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§ 1. /luCKpUMHUHAHT MHOTOWIEHOB BTOPOM
U TpeThel cTeneHu

1.1. B mkose cJIOBO «AMCKPUMUHAHT» OOBIYHO BO3HUKAET IIPU pelIeHUN
KBa/IpaTHBIX YpaBHEHHIA: JMCKPUMUHAHTOM KBaZ[paTHOTO ypaBHEHHUA X2 +
+ px 4+ q =0 HasBIBaIOT uKca0 D = p2 — 4q. DTO YUCTIO ONpejesAeT, CKOMbKO
y ypaBHeHUs KopHel. A uMmeHHo, ecau D > 0, To kopHeli ABa, eciu D <0,
TO KOpHel HeT, a ecsi D =0, To KOpeHb OANH («ZBa CIUIIIUXCS KOPHSI»).

TIoCMOTPUM Ha MHOKECTBO 8CeX MHOTOWIEHOB BUAA X2 + px + q. Kax-
ZIOMY TaKOMY MHOTOWIEHY COIIOCTaBUM TOUYKY IUIOCKOCTU C KOOpAUHATaAMU
(p,q). YpaBHenue D =0 3azaeT Ha 3TOH IUIOCKOCTH KPUBYIO — mapaboiry

1 o .
q= sz Bce Toukwu, sexainue 1o 3TOu napa601101/1, COOTBETCTBYIKOT MHO-

rowi€HaM, y KOTOPhIX ZiBa KOPHA, TOYKU HaZJ oTOH r[apa60)10171 — MHOrouje-

HaM, Y KOTOPBIX HET KOpHEH, a TOYKU Ha Iapabose — MHOTOWIEHAM C OZ-
HUM KPaTHBIM KOPHEM.

Puc. 1. /lucCKpUMHUHaHTHOEe MHOXECTBO JJIA ceMelicTBa X2+ px+q

[Ipo aHaJOTUYHble MHOXKECTBA JIA YPaBHEHUH OOJBIIMX CTemeHel
(a TakKe A1 CUCTEM ypaBHEHU) MBI U GyZIeM TOBOPUTb.

1.2. Crezyroluuii Mo CIOKHOCTU CIydail — 3TO KyOMYecKoe ypaBHEHUE
X +ax?+ax+b=0. @))

KoaddurmeHTs 3TOr0 ypaBHEHUs NPO6ETAIOT Y:Ke TPeXMePHOe IPOCTPaH-
cTBO (C KOOpAWHATaMU @, d, b), U KaxJasa Touka 3TOro IPOCTPaHCTBA CO-
OTBETCTBYeT KaKOMY-TO KyOudecKoMy ypaBHeHHI0. CHOBa MOXKHO 33JaTh
BOIIPOC O TOM, CKOJIBKO KOPHEH Y Pa3HBIX ypaBHEHUH.



Bo-miepBHBIX, OOMbIIE TpeX KOpHEH y KyOMYeCKOTO ypaBHEHUs ObITH He
MOXeT. DTO clleZlyeT U3 meopemsl be3dy: eciy MHOTOWIEH MeeT KOPeHb X,
TO OH JIeIUTCA Ha X — X, T. €. paBeH IIPOM3BeZleHHIO BUZa

(x—xl)(x2 +tx+s),

U MOXKET JOIOJHUTENbLHO obparnarbes B 0 He Gosee 4eM B JBYX TOYKAX, a
MMEHHO B KOPHAX MHOTOWIEHA X2 + tXx + 5.

Bo-BTOpBIX, XOTSA OBl OAWH KOPEHb y KyOUYECKOTO YpaBHEHUsA BCerzga
ecThb. JIeCTBUTEIHHO, €CIU X — OUYeHb OOJBIIOE IMOJOKUTEIHHOE YHUCIIO,
TO KyOWYECKHUH WIeH HaMHOro OOJIbIlle OCTaJbHBIX, HOSTOMY 3HAYEHHE
MHOTOYIEHA IOMOKUTEIBHOE; KOT/Ia X — OYEHb OOJIBIIOE 110 MOAYJIIO OTPH-
[aTeJIbHOE YKCII0, 3SHAaYeHHEe MHOTOWIEHA OTpUIIaTebHOe, TakuM 06pasom,
KyOU9eCKUM MHOTOWIEH [IPUHUMAET U TIOJIOXKUTENbHBIE, ¥ OTPULIATENTbHBIE
3HaYeHWUs1, a 3HAYUT (II0 TEOPEME O IIPOMEKYTOUYHOM 3HAUYEHUH), T[e-TO OH
obpaiaeTcs B HOMb.

Kaxk BeirymsizuT rpaduk Kybrnyeckoit GpyHkimu? CABUHEM HAYaI0 KOOPH-

a o o a
HaT Ha 3 BJIEBO, T. €. Mepeii/ieM K HOBOW KoopanHaTe X =x + 7. Koaddu-

IIUEHT IpU Xz II0CJIE€ 3TOTO CTAHET paBHBIM 0. rIl;eI\/)ICTBI/ITe]IbHO,

3_ 1 \3_ 3 2,1 5 1 3
X —(x+3a) =x"+ax +3a x+27a 5

IIO3TOMY

x*+ax* +ax+b=(x+ %a)3+(a—%a2)x+(b—2—17a3),

T. e. MHorowieH (1) samuiieTcs B BUJe

X} +a;X+b;

2 3
(tme a; =a— %, by=b— % + 22%). Hu Komu4yecTBO KOpHEH, HU BUZ T'pa-
¢uKka or 3ameHbl X =X + %, KOHEYHO, He MeHsIoTcs. [ToaTomy 6yzem pac-
CMaTpUBaTh TONBKO Kybudeckuie GyHKIUU (1), B KOTOPHIX KO3GPUITUEHT
npu x? paseH 0.

Ecnu a = 0, To 3Ta pyHKIIMSA MOHOTOHHA, a8 COOTBETCTBYIOIIEE YpaBHEHUE
HMIMeeT POBHO OZIMH KopeHb. Eciu ke a < 0, To rpadUK UMeET OfUH JIOKAJTh-
HBI MAaKCUMyM ¥ OJWH JIOKaJbHbI MUHUMYM (B TOYKAax, re obpainaercs
B HOJb TIpou3sBoAHasdA, 3x2 +a=0). [T03TOMy B 3aBUCUMOCTH OT BEIMYUHEI
b y ypaBHeHus snb0o Tpu KopHA (ecau b He OYeHBb BEIUKO IO MOZYJIIO),
160 ofuH KopeHb (cM. puc. 2). KpoMe Toro, 6bIBaeT 8blpONCIeHHAS] CUTY-
anwys, Korga rpaduK KacaeTcs OCH X, — TOT/la KOpPHEH iBa: OfIMH MPOCTOH,
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a apyroi (B TOYKe KacaHUsA) KpaTHBIN («Ba CIMIIIMXCA KOPHS»). [Ipy a =
=b =0 BO3HUKAET COBCEM BBIPOKAEHHAsI CUTYyaI[Ws, KOT/Ia CIUBAIOTCS BCE
TPHU KOPHS.

JlBe epBBIe cUTyaluuy (C OAHUM WIHM TPeMs KOPHAMU) Ycmotiuussle, T. €.
OHU COXPaHAIOTCS, €CJIM HEMHOT'O U3MEHUTh KO3PPUIIUEHTHI, a BBIPOXK/EH-
Hble — HeT: CJIUIIIeCs KOPHU IIPU IeBeleHny b0 pacmagarTcs, 1160
KCYEe3aloT.

Puc. 2. Tpaduxu dyrkmmit x> —x u x> —x+1

1.3. Takum o6pa3oM, IJIOCKOCTh C KOOpAMHATAMU d,b JenuTcs Ha JBe
9acTH, OZ[HA U3 KOTOPHIX COOTBETCTBYeT MHOTOWIEHaM X° + ax + b, ume-
IOIIUM TI0 TPU KOPHSA, Apyras — MHOTOWIEHAaM C €JUHCTBEHHBIM KOPHEM,
U eCTb pasfiesisionias ux KpuBas, COOTBETCTBYIOIIAs MHOTOWIeHaM, MMelo-
MM KpaTHble KOpHU. [IocMOTpUM, KaK BBIVIAAUT 3Ta KpUBasd.

YTO 3HAYUT, YTO MHOTOWIEH UMeET KPaTHBIM KOPeHb? DTO 3HAYMT, YTO
B COOTBETCTBYIOIEl Touke TpaduK KacaeTcs OCH X, T. €. B OTOM TOUKE U
TIPOM3BOAHAA MHOTOUWIEHa obpaIaeTcsi B HOMb, 3x2 +a = 0. MiTak, MHOTO-
4leH x° + ax + b UMeeT KpaTHBIH KOPeHb, eC/TU ¥ TOMBKO €C/IF MHOTOYWICHE!
x3+ax+b u 3x?+a uUMeroT 06IIHIi KOpeHb.

Kak y3HaTh, UIMEIOT JIY [Ba MHOTOWIEeHA 0611ieii KopeHb? KoHeuHO, MOXK-
HO HAWTH KOPHM OJHOT'O MHOTOYIEHA U TOACTaBUTH BO BTOPOM, HO €CTh
croco6 Jydiile, OCHOBaHHBIN Ha anzopumme Eexnuda. Pasgenum TepBBIiA
MHOTOWIEH Ha BTOPOU C OCTATKOM:

x3+ax+b=(3x2+a)%x+%ax+b.

VicxomHas mapa MHOTOWIEHOB MMeeT OOLIMii KOpeHb TOTZa M TOJbKO TO-
718, Korzja OOIMii KOpeHb MMEIOT BTOPOH MHOTowIeH 3x2 4+ a U OCTaTOK

2
zax + b. Tlonmyuunacek yxe coBceM IpPOCTas 3ajada: MOACTABIIASA KOPEHb

3a
OCTaTKa, T.€. X =———

2’ B HPE,HBIAYH.II/Iﬁ MHOTI'OYIEH, IIOJy4Ya€M, 9TO Halll KYy-
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6UYecKUil MHOTOWIEH MMeeT KpaTHbIHA KopeHb npu 4a® + 27b% = 0. Takum
06pa3oM, AMCKPUMHUHAHTHAA KPUBas — 3TO NOyKybuueckas napabona, cM.

puc. 3.
b

Puc. 3. JIUCKPUMUHAHTHOE MHOXeCTBO I ceMelicTBa x° 4+ ax +b

MoKHO HaWTH KPUBYIO, COOTBETCTBYIOUIYIO KYOMYEeCKUM MHOTOWIEHAM
C KpaTHBIMM KODHSIMH, U TIO-ZApyroMy. [Tomymaem, Kak 3a/aTh 3Ty KPUBYIO
napamempuuecku. B KadecTBe MmapameTpa t BO3bMEM IIPOCTO 3HAYEHUE
KpaTHOro kopHA. Toraa (U3 ycloBUA paBeHCTBa HyJO MIPOM3BOAHOM) 3t2 +
+a=0, T.e. a=—3t2. A u3 ycnoBus t> +at +b =0 monyyaem, uTo b= 2t>.

C oZHO CTOPOHBI OT 3TOU KPUBOW HAXOAATCS TOYKHU, COOTBETCTBYIOIIE
MHOTOWIEHaM C OJHUM KOPHEM, C APYTOd CTOPOHBI — C TPeMs KOPHSIMH.
Kak MbI y2Ke TOBOPWIH, TIpU d > 0 GYHKITHUA MOHOTOHHAS, T. €. KOPEHD OJIVH.
[ToaToMy 06J1aCTh MHOTOWIEHOB C OJJHUM KOPHEM paCITOJIOXKEHA CIIPaBa, a
06J1aCTh MHOTOWIEHOB C TpeMsA KOPHSIMH — CJIEBA OT JUCKPUMHHAHTHOU
KpHUBOIA. JIDyTMMHU CJIOBaMH, ypaBHEHHUe X° +ax + b MeeT TP KOPHs, ec/Ii
4a®+27b% <0, u ofuH KopeHb, ecnu 4a’ +27b% > 0.

A 9TO TPOUCXOANT HA CaMOM AUCKPUMHWHAHTHOUW KPUBOM? JTa KpUBasd
COCTOUT U3 JIBYX BeTBeM u ocoboii mouku a =b =0. B aT0li TOuke CHUTya-
ILIMsI COBCEM BHIDOXK/IeHHAsA, KOPEHb TPOMHOM. A Ha KaXX/J0l 13 BeTBeU ecTh
KpaTHBIN KopeHb. Ha BepxHell BeTBU t > 0, T. €. KpaTHBIM KOpeHb MONI0XKU-
TeJbHBIN (U ABIAETCSA TOYKONM MUHUMYyMa), a OCTaBIINIiCA KOpeHb OTpUIla-
TeJIbHBIN; Ha HWKHEH BeTBU, HA000POT, KpaTHHBIN KOpEeHb OTPHIlaTeIbHbIN
(u1 ABIsIETCA TOYKOW MAKCMMyMa), a OCTABIINNCA KOPEHD ITOJOXKUTETbHBIMH.

WTak, Mbl pa3obpaiuch, Kak AUCKPUMUHAHTHOE MHOXXECTBO pa3buBaeT
IUIOCKOCTH (a, b), TOYKU KOTOPOH COOTBETCTBYIOT MHOTOWIEHAM x3+ax+b.
B TpexMepHOM MPOCTPAHCTBE BCEX MHOTOWIEHOB (1) 3Ta IUIOCKOCTh 3a/aeT-
cs1 yemoBreM a = 0. Eciiu paccMOTpeTs Jito6yIo APYTYIO IVIOCKOCTh, Ha KOTO-
pO¥i KOOpAWHATA @ PaBHA KAKOMY-TO JAPYyTrOMY YUCJTY, TO OKQXKETCSI, YTO ITa
IUIOCKOCTh TaK)ke pa30uBaeTcs AUCKPUMUHAHTHON KPUBOH, BBITVIAASAIIEH
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TaK ke, KaK Ha puc. 3, HO C HEMHOI'O IpyT'UM ypaBHeHUeM. [leficTBUTEeNbHO,
MeXIy BCEMU ITHMHU IUIOCKOCTSIMY UMeeTCsI B3aUMHO OJHO3HAYHOE COOT-
BETCTBUE, 3aZIJaHHOE CIBUTOM KOODAMHATEI X; 3TO COOTBETCTBUE ITEPEBOSUT
JVICKPUMUHAHTHbIE KpUBEIE ApYT B Apyra. Eciu B3ATbh 06beANHEHNe BCex
3TUX KPUBHIX II0 BCeM TaKUM IUIOCKOCTAM, TO OHU 3aMeTyT LIeIyio II0BepX-
HOCTb — NoJiykybuueckoe pebpo gozspama.

2. IMCKpUMUHAHT ypaBHEHUS YeTBEPTOI CTENEeHH,
WIN JTaCTOYKUH XBOCT

2.1. IlepefizeM K MHOTOWIeHaM YeTBepTOH cTemeHW. Kak u B Kybude-
CKOM CjIy4yae, IIPU MOMOIIY CABUTOB apryMeHTa X MOXXHO U36aBUTHCA OT
wieHa, CJAeAyIOUero nocje CTapuero, 1 pacCMaTpuBaTh TOIbKO MHOTOWIe-
Hel BUAA X* + ax? + bx + c. KaxoMy TakoMy MHOTOWIEHY COOTBETCTBYeT
Touka (a,b,c) B TpeXMEPHOM IIPOCTPAHCTBE. A AUCKPUMUHAHTHOE MHOXe-
CTBO (MHOX€CTBO TaKHUX TOYEK, YTO COOTBETCTBYIOIINI MHOIOWIEH MMeeT
KpaTHbIe KODHU) 3aZlaeT B 3TOM IIPOCTPaHCTBE HEKOTOPYIO NHTEPECHYIO I10-
BEPXHOCTb, KOTOpas Ha3bIBAETCA JIACMOUKUH Xgocm (pHUC. 4).

Puc. 4. JlJacTOYKMH XBOCT

A cHavaa mocTaparch 0ObICHUTD (HUYEro He J0Ka3bIBasi), KakK 3Ta Io-
BEPXHOCTb YCTPOEHA M YEMY COOTBETCTBYIOT Pa3Hble YacTH, HA KOTOPBIE
OKa3bIBaeTcsi pa3buTO MPOCTPAHCTBO. A TMOTOM MBI OOCYANM, KaK UCKaTh
ypaBHEHME ANCKPUMHUHAHTHOM MOBEPXHOCTH, a TaKXXe PACCMOTPUM TOIIO-
JIOTUYECKUH CITocob J0Ka3aTeabCTBA TOTO, YTO KaKHe-TO YpaBHEHUS JIeXKaT
B Pa3HBIX KOMITIOHEHTAX €€ JOTIOTHEHUA.



Puc. 5. CeyeHHsI TaCTOYKUHOI'O XBOCTA IJIOCKOCTAMHU d =2, a=0, a=—2

YrtobBl pa3obpaThes, KaKk 3Ta MOBEPXHOCTDh YCTPOEHA, TOCMOTPUM Ha TO,
KaKue KpUBBle OHa BBICEKAET Ha pa3HBIX IUIOCKOCTAX BUZAA a = const (cMm.
puc. 5). Iloka a MosoXKUTeNbHO, llepecedeHre IIOBEPXHOCTU € TaKOW IUIOC-
KOCTBIO ABJIIETCS IPOCTO IVIAZIKOM KpPUBOU. B MOMEHT, KOIZla d CTaHOBUT-
cs1 paBHbIM 0, Touka (0,0) Ha Hel elle He sBJsIETCA 0COOOH, KacaTeabHas
B 3TOH TOYKe OIlpeZiesieHa, HO BOT BTOPOI IIPOU3BOJHON Y KPUBOM B 3TOM
TOUKE y2Ke He CyIIecTByeT (Ha caMoM JeJjie PSAZOM C HyJlieM 3Ta KpyUBas BBI-
DIAZUT Kak 3a/laHHasa ypaBHeHueM b* =c®). Ec/iu yMeHBIIUTS a elle YyTh-
YyTb, TO Ha KPUBOU BBIPACTAIOT MaJIEHbKHE «POXKKH»; OCTPUS STUX POKEK
TaKOro JKe BHJQ, KaK y MOIyKyOudeckol mapabonsl. Jlanblie 3TH POXKHU
MIOCTENEHHO Pa3JBUTAIOTCA, HO /I KAYK/OTO d OCTAETCA IBE OCOOBIE TOYKU.
Takum o6pa3oM, Ha Hallell OBEPXHOCTH €CTb Ilejiass KpuBas OCOOBIX TO-
YyeK, Ha puc. 4 oHa BbIe/eHa KUPHbIM. Ocobasi TOUKa caMoi 3TOH KpUBOM
COOTBETCTBYeT CAaMOMY CJIOXKHOMY IIOJIMHOMY Halllero ceMmeicTBa — QyHK-
nun x*, — a B6/IM3K Beex OCTaIbHBIX ee TOYeK AUCKPUMHHAHT YCTPOEH TIo-
XOXKe Ha «IIOIyKyOudeckoe pe6po BO3BpaTa», T. €. IOBEPXHOCTb, 3aJaHHYIO
B TpeXMepHOM IIPOCTPAHCTBe ypaBHeHUeM z2 + y° =0, He 3aBUCALIUM OT
TpeTbell KoopAuHaTH. KpoMe Toro, Ha MOBEPXHOCTHU €CTh KPUBas, COCTOA-
Imas 13 TOYEeK caMollepeceyeHus 3TOU TOBEPXHOCTH.

[TocMOTpHUM Telleph HAa TOYKU BHE 3TOU IOBEPXHOCTH. MHOTOWIEH YeT-
BepToM cTerneHN 6e3 KpaTHBIX KOPHEHN MOXeT UMeTh 4 KOPH:, 2 KOPHA WK
BOBCe He UMeThb KopHell. Kaxzplil 13 3THX Tpex BapHaHTOB COOTBETCTBYET
OJHOM M3 TpeX KOMIIOHEHT, Ha KOTOpble AUCKPUMUHAHTHAA IIOBEPXHOCTD
JEJIUT TPOCTPAHCTBO: Y MHOTOWIEHOB, COOTBETCTBYIOIIUX TOYKaM M3 Ca-
MOH HIDXHeU KOMIIOHEHTHI, HeT KOpHel, BHYTPU «[IUPaMUAKN» — 4 KOPHA,
B caMo# OoJbIIOH, BepxHell KOMIIOHEHTe — 2 KOpHA (Ha puc. 4 psagoM
C KaXI01 KOMIIOHEHTO! MOANMCAaHO YUCIO KOPHel).

[ToBepXHOCTb COCTOUT M3 YeThIpeX IVIAJKUX YacTel, pasZessgeMbIX 0Co-
OBIMU KpUBBIMU. TOYKM 3THX YacTed COOTBETCTBYIOT MHOTOWIEHAM, MMe-
IOIIMM TPYU KOPHA (OZWH W3 HUX KPaTHHIN), a paszgesaioliie X 0coOble
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KpUBbIe — 60jlee CJIOXKHBIM BBIPOXKAEeHUAM. Hampumep, MHOTOWIEH C 4e-
TBIPbMSI KOPHAMHU MOXHO NPoZepOpMHUPOBATh TakK, YTOOBI KaKWe-TO ABa
KODHS CJIWIMCh U WCYe3NU. DTO MOXHO CZlelaTh TPEMS Pa3HBIMH CIIO-
cobamu (CTUTHCSA MOTYT IEpBBIE ZBA KOPHS, BTOPOW U TPETHil KOpPEHb
WIY TOCIeIHUE /IBA KOPHA) — U 9TO KaK pa3 COOTBETCTBYeT TPeM 4acTAM
I'PAHULIBI «[TUPAMUABL».

HaxkoHel, TOCMOTPUM Ha KpUBBIE, pa3zesdlolye MajKue ob1acTy mo-
BEPXHOCTU, — Ha JIB€ YaCTU NONyKyOmdeckoro pe6pa Bo3Bpara U Ha KpU-
BYIO caMolepecedeHus1. Pe6po Bo3BpaTa COOTBETCTBYIOT HAIUYHIO TPOMHO-
IO KOPHA (X] =Xy = X3 WIH Xy = X3 = X,), & JUHUA caMoIlepecedeHUsI —
HaJIMYUIO BYX Pa3/JIU4YHBIX ABOMHBIX KOPHEH (X1 =Xy, X3 =X4).

2.2. Tloka MbI CMOTpPEIH Ha KapPTUHKY C JIACTOYKUHBIM XBOCTOM, HO He
obcy:xaany, KaK ee MoMyIuTh. icKaTh AUCKPUMUHAHTHOE MHOXKECTBO MOX-
HO, JeHCTBYS IPUMEPHO TaK JKe, KaK B KyOMYecKoM ciaydae. MHOrowieH
VMMeeT KpaTHBIM KOpeHb TOT/Zla U TOIBKO TOT/a, KOTZa OH UMeET OOIIHUii KO-
PEeHb CO CBOEH MPOM3BOAHOMN. B HalleM ciiydae JO/KHB UMETh OOIIre Kop-
HU ypaBHEHWUsI

x*+ax?+bx+c=0

4x3 +2ax+b=0.

Byzem 3azaBaTh COOTBETCTBYIOLee CEMEHCTBO MHOTOWIEHOB IapaMerT-
pudecku. B kauecTBe mapaMeTpoB YZOOHO B3ATh X (BEJIUYMHY KPATHOTO
KopHs) U a. KoopauHaTE b U ¢ JIETKO BBIPAXXAIOTCA Yepe3 3TU IlapaMer-
pol: b=—4x> —2ax (u3 BTOpOrO ypaBHeHus), ¢ = 3x* + ax? (u3 mepsoro
ypaBHEHUS OC/Ie BHIUUTAHKS BTOPOTO, YMHOXKEHHOTO Ha X).

Tenepb HETPYAHO MOHATD, YTO CEYEHUS TUIOCKOCTAMU d = CONSst JeHCTBU-
TeJBHO BBIIZAAT TaK, KaK ObLIO 3asBJIeHO. Bo-TIepBEIX, YTOOBI BEISICHUTS,
ecTb JIU 0COOEHHOCTU Y IUIOCKOM KDUBOM, IMOMyYalollelcs B TaKOM ce-
YeHUW, HalZleM MPOM3BOJAHBIE KoopAWMHAT b U ¢ (Kak QYHKIMH OT X):
b’ =—12x? — 2a, ¢/ = 12x> + 2ax. Buaxo, 4To npu a > 0 mepBasg UX HUX
B HOJMb He obpamaerca (a 3HAYUT, COOTBETCTBYIOLEE CeYeHUE ABJIAETCS
IIaZIKOW KPUBOI1), a ipu a < 0 OHU OZHOBPEMEHHO OOpAaIIAIOTCA B HOJMB B
ABYX TouKax (korga 12x2 +2a =0). Bo BTOPHIX, IpH M060M a < 0 GyHKIMA
b obpamraercs B Homb pu x =0 U ellle [P ABYX B3aUMHO IIPOTHUBOIIOIOX-
HBIX 3HAQUeHUAX X. DTUM JBYM IIOCIeJHUM 3HAYeHUAM X COOTBETCTBYET
OZIHO U TO JKe 3HaYeHHUe C, T. €. KpUBasd UMeeT TOUKy camonepeceyenus. (To,
YTO APYTUX TOYEK caMoIlepecedeHusI 3TU KPUBble HE UMEIOT, OCTaBJISIETCS
YUTATENIM B KaueCTBe YIpaKHEeHUs.)



Jlerko yBUJETH ellle, YTO Hallla [IOBEPXHOCTD JiUHelluamas, T. €. ABJIAETCA
o0beANHEHNEM MpPAMBIX. (JIMHEHMYaTOCTh He MPOTHUBOPEYUT TOMY, UTO
IIOBEPXHOCTD SBJISIETCS «UCKPUBJIEHHOW». HallOMHMM camblii M3BECTHBIN
HETPUBUAJIBHBI TPUMEP JUHENYATONW IMOBEPXHOCTU — 00HONONOCMHbLIL
2unep60J10ud, KOTOPBII MOXKET OBITH MOTy4YeH BpallleHUeM MPSIMOI BOKPYT
CKpeIIUBaIoIIeNcs ¢ Hell mpsaMoi.) JlefCTBUTENBHO, €CTU B TapaMeTpuye-
CKOM 33/IaHUH BhIIIe 3adUKCUPOBATH X, TO b U ¢ 6YAyT BEIpaXKaThCs Yepe3 a
JUHERHO. JIpyTMMHU CJIOBaMH, COBOKYITHOCTb BCEX YpaBHEHHUI c uKcU-
POBaHHBIM KDAaTHEIM KOPHEM IIpeJCcTaBisieT coboil mpsmyro. OTMmerum,
YTO BCE OTU IIpsIMBIe IIPOXOJAT uYepe3 JMHHUIO caMollepecedeHHs Hailei
MMOBEPXHOCTHU U Yepe3 KKAYI0 TOYKY JUHUU caMOIlepecedyeHUs IPOXOAUT
POBHO /[IBe TaKUe IpSAMBIE.

2.3. Kak ¥ B KyOMYeCKOM Cjlydyae, BMECTO TOrO YTOOBI 33/laBaTh JVC-
KpPUMHMHAHTHOE MHOXXECTBO ITapaMeTpU4ecKy, MOXXHO IIPYMEHUTh K MHO-
TOWIeHy U ero Ipou3BOAHOM ajropuTMm EBKINZA U MOTYyYWUTh YpaBHEHUe,
KOTOPOMY JIOJDKHBI YAOBIETBOPATh KO3GOUIUEHTH a, b, ¢, 4TOOHI Halle
ypaBHEHHE MMeJNO KpaTHBIM KopeHb. Eciu Takoe (ZOBOJIBHO YTOMUTENh-
HOe) BBIYHCJIEHHE MPOJEATh, TO MOXKHO IOMYYUTh CJIEAYIOUIYI0 GOpMYITy
Ans QUCKPUMUHAHMA YPaBHEHUs YeTBepToi crenenu: D = 16a*c —4a®b? —
—128a*c? + 144ab?*c—27b* + 256¢°.

YAUBUTENLHBIM 06Pa30M OKa3bIBaeTCs, YTO ypaBHeHUI0 D = 0 yzoBie-
TBOPSIIOT HE TOJBKO TOYKU HaIllel MOBEPXHOCTH, HO ellle ¥ HEKOTOPBIHA pac-
TYIIWI U3 Hadajaa KOOPAWHAT «XBOCTUK» — KPUBas, He Jie)XXalasa Ha dTOH
MIOBEPXHOCTHU (CM. puc. 6).

-

-~
ABAa KOMIUIEKCHBIX
KpaTHBIX KOPHA

BellleCTBEHHBIH
KpAaTHBIN KOPEHb

Puc. 6. JIaCTOYKHUH XBOCT C «XBOCTHKOM»
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OtoT adpdekT HETPYAHO 0OBACHUTE. JleJIo B TOM, YTO AUCKPUMUHAHT HE
pasnuyaeT BellleCTBEHHbIE U KOMIUIEKCHbIE KOPHHU. [ TOUKHU XBOCTHMKA —
3TO MHOTOWIEHBI, ¥ KOTOPHIX €CTh KOMIUIEKCHBIM KPaTHHIA KOpeHb (He SB-
JIAroImuics BelllecTBeHHBIM). Ho ecyii KOMILIEKCHOE YHCIIO Z SABJsIeTCs KOp-
HeM MHOI'OWIEHa C BeleCTBEHHBIMU KoadpdUlMeHTaMu, TO U COIpPsKEH-
HOe YMCJIO Z ABJAeTCA ero KopHeM. [losToMy Halll MHOTOWIEH UMeeT KOPHU
%, 2, Z, Z, T. €. ABJAETCS ITOJHBIM KBaZIpaTOM BeI[eCTBEHHOTO MHOTOWIEHa
x? — (2 + £)x + 2Z. TlockoNbKy K03bPUIMEHT Halllero MHOTOWIeHa Mpu X°
PaBeH HYJIIO, YUCIO Z + Z TOXe JOKHO obpamarbes B 0, T. €. 2 — YHCTO
MHUMOe€ YUCJIO, a 3Ha4uT, 2Z > 0.

Takum 06pa3oM, «XBOCTHK» MPEACTABIAET COO0M MPOAODKEHNE JIUHUN
caMoIepecedeHHs JaCTOYKMHA XBOCTAa: MHOrowIeHs Buza (x2 + t)? mpu
OTpULIATENbHEIX t (T. €. MHOTOWIEHH! C IByMs KpaTHBIMU BellleCTBeHHBIMU
KODHAMH) 06pasyloT JIMHUIO caMollepecedyeHUs Hallell IIOBepXHOCTH, a
IIpYU MOJIOXKUTEJIbHBIX t JIeXKAT Ha «XBOCTUKE».

§ 3. Pe3ynbTaHT U 30HTUK YUTHHU

3.1. Panpme MBI 3aZaBaju BOIPOC: «ECTh JIM y ZAHHOTO MHOTOWIEHa
KpaTHble KOpPHU?» V1 OTBeT Ha Hero AaBajics JuckpumuHaHmom. JlaBaiite
Telepb MOCMOTPHUM He Ha OAWH MHOTOWIEH, a Ha Iapy MHOTOWIEHOB, U
CIIPOCUM, KOTZ]a Y HUX €CTh OOIMe KOpDHH. JTO HEKOTOpOe YCJIOBHE Ha
K03 OUIIMEHTBI, KOTOPOE ZAETC Pe3yIbMmaHmoM.

[TepBbIii UHTEpeCHBIV IPUMEpP — 3TO CUCTEMa U3 IByX KBaJpaTHBIX ypaB-
HEHUM

X’ +ax+b=0,
x*+ax+c=0.

MHOXeCTBO BCEX TaKMX CHUCTEM — YETBIpEXMEPHOe MpOCTpaHcTBO. Kak
00OBIYHO, TIPYU IIOMOIIM CABHUTa apryMeHTa MOXHO, HalpuMep, CAenaTh
PaBHBIM HYJIIO0 KO3GOUIIMEHT NMPU X B OJHOM M3 ypaBHeHUH. Ho yrmo6Hee
HOCTYNIUTh O0JIee CUMMETPUYHO U CZeIaTh PaBHOM HYMIO CYyMMY Koabdu-
I[UEHTOB TpH X. VITak, y Hac eCTh CUCTEMA U3 ABYX KBaZpaTHBIX ypaBHEHUIHA
x*+ax+b=0,
x> —ax+c=0.

Kaxzoti Takoii cucTeMe COOTBETCTBYeT TOYKa TPeXMEPHOT0 IIPOCTPAHCTBA,
U MBI MHTepecyeMcsl MHOXXECTBOM BCEX CHCTEM, MMEIOIIUX pelleHusd, —
3TO OyZieT HEKOTOpast IIOBEPXHOCTb B TPEXMEPHOM IIPOCTPAHCTBE.
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Ec/u ypaBHEHUsI 9TOM CHCTEMBI CJIOXKUTD U BBIYECTD, TO TIOTYYUM PaBHO-
CWIBHYIO CUCTEMY
2x2+b+c=0,
2ax+b—c=0

[TogcTaBnaa x u3 BTOPOIr'0 ypaBHEHHA B IIE€EPBOE, IIOJIy4YaeM yCJIOBHE COB-
MECTHOCTHU CHCTEMBI:

(c—b)?+2a%(b+c)=0.

Ora popmysna, KOHEYHO, HAMHOTO Ipole GOPMYJIBI A1 AUCKPUMUHAHTA
YPaBHEHHUsI YETBEPTOM CTENeHM, KOTOPYIO Mbl BUJENU B MPEABLIYIIEM
ITYHKTE, HO BCE-TAKU XOTEJIOCh OBl ee yIpocTUTh. Ilocie 3amMeHbl c—b =D,
2(b +¢) =¢ nomyyaem

a?é+b*=0

DTO ypaBHeHHe 3aMedaTeJbHON IIOBEPXHOCTH — 30Hmuka YumHuu. Kak
3Ta MOBEPXHOCTH BEHIIAAUT? JlaBaiiTe CHOBa IOCMOTPUM Ha CeYyeHUs 3TOU
IIOBEPXHOCTU pa3HBIMU IUIOCKOCTAMU Buza ¢ = const. [loka ¢ > 0, B ceue-
HUU TOydaeTcsa OfHa TOYKa a = b=0. Otu Toukn 06pa3yIoT MPSAMOM «XBO-
CTUK» (KOTOPBIM COOTBETCTBYEeT TOMY, UTO /iBa MHOT'OWIeHa COBNaZal0T, HO
He UMEIOT BellleCTBEHHbIX KOpHeit). A ipu ¢ < 0 mosyaeTcs mapa rnepeceka-
FOIIMXCA TIPAMBIX, b = £+/—C a. Korja & mpu6IimKaeTcs K HyJI0, YOI MEXIY
STHUMH NIPAMBIMU yMeHbIaeTcs, ¥ Ipu ¢ =0 OHU CJIMBAIOTCA, a 3aTeM Ucye-
3aloT.

30HTUK

pyuKa

Puc. 7. 30HTUK YUTHU

3.2. DTa NOBEPXHOCTh TOXKE pa3zesdeT IPOCTPAHCTBO MMap KBaZAPaTHBIX
ypaBHeHUH Ha Tpu 4acTu. KakoB cMBICI 3TUX YacTeil? /IBe MeHblIIMe YacTu
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Ha pHUC. 7 COOTBETCTBYIOT IIapaM ypaBHEHU, KOPHU KOTOPBIX YEPEYIOTCS
(B 0fIHOM YaCTH KaK MEPBbIN-BTOPOM-TIEPBLIN-BTOPOM, a B APYroil — Haobo-
POT), a B OOJIBIIIEH YaCTH JIeXKaT BCe OCTaJbHBIE MAaphl ypaBHEHUM 6e3 06-
X KOpHeU.

JlOBOJIBHO SICHO, UTO €CJIX ¥ OHOY ITaphl HOJTMHOMOB KOPHU YepeayIoTcs,
a y Apyro# maphl UAYT TOCIEeA0BATENbHO, TO MPoAedOpPMUPOBATh TIEPBYIO
mapy Bo BTOPYIO (He IepeceKasi pe3yJbTaHT, T. €. TaK, YTOOBI [0 MyTH ypaB-
HEHMS U3 OfIHOM Taphl He UMeH OOIIUX KOpHeH) He monyuutcsa. Ho xote-
JIOCh OBI MOCTPOUTDH KAKOK-TO MONos02uueckull UHB8APUAHM, KOTOPHIK pas-
JIN4aeT 3TU TPU KOMIIOHEHTHL.

CaenaTh 3TO MOXKHO cjIeAylomiuM obpa3om. [Tapa MHOrOwIeHOB P u Q
3aziaeT orobpaskenue x — (P(x),Q(x)) u3 mpsaMo# B IUIOCKOCTb, T. e. (ma-
paMeTpu30BaHHYI0) KpuBYy0. Kak Takas KpuBas BHIIVIAAUT, Korga P u Q —
KBaZpaTHble TpeXwieHbl O6e3 061Kx KopHel? Ecii X BEeIHKO 10 MOZYIIIO, TO
P(x) u Q(x) — 6osbliivie MOMOKUTENbHBIE Yrcaa. TakuM ob6pa3oM, KprBast
IpeZACTaBIAeT OO0 «IETII0», KOTOPas MPUXOAUT U3 «TOUKU» (400, +00),
Jajbllie YTO-TO IIPOUCXOAUT, U B KOHIIE OHa BO3BpallaeTcs o6paTHO.

Q

. —

Pruc. 8. TpexwieHbl P u Q ¢ 4epeAyromMucs KOpHAMU U Kpusad (P, Q)

[TocMOTpUM, B KaKOM TOPsAKE 3Ta METIA IepeceKaeT KOOpAUHATHBIE
ocu. ITycTh KOPHU MHOTOWIEHOB P U Q 4YepenyloTcs, Kak B JIEBOH 4acCTH
puc. 8. Torza nmeTis cHavana mepecekaeT ochb Q B IOJMIOKUTENBHOM TOUKe,
IIOTOM OCh P B OTpUIIATENBHOM, ITOTOM OCh Q B OTpHUIIaTeIbHON U HAaKOHEI]
oCh P B HIOJIOXKUTENBHOM (CM. IIPaByIo 4acTh puc. 8), T. €. 06xodum 8okpyz
Hauana koopduHam npomue uacosoil cmpeaku. AHAJIOTUYHBIM 00pasoM,
eCJId KOPHU YepeAyroTcs B OO6paTHOM MOpsAKe, MeTIA OOXOAUT Havalo
KOOpZAWHAT No uacosoll cmpenke. HakoHel], eci KOPHU He YepeayIOTCS
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WM XOTs OBl Y OHOTO U3 MHOTOWIEHOB HET KOpPHEH, To KpUBas BOOOIIE He
00XOANT BOKPYT Hayaja KOOpAUHAT (CM., HapuMmep, puc. 9).

U

Q AN el

p ~——

Puc. 9. TpexuneHsl P u Q c HeuepeAyoOMUMUCA KOPHAMU U KpuBad (P, Q)

Eciu ogHa napa nonuHoMoB (P, Q) HempephIBHO AepopMUpPYyeTCs B APY-
I'yI0, TO COOTBETCTBYIOLMEe UM IlapaMeTpu3oBaHHbIe neTiu B (P, Q)-1wioc-
KOCTH TOXe HelpepHEIBHO ebOpMUPYIOTCA APYT B Apyra. Tak Kak eTisd HU
B KaKOM MOMEHT He MOKeT IIPOXOAUTD yepe3 Hayalo KOOpAUHAT (3TO COOT-
BETCTBOBAJIO ObI HAMWYMIO ¥ P 1 Q 06IETO KOPHS), HU OJHY U3 3TUX TPeX
KapTHUHOK HeJb35 MpoAebOpMUPOBATh B APYTYIO.

3.3. MOXXHO IPUMEHUTHh aHAJIOTHYHBIE COOOPAKEHUS U VIS U3YYEeHUS
JIOTIONIHEHUA K AWCKPUMUHAHTY. MHOTOWIEH, JeXalluid BHe AUCKPUMU-
HAHTHOM MOBEPXHOCTH, HE UMeeT KPAaTHBIX KOPHEMH, T. €. HEe UMeeT OOLInX
KOpHeM co cBoel npon3BogHoi. TakuM o6pasoM, kpusas x — (P(x), P’ (x))
He TPOXOAUT Yepe3 Havyaao KOOpPAWHAT, U MOXKHO CIPOCUTD, CKOJMBKO pa3
OHa BOKpYT Hero obxozuT (06X0Abl MpU 3TOM OyZeM CYMUTATh CO 3HAKOM:
IUTIOC TIpy 06X0/Ie 110 YacoBOM CTpeKe, MUHYC — IIPOTUB YacOBOi).

9To 1IeJI0e YHCI0, KOTOpoe He MeHsAeTcs pU JepopMaIiii MHOTOWIeHa
(TIoKa MBI He TTPOXOAUM Yepe3 AUCKPUMHUHAHTHOE MHOKECTBO), T. €. BO3HH-
KaeT TOTIOJIOTUYECKUH UH8ApuaHm: AJi BCeX MHOTOWIEHOB, JieXKallluX B OfI-
HOH KOMITOHEHTE JIOTIOTHEHUS K JUCKPUMHHAHTY, 3TO YHCJIO OFHO U TO JKE.

YnpaxcreHue 01 uumamesell. BEIICHUTD, KaK 3aBHUCUT YKUCJIO 0O0POTOB
TaKoM KpHUBOM OT 4Mcjia KOpHel MHOro4wieHa YeTBePTOU CTeleHM!.

(OtBet. Eciu KOpHeH 4eThIpe, TO KpUBas JeaeT ABa obopora (CM., Ha-
mpuMep, puc. 10), ecau KopHeii ABa — oUH 060POT, €C/IU KOpHEH HeT —
HU OIHOTO 060pOoTa.
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Puc. 10. T'paduk MHOrowieHa P yeTBepToii crenenu u kpusas (P, P’)

HampasieHve o6xoZia BOKPYT Havyajla KOOPAMHAT IIPU STOM BCErAa Of-
HO U TO JXe — 3TO NPOsIBJIeHHe TaK Ha3bIBAEMOT0 3¢hhexma 20JI0HOMHOCMU.
To, 9YTO KOJIMYECTBO KOPHEHN KaXK/BI pa3 OKa3bIBAETCS POBHO BABOE 6OJIb-
Ille KOJIMYECTBA 0OOPOTOB, TOXE He CIyYalfHO — 3TO BEPHO I MHOTOYIe-
Ha JT000H CTENeHU U CBS3aHO C TOMOJOTUYECKON MHTEPIpeTaIuen Memo-
0a IlImypma HaxoXAeHUs YKcia BellleCTBEHHBIX KOPHel ypaBHeH!s IPOu3-
BOJIbHOI CTeNeH!.)

Mo>KHO 3aMeTHUTh, YTO KaYeCTBEHHO KapTUHKA C JACTOYKUHBIM XBOCTOM
BOOOIIIe TOBOJBHO IIOXOXKA HA KAPTUHKY C 30HTUKOM YUTHU: OAMHAKOBOE
KOJINYeCTBO KOMIIOHEHT JOIOJMHEHUA, caMa I[IOBEPXHOCTb OJMHAKOBBIM
o6pa3oM pa3bUBaeTCA Ha YaCTU CBOMM MHO)XXECTBOM CaMOIlepECedYeHUs,
HaKoHeIl, Y 06erx TOBEePXHOCTeN MMEIOTCA «XBOCTHUKU», TPOJODKAIOIINE
JIMHUIO caMOIlepeceveHrsI U COOTBETCTBYIOIINE KaKUM-TO 3pdeKTaM, mpo-
HICXOZAIINM B KOMIUIEKCHOM 06JacTH. .. Bce 3To TOXKe He CIIy4aifHO, U TaKas
CBSI3b IUCKPUMUHAHTA JIJIs1 ypaBHEHUS CTENIEHU 2N U Pe3y/IbTaHTa AJI JBYX
YpaBHEHUI CTENEHU N UMEET MECTO MPU JIOOBIX N.

15



HayuHo-nonynsapHoe uszaHue
Buxmop Anamoavesuu Bacuives

TEOMETPUA AVUCKPUMHWHAHTA

V3paTenbcTBO MOCKOBCKOTO I[eHTpa
HEMPEePHIBHOTO MaTEMAaTUYeCKOr0 06pa3oBaHUs
119002, Mockga, Bosbiioii BiackeBckuii mep., 11. Ten. (499) 241-08-04

IMoamucaxo B mevyats 23.03.2017 r. ®opmat 60x901/16. Bymara opceTHast.
[Teyatb odceTHasn. Ileu. . 1. Tupax 2000. 3aka3

OTreyaTaHo € roToBBIX AUano3uTuBoB B OO0 «[IpunT CepBuc I'pym».
105187, Mockga, yi. bopucoBckas, a. 14.

Kuuru uzgarensctBa MITHMO MoXHO Tpro6GpecTyl B MarasuHe
«MaTemaTudeckas KHUra», MockBa, bonbuioil BraceeBckuii ep., . 11.
Ten. (495) 745-80-31. E-mail: biblio@mccme.ru




