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IIpenucaoBue

Hacrosiee yueGHoe noco6ue MOCBSILIEHO H3J0XKEHHUIO OCHOB (DYHKIU-
OHaJIbHOTO aHaJjiu3a JJIsi CTYNEHTOB Kadeopbl MaTeMaTHKH (PHU3NYECKOro
¢dakynbrera MI'Y. B nepsom Tome «O611asi Teopusi» mogpo6HO pa3dbupaioT-
Csl OCHOBBI 3JIeMEHTapHOH W abCTpakTHOW Teopuu Mepbl Jlebera corsacHo
noagxony A. H. Kosmoroposa. [Tocsie 3Toro Mbl paccMmaTprBaeM TEOpPHIO
unrerpana Jle6era u npoctpanctB JleGera. [Tonpo6Ho paccMmaTpuBaloTcs
TaKHe BOMPOCH JIMHEHHOro (YHKLHMOHAJIBHOIO aHa/NW3a, KaK MeTPUUECKHe
MPOCTPAHCTBA, TOMOJOTHUECKHE U BEKTOPHbIE TOMOJOTHUECKHE MPOCTPaH-
CTBa C yIyOJeHHbIM U3yUeHHEeM CHUJIbHOH, cjaboi U *-caaboil TOmosorui u
TEOpUM HampaBJeHHOCTeH. 3aTeM M3/1araloTcsi OCHOBBI TEOPUH OGaHaXOBBIX
TNIPOCTPAHCTB C [0KA3aTeJbCTBOM TPEX OCHOBHBIX MPHHLUMIOB (DYHKIIHO-
HaJbHOro aHanusa — TeopeM XaHa-banaxa, banaxa-Ilreiinraysa u Teo-
peMbl 06 OTKPBITOM oTOOpaxkeHWH. [Ipr 3TOM MBI MOAPOGHO paccMaTprBaeM
CHUJIBHYI0, cJabyio U *-caabylo CXOOUMOCTH B GAaHAXOBBIX NPOCTPAHCTBAX.
[Tonpo6Ho M3/10KeHA TEOpUs] TPAHCIIOHHPOBAHHBIX ONEPATOPOB, NEHCTBYIO-
mux B 6aHaXoBBIX NpocTpaHcTBax. Ha ocHoBe uHTerpana Handopna mbl
paccMaTpUBaeM CIEKTpaJbHOe HCUMCJIeHHe B 0aHaXOBbIX MPOCTPAaHCTBAX.
WanaratoTcst OCHOBBI TEOPHUH THJIbOEPTOBBIX MPOCTPAHCTB M TEOPHs CaMo-
COMNPSI2KEHHBIX ONepaTopoB.

KHura cocTOMT M3 OCHOBHBIX JIEKLHH, B KOTOPBIX H3JjaraiTcs 0a-
30Bble CBeIEHHs], U3 CEMHHAPOB—JIEKLHH, B KOTOPBIX TMOMHMO OGOJBIIOTO
KOJIMYeCcTBa MPUMEPOB, HJJIIOCTPUPYIOLUIUX OCHOBHBbIE CBOHCTBA 00BEKTOB,
BBEIEHHBIX B JIEKLHAX, PACCMAaTPUBAIOTCS TaKXKe TOHKHE BONpPOCH 0ofIIel
TEOPHH W, HAKOHEll, U3 JOTOJHUTEJNbHBIX JEKIIUH, KOTOpble TpeHa3HaueHbl
IJs CAaMOCTOSITE/IbHOTO U3y4yeHHUsi. B mpakTHKe Halllero npernogaBaHus CTY-
IEHTBl YCTHO 3alULIAIOT pelleHUs 3anay nepei npenonasateneM. (OnuH
U3 aBTOPOB OLEHHUJ Ha cefe MONe3HOCTb MOAOOGHOH CHCTEMBI, 33 UTO OYEeHb
6aarogapeH cBOMM yuuTeJssiM, U npexnae Bcero A. llleHio.) OcHoOBHBIE JIEK-
LUUH W JeKUUH—CeMHHapbl HyMepyloTCS He3aBHCHMO. 3HauyuTeJbHas 4acTb
MPUMEPOB W 3a4ady B3ATa M3 Pa3/M4YHBIX Y4YeOHUKOB M 3aAaYHHUKOB. Mul
nocTapajnch HauboJjiee MOJTHO OTPA3UTh UX CIHCOK B Gubauorpaduu.

Mer ray6oko mpusHatesbhbl A.[. CemnukoBy, A.H. Boroso6osy,
E.E. bykxanésy, H.H. Hepénosy u A. I'. fdrose 3a mosiesHoe o6cyx-
JeH’e KHHTH, a Takxke peleHsentam: B.lO. [Tonosy, I'. A. CBupumioky u
M. B. ®ananeeBy 3a LleHHble 3aMeYaHUsi, CYIIeCTBEHHO YJyUIINBIINE KHHU-
ry. OToenbHO XOTHM BHIPa3uTh GjarogapHocTh ctyaeHTam A. A. BesoBy u
B. B. LleneseBy, ykasaBlmuM HaM Ha Psif ONeYaTOK U HETOYHOCTEH.

Asmopot



Cemunap-Jlekuusa 1

9JEMEHTbI TEOPUHN MHOZKECTB

§ 1. IlonsiTue MHOXKecCTBa

Mer He GyzneMm 3mech (OPMYJNUPOBATH AKCHOMBI TeOpUU MHOKecTB. WH-
Tepecyollre MOT'yT 0OpaTUTbcs, HanpuMep, K 1 Tomy Kypca «Maremartu-
yeckui aHanu3d» B. A. 3opuua. i Hac GyneT BaxKHO CJeLyIOLIEE:

1) MHOXKeCTBa 3a[alOTC CBOMMH 3JeMEHTaMM, T. €. MHOXECTBO 3aJaHo,
€CJIM yKa3aHo, Kakue 3JIeMEHTHl €My NPHHALJEXKAT; P 3TOM MHOXKECTBa
CUMTAIOTCS PAaBHBIMM TOTAA W TOJbKO TOrJA, KOTAA OHH COIEpPXKAT POBHO
ONHH U Te XKe 3JIEeMEHThbl; CAMU MHOXECTBA MOTYT CJyXHTb 3J€MeHTaMH
IPYTHX MHOXKECTB; ONpeJesieHO IMyCTOe MHOXKECTBO &, He CofeprKallee
HUKAKHX 3JIEMEHTOB (B CUJy BBILIECKA3aHHOTO OHO €IUHCTBEHHO);

2) ecsiu A — MHOX)ecTBo, P(x) — CBOHCTBO, TO MOXHO MOCTPOUTb MOJA-
MHOKECTBO

B={xec A|P(2)},

COCTOsILIlEE POBHO M3 TeX 3JEMEHTOB MHOXeCTBa A, M/ KOTOPBIX BBINOJ-
HEHO CBOMHCcTBO P;

3) mas moboro MHOkecTBa X ompeneneHo MHoxkecTBo P(X), cocrosiuee
U3 BCEX €ro MOAMHOXKECTB;

4) cyuiecTByIOT GECKOHEYHbIE MHOXKECTBA.

§ 2. Onepauumn HajJg MHOKECTBaAaMH

Jlast mo6BIX ABYX MHOXKeCTB A, B MOXHO MOCTPOHTb HX 0OBEIHHEHHE,
riepeceyeHye, pasHOCTb U CHMMETPUYECKYI0 Pa3HOCTb COOTBETCTBEHHO IO
npaBuJIaM

AUB={z|z€ AVz € B},
AnNB={z|z€ ANz € B},
A\B={z|zc ANz ¢ B},
AAB={z|(r€e AVz e B)A—~(x € ANz € B)},

rae V — JIorH4eckoe «HJu» (HerckJodamilee!), A — Joruyeckoe «m», - —
JIOTUUECKOE «He».



2. Onepayuu Had mHONMCECMBAMU 9

ANB

AUB
A\B AAB

Puc. 1. Muoxectea AU B, AN B, A\B n AAB.

JLnst IpOCTOTHl IPUBENEM TaKxKe CJIOBECHbIE (POPMYJIHPOBKH:
06Bedurerie MHOXKECTB CONEPKUT POBHO Te 3J€MEHTHI, KOTOPblE TpHHAL-
JiexKaT XoTsl 6bl OJHOMY M3 OObeJUHSEMbIX MHOXECTB,
nepeceyerue MHOXKECTB CONEPKUT POBHO Te 3JE€MEHTH, KOTOpble MPHHAM-
JIeXKaT BCEM TepeceKaeMblM MHOXKECTBaM,
pasHocmes MHOXKeCTB A, B COEEPKHUT POBHO Te€ 3JIEMEHTHI, KOTOpBIE
npuHannexat A u He npuHansexar B,
cummempu1eckas pasHocms MHOXKeCcTB A, B COmep:KUT POBHO Te 3JeMeH-
Tbl, KOTOPbIE MPHHAJMEXKAT POBHO OfHOMY M3 MHOXeCTB A U B.

OTmetuM, 4TO /151 CHMMETPUYECKOH Pa3HOCTH BO3MOXKHBI TAKHe MPECTaB-
JIEHHUS:

AAB = (AUB)\ (ANB) = (A\ B)U(B\ A).

OTMeTHM TakxKe, UTO 0ObeMHEHHE U NlepeceyeHHe IPOU3BOJIbHOTO (He 06s-
3aTeJIbHO KOHEYHOro!) ceMelcTBa MHOXKECTB OMPeNeNsoTCs aHAJOTMYHO.

Takxe cyliecTByeT MNOHSITHE dexapmosa npou3eederHus: MHOXECTB.
Mwmenno, A x B = {(z,y) | x € ANy € B}. D10 onpeenenue jerko 0606-
I[aeTCsl HAa CYETHYIO MOCJEN0BATEIbHOCTh MHOXKECTB (KakK?).

Ecau Kaxablil s71eMeHT MHOXKecTBa B sIBJsieTCsl 3JeMEHTOM MHOXKe-
ctBa A, To roBopsaT, yTo B — mnoxmHoxecTBO A (B BaoxeHo B A), H
nuyT: B C A. Ecnu npu atom B # A, To B Ha3biBaloT COOGCTBEHHBIM MO/
muokecTBoM A. [Ipyu HE0OXOMUMOCTH MOLUEPKHYTh, UTO B — coGCTBEHHOE
nogMHoxectBo A, BMecto B C A nuwyt B C A.

Ha npaxTuke yacTo BCTpedaroTcsi ceMeHCTBa MHOXKECTB, SIBJSIIOLIHAXCS
TIOJHOKECTBAMU HeKOTOoporo MHoxkectBa P. (Hampumep, HekoTopele MHO-
JKECTBA TOUEK Ha MJIOCKOCTH, HEKOTOPbIE MHOXKECTBA YMCJIOBBIX (DYHKIHH U
T. .) B 3ToM cayuyae GbiBatoT mose3Hsl gopmysst de Mopearna

P \ UOLGFAQ = maEF(P \ Aa)v (21)
P \ ﬂaEFAa = UaEF(P \ Aa) (22)
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[TpoBepum dopmyay (2.1).

O Boo6uie, n/is 10Ka3aTeNbCTBA paBeHCTBa MHOXKecTB A = B nocTa-
TOYHO JI0Ka3aTh, UTO BHIMOJHSIOTCS BJIokeHnss A C B u B C A. Ilyers x €
€ P\ UgerAe,. DT0 03HAYAET MO ONMpPEJIeJIEHUI0 PA3HOCTH MHOXKECTB, UTO &
BXOAHT (CHHOHHMM CJIOBA «IIPUHAMJIEXHUT») B P, HO He BXOAHT B UgerAq.
Torna o onpeneneHno 06beIUHEHUS] MHOXKECTB & He BXOAHT HU B OJHO U3
MHoxecTB A,. Ho torma x € P\ A, npu Bcex o € I' u 1o ompeneseHuio
nepecederus: & € Naer (P \ Aa).

JTlokaxkem Ternepb o6partHoe BioxeHHe. Ecain @ € Nger(P \ Aq), T0 T
MPUHAIJIEXKUT BCeM MHOXectBam P\ A,, oTKyma ciaenyer, uto x € P,
HO HHM mnpu KakoM « € I' agnemeHT x He copmepxutes B A,. Ho To-
tna ¢ ¢ Uyerda ¥ 2 € P\ Ugerdy. OTMETHM, YTO H3 HAIEro paccyk-
IEeHUs CJeNyeT, YTO €CJH OfHO M3 MHOXecTB B (2.1) mycrto, To U mpyroe
MyCTO, T. €. PABEHCTBO BBLIMOJIHAETCS M B 3TOM CJjyuae (Bbillle OTMEYEHO,
YTO MyCThie MHOXKECTBA PaBHHI APYT Apyry). X

Dopmyny (2.2) npensaraetcsi IPOBEPHTh CaMOCTOSITEBHO.

Haubonpwinit uHTEepec MpeacTaBJsieT MOHATHE OGECKOHEUHOro MHOXKe-
cTBa. Jlagum ompenesieHue.

Onpenenenue 1. Mrowecmso A Ha3vieaemcs GECKOHEYHLIM, ec-
AU, Kakoso bvt Hu 6vino HamypaavHoe uucro N, Hatidémcs nodmHoxice-
cmso mHoxcecmsa A, codepacauiee posho N aiemermos.

GameuaHnue 1. Jlerko BuIeTb, UTO Pa3HOCTb OECKOHEUHOTO M KO-
HEYHOrO MHOXKECTB — GeCKOHeYHOe MHOXKECTBO. JleACTBUTENbHO, MPEAno-
JgoxuM, 4to A Geckoneuno, B koneuno W A\ B KoHe4HO. DTO 3HAYMT,
uto cymectByer takoe N € N, uto B A\ B Her mogmHOXkecTBa W3 N
snemenToB. [losoxkum M paBHBIM KoJudecTBY 3jemeHtoB B B. B A cy-
IIECTBYeT MOAMHOXKeCTBO Aj, cocrosiiiee w3 N + M sj1emMeHTOB (mouemy?)
3amerum, uto A; \ B C A\ B, otkyna caenyet, uto B A\ B cyuiecTtByer
nogmMHoXkecTBO A \ B, cocrosiliee He MeHee uyeM W3 N 3/eMEHTOB, a
CJIe0BaTeNbHO, H MOAMHOXKECTBO, COCTOsIIIEe POBHO U3 N 3JIEMEHTOB.

[ToHSITHO, YTO KOHEYHble MHOXKECTBA MOXKHO CPAaBHHUBATh MO KOJUYECTBY
3/leMeHTOB. Bo3HHKaeT BOMpPOC: KaK CPaBHUBATh GECKOHEUHbIE MHOXECTBa?
3aMeTHM, OJHAKO, YTO YXK€ [Jisi CPaBHEHUsI KOHEUHBIX MHOXECTB Mpolie-
Iypbl TOACUETA YKCJIA SJEMEHTOB MOXKHO M3bexaTb. Hanpumep, paBeHCTBO
YHCJIa CTYIEHTOB B ayAUTOPHH UHCJIY MECT 3a MapTaMHu JIETKO MpoBepsieTcs,
€CJIH TIOMPOCHTb CTYIEHTOB 3aHATb MeCTa. DTO MPUBOIUT HAC K MOHATHIO,
KOTOpoe GyIeT pacCMOTPEHO B CjefyiolleM naparpade.

§ 3. B3aumMHO 0gJHO3HAYHOE COOTBETCTBHE

Onpenenenune 2. Bbydem cosopums, umo mexndy mronecmeanu A
u B ycmawnosaeno 83aumno o0Ho3HauHoe coomseemcmaue (Oasee 0
kpamxocmu — BOC), ecau na muoxcecmee A onpedesena 00HOZHAUHAA
QPyukyus p, obaadaroujas ciredyrouum c80Licmeamu:
1) D(p) = A,
2) R(p) = B,
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) Vr,ye A (p(x) =p(y) =z =y)

Hroinu crosamu, pynkyus @ cmasum 8 coomseemcmeue Kaxcdomy ane-
Menmy MHONcecmea A Hekomopuili dremenm muoxecmea B, npu smom
Kaxcoolil aremenm mHoxcecmea B okaseigaemces nocmasienHolm 8 coom-
gemcmaue HeKOMOpOMY U POBHO OOHOMY dremermy MHoxecmsa B.

[TIPUMEP 1. HerpynHo yCTaHOBUTb COOTBETCTBHE MEXIY MHOXKe-
CTBOM BCE€X HATYpaJibHbIX UHCEJ H MHOXKECTBOM BCeX UETHBIX HATypaJbHBIX
auces: (n) = 2n.

0O B camom zese, GyHKIUS @ onpeneseHa Ha BCEM N, eé o6sacTbio 3Ha-
YeHUH ABJISETCS BCE MHOXKECTBO YETHBIX HATypasbHBIX UHCEJ, MOCKOJNBKY
I/ KaXAO0r0 YETHOrO MOJIOXKHUTEJNbHOr0 UHcaa 2m CyLlecTByeT HaTypasb-
HOe M, KOTOpOe MepeBOAUTCS (PYHKIHUEH ¢ B 2m, MPUUEM MPH M| # Mg
2my # 2mgy. X

[TIPUMEP 2. Moxuo ycranoButs BOC u Mexny N u Z, nosa-
ras p(1) =0, (2k) =k, ¢(2k+ 1) = —k npu Bcex k € N. (ITposepky
YCJOBUH HETPYLHO BBHINOJHHUTb W [IJs 3TOrO CJyyas, 4TO PEKOMEeHAyeTcs
clesiaTh CaMOCTOsITeNbHO.) OTMETHM elE, UTO Mbl CTOJKHYJIHUCh C Xapak-
TepHOH /151 6€CKOHEUHbIX MHOMKECTB CUTyallHell — BO3MOXHOCTbBIO YCTaHO-
BuTh BOC mMexay MHOkecTBOM A ¥ coGCTBEHHBIM (T. €. He COBMAAaOIUM
¢ A) noagMHOXKeCTBOM MHOXKecTBa A.

Onpenenenne 3. Mnowmecmsa A u B Haswsaromces
pasHomoujHoimy (obosuauenue: |A| = |Bl), ecau mencdy HUMU MOWCHO
ycmanosums BOC.

Kak Mbl yBHAe/aH, NMOHATHE PaBHOMOLIHOCTH siBJsieTcs 0000LIeHHeM
TIOHSITHSI PAaBEHCTBA KOJHMYECTBA 3JE€MEHTOB ([J/1s1 KOHEYHBIX MHOXKECTB).
[TpuHUMNIHAIbHAS pa3HHULA MeXIy KOHEUHBIMH U OeCKOHeYHBIMH MHOXKe-
CTBaMH COCTOMT YK€ B TOM, UTO ME€PBble He MOIYT OBITb PABHOMOLIHBIMH
CBOEMY COOCTBEHHOMY TOLMHOXKECTBY, a8 BTOPble — MOTYT.

3ameyanue 2. OTMETHM Ba)KHOe CBOHCTBO, [0Ka3aTb KOTOpOe
TpefJiaraeTcsi CaMOCTOSITENIbHO: €C/IM Kaxjaoe U3 MHoxkecTB A, B paBHO-
MoiiHo MHOoxecTBy C, To A, B paBHOMOWIHBI MexXny coboi. Tak, Temepb
Mbl cocTosiHUM ycTaHoBUTh BOC Mexny 7Z W MHOXECTBOM BCeX YETHBIX
HaTypaJsibHBIX UHCeJ «4epe3 MoCpencTBO» MHOXKecTBa N.

[TpuBeném npyrue BaxxHble puMepsl BOC Mexny MHOXKeCTBaMH.

IMIPUMEP 3. Tak, Mexny HeBbIPOXKIEHHBIMH OTpPe3KaMu [a; D]
¥ [c; d] MOXKHO YCTAHOBHTH COOTBETCTBHE C TOMOLIBIO JHHEHHOH (PYHKIHH
o(x) = Az + B, rtme xoapQuuueHtsl A, B onpefessiioTcst U3 JHHEHHOH
CHUCTEMBI

Aa+ B =c,
Ab+ B =d.

[TIPUMEP 4. OueBuuHo, Tak XKe YCTaHaBJHUBAeTCsi COOTBETCTBHE
MeXIy ABYMS HHTepBajaMM MM nojyuHTepBasamMu. BOC mexay nosayuH-
tepsajioM [0;1) u sydom [0;4+00) MOKHO YCTAHOBHTb C MOMOLIbIO (DYHK-
uuK ¢(x) = tg S, B3anMHas OJHO3HAUHOCTH KOTOPOH C/leAyeT U3 CTPOroi
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MOHOTOHHOCTH. DTa XKe (QyHKUHUs (TouHee, PpyHKIHMs, 3afaHHast Ha (—1; 1)
Tol xe hopmyioit) ocyuectsiaser BOC (—1;1) u (—o0; 00).

OTMeTHM TakKxKe, UTO B IeOMETPHUECKOH HHTEpIpeTalUy aHalu3a I0-
crosiHHO ucnosbdyercss BOC Mexny nedcTBUTENbHBIMU YncaaMu (6Gecko-
HEUHBIMH NeCSITUYHBIMH ApOOsSMU Ge3 NeBATKH B MepHOfe) M TOYKAMU Ha
NPsSIMOH.

[IPUMEP 5. IlpuBenéM HeCKONbKO MeHee TPHBHAJBHBIH NpPHMeEp
BOC mexny 4nc/0oBEIMM MHOXKeCTBaMH. MIHTYHTHBHO SICHO, UTO OTKPBITHIH
¥ 3aMKHYTBIH JIyd PaBHOMOLIHBI, HO KaK ycTaHoBUTb BOC mexny HAMM?

O Paccmotpum MHOxkectBa [0;+00) u (0; +00). [pennaraercst caeny-
[olias uiaes: OTAeJbHO YCTAHOBHM COOTBETCTBHE MEXKAY LeJNBIMA YHMC/IaMH
no ¢opmyne ¢(n) =n+ 1, n > 0, nocne 4yero ocrajsbHble TOUKH OymyT
COOTBETCTBOBATh camu cebe (T. e. Bce HHTepBaJbl Buaa (n;n + 1), n € Z,
n > 0 «ocraHyTest Ha MecTe», p(x) = x npu z € [0;400) \ (NU{0})).

CoopmynupyeM 6e3 n0Ka3aTeqbCTBA CJEAYIOLLYI0 BaXKHYIO TEOPEMY:

Teopema (Kautopa—DbBepumre#ina). [lycms

Ay C A, B CB, |A]|=|B|, |Bi|=]|A

Toeda |A| = |B].

3ameuyaHnue 3. OTMeTHM, UTO OTCIOJA e CpPa3dy CJeLyeT PaBHO-
MOIIHOCTb OTKPBITOTO M 3aMKHYTOro Jydedl (Kak?), NOoKazaHHas paHee
HEMOCPeACTBEHHO, a8 TaKXKe PABHOMOLIHOCTD JI060T0 MPOMeEXYyTKa (HeHyJe-
BOU 1/IMHBI) BCeH 4nc/I0BOH mpsiMoii. OcTaHOBUMCS Ha TOCJEIHEM Cayuee
nogpobHee.

O B camom pene, nyctb A =R, B = |a;b| (Takoe o6o3HaueHue He
KOHKPETHU3HUPYeT BH[ NPOMEXYTKa: OTPE30K, MOJYHHTEPBAJ HJH HHTEp-
Bas). Torna, ¢ omHod cropoubl, A; = B u, caemosarensto, |A;| = |B]|,
a ¢ opyroi — cyumectsyeT uHtepBan By = (a’;V) C |a;b] u mo panee
nokasauHomy |B;| = |A]. K

Onpenenenue 4. Ecau |A| = |R|, mo eosopam, umo A umeem
MOULHOCb KOHMURYYMA.

Hrak, Mbl yCTaHOBHJIH, YTO JIOOOH TMPOMEXKYTOK Ha YUCJIOBOH MPSIMOH
MUMeeT MOLIHOCTb KOHTHHYYyMa.

SameuaHnue 4. Cphenaem BaxkHOe mpenocTepexkeHue. [lo cux mop
Mbl TIOKa TOBOPWUJIH JIHIIb O PABHBIX MOLIHOCTAX M IOKa He IMOJYYHJH
HU OJHOTO pe3yJbTaTa BHJIA «MOIIHOCTb MHOXecTBa A 06oJblie MOIIHO-
ctu MHOXecTBa B». Ecsim BrymaTbesi — Mbl [Jaxe He ONPENEJHIH, UTO
03HaYyaeT MOCJEe[Hee BbICKa3biBaHHE (PaBEHCTBO MOIIHOCTEH OIpeesieHo,
HepaBeHCTBO MOKa HeT). Mbl JafuM 3TO ONpefesieHHe IMO3XKe, a IMOKa
3aMeTHM, U4TO ONHOI0 TOJNBKO Haiuyus B A COOCTBEHHOrO MOAMHOXKECTBA,
PaBHOMOIIHOTO B, HeIOCTaTOUHO: KaK MOKa3bIBalOT HAIK NpuMepsl, A u B
MOTYT ObITb MPU 3TOM PaBHOMOLIHBI (NpsiMasi U UHTepBaJ, HallpUMep).
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§ 4. CuéTHble MHOXKECTBA

B ananuse Gosbllyio posib UTPAIOT MHOXKECTBA, PABHOMOLIHbIE MHOXe-
CTBY HaTypaJbHbIX YHCEJ.

Onpenenenue 5. Ecau |A| =|N|, mo mnomecmso A nasvieaemcs
CHEMHBIM.

VHBIMU cJIOBaMH, CUETHOE MHOXKECTBO — 3TO TaKOe, 3JeMEHThl KOTOPO-
r0 MO2KHO MPOHYMEpOBaTh, T. €. ycTaHoBuTh BOC Mexk1y A U MHOXKECTBOM
HaTypaJsibHBIX YHCeJI.

V3 paccMmoTpeHHBIX paHee mpuMepoB cjepyet, dyto cuétdnl N (BOC
yCTaHaBJAUBAETCS TOXKIECTBEHHOH (hyHKIMeH), Z, MHOXKEeCTBO BCEX UETHBIX
HaTypaJsbHbIX UHCeNa U T. A.

YCTaHOBUM HEKOTOpble BaKHble (DaKThl OTHOCHTEJbHO CUETHBIX MHO-
JKECTB.

Jlemma 1. Bcakoe 6eckoneuroe MHOMCECMBO Uumeem Cuémuoe noo-
MHOINCECMBO.

JloxasaTeabcTBO.

Pacemotpum caenyrouryio npouenypy. [lycts A — GeckoHeuHOe MHOXKe-
ctBo. Torma B HEM CYIIECTBYET ONHOZJEMEHTHOE MOAMHOXKeCTBO {z1}. B
cuay 3amedanust 1 muoxkectBo A; = A\ {2} Takke GeckoHeUHO. 3HAUHT,
B HEM CYILIECTBYET OJHO3JIEMEHTHOE MOIMHOXKECTBO {Zg}, Tle, 0YEBHUIHO,
x9 # x). Ilpomo/mxkas 3ty npouenypy GeCKOHEYHO, Mbl MOJYYUM CUETHOE
MHOXeCTBO {Z,}. BO3MOXHOCTb MPONOMIKEHHsT TAKOH MPOLEAYPHI CELYeT
M3 TOro, uTo Ha KaxuoM wmare A, = A\ {zi,...,z,} Gymer GeckoHeUHBIM
MHOXECTBOM B CHJIy 3aMedaHus .

JleMMma nokasaHa.

Jlemma 2. Bcakoe noOmMHOMecm80o cuémHno20 MHOMCECm8a KOHEeUHO
UAU CHEMHO.

JoxasaTeabcTBO.

1. Iyers A = {a,} cuérno, B C A. Eciiu B KOHeuHO, yTBepxKIeHHE
J0Ka3aHo. B mpoTHBHOM c/ydae Mbl BOCIIOJb3yeMCsl CJENyIOIMMH CBOMU-
CTBaMH MHOXKECTBA HATYpPaJbHbIX YHCEJI:

1) n060e mogMHOXKeCTBO MHOXKecTBa N HMeeT HAWMEHbIIHE 3/eMeHT;

2) nnsi 11000r0 HATYPasbHOTO YMCJA 1M CYLIECTBYET JIHIIb KOHEYHOe MHO-
’KECTBO HaTypaJ/bHBIX 4yHces k, yIOBJETBOPSIOUIUX HepaBeHCTBY k < m.
(ITepBoe cBOICTBO c/efyeT U3 BTOPOTO, HO HAM ceifyac 3TO He BaXKHO.)

2. Temepb MBI B COCTOSSHHH IIPOHYMEepOBaTb BCe 3JjeMeHTH B. [lasi
9TOro Ha#néM B B 3j1eMeHT a,, C HAUMEHbIIHM HOMEPOM (HOMep 3JieMeHTa
mHoxkectBa A ompenensiercss BOC N « A) u nosnoxum by = a,,. 3atem
cnenaeM To ke camoe st B\ {b1} u 1. 1. Takum oGpasom GyzmeT mocTpoeHa
GecKoHeUHas TIOCJE0BATENBHOCTD {ay,, } 2/1€MEHTOB MHOXKeCTBA B, MpHUéM
0 MOCTPOEHHIO N+ > N; NPH Bcex ¢ € N,

3. Ilouemy oHa comep:KUT BCe ero 3JjeMeHTH? [IpenmosokKuM, UTO
3JIEMEHT a,, = b € B He BoméJ B NocJaenoBaTebHOCTh. Ho 3TO 03Hauaer,
4TO Ha KaXKJAOM [-M I1are oH He Obl 3/JeMEHTOM C HaUMEHbLIMM HOMEPOM
B B\ {an,,...,an,_,}, a cregoBare/bHo, CyLieCTByeT GECKOHEUHOE MHOXKe-
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CTBO HOMEpOB, MEHbLIMX HOMepa M 3JeMeHTa b = a,,. TO HEBO3MOXKHO B
CHJy CBOKCTBa 2).

Jlemma nokaszaHa.

N3 gemm 1, 2 cjenyer, uTo CYETHOE MHOXECTBO — 3TO «CaMblid
MaJIeHbKHUH» THI OECKOHEYHOro MHOXKECTBAa B TOM CMBICJE, UYTO BCSKOE
6eCKOHeYHOe MHOXKECTBO COMIEPXKUT CUETHOE MOJMHOXKECTBO, HO CUETHOE
MHOKECTBO COJIEPXKHUT JIMLIb KOHEUHblE U CUETHBIE MTOAMHOXKECTBA.

Jlanym elé onHO ompenesieHue.

Onpenenenue 6. Mwuoxecmso Hasvieaemcs He 0Oosee uem
CHEMHbBIM, eCAL OHO KOHEUHO UL CHEMHO.

Sameuanue 5. OTMETHM, UTO y HAC MOKA €I11€ HET OOIIEro MOHATHS
0 CpaBHEHWH MOILHOCTEH.

OtmeTHM Temnepb cienymouide (HaKkTHL.

1) Ob6benuHeHre KOHEUHOrO CeMeHCTBa KOHEYHBIX MHOMKECTB KOHEYHO.

2) O6bequHeHHe KOHEUHOTO W CUETHOTO MHOXKECTB CYETHO.

3) O6benrHeHHe KOHEYHOTO CeMEHCTBA CUETHBIX MHOXKECTB CUETHO.

4) O6benyHeHHe CUETHOTO CeMeHCTBa KOHEUHBIX MHOXKECTB He GoJiee ueM
CYETHO.

5) Ob6benuHeHne CYETHOTO CeMEHCTBA CUETHBIX MHOXKECTB CYETHO.
[pouenypsl «cuéras oOLIeH3BecTHbl. B KaxaoOM c/yyae HeoOXOLHMO MPO-
MyCKaTh MOBTOPSIIOIIMECS 3JEMEHTH. B mocjenHem ciyuae «IBHXKEMCS» M0
JIMaroHasiM «HU3-J1€BO—BEpPX-TPaBo». AHaJOTHUHBIM CIIOCOGOM [10Ka3biBa-
eTCsl CUEMHOCMb MHONCECMBA PAUUOHANbHBLY HUCeLN.

OO6benuHsst 3TH yTBEPXKAEHHS, TONyUaeM TeOpeMY:

Teopema 1. Ob6sedunenue He 6Gosee uem cuémmuozo cemelicmsa
He bojee uem CUEMHbIX MHONCecms ssisemcs He bojiee uem CUEMmHbIM
MHOHCECMBOM.

OTmeTHM BaXKHbI B gHajibHeillleM (akT: Jio6oe ceMeicTBO Hemepe-
CeKalolIMXCsd HWHTepBaJOB Ha UYMUCJIOBOH MNpAMOH He 6oJjee yeM CYETHO,
MOCKOJIbKY Ha KaXX[IOM HMHTepBaJjie HAaUAETCs XOTs Obl OfHA palHOHAJbHAS
TOYKa, MPUUEM Ha PA3JWYHBIX HHTepBajaxXx OyoyT B3ATbl pasHble TOUKH
(vHTepBasibl He mMepecekaiTcs). TeM caMbiM, yKa3aHHOE CEMEeHCTBO HWH-
TePBa/OB OKa3blBaeTCsl PABHOMOIIHBLIM He 0oJjiee ueM CYETHOMY (B CHJy
JIEMMbI 2) MHOXECTBY.

Jlo cux mop Mbl 06CY?KIaJMH TOJNbKO CUETHBIE MHOXECTBA M MHOXECTBA
MOILHOCTH KOHTHHyyMa. BosHuKaeT Bompoc: a He siBJsilOTCS Jid Bce Gec-
KOHEYHbIe MHOXKECTBa (B TOM UHCJI€ ¥ MOIIHOCTH KOHTHUHYyMa) CUETHBIMUP
Kak mbl cefiuac nokaxem, HeT, # yke R umeeTt MomHoCTh 60JbIyI0, 9deM N.
Bosee Toro, kak Mbl YBUIUM MO3[HEe, U3 OJHOTO TOJbKO CYIIECTBOBaHUS
mHoxkecTBa N cyieiyet cyliecTBOBaHHe 10 KpaiiHeil Mepe 0fHOH GeCKOHEeYHO
BO3pacTaollell MOC/e10BaTeNbHOCTH MOILIHOCTeH 6eCKOHEYHbIX MHOMKECTB.

Onpenenenue 7. [losopam, umo wmuomecmeo A umeem
mouyrocmo 66abULYIO, Uem MHONcecm8o B, ecau:

1) B pasHomouyHo Hekomopomy nodmuoxcecmsy muoxcecmsa A,
2) nesepro, umo |A| = |B|.
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Sameuanune 6. Kak Mbl Bugend Bbille, MyHKT 2) BaxeH. (Cwm.
3ameuanue 4.)

Jokaxem, uto R wumeer wmormHocTs OGosbinyto, yem N. [lynkr 1) B
JAaHHOM cJydae ouyeBugeH. Jlokaxewm m. 2). JlJsi 3TOro Mbl YCTAaHOBUM, 4TO
npeanoJioxkeHue o Bo3aMoxkHoctH ycraHoButh BOC mexay R v N npuBogut
K MPOTHBOPEUHIO.

O 1. Urak, nycTb TaKkoe COOTBETCTBHUE YCTAHOBJIEHO U BCe NEHCTBUTE/Ib-
HBle YHCJIA 3alHCAHBl B BHIE MOCAEN0BATEJNBHOCTH {ay, dg, ... }. Bocmombay-
eMCsl UX JeCATUYHBIMH 3anucsiMud. IMeHHO, MyCTh @y, = Gp1,0n2, Gng - -+, TAE
Gn1 — J1000€ 1es10e YUCHO, Ani, © > 2, — HaTypaJsbHble uncaa ot 0 mo 9,
npuuém 9 B nepuome uckaouaercs. [Tonoxum b = by,bebs ..., roe by # ayy,
by # age, b3 # ass, ..., IPUUYEM Bce UHU(PLI, HAYKUHAsS C by, OTJIHYHH OT 9.

2. Torma, Kak JIerkKO BHMETh, Mbl MOJy4aeM AEUCTBUTEJNbHOE UYHCJIO,
OTJUYHOE OT BCeX a,. B camoM Jesie, 4ucjo b Mo MOCTPOEHUID OTJIUYHO
OT a;, TOCKOMBKY b; # a;. MTak, Mbl MOJy4u/aH, 4TO, Kakas Obl MO-
CJIe[IOBATENbHOCTb NEHCTBUTE/bHBIX YUCEJ HU Oblaa MOCTPOeHa, HaWmETcs
IEeUCTBUTENbHOE YMCJIO, He TOMaBllee B 3Ty MOCJEN0BATEJbHOCTb. YTBEp-
X)aeHue nokasaHo. (Eciy MBICJEHHO BBHITHMCATH [OCJEN0BATEJNbHOCTh JeH-
CTBUTEJIbHBIX UYHUCEJ, CYleCTBOBAaHHE KOTOPOH MpeAnoJiaraeTcsi B J10Ka3a-
TeJbCTBE, B CTOJNOUK, CTAHOBUTCS SICHO, TOYeMY AaHHBIH METOJ Ha3blBaeTcs
KaHTOPOBCKHMM JHaroHajbHbIM mpoieccom). X

OtmetnM, 4UTO mNONOOHOE paccyXIeHHe IO0Ka3blBaeT, UTO [eKapTOBO
MPOU3BelleHHe CUYETHOrO CeMelCTBa Ja)ke KOHEUHBIX (HO He MyCThIX M He
OIHOJIEMEHTHBIX) MHOXKECTB HEeCU&THO.

CoopmynupyeM 6e3 n0Ka3aTesNbCTBA €LIE OOHY BaXKHYIO TEOpEMY.

Teopema (Kaurtopa). Kakoso 6ot Hu 6b110 mHONecmso A, mHo-
awecmeo P(A) ecex eco nodmmuoscecms umeem mouyHoCMmb 6GOAbULYIO,
uem A.

OrMeTuM, YTO mJIsI TYCTOrO MHOXKecTBa uMeeM |@| = 0, |P(9)| =
— {2} = L.

U3 teopempr Kantopa cpasy caenyet, 4To, oTnpasassch oT N, Mox-
HO MOCTPOUTb GECKOHEUYHYIO MOCJ/eN0BATEbHOCTh GECKOHEUHBIX MHOXKECTB,
MOILHOCTH KOTOPBIX BO3PacCTaloT.

§ 5. 3agauu oy CaMOCTOSITEJbHOTO pelIeHHs

Sanaua 0. OOGbsicHUTb pasHULy Mexay & u {D}.

3agauda 1. YcTaHOBUTH B3aUMHO OfHO3HAUHOE COOTBETCTBHE MEXKIY
1) vHTepBaJOM U OTKPBLITHIM Jy4YOM;
2) OKPYXHOCTBIO M TIOJYHHTEPBAIOM;
3) WHTEPBAJIOM U MOJyUHTEPBAJIOM;
4) OTPEe3KOM U HHTEPBAJIOM.
YkasaHue. MOXKHO yCTaHABJHMBATb COOTBETCTBHUsI uepe3 «MHOXKeCTBa-
MIOCPeIHHUKH».

3anaua 2. Ilogpo6HO n0KasaTb BO3MOXKHOCTb ycTaHOBUTb BOC
mexny A, B, ecan yxe yctaHoieHsl BOC mexny A u C' u mexxny B u C.
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Sagaua 3. JlokasaTb CYETHOCTB:

1) MHOXecCTBa pAlMOHAJBHBIX TOYEK Ha TJIOCKOCTH, T. €. MHOXe-
crea {(r,q) | r,q € Q};
2) MHOKECTBA BCEX MHTEPBAJIOB C PAIlMOHAJBbHBIMU KOHIAMH.

Ganaua 4. Jloka3aTb CUETHOCTb MHOXKECTBA BCeX aJre6panueckux
yuces (KOpHeH MHOTOYJIEHOB C LEJBIMH KO3 PHUIHEHTAMH).

3apaua 5. [loueMy mpu mokasaresbcTBe TeopeMbl KaHTopa Hesb3si
paccy®)pathb Tak: «MuoxkectBo P(A) COmepKUT BCe OTHOJIEMEHTHBIE TO[I-
MHOXKECTBAa MHOXKecTBa A — HX yXKe «CTOJBKO K€», CKOJIbKO 3JIEMEHTOB
MHOXKecTBa A, na ellé OHO CONEPXKUT U APYrHe MOAMHOMKECTBA, MO3TOMY
MouHocTh P(A) Gosbiie MoinHOCTH A»?

Samaua 6. ([IponoaxeHue.) B Kakom yacTHOM cjyudae Tak BCE-
TaK¥ MOXKHO PacCyKIaTb?

Sanmaua 7*. Ycranosutb BOC Mexny BceMH 6eCKOHEUHBIMHU IOCJIE-
JIOBAaTEJbHOCTSIMK HYJIEH W €IHHHIl U BCEMH MOIMHOMXKECTBAMH MHOXKECTBA
HaTypaJbHbIX YHCEJI.

Ganpaua 8*. J[okasartb Teopemy Kanrtopa. ¥Ykazanue. Bocmosb-
30BaThCsl Heel MOCTPOEHHs <«JIHIIHEro» 3JeMeHTa H3 J0Ka3aTesbCTBa
HecuétHocTH R. HamoMuHaem, 4To HY>KHO TMPOBEPUTH JBa YCJOBHSI.

3amgaua 9*. Haiitu dhopmysry, «IOICUMTHIBAIOLLYI0» CUETHOE 0OBEAHU-
HeHWe CUETHBIX MHOXECTB MPH YCJOBHWH, YTO OHH HE MEPECEeKarTCs.

3anaua 10. JloxazaTh, uto /1060e CeMeHCTBO HelepeceKalolnxcs
KPYTOB Ha MJOCKOCTH He GoJsiee ueM CUéTHO. BepHo Jiu aHa/orHUHOE YTBEp-
XKJIEeHHe A/ KBaapaToB?

Samaga 11. Iloab3ysick NeCATHUHBIMU 3aMHCSAMH IEHCTBHUTEJIbHBIX
yuces U MPaBUIaMH UX CPaBHEHHs, [I0KA3aTb CYIIEeCTBOBaHUE pallMOHaJb-
HOTO YMCJia Ha KaX<JIOM HHTepBaJe.

3anaua 12. Iloxkazath, uTo omnpepeseHuss 6 U 7 He MPOTHUBOpeuat
IPYr IOpyTy, T. €. eCcJd MOLIHOCTb MHOXecTBa B MeHblle (B CMBbIC/e
ompenesneHns: 7) MOIIHOCTH CYETHOTO MHOXKECTBA, TO B KOHEYHO.

S3agaua 13. JokasaTb, 4To HaJuyHe B MHOXKecTBe A COOCTBEHHOrO
TIOJIMHOXKECTBA, PABHOMOIIHOIO A, MOXKHO B3§IThb 3a OmpeleseHne GecKo-
HeuHOro MHOXKecTBa. (¥Ykasanue. Kak Mbl 10Ka3blBaJjud PaBHOMOIIHOCTD
OTKPBITOrO U 3aMKHYTOT'O JIyued?)

Samaua 14. ([Ipomoaxeunue.) 1) Jlokasark, uto nobGaBjeHHE
CUETHOrO MHOXeCTBa K JaHHOMY OGECKOHEUHOMY MHOXECTBY He MeHsieT
MOLIHOCTb Toc/enHero. 2) MoxXHO /M TO e caMoe CKasaThb MpOo yHajeHue
cuérHoro moaMmHoxkecTBa? 3) Kak cdopmynrposaTb yTBepKaeHHe MPO yaa-
JIeHHe CUETHOrO MOAMHOXKECTBA TaK, YTOObl OHO CTaJ0 BEPHBIM?



Cemunap-Jlekuus 2

CBOVICTBA U3MEPUMbIX MHOXKECTB

§ 1. ToxkaecTBa TeOPpUM MHOMKECTB (MPOTOIIKEHHE)

O6cynnm elé HEKOTOpbIE YTBEPXKAEHHST TeOpHH MHOXKeCTB. [lycth A C
C P, BC P. Torga

A\B=AN(P\B), (1.1)
AAB=(P\A)A(P\B), (1.2)
P\ (P\ A) = A. (1.3)

Tak>ke HaM MOHALOOUTCS, YTO

AcCcB = (P\B)cC(P\A). (1.4)
AY AY
P j2
P\B A\B=An(P\B)

Puc. 2. TToctpoenne muoxkecta A\B = AN (P\B).

Jloxaxem nist mpuMepa dopmyasl (1.1) u (1.4).

O Umeem past (1.1): ecin @ € A\ B, 310 03Hauaer, uto & € A (1, Tem
campiM, x € P), Ho = ¢ B. CnenoBaresvHo, x € A u x € P\ B, otkyna
caenyer Baoxenue A\ B C AN (P\ B). Ins nokasatenbcTBa 06paTHOr0
BJIOXKEHHUS 3aMeTHM, uTo npu © € AN (P \ B) uMeeM, B 4aCTHOCTH, T € A,
x ¢ B. K

Hecaoxuo mokasats u (1.4).
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A A A

P\A P\B AAB

CQ |G | | &

x z

=

> »>

Puc. 3. Tloctpoenne muoxkectsa A A B = (P\ A) A (P\ B).

AY AY
P P
P\A P\(P\A)
W x
Puc. 4. Tloctpoenne muoxectsa A = P\(P\A).
‘k!/ ‘k’/ ‘k}/
Acs " e L pa F
B B B
Puc. 5. Bioxenune muoxects A C B = P\B C P\A.
O Bocnosib3yemcst METOIOM «OT MPOTHUBHOrO». [lycThb
x € P\ B, (1.5)
HO
x ¢ P\ A (1.6)

W3 (1.5) monyuaem, uto x € P. Ho Torma us (1.6) cienyer, uto = € A,
OTKyJa Mo YyCJaoBHIO x € B, uto nmpotuBopednt (1.5). X
BepHo B/102KeHHE

(AIUAQ)A(Bl UBQ) C (A] ABl)U(AQABQ) (1.7)

O B camom gese, nycts @ € (A3 U Ag) A (By U By), T. e. x npuHai-
JIEXXHUT POBHO OTHOMY W3 MHOXecTB A U Ao, By U By. [lpennonoxum nJs



2. OcrosHote ceoticmea mepol Jlebeea 19

(A1 U A))A(B1ABy)

NS

(A1AB)) U (AyABy)

LN

Puc. 6. Bnoxenne muoxects (A; U Ag)A(B1ABy) C (AIAB)) U (AsABsy).

onpeneséHHocTH, uto = € Ay U Ay, x ¢ By U By. Torna x He siBasiercst
3JIEMEHTOM HHU OJHOTO M3 MHOXKecTB Bj, Bg, HO ABJSETCS 3JIEMEHTOM XOTS
Obl omHOro M3 MHOXecTB A, Ag. Ho B 3TOM caydyae = conep:Kutcsi XoTs Obl
B OHOM U3 MHOXecTB A| A By, Ay A By, a c/lefoBaTe/IbHO, CONEPXKHUTCS B
X 00beauHeHuH. X

Hawm Tpebyercst u takoe yrBepxaenue: ecau A N Ay = &, 0

BlﬁBQC(AlABl)U(AQABQ). (1.8)

O B camom gene, ecin By N By = &, 1o Baoxenue (1.8) umeer mecto
[POCTO B CHJY COIVIAIEHHMss O TOM, YTO IIyCTOe MHOXKECTBO CUYMTAETCH
MIOAMHOXKECTBOM JII0GOro MHOXKecTBa (B TOM uHcje nycroro). PaHee W B
Ja/bHellieM 3To 3aMedaHue onyiueHo. Eciiu e 3To nepeceyeHre HEMycCTo,
pPacCMOTPUM MPOHM3BOJIBHBIN €ro aJeMeHT x. BoaMoxHbI 1Ba ciydasi: Ju60 x
He TPUHAMJIEXKHUT HU ONHOMY U3 MHOXeCTB Aj, Ag, uG0 OH NPUHAIJIEKUT
POBHO OmHOMY H3 HuX. B ofoux cayuasx, oueBumHo, x € (A; A By) U
U (Ag A By). Cayuait © € A, © € Ay HEBO3MOXKEH, MOTOMY YTO 3TH
MHOXKECTBA 110 YCJIOBUIO He mepecekaroTces. X

Kpowme Toro,

ACBU(AAB),

4TO MpeasaraeTcsd Ao0Ka3aTb YUTaATeJIo.

§ 2. OcHoBHbIe cBoiicTBa Mepsl Jlebera

Mepa Jlebera obsanaet caeqyOIUIMH BaXKHEHILTUMH CBOHCTBAMH, KOTO-
pPbIMU MBI OyZeM TOJIb30BATHCS:

1) ceMe#icTBO H3MEPHMBIX MHOXKECTB 3aMKHYTO OTHOCHTEJBHO Oneparii
Pa3HOCTH, CHMMETPHYECKOH pPa3HOCTH, CUETHOrO0 OObeAUHEHHS, CUETHOrO
nepeceueHust U IOTOJMHEHHs (IOMyCKaeTcss Mepa, paBHasi +00);

2) mepa JleGera siBjsieTCsl CYUETHO-aNUTHBHON Ha 3TOM MHOXECTBE;
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3) mepa JleGera mosHa, T. €. BCSIKOe MHOXKeCTBO, BHELIHsisi Mepa KOTO-
poro paeHa 0, nuamepumo, u ero mepa Jlebera pasna 0;

4) mepa JleGera HenpepblBHA OTHOCHTEJNBHO MOHOTOHHOTO IMPeNEbHOTO
nepexona (3To yTBepXKIeHHe, He NOKA3aHHOE HAa OCHOBHOH JIeKUHH, OyaeT
JI0Ka3aHO 3eCh).

§ 3. CymecTBoBaHME HEM3MEPUMbIX MHOMKECTB

Kak nokasbiBaet npumep (cm. Kosnmoropos, @oMuH «DjieMeHTHl TEOPUH
GYHKUME U (QYHKUHOHAJBHOTO aHajgu3a», 1. V, § 1, oKoHYaHWe, WJIH
[en6aym, Ommcren «KoHTprpumepsl B aHamuse», ra. 8, § 11), cymwectsy-
I0T MHOXKECTBA, MpPEeNINoJoKeHHe 00 H3MEPUMOCTH KOTOPBIX NMPOTHBOPEUYUT
TpeGoBaHHIO 2) W3 mpelblayllero naparpada. 3Ha4MUT, BHELIHsSS Mepa,
OyayuH onpenesieHa AJs1 BCEX MHOXKECTB, He SIBJISETCS CUETHO-aIAUTUBHOH,
U eé HeoOXONUMO «OIPaHUUMTb» Ha ceMeHCTBO H3MepHUMBIX 1o JleGery
MHOX€eCTB.

§ 4. HekoTopble Kiaccbl U3MePUMBbIX MHOXKECTB

0. Jlio6oe KoHeYHOE MJM CYETHOE MHOMXKECTBO TOYeK (Ha IJIOCKOCTH,
NpsiMOH, B MPOCTPAHCTBE...) u3MepuMo W umeer Mepy 0. B camom nene,
KOHEUHOE HJIM CYETHOE MHOXKECTBO TOUEK HA MJOCKOCTH {Ty} MOXKET ObITh
MOKPHITO CHCTEMOH KBanpaToB (OTpPe3KoB, KyGoB...) {Qn}, tae

m(Qn) = 2%6.

Takum obpasom, ¢ yuérom mpousBosbHocTH &, p*({A,}) =0, oTkyna B
CHUJIy TIOJIHOTHI Mepbl Jlebera 1 BbITeKaeT c(hOpPMYyJHUPOBAHHOE yTBEPXKAEHHUE.
CJ/leficTBHE: MHOXKECTBO C TMOJIOXKHTENbHOH (HeHY/neBOH) JieGeroBoi Mepou
HecuétHo (BHMMAHME! o6patHoe HeBepHO: cM. 3anauu 7, 8).

1. Bce oTKpBITHIE U 3aMKHYTble MHOXKeCTBa H3MepuMbl. (CM. 3amauy 9.)

2. HazoBém GopesieBCKHMU MHOXKEeCTBaMU (Ha TPSIMOH HJIH MJIOCKOCTH)
BCE MHOXECTBa, KOTOPBIE MOXKHO IIOJYYUTb M3 OTKPBITBIX W 3aMKHYTBIX
MHOXeCTB KOHEUHBIMH HMJIM CYETHBIMHU NPHMEHEHHSMH onepauuil o6benu-
HeHUs, NepeceueHus, pasHocTH. OueBUAHO, GopesneBCKHe MHOXKECTBA H3-
MepuMbl. (MoXHO [0Ka3aTb, YTO HUMH BCe H3MepHUMble MHOXKECTBAa He
MCUEePIIBIBAIOTCS. )

§ 5. IIpumep mHOKecTBa, n3mMepumoro no Jledery n
Heusmepumoro no Kopaany

[TpuBeném JULIb OOHY U3 MHOTOUHCJEHHBIX BO3MOXKHBIX HJIIOCTPALUN
Toro Qakra, yto Mepa Jlebera — nonsiTve ropasno 6oJiee obilee, UeM Mepa
2Kopnana. Mepa 2KoppaHa — 3To 06blUHOE «LIKOJbHOE» MOHATHE MJIOLLAMH,
KOTOpO€e aKKypaTHO BBOAMTCS TaK.
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1. CHayana BBOAMTCS IUIOLIAAb TPSMOYTOJbHHKA, 3aTeM — C IOMO-
IIbIO «Pa3pe3aHuii», T. €. TIOHSATHS PABHOCOCTABJIEHHOCTH, — TPEYTrOJbHUKA
¥ JII0O0r0 MHOTOYTOJbHHKA (C MOMOIIBI0 pa3pe3aHusi HA TPEYrOJbHUKH).
Paccmorpum asisi MHOXKeCTBa A BCe MHOrOYTOJIbHMKH, BIMCaHHbIE B A
(T. e. TakHe, BHYTPEHHOCTb KOTOPbIX BMECTe C TpaHHIled BjoxkeHa B A),
U omucaHHble BOKPYT A (T. e. TakHe, YTO UX BHYTPEHHOCTb BMeCTe C Tpa-
Huned conepxut A). Ecau TouHas BepxHsisi rpaHb MJOMIaNed BIHCAHHBIX
MHOTOYTOJIbHHKOB pPaBHA TOYHOH HHXKHEH TpaHM IUIONUIAed OMHUCAHHBIX,
TO 3TO ofllee 3HaueHHe M CUMTaeTcsl IJIowWaAblo, uau Mepoi 2KoppaHa,
MHO2KecTBa A.

2. Monoxkum Tenepb A paBHBIM MHOXKECTBY BCEX pPallHOHAJBHBIX TOYEK
eIMHUYHOrO KBazparta (). Torma B cHJy pe3y/ibTaToB CeMHHapa-JeKIHd 1
MHOXecTBO A cuéTHO U nMeeT Mepy Jlebera, paBHyI Hy/I0O (M. § 3 TaHHOH
Jekuun). C Ipyrod CTOPOHBI, OHO BCIOAY IJIOTHO 3amoOJHSeT KBaapat (3To
03HayaeT, YTo JI000H KpPyT, BJIOXKeHHHH B (), nepecekaercsi ¢ A). Cnenoa-
TeJIbHO, BCe OMMCAHHble MHOTOYTOJMIBHUKU comepxkat Kanpat (). C gpyroi
CTOpOHBI, B A MOXHO BIHCATb JHUIb NMYCTOH MHOrOYyroJbHHUK (T. K. BCe
npoyre comepKaT X0oTs Obl OOHY TOYKY, He SIBJSIOLLYIOCS pallHOHAJbHOM).
CiienoBate/bHO, yNOMsIHyThle TouHble rpaHu paBHbl O u 1 u Mepa 2KoppaHa
MHOXecTBa A He ompejiesieHa.

§ 6. HekoTopbie n3mMepuMblie MHOKECTBA U UX Mepa.
MmuoxectBo Kanropa

[TIPUMEP 1. MuoxecrBo Kantopa 3amkuyro, nmeer mepy 0, pas-
HoMoIHO oTpesky. (CM. 3amaum 7, 8.) Taxkum obGpaszom, J060e cUETHOE
MHOXECTBO ToueK uMeeT Jieberopy mepy 0, HO o6paTHOe HEBEPHO.

2. OTpe3sok u mpsiMast uMeeT mJockyto mepy 0. (Cum. § 7.)

3. HokasaTb, uto A 60pesieBO, U BBHIYHUCIUTD €r0 MepY, €CJH

a) A=U  (n— 3—1,,L;n+ +;

6) A = U,ZOZI [n”;n" + m],

B) A= (R\Q) ®R;

A= ((0;3®[1;2)\(Q®Q);

n) A={x eR|cosz € Q} @ (0; +00).

Paccmorpum cHavasna nyHKTH a) U 6). ToT dakr, 4To paccMOTpeHHbIE
B HHX MHOXECTBAa CyTb OOpEJIeBb, OUEBHIHBIM 06Pa3oM CJEAyeT W3 HX
KOHCTPYKILHH: B OOOHX CJAydyasix pedb HIAET O CUYETHBIX OOBEIMHEHHSX
IPOMEXKYTKOB.

Jliisi BBIYKCJIEHHS Mepbl JIOCTATOUHO BOCMOJb30BaThCsl CUETHOH ajiju-
THUBHOCTBIO MEpBI U 3HAUEHHEM MephI ([IJIHHBI) TPOMEXKYTKA:

p([a;0)) =b—a mpun a<b

(aHaMOTHYHO 1/l OCTaJIBHEIX THIOB MPOMEXKYTKOB). [T10CKOJBKY B KaxA0M
cayyae MPOMEXYTKH He MepeceKarTcs, AOCTAaTOYHO HAUTH CYMMY UX Mep
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(maun). B n. a) moayuaewm:

pA) =Y =1,
n=1

BO BTOPOM JKe CJIyuae UMeeT pacxomsuuiicst pan u pu(A) = +oo. B crenyro-
eM MpPHMepPe PaccMaTPHBAEMOe MHOXKECTBO MOJIYy4YaeTCsl HCKJIIOUeHHEM H3
IJIOCKOCTH O0bEeIMHEHHS CUETHOrO YMCJ/IA MPAMBIX.

[TockonbKy Kaxaasi mpsiMasi MMeeT Iockylo Mepy O (cM. HHXKe pas-
nes 6), a B CHJIy CUETHOM aJIWTHBHOCTH TO K€ MOXHO CKa3aTh 00 HX
oObelHeHHH, ToTydaeM, uTo pu(A) = M(RQ) — 0 = 400. 1o aHa/OrUUHBIM
NpUYMHAM Mepa MHOXECTBa, PacCMOTPEHHOro B 1. T), paBHa 3. B camom
JeJie, U3 MPAMOYTOJbHHKA YAAJIAIOTCS BCe PAalMOHAJbHLIE Maphl YHCe, a
TaKMX Map CYETHOE MHOXKECTBO (OHO MOJy4aeTcs Kak CYeTHOe 00beIuHEH e
CYETHBIX MHOXKeCTB: TpH Jio6om r; € QQ MHOXKecTBO map Buma (rq,7Ts9)
Cu€THO).

OcTanock JKIb YY4ecThb, YTO CYETHOE MHOXKECTBO UMeEeT JIeGEeroBy Mepy
0, kaK ykasaHo Buime B § 4. Jlf pelleHus II. 1) HOCTaTOYHO 3aMETHTh,
4TO pacCMaTPUBaeMOe MHOXECTBO NPEeICTaB/sgeT COGOH CuéTHoe 00beau-
HEeHWe MOJNYNpsAMBbIX. B camom nesie, npu kaxuoM 7 € Q mMHOXecTBO {T €
€ R | cosz = r} cuérHo, a nostomy {z € R | cosz € Q} cuérHo Kak
00beMHEHHe CUETHOTO CeMEeHCTBA CUETHBIX MHOXKecTB. CJIef0BaTeJbHO,
uckomasi Mepa passa 0.

[TPUMEP 2. Jlokasark, 4TO MHOXKECTBO A M3MEPHMO, H HAUTH ero
Mepy, eCsiu

A={(z,y) €eR? |2 >0,0 <y < e *|sinz|}.

Jlnist pelieH|st 3TOH 3afa4u JOCTATOYHO YYECTh CUETHYIO aiIUTHBHOCTD
Mepbl W pesysabTaT 3agaud 4 (HuXKe, B 3amayax [IJisi CaMOCTOSITEJbHOIO
pernenust). Torna umeem:

oo w(k+1) o -
wA) =3y J e "|sinz|de = Ze‘”’“Je—ﬁ sinz dz =
k=0 k k=0
S L O &
2 2 1—e
k=0

§ 7. Ca3p J1e0eroBbIX Mep B €BKJIUIOBBIX MPOCTPAHCTBAX
pa3HOM pa3MepHOCTH

[TPUMEP 3. Ilycts P — (n — 1)-mepHasi KOOpAHHATHAS MIOCKOCTb
B eBkJaupoBoM mpoctpaHctBe R™. Torma mo6oe eé MOAMHOXKECTBO HMeeT

HYJIEBYIO [iy,-MEPY.
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B camom [ese, paccCMOTPHM KOOPAMHATHYK MJIOCKOCTE P =
= {(z1,29,...,2) | ©n = ¢}. OueHuM BHewHIOW Mepy MHOXecTBa P. B
KauecTBe MOKPBITHSI BO3bMEM «CJIOH», NPEACTaBIISIIOLINE COGOH Mapasesie-
MUe bl

Iy =

€
- cee n 7 < 1‘: y Ly eeey - 1, n - g— .
{(xl,xg, o) | T < ki=1,2 n—1,|z, — ¢ (Qk;)"—12k}

Jlerko BuaeTb, 4To Mepa (06bEM) KaXKI0ro TAKOro mapaJesenynena paBHa
g/2F, otkyna

o0

u*(P) < Zm(ﬂk) =e.
k=1

B cuny mpousBosmbHOCTH € 3akaiovaeM, uto p*(P) = 0. A rtorma B cuny
nosiHOTH Mephl JleGera (cMm. 3ameuyaHue S mpenbiayliiei Jekuuu) P uzme-
prMo U (10 OMpefesIeHHIO Mephl H3Meprmoro MHokecTBa) w(P) = 0.

Ortcroza caeqyer, 4To U J1060e MOAMHOXKECTBO P’ yKasaHHO# MJI0CKOCTH
umeet Mepy 0. B camom nese, s1060€ MOKPBITHE MJIOCKOCTH €CTh TOKPHITHE
JI0GOro eé MOAMHOXKECTBA, MI0ITOMY paccyKueHne npuMeHuMo U K P’. Tak,
HanpuMep, nyockasi Mepa Jle6era otpeska pasHa 0.

[TPUMEP 4. JloxasaTb, 4TO CYLIECTBYET [io-U3MEPUMOE TTOIMHOKE-
ctB0 R?, MpoeKIMK KOTOPOro Ha KOOPAHHATHEIE OCH [i|-HEM3MePHMbI.

0O Panee 06bl0 yKa3aHO, UTO HeHW3MEpHUMble MHOXKECTBA CYILECTBYIOT.
B uyactHocTH, cymiecTByeT XoTs Obl OJHO HEU3MepHUMOe MHOXKECTBO Ha
npsiMod. O603HAUUM OHO M3 TAKHX MHOXKECTB CUMBOJOM A W mocTpoum
muoxectBa By = {(z,y) |x € A, y=0} u By ={(z,y) | y € A,z =0}. To-
roa MHOXecTBO B = B U By ynoByeTBopsieT yc/aoBHIO. B camom nese, camo
MHO>KeCTBO B H3MepHUMO KaK MHOXECTBO Ha MJOCKOCTH, T. K. IPEICTABJSET
co6oil o6benuHeHHEe NBYX MOJMHOXECTB KOOPAMHATHBIX «ILJIOCKOCTeH». B
TO JKe BpeMsi, KaxK/as U3 NpoekuuH, umeomas sun A U {0}, npexcrasiser
coG0oH, OUeBUIHO, HeU3MepHUMoe (JUHeHHOH Mepoil JleGera) MHOXKeCTBO.

§ 8. HenpepsiBHoCcTh Mepbl JIeGera

Teopewma 1. [lycme A, Ay, A3 — usmepumoie mHoxNceCcmea, nPU1Em
A CAyCA3C... u A:U%o:lAn.

Toeda A usmepumo u
p(A) = Tim p(A,). (8.1)

n—oo

HokasaTenbCcTBO.
1. MiamepumocTb mHOkecTBa A (rme momyckaercs pu(A) = +00) cnenyer
us 1. 1) § 2. OcTanoch MpoBepuTh paBeHCTBO (8.1).
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2. TlockosbKy [0 CHX NOp y Hac He OblJIO HUKAaKOH TeopeMbl MPO
HeJM3bIOHKTHOE 00'beIMHEHHE, TOMBITAEMCS] CBECTH CUTYalHIO K IU3BIOHKT-
Homy oObenuHenuio. (Dosiee TOro, 3T0 HepemKO MPUMEHSIEMBIH MOIXOL.)
[Tonoxkum Ay = & 1 BBeIEM B pacCMOTPEHHE MHOXKECTBA

Ay =Ap\ Aj_y, keN. (8.2)

3. HokaxeM caenyioune 3 dakra:
1) A, ﬂAn+pi®, n,p € N;
2) A, =Up_ A, neN,;
3) A=U2,Ay.

O IlepBbl#l (paKT cjaenyeT U3 TOro, 4YTO
An+p = An-l—p \ An+p—1 4! An+p—l DA, D Ay,
TZe TIpU p = | TIepBOe BJIOKEHHE MOCJ/e CJI0BA «H» 00pallaeTcsi B PaBeHCTBO.
PaccMorpum BTopo# (pakt. Cpasy 3aMeTHM, YTO IU3BIOHKTHOCTb 0ObeHHe-
Husi cnenyet u3 1). Jlasee, BioKeHHe «CrpaBa Ha/eBO» CJIELYeT U3 LENOUKH

AL CALCA,, k=1, n

Ocranoch 10KasaTh, YTO

Ap CUR_ Ak (8.3)
Ho mpu = € A, cyuwectByer Takoe kK € N, 1 < k < n, uto z € Ay,
x ¢ Ag_y. ([eficTBUTENBHO, B 9TOM CJyyae cpend MHOXKeCTB Aj,..., A,

HalETcs XOTS OBl OHO, COLepXKallee T, a 3HAYUT, HAUAETCS U MHOXKECTBO
C HaMMeHbLIMM HOMEpOM, ColeprKaiiee . 3aeck Bo3MoxkHO k — 1 =0.)
Torna x € Ay u mostomy BhimosHeHO (9.5). X

4. Tenepb JleTKO BUIETH, YTO 3) CJefyeT U3 COOTHoWeHuH A = US° (A,
1 2) (a IH3BIOHKTHOCTb Mo-TipexkHeMy caenyeT u3 1)). Torma u3 2) u 3) ¢
UCMO/Ib30BaHHEM KOHEUHOH W CUETHOH afJWTUBHOCTU Mephl JlebGera nmeem

p(An) =" u(Ar),  p(A) =" u(Ay),
k=1 k=1

1 TpeOyeMblil Pe3yJbTaT BBITEKAET U3 OIMpeNe/eHUs CYMMbl psila.
Teopema nokaszaHa.
Teopewma 2. [lycmo By, By, By — uamepumole MHONCECMBA, NPUUEM

P>B DBy,D>B3D..., B=n{_B, u u(P)<+oo.
Toeda B usmepumo u

p(B) = lim u(By). (8.4)

n—oo
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JokasaTeabcTBO.
1. Tepeiiném K momosHeHusim, monoxus A = B¢ = P\ B, A, = Bt.
Torna, kak caenyer us (1.4) u popmyn e Moprana, A/si MHOXKECTB

Ay, . A
BBITIOJIHAIOTCS yCIoBUs TeopeMbl 1. CiienoBaresibHO, UMeeM
p(B) = lim u(By), (8.5)
n—0c0
MPUYEM B CHUJIy KOHEUYHOH aiJMTHBHOCTH Mephl pH ycjoBud u(P) < +oo

1UMeeM
u(B) = u(P) — w(B°),  u(Bn) = u(P) — pu(By). (8.6)
2. Torna us (8.5), (8.6) u Teopem 0 mpenenax noaydyaem

n(B) = u(P) — p(B) =
= p(P) = (lim p(By)) = p(P) = ( lim (u(P) = p(Bn))) =
= p(P) = p(P) + lim p(B,) = lim p(B,). (8.7)

Teopema nokasaHa.

3ameuyanue |. OTmeTum, UTO B 10KA3aTe/NbCTBE TEOPEMBI 2 UCIIOJb-
3oBasioch yeaoBue p(P) < 400 (B otuune ot Teopemsr 1!). D10 ycaosue
3ech CylleCcTBeHHO. B camoM aese, paccMoTpum npumep B, = [n;+00) ¢
Mepoit JleGera Ha npsimoit («yGeratouine Jqydn»). Torna B = &, Ho u(By) =
= 400 # cooTHolleHHe (8.4) He BBLIMOJHSETCS.

§ 9. OTHOUIEeHNEe KBUBAJEHTHOCTH

[TycTe naHo HekOoTOpOE MHOXKeCTBO X.

Onpenenenue 1. losopam, umo Ha mHOMecmse X 3a0aHo
omuowenue, ecau 8 dexapmosom npoussedenuu X x X = {(a,b) | a €
€ X,b € X} subparo Hekomopoe nooMHONECME0 YRopadOueHHbLX nap
QCXxX.

Onpenenenue 2. [osopam, umo Ha mHoxucecmge X 3a0aHO
OMHOULEHUEe IKBUBANCHMHOCIU, ecau 8 dekapmosom npoussedenuu X X
x X ={(a,b) | a € X,be X} sobparo Hekomopoe noOmHoMecmao yno-
padouennovix nap R C X x X, ydosremeoparoujee cAe0yroujum ycao8UIM:
1) das arwboco a € X sepro: (a,a) € R (unoimu caosamu, 41060t sne-
Menm IKeusareHmer camomy cebe);

2) Oan awboix a € X, b € X us ycaosus (a,b) € R caedyem (b,a) € R
(ak8uBaLEHMHOCMb He 3a8UCUm OM NopsdKa);

3) Oasn awboix a € X, be X, ce€ X us (a,b) € R, (b,c) € R caredyem
(a,c) € R (mpan3umusnocms 3K8UBAACHMHOCML).

Ecnu Teneps 3anucath (a,b) € R B Gojlee MPUBBIUHOM BHAE a ~ b, TO
TOJIBKO UTO C(DOPMYJIMPOBAHHbIE YCJIOBHSI MOT'YT ObITh KPATKO 3alHCaHbl B
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BUJIE

) Vae X an~a;

VaeX,VbeX a~b=b~a;

) Vae X, VbeX,Vee Xa~b b~c=a~c.

B xauectBe «KpalHHMX» MPUMEPOB MOXKHO MPHUBECTH CJENYIOLIHe: a)
OyfeM cuMTaTb KaxKAblH 3/7eMeHT MHoxecTBa X 3KBMBAJEHTHBIM JIMLIb
camMoMmy ceOe (Hampumep, paBeHCTBO uuces), 6) OymeM CUMTATb BCE €ro
3JIeMeHThl SKBUBaJE€HTHBIMU APYT APYTY. B KauecTBe 60Jiee OCMBICJEHHOTO
MpUMeEpPa MOXKHO TMPENJIOKHUTb B) OTHOLIEHWE SKBHUBAJEHTHOCTH Ha MHO-
JKECTBe HATypaJsbHbIX YHCeJ, TPU KOTOPOM 3KBHBAJIEHTHBIMH CUHTAIOTCA
JioOble Ba yucJ/a OJMHAKOBOM YETHOCTH.

[TonuepkHém, uto J060e OTHOLIEHHE, YIOBAETBOPSIIOLIEe YCAOBUAM 1)—
3), Ha3bIBaeTCsl OTHOLIEHHEM KBHUBAJIEHTHOCTH, BHE 3aBUCHMOCTH OT TOTO,
COOTBETCTBYET JIK OHO HEKOTOPOH «3KBHBAJEHTHOCTH» B OOBIYHOM IOHH-
MaHuM uiau HeT. OnHaKo cama Mo ce6e KOHCTPYKLUHS OTHOLUEHHS H, B
YaCTHOCTH, OTHOLIEHHSI 9KBHBAJEHTHOCTH He HHTepecHa. CMBICJ B TaKOM
o0llleM TOHSITHH, KaK U, MOXKanyd, BO Bcex OOLIUMX U abCTPAKTHBIX MOHS-
TUSAX MaTeMaTHUKH, — B BO3MOXKHOCTH [0Ka3aTb Pa3oM, «aBTOMAaTHYeCKH»
pasnuuHble (akTbl. B naHHOM c/iydae odeHb BaxKeH (DakT, YKa3aHHBIH B
3anade 14, — pasbueHue MHOXKecTBa X Ha HelepeceKamwllMecs KJacChl
9KBHBAJIEHTHOCTH.

Jlerko mpuBeCcTH NMpHUMepbl OTHOLIEHHH, YIOBJIETBOPSIOLINUX JIHLIb CBOH-
CTBY TPaH3UTHUBHOCTH, — 3TO OTHOLUEHHE «MeHblIe» MJI UHCeJ HJH «BJO-
JKEHO M He COBNajaeT» AJs MHOXeCTB. EcjM [OMyCTUTh PaBEHCTBO, TO
OTHOILIEHHS CTAHOBATCS pedIeKCHBHBIMH.

Hama Gaukaiimas ueib — U3YYUTh CTPYKTYPY OTKPBITBIX MHOXKECTB
Ha npsiMoi. C MOMOIIBIO OTHOLIEHHS 3KBHBAaJEHTHOCTH MBI ceHuac NoKa-
JKeM TEeOpeMy, U3 KOTOpPOH OyAeT JIerKO CJefoBaTbh H3MEPUMOCTb J060ro
OTKPBITOrO MHOXKECTBA Ha MpPSMOH.

Teopema 3. Jlwboe omkpoimoe mroxecmso O Ha npamoil npeo-
cMasumo 8 8ude KOHEYH020 UAU CYEMH020 06be0uHerUs HenepeceKkar-
wuxcs uumepsaros (cpedu komopolx mozym Goime GecKoHeuHbLe).

Jloka3aTenbCTBO.

1. Tor ¢akt, 4yTO mnomoOHOe OObeAHHEHHe SiBJseTcs He OoJiee ueM
CUYETHBIM, CJle[lyeT U3 J0Ka3aHHOro paHee (hakTa CYLleCTBOBAHHUS Ha J1060M
uHTepBase (M TeM Oojee — Ha GECKOHEUHOM MPOMEXKYTKe) XOTs Gbl OIHOH
palHoHa bHON TOUKH. TeM caMbiM Mbl MOXKeM (CM. MPedbAYIIYIO JeKIH0-
ceMuHap) yctaHoBUTb BOC Mexay NOAMHOXKECTBOM MHOXECTBAa palluo-
HaJbHBIX YHCEeJ M PacCMaTpUBAeMBIM HHTEPBaJOM, NOCTAaBHB B COOTBET-
CTBHE KaXIOMYy HHTepBa/Jy HEKOTOPYIO PalHOHAMbHYI0 TOUKy Ha HEM 1) .
Torna, mMocKosbKy HHTEpBajbl He MepeceKalTcs, COOTBETCTBHE NeHCTBHU-
TeJbHO OyIeT B3aMMHO OfHO3HAYHBIM.

') 3nech, Kak ¥ B HEKOTOPBIX MeCTaX paHee, Mbl TMOJb3yeMmcs T. H. aKCHMOH
BblOOpa, HO He OyfeM 3a0CTPATb HAa 3TOM BHHUMaHHA.
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2. OcraJjiock, COGCTBEHHO, [0Ka3aTh, UTO J11060€ OTKPHITOE MHOXKECTBO
Ha MpPSIMOU siBJIsieTCsl 0ObeMHEHHEM HEKOTOPOTO CeMeHCTBa HerepeceKaro-
IMXCSI HHTEPBAJIOB.

Jast aroro noctpoum Ha X = O OTHOLIEHHE IKBHUBAJEHTHOCTH U BOC-
noJib3yeMcsi pe3y/nbTaToM 3anauu 14 o pazduenun X Ha HemepeceKamlHecs
noAMHoOXecTBa. MMeHHo, OynmeM cuuTtaTh, 4yTo = ~ y (rme z,y € O) Torna
¥ TOJBKO TOTIa, KOTAA OTPe3ok [x;y], rme x < y, WM [y;x], roe = = v,
nesukom conepxkutcsi B O. (BblpoxkIeHHBIE B TOUKY OTPE30K JOMycKaeTcs,
«0Tpe3ok» Bpoze [2; 1] = @ — Her, uHade Bce yucaa u3 O MPHUILIOCH GBI
CUMTATh SKBUBAJEHTHBIMH.)

Yenosusi 1), 2) mpoBepsitoTcsi aseMeHTapHO. Hecsi0KHO TMpoBepuUth |
ycsoBHe 3), pa3o6paB Bce 6 BOBMOKHBIX CJy4aeB B3aUMHOIO PACIIONOXKEHHUS
ToueK (KaXKIbl#l caydyall IOoMycKaeT HECTPOTHe HepaBeHCTBa). Mrak, B cuiy
3agaun 14, mHoxecTBo () 0OKasajochb pPasOMTBIM Ha HemepeceKawllnecs
MOAMHOXKeCTBA — KJACChl SKBUBAJEHTHOCTH.

3. JlokaxkeMm, 4TO KaxKJAblH TaKOU KJacC MpeacTaBJisieT co60H CB3HOE
OTKPBITOE MHOXECTBO (M, T€M CaMbIM, SIBJSIETCS HHTEPBAJOM, OTKPBITHIM
JIY4OM HJIH BCeil mpsiMoit).

JlelicTBUTE/IBHO, CBSI3HOCTb aBTOMAaTHUECKH BBHITEKAeT H3 CaMoOro
BBeIEHHOr0 HAaMU OTHOLIeHHs. TeM caMbIM, y MPOU3BOJBHO B3STOr0O KJjacca
(BbiGepem HekoTopeiil Kiaacec O,) ecTb He Gojee aByx rpanui: inf O,
u supO,. PaccMotpuM nsisi ompenesiéHHOCTH TOUHYHO HHXKHIOW TpaHb.
Ecau inf O, = —o0, yTBepxaeHue 06 oTKpbITOcTH O, «CHH3Y» N0KAa3aHO.
[Tycts teneps inf O, = a > —oo. Hano mokasats, uto a ¢ O,. HeiictBu-
TeJIbHO, B MPOTHBHOM CJyyae HWMeJH Obl, 4TO a BXoguT B (O BMecTe C
HEKOTOPOH OKPeCTHOCTbIO (a — &;a + €) (T. K. MHOXKecTBO O OTKPHITO).
Ho rtorna a —&/2 € O u, B CHsly HaLIero onpefesieHUs SKBUBAJEHTHOCTH,
a—¢e/2 ~a u teMm cambiM, a — /2 € O,. Ho a —¢/2 < inf O,. Ilo-
JIydeHHOE MPOTHBOpeure AoKasbiBaeT, uto a ¢ O,. IlpoBensi aHanorudyHoe
paccyKIeHue HJisl TOUHOH BepXHel rpaHH, mnosydaem, uto O, — OTKPBITHIH
POMEXKYTOK.

Teopema nokaszaHa.

W3 nanHOil TeopeMmbl B cuiy m. 1 § 2 cjenyer, 4yTo /M060e OTKPBHITOE
MHOXECTBO Ha MpsiMod u3aMepumo. B Gojee obiieM ciydae OTKPBITHIX
muoxecTs B RN 310 Toxke BepHo. (CMm. 3amauy 11.)

§ 10. 3agaum nus caMOCTOSITEIBHOTO pelleHus

[Ipu perieHuM 3agad MOXKHO TI0JIb30BAThCSl YTBEPXKAEHHUSIMH, cPopMmy-
JIUPOBAaHHBIMU B JIEKIIMH, KPOME TOrO, KOTOpOe, COOCTBEHHO, Tpebyercs
J0Ka3arTh.

Ganaua 1. JlokasaTb TOXKAECTBA W BJIOXKEHHS, CHOPMYJIUPOBAHHbBIE
B § 1 u He nmokasaHHble B Tekcre. JloKasaTb TaKxKe CJelyIOLlHe yTBep-
Xpenus, rie A, B, ... — NpOU3BOJIbHbIE OAMHOKECTBA HEKOTOPOTO MHOXKe-
ctBa P:
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1) (AUB)\C = (A\C)U(B\C), npuué™m ecau oObelvHEHHE B
JIEBOH UaCTH IM3BIOHKTHO, TO TEM XKe CBOHCTBOM obJsafaeT U 06beauHeHHe
B MpaBo# yacTu (BepHO Jin 0GpaTHOE?);

2) AAB=(A\B)U(B\ A) (rakum o6pa3oM, 31ecb TpebyeTcst 10Ka-
3aTh U TOT (PaKT, 4To oObeqrHEeHHe B MPABOM YACTH BCErga QU3BIOHKTHO);

3) AnNB=A\ (A\ B);

4) AUB=(A\B)U(ANB)U(B\A).

SBamaua 2. Jlokasarb, uto ecsii AC C, BC C, tou AUB C C.
BepHo /i1 aHA/NIOTHYHO YTBEPXKAEHHE JJISi TPOU3BOJIBHBIX 00beINHEHHH?

Sanauya 3. 3aBepwiuTb (HOpPMYyJYy U [10Ka3aTh MOJYUYHBLIeeCs yTBep-
XKIeHHe:

1) A=(A\B)U..;

2) A\ (B\C)=(A\B)U....

3apmaua 4. HasoBém mnogrpapukom ¢yHKUuH f(r) MHOXKECTBO
{(z,y) €eR? |z € D(f),0<y < f(z)}, rne D(f) — obaactb onpenesenus
¢yurunu f(x). HokasaTb, 4To MOArpapuK HEOTPULATEJBHOH (QYHKINH,
ompeneNéHHOM Ha oTpeske [a; b] ¥ HHTerpupyeMoi mo Pumany, namMepum 1o

b
JleGery u ero mepa pasHa [, f(z) dz. (Ykasanne. MoKHO BOCIO/Ib30BaThCS
cymmamu Jlap6y.)

Samaua 5. ([Ipomosaxenue.) OGOOIIUTL 3TO YTBEPKAEHHE HA
cayda# (QyHKUMH, UHTerpupyemMbx mo PuMaHy B HeCOOCTBEHHOM CMBICJE
(I/1s MHTErpaJsioB MePBOTO ¥ BTOPOTO POLA).

Samaua 6. [lokasaTh, UTO MHOXKECTBO A HM3MEpHMO, M HaHTH ero
Mepy, ecJiH

2) A={(z,y) R’ |2 €R,0<y < 4}, a = const > 0;
0 A={(y) €B| 1<z <10<y< o)

B) A= U {(z,y) eR? |z e mn+1),0<y< &=y

3anaua 7. Paccmorpum mHoxkecTBo KanTopa. OHo cTpouTcs cieny-
fomuM o6pazom. bepéres orpesok [0; 1]. Ha mepBom mrare w3 Hero McKJIo-
YyaeTcsl HHTepBaa — CpelHsis TpeTb. Ha BTOpOM Iuare u3 IBYX OCTaBLIMXCS
otpeskos [0; 1] u [§:1] Takxe mckmouaoTCs CpenHne TPETH, M TAK Aaee.
To, uTo octaHeTcs, U Ha3blBaeTcss MHOXKecTBOM KaHTopa.
1*) 3anucaTb siBHYI0 QopMyJay AJas MHOXKecTBa KaHTopa.
2) JlokasaTb, 4To MHOXKecTBO KaHTopa HemycTo.
3) Haiitu mepy mHoxecTBa KaHTopa.

Sanaua 8%*. (I[lpomonxenwue.) JlokazaTb, 4YTO MHOXKECTBO
KanTopa paBHOMOWIHO OTpe3Ky. (YkazaHHe. MOXHO BOCHOJIb30BATbCS
TPOHUYHOH 3aTHChI0 NEACTBUTEIbHBIX YHUCE.)

SameuaHue. PaHee Mbl MOKa3aJju, 4TO BCAKOE CUETHOE MHOXKECTBO
TOYEK Ha MpsMOH (Ha MJOCKOCTH, B TPOCTPAHCTBE...) HMeeT JeGeroBy
mepy 0. JlaHHasi 3ajaya MOKa3blBaeT, YTO CYETHOCTb MHOKecTBa A —
JIOCTAaTOYHOE, HO BOBCEe He HeoOxoammoe ycaoBue toro, urto i(A) = 0.
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Sagaua 9*%. ([Ipomoaxeunwue.) HaliTu mMepy MHOXKecTBa BceX
Tex umces otpeska [0; 1], B cTaHIaPTHOM HECHATHUHOM PA3JIOKEHHH KOTOPHIX
OTCYTCTBYeT Ludpa d.

SBamaua 10*. MoXHO JIM yKasaThb 3aMKHYTO€ MOAMHOXKECTBO A
3aMKHYTOTO €IMHUYHOrO KBaaparta, Mepa o KOTOPOTO paBHa 1 H KoTopoe
He COBMAjaeT Co BCeM KBajapaToM? (YkasaHue. PaccMoTpuTe KBajpaT Kak
MeTpHUEeCKOe MPOCTPAHCTBO U BOCIOJb3yHTECh TeM, UTO Pa3HOCTb KBaapaT
MUHYC A OYIeT HEMmyCTBIM OTKPBITHIM MHOXKECTBOM.)

3apmauya 11%*. JlokaxeM, uTo JI060€ HEMYCTOE OTKPBITOE MHOXKECTBO
Ha MJOCKOCTH MPEACTaBHMO B BHIe cuérHoro (He GoJiee ueM CUETHOrO)
00befMHEHHS] OTKPHITBIX MPSIMOYTOJbHUKOB H, CJIEI0BATENbHO, H3MEPHMO.
Bynem B 3To# 3amaye moj OTKPBITBIMH MPSIMOYTOJNbHUKAMU MOHUMATb TOJb-
KO Te HEMyCTble OTKPLIThIE TPSIMOYTOJbHUKH, CTOPOHBI KOTOPBIX MapaJJieb-
Hbl O0CsM KoopauHaT. Ha3oBéM MpsiMOYTOJbHUK palMOHaJNbHBIM, €CJH €ro
CTOPOHBI JIEXKAT Ha BEPTHUKAJbHBIX MPSIMbIX C pallMOHAJBHBIMU a0CLUCCAMU
¥ Ha FOPH30HTAJbHBIX TPSIMBIX C PAllHOHAJIbHBIMHM OpPJAMHATAMH.

a) Jlokaxute, 4TO JIOOOH OTKPHITBIE MPSIMOYTOJBHHK MOXKHO MPEACTaBHUTh
B BHJle CUETHOTO OObEeIUHEHHsI PallMOHANBHBIX MPSIMOYTOJbHUKOB (He 00s-
3aTeJIbHO TIOMApHO HerepeceKaruxes).

6) HokaxuTe, 4To JH0O0E OTKPHITOE MHOXKECTBO MOXHO IMPEICTABUTb B
BUIe 00beIMHEHUS] OTKPHITEIX MPSIMOYTOJbHUKOB. (YKasaHHe. [IpencraBbre
€ro cHayasa B BHE OObeIHHEHHS] OTKPBITHIX KPYTOB.)

B) Jloka)kuTe, uTO J1060€ OTKPHITOE MHOXKECTBO MOXHO MPEACTaBUTh B
BUJle 00beIHHEHHS PALHOHATBHBIX MPSMOYTOJbHHKOB.

r) Jlokaxkute, 4To J1060€ OTKPHITOE MHOXKECTBO MOXHO MPEACTABUTh B BUJE
CUéTHOr0 0ObEIUHEHUS] PAL[MOHANBHBIX MPSIMOYTOJbHUKOB.

Sanaua 12. [lokasaTh, UTO OTHOILIEHHE DPABEHCTBA HA MHOXECTBE
JIEHCTBUTEbHBIX YHCEJI SIBJSIETCS OTHOLUEHHWEM 3KBUBAJIEHTHOCTH. Kak 3a-
JaTb OTHOLIEHHE PaBEHCTBA B TEPMHHAX MONMHOXKECTB J€KapTOBa MPOU3Be-
NeHus?

3amauya 13. a) IlpoBeputb, uTO NpHUBENEHHBIE TPHU IPHMepa OT-
HOLUEHUH SKBUBAJEHTHOCTH JEHUCTBUTEJbHO SIBJSIOTCS OTHOLIEHUSIMU 3K-
BuBasieHTHOCTH. 0) «[lepeBecTu» omucaHusi TPEX MPHUMEPOB OTHOIIEHHH
3KBHBAJIEHTHOCTH Ha SI3bIK MOIMHOXECTB J€KapTOBa MPOU3BEIEHHS.

Sapgaua 14. JlokasaTb, 4TO JI000e OTHOLIeHHE 3KBUBaJEHTHOCTH
pa3buBaeT MHOXECTBO, Ha KOTOPOM OHO 3aJlaHO, Ha HelepeceKallluecs
MIOZMHOKECTBA.

Bamaua 15. ([Tpomonxenwne.) [Ipennosoxkum, HEKOTOPOE MHO-
)ecTBo A pa3buTo Ha HemepecekaiwliHecs nmogMHoxkecTBa A,. BepHo Ju,
YTO OTHOLLEHHE «3JIeMEHT I HaXOLUTCS B OLHOM IOAMHOXKECTBE C 3JEMEH-
TOM %» SIBJISIETCS] OTHOILIEHHEM 3KBHBAJIEHTHOCTH?

3amaua 16*. Iloxasats, uto Mepa Jlebera Ha MJIOCKOCTH He 3aBUCHUT
OT MOBOPOTOB CHCTEMbI KOOPIHUHAT.

3amgaua 17. IlycTh WMeeTcss HEKOTOpPOE CEMEHCTBO MHOXKECTB O.
Ilokasatb, uto ortHoueHue |A| > |B| (3azaHHoe Ha §) TPaH3UTHBHO, HO He
peh/JIEKCHBHO H HE CHMMETDPHUHO.
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3JEMEHTBI OBIIEW TEOPUU MEPBI

§ 1. CucreMbl MHOKECTB

Kak Bbl MOMHHTE, B JIEKLHH 2 MOCTPOeHHe OOIIEH TEOPUH Mephl BeJoCh
UCXOAs U3 anre0pbl H3MEPUMBIX MHOXKECTB, a NPSMOYTOJbHUKH, UCXOLS U3
KOTOPBIX BEJIOCh MOCTPOEHHE KJIaCCHMYEeCKOH Mepbl Ha TMJIOCKOCTH, anreGphl
He 06pasytoT (moyemy?). EcTb U Ipyrue npruMepsl, KOria UCXOAHOE MHOXKe-
CTBO 3aJaHHSl Mepbl He siBJsieTCsl anre6poi. B cBA3M ¢ 3TUM HMeeT CMbIC]
paccMOTpeThb IpyTHe CUCTeMbl MHOXKeCTB. JlanuM HeCKONbKO ompenesneHni.

Onpenenenue 1. Cucmema wmHONecms S  Ha3viBaemcs
NOAYKOALYOM, eCAU:

1) €S,

2Q)VAe S,VBe S ANBeES,

3) VAe S, VAL €S, A C A dne N dA, .. A, €85:
AlUA U UA, =A

[locnenHee TpeGoBaHMe TMpoIle BCEro MOSCHUTb Ha MNpPUMepe MpsIMo-
YTOJbHUKOB. JleHCTBUTENBHO, NPSIMOYTOJbHHUK C MPSIMOYTOJIbHBIM BBIpe-
30M — YXKe He TPSMOYTOJIbHHK, OIHAKO €ro MOXKHO paspe3aTb Ha IMpsMO-
YTOJbHUKHK (C/elisl 32 TeM, KaKue TPaHHUIbl KyIa BXOMSAT).

Hrak, mosykosblio — 3T0 HauboJee «caadasi» CUCTEMA MHOXKECTB B Ha-
meM paccMoTpeHuH. bynem mocteneHHO ycuauBatTh Tpe6oBaHus. [lpu atom
Ka)Kioe cjefylollee MOHATHe (KPoMe o-Kosblia) OydeT YacTHBIM CJydyaeM
npensiayiero. (Cm. 3agauy 1.)

Onpenenenune 2. Henycmasa cucmema mHoxecme R Hasvigaemcs
KOAbYOM, eCALL:

1) VAe R,YVBe RANB € R,
2)VAe R,VBe RAAB € R.

CnencrBue 1. Bcakoe koavyo mwuoxcecms R codepsmum <. B
camom Oene, no ycrosuro Henycmomo. R cywecmsyem nekomopoe A € R.
Ho moeda no 2) umeem @ = AAA € R.

CnenctBue 2. Bceakoe xoavyo muoxcecms R emecme ¢ mHodxwce-
cmeamu A u B codepiycum He moAbKO ux nepeceuenue U CUMMeMpPU-
YecKkyro pa3Hocmo, HO U obvedurenue u obe padnocmu. B camom Odere,
AUB=(AAB)A(ANB), A\ B=AA(AN B).

Onpenenenue 3. Mroxecmso X Hasvieaemcs edunuueli cucme-
moL mroxcecms T', ecau:
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1) X eT;

2) VA e T gepvo ANX = A.

Ouesudrno, maxkoe Ha3garHue onpasobleaemcs porvto mroxcecmsa X npu
«ymHoMceruus (m. e. nepeceuenun) MHOMCECms.

Onpenenenue 4. Koavyo mHoxmecms ¢ eduruuyeli HA3bi8AeMCS
ancebpoll MHoNMcecms.

JIerko BHIETh, YTO He BCSIKOE KOJbIIO (HJIH TOJYKOJbIIO) MHOMKECTB
CONEPKHUT eIUHHILY.

B kauecTBe mpHMEpPOB PaCCMOTPUM a) CEMEHCTBO BCEX KOHEUHBIX ITOA-
MHOXeCTB GECKOHEYHOr0 MHOXKECTBa; 0) CeMeHCTBO BCEX OrpaHHYEHHBIX
MOJAMHOXKECTB YHCJOBOH MNPSAMOH (HJIM IJIOCKOCTH); B) MHOXECTBO BCEX
MPOMEXYTKOB C PAallMOHANBHBIMH KOHIIAMH, cofep)aiiuxcs B otpeske [0; 7]
(mocnenHee — He KOJIbLO, a MoJayKoabi). (Cm. 3anauy 6.)

OnHako MBI MOKa ellé HUYEero He CKasaju O YacTO BCTPevarollHuXCs
CUETHBIX OObEIMHEHHSIX MHOXKecTB. JlaguM COOTBETCTBYIOIEE OIpeneJie-
HHe.

Onpepnenenue b. Cucmema wmuomecmse R Hasvisaemes o-
KOAbUOM, eCAU:

1) R — koavyo;
2) VA;,...,A,,...€ R Ufil A; €R.

Omnpenpenenue 6. 0-KOAbUO MHONCECMS C eOUHULEL HA3bIBACMCS
o-an2ebpoLl MHOMECMS.

PaccMoTpuM elié HEKOTOpbIE TPHMEpHI.

IITIPUMEP 1. OuyeBugHo, UYTO CeMEHCTBO BCeX IOLMHOXKECTB
JlaHHOro MHOXKecTBa A (maxe myctoro, T. K. & C &) sABJAseTCA Ka)KI0H U3
MIePEUYMCIEHHBIX 3[€Ch CHCTEM MHOMECTB.

[TIPUMEP 2. Cucrema Bcex MPOMEXYTKOB Ha MpsiMO# (BKJiouas U
feckoHeuHble) 00pasyeT MOJyKoJbLO ¢ ennHULeld. ([Touemy He KoJbLOP)

[TIPUMEP 3. Cucrema Bcex MHTepBAJOB Ha NpsIMOH He 06pasyer
Jaxke moJykosblia. B camom gese, mosmyunrepsan (0;2)\ (0;1) = [1;2)
HeJIb3sl Pa30UTh Ha KOHEUHOe CeMeHCTBO HelepeceKaloLNXCsl HHTePBAJIOB.

[TIPUMEP 4. CemelcTBO BCeX NMpPSMOYTOJBHUKOB Ha MJIOCKOCTH CO
CTOpPOHAMH, Mapas/e/bHBIMH OCSIM KOOPAMHAT (C pa3JMYHBIMU TPaHULAMH,
Kak B JeKUUH 1), ob6pasyeT MOJYKOJBLO; a €CIH NOTPeOOoBaTh, HUTOOHI
BCe MPSIMOYTOJbHHUKH BXOAWJH B OAWH (DHUKCHPOBAHHBIA MPSMOYTOJbHUK
(cTOpOHBI KOTOPOrO TaKKe AOJIXKHBI ObITh MapaJijiesibHbl OCSIM KOOPAMHAT),
MBI MOJIYYHM MOJNYKOJbLO ¢ enuHuled. (Bompoc: a uto o6pasyior mpsimo-
YTOJIBHUKH, COfleprKallldecss B HEKOTOPOM (DUKCHPOBAHHOM KpyTre?)

Temepb mpuUCTYNmUM K [0Ka3aTeNbCTBY HEKOTOPBIX BaXKHBIX CBOKCTB
3TUX CHUCTEM MHOXKECTB, KOTOpble MOHano0sTCs B HajbHedlleM s oboc-
HOBaHHUsI PAa3JIMYHBIX CBOHCTB MEPHIL.

Jlemma 1 (o KoHeuHOM pasnoxeHu#u). [lycmo:

1) S — noaykoavyo,
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2) A, Ay, Ay, ..., A, €S,

3)Vi=1,n A; C A,

4) Vz,jzl,—nAZﬁAJ = .

Toeda 3A,41, ..., Ay € S makue, umo A = | |[*, A;.

JlokasaTeJabCTBO.

JloKaxkeM 3TO yTBEpPKAEHHS MO0 HHIYKIHH.

1. llpu n = 1 yTBepXIeHHE JEMMBI COCTaBJsET YacTb OIpeneseHHs
nosykoJbia. [lycts Temepb yTBepxKIeHHEe NOKA3aHO HJsi n = k, JOKakeM
ero s n==%k+ 1.

2. Urak, myctb A=A U Ay U...U A U By U...U By (31ech Mbl nepe-
0003HAYHIH «IOMOJHSIOIIHE» MHOXKECTBA, UTOObl He BO3HUKJO MyTaHHIIbI
¢ Ag). llyctb Takxke Ay He mepecekaetcs ¢ Ay, ... Ag. Jdas kaxmoro B;
(i = 1,1) pacemotpum By = Ag+1 N B; U NOCTPOUM, MOJb3ysich TpeGoBa-
HHeM 3 ompejiesieH sl MOJMYKOJIbla, KOHEUHbIE PA3JI0KEHH s

Ji
Bi=| | By
=0

J

Torga McxomHoe MHOXKECTBO A MOXHO NpeaCcTaBUTb B BUME

A=A UAU...UAUBU...UB =

k Ji Ji
= (|4 )u{]By|u.uf]]By
j=0 j=0

i=1
3. Jlerko BHIETh, UTO MOCTPOEHHOE Pa3JIOXKEHHE AEUCTBUTENbHO NU3b-

IOHKTHOe. A Ternepb 3aMeTHUM, 4YTO

!
Agy1 = |_| Bio,

i=1

MOCKOJIbKY MHO2KeCTBa Bi JarT pas3JjiozKeHue

k
AN ]A) v AinAg=o, i=Tk

i=1

[TosToMy MOXKHO NeperpynnupoBaTb pas3joKeHHe W MOJYUYHTb:

k l Ji J
A= |_|Ai U |_|Bi0 U |_|Blj U...U |_l|Blj =
j=1 j=1

i=1 i=1

C

k J
= I_lAl |_|Ak-+1|_| |_I|Blj U... |_|Blj

i=1 j=1 j=
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JlemMMa goKaszaHa.

3ameyanue |. HacrositesbHo pekoMeHayeTCs PU U3yUeHHUH HOKa-
3aTeJIbCTBA TIPOHMJIIOCTPUPOBATD €r0 CIAYYaeM MPSIMOYTOJbHHUKOB.

Jlemma 2 (< kupnuuukax>) [lycme:
1) S — noaykoavyo,
2) A, Ay, .. A, ES.
Toeda cywecmsyrom makue RONAPHO HeEnepecekaroujuecs MHOMeCcmsa
By, ...,Br €S, umo xawcdoe usz muoxcecms A; asisemcs ob6veduneruem
Hekomopolx u3 Bj.

(lokaszaTesbCTBO MPOBECTH CAMOCTOSITEIBHO.)

§ 2. AIAUTHBHOCTh U CYETHAS aJJUTUBHOCTb MepbI

Tenepb MPUCTYNHM K paCCMOTPEHHUIO MepBl HA CHCTeMax MHOXKeCTB. s
9TOr0 HaM NPUAETCS HaTh ell€ HECKOJbKO OMpenesieHH .

Onpenenenue 7. [lycmov S — noayxkoavyo mHoxmecms, a m —
pyukyus, m : S — [0;+00) U {+o0}, npuuém m # +oo. Hasosém eé
mepou (na noaykorvye S), ecau 042 4106020 KOHEUHO20 npedcmasienus

A:LJ&,e% A Ay, ... A, €S,

i=1

BEPHO paseHcmeso

n
m(A) = E m(A;). (2.1)
i=1
Tlpu amom ecau xoms 6v. 00HO U3 crazaemovix GECKOHEUHO, MO CYMMQA
noiaeaemcs pasHol +oo.
Ecau ace, kpome moeo, 0is aoboix maxkux A, Ay, Ag, ... € S, umo

oo

A:U&,

i=1

B8EPHO paseHcmso

o0
m(4) = m(A;) (2.2)
i=1
(ecau psd pacxodumcs uiu ecau xoms 6ol 00HO u3 caaeaemovlx bec-
KOHEYHO, MO e20 CYyMma NnOAQeaemcs pasHoll +00), mo makas mepa
Ha3vieaemcs 0-a00umueHou.
3ameuanue 2. [lockoabKy KoJbLO U ajrebpa (a Takxke o-KOJbLO
U o-anreOpa) SIBJSIOTCS YACTHBIMH CJy4asiMH [OJYKOJbLA, PUBEAEHHbIE
ONpefiesIeHHs] PaclpoCTPaHsIOTCs HAa HUX 6e3 H3MeHeHHs. (XOTs HEKOTOpbIe
TpeOOBaHHUS B YCJOBUAX CTAHOBATCS U3MUIUHMMU. Kakue U B Kakux cjayua-
AX?)

2 M. O. Kopmiycos, A. A. [auun
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3amertuM, uTo TpeGoBaHue (2.1) He/b3sl 3aMEHHTh Ha MAPHOE CJIOXKEHHE
m(AUB)=m(A)+m(B) mpu A, B,AUBES, (2.3)

MIOCKOJIBKY MOJTYKOJBLIO He 00513aHO COAepKAaTh IPOU3BOJIbHOE 00beIHHEH e
MHOXKECTB — CBOMX 3/J€MEHTOB M HajHuHe B HEM, CKaxKeM, MHOXEeCTB
A,B,C, AU BUC He rapantupyer Hanuuuss ALl B, dyepe3 KOTOpOe Mbl
Moryiu Obl «mpoitH» oT A, B,C' x AU B UC. [ToaToMy ec/iu Mbl paccMoT-
puM TOsyKOJIBLO, cocTosiiee u3 muoxkects [0;3), [0;1), [1;2), [2;3), To
yeaosre (2.3) He momeruaer nosoxutb m[0;3) =4, m[0; 1) =1, m[1;2) =
=1, m[2;3) = | u ycnosue (2.1) Gyner Hapy1ueHo.

O6cynuM HeKOTOpble MPOCTHIE CJIEACTBUS ONpeNeseHHsl Mephl Ha MOJy-
KOJIBLIE.

CsoiictBo 1. Monoronnocts mepul. [lycts A,B € S u A C B.
Torna m(A) < m(B). i nokasaTeibCTBa HOCTATOYHO BOCIOJb30BAThHCS
KOHEUHBIM pasjioKeHHeM B, BK/OUalOUM A, 1 afIUTHBHOCTBIO MEPHI.

CeoiictBOo 2. Mepa nycroro MHOXecTBa paBHa (. JledcTBUTEJNB-
HO, TOCKOJIBKY & N & = &, UMeeM M3 CBOWCTBA aAAUTHBHOCTU Mephbl
m(@ U &) =m(d), nmu 2m () = m(), orkyna m(2) = 0.

Cso#ictBo 3. Ilyets A,B,AUB € S um(ANB) < +o0. Torna

m(AUB) =m(A)+m(B) —m(AnN B). (2.4)

O HeficrBurensHo, A = (A\ B)U (AN B) 1 aHaJOrHYHO /151 MHOXKe-
crBa B. [TocTponM KOHeUHble Pas/IoKeHHst

=1 j=1

Torna AUB =(A\B)U(ANB)U(B\ A) u
m(AUB) = (Zm )-i—

() emianm)-

+ i}m(Bj) +m(ANB)| —m(ANB) =

m(Bj) | + m(ANB) =

||'M3

=m(A) + m(B) —m(AnN B).

X
Bomnpoc. Ilouemy norpedosanocs paséusate A\ B u B\ A?
CeoiictBo 4. Ilycre A,B,AAB € S u m(AAB) = 0. Torna
m(A) = m(B).
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O JleHCTBUTENBHO,
A=(A\B)U(ANB), B=(B\A)U(ANB). (2.5)

[Ipu stom (A \ B) C AAB u mo3ToMy B CHJIy HEOTPHLATEJNBHOCTH H
MOHOTOHHOCTH Mepbl UMeeM (B MCTMOJb30BAaHHbBIX BbIlIE 0G03HAUEHUSIX)

0< ) m(4;) <m(AAB) =0
i=1
M03TOMY
Zm(Ai) =0, ¥ aHAJOTHYHO Zm(Bi) =0. (2.6)
i=1 i=1

Torna us agmuTHBHOCTH Mephl ¥ (2.5) u (9.3) mosydaem:

m(A) = z“: m(4;) + m(ANB) =m(ANB),

i=1

m(B) = 7zﬂ:m(Bi) +m(ANB)=m(ANB),

=1

uin m(A) =m(B). K

3aMeTHM, UTO MHTYUTHBHO 3TO YTBepxKJAeHHe OblIO0 0YEBUIHO C CAMOrO
HayaJjia: ecJid Mepa TOro, UeM MHOXeCTBa Pa3JjihyaloTcsi, paBHA HYJIO, TO U
Mepbl 3THX MHOXECTB PaBHbI.

Tenepb MpUCTYNMUM K PacCMOTPEHHIO UyTh MEHEe JIETKO JI0Ka3bIBaeMbIX,
HO He MeHee BaKHbIX CBOWCTB Mepel. Hurke mpennosaraem, 4to m
Mepa Ha moJiyKoJble S, a mHoxkecTBa A, Ay, ..., An (wu A, Ay, ..., Ay,...)
NpUHAJJIeXAT MONYKOJIbLY S.

Ceo#ictBo 5. (CBOHCTBO, B KaKOM-TO CMbICJie 00pATHOE KOHEUHOH
noNyaaadTUBHOCTH.) [lycTh mpu cOpMYyTUPOBAHHBIX BHIIIE YCJAOBHUSX eIllé

n
| | 4ic A
i=1
Torna
n
E m(4;) < m(A).
i=1
ITo COBepILEHHO OYEBHIHO, €CJIM BOCIOJIb30BAThCsl JIEMMOU O KOHEUHOM

pa3JioXKeHHH, HEOTPHIIATENbHOCTBIO ¥ alIUBHOCTbIO Mephl. [lefcTBUTEBHO,
no Jemme 1 umeem

m
A:|_|Ai, m>=n.
i=1

Qi
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Ho rtoraa

Zm(Ai) < Zm(Ai) =m(A).

i=1 i=1
CsoiictBo 6. (Koneunas noayagautuBHOCTh.) [lycTh Temepnb

AC LnJ A;.
i=1

Torga

n
m(4) <Y m4). @.7)
i=1
Jlns  pokasaresbcTBa JAOCTAaTOYHO MNPUMEHHTb K CEMEHCTBY MHOMKECTB
A Ay, ..., Ay «JIEMMY O KHPIIMYHKaX» U 3aMEeTHTh, UTO B JIEBYIO yacThb (2.7)
Mepa (a oHa HeoTpHLATeNbHA!) KaXKAOTO «KUPIHUHKA» BOALET He GoJee Ofi-
HOTO OJHOTO pa3a, TOraa Kak B NPaBylo — He MeHee OTHOTO (@ MOKeT ObITb,
1 HeCKosbKO pa3). (BoamoxeH W HECKOMBKO NPyro#l Xom HOKa3aTesbCTBa.
Hanpumep, Bu pacecmarpuBaere Bmecto A; muoxectBa A N A; — oHU TOXKe
TNPUHAJIEKAT TIOJAYKOJNBLY — U I0Jb3yeTech He TOJBbKO aiJUTHBHOCTBIO,
HO U MOHOTOHHOCTBIO MepBhI.)

A MOXHO 1 0600IIKUTb CBOUCTBA b U 6 Mepbl Ha CYUETHBIE caydai? Oka-
3bIBaeTcs], 1/ 060OLIEeHHsT CBOMCTBA O JOCTaTOYHO pacCcMaTpHBaTh Mepy,
YIOBJIETBOPSIIOILYIO BCEro Juiib Tpebosanuio (2.1), Torna kak ajs 0606-
IeHUs1 CBOMCTBA 6 (mOJyYHTCs CUETHAsI MOJNYAAQUTHBHOCTB) Tpebyercs
cuéTHast anaUTUBHOCTD (2.2). [IpoBenéM COOTBETCTBYIOLINE PACCYKIECHHS.

Ceoi#ictBo 7. Ilyctsb

oo
| |4ic A
i=1
Torna
oo
> m(Ai) < m(A). (2.8)
i=1
O JleHcTBUTEJIbHO, AJS JIOO0H KOHEYHOH MofcucTeMbl Ay, ..., Ay UMeeM
k
| |4 c A

i=1

[TosTOMYy MPUMEHHMO CBOHCTBO D, B CHJIy KOTOPOTO

k
> m(Ai) < m(A). (2.9)

i=1
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Ho torma, Bo-mepBbiX, psin B JieBoi uact cxomutest (ecan m(A) <
< +00), a BO-BTOpBIX, IJIsi €ro CyMMbl TOCJe Mepexona K Mpelaesay B
HepaseHctse (2.9) umeem (2.8). X

CBoi#ictBo 8. (PaBHocuibHOCTH CUETHOH TMONYaJIUTUBHOCTH U
CUéTHOU amauBHOCTH.) Mepa ssasemcs o-ad0umusHoli mozda U MoAbKO
moeoda, Kozda 0 aobvix makux mroxecms A, Ay, As,... € S, umo

AC U Ai,
i=1
B8EpPHO HepaseHCcmaso
m(A) <Y m(4). (2.10)
i=1

O
1. okaxem cHayaja HeoO6XOOUMOCTb. VIMeHHO, MycTb AJSI JIOOBIX
Takux MHOxecTB A, Ay, As,... € S, uTO

AC GAZ’

i=1

BEPHO HEepPaBEHCTBO

Torma Mepa sBjsieTCs O-aNIMTHBHOH. PaccMOTPHM Takde MHOXKECTBa
B,B;,By,... € S, uto

B = EI B;.
i=1

Torzna, ¢ onqHOH CTOPOHBI, AJIS1 HUX BBINOJHEHO

B C [j Bi,
=1

U MIO3TOMY
e8]

m(B) <> m(By). (2.11)

=1

C npyro# »Ke CTOPOHBI, BEPHO 0OPATHOE BJIOKEHHE

BDDBi’

i=1
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WU TNO3TOMY B CHJY cBoiictTBa 7 (LLJIH JokKasaTeJsbCTBA KOTOPOTO CcyéTHas
ANIUTHUBHOCTb MEpPhLI He Tp€6OBaJ'IaCb) HMeeM

o0

m(B) 2> m(By). (2.12)

i=1

O6mbenunss (2.11) u (2.12), umeem

m(B) = Z m(B;),

=1

4YTO M OOKa3bIBaeT C‘{éTHYIO ANOUTHBHOCTb MEPHI.
2. Tenepb JOKaKeM JOCTAaTOYHOCTbL. IL.HF[ 9TOTO ITIOJIO2KHMM

i—1
Bi=A4;, Bi=A\|[JAx mu i>1B;€S8,
k=1

Ji
Bi=||By, Ciy=BinA
j=1
HNnmeem Cz‘j ISR

oo J;
A=Bul | ]c

i=2 j=1
[TosToMy B cusy CU€THOH aAiIUTHBHOCTH MepHI

oo J;
m(A) = m(Bl) + ZZ Cij, HO ZCij < m(Az)v

i=2 j=1 j=1

nockosbKy B; C A;. YTBepKIeHHe nokazaHo. X

SBameuanue 3. Mcrmosb3oBaHHBIE B JEKIUW TEPMHH «CyGaIInTHB-
HOCTb» SIBJISIETCS] CHHOHMMOM TEPMHHA «I0JyaJAUTHBHOCTDY.

[IpuBeném mpumep, MOKaA3bIBAIOLIMH, YTO 1J5 MEPHI, He SBJSIOLIEHCS O-
aJIUTHBHOM, HepaBeHCTBO (2.10) MOXKeT HapylaThCs.

[TIPUMEP 5. B camoMm gesie, pacCMOTPUM MOJNYKOJBLO MHOXECTB,
COCTOSIIMX M3 BCEX pALHOHAJBHBIX TOYEK MPOMEXYTKOB |«; 3], Tme
0 < a<pf< 1. Homoxum m(|la; F]) = f — . Torma, ¢ 0OOHOH CTOPOHH,
m([0;1] N Q) =1, a ¢ npyroil, oHO siBAsieTCs CUETHBHIM OGbEAHHEHHEM
OHOTOUEUHBIX MHOXECTB, W MO3TOMY HepaBeHCTBO (2.10) Hapyiiaercs: Mbl

HMeeM
oo

o
L=m([0;1]NQ) > m({r:}) =) 0=0,
i=1 i=1
rie rnoc/eioBaTesbHOCTh {r;}S°, nepeunc/isieT Bce palHOHA/bHBIE YHC/IA
otpeska [0; 1].
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§ 3. 3agauu gys CaMOCTOSTENBHOTO peleHus

3anauya 0. OTBeTUTb HA BCe BOMPOCH MO XOAY TEKCTA.

3anaua 1. JlokasaTb, 4YTO BCSIKOE KOJIBIIO €CTh TOJYKOJIbIIO, BCSKas
anrebpa ecTb KOJbLO, BCsIKasi o-anredpa ecTb o-KOJbLO U anredpa, BCAKOe
0-KOJIbLIO €CTb KOJIBLIO.

3apaua 2. JlokasaTb, 4TO MHOXecTBO X $IBJsieTCS eNWHHULEH MJsi
JIaHHOTO KoJblla R (mosykosbiia S) Torga U TOJbKO Toraa, Korma X =
=Uaer 4 (X = UAeS A).

3angaua 3. [lokasare, uto o-ajre6pa 3aMKHyTa OTHOCHUTEJbHO Olepa-
LMK CYETHOTO TepPeceyeHHsl.

Sanaua 4. O6pasyioT Jid MOJAYKOJbLO BCE MPSIMOYTOJbHUKH, CTOPOHBI
KOTOPBIX TapaJijie/ibHbl OCSIM KOOPAMHAT W BJIOXKEHHbIE B HEKOTOPbIH (PUK-
CUpOBaHHBIN Kpyr? MIMeeT Jid 3TO MOJYKOJbLO €AUHHUILY?

Sapaua 5. JlokazaTb aHajoru Qopmyiabl (2.4) [0Js KOHEUHBIX MHO-
xecTB. Mmenno, ecau |X| — umcio 3/1eMeHTOB MHOXKecTBa X, TO MJIs
Jo6BIX KOHeUHBIX MHOkecTB X, Y BepHo paBerctso | X UY| = |X |+ |Y|—
—-|XnY].

S3apgaua 6. Jlokasarb, 4ToO:

1) ceMeHCTBO BCeX KOHEUHBIX MOAMHOXKECTB GECKOHEYHOr0 MHOXKeCTBa 006-

pasyeT KoJibllo, HO He o6pasyeT ajre6psbl;

2) ceMeHCTBO BCeX OTPaHHUUYEHHBIX MOAMHOXKECTB NMPSMOH HJH IMJOCKOCTH

o6pasyeT KOJbllO, HO He 00pa3yeT aaredpsl;

3) ceMeHCTBO BCEX MPOMEXKYTKOB C PallHOHAJbHBIMH KOHIIAMH, COMepKa-

uuxest B orpeske [0; 7], o6pasyeT mosykosbLo (MoyeMy He KOJbLO?);

4) ceMeHCTBO BCeX MPOMEKYTKOB (KOHEUHBIX H GECKOHEUYHBIX) UHCJOBOH

npsiMoil o6pasyeT MOJNYKOMbLO C eAUHULIEH.

5) Ilycts A — GeckoHeUHOE MHOXKECTBO, Y — CHCTeMa Bcex ero He GoJiee

YyeM CUETHBIX TMOAMHOXKeCTB. JlokasaTk, 4To Y — &-KOJbLO.

6) Kakoe yc/ioBHe HY»KHO HAJIOXKHTh, YTOOBl Y ObLIO 0-a/areGpoii?
3anaua 7. JlokasaTb, 4TO CJEAYIOLIME MHOXECTBA SIBJSIOTCS MOJY-

KOJIbIIAMH C eIMHUIIEeH, U yKa3aTh COOTBETCTBYIOLINE €IHHHIIbI:

1) {[o; 8) | e < a < B < b} (BaUas mycTol MPOMERYTOK);

2) cucTeMa Bcex MPOMEXKYTKOB, BJIOXKEHHBIX B OTPE30K [a; b].

Sanaua 8. JlokazaTb «JiIeMMy O KHPIHUUUKAX».

3agaua 9. Ilyetb X =N, A = P(N) (rze P(X) — MHOXecTBO,
3JIEMEHTaMH KOTODPOTO SIBJASIOTCS BCE MOAMHOMXKECTBA MHOXKeCTBa X).

1) dasiercsa au A o-anre6poi?

2) Tloctponth Ha A CUETHO-aAAUTUBHYIO Mepy, NPUHHUMAIOIILYIO TOJIOXKHU-
TeJIbHBIE 3HAYEHHs Ha J06oM HemycToM MHOXKecTBe U3 P(N).

3) Tor ke Bompoc, ec/id Mepa AOJ/KHA ObiTh KOHEUHOH.

Samaua 10*. JlokasaTb, uTO CeMEHCTBO MHOXKECTB, BBEIEHHOE B
KOHTpIIpUMepe B KOHILE CEMHHapa, — AeHCTBUTEbHO MOJYKOJbLO, a (PyHK-
uus m — JAeHCTBUTEJIbHO Mepa Ha HEM.

Samgaua 11* Ilycth m — o-agiuTHBHas Mepa Ha MOJYKOJble S,
MPUHUMAIOLIAs TONBKO KOHEUHble 3HaueHusi, MHoXecTBa A, Ay, Ay, ... npu-
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Hangaexar S, npuuém A; D Ay D ... 1

A:ﬁAi.

=1

JlokasaTb, 4TO
m(A) = lim m(A4;).
11— 00
ITO CBOUCTBO MePbI HA3BIBAETCST HEMPEPBIBHOCTHIO.
Sanaua 12*% Ilyctb m — Mepa Ha KoJblie R W 1Js JIOOBIX TaKUX
MHOXKecTB A, Aj, Ay, ... u3 R, uto A] D Ay D ... u

A:ﬁAi,

i=1

BBITIOJIHEHO PaBEHCTBO
m(A) = lim m(A4;).
71— 00
Jlokasatb, 4To m fBJAseTCA o-afJUTHBHOH Mepoil Ha R.

3amgaua 13* YkaszaTb nmpuMep Mepel Ha KOJblie, KOTOpasi He SBJSETCS
o-aJIUTHBHOH.

JanbHeiiinve 3anauu (Kpome o6si3aTejbHOi 3amauu 16) npenHasHa-
YeHBl JHULIb A5 0C060 UHTEPECYIOUIUXCS U He BKJIOUYAIOTCS B OOLIUH CUET.
[Tpu pelieHuu caenyer UMeTb B BHIY, UTO OHH PacHaiaroTcs Ha 2 LHUKJA.
Onun u3 Hux (14—20) omuchiBaeT MPOAOJ/KEHHE Mephl C MOJYKOJblA Ha
MHUHHMaJIbHOE MOPOKIEHHOE UM KOJBLO, a BTOpoH (21—22) — KoHcTpyH-
pyeT Mepsl JleGera—Crustbeca, Haxoisllte NpUMeHeHHe B CIeKTpa/bHOU
TEOPHUU JINHEHHBIX ONEepaTOPOB U B TEOPHUHU BEPOSITHOCTEH.

Sanaua 14* Ilycts S — nonykosbuo. JlokasaTtk, UTo cUCTeMa

n
R={|JAilAieSi=Tn
i=1
SIBJISIETCS KOJIBLIOM.
Sanaua 15* Ilyctb S — mosykosblio. JlokasaTk, UTO CUCTEMA

R=<||4ilAieSi=Tn

i=1

COBMA/aeT ¢ KOJMbLOM R, BBeNEHHBIM B MpeAbIAYILEH 3a1ade.

Sapmaua 16. JlokasaTsb, 4To:
1) mepeceueHne MPOWU3BOJLHOH HEMYCTOH CHCTEMBI KOJEIl SIBJISIETCS KOJIb-
oM (BO3MOXKHO, COCTOSIIIIUM JIHIIIb U3 MYCTOTO MHOXECTBA);
2) mepeceueHHe TPOU3BOJBHOH HEMYCTOH CHCTEMBI 0-KOJEIl SIBJASETCS O-
KOJIBLIOM;
3) mepeceueHHe HEMYCTOH CHCTEMBI aire6p ¢ OIHOH M TOH ke eNHMHHIEH
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ABJseTCs anredbpon.
(Ykasanue. [ToueMy nepeceueHue JHHEHHBIX MOANPOCTPAHCTB PUKCHPOBAH-
HOTO JIWHEHHOTO TMPOCTPAHCTBA — CHOBA JIKHEHHOE MOANPOCTPAHCTBO?)

3apaua 17* Ilyctb T — cucreMa MHOXecTB. [loKasaTb, UTO Cylle-
crByer Takoe Kojbuo R(T'), uto
) TCR(T) u
2) nast mo6oro kogabia Ry, comepxaiuero T, BepHo R(T) C Ry.
(Takoe KoOJIbLIO Ha3bIBAETCSE MUHMMAJbHBIM KOJIBLIOM, COIEPKALIHM CHCTEMY
T, WM KOJIBLIOM, MOPOXKAEHHBIM CHCTEMOH 1'.)

Samaua 18* (Ilpomomxkenue.) lokazaTb, uto ecau cuctema 1’ comep-
xut enunuiy, To R(T) siBasiercs aare6poi.

Sapaua 19*% (Ilpomosxkenue.) Ilyete S — mogykoabiio. Jlokasats,
uto R(S) coBmagaer ¢ KOJbLOM, MOCTPOEHHHM B 3afayax 13 u 14.

Sapaua 20*. ([Tpomomxenwue.) Ilycte S — mnosyxkodgsuo. [TocTpoutsb
MPOIOJIKEHHE MePBL M C TOMYKOJbla S Ha MOPOXKIEHHOE UM KosbLo R(.S).
(J1J1st TPOCTOTHI PACCMOTPETH CHTYALHIO, KOT/Id MOJNYKOJIBIO CONEPKUT €NH-
MHHIY, 2 Mepa MPUHHMAET TOJIbKO KOHEUHbIEe 3HAYEHHSI.)
1) Hatb ompeneseHde MPOLOJKEHHsT MEPHl C MOJYKOJbLA Ha Coepkaliee
€ro KOJIbLO.
2) Toctpouts mpomoskenue Mepsl ¢ S Ha T'(S) W IOKa3aTb ero KOppeKT-
HOCTb.
3) HokasaTb €IMHCTBEHHOCTb BO3MOXKHOTO MPONOJIXKEHHs Mephbl C MOJYy-
KOJIblla HAa MOPOXKAEHHOE MM KOJIBLIO.
4) JlokasaTb, 4TO €CJM HCXOfHAs Mepa Ha MOJyKojble S Oblia o-
aIIATHBHOM, TO €€ MPONOJIKeHHe Ha Koablio R(S) Toxe GymeT TaKOBOH.

Hrak, Mbl pacCMOTpEJIH MPOIOJKEHHE MEPHI C MOJNYKOJIbIA HA KOJbBLO.
JlanbHeHIIMM IPOJOJIKEHHEM 3TOTO Mpolecca (eC/u KoJbLo 06/1afaeT eau-
HHULEeH) OyIeT TO, YTO OMHUCAHO B JIEKLHH 2.

3apmaua 21* Ilycrs [A; B] C R, S — mosyKoJsiblio BCeX MPOMeKYTKOB,
BJIOXKeHHBIX B [A; B] (Bkatouast myctoi). Jlokasath, uTo GpyHKUUsS m : S —
— [0;+00), tme m(|a;b]) = b — a, sBASETCS T-aAAUTHUBHON Mepoit Ha S.
(Ona HasbiBaeTcsi Kjaccuueckod mepoit Ha [A; B].) (Ykasauue. Iasi no-
Ka3aTeJbCTBA 0-aINTHBHOCTH BOCIO/IL30BAThCS JieMMOk [eiine—Bopedst.)
[Ipu nmpomoskeHuu 31Ol Mepel mo Jlebery mosyuaercss Kjaaccuyeckass mepa
Jlebera Ha mpsiMoH.

3apgaua 22*% Ilycte mnano nosmykoabuo S = {[a;b) | —co <a <b< +
+oo} U {@}, g(x) — HeybhiBaomas HermpepbiBHas cjeBa (QyHKuus Ha R,
a ¢yukunst mg : S — [0;+00) onpenenena dopmynoit mgy([a;b)) = g(b) —
— g(a). Hokasatb, uto my — o-anautuBHas Mepa Ha S. (Takas mepa
HasbiBaeTcsi Mepoit Ctustbeca.) [lpu mpomoskeHnd 3ToH Mephl no JleGery
nosiyyaercsi Mepa JleGera—Cruirbeca Ha MpsSIMOH.




Cemunap-Jleknus 4

HUHTETPAJI JIEBET'A. TIPOCTPAHCTBA JIEBETA

§ 1. Tunbl cxonuMoCcTU (PYHKLHUOHAJBHBIX
oCJIeI0BaTeJbHOCTEN

Ha nekunu 3 6p1710 0TMEUEHO, YTO UMEIOTCS CJeNYIOLIMe BUABI CXOAUMO-
CTH (PYHKLMOHAJbHBIX MOCJEe0BaTeNbHOCTEl: paBHOMepHAs, MOTOYeyHas,
NOYTH BCIOAY, No Mepe. Ilpy 3ToM Kaxkjas nocjeiymollas U3 yKa3aHHBIX
crenyet u3 npeasiayiieil. O6paTHble C/IeACTBUS MeCTa He HMEIOT, HO BEPHbI
HEKOTOpble UX «0cyab/eHHbIe» BAPUAHTHI.

Tak, o/ mpocTpaHCTBa KOHEUHOH Mephl BepHa TeopeMa Eroposa, yTBep-
JKIalolasl, 4YTO Kak TOJNbKO Ha MPOCTPaHCTBe X HMeeT MeCTO NOTOoYeyHas
cxogumoctb fp(z) — f(x) (wam paxe nodtd Bciody), TO U3 X MOXKHO
BbIODOCHTb TaKOe MHOXKeCTBO I CKOJIb YrOAHO MaJslod Hamnepéj 3ajaHHOU
Mepel, yTo Ha X \ B nMeeT MecTo paBHOMEpHasi CXONUMOCTE fn K f.

Jlanee, MOXKHO yTBEpKJAAaThb, UTO JH0OAsi MOCJENOBATENBHOCTb, CXOMS-
masicst Mo Mepe, COLEPXKUT IMOIANOCAENOBATENbHOCTb, CXOASILYIOCS IMOUTH
BCIOZLY.

[ToxakeM Ha mpuMepe, uTO Ha GoJbliee HagesATbcs Heqb3s. s 3Toro
paccMOTPUM I0CJIe0BaTeJbHOCTb KYCOUHO MOCTOSIHHBIX (PYHKUUH, 3anaH-
Heix Ha orpeske [0; 1], kotopywo Oymem misi ceGsi HasbBaTb «Oeryuini
cronb». [Toctpoum eé caepyromum obpasom. CHauana BBeliéM Ha OTpeske
[0; 1] pynkunu fpi, tne n € N, k= 1,27

_ L we 5k
m={o o [0 k).

Tenepb 3aHyMepyeM MOCTpPOeHHble (PYHKLHUU B «CJIOBAPHOM MOPSAKe», Ha-
ynHas ¢ f11: 3@ for caenyer fnr+1, ecad k < 2™ U f,411 B IPOTHBHOM
caydae.

3ameuanue 1. Pexkomenayercs NnocTpOUTb TIpadUKH MepPBbIX 7-H
¢yHkuu#. B npyrux npumepax TakxKe peKOMeHAYeTCS CTPOUTh TpadUKH
HeCKOJIbKHX MePBBIX (PYHKLUHH KaXKIO0H T0C/Ie10BATENBHOCTH.

Tenepsb sicHO, 4TO paccMaTpuBaeMasi OCJ/eN0BATENbHOCTb HE CXOAUTCS
HH B ONHOH TOUYKe, MOCKOJBKY MpH JwodoM z € [0; 1] mocienosatesbHOCTD
3HaueHWH fj(z) npeacTaBssieT coO0OH MOCAEN0BATENBHOCTD HYJIEH H €AHHHILL,
NPUYEM KakK HY/IH, TaK M eIUHHUIbl BCTPe4aloTcsl CPelH UJIEHOB CO CKOJb
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yrogHo GoJsblikmu HoMepamu (modemy?). Takasi Moc/ien0BaTeNbHOCTb He
MOXKET CXONHMTBCS HH MOTOYEYHO, HH mouTH Bciony. OIHAKO OHA CXONHUTCS
mo mepe K f(z) = 0. B camom pese, mepa MHOXKecCTBa, rae gpyHkuns fi(z)
ornuuHa ot 0, cTpemuTcs K Hyso npu [ — co. OmLHAKO JIErKO MOCTPOUTD
MOATIOC/IEJ0BATENBHOCTD, CXONAIUIYIOCSH K HYJNH [OYTH BCIOAY: [JIsi 3TOCO
JOCTATOUHO B3ATh { fn1}.

§ 2. TeopeMbl 0 CXOOUMOCTH U KOHTPIIPUMeEPBI

Paccmorpum teopembl Jle6era, benno Jlesu u Pary. [Ipoun-
JIIOCTPUPYEM Ha HEKOTOPBIX MPUMEpPax CYLIeCTBEHHOCTh MX YCJOBH.

B teopeme JleGera (KoTopyio MHOra TakKe HA3BIBAIOT TEOPEMOH
06 OrpaHMYeHHOH CXOAHMOCTH) HAMMeHee OYEBHAHO, UYTO CYIIECTBEHHO
ycnosue |fn| < ¢ (tme ¢ unrerpupyema). OnHAKO HETPYAHO MPHBECTH
TpUMep, OKa3bIBAIOLINE, YTO HAPYILIEHHEe 3TOr0 YCJIOBUsI NPUBOAUT K HEBbI-
MOJTHEHHIO 3aKJI0YEHHs! TeopeMbl: MookuM Ha x € [0; 1]

_[n? we (01];
fn_{O, :Eg(O; ]

Jlerko Buzmets, uto fy(z) — O (moToueuyHo, BCIOAY), OMHAKO

3[=3 1=

fn(@)dp — 400
[0;1]

(v BoOOIIE, MOAXOASIIMM 06pa3oM BhIOMpasi HeHYJeBble 3HaueHHs (PYHK-
UH, MOXHO NOOUTBCS, UTOOBl 3TOT TMpenes ObLI paBeH JHOO0H 3aqaHHOU
BeJIHUYKUHE).

MoxXHo TpuBecTH W APYroH INpHMep, HA 3TOT pa3 — HA MHOXKECTBe
[0; +00) GeckoHeuHo# Mepbl. [TooxkuM

I = {1, x € [0;n];

0, z>n.

3mecs fn(z) paBHOMepHO orpaHuueHbl (yHKuHeHd (z) = 1, HO OHA He
siBJIsieTcs HHTerpupyeMo Ha [0; +00), U ycioBusi Teopembl JleGera cHoBa
He BHITIOJIHEHBI. [103TOMY HeynuBHTEbHO, uTO f(2) — 1, T. e. mocienoBa-
TEJBHOCTh CXOLUTCS K HeHHTerpupyemoit Ha [0; +00) DyHKIHH.

B teopeme benmno-JleBu, noxkany#, Bce ycaoBUSI KaKyTCs ecTe-
CTBEHHBIMH: MEPBOE TapAHTHPYeT CYILIeCTBOBAaHHE MOTOUEYHOrO Mpejesa
(KOHEYHOro WM GeCKOHEYHOro), BTOPOE 00eCMeuHBaeT KOHEYHOCTb 3TOrO
npefesia MOYTH BCIOAY, a 6e3 MOCJ/e[HEro BooOlie Heb3st OblI0 Obl TOBOPUTD
00 MHTerpaJ/ax.
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[TosTomy nepeiiném k nemMMe PatTy M NOKaxeM, 4TO CyIIECTBEHHO
yeaosre fr,(z) > 0 (0 KoTopoM Hepenko 3a6biBaiot). Iljifi 3TOTO MONOKHUM
Ha [0; 1]

I —n, x€(0;1];
T 2 g (051].

Jlerko BUmeThb, 4To MpH Beex n € N
fa(z)du=0<0 Bciony Ha [0;1],
[0;1]
fn(x) — 1 u, Takum o6pasom,
(lim fo(z))dp=1>0.
[0;1]

BoJsiee Toro, naxe B ycioBusx TeopeMbl Daty mocjenoBaTeNbHOCTb HHTE-
rpaJjos f[0<1] fndp MOXeT He UMeThb mpefesa, a B cydae CyLIEeCTBOBAHHUS

TAKOro Mpefiesia 3HaYeHne I[om] fdu MoxeT ¢ HUM He COBMAaNATh.
O B camom fiesie, B MepBOM Cjiyuae MOXKHO TMOJIOXKHUTh

2k, z € (0; Lk] ;
= = O.
Jok {0, v g (0,4, Jok+1

Torna I[O;l] frndp =1 npu 4éTHOM n W HYJIO NPH HeuéTHOM. Bo BTOpOM
c/Jy4yae BO3bMEM
_fn, ze(0;4];
f"{O, & (0;+].

Tenepnb j[O;l] fodi=1—1, 1o I[o;l] fdp=0.X

[S]

S|=3 =

§ 3. OcHoBHbIe cBoiicTBa UHTerpaJja Jlebera

[lepeuncaiM oCHOBHble CBOHCTBA MHTerpaja Jlebera u CpaBHHUM HX CO
cBocTBamu HHTerpata Pumana. 3peck u nanee nog L(X) Gynem noHumarhb
(¢yHKUMH, UHTerpupyemble mo Jlebery Ha npoctpaHcTBe X C BBeIEHHOH Ha
HéM Mepoii JleGera. B cayuae cpaBHeHusi ¢ uHTerpasom Pumana mnom X
Oynem moHUMaTbh uU3MepuMmoe o 2KopmaHy MHoxkecTBo B R™, B uacTHOCTH
IPOMEXKYTOK.

CsoiictBo 0. Ecau f(x) unrerpupyema mo PumaHy B cOGCTBEHHOM
CMbICJIe, TO OHA MHTerpupyema U no JleGery. O6paTHoe, KaK MOKa3bIBaeT
XOPOILO M3BECTHBIM npumMep GyHKUMH [lUpHXJje, HEBEPHO.

Ceodicto 1. JluneiiHocTb. (M misi unTerpana Pumana.)

CeoiictBo 2. ApmurtuBHoctb. (W mns unTerpana Pumana.)
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CBoiicTBO 3. MOHOTOHHOCTb (MHTErpas OT HEOTPHLATENbHOH DYHKLHH
HeoTpuuatenen). (M nns unrerpana Pumana.)

Cso#ictBo 4. fe L(X) & |f| € L(X). (Jlerko BugeTs, 4TO 1JIs1 HHTE-
rpaja PumaHa ciiecTBHEe MMeeT MeCTO JHUIIb «CJeBa Hanpaso».) [Ipu 9ToM

i f(x)dp| < i |f(2)|dp.

CeotictBo 5. Ecim f >0 wu fodu =0, to f =0 nouytu Bcioxy.
AHasiornuHoe MOXHO yTBepXKJAaTb M IJisl MHTerpana PumaHa.

CBoiicTBo 6. DKBHBa/JeHTHble (PYHKLUHUH MPUHALJIEKAT UM He TIPUHAL-
nexar L(X) omHOBPeMEHHO, ¥ MX WHTErpaJsbl PaBHbL.

Ceo#ictBo 7. Ecim 0 < f(x) < g(z) (Bcromy wim moutH Bcrony) Ha X
u g(x) unrerpupyema Ha X, to f(z) unrerpupyema Ha X. (B uacrHocTtH,
Jai00as orpaHUYeHHas1 U3MepuMas (PyHKIUA UHTerpupyema mno Jledery
Ha mpocTpaHcTBe KoHeuHoit Mepsni!) 1) Ilpu atom B cuay cBoiicTBa
3 aHaJIOTMYHBIM HEPaBEHCTBOM CBsI3aHbl MHTErpajibl OT 3THX (YHKLUHH.
2) B cuny cBoiictBa 4 yeqosre 0 < f(z) < g(z) MOXKHO 3aMeHHTh Ha
|f(z)] < g(2).)

CeoiictBo 8. HepaBencrso YebblléRa.

Ceo#icTBo 9. o-anmutuBHOCTh HHTerpasa Jlebera. ([Toatomy uHTErpa
OT HeOTpHULlaTeJbHOH (PYHKLHH caM MOPOXKAAeT Mepy.)

CeoiictBo 10. Ab6comoTHas HenpepbiBHOCTB. ([ToaTomy Mmepa, o KoTo-
pOH TOBOPUTCS B TPeNbIAYIIEM MYHKTe, aOCOJIOTHO HerpepbiBHA OTHOCHU-
TEeJIbHO KJaccuuyeckoil Mepel JleGera.)

Hamweit 6nuxaiiiieil uesnbto Oyner pokaszaTb cBokictBo 0. 3ameTum
TpesJie JHUIb, YTO CJI0BA «B COOCTBEHHOM CMBIC/I€» CYLIECTBEHHBI: YCIOBHO
cxomsuuics (He CXOASIIMECA abGCOJMIOTHO) HeCOOCTBEHHOH HHTerpan Pu-
MaHa He CylIecTByeT B cMbicye JleGera (cM., HampuMep, CBOUCTBO 4).

Wrak, mycts Gynxunst f(x) unrerpupyema no Pumany Ha otpeske [a; b):

}f(x)dx:[.

a

Teopema 1. @yukyus f(x), uumeepupyemas no Pumarny na [a;b],
unmeepupyema u no Jebeey na [a;b).

JlokasaTeabcTBO.

1. M3BecTHO, 4TO HEOOXOAUMBIM W NOCTATOUHBIM YCJIOBHEM HHTErpH-
PYeMOCTH NaHHOH (PyHKUMH 10 PrMaHy fiBJsieTCsl CTpeMJIeHHe BepXHUX H
HIKHUX cyMM [lap6y k ofuiemy npeneny I mpu cTpeMJieHWH IHameTpa
pa3bueHus K Hya0. Mbl Bocrosb3yeMcsi STUM yCJIOBHEM KaK HEOOXOTHUMBIM
1 MOCTPOUM OIpeleNéHHYIO MOCAeJ0BATENbHOCTh CYyMM.

2. Jlnsa 3TOro, KaK B IIPYMepe M3 CaMoro Hauaja JekKLHH, OyieM AeJUTb
OTPe30K [a; b] moro/IaM, MOMYUHBIIKECS OTPE3KH — eIlIE pas3 TOMoiaM U T. .
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Ha kax1oM n-om Iare Mbl MoJayduM 2" 4aCTHUYHBIX OTPE3KOB [a}_;,a}],
rae k = 1,27, OnpenenauM Tenepb QyHKIHUH

f@)=_inf = f(t), f.(x)= sup  f(t),

" t€lay_;ap]ow telap_;ap]ox

T. €. Ha KaX/JIOM 1-OM pa3bueHuH 6epéM TOUHble HHXKHHE M BepXHHe FDaHH
¢GyHkuun f(x) u nomaraem f, W [, Ha KaXJIOM M3 YaCTHYHBIX OTPE3KOB
PaBHBIMHM COOTBETCTBEHHO TOUYHBIM HHKHeil M BepxHell rpaHaM (QyHKUHH f
0 3TOMY OTPE3KY.

3. Jlerxo BHAETH, UTO NOCTPOEHHBIE TAKUM 00pa3oM (PYHKLHH HHTErpH-
pyeMbl o PumaHy (Kak KycouHO MOCTOsIHHBIE), Mo Jlebery (kak mpocTble
(YHKUHH), IPUYEM UX WHTErpasibl PaBHbl COOTBETCTBEHHO HMXKHeH U BepX-
Hell cymmam Jap6y nnist paccMaTpuBaeMoro pasdreHus:

b b
[r@ar= [ r@de=s. [Fu@dr= | Tu@du=s. 6D
a [a;b] a [a;b]

4. TlockonbKy HMXKHHE W BepxHHe cyMMbl JlapOy uHTerpupyemoi 1o
PumaHy (yHKUHMH OrpaHMYeHbl COOTBETCTBEHHO CBEPXY M CHH3Yy €€ HHTe-
rpasom PumMaHa, umeem

fo@)du <1, j Fulw)du> 1. (3.2)
[a;b] [a;b]

3aM€TI/IM JaJsee, 4TO NMOTOYE€HYHO BbINIOJIHEHBl HEPABEHCTBA
[T, <o Ti2Taz (3.3)

B camoM pese, mpH KaxXAOM MOCJeNyIOIeM pa3OHeHHH Te MHOXKECTBa,
Mo KOTOpbIM GepyTcst TOYHBlE TpaHM, pa3OUBAlOTCsS HA TMOAMHOXKECTBA, a
sup A < sup B npu A C B 1o 04eBHIHBIM NPUYHHAM.

5. TakuMm o6pazom, (GyHKIHH LL U —f, YLOBJETBOPSAIOT YCJOBHSM
teopeMel benmno Jlepu. CrenosaTesnbHo,
1) cyumectBytoT Takue GyHKUMH f ¥ f, YTO MOYTH BCIOLY

fo—=f Fa—T (3.4)
2) u npu aToM
Sp = J [, dp— J fdu, (3.5)
[a;] [a;]
So= | Tudu— | Fan (3.6)

[a;b] [a;b]
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C npyroit cTOpOHBI, M0 HEOGXOAUMOMY YCJIOBHUIO HHTErpUPYeMOCTH 10 Pu-
MaHy umeem s, — I, S, — I, a trorna u3 (3.5)—(3.6) caenyer, uto

Jb] fdu= Jb] Fdu=1 (3.7)

6. Terepb 3aMeTHM, YTO M0 MOCTPOEHUIO MPH BCeX T € [a;b] BBIMOIHS-

I0TCSI HEPaBEHCTBA _
[,(@) < f(@) < fol2). (3.8)

T
3Hauut (1o TeopeMe O NpelebHOM IepPexoje B UMCIOBOM HEPaBEHCTBE), TO
JKe TOYTH BCIONY BBITIOJHSIETCS A5 UX npenesoB f u f:

f(x) < flx) < fla). (3.9)

CayienoBaTe IbHO, TIOUTH BCIOLY

[(@) < f(a). (3.10)

3.7) B custy 5-ro CBOHCTBA MHTerpasa MoJyyaeM, 4To MOUTH
f(z). Ho Torna us (3.9) umeem

i =f= 7 MOYTH BCIOAY. (3.11)

[lockonbKy yxe nokaszaHo, uto f(x) u f(x) uarterpupyemsl no Jle6ery u ux
vHTerpan pases I, To e NoJydyaeM U 1/ SKBUBAJEHTHOH UM B cuaty (3.11)
pyurunu f(x).

Teopema nokaszaHa.

3aMeuyaHue 2. MoxeT moKaszaTbCsi, YTO (DaKT HHTETPUPYEMOCTH
no JleGery (pyHKUHH, HHTerpupyeMoil mo PHMaHy, «MOXHO» YCTaHOBUTb
ropasno mpouie. PaccMoTpuM, ckaxkeMm, HeoTpHiaTesbHy0 QyHKIHIO f().
Torna eé nnrerpan Pumana mMoxeT OBITh 3aMUCaH B BUIE

Orcroga u us (
Beiony f(z) =

b b
Jf(x) dr = sup J'g(x) dx, (3.12)
4 91(tan}) (%) 3

rie gn(z) = infly, | 450 f(t) (cTynenyaras pyuxuus), 1. e. Kak ToyHas
BEpXHsIsSI TpaHb HIXKHUX cyMM [lap6y. A unterpan JleGera — B BHIe

J F(&) d = sup j h(w) di, (3.13)
h< f
[a;b] [a;b]
roe h(x) — BCeBO3MOXKHBIE MPOCTHIE (PYHKLHH, MOTOYEYHO HE MPEBHILIA-

omue f. Ho memo B ToMm, 4ro Kjacc (yHKuUW# h(x) BO BTOpOM ciyuae
3HauMTeJbHO wWMpe Kaacca (GyHkuu# g(z) B mepsoM. [lostomy us cy-
IECTBOBAHUS TOYHOH BepxHed rpaHu (3.12) HM CylIeCTBOBaHHE TOUHOH
BepxHedl rpanu (3.13), HHU, TeM Gosiee, HX PABEHCTBO HEMOCPEACTBEHHO He
CIIEAYIOT.
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§ 4. OcHoBHbIEe CcBOMcTBa nMpocTpaHCTB JlebGera

[IpenBapurtenpbHoe 3ameuvyaHue. [Ipy npumeHeHHH UHTerpaJsb-
HBIX HepaBeHCTB (Bpone HepaBeHCTB ['€bmepa 1 MUHKOBCKOT0) BaXKHO I0-
HMMaTb, YTO HHTErPUPYeMOCTb (DYHKIMH B «MeHbllIeH» 4acTH HepaBeHCTBa
crenyeT M3 cBoiicTBa 7 uHTerpana JleGera (ymoMuHaHHe 06 3TOM YacTo
ONYCKAaIOT), @ YK NMOTOM MOXHO «IIepeHTH K MHTerpany» B HEPaBEHCTBeE.

Ha nekunu 6bl0 copmynrpoBaHo 6e3 N0Ka3aTeSbCTBa HEPaBEHCTBO
Ténbaepa ans nokasareseit 1 u oo npu f € L'(X), g € L™®(X)

Jlf(w)g(x)ldu <11l - gl (.1)

b'e
OHo nokasblBaeTcs ellé mnpollle, yeM «oOblYHOe» HepaBeHCTBO ['énbnepa. B
caMoM Jierie,
9lloc = nf{e | iz [ |g(z)] = ¢} = 0O},
noaToMy AJs Jwboro € > 0 uMeeM mouTH Bciony Ha X
9(@)| <llgllee + & [f(@)g(@)] <|f(@)]([lglloc +€)-

Canenosatenbho, fg € L'(X) (3T0T war 06bYHO MPOMYCKAKOT — CM. 3aMe-
YyaHWe B HayaJse maparpada) u

£l = j F(@)g(a)|dp < j 1F@)] (9o + €) dpt = (lglloo +¢) j 1F(@)ld.
X X X
OTKyJa B CUJy MPOU3BOJILHOCTH € mosydaeM (4.1).

3ameTuMm eHlé, 4YTO OJd TIPOCTPAHCTB X KoHeuHOH MEpbl UMEET MECTO
BJIO2KEHHE prHKU,I/IOHa.HbeIX [IPOCTPAHCTB

LX) C LP(X) mpu 1 <py <pr <400 (4.2)

(MHEMOHHMUYECKOe TMPABUJIO: 3HAKM Hao60poT). J[OKaXKMTe 3TO CaMOCTOsi-
TeJIbHO, MOMb3YsiCh HepaBeHCTBOM [ésbaepa. [lisi 9TOro BOCMOJIB3YHTECH
toxaectsoM f(x) = 1- f(x). Bosee Toro, BBl MOMyUHTE OLEHKY IJIsi HOPM

1F 1y < ((X))7 770 | Ly,

M3 KOTOPOH, B YACTHOCTH, CJELYeT, YTO U3 CXOIMMOCTH HEKOTOPOH I0-
caeoBaTeibHOCTH Mo HopMe LP1(X) BhiTekaeT €€ CXOAMMOCTb IO HOP-
Me LP2(X). (HTo coBepIIeHHO eCTeCTBEHHO: HEOTPHLATENbHAsST H3MepHMasi
byHkuus |f(x)|P, 3aganHast Ha mpocTpaHcTBe X KOHEUHOH MEpHI, 3aBEIOMO
MHTerpupyemMa npu Jwo6om p Ha nogmuoxkectse {x € X | |f(x)] < 1}, a
Ha ero NOMoJHeHWH 10 X TPH YMEeHbIIEHWH cTereHu p 3Hadenue |f(z)|P
TOJILKO YMEHBIIIAeTCs. )
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O6patHoe e BJI0XKeHHe, BooOllle TOBOpS, HeBepHO. B KauecTBe mpumepa

MOXHO B3SITb (PYyHKIIHIO
fla) = —
T) = ——.
rln’z

MoxHo nokasats, uto f € L'([0; 3]), Ho f & LP([0; §]) npu aro6om p > 1.
O JleHCTBHUTEJIBHO,

3 —1n2
dr at 1
zln’z 2 In2’
0 —0o0

HO '
2

1
3
dx dx
2p . Tipep . 0O
2P In“?P x z- 2P~ 11In“P ¢
0 0

MoCKOMbKY 2P~ ! In* 2 — 0 npu & — 0 ¥, TakuM 006pa3oM, MOABIHTErPalib-
Hasi QyHKUHUS pacTeT npu & — +0 GbicTpee, YeM «3TaJOHHAs» (PYHKIIUS %

X

OTMeTHM Takxke, uTO BJOXKeHHe (4.2) HeBepHO AJs TPOCTpaHCTB X
6eCKOHEYHOH Mephl, KaK MOKa3blBaeT MPOCTOH MpUMep

1
f(z) = N € L*(R), fé&L'(R).

JlokaxkeM BaxKHbIE (hakT: BoXKeHHe (4.2) mioTHo. MMeHHO, BepHa

Teopema 2. [lycmv Oana Hexkomopas npou3BOLLHAS (QYHKYUAL
f(x) € LP(Q), 1 < p < g < +o0. [lycms ¢ > 0 npoussoasvro. Toeda
Hatioémes pyukyus g(x) € LI(Q) makas, umo

I1f =gl <e (4.3)

HNoka3zaTenbCTBO.

1. Mb orpanuummcs caydaem, korma pu(f)) < +00, HO JOKaXem
HECKOJIBKO 60J1ee CHJIbHOE YTBEPXKIEHHE: MHOXKECTBO BCEX OTPAHMUYEHHBIX
¢GyHkuuid miotHo B LP(Q). Wubimu cioBamu, ¢yHkuuio g(x) B (4.3)
BCErJa MOXKHO BBIOPATb OrpPAHHYEHHOH (M H3MepUMOH). A TMOCKOJIBKY, Kak
ObIJIO 3aMeUeHO paHee, HA TMPOCTPAHCTBE KOHEUHOH Mepbl BCE OTpaHHMYeH-
Hble (DYHKLHMK HHTerpupyembl (d, TeM cambiM, npuHamiexatr L(Q) mnpu
J60M ¢ € [1;400]), yTBepkIeHHe TeopeMbl HJisi Cjydasi MPOCTPAHCTBA
KOHEYHOW MEphbl TEM CAMbIM OyIET I0Ka3aHo.

2. OcHoBHast Hjesl OKAa3aTeJbCTBA — «Cpe3aTh» (QyHKUHIO f(z) Tam,
TJle OHA «CJIMIIKOM BeJHKa». [lpu 3ToM B cuay HepaBeHcTBa UeGhinéBa
MHOXKECTBO, TJle MBI H3MEHUM (YHKIHI0, OyleM HMeTb H0CTATOUHO MAyIo
Mepy, a TOTa B CHJy aOCONIOTHOH HEMpephiBHOCTH HHTerpasa JleGera u
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BKJIa[ B MHTErpaJ 1o 3TOMy MHOXeCTBY OyHeT (Kak HHU CTPaHHO: Belb TaM
(GyHKUHMS odeHb BesnuKal!) oueHb Maj. [IpoBeném Temepb 3T pacCyXaeHHs
CTporo.

3. Urak, cornacHo HepaBeHCTBY UeOnbiléBa

Jo lf @)[Pdu
T A

C npyro#i cTopoHbl, B cHJly abCOJIIOTHON HeNpepbIBHOCTH UHTerpaJa Jlebera

p{zeQf(@)]P = M}) < (4.4)

Vy>0 3550 VACO p(A) <5:>J\f(:v)|pd,u<'y.
A
[Tonoxkum v = P u Haiiném cooTBercTByloLiee 0. [lanee, MOJOKUM
2 |f(x)|Pdx
SO LS

folfbdz 3 _,

Us npenbiayuero AJd MHOXKeCTBa

O ={zcQ[|f(x)]" > M}

M

TaK 4TO

B cuay HepaBeHctBa UeGwiméBa umeeM p(€2)) < §. Ho Torma B cuay
abCoJIIOTHON HENpepbIBHOCTH HHTerpaja Jlebera nosydyaem, 4To

J |f(x)[Pde < €P. (4.5)

Q

[Tonoxum Temnepb
_ [f@), [f@)F <M,
9(@) = {o, |f(@)P > M.

[Tosyuum Torma B cuay (4.3)

If —glz = J f — gPde = J P < e,
Q

Q)

4TO U TPeb6OoBaJMOCh.

Teopema nokaszaHa.

HekoTopbie mpuMepHlL.

IMPUMEP 1. Bbuio otmeueHo, uto npu u(2) < 400 mas p > q
uMeeT Mecto Baoxkenue LP(Q2) C LI(Q)). CrenosarenbHo, mpu p(£2) < +oo
IJIsT KQXKIOM KOHKPETHOH u3MepuMoll (hyHKuuK f(x) MHOXKeCTBa

Pr={pelitoo] [ f(x) e L"(Q)}, Py={pe[l;+o0]| f(z) ¢ L")},
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ecyqd OHM 00a He MYyCThl, «CJEIYHT» OIHO 3a APYTMM Ha YKCJIOBOH OCH,
U TpaHHULa MeXAy HHMHU COCTOMT M3 ONHOH TOYKH «. [lokaxem, 4TO
BO3MOXHO Kak o € Pj, Tak u o € Ps.

O IMosoxum ) = (0; %), a > 1. Pacemorpum yHKUIKMK

fle)= ) o) = —

L 1 2
T ro lne g

Ouesuano, uto f; € LP (0; %) npu Beex p € [l;a), fi ¢ LP (0; %) npu
Bcex p € [a; +oc]. HecnoxkHo nokasare, uto fy € LP (0; %) pH BCex p €
€(lial, f2 & L7 (0; %) npu Beex p € (a; +00]. ([lpu p = o nenaem 3ameny
nepeMeHHBIX B MHTErpaje, a MPH OCTAJbHBIX P MOJb3yeMcs TeM (akToM,
uto lim,_,o2%|Inz|” =0 npu Bcex £,7 > 0, U NPU3HAKOM CpPABHEHHsI
HeCOGCTBeHHBIX HHTerpasos.) X

[TIPUMEP 2. [lokaxem, 4To, BooOlie TOBOPS,

L2(Q) # Np1 LP(Q)

naxe npu p() < 4o0.

O [edicrBureabto, Inz € LP(0;1) mpu Bcex p > 1 (mockosbKy |In x|
pacTét Mej/ieHHee J000i cTenenu), Ho Inx ¢ L°°(0; 1), nocko/bKy LaHHasi
(yHKIMS He MOXKeT ObiTb CHesaHa orpaHudeHHOH Ha (0; 1) mepeompenede-
HHEM Ha MHOXECTBe Mepbl HOJb. X

§ 5. 3agauu aJI9 CaMOCTOSITEILHOTO pelleHUus
Ganaua 1. Jloxkazatb HepaBeHCcTBO IOHTra

4 q
w<%+%, (5.1)

roe a,b>0,p,qg>1, % + é = 1, Haliisl 3KCTPEMYM Pa3HOCTH MPAaBOH U Jie-
BOI yacTell HepaBeHCTBa AU(pEpeHLHPOBAHUEM MO OIHOH U3 MepeMeHHbIX
a,b W uccyenoBaB MoOBeleHHe MOJIyUUBILEHCs (YHKIMHA OIHOU MepeMeHHOH
MPU OCTaJIbHBIX 3HAYEHHSX TepeMeHHbIX.

3anava 2. JokasaTb, 4To aas a,b > 0 BepHBl HepaBeHCTBA

(a+b)P >aP +b” mpup>1, (5.2)
(a+b)P <a?+b” mpup< L. (5.3)

Sanaua 3. JloxkaszaTb ¢ nomolibio HepaBeHcTBa UebbiliéBa, 4TO CXO-
gumocts B LP(X) Bieuér cxommmocTh 1o Mepe. [lokasath Ha mpeMmepe
(romuTtcsi ONMH W3 PACCMOTPEHHBIX B [NAHHOH JIEKLHH), 4TO MOTOUEUHast
(MM TOYTH BCIOAY) CXOAMMOCTb M3 cxomuMocTH B LP(X) He cienyer.

Sanaua 4%*. ([Ipomoaxenue.) Jokasare Ojs cjaydas Mpo-
cTpaHcTBa X KOHeuHo# Mepel Teopemy Pucca: ecan f, — f B LP(X), rne
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f> fn — KoHeuHBble H3MepHMble (DYHKIHMH, TO CYIIECTBYET MOAMNOCJEN0Ba-
TENBHOCTD fp,, CXORALIASCS K f TOUTH BCIOAY:
1) BBIGpATh TaKyH MOAMOCIEN0BATENBHOCTD, YTO

|
ank-H - fnka < Q_k

(moyemy 3TO MOXKHO CHEJATh?);
2) 1moKasaTb, YTO MPU ITOM [Jisi HEKOTOPOH KOHCTAHTHI ¢

c

Q_k;

3) mosb3ysicb NOKAa3aHHBIM Bblllle HEPaBEHCTBOM, 00pa30BaTh U3 3THX pas-

HocTel psj, IN-e yacTHYHble CyMMbl KOTOPOrO PaBHBI fy, . , U J0Ka3atb,

4TO OH CXOIMTCS TOYTH BCIOLY;

4) mokasatb, YTO CyMMa IOCTPOEHHOr0 Psifa MOYTH BCioay paBHa f(z).
3anauya 5. Ilpu kakux sHavenusx p € [1;+oc] pynkuua 2L npu-

HaIeXHUT npocTpancTBy LP(1; +00)?

3amaua 6. Ilpn Kakux 3HaueHusix p € [1; +o00] dyHKUHS % npu-
Hagiexut npocrpauctey LP(0; 1)?

Sanaua 7. IlpuBectu npumep dynkuuu f(x), 0 KOTOpoH cylie-
cTByeT (HecoGCTBeHHBIH) HHTerpas PuMaHa, HO He CYIIECTBYeT HHTerpas
JleGera.

3apaua 8. Ilyeth | < o < +o0. [lpuBecTu mpuMep (QyHKUMH, MPH-
Hapiexarieid LP(0; +00) ToJbKO mpH p = .

Sanaua 9. Ilyetb 1 < s < r < 4o00. [locTpouts QyHKIUHMIO, NPUHAL-
aexaiyio LP(0;4+00) B TOUHOCTH TIPH p € (s;T).

3agaua 10. 1) Ilycte ¢yHKuust f(x) HempepbiBHA U MOJOKHTEJIbHA
BCIOAY Ha (HeBBIpOXKIEHHOM) oTpeske [a;b]. [lokasaTe, uTO IZ f(z)dz > 0.
2) Iyerb f(x) > 0 Ha mHokecTBe A ¢ p(A) > 0. MOXHO /1M yTBEPKAATh,
uro [, f(x)dp > 0?

3amaua 11. Ilyers f(z) € LP(Q), g(x) € L1(). Uro MOxKHO cKa-
3aTb 0 mpuHamjexHocTd fg npoctpancrtBam JleGera? Tor ke Bompoc
s f + g. (PaccmoTpets Bee cayyaw.)

3amaua 12. Tloctpoutsb Takyio mocienoBatenbHocTb { fy(x)} orpa-
HudeHHbx Ha (0; 1) dynkuui, uro f,(z) — 0 noroueuso, Ho || f, |1 — +oo.

Banaua 13. 1) Iyets p € [1;400], L + é = 1. Ilyers f,, € LP(Q),
| fn — fllp — 0, g € L9(Q). Nokasars, u4to ﬁfng — fglh — 0.

2) Mycts p € [1; +00], %Jr é = 1. Iycrs f, € LP(Q), || fn — fllp = 0, gn €
€ LYQ), ||gn — gll¢ — 0. Hoxasars, uto || frngn — fglli — O.
3amaua 14. Ilycrs f,, — f B L°°(Q)). Bepro Jiu, uro:
1) fo — f B L' (Q)?
2) fn — f moutwu Bcromy Ha 2?
3) fn — f mo mepe Ha Q?

3agauya 15. Ilyerb u(z) € Nppenitoo (). Bepro am, uto u(x) €

€ L>°(Q), npu:

||f’ﬂk+l - fmcHI <
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1) p(2) < 4o00?
2) 1(Q) = +oo?
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ITPUMEPbI METPUYECKHX ITPOCTPAHCTB

§ 1. IIpumepsbl 1 KOHTPIPUMEPBHI

Mbl HauHEM C paccMOTpeHHs] MPUMEpPOB, IeMOHCTPHUPYIOLIUX Heo0Xo-
IAMMOCTb OCTOPOXKHOTO HUCIIOJIb30BAHUS HHTYUIWHU NIPH PEIIeHHH BOIPOCOB,
CBSI3aHHBIX C METPHUECKHMH IPOCTPAHCTBAMU. UHTaTesIM PeKOMEHIyeTCs
TaM, TJle 3TOr0 BO3MOXHO, JeJaTh PUCYHKH, HO NMOMHHUTB, YTO PUCYHOK —
He yacTb [0Ka3aTe/bCTBa, a JHILIb HJJIOCTPALMS, MOMOramllas MOHATH
CHUTYaLHIO.

[TIPUMEP 1. Moxer sau map paguyca 4 ObiTb MOJMHOXECTBOM
mapa pajudyca 3 B HEKOTOPOM MeTPHUYECKOM MPOCTPAHCTBE?

O Ha, moxet. PaccmMoTpyM, HanmpuMep, MeTPUUECKOe IIPOCTPAHCTBO

M= {(@.y)| V& + 9 <3}

c oOblYHBIM paccTosiHieM. Torna, O4eBHAHO, MIapbl paguycoB 3 u 4 ¢
uertpoM B Touke (0,0) cosnanator. (Buumanue! B nasnbHeiiem Mbl Gynem
OMyCKaTb yTOYHEHHe Mpo 0ObluHOe paccTosiHue.) X

[IPUMEP 2. A MOXHO JIU YCUJIUTb pe3yJbTaT MPeAbIAYLIEero MpH-
Mepa Tak, 4ToObl wap paguyca 4 Obl1 COOCTBEHHBIM MOJMHOXKECTBOM IlIapa
paguvyca 3 B HEKOTOPOM METPUUYECKOM IPOCTPAHCTBE?

O OkasbiBaeTcs, MOXKHO I0OUTbCA U ATOro. [1oJ0KUM

M ={-2}U|0;4].
Torna, kak HeTpynHO y6enNUThCS,
[0,4] = By (3) € By (1) = {-2} U[0; 4],

rie cumBon BX'(z) oGosnauaer samkmyThid wap (¢pp. — boule fermée,
orciona O6yksel B u F) paguyca r. (OtkpoiThiil wap Gynem 0603HauaTh 6e3
BepXHero uHuekca.) X

[TIPUMEP 3. OnHako He CTOUT AyMaTb, YTO «MOXKET ObITb BCE, UTO
yronHo». [lokaxkem, 4TO, ec/ii MOMeHSATb B MPeNblAYIIeM BONpPOce Yuciao 4
Ha 4Yucso 7, oTBeT OyoeT OTpPHULLATeNbHBIH.
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Mui nokaxewm GoJsiee oblilee yTBEPXKIEHNE: €CJM HEKOTOPbIH 3aMKHYThIH
wap BE pannyca R uenukom comepxutcs B 3aMkHyToM wape B panny-
caru R > 2r, To 3TH 1Wapbl COBNAJAOT.

O Jlas1 3TOr0 AOCTAaTOYHO N0Ka3aTh, B JONOJHEHHE K HMEIOIIeMyCsl B
YCJIOBUU BJIOKEHHIO BE - B}«f’ obpaTHoe BJOKeHHe. [y 3TOr0 BHIGEpEM
Npou3BoJbHYI Touky x € B . ([lomyTHO 3aMeTHM, 4TO 1Iap ¢ HEOOXOLHU-
MOCTBIO HEIYCT: OH CONEPXKHUT MO KpabiHed mepe cBo# weHTp.) OG03HAUKB
yepe3 Or ¥ O, LEHTPbl COOTBETCTBYIOLIMUX LIAPOB, M3 OINpE/e/eHUs LIapa
U HepaBeHCTBA TpPeyroJbHUKA ¢ yuétoM ycaoBus R > 2r u toro ¢axra,
uto O € BE C Bl umeem

p(Or,z) < p(OR, Or) + p(Or,2) <7 +7=2r <R,

T.e.z € BE urou TpeboBasoch. X

[TIPUMEP 4. IlocTpouM C/enyOLHMH CTPAHHBIA IPUMeEpP — TOATIPO-
crpancTBO M C R? M OTKPBITHI Iap B HEM, KOTOPbIH ABIAETCS 3aMKHYTHIM
MHOXeCTBOM, HO He 3aMKHYTBHIM LIaPOM.

O Ilpowe Bcero omnucaTb 3TOT NPHMEP Ha KOMIIEKCHOH MJIOCKOCTH.

Hapucyem unrepBans (—1;1), (—i;4), a Takke 4 TouKH :t@ + 14

M = {ay, a9, a3,a4,(—1,1), (—i,0)}

Ay
Cl
i 1
1 . = (1434
(L2:—2(—1+’L) ,' ":11 \/?( +1)
-1 1 T
- Ly .A 1
atﬁ*_%( +1) 4, a4:—2(171)
—1

Puc. 7. Metpuueckoe npocrpaHctso M.

To, uro nmonyuntesi, n 6yneM CYUTATh METPUUYECKHUM NPOCTPaHCTBOM M.
Jlerko BuzeTb, 4TO OTKPBITBIA Wap B paguyca 1 ¢ ueHtpom B 0 ecTb

MPOCTPAHCTBO 6e3 Touek j:@ + z% ITO MHOXKECTBO 3aMKHYTO, T. K. €r0
ponosnHeHue A — Te camble 4 TOUKH — SIBJASETCS OTKPBITHIM MHOXECTBOM.
B camom nesie, (0,1)-0KpecTHOCTb KaxI0# U3 3THX TOUEK COAEPIKHT TOJNBKO
eé caMmy, a cseoBaTesIbHO, He CONEpPXKUT TOYEK, He MPHHAAIexaux A.
Ho wmHoxectBo B He siBaisieTcsl 3aMKHYTBIM IIapoM B TpocTpaHcTBe M:



56 CemuHap-Jlekuus 5. [IprmMepsl MeTpHUECKHX NMPOCTPAHCTB

HeTPYIHO BUAETb, UTO Kako Ovl LeHTp O € M W Kakoil Gbl paguyc Mbl HH
6panv, B TOJyUYeHHbIH 3aMKHYTBIH IIap WJW He BXOISAT HEKOTOPblE TOUKH
MHOXKECTBAa B, W/ BXOAWT MO KpaiiHe# Mepe ofHa TOuKa MHOkecTBa A
(mokasatb 3t0 moppobHo!). X

[TIPUMEP 5. Ilpensiayuis#i npuMep T[OKas3biBaeT, UYTO 3aMbiKa-
HHE OTKPBHITOTO lIapa MOXKeT ObITb COOCTBEHHBIM MOAMHOXECTBOM COOT-
BETCTBYIOILIEr0 3aMKHYTOro miapa. TeM camblM, HeJsb3sl TapaHTHPOBATb,

uro B,(z) = B (z). Onnako Bcerna BepHO BJIOXKeHHe

B,(x) ¢ BF (x).

O MeiicTBHTENbHO, 3aMbiKanue B,.(x) oTkpoiToro mapa By.(x) ectb (Mo
ONpee/IEHHI0 3aMbIKaHHsl) TIepecedyeHre BCeX COAEPXKalluX ero 3aMKHYThIX
MHOxecTB. Cpely HMX eCcTb M 3aMKHyThii map B (x) (npoeputh mo
ONpeesIeHHI0 3aMKHYTOr0 ¥ oTKpeIToro wapos!). CienoBaresbHo, By (x) C
C BI(z), nocko/ibKy mepecedeHHe CONEPKMTCS B KaXKIOM M3 Iepecekae-
MBIX MHOXKECTB.

[IPUMEP 6. [lycts x € M — npousBosbHasi Touka, a A C M —
[POH3BOJIbHOE MHOXKECTBO B METPUUeCcKoM npoctpanctse M. MoxHo onpe-
JeJUTh PACCTOSIHUE OT TOYKH T 0 MHOXKecTBa A, MojioxKuB

ple, A) = inf p(z,y).

oL

plasA) = o)

Puc. 8. PaccrosiHne MexXay TOYKOH M MHOXKECTBOM.

HetpynHo 3aMeTuThb, 4To ecau A — 3aMKHYTOe MHOXECTBO U T ¢ A,
10 p(x, A) > 0.

O B camom nene, ecin A 3aMKHYTO, TO €ro AomnoJHeHHe A€ OTKpBITO, a
TOTZA MIOCKOJIBKY & € A€, TO & — BHYTpeHHsis Touka A°, T. e. CyLIeCTByeT
takoe £ > 0, YTO B €-OKPECTHOCTH TOYKHU T HET TOUEK W3 MHOKecTBa A.
3uauwt, p(z, A) 2. K

[IycTb Tenepn

(A B) = inf  p(z.y)

— «paccTosiHHe» Mex1y MHoxecTBaMH A M B. MOXHO /M yTBepXKIaThb,
urto p(A, B) > 0, ecnu MHOXecTBa A ¥ B 3aMKHYTHI U He [epeceKaioTcs?
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O OkasbiBaeTcsi, HeT. HeTpynHo npuBecTH NpuMep, TOJIOXKHB B Kaue-
ctBe A u B rpaduku yHkuui y =0 u y = % Ha nockocTH. ([lokaxute
aKKypaTHO, 4TO 00a MHOXKeCTBAa 3aMKHYTHI.) X

[IPUMEP 7. Ilycts A, B — 3aMKHYTble HelepeceKarllnecs MHO-
JKeCTBa B MeTpUuecKoM npoctpaHcTBe M. MoXHO /M IOCTPOUTh UX Helle-
peceKalollyecss OTKPBITHIE OKPECTHOCTH, T. €. TaKHe OTKpBITble MHOXe-
ctBa O4 D Au O DB,uto O, N0 = o?

O Ecnu «pacctosinues d (CM. TIpedblAyIIHi TYHKT) MEXKIY MHOXeCTBa-
MU A, B M0JI0XKHUTEJbHO, TOJOXKHUTE/IbHBIH OTBET Ha JAHHBIE BOMPOC ObLI
Obl OYEBHMIEH: JOCTATOYHO ObLIO MOJNOXKUTh (4 PaBHBIM 0ObeIUHEHHIO %-
OKPeCTHOCTeH BceX TO4YeK MHOKecTBa A W aHANOTHYHO MOCTYMHUTh AJIS
MHoxkecTBa A. ([lokaKuTe, UTO B 3TOM CJyyae 3ajadya U B CaMOM jeJe
Oblia 6bl pemeHa.) Ho, Kak MBI 3HaeM, MOJNOKHUTENbHOCTb BEJHUHHBI d
He TapaHTHUPOBaHA Jla)Ke [Js1 HelepeceKamlUXcsi 3aMKHYTBIX MHOXECTB.
OnHako OTBET BCE-TaKH yTBEpPIHUTEJbHBIN (cM. 3amauy 5). K

§ 2. CBoiicTBa OTKPBITHIX U 3aMKHYThIX MHOKECTB

Hanomuum npexae BCero ciaeayrouiye noHaTHus:

1) Touka x Ha3biBaeTCs MpelebHOM TOYKOH MHOXKecTBa A, ecsu Jobast
OKPECTHOCTb TOUKH X CONEPXKUT TOYKH MHOXKeCTBa A, OTJIMYHBIE OT X
(MOXXHO cKasaTb Tak: Jif06asi MPOKOJIOTass OKPECTHOCTb TOYKH & HMEET
HEMyCToe MepeceyeHre ¢ MHOXKECTBOM A);

2) Touka T Ha3bIBaeTCs FPAaHUYHOM TOUKOH MHOXKecTBa A, ecau sobas
OKPECTHOCTb TOYKH & CONEPXKHUT KaK TOUKH MHOXKecTBa A, Tak M TOYKH
€T0 JIONOJIHEHHUS,;

3) Touka I HasbIBaeTCS TOYKOH KacaHHsi (TOUKOH MPHUKOCHOBEHHS)
MHOXKecTBa A, ecnu s06as OKPECTHOCTb TOUKH I CONEPKHT TOUYKH
MHOXecTBa A (B UaCTHOCTH, Tak OymeT mpu © € A — obpaTuTe BHUMaHHe
Ha OTJIMYHe OT MpelenbHO#H Touku!);

4) Touka T Ha3blBaeTCsi BHYTPEHHEH TOYKOH MHOXecTBa A, eciu
HEKOTOpasi OKPECTHOCTb TOUKH T LIEJHUKOM CONEPXKUTCS B MHOXKeCTBe A;

5) TOYKa T Ha3blBAaETCs HM30JMPOBAHHOH TOYKOH MHOxecTBa A, ecsu
x € A, HO HeKoTOpasl TPOKOJIOTasE OKPECTHOCTb HE CONEPXKUT TOUEK MHO-
x)ectBa A (MOXHO CKasaTb M TaK: HEKOTOPAs OKPECTHOCTb TOYKH T He
COLEPKHT TOUYEK U3 A, KPOME CaMOH TOUYKH ).

3mech BaKHO OTMETHThb CJEAYIOLUIYIO SI3BIKOBYIO HETOYHOCTb. Bo Bcex
MATH ONpefesieHUsIX (QUTYPHUPYIOT CJIoBa «Touka MHoxecTBa A». OmHako
TOJIBKO B TMOCJEAHUX ABYX Peub AEHCTBUTENBHO C HEOOXOAHMOCTBIO UAET
o mpuHamyexxHocTH « € A. Touku mepBBIX TPEX THUIOB MOTYT KakK MPHHAJ-
JIeXaTb, TaK U He TpUHamIexaTb A, ¥ CJoBa «TOUKa MHOXKecTBa A» B
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epanuuHas movka

/

a3 lz/x(mup(maﬂﬁa}t mouka

T~ eHympennsas_mouka

Puc. 9. Touku MHOXKecTBa A.

ompeneseHusix 1)—3) TOBOPST JHIIb 06 OTHOLIEHHH, B KOTOPOM TOUYKA &
HaXOIMTCSI HMEHHO C MHOXECTBOM A, — OTHOLIEHHH, He CB3aHHOM HEro-
CPENCTBEHHO C OTHOIIEHHEM <«IPUHAJJIEKATH>.
[Tocsie ceslaHHOTO 3aMeuaHHst PUBENEM HEKOTOPbIE TTPUMEpHIL.
[TIPUMEP 8. Ilyets M =R, A=[0;1)U{2}. Torza:
1) [0; 1] cyTb mpenenbHble Touku A,
2) 0, 1 u 2 cyTb TpaHUUHbIE TOUKH A;
3) [0;1] u 2 cyTb Touku KacaHus A;
4) (0; 1) cyTb BHyTpeHHHE TOYKH A;
5) 2 — usosnupoBaHHast Touka A.
NPUMEP 9. Myets M =R?, A= {(2,9) | Vo2+y2 < 1} U
U{(z,y) |y =0,10 <z < 11} U{(100, 100)}. Torza:
D) {(z,y) | Va2 +y2 <1}U{(z,y) | y=0,10 <z < 11} cyTb npenesib-
Hble TOUKHU A;
2) {(@.y) | Va? +y* = 1} U{(z,y) |y = 0,10 < = < 11} U {(100, 100)}
CyTh IPaHUYHbIE TOYKH A;
3) Touku Kacanuss A — Te xke, uTo W npenesbHeie, u (100, 100);
4) {(z,y) | V22 +y*> < 1} cyTb BHyTpeHHHE TOUYKH A;
5) (100, 100) — usosnupoBaHHas Touka A.
[IPUMEP 10. Ilyets M =R, A=10;1) N Q. Torzna:
1) [0; 1] cyTb mpenenbHble Touku A,
2) [0; 1] cyTb rpaHuuHble TOYKH A (mouemy?);
3) [0; 1] cyTb Touku Kacauust A;
4) BHyTpeHHUX TOYeK y A Her;
5) M30JIMPOBAHHBIX TOUEK y A HeT.
NMPUMEP 11. Myers M =R, A= {1 |neN} Torna:
1) 0 — mpenmenbHas Touka A;
2) 0U A cyTb rpaHHuHble TOUKH A;
3) 0U A cyTb TouKkH KacaHus A,
4) BHYTpeHHUX TOYeK y A Her;
5) MHOXKeCTBO H30JIMPOBaHHBIX ToueK A coBmamaer ¢ A.
[IPUMEP 12. Ilyers M =[0;1)U{2}, A= (0;1)U {2}. Torzna:
1) [0;1) cyTb mpenesbHble ToukH A;
2) 0 — rpanuuHasi Touka A;
3) [0;1) U{2} cyTb Touku kacauus A,
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4) (0;1) U {2} cyTb BHYTpeHHHE TOYKH A;
5) 2 — nzonupoBaHHast Touka A.

OGpartuTe BHHMaHWe, YTO B HEKOTOPBIX METPHYECKHX MPOCTPAHCTBAX
MOTYT CYLIECTBOBATb MHOXECTBA, HEKOTOPble TOYKH KOTOPBIX SIBJISIIOTCS
OIHOBPEMEHHO M30/IMPOBAHHBIMH U BHYTPEHHUMH.

Ecan Bbl pasobpanuch ¢ TOMOLIBI MPEIJIOKEHHbIX [PHMEPOB B
THMAX TOYEK M0 OTHOLIEHWID K 3aJaHHOMY MHOXKECTBY B METPHYECKOM
MPOCTPAHCTBE, TO MOHSJIM, B YaCTHOCTH, UTO:

Co#icTBo 1. TOYKM, NpHUHAAJEXNKAIIHE [aHHOMY MHOXKECTBY,
JeJISITCS HAa BHYTPEeHHUE W TPAaHUYHBIE;

CBoHCTBO 2. TOYKM KacaHHUsl HENATCS HA HM30JHUPOBAHHBIE TOUKH
MHOXecTBa (0053aTeJIbHO TPHUHAMJEXKAIIHe eMy) W MpelesbHble TOYKH,
KOTOpbIE MOTYT Kak [PHUHAIJEXKATb MHOXECTBY (CPeid HHUX MOTYT OBITh
BHYTPeHHHUE), TaK U He MPHUHALJ/IeXAaTh;

CBolicTBO 3. rpaHU4YHble TOYKH [eJSATCS Ha H30JUPOBAHHbIE
TOUYKM MHOXKecTBa (0053aTesbHO MpPHHALJEXKALIME €eMy) M MpefesbHble
TOYKH, KOTOpble MOTYT KaK TpHHAJIeXaTb MHOXKeCTBy (HO He OBITb
BHYTPEHHHMH), TaK U He MPHHAMNJIENKATD;

CBo#icTBO 4. H30JUPOBaHHBIE TOYKM MHOXKECTBA MOTYT SIBJSATHCSH
TPaHUYHBIMH, @ MOTYT U He fIBJATbCS (cM. npumepsl 4 U 12);

CBOHCTBO 5. OTKPBITOE MHOXKECTBO LEJMKOM COCTOMT M3 CBOHX
BHYTPEHHHUX TOUeK (Cpeou KOTOPHIX MOTYT OBITb H30JMPOBaHHBIE — CM.
npumep 12), a ero rpaHuuHble TOYKH €My He MPUHAIJIEKAT
U T. I

O6cynuMm Ternepb BO3MOXKHBIE (paBHOCHJIbHEIE!) ompenesieHHst 3aMKHY-
TOTO MHOXECTBAa B METPUUECKOM MPOCTPAHCTBE:

CBoiicTBO 6. ero AOMOJHEHHE OTKPHITO;

CBo#icTBO 7. ero 3aMblKaHHe COBMAaJaeT ¢ HUM caMHM (0 3aMbIKaHHH
CM. HHXeE);

CBoiicTBO 8. OHO CONEPXKHUT BCE CBOW I'DAHHUUHbIE TOYKH;

CBoiicTBO 9. OHO CONEPXKHUT BCE CBOU Ipe/iesIbHblE TOUKH;
CoiictBo 10. oHO comepKHUT BCe CBOM TOUKH KacCaHHS;

Ceo#ictBo 11. nng no6oH MOC/a€I0BATENBLHOCTH Ty — &, THE Ty € A
(A — paccmarprBaemMoe MHOXKeCTBO), © € M, BepHo = € A.

(U3 choenaHHOro Bhillle 3aMeuaHHsi CJEAYET, YTO CJOBO «CBOHM» 3[eChb He
03HayaeT a priori MpUHAI/IEXKHOCTb MHOXKECTBY A).

HeTpynHo (XOTS M HECKOJBKO KPOMOTJHWBO) JIOKa3aTb HX PaBHOCHJIb-
HOCTb.

Hanomuanm:

CeoiicTBo 12. mycToe MHOXECTBO W BCE MPOCTPAHCTBO SIBJSIIOTCS OfI-
HOBPEMEHHO OTKPBITBIMH U 3aMKHYTHIMH MHOXKECTBaMH;
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CBof#ictBo |3. mpousBosbHOEe 00beNUHEHHE U KOHEUHOe NepeceyeHHe
OTKPBITBIX MHOXKECTB — OTKPBITOE€ MHOXKECTBO;
CBoiicTBo 14. nomosHeHHe OTKPLITOIO MHOXKECTBA 3aMKHYTO, 3aMKHY-
TOTO — OTKPBITO;
Ceo#ictBo 15. mpousBosbHOE MepeceyeHHe W KOHeUHOe 0O0benHHEHHE
3aMKHYTBIX MHOXECTB — 3aMKHYTO€ MHOXKeCTBO.

OrTmeTM TakKe BaKHeHIIMe CBOKCTBA onepauuu 3ambiKaHus A —
— A. Tlpexxne Bcero, efl TOXKe MOXKHO [aTh HECKOJbKO OMNpelesieHHH.
OrpaHuuumMest cienyomMH:

1) A ecTb MHOXKecTBO A MJIIOC BCe ero Mpejie/ibHble TOUYKH;

2) A ecTb MHOXKECTBO BCeX TOYEK KacaHMsi MHOXKecTBa A;

3) A ecTb MHOXKeCTBO A MJIIOC BCe ero rpaHHYHbIe TOUKH;

4) A ecTb mepeceueHHe BCeX 3aMKHYTHIX MHOXKECTB, cofiepKalux A.
OTMeTHM caenylolle CBOHCTBA ONepalur 3aMbIKaHHUS:

0) A — 3aMKHYTOe MHOMKeCTBO;

1) A C A, npuuém paBeHCTBO MMeeT MeCTO /ISl 3aMKHYTHIX MHOXECTB
U TOJIBKO [JISl HUX;

2) A =4, rne A = (4);
3) Ay C Ay = A, C Ay

4) Aj UAy =AU A,.
O JlokaxkeM 3TH CBOMCTBA.

0) 3aMbIKaHHe 3aAMKHYTO KaK IepecedyeHre 3aMKHYTbIX MHOXKeCTB.

1) Cnenyer W3 TOro, 4to B NepecedeHHe BXOAAT JIHILb Te 3aMKHYTbIe
MHOXKECTBa, KOTOpble comep:kaT MHoxecTBo A. [lasee, ecaun camo A
3aMKHYTO, TO OHO BXONHUT B YHCJIO T€PECEKAaeMBbIX MHOXKECTB U I03TOMY
yKasaHHOe mepecedeHne conepxurcsi B A. A MOCKOJIbKY BEpHO U 00paTHoe
BKJIIOUeHHe, TO OHM coBmagaioT. O6paTHO, M3 paBeHCTBa MHOXKecTBa A
CBOEMY 3aMbIKaHWIO CJeIyeT, uTO MHOXecTBO A 3aMKHyTO (CHJy
cBoiictra 0)).

2) B cuny 0) A samknyto. Toraa corsacHo 1) uMeeT MecTo paBeHCTBO

MHOXKecTBa A 1 ero 3aMmblkaHus A.
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3) Tockonbky A; C Ay u Ay C Ay, TO cpeiu 3aMKHYTBIX MHOXECTB,
cogepxammx Aj, ecTb MHOXecTBO Ay, a Torma nepeceyeHHe TaKHX
MHOXKECTB COEPXKUTCSI B A, MOCKOJBKY IepeceyeHHe CONEPKUTCS B
KaXXJIOM U3 TePeceKaeMblX MHOXKECTB.

4) Jlna nokasaTenmbcTBa BaoxkeHHs A; U Ay C AU As mocTaTouHo
3aMeTuTh, 4To A; C Ay U Ay (i = 1;2), u npumenuts 1. 3). Torna mbl
nonyuuM, uto A; C Aj U Ay, a ciefoBaTesbHO, TO Ke BKJIOUEHHe BepHO
v aas oobenuHenus Ay U Ay. 3aMeTHM, 4TO 3TO PACCyXKIeHHe MPOXOAUT
JJ1s1 00beJUHEeHHUS JH0O0ro (KOHEYHOro W/ GeCKOHEUHOro ceMeicTBa MHO-
HKECTB). o

Ilist mokasaresibcTBA OGPaTHOTO BJIOXKEHHsI 3ameTHM, uto A; U Ay 3a-
MKHYTO KakK 00belMHeHHe KOHEUHOro ceMeHcTBa (!) 3aMKHYTHIX MHOXKECTB
v comepxur Ay u Ay, a caenopartenpHo, ux oOwveamsenue: A U Ay D
D Ay U Ay. Torna, npuMeHuB n. 3) BMecTe ¢ m. 1), mosyuaem: A; U Ay =
= A UAy; D A U Ay. D10 paccykaeHue MOXKeT ObiTb 060011eHO Ha J1060e
KOHeuHoe ceMmeHcTBO MHOxecTB {Aj}}_,, HO He Ha GeckoHeuHoe. Jlerko
MpUBeCTH KOHTPrpuMep: ecint Ay = {qx }, rae nocnenosarenpHocTb {qk }72
«TIePeCUHTHIBAET» BCE pallMOHaNbHBIEe TOUKH oTpeska [0; 1], To 3ambikaHue
06beIMHEHHs TIPEACTaBJsieT cOG0H BeCb OTPe30K, a OO0beJHHEHHE 3aMbl-
KaHHH CONEPXKHUT TOJbKO 3TH ToYkH. ([me B paccyKIeHWH CyILeCTBEHHa
KOHEUHOCTb ceMeHcTBa MHOXKecTB { Ay }?)

Hrak, 0600611eHue cBoHcTBa 4) HAa OeCKOHeUHble 00beANHEHHS] HEBEPHO .
HesepHo u 060611eHre 3TOro cBo#icTBa Ha nepecederue. [Ipumep K nocJen-

Hemy mpusecty cosceM npocto: QN (R\Q) =2 =2, Ho QN(R\Q) =

=RNR =R. OgHako MOXHO yTBepxkaAaTh, yTo A} N Ay C A; N Ag. [eii-
CTBHUTEJBHO, UMEEM

ANAyCACA, i=12 =L ANnAcCANnA.

A nockonbky A; N Ay — 3aMKHYTOe MHOXKeCTBO (Kak MepeceyeHue 3a-
MKHYTBIX), B cuay m. 1) u 3) umeem

AiNAy Cc AinAdy =A; N A,

yto U TpeboBanoch. (BepHo M 3TO paccyxmeHue Asi GECKOHEYHOro ce-
MeHcTBa MHOXKecTB?) X

§ 3. Ilpumep MeTpUUECKOrO MPOCTPAHCTBA
MOCJe10BaTeJbHOCTEN

Ha snexkuuu 4 6bl11 paccMOTpeHBI MPOCTPAHCTBA YUCJIOBBIX MOC/AEN0BA-
TesqibHOCTeH (P 1 m. Bbl1o oTMeueHo, UTO Moc/efHee fBJAsSETCS Hecenapa-
6esbHBIM. Mbl IpUBENEM NIPHUMep ero cernapadesbHOro MOANPOCTPAHCTBA.

Hrak, nycTb ¢ — NPOCTPAHCTBO CXOMSILIUXCS MOCJEN0BATENbHOCTEH.
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1. OueBunHO BJOXKeHHEe ¢ C M KaK MHOXKeCTB. Torna MOXXHO BBECTH
Ha ¢ MeTPHUKY TaK Ke, KaK OHa Oblia BBeleHa Ha m. Torma m CTaHo-
BUTCS TIOANPOCTPAHCTBOM METPUUECKOTO MPOCTPAHCTBA 1M U KOPPEKTHOCTD
BBENIEHUS] METPHKU (aKCHOMBI METPHYECKOr0 MPOCTPAHCTBA) HMEET MECTO
ABTOMATHUYECKH: KAK HETPYAHO 3aMETHTb, BCSKOE MOAMHOXKECTBO A MmeTpu-
4eCcKoro mpocTpaHcTBa M CTaHOBHUTCS METPHYECKUM MPOCTPAHCTBOM, €CJIH
onpenesnts pa(z,y) = par(,y).

2. JlokaxeM cHauasia noiHOmy NpoCMpancmea c.

O Ilyctb {xy}7°, — mocie10BaTe/IbHOCTb 3/1€MEHTOB NPOCTPAHCTBA C.
Takum obpasom, zj npu kaxaoMm k € N mpeicraBnser co6oil 4HUCI0BYIO
M0CJ/IeI0BATEIBHOCTb.

Bynem 06o3HauaTh HOMep 4YHC/a B MOCJEIOBATEJNbHOCTH BEPXHUM HH-

IeKCOM: x,(cn) — m-# 3/1eMEeHT YHCJOBOH MOCJAeI0BATENbHOCTH Tk. IlycThb
nocJ/1e10BaTeNbHOCTh {72, DyHIaMeHTa/IbHa, T. €.
Ve>0 JKeN VE>K VpeN p(zg zryp) <e. (3.1)

[Tepenuuem (3.1) ¢ yuétom onpenesneHust pacCTOSTHUS B TPOCTPAHCTBE C:

¥e>0 JKeN Vk>K VpeN supla” -2l |<e (32
neN

s (3.2) crenyer:
Ve>0 JKeN Vk>K VpeN VneN [V -zl |<e (3.3)

CniefioBaTesibHO, MPH  Ka)AOM (UKCHPOBAHHOM M MOCJIE0BATE/bHO-
cru {2™}2° | pyHamentanbhbi.

OG603HAYNM Mpeesbl STHX MocJaenoBaTebHocTel depes (™ 1 obpa-
3yeM TeM CaMbiM [OC/Ie0BATENbHOCT & = {x(”)}. [lepesinsg B (3.3) K
npefiesly mpu p — 00, MONYUUM:

Ve>0 JKeN Vk>K YpeN vneN [z —z|<e (34)

W3 (3.4) caenpyert, 4TO 3/EMEHTHI Tj CXOASITCS K 3JEMEHTY T B MPOCTPaH-
CTBE M.

Ocranoch Julb J0KasaTb, uTo = € c. Torga Mony4uM T — & B C
(MOCKOMIBKY pPAcCTOSIHHSI B MPOCTPAHCTBAX M W ¢ BBelEHbl OLMHAKOBO), U
TeM caMbIM OyZeT [0Ka3aHa MOJHOTA MPOCTPAHCTBA M.

Hrak, mocraToyHo mOKas3aTh, 4TO ¢ — CXONALIAsSCS MOCJEN0BATENb-
HOCTb. DTO OyAET C/efoBaTh M3 TOr0, YTO OHa (pyHAaMeHTajbHA. A mjs
I0Ka3aTeJbCcTBa €€ (yHAaMeHTAJIbHOCTH MBI BOCIOJb3yeMcsl TaK Ha3blBae-
MBIM %-TIDHEMOM, KOTOPbIA 3HAKOM BaM M3 JI0Ka3aTeJbCTBa HENPePbIBHOCTH
pPaBHOMEPHOTrO IpefeJsia HempephiBHBIX (PYHKUUH W KOTOPHIA OyneT ellé He
pa3 BCTpeyaThbCsl B JaJbHeHIIeM.

Hrak, nyctb nano € > 0 u Hajgo ykazath tTakoe N € N, uto

Vn>N VYgeN |z —z+d| < ¢ (3.5)
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Jnst aToro BHavase Hainém takoe K € N B (3.4), uto mnpu Bcex k > K
€

VneN |z\W — 2™ < 3

(3.6)

Jlanee, B3fB MOCJeIOBATENbHOCTb T = {x,(fn)}ff:l ¢ HomepoM k = K +
+ 1 (HamOMHHMM, UTO OHa CXOAMTCSl, a CJIeJI0BAaTeNbHO, DYHIAMEHTA/IbHA),
BeiGepeM Takoe N € N, uto

Yn>N; VYqgeN |:E,(€n)—x,(€n+q)|<§.

Torna, ucnoabays (3.6) u (3.7), moayuum agst Bcex n > Ny, ¢ € N

(3.7)

|z — g(nt)| =
_ ’( n>> n (xz(c”) —xz(c””)) " (x,(ﬁ‘” _l.(n—i-Q))’ <
< ’I( ) xén‘ﬁ])‘ + ’xl(anrq) _ x(n-&-q)) <3. % =, (3.8)

yTo U TpeboBasock. MTak, yTBepxkaeHue nokazaHo. X

3. Tlokaxxem tenepb, 4TO npocmparcmso c cenapabervio. Kimioue-
BOH uzeell 31ech OyAeT Mepexol OT OECKOHEYHBIX IOC/AeN0BaTeJbHOCTeH
K «KOHEUHBIM» B TOM CMBICJIe, YTO OHH OYAYT MOCTOSIHHBIMU HauWHasg C
HEKOTOPOro HOMepa.

0O CHauaJia Mbl TIOCTPOUM CUETHOE MOAMHOXKECTBO B ¢. 3aTeM MOKaXeM,
YTO OHO BCIOAY IMJIOTHO.

Jns KaXkaoro palMoHaJNbHOTO YMCJ/IA ¢ U KaXK[IOTr0 HAaTypaJsbHOTO 4YHC-
Ja | pacCMOTPUM BCEBO3MOXKHBIE TTOCJEIOBATENBHOCTH, ¥ KOTOPBIX Ha Me-
crax 10 (I — 1)-ro BKJIOUMTEJBHO CTOSIT TPOM3BOJBHBEIE pALMOHAJBHBIE
yKc/Ia, a HauKMHas C [-T0 MecTa — YHCJIO ¢.

V3 pesynbTaToB cemuHapa-nekiuu 1 caenyert, uto 1) npu puKcupoBaH-
HBIX [ ¥ ¢ MHOXKECTBO TAKHX I0CJIeI0BaTebHOCTEN CUETHO, 2) 00beJHHEHHE
BCeX TaKMX MHOXKeCTB cHauaJja no [ € N, a notom 1o ¢ € Q Toxe cyérHo.
Ocrasnoch NMOHATH, 10YeMYy MOCTPOEHHOE TOIMHOMKECTBO €y BCIOAY IJIOTHO
B C.

[TycTh HaM JaHa MPOU3BOJIbHAS MOCJAE0BATENbHOCTD Y = {y <, €ec.
[Tyctb y(") — b (HamoMHHaeM, 4TO MPOCTPAHCTBO € COCTOUT U3 CXO[LHI.U.I/IXCH
nocnenoBatesbHocTed). [lycts nano € > 0 W TpebyeTcss HAUTH MOCJENO-
BaTeJLHOCTb 2 € ¢g Takyw, 4to p(y,z) < €. Iljs 3Toro mpexme BCero
HAXOIHM palHOHAJbHOE YHCJIO T Takoe, 4to |[b— r| < % Jlanee HaxomuM
takoe N € N, uro npu Bcex n > N BepHO HepaBeHCTBO

(n) _ €
ly b|<2.

BribepeM Temnepb MOC/EA0BATENBHOCTD H3 ¢ CJAEAYIOLIUM 06Pa3oM:
1) nosoxkum g =71, I = N + 1;
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2) anementsl {y™}N_| npubausuM panHoHANBHBIMM YHCJAMH C TOY-

HOCTBIO &€, TOJIOXKHUB 2 n . |z(") —y(")\ < g, PAONS Qumpun=1,...N, u
Bo3bMéM 2(™) =7 npu n > N.

Jlerko MpoBepHTh, 4T0 2 € ¢ U Sup,ey |y™ — 2(M| < e. K

4. MoxHO 3a1aTbCsl BOIPOCOM, NMAOMHO AU NOONPOCMPAHCMEBO C 8
npocmparcmee m. Jlerko coobpasuTb, 4To HeT: WHadye Obl m OblIO cemna-
pabesibHBIM BCJIEACTBHE cenapabesbHOCTH C.

B nopsinke panbHeilero o6CyKIeHHUs CBOHCTB MPOCTPAaHCTBA ¢ MPH-
BeléM NpHUMep MOCJe0BAaTEJbHOCTH €r0 3JeMEHTOB, CXOAsLIMecs K 3Je-
menty (0,0,0,...) B ¢, HO He cxofsiencs B 1. Tlosoxum

xk:<%w”,%0“”) (3.9)
k

Jlerko Bunetsb, uto z; — (0,0,0,...) B ¢, HO B mpocTpancTBe ! nocsienosa-
TEJBHOCTh {Z}} He siBasieTcs] faxe (PyHIaMeHTaJbHOH, — cM. 3agady 21.
(OueBugHo, OTCYTCTBHE (DYHAAMEHTAJIBHOCTH — IOCTATOYHOE YCJOBHE OT-
CYTCTBHS CXOAMMOCTH, HEPEIKO yIO0GHO MPOBEPSIieMOe Ha MPaKTHKe.)

§ 4. 3agauu as CaMOCTOSITEJbHOTO pelIeHus

3apaya 0. OTBeTUTb Ha BONPOCH 10 XOAY TeKCTa.

Samaua 1. Y6enutbcs B TOM, YTO CJAEAYIOLIHE MHOXKECTBA C yKa3aH-
HOM (yHKUHEH p(x,y) SIBASIOTCS METPHIECKHMH MPOCTPAHCTBAMH:

1) R, p(z,y) = max,_i(|lzi — yil);

2) R™, p(z,y) = 30 |2 — wil;

3) mo6oe mHokecTBO M ¢ p(x,y) =1 npu & # vy, p(x,y) =0 npu x = y.
3amaua 2. JlokasaTb HepaBeHCTBO YeTHIPEXyrosbHHUKA: |p(z,z) —

= p(y,w)| < plz,y) + p(z, w).

3anaua 3. YOemuTbcsi B TOM, UTO OTKPBITHIH LIap OTKPBIT, 8 3aMKHY-
THIH Lap 3aMKHYT (IPUHSB JI060€e ONpefeseHrne 3aMKHYTOCTH).

3anaua 4. [loctpoutb mpuMep MeTpuUueckoro npoctpaHcTBa M —
nogMHoxecTBa R%, — B KOTOPOM CyleCTBYeT 3aMKHYThIH 1Iap, ABJISIOUIHI-
Csl OTKPBITHIM MHOXKECTBOM, HO HE OTKPBITBIM IIAPOM.

Samaua 5. Ilycte A, B — 3aMKHyTble HelepeceKarlIHecss MHOXKe-
cTBa B MeTpuueckoM mpoctpaHcTBe M. IlocTpouth HX HemepeceKarolLHecs
OTKpBITbIE OKPECTHOCTH, T. €. TaKHe OTKpbITble MHOKecTBa U4 D A u Op D
D B,uto O4N0Op = @.

3amaua 6. (I[Ipomoaxenwue.) Ilycte M = [1;2]U[4;5], A =
=[1;2], B = [4;5]. Ocraércst /i BepHBHIM yTBEpXKJAEHUE MPeNBIAYIIEH 3a-
nauu? YKasatb B siBHOM Buue MHoxecTBa O4 U Op.

Samaua 7. OO6BIACHUTH MOAPOGHO HeKOoTOphe (¥ —BCe) mMpHuMephl § 2.

3anaua 8. BepHBl JU clenyionile yTBEPKASHHUS 1JI51 TPOU3BOJBHOTO
(PMKCHPOBAHHOrO MHOXKECTBA:

1) kaxpas ero npefesabHasi TOYKA €CTb €0 TOYKA KACAHHS;
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2) Kaxjasi ero BHYTPEHHsIsl TOYKa eCTb MpelesbHAsi TOUKA;
3) KaxJasi ero To4Ka KacaHus — JIMOO BHYTPEHHss TOUKa, JUOO H30JHPO-
BaHHAsi TOYKA;
4) MHOXKECTBO BCEX €ro TPaHHYHBIX TOYEK BMECTE C MHOXKECTBOM BCEX €r0
BHYTPEHHHUX TOUEK eCTb CaMO MHOXeCTBO A;
D) MHOXKECTBO BCEX €ro BHYTPEHHHX TOYEK BMeCTe C MHOKECTBOM BCEX €ro
U30JIMPOBAHHBIX TOYEK €CTb CaMO MHOXKECTBO A?

3anaua 9. BepHbl a1 cienyonre yTBEPKIEHUS:
1) 3aMKHYTOe MHOXKECTBO HE MMEET BHYTPEHHHX TOYEK;
2) 3aMKHYTO€ MHOXECTBO He MOXET COCTOSITb M3 OJHHUX TOJbKO BHYTPEH-
HHX TOUEK;
3) BCe TOYKH OTKPBITOIO MHOXKECTBA CYTb €ro TOUKH KacaHHs?

3apaua 10. [doxa3aTb paBHOCHJIBHOCTb XOTSI Obl HEKOTOPBIX (* —
BCEX) ONpee/eHHH 3aMKHYTOTO MHOXeCTBA.

Samaua 11. JlokasaTb paBHOCHJIBHOCTb XOTs Obl HEKOTOPHIX (¥ —
BCeX) OMpeleseHHUi 3aMbIKaHHUs.

SBamaua 12. Jlokasath xoTsi Obl HekoTopelie (* — Bce) cBoiicTBa
3aMbIKaHHUSI.

3apaua 13. Pewnts 3agauy 10* us cemunapa-nexuuu 2.

apaua 14. IlpuBecTu npuMep CYETHOrO IepecedeHUs] OTKPBITBIX
MHOXKECTB, AAIOLIEr0 3aMKHYTOE MHOXKECTBO; [PUBECTH [PUMEDP CUETHOTO
o0beMHEeHHs] 3aMKHYTBIX MHOXKECTB, AAIOLIEr0 OTKPBITOE MHOXKECTBO.

3anaua 15. IlpuBectd mpumMep MeTPUUECKOrO MPOCTPAHCTBA, HUMEIO-
ero 6osiee IBYX OTKPBITO-3aMKHYTBIX NMOJMHOXKECTB.

3anaua 16. [lpuBecTH mnpuMep, MOKa3bIBAOMINK, UYTO CBOHCTBO
4) onepauuy 3aMblKaHWs He BBHIIOJNHSETCS MAJIsi CYETHBHIX OObEeIMHEHHH.
(Ykasanwe. Ilogxonsiui npumep eCTh B TEKCTE.)

3anaua 17. [lokasaTb cenapabenbHOCTb MpOCTpPaHCTB [P, p € [1;+
+00). (Ykasauue. Haunnte c p=1.)

3apaua 18*. TlokasaTh, uto B mpoctpaHctee L!(X), rme X C R”,
TJIOTHO MHOKECTBO HENpPEepPBIBHBIX (PYHKIHME.

Sapmaua 19. fsasorcs au 3aMKHYTHMH nonMHoxkecTBamu B Cla; b):
1*) MoAMHOXKeCTBO BCeX MHOT'OUJIEHOB CTENEHH He BbILIE 7;
2) MOAMHOXKECTBO BCEX MHOTOUJIEHOB;
3) nonmuoxkectso C'[a;b] Bcex HempepbiBHO AuDdepeHIUPYeMbIX (YHK-
ui?

3agaua 20. Ilouemy B npumepe 6 CJIOBO «pacCTOsSIHUE» B3SITO B
KaBbIYKH?

Samaua 21. JlokasaTh, 4TO mocJenoBaTebHOCTh (3.9) He siBAseTCs
(yHnamenTanbHOH B [!.

3apaua 22. BepHo au:
1) Besikasi H30JIMPOBAHHASL TOYKA €CTh TOUKA KaCaHHsI?
2) nast mo6oro MHoxKkectBa A BepHo A C int AU OA, rue int A — MHOXe-
CTBO BHYTPEeHHHX TOUeK MHOXecTBa A?

3 M. O. Kopriycos, A. A. [auun
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METPHUYECKHUE ITPOCTPAHCTBA. JOIIOJIHEHHUE

§ 1. IIpocreiimue cBoiicTBa MeTpUUYECKHX MPOCTPAHCTB

CBo#ictBo |. HenpepwiBHOCTb paccTosiHusi. Jlerko BHOeTb, 4YTO
(QyHKUHS «paccTosiHue» p(z,y) HEMPEPHIBHA 10 COBOKYITHOCTH apryMEHTOB.
JleficTBUTE/IbHO, M3 HepaBeHCTBA UETHIPEXYTOJbHHKA (cM. 3amauy 2 u3
JIEKIIMH-CEMUHapa b)

p(x,2) = p(y, w)| < p(z,y) + p(z, w)

IpH T, — T, Yp — Y (4TO 1O ONpPeleSeHHI0 CXOAUMOCTH B METDHYECKOM
MPOCTPAHCTBE O3HAYaeT He 4TO WHOe, Kak pP(Tn,z) — 0, p(yn,y) — 0)
uMeeM

\p(xn, yn) - P(x’ y)| < p(xn, l‘) + P(yn’ 3/) — 0.

CeoiictBo 2. EnuHCTBEHHOCTH mpejesa. JIerko BUAETb, YTO Y I10-
CJIEI0BATE/NLHOCTH B METPHUYECKOM MPOCTPAHCTBE MOXKeT ObiTh He Go-
Jiee OHOTO mpenesa. B camoM gesie, HajMude NBYX TMpenesoB x, &' y
MOCJIEIOBATENBHOCTH {Ty,} B CHUJIy HEPABEHCTBA TPEYTOJbHHKA H TOJb-
KO YTO [0Ka3aHHOH HeNpepbiBHOCTH pPAaCCTOSIHMS O3HA4yajso Obl, UTO
0 < p(z,2") < p(xn,x) + p(zn,2') — 0, w0 < p(z,2') < 0, orkyna
p(x,2') =0 u no onpenenenuto paccrosinusi x = x’. OpHako, vMes B
BHIY HM3yuyeHHe B CKOPOM BPEMEHH TOMOJIOTHYECKMX TPOCTPAHCTB MU X
CBOMCTB, MOJIE3HO MPOBECTH J0KA3aTeJbCTBO TAKUM 06pA3oM: B Cjydae Ha-
JIMUUsl IBYX TPENeNoB o, &’ MOXKHO GblIO Obl B3SITh HX HEMepeceKarolrecs
OKPECTHOCTH, W TOTZA BCs TMOCJIENOBATENBLHOCTb {Zy,}, KPOMe HEKOTOPHIX
Hauya/bHbIX OTPE3KOB, HOJKHA OblJa Obl HAXOAMTHCS B KaXKIOH H3 3THX
OKPECTHOCTEH, UTO, OYEBHMIHO, HeBO3MOXKHO. (3ananue. JlokasaTb, 4TO MpH
0 # ¢ = p(x,z’') £/3-0KpecTHOCTH TOUYEK Z U ' NEHCTBHUTEJBHO HE Mepece-
KawTcs.)

§ 2. HekoTopbie CBOMCTBA IMOJHBIX METPUUYECKUX
MPOCTPAHCTB U UX MPUJIOKEHUS

CeoiictBo 3. [logmpoctpancTBo M| MOJHOTO METPUUECKOTrO TPO-
ctpaHcTBa M o6pasyet (¢ TeM Ke pacCTOSHHEM pjr) TOJHOE MeTpHYecKoe
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MPOCTPAHCTBO TOTAA M TOJBKO TOrna, korna M| — 3aMKHYTOe MOAMHOXKe-
CTBO mpocTpaHcTsa M.

1) [HefictBUTeNbHO, B CHJY MNOJHOTH M sobas ¢yHAaMeHTasbHas
MOCJIEIOBATENbHOCTL €r0 3JIEMEHTOB, B TOM YMCJEe WU COMepKallasi TOJNbKO
anementsl M), umeer mnpemen (mpuHanmexauwid M). Ho ecau M| 3a-
MKHYTO, TO 3TOT Tpefes NMpuHannexuT M) (3KBUBaJieHTHOe OmpeleseHune
3aMKHyTOCTH!).

2) Ob6patHo, nmycTb M| — TOJHOE METPUYECKOe TMPOCTPAHCTBO (OTHO-
CUTENIbHO pacCTosiHus ppr). Torma mpenes BCSKOH MOCJEN0BAaTENbHOCTH,
npuHanexaiiei M|, npuHaniexut M, 4To U o3Hadaet, uTo M| 3aMKHYTO
B M.

3ameuanue |. OdeBugHoO, 4TO MoJHOTA TpocTpaHcTBa M) B mep-
BOM paccyxpeHuH cyiectBerna. (Jocratouro pacemorpers M = R\ {0},
M, =M)

Sameuanue 2. Bo BTopom paccyXeHHH Mbl HESIBHO HCIOJIb30BaJH
eIMHCTBEHHOCTh Npefesa. Ecau 6l penesoB MOrJIO ObITh G0JblIe OIHOTO,
TO MOXKHO ObLJIO Obl MPeACTaBUThL cebe CUTYyallUio, KOr4a OfWH U3 MpelesioB
npuHamexxut M| (4 TeM caMbiM 00eCledrnBaeT ero MoJgHOTY), a APYrod —
He TIPUHAMJIEXHUT, HApyLlas 3aMKHYTOCTb.

§ 3. Teopema 0 HenoABUIKHON TOYKE UJIU MPUHIUI
CXKHMMAaIOUUX 0TOOpaKeHU

Onpenenenune 1. Otobpaxenne F : M — M HasbiBaercs
CXKHMAIOLIMM, €CJIH

Jg € [0;1)Va,y € M p(F(z), F(y)) < gp(z, y). (3.1

Teopema o HemoxaBUXKHOH Touke. [lycmo F: M — M —
cocumarouiee omobpascerue. Toeda cyuecmsyem, u npumom eOuHCmMBEeH-
Has, mouka x € M makas, umo F(x) = x, u ona moxem Goimo Haiidena
memodom npocmoil umepayuu (nocredosamenrvrolx npubiuiceruil): 0is
ar06020 xg € M 8epHo npedenvroe coomuoulerue

r = lim F"(x). (3.2)

n—oo

JlokazaTeabCcTBO.
[Iycts xy — mpousBosbHas Touka npoctpaHctsa M. [loctpoum mnocie-
JOBaTeNbHOCTb {Zy }02 |, MOMOKUB

Zp = F(xp-1), neN. (3.3)

Jlerko ycTaHOBUTD €& (DyHIaMeHTaJbHOCTD:

P(Tns Tnp) < P(Tn, Tnt1) + oo+ P(Tntp—1, Tnp) <

3
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Splaom) " (Lt 4" <plao,z) - ¢" - 7.

CJ/ienoBaTesibHO, CYLIECTBYET MpeLel

r= lim z,.
n—oo
[Tockosbky cKUMaoliee OTOOpaXKEHHE, OYEBHAHO, HENPEPHIBHO, MOXKeM
nepeiTH K npenesy B paBeHctse (3.3):

x = F(x).

Takum 06pasom, CYLIeCTBOBAaHHE HEMOABMXKHOM TOUKH OTOOpakeHus F'
YCTaHOBJIEHO. ENMHCTBEHHOCTb Ke OueBHIHA: B Cjydas HaJWuUs [BYX
HEeTOABHXKHBIX TOUeK T, T B cuay (3.1) U onpeneseHHs pacCcTOsSHUS HMeeM

p(®,7) = p(F(2), F(T)) < 4p(T, T),

otkyna p(z7,7) =0u T =T1.

Teopema nokasaHa.

dta Teopema (a TakxKe €€ YCUJEHHBle BapHAHThl) HAXOOUT IIUPOKOE
NpUMEHeHHe B JOKA3aTeJbCTBE OJHO3HAUHOU Pa3peliMMOCTH MHOTHX 3anady
MareMaTHyeckoil (QU3HKU. BaM yxke H3BeCTHO €€ NpUMEHeHHe B TEOpHH
UHTerpaibHbIX ypaBHeHHU (1715 ypaBHeHHH DpenrosbMa ¢ «MagbiM» A MPH-
MeHsieTCsl UMEHHO OHa, AJIl ypaBHeHUH BosibTeppa ¢ MpPOU3BOJBHBIM A —
YCHJIEHHAS).

3ameuaHue 3. BaxHo, 4TO B ompesesieHHH CKHUMAIOLIETO O0TOOpA-
JKeHHUs1 OYleT HeIOCTaTOUHO TIPOCTO NOTPeGOBATh YMEHbLIEHHUS PACCTOSHUS
MeX1y JIOObIMM Pa3JUYHbIMH TOYKaMH. JIerko MPUBECTH KOHTPIPHUMEP.
[Iycte -
2
Torna nns nmo6biX 1,22 € R B cuay Teopembl JlarpaHa o KOHEYHBIX
TIpUpPALLEHUAX UMeeM

Fz)=xz+ arctgz, M =[0;+00).

L
1 +¢

)

F(21) — F(a)] < 1F/(6)llar — ] = '1 oy — 2] < Jo1 —

HO CyIlleCTBOBaHHE HEMOABHKHOW TOUKH (DYHKUUU F' MPOTUBOPEUUJSO OBl
HepaBeHcTBaM —4 < arctgz < .

CBo#ictBo 5. Teopema o BJMOXeHHBX mapax. O6cynrum
HEKOTOpble YCJOBUSI 3TOH TeopeMbl M UX CYLIeCTBEHHOCTb. [IOHATHO, 4TO
TMOJIHOTA MPOCTPAHCTBA, KaK M 3aMKHYTOCTb ILApPOB, CYLIeCTBEHHH. Tak,
B MPOCTPAHCTBE JIM =R\ {0} samkHyTHIe wWIapsl paguyca i C LEHTpPaMH
B TOYKAaX Tp = 5. MMEIOT mycToe nepecedenure. OTKpbIThe Wapbl B MPO-
cTpancTBe M = R ¢ LeHTpaMH B TexX e TOYKaX H TeX K€ PalMyCcoB TaKKe
UMEIOT MycToe nepeceyeHre. MoXKHO pacCMOTPETh U aHAJOTHUHbBIH NpUMep
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Ha IJIOCKOCTH (MosiyyaTcsi OTKPBITBIE KpPYyTH, Kacalolluecsi BHYTPeHHHM
o6pazoM). Topasmo MeHee oxKHIaeMo, 4TO HeJb3sl 0OOHTHCH Ge3 yCJOBHS
CTPEMJIEHUS] paguycoB IIapoB K Hysw. [IpuBenéM COOTBETCTBYIOIIMH NpHU-
Mep. PaccMoTpuM MeTpHUecKoe MPOCTPAaHCTBO, HOCHUTEJNEM KOTOPOTO SIBJISi-
eTcsl MHOXeCTBO HaTypasbHblX unces N, a paccTosiHMe MeXay 4HC/IaMH
BBEJIEHO KakK

14+ -1 m #n,

* — m—+n’

pr(m,n) = 0, m = n.

BrinosiHeHre akCHOM paccTOsIHUsI MpOBepsieTcst HemocpencTBeHHo. Haiee,
JIETKO YCTaHOBHTb TMOJHOTY TPOCTPAHCTBA: MOCKOJbKY B HEM paccTosi-
HUe MeXIy JIOObBIMU pas3JHYHBIMH TOUKaMd GoJibllie 1, (pyHIaMeHTasb-
HBIMH SIBJISIIOTCS JIMIIb (PUHAJNBHO MOCTOSIHHBIE (MOCTOSIHHBIE HAYWHAS C
HEKOTOPOro HOMepa) MOoCJ/ef0BaTeNbHOCTH. Kaxknast Takasi mocJ/efoBaTe/ib-
HOCTb, OUEBHIHO, UMeeT mpefes. Paccmorpum Tteneps wapsl B, = {m €
eN|p*(m,n) <1+ ﬁ} OTH 1apbl 3aMKHYTH, T. K. 3aJlaHbl HECTPOTHUM
HepaBeHcTBOM. Hasee, yciosue p*(m,n) < 1+ i PaBHOCHJIBHO M = N C
y4éTOM TOTO, YTO TPH M = N PACCTOSIHHE PABHO HYJIO [0 OMPEAEeJEHHUIO.
[Tostomy B,, = {n,n+ 1,n+2,...}. Torna oueBuaHo, uro B, C By, HO
nepeceyeHue BCeX MIApOB MycTo. TakuM 06pa3oM, MMeeM [0CJ/ef0BaTe/b-
HOCTb BJIO2KEHHBIX 3aMKHYTHIX ILIapOB, PaAHyChl KOTOPBIX He cTpeMsites K 0,
C MYCTBIM TIepeceueHreM.

Ewé npoile npuBecTH MpUMep MOCJAENOBATENbHOCTH 3aMKHYTHIX BJIO-
JKEHHBIX HEOTPAHWYEHHBIX MHOXKECTB B [IOJHOM MPOCTPAHCTBE, Mepeceue-
HHe KOTOPBIX MycTo. [omutes cucTeMa MHOXeCTB [n; +00) C R.

OnHaKo MOXKHO CHATb TpeGoBaHUe, UTOOB paccMaTpUBaeMble B TeopeMe
MHOKECTBa OblJIM HMEHHO IiapaMu. JocTaTOYHO MOTPe6OBAaTh JIHILb, YTOOHI
OHH ObLJIM OrpaHHYEHHBIMH 3aMKHYTHIMH MHOXKeCTBaMH A,,, I1HaMeTpsl Ko-
Topeix cTpemsTcs K 0. B camom nese, Torna, B3siB MpoHU3BOJNBHBIM 006pa3oM
B KaXK/IOM 1-OM MHOXKECTBE TOUKY Ty, IOJYUUM [OCIEN0BATENLHOCTD { Ly }.
Ona o6sagaetT TeM CBOHMCTBOM, 4TO T, € A,, 0pd Bcex n = m (B cHay
UMooKy T, € A, C Ap_y C ... C Ap,). Hoatomy {z,} ¢ynnamenrtasbHa
(«XBOCTBEI» JIEXKAT B CTSATMBAKOIIMXCS MHOXeCTBax). E€ mpenen npuHan-
JIEXHUT JIIOOOMY H3 MHOXecTB A,, MOTOMY YTO, OMSIThb-TAKH, BCE UJIEHHI
T0CJ/IeI0BATEIbHOCTH, HAYUHAS C M-TO, JieXKaT B A,, KOTOPOe, KaK 3aMKHY-
TOe, 0053aHO COMEpXKAT Mpeles MOCJAEI0BATENbHOCTH CBOMX 3JEMEHTOB
{Zn, Tny1,...}. ENUHCTBEHHOCTD 2Ke OOIUEH TOYKU MO-MPEKHEMY CJEAYET
U3 CTpeMJIEHHs K HYJIO JHaMeTPOB MHOMKECTB.

CeoiictBo 6. Teopema bBbapa o karteropusix. B cBszu ¢
3TOH TeopeMoH (c(hopMyJIHPOBAaHHOH M NOKa3aHHOH B JeKUUH 4) Mbl 06-
CYyIHM JIMIIb OIUH KaXKyLIMHCS mapagokc. PaccMoTpuM meTpuyeckoe mpo-
cTpaHcTBO X, cocTosilee U3 ONHOU TOYKH x. Torma MOXKHO MOJOXKUTE X, =
= X npu Bcex n € N. Ho passe X conepxxut oTkpbiThli wap? KoneuHo, na!
OTKpBITHH wap J060ro MOJNOKUTENBHOTO pajuyca ¢ LEHTPOM B TOUKe &
npocto coBnanaet ¢ npoctpaHctBoM X! OTMmetum ewié, uto Teopema bapa
0 KaTeropusixX HCMOJb3yeTcsl MPH J0Ka3aTeJbCTBE MPHUHIUNA PaBHOMEPHOH
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OI'PaHUYEHHOCTH, KOTOPbIH, B CBOK Odepelb, HYXKeH NpPH 10Ka3aTe/bCTBe
OLHOH M3 BaKHeHIIUX TeopeM JHHEHHOro (PyHKLHMOHAJbHOrO aHa/lu3a —
teopembl banaxa—Illteiinraysa.

CsBoiictBo 7. oMmeoMoppH3M NONHOTO MU HENOJHOTO
MeTpPHUYEeCKHUX NMPOCTPAaHCTB. DyneM HasbiBaTb OHUEKIHIO MEXLY
JIBYMSI METPUYECKUMHU NIPOCTPAHCTBAMH FOMEOMOP(U3MOM, €CJId OHA Herpe-
peiBHa B 06e cTopoHBl. OKasblBaeTcs, TONHOE METPHYECKOe MPOCTPAHCTBO
MOKeT ObITb romeoMmopHo HermosHomy. [lpumep: R u (fg; %) roMeo-
MOPU3M MeXKAY KOTOPBIMH OCYIIeCTBJsSeT (PYHKUUs y = arctgx. Mol
BepHEMCS K 3TOMY IpUMepy B JAaJjbHeHlleM, Korha OyieM oOCYKAaTb IO-
HSITHE KOMIMAKTHOCTH B METPUYECKUX H TOMOJOTHYECKHUX TPOCTPAHCTBAX.

§ 4. NanbHelimue npyuMepbl HA CXOAUMOCTU M 3aMbIKaHUS

CBo#ictBo 8. PaccMoTpuM yKe M3BECTHBIE HAM NPOCTPAHCTBA I10-
cnenoBaresnpHocTed [P (p > 1), m ¥ ¢y ¥ 3aafuMCs CAEOYIOLIUMH BOMPO-
camu. 1) Kakomy K3 IpOCTPAHCTB NMPHUHALNEKAT Ty, Yn, 2n° 2) B KaKUX U3
MPOCTPAHCTB MOCAeN0BATENbHOCTH {Ty }, {yn}, {yn} cxomsrcs?

a) v, =4{1,...,1,0,0,...
——

1 1
6) Yn =% —...,—,0,0,...

n n

—_——

n

1 1
B) zp =4 —,...,—,0,0,... 3, a>0

ne ne

—_——

n

OueBHIHO, 3JIEMEHTHI BCEX TPEX MOC/EI0BATEIbHOCTEN IPHHAMJIEKAT BCEM
TpéM npoctpaHcTBaM. Ternepb OTBETHM Ha BOMPOCH O CXOAHMOCTH.

[MocnenoBateIbHOCTD {Z;,} He CXONHUTCS HH B KakKOM [POCTpaH-
ctBe. Tak, B [P oHa gmaxe He $IBJISETCS OFPaHUUEHHOH: OYEBHIHO,
pir (21,{0,0,...}) = +o00. (Cp. ¢ 3amaueit 1.) B 1Byx Apyrux mpocrpas-
CTBaX, KakK 3TO 4acTO ObIBAET, JIerdye MPOBEPUTH OTCYTCTBUE (PyHAAMEH-
TaJdbHOCTH. MMeeM

Vn e N, Vp €N pp(Tn, Tntp) = Peo(Tn, Tngp) = 1.

[TocnenoBatesbHOCTb {Y,}, OUYEBHMAHO, CXOAHTCS K 3JEMEHTY U =
={0,0,...} B mpoctpaHcTBax m u c¢g. Hccnenyem eé cxomumocth B [P.
Hwmeem

0030 = (1) = (1) w0 s
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CrenoBatesibHO, CXOAMMOCTb B [P K TOH e N0C/Ae10BaTEJbHOCTH HMeeT
MecTo Npu p > | U He WMeeT MecTa npu p = 1.

ITocnenoBareibHOCTD { %, }, oueBHAHO, cxonutes K ajementy {0,0,...}
B TIPOCTPAHCTBAX m U ¢g. Vccienyem eé cxonumoctb B [P. Mmeem

100, = ( )”.ny Caeh @

ne

CuenoBaresibHo, cxonumocThb B [P k snementy {0,0,...} 3aBegomo nmeer
MeCTO TpH p > é (v TOMBKO). A UTO MPOMCXOAMT MPH OCTAJbHBIX p > 1?
Jlisi oTBeTa Ha 3TOT BOMPOC CAEJNaeM CJelyHolllee Ba)KHOe 3aMedaHHe.
Mmeer Mecto BJIOXKeHHe mpocTpaHCcTB [P C m (mouemy?) u, Gosee TOro,
MPMHA/IIeXKHOCTD TocenoBaTebHocth v = {u'F)} mpoctpanctsy IP rapau-
THpyeT Hanuuue cpend umces v(F) yuMcna ¢ MakcMManbHEIM MOTyJeM H
ouenky maxy [v®| < pp ({0,0,...},v) (nouemy?), uan

pm ({0,0,...},v) < pr» ({0,0,...},0) .

Ho orciona cpasy caemyer, 4To ecad 2z, — 2z B I[P, T0 z, — z B m.
CnenoBaresibHo, WId z, — {0,0,...}, uwau {z,} BoBCe He cxomuTcsi B [P,
HO IPyr¥x [pefesioB OHa TOYHO MMeTb He MoxkeT. Ho B cusy (4.1) Mmbl
3HaeM, uto mpu 1 < p < é cxomuMmocTh z, — {0,0,...} He uMeer mecra.
CrneoBaTesibHO, B 9TOM ciaydae {z,} He umeer mpenena B [P.

Co#ictBo 9. HazoBéM (QUHHUTHOH UHCJIOBYIO MOCJIENOBATENBHOCTD,
BCe 3JIeMEeHThl KOTOPO#H, KpoMe KOHeYHoro uucia, pashbl 0. (PaBHocH/IbHOE
YCJIOBHE: BCE 3JIeMEeHThl, HaukHas ¢ Hekotoporo, pasHbl 0.) IlocTaBuM
BOIPOC: KaK YCTPOEHbl 3aMbIKAHHSI MHOXECTB (DUHHTHBIX [0CJIEN0BATE/Ib-
Hoctedl B [P 1 B m? HeTpynHo mpoBepuTh, UTO B MEPBOM CJyYae OTBETOM
GymeT BCE NPOCTPAHCTBO [P, a BO BTOPOM — MPOCTPAHCTBO ¢ CXOAALIAXCH
K HyJao mocjegoBaresibHocTeii. OTMETHM MOMYTHO, YTO TEM CaMbIM Mbl
JI0Ka3aJ/ii, 4YTO B 00OMX MPOCTPAHCTBAX MHOXKECTBA (DUHUTHBIX [10C/EH0BA-
TEJIbHOCTEH He SBJSIIOTCS 3aMKHYTBIMH.

CBoiicTBa MeTpPHYeCKHX MPOCTPAHCTB, CBS3aHHble C KOMIAKTHOCTbIO
(monHast orpaHHYEHHOCTH, cenapabesNbHOCThb, MPOCTPAHCTBA HENPEPHIBHBIX
(GyHKIMH U Teopema Apuesa), GyAyT pacCMOTpeHbl B JajibHeHIIeM, ITIpH
U3y4eHUU OOLIero IMOHATHUS KOMIIAKTHOCTH [Js TOINOJOTHYeCKHX Mpo-
cTpaHcTB. To 2Ke OTHOCHTCS K MOHATHIO 6a3bl U aKCHOMaM CUYETHOCTH.

§ 5. 3agauu oIS CaMOCTOSITEJbHOTO pelIeHs

Sanaua 0. OTBeTHUTb Ha BOMPOCH B TEKCTE.

3anauya 1. MHOXeCTBO B MeTPUYECKOM MPOCTPAHCTBE Ha3bIBaeTCs
OrPaHHUYEHHBIM, €CJIM CYLLECTBYeT LIap, B KOTOPOM OHO LI€JHKOM CONEPXKHUT-
csi. AHasoruyHoe ompenesieHre (GOPMYJIUPYeTCcsl AJIsT OC/eN0BATENbHOCTH.
JlokaszaTb, 4TO BCSIKasi CXOASIIIASICS TTOCTEN0BATENbHOCTh OTPaHUYeHa.
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Sagaua 2. JlokasaTb, 4TO €CJH X, — &, TO U BCsIKasg €€ MOAIoce-
JIOBAaTeJbHOCTb CXOIHUTCS K .

3agaua 3. 1) Ilyers {x,} — ¢yHrameHTanbHas MoC/e10BATE N b-
HOCTb B METPUYECKOM MPOCTpaHCTBe M ¥ HM3BECTHO, YTO HEKOTOpasi eé
MOAIMOC/IeI0BATENbHOCT CXOAUTCs K . JlokasaTb, uTo T, — .
2) Mycts {z,} — dyHIaMeHTabHAS MOCIEIOBATENBHOCTD B METPHUECKOM
npocTpaHcTBe M W HM3BECTHO, UTO HEKOTOpasi €é MOAMOCJeN0BATEbHOCTD
CXONHUTCS K X, a HeKoTopasi Apyras e€ MOINIMOC/Le0BaTEJbHOCTb CXOAUTCS
K y. Jlokasate, 4T0 £ =y U T, — .

Sanaua 4. Ilyete p(z,y) — MeTpHKa B HEKOTOPOM METPHYECKOM
npoctpaHctBe. [lokasarh, 4To TOraa

p(x,y)
1+ p(,y)

— TOXKEe MEeTPHKa, MPHUYEM KJACC CXOASALIMXCS MOC/eN0BaTeJbHOCTEH MpH
9THX [ABYX METPHKAX OAHH M TOT »Ke M Mpeles y Kaxkaod CXomsiied
N0CJIe[0BaTeJIbHOCTH He MEeHSeTCH.
Sapaua 5. dBasoTcsd U a) CKUMAOIUMHU, 6) HENPEPHIBHBIMU CJle-
yrou_me 0T06pa)KeHI/IH HpOCTpaHCTBa C10;1] B cebsi:

Pz, y) =

1) F(y foy
2) F( %Igsm §)y(&) dE;
3) F(y ) 5 [o y7(§) de?

3a/1aqa 6. JlokasaTb, 4To onepatop And(epeHLIHPOBaHUS HENPEPHI-
BeH Kak oro6paxenne us C'la;b] B Cla;b] (co cTaHmapTHBIM paccTOsIHEEM).
Bepno nu aHasornuHoe yTBepXKIeHHe IPU AeHCTBUHM H3 IOAMHOXKECTBA
HerpepsiBHO nH(depeHuupyeMbx GyHkuni mpocrpanctsa Cla;b] B mpo-
crpanctBo Cla; b]?

Sapaua 7. JlokasaTh CYLIeCTBOBaHHE U €IUHCTBEHHOCTb pelile-
Husd x € R ypaBHeHHUs

2z +sinx = 1.

Bynet /v 3T0 10Ka3aTeqbCTBO BepHBIM MpH noucke peienus 8 C? B Q7
Sanmaya 8. JlokasaTb, UTO eCJIH

sup E lai;| < 1,
7,*1
To 6eckoHeYHasi CUCTeMa ypaBHeHI/IfI
o0
T = E aijzvj—kbi, i=12,..
J=1

MMeeT elMHCTBEHHOe pelleHde ¥ = (T, Ty,...) € [' NpH BCAKOH (UKCHPO-
BanHoi b = (by, by, ...) € 11
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Sangaua 9*. Ilyetb Mg, k= 1,...,m, — cobGCTBeHHble 3HAUEHUS
MaTpulbl A, IpUuéM cpely HUX HeT eTHUHUUHOro. JloKasaTh, YTO MOCJEN0-
BaTeJibHble MPUOJIUKEHUS

Tp = A:En—l +y

cxopsitest K peutenno CJIAY (I — A)z = y npu J11060M HavyaJbHOM MpHU-
OJIMXKEeHUH TOTAA W TOJNBKO TOTZA, KOTAA Bce COOCTBEHHBIE 3HAUEHHS IO
MOJZYJII0 MeHblIle eIHHUIBL.

3anaua 10. Ha crone Ha kadenpe gexut kapra Mocksbl. JJokaszarts,
4TO €€ MOXKHO TPOTKHYTb WIFOJIKOH TaK, UTO TPOTKHYTash TOYKa Ha Kapre
GyIeT COOTBETCTBOBATh (B CMbICJIe KapTOrpapuyeckoro H3o6pakeHus) mpo-
TKHYTOH TOUKe Ha CTOJIE.

amgaua 11. JlaTb onpeneseHue npeaesa U HeMPepbIBHOCTH (DYHKLHH
CO 3HAYeHUsIMM B MeTpuuyeckoM mnpoctpaHctBe (F: R — M) u nokasatb
IJs 3TOro caydasi (ecau mpocTtpaHcTBo M mogHo) Kputepuil Kown cyue-
CTBOBaHHUe Mpefiesia GYHKUUH B Touke ty € R.

Sanaua 12. CdopmynaupoBaTh U J0Ka3aTb yTBEpXKIeHHE O Hempe-
PBIBHOCTH KOMIIO3HLIMH HEMpephiBHbIX (PYHKLHH.

3anaua 13%. [lokasarb, 4TO B MOJHOM METPHUYECKOM NPOCTPAHCTBE
CUETHOE MepeceyeHue BCIOY MIOTHBIX OTKPBITHIX MHOXKECTB BCIOAY TJIOTHO.

3anauya 14. [okasarb, uto B mpocTtpaHcTBe R™ mnepecedeHue BJIO-
JKEHHBIX HEMYCTBIX OrPaHUYEHHBIX 3aMKHYTBIX MHOXKECTB BCETLa HEMYCTO
(He3aBHCHMO OT CTPEMJIEHHS WX AMAMETPOB K HYJIO).

Samavya 15. Byayr .u pnaHHbBle YCJIOBHsSI PaBHOCHJBHBI YCJOBHIO
HeMpepbIBHOCTH 0TOOpaKeHUst (BCIOAY):
1) npoo6pas 06oro 3aMKHYTOI0 MHOXKECTBA 3aMKHYT;
2) o6pa3 J060ro OTKPEITOrO MHOXKECTBA OTKPHIT?

Samaua 16%*. Beectu Ha unrepsane (—1;1) merpuky (paccrosiHue)
TakUM 00pa3oM, 4TOObl OH CTaJj MOJHBIM METPHYECKHUM [IPOCTPAHCTBOM.

3anaua 17. JlokasaTb, 4TO MHOXECTBO OrpPaHHUUYEHHBIX (YHKIHH,
IeHCTBYIOIMX M3 METPHYECKOro mnpoctpaHcTBa M| B MeTpHUUecKoe TMpo-
cTpaHCcTBO My, ¢ Sup-paccTossHHEM CaMo eCTb MeTPHUeCcKOe IPOCTPaHCTBO,
NPUYEM B cjydae TOJMHOTH My OHO MOJIHO.

3apaua 18. [lokasaTb, YTO MHOXECTBO OIPaHHUYEHHBIX HETPepbIB-
HBIX (YHKUMH, AeACTBYIOLMX H3 MeTpHUUecKoro mpocrpaHctsa M B MeT-
puyecKoe MPoCTPaHCTBO Moy, ¢ SUp-pacCTOSIHHEM CaMO eCTb MeTpHYecKoe
NPOCTPAHCTBO, MPHYEM B Ciydyae NMOJHOTH My OHO TOJIHO.



Cemunap-Jlekuus 6

TOIIOJIOTUYECKHE ITPOCTPAHCTBA.
OBCY2XKJEHHE

§ 1. OTKpbITBIE MHOMXKECTBA U OKPECTHOCTH

YCTaHOBHM CHayaJsia OfHO TPOCTOE, HO BaKHOe YTBepXKAEHHE, JeMOH-
cTpUpyiollee TO oOlLlee, YTO €CTb y MOHATHS OTKPBITOIO MHOXKECTBA B
TOIOJIOTHYECKOM NPOCTPAHCTBE U €ro YaCTHOrO Cayyash — OTKPBITOIO MHO-
JKECTBA B METPHUUECKOM IMpocTpaHcTBe. HamoMHUM TOJMBKO Tpexkie, 4To B
TOIIOJIOTUYECKOM IPOCTPAHCTBE OTKPBITHIMH HAa3bIBAIOTCH B TOYHOCTH
T€ MHOXECTBa, KOTOPbIe BXOSAT B TOIOJIOTHIO.

Teopema 0. Jas moeo umober mHoxiecmso A 8 monosozuueckom
npocmparcmee 6vi10 OMKPbIMbIM, HE0bX00UMO U 0OCMAamouHo, 4mobol
OHO €O0epHanso oKpecmrocms Kaxcoot ceoetli mouKu.

JlokazaTenbCcTBO.

Heo6xonuMocTh OueBHIHA: OTKPBITOE MHOXKECTBO CaMO SIBJSETCSs
OKPECTHOCTbIO /060N CBOEH TOUKH U COHEPXKUT caMoro cebsi Kak MOAMHO-
)KecTBO. JI0CTaTOUHOCTh TOXKE [NOKA3bIBAeTCsl MPOCTO: eCJM MHOXKecTBO A
BMecTe C JIl060H CBOeH TOUKOH CONEp:KUT HEKOTOPYI0 €€ OKPecTHOCTb, TO
OHO fABJsETCS 00beIUHEHHEM 3THX OKPECTHOCTEH, a MOCKOJbKY OHH CYTb
OTKPBITblE MHOXKECTBA, TO ¥ MHOXKECTBO A OTKPHITO.

Teopema nokaszaHa.

3ameuanue 1. MHorma npuMeHsieTCss HECKOJBKO Apyrasi TEPMHHO-
JIOTHs1, 8 HMEHHO OKPEeCTHOCTbIO TOUKH T HA3blBaeTcs J11000e MHOXKECTBO A,
colepxKalllee HEKOTOpOe OTKpbIToe MHOXecTBO (), comepiKalllee TOUKY .
Hama e oKpecTHOCTb B 3TOM CJjydyae Ha3blBaeTCs OTKPBITOH OKPECTHO-
cTbio. (BynbTe BHUMATENbHBI IPH UT€HUH KHUT!) MBI 3TOH TepMUHOJOTHEH,
Mo KpalHeH Mepe B AaHHOH JIEKLIMH MOJb30BaThCs He OyaeM.

§ 2. basa Tonojorun

Hanomuum, uTo Takoe 6a3a TOMOJIOTHH.

Onpepenenue 1. [lycme T = (X,7) — Hexkomopoe monosozu-
yeckoe npocmparcmeo. Cemelicmso e2o noomwoxcecms B Ha3vieaemcs
6a30Lll monoioeul T, ecAu:

1) B C 7, m. e. 6a3a cocmoum mMoAbKO U3 OMKPLLIMbLX MHONECMS,
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2) aroboe omkpuimoe mHONCecmeo npedcmasumo 8 sude 06veduHeHUs
HeKomopoti nodcucmemol MHOMcecms u3 B.

3ameuaHnue 2. OTMeTHM cpasy, 4TO ITOCKOJbKY TOMoJOrUs (T. e.
CUCTeMa MOAMHOXECTB 7 MHOXKecTBa X ) 3aMKHyTa OTHOCHUTEJbHO MPOU3-
BOJIbHBIX O0OBbeAMHEHHUH, TO MOXKHO YTBEpPXKIAaTh, 4TO J00O0e 00beIUHEeHHe
MHOXeCTB U3 6a3bl SBJASETCS OTKPBITHIM (BXOAHT B TOMOJIOTHIO).

3ameuaHue 3. B mMeTpHueckoM NPOCTPAHCTBE C eCTECTBEHHOH TO-
TOJIOTHEH (T. €. TOMOJIOTHEH, COCTOsIIed B TOUHOCTH W3 BCEX OTKPHITHIX B
CMbICJIE METPHUYECKOTO MPOCTPAHCTBA MHOXKECTB) B KauecTBe 0as3bl MOXKHO
BIOpaTh BCe Iiapbl (IPOU3BOJBHOTO pagHyca).

Mper He OyzmeM [0Ka3biBaTh 3TOT (DAaKT HEMOCPEACTBEHHO, MOTOMY 4YTO
oH Oygmer cjenoBaTb K3 OOILLEro KPUTEpHsl TOTrO, SIBJASETCS JHM [aHHOEe
ceMeHCTBO MHOXecTB 0a30l AaHHOH TOMOJIOTMH. DTOT KpUTepuil OymeT
ycTaHoBJieH B TeopeMe 2. [Ipexkne Mbl yCTAaHOBHM YCJIOBHE, HEOOXOAUMOE
U J0CTaTOYHOE MJisi TOTO, UTOObI paccMaTPUBaeMOe CEMEHCTBO MHOXECTB
BOOOIIe MOIJIO ObITh 6a30# (HEKOTOPOH, He 00s3aTebHO MCXOMHOK) TOMO-
JIOTHH.

Teopema 1. Paccmompum uenycmoe cemeiicmeo G = {G,} noo-
mHoxMcecms Henycmozo mHosxcecmea X. Ono asasemcsa 6a30i nekomopot
monoiocuu moz2da U moAbKo moz0da, K020a BbiNOAHEHbL CAedyroujue
YCcA08US:

1) Oasa aroboilt mouku x € X naiidémes G € G makoe, umo x € G,
2) 0as aw0boix 08yx muoamcecms G, Gy € G u aroboii mouku x € Gy N Ge
Hatioémes muoxcecmso Gz € G makoe, umo x € Gz C G1 N Go.

JlokaszaTenbCTBO.

1. YcraHOBUM CHaya/sa HEOOXOAUMOCTb C(HOPMYJIHPOBAHHBEIX YCJIOBHH.

O B camom pese, ycioBue 1) o3HayaeT TOT (PaKT, YTO BCE MHOXKECTBO-
HocuTesnb X, GyAy4yd OTKPBITHIM MHOXKecTBOM B 1, MpeNcTaBUMO B BH[E
00beIUHEeHUs] HEKOTOPbIX MHOXKECTB U3 6asbl.

Jlnst mokaszaTesbCTBa 2) 3aMeTHM, YTO Jilo60e MHOXKECTBO M3 6asbl caMo
OTKPBITO, a MO3TOMY IepecedyeHHe ABYX TAKHMX MHOXKECTB CHOBA OTKPHITO
JIOJI2KHO ObITh MPENCTaBUMO B BHUJie 0ObeIMHEHHUS] HEKOTOPBIX MHOXECTB M3
6asbl. Cped 3TUX MOCJEAHUX M HAUAETCS TO, KOTOPOE CONEPKUT TOUKY &
(v mpu 3TOM, KOHeuHo, comepxkutcsi B G N Gg). X

2. Tenepb yCTaHOBUM HOCTATOYHOCTD.

O HwmenHo, mokaxeM, uTo Kaacc 7(G) BCEBO3MOXKHBIX O0bEIWHEHHH
MHOXECTB M3 CeMeHCTBa § YIOBJNETBOPSIIOT YCJOBHSIM, MPENbSBJASEMBIM K
TOMOJIOTHH, U u4TO G ecTh 6asa Tomosorud 7(G).

B camom pese, Bcé X comepxurcst B 7(G) B cuay yeqosus 1). Ilycroe
MHOXeCTBO TOXe (Kak 00beJUHeHHe MyCTOro ceMeicTBa MHOXKECTB U3 §G).

Hanee, o6benrHeHHe HEKOTOPOro CeMeHCTBa 0ObeAWHEHWH MHOXECTB
u3 G cHoBa OyneT oObeNHHEHHEM HEKOTOPOTO CeMeHCTBa MHOXKECTB U3 §.

UyTb cloxKHee ¢ KOHEUHBIM MepecedyeHueM. [10CTaTOYHO MPOBEPUTH AJis
nepeceuerust n1Byx MHoxkecTB. [Iyctb A = UGy, B = U,G,. Torna

ANB=U,3(GaNGg) (mposepbre!).
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Ho us ycnosus 2) crenyer, uto kaxupoe G, N Gg comepxurcs B 7(G)
(mpoBepbTe!). Temepb HANO JHIIb CHOBA MEPEHTH K 00beIHHEHHUIO.

OcraJsioch JHIb 3aMeTUTh, 4To G ecThb 6a3a Tomnosoruu 7(G). Hemocpen-
cTBeHHO Mo noctpoeruio 7(G) umeem: 1) G C 7(G); 2) m06oe MHOXKECTBO
u3 7(G) nmpencTaBUMo B Buje 0GbEeIHHEHHS] HEKOTOPHIX MHOXKeCTB U3 G. X

Teopema nokasaHa.

3ameuanue 4. HacroarejbHO peKOMeHAYeTCS IPOUJNIOCTPUPOBATD
yCJIOBUSI PUCYHKOM. To »Ke oTHOCHUTCS K TeopeMmam 2, 3, 3a.

Teopema 2. Jasa moeco umobs cucmema G C T b6vira 6a30ti 0aHHOU
monoiozuu T, HeobXxo0uUMO U 0OCMAMOUHO BbLNOAHEHUS YCA0BUS
3) Oas Kaxcdoco omkpvimoeo muoxcecmsa O u kaxcooil codepxcauierics
8 HéM mouku T Hatioémces mroxcecmso G, € G maroe, umo x € G, C O.

JlokazaTeJabCTBO.

1. HeiicTBuTesbHO, ecin G C 7 — 06asa TOMOJNOTHU T, TO OTKPHITOE
MHOXKecTBO () TMpEeACTaBUMO B BHME OObEJUHEHHS HEKOTOPbIX MHOXECTB
U3 G, OTKyla U Caenyer 3).

2. OG6paTHO, e€CJH BepHO 3), TO, OUEBHIHO, BCSIKOE MHOXECTBO M3
TOTOJIOTHH TPENCTaBUMO B BHAe 00beluHeHHs MHOXecTB U3 G. C npyro#
CTOPOHBI, MOCKONBKY G C 7 W TOMOJOrHsS 3aMKHYTa OTHOCHTEJNbHO MPO-
U3BOJIbHBIX OOBEIMHEHUH, «UyKHUX» (He BXOASLIUX B T) MHOXECTB CpPeIH
00belMHEeHUI MHOXeCTB U3 G He Oyner.

Teopema nokaszaHa.

Sameuanue 5. OOpaTuTe BHUMaHHe, YTO TPeGOBATH BBHIMOJHEHHS
ycaoBud 1), 2) He HYXHO: YCJOBHSI 3) TpH 3aJaHHOH TOMOJOTHH YXKe
JIOCTAaTOYHO, YTOOBl cucteMa G Oblia 6asoil (IpUuéM MMEHHO 3aJaHHOU
tonosioruu). Hampotus, Teopema 1 He TpebyeT NpeanBapHUTE/bHOTO BBele-
HUS TOTMOJIOTHH W TMO3BOJISIET MPOBEPUTh, MOXKET JIK CUCTeMa § MO3BOJIUTD
MOCTPOUThL TOMOJIOTHIO, TAe G siBjsiiack Obl 6a3oil. TakuM 06pa3om, poJb
3THUX TeopeM HeCKOJIbKO pa3J/nyHa.

Teneps Jierko BUAETH, YTO OTKPBITHIE LIAPbl POM3BOJBHBIX PagUyCOB
(umu pmaxke JMIOb OTKPBITHIE Wiaphl pamuycoB 1/n, n € N), o6pasyior
6asy B TPOHM3BOJIBLHOM METPHUECKOM IMpocTpaHcTBe. [Ipu 3TOM ycaoBue 3)
NPUMEHUTENBHO K METPUYECKHM MPOCTPAHCTBaM B cJjydae BeiGopa 6asbl
BCeX OTKPBITHIX IIAPOB €CTb He YTO HHOE, KaK ONpefleseHHe OTKPBITOro
MHOKECTBA B METPUUYECKOM MPOCTPAHCTBE.

Takum o6pasom, ecsau 6bl Mbl XOTeJH HauaTb H3JI0XKEHHE TEOPUU TO-
TIOJIOTHUECKUX TIPOCTPAHCTB B TOJHOH aHAJOTHH C TeOpUed MeTPHYECKHX,
HaMm Obl MPHUIILIOCH CHauaja 3aaTh 0asy, T. €. HEKOTOPOE CeMeHCTBO MOJ-
MHOKECTB, YIOBJETBOPSIOIINX yCaoBUsAM 1), 2), 3aTeM BBECTH MOHSTHE TO-
MOJIOTHH KaK CeMeHCTBa BCEBO3MOXKHBIX 0ObeIUHEHUI MHOXKECTB U3 0asbl,
a JiMUIb 3aTeM BBECTH KPUTepHi, C(hOPMYJUPOBAHHEIN B TeopeMe 2.
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§ 3. basa, sokanbHad 6a3a U (pyHIaMeHTaJIbHasl CUCTeMa
OKpecTHOCTel

[laBaiiTe HeCKOJIbKO «pa3BepHEM» Teopemy o PCO us sekuuu 5, chop-
MYJIUPOBAB €€ B BHJE HECKOJbKHUX yTBep:KIeHHH. OHH OyoyT MOJE3HbI B
KauyeCTBe KPUTEPHUEB TOTO, MOXKET JIM IaHHASI CUCTEMA MHOXKECTB ObITh (YH-
JAMeHTaJ/JbHOM CHUCTEMOH OKPECTHOCTEH U 3a1aBaTh TOIOJIOTHIO, UTO BaXKHO,
T. K. 4aCTO TOMNOJIOTHIO MPOLLe 33a4aTh UMEHHO B TePMHHAX OKPeCTHOCTeH
(a He 6asbl ¥ TeM 0oJjiee He BCEH TOMOJIOTHH).

Teopema 3. Mwnosecmeo oxkpecmuocmeti T, kaxndol mouku x
monoaoeuueckoeo npocmparncmea T = (T,7) obaradaem caedyrowumu
ceoticmeamu:

1) 7, nenycmo u ecau U € 15, mo x € U,

2) ecau U,V € 1,, mo cyujecmsyem nexomopas okpecmuocmo W € 1,
makas, umo W CcUNV,

3) ecau U € 75, mo Oas xamdoco y € U wnaiidémeca V € 1, maxoe,
umo V C U.

JlokazatenbcTBo. CBo#icTBO 1) TpuBHasbHO, T. K. X € 75, a
J1060e MHOXKECTBO M3 CHCTEMBI T, CONEPXKHUT TOYKY & MPOCTO IO OIpe-
neJieHuIo T,. CBOHCTBO 2) NOKa3aThb He MeHee MPOCTO: JOCTATOUHO B3STh
B kayectBe W camo U N V: 04eBHUAHO, YTO 3TO MHOXKECTBO OTKPBITO U
CONEP>KUT TOUKY T W MO3TOMY TPUHAMJIEXHUT T,. HakoHel, B 3) B KauecTBe
V' moxHO mosnoxute camo U, Benb Mo ycjaoBHio U OTKPBITO U COOEPNKHUT
TOUKY Y.

Teopema nokaszaHa.

Opnnako ropasno 6oJsee CyIIeCTBEHHO, YTO Te XK€ CBOHCTBA BBINOJHAIOT-
csl He TOJIBKO JJIsi CEMEeHCTB BCeX OKPECTHOCTEH 7,, HO M JJIS JIOKAJbHBIX
6as v,.

Teopema 3a. Jlokasvran 6asa okpecmuocmeti v, Kaxcoot mou-
ku x monoaoeuueckoeo npocmparcmea T = (T, T) obradaem credyrouiu-
Mu ceoticmeamu:

1) v, nenycmo u ecau U € v,, mo x € U,

2) ecau U,V € v,, mo cyuiecmsyem Hekomopas okpecmrnocmo W € v,
makas, umo W CcUNV,

3) ecau U € vy, mo Onn xasmdoco y € U naiidémes V € v, maxoe,
umo V C U.

JoxaszartenbcTBOo. YTBepXKaeHue x € U mno-npexxHeMy TPHBHAJb-
Ho. Jlanee, 4yToObl HOKa3aTb HEMYCTOTY Vg, BO3bMEM cHadasa X € 7,, a
TOTZA MO OTpeleNeHuIo v, Halaétcs HekoTopoe V € v, (V C X). CBoiicTBO
2) ne menee mpocto: U NV € 7, U CHOBa MO OMNpeNeEHUI0 JIOKAJIbHOH
6a3pl Hahpércsi comepxkamasics B U NV okpectHocTh W U3 soKasbHON
6asbl. Ta ke umes paGoTaer B 3): B MPOIILJIOM [I0Ka3aTeJNbCTBE yXkKe 3a-
meTunu, 4to U € 7,, HO Toraa HaWa€rcs oKpecTHOCTb V' € v, TOUYKH ¥,
conep:xaascs B U.

Teopema nmokaszaHa.
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Haxkownen, BepHa cienyroas BaxkHasi

Teopema 4. Ecau 6 Kancdoti mouke x € X 3adan Kiacc v, noo-
mHoocecms muoscecmsa X u cemeiicmso {v, | x € X} yoossemsopsem
ceoiicmsam 1)—3) us meopemor 3a, mo na X cyujecmeyem eOuHcmeer-
HQs MONOAOSUS T, 8 KOMOPOLL KAACCHL Vy SBASIOMCS AOKAAbHbIMU 6a3a-
mu. Ilpu amom cosokynnocme UycxV, f6asemcs 6a3oti amoti monoao-
euu.

Teopema QaxkTHyecky A0Ka3aHa Ha JEKLUHH 5. PekoMeHayeTcsi eé «Ie-
pemoKasath» C MCIOJb30BaHHEM TeopeM 1, 2.

Temepb Mbl MOXKeM 3afaBaTb TOMOJIOTHIO B IPOCTPAHCTBE C [IOMOLIbIO
®CO, t. e. dakTUUeCKH MPOCTO 3aaB Ga3bl OKPECTHOCTEH MAJIsi KaXKIOoH
TOUKH NpocTpaHcTBa. Hano JuIib NpoBepUTh, UTO 3TH 6a3bl YIOBJAETBOPSIOT
YCJIOBUSIM TeopeMbl 4 (T. e. BbINOJIHEHB CBOHCTBA 1)—3) U3 TeopeMbl 3).

§ 4. IlepBasa akcuoma cuétHoctu. Kontpnpumep

Teopema 5. Mycme T = (X,7) — monosoeuueckoe npocmpar-
cmeo. Ilycmv A — npoussosvroe Henycmoe e20 noOmHoscecmso. [loao-
UM

Ta={VNA|V et}

Toeda (A, T4) — monoaoeuueckoe npocmparcmeo.

(ITpoBepuTh caMOCTOSITENBHO, UTO JJISi T4 BBHITIOJHEHBI aKCHOMBI TOMO-
JIOTHH.)

[ITPUMEP 1. Heckonbko MomuduuupyeM NpUMep, pacCMOTPEHHbIH
Ha Jekuuu 5. MmenHo, nycte B(X) — mpocTpaHCTBO BCeX OrpaHHYEHHBIX
QyHKUME Ha MeTpHueckoM mpoctpaHcTBe X, rie, Hanpumep, X = [0; 1].
[TpoBepuM, YTO OKPECTHOCTH, OMHUCAHHbIE B TIpUMepe 4 JeKUUH 5, NeHCTBU-
TEeJIbHO YIOBJIETBOPSIOT ycJaoBUAM 1)—3).

O YecsoBue 1) mpoBepsieTcst TPUBHANBHO. YCJIOBHE 2) — TOXKE MPOCTO,
TIOTOMY YTO MOXKHO B3SITb

nv -

Vx,tl,A.A,tn,ﬂ,mtwm,min(sl,62) - vatlv-wtnvfl T, stm €2

(mpoBepuTh yKazaHHoe BioxkeHMe!). Hakonen, ecnu y € Vi, ¢, 2, TO
Vytritns C Vaititne

npu § =€ —max,_t |y(t;) — x(t;)]. W

3aMeTHM KCTaTH, YTO TaKoe MPOCTPAHCTBO He YIOBJETBOPSIET MEPBOH
aKCHOMe CYETHOCTH (a cJiefoBaTesIbHO, U BTOPOH).

O B camoM JeJsie, ecid HaM yoajoch MPeACTaBUTb 0a3y OKPECTHOCTeH
HEKOTOPOH (QyHKUMK Z(t) B BUe MOCJIELOBATENbHOCTH, TO MBI MIOJYYHM He
Gosiee yeM cuéTHoe MHOXKecTBO 1’ (Kak o0bequHHeHHe CUETHOrO ceMeHCTBa
KOHeUHBIX MHOXXECTB) TOUYEK t;, BXOASAIIMX B OMpeJe/]eHHs] STUX OKPECTHO-
credl. Bosbmém Teneps HekoTopoe ¢ € [0; 1], He Bxomsiwee B 1. Tloctponm
OKPECTHOCTb
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U y6enuMmcs, UTO HET HU OJHOH OKPECTHOCTH W3 Hallled MOCJ/eN0BaTesbHO-
CTH, BJoXKeHHOH B V. B camom nmese, KkakoBa 6Bl HU OblJla OKPECTHOCTD

Vm,tl,...,tn,sv (41)

Ha#inéres opyHkuus y(t) € B(X), otiuvarowasics ot x(t) B Touke t; Gosee
ueM Ha € W MO3TOMY He momnajatpouias B (4.1), Ho coBmanawomas ¢ z(t) B
TOYKe t U nosToMmy nonagawoiias B V. Takum o6pasom,

Vm,tl,.u,tn,e ¢ V.

3aMmeuaHue 6. BupHo, uTO CyIIeCTBEHHO HCIOJ/b30BaJach
HeCYETHOCTb 00sacTH onpenenenus GyHkuui. Haue paccyxneHue He mpo-
110 Obl, ecau 06l X OblJI0 He 6oJiee yeM CUETHO.

Tenepb 3amerum, yto B HauweMm mnpumepe C[0; 1] C B0; 1], moatomy,
NO/b3YsICh MOHSAATHEM OTHOCUTEJNBHOH TOMOJIOTHM, Mbl «OeCIIaTHO» MOJY-
YyaeM, UTO BBeNEHHAs C TOMOLIbI0 YKAa3aHHBIX OKPECTHOCTEH TOTOJOTHS
MOXKeT ObITb Cy»KeHa Ha MPOCTPAHCTBO HENPepBIBHBIX (QYHKUHMHA. Takum
o6pasom, A/ caydasi KOMNakTHOro X Mbl aBTOMaTHYeCKH A0Ka3asH, 4To
NPUBENEHHBIH B JIEKUMHW D NPHUMep OKPECTHOCTEH NEHUCTBUTENBHO 3aJaéT
Tomosiorkio. Brpodem, BeimosHeHHYH Hamu s B(X) mpoBepKy MOXKHO
OBIIO CTOJIb K€ HerocpeAcTBeHHO npoBectd # ais C(X).

§ 5. 3ambIKaHue ¥ BHYTPEHHOCTh

[TIPUMEP 2. llpuBeném omuH U3 GOJBLIOrO KOJHYECTBA «CTpPaH-
HBIX» TPUMEPOB, MOKa3bIBAIOIIMX, HACKOIBLKO OCTOPOXKHO CJeyeT oOpa-
aThCs C MOHATHUSIMM 3aMBIKaHHS, BHYTPEHHOCTH, TPaHHLBI H T. II. JaKe B
MeTpPHYeCKOM MpocTpaHcTBe. [IycTh paccMarpuBaercss mpocTpaHcTBo M =
= [0;1] co cranmaprHoit merpukoi, A = [0;1] \ Q. Torna A sBasercs
COOCTBEHHBIM IOIMHOKECTBOM CBOEll rpaHulbl, T. €. b(A) D Al

§ 6. IlepeceueHue TomoJsioruu

[Tlycte X — HekoTopoe NpocTpaHCTBO-HOCHTesb. [Ipeamosiokum, Ha
HEM 3a/1aHO HEKOTOPOE CeMEeHCTBO TOMoJIOTHi {7, | a € A}. Jlerko BugeTs,
4T0 nepeceuenue 406020 cemelicmea monoro2uli

7= 7 ACA

acA’

moace seasemcs monosoeueil (803MOHCHO, AHMUOUCKPEMHOLL).
O

1. B camom aeJie, MycToe MHOXKECTBO U Bcé X BXOIOAT BO BCe Irepece-
KaeMbl€ TOIIOJIOTHUH, a4 TTIO3TOMY U B T.
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2. Nlanee, ecau cemefictBo MHOkecTB {Gg | f € B} BXomuT B T, TO
OHO — MO ONpeJeJIeHNIO TepecedeHHss — 00513aHO BXOAHUTh B KaxKAYIO H3
TOMOJIOTHH To, o € A'.

3. Ho mockoneky mio6asi TONOJOrHs 3aMKHYTa OTHOCHTEJBHO IIPOU3-
BOJIbHBIX OObeNHHEHHH M KOHEUYHBIX IepecedyeHHd, To Bce To, o € A', a
C HUMH M HUX IepecedyeHHe 7, comepkaT UgecpGg, mpuuém ecan B —
KOHEYHOe MHOMKECTBO HHJIEKCOB, TO TO K& BepHO M JJIs NepecedeHHs N
NgepGp. X

§ 7. 3agauu ns CaMOCTOSITEJbHOTO pelIeHus

3apaya 0. OTBeTUTb Ha BONPOCH 10 XOAY TeKCTa.

3agaua 1. Ilyets X = {0;1}, 7 = {@,{0}, X}. IIposepursb, uto
(X, T) — TOmOJIOTHYECKOE TPOCTPAHCTBO. BEIMOMHEHA JH B HEM akCHOMA
otnenumoctu Xaycuopda?

Ganaua 2. Ilyctb X — HeKOTOpOe HECUETHOE MHOXKECTBO, Harpu-
Mep X = [0; 1]. OGbSIBUM B HEM OTKPBITBIMH:

a) Bce He GoJiee YeM CUETHBIE MHOXKECTBA M caMo X

6) mycToe MHOXKeCTBO W MHOXeCTBa, JONOJHEHHS] KOTOPBIX He GoJsiee yeM
CUETHBI.

BynyT nu Takue omnpefesieHHsi KOPPEKTHBHIME (yIOBJIETBOPSIIOLIUMU aKCHO-
MaM TomoJiorud)? Ecau ga, TO BBISICHUTb, YIOBJETBOPSIIOT JIK TaKHe Mpo-
CTpPaHCTBA aKCHOMe OTAeNHMOCTH Xaycnopda.

Samaua 3. Ilyers Ty = (X, 71), Ty = (X, 79) — ABa TOMONOTHYECKHX
NpocTpaHcTBa ¢ OOMIMM HOCHTesqeM X, TPHUEM TOMOJIOTHS To CHJIbHEe
(ToHblie) Tomosorku 7. Kakoe U3 BIOKEHHWH B 3TOM C/ydae HENpPEPHIBHO:
T, B Ty unu Hao60pOT?

3anaua 4. [lpoBeputh, uTo nepeceyeHre MNpoo6pPa3oB ecTh Mpoodpas
nepeceueHuss, ¥ TO ke AJs oObennHenui. Mmenuo, nycts f: X — Y —
oTobpaxeHue ¢ 06/1acTbi0 onpenesneHdss X ¥ MHOXKECTBOM 3HaueHHH Y (He
06si3aTe/IbHO B3aMMHO ofiHo3HauHoe). [Ipootpasom f~!(A) muoxectBa A C
C Y B 3TOM cjyuae Ha3blBaeTCsi MHOXKECTBO BceX Tex x € X, HJsi KOTO-
peix f(z) € A. Torna

f_l (U’YEFA’Y) = U’Yerf_l(A’Y)7 f_l (m’YEFA’Y) = ﬂ’YeFf_l(A’Y>'

Samaua 5. (Ilpomonxenue.) HazoBém mpooGpasom cucremer o
TIOIMHOXKECTB MHOXKeCTBa Y COBOKYITHOCTb BCeX NP006pa3oB MHOXKECTB U3
cucremnl o: f~1(o) = {f~1(A) | A € o}. IIpoBeputs, uto mpoo6pas ToMO-
JIOTHH Ha Y ecTb TomoJiorus Ha X (KOHEYHO, He 00si3aTeJIbHO HCXOIHAS,
ecau Ha X yxke Oblja BBeE€HA TOTMOJIOTHS).

Sanaua 6. ([Ipomonxenue.) ChopmyaupoBaTb ycjaoBue Hempe-
peiBHOCTH oToOpaxkeHusi f : X — Y (no Kowu) B TepMHHAX CpaBHEHHS
TOIOJIOTHH.

3agauya 7%*. JlokazaTb, 4YTO B TOIMOJIOTHUECKOM TMPOCTPaHCTBe 1 CO
CUETHOM 6a30i U3 J0O0ro MOKPBEITHUS MPOCTPAHCTBA MOXKHO H3BJeuUb He
6oJiee 4eM CUETHOE MOANOKPHITHE.




7. 3adauu Ors camocmoamenrbHo20 peulerus 81

3anaua 8. Ilpunymare Tomosoruio 7 Ha R, 15 KOTOPO#H TOMOJIOTH-
yeckoe npoctpancTBo (R, 7) KOMIAKTHO.

Sanaua 9*. Ilpugymars TomoJjioruio Ha R, B KOTOPOU 00beqHUHEHHE
JIIOOBIX OTKPBITBIX MHOXKECTB 3aMKHYTO.

Samaua 10. IlpuBectdt mpuMep TOMOJOTHUECKOTO (BO3MOXKHO, MET-
pHYECKOro) MPOCTpaHCTBA U MHOXKecTBa A B HEM Takoro, uto A siBjsercs
COOCTBEHHBIM MOIMHOXKECTBOM BHYTPEHHOCTH CBO€H rpaHHIbI!

3angaua 11. [lokasaTb, YTO MPOCTPAHCTBO, HE YIOBJETBOPSIOLIEE
aKCHOMe OTHeJMMMOCTH Xaycnopda, He SIBJASETCS MeTPHU3yeMbIM.

Ganaua 12. [lokasaTb, 4TO MPOCTPAHCTBO, HEe YAOBJeTBopsiollee I
aKCHOMe CUYETHOCTH, He SIBJSETCS METPHU3YEMBIM.

3apgaua 13. [lpuBectu npuMep MeTPUUECKOTO NPOCTPAHCTBA, He yIO-
BJeTBOpstolero Il akcuome c4éTHOCTH.

Samauya 14*. HaMm usBecTHbI CjefyoliHe CBOHCTBA 3aMblKaHUs (Te-
nepb HE TOJNBKO B METPUYECKOM, HO H B MPOU3BOJBLHOM TOMOJOTHYECKOM
NPOCTPAHCTBE):

4) AUB=AUB.
JlokazaTb, YTO MOXKHO OIpPENE/NHUTh TOMOJIOTHIO UCXO/sl U3 OMepalrd 3aMbl-
kanusa. MMenHo, ecan aaa HemycToro MHOxkecTBa X JaHO OTOOpakeHHe

: P(X) — P(X) (cqioBamu: orepauusi U3 CeMeiCTBa BCEX MOAMHOMXKECTB
MHOXecTBa A B 3TO ke CeMeHCTBO MOAMHOXECTB) H OHO YIOBJETBOPSET
ycaoBusaM 1)—4), To MOXKHO OOBSIBUTh 3aMKHYTHIMH Bce MHOxecTBa A C
C X, nns koropeix A = A, UX [IOMOJHEHHS] — OTKPBITHIMH, W TOrAA MJisl
CeMeHCTBa OTKPBITHIX MHOXECTB GyAYT BBIMIOJHEHBl BCE aKCHOMBI TOMOJO-
ruu. (Ilpenocrepexkenue. He 3abynbTe MpoBepuTh HaslHuHe B TOMOJIOTHH
Bcero X M MYCTOTO MHOXECTBA.)
Takum o6pasoM, Mbl oy emié onuH (momumo 6assl © PCO) «KoCBeH-
HbIH» croco6 3a4aHus TOMOJIOTHH B TPOCTPAHCTBRE.

Samaua 15*%. (IIponoanxenwue.) [lokazaTh, 4To OT ycC/aOBUs 3)
HeJb3si 0TKa3aThCsl (He BCe aKCHOMBI TOMOJIOTMH OYAYT BBITIOJNHEHBI).

Samaua 16. [lokasaTh, 4YTO MPH BBIMOJHEHUU aKCHOMbI OTIEJUMOCTH
Xaycnopda BHIMOJHSAETCS ¥ Oojiee cjaboe YCJ0BHe OTAEIMMOCTH (Ha30BEM
ero 11): yo6bie 2 pa3jHuHble TOUKH MPOCTPAHCTBA UMEIOT OKPECTHOCTH, HE
colepxKaliie BTOPYIO TOYKY W3 Maphl.

3anaga 17*. JloxasaTb, 4To ycjoBHe 1] B TOYHOCTH PaBHOCHJBbHO
YCJIOBHIO 3aMKHYTOCTH BCeX KOHEUYHBIX MOAMHOXKECTB X .

3apgaua 18%*. JlokaszaTh, UTO B NPOCTPAHCTBE, YAOBJIETBOPSIOLIEM
ycoBuio T (B 4aCTHOCTH, B IPOCTPAHCTBE, YIOBJETBOPSIIOIEM aKCHOME OT-
nenuMocTtd Xaycmopda), Touka x SIBJASETCS MPeAeSbHON A5 MHOXKecTBa M
TOrJa W TOJBKO TOTNA, KOraa Ji06asi OKPeCTHOCTb COMEPXKUT GecKOHEeYHO
MHOTO TOYeK u3 M.
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3anaua 19. [okasarb, 4TO B NPOCTPAHCTBE, YIOBJETBOPsiolieM I
aKCHOMe CYETHOCTH, MOXKHO BBHIOpaTh CUéTHyI0 JokanabHylo 6asy {Oy.}
KaXKI0H TOUKH Z TaK, 9T0 Oy 1 D Oy0 D ...

Samaua 20*. ([Ipomonxenwne.) [lokazarb, 4TO B MPOCTPaH-
CTBe, yHOBJeTBOpsitolleM | akcrome c4éTHOCTH (a c/ef0BaTebHO, B JIOOOM
MEeTPHYECKOM MPOCTPAHCTBE), TOUKA T SIBJASETCS NpPeleNbHON HJIsi MHOXKe-
cTBa M ToOrma W TOJNBKO TOTJA, KOTJAA CYLIECTBYET MOCJEN0BATEJbHOCTD
ToueK U3 M, OTIMYHBIX OT X, CXOAsllasics K .

Sanaua 21. [logo6HO TOMYy Kak 3aMblKaHWe MPOU3BOJBHOTO MHO-
)ectBa A B METPUYECKOM HJIM TOMOJOTHUECKOM MPOCTPAHCTBE MOXKHO
OMpefeUTh KaK HauMeHbllee (IO BKJ/IOUEHHIO) 3aMKHYTOe MHOXeCTBO,
comepxallee A, T. e. MONPOCTY NepeceyeHHe BCeX 3aMKHYTHIX MHOXECTB,
conmepxkalux A (XoTs Obl OfHO Takoe MHOXKeCTBO — X — CyILIeCTBYeT),
NOoLOGHO TOMY Kak AJisl MPOU3BOJILHOH CHCTEMbl 0 MOAMHOXKECTB NAHHOTO
MHO2KECTBA MOXKHO OINPEAEJUTb HAMMeHbIIee KOJbLO MHOXKECTB, COIEp-
JKalllee BCe MHOXKECTBA CHCTeMBl o (CM. JIEKUHIO 2a W 3afadd K HeMmy),
MOXKHO MOCTPOMTb W HAUMEHBIIYIO TOMOJIOTHIO, COMEPIKALIYI0 COBEpLIEHHO
TIPOH3BOJIbHYIO CHCTEMY MOAMHOXECTB ¢ HemycToro MHoxectBa X. Ilpo-
BeCTH CoOoTBeTcTBYMWIlee paccyxneHue. ([Ipemoctepexkenue. He 3abynbre
TPOBEPHUTh HEMYCTOTY TOTO KJacca TOMOJOTHH, KOTOPBIH BO3HHKHET B JIO-
Ka3aTeJbCTBe.)

Samaua 22%*. Ilycte A, B — HEKOTOphIE MOAMHOMXKECTBA TOMOJIOIH-
yeckoro npoctpancta 1. [lycTb nepeceyenne A N B HemycTo.

1) MoxHO i1 yTBepKaaTh, uTo 00beanHeHue A U B cBA3HO?

2) Kakoe yc/ioBHe Hafio 100aBHUTh, UTOOB 3TO 00beIHHEHHE OBIIO CBSIZHO?
(MuoxectBo C' B TOMOJIOTHYECKOM MPOCTPAHCTBE HA3BIBAETCS CBSI3HBIM,
€CJIH OHO CBSI3HO KaK TOMOJIOTMYECKOEe MPOCTPAHCTBO B OTHOCHTEJbHOH
TOMOJIOTUH T¢, T. €. €CJU T¢ He CONEPXKUT APYTHX OTKPBITO-3aMKHYTBIX
MHOXecTB, KpoMe & u C')




Cemunap-Jlekuus 7

HATIPABJIEHHOCTH. OBCY2XKJIEHHE

§ 1. YacTuuHblii NOPSII0K

Onpenenenue 1. losopam, umo Ha mwuoxucecmee X 3adaHo
OmMHOUWleHUEe YacmuyuHo2o nopadka, eciu 0as Hekomopuix nap (x,y)
aremenmos mHoxcecmea X cKa3aHo, 4mo T <K Y, NPUUEM BbLNOAHEHbL
caedyroujue Yycaosus:

1) Ve € X = <z (pegrexcusrocmy),
Q) Vr,ye X (x <y, y<x =z =y) (anmucummempuu-ocmy);
) Vr,y,z€ X (x <y, y<z=1x<z) (mpansumusrnocms).

Sameuanue 1.

1. ToBOpPAT 0 YacTHUHOM MOPSAKE, IOTOMY YTO He 0053aTeJsbHO JI00ble
IBa 3JeMeHTa x,Yy € R cpaBHUMBI, T. €. He 1J5 Ka)KIOH Napbl 3/7eMeHTOB
x,y € R BepHO X0Ts 6Bl OOHO M3 COOTHOWIEHWH = < Y, ¥y < . Ecim B R
CPaBHMMBI BCe Maphbl 3JEMEHTOB, TO TAKOE OTHOIIEHHE MOPsSiAiKa Ha3blBaeTcs
JIMHEHHBIM nopsiikoM. O4eBUIHO, JIUHEHHBIN TOPSIOK TpeNCTaBJsieT co60u
YaCTHBIA CJAydyall 4aCTUYHOTO MOPSAKA.

2. B panpHefilieM 06e3 BCSKMX OrOBOPOK OyleM yHnoTpebssiTh
3aMHChb Y > T B KaueCTBe CHHOHHMMA 3altcH T < Y.

3. MHorga roBopsT «r MeHbIIe y» W MHUYT «x < y», HMes B BHALY,
4To T < Y U IIPH 3TOM T # Y.

§ 2. IIpumepsni.

[TIPUMEP 1. MHoXeCTBO HaTypaJsbHbIX YHcCeJ C OOBIUHBIM MOPSi[I-
KOM $IBJISIETCS YaCTHYHO (M [JaKe JIHHEHHO) yNOopsiiOUeHHBIM MHOXKECTBOM.

[TPUMEP 2. To xxe BepHO A5l MHOXKECTBa AeHCTBUTEJNbHBIX YHCEI.

[TIPUMEP 3. BBeném oTHOLIEHHEe YACTUUHOTO MOPSIAKA MEXy YUC-
JIOBBIMM (PYHKLHSIMH Ha HEKOTOPOM MHOxKecTBe X crenyroluM o6pasom:
f < g, ecau mpu Bcex x € X BepHO YKMCJIOBOE HEPaBEHCTBO (IOHHMaeMoe B
o6biuHoM cmbicae) f(z) < g(x). [IpoBepbTe, UTO BCe YCIOBHS BHIMIOJIHEHHBI.
OueBuaHO, UTO HAaHAyTCS HecpaBHUMble (DYHKLHMH: Harnpumep, npu X =
= [0; 1] moxHo B3siTh f(z) =z, g(z) =1 —=x.
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[TIPUMEP 3a. AHanorduHo MOXHO BBECTH OTHOIIEHHE YaCTHUHOrO
Nopsiika Ha MHOXecTBe (YyHKUHMH ¢ ofued o06/acTblo ONpefeseHus M
CO 3HAYEHHSIMH B (DUKCHPOBAHHOM YAaCTHUHO YIIOPSIIOYEHHOM MHOXKECTBE.
(TTpoBepka mpemoCTaBJISIETCS YUTATESM. )

[IPUMEP 4. Beném oTHOLIeHHe YaCTHUUHOTO MOpsiiKa MeXIy ma-
paMH IeHCTBUTEbHBIX 4nces Tak: (x1,y;) < (9, Y2), €CH OLHOBPEMEHHO
21 < X9, Y1 < yo. CHOBa JIETKO MPOBEPUTD, UTO BCE YCJOBHS BBITONHSIOTCS;
npu a1oM, Hampumep, saemenTsl (0,1) u (1,0) He cpaBHHUMBL.

[TIPUMEP 5. Ha ToM ke MHOXECTBE MO>KHO BBECTH W OTHOIIEHHE
JuHeliHoro nopsinka. Hampumep, nosoxum (21, y1) < (22, yo), eciu
1) 6o x1 < xo,

2) aubo x| = 2, y1 < Yo.
Takoe oTHOLIeHHe MOPsSiAKA HA3bIBAaeTCs JEKCUKOrpahuueckuM (Mo TakoMmy
TIPUHIIMITY PACIONOXKEHB! CJIOBA B CJ0OBApSX).

[IPUMEP 6. (Cnacubo cayuwaressm!) Hakonen, eué ogun npumep
BO3MOKHOTO MOCTPOEHUS OTHOIIEHHS JIHHeHHOro mopsiaka Ha R? naét cie-
LyIollasi Haesi: YCTAaHOBHM B3aHMHO OJIHO3HAUHOE COOTBETCTBHE (¢ Mexay R
u R? (310 MOXKHO cnenath) u npumeM aas ¢(a), ¢(b) To Xxe COOTHOIIeHMUe,
YTO UMeeT MeCTO IJis a U b.

[TIPUMEP 7. Yacro OblBaeT mosie3HO YCTAHOBUTb OTHOIIEHHE dYa-
CTHYHOTO TOPSIIKA MEXIy IOAMHOXKECTBAMU HEKOTOPOr0 MHOXKECTBa, a
UMeHHO, cuutaTh, uto A < B, eciu A C B (uau, HaobGopoT, ecan A D
D B). B nepBoM cjiyyae roBopsT, YTO CHCTeMa MOAMHOXKECTB YIOpsio4eHa
10 BKJIYEHHIO, BO BTOPOM YCJOBHMCS TOBOPUTb 00 YMOPSAOUEHHH IO
00paTHOMY BKJIOUeHHI0. B 6oJiee CJI0XKHOM cjyuyae 3TH TOAMHOXKECTBA
MOTyT OBITb HafeJIeHbl HEKOTOPOH CTPYKTYpOH, KOTOpasi, Hampumep, CO-
XpaHsieTCsl TP MPOU3BOJILHOM TepeceueHuH (MOAMPOCTPAHCTBA JIHHEHHOTO
MPOCTPAHCTBA, KOJIbllA TMOAMHOXECTB JAaHHOTO MHOXECTBa, TOMOJOTHU H
T. 1.) WK 00beIMHEHHH (OTKPBIThIE MOIMHOXKECTBA JaHHOIO METPUYECKOro
UJIH TOTMOJIOTMYECKOr0 MPOCTPAHCTBA).

O6cynnm Tenepb MOHATHS HAWUMEHbILET0 U MUHUMAJIBHOTO 3J1€EMEHTOB B
YAaCTHUHO YTIOPSIIOUEHHOM MHOXKECTBE.

Onpenenenue 2. 39remenm a 4ACMUUHO YNOpsOOUEHHO2O MHOMNMe-
cmsa R Hasvieaemcs HAUMEHbULUM dLeMERmOoM 8 mHoxcecmee R, ecau
8bINOAHEHDL 2 YCA0BUSL:

1) a cpasrum co ecemu aremenmanu R;
2) das ar0boeo x € R sepro a < x.
(Yenosue 1) caedyem uz 2), HO mbL npednoULl e2o s8HO BblOCAUMD.)

Onpenenenue 3. 3Iiremenm a 4acmMuuHO YnopsadoUeHHO20 MHONMCe-
cmsa R Hasvieaemcs muHumasbHblmM diemeHmom 8 mroxcecmse R, ecau
oas ar0b6o20 x € R uz x < a caedyem x = a.

Kak sudwno, nocaednee ycrosue moxcHO nepegopmyruposams mak: 8 R
Hem a1emenmos, (CPABHUMBLY C 4 1) MEHbUUX .

OueBuUIHO:

1) BCAKHI HAaMMEHBIIHE 3J/EMEHT €CTh MHHHMaJbHBIH (06paTHOE HEBEPHO);




2. ITpumepeoL. 85

2) HauMeHbIIHH 3JeMeHT eIMHCTBEH ([J/1s1 MUHHMaJbHOr0, BOOOLIE TOBOPS,
HEBEPHO).

AHanorHUHBIM 06pa3oM ONPEesIOTCS HauOOMBIIHE U MaKCHMaJbHbIH
3JIEMEHTHI.

[TIPUMEP 8. Iloctpoum mnpuMep, HJIIOCTPUPYIOIIMN BO3MOXKHYIO
curyanuio. Ha puc. 1 u3o6pakeHo 6 Touek, COEIHHEHHBIX CTPEJKAMHU.

ByneMm cunTarh, YTO TOYKA X MEHbIE TOUKH ¥, €CJH H3 T B Y MOMKHO
IOUTH TO cTpeskaMm (B yKasaHHOM HampasjeHuu). [Ipu 3ToM, Kak 0OBIYHO,
x < y IOMyCKaeT, KPOME YKA3aHHOTO «MeHbIIe», ¥ PaBeHCTBO. Torma Mbl
MOJIYYUM OTHOIIIEHHE YACTUYHOTO MOPSIAKA.

JIerko BHIEThb, YTO JIEMEHT G SIBJISIETCS HAaMMEHbIIHM (M, TEM CaMbIM,
MUHUMAaJbHBIM), PHUEM APYTHX HAUMEHBLIMX U N1aKe MUHHUMAJbHBIX 3Jj€-
MEHTOB HeT. DJeMeHThl b W ¢ SBJSIOTCS MaKCHMaJbHBIMH, U HHM ONMH W3
HUX He SBJISIETCS HaUGOJbIIHM.

Onnako ecyii (BHOBb CIack60 cayiiatessiM!) COeIHHUTDL CTPEJNKOH b 1 ¢
(B HampaBJ/ieHHH OT b K €), TO ¢ CTaHET HAHOOJBIINM 3JEMEHTOM (OCTaBasiCh
MPYU 3TOM, KOHEUHO, MaKCUMaJIbHbIM), a b cTaTyC MaKCHMaJbHOrO 3JieMeHTa
yTpaTuT (CM. puc. 2).

C C

a a
Puc. 1 Puc. 2

3aMeTHUM B OTHOLIEHHH MPHUBEIEHHBIX paHee MPUMEPOB, UTO B TeX CJy-
Yasx, KOTJa Mbl HMEEM [eJO C CHCTEeMOM MOAMHOXKECTB (MOAMPOCTPAHCTB,
KOJIell M T. I.), 3aMKHYTOH OTHOCHTEJIbHO MepeceueHHst ¥ yIOpsigoYeHHOH
10 BKJIIOUEHHIO, BCETIAa UMEeTCs HAUMEHBIINH 3/1eMeHT — IepecedeHue.

O [eiictButenbHo, mpu Jawo6oM v € I' umeem N, A, C A,. Hao6opor,
IJIsl CHCTEMBI BCEX OTKPBITBIX MOIMHOXKECTB MHOXKeCcTBa X MMeeM HauboJb-
KK 2j1eMeHT — o6benuHenue (coBnapammee ¢ X). X

[TIPUMEP 9. O6cynuM Tenepb OAWH HHTEPECHBIH C TOUKH 3pPEHHUSs]
TOMOJIOTMYECKHUX MPOCTPAHCTB IPUMED.

Kak ™Mbl yxe oTMeuansu (CM. JieKlMIO da), mepecedeHde (HO He 00b-
envHeHHe!) TOMOJIOTMH ecTb CHOBa TomoJsiorusi. Jlajnee, MycTb HMeIOTCS
MHOXeCTBO X M TOMOJOrHYecKoe MpocTpaHcTBo T5. PaccMoTpuM HeKoTopoe
¢pukcupoBaHHoe oTobpaxkeHue f : X — T3. MOXHO JIM BBECTH TOIOJOTHIO
Ha X Tak, uToObl f OBLIO HEMpPEPBIBHBIM?

O KoneyHo: mocrtaTtouHo BBecTH Ha X HHCKpeTHYyIO TomoJioruio. Toraa
npoo6pas J60ro OTKPHITOrO MHOXKecTBa B T3, OyLyYH HEKOTOPHIM IOA-
MHOXKECTBOM X, aBTOMAaTHYeCKU OyIeT OTKPLITHIM. X

CrenaeM Terepb CJeLyIOIIKE LIar.
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3amerum, uto ecau f : (X,7) — T3 HenpepwvisHo u To D T, MO
u f: (X, 1) — T nenpepoigHo.

O JleficTBuTeJibHO, BCe MPOOOPa3bl OTKPHITHIX MHOXECTB MPOCTPaH-
ctBa 13 Kak ObLIM OTKPBITBIMH B 7|, TAK U OCTa/JHCh TAKOBHIMU B GoJiee
CHJIBHOU TOTMOJIOTUH Ty. [l03TOMY ecsiv B KaKOH-TO TOMOJIOTHH B NPOCTpPaH-
ctBe X oToGpaxkeHue f HeMpepeiBHO, TO OHO OyldeT HeNpepbiBHO U BO
BCSKOH 00Jiee cUIbHOU TomoJioruu. X

BosHukaer Borpoc: a Hesb3s v HalTH B X camyio ciabyio TOMOJIOTHIO,
B KOTOPOH f elié HermpepelBHO? MoKHO!

O PaccmoTtpum kiacce T Bcex Tornosioruii B X, B KOTOPBIX f HENpepbIBHO.
OH He MyCT: B HEM CONEPXKUTCS MO KpalHeld Mepe AHWCKPETHAasi TOMOJIOTHS.
PaccmoTpum Tenepb TomoJoryio

T = m‘raE‘TTow

[To panee moKa3aHHOMY T — TOTOJIOTHSI.

OueBHIHO U TO, UTO T — HAUMEHBLIWH 0 BKJIOUEHHIO /IEMEHT B KJac-
ce 7. Hakowneun, f: (X,7) — T5 HenpepsiBHO. B camom pesne, ecau kaxnast
TOIOJIOTHS T, COAEPKUT NP0o0OPa3bl BCEX OTKPHITHIX B 13 MHOXKECTB, TO XKe
BEPHO W JJIS NepeceyeHusl BCeX TOIMOJIOTHH Ty.

TeMm caMbIM MBI yCTaHOBHJIH, U4TO B (HemycToMm!) KJjacce TOMOJIOTHH Ha
MHOXKecTBe X, AJisi KOTOphiX oTobpaxkeHue f : X — T3 HermpepbiBHO, UMe-
€TCsl HaMEHBIINWH N0 BKJIOUEHHUIO 3JIEMEHT, KOTOPbIH eCTECTBEHHO HAa3BaTh
caabeiillied Tonosioruel, B KOTOpod oTobpaxeHue f HenpepbiBHO. X

§ 3. HanpasaenHoe mHoxkecTBo. HanpaBieHHOCTh

Onpenenenue 4. Muoxecmso A Hasvieaemcs HANPABAEHHbIM

MHONCECMBOM, €CAU HA HEM 88e0eHO OMHOUeHUEe HACMUYHO20 NOpPAO0-
a <, yoosaemsopsioujee cAe0yroUemy YCAO0BUID:
o5 aboulx oy, g € A cywecmsyem o € A makoe, umo o) < @, Qo < Q.

1. Jlerko BHAETH, UTO 3TO YCJOBHE BCErNa BHIMOJHSETCS, ecau A —
JIMHEHHO YIOPSIIOUEHHOEe MHOXKECTBO: JOCTATOUHO B3sIThb GOJIBIIKH M3 IBYX
3JIeMEHTOB.

2. YcsioBue TakKe OyleT BBINOJHEHO, eCid B A WMeeTcsl HAUGOJbIINK
3JIEMEHT.

3. OpHako B ofwieM cjydae [Jisi YAaCTHYHOTO MOPSIAKA OHO, BOOOIIE
rOBOpsi, HE BBHIMOJHEHO: B MPUMEpPe Ha pHUC. | HET aJjieMeHTa T TaKoro,
yto a < x, b < z. B To ke BpeMsi, ceMeliCTBO BCeX MOAMHOXKECTB JAHHOTO
MHOXKecTBa X SIBJISIETCS HAMpPABJEHHBIM MHOXKECTBOM, MOCKOJBKY MAJIS JIO-
oeix A, B BepHO

ACAUB, BCAUB=A<AUB, B<AUB.

Ecau 6bl Mbl BBeJM OTHOLIEHHe MOpPsiAKa BTOPbIM croco6oMm (ofpaTHoe
BKJIIOUEHHE), TO UMEJH Obl

A<ANB, B<KANB.
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Sameuanue 2. Bosce He Tpebyercs, 4ToObl (v OBIIO OTJIUUHO OT (|
U ag! B yacTHoCTH, He 1Jig BCAKOro (g Haugéres « > ap. M 3t0 He
MPOTUBOPEUHNT OTPeieNeHHI0, HOO €CJIH MOJOKHUTb (v] = (Qrg = (¥, TO MOXKHO
B35iITb @ = (vp). DoJsiee Toro, HampaBjeHHOE MHOXECTBO MOXET COCTOSITh M3
OJIHOTO 3JieMeHTa. B 3ToM cjiyyae oTHolleHHe TOPsiiKa TPUBHAJBHO: T < .

C yuéroM 3aMeudaHHs Jerko BUJEThb, YTO KaxKJ0€ W3 CJeNYIOIHUX YuC-
JIOBBIX MHOXKECTB (¢ OOBIYHBIM MOPSIIKOM) SIBJASETCS HANPaBJEHHBIM:

N, R, [0;1), [0;1], -N, {0;1}.

Taxske HampaBJeHHBIM MHOXECTBOM SIBJISeTCS MHOXecTBO R? ¢ JIOGLIM 3
TPEX BBEIEHHBIX B NpUMepax 4—6 OTHOLIEHHH MOpsiaKa.

Beeném Temeppb MOHSITHE, HTpAIoLlee [t TOMOJOTHUECKHX TTPOCTPAHCTB
PUBJIU3UTENBHO Ty Ke POJib, KaKyl /s METPHUECKHX HrpaeT MOHSTHE
N0CJIe[0BATEbHOCTH, U SBJISIOLLIEECS ero 0000IEeHHEM.

Onpenenenne 5. Pyukyus {r,}: A — X, ede A — nanpas-
AeHHoe MHOMcecmso, X — NPOU3BOALHOE MHOMECMBO, HA3bIBALMCS
HANPABAEHHOCMBIO.

B kauecTBe mpocrefiliiero npuMmepa HampaBJEHHOCTH, pasyMeeTrcs, ro-
IUTCS TocsenoBaTenbHoCcTh. OMHAKO UYTh M03XKEe Mbl YBHIUM, MOUYEMY IO-
CJIe0BAaTENIbHOCTEN TPU MOCTPOEHUH TEOPHUH TOMOJOTHUECKHX MPOCTPAHCTB
HEe0CTaTOYHoO.

BBeném Temepb MOHsATHe Mpejesia HAaNpaBJeHHOCTH B TOMOJOTHYECKOM
npoctpaHcTBe. Ho mpexe Mopuduupyem onpesesieHre npeaena nocjaeno-
BaTeJbHOCTH:

Onpepnenenue 6. losopam, umo nociedosamenvrocms {x,} 8
monoaocuieckom npocmparncmee T cmpemumcs Kk aremenmy x € T, ecau
oas aroboti okpecmuocmu U, € 1, mouku x Hatidémcs maxoe N, umo
npu ecex n = N sepro x, € U,.

Sameuanue 3. OO6biuHo BMecto n > N nuwmyt n > N. Jlas no-
cJle[I0BaTeJbHOCTEH 3TO HeBaxKHO, Begb n > N < n+ 1 > N. Onpnako,
Kak Mbl BBISICHWJIM, HalpaBJeHHOE MHOXECTBO MOXET He MMeTb 3JeMeHTa,
Goubiiero aaHHoro. [losToMy aJ/is mpefesa HampaBJAeHHOCTH HMeeM

Onpenenenune 7. losopam, umo wanpasrennocmov {xq} 8 mono-
noeuneckom npocmparcmse T cmpemumcs Kk aremenmy x € T, ecau 0rs
aroboti okpecmrnocmu U, € T, mouku x Hatdémes makoe oy € A, umo
npu 8cex o = g 8epHO Ty € Uy.

[TPUMEP 10. IlpuBeném npocroii npumep. HanpasieHHOCTb o =
= é, rie A = (0;4+00) ¢ o6biunbiM nopsinkom, T = [0;4+00) ¢ 06bIYHO#
TonoJsioruei, cxonutes K O (mpoBepuTs!).

Jloka)keM KJI0YeBYIO TEOPEMY 3TOH JIEKIUH.

Teopema 1. Touka x 8 monoroeuueckom npocmparcmse 1 agas-
emcs moukol Kacauus Oas muoxcecmsa M moeda u mosvko moeda,
Koeda Haiidémcs wanpasienHocmo mouex mHoxcecmea M, cxodswasncs
K .

JokaszateabcTBO. JloKaxkeM cHaudajaa 0oCmamouHoCb.
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l. Ecqm 2, — o ¥ 1pu Bcex « € A BepHO T, € M, TO coryacHo
OTpeleNIeHHI0 CXOAsIIeHics HampaBJAeHHOCTH JJIsi BCIKOH OKpecTHOCTH U,
TOUKH T CYLIECTBYET Takoe cg € A, UTO MpPH BCEX (v 2> (g BEPHO Xy, € U,.

2. CyiiecTBeHHO, 4TO [/ CaMOI0 (g UMeeM To, € U,. B ciyuae mpe-
JeJia T0CJe10BaTeIbHOCTH Mbl MOTJIM B3Th MPOU3BOJIbHOE N, Gosbliee N.
B naHHOM e csyyae CyIIeCTBEHHO, YTO MOXKHO B3fThb (g, NOTOMY 4YTO
CeyIOIUX 32 HAM 3JIEeMEHTOB HalpaBJIeHHOTO MHOXKeCTBa A MOXKET W He
CYILIECTBOBATD.

Tenepb nokaxeMm Heobxodumocmo.

1. U 31ech, Kak HU CTPaHHO, [OKA3aTeJNbCTBO OKaXKeTcsl WAEHHO Haxe
6oJiee POCTBIM, UeM AJISl TI0CJEI0BATENbHOCTEH B METPHUECKHX NPOCTPaH-
CTBaX, Ile HaM HYXKHO ObIJI0 KaKMM-TO 00pa3oM BeIOUpaTb CTATHBAIOLINECS
K TIpeleny MoC/ae0BATENbHOCTH OKPECTHOCTH.

2. Tenmepb ke Mbl MOXKEM B KayecTBe <«HHIEKCa», KOTOPBIM «HYMe-
PYIOTCSI» TOUKHM HANpaBJE€HHOCTH, BO3bMEM He UTO HHOE, KaK OKPECTHO-
ctu Uz, T. e. mojoxuM A = 7, (MHOXECTBO OKPECTHOCTEH TOYKH ),
ynopsiioueHHoe 1o o6paTHoMy BKJoUeHHI0: Uy o < Uy g, ecin Uy o D Uy 5.
EcTecTBEHHOCTb TaKOro ynopsoueHHs OueBHIHA: HAM XOUETCSs IOJYUHTb
«CTATUBAIOLIUECS» K TIPeNesNy OKPECTHOCTH.

3. Caenyer y6enuTbCsi, UTO T, — HEHCTBUTEJBHO HarpaBjeHHOE MHO-
JKECTBO.

O B camoM pese, 4acTHYHasi YHOPSIIOUEHHOCTb OueBHAHA (Kak [Jist
JI0O0r0 ceMeHCcTBa MOAMHOXKECTB, YIOPSJOUEHHOrO 10 BKJIOUEHHIO HJIH
ofpaTHOMy BKJIOYeHHI0). [anee, pas mobbix okpectHocTed Uy, Uz g
TOUKH = HX mnepeceueHue U, N U;pg — CHOBa OKPECTHOCTb TOYKH Z,
T. K. IBJISIETCSI OTKPBITHIM MHOXKECTBOM M CONEPKHT x. A coryiacHo Hauiemy
ynopsinoueHuo, Uz o KUz o NUgg, Upg < Ugzo NUzg. W

4. Tenepb onpenenuM HaNpPaBIEHHOCTD Ty (5), B3SB AJIs KaXKJ0H OKpecT-
HoctH Uy € T TOUKY Ty () = Y U3 mepecedenus M N U,. Takoe y cyue-
CTBYeT, IIOCKOJIbKY & — TOUKa KacaHHsl MHOxecTBa M.

5. Ocrajioch f10Ka3aTh, YTO MOCTPOEHHAS HaMpaBJeHHOCTh (cocTosias,
3aMeTHM, U3 3JIeMEeHTOB MHOKecTBa M) cxomutes x.

0O Ho »To HemocpencTBEHHO CJielyeT W3 MOCTPOEHHSs, UO0 IJsi JI0OOH
oKkpecTHOCTH U, TOYKM & MOXKHO MNOJNOXKHTb a9 = Uyo 4 TOrza IJjs
JMo60# okpectHocTH Uy > U, UMeeM B CHJY MOCTPOEHHUS] W BBELEHHOrO
oTHoleHus nopsinka zy, € Uy C Uy, T. €. 2y, € Uy, uTo 1 TpeboBasock.
X

Teopema nokasaHa.

PaccMoTpuM, K KakUM HanpaB/ieHHOCTSIM IPUBOLHUT JAOKa3aTesbCTBO
TEOpEMbl B KOHKPETHBIX CJydasix.

IMPUMEP 11. Iyers T = [0; 1] ¢ 06bIYHON MeTPHUECKOH TOMOJIO-
ruet, M = (0;1], z = 0. Torna umeem A = {[0;y) | 0 < y < 1}, npuuém
MOXXHO NOJIOKHTb Z[0.y) = 5. JIErKo BUJI€Tb, OJHAKO, YTO MOXKHO MOCTPOMT
u HlOCJIeILOBaTeJIbHOCTb 3JIeMeHTOB MHOXKecTBa X, cxopsimytocs K 0: x, =

n
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[TIPUMEP 12. PaccmoTpuMm Tak HasbiBaeMoe CBSI3HOE JIBOETOYHE, a
uMenHo mpoctpanctBo T = (X, 7), rne X = {a,b}, 7 = {2, {b}, {a,b}}.

3aMeTHM, UTO B 3TOM IIPOCTPAHCTBE TOUKA @ SIBJSIETCS TOUKOH KacaHHUsl
mHoxkectBa M = {b}, MOCKOJIBKY €IHHCTBEHHBIM OTKPBITHIM MHOXKECTBOM,
comepKalium a, siasiercss X 3 b.

Torna HampaB/eHHOe MHOXecTBO A, MOCTPOEHHOE B TeOpeMe, HMeeT
Bur A = {X}. CooTBeTcTByMolIas e HAMPABJIEHHOCTb TOUEK MHOXKE-
cra {b}, cxoxsimasicss K TOUKe @, MPeACTaBIsieT CO60H Tx = b.

O [eHCTBUTENBHO, JE0Oasi OKPECTHOCTb TOUKH @ (2 UMeHHO, X : APYrux
HeT) comepKHUT Touky b npu Beex U, > X (1. e. mpu U, = X). K

C mepBoro B3I/sa MOXKET M0Ka3aTbCs, UTO yKe B ITOM IPHUMepe HeT
MOCJIEIOBATEBHOCTH TOYEK MHOXKeCTBa {b}, cTpemsuieiics K a. OnHaKO 5T0
He TaK: MOC/IeN0BaTeJbHOCTh {xy,}, THe X, = b, cxomutes K a. (3ameTnm
TOMYTHO, YTO WU OHA, U MOCTPOEHHAsi HATNpPaBJEHHOCTb, KOHEUHO CXOASTCS
¥ K b. [lasi MpoCTPaHCTBA, HE YIOBJIETBOPSIOIIETO AKCHOME OTAEJHMOCTH
Xaycnopda, 3T0 HEYAUBHTENbLHO.)

[IPUMEP 13. B crenywouem npumepe He CYyILIECTBYET MOCJEN0-
BaTeJbHOCTH TOYEK MHOXecTBa X, CXOAALIEHCS K HEKOTOPOH ero Toyke
KacaHUs (HO, B CHJTy NOKa3aHHOH TEOPEMBl, CYIIeCTBYeT HANpPaBJIeHHOCTD).

1. Tonoxum cHoBa X = [0;1], BBIOpaB B KauecTBe OTKPHITHIX BCE
MHOKECTBa, T10Jy4yalolrecs: BblopaceiBaHueM U3 X He GoJjiee yeM CUETHOrO
MHO2KECTBa TOUuek (B 4acTHOCTH, caMo X), a TakxKe MyCTOe MHOXKeCTBO.
Jlerko mpoBepUTb, YTO MOJyUEHHOE CeMeHCTBO MHOXECTB NeHCTBHUTEJNBHO
YIOBJIETBOPSIET BCEM aKCHOMaM TOMOJOTHH (yHLOOHee MPOBEPSTh YCJOBHS,
npenbsiB/sieMble K 3aMbIKAHUSM, JJIST UX IOTOJHEHHI).

2. Y6enumcsi, 4TO U B TAKOH «CTPaHHOK» TomoJjoruu 0 — ToukKa KacaHusi
mHoxectsa (0; 1].

O B camom pnene, sobasi okpecTHocTh Uy Touku O (Kak OTKpPBITOE
MHOXKECTBO) MJIM MycTa (4TO HEeBO3MOXKHO, 160 0 € Up), UK COLEPKHT BCe
TOUKH OTPe3Ka, KpOMe KOHEUHOro MJH cuéTHoro ux uucgaa. Ho Torpa oHa
00s13aTesIbHO COIePKUT X0Ts1 Obl ofHy Touky 13 (0; 1], uTo U TpeGoBasOCh.
X

3. Temepp 3ameTHM, YTO B PaCcCMATPUBAEMOH TOMOJOTMH CXOLHUTHCS
MOTYT JIMIIb MOCAeJ0BATEJbHOCTH, CTALMOHAPHEIE C HEKOTOPOrO HOMepa.

O B camom gene, myctb y, — y. [lomoxum Yy paBHBIM MHOXKECTBY
3HaYeHHH [0CJIeOBATEJIbHOCTH Y, 3a BbIYETOM CaMOH TOYKH Y. Jlerko
BUMIETb, YTO Y He Gojiee yeM CYETHO, a TOITOMY [0; 1]\Y0 OTKpBITO; a
T. K. [0;1] \ Yp 2 y, To OHO siB/IsSIeTCSI OKPECTHOCTBIO TOUKH Y.

C npyro#l CTOpOHBI, ec/JU MOCAeNOBATEJbHOCTb ¥, He SIBJsSeTcs CTa-
LIMOHAPHOH HH C KaKOro HOMepa, TO, CKOJb Obl BeJHKO HH Obuio NN,
Haipéres n > N, aast Kotoporo y, # y. Ho torna y, ¢ [0; 1]\ Yo, T. e. y,
He JIEXKHUT B paccMaTpHBaeMOH OKPECTHOCTH TOUKM y. MTak, He Hainmércs
takoro N, mocjie KOTOpPOro BCe YJIeHBI NOCJEI0BATEIbHOCTH JIesKaau Obl B
okpectHocTu [0; 1]\ Yy Touku y. CienoBarenbHo, Yy, 7> Y. 3HAYHT, CTpe-
MuTbest K O B HalleM MPOCTPAHCTBE MOTYT JIHILIb T€ MOCJeA0BATENbHOCTH,
KOTOpble ¢ HEKOTOPOTO HOMepa NMPUHUMAIOT TOJbKO 3HaueHus 0. X
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Ho Takue nocsienoBaresbHocTd He Jexat B (0; 1].

3ameuanue 4. HerpynHo BHOeTb, YTO TOMOJOTMYeCKOe TPOCTPaH-
CTBO, PaCCMOTPEHHOE B MPEAbIAYIIEM MPHUMepe, HE YAOBJAETBOPSIET AaKCHO-
Me oTaeauMocTH Xaycnopda, OfHAKO MOCJEA0BAaTENbHOCTH B HEM MOTYT
uMeTh He 6oJjiee ofgHOro mpenesa. TakuMm o6pa3oM, akKCHOMA OTAEJHUMOCTH
Xaycnopda siByisieTcs JOCTATOUHBIM, HO He HeOOXOOMMBIM yCJIOBHEM €IMH-
CTBEHHOCTH TpeJiesia MoCJIe]0BaTebHOCTH.

OTMeTHM B 3aKJ/IOYeHHE ellé HEKOTOpPble (PAKTHI.

1. Bcesikasi moOAMNOC/IEN0BATENBHOCTh HEKOTOPOM MOC/e00BaTEbHOCTH
€CThb €€ MO HANPAaBJEHHOCTh, HO He BCsIKasl MOAHAINPABJIEHHOCTD M0CJe0Ba-
TeJbHOCTU €CThb €€ MOJMOCJeN0BATENbHOCTb: PACCMOTPUM MOCJ/EN0BaTENb-
HocTh {x1, T1, To, T3, .- }.

2. Kak u B Jiekuuu 5, OTMETHM 0e3 [0Ka3aTeJbCTBA BaKHEHIIYIO
TEOpeMy O KOMIAaKTHOCTH, 06006Iaioliee COOTBETCTBYIOLIEE yTBEPKIEHHE
JIJIs1 METPUUECKUX TIPOCTPAHCTB.

Teopema 2. Tonosoecuueckoe npocmparcmeo KOMRAKMHO moeda u
moavko moeda, K020a 8CAKAS HANPABAEHHOCMb 8 HEM umeem CX00LuLY-
10csi NOOHANPABAEHHOCTb.

§ 4. 3agauu A CaMOCTOSITEILHOTO pelIeHUs

amaua 1. IlpoBeputh, 4To BBeEHHbIE B IPUMEPaX 3—7 OTHOILEHHUS
JIeHCTBUTENbHO YIOBJETBOPSIOT aKCHMOMaM OTHoOlIeHHsi mopsiaka. [Ipose-
PUTb, YTO B MPUMepe 5 Mbl UMeeM JeJI0 C OTHOLIEHHEM JIMHEHHOTO TOopsiiKa.

Samaua 2. Y6emuTbcs, 94TO 3aMKHYTHIE TIONMHOKECTBA JaHHOTO MHO-
x)ectBa X, comepxaiiue 3amaHHoe MHOX)ecTBO A C X, 00pasyioT MHO-
JKECTBO, YaCTHYHO YTOPSIIOYEHHOE MO BKJIIOUEHHIO. YOeOUTbCs, YTO OHO
COMePKUT HaMMeHbIIHH 3/eMeHT H UTO OH paBeH A.

3anaua 3. IlocTpouTh mpuMep, MOKAa3bIBAWIIMHA, YTO 00beIUHEHHE
JByX TONOJIOTHH MOXKeT He ObITb TOMOJIOTHEeH.

Samgaua 4. Pemnts 3agaun 15—16 u3 jekuun 2a.

SBamaua 5*. Pemuts 3amauu 19—20 us jekiuu da.

3agaua 6. 1) Ilokasare, 4TO B MeTPHUUECKOM IPOCTPAHCTBE MJIsI
MHOXKeCTBa A M ero TOYKM KaCaHUs & HAHIETCs MOCAe0BATENbHOCTD {2y, }
Toyek U3 A, cxonswascs K .
2) MoOXHO J4 yTBEpPXKIAaTh, UTO TaKyl MOCAENOBATENbHOCTD MOXKHO BHI-
6paTb He comepxKallled TOUKy x?
3) Te xe Bompochl AJs cjayyasi, KOTAa T — IMpefesbHas TOYKa MHOXe-
ctBa A.

Samaua 7%. BbISICHUTb, MOXKET JIK KaKasi-JHM00 HaNpaBJeHHOCThb (He
00sI3aTeIbHO SIBJSIONIASICS MOC/AE0BATENbHOCTBIO) B TOMOJOTHUECKOM MPO-
CTPAHCTBE M3 MOCJEIHEr0 NpUMepa UMeThb GoJiee OIHOrO Mpefea.
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BTII. OBCY2KJIEHHE

§ 1. BeinykJjble MHOXKeCTBa

JlokaxkeM HEKOTOpble CBOMCTBA BBIMTYKJIBIX MHOXKECTB, HETIOCPEICTBEHHO
CJIeLyIOlLIee U3 UX ONpeseseHusI.

1) [MepeceyeHnue M0OOro ceMeHCTBA BBIMYKJBIX MHOXKECTB — BBIYKJ0€
MHOXECTBO.

O Me#ictBuTenbHo, aubo E = NgcaE, nycTo (M, TeM caMbiM, BBIMYK-
J10), TH60 HermycTo. B mocienHem ciayyae pacCMOTPUM TPOU3BOJIbHBIE TOYKH
x,y € E (He ob6s13aTesbHO pa3inyHble). Toraa mosyuum:

r,y€ E = VaeA z,y€E, =
=Vaec A VAe0;1] M+ (l-Ny€e€E, =
=>VAe[0;1] M+(1-NyeE.

X
C npyro#t cTOpoHbl, 06beAHHEHHUE BbINYKJbIX MHOXECTB, BOOOLIE Tro-
BOpsl, TAKOBBIM He sIBJIsieTCs (HOCTATOUHO B3SiTh ABa HeMepeceKalolUXcs
HeryCcThIX MHOXKECTBA B METPHYECKOM IPOCTPAHCTBE, PACCTOSIHHE MEeXIY
KOTOPBIMH TIOJIO?KUTEJIBHO, UJIH «COOPaTh» U3 TPSIMOYTOJbHUKOB «yTOJIOK»).
2) Ilyctb uucna ay, ..., @, YAOBJETBOPSIOT YCJOBHSIM

Yy 1’7,201
{ A @ (1.1)

a+ ...+t o, =1,

a Zy,...,Tn CYTb HEKOTOpble 3JieMeHTbl BbINyKJOoro MHOXecTBa F. To-
roa ajxry + ...+ apx, € E.

O JloKaxKeM 3TO 10 HHIYKIHH.

1. Eé 6a3a — n = 2 — eCTb HEMOCPEACTBEHHO OMNpe/e/IeHHEe BBIMTYKJIOr0
MHOXKecTBa. Jlasiee, BbIBeleM CIpaBelJIMBOCTb YTBep:KAeHHs Ajs n + 1 u3
€ro CIIPaBeNJIUBOCTH AJIS N.

2. Tlyets pasi uncen i, ..., [0n+1 BHITIOJHEHBl YCJOBHS, aHaJOTHY-
uole (1.1), u zy,..., 2,41 € E. PaccMoTpUM JHHEHHYHO KOMOHHALMIO T =
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= ﬁlxl + ... +ﬂn+1fbn+1. Ecaun ﬂl =...= ﬁn =0, 00 = Tpt1 € E. B
HpOTI/IBHOM cJiydae MOoJI02KHUM

’Y:ﬂl++ﬂna ai_%, ’LZI,—TL

Jlerko BuaeThb, 4To oy + ...+, = 1.

3. [TockoqbKy Z1,...,Zn4+1 € E, TO M0 NpenNoNoKeHHI0 UHAYKUHT & =
= ax; + ... + apx, € E. Nanee, nockoabky v + fpt1 = (61 + ... +
+ Bn) + Bnt+1 = 1, UMeeM Mo omnpefeseHHIO BBIMYKJIOrO MHOXKeCTBa YT +
+ Bn1@Tnt1 € E. Tlockombky YT + Bp1Tnt1 = B1%1 + ..o + Bu¥n +
+ Bn+1%n+1, TPeOyeMOe yTBepKIeHHe N0KaszaHo. X

§ 2. HenocpenctBeHHble caeacTBus akcuom. Hekoropsie
OrpaHMYeHHs Ha TOTMOJIOTHIO

TpeGoBaHKe HEMPEPLIBHOCTH ONEPALMH CIOXKEHHS IPUBOLUT K HHBAPH-
aHTHOCTH TOIOJIOTHH OTHOCHTEJIBHO MePeHOCOB. MIMeHHO, kakosvl Gobl Hu
6oiau omxpoimoe mroscecmeo O C X u anremenm x € X, mroxcecmso O +
+rx={z=y+x|yec O} moxe omkpomo.

O B camoM feJie, IOKaXKeM, YTO H3 HENPEPLIBHOCTH [0 COBOKYIHOCTH
TePEeMEHHbIX CJIe[yeT HEeNpPepbIBHOCTD M0 OTHEJbHBIM IepeMeHHbIM. VIMeH-
HO, 110 OTIpe/e/IEHHIO HENPEPBIBHOCTH CJIOXKEHHST HMEEM

Vo, Y0 € X VOgzytyy € Tagtyy 30z, € Tagr Oyy € Tyo
Ve € Oy, y € Oyy T4y € Ogpiy,- (2.1)

[Tockonbky mpu J060M BeiGope Oy € T, uMeeM Yo € Oy, u3 (2.1)
cJleflyeT, YTO NpH yKasaHHOM Bbl6ope Oy, € Ty, BEPHO T + Yo € Oyypy,, T. €.
CJI0XKEHHe HeNpepblBHO M MO OTAe/bHBbIM NepeMeHHbIM. Ho Torma MoxHO
BOCIIO/Ib30BAaTbCsl 9KBHBAJIEHTHHIM OINpefe/ieHUeM HeNpepblBHOCTH B TOIO-
JIOTHYECKOM TPOCTpaHCTBe («Mpoo6pa3 OTKPBITOTO OTKPHIT») W 3aMeTHTh,
yto O + 2 ecTb NIPO0OPa3 OTKPEITOr0 MHOKecTBa () MPH OTOOPaKEHUH ¥ >
—y—x=y+ (—x). (OueBHIHO, aHAJIOTHYHEIM 06PA30M MOMKHO YCTAHO-
BUTb W HENPEPBIBHOCTb YMHOXKEHHS OTHEJNbHO 0 UHCJIOBOH M BEKTOPHOH
nepeMeHHo#.) X

M3 ToJbKO YTO JOKa3aHHOIO BBITEKAeT BaxKHOE CJIE[CTBHUE: MON0AOCUS
8 8EKMOPHOM MONOA02ULECKOM NPOCMPAHCMBE NOAHOCMbIO onpedessem-
€ OKPeCMmHOCMAMU HYAS.

O JleACTBUTENBHO, KaKOBO OBl HU Obl10 O € T, mJis JIOOOH TOYKH & €
€ O mHoxectBO O — x GyneT okpecTHOCThIO Hyns. O6paTHO, KaKoBBl Obl
HU ObliK oKpecTHOCTb Hynss Uy u 3nemeHT = € X, umeeM Uy +z € 7.
[TosTomy B pajbHellleM yno6HO CI€AWTb HMEHHO 32 OKPECTHOCTSAMH HYJIS.
X

Tak:ke M3 WHBAPUAHTHOCTH TOIMOJOIMH OTHOCHUTEJBHO TEPEHOCOB Clle-
nyert, 4to ecau A € T, B — npoussosbioe MHOMCECMBO, MO

A+B={z+y|lezecA yeB}er.
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O JleficTBuTenbHO, Toxkaectso ) A+ B = Uyep(A + y) ecTb He
YTO HHOE, KaK MpeACTaBjJeHHe MHOxkecTBa A + B B BHue 0ObeIHHEHHS
OTKPHITBIX MHOXKeCTB A + y. X

OTmeTHM Temnepb, KaKuhe OrpaHUYEHHsI Ha TOMOJOTHI0 HAKJaJblBaeT
Tpe6OBaHHE HEMPEPbIBHOCTH YMHOXEHHS.

Kaxkosol 6vt Hu bvau okpecmuocmo wyas Uy u uucao A # 0, AUy
makaice ecmob OKPeCmHOCMb HYA.

O B camom gene, AUy ecTb npoo6pas Uy npu yMHOXeHHH Ha A~! u
Ay 29. K

OnHako He BCe TOIMOJIOTHH, YAOBJETBOPSIOLINE 3TOMY YCJIOBHIO, MOTYT
6biTh TOnosorusimu B BTTI.

Hanpumep, auckperHasi TomoJiorusi (Bce MHOXECTBAa OTKPBITHI) He TOA-
xonuT. [lokasaTesbHO, UTO OHA YIOBJIETBOPSIET YCJOBHIO HEMPEPHIBHOCTH
CJIOXKEHUS, HO «HaBsI3aHHasi M3BHEe» MeETpPHUECKasi TOMOJIOTHs YHCJOBBIX
nosieit R u C «meruaer».

O B camom peJie, HY?KHO, UTOObI BBINOJNHSAJIOCH TpeGOBaHUE

Vg € X, Vg VO)\(]IO € Tz ElOzg € Txp» 0>0
Vi€ O YAEC A= Xo| <52 Az € Onyp. (2.2)

Ho 310 TpeboBaHue He MOxKeT OBbITh BLIIOJHEHO B AUCKPETHOH TOMOJOTHH,
Hanpumep, 1t A = 1. BoiGepeM MpoH3BOJIbHBIH 3JIEMEHT g # ¥ H BO3bMEM
B KauecTBe O].;, OMHOTOUEYHOE MHOXKeCTBO {Z(}. Torna, Kakyto Obl Mbl HH
BbiOpann Oy, B Hell 06s3aTesbHO OyIeT ConepKaTbesl o (110 ONpesiesleH IO
OKPECTHOCTH), a CKOJIb OBl MaJjioe Mbl HH B3siiut 0, B mape {A | |A — 1| < 6}
HadpyTest A # 1, a nast HUX Az # xo. X

[To aHa/OrMYHBIM TPUYHHAM MONOACSUSL 8 BEKMOPHOM NPOCMPAH-
cmee R? ne moxcem 6oimo 3a0ana yHOaMeHmarbHOL CuCMeMOLi OKpecm-
Hocmetl suda eopusonmanvioix unmepsaros ((xy,y); (z2,y)), xoms ma-
Kue okpecmrocmu yoosiemeoparom ecem ycaosuam omrocumervro PCO
monoaoeuneckoco npocmparcmesa (ne BTII!).

[Ipenbinyimire KOHTpPIpHMepsl 06/afal0T OOIIMM CBOMCTBOM: B HHX CY-
LLECTBYIOT TOUKH Zo U OKpecTHOCTH Hyns Uy Takue, 4To

HU 1Ipy KakuXx t > 0 He BhImosHsieTcs xg € tUy. (2.3)

3amerum, uto gus BTII BeimoJsinseTcss CBOHCTBO, gaxke 0oJiee CHJBHOE,
yem oTpuuanue (2.3), a UMeHHO, mJs JIOOLX zo € X u mo6oi Uy € 1y
Hainéres takoe s > 0, uTo

npu Bcex ¢ > s BbinoJiHsieTes xy € tUy. (2.4)

(3ameTumM, uto (2.4) ecTb He UTO HHOE, KaK YTBEPXKIEHHE O TOM, UTO JH060e
OJHOTOUEUHOE MHOXKECTBO — a CJIe0BATEJbHO, U JI000e KOHeUHOe — SIBJIS-

') 3nech u nasee nas noxMHOXKecTBa £ BeKTOPHOro MpocTpaHCTBa X H 3JeMeH-
ta z € X nog E + z nonumaercst MmHoxectBo {z + z | € E}.
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ercsi B BTII orpanuueHHbIM. DTOT (hakT ObLI UCIIOJNb30BAH B JIEKIHUHU 6 MpH
TMOCTPOEHNH cJabblXx TomoJsoruil.) [l nokasartesnbcTBa (2.4) HOCTaTOUHO
BOCIOJIb30BAThCS YCJIOBUEM HEMPEPBIBHOCTH yMHOXKeHHs (2.2), U3 KOoToporo
CJIelyeT, 4To

Voo € X,V0p.49—9 € T9 30 >0 VA € C |A| < = Azg € Oy,

MIOCKOJIbKY TOYKa T( aBTOMATHYECKH BXOIHUT B JIIOOYIO CBOIO OKPECTHOCTb.
Taxkum o6pasom, nmpu Bcex t > % BBITOJIHEHO X € tUy, uTO U TpeboBaIoCh.

§ 3. INonyHopmsl. IIpumepst

PaccMoTpM mpoCThbie TPUMEpPBI [IOYHOPM B M3BECTHBIX MPOCTPAHCTBAX.

[IPUMEP 1. Ha C(R) moxuo mosoxutsb p(z) = |Re z|.

1. Jlerko BHIETb, 4TO CHCTEMA, COCTOSIIASI H3 ONHOH TAaKOH MOJYHOPMBI,
He Oyner paspensiomed. OHa CTaHeT TAaKOBOH, eC/JH 100aBHTb MOJYHOP-
My po(z) = |Imz|.

2. Ec/iv BCIIOMHHTb OCTPOEHHE OKPECTHOCTEH HyJIsl B BHIE KOHEYHBIX
nepeceyenuii Muoxects una V(p,n) = {z € X | p(z) < 1}, 1o craner
SICHO, YTO CHCTEMa ABYX TOJIKO YTO BBEAEHHBIX nosyHopM Ha C nopoxpaer

OKPECTHOCTH THIA BepTHKaNbHBIX |Rez| < % ¥ ropusoHTaMbHEX | Im 2| <
1

1 1
< .- TIOJIOC, @ TaKxXKe MpAMOyrobHuKoB |Rez| < -, |Imz| < .
1\2'1/
(Cl
p2(z) = [Im 2| i p1(2) = |Rez|
m
1 1
n n L

m

Puc. 10. K npumepy 1.

OTMeTHM TaK»Xe, UTO yKa3aHHble TOJOCHl He SIBJSIOTCS OTpaHHueH-
HbIMH, a NPSIMOYTOJBHUKH — SIBJSIFOTCS, MOCKOJIbKY HHKAaKasi Mojoca He
TIOTVIOIIAETCS HHKAKUM MPSIMOYTOJIbHUKOM, a JII0OO0H MPSMOYTOJbHUK MOTJIO-
[AeTCsl U MOJIOCOH, U mpsiMoyroJibHUKOM. (EcTecTBeHHO, 4TO MBI 006513aHBI
B JIaHHOM CJlydyae HCIOJIb30BAaTh OIpeleJieHHe OrPaHHYEHHOCTH, MPHHSTOE
st BTIL. ToBoputh o mapax GeccMBICTEHHO, TOCKOJbKY He OIpeaeseHo
paccTosiHue.)
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[IPUMEP 2. Ha nuneiiHoMm mnpoctpaHcTBe [P moc/enoBaTesbHO-
creit © = {,}, L5 KOTOPBIX Y oo |2,]|P < 00, MOXKHO BBECTH KaK IOJy-
HOPMBI Py, () = |z, |, 0Opasyrowre pasmessioiiee CeMeﬁCTB?, €CJIH T «IIPO-
6eraer» N, Tak u nosnyHopmy (Hopmy) p(z) = (3.2, |2n|P)?, oGpasytouyio
paspesisiiolee CeMeHCTBO.

[TPUMEP 3. Ha nunefinom npocrpanctse B|0; 1] Bcex orpanudeH-
HeIX Ha oTpeske [0; 1] dyHKUMH MOXHO BBECTH pasfessioliee ceMeHCTBO
nosyHopM {pz(f)}zejo.1)» P=(f) = |f(z)]. Ha ero nonnpocrpancrse C[0; 1]
IJ1S TIOCTPOEHUSl pasfe/siolled CHUCTeMbl MOXXHO OOOHTHCH €ro CUETHBIM
noacemetictBoM {p, ()}, e[0;11nQ-

[IPUMEP 4. Ha suHe#iHOM TMpOCTpPaHCTBE LENbIX KOMILJIEKC-
HBIX (DYHKUHH MOXKHO BBECTH CUETHOe pasjesisiiollee CeMeHCTBO MOJY-
HopM py,(f) = |f™(0)| (rme n € NU {0}). HeiictutensHo, 1esbie GyHK-
MY [PEACTABJSIOTCS Ha BCeH KOMILIEKCHOM IMJIOCKOCTH CBOMM psiiom Ma-
KJIOpeHa, Ko3(D(HULHUEHTH KOTOPOrO € TOYHOCTBIO O KOHCTAHTBI PaBHbI
BBEIEHHBIM MOJYHOPMAM.

§ 4. IlonyHOpMBI M TOMOJOTUSA

Kak Mbl 3HaeM, TOMOJIOTHIO MOXKHO 3a1aTh C MOMOLLbIO CeMeHCTBa MOJTy-
Hopm P = {ps | § € A}. Lnst atoro cHavasa cTposiT 6a3y By 0KPeCTHOCTER
HYJIsI, COCTOSIIYIO U3 BCEX BO3MOXKHBIX KOHEUHbIX MepecedeHUi MHOXKECTB
BH[IA

V(p,n):{x€X|p(x)<%}. @.1)

Jlerko BuaeTh, 4To MHOxecTBa (4.1) abGCOMOTHO BHIMYKJble W MOIJO-
wamire (nokasats!), Ho He 00si3aTesIbHO OrpaHHUYeHHbIE (CM. MOJIOCH B
npumepe 1 mpeapiayinero naparpada).

YcTaHOBUM CHauajla, UTO CUCMeMa MHOMCECMm8

{ve |z € X}, ede v, ={Uy+a|Uy€ By},

OeticmeumenvHo moxcem OviMmb RPUHAMA 8 KAuecmae Cucmembvl LOKALb-
Holx 6a3 04 NOCMPOEHUS MONOAOSUL.

O Jns 3TOro HOCTaTOYHO MPOBEPUTh TPH CTAHAAPTHBIX CBOHCTBA JO-
KaJbHOH 6a3bl (cM. Teopemy o PCO sekumu b unu Teopemy 4 cemuHapa-
JIeKIHH 6).

1. TlepBoe CBOHCTBO NpOBEPSIETCS TPUBUAJBHO: €CJIH HMEETCs XOTs
Obl OfHA MOJyHOPMAa py € P, To nMeercst okpectHOCTb Hyast V(po,1) u
COOTBeTCTBYyIOMAs eif okpecTHOCTb V (pg, 1) + & TOUKH x, pHYEM B CHITY
oTpesiesieHusT OJTYHOPMBL nMeeM 2 € V(pog, 1) + .

2. Bropoe cBoO#CTBO TOXe JOCTAaTOUHO OYEBHUAHO. JleHcTBUTE/BHO,
nycTb AJst HekoTopeix A, B C A, |Al,|B] < oo,

)

Up= () V(parna) + 2, Va= () V(pg,mp) +,
acA peB
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Puc. 11. OkpecTHOCTb HyJsl Kak MepeceyeHHe KOHEYHOro YMCJa MHOXKECTBA BH-
na (4.1)

TO JOCTATOYHO IIOJIO2KHUTb

Wy =UNV, = m'yEAUBVv(p'y’ k’y) + x,

rie
min(n,,my), ecany € ANB,

ky =< n,, ecin v € A\ B,

M.y, ecin vy € B\ A.

3. Jlns mpoBepKH TpeTbero CBOHCTBa 3aMeTHM, 4To ecaun y € Uy =N
NaecaV (Pa, o) + @, TO TpH Beex o € A uMeeM P (Y — ) = €4 < ni Ho
[e3
TOTHA UMEETCs «3arac»
N

T. €., BBIOpaB m, € N Tak, uro mL < 0u, B CHJIy OTpeeJIeHHs OJTYHOPMbI
TOJTYYUM

1
Vze X pa(z—y)<m—:>pa(z—a:)<pa(z—y)—|—pa(y—x)<

[(e%

1
<0g+€q=——€4+teqg=—

Ng Na

(«HepaBeHCTBO TpeyroJbHHKA»). [lpoBemss TakuWe pacCyXAeHUs [Jist
Bcex a € A, nosmydnm

Vy = NacaAV (Do, ma) +y C Uy,



4. I[Toayropmer u monoaozus 97

i

/
X

) =7

Puc. 12. [lepeceuenue okpecTHOCTEH

Puc. 13. BriGop oxpecTHOCTH, NMpHHal/exalledl JoKalbHOH 6ase vy U LEJIUKOM
conepxatueiics B Uy, Aas HeKOTOpoH ToukH y € Uy

4yTo U TpebdoBasoch. X

Teneps yGenumcsi, UTo monosoceus, 86€06HHAS C NOMOULLIO MAKOU
6a3v. oKpecmuocmeli HYAs,, COCAACOBARA C AUMHELHOL CMpYKmypol npo-
cmpancmsa.

O Hapno npoBepuTh, 4TO yMHOXKEHHE HA UHCJIO H CJIOXKEHHE HENpepbiBHbI
OTHOCHTEJIbHO MOCTPOEHHOH TOMOJIOTHH.

1. Bnavane yGemummcs, 4To BhINMONHEeHO TpeGoBaHue (2.2). [lpexne
BCETro TpelcTaBUM cebe, UTO y HAC UMeeTcs JIMIIb OHA TMoJayHopMa. Toraa
JIOCTATOYHO I0Ka3aThb, YTO, KAKOBBI Obl HU ObLIH Ao € C, zg € X u n € N,
HaiinyTes takue m € N u € > 0, yto npu

1 1
plr—mo) < —, |A—Xo| <e=p(Ax— Azo) < —.
m n

Jlnst aToro, nosb3ysick CBOUCTBAMM MOJYHOPMBI, 3aMHUIIEM OLIEHKY

p(Az — Aoxo) = p(Ax — Ao + Axo — Noo) < p(A (@ — 20)) + (A — Ao)z) <
4 M. O. Kopnycos, A. A. Ilauun
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< [Alp(z = 20) + [A = Ao|p(z) <
< ([Xo| +&)p(z — w0) + e(p(x0) + p(z — 20)) <

< (Dol + ) +<lpe) + ). (42)

Jlerko BUAETDH, 4TO JOCTATOYHO GousblioM m € N U 10CTATOUHO MaJIOM € >
> 0 mpaBast 4acTb AeHCTBUTEbHO AOCTATOUHO MaJa.

2. 3aMeTHM, YTO OKPECTHOCTH ToueK - € X CyTb MPOU3BOJbHbBIE 00b-
elIMHEHHs KOHEUHHIX MepecedeHuit V' mHoxkects Bupa V(p,n) +y (y €
€ X). INostomy masi mokasaresbctBa (2.2) B 0OlIEM CIydae MOMXKHO [IJist
IPOU3BOJIBHOM OKpecTHOCTH O),;, B3ATb HEKOTOPOE U3 MHOXeCTB V/, co-
cTaBasiiolux Oy z,, TaK, UYTO Agzo € V. Torna umeem

V= (V(pin) + ) (4.3)

i=1,1

IJis1 HEKOTOPBIX 1, ..., T; € X, IpUUéM BCe MHOXKECTBA, BXOAsILIME B Mepe-
ceyenre (4.3), conepar Aozo. OnHako BoBce He (haKT, uTo T; = AgZo. (CMm.
puc. 3.) OnHako (moKa)KuTe caMu!) HETPYAHO MOCTPOMTh MHOXKeCTBO V C
C V Buna

V=) (V(pi. 1) + Aozo)- (4.4)

i=1,1

3. Eciu Temepb corsiacHO paccyXJEeHHI0O B CaMOM HadaJjie J0Ka3aTeJib-
CTBa HalTH TakKue m; W €;, UTO AJs Kaxnjoro ¢ = 1,l u3 ycjoBuii

1
pi(x—xp) < —, A= Do| <&
m;
6yIeT BBITEKATD

1
pi(Ax — Aozo) < =,

)

d 34aTeM II0JIO2KHUTb

e=mineg;, Oy = V(pi, mi) + xo,
n=1,l 2
i=1,

T0 1Jis1 BeeX & € Oy,
A A= Xl <e= Az eV CV C Oy
4. AHajoruyHoe pacCyXIeHue [Jisi HElpepbiBHOCTH CYyMMBI B TOIOJIO-

T'UH, 3aJ1aBaeMOH MPOU3BOJIbHBIM ceMeHCTBOM MNOJIYHOPM, PEKOMEHAYeTCs
IIPOBECTH CaAMOCTOATEJbHO. X
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§ 5. Pynkuuonaa MunHkosckoro. [Ipumepsi

PaccmoTprm HECKOJIBKO TPUMEPOB TOrO, KaKue MOJYHOPMbI (M HOPMbI)
3a7aéT (yHKIHOHAT MHHKOBCKOTO KOHKpeTHbiX MHoxecTB B R?(R).
(Mbl paccmarprBaeM IJIOCKOCTb [Jisi HArsiAHOCTH; a mockoibky B C(C)
abCOJIIOTHO BBHIMYKJIBIMHM MOIJIOIAIOIHMMHU MHOXeCTBaMH SIBJSIIOTCS JHIIb
OTKPBITBIE M 3aMKHYTble KpPYTrH C LEHTPOM B Hadaje KOOpAWHAT —
JoKa3zaTb! — TO y Hac HeT BhIGOpA.)

[TPUMEP 5. Ecau U ectb Kpyr pamuyca 1 ¢ LeHTpOM B Hayaije
KOOPAMHAT, TO py(X) ecTb 00blYHAs eBKJINI0BA HopMa x| = /22 + 2.

[TPUMEP 6. Eciu U ecTh TOPU30OHTaNbHO OPHEHTHPOBAHHBIN
9JIJIMIIC C LEHTPOM B HayaJjle KOOpAMHAT W mosyocsmu 2, 1, To py(x) ectb

wopua [[x|| = 1/ (%) + 2.

[TIPUMEP 7. Ecau U ectb KBaapaT CO CTOPOHAMH 2 U LIEHTPOM B
HayaJle KOOPIMHAT, TO py(X) ecTh HopMa ||x|| = max |x|, |y|.

[TIPUMEP 8. Eciu U ectb mnosoca [y| < 1, To py(x) ectb
nosiyHopma p(x) = |yl.

[IPUMEP 9. Ecau U ecTb noJsioca, orpaHHueHHas NPSMBIMH § =
=x+1uy=x—1, 10 pr(x) ectsb monysopma p(x) = |z — y|.

[TPUMEP 10. Ecau U ecTb KBafpart, OrpaHUYEHHbIH NPSIMBIMH Y =
=4z + 1, 10 py(x) ects HopMma ||x|| = |z| + |y].

§ 6. 3agauu nsg CaMOCTOSITEJbHOTO pelIeHus

3anauya 0. OTBeTUTb Ha BOMPOCH! MO TEKCTY.

3anaua 1. I[IpoBepuUTb aKCHOMBI MONYHOPMBI 1JIs1 IPHMEPOB M3 Mapa-
rpada 3.

3apaua 2. IlpoBeputh, YTO MHOXKeCTBa W3 maparpada S AeHCTBU-
TeJIbHO BBINYKJIble, MOIVIOLIAIOIINe U YpaBHOBelleHHbIe (TAe B OnpeneseHHn
ypaBHOBeIlIeHHOCTH ciienyeT 3aMeHUTb A € C Ha A € R).

3anaua 3. 1) BocnonnuTb n0KasatenbcTBO B naparpade 4, nocTpous
okpecTHocTb V mno V.
2%) IlpoBecTd [10Ka3aTejbCTBO HENMPEPHIBHOCTH CYMMBbI B TOIOJIOTHH, 3a-
IaHHOU mosiyHopmamu (cum. maparpad 4).

Samaua 4. 1) Bepubl qu (/15 BBeIEHHBIX HAMM OMepalMH CYMMbI
¥ MPOU3BEIEHNs] MHOXKECTB B JIMHEHHOM MpoCTpaHCTBe) paBeHcTBa (A +
+B)—-B=A,2-(0,5B) =B?
2) BepHo a1, uto (AU B) \ B = A?

4%
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Samaua 5. JlokasaTh, UTO METPHKA, BBeIEHHAS B JEKIHH 6 1/ MeT-
pU3alLHUK TOTOJIOTHUECKOTO TIPOCTPAHCTBA CO CUETHOH pasiessiiolled cucTe-
MOH TIOJIYHOPM, IeHCTBHTEIBHO YIOBJETBOPSIET HEPABEHCTBY TPEYTONbHUKA.

Sanaua 6*. [lpenmnosioxkum, cHUcTeMa MOAMHOXECTB T = Ugecx Ty
MHOXecTBa X YIOBJIETBOPSIET CJEIYIOUIUM YCJOBHSIM:

1) pasi moboro x € X BepHO: T, # &, aas awboro U, € m, x € Uy;

2) nns mob6ux Uy 1, Uy o € m, Halinéres U, € m, Takoe, uto U, C Uy N
NUygs.

Bepno su, uto 7 o6pasyer PCO?

(CMbics 3TOM 3ama4yu B TOM, HOCTATOYHO JIU MPOBEPHTDb IJsi OKPECTHOCTEH
HyJlsi U BCEeX WX MepeHocoB TpeGoBauus 1), 2), 4uTobbl yOemHThCs, YTO
TOTOJIOTHSI KOPPEKTHO UMM 3a1aHa.)
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BAHAXOBbI ITPOCTPAHCTBA:
OBIIIME CBEJIEHHA

§ 1. O6mue Bompockl
TEOpUN HOPMUPOBAHHBIX MPOCTPAHCTB

1. ITpocrpancteo L(N;, Ny) 6anaxoBo, ecsiu mpoctpaHcTBo Ny GaHaxo-
BO.

2. (Cnencteue.) Jnsi so6oro HOPMHPOBAHHOTO MpocTpaHcTBa X CO-
npsikéHHoe K HeMy npoctpaHcTtBo X * = L(X, C) 6aHaxoso.

3. (CnenctBue.) PedusekcrBHOe HOpMHpOBaHHOE MPOCTPAHCTBO X ¢
HeoOXOOUMOCTBIO 0aHaxXxoBO, T. K. OHO HM30MOP(HO OaHAXOBY IIPOCTpPaH-
crBy X** = (X*)*.

4. Cnepymoliye onpeeeHusi HOPMBL JuHelHOro oneparopa A : N — No
PaBHOCHJIbHBI (MBI HCKJIIOUaeM H3 PAcCMOTPEHHs] TPUBHAJbHBIH Ciydaid
HYJIbMEPHOTO TIPOCTPAHCTBA):

Az
Ml = sup K212 — o JAally = sup [ Aze.
o0 1zl e =1

3necb MBI /sl SICHOCTH yKa3aJii, HOPMBl B KaKOM H3 MPOCTpaHCTB — N
umn Ny — OGepytcsd. B nanbrelimem Tam, rae 3TO OYeBHIHO, MBI OyneMm
HCIO/Ib30BaTh MPOCTO 0603HAUEHHE HOPMBI ||-|.

§ 2. Paabl B 6aHaX0OBOM IPOCTPAHCTBE.
CxoguMoCTh a0COIOTHO CXOASLIErocsl psaa

B no6om JMHEHHOM NPOCTPaHCTBE MOXKHO paccMaTpUBaTb KOHEUHbBIE
CYMMBI 3/1eMeHTOB. B HOpMHPOBaHHOM, K TOMY 2Ke, MO’KHO BBECTH IOHSITHE
CXOAMMOCTH 110 HOPMe MJIM CHJIbHOH CXOIUMOCTH:

def
Yn — Y = llyn —yl — 0,

a cJjiegoBaTesibHO, U MOHATHE CyMMBI psnaa:

(o) N
def
x:E xnéSnEE T, — I.
-1 =1
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Vmeer mecTo noJsie3Hast Teopema, 0600611ak011as aHAJIOTHYHOE YTBEPXKAEHHE
IJ151 YUCJIOBBIX PSIIOB.
Teopema 1. Ab6coaromuo cxodsuutics psd cxodumcs, m. e. ecau

cxodumcs wuca080l pso
oo

> lzall,

n=1

mo cxodumcs u ucxooHulil pso
o0
E Ty
n=1

JlokasaTesbCcTBO 3TOH TeOpeMbl, B MOJHOH aHAaJOTHH CO CJy4yaeM 4YHC-
JIOBBIX PSZOB, OYAET OCHOBAHO Ha KpuUTepHH KoK CXOIMMOCTH MOCJ/EH0-
BaTeJIbHOCTH, U3 KOTOPOrO O4YeBUAHBIM 00pa3oM BhiTeKaeT Kputepui Koruu
CXOIMMOCTH psiia.

Jloka3aTenbCTBO.

1. HanomHuM, 4TO B CHJy MOJHOTH 0GaHaxoBa IMPOCTPAaHCTBA OTHO-
CUTEeJIbHO METPUKH, 33aJaHHOH HOPMOMH, BCSIKas IOCJENOBATEJbHOCTb €ro
3JIEMEHTOB CXOIMTCS TOrJa M TONBKO TOTAA, KOTAA OHAa (PyHAAMeHTaJbHa.
Takum o6paszoM, kpuTepud Kol B 4acTH HOCTATOUHOI'O YCJOBHUS BBINOJ-
HsieTcst B 6aHaX0BOM MPOCTPAHCTBE aBTOMATHUECKH.

2. Ilepexonsi K MOCJAEI0BATENbHOCTSIM YACTHUHBIX CYMM, MepeopMyH-
PYeM ¢ yUBTOM OUeBHIHONO TOKAECTBA Syip — Sn = S pih .| Ty KPHTEpHUil
Komu cxomuMocTH moc/enoBaTeNbHOCTH B KpuTepuit Komm cxomumocTH
psina:

3. Pan Y7, x, B GaHaxoBoM npoctpaHcTBe X CXOLMTCS TOTAa H
TOJIBKO TOTIa, KOraa

n-+p
Ve>0 3IN(e)eN Vn>=N(), VpeN Z x|l <e.  (2.1)
k=n+1

4. Jlokaxxkem, 4yto ycjoBue (2.1) BHIMOJHEHO, €CJH CXOAUTCS PS

oo

> llzall (2.2)

n=1

O [e#icTBUTEBbHO, TYCTb 3aiaHOo mpousBosbHoe € > 0. Bocmosb3so-
BaBlIKCh KputepreMm Koiu Kak HEOOGXOIHUMBIM YCJOBHEM CXOAMMOCTH psi-
na (2.2), nmaxomum Ttakoe Nj, uyto mpu Bcex m > Ni u p € N BepHo

HepPaBeHCTBO
n+p

Z llzx| <e.

k=n+1
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Ho rorma (mpu Tex xe n, p) B CHJIYy HepaBeHCTBAa TPeyroJbHHKAa BepHO H
4To

n+p n+p
Z Trll < Z ||$k|| < €.
k=n-+1 k=n+1

CrienoBaTe/IbHO, BBIMIOJNHEHO ycJioBHe Koiiu cxonumocTu psina B 6aHaX0BOM
npoctpaHcTee. X

Teopema nokaszaHa.

3ameuyaHue l. YcioBHe HelmycTOTHl MepecevyeHus MOC/AeN0BaTeNbHO-
CTH BJIOXKEHHBIX 3aMKHYTBIX L1apOB, PAIHYChl KOTOPBIX CTPEMSTCS K HYJIIO,
MOXHO TIPHHSITh 32 (3KBUBAJIEHTHOE) ONpe/eJieHHe MOJHOTH METPUYECKOrOo
npoctpaHcTBa. [Ipd 3TOM CYLIECTBEHHO, YTO B 3TOM PaCCyXAEHUM He
UCIOJIb3YyeTCst KOMNAKTHOCTh. C APYrod CTOPOHBI, BO MHOTMX KHMIax o Ha-
YajiaM aHaJjii3a MPUBOIUTCS J0KAa3aTeJbCTBO CXOAMMOCTH (DyHAaMeHTaJb-
HOM YHCJIOBOK MOC/E0BATENbHOCTH (U3 TEOPEMBI O BJIOXKEHHBIX OTPe3Kax),
OCHOBaHHOE Ha TPeBapUTEJbHOM [0Ka3aTeJbCTBE €€ OrpaHHUYeHHOCTH H
U3BJIEUEHUU CXOJSLIEHCS MOANOCAeI0BATENBHOCTH M0 TeopeMe BoJsibliano —
Beifiepmtpacca. Takoe mokasartesnbcTBO, HanOOJee MOAXOASIIEE B CHITY CBO-
el MPOCTOTHI [/151 HAUMHAILIMX U3ydyaTh aHaju3, CJelyeT MPU3HATh 3aTeM-
HSIIOLUM CYTb Jlela NPH AaJjibHeHllleM OCBOEHHH HieHd U (DakTOB aHasu3a,
60 OHO MOXET CO3[aTh BIeyaTIeHHe, UTO MAJs AOCTATOYHOCTH YCJIOBUS
Komwu cyurecTBeHHa He TOJIBKO TOJIHOTA, HO W JIOKAJbHAasi KOMIAKTHOCTh
METPUUYECKOr0 MPOCTPAHCTBA, YTO HE COOTBETCTBYET AEUCTBUTENbHOCTH.

§ 3. IIpumeps! AMHENHHBIX (PYHKIMOHAJIOB

[TPUMEP 1. ¥YcTaHOBUTH HenpepblBHOCTb CJENYIOMINX JHUHEHHBIX
(yHKunOHaNMOB Hax mpoctpanctoM C[—1; 1]:
1) (f1,2) = 2(0);
2) (farx) = 3(a(=1) +2(1));
3) (fs,a) = [° a(t)dt — [y a(t) dt;
4) (fa o) = Y2, .
O Ilpole yCTaHOBHUTb OrPaHHUEHHOCTb 3TUX (DYHKIMOHAJOB, KOTOpas,

Kak Mbl 3HaeM (cM. JemMmy | JIeKUHH 7), PAaBHOCHJBbHO HEMPEPBIBHOCTH.
HNmeem

[(f2) = lz(0) < llzllec = Al = sup [(fz)) <1,

|z]lc=1

)

w] o

(fe2) = [3(el=1) + (1) < el = Il = sup (1)l <

lz]|c=1
1
£(t) dt| + jx(t)dt <alle = Il = swp [(f2) <2

lzlle=1

[(f3,2)] <

—

0
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(fuoa) = |3 DD S D e - 1)3m

PekoMeHyeTcs caMOCTOSITENIBHO N0KAa3aTb, UTO fi sIBJASETCS CYMMOMH

psina
) = 20

Dﬁg

n=1
He TOJIbKO MOTOYEYHO (T. €. B CMbIC/Ie *-C/1a00H CXOLMMOCTH), HO H IO
Hopme npoctpauctsa (C[0, 1])*.
JIo CHX MOp Mbl MOJYYHJIH JIHLIb OLEHKH CBEPXY HA HOPMbl KaXKIOTO H3
(yHkunoHaM0B. OnpeseseHrne HOPMbI OACKA3bIBAET, KAK MONYIHTb OLEHKH
cHu3y. VIMeHHO, /s 0600 HEHYJIEBOrO sjeMeHTa o € X HMeeM

[,z frxo
1] = sup M2 5, 167200
w9 ||| [zoll
Bosee 0610, pns n000d 10C/Je00BATENbHOCTH HEHYJEBBIX 3JeMeH-

t0B {z,} C X BepHO
191> i

ITu coobpaxkeHUs1 Mbl U OyoeM B HaJbHEHIIEM HCMOJb30BATh MJi BbI-
YMCJIeHHs HOPMbl KOHKPETHBIX JIMHEMHBIX (PyHKLHOHAJ/0B. B yacTHocTH, B
npuMepax 1—4 Bce OLlEHKH CBepXy AJs HOPM TOUHBI, UMEHHO,

2
Il =1 lfll=5, Ifsl=2 lfil=e-1

B camom pene, B mpumepax 1—2, 4 gocratouHo paccmoTpetsb xo(t) = 1, a B
npuMepe 3 HETPYAHO MOCTPOUTH MOCJAEN0BATENbHOCTD (yHKIHMH n3 C[-1;1]

-1, te[-1;-1];
xn(t) = < nt, te[—%;%]; (3.1)
1, teli],

nJist KoTopo# |{f3, x)| — 2 (mpoBepuTh caMocTosITENbHO!).
[IPUMEP 2. Beisicauts, 6ynyt au orpannuyentsimu B C[0; 1] cae-
Ayoliye ﬂHHelﬁHbIe (hyHKLHOHAJIBI:
D (i, x> — [La(V) dt
2) (fo,x) = [, x(t?) dt.

O HerpynHo c006pa3mb, 4TO B 000X Clydasx HMeeM

|[z(e(t)] < [zl
rie ¢(t) = v/t um p(t) = 12, oTkyna
1
[atewnar< e

0
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CrnieioBaTeJibHo, ||f1|| I, ||fe]l £ 1. Bass x(f) = 1, ycranaBnuBaem,
uTo Hf1|| = |2l =

PUMEP 3 yCTaHOBI/ITb OFPAaHWYEHHOCTb [OAaHHOTO JMUHEHHOro
cpyHKuHOHaJIa ¥ Ha#TH ero HOpMY:

1) (fi,z) = [' tz(t)dt, e C[-1;1]

2) (fox) =] ta(t)dt, we L'-1:1);

3) {f3,x) f tr(t)dt, =z € C'0;1];
4) (fa,x) = f_l ( )dt, x¢€ L2[—1; 1];
5) (fs,x) = [ot™13x(t)dt, e L2[0;1].

O PaccMoTpyM BCe MOAMYHKTH MOAPOGHO.

1) Ecniu 6bl HaM HYXXHO OBLJIO TOJNBKO YCTAHOBUTb OTPaHHUEHHOCTh
¢yHkuuonana f, 6bI0 Obl AOCTATOYHO OLEHUTH MOJABIHTErpPaJbHOE BbIpa-
KeHHe caenyowuM oopasom: [tz(t)] < 1-||z|¢ mpu ¢ € [~1;1], oTkyna
IIf]l < 2. OnHako $ICHO, YTO 3TO CJMIIKOM Tpybasi OLEHKA, MOCKOJIbKY

MHOXHTeJNb t «3ape3aeT» 3HaueHHe UHTerpana. [loatomy mpoBeném Gosee
TOHKYIO OLIEHKY:

1 1 1 1
[ tyar J (0)]de < J llaledt = 2lallc [ tdt = ale,
~1 = = 0

otkyna ||f]] < 1. Moxuo yGenutses, uto ||f|| = 1, paccmorpes mocie-

JoBaTeJbHOCTh (yHKUME (3.1) (cmenaiite 3T0 camocTosTesbHO). [TosTomy
HOpMa paccMarpuBaeMoro (hyHKIHOHasa paBHa 1.

2) B cuny HepaBenctBa [énbpepa mpu p = 1, ¢ = oo umeem || f|| < 1
Yro6bl moKaszath, 4To Ha camoM gese ||f|| = 1, paccMoTpum mocsenosa-
TeJIbHOCTb (PYHKLHUH

HNmeem torma:

1
1 11 1
Hx”Ll[—l;l]:H, (fo,x) = J tdt:E.H (2_5)’

OTKyZa

1 _ 1
50> T2 Cow)

3=

=1
3) B JaHHOM cJiy4yae C NMOMOILbI0 MHTErpupoOBaHUA MO YaCTAM IoJydaeM
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Lo 1
() = | o] — [ Loty < 2L +j§x'<t>|dt <
0

2

(==}
I
o

< Yzle + L1ele < Sielie + et = Lya)
S 9 C 6 C XX 9 C 9 C = 9 Ccl-

OGpaTHOe HEPABEHCTBO CJENyeT W3 paccMoTpeHust ¢yHkuuu z(t) = 1.
3ameuanue. B manHOM ciyuyae cpaGorasa Obl M OLEHKA THIA CAEJAHHOH B
n. 1), HO Mbl MOCYMTANH TOJNE3HBIM MPOAEMOHCTPHPOBATE OLEHKY, CIELHU-
¢uunyto aas npoctpanctea C'l.

4) Tlosb3ysicb HepaBeHcTBOM Komn — ByHSIKOBCKOro u TeM (akToM,
4TO [PH COBMAIEHUH (QPYHKIMH OHO 0OpAallaeTcsi B PABEHCTBO, HAXONUM

1A= il oory = /2
5) VI3 aHanOTHUHBIX COOOpPaKEHHH, MOJb3YSCh TeM (PAaKTOM, U4TO t=1/3 ¢

€ L?[0; 1], nonyuaem || f|| = \/jé t=2/3dt =+/3. KX
[TPUMEP 4. PaccmoTpuMm srHeliHble (YHKIIHOHAJBI

(o) = g (@(e) ~2(-2)), fo=a(0), «(t) € C'[-1:1]

Tpebyercs:
1) ycTaHOBHTb OrpaHUYEHHOCTb 3TUX (DYHKIIMOHAJIOB H HAUTH UX HOPMY;
2) nmokasarb, uto f. — fy *-csabo;
3) BBISICHHTb, UMEET JIH MeCTO CHJIbHAash CXOOUMOCTb fe — fo.

O INpoBeném paccyxieHHe B HECKOJIBKO ITAIIOB.

1) 3amMeTM Mpexjae BCEro, UuTO HOPMa KaXKIOTo M3 PacCMaTPHBAEMbIX
(hyHKLMOHANOB He mpeBocxonuT 1. B camom nese,

[{fo,2) = 2" (O) < [l'[le < llzlle + [l2"llo = [l=llc,

€

1 1 2
(el = |00 = 22D = |5z [ #O1t] < Fle'le < el
—E&
(3.2)
Jlerko Bunets, uto ||fo|| = 1. UToGel 3TO ycTaHOBHTH, JOCTATOUYHO PACCMOT-
peTb PYHKLHUHU

st gLl
n(t) = 2n n’ nb
w0 ={ i, (£

YuraTesib JETKO YOEAUTCSI CAMOCTOSITENBHO, UTO Xy (t) € Cl[—l; 1]. Torma
nmeeM ||z, [t =1+ 5=, (fo,zn) = L.

JIlnst pyHKUHOHAJIOB f. MOXKHO H0Ka3aTh, 4to || f¢|| = IJ%E, HO [/ 9TOTO
MOHANOOUTCSI POBECTH GOJlee TOHKKE OLEHKH. 3aMeTHM Mpex/e BCero, uTo

(o) < e, (3)
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Ho rtoraa

lzller _ llzllo tlale _ lele | l2fle o

[(fe, )| |(fer ) |(fe, )] |(fer )|

Tle B MOCJe[HEM HEpaBEHCTBE Mbl OLIEHHWJH MepBOe cJaraeMoe ¢ MOMO-
mpio (3.3), a BTopoe — ¢ momolbio HepaseHctsa |(f:, x)| < ||2’||¢, momy-
4eHHOT0 1o Xoxy mesa B uemouke (3.2). Urak, mis moboil GpyHkunu z(t) €
€ C'[-1; 1] umeem

[EdIFeE [(fe, @) 1
>e+1, wnam < .
[(fer )] [zlcr ~ 14e¢
Orcropa nosaydaem, uTo |
< —. 3.4
120 < = (3.4

YCTaHOBHM Temepb 00paTHOe HepaBeHCTBO. [l 3TOro npu KaxKaoM (hUKCH-
POBAHHOM € PaCCMOTPHUM HeUETHble (PYHKUUH Xpe, ONPeneséHHble npu ¢t > 0
crleflylolUM 06pa3oM:

t, t € [0;¢),
Tne(t)=Qe+(t—e)—2(t—¢)? telge+i]
5+i, t€(5+%;1].

Yuratesb JIETKO MPOBEPHUT, UTO Tne(t) € CH—1;1] 1 [[zpe|cr =+ & + 1.
Tenepp Jierko BUOETH, UTO

<f€7 xna> _ %(l‘(g) - ZL‘(—€)) — g_z N 1
]l [Edlten l+e+4&  1+4e
npu n — 00, a nosTomy || fe|| > lJlr—E O6paTHoe HepaBeHCTBO ObLIO JOKa3a-
HO BBbILLE.
2) s mo6oit dpynkuuu x(t) € C[—1;1] umeem

<f€v £U> =

1 1 [a(e) —2(0)  x(0) —z(—¢) 22/(0)

= gea(e) —a-2) = 5 |12 2] 20 )

npu € — 0.
3) CuJbHasi CXOOMMOCTh MeCTa He MMeeT. B camom [eJie, pacCMOTPUM
dyHKUHH T, (1) = L sinnt. feno, uto [z, [ cr < ZEL. B 10 ke Bpems

1 sinne + sinne sin ne
= ] = g T | <,
U M03TOMY
sin ne .
B S n6—|:‘ n mnns_l:
I = 11> nel u=l wenn+1 | ne

NpU KaxkIoM (pukcupoBaHHOM €. OTcrofa u cjenyert, uto f, /4 f.
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§ 4. 3agayu ayiS CaMOCTOSITEJTbHOTO pelIeHHs

3apgaua 1. JlokasaTb, 4TO BCSIKOE HOPMHPOBAHHOE IIPOCTPAHCTBO
CTaHOBHMTCS METPHUeCKUM, ec/i Monoxuth p(z,y) = ||r — y||. (Ha camom
JieJie Mbl y2Ke He pas 3THM M0J1b30Ba/IuCh.) YKazanue. TpeGyeTcst MpoBepUTh
AKCHOMbBI METPHKH.

B nasnbHeiieM Mbl GyeM HCIOJb30BaTh METPHUECKHe MOHATHs (moJ-
HOTa, 3aMKHYTOCTDb U T. 1I.) TPUMEHHTENBHO K HOPMHPOBAHHOMY MPOCTPAH-
CTBY, HCIIOJIB3Ys1 63 OTOBOPOK HMEHHO 3Ty MeTPHKY. [IpH 3TOM CXOMMMOCTD
no Hei (B OTJHUME OT IPYTHX BO3MOXKHBIX THIIOB) HA3BIBAETCS] CHJIBHOH
CXOUMOCTBIO.

3anaua 2. JlokasaTb, 4TO HOpMa HeMpepbiBHA KaK (PYHKIIUSI CBOEro
apryMeHTa: eciu T, — &, T0 ||x,| — ||z||. BepHo qn obpatHoe?

3anauya 3. JoxkazaTb, 4TO CJeNYIOIIMe JUHEHHbIE MPOCTPAHCTBA C
YKa3aHHBIM 00pa30M BBEIEHHBIMU HOPMAMH SBJSIOTCS a) HOPMHPOBAHHBI-
MH; 6) 6aHaXOBBIMH:

1) I°° = m — npocTpPaHCTBO OrpaHHYEHHBIX MOC/efoBaTedbHOCTEH {Tp },
{2} = suppcr

— POCTPAHCTBO mocjenoBaresabHocTedt {x,}, MIT KOTOPBIX
pan 32 [wn| cxomnres, [{zn}ll = 3207 |2nl;
3*) [P — [poCTPaHCTBO IOCJEI0BATEIbHOCTEH 1 {z,}, mns KoTOpBIX
pan Y207, [z P exomures, [[{a | = (552, feal?) ¥, p € (1 +00):
4a, 6%) L>°([0;1]);
5a, 6) CEO; 1];
6a, 6) C(V[0; 1].

Samaua 4. [okasaTh, 4YTO [ABYMEPHOE KOOPAHHATHOE MPOCTPaH-
ctBo R? GyneT a) HOPMHPOBAHHBLIM, 6) GAHAXOBBIM, €C/H BBECTH HOPMY Ha
HEM KaXX[IBIM H3 CJIENYIOMMX COCOGOB:

D (@, y)l| = va* + %5

2) [|(z, y)|| = max(|z], |y]);

3) [z, y)ll = |z + [yl

Co0TBETCTBYIOLIHE HOPMUPOBAHHBIE MPOCTPAHCTBA MBI OylneM 0603HAYAThH
Z%Q) = £?, &) lly) (oGosnasenus ne obwenpunsthie!). H3oGpasuth
enrHHYHble Wapsl ||(z,y)|| < 1 B KaxaoM caydae.

amgaua 5. 1) lokas3aTb, UTO BCe HOPMBI W3 TpeablAylLled 3amade
9KBHBaJIeHTHBI. 2) J[0Ka3aTh, 4TO B TOM K€ MPOCTPAHCTBE MOXKHO BBECTH
Hopmy 1o dopmyJie ||(x,y)|| = /10022 + y? u uTo OHa OymeT SKBHBAJIEHT-
Ha J1060i HOpMe W3 Tpenblaylled 3agauu. (DTO TOJME3HO HJsi UUCTEHHBIX
METOJIOB, €CJIM B pAacCMaTpHBaeMOH 3ajaue XapaKTepHasi BEJHUYMHA X CO-
crasasier 0,01 oT XapakTepHOH BEJUUYMHBI ¥.)

Samaua 6. MoxHo su BBectd HopMmy Tak: |(z,y)|| =

= (VI + Vi) ?
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Sagauya 7. YCTaHOBHTb HeENPEPLIBHOCTb CJENYIOMIHX JHHEHHBIX
(hYHKIIMOHAJIOB:
) (f,x) =21 + 39, = {1,20,73,...} €%
2) (f,x) =x1 4+ 29, x={x1,29,23,...} EM;

(
3) (fim)y =300, z={xy, 29 23,...} €%
4) ( ,:L‘>:Z$LO:1%, r = {x], 19, 23,...} €1}
5) (fo,x) = o (x(e) + x(—¢) — 22(0)), e€[-1;1], zeC[-1;1];
6) (f,x) = [yx(t)dt, zeCl-1;1].

B n. 1)—4) tpebyercs Takxke HaUTH HOPMY (HYHKIHOHAJOB.
3amaua 8. Paccmorpum Ha npoctpatctse C|0; 1] nuHefinble QyHK-

LIHOHaJIbl
1

(for ) = jz(t”) dt, () = 2(0).
0

1) JlokasaTb OrpaHMYE€HHOCTb W HAUTH HOPMY 3THUX (PYHKIIMOHAJIOB.
2%) Jlokasare, 4T0 f, — f.

3agaua 9. 1) Ilycts mocnenoBaresbHoCTb {xy,} C X orpaHudeHa u
IJIs KaXKIOTO0 f W3 HEKOTOPOTO BCIOAY TIOTHOrO B X * MHOXKecTBa (f, 2p) —
— (f,x). HokasaTb, 4T0 T, — Z.
2) CdopmynupoBaTh ¥ 10Ka3aTb aHAJOTHUHOE YTBEpXKAEHHE [Js *-CJaabol
CXOIUMOCTH (DYHKLIMOHAJIOB.
3)* MOoKHO JIM 0TKa3aTbCsl OT YCJIOBHS OTPaHHYEHHOCTH MOC/EN0BATENBHO-
CTH?

3apgaua 10. Ilycts X — BelllecTBeHHOe JMHeHHOe NPOCTPAHCTBO,
f — ompenenéHHBIE Ha HEM JHHeHHBIH (QyHKUOHOHAN. IloKa3aTb, YTO OH
HenpepbIBeH TOTZA U TOJbKO TOrAA, Koraa AJs Jwoboro ¢ € R MHoxecTBa

{zeX|{fix)<c}, {zeX]|{f,x)>c}

OTKPBITBl OTHOCHTEJIbHO METPHUKH mpocTpaHcTBa X (MOPOXKIEHHOH HOP-
MOH).

Sapgaua 11. Ilyetb B — 6aHaxoBo mpocTpaHcTBO, f € B* u aid
Hekotoporo wapa B,.(zg) = {x € B | ||z — xo|| < r} BepHo

sup  [(f, ) = (f,9)] = 1. (4.1)

w,yegr (o)

Haiitu || f||.

uksa 3ampad mo CBSI3W HOPMBl U TOTMOJIOTHH.

3apaua 12. Jlokasarb, 4TO HOPMHPOBAHHOE INPOCTPAHCTBO CTAHO-
BUTCSl JIMHEHHBIM TOIMOJIOTMYECKHUM, eCJiM B KauecTBe 0a3bl OKpPeCTHOCTEH
HyJIs1 B3SITh a) BCE OTKPBIThIE LIAPHI C LIEHTPOM B HYyJe; 6) OTKPBITHIE LIAPHI
PanMyCoB Ty = % C LeHTPOM B HyJe. YKazaHue. CHauasa OMULIUTE TOMOJO-
THIO, 3a[aBaeMylo Takoi 6a30# OKpecTHOCTed HyJ/f, 3aTeM NpPOBepbTe, YTO
OHa COIJIacOBaHa C JIMHEHHBIMHU ONepaLUsIMH.
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Sagaua 13. ([Ipomoaxenue.) OmHY U Ty Ke HJIU pa3Hble
TONOJIOTHH 3afaloT Ha R* HopMel 1)—3) u3 3amauu 4 ¥ HopMa U3 3ajaud 5?

SBamaua 14. ([Ipomonxenwue.) 1) JlokasaTh, 4TO BO BCSIKOM
HOPMHPOBAHHOM MPOCTPAHCTBE BCAKHUH OTKPBITBIA M BCSKHMH 3aMKHYTBIH
wap BbIMYKJBL. 2) JloKa3aThb, 4TO B HOPMHPOBAHHON MPOCTPAHCTBE 3aMKHY-
THIH IIAp C LEHTPOM B HyJle SIBJISIETCS YPaBHOBEILEHHBIM Y MOMVIOLIAIONIUM
MHOKECTBOM.
(C yuérom 3anau 12, 14 MBI BUAHM, YTO BCSIKOE HOPMHPOBAaHHOE MPOCTPAH-
CTBO €CTh JIOKAJbHO BBIIYKJIOE JIHHEHHOE TOIMOJOrHYeCKOe MPOCTPAHCTBO.)

3apnaua 15. HopmupoBaHHOe mNPOCTPAaHCTBO Ha3blBaeTCs CTPOro
BBIMYKJIBIM, ec/ii paBeHcTBO || + y|| = ||| + ||y|| nocturaercs muump ans
«KOJITHHEApHBIX» (T. €. MPONMOPLUHUOHAJNBHBEIX, T = Ay MPHU HEKOTOPOM A
Wi y = ¥) = U y. Kake U3 npocTpaHCTB, MOCTPOEHHBIX B 3a1aue 4, CTPOro
BBITYKJIBI?

Sanaua 16*. ([Ipomonxenune.) MoxXHO J1 3a4aTb OOLIYHYIO
METPHUECKYIO TOMOJIOTHIO (MOpoXKaaeMyto HOpMOH M3 3amauu 4, n. 1)) ¢ mo-
MolLLbl0 6a3bl, COCTOsAIIEl U3 HEBBINYKJBIX MHOKecTB? (Ecau na, To craHer
TIOHSITHO, TMOYeMYy B OlpeleseHHH JokanpHo Buimyksoro JITIT rosopures
«...0a3y MOXKHO BBHIODATh...».)

apaua 17. JlokasaTb, 4TO eC/H IOC/EL0BATEbHOCTb 3JEeMEHTOB
HOPMHUPOBAHHOT'O MPOCTPAHCTBA CXONUTCS IO ONHOW W3 3SKBHUBAJIEHTHBIX
HOPM, TO OHA CXOAMTCS U MO ApPyroi. MoxerT Jid HEKOTOpAsi MIOC/Ie0BaTE/b-
HOCTb CXONMTbCSI K PasHBIM IpefesaM (B 3aBUCHMOCTH OT HOPMEI), €CJH
9TU HOPMBI: a) SKBHUBaJIeHTbl, 6) He 0053aTeJbHO SKBUBANEHTHBI?

3apaua 18. YcranoBuTh cenapabenbHOCTb mpocTpancTts P, p € (1;+
+00). (3ametum, uTo cenapabenbHocTh [! M HecenmapabesbHOCTb M = [
y2Ke YCTaHOBJIEHHBI. )
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BAHAXOBbI ITPOCTPAHCTBA.
JAJBHEHUIIUE CBEJIEHHUA

§ 1. Hekortopbie o0mue cBOMCTBA JUHEHHBIX
¢yHKIIHMOHAJIOB B 6aHAXOBbIX MPOCTPAHCTBAX

CeoiictBo 1. [lokasatTb, uTo AuHelHbll PyHKYUOHAL 8 baHax080M
npocmpaucmee Henpepoigern moeda u moabko moeda, Koeda ezco s0po
3AMKHYMO. L

O Heobxodumocme ycnoBus ker f = ker f oueBHAHA, MOCKOJIbKY H3
HeNpepbIBHOCTH (PYHKLHOHAsMa f cpasy cienyer, 4yto npoobpas ker f 3a-
MKHYTOr0 MHOxkecTBa {0} mpu oToOpaxkeHWH [ HOJMKEH OBITH 3aMKHYT.
(MoxHO paccyxJaTb U B TepMHHAX IOCJEI0BaTeJbHOCTEH: NIPU X, — o,
(f, o) = 0 Bepro (f,xn) — (f,zo) =0, T. e. TOuKa, SBJSIOLLASCS [IPEIEIb-
HOU 11 sifpa, IpUHal/IeXHUT siApy. Ho Takoe paccyxaeHre He TOOUTCS [J15
6oJiee 0OIIIEr0 Caydasi JUHEHHOrO TOMOJIOTHUECKOTO MPOCTPAHCTBA.)

Hocmamounocme. Octajoch [0Ka3aTb, UTO U3 3aMKHYTOCTH 1pa JH-
HEeHHOro (PYHKILHOHAJa CJeAyeT OrPAHHUEHHOCTb ITOTO JIUHEHHOrO (PyHK-
[MOHaJA. -

1. Iyctp ker f = ker f. Kak u3BecTHO, HempepelBHOCTb (DYHKLHOHA/A
paBHOCHJIbHA €r0 HEMpepbiBHOCTH B HYJe, O3TOMY AJisi Pa3pbiBHOro (MJu,
4TO PaBHOCHJIBHO, HEOTpaHUYEHHOro) (yHKLHOHAJa Hahnércss Takas Mo-
CJIEIOBATEIBHOCTD 3JIEMEHTOB T, — ¥, uto |{f, z,)| > C mpu HekoTOpOM
C > 0. Ho Torna u

Cux,, B

[pu 3TOM 2, = Yy, — Y1 — —¥Y1 W, KaK HETPYAHO MPOBEPUTh, z, € ker f.
2. Ho y; ¢ ker f, mockosbky (f,y;) = C #0, 1. e. ker f HesaMKHYyTO.
[TonyyeHHOe MpoTHBOpeYHe NOKa3bBaeT TpeGyeMoe yTBepxaeHHe. X
CeoiictBo 2. Jlokasarb, UTO ecau 08a AUHEUHbLX QYHKUUOHANLA
umerom 00HO U mo xe a0po: ker f| = ker fo, mo oHu nponopyuoraibHoL.
O Ecsiu 06a siapa coBmagaiT CO BCEM IPOCTPAHCTBOM, TO YTBEPKAEHHE
TPUBHA/BHO. B mpoTHBHOM ciiydae pacCMOTPUM (DHUKCHPOBAHHBIA 3/JE€MEHT
xg ¢ ker fi = ker fo u npousBosbHBIH syemenT . Haia 3afgaua ycTaHOBHTS,

4uTo
(fo,x) = M f1,z) (1.1)
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TIPY HEKOTOPOM A, He 3aBUCALIEM OT Z.
1. 3amertum, uto cyuectByeT p # 0, IpU KOTOPOM

plf1, zo) + (f1, ) = 0:
JOCTAaTOYHO MOJIOXKHTh [l = z]ﬁlf'x:; IOCKOJIbKY YHMCJIUTE/b U 3HaMeHaTeJb

otnuunel ot 0. Ho Torma

(fi, pxo +z) =0,
T. e. uro + x € ker f; = ker fo. CnenoBatesbHo,
(fo, pwo + ) =0,

nJan
il fo, xo) + (fo,2) =0

2. Takum o6pasom,

(fo, ) = —p(f2, 20) = <J§1Jf1’ >> (fo,z0) = Eﬁxoi (f1, ),
yto coBrnanaet ¢ (1.1), npuuém
~ {f2,20)
A= (f1,20)

X

3ameuaHue 1. Mbl CylIeCTBEHHO WCMOMb30BaNU (roe?) TOT (akr,
4TO pa3MepHOCTh 00pasa JuHeHHoro (yHKUHOoHaAa paBHa 1. [Tosatomy nns
TMIPOU3BOJIBHOTO JIMHEHHOro olepaTopa MNPHBENEHHOE [0Ka3aTesJbCTBO He
npoxoaut. PekomeHayeTcsi 0600LIUTh paccyXIeHHe Ha Cay4yal JUHeHHBIX
orneparopoB ¢ OOLIMM OZHOMepHbIM oOpasoM. O6paTuTe BHHUMaHHe, YTO
TIOJI0’KUTh A

h= Az

yKe HeJb3st (3T0 He uuchaal).

§ 2. KoHkpeTHbIe cONpsiKEHHbIE MPOCTPAHCTBA:
(IP)* ~ 19

JlokaxkeM ONUH TOJe3HBIH (haKT.

Teopema 1. ITycmo p € (1;,400), % + é = 1. Toeda npocmpan-
cmeo (IP)* usomempuuecku uzomoppro npocmparncmsy 19, m. e. cyuje-
cmayem makoe 83aUMHO 00HO3HAUHOe AuHeliHoe omobpascenue J : 19 —
— (IP)*, umo das a06oeo y € 19 sepro ||Jyl|ury- = [lyllq.

JloxazaTeabCcTBO.
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[Toctpoum orobpakenue J caenyromum ob6pazom. Ecau

y=(y1,92,...) €19,

TO MOJIOKUM 15 Bcex x € [P
(Jy,x) Zynxn (2.1)

Tpebyercsi NpoBepPUTh C/IEAYIOLIHE YTBEPKIAEHHUS.
1) Boipaxenue B mpaBoi yacTH (2.1) uMeeT cMbICa MpH Beex x € [P,
2) ®yukunonan Jy, saganubiit hopmysoi (2.1), sBasercs TUHEHHBIM.
3) dyukunonan Jy sBasercs OrpaHHUeHHBIM, H ero HOpMa paBHa lyllq-
4) OrobpaxxeHue J sBASETCS JUHEHHBIM.
5) Oro6paxeHnue .J aBaseTcs 06paTHMBIM, T. €. TIPH ¥ 7é ¥ byHKUHOHaMBl JY
1 JY pasiuuHbl.
6) OtoGpaxenue J sIBJsIETCS] CIOPBEKTHBHBEIM, T. €. 1Jsi joboro f € (IP)*
cyuiecTByeT Takoe y € 9, uto Jy = f.
[lepefiném K MOKa3aTesqbCTBY 3THUX YTBepPXKIEHUH.
1) B cuay apu¢mernueckoro HepaBeHcTBa [énbaepa npu Jawbom k € N
1MeeM

Q
=

k k q k
Z |yn$n| < Z |yn|q Z |$n|p <
n=1 n=1 n=1
1

o] % o] P
< (Z Iyn|q> <Z Ixnlp> = [[yllgllzllp,
n=1 n=1

II03TOMY B CHUJy MPOU3BOJIbBHOCTH k BEpPHO HEPaABEHCTBO

> lynwn| < yllgllzl, (2.2)
n=1

OTKyJa cJefyeT abCoOJIIOTHAs CXOAMMOCTb pPsila B mpaBoi yactu (2.1).
2) B cuny teopem 06 apudMeTHUECKHX HNEHCTBUSAX CO CXOISLLIAMMUCS
YUCJIOBBIMH psilaMHu TIpH 00X T, T € [P, A, i € R nmeem

(Jy T+ i) = Y yn(Na + pin) =

n=1

—AZynxanynxn_Wy, )+ plJy. ). (23)

n=1 n=1
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3) OrpanuyeHHocTb (QyHKIHOHAMa Jy, a TaKkXKe OIeHKa HOp-
Met | Jy| ey < ||yllq cnenyror us nepasenctsa (2.2). [Tokazem, uTo BbINOJ-
HsieTcsl oOpaTHOe HepaBeHCTBO. [yt aToro ukcupyeM y € [? U MoJ0KUM

—1 -1
x=(ly1|T sgnyr, ..., |yn|? sgnyn,...).

3ameruM, uto x € [P. B camom nese, npu so6oM k € N BepHO paBeHCTBO
k k
St = {a= ;2 f = 3l
n=1 p n=1
k k oo
= T =Dyl <yl = g
n=1 n=1

B cusy nponsBosbHOCTH k OTCIOAA BHITEKAET CXOAMMOCTb PAAd Y ooy |2n [P
U OlLIeHKA

o0
Izl = lzal? < [yl (2.4)
n=1

Tenepsb 3aMeTuM:

(Jy, ) = yulynl* " sgny, = > [yal® = Iyl (2.5)

n=1

3 (2.4) u (2.5) umeem
(Jy.x) Hyllq

lele ™ gy

YTO M Jo0KasbiBaeT HepaBeHCTBO ||Jy||wy« = [|lyllq. Tlockombky —06-
paTHOe HepPAaBEHCTBO YK€ YCTAHOBJIEHO, MoJy4aeM TpeOyeMOe paBeH-
180 [yl sy = ol

JluneitHocTh OoTOOpakeHUs J mNpoBepsieTCss aHAJOTWYHO 1. 2: TIpH
Mo6oM z € [P umeem

a(1-5)

= llylls = Iyl = olly = Iyl (26)

Nk

T+ i) ) = 3 (N + 1) @0 =

n=1

=AY Gnn + 10y Gon = MJT ) + p( TG, ),

n=1 n=1

1. e. JON + pg) = M + 7.
5) O6parumocTb oTobpaxeHus J cienyeT U3 ero JMHEHHOCTH H H30-
MeTPUYHOCTH. B camom nede,

175 = Tyl aoye = 1T@ = Doy = 17— 3llie >0 npu §# 5.
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3Hauut, Jy # Jy B cuay mnepsoro cBodcTBa HOpMbl. OnHAaKO 3TOT Ke
pe3yJbTaT JIerKo ToJy4HTh M HeNoCpeiCTBeHHO. B caMom nene, ecu i # ¥,
cyuectByer Takoe n € N, uto y, # ¥,,. [losnoxnm

z=e,=(0,...,0,1,0,...) € I". (2.7)
——
n—1

Torpa B cuny (2.1) mosyuaem
(JY, x) = n # Y = (JY, @),

T.e. Jyn J§ CYTb 3aBEIOMO pa3Hble (DyHKLHOHAJBI.
6) [Tycts f € (IP)*. Tonoxkum

yr =l vl ). vl =(fen), 2.8)

rae e, 3agaHo ¢opmynoit (2.7). OCHOBHYIO CJOXKHOCTb MpeACTaBJsieT I0-
Ka3aTeJbCTBO TOro (hakTa, YTO 3JIEMEHT Y, onpenenéHHbil GopmyJoi (2.8),
JeHCcTBUTeNbHO NMpuHanIexuT (9. Kak TosbKo 310 OyHeT [0Ka3aHo, B CHUJY
nn. 1—4 MBI aBTOMaTHYECKH MOJNYYHM, 4TO Y 3a4aéT JMHEHHBIH QyHKIHO-
Han1 Jyy. Ilpu atom Jyy = f. B camom gene, ojst © = ep,, n € N paBeHCTBO

(Jyp, ) = (f, 2), (2.9)

OYEBHJIHO, BBITIOJNHSETCS 0 MOCTpoeHno — B cuay (2.8). Ho Torna B cuay
JMHEHHOCTH (QyHKUHOHaIOB Jy; U f paBeHcTBO (2.9) BepHO M HJs BCex
KOHEYHBIX JIMHEHHBIX KOMOUHALUH

N
> cnen (2.10)
n=1

3JIEMEHTOB e,. HakoHel, MOCKOJNBKY /M0G0 3/eMeHT & € [P MoxeT OBITh
C MPOU3BOJILHOI TOUHOCTbIO MpUOJMKeH 3jeMeHTamu Buaa (2.10), to pa-
BeHCTBO (2.9) rapaHTHpyeTCsl HeMpepblBHOCTbIO 060UX (PYHKLHOHAJOB (CM.
3agauy d).

Hrak, ocranoch JMIb AoKasaTh, 4To Yy € 19, IlocTynmuM aHaJoruuHO
I0Ka3aTeJbCTBY BTOPOH yacTu 1. 3. VIMeHHO, MosoXKuM

2 ®) = (Jyl |7~ sgnyf,.... [y[|" ' sgny],0,0,...).

Ouesugro, =¥ € [P (B cuny ¢unuTHOCTH). MMeeM Torna:

k k

k
(F,20) =3 (@) ulfren) =D lwh* senyl - uf = > [yf]e (2.11)
n=1
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C npyro# cTOpOHHI,

(£, ™) < (1 fllamy 2™, (2.12)
rage
% i ¥ ! 3
=1l = (D(x(“)np) - (Z(az(’f))nw) - (Z |y£|<q—‘>p> =
n=1 n=1 n=1
D 1 P k v
= — = _ == ) = — = — fla
{p(g—1) p(p_l ) i k) (;yn>
UJaun

k ¥
1z, = (Z y£|Q> : (2.13)

M3 (2.11)—(2.13) nonyuaem:

1
P

k k
Sl < 1o (z |y,f:|q) | .10
n=1 n=1

S =

Ilenisi o6e yacTu HepaBeHcTBa (2.14) Ha (ZZZI |y£\q) , C Y4ETOM paBeH-
1

1 _ p—1 __ .
™a 1 — - = = = > nosayuaem:
cTBa - - 4 nonyuae

1
k q
(Z |y£Q> <l ary=- (2.15)
n=1

[Tockosbky (2.15) BepHO nJisi Beex k € N, mosydaem:

1
lyllq = (Z |y£q> < fllwy= < o0
n=I

B cuny paccyxnaeHuit B Hayaje m. 6 3TO 3aBepluaeT [A0Ka3aTeJbCTBO
TEOpEMBbI.

Teopema nokasaHa.

TeM caMbBIM Mbl, KaK TOBOPSIT, ONHCaJHM OOLIMH BHA OrPaHHYEHHOrO
JIMHeHHOro (yHKuHoHana B [P, 1 < p < +o00. MHorna mpoctpanctsa (IP)*
¥ 19 B 3TOM CMBIC/IE OTOXKIECTBASIOT U muwyT: (IP)* = 9.

Teopema 2. B cmbicae, ananoruutom teopeme 1, (I1)* =1 =m.

JlokasaTeabCTBO COCTaBJsIET 3afauy 2.

3ameuanue 2. B cuny o6mux cBOHCTB CONMpPsIKEHHBIX POCTPAHCTB
(cM. sexuuto 7) BepHo Baoxkenuwe m* = (I')** D [!. Kak mbl ckopo yBH-
M, m* # ! 1 Mo3ToMy 3/lech MMeeT MeCcTO CTPOToe BJOKEHHE.
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§ 3. Cryuaii cXogMMOCTH Ha BCIOAY MJIOTHOM
MOIMHOKeCTBe

CylecTByeT el ofHa TeopeMa, TaKKe HHOTAA Ha3blBaeMas TeOPeMOH
Banaxa—Illreitnraysa. OnHako eé cxoncTBo ¢ Teopemamu 11 u 12 nekuun 7
YHCTO BHeIIHee: AJIs1 e€ 10Ka3aTeJbCTBA NPHHLUI PAaBHOMEPHOH OrpaHH-
4eHHOCTH (M, COOTBETCTBEHHO, TeopeMa bapa) He HyxeH.

Teopema 3. Ilycme:

1) T, n € N, — aunetinoie onepamopoi, Oeiicmayrouue u3 6aHaxo8a
npocmparcmea X 8 6araxoso npocmparcmso Xo, npuuém 3C > 0 Vn €
€N|T,| <

2) cuémnoe mmoxecmso {x;} C X| makoso, umo eeo aumeiinas 060-
aouka L({x;}) naomma 6 X| (unoimu crosamu, ors awboco x € X
u aoboeo € > 0 Haildémea makas KOHeuHas AUHelHAs KOMOUHAUUs Y
anemenmos xj, umo ||z — y|| < €);

3) Vi € N cywecmsyem npeden lim,,_,o, Ty, x5, komopoil mol 0603HauUM
uepes T'(z;).

Tozda:

0) Onepamop T(x) odwosraurno npodorscaemcs ¢ {x;} 0o AuHeliHoO2O
onepamopa na L({z;}),

1) oas aroboeo x € X cyujecmsyem npedea lim, .o Tz, Komopoil mo
obosnauum uepes T(x); npu amom na L({x;}) onepamop T(x) cosnada-
em c npodoasenuem onepamopa T(x) na L({x;});

2) T(x) — aunetinbii onepamop;

3) onepamop T Henpepovieer, NPUUEM HTH

Jloka3aTeabCTBO.
0. [Tyerb « € L({z;}). Torna cyuiecTByeT npeicTaBJeHue

o0

x:cha:j, (3.1)

j=1

Tle JIMIIb KOHEeYHOe KOJIMUecTBO Ko3d(duuueHtoB otaudyHo ot 0. Torma
cJeflyeT MOJIOXKHTb

x) = chT(xj). (3.2)
j=1

Ecan cucrema L({z;}) nuHeliHO 3aBHCHMA, TO 3/J€MEHT & MOXKET UMETb H
ApyTHe npeacTasjeHusi, oTaudtble ot (3.1). Bo3bMéM onHO H3 HHUX:

o0

= G, (3.3)

J=1
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(3,U,e€b TaK2Ke JUIIb KOHEYHO€ KOJIH4YEeCTBO KOSqI)CpI/ILlI/IQHTOB OTJIMYHO OT 0)

Ho Torma umeem
Tz =T,z

i3
Tn Y52, cja; E Tod 52, Ciag

o0 _ o~ .
> =1 6Ty = 3052, ¢ Tn;,
rje, HAlOMHUM, BCe CyMMBI Ha CaMOM fleJie KOHeuHsl. [lepefins B nocnenHeM
paBeHCTBe K Mpefiely IpH N — 00, N0JydaeM

o0

> eiT(ay) =Y T (x;).
=1

j=1

CrnepmoBatesibHO, ecan Gbl MBI Tpu moctpoenud T'(x) mo ¢opmyse (3.2)
ucnosib3oBaau Gbl mpeactaBaenue (3.3) Bmecto (3.1), To npuuid Gbl K
TOMY XKe camoMy pesysabraty. ClienoBartesibHO, onepatop 1’ Ternepb KOPPEKT-
Ho ompenenén Ha L({x;}). OueBuaHa JHMHEHHOCTb TAKOTO MPOLOJIKEHHS:
JOCTAaTOYHO PaCCMOTPETh MJisi MPOM3BOJNBHBIX JEMEHTOB T U Y HX JIOObIE
BO3MOXKHbIE TIPEACTABJEHHS

oo o
T = Z cixi, Y= Zijj (3.4)
j=1 j=1

(rme mo-TpeXXHEMY OTJIMYHO OT HYJIS JIMIIb KOHEUYHOE YHUCI0 KOd(P(HUIIHEH-
TOB) U 3alUcaThb PaBEHCTBO

oo

Tz +py) =T )\ZCJZEJ‘FNZ%:EJ =T Z()‘Cj'f'ﬂbj)xj =

j=1
zi/\c]—i—ub Z)‘CJ (x; —&—ZubT@
=1

=A Z ¢iT(z;) + p Z bT(x;) = AT () + pT(y),

NPUUYEM B CHJIy CKA3aHHOTO Bblllle HEBAXKHO, KAKHEe UMEHHO IMpeaCTaBJeHUs
I8 T U Yy OblIN BBIOPAHHL.
HokaxeM, urto mis Jwodoro x € X mocaepoBarensHocts {71z}
(hyHIaMeHTa/bHa.
Ilns storo Bocmosb3yeMcsi Tak Ha3blBAEMbIM <«5-TIPUEMOM»>. 3aMeTHM
CHaya/a, 4To AJA NPOM3BOJbHBIX x € X|, y U3 JHUHEHHOH 00OJIOUKH T; U
066X n, p € N BepHO

||Tn+px = Thz| < ||Tn+px - Tn-l—py” + HTnﬁ-py - Tyl + HTny - Tn(x?l‘5
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2. Ilycts Tenepb 3agaHo € > 0. BoiGepem Takoe y M3 JMHEHHOH 060-
nouku xj, uto ||z —y|| < 55. B cuny yenosus 3), nMHeHHOCTH onepaTo-
poB T, U TeopeMBbl O mpelese CyMMbl cyllecTByeT npenen limy, oo Tny.
CaeoBaTelibHO, nocsenoBareabHocTs {71,y } QyHIaMeHTa bHa, a TO3TOMY
cymectByeT Takoe N € N, uto npu Bcex n > N, p € N BepHO HepaBeH-
ctBo | Tnypy — Tnyll < 5.

Htak, MBI MOXeM OLEHHUTb CBEpPXY KaxK[0e M3 CJaraeMblX B MPaBOU
gactu (3.5) unciom €/3 (I/1s EPBOTO ¥ TPETHETO CIATaeMBIX TIOHATOGHTCS
oueHkd Hopmel omepatopoB ||T,|| < C). Takum oGpasom, mpu Bcex n,
Goablnx BbiGpaHHOro N, umeeM |1, 4,2 — Tx|| < €, uTo U TpeGoBanOCh.

4. YTBepmaeEHe O TOM, UTO Ha JHHEHHOH 000/I0YKe 3/IeMEeHTOB T;
oneparopel ' u T' coBmagaor, OYEBUJIHO.

5. JluneiiHocTb omnepatopa 1’ [0Ka3biBaeTCsi TENEPb B MOJHOH aHAJIOrUH
c n. 1 nokasarenbcTBa TeopeMbl 12 B jekuuu 7.

6. OueHKka T < C crnepyer U3 LUENOUKH

lim T,x

n—oo

’

|7/ = e, [ = oo
Jall=1 Jall=1

B KoTopoit B cuaty 1. 1) ||T,z|| < C.

Teopema nokaszaHa.

GamMeuaHHe 3. YTOMHUTeJNbHas MPOBepKa KOPPEKTHOCTH OIpejeJe-
Husi oneparopa 1’ Ha Bceil JnHefHOH oGosouke L({x;}) Mmoxer GbiTh omy-
LleHa, ecJd M3BECTHO, YTO CPEAH 3/EMEHTOB I; HeT JIMHEHHO 3aBHCHMBIX
M, TAaKUM 00pa3oM, KaxKiblii d7eMeHT x € L({z;}) UMeeT eIHHCTBeHHOE
npencrasienue Buga (3.1).

Sameuanue 4. [loyuutesbHO CpaBHUTH JAHHYIO TEOPEMY C Teope-
Mo# 12 nekuuu 7. [lo cpaBHeHHUIO ¢ Hell Mbl TpeGyeM CXONUMOCTb He [Jis
Bcex z, a (¢ yuéroM n. 0 nokasaTesbCTBA) HA BCIOAY NJIOTHOM IOAMHOXKeE-
CTBe, HO TPH 3TOM HAaKJaJBIBaeM YCJIOBHE DAaBHOMEPHOH OrpaHHUEHHOCTH
HopM ornepatopoB. OxasblBaeTcsi, OT 3TOTO YCJOBHSI HeJb3s OTKa3aThCs.
(Cm. 3amauy 6.)

Sameuanue 5. Eumé pas noguepkHéMm, 4TO MPUHIMI PAaBHOMEPHOH
OrPaHHYEHHOCTH B JIOKA3aTesNbCTBE 3TOH TeopeMbl He HCIOJb30BAJICH

(HampoTHB, paBHOMepHasi OrpPaHUYEHHOCTb YKe TpebyeTcsi B YCJIOBHH),
no3ToMy (GUrypupyiolllee HHOTAA €€ Ha3BaHHe KaK TeopeMbl DaHaxa—
HlTeiiHraysa cjefyet CYMTaTb HEyNAUHBIM.

3ameuaHue 6. IlosesHo CpaBHUTb [OKa3aTeJbCTBO YTBep:KIe-
Hus 1) ¢ ApyrMMM npuMepa MpUMeHeHHs «5-NpuéMar, HampuMep J0Kasa-
TEJbCTBOM HENPePBIBHOCTH PaBHOMEPHOTO Mpefesia HeMpephIBHEIX (DYHKIHH
WJIH 3aKJII0UMTE/bHON YacThlo 0Ka3aTesbCTBa TeopeMbl Apresa (cM. Kypc
mart. aHasiu3a 3a III cemectp).
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§ 4. HepedreKCUBHOCTh HEKOTOPbIX MPOCTPAHCTB

Cdopmysupyem 1Ba CleiCTBUS M3 TeopeMbl XaHa—DbaHaxa, KoTopele
6yIoyT MCIIOJb30BaHEl B 3TOM Maparpade.

CanencrBue 1. lycmo x € X, x # 9. Toeda cyuecmsyem au-
Helnotl pynkyuonar f € X* maxoi, umo ||f|| =1, (f,z) = ||z|. (Cn.
smopoe caedcmeue, meopema 7 6 Aekyuu 7.)

CnencrtBue 2. [lycmo X — 6anaxoso npocmparcmso. Toeda us
cenapabesornocmu X* caedyem cenapabervrocmv X. Huoimu carosamu,
conpaxcénroe K HecenapabesvHomy 6aHax08y NPOCMPAHCMEBO He MOxHcem
6oimo cenapabesvrvim. (Cu. wemeépmoe credcmeue, rekuyus 7.)

IIPUMEP 1. YcraHoBUM HepegrekcusHocms npocmpancmea 1\,

1) Jlerko ycTaHOBUTb cenapabebHOCTh npocTpancTsa I! (eM. 3amauy 17
U3 CeMHHapa-JeKIuu D).

2) IlpoctpanctBo m = [*°, sBjsiolleecs CONPSKEHHBIM K TMPOCTPaH-
ctBy ' (cM. 3ajauy 2), HecenapaGesabHO (CM. JeKLIHIO 4).

Wtak, B cH/ly CJIEACTBUA 2 Mojydaem, 4to m* # 1.

[TPUMEP 2. Hepegpaekcusrocmo npocmparcmsea C[—1; 1] mbl no-
Ka)KeM IPYTHM CIOCOGOM.

1. Tlpexx e Bcero 3aMeTHM, UTO €CJIU MPOCTPAHCTBO B pedeKCUBHO, TO
IJs Jo6oro JUHeHHOro (QyHKUHOHana f € B* Haiinércs anemeHT x € B,
nas koroporo (f,z) = || f||«||x]| (3mech Mbl g1 GoJbliuel SICHOCTH SIBHO
yKasaji Ha HOPMY B CONpSI)KEHHOM MPOCTPAHCTBE).

O [eiicTBUTesbHO, B cUay chaenctBus | u3 teopembl XaHa—DBaHnaxa
(cm. Hauaso artoro mnaparpada), npuMeHéHHoro Kk B* u (B*)* = B**,
IJs KaXAOro JHHeHHoro (yHkuuoHana f € B* cyuiecTByeT JHHEHHBIH
¢yukuuonan F € B** takod, uto (F, f)s = || F sl f] -

Ho Ttorma B cusy pedJieKCHBHOCTH TPOCTPAHCTBA B MOXKHO TOJNOXKHUTD
r=J 'F, npuyém B cUIy M30MeTPUYHOCTH oToGpaxenus J : B — B**
BepHo [|z[| = [l X

2. PaccmoTpuM Tenepb (pyHKIIMOHAT

(f,z) = | sgntx(t)dt.
|

Jlerko BuueTh, uto ||f|| = 2.
O JleHCTBUTENBHO,

1
(2] < j jw(t)] dt < 2]
21
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C npyrodl CTOpOHBI, mJs TocaenoBatTenpHocTH QyHkuumi us C[—1; 1], 3a-
JaHHOU (hopMyJ0H

~1, tel-1;-1;
an(t) =< nt, tel[-1;1];
1, telin,

umeeM (f,x,) — 2 (nposeputs!). dasee, B CHIY TOXIECTBA

2(8) dt + Jx(t) dt,
0

(fix) =—

Je—o

TeopeMbl 00 YCTOHYMBOCTHM 3HAKA HEMPEPHIBHOM (DYHKIHM H OUYEBHAHBIX
OLEHOK HHTETPasioB $ICHO, YTO PaBeHCTBO (f, ) = 2 MOXKeT NOCTHUTAThbCA
mpu ||z|| < 1 Toabko B cayuae, xorma xz(t) = sgnt (mpu t # 0), uro
HEBO3MOXKHO B CHJy HempepbiBHOCTH yHKunu x(t) € C[—1;1]. X

A1oT (hakT, ¢ yuéTOM [O0Ka3aHHOTO B M. | yTBEepXKJEHHUs, rapaHTUDPYET
HepedekcnBHOCTb npocTpancTea C—1; 1].

OrMeTHM, YTO B mpuMepe 2, B OTJIHYHE OT MpuMepa 1, MBI 1axe He
MBITAIACh OMKCATh TPOCTPAHCTBO, compsixkénnoe Kk C[—1;1] (He roBops
y2Ke 0 BTOPOM COTIPSIDKEHHOM) M TIOJIYUHJIH Pe3yIbTaT O HepedIeKCHBHOCTH
npocrpanctBa C[—1; 1] nuwb u3 obuiei Teopuu.

B crenyioiieM mnpumepe Mbl MOCTYNHM <«HauG0Jee KOHCTPYKTHBHO»,
MOCTPOMB HEKOTOPBIH (PYHKIIHOHAJ W3 BTOPOTO COMPSKEHHOTO MPOCTPAH-
ctBa X** M [0Ka3aB, YTO OH He MOPOXKIAETCS HUKAKUM 3JEMEHTOM HCXO[-
HOro NpocTpaHcTBa X.

[IPUMEP 3. Benomuum, uto (LY(—1;1))* = L>(—1;1), u ycrano-
BuM, uto (L®(—1;1))* 2 LY(—1;1), m. e. npocmpancmeo L'(—1;1) ne
ABAACMCA PePLeKCUBHBLM.

O Has 3Toro Mbl moctpouM mnpumep (yHkiuonana usz (LP(—1;1))
He TOpOXkK1aeMoro HU ofHuM 3iementoM L'(—1;1), — HekoTopbiii aHajor
menbra-pynxkunu gis L°(—1;1).

1. OueBupno, C[—1;1] C L*>°(—1;1). Ytoynum, 4té HMEHHO 3.eCh
MOXKHO YTBEPKIATh.

Ham BaxHo, 4TO eciud HekoTopbiii sjaemedt f € L°(—1;1) umeer
HerpepbIBHbIE TpenctaButens fo(z) € C[—1;1], To OH He MOXeT HMeTb
HHKAKOTO JIPYTOTO HEMPEpPbIBHOIO MPEeICTABUTES.

B camom pmese, ecnn 6bl CyllecTBOBa/J APYTOH HeNpepbiBHBIA Tpen-
crasutesb fi(z) # fo(x), To B cuiy Teopembl 00 YCTORYHBOCTH 3HAKa
HEempepbIBHON (DYHKIMH, NpUMeHEHHOH K fi(x) — fo(x), Mbl Gbl moJyUHIH,
uto fi(x) ormuuaercst ot fo(x) HA HEKOTOPOM HHTEPBAJE, T. €. MHOXKECTBE
3aBEIOMO TOJIOXKUTEbHOH MEpHI.

CnenoBatesibHo, fo(z) u fi(x) He SKBHBAJEHTHB U MO3TOMY HE MOTYT
OBITh TPEICTABUTEIAMH OTHOTO dJeMeHTa U3 L°(—1;1).

*
)
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2. V3 noKka3aHHOrO BhILIE CjefyeT, uTo Ha nognpoctpanctse C[—1;1] C
C L*®(—1; 1) koppeKTHO ompeneéH (yHKIUHOHA

(F. f) = fo(0),

rie fo — HemnpepbiBHbIH mpeactaButesb 3JjeMeHTta f. OueBugHo, Ta-
KOH (DyHKLMOHAJ $IBJSETCS JIMHEHHBIM W HENPEpPBIBHBIM Ha MOANPOCTPaH-
crBe C[—1;1] (ero Hopma paBHa enunuue). CiegoBaresbHO, B CHIY
TeopeMbl XaHa—DbaHaxa oH MOXxeT ObITb MPONOJKEH Ha BCE TPOCTpPaH-
ctBo L®°(—1;1) ¢ coxpaHeHHEM HOPMBL.

3. Jlokaxewm, uto He cymectsyer g € L!(—1;1) rakoro, uto

VfeL®(-11) (F.f) = j f(@)g(x) dp.
21

JlocTaToyHO JOKasaTh, YTO TakKoe IpeACTaBJeHHe (QYyHKIHOHAM F
HEBO3MOXKHO naxe Ha mommpoctpanctBe C[—1;1]. s mokasaTesbcTBa OT
TIPOTHBHOTO PacCMOTPHUM IOCJIE€L0BATEIbHOCTD

nr+ 1, xe[f%;O],
fa(z)=¢ —nz+1, ze[01],
0, ze L1\ [-1;1].

n’n

Ouesupno, uro f, € C[—1;1] u uro mpu Bcex n BepHo (F,f,) = L.
3amMeTHM TaKxke, uTO TPU BCeX n UMeloT Mecto HepasencTBa 0 < fy, (z) < 1.
Torna B cusy cBoiicTB uHTerpasna Jlebera umeem

1
=1 = jfm)g(x)du -

3=
3

| [ fe@g@ du| < [ 1fu@)g(@)] du < j 9(0)] diu — 0, (4.1)

3=
3=
3=

rfle TpelesbHOe COOTHOLIEHHE BbITEKAaeT U3 abCOJMIOTHOH HENpepBIBHOCTH
unrerpana Jle6era.

[TosryueHHOe MPOTHBOPEYHE [IOKA3bIBAET HEBO3MOXKHOCTBH CYIIECTBOBA-
nus g(x) € L'(—1;1) ¢ ykasauusim cBoiicTBoM. X

§ 5. IIpumep HeIKBUBAJEHTHOCTH CJIA00H U *-Caaboi
CXOAMMOCTH

ITIPUMEP 4. Crabas u x-carabas cxo0umocmu HesK8us8aleHmHbL.
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O OueBHAHO, HaM NOTPeGyeTcs PAaCCMOTPETh HEKOTOPOe HepedJeKCHB-
HOE TIPOCTPAHCTBO.

JLis1 5TOr0 MPUAETCS JIWIIb CJETKa IOMONHHUTD PACCYKAEHHs U3 MPeMbl-
LyLIEro MPUMepa.

JlefictBuTesbHO, cooTHoiieHne (4.1), BepHoe masi BesAKoH (yHK-
wuu g(x) € L'(—1;1), nokassiBaer, 4To UMeeT MeCTO *-cJabasi CXOAUMOCTb

*

fa(x) =0 B L*®(-1;1).

OnHaKo B CHJIY MOJy4eHHOro paHee cooTHouleHust (F, f,) = 1 nosyuaem,
4TO

fa(z) A0 B L®(-1;1).

Bosiee Toro, mocKo/abkKy cjaabas CXOAMMOCTb BJEYET *-caabyio, TO
mpennosioxkerne o ToM, uto fp(x) — f(z) # 0 B L*®(—1;1),
Baeudt f,(r) = f(z) € L®(—1;1), rne f(x) # 0.

Ho nocnenoBaTeibHOCTD He MOXKET HUMEThb GoJiee OIHOr0 *-cjaboro mpe-
nena (cM. HHXKe CBOHCTBO 3), a CJe0BaTe/NbHO, MPEANOJoKeHHe 0 caabou
CXOAHMOCTH MocJ/ief0BaTenbHOCTH { fy, ()} MpUBOAUT HAC K NPOTHBOPEUHIO.
X

CeoiictBo 3. Omderumocmv *-caaboti monosozuu (eIHHCTBEH-
HOCTB *-c1aboro npejeJa).

O JlokaxkeM, 4TO eCJu

oS f fa ST

rae Bce paccMaTpuBaeMble (YHKIHOHA/BI IPHHAANEXKAT NPOCTPaHCTBY X ™,
X — 6aHaxoBO MpoCTpaHcTBo, T0 f = f.
JleficTBUTENbHO, /s Besikoro © € X UMeeM

(farz) = (fr2), {furz) = (o).

CJie10BaTeIbHO (B CHJY OTIEJIHMOCTH METPHUECKOH TOTONOTHUH B IPOCTPAH-
cre ynces R unu C) nast Besikoro ¢ € X BepHO paBeHCTBO (f, x) = <f, x>

HO 3TO M 03HaYaeT He YTO MHOE, KaK paBeHCTBO (yHKUHOHaMoB f u f. X

SameuaHue 7. B pmononHuTenbHON JieKUMH 1 MBI yCTaHOBHJIM OT-
JEeJUMOCTb METPUYECKOH TOTOJIOTHH B MPOHU3BOJNBHOM METPHUUYECKOM MPO-
CTPaHCTBE, YTO 3KBHUBAJEHTHO €IMHCTBEHHOCTH Mpejesia MOCJefi0BaTeb-
HOCTH B MPOM3BOJIbHOM METPHUECKOM MpOCTpaHCTBe. Kak Mbl BUAEIH B
CeMHHape-JIeKIHK 7, 1Js1 TOMOJOTHUECKOTO MPOCTPAHCTBA CUTYALlKsI, BOOG-
11[e TOBOPS, COBepIIEeHHO HHast. [loaToMy MpH n0Ka3aTeNbCTBe €lHHCTBEHHO-
CTH €J1a00T0 Mpefiesa Mbl He MOTJIM COCJaThCsl HA eIMHCTBEHHOCTb Mpefea,
JIOKA3aHHYIO [JIs1 METPHUYECKUX MPOCTPAHCTB.
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§ 6. 3agauu a9 CaMOCTOSITEILHOTO pelleHUus

3apaua 0. OTBeTHUTb Ha BONPOCH 10 TEKCTY.

Sanmaua 1. IlpuBectu npumep «HeKONJIMHEAPHBIX» JHHEHHBIX orepa-
TOPOB, s1pa KOTOPHIX COBMAJAIOT.

3amaua 2. JlokasaTs, uto (I')* usomerpuuecku usomopdHo [

Samaua 3. JlokasaTb OTHEJIMMOCTb CJIa0O0H TOMOJIOTHH (eIHHCTBEH-
HOCTb CJ1aGoro Tpefesa).

3anaua 4. B xakom MecTe He MpPOHAYT paccyXIeHHUsl MpuUMepa 3,
ecau BMecto npoctpancts L', L™ paccmatpusats LP, LY, p > 1?

Samnaua 5. Ilycers f,g € C(M;, My) — HenpepbiBHBIE OTOGPaKEHHSI
MeTpPHYeCKOro mpoctpaHcTBa M B MeTpHuecKoe mpocTpaHcTBo My (¢ 06-
JIaCThIO ompeneseHdsi M), U MyCTb KX 3HAYEHUs COBMAJAOT HA HEKOTOPOM
BCIOAY MJIOTHOM B M| MHOXecTBe. Jlokasarte, 4YTo f U ¢ COBNALAIOT BCIOAY
Ha Ml.

Samaua 6*. [lokasaTb, YTO €CJIM UCKJIOUUThL U3 YCJIOBHUSI TEOPEMBI 3
TpeGoBaHHe PAaBHOMEPHOH OrpaHHMYEeHHOCTH HOPM OIEPATOPOB, TO IJis1 HEKO-
Topelx © € X| npenena T, x Ipu n — 0O MOXKET W He CYyLIECTBOBATb.
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CIIEKTPAJIbHAA TEOPH{. OBCY2KJIEHHE

§ 1. Hekotopbie noHATHS U (PaKThl TEOPUU
aHAJUTUYECKUX 0aHAXOBO3HAYHBIX (PYHKIIUI

[lycts B — 6aHaxoBO NpOCTPaHCTBO. B yacTHocTH, B KauecTBe B
MOXKET BBICTYNAThb MPOM3BOJbHAs GaHaxoBa aire6pa A !) uau GaHaxoa
anrefpa orpaHHuYeHHBIX JHHEHHBIX onepatopoB L(B, B). Bymem rosoputb
0 CBOHCTBaxX (pyHKIMH KOMIJIEKCHOrO apryMeHTa co 3HadeHHsiMH B B). He
oroBapuBasi 0c060, BCe paccMaTpHUBaeMble (PYHKLHH CUHTAeM OJHO3HAUYHBI-
MH.

l. Ananurtuueckas Gyuruus. Dyuxyus f(N\) Hasvieaemcs
anarumuuecxotl 8 obaacmu D C C, ecau ona dugpgepenyupyema ecrody
8 D. ®ynryusn f(N\) nasvieaemca anarumuueckol 8 mouke Ao € C, ecau
OHA QHAAUMUYHA 8 HEKOMOPOL OKPeCmHOCmU aMmoti MOYKU.

Kak 6bui0 ckasano B Jjekuuu 10, aHamutuuHoCTh QyHKUIHH f(A)
(mpu A € D C C) co 3HaueHusiMu B GaHaxoBOH anrebpe A paBHOCH/bHA
caenymoliemMy TpeboBaHHIO:

Vw* € A* aucnosas dyHkuust p(A) = (w*, f(\)) ananuruuna B D.

Bosee Toro, ecnu T(A) — omeparopHosHauHass (yHkuus, T'(A) : D —
— L(B, B), T0 0Ha aHa/JMTHYHA TOT[d M TOJbKO TOTAA, KOTAA

Vw* € B*,Vx € B uucnosast pynkuus () = (w*, T(\)x) anaantuuxa B D.
[TocnenHee TakKe PaBHOCHJ/IBHO YCJIOBHIO
Vx € B ¢yukuust x(A) = T(AN)z : D — B ananuruuna B D.

3ameuaHue 1. HeobxomumocTp MpUBeNEHHBIX BbILIE YCJIOBUH Oye-
BUIHA. HeTpuBHANBHBIM yTBEpKIEHHEM SIBJSETCS UX NOCTATOUHOCTb (KO-
TOPYIO Mbl 3[1€Cb He JOKa3blBaeM).

2. Teopema Komwu 06 obpaleHHdu B HOJIb HHTErpaJa 1o 3aMKHYTO-
My KOHTYPY: €CJIH [ — 3aMKHYTBIH KYCOUHO IJIafiKHUH KOHTYP, OrpaHUYHBaIO-

') 3nech u nanee Bciomy mompasymesaeTcs G6aHaxoBa anre6pa ¢ elUHHMIEH.
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wuii 061acte G (BO3MOXKHO, MHOTOCBSI3HYIO /M HECBsI3HYI0), mpuuéM G C
C D u dyskuus f aHaiautuyHa B D, TO

[royin =,

l

rie ¥ — HyJneBOH 3JeMeHT mpocTpaHcTBa Bj. B nasbHeiimem, roeops
«KOHTYp», MBI BCIOLYy OyIeM HMeTb B BHAY 3aMKHYTYK KYCOUHO TJIaIKYyIO
KPHUBYIO.

3. ®opmyaa Kowwu. Eciu pyukuus f(A\) aHATHTHUHA B TOUKE A,
To nss Bcex n =0, 1,2,... BepHa (opmyna

f<n>(A0):2”_7:iJ$dA, (L1)
l

TIle 3aMKHYTBI KOHTYp | OXBaTblBaeT HEKOTOPYIO OKPECTHOCTb TOUKH Ag,
LeUKOM JIeXKallyl B 06/1acTH aHaJuTHYHOCTH (QyHKun# f(A), H mpoxo-
JOUTCS B MOJIOXKUTEJNBHOM HalpaBJIeHHH.

4. PaznoxeHue B psig JlopaHa B OKPeCTHOCTH H30JHUPOBAHHON
oco6oit Touku. [Tyctb dyHkuns f(A) aHaqUTHYHA B HEKOTOPOH MPOKOJIOTOM
KPYTrOBOH OKPECTHOCTH TOUKH Ag. Torzna B 3TOH OKPECTHOCTH /ISl He€ BEPHO
npeacTaBJeHue

A) = S A—X)" . Q) dA B
f()__z:an(—o),rﬂean—% W , Gn € Dj.
n=—oo 1
(1.2)
B uacrHoctn, ecau QyHkuus f(A\) aHaJiMTHYHA B TOYKe Ao, TO B
HEKOTOPO# OKPeCTHOCTH Moc/eHell BepHo npeacTasaenye (psn Tefiopa)

+oo
FO) = an(r=20)", (1.3)
n=0

rae ¢ yuétom (1.2) u (1.1) umeem

f(n) (No)

n!

ap = .

Sameuyanue 2. He cnemyer nyrtath psabl (1.2), (1.3) ¢ Ganaxo-
BO3HAYHBIMH KO3(PUIMEHTAMH 110 CTENEHSIM YHcaa A — A, KOTOPEle HMEIT
CMBICJ AJisl J11060H 6aHaXOBO3HAUHOH (DYHKLHH, C PSOAOM
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C UHCJOBBIMH KO3((HULUHEHTAMU IO CTeNeHsAM 3JeMeHTa OaHaxoBOH
anre6pel. IIpumepoM nocsennero sBasercs, ckaxew, psan Helimana.
OTMeTHM 3Iechb »Ke HYXHBle HaM CBOHCTBa HHTerpaja boxHepa mo
KYCOUHO IJIaAKOH KPUBO# | KOHEUHOH [JMHbI (B 4aCTHOCTH, 3aMKHYTOH):
1) BO3MOXHOCTb BBIHECTH MOCTOSIHHBIN UHCJIOBOM MHOXHTEJb 3a 3HAK
UHTerpaJa:

j NoF(A) dA = Ao j FOVAA, FON) D — By (1.4)
! l

2) BO3MOXXHOCTb BBIHECTH MOCTOSIHHBIH GaHAXOBO3HAUHBIH MHOMXKHTENb
3a 3HaK UHTerpaJa:

Jg()\)ad)\: Jg()\)d)\ a, a€B,9:D—C, (1.5)
l !

a Takxke JJs caydyasi GaHaxoBOH anreOpbl (Mopsimok GaHAaXOBO3HAYHBIX
COMHOXKHTEJIeH MeHSTh HeJsb3s!)

Jg()\)ad)\: Jg()\)d)\ a, ac€A,g:D—A,
1 1

u
Jag()\)d/\:a Jg()\)d/\ , a€A,g:D— A,
1 1
3) BO3MOXKHOCTb [0Y/JEHHO HMHTErPUPOBATH PABHOMEPHO CXOASLIMHCH
pAL;

4) oueHka

jf(A) | < LWswplFN)]. f(O): D~ By,
l

rae L(l) — navHa kouTypa .

§ 2. Teopema 006 oTOOpaxkKeHUU PHANOB

Teopema 1. Pan nepexonutr B pan. [lycme a € A u cme-

nerroti psd
(o)
> A" (2.1)
n=0
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umeem paduyc cxodumocmu v > ||a||. Toeda omobpascenue Og, 3adasae-
moe unmeeparom Harngopda

1 [ N
Q—MJ Oan)\ R(\, a)d\, (2.2)
| "=

nepesodum QyHkyuo, pasuyro cymme psoa (2.1), 8 aremenm
o0
Y ana" € 4, (2.3)
n=0

npuuém pad 8 (2.3) cxodumcs.

Sameuanue 3. 3mech U najee, €CIU He OrOBOPeHO 0c060, B MHTe-
rpase angopna 6epétcst MPOU3BOJNbHBIE KYCOUHO MIAAKUH KOHTYp, OXBa-
TBIBAIOILIME CMIEKTP 3J€MEeHTa @& U MPOXOAHUMBIH B TMOJOXKHUTEIbHOM HaMpas-
Jgenun. Kpome Toro, B (2.2) KOHTYp MOJ/IKEH JieXKaTh ILEJUKOM B KpyTe
cXomuMOCTH psifa (2.1). DTu ycJ0BHS He TPOTHBOpeUaT APYT NPYTY, Kak
Mbl YBUAHUM B JI0KA3aTe/NbCTBE.

Jist oKasaTesqbCTBA TEOPEMbI HAM TOHANOOUTCS CJeAYIOLLast

Jlemma 1. CteneHb mMepeXonUT B cTeneHb. [Ipu scex n =
=0,1,2,... sepno pasercmso

1 n n
%J')\ R(A,a)d)\—a .
l

Jloka3aTeabCTBO. _

1. 3amenum npexae KoHTYp | Ha KOHTYp I = {A | A = (|ja]| +¢)e'?, ¢ €
€ [0;27], € > 0}, Takxke MPOXONUMBIH B MOJOXKHUTEJbHOM HAalpaBJIEHHH.
[Tycts (71 TIPOCTOTHI pacCy’KIeHWH) & BHIOPAHO CTOJb OOJBIIUM, UTO
KOHTYp [ LEJHUKOM JIeXXKUT B 00JacTH, oxBarbiBaeMod koHTypom I'. To-
ra MeXAy 3THMH KOHTypaMH 3akKJjdeHa 00sacTb, CBOOOLHAS OT TOUEK
CreKTpa 3JeMeHTa a, OTKyda B CHJy TeopeMbl KOILIH c/efyeT paBeHCTBO
MHTErpasoB M0 pacCMaTPUBaeMBIM KOHTYpPaM.

2. Ho nockosibky Ha KoHType I’ nmeem

Al = [la]| + ¢, (2.4)

MOXKHO 3aNucaTh pe30JbBeHTY B Bule psna Hefimana u moay4uTth npen-
CTaBJIeHUE

L [0 Lgmyank — & L [yne n
ZQ—MJ)\ XZ(%) dA:ZakQ—m,J)\ DG\ = gn,
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31ecb Mbl CHauaja 3aMeTHJH, UTO B CUJy (2.4) psii B MOALIHTErpPasbHOM
BBIPAXKEHWH CXOIHMTCSI PaBHOMEPHO MO A Ha KOHType I’, a mosTomy ero
MOXKHO UHTErPHPOBATH MOYJEHHO; 3aTeM B KaXKJ0M CJIaraeMoM BbIHECJIH U3-
Mol 3HaKa HHTerpasa MoCTOSHHBIH MHOXKHUTe/b a¥; na/ee BOCMO/Ib30BAINCh
U3BECTHOH (popMysiof TeopUM (PYHKIUH KOMIIJIEKCHOH MepeMeHHON

L[ [1, 1=—1,
%JA‘M{O, leZ\{-1},

Cs

TIe ¢5 — OKPYXKHOCTb TPOM3BOJILHOTO paguyca ¢ > 0 ¢ HeHTpoM B Hayase
KOOPIHMHAT, TPOXOAUMAs B MOJOKHUTENbHOM HAMPABJIEHUH.

JleMMa nokasaHa.

JloKa3aTeabCTBO TEOPEMBI.

1. AnajordyHOi 3aMeHOH KOHTypa MOXKeM IMepedTH K KoHTypy [,
MPEeACTaBJSIONEMY CO00H OKPYKHOCTb C LIEHTPOM B Hadyaje KOOPAMHAT U
paguycom r’ = % Torna, oueBuaHo, ||al| < r’ < r. 1o rapaHTHpyer:
1) 4To KOHTYp LIeJIMKOM OXBAaThbIBAaeT CIEKTD 3JEMEHTa «,

2) paBHOMepHyW M0 A cxomuMocTb psna (2.1) Ha koHType [”, a
CJIe0BATENbHO, ¥ BO3MOXHOCTh MOYJEHHOrO HHTErPUPOBaHus B (2.2).

2. Takasi 3amMeHa KOHTypa BO3MOXKHa, MMOTOMY UTO KOHTYpP | y»Ke OXBa-
ThIBAeT BEeCb CIEKTP, a CJAe0BaTeNbHO, 00JacTh, OrPaHHUEHHAs KOHTYpa-
mu [ u ", cBoGonHa oT Touek cmekTpa. Ho mousieHHOe WHTerpupoBaHue
NpUBOAUT Hac (Onaromapst jsemme) K psay (2.3). Ero cxomumocTb yixke
rapaHTHPOBaHa BO3MOXXHOCTBIO MOYJIEHHOTO0 WHTEPUPOBAHHUS.

Teopema nokaszaHa.

§ 3. O6paTuMoOCTh 271€eMEHTOB OAaHAXOBOM aJareopbl

[Iyctb @ — HeKOTOpHIH 3/eMeHT 6aHaxoBo# anredpel A, e — e€ enuHHU-
na.

Onpenenenue 1. bydem wnasvieamv anremenm b € A sesoim
obpamrovim K sremenmy a, ecau ba = e.

Onpepnenenue 2. bydem Hasvieamo aremenm c € A npasvim
06pamHuim K dNeMEeHmy G, eCAlU ac = e.

Onpenenenue 3. bydem wasoieamsv aremenm d € A obpamrbim
K anremenmy a, ecau ad = da = e. Inemenm a, umerowjuii obpammolil,
HA3b18aeMcs 00PAMUMBLM.

«CokpallleHUs» BUIa

ra=yYya=>Tr=yY, ar=ay==x=1y

CyTb HEe YTO HHOe, KaK JOMHOXEHHS Ha COOTBETCTBYIOILHMH OOpaTHBIH
37eMeHT (C Y4ETOM acCOLMATHBHOCTH YMHOXKEHHS): B MIEPBOM CJlyyae — Ha
NpaBbli, BO BTOPOM — Ha JieBbld 06paTHBId. XoTeoch Obl pefocTepeyb OT
COKpallleHUs Ha 3JIeMeHT, He HMeIOLIUH Hy2KHOro oOpaTHOro!

5 M. O. Kopmiycos, A. A. [auun
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Jlerko BUETb, UTO €CaAM CYLIECTBYIOT JIEBbIH W MpaBbld 06paTHBIN
3JIEMEHTHl K @, TO OHHU PaBHbl OPYTYy IPYTY:

b=be =b(ac) = (ba)c =ec =c. (3.1)

Tem cambiM, cylllecTBOBaHUE JIEBOTO U MPABOTO 3J1eMEHTOB rapaHTHpPyeT 06-
paTUMOCTh 3JeMeHTa a. DoJsee Toro, u3 (3.1) cpasy cjenyert, UTO JEMEHT,
0OpaTHBIH K NaHHOMY 3JIEMEHTY a, eMUHCTBEH (ecsi BOOOIEe CYLIECTBYET).
JleiicTButesibHo, ecau d; U dy CyThb ABa 0OpaTHBIX K @ 3JIEMEHTa, TO, B
YacTHOCTH, d| sIBJsieTCsl JIeBbIM 0OpaTHbIM, a dy — TMpaBbiM OGPATHBLIM.
Ho rtorna ouu paBubl. (OTcioma e cjefyeT KOPPEKTHOCTb OMpene/eHHs
Pe30JIbBEHTHI. )

dnemeHT, 06paTHBIH K a, 0603HaUaeTcs a L. O6paTrMBbIil 37eMeHT J10-
MyCKaeT COKpalleHHe ¢ 060l CTOPOHHI.

§ 4. CnekTpajbHoe pa3JioxKeHHe, COOTBETCTBYIolIee
3aMKHYTBIM KOMIIOHEHTaM CIIEKTpa

[Tyctb crnektp oneparopa A € L(B, B) MoxHO pa3buTh Ha Herepeceka-
IOL[MeCs] 3aMKHYTble KOMIOHEHTBI 0

o(A) =Uj_ 05, ploj,or}>0mnpuj#k.
Ilyctb O(0j) — 3TO OKPECTHOCTH CIIEKTPAJbHBIX KOMIIOHEHT, IPHUYEM
O(0;)NO(ow) =2, j#k

BriGepem D Tak, uto6el 0; C Dj C O(0j), U paccCMOTPUM HHTerpaJsl
Haudopna
|
Pi=s J RO\, A) d). @.1)
oD;

Torma Kaxnablil U3 onepaTopoB (4.1) siBJIsieTCS IPOEKTOPOM, T. €. Pj2 =P;

npuuéM 6aHaXoBO NPOCTPaHCTBO B passaraercst B MpsIMYIO CYMMY:

B=&)Y P;B, PP,=0, j#k P/ =P,

J=1

rae © € L(B, B) — HyneBo# oneparop.

JlokaxkeM 3TH yTBepxaeHus. BBeném yHkuuo X;(A), paBHYIO eIHHH-
e B okpectHocTH O(0j) KOMIOHEHTBI 0 U HYJIO TIPH OCTAMbHEIX A. 3aMe-
THUM, UTO TakKas ()YHKUHUS NPUHALJIEXKHUT anredpe (yHKUUH, aHAJIUTHYHBIX

B OKpPEeCTHOCTH crnekrtpa. [asee, X?()\) = x;j(A). Torna nns wuHTerpana
Haudopna mo koHTypy 0D, 0XBATHIBAIOIIEMY BECh CIIEKTP U MPOXOAUMOMY
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B MOJIO)KUTEJNbHOM HaMpaBJeHHH, UMeeM ¢ y4yéTtoMm Toro cakra, uto 04
€CTb TOMOMOP(HU3M:

1 1
Pi=g J R\, a)d\ = 5— J X; (MR(A, a) dA,
aD; oD
1 1
P} = o J GVRO 0)dA = o— J Xj(A)R(A, a) dA = .
oD oD
JTlanee, 1
PP, = o J Xi(A)xk(A)R(A, a) dA = ©
7

> o) =1
j=1

B HeKoTOpo# (HecBsi3HOH!) OKpecTHOCTH crekTpa (KOHEYHO, He Ha BCeH
o n
KOMILIIEKCHOH MJI0CKoCTH), mostomy » i Py = E.

§ 5. Boiunciaenue oneparopubix Hopm. [Ipumepsni

[TPUMEP 1. Ilycts
1 2
A—<2 1).

Onepatop, 3a1aBaeMoil 3TOH MaTpulled, NeHCTBYeT B MPOCTPAHCTBE CTOJO-

LOB BBICOTHI 2:
A(*) = (T 2y
y]  \2x+y)”

Hopmy B aTOM mpocTpaHCTBe MOXKHO BBECTU Pa3iW4YHBIMU criocobamu. Mel
paccMOTpuM st npumepa [*°-, ['- u [>-Hopmbl. Bynem paccmartpuBath
TOUHYIO BEpPXHIOI I'paHb MPaBOH YacTH Ha eIMHUYHOH cepe.

1) Nmeem

sup max(|x + 2y|, |22 + y|) <

max(|z|,|y[)=1

)

< sup  max(z] + 2[y[, 2[z] + [y]) = 3.

max(|z|,|y)=1

OueBHIHO, UTO 3HaueHHe 3 AocTuraercs, Hanpumep, Ha (z;y)7 = (1;1)7.
2) Umeem

sup  (|z 4 2y + |22 +y|) < sup  (3lz] +3Jy|) = 3.
|z +|yl=1 max(|e|+y)=1

5
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OueBHIHO, YTO 3HaueHHe 3 jocTuraetcs, Hanpumep, Ha (z;y)T = (1;0)7.

3) Umeem

sup (/| + 2y + |22 +4f2) <
VIl =1

< sup (y/5laf2 + 5[y + 8layl) <

VI g =1
< sup o (y/9(|z2+9ly?)) = 3.

VIaP P =1

(Ouenka cnenyer U3 HepaBeHCTBa KoIiH, SIBJISIIOIIErOCS YaCTHBIM CJIydaeM
nepasercTsa IOunra npu p = ¢ = 1/2.) OueBuaHoO, 4TO 3HAUEHHE 3 NOCTHU-
raetcsi, Hanpumep, Ha (z;y)T = (1/v/2;1/v/2)T. Omnaxo ans cayudas 12
MOXHO OBIJIO HUCKaTb He HOPMY, a coOCTBeHHble 3HaueHHs. Kak K3BecTHO
(CcM. JIeKLIMH 10 UHTErpajbHbIM YPaBHEHUSIM), CAMOCOIPSKEHHBIN OMepaTop
obsiafaeT cOOCTBEHHBIM 3HAYEHHEM, PaBHBIM 10 MOAyJ0 ero Hopme. Ocra-
JIOCh JIMLIb BeIOpaTh Haubosbliee cobcTBeHHOe 3HayeHrne. OHo paBHO 3. C
JPYTOi CTOPOHBI, A1 MpocTpaHcTB [, [!, He ABAAIOMMXCA €BKJIHI0OBAMH,
TaK PacCyXaaTh yKe Hesb3sl.

BaxHoe 3ameuyanue. Kak MB M 0XMOaJH COIVIaCHO 00IIeH Teo-
pHH, crieKTp naHHoro omeparopa o(A) = {—1; 3} nexut BayTpu kpyra {\ €
€ C ||\ < ||A]| = 3}. B To xe Bpemsi, HA JIHHEHHOM POCTPAHCTBE OINepa-
TOPOB, 3aJaHHBIX 2 X 2-MaTPUIlAMH, MOXKHO OBLIO Obl 3a[aTh HOPMY

aip a
220 — max(|agy
ag; Qg

OnHako B HalleM cjyyae Takas HopMa Oblia Obl paBHa 2, a Kpyr pauu-
yca 2 yxe He COHNepKHUT Bcero crektpa. lleno B Tom, 4To TpeGoBaHUS
Ha HOpMY 3J/1eMeHTa, HaKJ/aJblBaeMble oNpefesneHHeM 6aHaXOBOH a/aredpsl,
GoJiee CHJIbHEIE, YeM B Cjydyae JIHHEHHOro MPOCTPaHCTBA (Kakoe TpeboBa-
Hue nobaBnsercs?). [loaTomy He BCsikasi HOpMa, KOTOPYIO MOXHO BBECTH
Ha OaHaxoBOH asrebpe, paccMaTprBaeMOd Kak 6aHaxoBO MPOCTPAHCTBO,
sIBJIileTCS HOPMOH Ha GaHaxoBoi anrebpe. C npyroil CTOPOHBI, ONepaTopHas
HOpMa aBTOMAaTHYeCKH yIOBJIeTBOPSIeT BCEM YCJIOBHSIM HOPMBI Ha 6aHaX0BOH
anrebpe (mouyemy?).
[TIPUMEP 2. Paccmorpum Temnepb

)

AHaJIOTHUHBIMU PAcCy>KIEHUSMH HETPYIHO YCTAHOBHUTB, YTO HOPMBI 3TOTO
onepatopa B [ u I! paBubl 2. Ha Kakux BeKTOpax 3TO 3HayeHHe JOCTUIa-
ercs?

» [@12], (G211,

a22)|'
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§ 6. Pynkuum ot oneparopa. IIpumepsi

[TPUMEP 3. Ilyctb, KaK U B NpeblAyLIeM NPUMepe,
11
A:<01>

A—-1 -1
we—a= (M), (6.1)

1 1
R\ A) =(\E—-A)~! = Aal A7) (6.2)

A—1

Tornma

OTmeTuMm, 4TO:
1) pesosibBeHTa omeparopa B KOHEYHOMEPHOM MPOCTPAHCTBE B KaueCTBE
0COOBIX TOUEK MOXKET UMETb JIMIIb MOJIOCH (B TOYKAaX CIEKTPa, T. €. — AJIs
ormepaTopa B KOHEUHOMEPHOM NPOCTPAHCTBE — B COGCTBEHHBIX 3HAUEHHSIX),
NpUUéM MaKCHMaJbHBIH TMOPSNOK MOJIOCA He MPEBOCXOAUT PasMepHOCTb
NpoCTpaHCTBa (MOXKET U He JOCTHUTaTh €€);
2) MakcuMaJjibHOe COOCTBEHHOE 3HaueHHe He MPEBOCXOAUT HOPMY OIeparo-
pa, HO MOXKET €€ W He JocTHrath (B Ciydae HEIPMHUTOBOH MATPHUIIbI).

B cuny (6.2) sicHo, uto unTerpan Handopna, COOTBETCTBYIOLWIUN NaHHON
matpule A, oTobpaxaer BCSAKYIO (DYHKLHIO, aHAJIUTHYHYIO B OKPECTHOCTH
TOUKH Ag = 1, B onepartop (matpuily) no dbopmyJe

11 /
0.(1) = 1(4) = 5 [ 100 (%7 7 an= (V0 4. e

J =1
e NPy BHIYHMCJEHHHM MHTerpaja Mo KOHTYPY ¢, OOXOASILIEMY TOYKY Ag =
= 1 B MOJOXHUTENbHOM HAaINpPaBJEHHH, Mbl BOCIHOJb30BaJHCh (HOPMYJIOH
Komu (1.1) (mokoMmoHeHTHO /st YUCJOBHIX hyHKIMH) mpu n = 0; 1.
Toncuntaem Teneps f(A) B koHkpeTHoM cayuae f(A) = e*. OueBuHo,
3Ta (PYHKLHS, SIBJASIONIASCS [eJOH, 3aBe0MO YIOBJETBOPSET YCJAOBHIO aHa-
JIUTHUHOCTH B OKPEeCTHOCTH criekTpa. Mmeem B cuiy (6.3)

ed = (g 2) : (6.4)

DTOT Ke pe3yJbTaT MOXKHO IMOJYYHUTb W APYTHM CIOCOGOM, a HMEHHO,
noactaBuB A B psn aast sxcnoHeHThl. (CM. Teopemy «psil MEPEXOAHT B
psin».) JlokasaB mpeaBapUTESbHO MO HHAYKIHMU (3TO 3JEMEHTapHO), UTO

n (1
A :(0 ’f) n e NU{0},
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f(A)zgjO%—

I n 0 n 01
LT Nt B
01

6958069696

Euwé Ha npumepe 3TOH ke MaTPHLBl MOYYHTEJbHO 3aMeTHTb, 4TO CIIeK-
TpaJbHBIH pPafHyc, KOTOPBI Mbl ONpelesu/]d B JeKUWd 1l kKak Mmakcu-
MYM MOLYJSi TOYEK CMEKTPa, MOXKeT ObTh BHIUKCJEH 10 (popmyse 7(A) =
=lim, o V/||A"]| (xak u obelaer obuiasi Teopusi; HepPeaKO 3Ty QOpMyIy
M paccMaTpHBAIOT KaK ONpefieleHHe CIIeKTpPaJbHOro paguyca). B nanHom
cjlyyae CHeKTP COCTOWUT M3 eIWHCTBEHHOrO Uucaa A\g = 1, a creKkTpaJsbHBIH
pajuyc B HOpPMaX MpPoCcTpaHCTB [ ¥ ! MOMKHO BHIUMCIHTBL TaK:

r(A)= lim ¥

((1) ’f)” — lim Yn+1 =1

n—oo

ITPUMEP 4. Bouucaum
. (T
sin{ g ]
Vimeewm, neHcTBYst aHAJOTMYHO TPEIBIAYIIEMY TTPHMEDY,
T 1 — o)
: _ - )\ 71' _
sin <0 7r> = 2m,J 0 m sin AdA =
_ (sint wsin’7\ (0 —7
o 0 sinm /~ \0 0 /°

B kauecTBe HILIIOCTPALUK HeGE3BIHTEPECHO MPOBECTH YHCJEHHBIH pacuér,
Hanpumep Ha MathCAD’e.

_ Z =Dt A2~n+1_<0 —3.1415927>
0 ~ 20+ 1) o o

Puc. 1. UncsieHHOe 3HaueHHe CHHYCa MATPHLbI, MOJYUEHHOE C MOMOLILbIO
MathCAD’a
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[TIPUMEP 5. PaccmoTpuMm HHTerpajbHbiil onepatop BosbTeppa c
HEMpepBIBHBIM 0 COBOKYITHOCTH TepeMeHHBIX simpoM K (z, $) B mpocTpaH-

cree C[0;1]: N
(Ap)(a) = [ K(e. )yl ds
0

[To MHIYKUMH HETPYAHO AOKa3aTb (CM. JEKLHH [10 HHTErPAJbHBIM ypaBHe-
HUAM), uTo npu Bcex n € N, x € [0;[] BepHa oueHka

ITL

(AMyw) < M

rne M = maxogs<o<i |[K (2, 8)|, otkyna [|A™|| < M™L w, ¢ yuérom Vn! —
— 00, umeeM r(A) = 0. B cusy HemycToTl CreKTpa MPOU3BOJBHOTO 3Je-
MeHTa 6aHaxOBOH ajreGpsl OTCIONA MOXKHO cliesiaTh BHBOL, uTo o (A) = {0}.
3ameTuM, 4To npu 3ToM A = 0 He MOXKeT ObITb COOCTBEHHBIM 3HaYEHHEM.
B camom gesie, B IPOTUBHOM CJIyuae U3 TOXKAECTBA

x

jKuamwww=0yu>
0

nuddepeHnnpoBaHreM Mo z moayduiau 6sl, uto K (x,x)y(x) =0, uro, no
KpaiiHedl mepe B caydae K(z,s) # 0 nurne Ha nuaronanu ksanpara [0;1] x
x [0;1], osnauaso 6bi: y(xz) =0, T. e. He ABJAAETCS COGCTBEHHBIM BEKTOPOM.
C npyrodl CTOpPOHBI, OYEBHAHO, 4YTO B 00JaCTb 3HauyeHHH omeparopa A
BXO[SIT JIMIIb Te (DYHKIHM, KOTOpble OOpallaloTCsi B HyJdb B TOYKE T =
=0 (u mpu sToM HempepeiBHO nuddeperuupyembie!). ITockombky C[0; ]
TakKUMH (OYHKUHUSIMH He HCYepIblBaeTCsl, AJsi JI0OOro OrpaHHUEHHOro JH-
HeilHoro omepatopa B umeeM R(AB) C C[0;1]. 3uauut, omepatop A He
MOXeT UMeThb NPaBOro 06paTHOTO, a CJIeI0BATENbHO, 1 0OBIYHOTO 0OPATHOTO
(cm. § 3). Takum o6Gpasom, B ciaydyae GeCKOHEUHOMEPHOTO MPOCTPaHCTBA
CMIEKTP MOXKET COCTOSITb He TOJBbKO M3 COOCTBEHHBIX 3HAUEHUE WUJIM [1aXKe He
COLepKaTh HU OJHOr0 COOCTBEHHOrO 3HaueHHsi (HO, Kak CjeayeT u3 oOuiei
TEOpUH, He MOXKeT ObITb MyCThIM). Pa3BuTHe NAHHOH TeMbl Mbl YBHIUM B
CJIeNYIOLIUX TpUMepax, a TakxKe B 3a1ayax.

[TIPUMEP 6. Paccmorpum B mpoctpanctse C[0; 10] omeparop ymHo-
JKEHHS] Ha HE3aBUCHMYIO TTepeMEHHYIO:

(Az)(t) = ta(t).

OueBuHO, uto onepatop (AE — A)~!, ecim oH cyllecTByeT, MoXeT 3aja-

BaThCs JMIIb BhipaxkeHueM (A\E — A)~ly = % dcHo, yTO mMpHHaAmJIEXK-

Hoets (AE — A)~ly € C[0; 10] nas Beex y(t) € C[0; 10] MoxHO rapanTu-
poBaTb npu Beex t ¢ [0;10] u Tonbko mpu Hux. Takum o6pasom, o(A) =
= [0; 10]. 1o BrOJHE COTIACYETCS CO 3HAUEHHMEM CIIEKTPAJBHOTO paguyca:

1A™lco.10) = sup sup |[[t"z(t)| = 10", r(A)=10.
llz(t)]lcfo.10) =1 t€[0;10]
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(3Hauenue Hopwmbl, paBroe 10, mocruraercs Ha z(t) = 1.) OnHako, Kak u
B IpeabliyIIeM NpUMepe, onepatop A He MMeeT COGCTBEHHBIX 3HaueHui! B
caMoM JieJie, eCJIH MPEANONOKUTh, UTO AJIsi HeKOToporo Ao € o(A) = [0; 10]
1 HekoTopoit pyHKuMH (t) € C[0; 10] BBINOIHEHO TOXKAECTBO

Vit € [0;10] txz(t) = Aox(t),

TO MPUXOAKM K ycjioBHIO 2 (t) = 0 mpu £ # Ao, @ B CHJIy HEMpepuiBHOCTH (1)
umeeM z(t) = 0. CyiefoBaresbHO, Ag He SIBJSETCS COGCTBEHHBIM 3HAYEHHEM.

[TPUMEP 7. (Buumanue! Paccyxnenue comepkut omuoky. Eé
MOMCK COCTAaBHT ONHY M3 3anad.) PaccmoTpuM B mpocTpaHcTse 12 mocseno-
BaTeJIbHOCTEH OrepaTop MpaBoro CABHra:

Aﬁ(xl,xg,xg,...) = (0,1‘1,.’132,...). (65)

[Ipexxne uem o6CyKHaTb €ro pe3o/bBEHTY W CIEKTP, 3aMeTHM, 4TO Ore-
paTop A_, WMeeT JieBBIfl 0OpaTHBIH, HO He HMeeT mpaBoro obpaTHoro. B
camoM feJse, u3 (6.5) cjenyer, 4TO JieBblil OOPATHBIH ¢ HEOOXOAMMOCTBIO
vMeeT BUA (OmepaTop JIEBOrO C/BHra)

B (y1, 92,93, --.) = (Y2, Y3, Y4, -..)- (6.6)

Ecnn 6Bl cyliecTBOBas MpaBblii 0OpaTHBIM, TO OH B CHUJy OOLIeH Teo-
puu (cM. Bbimie) coBmamas Obl ¢ B. . Ho mociennuii nmeer HeHyseBoe
anpo ker B = {(x,0,0,...)}. Tem cambiM, HeHyJeBOE sIPO C HeOGXO-
nuMocTbio umeet W omepatop A_ B. . Ilostomy A_.B. # F u B. He
siBJIsieTCst MpaBbiM o6paTHbIM K A_,. Takum o6pa3om, A_, He UMeeT MPaBoro
obpatHoro (oTciona, B 4aCTHOCTH, cienyer, uto 0 € o(A_)).

AHajiornuHo TOMy, Kak 3TO OBbLJIO CeaHO B mpuMmepe 4, HETPYAHO
TONYYUTh (hPOPMabHOE BBIpaXKeHHe IJIsi Pe30JbBeHTH omnepatopa A_.. s
3TOrO 3alylleM BHayaJje:

()\E — A*,)(%l,l‘g,l‘g, ) = ()\1‘1, )\.’EQ — Iy, )\%3 — Z9, ) (67)
Pemasi nmocienoBaTe/IbHO KaxXKJ0€e YpaBHEHHE OECKOHEYHOH CHUCTEMBI

Az =y,
ATy — x1 = Yo,
6.8
AT3 — Tg = U3, 68)

ey

HaXOIHUM BBIpaXkeHHe [Jisi JieBoro obparHoro K (AE — A_,):

Clyt,y2,43,...) =

_ Yo+ 4 y3+—y2+%
= (AE — A_) Ny, ya, us, ...) = % ] (69)
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3ameTuM, 4to cuctema (6.8) paspemnma mnpu J060i mpaBoil yacTH (B
cnyuae A # 0), a sapo oneparopa (6.9) TpuBuasnbHo. [losTOoMy MBI He
BCTpevyaeMcsi HA C MpoGJeMod M3 MPeAbIAyIIero npuMepa, KOoraa npuMeHe-
HHe Pe30JIbBEHTHOrO OlepaTopa MOIJIO TPUBECTH K Pa3pblBHOH (YHKIMH,
HU ¢ npobJeMoi BBIPOXKIEHHOCTH JeBoro obpaTtHoro. HakoHell, noactaBus
npaByto dactb (6.9) B (6.7), Mbl moJy4num

(AE —A_)C(y1, 92, Y3, ---) = (Y1, Y2, Y3, ---),

T. e. oneparop C 0Kasajcs He TOJbKO JIEBBIM, HO M TPaBBIM 0OPaTHHIM
K A\E — A_,, moatomy nocsnenHui o6patum npu Bcex A # 0. Mrak, cnektp
onepatopa A_, : 2 — I? cocToMT U3 0fHOH ToYKH A\ = 0.

OmHako MOCMOTPHUM Ha CHUTYalMIO C APYrOd CTOPOHBI, a UMEHHO, MO-
nbitaemesi Boluucantb 1(A_,). Jlerko cooGpasutb, uto mpu Bcex n € N
umeem ||A_"||=1, orkyna r(A_) = 1. Takum 06pa3om, IOMHMO TOUKH A =
= 0 (npHHaLJIEeKHOCTh KOTOPOH CIEKTPy omepaTopa A_, yCTaHOBJEHA BBI-
we), o(A_,) comepKuT elé HEKOTOphie TOUKH. B uém xe geso? Ime B
pacCyXIeHUH Mbl JOMYCTHJIH OLIUOKY?

§ 7. 3agauu nss CaMOCTOSITEJIbHOTO pelIeHus

3amaua 1. Ilokasare, uto mas omneparopoB Az(t) = fé:v(s) ds,
Bzx(t) = tz(t), meiticryommx B C[0; 1], mo kpa#iHeli mepe omHO M3 Hepa-
sects ||AB| < ||Alll|Bll, ||[BA| < ||B||||A|| sbimonHsiercs kak cTporoe
HepaBeHCTBO.

3apaua 2. Haiitu HOXMI)I B mpocTpaHcTBax [, !, BhUMCIUTL 3Ha-
uenue f(A), sin 4, cos A, e 151 Clenyomux MaTpyIL:

a=(35) (6 35)

Samaua 3%*. O6patum qu oneparop sin(rA_,)?
SBamaua 4. Jlokasarb, 4yTO IJ5 JIIOOOr0 3JeMeHTa a OaHAXOBOH aJi-
re6pbl BEPHO COOTHOIIEHHE

sin 2a = 2sina cos a.

apaua 5*. [lycth matpuna A momo6HA AHATOHAJBHOH, T. €. Cylle-
cTByeT Takas oGpaTuMas Matpuua U, uto matpuua UAU ! nuaronasbHa:

UAU! = diag(A1, Mg, ...\ An).

[Tosyuuts B siBHoM Buge matpuuy f(A), rme f(N\) — QyHKUMsA, aHAIHTH-
yeckasi B OKPECTHOCTH CIIEKTPa MaTpulibl A.

Samaua 6. Jlas KakKUX 3JeMEHTOB ¢ 0aHAXOBOH asreGphl OMpeaeseHa
¢yHkuus tga?
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3angavya 7*. BbUHCIHTH OMEpaTOPHYIO HOPMY MaTpHLbl U3 TpHUMe-
pa 2 § 5 B npocTpanctse I2.

Sangaua §. 1) BuUnucAHTL OMEPaTOPHYIO HOPMY MPOU3BOJILHOM KBaj-
paTHOH MaTpPHUIbl B TIPOCTPAHCTBeE [*°.
2) TonyuuTh OUeHKH A5 eé HopM B mpoctpanctiax [ u 12,

3anaua 9. Ilycts
(0 1
A_<_1 0).

1) Onucarb reoMeTpuyecKUil CMBIC JaHHOH MaTpuibl. Boiuncuts A%, A%,
A® ¥ OGBACHUTb TOJYYeHHBIH Pe3y/bTaT. BeluuciuTh A™ Npu NpOU3BOJb-
HoM n € N.

2) Haiitu e€ crekTp U 0OBSICHUTH CBSI3b MOJYYEHHOrO pe3ynbTarta ¢ m. 1)
3TOH 3aJauH.

3) Boluncnuts f(A), ecu

f) =1\ A\ sin ;e

Sanaua 10%*. OTBeTUTh Ha «BOMPOC Ha 3aChIIKy» B MOCJEIHEM
npumMepe.

Gamaua 11. JlokazaTb, 4TO BCAKHU JIMHEHHBIE OMEpaTop B KOHEUHO-
MEepPHOM MIPOCTPAHCTBe (NpH JM060M criocobe BBeeHHUs B NIOC/IeIHEM HOPMBI)
OTpaHHYeH.

Gagaua 12. Onepatop A HasbiBaeTCs HUJbIOTEHTHBIM, €CJH
npu Hekotopom n € N Bepuo A" = O. Omnepatop A HasbBaercs
KBA3HHUJIbIIOTEHTHBIM, eciin r(A) = 0.

1) JdokasaTb, 4TO BCSKUE HUJILIOTEHTHBIE OMEpaTop sIBJASETCS KBA3HHUJIb-
TIOTEHTHBIM.

2%) TlpuBecTu mpuMep KBA3HHHJBIOTEHTHOrO (BO3MOXKHO, HHJIBIIOTEHTHO-
ro) omepatopa ¢ Hopmo# || Al = 10.

3) Hokasatb, uto hopmysa psina Heiimana

(E—A)' = im
n=0

BepHA [IJif BCAKOrO KBAa3MHHUJIbIIOTEHTHOrO omepatopa (a He TOJIBKO AJIs
OMEepaToOpPOB C HOPMOK MeHbiie 1).
4*) Tlpu kakux GoJsiee C1abbIX YCJIOBHSX OHa elllé BepHaP?

3anaua 13. BepHo su, uTO CneKkTpaJsbHBIE paanyc:
1) 3anaér HopMy, YIOBJIETBOPSIOLLYI0 BCEM YCJOBHSIM Ha HOPMYy B GaHaxo-
BOH ajrebpe?
2) sanaér onepatopuyio Hopmy B L(B, B), ec/in Tobko HOpMY B B BHIGpATh
NOAXOMSALUIUM 00pa3om?
MoxeT a1 [IJi JAHHOTO ollepaTopa CIeKTpaJsbHbIH paguyc ObITb GoJiblile
KOHKDETHOH OrepaTOpHOH HOPMbI? MeHblle ee?

Samaua 14. Paccmotpum omnepatop JsieBoro casura B (cm. (6.6)).
1) CyuiecTByeT Jid y Hero JieBblid 0OpaTHbBIH?
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2) Ykasatb Kakoii-1u6o npasbiii 06paTHBIH K B._.
3*) [IlokasaTb, uTo nmpaBbli oOpaTHbE K DB. He eIWHCTBEH.
(Ilpemoctepexenue.) He 3abynbre, uTo onepaTop HOJ/KEH ObITh JMHEHHbBIM!
4) Ha#itu cnektp omeparopa B..

3amaua 15*. 1) Ilyers A € L(B,B), C € L(B, B) — ero npasebiii
o6patHblii. Jlokasathb, uto ecan C'(B) = B, to C = A~!.
2) Mlyets A € L(B, B), D € L(B, B) — ero JieBbiii o6patHbiil. Jlokasars,
uto ecm ker D = {0}, to D = A~L.

3agaua 16*. IlokasaTh, 4TO CHEKTP onepaTopa MPaBOTO CIBUTa
COCTOUT M3 Bcex Touek Kpyra |A| < 1.

Sagaua 17%*. Onuwem kjgaccudUKalMO CIeKTpa ONepaTopoB B Oa-
HaxoBOM IpocTpaHcTBe B. ['0BOPAT, UTO YHMCIO Ao MPHHALJIEKHT:
1) ToueuHomy crekTpy o,(A) oneparopa A, ecaim A\g — coOCTBEHHOe 3Ha-
YyeHHe orepaTopa A, T. €. eCJIM CyLIeCTBYeT Takoe x € B, x # 9, uto Ax =
= \oZ;
2) HenpepbIBHOMY CIIEKTPY 0, (A) oneparopa A, ecan pesosbenTa R(Ag, A)
He CyllecTByeT (Kak OrpaHHYeHHBIH OmepaTop, onpeneséHHbIN Ha BCEM B)
¥ TIPH 3TOM 3aMbikaHue o0pasa omeparopa (AgF — A) coBnapaer ¢ B;
3) ocrarounomy cnektpy o,(A) oneparopa A, ecan pesosbBenta R(Ag, A)
He cyllecTByeT (KaK OrpaHMYeHHBIH ONepaTtop, OnpelesnéHHbIH Ha BCEM B)
¥ TIPU TOM 3aMbiKaHue o0pasa omepartopa (AgF — A) He coBnanaer ¢ B.
Wuorma roBopsT, 4To B caydasx 2), 3) pe3o/bBeHTa CYILIECTBYET, HO,
KOHEUHO, yxKe He Kak 3jeMeHT L(B, B): oHa onpefeseHa (Kak?) He HA BCEM
npocTpaHcTBe (Mouemy?) W HeorpaHudeHa (mouemy?).

[IpoBecTy KJaaccUPUKALHUIO CHeKTpa AJs CJAEAYIOLIMX MPUMEPOB, pac-
CMOTPEHHBIX paHee:
1) omeparop B KOHEUHOMEPHOM MPOCTPAHCTBE;
2) orepaTopel MPaBOro H JIeBOTO CABUTra B [2;
3) omepatop NOMHOXeHHs Ha HesaBucumylo mnepemennyio B C[0; 10]
u L2[0; 10];
4) oneparop Boabreppa (Ay)(z) = [ K(x,5)y(s)ds ¢ HempepbiBHbIM 110
COBOKYMHOCTH TMepeMeHHbIX siapom, neficteytomuii B C[0;1], mpu ycio-
Bunt K (z,z) # 0.

3anaua 18. IlokasaTh, 4YTO YyC/IOBHe pPaBHOMEPHOH CXOAHMOCTH
(yHKUHOHANBHOrO psina (MIM (PYHKLUHOHAJBHOH MOCJAENOBATENbHOCTH) B
TeopeMe O MOYJEHHOM Mepexofe K Mpeesy MOA 3HAKOM MHTerpasa cylie-
CTBEHHO.




Cemunap-Jlexkuunsa 12
TNJIBBEPTOBBI ITPOCTPAHCTBA. OBCY2XKJEHUE

§ 1. HeoOxonmmoe ycJjioBUE «€BKJIUIOBOCTU»

Kak caenyer u3 marepuana Jekuud 11, HeoOxXomuMmbiM (a Takxke U
JOCTaTOUHBIM — cM. [14]) yc/j0BHEM BO3MOXKHOCTH 3adaTh HOPMY C MO-
MOIIbI0 CKAaJIIPHOTO TMPOU3BEIeHNs SIBASETCS BBINOJHEHHWE AJsT 3TOH HOp-
Mbl paBeHCTBa mnapajgejorpamma. OTCrofa, B YacTHOCTH, CJEyeT, 4TO
npoctpanctsa L>°[0; 1], C[0;1] He siBisitoTCst THIbOEPTOBBIMU (SIBJSISCH
6aHaXOBbIMHU).

OTMeTHM TaK>Ke TPaBHJIO BbIHECEHHUST UHCIOBOrO MHOMXHUTEJSI H3 TTE€PBO-
ro apryMeHTa CKaJisipHOTO MPOU3BEIeHHS:

(Az,y) = (y. Ar) = My, 2) = My, 2) = M=, y),
umi (A\z,y) = Mz, y).

§ 2. IlonspusanMOHHOE TOXKIECTBO

[Tycts B(z,y) — noayropanuHeiinas hopMa B rHIb6EPTOBOM MPOCTPaH-
ctBe H. Bynem HasbiBaTb QPYyHKLHIO

B(z) = B(z,x)

KBaJpaTHUYHOH dopmoi, COOTBETCTBYIOLIEH N0J1y TOPaJIMHEHHOU
¢opme B(z,y). BosHHKaeT ecTecTBEHHBIH BOMPOC: MOXKHO JH, 3HasI
KBajpaTHuHyio  ¢opmy  B(z), BOCCTaHOBHUTb  MOJYTOpaJHHEHHYIO
popmy B(z,y)? OxasbiBaercs, 1a.

[Tosib3ysich CBOHCTBAMH JIMHEHHOCTH 10 BTOPOMY apryMeHTY H MOJIYJIH-
HEAHOCTH 10 TIEePBOMY, JIEFKO [IPOBEPHTh CJEAYIOllee TOXAECTBO (Hocslee
Ha3BaHHe [0JISIPU3ALIHOHHOrO)

B(z,y) = -[B(r +y) — B(x —y) +iB(z —iy) —iB(z +1iy)].  (2.1)

| —

CoBceM Mo-ApyroMy OOGCTOMT feso ¢ OUJIMHEHHBIMH (opMamu (0HH
OTJIMYAIOTCS OT MOJyTOPAJTMHEHHBIX TEM, UTO JHHEHHBI 0 060UM apryMeH-
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TaM). B 3TOM HeTpynHO y6enuThbest yxKe Ha MPOCTOM MPHUMeEpPe B JIBYMepPHOM
TNPOCTPAHCTBE: €CJIH

B((xl,:cQ)T, (yl,yQ)T) =anzly' + algxlyQ + aglmle + aQQ:EQyQ, (2.2)

TO
B((fl,SCQ)T) = all(ZEl)Q + (a12 + agl):ple + a22($2)2,

OTKyla CJefyeT, uTo Jolble OUHHelHHble Gopmbl Buaa (2.2) 6ynyT 3aza-
BaTh OIHY U Ty K€ KBaAPATHUHYIO (DOPMY, €CJU [IJs1 ITUX OUJIMHEHHBIX
dopM aj; = const, agy = const, aj9 + ag; = const.

MoxHO cKasaTb, UTO 3TOT NpPUMep M0Ka3blBaeT XapaKTepHOoe OTJIHUHe
BEILleCTBEHHOT0 T'U/bOEpPTOBAa NPOCTPAHCTBA OT KOMILJIeKCHoro. B camom
Iiesie, B BEIIECTBEHHOM JIMHEHHOM IPOCTPAHCTBE BCSIKAas MOJYTOpannHen-
Has dopMma (paxkTUdecku sBJseTcs OuiMHeliHOH. CiefoBaTesbHO, €€ yxKe
Hesib35l BOCCTAHOBUTh MO0 KBaapaTH4HOH. (MOXKHO BOCCTAHOBUTb TOJIBKO
CUMMETPHUHYI0 OUIHHEHHYI0 hopmy.)

§ 3. 3aMKHYTbIe U He3aMKHYTbIe MOANPOCTPAHCTBA
ruab0epToBa MPOCTPAHCTBA

(Cpasy oroBopuMCsi, YTO BO3MOXKHASI HE3AMKHYTOCTb G€CKOHEUHOMEPHO-
ro MOANPOCTPAHCTBA XapaKTepHa IJs Jo6oro 6aHaxoBa NPOCTPAHCTBA, HO
Mbl PACCMOTPUM 3Ty NpobjeMy Ha MpHMepe rHabOepToBa MPOCTPaHCTRA.)

[IPUMEP 1. PaccMoTpuM B TH/IbOEpPTOBOM NpoCTpaHcTBe I2 orpa-
HUYEHHBIH JUHEHHBIH omepaTop
A (zy, 29, x3,...) — (21, ﬁ, ﬁ, ).

273
PaccmoTpum ero obsmacth 3HayeHu#d. B cuiy o6mux CBOHCTB JIMHEHHOTO
orepaTopa OHa 00pa3yeT JHHeFHHOe MOANPOCTPaHCTBO (MHOroo6pasue), Ko-
Topoe Mbl 0603HaunM R(A). Byner s oHo 3aMKHYTHIM? UTOGHE OTBETHTDH
Ha 3TOT BOINpOC, OyieM paccyXaaTb «B 00XOM».

1) Herpynto sameTuTb, uto R(A) BClony MoTHO B mpocTpaHcTee [2.
B camom pnene, B mpocTpaHCcTBe [° MJOTHBI YK€ (PUHUTHBIE IOCJELOBA-
TeJBHOCTH, T. €. TakHe, Y KOTOPbIX OTJIHUHO OT HYJ/S JHIIb KOHEYHoe
YHCJI0 4sIeHOB (moyeMy?). A Bce (pUHHTHBIE MOCJEI0BATENBHOCTH 3aBEIOMO
npunaanexar R(A). Urak, R(A) = 2.

2) C ppyroii cropousl, R(A) He MOXeT COBMajaThb CO BCEM MPOCTPaH-
ctBoM (2. B camom gnene, mycts y = (y1,...) € R(A), = = (z1,...) —
npoo6pas y. ([L1s Hac cefiyac He CyIIECTBEHHO, eANHCTBEHHBIM JIH 06pa3oM
MOXXHO BOCCTAaHOBHTb 3TOT NPo0oOpa3, BaxKHO JIMLIb €ro CYyIeCTBOBaHHUE,
KOTOpOe HMeeT MeCTO [0 CMbICay 006JiacTH 3HaueHHEl omepartopa.) Torma

MMeeM
o0 oo
an|yn|2 = Z |20 |? < +o0.
n=1 n=1
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C Jpyroii CTOPOHBI, He Ui BCAKOTO 3JeMeHTa z € [> BblNoJHe-
HO Y |z, |? < 4o00. Hanpumep, ans z = {1} nanusit psia pacxomurest.
Takum obpasom, R(A) C 12,
Jlerko BuzmeTn, uto u3 1) u 2) caenyer HezaMmkHyTOCTb R(A).
[TIPUMEP 2. OxasbiBaeTcs, CyMMa 3aMKHYTBIX JINHEHHBIX TOATPO-
CTPaHCTB MOXET ObITb HE3aMKHYTHIM MOANPOCTPAHCTBOM (JAHHEHHBIM MHO-
roo6pasuem). IlycTnb

M ={2,,0,23,0,25,0,...}, N = {ZE1,$1,ZE3,%,I5,%,---}-

YCTaHOBUM 3aMKHYTOCTb 3THX TOANPOCTPAHCTB.

1) 3amkHyToCcTh M CjefyeT U3 TOrO COOOpPaXKEHHsI, UTO OHO U30MOpP(]-
HO > M T03TOMY MOJHO KaK MeTpHyeckoe MpoCTPaHCTBO.

2) Tycrs (™ = (x&”),xén), ...) — (yHmameHTaJbHas OC/EI0BATEJIb-
HOCTb 3/1eMeHToB nofnpoctpanctsa N. Toraa B cHy MoJHOTH 2 HMeeM

™ =g = (z1,29,...) € 1%, (3.1)

Octaéres moKasaTh JMullb, uTo © € N. 3aMeTHUM Mpexje Bcero, uto u3 (3.1)

clleflyeT, B YaCTHOCTH: zgn) — xj, j € N. B camom nese, Beib |:v§") —
(n)
Loy
— x| < [|#™ — z||. Ho apudmeTnueckue cooTHoleH s xéz) = 5p=, ompe-
HeJsiiolKe TOAMPOCTPAHCTBO NN, COXPAHSAITCS MPH Mepexoie K Mpeiedy.
[Tostomy x € N.

C npyro# cTOpoHHI,

M+N#M+N =12

JleficTBUTENbHO, BCe (UHHUTHBIE [OCJAENOBATENBHOCTH JexaT B M +
+ N (nocnemoBaTesbHO pelllaeM CHCTeMy ypaBHeHwui.) CienoBartesbHo,
M + N = [2. C npyroii cTOpoHbl, 115 Bcex sneMeHToB u3 M + N ume-
eM > oo (2k — 1)2|wop—1|? < 400, OTKy1a aHANOTMUYHO MPeNbIAYLIEMY TPH-
Mepy moaydaem, uto M + N # 2. Urak,

M+N=2#M+N.

3ameuaHnue |. Ilockonbky Bce cemapabesibHble 'MJIbOEPTOBBl MPO-
CTpaHCTBa H30MOP(HBI IPOCTPAHCTBY [2, TO MHOrHe 06IIMe CBOHCTBA Mep-
BBIX MOTYT ObITb M3yueHbl Ha MpUMepe MocJ/efHero (4eM Mbl OyneM MoJib-
30BaThCsl M B [aJsibHeHIneM Mo XOoy ceMuHapa). B To e Bpems, caydawu,
rae CyluleCTBeHHa CBSi3b TOH WJIM HHOHM NOMNOJIHUTENBbHOH CTPYKTYpPhl Ha
MCXOIHOM MpPOCTpaHCTBe (HampuMep, CBsA3b Npefesa M0 Mepe WU TOYTH
Bciony ¢ mpeaesom no Hopme L2[0;1]), Mbl BHIHYXIEHB paccMaTpHBATh
UCXOJHOE TMPOCTPAHCTBO.
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§ 4. Tuab6epTOB CONPSIKEHHBIN OMEPATOP.
IIpocTeiimue cBOWCTBA M NMpPUMeEPHI

HenocpencTBeHHO  MOXHO — J0KasaTb  CJeAyIOLIMe  3JleMeHTapHble
CBOMCTBA CONPSI)KEHHOTO OllepaTopa.

CeoiictBo 1. (AB)* = B*A*. (OGparim BHUMaHHe Ha CXOLCTBO
aTo#l QopMmysabsl ¢ (opMmyJol omnepatropa, OOpPaTHOrO K MPOU3BENEHHMIO.
CienyeT TONBKO HMeTb B BHAY, YTO, B OTJIHYHe OT O0OPaTHOro,
CONPS2KEHHBIH OIepaTop UMeeTCs Y KaKJIO0ro OrPaHHYEHHOro JIMHeHHOro
omneparopa.)

Ceoticto 2. (MA)* = \A.

Cso#ictBo 3. CoBeplleHHO NPOU3BOJbHBIH OTrpPaHUYEHHBIH JIMHEH-
HHIH omepatop A B I‘I/IJIb6epTOBOM HpOCTpaHCTBe MOXeT ObITb IPeACTaBIIEeH
B Buge A= B +1iC, rne B = , C = — CaMOCOTPsSIKEHHbIE
OrpaHHUYEHHbIE ONEPATOPHI.

B crepymomux 3apgayax TpebyeTcsi INOCTPOUTb T'HJIbOEPTOB  CO-
NPs2KEHHBIH onegaTop A* X naHHOMy omepaTopy A B 1aHHOM I'MJibOEPTOBOM
npoctpanctee 2 (mpumepsl 1)—5)), L?(R) (mpumepn 6), 7)), L?[0;1]
(mpumepsr 8), 9)).

24

I[IPUMEP 3. A($1,ZL‘Q,.’E3,...) = (0,%1,1‘2,...), A*(yl,yg,yg,...) =
= (y2,Y3,Y4,...) (y»e 3HaKOMBle HaM OIepaTOPbl MPABOrO W JIEBOTO
CIIBUTA).

I[TIPUMEP 4. A(xl,.%'g,xg,...) = (alxl,agxg,agxg...),
A*(y1, Y2, Y3, --.) = (@1y1, CoYo, A3Ys3, ...), NpuuéM A = A* Torma u TOJNBKO
TOrJa, KOrga BCe YHMCJa v BeLleCTBeHHBI.

[MPUMEP 5. A(zy,xe,23,...) = (21,29, ...,2,,0,0,...), A* = A.

MPUMEP 6. A(x,2s23...) = (0,0,...,0,21,0,0,...),
———

n—I1

A*(yl‘yQ» y3v ) = (yn’07 O’ )

[IPUMEP 7. A(xy,x9,23,...) = (QnZn, Ont1Tnt1s Ont2Tntd --.),
A*(yl, Y2, Y3, ) = (0, o,...,0, AnYn, On+1Yn+1, )
n—I1
[MPUMEP 8. (Az)(t) =z(t+ h), (A*y)(t) = y(t — h). (Smecb u B
CJIeyIOlIeM TPUMEpe I0Ka3aTe/IbCTBO HCIIOJb3yeT 3aMeHy MepeMeHHOH B
WHTerpaJje, npeIcTaBJsiolnleM CKajsipHOe MPOU3BeNeHHUE. )
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IIPUMEP 9. (Az)(t) = a(—t), (A*y)(t) = y(~t).

IPUMEP 10. (A2)(t) = p(t)a(t), ¢(t) € LX[0:1], (A"y)(t) =
— ().

NPUMEP 11. (Az)( fo s)ds B L?[0;1]. B nmanHoMm cay-
uae NMPHUBENEM peLlIeHHe l'IOILpO6HO I'Ipex(ﬂe BCEro CJIefyeT M0KasaTh, 4TO
JaHHBIH OIepaTop eHCTBUTEJbHO SIBJSETCS OrPaHHYEHHBIM OlEPaTOPOM
B L2[0; 1] (uto 3apaHee He oueBMaHO). Fimeem

(An)(0)] = || 1-a(e)ds| < || 12ds [2(5) ds < Ol
0 0 0

H faJiee
1

I(Az) (O F2p0) = J |(Az) () dt < el 7210,1)
0

otkyna || Al <1

Termeps  COGCTBEHHO BBIYKC/IHM  CONPSKEHHBIH  omepatop. Mrak,
nycts z(t), y(t) — npoussosbhbie GyHkuuu uz L2[0; 1]. Ham TpeGyercs
Ha#TH Takyio QyHKuHO z(t) (3aBHcsyio ot y(t)), uto (y, Az) = (z, z) npu
Bcex z(t) € LQ[O; 1]. flcHo, uyTo mpUIETCS BOCMOJNb30BATHCS WHTErPHUPOBA-
HHeM 1Mo 4yacTsiM. KOppeKTHOCTh UHTErpUpOBaHHs MO YacTsM, KOTOPOE Mbl
cefiuac MpoBeAEM, HYKIAETCsI B TOMOJHUTEILHOM 060CHOBAHHH (TIOCKOJIBKY
MBI HMeeM [eJ0 He C HEMpephBHO NU(p(epeHIHpyeMbIMH (DYHKIHIMH),
KOTOpO€e MBI OTJIOXKHM [0 GoJsiee MOAPOGHOTO HM3yueHHs] (PYHKIIHMOHAJNBHBIX
npoctpancTB. s yno6cTBa MUHTErPUPOBAHUS 1O YacTAM BBeIEM (DyHK-
unio v(t) mo dopmyse

v(t) = — le(sds

_ ix(s)ds U(t)olx(t)v(t)dt:ix(t) jy(s)ds dt,

rae BepxHsis MOACTAHOBKA 00paTH/IACh B HOMb B CHIY CIIELHATBLHOTO
BbiGOpa mepBooGpasuoii mis y(t) B Bume wv(t). Takum o6pasom, ume-
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eM f(l) z(t) [%— fl y(s) ds} dt = 0. Tonaras z( ft s) ds, no-
Ayunm, uto 2(t) L ) ds mouTH BCIOMY, OTKyaa

1

(A"y) (1) = jy<s> ds.

t

§ 5. OproronajsbHas NMpPoeKI U HA KOHEUHOMEpPHOeE
noanpocTpaHcTeo. OpTronpoeKTopsI

[TIPUMEP 12. Uro6bl OpTOroHajJbHO CIIPOELUPOBATH BEKTOpP Ha
KOHEYHOMepHOe MOANPOCTPAaHCTBO L, NOCTAaTOYHO CIPOELHPOBaTh €ro Ha
BEKTOPbI OPTOHOPMHUPOBaHHOr0 6asuca {ex }}'_; B L U CJI0KUTb Pe3yJbTaThl:

n

[p,z = Z(x,ek)ek. (5.1)

k=1

OpTOroHaJIbHOCTh CYIIECTBEHHA, KaK MOKa3blBaeT MpocToi npumep. Ilyctb
mbi npoewupyeM Bektop (1; 1; 1) Ha niockoets Ozy. OueBunno, pesysibrat
pasen (1;1;0)T. Onnako ecau npumenuts dopmyay (5.1), B3sB Heop-
TOroHa/bHbI# HopmupoBaHHbH Gasuc (0;1;0)7, (1; l;O)T/\/§, MbI TI0JIY-
yum (1;2;0)7.

[TIPUMEP 13. OproroHanbHelii ipoektop P B o6meM ciaydae o6-
Jajaet NIByMsi CBOMCTBaMHU: P2 =P, P* = P. JlokaxeM 3T0.

Hrak, oproroHanbHbel npoekTop PP — 3TO onepaTtop, CTaBsIUK KaKI0-
My aneMeHTy x € H BekTtop y € L, rie L — 3aMKHYTOe MOANPOCTPAHCTBO
U

t=y+z yeL, z&L* (5.2)

Takoe pasniokeHHe eIHHCTBEHHO, a COOTBETCTBYIOLIUH OMepaTop NeHCTBHU-
TEJIbHO JIMHEHHBIN U OTPAHHYEHHBIH, KaK JIETKO POBEPUTD: B CHUJIY TEOPEMBI
Mudaropa umeem |z||? = ||ly||* + ||z||?, otkyna |P|| < 1. Ha camom ne-
qe ||P|| = 1, ecain ToibKO MOAMPOCTPAHCTBO L HETPUBHAJBHO.

Jlokaxkem, uto P? = P. JIi 9TOr0 3aMeTHM, UTO MPOEKLHs JeMeHTa Y
u3 (5.2) Ha mopnpoctpancTBo L paBHa camomy y. JlefcTBUTENBHO, ecin § €
€eL,y=u+v,ucl,velt tov=y—uecLNL orkyna v = 9.
Tenepr nokaxeM caMoCOMpsKEHHOCTb opTonpoektopa. I[lycts w € H —
TNPOU3BOJIbHBIH 3/1eMeHT. 3anuiieM OpPTOroHa bHOE Pa3JIoKeHHe U I/ Hero:

w=wr+w,, wp€L, wleLL.
Torna nomyuum:

(w, Pz) = (w,y) = (wp +wi,y) = (wr,y) = (w,y + 2) = (Pw, z).
(5.3)
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O6patHo, N1060H OrpaHWYeHHBIH JIUHEHHBIH omepatop, o6JafaoIni
yKa3aHHBIMM ABYMsSI CBOHCTBAaMH, SIBJSETCS OPTONPOEKTOpoM. B camom
mene, pacemotpum L = PH = R(P). 3aMeTuM mpexje BCEro, 4To MOATPO-
CTpaHCTBO L — 3aMKHYyTOe.

g Ilyets z, € L, x, — x € H. Ilockonbky x, € L, cyllecTByIOT
Takue y, € H, urto z,, = Py,. Umeem Torna

Pz, = P2yn = Py, = z,,
U [ajiee, ¢ YYETOM HENPEpPBIBHOCTH oreparopa P,
z, — ¢ = Pz, - Pv = x, = Px, > Pr=>x=Pr=2x¢€ LK
Jlanee,
Ve,we€ H (w— Pw,Pz)=(Pw-— PQw,sc) = (Pw — Pw,z) = 0.

TeMm cambiM, omepatop P NeHCTBUTEJbHO CTABUT B COOTBETCTBHE KaXKIOMY
3JIEMEHTY & ero OPTOrOHAJBHYIO MPOEKIHI0 HAa 3aMKHYTOe MOANpPOCTpaH-
crBo L = R(P).

3ameuaHue 2. KoHeuHo, He BCSIKHH MPOEKTOP SIBJSIETCS OPTOrO-
Ha/lbHBIM. MOXKHO PaccMOTpPEeThb NMPUMEP ONEepaTopa, 3aaHHOTO B HEKOTO-
pOM OpPTOHOPMHPOBaHHOM 6asuce MaTpHLed

o=(5 o)-

§ 6. Hekortopbie 3ameuaHus 0 ci1aboil CXOOMMOCTH

Paccmotpum cenapabesnbHoe runbbeproBo mpoctpaHctBo H. Kak cie-
IyeT U3 JIeKIIMOHHOI0 MaTepuaJsa, B HEM CYLIeCTBYET MOJHAash OPTOHOPMH-
pOBaHHAasi CHCTEMA, WJIH OPTOHOPMUPOBAHHBIK Gasuc {en}nen. HerpymHo
BHIETb, UTO e, — . B camoM nese, ciabas CXOMUMOCTb T, — & B THJIb-
6epTOBOM MPOCTPAHCTBE PABHOCHUJIbHA YCJOBUIO

Yy e H (y,2n) — (y, ).

Ho
Vy € H (y,en) = yn — 0= (y,9),

rie Ypn CyTb Koa(ppunuentsl Pypoe snementa y € H, KoTopble cTpeMsATCS
K HyJI0 B cusy paBeHcTBa [lapcesass.

§ 7. 3agauu nsg CaMOCTOSITEJbHOTO pelIeHus

Sagauya 1. HOKaSaTb, 4YTO CKaJigpHOe€ INPOH3BEAEHHWE HENPEepPbIBHO
10 HOpME€ 110 COBOKYINHOCTH INE€pEMEHHbIX, T. €. €CJHU Ty — T, Yn — Y,

TO (xnv yn) - (l’, y)
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Samaua 2. ([IpoponxeHue.) MOXHO JiU B YCJIOBHH TPeIbILy-
el 3aaud 3aMeHUTb CUJIBHYI0 CXOAMMOCTb Ha CJ1abyio:
1) nsist ogHOM U3 MOC/eL0BaTebHOCTEH?

2) 1151 00eMXx I0CJeN0BATENbHOCTEH?

Samaua 3. JlokasaTb, UTO €CJHU L, — X U ||Z,] — ||
[TokasaTb, UTO OTKa3aTbCsl OT BTOPOT'O YCJIOBHUS HEJb3sl.

Gangaua 4. JlokaszaTb €IWHCTBEHHOCTb CJa0OTo Tpenesa: ec-
JU Ty =T U Ty — Y, TOT =Y.

3amgaua 5. 1) Jokasate n-MepHylo Teopemy Iludaropa: eciu B

Habope {zj}}'_, Bce 3/1eMeHTH IOMAPHO OPTOrOHAJbBHBI, TO |1 + ... +
+aal® = llzlP + ...+ lzal®.
2) Hloxasatb, 4TO NONAPHO OPTOrOHAJBHbIE 3JIEMEHTHl (Cpelr KOTOPHIX HeT
HyJieBoro!) JIMHEHHO He3aBHCHMBI. B KakoM MecTe He MpOHAET AOKa3aTeJb-
CTBO MPH HAJUYUH HYJIEBOTO 3JeMeHTa?

3amaua 6. Haiitu conpsskéHHBIE K CEMYIOUIMM ornepatopam B [2:

1) A(xy, g, x5, ...) = (29, T3, T4, ... );

2) A(zy, xe,x3,...) = (0,0, 0121, o, ...);

.8 L2(R):

3) (Az)(t) = o(t)x(t + h), o(t) € L>*(R);

1) (A2)(t) = $(a(t) + 2(=1)).

Te u3 omepaTopoB, KOTOpble He COBMAJM CO CBOMMHU COIMPSIKEHHBIMH, Mpel-
craButh B Bune C' 4 iD, rne C u D — caMoconpsiKEHHbIE.

Samaua 7. 1) Kak BRITISOUT MaTpuia onepatopa A* B KOHeYHOMEp-
HOM TIPOCTPAHCTBE, €C/JM AaHa MaTpulla omepatopa AP PaccmaTpuBarTces
MaTPHILBl OTHOCHTEJNbHO (PUKCHPOBAHHOTO OPTOHOPMHPOBAHHOrO Hasuca.
2) OcraHeTcsi M pe3y/nbTaT BEPHLIM, €CJH CHSTb YCJIOBHE OPTOHOPMHPO-
BaHHOCTH 0asuca?

3) YGemuTbCsi, UTO 3TOT pe3yJbTaT CONJIACYETCSl C pe3ysnbTaTaMH 3ajay
6.1), 6.2) (mpenBapuTeJbHO PacCMOTPEB 3TH 3aJaud [Jis KOHEYHOMEPHOTO
caydasi).

Samaua 8. Ilycte A € L(H) — oGpatumsiii oneparop. J[okasaTb, 4To
cymectsyer (A*)~!' u on pasen (A~!)*. (Tem cambim, onepatop o6paTuMm
TOTA W TOJBKO TOTJA, KOTJA ero COMpPSKEHHBIH 00paTHM.)

3anaua 9. Ilycte M — npou3Bo/ibHOE MHOXKECTBO B THJIbOEPTOBOM
npoctpanctse. [lyete M+ = {z € H | Vy € M (y,z) = 0} (oproronanbHoe
JIOTIOJTHEHHe MHOXKecTBa). JlokasaTh cienyoliye QpakThl:

1) M+ — (samknyTOe!) MOANPOCTPAHCTBO;

2) M S M, NpUYEM PaBEHCTBO HMMeeT MEeCTO TOra MU TOJbKO TOTAA,
Korga M — 3aMKHYTOe MOANPOCTPAHCTBO;

3) eciu M C N, 1o Nt Cc M*+;

4) ML+ = MLLL; o

5) ecnu M — nuHeliHOe MHoroo6pasue, To M = H Toraa W TOJbKO TOTMA,
korjpa u3 xl M caenyer, 4yto x = 9.

Samaua 10. Jloxkasarb, uto ecaiu M, N cyThb (3aMKHYThIE) TOANPO-
crpaictBa U M LN, to M + N — 3aMKHYyTOe MOANPOCTPAHCTBO.

, TO Ty, — .
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Samgaua 11*. (Ilpononxenue.) Ilyctb M,N cyTb (3aMKHY-
Thle) MOANPOCTPAHCTBA U NPH HEKOTOpoM € > 0

sup{[(z, y)| [ |zl = ly| = L,z € N,y € M} <1 —e.

JHokasatb, yto M + N — 3aMKHYyTO€ MOANPOCTPAHCTBO.

3anauga 12. C nomombio oproronanusaund 'pama—IImunra nmody-
4uTh (C TOYHOCTBIO 1O HOPMHPOBOUHOrO KO3((HLKEHTa) MepBble 3 MHOrO-
yseHa Jlexxannpa.

Sanaua 13. Has ¢yHkuun x(t) = e’ HaliTH Takue MHOrOYJIEHbI
crenenei 0, 1, 2, uto Hopma ||e! — p,(t)|| B L?[0; 1] Munumasbha.

3amaua 14. (Ilpononxenue.) Tor xe sonpoc ans z(t) = t3
B L?[—1;1]. O6BACHUTL 0COBEHHOCTD MOJTYYEHHOTO Pe3yJibTata.

3anaua 15. 1) B L?[—1; 1] noctpouth mpoekuuto 060l pyHKIMU
Ha MOANPOCTPAHCTBA UETHBIX/HEUETHHIX (DYHKIIHH.

2%) Kak mnpolle Bcero nokasath, UTO JIMHeHHble MHOroo6pasusi YETHBIX U
HEeYETHBIX (DYHKUMH NeHCTBUTENbHO 00pa3yrT (3aMKHYTbIE) MOANPOCTPAH-
cTBa’?

Bamaua 16. 1) Y6enurbcs, uto onepatop Q, 3ajmaHHbIH MaTpULEH )
(B caMOM KOHIIe OCHOBHOTO TeKcTa) siBjsercs mpoektopoM (T. e. Q2 = Q)
M 4TO OH He camocomnpsiKéH. Omucarb COOTBETCTBYIOLLEE MPOELUPOBAHUE
reoMeTpPHYeCKH.

2) Te e BOMpOCH! IS OrepaTopa, 3aaanHoro marpuuei Q7.

3amaua 17. [okasarb, uto ecin A € L(H), A = A*, to omepa-
top E + iA obparum.

Sanaua 18%*. Bynem roBoputh, uto MHOXKecTBO M B rHjib6epTOBOM
NpocTpaHCcTBe CcJaabo 3aMKHYTO, ecju U3 z, € M, x, — x ciaenyer x, —
— x. CyabblM 3aMblKaHUeM MHoxxecTBa M OyneM Has3blBaTb MHOXKECTBO,
coCTosilllee U3 CJIa0bIX MpeeioB BCEBO3MOXKHBIX ¢J1ab0 CXOASIIMXCS MOCJIe-
nosatesbHOCTeH {2, } C M.

1) Hokasatrb, 4TO 3aMKHYTO€ BBIMYKJO€ MHOXKECTBO B I'MJILOEPTOBOM MpO-
CTpaHCTBe ¢1abo 3aMKHYTO.
2) HaiiTi cnaGoe 3aMblKaHue eqMHHYHOM cdepbl B [°.

Sanaua 19*. TlokazaTb, 4To Ha 6eCKOHEUHOMEPHOM THJIbOEPTOBOM
MPOCTPAHCTBE Hesb3si HETPUBHAJBHBIM 00pa3oM BBecTH Mepy. MMeHHo,
ecsid oTpeGoBaTh OT Mepbl BHIONHEHUSI CTAHAAPTHBIX CBOUCTB (HeOTpHUIa-
TeJIbHOCTDb, CUETHAsI afAUTHBHOCTD), 8 TAKXKE €CTECTBEHHOH MJisI JHHEHHOTrO
NPOCTPAHCTBA MHBAPUAHTHOCTH OTHOCHUTEJIbHO MEPEHOCOB U CTPOro moJso-
JKHTENBHOCTH 1J15 JII0O0Tr0 HEYCTOr0 OTKPBITOI'O MHOXKECTBA, TO OKaXeTcs,
4TO Mepa JI000ro HEMYCTOr0 OTKPHITOrO MHOXKECTBa OyneT GeCKOHEeYHOH.

3anauya 20. [okasaTb cienyioliee yTBepXKIeHHe, TaKKe Ha3biBae-
moe Teopemoit benmo Jlepu: ecan H; — npousBosnbHOE 3aMKHYTOE BBITYKJI0€
MHOKeCTBO B runbbeproBoM npoctpanctee H, x € H — npousBosbHBIH
3JIEMEHT T'M/b0epTOBa MPOCTPAHCTBA, TO CYLIECTBYeT €IUHCTBEHHBIH 3Je-
MeHT x1 € H; Takoii, uto

t

|z — 21| = d(z, Hy).



Cemunap-Jlexuus 13
KOMITIAKTHOCTb. OCHOBHBIE HUJEHA

§ 1. Tonosoruyeckoe omnpeneseHrie KOMOIAKTHOCTHU

Haunéwm co cienyromiero npeaBapuTebHOTO MOHSATHS.

Onpenenenue 0. Henycmas cucmema 3aMKHYmMolX MHONECMSE
HQA3bLBACMCA UEHMPUPOBAHHOU, ecau a0bas eé Koneuwas nodcucmema
umeem Henycmoe nepeceuerue.

[TpuMepoM LEHTPUPOBAHHOH CHCTEMbl 3aMKHYTBIX MHOXKECTB MOXKeT
CJy>KMTh CHCTEMa BJIO)KEHHBIX 3aMKHYTBIX WapoB B R™ uau cucrema Jy-
ueit {[n; +00)}nen.

Hanomuum (cM. siekiuu 4, 5) ciemyiomiee 0CHOBHOE OIpeeseHte.

Onpenenenue 1. Tonoroeuueckoe npocmparcmeo T Hasvigaemcs
KOMRAKMHbIM, eCcAu u3 At06020 e20 NOKPbLMUL OMKPbLMbLMU MHONCE-
cmeamu (2080psam: OMKPLLMOSO NOKPHLMUSL) MONMCHO U3BAEUL KOHEUHOe
nodnokpoimue.

HmeeT MecTo crenyrommas BaxKHasl TeopeMa:

Teopema 1. Tonoaoecuueckoe npocmparcmso T Komnaxmro mozda
U moabko moeoa, Koeda A6as YEeHMPUPOBAHHAS CUCMeMA ec0 3aMKHY-
molxX NOOMHONCECME UMeem Henycmoe nepecetexue.

[lpexpe yem [AOKaspIBaTb TeopeMy, 3aMeTHM, 4TO B OOLIeM cJjydae
LIeHTPUPOBAHHAsA CUCTEMA 3aMKHYTBIX MHOXKECTB MOXKET MUMeTb IyCTOe Ile-
peceyeHHe: HaTpUMep, Tak OYIeT AJisi cucTeMbl {[n; +00) bnen.

JlokasateabcTBo. HeoO0X0LHUMOCTD.

1. Ilycte mpoctpanctBo 1’ KOMMakTHO. PaccMOTpUM LEHTPHUPOBAHHYIO
CHCTEMY 3aMKHYTHIX MHOXKECTB {Fy}aca. [Ipennonoxkum, uto eé nepece-
yeHue mycto: NacaFn = @. Torna B cuny dopmysn ge Moprana (cum. § 2
cemunapa-iekuun 1) nus G, =T\ F,, umeem

UaeAGa:UaeAT\Fa:T\maeAFa:T\QZT-

2. Urak, {G,} ecTb oTkpbiTOE MOKpBITHE MpocTpaHcTBa 1. Ho Torma
0 yCJIOBUIO OHO COAEPXKHUT KOHeuHoe nommokpeithe {Gg, }P_, ¥ B CHIY
¢opmyn e Moprana noaydum

T:UZ:IGO% e ﬁ}z:lFak = HZ:IT\GO% :T\UZ:IGO% =,

4YTO NPOTHUBOPEYUT YCJAOBHUIO HEHTPUPOBAHHOCTH.
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JlocTaTO4YHOCTD.

1. IlycTp mpousBosibHAsi LIEHTPHUPOBAHHAs CHCTeMa 3aMKHYTBIX MHO-
JKECTB HMeeT HelycToe nepecedeHue. PacCMOTPUM MPOU3BOJIBHOE OTKPBITOE
nokpuiTie {Og}aca. BHOBb mpuBiekast ¢popmysel ne Moprana, umeem N
maeA(T \ Oa) = .

2. Torna cucrema 3aMKHYTBIX MHOXKECTB {7\ Oy}aca, UMes mycToe
nepeceyeHre, He SIBJSETCS LEHTPUPOBAHHOH, T. €. CYLIECTBYET MOAMHOKE-
ctBO HHAEKCOB {ay,...,a,} C A takoe, uro N?_,(T \ O,,) = &, oTkyna
Up—10q, = T. Takum o6pasoM, Mbl HM3BJEKJM KOHEUHOE IMOAMOKPLITHE
JIAHHOTO MOKPBITHS.

Teopema nokaszaHa.

Tenepb yc/0BHe HemyCTOTHI NepecedyeHUs JIOO0H LEHTPUPOBAHHOU CH-
CTeMbl 3aMKHYTBIX MHOXKECTB B TOIOJIOTHUYECKOM TIPOCTPAHCTBE MOXKHO
CUMTATb HOBBIM OIpEeeJeHHeM KOMMAKTHOCTH. DyneM ycJIOBHO HasblBaTb
ero onpeneneHuem la.

Crenaem BaxkHOe ISl JaJibHEHIIIEro

3ameuanue 1. Ecnu B onpenesiennd 1 3aMeHUTh CJIOBA «H3 JIOOOTO
TIOKPBITHSA» Ha «U3 JIIOOOr0 CYETHOTO MOKPBITHS», TO MONYUYUTCS OIpele-
JileHWe CU€THOH KOMNakKTHOCTH. COBepILIEHHO aHAJOTWYHO TMPeNblayLIeMy
cJlyyar, HO OTPaHHUYMBASICh TOJBKO CYETHBIMH MHOXKECTBAMH HHAEKCOB A,
MOXKHO JI0Ka3aTh CJELYIOLIYI0 TEOPEMY.

Teopema 2. Tonoroeuueckoe npocmparncmeo T — cuémuo-
KOMRAKmHo mozaoda u moabKo moeda, Koeda 8 Hém arobas cuémuas
UEeHMPUPOBAKHAS CUCMEMA 3AMKHYMbLX MHONECME UMeem Henycmoe
nepeceuerue.

Onpepesienus, mnosyuamoliydecss U3 onpefaejennit 1 u la nobasneHuem
Tpe6GoBaHUsI CUETHOCTH, Ha30BEM ompepeseHusimu 1’ u la’,

§ 2. KomnakTHble MeTpUYeCKre MPOCTPAHCTBA.
Onpenenenue

K meTpuueckoMy MpoCTpaHCTBY, €CTECTBEHHO, MOXKHO PUMEHHTb TOIO-
JIOTHYeCKoe omnpejesieHHe KOMNakTHOCTH. OfHAKO B ciydae MeTPHYECKHX
MPOCTPAHCTB YyHOOHO MOJb30BATHCS NPYTUMU ONpeleseHUsIMH (= KpHTe-
pUSIMM) KOMNAKTHOCTH. [locTeneHHO Mbl yCTAHOBHM PaBHOCHJBHOCTb [JIs
MEeTPUYECKHX MPOCTPAHCTB BCeX MPUBOAMMBIX HAaMU oOmpeeseHHH (KpuTe-
pHEB) KOMIaKTHOCTH.

Onpenenenue 2. Mempuueckoe npocmparcmso X Ha3vigaemcs
KOMNAKMHbIM, eCAu Atoboe e2o beckoHeurnoe NOOMHONeCms80o umeem npe-
0eabHYyro MmoukKy.

3ameuaHue 2. MeTpuueckoe NMPOCTPAHCTBO, COCTOSILIEE U3 KOHEU-
HOrO YMCJa TOUeK, CJelyeT CYUTATb KOMIIAKTHBIM: B HEM HeT 6€CKOHEUHBIX
TIOIMHOXECTB, a CTajl0 ObITb, [/ BCAKOIO €ro GeCcKOHEeYHOro MOAMHO-
JKecTBa YCJIOBHE CYLIECTBOBAHUS MpelesbHOM TOUKH BhlMosHeHo. (Mnisi
HEeCYILeCTBYIOLIEro 00beKTa BEPHO BCE YTO YTOLHO.)
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Onpenenenue 2a. Mempuueckoe npocmparcmeo X Hasvigaemcs
KOMRAKMHbIM, eCAU A00as NOCAe008AMEAbHOCMb e20 MOUYeK umeem npe-
Oeavryro mouky (= codepacum cxo00auyyrocs no0nocAe008aMEAbHOCTYD).

[Ipenoctepexenue. ObpallaeM BHUMaHWE YUTATEJS] HA PA3THUHUS
TIOHATHH MpefieIbHOM TOUYKH MOCJ/eL0BATEbHOCTH U MHOXKeCTBa. Tak, rpe-
IesbHask TOYKA IOCJEN0BATEJbHOCTH MOXKET He ObITh IpelesbHOH TOYKOH
MHOXecTBa eé 3HaueHui. ([Touemy? [IpuBennTe mpuMepsl.)

O JlokaxKeM pagHOCUAbHOCMb dMuUX onpedeseHull.

2 = 2a.

1. PaccMOTpuM TPOM3BOJIBHYIO MOC/AEN0BATENbHOCTh {7y} C X. Tloka-
K€M, UTO U3 He€ MOXKHO BbIJEJNUTb CXOASLLYIOCS MOAMNOCEN0BATENBHOCTD.

2. Ecnn u3 Heé MOXHO M3BJeYb CTALMOHAPHYIO IMOAINOCJEeN0BATE/b-
HOCTb, yTBepXKJAEHHe TPUBHANbHO. B NPOTHBHOM ciyyae MOXHO YyTBep-
JKIAaTh, UTO MHOYKECTBO 3HaYeHHH MOCJE0BATENbHOCTH GeCKOHEYHO.

3. o ycnoBuio oHO UMeeT mpefebHy0 TouKy = € X. Takum o6pasom,
B /000N OKPECTHOCTH TOUKH X HaWOETCs 3JEeMEeHT IO0C/ef0BaTeNbHOCTH,
OT/NIMUHBIA OT Z. YMeHblLIass pa3Mepbl OKPeCTHOCTEH, Mbl IMOJYyUHM, YTO
B J1060H OKPEeCTHOCTH TaKMX 3JeMEeHTOB fHaxKe 6ecKoHe4HO MHoro. Tem
CaMbIM, & — TIpele/ibHasi TOYKa TOCIe0BaTeNbHOCTH {Xy, }.

2a = 2.

1. Tlyets Y C X — 6GeckoHeuHoe MHOXecTBo. [locTpoum mocsenosa-
TeJbHOCTb {X,} €ro 3/eMeHTOB Tak, 4TOGbl CPeid €€ ujIeHOB He OblJIO
paBHbIX. [lo yc/0BHIO OHA MMeeT MpelesbHYI0 TOUKY Z.

2. Jlerko BHUIETb, YTO X SIBJISETCS TaKXKe NpelesbHOH TOYKOH MHOXKe-
ctBa X. B camom nese, mo omnpepesieHHIO MpeaenbHOH TOUKH I0CJEN0Ba-
TEJIbHOCTA B Ka)KJOW OKPECTHOCTH TOUKH & HaUAETCcs GeCKOHEUHO MHOTO
YJIEHOB TI0CJ/IE0BATENbHOCTH.

3. Ho B cuiy Hamero Bei6Oopa OHH CyTb pa3J/MUHble TOYKH MHOXKe-
crBa X. OHHU He MOTYT Bce COBMNanaTh ¢ x. TeM caMblM, B J1060H OKpecT-
HOCTH TOYKH Z HMeeTcsl XOTs Obl OfiHA To4Ka x, € X, oTinuHasg ot x. X

[TIPUMEP 1. [lose3ysice onpenesieHHeM 2a, HETPYAHO 3aMETHTb,
uTO GeCKOHEUHOMEpPHOe THIbOEPTOBO MPOCTPAHCTBO [> He ABJAETCS JOKa/b-
HO KOMNakTHBIM !) . JleHiCTBUTE/IbHO, [/ 3JeMeHTOB CTaHIapTHOrO 6asuca
BepHO |lex — ]| = V2, a crenoBaTenbHO, U3 {e,} C I? Heab3s H3BJEUL
CXOASALLYIOCS MOANOC/EeI0BATENbHOCTb.

§ 3. KoMnakTHOCTb ¥ MoJiHasi OrPaHUYEHHOCTh

O6cynum Tenepb Opyroil MOAXOA K NMOHATHIO KOMIAKTHOCTH. [zt 3TOro
HaM ToTpeOyeTCcsl BBECTH el HEKOTOpPble MOHSTHS.

1) BeKTopHoe TONOJIOTMYeCKOe TPOCTPAHCTBO HA3bIBAETCSA JIOKAJbHO KOMIIAKT-
HbIM, €CJIM KaxKJasd ero To4yka MMeeT OKPeCTHOCTb, 3aMblKaHHe KOTOpOﬁ KOMIIAKTHO.
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Onpenenenune 3. Hasosém mrnomecmso A e-cemovio 8 mempute-
ckom npocmparcmee X, ecau X = UzeaBe(x), 2de Be(x) — samkrymolii
wap paduyca € ¢ UeHMpPom 8 MmouKe .

Onpenenenue 4. Hasosém wmempuueckoe npocmparcmeo X
BNOAHE 02PAHUUEHHbIM, eCAl 8 HEM 0ast At06020 € > 0 Halidémces Hexomo-
pas koueurnas e-cemo. (bonee HosvLl mepmun: ceepxoeparuienroe. Mot
6ydem noab308amMmouCcs MPAOUYLOHHBIM.)

HeTpynHo mpuBecTH MpuUMepbl BIOJHE OTPaHHUEHHBIX MHOXECTB: OTpe-
30K Ha NpAMOH MK map B R>. e-ceTH B HMX MOXHO MOCTPOMTb Ha OCHOBE
KOOPAUHATHOM CeTKH.

Teopema 3. Mempuueckoe npocmparncmso X Komnaxmro moeda u
moAbKO moeda, Koeda OHO 0OHOBPEMEHHO NOAHO U BNOAHE 02PAHUUEHHO.

JokazatenbctBo. Heo6xongumMocTh.

1. Heo6xonuMocTh MOMHOTHI OUYEBHIHA: MHAYEe Mbl MOTJIH Obl B3SThb (PyH-
JaMeHTaJbHY0 MOC/eL0BaTEbHOCTD, He UMEIOILYIO NIpefesa, — U HUKaKas
e€ moarnoc/aen0BaTeNbHOCTh He Oblia Obl cxomsiiedics. ([TockonbKy ecu
CXOIUTCS HEKOTOpast MOAINOC/EN0BATEIbHOCTb (PyHAAMEHTANbHON MOCJ/IeM0-
BaTeJNbHOCTH, TO CXONMTCS M BCS IIOCJEN0BATEbHOCTb — CM. 3ajauy 3 K
JIOTIOIHUTEIbHOM JieK1uHu 1.)

2. HerpynHo nokaszaTb W MOJHYIO OrpaHUYeHHOCTb. B camom mede,
MyCcThb JJSI HEKOTOPOro £y > (0 KOHEUHOH &£p-CeTH HEe CYLIECTBYeT. ITO
3HAUHMT, YTO MOXKHO MOCTPOHTH MOCJEN0BATENBHOCTh {Z,} C X, KaXKublit
NocJeNyIOIHUH UjleH KOTOpOH yHa/éH OT KaXK[A0ro U3 Mpelblaylux GoJee
4yeM Ha €g. Ho Takas nocjienoBaresibHOCTb, OUEBUIHO, HE HMeeT CXOASALIUX-
sl MOATOC/IEI0BATENbHOCTEH.

JloCTaTOYHOCTS.

1. [yctb past aoboro € > 0 B mpocTpaHcTBe X CYILECTBYeT KOHEUHAs
g-ceTb. [lycth Y C X — GeckoHeuHoe MHOxecTBO. [loctpoum B X 1-, %
i-, an ... CeTH Y PacCMOTPHUM COOTBETCTBYIOLLHE LIApHI.

2. TlocKOJIbKY UHCJIO LIapOB Ka)KIOro pajvyca KOHEYHO, TO HaHméTcs
wap paguyca 1, conepxxaiuil 6eCKOHEUHO MHOTO 3/1eMEHTOB MHOXKecTBa Y .
Hazoséwm ero By u mosioxkum Y1 =Y N By (Y] 6eckoHeuHo).

3. HNanee, Haiinércs wap paguyca 1/2 ¢ UeHTPOM B 3jeMeHTe %—cem,
colepKaliuil GeCKOHeUYHO MHOr0 3JeMeHTOB MHoxKecTBa Y). O6o3Hauum
3TOoT 1ap 4epe3 B u nonoxum Yo = Y| N By.

4. TlpomomXasi yKaszaHHYH MpPOLENypYy, MOJYUHUM MOCJEN0BATEJIbHOCTD
urapos { By} pamuycos QL,C (c ueHTpaMHu B TOUKax QL,C-ceTeI?I), Te KaXKabiid
IIap COAePKUT OECKOHEUHO MHOTO 3JIeMEHTOB MHOXeECTBa Y.

5. YBesquuuB pamuychl 11apoB B 4 pasa (Bj), MOJyYHM M0CJIeI0BaTE b-
HOCTb BJIOXKEHHbBIX (IOKaXKeM HHKe) 3aMKHYTBHIX LIAPOB, PAAUYChl KOTOPBIX
CTpeMATCS K Hyq0. B cusy nosHoTsl npocTpaHcTBa X 3TH LIaphl COREpKaT
0o0L1YyI0 TOYKY &, KOTOpas, OUeBMHO, ¥ OyJeT mpefe/bHOH ans Y.

6. Ocrasnioch noKasath, uTo wapel By BjokeHB! Ipyr B Apyra. B camom
Iese, MyCcTb 2, — UeHTP k-ro wapa. [lockonbky By N Byi] HemycTo
(umenHo, By N B4y D Yy), umeeM p(zg, 2k+1) < QL,C + Qk% = %/2’C [Tocae
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yBeJMYeHHs paauMycoB B 4 pasa OyaeM MMeTb TeM CaMbIM, YTO BCe TOUKH
wapa Bjy| ynajeHbl oT zj, He Gosee ueM Ha 328 + 5k = (34 2)/2F <
< 4/2F. Tlostomy Byy1 C Bg.

Teopema nokasaHa.

Temepb MBI MOXKeM cuUUTaTb TPeOGOBaHHE TOJNHOTH M TOJHOH OrpaHu-
YEHHOCTH TPETBUM OIMPEAeJeHUEM KOMIAKTHOCTH (IJisi METPUYECKOTO MPOo-
CTPAHCTBA).

Onpenenenue 5. Mempuueckoe npocmparcmso X Ha3vieaemcs
KOMNAKMHbIM, eCAU OHO NOAHO U BNOAHE OZPAHUYEHHO.

[IPUMEP 2. Tuno6eproB Kupnudy. PaccMoTpum B mpocTpaH-
cTBe 2 MHOXKECTBO

! 1

Q={zecl’||zo| <1,|21| < 5,...,|xk| < 2k,...}. (3.1

OHo s1BJIsIeTCS KOMITAKTHBIM.

O IIpexkne Bcero 3aMeTHM, YTO MHOXKECTBO () 3aMKHYTO. JledCTBUTENb-
HO, U3 CXONHMOCTH B |2 BHITEKAET MIOKOOPAHHATHAS CXOMUMOCThb. A yCJI0BHS
B (3.1) 3aMKHYTBl OTHOCHUTEJIbHO TTOKOOPAHHATHOH CXOMUMOCTH.

Teneps mokaxkem, Kak MOCTPOUTH JAJIsl KaxKA0r0 € > 0 KOHEUHYIO £-CeThb
B (). 3aMeTHM CHayaJa, YTO eCJH AJIsl POU3BOJbHBIX & = (&g, X1, Xg,...) €

€ 1> un € N nonoxurs [z}, = (z9, 1, T2, ..., 75,0,0,...), TO
o0
lz = [2lal® = > ol (3.2)
k=n+1

B cayuae x € Q B cuay (3.1) u (3.2) umeem

0 00 1 2 1

2 _ 2 —

o=l = 3 P < > () =574
k=n-+1 k=n-+1

1 3
Bb16epeM Tenepb Takoe n, 4YTO 3w < oR OcraJjioch JHlIb «IIOCTPOMTDH

CETb I10 OCTAaBLIMMCS KOOpAHWHATaAM». [Tonoxxum

€
R={zecl® =kyp——,
{z | zo 0 IR
xl:klé,...,zn:kné,o,o,...},
2(n+1) 2(n+1)

rae Lessle uncaa k; (¢ = 0,n) npobGeraroT Bce 3HaU€HHSs], IPH KOTOPBIX

b | < o
2(n+1) 2
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Torna, ecin x € @, To paccTosinue oT [z, 10 GIUKANIIEro 1eMEHTa CEeTH
6yneT He GoJiblle

g2 5
A TRV 2

1 <&
3.4 2
u teopeMmbl [Incaropa nonydaem TpeSyemoe.

C YYETOM OLIEHKH

lz = ]l <

§ 4. CBaA3p MeXKIy METPUUYECKHM U TOIOJOTHYECKHM
omnpejeJieHUIMU KOMIIAKTHOCTHU

YCTaHOBHUM TeNepb CBf3b MEXIY TOMOJOTMYECKHMMH W METPUYECKUMH
ompenesNeHHs MU KOMIAKTHOCTH [JIsi METPUUECKOTO MPOCTPAHCTBA.

Jns 3Toro HaM motpebyeTcsi TPU BCIOMOTaTesbHBIE JIEMMB.

Jlemma 1. Bnoawe ocpanuuernoe mempuieckoe npocmpancmaeo ce-
napabenvHo.

JoxasatenbcTBo. O4yeBUAHO: JOCTATOUYHO B3ATh KOHEUHBIE |-, %
I-u T 1. cern.

Jlemma nokasaHa.

Jlemma 2. CenapabesvrHoe mempuueckoe NpPOCMPAHCMEBO UMeem
cuémmuyro 6a3y.

Jlemma 3. Ilycmo mononroeuueckoe npocmparcmeo T umeem
cuémmuyro 6asy. Toeda u3 a0b60eo €20 OMKPLIMOEO NOKPbLMUS MOHCHO
u36ie4b cuémroe noonoxKpuimue.

JokasatesnbcTBa JeMM 2 ¥ 3 BO U30OexaHHe Neperpy3kKH TeKCTa BbIHe-
CeHBl B MPHJIOXKEHHE.

Tenepe Mbl B COCTOSIHMH [0Ka3aTh, NMOXKaJyH, caMyl0 HHTEPECHYIO Teo-
peMy JaHHOH JIeKLHHU.

Teopema 4. «Tonosroeuueckue» u «mempuueckues onpedererus
KOMNaKkmuocmu pasHocuioHol (padymeemcs, 8 ceoetl obujetl obiacmu
npumMeHumocmu — 045 MeMpPU4ecKux npocmpancmas).

Jloka3aTeabCTBO.

la = 2.

1. Ilycts X — MeTpuuecKoe NMPOCTPAHCTBO, B KOTOPOM J00asi LeHTPU-
pOBaHHasl CHCTeMa 3aMKHYTBIX MHOXECTB MMeeM HelyCToe [epeceueHHe.
[Iycte Y — npousBosibHOe GeckoHeyHOoe MHOXkKecTBO B X. JlokakeMm, 4To
OHO HMeeT INPeLeJbHYI0 TOUKY.

2. O6pasyeM MOCJIEI0BATENBHOCTD PA3JHYHBIX TOUEK MHOXKeCTBa Y':

{l‘l,xg,l‘g,...}. (41)
[TocTpouM MHOXeCTBa

Xy = {x, 9, w3, ...}, Xo = {29, 23, 24, ...}, X3 = {23, 24, 75,...}, ( :
4.2
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Torpa, oyeBnaHO, X 3aMbIKaHHs1 06pa3ylOT LEHTPUPOBAHHYIO CUCTEMY 3a-
MKHYTBIX MHOYECTB.

3. B cusy KOMNakTHOCTH B CMbICJIE «TOTOJOTMYECKOTO OMpejiesieHus» la
OHa uMeeT HemycToe nepeceueHue. O603HAYUM Uepe3 & HEKOTOPYIO TOUKY
U3 yKa3aHHOTO MepeceveHusi. 3HAYUT, T SIBJseTCS TOYKOW KacaHus [Jis
KaXkJoro U3 MHoxects (4.2).

4. Ecniu r He coBnamaer HY ¢ omHOH u3 Touek (4.1), TO, OueBHIHO,
X SBJIsSeTCS MpefesbHON Touko# mnsi Bcex X, (Kak Touka KacaHHsi, He
TpUHAJIeXKalnasi MHOXKECTBY), a CJiefoBaTesbHo, ¥ st Y, T. K. X, C
C Y. Ecin Xe HMeeT MecTO COBMNAafieHHe T = Tp,, TO B CHJY MOMNapHOH
pa3an4HOCTH Touek (4.1) Takoe coBmajeHHe He HMeeT MecTa GoJibilie HH
MpH KakoM n U s BeexX Xy, n > ng, = & X,,.

5. Torna aHajOrM4YHO MpPEABIAYLIEMY CJydYal MOJaydyaeM, 4TO TOYKA X
sSIBJIsIeTCS] TIpefleIbHON Mo KpaiiHell mepe st X, n > ng (Ha camoM neJse
BCE Xe /I BCeX, HO 3TO HE BaXKHO), a MO3TOMY U JJis Y.

Sameuanue 3. Ha camom pesne, Kak HeTpPyAHO 3aMeTHUTb, HaM
JIOCTaTOYHO OblIO MOTPeGoBaTh CUETHYI KoMnakTHocTb (la’ Bmecto la):
MBI MCIOJb30BAJH JIUIIb CYETHYIO LIEHTPUPOBAHHYIO CUCTEMY 3aMKHYTHBIX
MHOXKECTB.

2a = 1.

1. Utak, mycTh B 1aHHOM METPHYECKOM MPOCTPAHCTBE U3 JI000H nocJe-
JIOBATEJIbHOCTH MOXKHO H3BJieUb CXOJSLIYIOCS MOANOCIEe0BATEIbHOCTD.

2. JlokaxkeM cHayaJja, 4To B 3TOM CJjydae Jobasi CuéTHasi LeHTPUPOBAH-
Hasi CHCTeMa 3aMKHYTbIX MHOXKECTB MMeeT HeMycToe MepecedeHue (2a =
la’). Ilycts @, n € N, — 3amkHyThle MHOXKeCTBa. PaccMoTpum MHOXKecTBa

U, = N, By (4.3)

VX HemycTOTa rapaHTHPYeTCsl LEHTPUPOBAHHOCTBIO CHUCTEMBI.

3. BbifepeM B Kax/IOM U3 HHX [IPOHM3BOJIbHBIM 00pa3oM IO TOYKe I, €
€ U,,. Ilo yc/0BHIO MOCHENOBATENBHOCTD {y} CONEPXKHT CXOMSIIYIOCS
TMOAIIOC/Ee0BATENBHOCTD Ty, — .

4. JloxaxkeM, 4To Touka x npuHapnexut sceM P,. [Tockonbky mocnen-
HUe 3aMKHYTbI, NOCTaTOYHO [0Ka3aTb, UYTO X SIBJSETCS TOUKOH KacaHUs
IJS1 KaxXAoro U3 MHoxkecTB ®,, T. e. uTOo B J11060H €€ £-OKPEeCTHOCTH
HainéTrcss xoTs OBl omHa Touka u3 P,. IlycTe 3amanHo mpousBosbHOE € >
> 0. B cusy cxomumocTy @, — x npu Beex k, Gomblnx HekoToporo K (),
nonyduMm p(x, xy,,) < €. Ho B cuny (4.3) Touka z,, NPHHALNEKHUT BCEM
MHOxecTBaM P, rie n < ng.

5. C npyro# cTopoHbl, ycioBue p(Z, Ty, ) < £ BHIIOJHEHO TaKkKe MpH
Bcex k > K(g), a mast mo6oro N Hailpéres k, npu kotopoM N < ny. Tem

CaMbIM [0OKa3aHO, YTO B £-OKPECTHOCTH TOYKH I HalIyTCs TOYKH BCeX
mMHO)kecTB P, 4TO U TpeboBaMOCH.

6. OcTasoch N0Ka3aTb PaBHOCHJIBHOCTb KOMIAKTHOCTH U CUETHOH KOM-
MaKTHOCTH (IIPUMEHHTENbHO K MeTPHUECKHM MPOCTPAHCTBAM; B 0OLIeM
ciydyae 370 HeepHo!). Ho u3 ompenenenuss 2a cienyer 3, mo3TOMY Mpo-
CTPAHCTBO OyneT cemapabesbHbIM, & TeM CaMbiM (B CUJy JeMMbl 2) OymeT
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uMeTb cuéTHylo 6a3y. Torza no semme 3 J060€e OTKPLITOE MOKPBITHE TAKOTO
MPOCTPAHCTBA CONEPXKHUT CYETHOE MOMIMOKPBITHE, ¥ MBI MOXKEM MPUMEHHTb
NpeablAyLHe pacCyKAeHHs.

Teopema nokasaHa.

[ns yno6cTBa uuTaTesedl NMpUBeNEM 31eCh JIOTMUYECKYIO CXEeMy Ipo-
Be[EHHBIX BBILIE PACCYKAEHHUH.

Ny 2 3
A TA
Y =V= Y l
la 1a’ 2a  cu. 6aza

Puc. 14. Jloruyeckas cxema.

§ 5. KomnakTHble MHOXKeCTBa B METPUYECKUX
MPOCTPAHCTBAX

Jlo cux mop Mbl FOBOPHJIM JIMIIb O KOMIAKTHBEIX TIpocTpaHcTBax. Janum
Tenepb OnpelesieHHe KOMIAKTHOO MHOXECTBA.

Onpenenenue 6. Mrowecmso A 8 mempuueckom npocmMpam-
cmee X HA3b180emcs KOMNAKMHbIM, eCAU OHO KOMNAKMHO KaK Mempu-
ueckoe npocmparcmeo (c npexcrer; mempuxoii V) ).

[TocKo/IbKY KOMIIAKTHOCTb B METPUYECKHUX MPOCTPAHCTBAX MOXKET ObITh
OnpefiesieHa B UHUCTO METPHUUECKUX TepMHHaX (00CYKIeHHeM 4ero Mbl 3a-
HUMAJIUCh BBILLE), TO CBOHCTBO MHOXKECTBA (METPHUUECKOTO MPOCTPAHCTBA)
OBITb KOMIAKTHBIM HHKAK He 3aBUCHT OT <«BJIOKEHHsI» B APYrHe MeTpuye-
CKHe TPOCTPAHCTBA, CYLIECTBEHHO JIMLIbL YCJI0BHE HEH3MEHHOCTH PacCTosi-
Husi. (B cayuae o6LHX TOMONOTHYECKHUX POCTPAHCTB CUTYALHMsl MEHSIETCSI. )

[TocKo/IbKy KOMMNaKTHOE MPOCTPAHCTBO 00513aHO OBITb MOJIHBEIM, TO KOM-
NakTHOe MHOXKeCTBO A ¢ HeoOXomUMOCTbIO 3aMKHYTO. (OueBHAHO, ONHAKO,
YTO 3aMKHYTOCTH ell€ HEeIOCTaTOYHO IJis KOMIAKTHOCTH MHOXKECTBA.)

OnHako HepeiKo TPUXOAMUTCS PacCMaTPUBATh MHOXKECTBA, €IWHCTBEH-
HbIM «IIPENATCTBUEM» JJISi KOTOPBIX K TOMY, UTOObl ObITh KOMIAaKTHBIMH,
SIBJISIETCS HE3aMKHYTOCTb.

Onpenenenune 7. Muomecmeo A 8 mempuueckom npocmpam-
cmee X Ha3vieaemca NpeOKOMNAKMHbIM, eCAu eco 3amovikarue 6 X
KOMNAKMHO.

Tak, nampumep, B R mnpenkoMmnakTHbl JI060H KOHEUHBIH HHTepBal,
0;1]NQ, {1 |neN}

Buumanue! B otnMure ot cBOHCTBA KOMIIAKTHOCTH, CBOHCTBO TPeLKOM-
NaKTHOCTH 33aBHCHUT OT NPOCTPAHCTBA, COAEPXKAlLero JaHHOe MHOXKECTBO,

') Metpuka B mpoctpaHcTBe A, «yHac/e0BaHHAS» OT COAEPIKAIIETO ero Mpo-
cTpaHcTBa X, Ha3blBaeTCsl HHAYLMPOBAHHOM.
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YTO JIErKO MPOHJIIICTPUPOBATh NprMepoM MHoxkecTBa (0;1) B mpocrpan-
crBax R u (0; +00).

§ 6. Hekotopsie npocTbie (haKThbI

Teopema Befiepmrtpacca. Henpepoisroii obpa3 Komnaxmroeo
MONOAOCULECKOSO NPOCMPAHCMBA eCMb KOMNAKMHOE MONOAO2ULECKOe
npocmparcmao.

HokasarteabctBo. [lycth oTrobpaxenue f : T} — Ty HempepsiBHO,
npuuém o6pasom npoctpanctsa T siBasietcst Beé To. Iyers {04} — mpous-
BOJIbHOE OTKpPBITOE MOKpHITHe mpocTpaHcTsa Ty. Torna MHoxectsa f~'(Oy)
OTKPBITBl B CHJIy HEMNPEPBIBHOCTH OTOOpaXkeHUs f U BMecTe 00pasyioT
noKphiTHE TpocTpancTBa 1) (mouemy?). B cHsly KOMNAKTHOCTH MOCJEAHETrO
us nokpbitus { f~1(0,)} MOXKHO H3BJIEUL KOHEUHOE TIOANOKPLITHE, HO TOT/IA
ero obpas OymerT mokpbiTHeM Ty (mouemy?). Tem cambiM Mbl H3BJIEKJH
13 {O,} KOHEUHOE MONMOKPBITHE.

Teopema nokasaHa.

Cnencteue. HenpepriBHbIA 00pa3 KOMIAKTHOTO MHOXECTBA B MeT-
PHYECKOM MPOCTPAHCTBE €CTh KOMIIAKTHOE MHOXKECTBO B METPHUUECKOM
npocTpaHcTBe 00pa3oB. B uacTHOCTH, OHO orpannueHo (cM. 3amauy 2) u
3aMKHYTO (CM. § ).

Teopema Kaurtopa. Qyuryus, Henpepoi8Has HA KOMNAKMHOM
Mempuueckom NPoCmpancmee, pasHOMEPHO HenpepbiBHa.

JokasateabcTBO. Jlokaxkem oT npotuBHOro. IlycTe BBIMONHEHO
OTpPHUILIAaHHE OIpefe/IeHUs] PABHOMEPHOH HENpepblBHOCTH:

Je>0Vo>0 3z, 7€ X (p(x,x) <4, p(f(x), f(T)) = ¢e).
Basie, Hanpumep, npu Beex n € N 6, = 1 u nocrpous cootserctayto-

II[He TOCJIEN0BATEIbHOCTH Ty, Xn, MOJYUYUM MIJSI HEKOTOPOH CXOmsIeHCs
TNOAIOC/e0BaTebHOCTH Ty, — Tt

Tny, — T, Tn, — ¢ (B cuny p(ay,, T,) — 0),

f(@n,) = f(2), f(En) = f(2).

Torna B cusy HeNmpepblBHOCTH PacCTOSIHHS MO0 OOOMM apryMeHTaM B
COBOKYIHOCTH (CM. IOMOJHHUTEJbHYIO JIEKLHIO 1) U TeopeMbl 0 MpefebHOM
riepexofie B UMCJ0BOM HepaBEeHCTBE HMeeM

p(f (), f(2)) = Yim p(f(wn,), f(Tny)) > ¢,

4YTO HEBO3MO2KHO.
TeopeMa JOKa3aHa.
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§ 7. KBUBaJEHTHOCTh HOPM B KOHEYHOMEPHOM JTUHEHUHOM
NIPOCTPAHCTBE

YrBepxpaeHue 1. B aw060m KOHEUHOMEPHOM HOPMUPOBAHHOM
npocmparcmee L gce HOpmbL 3K8UBANEHMHbL, M. €. CB8A3AHbL COOMHO-
uileruem

Jar,ag >0 Vz € L™ ay|z|| < ||z]| < agl|x]|.

Jloka3aTenbCTBO.

1. flcHo, YTO HOCTATOYHO A0Ka3aTb 3KBHUBAJEHTHOCTb KaKOH-1M60 (PUK-
CHPOBAHHOH HOPMBI BCEM OCTaJIbHBIM.

2. Cuenaem 310 1J1st €BKIMAO0BOH HOPMBI ||z]|2. [Tpexkze Bcero samernm,
4TO MPOU3BOJIbHAS HOPMA ||| HempephiBHA Kak (PYHKUHS CBOETO apryMeHTa
OTHOCHTE/IbHO eBKAMIO0BOH HOPMBI: lim,,—o [|z|| — 0. B camom nene,
ecJH ey, ..., &, — 3JEMEHTbl OPTOHOPMHPOBaHHOro 6asuca, Xi, ..., T —
KOOPIAMHATBI 3jeMeHTa B 3ToM Oasuce, To [z|| < D0 |zg|lle;|| — O
nput ||z|ls — O B cuay oueBumHo# oneHku |x;| < ||z||q.

3. B cuny teopembr Bosbiano—BeliepiiTpacca o KoMnakTHOCTH orpa-
HUYEHHBIX 3aMKHYTBIX MHOXxeCTB B R" ennnuunas chepa {x € L™ | ||z|]2 =
= 1} xommakTHa (cM. Takxke 3agady 3), a B CHJIy TeopeMbl Beilepiurpacca o
HenpepbIBHOM 00pa3e KOMIAKTHOIO MPOCTPAHCTBA MHOXKeCTBO [N 3HaueHHH,
KOTOpble TPUHUMAET HOpMa ||x|| Ha eqMHUYHON OTHOCHTENBHO ||z||2 cdepe,
€CTb KOMIAKTHOe MHOXKeCTBO JeHCTBHUTE/bHBIX uyHces. CienoBaresnbHo, [N
3aMKHYTO M OrpaHHYEHO.

4. Ho Torpma, Bo-mepBbiX, N OrpaHH4eHO CBepXy, a BO-BTOPBIX, «OT-
rpaHHUYeHO» OT HYJsl, MOCKOJbKY HOPMa HEHYJIEBOTO 3JeMeHTa OT/IHYHA OT
HyJ1s. Mtak, Ha elMHUYHON OTHOCHTEJ/IBHO €BKJIHI0BOI HOPMBI chepe HMeeM

0< 1 < lzf| < Be,

WU
arflzl| < 1 < agflz]| (7.1)

¢ a; =1/0, ag =1/0), oTKyna mJst IPOU3BOJIBHOTO & € L™ HMeeM
o]z < [lz]l2 < agflz]|-

Teopema nokasaHa.

CnencrtBue 1. B KoHeyHOMEpHOM HOPMHPOBAHHOM IPOCTPaHCTBE
CXOLMMOCTb O HOPME BJIEUET CXOAMMOCTh MO /060K Opyroil HOpMe, KOTO-
PYI0 MOXHO BBECTH B JAHHOM JIMHEHHOM MPOCTPAHCTBE.

Cnencteue 2. M3 mpenblayllero cJeICcTBUSI BBITEKAET, YTO CXOOH-
MOCTb II0 HOpPMe B KOHEUHOMEPHOM IPOCTPaHCTBE JKBHBAJEHTHA MOKOOP-
IOMHATHOH CXOOMMOCTH. B camMoM fnesie: 3TO BEpPHO AJI €BKJMIOBOH HOPMBI
(koTopast MOXKeT OBITb BBeJleHA TaK, UTO HCIOJb3yeMblil 6a3nuc oKaxKercs
OPTOHOPMHPOBAHHEIM).
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YrtBepxknenue 2. B npoussorvrom 6arnaxosom npocmparcmee X
at060e KoHeuroMmepHoe Aunetinoe noonpocmparcmso (mroeoobpasue) L™
3amMKHymo (s84semes noONPOCMpParcmeom).

Jloka3aTeabCTBO.

1. TpebyeTcsi quiIb O0Ka3aTbh, YTO €CJH HEKOTOpas IOCJeN0BaTesib-
HOCTb {xy,} C L™ cxoputes no Hopme X, TO eé mpejesi MpUHaLIeKuT L™,

2. Jlns pmokasaTesnbCTBa 3TOro (hakTa paccMOTpUM cHavasna L™ Kak
JIMHelHoe MPOCTPaHCTBO (HHEHHOe MHOroo6pasue). Jlerko y6enuTbes, 4To
MHIYLMpOBaHHasi M3 mpocTpaHcTBa X Hopma OymeT Hopmod u B L™.
CnenoBaresibHO, (B CHJy YTBep:KIeHHs 06 SKBUBAJEHTHOCTH HOPM) (yHIa-
MeHTaJbHask 10 HOpMe mpocTpaHcTBa X MOCJeNoBaTeNbHOCTh OyaeT (yH-
JIAMeHTaJbHOH U 10 KaKOH-1nb0 eBKJIWA0BOH Hopme B L. Bpeném B L™
OPTOHOPMHUPOBaHHbIH 6asuc {e;}; 1,

3. Torpa nocnenoBaTeNbHOCTH KOOPAMHAT 3JEMEHTOB X, TOXe OynyT
(yHIaMeHTaNbHBIMH, a CJe0BaTe/bHO, CXOAAIIMMHUCH. 3anaBaeMblil co-
OTBETCTBYIOLIHMH MpefesaMu 3jeMeHT x € L™ Oymer mpepenoM {z,} B
€BKJINJIOBOM HOpPME, a CJIe[0BaTeJbHO, U B UCXOQHOW HOpPME, COBMAaJaoLel
c Hopmo# X. B cu/y enMHCTBEHHOCTH Ipenesa UMeeM x, — = € L™, 4ro
U Tpe6oBaOCh.

YTBepx)aoeHHE NOKa3aHO.

§ 8. Teopema Apuesa

Teopema Apuena. [Tycmo 3adanst pynkyuu fr : K1 — Ko u
1) K, Ky — komnakmmubie mempuieckue npocmpanHcmsa;
2) nocaedosamenvrocmo pyukyuii {f,} sseasemcs pasHocmenernro
HenpepbisHOt (uau, BbIPANAACL MOUHee, PABHOMEPHO PABHOCMENeHHO

HenpepuleHol):

Ve>0 36>0 Vr, 7€ K, YneN (p(z,2)<di=
= p2(fa(z), fn(2)) <e). (8.1)

Tocda us nocaedosamervrocmu {fp,} mosxcHo ussrews noodnocaredo-
BAMENLHOCMb, PABHOMEPHO CX00AWYIOCS K Hekomopoli ¢ynkyuu f €
S C(Kl, KQ).

HokasaTtenbcTBO.

1. Tloctponum (3TO BO3MOXHO B CHJy KOMMAaKTHOCTH K|) KOHeuHble
1-, §-, - ¥ T. 4. ceTH. YNOPSOUMB COBOKYIHOCTb TOYEK STHX CeTeil B
nopsfiKe MepeyucseHnsl U BeIOpackiBasi M3 MOCJe10BaTeNbHOCTH MOBTOPSIO-
myecs TOYKH, MOJYYHM C4€THOe BCIOLYy MJoTHoe B K| MHOoXecTBo X =
={xy,x9,3,..., T, ... }.

2. Ilna kaxporo (PMKCHMPOBAHHOrO [ paccMOTPHMM IOCJeNOBaTe/bHO-
cti {fy(z7)}. B cuny KoMnakTHOCTH MHOXKeCTBa 3HaueHHE Ky ¢ MOMOLLbIO
«[MaroHa/JbHOH MNpouUeAypbl» (CM. NMPHJIOXKEHHe B KOHLEe NAaHHOH JIeKIHH)
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MOXKHO BBIJIEJIUTh TAKYI0 MOMMNOCJAEN0BATENbHOCT { [y, }, KOTOpas Gymer
CXOIMThCS B KaXKA0H Touke x; € X:

flz) = kﬁ_}IIolo Joe(z1), leN.

Jlast cokpalleHus 3anuck 6yneM jJasnee 0603HayaTh MOJMYUYEHHYIO MOANOCe-
IOBaTeJbHOCTb PYHKUHH { fp, } OMHHUM HHEEKCOM: fi = f,,, He CMelIuBast
€€ ¢ HCXOTHOH MOCJIeI0BATENBHOCTBIO.

3. JlokaxkeM, 4TO TNOJydeHHasi (DYHKIMOHAJNbHAS MOAIOC/ENOBATE/b-
HOCTb CXOAMTCSl MOTOYEeUHO Tpu Bcex x € K, a He ToabKO npu z; € X,
v, Gosee Toro, CXofiMMOCTb paBHOMepHa Ha K. Ilycte 3apmano ¢ > 0.
[Tosb3ysich HepaBeHCTBOM TPeYroJbHHUKA, 3aMHuIlIeM /15 TPOU3BONBHOTO T €
€ Ky:

p2(fr(x), fm(2)) <
< po(fr(@), fr(@r)) + pa(fu(xr), frn (1)) 4 p2(frn (1), fim(2)),  (8.2)

re x; OyIeT onpesieNleHO HUXKe.

4. Tlonb3ysicb pPaBHOCTENEHHOH HENpepbBIBHOCTbIO MCXOAHOHM (PYHKIIHO-
HaJIbHOH MOC/e0BaTeIbHOCTH (2 3HAUUT, U BHIOPAHHOH MOAMOC/IeN0BATE/b-
HOCTH), Halném Takoe & > 0, uto mast Becex k € N u p(Z,T) < § Oyner
BbinosiHeHo po( fx(T), fr(T)) < §.

5. Haiiném nepsoe cpeau uncen 277, j € N, menbuiee §. Paccmotpum
KoHeyHoe MHoxecTBO X; C X, cocrosiiee U3 BCeX 3JE€MEHTOB BhIOPAaHHBIX
panee I-, %-,..., %-ceTeﬁ B K. (Jlerko BHIEeThb, UTO TOrjga OJs KaxKio-
ro z € X 6auXaHKMi K HeMy 3/71eMeHT x; € X; HaXONAUTCS Ha PacCTOSHHH
MeHbI1e §.)

6. B cuay CcXomMMOCTH mocjenoBaresnbHOCTH {fi} BO BCeX ToYkax
MHOKecTBa X; (NOCKOJIbKY OHa IO MOCTPOEHHIO CXOAUTCS Bciofly Ha X)
cywecrsyer takoe N(e) € N (3aBucsiuee TonbKO OT &, HO He oT x!), uTo
AJs MoObIX k,m > N ¥ ans mo6oro x; € X; BepHO HepaBeHCTBO

€

p2(f(@1), fm(@1)) < 3. (8.3)
[TockosbKy GaMKaHIINE K TPOU3BOJIBHOMY (DHKCUPOBAHHOMY 3JIEMEHTY & €
€ K| anement x; € X; HaXoAMTCS HA PACCTOSHUHM OJHKe J, TO C y4ETOM

BeIOOpa § M JBa OCTajbHBIX cjaraeMbix B (8.2) MeHblie %, OTKy[a MBI

nosy4aem
pa(fi(@), fm (7)) < e (8.4)

npu Bcex x € K u Bcex k,m > N(e).

7. Tem caMbIM yCTaHOBJIEHa «paBHOMepHas (DyHIAaMeHTaJbHOCTb» IO-
caenoBaresnbHoCTH { fi} Ha K. M3 atoro ¢axra cienyer CXooUMOCTb B
KaxX/0# TOYKe, a TaKKe DPABHOMEPHOCTb 3TOH CXOAMMOCTH: 1Jisi [OKa3a-
TeJbCTBA MOC/eqHeH N0CTaTOUYHO nepeiitd B (8.4) K mpenesy mpu m — oo
(y»ke 3Hasi, YTO OH CYLIECTBYET MOTOYEUHO).
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8. Mrak, Mbl noKasa/u, 4To U3 NaHHOH M0C/Ae10BaTeJbHOCTH MOXKHO H3-
BJIeUb PaBHOMEPHO CXOISILYIOCS IIOCJIE0BATEIbHOCTD, Tpefes KOTOPOH —
KaK PaBHOMEpHBIH MpeJieJ1 HeMPePhIBHBIX (DYHKUUH — CaM SBJIsSeTCS Hempe-
PBIBHOH (pyHKLHeEH.

Teopema nokaszaHa.

CnencrBue. Cemeiicmso ¢pyurkyuti uz C(Ki, Ky), obaadarouee
CBOLCMBOM PABHOMEPHOL pasHOCmeneHHoL HenpepblsHocmu (Kak 8 ycao-
suu meopemol) ¢ KoHkpemuoimu §(€), seasemca Komnakmuoim (6 UHOY-
yuposannoti uz C(K,, Ky) mempuxe).

O B camom zeJsie, MBI MOKa3aJsH, UTo J00as MOCAEN0BATENbHOCTD 3Je-
MEHTOB 3TOro ceMedcTBa cogepxut cxoasityiocst B C'(K, Ky) nognocaeno-
BaTesbHOCTb. OCTanoch A0Ka3aTh, YTO Npeaes JIEXKHUT B pacCMaTpHBaeMOM
cemeiictBe. Ho 3To Jlerko csenyeT M3 IpenesbHOTO Tepexofia B HepaBeH-
crBe p(fn(2), f(7)) < €. W

3ameuaHnue 4. Ecau Obl MBI HCIIOJNb30BaJHd B YCJIOBHH TeOPEMbI
HepaBeHCTBO po(fn(2), fn(T)) < €, TO cMorau Gbl rapaHTHPOBATH JIHLIb
NPeIKOMIIAKTHOCTb COOTBETCTBYIOIIETO ceMeHcTBa (DYHKLUHUH, T. K. HEpaBeH-
CTBO IIPH INIPeJe/IbHOM IepeXxoje MOXKET CTaTb HECTPOTHM.

§ 9. Teopema Ileano

B kauecTBe mpumepa WCMOJIb30BaHUSI TeOpeMbl Apiesa H0KaXKeM Teo-
pemy [leaHo o cyuiectBoBaHHH (/10KajsbHOM) pelieHusi 3agaud Komu ais
0OBIKHOBEHHOTO NU(QepeHIInaNbHOr0 ypaBHeHUs. DTa TeopeMa He rapaH-
TUPYeT eIMHCTBEHHOCTH, HO 3aTO BepHa B OoJiee C/1a0bIX MPEANOJIOKEHHUAX
OTHOCHTEJIbHO TPaBOH 4YacTH ypaBHEHHs; MPH 3ITOM BMECTO TEOPEMBl O
HEeMOJBHKHOH TOUKe B JI0Ka3aTesbCTBe HCIOJb3yeTcs Gosee HU3OLIPEHHAS
TeXHHKa, OCHOBaHHAs Ha HJee KOMIAKTHOCTH.

Teopewma Ileano. Paccmompum duggpeperyuaroroe ypasuerue

Y = f(x,y). (9.1)

Ecau npasas uwacme f(x,y) HenpepvisHa 8 HeKOMOpPOL 02pAHUHEHHOL
samkHymoti obaracmu G, mo ueped kaxcoyr enymperntoo mouxy (Lo, yo)
amoti obaacmu npoxodum xoms 6bl 00HA UHMESPALLHAS KPUBAS IMO20
YpasHeHus.

JlokazarteabcTBo. l. 3amMetum mpexnie Bcero (cMm. Teopemy Beii-
epuitpacca, § 6, u 3agauu 2, 3), uto dhyukuus f(z,y), KaK HempepbiBHas Ha
KOMITaKTHOM MHOXKecTBe (5, orpanuuena. [Iycte M > 0 TakoBo, 4To BCIOAY
B G BepHo |f(z,y)| < M.

2. Moctpoum ¢urypy A C G cnenyrownm o6pasom. [IpoBeném uepes
TOYKY (2o, Yo) MPSIMBIE C YIIOBBIME K03 duureHTaMud M 1 Bo3bMEM a <
< xg, b > x0 Tak, 4TOOBl 3aTyLIEBAaHHBIE TPEYTOJbHUKH JIEXKaJIH LeJHUKOM
B G. D10 BO3MOXKHO, T. K. (Zg, Yo) — BHYTpeHHsisi Touka obnactu G.

3. [TocTpouM moc/enoBaTeNbHOCTb JOMaHbIX Jiijepa, Jexalmux B A.
VmenHo, U3 TOUKH (Xg,Yyo) MPOBEAEM OTPE30K C YIVIOBBIM KO3(PhHIMEH-

6 M. O. Kopriycos, A. A. [auun



162 CewmuHap-Jleknus 13. KomnakTtHocts. OcHOBHBIE HIeH

Puc. 15. ®urypa A

ToM f(x0,yo) o ToURHU (1, Y1) (3m€Ch, oueBUAHO, Y1 = Yo + f (o, yo)(x1 —
— Z0)). 3aTeM mpoBeIéM OTPE3OK C YIJIOBBIM Ko3(puuneHtoM f(xy,y;) U3
TOYKHU (X1, Y1) B TOUKY (Zg,y2). BaxkHo, 4To KaxIoe cienyliee 3BeHO He
MOJKET «BbIJIE3TH» 338 BEPXHIOI H HUXKHIOI HaKJOHHBIE TPaHHUIIbI PUTyphl A
(mouemy?). Ilpu 3TOM Kaxawi#i pas Gymsem OpaTh NpHpalleHHe MO X «He
CJUIIKOM MaJjieHbKHUM» (4TOOBI HOCTHYb abGCIMCChl b 3a KOHEYHOE YHCJIO
IIATOB) M «HE CJHIIKOM OGOJbIIUM» (MeHblle HEKOTOPOro ¢, CBOEro IJs
KaXKI0d KOHKPETHOH JIOMaHOH). AHa/JOTHYHO TMOCTPOMM YacTh JIOMAHOH M
«Hazan» 10 abcuucenl a. OMUCaHHBIM CHNOCOGOM MOCTPOUM OGECKOHEUHYIO
M0C/IeI0BATENbHOCTh JIOMaHbX Ly, tae 0, — 0 npu n — oo. O6o3Hauum
uepes ,(z) dysruun (onpemenéunble Ha [a;b]), rpaduKaMH KOTOPHIX
SBJSIOTCS JIOMaHble Ly,.

3aMeTHM, YTO 3TH JIOMaHbIe JeXaT LEJUKOM B mpefenax ¢urypol A C
C G, «He BblJIe3asi» BBEPX WJIM BHU3 M Ja)Ke HE COMpPHKacasich ¢ eé
HaKJOHHBIMH TpaHuiiaMu (mouemy?). Tem cambiM, Ka)kaasi BEpIIHHA JIOMa-
HOM OKa3bIBaeTCsl CTPOr0 BHYTPH YIJIOB, 06pa30BAHHBIX STUMH I'DaHHUIIAMH.
Bosiee Toro, QpyHKIUHUU (o, SIBJASIOTCS JIHMIUIKL-HENIPEPHIBHBIMU C OOIIEH
KoHcTaHTo# Jlummunna M (noKa)KuTe 3TO aKKypaTHO!).

4. Takum obpasoM, dyHKUMH {@,(z)} obJamaoT CAeAYIOUIMMH CBOH-
CTBaMH:
1) onu ompenesiensl Ha [a; bl;
2) OHHM PaBHOMEPHO OTPaHHUEHHI;
3) OHM PaBHOCTENEHHO HEMPEepPhIBHBI.
(CroiicTBa 2), 3) cleayloT U3 CKa3aHHOTO B MocjeqHeM ab3ale 3tana 3
JI0Ka3aTeJIbCTBa.)

B cuny Teopembl Apuesna u3 mocjienoBatesnbHOCTH {@n(T)} MOXK-
HO BBIIENHUTb CXOLSILLYIOCS pPaBHOMePHO Ha [a;b] mommocsenoBaTesb-
HoCTb {@p, (7)}. O6o3HaunM eé mist mpoctoTsl {¢y(x)} U momoKHUM

Y(w) = lim (). (9.2)
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JlokaxkeM, uTo 3Ta (yHKLUS sIBJIsseTCs pelleHueM ypaBHeHus (9.1), mpoxo-
OSIIIHM Yepe3 TOUKY (Zo, yo) (M, TeM CaMbiM, pellleHHeM COOTBETCTBYIOMIEEH
3amaud Korn).

5. Hamo nmokasate (akTuyecku:

Va' € (a;b), Ve >0 30 >0 Va" € [a;b] N ((2' — &;2") U (22" 4 0))

3agukcupyem mpousBosbHbe x’ € [a;b] u £ > 0. B cuiy HenpepbiBHO-
ctu f(z,y) u npenesnbHoro cootHowenus (9.2) 10CTaTOYHO IOKA3aTh, UTO

30 >0,3K >0 Vk > K, V2" € [a;0] N ((a' — 6;2") U (252" + )
)0 ety < 0.3

x// _ ZL‘/

[Tockonbky f HempepbiBHa B o6sactd G, To Ve > 0 dn > 0 Takoe, 4ToO
npu

|z — 2’| <2n, |y—y|<4Mn (9.4)
(rme y' = v¥(x’)) BepHO
fa'y) —e < flz,y) < f(2',y) +e. (9.5)

YenoBusi (9.4) 3amal0T OTKPBITHIE TPSIMOYTOJbHHK, KOTOPBIH Mbl 0603Ha-
ynM Q. Ilpu nocratoyHo Masnom 7 > 0 OH JIEXKHT LeJHKOM B A.

Puc. 16. IIpsimoyrobHUK

Bri6epem Tenepp K € N Takoe, 4To mpu Bcex k > K:
1) BepHo HepaBencTso |(z) — ¥i(z)| < 2Mn nast Beex x € [a; b],

6%
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2) 3BeHbsl JIOMaHbIX Lj UMEIOT IJMHBI MeHbIIe 7) 10 KOOPAHHATE .
Torna mpu |z — /| < 21 Bce nomanbie Ly ¢ k > K nexar BHyTpH ()
(mouemy?), a cje0BaTEeIbHO, [Jst JIOGOH TOYKH (ZL‘, y), Jexallel Ha 060k
M3 9THX JOMaHbIX IpH |z — 2’| < 27, BbinoaHeHo (9.5).

PaccMoTpuM Tenepb KOHKPETHYIO JIOMaHY1o ¢ HeKoTopbiM k > K. [TycTb
ToukH (ao, bo), (ai,b1),..., (@nt1,bnt1) — €€ BepUIMHBI, TPHUEM

ag <2’ <a; <...<2" <anyy (9.6)

(nsis ompenenéHHOCTH cuuTtaem, 4yto x> x'; cayuait ' < ' paccmarpu-
BaeTcs aHamoruuno). ust GyHKIMH Yk (x) uMeeM

A

Y

4Mn

<2Mn

<2Mn

|
|
|
|
|
|
|
| |
| |
| |
| |
| |
| |
! |
T
|
w 1
ao x ay az ! 43 =A nt1

Puc. 17. Jlomanas y = ()

Yr(ar) — Yr(2') = flao, bo)(a1 —2');
(az+1) Ur(a;) = flai, bi) (a1 —a;), i=1,n—1;
( ) wk(an) = f(anv bn)(ffﬁ - an)-

Torna mpu |z’ — 2”| < n B cuny (9.5) u Toro Qakra, 4TO BCE BEPUIHHBI
(ag, bo), (a1,b1),..., (Gpt1,bny1) JEKAT B MPSIMOYTOJBHUKE (), UMEEM

[f(@' ) —ellar — 2') < p(ar) — Yn(a’) < [f(2',y") +el(ar — 2');
[f(z",y') — 5](a1+1 —a;) < ¢k(@z+1) Yrlai) < [f(2', ') + el(aiv1 — ai);
[ y) —el(x” = an) <Pn(”) —r(an) < [f(z',y) +e](x” — an).

CoXXMB 3TH paBeHCTBA, MOJMYYaeM:

') = el(a” — ') < gula”) = () < [F9) +el(a” =),
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oTKyna u caenyet (9.3).

Teopema nmokaszaHa.

Sameuanue 5. PasHble nocjenoBaTebHOCTH JOMaHLIX Dijiepa Mo-
TYyT CXONMTBCS K pasHbiM pelieHusim ypaBaenus (9.1), u, Takum obpasom,
pelleHHe MOxeT ObITh He eNHHCTBeHHO. PaccmoTtpute npumep 3agaun Koun

§ 10. IIpunoxenue

Jloka3aTenbCTBO JeMMB 2.

1. ToctaTtouHOo AOKa3aTh, 4To 6a3y CTAaHAAPTHOH MeTpPHUeCKOH TOMOJO-
THH B cernapabesibHOM MeTPUUECKOM NpocTpaHcTBe X 00pasyioT wapel By
C LEHTPaMH B TOYKAX BCIOAY TMJIOTHOH CYETHOH cHcTeMbl {x,} W BCEBO3-
MOXKHBIMH PallMOHAJbHBIMU paguycamu ri, k € N.

2. C yuétoMm TeopeMbl 2 M3 JIEKUUU DO U MOCKOJBKY BCSKOE OTKPHITOE
MHOXKECTBO B MeTPHUECKOM IIPOCTPAHCTBE BMeCTe C KaXKAOW CBOEH TOUKOU
COLEPKHUT (10 OTpeleeHNI0) HEKOTOPBIH OTKPBITHIN 1Iap, JOCTATOYHO AOKa-
3aTh, YTO JJISl IPOU3BOJILHOTO OTKPBITOrO 11apa B ¥ Mpor3BOJBHON TOYKH Y
B HEM HaHIETCH IIap U3 pPacCMaTpPUBAEeMOro CeMeHCTBa, COAEpXKAlIUH Tou-
Ky Y U LIeJIUKOM colepxKalluics B mape B.

3. lycts B = Br(x) C X — wap paguyca R ¢ UEHTPOM B TOUKE Z;
NycTh Yy — MPOM3BOJIbHASA TOYKa B 3TOM wape. [lycTs 7 = %(m‘y), TOrza:
1) B wape paguyca r ¢ LEHTPOM B TOUKe Yy HalAETCs TOUKA X, U3 CUETHOU
cucTeMbl (MOCKO/BKY MOCJENHSS BCIOAY MI0THA B X);

2) miap ¢ UEHTPOM B TOUKE X, pamuyca ri, rae rp € Q, r < rp < 2r, comep-
JKUT TOUKY Y U JIEXKHUT LEJUKOM B Liape B (IOKaxHTe CaMOCTOSITEJNbHO!).

4. TlpoBens mJs Kaxk[I0H TOUKM Liapa B aHaJOrMYHOe MOCTPOEHHE, Mbl
MpelCTaBUM ero B BHAe OObeIMHEHHs MAPOB U3 cHUCTeMbl {B,i}, 4To u
JIOKa3bIBaeT, UTO MocjaeqHssi o6pa3yeT 6a3y (oueBHIHO, CUETHYIO).

JleMMma nokasaHa.

JloKka3aTenbCTBO JEMMB 3.

1. Ilyets {G,,} — cuérnas 6a3a npocrpanctsa 1. [Tyctb {Og}aca —
HEKOTOpOe ero OTKpbiToe MOKpeITHe. Torma must Kaxmaoro O, W3 MOKPLITHSA
cylecTByeT (Mo onpefesieHHI0 6a3bl TOMOJOIHH) MpenCTaBleHHe

Oa :UkeKQGk, K, cN. (10.1)

2. O6osnaunM K = Uyea K, C N. Tlockonbky {Og4}aca — TOKpPBITHE,
TO

T = UaeaO4 = Ungea U kek, Gk = UrerGr, K CN. (10.2)

Tem cambiM, nopcemMelcTBO {Gy } ke 6a3bl TOMOMOTHH ABJAETCS TOKPHITH-
eM. Ho B cuny (10.1) u paBeHcTBa K = Uunea Ko s Kaxaoro k € K
HalméTcss X0Tsl Obl OHO TaKoe ay, uTo G C Oy, .
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3. CuyleoBaTeJibHO,
T =UkexGr CUrer Oy, CT,

wil T = UgegOq,,. MBIl U3BJIEKNH U3 NaHHOTO TNOKPBEITHS He Gojiee 4yeM
CUETHOE TMOAIOKPBITHE.

JleMmMa nokasaHa.

JduaroHanbpHasa npouepypa.

1. Iyctb HaM TpeGyeTcst U3 mocsenoBatesbHoCTH Gyukuni {f, : Kj —
— Ky} u3BJeUYb MOAMOCTENOBATENBHOCTD, CXOAAUIYIOCS B KaXIOH TOUKe
cuyérHoro MHOxkectBa X = {z;}ien.

2. BeiGepeM Ha [epBOM Liare MOANOCHenoBaTeNbHOCTb { fn, } = {fn1},
CXOOSILLYIOCST B TOUKe X (3TO MOXKHO CHeJaTh, T. K. [0CJeN0BaTeJb-
HoCThb {fr(71)} C Ko JEXKHUT B KOMIAKTHOM TPOCTPAHCTBE).

3. Janee BbiGepeM M3 TOJYYEHHOH MOMMOC/AENOBATENbHOCTH TOCJENO0-
BaTeJbHOCTb {fno}, ..., HA i-OM Iuare — BHIOEPEM H3 TOLMOCJIEN0BATEb-
HOCTH { fy,i—1} MOAIMOC/IENOBATENBHOCTD { fr,;}, CXOLSILIYIOCS B TOUKE ; €
€ X. 3ameTuM, YTO NpPU M3BJIECUYEHHH MOANOCJIENOBATENbHOCTEH CBOHCTBO
CXOUTbCS B MPeIbIAYIIMX TOUKaX He Tepsoch.

4. 3anuiieM Ternepb MOJYyUEHHblE MOCJAE0BATENbHOCTH B GeCKOHEUHbIH
cTosIbel] ¥ 3aMeTHM, UTO TIOJl POU3BOJbHBIM 3/JIEMEHTOM 3aMUCaH JIEMEHT,
HOMep KOTOPOr0 B UCXONHOH MOCJEN0BATENbHOCTH HE MeHblle HOMepa pac-
CMaTPHUBAEMOro JeMeHTa B Hel xke. (3aueM HYKHO 3TO 3ameuaHue?) Pac-
CMOTPHUM TeIepb «AHarOHaNbHYIO MOCJeL0BATEbHOCTb», CIOCO0 MOCTpoe-
HHS KOTOPOH HCXOAS U3 MOJyUeHHOH TaOJHLbl ICEH U3 Ha3BaHUs, — OHa Oy-
IeT TOAINOC/EN0BATENbHOCTbIO UCXOMHON MOC/eN0BATebHOCTH (moueMy?),
obJsafiatolel HY>KHbIM HaM CBOHCTBOM CXOIMMOCTH BO BCeX TOUKax x; € X
(mouemy?).

§ 11. 3agaum A9 CaMOCTOSITEJBHOTO pPelleHUs

Samaua 1. [loka3zaTb, 4To J1060€ BMOJHE OrPaHHYEHHOE MHOXKECTBO
B METPHUYECKOM TPOCTPAHCTBE SIBJSETCS OrpaHHUUYEHHBIM.

3anauya 2. JlokaszaTb, uTo J060e KOMIAKTHOE MHOXKECTBO B METpHU-
YeCKOM MPOCTPAHCTBE SIBJSIETCS OTPAHHUUEHHBIM.

Samaua 3. Kak cienyer u3 3afauu 2 U BHIIEH3JI0XKEHHOTO MaTepua-
Ja, 1060€e KOMITaKTHOE MHOXECTBO B METPHUECKOM MPOCTPAHCTBE SIBJISETCS
3aMKHYTBIM ¥ OTpaHUYEHHBIM.

1) Hokasatb, uto B R™ 3TH 1Ba yc/J0BUs BMECTe JOCTATOYHBI [Jisi KOMMAKT-
HOCTH MHOKECTBA.

2) ChopmynupoBaTh JOCTATOYHOE YCJIOBHE MPEIKOMIIAKTHOCTH B R™.

3) IlpuBecTr npuMep, MOKa3bIBAWIIMH, YTO B OOIIEM CJIydae 3THX IBYX
YCJOBUH HENOCTATOYHO M/ KOMITAKTHOCTH.

3anauya 4. C nomouwpw «5-npuéma» [0KasaTb MOJHOTY MPOCTPAH-
crBa C'(M;, My) orpaHHYeHHBIX HEMPEPBIBHBIX (PYHKILHH, NeHCTBYIOLHMX U3
MEeTpPHUECKOTO MPoCTpaHcTBa M| B MOJIHOE MeTpHUECKOe MPOCTPaHCTBO M.
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Samaua 5. Ilyctb X — 6aHaxoBO MPOCTPAHCTBO, mpuuéM X * cema-
pabesbHO. Kak ¢ MOMOLIbI0 AHATOHAJBHOM MPOLENYpbl U3BJeYb U3 OrPaHH-
YeHHOH IOCJeJ0BaTEeJbHOCTH {xn} C X cnaabo cxonsiuiyocs?

3agaua 6. Ilyctb M — paBHOMEpPHO OrpaHMYeHHOE MHOXKECTBO
¢yukunit B Cla; b]. JlokazaTb, 4TO MHOXKECTBO (QYHKLHUE

Jx(f) dr | 2(t) € M
0

npenxommnaktHo B Cla; b].
3apaua 7. JlokasaTb, YTO MHOXKECTBO HeNpepblBHO AU(depeHLHpy-
eMmbix GyHKUMH x(t) Ha [a; b] TaKuX, 4TO

b

[ (totey? + @2 ar < i

a

MpH HEKOTOPOM (PUKCHPOBAaHHOM k, mpenkomnaktHo B Cla; b].

Samaua 8. JlokasaTb, 4YTO COOTHOLIEHHE SKBHUBAJEHTHOCTH IS
HOPM, 3aJlaHHBIX Ha JHHEHHOM MpPOCTPAHCTBE, AEHCTBUTEJLHO SIBJSET-
Csl OTHOIIEHHEM 3KBHUBAJIEHTHOCTH B CMBICJIE ONpeleseHUs] U3 CeMHHapa-
JIEKLIUH 2.

Samgaua 9. [okaszaTb, uTo /1060€ KOHEYHOMEPHOE HOPMHPOBAHHOE
MPOCTPAHCTBO TOJHO (H, CJeoBaTe bHO, 6aHAXO0BO).
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