = ZN — ZM - (2.16)

Duc. 11

1 s s
Yuraresmto mpemiaraeTcsa MpoaeaaTh Ha MJIOCKOCTH W Ha MpAMoif To, 4To celi-
qac 6yder IpogesaHo B MPOCTPAHCTBE.
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KoopauHaThl TOYKHU, Nessalied HampaBJeHHBIA OTPe30K B
JAaHHOM OTHOIEHUuH. DycTb T09ku M (s, yar, 2a) 1 N(zn, yn, 2N)
pasangHbl. ['oBopsAT, 4To ToukKa K deaum nanpasiennvili ompesox

— — —

MN 6 omnowenuu A, ectu MK= X KN. U3 s1or0 onpemenenns
HEMOCPENCTBEHHO CJeyeT, 4To ToukKa K JiexuT Ha mpamoii, mpose-
nennoif vepes M u N u K He MoxeT coBmagaTh ¢ N; 9MCI0 A MOXKeET
OBITh KaK TMOJTOKUTeNbHBIM (Torma K sexut mexmy M u N), Tax
n oTpunaTe bHBIM (ToTma K sexuT BHe oTpeska [M, N]), Ho oHO He
Moxer ObITh paBHo —1. D9pu K = M umeem A = 0. Tpebyerca
o maHHbIM ToukaM M (xar, yar, 2ar), N(&N, YN, 2N ) B TAaHHOMY H-

ciay A # —1 waiitn KoopauuaThl ToYKM K, messiieii oTpe3ok MN s
OTHOIIEHUU A. . .

Bamernm, ato OK=0ON — KN (cMm. puc. 11). Daiimem BexTOp
KN. Umeem MN=MK + KN= AXKN 4+ KN= (1+ X) KN,
H—LA MN. Doncrapndasa noiaydennoe 3nadenne KN B

—

Beipaxkenue mia O K, Buaum, 410

OTKyIa KN=

OK=0ON —qx MN=ON —5(ON —OM) =

_ 1 — A —
= T+ oM +1 ON,

OTKYIa IOJYYaloTcd CAedylomue (GopMYyJIbl IS KOOPIAMHAT TOUKI

K:

Tt ATN . yM t AYN | m + Azn

o= 2 TIIV = 2.17
P y YK Nt 1 ; K A+l ( )

TK =

2.1.6. CkaJgapHoe npous3BeleHUe

Craaaprvim npouseederuem BEKTOPoB d u b HaspiBaeTCd 4uCa0, 060-
3HaYaeMoe depe3 @b um BeraucigemMoe mo GhopMye

o7 0, ecom @ = 0w b = 0;
ab = —

|@|[b| cos (@,b) B mporuBHOM CaTyUae.
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DpuHIMad BO BHUMaHme Gopmyny (2.7), morydaeM BbIpak eHue
CKAJIAPHOTO MPOU3BEIEeHNA Yepes MPOoeKInn BeKTOpoB 4 u b npyr Ha

apyra:

0; (2.18)
0. (2.19)

B caenyiotiem yTBepK 1eHun cobpaHbl CBOUCTBA CKAJIAPHOTO IPO-
U3BelleHUud BEKTOPOB.

D pemyioxenue 2.1.4. Jycry d,b, — 1npousBoIibHBIE BEKTOPHI, 1
— mpomsBoJbHOe THCa0. Torma cupaBelHBHI CACIYIONHE DaBeH-
CcTBAa:

)5:46* 2) (@+b)& = ac + bé;
3) (ta)b = t(ab); 4) @ = aa = |a’

HokasareabcTBo. CrnpaBeniuBocTs yTBepxteuuit 1) u 4) memno-
CPEICTBEHHO CJIEIyeT U3 OIpeIeseHHd CKaIAPHOrO IPOH3BEICHUS.
YrBepx mennd 2) n 3) DOKa3bIBAIOTCH CXONHBIM 00pa30M, I MbI IO-
KaiKeM JTHIb meppoe n3 Hux. Ecaw @ = 0, To paBeHcTBO B 1. 2)
OYEBUIHO. DYCTh € # 0. B cmy dbopmyer (2.18) n cBoiicTBa mpo-
exunit (2.6) umeem  (d + b)c = (np+(@ + ))|d = (npai + npzb)|d =

= (np#@)|d + (npzb)|d = @ + bE, 4o u TpebyeTca KOKa3ATS. |

[Ba BekTOpa HA3LIBAIOTCA OPMO2OHAALHBIMU, €CTN WX CRaAJIPHOE
Tpom3BeneHne paBHo Hymo. N3 ompemenennd CKaJIdpHOTO TTPOU3Be-
IeHUd CaelyeT, YTO BEKTOPbl OPTOTOHAJIbHBI TOTIA U TOJBKO TOTIA,
Korma aubo OIUH U3 HUX PaBEH HYJEBOMY BEKTODPY, JIHOO yTOJ MEK Iy
HUMU paBeH 7 /2, T.e. OHU TEPIEHINKYIAPHDI.

DajimeM BbIpaKeHHe IJIA CKaJAPHOTO IPOU3BEIEHUA B KOODIHU-
HaTax. DyCTh AaHbl KoopauHaThl BekTopoBl @ = (T4,¥.,2,) U
b= (b, Yp,2). Umeem @ = z,0+ yoJ + zak m b = 27+ )+ zk.

!Maa xparkocTs ¥ yoobcTBa 3alucy GymLeM IHcaTh @ = (Za, Ya, Za) BMECTO
~

T
@] = (za,Ya, 7a)-
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YuauThiBad, ITO CKaJgdpHBIE KBAIPAThl 0Oa3MCHLIX BEKTOPOB PaBHLI 1
1 pas3JnIHble 0a3MCHbIe BEKTOPBI B3aNMHO IePIeHIHKYIAPHEL, IOy -
4aeM B COOTBETCTBUM C IPEIIOK eHIEM 2.1.4 _
@b = (vaT+ yaj + 2ak) (@7 + o] + 20k) = w242 + 2o yplT+ Ta 207k +
FYa T+ Yo UpT> +Ya 26Tk + 20 0ok + 20 Yo o+ 2a2p k% = 20 2p+Ya Yo+ 202
Taxum obpasom,

@b = z,7p + Yalp + ZaZb- (2.20)

C momompio Gopmy (2.20) u (2.18), a TakKe onpeneTeHns CKa-
JIAPHOTO TPOU3BENeHNd U TpeatoKennsd 2.1.4 T) nomyvyaem cieryio-

e hOpMYJIbI:

@] = /22 + y2 + 22; (2.21)
@ _ rarytyeynteazy. (2.22)

|d] N =

—

ecim @ #0unb#0, 10

ZE - @ serptyemtzan
cos (d,b) = A VAR A (2.23)

ecn @ # 0, To npzb =

—

B wactHOCTH, yCJIOBUE OPTOTOHAJIBHOCTH BEKTOPOB 4 1 b B Koopmu-
HaTaX UMeeT BUI

Lo + Yo + 2oz = 0. (2.24)

DacCMOTPUM MPOU3BOJIbHBIA HeHYJIeBO BeKTOD @ 1 HaiimeM Kocu-
HYCBI YTJIOB, KOTOpBIE OH 00pa3yeT ¢ Ga3HCHBIME OPTaMU ( HANPA6.AA-

HOUUE KOCUHYCHL BEKTOPA @). Do dopmyie (2.23) nmeem cos (d,7) =
= x,/|d, cos (g,\j) = yo /|, cos (@.k) = z,/]a. Taxum obpasom, mo-

JIydaeM PaBEeHCTBO (COS (g,\z , COS (@_’), cos (d, E)) = |(17|($a, Yas Za) =

|~

MIpaBJIAIOINMA KOCUHYCaMII BEKTOpa 6, eCThb B TOTYHOCTHN OpPT é:;; BeK-

@ = €z, T.e. BEKTOP C KOOpIUHATAMU, KOTOPbIE ABJIAIOTCHA Ha-

2y

Topa d. B gacTHOCTH, CyMMa KBaJpaToOB HAMPaBIAIONINX KOCHHYCOB
BeKTOpa d paBHa 1.
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§ 2.2, AHajmTU4YecKasi TeoMeTpusi Ha MJIOC-
KOCTH

Da IIOCKOCTH paccMaTpUBaeTcd NMpAMad JUHUSA B NPAMOYTOJIbHOR
IeKapToBOit cucTeMe KoopamHaT. Takad cucTeMa TpenmoJiaraeTcd
3adbUKCUPOBaHHO BO Bcex pasjesax 3Toro naparpada.

2.2.1. YpaBHeHUe JJUHUU HA MJIOCKOCTH

Omnpenesienns JUHUYM HA [JIOCKOCTH W B IIPOCTPAHCTBE, PABHO KaK U
onpenesieHne TOBEPXHOCTH B TPOCTPAHCTBE, ABJIAIOTCA BeChMa CI0K -
HBIMH U TPeOYIOT PAa3BUTHHA CHENNaJbHOTO MaTeMaTHIeCKOTO alllla-
pata; oHu OBLIM OKOHYATeJbHO chOPMYyJIMPOBAHBI JIUIL B HavYase
XX Bexa'. 3pmech u B 1. 2.3.1 3Tu onpefeseHns He IPUBOIATCH, a
paccMaTpUBAIOTCH JUIIb CIOCOObI 3aJaHud JUHUR U ToBepXHOCTel
KOOPIMHATHBIMU U TTapaMeTpUIeCKUMU YPaBHEHUAMU.

T'oBopsar, ato ypasrenue F(x,y) = 0 3adaem aunwio | Ha mwioc-
KOCTH, €CJIU IPU TOJACTAHOBKE KOOPIAMHAT JHO00H TOYKH, Jex alrei
Ha JuHum [, B »TO ypaBHeHWe OHO obpallaeTcd B BepHOe pPaBeH-
CTBO, a IIPU TMOACTAHOBKE KOOPAWHAT J00O# TOYKH, He Jex alrei
Ha JIMHUK, BEPHOIO PaBEHCTBA He TMOJydaeTcs. DPU 3TOM ypaBHe-
e F'(z,y) = 0 Ha3bIBaeTCHd KOOPIUHAMHBIM YPASHEHUEM JTHHAT [.
Danpumep, ypaBHeHne OKPYKHOCTH Pajiuyca © ¢ MEHTPOM B HadaJle

Koopauuat nmeeT Bug 2 + y% = r?; B kKavecTBe F(7,y) 3m€CH MOKHO

B34TH BEIpaxenne 2 + y? — r2.

DapdAny ¢ KOOPAMHATHBIM ypaBHEHHEM JIMHUM YacTO MCHOJIb3Y-
IOTCA ee NaApaMEMPUIECKUE YPAGHENHUS, KOTOPBIe BBIPaXK aloT KOOP-
OUHATHL JTI000f TOYKM, Jlexamell Ha JUHUM, KaK (GYHKIUA OTHOTO
mapameTpa: = (1), y = 1(t), e t mpoberaeT HEKOTOPOE MOIMHO-
KeCTBO MHOXKeCTBa NeHCTBUTENBHBIX YUCe. DalpuMep, Mapame-
TpUYECKHe ypaBHeHNA OKPYKHOCTH Pauyca T C IeHTPOM B Hadase

13 ompobiee 06 5TOM MOKHO y3HATH, HampuMep, u3 crarei b [24] “Jlmmua”
(c. 321-323) u “Dosepxuocts” (c. 462).
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KOODJWHAT NMeIOT BUL & = rcost, y = rsint (¢ € [0,27)).

2.2.2. 9Dpamag JUHUA HA NJIOCKOCTHU

Yro6b! 3aaTh TPAMYIO JUHUIO Ha MJIOCKOCTH, HEOOXOIUMO YKa3aTh
TOYKY, JeXKallylo Ha 3Toil IpaAMoil, © HEKOTOPBII KoJLInHeapHBIA eif
HenyJsieBolt BexTop. JI06oi Takoif BEKTOD HA3BIBAETCH HANPUABAAIO-
wum sexmopom nannol mpamoii. 3adbukcupyem meKapTOBY MPAMO-
YTOJbHYO CUCTEMY KOOPIMHAT Ha MJIOCKOCTU U BbIBEIEeM apaMeTpu-
JecKne ypaBHEHUs MpAMOii a, mpoxongmeii epes Touxy Mo(zo, yo) 1
nMeroneif HampaBIAomnii BeKTOp @ ¢ KoopamuaTtamu (m, (). U3 mpo-
CTeRnX reoMeTpuIecKnx coobpax enuii crenyer, ato Touka M (z,y)

—_—
JEXUT Ha MPpAMOil o TOTIa W TOJHKO TOTHA, KoTma BeKTophl MoM n
d KOJIIMHeApHBI (cM. puc. 12).

A
M

0 Duc. 12

—
Do mpernoxennio 2.1.1 ycmosue MoM|| @ paBHOCHIBHO TOMY, WTO

—

MoM = td nng HeKoTOporo yncia t. DacluchiBad MOCIeIHee BEKTOP-
HOe PaBeHCTBO 110 KOOpAUHATAM, TOJAydYaeM & — Xo = tm, y— yo = tl,
OTKYyIa CIAeIyIOT apaMeTpuiecKue ypaBHEHUd NMPAMOR Ha MIOCKO-
CTH:

r=ao+mt, y=yo+1t(teR). (2.25)

Uro0bI MOIYYUTH KOOPANHATHOE YPABHEHWE NPAMO HA MJIOCKO-
CTH, BOCMOJb3yeMCd YCJIOBUEM KOJJIMHEAPHOCTH BEKTOPOB, llaBae-
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—

MbIM nperngioxenuem 2.1.3. Bextopsr MM u d@ KoJsmHeapHbl TOTTA
M TOJBKO TOTIa, KOTIa onpeleauTe]Sb U3 UX KOOPAWHAT PaBeH HYJIIO.
Orciona mosiyvaeM KOOpIMHATHOE ypaBHEHUE NPAMOil Ha MJIOCKOCTH
B BHUIe

T—=To Y—Yo | _
m / = 0. (2.26)

DacKpblBad olpeneanTesb, uMeeM [(z — zg) — m(y — yo) = 0, 41O

paBHocuibHO lx — my — lag + myg = 0. Domarags A = [, B = —m,
C = —lzg + myg, mosydaeM obuee ypasHeHue TPAMOl
Az + By+C =0, tne A # 0 uim B # 0. (2.27)

Nmeer mecTo cJlellyrollad TeopeMa.

Teopema 2.2.1. Beakas npsMasi Ha IJIOCKOCTH MOXeT ObITh 3a/a-
Ha B JEKapTOBOH cHCTEMEe KOODAHHAT aJreOpandecKuM YDaBHEHH-
eM mepBoro nopsaka Buga (2.27), 1 obpaTHO, Kakgoe aarebpamde-
CKOe ypaBHeHHe nepBoro nopsnka (2.27) 3agaet B 1eKapToBoii cucTe-
Me KOOPAMHAT Ha IJIOCKOCTH HEKOTOPYIO MPAMYIO C HAIPABJIAOUINM
BEKTOPOM, HMEIINM KoopauHaTsl (— B, A).

Joka3zaTe/qibCcTBO. D PpAMOe YTBEPK JeHNe TeOpeMbl yiKe ITOKa3aHo.
Ilna morazaTembcTBa OOPATHOTO yTBEPK TEHNST PACCMOTPUM KPUBYIO,
3aaHHYT0 B HEKOTOPOil cmcTeMe KOOpAWHAT ypaBHeHueM (2.27). Ba-
dbukcupyem toury Mo(zo,yo) Ha mamuol KpuBoii. Fe KoopmmHATH
MOX HO HafiTu, B34B HeHyIeBoit KoadduimenT n3 MEOK ecTBa { A, B},
npunaB 3Haverue ) mepeMeHHOR, yMHOK aeMblil Ha npyroit koad du-
MHEeHT, W ONMpEeNeNnB 3HaYeHHe ocTaBlleiicd TepeMeHHoOl megeHneM
—(C Ha coorBercTByWOMKil Koadbuinent. Dampumep, eciu A # 0,
TO TOYKA C KOOPAMHATAMU (—%, 0) sleXX T Ha KPUBOH. DaccMOTPUM
ypaBHeHMe TpAMoil, mpoxonameli depes Toury My m nmeromeit ma-
mpasgomuii BekTop @ ¢ kKoopanuatamu (—B, A). Cormacto Gopmy-
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T—2o Y—Yo

ge (2.26) 370 ypaBHEHUe WMeeT BU _B A = 0. Dackpsi-
Bag onpenennTens, umeeM A(z — z¢) + B(y — yo) = 0 min
Az 4+ By — Axo — Byo = 0. (2.28)

Tak kak Toura Mo(xo,yo) TeKUT Ha KpuBoil, nmeem  Azg + Byg +
+C =0, re. C = —Azxg — Byo. CrnenoBarenpro, ypasuenne (2.28)
mpuHUMaeT Bu (2.27), T.e. HCXOOHAA KPUBas COBIATAeT CO B3ATOM
npaMoii, 4YTo 3aBepiaeT I0Ka3aTeTbCTBO TEOPEMBI. a

Teopema 2.2.1 onuckiBaeT KpuBble, 3ajaBaeMble ajredOpanvdecKuMu
VpaBHEHUAMU TEPBOTO MOPAIKa OT ABYX IMepeMeHHbIX: 3TO B TOYHO-
CTU BCe IpAMbI€ Ha TJIOCKOCTH.

—

Ecian wcnomb30BaTh yCJIOBHe KOJIMHEAPHOCTH BeKTOpoB MoM

u @ (cM. puc. 12) B dpopMe TPONOPIHOHATBHOCTH KOOPANHAT BEKTO-

POB, TO KOOPANHATHOE ypaBHEeHMe TPMOil, Tpoxosiell Yepes ToUKy

Mo(20, yo) KOITHHEAPHO BEKTOPY @ ¢ KoopamuaTtamu (m,l), MOKeT
OBITH 3AMMCAHO B KAHOHUMECKOM 6Ude

T—Zo _Y—Yo

m

(2.29)

DaBEHCTBO 37eCh CJeAyeT TOHUMATh KakK MPOIOPIINIO, T.e. OHO UMeeT
MeCTO TOTIA W TOJBKO TOTma, Korma (z — o)l = (y — yo)m.

DycTh UpAMad B HEKOTOPOW cucTemMe KoOpAamHaT 3amdaHa 00-
muM ypaBHeHHeM (2.27). DacCMOTPUM BEKTOpP 7 ¢ KOOPIWHATAMHA
(A, B). Tak Kak CRaJspHOe MPOW3BeIeHNe BEKTOPOB 7l W HAIpa-
BJISIIOIIETO BeKTOpa € »Toit mpamoii ¢ koopanaatamu (—B, A) paBHO
A(—=B)+ BA = 0, a caMu BeKTOPBHI HEHYJIeBbIe, BEKTOP 71 MepPIeHIn-
KyJIApeH K paccMaTpuBaeMoil IpaMoil. DTo ee HOPMAALHBIT 8EXOP.
Ecma Mo(zo, yo) — HEKOTOpas TOUKA TPAMOif, TO, BEITHTAA U3 0OIIe-
ro ypasHenus (2.27) paBerctBo Azg+ Byo+C = 0, momydaem paBHO-
CIIThHOE 061eMy clleyoliee ypaBHeHne TpamMoii, mpoxomnsuieii uepes
TouKy My TepIeHIuKyIApHO BEKTOPY 7 ¢ KoopamuaTtamu (A, B):

A(z —29) + B(y — yo) = 0. (2.30)
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2.2.3. DaccTosiHre OT TOYKH 0 MPAMOI Ha IJIOCKOCTHU

DacCMOTPUM CJELYOUYIO 3a1ady. B mpamoyrobHoit gexapToBoit
cUCTeMe KOOPIMHAT 3aaH0o ypasHemme (2.27) mpaMoit o U 3aj1aib
KoopanHaTsl Touku My (21, y1) Ha miaockocTu (cM. puc. 13). Daiitu

paccrosune d ot Touku Mi(z1, 1) 1m0 mpamoit a.
My

My
Puc. 13

Badukcupyem Ha mpamoit a Toury Mo(zo,yo). DacCMOTPUM UHCIIO

—
0 = npyz MogM;. Ono naszwiBaeTca omrioHeHuem TOUKM My oT mps-
Moit a. fcuo, uto d = |§|. BwiBemem dopmysry mis oTKIOHEHUS .

—

Cormacno dhopmye (2.22), HCIIOAB3YA KOOPAUHATEI BeKTopoB Mo M,
W 7l W TpuHMMad Bo BHUMaHue dopmyay (2.21), a TakKKe paBeHCTBO
(' = —Axg — By, BbITeKalollee U3 TOTO, 4To TouKa My JexuT Ha
mpaMoii, nMmeeMm
§ = np. MoM, = (Mojléfl)ﬁ _ A(zy —20) + B(y1 — yo) _
i NotEn
Az + Byn — Awg — Byy Az + By +C
- VAT 4 B2 - VATEB?
OTKyga ToJdydaeTcs cienyiomas (GopMysa Aas OTKJIOHEHHs TOYKH
M;i(z1,y1) or npamoii ¢ ypasuernem Az + By+C = 0 ma mirockocTH:

_Avi+ By +C
ATy p?
It paccTOAHUA OT TOYKK 1O IIPAMOil MMeeM Takyo (hOpMy.Iy

d— |Azy + By, + C|

§ (2.31)

(2.32)
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DpaMad « IeJUT IMJIOCKOCTh HA JBe YaCTH, Ha3bIBaeMble NOAY-
naockocmamy (M. puc. 13). U3 ompenenenns mpoeKnn BeKTOpa Ha
OCh CJIeyeT, YTO IJig BCeX TOYeK TOil MOJYIIOCKOCTH, KyIa Hallpa-
BJIEH HOPMaJIbHBIf BEKTOP K NPpAMOil, OTKJIOHEHNE TTOJIOK UTETbHO, &
IJIS TOYEK W3 IAPYTOoil MOTYIIOCKOCTH (B YaCTHOCTH, AIA TOUKH Mo
Ha puc. 13) ono orpunarensro. Tak kak 3HAK OTKJIOHEHHUS ONpeIes-
eTcd 3HAKOM IHCIUTeNd mpaBoii wactu dopmynsr (2.31), morytaem
craenyionlee yTBEPK IeHNe.

D pensoxenne 2.2.1. Touxn Myi(x1,y1) 1 May(z2, y2) 1€k ar no oa-
HY CTOPOHY OT IpAMoii ¢ obmuM ypasaenmeMm Ax + By+C = 0 Torga
I TOJIBKO TOLda, Korga ducaa Azy+ By, +C n Azy + Bys + C nmeror
ONMHAKOBBIE 3HAKH.

Taxum o6pa30M, IMOJIYIIJIOCKOCTB COCTOUT U3 BCeX TOYEK, AJId KO-
OpANHAT KOTOPLIX JieBad 9aCTbh ypaBHeHUA HpHMOﬁ COXpaHdeT 3HaK.

2.2.4. BsauMHoe pacriosioxK eHue JIBYX ITPAMbBIX

DaccCMOTPHUM JIBe TpAMEIe, 3aTaHHBIe OOIMMI ypaBHEHTAMN
Az + Biy+ Ci =0u Ayx + By + C) = 0.

DTu MpAMble MOTYT TlepeceKarhcd, T.e. UMeTb OIHY ODUIYIO TOYKY,
OBITH MapaJlieJbHbl, T.€. He UMEeTh OOUIHX TOYEK, U MOTYT COBIMATATh,
T.e. IMETh IBe pa3jndHble 00lIne TOYKN (M TOTIA BCE TOTKM HTHX
IPSIMBIX COBTAIAOT). Kak omperesuTh M0 ypaBHEHUAM TPAMBIX HX
B3auMHoOe pacnosioxkenune? g 5TOro MOKHO UCKATh 0bOIIHe TOYKH
ITUX NPAMBIX, T.€. UCCTENOBATH CUCTEMY JUHERHBIX ypaBHeHU

Az + Biy+Cy =0

A2$ —|— Bzy —|— CQ = 0, (233)

COCTaBJeHHYO M3 ypaBHeHU! NaHHBIX MpAMBIX. W3BecTHO, 4TO CH-
creMa (2.33) OymeT ompeneneHHO# TOTMa W TOTHKO TOTIA, KOTIA €e
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Al Bl

TJIaBHBII olrpelejJnTeJ b OTJInN4YeH OT HYJIA. DTO PaBHO-
AZ B2

CHUJIBHO TOMY, 4YTO ﬁ—; g—; FeOMeTpI/I‘IeCKI/I ImocJjaenHee ycJjioBme

O3HavaeT, B CUIY Ipenaokenud 2.1.3, 4T0 HOpMaJbHbI{ BEKTOP 71 K
mepBoil mpaAMoii ¢ KoopauHaTaMu A4, By HeKoJInHeapeH HOpMaIbHO-
MY BEKTOpPY fi3 KO BTOpPOi mpamoii ¢ xoopauHaTaMu As, By, oTKyma
CJIe,I[yeT, 9gYTO HPHMBIQ He HapaﬂﬂeﬂBHBI, T.€. HepeCQKaIOTCH. CI/ICTeMa,
(2.33) GymeT HECOBMECTHOH TOTIA I TOTHKO TOTIA, KOTIA €€ TIaBHBIil
OTpeeJINTe b paBeH HYJ0, a 1o KpaliHeli Mepe oluH W3 onpeneanTe-
A, Oy Cy By
A, ¢, | o, B,

DTO PAaBHOCUIBHO yCJIOBUAM ﬁ—; = g—; + %; 3/1eCh PaBeHCTBO obecire-

quBaeT KOJIMHEAPHOCTh HOPMAJIbHBIX BEKTOPOB. D aKOHeIl, CUCTeMa
(2.33) Oyzmet HeolpeneIeHHOIT, €CIN BCE ee OIpeneTnTe/ N PABHBI HY-
JIFO, 9TO PABHOCUIBHO IIPOMOPIMOHATIBHOCTH BCeX KO3 UIUEHTOB
ypaBHEeHUii: ﬁ—; = g—; = % Takum obpazom, Kaxpasd mpaMad Ha
IJIOCKOCTH MOXKeT OBITh 33TaHa OJHUM U3 OECKOHEYHOTO MHOXK eCTBa
ypaBHEHUIl, KaxX 10e U3 KOTOPBIX OTJINYaeTCs OT IPYIoro HeHYyJIeBbIM

Jeii IIpu Hen3BeCTHBIX OTJINYeH OT HYJI.

MHOZK UTeJIeM.

Yron Mexmy TpAMbIMU MOKeT ObITh HalileH KaK yroj Mex Iy
WX HaITpaBJIAIONIMMH BeKTopaMu. TakK KaK YTJIBI ¢ B3aWMHO Tep-
TeHINKYIdPHLIMA CTOPOHAMHU PABHLI, YTOJI MeXK Iy TPAMBIMA MOXK -
HO WCKATh W KaK YTOJ MeXIy WX HOPMAaJbHBIMU BeKTopaMu. Ecaum
Tmepecekalolecs TpAMble He TepleHInKyIadpHLI, TO OCTPLIT WK Ty-
moif yros Mex Iy HUMHU MOKeT ObITh HalileH 3a cYeT 3aMeHbI OHO-
TO W3 HATPABIANONNX [HOPMAJbHBIX| BEKTOPOB MPOTHBOIOIOK HBIM
K Hemy. Popmyny (2.23) nag KocmHyca yIira MeX Iy BEKTOPaMH CM.
B 1. 2.1.4. [IBe mpawmble, 3amanuble odumMu ypaHeHumaMu (2.33),
OYIyT MepHeHIuKYJIAPHBl TOTTAa U TOJbKO TOIA, KOTJa MeprieH -
KYJSPHLI UX HOPMAJbHBIE BEKTOPHI:

Ay Ay + By By = 0. (2.34)
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2.2.5. D pumepsbl pellieHUsd 3a0a4d

1. Dajitu TOYKEM TepecedeHns MeanMaH, BBICOT U OMCCEKTPUC B
TpeyrosnpHuKe ¢ BepmuHamu A(—2,1), B(2,5), C(4,-1).

Demrenne. DamoOMHUM, YTO MeAMaHa B TPEYrOJbHUKE COSIMHA-
eT BepIINHY ¢ CepeluHoil MPOTUBONOIOK HOi CTOPOHBI, BBICOTA —
OTPE30K TepHeHInKyIdpa, ONyIeHHbIi 13 BepUIHHBI Ha TPOTHBONO-
JIOKHYIO CTOPOHY, OMCCEKTpUCa — OTPe30K, JeJIAUMii BHYTpeHHuii
YyTOJI MOMOJaM M TPOBEJEeHHBI U3 BEpUIMHbLI 0 MPOTUBOIOIOXK HOM
cTopoHbl. 13 MKOJIBHOTO Kypca TeOMeTpUN N3BECTHO, YTO TPU MeIn-
aHBI [BBICOTHI, GUCCERTPUCHI| B TPEYTOJbHIKE TTePECeKAIOTCA B OMHOI
TOYKeE.

DaiineM ypaBHeHUs MPIMBIX, Ha KOTOPBIX JIeK aT MEITHAHBI, MPO-
Bemennble u3 BepmuH A um B. g nHaxox gennmga cepenmu D u F
cropor BC' u AC ucnomssyem dopmynsr (2.17) Ha mrockoctn (6e3
TpeTbheit KoopauHaTH) ¢ A = 1. BhIuncisgem KOOpANHATHI 9THX TOUEK:
D(3,2)u F(1,0). Daxonum ypaBHEHUS MPAMBIX, TPOXOIANINK depes3
toukn A, D u B, F (ucnonbsyem dopmymny (2.29); HampaBIgouu-

R N

MW BeKTOpaMu 11 HuX OynyT BekTopbl AD n BE cooTBEeTCTBEHHO):
.oo+2 . oy—1 Doz—=1 .y

AD: = = %= BFE: = = Z%. DackpblBag MPONOPINH, TPUXO-

IUM K CHCTeMe JTUHeHHbIX YpaBHEeHUH

r—5y+7=0;
S5¢ —y — 5 =0.

Delllag CUCTEMY, TOJTyYaeM KOOPIMHATHI TOUKM TTepecevdeHnd MeanaH
(3:3)
323/

DalineM ypaBHEHUd TPAMbIX, Ha KOTOPBIX JIEK AT BBICOTHI, TPOBE-
nennble u3 Bepmiud A u B. Bwicotra AF nepunenpukyagpHa CTOPOHE
BC', nosToMy ee ypaBHEeHHE MOXKHO 3allUCaTh, UCIOIb3Yd GOPMYyITY
(2.30) (wpstMas TPOXOINUT Yepe3 TOUKY A MeplneHInKyIgpHO BEKTOPY

—

EC): 2(z +2)— 6(y — 1) = 0. Anajgoru4uo nosydaeM ypaBHEHHe
BeicOTHL BG: 6(2 — 2) — 2(y — 5) = 0. MbI npuxonuM K cienyioureit
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r—3y+5=0
3z —y—1=0.
MOJTy YaeM KOOPIMHATHI TOYKN Tepecedenns BBICOT (1,2).

DalineM ypaBHeHUS TPAMBIX, Ha KOTOPBIX JieKaT OUCCEKTPUCHI,

cucTeMe JIMHeHHbIX YpaBHeHnii: Delllasg CHCTEMY,

nposenennste u3 Bepmun A u C. g sToro HajimeMm uX HalpaBd-
ole BEKTOPHI. BocCHosb3yeMcs TeM, 4TO CyMMa BEKTODOB, HMelo-
IIUX paBHbIE [JINHBI, HANPABJIeHA 110 OUCCEKTPHCe YIIa MeXK Iy Hi-
Mz (Tak Kak B poMbe NHATOHAIHM ABIAIOTCA OUCCEKTPUCAME COOT-
—_ —_
BeTcTByfomux yriaos). Umeem AC= (6,-2) u AB= (4,4). Bexro-
5 — —
pot @ = (3,—1) u b = (1,1) conanpasienst ¢ AC u AB coorset-
creenno. Tak ®ax |@ = V10 u o) = /2, Bektop & = @ + \/5b
HanpaBieH 1o Ouccekrpuce AH. Ee ypaBHeHHe 3amuiercd Tak:

42 y=1 A
= . HaJIOTHIHO HaXOJUM aBHenue ouccexTpuchl C'L.
345 T -1V AN YD P
—_

—
Tak xak CA= (—6,2) u CB= (—2,6), 1JIHBI 5TUX BEKTOPOB OIHHa-
KOBBI II IX CyMMa HallpaBJIeHa 10 GuccekTpuce. B3sgB BMeCTO CyMMBI
COHAIIPABJICHHBIH ¢ Heil BekTop (—1, 1), 3annimem ypaBHeHne IpaMoit
CL: =2 = Y=L DoxyuaeM cucreMmy JnHefiHbIX ypasHenuii

(V-1 —(3+V3)y+3v5+1=0;
z+y—>5H=0.

Delllag CHCTEMY, TOJIYyYaeM KOOPINHATEL TOIKH HepecedeHns Omc-
13v/5+3 —13\/3+92)
19 19 :

cekTpuc (

2. DaiiTn KoopaMHATHI TOUKN (), cuMMeTpuaHOi Touke P(8,—9)
OTHOCHTEILHO TpAMOil, mpoxongmeii wepe3 Toukn A(3, —4) u
B(~1,-2).

Yemenne. Toyka, CHMMETPpUIHAH JAHHOR OTHOCUTENHHO IIPAMOI,
JeXUT Ha NepleHIuKyadpe, NPOBEIeHHOM 4Yepe3 HaHHYIO TOYKY K
npgMoil, Ha TaKOM Ke pacCTOAHUU OT MpAMOii, Kak JaHHad TOYKA.
Ecnu gepes R 0603HauuTh TPOEKIN0 TOUYKYM P Ha JaHHYIO NPAMYIO,
T0 R ecTb ToUKa TepecedeHus MpaMoll U mepleHIuKyIdpHO K Hell
npamoii, mpoxonguieit Yepe3 Touky P, u R aBadeTcda cepennuoit ot-
peska PQ. Yrobs! HaliTu KOOpIUHATHI TOYKY ), CHavaJsa HalieM Ko-
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opauHaThl ToukKu R. 3anunieM ypapHeHue npaMoil, npoxondiieit de-
—_—

pe3 Touky P meprenmukyspHo BekTopy AB: —4(z—8)+2(y+9) =0,
wiu 22 — y — 25 = 0. Banumem ypaBHeHue mpamoii AB: % = %,
wim ¢ + 2y + 5 = 0. Demad cucteMy u3 IBYX TMOJYUYEHHBIX ypaB-
HeHuit, HaxomuM KoopaumuaThl Toukn R(9,—7). Ucxona u3 Toro, 110
R — cepenuna orpeska P(), uMeeM, 4TO KOOPIMHATHL TOYKU K CyTh
MOJIyCYMMBI COOTBETCTBYIOINX Koopaunat touek P, (). Orcioma mo-
JydaeM ypaBHEHWs %(8 +z9) =9, %(—9 + yg) = —7 u HaxomuM

KoopauHaThl TOURH Q(10, —5).

§ 2.3. AHamuTHU4YecKasi TeOMeTpPHs B IIPOCTPAaH-
CTBe

B mpocTpancTBe paccMaTpmBaiOTCA TOJLKO MIOCKOCTH W TPAMEIE.
Bce paccmorpenns mpoBogdaTcda B MpAMOYTOJIbHON TeKapToBoil cu-
cTeMe KOOpAuHaT, KOoTopad mpenosaraercd 3agpUuKCUPOBaHHO! BO
Bcex MyHKTaX 3Toro maparpada.

2.3.1. V¥YpaBHeHUs MOBEPXHOCTEH U JIMHUI B ITPOCTPaH-
cTBe

Onpenesenne KOOPANHATHOTO yPaBHeHNs TOBEPXHOCTH B IPOCTPAH-
CTBe TOJHOCTHIO aHAJOTHIHO ONpPEeIesIeHNI0 KOOPINHATHOTO yPaBHe-
HUA JMHAN Ha IIocKocTu. l'oBopdat, uro ypasuenue F(z,y,z) = 0
3adaem TMOBEPXHOCTDL (v, €CJIM KOOPAMHATHI J1060f TOYKM, IpUHa-
Jexalleil TOBePXHOCTH, YIOBIETBOPAIOT ypashenuio F(z,y,z) = 0,
a KOODAMHATHI JII000it TOUKH, He NpHHA/IEX alleli TOBePXHOCTH, He
YIOBIETBOPAIOT 5TOMY ypaBHeHmio. Dpu s1oM F(z,y,2) = 0 Ha-
3BIBACTCA KOOPIUHAMNHLM YPAGHEHUEM TTOBEPXHOCTH (. D AIpPUMED,
cdepa pagnyca R ¢ mentpom B T0uke Mo(Zo, Yo, 20) IMEET KOOPIH-
naTHOe ypasHenue (z —x9)?+(y—yo)? +(z—20)? = R*. Bripaxenne
(v — 20)* + (y — y0)> + (2 — 20)*> — R? MoxeT GBITH 37€Ch B3ATO B
kadectBe F(z,y,z2).



§ 2.3. Anasimruieckas reoMeTpus B HPOCTPAHCTBE 87

Dapamempureckue YpasHeHUs NOGEPTHOCNU BRIPAK al0T KOODIH-
HaTh! JTI060f TOYRY, Jexaleit Ha TOBEPXHOCTH, Tepe3 HYHKINT OT
MBYX TapaMeTpoB, HE3aBUCHMO IPYT OT JAPyTa MPOHETaionx HeKo-
TOpBIE MHOK eCTBa geficTBuTenbHBIX qncen: x = {(u,v), y = n(u,v),
z = ((u,v), uw € D1, v € Dy. Danpumep, mapaMeTpuiecKne ypas-
Henna cdepsl pagnyca R ¢ mentpom B Touke My(zo, Yo, 20) MOTYT
OBITH 3alUCaHbl B BUjle & = xg + R cosusinv, y = yo + Rsin usin v,
z = 7o+ Rcosv, rme mia mpousBosbHoit Toukun M(z,y,z) Ha cde-

—

—

pe v — yroJja, obpasyemsrii BektopoMm MgM c BexTOpOM k, a u —
—_—

yroJ, obpasyembrii mpoekiueii Bektopa MoM ma miockocth Oxy ¢
6a3MCHBIM BEKTOPOM 1. Ipu sToMm u € [0,27), v € [0, 7].

Jlubauda B mpocTpaHCTBe 3ajlaeTcd KaK MHOXKEeCTBO OOUIHX TOYEK
IBYX TOBepXHOCTell, T.e. JIMHUA TlepeceyeHrd IBYX IMOBEPXHOCTEM.
Koopdurammuwie ypasHeHus auHuy — napa ypaBHeHU i

F(z,y,z) = 0;
G(z,y,2) =0,
olrpelle/JdIlnX IIOBepXHOCTH, IlepecedeHneM KOTOPBIX CJOAYZKNT OdaH-
Had JUHUA. DalpuMep, OKPYKHOCTh C IIEHTPOM B HadaJe KOOpIuHAT
pamuyca 1, pacnonoxentad B miaockoctu Oxy, MOKeT ObITH 3ajaHa
ypaBHEHIIMEI

2?2+ 22 =1
z=0.

Dapamempureckue ypasHeHus TUHIA B TPOCTPAHCTBE ITOXOK I Ha
mapaMeTpHIecKue ypaBHeHNs JIMHUN Ha IJIOCKOCTH; OHM BBIPAK af0T
KOOpAMHATHI TOUKM, JieKalleidl Ha JuHum, depes (yHKIUH OIHOTO
mapametpa t: @ = £(t), y = n(t), = = ((t), t € D. Danpumep, ymo-
MAHyTad B KOHIIE TpeIblaylero ab3ala OKPYZKHOCTh MOXKET ObITh
3alaHa TapaMeTpUIecKn CJIedyInM o0pa3oM: ¥ = cost, y = sint,
z=0(te[0,27)).
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2.3.2. YpaBHeHUS NJOCKOCTHU

Y1065 32,1aTh B IPOCTPAHCTBE IIOCKOCTh, JOCTATOYHO 3a0aTh TOUKY

Mo(20, Yo, 20), JIEKAINLYIO HA 3TOM MIOCKOCTH, W TBAa HEKOJLIHHEAD-

HBIX BeKTOpa & I b, KOMILTAaHAPHDIX 3TOfl ITOCKOCTH. DYCTh HX KOOD-

muHatel 6ymyT (k,[,m) u (p,q,s) coorBercTBenHo. YTOOB BBIBECTH

KOOpANHATHOE U TTapaMeTpHIecKne ypaBHeHU ILJIOCKOCTH, 3aMeTHM,

uro Touka M(x,y,z) JeXKHT HA MIOCKOCTH TOLAa H TOJBKO TOIZA,
25

xorga BekTopsl MoM , @, b xommaanmapasl. Tak Kak BEKTOPHI d u

o —_—
b HeKoJIMHeapHBI, B CUAy Ipeyoxennd 2.1.2 Begktop MoM Moxer

— —_— —
OBITH passoxeH 1Mo BekTopam 4 u b. Caenoarensno, Mo M= ud+vb.
DacnucbiBas mocaeqHee BEKTOPHOE PABEHCTBO 1O KOOPAMHATAM, MO-
aydaeM ¢ — xg = uk +op, y —yo = ul +vq, 2 — 20 = um + vs, OTKyIa
MOJIyYaloTCd TMapaMeTpuiecKe YPABHEHUA IJIOCKOCTH B MPOCTPAH-
cTBeE:

x:$0‘|‘Uk+vp7
y = 4o + ul + vg, (2.35)
2= zg+ um—+ vs.

3necy uucaa k,l,m u p,q,s HENPONOPUMOHATbHBI, TaK KaK OHU
ABJIAIOTCH KOOPIMHATAME HEKOJIJIMHeapHbIX BeKTOpoB d u b. Cie-

IoBaTeNbHO, N0 KpaliHeil Mepe oguH U3 onpemenuTeneil / P ,
q

Eop [ q
) OTJIN4YeH OT HyJIH.
m S8 m S
qTO6BI HOJIy‘H/ITB KOOp,ILI/IHaTHOQ ypaBHeHHe ILHOCKOCTI/I7 MOZKHO

BOCIIOJTB30BAThLCA BTOPHIM YTBEPXK JeHneM Tpenioxennsd 2.1.3. Bor-
—

IHIEeM yCJIOBHS KOMILTaHapHOCTH BeKTopoB MoM, @, b B Koopanna-
Tax:

T—=2o Y—Y9 =z— %20
k { m =0. (2.36)
p q S
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B Taxom Buge 310 ypaBHeHue ymOOHO IJid 3alOMUHAHUA. a3Jia-
rag onpegenuTesb MO NepBOil CTPOKe, TPUXOIUM K KOOPIMHATHOMY
YPpaBHEHUIO TJIOCKOCTHU B BUIE

[ m k m k p
(e=wo)| o |=W=w)| | H =2 = 0(237)

Dosarag B (2.37) A = ¢ s , B =— nC =

NOJIyYaeM ypaBHEHHe ILIOCKOCTH B BUe
A(z —20) + By —yo) + C(z — 20) = 0. (2.38)

DTO ypaBHEHME WMeeT CJEIYIOULYI0 eOMeTpUIecKyo MHTepIpera-

muto. ucna A, B, C paccMOTpUM B KadecTBe KOOPANHAT HEKOTOPOTO

BEKTOPa 71, a BeIpaKenud (& — xq), (¥ — Yo), (2 — 20) ABIAIOTCH KOOP-
—

punatamu BekTopa MoM, KOMIUIAHAPHOTO TJIOCKOCTH. 2D aloOMHUM,

—

1o M — Tpom3BOJBbHAA TOUYKa MJIOCKOCTH, TodTOMYy MoM MOKHO

paccMaTpuBaTh KaK MPOU3BOJIbHBIA BEKTOD, KOMIIJIAHAPHBIA MI0CKO-

ctu. JleBasg wacTh ypasHenus (2.38) mpemcraBiser coboii crasrsp-
—

HOe IIpou3BesieHNe BeKTopoB it 1 MM B KoopawHaTax, TaK ITO 9TH
BEKTOPBHI OPTOTOHAJIbHBI. Takum obpasoM, 7 ABjdgeTcd BEKTOPOM,
IepIeHINKYTIAPHBIM K IIJIOCKOCTH; €T0 HAa3bIBAIOT HOPMAALHBIM 6€K-
mopom manuoit mrockoctu. Mraxk, (2.38) MOKHO pacCMaTpHBATDL KaK
yPaBHeHIe ILIOCKOCTH, IIpoxondAiieil depe3 Touky M IepHeHIUKY-
JISIPHO BeKTOpY 7 ¢ kKoopauHatamu (A, B, ().

DackpbiBad B (2.38) ckobku u obosnavad BhIpamenue —Azrg —
Byo — C'zp 4epe3 D, mosrydaeM oduiee ypasHeHUE NAOCKOCTIU

Az + By+Cz+ D =0. (2.39)

D10 anrebpanveckKoe ypaBpHeHHUe TePBOTO MOPAIKA ¢ TPeMs HEN3BECT-
HbiMu. B Hem mo kpalineli mepe omun u3 koaddunuenton A, B,
OTJINIEH OT HYJI.
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Teopema 2.3.1. Jlwobas mI0CKOCTh B IPAMOYTOJIBHOH H€KapTOBOH
cHcTeMe KOOPAUHAT B IPOCTPAHCTBE 3a/1a€TCH aJIredpandieCcKuM VPaB-
HeHHeM MepBOTo MOPSAIKa C TpeMs Hem3BecTHHIMI (2.39), 1 obparHo,
KazK Jjoe TaKkoe ypaBHeHHe 3a]aeT IJIOCKOCTh.

JokasaTe/qibcTBO. DepBoe YTBEPK leHle yike nokaszano. g mo-
Ka3aTeJabCTBa BTOPOTO PACCMOTPUM ajredpanieckoe ypaBHeHue mep-
BOTO TOPSAIKA C TpeMs Hem3BeCTHBIMU (2.39) M TOBEPXHOCTD, 3a/a-
BaeMyto 9TUM ypaBHeHueM. Bpibepem Ha 3Tolf MOBEPXHOCTH TOYKY
Mo(20, Yo, 20). s aToro BosbMem HemsBecTHOE, KO3 P DUIMEHT TIPH
KOTOPOM OTJINYEH OT HyJIs (IyCTh I ONPeIeTeHHOCTH 3TO Oy IeT &,
Te. A #0), n nomoxum yg = 0, zo = 0, a zo Halimem U3 ypaBHeHHA
Axo + D = 0. Torma

DaCCMOTPUM ILIOCKOCTD, TPOXOAAINY 0 Yepes TouKy My neprnenmnky-
JISIPHO BeKTOpY 71 ¢ Koopaumuatamu (A, B,C'). 910 ypaBHeHUe nMe-
et BuI (2.38). DackpbiBasg B HEeM CKOOKH W 3aMeH:s BBIPAXK e€HWE
—Azg — Byg — C'z 4epe3 D ua ocHoBauum paBeHCTBa (2.40), momry-
JaeM, ITO ypaBHEHNe IIJIOCKOCTH MpuHuMaeT B (2.39), T.e. paccMa-
TpUBaeMad MOBEPXHOCTH COBNAIAET C 3TOH MIOCKOCTHIO, YTO 3aBep-
raeT NOKa3aTeJbCTBO TEOPEMBbI. a

N3 obmero ypapuenns maockoctn (2.39) cpady ompenensiorcs Ko-
OpIMHATHI ee HOpMaJsbHOTO BekTOpa (A, B,C). B kavectBe Hampa-
BJISIIOIINX BEKTOPOB MOZK HO B3ATh JIIOOBIE IBa HEKOJTHHEAPHBIX BEK-
TOpa, MEePIEeHINKYIAPHLIX HOPMaJbHOMY. Danpumep, eciaun A # 0,
TO TAaKWMH BEeKTOpaMU OYIYT BEeKTOPHI ¢ Koopauuatamu (—B, A,0) n
(=C,0,A). Yuraremo mpenmaraeTcs BBINCATH BEKTOPHI, KOTOPHIE
cienyet B3aTh upu B # 0 uiau C' # 0.

2.3.3. DaccTosiHHE OT TOYKHU M0 IIJIOCKOCTH

AHaJOTMYIHO TOMY, KaK 93TO cAeJaHo B M. 2.2.2, MOXKHO BBIBECTH
ciaenyoiuue (hOpMyJIbl Mg OTKJOHEHWS W PACCTOAHUA OT TOYKH
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My (1,91, 21) o mnockocTn ¢ ypaBHernem Az + By + Cz+ D = 0:

6:A961-|-By1-|-021-|-D

e (2.41)
Ay + B D
g Art By + Ca + D) (2.42)

VA2 4+ B24(C?
Ka}K,ILaH IIJIOCKOCTb JeJIUT IMPOCTPaHCTBO Ha ABe YaCTH, Ha3bl-

BaeMbIe NOAYNPOCMPEGHCMEAMY. AHAJOTUYHO npenyoxkenunto 2.2.1
MOXKHO J0Ka3aTh cleaylolilee

D penyoxenue 2.3.1. Touaxn Mq(z1,y1,21) 1 Ma(za,y2, 22) m€KaT
110 OQHY CTOPOHY OT IJIOCKOCTH ¢ 061inM ypasHenneM Ax+ By+Cz+
+D = 0 Torma u TosIbKO TOLHA, Korga ducaa Axy + Byy + Cz + D
a1 Axg + Bys + Cz9 + D umeror ognHakoBbie 3HAKH.

Taxgum obpazoM, TONYIPOCTPAHCTBO COCTOUT U3 BCEX TOYEK, I
KOOpIMHAT KOTOPBIX JieBad YacTh YPaBHEHUA IJIOCKOCTHU COXpaHdeT
3HAK.

2.3.4. BsaumHoe pacnoJioxk eHHne IBYX MIJocKocTeli

DaccMOTPHUM JIBe TIOCKOCTH, 3aJaHHble OOIINMY ypaBHEHTAMN
Az +Biy+Ciz+ Dy =0u Ayx + Byy + Coz + Dy = 0.

DTH IIOCKOCTH MOTYT MepecekaThes (10 IPAMoii), ObITh TapaJsiiesb-
HbI, T.e. He UMeTh OOIUX TOYEK, U MOTYT COBMaIaTh. Kak omperne-
JIUTH MO yPpaBHEHUAM ILJIOCKOCTeH UX B3aWMHOe pacnosokenne! Kak
1 B CIydae MPAMBIX Ha IJTOCKOCTH (2.2.4), IIs 5TOTO MOXK HO HCKATh
o0lIre TOYKH 9TUX IJIOCKOCTEH, T.6. MCCIETOBATH CUCTEMY

A1$—|-B1y—|-012’—|-D1 = 07

A2$ + Bzy + CQZ + D2 = 0, (243)

COCTABJIEHHYIO N3 ypaBHeHNW TaHHBIX IIocKocTelt. [lada ympomenns
3TOTO WCCIIeNOBAHNS MBI IPUMEeHNM TeoMeTpudecKuit moaxon. AcwHo,
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YTO TJIOCKOCTH MepeceKaloTcd ToTa U TOJbKO TOrIa, KOTla UX HOP-
MaJIbHbIe BeKTOPBI HEKOJLTUHEAPHBI, T.e. nX KoopanuaTs (A, By, C1)
u (Az, By, C3) He mponmopunoHa bl Ecan xe yKazaHHbE KOOPIH-
HaTbhl TPONOPIUOHAJIBHBI, T.€. ﬁ—; = g—; = %, TO MWIOCKoCTH JTuHO
mapaJijieibHbl, KOra cBOOO/IHbIE YJIeHbl YPaBHEHUR He MPOTNOpPIHO-
HaJIbHBI APYTUM Koadduimentam, T.e. ﬁ—; = g—; = % + g—; (mmo-
CKOJIBKY B 3TOM CJIydae CUCTeMa ypaBHeHui (2.43) HecoBMecTHa),
JiuGO COBMATAIOT, KOTMA CBOOONHBIE YJIEHBI ypaBHEHUH MTPOTOPIHO-
HaJIbHBI 5TUM Koad puimenTam, T.e. ﬁ—; = g—; = % = g—; (Tak Kak B
9TOM CJIydae CHcTeMa ypaBHeHui (2.43) paBHOCHIbHA OTHOMY ypaB-
HeHno). B wacTHOCTH, MIOCKOCTH MOXKeT OBITH 3alaHa ONHUM U3
OECKOHEYHOTO MHOK eCTBa YpaBHeHU, Kax 10e U3 KOTOPBhIX OTJINYa-
eTcd OT IPYyroro HeHyJIeBbIM MHOXK UTesIeM.

[ Be nepecexaolmecsd MJI0CKOCTH 0OPA3YIOT YeThIpe IBYTPAHHBIX
yria. Beamawnbl auHelHBIX YTJIOB IJId 3TUX yIJIOB MOXKHO HaliTm
MCXONdA W3 TOTO, YTO yIoJl MeX Iy HOPMaJbHLIMU BEKTOPAMHU K 3TUM
TLIOCKOCTAM paBeH ONHOMY m3 HuX. ad yriaa a MeXIYy HOPpMaJb-

HBIMU BeKTOpaMu TIockocTeii (2.43) morytaem Gopmyry

A1As + BBy 4+ C1C)
VA + B+ O} A+ B3 + (3

CoOs & =

(2.44)

B uwacrHOCTH, yKazsaHHBbIE MJIOCKOCTH OYIYT IEepIeHIuKYadPHbI
TOTHA W TOJHKO TOIIa, KOTHIa

A1A2 + B1B2 + 0102 = 0. (245)

2.3.5. 9Dpamadg B NPOCTPAHCTBE

Kak u nisg caydyas mpamoii Ha MIOCKOCTH, YTOOBI 3a1aTh MPAMYIO
JIMHUIO B MPOCTPAHCTBE, HEOOXOIUMO yKa3aTh TOYKY, JeXKallylo Ha
5Toll TpAMOil M HeKOTOPHIl HeHyJJeBOdl BeKTOp, KOJJIMHEAPHBIN eil.
JI1060it Takolt BEKTOP Ha3bIBAETCH HANPABAANOULUM BEKIMOPOM TaH-
Hoit mpsamoit. 3aduKcUpyeM HeKapTOBY NPAMOYTOJIbHYIO CHCTEMY
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KOOpIMHAT B MPOCTPAHCTBE. JapaMerpuiecKue ypaBHEHUs MpAMOit
a, mpoxoxamedi depes Toury Mo(zo, Yo, Z0) ¥ WMeomel HampaBId-
fomuit BekTOp @ ¢ KoopamuaTamu (m, [, k), BEIBOIATCH aHAJTOTHIHO
mpomedanHOMY B 1. 2.2.4:

r=axo+mt, y=yo+1t, z =20+ kt (t € R). (2.46)

Taxxe aHAJIOTHIHO TPOAESAHHOMY B T. 2.2.4 BLIBOLY ypaBHEHWH
(2.29) mosTy1aeM KAHOHUNECKUE YPAGHEHUS TIPAMOI B IPOCTPAHCTBE:
T—2Zo Y—Yo Z— %20

= = . 2.4
m { k (2.47)

OtmeTnM, 4TO paBeHCTBa B (2.47) cilenyeT MOHWMATh KaK IIPOIOP-

nuu: ecsim BHU3Yy cTouT 0, TO U BBepXy BblpaXKeHNHe PaBHO HYJIIO.
DaBeHcTBa (2.47) MOTYT OBITH TEPENUCAHBl B BUIe CHCTEMBI W3

IBYX JHHERHBIX ypaBHEHWI ¢ TpeMs Hem3BeCTHBIMU (IIPH yCJIOBUH,

aro [ # 0)L:

le — my —leg+ myp = 0,
ky—1lz—kyo+ 1z = 0.

Taxum obpazom, npamMasd B IPOCTPAHCTBE MOK €T ObITH 3a/laHa TBY M
JUHelHBIMU ypaBHEHUAMU C TpeMd HeU3BeCTHBIMU, T.e. KaK MHOXK e-
CTBO ODIIUX TOYEK WJIW JIMHUHA TepecedyenHud NBYX IJIOCKOCTeR. ITo
BTOpOil crmocob 3amanus mpaMoii B mpocTtpancTBe. Cucrema (2.43)
olpenender TPAMYy0 B IPOCTPAHCTBE MPU YCIOBUU, 4TO KO3 dutiu-
€HTHI IPM HEU3BECTHBIX B HUX HENPONOPIUOHAJIBHBI, T.€. MO KpaiiHeil
A B A (4 B Cy

A2 B2 ’ A2 CQ ’ b2 CQ

OTJIMYeH OT Hysid. Y paBHeHud (2.43) HA3BIBAIOTCH OOWUMU YPAGHE-
HuAMU TpaMolt B mpocTpancTBe. HTobbl mepeiitu oT 00MUX ypaB-

Mepe OINH U3 OHpeILeJII/ITeJIeﬁ

HeHuil mpaMoif K TapaMeTpUIecKuM, HeoOXOnuMO HaiiTu Ha Heil aBe

1 T
DT0 yCIIoBHE He OTPAHMYUBAET ODIIHOCTH, TaK Kak 1o Kpalinell mepe onun u3
KoaddunmeHToB m,l, k oTIMvYeH oT HyJIA.
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pasimaHble TOUKH, cKakeM, Mq(x1,y1,21) 1 Ma(za,y2, 22), a 3aTem
3allicaTh TapaMeTpuieckne ypaBHeHus (2.46), HCIOTB3ysd KOOPIH-
—

HaThl TOuKu My u 6epd B KauecTBe HanpaBJagionero sektop My Ms.
Koopaunater Touex My u My MoxHO HallTu caemyomuM oOpasoM.
A1 By
Az By

3Ha9YeHnd 27 U Z9 MOXKHO B34dThb ITPOU3BOJIBHO (pa3yMeeTCﬂ, pa3janv-

D PENIONOK UM IJId ONPEeNeTeHHOCTH, YTO # 0. Torma

HBIMW) W HaliTh 3HAYEHUS Z1,y1 U Tz, Y2 U3 CJIELYIOIMNX CHCTEM C
IBYMA HEU3BECTHBIMHU:

A1$—|-B1y2 —012’1—|-D1 IO7 A1$—|-B1y2 —012’2—|-D1 IO7
A2$ + Bzy = —022’1 + D2 = 0, A2$ + Bzy = —022’2 + D2 = 0.

DTHU CHCTEMBL ABIAAIOTCH onrpelle/JIeHHbIMU B CNJIy TeOpeMbl 1.2.5.

2.3.6. BsaumHoe pacnoJioXx eHue MJI0CKOCTH U MpAMOoii

DYCTh TaHbI IIOCKOCTH, 3aJaHHad 00muM ypasHerneM (2.39), n mps-
Mag, 3alaHHasd TapaMeTpmiecknMu ypasHeruamu (2.46). Tpebyer-
cd OMpeNenTh, KAk OHU PAacHOJIOXKeHBl B IpocTpaHcTBe. M3BecTHO,
ITO MJIOCKOCTh W TIPAMasi MOTYT TT€peceKaThCs (T.e. MMeTh OIHY 00-
YO TOYKY ), MOTYT OBITH MapaJsiieNbHbl (He nMeTh ODIINX TOYeK ) 1
npaMasg MOXKeT JekKaTh B IJIOCKOCTH. JepBoe UMeeT MeCcTo B CJy-
Jae, KOTJa HOPMaJbHbBI BEKTOP 7 MJIOCKOCTH He TepIeHIuKYIsdpeH
K HAMpaBJLIONIEMY BEKTOPY d TPAMOif, 9TO PABHOCHILHO YCJIOBUIO
7id # 0, KOTopoe B KOOPIMHATHOM BUJE BBITVIAMANT TakK:

Am+ Bl + Ck # 0. (2.48)

Y106l HafiTH KOOpAMHATHI TOYKM IMepecevdeHus MpsMOoii n II0CKO-
CTH B 3TOM CJIydae, HaiigeM ux obuime TOYKH, s 4ero MOJCTaBUM B
ypasHenue (2.39) BeIpax eHus 14 &, Y, 2 depe3 ¢ u3 (2.46); moryaum
JauHeliHoe ypaBHeHHe oTHOCHTETbHO {1 A(xo 4+ mt) + B(yo + It) +
+C(z0 + kt) + D = 0, B RoTOpoM Ko3(dduument mpn ¢ paBeH
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Am + Bl + Ck, otkyna B cuiay ycioBua (2.48) 3uadenme t ompe-
IersdeTcs ONHO3HAYHO. D0 2TOMY 3HaUeHWIO n3 ypaHeHumil (2.46)
HaXOJIUM KOOPIMHATHI TOYKH TepecevdeHuns.

Uurarenio mpemjaraercd JI0Ka3aTh, YTO HpdaMad TapajiielbHa
IJIOCKOCTH TIPU BBITIOJHEH WY coenytomux ycaosuii: Am+ Bl+Ck =0
u Azg + Byo + Czp + D # 0; npamad JexUT B MJIOCKOCTH, €CITH
Am+ Bl +Ck=0n Azg+ Byg+ Cz2+ D = 0.

Yros Mexny npaAMOil U IJIOCKOCThIO MOMKHO ONpENesIUTh Yepes
YTOJ MEX Iy HOPMAJbHBIM BEKTOPOM ILIOCKOCTH W HAIPaBJIAIONIIM
BEKTOPOM TpdMOii: B ciydae, KOTHA MOCTETHUR ABIA€TCH OCTPBIM,
OH pomnosiHgeT nepBbiit 10 90°, a ecau mocJgenHuit ABIAETCH TYIBIM,
oH momnosiHgeT nepbiii 1o 180°. Ecaun xe HopMaabHBIE BEKTOP III0OC-
KOCTH KOJIJIMHEeapeH HOPMAJbHOMY BEKTOPY MpAMOii, To TpaMasd mep-
MEeHIUKYJIAPHA TIOCKOCTH.

Bzaumuoe pacmnosioxenue nByxX MpAMbIX B MPOCTPAHCTBE MOKeT
OBITH UCCIENIOBAHO AHAJOTHYHO. DTOT U APYTHE MONOOHBIE BOMPOCH
paccMoTpenbl B 6osee obuielt cutyatnuu B m. 3.4.3.

2.3.7. Dpumepsbl pellieHUs 3a0a4d

1. Daifitn mpoexmmio ) Touku P(5,2,—1) Ha WIOCKOCTH
20 —y+ 32+ 23 =0.

Dellienne. Dpoekiud TOYKH Ha IJIOCKOCTh — 9TO OCHOBAHUE Tep-
MeHTUKYJIApa, OMyIUIeHHOr0 U3 TOYKM Ha MJIOCKOCTb. UTo0BI HaliTi
TPOEKNNIO, TPOBeIeM depe3 TOUKYy P mpaMyio, TepleHInKyaSpHyTo
TLIOCKOCTH, W HalimeM TOUYKY TepecedeHus TpaAMolt W miIockocTu. B
KadecTBe HAMPaBIAIONETO BEKTOPAa MPAMOHl BO3bMeM HOPMAJLHBIH
BEKTOP TJIOCKOCTH 71 = (2, —1, 3). Bannmem mapaMeTpuiecKne ypas-
HeHus npaMoii: @ = 5+42t, y = 2—t, z = —143t. Yrobsl HaliTH TOY-
Ky TepeceveHnsd MIOCKOCTH U 3TOI MpAMOif, TOICTABAM BMECTO T, Y, 2
B ypaBHeHWe TJIOCKOCTHU BBIpaXKeHud W3 MapaMeTpUIecKUX ypaBHe-
Huit npamoit. Donyuum ypaBuenme miasd i 141 + 28 = 0, oTkyma
t = —2. Koopmuratsl uckomoli Touku () moiaydaeMm u3 ypaBHeHui
mpsmoii: (1,4, —7).
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2. Daiitn TOUKY (), cuMMerpuuHyi0 Touke P(2,—5,7) oTHOCH-
TeJBHO MpAMoil, mpoxongameii wepes tourn A(5,4,6)un B(—2,—17, —8).

Yemenne. Oupenesenne TOYKH, CUMMETPUYHOR MaHHON OTHOCH-
TeJIFHO MPAMOif, TOCTOBHO TTEPEeHOCUTCS CO CIIyYad TpAMOit Ha TToc-
KocTn (cMm. 3azmadqy 2 Ha c. 85). Urobsl maiitm Touky (), cHavasa
HafimeMm mpoekmuio R Touku P Ha JaHHYIO TPAMYIO, & 3aTeM BOCTOh-
3yeMcd TeM, 4To R ecTh cepenuta orpeska P(@). Dapamerpudeckue

.
YyPaBHEHUS TaHHON TPAMOil MOTYT OBITh 3aTNCAHBT TAaK (BEKTOP % BA
B3AT B KavecTBe HalpaBadomero): ¢ =5+, y =443t, 2 = 6+ 2t.
Touka R aBngeTcd TOUKOH mepecedenns 3Tol mpaMoit ¢ MIOCKOCTDHIO,
TpoXondlieil TepmeHINKyIapHO K Hell depe3 Toury P. YpasHenwne
5T0l mrockoctn uMeer Bum = — 5+ 3(y —4) + 2(z — 6) = 0. Tou-
ka R wmeer koopmmrath! (3,-2,2). Toura () mMeerT KOOpAMHATHI
(4,1,-3).

3. BeramcsmTh KpaTydaiiliiee paccTodHNE MeX Y TTPAMBIMA
. z+7 _ yt4 _ 243 Le=21 _ y+5 . z=2 .
o e = e = mf: 5 = "1 = i, U HaliTW ypaBHeHUE

IIJIOCKOCTH, paBHoyILaJIeHHOﬁ OT NaHHBIX ITPAMBIX.

Delllenne. D poBemeM MIOCKOCTD 7 Yepes IPAMYIO & MapasljielbHO
npaMoii §; paccrogume ot a000i ToUKE Ha IpaMoit § g0 3Toif mwiroc-
KOCTH U OyIeT MCKOMBIM. Y paBHeHUe IIJI0CKOCTH 7§ MOKeT OBbITh 3a-
mucaHo Yepe3 TOUKY (—7,—4, —3) KostnHeapHo BekTOpaMm (3,4, —2)

x+7 y+4 z+4+3
u (6,—4,—1) mo dopmyre (2.36): 3 4 -2 | = 0. Dac-
6 -4 -1
KPBIBas ONpeIeuTe b M0 MepBoil cTpoke, mosrytaem —12(x + 7) —
-9(y+4)—36(z+3) =0, orcyna 4z + 3y + 122+ 76 = 0. Daxomnm
paccrosume ot ToUkE (21, —5,2) 10 270if TIOCKOCTH:
d = 42143(=5)+12:2476 _ 169 _ 3
424324122 13

W3 reomerpudeckux coobpaikeHuit acHo, 4YTO MJIOCKOCTH 6, paB-
HOyHaJeHHad OT MAaHHLIX TPAMBIX, TapaJjiielbHa TIOCKOCTH Y 1 Ie-
JIMT OTPE30K MEeR Iy JIOBIMU TOYKaAMU, OIHA U3 KOTOPBIX JIEKHUT
Ha mpaAMOil a, a gpyrag — Ha npamoit [, momomam. Bosbmem Tou-
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Ky A(—=7,—4,—-3) na upamoit a u Toury B(21,—5,2) na mpamoit .
Toura C(7, —%, —%) dABJdercd cepenutoit orpeska AB. 3anumewm
ypaBHeHue MIOCKOCTH §, TapaJaeqbHolt ¥ 1 mpoxodieil Tepes To4-

ky C: 4z —=7)+3(y+3)+12(2+3) = 0, mm 8z + 6y + 242 — 17 = 0.

4. CocTaBuTh IapaMeTpuiecKue ypaBHEHUs NPAMOH, MpPOXo-
nguieit mapaJiiesibHO TJIoCKocTaM « : 3z + 12y — 32 — 5 = 0,
. _ o Lo+5 o y=3 _ z41
B :3x—4y+92—7 = 0 u nepecexatomeil mpambie v : L2 = S = ==
Lo—=3 _ y+l _ z2=2
o = s = 22
Yemenne. Tak Kak MCKoOMasg TpaMad MPOXOMUT MapasljielbHO
IJIOCKOCTAM « W (3, ee HaNpaBJLOMUi BEKTOp @ MeprHeHInKYyJId-
peH HOpMaJbHBIM BekTOpaMm 717 = (1,4, —1) m ng = (3,—4,9) s1ux
mwrockoctelt. Dycrs @ = (m, k,l). Torma mmeem m + 4k — [ = 0,

3m — 4k + 91 = 0. Bossmem [ = 4. Torma, ckianbiBasd ypaBHe-
ang, moaydaeM 4m + 32 = 0, orkyma m = —8. I3 mepBoro ypas-
Henna Haxommm k = 3. Urak, @ = (—8,3,4). Hckomas mpamas

JeXUT B TMIOCKOCTHU £, MPOXondAlell depe3 mpaAMy0 ¥ Tapajiiedb-
HO BekTOpy @. Tak Kak McKoMasg mpsaMas MepecekaerT NpaMyio 0,
OHa TPOXOIUT UYepe3 TOYKY P mepecedeHus NpaAMOil § U MIOCKOCTH
€. BamuureM ypaBHeHWe IIJIOCKOCTH ¢ Wepe3 Todky (—5,3,—1) Ha
mpsiMoit ¥ mapaJsenpHo BeKTopaM (2, —4,3) n d@ mo dopmye (2.36):
x+5 y—3 z+1

2 -4 3 = 0. DackpbiBad ONpeIeJUTENb 110 TepBoii

-8 3 4
cTpoke, moaydaeM —25(z 4+ 5) — 32(y — 3) — 26(2 + 1) = 0, orkyza
252+ 32y + 262+ 55 = 0. DaxoguM TOUKY IHepecedeHnd 2TOi II0CKO-
ctu ¢ mpamoii 8. Il sToro 3anuiemM mapaMeTpuYecKue ypaBHEHU S
02 =3=-2t, y = —143t, 2z = 2441 w noACTABUM UX MPABbIE YACTH B
ypaBHEHUE MJIOCKOCTH. Daliiem 3Havenue t = —1 u Halinem Koopmu-
HaTBI TOYKN mepecedenns P(5, —4, —2). Bannuem mapameTpuieckne
ypaBHeHUA NCKOMO# IpaMoil, mpoxondineil Tepe3 ToURy P KoJanHe-
apHO BekTOpY @ = (—8,3,4): 2 =5 — 8¢, y = -4+ 3t, z = -2 + 4.

5. Daiitu paccroguune d or Toukn P(1,—1,—2) no npsamoit
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o3 _ yt2 _ 28

’ SeHIQZHI/Ie. ['z)aimeM ypaBHeHWe TJIOCKOCTH «, Tpoxoisieii de-
pe3 TOYKy P HepueHIuKyJspHO JTaHHOM UpAMoil. DopMaabHBIM
BEKTOPOM TLJIOCKOCTH ¢ CJYRKUT HANPABJIAIONN BeKTOP NpaAMOii
i = (3,2,—2). Hcnonssya ypasuenne (2.38), umeem 3(z — 1)+ 2(y+
+1)—2(2+2) = 0. Uckomoe ypasuenne nmeer Bui 3z+2y—22—5 = 0.
DaiineM TOUKY () Tepecedenns MIOCKOCTH (v C TaHHOI PAMOii, KOTO-
pasi ABJgeTcd mpoekuneii Tourkn P Ha JaHHYIO TpAMYyIO. 3aluiuieMm
nmapaMeTpuyeckue ypaBHeHud npamolt x = —3 + 3¢, y = —2 + 24,
z = 8 — 2. DoAcTaBUM WX TpaBble YaCTH B ypaBHEHHE ILIOCKOCTH:
3(—3+31)+2(~2+2)—2(8—2t) = 0. Orciona 17t —34 =07t = 2.
Touka () nmeer KoopamHatThl (3,2,4). NckoMoe paccTofHme paBHO
IJIMHE BeKTOopa P_>Q: d=+v224+32+4+62=+49=1.

Bamawm: [17], Ne23-134.



I'maBa 3

JInHelHbIe MpocTpaHCTBa

§ 3.1. DoHATHEe JUHEWHOTO IMPOCTPAHCTBA

OxasbiBaeTcd, cBOficTBA MHEfHBIX onepaluil Hag MaTpuuaMu (pac-
cMmarpuBaBummecs B 1. 1.1.2) n #am BexkTopamu (cM. 1. 2.1.2) mMoryT
OBITH IPUHATHL B Ka4eCTBE aKCHOM JIJIf BeChbMa ITHPOKOTO KJIacca ajl-
rebpanvecKux 0ObEKTOB, Ha3bIBACMbIX JTHHEHHLIMEI IPOCTPAHCTBAME
HaJ mosieM. I3 5TUX aKCHOM BBIBOLATCA MHOIME HHTEPECHBIe CBO-
CTBa JIMHERHBIX IPOCTPAHCTB, 0Opa3yolUNe COLEPKATEIbHYIO TeO-
pUIO U MMeOlIMe UMPOKHe IPUIOKeHH: B MareMarnke. lsydennme
JMHERHBIX TPOCTPAHCTB U UX JIHHEHHLIX 0TOOpaKeHunit cocTaB/IfeT
IpenMer JUHeiHO# aaredphl.

3.1.1. Axcuowmbl JIUHEHHHOTO MTPOCTPAHCTBA

Dycth F — wmcioBoe mose (ompenenenne cM. B 1. 7.2.1; daie Bcero
B posn [ BeicTynaer mose R Bcex BemectBenubix uncesn niaun moge C
BCEX KOMILJIEKCHBIX UHCeJT). DJIeMeHTH mosid [ Ha3bIBAOTCH CKaAA-

pamu 1 6yIyT 0603HATATHCA TPedecKIMA GyKBaMu'.

1 &
Fpe‘{eCKI/II/I aﬂ(i)aBI/IT npuBeOEeH B KOHIE U3JaHWA.

99
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Denycroe MHOK eCTBO V' Ha3BIBACTCS AUHETHBIM NPOCNPAHCTNEOM
Had noaem I, ecoim BRIMOJIHAIOTCS CJIEIYIONINE aKCHOMBI:

1. s io6eIx €,y € V' cylecTByer oHO3HAYHO OlNpeIe eH bl
ajleMenT z € V', HasbIBaeMblil cymmoll 3J1eMeHToB © U Y U 0003Ha-
YaeMblil yepe3 = + y.

2. s mobbix €,y € V uMeer MecTo paBeHCTBO € + Y = y + @.

3. s mobbix @, y, z € V uMeer MecTo paBeHCTBO (2 +Y)+ 2z =
=z +(y+2)

4. CymectByer saeMenT oy € V Takoii, 4ro mis Jjwodoro ¢ € V
CIIPaBENJIMBO PaBEHCTBO & + oy = Z.

5. IIna mwoborox € V cymectsyery € V Takoii, 4to z+y = oy .

6. s moboro @ € V' u soboro a € F cymecrsyer ogHo3HaIHO
onpenesleHHbI a1eMenT z € V| HasbiBaeMblii npoussedernuem sire-
MeHTa & Ha CKaJdp a u obo3HavYaeMblil yepes ax.

7. s mobbix @,y € V' u moboro a € F numeer Mecto paBeHCTBO
alz+y) = ax + ay.

8. s moboro z € V u mobwix a, § € [F umeer MecTo paBeHcTBO
(a+ f)x = az + [fz.

9. s moboro x € V u miobdeix a, 4 € F umeror Mecto paBencTsa
a(Bz) = (af)z = flaz).

10. s moboro @ € V' cupasemimBo paBeHctso 1 - @ = .

Axkcuombl 1 u 6 onpenesdiorT olepaluu B JIMHEHHOM MTpPOCTpaH-
CTBe, a OCTaJibHble aKCHOMBI MOCTYJIUPYIOT CBolicTBa 3TUX ollepa-
1nuit. DyeMeHThl JuHefHOTO TpocTpaHcTBa V HA3bIBATCH SEKIMOPA-
Mu. CreacTBud aKCUOM JUHEHOTO TPOCTPAHCTBA CODPAHBI B CIAETY-
folleM MPeIJIOXK eH NN,

D pengioxenune 3.1.1. dycrp V. — jmmneiinoe mpocTpancTBoO HaJ
nostem . Torga cpaBesiuBbl CICIYVIONIHE YTBEPK TCHHI:

1) B akcmoMe 3 BEeKTOp Oy OIpenesieH OJHO3HATHO;

2) B akcnome 4 BEKTOp Y OlpeleseH OJHO3HATHO 110 BEKTODY &
(OH Ha3BIBAETCS BEKTOPOM, NPOMUSONOAOHCHVIM K BEKTOPY X, H 000~
3HATAETCHA depe3 —x );

3) JLIsE JTI00bIX T, Y, 2 €V m3x +y = ¢ + z crenyer y = z;
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4) nra smoboro @ € V' cupasemrinso papercrso 0x = oy ;

5) mira Joboro o € I nmeer mecro paBencrso coy = oy;

6) miis Joboro x € V' umeer mecto pasencrso (—1)x = —x;

7) cymma Tpex m 6ojiee BeKTODOB He 3aBHCHT OT PACCTAHOBKH
cKOBOK (7 moToMy OyIeT 3ammuchBaThCs He3 CKOOOK ).

HoxkaszarenabcrBo. [lokaxem yTBepx genne 1). DycTh 01 1 03 —
IBa BeKTOpa, YIOBIETBOpATOINe YCaoBNio akcuoMbl 4. Torma nmeem
01 = 01 + 03 = 03, OTKYyZla O] = O3, UTO U TpedyeTcd. DJIeMeHT u3
aKCHOMBI 4 Ha3LIBAETCA HYAb-BEKMOPOM JTUHEHHOTO TPOCTPaHCTBA
n obo3HaYaeTCs MPOCTO Yepe3 o, ecau JnHeiinoe mpocTpancTso V
sadukcupopano. O6palilaeM BHUMAHUE YUTATENH HA OTJIUYUE HTOTO
obosHadeHns oT obo3HadeHns HyId-cKaaspa 0 u3 mous F.

s mokasaTeabCTBA yTBEPXK T€HNS 2) PACCMOTPUM JIBA 3JI€MeH-
Ta Y, W Y, I 3JTEMeHTa T, YIOBJIETBOPAONINE YCIOBUIO aKCHOMBI
5 Te.xz+vy, =o0oux+ Yy, =o0. Torna, ncnonb3yd akcnoMsl 4, 2 u
3, umeeM Yy =y +to =y H(z+Yy) = (Y1 +2)+ Y, = 0+ Yy, = Yy,
910 U Tpedyercs.

Y106B! mOKa3aTh yTBEepXK IeHWe 3), K 00enM qacTAM PaBeHCTBA
T +y = « + z npubaBUM —& U BOCIOJb3yeMcd akcuomamu 3, 4, b:
—z+ (z+y)=—x + (x+ z) Brever 3a coboit (—z4+2)+y=
=(—x+x)+z,0kylao+y=0+zuy=z.

Hokaxem yrBepx nenne 4). Tak kak B none F cupasennuso pa-
BercTBO 0 =040, nmeem, onupasich Ha akcnomy 8, 0z =(0+ 0)z=
= 0z + 0z, T.e. 0 = Ox + 0. Tak kak 0x = 0z + 0, Ha OCHOBaHUN
yKe IOKa3aHHOTO yTBepK geHus 3) mosydaem 0x = o. YTBepx ie-
HIe 5) TOKa3bIBAeTCHd AHAJIOTHIHO.

Yr1Bepxk nenne 6) cienyer u3 yTBepXK IeHNs 2), TOCKOIBKY

z+(-De=1z+(-l)z=(14+(-1))z =0z =o.

Y1Bepxk menne 7) MOKeT OBITh HOKa3aHO WHIYKIWeHR MO dmciry
CJTATaeMbIX, I 9TO OCTABJIAETCH B KadeCTBe (BeChMa HeTPUBUAIBHOTO )
yIpakHeHud I 3aWHTepecoOBAHHOTO INTATEII. O
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3.1.2. D pumepsbl JUHEHHBIX MPOCTPAHCTB

1. Oycrs F — quciaoBoe moste. DanoMuuM, 910 Yepes F™** 060-
3HAYAETCH MHOXK €CTBO BCEX MATPUIL pa3MepoB m X k ¢ aJieMeHTaMu 13
noss [F. 91o MHOKeCTBO sIBJIseTCs] TIMHEHHBIM TTPOCTPAHCTBOM HAJIL
nosteM F oTHOCHTEIbHO Omepalyii CJI0K eHis MaTPUIL M YMHOK eHIs
MaTPUIHl Ha IUCTO, Rak CJEIyeT W3 CBOUCTB JUMHEHHBIX omeparmii
¢ marpumamu (cM. 1. 1.1.2). Ocobyio pos UTparOT MHOKECTBO BCEX
crpok FY¥¥ | kotopoe 6ymenm obosnauars tepes Fy, 1 MHOKecTBO Beex
cronbuos I koropoe 6ynem o6osHauars qepes F™. Takum obpa-
30M, MBI TOJTyTaeM HeCROHedHoe ceMelCTBO IMHEeRHBIX TPOCTPAHCTB.

2. 9ycrh V. — MHOKeCTBO BCeX BEKTOPOB, KOJJINHEAPHBIX TaH-
HOlf TpAMOli [KOMITaHAPHBIX JAaHHON MJIOCKOCTH| WM MHOXKeCTBO
BCEX BEKTOPOB MpoCTpaHcTBa. Kak Mbl Bugenan B m. 2.1.2, V' apira-
ercsl IMHeHHBIM TTPOCTPAHCTBOM Hall mojeM R oTHOCHTeTbHO JTHHeii-
HBIX Ollepaluii.

3. Dycrp V — muoxkecrso Beex dyukunit u3 R 8 R. [Tas gyux-
muit f,g € V nomoxum h = f + g, toe gaa moboro z € R 1o
onpenenennio h(z) = f(z) + g(z). Hna a € R nomoxum takxe
d = af, tne d(2) = af(z) nra mwboro z € R. Ywmrarerro mpe-
JIOCTaBJIAETCA MPOBEPUTH, 9TO AAd V BBINOJHIIOTCA BCE aKCHOMBI
JITHEiHOTO ITPOCTPaHCTBA.

M1 BUanM, 94TO JuHelHbIe IIPOCTPaHCTBa MOTYT COCTOATDH U3 Ma-
TeMaTUIeCKUX OOLEeKTOB pa&HI/I‘IHOﬁ IpupoabI. Dalra neJjb B 3T0it
IJlIaBe — M3y4deHue O6IIII/IX CBOiiCcTB TUHEeHBIX MIPOCTPaHCTB N UX IIPpU-
JIOZKeHnd K TeOpun CucreM JIMHEeHHBIX ypaBHeHI/Iﬁ.

3.1.3. JlunHeilino 3aBuUcuUMBbIe U He3aBUCUMbIE CUCTEMBbI
BEeKTOPOB

Badukcupyem Jauneiinoe npocrpanctso V' onan mosem F. Don cu-
cmemoti sexmopos B V' NMoHNMaeTcsl KOHeYHAs MOCTEI0BATEIbHOCTh
He 00dA3aTeIbHO Pa3JIUIHbIX BEKTOPOB @1,Qs,...,ar 3 V. Jlunet-
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Holl KoMOUHAUUET BEKTOPOB CUCTEMBI @1, A3, . . ., d; C Ko3d dunnen-
TaMU 1, Q3, ..., HA3BIBACTCA BEKTOp a1ai + Qa9 + ...+ aipag.
Jlnneiimag KOMOWHAINA Ha3bIBACTCI MPUSUdAbHOT, €CIIN BCe ee KO-
3¢ UMUEHTH HyJIeBble; B IPOTUBHOM CJIydae JuHeliHas KoMmOmHa-
g Ha3blBaeTcd Hempusuaavroli. CucTeMa BEKTOPOB @1, a2, . .., A}
Ha3BIBAETCHA AUHETIHO 308UCUMOU, eCITN CyTIeCTByeT HeTpuBuaIbHad
JuHeliHasg KoMOMHAIMA 3TOll CHCTeMBI, paBHad HYJeBOMY BEKTOPY,
T.€. €CJIM CYIMECTBYIOT TaKWe CKAJTAPHI v, Ao, . . ., 0, HEe BCe PaBHBIE
HYJIIO, 9TO Q1@ + @@y + ...+ arar = 0. 3aMeTHM, ITO TPUBUAJIL-
Had JAnHeliHagd KOMOMHAIMs JII000# CICTeMbl BEKTOPOB paBHa Hy.JIe-
BoMy BekTOpy. CucTreMa BEKTOPOB @1, Ao, . .., a; Ha3BIBAETCH AUHET-
HO HE3A6UCUMOT, eCTTN OHa He ABJIAeTCH JUHeltHO 3aBUCHMOil, T.e.
13 paBeHCTBa HYJIEBOMY BEKTOpPY IPOM3BOJIbHON JuHelinoif KoMOu-
HaIlM CUCTEMBI CJIeyeT, ITO 9Ta JuHelHad KOMOMHAINS TPUBUAJID-
Ha. Taxum oOpazoMm, mad JuHEHO He3aBHCHMON CHCTEMBI BEKTOPOB
ai,as,...,ap U3 paBeHCcTBa 1Ay + agxaz + ...+ apap = o ciaenyer
ar =ay=...=a=0.

DymeM TOBOPUTH, ITO BEKTOP b aunelino svipascaemen depes Cu-
CTeMy BEKTOpOB ai,as,...,Q%, I ITUCATh G1,02,...,a; — b, eciun b
ABJifgeTcd JuHelinoil KoMOunanueil 3Toll cuCTEMBI, T.e. IJId HEKOTO-
PBIX CKaJIAPOB (i, A3, ..., Q) NMEET MeCTO paBeHcTBO b = ajaq +
+agas+ ...+ apag. Iyctb A u B — 1Be cucteMbl BeKTOpoB. Fcim
KaX Jblif BeKTop cucTeMbl B JIHHeEHO BBIpaXKaeTcs depe3 CHCTeMY
A, To OyzmeM TOBOPUTH, 4TO cucTeMa B aunetino eévipascaemes depes
cuctemy A u mucars A F B. Uwutatesnio mpenyaraerca IpoBEpHUTh,
910 mJia Jiio0bix cucteM BeKTopoB A, B, Cuw3 A F Bu B  C
craenyer A+ C.

D pemyioxenue 3.1.2. Cucrema BEKTOPOB JIMHEHHO 3aBHCHMA TO-
ria u TOJIbKO TOrza, Korjla B Hell Halinercsa BeKTop, JIHHEHO Bbipa-
JKaroumniica 4epe3 ocraabHble BEKTOPbBI 9TOH CUHCTEMBI.

JokasaresqbcTBO. DyCTh A1,as3,. . ., Q) — CACTEMa BEKTOPOB. D pe-
TOJIOK WM, UTO 3Ta CUCTeMa JuHeliHo 3apucmma. Torma malimyTcd
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CKaJIAPBL (, g, . . ., (), He BCe PaBHbIe HYJIIO, TaKle 9TO
oajay + azas + ...+ arap = o. (3.1)

De3 orpaHnvYeHnd OOIMIHOCTH MOK HO MPEINOJOK UTh, 4T0 a1 # 0. U3

pPaBeHCTBa (3.1) BBIBOINM 1G] = —Qdy — ...— QLAL. Y MHOKXUB
obe JacTu IMocaeIHero paBeHCcTBa Ha a%, Oy YUM
(83 ag
a| = ——ag —...— —ag.
(&3] (&3]
Mg BuguM, 9710 @o,...,a; F aq.
Ob6paTHO, IPENIOI0KUM, 9TO OIWH U3 BEKTOPOB aA1,ds,...,d%

(HyCTB I O peaeJIeHHOCTHI al) JWHeHO BhIpaXK aeTcd Yepe3 OCTAb-
HBI€ BEKTOPHI CHCTEMBI, T.e. @1 = [Jsas + ...+ [rar. O1cioma
—aq+ fras+ ...+ frar = o. B 1eBoii 9acTn nMeeM HeTPUBUAIDLHYIO
JUHEHYI0 KOMONHAINO, Tak KaK K03( UIueHT Ipn a1, paBHBIE —1,
orsimder oT Hyad. ClaemoBaTe bHO, CHCTeMa JIMHERHO 3aBucuMa. U

D penmoxenune 3.1.3. Fciu snHeilHO 3aBHCHMas CHCTEMa BEKTO-
poB A nosiyuaercs u3 JHHeHHO HezaBucuMoil cucrembi B nobas.re-
HHEM OJIHOI'O BEKTOpa €, TO ¢ JIMHEIHO BbIpaX aeTcd depe3 BeKTODbI
crcteMsl B.

HoxkasarenbcTBo. Jycth B coctout u3 Bexktopos by, by, ..., bg.
Tax xax cucrema by, by, ..., by, c juHelino 3aBUCHMa, CYIIECTBYIOT
Takue yuciaa i, B2, ..., Bk, 7, He BCe PaBHbIE HYII0, 4TO $1b1+ Fabo +
+...4+ ﬁkbk + vc = o. Tak xax cucrema B nwHeiiHO Hezapucuma,
scHo, uTo v # 0. OTciona cienyet, 4To ¢ = —%bl — %’bg - .= %bk.
O

B cJrelyromeM nIpeljiozK eHnn CO6paHBI CcBoiicTBa JUHEHHO 3aBUCUMBIX
CHICTeM BeKTOPOB.

D pemyioxenue 3.1.4. CupapenauBbl CACAYIONIHE YTBEDK TCHHS:
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1) ecitr cmcreMa BEKTOPOB HMeeT JIHHEIHO 3aBHCHMY O HOJICHCTE-
My, TO OH& JIMHEHO 3aBHCHUMA;

2) BCAKas CHCTEMAa BEKTOPOB, COTEPIK alllasi Hy/IeBOlf BEKTOD, JIH-
HelfHO 3aBHCUMA;

3) Bcskas cucTeMa BeKTOPOB, COTEPIK allasl IBa OMMHAKOBBIX BEK-
TOpAa, JIMHEIHO 3aBHCHMA.

JokasaTresqbcTBO. DyCTh ay,qs, . ..,a; — CUCTEMA BEKTOPOB, HMe-
folasd AnHeliHo 3aBUCHMYyT0 moacucTeMy. Torma HeKOTOPHIH BEKTOP
9TOil MoAcucTeMbl, TyCTh H6€3 orpaHuvYeHusd OOIHOCTU @1, JIMHEHHO
BBIPaXK aeTCd depes ocTaJbHble ee BeKTopbl. QUeBuaHO, YTO TOTIA a1
JUHeHO BRIpaxK aeTcd depes dg, . . ., ag, TaK KaK BEeKTOPHI, He BXOId-
e B MOICHCTEMY, MOK HO T0OABUTH C HYJIEBBIME K03 OUIHEeHTAMI
Ha OCHOBAHWHN yTBepK peHus 4) mpenmoxenns 3.1.1. Do mpenntoxe-
nuio 3.1.2 cucrema ay,@asq, .. .,a; JuHellHO 3aBUCUMA.

Taxk Kak cucreMa U3 OIHOI'O HYJIEBOTO BEKTOPA OYEBUIHBIM 00pa-
30M JINHEHHO 3aBUCHMa, YTBEPK JeHNe 2 ) HeTOCPEICTBEHHO BHITEKAET
u3 1). YTBepxk menne 3) mpemocTaBagercs IOKa3aTh dnTaTeno. O

CBoiicTBa InHEHO He3aBUCHMBIX CHCTEM BEKTOPOB COOpPAHBI B CJIEIY-
fOleM yTBepPX IeHUN, BBITEKAOeM 13 Tpeasoxennd 3.1.2 w yTBep-
XK IeHUd 1) npenmoxenusd 3.1.4.

D pemyioxenue 3.1.5. CupaBenauBbl CJICLYIONIHE YTBEPK TCHHS:

1) B stmHElfHO HE3aBHCHMOI cHcTeMe HE OfUH BEKTOp JTHHEHHO He
BbIpazKk aeTcs depe3 OCTaJjbHble BEKTODbI CHCTEMbI;

2) BCAKas HOACHCTEMA JTHHEHHO He3aBHCHMOI CHCTEMbI caMa JIH-
HelfHO He3aBHCUMA;

3) ecim k JTHHEHO He3aBHCHMOI cucTeMe BeKTOpoB A 106aBHTH
BEKTOp, KOTOPHIH He BBIpaikaeTcs JHHEHHO depe3 BEeKTOpH A, To
noJtydeHHas CHCTeMa TakXKe ABJideTcs JuHeH o He3aBuCHMOI.

Baxuyio poab B ganbhelinmem Hymer urparh ciaeayonias Teopema.
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Teopema 3.1.1. Dycrs A — cucrema u3 k BEKTOpoB a1, Qs, . . ., 4,
B — cucrema u3 n Bextopos by, by, ..., b,, npuiem A+ B u k < n.
Torna cucrema B Jmmreifno 3aBucuMa.

HoxkasarenbcTBo. Bocnonbsyemca nnaykiueit mo k. 9ycrs k = 1.
Torma BekTOpPbHI cucTeMbl B MuHeiiHO BhIpak al0TCA yepes OJuH BeK-
Top ay. Ecau cucrema B comepxutr Hy1eBoit BeKTOpP, TO OHa JinHel-
HO 3aBUCHMa COTJIACHO YTBEPXK AeHNI0 2) npenaoxennsd 3.1.4. DycTh
o ¢ B. Torma a; # o, u cucrema B comepkuT mo Kpaiineii mepe
nBa BekTopa by, by. Umeem by = B1aq u by = (a1 1149 HEKOTOPBIX
HEHYJIEBBIX CKaJadpoB 1, J2. Torma gcuo, aro —32b1 + #1by = 0, T.e.
cucTeMa u3 BeKTopoB by, by sunelino 3apucuma. CrenoBareabHoO, Cu-
creMa B Takike nuneliHo 3aBucCHMA.

DPEeNnoNoK UM, YTO YTBEPKJAeHWe TOKAa3aHO IJid BCeX 3Hade-
Huit k < m, 1 pacCMOTPUM CHUCTEMY di,ds, ..., A, U3 M BEKTOPOB
(m < n). BanuuieM BEKTOPHI U3 CHCTEMBI B B Buie JTMHEHHBIX KOM-
OuHaluii BEKTOPOB U3 cUCTeMbl A:

b1 = Bniar + Bieaz + ...+ Binan,
by = Boraq + Baaz + ...+ Banan,,

bn = ﬁnlal + ﬁn2a2 + ...+ ﬁnmam-

Ecnu Bce kosddbunuentsr 811, F21, ..., 0,1 paBabl 0, TO Bce BeKTO-
pbl cuctembl B nuneiino BbipaxatoTcd hakTUIECKH Yepes BeKTOPbI
asy,...,0,, T.€. 4epe3 cCucTeMy U3 m — 1 BEKTOpa, U M0 WHIYKTUBHO-
MY TIPEINOJIORK eHIIo cucTeMa B muHeliHo 3aBucuMa. 9 PEINOIOR HM,
410 cpenu Koaduuuentos 11, P21, ..., n1 €CTh HEHYyJeBble. e3
orpaHWYeHNs OOUIHOCTH MPEanoNoK UM, 4To F11 # 0. s Bcex ¢ > 1
MOJIOXKUM ¢; = b; — gﬁ b,. Torma gcmo, 410 @3,...,a,, - ¢; opu
1 =2,...,n. Tag gagk m < n, uMmeeM m — 1 < n — 1, oTKyna mo WH-
AYKTHBHOMY TPENNOJNOKEHHI0 CUCTEMA Cg,. . .,C, JUHEHO 3aBUCH-

ma. Taxum obpaszom, HalayTCH CKATAPBI (g, . . ., (,, HE BCe pABHbIE
HYyJIt0, TaK#He, 9T0 €y + ...+ @€, = 0. DOJICTABIAA BMECTO C;
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X BBIpPaXKeHus depe3 BeKTOPHI cuCcTeMbl B, MBI ToTyTaeM HeTPUBH-
ATBHYI0 JIMHEHYI0 KOMOWHAIMIO BEKTOPOB 3TOH cucTeMbl, paBHYIO
HyJsieBoMy BekTopy. Takum obpasom, cucrema B snuneiino 3aBucuma.

ITar vHIYRIUT TOoKa3aH. O
Caencrsue 3.1.1. 9ycrb A — cucrema u3 k BEKTOpoB @1, as, . . ., 4,
B — cucrema 3 n Bextopos by, by, ..., b,, onpuiem cucrema B -

Heitno Heszasucuma 1 AFB. Torma k > n.

§ 3.2. Dasuc U pasMepHOCTHb JUHEHHOTO IIPOo-
CTpPaHCTBa

Betony B 91oMm maparpade paccmarpuBaercsd hUKCUPOBaHHOE JnHei-
Hoe mpocTpancTBo V' HaI 4ucaoBbIM mogeM [F.

3.2.1. DuemeHTapHbIe Mpeobpa3oBaHUA CUCTEMbI BEK-
TopoB. MakcumaJsibHble JINHEHHO He3aBUCUMbIE
oI CcHUCTEeMBbI

Dycrh A — cucTeMa BEKTOPOB @1, as, . . ., A TpocTpancTsa V. Dox
FAEMEHNAPHBIM NPEOOPAIOSAHUEM CUCTEMBI A TTOHUMAETCH OIHO U3
CJIenyomuxX npeobpasoBaHmii:

1. DepecranoBka IBYyX BEKTOPOB B CUCTEME.

II. 3amena omHOTO BEKTOpa @; HA BeKTOp fBa;, rue 3 — HeHyJeBoi
CKAJIAP.

IIl. 3amena omHOTO BEKTOpa @; Ha BeKTOp a; + f(a;, rme 3 —
cKajdp, Jj # 1.

YymeM Ha3biBaTh IBe CUCTeMbl BeKTOpoB A u B sxsusasernm-
HblMu B THcaTh A ~ B, ecom oT cuctembr A K cucteme B Moxuo
nepeiiTu ¢ TOMOIIBI0 KOHEYHOTO YHCJIA JIeMEHTAPHBIX TPeodpa3oBa-
Huit. OueBumno, uro eciu A ~ B, 1o B ~ A, MOCKOJIBKY Kaik 10e
sJleMeHTapHoe IIpecbpasoBanie obpaTumMo. HuTaTes o mpenocTaBis-

eTcd TPOBEPUTH, YTO njd Tpex cucreM BektopoB A, B, C u3 toro,
910 A ~ B u B ~ C, cienyer A ~ C.
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Teopema 3.2.1. Dycrbs cucrembr BekTopoB A u B skBUBaIeHTHBLI.
Cucrema BEeKTOPOB A JIHHEHO HE3aBHCHMA TOINA H TOJHKO TOLJA,
xorga cucteMa B smHeiino HezaBmcmMa.

HoxkasarenbcTBo. [locTtaTouno paccMoTperh ciaydali, korma A mo-
Jgydaercd u3 B ¢ TOMOIIBIO OMHOTO 9JIeMeHTapPHOTO Tpeodpa3oBaHus.
DycTh A COCTOUT U3 BEKTOPOB @1,0a3, . ..,a; U B cocTouT u3 BeKTO-
poB by, by, ..., by. [Hna mpeobpasoBanng Tuia | yTBepX meHue ode-
BUIHO. DycTh B mosyuaercsa u3 A 3ameHnoii Bektopa a; Ha f(a;, rie
B # 0. Dycrb A nuHelino He3aBuCHMa. JoKaxkeM, ¥To B Takxke Jsiu-
HeitHo HezaBucuMa. Aycthb Y1byi+...+vby = 0. Tak kax b; = Sa; u
b; =a; npu j # 1, umeem 7,8 = 01 y; = 0 mpm j # 4, OTKyza cJjeny-
eT, 4TO Bce Koo dunuentst v, pasubl 0. CiaenoBaresnbHo, cucteMa B
JimHeltHo HezaucuMa. Tak kak A nmosydaercd u3z B sjnemenTapHbiM
npeobpasoanuem Tuna I, u3 nuneiinoii wezapucumoctu B cuemy-
er suHelinad HezapucuMocTh A. Cayyvail mpeobpasosanus Tuma [11
paccMaTpUBaeTCH CXOMHBIM 0OPa3oM. a

Teopemy 3.2.1 ocobenno yiobHO UCIOAB30BATH JIJd BbIACHEHUS BO-
mpoca o JIMHeHHOR He3aBUCUMOCTH CUCTEMBI CTPOK WJIHM CTOJIONOB U3
JIMHefHbIX mpocTpancTB Ky win F*. Tax xak Bompoc o JuHeitHoil
3aBICHMOCTH CHCTEMBI CTOI6LO0B 13 FY ¢ moMombio TPaHCIIOHUPOBa-
HUA OYeBUIHBIM 0OpPAa30M CBOIUTCH K BONPOCY O JinHeltHO# 3aBuCH-
MOCTH CUCTEMBI CTPOK, PACCMOTPUM JIMIIb TOCJenHuii. Dycrh cu-

crema C cocTouT U3 CTPOK €1 = (Y11, -, V1k)s €2 = (Y21, -+ s V2k)s
o € = (Vm1y -« oy Ymk). CocTaBUM U3 K03 GUINEHTOB 3THX CTPOK
MaTpHUILY

Yo Y12 ..o Y1k

Y21 Y22 .- Y2k

TYm1l Tm2 -+ TYmk

C moMONIBI0 3TeMeHTApHBIX TPeodpPa3oBaHuii CTPOK MATPUIBL (CM.
m. 0.3.1) marpuny C MOXKHO Tpeobpa3oBaTh K CTyNEHIATOMY BHUIY.
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Ecnan nmocnenngaa MaTpuiia COTepXUT HYIEBYIO CTPOKY, TO CHCTEMa
ee CTPOK JIMHEITHO 3aBHCHMA B CHJIY YTBEDXKIEHHA 2) MPEILIOKe-
ang 3.1.4. Fcam ke cTymendaTas MaTpuUIla He COMePKUT HYJEBBIX
CTPOK, TO, KaK JIeTKO MPOBEPUTH, €e CTPOKH JIMHeHHO He3aBUCHMBI.
Taxkum obpaszom, 4TOOBI OTBETUTH Ha BONPOC, JUHEHHO HE3aBUCHMBbI
JU CTPOKW MATPUIILI, CIENyeT MPUBECTH MATPUIy K CTYIeHIATOMY
BUIY U ONPeNesiuTh, UMeeT JIN MOCTeHAd HyIeBble CTPOKH.

[Be cucteMbl BekTOpoB A m B HaszmIBaoTCad AUHENHO 2KEUBH-
aermuvimu, ecoit A F B u B F A. OueBunno, 410 ecau cucTemMbl
A u B »KBuBaJIeHTHbI, TO OHU JiMHeliHO »KBuBaJieHTHb. QOpaTHOE
BepHO P! YCIOBWH, ITO CUCTeMBI A n B mMeroT omHo n To Ke 4uciIo
BEKTOPOB.

Dopcucrema M cucTeMbl BEKTOPOB A Ha3bIBAeTCH €€ MAKCUMAAL-
HOT AUHETIHO He3asucuMol nodcucmemotli, ecnu cuctema M nuneiino
HeszapucuMa u aubo M = A, ambo mpu mobasiennm ¥ M maoboro
BeKTopa m3 A TosryvYaeTcd JAUHeHHO 3aBUCHMasdg cUCcTeMa. B JacT-
HOCTH, eC/IW CucTeMa A JuHeliHo He3aBWCHMa, TO OHA COBIATAeT C
(eXMHCTBEHHOI) CBOelt MakCHMaIbHOM JMHE{HO He3aBHCHMON TOICH-
cTeMoii.

13 npennoxennsa 3.1.3 u caenctBus 3.1.1 BeITeRaeT ciaemnyroliee
VTBEpPXK IeHue.

D pemyioxenue 3.2.1. Iycrp A — cucrema BexkTtopoB m M —
HeKoTopas ee nojcucreMa. M ABiIgeTcs MakCHMAaJbHOH JTHHEHHO
He3aBHCHMOH mOJCHCTEMOH TOrAa 0 TOJILKO TorAa, Korga M jmHeliHo
mesapucuma 1 M F A. JIwobbie 1Be MakcuMaJjbHbie JIHHEHHO HE3aBH-
CHMbIe MOACUCTEMbBI CHCTEMbI A HMEIOT OJUHAKOBOE YHUCJIO BEKTOPOB.

B camom aeJie, JI00LIE IBe MaKCHUMaJlbHbIe JUHeiiHO He3aBUCUMbIE
noagcucreMbl O,ILHOﬁ ¥ TOi Ke cucTeMbl A JimHeno »KBUBAJICHTHEL.

CyuecTBOBaHNe MaKCHMaJbHOW JnHeHHO He3aBUCHMON mMomCH-
CTeMbl IPU €CTECTBEHHOM OIPpaHUYeHNM Ha CUCTEMY BEKTOPOB rapaH-
TUpYyeTCd CJeAyOUUM yTBEPK JIeHUeM.
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D pemyioxenue 3.2.2. Iycrh A — IPOU3BOJIbHAS KOHEYHAS CHCTE-
Ma BeKTOpOB JIHHeHHoro npocTpancTsa. FEcam A cocTonT TOJIBKO U3
HYJIEBBIX BEKTOPOB, TO OHa He UMeeT MaKCHMaJIbHbIX JIHHEHHO He3a-
BucHMBIX moncucTeM. Fciim ke A comepKuT HeHYJIeBoil BEKTOp, TO
OHA& HMeeT MaKCHUMaJIbHYIO JUHEHHO HE3aBUCHMY IO HOICUCTEMY.

Joka3saTe/ibCcTBO. DepBoe yTBEPK IeHNEe MPEeIJIOK eHNsd 09eBUTHO.
g mokazaTeabcTBa BTOPOTO MPENIIOJIOK UM, ITO B cucTeMe A Tep-
BbIli BEKTODP @1 HEHYJIEBOR. DTO MPEANoJIOK eHne He OrpaHuIuBaeT
OOUIHOCTH PACCYK IeHUi, TOCKONBKY TOPAI0K BEKTOPOB B CUCTEMe
A HecyllecTBeH U MOXK HO ME€PEHYMePOBaTh UX Tak, 4TOObI BCe HEHY-
JieBble BEKTOPHI ILIU cHAavasga. ILCam BCe ocTaJbHbIe BEKTOPHI M3 A
JUHe{HO BLIpaX aloTcd depes @y, TO MaKCUMaJbHON JuHelino Hesa-
BUCUMO# mojgcucTeMoil B cuiy npemyioxenud 3.2.1 aBadercd Noacu-
cTeMa U3 OJHOTO BEKTOpa 1. DYCTh A COIepKUT BEKTOP, KOTOPbIH
JWHeHO He BBIpakaeTcd depe3 @i. I PennoyoxuM (6e3 orpaxute-
HUs OOIIHOCTN ), 9TO 3TO @2. Torma cmcrema BEKTOPOB @1, @y JMHE-
HO HE3aBUCHMa B CHJIY YTBepKieHus 3) mpemitoxenns 3.1.5. Ecanm
BCe OCTAJbHBIe BEKTOPHI A JnHeliHo BBIpamKaoTcd Yepes3 ai,ds, TO
MaKcuMaJdbHad JUHeRHo He3aBUCWMad CHCTEeMa BEKTOPOB TOCTpoe-
Ha. B mporwBHOM ciydae Haiimercsa BekTOp a3 (6e3 orpaHmYeHH:d
OBIIHOCTN ), KOTOPBIH JInHeiHO He BBIpaK aeTcs qepes a,az. Cucre-
Ma ai,as,as Oyner JuHeliHo He3aBUCUMA, U, MOBTOPAA ONUCAHHBIR
TOJIBKO 9TO TPOLECC, MBI depe3 KOHETHOe THCIO MaroB (HambOITh-
Ilee paBHO YHCJTY BEKTOPOB B CHCTEMe A ) TOCTPONM MAaKCHMAJIbHYIO
JUHeHO He3aBUCUMYTO TOACUCTEMY B A. o

ILHH HaXOXK IeHnA MaKCHUMaJIbHO# JnHeiiHO He3zaBUCUMOIil noagcucTe-
. . i

Mbl JaHHOM KOHEeYHOU CUCTeMBbI BeKTOpOB*CTOJI6HOB us F y,ILO6HO

HCIIOJIB30BaTh cJjelylolee IIpeldjioK eHune.

D pengioxenne 3.2.3. Econ marpuna B = (b;j)nxr ¢ K02pPuin-
enramu n3 noJid F nosydaercs us Marpunsl A = (a;; )pxk € HOMOMIBIO
JIeMeHTapHBIX IpeobpasoBaHmii Hal CTPOKAMH, TO Bee JUHEHHBIE 3a-
BHCHMOCTH MEK Iy CToJIOmaMu MaTpull A 1 B onnmarkoBsI, T.e. ecan
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HEeKOoTOpas JIMHeliHas KOMOHHAIHSA CTOJIOIOB MATPHIILI A paBHA HY-
JIEBOMY BEKTOpY, TO JIHHeliHas KOMOUHAIHA CTOJIONOB MaTpuibl B ¢
TeMu Ke Koa(pHIIHeHTaMi TaKXK e paBHA HYJIEBOMY BEKTODY.

Jlerko moHATH, 4TO JJIsi JOKA3aTeThCTBA JOCTATOYHO PacCMOTPETh
caydvait, Korma MarTpuia B mogydaeTcd W3 MaTPHUILl A ¢ TOMOUIHIO
OJIHOTO 3JIeMEHTapHOro MpeobpasoBaus CTPOK. Kaxablii u3 sTux
cIIydaeB paccMaTpuBaeTcs 6e3 3aTpyIHeHu , 1 3TO MPefoCTaBIAeTCs
B KavecTBe yIPaxKHeHUs IUTATEeIO.

Dpumep. DaiiTu MaKCUMAIBHYIO JUHEHHO He3aBUCUMYIO MOICH-
CTeMy CHCTeMBI BEKTOPOB—CTPOK a1 = (1,2,3,4), a; = (2,4,6,8),
as =(1,1,2,2),a4 =(2,3,5,6), as = (3,5,8,10). Bermuurem mMarpu-
Iy, B KOTOpOil yKazaHHbe BEKTOPBI pacIoaralorTcs B CTOJOIAX, U
IpUMEHNM K ee CTPOKaM 3JieMeHTapHble MpeobpasoBaHus Mo cXeMme,
HCTONb3YeMOii IpH pellleHnn CUCTeM JUHeRHBIX ypaBHeHUH MeTomoM
Taycca—7Kopnana.

1212 3 12 12 3
2413 5 00 -1 1 —1
3625 8|7 ]loo —11 —1]|"
48 2 6 10 00 -2 2 —2
12 12 3 120 32
00 -1 1 —1 001 -1 1

“loo oo ol ]looo 00
00 00 0 000 00

Mpr BuonM, paccMaTpuBad ANHEHHbIE 3aBUCHMOCTH MEXK Iy CTOJI0Ia-
MU TIoCJIeTHelf MaTpuIbl, 9YTO @9 = 2a4, a4 = 3a1—as, as = 2aq+as.
Taxum obpa3oM, MakcHMaIbHas JUHEHHO He3aBUCHMas HOLCHCTEMa
COCTONT W3 BEeKTOPOB a1 U a3.

3.2.2. DaHT cUCTeMbl BEKTOPOB. DaHT MaTPUIIbI

SyCTB A — KomeuHad cucTeMa BEKTOPOB. Ecau sta cucrema cocrout
TOJIBKO U3 HYJI€BbIX BEKTOPOB, TO OHa He MMeeT MaKCHUMaJIbHBIX JIN-
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HelfHo He3aBUCHMBIX TTOICUCTEM BEKTOPOB U €€ paH2 o OTPeIeTeHTI0
TmoaraeTcd PaBHBIM HyJsTo. Ecanm ke A mMeeT HeHyJIeBble BEKTOPHI,
TO O MpeJIoK eHnto 3.2.2 oHa obJragaeT MakKCUMaJbHOM JTuHelHO He-
saBucnMoil momcnctemoit. Bee Takme moAacmcTeMbI cOmepK aT OTHO W
TO XK€ YUCJIO BEKTOPOB COTJIACHO Tpeisioxennto 3.2.1. DTto uuciao u
Ha3bIBAETCH PaH2OoM cucTeMbl BeKTOpoB A. OHO 0603HaYaeTCH Yepes
r(A).

Slero, 91O NWHERHO »KBUBaJEHTHBIE (M, B YaCTHOCTH, YKBHBa-
JIEHTHBIE) CHCTEMbl BEKTOPOB MMEIT OIWH W TOT Ke paHr. J[lra
HaXOXK TeHNs paHTa CHCTEMBI BEKTOPOB—CTPOK WIH CTOJOIOB MOKX-
HO WCTMOJB30BaTh CNOCO0, TPUMEHEHHBIH I pelleHns TpuMepa B
TMpPEenBIIyIeM TyHKTE.

DaccMoTpuM MaTpuny A = (0 )gpxn ¢ KoodbuinenTaMu 13 1o
F. Munopom vatpunbl A nopadxa m HazbIBaeTCs ONPEILTUTETD MO
MaTPUIHI, TOJYIaeMoil BRIMHCHIBAHEEM K03 ()QGUMNEHTOB, CTOANINX
Ha TepeceveHu” GUKCUPOBAHHBIX M CTPOK U M CTOJOIOB MATPHIEI
A. Omnpemenum ciaenyioline Tpu YUCTa IJId MaTPUIbl A: cmpourbiil
pame ropp(A) — 5TO PAll CHCTEMBI CTPOK MaTpuibl A (paccMaTpu-
BaeMbIX KaK 3JeMeHTHI JTUHeliHOTo TpocTpancTBa Iy, ), cmoabuosvid
Par2 repns(A) — 9TO PaHT CHCTEMbI CTOIONOB MaTpuibl A (paccMma-
TPUBAEMBIX Kak 3JeMeHThI JUHeTHOTo TpoCTpaHCcTBa Fk) T MUHOP-
HOUl PaHe Tyyr(A) — 9TO HaAWBBICIIWI MOPATOK OTIMIHBIX OT HYJIA
MUHOPOB MAaTPHUIHT A.

Jlemma 3.2.1. MuHOpHBIH paHr MaTpHIIBI HE H3MEHAETCS NPH BbI-
MOJTHEHHH HaJ ee CTPOKAMH [CTOIOaMu] sIeMeHTapHbIX Ipeobpaso-
BaHNI.

Joka3aTe/qibCcTBO.  DACCMOTPHUM 3JeMeHTapHbIe TpeoOpa3zoBaHud
c1pok. g cTonbuoB yTBepK IeHne JeMMbl OYIeT Torma moJydaTh-
ca u3 caenctBug 1.2.1. dcHo, 4T0 TOCTATOYHO PACCMOTPETh CJyYaii,
KOTHIa K CTPOKAM MaTpPUIIhl HIPUMEHHAeTCH OJHO IJIeMeHTapHOoe Tpe-
obpasoBanue. Jlerko mouaTh, 4ro npeobpaszopanusd Buma [ u 11 He
U3MEHHAI0T MUHOPHOTO PaHra, MOCKOJBKY ACHO, YTO MPHU BBITOJIHE-
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HUY TaKoTo MpeoOpa3oBaHUd CBOICTBO MHHOpa OBITH OTJIMYIHBIM OT
HYJIf COXpaHdeTCsd.

DYyCTh 3JeMeHTapHOe IpeoOpasoBanue Buma 111 coctonT B mpm-
OaBJIeHIM BTOPOIl CTPOKM MCXOMHON MaTpuubl A, YMHOXeHHON Ha
YICJI0 @, K IIepBoil CTPOKe; MOJYUeHHYIO MaTPUIy 0003HAYUM depes
A’. Takoe npennosoxenye He OrpaHUYMBaeT OOMIHOCTH, HOCKOJb-
Ky IIpH IepecTaHOBKe CTPOK, KaK OBLIO OTMedYeHO, MUHOPHEL paHT
He usMensercda. Torma Jo6oil MuHop mopsaka k marpuns A’ su-
60 coBmamaeT ¢ MUHOPOM MAaTPHIBI A (€CTH OH COTEPKUT HJTeMEHThI
BTOpPO#i cTpoku o He COmepKUT HU MepBoii, HU BTOPOH CTPOKM),
aubo ABIAETCH CyMMOll IBYX MUHODPOB TMopanka k Marpuisl A (ec-
JIM CONEPKUT 3JIEMEHThI MepBoii CTPOKM M HE COTEPKUT BTOPOIi).
Scno, 910 TOrHA Mypr(A) > fym(A'). Onnako marpuna A moxker
OLITH TIOJIydYeHa U3 MaTpullbl A’ 3JIeMeHTapHLIM Tpeobpa3oBaHUeM

tuna III — mpuwbaBieHneM K mepBoil cTpoKe BTOPOIl, YMHOX eHHOIL

wa —a. CuaenoBarenbno, fyus(A’') > fpm(A). Takum obpaszom,
"N

rMI/IH(A) — rMI/IH(A) a

Teopema 3.2.2. [rsa j060if MaTpunbl A IMEIOT MECTO pPABEHCTBA
rCTpK(A) = rCTJ‘I6(A) = rMI/IH(A)

IokaszaTeabcTBo. [ mT0Ka3zaTelbCTBa MOCTATOYHO € MOMOIIBLIO
3JIeMeHTapHBIX Ipeobpa3oBaHmii CTPOK IPUBECTH MaTpuly A K CTy-
nenyaromy Buny A’. Torma cTpoumnblii panr Marpuibl A paBeH Y-
CIy T HeHyJeBBIX cTpokK Marpulibl A’ u Munopublii panr A’ pasen
7, TOCKOJIBKY BCe MUHOPBI HoJiee BHICOKUX MOPAIKOB (€CJIM OHU CY-
HIECTBYIOT) COlepKAT CTPOKY U3 HyJeil, W Jerko HaliTh MUHODP TO-
pAnKa 7, OTJTMYHBIE 0T Hy s (HYKHO B3ATh TepecevyeHus HeHyJe-
BLIX CTPOK Marpuilbl A’ ¢ TemMu ee cTonOUaMU, B KOTOPBIX CTOUT
mepBoe HeHyJIeBoe UNCJI0 B HaHHOH cTpoke). B cmmy memwmsr 3.2.1
huma( A') = hme( A), 0TKYIa crenyer ryus(A) = rerpk(A). Anaso-
TUTHO MTOKA3BIBACTCH, UTO Fypn(A) = repns(A), 9TO W 3aBeplraer mio-
Ka3aTeJbCTBO TeOpPeMEl. O
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B cuny mokaszammoil TeopeMmbl g DaHHO# MaTpuUIbl A MBI OymeM
B IafbHeiilleM Ha3blBaTh KakI0e U3 BBEIEHHBIX THCET feppx(A),
Fern(A), Numn(A) TpocTo panzom marpuusl A u 0603HAYATH depes
r(A).

Crenymoliee yTBepkK JeHue dBJIfeTCd pacllHpeHHeM cBolicTBa 8
ompenenutesneii (cu. mw. 2.2.2).

CuencrBue 3.2.1. Ctpoku [cTo161b1| ONpeIeTHTe I HOPIIKA 1 JIH-
HefftHO He3aBHCHMBI TOTJa W TOJBKO TOTJa, KOrJga OH OTJTHIEeH OT HY-
JIS.

HokasatenascTBo. Ecanm cTpoku onmpenennTesis MOpAnKa n JuHel-
HO He3aBUCUMBbI, TO CTPOYHBIH paHT ero MaTpullbl paBeH 7, U 11O Te-
opeMe 3.2.2 MUHOPHBI{ paHT TakXKe paBeH n. EIWHCTBEHHBIM MUHO-
POM HOp4aKa 7 yKa3aHHO# MaTpulbl dBJIdeTCAd UCXOMIHbIH onpeneau-
Tesb, ITIO3TOMY OH OTJIMYEH OT HYJd.

ObparHoe yTBepK IeHIe CIeayeT u3 TOro, 4YTo eCJau CTPOKH olpe-
neJsinTesis JuHeliHO 3aBUCUMBI, TO B CUJIY pensoxenud 3.1.2 u cBoii-
CTBa 8 ompenenuTesieli OH paBeH HYJIO. a

DeKoTOphie CBOHCTBA pAHTAa MATPUILLl COOPAHBI B CJEIYIONIEM Tpe-
JOXK eHWUN.

D pemjioxenue 3.2.4. CupapenauBbl CACAYIONIHE YTBEDK TCHHS:

1) s 060l MaTpuIbl A o JTI060TO HEHYJIeBOIO THCIa O CIPa-
BeInBO paBeHCTBO r(aA) = r(A);

2) st 06X MaTpuil A, B 0OQHHAKOBBIX Pa3MepPOB CIPABEIIIBO
rmepaBerctBo r(A + B) <r(A)+ r(B);

3) s ar0bbix MaTpuil A, B cormacoBaHHBIX pa3MepoB CIIpaBel-
smmBo HepasencTso r(AB) < min{r(A),r(B)};

4) ectm A — obparumas marpuna u B,C — Taknme MaTpHIHI,
yro npousBenernsd AB u C A olnpeneneHsl, TO

r(AB)=r(B) ur(CA)=r(C);
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5) s 1060if MaTpHIbl A CIPABEITHBE DABEHCTBA
r(A)=r(A")=r(AA")=r(A"A),
B 4aCTHOCTH, eCJIH A € RnXk, TO

(A)=r(AT)=r(AAT)=r(ATA).

HHoxkasarenbcTBo. YTBepK perue 1) oueBmano. [laa mokasaressb-
CTBA YTBEPXK IEHUSA 2) PACCMOTPUM CTPOTHBIN PAHT MATPUIbLL. D YCTh
ai,...,a — cucrema cTpok marpuiitbtt A u by, ..., b, — cucrema
ctpok Marpunsl B. Torma cucrema cTpok MaTpulibl A + B uMeer
Buig ay + by, ..., ap + br. Tax Kak »Ta cucrema JimHelHO BbIpa-
KaeTcd Yepes3 CUCTeMY aq,...,ak, by, ..., by, a panr nocaenueii e
mpeBocxonnT r(A) + r(B), mosydaem TpebyemMoe HEPABEHCTBO.

s mokasaTeqbCTBa YTBEPKJIEHHA 3) 3aMETHM, UTO CTOJIOIBI
MaTpulbl AB SABIAIOTCA THHEAHBIMI KOMOMHAIMAME CTOJIOIIOB Ma-
tputsl A, Tak 410 r(AB) < r(A). Kpowme Toro, CTpOoKM MaTpHILBI
AB gBadoTcs THHeHHBIMI KOMOMHAIUAMI CTPOK MaTpHibl B, oT-
kyna r(AB) <r(B).

DoKaxeM, UTO yTBepXKjaeHne 4) ciaemyer u3 3). DpoBepuMm pa-
BeHcTBO r(AB) = r(B), BTOpOe moKa3biBaeTcsd aHagornvHo. wme-
em (AB) < r(B). Tax xaxk B = A™!'(AB), saxmogaem, 9T0
r(B) <r(AB), orkyna ciaenyer TpebyemMoe paBEeHCTBO.

B yrBepx nennu 5) pasenctso r(A) = r(A*) o4eBunHO, TaK Kak
CTPOKY COTPSK eHHOIl MATPUIBL ABJISIOTCH CTOIOMAME HCXOIHOM Ma-
TPUIBL, B KOTOPBIX KaXK I0€ THCIO0 3aMeHeHO KOMILIEKCHO COIPSAK €H-
HBIM, ¥ TIOTOMY CTPOYHBIl PAHT COIPHAKEHHOR MaTPUIBI COBIATaeT
CO CTOTOUOBBIM PAHTOM HCXOIHON MarTpuubl. [IpyTHe paBeHCTBA BBI-
TeKAIOT U3 yTBEPK IeHNd CJIeACTBU 5.1.2, KoTopoe OyIeT TOKa3aHo
no3Ke. o
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3.2.3. Dasuc u pa3sMepHOCTh JINHEeHHOTO MPOCTPaHCTBA.
Koopmuaarsl BEKTOpPOB

MuoxecrBo M BekTopoB JmHeiiHOro mpocTpaHcTBa V' Ha3bIBaeT-
cst noposcdarowum, ectu M F V| 1. e. ecnum Kaxaprii Bektop V
ecTh JuHeliHasg KoMOMHaIus BeKTopoB cucreMmbl M. Jluneiinoe mpo-
cTpancTBO V' Ha3bIBaeTCHa KOHEUHOMEPHDBLM, €CJTH OHO MMeeT KOHed-
HOe IMOpOXKJalollee MHOXKeCTBO. B »Tom ciaydae Jiobasd JuHEHHO
He3aBHCHMad CHCTeMa BeKTOpoB B V' KOHedYHa COIVIaCHO TeopeMe
3.1.1. B maabHeiiniem 6yayT paccMaTpuBaThCs TOJBKO KOHEYHOMEp-
Hble TPOCTPAHCTBA. DA3UCOM JIMHEHHOTO TPOCTPAHCTBA HA3hIBACT-
cd ymopajodeHHoe! THHeilHO He3aBHCHMOE TOPOXK Jalollee ero MHO-
XKecTBo. Ecim nuHeiiHoe mIpocTpaHCTBO COCTOMT TOJIBKO U3 HYJIeBO-
ro BeKTopa, TO OHO He WMeeT Ha3hca. DeHyJeBoe KOHeYHOMepHoe
IIPOCTPAHCTBO MMeeT Ga3MC; TOCTATOYHO BLIAEJNTH MaKCHMaJbHYIO
JITHEiHO He3aBUCHMYIO IIOJICHCTEMY B €r0 KOHEYHOM MOPOZK JafoIleM
MHOXK eCTBe, BOCIOJIb30BaBIINCH MpeaioKennem 3.2.2. U3 craszam-
HOTO BBIIIE CJeIyeT, 4To J0060ii 6a3mc KOHeYHOMEepHOIo JIMHeiHo-
ro MpOCTpaHCTBa KoHedeH. Tak Kak Jio0ble oBa 6a3nca OTHOIO U
TOTO XK€ JIMHEeHHOTO MPOCTPAHCTBA JMHEHO PKBUBAJCHTHEI, B CHILY
caenctBud 3.1.1 oHM UMEIOT OIMHAKOBOE KOJIMIECTBO BeKTopoB. Ta-
KMM 00pa3oM, KOJIMYeCTBO BEKTOPOB B Oa3mce NaHHOIO JIMHEiHOro
IIPOCTPaHCTBa He 3aBUCAT OT BHIOOpa Ga3mca M IpeicTaBiageT coboii
XapaKTePUCTUKY JIMHEHHOTO TPOCTPAHCTBA. DTO YNCIO HA3BIBACTCS
pasmepHocmubio JIMHeiiHoro mpocTpancTBa V' n Gymer obo3HavaThCs
yepes dimV .

DaccMOTPUM MpUMephl 6A3UCOB sl HeKOTOPBIX JIMHEeHbIX mpo-
cTpamncts, BBelenubx B 1. 3.1.2. JIna mpocrpancrsa F™F marpun
pasmMepoB m X k Gasuc oOPasyoT MaTpUIHBIE eINHUILI, BBEICHHbIe
B KoHIle 1. 1.1.2. Da3zMepHOCTh 3TOTO MPOCTPAHCTBA PaBHa IPOU3-
Bemenuto unces mk. B wacrmoctn, mna mpoctpancra cTpok [,

1
DTO 0O3HAYaET, ITO MOPATOK, B KOTOPOM BEKTODHI, obpasyroline 6a3uc, WiIyT
IPYT 3a OPYTOM, CYIIECTBEH U HE MOXKeT OBITH W3MEHEH.
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HasucoMm OyIeT cucTeMa CTPOK equHuIHON Marpunbl F,,, a 1as mpo-
CTPAHCTBA CTOJOIOB F* — cucrema cTo16108B enuHmHO MaTPHUILLI
E. Da3zMepHOCTH 3THX MTPOCTPAHCTB PaBHBI COOTBETCTBEHHO M U
k. Jlng mpocTpaHCTB BEKTOPOB Da3mMChl pacCMaTpUBAIUCh B m. 2.1.4.
Ipocrpancto Gyukunit u3 R B R He saBagercs KonedHoMepHBIM.
DocTpouTh ero 6a3uc AOBOJBHO TPYLHO, U Mbl He Oymem 3Toro me-
JaTh.

D pemyioxenue 3.2.5. Jlwbas sunelino HezaBucuMas CHCTEMa BEK-
TopoB JrHeliHoro mpocrpancta V', comepkamas dimV  BexTopos,
ABJIAETCH 6AZHCOM.

JokasaTtesqbcTBO. DycTh A — NuHeliHO He3aBUCUMAs CUCTEMA, BEK-
TOPOB JIMHeliHoro mpocTpancTBa V', comepxamas dimV BekTopos, u
x € V. Torga B cuiy teopemsbr 3.1.1 cucrema A, @ JuHeiiHO 3aBUCH-
Ma, TTOCKOJIBKY OHa JHHeHHO BhIpakaeTcd depes HeKOTOpHIH HGasuc.
Do npemyoxkennto 3.1.3 BekTOp @ JuHeliHO BhIpaKaeTcd depes Cu-
cremy A. Taxum obpasom, A F V', uto u Tpebyerca. a

Badurcupyem dasuc B = (by, by, ..., b,) aureiinoro mpocrpancTBa
V u Bosemenm sx060ii BekTop & € V. Tak xaxk B - x, umeem « =
=a1b1tasbot. . 4, b, 119 HEKOTOPEIX CKAJIAPOB Qi , A, . . ., O, €.
Yrazauuplii HaGop dnces ONHO3HAUHO OIPEIesseTcs 0 BEKTOPY .
B camom mene, eciim @ = (b1 + Ooby + ... + B,b, 1A HEKOTOPBIX
B, B2y B € F, 10 by + agby + ...+ a by, = B1by 4 Boby + ..+
+8,b,, oTRyna (1 — B1)b1 + (g — B2)ba +. . .4 (@, — B,)by, = 0. Tax
Kak B — JmHelino mesaBumcuMas CECTeMa BEKTOPOB, HOCICIHEE pa-
BEHCTBO BJieveT 3a coboit ay — 1 =0, ap — 2 =0,..., a, — 3, =0,
OTKyIa caenyer ay = 1, az = fa,..., o, = [3,. 0003HauuM de-
pes [x]p crTosbern U3 UnCeN v, (g, ..., 0, W HA30BEM €T0 CMOAOUOM
koopdunam BeKTopa x B Oasuce B. YcaoBmMmMcd HCIOIL30BATL IJId
JUHeHOK KoMOnHamny BeKTOpoB a1 by + asby + ...+ a, b, “mMaTpuy-
Hoe” obosnavenne Blz|p, MoHUMasd ero Kak Tpou3BeNeHHEe CTPOKH
BEKTOPOB U CTOJIONA TrCes (AHAJIOTHIHOE COTJIAIeHNe HCIOTb30Ba-
JIOCD B 1I. 2.1.4 115 0OLIYHELIX BEKTOPOB B TPEXMEPHOM IIPOCTPAHCTBE,



118 I'naBa 3. Jlunetinore mpocTpaHcTBa

cum. ¢. 69). [amee, ectw M — marpuna pasmepos n X k, To mon BM
OyeM MOHUMATh CTPOKY U3 k BEKTOPOB, KaiK Ablil U3 KOTOPBIX MOIY-
JaeTcsd YMHOXKeHrueM CTPOKM BeKTopoB B Ha cooTBeTCTBYIOMMM CTOI-
oerr marpuibl M. CiloxeHne cCTPOK BEKTOPOB, COIEPK AlUX OTHO U
TO K e KOJIMIeCTBO BEKTOPOB, PABHO KaK W YMHOXK €Hue CTPOKHU BEKTO-
POB HA CKaJdp, ONpelesideTcd CTaHIapTHBIM 00pa3oM, aHAJOTHYHO
npefictBuam ¢ marputnamu. Cirenyiolee yrBepxK IeHue, ¢ y4eToM CKa-
3aHHOTO BbIlIE, MOKeT ObITh JErKo MOJydYeHO U3 aKCUuOM JuHelHOTO
MPOCTPAHCTBA U UX CJENCTBU.

D pemyioxenue 3.2.6. Iycre B — crpoka u3z n BeKTOpoOB JIHHEH-
moro npocrpancrsa V' pasmeprocta n, M, N — MaTpuiibl pa3mMepoB
n X k, L — marpuna pasmepoB k X I, a € F. Torna cupaBeiiuBbr
ciaenyionae yTBepK JeHH:

1) ecotu B — 6asuc, to w3 BM = BN ciaexyer M = N;

2)(BM)L =B(ML);

3)B(M+ N)=BM + BN;

1) a(BM) = B(aM).

Crenyiomas TeopeMa MOKa3bIBAET, YTO TpH (PpuKkcupoBaHHOM Dasuce
neficTBUS ¢ BEKTOPAMU MOJKHO 3aMEHUTh AefCTBUAMEU CO CTOJIOAME
UX KOOPIMHAT.

Teopema 3.2.3. Dycrb B — 6asuc Jauneiinoro npocrpancrsa V.
s m06srx BekTOpoB ®,y € V u aoboro a € F copaBemiuBbr
paserctBa [z + y|B = [z]B + [y]|B, [az]B = alz]B.

HoxkasareascrBo. CroxuM pasenctsa @ = Blz]g 1 y = Bly]s:
® +y = Blalp + Blyls = B(lzlp + [y]s). C apyroli cropoms,
z+vy = B[z + y]p. I3 yrBepx ienus 0 eIUHCTBEHHOCTH KOOPIUHAT
BeKTOpa cienyeT, 9To [ + y|p = []B + [y]B. BTopoe pasencrso
NOKa3bIBae€TCH aHAJOTHIHO. 0
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3.2.4. Ws3omopdusmbl JuHelHbIX TPOCTPAHCTB

Iycere V. u W — nuneiinble mpocTpancTBa Hal OTHUM U TeM Ke
nostem F. Orobpaxenne F muoxkectBa V Ha MHOKecTBO W Hasbl-
BaeTcs u30MopPuaMom TuHelinoro mpocrpancTBa V. Ha JnHeiiHoe
npocrpanctso W, ecin F ecTh Omekuna MHOKecTBa V' Ha MHOKXK e-
cteo W, ynoBierBopamomas CaeLyOMnM IBYM YCJIOBUAM:

1) most mobeix @,y € V umeer mecto paBenctso  F(x +y) =
= Flz)+ F(y);

2) mas moboro € V' ou moboro a € F nMeer MecTo paBeHCTBO
Flox) = aF(x).

Yurareio mpemraraeTcs TpoBepuTh, 9T0 F(oy) = ow, a Tak-
&Ke 4TO oToOpaXKeHme, obpaTHoe K M30MOPGU3MY, CaMO ABJIACTCH
nzoMopdusMoM u npoussenenne mzomoppusmos Fp 0 V. — W ou
Fy: W — Z apngercs n3oMopdu3MOM JUHEHHOrO TPOCTPAHCTBA
V wa Z.

JIuneiinbre mpocrpanctsa V. u W nasbiBatoTca uszomop@vimu,
ecn cymectByet uzomopdusm V ma W. Dozxe MBI yBuauM, 9TO,
C TOYKM 3peHus JuHeiiHoii agrebpsl m3oMopdHbIe JauHeiiHbe mpo-
CTpPaHCTBa ABJIAIOTCA ONNHAKOBBIMI.

Teopema 3.2.4. Dycrp V — JmHelinoe IpOCTPaHCTBO PasMepHO-
cri n gag nogem . Torna V' usomopduo guneiinomy npocrpancTBy
croabmoB F”.

Joka3saTesabcTBO. JycTh B — HekoTopbiii 6asuc npocrpancrsa V.
Yoéenumcst, 4To orobpaxkenune F, comocTapidionee Kax I0My BEKTO-
py ® € V ero croaber koopaunat [x]p B Gasuce B, aBagerca uso-
Mopdusmom V' ma ammeiinoe mpoctpancrso F"'. N3 Teopemsbr 3.2.3
cpasy ciemyer, 4To mst F BBITOJHAIOTCH YCIOBUA 1) 1 2) U3 omnpe-
nenennsd nzomopdusma. Ecmu [2]g = [y|B, T0 B cuny onpenenenus
ctosiba Koopanaar uMeem ¢ = Blz]|p = Bly]p = y, otkyna ¢ = y;
TakKUM 0OpaszoM, oToOpaxkeHne F B3aMMHO OJTHO3HAYHO. IDycTh X
— mpousBoabHbliil cTonben uz F". Domoxum z = BX. Torma s
CHITy eIWHCTBEHHOCTW KOOPIWHAT BekTopa uMeeM [z|p = X, T. e.
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F(z) = X; bt BuguMm, uto F orobpaxkaer V Ha Bce MHOKecTBO ™.
Uraxk, F ectb uzoMmopdusm. a

D pengioxenune 3.2.7. dycrb V u W — jmmneitupie npocrpancrba
gag moaem B u F : 'V — W — usomoppusm V. uwa W. Torma
CIIPABEIINBBL CIICLYIONHE YTBEPK TeHU:

1) mits /1106BIX BEKTOPOB @1, A3, . . ., 4%, b € V 11 J1100bIX CKa/IpOB
Qq,Q,...,Q paBeHCTBO b = a1aq + asas + . ..+ apap mMeeT MecTo
TorIa M TOJIbKO Torga, korga  F(b) = onF(ay)+ aeF(az)+...+
+ayF(ak);

2) cucremMa BEKTOPOB @1, Ay, . . ., G 13 VIIHHEHHO He3aBHCHMA TO-
ria # TOJIbKO TOLAa, Korga cucreMa BekTopos F(aq), F(ay), . .., F(ax)
3 W imneitno HesaBmcuma;

3) cucrema BEKTODOB €1, €, ..., e, 13 V dABjdercd ba3ucoM To-
ria i TOJIbKO TOLIa, Korga cucreMa BekTopos F(eq), F(es), ..., F(e,)
3 W aBisercs bazncom.

HoxkaszareabcTBo. UT00BI MOKa3aTh yTBEpXK IeHne 1), CHava a 3a-
MEeTHM, YTO U3 OlpeleeHnsd U3oMophusmMa ciaemryer paBeHCTBO

Flarar + azaz + ...+ apay) =
= o F(ar)+ aF(az)+ ...+ apF(ag). (3.2)

B camoMm mese, ncnosib3ys cHavasIa IepBoe yCJIOBHE N3 ONlpeleseHns,
a 3aTeM BTOpOe, mostydaeMF (anaq +agas +. ..+ agay) = Flagar) +
+F(agaz) + ...+ Flagag) = o F(aq) + aF(az) + ...+ apF(ag),
OTKYa HemocpelIcTBeHHO cienyeT (3.2). YrBepkmenwe 1) Temeps
noydaercd u3 (3.2) ¢ yaerom 6mekTuBHOCTH F.

YuraTe o MpeiiaraeTca BBIBECTH YTBEPK TeHe 2) U3 YTBEPK jIe-
Hust 1).

Hokaxem yrBepxaerne 3). Tak xak obparHoe K m3oMopdus-
My 0TOOpazkK eHne ABIdeTCd N30MOP(U3MOM, T0CTATOYHO IIPOBEPHUTH,
ITO ecsid eq,ez,...,e, — bazuc V, 1o F(ey), F(ez),...,Fle,) —
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6aszwuc momnpoctpanctBa W. W3 yrBepk mennd 2) ciemyer, 9T0 CH-

crema F(ey1),F(ey),...,F(e,) muueiino mesaBucuMa. ) pOBEPUM,
1O

Fler), F(ez),...,Fle,) F W. (3.3)
Dycers w € W. Tak xak F — CIOpbeKTHBHOE OTOOpaxeHme, Cy-

mectByer v € V, Takoii uro F(v) = w. Daszmaras v 1o dasucy
e1,€s,...,€,, IMeeM ¥ = 1€+ azes+. ..+ aye,. CormacHo yrBep-
xKgennio 1) orciona cienyet, 4to F(v) = a1 F(er)+ agF(ex) +...+
+a,F(e,). Ycaosue (3.3) moxasamo. CienoBarebHO, BEKTOPBI

F(er),F(ez),...,F(e,) obpasyior 6asuc W. a

HokazaHHoe TOJBKO YTO yTBEpXKJIeHWe MOKa3bIBaeT, UYTO IPH M30-
MopduU3Me COXpPaHIIOTCI BCe CBOMCTBA CHCTEM BEKTOPOB, (GOpPMYJIH-
pyeMble B TepMUHAX ONlepanuii BEKTOPHOTO MPOCTPAHCTBA, TaKWe KaK
cBOlfcTBa OBITH JIHHeHO 3aBUCHMO cucTeMolf niu JTuHeliHo He3aBu-
cuMoit cucteMoii. B vacTHOCTH, CIpaBelINBO TaKoe yTBEPK IeHTe.

D pengioxenune 3.2.8. dycrb V. — JmnHeiiHoe mpocTpaHCTBO pas-
meprocTH n Hag noiaeM F. Torga BBITOTHSIOTCS CAeXyOnme yTBep-
K TeHIH:

1) st TI06BIX BEKTOPOB A1, A, . . ., Gk, b € V 11 1106bIX CKaTAPOB
Qq,Q,...,Q paBeHCTBO b = a1aq + asas + . ..+ apap mMeeT MecTo
TOTIa H TOJBKO TOTJa, KOIIa /s Joboro 6asnca B mpocrpancrsa
V' iz cucremsr crobnos [blp,[a1]B, [az]B, - . ., [ar|B BbimOTHIETCS
paserctBo [blg = aq[ay|B + azlaz]B + ... + ailai]B;

2) cucrema BEKTODOB dq1,dg, . ..,Q; IPOCTpaHCTBa V JmHEHHO
3aBHCHMa [He3aBHCHMa] Torga H TOJIBKO TOTJa, KOTJAa JJIf JIHOOIo
6asnca B mpocrpancrsa V' cucrema crosibnos [ay]B, [az]B, .- ., [ar]B
KOODJIHHAT BEKTOPOB TaHHOI cucTeMsl B 6asmce B smmueiino saBucuma
[HesaBucHMal;

3) cucremMa BEKTOPOB @1,Qs, . . ., 0y, TPOCTPAHCTBA V sBISETCH
6a3mcoM Torga H TOJIBKO TOIAA, Korjga /s Jjroboro 6asunca B mpo-
crparcrBa V' cucrema crorbnos [a|B,[az]B, ..., |a,|B KoopaumHaT
BEKTOPOB JaHHOI cucTembl B b6asmnce B smHeiino HezaBmcuMa.
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Onupasich Ha Teopemy 3.2.4 u upenioxeunue 3.2.7, yCTAHOBUM
ciaenyouuit Kpurepuit uzoMopduzMa KOHETHOMEPHBIX JTUHERHBIX MTPO-
CTPaHCTB.

Teopema 3.2.5. Jluneitupie npocrparcrsa V. u W nan norem F
H30MOpQHBI TOrga H ToJAbKO Torga, korga dimV = dimW.,

B camom meite, ecoim mpoctpanctBa Vo u W nsomopdusl, To coracio
yTBepxK mernio 3) npenaox ennd 3.2.7 nveem dimV = dimW . O6part-
Ho, ecan dimV = dimW | 1o no teopeme 3.2.4 nosyyaem, yto V u
W usomopdusr mpoctpancTy cronomos F'. Uunraresto npemiara-
ercst yoemuThest, 9to Torna V. u W o usomopdHbI.

s 6asuca B mpoctpanctsa V' u BekTopa a € V paun ynobcTsa

aq
Oymem mucath @ = (aq,...,0,) BMeCTO [a]lp =
ay

DacCMOTPUM TpPUMep. DYCTh B TPeXMEpPHOM MpocTpaHcTBe V
3aJaHbl B HEKOTOpOM Oasmce BekTopbl @ = (1,2,1), b = (2,1,3),
c=(1,2,2),d = (4,5,6). [lokasars, 9T0 BEKTOPHI @, b, c 0bpasyoT
Oa3nc u HaiiTu B »TOM Oasmce KOOPAMHATHI BeKTOpa d.

Demenne. Ncnoab3yeM crocod, onucanublii 8 Koute . 3.2.1. Bei-
MUIeM CTOJOIB KOOPANHAT BEKTOPOB @, b, c,d M K cTpoKaM MoJIy-
YeHHOW MaTpPHUIBI MIPUMEHNM 3JIeMeHTapHble mpeobpasoBanusd. Torma
MOXK HO OyIeT yBUIeTh, OYIYT JIU BeKTOPHI @, b, ¢ muneiino HesaBu-
cuMbl (TOTIA OHE 06pa3yioT 6asuc V' coryacHo mpentoxennio 3.2.5)
1 KaKOBBI KO3 PUIUEHTHI Pa3JIoKeHns d Mo 3TUM BEKTOPaM.

1 21 |4 1 2 1 4

21 25| ~10 -=320]|-3 ]|~
1 3 216 0 11 2
1 2 1 |4 1 0 0 |1
~101O0 |1 |~]010]1
0 0111 0 01 |1
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M#1 BuamM, 9TO BeKTOPHI @, b, ¢ swHeiino nesapucumbl n d = a +
+b+c. Tagkum oOpaszom, B 6asuce a, b, ¢ BexTop d UMeeT KOOpANHATHI
(1,1,1).

3.2.5. Ws3menenue 6asuca. Marpuna mepexomna

dycrs B uw C — gBa Gasuca juHeiinoro mpoctpancta V. Kak
CBA3aHbI MeXK 1y cobolt KOOpAMHATHI OMHOTO U TOTO kK€ BEKTOpa & B
s1ux Oaszucax? Jlyg oTBeTa Ha 3TOT BONPOC PACCMOTPUM MaTpPU-
ny TB,c, COCTaBJIEHHYIO 13 CTOJIOIIOB KOODAMHAT BEKTOPOB 0a3n-
ca C B basuce B. Dr1a marpuiia HazblBaeTcd Mampuuel neperoda
or 6asuca B x 6asucy C. [Ina nee nmeem C = BTpc. Amna-
JIOTHYHO, paccMaTpuBad Marpuiy mepexona or C k B u obosna-
qag ee udepes T'c p, mpuxomuMm K paserctsy B = CTcp. Or-
ciofla, TOJTb3YACh YTBEPK IeHNeM 2) mpemtoxenns 3.2.6, morydaem
C=BTBc=(CTcB)TBc=C(TcTB,C) Tak xax C = CE,,,
umeem C(T¢c BTB,c) = CE,, OTKyla COIacHO yTBEPXK AeHUIO 1)
npenstoxenud 3.2.6 noxytaem Tc BT B,c = F,. AHaJOTHIHO TOKa-
spiBaeTcd paseHcTBo T cTc B = E,. Damn nokasaHo ciemyollee
VTBEpPXK IeHue.

D pengioxkenune 3.2.9. Marpuna mepexona ot 6asznca B k 6asucy C
ABJIAeTCH obpaTHMoli, 1 obpaTHas K Hell MaTpHIA SBJISAETCS MATDH-
reif mepexona or C & B.

Bosbmem mpomssosbubiit Bexktop € € V. Ilmeem = = Blz]g u
x = Clz]c. Doacrasiaa sBMecto C Boipaxenne BT g ¢ 1 moap3yacs
npennoxenuem 3.2.6, moaydaem ¢ = (BTg c)[z]c = B(TB.clz]c),
orkyna Blz]g = B(Ts.cl[z]c) n

[z]s = T's.clz]c. (3.4)

Docaenuss GopMyTa U JaeT CBA3b MEK Y KOOPAUHATAMU OIHOTO U
TOTO K e BEKTOpa B Pa3HbIX Dasucax.

YTo KacaeTcd HaXOXKIeHWd MaTPHUIBI Mepexona OT OTHOTO KOH-
KpeTHoro Gasuca K JAPYTroMy, TO MOXKHO pasjaraTh BCe BEKTOPHI 1O
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BEKTOpaM TepBOTo Hasnmca OJHOBPEMEHHO, KaK CIeTaHo B HUK ecire-
AyIONieM TpuMepe. IJYCTh B ABYMEpPHOM TPOCTPAHCTBE B HEKOTO-
pom Gasmce mambl BekTOpH @1 = (1,2), az = (2,5), by = (4,7),
by = (—2,1). [lorkasars, uro onn 06pa3ytoT 6a3nChl, HAUTH MATPHILY
nepexona T'A B ¥ 3amucaTh GOPMYJIBI Tpeobpa3oBaHnd KOOPIUHAT.

Yemenne. To, 9T0 BEKTOPHI @1, @z u by, by 06pazytoT 6azucsl, jer-
KO TPOBEPAETCA BHITUCTEHNEM OTpeienuTenelf, CoOCTaBIeHHBIX W3 MX
RoopamHaT. s HaXO® JeHWsS MaTpUIbl Tepexofa PasjoK UM Bek-
TOp®I by, by MO BekTOpaAM @y, ds. s 9TOTO BRIMHITEM CTOJIOIEI KO-
OpIIMHAT BEKTOPOB @1,Go W TPHUTNHUINIEM K HAM CTOJOIBI KOOPIUHAT
BekTOpoB by,by. B mosydenmolt MaTpuile ¢ MOMOIBIO 3JTeMEHTap-
HBIX TTpeobpa3oBaHmit CTPOK MOJTYINM Ha MECTe KOOPANHAT BEKTOPOB
a1,ay equENIHY0 MaTpuiy. Torma Ha MecTe KOOPAWHAT BEKTOPOB
b1, by oxaxerca marpuia nepexona T'A B.

1 2|14 =2 1 2|14 =2 1 0|2 —12
2 5 |7 1 01 |1 5 011 5
2 —12
Msr Bumgum, 94To T'A B = 1 5 )1 dopmynbr npecdbpazoBanud

KOOpIWHAT UMeIoT BUI A = 228 — 12yB, ya = B + SYB-

§ 3.3. Jlumeiinble HoOOIpPOCTPAHCTBA

Bo Bcex nmynkTax atoro maparpadga npeamnosaraercd 3apuKCupOBaH-
HBIM JinHelinoe mpocTpancTBo V' nam mosem [F.

3.3.1. DouaTue JuHeliHOro MOAIIPOCTPAHCTBA

Iycrs U — nogmMuox ecTBO TUHeiiHoro mpoctpatctsa V. OHO Ha3bI-
BaeTCH AUHETHBIM NOONPOCTPAHCIMEOM TIPOCTPAHCTBA V , eCIi BbI-
MOJHAIOTCA CAelyiollie IBa YCJIOBUA:

1) mra mobbix uy, ug € U nmeer mecto uy + uy € U (3amkny-
TocTh U OTHOCHTETHHO CIIOXK eHNs );
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2) mag moboro w € U un mwoboro a € F cnpasennuso au € U
(3amrryTOCTh U OTHOCHTETBHO YMHOXK€HUS HA THCIA U3 Mo IF).

YuraTeno mpepiaraeTcd IPOBepHTh, YTO /s JUHEHHOTO mOm-
npocrparctBa U u nosna [ BemmonnsaoTcd Bce aKCHOMEBL JTHHeHHOTO
IpOCTPaHCTBa, €CJHM B KadecTBe olepaluii pacCMOTpeTh Ollepalin
HCXOJHOIO IIPOCTpPaHCTBa V. ODTHM OIpaBIbIBaeTCAd TEPMHH “IOI-
npocTparcTBo”. B 9acTHOCTH, KaXK Joe HeHyJeBoe oA POCTPaHCTBO
nMeeT Gazuc. JaszMepHOCTh nomupocrpatcrBa U obozmavaercd ge-
pes dimU. Tak xax Bce BexkTophl Oasmca mpocTpancrsa U mummeii-
HO BBEIpaXKaloTCd depe3 HeKOTOpBIi Oasuc mpocTpancTBa V, B cuiry
craepctsus 3.1.1 umeem dimU < dimV',| 1.e. pasmeprocts mommpo-
CcTpaHCTBa He IPEeBOCXOLHT pPa3zMepHOCTH IPOCTPaHCTBA.

Il1g cucTeMBl BEKTOPOB G1,ds, . . ., 4} JUHEHHOTO IPOCTPaHCTBa
V' obosnayum depes (a1, asy,...,a;) MHOKECTBO BCEBO3MOXK HBIX JIN-
HelfHbIX KOMOWHAIMii BEKTOPOB yKa3aHHON cumcTembl (¢ K03 duiu-
enTaMu 3 mosd ). DemocpencTBeHHO TPOBEpAETCsd, UTO ITO JIN-
HeiiHoe mognpocTpancTBo V', comepX aleecd B J0O0M IIONIIPOCTPaH-
CTBa, cofepikKalleM BeKTOPBL ai,dsa,...,QL. JyJeM Ha3bIBaTh €ro
AUuHEHOT 060.404K0tl CHCTEMBI BEKTOPOB @1, A, . . ., k. MOXHO Tak-
Ke CKa3aTh, YTO CUCTeMa a1, ads, . ..,dy Nnopoxcdaem JUHeiiHoe mo-
IPOCTPAHCTBO (@1,Q3, . ..,aAk). UWTATEIO IPeIIaraeTcs IPOBEPUTh,
qTO

dim{ai,az,...,a;) =r(ai,az,...,a;). (3.5)
QarTHIeCKN HaMI JTOKA3aHO CJIEIyIollee YTBEPK IeHNe.

D pemyioxenue 3.3.1. JOIMHONKECTBO KOHEYHOMEDHOTO JIHHEHHO-
ro HpPOCTPAHCTBa ABJIAETCH HONHPOCTPAHCTBOM TOLAa U TOJBKO TO-
ria, Korjga OHO eCTh JIHHeHHas 060JI0YKa HEeKOTOpOH KOHEeUHOH cH-
cTeMbl BEKTODOB.

D pemyioxenue 3.3.2. Jlwbas sunelino He3aBuCcuMas CHCTEMa BEK-
TOPOB JIHHEHHOTO HOANPOCTPAHCTBA MOXKeT ObITb JONOJHEHA 0 €ro
basuca.
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HokasarteabcTBo. Jycth U — JymHeiinoe mognpocTpaHcTBO MPo-
crpactBa V. m A — HegoTopas JMHEHHO He3aBUCHMas CUCTeMa
BekTopoB w3 U. Ecmm U = (A), to A aBngerca 6asucom U n
NIOKa3blBaTh Hedero. B mporusuom cirydae B U maiinercs BexkTop by,
He mpuHagmexamuit (A). CoOracHO yTBEPKIEHHIO 3) MPEILIOKe-
st 3.1.5 cucrema A, by nmueitno mesaBucuma. Ecom U = (A, by),
TO MoJyYeHHas cucTeMa Oymer 6asucom U. B mporuHOM ciydae
Halinercs BexTop by, mpunammexamuit U w e nmexamuit 8 (A, by).
DOBTOPAA s HETO PACCY K JCHUsI, TPOBeIeHHbIe BbIle Is by, MbI
6o KoHcTaTupyeM, 910 A, by, by ects 6asuc U, nubo naiimem B U
BeKTOp bs, He jexamuit B (A, by, by). Ommcanusrii mpouece moJiken
3aKOHYNThCA He Oojtee deM 3a dimV — 1 maros, MOCKOJIbKY Ha Ka-
K JIOM Iare Moy YaeTcs JHHeHHO He3aBUCHMOe MHOXK eCTBO 1 JIoOast
cucrema u3 dimV + 1 BekTOpoB JHHeHO 3aBUCUMa. DO OKOHIAHUU
3TOTO TPOIeCcca MHOKECTBO A OKakeTcs JONOJHEHHBIM 10 Oasuca
nomnpocTpancTsa V. O

D pennoxenne 3.3.3. Ecian gas ammeiinsix nogmpocrpancts U,

W Bemoansaworcs yeaopags U C W, dimU = dimW, o U = W,

IokasareabcTBo. [locratodno mposeputh, uto W C U. Dycrpb
B — nekotopslii 6asuc muneitnoro mogmpoctpancrBa U. Tax xax
dimU =dimW u B C W, cornacho npemioxkenuio 3.2.5 B aBiser-
ca 6asucom W. Crenosarensuo, W = (B) C U, uro n tpebyercsa
NIOKa3aTh.

O

3.3.2. CywmMa u mepecevyeHue

Iycers U w W — aBa quHeliHBIX TOIIPOCTPAHCTBA JUHEHHOTO TIpo-
crpatcTBa V. Dosox um

U+W=A{ut+w|uclU, we W}

SOJIy‘IeHHOQ MHOZXK eCTBO Ha3bIBaeTCHA CyMMO’lj JIMHEeHHBIX moaIrpo-
CTPaHCTB UuW. OHO COCTOUT U3 BCEBO3MOXK HBIX CyMM BeKTOPOB
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w3 U u W. Tak kak 1000e MOZIPOCTPAHCTBO COMEPKUT HYJIeBOii
BexTop, odepunno, yto U C U + W u W C U + W. Turarenmo
npemtaraercs npoeputTh, uto U + W aBngerca nuneiinbiv mogmpo-
crpancTBoM, 1 uto eciu U = (a1, aq,...,ar), W = (b1, b2,...,b,),
toU +W = (ay,az,...,a5,b1,bs,...,b,).

D OJIOK UM TaKKe
UnW=A{zcV|zcUunxecW}

Acwo, yro U N W — mnomnpoctpanctso V. u U N W C U,
UnW C W. Csaspb pasMepHocTeil CyMMBbI U Tlepecedenst JuHeii-
HBIX TOATNPOCTPAHCTB ¢ PA3MEPHOCTAMI HCXOMHBIX MOATPOCTPAHCTB
JaeTcd cyelyromeil TeopeMoii.

Teopema 3.3.1. [Lia sroberx nognpocrpancts U, W nmeer mecto
PaBEHCTBO

dim(U N W) =dimU + dimW —dim(U + W).

HoxkasarenncTBo. Ecau xora 66 ogno u3 mognpocrpancts U, W
SIBJII@TCS HYJIeBBIM, TO yTBEPK JIeHIe TeOPEeMbl OUeBIIHO. D yCTh 06a
HOANPOCTPAHCTBa HeHnyaeBbie. OBo3HAYNM Yepes aq,. . ., a, HeKOTo-
potit 6asuc mogmpoctpancta U N W (we nckimoveno, 410 k = 0, B
stom caydae U N W = {o} u 6a3uca ne cymectsyer). Homomum
9T0 MHOKecTBO 1o GasucoB B U u W (onmpasch Ha mpemiox exne

3.3.2 mpu k > 0) BekTopamu by, ..., b, u c1,...,¢ COOTBETCTBEHHO.
Torna uMmeem

dm(UnNW) =k, dmU =k +m, dmW =Fk + (. (3.6)
IokaxeM, 4TO @q,...,ak, b1,...,b,,,¢c1,...,c; ects Oasuc U + W,
Torma dim(U + W) = k 4+ m + [, u tpebyemas dbopmyia Hemocpe-
ctBenno cienyer u3 (3.6). Tax kaxk U = (aq,...,a5,b1,...,b,) u
W = (a1,...,ak,¢1,...,¢), B CUIy 3aMeYaHUA O HOPOK TAFOIEM

MuoxectBe cymmbl U + W sicro, 1o

U‘|‘W: <a1,...,ak,bl,...,bm,cl,...,cl>.
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Ocraercs MpOBEpUTH JUHEHHYIO HE3aBUCUMOCTh CHCTEMBI
ai,...,ap,by,....by,c1,...,C.

Dyctb ajar+. . .tagar+1bi+. . . 4+8nbnty1c1+. . +y¢ = 0. Torna
ara1+. .. fagap+ b+ A+ 80by = —(11e1+. . .+ vicr). Tak kak
JleBad 4acCTh 3TOr0 paBeHcTBa npuHagiaexur U, a npaBaa W, Bek-
TOp, onpefendeMblii IpaBoil vacTeio, Jexut B U N W, T.e. moxer

OBITH pa3ToXeH o ba3ncy aq,...,a; Wik paBed o. Tak Kak BeKTO-
pPBI @1,...,Q%,Cq, ..., C] TUHERHO HE3aBUCUMBI, OTCIONA CIEIYET, 9TO
v1=0,....,v=0. Torma aya1+...+arar+5b1+...+8,,b,,=0,
OTKYJIa B CUJTy JTWHERHON He3aBUCHMOCTY BEKTOPOB A1, . . ., a4k, by, ...,
b, cnenyera; =0,...,a; =0,8,=0,...,0,; = 0. Takum obpazom,
cHUcTeMa BEKTOPOB Ay, ...,a5, b1, ..., by, ¢, ..., ¢ nmuHeiino He3aBu-
CUMa. O

3.3.3. 9Dpamasa cymma

CravaJa JOKazKeM cjeayliee yIBepzK JeHue.

D pengiox enune 3.3.4. Crenyroune yCJI0BHs 2K BHBAJTCHTHBI JIJIsT JTH-
melinprx nognpocrpancts U, W :

(1)U 0 W = {o};

(2) dim(U + W) = dimU + dimW;

(3) xax abtit Bexkrop w3 U + W enmacTBenusiM obpasom mpen-
craBuM B Buge cyMMbl aementoB n3 U u W ;

(4) mexoropsrii Bekrop 3 U + W equncrBennbiM obpaszom mpen-
craBuM B Buge cyMMbl aementoB n3 U u W,

JokasaresbcTBO. DaBHOCHILHOCTD (1) u (2) obecneunBaerca Teo-
pemoit 3.3.1. Ouesunno, 4ro u3 (3) caemyer (4).

Hoxaxem, uro u3 (1) caenyer (3). Dycrbz e U+W na = uq +
+w; = Uy + wy IId HEKOTOPEIX U, us € U, wy,wy € W. Torna
IMeeM uj — %y = Wy — wq. LTaK KaK BEKTOpP B JIeBO YacTH Ipu-
wagrexur U, a Bekrop B mpasoii wactn npunamnexuatr W, nmeem



§ 3.3. Jluneiinpie HOAIPOCTPAHCTBA 129

u —uy € UNW. CrenoBareibho, g — ug = 0 1 Wy — Wy = O,
T.e. U] = Uy W Wy = Wy, YTO U TpedyeTcsd JTOKa3aTh.

Hokaxem, ato u3 (4) crenyer (1). Dycrs Bexktop @ € U + W
eINHCTBEHHBIM 00pPa30M NPEICTaBUM B BHIE CyMMBbI JI€MEHTOB U 1
wu3 U u W. Bosbmenm npoussosbusiii astement y us UNW. Torma
z=ut+tw=(u—y)+(y+w) Takrkaku—-yeceUny+weW,
B CIJIy eIMHCTBEHHOCTH NIpeiCcTaBJeHUd UMeeM U = U — Y, OTKYAa

y=o. ltag, U N W = {o}. 0

Ecnm Beimostasiercst onHo n3 ycroswuii (1)-(4) sToro mpemiox enns, To
cymma nonnpoctparcTs U + W nassiBaetcs npamotin obo3nataeTcs

vepes U & W.

D pengioxkenune 3.3.5. i go6oro anHeliHOro MOIIPOCTPAHCTBA
U cymecrsyer sqmneitnoe nognpocrpancrso W rakoe, 4o

V=UgW.
HoxkasareascrBo. Ecaiu U = {o}, to monoxkum W = V  a ec-
a U = V| 10 nomoxum W = {o}; mpu 310M 0YeBUIHO, UTO

V=UagW. Dycts U # V u U # {o}. Bosbmem HeroTO-
puiii Gasuc B ammeiinoro moanpocrpanctsa U. Do mpenioxeHuio
3.3.2, npumenennomy K V', JuHeiiHo HesaBucuMas cuctema B Mo-
KeT ObITH momoaHena 1o Gasuca V. Ob6osuaunm depes C cucremy
BEKTOPOB, HononHdmyo B 1o 6asunca V u nomoxum W = (C).
Torma U N W = {0}, nockonbky obbenntenne 6a3ucoB 3TUX TOMI-
mpoctpatcts B, C apigercda JmHeliHo HezaBUCUMOW cuctemoii, u
V = U+ W, nockonsky B, C mopoxgaer V, otkyma V = U W.
O

DoHATHE MPAMONE CYMMBI MOXKHO PaclpoCTpaHUTh Ha caydaii He-
CKOJIbKUX caaraeMbix. Dyerb Uy, Us, ..., U, — smneiinbie mogmpo-
cTpaHCTBa JimHeiiHoro mpoctpancTsa V. Ham moaem F. Ux cymaof
Ha3bIBa@TCA MHOZXK €CTBO

U1++Uk2{ul++Uk|U1€U1,, UkEUk},
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cocToflllee M3 BCEBO3MOXKHBIX CyMM 3JIeMEeHTOB, B3ATBIX IO OIHO-
My M3 KaXIOTO IOIIpoCcTpaHCcTBa—ciaaraemMoro. Omumpadch Ha CJIy-
Yyaji OBYX IOANPOCTPAHCTB, MO MHAYKIUM HeTPYIHO yCTAaHOBUTD,
yro U + U, + ...+ U, ecrs nuneitmoe mommpoctpancrso. CywM-
va Uy + U, + ...+ U, nasniBaerca npamoti m obo3HadaeTcda depes
U aU,d...5 Uy, ecin BelmoaHdeTcs OIHO W3 yCJIOBUIA, YKa3aH-
HBIX B CJIeyloUleM IIPeIIok eHul.

D pennoxenne 3.3.6. Cienymomne yc/I0BHI 9KBHBAJCHTHBI 11 JIH-
mefinprx nognpocrpancts Uy, Us, ... Uy:
(DUnNU; |1<j<k,j#1i)={o} npuscexi=1,2,...,k;
(2)dim(Uy + Uz 4 ...+ Uy) = dimU; + dimU; + ... + dimUy;
(3) kax abrii BexTop 3 Uy +Usz+. . .+ U, ennrcTBenHbIM 06pasom
npencraBuM B Buge cyMmbl aaemenTos 3z Uy, Us, ..., Uy;
(4) mexoropsrit Bektop n3 Uy + U,y + ... + Uy enuucrenabsiv
obpazom mpergcraBuM B Buge cyMMbl aementos uz Uy, U,, ... Uy.

Joka3zaTeJqLCTBO. Hokaxem, aro u3 (1) crenyer (2). DycTh
€i1,€i2, ..., e — Oasuc mognpocrpancTsa U; mpu Beex i = 1,..., k.
Torna ycrosue (1) MOKHO mepermucaTh B BUIe

(€i1,€i2,. - €q,) N {ej1,€j0,...,ejq, | 1 < j <k, j#1)={0}.(3.7)
I/I3 nmocjgaengHero yCcJjgoBu:#d JIETKO BbIBeCTH, YTO CUCTeMa BeKTOPOB

€11,€12,---,€1dy5---,€k1,€k2,---,€kdy, (3-8)

HoJIyYeHHad o0benunenueM 6aszucos nogpocrpancts Uy, U, ... Uy,
JnHeiino HezaBucuMa. TakkKe HEIOCPEICTBEHHO MPOBepseTcd, YTO
cucrema (3.8) mopoxmaer mommpoctpanctso Uy + Uz + ... + Uj.
CrepmoBarensro, ona gasiadgercd dasucom Uy + Uy + ...+ Uy, otkyma
IPSIMO CTIEIyeT YTBepK nenne (2).

Hokaxem, 4ro u3 (2) caenyer (1). DaccmorpuM cHOBa HGA3UCHI
noampoctparcts Uy, Us, ..., Uy, 1 Bosbmem nx obbenunenne (3.8).
Ono nopox maer Uy + Uy +. . .+ Uy, a Tak KaK 41CI0 BEKTOPOB B HEM
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pasuo dim(U; + U, + ...+ Uy), ono 6yner n 6asucom cymmbr. 13
JuHeHON He3aBHCUMOCTH cHCTeMS! (3.8) JIeTKO TOJIy TaeTcs yCI0BHe
(3.7), a w3 mocyennero ciaenyer ycaosue (1).

HoxazarenscrBo umiunkanuit (1) = (3) = (4) = (1) npoBonut-
cA AHAJOIMYHO ITOKa3aTes]bCTBY COOTBETCTBYIOUINX MMILTHKAIMI B
JIOKa3aTesIbCTBe MpelIoX enns 3.3.4. d

§ 3.4. Jlumeiinble MHOTOOOpa3ud

Kak u panee, Bce paccmoTpenus »Toro maparpada mpousBogdaTcd B
KOHeYHOMepHOM JinHeliHoM mpocTpancTBe V' Hanx mouem F.

3.4.1. DouaTue JuHeiiHOro MHOTOOOpa3uUs

Ddycrb a — durcnpopanubiii Bektop u U — durcupoBantoe Ju-
HelfHoe MoAIPOCTpaHcTBO JnHeliHoro npoctpanctBa V. Jlunetinwim
MHO20006PA3UEM C BEKMOPOM €I6U2G G U HANPASAAOUUM NOINPO-
cempanemeom U HazpiBaeTcs MHOKeCTBO BEKTOPOB

{z € V |2 = a+ u nna wexkoroporo u € U}.

DymeMm oboszHadarTh ero 4depes a + U. ODasmeprocmvio nuneiinoro
MHOT000pa3us Ha3bIBaeTCH Pa3sMePHOCTh €ro HAalpaBJIAIONIEro MOjl-
TpocTpanCcTBa. B 9acTHOCTH, eCIV HAIPaBJIdIONIee TOMITPOCTPAHCTBO
HyJIeBoe, TO JuHeliHoe MHOrooOpa3ue COCTOUT U3 OMHOTO BEKTOpa U
ero HasblBalOT mouxoti. Jluueiinbie MHOTOOOpa3us pasmepHocTu 1
Ha3BIBAIOTCA NPAMBIMU, & PA3ZMEPHOCTH 2 — nAocCKoCmAMuU. B au-
HelfHOM TPOCTPAHCTBE OOBIUHBIX BEKTOPOB JUHEHHbIE MHOTOOOPa3U st
— IpAMble UCYEPIBIBAIOTCA MHOXKeCTBAMU PaInyC—BEKTOPOB TOYEK
HEKOTOPO# MPAMON JIJid BCexX MPAMBIX B IIPOCTPaHCTBE. AHaJIOTHY-
HbIM 00pa30M MOTYT ObITh IPEICTABJIEHBI U JHHEHHbIE MHOTOOOPa3H
— TJIOCKOCTU B 9TOM JIMHe HOM TpOCTpaHCTBE.

Jlunefinbie MHOTOOOpa3usd €CTECTBEHHO BO3ZHUKAIOT KaK MHOMKe-
CTBa BCEX PElIeHNH COBMECTHBIX CHCTEM JNHEHHBIX ypaBHEeHHH (cM.
m. 3.5.4).
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dpengoxenune 3.4.1. dycrs K = a+U, L = b+ W — snneiinsre
MHuoroobpasus. Torma

1) sroGoii Bektop 13 K Moxer 6bITh B3AT B KadecTBe BEKTOPA
casura gia IK;

2K CLsUCWna-beW;

3 K=LesU=Wmna-beW.

HokasarenbcTBo. [lis moKa3aTebCTBa YTBEPK IeHnd 1) BO3bMeM
mpousBobHbiii BekTop d € K u mokaxkem, uro K = d + U. Tax
kak d € K, uveem d = a + u gis wekoroporo w € U. fcno, 4ro
d+U C K. Jlna noxazareabCcTBa 00paTHOTO BKJIIOYEHIA BO3bMEM
PON3BOIBbHEI 371eMenT @ + v w3 K (3mecs v € U). Torma nmeem
atv=a+u+(—u+v)=d+(v—u), n1aK Kagk v —u € U, nmeem
at+ved+U,orkyna K Cd+ U, 4ro u Tpebyercda moxasaTb.

1 moKasaTeqbcTBa yTBEPXK JeHnd 2) yOenuMmcs B CIpaBelIu-
BOCTH IBYX HMILTHKAIMii, K KOTOPBIM CBOIUTCA TpeOyeMas 3KBUBa-
gentHocTh. Dyerh K C L. Tak xak a € L, coracio goKasaHHO-
My yrBepxkennio 1) umeem L = a + W. Dycts u € U. Torma
a+u € K, unoromy a +u € L. Takum obpasoMm, a + u = a + w
st HekoToporo w € W, otkyga u = w n w € W. Mul nokasann,
gro U C W. Tak kak b € L, umeem b = a + w 119 HEKOTOPOTO
w € W. Msr Bugum, uwt0 @ — b = —w € W, lvmmukanua “="
nokasana. Jlokaxem obparnyo mvmmmkammio. Oycrs U C W n
a — b ¢ W. Bosbmem npousBosbublii aement a + u € K. Nveem
atu=b+(a—b)+u. Tak xak a—b e W nu € W 3akmouaenm,
qyroa € b+ W = L, otkyna K C L.

Y1Bepxk nenne 3) HEMOCPEICTBEHHO CIIEIYeT U3 2). o

3.4.2. DepecedyeHUe U KOMIIO3UT

dycrs K =a+U, L =b+ W — nuneiinbie Mmuorootpasus. Jepes
K n L o6osnayum nepecedenne MHOK ecTB BekTopo I un L.
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D pengiox enune 3.4.2. Jepecedenue JuHeiinpx Muorooopasuit K =
=a+ U, L =>b+W jgubo nycro, mnbo apasgercs JHHEHBIM MHO-
roobpasueMm ¢ HampapJsomum noginpocrparcrsom U N W | npuaem
K n L # 0 rorna u toapko torga, kornaa —be U + W.

IokasareabcTBo. Dpenonoxkum, uro K N L # (). Bosbmenm aire-
ment d € K N L. Cormacuo yrBepx mennio 1) mpemmoxkenns 3.4.1
mmeeMm K =d+U n L =d+W. Dycrs @ € KN L. Torna
z=d+t+unx=d+w gna mexoroperx u € U, w €¢ W. Sc-
HO, uTo u = w € U N W. Tagum obpasom, 2 € d+ (U N W),
orkyra K NL Cd+ (UnNW). B cuny yrBepx 1enus 2) mpemio-
xenud 3.4. 1 umeem d+(UNW)C Kud+(UnNW) C L, orkyzna
d+(UnW)C KnL. Urax, d+ (U NW) =K n L, u nepsoe
YTBEpXK JeHNe MPeIJIOK eHrs TOKa3aHo.

It MoK a3aTeTbCTBa BTOPOTO YTBEPK JeHUs CHada a MPEeAnoIo-
wum, aro K N L # (. Torma mas wekoropeix v € U, w € W
nmMeeM a + w = b + w. U3 nociaennero paBeHcTBa BHIBOAUM @ — b =
= —u+we U+ W. Obparno, npeanoaox M, 4170 a — b = u + w
st Hekotopeix w € U, w € W. Torna a — w = b + w, u sj1eMenT
d = a — u npunagnexur K N L, 9to u tpebyercs moKa3aTh. O

AnajoruvHo npemyioxkennto 3.4.2 MOKHO JoKa3aTh, YTO Tepecede-
Hue J000ro cemelicTBa JuHEHHBIX MHOTOOOpasuit aubo mycro, Ju-
00 dByagercd JuHeliHbIM MHOTOOOpasmeM. Tak Kak camo JimHeiiHoe
mpocTpatcTBo V' daBjseTcs JUHeHBIM MHOTOOOpasueM, IJIs JII000ro
ceMelicTBa JIMHEHBIX MHOTOOOpa3uii CylecTByeT HauMeHbIlee Ji-
HeifHoe MHOTOOOpa3ue, BKJItOUatollee B cebsd Bce MHOTOOOpa3usd TaH-
HOTO ceMelicTBa, — 3TO TepecevyeHne BCeX JIMHEHbIX MHOTOOOpa3nii,
BKJIIOYAIOMNX B cebd Bce MHOTOOOpasus MaHHOTO cemMelicTBa. YKa-
3aHHOE MHOT0OOpa3ue Ha3bIBaAeTCH KOMNO3UMOM TAHHOTO ceMelicTBa
MHOrooOpasuit u giust nByx Muorooopasuit K u L obosnagaercs de-

pes (K, L).
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D pennoxenne 3.4.3. g anneiigprx maoroobpasuii K = a+ U,
L = b+ W umeer mecro paBencrso

(K,L)=a+((a-b)+U+W).
HokasareabctBo. Domoxum M =a+ ((a—-b) + U + W) u no-

kaxkeMm, 4To M ecTh HamMeHblee JUHeliHoe MHOTOOOpasue, comep-
wamee K w L. 13 yrBepxnenns 2) npennoxkenus 3.4.1 cienyer,
qgto K C M u L C M. Dycts N = ¢+ S — npoussosibroe
JmHeiinoe Muoroobpasue, cogepx auee K u L. Cormacuo ymomsiny-
TOMY TOJIBKO 4TO yTBepK genmio umeem U C S, a—-cc S, W C S,
b—ce S. Tak kak @ —¢c € S u b — ¢ € S, zakna09aeM, 4TO
a—b=(a—c)-(b—c) e S. Crenosarensno, (a —b)+U+W C S.
DOCKOTBKY @ — ¢ € S, 110 yTBepK TeHno 2) mpenmoxenns 3.4.1 mve-
em M C N, 4to u Tpebyerca moKa3aTh. O

DyaeM TOBOPUTH, 4To JuHelinbie Muorooopasus K =a+ U u L =
b+ W napaaneavro, ecou KNL =0uwU CW nim W CU.
CortacHo mpeiox enuto 3.4.2 nuneiinbie Muoroobpasus K = a+U
u L = b+ W napamnenbubl Tor1a 1 TOJIBKO TOra, Korma @ — b ¢

U+WuaU+W=UuwumU+W =W,

3.4.3. BsaumHoe pacIioJjioXK eHue

Iycers K = a+U, L = b+ W — nuneiinbie MEOrooOpasust B JInHeii-
HoM mpoctpatcTBe V. X 63aumHoe pacnosoxrcenue onpenersercs
pasmeprocThio dim(U N W) mepecedenns HanpaBIsiomux TOAIPO-
crpancTs 1 BemosraenueM ycaosua KNL = (. B cuny npeniox enns
3.4.2 mocienHee yciaoBue paBHOCHIBHO yeaosuio @ — b ¢ U + W,
Ecmu min{dimU ,dimW } = m, to umeerca 2m + 2 pasjuIHbIX CIIy-
JaeB B3aMMHOIO PacCHoJIOKeHus JnHelinbix Muorooopasuit K u L.
DTH caydanm ucdepnbiBaioTca BosmoxkHOcTaME dim(U NW) = k|

KNL=0udmUnW)=Fk KnL # } upuscex k=0,1,...,m.

SaCCMOTpI/IM BO3MOZK HbI€ CJIYy9al B3aMMHOT'O PACIIOJIOZKeHNA IBYX

mpsmbix K =a+ (c) u L = b+ (d).
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1. (eyn(d)={o},a—-b¢ (c,d). Bosrom cayuae (K,L) =
=a+(a—-b,c,d) u dm{K,L)) = 3. Dpamble “ckpemusaiorca’;
Takol caydaii Bosmoxen npu ycaosuu dimV > 3.

2. (e)n{d)={o},a—be(c,d). Borom cayqae (IK,L) =
=a+ (c,d) n dm({(K,L)) = 2. Ipausle mepecekaloTcd B TOUKE;
Takoii caydail Bosmoxen npu ycaosuu dimV > 2.

3. dim({(c)n(d)) =1, 1e. () = (d) ua—-b ¢ (c,d) = (c). B
stoM caydae (K, L)) =a+ (a—b,c) u dim({(I, L) = 2. 9pamsie
mapaJsiIesIbibl; Takoit cirydail BosmMoxen npu ycaosuu dimV > 2.

4. dim({e) N (d)) = 1, e. (c) = (d) ma—b € (¢,d) = (¢). Barom
crydae (K,L)) =a+ (c) = K = L udm{K, L) = 1. 9pamsie

COBTIAJIAIOT; TaKoii corydail BosMoxen npu yeaosuu dimV > 1.

DacCMOTPIM BO3MOZK HBIE CJIY4all B3AUMHOTO PACIIOJIOK €U IPH-
moit K = a + (¢) n mnockoctu L = b + (dy,d3).

1. {(¢)Nn{dy,d2) = {0}, a —b & (c,d1,d;). B srom cuayuae
(K,L) =a+ {(a—b,c,dy,dy) u dm({(K, L)) = 4. Daockocts un
npaMad “CKpeIlmBaiorcs’; TaKo# ciIydali BO3MOKEH HpH yCJIOBHU
dimV > 4.

2. (¢)N{di,dy) = {0}, a —b € (c,di,dy). B s1om ciaydae
(K,L)) = a+ (c,dy,dy) u dim({(K,L)) = 3. Diockocts u nps-
Mad IepeceKaloTcd B TOYKe; TaKoil ciIydail BOZMOKEH IPH yCIOBUH
dimV > 3.

3. dim({c) N (dy,dy)) =1, 1e. ¢ € (d1,d2) ma — b ¢ (c,dy,dy).
B stom cayuae (K,L)) = a+ (a—b,d,d2) n dim({(K, L)) = 3.
DJIOCKOCTH U IpAMag MapaJlIeIbHbl; TaKoil cilydail BO3MOXKEH Ipu
ycaopun dimV > 3.

4, d|m(<c> N <d1,d2>) = 1, T.e.C € <d1,d2> na-bc¢ <C,d1,d2>. B
stoM carydae (K, L)) = a+ (dy,dz) u dim({(K, L)) = 2. 9pamas se-

KUT B IJIOCKOCTH; Takol caydaii BosMoxen mpu yeaosun dimV > 2.

DacCMOTPIM BO3MOZK HblE CJIydall B3AUMIOTO PACIOIOK eHIA TBYX
mrockoctelt K = a + (¢1,¢2) w L = b + (dy,d3).

1. {e¢)N{dy,dy) = {0}, a —b ¢ (c1,¢c3,dy,d2). B srom cayuae
(K,L)=a+{a—b,c1,c3,dy,dy) u dim{( K, L)) = 5. Dnockoctn
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“ckpentuBatorcs”; Takoli caydaii BosMoxen npu yeaosun dimV o> 5.

2. {(¢)N{di,dy) = {0}, a —b € (c1,c2,dy,dy). B artom cayqae
(K,L)) = a+ (c1,c3,dy,d2) n dim({(K, L)) = 4. Daockocru me-
pecekaloTcsa B OTHOI TOUYKe; TaKoil cIydail BO3MOKEH IpU yCIOBUM
dimV > 4.

3. dim({cy,¢c2) N {dy,d2)) =1 na—b¢(c1,c2,dy,dy). B arom
caydae (K, L)=a+(a—b,c1,¢3,dy,ds), onnaxo dim((J, L)) =4.
DJIOCKOCTH He MMeIoT OOLIMX TOYeK U He MapaJlIeIbHbI, HO Cylle-
CTByeT Ips#Magd, Iapasiiesbiad Kakmoif u3 HUX (B 3TOM OTIMIHE
orT ciaydad 1); paccMaTpuBaeMblif cIydall BO3BMOKeEH IPH yCIOBUH
dimV > 4.

4. dim({c1,c2) N {dy,dz)) =1 na—b € (c1,c,dy,dz). B arom
crysae (K,L)) = a + (c1,¢2,dy,d3), onnako dim({(K, L)) = 3.
D JIOCKOCTH IepeceKaloTCd 0 MpAMOil; Takoil ciiydail BO3MOK el Ipu
ycaopun dimV > 3.

5. dim({c1,¢e2) N {(d1,d2)) =2, m1e. (c1,¢3) = (di,dy) m
a—-bd (c1,c2,d1,dy) = (c1,¢2). B stom corywae (K, L) =a +
+{a —b,c1,co) u dim({(K, L)) = 2. D1ocKkocTH TapaslIesbibl; Ta-
Koit corydaii BosMoxen mpu ycaoun dimV > 3.

6. dim({c1,¢c2) N (dy,d2)) =2, me. (c1,¢c3) = (dy,dy) ma—>be
€ (¢1,¢3,d1,d3) = (€1,¢3). Batom cayqae (K, L) = a+ (c1,¢2) =
= K =L udim({K, L)) = 2. 9710cKoCTI COBIATAIOT; TaKO# coIydait
Bo3MoXKeH 1pu ycaosuu dimV > 2,

B TpexMepHOM IpocTpaHCTBe BEKTOPOB, H3yYaBlUIeMCH B TIaBe 2,
MOTYT PeasIn30BATLCA BCEe CJIydal B3aMMHOTO DacCIOJIOKEeHHA TBYX
IPAMBIX, CIydan 2—4 B3aMMHOTO PACIOJIOKEHHH IPAMON U IJIOCKO-
CTH U cIydan 4-6 B3aMMHOIO PACIOJIOKEHH IBYX ILIOCKOCTEH.

§ 3.5. CucreMbl JJUHEHHLIX ypaBHEeHUH

3nech paccMaTpuBaeTcd o0lag TeOpUud CUCTEM JIMHeHHBIX ajaredpa-
WYeCKUX ypaBHeHMWii.
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3.5.1. Kpurepuii coBMecTHOCTH

DaccMOTPUM CHCTEMY JHHEHHbIX YpaBHeHUH B MaTpudHOl 3amucu
Ax = b, (3.9)

riae A — MaTpulla pa3MepoB m X n; & — CTOJOeIl 3 n Heu3BEeCTHBIX;
b — crosbern cBOOOIHBIX WJIEHOB. D aMOMHUM, IYTO MaTpuila A Ha-
3pIBaeTCd OCHOBHOW Marpuueii, a marpuua (A | b) — pacmupenHoii
MaTpulleil paccMaTpuBaeMoil CHCTeMBI JIMHEWHBIX YpaBHEHUIA.

Teopema 3.5.1. Cucrema jiHelHbIX YpABHEHUH SABJISETCH COBMECT-
HOIl TorZla U TOJIBKO TOTJa, KOI/la PAHI ee OCHOBHOI MaTpHIIbI COBIA-
JlaeT ¢ PaAaHTOM DACHIMPEHHOH MaTpHIIbI.

HokasaresabcTBO. DacCMOTPUM CHCTEMY JHHEHHBIX ypaBHenuii (3.9).
Jlerko mMoHATH, YTO OHAa COBMECTHA TOIJA M TOJBKO TOTIA, KOTIA
crosiben b suHeliHo BhIipaKaeTcd yepes cToJiObl MaTpuiibli A. Do-
cleHee YCIOBNE PABHOCHIBHO TOMY, 9TO MaKCUMaJbHad JTHHEHHO
He3aBUCHMasA TOICUCTEMa CTOJONOB pacIINpPEHHO MATPUIIHI MOK €T
ObITH BhIOpaHaA Cpeiu CTOJOIOB OCHOBHONR MaTpPUIlbl. DacCMaTpUBad
CTOJIOTIOBRI paHT MaTPHIL, 3aKTI0OTAEM, ITO 3TO UMEeT MeCTO TOT/Ia
M TOJTBKO TOTMA, ROTHA CTOJOMOBLIH paHT OCHOBHON MaTpHUIBI paBeH
CTOOTOBOMY PaHTy pacUIMpeHHOR MaTpPUIIHL. O

3 TeopeMbl 1.2.5n AJOKa3aHHOTI'O yTBepXK JeHUA JIEI'KO BbIBOJUTCA
TaKoOe

CaencrBue 3.5.1. Ecji riraBabIi onpeneinTe b KpaMepoBCKoil c-
cTeMbl JIHHEHHBIX YpaBHEHNI paBeH HYJIIO, a 110 Kpalineli Mepe oIHH
U3 olnpelesnTesell Ipu HeU3BeCTHBIX OTJIHYEH OT HYJId, TO ?Ta CHU-
creMa HeCOBMECTHA.

DarzoM COBMECTHOW cuCTEMbI JIMHEHBIX ypaBHeHUll Ha3bIBaeTCH
paHT ee OCHOBHO# MaTpuibl (coBHamaomui B cuay Teopemsr 3.5.1 ¢
PaHTOM PaCIINPeHHON MaTPUIHI).
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3.5.2. OO0r1mee peiileHne cUCTeMbl JUHEHHBIX ypaBHEe-
L2]
HUU

DacCMOTPUM COBMECTHYIO CHCTeMy JHHeHHBIX ypaBHeHuil B BuIe
(3.9). BospMeM MaKCHMAJBHYIO JTHHEHHO HE3aBUCUMYIO TOICHCTE-
MY CTPOK pacIiHpeHHOfl MaTpHULI 3Tofl cHCTeMBI. 9e3 orpanmde-
Husl OOHIHOCTH MOXKHO IIPEINOJIaraThb, YTO OHa COCTOUT H3 IEPBBIX
r crpok. OcTajJbHble CTPOKY ABJIAIOTCI JIUHeHHBIMA KOMOMHAIIS-
MM BHIOpAHHBIX CTPoK. Taxmm obpasoM, paccMaTpuBaeMasl CACTEMA
JIMHeHHBIX ypaBHeHHH paBHOCHJILHA CHCTEMe U3 IepPBLIX ' ypaBHe-
uuit. BoibepeMm B mepBBIX © CTPOKaX MATPHILI A HeHyJIeBOi MUHOP.
D pu HeoOXOIUMOCTH IePENMEHOBAB HeH3BeCTHEIe, 0e3 orpanuIeHus
OOMIHOCTH MBI MOXEM CUNTATh, ITO HTOT MUHOP COCTOHUT U3 IEPBBIX
r CTOJIONOB MaTpPUILL A. DepeHocs OCTaJbHble HeH3BeCTHLIE B Iep-
BBIX I ypaBHEHUsX B IIPaBble YacTH U UCIOJL3Ys TeopeMmy 1.2.5, mo-
JIYIUM BBIPAK €HUA T HEU3BECTHDBIX X1, ..., L, T€PE3 Typgi, ..., Lp.
DT BRIpaKeHHA 00pa3yoT CACTeMy JIMHeHHbIX ypaBHeHuii, obIama-
IOUIYIO CACAYIOMMME CBORCTBaMMU:

1) ona paBHOCHJIbHA HCXOIHOM cucTeme (3.9);

2) 4mMcI0 ypaBHEHMIT paBHO PAHTY CHCTEMBI;

3) Kax moe ypaBHeHHe JaeT BbIpakeHne OIHO Hem3BeCTHOI we-
pes IpyTie;

4) HeW3BeCTHBIE U3 JIEBBIX YacTeil He BCTpevaioTCs B MpaBoil Ta-
CTH HH OJHOTO ypaBHeHH.
DalOMHHM, YTO OOIIMM pelleHHeM CHCTeMbI JHHeRHLIX ypaBHeHmii
Ha3bIBACTCS MHOKECTBO BCEX ee JacTHLIX pemrenmii. Jlobas cucte-
Ma JWHeHRHBIX ypaBHeHHi, obnamafomas cBoiicTBamm 1)-4), Takke
Ha3bIBAETCS 00U UM PEWEHUEM CUCTEMBI ITHETHBIX ypaBHeHuii (3.9),
IOCKOJILKY M3 Hee JIETKO IMOJIyYaeTcs obliee pelleHne — MHOXK eCTBO
BCeX UYACTHLIX pelleHuii. ©Dem3BeCTHLIe, CTOAINe B JICBLIX JacTAX
paBeHCTB, OyIeM Ha3LIBaTh 3U6UCUMbBLMU, 3 HEH3BECTHLIE B MPABLIX
qacTax — c60000HbiMU. (CBODOIHBIM HEM3BECTHBIM MOXKHO IIPUIa-
BaTh JIIOOLIE 3HAUCHNs, a 3HaYeHUs 3aBUCHMBIX HEH3BECTHBIX OIIpe-
IeJISIOTCA U3 00Lero peuienus. TakuM oO6pa3oM MOXKHO IIOJYIUThH
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aobdoe pelaeHue COBMECTHOIT crucTeMbl JIUHEeHHBIX ypaBHeHI/Iﬁ.
3 craszanmoro ¢ ydeToM TeOopeMbl 1.2.5 jerko IMoJIydaeTcd cJjie-

ITytolnee

D penqoxenune 3.5.1. Fciu riraBebiil onpeneruresis # Bce onpee-
JIUTEJIH HPU HEeU3BECTHBIX KPaMePOBCKOH cucTeMmbl JIHHEHHBIX YDaB-
HeHUIl paBHBI HYJIIO, & PAHT €e OCHOBHO MaTpHUIbl H& eIHHUIY MEHb-
nie 4HCJa HeM3BECTHDBIX, TO 3Ta CHCTeMa HMeeT BECKOHeUHO MHOTO
penreHnl.

Ecam panr ocHoBHOlt MaTpuIBl KpaMepoBCKOR cHCTeMBI JTuHel-
HbIX ypaBHEHUH| MeHbllle YUCJIa HEU3BECTHRIX DoJlee YeM Ha eUHUILY,
TO BCe Olpele/IUTen 3Tol CUCTeMbl PaBHBLI HYJIIO, & caMa CHCTeMa
MOXKeT ObITh KaK HECOBMECTHOI, Tak M HeolpereseHHoil.

Hna orbickanus oOUIETO pellleHus CUCTeMbl JTUHERHBIX ypaBHe-
ot MOXKHO MCTOJB30BAaTH MeTon l'aycca—zKopmana, KoTopwIif Kak
pa3 g 3ToTo U npenHasHavyeH; (haKTUIeCKH OH MPUBORUT JubO K
OTBICKAHUIO OOLIETo pelenns, Jubo K KOHCTaTaluy (pakTa, 9TO paHr
OCHOBHO# MATpPUIBI MEeHbIIe PAHTa PACUIMPEHHOR MAaTpWubl (CM. .

0.3.3).

3.5.3. OnHopomHble CUCTEMbBI JJUHEHHBIX YpaBHEeHUN

Cucrema snuHelfiHbIX ypaBHeHUN HasbiBaeTcd OJHOPOUJHOU, eciium BO
BCeX ypaBHeHUAX CBODOIHBIE YJeHbl paBHbl HyJt0. QOIHOPOIHYIO CH-
CTeMy MOXKHO 3alMCaThb B BUIE

Az = o, (3.10)

rie A— MaTpHulla pasMepoB M XN, & — CTOJI6€H U3 n Hen3BeCTHDbIX]
o — HyJIeBOﬁ CTOJI6€H. OILHOPO,ILH&H CucTeMa BCer'la COBMeCTHa.

D pengioxkenune 3.5.2. Obuiee penrenne OIHOPOTHON CHCTEMBI JIH-
HellHbIX ypaBHeHUIt ( 3.10) ABJIAETCH JIHHEHHBIM HOIIPOCTPAHCTBOM
pa3zMepHOCTH n.—T, [Je N — YHCJI0 HeM3BEeCTHHIX, T — PAHT CHCTEMBI.
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HoxkasaresncrBo. Tor daxt, uro obllee pelrenne 0THOPOTHOI CH-
CTeMbl JIWHEHBIX ypaBHEHUH ABIAETC JTWHEHHBIM IOIIPOCTPaH-
CTBOM, IIPOBePAETCH HEIOCPEICTBEHHO MO ONpPeIesIeHNI0; THTATe o
npeIaraeTCs BBIYUCINTD, ITO CyMMa ABYX petrenuii cuctemst (3.10)
ABJIAETCH ee PelleHHeM U IPOH3BeleHne 000 pelleHnd Ha Joboe
IHCJI0 TaKKe OymeT pemrenneM. J1s TOKa3aTelbCTBA yTBEPXK TeHUA
0 pa3sMepHOCTH IPOCTPAHCTBA PEIIeHN T 3anuieM obliee pelleHne CH-
cremsl (3.10) B carenytomenm Buge (3mech d = n — r):

1= Y11%rg1 + oo+ Y1dTn;
Lo = Y21%r41 + .o+ Y2d%n;

Torna npoussosbhoe pemenue (q,...,T,) cucremsl (3.10) MoxKHO
[IPEICTABUTH CJAEIYIOUNM 00pa3oM:

($1,...,$n) = $T+1(’}/11,’}/21,...,7T1,1,0,...,0)+ —|—
+ 20 (V1ds Y2ds - - -5 Vrd> 0,0, ..., 1).

MbI BUAMM, 9TO TPOU3BOJILHOE pellieHne dBgeTcs JuHelnolt komOu-
Hanueli cTpok

(’}/11,’}/21, cees Yrls 1, 0, .. .,0), .. .,(’yld,’yzd, cees Vrds 0, 0, ceey 1)(311)

Kaxmas w3 9TuX CTPOK ToJydaeTcd MpugaHueM oOnHOW u3 cBOOOI-
HBIX HEM3BECTHBIX 3HaYeHUd 1, a OCTAJIbHBIM — HYJIEBBIX 3HaUYeHu
u omperesieHNeM 3HaYeHu# CBA3AHHBIX HEHM3BECTHBIX U3 ODIIETo pe-
menns. Takum obpasom, cucrema cTpok (3.11) cocTont u3 peurexuit
OJHOPOJHOR CUCTEMBI W ABJIAETCA TOPOXK JAOIMNUM MHOXK €CTBOM TPO-
CTpPaHCTBA pelieHuii. DTa cucreMa OYEBUIHbIM 0Opa3oM JiMHEHHO
HesaBucuma. ClemoBaTesibHO, OHA ABJAAETCH OA3UCOM MPOCTPAHCTBA
pemrennii. Yucso pemennii B Hell paBHO N — 7. a
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Jl1ob6oit Hazuc mpocTpaHCcTBA pellieHnit OTHOPOTHONW cucTeMbl JTuHeli-
HbIX ypaBHeHU# Ha3biBaeTcd ee PyHdaMeHMaAbHOT cucmemots peute-
nuti. U3 npennoxenud 3.5.2 cuenyer, 4To Kaxgad (YHIAMEHTAIb-
Had CUCTeMa pellleHnii OMHOPOTHOU CUCTeMBbl JIMHEeHHBIX ypPaBHEHWH
CONEPEKUT TOYHO n — T pellennit, roe n — YUCIO HEU3BECTHBIX, I' —
PaHT OJHOPOIHON CUCTEMBI.

D pengioxkenune 3.5.3. i g06oro anHeiiHOrO MTOIIPOCTPAHCTBA
U npocrpancrsa cron6uos F" cymecrByer oqnoponnas cucrema Jii-
HelHbIX ypaBHeHHH ¢ n Hem3BecTHhIME Haj nojem I, mrs xoropoi
U sapistercst npoctpancTBoM penreHui.

HokasareabcTBo. Ecim U — nyneBoe mognpocTpancTBo, T0 B Ka-
JecTBE CHCTeMbl ypaBHeHU MOKHO B3ATh cuctemy x1 = 0, ...,
v, = 0. Ectu U = F", To B kauecTBe cucTeMbl ypaBHEHUH MOX-
HO B34Th cuctemy Ozq + ...+ 0z, = 0.

dycrs U # {o} u U # F". Badbukcupyem nexoropsiii 6asuc U,
CKaxeM, a1, ..., @;. Torma dimU =k unl < k < n. Obozmauum
Yepes B MaTpHILy, COCTABIEHHYIO U3 CTPOK @ , ..., @} . DacCMOTPUM
ONHOPOIHYIO CHCTEeMY JIMHelHBbIX ypaBHeHuidi B MarTpuuHoll dopme
By = o. 9yctb A — Marpuna, obpaszoBaHHad CTPOKAMHU HEKOTO-
poit dpyHmaMeHTa bHOR CHCTEMBI pellleHuil Toif cuCTeMbl ANHEHHBIX
ypaBHenuii. [lokamkem, uTo cucrema Ax = O ABJIFETCH UCKOMOIN.
Ob6o3uauum yepes W ee mpoCcTpaHCTBO pelieHuii. Do MOCTPOEHUIO
nocyenHeit cucteMbl CTONIOUBL @1, ..., Ap ABJIAIOTCH ee pelleHud-
mu. CaenoBarensio, U C W. Yoéemumcs, uro dimU = dimW.
Nmveem dimW = n —r(A). Tak Kak cTpokum Marpuisl A janHeii-
HO He3aBUCHMBI (OHU 06pa3yfoT GpyHIAMEHTAThHYIO CHCTEMY pelie-
HUil OTHOPOIHOM cUCTeMbl JTUHelHbIX ypaBHeHnit By = 0) U CTPOKH
MaTpuubl B snHeiiHo He3aBUCHMB! (OHW TOJIYYaiOTCs TPAHCIOHTPO-
BaHWeM CTOJIONOB, 00pasyoomux 6asuc noampoctparctsa U), nmeem
r(A) =n—r(B) =n—k, orkyna dimW = k. Utax, dimU = dmW.
Cornacuo npemioxenuio 3.3.3 U = W, uro u tpebyercs moka3aTh.
O
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Dpumep. DaiiTu GyHIAMEHTAIBHYIO CHCTEMY PellleHuit 0IHOPO]I-
HOUl cMCTeMBbl TUHEHHBIX ypaBHEHW:
221 + dxo — S8x3 + 8x4 + Ta5 = 0;
41 + 329 — 923 4+ 924 + 725 = 0;
221 + 3x9 — dxg + Taxg + Ta5 = 0;
€Tl + 8$2 - 7$3 + 12$4 + 14$5 = 0.
Yemenne. Boimuniem MaTpuily »>Toif cucTembl
MaTpHULy K CTYIeHYaTOMY BWIY.

! u mpusemem Ty

2 5 -8 7 1 8 —7 12 14

4 3 -9 7 2 3 -5 T 7T

2 3 -5 71710 2 =3 1 o]~
0 -3 1 -5 -7

8 =7 12 14

8
9
7

1 8 -7 12 14
1
0 -13 9 -—-17v =21
0
0

2 -3 1 0
-3 1 -5 -7
1 8 —7 12 14 1 8 -7 12 14
0 -1 -2 —4 -7 0 -1 -2 —4 -7
“lo -13 9 —17 =217 ]o0o o0 3 3 7]|"
0 2 -3 1 0 0 0 -7 -7 —14
1 8 -7 12 14 1 8 0 19 28
0 -1 -2 —4 -7 0 -1 0 —2 -3
“fo o 1 1 21710 o1 1 2|7
0O 0 0 0 0 0 00 0 O
100 3 4
010 2 3
“loo 112
00000

1 " .

3aMeTHM, 4TO IpH pENIeHNH OZHOPOOHBIX CHCTEM JHHEHHBIX ypaBHEeHHi
crosiben, cBOGOITHBIX YJIEHOB BCETda OCTAECTCA HyJEBBIM U BBIINCHIBATH €r0 HET
HeOOXOOMMOCTH.
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Do mocaenneil MaTpUIle 3aMNCHIBAEM CHCTEMY JUHEHBIX ypaBHeH i,
ee 0bmee penrenne n GYyHIAMEHTAIBHYIO CACTEMY PENIeHMTIi:
1+ 324 + 45 = 0 r1 = —3x4 — a5
T9 + 224 + 325 = 0 T9g = —2x4 — 325
$3—|-$4—|-2$5IO. $3I—$4—2$5,
L1 T2 T3 T4 Ts
-3 -2 -1 1 0
-4 -3 -2 0 1
QOyHIaMeHTaIbHAA CHCTeMa pelleHni ToJyJaeTcd TIphuIaHueM
CcBOOOIHBIM HEW3BECTHLIM — X4 U Ty — 3HadeHmil cuadasga 1;0 u
3aTeMm 0; 1 cooTBeTCTBEHHO.

3.5.4. MHoxKecTBO pellleHnii COBMECTHOU CUCTEMbI JIU-
HeliHbIX ypaBHeHUi

Dycth Az = b — TpomsBOIbHAS COBMeCTHAs CUCTeMa JMHEHHBIX
ypaBHeHWit. DacCMOTPUM OTHOPOMHYIO CHCTEMY JIWHERHBIX ypaBHe-
uuit Ay = o; GyJeM TOBOPUTDH, UTO 3Ta CUCTEMA COOMBEMCMEYEM
ncxonHoit HeompHopoaHoii cucteme. O6o3nadnm depes X obuiee pe-
eHne HeOAHOPOIHOH crucTeMbl, a Yepe3 Y — oblee pelrenne oaHo-
pommHoit cmcTeMbl. 3adURCHPyeM TaK& e OHO pellleHne z HeoaHOPOI-
noit cucremer. Torma X = z+ Y, te. X aBiagerca quneiinbiM MHO-
roobpasmeM ¢ HAIPABJIAIONNM TOANTPOCTPAHCTBOM Y — MPOCTPaH-
CTBOM pelleHni COOTBETCTBYIOUIEN CUCTEMBI JIMHEHBIX YpaBHEHU 1
BEKTOPOM CIBUTA 2 — YaCTHBIM pelleHmeM MCXOmHol cuctembl. B
caMoM mene, eciny € Y, 10 A(z+y) = Az+ Ay=b+o0=0b,
Te. z +y € X. Ob6patno, eciiu @ € X, 1o Az = b, u TOCKOJbKY
Az = b, nmeem Az — Az = 0,01kyna A(x —z) =0, 1. 2—2€ Y

nrez+Y.

Dpumep. Jafitu MHOrOOOPa3Ue peleHnit HeOTHOPOIHOMW CuCTEMbI
JuHeltHbIX ypaBHeHnii, paccMoTpenHoit B mpuMepe 1 m. 0.3.2.

Yemenne. ObIee pelenne 3Tofi CHCTEMBI IMeeT BUI,
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3 =1-— 321 —4xg;
T4 = 1.

Yactroe pemenne (mosytaemoe pu 1 = 22 = 0)—2z = (1,0,0,1).
Obuiee penrenne COOTBETCTBYOUIEH OTHOPOIHON CHCTEMbI MOXK €T ObITh
MOJIYYeHO TaK: B BbIKJAIKaxX PelleHns UCXOTHOM CHCTeMbl 3aMeHs -
eM z; Ha y; n 0TOpackiBaeM cTOI6EN CBODOIHBIX 1I€HOB ([IOCKOIBKY
B OIHOpOmHO} cmcteme oH HymeBoit). Torma mpuxomum K obmemy
peleHnio

Y3 = —3y1 — 4y2;

ys =0,
3 KOTOPOTO HaxXomuM (hyHIAMEHTaJbHYIO CHCTeMy perrenuit f; =
= (1,0,-3,0) u f, = (0,1,—4,0). Jluneiinoe MHOTOOOpa3ue BCex
pelennii paccMaTpUBaeMoii HeOTHOPOLHON CUCTeMbl UMeeT BUI Z +
+{f1, f2). DpOU3BOTBHBIA BEKTOp W3 TOTO MHOTOOOPA3WA MMeeT
Bun z + ayfy + axf,, Toe ay,ay — TMpOM3BOTBHBIE YHCTA. Ecau
pacIucaTh ero Mo KOopamHaTaM, TO MBI TPUIEM K 00IeMy pelreHnio
HEOJIHOPOAHON CHCTEMBbI, 3alIMCAHHOMY B CJICIYIONeM BHe:

L1 = Qq;

Lo = Qg;

3 =1 — 301 — dag;
T4 = 1.

3.5.5. MHcnogab3oBaHue cucteM JHUHEHHBIX ypaBHEHUU

OJIA pellleHnd 3aga4d o JIMHelHbIX InmoarnpocTpaHn-
cTBax

1. Dafitu cucremy suHeliHbIX ypaBHeHU, Mg KOTOpoi mpo-
CTPAHCTBO pelleHuii coBmagaer ¢ JuHeiinbiM moanpoctpanctsom U,
MOpoK meHHbIM BekTopamu (1,0,0,1) n (1,—1,1,—1).

Dellenne. 9D PpoU3BOJbHOE OIHOPONHOE JUHeliHOe ypaBHEHHE, N5t
KOTOPOTO JaHHBIE BEKTOPHI ABITAOTCH PelleHNAMY, UMeeT BUT 1 T+
+asry + agrs + agry = 0. DomcTaBiigs BMeCTO &q, T, T3, T4 KOM-
TTOHEHTHI TaHHBIX BEKTOPOB, MOJIYYaeM OJHOPOIHYIO CUCTEMY JIMHel-
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HbIX YpaBHeHU{l OTHOCHTETbHO (1, (g, (3, 04!
ay +ay = 0;
al—a2+a3—a4:0.
Daxonum 0biee pelierne U YHIAMEHTAIBHYIO CUCTEMY pelle-
HWIii:
(6 5] Q9o (3 Oy
0 1 1 0
-1 -2 0 1
DacCMOTPUM OTHOPOJAHYIO CHCTEMY JIMHelHbIX ypaBHeHult ¢ Hafi-
ITeHHBIME K03() GUIneHTaMy:

ap = —0y;
Qg = Q3 — 20[4,

—$1—2$2—|—$4IO. )
N3 nokaszaresbcTBa Mpemaoxenud 3.5.3 caenyer, yro U aBisiercs
ee mpocTpancTBoM pemtennii. Taxum obpasom, Tpebyemad cmcreMma,
ypaBHeHUiT TocTpoeHa.

2. Dalfitn GasMchl ¥ PA3MEPHOCTH CYMMBI W HepecedeHus Jiu-
Heitubrx mommpoctpancTtB U = (ug,uz,us) 1 W = (wy,wy), ecim
w = (1,2,1,2), up = (2,1,2,1), us = (1,1,1,2) w w; = (1,0,2,0),
wy = (1,2,1,3).

Demenne. Tak xaxk U + W = (uq,uq, us, wy, wy) cormacuo
cKazaHHoOMy B 1. 3.3.2, 4yrobwr Hajitu 6asuc U + W, mocratodyno
BBIICTUTH MaKCUMAJIbHYIO JUHEHHO He3aBHCUMYIO IOACHCTEMY CH-
CcTeMbl BEKTOPOB Ui, Uy, U3, W1, Ws. JLJIsI 3TOr0 MPUMEHUM aJIiro-
puTM, omucamHbii B m. 3.2.1. BelnumieM KOMIOHEHTBI BEKTOPOB
Uy, Uy, U3, W1, Wy B CTOJOULI U MPUBEAEM MOJYYCHHYIO MATPHUIY K
CTYIeHYaTOMY BUJLY.

121111 1 21 11
21 110 2 1 -1 0 | -1 1
12121 1o oo 1o]|”
21210 3 0 0 1 1



146 I'naBa 3. Jlunetinore mpocTpaHcTBa

1 -1 0] -1 1 1 -1 01]0 1
0 3 1] 20 0 3010 -1
“lo o1 o1 ]lo o1]o 1]~
0 00| 10 0 00 /|1 0
1000 2
o1 0]0 —3
0010 1
000 /|1 0

MbI BHIUM, YTO BEKTOPBI U1, Uz, U3, W1 00pa3ytoT Gasuc JmHelHO-
ro mpocrpatctBa U + W, a wy = %ul — %ug + u3. Kpowme Toro,
BEKTOPBI U1, Uz, w3 00pasyor Gazuc U, Tak Kak oHM JMHEHHO He-
3aBUCUMEI. JIWHeliHas He3aBUCHMOCTD W1, Wy JIETKO YCMAaTPUBAETCH

HemocpencTBeHHo. TakuMm 06paszow,
dim(U NW)=dimU + dmW —dim(U + W) =1,

u 6asuc U N W cocrour u3 omgHoro BekTopa. B KavecTBe Tako-
ro BEKTOPa MOXKHO B3ATh, HAIIPUMED, Wsg, NOCKOJBKY 3TOT BEKTOD
mpunamtexur 1 W, u U B cuiy orMedenHOTO BBINIE paBEHCTBA,
JIAIONIET0 €ro pa3JjoxkeHlre o BEKTopaM Uy, Ug, Us.

3.5.6. MHcmnogab3oBaHue cucteM JHUHEHHBIX ypaBHEHUU
OJ1s pellleHud 3a0a4 o JUHelHbIX MHOT00O0Opa3u-
ax

1. Daijitu cucremy JguHelHBIX ypaBHeHU, TJd KOTOPO# MHOTO-
obpasue peleHuii coBIagaeT ¢ JaHHBIM JUHEHAHBIM MHOTOOOpa3neMm
L =a+4+U,rmea=(43,23); U = (u,uz); uy = (1,0,0,1);
wy = (1,-1,1,-1).

Demenne. CHavaga HafileM OIHOPOIHYIO CHCTEMY JMHEHHBIX
ypaBHeHWil, 3amafouryo JuHeiinoe moanpocrpanctso U. 9D1o cue-
JIAHO TIpW pemreHuu TmpuMmepa 1 B 1. 3.5.5: cucrema (3.12) nmeer U
B KavyecTBe MPOCTPAHCTBA pelleHuii. DoacTaBUM B JIeBble YaCTH Ka-
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JKJOTO ypaBHEeHUs KOOPAMHATHI BEKTOPA @& BMECTO HEeU3BeCTHBIX; MO-
JIYIUM Yuca 5; —7. DaccMOTpUM cUCTeMy JIMHeRHBIX ypaBHEHUi,
norydenuyio u3 (3.12) 3ameHoif cBOGOIHOTO WIeHa B KakKIOM ypaB-
HEHUU TTOJYYEHHBIM U3 TOI'0 YPABHEHUA YUCIOM:

—T1 —2$2—|—$4I —7. )
Cucrema sureitnpix ypasuenuii (3.13) numeer B KadecTBe TacTHOTO
pellleHnsi BEKTOP @; COOTBETCTBYONAs eif OIHOPOIHAA CHCTeMa NMe-
et mpoctpancTBo pemrennit U. CienoBarenbo, MEOrooOpasue pelie-
mnii cucremst (3.13) cosmamaer ¢ L = a + U, un tpebyemas cucrema
JVHEeHHBIX yPaBHEHWH TTOCTPOEHA.

2. DaiiTu KOMIOO3UT M HepecevyeHue JUHeRHBIX MHOroobpasuii
L=a+U u M=b+W ecm U= (uy,uz,u3), W=(wi,wsy), a=
=1(4,3,2,3,2),u1=(1,0,1,0,1), u2=(0,1,0,1,1), us=(2,1,0,1, 1),
b=1(1,2,0,3,0),wy =(-1,1,-1,1,0), wz = (1,0,0,1, 1).

Demenne. Yrobwr naiitu Bekrop w3 L N M, npupaBusgeMm BeKTOp
B obmewm suge us L Bextopy us M:

a + ajug + auy + azuz = b+ frw; 4 Frw,. (3.14)

Ecom paBenctso (3.14) BeIosTHAETCA TPH HEKOTOPHIX 3HATEHUAX O,
a9, ag, 1, 32, To MBI TOTyIUM BekTOp U3 nepecedenus LN M . Ecou
Ke Takux 3Hadenuii Her, To mepecedenume L N M ecth mycroe MHO-
KeCTBO. JeperneceM B (3.14) BEKTOp @ B MPaBYIO TaCTh W PACIUIUIEM
MoJy4YeHHOe PaBEHCTBO 10 KOOpIUHATAM:

ar + 2a3 = =1 + B2 = 3;
az +az =B —1;

ap = —031 — 2; (3.15)
az + ag = By + fa;
041—|-042—|-043:ﬁ2—2.
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Brimumrem pacmupernyo MaTpuUIly TOTyIeHHOW CHCTeMBI TUHERHBIX
ypaBHeHuUil, He mepeHocd cJyaraeMmble, coiepxaiiue 3, B9, B JeBYIO
4acCTh, U IPUBENEM MOJYYEHHYIO MaTPULY K CTYIeH4YaTOMY BUIY:

102 |-11]-3
01 1] 10]-1
100 |-10|[-2]~ (3.16)
01 1] 11/ 0
11 1] 01 ]=2
100 |-10|=2 100 |-10|=2
002/ 01]-1 01 1| 01]-1
~fo1 1| 1o0]-1]~l002]| 02| 0]~
01 1] 11/ 0 000]| 0 1] 1
000] 00/ 0 000] 00/ 0
100 |-10|-=2
01 0| 10/ 0
~{oo0o 1] 0o0]-1 (3.17)
000]| 01/ 1
000] 00/ 0

BamuceiBag cucTeMy JuHeRHbIX ypaBHeHUi mo mocjaentell Marpuie,
MOy YUM

ap = —3 —2;
ay = f;
as = —1;

Dpunapas [f1 3Hadenue 0, IPUXOANM K CIACAYIOMEMY PEUICeHIIO CHCTe-
MBI (3.15): oy = =2, a5 = 0, a3 = —1, 31 = 0, §3 = —1. DoncraBnaaa
9TH 3HAUeHNA B PaBeHCTBO (3.14), momydaem a — 2uq — uz = b — ws.
Berancagsa meByio (n 1id TPOBEPKU BBITUCIEHUH TPaBYIO) 9acTh T0-
CJIeJTHETO paBeHCTBa, HaxomuM BekTop = (0,2,0,2,—1)mws L N M.
Coruracuo mpennox eanio 3.4.2 umeem LNM = c+(UNW). [lna va-
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XOK TeHUs TMepecedennd JUHeTHbIX TOATPOCTPAHCTB MOK HO HCTTOE-
30BaTh COCOO, W3JI0KEeHHBIH BbIllle MPU pelleHnt mpuMepa 2 u3 1.
3.5.5. Daijizem 6asuc U + W. BpmmmeMm B cTOI0IBI KOOPIMHATEL
BEKTOPOB U1, Uz, U3, W1, W3] MOTYINM TaCTh MaTpuusl (3.16) — mep-
Bble MATh CTOJOMOB. DTa MaTpUlla yikKe IPUBEIEHA BbIllle K CTYIeH-
qaToMy Buay, cM. (3.17). Mpbl Buamm, 9TO BEKTOPHI U1, Uz, Uz, Wo
JnHelino HeszaBucuMbl m obpasytor Gasuc U + W. Kpowme rtoro,
wy = —uy + uy. Beramcasa pasmepuocts U N W Bumgum, 4o
ona pasta 1. Caremosarensno, U N W = (wq)

LM =c+ (w).
Tak xaxk a — b € U + W, umeem corracuo npenioxennio 3.4.3

(L, M) =a+(U+W)=a+ (ui,uy, us, ws).

3. Dapasiensusr Ju mwiockoctu L = a+ U, M = b+ W,
rme a=(1,-1,2,-1); U = (uy,uz); w1 =(1,1,1,1); ux =(1,0,1,0),
b=(0,-3,-1,-5); W=(wy,ws); w1 =(1,2,1,2); wy=(2,1,2,1)?

Dermenne. BeraeamM MakCHMa bHy 0 JUHEHHO He3aBUCUMYIO TTOI-
CHCTeMy U3 BEKTOPOB U1, Uz, W1, Wz, a — b:

111 21 1o 21 2 1o 21 2
102 1 2 01 -1 1 —1 01 -1 1 —1
11123100 00 2 00 00
102 1 4 00 00 2 00 00 0

Mgsl BEauM, 9TO BeKTOp @ — b He BuIpaX aeTcd JUHeHO Yepes uq, Uz,
a w; = 2u; — Uy, wy = Uy + Ug. U3 ABYX HOCIETHUX paBeHCTB
JIETKO MOJIY YU Th BBIPAK eHUA U] = %(wl +wsy), uy = %(—wl +2ws).
Takum obpasom, U = W, orkyna crenyer, uro L N M = (). rax,
wirockoctu L m M mapannenpnsr.

Bamaym: [17], Ne135-170.
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JInHelHble OoTOOpaXKeHUs
1 JIMHEHHbIEe oepaTophl

DoudTud JuHEeHHOro oTOOpaK eHnd U JIMHEHHOTO ollepaTopa UrPaloT
BaXXHYIO PoJib B JimHeliHoft anredpe. B »Toif rimaBe paccmarpuba-
IOTCH OCHOBHBIE BONPOCHI, CBA3aHHbIE C YKAa3aHHBIMU TOHATUAMU B
MPOU3BOJIBHOM KOHEYHOMEPHOM JMHERHOM TPOCTPAHCTBE Ha YUCJIO-
BeIM mosieM. B §5.2 ruaBel 5 uzyvatorcd JuHeliHble 0TOOPaK eHUA U
onepaTopbl JUHEHBIX TPOCTPAHCTB HAI MOJAAMU COOTBETCTBEHHO Be-
IEeCTBEHHBIX U KOMILTIEKCHBIX Yuces, CHabK eHHBIX TOTOJHUTETbHOM
CTPYKTYPOR—CKaJIAPHBIM TPOU3BETEHUEM.

§ 4.1. JIuueiinbie oTOOpaxK eHUHA

Bctony B aToM maparpade mpennonaraiorcs 3aGpuKCHPOBAHHBIME KO-
HeTHOMepHBIe JinHelinble TpocTpatcTBa V. u W Hal 9ucioBbIM T0-
gem . Damomunm, 410 Hys1€Boil BeKTOp mpocTpancTBa V' [cooTBeT-
creerro W obosnadaeTca depes oy [COOTBETCTBEHHO Oy |.

150
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4.1.1. DouaTue JuHeliHOTo oTOOpaxkeHusi. MaTpuia
JUHEHHOTO 0TOOpaXK eHusA

Orobpaxenue A suHeiinoro npoctpanctsa V' B simHeliHoe mpocTpaH-
ctBo W HasbIBaeTCH AUHEUHBIM OMOOPAHCEHUEM [20MOMOPPHUIMOM,
WU MOPPHUIMOM], eCTU BBITOTHAIOTCA CIAeIyIouine YCIOBUs: s
mobeix 2,y € V u mioboro a € [ cipaBenyiuBel paBeHCTBA

Alaz) = aA(x). (4.2)

Csoiictso (4.1) HaspiBaerca addumuenocmuvio THHEHOTO 0TOOPaXK e-
HUH, a cBOHCTBO (4.2) — ero odnopodiocmuio. Yuraresio mpenara-
eTcd yOeIuThCA C MOMOIIBIO THX CBOCTB, UTO 114 JTIOOBIX BEKTOPOB
v1,...,v; € V 1 JI00bIX CKAJIAPOB a1, . .., a; € I cupaBeninsa cie-

ayfomas dopmyna
A(avr + .. 4 apvr) = o A(vr) + ..+ apA(vg). (4.3)

Kpowme toro, u3 (4.2) Beiteaer, 110 A(0oy) = ow.

DacCMOTPUM NMpUMephl JTHHEeHBIX 0TOOpak eHuii.

1. Bcearuit m3omopdusm auHeRHBIX TpocTpaHcTB (cM. 1. 3.2.4)
ABJAgeTCA JTUHefHbBIM 0ToOpaXK eHueM. B qacTHOCTH, TOXK JecTBeHHOe
orobpaxkeHre JI000r0 JUHEIHOTO ITpOoCTpaHCcTBa Ha Cedd ABIACTCH
JnHeiinbIM oTobpaxk enmeM. OHO HazbBaeTCA eJUHUYHBLM ONEPAMOo-
POM ITaHHOTO IPOCTPAHCTBA.

2. 9ycrey V = F", W = F™ — npocrpancrBa cTo01m0B 1t
A € F™*" — npomsBosbHasg MaTpPHIA pa3MepoB m X n. i mo6oro
v € V nonoxum A(v) = Av. Torma mo nmpaBmjiaM yMHOXKEHIA Ma-
tpun A(v) umeer pasmepsr m X 1, r.e. A(v) € F™. Takum obpaszom,
A sBiaserca orobpaxennem muoxectsa V 8 W. Ero agnntusrocts
1 OIHOPOAHOCTh CENYIOT U3 TPABHI HefficTBUil ¢ MaTpuiaMu (CM. 1.
1.1.2).

3. Oycts V u W coBnagaior ¢ JUHEHBIM IIPOCTPaHCTBOM BeK-
TOPOB Ha TLJIOCKOCTH, a 0ToOpaxenne A comocTaBIgeT Kak IOMY He-
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HYJIEBOMY BEKTODY @ BEKTOD, IIOJIYIE€HHBI W3 HETo OBOPOTOM IIPO-
THB 9acoBOil cTpelkn Ha (GpUKCHPOBAHHBIN YTOI ¢, a HYJIeBOMY BEK-
TOpY — HyJeBoil BekTop. JlnnelinocTs IpoBepaeTCd HEOCPEICTBEH-
HO C HCIOJIb30BAaHHEM IIPABIJ CJIOXKEHHS BEKTOPOB U yYMHOXK€HIA
BEKTOpa Ha wncio (cMm. m. 2.1.2).

4. Dyaresoe nmuneitnoe orobpaxkenne. OHO MEPEBOIUT KAk Iblit
BEeKTOD JInHeiiHOTO TpocTpatcTBa V' B Hy/IeBoil BEKTOP IPOCTPAHCTBA
W. JluneitnocTsb 5T0T0 0TOOpAK €HUA OYEBUIHA.

Crenyioliee yTBEpKIeHIe IOKa3bIBAET, 4TO J0OOe JIHHelnoe
orobpaxenne u3 V B W onHosHadHO onpenessercs obpasaMu BeK-
TOPOB Kaxk goro Gasuca V.

D pensoxenne 4.1.1. Jycre N = (eq,...,e,) — purcupoBaHHbIi
Gasuc npocrpancrsa V. s jrio6olf ciicTeMbl BEKTOPOB W1, . . ., Wy,
npocrpancrBa W cymecTByer eqHCTBeHHOe JIHHEHOe 0TOODaK e-
are AV — W qas koroporo Ale;) = w; npni=1,...,n.

HokasareabcTBo. [lokaxeM cymecrBoBamme JuHelinoro orobpa-
xwenns A. Bosbmem mpomsBosbHBIE BekTOp v € V u pasmoxum
ero mo basucy N: v = ajeq + ...+ aye,. Domoxrum A(v) =
ajwi + ...+ a,w,. Tak Kak KoopIuHATHI BEKTOPa B Hasuce ompere-
JIeHbI OTHO3HATHO, 0TOOpaxK eHne A onpeneseHo KoppekTHo. Ero jun-
HeffHOCTD cilemyeT u3 TeopeMsl 3.2.3, MOCKOJIbKY CTOJIOel KOOpIHHaT
CYMMBL BEKTOPOB PaBeH CyMMe CTOJIONOB KOOPIMHAT, I AHAJOITIHOe
CBOMCTBO MMeET MeCTO IJid IPOU3BEIeHns BEKTOpa Ha CKAJILp.

Y106bI yCTAHOBUTH OTHO3HAYHOCTD, MPEIIOTOKHUM, 4TO JnHeli-
Hoe orobpaxenne B Takike obsamaer csoiicrsom B(e;) = w; npu
i=1,...,n, u tokaxem, 9to A = B. MbI HO/KHBI IPOBEPUTD, 4TO
A(v) = B(v) nna moboro v € V. Dasznarag v mo 6asucy N, kak
3TO ClIeJalo B IpeslaylieM ab3alie, Haxonum obpas A(v). [liag na-
x0K 1enns B(v) Bocnomb3yemcsa dopmysioit (4.3) IpuMeHUTETBHO K
JauneiinoMy oTobpaxenuio B 1 BEKTOpPY v:

B(v) = Blayer + ...+ aze,) =
= Bler)+ ...+ aBe,) = aqwi + ...+ a,w, = A(v).



§ 4.1. Jluneiinpie 0TObBpaXK eHHS 153

Takum obpasom, A(v) = B(v). o

Badurcupyem suneiinoe orobpaxenue A mpocrpancrBa V Ha
W. Badurcupyem takxe 6asmc N = (eq,...,e,) IpOCTpaHCTBA
V u 6asuc M = (f4,..., f,,) mpocrpancrBa W. Daznoxum obpas
Kaz 10r0 BekTopa basuca N 1mpn orobpaxennu A mo 6azucy M:

Aler) =anfi+anfo+ ...+ ami Frou;

Aler) = arofi +asafo + ..o+ ama Fous
.................................... (4.4)

-A(en) = alnfl + a?an +...+ amnfm-

Mur moyauan mampuyy JuHeinoro otobpaxenns A 6 basucar N,

M:

a1 Q12 ... QA1p

Q921 Q929 ... Q9p
ANM =

Am1 AUy oo Qyp

Ona cocraBiiena u3 cToJOIOB KoopauHar B 6azuce M mpocTpancTBa
W o6pasos BekTopoB Gasnca N npocrpanctBa V' npu orobpax eHun

A. DoJle3HBIM TaKXKe ABJdeTcd obo3HadeHne A — A, A = AN M.
M,N
B marpuwunoMm Bume ompemesenie MaTpHILL JHHERHOTO 0TOOpa-

xenud (4.4) maeTcd ONHUM PABEHCTBOM
A(N) = MAy 1. (4.5)

DacCMOTPUM IPOM3BOJIBHELE BekTOp & € V. DaznoxuMm ero mo ba-
sucy N: @ = Nlz]n. Daitinem A(z). U3 mmueiinoctn orobpaxenud
A u (4.3) nerxo crenyer paseuctso A(N[z]n) = (A(N))[z]n. Uc-
[OJIB3Y4 TOCTIeIHee PABEHCTBO, B COOTBETCTBIN C YTBEPIK IeHIEM 2)
npemJioxkennd 3.2.6 nosydaem

A(z) = (AN))[z]ln = (MAN,M)[z]n = M(AN,m[Z]N).
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Takum 06pazoM, cTobel] KoopanHaT obpas3a BeKTopa & TPW JnHeii-
HoM otobpaxennn A B basnuce M maetcsd dpopmyaoit

[A(z)]m = Anm[z]N. (4.6)

YKaxeM MaTpUILbl JIMHEHHBIX 0TOOpaK eHull, pacCMOTPEHHBIX BbI-
e B KayecTBe MPUMEPOB; YUTATENIO MpejaraeTcd MpOoBEpUTh Ka-
JK JToe W3 BBICKA3aHHBIX HUKE YTBEPK IEHU.

Marpuna msomopdumsma Z : V — W B nmomxomamux Gasucax
SIBJISETCS eMHUYHO; MpU 3TOM B TpocTpancTBe V' 6a3nc MOKHO
BBIOpATh MPOM3BOJBHBIM 0OpasoM, a B W B KadecTBe Ha3uca Torma
HYK HO B34Th 00pa3bl 0a3MCHBIX BEKTOPOB 3TOT0 Hazuca Mpu U30Mop-
¢dbusme Z (10, 9TO TP 3TOM HeficTBHTENbHO TMosydaercs Hazuc W,
obecmevnBaeTCA yTBePXK TeHneM 3) mpemiox ennd 3.2.7).

Matpuiia HyJeBoro orobpaxkeHud B JOObIX 0asucax dABIAETCH
HYJIeBOIi.

Marpuua JanHeiiHoro oTobpaxenus TpocTpancTBa cToaomoB [
B ", paccmorpenroro Bo BTOpoM IpuMepe, COBagaeT ¢ MaTpuieii
A, eciu Boiopars B " 1 F™ 6asucer, cocrosume u3 cToIOmOB enu-
HuuHbIX Matpull F, u E, cOOTBETCTBEHHO.

Matpuiia TOBOPOTa BEKTOPOB IIIOCKOCTH HAa YTOJI ¢ B COBIAIAI0-
cosp —sing
IUX OPTOHOPMUPOBAHHBIX Oa3nucax uMeeT BUJL .

sing  cose

fcuo, yro MaTpuna JuHEHHOrO 0TOOpAK eHIsd 3aBUCUT OT BhIOO-
pa Gasucos N, M B npoctpanctsax V, W. Daijinem cBs3b MeX Iy
MaTpUIAME OIHOTO U TOTO ke oToOpakKeHud B Pa3JIudHbIX Haszucax.
dycrs N, N’ — 6asucel npocrpanctsa V u M, M’ — 6asucsr mpo-
crpanctsa W. Obosnaunm wepes T’y N/ MATPHUILy Tepexofa oT Has3mu-
ca N x 6asucy N', a uepes Typpp — MaTpuuy mepexoma or 6asuca
M « 6asucy M'. Do ompenenennio MaTpuisl mepexona (cm. 1. 3.1.4)
nvmeeM N’ = NTy n/y M = MTyp . D0 ONpeIeenuio MaTpuirbl
Jauneiinoro orobpaxenns nosydaeM paseucrsa A(N) = MAn M 1
AN') = M'Any \pr. Mnteen

AN') = ANTyn) = AN) TN N =
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= (MANM)TN N = M(ANMTN,N)-
C mpyroii cTOpoHbI,
AN') = M A/ = (MTyv w0 ) Anr o = M(Tvwr Anvowr)-
Mer s, 910 M(ANMTN N') = M(Ty v AN/ )s OTEY T
ANMT NN = Ty AN

Tax xak marpuna Ty p 0OpaTuMa, monydaeM GopMyy, CBA3bIBAIO-
MIYIO MaTPHUILI OTHOTO B TOTO XK e JHHeHHOTO 0TOOpaXK el B PA3HBIX
Oasucax:

AN/,M/ = T]_:/_[I,M/ AN’MTN’N/ (47)

4.1.2. OO6pa3s u aapo JUHEHHOTro 0TOOpaXK eHus

Badurcupyem muHeiiHoe oTobpaxenme A JMHEIHOTO IIPOCTPaHCTBa
V' na smueitnoe mpoctpanctso W. O6pas A(V') nassiBaerca obpa-
30M JIMHeiiHoro 0ToOpaxk eHud A. DTO MHOK ecTBO 0003HaTaeTCd TaK-
xe gepes ImA. Muoxectso {v € V | A(v) = ow} nasbiBaerca
Adpom otobpaxkenus A u obosHadaercs depes Vy wian depes KerA.

D pengioxenune 4.1.2. dycrb A: V — W — nmneiinoe oro6pa-
xenne. Torma A(V') u Vi aBiaiorcs jinnefHpIME TOIIPOCTPAHCTBA-
M, I 171 soboro 6asica N mpoctpanctBa V. HMeeT MeCcTo paBeH-
crso A(V') = (A(N)). A napextuBro TOrga I TOJBKO TOLIA, KOLIA

V4 = {o}.

HoxkasareabcTBo. DpoBepnm, 410 06pas A(V') asasercs muHeii-
HBIM TOATPOCTPAaHCTBOM mpocTpatcTBa W. Dycrh wy, wy € A(V).
Torma maiinytcs takme vy, vz € V, 910 A(vy) = wy, A(vy) = w,.
Corutacuo paBencTBy (4.1) A(v1+v2) = wy + wz, OTKyTa Wy + wy €
€ A(V). Awasornvno mpoBepgeTcs, 910 1 goboro a € F umeer
MecTo BRaoUeHne awy € A(V).
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Snpo mmHeliHOrO 0TOOpaK €HUA ABIACTCH JUHEHHBIM IPOCTPAH-
CTBOM, IIOCKOJIBKY O + oW = ow 1 aow = ow mid awodoro a € F.

Dycrs N = (eq,...,e,) — nexoropsiii 6asuc V. Tak xax A(V)
— aurefinoe nopnpoctpanctso u A(N) C A(V), zakmogaem, 410
(AN)) € A(V). Ilna moxasaresnbcTBa 0OPATHOTO BKJIOYCHHA 3a-
durcupyem y € A(V). Cymectsyer @ € V Takoit 4to y = A(z).
Yaznarad ¢ mo Oasucy N, moaydaeM € = o€y + ...+ aye,. Dojab-
3y$Ch PaBEHCTBOM (4.3) IPUMEHHTeTBHO K TOMY Pa3JI0K eHHIO, KOH-
crarupyem, uto y = A(z) € (A(N)).

9 pennosIox nM, IT0 THHelinoe oToOpax enne A nubektnBHO. Tak
kak A(oy) = ow, nmeem V4 = {ov}. Obparno, nycts V4 = {ov}.
DoxkaxkeM, 410 A(v1) = A(v3) Beder 3a coboit v1 = vy A4 JII006BIX
v1,v3 € V. lmeem A(vy) — A(vy) = ow, otkyna A(vy — v3) = ow
1 vy — vy € V. Takum obpasom, v1 — vy = Oy, I TOTOMY ¥1 = V3.
a

M3 »Toro mpenioxeHns HeMOCPEICTBEHHO BBITEKaeT TaKoe yTBep-
XK JeHue.

CaencrBue 4.1.1. Jlnneiinoe orobpaxenume A :V — W apiger-
¢ m3oMop¢u3MOM Toria W TOJIBKO Torda, kKorga Vy = {ov} u

AV)=W.

Dareom r(A) nuneiiHoro oTobpakeHns A Ha3bIBaeTCA Pa3sMePHOCTh
ero obpasa, T.e. r(A) = dimA(V). Jepexmom d(A) muneiinoro oro-
Opaxenns A Ha3bIBaeTCH Pa3MepHOCTD eTo f1pa, T.e. d(A) = dimVy.

Teopema 4.1.1. [lia sroboro muneiinoro orobpaxenna A : V — W
nmeer Mecto papercTBo r(A) + d(A) = dimV. g jobsix 6azmnco
N, M npocrpaucrs V, W cnpaseminso pasencrso r(A) = r(ANM)-

HoxkasareascrBo. 3adurcupyem 6asmc K = (gq,...,9,) obpa-
3a A(V) u 6asuc L = (ey,...,eq) aapa V4. Daiinem BeKTOpSH
fi,--, f, € V, tagune, wto A(f;) =g, nna i = 1,...,r. Doraxem,
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9710 ey,...,eq, f1,..., f, ectb 6asuc V. Otcrona Gyzmer cienoBaTh
IepBoe yTBepK JeHIe TeOPeMbI.

Yoemnmes, ato V = (e1,...,eq, f1,..., f,). Iyctb v € V. To-
roa A(v) € A(V). Dasmoxum A(v) no 6asucy K:A(v) = a1g,+.. .+
+a,g,. Donokum w = a1 f; + ...+ a,f,. Torna A(v) = A(u) un
A(v — u) = ow. CuaenoBarenbno, v — u € V4. Da3loxuIM BEeKTOp
v —u 1o basucy L: v — u = f1ey + ...+ fgey. Takum obpaszom,

v=u+per+...+0eq=a1f1+...+ao.f, + e +...4 Bieq,

nve <617"'7ed7f17---7f7°>‘
DOKaKeM, YTO CHCTeMa BEKTOPOB €1,...,e4, f1,..., f, muHeliHO

He3aBUCHMa. JYyCThb
arer+...+ageg+ 51 f1+...+ 5. f, =ov. (4.8)

Torma A(aie; + ...+ ageq + fif1 +...5. F,) = ow. B cuny (4.3)
norydaeMm on A(er)+...+agAleq) + L Af)+.. .+ 5A(f,) = ow.
Tak kak ej,...,eq € V), U3 mOCTeNHEr0 PaBEHCTBA CJEIyeT, ITO
BLA(f1) + ... + BLA(F,) = ow. Dockombry A(f;) = g, nud
v =1,...,r, umee™m S1gy + ...+ 5,9, = ow. BexTopw ¢g¢,....9,
JuHeiHO He3aBHCHMBI, u60 OHE 00pa3yioT Ga3uc MOAIMPOCTPAHCTBA
A(V). Tagum obpasom, 1 = ... = f, = 0, u u3 (4.8) crenyer,
9T0 ey + ...+ agey = oy. BekTopsl ey, ..., e  TakKe JHHeHHO
He3aBHCHMBI (OHH obpasyfor 6asuc mommpoctparcTBa Vy). Hrak,
a; = ... = ag = 0. Jlunefinas He3aBUCHMOCTH CHCTEMBI BEKTO-
poB e1,...,eq, f1,..., f, nokasana. Bmecre ¢ TeM mOKa3aHO mepBoe
YTBEpXK IeHIe TeOPeMBL.

Jlist MoKa3aTesbCTBA BTOPOTO yTBEPK IeHUs 3aduKCHpyeM Oa-
suc N mpoctpanctBa V' u 6asuc M mpocrpancrsa W. Corrac-
Ho mpemoxennto 4.1.2 umeem A(V) = (A(N)). Crenosaresnbo,
r(A) = r(A(N)). Cronbust koopaunar BexkTopos cucremsr A(N) B
Gasnce M cyTh B TOYHOCTH CTOIOUBI MaTpuibl An M. Tak Kak Ju-
Hefinoe mpoctparcTBo W n3oMopdHO IPOCTPAHCTBY CTOIOIOB KOOD-
IMHAT BEKTOPOB 3TOTO MPOCTPAHCTBA B Gasuce M corstacHo Teopeme
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3.2.4, B cuiy yTBepK IeHuit 1) u 2) mpenmoxenns 3.2.8 paHT cucte-
MBI BekTOpoB A(IN) paBeH paHTy crmcTeMbl 00pa30B 3THX BEKTOPOB
npu m3oMopdusMe, T.e. paBeH CTOJIOIOBOMY PaHTy MaTPUIBLI AN M.
YpuMeHeHne TeopeMbl 3.2.2 3aBepinaeT J0Ka3aTelbCTBO. a

YacTo TpUXOIUTCA HaXOANTh Oa3uchl 0bpasza M AApa MO 3aTaH-
Holt Marpuie AN v Jauneiinoro orobpaxemns A: V — W. Dpu
9TOM HaXOTATCA KOOPAMHATH Ga3MCHBIX BEKTOPOB obpasza B HGasuce
M upoctpanctBa W 1 KoopanHaThl 6a3MCHBIX BEKTOPOB dapa B Oa-
suce N npoctpancTBa V. Da KOHKPETHOM IpUMepe PACCMOTPUM IBa
crocoba HaXOX JeHus 0a3ucoB obpasza W dnpa. DYCTh B HEKOTOPHIX
Hasucax N sguneiinoro nmpocrpancrsa V. u M smHeiiHoro mpocrpan-
crBa W wmarpuna auneiinoro oroopaxenns A : V — W umeer

BUIL
-3

O = =N
— N
e
— N

o O W

1 11

DepBbiii cocob COCTOUT B BBIIEJEHNN MaKCUMAJIbHOR JuHelHO
He3aBuCUMOll momcucTeMbl CTOJNOIOB MATPUIBl A ¢ TOMOIILIO 3Je-
MeHTapHbIX mnpeobpaszoBanuit cTpok. OMHOBPEMEHHO € IIOMOIIBIO
Tex XKe npeobpaszoBaHmii pelraeTcs OMHOPOAHAA CHUCTEMa JIMHEHHBIX
ypaBHeHuit A = o0, TPOCTPAHCTBO pelleHuii KOTOPOil COCTOWT U3
CTOJOTOB KOOPAWHAT BEKTOPOB sapa otobpaxenns A B cumy dop-

myst (4.6). Umeem
2 1
3 1
0 0
0 0
0
3
—3 |-
0

w o o

1
2
1
1

O = =N
— = N
o O O =
= = = =
= = = =

1
1
1

o O O =
o O = O
o= O O
o O = O
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Mel BuIuM, 9TO HEpBbie TPU CTOJNOINA MaTPUIbl A 00pa3ylT MaK-
CUMAJIBHYIO JUHETHO HEe3aBUCUMYIO MOICHCTEMY CTOJIONOB. Da3uc
obpasa A(V') cocront m3 BexTOpoB, mMmeoumx B Gasmce M mpo-
crpanctBa W koopmmrats! (2,1,1,0), (1,2,1,1), (2,1,1,1). Yrobsr
HaliTu 6asuc gmapa, 3amnuiieM oblee pelleHre OTHOPOIHONW cucTeMbl
JUHelTHBIX ypaBHeHU# Ax = o To TocienHell MaTpuile u Halimem
(byHaaMeHTaIbHYIO CUCTEMY PellleHui:

Ty = 0, Ty = 0, 1 g X3 T4 Ty
$2—|—$4—|-3$5IO, Ty = —$4—3$5, 0 -1 0 1 0
x3 — 3x5 = 0; T3 = 3T5; 0o -3 3 0 1

B kadectBe 6azuca siapa oToOpaxK enns A MOXK HO B34Th JIBa BEKTOPa,
nmefomine B 6asuce N mpocrpanctsa V' xoopauuarsr (0,—1,0,1,0)n
(0,-3,3,0,1) cOOTBETCTBEHHO.

Bropoit cmoco6 otbickanns 6asuca ampa n obpasza A cocTonT B
cjaenyoueM. Beimuniem cTpoku KOOpauHaT BeKTopoB 6azuca N mpo-
cTpancTBa V' (3T0 B TOYHOCTH OYIYT CTPOKH €IWHUTHON MaTpPUILBI
mopsiKa 5) W UPUNANIEM K HAM CTPOKH KOOPIWHAT 0OPa3’oB 3THX
BEKTOpPOB Tpu otobpaxennn A B bGasuce mpoctpanctea W (310 B
TOYHOCTH CTONOUBI Koopauuar Marpuusl A). Taxmm obpasom, &
MaTpuie Es IpuIichBaeTCs TPAHCIOHMpOBaHHas Marpuia A'. B
MOJIyYeHHO# MaTpuile TPOU3BOIUM DJIeMEeHTapHble mpeodpa3oBaHusd
HaJ CTPOKaMM, TPUBOIA TPAHCTIOHUPOBAHHYIO MAaTpuy A K CTyTeH-
4aToOMy BUILY.

100 00 21 10
01 000 1 2 11
00100 211 1|~
00010 1 2 11
00001 |-3 3200
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0 1000 |1 2 1 1
1 -2000 (0 -3 -1 -2
~ 0 300110 9 3 3|~
-1 01 0 0|0 0 0 1
0 -1 01010 0 0 0
0 1 000 |1 2 11
-1 -2 2 00 (|0 -3 -1 0
~ 3 3 -3 01,0 9 30|~
-1 0 10010 0 01
0 -1 0100 0 00
0 1 0001 2 11
1 -2 0010 3 10
~| -1 0 1 000 001
0 -3 3 0110000
0 -1 0100000

DenyaeBble CTPOKU MaTPHUIBI CIpaBa OT BEePTHKAJIBLHONW YepThI
mocJie Ipeobpa3oBaHmii Jai0T KOOPIUHATHEI BEKTOPOB Oasmca obpasa
A(V') B 6asuce M mpoctpanctsa W, Tak Kak uX cucrema JHHEHHO
9KBHUBaJIEHTHA CHCTEMe CTOJIOIOB MATPUILI A, 3alUMCAHHBIX B BHIE
cTpok. CTPOKM MaTpPHUIBI CJIEBa 0T BEPTUKAJIHHOR YepThI, HMEIOIIne
HyJIEBBIe IPOIOJIKEHNA CIpaBa, JaloT KOOPAWHATHI BEKTOPOB Ha3u-
ca dgpa orobpaxenud A B Gasuce N mpocrpancrsa V. B camom
JeJie, OHU JWHERHO He3aBUCHMBI, TaK KaK CTPOKW eINHWIHOH Ma-
TPHUILI JUHERHO He3aBUCUMBI U JII0bad CHCTEMa CTPOK, MOJIYI€HHBIX
N3 HUX 2JeMeHTapHBIMI Ipeobpa30oBaHnaMu, Takxke OymeT JauHeiiHo
HezaBucnma. dmceso »1ux crpok pasao dimV —r(A), t.e. paBHo pas-
MEpHOCTH dIpa. JaKOHell, JeIrKO yOemuThCd, ITO 3TH CTPOKU IIPH-
HaIJIexaT aapy. lakum obpas3oM, yKas3aHHBIE CTPOKH MOIYT OBITH
B34THI B KaueCcTBe KOOPIMHAT BEeKTOPOB HeKOTOporo tasuca dapa V4.

Onucannprii cmocod HaxoX geHus obpasa W sapa JIHHERHOIO 0TO-
Opaxkenng 0coODEHHO yIo0eH I OTBICKAHUs XK OPIaHOBa Oa3mca JIn-
HeliHoro oepaTopa W XK OPLaHOBON HOPMaJIbHOK (POPMBI KBaIpaTHOHR
MaTPHILBI.
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4.1.3. leticTBusi ¢ uHelHBIMU OTOOPAK EHUAMU

MHOK eCcTBO BCex JIMHEHBIX 0ToOpaX eHnil TUHeHAHOro TPOCTPAHCTBA
V' 8 nuneiinoe mpocrpanctso W obosnaunm wepes Hom(V, W).
Dycts A, B € Hom(V, W), v € F. Onpenennm otobpaxenns
C,D: V — W cuenyromum obpasom: mag jawoboro v € V mo-
aoxuM C(v) = A(v) + B(v) u D(v) = vA(v). Yoennmcs, 4to C u D
SIBJIAIOTCS JIMHEHHBIME 0TOOPaK eHUAMM. D POBEPUM aIIUTUBHOCTH
C; ero omHOPOIHOCTDh, PABHO KakK U aIIUTUBHOCTH W OJHOPOIHOCTH
D, npoBepsAOTCS CXOIHBIM 00pa3oM. DycTh v, vy € V. Umeem

C(v1 +v2) = A(vy +v3) + B(vy +v2) =
= A(v1) + A(va) + B(v1) + B(va) =
= A(vy) + B(v1) + A(vg) + B(vy) = C(v1) + C(v3),

410 U Tpebyercd. Dymem obo3HavaTh JuHelHOe oToOpaKenue C de-
pes A + B n naswiBath cymmoti munelnpix otobpaxenuit A u B, a
oTobpaxkenne D — obosHadaTh depe3 VA 1 Ha3sIBaTh npoussederi-
em auHeiinoro ortobpaxenns A Ha cramgap . Takum obpasom, Ha
MHOZK eCTBe Bcex JimHeitHbIx orobpaxennit Hom(V, W) onpenenemnst
OTIepaTNy CJIOK eHNS W YMHOXKeHNs Ha CKAJIAP.

Teopema 4.1.2. MuoxecrsoHom(V , W) aBisgercsa muneitupim mpo-
crpancrsoM Ha nostem B orHocuTe/HO BBETeHHBIX onepalii, 130-
MOpQHBIM JTHHEIHOMY IPOCTPAHCTBY MaTPHI FdimW xdimy",
HoxkasarenncTBo. [ 10Ka3aTeabCTBa IIePBOTO yTBEPK IeHNs He-
00XOIMMO TPOBEPUTH aKCHOMBI JIMHEiHOro ITpOCTpaHCTBa, JJIA MHO-
xectBa Hom(V, W) u nona I (cm. m. 3.1.1). Axcuomsr 1) u 6) yxe
IIpOBepeHbl My TeM OllpefeseHns olepaluii Hal JUHeilHEIMI 0ToOpa-
KenuaMu. Axcmomsl 2) u 3), a Takxe 7)-10) Jerko mpoBepdaioTCH
C TIOMONIBIO OIpeflesleHuil onepanuii HaJ OTOOPaKeHHsIMH W COOT-
BETCTBYIONMX aKCHOM JIJIs JimHelinoro mpoctpatnctsa W. DyireBbiMm
BekTOpoM B mpocTpancTBe Hom(V, W) apngerca nynesoe otobpa-
xenme (O, KoTopoe KaX bl BekTOop M3 V IHepeBoiuT B Oy, Tak
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4T0 akcmoMa 4) BBIIOTHAeTCH. B akcmome 5) I IPOM3BOJIBHOTO
A € Hom(V,W) Bosbmem B kadectBe B Jsnnelinoe oTobpaxemne
(—1).A; Torma cnpaBemIMBOCTD yKa3aHHON# aKCHOMBI JIETKO yCTaHa-
BianBaercda. Takum obpasom, Hom(V , W) asngerca nmuneliHbim mpo-
CTPAHCTBOM.

Badurcupyem Gasucet N mpocrparcta V' u M mpoctpancTBa
W. Domoxum n = dimV,m = dimW. Kaxnomy A € Hom(V, W)
[IOCTABUM B COOTBETCTBHE MATpHIy AN M, KOTOPYIO OymeMm 06o3Ha-
1aTh depes o(A). DokaxeM, ITO ¢ ABIFAETCH HCKOMBIM H30MOpPQhH3-
mom Hom(V, W) wa F™"".

Y6emumcs, 4TO ¢ ABIETCH JIHHEHHBIM 0TOOpaXK eHHeM. 9 poBe-
puy paBercTso (A + B) = o(A) 4+ ¢(B). meem B cooTBeTCTBIE C
OIlpeieIeHNeM CYMMBI JITHeHBIX 0ToOpaKeHuit n paBeHcTBOM (4.5)
Myp(A+B)=(A+B)(N)=A(N)+B(N)=MANM+MBnM =
— M{ At + Byar) = M($(A) + ¢(B)),  orkyma Mg(A + B) =
= M(p(A) + ¢(B)). Takum obpasom, p(A+ B) = ¢(A) + ¢(B), ato
n Tpebyercs mokasarb. DaseHcTBo p(vA) = y¢(A) mposepaercs
aHAJIOTHIHO.

JokazKeM, ITO AP0 ¢ ABJIAETCH HYJIEBBIM IPOCTPAHCTBOM. D YCTh
A € Hom(V, W) . Torna ¢(A) = Oy, xn, 1 06pa3 Kak 10r0 BEKTOpPa
u3 Gasuca N npu orobpaxennn A ABIAeTCS HYJEBHIM. DO IPEIIO-
xennio 4.1.1 A coBmamaeT ¢ HyJIeBBIM 0TOOpaK eHIEM.

Véemmucsa, uto @(Hom(V,W)) = F"*". BosbmeM Ipo3BOJIb-
nylo mMarpuny A € F7*". Q6osmauum dvepes aq,...,a, CTOJIO-
Ubl 5TOH MATpPHIBI U MOTOKUM w, = May,...,w, = Ma,. Do
npemtoxkennio 4.1.1 cymectByer enmHCTBeHHOe oTOOpakeHme A €
Hom(V , W), kotopoe nepeBonnt BekTOphI Oasnca N cOOTBETCTBEH-
HO B W1, ..., W,. QATaTeNI0 IpeIaraeTcs yOeTnThCs, IT0 MATPUIA
5TOrO JuHeliHoro oTobpaxkenns B 6asucax N, M coBnamaer ¢ A.

Do crenctuio 4.1.1 orobpaxeHnne ¢ sBILETCA H30MOPHU3IMOM
mreitnoro mpocTpanctsa Hom(V, W) ma F™ ", O

DacemoTpuM tuHeiinbe otobpaxkennda AV —WuB . W — 27
smueiinpix mpoctpancts V, W, Z wan nonem F. Dacemorpum oto-
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opaxenune C = AB. Torma must moboro v € V' cnpaBeainBo paBeH-
ctBo C(x) = B(A(x)). Yuraremo npennaraerca IpoBepuTh, 410 C
SIBJISETCS JIMHEHHBIM 0TOOpak eHueM IIpocTpaHcTBa V' B MPOCTpaH-
ctBo 4. Omno masbiBaerca npouseedenuem A u B. Badurcupyem
Hasucer N, M, K npocrpancrs V, W, Z coorBercTBeHHO. DyCTh
A = AN M — MaTpula JnHeitHOTO oToOpaxk enud A B 6asucax N, M
1 B = By,k — MaTpuiia JinHeitHoro otobpaxenud B B 6asucax M,
K. Dajinem marpuny C = Cn k orodopaxkennd C B dasucax N, K.
Nmeem KC =C(N)=B(A(N))=B(MA)=BM)A=(KB)A =
= K(BA). Takum obpasom, KC = K(BA), oTKyzna B CHITy yTBEp-
& aerns 1) npennoxenns 3.2.6 crenyer C = BA. Urak,

Cnk =BMmxANM- (4.9)

§ 4.2. Jluueiinble omepaTopsl

Bcrony B »ToM maparpade mpemmosaraercd 3apuKCHIPOBAHHBIM JIH-
neiinoe mpocrparcrso V nan mosem [F.

4.2.1. DouaTtue JuHeiiHoro omeparopa. IelicTtBus c
JIMHeHHBIMU olleparopamMu

Jlunetinvm onepamopom Ha JuHelinoMm mpocrpancrse V' HasbiBaer-
cst TuHeltHoe otobpaxkenne V' B cebda. Bee monsiTust, onpemnesennbe
JLIs JTMHelHbIX 0ToOpaxk ennii, mepeHocaTcd Ha JIMHeliHbie omepaTo-
pbi. Marpuna guHeiiHoro oneparopa A CTpOUTCS ¢ TOMOIIBIO OTHOTO
Hasuca N auneiinoro mpocrpancrBa V' u onpenesgercs B MATPHITHOM
BHUJle PAaBEHCTBOM

A(N) = NAN. (4.10)

Dpu nepexofe K Apyromy 6aszucy M, cBA3aHHOMY C UCXONHBIM Oa3u-
com N mocpencTBoM MaTpuibl nepexoma T'N M (Tak vto M =
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= NT'n,M ), MaTpuila TUHEHHOT0 ollepaTopa Ha OCHOBAHKE (OPMYJIBL
(4.7) m3MeHgeTCA CIEYIOMUM 0Opa3oM:

Ay = TN MANT N M- (4.11)

IBe kBagpaTHble MATPUILI A, B MOpsaKa N Ha3bIBAIOTCA NOJOGHbI-
Mu, ecJI Hafimercs HeBBIPOK JeHHas MaTpula S TOTO XKe TopsaIKa,
takad, 410 B = ST'AS; npu s1oM 6yIeM roBOPUTH, YTO MATPUIA
S ocyuwecmeanem nodobue. Mpl BUIUM, 9TO MaTPUILBI OJAHOTO K TOTO
Ke ollepaTopa B Pas3JMIHbIX Oasncax MOJOOHBI M MATPUIA Hepexoma
OCYIIECTBJIAET ToIo0ue.

O6pas u spo JauHelHOro ollepaTopa 0003HaYaI0TCA TaK XKe, KakK
oI JInHeliHoro otobpakennsd. Onepaunn CJI0KeHUd U yMHOK eHUs
Ha CKaJIsIp I JUHEHHBIX OIIepaTOpOB IIPEBPANAIOT MHOXK €CTBO BCeX
JIMHEHHBIX OTlepaToOpoB B JHHEHHOe TPOCTPAHCTBO, U30MOPGhHOE JIH-
HelffHOMY TTPOCTpaHCTBY BCeX KBaJIpaTHBIX MaTpul Ham mojem [ mo-
pagka dimV. Dymem obosnavars ero qepes Hom(V).

Bax myto poJsib OyaeT urparh B JajbHelmreM yxe BCTpedaBurniics
BBIIIE eIMHUYHBIH omeparop, KoTophlii obosHavaercs depes £. U3
onpenesleHns HelOCPEICTBEHHO CIeLyeT, 9TO eIUHNYHBIA omepaTop
B JTI060M Haznce nMeeT eIUHNIHYI0 MaTpHUILY.

Yurare 1o npeiiaraeTcsa TpoBepuTh, YTO MPOU3BEICHIE IBYX JIH-
neitnbix omeparopos u3 Hom(V') camo npunanrexur Hom(V'). Dpu
9TOM Ha OCHOBaHWM GopMyssl (4.9) MaTpua TpoON3BeIeHNs paBHA
MTPOM3BEIEHUI0 MaTPUILBI BTOPOTO COMHOXK UTEIA Ha MATPUILy MepBo-
ro.

4.2.2. XapakTepuUCTUUeCKHli MHOTOYJIEH MAaTPUIbI U
JMHeliHOTO omeparopa

Dycrs A = (o )—KBajpaTHad MaTpuia nopanka n. Xapaxmepu-
CIMUNECKUM MHO20MA€HOM f4(2) MaTpUUbI A Ha3bIBAETCH OIpPemesH-
tenb det(A — 2 E,), tne + — mepemenuas, F, — ennHuvHas Ma-
Tpulla mopgiaka n. B pa3BepHyTOM BuIe XapaKTEepUCTHYECKUH MHO-
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ro4JjieH 3alliCbIBaeTCd TakK:

app — T Q192 e QA1p
Q921 Qoo — T ... Q9
fa(z) = S (4.12)
(27951 [a %%} R o

D pensoxenne 4.2.1. Xaparxrepucruwieckuii MEorowtes fa(z) ma-
TPHIIbI A HOPAIKA N ABJIAETCA MHOTOYJIEHOM CTEIIeHH N OTHOCHTEJIb-
HO T C Koa(punmenramu u3 nous F; B wem xoapdpunmenr npu "
pasen (—1)", koapPpumment npu z"~! papen (—1)""ttr(A) u cBo-
GOJIHbIH 4JIeH paBEH OHNPENeJTHTENI0 MATPHIIBI A.
XapakrepucTuiecKkue MHOTOYJIEHbI TOJOOHBIX MATPHI[ DABHBI.

Joka3zaTe/qibcTBO. DacCKpbiBas ONpemesuTe] b B JeBOil d4acTu pa-
BeHCTBa (4.12), mosryvTaeM yTBEpK TeHUA OTHOCHTETHHO KO3 (duin-
eHTOB XapaKTePUCTHIECKOTO MHOTOWIEHA.

Dycts A u B — monobuble MaTpuisl nopaaka n u B = STLAS
e HeKoTopoit HeBbIpoK nemnofi marpuust S. Tax xkak E, = S718,
B cu1y TeopeMbl 1.2.3 monydaem

fp(z) =det(B —zE,) = det(S™'AS — S™Y(2E,)S) =
=det(S™Y(A —2E,)S) = det(S™)det(A — = E,,)det(S) =
= det(S™')det(S)det(A — zE,) = det(S™'S)det(A — 2E,,) =
=det(E,)det(A —2E,) =det(A —zE,) = fa(z).

Takum obpasom, fe(z) = fa(x). O

Tak Kak MaTpuIbl JuHeitHoTo omepaTopa A B pasJudHbIX Ha3n-
cax momobHbI, Mo npeyioxkennto 4.2.1 xapakTepucTuiecKkue MHOTO-
TIeHbl 3TUX MATPUIl COBMANAIOT. ¥ Ka3aHHBIT MHOTOWIEH Ha3biBa-
eTCT TAPAKMEPUCTIUNECKUM MHO20YAEHOM TUHeHHOTO omepaTopa A
n obosHavaerca depe3 fa(z). UToOBI BRIYMCINTD XapaKTepuUCTHIe-
CKUit MHOTOYJIEH KOHKPETHOI'O JIMHeifHOTO onepaTopa, caeayerT B3dTh
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Marpuily A 3Toro omnepartopa B KakoMm-iubo 6asuce um Halitu ee xa-
PaKTepUCTUYeCKnii MHOTOY.IEH.
DaccMOTPUM TpUMep. DYCTh anHeiiusit onepatop A muHelnoro

2 3 0 3
. =10 12 .
HpOCTpaHCTBa]F 3aJaH MaTpugen 0 3 2 3 . SaI/IILeM ero
12 -1 0

XapaKTepucTuIecknii MHOTOUYTeH f4(x) (BBIYHTAEM TPETHIO CTPOKY
u3 mepBoii, a YeTBepTylo MpubaBageM KO BTOPOM; BLIHOCHM U3 TIep-
Boit U BTOpOil CTPOKM MHOXKUTENbh 2 — &; BEIYMTAEM BTOPYIO CTPOKY,
VMHOXKeHHYI0 Ha 3, U3 TpeTbeil, a MepByI0 — U3 YeTBepToli; BbIYU-
TaeM BTOPYIO CTPOKY, YMHOXK€HHYIO Ha 2, U3 YeTBepToil; BbIuucadeM
OIpenesTnTe b TPEYTOIbHOR MaTPUIHI):

falz) =
2—z 3 0 3 2—z 0 x—2 0
_ -1 -z 1 2 _ 0 2—x 0 2—z |
o 0 3 2—2 3 o 0 3 2—x 3 o
1 2 -1 —z 1 2 -1 —z
1 0 -1 0 1 0 -1
0 1 0 1 01 0 1
_ _ 2 — _ 2 =
=@ 0 5 2, 3 =210 0 22
1 2 -1 —x 0 2 0 -z
1 0 -1 0
01 0 1
_ _ 2 — —_ 3(_9 _ =
=(2-2) 00 22 0 (2—2)°(-2—2)
0 0 0 —2—=x

= (z —2)*(x + 2).

Dpu BBIYUCTEHUN XAPaAKTEPUCTUUYECKOTO0 MHOTOYJIEHA VKa3aHHBIM
CIOCOOOM OH TOJIyYaeTCd PAa3JIOkKeHHbIM HA MHOKHUTEIN. DTO OKa-
3BIBAeTCH BeCbMa YIOOHBIM, KOIa HeOOXOIUMO HAATH KOPHU XapaK-
TepUCTUIECKOTO MHOTOUIeHa. B m. 4.2.4 MBI VBUOUM, ITO KOPHU
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XapaKTepPUCTHICCKOI0 MHOTOWICH JUHERHOTO ollepaTopa IPOCTPaH-
cra V mag nmoaem IF, nexamue B [, npencrapasior ocoOwrii maTepec.

Bunavenne MHOTOWIEHA f(2) = Yo + 112 + ... + Tma™ ¢ K03b-
dbummentamu B mose [ or numeiimoro omeparopa A ompemengercd
AHAJIOTHIHO 3HAYCHNI0 MHOTOWICHa OT MaTPUIILL:

fA) =v%E+ 1A+ 4 A

DyIeM TOBOPUTH, ITO KBaJpaTHad MaTpuia A [nuHeitubrii omeparop
Al annyaupyemes vaorownenom f(z), ecnn f(A) = O [f(A) = O].

Teopema 4.2.1. Kaxnas KBajgpaTHas MaTpHIIAa H Kax bl JHHEH-
HbIf omepaTop AHHYJIHPYIOTCS CBOHM XapaKTepUCTHIECKHM MHOIO-
TJICHOM.

oxkasarenbcTBo. Jlerko BUgeTh, 9TO yTBepXK JeHIe TeopeMbl OT-
HOCHTEJhbHO JIMHEeiHBIX OIlepaTOpoB CJELyeT W3 yTBepKIeHHd OT-
HOCHTENhbHO MaTpul. IJycTh A — KBagpaTHas MaTpHIa IOPAIKa
n, fa(z) = v+ mne + ...+ y,2". Domoxum E = FE,. Torma
fa(A) = vwE + 1A+ ...+ 7, A". Dacemorpum marpuny B(z),
npucoennnennyio kK A — v F. Ee snements aBngrorcs anredbpante-
CKMMU JONOJHeHHAMNA K asaeMmenTaM Marpunsl A — z E| 1. e. MmuorO-
wreHaMu cremenn He Bbrue n — 1. Torma B(a) MoxHO 3amucarh B
puge Bo+ Biz+...+ B,_12" Y tme B; e F**" i=1,...,n—1.
Kaxk mokasano B Teopeme 1.2.4, B(z)(A —zF) =det(A -z E)F =
= fa(2)E. Orcoona

(Bo+Bqz+.. .—I—Bn_lxn_l)(A—xE) =y E+vieE+.. . +y,2"E.

DacKpbiBasd CKOOKM M TPUPABHUBAA MATPUIBI—K03(DGUIMEHTI TPU
OJIMHAKOBLIX CTelleHsX x, TojaydaeM paBeHcTBa: Yo/ = BgA,
’ylE = BlA — Bo, ceey ’}/n_lE = Bn_lA — Bn_g, ’}/nE = _Bn—l-
VMHOXKas cipaBa BTOpoe paseHCTBO Ha A, Tperbe ma A”, 1 rax
naJsee, mocaennee — Ha A" M cKIampIBag IOJIydYeHHbIe paBeHCTBA,
HauynmHag C mepBoro, oymem umerh Yol + v1A + ...+ 7, A" =
ByA+B,A*-ByA+..+B, A"-B,_ ,A"'-B, A" = O,

4TO U TpebyeTcd NOKa3aTh. o
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4.2.3. HHBapuaHTHbIE IIOIIIPOCTPAHCTBA OTHOCUTEJb-
HO JIMHelfHOTO omepaTopa

Badurcupyem mnuneiinsrii oneparop A snuneitnoro mpoctpancrsa V.
Junneitnoe nognpoctparctso U mpocrpancrsa V' HasbBaeTcs unea-
puarmusim otnocurensio A, ectn AU) C U, re. A(u) € U na=
aoboro w € U. Dpocrpanctso V' u mymneBoe nommpoctpanctso {o}
MHBApPHAHTHBI OTHOCHTEIBHO JT1000T0 THHeliHoro omepaTtopa. OHE Ha-
3BIBAIOTCH MPUSUAALHBIMU UHBAPUAHTHBIME TOAIPOCTPAHCTBAMU.

D pennoxenue 4.2.2. Dycrp jguHeitnprit omeparop A auHeitHoro
mpoctpancTBa V' nMeeT HeTpHBHAJIbHOE HHBADHAHTHOE MOJIPOCTPAH-
creolU udimV = n,dimU = r. Torma B HexoTopoM 6azuce MaTpHna
oneparopa A mMeer moJrypacHaBurnics B

ay; 12 ... Qyy B r+1 <o Bin
Qg1 Q3 ... Qgr B2 r+1 <o Ban
AN - Qpp Q2 ... Qpyp ﬁ”]”/’-l—l s ﬁrn (413)
0 0 s 0 ﬁr-l—l r+1 .- ﬁr-l—ln
0 0 ... 0 fBprgr - Bun

Orpannuernne Ay aureitnoro omeparopa A ma U sBasercs smueii-
HBIM omlepaTopoM Ha JinHeitnoMm npocrpancrse U, u ero xapakrepi-
CTHYeCKHI MHOTOUJICH f4|, JA€JIHT XapaKTepHCTHICCKHII MHOTOWIEH

fa.

HokaszareqbcTBo. 3aduKkcupyeM HeKOTOPELi Da3uc e, ..., e, IoJ-
npoctparctBa U u momosmmMm ero mo 6asmca N mpocrpancrsa V
BexTOopamMu f, . q,..., f,. 3ammmem mMaTpuiy JnHe{HOTo omeparopa
A B 6asuce N. Tax rak A(e;) € U npu mobom ¢ = 1,...,7 B cu-
ay uuBapumanTHOocTH U, Bummm, uro A(e;) = aqer + ...+ aje,.
CiemoBaresbHo, MaTpuila AN HMeeT BILI (4.13).

OueBunto, 9to orpannvenne A |y auneitnoro oneparopa A wa U
ABJdeTCd JIMHeHHBIM olepaTopoM Ha JmHeiimoMm mpocTpancrse U.
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HT10b6bI moKa3aTh IMOCIenHee YIBEPXK IeHNE TPEII0K €HIs, 3aMNIIeM
XapaKTepUCTHICCKUH MHOTOWICH ollepaTopa A B BHIE OINpelenTe-
as det(AN — 2 E,) W UpeIcTaBUM €ro B BUIe NPOU3BEIEHUs IBYX
ompenenuTeneli cormacuo ciaenctuio 1.2.2:

falz) =
a1 — 2 Q12 Qaqy 51 r41 ﬁm
Q21 Qoo — X Qo 52 r41 ﬁzn
Qry (879 Qpp — X ﬁr r+1 ﬁrn
0 0 0 ﬁr-l—l r41 — & ﬁr-l—ln
0 0 0 ﬁn r4+1 ﬁnn -
a1 — 2 Q12 Qaqy
—x
a9y Qg — T Qg ﬁr-l—l r+1 ﬁr-l—l n
—x
an Qo Qpp — ﬁnr—l—l ﬁnn

DOCKOJIbKY TEPBbI MHOK UTEJb B IPOU3BEIEHUN TOCITE BTOPOTO 3HA~
Ka paBeHCTBa B 3TOi 3aMMCU €CTh B TOYHOCTU XapaKTepUCTUYeCKuit
MHOTOUJIEH JrHeiiHoTo onepatopa A |y, 3alicanHblii B BuIe ompeme-
JIUTENId Yepe3 MaTpPUILy 3TOTo onepaTopa B bazuce eq,...,e,, TOJY-

qaeM TpeGyemoe yTBepK TeHue. o

SPOBQPI/ITB C IIOMOIIBIO OHpe,ILeJIeHI/Iﬁ cJreliyroiee yTBepXK JeHue
IIpenocCTaBjadeTCcd YnTaTe 0.

D pennoxenune 4.2.3. Dycrs A — smnefiusrit omeparop.

JLns grroboro HarypasibHoro uucsja h obpas um sanpo JIHHEHHOTO
omeparopa A" aBisioTcs mEBapHAHTHBIMI IOMIPOCTPAHCTBAMI OT-
HocurebHO A.

ILst trioboro A € F nonnpocrpancrso U siBistercst nuBapuant-
HBIM OTHOCHTEJILHO JHHeHHOro onepaTopa A Torga m TOJIBKO TOTa,
KOLJa OHO HHBAapHAHTHO oTHOocHTETbHO A — AE.
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4.2.4. CobcTBeHHble BEKTOPbI U COOCTBEHHbIE 3Hade-
HUA JIMHEWHOro oleparopa

dycrs A — smueiinbiii onepartop JnHeiinoro mpocTpancTBa Vo oHam
nosem [F. Bektop v € V' HazbiBaercs cobcmeeHHbiM 6EKMOPOM JTH-
HeitHoro omepatopa A, npunadiedcaiyum cOBCMEEHHOMY ZHAYEHUIO
A € F, ecoin BRITOTHAIOTCA CJIEAYIONINE YCIOBUA: U # O 1

A(v) = . (4.14)

MHoKecTBO Bcex cOOCTBEHHBIX 3HaUeHMil JTMHeiiHOTO olepaTopa Ha-
3BIBAETCA €0 cnexmpom u obosnadaercd depes .7 (A).

D pengioxk enune 4.2.4. BexTop v ABIAETCST COGCTBEHHBIM BEKTOPOM
JgmHelfHoro omeparopa A Toria m TOJIBKO ToTga, Korjga (V) ecTh Ol-
HoMepHOe MOTIPOCTPAHCTBO, HHBAPHAHTHOE OTHOCHTEILbHO A.

JlokasaTesbCcTBO. DYCTh v — COOCTBEHHBIl BeKTOp JIHHERHOTO
omeparopa A, mpuHamrexamunii cobcrBeHHOMy 3HadeHHIO A. Tak
Kak v # o, umeeMm dim{v) = 1. Jlna moboro € (v), Tak Kak

x = av arg #HekoToporo o € ) B cuny paBenctsa (4.14) morytaem
A(z) = Alav) = aA(v) = adv = Aav = Az, 0TKyla Clegyer, ITo
A(z) € (v). Takum obpaszom, (v) — OTHOMEpHOE HOAIPOCTPAHCTBO,
MHBapHAHTHOE OTHOCHTEIBHO A.

Ob6patHo, mycTh (¥) — OTHOMEPHOe MOIIPOCTPAHCTBO, HHBApH-
aHTHOe oTHOCUTeThHO A. Torma v # o u A(v) € (v), t.e. A(v) = Av
nist Hekotoporo A € ', 410 u Tpebyercsa mokasars. o

Teopema 4.2.2. Kaxgoe cobcTBeHHOe 3HAYEHHE JIHHEHHOTO oepa-
Topa A ABIAETCA KOPHEM XapaKTepHCTHIecKoro MEOTowIeHa fi(x),
1, obparHo, Kax ablii Kopenb fa(x), sexamnii B more F, saBiasercs
COBCTBEHHBIM 3HAYCHUEM JHHEHHOTO omepaTopa A.

MHoX ecTBO Bcex COBCTBEHHBIX BEKTODOB JIHHEHHOTO OIeparopa
A, npuramiexamux coberBenHoMmy snadenuio A € [, m uHysepoi
BeKTOp 0 ob6pasyior JuHelinoe nogunpocrpancrtso U, cosrmanamwomiee
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¢ sapoM JrmHelHoro omepatopa A — AE 1 HHBapHAHTHOE OTHOCHTEh-
wo oneparopa A; npu srom dimU me npepocxomuT KpaTHOCTH A Kak
KODHA XapaKTepHCTHIeCKoro MHorodaena fai(x).

Jloka3aTeqbcTBO. JYyCTh A — COOCTBEHHOE 3HAUYeHWe JHHeHHoro
omeparopa A M v — UpHHAIIEXamuii eMy COOCTBEHHBI BeKTOp.
Torma B cuny (4.14) nmeem A(v) — A\v = 0, OTKyIa CJIeIyeT, ITO
v € Vi_ye. ObpatHo, ecsim w € Vj_\¢, T0 060 w = 0, 1100 W # 0
1 (A - A€)(w) = o, orkyna crenyer, uto A(w) = Aw. Mbr Buanm,
9TO #AIpo JAuHeliHoro onepatopa A — AE mid cOBCTBEHHOTO 3HATEHUA
A nmHeiiHoro onepartopa A coBIamgaeT ¢ MHOXKECTBOM, COCTOSIIMM
13 HyJIeBOTO BEKTOpa M BCeX COOCTBEHHBIX BEKTOPOB 3TOTO ONEpaTo-
pa, IpUHAIIEX allliX yKa3aHHOMY COOCTBEHHOMY 3HadeHuto. Tarkum
00pasoM, JoKa3aHa 9aCTh BTOPOTO yTBEPXK JEHUsI TEOPEMBI.

Domoxum dimV = n. Tax kax aapo oneparopa A—AE cogepxut
HeHyJIeBoif BeKTOp v, corstacHo Teopeme 4.1.1 mmeenm r( A — AE) < n.
B cuy ynmomsHyTo# Teopembl paHr MaTpuHIbl omepartopa A — AE B
J0O60M Gasuce MeHbIe MopsiIKa 2Toil MaTpuubl. TakuMm obpasoM,
onpesenTe b YKa3aHHo# MaTpuibl paBeH 0, a 3TOT ompemeJuTe b
1 TpeacTaBigeT cobolt sHavenme fu(x) mpmw x = A. Mpr mokasasu,
410 fa(A) = 0.

O6patno, mpennonoxk uM, 910 f4(A) = 0 mra mekotoporo A € F.
Badukcupyem Hekoropblii 6Gasuc N mpoctpanctsa V. u B coorser-
CTBUM C ONpele/eHreM 3aliilieM XapaKTepuCTHIeCKHid MHOrOYIeH
auneitnoro oneparopa A B Bune fa(z) = det(Ay — 2 E,). Doncra-
BUB BMeCTO 2 4uca0 A, monyauMm 0 = f4(A) = det(Any — AE,). Ta-
KnM obpazom, r(Axy — AE, ) < n, otkyzna B cuay teopemst 4.1.1 mo-
aydaeM r(A — AE) < n u d(A— AE) > 1. CuenoBarensto, Hajinercs
BEKTOp v # 0, ni1d KoToporo (A — AE)(v) = 0. Orciona cienyer, Kak
u Boie, 9to A(v) = Av. Taknm obpasom, A aBisgeTcsa COOCTBEHHBIM
3HaYeHueM JinHeiiHoro omepartopa A.

st 3aBeplieHns JOKa3aTeJbCTBa TEOPEMbl OCTACTCA 3aMeTHTh,
4TO B CHIy npemioxenns 4.2.3 aapo A — AE MHBaApUAHTHO OTHOCH-
TesbHO A, a 1o upemnoxenuo 4.2.2 orpanndenne A Ha 3To sIpPO
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MMeeT XapaKTepUCTHIeCKHii MHOTOUYIeH, CKakeM ¢(), ABIAoumii-
ca nenuteneM fa(z). Bwibepem kaxoii-umOyns 6asmc M B Vi_,g,
n myctb m = d(A — AE). Uuraremaio mpemyaraercs IpOBEPUTDH, TTO
MaTpuIla orpanudenus A Ha yKazaHHOe TOANPOCTPAHCTBO ABJISICTCS
CKaJIgpHoii MaTpuieil mopaaKa m co 3HaYeHneM A Ha IJIaBHOIL 1maro-
Haan. XapaKTepUCTHIeCKHWii MHOTOWIEH 3TOI0 OTpaHUYeHHs paBeH
olpeeTuTeN 0 TNaroHa bHOil MaTpPUILI MOPAIKa 71 CO 3HadeHHeM
A — @ Ha TUIaBHOM nmarowanu, T.e. paBer (A — )™, Tenepp fACHO, 9TO
M He IPeBOCXOIUT KPaTHOCTH A KaK KOPHA XapaKTepHCTHIeCKOIO
mMHOTOWTeHa f4(2). ]

W3 nokasannoii TeopeMmbl moJaydaeTcd Caenyiomui cnocod Haxox ne-
HUus COOCTBEHHBIX 3Ha4YeHU@ U COOCTBEHHBIX BEKTOPOB JIMHEHHOTO
omepatopa A. CHavajga HaXOmWM XapaKTepUCTUIECKNH MHOTOWIEH
JIMHe HOTO oTlepaTopa, 3aTeM Bce ero KopHu, Jiex aine B moJe [, T.e.
cexTp (A). I8 KaxK T0T0 31€MeHTa CIIeKTPa A HAXOIHM AIpO JIN-
Heitmoro omepatopa A — AE.

DaccMOTPUM KOHKpeTHbIl npumep. g nunefinoro omeparopa

23 0 3

.. -1 0 1 2

A, 3a1aHHOTO B HEKOTOpOM Oasuce MaTputeit A = 03 2 3
1 2 -1 0

HaflTH COOCTBeHHBIE 3HAUEHHS U NPUHAJJIEXallile IM COOCTBEHHBIE
BEKTODLI' .

CHavamra HyXKHO HaflTH xapakTepucTuiecKuit mMuorodren fy(z)
TaHHOTO JIHHEHHOTO oIepaTopa. DTO CIeato IPH PEUICHNE IPUMEpPa
B . 4.2.2: fa(z) = (z—2)*(z +2). Yncma Ay =2 1 Ay = —2 aBasa-
I0TCA COOCTBEHHBIMI 3HAYEHUAMN JInHeitHOTO omeparopa A. Yro6s
HallTH cOOCTBEHHBIE BEKTODHI, IPUHAIIER allliie COOCTBEHHOMY 3Ha-
YeHmIo Ap, HalfimeM sAnpo amnHeitHoro omeparopa A; = A — A E. daa
5TOTO MO HO BOCIOJTB30BATHCS JIOOBIM 13 CIOCODOB, H3JI0K €HHBIX B

1
M#r 6ynem nckarh KoopamHaThl COOCTBEHHBIX BEKTOPOB B TOM basmuce, B Ko-
TOpPOM JaHHBIH omepaTop nMeeT MaTpuiy A.
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m. 4.1.2. Ucnonb3yem nmepsiit crioco6; BTopoit 6ymeT mposeMoHCTpu-
poBaH B 1. 4.3.1 Tpnm HaXOXK JeHUN XK OopAaHoBa HGaswca omepatopa A.

0o 3 0 3
-1 =2 1 2
Marpuma omepatopa Ay uMmeer Bum Ay = 0 5 0 5

1 2 -1 -2
Dpumenssd meron [aycca—zKoprnana K onHoponnoit cucreme nuHeli-
HBIX ypaBHeHUil ¢ Takoit MaTpuneil, mosyvyaeM CAedyIONIYIO IeNOYKY
MaTpHIIL:
-2 -4

0
-1 -

0

1

DO O N
— o = o
DO O N O
2
e R R
e B ST )
oo o =
e R R
oo~ o
oo o =

1 1
0 0
0 0
Do mocjenneil MaTpuile 3aNMCHIBAeM OJTHOPOIHYIO CHCTEMY JWHeli-

HBIX ypaBHEHWIl, ee obumlee pemrenue n QpyHIaMEHTAIbHYIO CHCTEMY
pemeruii (KoTopas 6ymer 6asucom aupa Vi, ):

vy — a3 — 4wy = 0; r1 = w3 + 4wy
9+ 24 =0,

1 o X3 T4
-1 0 1 0
-4 -1 0 1

D pOU3BOIBHBIH COOCTBEHHBI BEKTOD, IPUHALIEK alluii coOCTBEH-
HOMY 3HAYEeHUIO 2, MOKeT ObITh 3alUCaH B BUIE 11(=1,0,1,0)+
+7v2(—4,—1,1,0), rme mo Kpafineii Mepe OTHO W3 THUCET Y1, Y2 OTJINY-
HO OT HYJd.

Ty = —4,

AHaJOTUIHO HAXOMATCH COOCTBEHHBIE BEKTOPDI, TPUHAIIEK all[ie
COOCTBEHHOMY 3HAYeHUIO Ay. MBI HaxoauM f1po JuHeliHOro omepa-
Topa Ay = A — A€, BwimuchbiBaeM MaTpUIy 3TOTO OTepaTopa u
NPUBOIUM €e K CTYIeH4YaTOMY BUIY:

43 0 3 40 -4 0 10 -1 0
12 1 2 12 1 2 02 0 2
03 4 3|7 03 43| 103 43|~
12 -1 2 04 0 4 00 00
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oo O =
oo = O
O o =
oo = O
oo O =
oo = O
O = OO
oo = O

31ech MOTyYaloTcd CIeLyoIie OIHOPOIHAL CHCTeMa TNHEfHbIX ypaB-
HeHnl, ee obuiee pemrenne u ¢yHIaMeHTaTbHasf CHCTeMa PelreHmi
(koTopast Oymet bazucom sapa Vi, ):

z1 = 0; z1 = 0;

A . . 1 T2 T3 T4
$2+$4—07 Ty = —&T4; 0 -1 0 1
T3 = 07 T3 = 07

D pOU3BOIBHBIH COOCTBEHHBI BEKTOD, IPUHALIEK alluii coOCTBEH-
HOMY 3HAUeHWI0 —2, MoXKeT ObITh 3amucan B Bume v1(0,—1,0,1) mra
HeKoTOpOro v # 0.

D pemyioxenue 4.2.5. CobcTBeHHbBIE BEKTODBI V1, . . ., V), JHHEHHO-
ro omepartopa A, npuHagIexR amuge pasanIHbIM COGCTBEHHBIM 3HATE-
HHSIM A1, ..., A\, JHHEHHO HE3aBHCHMBI.

HokasareabcTBo. Bocrmonbsyemcsa uungyknmeir mo k. ma k = 1
YTBEPK leHNe 04eBUIHO, MO0 COOCTBEHHBIR BEKTOP IO olpemese-
HUIO HEHYJeBO#. DyCTh yiKe HOKa3aHO, YTO COOCTBEHHBIE BEKTOPbI
vy, ..., V1 JUHeHOTO omepaTopa A, TpuHAIIeX aline Pa3JIudIHbIM
COOCTBEHHBIM 3HAYEHUAM Aq, ..., Ap_1, JUHEHHO HE3ABUCUMBI. Dac-
CMOTPUM COOCTBEHHBIE BERTOPH V1, . . ., Vg JUHeHHOTO omepaTopa A,
MpUHAIJIEXK AllHE PAa3JTUIYHBIM COOCTBEHHBIM 3HAYEHHAM A1, ..., Af.
DyCTh

v+ ..t apvp =0 — (4.15)

IIPOM3BOJIbHAA JTUHeiHasd 3aBUCHMOCTD MeXK Iy BeKTOPaMU U1, . . . , V.
Daiinem obpas JieBoit YacTH 3TOrO paBeHCTBa MPH JHHEHHOM olepa-
Tope A:

A(av1+. . Fapvg) = apA(vy)+. . FapA(vr) = ag Mo+ . Fap Aok,
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CrnenoBarenpHo, n3 (4.15) mosy1aeM paBeHCTBO
Q1A V] + ...+ apARYE = 0. (4.16)

YMHOK B 00e dacTn paBeHcTBa (4.15) Ha A, momyanm  Apoqvy +
+ ... 4+ Apapvp = 0. DOUWIEHHO BBIYUTAA 3TO paBeHCTBO u3 (4.16),
norydaeM (A1 — Ap)avy + ...+ (Ag—1 — Ap)ag_1v5_1 = 0. Do uH-
IYKTUBHOMY IPEINOJIOXK €HIIO MOCIeIHee paBeHCTBO BiIeTeT 3a co0oili

(A1 — Ap)ar = 0, (Ap—1 — Ap)ag—1 = 0. DOCKOIBKY cOOCTBEH-
Hble 3HAYEHUA Aq,..., Ap PA3JUIHBI, U3 MOCTETHUX PABEHCTB BhITe-
Kaetr, 9T0 a3 = 0,...,a5_1 = 0. DaBeHcrBo (4.15) Bieder 3a coboii
apvg = 0, otkyaa ai = 0. Takum obpaszom, cucreMa COOCTBEHHBIX
BEKTOPOB V1, ..., U, JUHeHO He3aBUCHMa W AT THIYKIINT TOKa3aH.
O

4.2.5. Jlunetitbie omepaTopbl IIPOCTOU CTPYKTYPhI

Jluneitusrit oneparop A numeiinoro mpocrpancTtBa V' HasbIBaeTcs
ONEPAMOPOM NPOCTNOT CMPYKMYPLL, €CIU CylLIecTByeT Dasuc mpo-
crpatcTBa V', coctosimuii 13 coOOCTBEHHBIX BEKTOPOB omepartopa A.
Crenyioliee yTBEpXK JeHne HEMOCPEICTBEHHO BBITEKAET U3 COOTBET-
CTBYIOIIUX ONpeneseHnii.

D pemioxenne 4.2.6. Jlugeinpiii oneparop A JmHEHHOrO IpocT-
parcrBa V. 6yler omeparopoM mpocToif CTpYKTYPbI TOLAA H TOJIBKO
TOI1a, KOIa ero MaTpuna B HEKOTOPOM 6a3uce SBJASETCS JUATOHAIb-
HOIf.

3 3TOTO yTBEpPE MeHUA B CUTY CKa3aHHOTO B T. 4.2.1 0 MaTpuIax of-
HOTO M TOTO X e JIMHel HOTo ollepaTopa B pa3HbiX Dasucax Mmojydaercs
TaKoe CJIencTBUeE.

Cuencrsue 4.2.1. Marpuna A nozobHa IHATOHAJIbHOR MaTpHIE
TOra W TOJBKO TOTJa, KOTJa JIHHEHHbIN omepaTop, 3aJaHHBIH 2Toi
Marpuieli B HEKOTOpOM ba3uce JIHHEHHOTo IpPOCTPAHCTBA COOTBET-
crByolleil pa3zMepHOCTH, ABJIAETCH JIMHEHbIM OnepaTopoM HpocToi

CTPYKTYDBbI.
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H10b6br mpoBepuTh, OyIoeT JKM TaHHBIA JHHEHHBIR omepaTop JanHeii-
HBIM OIEPATOPOM TPOCTOR CTPYKTYPhI, HEOOXONUMO HaliTH BCe ero
CcOOCTBEHHBIE BEKTOPHI U MOCMOTPETh, MOK HO JIH MOCTPOUTH U3 HUX
Oa3nc BCero MpoCTpaHCTBa. YUUThIBad mpemoxenue 4.2.5, nocra-
TOYHO ITTPOBEPUTH, YTO CyMMa pa3MepHOCTell MoanpocTpaHCTB, CO-
CTOAUIMX U3 COOCTBEHHBIX BEKTOPOB, MPUHAIIIEK AMUX OTHOMY COO-
CTBEHHOMY 3HAYEHUIO, U HYJIEBOT'O BEKTOPa, PaBHa Pa3zMepHOCTH BCe-
TO TPOCTPAHCTBA (T.e. MOPSAKY MATpULbI omeparopa). OmHO mocTa-
TOYHOE yCJOBME TOTO, YTO JIMHEeHHbI] omepaTop dBJdeTcd oleparo-
POM TPOCTOR CTPYKTYPBI, TaeTCsd CAENYIOUUM yTBepK JIeHrneM, KOTO-
pOe HeNoCpeICTBEHHO NMoAydaeTcd U3 nmpeniaoxenud 4.2.5.

D pengoxenne 4.2.7. Fciu sanreilHpril omeparop, pelcTByrourmit
Ha JIHHEHHOM HPOCTPaHCTBE Pa3zMepHOCTH T, UMeeT 1 Pas3JIHIHbIX
COOCTBEHHDBIX 3HAYEHUH, TO 9TOT OIIepaTOP SABIAETCSH JHHEHHBIM OIle-
PaTopoM IPOCTOH CTPYKTYPBI.

4.2.6. WnemnoTeHTHble JiMHeliHbIe omepaTopbl U Ma-
TPUIIbI

Jluneitusrit oneparop A numeiinoro mpocrpancTtBa V' HasbIBaeTcs
udemnomenmuvim, ecin A2 = A. UgemnorenTHas MaTpuia ObLIA
ompenesieda B Koume 1. 1.1.9. fcro, 4To maeMmoTeHTHass MaTpUIA
sBagerca Kpaiaparaoit. C momompio dopmymst (4.9) Jerko mpose-
PUThH, YTO JHHEHBI omepaTop NAEMIIOTEHTEeH TOrIa 1 TOJIbKO TOTIa,
KOTZIa MIEMIIOTEHTHA €r0 MATPUIa B HEKOTOPOM (UTO PABHOCHIBHO,
B T060M ) Hasmuce.

ycrs V = U & W 119 HeKOTOPBIX JTUHERHBIX MOIIPOCTPAHCTB
U, W immeiinoro npocrpancrsa V. Jig Kaxmoro BexrTopa @ € V
B CHJIY TPeIIoXKeHud 3.3.4 CylMecTBYIOT ONHO3HATHO ONpeIeeHHbe
BEKTOPHI U, U U, TaKhe 4YTO & = Uy + U,. DACCMOTPUM OTOOPAK e-
mre P : V. — V onpenenennoe crexyomum obpaszom: Pz = u,.
YuraTero IpemraraeTcs IIPOBEPUTh, 9TO P ABAAeTCA WISMIOTEHT-
HBIM JIMHeHBIM omepaTopoM mpoctpancTBa V. OH HasbIBaeTCH JIH-
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HeHBIM OTIepaTOPOM NPOEKMUPOSAHUA TPOCTPaHCTBA V' Ha MOIIPO-
crpanctBo U napaJienbio mogmpoctpanctsy W.

Teopema 4.2.3. Kaxablif maeMmoTeHTHBIH JITHEHHBIH onepaTop sAB-
JIgeTCs OHepaTopoM IPOEKTHPOBAHUS.

Jloka3aTeqbcTBO. JycTh A — UIEMIOTEHTHbIH JuHeiHbIil omepa-
Top smHeitHOTO MpocTpancTBa V. Domoxkum U = A(V), W = V4
n moKaxeM, 4To A ABIgeTcd JMHedHBIM OIepaTopoM IIPOeKTHPO-
BaHudA npocTparcTBa V Ha mommpocTtpanctso U mapaJienbHo mom-
mpoctpanctsy W. Bamernm, yro Au = w mis goboro w € U. B
camoMm gene, ecaim v € U, to w = Av jmia wekroporo v € V., u
Au = A(Av) = A?v = Av = u, 1. e. Au = u. 14 3aBepiienns 1o-
Ka3aTeJlbCTBa JOCTaTOYHO ycTaHoBUTh, uTo V. = U GW . Dokaxew,
aro UNW = {o}. Dyctb 2 e UNW. Torna @ = Az = o, oTkyna
caenyer TpebyemMoe paBeHcTBo. Dokaxem, uto V = U+ W . Dycrs
zeV. Torna Az e U u Az — Az) = Az — A%z = Az — Az = o,
T.e.x— Ax € W. Tagnm obpasom, x = Az + (z — Az) c U + W,
nV=U+W,r.eV=UgW, ]

3 mokazaTenbcTBa MocaeqHell TeopeMBbl JTeTKO BBEIBECTH CJIENYIOlIee
YTBEPK JeHue.

Caencrue 4.2.2. JIuHelHbIlf ollepaTop BIeMIOTEHTEH TOIAA U TOIb-
KO Torja, KOrja OH SBJSETCS OepaTopoOM IPOCTOH CTPYKTYPHBI H €ro
cobcrBernnbie 3Havenus paphbi 0, 1.

ILHH HOeMIIOTEeHTHBIX MaTpHhIl, IIOoJIyYaeTcCd cjaeayrnee yTBepXK Je-
HIe.

Caencreue 4.2.3. KpagparHas Marpuia A Dopsika n HIeMIO-
TeHTHa TOIJa U TOJBKO TOLJa, KOLga OHAa HMOLOOHA JHarOHAJIbHOMH
MaTpHiie, y KOTOpoil Ha [VIaBHOI MHATOHAIH HYJIH H €IHHHUIbI, IPH-
geM THCJI0 eQHHAI] DABHO r(A).

Cuex stiobolt nreMIoTeHTHOH MaTpHIbI PABEH €€ DAHLY.
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Joka3saTesabcTBO. JIerko BUIeTh, 9T0O J0Oas MaTpUla, MOL0OHas
HIeMIOTeHTHOl MaTpuile, caMa Oymer uaeMnorenTHol. I3 ompene-
JIEHUS TMPOU3BENeHNs MaTPUIL CJeLyeT, YTO JUaroHaJIbHad MaTpHIa
OyIeT mIeMIoTeHTHOR Torma M TOJBKO TOINa, KOTIa y Hee Ha IJIaB-
HOll MMaroHa W YmcIa o TakKde, 9To a? = q, T. e. HyJIM U eIWHUIEL.
Tak Kak paHru MOTOOHBIX MATPUI, PABHBI U PAHT JUATOHAJIbLHONW Ma-
TPUIBI paBeH YHCJY HEHYJIeBBIX 3JIeMEeHTOB Ha IJIaBHOMN IMaroHaJIu,
MOJIyYaeM JOKa3aTeTbCTBO OJHON U3 MMILIMKAIMHA B CIACICTBUY.
HokaxkeM, 9TO MIEMIOTEHTHas MaTpulla A MOpAaKa 1 ¢ 3Je-
MenTamu 13 o [ momobra nuaroHabHOW MaTpuiie, y KOTOpOil Ha
rJTaBHOM IMaroHa M HYJTH W €IMHUIEI, TPUIeM YNCI0 eANHUI PaBHO
r(A). Oupenenum Ha mpoctpancTBe cTon6uoB F" oTobpaxenne A,
nonarag aad € € I Az = Az. Jlerko npoBeputsh, 4to A apigercs
MIEMIIOTeHTHBIM JHHefHbIM olepaTopoM IpocTpancTsa F. B cury
craepcteus 4.2.2 gnust A cymecTByer 6azuc 3 COOCTBEHHBIX BEKTO-
POB, B KOTOPOM MaTPHILa 3TOTO OTlepaTopa JTHATOHAIbHA ¢ HYJIAMI U
eIMHUIAME Ha raBHol nuaromaau. Tpebyemoe yTBepK JeHHe MOJIY-
qaeTcsd Temepb ¢ yaeToM (popmyJisl 4.11. a

§ 4.3. 2KopmaHoBO pa3sJioxkKeHHe IJjis JIHHeH-
HOT'O ollepaTopa

Beioay B aToM maparpade paccMaTpuBaeTcs TuHeRHbIH omepaTop A,
neficTBytouuii Ha JguHeliHoM mpocTpaHcTBe V' pasMepHoCcTH N HAL
norem [ u takoif 4To ero xapakrtepuctudeckuii MHOTOUWTEH fA()
pasjaraercs Ha JMHeHHble MHOXK UTen Hal mojem [:

fa(z) = (=1)"(z = A" (x = X)) .. (= M) (4.17)
3IeCh A1, Ag, ..., A\y,,—pPa3JIndHble COOCTBEHHBbIE 3HAUCHHU JIMHEHHO-

ro omepaTopa A (KOTOPBIMI HCUEPIBIBAIOTCA BCe KOPHU XapaKTepH-
CTHIeCKOTO MHOTOWIeHa), k1, ko,..., k,—ux xparnoctun. Tak kax
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crenenb fa(z) paBHa n, WMeeM

ki +ko+...+k, =n. (4.18)

4.3.1. KopHeBble ITOOIIPOCTPAHCTBA

Hns coberBernoro suadenns A; (1 <i<m) momoxum A;=A-\E. B
CUJTYy BTOPOTO yTBepK jenus Teopembl 4.2.2 umeem {0} C Vj,. Dac-
cMaTpuBas cTemenu omeparopa A? mpnm s = 1,2,..., MBI BUINM, ITO
Vi C ‘{4;+1. Takx Kak pasMepHOCTb Kaz OO IIOANPOCTPAaHCTBA He
IPEeBOCXOMUT N, CyNIeCTBYeT S; — HauMeHbllee HaTypaJabHOe THCJIO
CO CBOiicTBOM

foycVa,cVec...CVia CVu =

S T (4.19)

7 7

3

DommpocTpaHcTBo Ve, u3 (4.19) HasbBaeTcH KOpHESHIM NOINPO-
CMPAHCTNEOM TwHedHoTO omepartopa A, COOTBETCTBYIOUMM COOCTBEH-
HOMY 3HadeHWIO A;, u obo3Havdaercs depes V (A, A;). Domoxrum
AP = A7 mpu i = 1,...,m. Torma V (A, \;) = Vio. Bamernwm, uto
s 06pa30B cTemeHeil muHeiiHoro omeparopa A; ¢ y4eToM TeopeMbl
4.1.1 u3 ycaosuii (4.19) mosrywaforcs cienyfolne yCIOBIA:

VOUA(V)IDAHV)D.. DA (V)D AN (V)=
= ATV = AT (V)= (4.20)

Jlemma 4.3.1. 9ycre K; = V(A,\;) — kopHeBoe moxmpocTpaH-
cTBO JiHeliHoro oneparopa A, cOOTBeTCTBYIOIICE COOCTBEHHOMY 3Ha-
qeHiio A\, I i — dncao n3 nousd I, orrmanoe or \;. Torma Bermos-
HAIOTCA CIeLYIOUIHe yCIOBH:

1) K; n AY(V') ecrty nuBapmanTHBIe OTHOCHTEJIbHO A mOAIpO-
CTPaHCTBA;

2) KN Ve = {o};

3) (A - €)= Ko

1) fap, = (& - )%, e d; = dimK;.
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HoxkaszarenabcTBo. Dynyun aapom omeparopa (A — \;E)%, auHeii-
Hoe momnpocTpancTBo K; oYeBMIHBIM 06pa3oM MHBapUAHTHO OTHO-
cutenbho omeparopa A — A\;E. Cornacuo npegnoxkenuto 4.2.3 K;
MHBApUAHTHO OTHOCHTENbHO A, TaK 4TO TMepBas YacTh yTBepX ie-
Hus 1) mokasaHa. BTopad 9acTh MOKa3bIBAeTCs AHAJIOTHIHO C HC-
nosb3oBanueM Toro daxta, uro AY(V) = (A - A\,E)% (V) aBnaerca
MHBapUAHTHBIM OTHOCHTEeNbHO JiMHeliHoro omepatopa A — \;& mop-
TPOCTPAHCTBOM.

Dyers 1 # A;. Bosbmenm mpoussosbubtii sstement v 8 FGN VA e
Tax kak v € Vi_,e, Bunum, ur0o A(v) = pv. Jaee, umeem A;(v) =
= (A=XE)(v) = A(v) = Aiv = pw—Aw = (u—Aj)v, otryna Ai(v) =
= (u— A;)v. Crenosarensno, A’ (v) = (n—A;)*wv. Tax xak v € K,
sakoqaeM, 110 A’ (v) = 0. Dockonbky pu — A; # 0, 13 paBeHCTBA
(p—A;)%v = 0 cemyer, 9T0 v = 0. DTUM ITOKA3aHO YTBEPK TeHNe 2).

Tarx kak K; WHBAPUAHTHO OTHOCHTENbHO A, COITACHO MpemIo-
KeHunio 4.2.3 oHO MHBapUAHTHO oTHOCHTeNbHO A — p€. DaccMoTpum
orpanuvenne S omepatopa A — u€ na K. dnpo B cormacHo yTBep-
xaernio 2) pasHo {o}. Do Teopeme 4.1.1 obpaz K; mpu B nmeer
pasmeprocTh dimK;, T.e. coBnamaer ¢ K;, 410 H0Ka3bIBaer 3).

Il mokasaTebCTBa YTBEpIK TeHUd 4) 3aMeTuM, 9To fy X, (z) me-
JIAT XapaKTepUCTHIeCKnii MHOTOWIeH f4(2) COTUIACHO IPEIIOK €HIIO
4.2.2. DpuanMas Bo BHuMaHme (4.17), 3akII09aeM, UTO KOPHIMHA
fAIK,- () MOTYT OBITH JINUIH YUCTA A1, .. ., Ay W HTOT MHOTOUIIEH Pas3-
smaraercs Hag nojeMm [ wa jguneiinbre Mmuox utenu. CormacHo yTsep-
KIEHWIO 2) JNuh A; MOXKeT ObITh COOCTBEHHBIM 3HAUEHWEM OTpa-
nudennsa A ma K, T.e. KOpHeM XapaKTepuCTHIECKOTO MHOTOYJIeHA
fA|Ki(x). Tak kKak cremeHb »Toro MHorowreHa pasHa dimi;, Tem
caMbIM yTBepK IeHne 4) T0Ka3aHo. O

Teopema 4.3.1. dycrs A — gwHeitnplit omepaTtop Ha JHHEHHOM
mpocrpanctBe V. uanx nosem F ¢ xapakrepucTuniecKuM MHOTOYIe-
nom (4.17). Torza

DV =V(AMB VAN D...0 V(A4 \.);
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2)dimV (A N) =k opni=1,...,m;
)V =V s A(V);

4) ms moboro ¢ = 1,...,m HMeeT MecTo paBeHCTBO

VIAMS..a VAN DB VAN S ..o V(AN =
= AA(V).

oxkasarenncTBo. Bocnmonbsyemcs muoyKnueil mo n — pasMepHo-
CTH mpocTpaHcTBa V U JOKakKeM, 9TO BBIIOJHAIOTCH yTBEPK JeHns
1)-4). Ecan n = 1, 10 6a3uc V obpasyer onnn Bektop e. Torma
Ale) = Men V(A N) =V, (A-X)(V) = {o}, k1 = 1. Daza
WHIYKIUKE JOKa3aHa.

DPEANOTOK UM, 9TO TpedyeMmble yTBEePKIeHUs TOKa3aHbl st
BCeX JMHeiiHbIX nogmpoctpancTs W pasMepHOCTH, He NpeBOCXOIsd-
mweit n — 1, ¥ Bcex JMHEIHBIX ONepaTopoB Ha TUX IPOCTPAHCTBAX,
nMeromux cuekTp B noje F. Tokaxem nx mra V u A.

Cuavasa mpoBepuM yTBepk qerne 3). Domoxum I = V(A \))
u W = AY(V). Tak xak dimK; > 0, umeem dimW < n, un x
W npumennmo mpennosnoxenne naaykunu. Cormacho (4.20) nmeem
A;(W) = W, u notomy A (W) = W. Daccmorpum orpanndenue
A? |w. B cumy teopemsr 4.1.1 aapo sT0r0 OrpaHnvenus paBuo {0},
nbo obpas cosmamaer ¢ W. Orciona crenyer, uto K; N W = {o}.
Taxum obpasoM, cHoBa 1o TeopeMe 4.1.1 monygaem V = K, o W,
1 yTBepXK 1eHne 3) TOKa3aHo.

Hokaxem yrBepK perne 2). CoriacHO yTBepX TeHUIO 1) JeMMBbI
4.3.1 mogmpocrpancrBa IK; w W sBisdgiorcst mHBapUaHTHBIMA OTHO-
cutenbHo omepatopa A. Bosbmewm 6azuc V', cocrapiennbiii usz 6a-
sucoB K; 1 W. B stoMm Gasuce marpuna A mmeer OJIOYHBLL Bu

( Ar; O , The A, — MaTpuiia orpanndenus A|rx,; Aw — Ma-
0, Ay ' '
tputia A |w; Oy 1 Oy — HyJIeBble MATPUIIBI TOIXOIANINX PA3MEPOB.
Torna acho, ato fu(x) = faj. (¢)fa, (v). Tax kax A;(W)=W B
cuny (4.20)m A; = A=\ €, gcHO, 910 \; He ABIIAETCH KOPHEM MHOTO-
anena fu), (7). B cuny yreepx nenns 4) memmsr 4.3.1, mpunuMad Bo
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BHUMaHNe pasyoxenne (4.17) 1yg XapaKTepHCTHIECKOTO MHOTOYIe-

a f4(x), sakmodaem, uro fu, (2) = (=% (= X)% u k; = dimK;.
k2

Takum obpasom, yTBepK geHne 2) nokazano. Mbl BUINM TakKe, 9TO

g () = (=1)"7F %
(=AM (= Ao (= AR (= )P (4.21)

s mokasaTesnbCcTBa YTBEPKIeHUA 4) 3aMeTHM, 4TO A TOJ-
npocrpanctsa W = A% V') u nuneiinoro oneparopa B = A |w
MO HO IPUMEHNTD Ipeloioxenre naaykimuy, uoo dimW < dimV'.
Crenyer IpuHATH TaKkKe BO BHUMaHHe, ITO B CUJIY paBeHCTBa (4.21)
W(B,A;)=V (A, ;) nna Bcex j #1 u3 mHOK ecTBa yncen {1,2,...,m}.
Orcionma cpasy TMOTydaeTcss YTBEPK geHne 4).

Y1Bepx menne 1) ABIAETCH HEMOCPEICTBEHHBIM CJICIICTBHEM yTBED-
K genuit 3) u 4). o

N3 morazanmoit TeopeMbl MOJyYaeTca CIAeTyIOUnii cmocod oThIicKa-
HUs KOPHEBBIX TOATPOCTPAHCTR JnHeliHoTo omepaTtopa A, nMeonero
cexTp B moje F. Dycrh nana marpuna A omeparopa B HEKOTOPOM
basmce. Daitmem 6a3mCH KOPHEBHIX TONTPOCTpaHCTB. [l aToro
cHavasa HalizeM xapakTepucTmiecKuii MuHOTOWIEH f4(2) U passo-
AWM €ro Ha JnHefiHble MHOKnTesrn; nycTh (4.17) — cooTBeTCTBY-
folllee pasoxenne. BosbMeM cobCTBeHHOe 3HadeHme Ay W Halimem
MaTpuiy JuHeiinoro oneparopa A = A — A\ E. D10 Oymer marpuna
Ay = A—- M E,. Banmnmewm marpuny (E, | AI) un Haiizem Gasuc
dAmpa JuHelHoro omepaTtopa Ay BTOPHIM M3 OMMCAHHBIX B 1. 4.1.2
crioco6oB. Ecan dimVy, = k1, 10 B kavecTBe Gasznca KOPHEBOTO MOJI-
mpoctparcTBa V (A, A1) MOXKHO B34Th Has3uc aiapa Vi, , T.e. BEKTOPHI,
IpencTaBIeHHble CTPOKaMu KoopanHatr B Marpuie (M | Ly), mouy-
qeHHO 3TeMeHTapHBIME Tpeobpasosammamu u3 (E, | Al), ciaesa
OT YepThI, UMEIOTAMI HYJIEeBBIe TPOTOJIKeHN CIpaBa. ) eHyJIeBbe
ctpoku Marpuibl Ly obpasyior 6asuc obpasza Aq(V). Dpennoso-
xwuM, 9o dimVy, < k1. Dyznem nckarth 6aszuc dupa ‘{43 I aToro
HalimeM 0Opassl BEKTOPOB, MPEICTABIEHHBIX CTPOKAMHU MaTpuIsl Ly,
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npu peiictBun omeparopa A;. B cmmy dopmyssr (4.6), TpanCcTOHE-
pyd obe ee 4acTH, 3aKJOYaeM, 4TO JOCTATOYHO YMHOXKUTH Ly Ha
marpumy A{ . Daccmorpum marpuiy (M | Ly | LiA]) u smemen-
TapHBIME TTPe0OPAZOBAHUAME CO CTPOKAMU 3TOH MaTPUILI IPUBEIEM
MaTpuiy Ha Mecte L A] K cTymenvaToMy BULY. D OSyquM MaTpHUILy
(M3 | Ly | N3). Torma crpokn marpuust My, nMeonne HyJIeBbe
mpoponxenus B Ny, obpasyror Hasuc aapa ‘{43, a HeHyJeBble CTPO-
ki Marpuibl Ny obpasyior 6asuc obpasa A2, Ecau dim‘{“? = ky,
10 V(A, A1) = Vjo u ero Gasuc naiizen. Ecmn xe dimVie < ky, 10
MPOLOK aeM TPOLECC, OMUCAHHBIA BbIUe. DTOT MPOILECC 3aKaHIH-
BaeTcs, KOTJa Pa3sMepHOCTD dlpa ovYepemaHoii crenenn omeparopa A
coBmazaeT ¢ k1. Da ITOM lare paHr paccMaTpuBaeMoii cremenu A
COBIIAIAET ¢ paHTOM cienyomeii (T.e. Ha 1 Gospmreii) ero cremesnu;
9TO MOK HO MCHOJH30BaTh s TPOBEPKHU.

Haee GepeM ciepyioliee 3HaYeHne Ao W MOBTOPAEM LI HEro
ONMMCAHHBIA B TMpenplaylieM absale Mpouecc ¢ TeM OTJIHYHeM, YTO
BMeCTO enlmHudHol Marpuubl F, Ha mepBoM Iare Gepercs MpsMo-
yroiabHas MaTpuia P,., TojgydeHHas copaBa Ha MOCTeIHeM lare, ¢
OTOPOIIEHHBIMI HYJIeBBIMU CTpoKaMu (3710 Oasuc obpasa AJ(V)), n
K Hell mpuTuchIBaeTCA MaTPUIa PTA;—, rme Ay = A— A E,. Batem
MOJIYYEHHYIO MaTPUIy 3JeMEeHTapHLIMEU TpeodpasoBaHUAMI CTPOK
MPUBOAMM K BUIY, KOTHa CIpaBa MOJydaeTcd CTyNeHdaTas MaTpu-
ma. DY polecc IMPOIOJIK aeTcsd nasee mo noctpoenns 6asuca V (A, Ay).
st ocTaJIbHBIX COOCTBEHHBIX 3HAYCHU MPOIeTBIBAIOTCS aHAJTOTHY-
Hble TIary.

DacCMOTPUM KOHKPETHBIH mpuMep. DaiiTu 6a3suchl KOPHEBBIX
MOINPOCTPAHCTB JHeliHoro oneparopa A, 3aJaHHOTO B HEKOTOPOM
Oasznce MaTpumei

2 3 0 3
-10 1 2

A=| ", 5 5 ;3 (4.22)
12 -1 0
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XapaKTepI/ICTI/I‘IeCKI/Iﬁ MHOT'OYJIeH BblIYMCJIAeTCd, KaK B IIpuMepe II.
4.2.2:

fa(z) = (2 —2)%(x +2).

Ero xopuu Ay = 2, Ay = —2. Daiimem 6a3uc KOPHEBOTO MOMIIIPO-
CTPAHCTBA, COOTBETCTBYIOMETO COOCTBEHHOMY 3HATEHUIO Ay = 2:

1 0001]0 -1 0 1
0100 /|3 -23 2
00100 10 —1]"
00013 23 -2
0 10013 -2 3 2
1 00010 -1 0 1

“lo o10]0o 10 -1]|"~
0 -1 0 1|0 4 0 —4
0 1 201]303 o0
0 01 0]0 10 —1
“l1 o 10]0oo0oo0 o]
4 -1 01]/000 O
0 1201]303 o0]0oo0o0 0
0 010|010 —1]0 40 —4
“l1 ot1o0loo0oo0o o]looo of"
4 -1 01/000 01]000 0
0 01 0]0 10 —11]0 40 —4
0 1201(303 01]000 0
“l1 o10]loo0o0 o0]0o0O0 O
4 -1 01|/000 0]00O0 O

Msbr BuamM, 9T0 KOpHeBoe moampocTpatctBo V (A, 2) umeer 6asuc
3 BeKTOpoB ¢ Koopamuatamu (0,1,2,0), (1,0,1,0), (4,—-1,0,1) u
apagerca aapou omeparopa (A — 2E)%. Kopresoe mommpocTpancTBo
V (A, —2) coBmamaer ¢ 0b6pa3oM 3TOTO OlepaTopa W MOPOXK TAeTCH
BexTOopoMm (0,4, 0, —4) wam, 410 paBHOCHIBHO, BeKTOpoM (0, 1,0, —1).
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4.3.2. DocTpoeHue }KopaaHoBa ba3uca

Dycrs K; = V(A,\;) — KOpHeBOe HOAIPOCTPAHCTBO JHHEHHOTO
omeparopa A, COOTBETCTBYIOIICE COOCTBeHHOMY 3Hadenuio A;. 0bo-
sHaunM orpanmuenne A|x, u depes B. Domoxum B; = B — N\, €, e
yepes £ obosHaveH emuHUYIHBIE omeparop Ha K. Do onpemesrenunio
KOPHEBOTO TOANPOCTPAHCTBA I Kaxk aoro v € K cymecrByer Ha-
Typasnbioe wucio h < k; = dimK; takoe, uto Bl(v) = 0. Taxum
obGpaszom, Bfi = 0. Jluneitusrit omepatop A, masa xkotoporo A°=0,
o A*~! #£ O npn HexoTOpOM HATypATHHOM 8, Ha3hIBACTCA HUALNO-
MEHMHBIM ONEPATNOPOM CINYNEHU S.

Bosbmem HemyJsieBoit BekTop v B K u paccMorpuMm mocienoBa-
TeJTBHOCTH BEKTOPOB v, B;(v),..., B (v),.... Dycts | — HamMeHb-
mee YHCTO co cBoiicTBoM Bl(v) = 0; Takoe WHC/IO CymecTByeT co-
TJIaCHO CRa3aHHOMY B TPENBIAYIIeM abzame. 9ocTaefoBaTelTbHOCTD
BekTOPoB v, Bi(v),..., BTl (v) HaseBaerca nuab-caoem mmmHbr .
CucTteMa BEKTOPOB, COCTOSNIAA W3 HUIb-CJIOEB, HA3BIBACTCA dHcopda-
1060l cucmemotl ommocumeavro onepamopa 3; = A — A\;&. Bamucs
KOPAAHOBOW cucTeMbl B hopMe TaOIUIBI, KaX Tad CTPOKA KOTOPOit
mpencTaBiasgeT coboit HUIb-CT0W W Bce CTPOKW BBIPOBHEHBI MO Tpa-
BOMY Kpaio (T.e. IMeIT OOUIYI0 BEPTUKATIHHYIO TPABYIO TPAHUILY ),
Ha3blBaeTCd Hcopdarosol mabauuetl.

Jlemma 4.3.2. 2KopnanoBa crucTeMa JIHHEHHO He3aBHCHMA TOLAA H
TOJIBKO TOLAa, KOLJAa B MIpEenCcCTaBJIeHHH ee B GopMe XK OpIaHOBO# Ta-
6JIHIIBI BEKTOPBI IPABOro CTOJa00a 06pa3yioT JHHEHHO He3aBUCHMY O
CHCTEMY.

HokasatenscTBo. Ecan KopmanoBa cucTeMa JnHeliHO HezaBUCH-
Ma, TO Jbasd ee OACHCTEMa TAKK e JIMHelTHO He3aBucuMa 1, B 4acT-
HOCTHU, BEKTOPBI MPABOTO CTOJONA KOPAAHOBOR Tabauibl 06pasyioT
JinHeltHo HeszaucuMmyio cuctemy. OOpaTHO, TPEIIOTOK UM, YTO CH-
cTeMa M3 BEKTOPOB MPaBOro cToJOIA K OPIaHOBOM Tab/IuIbl JTMHEHHO
He3aBUCHMa, & BCA XKOPJAaHOBa cUcTeMa JUHERHO 3aBUCUMAa, U NPU-
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IeM K MPOTHBOPEYNIo. JACCMOTPUM JUHEHHYIO KOMOMHAIINIO BEKTO-
POB KOPIAHOBOI CUCTEMBI, pABHYIO HYJIEBOMY BEKTOpPY, TT0 Kpaiiueit
Mepe OIuH u3 K03} PUIneHTOB KOTOoPoit oTanden oT Hyad. OTMernm
B Tabjuile BCce BEKTOPHI, K03 (GUINEHTH! IIPU KOTOPHIX OTJIHIHBI OT
Hy1g. Beibepem HUIB-Co10# (T.€. CTPOKY TabOIHIBI), B KOTOPOM OTMe-
YeHHBI BEKTOP PAcIOI0X €H Tak, 9TO BCe BEKTOPHI BO BCEX CTOI0IAX
JleBee eT0 He OTMeYeHbl. DYCTh T — YHUCJI0 CTOJIOIOB TaOJINIB Mpa-
Bee BLIOPAHHOTO BEKTOPa. JomelicTByeM Ha JUHeHHYI0 KOMOMHAIINIO
omepatopom B. O6pas B;(v) 10600 BEKTOpa ¥ U3 KOPIAHOBOI Ta-
OJINIBI HaXOOnTCd B TaOJIUIE B cOCeIHEM CTOIOIE CIIpaBa OT ¥, €CJIn
U CTONT He B CAMOM IIPaBOM CTOJIOIE, I paBeH HyJIEBOMY BEKTOPY, €C-
JII ¥ CTOUT B CaMOM IIPaBOM CTOJIOIE. Do3ToMy 00pa3 JaeBoil JacTu
JUHERHOK KoMOWHAINY TpPH Bf aBjdeTcd JiuHeiinoll xomOuHanmeit
BEKTOPOB IIPaBOTO CTOJIOIA, IO Kpalifieil Mepe oquH u3 K03 GuilneH-
TOB KOTOPOI OTJIMYeH OT HyJId, U 3Ta JuHelHad KoMOMHAINI paBHA
HYJIEBOMY BEKTOPY. DOJIYIWIN IPOTHBOPETNe, KOTOPOE MTOKA3bIBAET,
9TO KOpIaHOBa CUCTeMa JIWHeliHo He3zaBuUCUMa. O

DNEMEHMAPHBIMU NPEOOPABOBUHUAMU HCOPIUHOBOT MabAUYDL Ha-
3BIBAIOTCH CJIENVIONe TPeodbpasoBaHmd:

1) mepecTaHOBKa CJIOEB;

2) MCKITIOUeHNe HYJIeBbIX BEKTOPOB CIBHTOM CJIOS BIPABO (HA TH-
CJIO HYJIEBBIX BEKTOPOB);

3) yMHOXKeHIe CJI0s Ha HEHYJIeBOe THCIIO;

4) mpubaByeHWe K CJOK0 JITUHBI [ OTpe3Ka ITWHBI [ CJI0s, Pacio-
JIOK €HHOTO HaJl HJIN TOJL TaHHBIM (BTOPOii CJ10lt, n3 KoTOporo Hepercs
OTPe30K, JTOJIKeH ObITh He KOpode epBOTO).

YpenjiaraeM YuTaTe 0 yoenuThed, YTo Tabyuia, mojydaeMas u3
JKOPILAaHOBOI ¢ TOMOIIBIO YKa3aHHBIX mpeobpaszoBanuii, Oyger suneli-
HO »KBUBAJIEHTHA UCXOMHOR TabJuile, U MyTeM TpuMeHeHusd npeodbpa-
30BaHUA 2) BCerna MOXKeT OBITh IPUBEIeHa K &K OPIAHOBON Tabimnie,
JInHeliHo 3KBUBaJIEHTHON MCXODHOIL.

2Kopdarnosvim b6azucom poctpanctBa V. omuocumeasHo Aunetd-
Hozo onepamopa A HazbiBaeTcs 0Gas3mc, COCTABJIEHHBIH W3 6Gas3mcoB
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KOpHeBBIX mommpoctpancts K; mpum ¢ = 1,...,m Tak, 4T0 B Ka-
K TOM KOPHEBOM TOIIIPOCTPAHCTBE 0A3UC ABJIdeTCH K OPAAHOBON cu-
cTeMoil oTHOCUTENbHO omepaTopa A — \;E. Da3ucyl KOPHEBLIX MOI-
MPOCTPAHCTB, obJafalolme yKa3aHHbIM CBOWCTBOM, OyiIeM Takike
Ha3bIBATh HCOPIAHOSHIMU.

CyuecTBoBaHMe XKOpAaHOBa Gasnmca TOKA3bIBAETCH CJIEMYIONUM
VTBEPXK JeHUEM.

Teopema 4.3.2. Kopuepoe nognpocrpanctso IK; umeer xopranos
6asznc oTHOCHTeIbHO JHHeHHOoro omeparopa B = A — \;&. Yuciio ¢
HHJIBb-CJI0€B IIHHBI | B 3TOM 6a3ice He 3aBHCHT OT Bblbopa 6asmca

1 onpeneasercsa GopMyaaMu q; = rj_1 — 2] + 1141, $ae v, = r(BY),
1 =0,...,t, t; — cTyneHb HUIBMOTEHTHOCTH oneparopa .
HokasareabcTBO. JYCTh €1, . .., €L, — HEKOTOPHIil 6a3nuc KopHEBO-

ro nognpoctpancTsa K;. CocraBuM KopIaHOBY TaOJIUIY U3 HUIb-
CJTOeB, HAYMHAIONNXCA C YKAa3aHHBIX BEKTOPOB. $fcHO, 9To aTa Ta-
OGuua OymeT MOpOoXK JAlOIMUM MHOXKECTBOM s IpocTpancTBa K.
DepecTpouM TadJUIY C TOMOIIBIO dJIEeMEHTAPHbIX IIpeobpasoBaHuii
Tak, 9TOOBI TMpaBwfi cTOJGEN ee 0Opa3OBBIBAJ JUHEHHO He3aBUCH-
MyI0 cucTeMy (mMest OBl CTYyTeHYAThIl BUI U He COmep K al HyJIeBBIX
CTPOK). D POBEIA COOTBETCTBYIONINE MPeobpa3oBaHUA B MCXOTHOM
K OPAAHOBOW TabIMIe, MBI TPUIEM K KOPIaHOBOI cucTeMe, THHEHHO
HesaBucumMolt B cuiay Jgemmbl 4.3.2 u MOpoK matouiell mOMIpocTpaH-
crBo K cornmacHo ormedennoMy Bbime. TakuMm obpasoM, KOpIaHOB
0a3nc TOCTPOEH.

DycTh TaH TPOU3BOJILHBIR KOPAAHOB DA3UC U ¢ — YUCIO HUITh-
croeB nauwbl [ B HeMm. Torma Jerko moacInTaTh, 9TO

ro =dimK; = ¢1 + 202 +3q5 +dqu + . ..
1 =dimB(K;) = g2 + 2¢3 + 3q4 + . ..
ro =dimB*(K;) = g3+ 24 + . ...
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Brorunrag us KazK JOI'0 paBeHCTBa cJjeayloulee 3a HUM, IIOJYy1IUM

To—TM=q+etatat...
Mm—To=@t+ag¢Gtaqgt+...

DOBTOpHAA 3Ty ONEPAIMIO JIJd TMOJYIEeHHBIX PABEHCTB, TPUXOIUM K
TpebyeMbIM BhIPAK HUAM JJIA (g, G, - - - o

DoCTPOUM MaTPUILy JnHeitHoro omepatopa A B KoOpmaHOBOM Oasu-

ce. DycThb €1,€3,..., €, — HUIb-CJOi IId CODCTBEHHOTO 3HaYeHNs
A. Torma A(e1) = ey + e3, A(ez) = dez + e3,..., Ale,) = de,.
Jlerko momATH, ¥TO TMOmImpOCTpaHCTBO S = (ey,eq,...,e,) ABIAET-

Cd MHBapMaHTHBIM OTHOCHUTEJIbHO ./4, U MaTplhlla OI'PpaHUYeHUd ./4|S
nMeeT BRI

A0 O 0 0
1 0 0 0
0 1 A 0 0 (4.23)
001 ... 20
00 0 ... 1 A

Takas MaTpuila HazbIBaeTcs stcopdarnosoli kaemxoil. B xKopmano-
BOM Oasmce MaTpulla JUHeiiHOro omepaTopa A COCTONT M3 KOpIaHO-
BBIX KJIeTOK Buaa (4.23), pacmo/iokeHHBIX MO TJIaBHON AMArOHAJIN;
ocTaJbHbIe Koa()QUIMenTH MaTpUIbl JTHHeHHOrO omepaTopa paBHEL
Hy10. UKc/I0 3THX KJIeTOK paBHO YHCJY HUIb-CJI0EB B K OPIaHOBOM
Hasnce. DOpAIOK Kak J0il KJICTKH paBeH YUCIy BEKTOPOB B COOTBET-
CTBYIONIEM HIJIb-CJIOE.

DacCMOTPUM TpUMep. DaliTh KopaaHoB OGasuc JUHEHHOro ofe-
patopa A, 3aJaHHOTO B HEKOTOpPOM Oasuce Marpuieit (4.22).

Bocnosbsyemcs pesyabraTamMu, HoJgydeHHbIME B 1. 4.3.1, mpu
pPacCMOTPEHHN 3TOTO IpuMepa. MbI HalLm coOCTBeHHbIC 3HaTeHIA
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A1 =2, A = =2 u 6a3UCHl KOPHEBBIX MOANPOCTpancTB V (A,2) =
= (e1,e3,e3), Tnee; = (0,1,2,0),e; = (1,0,1,0),e3 = (4,-1,0,1)m
V(A -2)=(e4), es = (0,1,0,—1). DocTponM KOpIAHOBY TaOIHUILY
IJTSl TTEPBOTO TOANMPOCTPAHCTBA W TIPpeodpasyeM ee.

012013 030 012013 030
1 01 0|~ 0 00 0|~
4 -1 0 1 4 -1 0 1
01 2

0

3 0 30
4 -1 0 1

ZKopnanos 6a3uc KopHeBoro moampoctpanctsa V (A, 2) coctont u3
IBYX HUIB-cot0eB: g, = (0,1,2,0),9, = (3,0,3,0)n g5 = (4,—1,0,1).
ZKopnanos 6a3uc kopHeBoro mognpoctpanctsa V (A, —2) coctont u3
omHoTO BekTOpa g4 = (0,1,0, —1). ZKopmaros 6a3uc Bcero mpocTpaH-
CTBa COCTOUT W3 BEKTOPOB ¢4, ds,9gs3,d,. Marpuua omepatopa A B
9TOM Dasuce uMeeT BU]L

200 0
1 20 0
00 2 0
00 0 =2

0

Oxa 1ocTpoeHa U3 TPeX K OPIAHOBBIX KJIETOK: ( 1 9 ) ,(2)m (—2).

4.3.3. 2KopnanoBa HopMaJibHasi (popmMa MaTPUIIbI

DacCMOTPUM KBaJIpaTHYIO MaTpUIly A mopsaka n Ham nojgem [, y xo-
TOPOil XapaKTepuCTHIeCKhii MHOTOWIEH pa3/laraeTcd Ha JIMHeiHbe
Muox uTenn Hal . Obosnadnm gepes A nmHeiinbiii oneparop, 3agam-
wbIii Marpuieit A B 6asuce e; = (1,0,...,0),..., e, = (0,0,...,1)
mpocTpatcTBa cTpok [F,. Dymem waswviBaTh A onepamopom, 3adan-
HbLM MaTpHrIeli A. DTOT ollepaTop UMeeT XapaKTepUCTHIeCKUH MHO-
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ro4JjeH, cCoBlalaolnnil ¢ XapakKTepuCTUYeCKUM MHOTOYJIEHOM MaTpu-
bl A. DyIeM TakiKe Ha3bIBaTh COOCTBEHHBIE 3HAUEHUA U COOCTBEH-
Hble BEKTOPHI JuUHeHOTO omepaTtopa A cobemeeHHbMU 3HANEHUAMU
n CODCMBEHHBIMU BEKNOPAMU MATPUILI A. DPUMEHAd Pe3yJsIbTaThbl
MPEeIbIIYINX TYHKTOB, Mbl MOXKeM TOCTPOUTH KOPIAHOB Da3uc s
9TOTO omepaTopa. B aToMm Gasnce nuwHeiinsrit omepatop A mMeeT Ma-
TPUILY A, COCTOLILYO U3 JKOPITAHOBBIX KJIeTOK. JycTh T — MaTpuia
mepexojia OT UCXOMHOro Da3uca K xkopaanoy. Torma A =T 'AT.
Marputa A HasbIBaeTCH HeOpdarosott HOPMAALHOT Popmott MaTpu-
sl A. MBI BUmmM, 9T0 MaTpuIa A nogobua MaTpulle A W MaTpuIa
T ocyuiecTBiser nogodue.

B cmny moxazammoro B mpempIoyIIeM TYHKTe KOpPHaHOBa HOP-
MaJjibHad (GopMa MaTPHUIbI ONpeneadercd OJHO3HAYHO C TOYHOCThIO
IO TepecTaHOBKY K OPJaHOBBLIX KJIETOK MO IVIaBHOR OuaroHaJu.

YpuBeieM IMPUMEPhl HAXOKJIEHUA KOPIAHOBOH GoOpMbI MaTpu-
upl. [T MaHHBIX MaTpHIL

L s 9 1 -3 0 3

-2 —6 0 13
A=|5 -7 3|, B=

¢ o 4 0 -3 1 3

-1 -4 0 8

HafiTi XopmaHoBBI (OPMBI M HEeBBIPOXK JEHHBIE MaTpPHUILI, OCYIIe-
CTBJIAIONINE TOJ00MTe.

DaiineMm xapakTepucTudeckuii MHOrOUIeH MaTpuibl A. Umeem,
uctnons3ysa dopmyny (1.20) (Ha c. 45) pasimoxeHus OmpegenTe S
o mepBoii cTpoke,

4A—z =5 9
fA(x): ) -7 -z 3 =
6 -9 4 —x
—T—z 3 5 3 5 —T—=z
A IR SR ) 4—x‘+2 6 -9 |

=(4—2)((2+T) (2 —4)+27)+5(20 5z — 18) +2(—45+42+62) =
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=(4-2)(2*+32-1)- 252+ 10+ 122 — 6 =
=23 3224442+ 122 —4— 13z +4 = —23 + 22,
Takum obpasom, f4(z) = —a® + 2% = 2%(1 — 2). Marpuma A umeer
cobcrBennbie unciaa Ay = 0 u Ay = 1. DaiimeM KopHEBbIE TOIIPO-

cTpaHCcTBa JuHelinoro omeparopa A, samammoro marpumeit A. s
A1 = 0 uMmeem

1 00 4 5 6 1 0 - 2 2 2
010 |-5 -7 -9]|~]11 1 1 1 |~
0 01 2 3 4 0 0 112 3 4
1 1 171 11
~] -2 -2 -1 |0 1 2
-1 -2 -3 |10 0 0
1 11 4 5 6
VYuvuoxag matpuny | 0 1 2 | ma marpumy -5 =7 =9 |mn
0 0 0 2 3 4
1 1 1
TpUNUCHIBasg MoydeHnyio matpuny [ —1 —1 —1 | cuopasa B mo-
0 0 0

cientell pacimmpenHoit MaTpuile, MPONOJIKaeM TpeoOpa3oBaHUs:

11 1|1 11 1 1 1

-2 -2 -1 7012 |-1 -1 =1 |~
-1 -2 -3 10 0 0 0 0 0
1 1 1|1 1 1 |1 11
~1 -1 -1 011 2 3]0 00
-1 -2 -3 |0 0 0 (0 0 O
Dasnc KopHeBoro noanpoctpancTBa V (A, 0) 06pa3yioT BeKTOph €1 =

= (-1,-1,0) w e; = (—1,-2,-3). Yrobsr Halitu xopmaHoB Oa-
3uc, 3aMeTuM, uTo Ae{ = —ej (3To BUIHO U3 BTOPOil CTPOKU pac-
urpennoii Marpuubl). Takum obpasoM, B KavyecTBe KOpIaHOBA Ha-

3uca KopHeBoro moampoctpancTBa V (A, 0) MOKHO B3d4Th BEKTOPBHI
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g =(-1,-1,0)mg, = (1,2,3). CobcTBeHHOMY 3HATEHUIO A2 = | CO-
OTBETCTBYeT coOCTBEeHHBIH BeKTOD g5 = (1,1, 1), KoTOpHIit onpemess-
eTcsl o TOCTeIHeMY CTOJIOIY pacIinpeHHol MaTpUILBl. 3annchiBaeM
KOopIaHoBy (HOpMy MaTpuibl A, CTPOd ee n3 IByX KJIeTOK — NepBasd
KJIeTKa MOpsAIKa 2 ¢ COOCTBEHHBIM 3HadenneM A = 0, Bropas KJer-

0 00
Ka mopgaika | ¢ cobcTBeHHBIM 3HaUYeHNeM Ag = 1: A=|[100 ;
0 01

9TO He 9TO WHOe, KaK MaTpuia omepatopa A B KOpIaHoBOM Hasuce
d1,99,9s. Marpuna T, ocylecTBIAIOMAs MOZ00We, CYyTh MaTpHUIa
nepexofa oT HGazuca, COCTOAIUEr0 U3 CTPOK €IUHUIHONR MaTPUIbl, K
0asucy g1, 99, 9s. OHA COCTOUT W3 KOOPIMWHAT MOCTENHUX BEKTOPOB,

-1 1 1
3allMCaHHbBIX B cTOJOUbB: T = -1 2 1
0 3 1

DalineM XapakTepucTUIecKuii MHOrOYJIeH MaTpuilsl B:

1—=2 -3 0 3
-2 —-6-=x 0 13
IB() 0 3 1-z 3
-1 —4 0 88—z
1—=2 -3 3
=1-2)] -2 —-6-2z 13 |=
-1 —4 88—z
1—2 -3 3
=(1-2)] 0 2—2 -3+2z2 =
-1 —4 8 —x
1—2 -3 0
=(1-2)] 0 2-2 —-l14z|=
-1 —4 4 —x
B 2—z —-1+4+=x -3 0 _
=A=ol0=a) " 0y Tt —1ge |
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=(1-2)?(2? -6z +8+42—4)-3(1—-2)’ =
:(1—x)2(x2—2x—l—1):(96—1)4.

Taxum obpasom, fg(z) = (z — 1)*. Marpuma B umeer cobcTBen-
Hoe 3HaueHme 1 kparnoctn 4. Jlumefimsiii omeparop B, 3amaHmubIi
Marpuueli B, nMeeT B KadecTBe eINHCTBEHHOIO KOPHEBOTO IOAIPO-
CTPaHCTBA BCe TPOCTPancTBO cTos6nos . Daiimem xopranos Gasuc
5TOTO MOAIPOCTPAHCTBA. DOCTPOUM K OPIAHOBY TabJIMILy, HCXOIH U3
6asmca  e; = (1,0,0,0)7, e2 = (0,1,0,0)", e3 = (0,0,1,0)", e4 =

0 -3 0 3
-2 -7 0 13

_ T _ _
=(0,0,0,1)". Hdmg storo marpuy B — E,4 0 -3 0 3
-1 -4 0 7

YMHOXKaeM clipaBa Ha ey, MOJy4YeHHbI# cTosbel TpaHCIOHHPYeM U
3aMUChiBaeM B TabJuIy, a 3aTeM Marpuiy B — F4 yMHOKaeM Ha I10-
JIVIeHHbBIH cToJbel 10 Tex mop, NoKa He MOJYYUTCH HyJIeBo# cToJ-
Oell. D PomesbiBaeM 9TO JIJIs BCEX BEKTOPOB €1, €2, €3, €4 1 3aI0JTHIEM
KOPILaHOBY TabOJUILY, BEIPABHUBAdA ee MO MpaBOMy Kpato.

1000] 0 -2 0 —1 31 3 1
0100 |-3 -7 -3 —4 9 3 9 3

o o 1 o0~

000 1| 3 13 3 7 |-18 -6 —18 —6
1 00] 0 -2 0 —-11]3 131
3100 |-3 -1 -3 —1]00 00
~ 001 0|"
600 1| 3 1 3 1/0000
1000] 0 -20-1] 3 1 3 1
3 10 0]-3 -1 =3 —1

~ 6 00 1 3 01 3 1|7
0 0 1 0
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1000] 0 -20 —-11]3 131
3 10 -1]/000 0
~ 6 20 210000/
0010
10001]0 -20 -1 3 13 1
3 -1 0 -1
~ 6 20 2|7
0 01 0
10001]0 -20 -11]3 131
00 30
~ 000 0|
0010
1000]0 -20-11]3131
~ 001 0]

B kadectBe ®opraHoBa 6a3mca MOK HO B34 Th BeKTOphl g; = (1,0,0,0),
g, = (0,-2,0,-1), g5 = (3,1,3,1), g, = (0,0,1,0). ZKopmarosa
dopma Marpuiel B cOCTOUT M3 IBYX KJETOK, HepBad MOPAIKa 3 U
BTOpad mopgika 1, COOTBETCTBYIOMUX COOCTBEHHOMY 3HavyeHuto 1.

1000 1 030
. 1100 0 =2 1 0
Mweem B=1 o o T=|¢ o 3 1
000 1 0 -1 1 0

Bamawm: [17], Ne171-200.



I'maBa 5

EBKJINOOBBI U YHUTAPHBIE
JIMHEHWHbIE [IPOCTPAaHCTBA
U UX JINHEUHbIE
OTOOpa>keHu A

31ech paccMaTpuBaiOTCA JHHeHbIe TpocTpancTBa Hal mogeM R wiru
C, B KOTOPBIX HapsALy C JUHEHBIME ONEpAlMsIME OIPefeJeH0 CKa-
JdpHOe TpOU3BelleHne BEKTOPOB, YTO MO3BOJIAET pellaTh 3aayvu,
CBA3aHHbIEe C U3MepeHueM IJIUH BEKTOPOB W YIJIOB MeX 1y HUMMU.

§ 5.1. EBKJINOOBBI W yYHHUTAPHBbIE IIPOCTPAaH-
CTBa
5.1.1. AKcuoMbIl

dycrs V. — JimHeliHoe TPOCTPAHCTBO HAJ TOJeM AeficTBUTeIbHbIX
qucen R [wan nomem kommiexcupix dncesa C]. Ouo masbiBaercs ee-
KAUJOBHIM [YyHUMAPHBIM] TTPOCTPAHCTBOM, €CJIH YIOBJIETBOPAET CIIe-

195
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IYIOUUM aKCHOMAM.

1. Hna nobeix w,v € V cylecTByeT eIMHCTBEHHOE THCIIO
(u,v)v € R [(u,v)y € C], HaspiBaeMoe ckaaapHbim npoussedenuem
BeKTOpOB ¥ 1 v. Ecau mpoctpanctBo V' GUKCHPOBAHO, TO BMECTO
(uw,v)y mamem mpocTo (u,v).

2. g mobsix w,v € V cupasemnnuso (u,v) = (v,u) [(v,u) =
= (u,v), 1Ie 7 — TUCJI0, CONPAKEHHOe ¢ KOMILIEKCHBIM THCIOM Z].

3. g mobbix w,v,w € V cupaseninso
(u+v, w)=(u,w)+ (v,w).

4. Onsa mobbix w,v € V u moboro o € R [a € C] cupasennuso
(au,v) = a(u,v).

5. g moborouw € V (u,u) € R, (u,u) > 0 u (u,u) = 0 Torma
I TOJIBKO TOTZA, KOTIa U = O.

CorencTBuA U3 aKCHOM COOPAHBI B CIIELYIONIEM IPEeIIOK eHIH.

D pengioxenne 5.1.1. Dycrs V — eBrimiaoBo [yHuraproe] mpo-
crpaHcTBO. VIMET MECTO CIeLyoline yTBepK IeHH:

1) mrsa smoboro v € V' cupasenusel paBencrBa (v,0) = 0 =
(0,v);

2) ms mobbix w,v € Vi aoboro o € R [a € C] copasenmuso
paBercTso (u,av) = a(u,v) [(u, ov) = @(u,v)];

3) mrst 106bIX w, v, w € V' crpaBesnBo paBeHCTBO (W, v +w) =

(u,v) + (u, w).

JokasaresabcTBo. DokaxeM, 410 (0,v) = 0 mig moboro v € V.
Dycrs v € V. Do akcuome 3 umeem (0,v) = (0 + 0,v) = (0,v) +
(o,v), orkyzna (0,v) = 0. Do akcmomaM 2 u3 paseHcTBa (0,v) = 0
crenyer (v,0) = 0. Takum obpaszom, yTBepK nenue 1) mokasaHo.
YrBepK menue 2) dABIACTCH HEIOCPEICTBEHHBIM CJICICTBUEM aK-
cuoM 2 n 4. DpuBemeM COOTBETCTBYIOUME BBIKJIAIKU IJIA CJIydas

YHUTApHBIX TPOCTPAHCTB: (u,av) = (av,u) = a(v,u) = a(v,u) =
=a(u,v).

AHaJOrIYHO TOKA3bIBACTCH, YTO YTBEPK IeHNe 3) eCTh Helocpe]-
CTBeHHOE CJeICTBHe akKcuoM 2 1 3. d
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5.1.2. D pumepsbl

1. Jluneiinoe MPOCTPAHCTBO OOLIYHLIX BEKTOPOB ABJIACTCA €B-
KJIMIOBLIM IIPOCTPAHCTBOM OTHOCHTENIBHO CKAJAPHOIO IPOH3BEIE-
HIA BeKTOPOB (cM. 1. 2.1.6).

2. Jlumeiinoe mpocTpaHCTBO CTPOK R, #BJIAeTCH €BKJINIOBLIM
IPOCTPAHCTBOM OTHOCHTEIBHO CKAIAPHOTO IPOU3BEICHH, 33 aHHO-
ro dopmyJIoit

(($1,$2, B '7xn)7 (3/173/27 B 73/71)) = 1% + T2Y2 +...+ LnYn-

D poBepKa aKCUOM OCYIIECTBIIAETCH B 9TOM U CJELYIOMEM MpuMepe
HETOCPEICTBEHHO.

3. Jlumeitnoe mpoctpancrBo crpok C, sBIsgerca yHUTapHBIM
TPOCTPAHCTBOM OTHOCUTETHHO CKATAPHOTO MPON3BEIEHNST, 3aTaHHO-
ro dopmyJIoit

(($1,$2, B '7xn)7 (3/173/27 B 73/71)) = 9613/_1‘|' 9023/_2‘|' .t xny_n

4. Jluneiinoe IIPOCTPaHCTBO BCeX MHOI'OYJIEHOB C BelleCTBEeHHBI-
MH KOE)(i)(l)I/IHI/IeHTaMI/I ABJIdeTCd eBKJINIOBbIM IIPOCTPaHCTBOM OTHO-
CUTEeJBbHO CKaJIdPHOI'O IIPpON3BeIeHnd

(Featen= [ saglea,

rie «, [ — GUKCHpOBaHHbIE BEIIeCTBEHHBIE TUCIa, @ < (3. D PpOBEpKa
AKCHMOM OCYIECTBIAETCA 3IeCh ¢ MCMOJIb30BaHNEM CBORCTB ompee-
JIEHHOTO WHTEeTpaJia.

5.1.3. DepaBeHcTBo Komm—9yHAKOBCKOTO

g moboro BeRTOpa @ B €BKJIXIOBOM WU YHUTAPHOM TPOCTPaH-
ctBe V' ero ckasdpHbI KBagpar (¢, ) ecTh HeOTpUUIATETbHOE meii-
CTBUTEJIPHOE YUCJIIO COTTIACHO AKCHOME H; TO2TOMY KOPPEKTHO BBECTH
dauny BexkTopa x dopmymnoii

|£I}| = (:I:,:I:)
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AHAJIOTUYHO CJIYYal0 OOBIYHBIX BEKTOPOB TPEXMEPHOTO MTPOCTPaH-
CTBA. DepaBeHCTBO, YCTAHOBJEHHOe B cleaylolieil Teopeme, Ha3bI-
BaeTcd HepaseHcmeom Kowu-dynaxosckozo.

Teopema 5.1.1. 9ycrs V. — eBrimaoBo [yHuTapHOE| sTHHEiHOE
mpoctpancTBo. st J06bIX BeKTOpoB x,y € V cHpaBerinBo He-
paBercTso [(x,y)| < |z|ly|, nputem paBeHCcTBO HMeeT MecTO TOIIA I
TOJILKO TOTJa, KOTa BeKTOPHI T,y JIMHEIHO 3aBHCHMBI.

Jloka3aTesqbCTBO. D POBEIEeM JOKa3aTeTbCTBO I CIydas yHUTap-
HOT'O IPOCTPAHCTBa; CIyYail eBKIMI0Ba IPOCTPAHCTBA pacCMaTpUBa-
eTcd aHaJgornvHO. Ecan ¢ = o unn y = o, 1o (z,y) = 0 u |z||y| = 0,
9TO M TpedyeTcs JTO0Ka3aTh.

DYyCTh & # 0 U Y # 0. DOJOKUM 2 = T + ay ITd HEKOTOPOTO
KOMILTEKCHOTO YHCJIa (@ M BBIYUCTUM (2, 2):

(2,2) =(z+ oy, ¢+ ay) = (z,z) + (ay,z) + (z,ay) + (ay. ay)
=(z,z) + oy, z)+ ale,y) + aa(y,y).

Bamernm, uTo (2, z) > 0 mpu J06OM @ TOTHA W TOTHKO TOTIA, KOTIA
BEKTOPHI ¢,y JHHEHHO He3aBUCHMBI, W B JIOOOM ciydvae (z,z) >

> 0. DoJOKUM a = —%. Torna uMeeM, TOCKONBKY (Y, y) —
nelictBuTesbHOE wnCTO, (Y,y) = (y,y) m @ = — g:g;, OTKYyIa
(z,y) (z,y) (z,y)(z,y)
z,z)=(z, @) — ,T) — z,y)+ —— T (y,y) =
(2:2) = (@.2) (v.9) =) (y,y)( ¥) (y,y)(y,y)(y v)
(:Iz,y)(a:,y) (wvy)(wvy) 2 |(:13,y)|2
=(z,z)—-2 + = |z|” - —5—.
= ® = ) (y,9) ly|”
|2 |(:13,y)|2

- W > 0, orkyma |513|2|y|2 > |(337y)|2
JloKa3bIBaeMble YTBEPK IeHNd Teleph OTeBUIHEL. a

Tagkum obpasom, |z
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CaencrBue 5.1.1. Jlis 1106bIX BEKTOPOB T, Y €BKJIHIOBA [YHITAPHO-
ro| mpoctparcra V' i 1r060ro geficTBHTEILHOTO [KOMILIEK CHOTO] Ti-
CJTa v CIPABEITHBBI Y CTOBUA:

1) |z +y| < |zl + ly| (Hepasencmeo Munrosckozo);

2) o] = Jale].

HoxkasarenbcTBo. Kak u mpu mokasareabcTBe TeopeMsr 5.1.1, mep-
BOE yTBEPK JeHre JOKaKeM I Caydas YHHTAPHOTO TPOCTPAHCTBA.
DaCCMOTPHUM [ETOYKY PABEHCTB W HEPABEHCTB, 00eCTIeTnBAEMY 0 Heo-
TPULATETHHOCTHIO CKAJSAPHOTO KBaIpaTa BEKToOpa, cBoiicTBoM |a + 3| <
|| 4+ || Momy st KOMILTEKCHBIX Tuces u Teopemoii 5.1.1:

e+y’=(z+y, z+y)=|z.2)+(z,9)+ (v.2) + (y.9) =

=z, 2)+(z,y)+(z,y)+(y, y)| < (2, 2)+|(z, y)|+ (2, y)|+(y,9) <
< Jal” + 20llyl + [yl* = (2l + ly])?,

orkyza | + y|* < (J&|+]y|)?. DepaerncrBo MEHKOBCKOTO HEIIOCDE]-
CTBEHHO cJemnyeT U3 TMOJyIeHHOTO HepaBeHCTBA.

BTopoe yTBepX menne HemocpeICcTBEHHO CIIeNYeT U3 Olpele eHns
IJTHHBI BEKTOPA, aKCHOMBI 5 M YTBEpPK AeHus 2) mpemroxkenns 5.1.1.
O

B ciyuae eBKIMIOBA MPOCTPAHCTBA 204 MEK Iy BEKTOPAMU T, Y
onpeneasercs u3 GopMyJIbl
— _ (z,y)
cos(z,y) = ———. (5.1)
[/ [y]
DepaBercTBO KOMM—DyHAKOBCKOTO TapaHTUPYeT, YTO MpaBad 9acTh
B paBerncTBe (5.1) mpuHEUMaeT 3HaUeHnms W3 MpoMexyTRa [—1,1] —
obIacTy 3HaYeHnid QYHKINE COS T.
B ciydae yHETApHOrO MPOCTPAHCTBA YTOJ MEX Iy BEKTOPaMU He
onpeneaeTcs.
Bciony muke B aToM maparpade Ias paccMOTpeHuil, KoTopble
MPOBOISITCS OMNHAKOBBIM 0OPa30M sl eBKJIUAOBBIX M YHUTAPHBIX
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NPOCTPAHCTB, pacCMaTpuBaeTcd caydail yHUTApHOIO TPOCTPAHCTBA;
eBKJIMIOB CAydail MoJIyyaeTcd U3 Hero UTHOPUPOBaHUEM B3ATHA KOM-
MJIeKCHO COMPAXKEeHHOTO YUCaa.

5.1.4. OpTOTroOHAJILHOCTh BEKTOPOB. D POIlecC OpPTOTO-
HaJIn3alluu

Dycrh V. — eBRIMIOBO MJIM yHUTApPHOE MPOCTPAHCTBO. BeKTOpHI
x,y n3 V Ha3BIBAOTCA OpmozoHasvHuimu, ecan (x,y) = 0. Obo-
3HadaTh 2To Oymem Tak: @ 1 y. CucreMa BEKTOPOB Ha3bIBaeTCHd
0pMO2oHAALHOT, eC/IN TI00bIe IBa Pa3JNIHBIX BEKTOpa 3TOil cucTe-
MBI OPTOTOHAJIbHBI.

D pemyioxenue 5.1.2. OproronajbHas cHCTeMa HONAPHO DAa3JIH4-
HbIX HEHYJIEBBIX BEKTOPOB JIHHEIHO He3aBHCHMA.

Jloka3aTeqbcTBO. JYCTh @1,0a3,. . .,a; — IPOU3BOJIbHAS OPTOTOHA~
JIbHas CHCTeMa IIONIaPHO Pa3INIHbIX HEHY/IeBbIX BEKTOPOB IPOCTPAH-
crBa V. DpennosokuM, 4TO HeKOTopad JuHelHasd KOMOWHAIMS
5TOii CHCTeMBI paBHa HYJIeBOMY BEKTOPY: a1ai +zas+...+agap =
= 0. DacCMOTPUM CKaJsIpHOe TIPOoU3BeIenne obenx Jacreil 3Toro pa-
BeHCTBa Ha BeKTOp @; (1 <1< k) ai(ar,a;) + az(az,a;) + ...+
+ag(ag,a;) = 0. YunrsBad, 410 (a;,a;) = 0 1pu ¢ # j, moiaydaem
a;(a;,a;) = 0. DockonbKy a; # o, umeem (a;,a;) > 0, w moTOMY

a; = 0. Mbsr Bugum, uTo npu Becex ¢ = 1,2,..., k umeer MecTo pa-
BercTBO ; = (. Takum obpazom, cucrema BEKTOPOB a1,qs,...,af
JUHeHHO He3aBUCHMA. a

B mokazarenmbcTBe cienyiomell TeopeMbl TPOBOIWTCA TaK Ha3bIBae-
MBIl npouecc opmozoHaauzayUY CHCTeMbl BeKTOpoB. OH npuMeHuM
KaK K JUHEeHHO He3aBUCUMBIM, TaK U K JIMHEHHO 3aBUCUMBIM CUCTe-
MaM BeKTOpoB. B TmocienneM ciyvae Ha HeKOTOPHIX IMaraX MOJyda-
OTCH HyJIEBble BEKTOPHI.
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Teopema 5.1.2. Dycrs ay,as,...,a; — HOPOU3BOJbHAA JIHHEHHO
He3aBUCHMas CHCTeMa BEKTOPOB eBKJIMIOBA HJIM YHHTAPHOTO IPO-
crpagcra V. Torma cymecTByer Takas OpTOrOHAJIbHAs CHCTEMA

BexTopoB by, by, ..., by, uTo pm Bcex s = 1,2,...,k nmeer mMecto
paBeHcTBO {@1,Qz,...,as) = (b1, by, ..., by).
HoxkasarenbcTrBo. Bocnonbsyemca unmaykiueit mo k. 9pu k = 1

BO3bMeM by = aq, Torma paBencTBO (a1) = (by) BBIMOMHSETCS OUe-
BUIHBIM 00paszoM. OQCyecTBUM Al HEIYKINK. DYCTh mad k = r—1
y&e ToCTpoeHa OPTOTOHAIbHAA CHCTeMa BeKTopoB by, ..., b, 1, yio-
BJETBOPLAIOMAA TPEOHYEMBIM YCIOBUAM. DOCTPOUM BeKTOp b, ciemy-
UM 06Pa3oM. D OJIOK UM

b, =a, + by +...+v_1b,_1, (5.2)

rae KodOOUIUEHTBL Y1, Y2,... Yr_1 OYAYT ONpeIeJeHbl U3 yCJIo-
Buii b, L by, b, Lby,..., b, L b,_1. lmeem (b,,b;) = 0 nas Bcex
i=1,2,...,7— 1, otxyna (a,,b;) + vi(b;, b;) = 0 (MBI MOIB3yeMCH
OPTOTOHAJBHOCTBIO CHCTEMbI BEKTOPOB by, ..., b._1). Taxum obpa-
30M, TMOCKOJIbKY b; # 0, uMeem

1 KOIPPUTHEHTHL Y1, Y2, ... Yr_1 OMPEIETAIOTCT OTHOZHATHO. DO
mocTpoennio cmcrema by, bs, ..., b._1,b, oproromasbra. Takx Kax
(b1,b3,...,b,_1) = (a1,az,...,a,_1), u3 pasencrsa (5.2) crenyer,
ITO @, JUHEHRHO BBIPAK aeTCa Iepe3 CuCTeMy BeKTopoB by, bs, ... b,
a b, gumHeitHo BRIpaXaeTcad depes CUCTEMY BEKTOPOB d1,Q3, ..., ;.
Takum obpasom, (by,bs,...,b,) = (a1,as,...,a,). B cury nuneii-
HO#i He3aBUCHMOCTH CHCTEMBI &1,ds3,...,a, cucteMma by,by,...,b,
TaKKe JUHeHHO He3aBUCHMa, TTO3TOMY BEKTOPHI by, by, ..., b, oTomd-
HBI OT HyJieBoro BekTopa. [llar wHAyRKINM mokasaH. DOCTpoeHHe
BekTOpa b, cocTaBiger mar mpotecca OpTOTOHATIN3AINH. O
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Takum o6pazoM, KOHEYHOMEpPHOe eBKJINIOBO WJIM YHUTapHOe Mpo-
CTPAHCTBO BCerja MMeeT OpTOTOHaJIbHBIH Gasmc. B Takom Gaszuce
JIETKO OTPENeTioTCa KOOPINHATH BEKTOPA. DYCTh g1, Gq, - -5 4, —
OPTOTOHANBHBIH Gaszuc mpocTpancTBa V 1 v — ero mpou3BOJIbLHbII
BekTOp. UMeem v = 8191 + 8299 + . . .+ Bng,,. JovHOoKaa obe yacTu
9TOTO PABEHCTBA CKAJIAPHO Ha g, pu 1 < ¢ < n ¥ MOJIBb3yACh OPTOTO-
HaJTBHOCTBIO Hasuca, moaydaeM (v, g;) = Bi(g;, g;), OTKyIa HAXOIUM

-10 KOOPJIMHATY BEKTOpa v B Oasuce gy, gy, ---,g,"
(’U,g')
g = “08i) (5.3)
" (9i.9:)

Oproronasbubiii 6a3uc, B KOTOPOM [JIMHA KAk JIOTO BEKTOpPA paB-
Ha 1, Ha3BIBAETCA OPMOHOPMUPOGAHHBIM. T3 TTPOW3BOIHLHOTO Op-
TOTOHAJBHOTO Da3uca MOKHO MOJIYYUTh OPTOHOPMUPOBAHHBIA, ec-
JIM YMHOXKUTh KaiK Ibili Ga3ucHbIi BEKTODP Ha BEJMYMHY, 0OpaTHYIO
K ero mjaumHe. IyCTh €1,€s,...,€,; — OPTOHOPMUPOBAHHBIA Da3uc
mpoctpatctBa V. Torma KoopanHATH JTIOOOT0 BEKTOPA ¥ B HTOM Oa-
31ce MOKHO HaiiTn mo dopmymam, mosydaeMbim u3 (5.3), ¢ yieTom
OPTOHOPMUPOBAHHOCTH Oazuca:

a; = (v,e;), 1 =1,2,...,n.

CrasigpHoe npOU3BeeHne BEKTOPOB JIET'KO BBIYUCAAETCH O WX KO-
OpIMHATAM B OPTOHOPMHUPOBAHHOM Oasnce; cM. Gopmyy (5.6) B cie-
IyIolleM TyHKTe.

5.1.5. Marpuna I'pama

Dycrs V. — eBRIMIOBO WM yHUTapHOe mpocTpaHcTBo. Mampuueti

I'pama cucremsr BekTopoB A = (a1, @z, . .., a,) HA3BIBAETCH MATPUIA
(alval) (a17a2) (a’lvan)
GA _ (a27a1) (a27a2) (Clz,(ln) ] (54)

(an,a1) (an,az) ... (a,,a,)
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N3 akcmomsr 2 openeTeHns eBKINIOBRIX W YHUTAPHBIX TPOCTPAHCTR
clemyeT, 9TO B CJIydae e€BKJINIOBA [yHUTAPHOTO| TpoCTpaHcTBa V)
Matputia G A ABIAAETCA CHMMETPUIECKOH [3pMUTOBOI].

Dyers F = (fy, fo...., f,) — Hexoropsrit 6asuc V. Kax mo
KOOpIMHATAM BeKTOpoB &,y € V B 3ToM Oasuce HaiiTm 3HadeHuwe
cKasapHOTO TponsBenennd (x,y)? Iycrtb ¢ = ar f; +aofo + ... +
onfo, v =01f1+ B2fo+ ...+ 8. F,. UMeem, ucnonb3ysa aKCHOMBI
EBRIUIOBBIX M YHUTAPHBIX TPOCTPAHCTB M CJAEICTBUSA 3THX aKCHOM:

(wvy):(a1f1+a2f2+---‘|‘anfn7ﬁ1f1‘I’ﬁZfQ‘I‘---‘I’ﬁnfn):

= 2?21 2?21 aiﬁj(fm f]‘) = ([w]F)TGF[y]Fa

T.e.

(z,y) = ([z]r) Grlylp. (5.5)

rie 4epes Gy obo3nadeHa MaTpuia I'pama 6asuca F, a wepes [ylp —
CTOJI6€H U3 4ducejr, KOMIIJIEKCHO CONpdzZKeHHbIX ¢ YUCJIaMi CTOJI6Ha,
[y]F.

()tIeBI/I,HHO7 qToO 6&3HC F asagerca OPTOHOPMHUPOBaAHHBIM TOTI'da
h TOJIBKO TOI'la, KOI'la €ro MaTpHhnla FpaMa elINHNYHadd. SPI/IMQ-
HaAs dopmyay (5.5) mra oproHopMupoBanHOTO Oasuca E, mpuxomnm
K cjlelyrleMy BbIpaXK eHUIO CKaJIdPpHOTO IIpOou3BeJeHnd depe3 KOOP-
ANHATBI BEKTOPOB B OPTOHOPMHWPOBAHHOM 6a3l/Ice:

(z,y) = ([z]e) " [¥]g- (5.6)

Onpenenutend marpuilbl ['pama cucreMbl BEKTOPOB A Ha3bIBaeTCH
onpedeaumenem I'pama cucrembr A.

Teopema 5.1.3. /L1 10601 cucTeMbl BEKTOPOB onpeneanTe b I pa-
Ma ecTh HeOTpUlaTeJbHOEe BelleCTBEHHOe YUCJIIO, KOTOPOe PaBHO HY-
JIIO TOTJI& M TOJIBKO TOrZa, KOLJa ?Ta CHCTeMa JIMHEIHO 3aBHCHMA.

Jloka3aTeJqbCTBO. DelocpeCTBeHHasl MPOBEPKa ¢ UCIOIb30BaHN-
eM CBOiiCTB ompenenuTesneil IOKa3bBaeT, 4TO omIpemeanTean I'pa-
ma cucteM A = (aq,az,...,a;) 1 B = (ai,as,...,a5-1,b;), e
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b, = ap+ a1+ ...+ Yr_1a5-1, coBnanaior. OTCiOTa JIETKO BhIBe-
cri, 9To ecau cucrema C mosydaeTcs U3 cHCTeMbl A MpUMeHeHreM
mpotecca opToroHaan3ainu, To det(Gc) = det(Ga). g oproro-
HaJIbHOIl cuCcTeMbl BEKTOPOB MaTpullia I'paMa IuaroHaJbHa, CO CKa-
JISPHBIMY KBaJIpaTaM¥i BEKTOPOB CHCTEMBI (T.e. HEOTPHIATETHHBIMMA
TefiCTBUTEIbHBIME YNCIaMu) Ha TJIaBHOW nmaronasnn. Cpemm »Tmx
YHCes eCTh HyJIb TOrIa U TOJbKO TOTHa, KOTda cucTeMa A JnmHeiino
3aBHCUMA. O

DamoOMHNM, ITO I JaHHOW MaTpuusl A depes A* oboszHadaeTCH
cOmpAKeHHad K A MaTpUIa.

Caencrsue 5.1.2. /[l joboit marpunpr A u3 Crxk cIpaBenJIUBbI
PaBEHCTBA

r(A) =r(AA") =r(A™A).

HoxkaszareabcTBo. COTTacHO yTBEPK IeHNIO 3) Tpemtox enns 3.2.4
nmeeT MecTo r(AA*) <r(A). Ilng norazaTesbCcTBa TPOTHBOIOIOK -
HOTO HepaBeHCTBA 3aMeTWM, UTO eC/IW B MaTpuie A CTPOKW MakK-
cuMaJbHOl JuHeliHo He3aBUCHMON CHCTEMBI CTPOK WMeOT HoMepa
i1y, b, TO MEHOD B MaTpuIle AA™ Ha IepecedIeHuH CTPOK H CTOJIO-
OB C 3TUMU HOMEPaAMHU SIBJdeTCA ONpenennTeseM ['pamMa yRazanHol
MaKCUMaJdbHol TuHeltHo He3aBUCHMOIl CHCTEMBI CTPOK, pacCMaTpH-
BaeMoif KaK cHCTeMa BEeKTOPOB COOTBETCTBYIOINIETO YHUTAPHOTO TMPO-
CTpPaHCTBa, W TOTOMY OTJINYEH OT HyJId. a

5.1.6. OpToroHajibHOe HOIIOJTHEHUE

Dycrh V. — eBRIMIOBO WM yHUTapHOe mpocTparctBo 1 A C V.
Domoxum At = {v € V | v L a n1a Becex @ € V'} n nazobem AL
OPMO2OHANLHBIM JONOAHEHUEM K MHOK €CTBY BEKTOPOB A.

Crenyioliee TpocToe yTBEPK IeHre IpeiaraeTcs T0Ka3aTh du-
TATeI0 B Ka1eCTBe yIpaK HeHUs.
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D pengioxenune 5.1.3. dycrp V — KonednoMepHoe eBRKJIHIOBO HIIH
vauTaproe npoctparcrso n A,B C V. Torga Bxmaovenna A C B u
Bt C At pasmocmrsmsr, 1 At = (A)*

Teopema 5.1.4. Dycrb V — koHednoMepHoe eBKJINIOBO HJIH VHH-
taproe mpoctpanctso 1 A C V. Torga Al apisercs mmmeifubiv
noxnpoctpanctsom V 1 'V = (A) @ AL, B gacruocrn, ecmr U —
suneiinioe nognpocrpancteo V, 10 V =U a U™,

Jloka3aTesbCTBO. DENOCPEICTBeHHAd IPOBEPKa € HCIOIb30BaHNU-
eM aKCHOM eBKJIMIOBa MJIH YHHTAPHOTO IPOCTPANCTBA IOKA3bIBAET,
4TO OPTOTOHAJIBHOE IOMOJTHEHHE K MTOIMHOK €CTBY 3aMKHYTO OTHOCH-
TeJIbHO B3ATHA CYMMbI BEKTOPOB I IPOU3BEIEHNA BEKTOPA HA YHCJIO,
T.e. ABIAETCA JHHERHBIM TOAIPOCTPALCTBOM.

Dokamen, uto (A)NAL = {0}. Dycts b€ (A)NAL. Torma b =
a1a1 + ...+ a,a;s 1A HEKOTOPLIX @1,...,a; € A u b L a nia Beex
a € A. B vacruoctu, b L a; nng Bcex ¢ = 1,...,s. CrenoBarenbHo,
(b,b) = (ma1 + ...+ asa;s, b) = aj(ay,b) + ...+ as(a,,b) = 0.
Otciona b = o.

Véemuucsa, ato V = (A) + AL. Bosbmem kakoii-mu6o opToro-
HaIbHBIE 6asuc (A) I JONOJHUM €ro HEKOTOPBIM OPTOTOHAJIBLHBIM
basucom AL, DoTydnM KOHeTHylo OpPTOTOHATBHYIO CHCTEMY BEKTO-
poB, Tak KakK V KOHEYHOMEPHO. O PEIIOJOKUM, 4TO TAHHAL CH-
cTeMa He gBidercd 6asmcoM V, i IpuUBemeM 5TO IPEIIOJIOKeHIe K
npoTuBopednio. B camoMm mese, B 9TOM CiIydae YKa3aHHYIO CHCTEMY
MOKHO JIOIOJHUTH 10 opToroxasnbuoro 6asmuca V. Jlioboit BexTop
5TOro Hasuca, He IPUHAIICK allnil UCXOAHOM cucTeMe, OPTOTroHaIeH
BCEM BEKTOpaM HEKOTOPOro Oasuca MoAIpocTpamcTBa (A) um morto-
My OPTOTOHAJICH KaXk I0MY BeKTopy u3 (A), a 3HAYUT, 5TOT BEKTOD
OPTOTOHAJICH U KaxK ToMy BekTopy 13 A. Takum obpasom, on mpuna-
mexur At u moTomy Jmweiimo Bhpaxaerca uepes 6asuc AT, Mor
BILIUM, 4TO OPTOroHaIbHbLl 6asuc V' okasasicd juHeiino 3aBucuMOoii
CHCTEMOli BEKTOPOB, T.e. IPUULIK K IPOTHBOPEUHIO. a
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dycrs U — numeiinoe nopnmpocrpanctso u v € V. Torma cyme-
CTBYIOT OTHO3HAYHO OlpeneseHubie BekTopsl vy € U u vyl € U+t
TakWe, 9T0 v = vy + VL. BeRTop vy Ha3BIBAeTCH OPMO2OHGAD-
Hoti xomnonenmoti 1 Bektopa v Ha moanpocrpanctso U, a vyr —

opmozonaabHoll cocmasasioweli BeKTopa v Ha moampoctpanctso U

D pengioxenune 5.1.4. Jycrp V — KoHedHOMEpHOE €BRKJIHIOBO HIIH

yuntapuoe npocrpancrso, U, W — ero smmneiinbre mogmpocrpan-
crBa. Torga
Iyl .
DU~ =U;

QU +WH-=U'nWwt;
NUNWH)E=U+ W+,

HoxkasareabcrBo. [lokaxem paserctso 1). U3 ompenerenus op-
ToToHaIbHOTO fHomomHerns ciaenyer, uwro U C (U*)+. Cormacho
teopeme 5.1.4 umeen V = U g UL = U+ ¢ (UJ‘)J‘, OTKyJla B CIJIY
npennoxennd 3.3.4 BeBoguMm dimU = dim(UJ‘)J-. Do IpemIoxe-
Huto 3.3.3 mosydaem Tpebyemoe paBeHCTBO.

Yeranosum paserctso 2). Dycrs @ € (U + W)L, Tornaz L y
st moboro y € U + W, B wacthoctn, € 1 w nis soboro w € U
we | w ana moboro w € W. Taxum obpasom, z € Ut n W,
Mer noxasamu, ato (U + W)L C Ut n W', [lna noxasares-
cTBa 0BPATHOTO BK/IIOUEHNA Bo3bMeM J1060i Bextop € U N WL,
Torma = L w nia awboro w € U nw 2 L w nna mobdoro w € W,
CrnenoBarensio, € L (u + w) mas mobeix uw € U, w € W, 1e.
z € (U + W)L, O6paruoe BraioUenne nokasamo.

DaBEHCTBO 3) MoJIydYaeTcd U3 2) 1 1) HeCJIOK HBIMH PACCy XK IeHH-
AMU. O

1
Jiia 5T0T0 MOHATHA NMPUMEHAETCA TaKkKe TEPMUH “OPTOrOHAIbHAA IPOEK-
mua”; B 9aCTHOCTH, OH OBLIT MCIOJIb30BaH B [16].
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5.1.7. DaccTosgHUs W YIJIbI MeXJIy BeKToOpaMu H JIH-
HeliHBIMU MHOTO0OOpa3suAMu

Dycrh V. — eBKJIMI0BO WK YHUTAPHOE TPOCTPAHCTBO. DACCMOosatu-
eM MeXK Iy BeKTopoM v € V' u nuneiinbivM Mmuoroobpasuem L = a+U
Ha3bIBaeTCs MUHUMYM IJIMH BeKTOPOB ¥ — &, KOIJa @ Ipoberaer
BekTOpbl U3 L. Daccmosanuem Mex 1y TUHEHAHBIME MHOTOOOPA3NSIME
L=a+UuM =b+ W maszeBaeTca MUHNMYM [IJIMH BEKTOPOB
* — y, Korma @ npoberaer BekTopsl n3 L, a y mpoberaeT BeKTOpHI 13

M.

D pemyioxenue 5.1.5. JaccrosHie MexK 1y BEKTOPOM v U JIMHEl-
apiM MHOroobpasuem L = a + U Bcerga cyniecrByer u paBHO JIHHE
OpTOroHaJbHOI cocTaBJIAONIell BeKTopa v — @ Ha JHHelHoe HoAIpo-
crpanctio U,

Daccrosinime Mex 1y JuHenbiMu MuHoroobpasusyvuy L = a + U
u M = b+ W Bcerga cymecTByer 1 paBHO JJTHHE OPTOIOHAJIbHOMH
cocrapysomieil Bekropa a—b na mnneiinoe nognpocrpancrso U +W .

JlokasaTeqbCTBO. DYCTh ¥ —a = u+u’, Ille u — OpTOTOHAJIbHAL
KOMIIOHEHTa, a %~ — OPTOrOHAJIbHAA COCTAB/IAIIIAL BEKTOPA ¥ — @
Ha JmHeliHoe mopmpocrpanctBo U. Dycrh @ = a + wy — Joboii
BEKTOp U3 L. Tormav—z=v—a—u; = u—l—uJ‘ —Uu;] = uU—uy —I—uJ‘.
Orciona (v—z)? = (v —uy +ut)(u—u; +ut) = (u—u1)? + (ut)?,
nockosibky w — u; € U u wt € Ut. Taxum obpasom, (v — @)
JOCTUTAeT HaMMeHbUIero 3HAYeHns NP % — %) = O M 3TO 3HAYeHHe
pasHo (ub)2.
BMecTe ¢ (v — @)%, moslyyaem mepBoe yTBepiK JeHne TPelJIoK eHus.

Tax rax |’U — :1:| JOCTUTaeT HanMeHbIIer'0 3Ha4YeHN:A

Bropoe yTBepik nenue MOoKa3biBaeTCH CXOMHBIM 0DPa3oM. a

Dycth V. — eBKIMIOBO MPOCTPAHCTBO. Vea0oM MeR Iy HEHYJIEeBBIM
BEKTOPOM ¥ W HEHYJeBBIM JimHeiiHbIM mommpocTpancTBoM U Hasbl-
BaeTCd HAMMEHBII{l U3 YIJIOB MEXK Iy BEKTOPAMH v, &, KOTIa & MPO-
teraet U\{o}. Yerom mex iy HeHYT€BBIM BEKTOPOM ¥ U JIMHEHTHBIM
muoroobpasuem L = a + U pasmeprocTu Gosblie HyJIst Ha3blBaeTCH
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YTOJI MeX Iy v I HallpaBJIdiouMM IoanpocTparcTsoM U MHOTO0GpA-
s3uga L.

D pensoxenue 5.1.6. Yrosr Mex Iy HEHyJIEBHIM BEKTODOM ¥ H He-
HyJIeBbIM JiHeliHbiM moxnpoctparcTBoM U cymecTByer m paBeH
YIJIy MeXJIy v i oproroHajbHoli komnonentoif v ma U, ecom a1a
KOMIOHEHTa OTIHYIHA OT HYJIA, & €CJH OHA paBHA HYJI0, TO YIOJ
paseH /2.

IokaszaTeanLCcTBO. JDyCcTh T — IPOU3BOJBHBIL HeHyIeBoil BeKTOp
nogmpoctparctBa U. Tak kak, oqeBuIHO, cOS(U, &) He 3aBHCHT OT
IJTHHBL BEKTOpa &, OymeMm cauTarh, 9to [2| = 1. Torma cos(v,z) =
= (v, 2)/|v]. DockombKY |v| — BeaWUMHA TOCTOAHHAM, COS(V, Z) 3a-
BUCHT JINIIb OT CKAJAPHOTO MpOU3BeNeHns (v, ). IPEICTaBuB v B
pize w4+ ub, tne w € U, ut € UL, nmeen

(v,2)=(u+ut,z) = (u,2) + (vt 2) = (u,2).

Tak kak cosa — yObBaomas (GyHRIus 1pu « € [0, 7], HanMeHb-
lllee 3HAUEHNe YIJIa TOJIyIaeTcs P HamboIblIeM 3HATeHHH ero KO-
CHHYCA, T.e. IPU HAHOOJBIIEM 3HATEHNH CKAJIAPHOTO IPON3BEIEHIA
(u,x). Ecin w = o, To npu 06om & nmeeM (u, z) = 0, T.e. cos(v, z)
HMeeT MOCTOAHHOE 3HAYEHUe, PABHOE HYTO. DPU 3TOM IO OIpele-
gennio yros Mexny v u U pasen m/2. Dpennonoxum, 4to u # o.

CorutacHo Teopeme 5.1.1 nmeem |(u, z)| < |ullz] = |u|. Dpun x = ﬁu
norydaeM (u,x) = |u|, T.e. cos(¥,x) mpuHUMaeT HambOJbIIee BO3-
MOXKHOe 3HaveHue IIpH T = ﬁu, a cJefoBaTeIbHO U JIIA BEKTOpa
T = u. 0

5.1.8. D pumepsbl pellieHUus 3a0a4d

Bo Bcex 3amavax BeKTOPHI 3a7al0TCA CBOMMW KOOPIWHATAMHU B He-
KOTOPOM OPTOHOPMHUPOBAHHOM 0Ga3uce eBKJUMIOBA WJIM YHUTAPHOTO
MPOCTPAHCTBA.



§ 5.1. EBKJIMIOBBI H VHUTAPHBIE TPOCTPAHCTBA 209

1. Dajitn ckanrgpHOE MpOU3BeNeHNe BEKTOPoB @ = (7,1 — 1,24 1)
nb=(1-2{,344,2— 3¢)w 1IuHYy BEKTOpPA @.

DYemenne. Cormacno dpopmyre (5.6) nmeem! (a,b) = i(1 + 27) +
+(1-0)(3—9)+(2+¢)(243t) = i—243—-3i—i—1+4+42i4+6i—3 = 1+5¢.

AHaOTHIHO HAXOINM CKAJIAPHBI KBaIpar BeKTOpa a: (a,a) =
=i(—)+1-)1+9)+24+)(2—-17) =14+24+5 = 8; orciona
a = VB =23

2. DajiTu opTOroHAJBHBI Ga3UC MOAMPOCTPAHCTBA, MOPOXK JTCH-
HOTO BekTOpamu a1 = (1,1,1,1), az = (2,1,2,1), as = (3,2,3,2),

as = (1,0,2,1).

Delrenne.  DPUMEHUM MPOLHECC OPTOTOHAJIU3ALMUA K BEKTOpaM
ai,az,as,ay. DOJOKUM €7 = ai. Bropoii BekTOop OymeM MCKaTh
B BUIE €3 = @3 + (a1€1. Deu3BeCTHLI KOE)%(i)I/IHI/IeHT (91 Haiimem
3 yciaoBud (ez,er) = 0. Nmeem ag = — az’;’,l = —% = —% "
ey = ay — %el = (%, —%, %, —%) Tperuii BexTOp MIeM B BUIe €3 =

= az+azieq+ azzes. DensBecTHbie KO3PPUINEHTH (31, (30 HaiimeMm
) o o o (Clg 61) _ 5
u3 yciosuii (e, e1) = 0 u (es, e3) = 0. Umeem a3y = _Té ST

= —% = —1. DaxomuMm e3 = as — %el — ez = (0,0,0,0).

DTO TOBOPUT O TOM, YTO BEKTOPHI @1, A3, @3 JUHEHHO 3aBUCUMBI. D PU

Q32

HaXOX JeHNN OPTOTOHAJILHOIO Ha3mca BEKTOP @3 MOKHO OTOPOCHUTH.
Mimem mo-mrpexk HeMy TpeTuit BEKTOD B BHIIE €3 = a4 + (iq1 €1 + y0€9.

A _ (ag.e) _
HAJIOTMYHO NPOJIEJAHHOMY BBIIIE HMeeM aqp = ——gr— = —1,
1
_ _(aser) _ _ _ (1 111
yg = —ﬁe—gl =—-lnes=as—e —ey = (—3,—35,3,3) Laxum

2
00pa3oM, OPTOTOHAJbHBIH Da3uc TAHHOTO MOANPOCTPAHCTBA 00Pa3y-

IOT BEKTODPHI €1, €3, €3.
3. DaifiTn oproroHa bHOE JONOJHEHHUE MOAIPOCTPAHCTBA, MTOPO-
& IeHHOTO BekTOopamu a1 = (1,1,1,1),az = (1,2, 1,2).
Demenne. NckoMoe opTOroHaIbHOE TOMOJTHEHHE COCTOUT U3 BeK-
TOPOB, OPTOTOHAIBHBIX @1, ay. O003HAYUM KOOPAMHATH TAKOTO MPO-

1
BTOpre MHOXHUTEJIN B IMIPOU3BEICHUAX CYTh YHUCJIAa, KOMIIJIEKCHO CONIPAXKEH-
HBIE€ C KOOpAWHaTaMi BEKTOpa b.
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W3BOJTLHOTO BEKTOpa Iepe3 X1, Lo, T3, Tq. LI BBETEHHBIX HEN3BECT-
HBIX MMeeM OJHOPOIHYIO CUCTeMY JIMHeHHbIX ypaBHeHuit

v tastaztas=0,
$1—|—2$2—|—$3—|-2$4IO.

Metonom Tlaycca—7Kopmana maxommm obmiee pemenme JaHHONR cn-
cTeMbl T1 = —&3, T2 = —&4. OyHIaAMeHTaJIbHad CHCTeMa pelleHuii
paccMaTpuBaeMoii cucTeMbl JMHelHBIX ypaBHeHHil obpasyer Gasuc
opToroHAJMBHOTO Homoraenns: by = (—1,0,1,0), by = (0,—1,0,1).

4. DaiiTH OPTOroHAJBHYIO KOMIOHEHTY M OPTOIOHAJBHYIO CO-
CTaBIfAONY0 BekTOopa ® = (4,—4,12,8) na moxmpocrpancrso U,
OO teHHoe BekTOpaMu a1 = (1,1,1,1), a3 = (1,2,1,2).

Delrenne. DaxoauM OpTOTOHAIBHBIH Gasuc mommpoctpancTa U

C MOMOIIBIO MPOIECCa OPTOTOHAJIN3AINN. Nuveem f{ = aq, fy =
=ay+ aey; a = —% u fy= (—%,%,—%,%). Bamenum BekTOp f, Ha

e; =2f, =(-1,1,-1,1). fcHo, uT0 BekTOpPHI €1 = f U ey obpasy-
10T oproronanbubrii 6asuc U. Barem waxomum Gasuc U~ kak cue-
JIAHO B TpeAbInyineit 3amade. D pu HEOOXONUMOCTH TPUMEHIeM Tpo-
Ilecc OPTOTOHAIN3ANNY K TMOJyIeHHBIM BeKTopaM. Ncmoms3ys petre-
HWe TMpenbIIylieil 3amadn, Bo3bMeM BekTophl ez = (—1,0,1,0), e4 =
(0,—1,0,1). OHE OPTOTOHAJIBHBI, TO3TOMY IPOLECC OPTOTOHAIN3A-
Uy IpuMeHATh He Tpebyercsd. BekTopsl eq, eq, €3, e4 06pas3yior op-
TOTOHAJIBHBIH Ga3uc mpocTpancTBa V. Da3/Iok UM BEKTOP & MO 3TO-
My 6asucy, ncrnoab3ys ¢bopmyas (5.3): @ = [fre1+Freq+ Fzes+ [Faey,
B; = (z,e;)/e?, = = be; — ey + 4e3 + Gey. Tax kax ej,ex € U u
e3,eq € U™, 3agioyaeM, 9T0 OPTOTOHAIbHad KOMIIOHeHTa @ Ha U
paBHa bey — 3ep = (8,2,8,2) n opTOrOHAIBHAS COCTABIAIONAL & HA
U pasua 4des + 6ey = (—4,—6,4,6).
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§ 5.2. Jlumeilinble oToOpaxkeHHUs W oOmeparo-
pPbl €BKJIMIOBLIX M YHHUTAPHBIX MPO-
CTPAHCTB

Kaxk u Bbinre, Bciogy B ToM mnaparpade B pacCMOTPEHUAK, KOTOPbIE
MPOBONATCH OJMHAKOBBIM O0Pa30oM [Jid €BKJIMIOBBIX U YHUTAPHBIX
MPOCTPAHCTB, PACCYK IeHUA NPOBOAATCA JIMUIL N4 CJIydad YHUTAp-
HOT'O TTPOCTPAHCTBA; €BKJUIOB cayyvall monyvyaercd U3 Hero UTHOPU-
POBaHUEM B3ATUA KOMILJIEKCHO CONPSKEHHOTO YHUCIIA.

5.2.1. ConpsmkeHHoe 0TOOpaxK eHle
CJIe;Lonmee IIpoCTOEe yTBepXK JeHue 6y,ILeT qaCTO HCIIOJb30BaTbCd.

JIlemma 5.2.1. Dycry V. — eBKII0BO WM YHHTAPHOE MPOCTPAH-
crBo n a,b € V. Ecaun nist awo6oro ® € V. umeer MecTo paBeHCTBO

(z,a) = (z,b), Toa =b.

HokasareancrBo. lmeem (z,a)—(z,b) = 0, orxyna (x,a—b) = 0.
Domnarag « = a—b, monytaem (a—b,a—b) =0, orkyna a—b=o0 u
a=b». O

Hna ompemesnenus conpdaXkeHHOTO oTOOpaxkeHus HaMm moTpedyercd
cJenyiolue onpenesenne u yreepx nenue. Jlunetnnm Pynxyuona-
A0M Ha nuHeliHoM pocTpancTBe V' Hax nosem [ naszbiBaercs Beskoe
sgmHeiinoe otobpaxkenue u3 V' B [F, paccmarpuBaeMoe Kak ogHOMep-
HOe MOANPOCTPAHCTBO HaJl CODO.

D pemyoxenue 5.2.1. Iycre F — suHelinblli pyHKIIHOHA, OIpE-
JleJIeHHbIl Ha eBKJIMIOBOM HJIM YHHUTAPHOM JIMHETHOM IPOCTPAHCTBE
V. Torga cymecrByer exuncrBenusiii Bekrop ax € V rakoif, 410
F(z) = (x,ar) zra moborox € V.

HokasareascrBo. Ecian F(x) = 0 na awoboro © € V', 1o noso-
KIM ax = 0. Ipennosoxum, 9ro F(x) # 0 mig nekotoporox € V.
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Torna anpo Vr dyuxunonana F oraudno or V', u mosromy cyue-
CTByeT HeHyJIeBOil BeKTOp b, OpTOroHaIbHBIR KO BCeM BEKTOpAaM U3
V. DyneMm uckars BeKTop ar B Bume vb, rme v — HeolpeneeHHbIi
koabdunnent. Dycrs & € V. Donoxum F(b) = 3, F(z) = £. Uwme-
em F(x — %b) = Flx) — %]—"(b) = 0, oTkyma ¢ — %b € V. Uraxk,
x = %b + w pig Hexkotoporo w € Vr. YunrsiBag, uro (w,b) = 0,
nosrydaeMm (z,vb) = (%b + w,vb) = %T(b, b). Domarag v = ﬁ,
BuauM,4To Torga (x,vb) = £ = F(x) npu mobom z € V. Do-
narag ar = b ¢ HalimeHHBIM 3HadYeHWeM 7, IOJIydaeM Tpebyemoe
YTBEPK IeHIe O CYUeCTBOBANN BeKTopa ar. Coryacuo gemme 5.2.1
BEKTOD @z OIpelIeseH OTHO3HATHO. a

CaencrBue 5.2.1. 9ycry V. — eBRJIMIOBO WJIH YHHTAPHOE IHPO-
crpanctBo. Torma Bce srmpeiinbie GpyHKOHOHABI Ha V HCYepHbIBa-
OTCA 0TOOPaXK eHuAMI & — (X, a), 11e & — (PHKCHPOBAHHBIH BEKTOD
u3 V , x npoberaer Bce BekTopsl 13 V.

Teopema 5.2.1. ycrs V. u W — eBkmnoBbl uinm yHHTapHbBIE
npocrparctBa. [List ao6oro tnneiinoro orobpaxenus A 1V — W
cyuiecTByer eqnHcTBenHoe jHelinoe orobpaxenme A*: W — V|
Ha3bIBAEMOE CONPARCEHHBIM ¢ A 0Modpaxicenuem, 1 KOTOPOTO

(A(z),y) = (z, A™(y)) npu robeix @ € V, y € W. (5.7)

HokasareabcTBo. Iycth A : V. — W — juneiinoe orobpa-
xemme. 3adurcupyem Bektop y € W u paccmorpum bymkumol
Fy 'V — F, conocrasisonyio KaxaoMy BeKTopy & € V umcio
(A(z),y). Tax xax A — suueitnoe orobpaxkenne, mo cBoOfcTBaM
CKaJIAPHOTO MPOU3BEICHUs UMeeM sl JII0OBIX ©1, €y € V 1 J1oboro
vel

Fy(z1 + z2) = (A(z1 + 22),y) = (A1) + Al22), y) =

1
Brecy ' = R moa caydasd eBKJIMIOBBIX MPOCTPAHCTB U F=C gna caydad
YHUTaApPHBIX HIPOCTPAHCTB.
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= (A1), y) + (A(22), y) = F(21) + F(=2);
Flye) = (Alyzi),y) = (1A(@1),y) = 1(Al@1), ) = 1Fy(21)-

Takum obpasom, F, ecTb JuHelinblii GyHKIMOHAT Ha TPOCTPAHCTBE
V. Cornacuo npemnoxennio 5.2.1 cymecTByeT eTnHCTBEHHBI BeK-
Top a, € V, nia koroporo Fy(x) = (x,a,) upu Bcex ¢ € V. Douo-
xuMm A*(y) = a,. Donysaem orobpaxkenne A* uz3 W s V.

Hokaxem, 4To orobpaxenume A* saBasgerca JuHefiHbBIM. DycTh
Y1,Y, € W. [lna npoussosbroro € V nmeem (z, A" (y; +y3)) =
=(A(@),y1+y,) = (A(2), Yy HA(®), y2) = (@, A" (y1 ) Hz, A™(y2)) =
= (x, A*(y1) + A*(y,)), T.e. maug moboro x € V crpasennuso pa-
BeHcTBO (2, A*(y; + ¥y)) = (2, A" (y1) + A*(y,)). Do nemme 5.2.1
saka0ovaeM, 9to A*(y; +y,) = A*(y,) + A*(y,). Aragormaso mpo-
Bepsercd, 9to A*(yy) = v A*(y) mpu m06om v € F u mrobomy € W
O

Teopema 5.2.2. ycrs V. u W — eBkImgoBbl HIH yHHTapHbBIE
npoctparcrBa, M — 6aszuc V, N — Gazuc W ¢ marpumamn I'pa-
ma Gy n GN coorBercTBenno, A w B — nuneltnsre oTo6pask eHust

13 V 8 W ¢ marpunamn AN # Bm,n. Torza marpunna AN M
conpsizK eHHoro orobpazxenns A* Beipax aerca ¢opmy.ioi

A*nM = Gyt Ay nGN. (5.8)

B ciyyae, korga 6aszucet Ml N opronopmupoBarubie, 11st MATPHIBI
COIIPSIK EHHOT'O OTODPAaK eHUs cIpaBenanBa boJjee npocras popmyia

AN M = (AMN)". (5.9)
Hmeror mecto popMyJIb
(A+ B)* = A* + B (5.10)
(7 A)" =A% (5.11)
A = A. (5.12)

Econ Z — esrimmnoso win yantapuoe npocrpaucrsouC: W — Z
— JmHeltnoe orobpaxenne, To (BC)* = C*B*.
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HoxkasareabcTBo. [lns mokaszareabcTBa paBeHcTBa (5.8) 3adukcn-
pyem mpomsBoJbible BekTopsl & € V., y € W u pacemorpum ux
cTostonbl KoopauHat [y u [y]n B 6asucax M u N cooTBeTCTBEHHO.
Jonmoxknm A = AyN n A = Ay . Torma cormacwo popmye
(4.6) nmeem [A(z)|n = Alz]m, [A*(y)lm = A™[y]n. Do dopmyste
(5.5) momysaem

(A(z),y) = (Alz]m) Gnlyly = [2]n AT Gn (Y],

(@, A%(y)) = [2lGu A Y]y = [zl Gu A Y]y
Tagum obpazoMm, misd JTOOBIX CTOIONOB [x|p U [y]N UMeT MecTo

pasencta (2] AT Gn[yly = [ GMAT Y]y Deps B KauecTBe
[z]M crosbipl emuunyHO MaTpuisl mopsaka dimV . a B kadecTBe

[ylN cronbusl equundHoli Marpuusl nopsaka dimW, npuxomum K
pasenctBy A'GNn = GMmA*. B ey Teopemsr 5.1.3 marpuma G
HeBbIpOK NenHad. CormacHo Teopeme 1.2.4 ona obparuma. Popmyna
(5.8) HEMOCPEICTBEHHO MOy AeTCs U3 MOCIIEIHET0 PABEHCTBA.

®opmyst (5.10) u (5.11) mokas3blBalOTCH CXOMHBIM 00pa3’oM, I
Mbl JIJIf ONPEIeSeHHOCTH YCTAHOBUM JIMIIh IepByio u3 Hux. [Loa
Beexz € V,y e W nmveem (z,(A+ B)*(y)) = (A+B)(z),y) =
= (A(2)+5(2), 9) = (A(2) 8)+(B(@), ) = (2, A(3))+(z, B(y)) =
= (x, A*(y)+B*(y)). Takum obpasom, 1= aoboro x € V cupasen-
auBo paserctso (z, (A + B)*(y)) = (z, A*(y) + B*(y)). Omupascs
Ha JemMmy 5.2.1, kouctarupyeM, 1to (A + B)*(y) = A*(y) + B*(y).
Tak Kak mocjegHee paBeHCTBO HMeeT MecTo 1 jawboro y € W, o
ompenenennio mosytaeMm Gopmyry (5.10).

®opwuyaa (5.12) monydaerca us pasencts (A(z),y) = (z, A*(y)) =
= (A*(y),z) = (y, A*(x)) = (A™(x), y), UMeIOMUX MECTO IPH JIIO-
ooix € V, y €¢ W, npumenenmem jleMMmer 5.2.1.

Jlg 10Ka3aTeNbcTBa MOCJAEIHET0 YTBEPXK IEHNA TeOpeMbl pac-
CMOTDUM IPOU3BOJIbHBIE BeKTOpbl & € V', 2z € Z. lmeem

((BC)(=),2z) = (C(B(2)), 2) = (B(z),C"(2)) =
= (2,B7(C"(2))) = (=, (C"B")(2)).
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Takum obpasom, 11d JTIOOLIX BeKTOpoB & € V| z € Z cupaBeninBo
paserctso ((BC)(x),z) = (x,(C*B*)(z)), orkyna mo Teopeme 5.2.1
norydaeM Tpebyemoe pasenctso (BC)* = C*B*. O

DaccmoTpuM mpuMmep. Jlwnelinoe otobpaxenne A eBRINIOBA
mpocTpatcTBa cTpok Rz B mpoctpanctBo Ry 3amano marpuueit

11 2
A_(—Q 0 3)

M= (e; =(1,0,1); e =(0,1,1); e3 = (1,1,1))

B Dasucax

N:(fl :(172);./:2:(271))'

DaliTu MaTpuily A; COIpsiEeHHoro orobpaxenus A* B Tex ke Oa-

3UCaX.
Delierune. Daiinem marpunnl I'pama basucoB M u N: Gy =
2 1 2 5 4
= 1 2 2 | uGn = ( ) Batem HailimeMm oOpaTHYIO Ma-
4 5
2 2 3
2 1 =2
TpuIy K G Gi/ll = 1 2 =2 |. Teneps Halimem MaTpuIy
-2 -2 3
A 1o popmyre (5.8). Cravassa BEIIHCIAM
2 1 =2 1 =2 -1 =10
Gy A" = 1 2 -2 1 o= -1 =81,
-2 -2 3 2 3 2 13
a 3aTeM Halimem
-1 =10 5 4 —45 =54
A =GyA'Gn=]| -1 -8 (4 5 ) =| -37 —44
2 13 62 73
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HT&K, MaTpHnlla COIIPAZKEeHHOI'O oliepaTOpa nMeeT BUIL

—45 =54
A =| =37 —-44
62 73

5.2.2. DopmMaJjibHble OoNepPaTopbl

DacCMOTPUM Tenepb JuHelHble OlepaTopbl Ha eBKJIMIOBOM WU YHU-
TapHoM TpocTpancTBe V. Il Kaik Joro TaKoro omeparopa A ompe-
JTeJIeH COMPSK eHubIit omepatop A*. Marpuiia conpsx eHHOTO omepa-
TOpa ompenensdeTCd B CIeNYIONeM yTBepX JIeHNH, TOTyYaloleMcd 13
TEeopeMbl H.2.2.

D pemyioxenue 5.2.2. Jycry M — 6azuc eBKIHIOBA HITH YHHTAD-
Horo mpocrpafcrBa V, G = Gy — ero marpuna I'pama m A —
auneitusiit omeparop. Torma maTpuisr omepatopa A 0 CONpsIK eHHO-
ro omeparopa A* cBssanbl opmyioit Ay = G_IAR—/IG. Ecamr M—
OpTOHOpMIPOBaHHBIf 6asnc, To Ay = (Am )™

Jluneituslit omeparop A eBKIMIOBA MJIM YHUTAPHOTO MPOCTPAH-
CTBa HA3BIBAETCH HOpMaLbHbiM, ecmn AA* = A* A, T.e. ecnim ome-
paTop IMepecTaHOBOYEH CO CBOMM COIPSKEHHBIM OMepaToOpoM. ITO
CBOCTBO PaBHOCHJILHO TOMY, YTO I/ JIOOBIX @,y € V cupasemniu-
BO PaBEHCTBO

(A(z), A(y)) = (A"(z), A(y))- (5.13)

B camowm nene, jeBad dacTh paBenctBa (5.13) paua (x, A*(A(y))),
a mpaBasg — (z, A (A*(y))) = (z, A(A*(y))). DpuMeHeHne TEMMBI
5.2.1 Bneyer Tpebyemoe.

Jlemma 5.2.2. JL1s Jsro6oro HopMaJabHOro omeparopa A Ha eBKJIH-
JIOBOM HJIH YHUTAPHOM IpocTpancTse V. i JI060ro Tuc1a a oeparop
A — af aBasercs HOpMAJIBHBIM.
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HokasarenbctBo. Nmeem mo teopeme 5.2.2 (A — af)(A — a)* =
= (A-aé)(A*—af) = AA* —aA* —aA+aal = A A—aA*—aA+
+aal = (A" —al)(A—-af) = (A—a&)(A—-af), uro 1 Tpebyerca

TOKa3aTh. O

Jlemma 5.2.3. Ecam v — cobCcTBeHHBIH BEKTOP HOPMAJILHOIO OIle-
partopa A, npunamiex amuif coBCTBEHHOMY 3HAYEHHIO (v, TO U SBJIA-
eTcsT COGCTBEHHBIM BEKTOPOM ollepaTopa A*, IpuHamLIex alaM cob-
CTBEHHOMY 3Ha4Y€HUIO .

HokasareanctBo. Tak kak (A — af)(v) = o, 3akmI0vaeM, 4TO
(A= a&)(v))* = 0. B cuny memmbr 5.2.2 u paBenctsa (5.13) umeem
(A—a&)*(v))? = 0, orkyna ((A*—a€)(v))?* =0, re. (A*—a&)(v)=o.
CrremoBaTeIbHO, ¥ eCTh COOCTBEHHBII BeKTOp omeparopa A*, mpuHa-
JeX il COOCTBEHHOMY 3HAUEHHUIO . o

Jlemma 5.2.4. CobcrBeHHbIE BEKTOPBI HOPMAJIbHOTO JINHEHHOTO one-
paropa, NpHHAAIEK allfHe PA3JTHIHbIM COOCTBEHHBIM 3HAYEHUIM, O]-
TOIOHAJIBbHBI.

IMokaszaTeabCcTBO. JyCTh UV, W — COOCTBEHHBIC BEKTOPHI HOPMa.JIh-
HOT'O OIlepaTopa, IPUHALIEX allie Pa3TuIHbIM COOCTBEHHBIM 3HaYe-
uuaM o, f. B cuny ycaosua (5.7) umeem (A(v),w) = (v, A (w)).
Do nemme 5.2.3 nonyuaem (av,w) = (v, fw). Orciona cienyer, 4To
a(v,w) = f(v,w). Tax kax a # §, noxydaem (v,w) = 0, 4T0 1
Tpebyercs JOKa3aTh. 0

Jlemma 5.2.5. Ecaum A — nponsBojbHBIN omepaTop eBRINIOBA HIH
VHHTAPHOTO NPOCTPAHCTBA, TO JJIA JIOOOT0 HHBAPDHAHTHOI'O OTHOCH-
resipio A nognpocrpancrsa U ero oproronaibHoe qonojHeHne HH-
BapHaHTHO OTHOCHTEJIbHO A*.

HoxkasaresbcrBo. Jycts U — mopmpocTpaHcTBO, HHBapHAHTHOE
, il

orHocuTensHo A. Bosbmem mpousBombubrii BekTop @ n3 U™ u noxka-

wem, uto A*(z) € UL, iz moboro u € U uveenm (u, A*(z)) =
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= (A(u),z) = 0, mockombky A(u) € U n @ € U*. Crenosatenbo,
A*(z) e U*. O

Cremyioliee yTBepXK JeHne TOKa3bIBaeT, YTO HOPMAJIbHbIE OTIEPATOPbI
B YHUTAPHOM ITPOCTPAHCTBE UMEIOT TPOCTYIO CTPYKTYPY.

Teopema 5.2.3. [l j1106010 HOpMAaJIbHOI'O ONEPATOPA YHUTAPHOTO
mpocrparcTBa V' cymecTByeT oproHopMupoBaHublit 6aszic V', cocro-
Amui 13 cCOBCTBEHHBIX BEKTOPOB 3TOI'O OHEPATOPA.

Jloka3aTeqbcTBO. JycTh A — HOpMaJIbHBI omepaTop YHUTAPHOTO
mpoctpanctBa V. Bocmoabsyemcs wanykuueii mo dimV . [Lis oxHo-
MEpHOTO TPOCTPAHCTBA YTBEPXK JeHNEe OUeBUIHO. DYCTh OHO JOKa3a-
HO JIJIs BCeX HOPMAJIbHBIX JIMHEHHBIX OMepaTopoB, JefcTBYIOmMUX Ha
YHUTAPHBIX IIPOCTpaHCTBaX paszMeprocTu Menbime dimV . Tak xak
MHOTOYJIEH ¢ KOMILIEKCHBIME K03 (b QUIMeHTaMi pa3iaraeTcsa Hal o-
JIeM KOMILJIeKCHBIX THCes Ha JNHeliHble MHOK HTeIn (CM. CIeICTBHe
7.2.1), Bce cobcTBeHHBIE 3HAUEHNS A SBIAOTCA KOMIIEKCHBIME -
cnaMu. DycTh a — cobcTBeHHOe 3Havenue A w w — TIpuHAIIE-
Kamuii eMy cobcTBenublii BekTop. Torma JuHeliHoe TORIPOCTPaH-
ctBo U = (u) nuBapmanTHO OTHOCHTENBHO A, 1 B cHTy JeMMbI 5.2.3
OHO MHBAPUAHTHO TaKkKe OTHOCUTEJHHO CONPIKEHHOTO Oleparopa
A*. Cormacuo jemme 5.2.5 n paBenctBy (5.12) muneiinoe mommpo-
crparctBo UL MHBapHaHTHO OTHOCHTETBHO JMHEHHBIX ONEpPATOPOB
A = A n A*. OueBunso, 4to orpanumvenne A*|;L coBmamaer ¢
(Alpo)*. Tak xax dimU* < dimV/, 1o WHIYKTUBHOMY TPEINOJIo-
K EHIIO CyNEeCTBYeT OpTOHOPMIPOBaHHbL Hasuc mpocrpancrea UL,
cocTodmit 13 COOCTBEHHBIX BeKTOPOB onepatopa A |;;1. Kax mprii u3
YKa3aHHBIX BEKTOPOB ABJIAETCS COOCTBEHHBIM M s ollepartopa A.
HomotHdas yKa3aHHBIA 6a3suc BEKTOPOM |17|u, MOJIy4aeM OpPTOHOP-

MUPOBaHHBIH Ga3uc mpocTpancTBa V', cocrodummii n3 coOCTBEHHBIX

BEKTOpOB omepatopa A. o

ILHH €BKJINJOBLIX ITPOCTPAaHCTB CTpOeHNEe HOPMAJIBHOI'O OllepaTo-
Pa BbIACHAET CJlelylollee yTBepXK IeHue.
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Teopema 5.2.4. /lia soboro HopMmaabHoro omeparopa A eBEJIH-
JI0Ba IpocTpaicTBa V' cymecTByer opToHOpMUPOBaHHbi Gasuc V
cocrosmuil u3 AByX dacreli: neppas BEKJIHOYA€T COOBCTBEHHbIE BEKTO-
Dbl 2TOTO OllepaTOPa, MPHHAJIJIENK e BelleCTBEHHbIM COOCTBEHHDBIM
3HaYeHUAM, a BTOpas COCTOMT U3 IMap BEKTOPOB, COOTBETCTBYIOUIUX
KOMIIJIEKCHBIM KODHAM XapaKTepHCTHIeCKoro MHorodiaena fa(z),
nmpH 2TOM KOpHIO v + 31 oTBedaer napa BEKTOpoB e, f, Hopox gato-
mfas HHBapHaHTHOE OTHOCHTETBHO A MOAIPOCTPAHCTBO, HA KOTOPOM

8

(8%
orpaHudeHune ./4 nmeer Mmarpuany ﬁ
— (8%

Jora3zareqabcTBO. JycTh A — HOPMaJbHBIH 0TepaTop eBRIANITOBA
mpoctpanctBa V. Bocmoabsyemcs wanykuueii mo dimV . [Lis oxHo-
MEpPHOTO MPOCTPAHCTBA YTBEPIK IeHIe OYeBUIHO. DYCTh OHO JOKa3a-
HO IJId BCEX HOPMAJbHBIX JIMHEHHBIX ONepaToOpoB, NefiCTBYIOMNX Ha
eBRJIMIOBBIX IIPOCTpaHCTBaX pazMepHocT Menbine dimV . Eciu ome-
patop A nMeer (BemecTBeHHOE ) COOCTBEHHOE 3HAYEHNE (, TO TPOBeE-
CTH JOKa3aTeIbCTBO Mara WHIYKIHH MOXKHO TaK ke, KaK 9TO clesa-
HO B JIOKa3aTeJIbCTBE TeopeMbl 5.2.3. D peanoaokK uM, 4To BCe KOPHU
XapaKTepuCTUIeCKOTo MHOTOUIeHa f4(2) KoMmTekcHble. 3adurcn-
pyem Takoi kopenb 7 = a+ fi. Torma duciao ¥ = a— Fi Takxke dyaer
KopHeM f4(2) B cuiy mpemtoxkenns 7.2.2. DacCMOTPUM YHUTAPHOE
mpoctpanctBo W pasmeproctu dimV'. 3adurcupyeMm opToHOPMUPO-
Banubie 6asucel M B V u N B W. Daccmorpum suHeiinblit omepatop
Ay mpocrpancrsa W, sananubiii 8 6asuce N marpuueii A = Ayn
omepatopa A B baznce M. UntaTtento mpeiaraeTcs TPOBEPUTH, ITO
Ap gaBigerca HOpMaJbHBIM omepaTopoM mpoctpatctBa W. Hucia
Y U Y ABIAIOTCH COOCTBEHHBIME 3HAUYEHUAMU 3TOTO OMEpaTopa. Jac-
CMOTPUM COBCTBEHHBIH BeKTOp omepaTopa Aj, TpuHAITER autmit 7,
CKaKeM, &. DOJOKUM [Z]N = &4 + (&), THe T4, &,; — CTOJOIBI
nefictBuTenbHbx qncesn. Torma Aq(x) = y@, otkyna Axy + 1Az, =

Alz] = (a+ pi)(xq + izy) = (azg — B2y) + 1oy + 0wy, ). Takum
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obpaszom,
Axy—axy— P, u Az, — fxg+ ax,,. (5.14)

D paMoil mopcTeT MOKas3bIBaeT, 410 A(xy — ixy, ) = Axy — 1Az, =
= (o — fi)(xq — ix,y,). Takum obpasom, cronben ¢4 — iz, 3a1aeT B
basuce N KoOpIMHATHI BEKTOPA Y, KOTOPBI dBIgeTCH CODCTBEHHBIM
s onepatopa Aj. Do gemme 5.2.4 nveem (x,y)w = 0. Berauciassa
CKaJTspHOE TIPou3BeieHne (&, Y )y B OPTOHOPMUPOBAHHOM Oasnce N,
nonydaem 0 = (zg+iz,y, )Ty — i@y) = (Tgtiz, ) (@q+iz,) = (23—

—x%) - 2iz 4z, OTKYIA

x3 = a2 uxgx, = 0. (5.15)

DaCCMOTPUM BEKTOPBI U 1 U, 3aJaHHble CTOJIOMAMEI &g U T, B Oaszuce
M mpocrpancta V. DaBercrsa (5.15) mokassBaioT, 4To |u| = |v| n
(u,v)y = 0. U3 pasencrs (5.14) Borrekaer, uro A(u) = au — fv,
A(v) = pu + av. Takum obpasom, U = (u,v) asrgerca naBapu-
AHTHBIM OTHOCUTENHHO A MOAIPOCTPAHCTBOM, B KOTOPOM BEKTODBI
e = ﬁu nf = |11)—|'v 06pa3yoT OPTOHOPMUPOBAHHEIR Oa3nuc; B HeM

Marpuia orpanndenus A na U umeer tpebyemsrii Bum. Bekrop @
yHHTapHOTOo IpocTpancTBa W dBjIgercs cOGCTBEHHBIM OTHOCHTEIh-
HO omepaTopa A% B cHTy JTeMMBI 5.2.3. DoBTOpS IIS MaTpHIBl A '
IIpOBeleHHbIe BhIle s MaTpulbl A paccyx genus, Buaum, 4to U
ABJIgeTCA MHBAPUAHTHBIM ITOAIPOCTPAHCTBOM M OTHOCHTEILHO OIle-
paropa A*. B cumry semmbr 5.2.5 oproronasabaoe momosnenume U™
uHBapHaHTHO oTHOCHTenbHO A 1 A*. Tmeem dimU*L < dimV. Dpu-
venss kK UL u orpanudennam A u A* Ha 5T0 NOLIPOCTPAHCTBO HH-
MyKTHBHOE NPEIIIoJIoK eHe, 3aBepllaeM J0Ka3aTeIbCTBO. O

5.2.3. OpToroHaJjibHble U YHUTAPHbIE OM€PATOPbI

JIuHelinbiit omepaTrop eBKINIOBA [yHUTAPHOTO| THHEHTHOTO TPOCTPaH-
cTtBa V' Ha3BIBAETCA OPMOLOHAALHBIM [ YJHUMAPHBIM], €CITH COTpH-
JKEHHBIH ¢ HUM COBIajlaeT ¢ 00PATHBIM OTODpaK eHleM K 3TOMY Olle-
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patopy. Tax xax AA™! = A7l A, oproromansuble n yEITapHBIE Ole-
pPaTOPBI SABJIAIOTCS HOPMAJTbHBIMU. D PUHUMas BO BHUMaHKe TPEIIo-
Kenne 5.2.2, 3aK/I09aeM, 4TO JUHeiHbI omepaTop A OymeT opToro-
HAJBHBIM [yHUTAPHBIM| TOTA U TOJIHKO TOTMA, KOIMa B HEKOTOPOM
OPTOHOPMMPOBAHHOM Da3lce ero MaTpulla yI0BJIETBOPIeT YCIOBHUIO

AT =A™ (5.16)
B CJIyYae OPTOIrOHaJIbHOT'O ollepaTopa N yCJIOBUIO
A*=A"! (5.17)

B CJIydae yHHTapHOTO OIepaTopa.

Marpuiia A ¢ geficTBUTETbHBIME [KOMILIEKCHBIME]| K03 dutmen-
TaM¥ Ha3bIBATCH OPMOZOHAAbHOU [yrumaprotl], ecau oHa ymoBJe-
TBOpgAeT ycaoBuio (5.16) [(5.17)] (KoTopoe paBHOCHIBHO PABEHCTBY
AAT = E [AA™ = E]). Jlerko y6emmThes, 9T0 MaTPHIA TepPexoa
OT OJHOTO OPTOHOPMHPOBAHHOIO 6a3Mca K APYTOMY B €BKJIMIOBOM
[yHUTApHOM| TPOCTPAHCTBE ABJIAETCA OPTOTOHAIBHON [yHUTAPHOI].

D pengiox enne 5.2.3. Omeparop A eBkamgoBa [yHHTapHOrO] JTiH-
nefinoro npocrpancrBa V' sBJIS€TCS OPTOrOHAJIbHBIM [yHUTAPHBIM]
JIMHEHBIM OIlepaTopoM TOLIa H TOJBKO TOIIa, KOLga IJIs JH0OBIX
BekTopoB &,y € V cupaeniuso paserncrso (A(z), A(y)) = (z,y).

IHokaszareabcTBo. Eciau A — oproronanabublii [yuuTapublii] sumeii-
HBIT omepaTop, To, TOCKOIbKY AA* = A* A = £, nng mo6bIx BeKTO-
pon 2,9 € V mscen (A(), A)) = (2, A(A(®))) = ()

Dycth A — omeparop (T.e. orobpaxenne B cebsi) eBKJINIOBA
WM YHETApPHOTO MpocTpancTBa V' Takoii, 9T0 1/1d JTI00BIX BEKTOPOB
x,y € V cupasennuso paserctso (A(z), A(y)) = (x,y). Doraxem,
aro A(z+y) = A(z)+A(y). Donoxum z = A(z+y)—A(z)—Ay)

1 BBIUUCINM (Z, Z):

(z,2) = (Alz +y) - Alz) — A(y), Alz +y) - Alz) - Aly)) =
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= (Alz +y), Al +y)) - (Alz), Az + y)) - (Aly), Alz + y)) -

—(Alz + y), A(z)) + (A(z), A(z)) + (Aly), A(z)) —
—(Alz + ), A(y) + (A(=), A(y)) + (Aly), Aly)) =
=(zt+y,z+ty) —(z,z2+y) - (y,z+ty) - (z+ty,z)+
+(z,z) + (y,2) — (2 +y,9) + (z,9) + (y,y) = 0.

Nrax, (z,2z)=0, otkyna z =o0. Taknm obpazom, A(xz+y)=A(z)+
A(y). Auamoruvyno nokasbiBaercsa paBeHcTBo A(az) = aA(z) mid
mioboro Bektopa € V u moboro yuciaa a. Ml BugnM, 910 A —
JWHelHbI omepaTop.

Hoxaxem, uro AA* = £. I3 paBencTs

(A(z), A(y)) = (2, A"(A(y))) = (z,9)

crenyer (z, A*(A(y)) = (z,y). Orciona no temme 5.2.1 BbITEKaeT,
gr0 A*(A(y)) = y mna mawoboro y € V. Takum obpasom, AA* =
Ananornyno nokassiBaercs pasenctBo A*A = £. CienosarenbHo,

A= AL O

Teopema 5.2.5. 9ycrp A — yrurapHbiit [opToronaabHbli] onepa-
Top yHuTapuoro [eskiungosa] npocrpancrsa V. Torga Moy Bcex
CcOGCTBEeHHBIX 3HaYeHmii 2Toro omeparopa pasHbl eqnuune. Ecam V
~— yHHTapHOe IPOCTPAHCTBO, TO OHO HMeeT OPTOHOPMHIPOBaHHBII ba-
31C 13 COGCTBEHHBIX BeKTopoB oneparopa A. Eciaun V' — eBrirmgoBo
IPOCTPAHCTBO, TO OHO HMeeT OPTOHOPMHDPOBAHHBLI Ga3nc, cocTos-
muii 13 ABYX 4YacTeii: IepBas BKJII0YaeT COOCTBEHHbIe BeKTOPBI ITO-
ro omepartopa, HpHHAJJIEKal[ie COGCTBeHHBIM 3HaYeHHAM 1 m —1,
a BTOpas COCTOHT H3 I1ap BEKTOPOB, COOTBETCTBYIOUIHX KOMILIEKC-
HBIM KODHAM XapaKTepHCTHIeCKoro Muorowrena fa(x), mpm stom
KOPHIO COS @ + i 8in @ oTBevaeT mapa BeKTOpOB e, f, MOpOXK Zatomas
HHBapHAHTHOE OTHOCHTEJIbHO A HOIIIPOCTPAHCTBO, Ha KOTOPOM OIpa-
audenne A mMeer MaTpHILY cosa S N asanmbii Gazme
—sina cosa
Ha3bIBACTC KAHOHUNMECKUM IJIs omepaTopa A.
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Jloka3aTeqbCcTBO. JYCTh A — MPOU3BOJIBHOE COOCTBEHHOE 3Hade-
e omeparopa A M @ — coOCTBeHHbI BeKTOp, MPUHAJITIEK Al
TOMY COOCTBEHHOMY 3HadeHWio. B cuily mpemioxenus 5.2.3 ume-
em (z,z) = (A(z), A(z)) = Az, \z) = ANz, ), otkyna (z,z) =
M(z, ). DoCKOTBKY T # 0, BUAUM, TTO IA? = M(z,z) = 1. Ta-
kuM obpasom, |A| = 1. OcragbHble yTBEpPK IeHNs ITOKa3bIBaeMOi
TeopeMbl CAeNyIoT U3 TeopeM 5.2.3 u 5.2.4. a

B xavecTBe mpumepa HalimeM KaHOHWIeCKWH OPTOHOPMUPOBAH-
Herii 6asnc I OpTOTOHAJBHOTO omepatopa A, 3alaHHOTO B OPTO-
HOPMUPOBAHHOM 0asuce eBKJIUIOBA MPOCTPAHCTBA MaTpuieih A =

2 2 -1

_ 1

=il -1 2 2
2 1 2

3amnireM XapaKTepUCTHIECKUH MHOTOUIeH omepaTopa A:

%—x % —% l—-2 1-2 1-—2
A N B i
1 1 1
=(1-2)|0 1—2 1 |=({1—-a)(a?-z+1).
0o -1 -z
Kopuu xapakTepucTnieckKoro MHOrowIeHa: r1 = 1, x93 = % + 2@
Hns zy coberBenunrit BekTop fi; = (1,1,1) Haxommrcsa OOBITHBIM

V3
2
TJTEKCHBIMU KOOPAMHATAMHU JJIsT YHUTAPHOTO OTepaTopa, WMEIOIero
marpuily A. Dpeobpasyem marpuny A — zoFs:

obpasom. llng xqy = % + X2 HaxoauM COOCTBEHHBIH BEKTOP € KOM-

1_ ;8 2 _1
6 2 3 3

|
-~

e

o Lo

1
3

Wi
S
[

2
3
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1—3iV3 4 -2
~ -2 1—3iV3 4 ~
4 -2 1—3iV3
1 1 1 1 1 1
~ =2 1-3iV/3 4 ~1 0 3-3iV3 6
4 -2 1—3iV3 0 —6 —3-3iV3
1 1 1 1 1 1
~lo1-i3 2 ~lo -8 ~
0 2 1443 0 2 1443
I T | 114 g
0 0 0 0 0 0

D axoanM cOBCTBEHHBI BEKTOP, TPUHALIEK allliit COOCTBEHHOMY 3Ha-
. _ 13 1, :V3\ _ 1 Iy 0 V3 V3
denio ¢y fo = (—5—i, L —3+057) = (=53, 1, —3)+i(—"5,0,°3°).
Dosaraem f, = (—%,1,—%), fa = (—@,0,@). DopMuUpyd BERTO-
pel f1, fy w0 fa, TONydaeM TpebyemMbiii OPTOHOPMUPOBAHHEIH Gasuc:

e = %(1,1,1), ey = =(—1,2,-1), e3 = ==(—1,0,1). B sToM 6a-

V6 V2

1 0 0

37Mce OPTOTOHATBHEI omepaTop A nmeet matpuny | 0 1 3

2 2

0 V3 1

2 2

5.2.4. CamoconpskeHHbIe OIIepaTOPbI

Dycrh V. — eBKJIMIOBO WJIM YHUTAPHOE TPOCTPAHCTBO. JIwHeitubrit

omeparop A mpocTpaHcTBa V' HA3BIBACTCA CAMOCONPAHCEHHBIM, €C-
an A = A*. O4eBUIHO, ITO CAMOCOTIPAR €HHBI OMepaToOp ABITETCT
HOPMaJIbHBIM. DpUHUMAH BO BHUMAHUE TpeIJoxenue H.2.2, 3aKirio-
qaeM, ITo JuHelHbIi onepatop A 6yIeT caMOCOTPIR eHHBIM TOTTIA, I
TOJILKO TOTa, KOTJTa B HEKOTOPOM OPTOHOPMUPOBAHHOM Hasuce ero
MaTpulla yIoBaeTBOpAeT yCIOBUIO

AT =A (5.18)
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B CJIyYae eBKJIUJO0Ba IMPOCTPpaHCTBa U yCJIOBUIO
A= A (5.19)

B CJIydae YHHTAPHOTO MPOCTPAHCTBA. DAMOMHUM, 9TO MaTpuia A,
yIoBeTBopsouas ycaosuio (5.18) [5.19], HaseiBaeTcs cuMMeTpute-
CKOli [9pMUTOBOI].

Teopema 5.2.6. Bce kopHE XapaKTepHCTHIECKOTO MHOTOTIEHA JIIO-
6Oro CaMOCOIIPSIK eHHOTo olleparopa Jexkar B rnoje R. EBKIHIOBO
HJIH YHUTAPHOE HPOCTPAHCTBO UMEET OPTOHOPMHUDOBAHHDIH Ha3uc u3
COOCTBEHHDBIX BEKTOPOB CAMOCOINPK €HHOTO ONEPaTOPa.

JokraszaTeabcTBO. JycTh A — caMoCOTpAXeHHBIH omepaTop yHE-
TapHoro mpoctpancTBa V. U3 jgemm 5.2.3 1 5.2.4 BBITeKaeT, 4TO JI0-
60e cobcTBeHHOE 3HAYEHWe omepaTopa A COBIaTaeT ¢ CONPAK eHHbIM
K HEMY YUCJIOM, T.e. dBJideTcd AeficTBuTe bubiM ducyioM. Coriacuo
Teopeme 4.2.2 cmekTp omeparopa A YHHTApHOTO MPOCTPaHCTBA WC-
JepIrbiBaeTcd ero cOOCTBEHHBIMU 3HAYEHUAMHU.

DycTh A — caMocoTmpsXeHHbIi omepaTop eBKANIOBA TPOCTPaH-
crBa V. Daccmorpum JmHeiiublii omepatop Ay yHUTaApHOTO MTpoO-
cTpaHcTBa V] COOTBeTCTBYIOIEll pasMepHOCTH, 3aJaHHBIi MaTpu-
meit omepartopa A B HekoTOopoM Oasmce (Kak 3TO OBLIO CIETaHO B
TOKa3aTeTbcTBe TeopeMbl 5.2.4). Ymraremdio mpenmaraercs mpoBe-
pUTh, 4TO A — CcaMOCONpPSKEHHBIN olepaTop mpocTpancTBa Vi u
fa,(2) = fa(z). Crenosaresnsno, Bce Kopun f4(2) mexar B nose R.

BTopoe yTBepX nenme TeopeMbl caemgyeT U3 TeopeM 5.2.3 m 5.2.4.
O

Horazannasd Teopema BJeveT 3a coOOil yTBepK JeHHe, Kacaolleecs
CUMMETPUYECKUX MaTPUL, KOTOpoe OYIeT UCIOJIb30BAHO MPU U3y Ue-
HUW KBAIPATHIHBIX (hopMm (cM. 1. 6.3.2). DamoMHEM, ITO JId KBa-
IpaTHO{ MaTpWIBl A TOPAIKa N XapaKTepUCTUIECKUM MHOTOTIIe-
HOM Ha3bIBaeTcs ompenenntend det(A — zE,). Dadnnas ¢ 3T0TO
MOMEHTa, CODCMBEHHDIMU 3HAMEHUAMU MATPUTIBL A Oy1eM Ha3bIBaTh



226 TraBa 5. 9pocrpancrBa co CKaJISIPHBIM IIPOH3BEICHUEM

Bce (BoOOIIE TOBOPS, KOMIIEKCHBIE) KOPHU €€ XapaKTepHCTHIeCKO-
ro muorousiena. OuHu 00pasyioT cnexmp MaTPHUIbl, KOTOPbIH Oyaer
obosnadaThca depes F(A). CobcmeenHbM 6€KMOPOM MATPUILL A,
MpUHAIIEXK AUUM COOCTBEHHOMY 3HAYEHUIO « 3TOW MaTPUIbI, HA3HI-
BaeTcs BCAKMil HenymeBoii cronten s € C" co cpoiictBom As = as.
DT onpenesieHnd CONIAcCyloTCs ¢ JanHbiMu B 11. 4.3.3 onpenesnenns-
MU B cJIydYae, KoTma JuHeRHbI omepatop A, 3amaBaemMbrit MaTpuiei,
paccMarpuBaeTcd Ha mpocTpancTe ctonomos C" ¢ KoMILIekcHbIME
K02 punmenTamm.

N3 mpennoxenns 4.2.1 u caenctBud 7.2.1 moaydaeMm ciegyolnmit
pe3yabTarl.

D pengioxenne 5.2.4. Dycrp A € C"*". Torma cymma Bcex s.re-
MEeHTOB CHeKTpa MaTpHIbl A (C y1eToM KpaTHOCTH) paBHa ee CJIery

tr(A).

Teopema 5.2.7. g g060i cuMMeTpadecKoif MaTpuibl A ¢ geli-
crBuTenpEbIME K03 pPummentamu ' (A) C R n cymecrByer oproro-
HaJbHAas MaTpura B Takas, 9410 BT'AB ecrtp quaronajbuas MaTpHILA
¢ COBCTBEHHBIME 3HaYCHUIME MaTpHIbl A Ha IJIABHOH THATOHAJIH.

HokasarenbcTBO. DycTh A — CcUMMeTpHYeCcKas MaTpulia ¢ mefi-
CTBUTENBHBIME KO3 dUnMeHTaMu. DacCCMOTPUM €BKJMA0BO MPO-
crpaHcTBO V' pasMepHOCTH, PaBHON MOPAAKY MaTpuibl A, W BBI-
OepeM B HeM HEKOTOPbBIH opToHOpMEpOBaHHbBI Gazuc M. Daccmo-
TpuM JUHeRHDBIH omepaTop A, 3amaHusiii B aTOM Oasmnce MaTpuieit
A. OugeBumno, A dBIAETCA CaMOCOTIPIAREHHBIM omepaTopoM. fcro,
ITO CTeKTp omepaTopa A McaepubiBaeTcs COOCTBEHHBIMN 3HATEHN-
AMu MaTpulkl A. Do Teopeme 5.2.6 ynoMdgHYTBI CIEKTp JIEKHUT
B mose R u cymectsyer opronopmupoBanublii 6asuc N mpocrpan-
crBa V', cocrosmuii u3 coOCTBEHHBIX BEKTOPOB omeparopa A. Dycrh
B = Ty,N — MaTpulia Iepexosa oT 6asnca M k 6asucy N. Tax
Kak 0ba Ga3mca OPTOHOPMUPOBaHHBIE, MaTpulia B OproronajbHa,
1e. B~ = BT, Cornacuo dbopmyie (4.11) n3 m. 4.2.1 maTpuia ome-
patopa A B 6asuce N nmeer sux B~'AB = BTAB. Dra marpuia
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ABadeTcd IUaroHaJIbHOM, U Ha IJIABHOH AUaroHasM paclojaratoTcs
coDCTBeHHbBIE 3HaYeHNd omepaTopa A. o

DaccMoTpuM TpuMep. [LIa caMocompsk eHHoTo omepaTopa A eB-
KJIMI0BA TPOCTPAHCTBA, UMEMIIEro B HEKOTOPOM OPTOHOPMUPOBAH-

1 2 2
HoM Oaszmce mMaTpumy A = 2 1 2 |, #aliTu opTOHOPMWUPOBAH-
2 2 1

Holii 6a3uc U3 COOCTBEHHBIX BEKTOPOB U MaTpPHIy oleparopa A B
3TOM Dasuce.
Demrenne. JalizeM XapaKTepHCTUIECKUl MHOTOWIEH OMepaTopa

A:
1—= 2 2 5—x b—z H-—=z
falz) = 2 1l-z 2 = 2 1l-z 2 =
2 2 1—a 2 2 1—a
1 1 1 1 1 1
=b-2)[2 1—-2 2 =b-2)|0 -1-2z 0 =
2 2 1l—=z 0 0 —1—-z
=G-a)(-1-2)?=(z+1)%5—2).
CobcrBennnie 3Hadenns omepatopa A xy = 5, 29 = —1. Cob-

CTBEHHBIE BEKTOPBHI HAXONATCA C MOMOIILI0 OOBITHOM IIpOIemyphl:
fi = (1,1,1), f; = (-1,0,1), f3 = (0,—1,1). Bexrrtopsr f, u
f5, IpuHaIIeX anue COOCTBEHHOMY 3HAYeHUI0 —1, He OpTOroHaJb-

HBI. SPI/IMQHHH K HUM IIpoecC OPpTOrOHaJIN3allln, IIOJYyYdaeM BeK-

TOpBl gy = fo M g3 = f3 - %92 = %(17—271)- JopMupys Bek-

Topbl f, gy U g5, TOTyYaeM UCKOMBIi OPTOHOPMUPOBaHHLIH Hazuc
e = %(1, 1,1),e3 = =(~1,0,1),e3 = -=(1,-2,1). B atom 6asnce

V2 V6

5 0 0

omeparop A umeer Mmarpunmy | 0 —1 0
0 0 -1

Bamaym: [17], Ne201-222.



I'maBa 6

D PUJIOXKEHUA U
HEKOTOpPbIe
MOTIOJIHUTEJIbLHBIE
BOIIPOCHI

§ 6.1. Dopmbl BEKTOPOB, JHHEWHBLIX olepa-
TOPOB U MAaTPHIL

DOPMBI BEKTOPOB U MATPUIL ABILIOTCH OOODNIEHUAMEU TTOHATHSA [IJTH-
HBI BEKTOpa B TpeXMepHOM ITpoCcTpaHcTBe. B JacTHOCTH, minmHa Bek-
TOpa B €BKJIMIOBOM WJIM YHUTAPHOM NPOCTPAHCTBE ABJIAETCH HOP-
Moft. DOPMBI BEKTOPOB U MATPUI, MOT'YT ONPENeJSAThCH TO—PAa3HOMY.
OHU TO3BOJLIOT OIPEIeSIUTh CTeIleHHbIe PANIBI I MATPHUIL U BEChMa
MOJIe3HBI MPU aHaJIN3e YUCIEeHHbIX MeTon0B. Boobiie ropops, usyde-
HUe HOPM OTHOCHUTCH He K JuHelinol anrebpe, a K GyHIMOHAIBHOMY
amaam3y. B dacTHOCTH, 1O »Tolf MpUYWHE BCe Pe3yIbTaThl B HTOM
naparpade npuBeeHbl 6€3 TOKa3aTesNbCTB. YKa3aHHbIe Pe3yJibTaThbl
C TIOJHBIMU JOKa3aTeThCTBAME MOTYT OBITH HafimeHbl B KHUTe [21].

228
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6.1.1. DopMbl BEKTOPOB

dycrs V. — smmHeiinoe mpoctpatcTBo Hag mojem [, koTopoe coBia-
naer ¢ R wnmm C. Dopmoii va V' maseiBaerca dyurunsa x — |z u3
V 8 R, obnagaonmas caeryommM cBoiicTBaMu:

1) |z| > 0 npu mo6om x € V;

2) |z| = 0 Torma m TOoMBKO TOTHA, KOTHA T = O]

3) |az| = |a||2| nra mobbx @ € V 1 a € F;

et ol < fe] + Iyl ans mobus 2,y € V.

Kpatko oboznatars HOpMY Oymem depes |. Daccmorpum mpume-
pol HopM. Ecim V' — eBkaumoBo win yHuTapHOE MTPOCTPAHCTBO, TO
IJTHHA BEKTOpa sBIfETCH HOPMOH. YcmoBua 1)-4) BBITEKAIOT U3 ak-
CHOM CKaJdpHOTO Tpou3Benennd, Teopembl 5.1.1 u caencrug 5.1.1.
B npoctpanctse crpok [F,, MoK HO onpemennTh, HampuMep, CJIeILyo-
e HOPMBI: 1718 BeKTOpa & = (21,2, ..., T, ) TOIaraeM

a) el = oa] + sl + - -+ Jel:

b) Jel, = /a3 + 23 + ...+ a2;

¢) |2, = max{fz1], |24, .., |eql}.

Hns mopM a) u ¢) ycmoBug 1)-4) JerKo mposepdoTcd. Dopma

b) BosHEHKaeT u3 OBBITHOTO CKAJIAPHOTO NMPOU3BEIEHUA MIJIF CTPOK
(mpumep 2 B 1. 5.1.2).

Crenyioliee yTBepK ieHue TaeT HHPOPMALUIO O CBA3H MEKIY
JIOOBIME IBYMsl HOPMaMi Ha KOHETHOMEDHOM IIPOCTPAHCTBE.

Teopema 6.1.1. Dycts ||, u ||, — zBe HOpMBI HA KOHEYHOMEPHOM
apocrparctse V. Torga cymecTByOT Takie MOJTOK HTEThHbIE THCTA
a 1 f3, 910 miis Joboro Bektopa ® € V crpaBednBbl HepaBEHCTBA
[zl < alzl, n |z], < 5l

ToBOp4AT, Y4TO MOCIETOBATENBHOCTh BEKTOPOB &1, T3, ... TPOCTPAH-
ctBa V' cxodumes x BeKTOPY @ no Hopme || , ecaun mia moboro mo-
JIOK MTETHHOTO UHCIIA € CYMeCcTBYeT HaTypasabHoe quciao N, Takoe,
ITO st JTI000TO HaTypaabHOTO n w3 n > N cimenyer |z, — a| < e.
HBe nopmst |-|; 1 ||, Ha3bIBaIOTCH IKEUEAAEHMHBIMU, €CITH U3 CXOIU-
MOCTH JT1060ii TOCIeI0BATETFHOCTH K HEKOTOPOMY BEKTOPY 110 OTHOI
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I3 HUX CAedyeT CXOOUMOCTHL JaHHOH IOC/IeIoBATEJILHOCTH K TOMY
Ke caMoMy BeKTopy mo npyroit. Teopema 6.1.1 yTBepx maer, 9TO
B KOHCUHOMEPHOM eBKJIMIOBOM WM YHUTAPHOM IPOCTPAHCTBE JIIO-
Oble IBe HOPMBI 3KBUBAJIEHTHBI. DO3TOMY B TaJibHelileM MBI He Oy-
IeM YEKas3hIBATh HOPMY, IO KOTOPOIl paccMaTpUBaeTCad CXOIUMOCTD,
TaK KaK BCe paccMaTpUBaeMble IIPOCTPAHCTBA IPEIIIoIaraloTcs Ko-
HETHOMEPHBIME. JDyIeM HCIOJIb30BaTh TaKkKe 0OBITHOEe 0003HaIeHTe
lim,_ o @, LA Ipemesia IOCACIOBATCILHOCTH.

Hast cxomamuxcs IMoCJIefoBaTeILHOCTe BeKTOPOB MOKHO pas-
BEePHYyThL TCOPUIO, MTOXOXK YIO Ha TeOPHUIO IPEIeIOB TIHCIOBEIX ITOCISI0-
BaTesbHOCTeH. B wactHocTu, ecow lim,—.o @, = @ u lim,—, y,, = b,
TO JJIst JTIOOBIX CKaJsApoB a, 3 € ' cupaBeminBo paBencTBo

lim (az, + fy,) = aa + 5b.

DYCTb &1, T3, ... — TOCIENTOBATEIHbHOCTh BEKTOPOB. Do becko-
HEUHDBIM PAJOM Y oy &y TOHUMAETCH TOCTETOBATETBHOCTD HACTIUY-
HBIE cYyMM S1 = @1, So = @1 + ®o,..., Sy = @1+ X2+ ...+ @x,,...

ToBopsar, uro pad crodumes x BekTOpy S, ecau lim, .., 5, = s. B
9TOM CJIyYae TaKiKe FOBOPHAT, 4TO cymma pada pasra s. Teopus pd-
JTOB BEKTOPOB aHAJOTHTHA TEOPUN IUCTOBBIX PATOB.

6.1.2. Dopmbl JuHEHHBIX OIIePATOPOB U MaTPHIL,

Dycrh V' — eBRIMIOBO WM yHUTAPHOE TPOCTPAHCTBO. DATMOMHUM,
110 Hom(V') oGo3Hauaer MHOKECTBO BCeX JIMHEHHBIX ONEepaTopoB
mpoctparctBa V. Ortobpaxenne || 13 H = Hom(V') B mome R
HA3BIBACTCH ONEPANOPHOLT HOPMOT, €CTTU BBITOJHAIOTCH CJIEIYONIe
yCIOBHA:

1) |A] > 0 npu n0bom A € H;

2) |A| = 0 Torma u TonbKO TOrIA, Korma A = O;

3) |aA| = || A| mag mobsx A€ H n o€ [

4) A+ B| < |A| + |8 ana mobex A, B € H;

5) |AB| < JA|IB| mag arobeix A, B € H.
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MpbI BUANM, 9TO OIepaTopHas HOpMa ABJIAETCH BEKTOPHOI HOp-
Moii B umeiinom npoctpanctBe H. Tak Kak 1/ KOHEYHOMEpPHOIO
mpoctparctBa V' mpocrpanctso H = Hom(V') takxe koHedHOMED-
HO, B TOM CJIydae BCe OlepaTOpHbIe HOPMbI KBHBAJIEHTHBI MeXK Iy
coboil ¥ PKBHBaJIEHTHEI J11000i BexTopHOi HOpMe Ha H .

Mampuunas nopma onpeneseTca CXOIHBIM 00pa30M, ¢ 3aMeHoit
Hom(V') wa C**" wam R™*". Ilna omepaTopoB W MaTpHIL Olpele-
JIAI0TCA CXONANMNeCd TOCTeI0BaTeILHOCTH, PAIBI M CyMMBI PAIOB B
COOTBETCTBHUHN C ONlpeleeHnIMI, TaHHBIMI B IIPeIbIIyIIeM TyHKTe.

Oneparopnas nopma |-, HazbiBaeTCH cozaacosaroll ¢ BEKTOP-
HOIt HOpMOIi -], ecoin nuig r0boro inHeitHOTO ONepaTopa A 1 s11060-
ro BexTopa v € V' cupasensmso wepasenctso |A(v)],. < JA|,, lv],.-
st mro6oit BekTOpHOIT HOpMBI || onpenenseTca cienyolas coria-
coBaHHad C Heil omepaTopHas HOpMa:

|Al = max{|A(z)| | |«] = 1}.

AHaJIOTHYHO ONpeendeTca MaTPUIHAd HOpMa, COTVIACOBAHHAA C BEK-
TOpHOII HOPMO}i B IPOCTPaHCTBE CTOIOUOB COOTBETCTBYIOIEl pas-
MEpPHOCTH.

Onma u3 Hambosee YHOTPeOUTEIBHBIX HOPM IJIs OIE€PATOPOB I
MaTpHIL, Ha3blBaeMas CIeKTPAJIbHOIl, Olpesendercs Caenyomum ob-
pasoM. Dycth A — JuHeiiHbBI omepaTop Ha €BKJINIOBOM WJIN YHH-
TapHoM mpoctpatcTBe V. JloKaxeM, 4TO CHeKTp JUHEHHOro olre-
patopa A*A cocTONT U3 HEOTPUUATENBHBIX MefiCTBHTEIBHBIX THCE.
Tak Kak CONIACHO IMOCJeIHEMY yTBEPXK IeHHIO TeopeMbl 5.2.2 I pa-
BeHCTBY (5.12) mmeem (A*A)* = A*A™ = A*A, oneparop A*A
ABJIAETCH CAMOCOIPAK €HHBIM. D0 TeopeMe 5.2.6 eTo CIeKTp JIeKUT B
noste R. Dycrs o — mponsBosibHOe cOGCTBEHHOE 3HATEHNE OIePATOPa
A*A 1 v — npunagmexamuii emy cobcTBeHHbI BekTOp. IMeem

a(v,v) = (av,v) = (A"A(v),v) = (A(v), A(v)),
otkyzaa a(v,v) = (A(v), A(v)). Teneps acHo, 410 & > 0. DOJOK UM

|Al, = max{y/a | @ — cobcrBennoe 3navenne omeparopa A*A}.
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Yucao |A|, n massiBaerca cnexmpaavioli nopmotli oneparopa A.

Jlng KBampaTHBIX MaTPUI CTeKTpasgbHasd HOPMa OTMPeIeTaeTCs
CXOTHBIM 00pa3oM.

s omeparopa A [KBagpaTHOit MaTpuIlsl A] cnekmpaivHvim pa-
duycom p(A) [p(A)] maspiBaerca mambospunit U3 Momystell duces
cmekTpa omepatopa A [MaTpuibl A]. Da KOMILIEKCHOI TIOCKOCTH
BCe 3HaYeHHWdA CIeKTpa omepaTopa A [MaTpuubl A] pacmooXeHbl B
kpyre pamuyca p(A) [p(A)].

ChopmynupyeM HYXKHBIE HaM pPe3yJabTaThl, Kacaloluecsd HOPM
OTepaTOpPOB W MATPUIL, B BUIE CJIEIYIOMET0 YTBEPK IEHNA. O pUBe-
JeM ero GOpMYJINPOBKY I MaTPUIl; GoPMYTUPOBKA LI OTepaTo-
POB HOJIydYaeTcd OYeBHUIHOR 3aMeHO# CJI0B “MaTpuiia” ¥ IPOM3BOI-
HBIX OT Hero Ha CJI0Ba “omepaTop” M COOTBETCTBYIOIINE IPOM3BOI-
HBTe.

Teopema 6.1.2. Dycrs A — KBajgpaTHAs MATPHIIA TOPIIKA N.
L1t 106010 MOJTOR HTETEHOTO THCIA £ CYIIECTBYET MaTPHIHAST
rmopMma ||, s kotopoii p(A) < |A| < p(A) + «.
Ecou cymecrByer marpuinas HopMa, aisi Kotopoii |A| < 1, To
1) lim,—o, A" = O, e O — HyJIeBas MaTpPHIA;
2) matpuna E,, — A obparnma, npuieM oOpaTHAsS MATPHIA MOK €T
OBITH MPEICTABICHA CXOMIINIIMCST PTOM

(E, - A '=E, +A+A*+. . .+ A" +....

§ 6.2. IeoTpHIATEJbHbIE MATPHUILLI

B atom maparpade paccMaTpuBaAOTCH HEOMPUUATNEADHBIE MATPULDL
T.e. MaTPUILBI C HEOTPUUATETbHBIMU BEIIECTBEHHBIMU 3JIeMeHTaMMU.
[okazaTenhbCcTBa HEKOTOPBLIX Pe3yIbTATOB 31eCh BHIXOIAT 33 PAMKH
cOOCTBEHHO JinHeliHO# aaredphl, TOSTOMY B COOTBETCTBYIOUIUX CJY-
YadX paccMaTpUBalOTCA 3JIeMeHTapHble JOKa3aTelbCTBa IJad 4YacT-
HOTO cJIyYasd MaTpull mopgika 2, B TO BpeMd KakK CcHOpMyTHpPOBAH-
Hble Pe3yJibTaThl BEPHbI B 00meM ciaydvae. Ywuraresnb, xersatouruit
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MOy YUTh Oosblie WHPOPMALNY O MaTPHIAX, MOKET 00PATUThCHA K
kauram [6] n [21].

6.2.1. DoJokKuUTEJbHbIE MATPUILBI

ManI/IHa (B TOM 4uUCJIE CTOJI6€H nJim CTpOKa) Ha3blIBaeTCd NOAOHCU-
me/thO’lj, eCJIN BCe 9JIeMeHThbl ee — IIOJIOZK UTeJIbHbIe HeﬁCTBI/ITeHB-
Hble YlCJIa.

Teopema 6.2.1. Dycrs A — HOJOXK HTEJIbHAS KBAIPATHAS MaTDH-
na mopsaaka n. Torma p(A) aBiagercsa coGCTBEHHBIM 3HATEHHEM Ma-
TpHIIBI A KPATHOCTH 1 H CYINECTBYET IOJIOXK HTeJIbHbI COOCTBEHHBII
BEKTOp Marpuibl A, IPHHAIJIEKANHE 2TOMY COOCTBEHHOMY 3HAaYe-
HHIO.

HokasatenabcTBo. [[oKa3zaTesbCTBO TPOBeIeM A CIydas KBaIpaT-
a

v 8 . BanuieM xapak-

HBIX MaTpUIl mopdaiaka 2. Iycth A = (

TepI/ICTI/I‘IeCKI/Iﬁ MHOT'OYJIeH MaTpHnI bl A:

N RO R

:xz—(a—l—é)x—l—aé—ﬁ’y.

fa(z) =

DTO KBAIpaTHBI TpexuaeH. DaiieM ero TUCKPUMUHAHT:
D= (a+6)? —4(ad—By)=a® -2 + 6 + 4By = (a— §)? + 4537,
T.€.

D = (a—8)*+483y. (6.1)

Tax Kakx Bce 3JIeMeHThI MaTpnI bl A MMOJIOZK UTeJIbHbI, ACHO, YTO D>
0. KOpHI/I XapaKTepuCTu4IeCKoro MHOro1JieHa nMerT BUI

6= 5(a+64VD), & = S(ati- VD)
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OueBunno, ato & > 0 u & > [§,]. Takum obpasom, & — cobeTBeH-
HOe 3HaveHWe MaTPUIlbl A KpaTHOCTHU 1, gBJAAIONIEECH CIIEKTPAJIbHBIM
paUyCcoM 3TOW MATPUILBI.

Ybenumvcd, 4TO CyeCTBYeT MOJOK HTeTbHbIH cOOCTBEHHbIR BeK-
TOp MaTpUlbl A, IPUHAIIEK AU CODCTBEHHOMY 3HAYEHUIO £1. Dac-
(a—&1)s1 + Bsy = 0;
YS1 + ((5 - 51)82 = 0.

SQHOCPQHCTBQHHaH IIpoOBepKa IIOKa3bIBaeT, YTO ypaBHeHNd 31eCb

CMOTPUM CHUCTEMY JUHEHbIX ypaBHeHuUi

TPOTOPINOHATLHEI. DBhIpasuM W3 TMepBOTO YPaBHEHUd Sy depe3 Sp
 TOICTAaBUM BMeCTO £ ero 3HaYeHue:

(f1—a) _d-atVD
DY

S9 = S1. (62)

C nmomompio Beipaxkenns (6.1) nia D 1erko moHATH, 9TO VD >
> |6 — af, mosTOMY KO3 puHEHT TPH $; B TPaBoOii YacTH paBeHCTBaA
(6.2) momoxRUTEeH. DpUIABAd S 3HAUEHHE |, MOJIyTaeM TOJIOXK H-
TebHBI cobcTBeHHBI BexTOp (1, %)T MaTpUIBl A, TpuHaI-
JIeX alnnii coOCTBEHHOMY 3HAYeHUIO 1. a

DaccMorTpuM npumep. g ToJ0KUTeIbHOW MATPHUITBI
0,
0,
0

b

A=

o oo
LN W
o oo
N o o
SR

HailTU ClIeKTPpaJbHBIA paguyc u NpuHaLJeX alluil eMy TOJOXK UTelb-
HBI COOCTBEHHBI BEKTOP.
Demenne. DaiimeM XapaKTepUCTUYECKUH MHOTOYJIEH MaTPHUILhI

A:

0,3—-2 0,3 0,4
falzy=| 0,2 0,3-2 0,1 |=
0,3 0,2 0,3—2
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0,8—2 0,8—z 0,8—2
=/ 02 03-2 0,1 |[=

0,3 0,2 0,3—2
1 1 1
=(0,8—2)[ 0,2 0,3—2 0,1 |[=
0,3 0,2 03—z
11 1

=(0,8—2)| 0 0,1—-2 -0,1]|=
0 -0,1 —x

=(0,8—)(2? — 0,1z +0,01).

Taxum obpasom, fa4(z) = (0,8 — z)(z% — 0,12 + 0,01). Ero kop-
mu A = 0,8, Ays = 0,05+ /0,0125 = 0,05+ 0,05V/5. fcwo, uro
p(A) =0,8. DaxonuM TMOJOKHTEIbHBI CODCTBEHHBII BEKTOD, TIPH-
HaJIex amuii cobcTBennoMy 3Hadenuto 0, 8.

-0,5 0,3 0,4 2 -5 1 2 -5 1
0,2 -0,5 0,1 |~|3 2 =5 |[~[1 7 -6 ]~
0,3 0,2 =0,5 0 0 0 0 0 0
1 7 -6 1 -2 0
~1 0 -19 13 |~| 0 -3 1
0 0 0 0 0 0

Hna koopauHar 1, o, 23 COOCTBEHHOIO BEKTOpA MOJydaeM ypaBHe-
HUA T1 — %xz =0, —%xz + 23 = 0. O1croga x1 = %xz U X3 = %$2.
DpunaBad xo 3HaveHre 13, MOTydaeM MOJIOK HTeIbHbIH cOOCTBEeHHbI ]
BeKTOp (23,13, 19) Marpuusr A, TpHHAILIER allnii COOCTBEHHOMY 3Ha-
gennio p(A) =0,8.

g HeoTpUIaTeIBHLIX MATPUI] aHaJoT TeopeMbl 6.2.1 He cmpa-
BenswB. NMeeT MecTo cienyiolnasd TeopeMa, IOKa3aTeJahCTBO KOTO-
poit mada cirydad KBaIpaTHBIX MaTpPUI MOPANTKa 2 TPOBOIUTCA aHa-

JOTUYHO ITOKa3aTelbCTBY TeopeMbl 6.2.1.
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Teopema 6.2.2. ycrs A — HeoOTpHIATEIbHAS KBAAPATHAS Ma-
Tpuna nopsaka n. Torma p(A) ABagercsa coBCTBEHHBIM 3HATEHITEM
MarTpHIbl A U CYHIECTBYET HEOTDHIATEIbHbI cOBCTBEHHBIH BEKTOD
MarTpuibl A, HpHHAAIEK A 2TOMY COOCTBEHHOMY 3HAYEHHIO.

DpuMep eTUHUIHOW MaTPUIIBI TOKA3BIBAET, YTO CIIEKTPAJIbHBIH paIu-
yC HEOTPUIATEJbHOW MaTPUIIBl MOKeT OBbITh ee KPaTHBIM COOCTBEH-
HBIM 3HAYEHUEM.

6.2.2. Matpuipl obmMeHa

DaIlOMHUM, YTO MaTpHUlla Ha3blBaeTcd MarTpulieil oOMeHa, ecsium oHa
KBaJpaTHas, ee 3JIeMeHThl — HeOoTpHUUATebHble BellleCTBEHHbIE YU-
cJla M cCyMMa 3JEeMeHTOB B KakK oM cToJiOie paBia 1. Mbl BCcTpe-
qasuch ¢ HuMu B § 0.2, Korga paccMaTpuBaJM TPOCTYIO JuHelHY0
Monesib oomena. To, 4To 9Ta 3ajlava BCerja UMeeT pellieHue, obec-
nmevyuBaeT cieayloliiee YTBEPK JeHNe.

Teopema 6.2.3. Dycrs A — marpuna obmena. Torna A umeer cob-
CTBEHHOE 3HaTeHne | 0 CyniecTByeT HeOTPHIIATEAbHBIH COBCTBEHHBIH
BEKTOp, IPHHAICK AI[HH 3TOMY COOCTBEHHOMY 3HATEHHIO.

HokasatenascTBo. [[1d 10Ka3aTeabCcTBA MEPBOTO YTBEPK TeHNUS 3a-
MeTHM, ITO €CJIN B XapaKTepUCTHTIeCKOM MHOTOWIeHe f4(z) MaTpu-
bl A, 3allMCAHHOM B BHUJe OlpeneuTessd, MpubaBUTh BCEe CTPOKH
K HepBO#i, TO B mepBoii cTpoke Bce aseMeHThl OyAyT paBHbl | — &,
MOCKOJIBKY CYMMa 3JIEMEHTOB B KAk IOM CTOJIOIe MaTpuiibl A pas-
Ha 1. Takum obpaszom, 1m0 cBoiicTBY 4 omnpenenureseii MHOKUTETh
1 —2 MOKHO BBIHECTH 3a 3HaK onpenenunTensd. CrenoBaTenbro, f4(z)
nenurcd Ha 1 — x u | dBJgeTcd COODCTBEHHBIM 3HAYEHUEM MaTPUILBI
A.

BTopoe yTBepX menne moka3biBaeTCd IJIA CIAyTIad MATPUIL TOPI-
Ka 2 paccyXKIeHUdMU, aHAJIOTMYHBIMU MCIOJIb30BAHHBIM B JTOKa3a-
TeJAbCTBe TeopeMbl 6.2.1, 1 ocTaBiadercd B KavyecTBe yIpakHeHUA
YUTATETIO. o
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DaccMorpum npumep. g MaTpuiibl odOMeHa

0,3 0,3 0,5
A=1] 02 0,5 0,1
0,5 0,2 0,4

HaiiTH HeOTPHUIATEJbHBIH COOCTBEHHBIH BEKTOp, IPHMHAIIEXK Allnii
cOOCTBEHHOMY 3HavYeHuo 1.

Dellienne. DaxoauM COOCTBEHHBIH BEKTOD, TPUHAIIIEK aluii cob-
CTBEHHOMY 3HadYeHuto 1.

-0,7 0,3 0,5 2 -5 1 2 -5 1
0,2 -0, 0,1 [~]5 2 -6 |~[1 12 -8 |~
0,5 0,2 —0,6 0 0 0 0 0 0
1 12 -8 1 -2 0
~[0 -20 17 |~[0 -2 1
0 0 0 0 0 0

Hna koopauHar 1, o, 23 COOCTBEHHOIO BEKTOpA MOJydaeM ypaBHe-
HUA T1 — %xz =0, —%xz + 23 = 0. O1croga x1 = %xz U X3 = %xg.
YpunaBad xo 3HaveHrWe 17, MOJTyYaeM MOJIOK HTeJIbHbI cOOCTBEeHHbI ]
BeKTOp (28,17,29) Mmarpuusr obMena A, mpuHaIex amuii coOOCTBEH-

HOMY 3HadYeHUWo 1.

6.2.3. D PpoOyKTUBHBIE MaTPUIIbI

Marpuua A maspBaeTca npodykmuenoll, ecin OHa HeoTpHuIaTe ThHasd
KBaJpaTHad IOPALKa 1 U IJId JIOO0r0 HeoTPHIATeIhHOTO CTOJIONa
y € R" cymecrsyer neorpunarensunrii Bexktop € € R” taxoii, uto

(E, - Az =y. (6.3)

DPONYKTUBHBIE MATPUIIBI BO3ZHUKAIOT, B YaCTHOCTH, B 3aJa4ax Me-
K OTpacJeBoro Haganca n TpocToit anHeifHo#t Momen 1 TpOU3BOACTBA,
cMm. § 0.2,

YcisioBud, 9KBUBaJEHTHBIE TPOAYKTUBHOCTH MATPHUIbI, CODpAHBI B
CITEIYIOMEM YTBepK TeHIH.
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Teopema 6.2.4. Cuenywine yCaoBus JJisT HEOTPUIIATETIbHOH KBa-
JpaTHOH MaTpuubl A HOPSIKA N 2KBHBAJCHTHBL:

(1) marpuma A mpoLyKTHBHA;

(2) marpuna E, — A obparnma u marpuna (E, — A)™1 meorpn-
HaTerbHa;

(3) cmexTpasbHBIH pagnyc MATPHIB A MeHbIIe eIHHHIHL.

HoxkasaresbcrBo. dnrarero nperraraeTcs yOeIuThCs, 9TO yCIIO-
Bie (2) BiedeT 3a coboit (1). Dokaxkem, uro u3 ycaosug (1) cie-
nyet (2). DaccMOTPUM CTOJIOUBL Yy, Yy, . . ., Y, CAHHIIHONR MaTPUILI
E,, unymue mo mopAnKy cjeBa HAIpaBO. OTH CTOJIOIBI HEOTPU-
IaTeJbHBI, TOTOMY B CHIIy OIpelesleHns IPOLYKTHBHON MaTpHIBL

CYUIECTBYIOT HEOTPUIATebHbIe CTOJOUbI X1, Lo, . .., &L, TaKue, 4TO
(E,— A)x; =y, upui=1,2,...,n. Obosnaunm vepe3 X Marpuiy,
COCTABJIEHHYIO W3 CTOJIONOB X1, L2, . .., &T,. lorma (E,—A)X = E,,

T.e. Mmarpuna E, — A obparuma u (E, — A)™' = X. Vcuosue (2)
TMOKa3aHoO.

Ybennmes, ato w3 yciaoBud (2) ciemyer (3). DycTh MaTpuima
E, — A obparuma u marpuna (E, — A)™! weorpunarensuna. O6o-
3HAYNM Yepe3 p CIeKTpasabHblil pamnyc p(A) MaTpuisl A n depes v
HeOTpHUIATeIbHbI COOCTBEHHbI BeKTOp, MpUHALICK Al p. Dac-
cmorpum Bektop w = (E, — A)7lv. Dror BekTOp HeoTpuLaTeNEH.
Nmeem

v=(FE, - Aw. (6.4)

DoKaKeM, YTO W HABJIAETCH CODCTBEHHBIM BEKTOPOM MaTpHIbl A,
TaKkK e MPUHAIIER allluM CODCTBEHHOMY 3HAYEHUIO p. Y MHOKad obe
JacTn paBeHcTBa (6.4) HA A cieBa, mosyTaeMm

pv = Av = A(E, - A)w=(E, - A)Aw = (E, — A)(Aw).

Takum obpasom, (B, — A)(Aw) = pv = (B, — A)(pw). Tax rak
marpuna F, — A obpatuma, n3 paBeHCTBa

(B, — A)(Aw) = (E, — A)(pw)
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norydaeM Aw = pw. lmeem u3 (6.4) v = (E,, — A)w = (1 — p)w.
Tak Kak v 1 w — HeOTPUIATEThHBIE HEHYIeBbIE CTOTIOIBI, ACHO, ITO
1—p > 0. Dockombry E, — A — obparnmasg MaTpuiia, Mbl BUINM,
yro 1 — p > 0, orxyma p < 1.

Ybenumcs, uto u3 ycaosud (3) caenyer (2). Tax xak p(A) < 1,
mo teopeme 6.1.2 3akgovaem, uto F, — A — obparumas MaTpuiia u
(En—A)_1 =E,+A+A%*+.. .+ A" +.... Tak kak A — HeoTpH-
naTesbHag MaTpuia, scho, uto (E, — A)~! Takxe HeoTpunaTesbHa.
O

YpumMep MPOLYKTUBHOW MarTpuiibl npuBegeH B 1. 6.2.1. Ykazan-

0,3 0,3 0,4
mag Tam Mmatpuna A = | 0,2 0,3 0,1 | wMmeeT cmekTpaabHbIl pa-
0,3 0,2 0,3

nuyc 0,8 u moToMy dBJisgeTcd TPOAYKTUBHONR B cuy Teopembl 6.2.4.

§ 6.3. KsamparmuHble (pOopMBI

6.3.1. Douarue kBampartuviHoid dopmbl. MaTpudHoe
MpencTaBJjeHUe

Keadpamuunoti hopmoii oT TepeMeHHbIX X1, Lg, . .., T, Had mojem [
Ha3blBaeTcd BbIpaXKeHWe BUIA

_ 2 2 2
fle1, 22, .. 2n) = ana) + aze2s + ...+ apnx; +

2a12x1x2—|—2a13x1x3—|—. . .—|—2(ll n$1$n—|-. . .—|—2an_1 nlp—-1Tn, (65)

rae KoadduumenTsl npuHaLIexkar nmoaio F. Takum obpasoMm, KBa-
IpaTuIHas (popMa ABIAETCT ONHOPOIHBIM MHOTOTIEHOM BTOPOit cTe-
TeHn OT N TMEePEMEHHBIX. JACCMOTPUM CUMMETPUIECKYI0 MaTPHUILY

al aig ... Qip
A= @iz G2 ... G2n Do mpaBuUIaM YMHOMXKEHHS MATPHUIL

A1p A2pn ... App
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nMeeM

F(1, 20y n) = (21,20, 0y 20) AT, gy ooy ) | (6.6)

9TO TMpeICTABIeHTE HA3hIBACTCA MAMPUYHBIM Npedemasaeniem KBa-
npartuanoil dhopmbl f(x1,x2,...,2,). Ecim 0bosHatnTs cToabern me-
peMeHHbIX (21,22,...,2,)" depes x, To bopmysy (6.6) MoK HO 3a-
TmucaTh B BUIE

f(X)=z"Az. (6.7)

DacCMOTPUM HOBbIE TEpEMEHHBIE Y1, Yz, . . ., Yr U TPEIIOTOK UM,
4TO TepeMeHHble T1, Tg,. .., Ly JUHEHHO BhIpaXKaloTcd Yyepe3 HUX:

1 =01l +012Y2 + - T1aln;
Xo = 01Y1 + 022Y2 + ...+ T2nYn; (6.8)

Tp = Opil1 + 0n2Y2+ ..o+ Cnnln-

Bamena nepeMeHHbIX (6.8) Ha3bIBaeTCH HEOCODOU, €CIIN U3 Hee MOXK HO
BBIPA3UTD Y1, Y2, ..., Yn 9€PE3 T1,T2,...,Ty. Lcianm Ko3dbumuenTs!
0;; 3aMEeHBI PaCIIOJIOKUTh B BUIE MaTPHUILI

g11 12 ... O1p
0921 022 ... 09

S = L
Opl Op2 .. Opp

TO 3aMeHY MOZKHO 3alliCaTb B MAaTPpUIHOM BHIE

x = Sy, (6.9)
e Yepes T u Yy 0003HATEHbI CTOTONBI U3 MEPEMEHHBIX T1, T2, . .., Ty
W Y1, Y2, - -« Yp COOTBETCTBEHHO. THMTaTEIO TpeIIaraeTcs JoKa3aTh,

TO 3aMeHa OyIeT Heoco0olt TOrma M TOTBKO TOTIA, KOIIa MAaTPUIA
S mesbIpox nemnad, T.e. det(.S) # 0.
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Kak umsmenserca MaTpuila KBaJpaTHIHON (oOpMBI moc/ae 3ame-
HBI TepeMeHHBIX! DomcTaBidas B GopMyry (6.7) BMecTo @ mpons-
Benenue Sy us (6.9), nonyuaem g(y) = f(Sy) = (Sy)'A(Sy) =
=y ' STASy = y " (S'AS)y. Taxum obpaszom, mocye 3amens (6.9)
MaTpuIa KBagpaTHIHO# Gopmer (6.7) TpHHUMaeT BHI

B = S'AS. (6.10)

Harzom KBamapaTuyhoit (GopMmbl HasbiBaeTCd paHr ee maTpuibl. 13
dbopmyasr (6.10) B cuy HEBBIPOK IEHHOCTH MATPUIBI S COTIACHO
YTBepXK IeHnio 4) npenmoxennd 3.2.4 cienyer Takoe yTBEpK IeHNe.

D pemyioxenue 6.3.1. Ipu Heocoboii 3aMeHe HepEMEHHBIX PAHI KBa-
JApaTudHoOl (hopMblI HE U3MEHSTEeTCH.

6.3.2. KanHouuveckuii u HopMaJbHbIIf BUI KBaIpaTud-
HOl dopMbI

HBe kBamparudHbie (GOPMBI HAZBIBAIOTCH IKSUBAAECHMHBIMU, €CIH
ONlHA U3 HUX MOWKeT OBITh MoJydeHa U3 Apyroft Heocoboli 3amenoit
nepeMenHbIX. KBanparuunas dopma TeMm mnpoiie, 4eM 0oJiblie ee Ko-
9 OUIUEHTOB paBHBI HYII0. D peIcTaBIgeT HHTePeC BONPOC, KaKOBa
Haubosee mpoctad ¢dhopma, sKBUBAJEeHTHad manHo#. LoBopdaT, uTo
KBanipaTuyHasd dopMa uMeeT KaHOHuveckull eud, ecau B Hell Koad-
unmenTH TP BCEX TPOU3BEIEHUAX PABIUIHBIX TEPEMEHHbBIX PABHBI
mymo. Kpagparndamas dbopma mam moiseMm C KOMILTIEKCHBIX MIH HO-
geM R meficTBUTETBHBIX 9HCeN O ONPEIeTeHNIO UMeeT HOPMaAbH bl
sud, eciu OHa UMeeT KaHOHWYeCKuit BUI U Bce HeHyJieBble K0addu-
IMeHTHl Ipu KBagparax paBubl 1 aag mona C wmm pasust 1 mwan —1
s moas R, B cuny npemioxenust 6.3.1 4ucio KBaapaToB ¢ HeHY-
JeBBIMT K03 duImeHTaM B JTI000M KaHOHUIECKOM [HOPMAJThHOM]
BUjle maHHOW KBaapaTudHoit GOpMbI OIHO U TO XKe U PABHO PaHTy

GopMBI.
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Teopema 6.3.1. DpousBosbHasg KBajgparuinas GopMma HaT TUCTIO-
BbiM moJteM [ axBuBasienTHA KBagparudnoi ¢opme B KAHOHHIECKOM
BHJIE HAJ[ 9THM HOJIEM. D POU3BOJIbHAA KBaApaTHIHas popMa HaT 1O-
JieM JeHcTBHTe/IbHbIX YHCeJT UJIH T0JIEM KOMILJIEKCHBIX YHCeJl 2KBU-
BaJIEHTHA KBaJAPaTHIHOH (hopMe B HOpMAaJILHOM BHIE.

HoxkaszareabcTBo. [ ToKa3aTeIhCTBaA TEPBOTO YTBEPK TEHUA BOC-
ToTb3yeMcd WHAYRIHel Mo 9Wcay TepeMeHHBIX 7 KBaJpaTuIHoH
dopwmbr. [Ing n = 1 oHo oveBmAHO, Tak KakK KBaApaTudHas Gopma
oT onHoll mepemenuoil mmeer Bun axi, rme o € F. Dpenmomoxum,
ITO Hallle yTBEPK JeHue TOKA3aHo T BCEX KBAIPATHIHBIX GOPM OT
k mepeMeHHBIX, TIe k < n. DacCMOTPUM KBagpaTndayio dopmy (6.5)
OT 7 TepeMeHHBIX. Ecam Bce ee KoadHUIMEHTH PaBHB HYJIIO, TO
JIOKa3bIBaTh HEYero. I PeamnoioKuM, 4To dhopMa uMeeT HeHYIeBOi
K03 GUTMEHT. DACCMOTPUM JIBA BO3MOK HBIX CJydad.

1. Do kpaiiteit Mmepe onuh U3 KO3OPUIUESHTOB @11, . . ., Gy OTIH-
YeH OT HyJd. DepenMeHOBbIBad MpU HEOOXOIUMOCTH TepeMeHHbIe,
6e3 orpaHudeHud OOMIHOCTH MOXKeM CYUTaTh, 4TO a11; # 0. DaccMmo-
TPUM cJaTaeMble KBaJpaTuIHol (GOPMBI, colepKaime &1, W BBIIe-
JIUM B HUX TOJTHBI KBaIpaT:

anx% 4+ 2a122122 + ...+ 261,212, =
— a11[$%+2$1$(a129€2—|—- . .—|—a1nxn)—|—(al?(a12x2—|—. . .—|—a1nwn))2—
—(i(a12$2 + .t aram,))?] =
= ap1(21 + Layt ...+ %xn)z - i(a12$2 + .ot ay )P

D 0JI0K UM

Yy = 21 + 2$2—|—...—|— aﬂxn. (6.11)
aiy aiy

Torna uMmeem

f(xlvx% .- '7$n) = 61113/% + g($2, .- '7$n)7
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rae g(xg,...,&,) — KBamparudHad Qopma, MOTYYAOMAACT TOCTe
BO3BEIEHUA A12T2+. ..+ a1 T, B KBAAPaT, JeJeHIs Oy YeHHOTO BbI-
paKeHusd Ha a1 W MPUBEIEHUS MOTOOHBIX CO ciaraeMbiMu u3 (6.5),
He COIepXKAUMMU X1. DO MHIYKTUBHOMY TPEIIOJOKeHno GopMa
g(z3,...,x,) sKBUBaIeHTHA dopme h(ys, ..., Y,) KAHOHNIECKOTO BH-
na. Torma f(w1,22,...,2,) = anny? + h(y2,...,y,), 1 MocaeTHAT
dbopmMa HaxooUTCA B KaHOHMIECKOM Buge. Tak Kak ¥s,..., Y, MOJY-
JalOTCA U3 T3, . . ., T, C TOMOUIBIO HEOCOOOi 3aMeHBI TepeMeHHbIX, 10~
OaByiag K 270# 3amene dopmyy (6.11), mosryvaem Takke HeoCcoOyTO
3aMeHy, TOCKOJIbKY OIlpele/ IMTe I MaTPHI, 0O0MX 3aMeH OJIMHAKOBBI.
Mar uaaykuun B cayvae 1 mokasam.

2. Bce koadpdunnentst aiq,...,d,, paBubl Hyao. Torma cpe-
N a;; IpY ¢ # j UMeeTcd HeHyIeBoit koadduument. Jes3 orpumde-
HUS OOUIHOCTH TMPEINOTORK UM, 9TO a5 # 0. Domaras z; = x1 + 2o,
29 = X1 — X9, 2 = ¥k oA k = 3,...,n, upuBoauM ¢GopMy K BUILY,
paccMoTpeHHOMY B ciydae 1. O4eBHIHO, YTO UCTIOTb3yeMas 3aMeHa
IepeMeHHbIX Heocohad.

Nrak, war MHIYKIUA TOJHOCTHIO JOKa3aH.

Ilnst moKa3aTeabCTBa BTOPOTO YTBEpK ACHUA JTOCTATOTHO 3aMe-
THTE, ITO B TIOJIe IelicTBUTEILHEIX YHce] ypaBHeHHe a’ = [3 paspe-
IUMO /I8 BCEX MOJIOKUTeIbHBIX Yices (3, a B II0Je KOMILIeKCHBIX
qyces TaKoe ypaBHEHHE pa3pellnMo BooOlle IJIs BCex 3HadeHmii 3.

PDosToMy BhIpaKenne ar? ¢ a # 0 HocTe 3aMeHBl T = ﬁy nepeitiner

B y?. DTa 3aMeHa, OUEBUIHO, Heocobad. a

Toubko 4TO OMUCaHHBIH cOCOD TpUBeNeHus KBaIpaTudHOi (opmMbl
K KaHOHWYECKOMY BUIY Ha3biBaeTcd memodom Jlazparsca.

3 Teopemsr 6.3.1 HemocpeaCcTBEHHO TTOTyIaeTCA CAeTyTounit Kpu-
Tepuil PKBUBaJIeHTHOCTH KBaapaTndnbix (Gopm mam moaem C.

Caencrsue 6.3.1. /lBe kBanpaTudnble popMbl IKBHBAJICHTHbBI HAJ
nostem C Torga u To/1bK0 TOAA, KOTAa OHH HMEIOT OJHHAKOBBIC DAHIH
(T.e. mocJte npuBeseHns K HOPMaJIbHOMY BIIY HMEKT OJHO H TO JKe
qHCII0 KBAJIPATOB € K03 punnentom 1).
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OTMeTHM TaKXKe cJleliyromee yTBepzK jeHne, KacCallleeCd IIPpon3-
BOJIBHBIX CUMMETPpUYIeCKUX MaTpuIlL.

Caencraue 6.3.2. 9ycrts A — cummerpuieckas marpuna n3 R™*",
Torna maiimercs takme BepxHeTpeyroapbuas marpuina U m amaro-
HagapHasg marpuga D m3 R™", wro A = U'DU u ma rraBHoit
amaroraad MaTpuinsl D smementor paBubr 1, —1 mam 0.

HoxasaTeancTBo. DaccMoTpuM KBaipaTnunyio dopuy f(z)=zAz.
CorsacHo TeopeMe 6.3.1 ee MOKHO IPUBECTH K HOPMAJIbHOMY BUIY
maj mojeM R ¢ moMombio 3aMeHbl IepeMeHHbIX ¢ BepXHeTpeyToIbHOl
obpatumoii marputeit S. 13 dopmys (6.10) moxysaem D = STAS,
rae D — marpuita HOpMaJIbHOTO BHIa KBaapaTudnoil gopmsr f(x).
YuHoK ag obe 4acTH TocTeHero paBencTsa ciesa Ha (S )~ n cmpa-
Ba Ha S”! w mommpsydace tem, wro (ST)7! = (S7H)T, momywaem
A= (SHTDS™. 06osnauum S~' uepes U. Ocraercs 3aMeTuTh,
4TO oOpaTHad K BepXHETPeYTOJbHOIl MaTpulle caMa #gBJdeTcd BepX-
HeTpPeyTOoJIbHOI. O

DacCMOTPUM MPUMED. D PUBECTH K KAHOHUIECKOMY U K HOPMAaJih-
nomy Buny Hag moaamu R u C kBagparmanyro dgpopmy

2, .2 .2
fla1,29,23) = 27 + 25 + 25 + 4wy + 4a123 + 4aq2s.
Demenne. IpumMends Merol Jlarpanxa, IoaydaeM

x% + x% + x% +4xi29 + dx123 + dagxs =
=23 + 221229 + 223) + (223 + 223)? —
—(2z2 4+ 2363)2 + x% + x% +4zons =
(21 + 222 + 223)% — 422 — 422 — Swows + 23 + 22 + dwqu3 =
y? — 32?2 — dayws — 32k =
= 2 (a3 4 2ea(Ras) 4 el — Bad) 302 =
y? — 3(w2 4 2a3)% 4 323 — 32k =

=y — 3y} - 243,
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. _ 2 _

rme y1 = a1 + 2wy + 235 y2 = w2 + 73 W y3 = w3. Ouenuamo,
9TO 9Ta 3aMeHa IlepeMeHHbIX HeOCO6aH. KaHOHI/I‘IeCKI/Iﬁ BU I ,ILaHHOﬁ
KBaJpaTuyHo#i GopMbl TaKOB: y% — 33/% — %yg 3amMeTum, 4TO OH
olrpeleJsigdeTcd He OJHO3HaYHO. ILJIH IIpuBeJeHnd K HOPMaJIbHOMY
BuAy Haj mojeM R mcmonb3yeM 3aMeHy IepeMeHHBIX ¥y = 21, Yo =
_ 1 _ 3 . ) 2 2 2

= %22, Yz = \/223, HOIyYMM HOPMaJbHBIR BUN 2] — 25 — z5. Haa
IIpuBejeHnd K HOpPMaJIbHOMY BHAY Hal ITOJIeM C HUCIIOJIb3yeM 3aMeHy

2

mepeMeHHBIX Y1 = 11, ¥ \/gtz, Yz = i\/gtg. Mpr mpuxomum K

HOPMaJIbHOMY BUIY t% + t% + t%.

s kBagpaTuaHbix (opM Hal mogeM R cyuectByer crenmaib-
HbIf cocob MpuBelleHWsd K KaHOHUYECKOMY BUIY, TaK Ha3bIBaeMoe
npusederue k¥ 2AG6HBIM OCAM. DTOT CMOCOO OCHOBAH Ha CJAEICTBUU
5.2.7. Oproronasbhad Marpuila B, mocTpoeHHad Mg MaTPHUIBI
A KBajaparudHOil (HOpMBI YKa3aHHBIM B 9TOM CJEICTBUU CIOCOHBOM,
orpenenger HeOCOOYIO 3aMeHY TepeMeHHbIX (Ha3BIBAeMYI0 Opmozo-
HaABHOT), TPUBOMSAIIYIO KBAAPATHIHYIO (HOPMY K KaHOHHIECKOMY
BUJLY, IpuYeM K03} GUIMEHThI TPU KBAIPaTax B 9TOM KaHOHUYECKOM
BUJIe CYyTh B TOYHOCTHU COOCTBEHHBIE 3HaUYeHUd MaTpulibl A. [maBHbie
ocH (MW TJIaBHBIE HATPABJIEHNS ) KBAJIPATHIHONW (GOpMbI ompenes-
0TCH BEKTOpaMu-cToIOIaMu MaTpuilsl B.

B kauecTBe mpumepa paccMoTpuM Ty ke HopMy, 4TO U B Ipe-

1 2 2
IeIoyIeM TpuMepe. Ee marpuma mMeer Bum A = 21 2
2 21

YTa MaTpulla paccMarpuBaiachk B npumepe B 1. 5.2.4. CobcrBeHHbIe
3HAYEHUd ee PABHBI COOTBeTCTBeHHO H, —1, —1, a Tpebyemas opToro-
HashbHasd MaTpuiia B uMeer BuI

S =g
|

SIS
Sl sl



246 TiraBa 6. 9 pujIox eHus 0 JONOJHHTEIbHbBIE BOIPOCHI

(Kak MaTpuIa Mepexoia, OHa MOy IaeTCsd BBIMIChIBAHNEM KOOPINHAT
BEKTOPOB €71, €3, €3 U3 YIOMAHYTOTO TpuMepa B cTos01bl). CooTBeT-
CTByIOlllad OPpTOTOHAJIbHAA 3aMeHa TepeMeHHbIX UMeeT BUJ,

1 1 1
rT1 = —F/—U1 — —F=U —u;
LN \/§2+\/63
1 2

To = —=1U —=u3;

2 \/§1 \/63
1 -I-l -I-l

Tz = —=1U —1 —=Us.

3 \/§1 \/52 \/63

Kanonwveckuit Bua KBagpaTnanoli Gpopmbr Takos: Su? — u3 — ul.

6.3.3. 9DoJ0XKuTeJbHO Ollpeae/ieHHbie (POPMbI

31ech paccMaTpuBaiOTCA TOJTBKO (opMbl Had ToeM R meiicTBuTE H-
HbIx uncen. Ksagparmanas dopma f(21,...,2,) Hax nosem R wassr-
BAETCH NOAOHCUMEABHO ONPePdeneHHOl [ompuyamesvro onpedeneh-
Hot|, ecTi TpH JTIOOBIX 3HATEHNAX TTePEMEHHBIX, CPEIH KOTOPBIX MMe-
ercs o Kpaiineit Mepe omHo HeHyJeBoe, KBagpaTudHas (GopMa Ipu-
HUMaeT TOJIOXK UTeabHoe [oTpuiaresbhoe| sHadenne. O4eBUIHO, 9TO
KBajgpaTndHasg dpopma f(x) Oymer mosoK NTeIbHO OTMpeIeTeHHoOl TO-
I 1 TOTHKO TOTIA, KorTna gopma (—1) f(x) aBisercs oTpuaTeTbHO
olnpeneleHHoi.
Cureyioliiee yTBepK JeHrWe MpeiIaraeTcs T0Ka3aTh THTATeTIO.

D pensoxenue 6.3.2. Kpaaparninas ¢opma f(z1,...,2,) or n
IIepeMeHHBIX ABJIAETCA MOJIOXK HTeJIbHO OlIpeneeHHOH Torna H TOJIb-
KO TorJa, Korja ee HOpMaJIbHbBIH BHJ COJEPK AT TOTHO T KBaJAPaToB,
T.€. HMeeT BHI y% + ...+ yfb

Mok HO U MO MaTpuile KBAIPATUIHOR (DOPMBI CYIUTH, ABIAETCH
JIM OHAa TOJOKUTeJbHO onpenesenuoit? Hag dbopMmyrupoBku coot-
BETCTBYIOIIET0 YTBEPK IeHd HeOOXONUMBI NBa onpepesnenusd. [rae-
HOMU MUHOPAMU MATPUIILI HA3bIBAIOTCA MWHOPBI, CTOAIINE Ha Ie-
peceYeHun CTPOK U CTOJIOLNOB ¢ ONWHAKOBBIMU HOMEpaMU. Y2.408bie
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IJIaBHbIE MUHOPBI Topdaaka k obpasyioTcsd cTpoKaMu W CTOJIOIAMU
¢ Homepamu 1,..., k. Cleaywouyio TeopeMy Ha3bIBAIOT KpUTepueMm
CunbBecTpa MOJIOK UTEJIBHOR OIpeesleHHOCTH (POPMBI.

Teopema 6.3.2. Kpanparnunas ¢popMa SABJIAETCH HOJIOXK HTEJIbHO
onpenejieHHOll TOorna W TOJBKO TOr/a, KOIZla BCe YIJOBble IVIaBHbIE
MHHOPbBI €ee MaTPHIbI IIOJIOXK UTE€JIbHBI.

HoxkasareabcTBo. Dyctb f(1,...,2,) — TOJOKHUTETBHO OIpPEe-
JeHHad KBaapaTudIHas ¢popMa n A — ee MaTpura. Wuaykiueli mo n
TOKaXKeM, ITO BCe YTJIOBBIE TIaBHBIE MUHOPHI MaTPUILI A TOJOXK -
TeTBHBI. Da3a WHIYKUUH (Ipu n = 1) odeBUIHA. DYCTh YTBEPK jIe-
HUe MTOKa3aHo I BCEX TMOJOXKUTETbHO OMpeleTeHHBIX (PopM MeHee
JeM OT N TepeMeHHBIX. JpenctaBum opmy f(z1,...,2,) B BHIE
fler,..,zn) = 921, oy @pe1) + 20102120+« oo+ 200-1 nTp_1T0+
+au2?, roe g(x1,...,2,_1) — KBagpaTudHad Gopma oT n— | mepe-
MEHHBIX. IJTa (popMa TakX e MOJOK NTeThHO olpeneTennas. B camom
meJie, eCIN I HEKOTOPBIX THCET (i, . . ., (1, CPETH KOTOPHIX €CTh
OTJIMIHBIE OT HYJIs, IMeeT MeCTO HepaBeHCTBO g(aq,...,a,—1) < 0,
o f(ag,...,o,-1,0) = g(aq,...,a,-1) < 0, 9TO TPOTHBOPEUNT TIO-
JORUTENTBHOR OmpeneeHHoCTn (GopMbl f. D0 TPEANOIOK eHIIO0 WH-
IYKINE BCe YTJIOBBIE TUIaBHBbIE MUHOPHI (GOpMBI ¢ (coBIamamolne ¢
YTJIOBBIMU TJIABHBIMI MUHOpaMu (HopMbl f HOpanKa < 1) MOJTOK -
tenpubl. OcTaercd mokasarh, 410 det(A) > 0. Dpusenem dopmy f
K HOPMAaJbHOMY BUIY. DYCTh S — MaTpuia neocoboil 3aMensI mepe-
MEHHBIX, BO3HWKamomad mpu 3toM. Torma cormacHo dopmyie (6.7)
B cuty npentoxenns 6.3.2 nmeem E, = STAS. Do teopeme 1.2.3
nonydaem 1 = det(E,) = det(ST )det(A)det(S) = det(A)det(S)?,
otkyna det(A) = m. Nrax, det(A) > 0. Hlar nunykunn 1oKa-
3aH.

Ob6patHoe yTBepK AeHWE TEOPEMBI TOKa3bIBAETCA TaKKe O WH-
AYRIUU. Daza AHIYKIUN OYEBUAHA. O PEAMOTOKUM, UTO yIiKe
TOKaszaHa TOJTOXKUTETbHAS OTMpPeleeHHOCTh JI000# KBaIpaTHIHOl
dopMbl ¢ oT n — 1 TepeMeHHO#, WMeoOmell MAaTPUIY € TOJOXU-
TeJTHHBIME YTJIOBBIME TJIABHBIMU MUHOPAMH. acCMOTPUM HopMy
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flz1,...,2,), obramaouyio TeM Ke cBoiicTBoM. Kak u BbIlIe, mpej-
craBuMm f B Buzme f(x1,...,2,) = ¢(@1,...,2n-1) + 201,212, + ... +
4201 nTp1Tp+ a2, Tae g(T1, ..., T, ) — KBagpaTHUHAs BOP-
Ma oT n — 1 mepemenunix. Tak Kak yIJIOBBIC IVIaBHLIe MHHODPBL Ma-
TPHUILL HOPMBEL ¢ ABJIAIOTCA TaKKe YIVIOBLIMHI IVIABHLIMI MIHODAMI
dopMEL f, T0 HEIYKTUBHOMY IPeIIIOJIOXKCHUI0 (GOopMa ¢ IOJOKI-
TeJLHO ONpefeeHHas. DAacCMOTPUM JINHERHYIO 3aMeHy IepeMeH-
HBIX T1,...,&p_1 HA Y1,..., Yp_1, IPUBOTAMIYIO 3Ty (POPMY K HOP-
MaJbHOMY BULY. DOJOKHUM ¥y, — Z,. PopMma [ Torma mpuMeT BHI
f = @/% + ...+ @/2_1 + 2b12y1yn + . 4 20, nYn—1Yn + bnnyzm roe
b;; — HEKOTOpbIe INCTIa, TOYHBIE BBIPaK €HNd JIJId KOTOPBIX 37IeCh He
BaXHbI. 3aMEeTHM, ITO yf + 2binyiyn = (yi + bmyn)2 — bfnyi Coenas
3aMeny 21 = Y1 + blnynv cees Zn—1 = Yn-1+ blnynv Zn = Yn, IPUBENEM
bopmy f & Bumy 27 + ...+ 22 | + cz2. OnpenemuTenb MATPUIBI TO-
ciaennell GopMEI paBeH ¢. DOBTOPAL PACCYK IeHUA KOHIA IPEILIIY-
mero adsala, MOKHO TOKa3aTh, ITO OIPELeINTe b MATPUILI (hOPMEL
[ mMeeT TOT Ke 3HaK, 4TO I 4ncJI0 ¢. CiemoBaTesbuo, ¢ > 0. Do3To-
My dopMa f HOTOKHUTEJILHO onpeneiera. [lar HHIyKINKN TOKa3ai.
O

W3 moxazaHHOTO yTBEPK IEHUS JIETKO BHIBECTU CAeNYIOMT Kpu-
Tepuit Toro, YTO QopMa ABAAETCH OTPULATENHHO ONPEIeTeHHOMN.

CaencrBue 6.3.3. Kpajgparuunas opma ABII€TCH OTPUILATETbHO
onpenejieRHOll TOrAa M TOJIBKO TOINA, KOLa 3HAaKW YIJIOBBIX IJIaB-
HbIX MHHODOB ee MaTpPHI[bl YepelryIoTCsd, IpuieM MHHODbI HEYETHOI'O
HOpsAIKa OTPUIATETIbHBl, & MUHOPBI YE€THOI'O NOPANKa MOJIOXK HTeb-
HBI.

YpuBeneM 0e3 MOKazaTeJbCTBA elle KPUTEpPUil TOro, 4TO KBa-
aparuydtad ¢hopMa IPUHUMAET MOJOK UTeTbHbIe 3HAYEH U TPU yCJIO-
BUM, YTO ee TlepeMeHHble YIOBJIeTBOPHIOT JaHHOR cucTeMe TUHERHBIX
YPpaBHeHUIA.
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D pensroxenne 6.3.3. Dycrs f(x) = Az — KBagpaTmiHas Gop-
Ma OT n mepeMeHHBIX W B — marpuma pasmepoB m X n, IpuieMm
m < n. Qopma f(x) npuHEMaeT OJIOXKHTEJbHbIE 3HATEHIS I
BCeX HEHYJEBBIX pelieHult OTHOPOIHOH CHCTEMBI JIMHEHHBIX VDPaB-
mennit Bx = o Torma m ToBKO TOLga, KOTAa B OJOYHOH MaTpHIe

O B

BT A
COBIIaIA0T o 3HaKOM ducaa (—1)™.

3HaKn HOCJIEJHHUX N — M YIJIOBbIX IJIABHbIX MHHODOB

6.3.4. 3akoH MHepPIHUHU KBAIApPaTUUIHBIX (popmM

Kak u B mpempiayieM nyHKTe, 3716Ch PACCMATPUBAIOTCH TOJIBKO (hop-
MBI Hag mogeM R peiicTBUTETBHBIX Yrces). 3aKOHOM WHEPIUH KBa-
ApaTUIHbIX GOPM Ha3bIBAETCHA CJENyIollee YTBEPK IeHHe.

Teopema 6.3.3. Dycrp [ — kBagparwdnas ¢opma Hag nogaem R.
Torna npn aoboMm criocobe npuBenenns [ K HOPMAJIbLHOMY BHIY TH-
CJI0 KBAAPaTOB € Koap punuenToM | oIy IaeTcs 0HO H TO K e, PABHO
KakK W IHCJ0 KBAJIPaToB ¢ Koaggummentom —1.

JokasaTesibcTBO. DyCTh § = x% + ...+ xz — xi_l_l — .= xz n

h=yi+...+y?- 3/12+1 —...—y?— nBe GopMEI B HOPMATHHOM BHUJIE,
9KBUBAJIeHTHBIE f. Do npemjoxkennto 6.3.1 umeem r = s. DJoKaxeM,
yro k = [. Drum Teopema Oymer moKazaHa. IPEINOTOKUM, UTO
k < |, u mpuBemeM 3To IPEANOIoK enne K nporuBopednto. Gopmbl g u
h 9KBUBAJEHTHBI MEXK Iy c000i. DycTh & = Sy — Heocobasd 3aMeHa
nepeMeHHbIX, TepeBoidiiad ¢ B h. DacnulieM ee 0 TepeMEeHHbIM:

1 =01 +012y2 + .-+ T1pYn,

X = 011 + 0222 + ...+ T2 Yn, (6.12)

Tp = Opil1 + 0n2Y2+ ..o+ Cnnln-
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DPENTMONOK UM, ITO Y41 = ... = Y, = 0 ¥ PACCMOTPUM CJIEIYTOULYIO
OJHOPOIHYIO CUCTeMY JIMHeHHBIX ypaBHeHWii:

oyt + oy + ... oy =10,
oy + 02y + ...+ oy = 0,

oY1+ okey2 + ...+ oy = 0.

Tax kak k < [, paccmaTpuBaemMas cucTeMa uMeeT HEHYJEBOe pelie-
HUe, CKaXKeM, €1,C2,...,Cl. IPUAATUM HEePEMEHHBIM Y1, ..., Y Hali-
TeHHble 3HAUYEHNs, & OCTATLHLIM TePEMEHHBIM Yi41, . .., Yy — HyJIe-
Bble 3HaveHus. Torma dbopma h TpUMET TOJNOK UTEJTbHOE 3HAYEHHE.
Boruncnsgs suadenud xq, ..., &, 104 YKa3aHHBIX 3HaYeHud ¥, ..., Y,
o dopmynam (6.12), moxydaem, 41O 1, ..., T, TPHHAMAIOT 3HATe-
Hue 0, a moromy ¢opMa g IPUHUMAET HENOJIOK UTEJIbHOE 3HAYEHHE.
Yonyuunu mporuBopeune. Takum obpazom, k > [. Anamormuno
nokasweiBaeTcd, uTo [ > k. Takum obpasom, k = [. a

W3 norazannoil TeopeMbl cpasy MogydaeTCs CIenyIomnii KpuTe-
puii SKBUBAJEHTHOCTH JABYX KBaIpaTUIHbIX GopMm Haj mosgem R.

CaencrBue 6.3.4. /lBe kBanpaTudnblie (popMbl IKBHBAJICHTHbBI HAJ
noem R rorma m TosbKo TOrIA, Korga mocje IPHBEIeHHs K HOpD-
MaJIbHOMY BHILY 9HCJIO KBaJApaToB ¢ Koap¢unuenrom 1 y HuX OgHO
H TO XKe H 4HCJI0 KBaApaToB ¢ Koapdunuenrom —1 ogno u 10 XKe.

§ 6.4. JlomoJIHUTEJIbHBIE CBEIEHHUSI O MAaTpPH-
Imax
6.4.1. CumMmeTpuveckKue MaTPHUIIbI

B sTom IIYHKTe paCCMaTPpUBaIOTCA MaTpHUIbl Hal ITOJIEeM R. D alo-
MHUM, 9TO IJId CI/IMMeTpI/I‘IeCKOﬁ MaTpnI bl A nmop#diKa n COIJilaCHO
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TeopemMe H.2.7 cylmecTBYeT OpToroHadbHad MaTpuna U n amaronaib-
Hag MaTpuna D mopsamaka n Takue 4To

A=U"DU, (6.13)

npudem D wMeeT Ha TUTaBHOW ImMaroHaam Bce COOCTBEHHBIE 3Ha-
qeHus MaTpuilbl A ¢ ydyerom Kparwoctu. Ianumem U u D xak

(X] . —_— n .. ..
nuHelinble KoMOWHamu MarTpwinblx enwmwn: U = 370 i, Fqj,
D =5%"%_, 6xEy; C yaerom s1ux paBencTs u3 (6.13) momydaem

A= Vi B ) (k=1 Sk Brr) (7 =1 i Eij) =
= Yot Ok( o vk Bij) = Yoy Orug uy,
rme up — k-ag crpora Marpunsl U. CremoBaTe bHo, CIpaBeIInBoO

cJleliyriee paBeHCTBO, OolipeleJsidonee cneximpaibHoe pPa3A0HCEHUE
CI/IMMeTpI/I‘IeCKOﬁ MaTpHuIbI:

n
A=) Gpufug, (6.14)
k=1
rie (Sk — BCe COOCTBEHHBIE 3HAYECHNA CI/IMMeTpI/I‘IeCKOﬁ MaTpnI bl A

C YyYeTOM KPaTHOCTH, U — CTPOKU MOAXOAdllell opTOroHaIbHOM| Ma-
TPUIBI.

D pemyioxenue 6.4.1. Janr cuMMerpuIecKoii MaATpUIbI PABEH 4U-
CJIY ee HEeHYJIEeBbIX COOCTBEHHBIX 3HAUYEHH C y9eTOM KPATHOCTH.

JokasaresabcTBO. DycTh A — cuMMeTpHYecKad MATpHIa MOpAI-
ka n u r(A) = r. I3 pasmoxenus (6.13) B cuiy yrBepx memns 4)
npenioxenud 3.2.4 ciaenyet, 4ro r(A) = r(D). Tak xkax D — mma-
roHaJbHAad MaTPHUIA, €e DAHD PABeH UHCJIY HEHYJIEeBBIX 3JeMEeHTOB
HA IVIABHOM mmaroHaau. DOCKOIBKY 5TH 3JEMEHTLI HCHYEPIBIBAIOT
CIeKTp MAaTpUUbl A, HOoIydaeM Tpebyemoe. a

N3 mpenmoxennst 6.4.1 B cuTy yTBepKIeHWUs 5) MPEIIOKEHHA
3.2.4 BpITeKaeT cienyolilee YTBEPK IeHUeE.
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xk
CaencrBue 6.4.1. Jycrb A — npomnsposbHas Marpuga nz R™*7,
Torna ee paHr paBeH YHCJIY HEHYJEBbIX COOCTBEHHBIX 3HAYEHUH Ka-
& goif n3 cummerpudecknx Marpun A'A, AAT ¢ yderom KpaTHOCTIH.

Ommpasch Ha pasioxenne (6.13), MOKHO OUpeneInTh CTEEHN
CUMMETPUYECKON MaTpULbl MPU HEKOTOPBIX OTpaHUYEeHUAX Ha ITY
MaTpHUILy C TPOU3BOJIbLHBIMU PAllMOHAIbHBIMY U BelleCTBEHHBIMHU TO-

Ka3aTesIaMu.
Dycth A — cuMmMerpudeckad Marpuua. g gwoboro Hary-
pasgpHoTO 4ncaa m u3 (6.13) ¢ ydaerom Toro, uto U — oproro-

HasbHag Marpuma, T.e. UU' = E,, umeem A™ = (U'DU)" =
U'D(UU'D)"'U = U'D™U, orxyna

A" =U'D™U. (6.15)

Ucxonss n3 Buma ¢opmysst (6.15), MOKHO ONpenennTh TpOn3-
BOJIBHYIO CTelleHb CUMMeTPHYeCKOil MaTpUUbl TPU YCJIOBUU, UYTO
oTrpeneseHa COOTBETCTBYIONAs CTeTleHb TNaronaJ hLHoi MaTpuInl. Fe-
JIW Ha TJIaBHO nuaroHasu AUaroHaJbHOR MaTPUIbl UMEOTCHA TOJBKO
MOJOKUTETbHbIe YUCTa, TO €€ MPOU3BOJIBHYIO BelleCTBEHHYIO CTe-
MeHb eCTeCTBEHHO ONPENeJUTh CJASNYIONUM 00pa3oM:

v 0 0 ... 0\" M0 0 ...00
0 v 0 ... 0 0 ~ 0 ... 0
0 0 73 ... 0 = 0 0 ~% ... 0 |.(6.16)
0 0 0 ... 7 0 0 0 ... ~F

Ecrn Ha riaBHOIl AnmaroHa M IHATOHAJIBHONR MaTpPHIBI 3IeMeH-
TBI HEOTPULATETHHEL, TO GopMy.10ii (6.16) MOK HO IOJIE30BATHCH LI
HEOTPHUIATETIbHBIX BEUIECTBEHHBIX 3Hadennil . Takum obpasom, mis
CHMMeTPUIECKON MaTpPHUIBI, Bce cOOCTBEHHbIE 3HAUEHIA KOTOPOit To-
JIOK HTeJTbHBI [HeOTPHUIATETbHBL|, MOK HO OIPeIeNTh IPON3BOIBHY IO
[HeoTpHIATEIbHY0]| BelIeCTBEHHYIO CTEIEHb MoKa3aTesrsd m (HopMy-
Jaoit (6.15).
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B uwactHOoCTH, eciu A — obOpaTumMadg cuUMMeTpUYECKasd MaTpHUIA,
TO

A'=U'D'U.

Dycrh A — cuMMeTpuYecKas MaTpulla, BCe COOCTBEHHbIE 3HAYe-
Hus KoTopoit monmoxurenbubl. Torma ata Marpuia obparuma. o-
KakeM, Kak MOXHO Hafitu Marpumy P takyio, uto PTP = A~
Bsas nna A pasmoxemnme (6.13), momoxum P = D :U. Torna
P'P=UD:D:U=UD'U=A4""

ObparumMcd K CUMMETPUIECKUM HIeMIIOTeHTHBIM MaTpunam. Ta-
Kie MaTPUIbl YIOBJIeTBOpAIOT yciaosuio A? = A. U3 dopmyr
(6.13) u (6.15) caenyer, 4T0 CHEKTP CHMMETDHYECKOH HIEMIOTEHT-
woif marpuibsl ectb {0,1}. Ecaum 2ToT cmekTp He COmepERUT HyJId,
10 A = E,. Takum obpasom, Bce cHUMMETpUYECKHE HIEMIOTEHTHBIE
MaTpHIbI, KPOME eTHHHIHOH, ABAAIOTCS BhIPOXK feHHbIME. W3 mpen-
JIoKeHud H.2.4 ciemyer, 4T0 paHI' CHMMETDHYECKOH HIeMIOTeHTHO}
MaTpHI[bI PABEH €€ CJEIY.

B sakmaouenue 3Toro nyHKTa oTMeTHM 0e3 J0Ka3aTeabCTBa, YTO
I JTI060H MaTpHibl A € RnXk, npu yciaoBuu n > k, CymecrBy-
ot taxme marpunsl U € R™F, W .V € R™F wr0 A = UWV,
apuaem U'U = E,, W'W = E,, W — rnaronajpHas MaTpHIa C
HEOTpHUI[ATEbHBIME 3JIEMEHTAMH HA IVIABHOH THATOHAJIH.

6.4.2. KpoHeKepoBO IIpou3BeaeHNE MaTPUII,

Do onpenesennio, g OO MaTpul A = (a4 )nxk, B = (Bij)mxi
X KPOHEKEPOGO NPOU36EdeHUEe eCTh MaTpula pa3sMepoB nm X ki

OéllB OélzB OélkB

Oéng OéQQB OéQkB

A®B = (6.17)

a1 B a,B ... o, B
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Danpumep,
3 12 0 0
3 0 2 143 12 21 0 0
5 2 4 7/ 5 20 2 8
20 35 8 14

X X
Dycrte A € F""*" B € F"”*™. Jpamoe BLIYUCIeHIE IOKA3bIBAET,
9T0

det(A @ B) = det(A)"det(B)™,
(AoB)"=AT® BT,
tr(A® B) = tr(A)tr(B),
(Ao B)'=A"1'9 B,

mpuyeM MOcCJeIHee PABEHCTBO BBINMOJIHAETCH MPH YCJIOBUM, YTO 0be
Marpuisl A, B oO6paTuMbI.

6.4.3. 9ceBmoobpaTrHasg MaTpHUIla

Hna mpousBosibHOM MaTpuilhl u3 C™* okasblBaeTCH BO3MOK HBIM
OlpeneTnTh MaTPUILYy, KOTOpad 0OJajaeT HEKOTOPhIMU CBoMcTBaMu
oOpaTHO} MaTPUIIBI M UMeeT MPUMEHEHUd IJid pellleHus CUCTeM JIH-
HelfHbIX YpaBHeHWUI.

DamoMHNM, ITO Yepes A* obosHaTaeTCad MaTPUIA, COMPIK eHHAS
K MaTpule A.

Matpuna AT HaswBaeTca ncesdoobpammoti 1aa MaTPULEL A, ec-
JIM BBITIOJTHAIOTCA CJIENYIONHe YCIOBU:

a) AATA = A,

6) AT = UA* = A*V nas nekoropbix matpun U, V.

Hna noxkasarenbCcTBa CYNIECTBOBAHUSA IICEBI00OPATHOR MATPHUIIBI
noTpebyercd cieayoliee yTBepK TeHne.

Jlemma 6.4.1. [lis o060 marpuibsl A € Crxk paHra r CymecrBy-
T Mmarpuita B paszmepoB n X r u marpuina C pazMepos r X k rakue,
gr0 A= BC nr(B)=1(C)=r.
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HoxkasareabcTBo. BosbMmeMm B KadecTBe cTOIONOB MaTpuibl B Ka-
RUe-HUOYIh 7 JnHefiHo He3aBUCUMBIX CTONMOmOB MaTpuiel A. Ka-
K Il cTosi0er a; MaTpPUILL A gBiadercd JguHeliHol KoMOuHalmeil
BBIOPAHHBIX CTOJIONOB € KO2bbUIMEHTAME Y1}, V25, - - - » Vrj. DB3AB 3TH
IUCTa B KaTecTBe j-To cTosbma MaTpuisl C, obecmednM BBITOTHE-
Hme paBencTBa A = BC. CoryacHo yTBepK IeHNIO 3) IPelIoK eHIs
3.2.4 mweem v < r(B),r(C). C apyToit cTOPOHBI, TPUHEMAA BO BHHE-
MaHue pasmepsl Marpuin B, C, 3akmouaem, uro r(B),r(C) < r.
Orcroma r(B) =r(C) = r. ]

. xk
Teopema 6.4.1. /Lis moboii marpuusr A € C"*" cymecrByer eqmn-
CTBEHHAas MCEBA0ObpATHAS MATPHIA. DU ITOM BBIITOJIHIIOTCS CJe-
JAVIoIlAe DaBEHCTBA:

(ATt = A; (6.18)
(At = (At (6.19)
(AAT)* = AAT; (6.20)
(ATA)* = ATA. (6.21)

JTokasareabcTBo. Jlid mocTpoernsa MaTpuibl AT BocmosbsyemMcs
pa3IokKeHrueM

A = BC, (6.22)

yKa3aHHBEIM B JTeMMe 6.4.1. Daiinem cravasa BT. Do onpenenenuio
TOJIK HBI BBITOJTHATHCH paBencTsa BBYB = B u BT = U, B*, re
U, — nerotopas matpuna. Orcioma BU;B*B = B. YMHOXKUB 0b6e
JaCTH TOCTETHeTo PaBeHCTBa CIeBa Ha B* ) mogyanm

B*BU,B*B = B*B. (6.23)

Y6emumcs, awto matpuna B* B obpatuva. Ona mMeeT pasMeps T X 7,
rie r — panr Mmarpuiibl A u matpuiel B. Corsnacuo ciaencrsuio 5.1.2
umeem r = r(B) = r(B*B). Cuenosarensno, marpuiia B*B —
HEBBIPOK TeHHAd. D0 Teopeme 1.2.4 oHa obpaTuMa.
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I3 pasencrsa (6.23) crenyer, uro Uy = (B*B)™!. Doucrasmuss
npaBylo 4acTh B paBenctBo Bt = U;B*, noayuaeM ciemylouryto

dopmyry:
Bt =(B*B)"'B*~. (6.24)
D POBONIA aHAJOTHYHbIE PACCYK TeHud Iid MaTpuilbl C, Halimem
ct =crccH) (6.25)
DoKaKeM, 4T0 MaTpPHUIa
At =ctBt =cCc*cc*"(B*B)'B~. (6.26)

SBIAETCA TceBIoobpaTHOl mra marpuusr A. 113 (6.26) nmeem At =
= C*(CcC*)"Y(B*B)"'B*, orkyna

AATA = Bcc*(cC*)"Y(B*B)"'B"BC = BC = A.

Hanee, obozmaums wepes K wmarpumy (CC*)~1(B*B)~!, nmeem
At = C*KB* = C*K(CC*)"'CC*B* = UC*B* = UA*, rze
U=C*K(CC*)"'C.  Auanornuno nonyuaem AT = C*KB* =
=C*B*B(B*B)"'KB*=C*B*V = A*"V rne V=B(B*B) 'KB*.

Takum 06pa3zoM, CymecTBOBaHNE TCEBI00OPATHOW MaTPUIIBT AT
TMPON3BOIBHON MaTpUIEl A TOKa3aHO.

YeTaHOBUM €TUHCTBEHHOCTD MCEBIOOOPATHOR MATPUIbI. D PEJIIo-
JIOKUM, 9TO I MATPUIB A NMeeTCd IBe TCeBIOOOPATHRIX MaTpPH-
ust AT u AT, n nokaxewm, wto A} = AF. Dycrs A = U A%,
AT = U,A*, A = A*Vy, A = A*V,. Donoxum D = A — AT,
U=U,-U,,V =V, - V. Torma D = UA* = A"V,
M3 paBencTs AAi"A = A, AA;'A = A cmenyer ADA = O,
rme O — HWyJeBad MaTpPUIa COOTBETCTBYIOMNX pasMepoB. OTcio-
ma (DAY*DA = A*D*"DA = A*(A"V)*DA = A*"V*ADA = O.
Takum obpasom, (DA)*DA = O. Ywuraremo mpemymaraercs ybe-
AnThcs, 9To Torma 1 DA = O. C ToMombIo TOCJETHETO PABEHCTBA
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noryiaem DD* = D(UA*)* = DAU* = O. Urax, DD* = O,
oTkyna D =0 n Ai" = A;’.

Ennncrennocts ncesnoobparnoii Marpuibl gokasama. Ciemnosa-
TeIbHO, U3 JII0OOT0 Pa3/IOKeHHd MATPUIBl A, YIOBIETBOPAIOUIETO
ycsoBusM seMMbl 6.4.1, o dopmynam (6.26) moryvaeTcs onHa u Ta
Ke IceBroobpaTHasd MaTPUIA.

s mokasaTesncTBa paBeHcTBa (6.19) Bocmomb3yeMces pasiioxe-
uneM (6.22). Dasenctso A* = C* B naeT aHAJIOTHYHOE PA3JIOK €HIe
g maTpuubl A®. Bamensasd B ¢popwmyie (6.26) marpuiust B na C*, C
Ha B* u moBropas paccyk IeHnd, HCIOIb30BaHHbIe DU TOCTPOCHNN
matpunbl AT Briire, 6ynem nvers (A*)T = B(B*B)~YCC*)"1C =
= (Cc*(cCc*)"Y(B*B)"'BB*B)* = (A")". Dasencrso (6.19) noka-
3QHO.

Joa nokasaresbcTBa paBeHcTBa (6.18) 3aMeTuM, 4TO passoxe-
ung (6.26), (6.24), (6.25) ynosierBopdior ycaoBuaM JeMmbl 6.4.1.
DOoBTOpAA MOCTPOCHHE ICEBIOOOPATHO MATPUIBI UCXONA H3 COOT-
BETCTBYIOUIEIO PA3JIOK €HNs U IPHIHUMas BO BHUMAHNe, YTO ICEBIO-
obpaTHasg MaTpHia 1J1g 0OPaTUMO} MaTPUIbLI COBIALAET C 0OpaTHOI,
oymem umers (AT)T = (BT)T(C*)* = (B*)*B*BCC*(C*)*. Co-
rnacuo (6.19) u (6.24) umeem (B*)T = (BT)* = ((B*B)™'B*)* =
= B(B*B)~! w anansoruno us (6.25) noayuaem (C*)* = (CC*)"'C.
Takum obpasom, (AT)T = B(B*B)"!B*BCC*(CC*)"'C = BC =
= A, u pasenctso (6.18) nokasamno.

Hora moxasaresnsctsa pasencts (6.20) u (6.21) moctarodno mom-
CTaBUTH B 3TH paBeHcTBa BMecTo AT momywennoe u3 (6.26) Bopaxe-
mne C*(CC*)"1(B*B)~! B* u ybenuthcsa, 4To JMeBast 9acTh COBIa-

naeT ¢ IpaBoii. D pomesaeM 3T0 11 paBeHCTBaA (6.20): AAT =
= BCC*(CC*)"Y(B*B)™'B* = B(B*B)™'B*, otkyna (AAT)* =
= B(B*B)"'B* = AA". a
DacCMOTPUM TPUMED BHIUUCTIEHU TICeBI00OPATHON MaTPUIbI 15t

1 -1 1 -1
MaTpuIel A = 0 1 0 1 |. Cuavana HaiimeMm pasJioxeHne

1 01 0
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marpuiibl A, ykazanuoe B jgemme 6.4.1. Dailimem panr marpuibl A ¢
MOMOIILIO 3JIEeMEHTAPHBIX TpeobpaszoBanuil CTPOK:

1 -1 1 -1 1 0 1 0 1 010
0 10 1 |~|0-10-1]~]010 1|62
101 0 0 10 1 00 00
1 -1
Orcroomar(A)=2u B=| 0 1 |,C= 1010 . Ma-
1 0 01 01

Tpuiia B 06paszoBaHa mepBBIMU IBYMHA CTOIOLAME MaTPHIBL A, KOTO-
pble 06pa3yoT MaKCHMATbHYIO THHEHHYI0 He3aBUCHMY O TOICHCTEMY
crosbnoB mMarpuusl A. Marpuna C nosydena u3 mocienseii Marpu-
usl B (6.27) orbpaceiBatueM mocsenteil (HyaeBoit) CTpoKH.

JaJtee BEIMHCTIHEM

1 -1
1 01 2 -1
Tp _ —
BB_(—llO) (1) (1) _(—1 2)

2 1 112
Tpy-1 _ 1 + _ T 1T _ 1
u (BTB) _3(12),3 _(BB)B_B(_121).

3aTeM HaxXOoIUM

1 010
T _
CC_(OIOl)

Otciona (CCT) ' =1E, u Ct = CT
1

_ O = O
[l
SN
o N
N O
~—

S = O =

cchy 't = %CT. D axomert,

~~

1

— N =N

1
maxomum AT = CTBt = % _1
-1
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DacCMOTPUM CHCTeMY JIMHEHHBIX ypaBHeHU# B MaTpuwHOil (op-
me: Az = b. Ona Moxer OBITh KaK COBMECTHOHl, TaK W HECOBMECT-
HOlt. Crosber ¢y HA3BIBAETCH HAUAYHUUUM NPUOAUHCEHHBIM PEULE-
Huem aToli cucremst, ecau Beswunna! |b — Awg|, nocturaer csoero
HAMMEHbBUIETO 3HAYEHNA W CPEIy BCeX CTOJIONOB &, I KOTOPBIX 9T
BeJINYNHA MMeeT HauMeHblllee 3HAUeHe, CTOI0eN £ TMeeT HauMeHb-
lree 3HaYeHIe HOPMBI 2o, .

Ormernm 6e3 TOKa3aTeTbCTBA, UTO CACTEMA JHHEHHBIX ypaBHE-
Hitii Az = b uMeeT eqHHCTBEHHOE HAMLY Ylilee MPHOJIIK eHHOE Dellle-
HHe i oHO onpesesisercs o ¢gopmyse xg = ATh.

§ 6.5. IDpubIMKEHHOEe pellleHue CHUCTEeM JIH-
HEeHHBIX ypaBHEHUH

B sTom naparpade Mbl paccCMOTPUM METO TOCJIeI0BATETbHBIX MTPU-
OJIMK eHUi 1715 pellleHnd CUuCTeM JIMHeHbIX YpaBHeHuit u 3aa9y olle-
HUBAHUSA OMUOOK, BOSHUKAIONUINX PU BBIYUCTEHUE OOPATHBIX MATPHIL
W HAXOXK JeHWU pellleHuit cucTeM JIMHEeHHbIX ypaBHEHUIl.

6.5.1. D pubsmkeHHbIe METOIbl PEIIeHUsS CUCTEM JIH-
HeliHbIX ypaBHeHUi

Dapany ¢ TOYHBIME MeTOHaAMU PellleHud CUCTeM JIMHeHHBIX ypaBHe-
anit, K KOTOpeIM OoTHOCUTCA MeTon ['aycca- ZKopmana, ncmoas3yoTes
u npubsuKenuble MeTonbl. g cucrem ¢ GOMBIIUM KOJUIECTBOM
HEW3BECTHBIX YacTO TOYHble MeTOIbl MPUMEHATh 3aTPYIHUTETbHO
wi BoobIe HeBO3MOKHO. MBI pacCMOTPUM OIUH METOJ TMOCJIen0-
BaTeIbHBIX TPUOIUIKeHuit, HazbiBaeMbllt Memodom npocmoti umepa-
yuu. Ayctb Ax = b — MaTpUUYHAdA 3aIUCh CHCTEMbI JIMHEHHBIX ypaB-
HeHuit U3 n ypaBHeHuil ¢ n HEU3BECTHBIMHU. DPEICTABUM ee B BUIE
x = b+ Dz, rne D nonyyaercsd KakuM-J1100 criocoboM U3 MAaTPHUITBI

'Onpenenenne wopmet |-, cm. B m. 6.1.1 ma c. 229.
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A, HampuMep ¢ TMOMONILIO BRIpAaKeHWd W3 KAk IOTO ¢-TO YpaBHEHUT
HeW3BEeCTHOTO Z; Yepe3 OCTaJbHbIe Hem3BeCTHBHIe. Bo3bMeM Tpoms-
BOJIbHO HavaJibHOE MIPUOJINIK eHle 2 y Oy/ieM BBIYUCIATH TOCTEN0-
pareasno (™ = b 4+ Da("Y) gua n = 1,2,.... OkaspiBaeTcs, 4T0
ecim p(D) < 1, T0 MOCTETOBATETHHOCTD :13(0), :13(1), .. .,:13(”), ... CXO-
JUTCH K TOYHOMY PENIeHUI0 CUCTEMBI. DTO MOK HO HCIOJb30BAThH JJId
MpubIINKEHHOTO HAaXOXK IeHs pellerus. BbibepeMm MmoJox uTerbHoe
9HCI0 € W OyIeM BHIYMCIATH 3Hadvenusa (™) 1o Tex mop, moka He
BBITOJTHUTCA HEPABEHCTBO ||:13(”) — :13(”"'1)” < €. 3a pelnenue nmpuMem
2"t 9y npakTHKe B KayeCcTBe BEKTOPHOI HOPMBbI B MPOCTPaHCTBE
CTOJIOMOB MOK HO UCIOJIBb30BaTh HOPMY — JJIMHY CTOJIOMA. D P yKa-
3aHHOM BBbIlIe crocobe norydenns D 3 A ycimosue p(D) < 1 BoI-
MoJIHAeTCH, HAPpUMep, eCJu B MaTpuile A MOIyJIb JI0O0T0 3JeMeHTa,
cTosduiero B ¢-if cTpoke u i-M crosibie, 6bosbiie, yeM cyMMa MoyJiei
OCTAJIBHBIX 3JIEMEHTOB ¢-CTPOKH, IJId BCEX CTPOK MATPUILI A.

DacCMOTPUM TPUMEp. DelluTh MeTOAO0M MPOCTOH mTepainuu Cu-
CTeMy JIMHEWHBIX ypaBHEHWH

1021 + 229 + 323 + 4 = 16;
1 + 2029 4 223 + x4 = 24;
1+ 29+ 1023 4+ 224 = 14;
221 4 229 + x3 + 2024 = 25.

Brrpasus u3 KaxmoT0 ypaBHEHUS HeW3BECTHOE C COOTBETCTBYIOUINM
HOMEPOM Yepe3 OcCTajbHble, MOJYYUM CUCTEMY ypaBHeHUil, paBHO-
CUJIBHYIO UCXOTHOM:

1 =1,6—0,229 — 0,323 — 0, lay;

29 =1,2—0,0521 — 0,13 — 0,0524;

23 =1,4—0,121 — 0,129 — 0,224 (6.28)
24 =1,25—-0,127 — 0,129 — 0, 052s.

BospMmem B kauecTBe HavaIbLHOTO HpI/I6JII/I}KeHI/IH 3HaYeHNA

(1,65 1,2; 1,45 1,25),
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JlaBaeMble CBOOOJIHBIMU YJIEHAMHU NMPABBIX dacTeil ypaBHeHuit cucre-
MBI (6.28). B kavecTtBe ¢ BeIOepeM wncio 0,001. De3yrbTaThl BHITH-

caennit opopMuM B Bume Tabannbl. Kax mag mociemyioniag CTPOIKa,
o o n+1
IMoJIy49aeTCd m3 Ipedbliyllen BblIYucJIeHneM 3HaYeHnun $£ )

ycgn) o gopmyram (6.28). [LoMOTHATETHHO BBITHCISAEM IIHHY BEK-
topa (") — 2(") | BagamunBaeM BBIMMCTEHNA, KOTIA BHIIOJTHACTCH

nepasencTso |zt — ()| < ¢,

yepes

Nrepanysa 1 z9 T3 T4 |:13(”+1) — :13(”)|
) 1,6 1,2 1,4 1,25 —

) 0,815 0,9175 0,87 0,9 1,048538

) 1,0655 1,02725 1,04675 1,03325 0,351840
) 0,9772  0,99039 0,98408 0,98839 0, 122868
9 1,00786 1,00331 1,00556 1,00404 0042590

) 0,99726 0,99885 0,99808 0,99860  0,014759

) 1,00095 1,00040 1,00067 1,00048  0,005121

) 0,99967 0,99986 0,99977 0,99983  0,001775

) 1,00011 1,00006 1,00008 1,00006  0,000616

B Ka4deCTBe pelleHund 6epeM 3Ha4YeHUd
(1,00011; 1,00006; 1,00008; 1,00006).

BaMeTuM, YTO TOYHOE pelleH’e PAcCMaTpUBaeMoii CHCTeMBl eCTb
(1;1;151).

6.5.2. OmubKHu mMpu HAXO0XK IeHUU OOpaTHBIX MATPUIL

DyCTh 3aTaHa HEBBIPOK IeHHAd MaTpuila A mopanka n. MoxHo cuu-
TaTh, YTO BO3MOKHO TOUYHOe HAXOXK IeHIe obpaTHoil MaTpumbr A~L:
OIHAKO, eCJIN BBIYMCIEHUd MPOU3BOAATCH Ha UU(OPOBOM KOMIbIOTE-
pe, To Henu3beK Hbl OMUOKYU 3a CYeT OKPYIJIeHud. Jojiee TOTo, Ia-
JKe eCJIM BCe BBIYMCJIEHUA NPOU3BOAATCA C NMpeAeabHolt TOYHOCTBIO,
3JIeMeHTHl MAaTpUIbl A MOTYT ABAATHCA Pe3yAbTaTaMU HEKOTOPLIX
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HabMogeHnit WM HEKOTOPBIX TPEeIBapUTETbHBIX BRIUNCIEHTH, BHO-
camnx omnokn. Kakx BANAIOT OKpYTIeHUA T HETOTHOCTH B MCXOTHBIX
MAHHBIX Ha (PAKTUIECKA HallTeHHyo 00paTHY0 MaTpHILy !

OxasbiBaeTcd, 4TO BO MHOTHX aJropuTMax 3¢ ekt omunbok okpy-
TJIeHWH TPy BBEIYUCTIEHNAX MOXKHO CMOJEINPOBATH MPH TMOMOIIN He-
OOJTBITOTO W3MEHEeHNs HAada bHBIX JaHHBIX. OJTO 3HAYWT, ITO BMe-
CTO MaTpUIBl A MBI paccMaTpuBaeM MaTpuiny A + D, rme mamemne-
are D HavaJ bHBIX JaHHLIX JOCTATOYHO “MaJjio”’, TaK 9TO MaTpPHUIA
A+ D obparuma. Torma omubxa pasHa A - (A+ D)_1 = A1
—(A(E+A'D) ' = A ' (E+A'D)A™!. Eem p(A™ID) < 1,
To Matputia A+ D 6ynet obpaTuMoit 1 coTsTacHo TperIoK ennio 6.1.2
(E+A'D)'=E-A"'D+(A'D?—.. 4+ (-1 A'D)} +. ..
Orciona A™'—(E4+ A 'D)A ' = A'DA™' - (A™'D)2A " .. .+
+(-=1D) Y (ATID)* A~ + ... Tagkuum o6pasom, maeeM TouHyIO BOp-
MYy IJI9 OIHOKM

A" (A+D)'=A"'DA! -
—(AT'DZAT L (DN ATI DY AT L (6.29)

ecn p(A™'D) < 1. DaccMOTpUM TPOU3BOTHHYIO MATPHTHYTO HOP-
My || (wacTo B KadecTBe Takoit HOPMBI HepeTcs CIeKTpaTbHAd HOP-
ma [,). Dpennonaras, uro |[AT'D| < 1 u |D|, < 1/|A7Y, u3
(6.29) MOKHO TOJIYINTh CIEIyIollee HEPABEHCTBO IIA OTHOCHTE b+
HO¥t OMMOKT BHIYHCIeHN MAaTPUIHT A~ ! (MBI OTycKaeM BBIKJIaIKN):

[A™ —(A+ D)”'| _ _|ATHIAl(DI/IAD
A~ ~ 1= JATNiAlADl/1AD

Besanuuna

(6.30)

K(A) = |A7Y|A|, ecm MaTpuTIa A HeBHIPOXK TeHHA;
00, €CJTH MaTpHiia A BBIPOXK IeHHA

HA3BIBACTCH YUCAOM OOYCAOBACHHOCTNU MAMPUYDLL A IO OMHOWEHUIO
x Hopme |-|. Tak kax |E| = 1, 119 HeBBIPOXK IeHHOH MaTpuibl A
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nvmeem k(A) = |A7Y|A| > |ATTA| = |E| = 1. Taxum obpasow,
Bcerna K(A) > 1. II3 mepasencrsa (6.30) BbITeKaeT ciemyiomas
OIIEHKA

[A” - (A+ D)) _ K(A) 1D]
| — L=w(A)[D]/1A]) Al

(6.31)

OTHOCUTETbHOW OMuOKT B 06paTHOl MaTpulle Yepes OTHOCUTETHHYIO
OMUOKY B UCXOIHON MaTpuiie. I1a hopMysia HOKa3bIBAET, YTO OTHO-
cUTeTbHad OMNOKa B 0OpaTHON MaTpUIe WMeeT ONWHAKOBBIH mops-
JTOK MaJIOCTH ¢ OTHOCHTETbHOW ommnOKoil B HATa bHBIX JAHHBIX TMPH
YCJIOBUH, UTO BenmunHa k(A) He cammrkoM Beqnka. llmes B Bumy
3a7avy 00OpalleHns MaTpHIl, TPH OOJBIINX 3HaAUeHNAX K(A) TOBOPAT
0 naoxoti 06Yyca06AeHHOCU MATPUTIBI A TO OTHOMIEHWIO K TaHHON
HOpMe, a mpu 3HaveHuax K(A), omm3kux K 1, ToBOpAT 0 wopoweli
06Yc.A06A€ HHOCTU MATPUIIBI A TIO OTHOIEHWIO K TaHHo#t HopMme. Ec-
JIV MaTPUIa CPETHETO pazMepa ¢ 3JIeMeHTaMu yMepeHHO BeTuInHbI
wIoxo 06yc/I0BIeHa, To B MaTpuie A~! obaszaresnsno 6yayT 6osblme
ameMenThl. [l oThICKaHWd dncaa oOYCIOBIEHHOCTH KOHKPETHBIX
MaTpPUI MBI OyIeM UCTOMb30BaTh CTEKTPATLHYIO MATPHIHYIO HOPMY.

DacCMOTPUM MPUMEPBI. DaliTh IUCcI0 06YCIOBIEHHOCTH MATPHIL

1 -1 0,1 1
A‘(1 1)“3_(—m11)
11 1 -1 20
Ta _ _
I/IMeeMAA_(_1 1)(1 1)_(0 2),OTKy,ILa

|A], = 2. Haree, A~ = L ( o ) (A)TA =

L1 L1y _ 120\ _ (05 0
T4\ 11 -1 1) 4\ 0 2 ) 0 0,5 /"

orkyaa A7, =0,5. Do bopmyie (6.30) noayuaem k(A)=2-0,5=1.
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Haa marpusl B aHAJOTHYHO TOJIYIaeM

., (0,1 -0,1 0,1 1\ _ [002 0
BB_(1 1 0,1 1)~ 0 2/’

orkyaa |B|, = max{0,02,2} = 2. [lanee, B™' =5 0 1 0_1 ) n
1 0,1 1 -1 1,01 0,99
-I\T p-1 _ ” _ ’ ’
(B™)' B _25( 1 0,1 ) ( 0,1 0,1 ) _25(0,99 1,01)
(2525 2075 ¢ ) )
= 2475 25,95 | XepaxTepucTIIecKiil MHOTOwTEH Hoc el

MaTpHIBL paBel (25,25 — )2 — 24, 75% = (25,25 —x — 24, 75)(25,25—
—x424,75) = (0,5 —2)(50 — 2). Orciona |B|, = max{0, 5;50} = 50.
Takum obpasom, x(B) = 100.

Mp1 By, aTo B MaTpute B~ ecTh ameMents, B 5 pas mpeBoc-
xomdTme Hanborpmnit 3;7eMenT B, B T Bpemd Kak B MaTphie A~
HanbOIBIUIN{ TTO MOLYJTIO 9JI€MEHT TakKoil &e, Kak B MaTpuie A.

6.5.3. OmubKu npu pelieHnun CUCTeM JUHEHHBIX ypaB-
HeHUuH

3mech Mbl IpUBENEM allPUOPHbIE OLUEHKH TOYHOCTH PellleHus CUCTe-
MbI JIMHEWHBIX ypaBHeHuit. Dycrh Tpebyercd peliuTh CUCTEMY JIH-
HeliHbIX ypaBHeHu#t Ax = b, rhme Wuciao ypaBHeHUil paBHO YUCTY
HEU3BECTHBIX, HO BCJIENCTBUE OMUOOK B BHIYUCICHUAX WJIM HEOIpe-
JIEJIEHHOCTH B HAYaJbHBIX MaHHBIX (HaKTUYECKH pelraercd CucTeMa
(A+ D)x=b+d, tne D, d — “mamnse” marpuua u Bektop. Torma
OMMOKY T — & MOKHO OIEHUTH cBepxy Tpn yeaosun p(A™'D) < 1
CTEIYIONINM 00pa3oM (31ech BEKTOPHAS HOPMa IPEINOIaraeTcs co-
[JIACOBAHHO} ¢ MaTpuUvHON HOpMOIL):

= — 2] _ K(A) |1 D] K(A) ||

el = T w(A)DI/IA]) " [4] " T <(A)XDI/IAT) "ol
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Yucmo obycaoBmenoctn K(A) CHOBa onpeneseT 1yBCTBUTEIHHOCTD
OIleHKY OMMOKN B PellleHnn K MOrPeIlHOCTAM B HaYa IbHBIX TaHHBIX.

DacCMOTPUM MPUMEPHI XOPOIIO 06YCIOBIEHHOR U MII0X0 06yCII0-
BJIEHHO# cucTeM JIMHEHHBIX ypaBHeHU|. DycTh TaHA CUCTeMa JInHel-
HBIX ypaBHeHWI

$1—$2:0;

Fe Marpuma coBmamaer ¢ pacCMOTpeHHON B TpUMepax TPeIbIIyIIero
MyHKTa MaTpuieil A, KoTopag Xopouio o0yCJOBJIeHA. JelleHre Cu-
crembl — mapa (1,1). DpennosoxuM, 9TO TpaBble TaCTH CHCTEMBI
(6.32) onmpenmemnensr HeTouHO, Kak 0,1 u 1,9. Torma HoBag cuctema

] — 22 =
r1+ a2 =

— o
Neli o

nmeet penrerne (1;0,9), KoTopoe He CHITBHO OTIHIAETCA OT PEUIEHH
nCXOmHO# cucTteMbl. ['eoMerpudeckn xopoiias o0yCI0BIEHHOCTD CH-
cteMbl (6.32) MoxeT OBITH MPOMJLITIOCTPUPOBAHA CIEIYIOUINM 06pa-
30M. DelleHne 9TOH CHUCTEMBI €CTh KOOPANHATHI TOUKN IepecedeHns
IPSIMBIX &g = @1, &2 = 2 — x1. Ecam mpassre dactu cucteMsl (6.32)
M3MeHTI0TCA He HoJiee 4eM Ha &, TO IpAMble, COOTBETCTBYIONINE HO-
BBIM ypaBHEHHSAM, 3aKJI0OUEHLI B MOJOCAaX, YKa3aHHBIX Ha puc. 14,
1 TO4YKa, COOTBETCTBYIOIIAA PEIIeHNTO, TOMEINaeTCs BHY TP KBaIpa-
Ta ¢ BepIINHAMH B BBIIEJEHHLIX TOYKaX, “He CJIMIIKOM IaJIeKo”’ OT
toukm (1,1).
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L2 To = 1

1 T4

Ty = 2 — 1
ouc. 14
DycTh Teneppb MaHa cCucTeMa JUHeHHBIX ypaBHEHU’

Olel + a9 = 1717
(6.33)
—0, 1$1 + Ty = 0, 9.
Fe Marpuma coBmamaer ¢ pacCMOTpeHHON B TpUMepax TPeIbIIyIIero
NyHKTa MaTpuiteil B, KoTopasd MJIOX0 O0yCJIOBJIEHA. JelleHne CH-
crembl — mapa (1,1). DpennosoxuM, 9TO TpaBble TaCTH CHCTEMBI
(6.33) ompemnesrensl HetouHo, Kak 1,0 n 1,0. Torma woBas cmcrema
07 ey + 29 = 1707
_07 log + a9 = 1707
JUYaeTcd OT pellleHnd mcxomuoll cuctemsbl. ['eoMeTpuyuecku mmoxas
00y CIOBIEHHOCTH cucTeMbl (6.33) MOKeT OBITh TPOUILITIOCTPUPOBA-
Ha caemylomuM obpas3oM. DelieHre 3ToH CHCTEMBI €CTh KOOPIUHATHI
TOYKHM TlepecevyeHud npambix z9 = 1,1 — 0,12y, z9 = 0,94 0, 124.
Ecnm npasbie qactu cucremsl (6.33) usmeHATCa He Oojlee 1eM Ha
€, TO IpAMBbIe, COOTBETCTBYIONINE HOBLIM ypaBHEHUAM, 3aKII0YeHbl B

nmeet pemrerne (0; 1,0), KoTopoe CHIBHO OT-

MoJIOoCax, YKa3aHHBIX Ha PHUC. 15, 1 TOYKa, COOTBETCTBYIONAA pelie-
HIIO, TOMeI[aeTcd BHYTPH MapaJjLIeorpaMMa ¢ BepUIHHAMK B BELLIE-
JIEHHBIX TOYKaX, HHOTTA “TOBOJIBHO maseko” or tovkn (1,1).
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9 =0,94+0, 124

$221,1—0,1$1

1
Duc. 15

Bamawm: [17], Ne223-240

a1



I'maBa 7

JomnogHeHn st

B 370ii Ty1aBe cobpaHbl HEKOTOPBIE MaTeMaTHYeCKe TOHATHS 1 (hak-
ThI, UCIIOJTb3yeMble B Kypce JuHelinol ajarebpbl, HO He OTHOCHIINECH
K ee IpeaMeTy.

§ 7.1. DJeMeHTHI TEOPUU MHOXK €CTB

DOHATUA MHOKECTBa U 3JIeMeHTa MHOXKeCTBa ABIAIOTCH UCXOTHBI-
MU B MaTeMaTHRe W He ONpeIedioTCa B TepMUHAX APYTUX TOHATHI.
CooTHolleHNs MEXK Iy 9TUMU TOHATHAMA MOTYT ObITH CHOPMYyTUPO-
BaHbl B Bume akcuoM. OIHAKO aKCHOMATHYECKOe U3JI0K eHIe TeOPUU
MHOXK eCTB BeChbMa TPYIHO IJIs BOCTPUATHA U OCOOEHHO I TepBO-
HA9aJbHOTO 3HAKOMCTBA C 3JI€MEHTaMU 3TOif Teopun (TaKoe N3I0K e-
HIWe MOXKeT ObITh HaiileHo, HampuMep, B KHUTe [12], a Takke B Tula-
Be 9 xuurm [23]). 3mech Oymer maHO W3TOKeHWe “HaMBHOM” Teopmm
MHOXK eCTB B 00beMe, HeoOXOMNMOM JITs TOHUMAaHN Kypca JuHeinoi
aJaredphl; MOCaeTOBATEIbHOMY KYypCy “HaumBHONW’ TeopHN MHOXK E€CTB
MOCBATIeHa KHUTA [2]. DOJBUIMHCTBO W3 TPUBOIUMBIX HIK € TOHATHIT

OOBITHO paccCMaTpuBaeTCid B IIKOJIBHOM KypcCe MaTeMaTUuKH.

268
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7.1.1. MHoxecTBa U onepalyuu ¢ HUMU

DOl MHOHCECTNEOM TOHUMAETCH COBOKYITHOCTh OOBEKTOB, Ha3bIBa-
EMBIX DAEMEHMAMYU MHOHNCECTNEA, OOBIYHO OObEIUHEHHBIX KaKHM—
Ju6o cBoiicTBOM; Mociennee 0CODEHHO XapaKTEePHO MPH OMpeIeIeHun
OecKOHeYHBIX MHOKecTB. KoHeuHble MHOXKeCTBa MOKHO 3aTaBaTh
nepedncjaeHneM UX 3JeMeHTOB. Jalpumep,

{0,1,2,3,4,5,6,7,8,9}

InpeacTraBJjrdeT coboif MHOXK €CTBO HaTypaJIbHbIX 91CeJI OT HYyJId OO Ie-
BATH. A BOT npuMep OECKOHEeYHOTO MHOXK €CTBa, HaTypaJIbHbIX THACeJI:

{n | n—derHoe HaTypaIHHOE TUCTO}.

B takoii 3anucu B GUrypHBIX CKOOKaX 3aluchbiBaeTcd CHavasla 00-
mui BUI 9J€eMeHTa MHOJKeCTBa, a 3aTeM, Yepe3 BePTUKAJIbHYIO dep-
Ty, YCIOBHE, ONpenediolee 3JIeMeHTbl MHOK eCTBa. D PU ITOM MOJI-
pasymMeBaeTcsd, YTO MHOK €CTBO COCTOUT U3 BCEX DIIEMEHTOB, YIOBJIe-
TBOPAIOMINX YKA3aHHOMY VCJIOBUIO.

0603HaYaI0TCH MHOKECTBA 3aIlJIaBHBIME OYKBaMU, a UX 3JE€MeH-
Tl cTpoutbiMu. To, 4TO @ dABJIdeTCH >JEMEHTOM MHOKecTBa A, 3a-
nucbiBaercd Tak: ¢ € A m unrtaercd “a npunamiaexur A”. Fcoau b
He ABJIAETCHA JEMEHTOM MHOKeCTBAa A, TO 3TO 3alUCHIBAETCH TaK:
b ¢ A. MuoxectBo A HazbIBaeTCH NOJMHONCECME0M MHOKeCTBa B
(obosnawaercs a1o depes A C B), ecm nys 10600 3I€MeHTa @ 13
a € A cuenyer ¢ € B. JIBa mHOKecTBa A 1 B Ha3bIBAIOTCHA PUGHDI-
mu (obosnavenne oboranoe: A = B), ectm A C Bu B C A. Jlerko
npoBeputh, uTo 13 A C B u B C C cnenyer A C C.

Baxuyo posib UrpaeT MHOXKECTBO, He colepiKallee HU OIHOIO
ssiemenTa. OHO HA3BIBACTCH NYCMBIM MHOHCECMBOM I 0DO3HATAETCH
gepes (). Takoe MHOXKeCTBO 110 ONpeeeHnI0 CINTAeTC TTOIMHOK e-
CTBOM J1000r0 MHOK ecTBa. (OHO 4acTO BO3HHKAeT KaK MHOXKeCTBO
pelienuif ypaBHEHHS WM CHCTEMbl ypaBHeHUii. Dampumep, HeCo-
BMeCTHad cucTeMa JUuHeliHbIX YpaBHEeHWH WMeeT MycToe MHOKeCTBO
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pemenuii. DycTBIM TaKKe ABIAETCT MHOKECTBO BEIECTBEHHBIX pe-
wenuit ypasuenus z? + 1 = 0.

Yncito 91eMeHTOB KOHETHOTO MHOXK eCTBa A Ha3bIBAeTCH €T0 MOU|-
HOCTBI0 UITH nopadkom 1 obosHadaeTcs depes |A|. Do onpenemeHnio
nomarafor [f] = 0.

DycTh maHbl 1Ba MEOKecTBa A m B. U3 unx MoxHO o6pasoBaTh
CJEIYIONINe TP MHOK eCTBA:

nepecevenue A N B MHOKecTB A 1 B, paBHOe MO ONpeeTeHnio
{z |z € Anae B};

obsedunerue AU B mHOKecTB A u B, paBHOe 1O olpeneeHnio
{z |2 € Anm z € B};

pasnocms A\ B MmHOKecTB A u B, paBHasd 1O ONpeIeNeHnto
{z|r€Ana ¢ B}

Ob6bennuenne IBYX HEMYyCTHIX MHORKECTB Bcerma HemycTto. Mmo-
K €CTBa HA3BIBAIOTCA HENEPECEKAIOWUMUCS, €CTT NX TTepecedeHne my-
cro. s moberx MHEOKecTB A, B, C' cipaBeIIuBHI CIEAYIONNE pa-
BEHCTBa, TPOBepAEMbIe HETTOCPEICTBEHHO MO ONMpETeIeHmIo:

1YANA=A, AU A = A

2)ANB=BNA,AUB = BUA;

3 (AnNB)NC=An(BNC),(AUB)UC =AU (BUCY);

4) (ANB)UC = (AUuC)N(BUC), (AUB)NC = (ANC)U(BNC);

5) AN(AUB)=A, AU(ANB) = 4;

6) AUD=A, AnD=0;

7)) A\(BNC)=(A\B)U (A\C), A\(BUC) = (A\B)n (A\C).

7.1.2. OtobpaxkeHus

Dycre X u Y—naBa MmHoxectBa. Jexapmosnim npoussederuem X XY
9TUX MHOJKECTB Ha3blBaeTCHd MHOXKECTBO BCEBO3MOXK HbIX YIOPHAIO-
JeHHBIX map (x,y)smementoB s € X ny € Y. [l mobeix 21,25 € X
n y1,y2 € Y paBeHCTBO (21,¥1) = (232, Y2) WMeeT MeCTO IO OIpesee-
HUO TOTHA U TOJbKO TOTHA, KOTIA &1 = X1 U Y1 = Yo. Omobparceru-
eM U3 MHOKecTBa X B MHOKeCTBO Y Ha3blBaeTCd BCAKOE TMOIMHOMK e-
ctBO F nmekaproBa mpousBenenud X X Y, obiajgatolee cBolicTBaMu:
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1) mra moboro € X cymectsyer y € Y rtakoii, 4to (z,y) € F
(cBOliCTBO BCIOLY OIpeIeseHHOCTH );

2) mas mobbix @ € X, y1,y2 € Y us yenosud (x,11), (2, y2) € F
cienyer y; = Yo (CBOHCTBO GyHKUMOHATHHOCTH ).

CunonuMoM cJioBa “orobpaxkenue” gBIgETCA CJIOBO “PyHruus’.
Bwmecto (z,y) € F npunaro nucats F(z) = y. Daement y € Y Ha3bI-
Baercsd obpasom snementa © € X mpu otobpaxkennn F [oH 0603HATA-
eTcd Takxe qepe3 F(z)], a 31eMeHT £— npoodpa3om 3TeMenTa § Tph
otobpaxennn F. Tor dakt, ato F ABasgercsa oToOpaXkeHHEeM MHO-
KecTBa X B MHOKECTBO Y, TPUHATO 3aMUCHBATHL Tak: F : X — Y.
Hoa moboro nogmuoxectsa X MHoxkectBa X depes F(X;) obosna-
anM MHOK ecTBO {F(2) | # € X1}; oHO Ha3BIBaeTCH 0OPA3OM TOIMHO-
xectBa Xp (mpu orobpaxenunn F). Muoxectso F(X ) nazbiBaercd
obpazom omobpaxcenus F. Ecaun F(X) =Y, 1o orobpaxenne F
Ha3bIBAETCH COPEERMUGHBIM, TTH oToOpaxkenneM X na Y. OTtobpa-
KeHne F Ha3BIBACTCH UHBEKMUSHBIM, U 63AUMHO-O0HOZHAYHDIM,
ecan 1ud J00bIX 21,2 € X u3 pasenctBa F (1) = F(x3) cuaenyer
1 = x9. Orobpaxkenne F HA3BIBACTCH OUEKMUSHDIM, WITH Ouekuyuet,
€CJIN OHO MHHEKTUBHO U CIOPbeKTUBHO. Toscdecmeenmvim omobpa-
Jcenuem Ha MEOK ecTBe X HasbiBaeTcsd oTobpaxenne Ex : X — X,
ompenenentoe mpasuaoM Ex(z) = ¢ ana moboro ¢ € X.

Dycth mauel otobpaxermndg A @ X — Y u B :Y — 7.
Ipoussedenuem AB otobpaxenuit A m B HaswsBaeTca oTobGpaxke-
wme C : X — 7, onpenenennoe npasunom C(z) = B(A(z)) nus
goboro x € X. Jld onpeneleHHOTO TaRAM 00pa3oM TMPON3BEIeHTs
NCIOIB3YIOTCA TaKKe TEPMHUHBI “KOMIO3MINA’ W “CyHepro3uins’ .
Y pomsBenenne AByX Omekuuii aBadeTCd OWeKIumeii.

Orobpaxenue B : Y — X HaspiBaeTcd 00pamubvim K oTODpa-
weunio A : X — Y, eciu AB = Ex u BA = & . Orobpaxkenne
A: X — Y obmamgaer obpaTHBIM TOTHa U TOJBKO TOTIA, KOTIA OHO
ABIAETCS OMexImeii.



272 I'nasa 7. /lomosrmenns

7.1.3. Meton maTeMaTU4eCKOi# MHIYKIIUU

Nunyknueii HazbiBaeTCa CIOCOO pacCyXK IeHuil OT YacTHOTO K 0bIIe-
My. [l mokasaTenbcTBa yTBepK JeHuil, 3aBUCAIMX OT HATYpaJlb-
HOTO 4HCJa 7, UCIOJIb3yeTcs TaK Ha3blBaeMblii Memod Mmamemamu-
weckoli undyryuu. Jycts A = A(n)—HEKOTOpoe yTBEpK IeHHe, B
$bopMyTMPOBKEe KOTOPOrO y4aCcTByeT HaTypaJbHoe 9ncao n. PakTu-
JecKu MBI HMeeM OeCKOHeYHYIO IMOCIel0BaTelhbHOCTh yTBepK JeHunii
A(1), A(2),.... Urobbl moKa3aTh CIPaBEITUBOCTh YTBEPK TeHn A,
Tpebyerca mokasarh A(k) npu HamMeHbUIEM BO3MOKHOM 3HAYEHUN
k (s10 Tak wasbiBaeMas Ga3a uHdyKyuu) M TOKa3aTh, ITO U3 CIpa-
BeITUBOCTH yTBepK menunii A(k) mpu Bcex k < n ciemyer crmpasen-
JUBOCTD yTBepK menuda A(n) (310 wae undyryuu). Nnorna B mare
WHIYKIWM JOCTATOYHO MOKa3aTh, 9TO U3 CIIPaBeIINBOCTH yTBEPK Ie-
st A(n — 1) cremgyer cnpaBeqmuBocTh yTBepK menns A(n). Dpu-
Mepbl pacCy XK JeHuil 0 MHAYKIMK BCTPEeYaloTCa B JOKa3aTeIbCTBax
OCHOBHOT'O TeKCTa; CM., HaIlpuMep, JOKa3aTeJbcTBa TeopeMm 1.2.1,
3.1.1,4.3.1, 5.1.2, 5.2.3, 5.2.4, 6.3.1, 6.3.2.

§ 7.2. MHoro4jeHbI HAJ, II0JIEM

DTOT Maparpad Comepxk uT HeoOXOANMbIe I TOHHMAHWs OCHOBHOTO
TeRCTa TOHATHA ¥ (HOPMYJTUPOBKYU PEe3yJbTAaTOB OTHOCHTETHHO UH-
CJIOBBIX TOJIEli M MHOTOUJIEHOB HAJ TaKUMM monamu. [loKasaTesb-
CTBa COOTBETCTBYIONINX Pe3yJIbTaTOB MOTYT OBITh HaiileHbl, HAIPH-
Mep, B sr000i#t w3 xuur [9], [10] [13], [20].

7.2.1. DoHATHEe YUCJIOBOIrO II0JIS

HJuca06biM noseM HA3BIBAETCA MHOKeECTBO UNCeN, COMepK alllee TH-
cjio 1 u BMecTe ¢ J0OBIMU YUCTAMU &, [J cOlepIKallee duciaa o — [3
u (B ciydvae, korma 3 # 0) % DTO yCJIOBUE PABHOCUIBHO TOMY, 4TO
MHOXK eCTBO YMces 3aMKHYTO OTHOCUTENbLHO CJIOKeHUdA, YMHOXK €HUd,
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B3ATUA MPOTUBOIMOJIORK HOTO YUCIa, B3ATHH 00PATHOTO YUCIa I He-
HyJIeBOTO uncia u comepxEuT dncyaa 0 m 1. M3BecTHBIME U3 ITKOJIBLHO-
ro Kypca MaTeMaTUKW TPUMepaMU YUCTOBBLIX ToJell aBAdI0TCH MHO-
xectBa (Q Bcex pannmonaabHBIX unces n MHOK ecTBO R Bcex meiicTpu-
TeJIBHBIX YUcesa. B 9McIoBOM oJTe InCaa MOK HO CKITAIbIBATh, BLITHA-
TaTh, YMHOXK aTh U IeJIUTh HA HEHYJIEBOe YnNCI0. Danbosee MUPOKUM
Cpemy YMCIOBBIX moeil aBagerca mose kommrekcubx ances C. Ero
MOXK HO OIpeIesuTh KaK COBOKYIHOCTh BCeX (DOPMAJIbHBIX BbIpaiKe-
Huit Buga a + bi, vme a,b — npousBoabHble HeficTBUTEIbHBIE YUCIIA,
! — CHMBOJ, Ha3biBaeMblil MHuMol edunuyeti. Omepaliuu cI0x eHust
U YMHOXK€HUs ONpelesdioTcd CAeTyomuM odpa3om:

(a+bi)+ (c+di)=(a+c)+ (b+d), (7.1)
(a + bi)(c+di) = (ac — bd) + (ad + be)i. (7.2)

Jlerko mpoBepuTh, YTO ATU ONEpalUi YIOBJIETBOPAIOT TeM Ke 3a-
KOHaM, 9TO W ONepaliy CJIOKeHUs U yMHOKeHUs JTefCTBUTeTbHbIX
qHCeT.

HeficTBUTEIBHBIE YHCTIA OTOXK JECTBIAIOT ¢ KOMILICKCHBIMY JH-
caaMu Buga ¢ + 07; omepanuy HaJl TaKUMHU KOMILIEKCHBIME THCTaMK
cormacuo (7.1) u (7.2) BBIIOJHAIOTCS TaK XKe, KakK Hal neficTBUTeNb-
oeiMu gucaaMu. Jucno 0+ 1i 06o3HavaioT TpoCcTo Yepes 1; CorIacHo
(7.2) % = (0+ 1i)(0+ 1) = =1 + 0i = —1, Te. i* = —1. Drum
0ObACHIETCS TepMUH “MHUMas eInHnIa” .

Itk KOMILIEKCHOTO Yicaa 2 = a + bi 4ucio a — bi HasbIBaeTCst
CONPANCEHHBIM € Z N obo3HadaeTcsd depes Z. Ncmonbsys GpopMysn
(7.1) m (7.2), TeTKO MOIYINTH CIEAYIONNe CBOKCTBA ON€PALNH TTepe-
XOJa K COMPSKEHHOMY YHCIIY:

Nt =45 5 = A T (7.3)

Ecau z = a + bi, 10 2Z = a® + b? > 0; HeoTpunareabHOE HefCTBU-
TeJIbHOe YUCJIO v/ ZZ Ha3blBaeTcsd Modyaem TUCTA z W 0DO3HaYaeTCHd
gepes |z|. [adg MOLyJsis KOMILIEKCHOTO THCJIa CIPABEITUBBI TaKue
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CBoOlicTBa:
|21 + zo| < o] + |22l |21 - 22| = |21] - |22]. (7.4)

Kommmekcubrie 9ncma mMeIOT CIeIyIONyio TeOMeTPUIecKyio WH-
Tepuperanuio. 3aUKCUPyeM TPAMOYTOIBHYIO TeKAPTOBY CHCTEMY
ROOPAMHAT Ha TIOCKOCTH W COTIOCTABUM KOMILTEKCHOMY 9nCTy a+ bi
Touky M ¢ RoopmumHaTamu a,b. Torma, Hampumep, MOTYTh 9UCITa —
9TO PACCTOAHME OT TOYKM J0 Hadasa KoopnwHaT. Takasd mIOCROCTH
Ha3bIBAETCH KOMNAEKCHOU naockocmoto. OTepanni ¢ KOMIIEKCHBI-
MU 9UCJaMA TakKKe NMMEe0T eCTeCTBEHHYI0 TeOMEeTPUIeCKyIo MHTep-
TMPETAINNIO, eCJIN COTOCTABATh KaX T0# TOUKe ee PauyCc-BeKTOD; UH-
TaTeIo TPeIIaraeTCad CaMOCTOATENbHO HaliTH TaKyio WHTepIpeTa-
mmio. Kaxmoe HeHyTeBoe KOMILTERCHOE THCTIO Z MOXKeT OBITH Tpe-
CTaBJIEHO B MPu2oHOMempureckoll Popme: z = p(cos ¢ + isin ), Tme
p — MOIYJb 9UCTa 2, a (@ — apeyMeHnm, T.e. YTOJI, oOpa3oBaHHbII
BEKTOPOM, M300PaX AlOMNM 2, C TOJOK NTeThHBIM HalPaBICHIEM OCH
Oz BRIOpaHHO# CHCTEMBI KOOPIUHAT. DPU 3TOM p TPUHUMAET TOJI0-
K ATeTbHbIE 3HAUEHHU, a (¢ — TPOU3BOIbHBIE. YHUCTY 2 COOTBETCTBY-
eT HECROHETHO MHOTO 3HAYeHUH apryMeHTa, OTIHIAIONAXCA IPYT OT
IpyTa Ha YHCJI0, KpaTHoe 27. Anrebpamdeckasd dopma a + bi am-
cJa z CBA3aHA C €70 TPUTOHOMeTpPUIecKoit popmoit p(cos ¢ + isin )
craemytomnm obpazom: p = va? + b%, cosp = a/p,sinp = b/p. Tpu-
TOHOMeTpUIecKas (popMa HyJIsd He OlpeneTseTcs, Tak Kak apTyMeHT
9TOTO IucTa Heonpenenen. OUeBUIHO, 9TO KOMIJIEKCHOE TUCTIO PaB-
HO HYJIIO TOTIa M TOJBKO TOTIA, KOTJIa €T0 MOIYJIh paBeH HyJTio.

Teopema 7.2.1. Doue pammonanbubix duces (Q coxepxurcs B Jio-
Gom gucaoBoMm moJe. FEcom mias wucaoporo mous F Boimosrasiores

yeaopus R CF C C, to 6o F = R, 6o F = C.
7.2.2. MHoro4/eHbl U Oollepanuu ¢ HUMHU

SyCTB F — umcaosoe modte. q)OpMaJIBHOQ BbIpaZK eHne Buia

f(z) = agr"™ + a2 4w+ ay, (7.5)
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rme ag,aq, ..., q, € F, n — HaTypaabHOe YUCJI0, Ha3bIBACTCA MHO-
eonnerom Han nogeM F ¢ kosdduumenrtamu ag, aq, ..., Q5 €CIn
ag # 0, TO TOBOPAT, YTO MHOTOUWJIEH MMEET CMeneHs n, 0bo3Havae-
Myto depes deg(f). g HyTe€BOTO MHOTOUIEHA CTEleHb ONpees-
erca Tak: deg(0) = —oo. CHMBOI —00 TIO OIPENETEHNIO CINTACTC
MeHbIie JI0H0T0 MeJoTo Yucia, U JAJd J000TO 1eJoro m o onpene-
JIEHWIO MPHHAMAETCS, 9T0 M+ (—00) = —oo+m = —oo. Croxenne n
YMHOXK eHre MHOTOUYJIEHOB olpenendoTcd 0bblaubiM 0bpaszom. Koad-
GUIMEHTHI CYMMBI [[TPOU3BeNeHNs| BhIPaK aloTCs depe3 Koadduin-
eHTBHI CIATAEMBIX [COMHOXK HTeseli] oCpeIcTBOM Olepalini CI0K eHn s
[omepanuit cToXKeHNd U yMHOXK eHusd|. Jlerko BumeTh, 4T0

deg(f(z) + g(z)) < max {deg(f), deg(g)}

deg(f(x)g(x)) = deg(f(x)) + deg(g(x)).

Teopema 7.2.2. 9ycrb f(z) 1 g(x) — nBa muorodiena u deg( f(x)) >
> deg(g(z)), g(x) # 0. Torga cymecTByioT TakKne OLHO3ZHATHO OIPe-
JgesteHHbIe MHOTOYTeHsl () 1 (&), 170

f(z) = q(x)g(x) + r(x) n deg(r(z)) < deg(g(z)). (7.6)

B pasemcrse (7.6) Muorounen ¢() Ha3bIBACTCH “ACTHBIM, & MIO-
rousen r(x) — ocmamkom otT merenus (¢ octatkom) f(x) Ha g(z).
Ecau r(2) = 0, 10 roBOpaT, 9T0 MHOTOWIEH f(2) deaumes Ha MHOTO-
wieH g(z); B aToM caydae f(x) = g(x)g(x).

Muorownensr f(z) n ¢g(2) HA3BIBAIOTCH ACCOUUUPOSAHHBIMU, €C-
JIM CyliecTByeT HeHyJseBoe uncio ¥ € [ rtakoe, ato f(z) = vg(z).
Muorowren u(z) HasbiBaeTcd Henpueodumvim nan nomem I, ecan
deg(u(x)) > 0 uu3 Toro, uro u(x) = v(z)w(z), caenyet, aro v(z ) Win
w(z) accomuuposau ¢ u(z). Jlerko moOHATH, 4TO MHOTOYJIEH IepBOil
CTENeHN HelPHBOINM HAI JIOOBIM IOJIEM.
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Teopema 7.2.3. Jlob6oit muorowien crenenn 6ouipnre 0 mag mogem [
OpeacTaBiM B BiJle MPOU3BEIeHIs HOIPHBOTUMbIX Ha moJteM [ MHo-
FO4JIEHOB. DTO IpeNCcTaBJIeHIEe ONPEIETeHO OTHO3HATHO C TOYHOCTHIO
JI0 HepecTaHOBKHW COMHOXK urejieill u 3aMeHbl X acCOLUUPOBAHHBIMU
MHOTO4JIEHAMU.

7.2.3. KopHu MHOro4/jeHoB

Dycth f(z) — muorownen wan nosiem K, samanusrii popmymnoit (7.5).
DTOT MHOTOUJIEH MOKHO paccMarpuBaTh Kak ¢GyHkmuo u3 F B I
COIOCTABJIAIONLY IO KaK 1oMy a1eMenty (3 € F arement

f(B)=aof "+ a4+ a1t a,.

D pengoxenne 7.2.1. Dycrp f(z) = agz” + az" '+ . +a, —
muorowten nan noitem F n o € F. Torga f(z) = q(z)(z —a) + f(a),
rre q(z) = box™ !t + b1a" % + ...+ b,_1, npuueMm

bo = ag, by = ap + abp_y mpuBcex k =1,....,n —1,
fla) = a, + ab,_1. (7.7)

Yucano a € F nassiBaerca xoprem muorodrena f(z), ecaun f(a) = 0.
B cuny npemsoxenus 7.2.1 uncao a 6yper KopHeM MHOTO4IeH f(2)
TOrTa ¥ TOJNbKO Torma, Korma f(z) = ¢(z)(z — a). Darypanbhoe
HCJIO k HA3BIBAETCS KPAMHOCMbIO KOPHS @ MHOTOWIeHa f(a), ecin
f(z) = g(z)(z — a)f w g(a) # 0. Jlerko mowaATH, 4TO MIOHOH MHOTO-
wieH cremeHn n > 1 umeer He 6osee n KopHeit B more F, a cymma
KpaTHOCTell TaK&Ke He IPEBOCXOTUT N.

Teopema 7.2.4. Jlwoboii muorodaen crenenu 6ospme 0 Hal moIeM
KOMILJIEKCHBIX YHCeJ] UMeeT KOMIJIEKCHBIH KOpeHb.

CaencrBue 7.2.1. Jlwb6oif MHOrO4YwIeH ¢ KOMIJIEKCHBIME K03 du-
MHeHTaMH pa3JjaraeTcs Ha JIHHeHHbIe MHOXK HTeJTH ¢ KOMIJIeKCHBIMHA
roappunnentamu. CyMma Bcex KopHelt (¢ y1eToM KPaTHOCTH ) MHO-
rouseHa cTeleHH 1 paBHA €ro Ko3¢ppuuuerTy npn ="', yMHOKeH-
"Homy Ha —1.



§ 7.2. MHorodsenpl HaJ 1TOJIeM 277

D pemyioxenue 7.2.2. FEciu MHOro4ieH ¢ feficTBHTEIbHBIME KO3 (-
¢unuenTaMu HMeeT KOMIJIEKCHBI KOPEHb 7Y, TO U YHCJIO Y ABJAAETCS
KOpHEM 2TOI'O MHOIOYJIEHA.

OTBICKUBATH palnOHaJIbHbIe KOPHU MHOI'OYJIeHOB C LeJIbIMUI KOE)(l)-
(1)I/IHI/IQHT&MI/I IIOMOTaeT cjeldylolee yIBepXK JeHue.

D penjioxenue 7.2.3. Jycrp

f($) = mox” + m1$n_1 + ...+ mp_12 + My —

MHOTOYJIEH € HeJIbIME Koa(dunuenramu, 2—7 — HEeCOKpaTuMas jpo0b.

P .
Econ ; ~ KOpeHb MHOIOYJIeHa f(2), To p ABIAETCA METHTETEM MY,
q ABJIACTCS JeJIHTeIeM Mg H JJIA JH060I0 eaoro Tucia § 1ucao f(s)

JeJTUTCS Ha P — (S.

DaccMOTPUM TpUMep. DaifiTh Mesble KOPHT MHOTOTIeHa
f(w):ac3—|—4x2—|—w—6.

Demrerne. CoryracHo MpeIox eHnio 7.2.3 KopHu MHOTOWTeHa f( )
ABJAIOTCH JEJUTETIMU dnuciaa —6. ITo dmcao nMmeeT 6 meruterneit
1,-1,2, =2, 3, =3, 6, —6. Daxong 3HadeHns MHOTOWIeHA f(z) OT
yKazaHHBIX wncen, nmeem f(1) = 0, f(=2) = 0, f(3) = 0. Takum
obpasom, uncaa & = 1, & = =2, &3 = 3 gBAAIOTCH KOPHAME MHOTO-
wiena f(z).

B mpuBemennoM mpuMepe 3HaUEHWs MHOTOUYTEHA OT AeTuTesnel
CBOBOMHOTO 4WJieHa BHITHCIAIOTC OYeHb Jierko. OmHako, ecau Ko-
3G GUIMEHTH MHOTOYTEHa BEJTUKN, €70 3HaYeHne 0T JaHHOTO 9HuCIa
yIA0OHO BBIYUCTATH, WCTMOJb3ys Tak HasblBaeMyto cxemy [oprepa.
Ona ocrHoBana Ha dopmyax (7.7) u3 mperToxenns 7.2.1 1 mo3BOIA-
eT HaliTn KaK 3Hadenne f(«), Tak u K03 GUUTEHTH TacTHOTO ¢()
or genenns f(z) Ha & — v B caIydae, KOTma o ABasercs Kopaem f(z).
DaccMOTPUM TpUMep. DYCTh TpebyeTcs HailTH 3HaYeHWe MHOTOTIE-
Ha f(z) = 23 —182%24-992 — 162 oT wncna 3. Beraumcienns odopMigen
B BUE caemyfolneif Tab b
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1] -18199 | —162
311 -15| 54 0

3mech B mepBoil CTPOKE BHIMTHCAHBI K03 (D dUInenTs MHOTOWIeHA f(2),

a BO BTODOil CHaYaJIa 3alMCAHO YUCJIO 3, 3aTeM IepeHeceH CTapiinii
kosdduunent f(z), pasustit 1. Kaxgoe mocienyiomee 4uciao BO
BTOPOIi CTPOKe ToJIydaeTcs IPHOABICHTEM K COOTBETCTBYIOUIEMY TH-
CJly 1epBoif CTPOKY IPEeIBLIYUIEro YHCIa BTOPOil, YMHOKEHHOTO HA
3: —15=-1841-3,54 =994 (—15)-3,0 = —162 + 54-3. Otcroma
nonysaem f(3) = 0 u wacthoe ¢(z) = 2% — 152 + 54 or gmenenus
f(z) ma o — 3, re. f(z) = (2% — 15z + 54)(x — 3). Bamerum, 9TO
Teleps JIeTKO HAaliTH M OCTasIbHble KODHM MHOTO4YIeHa f(2), peurns
KBaJpaTHOe ypaBHeHume z2 — 152 + 54 = 0.

Dan nosem KommaekcHbx yncen C B cury Teopemsr 7.2.4 Hempu-
BOIUMMLIMH MHOTOWICHAMH SBJISIOTCA MHOIOYJICHLI MepBOH cTemeHH
I TOJILKO OHIH.

Dal mosieM HeiCTBUTEIbHBIX YNCeT HEMPUBOIUMBIMH MHOTOWIE-
HaMI sIBJSIOTCS MHEOTOWICHEI MePBO CTelleHr i MEOTOWICHEI BTOPOi
CTelleHN, He MMelolne IeficTBUTEIbHBIX KOPHel (T.e. mMerolne OT-
PUIATENTbHBI TUCKPIMUIHAHT).

Dal IMoJgeM palMOHAJIbHBIX UYHCe] CYIIEeCTBYIOT HEIPUBOINMBIE
MHOTO'WICHBI JII000# cTemenn. /locTaTodnoe yCIoBHE HEIPHBOIIMO-
CTH MHOTOYJIeHa C IeJILIMH K03 dUIMeHTaME COCTOUT B TOM, UTO
cyniecTByer IPoCcToe THCI0, KOTOPoe He JeJIHT cTapuini Koa¢ puim-
€HT, JeJIHT BCe OCTaJIbHbIe K02 QUIHEeHThI, a ero KBaIpaTl He Je/JIHT
CBOOOIHBII YJIeH.
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Cnucok obo3HauYeHHUH

() — mycToe MHOXKeCTBO;

Q — moste panMOHAJIBHBIX YHCET;

R — noJse geficTBUTENIBHBIX THCET;

C — noJse KOMILTEKCHBIX THCeT;

F**" — MHOXKecTBO Beex MATPUI PasMepoB k X 1 ¢ 3JeMeHTaMI
u3 moad I

[F,, — MHOXKecTBO BCex CTOIONOB C 7 KOMIOHEHTaMI HaJl IOJIeM
IF;

F* — MHOKecTBO Beex cTpok ¢ k KoMIoHeHTaMu Hag mosteM [

E, — enunnvmHad MaTpula IOPAIKa 1]

& — enmHUYIHBIH omeparTop;

O — wuyJeBoii omepatop.

Dycth A u B — MHOXKecTBa.

A C B (nmu B D A) o3nadaet, 410 A cTporo BKIOYaeTca B

A C B (numu B 2O A) osnadaer, 410 A C B unn A = B;

AU B — obbenunenne A u B;

AN B — nepeceuenne A u B;

A\ B — pasnocts A u B;

|A| — mourHOCTD A;

{z € A| P(z)} — MHOXKeCTBO BCEX 3JIeMEHTOB MHOXKeCTBa A,
YIOBJIETBOPAIONINK ycaoBuio P(x);

F : A — B osunavaet, uro F aBigercd oToOpakeHrneM MHOK e-
ctBa A B MHOXKecTBO B;

Fl|c — orpannvenne F Ha moamMHOKecTBO ' MHOKeCTBa A;

F(C) obosnavaer muoxectBo {F(z) |z € C} nna C C A.

DycTh A — NMPOU3BOJIbHAA MATPUIA.

AT — mceBmoobpaTHaf K A MaTpHIa;

A" — conpaKennad K A MaTpHUIa;

AT — TpamcmonmpoBaHHad K A MaTpUIa;

A — MaTpHIa, COCTaBJIeHHAA U3 KOMILTIEKCHO COTPHK eHHBIX -
ceJl JJId 3JeMeHTOB MaTpuilbl Aj;

290
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r(A) — paur Marpuusl A.

Jdycrh A — KBaJpaTHas MaTpHUILA.
det(A) — ompenesmrens MaTpUIbl A;
A — TpECOeIMHeHHAA MATPWIA I8 MATPUIEL A;
A~! — obparmas MaTpuna 1A 06paTHMO MaTpHIBI A;
A;; — airebpamdeckoe TOMOTHEHHe K 3JE€MEHTY @;; B MaTpHUIe

fa(z) — xapakTepucTHieckuii MHOTOUIEH MATPUIBI A;

F(A) — cuekTp MaTpuubl A;

tr(A) — coren MaTpuis A;

|A| — HOpMa maTpuubr Aj;

|A|, — cmexTpanbHag HOpMa MaTpuUubl Aj;

K(A) — aucno obyCIOBIEHHOCTH MATPUIBI A.
dycrs V. — JuHeliHoe TpoCcTpanCcTBO.

Oy — HyJIeBOil BEKTOp MpoCTpaHCcTBa V;

(z,y)v — cKamdgpHOe TPOU3BEIEHe BEKTOPOB T, Y €KIUIT0BA U
YHHTapHOTO IIPOCTPaHCTBa V';

Hom(V') — mHOXKecTBO Bcex TMHERHBIX omepaTopoB Ha V;

Hom(V , W) — mHOXKecTBO Bcex JIMHEIHBIX 0TOOpaxeHnii mpo-
crpancTBa V' B mpocTtpancTtBo W Hal TeM XKe IIOJIeM.

DYCTh @, Y — BEKTOPHI eBKJINI0BA WJIN YHUTAPHOTO MPOCTPAHCTBA
V.

|2| — mimHa BekTOpa T;

|| — HOpMa BekTOpa @;

T | y O3HAUAET, ITO BEKTODHI T W Y OPTOTOHATLHDI;

(z,y) — yrom MexIy BEKTOpaMU &,y (TOTHKO B €BKJIMIOBOM
mpocTpancTBe V).

Dycth d, l;, € — BEKTOPBI OOBIYHOI'O TPEXMEPHOTO MPOCTPAHCTBA.
@b — CKaJIApHOE IpoU3BeIeHNe BEKTOPOB &, b;
KOM @ — OPTOroHAJIbHASL KOMIOHEHTa BeKTopa @ Ha b;
np;d — IPOEKINA BEeKTOpa d Ha l;;
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KOM 4|5 — KOMTIOHEHTa BeKTOpa ¢ Ha BeKTOP @ MapasilelbHo Bek-
Topy b;
Mp,||»¢ — IPOEKUNA BEKTOPA ¢ Ha BEKTOP & MapaJLlebHO BEKTOPY
b; . .
11 b o3HagaeT, 9T0 BEKTOPHI d U b coHalpaBJIeHbl;
1] 503HaqaeT, 9TO BEKTOPHI 4 1 gaHTI/IHaHpaBJIeHBI;
— JIJWHa BERTOpa d;
7 — OpPT BEKTOpa d.

a
a

=

)

dycrh A, B — cucreMbl BeKTOPOB JiHeiiHOTo mpocTpancTa V.
A ~ B o3nadaet, 4To A n B 3KBUBaJIEHTHEHI;
A F B osmnauaer, 410 cictema B JsinHeiino BhIpax aeTca depe3 A;
(A) — mmHelinag 0600UKA CHCTEMBI A
Al — oproromasbHOE IONOTHEHHE CHCTEMBI A B €BKIMIOBOM
WM YHUTAPHOM TPOCTPAHCTBE.

dycrs A, B — 6asuce! auneiinoro mpoctpanctsa V.

T A,B — MaTpuia Ilepexojia oT 6asnuca A K Oasucy B;

[£]A — cromben koopauHAT BeKTOpa & B Oasuce A;

G Ao — marpuna ['pama basuca A B eBKINTOBOM UJIH YHUTAPHOM
mpocTpaHCcTBe V.

dycth A — mmHeiiHoe oToOpakenne JuHeiiHoro mpocrpancTsa VB
JmHeiinoe mpoctpancTo W,

V4 — anpo orobpaxenns A;

A(V') — obpas orobpaxenns A;

r(A) — panr A;
d(A) — medext A;
An,M — Marpuia orobpaxenna A B 6azncax N mpocTpancTsa

V u M npocrpancrea W

A* — conpsikennoe oTobpaxkenne kK A (B ciaydae, korma V u W
— eBKJIMIOBbI WK YHUTAPHBIE TTPOCTPAHCTBA).
dycrh A — smHelinbrii omeparop JauHelinoro npocrpancTa V.

AN — marpuna A B 6asuce N mpocrpancrsa V'

fa(z) — xapakTepucTnieckuii MHOTOUIEH onepaTopa A;
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F(A) — cuekTp omeparopa A;
V (A, \;) — KOpHEBoe TOIIPOCTPAHCTBO, COOTBETCTBYOIIee CO0-

CTBEHHOMY 3HaTeHWIO \; omeparopa A;
|A| — ropma omepatopa A;

JA|, — cmekrpanbHas HOpMa omepaTopa A.

SyCTB Z — KOMILJI€eKCHOe 91 CJIO.

Z — COIpdzKeHHOe C 2 KOMILJIEKCHOe TUCJI0;

|2| — MomyIh KOMILIEKCHOTO YnCa 2.
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