M. M. KAPYEBCKHIA,
M. &. IIABJIOBA

YPABHEHHS
MATEMATHYECKOI
OU3AKH.
TOIOJHUTETBHBIE
TJIABBI

HHHHHHHHHHHHH

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA



BBK 22.311a73
K27

Kapuesckuit M. M., ITaBaosa M. ®@.

K 27 YpaBHeHus mareMaTuuecKou Gusumiku. J[omosHUT-
TeJbHBIE TJIaBLI: YueOHoe mocobue. — 2-e u3J4., JOM. —
CII6.: UspmaTenbcTBo «Jlaub», 2016. — 276 ¢c. — (Yueb-

HUKHU AJd By30B. CrieniuanbHasa JUTEpaTypa).
ISBN 978-5-8114-2133-6

WanaraioTcsa OCHOBHBIE METOIbI HMCCJIEJOBAHUS OOOOIIIEHHBIX
pelleHN# JUHEHHBIX ¥ HeJIMHEHHBIX KPaeBbIX 3a/au IJid YPaBHEHUN
JJIJINIITUYECKOTO U napaﬁonnqecxoro TUIIOB.

RHI/II‘a paccunTaHa Ha CTYOZ€HTOB CTaAPIINX KYPCOB M aCIIMPaHTOB,
CIIeqUaJIU3UPYIOIMNXCA B 00J1acTH MaTeMaTUUeCKOr'o MOLeJInpOBaHUA
¥ YKWCJIEHHBIX METOJOB PEIIeHUA 3aa4 MaTeMaTU4YeCKOl (hU3UKHU, a
TaK’Ke HAayYHBIX COTPYAHUKOB, YbM MHTEPECHI JeKaT B yKa3aHHOMN
obGsacTu.

BBK 22.311a73

PelnieH3eHTHI:
K.TI'.TAPAEB — pokTop (husuKo-mMaTeMaTuueCKuX HayK, mpodeccop,
3aB. Kadepoil creruaabHOi MaTeMaTuKy KasaHCKOro HaIlMOHAIBEHOT'O
HCCJIeJOBATEIbCKOr0 TeXHIUecKoro yauBepcurera uM. A. H. Tymosesa;
E.M.®EZJOTOB — pnoxTop GpUBNKO-MaTeMaTHIYeCKUX HAYK, JOIEHT
Kadeapsl BEIYUCIUTENbHON MaTeMaTuku Kasauckoro (IIpuBosKCKOro)
(heepasbHOTO YHUBEPCUTETA.

O6noxkka © MWspareanctso «Jlanb», 2016
E.A. BTACOBA © M. M. Kapuesckuii, M. ®@. IIasiosa, 2016
© WUsparennbcTBO «JIaHb»,
xyposkectBeHHOEe odhopmiaenue, 2016



OrnaBJieHue

IlpenucioBue K mepBOMy U3HAHUIO . . . . . . . . . . . . .

I'/1ABA 1. BcmomoraresibHbIE pe3yJsbTarbr . . . . ... L.

§1.

§2.

VYpasuenns B mpoctpanctse ['masbepra . . . . .. ..

1.

w

YpaBHeHusi ¢ OTPAHUTEHHBIM ITOJIOXKUTETHHO
ONPEICICHHBIM OTIEPATOPOM. . . . . « . . . . . .
YpaBHEHUsT C TMOJOXKUTEIHLHO OINPEICTCHHBIM
OMEPATOPOM. . .« « + « o v e e e e e e
Teopembr PpefroabMa. . . .« oo ooovo
Hesmmnelinble ypaBHeHHs ¢ CHJIBHO MOHOTOH-
HBIM W JIUIIIUI-HEIPEPHIBHBIM OIIEPATOPOM.

DutemenTsl Teopun npocrpancts CoboseBa . . . . . .

Hexotopbie ompesenennss m 0003HAYEHUST W3
Teopun AuddEpEHTTNPYEMBIX PYHKITAI.
OcnoBuble  (QYyHKITMOHATBLHBIE MTPOCTPAHCTBA.
[Ipocreiiue mepaBeHCTBA. . . . . . . . . . . . .
Vepennenne GyHKIUA. . . . ... L L
O600mieHHbIe DYHKIAT. . . . o o o o v ew L
Huddepennmpobanne 0000IEHHBIX (DYHKIHIL. .

O6obmennbie nponssoanbie B cMbicae Cobosesa.

IIpocrpancra CobosieBa. . . . . . . . . . . ..
Annpokcumarnysi TaIKuMi DYHKIUSMEA. . . . .
Hennoe mpaBmwiio. . . . . . . .. ...
IIpeobpasoBanne KOOpJIMHAT. . . . . . . . . . . .
[Iponosmkenune byHkmmit. . . . . . . . . . .. ..
Cutesibl byHKIWMIT 13 COOOJIEBCKUX TPOCTPAHCTB.
TeopeMbl BJIOKEHUST. . . . . « o o o o oo o ..
Teopembl 06 YKBUBAJIEHTHBIX HOPMUPOBKAX.

PasHocTHBbIE OTHOIIEHUS. . . . . . . . . . . . ..
IMpocrpancreo H™5(Q). . . . . ... ... ...

10
11

19
20

20



4 OruraBienne

§3. Teopembl O HEMTOABUKHON TOUKE . . . . . . . . . . . . 86
1. Teopema Bpayspa. . . . .. ... ... .. ... 86
2. Teopema Hlaynepa. . . . . . . .. .. ... ... 93
§4. OO0bIkHOBeHHDbIE MU dEpeHITnATbHbIE YpaBHeHNT . . . 95
1. Hepagsencrsa I'ponyosra. . . . . . .. . .. .. 95
2. Teopemsbr 0 paspermmumocTtu 3aga4un Komm. . . . 97
TVJIABA 2. DnaunTuydecKkne ypaBHEHUS . . . . . . . . . . . 101
§1. JluneiiHble JIMOTHYECKNE YPABHEHUS . . . . . . . . . 101
1. Beemenme. . . . ... 101

2. O6001TIEHHBIE PEITIEHNsT KPAEBbIX 3a1a9 JIJIsI 3J1-
JIMNTUYECKUX YpaBHEHUI BTOoporo nopsyaka. . . 104

3. WccnenoBanne pa3penimMoCTi KPAeBbIX 33124
Ha ocHoBe JeMMbI Jlakca — Mwuibrpama. . . . . 108
4. [IpuHIun MakCUMyMa. . . . . . . o o oo 113

5. UcceroBanme 060011IEeHHO pa3pENnMOCTI 3a-
naqan Jlnpuxie na ocnose TeopeM Ppegronbma. 116
6. YpaBHEHUs YETBEPTOrO MOPSIKA. . . . . . . . . 119
§2. TDmagkocTh OOOOIEHHBIX PEIIEHUA . . . . . . . . . . . 121

1. I'majikocTs 0DOOIIEHHBIX perieHuit BHYTpH 00-
JACTHI.  « v v v e e e e e e e e 121

2. O paspemumMocT HEOTHOPOIHON 3asgadu Jlu-
PUXIIE. . . v v v v e e e e e 126

3. TiragkocTs 0OOOIEHHOrO pEIEeHnsT OTHOPO/I-
woit 3aytaan Jdupuxme. . . . ... L. 129
§3. Ilpwmunum MakcuMyMma JiTst KJIACCHIECKUX permennii . . 136
1. Cira®plif IPUHIAIT MAKCUMYMA. . . . . . . . . . 136
2. CwIbHBIN IPUHIUI MaKCUMyMa. . . . . . . . . . 140
§4. KnaswinneiiHble 3JUIMITHYECKNAE YPABHEHUS . . . . . . 142
1. Omeparop Hempimigoro. . . . . . . . . .. .. .. 142
2. YpaBuenust ¢ CUJILHO MOHOTOHHBIM OTiepaTopom. 144

3. YpaBHeHnusi ¢ MOHOTOHHBIM OTiepaTopom. Me-
TOJ, PETYJIAPUBAIMI. . . . . . .« . o o o o o oo . 147

4. YpaBuennss ¢ MOHOTOHHOH TJIABHON €acCTDLIO.
Merom lamepxkuna. . . . . . .. .. ... 151

5. Ciiabo Hesmueiinbie ypaBHenusi. Meron Hero-

JIBUZKHOM TOYUKU. .+« v v v v v v e o e e oo e 155



Oraiernue 5
I'/1ABA 3. 3agaum Ha coO6CTBEHHbIE 3HAYEHUS . . . . . . . 158
§1. Bamaua ma COOCTBEHHBIE 3HAYEHUST I OMEPATOPA
Jlammaca B MpsiMOyTO/TBHOM OOJIACTH . . . . . . . . . . 158
1. IlocramoBka 3amaam. . . . . . . . . . . . .. .. 158
2. Pemenwne zamagun. . . . ... ... 158
3. AcuMnroruka COOCTBEHHBIX YUCEJ. . . . . . . . 159
§2. CobcrBeHHBIE 3HAYEHUS] YJUIUIITUIECKUX Ol1epaTropoB . 161
1. IlocramoBka 3amaam. . . . . . . . . . . ... .. 161
2. Bapunanmonnsiit MeTon mcciemoBaHus paspe-
IIIMOCTH 3aJIa9K Ha COOCTBEHHBbIE 3HaYeHus . . . 163
3. [TommoTa crucremMbl COOCTBEHHBIX (DyHKIHA. . . . 168
4. Psaner @ypbe 110 cobcTBeHHBIM DYHKIHAM. . . . 169
5. MunnMakcUMaabHBIR TPUHITAT. . . . . . . . . . 171
6. TeopeMbl CPABHEHUS. . . . . . . o . o o o o 172
7. InajgkocTs cobcTBeHHBIX DYHKIMHA. . . . . . . . 175
8. Teopema 0 MUHMMAJIBLHOM COOCTBEHHOM uncie. . 175
T'VJIABA 4. DaaunTuydecKne CUCTEMbI YpaBHEHHN . . . . . 177
§1. TlocTamoBKa 3aJ@TH . . . . . . o v oo 177
1. OBOBHATEHUS. . . « .« o v v v e vt e 177
2. WNurerpasbHoe TOXKIECTBO. . . . .« . .« . o . . . 178
3. VeioBust Ha OMEPATOP. .« .« « v v v v o v v o oL 179
§2. OCHOBHBIE HEPDABEHCTBA . . . . . . . « . o o o o . .. 181
1. Venosna Jlexkangpa — Amamapa m HepaBeH-
CTBa IOJIOYKATEJILbHON OIIpeeJIeHHOCTH . . . . . 181
2. Hepagencrsa Kopma. . . . . . .. .. ... ... 185
3. Hepasencrsa tnna @puppuxca. . . . . . . . . . 194
§3. MHccnenoBanue pa3pemmMOCTH KPAEBbIX 3829 . . . . . 196
1. OcHOBHasi TeopemMa O pa3permMOCTH. . . . . . . 196
2. [Tpumeps! OIHO3HATHO PA3PENINMBIX KPACBBIX
BATAT.  « ¢ . e e e e e e e e e e e e e 197
§4. IlpumHIMI MAKCHMYMa . . . . . . . . o oo v oo o 205
I'maBA 5. ITapabosinyeckue ypaBHEHUS . . . . . . . . . . 208
§1. TIlpocTpancTBa BeKTOPHO3HATHBIX (DYHKIANH . . . . . . 208
§2. Jlumeitmbre mapabonmaeckne ypaBHEHAS . . . . . . . . 216
1. IlocTtanoBka 3amaam. . . . . . . . . .. ... .. 216
2. CymiecrBoBanme 0600IIEHHOIO PENICHMS. 219



6 OrytaBiieHnue

3. EpuncrBennocTs 0000MEHHOTO pEIeHns. . . . .
4. Tiragkocts 0600IIIEHHOIO pereHust. . . . . . . .
§3. Hesuneiinbie napabojinyeckue ypaBHEHUS . . . . . . .
1. YpaBHEHUsI ¢ MOHOTOHHBIM OIIEPATOPOM.
2. Hesnuneitnbie ypaBHeHus ¢ MOHOTOHHO 110 I'pa-
JIMEHTY TJIABHON YaCTHIO IIPOCTPAHCTBEHHOTO
OTIEPATOPA.  + « « v e o e e e e e e e

§4. IlpmjiozkeHHE . . . . . . . . . ...

OOBOBHAYECHMST . . . . o o o o oo e et et e e
IIpeaMeTHBIN YyKA3aTeIb . . . . . . . . o« v oo

JINTepaTypa . . . . .. ..o



Hpe,ZLI/IC.TIOBI/Ie K IIepBOMY MU3JaHNUIO

Kuwnra gBiserca pacimmpeHHBIM H3JI0KEHHEM KypPCOB JIEKIIHIA,
YUTABIINXCA aBTOPpaMU CTYyJIEHTaM CbaKyHLTeTa BBIYHCJINTEIHLHOMN
MaTeMaTuKy u Kubepuetnkn Ka3amnckoro rocy/1apcTBEHHOTO YHABEP-
CUTEeTa, CIENNATH3UPYIONINMCS B OOJIACTH MATEeMATHIECKOTO MOJIE-
JIMPOBaHUA U YUCJIEHHBIX METO/I0B pelnieHusd 3a/1a4 MaTeMaTUIeCKO
busnkm.

Ilesb KHUTH — MMO3HAKOMUTH YUTATENSI C METOJAMU UCCIEI0BaA~
HUS TPAHUYIHBIX 33149 JIJIS SJTUITUIECKUX U TapabOTUICCKUX yPaB-
nennit. MblI moc/ieioBaTeIbHO MPHUJIEPKUBAEMCS KOHIIEIINN 0000-
IIIEHHOIl Pa3PEeIMMOCTH KPAEBbIX 3aJiad. 3HAYUTEIHHOE BHUMAHUE
VJIEJISIETCS UCCIIEJIOBAHUIO TUIAJIKOCTUA OOOOIEHHDBIX PEeITeHU.

Kuawnra paccanrana Ha CTYJIEHTOB CTAPIINX KYPCOB (DU3UKO-Ma-
remaTndyeckux dakyabreToB. OHa Oyer Mojie3Ha ACIUPAHTAM CO-
OTBETCTBYIOININX CIIEIUAIBHOCTEN, a TAKYKe HAYIHBIM DaOOTHHUKAM,
HCHOJIB3YIONUM METObI TEOPUN YPABHEHNUN C YACTHBIMHU IIPOM3BOJI-
HBIMH.

[Ipeamonaraercs, 9TO IUTATEH 3HAKOM C OOIMMHU YHUBEPCH-
TETCKUMHU KypCaMu MaTeMaTUYIeCKOI'0 NUKJIa. HeO6XOILI/HVH)Ie JIOIIOJI-
HUTEJIbHBbIC CBEICHUA U3 TCOPUU OIIEPATOPHBIX YPaBHEHUI, TEOpUU
000011eHHBIX (DYHKIMIT, Teopun npocrpancTs CobojieBa CoepKaT-
Cd B HepBOfI IJlaB€ KHHUI'HU. BO.HI)HII/IHCTBO pe3yIbTaToOB 3TOI TJIaBBbI
COIIPOBOXK IAFOTCSI TIOJIPOOHBIMU JTOKA3ATEIbCTBAMH.

Mmuorue BOIPOCHI, 3aTPOHYTHIE B KHUT'e, AKTHBHO 00CY K TAJINCH
C COTPYIHUKAMU KadeIPhbl BBIMUCINTEIHHON MaTeMaTHK Kazancko-
I'0 TOCYJIAPCTBEHHOIO YHUBEPCUTETA. ABTOPBI IIPUHOCSAT MM CBOIO MC-
KPEHHIOIO OJIAar0JIlapHOCTD.

Pykonuce kuurm 6suia Baumaresbno npountana C.U. Couto-
BbeBbIM U E.M. @emoroBbiM. ABTOpBI MOCTApAIUCh MAKCHMAJIHHO
y9IeCThb UX 3aMeYaHus.

Bo BTOpOM n3mannn KHUTH ABTOPHI UCITPABIIH 3aMETIEHHDIE OTIe-
yarku. CyIecTBEHHO PACIIMPEH MATEPUAJI, OTHOCIIIUIACS K IJIIUI-
TUYECKUM CHUCTeMaM ypaBHCHU.



I'71AaBA 1

BCIIOMOT'ATEJIBHBIE PE3YJIBTATDHI

§ 1. YpaBHenusi B npocrpancrBe I'miabbepra

1. YpaBHeHHsI C OrPDAHUYEHHBIM IOJIOXKUTEJILHO OIpe-
JleJIeHHBIM orteparopoM. Ilycrs H ecTh BEIIeCTBEHHOE MpO-
crpaHCcTBO I'MiibGepTa co CKaJISIpHBIM [IPOU3BeeHUEM (-, ) 1 HOPMOH
| -1 = (-,-)"/?. Hamommmwm, wro mmmeitmsiii oneparop A : H — H
HA3BIBAIOT 02PAHUMEHHbLM, €CTIU CYIIeCTBYeT nocrosunas M > 0 ra-
Kas, 9TOo

|Au|| < M||lu|]| Vue H. (1.1)

Hopwma orpanndennoro juneitnoro ormeparopa A ompejensiercs: pa-
BEHCTBOM
JAl = sup [l Aufl/|ull. (1.2)
u€H, u#0
JIuneiiunprii omepaTop HA3LIBAETCS NOAOHCUMENDHO ONPEJeNeHHbIM,
€CJIN CYIIECTBYET IOJIOXKUTEIbHAS TTOCTOSHHAS 1M TaKas, U4TO

(Au,u) = m(u,u) Vue H. (1.3)

JIemma 1.1 (JIakc — Munsrpam). Ilyemos onepamop A
02PAHUNEH U NOAOHCUMEALHO onpedesen. Tozda ypasHerue

Au=f (1.4)

npu awbom f € H umeem eduncmeennoe pewenue.

JIOKABATEJILCTBO. Ilpu mmobom 7 # 0 ypasuenue (1.4) sxBu-
BaJIEHTHO YPaBHEHUIO

u=u—"7(Au— f).

ITokazkeM, ITO TP JTOCTATOTHO MAJIOM TIOJIOKUTENTHHOM T OTIEPATOD
Su =u— 7(Au — f) — oneparop cxarus. Torjga yrsepxKieHue Teo-
peMbl OyJIeT BBITEKATh M3 TeopeMbl Banaxa 0 cKMMaIommx oTobpa-
kernsx. [lycTh 4, v — NPOM3BOJIBHBIE 3JIEMEHTHI NpocTpancTBa H.
Nmeem

1Su = Svl|* = flu— v — 7(Au — Av)|* = fJu —v]*~
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—27 (Au — Av,u — v) + 72| Au — Av||?,
orkya B ciry ycaosuit (1.1), (1.3)

1Su = Svl|* < p(r)[u — %,

rie p(7) = 1—2rm~+72M?2. dceno, uaro p(1) < 11pu 7 € (0,2m/M?),
U, CJIEZI0BATEILHO, TIPH YKA3AHHBIX 3HAYCHUAX T OIeparop S — ore-
parop cxarus. Y

3AMEYAHUE 1.1. U3 nokasarenbcrsa jiemMMbl Jlakca — Muib-
rpama BbITEKaeT, 9To pemtenue 3aja4u (1.4) MoxKer GbITb IOCTPOEHO
[IPY IIOMOIIY UTEPAIMOHHOIO METOIa,

u’“*l:uka(Auk*f)a k=0,1,2, ...,

exomsmerocst, ecm 7 € (0,2m/M?), npu mo60M HaYaIBLHOM TIPH-
Gmmxenun u’ € H.

YHUPAKHEHUE 1.1. IlokasaTb, 4TO NHPU BBIIOJHEHUU YCJIO-
Buii jiemmMbl 1.1 oneparop A mmeer orpaHUYEHHBI OOpPATHBIN Ole-
patop A~!, mpuuem ||[A7Y| < 1/m.

YacTo OKa3BIBACTCS TOJE3HBIM COMOCTABUTH JIMHEHHOMY OTpa-
HUYeHHOMY oneparopy A owmmneitnyio dopmy a: H x H — R, onpe-
JICJITEMYTO TOXKIECTBOM

a(u,v) = (Au,v) Yu,v € H. (1.5)
®opwma a(-, ) TIPA 3TOM OKA3BIBAETCSA 02PAHUMEHHO, T. €.
la(u, v)] < Mlul[lv]] Vu,veH, (1.6)

rae M — nocrostnnast n3 Hepasencrsa (1.1). O6parHo, BeseacTsie
TeopeMbl Pucca 0 mpeJIcTaB/IeHnr JIMHEITHOTO OrPAHUIEeHHOTO (DY HK-
[MOHAJIA B THILOEPTOBOM IIPOCTPAHCTBE JIIoOast OrpaHnIeHHast OIIH-
Heitnast popma a(-, +) OJHOZHAYHO OIIPEJIEJISeT P IIOMOII TOXK 1€~
crBa (1.5) smHeiinbiit orpannvennslii oneparop A, npuuem | Al < M.
Pemenne ypasuenust (1.4) MOXKHO OLpeNEJUTH TOIJA KaK JEMEeHT
u € H, yIoBIeTBOPSIONNI TOXKIECTBY

a(u,v) =1(v) YveH,

rie | — JuHeftHbIil orpanndenubiit pyukimonaa Ha H, 3amaBaeMbrit
COOTHOIIIEHIEM

l(v)=(f,v) YveH.

D Cumson <> 0603HaUaET KOHEL JOKA3aTe/IbLCTBA.
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2. YpaBHEHUS C MOJIOXKUTEJILHO ONpPe/IeJIeHHBIM OTiepa-
TopoM. Ilycts A — jiuHeHHBIN OrpaHUYeHHBIH olepaTop, JeficTBy-
romuit B mpocrpanctse H. Ucnoms3yst Teopemy Pucca, merpymro
II0Ka3aTb, YTO CYILICCTBYET OJHO3HAYHO OIIPEIC/ICHHbIN JIUHEHHbII
orpanunvennsiit oneparop A* : H — H Takoit, uro

(Au,v) = (u, A*v) Vu,v € H. (2.1)

Oneparop A* Ha3bIBAETCS ONEPATOPOM, CONPAHCEHHbILM K OIIEPATO-
py A. Herpyauo y6eaurnes, uro ||A*|| = || A]|.

JIuHeiiHbIll OrpaHUYeHHbI O1IepaTop A HA3BIBAETCS CAMOCONDA-
otcenmoim, ecim A* = A. st Toro, 4robbl JIMHEHHBIH OrpaHYeH-
HBIiT orreparop A ObLI CaMOCOIPSIZKEHHBIM, HEOOXOMMO U JOCTATOY-
HO, 9TOOBI COOTBETCTBYIOIAs eMy OuiuHeiitnas dhopma a(-,-) ObLia
CUMMEMPUYHA, T. €.

a(u,v) = a(v,u) Vu,ve H.

B cnyuae, xorma omepatop A CaMOCONpSIZKEH, C yYpPaABHEHU-
em (1.4) cBaspIBalOT 3389y MUHUMU3AIMU KBAJAPATUYHOTO (DyHK-
IUoHaJa: HalTH Takoil snmement u € H, 4ro

Flu) = min F(o), me F(o) = %a(uv) —(fv). (22

Teopema 2.1. Ilycmw onepamop A camoconpasicer u noaosicu-
meavho onpedeaen. Tozda sadawu (1.4), (2.2) sxsusasernmiot.

JIOKA3ATEJ/ILCTBO. B cumiy caMOCONpsI)KEHHOCTH U IIOJIOXKH-
TeJIbHON OmpeiesieHHoCTH orepaTopa A Ha npocrpancree H MOXKHO
BBECTH HOBOE CKAaJISIPHOE MPOU3BejieHne (-, ), MPHU MOMOIIU COOT-
nomenust (u,v), = a(u,v). Cxansproe npoussejenue (-, -), Ha3bl-
BAIOT IHEP2EMUYECKUM CKAJISIPHBIM [TPOM3BEJIEHUEM, COOTBETCTBY-
oM oneparopy A. Benencrsue ycsosuit (1.6), (1.3) mopma, mo-
pOXKJIaeMasl SHEPreTUIeCKUM CKAJIFIPHBIM [pOu3BejeHueM (onepze-
mumeckas BopMa, ||-||4), sxBuBamenTHal) HCXOMHOI HOPMe TPOCTPAH-
crea H. Ilycre u — pemenne 3amaun (1.4). Torma dbyrkimonan F
MOYKHO IIPEJICTABUTD B BUJIE

1
Fv) = i(v,v)a — (u,v)q.
DHopwmsi || - ||1 1 || - ||2 HasBIBAIOTCS SK6USANEHMHbLMU HA JTHHEHRHOM HOPMHU-

POBAHHOM TPOCTPAHCTBE X, €CJU CyIIECTBYIOT IOCTOAHHBIE Cp, ¢ > 0 Takwe,
ITO Co”qu < ||uH2 < C1||UH1 Vue X.
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TTocse smemMenTapHbIX TPEOOPAZOBAHUI TTIOJTY TUM

F(v) = Fo(w) — lull?

1
e Fy(v) = = |lu — v||2. Taxum o6pazom, 3aa4a (2.2) SKBUBaJIEHTHA

3ajaue
Fo(u) = min Fo (o) (2.3)

U UMeET, OYEBHUJIHO, eJIMHCTBEHHOE PEIICHHUE, COBIIAJAIONIEE C pellie-
HueM ypasaenus (1.4). O

3. Teopembr Ppexarosbma. B 3ToM HOyHKTE HU3yYarOTCst
YDaBHEHUS BUJIA

Tu—u=f, (3.1)

rie [ — 3ajaHHBIL 3jIeMeHT ruibbepToBa mpocTpancTea H, a ome-
patop T : H — H — juHCHHbBIN BIIOJIHE HEIPEPLIBHBIN OIIEPATOP.

Hanowmumm, gTo onepaTop, BOOOIIE TOBOPs, HEJTUHEHHBIN, 0TO0-
pazKalonuil JuHefiHOe HOPMUPOBAHHOE HPOCTPAHCTBO X B JIMHEH-
HOEe HOPMHPOBAHHOE IIPOCTPAHCTBO Y, HA3BIBACTCA 6NOAHE Henpe-
DOIEHDILM, €CJIT OH IIEPEBOJUT BCAKOE OTDAHUYEHHOE MHOYKECTBO N3
X B OTHOCUTETBHO KOMIAKTHOE MHOYKECTBO IIPOCTPAHCTBA Y .

Y1PAKHEHUE 3.1. Ilokazarh, 4TO JUHEHHBIH BIIOHE HEIpe-
PBIBHBIIT OIIepaTOp HEIPEPBIBEH.

Jlemma 3.1. Jlunetinoili 6nosre HENPepuieHbLl 0NEPamop omo-
bpastcaem 8CAKYI0 CAAOO CTOOAUYIOCH NOCAEIOBAMENPHOCTNG 6 CUAb-
HO CTOOAWYIOCA NOCAEDOBAMENLHOCTND.

JlokazkeM 3TO yTBep:KjeHue MPUMEHUTEJTHHO K TOMY CJIydYalo,
KOTJIa JIMHEHHBIN BIIOJIHE HEINPEPBIBHBINA oneparop 1’ JielicTByeT B
ruasbeprosoM npocrpancrse H. Iyers u, — ub. s moGoro ie-
menta h € H nveem (h, Tuy,) = (T*h,up,) — (T*h,u) = (h,Tu), 1. €.
Tu,, — Tu. Ilokaxem, aro Ha camom gene Tu, — Tu. ITocaemosa-
TeJILHOCTD {Uy, } cs1ab0 CXOUTCes U, 3HAYKUT, orpanndena. [losromy us
nocsieiopareabHoCTn {TU, } MOXKHO BBIOPATH CHJIBHO CXOJISIILYFOCS
HOJIIOC/IeI0BATENBHOCTD 1 Uy, . IIycTs Tuy, — v. Torpa, Tem Gotee,
Ty, — v. B cuily eIMHCTBEHHOCTH IIpeJesia CjI1abo cxosineics Io-
caenosaresnbHocTd v = T, T. e. Tuy, — Tw. IloraTrHo, uTO 3TO XKe
COOTHOIIIEHUE BBIMOJIHSIETCS JIJIst JIF0DO0I CXOISIIEICsT TO/IIIOCIeI0BaA~
TEJILHOCTH TIOC/Ie/I0BaTeIbHOCTH 11Uy, , TO3TOMY Ty — Thu.

1)CI/II\ABOJI <—>> obozHavaeT cnaGon CXOOUMOCTbB.
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Wcnonb3ys TeopeMy O TOM, YTO BCHAKOE OTPAHUYEHHOE MHOXKE-
CTBO THJIHLOEPTOBA TTPOCTPAHCTBA CJ1a00 KOMITAKTHO, HETPY/IHO JOKA-
3aTh, YTO CIIPABEJJINBA

Jlemma 3.2. FEcau aunetnud onepamop, deticmeyowuti 6
2uNLOEPMOBOM NPOCMParcMEe, Nepesodum 6CAKYIO CAAD0 CTOIAULY-
10CA NOCAJOBAMEAYHOCTNG 6 CUNDHO CTOOAWYIOCA NOCACIOBAMEND-
HOCMDb, MO OH BNOAHE HENPEPIGEN.

Teopema 3.1. Ilycmv T: H — H — s6noane Henpepui8Hvil
onepamop, H — zuavbepmoso npocmpancmeo. Tozda conpasicernvili
onepamop T* makoice 6noamne HenpepviGeH.

JIOKA3BATEJIbCTBO. Bynem onmparbes Ha jgemmy 3.2. A umen-
HO, IIPEJIIIOJIOKIM, 9TO U, — U U IMOKaykeM, 910 Torga 1 *u, — T*u.
IIpu noxazarenbcrBe Jgemmbl 3.1 ycramosmeno, urto T u, — T*u.
Omneparop T BIOJTHE HEITPEPBIBEH, TTOITOMY HA OCHOBAHWUN JIEMMBI 3. 1
umeeM, 910 || TT*u, — TT*ul| = 0. Orciona BeITEKAET, ITO

1T up — T*u|* = (T up — T u, T Uy — THu) =
=TT u, — TT u,u,, —u) — 0. O
Ilycts A : H — H — sjuHeiinblii oneparop. Byuem npuuepKu-

BaThCS B JTAJTbHEIIeM cateytomux obozHatenni: Im (A) — obaacmo
snavenut (06pas) oneparopa A, 1. e.

Im(A)={heH: h=Au, ue H};
Ker(A) — muOXKecTBO Hyseii (#dpo) oneparopa A, T. e.
Ker(A) ={ue H: Au=0}.

Byxsoit I 6ymem 0603HAYATE €IMHITHBIN OTIEpaTOP.
IIycrs V mommpocrpancTso mpocrpamncrsa H. Uepes VL Gymenm
0003HaYaTH MOAIIPOCTPAHCTBO JTEMEHTOB, OPTOTOHAIBLHBIX V'

Vi={ueH: (u,v)=0Yv eV}

SHGMGHTapHO JTOKa3bIBaLTCA

Jlemma 3.3. Fecau A : H — H — aunetinodi o2parusertoill
onepamop, mo Ker(A) — samrnymoe nodnpocmpancmeo npocmpan-
cmea H.

Berony na npotsakenun sroro nyuakra 1: H — H — jguHeiHbIH
BIIOJTHE HEMPEPBIBHBIN OIEPATOP.
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Jlemma 3.4. Ker(T —I) — koneurnomeproe noonpocmpancmeso
npocmparcmea H .

JIOKA3ATEJILCTBO. Oneparop T — I, 09eBHIHO, HEIIPEPHIBEH,
nosromy Ker(T — I) — moanpocrpancrso npocrpancrsa H, npudem
Tu = u ja moboro u € Ker(T — I). Takum o6pa3oMm, CyzKeHHe
oueparopa T na nomipocrpancrso Ker(T —I) ecTb e uHUIHBIN Ol1e-
paTop, HO €IMHUTHBIN OepaTOp MOYKET OBITH BIIOJIHE HETTPEPHIBHBIM
TOJIBKO Ha KOHETHOMEPHOM MPOCTPAHCTBE. [

JlemMma 3.5. Cywecmsyem nocmosannas v > 0 makxas, wmo

|Tu —u|| = y||lul| Yue Ker(T —1)*. (3.2)

JOKABATE/ILCTBO. Ecu yTBep:kieHne JIeMMbl He BBIIIOJIHEHO,
TO HAlJIETCsT TIOC/IeI0BATEILHOCTD 3JieMenToB {uy, } C Ker(T — I)+
TaKMX, 9TO

Junll =1, n=1,2,..., (3.3)

Tu,, — u, — 0. (3.4)
ITocueioBaTenbHOCTD {U, } OrpaHUYeHa, HOITOMY CYIIECTBYIOT IO/~
HOCJIE/IOBATENBHOCTD {Up, } ¥ STEMEHT
u € Ker(T — I)* (3.5)
TakKue, 9To
Up,, — U.

ITo semme 3.1 umeem T'uy,, — Tu, HO TOrA BesteacTre (3.4) u (3.6)
IOJIy9aeM, 4TO
Up,, —> U (3.7)

Brosb ucnionbays (3.4), npuxogaum k paserctsy Tu —u = 0, T. e.

u € Ker(T —1). (3.8)
U3 (3.5), (3.8) BeiTeKaer, uro u = 0, a Beneacreue (3.3), (3.7) nmeen,
qto ||ul| = 1. TlosyuenHoe poTUBOpevNe JIOKA3bIBAET JeMMy. [

JIemma 3.6. Im (T —1I) — samxrymoe nodnpocmpancmeo npo-
cmparncmea H.



14 I'maBa 1. BcriomoraresibHbBIE pe3YIBTATHI

JIOKA3ATEJICTBO. Jluneiinocrs muoxkecrsa Im (T — I) ode-
BuHA. OCTAIOCh JI0KA3aTh €r0 3aMKHYTOCTh. [L0JIOKIM Ju1st yIpo-
mennst 3amuceii S = T — I. Ilyers nocneposarensaocts {u,} C H
TAKOBA, ITO

Sty — . (3.9)

Tpebyercs ycranoButb, uro v € Im (T — I). Ncnonssys Teopemy
00 OPTOrOHAJILHOM PA3JIOKEHUH MPOCTPAHCTBA [ HanbepTa, MOXKeM
HaTmCaTh U, = ul, + u!', e ul, € Ker (T — 1), u!! € Ker (T — I)*.
JLis TIo0BIX HATYPAJIBLHBIX K, 7, UCHOIB3YS JIEMMY 3.5, TTOJTYTHM

15 (e = wn)ll = (1S (ug — )l = yllug — upll, v = const >0,

orkyJa Beaegcrsue (3.9) BbITEKaeT, UTO [OCJIE0BATEIBHOCT {u))
dyHmaMeHTATbHA. DTO O3HATAET, UTO CYIIECTBYET dIeMeHT u € H
TaKoil, uro u, — u. Beaegcrsue (3.9) u HenpepblBHOCTH OlepaTropa
S orciona nojtydaes, yro v = lim Su, = lim Su!) = Su. O
n—oo n—oo
Teopema 3.2. Jlasa mozo wmobwv. npu dannom f € H ypasre-
Hue (3.1) G0 paspewumo, HeobToduMo u JoCmamowro, 4mobol

feXKer (T —1)*.

JOKABATEJILCTBO. He 0 6 x 0o 1 u M o ¢ T b. IlycTs ypas-
wenre (3.1) paspemumo, T. e. cymecTByer sjeMeHT u € H Taxoii,
aro f = Tu — u. Ilycrs, manee, v — IPOU3BOJIBHBIN IJIEMEHT W3
Ker (T* — I). Torna

(f,v) = (Tu—u,v) = (u, T"v —v) = 0.

JocrarounocTts Ilycrs f € Ker (T* — I)*. Tokasxen,
qro Torya ypasuenue (3.1) paspemmmo, T. e. f € Im (T — I). Hdeii-
CTBUTEJILHO, €CJH NPeAnoaokuTh, uro f & Im (T — I), 1o 10 Teo-
peMe 06 OpPTOrOHAJIBLHOM PA3JIOXKEHUH T'HMILOEPTOBA MPOCTPAHCTBA

f=fi+ fo, Tme
fi€Im (T — I, (3.10)

fo € Im (T — 1)+, (3.11)

HO, K&K YCTAHOBJIEHO TIPU JIOKA3aTe bCTBe HeobxomumocTH, u3 (3.10)
BeITeKaet, uto f1 € Ker (T* — I)*, cieposarennsho,

fo=f—fi € Ker (T* - I)*. (3.12)
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C apyroii croponsl, uconbys (3.11), moaydaem, 9To jyist J060r0
ue H

0=(fo,Tu—u)=(T"f2 = f2,u),
T.e. T fy — fo =0, mm

fo € Ker (T —1I). (3.13)
U3 (3.12), (3.13) BeiTekaet, uto fo = 0, mosromy f € Im(T —1). O

SAMEYAHUE 3.1. Teopema 3.2 oznagaer, uyro ecju 1’ — BIOJIHE
HEINPEPBIBHLIN OIEPATOp, TO MPOCTPAHCTBO H JI0IycKaeT OpToro-
HaJIbHOE Pa3JI0yKCHUE

H=Im(T—-1)®Ker(T"—1I). (3.14)

IIpuyuem, mockobkKy T — Tak»Ke BIIOJIHE HEIPEPBIBHBIN OIepaTop,
al* =T, to

H=Im(T* - I)® Ker (T — I). (3.15)

Paznoxenne (3.15) MOXKHO MHTEPUPETUPOBATH TAK: JJIsi PA3PEII-
MOCTH ypaBHEHUS

Tu—u=g (3.16)
HEOBXOIMMO U JIOCTATOMHO BhIosHeHns yciopua g € Ker (T — I)*.

Teopema 3.3. /Jaa mozo wmobv, ypasnenue (3.1) 6vuio paspe-
WuMo npu 1106017 NPasot wacmu, Heodxodumo u JoOCTNATOYHO, 4MOo-
Ovt

Ker (T —I) = {0}, (3.17)

m. e. coomsemcmeyrouee 00HOPOJHOE YPABHEHUE UMEAD AUUWDL HY-
NEB0E PeULEHUE.

JIOKABATEJIBCTBO. He 06 x 0o 1 u M 0o ¢ T b. [Ipeamoso-
KuM, uro ypasHenue (3.1) paspemmmo npu jo6oii npasoii acru, a
Ker (S) # {0}, rue, xak u panee, S =T — I. Bamerum, 4ro

Ker (S™) C Ker (S™) Vm > 1. (3.18)

JHeiicrBureisho, ecan S™v = 0, ro n S™Hy = §5™y = 0. [TokaxkeM,
9TO

Ker (S™) # Ker (S™) Vm > 1. (3.19)

QukcupyeM € 3TOH IEIbI0O TPOU3BOJBLHO HEHYJIEBOI JIEMEHT U €
Ker (5) u o6pasyem 10C/I€10BATEILHOCTD 9JIEMEHTOB { Uy, } 110 IPABU-
AY: U = Uy SUpy, = U1, m = 2,3, ... [ocnenosareabuocts {u,, }
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OIpe/ie/ieHa, Tak Kak ypasaerne (3.1) 10 mpe/ioIoKeHnIo paspentu-
MO TIpu JTI000# TpaBoit actu. fcHo, 9To

S U1 = S" S U1 = S = - = Sug = ug # 0.

B To e Bpema S™ u,, 11 = Su; = 0, 3Ha9UT, Uy, 41 € Ker (S™H),
HO Uyt € Ker (S™), u (3.19) nokazano. 113 (3.18), (3.19) BbrTekaer
BO3MOKHOCTB [IOCTPOEHHS 1I0CIIeA0BATEILHOCTH {vy, } TaKoii, 410

v € Ker (S™), vy, € Ker (S™), |lom|=1 ¥Ym >1. (3.20)

IMocaenoBarensuocts {Tv,,} KOMIAKTHA, IOCKOJBKY IOCJEI0BA~
TesbHOCTD {v;, } orpanndena. fcuo, uro

T —Tvj = (Tvm — Um) — (Tvj —v;) — 0 + U =
= Svpy — Svj — Vj + Upy.

Cuawurag, uro m > j, noayqaum sesencrsue (3.20), 9To
SV, Svj, v; € Ker (S™),a v, € Ker (§™)+,

oTKy/1a BbITeKaeT, 90 || T, —Tu; |2 = || Svm—Sv;—v; |2+ vm||? = 1.
9T0 IPOTHBOPEYNT KOMIAKTHOCTH TociaeaoBaressroctn {Tvy,}, a
craso ObITh, HOJHOI HenpepsiBHOCTH oneparopa 1. Heobxomumoctsb
JIOKa3aHA.

HJdocrarogunocrts lycrs Ker (T — I) = {0}. Torna
(cm. samevannme 3.1) ypasrenue (3.16) paspemmmo npu 060 1pa-
Boit uactu. CieoBaTebHO, Kak yxKe jokasano, Ker (T — I) = {0}.
Buaunt, mo reopeme 3.2 ypasuenue (3.1) paspemmmo npu jiro60ii pa-
Boii wacrtu. [J

VIPAXKHEHUE 3.2. Ilokasarb, uro ecau ycaosue (3.17) Bbl-
LOJIHEHO, TO pemleHue ypasHenus (3.1) upu Js06oii npasoil va-
CTH ONPEJIEJIAETCA OJHOZHAYHO U CYIIECTBYET OIPAHMYEHHBIN Orie-
parop (T —I)~L.

Teopema 3.4. Pasmeprocmu nodnpocmparcme Ker (T —I) u
Ker (T* — I) cosnadarom.

JOKABATENLCTBO. ITyers {u;}, n {v;}I; — oproHOpMHUDO-
sannble 6asucel B Ker (T'—I) u Ker (T* — I) coorBercrsenno. IIpes-
HOJIOZKHM, 9TO M < 1. BBeJIEM B PacCMOTPEHHE OlIepaTop

Uu:Tu—i—Z(u,ui)vi Yue H. (3.21)

i=1
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DTOT omepaTop BIOJHE HEIPEPHIBEH KaK CYMMa BIIOJIHE HEIPEPLIB-
HOTO M KOHETHOMEPHOTO onepaTopos. [lokazkem, 9To ypaBHeHMe

Un—u=0 (3.22)

UMeeT JIUIG HyJIeBoe perrerne. [IycTh z — permrenne 3TOTO ypaBHe-
aus. Torma
(v;,Uz—2)=0 Vj=1,2,...,n,

i

0= (vj,Tz—z2)+ Z(z,ui)(vj,vi) = (T"v; — vy, 2)+
i=1
+ Z:(z7 w;)(vj,v;) Vi=1,...,n. (3.23)

=1

Hcnonssys pasencrsa T*v;—v; =0, j =1,2, ...,n, (vj,v;) = 0 upu
J # 4, u3 (3.23) nosyuaem, aro (z,u;) = 0, g Beex i = 1,2, ..., m,
TO €CTh

z € Ker (T —I)*. (3.24)

Torna seneacreue (3.21) 6yaem umers Uz = T'z, a Tak Kak Uz = z,
1o Tz —z = 0. Bmecre ¢ (3.24) aro naer, aro z = 0. Takum o6paszom,
ypasaenue (3.22) uMeer JIilb HyJeBOe DEIeHNe, T. €. YPABHEHHEe

Uu—u=f

paspemniumo 1pu Ji060it mpasoit tactu. Ilycrs Uu—u = v,,+1. Toraa

m

1= [[omp]l® = (Umgr, Tu — u) +Z(u,ui)(vm+1,vi) =
=1

m
— (T*Uerl — Um+1, u) + Z(uv ui)(Uerla Ui) = 07

i=1
910 Heserno. TakuMm 00pa3oM, JI0Ka3aHa HEBO3MOKHOCTH HEPABEHCT-
Ba m < n. llockonbky T** = T, HepaBeHCTBO N < M TaKXKe HEBO3-
MOXKHO, T. €. m = n. [

TTosyuennbie pe3ysibraThl MMO3BOJISIIOT JIATh IOJIHYIO KAPTHHY

PA3peIuMOCTH yPaBHEHUIA ¢ JINHEITHBIM BIIOJIHE HEIIPEPBIBHBIM OIle-
PATOPOM.
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1. Nmeer MecTo Tak Ha3biBaemas ajbrepHaTna Ppejrosbma:
ectu T: H — H — juHefiHbIil BIIOJTHE HEPEPBIBHBIN OMIEpaTop, TO
b0 ypaBHEeHne

Tu—u=7f (3.25)
paspermmmMo pu JIIo6oi TpaBoii 9acTh, TH60 OAHOPOTHOE YPABHEHUEe
Tu—u=0 (3.26)

UMeeT HeTpUBUAJILHOE PeIIeHue.

2. JIumeitHoe HPOCTPAHCTBO PENIEHUN OTHOPOJIHOIO ypaBHe-
uus (3.26) xoneunomepro. Ero pasmepHocTb cOBIaaeT ¢ pasmep-
HOCTBIO TIPOCTPAHCTBA PelleHuit ypaBHeHus

T*u—u=0. (3.27)

3. Jlist paspemmumoctn ypasaernst (3.25) HEOOXOMMO U JIOCTa-
TOYHO, YTOOBI €r0 MpaBas YacTh ObLIa OPTOTOHAIBHA JTIOOOMY Derie-
HUIO ypaBHeHus (3.27).

4. Ecnu ypasaenue (3.25) paspermmo, TO MHOXKECTBO €ro pe-
menuii M ectb 3amMKHYTOe adUHHOE MHOYKECTBO, MTAPAJICIHHOE
Ker (T — I), uabiMu cyioBamu,

M =+ Ker (T — I),

IJie U — HEKOTOPOE, IPOU3BOJILHLIM 00pa3oM (PUKCUPOBAHHOE, PeIle-
Hue ypasrenust (3.25). [Tosromy cymiecTByer e IMHCTBEHHBIN 9JIEMEHT
ug € M ¢ MuHUMAIBHON HOpMOIt, pudem ug € Ker (T — I)L, u, 3Ha-
YUT, BCJIEJCTBUE JIEMMBI 3.5 CIIpaBe/I/INBa allpropHasi OIEHKA

[uoll < 4~ H[Tuo — uoll =y~ fll, ~ = const >0 (3.28)
(v 3aBucur or oneparopa T', Ho He 3aBucur ot f).

SAMEYAHUE 3.2. Bce yTBepKeHUS HACTOSIIIEIO IIyHKTa 0e3
KaKHIX-JT100 N3MEHEHU epeHocsaTcs Ha YpaBHEeHUs BUJA

Tu— Au = f, (3.29)

rae T — JIMHEHHBIN BITOJTHE HENMPEPBLIBHBIN omepaTtop, A — JuHel-
HBI OrPAHUYEHHBIN ONepaTop, JEHCTBYIONNE B TUILOEPTOBOM IIPO-
CTPaAHCTBE, IPUYEM JJIsI ollepaTopa A CylecTByeT JIMHEHHbI orpa-
HUYEeHHBI 0OpaTHBI OIIepaTop AL JleiicTBUTENILHO, B 9TOM CJIydae
ypastenue (3.29), 04eBUIHO, SKBUBAJIECHTHO YPABHEHHIO

ATy —u=A"Lf

C JIMHEHHBIM BIIOJIHE HEIPEePLIBHLIM omeparopom AT,
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4. Henunelinblie ypaBHeHUsI C CUJIBHO MOHOTOHHBIM U
JIATIIIUI-HETIPEPBIBHBIM OII€PaTOPOM.

Omneparop A : H — H Ha3bIBAeTCS CUALHO MOHOMOHHBIM, €CJIT
CyIIECTBYeT MOCTOsIHHAsI ¢y > 0 Takasi, 4TO

(Au — Av,u —v) > collu — v||* Yu,v € H. (4.1)

Omneparop A : H — H Ha3BIBAETCH AUNWUY-HENPEPDIGHDIM, €C-
JIN CYTECTBYET MOCTOTHHAS €] TaKas, ITO

|[Au — Av|| < e1]|u —v|| Yu,v € H. (4.2)

SAMEYAHUE 4.1. VYcnosus (4.1), (4.2) obobruator Ha HeauHeii-
HbIH cayuail yeaosust (1.1), (1.3), T. e. yc/0OBHSI OPPDAHUYEHHOCTH U
IIOJIO?KATEJIBHOI OIIpe/IeIEeHHOCTH JTHHEHHOIO OIepaTopa.

Teopema 4.1. [Tycmwv evinoanenv, yeaosus (4.1), (4.2). Tozeda
ypasrenue

Au=f (4.3)

umeem eduncmeennoe pewerue npu 110000 npasoti wacmu f € H.
IIpu amom cnpasedsusa anpuopHas oUueHKa

lull < g (LIl + ]| Aof)). (4.4)

JIOKABATEILCTBO. Ypasuenue (4.3) upu mobom 7 # 0 95KBU-
BAJICHTHO yPaBHEHUIO
u = Su,

riae Su = u — 7(Au — f). Ilpu 9r0oM, KAk HETPYIHO YOeIUTHCs, [Tt
MobbIX u, v € H cupaBeyinBo HepaBeHCTBO

1Su = Svl* < q()[[u — v,

riie q(7) = 1 — 27¢o + 723, deno, uro ¢(7) < 1 nupu 0 < 7 < 2co/c3.
ITpu sTux yenosusix oneparop S — omeparop cxarust. CiiejoBaresib-
HO, ypaBHenue (4.3) UMeeT eJJUHCTBEHHOE PElleHne IpH JII00oil Ipa-
BOit wacty. s oty Ienust aIpHOPHOI OLEHKN MEPENUIEeM yPAaBHe-
uue (4.3) B Buze

Au— A0 = f — A0

U YMHOXKHUM 00€ FacTU IOCJIEIHEr0 PABEHCTBA CKaJIgpHO Ha u. Vc-
nosb3ysi 3aTeM ycosue (4.1) u mepaserctso Ko — ByrsikoBckoro,
TIOJIy YUM

collull* < (I + 14O [Ju]. O
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SAMEYAHUE 4.2. U3 nokasaresabcTBa TeopeMbl 4.1 BBITEKaeT,
970 pernleHre ypaBHenus (4.3) MOXKeT ObITb IIOCTPOEHO IIPU HOMOIIU
NTEPAINOHHOTO METO/IA:

WF =k~ r(AuF — f), k=0,1,2, ...,

exopgmerocs, ecin 7 € (0,2¢o/c?), npu J11060M HavATBHOM TPUOJIU-
xennn u’ € H.

§ 2. DuiemenTbI Teopum mmpocTpaHcTB CoboJsieBa

1. HekoTopelie onpeaeseHusa u 0003HAUYEHUsT U3 TEOPUU
auddepennupyembrx dyHKuuii. OTKPBITOE CBSI3HOE MHOXKE-
cTBO {2 TOYEK N-MEPHOIO €BKJINJO0Ba npocrpaHcTBa R HazbiBaeTcs
obaacmuto. Bynem mmcars 0 CC Q, ecom ) ¢TPOro BKJIAIbIBa-
ercs B (), HHBIMH CJIOBAMU, €CJIH CYIIECTBYET KOMITAKT K TaKoii,
aro )y C K C Q.

Iycrs v = u(z), x = (x1, 22, ..., &,), — BemecrBenHas (HyHK-
IIHsI, OTIpe/ie/IeHHas Ha HeKoTopoit obmactn 2 C R™. YactHyto mpo-
M3BOMHYIO (PYHKIINN U IO TIEPEMEHHON x; OymeM 0003HAYTATL depe3
Ou/Ox; wim uepe3 D;u. Bysem ropopurb, 9T0 OyHKIMS U HEIPEPHIB-
o guddepentupyema | pa3 Ha obdaactu ), ecin y Hee CyIMeCcTBYIOT
" HEeIIPpEePBIBHBI Ha Q BCe 9aCTHbIE ITPOU3BO/IHBIC BIIJIOTH JIO ITIOPAIKA
[ BrmounTenpHo. Kak m3BecTHO, B 9TOM cilydae Jiobast CMeIaHHas
IIPOU3BO/IHAS

Oy

—, i1, %2,..., x €11,2,...,n
8«rilaxi2---8$ik7 ’ ’ ’ { ) ’ }7

nopsiaka k < | He MeHsieTCsl IpHU JII0OOH IepecTaHOBKe WHJIEKCOB

i1, 12, ..., 1. B CBA3HU C 9THUM €CTECTBEHHO ITOJIb30BATHCS CJIETYIOITIM
oboznauenuem. [lycte o = (o, ag, . .., ) — MybTHHHIEKC. TOra
alely
D% =

« @ @
0x{"0x5” ... 0xp™

0603HAUAET [IPOU3BOJHYIO IOpsiKa || = a + ao + -+ - + .
BexTop

Vu(x) = (Diu(x), Dau(z),..., Dyu(z))

Ha3bIBaIOT I'PAIMEHTOM (byHKLII/II/I U B TOYKE T.
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2. OcHoBHble QYyHKIIMOHAJIBHBIE MOpocTpaHcTBa. IIpo-
creiiliine HepaBeHCTBA. Bcrony B ganbHeiineM () — orpaHmden-
Hast 001acTh eBKI0Ba mpoctpanctsa R™, I' — rpanuma (). Unoraa
rpanuiy obsactu ) OymeMm obo3HaIATH depe3 Of).

Yepes C(£2) 6yaem 0603HAYATE JIMHEHOE IPOCTPAHCTBO HElIpe-
PBIBHBIX Ha ) BelecTBeHHbIX (DYHKIUN ¢ HOPMOIi

ulle@ = glggIU(x)L

Hus mestoro veorpunareabuoro m depes C™ (1) Gyaem o6o3HavaTH
MHOYKECTBO BCeX (DYHKIHHA, Y KOTOPBIX CYINECTBYIOT U HEIPEPBIBHBI
Ha ) BCe MPOM3BOJHBIE JIO TTOPSJIKA 111 BKIIOTHTEIBHO.

OyHKIMA u HasbIBAeTC Punumuot Ha ), eCam CymecTByer
komuakT K C § rakoii, uro uw(z) = 0 upu = ¢ K. Muoxecrso K
HA3BIBAIOT HocumereM HOYHKIUE U 1 0O03HAIAIOT Yepe3 Supp u.

Yepes CE(Q) 6ynem obosnadaTh MHOKecTBO k pas muddepen-
upyeMbix dbuanTHbIX Ha 2 Gynkmii, C§°(2) — MHOKeCTBO GeCKO-
mevano auddepeHmupyeMbix GUHATHBIX Ha 2 GYyHKITMIL.

Bynem rosoputb, 9TO (QYHKIUSA U TPUHAIICKUT MHOKECTBY
C§°(R™), ecsin 0HA BMeeT KOMIIAKTHBIHA HOCUTE/Ib U GECKOHETHOE 1nC-
J0 pa3 nuddepennupyema uHa R™.

Yepes C™(2) Gyaem o603HAYATH MHOKECTBO BCeX (DYHKIHUIL
3 C™(§2), y koropbIx Bce npoussoausie Du, |a] < m, orpanu<eHst
U paBHOMEDHO HenpepbiBHbI Ha ). Jluneitnoe npocrpancrso C™ ()
ABJIAETCS GAHAXOBBIM OTHOCUTEIHLHO HOPMBI

o
[ull emay max max |D%u(z)|.
Bynem rosoputs, uro dbyukims u € C(2) ya0BI€TBOPSET YCIOBUIO
Tenbyepa ¢ nokazareseM A € (0, 1], ecsn cymecrByer nocrosiHuas K
Takasi, 9To’)

lu(z) —u(y)| < K|z —y|* Va,yeQ.

Yepes C™* () Gymem 0603HATATD JTHHEHHOE TIOIMHOKECTEO (hyHK-
it 13 C™ (), yZ0BJIETBOPSIONIUX BMECTE CO BCEMU IIPOM3BOHBIMU
JI0 TIOPSAJIKA 1M BKJIOUATENIBHO Ycaosuto leavdepa ¢ mokasareaeM .
IIpocrpancrso C™ () ecTh 6aHAXOBO MIPOCTPAHCTBO OTHOCHTEIHHO
HOPMBI

|D*u(z) — Du(y)|
wl| rmoa ey = ]| m oo max su
[ullgma@y = llulle (@ T max “f% |z —y
TFY

DKax o6brano, |z| = /22 + - + 22 ams x € R™.
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HerpyiH0 BUJIETH, YTO MHOXKECTBO, OTPAHNIEHHOE B TIPOCTPAH-
cree 0% (Q), paBHOMEPHO OrPaHNYEHO U PABHOCTEIIEHHO HellPephIB-
HO U, CJIeJI0BATeJILHO, 110 TeopeMe Apriesia KOMIIAKTHO B POCTPAH-
cre C(2).

Yepes L,(2), xkax 06braHO, OyieM 0003HAYATD JIHHEHHOE Belle-
CTBEHHOE TIPOCTPAHCTBO (DYHKIMI, M3MEPUMbIX Ha () U CyMMUpye-
MBIX €O crernenbio p > 1 B cmbicye JleGera. Hopma Ha mpocTpan-
crBe Ly(§2) 3amaercsa paBeHCTBOM

1/p
full ey = ( [ urdz) "
Q

IIpocrpancTBo Lo (§2) — JmHEHOE TPOCTPAHCTBO (DYHKIMIA € KO-
HEYHON HOPMOIi

[ull Lo () = esssup [u(z)],
xeQ)

re esssup |u(x)| — cymecrBeHHast BepxHssl rpaHb (DYHKIMU |ul
zeQ

Ha (), T. e. HIXKHssI IpaHb Bcex uncen N takux, 9ro |u(z)| < N
mouTu BCOAy Ha ().
Ormernm, uro [|ullp ()= lim |lulz, ) ma moboi dynxmun
p—00

u € Lo (). HeiicTBurensuo, i joboro € > 0 cylecrByer u3Me-
pumoe MuoxkecTBo €21 C Q rakoe, uro |u(z)| = |ullL (o) — € Ana
gmoboro xz € 1, mes )y > 0, caegoBaTenbHO, I JI0060TO p > 1
CIPaBE/JINBO HEPABEHCTBO

(lull 2o ) — &) (mes Q1)"7 < Jlullz, @) < (mes Q)P |lul|_(q),

OTKY/Ia OYEBUJIHBIM 00PA30M BLITEKAET JIOKA3bIBAEMOE IIPE/IeIbHOE
COOTHOIIIEHHE.

IIpuBesieM HEKOTOpPBIE HYACTO WCHOJB3YEMBIE B JAJIbHEHIIeM
HEPaBEHCTBA.

Hepasercmeo FOnea

ap< carso+(2) (21)

crpaBe/yIuBo 1py Jobbix o, 3 >0, >0,p > 1, ¢=p/(p —1).
YacTublit caydail 9TOro HEpaBEHCTBA PU P = ¢ = 2 HA3BIBAIOT
nepasencmeom Kowu c €.
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Iycrs u € Ly, (), v € Ly, (),1/p1 + 1/ps = 1. Torna uv
npuHasexkut L (§2) u BbIosHeHO Hepasencmeo Ieavdepa

’/u(x)v(x)dx‘ < (/|u(x)|p1da:)1/p1(/|v(x)|”2d:z;>1/p2. (2.2)
9) 9) o)

CupasemyBo u obobuiernoe nepasercmeo Ieavdepa

’/ul (x)ug(z)--- um(x)dx’ < (2.3)

<(/|u1(x)|p1dx /|u2(x |p2d:1: /\um(r
Q

ecmm u; € Ly, (), i=1,...,m, 1/p1+1/pa+---+1/ppm = 1.
Hepapencrso (2.2) npu p1 = po = 2 HA3BIBAIOT HEPAGEHCTMEOM
Kowu — Bynakxosckozo.
Mgl GyjieM TakKe 9acTO UCIOJIb30BATH AHAJOIMYHbBIE HEPABEH-
CTBa JIsl CyMM, a UMEHHO, Hepasencmeo Kowu

S| < () ()"

i=1 =1
nepasencmaeo Ieavdepa

\za” (z;\a |m)”(2|b\”) " Um o im=1,

a TakyKe HEPABEHCTBO /I CYMM, COOTBETCTBYIOIEE OGOGIMIEHHOMY
nepasercTBy Lesbaepa (2.3).

YacTo OKasbIBAETCS MOJIE3HON ciieytomast (hbopMysa I Bbl-
YHCJICHNST HOPMBI B IpocTpancTse L, (€):

1/pm

o dz)
3

vEL4 (), v#0

||U,||Lp(Q) = sup (/uvdm/HvHLq(Q)), 1/p+1/g=1. (2.4)
Q

st ee joKazaTebCTBA JOCTATOYHO 3aMETHTH, UTO BCJEJICTBUEC
HepaBeHcTBa enbaepa

/uvdm ||u||L (Q)||v||L @ VYove Ly(Q).
Q
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Honaras v(z) = |u(z)|[P~signu(z), nomyunm v € Ly(£2),

||UHLq(Q) = ||u||117;(1§2)’ /’U,Udl‘ = Hu||]£p(9)7
Q

/wmzwmmw%m.

Q

Mps1 Oy/eM UCTOJB30BATDL TAKZKE TaK HA3LIBAEMOE UMMEPNOAA-
UUOHHOE HEPABEHCTNEO

L (2.5)

||UHL @ <

cupaBejyiuBoe it 1 < s < r <t < oo, 1/r = 0/s+ (1 —0)/t,
u€ Lg(Q)N L(Q).

st nokazaresnbcTBa HepaBeHCTBA (2.5) JOCTATOYHO BOCIOJIb-
30BaTbCa HepaseHCTBOM Lesibiepa:

Q/Mww=/WWWW”WM<
Q Q
or/s (1-0)r/t
(o) ()

Q Q

ITpu sToM HALO yuecTs, uro Or/s + (1 — 0)r/t = 1.
OTMeTnM HEKOTOPBIE CBOICTBA IPOCTPAHCTBA Ly (€2).

1) IIpocrpanctso L,y(€2), 1 < p < 00 — mOJIHOE HOPMUPOBAHHOE
IPOCTPAHCTBO.

2) Muozxecrso C(£2) Beioy miotro B Ly(2), 1 < p < o0.

3) Beakas dbynkims u € Ly, 1 < p < 00, HEIpepbIBHA B IIEJIOM,
T. €.

}1111)1%)/ |u(x + h) — u(z)|Pdx = 0. (2.6)

B pasenctse (2.6) dyHKIUS u cuuTaeTCA TPOJIOKEHHON HyJIeM
BHe ().



§2. Durementsr Teopun npocrparctB CoboseBa 25

3. Ycpenmnenue dbyHKIuii. Bsegem B paccMmorpenne OyHK-
o 7 : R” — R mpu mOMOTIH COOTHOTIEHUST:

C cxp<|I|211>7 x| < 1,
n(z) = B

0, |z| > 1.

Herpyano BumeTh, 910 mpm J1060M 3HAYEHUH TOJIOKUTEIHHON IT0-
crositHOil C' (DyHKIUS 1) HEOTPUIIATE/IbHA, HEIIPEPBIBHA U OECKOHEU-
HOE YHCJIO Pa3 HempepbIBHO JnddepeHmpyeMa Ha BCEM IIPOCTPAH-
crBe R"™. Tlocrosiaayto C' B najbHeiieM OyieM cauTaTh BHIOPAHHON

TaK, 9To
/n(x) dx = 1.

Rn
IIycrs, mamnee, miis go6oro € > 0
ne(x) = e "n(x/e), v € R™.

DJIeMEHTAPHO IPOBEPSAETCS, ITO

supp 7. = B(0,¢), /775(1) dr =1.
R’n
3aech u Beroy B panbheiiem B(xg,r) = {z € R" : |z —xo| < r} —
OTKPBITBIN AP PaJUyca 1 ¢ TEHTPOM B TOUKE X(.

O603na9nM 4depe3 Ly 100 (€2) JHHEHOE TPOCTPAHCTBO (DyHKIIHI,
OIpEeeJIeHHbIX MOYTH Beiomy Ha () u mpunajiexamux L, (Q') ms
mo6oit mogobaactu ) CC .

Hast f € Ly 100(€2) mosmozkum

fo(x) = / ne(x - ) fy)dy, = E€R™. (3.1)
B(z,¢)

Oyukmmio f¢ OymeMm HasbBaTh ycpeduenuem no Coboaesy PHyHK-
mnn f, GYHKINIO 7). — Ycpednaowum A0pom.
3ameHoii nepemenHbIx (3.1) nupuBOIUTCA K BULY

fo(a) = / @) f(z —y)dy, xeR". (3.2)
B(0,¢)

B pasencrBax (3.1), (3.2) Mbl npuHEMaeM, 9TO QYHKIUs f IPOIOI-
JKeHa HyJsieM BHe obsiactu ).
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JlemMma 3.1. Ecau K — xomnaxmmoe nodmmooscecmso 2, mo
cywecmeyem maxas Pyrkyus v uz C§(Q), umo 0 <P < luy =1
6 oxpecmuocmu K.

JIOKABATEJILCTBO. Ilycts 0 < e < &', e +€& < 4§, rue

§ = dist(K,0Q) =  inf |z —yg|

zeK, yeoQd

[Monoxum u = 1 Ha KoMmakTHOM MHONKecTBe Ko = K + B(0,¢') n
u = 0 Bue K./ n paccMoTpuM PyHKIIAIO

Ye(z) = /U(I*y)m(y) dy.

R’n
HAcno, aro supp Y. C Keqor,u e =18 Koo O

IIycts Qp, kK = 1,2, ..., — cueTHasg cucTeMa OTKPBITHIX MHO-
2KecTB. ['0BOpAT, 4TO 3Ta cucreMa 00pa3yeT JIOKAJIbHO KOHEYHOE I10-
KpbITHE OTKpBITOro Muoxkecrsa 2, ecom Q@ = |J Qk, Qp CC Q s

E>1
gioboro k > 1, m soboii komnakt K C {2 mepecekaercs JIUIIb C
KOHEYHBIM YUCJIOM MHOXKECTB ).

Teopema 3.1 (o pasnoxkeHum emuuuIbl). [lycmo €y,
k=1,2, ..., ecmv aokarvho koneurnoe nokpwmue 2. Tozda cywe-
cmeyem cucmema GyHkuul 1k, k=1,2, ..., makxas, wmo

e € Cg° (), 0 < pg(w) < 1,

> pk(x) =1, z €. (3.3)

k>1

SAMEYAHUE 3.1. Kak Oyer BUIHO U3 J0Ka3aTeIbCTBa TeOpe-
MBI, TIPK KaxKJI0M & € () B cymme (3.3) OTJIMIHO OT HyJIsl JIUIIH KOHEY-
HOE YHCJIO ClIaraeMbix (i (x); cucrema pyHkmii pg, k = 1,2, ..., Ha-
3BIBAETCS PA3JIOKEHUEM €JIUHUIBI, COOTBETCTBYIOIIUM JAHHOMY JIO-
KaJIbHO KOHEYHOMY IIOKPBLITHIO OTKPBITOI'O MHOXKECTBa, ).

JIOKABATEJIbCTBO. YCTaHOBUM CHa4aJja, 9TO CYIIeCTBYET JIPy-
roe JIOKaJbHO KOHe4HOE HOKpbitue {2} } MuoxkecTsa () Taxoe, €UTO
Q, CC Qp muna seex k > 1. ITocTpouM OTKPBITOEC MHOZXKECTBO
Q) cc Q. Iycrs

Ky =0\ (| Q.
k22
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Torma K;1 C Q1 CcC Q u K; zamkayro B (). CremoBarenbHo,
K; CC Q. B kagectse ()] BO3bMeM OTKPBITOE MHOXKECTBO TAKOE,
9TOo

K, cc Q) cc .

Cucrema muoxkects ), Qs, ... obpasyer JIOKaJLHO KOHEYHOE II0-
Kkpbirue ). AHAJIOTMYIHO [OCTPOMM OTKPBITOE MHOXKECTBO {2y CC (o
u T. 1. B pesynbrare, npumeM K TpeGyeMoMy HOKpbITHIO ), k =1,
2, ...IMo nemme 3.1 cymecrsyior dynkuun 7, € C§° () Takue, 410

Uk(f) = 1: HANS Q;m 0< ﬂk(l') < 17

IPUYEM 110 HOCTPOCHUIO an(x) > 1 B sob6oit Touke = € §). Ilo-
k>1

CKOJIBKY £}, — JIOKAIbHO KOHETHOE HMOKPBITHE {), TO B KaXKI0{l TOUKe

x € ) JIUIb KOHEeYHOe 9HCyI0 QYHKIHiE 7)), oTandHo o Hyis. [Tosa-

ras

i () = k()

Y @)

k>1

k=12, ...,

TOJTyInM TpebyeMoe pa3/IoyKeHnne eamHuIb. [

Teopema 3.2. Jaa mobot dynkyuu f € L1 10c(Q) cnpasedau-
6bL CACOYIOWUE YMBEPHCOEHUA:

1) fe e CeR™),
2) f¢ = f nowmu ecrdy na R™,

3) ecau f € C(), mo ¢ — f pasromepro na aobom Komnarme
u3 €,

4) ecau f € Ly 10c(2), 1 <p < o0, mo f&— f 6 Ly 10c(2).

JIOKABATEJILCTBO. 1) 13 (3.1) cpa3y BbiTekaer, 410 (DyHK-
s € obpalmaercs B Hy/Ib B TOUKaX, YIAJEHHBIX OT obyacti () Ha
paccrostaue, 6ombIree €. [IycTh, Kak 00BITHO, €; — OPT KOOPIUHATHOI
ocn x;. o, uTo mrst moutu Beex y € () u mpu yobom x € R™

Mm@ =) i,

Jim = 0 (2 + e = 9) = . (@ = )] o) =

puyem
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%[ne(l‘+h€i*y) 7776(173/)] f(y)

| One(z + Ohe; —y)

f(y)‘ < M.Ifw),

rie 6 € (0,1), M, — nocrosinnas, 3aBucsdias or €. Iloaromy Besie-
cTBHe TeopeMbl Jlebera o IpegesbHOM Hepexoie IO/ 3HAKOM HHTe-
rpajia CymecTByer

iy SR =) D) _ [ Ol =)

h—0 h or; Oz

Q

CoBepIleHHO aHAJIOTUYHO YCTAHABJIUBAIOTCS CYIIECTBOBAHKE IIPOM3-
BOJIHBIX JIIOOOTO TOpsika PyHKIMKA f U PABEHCTBO

D) = / Dz —y) () dy, (3.4)
Q

CIpaBEJINBOE ISl JTI000r0 MYJIbTHHHICK A o 1.
2) Iockonbky f € L1, 10c(£2), To mourn Bce Touxkm ) — TOUKN
JleGera aroii dynknum (cm. [29]), T. e.

1
im ————
r—0 mes B(x,r)

/ (@) — f(y)ldy =0

B(z,r)

nouru Berogy Ha ). CriesoBaresibHO,

() — f(z)] = ] [ et - f(y))dy' <

B(z,e)
N RIS CEITE
B(x,e)
1
<Cm / |f(x) = f(y)ldy — 0

B(x,e)

DB obosnadenun D¢ murKHM HHJIEKC TIOKa3bIBaeT, 9To JuddepeHImpoBanue
BeJeTCs IO T.
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npu € — 0 mourn Bciomy Ha ().

3) Iycrp K C Q — kommakt. Beibepem kommaxkT K Takoi,
aro K CC K7 C Q. [loBropss paccyKeHnst MpeIbIIyIIero myHKTa,
[IOJTY IUM

|f(x) = f(@) < Clf(2) = fly)| VzeK, |[z—y[<e  (3.5)

3neck nmocrosinHas C' 3aBUCHT JIUINb OT PA3MEPHOCTH IPOCTPAHCTBA.
IIpn mocrarodno MasioM € MOXKHO cuuTarb, 910 Yy € K;. PyHK-
st f paBHOMEpHO HenpepbiBHA Ha K. [Tostomy u3 onenknm (3.5)
OYEeBUIHBIM 00pPAa30M BBITEKAET paBHOMEpHas Ha K CXOquMOCTh [
K f upu e — 0.

4) Iycre reneps f € Ly 10c(2), Q1 CC Qp CC Q — 1om06-
gactu €. TTokaxkeMm cHagasIa, ITO IPU JOCTATOTHO MAJIBIX HOJOXKHU-
TEJIbHBIX &

15Nz, @) < 1|z, 2)- (3.6)

IIpu 1 < p < o0, ucnoib3yst HepaBeHCTBO ['ebiepa, HETPYIHO TO-
JIy9UTh, 9TO Jyisi © € )1 ¥ JOCTATOYHO MAJIBbIX IIOJIOKUTEJbHBIX £

(@) = ] [eta- y)f(y)dy] <

B(z,e)

< / YR (@ — gy (e — )| f()ldy <
B(z,e)

1-1/p 1/p
< ( / Ne(z — y)dy> < / ne(w y)lf(.y)lpdy) =
B(r.e) B(z.e)

1/p 1/p
=< / ne(w—y)lf(y)lpdy> < (/ne(x—y)lf(y)l”dy> :

B(x,e) Qo

WMuTerpupyst 9T0 HEPaBEHCTBO IO {21 W UCIOIL3YS 3aTEM TEOPEMY

OyOuHM, TOTYIUM
/(/”6(1“ - y)lf(y)”dy> dr =

Qr Qo

/ (@) Pde <
Qq
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=/If(y)lp</ns(:r—y)dm>dy=/If(y)pdy,
Qo Q2

1971

YTO O3HAYAET CIIPABEIMBOCTH HepaBeHcTBa (3.6).

IIpu p = 1 nepasencrso (3.6) mosydaeTcs HELOCPEACTBEHHO 6e3
NIpUMeHeHnsT HepaBeHCTBa lesbiepa.

[ycte § > 0, Boibepem g € C(§2) Tak, aro || f —g|L,@.) < 0/3.
Torma

15 =fllz, 0 <=9l o+ 19" =gl +Ilg9—Ffllz, @) <
L2/f = 9gllz, ) + 195 —9llz, @) <26/3+9° = gllz, @)

BestesicTBIe paBHOMEDHOI CXOIMOCTH g° — g Ha ()1 MOXKHO yKazaTh
takoe € > 0, aro ||g° — gllz,0,) <0/3. O

4. OGo6uiennbie dyukmuu. Ilycrs, kak u panbie, C5°(£2)
€CTh MHOYKECTBO OECKOHEUHO U PEPEHITUPYEMbIX (PUHATHBIX Ha )
dyHKIMIiA.

Tosopst, 4ro nocsegoBarenbHocTb {¢)} C CF° () cxomurest K
dyuripu eCP (), ecau cymecrsyer muoxkecrso K CC Q rakoe,
aro supp ¢r C K ama moboro k = 1,2, ... u D%p, — D%p tipn
k — oo paBHomepHO Ha K 151 JTI060T0 MYJILTHHHICKCA (.

Jluneiinoe muoxkecrso dyukuuit C§°(€2), HajejeHHOE yKa3aH-
HO# CXOMMOCTBIO, HA3BIBAIOT TPOCTPAHCTBOM NPoOHbLr DYHKINH 1
oboznauaior yepes D().

Besikuit sinneiiHbIl HepepbIBHBIH Ha ipocTpancTse D(Q) DyHK-
[IMOHAJI Ha3bIBaeTcs 0606uiennoti pyukimeit. O6obmennbe (yHK-
UM 9acTO TaKyKe Ha3bIBAIOT pacnpedenerusmu. MHOKECTBO Beex
pacupesesienuii obosnadaor 4depes D'(2). Bmauenue dyHKImOHA~
na f € D'(Q) ma smemente ¢ € D(Q) obosnauator depes (f, ).
HermocpeicrBenno u3 oupejesienuii Boirekaer, 9ro dopma (-, -) 6u-
JjmHeiina.

Tosicuum, [uro HenpepbiBHOCTH yHKImonana f € D'()) o3na-
9aeT, YTO eCJIH HOCJIE0BATEILHOCTL {¢) } CD(£2) cxonures K ¢, TO
(f, 1) = (fs ) mpu k — oco.

ToBopsT, 4uro 1OCIEI0BATEIBHOCTD pacupejesenuii {fr} u3
D'(2) cxomures K pacupegenenuio f € D'(Q), ecau (fi, ©) — (f, @)
upu k — oo i Jjoboro ¢ € D().

IIpusemem mpuMepnl 060OIEHHBIX DYHKITHIL.
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1. Perynsapuste pacupegenenus. IIycts u € Ly 1oc(£2). Oupee-
suM (DYHKIMOHA f,, Ha npocTpancTse D()) cooTHOEHIEM

Julp) = /ugodx Vo € D(Q). (4.1)
Q

Jlunreitnocts dyukimonana f, odeBugHa. JlokazkeM ero HempepbIB-
HOCTD. 151 9TOrO JOCTATOYHO YOEIUuThCs, ITO ecin @ — 0 B mpo-
crparctee D(Q), to fu(pr) — 0 npu k — oo. Ilo onpesenenuto
cxoaumocTu B pocrpancTee D(§2) cymecrByer komnakr K C ) Ta-
KOIt, uTO supp p, C K mia moboro k = 1,2... u mocjenoBaTesb-
Hocrb {pg} paBHOMEpHO cTpemMuTCs K HY/I0 Ha K, HO Torma

)] = | [[uprde] < maxlon(@)] [ lutaldr 0
K K

upu k — oo. Takum obpasom, Besikast GyHKIUsS U € L1 16c(2) mo-
pokKIaeT 0DODIEHHYIO (DYHKIUKO f,, OIPEIeaseMy0 COOTHOIIEH-
em (4.1). Takue pacupesieJieHus IPUHATO HA3BIBATD DE2YAAPHBLMU.

Teopema 4.1. Tycmos u,v € L1 10c(2), fu = fo. Toeda u = v
nowmu 6crody Ha ).

JIOKABATEJIBCTBO. JlocTaTouno yoeanThCs, 9TO eI

fu() :/ucpdxzo Vo € D(Q),
Q

To u = 0 mourn Berogy Ha . 3amerum, uro eciu ¢ € Cp(f2), To
ee ycpeaaenne o° npuHagyiexxut D() i Beex JJOCTATOUHO MAJIBIX
HOJIOKUTETBHBIX &, U p° — @ npu € — 0 paBHOMEPHO Ha §) (CM. Teo-
pemy 3.2). MOKHO cuuTaTh MO3TOMY, ITO

/ugodx =0 Ve €Ch(Q). (4.2)
Q

Iycts 7 CC Q — mogobiacts 2, ¢ > 0. Torma /\u|dm cyte-

oh
CTByeT, U 10 TeopeMe 00 abCOIOTHOI HENPEPBIBHOCTH HHTErpaJa
Jlebera HaiieTcst MOJIOKUTETLHOE § TAKOE, UTO JJIsi JTIOOOr0 U3MepH-
Moro mHoxkecTBa A C €)1, ¥y KOTOPOro Mepa MeHbBIIE §, CIIPaBeIJINBa
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OIICHKA / |u|dx < e. DyHKkmst Sign u, & CJIeI0BATEIBHO, U X0, SigN U
A

U3MEPUMBI, 09TOMY 110 TeopeMe Jlysuna Haiinercs Takas QyHKIHSA
1 € Cp(£2), aro supp ¥ C Oy, [P(z)| <1 Ve e Qy umes Q. <0,

rie
Quy = {7 € Q: Y(x) # xa, (z) sign u(z)},

Xq, — Xapakrepucruueckas GyHKIMs MHOKecTBa (1. Vcmosnb-
3ys (4.2), nomyanm

/\u(x)|d:z: = /u(:zc)xgl () sign u(x)dx =

0 Q

- / u(@)p(a)dz + / (@) (xen () sign u(z) — $(a))dz =

Q Q
- / u(®) (xe () sign u(z) — P(z))dx < 2 / fu(z) | dz,
Qu,w Qu,w
CJIEJTOBATE/IHHO,

/|u(x)\d:r < 2g,
(951

U, IOCKOJIBKY € — MPOU3BOJIBHOE TIOJIOKUTEIbHOE YUCTIO0, TO u(x) = 0
mouTu BCioiy Ha )1, a, 3HAYUT, B CUIy ipousBosibHOCTH ()1 1 HaA 2. [J

W3 To/IbKO YITO JOKA3aHHON TEOPEMBI BLITEKAET, ITO €CJIU, KAK
OOBITHO, HEe Pa3NYaTh SKBUBAJICHTHBIC U3MepUMble (DYHKINH, T. €.
bYHKIMY, COBIAIAMONITE TIOYTH BCIOLY Ha {2, TO COOTBETCTBUE MEXK-
ay dyuxmuaMu u3 Ly jo0(€2) 1 06001mennbiME (DYHKIUSIME, 33/ 1aBa-
emoe dopmyiioii (4.1), gaBiagercs B3aUMHO OJHO3ZHAYHBIM. B ¢B#A3M
C 9TUM MOXKHO OTOXKJIECTBUTH HPOCTPAHCTBO L1 1oc(€2) ¢ smHeHHBIM
IIPOCTPAHCTBOM DPETYJISPHBIX PACHpPeIesIeHuil U TPUHATD, YTO JIJIsd
u € Ll,loc(Q)

(u,p) = /u(w)gp(z)dm Vo € D(Q).
Q

2. Oyuknust upaka (J-pyHKmst). DTOT pUMEp MNOKA3BIBA-
€T, ITO MHOYKECTBO ODOOIEHHBIX (DYHKIMI HEe HCUEPIILIBACTCI pPe-
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TyIgpHbIME pactpeenenuayu. [lycrs xg € 2. Ompenenum dyHK-
1uoHaI 0, Ha upocrpancrse D()), nonaras

(0z0,0) = (x0) V¢ € D). (4.3)

DJIEMEHTAPHO HPOBEPSIETCsI, 9TO (DYHKIMOHAJ Oy, JIMHEEH U HEIpe-
peiBer Ha D(Q), 1. e. asaserca obobiennoit dbyukuueit. [Tokaxkem,
9T0 He CyIecTByeT MYHKIMH U € Ly 1o0(€2) Takoii, 410

(Br0r0) = / u(@)p(z)dz Vi € D(Q), (4.4)
Q

T. €. 0y, He SBJIHAETCH PEryJISpPHBIM pacrupejenenueM. IIpeamoso-
JKHM TIPOTUBHOE, U IIyCTh YHKIUS U € L 1oc(€2) TakoBa, dro
Toxkectso (4.4) Bwmonngerca. Oyukims p(x) = |r — zo|>po(),
rje o (x) — npoussosbnas dyukuus u3 D()), upunayyexur D(Q).
ITosTomy

/ ()| — 2o oo (2)dx = (6,0, 0) =0 ¥ pp € D).
Q

Taxum obpaszom, osrydaem, ato byuxmug f(x) =u(z)|x — xo|?, npu-
HaJ[JTeZKAIast TPOCTPAHCTBY L 1oc(£2), yAOBIETBOPSET YCIOBUIO

/ f@)go(a)dz =0 Yy € D).
Q

ITo Teopeme 4.1 orciona BoiTekaer, uro f(z) = 0 moyru BCIOLY B
obnacru Q. Iosromy u u(z) = 0 mouru Beiogy B obmacru 2. Torna
sesescrsue (4.4), (4.3) nonyaaem

p(z0) =0 Ve D),

qro Heseno. Tak, ycramnosieHo, 9rTo 0bobientass GyHKINs 0y, He
siBJIsieTcs peryJiapHoii. Ee npunsaTto HazeBarh J-dynkuyuet Jupaka,
COCPEIOTOUEHHOM B TOUKe Zo. Jacro ee obo3navaor yepes §(z — xp).
Boobrie, meperymsiprbie 0600IeHEBIE (DYHKIINA HA3BIBAIOT CHHTY-
JISTPHBIMU.
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5. HIuddepeurnmpoBanue ob600I1eHHbIX hyHKIMI. [l
byrxmmm v € C1(Q), ncnonbsys bOPMyTy HHTETPHPOBAHAS 0 Ta-
CTAM, TOJTydaeM

<pdx = /u —dx Yo € D(Q), (5.1)

i=1,2,...,n. Iockombky u,0u/0x; € L1 10c(€2), pasercrso (5.1)
MOYKHO IIPEJICTaBUTL B BUJIE

(u, 0p/0x;) = —(0u/0x;, p) Yo € D(Q), (5.2)

TpakTyst u U Ou/0r; KaK PEryJsipHbIe Paclpe/Ie/IeHusl.

Coornomenre (5.2) MOXKHO IIOJOXKUTD B OCHOBY OIIPEJIEJICHUsI
IIPOM3BO/IHOI TPOU3BOJILHOI 0000IIeHHo# QyHKINM, cuuTas, UTO
pou3Bo/iHAsi 000OIEHHOI PYHKIMKA % O MEPEMEHHON T; €CTb JIH-
Heituplit GyHKImonasn na npocrpancree D(Q), obosnavaemblii uepes
Ou/0x; u 3a1aBAEMBbILIl TOXKIECTBOM:

(Ou)0x;,0) = —(u,0p/0xz;) Yo € D(Q). (5.3)

Hemnocpencrsentno u3 omnpejiesieHus MOHITHST CXOJUMOCTH B IIPO-
crpancTee D(§2) BbITEKaeT, YTO 3TOT (PYHKIMOHAJ HenpepbiBeH. Ta-
KUM 00pa3oM, J1odas 0000IIeHHast GYHKIINS % UMEET IIPOU3BOIHYIO.
IMousTo, uTo Npou3BOAHAd Ou/OT; OMHOZHATHO ONPEIEAETC 110 1U.
AHajlorndHbIM 00pPa30M IIPH TIOMOIIU TOXKIECTBA,

(D%u, ) = (=1)!*N(u, D*¢) V¢ € D(Q) (5.4)

(rakzke OCHOBAHHOIO Ha (OPMyJIe HHTErPUPOBAHUS 110 HYACTSIM)
BBOUTCS IOHSITHE IIPOU3BOIHON JIOOOr0 IOPsiIKa OT 0OOOIIEHHOM
byHKIMT U.

HernocpecreenHo n3 onpejie/ieHnst BBITEKAET, UTO Jitobast 0600-
meHHast QYHKIUS SIBIIETCS OeCKOHeTHoe TrcyIo pa3 auddepentin-
pyemoit, a oneparnst auddepeHITTPOBAHUS IBIIETCS JTHHEIHOM, T. €.

D*(auy + bug) = aD%uy + D%y Yui,us € D'(Q), a,b € R.

IIpuBeseM npumep BBIYHUCICHUS TPOU3BOIHON OT 0OOOIEHHOM
byHKIMI, TOKA3BIBAIOIINI, B YaCTHOCTH, YTO IIPOU3BOJHON pery-
JIIPHOT'O PACIIPE/IEIEHNS MOXKET CJIY?KUTH CUHTYJIsIpHAs 0000IeHHast
dyukuus. Iycrs 2 = {—1 < z < 1} — unTepBa Ha BEIIECTBEHHON
ocu. Beesem B paccmoTpenne gynruyuto Xesucaiida

wgy = {0 “1<w<o,
R 0<z <1
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Hust so6oit dyukiwn ¢ € D(§2) nmeem

(u, ) = / u(a)g! () = / o (2)dz = —(0) = — (6o, 0),

T. €. mpomsBomHOil (bynkmmu Xepucaiiga (perynstpHoil 0600EHHON
dyukimn) asigercs 6-byHKIUS, COCPEIOTOUCHHA B HYIIE.

6. OGob6mIeHHbIe TPpON3BOAHbIe B cMmbicjie CoboJsieBa.

Onpepestenne 6.1.  Dynryua u(z) € L1 10c(2) umeem 0606-
WEHHYIO MPOUZEOONYI0 O NEPEMEHNOT T;, ECAU CYULECTNGYEM MAKAH
pynryua ul (x) € L1 10c(2), wmo

/u(x)% dx = —/u;"(:z:)v dz Vv e C§°(Q).
Q ’ Q

Herpyamno Bumers, 9To 00600IeHHAST TPOM3BOIHAS, €CJIN OHA CY-
IIIECTBYET, OIPeJIEIsieTcsl eUHCTBEHHBIM 00pa3oM. JleficTBuTeIbHO,
ecau uf — Takxke 0000IIeHHAS IPOU3BOAHAA (DYHKIMH U IO Iepe-
MEHHOI Z;, TO

/(ﬂjfuj)vdx:0 Yo e C5e(Q),
Q

OTKyZa, KaK IIOKa3aHo B TeopeMe 4.1, ciaexyer, uro uf = u}. Ecm
dbyrxmmsa v € C1(Q), To ee npoussogmbe Ou/dr;, i = 1,2, ...,n,
COBITQJIAIOT ¢ ODOOIEHHBIME ITPOU3BO/IHBIMU.

Jlutst 060OIIEHHBIX TIPOU3BOIHBIX Jlajiee OyeM IIPUMEHSITh Te YKe
0003HAYEHUsI, YTO U JJIsi IIPOM3BOJHBIX, MIOHUMAEMbIX B KJIACCHYe-
CKOM CMBICJIE.

HenocpencrBenHO U3 Olpejie/ieHus BBITEKAET, YTO OlEPAIUs
0000111IeHHOTO uddEepeHnnpoOBaHus ABJSIETCA JUHEHHONH, T. €. JJIst
Jo6eIx «, f € R

d(au + pv) ou v
T —a—— .

O0006ITIeHHBIE TPOU3BOJIHBIE BBICIINX TOPSIKOB OIPEIEISIOTCS

aHajIoru4Ho. A mmeHHo, DyHKIIUS

dlely
D= g gy g © LLioc@®: lal =a1taz+ .+ an,
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HA3BIBAETCsT 0000IIEHHOIT IIPOU3BOAHON GYHKIME U € Ly 1o0(€2), ecin

/u(z)Do‘v(x) dz = (=1)l /Do‘u(x)v(:v) dr Yve CP(Q).
Q

Q

JHadtee Bcrony GymeM canrars, ato DOu = u.

Jluneitnoe npocrpancTBO (DyHKINI, MeoIMX Ha obsractu ) Bce
0000ITIeHHbIE TTPOU3BOJIHBIE /10 TIOPsJIKA k > 1 BKIIIOUYUTEIHHO, Oy/IeM
o6osnauats uepes WF(€).

IIpusesieM npuMepsl, UITIOCTPUPYIOINTUE PA3INYUNAT MEXKJTY I10-
HATUSIME KJIACCUIECKON 1 060DIIEHHON! TPOU3BO/HOII.

ITpumMeP 6.1. Dysknus u(z) = |z| va uarepsase (—1, 1) nud-
depennupyema scrogy, kpome touku x = 0. Ilpu srom dynkius
w(z) = sign(x) saBisiercss 060OIIEHHOI TPOU3BOAHOMN (DYHKIMA .
B camom jieste, Jyist siro6oit dyukimn v € C§°(—1, 1) nmeem

1

/\:Jc|v (x)d /mv (z) d:Jc—l—/a:v’(x) dx

0

OTKY/Ia, IpUMeHss (POPMYJTy HHTETPUPOBAHUS 110 TACTIM, ITOJTYTUM

1

/|x|v (z)dx = /v(:r /lv (z)dx = —/sign(:r)v(:r) dz
0

-1 —1

IIpuMEP 6.2. Ilycth dyukius u omnpeaeneHa Ha WHTEPBAJE
(—1,1) coornomennem

u() = N
1+x x > 0.

deno, uro u € Ly (—1,1). Pynkuua v guddepennupyema Ha ub-
repsase (—1,1) Bciogy, kpome Touku © = 0. Ee upoussoxnas

, -1,z <0,
u(x){L x>0,

npunaexkuT Ly (—1,1), HO He stBisieTcst 0606ITEHHON TIPOU3BOTHOM
byurmun u. leficTBUTEIbHO, B TPOTUBHOM CJIyYae JIOJKHO OBLIO ObI
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BBIIIOJIHATHCA TOZKJIECTBO

1 1
/uv/ dx = — /u/vdx Vv e Cg°(—1,1). (6.1)
1 1

Ucnonb3yst hopMysty HHTEIPUPOBAHUS TI0 YACTIM, TOJIYIAM

0

1 1 1
/uv'dx:/uv/d:L’Jr/uv'dx: f/u'vdmfv(O),
S 0 21

-1

U [IOCKOJIBKY, BooOmIe roBopst, v(0) # 0, Toxmectso (6.1) He BbITOI-
Hstercst, T. e. pyHKIMs v He ABJIseTcs OOOONIEHHON ITPOU3BOIHOM
byHKIIANI U.

DTOT MpUMep HABOIUT HA MBICIb, ITO (DYHKINs, MMEONas
00OOITEHAYIO TTPOM3BOIHYIO, MOJKHA OBITH HEMPEPBIBHOM. B osHO-
MEpPHOM CJIydae 3TO JIeHCTBUTEbHO TaK. Bojee Toro, Beskas OyHK-
IWsi, UMEIOIAast 0GOOIIEHHY O TIPOU3BOJIHY IO Ha MHTEpBaJe (a,b), ab-
COJIIOTHO HEIlPEphIBHA Ha OTpe3ke [a, b].

Herpyuro nokazars, 9To U B Ciiydyae MPOU3BOJIBHOIO YHUC/IA W3-
MepeHuii (DYHKIIUsI, HEIIPEPbIBHASL M KYCOYHO HeNpepbiBHO judde-
peHIMpyeMast Ha, HEKOTOPOU 00JI1acTh, uMeeT Bce 0OOOIIEHHBIE 1TPOo-
U3BOJIHBIE TIEPBOI'O MOPSIIKA.

OHaKO, KaK IMOKA3bIBAET CJISYIOIINIT IPUMeD, P 12> 2 DYHK-
Ui, IMeIoIasi OOOOIIEHHbIE TPOU3BO/IHBIE, HE 00A3ATEIbLHO ABIISET-
A OI'PAHUYCHHOI.

ITpuMEP 6.3. Ilycts Q C R™ — obsacTb, comepKalias Hadaso
koopaunar, u(x) = Inln(l + 1/r), r = |z|. Oysxuus v u ee mepsbie
[POU3BO/IHBIE

ou T;

om - P+ omitim) Tl

'7n’

HeorpaHuvyeHHO BozpactaoT npu  — 0. Herpyuno ybeaurbest, aTo
dyuxnua v npunagaexur Ly(2) g soboro p > 1, n dysknmm
Ou/0z,; npunamexar L,(Q), i =1,...,n, mpu 1 < p < n. Iloka-
xKeM, uro Ju/Ox; — 06o0menHble pousBoanble dyHKIMU u. s
moboit dyukinu v € C§°(€)) MOKHO HauCcaTh

v . v
oz, Inln(1+1/r)dz = Eh_% oz Inln(1+1/r)dz,

€
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e Q. = {z € Q: r > e}. Ucnonssys dhopmyily UHTErpUPOBAHUS
110 9aCTdAM, HO.HyLH/H\/I

/—lnln 1+1/r)d /v—daz—l—

+ / vinln(l 4 1/r)cos(v, z;) dx,

Ir|=e

re V¥ — HOpMaJib, BHem A K ().. Herpymao ybenurhes, aTo

lir% vinln(l 4+ 1/7) cos(v, x;) de = 0,
e—
Ir|=e

u, cjaeaoBaTe/IbHO,

u—dm— /v—dx Yo e C§e(Q),

T. e. Qu/0x; — 0060bIIEHHAsT TIPON3BOHAS (DYHKIUU 1.

7. IIpocrpancrBa CobGosieBa. MuoxKecTBO (DYHKIMI 13
upocrpancrsa Ly (§2), umeromux 0600IIeHHbIE HpOI/I3BO,ILHI)Ie D%u
npuHagtexanue Ly, () st Beex a;, |of < s, s > 1, obpasyer jmHei-
HOE TIIPOCTPAHCTBO. BBOS HA 9TOM IIPOCTPAHCTBE HOPMY

/
lullws oy = (/ S (peupar) (7.1)

Q lal<s
IIpU KOHEYHBIX P > 1 U HOpMY

lullws () = max esssup | D%u(z)| (7.2)
lal<s  zeQ

Ipu p = 00, TOJYUUM JUHeHoe HOpMUPOBAHHOE ITPOCTPAHCTBO, Ha-
spBaeMoe npocmparcmeom Coboaesa m obosnataemoe qepes Wy (€2).

VYupakaenue 7.1. [lokazars, aro npu Jodeix p > 1, s > 1
npocrpancrso W () ecTb GaHAXOBO MPOCTPAHCTBO.

Yamme Bcero B KHUIe HUCIOJb3yeTcss mpocrpancreo CobosieBa
W5 (£2). D10 HPOCTPAHCTBO CTAHOBUTCsI IpocTpancTBoM ['nibbepra,
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€CJIN BBECTHU Ha HEM CKaJIAPpHOE ITPOU3BEICHUE

(u, v)w; (@) :/ Z D%u D% dx.

Q lal<s

ITpocrpancrso W3 (§2) 6ynem obozHauarTh, 06braH0, Yepe3 H* (). 3a-
MbIKaHue 110 HopMe (7.1) smueitnoro muoxecrsa dyuxuuii C5°(€2)
obpasyeT 3aMKHYTO€ TOITPOCTPAHCTBO MIPOCTPAHCTBA W;(Q), 060-

(o)
snagaemoe epes W, (). Ilpm p = 2 g sTOro MOAIpOCTpPAHCTBA
Oy/1eM HCII0JIB30BaTh Takxke obosnadenne HE(Q).

8. AnnpokcuMmanusi riaaakumMu QyHKIusSMu. B aTom
IIyYHKTE OOCYZKJIAIOTCS BOIPOCHI AIMPOKCUMAIUU JIEMEHTOB IIPO-
crpancts W (Q2) rnamxuvu dbymrknuavu. Ipu stom cymecTtsenno
UCIOJIB3YIOTCs (DYHKINH, yepeanennbie mo CobosieBy.

Teopema 8.1. [Tycmo u € W;(Q), 1< p < oo. Tozda:
1) u® € C§°(R™) das arobozo € > 0,

2) u® = ueW3(Q) npue — 0 daa aoboti nodobaacmu ' CC .
JOKABATEJBLCTBO. [lepBoe yTBEpK/I€HNE TEOPEMBI YCTAHOBIIE-
HO MU J0KA3aTEeJLCTBE TEOPEMBI 3.2.

Hasee, HETPYHO BUJIETH, YTO HEMOCpeACTBeHHO u3 (3.4), c. 28,
CJIEJIYET, 9TO

DY (z) = (—1)"1‘ /D;’ns(m—y)u(y) dy .
Q

IMycrs Teneps ' CC Q — nonobanacrs obaactu Q u e < dist(2,09).
Torpa dyuxuns pu(y) = n.(z—y) npuragunexkur CH° () npu mobom
z € Q. Tlosromy

Drut(e) = (<) [ @) Duly) dy =
Q
= (D%u)®(z) Ve e, ol <s.
IMockonsky D%u € L, () upu |a| < s, T0 1m0 Teopeme 3.2

I(D*w)* = D*ull, (o) — 0
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mpu € — 0. B pesyabrate mveem

lv® = wllwy@y = Y IID*0 — D*ullp, @ =
laf<s
= Z [(D%u)® — D%ul|L @y —0 mpume— 0.0

lal<s

Teopema 8.2. FEcau 1 < p < 00, mo aunetinoe npocmpaHcmeo
O () N W7 () naommo 6 W, ().

JIOKA3ATEJIBCTBO. YCTaHOBUM, 9TO jyisi J1I000ro § > 0 u Bes-
koro u € W3 (Q) maitnerca bynxmusa ¢ € C(Q) N W3 (2) Takas,
9TO

||u_<P||W;(Q) < 0. (8.1)

Brenem ciemyromne obozuadenus. s HaTypasbHOro k MOJTOXKAM
O = {zeQ: dist(z,00) > 1/k}.
ITycTe A1 HEKOTOPOTO Mg MHOXKECTBO {2, _1 He mycto. ITomoxmm

Go = Qno+1, Gk = gk \ Qugth—2, k=1,2,...

(o)
Ouesnuo, uro = |J Gi. Ilycrs ug, p1, ... — pasjioxkenue eJiu-
k=0
HUTIBI, CcOTyIacoBaHHOe ¢ MuoxkectBamu (g, Gy, ..., 0Opa3yonmmMn
nokpsitre obiacru §2. fcno, uro supp (uru) C Gy, u ecau napa-
MEeTp & BBI6I/IpaTb us yCHOBHH

1

< )
: (k+no+1)(k+no+2)

(8.2)

TO HOCUTENb yepeanenuil (py u)€ Oyzer upunaexars Vi, rie

Ve — Gr1 UGk, k=0,
Tl Gt UGRUGE—1, k#0.

IMockosbry Vi, CC €2, To 1o Teopeme 8.1 MOKHO BBIOpAThH Mapa-
METD &, yaoBJaeTBopstommuii (8.2), Tak, 4T06b!

e - g
()™ = pwullyys @y = Iw)™ = el vy < ST -
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(&)
Iycrs ¢ = > (ppu)®s. BamMeTnm, 9T0 B Kaxk 10l ToUKe 001acT
k=0
Q' CC Q umb KOHEYHOoe YHCJIO ClaraeMblX B 3TOM CyMMe OTJIUYI-
Ho or Hynsi. Cnenosaresbro, ¢ npuaagnexkur C(Q). Hua © € Q
(&)

MozkeM HamucaTb u(x) = > pj(x)u(x). osromy
=0
o] o0 6
lu = ¢llws o) < Z;) ()™ = prullye o) < z; o1 =0
Jj= =

Urax, nrs npomssombioit w € W (2) m npu mobom § > 0 mmeer
Mmecro orerka (8.1). O

JasnbHeiimiee onucanue cBoiicts mpocrpancts CobosieBa cBsi3a-
HO C Cy’KEHHeM KJIacca paccMaTpuBaeMbix obsacreil. Ilpusenem co-
OTBETCTBYIOIINE OIPE/Ie/ICHU.

Omnpenenenne 8.1. Bydem 2060pums, 4mo 02paHuMerHas 00-
aacmo ) eskaudosa npocmpanemsa R™ u ee epanuvya T' npunad-
aeorcam kaaccy CFA ) ecau daa moboti mowku xy € T watidemea
ee oxpecmuocmv A(xg) C R™ wu dexapmosa cucmema xoopdunam
(&1, &2, &3, ..., &n) makue, wmo 6 A(x) ypasnenue I' moorcem Gumov
3anucaro 6 eude

gn = 7(£17 527 537 s 757171)

¢ dynryueti v waacca CFA, m. e. dynryued, k pas dubdeperu-
pyemoti, 6ce k-e npouseodnvie Komopol YJdoeaemEoOPAIOM YCAOBUIO
Teavdepa ¢ noxazamenem \. Ilpu amom 6ydem mpednosazamsv, 4mo
das scex mouek x, npunadaesicauwur A(xg)NEY, svinoanero nepaser-
emeo &, > (&1, &, &3, ..., &n—1). Bydem 2060pumon, wmo ozparu-
wennan obaacmyv () esxaudosa npocmparcmea u ee epanuya I' npu-
nadaesicam xaaccy CF, ecau uzeecmmo moavko, wmo dynryus v
nenpepuieno Juddepenyupyema k pas. Obaacmu, npunadiescauiue
xaaccy COL, 1asvleaom AunuuesoLM.

Ciienyroniasi TeopeMa IIOKa3bIBAET, YTO JIJIs JINIIIHIEBBIX 0018~
creit mpoctpanctso W () copranaer ¢ sambikammem 1o Hopme (7.1)

JimHeiHoro mpocTpaHncTtBa C° (Q) Buecs C™ (Q) — Cy’KeHHe Ha

Q = QUI" muozxecTsa Geckonedno muddepenrupyeMbrx na R™ dbyHk-
ITAIA.
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Teopema 8.3. ITycmw obaacms 2 npunadaesicum xaaccy COL,
pynryua u npunadaesrcum W3 (Q), s = 1, 1 < p < oo. Tozda cyuse-

cmeyem nocaedosamenvrocmy dynkuuti up € C(Q) maxaa, wmo
ur — u 6 W7 (Q). Hrvimu caosamu, mnoscecmeo dynryui C(Q)

naommo 6 npocmpancmee Wy (§2).

JOKABATEILCTBO. ®PuKcHpyeM Ipou3BoabHO Touky ¥ € I.
IMockomsky I'€ C%1, cymecrBytor 7 > 0 u dynkmua v : R*~! = R
kiaacca C%!) a Takske BEKTOp Yo Takme, ITO

QN B, r)={z e B r):z, >v(x1, 22, ..., 20 1)},

u st Beex @ € QNB(20, 1) MHOXKecTBO TOUeK Buga x+1yg, 0 < t < 1,
npunaiexxut §2. Homoxum Q' = QN B(2°,7/2) n mycrs

¥ =x+e\yy, €, e>0.

Hcno, uro, dbukcupys mekoropoe A > 0, MOXKHO JOOUTHCH TOTO,
YTO TIPU BCEX JIOCTATOTHO MAJIBIX MOJIOKUTENBHBIX € U & € () map
B(xf,¢) npunagmexut QN B(z°,r). Ina x, npunamteskamux )
nostoxkuM U () = u(xz®) u oupesesnm v¢ Kak yCpeJHEHUE Ug, T. €.
vi(r) = (ue)®(w), » € Q. Toxawewm, uro v° — u B W;(Q') npn
e — 0. Hua suoboro MysbTuuHIEKCA ¢, |af < 8, umeeMm

||Da 87Dau||Lp(Q/) g ||Da €7DOZUEHLP(Q/)+||Dau€7Dau||Lp(Q/).

CX0IuMOCTDb HIEPBOrO CJIAraeMOro K HYJIt0, (DAKTUYECKH, YCTAHOBJIE-
Ha IpH JoKa3areabcTBe Teopembl 8.1. Bropoe ciaraemoe crpemurcst
K HyJO 11pu € — ( BCJIEJICTBUE HENPEPHIBHOCTU B I1€JIOM (DYHKIIUN
u3 L,(€). BeiGepem reneps HekoTopoe § > 0. Besencrsue orpann-
4yeHHOCTH oOsracTd () MOXKHO yKa3aTh KOHEYHOE MHOMKECTBO TOUYEK
2) € T, nomoxurenbupix uncen r; u gynkuuit v; € C(Q;), rue
N
Q=N BV, r;/2),i=1,2,...,N taxux, aro I' C |J Q,
k=1

[vi —ullws@) <90, 1=12,...,N. (83)

Bribepem Tenepb orTkpbiTOe MHOXKecTBO ()9 CC ) Tak, YTOOBI
N

QC U Q. B coorsercrsun ¢ reopemoii 8.1 MOKHO yKazaTh QyHK-

k=0
o vy € C°°(£p), yAOBIETBOPSIONLYIO YCIOBHIO

llvo = ullw; o) < 6. (8.4)
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IIyctp Tenepn i, ¢ = 0,1, ..., N, — pa3jioxKeHUue €JUHUIIBI, COOT-

BETCTBYIONTEE OTKPBITBIM MHOXKecTBaMm €2;, ¢ = 0,1, ..., N. Ilosmo-
N _ N

KUM v = Y p;v;. fdeno, aro v € C®(Q), uw = Y pu, nosromy
i=0 i=0

IUTsL JIOOOrO MYJIBTUHHIIEKCA (v, || < 8, ucnonn3yst dopmyiry Jlei6-

Huna (auddepennnposanus npoussesienust) u oneHku (8.3), (8.4),

TOJTY IUM

N
ID*0 = Dul|z, () < > 1D (ivi) = D*(miw) | 1, (2, <
=0

< CZ [vi = ullws(o,) < CN6. O

9. Ilennoe npaBuiio. B 3TOM IyHKTE yCTaHABIMBAETCH Ya-
CTO MPUMEHSIEMOE B JIAaJIbHENIIEM ITPaBUIo 00001IeHHOro Tuddepen-
IUPOBAHUS CyTepro3uruu byHknmit. V3BIeKaroTcs HeKOTOPhIe Mo-
JIE3HBIE CJIEJICTBUS U3 STOIO IPABUJIA.

Jlemma 9.1. ITyemo f € CYHR), [ € Loo(R), u € WL(Q).
Tozda
flu) e WHQ), Vf(u) = f(u)Vu. (9.1)
JIOKABATETBCTBO. Iockombky u € W1(Q), MmoxkHo ykazaThb
[OCJIEIOBATEBHOCTD Uy, € C°(§)) TAKYIO, UTO Uy, Vi, CXOISIT-
¢ K u, Vu B Lj joc coorBercrBenno (cm. teopemy 8.1). Besen-

crBue OpPMYJILI KOHEUHBIX IIpupamienuii Jlarpamka s Jo60it
obsactu € CC Q

/|f Up) — f(u)|dz < sup|f|/|um—u|dx%0
npu m — oo. Haee,
[
Q/

= [ 15Vt = )V 1 ()P ) Vel <
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< sup|f’|/|Vum —Vu|d$+/|f’(um) — f/(W)||Vul|dz.  (9.2)
o o

ITociie10BATENBHOCTD Uy, CXOAUTCs K U B npoctpanctse Ly (€). ITo-
STOMY U3 HEe MOYXKHO BBIOPATH MOAIOCEI0BATEILHOCTD, CXOIATILYIO-
¢ K u mourn Beiony Ha €. Jlna coxpamenus samuceit OymeM 060-
3HAYATDL 3TY II0JIIOCIE0BATEILHOCTh TAKKe UepPe3 Uyy,. 110CKOIbKY
dyrKIms f’ HENPEpPBIBHA, TO U TOCIEI0BATENBHOCTD [/ (U, ) cxOmIUT-
ca K f'(u) nourn Berony Ha . Kpowme roro,

[ (um) = f1()|[Vu] < 2sup |||Vl

T. €. TOJBIHTErpaIbHas (DYHKIUS B MOCJIEIHEM CIATAEMOM CIIPaBa
B HepaseHCTBe (9.2) MaxKOpUPyercsi CyMMHUPYeMOl (DyHKIMeH, cie-
JI0BaTEIbHO, B culy TeopeMbl Jlebera o mpesieibHOM Tepexojie Mo
3HAKOM HHTerpaJia

QI

npu m — 00. TakuM 00pa3oM, yCTAHOBJICHO CYIICCTBOBAHUE ITOCTIC-
JIOBATEJIBHOCTU Uy, € C§°(§2), 1yl KOTOPOI

flum) = f(u), Vf(um)— f'(v)Vu npum — 00 B Ly jec. (9-3)
st srioboro nestoro m Joboit dyukimu ¢ € C§°(2) nmeen:
[ e = /f WG o
Q

Besrenersue (9.3) B 9TOM paBeHCTBE MOXKHO IepeiiTu K npeneiy. B pe-
3yJIbTaTe OJLYIIM

890 _ / 67’“ 00 L
/f(u)axida:— /f(u)ami pde YoeCi®(Q), i=1,2,...,n,
Q Q

qr0 sxBuBajgeHTHo (9.1). O

OnpenennmM noAOAHCUMEALHYIO U OMPUYUANENDHYIO “acmu DyH-
KITUY U CJIEJLYIONUME paBencTsaMu: u =max{u, 0}, u~ =min{u,0}.
Acuo, aTo

u=ut+u, jul=ut—u, u=—(—u)T. (9.4)
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Jlemma 9.2. Iycmo u € W(Q). Toeda ut,u™, |ul € WH(Q) u

{ Vu(z), wu(z)>0;
Vut(z) = (9.5)
0, u(z) < 0;
Vu(z), u(z)<O0;
Vu~ (z) = { (9.6)
0, u(x) = 0;
Vu(z),  u(z)>0;
V0ul(z) =< 0, u(z) = 0; (9.7)

—Vu(z), wu(z)<O0.

JIOKABATEJIBLCTBO. /loCcTaTOYHO yCTAHOBUTH CIIPABETUBOCTD
coorromenus (9.5). Torma (9.6), (9.7) 6yuyr cuaemosars u3 (9.4).
Hutst € > 0 onpejiesiuM (DyHKITHIO

WP~ u>0;
fe(“)_{ 0, u < 0.

Herpynno y6emuthest, uro f. € CH(R), mpuaem 0 < f2 < 1, mostomy
BCJIeICTBIE JeMMBI 9.1

u
/fe(u)Vgadx:—/goﬁVudx Vo e Cg°, (9.8)
2 g, vuc+e¢e

rie Oy = {z € Q, u(x) > 0}. 3amerum renepn, uro f-(u) < ut +e¢,

lul/Vu2 +e2 < 1, fo(u) = u™, u/vVu2+¢e2 — 1 upu ¢ — 0 s
goboro x € (), cieoBaTesbHO, IO TeopeMe Jlebera o mpesiebHOM
[epexo/ie ToJL, 3HAKOM WHTETrPaJia

/u+V<pd3: = - / eVudr Yo e C°,
Q Oy

a 9TO U O3HAYAET ClpaBeMBocTh (hopmysst (9.5). O
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Jlemma 9.3. ITycmo u € WL(Q). Tozda Vu =0 n. 6. na mom
MHONHCECTNEE, HA KOTOPOM PYHKYUA U NOCTNOAHHA.

JIOKABATEJILCTBO. HeTpy/Ho 1npoBepuTh, 4TO €CJIM U MOCTO-
guna #a (), o Vu = 0 ma (), mosToMmy 6e3 orpaHnt<eHus OOIMHOCTH
MOKHO CIHTATH, ITO MHOYKECTBO, (DUTYPUPYIONIEE B YCIOBUIX JIEM-
MBI, 9TO — MHOYKECTBO, Ha KOTOpOM (hyHKIusS u paBHa mysmo. Vc-
nosb3ys opmyast (9.5), (9.6), moayunm, uro Vu = Vut + Vu~,
cienoBarenbo, Vu = 0 Ha MHOXKecTBe Q9 = {2 € Q, u(x) =0}. O

VYupaxkaenue 9.1. [lokazatn, uto yrBepxKaenus jemm 9.1-9.3
CIIPABEJIUBLL U I (DYHKIUU U € WI}(Q) npu p € [1, o0].

10. IIpeobpasoBanmue koopauHat. Ilycts & — Henpepbis-
HOE B3aWMHO OJIHO3Ha4YHOe orobOparkenue obisactu ) C R™ Ha 00-
gactb G u3 R”. ObparHoe orobpazkenue OyjieM 00bI9HO 0003HAYATH
yepes U, tak uro ¥ = &~ Ilycrs masec ©j,%j — KOMIOHEHTEI
orobpaxenuit & u U, . e. pasercrsa y = () u = ¥(y) B 10KO-
OP/IMHATHO 3aIIUCH UMEIOT BH

y; = wi(x), x; =;(y), j=1...,n.

Bynem rosoputs, uro orodbpazkenue ¢ HerpepbiBHO guddepeHupy-
€MO § Pa3, eC/IM BCE ero KOMIIOHEHTHI ; mpuHarexkar C°(€2).

Ilycrb u — BemecrBennast GyHKIwmsi, u3mepumMas Ha ). Oupee-
JimM usMepuMyio dgyukimio Au #a obiactu G paBeHCTBOM

Au(y) = u(¥(y)). (10.1)

Ecnu orobpaxkenne ® nenpepnuiBHO auddepeHInpyeMo, TO, KaK 13-
BECTHO, CYIIECTBYIOT IIOCTOsIHHBIE €1, Co > () Takme, 41O

cp < |det®'(z)] <ca Ve, (10.2)
rae @' (x) = O(y1,...,yn)/0(x1, ..., x,) — Marpuna Jxobu orob-
paxenust ®. Ucnoansysa (10.2), merpyano ybemuTbes, 4ro JIMHEH-

ublit oneparop A, onpesnessgembrii popmysnoit (10.1), menpepbisen u3
L,(R) B L,(G) npu mobom p € [1,00] n

1 1
Pl g, 0y < 14ull, @) < 5" llull, )

Teopema 10.1. Ecau omobpasicenus ®, U nenpepwviero dugdpe-
penyupyemv, S pas, s = 1, mo onepamop A AAACMCA HENPEPLIEHBLM
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onepamopom uz W3 (Q) na W;(G) npu awbom p € [1,00); cyuse-
cmeyem nenpepvicholi obpammsit onepamop AL,

JIOKABATEJIbCTBO. Y0eaumMcsi cHadajga B CIPaABEIJIMBOCTH

OIEHKH
HAUHW;(G) < cHu||W;(Q) Vu e Wy(Q). (10.3)

Io Teopeme 8.2 ntst mpomsBosbHO#H bynkm v € W () cymecrsy-
eT ToC/IeI0BATeIbHOCTD {uy b bymkimit s C°°(Q) N W3 (€2), cxons-
masicsl B W;(Q) K u. Ilo mpaBuiny muddepennupoBanust CI0KHOM
dyHkIMn mist 0601 TIPON3BOIHON MopsizKa || < § MOXKHO HAaIu-

U D= Y Mas)ADPu)().  (104)
1<181< ]

riae Myp €CTh NOJIMHOM CTENeHU He Bbime || OT MpOM3BOAHBIX HO-
psAJIKa He BBIIIE ||, BBIYMCICHHBIX OT KOMIOHEHT OTOOpazkenust V.
Hnst moboit dyukumu ¢ € C3°(G) us (10.4) nomyunm

(~1)le! / Aug(y) D% (y)dy =
G

= > [ Mag()(ADwi)(y)e(y)dy. (10.5)
1181l

IMocue 3amensl nepemensbix y = ®(z) 910 paBeHcTBO HpUOGpETAET
BUJL

(-1l / i (2) (D) (B(2))] det &' (z) | dir =

Q

= Y| Mup(@(@)DPus(@)p(®(a))| det @ (x) | da.

1<]8I<]a] g

Hockomeky DPuy — DPu B Ly(Q) ana [B] < s, To B mociemem
UHTErPAJLHOM TOXKJIECTBE MOYKEM IepeiTH K mpejeny 1o k — oo
u 3areM obpaTHbIM mpeobpazosanueM r = W(y) moayuurs (10.5) ¢
3aMeHofl uy Ha u. D10 ozHavaer, uro ecim u € Wy (€2), To dymnk-

st Au umeer Bce ob6obrienHble npousBoaable D*Au, |af < s, u
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JUIST UX BBIYUCJEHUS] MOXKHO HMCHOJNb30BaTh (opmyny Buga (10.4).
U3 (10.4) HEmocpeCTBEHHO CJIeJlyer, 4To

/ D (Au) () dy <
G

p

(X 1) s M)l [ DM@ dy <
G

1<IBI<]al yea
1<[81< e ST

< ¢ max /\Dﬁu(;r)|pdx,

1<IBI<] e

orkysa BeiTekaer onenka (10.3). Hepasencrso
HU‘HW;(Q) < C/HAUH{/V;(Gy ¢ = const,

obecriegnBaloITiee CyIeCTBOBAHIE U OIPAHNYEHHOCTh OOPATHOI'O OIle-
paropa A~!, nokaspiBaercs aHajoruuso. [J

11. IIponosikenue yukiumit. JlagbHeiiniee ncciienoBanmne
o o S
CBOMCTB (QYHKIN, MPpUHAICKAIIINX TPOCTPAHCTBY Wp(Q), Oymer
BO MHOTOM OIMPATHCsT Ha BO3MOYKHOCTD TIPOIOIKEHUSA ITUX (DYHK-
it ¢ coxpaHenmeM KJjacca Ha obaacThb €2, comepzkantyro €.

Teopema 11.1. ITycmv Q — oepanuvennas obiacms npo-
cmpancmea R™ waacca C°, s > 1, u € W (), 1 < p < oo,
Qcc, Q — oepanunennasn obracmsv. Tozda cywecmeyem dyrk-

yua u EV?/;(Q’) makaa, wmo u(z) = u(xr) npu x € Q,
[allws @ < cllullwes ) (11.1)

npUMEM NOCMOANNAA C 3A8UCUM MOALKO om P, S, €, €.

ToBopsaT, uro dpynkmug u — npomoskenne pyHkmun u Ha )
¢ COXpaHEHWEM KJIacca.
B ocroBe 710Ka3aTEIBLCTBA ITOM TEOPEMBI JICXKUT

JIemma 11.1. ITyemw» B = B(0,R) C R™ — wap paduyca R
¢ yenmpom 6 navase Koopouram. Ionoowcum, wmo BT = BN R,

B~ = BNR", 20e R} = {z € R": z,, > 0}, R* = {z €¢ R": z,, <0}.
IIyemn, danee, Pymxyusa u onpedesena nwa BT u npunadaescum
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C*(B%), s > 1. Onpedesum dyrryuro @ na B, norazan

u(r), * € BT,

~ — s+1 _ _

i) = SoNju(xr, @a, ..., —pjzy,), © € B\ BT, (11.2)
i=1

ede pj =1/7, a wucaa \; 6vibparo, max, wmo")

s+1
Z)\j(_,uj)k =1, k=0,...s (11.3)

j=1
Tozda i € C*(B), npuuem

lallwss) < cllullws s+, (11.4)

20e NOCMOAHHAA C HE 3a6UCUM, OM, U.

JOKABATEJHLCTBO. Herpyano Bujiers, uto npu z,, < 0

k. s+l k
o%u(x) Z)\'(_N')k 0" u(x1, 2, ..., —pjTy)
ko J J k )
oxk = xk
IosTomy, ncronbsyst (11.3), mosryaaem
. OFa(x) . OFa(x)
lim ——— = lim ———
,——0 Oxk z,—+0  Oxk
st goboro k= 0,1, ...,s. fdcHO, 9TO W BCe TPOU3BOIHBIE
dGyHKIMU U TOpsiiKa, He NPEBOCXOJSINEro §, 110 IePEeMEHHBIM
X1,%2y .., Tp—1 TAKIKE HENPEPBIBHBI [IPH IIEPEXOJe Uepe3 THUIlep-

w10cKocTh = 0. Taxum o6pazom, Bce npoussoausie D4 npu o <s

HenpepbiBHBL B B, 1. €. 1€ C*°(B). Hepasencreo (11.4) ycranasiusa-

ercs, GaKTHICCKU, HEIOCPEICTBEHHBIM BRIYHCICHHEM [|T||yys (o) Ha
p

ocrose npejcrasirennst (11.2). O
JIOKABATEJILCTBO Teopembr 11.1. IIpeamnooxxum cHatama, ITo

bynxnus u npunasexknT npocrpanctsy C*(Q). Ilycrs Touka g
npunasexkut . Tlockosbky I' € C*, cymecrsyer map By= B(xg,r)

l)OnpegeﬂnTeﬂb cucrempl ypasaenuit (11.3) ectsb onpeenurens Bangepmon-
Jla, ¥ HOCKOJIbKY BCE [ij PA3JIMYHBI, TO YHUCIA \j ONPEAEIAIOTCA OJHO3HAYHO.
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U JIEKaPTOBA CUCTEMa KOOPJIUHAT I'1, . . . , LTy, TAKHAE, YTO TOBEPXHOCTD
I’ N By onmchiBaeTcst ypaBHEHUEM Ty, = Y(T1, ..., Tp_1), € PYHK-
g v € C(Bo) u o, > y(z1, ..., 2p_1) ana z € Bf = By N Q.

Onpenennm orobpazkenne O mapa By Ha HEKOTOPOE OTKPBITOE MHO-
xkectBO By C R™ ciretyronumn paBeHCTBAMIE:

Z,=0(x)=w;, i=1,2,...,n—1, (11.5)
Ty = P@p(x) =2y — y(21, 22, - o, Tpeq). (11.6)

TTomoxxum <I>(B+) = §+. B cuny onpenenenunst orobpaxkenust ¢ mme-
eM B+ C R%, npuuem

OB = ®(ByNT) C R (11.7)
N3 (11.5), (11.6) cpasdy »Ke BbITEKAET, YTO
¢ € C°(By), (11.8)

obparnoe orobpazkerue ¥ = &1 cymecrsyer u
U € C*(By). (11.9)

Onpenenum Ha B\ar dyuxmmio u(y)eC® (EJ) [IPU TIOMOIIU PABEHCTBA
u(y) =u(¥(y)). Iycrs Dy — map ¢ uenTpoM B TouKe o = B (x0),
npunaeskamuii By. Ucnonbsys KOHCprKLLI/IIO ONMCAHHYIO B JIEM-
Me 11.1, mpomosmkum dynknuio u(y) ¢ D Ha DO7 COXpaHss JIJIs IIPO-
CTOTBI 3alUceil JJIst TPOJIOJIZKEHHO cbyHKLu/H/I TO 2Ke 0DO3HaveHUe.
Iycrs € = U(Dy). fcno, uto no nocrpoenno (07 = W(f)o ) C Q.
Onpenesnum Ha g beHKIH/IIO to(x) paBerncrBoM up(x) = u(d(x)).
Herpynuo Bugers, uro ug(z) = u(x), ecim x € ), upudem Beie-
crBue Teopembl 10.1

allw @) < collallys o), (11.10)

TJIe TIOCTOSIHHAS Co 3aBUCHAT TOJBHKO oT obsactu {2y. [lockombky I’
KOMIIAKTHA, CYIIECTBYeT KOHETHOe THC/I0 TOYeK z; € I, obsacreii §2;
n pyuxnmii u;, i = 1, , N, 0618 /1a01MmnX OMUCAHHBIMI BBIIIIE CBOI-

crBamu, pudem 1 C U Q;. Beibepem obmacts 2y CC {2 Tak, 4To
=1

QcC U Q;, ¥ yCTh g, ..., AN — COOTBETCTBYIOIIEE STOMY IIOKDbI-
=0
THio obsiactu §) passoxkenne eauHuIpBL. TomoxnM tg(x) = u(x) upn
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N
x € Qo m oupejieumM Ha obsactu ) = Q; dyHKIWIO U IpU IOMO-
i=0
I PaBEHCTBA !
N
i(2) = 3 pi(@)()
i=0

ITo nocrpoennto u(x) = u(z) npu x € Q, npuuem @ € C5(Y) n
lallws @y < cllullws ), (11.11)

IJIe MOCTOSHHAA C 3aBUCUT TOJIBKO OT 0b6jaacTH 2.

Hycrs Teneps dynxmua v € Wy (Q) u uycrb {u,,} — nocsemno-
BaresbHoCcTh dyuxiumit uz C*(Q), cxogamasgca K u. Ilocrpoum st
KaxKJI0i DYHKIMU Uy, ee upoposnkenue U, € C§(Y). Herpymmo
BHJIETH, YTO OIEPANus IPOIOJKCHIA ABJIAeTCA JTUHEHOM, CcemtoBa-
TEeJIBHO, JJIs JIIOOBIX Heabix [, m > 1

@ = m [l ws ) < cllue = umllws @),

HO3TOMY IIOCJIEIOBATEILHOCTD { U,y } cxomured. Ee npenen, Gynkims
[e]
@ €W5(Q'), ectb mckomoe pooKenue byHKIEE u. [

12. Caenpr dyHKIU# u3 CcODOJIEBCKUX MPOCTPAHCTB.
Oynkmm w3z W5 (Q2), Gyayan smementamm mpoctpancTsa Ly, (),
(ba.KTI/I‘{eCKH, ABJIAIOTCA KJIaCCaMHW 3KBUBAJICHTHOCTHU, T. €. beHK-
U, COBIIaJIAONINE II0YTH BCIO;Ly Ha Q, CIUTAIOTCA HEPASJITUIUMbBIMHU.
BestesicrBrue 91010 HENOCPEICTBEHHO TOBOPUTH O 3HAYEHUSIX (DYHK-
tun u3 W (Q2) Ha MHOrOO6pa3UsIX PA3MEPHOCTH, MEHbBINEH YeM n, u,
B 9acTHOCTH, Ha I, He mMeeT cMmbIcia. Tem He MeHee, Jiuist PyHKIHIT
uz Wy (§2) ymaercs BBecTu moHsaTHE Cliefla, €CTECTBEHHO 0b0bMmIa0-

Imee OOLIYHOE HOHATHE CyKEHUs HelpepbIBHOH Ha () GyHKIUH Ha
HEKOTOPYIO 9acTh §).
B ocHOBe COOTBETCTBYIOIMIUX PACCYZKIEHUIT JIEXKUT

Teopema 12.1. Ilycmo Q C R"™ — oepanuuennas obracmo
xaacca Ct, u € CH(Q), 1 < p < oo. Tozda das aoboeo § > 0

[l iy <Rl ot IFE, ) < (8) [l (12:1)
2de ¢ = p/(p — 1). Kpome moeo,

ullz, () < e2llullwyo)- (12.2)
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Tocmosannvie ¢, c1, o He 3a8ucam om 6v00pa U.

HOKABATEJIBLCTBO. Kak u BbIiie, m0I0KIM
BT =B*(0,R)=B(0,R)NR%}, R>0.
ITycrs, nanee, ¢ € C°(B(0,R)), ¢ > 08 B(0,R), (=18 B(0,R/2),

v — wacTb rpanunsl obmacrn BT (0, R/2), nexamas B IJIOCKOCTH
x, = 0, 77 — uwactb rpanunp obactu BT (0, R), gexarmas B LI0C-
kocrtu T, = 0. Mcmonp3ysa hopMysly HHTErPHPOBAHULA II0 YACTIM,
HeTPYJIHO TOJIYy9IUTh, 9TO Jyis ool dbynxmun u uz C(B1)

A(Clul”)
lulPdx < [ CulPde = — | ——~da =
On,

Y B+

¢ 1 ou

— p P

= /<|u| aacn+p|u\ SIgn(u)awnC> dz. (12.3)
B+

Ipumensas uwepasencrso HOura (2.1),

c. 22, moyunM, 9YTO JJIsd JIIO-
60ro MOJIOKUTEJIBHOTO Yncyia § u p > 1

P~ S| < el + 67V,
OTKY/da BbITE€KaeT, 9TO
/|u\pdx <c /((1 + 07D |ul? 4 0P| Vul?)dx. (12.4)
Y B+

IIpu p = 1 wenocpencreenso u3 (12.3) nosxyvaem, 9To
/|u|d1’ <c /(\u| + |Vul)dz. (12.5)
v Bt

Hepasencrsa (12.1), (12.2) mosmyuatorcst u3 onenok (12.4), (12.5)
P TOMOIIY JIOKAJIBHOIO <BBINPSIMJIEHUsT> TI'paHuipl obgactu )
AHAJIOTUYIHO TOMY, KaK 9TO JIeJIajoCh HPU JIOKA3aTeJbCTBE Teope-
mbr 11.1. [

IIyctp Temepb % — NpOU3BOJbHAs (DYHKIUSA N3 NPOCTPAH-
crBa W (Q), {um } — nocaenosarensuocts dynkuuit uz C(€2), cxo-
namasicd K u. Besepcrsue (12.1), (12.2) upu jo6om p > 1 umeem

||ul — um”Lp(F) < c||ul — U,m”WZ}(Q) — O, l,m — 00, (12.6)
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T. €. IOCJIe/IOBATEIbHOCTD Cy’KeHni MDYHKIUH U, #Ha ' dyngamen-

TaJIbHA B CMBIC/IE CXOIUMOCTH B IIpocTpancTse Ly (I') 1 moromy nme-

er upesen, npunajexamuii L, (I"). DToT mpemies Ha3bIBAIOT cAedom

dyrruuy U, TPUHAIICKAIIEH WI}(Q), ma I'. Herpyaso Bugers, 94To

cytes; GYHKIUN U He 3aBUCUT OT BBIOOPA TIOCIIE0BATENBHOCTH { Uy, }-
Takum obpazom, cripapeinBa

Teopema 12.2. [lycmwv evinoanenv, ycaosus meopemo, 12.1.
Tozda mobas Pyrryus u € WZ}(Q), p € [1,00), umeem caed na T,

npunadaesicawut Ly(T) u ewnoanenvs oyenku (12.1), (12.2).

BAMEYAHME 12.1. Ecan byukuus uw € W, () menpepsisia,
TO, onmupasgch Ha Teopembl 3.2, 8.1, 11.1, HeTpy/IHO IOKa3aThb, YTO
CYIIECTBYET HOCIEA0BATEIbHOCTD DYHKIWI {u,, } uz C*(Q), cxomus-
masicst K % KakK 110 HOpMe IIPOCTPAHCTBA WZ} (), Tak ¥ paBHOMEPHO.
Orcroia BBITEKAET, 9TO CJIEJT HEMTPEPBIBHOM (DyHKINN 13 WI} (Q) cos-
MajaeT ¢ Cy’KeHneM 3Toil dyukimn na [.

SAMEYAHUE 12.2. IloHsTHO, YTO COBEPIICHHO AHAJIOTMYIHO
MOKHO BBECTH TIOHSATHE cJlejla 1 Jis J1060it osepxHocTH Kiacca C'1
npuHaIeKarei Q.

SAMEYAHUE 12.3. He ciiemyer mymMarh, 9T0 MHOXKECTBO CJIEIIOB
na I' dysxmpit us W) (Q) sanonmsier Bee npocrpancrso Ly (T). Bo-
Jlee TOro, He BCAKasd HellpepblBHag Ha I dyHKIM, JaxKe IPU CKOJIb
YTOZHO IVIaJIKON HoBepxHoCcTH I', MozKeT ObITh IPOJO/KeHa B ) TaK,
4TOOBI OHA IPUHAIJICZKAIIA WZ} (). Bosee moapoGHO 06 ITOM CM. 1I. 2,
§1, rmaBor 2.

[Ipu uccnenoBanny KpaeBbIX 33/1a9 0COOYIO POJIb UT'PAIOT (DYHK-
AU, CJIeIbI KOTOPBIX Ha 1" paBHBI HyJIIO.

Teopema 12.3. IIycmv Q0 C R™ — oepanuuennas obaacmo
xaacca C. JTaa moeo wmobo, Pynryus u u3 Wpl(ﬂ), p € [1,00),
umena 1yaeeoti caed na L', neobrodumo u docmamouno, 4mobo. ama

PYHKUUA NPUHAONEHCANA NPOCTNPAHCTNEY W;,(Q)

JOKABATEJIBLCTBO. 1. JlocTaTOYHOCTD OYEBUIHA, TAK KAK IO

o
OTIpeNIEICHUIO BeAKasa (DYHKIMSA U3 W},(Q) €CThb IIpesell MOCIeI0Ba-
resiboctr dbynkuuit uz C§ (), KaxKiasd u3 KOTOPBHIX PABHA HYJIIO
na I'.
2. JTokarkeM HEOOXOIUMOCTE. IMest B By TPUMEHEHNE METOA
JIOKQJIbHOTO <BBIIPSAMJIEHNT> T'PAHUIBI, PACCMOTPUM CHaJaJsa CIIy-
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Taif, Korjga 00JacTh, Ha KOTOPO# ompeiesena byHKINAS U, €CTh €1~
HUYHBIH Ky0:

w={r: 0<xz;<1,i=1,2,...,n}.

Iycrs v = {z € @ : x, = 0}. C nesbio yupomienus JaabHERIIX
BBIKJIQJIOK peiacraBuM & B Buge © = v X (0 < z, < 1). Ilycrs
GYHKIMSA U TPUHATICIKAT W; (w), cae u HA Y paBeH HYJO. DTO

O3HAYAET, YTO €CJIU MOCIIeN0BaTEeNbHOCTE GyHKIWMA {uy} C C% (D)
CXOJUTCA K U 110 HOPME IIPOCTPAHCTBA, W[} (w), TO

”umHLp(V) — 0 mpu m — oo. (12.7)

Wcmonbsyst dpopmyny Heiorona — Jleiibruma, mosrydaem

Um(xl, . '7In7171'n) = Um(xl, . '7xn7170)+

Tn

aUnL(l‘l, s ’xn—lvt)
dt
+/ ol ’

0

OTKYy/la IT0CJIe IPUMEHEHUA HEpaBCHCTBa Feﬂb/:Lepa 6y,ZLeM UMETb, 9TO

/ [t (2, 2 |Pd’ <

5
Oy (x' 1
gC /um(x/,0)|pdx/+xﬁ_1//‘ U fL' )dt
0 v

~

dz’ dt

JUIst BeeX Ty, € [0, 1]. Yerpemuisist B 9T0M HEpaBEHCTBE M K GECKOHEY-
HOCTH ¥ UCIob3yst (12.7), nosyanm

Ty ) )
/“(f”/’xn)lpdfv’<Cxﬁ‘1//‘3u($7t)dt
ot
Yy 0y

Iycte Teneps dyukims ¢ € C°°(R,) u yI0BIETBOPSIET CIIEIYONIM
yeaousiv: 0 < ¢ < 1, ¢ = 1 na orpeske [0,1] u ( = 0 BHe oTpes-
ka [0,2]. HOJIO}KI/IM Cm( ) = ((mz). fcuo, uro

da' dt. (12.8)

Cm(z) =0 upuz >2/m. (12.9)



§2. Durementsr Teopun npocrparctB CoboseBa 55

Iycts, nanee, wpy,(z) = u(z)(1 — (m(xy,)). Herpynno Buaers, uro

Qumle) _ 08D (1 _ () - mula)'(ma),

6xn amn
awm(fﬂ) o 8U(.’L’) B . B
or; - o0, (1 Cm(xn))a 1=1,2,...,n—1,

CJIEJIOBATEILHO, TIPU M > 2

/ IV (wn — w)Pde < ¢ / (Con (2P| VulPdit

2/m
—i—cmp//|u(x’,t)|pdx'dtzll+12. (12.10)
0

Ouennm cjraraeMble B IPABOMl YaCTH IOJIyYEHHOIO HEPABEHCTBA.
Benencrsue (12.9)

2/m
I <c / /|Vu(x’,t)|pd:13/dt — 0 mpm m — oo. (12.11)
0 v

Ucnonbsyst (12.8), MOkeM HAMCATH, 9TO

0

2/m t
a / p
I < em? / =1 / / ‘“(937) da' drdt,
or
0 0 v
CJIEJIOBATEIIBHO,
2/m 2/m »
ou(x't
Izécmp/tpldt//’u(x) do'dt =
ot
0 v

P
dz'dt — 0 1pum — oo. (12.12)

2/m
_E// du(a’,t)
p ot

0 ~

Hauee,
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/ s — ufPdz = / (G (a0 () Pz <

2/m
< / /|u(x’,t)|pdx'dt — 0 mnpum — oco. (12.13)
0 v
Takmm obpazom,
|lu — wm||W;(w) — 0 upum — oo, (12.14)

HPUYEM 10 MOCTPOCHUIO Wy, () = 0 mpu 0 < x,, < 1/m.
IycTs Temeps € — obmacTh kmacca C''. B arom caydae cyrme-
N

CTBYIOT KOHEYHOE 4uc/Io obaacreii Qy, ...,y Takux, aro I'C J
i=1
n KaxKias u3 obsacreil (); objamaeT CBONCTBaAMM, ONUCAHHBIMU B

onpegesnenuu 8.1, c. 41. Iomoxnum Q; = D,;(Q),i=1,2,...,N, rae
orobpaxkenust $; MOCTPOEHBI TAK, KAK ITO OIMCAHO B J[OKA3ATEJb-
ctBe Teopembl 11.1. Jlnsa xaxkgoro ¢ = 1,2, ..., N onpejeanm Ha SAL;
dyukumio u;(y) pasencreom u;(y) = u(¥;(y)), ¥; = @;1. Benen-
creue Teopembl 10.1 mosyuaem, uro u;(y) € Wpl(@) Kak u mpu
JloKazaTeIbeTBe TeopeMbl 11.1, mpomosmkum hyHKINIO U; ¢ COXpaHe-
HEEM KJIacca Ha IoaynpocTpancTso R} Tak, 9To0bI 0Ha oOpaIaiach

B HyJIb BHE HEKOTOPOTO MPSIMOYTOJHHUKA, cojepxKariero (2;. laree,

KaK ¥ B IIPEJIBLIYIIEM IIYHKTE JIOKA3aTeIbCTBA, OIPEJIEIUM Ha STOM

IPSMOYTOJILHUKE (DYHKIHMIO W; TaKylo, 9To |[W; — Usl| @y S &

1

W;(y) = 0 upu y,, < d(g), TIe € — 3a7aHHOE MOJIOKUTEIHHOE THUCIIO,
N

d(e) > 0. Iycre, manee, Qo CQ, QC U Qi po, po1, « - -, by — COOT-
i=0

BETCTBYIOIIEE ITOMY HOKPBITHIO 06acTu §) pas/ioXKeHue €IMHUIBI.

TTomoxxum

N

u(z) = po(x)u(z) + Zui(x)wi(x), x €9,

rie w;(x) = w0 (i (x)), © € Qy i = 1,2, ..., N. Herpyauo Bujers,
uTo U € V[/pl(Q)7 obpalaercss B HyJIb B HEKOTOPOIi IIOIPAHUIHOM 110-
nocke obactu Q, 1 ||u — Ullwi () < ce, re nocTosHHAsL ¢ 3aBUCHT
JIUIIIb OT U 1 BbI6pa.HHOFO HaMU Pa3JIOZKCHUA €JIMHUIIBI. HOCTpOI/IB
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o yHKImE U ee yepeanenne mo Cobosesy, momy<nn GyHKIMO U,

NPUHAJJIEXKAINYIO TP JTOCTATOTHO MAJIOM TIAPAMETPE yCDPeTHEHHsI
o
h = h(e) npocrpancrsy W }(Q), upugenm |ju — ﬂh(s)HWI(ﬁ_) — 0
1 (2
mpu e — 0. O

13. Teopewmbl BitokeHust. DyYHKIINU, IPUHAJJIEIKAIIINAE TIPO-
crpanctey W, (§2), mpu jocTaTouno 601bHIX s U p 061a/1a10T OIpe-
JIEJICHHOI TVIaIKOCThIO. To4dHee rOBODs, IPU OIPEJIEJICHHBIX yCJIOBH-
SIX Ha S, P U M MOXKHO YKa3aTh JIMHEIHOE HOPMUPOBAHHOE ITPOCTPAH-
CTBO JIOCTATOYHO Traaknx dynxmmit X takoe, uro W;(Q2) C X, n

st moboit by u € W3 (€2)
lullx < cllullws o), (13.1)

T7e TIOCTOSTHHAS ¢ MOYKET 3aBUCETDH JIUIIL OT S, p, N U objactu §).
B stom ciyuae roBopsT, 4TO HPOCTPAHCTBO W;(Q) HEIPEePbIBHO
BKJIAJIbIBaETCA B TpocTpancTtBo X . Ilpm Gostee KECTKUX YCIOBUAX
Ha S, p, N Boxkenue Wi (©) B X, 00bIMHO, OKA3BIBAETCS KOMIIAKTHBIM
(BIIOJIHE HENPEPLIBHBIM), T. €. BCAKOE OIPAHMYEHHOE B HPOCTPAH-
cree W5 (€2) MHOXKECTBO OKAa3BIBAETCA KOMITAKTHBIM B TIPOCTDAH-
crBe X . Pe3yabTaThl TAKOTO cOpTa MPUHITO HA3LIBATH MEOPEMAMU
BAOIHCEHUSA.

Teopema 13.1. Ilycmv 2 — oepanuvennas obiacmov, us R™,

n > 2, pé€[ln), ¢ = np/(n—p). Toeda das moboi dynruyuu
u € C§°(Q)

lullz,. @) <clVullz,@), (13.2)

20e ¢ — nocmoArras, He 3a8UCAUAA 01 ul).

JOKABATE/JILCTBO. YCTAHOBUM CHAdaja CIPABEITUBOCTDL He-
pasercTBa (13.2) npu p = 1. [Ipomoikast GyHKIUIO U HyJIeM Ha BCe
npoctpancTBo R™ u coxpamnsst Jjisi TPOJIOJIZKEHHON (DYHKITHH TO 2Ke
0003HaYEeHNE, MOXKEM HAIMCATh, ITO s Joboro x € R™

T4

u(x) _ / 8u('rla '''71:75—1757:’'Z‘i-‘rl"'7'7;’rb)d£i7

9&i
—o0
cJeJ0BaTeJIbHO,
0o
|u(x)| < / |VU(I1, .o .,l‘i_l,fi,l‘H_l . o ,xn)\d@
—00

D 3amernm, aTo 1/q¢* =1/p — 1/n, cnenoBarensno, ¢* > p.
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" IIOTOMY

1

n ® n—1
-1 g H(/ |Vu(zy, ~~,Ii1,§¢7Ii+1~~»$n)|d§i> .
i=1 N

IIpounrerpupyem mnocsesHee HEPABEHCTBO IO repeMennoit x1. [Tomy-
quM

/ ()| "Dy <

[ee] [ee]

n 1/(n—1)
/ H(/ ‘Vu(xh s 7xi71a§i7xi+1 s ,.’L'n)|d§z> dxl =

i=1
> 1/(n—1)
= (/ |Vu(w)|dx1> X

1/(n—1)

X/H( |Vu(x1, e ,$i71,5i7$i+1, e ,!L‘n)d§> d.’IJl. (133)
02 X

OneHnM Tenepp HOC/AEAHMIT MHOXKHTEIb B IIPABOH YaCTH HEPABEH-
crBa (13.3) ¢ nomompio Hepasencrsa (2.3), c. 23, upu

prL=pP2= ... =pp_1 =n—1.

B pesysbrare mosmyunm:

® 3 1/(n—1)
/ lu(z)|™ " Vdz; < </ |Vu(ac)|dx1> X

1/(n—1)
(H //\Vu L1y on. 7I7;,1,£7;,IEZ‘+17 e ,xn)|dx1d51> . (134)

—OO—OC

Hepasencrso (13.4) upounrerpupyem 1O Zo U BBIIOJIHUM 3J€MEH-
TapHbIEe IPE0OPAZOBAHUSI:
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/ /|u($)|"/("71)dx1dx2< /(/ |Vu(:1c)|dx1> X

—0o0 —00 — 00

n %0 1/(n—1)
x(H/ /|Vu(z)|dw1dzi) dxo=
i=2

T =00 —o0

([ [ wutopaman)” ([ rowonan )

—00 —0o0 — 00 — 00

n 7 1/(n-1)
x <H/ /|VU($)|d1’1dﬂ%> dro.  (13.5)
1=3

T Y—o00 —o0

BroBb ucnons3yst 060061menHoe HepaBeHCTBO ['eibjiepa it OleHKU
WHTErpaJja 1o To OT MPOU3BEJEHUs N — 1 COMHOXKUTEIEH B TpaBoit
vqacTH HepaseHCTBa (13.5), MOXKeM HamucaTh

/ /|u(x)|"/("71)dac1d:r2< (/ /|Vu(x)|dx1dx2) X

n 0 %0 1/(n—1)
X (H/ / /|Vu(x)dz1dx2dx¢> .
i=3

—0o0 —00 — 00

IIpomoirkast anaIOrUYIHbIE OIICHKH, T. €. UHTETPUPYSI ITOCICI0BATE b=
HO 1O X3, ..., Tn, HOJYINM

n/(n—1)
/\u(x)|”/<n—1>dx < </|Vu(x)|dx> : (13.6)
Rn ]Rn

Dro mepasencrso cosnagaer ¢ (13.2) upu p = 1. dysa toro, gro-
Ol mostyunrh HepasercTBo (13.2) mpu p € (1,n), 3anumem Hepa-
Bercrso (13.6) mas dynkiun v = |ul|”, rae 7 — HEKOTOPOE YHUCIIO,
GoJIbINee eMHNIBI. B pesyrbraTe 3/IeMEeHTaAPHBIX TPeoOpa3oBaHuil 1
NPUMEHCHUS HepaBeHncTsa Lesbaepa 6y1eM nMeTh
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(n—1)/n
([1trmevas) " < 19l -
R R™

n

=y / () V() dz <
]Rn

<7< / |u(x)|(71)p/(”1)d$> v < / |Vu(x)|pdx>l/p. (13.7)

Rn Rn

Boibepem Ternepn vy Tak, urobsl (v — 1)p/(p — 1) = yn/(n — 1). Ilo-
ayanM, aro ¥ = p(n—1)/(n—p) > 1, yn/(n—1) = np/(n—p) = ¢*.
Bamerum Takxke, uro (n —1)/n— (p—1)/p = 1/¢*, ciegoBareinsHo,
HepaBeHCTBO (13.7) M03BOJISET 3aKIIIOUUTh, Y9TO

( / Iu(:r:)q*dac>1/q* < c( / |vu(x)|de>1/p. O

R R

Teopema 13.2. Ilycmo Q C R™ — oepanuvennas obaacmo,
Pynruua u npunadseocum Wo(Q), p € [1,n). Tozda u € Lg-(Q), u
lullz,. o <clVullz,@), (13.8)

2de ¢ — nocmoAHHaA, He 3a8UCAWAA 01 U.

JOKABATENBLCTBO. Ilycrs w,, € C§°(2) — nociemoBareinb-
HOCTH (DYHKII Takasi, 4To

U — u B W, (). (13.9)

Torma
IV (ur —um)llz, @ — 0 upu k,m — oo,

OTKY/Ia Ha OCHOBaHUMN TeopeMbl 13.1 mosrydaem, 4To

ur — umllL,. @y —0 mpnk,m — oco.
Takum 06pasoM, OCJIEOBATEIBHOCTD { Uy, } CXOAUTCS B IIPOCTPAH-
crBe Ly~ () u, koreuno, B L,y(§2). B cuity eguncTBeHHOCTH IIpeiesia

CXOJISAIIEHCS TTOCAE0BATEILHOCTH IOy daeM, 9T0 4 € Ly« () u

[w = umllL,. @) = 0, m — o0. (13.10)
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Buosb ncnons3ys Teopemy 13.1, MokeM HauCaTh, YTO

||Um| L;(Q) < CHVUTTLHLP(Q)? m = 1727 L)

orkyaa ¢ yderom (13.9), (13.10) momyuaem (13.8). O
HemocpeacTBeHHbIM CIeCTBAEM TOJBKO UTO JTOKA3AHHONW Teo-
peMbl 1 TeopeMbl 0 pomosKerun 11.1, ¢. 48, aBisgercs

Teopema 13.3. Ilycmo Q C R™ — oepanunennan obaacmo
xaacca C, dymkyua u npunadiescum npocmpancmey WI}(Q),
€ [1,n). Toeda we Ly (), u

ullr,. @) < cllullwy (@), (13.11)

2de c — nocmoAHHaA, He 3a8UCAWAA 01 U.

SAMEYAHUE 13.1. fcno, ato ¢* — +00 mpu p — N, MOITOMY,
Kak HeTpy;Ho yoeauthes, eciu u € WH(Q), To

ullz, @) < cllullw (o) (13.12)

Jyuist jioboro ¢ € [1,00). 3aech ) — orpaHudeHHas 00JIACTH KJIac-
ca C1, ¢ — nocrogunas, ne zapucsmas or u. [lojuepkuem, ojHaKo,
aro by, npunajexamasa WE((), ne obazaTenbro mpuHaTe-
KUT Loo(Q). Tax, bynxmnus u(z) =Inln(1 + 1/|z|) € W(Q), 1o ne
SIBJISIETCST OTPAHUYIEHHOM, ecyin ) COEPKUT HATAIO KOOPAUHAT (CM.
npumep 6.3, ¢. 37).

o]
Ormerum TakxKe, 910 i yHKIWA u €W 71, (Q) mepasen-
ctBO (13.12) BBITOMHSIETCST TIpH JTI060M ¢ € [1,00) U B citydae npous-
BOJIBHOU OorpanudeHHoi obyactu ) uz R™.

Teopema 13.4. ITycmv 2 C R™ — oepanuyerman obaacmy,
pe (’I”L,OO], Y= 1 —Tl/p7 (S CE))O(Q)
Toz0a
[ullcon (o) < cllullwi(a), (13.13)
20e NOCMOAHHAA C HE 3A6UCUM OM, U.

JOKABATEJIBLCTBO. Ilpomomkum QyHKINIO © HyJIeM Ha BCe
npocTpancTBo R”, coxpamHsis 3a TPOJOJIKEHHON (QYHKIMEH TO 2Ke
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obosnauenne. [lycrs 2 € R™, B(xz, R), kaK u panee, — map pajuy-
ca R ¢ ieaTpoM B TouKe . [loKaxkeM, ITO CyIEecTBYeT TOCTOSTHHAS C,
3aBUCATIIAST TOJIBKO OT N, TaKasl, ITO

|u(§) —u(z)|dé < ¢ / md& (13.14)

B(x,R) B(z,R)

roe g w C R™

Futerts = —— [uieyic.

w w

st mobbix x, £ € R™ u s € R cupaBe /BBl O9€BU/IHBIE PABEHCTBA

S S

u(x + s&) —u(x) = /%dt = /Vu(x +t€) - £dt,
0 0

CJIE/IOBATEIIBHO,
|u(z + s&) — u(z)| < €] / [Vu(z +t&)|dt Vs > 0.
0

UuTerpupyst 910 HepaBeHCTBO 10 moBepxHocTH mapa B(0,1), momry-
qUM

S

/ |u(x + s&) — u(x)|dé < / / |Vu(x + t&)|ddt.

8B(0,1) 0 9B(0,1)

Tlomaras y = x+t£, BLITOTHIM JIEMEHTAPHBIE TPEOOPA30BAHUS TIPa-
BOI 9aCTH MOCJIEJHETO HEPABEHCTBA

S

//IVu(x+t§)ld£dt=/s / |Vu(x+t§)|§:—jd§dt:

0 9B(0,1) 0 9B(0,1)
r ! \
:/ / Vu(z + t€)| ————dédt = / Ve,
|z =yl |z =yl

0 8B(0,1) B(z,s)
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Orcrosia BeITekaer, aro npu 0 < s < R

\Y
o+ 56 ~atoas < [ T,
dB(0,1) B(z,R)

1

VYMHOXKUM 3TO HEPABEHCTBO Ha s~ W IpomHTerpupyeMm 1o s ot 0

1o R. Homxyuanm
R [Vu(y)
— dy < — ——dy,
/ lu(x) — u(y)|dy " / lz — y[r—1 Y
B(z,R) B(z,R)

OTKy/ia cyejyer HepaBeHcTBo (13.14).
Jlasee, BCeCTBAE OYEBUTHOTO TOKIECTBA

ulz) = ][ (ulz) — u(y))dy + ][ u(y)dy
B(z,1) B(z,1)

u uepasercTBa (13.14) MozkeM HaMCATH, YTO

()] < ][ () — u()ldy + ][ fu(w)ldy <

B(z,1) B(z,1)
[Vu(y)|
Se / Wdy +callullz, (1)) <
B(x,1)
1/p (p—1)/p
<c [VulPd dy T
b v o — [P D/
B(z,1) B(x,1)
+ cillullL, (B(z.1))- (13.15)

3amMeTnM Tenepb, YTO HeCOOCTBEHHBI MHTErpaJ

dy
|CIJ —_ y‘l’(n_l)/(ﬁ_l)

B(z,1)

cxomuTest, TocKoIbKy p(n—1)/(p—1) < nupu p > n, ciea0BaTeIbHO,
ycunsast HepaBeHCTBO (13.15), MoXKeM Hamucarh, 9TO

lu(@)] < cllullwy )



64 I'maBa 1. BcriomoraresibHbBIE pe3YIBTATHI

Orciofa, ITOCKOJIBKY & — IIPOU3BOJIbHAS TOYKA n3 ), BHITEKAET, UYTO
max [u(@)] < elfulwy(o. (13.16)

Ilycts Teneps x € R™, y € R™, x # y. [onoxum |z — y| = R,
W = B(z, R) N B(y, R) u 3anuiiemM o4eBHHOE HEPABEHCTBO

() - u(y)| < 7[ () — u(€)|dé + f fu(y) — u(©)|de.
w w

IMose3ysicb TeM, 4To BesmuuHa oTHomeHns: mes(W)/ mes B(z, R)
3aBUCUT TOJBKO OT 71, MOKEM HAIIMCATH, 9TO

][ () — u(€)|dé < e ][ () — u(€)]d,
w B(z,R)

HO3TOMY, UCIOJIb3ye HepaseHcTBo (13.14) u mepasenctso enbiepa,
IIOJTy YUM

Vu(€
Flutw) —uende <c f e —uiente < [ Tle <
w B(z,R) B(z,R)
1/p (p—1)/p
d§
p
<c| [ ivupa / D <
B(z,R) B(z,R)
<
SRRVl ). (13.17)

AHnajiornvHo,
Fluts) — u(©)lde < cR/PVul 1, o,
w

CJIeJIOBATEJIBHO,

lu(@) — u(y)] < eR™P|Vul L, @) = clz — y|' P VullL, @),
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IIO3TOMY
u(z) — u(y)|

TH#Yy |$ - y‘l—n/p

W3 nmepasencrs (13.16), (13.18) serrexkaer (13.13). O

< CHVUHLP(Q)' (1318)

Teopema 13.5. IIycmo Q C R™ — oepanuuennan obaacmo
xaacca 1, p € (n, ool, y=1-n/p,u€ Wz} (Q). Tozda cywecmeyem
bynryua u* € COV(Q), pasnas u nowmu 6cr00y na Q, npuvem

[u*llcon (@) < CHUHW}}(Q)7 (13.19)

20€ NOCMOAHHAA C He 3a6UCUM OM, U.

JIOKABATENLCTBO. Ilyers ' — obsacts, comepxxarmast €,

]
dyHuKIU U EW},(Q’) — npogoskenne GpyHKImN u Ha €)', 11 KOTO-
POTO BBINOJTHEHA ONEHKA

||a||Wg(£2’) < CHU”WZ}(Q), (13.20)

rJie IIOCTOSHHAS C He 3aBHUCUT OT (YHKIHUU U; {um} — TOCJIeZI0Ba-
resbHOCTh byHKImit u3 C§°(), cxongmascs K @ 00 HOPME IpPO-
CTPaHCTBA Wl(Q’ ). Beaeaersue reopemsl 13.4 sra mocsieoBaresib-

HOCTL byHIaMenTambHa B mpocTparcTse C'%Y (), mostomy cyme-
crByer raxas dyukimus u* € COY(Q), uro [[u* — Upllcon @y — 0
npu m — oo. IonsarHo, urto u* = U nouru Beiomy Ha (), Tpu-
4eM, IOCKOJLKY 110 Teopeme 13.4 [ty [[coq () < c”ﬂ»,n”WI}(QI)’ TO
[u*llcomary < cllullwr(a), orkyna, nupumenss nepasencrso (13.20),
nostydaem (13.19). O

Teopema 13.6. Ilycmo Q0 C R™ — oepanuuennas obaacmo
waacca C, uw € WE(Q). Toeda:

1) ecau kp <mn, mou € Ly(Q), 2de ¢ =np/(n —kp) u

lullz,@) < cllullwr@); (13.21)

2) ecau kp > n, mo u € CF~M/PI=L1(Q) 20e [n/p] — ueaasn
wacmv n/p, v = [n/p] + 1 —n/p, ecau n/p — wne yeaoe wucao, vy —
HEKOMOPOE NOAOAHCUMEALHOE YUCAO, MEHDULE COUHUYL, ECAU TP —

UEAOE YUCAO, U

[ullor=tn/p1-1.4(0) < cllullwrq)- (13.22)
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Hocmoannwe 6 nepasencmeax (13.21), (13.22) we sasucam om u.

JLOKA3ATEJILCTBO. 1. Ilycts kp < n. Ilo ycmoBuio Teope-
Mbl D%y npunageskut L, (Q) qs Beex |af = k, u mo Teopeme 13.3

ID%ull Lz o) < cllullwg oy, ecan |8] =k — 1,

CJIeOBATENIbHO, U € W:fl(Q). Amnajyoruuno, u € Wf&z(ﬂ), rie
1/¢** =1/¢" —1/n = 1/p — 2/n. llpogomxast 5TOT NpOIECC, TIOJIY-
qnM, ato u € Lg(Q), rne 1/q = 1/p — k/n, upudem onenka (13.21),
OUYEBUIHO, Oy/IeT BBIIOJIHEHA.

2. Ilycrb Teneps kp > n u n/p — Henenoe uucio. Torma, pac-
CyKJiast KaK B IIPEJBLIYINEM MIyHKTE JOKA3aTeIbCTBA, IOy IUM, YTO

ue W), (13.23)

rae 1/r = 1/p —1/n, ecim Ip < n. MOXKHO CYIUTATH IPU ITOM, YTO
Ip<n < (I+1)p, v e.l = [n/p]. deno, aro rorga r = np/(n—pl) > n,
cJIe10BaTeIbHO, 110 TeopeMme 13.5 moaydaen, uro D%u € CO1="/7(Q)
st |of < k—1 — 1. Bamernm, uro

l—n/r=1-n/p+1=[n/p|+1-n/p,

nosromy u € CH=[/PI=LIn/pl+1=n/p(Q) TIpi srom omenxa (13.22),
OYEBH/THO, BBIOJHEHA.
3. Ilycre, nakorern, kp > n, u n/p — nemoe aucno. [omoxum

l=[n/p]=1=n/p—1
Torya, kKak 1 panblie, u € I/Vf’l7 T7Ie
r=np/(n—pl) =n.

Orcrona cieayer (cum. 3amedanue (13.1)), uro D% € Ly(Q) mus
moboro g € [1,00) u Jyig BceX o TAKUX, YTO

o] <k —-1—-1=k—n/p.

Ha ocroBanun teopemsr 13.5 momyaaem, aro D*u 600’1’"/‘1(9) JLTS
so6oro g € (n,00) u s Beex |af <k —n/p — 1. Takum o6pasom,
u € CF=[P/PI=19(Q) s moboro vy € (0,1). Onenxa (13.22) Takxe
BBITIONTHEHA. [
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VIPAXKHEHUE 13.1. Ilyers u € Wi(0,1), 0 < I < oco. Jloka-
3aTh, YTO cyliecTByer QyHKIMs u*, HenpepbiBHas Ha orpeske [0, (] n
pasrast v nouru seogy Ha (0,1), npudem Jnax [u*(z)| < cllullwio, )

T

1€ IIOCTOAHHaA C 3aBUCUT TOJIBKO OT l.

Teopema 13.7. Ilycmo Q C R™ — oepanuuennan obaacmo
xaacca C*, p € [1,n). Tozda npu mobom q € [1,q*) npocmpan-
cmeo W (Q) komnaxmmo exaadmeaemca 6 npocmpancmeo Lq(Q).

HOKABATEJIBLCTBO. Ilycts M — MHOXKECTBO, OTpaHUYCHHOE B
npocrpanctee WL(Q), 1. e. cymecryer nocrosunas ¢ > 0 Takas,
9TO JIJIs JIIOOOM CﬁyHKL{I/II/I uwe M

ullwo) <e (13.24)

ITokazkem, uro MHOKecTBO M KOMIAKTHO B HpocrpaHcTBe Ly ().
g 9T0or0, KaK M3BECTHO, JOCTATOYHO YCTAHOBUTDL, UTO JJIs JIOOO-
ro 0 > 0 B 9TOM MHOXKECTBE CYIIECTBYeT KOMIIAKTHasg J-ceThb. Ilycrs
Q' C R™ — nekoropas 0bsacTh, cogepxkamas §2. Ha ocnopanuu Teo-
pembl 11.1 0 mpooJIZKEeHNN MOYKHO CUUTATh, UTO KaxKas QyHKIs

(o]
u € M TUpuHAJIEKUT IPOCTPAHCTBY W;J(Q’ ), IPUYEM CYIIECTBYET
Takasi mocrosinias ¢y > 0, 9To

ullwiny < Vue M. (13.25)
Bribepem rexoTopoe € > 0 u 0bpaszyeM MHOKECTBO (DYHKITHIT
M. ={u®, ue M},

rae 4epes u°, Kak 0ObI9HO, 0603Ha4YeHO ycpeanenue 1mo CoboseBy

o] o]
byuxmm weW (). Ouesnuno, MoxkHO canrarh, uto u® €W ) (€)
(upu meoGxoaumoctn pacmmpasn ). IlokazkeM, 9TO CyINECTBYIOT
HOCTOSIHHBIE 3, 0 > 0 Takne, 9ro

[uf — ullr, @) < 26’ Yue M. (13.26)

D10 6yger 03HAUATH, ITO MHOXKecTBO M. o6pasyer cpe-cern ms
muoxkecrBa M. ITycrs cravana u € C° (). Torma

W (@) — u(z) = / 0(€)(u( — €) — u(x))dé =

B(0,1)
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1

1
_ 4 . tel).
7/ n(¢& 0/ u(z—tel)dtd / n(f)/Vu(x tef)-Edtdg

dt
B(0,1) B(0,1) 0

(3716Ch 1) — YCPEJHSIIONIEe sIIPO, CM. C. 25), CJIeJIOBATEIBHO,

/\ug(x)—u(xﬂdmée / 77(5)/1/|Vu(x—t5§)|dxdtd§<
% 0

B(O,l)
<ee / IVu(€))de,
Q/

= 0 o) < 2 Vull gy < =l Vullo,@),  (13:27)

i

OpuYveM IIOCTOdHHad C HEe 3aBUCHUT OT U | £. HOHHTHO, 9TO HEepaBeH-

o]
crBa (13.27) coxpansorcst u jist 000 DyHKIUM U EW;(Q’ ). D10
JIOKA3BIBACTCs, KAK OOBITHO, AITPOKCHUMAIneit (DyHKITUN U TOCIeI0-
BaTenbHOCTEIO DyHKImI 13 C§°(Q) n mocseyonmM mpeIegbHbIM
nepexonoM. Takum obpazom,

|u — L, ) < ccie Vue M. (13.28)

Hauee, ockosibky 1 < ¢ < ¢*, MOXKHO BOCIIOJIE30BATHCsI MHTEPIIOJIsI-
IIMOHHBIM HEPABEHCTBOM (2. 5) c. 24,

—0
o — ey < llu® =l ol = ull}-? .

rae 0 € (0,1) ompenensiercss u3 yenosust 1/q = 0 + (1 — 0)/q*.
ITo teopeme 3.2, c. 27, (cMm. mepasenctBo (3.6), c. 29) mmeem
vz, < llullz,. (). Buecre ¢ (13.28), (13.24) sTo osnaaer
cupaseimBocTh (13.26). st 3aBepiienus: 10Ka3aTeIbCTBa TEOPE-
MBI JIOCTATOYHO YOEUThCSI B TOM, UYTO IIpH JIEOOOM & > 0 MHOXKe-
crBo M, xommnakruo B L,(€). Henmocpencrsenno us onpenesenust
YCDEJIHSIIOIIETO sI/IPa 7). BBITEKAeT, 94T Jyist joboro © € Q' u s
Ji060it byukmuu u € M

ju®(2)] < / me(z = E)ul(€)ldE < max e (@)l @) <ee™,
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Vs, (2)| < / V(& — &) lu(€)|de <
B(xz,e)
< max [V (@) [[ull ) < ™7

DTH OLEHKU 03HAYAIOT, ITO IpH JioOoM & > 0 MHOKecTBO M, pasHo-
MEpHO OrPaHUYEHO U PABHOCTEIICHHO HENIPEPBLIBHO M, CJIEI0BATEIILHO,
1o reopeme Apresa KomnakTHo B ipoctpancrse C(Q') u, Tem Gostee,
B npocrpanctse L, ('), a 3maunt, u B npocrpancrse L, ().

SAMEYAHUE 13.2. Tlockombky ¢* > p u ¢* — oo ipu p — n,
10 npocrpancTso W) (1) KOMIAKTHO BK/IAJBIBAETCA B IPOCTDAH-

crBo L, () mpu mobom p € [1,n].
13 Teopembr 13.5 u Teopembr Apriesia BeITEKaET

Teopema 13.8. Ilycmov Q C R™ — oepanuuennas obaacmo
waacca C', p € (n,00]. Tozda npocmpancmeo W) (Q) xomnaxmmo

skaadwsaemes 6 npocmpancmeo C(€2).
Omnupasich Ha TeopeMbl 13.7, 13.8, HETPYIHO IOy YUTH

Caencreue 13.1. Ilyemov Q C R® — oepanuvennas obaacmo
kaacca C*, p € [1,00]. Toeda npocmpancmeo W () xomnaxmio

sraadusaemea 6 npocmpancmeo Ly(£2).

DTO yTBEPXKACHUE TIPU P = 2 0OBITHO HABBIBAIOT meopemoti Pens-
AULA.

Teopema 13.9. Ilycmo Q C R™ — oepanuuennan obaacmo
waacca O, p € (1,00). Tozda, ecau mmosicecmeo dynryuti ozpa-
HUYEHO 8 NPOCMParcmee Wpl(Q), mo MHooicecmeo ux caedos na I

romnarmuo 6 npocmparncmee Ly(I'). Hnowmu caosamu, npocmpa-
cmeo W (Q) komnaxmno ekaadmseaemca 6 npocmpancmeo Ly(T).

JTOKABATENILCTBO. ycre M = {u € W}(Q) : lullwy @) < c}

€cTh OrpaHmYeHHOe MHOKeCTBO npocrpancrsa W (Q), {um} € M —
MOCJIETOBATENHHOCT, (DyHIAMEHTAIBHAS B CMBICJIE CXOJUMOCTH B
upocrpanctse Ly, (), cymecTBoBanue KOTOPOii TapaHTHPYETCs CIe]I-
crBuem 13.1. Mcnomnbsys mepsoe nepasencrso (12.1) (em. reope-
My 12.2; ¢. 53), nouyaum

||um*uk||11),p(r) (1+6 q)HUm UkHL » () 5p||v(um7uk)“ip(n) <

<1 (1467 |um — uk”ip(ﬂ) +26%c.  (13.29)
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IIycTh € — NPOM3BOJILHOE TI0JIOYKUTEILHOE YUCIIO0, & M U k HACTOILKO
BeJIKH, 9TO |Uy, — u|L, ) < &. Torma aas moboro § > 0 maeem

[t — uk||1£p(r) Lep(14079eP + 26P¢.

2
Homarast § = P/ W+ nomyams [|un —ukl], oy < c16” +ee? /P,
P
T. €. |[um — uk| @) — 0 mpu m, k — co. [

[Tpuseaem 6e3 1oKa3aTENHCTBA HOJIEE ODIIYIO TEOPEMY O CJIeIaX
dymxmmit w3 mpocrpancrea W ().

Teopema 13.10. IIycmo T'y,v — ceuenue obaacmu 2 eunep-
nAOCKOCMBI0 pasmeprocmu m < n, m >n—sp = 0, p > 1. Tozda:

1) ecau n > sp, mo npocmparcmeo W3 (§2) nenpepviho 6xaadvi-
saemesa 6 npocmparncmeo Ly(Ty,) npu ¢ = mp/(n — sp); npo-
cmparcmeo W3 () xomnaxmno exaiadvicaemcs 6 npocmpar-
em6o Lg«(Ty,) V" < q;

2) ecau n = sp, mo npocmpancmeo Wy (§2) xomnaxmmo ex.nadvi-
saemea 6 Lg(I'y,) Vg < oo.

DTa Teopema CIpaBejjiiBa U B TOM ciyd4ae, Korga [, — Ky-
COK JIOCTATOYHO IVIQJIKOM IOBEPXHOCTU pa3MepHocTu m. JoctaTodno
npenoaokuTh, aro I'y, € C°. Hanpumep, '), MoxkeT ObITH 4acTbiO
rpaHuiel obsactu €.

Teopema 13.11. Fcau I', epanuya obracmu 2, — aunwuye-
80 KYCOUYHO HENPEPLIBHO QUPPEPEHUUPYEMASL NOBEPTHOCTL, O 0N
moboti pynwyuu uw € W;(Q), p > 1, na I' onpedeaenvi caedvi 6cex
npouseodnur D*u npu |of < s.

JTOKABATENILCTBO. flcuo, uro ecin o] < s, 1o D*u € W, (),
anpu m = n—1, s = 1 ycmoBue m > n — sp teopembl 13.10
BBITIOJTHEHO TIpH JIoboM p > 1. [

BoabnmHaCcTBO TEOpEM HACTOSIIETO ITyHKTA, JIOKA3AHO B IIPEIIIIO-
JIO¥KEeHHH, IT0 061acThb §) ecTh obmacTh Kiaacca C''. DTo mpemmomno-
JKeHre OBLIO CIIeIaH0 HAMM UCKJIIOYUTENHHO C TIEIBI0 YIIPOIIEHUS
JokazaTesibeTB. Ha caMom Jiesie Bce yTBEPXKJICHUSI COXPAHSIIOTCS U
JuIst GoJiee MMPOKUX KJIACCOB 00JIacTeil, HalpuMep, MOKHO CIUTATD,
9T0 00JIACTH SABJISIOTCs JimnmieBbivu. [locientee mpesmonokenue
y2Ke He MOXKeT ObITh CYNIECTBEHHO OCJIabJIeHO.
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Puc. 1. Obnacts u3 KoHTpIpuMepa

B xagecTBe HOATBEPXK/IEHIST CKA3AHHOIO [IPUBEJEM IIPUMED, TI0-
Ka3bIBAIOMINIT, YTO yTBEPXKJIEHNE TeOPeEMBI 13.5 He BBINOJIHAETCS, €C-
m ob6acth §) He mpuHayiesknT Kiaaccy COL. Tyers ) — naBymepnas
obsiactb, orpanndenHast kKpusoit y = |z|Y (v < 1) u npsamoit y = 1
(puc. 1). B Hauase KkoopguHaT rpaHuia 06/1aCcTH UMeeT HyJIeBOii yroJl
1 OTOMY, KaK HEeTPY/IHO MPOBEPUTD, He MpuHaIeskuT Kiaccy COL.
Paccemorpum dynkmmio u(z,y) = y?. Ira dyukius neorpammen-
HO BO3pacTaeT, Korjga y — 0 upu yobom S < 0, T. €. He sBJIIETCS
HENPEPBIBHON. 3aMeTUM, 9TO

ou du
=0, — =pyft
9r =%y By,
IpuieM
1 yl/w
/|37u 2+sdQ:62+5/ / y B+ Gy —
y
Q 0 —yl/v

1
_ oprte /y(ﬂfl)(2+s)+l/vdy.
0
CymectBytor Takue € > 0, f < 0, uro (—1)(2+¢)+1/y > —1 upu

mobom v < 1. Dro osmauaer, uro u € W3, _(Q), u, crenosarensHo,
TeopeMa 13.5 miist paccMaTpuBaeMoil 06JIaCTH HEBEPHA.

14. Teopembl 06 3IKBHMBAJIEHTHLIX HOPMHUPOBKax. Ha
npocrpanctee W, (§2) qacto 6prBaeT ymo6HO BBOIUTH HOPMY HE DI
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nomomu coorrortenus (7.1) (mim (7.2)), a HEKOTOPBIME JIPYIUMH,

9KBHUBaJICHTHBIMU, CHOCO6aMI/Il). Hpem;xe BCEro 3aMETHM, YTO IIO-
CKOJIBKY BC€ HOPMbI Ha KOHCYHOMEPHOM IIPOCTPAHCTBE IKBUBAJICHT-

HBI, &
1/p
(X pup) ", 1,

lo|=m

ectb HOpMa BekTopa D™u(r), KOMIOHEHTAMN KOTOPOTO SIBJISIEOTCS
BCe Tpon3BOHbIe (DYHKINU U HOPSIIKA 1M, TO HOPMY Ha IPOCTPAH-
cre W (§2) MOXKHO OmpesiesiaTh SKBUBAJICHTHBLIM 0OPAa30M IPH TIO-
MOII PABEHCTBA

s = [ 3 ID u(e) P,
& k=0

e || - || — smobas mopma BekTopa D¥u(x), cocrosmero us Beex Tpo-
M3BOMHBIX (PYHKINN U TOPSIKa k B TOUKE .

lasee Gy1yT UCIOIB30BATHCS CIIE/LYIONTE OO03HATEHHS JIJTsl T10-
JyHOpM Ha mpocTpancTBax CoboseBa:

sp ) = (/ Z |Dau|pdx)1/p7 [u]s p.0 = (/zn:‘g:
Q =t '

Q lal=s

u p)l/P’

S
|t]s,00,0 = max esssup |[Du(z)|, [uls00,0= Inax  esssup ’u(x)’

lal=s zeQ i=1,..n e 896;

Ormerum, npexe Beero (eM., Hanpumep, [40, ¢. 393]), 4o B BbI-
PazKeHn! JJIsl HOPMBI TpocTpancTsa Wy (€2) MOKHO He UCII0JIb30BATH
CMeIaHHbIe TPOU3BOIHBIC (PYHKIIUH U, & UMEHHO, CIIPABEIJINBA,

/ _
Teopema 14.1. Hopma ||uHW;(Q) = |lullz, (@) + [U]spa oxsu-

sanenmma na npocmpancmee W () nopme, onpedeaennot pasen-
emeom (7.1) (uau (7.2)).

Becbma ofbrmmuit mpuemM TOCTPOEHMsST SKBUBAJIEHTHBIX HOPM Ha
MIPOCTPAHCTBE W;(Q) nmaer caenyomas reopema C.JI. Cobosena.

DCm. cuocky na c. 10.
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Teopema 14.2. Ilycmov fo, fi, ..., frx — aunetinoie nenpe-
puieHvie Pyrryuonaast 1a npocmpancmee Wy (Q), s > 1, p € [1, 00],
obaadarousue mem ce0TCmeEoM, 4Mo U3 PaGeHCMs

|u|7‘,p,Q:O: T:l,l-f—l, s Sy fo(u) :fl(u) = .- :fk(u):O

svimexaem, ymo u = 0. Toeda evipastcerue

lullws ) = lulpotlulpipat .. Flul, o+ folw)l+ ... +[fi(u)]

onpedessem Hopmy Ha NPOCMPAHCNGE W;(Q), IKBUBANEHTNHYNO UC-
L00HO.

!/
JIOKABATE/ILCTBO. Bripazkenue ||uHW;(Q), KaK HETPYIHO IIPO-
BepUTD, JefICTBATEIHHO OMpe/Ie/isIeT HopMy Ha ipocTpanctse Wy (€2).
’ s — G
Hepasenctso ||u||W§(Q) < afullws) Yu € Wi(Q), e1 = const,
CJIEJICTBUE HENIPEPLIBHOCTH DYHKINOHATOB fo, f1, ..., fr. Ocraercsa
JIOKa3aTh CIPABEIJIMBOCTE OOPATHOIO HEPABEHCTBA

HUHW;(Q) <62Hu||§/V;(Q) Vu e W;(Q), cz = const.

IIpemonozknym nporusHOe. Torga HAHIETCS TaKast MOCIIE0BATE b
HOCTD {Uy, }, 4TO

lumllws@) =1, m=1, (14.1)

", B TO XK€ BpeMs,
[E—— (142)

IIpocrpancro W KOMIAKTHO BKJIaJBIBAETCA B IpOCTpancTso W™
npu JiobbIx 1 < p < oo, s > 1 (em. coencrsue 13.1, ¢. 69). Tlosromy
U3 MOCJIEIOBATEIBHOCTU { Uy, } MOXKHO U3BJICUD IIOIOCIICIOBATE/ b
HOCTD {U,, }, DyHIAMEHTAJIBLHYIO B IIPOCTPAHCTBE W;_I(Q), T. €.
TaKylo, 9TO

ltm; — tm, HW;“(Q) — 0 upu m;, mj — oo. (14.3)

Kpowme toro, u3 (14.2) ciemyer, 910 |ty | p,0—0, HO3TOMY
Wn;—Um|s,p,0—0  TPH M4, Mj — 00.

Bumecre ¢ (14.3) 910 03HAUAET, UTO TOCIIEI0BATEIBHOCTD { Uy, } dDYyH-
S
nmaventanbaa B W7 (€2) m motomy mmeer mpesier, T. €. Upy, — U
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5 W7 (€2). Ha ocrnopanmm ycyiosus (14.2), HCTIOMB3YsT HEMPEPHIBHOCT
DYHKIMOHANOB f; U HOIYHOPM | - |; ., TOIyTIM

luljpo=0, j=0L1+1,..., s, fi(w)=0, j=0,1,... .k,
u, suaqut, u = 0. C apyroii croponst, u3 (14.1) BbiTekaer, 4To
i ffum s e) = llullwg @) = 1.

TToyuerroe mpoTuBOpetne J0Ka3bIBaeT Teopemy. [J

[IpuBesem mpuMepsl, MITIOCTPUPYIONINE ITPUMEHEHIE TeopeM 00
9KBUBAJIEHTHBIX HOPMUPOBKaX.

1. HepaBencrBo ®puapuxca. Mcnosssys nepasencrso (12.1)
astu € W)H(Q), 1 < p < oo, mosmydmm, aro [|ul|, ) < ¢ l[ullw: @)
MO3TOMY MOYKHO OIPEJEIUTh JMHEHHBII OrpaHUMYeHHBIH Ha IpO-
CTpaHCTBE WZ} () dysakumonas

folu) = /u dz.

T

Acuo, aro ecom Jutst u € Wpl(Q) BBITIOJTHEHBI PABEHCTBA
lulf 0= / [VulP dz =0, (14.4)

Q
Jo(u) =0, (14.5)

1o u(x) = const Beaegcrsue (14.4), a B cuity (14.5) umeem u(z) = 0.
TTosTomy na ocrHoBamum TeopeMmbl 14.2 HOpMa

1,p,0+ ‘/u dx‘
r

HUH%/;(Q) = lu
9KBUBaJICHTHAQ I/ICXO,II,HOI?'I HOpME

lullwyo = (Iul} 0+ lulf )

na npocrpancrse W) (Q). Orciona BriTekaet, 410

P
Jull oy < by oy < ([ 1VulPdo+ | [ uda]").
Q T
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B wacrrOoCTH, 171 U EV([)/;](Q) nMeeM
Hwﬁmn<c/vawx (14.6)
Q

Hepapencrso (14.6) masbiBaercs nepacencmeom Ppudpuxca. U3
HEro BBITEKAET, YTO IHOJIYHOPMA | - |1, €CTh HOpMa Ha IPOCTPaH-

o
CTBE V[/'Zl](Q)7 SKBHBAJIEHTHAL ||-||1,p. leficTBUTEIBHO, KAK CIIECTBHE
HepasencTBa (14.6) momyaaem:

HUH%/;}(Q) = /(|Vu|p +uP)dr <c /\Vu|p dx = clulf .
) o)

Omnenka [ul1p < [lullwy (o) ouesnnna.

3AMEYAHUE 14.1. Hepasencrso @puspuxca (14.6) nokazano
HaMM KaK CJIeJICTBUE TEeOpEeMbI 06 9KBHUBaJICHTHBIX HOPMUHPOBKaX M
uepasercTsa (12.1). IIpu 9T0M UCIIOIB30BAHO HPEIOJIOKEHHEE O TOM,
4yTO rpanuna obsactu § junmmnesa. Ha caMom jejie HepaBeHCTBO
Opuypuxca CpaBeIMBO I IPOU3BOJILHOI OrPaHUIEHHON 00JIa-
cru. Jlokazkem 310 nipu n=2. Ciy4ail IpoCTPaHCTBA TPOU3BOILHOM
Pa3MepHOCTH paccMaTpUBaETCs aHAJOTHIHO. IlycTs o6tacTs ) C R?
n orpanmuena. Moxno cunrath, urto ) C ) roe ' — ksagpar
co croponoit a: Q' = {x ERZ: 0<mq, 22 < a}. Hnsa dysxnun
u € C§° () oupenemnm HYHKIMIO U COOTHOMIEHAEM

oy Julz), xzeQ,
M@_{Q z ¢ Q.

Iycrs x € Q. Ucnonssyst popmyny Herorona — JleiiGuuna, MOKHO

HaIMCATh
z)

_ [ 0u(&, x2)
(1, x2) _0/6'51 déy,

OTKYy/Ia B CHJIy HepaBeHCTBa lesbiepa

_ L 0t (&1, x2)
P < Pl )
|a(z1, z2)|” < a O/‘ 96,

p

dé;.

DYame Bcero Mol Gy/eM UCIOIB30BATH 9TO HEPaBEHCTBO npu p = 2. I[TocTosH-
HyIO ¢ OysieM 0603HAYATH U€pe3 Cg), MOAIEPKUBAs TEM CaMBIM, ITO OHA 3ABUCHT
Jumb ot obiactu €.
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Unrerpupys mocieanee HepaBencTso 1o ), IOy M

ou P
/|ﬂ|pd$<a1’/‘8x’ dméap/wa\pdx,
1

o o o

i, Tak Kak u(x) = 0 Bue €,

/|u|pdx < ap/|Vu|pdx Yu e Cy° (). (14.7)
Q Q

o
IIpeanonozkuM Tenepn, 9To U EW;(Q). Ilo onpenesrennio mpocTpan-

o
crBa Wp(Q) cyliecTByeT HOCIeI0BATEIBHOCTD Uy, € C§° (L) Taxas,
910 ||t — U ||1,p, — 0 pE m — co. fcuo, 4ro HpU FTOM

/|um|pdx—>/\u|pdx, /|Vum|pdx—>/|Vu|pdx.
Q Q Q Q

BamuceiBas HepaseHCTBO (14.7) ny1s GyHKIAY Uy, W IEPEXOJIS K TIPe-
Jlety pu m. — 00, mosyunm, 9to (14.7) BbimoaHEHO JIs OGO

o
dyHKIMHA 1 EWII)(Q).
TlouepkHeM, uT0, KaK MOKas3biBaeT oneHka (14.7), mocrosiHuast
cq B HEpaBeHcTBe Opupuxca cTpeMuTCs K Hy1t0, e mes () — 0.

2. HepaBencrso Ilyankape. [lycrs dyuknuonan fo(u) omnpe-
JIeJIEH HA TIPOCTPAHCTBE WZ}(Q), p € [1,00], coorHOmEHTEM

folu) = /udx.

Q
Bcenencrsue mepasencrsa L'enbaepa
» 1/p
ol < ([ lurds) " < e uluy o
Q

T. e. fo(u) — JmHEHHBIA OrpaHUYeHHBIH DYHKIMOHAI. fIcHO, UTOo ecin

fo(w) =0, |uf1p0=0,
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To u(x) = 0, u no Teopeme 14.2 nHopma

1p.0+ ‘/u dx‘
Q

9KBHUBaJIEHTa HOPME IIPOCTPAHCTBA Wz} (©2). Orcrozia BBITEKAET, UTO

/|u|pdz< c {/|Vu\p dz + ‘/udm‘p}
Q

Q Q

HU||§A/;(Q) = |u

9TO HEPABEHCTBO HA3BIBAIOT Hepasencmeom [lyankape.

3. DKBUBaJIeHTHbIe HODMUPOBKM mpocTtpanctsa HZ ().
Eciu Q — orpanuyentas o6/1acTh ¢ JUIIIMAIEBOI MPaHUIEi, TO HOP-
MBI

/
Jull$h = /Z (Douar) ", Jullh = / > (5)) e
jal=2
1/
Jul§a = ([ @)

Q

onpeenennbie na HE(§)), sxpusasentanr Hopme H2 SQ)

Hanomunm, wto HE(Q) — nopnpocrpancreo H? (), mosrydaro-
meecs 3ambikannem muozxkectsa C5°(Q) no nopme H2(Q). [MousTHo
MO9TOMY, ITO COOTBETCTBYIOIINE HEPABEHCTBA SKBUBAJIEHTHOCTH 10~
cTarouHo ycraHoBuTh i dyukiuit uz C5°(§2). Cuenaem 310 cHa-
qaJia Jyist HOpMB || - ”515)2 Hepasencrso ||uHélg~z < |ull2,0 oueBuHO.
HUcnons3yst HepasercTBo Oprapnxca, Oy TIM

/uzdx < c/|Vu|2d:C,

Q Q

6U n 2 .
/(ax> C/ E <ax8x> dw, Z:1727...,77,,
Q ! j=1 /

CJIeIOBATENIBHO, 00PATHOE HEPABEHCTBO
Ka3aHo.

c||uH2 , TaK¥XKe J0-
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2 2 1
CpaBHUM HOPMBI ||uH2 ou Hu||;22 $eno, uro Hu||ggl < ||u||é732

st Toro, 4To0BI OLIEHUTH ||u||2 . CBEPXY, PACCMOTPUM BBIDazKeHUe

%u  O%u

5‘901-8:6]- 8%181'] du

pu ¢ # j u npeobpasyeM ero mpu MoMoIy (hpopMyJIbl HHTEIPUPOBa-
HUA 110 JacTaAM, IepebpachlBas IIPOU3BOJHYIO 110 I Ha BTOPOH MHO-
JKNATeNb, & 3aTeM IPOMU3BOJIHYIO N0 T; — Ha IepBbIA. B pedynbrare

OJLy UM
e P, (00
Ox;0x; Or;0x; ) Oa? Ox?

< (G ()
(1)

OKBUBATEHTHOCTL HOPM [[ully ¢, ||u||(2) Jokazana. Jlokazaresnberso

SKBUBAJICHTHOCTH HOPM ||u||§3), ||u||g322 OCTaBJIAEM YUTATEIO B Ka-

YeCcTBe yIPaKHEHUI.

15. PasnoctHble oTHOmeHud. Ilycrs 2 — obsiacts 1po-
crpanctsa R, Qy CC Q. Oyuknus v oupeaesena na 2. s mobbix
x € Qo, h €R, 0 < |h] < dist (0, 0Q), MOKHO BBIYUCIUTD

u(z + he;) — u(x)
h )

Dlu(z) = i=1,2,...,n,

e; — opT KoopjmHATHOH ocu x;. Oyuximio Diu(z) HaswBaroT pas-
desaernoti pasnocmuio (pasrocmuvim omuowenuem) OYHKIUA U TI0
HepeMeHHON ;.

Teopema 15.1. ITycmo u € Wpl)(Q) < p < 00. Tozda
||D u||L () & ||D UHL (Q) npu 0< |h| < dist (Qo,aQ) (151)
i=1,2....n

JIOKABATEJBLCTBO. IIpemmomoxxum cHavdama, 910 OYHKIHT U
HpHHAJIEXKUT poctpancTey C'°°(Q) N W(l)(Q)‘ Torma auisa ar060ro
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x€Qy,i=1,2,...,n, |h| € (0,dist (Qp, 9Q)) cupaseympBo paBeH-

CTBO
1

/ ou(x —|— thel

u(z + he;) —u(xz) =h dt,

0
cJIeJ0BaTeJIbHO,

dt.

1
Dru(a /‘aux—i-thez)

0
Orciozia, ucnosb3yst HepaBeHCTBO Lébiepa, mosrydaem

1
N
|Dfu(x)|p</‘W dt.

Takum obpazom,

[ [ J | e

0 Qo

dzdt < /|Du )|Pdz.

st nponsBoJIbHON (DyHKIUET U € Wp(l)(Q) nepasercrso (15.1) yera-
HaBJIMBAeTCs Ha OCHOBe TeopeMbl 8.2, ¢. 40, T. e. IPU TOMOIIN All-

upokenmaruu ee dyHkusmu uz C°°(Q) N W(l)(Q) O
CrpaBeyIMBO U B HEKOTOPOM CMBICJIE OOPATHOE YTBEPK/ICHNUE.

Teopema 15.2. ITycmov 1 < p < 0o, u € L,(Q), cywecmeyem
NOCTNOAHHAA C MAKAA, MO

||D£LUHLP(QO) < ¢ npu 0<|h| <dist(Qp,09), i =1,2, ...,n. (15.2)

Tozda u € Wé”(ﬂo), npusem

[Divll, ) <c¢ i=1,2,...,n. (15.3)

JLOKABATENLCTBO. Ilycts ¢ € C§°(£y). Torma upu sobom

i=1,2, ..., n " A0CTaTOYHO MaJbIX h > 0 clipaBeINBO OYEBHHOE
DPaBEHCTBO

/ (@)@ + her) — p(a))de = — / (uz) — ule — hes)ypla)de.

Qo Qo
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Iepernmmenm ero Gosee Kparkol:

/uDl}-%p do = — /@D;hudm. (15.4)
Q0 o
U3 onenkn (15.2) u ¢1ab0ii KOMIIAKTHOCTH OIPAHUYEHHOTO MHOKE-
crBa B mpocrpancTse L, () mpu 1 < p < 00 BBITEKAET CYIIECTBO-
Banne Gynxmun v; € Ly(£y) u nocrenosarensaoct hy, — 0 Takux,
9TO

D"y — ;B Ly(Q). (15.5)
Herpynuo nposeputh, 4To D;-”“cp(ac) — D;p(z) upu x € Qq, upuiem
D! < D;
max | Dy p(x)] < max | Dig(z)]

pPaBHOMEPHO IO BCeM JiocTarodHo MaybiM h. Ilostomy B pasen-
cre (15.4) moxkHO mepeiitn K npegeny npu hy — 0. B pesyabrare
TTOJTY THM

/uDigodx = f/gm)i dz Vo e C5(Qo).
Q[) QO
Taxum o6paszoM, v; € Ly(§dg) ecTb 06001meHHAS IPOU3BOAHAL DYHK-

wil. X
oy u, caegosBaTesabHo, v € Wy . Xopollo u3BecTHO, YTO €CJIH IIo-
CJIeIOBATEJIbHOCTD 3JIEMEHTOB {fk-} OaHaxoBa IIPOCTPpaHCTBaA cJrabo

cxonuTes K f, To
1< lim [| £ ]2
k—o0
ITosromy onenka (15.3) mostyuaercst Kak CJIeACTBHE IPEJEIbHOIO CO-
orHomenust (15.5) u onenku (15.2). O
SAMEYAHUE 15.1. Ilpu p = 1 teopema 15.2 neBepHa.
Ham morpebyercst Takzke CIeIyIONuil BApuanT TeopeMbr 15.2.

Teopema 15.3. IIycmo Q = B(0, R)(R%, Q = B(0,7) RY,
0<r <R, 1<p<oo,uc€ L,(Q) u cywecmsyem nocmoannas c
maxas, 4mo

DMl o) <c¢ npuO<|h|<R-—r i=12 ...,n—1 (15.6)

1)q)opMyny (15.4) wacro HaspBaOT (GOPMYJIOl UHTEIPUPOBAHUS 10 YACTSIM
JIJ1s1 PA3HOCTHBIX OTHOIIEHUI.
2)VlHBIMM CITOBAME, HOPMA CJIA60 MOJTyHENPEPBIBHA, CHI3Y.
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Tozda Dyu € Ly(S), i = 1,2, ...,n— 1, npuvem
| Diullz, o) < ¢ (15.7)

i=1,2,...,n—1.

JlokazaTeabcTBO TeOpeMbl 15.3 aHAJOTMYHO JO0KA3aTETIbCTBY
TeopeMbl 15.2.

16. ITpocrpancrso H~%(Q). B reopun auddepennuain-
HBIX ypaBHEHHIT 9acTo NCIONIb3yIoTcs mpocTpanctsa W (Q) ¢ orpu-
HATETBHBIM TTOKa3aTeneM s. OMUCAHUIO 3TUX TPOCTPAHCTE TIpHU p = 2
U U3YYEHHUIO UX CBOWCTB IIOCBAIIEH HACTOAIINI ITyHKT.

Iycrs v € La(Q), u € H§(), s > 1,

fo(u) = /vud:c. (16.1)

Q

Herpyuuo Busers, uro f, — JiMHeHHbIH (DYHKIIMOHAJ HA [IPOCTPAH-
cree Hj(Q)). Oyuxumonasn f, orpanuder, Tak Kak [0 HEPABEHCTBY
Komu — BynstkoBckoro

o)l < Mvlla@llulla@) < 0lla@llullas @) Yo € H5(Q).

(16.2)
Bienem na npocrpancrse Lo () HoByIo HOpMY || - || -5, mOTArAS
|fo(u)]
[oll-s = llfoll = sup == (16.3)
wEHE(Q), u0 HUHHS(Q)
OroGpazkenue || - [|—s : Ly — R nefcTBUTEIBHO ABIACTCS HOPMOI.
B camom sene, ecan ||v]|—s = 0, o f,, = 0, cieoBaTesbHO,
/vud:c =0 Yue H;jQ), (16.4)

Q

Ho Torga 1o reopeme 4.1, ¢. 31, v(z) = 0 n. B. Ha Q. OcraubHble
aKCUOMBI HOPMBI BBIIIOJTHAIOTCS OUE€BHIHBIM OOPa30M.

IMockosbky H§(€2) — upocrpancrso I'niabbepra, To 10 Teopeme
Pucca dyakumonan f, ams moboro v € Lo(2) npencraBum B BUjE

Jo(uw) = (wy,u) gy YVu e Hy (), (16.5)



82 I'maBa 1. BcriomoraresibHbBIE pe3YIBTATHI

rJie 1eMentT w, € HE(Q) ofHo3HaYHO OUpeIesisieTcs 110 U, IPUYeM
lwoll =) = Ilfoll = [lv]l-s- (16.6)

Beesiem Ha tipoctpancTBe Lo({2) cKassipHOe npoussejerne (u,v)_g
o dhopmyite

(u,v) —s = (Wu, Wy) = () Vu,v € La(€2). (16.7)

Herpy/iHO BHJETH, YTO BCE AKCUOMBI CKAJISIPHOIO HPOM3BEIEHUS
BBIONHEHD!, pudeM (v,v)_, = |[v||%,. Muoxkecrso dbynkumii u3
L2(9) oTHOCUTEIBHO CKAJIPHOIO IPOU3BEICHUs (-, ) g, OUEBUIHO,
ABJIACTCA UPEATUILOEPTOBBIM IPOCTPAHCTBOM. Ero nonosmnenne o6-
pasyeT mpocTpaHCTBO ['manbepra, KoTopoe OyaeM 00603HAYATH te-
pes H2(Q). Ilo nocrpoenuio

H{(Q) C La(2) € H (), (16.8)
npudaeM Beaegcrsue (16.2)
lull -5y = lull—s < llullz,@) Yu e La(Q),
KPOMe TOTrO,
lullLa0) < lull=@) Yu e Hg(R),

nosromy Biaoxkenus (16.8) HenpepbIBHbL.
IIpuBegeM npuMepbl, MOKA3BIBAIOIIUE, UTO IPHU JoOoM § > 1
npocrparcteo H ~* () mmpe npocrpancTsa Lo(2).

ITpuMEP 16.1. Dysxnus u(z) = %, o > —1, nupuHAIIEKAT
npocrpancrsy H~1(0,1) Y. B camom ziesie, paccMoTpum (hyHKITHIO

iy [0 0swse<t,
STz, e<a <.

dcno, aro ue € Lo(0,1) upu awobom 0 < & < 1. dna awo6oit dynk-
unn o uz Hy(0,1) umeem

€

/1 (@) ~ uele)p(e)ds = [ aple)ds = / (221 p(w)de =

0 0

D ®yuknus u(z) = 2 € Lo(0,1) npu a > —1/2.
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€

— - @

0

a+1

1
g).
T e
Ncnonwsayst mepaserncTBo Ko — ByHSIKOBCKOTO, 1Oy InM
1/2

€ 5]

Jee@in < | [2eman) | [@@ra) <

0 0 0

< e Mellmio,)-

BesleicTBie  HEPEPBIBHOCTH BJIOKenust tpoctpanctsa H'(0,1) B
C0, 1] mozkem narmcars, uro |¢(e)| < c|l¢llm1(0,1), ¢ = const. Taknm
obpazom,

a+11+c
1+

1
[ (@)~ weta)ola)da] <= gl Ve € HIO,)
0
nostomy U — || gr-1(0,1) — 0 pu € — 0.

W neanbabie semenTs! mpoctpanctea H (), s > 1, Mmoryr u He
ObITH (DYHKIUSIME TOUKHU, HO TOPOXKJIATH JIMHEHHBIE OrPAHMYEHHDIE
dyukimonans Ha npocrpancrse Hy ().

IlpuMmEP 16.2. Ilycrs dyukims u. ompejesieHa Ha OTPE3Ke

[—1,1] rak, aro
ue(z) = 0, |z| > e,
U 1/2e, x| <,

0 < e < 1. Jna moboit dynxmun ¢ uz Hi(—1,1)
/us(l‘)sﬁ(x)df —¢(0) = /us(fv)w(ﬂf)diﬂ —(0) = ¢(§) — ¢(0),

rie € € (—e,¢), orKyza Ha ocHOBaHMU HepaseHcTBa Komn — ByHsi-
KOBCKOT'O TIOJTyaeM

R 1/2

[u@pt@is - )| < ve | [P | <vEldlmera,

—€E
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MozxHo cKkazaThb, TAKIM 00pa30M, UTO MOCJIEI0BATEILHOCTD (DYHK-
it u. € La(—1,1) cxommrest mpu € — 0 1O HOpPME IPOCTPAH-
crea H71(—1,1) x 6-pyHKIHHN, COCPEOTOYCHHO B Hadage KOOp-
JIAHAT.

VeranoBuM B 06111eM ciiydae ¢BA3b npocrpancTsa H () ¢ upo-
crpancrsoM (HE(Q))*, 1. e. ¢ IpOCTPaHCTBOM BCeX JIMHEHHBIX Orpa-
HUYEHHBIX QYHKIMOHAJIOB HaJ[ IpocTpancTBoM HE (), uHbIME CJ10-
BaMH, C IPOCTPAHCTBOM, COLPsizKeHHbIM K H§(£2).

BaI\IQTI/IM7 9TO MHOZKECTBO (byHKLH/IOHaHOB, IpeICTaBUMbIX B BU-
Je (16.1), rne v € Lo(Q), mnorno B (HE(Q))*, Tak kax ecou fi,(u) =0
Vv € La(R2), To mo teopeme 4.1, c¢. 31, v = 0. Takum obpaszom,
Jutst soboro dyuxmmonana f € (HE(2))* maitnercs mocseroBaresib-
HOCTBb 3JIeMEHTOB v € Lo(§2) rakas, uro f(u) = lem (Vs W) Lo ()

(o)

Vu € Hi(Q). Bosee toro, ||f — fu. |l = 0 upu k — oco. Ilosromy
Ilfor, = full = vk —villg—+(@) — 0 npu k,l — oo, cienosaremsHo,
cymectsyer sjement v € H™°(Q) Taxoit, uro |jvg — v g-s) — 0
upu k — oo. Takum o6paszoM, kax oMy dbyrkimonany f € (H(2))*
coorsercrByer djeMent v € H*(2). fcHo, 410 910 COOTBETCTBHE
SIBJISIETCS B3AMMHO OJ[HO3HAYHBIM, JINHEHHBIM U M30METPUIHBIM, TAK
warc (ol -e(@) = Jim gl = Jim [fo,]| = [f]. B sam-
00 k— o0

Heiimem dyukmmonan f € (HE())*, coorBercrByromuii s1eMeHTy
v € H%(Q), 6ynem o6o3HadaTh Yepes3 fi.

Oupenenum Gusnneiinyio dopmy (ommuowenue dsoticmeenio-
cmu,)

() H2(Q) x Hg(Q) = R,

nosaras (v,u) = fy(u) Yo € H*(Q), u € H{(Q). Ormernm, uro
Besesicreue (16.3)

(v, u)| < |lvllg—s@)llullzs) Yve H (), ue H5(2). (16.9)

Hepagercrso (16.9) HasbiBatoT 060061eHHBIM HepaBeHCTBOM Kormn —
BynsikoBckoro.

IIpocrparcreo H ™ *()) J0IyCcKaeT eCTECTBEHHYI0 MHTEPIIPeTa-
IIUIO B TepMUHAaX 0000IeHHbIX DyHKIuit. B camoM Jese, 1o Teopeme
Pucca ymHeiinblii dbyHKImpoHan (v, u) MOXKeT ObITH IPEJCTABICH B
BUJIE CKJIIPHOI'O IIPOU3BEJCHUA, T. €.

(v,u) = (Wy,u) s () Yu € Hy(52), (16.10)

rie dyukuus w, € H§(€)) ogaozHadHo onpeensiercst o v € H ().
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BamuceiBas (16.10) Gosee nogpobHO, Oy IUM

(v, u) Z D%, D% dx Yu e Hi(Q).
Q lol<s

Ionarast Dw, = gy o, MOKEM HAIUCATH

(v, u) / Z Gv,aD%udx.
O lal<s
fcno, 4ro g, o € L2(Q) npu soboM |af < s
IIycrs o6obmennas Gynxmus f, € D'(2) 3amaercs paBeHCTBOM

fo=">_ (=1lDg, .

lal<s

Io onpenenennto (cum. c. 34)

(fo,u) = Z gv.aD%udr Yu € C5°(Q).

Q lal<s

9T0 03HATAET, ITO DYHKITHOHAT [, MOXKHO CIMTATH TPOIOIZKEHIEM

dyukunonana f, ¢ C5°(Q2) na H§ (). Nuade roBopst, Beskuii GyHK-
muonan f € (HF(€2))" MOXKHO IpeJCTaBUTh B BAJIE

f(u) = Z gaDadev Jo € LQ(Q)

O lal<s

IMockonbky C§°(€2) mnorno B HE(§2), TO 9T0 €[MHCTBEHHO BO3ZMOXKHOE
pO/IoIZKeHne. TakmM 00pa3oM, yKa3aHO B3aUMHO OJHO3HAYHOE W,
OYEBH/THO, JIMHEHHOE COOTBETCTBHE MKy npocTpancTtsom H ()
7 JTUHEHHBIM IPOCTPAHCTBOM OOOOIEHHBIX (DYHKIINN BUIA

F=>Y (1D, ga€La() Vl|a|<s. (16.11)
la|<s

[Tokazkem, 4TO JMHEIHOE TPOCTPAHCTBO OOOOIIEHHDBIX (OYHKITHIH
Buza (16.11) MOXKHO HOPMHUPOBATH TakK, 4TOOLI YKA3AHHOE COOTBET-
crBue Ob110 n3omerpueii. Ilycrs

Ly (@) = [ L2(2

la|<s
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rje N — KOJIMIeCTBO PA3IMIHBIX MYJbTUHHIEKCOB o = (Qv, . . ., (ty)
JUINHBI, He [IPEBOCXOJSINEN §, eCTh IPsIMOe NIPOU3BEJIeHNEe TUIhOEp-
TOBBIX POCTPAHCTB Lo (). HeTpyiHO BUIETH, YTO MHOXKECTBO BEK-
TopoB g € LY (Q), y0BIeTBOPAIOMIX YCIOBHIIO

(fouy= [ 3 gaDudz Yue CP(Q) (16.12)
Q lal<s

1pu (PUKCUPOBAHHOM fv € D'(2), obpasyer zamrHyTOE adduHHOE
vuokecTBO Lg(f) B rumbbeprosom mpoctpamctse LY (). Tlostomy
CYIIECTBYeT, U IIPUTOM TOJILKO oiuH, stement ¢° € L(f) Taxoit, ato

19°l Ly @y = min_|gll Ly o) (16.13)
o= min gy

Hopmupyem JmuHeliHoe nmpocTpancTBo pactpenesnernii sujga (16.11),
noJjiarast

/Il = min_lgllryo)-
ge£5(f)
[ycrs v € H™*(Q). Hokaxem, uaro [[v]|g-:) = || foll. Hemo-

cpezicTBeHHO n3 onpezenenuii (cm. (16.3)) ciemyer, uro

[0l <ll9lly@ Vg€ Ls(fo)

nosarast g, = v, | < s, mosydnm, 4To

lgllLy ) = llvllz-: @),
T. € ~
|vllg-s) = min_||g|lLy ) = IIf]-

@ 9eLs(f) 2 ()

§ 3. Teopembl 0 HEMOABUKHOII TOYKE

1. Teopema Bpayspa. Hawumem ¢ mccimemoBannst TOMOIOTH-
TeCKUX CBONCTB HEMPEPDHIBHBIX OTOOPAYKEHN B KOHETHOMEPHBIX €B-
KJINJTOBBIX ITPOCTPAHCTBAX.
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Jlemma 1.1. Ilycms V. — xomnaxmmoe 8bnyKi0e MHONHCECTNGO
npocmparcmea R™. Tourxa 0 — enympennas mouxa V. Tozda dynx-

yus)

py(z)=inf{t >0: z/t eV}, ze€R", (1.1)
obaadaem caedyrowumu ceoTCmeamu.:
pv(z) >0, ecauz #0, py(0) =0, (1.2)
pv(az) =apy(z), « 20, x € R", (1.3)
pv(z+y) <pv(z)+pv(y). (1.4)

JIOKABATENLCTBO. Coitcrsa (1.2), (1.3) oueBnaHbIM 0Gpa3oM
BBITEKAIOT U3 ONpeiesieHnst GyHKImn py . [Ipn 10Ka3aTebeTBe CBOii-
crBa (1.4) gocrarouno paceMorpersb ciydail, korma x # 0,y # 0.
cmo, aro Torma

a=py(x) >0, f=pv(y) >0, (1.5)

x/a, y/B € V. Beaenersue BITYKIOCTH MHOXKECTBA V' UMeeM

z= L <ax+ﬁy)ev.

a+ S « 153
W3 oupesesnenns byHKIUE Py OYEBUIHBIM 06PA30M BBITEKAET, YTO
pv(z) <1 VzeV, (1.6)

u, TakuM 00pazom, ucnosb3yst (1.3), npuxo UM K HEPABEHCTBY

pviz+y) <a+p,
orky/a Besescrsue (1.5) momyaaem (1.4). O
CaencrBue 1.1. Qynxuyusa py aunwuy-nenpepoiera wa R™.

JOKABATEJIBLCTBO. [lockonbKy 0 — BHYTPEHHSS TOUKA MHOXKE-
crBa V, cymecrsyer o > 0 Takoe, uro B(0,r) C V, cieoBareisbHo,

rox/|z| € V, ecm x € R", = # 0.

Hosromy (cm. (1.6)) mveenm py () < rytlz| Vo € R™. Uz (1.4) Boi-
TEKAIOT HEPABEHCTBA

pv(r) <pv(z—y) +pov(y), pv(y) <pv(y—2) +pv(z),

1)q)yHKm/no Py 49acTo Ha3bIBAIOT PyHnryuet Munkosckozo.
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CJIeJIOBATENIBHO,

pv(z) = pv ()| < max(py(z —y),pv(y —2)) <rg'le -yl O

JlemMma 1.2. Bcakoe KOMNAKmHoe 6bNYKAOE MHONCECMEO
V C R™ ¢ nenycmoti 6Hympernocmsio 20MeoMmophro 3amxnymomy
edurunomy wapy B(0,1).

JJOKABATE/ILCTBO. He orpanuunBas OOIIHOCTH, MOYKHO CHUH-
tark, 9ro B(0, 1) npunamnexur BuyTpernnocru Muoxkecrsa V. Ilycrs
nanee V C B(0, R). Torna uz onpenenennst GbyHKIMN py () BbITe-
KaeT (CM. TakiKe JOKA3aTesIbcTBO ciaencrsud 1.1), aro

R'o| < pv(a) < Jol. (L.7)

Hna z € R™ nonoxxum

fay={ Il | (1.8)

MmuoxkecTtBo V' coBmamaer ¢ muoxkecrBoM Tex x € R”, g KoTo-

poix py(x) < 1, mosromy f(V) = B(0,1). fIcuo Takke, 910 0TOG-
paxkenme f B3aMMHO OTHO3HAYHO, TPWIEM OOpaTHOE OTOOparKeHne
maeTrcs PoOpMyIoit

[y =4 pv(@) (1.9)

Henpepoisaocts dyukmmn f B Touke x # 0 caeayer, O9€BUIHO, U3
HempepuIBHOCTH DYHKIMHA pyv . Eean x, — 0, To

|f(xn)| = pV<In) — 0,

tak Kak py(z,) — 0. Henpepwsrnocrs dymkmum f~1 B Touke
x # 0 BBITEKAeT M3 HEIPEPBIBHOCTH (DYHKIIUU Py U [IEPBOTO Hepa-
sercrsa (1.7). Eciu x,, — 0, TO BeJeacTBUe TOrO YKe HEPABEHCTBA

R|$n|2

|Zn |

2
F ) = 12

= Rlz,| — 0. O
pV(xn)
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Jlemma 1.3. Ilycmov  C R™ — obaacmo ¢ xycouno 24a0xo1l
eparuyets. Ilyemo, danee, omobpasicenun u,u : @ — R™ ydosaemeso-
parom caedyrouum yeaosuam: u,u € C?(Q), u(x) = u(x) Yz € 0Q.
Tozda I(u) = I(u), 2de

I(v) = /det(Vu)d:ﬂ,

Q

Vv = {0v;/0x; }7"

=1 — mampuya HKxobu omobpasicenus v.

JLOKA3ATENBLCTBO. Ilycrs ¢(t) = I(uy), tae
ur = u+ t(u — u),

t € R. /Ina mokazaTeabcTBa TEOPEMbI, OYEBU/IHO, JTOCTATOYHO YCTa-
HOBUTbD, ITO

o' (t)=0 VteR. (1.10)

Iycrs J(uy) = det(Vuyg). Obosnadas depes jg; I€MEHTbI OLPEeIesn-
resist J(u), MOXKEM HAIIUCATH

_ .k
/ Z 0J (ug) O(u* —u ))dac,
OJki oy

k=1

OTKYJIa TIOCJIe TPUMEHEHUs (POPMYJIbI HHTEIPUPOBAHUS IO TACTIM
CJIeJIyeT, 4To

¢(t) = /Z B ( 8jkz)> (@ — u") da.

Just nokasaresscrsa coorrommenus (1.10) gocTaTouHO yCTaHOBUTD,

qgTo
aJ( v))
—0 B O k=12 ....n, 111

Zaxl < Ojirt (L11)

JUISE JII0O0TO JIBAXKIBI HEITPEPBIBHO MM depeHnupyemMoro orobpazke-
oust v : ) — R™. Obo3uaunM depe3 Jy; aarebpamdeckoe JOMOJTHEHTEe
K 9JIeMeHTY ji; Marpuipl Vou. Kak u3sectno ns Kypca aaredpsl,

Joik = jeidsr, ik =1,2,...,n, (1.12)
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rjae
1, i=k
5. — ) b
”f {o, i # k.
Orcrojia, B 9aCTHOCTH, BBITEKAET, YTO
aJ
= = Ju. 1.13
OJkl (1.13)

[Ipomuddepennupyem paserncrsa (1.12) no xy, 3aTeM npocyMMupy-
eM nouieHHo 1o k or 1 g0 n. Homyuanm ¢ yaerom (1.13)

0? vl B - 0%, Ovg 0Jg
Z sz 6’ 921 ((%‘iaxk ok + Ox; Oxy, )’

k,l,m=1 m
1=1,2,...,n, wm
n n
0%y, 0%v, Ovs 0Js},
Jp=———7—= —J — =1,2, ...
Z 02 Z <8xi8xk Sk+8xi Oz, ! St
l,m=1 s,k=1
T. €. . .
avs aJsk .
—0,i=1,2...,n 1.14
; B, ]; Fos i Lo (1.14)

W3 pasencrsa (1.14) Boitekaer, aro eciu J(v(zp)) # 0, TO

ZaJsk( v(20)) 0, s=1,2, ..

n. 1.15
2 o (1.15)

Ecin J(v(xo)) = 0, T0o MOXKHO yKazaTh £9 > 0 Takoe, 4To
det(Vo(zg) +eE) #0 juist 0 < € < o,

e B — equnnanas marpuiia. [[oBropsis BbIen310KeHHOE TpUMe-
HUTEJILHO K OTOOPAaXKEHUIO U = v + £, HOJYIUM

i OJsk(v(x0) + €xp)

=0,s=12...,n,
Oy s n

k=1

OTKyJIa 1ocje nepexoja K npegery upu € — 0 caemyer (1.15). B cu-
ay (1.13) pasencrso (1.15) sksusastentro (1.11). O
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Teopema 1.1 (Bpaysp). ITycmo omobpasicerue
w: B(0,1) — B(0,1)
nenpepuisro. Tozda cywecmeyem mowxa x € B(0,1) maxaa, wmo

u(z) = 2Y.

JIOKABATEJHCTBO. llokaxkeM cHadasa, 9TO He CYIIECTBYET
JIBAYK/IbI HETIPEPBIBHO UG HEPEHIIMPYEMOTO OTOOPAYKEHNUST

w:B— 0B (1.16)
(s xpaTkocTn obosnagaem B(0,1) wepes B) Takoro, 4To
w(x)=x Vz€dB. (1.17)

HeiicTBuresibHo, pejaosarast IPOTHBHOE, HOJLYYHM YTO JJIst 0TO0-
paxenust W(zr) = x umeeM w(x) = w(x) na OB, cieloOBATEILHO, IO

aemme 1.3, yanreisasi, uto Vw(z) = F, umeem

/det(Vw)dx = /det(V@)dw =mes(B) > 0. (1.18)
B B

C npyroit croponst, n3 (1.16) BeTekaer, uro |w(r)|? = 1V € B.
Boraucnsas rpagent ot 06enx dacTeil HoCIeJHEr0 PABEHCTBA, MOJLY-
M ~

(Vw)Tw=0 VazeB.

[Mockonbky w(z) # 0 Vo € B, aTo o3nagaert, 410

det(Vw(x)") = det(Vw(z)) =0 Vz € B,

HO JIAHHOE TOXKJIeCTBO nporusopeunt (1.18).

TTokaxxkeMm Terepb, 9T0 He CYLMIECTBYET U IIPOCTO HEIPEPBIBHOIO
orobpazkenus w, yuaojiersopsioniero yeaosuam (1.16), (1.17). Ec-
JII TaKoe OTOOpazKeHue CyImIeCTBYeT, TO €r0 MOXKHO PaCIPOCTPAHUTD
Ha Bee npocrpancTBo R™, nomaras w(x) = z g « € R™\ B. Tlo
ITOCTPOEHUIO

w(x) #0, x € R™.

1)'I‘O‘IK{:), T — HeIoABU2KHadAd TOYIKa OTO6pa)KeHI/IH u.
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IIyct € > 0, a

we(x) = / ne(z — yyuw(y)dy, = € R™,

rje 7. — ycpeasstoree sipo (eMm. ¢. 25). dcho, uro we(z) # 0 ms
Bcex x € R™ mpu mI0CTATOYHO MAJILIX €. VCHOMb3ysd ocecuMMeTpUd-
HOCTb (DYHKIIUHN 7)., HETPYIHO HPOBEPUTH, UTO

we(z) =z Yz eR"\ B(0,2)
[PH JIOCTATOYHO MaJiblx €. ITomoxum
w1 (@) = 20 (@)l ()], € B(0,2).

IMousiTHO, YTO W1 — IVIaJKOE OTOOPAYKEHNUE, YIOBJIETBOPIIONIEe yC-
nosusim (1.16), (1.17) upumenurensho k mapy B = B(0,2). Takum
0Opa3oM, He CYIIEeCTBYET HEIPepPbIBHOIO OTOOparKeHUsl w, Y/IOBJIe-
rBopsirorero yeaosusim (1.16), (1.17). Ilpexnnosoxum Temepb, 9To
HelpepbIBHOE 0TOOpakeHue u : B — B He MMeeT Helo/[BUKHBIX TO-
qek. Oupenesnm orobpazkenue w: B — OB, npunnmas 3a w(x) To4-
KY, IIOJLy 9aIOILyIOCS [IEPECEICHUEM JIyda, UCXOAIIEro U3 TOUKU u(T)
M IPOXOJIATIETO Uepe3 TOUKy ', co cepoit B. TlocTpoennoe Takum
0bpazoM 0TOOpaskeHHWe, OUEBWJIHO, HEIPEPHLIBHO U YJIOBJIETBOPSIET
yeaosusim (1.16), (1.17), 4ro, Kak IOKA3aHO BBIIIE, HEBO3MOXKHO. [

CaencrBue 1.2. Ilyemv V. C R"™ — xomnaxmmnoe evinyk-
N0€ MHOHCECNBO € HENYCMOT SHYMPEHHOCMBIO, G 0MObpatcenue
u: V. — V uenpepoisrno. Tozda cywecmeyem mouka x € V. maxas,
wmo u(x) = x.

JOKABATENLCTBO. Ilycts f — romeomopdnoe orobpaskemue
mapa B(0,1) wa mao)kectBo V' (cM. siemmy 1.2). Tosmoxkum

g(z) = fH (u(f(2))).

OyHKIMS ¢ TI0 MTOCTPOEHHTO HempephbiBHa 1 oTobpazxaet map B(0,1)
B cebsi. Ilycrs 29 € B(0,1) — ee HemojBUzKHAS TOUKA, T. €.

zo = f~ (u(f(20)))-

Torna f(xo) = u(f(xo)). Mubmvu crosamu, yo = f(xg) € V — Heno-
JIBUZKHAsT TOYKA OTOOpayKeHust u. [

IIpu umccreoBanun pa3permMOCTH CUCTEM HeJIMHEITHBIX ypaB-
HEHUI 9acTO UCIOJIB3YETCS CACAYIOMNNA PE3yIbTAT, HEIOCPEICTBEHHO
BBITEKAIONIHil 13 TeopeMbl Bpayapa.
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Jlemma 1.4. ITycmo omobpasicerue u : R™ — R™ nenpepuiero
u
u(z) -2 >0, ecau |z|=r>0". (1.19)

Toz0a cywecmeyem mowxa x € B(0,7) maxas, wmo u(zx) = 0.

JOKABATE/ILCTBO. IlpennosoxKuM, 4TO BOLPEKU yTBEPKJe-
uuio jemmsl, u(z) # 0 aus Becex © € B(0,7). Oupenenum Hempe-
peiBHOE oTobpaxkenue w : B(0,r) — dB(0,r), nonaras

w(z) = — u(z), = € B(0,r).

|u(z)]
Ilo Teopeme Bpayspa cymectsyer z € B(0,r) Takas, 4to
w(z) = z. (1.20)

ITockonbky upu srom z € OB(0,7), T0 npuHAMas BO BHUMAaHHE
(1.20), (1.19), nosyunm

r :z~z:w(z)~z:—|u(z)|

u(z) -2 <0,

qr0 uporusopeunr (1.19). O

2. Teopema IMlaynepa. B stom myrkTe X — BelecTBeHHOE
6aHAXOBO IIPOCTPAHCTBO.

Teopema 2.1 (Ilaynep). Ilycmv K C X — xomnaxmmoe
BHINYKAOE MHONHCECTNBO, U NYcMb omobpascenue A : K — K wenpe-
puero. Toeda A umeem HenodeuricHyo MoOwKy.

JOKABATEJIBLCTBO. IlockonpKy MHOXKeCTBO K KOMITAaKTHO, TO
JUIsI JIIOOOIO IIOJIOZKUTEJIBHOIO € CYIIECTBYyeT KOHEYHOEe MHOXKECTBO

TOYEK Ui, U2, ..., Uy, € K Takux, 910 OTKpLITHIE mapbl B(u;, ),
i=1,2, ..., N;, obpasyior mokpsitue K:
Ne
K c | JB(ui,e). (2.1)
i=1
IIycrs K. 3aMKHyTas BBIIYKJIas 000JI0UKA TOUEK Ui, U2, ..., UN,:

Ne N
=1 i=1

Da.-b= aiby + -+ + anb, — cKaJgsgpHOE POU3BEJAEHNE BEKTOPOB a, b € R™.



94 I'maBa 1. BcriomoraresibHbBIE pe3YIBTATHI

MmnoxectBo K BoITyKJ10, mosTomy K. C K. Omnpemennm oTobpazke-
mre P.: K — K. 1upu oMol paBeHCTBa

Ne
> dist (u, K — B(ug, €))u;
Pou= 2:1\1, , ue K.
> dist (u, K — B(uj, €))

i=1

Benencreue coornorenust (2.1) 3HaMeHaTe b 3TOM JPOOH MOTOXKH-
resied pu Jiobom u € K. OTcro/ia BbITEKAET HEIPEPBIBHOCTD OTO0-
paxenus P.. Ina moboro u € K

iildist (u, K — B(uj,e))(u; — u)

Pu—u= ~
> dist (u, K — B(u;,¢€))

=1

pUYeM, OYEBH/IHO, TOJLKO TE CJIAraeMble B IUCIUTENE (M 3HAMEHA-
TeJie) OTIIMYHBL OT HyJlsl, JUIs KOTOPBIX ||u; —ul| < . Takum o6pazom,

|[Pou—ul| <e YueK. (2.2)
Bseznem B paccmorpenue HerpepbiBHOe orobpaykenne A, 1 K, — K.:
A.u=P.Au VueK..

MmuoxkectBo K., Kak HETPYIHO YOEIUTHCsI, €CTh OTPAHUICHHOE BbI-
IYKJIOE 3aMKHYTOE MHOXKECTBO C HEIyCTOH BHYTPEHHOCTHIO B KO-
HedHoMepHOM mpocTpancTBe pasmepuoctu M, < N.. Ilo Teopeme
Bpayspa (cm. caencrue 1.2) cymecrsyer Touka u. € K. rTakas,
uro Acue = u.. MuOXKecTBO K KOMITAKTHO, CJIEIOBATEILHO, MOYKHO
yKa3aTh TaKyIO IIOCIe10BaTeIbHOCTD € — 0 1 Takoii ajieMenT u € I,
UTO Ug; —> U Tlokazkem, 9TO © — HENOJBUYKHAST TOYKa OTOOparKe-
Hust A. Vcnionibsyst onenky (2.2), moayaum

[ue; — Aug, || = [|Ac;ue, — Aue, || = [|Pe; Aue, — Aue, || < ey,

OTKY/Ia BCJIEJICTBHE HempepbiBHOCTH A BbhITeKaet, uro Au = u. [

IIpuBesem tenepnr wmojmcukaruio Teopembl Illaynepa, cso-
JISATIYIO MCCJIEJIOBAHNE PA3PEIIMMOCTH HEJUHEITHOrO OIepaTOPHOIO
YPaBHEHUS K MOJIYYEHUIO AIPUOPHOIN OIEHKH €ro BO3MOYKHBIX De-
LIeHUit.
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Teopema 2.2 (Iledep). ITycmo A : X — X — nenpe-

poisHbill, 6noane HenpepueHvid onepamop ) ; cywecmeyem nocmo-
annas M > 0 maxas, wmo daa amobozo u € X, ydosaemesopsaio-
wezo ypasruernuro v = NAu npu A € [0,1], ewnoaneno nepaser-
cmeo ||u]| < M. Tozda onepamop A umeem HenodsudicHyIo MouKy.

JIOKABATEJILCTBO. ITomoxum

_ Au, ecu || Aull
Au = (2.3)

u
[ Au]”
Kax o6wrano, gepes B(0,2M) GyaeMm o6o3HadIaTh 3aMKHYTHIH MIap
paguyca 2M c nentpom B mHyse. [lo mocTpoenuio omnepatop A Jeii-
creyer u3 X B B(0,2M). IIpu atoM oneparop A, xak u oneparop A,
BriostHe HenpepbiBeH. OOo3HavYuM depe3 K BBIIYKIIYIO 3aMKHYTYIO
060/104Ky KoMmakTHOro MuoxkecTsa A(B(0,2M)). To Teopene Ma-
sypa (cM., nanpumep, [10, c. 451]) muoxkecrBo K KOMIAKTHO, IpU-
9eM SICHO, YTO A K -5 K , CIeJIOBATENIBHO, 110 Teopeme Bpayspa

cymecTByeT anemenT u € K Ttakoit, aro Au = u. ITokaxkem, |9TO
U — HETIONBUIKHas To4YKa oneparopa A. Ecmu 310 He Tak, To BCe-
creue (2.3) cnpasejymBo HepaseHCTBO ||Au| > 2M, n v = MAu,
rae A = 2M /|| Au|| < 1. Torga 1o ycIoBHIO TEOPEMBI JIOJXKHO OBITH
BBINIOJIHEHO HEepaBeHCTBO ||u|| < M, HO, ¢ jpyroii cTOpoHBI, B 3TOM

cayuae ||ul| = || Au| = 2M. Hoxydennoe npoTuBOpedIe JOKABIBACT
Teopemy. [

§ 4. OObIkHOBeHHBbIE nuddepeHnaIbHbIe
YpPaBHEHUS

1. HepaBencrBa I'ponyossma. B stom maparpade mnpuso-
JIITCSL TEOPEMBI Pa3permMocTs 3a1adu Kormm Jij1st cucTeMbl 00BIK-
HOBEHHBIX JnddepeHITHAILHBIX YPABHEHNN:

%:f(t,y), 0<t<T, (1.1)
y(0) = yo. (1.2)

Bﬂer Y= (yl(t)7 s ayn(t))7 nz 1
IIpensapuresnsHOo Oy/LyT MOJIyYUEHBI HEKOTOPBIE BCIOMOTATEJb-
HbIE pe3yJH>TaTbI.

1)Or[pezgenenme BIIOJIHE HEIIPEPBIBHOTO ollepaTopa cM. Ha c. 11.
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Jlemma 1.1 (nepBoe HepaBeHcTBo I'ponyouina). ITycmo
y — Pynryusa, abcomomno nenpepvishas na ompesxe [0,T], p, ¢ —
cymmupyemuvie 1a [0,T] dynryuu, u nycmo nowmu ecrody na [0, T
BOINONHERO HEPABEHCTNEO

y'(t) < p(t)y(t) +q(t). (1.3)
Tozda
y(t) < err® (y(O) + / q(T)e*m(ﬂdT) vt e [0,T], (1.4)

20e

pi(t) = /tp(T)dT.

JTOKABATE/ILCTBO. Ymuoxum nepasenctso (1.3) ma e P1() u
3aluIIeM Pe3yJbTaT B BHIE

d
= (v ®) < qye ™.
ITpounrerpuposas nocjeHee HepaBeHcTBo, nosyduM (1.4). O

Jlemma 1.2 (BTopoe HepasencTBo I'ponyosina). Ilycmo
bynruuu p, q,y nenpepuenv, na ompesxe [0, T], p(t) > 0 na ompes-
we [0, 77,

t
)< [l +at) Ve e .7 (15)
0
Tozda
t t
[ p(s)ds
y(t) < [ p(r)a(r)er dr+q(t) vtel0,T]. (1.6
0

t

JIOKABATEJILCTBO. Ilomoxkum 7(t) = /p(T)y(T)dT. Torna

0
HepaseHcTBO (1.5) MOXKHO mepernucaTsb B BUJe:

7' (t) < p(t)n(t) +p(t)g(t) Vte[0,T]. (1.7)
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IIpumenssa temmy 1.1, momydum oTCIOfQ, UTO

t

n(t) < ePr(®) /p(T)q(T)(i_pl(T)dT vtel0,T).
0

IMoxcrasisgs Haiigennyio oneaky B (1.5), moaydnm HepaBeHCTBO
t
y(t) < ® / p()g(r)e Odr 4 q(t) Vi< [0,T),
0

cosnagaoree ¢ (1.6). O

2. Teopewmsi o pazpeniumoctu 3aa4un Komm. Byem 060-
3HaYaTh B JasbHeitmem 4epes H'(0,7T) mpocrpanctso Cobomera
BeKTOp_beHKHHﬁ Yy = (y17 s 7yn)7 Yi € L2(07T)a i = 1727 ceey Ny
uMern X 0600IIeHHble TPou3BojHbIe u3 Yy, € Lo(0,T). IIpocrpan-
cro H'(0,T) BOHE HENPEPBIBHO BKJIAJIBIBAETCS B MPOCTPAHCTBO
HenpepbiBHbIX BekTopHbiX dynkmuit C[0,7] (cM. Teopemy 13.8,
c. 69). Yepes H}(0,T) Gymem obosHauaTh B STOM IIYHKTE MOJI-
npocrpanctso dbyukimit u3 H1(0,T), yI0BIeTBOPAIONAX YCIOBUIO
y(0) = 0. Hopmy B Hg (0, T) onpesieiim paBeHCTBOM

T
Iyl = / /(1) 2.
0

Teopema 2.1. [lyemv n-mepras sexmop-dymryua f(t,€) us-
mepuma no t € [0,T] u nenpepwena no & € R™. Ilycmo, danee,
cywecmsyrom nocmosnnan ¢g = 0 u cymmupyemas ¢ Keadpamom
na ompesxe [0, T] dynruusa k(t) marue, wmo nowmu ecrody na [0, T
CNPasedruU6o HEPAGEHCMEO

[ft 8] < colé] + k() VEER™ (2.1)
Toeda sadaua (1.1), (1.2) umeem pewenue y € H*(0,T).

JIOKABATEJILCTBO. [omaras v(t) = y(t) — yo, nepenumiem 3a-
naay (1.1), (1.2) B BuJe SKBUBAJIEHTHONH CUCTEMbI HEJMHEHHBIX HH-
TerpaJIbHBIX ypaBHEHHH

v(t) = Av(t), te€[0,T], (2.2)



98 I'maBa 1. BcriomoraresibHbBIE pe3YIBTATHI

rjae
t

Av(t) = /f(T7 v(T) + yo) d. (2.3)
0

Cucremy (2.2) OymeM TpakTOBaTh Kak OIEPATOPHOE yDABHEHHE B
npocrpancrse Hi(0,T). Oneparop A kax omnepatop, jeficTByommit
B npocrpanctse Hi (0, T), Briosme nenpepbisen. B camom ieste, mycth
TOC/IEI0BATEIbHOCTD {Y; 152, PaBHOMEPHO OrpaHmveHa 10 HOpPMe
npocrpanctsa H{ (0,T). Torna u3 Hee MOKHO U3BJICTh PABHOMEPHO
ra [0, 7] CXOQANLYIOCs MO/IOCIIE0BATEILHOCTD {5, 152 . IIpu sroMm,
OYEBHJTHO,

T
| Ay, — Ay;, > = / (i () + 90) — F(E gz, (8) + yo)) 2 dt,
0

OTKY/Ia HA OCHOBAHUU HEIPEPBIBHOCTH (DYHKIUHU [ IO BTOPOMY ap-
rymenty, orneHkn (2.1) u Teopembl JleGera o mpesiesbHOM TI€PEXOIe
110/1 3HAKOM HHTerpaJia IoJydaeM, YTO

|Ay;,, — Ay, || = 0 mpx m,n — oo.
HenpepbiBrOCTE OmepaTopa A ycraHABIMBAETCS aHAJOIWIHO. Jljst
UCCIIEJIOBAHNSI PA3PEIIMOCTH ypaBHEHNUsT (2.2) UCIOIb3YEM TEOPEMY
ITedepa. Ilycts v — perrenne ypaBHeHMs

v=Auv, Xe][0,1]. (2.4)
Torma, oueBuUIHO,

v'(t) = Mf(tu(t) +y0) mB.HAO<E<T. (2.5)

VMHOXKAs 9TO ypaBHEHHE CKAJAPHO Ha U(t), ¢ y4eToM OYEBHIHOIO
TOXK/JIECTBA,

dlv/?
2 v =
v o
u ycsosus (2.1) mosyaum
dJv|?
DT < ool + ens + K200, (26)

dt
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e ¢; = 1 + 3¢g. Orciona Ha OCHOBAHUU IIEPBOrO HepapeHcTBa ['po-

HyOJIJIa NMeeM
T

lw(t)> < Teryd +/k2(t) dt. (2.7)

Hanee, Bcieacrsue ypasaenus (2.5)

[1wora = [15(06) + )t

ITosromy, yunrsiBas yciosue (2.1), ¢ nomormbio onenku (2.7) 3aKimo-
qaeM, uto ||v|| < ¢ = const. Takum obpaszom, jyist ypasuenus (2.2)
BBIIIOJTHEHBI BCE YCJIOBUSA TeopeMbl 2.2, c. 995, u, cjaej0BaTe/IbHO, OHO
nMeer perenne. [

Teopema 2.2. Ilycmov cywecmeyem cymmupyemasn wa [0, 7]
dynryua 1(t) maxas, wmo nowmu ecrody na [0, T]

(f(t,6) = ft,m) - (€ —n) <UBIE—nl> VYEneR™  (28)
Tozda 3adaqa (1.1), (1.2) moorcem umems ne 6oaee 001020 peweHus.

JOKABATEILCTBO. Ilycts 2z = y' — 4% — pasmocTsh IBYX pe-
menwuit 3a7aqn (1.1), (1.2). Torpa nourn seroxy Ha [0, 7]

222 = 2(f(t,y" (1) = F(t, (1) (¥' () —y* (1) < 2U(D)|2(), (2.9)

CJI€/I0BATEJIBHO,
dl=(t)?
dt

rae 1 (t) = 2I(t). Orcrona BeeacTBue HauaIbHOTO yesobust z(0) = 0
U TEepBOro HepaBeHCTBa ' poHyoJLIa BhITEKAET, 9T 2(t) = 0 Ha OT-
peske [0,7]. O

Teopema 2.3. ITycmv B € Loo(0,T), f € L2(0,T) — mampuy-
HAA PYHKUUA U 8eKMOpP-PyrKyua, coomeememeenno. Tozda 3adava
Kowwu

< L)) (2.10)

y =Bt)y+ ft), 0<t<T, y(0)=uyo, (2.11)

umeem eduncmeennoe pewenue y € HY(0,T).
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JLOKABATENBCTBO. s dyuxiun f(¢, &) = B(t) + f(t) Bbl-
nosHens yeaosus (2.8), (2.1) npu [(t) = || B(t)|], co = [[1(t)|| L. 0,7)-
TTosTomy moka3wpIBaemasi TeopeMa — cieacTeue Teopem 2.1, 2.2, [J

SAMEYAHUE 2.1. MoxHo noka3ars (cM., Hapumep, [33], [41]),
YTO Jisl OJHO3HAYHON paspemmnmocTty 3a1a4au (2.11) B kiacce abeo-
JIOTHO HenpepbIBHBIX dyHKIuii JocraTouno, yrobsl B, f € Lq(0,T).



T'JIABA 2

QJIJINIITUNYECKUVE YPABHEHUN A

§ 1. JluneitHble 37IMOTUYECKAE ypPaBHEHUS

1. BBegenue. B stom maparpade n3ydaiorcs OCHOBHBIE T'Da-
HUYHDBIE 3340 JJIs JIUHEHHBIX /INITHIECKAX YPABHEHUN BTOPO-
ro Topsijika JuBepreHTHOro Buja. Obinasi cxema HMCCjeI0BaHUN Ta-
KoBa. BBomuTcsi moHsiTre OOODIIEHHOIO PEIeHusl KPaeBoil 3a1adn
KaK (QYHKIMH U3 COOTBETCTBYIOIIEIO COOOJIEBCKOTO IPOCTPAHCTBA,
VJIOBJIETBOPSIOINIEH HEKOTOPOMY HHTEI'DAJILHOMY TOXKJIECTBY, TTOPOXK-
JlaeMoMy KpaeBoit 3asiaqeit. CyiecTBoBaHue 0000OIIEHHOTO PEIeHIs
YCTaHABJIUBAETCS JTOCTATOYHO IIPOCTO 3a CYEeT MPUMEHEHUs] METO/IOB
TEOPUU ONEPATOPHBIX YPAaBHEHWN B I'MJIBOEPTOBBIX IIPOCTPAHCTBAX.
Jasee 3HaYNTENHHO 0OOJIEE CIIOKHBIMU PACCYKICHUSIMU TTOKA3bIBA~
€TCsI, UTO TIPU COOTBETCTBYIOIMEH TIaIKOCTH UCXOHBIX JIAHHBIX (KO-
3hdUIMEHTOB ypaBHEeHUsI, TPABOI Y9aCTH, TPAHUIIBI 00JIACTH) 0600-
MMEHHOE PEIeHNe TAKKe ABJSIETCS JOCTATOTHO TVIaIKONW (pyHKImei
7 YJIOBJETBOPSIET YPABHEHUIO W TPAHUIHBIM YCJIOBHUAM B OOBITHOM
(KJ1acCHUecKoM) CMBbICIIE.

TlonsiTie 0OOOIIEHHOTO pEIeHNsT eCTeCTBEHHBIM 00pPa30M BO3-
HUKAET IPU U3YUCHUHN BaAPUAIIMOHHBIX IIOCTAHOBOK 3318 MATEMATH-
qeckoii ¢usuku. PaccMoTpuMm B KadecTBe IpuMepa 3ajady O paB-
HOBECUHU MEMODAHBI, YKECTKO 3aKPEIICHHOH M0 KOHTYDPY U HaXOJIsd-
1eiicst o1, ieficTBUEM BHEITHE! CUJIbI INIOTHOCTH f. DTa 3ajada MOo-
KeT ObITh copMyIupoBaHa KakK 3ajada 00 OThICKAHMHM (DYHKITUN
u = w(z), JocTaBISIONEl MUHUMAIbHOE 3HAYEHHE MHTErPAJLy (Io-
TeHIMAJIBHON SHEPIUH CUCTEMbl <MeMOpaHa — BHEIIHUE CHJIbIS )

F(u) = %/T|Vu|2d1:—/fu dx (1.1)
Q

Q

Ha MHOXKecTBe (yHKIMil, paBHBIX HyJI0 Ha rpanuine I obGja-
cru Q C R2. 3nece T = T(x) — 3amannas nemnpepbisio audbde-
pennupyeMas QyHKIMsS — HATsXKEHUe MeMOPaHBbI.

VpagHuenne paBHOBeCHsT MEMOPAHBI MOJIYYIaeTCsd KakK He0OXO01u-
Moe ycsoBue MunuMmyMa (ypasaenue Ditnepa) dyuximonana (1.1) u
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nuMeeT BUJI

—div(TVu) = f, zeq. (1.2)

Ipucoennusist K ypasHenuto (1.2) rpaHUYHbIE YCIOBUSI 2KECTKOIO 3a-
KpPeILJICHUA

u(z) =0, xzel, (1.3)

noJtydnM 3azady Jupuxiie jisi OTbICKaHust DYHKIUY U.

TToJ KJIACCHYECKNM pEIlleHUeM STOH 3a/adu MOHUMAIOT (QyHK-
IIATO U, HEMPEPBIBHYIO B {2, JIBAXK/IbI HEMPEPBLIBHO A depeHImpye-
Myto B obsacTu ) U yJI0BIeTBOpsIONLyo ypasHeruto (1.2) u rpanud-
HoMy yciouio (1.3).

Bamerum, uyro dysxnuonan (1.1) oupenenen ma ropasmo 6o-
Jlee TIUPOKOM MHOKecTBe (DbyHKImit. VIMeHHo, OH, OYeBUIHO, TMEET
embica Jyis sioboit dynkmmu u € H!(Q). Yurem rpannunbie ycio-
sug (1.3), nosmaras, uro u € HY(Q). Takum obpazom, BOZHHKaeT
3ajlada 00 OTBICKAHMM MUHUMYyMa (DYHKIMOHAJIA F Ha MPOCTpaH-
cree H(Q):

F(u) = min F(v). (1.4)
veH}
Perrerne 31oif 331841 €CTECTBEHHO HA3BATH OOOOIIEHHBIM PEIIeHHEM
sajgaan Jupuxie (1.2), (1.3).

O6061mennoit mocranoske 3aa4u (1.2), (1.3) MOXKHO npuiaTh 1
JIPYTYIO, SKBUBAJIEHTHYIO, 3a9acTyI0 OoJiee yinobHyI0, dhopmy. 3ame-
THM, 9TO ecn U — 0bobinennoe perenne 3agaqau (1.2), (1.3), To s
moboit dynxmun v € HE(Q) u moboro BemecTBeHHOro ¢ NMeeM

F(u+tv) > F(u).
Unbivu croaMu, GYHKIMS BEIMIECTBEHHOTO IIEPEMEHHOIO
o(t) = F(u+10)

JIOCTHraeT MUHUMAJILHOTO 3Hadenusi npu ¢ = 0. Herpymno Bujers,
aro ¢ — nuddepenipyemas dbyHknud, ciaegosareasao, ¢’ (0) = 0.
Jlerko mojicauTaTh, 9TO

@’(O)z/TVu-Vvdx—/fvdm,
QO

Q

O3TOMY, eciu v — pernenne 3agaan (1.4), To

/TVU-VU dx:/fv dr Vv € Hg(Q). (1.5)
Q Q
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Terneps MOKHO CcHOPMYIUPOBATHL OIpEJIETCHIE, SKBUBAJJICHT-
HOe BBEJIEHHOMY paHee OIPEIEIEHNI0 ODOOIEHHOTO DPEeITeHns 3a-
naun (1.2), (1.3). Bygem rosoputh, uto dbynxuus u € HH(Q) —
0606menHoe perterne 3amaun (1.2), (1.3), eciu BBITOJIHEHO TOXK e~
crBo (1.5).

Bamernm, 4T0 K TOXKAeCTBY (1.5) MOKHO IPUATH U APYTUM IIy-
TeM, yIOOHBIM € TOUKU 3PEHHs PACIPOCTPAHEHUS IOHATHS 0000IIEH-
HOI'O pellleHusl Ha GoJiee CJIOKHBIE 3aJa4i. A UMEHHO, CUUTasd, YTO
u — KJaccnaeckoe pemnterne 3ajadn (1.2), (1.3), yMHOXKHUM ypaBHe-
ure (1.2) Ha HeKOTOpYIO HempepblBHO juddepeHnupyeMyo Ha §) u
paBHyI0O HyJo Ha I' GyHKIHNIO v ¥ IPOMHTErPUPYEM IIOJIy YEHHOE Pa-
BEHCTBO 110 obactu )

—Q/vdiv (TVu) dv = Q/fv dz. (1.6)

IIpeo6pasyem uHTerpas B jieBoii actu paserctsa (1.6) mpu nomorn
OPMyJIbI HHTETPUPOBAHEA TI0 YACTAM, YIATHIBAS IIPU 3TOM I'DAHNY-
Hoe ycjosue jyia byHKIUH v. B pesynbpTraTe IpmIeM K TOMKIECTBY
Buga (1.5).

Taxum 06pazoM, ecsn u — KJaccudeckoe penterne 3ajaan (1.2),
(1.3), ;11 KOTOPOrO CyIMIECTBYET MHTErPAJT

/T\Vu|2dx
Q

(nazpiBaeMblii mHTErpaaoM JlUpHUXIIe), TO OHO YJOBJIETBODPSAET UHTE-
rpajbHOMy TOK1ecTBY (1.5). B 9T0M CMBIC/IE KIIACCHIECKOe PelleHre
sagaan (1.2), (1.3) apisiercsa u 06OBOIIEHHBIM PEIIEHUEM.

[Tycts Teneps dyHkImst u, 0606menHoe permenne 3aaaqau (1.2),
(1.3), mBazkapl HenpepbiBHO muddeperntmpyema B 2. [lokaxkem, 1To
Toryia 4 — KJaaccuaeckoe pemenne 3ajaqu (1.2), (1.3). deitcrBuresb-
HO, BbIOMpas B KauecTse pyHKIuu v B (1.5) HENPEPBIBHYIO U HEIIpe-
poIBHO JuddepertupyeMyio pyHKIINO, paBuyio nyso ua [, mpu mo-
MOIIU (DOPMYJIbI UHTEIPUPOBAHUSL 110 YACTSIM [1OJIY IUM

/(— div (TVu) — f)v dz = 0. (1.7)
Q

Orcroza caemyer, uto u — pemnienne ypapaenus (1.2). JleficrBuress-
HO, €CJIM TPEJIIIOJIOZKUTH [IPOTUBHOE, TO Haiifercs Touka xg € ) Ta-
Kas, 9TO

(div (TVu) + f) (zg) # 0.
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He orpanmvuBas oOITHOCTH, MOXKHO CIUTATH, ITO
(div (TVu) + f) (xo) > 0.

B cuiy nenpepoisnoctu dyuxmuu div (TVu) + f 910 HepaBeHCTBO
COXPAHSAETCS W JIIsT HEKOTOPOH OKPECTHOCTH TOYUKU Xg, JIerKAIeit
BayTpu (). Bonibepem Temepb PYHKINIO ¥ Tak, ITOOBI OHa OBLIA
[IOJIOKUTEILHONM BHYTPH YKA3aHHOW OKPECTHOCTH M TOXKJIECTBEH-
HO PaABHOW HYyJII0 BHE 3TOI OKpecTHOocTH. Torga wHTErpasa B Jie-
BOi wactu pasercTBa (1.7) GymeT MOJOKUTENBHBIM, UTO MO JIOKA-
3aHHOMY HEBO3MOYKHO HU IIPU KAKON (PYHKIMU ¥, CJI€JIOBATEIbHO,
div (T'Vu) + f = 0 Bciogy B obmactu €, T. €. u — KJIACCHYECKOE
perenne 3axaqn (1.2), (1.3).

TIpuBesennbie paccyKIeHnusl MOKA3BbIBAIOT, YTO JAHHOE 3J16Ch
orpejie/ieHre 0O0DIIEHHOIO PeIleHns] eCTeCTBEHHO ODO0OIAeT IOHSI-
THE KJIACCUYIECKOI'O PEIeHMUsI.

2. O06obGiIeHHbIE peNIeHnsI KPAeBbIX 3a/aY JJIsl DJIJIUII-
TUYECKNX ypaBHEHHuii Broporo mopszaka. llycrts Q@ C R"™ —
orpanmveHHas obacTh ¢ rpanureit I'. JlanbHeiimme paccMOTpeHust
B 9TOM Taparpade OyIyT MOCBSIIEHBI YPABHEHUTO

"0 0 0 " O(b;
Cuz—_zla—%(aija—;j)Jr_ 1aiaaiz;(69:)+aou
i,j= i= =
~ 0fi

. 61’/
1=1

= f() — x € €. (21)

Homaras A(r) = A={ai;}}';—1, a= (a1, ...,an), b= (b1, ..., by),
f=(f1, ..., fn), ypaBuenumo (2.1) MoxKHO HpuIaTH GOJIEE KOMIAKT-
HBIIT BUJI,

—div(AVu+ub) +a-Vu+au= fo—divf, ze€f. (2.2)

Bynem cunTtarh BBIIOTHEHHBIM YCJIOBHE CTPOTrOM JUINIITAUYHOCTH.
D10 o3HaUaeT, YT0 MaTpuiia A paBHoMepHO 110 & € () MOJIOKUTEITHHO
orpeJiesieHa;

A@)E-E>colé]? VEER™ z€Q, ¢y =const>0. (2.3)

Vpasuenue (2.1) npu BblonHeHnH yeaoBus (2.3) Ha3bIBAIOT 3JI-
JIMIITHIECKAM yPABHEHHEM BTOPOTO MOPSIKA JUBEPIEHTHOTO BHIA.
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B cayuaae, xorjga
a,-j,bi S CI(Q), u e CZ(Q),

ypaBHeHne (2.1) MOXKHO Iepenucarb B TaK HA3BIBAEMON HEJMBED-
reHTHOH hopme

n 82 n _ o N ~
ﬁuzfzaija_ilt_+zai67;+aouzf» reQ, (24)
i=1 ’

rie

n n n
7 ofi - daji - ob;
f=1Jo— Or ai:ai*bi*E Oxs ap = aop — or:
=1t j=1 J i=1 7t

Be3s orpannuenust 0GITHOCTH MOXKHO CIUTATEH B 9TOM CJIY4ae, UTO

marpuna A = (a;;);j_; CUMMeTPHHA, TaK KaK claraeMble, COOTBeT-

CTBYIOIIUE IIPOH3BOIILHO bUKCUPOBAHHBIM MHJIEKCAM 1, j, BCJIEICTBUE

pasencrBa 0-u/0x;0x; = 2*u/ 0x;0z; MOTYT OBITH 3aIICaHbI B (HOP-
Me

0%u
6:rj8xi '

0%u d%u 1 d%u

aij &vl&rj +qu7,' &rjé)xl - i(aij +aji) 81‘@8IJ

1
+5 (@i +aji)

MozKkHO 1oKa3arhb, 9ro u HaobopoT, ypaBHenue suja (2.4) B ciy-
qae, KorJia KoahdurimenTsl uddepeHImpyeMbl, MOXKHO ITPUBECTH K
nuBeprenTaoMy Buiy (2.1).

s ypasaenns (2.1) 0ObIMHO paccMaTPUBAIOTCS CJIEYIOIIUE
IPAHUYHBIE 33/1a49N.

3adaua Tupuzse (nepsas xpaesas 3a0aua). Ta 3amada COCTO-
UT B OTBICKAHUY PEIleHus ypaBHeHust (2.2), yI0BJIeTBOPSIONIEro Ipa-
HUYHOMY YCJIOBUIO

u(z) =g(z), wel, (2.5)

rae g — sagannas Gyuknus. Ocobo GyueM paccMaTpuBaTh Tak Ha-
3BIBAEMYIO OIHOPOAHYIO 3318y JIupuxiie, KOrja rpaHuIHOE yCI0BHE
LIPHHAMAET BHJ

u(z) =0, zel. (2.6)

Tpemwvsa eparuunas 3adava. COCTOUT B OTHICKAHUM PEIIEHUS
ypasaenusg (2.2), yZA0BJIETBOPAIONIEr0 IPAHUYHOMY YCJIOBHIO

(AVu+udb) -v+ou=g(x), zel, (2.7)
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e o, g — 3aJaHable (DYHKINN, V — BHEITIHAS eTUHITHAST HOPMAaJTh
kI

B caydae, xorma o = 0, roBOpaT 0 6mopoti epanudnol 3adave
win 3adave Hetimana.

O0600IIeHHbIE [TOCTAHOBKU ITHUX 33Ja4 OINUPAIOTCS HA UHTE-
rpaJibHOE TOXKJIECTBO, COOTBETCTBYOIIEe ypasHenuto (2.2). s ero
[OCTPOEHMUsI yMHOXKUM ypaBHeHue (2.2) Ha DYHKIUIO v, IPOUHTErPH-
pyeM pe3yJabTat 1o obaactu § u npeobpasyeM (GpopMaabHO HHTETPAL,
COOTBETCTBYIOIIMIL IIEPBOMY CJIAIaeMOMY, IIPH IOMOIIU HHTEIPUPOBa-
Hus 110 JactsaM. Iloayanm

/(AVu~Vv+a~Vuv+ub~Vv+a0uv)d:1c:
Q

:/(fOUJrf'VU) deJJr/(AVquub)'Vv dz. (2.8)
Q r

JanbHeiimme paccyKIeHnst 3aBUCAT OT THIIA, PACCMATPUBAEMOTT
IPAHUYHON 3a/1a4u.

Obparnmces cradasa K 3agade dupuxie. B stom ciayuaae Oymem
CYUTATH, YTO (DYHKIWSA U YIOBIETBOPSET IPAHIIHOMY YCJIOBHIO:

v(z) =0, zeT.

Nurerpanbhoe Toxk1ecTBO (2.8) IpHHUMAET BHL

/(AVu-Vv+a-Vuv+ub-Vv+aouv) dx =
Q

= /(fov + f-Vu)dz. (2.9)
Q

B nampmeiinem Oyzaem mpejnosaraTb, 9TO HAPSIAY C yCJIOBHEM
IMOTHIHOCTH (2.3) BBIIOJIHEHBI CJIEIYIOIIUE yCIOBUSI:

Aij, Qj, AQ, bl S LOO(Q)’ 27.7 = 1727 sy (210)
fo, fi ELQ(Q), 1=1,2,...,n. (2.11)

N3 ycmoBumit (2.10) BBITEKAa€T, B YaCTHOCTH, CYIIeCTBOBaHUE I10-
JOKUATEJbHOU TMOCTOAHHON €] TaKoil, 4TO

A@)E-€<er|éf? VEER™ m s B Q. (2.12)
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Herpyuo Bujers, uro npu BeiosHenun ycaosuit (2.10), (2.11)
UHTErpaJibl, yIacTByomme B (2.9), CymecrByoT npu Jro0bix QhyHK-
nusx u,v € H(Q).

OrHocuTesbHO DYHKIMN g Oy/IeM IIPEIIoIaraTh, 9T0 OHA JIOITYC-
Kaet Tipojio/zkenne B H1(Q). Unbmvu coBamu, cymecTByer hyHK-
s w, npunaexkamasa H'(Q), n Takas, uTo ee ciaen na I cona-
JIaeT ¢ g.

Omnpenenenne 2.1. Qywxyua v € HY(Q) ecmuv obobusennoe
pewenue 3adavwu Jupuzae (2.2), (2.5), ecau caed gynryuu u wa T
pasern g u dan mobol dynkyuu v € H () ewnoanaemesn unme-
epaavroe mootcdecmeo (2.9).

B ciuyuae opnoposmoit 3amaun Jdupuxie (2.2), (2.6) oupeese-
mnre 2.1 ecTecTBeHHBIM 00PA30M BUIOM3MEHSIETCS.

Onpenenenne 2.2. Qynuxyua u€ HL(Q) — obobuenroe pewe-
nue 00nopodnol sadawu Jupuxae (2.2), (2.6), ecau unmeepasvioe
mooicdecmeo (2.9) evnoansemes dan aoboti dynxyuu v € HE(Q).

BamMeTuM, 4TO HeOAHOPOAHAS 3a0a4a JIupuxie MoxKeT ObITh CBe-
JIeHa K OJIHOPOJIHOI 3a cUeT M3MEHEHUs IPaBOil YacTH ypaBHEHHs.

JleficTBUTEIBHO, TTYCTh W — TPoU3BoIbHast bynkmus us H(Q),
ces, Kotopoit Ha I’ pasen g. Bymem pasbicKUBATL peleHue HeoJl-
Hopoanoit 3amaun Jupuxse (2.2), (2.5) B Buge u = wug + w, e
ug € Hg(Q). Torna Toxaectso (2.9) MOXKHO NepenucaTh B BUJe

/(AVUO -Vu+a-Vug v+ ugb- Vo + agugv) de =
Q

= /(fov + f Vo) dz,
Q

rae fo = fo—a-Vw—aw, f = f— AVw — wb, upuuem seies-
creue (2.10) f; € L2(Q),i=0,1, ...,n, nockombky w € H(Q).

CKa3aHHoe JaeT BOSMOXKHOCTL B ,HaﬂbHefILHe]\l OI'PAaHUYINTHCA
n3ydeHneM 0OOOIEHHON PAa3PEITUMOCTH OHOPOIHON 3a1axu upn-
XJIe.

Paccy:xmas mo anagoruu ¢ mynkToM 1, HeTPYIHO YO IUTHCS, ITO
€CJIN BBIITOJIHEHBI COOTBETCTBYIOIINE YCJIOBUST TJIAJIKOCTH, TO 0000-
IeHHoe perterne 3aaa4n upuxie ynosiersopsier ypasHeHuo (2.2)
U IPAHUIHOMY YCJIOBHUIO (2.5) B KJIACCHYIECKOM CMBICIIE.
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Haaum Temepb omnpejeneHne 0O0DIIEHHOIO PeIleHusI TPeTheil
TPAHUIHON 3a/adn. BHOBL 00paTHMCs K MHTETPATBHOMY TOXKJIE-
crBy (2.8). Ucnonn3yst rpannyaHoe ycjosue (2.7), mepenuiieM ero B
BU/JIC

/(AVU-Vv+a-Vuv—l—ub-Vv—l—aouv)dm—l—/auvdx:

Q r
= /(fOU + f-Vv)dr + /gv dr. (2.13)
Q r

Hapsiny ¢ yeaouamu (2.3), (2.10) Gyzem upemosarars, 9ro
0 € Loo(T), (2.14)
g € Ly(T). (2.15)

Herpyano y6eauTbes, 9To B 9TOM CJIydae BCe WHTErPaJibl, BXO-
namue B (2.13), cymectsyior npu Jo6bx u,v € H(Q). Ipn srom
HaJI0 ydecThb TOT bakT, aro /s mroboit by us H(Q) cyme-
crByer cien Ha ', mpunagexammuii Lo ().

Omnpenenenne 2.3. O6obwennvim peweruem mpemoeli Kpae-
60t 3adavu naswsaemes Pynxuus u€H (), ydosaemeoparowas un-
meepaavromy moostcdecmey (2.13) npu moboti dyrwuuu ve H(Q).

Kak u B ciryyae nepBoit KpaeBoil 331241, MO2KHO TIOKa3aTh, YTO
TIPU BBITTOJTHEHUH COOTBETCTBYIONINX YCJIOBUH TJIAIKOCTH 00OOIIEH-
HOEe PeIleHne 381891 Y/IOBJIETBOPsIeT yPABHEHUO (2.2) U IPaHuIHOMY
yCa0BHIO (2.7) B KJIACCUYIECKOM CMBICIIE.

SAMEYAHUE 2.1. Cnemyer oOpaTuTh BHUMAHNE Ha, TPUHITATIN-
AJBHYIO PA3HUILY MEXK/Ty TPAHUIHBIMHI YCIOBUSME ITEPBOTO U TPEThE-
ro poga. ['panndnbe ycaoBHUs TPETHETO POJA BBITEKAIOT KAK CJIE]I-
CTBUE M3 MHTErPAIbHOrO ToxKzecTtsBa (2.13), B TO BpeMsi Kak rpa-
HUYHbIE yCcaoBus JIupuxie HaKIAIBIBAIOTCS HA UCKOMOE DelreHne
anpuopu. B CBsI3W ¢ 9TUM NPUHSITA TaKash TEPMUHOJOTHUS: TPAHUY-
Hble ycaoBust Jlupuxiie HA3BIBAIOT 2406HbLMU TPAHUIHBIME YCJIOBH-
SIMU, TPAHUYIHBIE YCJIOBHUSI TPETHETO POJIA — €CMECMBEHHbLMU.

3. UccaenoBanne pa3speninMoCTH KpaeBbIX 334aY Ha OC-
HoBe JiemMbl Jlakca — Muabsrpama.
1. Bagaua Tdupuxiie. Oupenenm 6uinHeiinyo hopmy

a:Hi(Q) x Hy(Q) - R
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u jmHeiiHyo dopMy
f:H5(Q) - R

IpHu IIOMOIIM COOTHOITICHUTA

a(u,v) :/(AVu-Vv—}—a‘Vuv—Fub-Vv—Faouv)dx (3.1)
Q

Vu,v € HYQ),

f(v) = /(fov +f-Vo)dz Yve H(Q). (3.2)
Q

Takum ob6pazom, oTbicKanre 06001IEHHOTO pertennst 3aaqn Jn-
pUX/Ie 3KBUBAJIEHTHO OThIcKanmio dbynkmun u € Hi (), ymosierso-
pAIoIeil TOXKJJIECTBY

a(u,v) = f(v) Yove H}(Q). (3.3)

IIpu Beimosernn yenoswuii (2.10), (2.11) dopwmer a, f Henpepbis-
HBI.

Henpepoisrocrs dopubt f Gbuia yeranosiena panee (cM. c. 85).
JlokazkeM HenpepbIBHOCTH opMbl a. Vcrmonb3yem nepasencrso Ko-
mu — ByHsiKoBCcKoro, a 3arem — @Ppuapuxca. [lomyanm

la(u,v)| < a1l Vull L, @) Vol o) + 2¢2 I Vull by vl o)+
+ esllull Ly 1Vl Lo < el Vullpy@) Vol Ly @),

1/2
rie ¢ = ¢q +CQCQ/ +c3cq, €1, Co — NOCTOsIHHBIE U3 HEpaBeHCTB (2.12)
n Opuapuxca cOOTBETCTBEHHO,

co = esssup |a(x)| +esssup |b(x)|, c3 = esssup |ag(z)]|.
€N reQ EISY)

Jutst hopMyTMpPOBKY YCJIOBUI TIOJIOXKUTETBHON OIIPEeJIeIEHHOCTH
dopmMbI @ yjI00HO BBECTH B PACCMOTPEHHE IMOCTOSTHHbBIE

cf =essinf af (), c3 = esssup |ag (z)|.
r€Q zeQ
[Mosaras v = u B paBencrse (3.1), Hosydum

a(u,u) > / (00 [Vul® = 265Vl |u| — c5u® + cgru2) dzx.
Q
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Bynem pazimaars jajee JgBa Cirydas.
1. IlycTh M3BECTHO JIUTID, TITO cg' > 0. Vcnonb3ys HepaBeHCTBO
Opupuxca, MOy IUM:

a(u,u) = (co — 2020512/2 — ¢35 ) / |Vu|® de. (3.4)
Q

2. Ilycrs cg' > 0. Torya ¢ momorbio HepaBeHcTBa Kot ¢ € s
J0boro € > () MOyKeM HAINCATh, ITO

a(u,u) = (co — c26) / |Vu|® dz + (c§ —ca/e) /u2dx. (3.5)
Q Q

Ouenxu (3.4), (3.5) mozBosisior cHOPMYIUPOBATH JOCTATOY-
HbIE YCJIOBUSI TIOJIOYKUTEILHON OIPEeJIeIeHHOCTU KBaPaTUIHON hop-
MBI a(-,-).

Tak, onenka (3.4) rapaHTUpyeT MOJOKUTEILHYIO OIPEIEICH-
HOCTB (DOPMBI @, KOTJIa Jinbo 3 1 5 , THOO0 € JOCTATOIHO MaJIbl. 11o-
cJejiHee O3HAYAeT, 9TO OuanHelHasi GopMa @ TOJOKUTEIBHO OIpe-
NesieHa, ecyn Mepa obiactu §) 1ocTaToaHo Magal).

Orenka (3.5) rapaHTHpYyeT MOJOXKUTEJbHYIO ONPeJIeJeHHOCTD
bOpMBI @ TIPH TOCTATOMHO GOJBITIOM 3HAMEHUH C; .

Takum obpazowm, BeteacrBre jjeMMbl 1.1, ¢. 8, cipaBejinBa

Teopema 3.1. ITycmov ewnoanense ycaosus (2.3), (2.10) u
YCAOGUA HA NOCTNOAMNBIE C2, C3, Ci, Cq, 06ECTENUGAIOULUE MOAO-
arcumMeENvHYI0 onpedesennocms obusunetinot gopmu, a. Tozda 3ada-
wa (2.2), (2.6) umeem eduncmeennoe 0bobwernoe pewenue npu Ao-
ovx fo, f1, -+, fn us npocmpancmea La(92).

YIIPAXKHEHUE 3.1. IloxkazaTb, 9TO IpPU BBIIOJIHEHUH YCIOBU
reopembl 3.1 jyist 06obmieHHOrO pertenus 3aja4n (2.2), (2.6) cupa-
BeJIJTNBa AIPHOPHAsA OICHKA

||Vu||L2(Q) < CZ ||fi||L2(Q)’
=0

rje ¢ — IOCTOSIHHAS, 3aBUCAIIasg oT Ko3(pUIUeHToB oneparopa L u
obaactu €.

DCwm. onenxy (14.7), c. 76.
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3AMEYAHUE 3.1. Ilpm Bemosnennn ycsosumit (2.10), (2.11)
dopmbl @, f orpanntueHb 1 TOTOMY MOTYT OBITH 3AIMCAHBI B BUJIE

a(u,v) = (Au,v) Yu,v € Hy(Q), f£(v) = (p,v) Yv € Hi(Q),

rae A — JMHEHHBI OrpaHMYEeHHBIN OIepaTop, JACHCTBYIONHUN u3
HYQ) 8 H7Y(Q), ¢ — 3anannbiii snement npocrpancrsa H (),
n 3ajgada (3.3) MoxKeT OBITH MHTEPIPETUPOBAHA KAK YDABHEHHE
Au = . Ilpu BbinosiHeHNE ycsioBuilt Teopembl 3.1 310 ypaBHEeHHE
OJTHOZHAYMHO PA3PEIMO TIpH JIIo0oit mpasoit qactu ¢ € H ().

3AMEYAHUE 3.2. HerpyaHo y6euThest, 9TO €CJIU BHITIOJTHEHBI
ycsi0oBHsi TeopeMbl 3.1, To HeomHOpOIHAs 3aa4a Tupuxie (2.2), (2.5)
UMeeT eJMHCTBEHHOEe OOODIEHHOE pEIeHre TPHU JIIOObIX (DYHKIIAAX
fos f1, -y fn € La(2) u moboit dyuxuuu g € Lo(T), monyckarommeit
npososzkenne B H* ().

Ocob0 0CTAHOBUMCS Ha BAYKHOM JIJisl TIPUIOKEHUH Cirydae, Ko-
raa dopma @, coorBeTcrByomas 3anade (2.1), (2.5), cumMMerpudHa.
Kaxk nokaspisaer coornomenue (3.1), g 3T0ro J0CTATOMHO HOTPE-
6OBATDH BBIIIOJIHEHUSI yCIAOBUH

A=AT, a=0.

Ec/i 1py 5TOM BBIIIOJIHEHBI U YCJIOBHUSI IIOJIOZKHUTEIBLHOI OIpe ie/IeH-
HOCTH (POPMBI @, TO OTBICKAHHE OOOBIIEHHOrO pernenus 3a1a4un (2.2),
(2.6) 9KBUBAJICHTHO 3a/ia4e¢ MUHHMHU3AIIN:

F(u min F(v
(u) = - (v),

rie

1
F(u) = f/ (AVu - Vu+2ua- Vu+ aou®) do—

Q

[\

- /(f0u+ f-Vu)dz. (3.6)
Q
Dyuknuonas (3.6) IPUHATO HABBIBATD IHEP2ETNUNECKUM.

SAMEYAHUE 3.3. IlomuepkHem, 94T0 IPU UCCIEIOBAHUN Pa3pe-
IIUMOCTH OJTHOPOJIHOM 3a1a4u JIupuxiie Mbl He UCIOJIH30BaIN KaKIX-
JinbOo yCJIOBHI HA TVIAJIKOCTh IpaHuIbl objactu (2.
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2. Tperbst KpaeBasg 3amada. [lpm mccsaemoBanum 0O60OIIEHHOMN
paspermumMocTh 3aza4u (2.2), (2.7) OGyJeM cuuTarh BBIIOIHEHHBIMI
yeaosust (2.3), (2.10), (2.14). Kpome Toro, npesmosoKum, 9ro

ag(x) = mo = const > 0,
o(x) = mq = const > 0,mg+mq >0. (3.7)

Bsesnem B pacemorpenne popmbl

a(u,v) = /(AVu~VU+a-Vuv—l—ub-Vv—l—aouv)de‘—l—
Q

+/auv dr Vu,v € H(Q),
r

f(v) = [ (fov+ f-Vo)dz+ [ gvdr Yove HY(Q).
/ /

Torja orbickanue 0600IIEHHOrO pelenns 3aaaun (2.2), (2.7) sxksn-
BaJIeHTHO oThicKanuio byukun u € H'(Q) Kak penienus ypasHeHust

a(u,v) =f(v) Yve HY(Q).

3aMeTnM, TpeXKIe BCEro, YTO BCJEICTBHE HEIMPEPBIBHOCTH BJIOZKE-
mus ipoctpancTsa H' () B mpoctpanctso Lo (T') (em. Teopemy 12.2,
c. 53)

’/qu dac’ < caglullm@llvlme Yu,ve H(Q),
r

rje ¢4 = esssup o(x), c1q — IOCTOsIHHAS, 3aBUCsIIAs 0T obyactu ).
zel’

Otciona BBITeKaeT, uto ouneitnas dopma a : H1(Q)x HY(Q) — R,
OTpaHUIEeHA.

Buosb npumensisg Teopemy 12.2; c. 53, moyduM, 9T0 MHTErpaJ
J gv dz npn moGom dbukcuposannom g € Ly (') mopoxaer auHeiHbIit
r
orpanndenubii dbynxuuonan na H(Q), cienosarenbho, juHeitnas
dopma f mempepwIBHA.



§ 1. Jlumerinple s/LTHITHYIECKHE YPABHEHHST 113

YeTanoBuM  yCJIOBUSA TOJIOXKHUTETBLHON  ONMPEIeTEHHOCTH  (hOP-
MBI @. Bymem cumrtatsh, uro my > 0. Caydait, Korga GyHKIMI ag
CTPOrO TOJIOXKUTEIbHA, PACCMATPUBAETCS BIIOJIHE aHAJOrMIHO. Pac-
CyzKJas, KaK B cjlydae IIepBOil KpaeBoil 3a1a4u, 101y IUM

a(u,u) > col|VullZ, ) — 2l Vull Loy l[ull o) +mallullg,r)- (3.8)

Herpyano nposepurh, 9T0 HOpMa
9 9 1/2
fulle = (IVul?, 0 + [ w?do)
T

SKBUBAJEHTHa MCXOMHON HopMe Ha mpoctpancTe H!(Q), cemopa-
TenbHo, [[ul 1, ) < callulli,« ¢ mocTosmuOI cq, 3aBuCmE UL OT
obnactu 2. Tlosromy, yennmsast HepaseHCTBO (3.8), IOy anM

a(u,u) > (c— cacq) HU”%,*v

rie ¢ = min(cg,mq) > 0, upuueM ¢ — cacq > 0, ecm nocTogHHasl Co
JOCTATOYHO MaJia.
Takum obpasoM, cripaBeInBa

Teopema 3.2. ITycmov svimoanenv, yeaosus (2.3), (2.10), (2.14)
U YCAOBUA, 06ECTLENUBAIOULUE NOAONCUTNEADHYIO ONPEICALHHOCTID OU-
aunetinot gopmot a. Toeda 3adana (2.2), (2.7) umeem eduncmeenmoe
obobwennoe pewenue npu 20oux fo, f1, ..., fn € La(2), g € La(T).

YIPAYKHEHME 3.2. Tlokasark, 9TO IPU BBIIOJIHEHUH YCIOBHI
TeopeMbl 3.2 Jyist 0600IIeHHOrO perenns 3aja4n (2.2), (2.7) cupa-
BE/UIMBA AIPUOPHAS OIEHKA

laller oy < e | D2 M ill o) + 9l |
i=0

rue ¢ — LOCTOsAHHAs, 3aBUCdIIas oT KoadduimenTos oneparopa L,
o u obsactu €.

4. IlpuHUun Makcumyma. Pe3yabraTbl HACTOSIIETO MyHK-
Ta MPEeJCTABIISIOT COOON ecTecTBEHHOe ODOOIIEeHNE KJIACCHYIECKOIO
MIPUHIIAIIA MaKCUMYyMa, Jijisd oreparopa Jlammaca ma ciaydait -
THYECKUX ONEPATOPOB JuBeprenTHoro suja. [Ipu ux dbopmymupos-
Ke OyJieM HCIIOIb30BATh CJIEYIONINE Opeiesienus. byieM roBOpuThb,
uro bynkimsa u € H'(Q) yrosnersopser yenosuto u < 0 ma I, ecrm
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byuxmua ut € HY(Q), unpivu ciosavu, dynkima u umeer my-

nesoit cimen na I'. Bymem rosoputn, ato v > 0 ma I', ecim —u < 0

ma I'. Bygem cuanrats, aro misa dbynxmmit u,v € H(Q) Bumoamero

HepaseHcTBo u < v Ha I, ecsim v — v < 0 ma I'. Oupenenum sup u
r

KaK TOYHYIO HUZKHIOIO I'DaHb TAKHUX HOCTOAHHBIX k, uro u < k na I.
IMosnoxum inf u = — sup(—u).
r r

SAMEYAHUE 4.1. g rragrux (GYHKIWE 9TH OLNpeIe/IeHIs
MPUBOJIAT K COOTBETCTBYONIUM HEPABEHCTBAM, TIOHUMAEMBIM B KJIAC-
CHYECKOM CMBICJIE.

Teopema 4.1. Ilycmo svinoanenv yeaosus (2.3), (2.10) u

/(agv +b-Vo)de >0 (4.1)
Q

ons m060t neompuyamervnoti pynxyuu v us Cy(Q). Ilyemo, dasee,
u npunadaesicum HL(Q). Toeda cnpasedausv caedyrouyue ymeep-
orcleHus:

1) ecau a(u,v) = 0 das moboti dynxyuu v e CH(Q), neompuya-
meavrotl 6 obaacmu S, mo

infu>infu™;
Q r

2) ecau a(u,v) < 0 das moboti Pynkyuu v € CF(Y), neompu-
yamenvrot 8 obaacmu £, mo

supu < supu’.
Q r

3AMEYAHUE 4.2. TlockoabKy ag,b € Lo (f2), ycmosue (2.1)
COXPAHSIeTCs 110 HENpPEPBIBHOCTH M JIst JIIOOOH HEeOTpUIATETHLHON

byrxmmm v €W 1(Q) (em. Teopemy 8.1, c. 39, 06 anTpPOKCHMAIAN
DI IKUM (DyHKIUSIMHT).

SAMEYAHUE 4.3. Ecmu dyuxmmnm b;, i = 1,2, ..., n, mudde-
peHnupyembl, T0 yciosue (2.1) ozunauaer, uro dyukius ag — div b,
SIBIISATONTASACST KO3 MUIMEHTOM IpH 1 B oriepaTope L, HeOTPUIIATe b
Ha B obactu €.

JTOKA3ATEJILCTBO Teopemsl 4.1. O4eBumHO, JOCTATOYHO yCTa-
HOBHUTbH CIPABE/JINBOCTh BTOPOI'O yTBEPKJIEHUS TEOPEMBI, TaK KaK
TOTJIa IepBOe IOJIyYaeTcs 3aMeHO 1« Ha —U.
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[Tosiozkum | = supu™ u BeIGepem uncyio k u3 ycjiosus
r

I < k< supu.
Q

Ecimu Taxoro umena k He cymmecTByeT, TO sUpu < supu’ U JoKa-
Q r

3BIBAEMOE yTBEPIKJEHUE CHPABeUINBO. B IPOTUBHOM CJIydae MOJIO-
=(u—Fk)t. 4 H (O
xuMm v = (u— k)*. fcno, aro v € Hy(2) u

vu 2 0. (4.2)

Kpome Toro, HETPYIHO IIPOBEPUTH, ITO UV El/f/} Q) u
V(uv) = uVo + vVau. (4.3)

SaMeTuM TakKe, 9TO BCJeJCTBUE JIeMMbl 9.2, ¢. 45,

| Vu, upmu>k, re upnov#0;
Vv = { 0, mpr u < k, T. e. mpu v = 0. (4.4)

Omnwmpasich Ha Teopemy 8.1, ¢. 39, HETPYIHO YOETUTHCSI, ITO HEPABEH-
ctBO a(u,v) < 0, BBIIOJHEHHOE J1Ist JIIOO0IT HeOTpUIATETHLHOM (hyHK-
mun v u3 CF(£2), ocraercst crpaBeyIMBLIM U s HEOTPHIIATEILHOM
bynxmun v = (u — k)T € H}(Q). Ucnonszys dopmyity (4.3), nepe-
[IAIIEM €T0 B BUJIE

AVu-Vudr < — [ (a=b)-(Vu)vdz— [ (apuv+b-V(uv))dz. (4.5)
[reesee] /

N3 (4.5), yanrsas (4.2), (4.4), ycaosue sjumnruanoctu (2.3) u
ycaosue (2.1), mosyaum

/VU - Vodr < c/v|Vv\d:Jc, (4.6)
Q D

rae D = supp |Vol|. dcno, uro supp |Vo| C supp v. U3 (4.6), uc-
HOJB3ys HepaBeHCTBO Komm — ByHAKOBCKOrO, 6y/1eM nMeTh

[ollwi @) < cllvlly),

OTKY/Ia HA OCHOBAHUM TeOpeMbl BjioxkeHUd 13.3, c. 61, mosryydnm, 4To

1ol 2z (@) < €llvllzaco), (4.7)



116 ImaBa 2. Summnrndeckue ypaBHEHHs

ecqii n = 3; ecau n = 2, TO TOYHO TaK Ke IOJIyIUM, 9TO

[0l @) < ellvllapy, (4.8)

I7le B Ka4ecTBe ¢ MOXKHO B3STh IPOU3BOJIBHOE UUCJIO, OOJIbIEe MIn
pasnoe eqummme!). TTockombky 2n/(n — 2) > 2 npu n > 3, MOXKHO
CYATATD, YTO LPU JIOOOM N > 2 BbINOJHEHO HepaseHCTBO (4.8) ¢
HEKOTOPBIM ¢ > 2. Vcrions3ys HepaBeHCTBO lesbaepa, IOy InM, 9TO

2/q (¢—2)/q

/dex < /(112)‘1/26196 /1Q/(q_2)dac

D D D

= [[v[|Z, (p) (mes D)l=2/a < [0]|7, () (mes D)la=2/a,

[osTomy u3 (4.8) BbITEKAET, UTO MeEs D > ¢24/(9=2) ypiryem mocTo-

SJHHAs B IPABON YACTH TOr0 HEPABEHCTBA He 3aBucuT oT k. [Ipubiu-

2Kas k HeOrpaHUIeHHO K SUp U, TTOJTYIUM, ITO (PYHKIINS U JOCTUTAET
Q

TOYHOI BepxXHell IpaHy Ha MHOXKECTBE IIOJIOZKUTEJIBHON Mepbl, U Ha
HeM BeJieJicTBre JileMMbl 9.3, ¢. 46, ciipaBeiyuBo papeHcTBO Vu = 0, a
saauut BeegcTeue (4.4) noxydaem, uro Vo = () Ha 9TOM K€ MHOXKE-
cTBe. D10 NPoTUBOpednT TOMY, uTo mes (D) > 0. Ocraercs NPUHSATD,
gro supu < [ =suput. O

Q r

Teopema 4.2. [lycmv das onepamopa L 6vinoanenv, yciosus,
cpopmyauposanrvie 6 meopeme 4.1, u nycmy uw€HE(Q), a(u,v)=0
das mobozo v € HYH(Q). Tozda u(z) =0 na Q.

JOKABATEJIBLCTBO. g DyHKITUN % OJHOBPEMEHHO BBITIOJIHE-
HBI yCJIOBUS IIYHKTOB 1 1 2 Teopemsbl 4.1, ciejoBaTesbHO,

irllfu_ <u(r) <suput ma Q,
r
1, ockosbKy u € HE(Q), To igf u” =suput =0. O
r
5. UcciemoBanue o0OGOOIIEHHON pa3penimMOCTH 3a1adu

Jdupuxiie Ha ocHoBe TeopeMm Ppenarosbma. Mol 1oka3anu pa-
Hee OJIHO3HAYHYIO ODOOIIEHHYIO paspemmMocTh 3agaun (2.2), (2.6)

D Cwm. sameuanue 13.1, c. 61.
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opn ycCJOBHM, YTO MJIQJANINE YJIEHbBI ypaBHEHHA JOCTATOYTHO Ma-
sol. [IpuBnexkas teopuio PpearosbMa pasperimMOCTH YPABHEHHH ¢
BIIOJTHE HENpPEpBIBHBIMU oreparopamu (cM. 1. 3, §1, rur. 1), MoxKHO
yKa3aTh Oojiee 00IIme KPUTEPUN CyIECTBOBAHUS PEIICHUS ITON 3a-
Jlavu.

CaezeM orbicKanue 0606IeHHOrO perenus 3aga4du (2.2), (2.6)
K YPaBHEHWIO BTOPOIO POJA C BIIOJIHE HEIPEPBIBHBIM OIIEPATOPOM
B ruibbepToBoM npoctpanctee HE (). C sroit menbio mepermiem
UHTErpajbHOE TOKICCTBO (2.9) B 9KBUBAJCHTHOM BUJIE

/(AVu-Vv+a-Vuv+ub-Vv+(ag—l—u)uv)dm—,u/uvd:v:
) Q

= /(fov + f-Vou)dx, (5.1)
Q

rae pu = const.

Beenem B paccmorpenne omepatopsl A, T, geficTsytomue B
npocrpanctse H(Q), u dynkmmio £ € HE (), onpenensembie Toxk-
JIECTBAMUI

(A u,v) = /(AVu -Vo+a-Vuv+ub-Vo+ (ag + p)uv) de
Q
Yu,v € Hy (),

(Tu,v); = /uvdm Yu,v € Hy(Q),
Q

(f,v)lz/(f0v+f-Vv)d$ Yo € Hy(Q).
Q

Bamada mocTpoeHusi 0OOOIEHHOIO PEIIeHUs] OKA3bIBACTCS IKBUBA-
JIEHTHO1 IIPH 3TOM yDPaBHEHUIO

Au—pTu=f. (5.2)

W3 paccyxaennii, mposesienubix na c. 109 mpu J10Kka3are/bCcTBe
HENPEPBIBHOCTU OMJIMHENHOM (DOPMBI @, HETIOCPEICTBEHHO BHITEKAET,
470 oneparop A, mpn mobom j u oneparop T — juHeitHbIE orpa-
HUYEHHBIE OIIEPATOPHI.

U3 ycsioBuii 110J0KUTENIbHOM onpeesaeHHocT GOpMbl @ (CM.
c. 110, a rakzke yupazknernue 1.1, c. 9) HEIIOCPEICTBEHHO BBITEKAET
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Jlemma 5.1. Ilpu docmamouno 60ABULOM NOAOAHCUMENOHOM [
CYULLCMBYEM 02PAHUNEHHDBIT ONEPATNOD A;l s HY(Q) — HL(Q).

Jlemma 5.2. Onepamop T : HE(Q) — HZ(Q) enoane nenpe-
PUIBEN.

JIOKABATEIBCTBO. s mmo6oro siaementa u € HE(Q) umeem

uwv dx
(T, v) (0 S{
||TU||H1(Q) = sup T T sup 2 L
vEH(Q),v#£0 olla (@) vEHL(Q),0#£0 [Vl 21 ()
lull, IVl Ly
< OILD <l py) (53)
vEHJ ()00 ||U||H1(Q)

IlycThb moc/ie10BaTeIbHOCTD {u, } orpanuuena B Hi (). Iokaskenm,
gro u3 nocuaenosareabocT {Tu,} MoxKHO BuIOpaTh QyHIAMEH-
TAJBHYIO MOJNOCTIES0BATEILHOCTh. 9TO OyIeT O3HAYATH, UTO OIle-
parop T Buosne menpepbised. 13 nocienoBareabHocT {1, } MOXK-
HO BbIOpaTh GyHIaMeHTaIbHYIO B npocrpancrse Lo(§)) nommocsie-
JIOBATEIBHOCTD {Uy,,, } (cM. caeacrsue 13.1, ¢. 69). cnonb3ys oren-
Ky (5.3), mosydum

Tun, — Tup, |1 0) < cllun, —unllLy@) — 0 1pm ng,ny — co. O

YHOPAKHEHUE 5.1. Hokaxkure, gro oneparop Tq, meficTByio-
muit B ipoctpanctee H(Q) 1 onpeessembrii TOK1eCTEOM

(Tyu,v)1 = /(a “Vuv+ub-Vv)de Yu,ve HY(Q),
Q
BIIOJIHE HENIPEPBIBEH.

U3 nemm 5.1, 5.2 BeITEKAET, 9TO J71s1 ypasHeHns (5.2) cupasej-
suebl Teopembl Ppenrospma (cm. 3amedanue 3.2, c. 18). B uact-
HocTH, ypasHeHue (5.2) OJHO3HAYHO pa3pENIuMO Ipu JE00OH npa-
BOii uacTu f, eciu COOTBETCTBYIONIEE OJHOPOIHOE YPABHEHUE NMEET
JIMITh TpUBHajbHOE pemmenne. UubiMu ciaoBamu, 3aga4a (2.2), (2.6)
uMeeT eJIUHCTBEHHOe 0000IIEeHHOe perenne pu Jbbix f; € Lo(Q),
1 =20,1,...,n, ecIM COOTBETCTBYIOIAs OJHOPOJHAS 3a/1a98 MOXKET
UMETb JINIIb TPUBUAJBHOE PEIICHHE.

Omnwmpasich Ha TeopeMy 4.2, MBI MOXKeM C(hOPMYJTHPOBATH, HATIPH-
Mep, CJIEJYIONUE JOCTATOYHbBIE YCJIOBHs OJIHO3HAYHON 00OOIIEHHO
paspermnmoctu 3a1a4n (2.2), (2.6).
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Teopema 5.1. Ilycmo das koapduyuernmos onepamopa L 6vi-
noarenv, yeaosus meopemv, 4.1. Toeda sadaua (2.2), (2.6) ume-
em eduHcmeerHoe 0000UWEHHOE DPEUEHUE NPU A0OVT PYHKUUALT
fi € La(92),i=0, 1,

Teopusi DpearoabMa IO3BOJIAET TOTYIHTh TAKIKE TACTO HC-
HOJIB3YEMYIO B JIAJIbHEHIIEM AlPUOPHYIO OIEHKY OGOOIECHHOrO pe-
mennst 3aaun (2.2), (2.6).

Teopema 5.2. [lycmov s3adava (2.2), (2.6) umeem obobwenroe
pewenue. Tozda cyuecmeyem obobwennoe pewenue ug 3adawu (2.2),
(2.6) ¢ munumarvroti 6 npocmpancmee HE(Q) nopmot, u das nezo
CNPacedAu6a ouenKa

luoll @) < e Ifill Lageys (5.4)
1=0

20e NOCMOAHHAA C 3ABUCUM AUULDL O KOIPHUUUEHMOE ONePamo-
pa L u obaracmu 2.

JIOKABATEJIBCTBO. MHOXKeCTBO 0DOOIEHHBIX PEIeHUi 3a,/1a-
n (2.2), (2.6) coBnajaer ¢ MHOXKECTBOM pelieHnii ypastaenust (5.2).
ByzeM cauraTh, UTO MOCTOSHHAS (i BHIODAHA TAK, YTO ONEPaTOp

A;l CHY(Q) — HY ()

cymectByer m orpannder. Torpa s ypaBrerns (5.2) mpuMeHNMA
teopust Ppegaronbpma. [losromy cpean 00OOIMEHHBIX PEIIeHnii 3a,1a~
qm (2.2), (2.6) cymecTByer 3JeMeHT Uy ¢ MUHIMAJIBHON B IPOCTPAH-
cree H}(Q) nopmoit, u 1 Hero crpase/iuBa OleHKa

luoll () < cllfllm (), (5.5)

[Jie TOCTOsHHAS € 3aBUCHT JIUNIb OT KO3(UIMEHTOB oneparo-
pa L u obmactu © (cM. omerky (3.28), c. 18). Boimosnnss pasee
onerky ||f|| g1 (q), amanormunyio (5.3) (cm. Takxke ynpaxkmenne 3.1,
c. 110), noayunm (5.4). O

6. YpaBHeHus yerBepToro nopsiaka. Ilycrs {2 — orpanu-
veHHas JByMepHas objacTh ¢ rpamuneit I' kiacca C'. Tpebyercs
naiitu bynkmo u € C4(Q) N CL (Q)7 VJIOBJIETBOPSIONIYIO yDaBHe-
HUIO
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2

ou
+ Zaia—xi +au=0, ze€Q, (6.1)
i=1

U 'paHUYIHBIM YCJIOBUAM

u(z) =0, % =0, zel. (6.2)

TIpexge wem BBecTH MOHATHE OOOOIMEHHOTO PEIEHUS 391

(6.1), (6.2), samernm, uro ecom bynknus u € C' (Q) u ynosreTso-
psiet yenosusim (6.2), To

ou ou
—_—— = T.
81‘1 61‘2 0’ re

JeficTBuTeibHO, BCIEICTBHE TIEPBOTO yeyoBust (6.2) mosydaem, 4ro
Ou/OT= 0, rjie T — eJMHUYHBIN BEKTOp KacaTeabHOl K I, a

ou  Ou u )
oz, =% cos (v, x;) + o cos (v, x;), i=1,2. (6.3)

YuuoxuM Tenepb ypassenue (6.1) na dyHKIMIO v, HpUHAJIE-
warmyio C4(Q) N CH(Q) u yroBIeTBOPAIONIYIO0 TPAHITHBIM yCIOBU-
sim (6.2). Tlocsie nHTErpUpOBaHUST IO YACTSAM (JIBAXKIBI — B CJarae-
MBIX, COJIEpP’KAllluX YeTBEePThIe MPOM3BOJHbIC, U OJIUH pa3 — B CJla-
raeMbIX, COIEPZKAIIUX BTOPBIE [IPOU3BOIHBIE) € YIETOM I'DAHMIHBIX
yesoBuit (6.2) miist GYHKIUE U TOJTY IHM

DI AT < U
igkl O0x0x; 0x,;0x; * Oxj Ox;

o\ igkl=1 i=1
2 ou
i — dz = dx. (6.4
+2aaxiv+aouv> x /fv x. (6.4)
= Q

Tenepb MOZKHO JaTb

Omnpenenenne 6.1. Pynuxyua u € HZ(Q) nasveaemesa 0606-
wernvm peweruem 3adaqwy (6.1) (6.2), ecau das aroboti dynryuu v,
npunadaesicaweti npocmpancmey HE (), ona ydosaemeopsem wun-
mezpasvromy moostcdecmey (6.4).
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Ecyn npenonoxuTs BbosHeHHBIME yeioBus f € Lo(§2),

2 2
2
E aijr1&ij&kl = Co E & ¢ >0, (6.5)
ik d=1 ij=1
2
Y aij&g; >0 (6.6)
ij=1
opu JIOOBIX BeMecTBeHHbIX &, & = &ji, i, 4,7 = 1, ..., n, a Koad-
dunuentst a;, @ = 1,2, ...,n, ¥ a5 CYUTATb JOCTATOYHO MAaJIbIMH,

TO € MCIOJIB30BAHUEM DE3YJIBTATOB 00 9KBHBAJEHTHBIX HOPMHPOB-
kax mpoctpanctsa Hi(Q) (em. c. 77) cymiecTBoBaHUe W €IUHCTBEH-
HOCTH 0600IeHHoro pentenns 3agaqdn (6.1), (6.2) ycranaBiuBaeTcs
upu noMon JaeMmbl Jlakca — Muibrpama TOUHO Tak ke, Kak Jyis
YPaBHEHHIT BTOPOTO MOPSITIKA.

[Ipocreiimum mpuMepoM JLUIHITHIECKOTO YPABHEHUS YE€TBEPTO-
TO TIOPSIJIKA SIBJISIETCS OMTapMOHUYIECKOE YpaBHEHIE

o*u o*u o*u

AZy=2Y o %4 U
Y= 9t V0202t ok

=/

OIMCHIBAONIee, HAIIPUMEpP, MaJible MPOruObl TOHKOH YIpPYyTOil IJla-
CTUHKHM, HaXOJdIIeics HoJ JIeUCTBUEM IIOIEPEYHON CUJIbI ILJIOTHO-
cru f. Jdnst Gurapmorndeckoro ypasaenust yciaosust (6.5), (6.6), oue-
BU/IHO, BBITIOJIHEHBI.

§ 2. I'magkocTh OOOOMIEHHBIX peNIeHut

1. T'nagkocTh OGOOIIIEHHBIX PEINIeHUIl BHYTPHU 00JacTH.
MpbI ToKazKkeM B 9TOM IIYHKTE, 9TO IJIAIKOCTH 0DOOIIEHHOTO PEIeHUsT
JTATITUIECKOTO YPABHEHUST

—div(AVu +ub) +a-Vu+apu=f, x €, (1.1)

VBEJIMUUBAETCS C YBEJIMICHUEM TJIAJKOCTH €r0 KOI(MDPUIINEHTOB U
IpaBoil 4acTu.

Omnpenenenne 1.1. Pyuxyua u € HY(Q) nasvisaemea 0606-
wernvm pewenuem ypasnenus (1.1), ecau

/(AVu-Vv+a-Vuv+ub-Vv—l—aouv)d:z::
Q
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:/fvdx Vo e Hy(Q). (1.2)
Q

TloaepkHeM, 9TO MBI 3/1€Ch He TpedyeM, 9To0bI (PYHKITUS U Y10~
BJIETBOPsLIA KAKIM-JINO0 I'PAHUIHBIM YCJIOBUSIM.

Teopema 1.1. Ilycmb 6WNOAHEHO YCAOBUE AANUNMUNHOCTIAU
(2.3), c. 104, u, xKpome mozo,

ag, a; € Loo(), aij,b; € CH(Q), 4,5 =1,2,...,n, f€ Ly(Q). (1.3)
ITyemwv danee u — obobwernoe pewerue ypashenus (1.1). Toeda
u € H*(Q) (1.4)
dna moboti obaacmu g CC §2, cnpasedausa ouenka
lull 2(00) < CULf I L2(0) + 1wl (@), (1.5)

2de C' — nocmosawnas, 3asucauias moavko om g, £ u xoapdunyu-
enmos onepamopa L.

JOKABATEJILCTBO. BBenem B paccMoTpenue Hapsiiy ¢ o0Ja-
crbio )y obmacte {2y Takyro, uro o CC Q; CC Q) u dukcupyem
dyuxmio ¢ uz C§° (), yaosnersopsiontyio yeaosusm 0 < ((z) < 1,

T €,
[0, ze0\0;
cw={ 3 T8,
Mycrs k € [1,n] — nesoe uncno. Honoxum v = —Dy (¢ Dju)

B roxzectse (1.2). flcno, uro mpu srom h, onpeesdioniee pasie-
JIGHHBIE Pa3HOCTH (CM. €. 78), JNOJIZKHO YJOBJIETBODPATDL yCJIOBUAM
0 < h < dist(Qq,09Q). Ucnomnssya dbopmyiay (15.4), c¢. 80, u aie-
MEHTAPHO IIPOBEPAEMOE TOXKJICCTBO

D} (vw) = v(z + hey)Diw 4+ wDiv,

upusegem (1.2) x Buy

>~ (aij(x + hex) D} (Dyu) D; (¢2Dju) +
o 6i=1



§2. I'majikocTh 0OOOIIEHHBIX PEIeHuit 123

+(Djaij)DiuD;(¢* D)) da = /fvdm, (1.6)
Q

rae f = f — (a-Vu) — apu + div(ub) . Hanommim, aro D; = 9/d;.
Herpyzro Buaers, uro f € Lo(Q), mpuuem |f| < c(|f]| + Ju| + [Vul).
O6o3HauuM JieByI0 yacTh paseHcTBa (1.6) depes I u npejcTaBuM ee
KaK CyMMy JIByX cjaraeMbix, I = Iy + I, rie

I, = /42 > aij(x + hey) Dy (Dyu) DR (Dju) da,

G id=1

I, = /QC Z a;j(z + hek)DZ(Diu)DZuDdex+
Q

+ / ¢?D}(ai;)DyuD}(Dju) 4 2( D} (a;;) DyuDpuD;¢ | du.
Q

ij=1

Wcnonb3ys ycmoBue 3/ IIMITATHOCTH, IOy IHM, ITO

I > CO/CQ\DZ(Vu)\de. (1.7)
Q

Besencrsue yenosus (1.3)

I < C/C(IDZ(VU)IIDZUI + | Dg (V)| Vul + | Diul[Vul) dz.
Q

IIpumensis rerneps nepaBencTso Ko ¢ €, MO2KeM HAIIUCATD
el <e [ CIDp(VoPds+ € [(Diuf? + VuP)da.
Q (921
ITo Teopeme 15.1, c. 78, mmeem

/|DZU|2dI < /|Vu|2dx,

951 Q
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LO3TOMY, LOJIArasi € = ¢o/2, 10JLyIUM

I>1 —|L|> %O/C2|DZ(VU)|2dx - C/ \Vul?dz.  (1.8)
Q Q
Buosb ucnonbsys reopemy 15.1, ¢. 78, mpuxoauM K OICHKE
/v2dx < c/|V(C2DZu)\2dx <
Q

< c/(|D,’gu|2 + C|DEVu)?) dx < c/(\Vu|2 + C2|DZVU|2) dz,
o Q

UCIOJIb3Ysl KOTOPYIO M NpuMeHss HepaBeHcTBO Kommm ¢ &, Oymem
UMETh

/fvda; < s/gQ\D’gvu|2dx+ g/(fQ + u? + |Vu|?) dz.
Q Q Q

TMonarast 371echb € = ¢p/4 u ucnonssys (1.8), momyanm

/C2|DZVU\2d:c < c/(f2 +u? + |Vul?) do
Q )

", CJIeJI0BATEHHO,

/|D,}§Vu|2 dxr < c/(f2 +u?+ \Vu|2) dx
Qo Q

ang k = 1,...,n u qag Bcex moctarodno masbix h. Ilostomy ma
OCHOBaHUU TeopeMbl 15.2, ¢. 79, MOXKeM 3aKJI0YUTh, 4TO [;u IIpH-
magesxur HY(Q) mns i = 1,2, ..., n, cremoatensho, u € H2(y),
u BbinosiHeHa oneska (1.5). O

Y1PAKHEHUE 1.1. IlokazaTh, 9TO pU BBITOJTHEHUH yCJIOBUIM
reopembl 1.1 dyHKIUSA u yaosiaerBopsier ypaphenuto (1.1) mourm
BCroy B obstactu ).

Teopema 1.2. Ilycmv 6uiMOAHEHO YCAOBUE IAAUNMULHOCTIU
(2.3), ¢. 104. Tycmo dasee m — yeaoe HEOMPUUAMEALHOE HUCAO U

aij, b € C™TH(Q), 0,5 =1,2,...,n, a; € C"™(Q), i=0,1,...,n,
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fe H™MQ)V.

Ecauu — obobwennoe pewenue ypasuenus (1.1), mou € H™2(Qp)
das a060t obaacmu Qy CC Q u cnpasedausa ouenka

ull trm+z0g) < (1 f | zm @) + lullmr @) (1.9)

2de ¢ — mocmoannan, 3asucauLas moavko om o, Q0 u xoaphuyu-
enmos onepamopa L.

JOKA3ATE/ILCTBO. Ucnons3yem nnaykmmio o m. Ilpu m =0
CIIPAaBE/JINBOCTD YTBEPKJEHUSI TEOPEMBI BhITEKAET U3 TeopeMsbl 1.1.
BeimostHuM Imar MHIYKITUH, & UMEHHO, CYHTas YTBEPXKICHUE Teope-
MBI IIPU HEKOTOPOM . > 1 y»Ke JIOKa3aHHBIM, YyCTAHOBUM, UTO OHO
Oymer cupaBeINBO IIPU CJIEAyomeM 3HadeHnn m. Mrak, mycTsb

aij,bi € C™2(Q), 0,5 =1,2,...,n, a; € C"THQ), i =0,1,...,n,

fe H™(Q),

u — obobmennoe pemenne ypasuernus (1.1). Tlokaskem, aTo u mpu-
magmesxxur H™3(Qy) msa moboit obmactn g CC  u crpaseimBa
OIICHKA,

[ull s o) < el flmer@) + llullar @)-

B cuity unyKTHBHOTO Tipenonoxenus u € H™T2(Q), u Buimosme-
na onerka (1.9). Ilycrs Qy CC Q1 CC Q. Puxcupyem IpPOU3BOIIH-
HO HekoTopoe nenoe k € [1,n], yuxmuio v € C° (1) n momoxuM
v = —Dyv B ToxgecTBe (1.2). VHTErpUpyst 10 9acTsIM, HETPYIHO
MIOJIy9ATD, 9TO

/(Ava.vma-vmmb-vmao%)dx: /f’ﬁdw,
Q Q

rie

f: Dkf + Z (DkaijDiDju + DjDkaijDiu)f
ij=1
— Y (Dya;iDyu + D Dibju+ Dib;Diu + Dyagu),
i=1

D3pech u gamee CO(Q) = C(Q), HY(Q) = L2(Q).
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u = Dyu. Besreacrsue npenoaoKeHust WH Ly KIIn f eH™(Qy), Tax-
JKe B CIITy WHIYKTUBHOTO TIpenonoxkerns ©€ H™2(Qg) n

[all vz (00) < el flm @) + [l @n)- (1.10)

3aMeTnM Tenepb, 9To

[fllzrm (e0y < el fllzmercay) + lull zmrea,)) <
< clfllam+ryy + 1 fllmm @) + lullme) <
(| fll zrm+r(y + 1wl mr (o)

[l 101y < lullmz@)) < elllflla@) + ulla@) <
(| fll zm+r () + 1wl @)

Omerxka (1.10) BbimosEena jia moboro menoro k € [1,n], cremosa-
Tesbro, u € H™T3(Qy),

l[ull s (o) < el fllmer o) + lullm @))-
Takum obpazomM, IIar MHIYKINA BBITOTHEH. [

CaencrBue 1.1. Ilycmbv 66MOAHEHO YCAOBUE IAAUNTNUNHO-
cmu,

aij7ai,bi S COO(Q), Z,j = 172, Loa,n, f S COO(Q)7
u — obobwennoe pewenue ypasherus (1.1). Tozda u € C*° ().

2. O pazspemumMocTu HEOHOPOAHOU 3asa4uu lupuxiie.
B Hacrosiiem myHKTe MbI HCIOJIb3yeM Pe3yJIbTAThI O TJIAJKOCTU Pe-
[IEHUH SJUTMIITUIeCKUX yPABHEHUIT JIJIsi TOro, 9TO0BI Ha, IIPOCTEIeM
mpuMepe KPYroBoil 00JIACTH MOJIYYUTH YCJIOBHE, 00ECIeUNBAIOIIEe
BO3MOXKHOCTH IIPOJIOJIZKEHMs (DYHKIINU, 33/ IaHHOIl HA IpaHuIle 0bJra-
cru Q, dbynkumeit u3 mpocrpanctea H1(2). BozmoxHOCTH Takoro
IIPOJIOJIZKEHNST BMeECTe € YCJIOBHAMH TeopeMbl 3.1, c. 110, rapanTn-
pyeT B JAHHOM cJiydae OOOOIIEHHYIO Pa3PEITMMOCTh HEOIHOPOTHOMN
sagaun Jupuxie (2.2), (2.5), §1.

Teopema 2.1. Iycmv Q = {z € R? : |2| < 1}. Jaa mozo,
wmobv, dyrruua g € La(T), T = {x € R? : |z| = 1}, 6vwma cae-
dom nexomopoti dynryuu w € H(SY), neobrodumo u docmamouno,
Mool

> k(a} +b}) < o0, (2.1)
k=1
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2de
27 2
ap = %/g(gp) coskpdp, b= %/g(gp) sin ko do, (2.2)
0 0
k=1,2,... — xoappuyuenmo, Qypve dynxyuu g (xax Pynryuu

NOAAPHO20 Yena ).

JOKABATEJIBLCTBO. [lycTh dyuKINs g ABASIETCS CJI€IOM HEKO-
Topoit byrkum w € H(§2). Torma HeoaHOpOMHAS 331242 Jupuxiie
Jia ypasaenus Jlanmaca

Au=0, ze€f, (2.3)
u(z) =g(x), ze€l, (2.4)

Au = 9?u/dx? + 0%u/dx%, umeer emunCcTBEHHOE 0GOOIIEHHOE peTITe-
e u € H'(Q) (cm. 3amewanme 3.2, c. 111). DTo permenne MOXKHO
BBIMICATL B sIBHOM BHE. B camMoM jiere, UCIob3ys caegacTsue 1.1,
zakouaeM, 9o v € C°°()) u moToMy sIBISETCS MapMOHUYECKO
B Jo6oit nmogobiacru ; CC Q. BanucsiBas ypasuenue (2.3) B mo-
JISIPHBIX KOODJMHATAX W IIPUMEHsIsl MeTO/| Pa3/IeJIeHUs] IePEMEHHBIX,
HETPY/IHO II0KA3aTh, YTO (DYHKIUI U IPEJCTABIMA B BUJE PAIA

u(z) = ap + Z(ak cos kg + By, sin k) p* (2.5)
k=1

(p, p — TOAAPHDBIE KOOPIAUHATHI TOYKHU T), CXOIAIIETOCH abCOIOTHO
U paBHOMepHO Ha yoboM KommakTe u3 §). Beraucnss ||Vul|r,q),
HOJTY YUM

IVullZ, @) = ka(ai +B%) < o0, (2.6)
k=1

tak Kax u € H'(Q). Ilycrs

n
un(p, ) = ao + Y _ (o cos kp + By, sin kep) p".
k=1
slcno, uro u, € C°°()) npu mobom n > 0, puaem

m

lun = wmlZyey = Y (af + B7),
k=n-+1
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n < m. Benencrsue onenkn (2.6) nosmydaem, 9To [ty —Um || L,y — 0
KOTJ1a 1, M — 00. BMecTe ¢ 09eBUIHBIM ITPEIeTbHBIM COOTHOIIEHUEM
lw — unl| (@) — 0, n — 00, 910 O3HAUAET, YTO DYHKIUA

u(l, ) = ap + Z(O‘k cos kg + B sinky)
k=1

ecThb cien yuknun u Ha I'. B cuny emumHCTBEHHOCTH 0OOOIITEHHO-
ro pemenus 3ajgadu (2.3), (2.4) nomygaem, aro u(l,¢) = g(p) mo-
gt Beiony Ha unrepsase (0,27), sHaunt «p = ag, Pr = by upn
k > 1 u ycnosue (2.1) Borrekaer u3 (2.6). Takum o6pazom, HeobX0u-
MOCTD yCJIOBHSI TEOPEMBI ToKa3aHa. JI0Ka3aTeabeTBO JOCTATOYHOCTH
peJIocTaB/IsieM YUTaTes 0 B KadecTse yupayknenus. [J

Host mo6oit dynkiuu g € Lo(T)

oo

HQH%z(r) = ag + Z(ai +b}) < o0,
k=1

rue
27

1
= — d
ao o /9(90) Ps

0

ak, b, k > 1, onpenensiiorest coorromenusimu (2.2). Yenosne (2.1)
BblessteT B npocrpancTse Lo (T') HeKoTOpOE JIMHEHHOE TOAIPOCTpaH-
crBo dyHKIWMIL, HomycKatormmx npojozkenne 5 H1(Q). He Beakas
HenpepbiBHasg Ha [ QYHKINSA IPUHAJJIEKUT ITOMY MOAIPOCTPAH-
crBy. IIpuBesieM COOTBETCTBYIOMIMIT IIPHMEp, HOCTPOCHHBIH AamMa-
pom.

IIycTn

oo

cos ko
W) = Z Tz
k=1

Herpyamno BumeTh, 910 yKa3aHHBIN Psij abOCOTIOTHO W PABHOMEPHO
cxomures u oromy dbyHKIwMst 1 HenpepbiBHA Ha orpeske [0, 27]. B o

2Ke BpeMd,
oo

s k4 51
Zcoskchz Z CcOos go’

k=1 1=1,16,81, . . .

<



§2. I'majikocTh 0OOOIIEHHBIX PEIeHuit 129

nosTomy psij B yeaosun (2.1) st pyrkmn O umeer Bu

o1

1=1,16,81, . . .

U, KOHEYHO, PACXOAUTCH, T. €. PyHKuus ¥ He MOMXKET ObITb CJIeIOM
na I' muxakoit bynxmmm uz H ().

YOPAXKHEHUE 2.1. Ilokazars, uro ecim g € Lo(I'), To mst
BbIIOJIHeHUs yesoBus (2.1) HeoOXOAUMO U JIOCTATOYHO, ITOOBI

//@ ))Mw<m

MHBIMHA CJIOBAMHY, JITHEHHOE TPOCTPAHCTEO (DYHKITAIN, TIPOIOJIZKIMBIX
B H(2), — 3T0 mpocTparcTBO BYHKIMI ¢ KOHETHOH HOPMOit

g1 = llgll% ey + / / (g(z) - ” dsdy. (27)

SAMEYAHUE 2.1. Ilociemnee ycioBme mpojgoszKuMocT 0e3
KAKUX-JINO0 M3MEHEHUl MePEeHOCUTCS Ha TPOU3BOJILHBIE OTPAHTIEH-
HbIe obacTu TpocTpancTa R” xracca C2. JInHeitHoe TPOCTPAHCTBO
dyukiwmit, oupeenennsix na I', ¢ koneanoil nopmoii (2.7) oboznada-

10T Uepes W;/Q(F), nwm HY2(D).

3. I'magkocTh 06GOOIHIEHHOTO peIleHus OJHOPOIHON 3a-
maan Jdupwuxie. B nymnkre 1 macrosriero maparpada ObLIO T0-
Ka3aHO, YTO IIPU BBIIIOJIHEHUU OIIpeIe/IEHHBIX yC.HOBI/Iﬁ IVIaJKOCTH
Ha KO(DUIMEHTH U TIpaBylo 4acTb ypaphenust (1.1) ero 0606-
IeHHoe pertenue u npunagexut H™ () st mo6oit mogobaactu
Qp CC Q. Orcrona, BoobIe TOBOpsI, He BBITEKAET, uro u € H™ ().
OT1or dakT yHaeTcs YCTAHOBUTDL, €CIU U — peIIeHne HEKOTOPOil
rpanngHoil 3agaun st ypasaenud (1.1), a rpanuna obmactu Q u
GYHKIMK, BXOAMIINE B PAHUYHBIE YCJIOBHUsA, 00/1aJal0T OIPEIeIeH-
HOM TJIaJKOCTbI0. MBI B JajbHelineM OygeM pacCMaTpUBaTh JIUIIb
ciiydait oJiHOpoiHON 3a1a4n upuxiie.

Teopema 3.1. Ilycmb 6HINOAHEHO YCAOBUE SANUNMUMHOCTIAL
(2.3), ¢. 104, u, xpome moeo,

aij, b; € 01(9)7 a0, a; € Loo(Q), f € La(Q), T € 02» (3.1)
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,j=1,2,...,n.
Iyemov u — obobwernoe pewenue ypashernus (1.1). Tozda dynryua
u npunadaescum H?(Q), cnpasedaiusa ouenka

llull g2y < cllfllza) + lullar@)), (3.2)

20e NOCMoOANHAA C 3a6UCUM MOABKO 0M KOIPHUUUEHMOE YPASHEHUA
u obaacmu €.

IIpexke, UeM JOKa3bIBaTH TEOPEMY, YCTAHOBHM  CJIEIYTIOIIHI
BCIIOMOTaTEeJILHBII Pe3y/IbTar.

Jlemma 3.1. Ilycmv 6wnoanenvt ycaosus wa Kodphuyuer-
mol onepamopa L u mpasyro wacmo f, chopmyasuposarnvie 6 meo-
peme 3.1, u nycmv Q = B(0,R) N RY; sdecv, wax u panvue,
B(zg,R) C R"™ ecmv wap paduyca R ¢ uenwmpom 6 mouke o,
R? = {z € R" : x, > 0}. Ilycmw, dasce, u — obobuennoe pe-
wenue ypasnwenus (1.1) 6 obaacmu §Q, caed xomopozo npu x, = 0
pasen nyao. Toeda u € H?(Qp), 20e Qo = B(0,7) NR%, 0 <r <R,

HUHH?(QO) < C(”f”Lz(Q) + ||UHH1(Q))7

2de ¢ — NOCMOANNHAA, 3a46UCAWAA MOAbKO om R, T u kosdiunyuen-
mos ypasnenus (1.1).

JOKABATENBCTBO. ITycrs ¢ € C°(B(0,R)), 0< (<1, (=1

na B(0,7),
v(z) = =D M(PDju)(z) =

¢ (@) (u(z+her) —u(x)) — ¢*(x—hex) (u(z) —u(z — hey))
=— 2 . (3.3)
3aecs h > 0 gocrarouno madso, k € [1,n — 1] — uemnoe. @ynkims
u MMeeT HyJIeBOil cyies upu &, = 0, a casuru B (3.3) BBIIOJHAIOTCH
10 HAIIPABJIEHUSIM, OPTOTOHAJIBHBIM €,. 1losToMy dyHKIUS v Tak-
’Ke nMeeT HyJeBoit cien upu x, = 0. Ilo onpenerenuto dynkmus ¢
TOXKIeCTBEHHO paBHa Hymo BOiumsu 0B(0, R), cienoBarenabHo, 1pu
JIOCTATOYHO MAJIOM h (DYHKITHS v TakyKe 0OpaImaeTcs B HyJIb BOJIHU-
su OB(0, R). Taxum obpazom, v € HE () npu gocrartouno masom h
U MOXKeT ObITh BBIOpaHa B KadecTBe MPOOHON (DYHKIINU B TOXKE-
crBe (1.2). JJajee TO4HO Tak »Ke, KaK IPH JOKA3aTEJbCTBE TEOPe-
Mbl 1.1, ycTaHaBIUBaETCS, 9TO

/|D2Vu|2d:r < c/(f2 + |Vul?) dx
Qo Q
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g Beex k= 1,2, ...,n — 1 m mocraroumno majeix h. Otcio-
1a (em. Teopemy 15.3, c. 80) BhiTexaer, uto Dju € H'(Qqg) mms
k=1,2,...n— 1 u cupaBejinBa OIeHKA

n

Y DDl y00) < elllf o) + lullmie)-  (34)

k=1
k4l<2n

Jlyist 3aBepIieHusT JOKA3ATEILCTBA JIEMMBI JIOCTATOYHO YCTAHOBUTH
onenky Buma (3.4) s D2u. Kax mokasaHo BbIme (CM. yImpasKiHe-
uue 1.1, ¢. 124), upu BBIIOJIHEHUU YCJIOBHI JeMMbI (DYHKIMS U Y0~
BJeTBOpsieT ypaprenuio (1.1) mourn Berogy B obmactu §), ciregoBa-
TEJTHHO,

anpDiu = — Z ap Dy Dyu + Zakau + apu — f, (3.5)

k=1 k=1
k+1<2n

rae bysknuu ag, k= 0,1, 7, OYEBUIHBIM 00PA30M BBIPAYKAIOTCS
gepe3 Kodh UIHEHTHI ypaBHeHI/ISI (1 1) u ux nepBbIe IPOU3BOIHBIE.
Ilonarast & = & = ... = &,-1 = 0, &, = 1 B ycjoBum 3/uI-
ruanocru (2.3), c. 104 HOJIYYIHM, 9TO Gpny = Co > 0 B obracru €2,
CJI6/TOBATEJILHO,

n

1D2u| <o Y |DiDyul + [Vl + [u] + |f]),

k=1
k4l<2n

OTKy1a, uctobays (3.4), nomyaaem, uto u € H? () u cipasemsa
OlIeHKA

ull 200y < el fllzaco) + lullzr ). O

JIOKABATEJIBCTBO Teopembl 3.1. Ilycts 2y € TI'. Ilockosn-
ky I' — mosepxnocTs kmacca C2) cymectsyer map B = B(xg,r)
U JIEKAPTOBA CHCTEMa KOODJMHAT X1, ...,L,; TAKHUE, UTO IOBEPX-
HocTh I'M B onmchiBaeTcst ypaBHeHUeM X, = Y(Z1, ...,Tp—1),
rye PYHKIUSA ~y JIBazK/Ibl HelpephIBHO juddepeHupyeMa, mpuaeM
Ty > y(21, .. Ty 1) maa © € BY = BN Q. Oupenenum oTobpa-
semne ® mapa B B OTKpbITOe MHOMKecTBO B C R cireiyiomumu
PABEHCTBAMM:

o~

xizq)i(x)zmi,i:1,27...,n—1, (36)
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Ty =Pp(x) =z —y(21, 20, -, Tpo1). (3.7)

[Monoxum ®(BT) = B*. B cuty onpesenenms otobpaskenus ® me-
em BT C RY, npuiem

OBF =®(BNT) C R (3.8)
13 (3.6), (3.7) cpasy ke BbITEKAeT, 4TO
® € C*(B), (3.9)
obpartHoe oTobpaxkerne ¥ = &1 cymecrsyer u
U e C*(B). (3.10)

Marpuipt dkobu sTux orobpazkenuii Gynem oboznadars depes ' (),
U’(Z), coorsercrBento. OuenHo, uro det &' (z) = 1, det U/ (7) = 1.
IMockosbKy u — 0606mennoe pemenne ypasaenus (1.1), 1o

/(AVU~VU+(a-u)v—l—ub-Vu—l—aouv)dm:
B+
z/fvdx Vv e Hy(BT). (3.11)

B+

B pesyabrare npeobpasosanus ® : Bt — Bt roxzecrso (3.11), kak
HETPY/IHO HPOBEPUTH (CM. COOTBETCTBYIOININE BBIK/IA/IKH [IPU JI0KA3a~
resiberBe Teopembl 10.1, ¢. 46), npuHuMaer BuL
/(Eva. Vi + (@-0)0+ @b Vo + doit) dF —
B+
_ / Fodd Vie HV(BY). (3.12)

B+

@) = u(T(@), A®@) = [@'(V(@)]TATE@) (¥(@)),

@) = [@'(P@))"a(¥(@), b@) = [@(¥(@))] bV (@)
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IIpu stom 4 € H(B*) seneacrsue (3.10) u teopemst 10.1, c. 46, u

Uy (3.8) cien U Ha 8@8‘ pasen Hymo. lanee, seaencrsue (3.9),
(3.10) u ycnoswmii (3.1) ma koadpdunuentsr ypasaenusi (1.1) nme-

em A, b € CYBY), @, dy € Loo(BT), f € Ly(B*). Kpome Toro,
Jyst oboro BekTopa t € R™

A@)t-t = AV ()P (V(ZF))t- O (U(F))t = co @ (V(F))E- D (U(D))t,
Ho U/'(7)®' (U (7)) = E, ciesjoBarelibHo,
[t? = W' @)@ (L@t < | (T(@))t,

nosromy A(Z)t -t = ¢olt|?, rae ¢y = const > 0. Takum obpaszom, st
sagaqn (3.12) BBIOJIHEHBI BCE YCJIOBHUs JIEMMbI 3.1, CJie/10BATEJIBHO,
MOKHO yKaszarb map B(xg,p), 0 < p < r, Takoi, 4ro jjs obaacTu
B} = ®(B*(x0, p)), npumayrexKarieif mapy J0CTATOYHO MAJIOTO Pa-
Juyca ¢ HEHTPOM B Touke To = P(xg), CupaBejiuBbl CJIepyONume
yTBep)K,ZLeHI/IH:

Ge H'BY), Nl gty < (Ifliaae) + Il s -

T7e ¢ — TOCTOSTHHASI, 3aBUCAIIAS JIUITH OT KOI(MDPUITMEHTOB Omepa-
topa L, m orobpaxkenust ®. Vcmonb3ys Temeps Teopemy 10.1, c. 46,
momyuamM, ato u € H?(B1 (xq, p)) u

lull 22 B+ (wo,p)) < Ul o) + 1wl mr () (3.13)

ITpumenssa 3arem Teopemy 1.1 m BuIOMpas KOHETHOE UUCTIO TOUEK
Z0,k, TAKHUX, 9TO mapbl B(zgj, pr) HOKpbIBatoT rpanuty I' o s
KazKJIOr0 M3 HUX CIIpaBeinBa oleHka Bujaa (3.13), mosyanm yreep-
JKJIeHNE JI0Ka3bIBaeMOoil TeopeMbl. [

Caencreue 3.1. Ilpu eéwnosnenuyu ycaosul meopemvr 3.1
cnpasedausa u 6oaee OUHGA OUEHKA DEUEHUA:

lull 72y < c(llfllza) + lull o) (3.14)

20e NOCMOAHHAA C 3a6UCUM MONKO 0M KOIPPHUUUEHTOE YPaBHEHUA
u obaacmu €.

JIOKABATEJILCTBO. [locTtatouno ybeanThes, ITo, ecin QpyHK-
st u€ Hi () ectb 06obimennoe pemenne ypasuennst (1.1), To

lull @) < el fllza@) + lullza@))- (3.15)
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IMonarast v = w, 3anuIeM MHTErpaIbHOE TOXKIECTBO (1.2) B BHIE

/AVu -Vudr = /(—a -Vuu—ub-Vu—apu® + fu) dz, (3.16)
Q Q

OTKY/Ia, UCIIOIB3Y$l YCIOBUE SJUTUITUIHOCTH U HepaBeHcTBO Kot —
Bywuskosckoro, mosryanm

collVull L,y < elllVull y@llull Loy + ullf, o)+
+ 1zl o))
T7Ie TTOCTOSTHHAS ¢ 3aBUCHUT JIUIIH OT KOIDDUITMEHTOB TPU MJTAIIITNAX
unenax B ypashernu (1.1). IIpumensis Tenepsb mjist ONEHKH TI€PBO-

ro CJIAraeMoro B IMPaBoil 9acTH MOJIYYEHHOIO HEPABEHCTBA HEPABEH-
crBo Komm ¢ €, mpuxoaum odesuiabiM 06pazom k (3.15). O

Teopema 3.2. Ilycmv 6vMOAHEHO YCAOBUE IAAUNMULHOCTU
(2.3), c. 104. Iyecmw, danee, m — yenoe HEOMPUYUAMEALHOE HUCAO U

aij, b € C™TH(Q), 0,5 =1,2,...,n, a; €C™(Q), i=0,1,...,n,

feH™Q), Tecm2

Ecau gpynxyus u € HE () — obobwennoe pewenue ypasnernus (1.1),
mou € H"2(Q) u

HU||Hm+2(Q) < C(Hf”Hm(Q) + ||U||H1(Q))7 (3.17)

2de ¢ — NOCMOAHHAA, 3a46UCAWAA MOALKO 0m obaacmu §) U Koapdu-
yuenmos ypasnernus (1.1).

Kak n npu jokazaresnbcTBe TeopeMbl 3.1, yCTAHOBUM CHaYaJIa
CJTETYTOTINIT BCIIOMOTATETHLHDBIN PE3yIbTAT.

Jlemma 3.2. Ilycmov 6vinoanens, Yycaosusa Ha Koaphuyuermaot
u npasyro wacms [ ypasnenus (1.1), chopmyaruposarmnvie 6 meope-
me 3.2, u nyemo Q = B(0, R)(R%Y. Iycmo daree v — obobujen-
noe pewenue ypaswerus (1.1) e obnacmu §, caed xomopozo npu
x, = 0 pasen nymo. Tozda u € H™T2(Qy), 20e Qo = B(0,7) N R?%,
0<r<R,u

ull rm+200) < e[ fllzm @) + [lullar @),

2de ¢ — NOCMOANNGAA, 3A6UCAUAA MOALKO om R, r,m u xoadduyu-
enmos ypasnenus (1.1).
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JOKABATEJLCTBO. Wcnonbsyem uayknuio mo m. [Ipu m=0
CIIPABEJTUBOCTD YTBEPXKICHUS JIEMMBI BBITEKAET 13 JeMMbI 3.1. Boi-
TTOJTHIM TITAT WHYKINH, & AMEHHO, TIPEOI0KIM, uto f € H™H(Q),

aij,bi € C™2(Q), 0,5 =1,2,...,n, a; € C"THQ), i =0,1,...,n,

u€ H()) — obobmennoe penernne ypasrerns (1.1), cie KoToporo
pagen mymo npu x, = 0. Ilycre 1=D5(0,t) RY,0< r< t < R.
B cmty MHIyKTHBHOTO TIpesmonoxkenust umeeM u € H™2(Qy), BoI-
[TOJTHEHA OICHKA

HU||HM+2(91) < C(Hf”Hm(Q) + HU||H1(Q))~

Duxkcupyem npousBosbHO nesoe k € [1,n—1], byukiuio v € C§° ()
u nostoxkuM v = — DU B Toxkzectse (1.2). Uurerpupys 1o dacrsm,
HETPY/IHO IIOJYIUTD (CM. JOKA3aTEIbCTBO T€OPeMbl 1.2), 410

/(Ava.vma-vamab-vmaoa'ﬁ)dx: /fa;dx,
Q1 (951

rie

n
f = Dkf + Z (DkaijDiDju + DjDkaijDiu)—
ij=1
n
— Y (Dya;iDyu+ Dy Dibju+ DibiDiu+ Dyagu) € H™ (),

i=1
a & = Dyu. Herpyano susers, uro u € H'(§);), mpudaeM, mocKoIb-
Ky k # n, To cien w uipu x, = 0 paBer HyJ0. B culy UHIyKTUBHOTO
npesmonozkenns uveeM u € H™F2(0) u (cp. ¢ gokazareancTBoM
TeopeMbl 1.2)

1l 200y < el fllam @) + [l a ) <
< e fllam+r(yy + llullzr@y))-

Orciosia BBITEKAET, UTO
I1D%ullLy(00) < e[ flErmsr(0y) + lullar @) (3.18)

st ol =m+ 3, a# (0,0, ...,0,m+ 3). g 3aBepuienns goka3a-
TeJILCTBA TeOpeMbI oIy anM onerKy (3.18) upu a = (0,0, ..., m+3).
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Bocnosb3yemest st 3Toro paseHCTBOM (3.5), BCJIEJCTBHE KOTOPO-
o Ha OCHOBAHUU YKe IOJIyUYEeHHBIX OIEHOK C yYeTOM HepaBeHCTBA
Upp = ¢o > 0 Oy/ieM UMeTh, 9ITO

n

1Dy ull ey S ¢ Y, |1 DiDgull s g+

k,l=1
k+1<2n

+ e I1Dxkull e o) + cllullms ) + el flamsi o) <
k=1
< c(lf lam+r @y + llullar@y))-
Orciona Boirekaer onenka (3.18) mpu o = (0,0, ...,0,m +3). O

JlokazaresibcTBO TeopeMbl 3.2 ¢ HCIOJIb30BAHUEM JIEMMbI 3.2
IIPOTEKAET TOYHO TaK K€, KaK JOKA3aTeJILCTBO TeOpeMbl J3.1.
O6benunsist onerky (3.17) ¢ onenkoit (5.4), ¢. 119, mosyanm

CaencrBue 3.2. [lycmb 6binoaHERDL YCA0BUA TEOPEMDL 3.2, U
ecmyv 0bobulenmnoe peuenue 00nopodnot 3adavu lupuxae 0as ypas-
nernus (1.1) ¢ munumanvnol nopmot. Toeda

lull g2y < cll fllam @), (3.19)

2de ¢ — NOCMOANNGA, 3ABUCAUWAHL MOABEO OM KOIPPHUUUENMOE YPas-
nernus (1.1) u obracmu Q.

CaenctBue 3.3. IIycmb biNOAHEHO YCAOBUE IANUNMUNHOCTUY
(2.3), c. 104,

aijyai,b; € C*(Q), i,j=1,2,...,n, f€C™®(Q), I € C*,

a pynxyus u € HEH(Q) ecmov 0606wennoe pewenue ypasnenus (1.1).
Tozda u npunadaesrcum C ().

§ 3. IlpuHnun makcuMmyMa AJisl KJIACCUIECKUX
penienmii

1. Cnabbrit mnpuHIIUII MakcuMyMa. B stom maparpade 6y-
JIEM pacCMaTpPUBAThL HEJUBEPIeHTHDIA SJIINITUYECKNI OImepaTop

Lu=— Z ai; D;Dju+a-Vu+agu, € (1.1)

i,7=1
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Obnacts () orpanmuena. Yepes I', kak Bcerma, Oymem obo3HaYATH
rpanuiy obsactu 2. Kosdbdummentsr a;j, 4,7 = 1,2, ...,n, a;,
i =0, 1,..., n, upeanonaraiorcs HenpepbiBHbIME B (). IIpesmo-
JTATaeTCsT TAKKE BBITOJTHEHHBIM YCJIOBUE PABHOMEPHON S ITHIITHTHO-

cru (2.3), c. 104.
Teopema 1.1. ITycmwv ag =0, u € C2(Q) N C(Q),

Lu<0s . (1.2)

Tozda
= . 1.
maxu(z) = max u(z) (1.3)

Ecau npu mex oice yeaosuax na Gynkyuu ag, u
Lu>06 Q, (1.4)

minu(x) = minu(x).
minu(e) = mip u(@)

IIpu mokazaresbCTBE TEOPEMBI OYIET MCIIOIB30BaHA AJredpan-
qecKast

JlemMma 1.1. ITycmv A, B — sewecmeeHHbie CUMMEMPULHBLE
Mampuyv, nopadka n, npuvem A nososcumesvro onpedenera, B
Heompuyamesvha. Toeda

> aijbiy =0, (1.5)
ij—=1

JIOKA3ATEJIBCTBO. DJIeMEHTAPHBIMI BHIUUCICHUSIMI IIPOBEPSI-

€TCsl, 9TOo
n
> aijbi; = tr(AB) ZA“
ij=1
roe N, ¢ = 1,2,...,n, — cobcrBeHHble unciaa marpuibl ADB.
Marpuna A obparuma. [Tosromy 3asiada Ha COOCTBEHHbIE 3HAYeE-
vuss ABr = Ax SKBUBaJIeHTHa 3ajiade HAa COOCTBEHHBbIE 3HAYEHUsI

Bz = M~ 'z. Tlockonbky marpunsl A~!, B cHMMeTpUYIHLL, TO BCe
cOOCTBEHHBIE 3HAYEHUsI STOW 3aJadr BellecTBeHHbL. llpudem eciu
A — COBCTBEHHOE YHUCIIO, & T — COOTBETCTBYIOIIHI My COOCTBEHHBII
BekTOp, T0 A = (Bz - 2)/(A7 'z - 2) > 0, a snaunr, tr(AB) > 0. O
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SAMEYAHUE 1.1. Herpyamo mpoBepuTh, ITO I CIIPABE/ M-
BocTH HepaseHcTBa (1.5) mocrarouno, urobel Marpuna A GbLTa HEOT-
punarenbnoii. JeitctBurensno, ecim A HeoOTpunaTeIbLHA, TO IIPU JIIO-
6om ¢ > 0 marpuna A + ¢F, rne F — equHUYHAsT MaTPUIA, [10JIO-
JKUTEJIBHO OlpeJieiena, cienosaresibio, tr((A + eF)B) > 0, T. e.
tr(AB) + etrB > 0 Ve > 0. Ycrpemsisisi € K HYJIIO, [OJIYUHM,
qro tr(AB) > 0 D,

JOKABATE/JILCTBO Teopembr 1.1. JlocTaTovHO OrpaHuaInThCS
PACCMOTPEHHEM TOTO CJIydasi, KOTJIa BBIIOJIHsIeTCsI ycaosue (1.2), Tax
kak ecan Lu = 0 B Q, To L(—u) < 0 B Q, npuyeM TOYKH, B KOTO-
PBIX JIOCTUTAETCSA MAKCUMYM —1i, COBIAJIAIOT C TOYKAMHU, B KOTOPBIX
JIOCTUTAETCS MUHUMYM (DYHKIUU 1U.

TIpesmooxkum cHavYAIA, 9TO

Lu <0 B, (1.6)
U CYIIECTBYET TOYKa To € () Takast, 9TO
u(zo) = maxu(x). (1.7)
zeQ

IockonbKy ¢ — TOYKa MakCcUMyMa, To Vu(xg) = 0, a MaTpuIia BTo-
PBIX TPOU3BOHBIX B = —(DiDj)u(xo) HETOJIOXKUTETbHA, TTOITOMY
BeJIeicTBUE JieMMBI 1.1 mosrywaeMm, 9To

n
Lu(xg) = — Z a;;D;Dju(xo) + a - Vu(zg) >0,
ij=1
a 910 uporusopednt (1.6). Takum 06pa3om, P BBIIOJHEHUH YCJIO-
Bug (1.6) MakcumyM QYHKIMU U MOZKET JIOCTUTATHCS TOJIBKO HA IDa-
nuie obsactu €.

O6paruncs Teneps K paccMoTpenuto obmieit curyarmu (1.2). Tlo-
noum ue(z) = u(x) + ee*, x € Q, e A\, € — HOJOKHUTED-
Hble nocrosiable. SIcHO, uto Lu. < eLe’! = 5(—)\2a11 + )\al)eml.
Benencrsue ycmosust ssmnruanocta aqq(z) = ¢o > 0, z € Q (e
JloKazaTeabeTBo jeMmbl 3.1, ¢. 130), nasee, nockonbky a1 € C(§),
1o |ai(z)| < ¢1 = const, © € ), HOITOMY MOXKHO BBIODATH A Tak,
aro Lu. < 0 B  npu 060M € > 0, ceoBaTebHO,

= Ve > 0.
max ue () max ue(z) Ve >

Iepexosisi B 3TOM paBeHCTBE K ipejienty npu € — 0, moayaum (1.3). O

Uccnemyem reneps cirydaii, kormaa ag = 0.

DIlo OBOAY GJIM3KHUX BOIPOCOB TEOPHU MATPHIL CM., Hanpumep, [43], §7.5.
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Teopema 1.2. IIpednoaosicum, wmo u € C2(Q)NC(Q), ag =0
6 obnracmu §2,

Lu<0 6 Q. (1.8)

Tozda N
< . 1.9
maxu(z) < maxu” (x) (1.9)

Ecau npu mex orce yeaosuazr na dynkyuu ag, u

Lu>0 6 Q (1.10)

mo
i > minu (z). 1.11
glelgutr) minu" (z) (1.11)

3decw, kar o6vuno, uT (z) = max{u(z),0}, v~ (x) = min{u(z),0}.

JOKABATEJTHCTBO. TouHOo Tak Ke, KakK NPHU JTOKA3ATEJb-
cTBe TeopeMbl 1.1, JI0CTATOYHO OrPAHMYUTHCS PACCMOTPEHHEM CJIy-
qas (1.8). Iycrs Q4 = {& € @ : u(z) > 0}. BamucsBas Gosee
noxpobuo ycmosue (1.8), mosyaum

n
— Z ai;DiDju+a-Vu < —agu <0, =€y,

5,j=1
OTKY/Ia BCjecTBue TeopeMbl 1.1 mosrygaem, 4To

max ulxr) = max ulxr).
i u(x) = max u(x)

D0 o3maraeT, ouesnHo, cnpaseymBocts (1.9), ecmr Q #0 1), Ec-
m Qp =0, e u<08Q ro(l.9) BEMONHSETCST TPUBHATBHBIM
obpazom. [l

Caencreue 1.1. FEcau npu 6wnosHenuu Yycaosuil meope-
Mmop 1.2,

Lu=0 6 £,

max |u(z)| = max [u(z)]

1)]KaK 061)1‘{HO7 CUMBOJIOM <<®>> obo3HayaeM IIyCTO€ MHO2KECTBO.



140 ImaBa 2. Dmnnrudeckne ypaBHEeHHST

2. CuJibHBbIi IPUHIUI MAKCUMyMa. bByjeM roBOpUTh, 4TO
obsacTh ) 0b1aaeT c60UCMBOM BHYMPEHHE20 Wapa B TOUKe xg € 1,
€CJIN CyIeCTBYeT OTKPBITEIA mmap B C ) Taxoii, uro zo € OB ).

Jdemma 2.1. Iycmov u € C2(Q) N CHQ), ap =0 6 Q. Tycmo,
danee, Lu < 0 6, cywecmsyem mouxa xo € I' maxas, wmo

u(xo) > u(r) Vo e, (2.1)
BINOANENO YCAOGUE BHYMPENHE20 wapa 6 mowke To. Toeda
Ou(xg)
FRTo) ), 2.2
B (2.2)

ede v — nopmane & OB 6 mouke T, 6HEWHAA TO OMHOWEHUIO & B.

Ecau npu mex orce ycrosusxr ag > 0 6 £, mo mnepasen-
cmeo (2.2) swnoansemca npu 0ONOAHUMEALHOM NPEINOAOIICEHUL,
wmo u(xo) = 0.

JIOKABATEJBCTBO. Byjaem caurars cHadasa, 9to ag = 0B Q u
u(xg) = 0. He orpanuunsast 0GITHOCTH, MOYKHO MPEJIIOJIATATh, UTO
HeHTD mapa B paciosiozken B Hadae Koopaunat, rak uro B=B(0,r),

2 2
e r — paguyc mapa. Ilyers v(x) = e A" — e~ X\ = const > 0.
DJieMeHTapHbIe BBIYUCJIEHUS JAKOT:

Lv= e—)\\x\Q Z aij(—4)\2xixj + 2)\5”) - 6_/\|$|2 ZCLZQ)\.’L‘Z—F

i=1 i=1
_ 2 2
+a0(6 Alz| —e Ar )7

rie §;; — cumBos Kponekepa. Vcmosb3yst yciaoBre SJIAITHYTHOCTH,
TIOJIy9UM OTCIOJIa, ITO

| 2

Lo < e M (—deo A2 |z + 21 tr A4+2)|a||z]4¢) Yz € B(0,7). (2.3)

[ycrs gamee S = B(0,7)\B(0,7/2). SlcHo, 9To0 /7151 BCEX I0CTATOTHO
GOJIBIIIX A
Lv <0 Bobracru S. (2.4)

Ucnonbays ycnosue (2.1), HerpyaHo yGeauTbes, 9TO Jis BCEX J0-
CTATOYHO MaJIbIX IIOJIO?KHUTEJIbHBIX &£

u(zo) = u(z) + ev(x), =€ dB(0,r/2). (2.5)

D MozKHO MOKA3aTh, 9TO yCJIOBHE OTKPHITOTO IIApPA BBIOIHACTCS B KaXKI0H
rouke I, ecoin I' € C2.
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Kpowme Toro,
u(zo) = u(z) +ev(z), =€ dB(0,r), (2.6)

nockonnbky v(z) = 0 npu « € 0B(0,7). 3aMeTuM Tenepb, YTO BCJIE/I-
crBue (2.4)

L(utev—u(zg)) = L(utev)—apu(zg) < —aou(zo) <0 BS, (2.7)

HO Torja, ucnosbayd (2.5), (2.6), na ocnoBanuu Teopembl 1.2 moJy-
quM, 9To u+ev—u(zg) < 08 S. Orciona, HocKoIbKY u(xg)+ev(zg)—
— u(zg) = 0, BbITEKAET HEPABCHCTBO

Ou(zg) ov(xg)
w1 ow

= 0.

SﬂelvleHTaprIe BbBIYHCJ/ICHUA ITOKAa3bIBAIOT, 9TO

Ov(zp)
v

= Vo(zg) - xo/T = 72)\7"6_)‘7"2,

CJIe/JOBATEIIBHO,
ou(zo)
v

Taxkum obpasom, B ciayuae, korga u(xo) = 0 u ag = 0 B , emma
nokazana. Ilpu ag = 0 B obaacru ) wepasencrso (2.7), a cieno-
BATEJbHO, U HEPABEHCTBO (2.2) BBLITOIHSIOTCS Ge3 OrpaHMveHuil Ha
suak u(zg). O

Teopema 2.1. IIpednonosicum, wmou € C*(Q)(NC(Q), ag =0
6 Q, Lu <0 6 Q. Toeda, ecru dynryus u docmuzaem MaKcCuMyma
na ) 6o enympennetd mouxe €2, mo ona — moocdecmeennas no-
cmoannan. Ecau npu mex orce yeaosusaxr Lu > 0 6 Q u Pynxyua u
docmuzaem munumyma nwa £ 60 enympenned mouke 2, mo ona —
Mootcdecmeennan NOCMOAHHAA.

.2
> 2 re M > 0.

JTOKA3ATEJILCTBO. O4eBUIHO, YTO BHOBb MOXKHO OIPDAHUYIUTH-

st paceMoTpenueM ciaydast, korga Lu < 0B 2. Ilycre M = max u(z).
zeQ

Bynewm cuaurars, o u Z M Ha ) U mOI0KHAM

Qu={zeQ:ulzx)=M}, Q={zxecQ:ulx)< M}
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Buibepem B ) TOUKy ¥, pacmosoxkeHuyio omke K (17, gem K I,
u mycTh B ecTh HamOOJBIMWIT Iap ¢ IMEHTPOM B TOYKE ¥, BHYT-
PEeHHOCTb KOTOporo npuHasexkut {)_ (caenaiire pucynok!). TTonst-
HO, 9TO CyIIECTBYET TOYKA Lo € (lps, OJHOBPEMEHHO TPUHAJJIEKA-
maga dB. Jlyst Q_ B TOUKe g BBITOJHEHO YCJIOBHE BHYTPEHHErO Ia-
pa, u u(xg) > u(z) aus Beex © € B. Ilo emme 2.1 0TCIO/1a BBITEKAET,

910
Ou(xo)
Oov

3meck v — HOpMab K B B TOYKE ), BHEIIHSA 110 OTHOIMICHHIO K
B. Ho, ¢ npyroii cToponsl, zg € ) — To4YKa MakcuMyMa (byHKIHA U,
careioBaresbio, Vu(zg) = 0. O

= Vu(xg) - v > 0.

CoBepIlleHHO aHAJIOTUYHO C MCIOJIB30BAHUEM JieMMbI 2.1 JIoKa-
3bIBAETCS

Teopema 2.2. IIpednonostcum, wmou € C*(Q) (N C(Q), ag =0
6 8, Lu < 0 6 Q. Tozda, ecau Ppynxyua u docmueaem neompuya-
meavHozo Maxcumyma na ) 6o enympenned mouke €2, mo ona —
mootcdecmeennasn nocmosmnna. Ecau npu mex oice yeaosuax Lu > 0
6 Q) u gynryus u docmuzaem HENOAOAHCUMENDHO20 MUHUMYMA Ha §2
60 erympennel mowke 2, Mo ona — MosHcAecmeennas NOCMOAHHAA.

§ 4. KBasuimHeiiHbIe JUTANITHYECKNE YPABHEHUS

1. Oneparop Hewmsbiikoro. B 3ToM TyHKTE HCCIETyIOTCS
HEKOTOPbIE CBOICTBA HEJIMHEHHBIX OoTOOparkenuil mpocrpancTsa L.
B manbuetiniem 9Tu cBOiCTBa CYIIECTBEHHO UCIIOIL3YIOTCS MIPU U3Y-
YeHUN KBa3W/IMHENHBIX YPaBHEHUN C YaCTHBIMU IIPOU3BOIHBIMU.

Teopema 1.1. ITycmwv eewecmeernas GyHKUUA
h(z,€), € QCR", £ e€R,

ydosaemeopaem yeaosusam Kapameodopu, m. e. usmepuma no x npu
aobom € € R u nenpepwena no & daa noumu ecex x € Q. Iycmo,
danee, GHINOAHEHO HEPABEHCTNEO

|h(z, &) <e1+eldP™!, zeQ, E€ER, p>1,

20e 1, co = const > 0. Tozda dynryus h(x,u(x)), x € Q, npu a0601
Ppyrryuu u € Ly(Q) npunadaescum Ly(Q), p~' + ¢~1 = 1. Boaee
moeo, onepamop A : L,(2) — Ly(2), deticmsyrowud no npasuny

Au(z) = h(z,u(x)), z € Q
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(onepamop Hemwiyko20), 02paHuMer 4 HENPEPLIGEH.

JIOKABATEJIBCTBO. [lokakem cHadas a, 9T0 ecau (DyHKIU U
usMepuma, 10 1 Gyuxiwms h(z, u(x)) nsmepuma. [IpegcraBum ¢ 910t
Heabio QYHKIMIO ¢ KAK PABHOMEDHBIA MPEJET MOC/IEI0BATETHHO-

(&)
CTH TIPOCTBIX (CcTymeHWaThx) dyHkmmit uk(z) = ). ¢jx;(z), tme
i=1

X; — XapakTepHCTHYecKue (DyHKIUU U3MEPUMbIX MHOXKECTB, 00pa-
3yfomux pasbmenne obracTu {2, ¢; — TMOCTOAHHBIE. fICHO, ITO KaxK-

(&)

nas uz bysakuit h(z, ug(z)) = Y h(z,¢j)x;(r) nsmepuma. Benen-

j=1

CTBHE HEIPEPLIBHOCTU (DYHKIUH /i 110 BTOPOMY ApPryMEHTY HMe-

em h(z,u(z)) = klim h(z,ug(x)) m B. wHa . IHostomy dyHKIMS
—00

h(x,u(z)) usmepuma. Ilycrs, mamnee, u € L,(Q2). Torga

/\h(ac,u(x))|qu < /|01 + colu(x) [P~ %z <

Q Q

L / (cf + clju()]?) de,
Q

T. ¢. byHKImA h OUpenenseT orpaHUmYeHHbIH omepaTop A, meiicTBy-
fommit u3 Ly(2) B Ly(2). JokarkeM HeNPepbIBHOCTH STOIO Ollepa-
topa. Ilycrs mociegoBaresbHOCT DYHKIUA Uy, € Lp(€2) cxommt-
ca K u € Ly(R). Torna mobast ee MOAIOCIIEIOBATEILHOCTD DyH LA~
MEHTAJIbHA, U, CJICIOBATEIBHO, COIEPIKAT TAKYIO MOIIOCIEI0BATE h-
HOCTD {Upm, }, 9T0 [[thn,,, — Um, ||, () < 1/2F, ©. e. unciosoit ps

oo
Z wmprs = U ||, (2)
k=1

SBJISETCST CXOMAMMCst. Tem GoJtee, CXOMUTCS PsIT
oo
Z ”umk+1 = Umy, ||L1(Q)a
k=1

o0
HO TOr/Ia 110 Teopene B. JIeBu psift [t ()[4 D [tm,, (2) = tm, ()]
k=1

CXOJIUTCST IOYTH BCIOALY Ha (), CJI6JIOBATEIBHO, CXOAUTCsT (a6COIIOTHO)
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o0
U DA U, () + D (U, () — U, (). Taxum o6pasom, mociesio-
k=1

BATEJILHOCTE (DYHKIUIA {1y, } CXOAUTCS K % HOYTH BCIOLY M, KPOME
TOrO, OYEBHIHO, UTO JIjIsI JIFOOOTO YjIeHA STOH IMOC/Ie/I0BATEeIbHOCTH
CITPABE/ITUBA OIEHKA

[t ()] < [ty ()] + D Nty (2) = umy (2)] = g(2) € L(Q).
k=1

Torna [h(z, tm, ()| < 1 + coftm, ()P < e1 + e2lg(@) P71, 1
Ha OCHOBaHWM TeopeMbl Jlebera o mpeeTbHOM Tepexoie oI 3HAKOM
WHTErpaJja nMeeM

/|h(:[:,u(:1:)) — h(x,um, (z)|%dz — 0 upu k — oc. (1.1)
Q

BeIIO/IHEHHBIE PACCYZK/ICHNST TIOKA3BIBAIOT, UTO JIF0Oas MOJIIOCIE/0-
BATEJIBHOCTD [OCIIEI0BATEIBHOCTH { Uy, | COJAEPIKUT IIOIIOCTIEI0BA~
TEJIBHOCTD, /11 KOTOPOH BBIIOJIHEHO IpeiesbHoe cooTHomenue (1.1),
a 9TO O3HAYACT, YTO OHO BBIIOJIHEHO M JIJTs BCEH MOCJIEI0BATETHHO
crut {up, . O

Henocpencreenabiv 06001menem teopemsbl 1.1 siBiisiercst
Teopema 1.2. Ilycmov sewecmeennas GyHKUUSA

h(z,€), t€QCR™, £E€R™ m>1,

usmepuma no r npu aobom £ € R™ u nenpepwiera no £ daa noumu
ecex x € . ITycmo, danee, bINOAHEHO HEPABEHCTNEO

h(z, )| <1 +elfP™!, xeQ EeR™, p>1,  (1.2)
2de c1,c5 = const > 0. Toeda Pynruyusa h(x,ui(z), ..., un(x))
npu mobwxr u; € Ly(R), i = 1,2, ...,m, npunadsescum Ly(S2),

1/p+1/q = 1. Boaee mozo, nopostcaemviti €li onepamop 02paruien
u Henpepuser Kak onepamop, deticmesyrowud us [Ly(Q)]™ 6 Lg(2).

2. VpaBHEHHMsI C CUJIbHO MOHOTOHHBLIM OII€EPATOPOM.
EcrecrBennbiM 0600menneM 3anaan (2.2), (2.6), §1, sasisercsa 3a-
Jada Jupuxiie Uit KBASHINHEHHOTO yPABHEHNUS:

—diva(z,u, Vu) + ap(z,u, Vu) = f, z€Q, (2.1)



§4. Kpasuymneitnple s/IHIITHYECKHE ypaBHeHUsT 145

u(z) =0, zel. (2.2)
3nech a = <a1(1},§075), a2(£v§0a§)v- ) &n(x,fo,f))a UJO:aO(xvavf)?
ai(x,&,€), ¢ = 0,1,...,n, — 3aganuble OYHKIUU [IEPEMEHHBIX

ze Q& R, £ €R” usmepumble 1o & U HeIpepbIBHBIE 110 &y, &,
YJIOBJIETBOPSIONINE CJIETYTONTIM YCIOBUSM:

la(z,€) —a(z, Q) < i€ ¢ VECER™, zeQ, (2.3)

a= (&0,(11, .. '7an)7 f: (5075)7
(d(x,f_) — &(m,g_“)) (E=0) = le=CPF VECER™ 2z eQ, (24)

cp, c1 = const > 0.

VeaoBue (2.3) — ycsioBUe JIUIIINI-HEIIPEPHIBHOCTH BEKTOPHOIO
nons a(x, &), ycnosue (2.4) IPUHATO HA3BIBATH YCJIOBHEM CUALHOT
MOHOMONHOCA BEKTOPHOTO ToNIs (T, £).

s ynpomenns 3anuceii BCiogy B qaabHeiimem Gy1eM CIATATS,
10

a(z,0)=0 VzeQ. (2.5)

SAMEYAHUE 2.1. B cayuae, xorga ypasrenne (2.1) sjmHeii-
HO, T. e. a(z,§) = A(x), rue A(z) — KBagparHas MaTpPUILA, YCJIO-
Bue (2.3) o3HAUAET NPUHAIJIEXKHOCTH KO3(hDMUIMEHTOB YDABHEHUs
npoctpancTBy Lo (§2), a ycnosue (2.4) — paBHOMEPHYIO 1O I TO-
JIOXKUTEJILHYIO OIPEJIeJIEHHOCTh MaTpuiibl A(x), T. e. yciosue, 6oJiee
CUJIBHOE, Y€M DJUIUITUIHOCTD YPABHEHUS.

Bynem npemnonarars, aro f € Lo($2). o obobrieHHbIM perie-
nueM 3ajadn (2.1), (2.2) 6ygem noHumMaTh GYHKIUIO U U3 IPOCTPAH-
crBa H}(€2), yIOBIETBOPSIONIYIO HHTETPATLHOMY TOWKJIECTBY

a(u,v) = /(a(:z:,u,Vu) - Vo + ag(z,u, Vu)v) de =
Q

:/fvdaczl(v) Vo e HA(Q). (2.6)
Q

HNcnonbays ycaosus (2.5), (2.3) n mepasencrso Komn — Bynskos-
CKOI'0, HOJLy UM
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la(u,v)| < Cl/((lu\ + [Vu))[Vol + (lu] + [Vul)[v]) dz <
Q
< CHUHHl(Q)HUHHl(Q) VU,U S H&(Q),

T. e. ipu Jiobom duxcuposannom u € Hi () bopma a(u,v) — m-
HeliHbIit, orpanuuennblii bynximonasn na Hi (£2), a 3o oznadaer, 4o
A HIQ H(Q it -
cyuecrsyer oneparop A : Hy(Q2) — Hy(£2), oupenessiemslit Toxj1e
CTBOM
(Au,v) () = alu,v) Yu,v € HY(Q).

Wurerpanbroe Tox1ecTBO (2.6) SKBUBAJIEHTHO yPABHEHUIO
Au=f{, (2.7)
re f € HE () omrozHauno ompeiesisieTcsi COOTHOTTeHHEeM
(£, 0) () = (v) Vv € Hi(Q).

DJIeMEHTAaPHO JIOKA3bIBAETCST

Teopema 2.1. ITycmob svinoarens yeaosus (2.3), (2.4). Tozda
onepamop A CuAbHO MOHOMOHEN U AUNWUY-HENPEPLIGEN, . €.

(Au— Av,u—v)gq) = collu— vl Yu,ve Hy(Q),
||AU—A’U||H1(Q) < CIHu_UHHl(Q) VU,U € H&(Q)

Takum obpasom (cm. Teopemy 4.1, c. 19), ypasuenue (2.7) ozx-
HOBHAYHO Pa3peruMo 1pu Jjiroboit npasoit wactu £ € Hi(Q) u, cie-
JloBaTesbHO, 3a1a4a (2.1), (2.2) omHO3HAYHO paspentuMa npu Jrboil
npasoii yactu f € La(Q).

U3 910it 2Ke TeopeMbl BbITEKAET, 4To pelieHne ypasaenus (2.7)
MOKET OBITh IOCTPOEHO TIPU TOMOIIA UTEPAIMOHHOTO TTPOIECCa

ubtt = uf — r(AuF —f), k=0,1,..., (2.8)
exojignerocs pu JioboM HadaabHoM npubmuzkenun u’€ HE (Q), ecom

0<7<2c/ch.
Tepenumenm coornontenre (2.8) B Bue

b(u ™ v) = b(ut,v) — 7la(u v) ~ [(v), k=0.1,....
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rjae
b(u,v) = /Vu “Vvdr Yu,v € HY Q).
Q
Takum 06pa30M, OTBICKAHIE uF*! o U3BECTHOMY u® cBommTCS K TI0-
CTPOEHUIO 00OODOIEHHOTO perteHus 3a1a4n Jupuxie s ypaBHeHns
IIyaccona:
—Autt=F,, zeQ,

u(z) =0, zel,

rie
Fo=—-Aur -7 (— div a(z, u, Vur) + ao(z, u, Vu*) — f) ,

Au = 0*u/dxt + - + 0*u/Ox?.

3. YpaBHeHHUsI C MOHOTOHHBIM onepartopoMm. Meron pe-
ryngpusarnun. OcaabuMm Ternepb yCI0BUA Ha BEKTOP-DYHKITHIO G,
a UMEHHO, YCJIOBUE CUILHON MOHOTOHHOCTH 3aMEHUM YCAOBUAMU MO~
HOMOHHOCT:

(a(z,6) —a(z,Q)) - (-0 20 VECeR™re, (31

u KOIPUUMUBHOCTNU:

a(x, &) - €= colé)* —c1 VEER™, x€Q, cy,c1 = const > 0. (3.2)

Teopema 3.1. IIycmo evinoanenvs yeaosus (2.3), (3.1), (3.2).
Tozda 3adaua (2.1), (2.2) umeem xoms 6ve 00no 0boGWEHHOE pete-
nue npu 410600 npasoti wacmu [ € La(£2).

JOKABATEJTHCTBO. Kak m BbIle, cBejeM 3ajlady K olepa-
TOpHOMY ypaBHeHuto Buza (2.7). B arom ciaydae, oguako, ouepa-
TOop A Oy/ileT BMECTO yCJIOBUS CHJIBHOM MOHOTOHHHOCTH Y/IOBJIETBO-
PATH JINIITH yCHOBI/IIO MOHOTOHHOCTHA:

(Au—Av,u—v)gi) =0 Yu,ve Hi(Q). (3.3)

C ucronb3oBannem ycJjioBud (32) JIEMEHTapPHO JJOKa3bIBa€TCd HEPa-
BEHCTBO KO3PDHUTUBHOCTU,

(Au,u) g (o) = C()H’U,H%H(Q) —& Yuc€ H}Q), (34)
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st oneparopa A. 3yech ¢ = ¢p mes(Q)). B sTom ciyuae st uc-
CJIEZIOBAHUST PA3PEINMOCTH ypasHeHusi (2.7) OygeM HCIOIb30BaThH
METO/I PEryJIAPU3AINH, T. €. HApsiLy ¢ ypaBuerneM (2.7) Gyjem pac-
CMaTPUBATH yPaBHEHUE

Au=Au+eu="1, (3.5)
rae € > 0. Herpyano Buzgers, aro

(Acu — Acv,u—v) i) > ellu — UH%H(Q) Yu,v € H}(Q), (3.6)

|Acu — AE’U”HI(Q) <clfju— UHHI(Q) Yu,v € H&(Q), (3.7)

cJle10BaTeNIbHO, IpH JiIo0oM € > 0 ypasrenue (3.5) uMeer euHCTBEH-
HOE DEeIIeHne u.. YMHOKas 0be JacTn ypasHeHns (3.5) cKaJspHO Ha
Ug, TOTY UM, 9TO (A, Ue ) g1 () +E(Ue, ue) (o) = (F,ue) g1 (q), or-
Kyua Besescrsue (3.4) BbITEKaeT OleHKa

colluellr ) + ellucllin o) < IEllz o luellm @) + @

ITpumensia Teneps HepasencTso (2.1), ¢. 22, nosydum

1 ) -
collue |3 oy + lluel ) < %Hf\ﬁql(m + §||Ue||?ql(9) +a

s moooro § > 0. Tomaras 6 = cg, TpUXOAMM K PABHOMEPHOIA 110 €
OIIEHKE: , , )
luellzr @) < 1l )/ + 261/ co- (3.8)

Benencreue cmaboit KOMITAKTHOCTH MHOYKECTBA, OT'PAHUTEHHOTO B
npocrpanctse Hi(£)), orciosa BeITEKaeT CyIIECTBOBAHUE IMOCIEI0-
BaresbHocTH £ — 0 u dbynxmun u € HE () takux, 9o us, — u.
Tlokaxkem, uro u — pemenne ypasuenus (2.7). Vcnonb3yst yciio-
Bue (2.5), ycaosue (2.3) upu ¢ = 0, a Takxke ornenky (3.8), moayaum

- 2 2 2
/|a(a;,ugk7Vuek)\ dx < c/(usk + [Vue, |“)dx < ¢,
Q Q
OTKy/Ia BCJIEJICTBHE CJIab0H KOMIIAKTHOCTH OTPAHWTIEHHOTO MHOXKE-
crBa B pocTpaHcTBe Lo(£)) BBITEKAET CyIECTBOBAHUE TIOJIIOCIIE0-

BaTEJILHOCTU €, TOCJIEIOBATEIBHOCTH £ U DYHKIWHII by, by, ..., b,
u3 Lo(Q)) Takux, 4ro

ai(w,ue,, , Ve, ) = by, i=0,1,...,n. (3.9)



§4. Kpasuymneitnple s/IHIITAYECKHE YDaBHEHUS 149

st yporrenus 3amnmceil B JaabHEIIIIEM TOIOCTIE0BATEILHOCTD &,
Oy1eM 0603HAYATE Iepe3 €. JaIUIeM NHTErPaIbHOE TOXKIECTBO, CO-
OTBETCTBYIOIIEe ypaBHeHUIO (3.5), npn € = &:

/(a(az,ugk,Vusk)~Vv+ao(ac,uak,Vugk)v) dx—i—ak/VuEk-Vv dr =
Q Q
:/fvdac Yo € Hy(Q). (3.10)
Q

Yerpemisist 371€ch €y K HYIIO, TOIydnM BeseacTsre (3.9) u anprop-
HOI orenky (3.8), 410

/(b~Vv+bov)da: = /fv dr Vv e H}(Q), (3.11)
Q Q

rae b= (b1, ...,by).
JloKa3aTeabLeTBO TeopeMbl, O9eBHIHO, OYIeT 3aBepIIeHO, eCJIN
MBI YCTAHOBHUM, HTO

/(b~Vv+b0v)dx:
Q
= /(a(x,u, Vu) - Vo + ag(z,u, Vu)v) dz Vv € Hi(Q).
Q

Hcnonb3yst yemone MOHOTOHHOCTH (3.1), MOXKeM HAIMCATD, YTO
st moboro w uz Hi ()

/(a(m,uek, Ve, ) — a(z,w, Vw)) - V(ue, —w)dz+
Q

+ g / V (e, —w) - V(ue, —w)dz+
Q

+ /((ao(x,usk,Vuek) — ap(z,w, Vw))(us, —w))dz > 0. (3.12)
Q

Yuarem reneps, aro BesezcTsue (3.10) cupaBeyInBoO PABEHCTBO
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/(a(x, Ue, vusk) : vuek + ao(.’L‘, uemvu&‘k)uak)d'r_F
Q

+5k/Vugk Ve, dx = /fuekd:v. (3.13)
Q Q
ITosromy u3 (3.12) BBITEKAET, YTO

/(fugk —a(z,ue,, Vue, ) - Vw — eV, - Vw—
Q
— ao(x, Uey,, Ve, )w)dr—

- / (a(z,w, Vw) - V(ue, —w) + ao(z, w, Vw)(ue, — w)) dz—
Q

- Ek/Vw - V(ue, —w)dz = 0.
Q

Ilepexosa B 9TOM HepaBeHCTBe K TIpejiety npu £, — 0, momyanm

/(fu —b-Vw — byw)dz—

Q

- / (a(z,w,Vw) - V(u — w) + ao(z, w, Vw) (u — w)) dz > 0. (3.14)
Q

Beaeacrsue (3.11)
/fudx = /(b -Vu + bou) dz,
Q Q

103TOMY HepaBeHCTBO (3.14) npunnmaer Buj

/(b —a(z,w, Vw)) - V(u — w) de+
Q

+ [ (bo — ao(z,w, Vw))(u — w))dx > 0.
/
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®ukcupyem npoussosbio bynkimio v € HEH(Q) u nyers w = u— aw,
rme « > 0. Torma

/(b —a(x,u —av,V(u—av))) - Vodz+
Q

+ / (bo — ap(z,u — av,V(u — aw)))vdx > 0.
Q

YVerpemasst 371eCh v K HYJTIO, TIOJIYIAM

/ (b= a(z,u, Vu)) - Vo + (by — a(z,u, Vu))v) dz > 0.
Q

Samensist beHKHI/IIO vV Ha —vU, O4€BU/IHO, IIOJIYIHUM TO 2KE€ CaMO€ HEpa-
BEHCTBO, CJIe/I0BaTeJIbHO,

/ ((b—a(z,u, Vu))-Vo+(bo—ao(z, u, Vu))v)dx = 0 Yo € Hy(Q). O
Q

4. YpaBHeHUsI C MOHOTOHHOI IJIaBHOI 4YacTbio. MeTos
Tanepkuna. B sTom mymkTe paccmarpuBaeTca 3amada JIupuxie:

—diva(z, Vu) + ap(z,u) = f, xe€Q, (4.1)
u(z) =0, zel. (4.2)

Baech a = (a1(x,€), az(x, ), ..., an(,8)), a;(x,§), i = 1,2, ..., n,
ecTb 3aJlannble DYHKIMN mepeMeHubix ¢ € (), & €eR™, ag — pyHKIMA
mepeMeHHbIX X € ), &y € R, yI0BICTBOPAIONINE CJICIYIONTIM YCIOBH-
aM: QYHKIAA a;, ¢ = 1,2, ..., N, I3MEpUMBI TI0 T Tpu JIo6oM & € R™
7 HETPEPBIBHBI 110 & 1 ToUTH BeeX T € (); QYHKIHUA ag U3MEPUMa
o x ipu JioboM &g € R u menmpepwiBHa 110 &) J1s1 TIOUTH BCeX & € (1)

la(z, &) < (1 +[€]) VEER™, z e, (
lao(z,80)| < c2(1 +[&|) V& €R, z€Q, (

(a(z,€) —a(@,()) - (§—¢) 20 VECER 2z e, (4.5)
a(x,&)-E4ao(z,&0)éo = c3lé—cs VEER™ &HER, 2€Q, (4.

c1, ...,cq4 = const > 0.
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Kak 06bran0, 0606mennbiM pemenunem 3agaqan (4.1), (4.2) na-
soBeM dynkmmio u uz HE(§)), yI0BIeTBOPAIONIYI0 HHTErPATLHOMY
TOXKJIECTBY

/(a(z, Vu) - Vo + ag(z, u)v) de = /fv dr Yo € Hi(Q). (4.7)
Q Q

Teopema 4.1. Ilycmv 6unoAHeHv CHOPMYAUPOSAHHBIE EbIULE
yeaosua. Tozda sadaua (4.1), (4.2) umeem zomas 6v 00HO 0606UWEH-
noe pewenue npu 1060t npasot wacmu f € La(Q).

JIOKA3BATEJILCTBO. Ilycts 1,99, ... — mOIHAg cucrema
dbyuxnuit B npocrpancrse Hy (). Bygem cuurats, ato sobbie mep-
BbIe M DYHKIUI 9TOH CUCTEMbI IMHEHHO He3aBUCUMbIL. [IpnbmKken-
Hoe pererne 3ajaqu (4.1), (4.2) mo memody lanepkuna crpourtcst
Kak (DYHKIUSI BUJIA

m(z) = Z cipi(x),

rJie BEKTOP IIOCTOSIHHBIX ¢ = (C€1,C2, ..., Cp) OIPEJENSITCS Iy TeM
pellleHns CUCTeMBbl ypaBHEHUH

gi(c) = / (a(z, Vuy,) - Vi + ao(z, um) ok — fer)de =0, (4.8)
Q

k=1,2,...,m.

TTokakem, uro cucrema (4.8) umeer xorst 6bI OJHO pere-
mue. Ilpu srom Oyrnem wucnosb3oBaTh Jemmy 1.4, c. 93. Ilycrs
g(c) = (g1(c), ..., gm(c)). Torna, Kak HETPY/HO IOACUUTATD,

ge)-c= /(a(x, Vi) + Vi, + ao(2, U )tm — fum)dz, (4.9)
Q

orky/a Ha ocnopanuu (4.6) moaydaem, 4To
g(c) ¢ >cs / |Vt |2da — ¢4 mes (Q) — /fumda:.
Q Q

IIpumensis mepaserctBa Komn — BynsikoBckoro nu @pujpuxca, Mo-
JKeM HAIUCATh



§4. Kpasuymneitnple s/IHIITAYECKHE YpaBHEHUST 153

1/2
9(0) - ¢ = es||Vuml2 ) — e I pa @) IVt 2 0)
—cymes (). (4.10)

Benencrsue nHeiiHON HesaBucuMocTu (DYHKIUI 1, @2, . . ., Pm BBI-
paxenue ||V, 1, ) onpeaenser HOpMy Ha 1m-MEPHOM MPOCTPaH-
CTBE BEKTOPOB (C1, . ..,Cm). 1losTOMy onenka (4.10) obecrieunBaer
cymecrBoBarue r > 0 rakoro, uro g(c)-c¢ > 0 upu |c| = r. OyHk-
mn a;(x,§), ao(x,&) Beaencrsue (4.3), (4.4) mopoxkparoT Helpe-
PBIBHBIE OllepaTopsl, jeiicryomue u3 [La(Q)]™ u La(2), coorser-
crBerHo, B Lo(Q2). Bnaunt, Kak HeTpyIHO yOeauThes, OyHKIHUU g,
k=1, 2,...,m, nenpepblBHBLL. Takum 06pa3oM, BCe yCIOBUS JIEMMBI
1.4, c. 93, BblOMHEHDI, U cucTreMa ypaBHeHuii (4.8) umeer xors Obl
OJTHO DEIIEeHue.

Ecmm u,, — npubamxkennoe perrenne mo Metony LamepKuma, TO
Beasiesicrue Hepasencrsa (4.10) ¢ yaerom Toro, uro g(c) = 0, nmeem
esllum1} < el 1l zae) | Vit | acey + 4 mes (),

OTKy/Ia, TIpUMeHsst HepaseHcTBO Kormm ¢ & (cp. ¢ nosyvennem oren-
ki (3.8)), BoIBOIUM, 9TO ||V, Q) < C, tie C' — He 3aBucamas
oT m mocrosgaHas. [locemoBaTe IbHOCTD TPUOIMIKEHU TI0 METOLY
Tanepkuna u,,, m = 1,2, ..., COIEPKUT, TAKIM 00pa30M, CJIab0O CXO-
JSNIYIOCA B IIPOCTPAHCTBE H&(Q) TIO/IITOCJIeI0BATEILHOCH, KOTOPast
10 TeopeMe Pesinxa cuilbHO cxoautTces B pocrpancTse Lo(€).

Kak 06brvmn0, 1TOObI HE BBOJUTL HOBBIX 00O3HAUEHWIT, Oyjem
cuuTaTh, uTo cymectyer dynkuusa u € Hg () takas, uto

Upy — u B HF(Q), U — u B La(Q). (4.11)

Tokazkem, uTo u — 06o6mennoe pemenne 3anaau (4.1), (4.2).
TouHO TaK ke, KaK M B NPEJBLLYINEM IyHKTE, MOXKHO yCTAHO-
BUTbH, 4TO CyIIecTBYIOT dyHKimn by, ..., b, € La(Q)) Takue, aro

ai(z, Vupy, () = b, i=1,...,n, B La(). (4.12)

Dyuknus ag(z, &) nopoxaaer oneparop Hempikoro, jaefictsy-
ot u3 Lo(Q) B Lo (). Tosromy

ao(z,um (x)) = ap(z,u(x)) B La(). (4.13)

QukcupyeM Tenepb HEKOTOPOE IEeJI0e MOJIOKUTEIbHOE k U Tepeii-
zeM K npeneny B pasencrse (4.8), yerpemuas m — oo. C yuerom
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upejiesbubIx coorroitenuii (4.12), (4.13) mosyuum, 4ro

/(b Vo + ao(@,u)pr — feor) de =0

Q
ayg goboro k = 1,2, ..., OTKyJa BCJIEJICTBHE IMOJHOTHI CHCTEMbI
byHKIHUHA P1, P2, ... BHITEKAELT, U9TO
/(b-Vv—f—ag(x,u)v—fv)dx:O Yo € Hy (), (4.14)
Q
nim
/b~V1}dm:/hvd1’ Yo € Hy(Q), (4.15)
Q Q

riae h = f — ag(x, u). Ocranocs noKas3arb, 94To

/b -Voudr = /a(ac,Vu) -Vudr Yve Hi(Q). (4.16)
Q Q

BesteicTre yeiosust MOHOTOHHOCTH (4.5)

/(a(w,Vum)—a(x,Vw))-V(um—w) de >0 Ywe Hy(Q). (4.17)
Q

Ucnonbsyst pasercTso (4.9), ¢ yuerom Toro, uto g(c) = 0, mosrydaum,
|aTO Jst Jiioboro m = 1,2, ...

/a(m, V) - Vi, de = /hmum dx, (4.18)
Q Q

rae hy, = f — ap(x, uy,). C nomormeio (4.18) upeobpasyem (4.17)
BUJLY
/ (hmum —a(x, Vi) - Vw — a(z, Vw) - V(U — w)) dx > 0.
Q
IMepexoasa 31ech K upeneiy upu m — oo ¢ yderom (4.11)—(4.13),
HOJTygaeM
/(hu—b-Vw—a(x,Vw) -V(u—w))dx >0,
Q
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U, HAKOHEI, ucno/b3ys (4.15), mpuxoanm K HEPABEHCTBY

/(b —a(z,Vw))-V(u—w)de >0 Ywe HY(Q). (4.19)
Q

Tlooxkum w = u — A\v, rje v € H&, A > 0. Torna

/(b —a(z,V(u—v)))-Vodz >0
Q

Ilepexons x mpegeny mpu A — 0, moryanm
/(b —a(x,V(u)))-Vvdz >0
Q

Samensist 34eCb U Ha —, 6y,ZL€1\/I HUMETDb!:

/(b x,Vu))-Vode =0 Vv e Hi(Q),

e. (4.16) ycranosieno. [J

5. Cnabo HesmHelHble ypaBHeHusi. MeTo HemoaBu>K-
HOUl TouKu. B 3TOoM myHKTe paccmarpmBaeTca 3amada Jlmpuxite
Tt ¢1abo HeJTMHEIHOTO ST THTIECKOTO YPaBHEHNUST:

—div(AVu) + ap(z,u, Vu) = f(x), x €, (5.1)
u(z) =0, zel. (5.2)

ITpemmonaraercst, 9TO BBIIOJIHEHBl YCJIOBUS SJUIMITHIHOCTH (2.3),
c. 104,

aij €CHQ), i,j=1,...,n, T € C% f € Ly(Q).

Dyukuua ag(z,&o,§), ¢ € Q, & € R, £ € R™ npeanosaraercst us-
MEpUMOIt TI0 & W HEeTMPEPBIBHOM 10 &y, &, mpuaeM

lao (2, €0, &)| < ao(1 + [So] + [€]); ao = const > 0. (5.3)

O606mennpiM pemtenueM 3agaqau (5.1), (5.2) nazosem yHKIMIO U
u3 npocrpanctsa HL(Q), yI0BIeTBOPIONIYI0 HHTErPATLHOMY TOYK-
JIECTBY

/(AVU - Vo + ag(z,u, Vu)v) de = /fv dr Vo€ H}(Q). (5.4)
Q
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Teopema 5.1. Ilycmv 6binosHeRb NEPEUUCAEHHBIE BIULE YCAO-
sus. Tozda npu docmamouro manroll NOCMOARKOT 0y 3a0a4a g5.1),
(5.2) umeem xoma v 00no 0bobwennoe pewenue we H*(Q)NHy ().

JIOKABATEJILCTBO. Cienem 3azaay (5.1), (5.2) x oneparopHo-
My YPABHEHMIO C HEJIMHEHHBIM BIIOJIHE HEIPEPBIBHBIM ONEPATOPOM,
neitcTByiomum B ipoctpancTse Ha (€2).

Besencrsue yenosust (5.3) dyuxuusa ag(z, o, &) nopoxgaer
omreparop Hewmprimkoro, menpepbisabiit m3 (L2(2))"T B Lo (Q) (cm.
c. 144). Tlosromy oneparop

Agu = f(x) — ap(z,u, Vu)

MOZKHO TPAaKTOBAaTh KaK HEJIMHECIHBINM HEIIPEPBIBHBINA OIlepaTop, Jei-
crytomuit u3 HE(Q) B La(Q).
Hamee, Kak ycranosmeno B 1. 3, §1, s 060it DyHKIHN
1
g € Lo(2) cymecrByer epuncrBenHast Gyukiws u € Hj () rakas,
9TO

/AVU -Vodr = /gvdx Yo € Hi(Q), (5.5)
Q Q
pudeM
[ull o) < ellgllra @)

rJie IOCTOSTHHAS ¢ HE 3ABHCHT OT BBIGODPA g.

VKasaHHOE COOTBETCTBHUE OIPEEIISIET, TAKIM O0PA30M, Helpe-
pBIBHBIH JTHHeiHbIi omepaTop B @ La(Q) — H (), u zamaga (5.4)
MOXKET OBbITH II€PENUCcaHa B 9KBUBAJCHTHOM BHJIE:

u= Au, (5.6)

rae A = BA( — HenpepwIBHBIN HEJTMHEHHBIN OmIepaTop, JeiCTBYIo-
it us HY (Q) B H (Q).

TTokaxkem, uro oneparop A BuosiHe HenpepbiBeH. Oneparop A
BestezicTBue yesoBust (5.3) MEpeBOUT BCAKOE OTPAHMYEHHOE MHOYKE-
ctBo npocrpancrsa H( (€2) B orpanuueHHoe MHOKECTBO MPOCTpAH-
crBa Lo(Q). Tlosromy moctaTrodno y6euThCst B TOJHON HEIPePbIB-
nocru oneparopa B. Kak nokazano B 1. 3, §1, c¢. 129, myist pemiennst
sajaan (5.5) crpase/InBa OleHKA

lullg2@) < CllgllLz@),

rae C — mocrostHHAs, 3aBUCAIIAsA TOJILKO oT 2 u marpunbl A. Ta-
KuM 0bpasoM, omeparop B mepeBoauT BesKoe OrpaHUYEHHOE MHO-
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JKecTBO mpocTparcTsa L2()) B orpaHmdeHHOe MHOMXKECTBO ITPO-
crpanctea H2(£)), HO BCAKOE OTpaHMHYEHHOE MHOYKECTBO MPOCTDAH-
crea H?(Q) B cmmy Teopembl Pesinxa KOMIIAKTHO B HMPOCTDPaH-
cte H1(Q), 1. e. onepatop B BriosHe HerrpephIBeH.

TTokazkeMm, jrasiee, 9TO JJIst JIIOOOTO PEIeHnsl yPaBHEHUS

u=MNu, Xel0,1], (5.7)

pU JOCTATOYHO MaJbIX o > 0 cipaseymsa oneHka ||ul|; < ¢, Tie
MoCTOsTHHAs ¢ He 3aBucHT OT A. Ilo onpejesnenuto omeparopa A jyrst
JIE06OTO perenusi ypasHenusi (5.7) clpaBeJInBO HHTEIPATLHOE TOK-
JIECTBO

/(AVu-Vv—FAao(x,u, Vu)v)de = )\/fvdx Vo e Hy(Q). (5.8)
Q Q

Ilonaras 31eChb UV = U, IIOJIyYUM

/AVu -Vudr = —)\/(—ao(x,u,Vu)u — fu) dx.
Q Q

Vcnonb3yst Tenepb MOJOKUTEIBHYIO ONPEIETEHHOCT MATPUIBl A,
yeaiosue (5.3), a rakzxe nepasencrsa Ko — Bynskosckoro u @pu-
Jpuxca, 6y1eM nMeThb

col Vull?, ) < Maoer[VullZ, o) + call fll Lo VUl o) <

< aoar||Vull7, ) + c2ll fll oo Vull L)

IJie MMOCTOSIHHBIE €1, Co 3ABUCAT JIMIIb OT 00/1acTh {2, U, CJIeJI0BATE b
HO, ecJiu ¢y — agcy > 0, TO

lellzr @) < esll Lo,

rJe ¢3 — IOCTOsTHHAsI, He 3aBHcsIast o A. Takum obpa3oM, Jjist o1e-
paTopa A BbimosTHEHB! Bee yemoBus Teopembl [ledepa, c. 95, ciremo-
BaresbHO, ypasHeHue (5.6) nmeeT XoTst ObI OJTHO PEIlleHne. 3aMeTHM,
HAKOHEIl, YTO JijIsl pelerust ypasHerus (5.6) BBIIIOJHEHO MHTErPAIb-
Hoe ToxkecTBo (5.4), u, mockonbKy f — ag(z,u, Vu) € La(Q2), To B
cuy Teopemsbr 3.1, ¢. 129, u € H%(Q). O



I'7TABA 3
SAJIAYM HA COBCTBEHHBIE
SHAYEHUN A

§ 1. 3amaya Ha cOOCTBEHHbIE 3HAYEHUS JIJIsI
orneparopa Jlanjaca B NpsiMOyTroOJIbHOI
obJtacTu

1. ITocranoBka 3amauun. Isyuaercs npocreiiinas 3a1a4a Ha
COOCTBEHHBIE 3HAYCHU:

—Au=Mu, x€Q, (1.1)
u(z) =0, zel. (1.2)
Baeecr Q@ = {0 < 1 <y, 0 < g < 122} — NpsSIMOYTOJIBHHK, I’ —

ero rpammma, Au = 0%*u/0z3 + 0%*u/0z5 — nByMepHBIt omepaTop
Jlammaca.

2. Pemrenne 3agaun. 3ajada JIErKO peIraeTcsi METOIOM Pas-
JleJienusl epeMeHHbix (eM., manpumep, [39, c. 422]). Cobersenmble
byHKIIMM 3a/1a4M:

2 . 7Tk'1.7}1 . 7Tk‘2$2
Sin Sin
2 h lo

Uk ko (551,532) = \/llT

m COOTBETCTBYIOT COOCTBEHHbBIE YHCJIA,

k)2 ko \ 2
>\k1k2: <7T 1> +<7T 2) 5 k1,]€2=1,2,... (2.1)

h) N\l

. kL ke=1,2, ...

Herpyamo nojicunrars, 4TO

. _J 0 (i —Fk)?+ (2 — k) #0,
/Uj1]2uk1k2dx = { 1’ (]1 _ kl)Q + (,]2 _ k2)2 — 0’

T. e. coberBennble GyHKun 3agaqu (1.1), (1.2) obpasyoT oproHOP-
MUpOBaHHyIO B npocrpancrse Lo(2) cucremy. Kak ussecrno, sra
cucTeMa 10JHa B pocrpancTse Lo(L2).
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PaBmibiM cOOCTBEHHBIM THC/IAM MOTYT COOTBETCTBOBATD Pa3JIHI-
uple cobctBennble dyuxkmuu. Tak, npu [y = lo = | coOCTBEHHBIM
TUCTIAM

Ao = (7T2 + (27T)2)/l2 = Aoy
COOTBETCTBYIOT pa3/InIHbIe CO6CTBeHHBIe (byHKU‘I/II/I

2 . mxy . 2mxy 2 . 2wxy . TX9
u12(x1,T2) = = sin — sin ——, w9y (21,22) = —sin

I I I ! T

OTMeTnM, ITO MUHUMAILHOMY COOCTBEHHOMY UHCIY A11 COOT-
BETCTBYET JIMIIHL OJHA COOCTBEHHAsT (DYHKIWS 111, U OHA HE MEHsIeT
3mHaka B obsractu §2.

3. AcuMOTOTHKA COGCTBEHHBIX YHCEJ. 3aHyMepyeM YuC-
aa (2.1) B nopsijike HEYObIBAHUSL:

0< A <A< A3<

IlousitHO, 9TO A\ — 00 Hpu k — o00. Bojee Toro, cupaBeInBoO
ACUMIITOTUYECKOE IPEJICTAB/IEHIE

4
Ao = —k + o(k), (3.1)
11l

rue o(k)/k — 0 nmpu k — oco.

Jokaxem onenky (3.1). Ilycts p > 0 — 3amannoe wncao. O60-
saaauM uepes M (p) kosmaectso uuces (2.1), He NPEBOCXOIANIUX fi.
Ouesuyiao, uto M (1) pABHO KOJIMIECTBY MOJOKUTENbHBIX 1IEJI0UNC-
JIEHHBIX DEIleHnil HepaBeHCTBa

kl 2 kg 2 1%
— =] <. 2
<11> +<l2> L (3.2)

IlocTpouM Ha IJIOCKOCTH TIEPEMEHHBIX 1, To JUIHIC B, rpaxuia
KOTOPOTO OIIPE/IENISIETCS YPaBHEHHEM

2 2
ﬁ_i_&_ﬁ
2 2 T 2"
;5 15 T

Housitao, uT0 M (f4) — 9TO KOJIMIECTBO TOUYEK C MOJIOKHUTETHHBIMU
HEJOYUCICHHBIMA KOOPIUHATAMH, IPUHAJICKAIIIX IePBOMY KBaJl-
panry ssutaiica B (em. puc. 1). IlocraBum B cOOTBETCTBUE KAZKIOMN Ta~
KOl TOUKe g4eiiKy ceTKu (eIMHUYHBI KBAJIPAT), JEXKAILYIO JeBee U
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Puc. 1. K acuMnroruke COOCTBEHHBIX YMCEJT

HIKe yKazaHHoi Touku. Torma M (@) coBrasier ¢ miomaabio oobem-
HEHUs BCEX 9TUX slUeek, u, ciaeposarenbro, M (u) < mes(B)/4. Kax
usBectHo, mes (B) = mwab, rue a,b — nonyocu sumnca B. [Tostomy

plila
M(p) < . (3.3)
47
ITycrs reneps S(f4) — KOJIMUECTBO sSU€EK CETKU, HMEIOIUX HEIlyCToe
mepecevenue ¢ Tpanutieit B, m BepIUHBI KOTOPBIX TPUHAJIIEIKAT ITep-
BOMy KBaJipaTy B (Ha puc. 1 9Tu BepIIUHbI TIOMeYeHbI). SIcHO, UTO

ulilo
A7’

npuiem S(@) He TPEBOCXOMNUT ILIONAN HOTPAHUTHON TIOJOCKU KO-
HewHoil (me 3aBucsiueil or p) mmpuasl, T. e. S(u) < cL(p), tae
¢ = const > 0, L(p) — miuHa rpanuns sjuiaica. Kax nssectro (cM.,

Hanpumep, [42, c. 176]), L(n) = 4aE(e), tne € = /1 — (b/a)? — skc-

M(u) + () > (3.4)

[EHTPUCUTET JnIca, F(g) — TONHBI /UIMITUYIeCKuil HHTErpaul,
CJIEZI0BATEIIBHO,
S(p) < e1y/pt, €1 = const > 0. (3.5)
W3 nepasercrs (3.3)—(3.5) BbITEKACT, YTO
Il
M(p) = “4;2 —fer/m, 6 €[0,1], (3.6)
i A
w= %M(u) + Ocan/11, co = const > 0. (3.7)
1l2

Beasescrsue (3.6) umeem

i M) _ D2
=00 12 47
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u rorya u3 (3.7) ciaemyer, 9To

= ”2 ) +bez 2o \/ ”2 (1) +o(M(p)). (3.8)

Coorrorenre (3.8) ectb npocTo npyrasi ¢popma sarmcu (3.1).

Bce BBINIEN3/I03KEHHOE TPAKTUIECKN (€3 U3MEHEHU TIePeHoCuT-
¢ Ha CJIydail 3aa9u Ha COOCTBEHHbIE 3HAYEHUS JIJIs orieparopa Jla-
maca B n-MepHoM napasuiesenuiese 2. Onenka pocra cOOCTBEHHBIX
SHAYEHUIT TTPU STOM TIPUOOPETAeT BUI

A = ——— k2" 4+ o(K*/™), (3.9)

mes (Q)
IJIe ¢ — TOJIOXKHUTEIbHAST TIOCTOSHHAS, 3aBUCIIIAsT OT N.

B ciremyromenm nmaparpade Oyier moka3aHo, YTO OCHOBHbBIE CBO-
cTBa COOCTBEHHBIX (DYHKINIT M COOCTBEHHBIX 3HAYEHUI Oreparopa
Jlamaca B MpsIMOYTOJIBHOM OOJIACTH COXPAHSIOTCS U JIJIst 6osee 00-
X SJUITANITHIECKIX OIEPATOPOB B 00JIACTSIX IIPOU3BOJIBHOI (POPMBL.

§ 2. CobOcTBeHHbIE 3HAYEHUS JIITATITUIECCKUX
onepaTopoB

1. ITocranoBka 3amaumn. B srom naparpade paccmarpuba-
I0TCS 312U HA COOCTBEHHBbIE 3HAYeHUs s JuddepeHnnaabHoro
orepaTopa BTOPOTO MOPSIKA

Lu = —div(AVu) + agu, 2z € Q CR". (1.1)
Bnecy A = {a;;}} ;_;, npuiem
A= AT (1.2)

HpeanonaranTCH TaK2?Ke BbIIIOJTHEHHBIMUI YCJIOBUS SJIJITAIITUIHO-
CTHu

A@)E-E>colé]” VEER™ z€Q, ¢o=const>0. (1.3)
B pasbeitiem GyjieM 1Ipe/ioaraThb, Iro
Qij, ag € LOO(Q) (14)

IIpu s1ux yenoBusix Ha Ko3ddUIMeHTh! oreparopa L eCTecTBeH-
HO TIOJIb30BATHCS TOHATHEM 0006wenHot cobCEenHol PYHKUUU.
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Onpenenenne 1.1. Qyuryua u € HL(Q) nasweaemea 0606-
WeHHOU cobcmeennols pyrryuet onepamopa L npu eparHuuHOM YCao-
suu Tupuzase, ecau u # 0 u cywecmeyem \ € R maxoe, wmo

/(AVu-Vv—l—aouv) dac:)\/uvdﬂc Yo € Hi(Q). (1.5)
Q Q
Jucao X Ha3vl6aemes coOCmeenH LM YUCAOM 0nepamopa L.

Bes orpanuvennst 06IIHOCTH MOKHO CIUTATD, UTO
ap > 0 . B. B (. (1.6)

B camom zeste, OCKONIBKY Gg € Lo (£2), cymectyer m > 0 Takoe,
910 ag = —m 1. B. B §). [Ipeobpazyem Toxnecrso (1.5) K By

/(AVu~VU+60uv)dx=A’/uvdx Yo € Hy(Q), (1.7)
Q Q

rae ap = ag +m =0,
N=A+m. (1.8)

Seno, aro ecam u — cobersennas Gy 3agaqn (1.5), 7o u — cob-
crBeHHast GyHKiwms 3a1aan (1.7), u Haobopor. CobCTBEHHBIE YUCIA
9THX 33144 CBa3anbl coorHorenueM (1.8).

ITpu Beinossennn ycaosuit (1.4)—(1.3), (1.6) 6ununeiinas dop-
Ma

a(u,v) = /(A Vu - Vv + aguw) dx
Q

IOPOYKIaeT CKaJIspHOe Mpou3Bejienne Ha mpoctpancTse HE(€2), sx-
BUBAJIEHTHOE UCXOJTHOMY (JI0KA3aTh CAMOCTOSATETHHO!). DTO cKasAp-
Hoe Tpom3BeJieHne OyIeM HA3bIBATh JHEPIETHYECKUM CKAJISAPHBIM
upousBesienneM 1 0603HavaTh depes (-, +),. COOTBETCTBYIOIIYIO HOD-

1/2 y
My || - la = (, ')a/ Oy/leM Ha3bIBATH YHEPreTUIECKOM.
Ecau u — cobersennas dyuxius 3agaqau (1.5), To coorsercry-
forree COOCTBEHHOE 3HAYEHNE MOYKHO BBIUYUCIUTE 1O (hbopmysie

(u, t)a
A= ; (1.9)
[[ul?
re ||ul|? = (u,u), (+,-) — ckangpHOe NMpoW3BEIEHNe B MPOCTPAH-

cre Lo(Q). Oyuxmuonan R(v) = (v,v)./(v,v), v € HEQ) \ {0}

IPUHATO HAa3bIBATH OMHOWEHUEM Pones.
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OTMeTnM HEKOTOPBIE TIPOCTEHITINE CBOHCTBA COGCTBEHHDBIX TUCEJT
u cobcrBeHHbIX byHKIWMH 3amaun (1.5).

1. Bee cobersennbie yuca 3amaun (1.5) nonoxurensabt. Copa-
BEJJINBOCTH 9TOIO yTBEDPXKJIEHUs] CpPa3y Ke cjeiyer u3 hopMy-
ast (1.9).

2. Eciin Ay # A2 — coberBennble uncia 3agaqn (1.5), 1o coor-
BETCTBYIONIUE UM COOCTBEHHbIE (DYHKITUN U1 , Uy OPTOTOHAJBHBI KAK B
npocrpancTBe Lo (), TaK M B CMBIC/IE SHEPIeTUIECKOTO CKAISPHOTO
npousseJieHust, T. e. (u1,uz) = 0, (u1,u2), = 0. HeiicTBurensro, u3
ompesesiennd 1.1 BeITeKaeT, UTO

(u1,u2)a = A1 (u1,u2), (1.10)
(u2,u1)a = A2 (uz, u1). (1.11)

Beranras nouienHo u3 paserncrsa (1.10) pasercrso (1.11), mosryan,

ITO
(A1 — A2)(uq,u2) = 0;

A1 # A9, mosTomy (ug,us) = 0, orxyna sereacrsue (1.10) BeiTekaer,
aro (ug,usz)q = 0.

Dopmyia (1.9) nokassiBaer, 4To Bce COOCTBEHHBIE YUC/Ia 3a/a-
qu (1.5) ecrb 3Hadenus orHoueHus Pajiest Ha COOTBETCTBYIOIMIUX COO-
crBeHHBbIX QyuKIugax. lamee OyaeT mokazaHo, YT0 MUHUMAJIbLHOE U3
COOCTBEHHBIX YHCE MOXKHO HANTH, MUHUMHU3UPYsl OTHONIeHe Pajiest
na muoxkecrse Hi () \ {0}.

2. BapuamuoHHBII MeTO[ WCCJIeJOBAaHUS pPa3pernnmMo-
CTH 33J1a4y HA COOCTBEHHbIE 3HAYEHUS.

Teopema 2.1. Cywecmeyem dynxyua u € HE(Q) maxas, wmo

A= R(u) = i R(v). 2.1
(u) e (v) (2.1)

IIpu amom A — cobemsennoe wucao 3adawu (1.5), u — coomeem-
cmeyouLas X cobcmeentas GYHKGUS.

JTOKABATETBCTBO. [Tockonbky R(v) = 0 Vv € HH(Q), v # 0,
TO cymiecTByer ducjao A = 0 Takoe, 4To

A=  inf  R(v), 2.2
veEH (Q), v#£0 (U) ( )

U T0CTIe/I0BATEIBHOCTD {p) } dynkuuit us Hi () takast, 4to

lim R(gp) = A (2.3)
k—o0
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IMockonbky R(av) = R(v) Va # 0, MOXKHO CYMTATDH BLIIOIHEHHBIMI
YCIIOBUST
leell =1, k=1,2, ... (2.4)

ITokazKeM, UTO M3 TOC/IEJ0BATENBHOCTH {(p)} MOXKHO BBIOPATH CXO-
nstiytocst B ipoctpanctse HE (Q) nomanocienosaresaocts. U3 coor-
Homrenuit (2.3), (2.4) BbITekaer, 4TO

lim x|z = A, (2.5)
k—o0

[OSTOMY IOCJIEIOBATEIBHOCTS ||k ||, OrpanmueHa:
lloklla < ¢ =const, k=12, (2.6)

ITo Teopeme Pestmxa mociie1oBaTesbHOCTD { @), } KoMiakTHa B Lo(€2),
T. €. W3 Hee MOXKHO BBIOPaTh (GOYHIAMEHTATBLHYIO B IMPOCTPAH-
crBe Lo()) mommocienoparenbHocTb. Jljisi ypornennst 3amnuceii st
9TOM TIOZIOC/IEIOBATEILHOCTH COXPAHUM IIPEsKHEee 0003HaAYeHNE, T. €.
Oy/JleM CYUTATh, 9TO

lim | — @i = 0. (2.7)
k,l—o0

ITokazkeM, 4TO HOCJIEI0BATEIBHOCTD { ) } DyHAMEHTAIbHA U B IIPO-
crpanctee H}(Q). Herpyano y6eaurbes, 4To

H<Pk—sﬂl H<Pk+<PzH2 2

1, o, 1
a - §||§Ok||a + 5”@[ a

Benencrsue (2.2) umeem

H<Pk+<m )\H@k‘f'@l‘
IIpI/I‘IeM, O‘IeBI/I,ZLHO7 q9To0
k@
H@ 7 H (1 + (S%><Pl))

II03TOMY

e —u])? _ 1 1 A
|52 < Shont2 + 5 lenliz = 5 (1 + (ers ).

Ucnonbays (2.4), (2.7), zerpyano yoeauThest, 4To

(x> 01) = 1+ (¢r, 01 — @) — 1 mpu k, 1 — oo,
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1H03TOMY Ha OocHOBaHMH (2.5) 3aKJouaeM, 4To

k,l—o00

. 1 1 A
i (gllenlE + 3llal2 = 5 0+ o) ) =

T. €. II0CJIe/IOBATEJLHOCTE {@)} dyHJaMeHTaIbHa B IIPOCTPAH-
cree H(Q).
Besesiersue nosmorsr npocrpanctsa Hy () orciona BbITekaer
cymecreosanue dbynkimu u € HE(Q) Takoit, uto lem llpr—ulle = 0.
o0

feno, uTo klim llor — u|| = 0. Baob ucunoassys (2.4), (2.5), no-
—00

JIyIUM )
full =1, flullz = A, (2.8)

T. e. R(u)= A. Ocranoch JoKa3aTb, 94T0 A — COOCTBEHHOE UHCJIO
sazaan (1.5), a u — coorBercTByIOmAs eMy cobcTBeHHas (DYHKIIHSL.
Beaesiersue (2.2) 1uist npoussosbHoro sementav € HE (Q) u mo6oro
BEIIECTBEHHOrO YUCa ¢ CLHPABEJINBO HEPABEHCTBO

lu+ to]|2 = N|u+ to]|2.

Bbliosingst s/ieMeHTapHbIe BBIKJIAJAKI M yuIuTbiBag (2.8), mosrydunm,
qTO

([l = Moll*) + 26((w, v)a — Mu,v)) >0 V.

IMocsietHee BOBMOXKHO, JIMINbL NIPH yCJIOBHU, 9T0 (u,v), = A(u,v).
Oynxius v € HY(Q) 31ech npoussobHa, TOSTOMY A — COGCTBEH-
Hoe uncso 3agaun (1.5), a u — cooTBeTCTBYIONAA eMy COOCTBEeHHAs
bynxmus. [J

Taxnm 00pasoM, JOKA3aHO CYIIECTBOBAHHUE PEIICHHe 3a71a-
qu (1.5). Haiijienroe coGCTBEHHOE THCIIO0, OI€BUIHO, €CTh MUHUMATb-
HOe cobcTBenHoe Yncso. B nanpreiinem ono Oy1er 0003HAYATHCS Ye-
pe3 A1, a COOTBETCTBYIONIAS eMy COOCTBEHHAsT (DYHKITHST — TePe3 U7 .

Mmes B Buy cBO#CTBO 2 COOCTBEHHBIX HHCEJ U COOCTBEHHBIX
dyukumit 3amaun (1.5) (cMm. c. 163), HETPYJAHO TOHSITHL, YTO CJEILY-
omee 110 BeJIMYUHe CO6CTBeHHOe YUCJIO HYZKHO UCKaTb, MUHUMU3U-
pyst oTHoIIeHne Pajiest Ha nmomnpocTpaHcTBe DYHKIN{, OPTOrOHAIb-
HBIX U7.

Teopema 2.2. [lycmo
Hy1(Q) = {u € Hy(Q) : (u,u1) = 0}.
Tozda cyuecmeyem Pyrnkuus us € H&l(Q) maKas, wmo

)\2 B R(UQ) - UEH&I}%}%, v#0 R('U),
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npuuem Ay — cobemsentoe wucao 3adawu (1.5), ug — coomeemcemey-
rowan emy coocmeennas Gyrkyua, A\ < Ag.

BAMEYAHME 2.1. Tlockombky (u1,v)q = A1 (u1,v) Vv € HH(Q)
u A\; > 0, TO MOXKHO JaTh SKBUBAJIEHTHOE onpesenenue Hj (), a

umenno, monoxuts Hi,(Q) = {u € Hg(Q), (u,u1)q = 0}.

JOKABATEJILCTBO Teopembl 2.2. HeTpymHo mpoBepuTb, UTO
muOKecTBO Hi 1 (£) ecTb 3aMKHYTOE TOIIPOCTPAHCTBO MPOCTDPAH-

CTBa H&(Q) TTosromy cytmecTBOBanre (DYHKITUH Ug, JOCTABJISIONICH
MUHEMAJIbHOE 3HAYeHHe oTHomenuio Pages ma Hj, (), a rakxe
TOXKJICCTBO

(u2,v)q = Aa(ug,v) Vv e H&l(Q)

0BOCHOBBIBAIOTCST TOYHO TaK K€, KaK M IIPU JOKA3ATETbCTBE TEOpe-
Mt 2.1, Tokazkem, uTo (u2,v), = A2(uz,v) Vv € H(Q). o Teopeme
06 OPTOrOHAJIBHOM PA3JI0ZKEHNH IMMIILOEPTOBA NPOCTPAHCTBA JIIOOYIO
bynxmmio v € H}(Q) mMoxno mpeicTasuTh B BUAC v = Qup + W,
w € Hj, (). Takum oGpaszom,

(u2,v) 0= (u2, w)s =Aa(uz, w) =Aa(ug, aus +w) =Aa(ug,v). O

IIporecc mocTpoenust COOCTBEHHBIX YNCET M COOCTBEHHBIX (DYHK-
Ui MOZKET ObITH IIPOOJIZKEH.

Teopema 2.3. Ilycmv A1 < Ao < ... < A\ — cobecmaeHHnvie
wucaa 3adawu (1.5), nocmpoennve na nepswx k wazax onucarnnoz2o
BHIUE NPOYUECCA, UT, U, - - . , U, — COOMEBEMCMEYIOULUE UM COOCTNEEH-
noe pymnrxyuu. Iycmo, dasee,

Hj () = {u € Hy(Q), (u,u;) =0, i =1,2, ..., k}. (2.9)
Tozda cyuecmeyem Gyrnkyus ugq € H&k maxas, “4mo

Mes1 =R = i R(v),
ot = RO = 8 )

npuuem A\p41 — cobemeennoe wucno 3adawy (1.5), ugy1 — coom-
BEMCMBYOWAA eMY COOCMBEHHAA PYHKUUA, Nk < Agt1-

JlokazaTeabcTBO 3TOH TEOPEMBl BIIOJIHE AHAJOTHYHO JIOKA3a-
TEJIbCTBY TeOpeMbI 2.2.

B pesynbrare npuMmenenus mporecca, OMUCAHHOTO B TeopeMe 2.3,
MBI TIOJIyYaeM yHOPSIOYeHHOE MHOXKECTBO COOCTBEHHBIX UNCET
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7 COOTBETCTBYIOIUX UM COOCTBEHHDBIX (DYHKITHIT
UL, Uy « v vy Uy v (2.11)
ITo mocrpoenuio cobcTBeHHBIE (DYHKIINN OPTOTOHAJIBHBL, T. €.
(us,uj) =0 opm i # j.

CobcrBeHHBIE (DYHKITUHI ONIPEJIEIISIOTCS ¢ TOYHOCTBIO JI0 MOCTOSTHHOTO
MHOXKHTeJs. B jasbHeiineM GyieM CIuTaTh UX HOPMHPOBAHHBIMHU:
|lu;l =1,7=1,2, ... Torua, oueBumuo,

luilla =X, i=1,2, ... (2.12)

Teopema 2.4. Mnoowcecmso (2.10) cobemsennor wucea 3ada-
wu (1.5) 6eckonewro.

JIOKABATEJIbCTBO. MHOXkecTBO cobcTBeHHBIX uncen (2.10) 3a-
gaan (1.5) Gyer KOHEUHBIM, eC/TM IIPH HEKOTOPOM K IIPOIIECC UX I10-
CTPOEHUsI IPEPBIBAETCS, & STO BO3SMOXKHO JIAIIb B TOM CJIydae, KO-
[JIa TOPOCTPAHCTBO H&} +(§)) oKa3BIBAETCS TPUBHAJIBHBIM, T. €. CO-
CTOSAIIUM JIAIIb U3 HYJIEBOro 3jeMenta. [locientee o3Hawaer, 4TO
MHOXKECTBO (DYHKIIHI U1, Usg, . ..,Ur OOpadyeT 6a3uc B IPOCTPAH-
cree HE (), wero 6wITh He MoxKeT, Tak Kak mpoctpanctso HE(Q)
OeckoneuHoMepHo. [

Teopema 2.5. Iocaedosamenvrocms (2.10) cobemeenmox wu-
cea 3adavu (1.5) neoeparuvento sospacmaem.

JIOKABATEJHLCTBO. llpejmnosiaras mpoTuBHOE, MOJYYUM YTO
CYIIECTBYET TIOJIO?KATENbHAS TOCTOAHHAS €, JIIT KOTOPOil A\p < ¢,
k=1, 2,...0rcona Bemencreue (2.12) BBITEKAET, 9TO MOCIET0BA-
TEJIBHOCTH COOCTBEHHBIX (DYHKIMIT PABHOMEPHO OTPAHMYEHA B MPO-
crpanctee HJ(Q2). ITo Teopeme Peinxa n3 Hee MOXKHO BBIODATh
dyrIamenTanbay0 B ipocTpancTse Lo (£)) moanocie0BaTebHOCTb
{ug, }, HO TO0 HPOTUBOPEUUT TOMY, YTO COOCTBEHHBIE (DYHKIMN 3a-
naun (1.5) oproHOpMuUpOBaHbI B ipocTpancTse Lo(§2) u, 3HauMT,

g, =, 1* = N, [I* + [, | = 2 mpn nz m. O

Teopema 2.6. Kaoswcdoe cobcmeeHHoe “ucao MOHCEM NOGMO-
pamocea 6 nocaedosamenavrocmu (2.10) auws Konewrnoe wucao pas,
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UHBMU CAOBAMU, Kacdomy cobemeernnomy wucay dadavu (1.5) mo-
21CEM. COOMBEMLMBOBAND AUULL KOHEYHOE YUCAO OPTMOHOPMUPOSAH-
HOLL COOCMBEHHVT PYHKUU.

JIOKABATEJHLCTBO. Ilpesmnonarass npoTuBHOE, TOJIYYIUM, YTO
MHOKECTBO COOCTBEHHBIX (DYHKIINIT, COOTBETCTBYIONINX OJHOMY U TO-
My K€ COOCTBEHHOMY THCIY A, 0Opa3yer OeCKOHETHYIO OPTOHOPMU-
POBaHHYIO B TPOCTPAHCTBE Lo (§)) MOC/IeI0BaTEBHOCTD, BCE UIEHBI
KOTODOit NMEIOT OJTHY U Ty Ke HopMmy B ipoctpanctse H{ (). Ho sto,
KaK yCTAHOBJICHO [IPH JJOKA3ATEJbCTBE TEOPEMBI 2.5, HeBOZMOXKHO. [

3. IlosHOTA cucTEMBI COOCTBEHHBIX (DYHKITHIA.

Teopema 3.1. [ocaedosamenvrocmo (2.11) cobemeentovir
bynryuti sadavu (1.5) noana 6 npocmpancmee Hg (£2).

JOKABATEJHLCTBO. [Ipemonoxkum nporusuoe. Tora, oueBn,i-
Ho, Hafijiercs HeHynesoii sement u € HE(Q) Taxoit, uro (u, uy ), = 0,
k =1, 2,...TlonsaTHO, 9TO MHOKECTBO Beex snementos u € HE(Q),
Y/IOBJIETBOPSIONINX YKA3AHHBIM YCJIOBHAM (IOCJIE IPUCOEMHEHMs
HyJICBOI'O 3JIEMEHTA), 06pa3yer 3aMKHYTOE JIMHEHOE HOALPOCTPAH-
crBo npoctpancra H (). O6osmadum ero uyepes Hj . (€2) n pac-

CMOTPHM 3218y
min R(v). (3.1)

’UEH[%,OO(Q), v#£0

TloBTOpSist IOCTIOBHO pacCyKJIeHUsT U3 JTOKa3aTeIbCTBa TeopeMbl 2.1,
HOJTyIHM, 9TO 3aja4a (3.1) uMeeT pereHune, T. €. CyIeCTBYIOT QyHK-
st Us € Hi o (Q), Uso # 0, 1 uucsio Ay, Taxue, 4To

)\oo:R c0) = i R )
(oe) =y o TO)

MPUYIEM IO TTOCTPOEHUIO Aoy = Ap, k= 1,2, ..., 9TO TPOTUBOPEIUT
YTBEPKIEHNT0 TeopeMbr 2.5. [J

CaencrBue 3.1. Iocaedosamenvnocms (2.10) ucuepnwvisaem
sce mHodicecmso cobemeentux wuces 3adaiu (1.5).

JOKABATEJIBLCTBO. Ilpenmosokum npoTuBHOE, U MYyCTh A —
cobersennoe ynesio 3agaun (1.5), a u — cooTBeTCTBYIOMAA €My CO0-
cTBeHHas GYHKIHUA, npudeM A # A;, j = 1,2, ... Torma no cpoii-
cTBy 2 cobersennbix dyukimit (u,u;j), = 0 opu j = 1,2, ... Orcio-
Jla BCJEJCTBUE IOJHOTHI cucteMbl (yukiuii (2.11) B npocrpancrse
H} () mosskHO BBITEKaTh, 9T0 u = (), & 9T0 HEBO3MOJKHO, TaK Kak
u — coberennas dynkuus 3agaqn (1.5). O
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Teopema 3.2. [locaedosamenvrocms (2.11) cobecmeentvir
Pynryud sadawu (1.5) noana 6 npocmpancmese Lo(2).

JIOKABATEJILCTBO. Ilpocrpancrso HJ () Beiogy miorno B
npocrpanctee Lo(Q)), T. e. musa moboit dyaknuu u € Lo(Q) u mio-
Goro ¢ > 0 mMoxkHO ykazarh dymkimio u € HE(Q) Takyio, uro
|lu — @l < &/2. Beanencrsue teopembl 3.1 MOXKHO yKa3aTh UUCIA
C1,C2, . .. Cp(g) TAKHUE, 9TO

n(s)

Hﬂ— E Cill
i=1

1=

€/2,

<
H(Q)

HO TOT/Ia

g/2.

HY(Q)

n(e)
Hﬂ— E Cil; \Hu—g U
i=1

Ucnonp3ys Ternepb HEPABEHCTBO TPEYTOJIBHUKA, TOJIYIaeM

Hu—ZcmZ lu —ul| + Hu—Zczm

Teopembr 3.1, 3.2 noxkaspiBaioT, 4To JI0bas (OYHKIUS U3 IIPO-
crpancrea Hi(Q), wim naxe uz Lo(€2), MoxkeT GBITH CKOJb yrojl-
HO TOYHO aIlIPOKCUMUPOBaHA JIMHEIHOM KOMOMHAIIEH COOCTBEHHBIX
dyuxuuit 3agaqn (1.5). Vcnoabp3ys oproroHaIbHOCTD CUCTEMbBI CO6-
CTBEHHBIX (DYHKIH, MOXKHO YKa3aTh CIIOCOO ITOCTPOEHUS TaKOro
TpUOTUKEHUST.

<e. O

4. Paapr @ypbe mo cobcTtBeHHBIM dyHKIuaM. Ilycto
u — Tpom3BojbHAs byHKnus 3 npocrpanctsa HE (). IMoctponm
JUIst 9T0# (DYHKIMU 3JIEMEHT HAUJIYYIIero MPUOJINKEHUST B CMbIC-
JIe SHEPreTHYecKOil HOPMbI, UCIOJIb3ysi COOCTBEeHHbIe (DYHKIMUA U1,

U, ..., Up, T. €. HAHJEM TUCHA C1,Ca, . . ., Cp, PEIIas 381y
F(ci,e0, ..ooyen) = min  F(dy,do, ...,dy,),
dy,da, ... .dn
riae F(dy,da, ..., dy) = [Ju— Z d;u;||2. TIposoist 3/1eMeHTapHbIE BbI-

KJIaJIK1, 6y;LeM UMETH

\u—ZduZHG— Uy U)g —QZd Uy U )a+idf)\i,
i=1



170 I'maBa 3. Bazaum Ha coOCTBEHHBIC 3HATCHHST

CJIeI0BATENILHO, HEOOXOMMble yCIoBus MuHuMyma dyukimn F' 3a-
NMCBHIBAIOTCA B BUJE

OF(dy,ds, ..., dy)

= —Q(U,uk)a =+ Qdk)\k =0.

ady,
Tlosromy wmckombie KO3(DDUIMEHTHI B PA3JIOXKEHUH SJIEMEHTa HaM-
JIydIrero npub/mKeHus: ectb ¢, = (u, uk)a/Ak, kK = 1,2, ..., n, HO

sesrencrsue (1.5) (ug, w)q = Mg (ug, u), T e. ¢ = (u, ug). Taxum 06-
pasom,

u™ = Z(u“ w)u;
i=1

SIBJIAETCSA SJIEMEHTOM HAWJIYUINEro NPUOIMKEHNs K (DYHKIUN U B
CMBICJIE SHEPTETUICCKON HOPMBI.

Wcnoms3yst OpTOHOPMUPOBAHHOCTEH CUCTEMBI COOCTBEHHBIX (hyH-
Kiuii B mpoctpancTBe Lo(§2) u, dharkTudecKu, moBTOPsisi TOJIBKO UTO
IIPOBEJIEHHBIE BBIKJIAIKM, TOMydnM, uro ssement u™ — sjgement
HAMJTY9IIero MPUOIMKeHns K (DYHKIIMU U U B CMBICJIC HOPMBI ITPO-
crpancrsa Lo(2).

®yukrmma u™) HasbiBaeTcs orpeskoM psga Pypbe s ByHK-
wn u. Iucna (u,w;), i = 1,2, ..., — xoaddunuenramu Pypbe 110
cucreme cobeTBeHHbIX GyHKIuiA 3agaqn (1.5).

Tonesno ormernThb, uTo mis moboit hyakmun v € Ly () u sro-
ooron > 1

[ + flu = w2 = Jlul?, (4.1)

aecin u € HE, To

™2+ e = w2 = Jlull3. (4.2)

Teopema 4.1. ITycmv u € Ly(Q). Tozda ||u —u™| — 0 npu
n — co. Ecauu € HY(Q), mo |lu—u'™ |10y — 0 npun — occ.

JIOKA3ATEJILCTBO. OGoCcHYeM BTOPOE YTBEPKIEHUE TEOPEMBI.
IlepBoe moKa3bIBAETCS TOUHO TaK Ke. BeiieacTBue MoJIHOThI CUCTEMbI
dbyuxmmit (2.11) B npoctpanctse HE () 1 SKBEBATEHTHOCTH HEpPre-
THYECKOil HOpMbI HOpMe mpocTpancTsa HE (Q) ams moboro mosoxn-
TEJILHOTO € MOXKHO yKa3aTh aucia di,dz, ..., dy(-) TaKue, 9To

n(e)
Hu — Z diui
i=1

<6
a
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1o kKo3bdurmentsr Pypbe QYHKITUT % OMPEIETCHbI TaK, ITO

n(e)
@ i=1

Taxum o6pazom, mobas dyuxius u € Lo () pasnaraercs B ps

n(e)

Hu— Z(ul,u)uz

i=1

<e. O

a

o0
Dypbe 1o coberBeHHbIM byHKIMAM 3aga4n (1.5): u = Y (u, u)uy,
i=1
exopigmuiicst B poctpancTse Lo ((2), npudem, ecsm u € Hi (), To
paj Pypbe CXOIUTCA B HOPME 9TOTO IIPOCTPAHCTBA.

5. MunumakcumanbHbiii npuHun. Crocobd BbIYUCIEHUS
coberBennbIx guces 3agaqdu (1.5), onucanupiii B reopeme 2.3, npes-
[I0JIAraeT, YTO IPU MOCTPOECHUU COOCTBEHHOT'O YHCJA C HOMEpPOM Kk
MU3BECTHBI COOCTBEHHBIE (DYHKITUU, OTBEYAIONINE COOCTBEHHBIM HHC-
JlaM, C MEHBIIIIMH HOMEPaMU.

B cnenyromeit Teopeme opmysnmpyercs Tak Ha3bIBAEMBINH MU~
HUMAKCUMAAHBT NPUHYUN, TTO3BOJIAIONINN TaTh HE3ABUCUMOE OIU-
canne COOCTBEHHOTO YNCJIA C 33 aHHBIM HOMEPOM k.

Teopema 5.1. Ilycmv A\ < Ay < ... — 2aeMeNMbL NOCAEIO-
sameavrocmu (2.10), k = 1 — sadannoe uesoe wucao. Toeda

A = mi R(v). 5.1
p=min max (v) (5.1)

3decv Sk — KomeuHomepHoe NOONPOCMPAMCMBEO, NPUHAOAEHCAULEE
npocmpancmey HE(Q) u umerowee pazmeprocms k. Munumym be-
DEMCA MO BCEM MAKUM NOINDOCTPAHCTNEAM.

JIOKABATEJILCTBO. Beibepem B KadecTBe S}, MOIIPOCTPAHCTBO,

HATSHYTOE Ha COOCTBeHHBIE (DYHKIUN U1, U, - - - , U 3aaum (1.5), u
k
HyCTb U = Y. ¢jU; — 3JIEMEHT TOr0 IOANpPOCTpancTBa. Herpymno

=1
IIOJICYUTATh, 9TO

r = (M) /(L) <

1= 1=

pu JIIOOBIX, HE PABHBIX OJHOBPEMEHHO HYJIIO Ci,Co, ..., Ck. Lloma-
rasi v =1y, OYeBUJIHO, MOJYINM, 9T0 R(v) = Ak, T. €.

uegfvxyéo R(v) = Ae.
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JLisa 3aBepIenns JOKA3aTeILCTBA TEOPEMBI TOCTATOTHO YCTAHOBUTD,
9TO TIPU JIIOOOM JIpDYTOM BBIOOpE TIOITPOCTPAHCTBA S},

R(v) = \p..
ue%ca,z(;éo (v) > Ak

¢lcHo, 9TO 1T 9TOTO JIOCTATOYHO YOETUTHCS B TOM, UTO JIIOOOE IO/~
[IPOCTPAHCTBO Sy ComepKUT jieMedT v # 0, NpUHAJJIeKAIUH 01~
[IPOCTPAHCTBY H& w1 (e (2.9)), HOCKOILKY IJIsL TAKOIO SJIEMCH-
Ta, BCJEJCTBUE TeopeMbl 2.3 crpaBeyinBo HepaseHcTBO R(v) > Ak.
k
ITycrb vy, va, . .. v, — Gasuc upocrpascTBa Si. DIEMEHT U = Y ¢;v;
i=1
I H}
punaiexkur Hy ., ecin

M»

ci(vi,u;) =0, =12, ..., k—1 (5.2)
=1

Yeqobust (5.2) npencTaBisitor cobol CUCTEMY JIMHEHHBIX ajrebGpan-
JeCKUX YpaBHEHUIl, COJIePKAILY0 k HEU3BECTHBIX U k — 1 ypaBHEHWUIA.
Takag cucTeMa BCErja UMeeT HeTPHBUAJILHOE perreHue. [

6. Teopembl cpaBHeHus. MUHIMAKCUMAJILHBI TPUHIIAIL
[I03BOJIAET CPABHUBATH COOCTBEHHBIE YHUCJIA PA3INYIHBIX JIIUITHYC-
CKHUX OIIEPATOPOB, HAIIPHMED, COOCTBeHHbIe Ynca oneparopa (1.1),
c. 161, MOXKHO OIEHUTH Yepe3 cOOCTBEHHBIE dHcJa oneparopa Jla-
mwiaca. B ganpHedineM Mbl Bcerga OyaeM CUUTaTh, 9T0 COOCTBEHHBIE
9UCJIa YHOPSTOYEHbI B COOTBETCTBUN C IIPOIIECCOM, OIIMCAHHBIM B TE€O0-
peme 2.3.

ITpu Boimosnsenun ycsosuii (1.3), (1.4) MoXKHO yKa3arh Takue
IIOJIOZKUTEJIBHBIC IIOCTOAHHBIC Cp, C1, 9TO

co/\Vu|2dac < (u,u)g € / |Vul?dz Yu e Hi(Q). (6.1)
Q Q

Teopema 6.1. IIycmov A\; < A2 < ... — N0CAEIOBATMEADHOCTND
cobemeennux wucen sadawu (1.5), \Y )\ ... — nocaedosamen-
HOCTD COBCMEENNBIT wucen 3adavu: u € HO( ), u# 0, X €R,

/Vu-Vvdx:)\/uvd:E Vv € Hy (Q), (6.2)
Q
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m. e. cobcmsennvr wucea onepamopa Jlanaaca 6 obaacmu 2 npu
eparuvnoir yeaosuax Jupuxae. Tozda

Co)\k )\k Cl)\k, k= 17 2, SN (63)

JIOKABATE/ILCTBO. ITyers R°(u /IVu|2dﬂf3/HUII2 — or-

Homrenue Poajesi, cooTBercTBYyIOIIEE onepaTopy Jlamnaca. Benen-
crsue (6.1)

coR’(u) < R(u) < 1 R°(u) Vu € Hy(Q), u#0,

HO3TOMY JIJIsA JIIOOOI0 KOHEYHOMEPHOIO IOJIIPOCTPaHCTBa Sy, IpHU-
nasteskarero Hi (€2), cipase/ymmBb HepaBeHCTBa

RO R R
co Jmax, Ri(v)< max R(v)<er max R(v),

HO TOTJIa

comin max R°(v) <min max R(v) <c;min max R%(v),
Sk vESK,v#£0 Sk vESK,v#£0 Sk vESEK,w#0

9T0 B CHIy TeopeMsl 5.1 sksusasenTro (6.3). O

YIPAXKHEHUE 6.1. Ilycts mapsimy ¢ omepatopom L paccMmat-
pHUBaeTcs OIIepaTop

Lyu = —div(BVu) + bou,

KO3 PUIMEHTBI KOTOPOTrO YOBJIETBOPAIOT ycaousm Buga (1.3),
(1.4). Ilycrs, nasee,

la;j(z)—bij(z)| <e, i, =1,2,...,n, |lag(x)—bo(x)] <e m B.BQ,
Me(A), M\(B), A}, k=1,2,... — cobCcTBEHHBIE YUC/IA ONEPATOPOB

L, Ly u onieparopa Jlamraca, COOTBETCTBEHHO, IIPU I'PAHIUIHBIX yCJIO-
sustx [lupuxie B obmactu €. [Tokazars, uto [A,(A)— Ap(B)| < egA?,

k=1,2, ..., tme ¢ > 0 — nocTosTHHAsI, He 3aBUCSIIast OT k, €.
Teopema 6.2. Ilycmo Q1 C Qo — ozpanuvennvie obaacmu
0,k 0,k 0,k
npocmpancmea R™, AP < A" < Ag" < ... — cobemeeniivie

1 2
wucaa 3adawu (6.2) 6 obnacmu Q, k = 1,2. Tozda /\0 )\O’
i=1,2,..., m e c ymenvwenuem obaacmu co6cm66HHue wucaa
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onepamopa Jlanaaca npu epaHUMHBT Ycrosuax Jlupuxie 603pacma-
0om.

JIOKABATEJILCTBO. Ilycts Sik(€);) — moampocrpaHcTBO pas-
meprocTi k npoctpamncrsa H} (€;),1 = 1,2, RY), (u):/|Vu|2dx/||uH2

Q;
Beaxast bynknust uz npoctpanctsa Hi (1), 6yayau mpojoszennoit
mysem ua Qo \ 1, npunagmexut Hi (2). [losToMy MHOKECTBO Beex
nojmpoctpancTs Sk (€21) bUKCHPOBaHHON pasMEPHOCTH k y2KE MHO-
JKECTBa BeeX moanpoctpancTs Sk ({)2), a, ceg0BaTeIbHO, TUCIOBOE

MHOXKECTBO max R (v) yXKe 4BCIOBOIO MHOKECTBA
vESK(Q1),v#£0

0
max R, (v
vESEK(Q2),v#£0 Qz( )7

OTKY/la BbITE€KaeT, ITO

R¢, (v) > min max  R¢ (v). O

min max
Sk(Ql)’UESk(Ql),’U;ﬁO Sk(Qz) vESk(Qz),U7£0

13 teopem 6.1, 6.2 HEMTOCPEICTBEHHO CJIETYET

Teopema 6.3. Ilycmv Q1 C Q C Qo — oepanuvennvie 00-

aacmu npocmparcemea R™, Ay < Ao < ... — cobcmeenHvie wuc-
0,k 0,k

aa 3adawu (1.5), A\7" < A" < ... — cobemeennvie wucaa onepa-

mopa Jlanaaca npu epanuvnor yeaosuaxr dupuxae 6 obaacmu (),
k=1,2,... Toeda

0,1 0,2 .
Co)\i’ 2)\1'261)\1-’ , 1=1,2, ...,
2de cy,c1 — nocmoannvie u3 nepasencmea (6.1).

Teopema 6.3 MO3BOJIAET TOMYyYIATH JBYCTOPOHHNE OIEHKN COO-
crBeHHBIX umcea 3agadu (1.5). g sroro B kadecrBe obsacreit
1,y cmeayer BLIOUpPATDL 0OACTH MPOCTEHTIEH (HDOPMBI, JIJIsT KOTO-
DBIX 3ajiada Ha cOOCTBEHHBbIC 3HAUEHU 1JIst oneparopa Jlammaca mgo-
[IyCKAeT PEIIeHIEe B sIBHOM BH/IE.

Bribupas B katuectse (21,{)s mapasesenuneibl U UCIOIL3Y S
ACUMIITOTHIECKOE TIpeicTaByierne (3.9) 1yist COGCTBEHHBIX TUCET Olle-
paropa Jlammaca, moaydaeM aCHMIITOTHYIECKOE IMPEJICTABICHAE JITIsT
cobcrBeHHbIX wnces 3agaau (1.5):

C
- 71{52/” k2/n )
y mes () +o(k™™)

B,ZLECI) C — IIOCTOdAHHAad, 3aBUCAIadAd OT Cp,C1 U N.
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7. T'magkocTh cOOCTBEHHBIX (DYyHKITUIA.

Teopema 7.1. Ilycmv svinosrerv. CACOYIOWUE YCAOBUSA 2A00-
Kocmu:

aij € Cm+l(Q), i,j=1,...,n, ap € Cm(Q), I'e Cm+2,
2de m — meompuuamenvroe yesoe wucao. Tozda aobas cobcmeenna,
bynryua zadavwu (1.5) npunadaescum npocmpancmey H™F2(€2).

JIOKABATEJIBLCTBO. Paccmorpum cravasa ciay4gait m = 0.
Iycts u — cobersennast yHkus 3agaqau (1.5), A — cooTBeTCTBYIO-
mee eit cobersennoe uncyo. Torma

a(u,v) = Au,v) Vv € Hy(Q).

IockonbKy u € Lo(f2), T0, ncnosb3ysi Teopemy 3.2, ¢. 134, mosrydamm,
aro u € H?(Y). punumas m = 1, yuntbisag, uro u € HY(Q) u
BHOBb HUCIOJIb3Ys TeopeMy 3.2, c. 134, mosyunm, aro u € H 3(9)
IIponoirkas 3TOT mpoIecc, yCTAHOBUM CIIPABEJINBOCTD YTBEPZKIe-
HUs TeopeMbl 1pu jobdoM m. [

OYeBUIHBIM CJICACTBUEM TEOPEMBI 7.1 siBjIseTcst

Teopema 7.2. Ilycmo
aij,a0 € C®(Q), i,j=1,...,n, I' € C. (7.1)

Tozda aobas cobemeennas Pynrkyus sadavu (1.5) npunadaescum

npocmpancmey C(£2).

8. Teopema 0 MUHMMaJIbHOM COODCTBEHHOM YHCJIE.
B sTOoM 1IyHKTE pajy HPOCTOTHI U3JIOKEHUs OyeM CUUTaTh Bbl-
noJiHeHHbIME yestosust (7.1).

Teopema 8.1. Ilycmb A — MUHUMAADHOE COOCMBENHOE YUCAO
sadawu (1.5), u — coomeememeyowan emy cobCMEEHHAA PYHKUUS.
Tozda u coxpansem snax 6 obaracmu €.

JIOKABATEJIbCTBO. Bysem cunrars, uro ||ul| = 1. Tlockonbky
u € HE(Q), ro u™,u™ € H}(Q) (em. nemmy 9.2, c. 45), nputdem

ut(z)u () =0, Diut (z)Dju(x) =0, i,j = 1,2, ...,n,
mouTn Beiogy Ha obmactu (2. [ToaToMy BBITOTHSIIOTCS paBEHCTBA!

A= Mul® = Mut|? + Alu”]1%, (8.1)
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A= ully = Tt Iz + 3 (8.2)

Yarem Tenepb TOT GakT, 9YTO A — MHHHUMYM OTHOIIEHH:A Pases
HY(Q
ua Hj () \ {0} u noromy

[l A= [V R (7 AN 7 (8.3)

IMousitao, uTo coorHomenus (8.1)—(8.3) MOryT BBIIOJIHATHCS JIUIIL
B TOM CJIydae, KOLJa

[ P [V e (7 P (17

Orciona BoITeKaeT, aTo auoo ut = 0, mbo u™ — cobeTsennas GyHK-
s sagaun (1.5). Ecim ut — cobersennas dbynxnus zagaqn (1.5),
To BeseacTsue yeaosuit (7.1) nostydaem, uro ut € C°(Q) u

Lut =X uT >0 BQ.

Benencrsue TeopeMsl 2.2, c. 142, momygaem, aTo uT He MOXKeT 06-
paInaThCs B HyJb BO BHYTPEHHUX TOYKax obsactu (2. Amasjormdaxoe
crpaBeIuBo u it v~ . TakuM oOpa3om, cobcTBeHHAs (DYHKITNS 3a-
naun (1.5), coorBercTByIOmAast A, He MeHsieT 3HaKa B obactu ). [

CaencrBue 8.1. FEcau A — MUHUMAADHOE CODCMBEHHOE HUCAO
sadavwu (1.5), mo ece coomsememeyrowgue emy cobemeermnvie Gyrk-
YU NPONOPUUOHANDHDL.

JIOKABATEJIBCTBO. IlycTh Tenepsb u, v — cobCTBEHHDbIE (PYHK-
muu 3azauu (1.5), coorsercrByomue coberBennomy ducity A. Torma
GYHKIMSA U — v TIPU JTIOOOM 3HATEHNN TIOCTOSAHHON (v — TaKKe cob-
cTBeHHast (PYHKIUsI, COOTBETCTBYOmas A. [IoCKOIbKY v He MeHsieT

3HaKa B obsacti ), T0 [ vdxr # 0, clegoBaTe/bHO, (¢ MOXKHO BbI-
Q
6paTh TaK, YTOOLI / (u—av)dr = 0, HO ¥ — QW TaK¥Ke He MEHSET

Q
3Haka B obsactu {2, mosTOMYy % = Qw o4TH BCogy B 2. [J

3AMEYAHUE 8.1. U3 cuencrBus 8.1 BhITEKaeT, 9To A1 < Ag.



T'J1ABA 4
QJIJINIITNYECKUNE QMCTEMBI
YPABHEHUN

B sroil rmase u3ydaiorcs KpaeBble 3aa4n [T SJUIAITHIECKIX
CHCTeM ypaBHEHHIl BTOPOro mopsaka. l3maraeMble 371eCh pe3yabTa-
TBI €CTECTBEHHO TPAKTOBATH KaK 000OIIEHNe Pe3yJbTATOB, OIICAH-
oeix B §1, . 2. Crmocobbl WX TOMyUIeHUsS BO MHOTOM AHAJTOTHIHDI
CJIy4aro OJHOTO JIUITAYECKOrO yPaBHEHNA, U 3a9aCTyI0 MBI HE IIPO-
BOJIIM TTO/IPOOHDBIX PACCYKICHUI, 8 OTPAHUIUBAEMCST COOTBETCTBYIO-
mmMu ceplikamu. CreayeT, OMHAKO, OTMETHTD, 9TO MTEPEXOJT, K CUCTEe-
MaM ypaBHEHUII IIPDUBOAUT K CYLICCTBCHHOMY YBEJIMYCHUIO KOJIUYe-
CTBa BO3MOXKHBIX BAPDUAHTOB YPABHCHUII X KOPPEKTHBIX IIOCTAHOBOK
KpaeBbixX ycjosuit. [Ipu aToM B Hanbosiee MHTEPECHBIX ¢ TOYUKU 3Pe-
HUd IPUJIOXKCHUI Cilydasax, HallpUMep, B cjlydae ypaBHCHUIl JIMHel-
HOU Teopuu yIpyrocTu, 3HAUUTEJIbHO YCJIOXKHSETCs JJOKA3aTeIbCTBO
ITOJIOYKUTEJILHON ONPEJIeSICHHOCTH TVIABHON dYacTu OuinmHeiHoit dhop-
MBI, IOPOZKJaeMOIl HHTErPAJIbHBIM TOXK/JI€CTBOM, BO3HUKAIOIIUM IIPU
omnpejiesiennn 00001eHHOro pertenns. CyIeCTBEHHYIO POJIb 3/1€Ch
UIPAIOT TaK Ha3blBaeMble HepaBeHCTBa KopHa i1 BekTop-hyHKImi
13 CODOJIEBCKUX IIPOCTPAHCTB.

§ 1. IlocranoBka 3a/1aumn

1. O6o3navenusi. B macrodmeii rmaBe pacCMaTPUBAIOTCS
CHUCTEMDBI ypaBHeHI/Iﬁ BHU1a

—Z(;?U( Z aijri(2) aUk szjk uk($)>+
j=1 "7 Ngi=1

n,m a n a i
£ el 2D de @) = fila) - S o)
J k=1 j=1
xeQ i=12...,m, (1.1)
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rie 2 C R™ — orpannuennas obsactb, u= (u1 (), uz(z), . . ., um(x)),
m > 1, — uckoMast BeKTOp-PyHKIMST; BCe OCTATbHbIE (DYHKINHI, BXO-
qsme B (1.1), canrarorces 3aaHHBIMU.

Cucremy ypasaenwuii (1.1) Gysiem 3anmucsBaTh 60J1€€ KOMIIAKTHO.
C 370ii 1EabI0 BBEJIEM B PACCMOTpEHHE cieayionme auddepenim-
aJIbHBIE Olepanui. BeKTop-pyHKINN % IIOCTABIM B COOTBETCTBHE €€
rpajent (Marpuiy fIkobu) Vu = {du;/dx;};27 ;. Beskoii mar-
putmoii bynxim ®(z) = {p;;(2)};1] ,_, orHecem ee muBeprenumio,
T. e. BekTOp-dyHKIwmio div® ¢ koopaunaTamm

— i ()
div®(z)); = U =12, ...,m.
(v b(a)); = Y- 2
Jj=1
Iycrs, manee, M, , — JauHeilHOE IPOCTPAHCTBO IPSIMOYTOJBHBIX

BEIECTBEHHBIX MATPHI (1M — KOJMIECTBO CTPOK, N — KOJIUYECTBO
croabuos); A: My, ,, = My, n, B: R" = M, ,, C: M,,,, - R",
D:R"™ — R" — jiuHeiHBIE ONIEPATOPHI, OIIPE/Ie/IgeMble COOTBETCTBY-
oMy kKoaddurpentamu cucrembl ypasuenuit (1.1). C ucnosnbzo-
BaHMeM yKa3aHHbIX obosHaveHuii cucremy (1.1) MoxkHO 3ammcarb B
BU/IE

—div(AVu+ Bu)+ CVu+ Du= f—divF, ze€. (1.2)

Ormernm, 9To Takast popMa 3aIlUCH eCTeCTBEHHBIM 00pa30M 0000-
maeT OJHOMEpHbI ciry4ail (M. (2.2), c. 104).

2. NurerpanpHoe ToxkaecTBo. [lo anasoruum c ogHuM ypas-
HenueM cucreme (1.2) mocraBuM B COOTBETCTBUE HHTEIPAJILHOE TOXK-
JIECTBO

a(u,n) = /((AVu—i—Bu)-Vn+CVu~77+Du-17) dx+/Gu-ndx =
Q r

:l(n)E/(f-n+F~V77)dx+/g~77dx. (2.1)

Q T

Baecy G = G(x), g = g(x) — 3azannble oueparop, JAefcTBYIONHI
B mpoctpamcTtBe R, u Bektop m3 R™, I' — rpanuma obsactu €);

CUMBOJI <-> 0DO3HAYAET CTAHJAPTHOE CKAJAPHOE IPOU3BEJICHUC B
m,n
npocrpanctse My, ,, T. €. L+ M = tr(LMT) = Y 1;ym;; na
i=1,=1

L,M € M,, ,,. TTo onpesentermio |M| = (M - M)'/2.
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Kak u B cay4ae oHOrO ypaBHeHHs, TOXKJeCTBO (2.1) moxker
OBITh HMCIIOJIB30BAHO JIUIsT OpeJie/ieHnst 0OODIEHHBIX PeIeHnii pas3-
JIMYHBIX KpaeBbIx 3ajad jyist cucrembl (1.2). Ilpu srom mosesHo
UMETb B BUJLY CJIEJLYIOIIYIO JIEFKO ITPOBEPSieMYI0 (DOpMYyJIy:

/divq)-ndgc:—/<I>~V77dm+/<1>y-ndx. (2.2)
Q Q r

3necy ©, 1 — MaTpuIHasg W BeKTOpHasa auddepeHimpyeMbie hyHK-
N COOTBETCTBYIOMNX PA3MEPHOCTEl, IV — eIUHUTHAS BHEITHSS
HOpMaJIb K [,

Berogy B manbHeiiem OyaemM IpenoaraTb, 9To

A, B, C, D€ L), G€ L"), f, F € La(f2), g € Lo(I").

DT0 03HAYAET, ITO KayK/1as KOMIIOHEHTa COOTBETCTBYIONIET0 BEKTOPa
WM MaTPUIbl IIPUHAJJIEIKUT YKA3aHHOMY (DYHKIIMOHAIBLHOMY IIPO-
crpancTBy. Ha npotrsizkennn HacTosimiel riiaBbl 001acTh ) cunraer-
csd, KaK MUHUMYM, JIMIIIAIEBON. By/eM HCIoJIb30BaTh CJIe/IyIoNine
0003HAUCHNIA:

Hy = [WAQ)™, Hio = [WiQ)"

Hopwmer B ipoctpancrsax H;y, Hy o BBesem cooTnomenusamm

Jul? = / (IVul? + [ul?) da,  [ull2 = / Vul? dr.
Q Q

ITosoxxkum Takzke

||u||3:/|u|2dx, (U,U)1=/(VU-VU+U-1}) dx.
Q Q

3. VcuaoBus Ha omeparop. Oupeessonlyo poJib IIPpU KUC-
CJIeIOBAHUU TPAHUYHBLIX 3a1ad Jyis cucreMbl (1.2) urpator re uin
unble ycsaoBusi Ha oneparop A. CdopmyaupyeMm yciaoBusi, KOTOPbIE
Oy/lyT HCIIOJIHL30BAHBI B HACTOSINEN TJIaBe.

1) Byaem rosoputh, uro oueparop A yI0BIEeTBOPAET YCIOBUIO
cTporoit sumnTHIHoCTH (Yycaosuro Jleocandpa), ecan

Alx)M-M > coM-M NYM € My, ., x €€, ¢y =const > 0. (3.1)
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2) Bysem roBOpUTH, 9TO IS OEpaTopa A BBINOJHEHO YCAOBUE
Jesrcandpa — Adamapa, ecam®)

A(@)M - M > coM -M VM € M, ,,, rank(M) =1,
x €K, ¢g=const >0. (3.2)

VYeaosue (3.1), oueBujiHO, siBisiercst 60J1ee CUIILHBIM, Y€M YCJIO-
Bue (3.2). IIpusesem npumep omeparopa A, mjist KOTOPOro ycso-
Bue (3.2) Bbimosneno, a yciosue (3.1) me BblnosHsiercs. Vmenwo,
IyCTh

AM - L = myliy + maalag + maalia + marlar+
+ e(marlag + maslis — maslar — marlis) VM, L € My .

Torma AM - M = |M|? + 2 det M. Ecitu rank M = 1, o det M = 0,
u ycsosue (3.2) BBIIOJIHEHO ¢ MOCTOsAHHOMN ¢g = 1. [lomaras

10
=)

noxyunM, aro AM - M = 2(1 — ¢). Cnenosaresnbho, npu £ > 1
ouneparop A ue yuossersopger ycosuio (3.1). Herpyauo ybenurned,
4aro ycaosue Jlexkanapa soimosasgercd npu 0 < € < 1.

Ormernm, uro npu m = 1 yenosus (3.1) u (3.2) coBnajgator u
IIPEBPAIAIOTCS B YCJIOBHE HMOJOKHUTETBLHOMN OIPeIeIEeHHOCTH MaTpH-
e A.

3) Byaem ncnosbsoBars ciejyiomue obosuadenus: M, = M, ,,
n > 2, — IPOCTPAHCTBO KBaIpaTHBEIX MaTpur, M — mpocrpancTso
CUMMETPUIHBIX KBaJIPATHBIX MaTpuIl Hopsaka n. Oneparop A, jeii-
cTByIoMmMit B mpoctpancTse M,,, n > 2, u onpeie/IeHHbI YCTOBUIMI

1
AB = 5L(B +BT) VBeM,, (3.3)

rie
L:MS — M’ (3.4)

CyTb JIMHEUHDBIH paBHOMEPHO IIOJIOZKUTEJILHO OIIPE/Ie/ICHHDBII onepa-
TOp, T. €.

LS -S>cS-S VSeEM:, z€Q, (3.5)

n’

Drank(M) — panr marpuipt M.
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cp = const > 0, OyaeM Ha3BIBATH OMEPATOPOM JIHHEHHON Teopun
YIPYTOCTH, IHOCKOJIBbKY yciaoBust (3.3)—(3.5) THIMYHBI Uit cECTEM
ypaBHeHuil JmHelHo# Teopun ynpyrocru (cMm., Hanpumep, [26], [30],
[37]). B wactHOCTH, €ciiu yIIpyTroe Teso OJHOPOIHO ¥ U30TPOIHO, TO

LS = A r(S)E + 2u8,

rJie A, j4 — MOJIOXKUTEIbHBIE TOCTOSTHHBIE (apamerpsl Jlame). B srom
ciy4ae, O4eBUIHO,

LS = (LS)T, LSS = Atr(S))2 +2uS -S> 2uS-S VS eM:.

B Teopun yupyroctu HpuHATH caepyionme oboznadenus (m = n):

1 (0u; Ouy
B T (u) = = [ = ’
£ = (1/2(Vu+ (V) ey =5 (5 + 52 ).
i,j=1,2,...,n. Ilpu somossnenun yeosuii (3.3), (3.4)

AV = LE(u) - (E(m)+(1/2)(Vn—(Vn)") = LE(u)-£(n). (3.6)
Mut yusmn 3xech, aro marpuna (1/2)(Vn — (Vn)T) kococnmmerpuu-

Ha, a CKaJIpHOE IIPOU3BEJICHIE CUMMETPUYHON U KOCOCUMMETPUYHOI
MAaTPHIL PABHO HYJIIO.

§ 2. OcHOBHBIE HEpaBeHCTBA
1. Ycaosus Jlexkanapa — Ajgamapa u HepaBeHCTBA MO-

JIOY>KUTEJIbHOM oIpeiesieHHoCcTu. Ilycth omeparop A yoBie-
TBOpsieT ycyoBuio Jlexxanmapa. Torma, odeBnmamo,

/A(x)Vu Vudz > collul|Ty Vu € Hyp. (1.1)
Q

Teopema 1.1. Ilycmwv onepamop A ne 3asucum om x u ydo-
saemeopaem ycaosuro Jleorcandpa — Adamapa. Tozda

/AVU Vudz > collul|Ty Vu € Hyp. (1.2)
Q
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JOKA3BATEJILCTBO. /locTaTro4no, 04eBU/IHO, YCTAHOBUTH CIIPa-
BeJIIMBOCTH HepaBeHcTBa (1.2) s moboii dbyuxmmu u uz [CF°(2)]™.
IIpomomrkas HYHKIHIO © HyIeM 3a Ipeaesnl {2, MOXKHO CIUTATD, 9TO
u npunaagiexur [C§°(R™)]™. Ucnonbsyem npeobpasosanne Pypbe
byurun u:

a(y) = (2m) "2 / e eu(z)de, yeR"
Rn

(em., manpumep, [16]). Hanomunm, 1ro

/ﬁm»UWsz/&@wamd% € [CPRM™,  (13)

Rn R™

Dow(y) = iya(y), w € Cg°(R™). (1.4)
U3 (1.4) HEMOCPEICTBEHHO BBITEKAET, UTO
Vu(y) = it(y) @ y. (1.5)

m,n

i=1,j=1- Marpuy a ® b
HA3BIBAIOT TEH30DHBIM (KPOHEKEPOBBIM) IPOM3BEICHHEM BEKTOPOB
a € R™ b e R" Ilpumenss (1.3), (1.5), noayanm, 910

Mer ncnosb3yem obosnadenue a ® b = {a;b;}

/AVU -Vudzr = /A%-ﬁdy = Re/Aﬂ@y-@@ydy. (1.6)
R® R
Hermocpecreennbie BbIYNCIEHUS TAI0T
Redi®y - 1Q@y=ARet®y -Rei®@y+ AIma®@y-Imi®y.
Marpuna Buia a ® b nMeeT paHr paBHBI exuauIe!) | HO9TOMY
Redi®y- a6y > col(Rei)? + (Im)2)lyl? = colaf2yl2.  (1.7)

Bamerum tenepn, uto |4|%|y|? = |it @ y|* = |Vu|?, orkyna, ucrnoss-
3ys (1.3), noayuaaem (1.2).

VYenosue Jlexanapa — AjiamMapa, B HSKOTOPOM CMBICIIE, HEOOX0-
JWAMO JIs BBIIOJIHEeHNs HepaBeHcTBa (1.1), a nMeHHO cupaBeuBa

1)Hepr/:[Ho yOenuThCsl, 9TO M, HA0OOPOT, JiIobasi MATPUIA PAHTa €IMHIIA MO-
2KeT OBbITH IIPEJICTaBJIEHA B BUJIE TEH30PHOI'O IIPOU3BE/IECHUS JIBYX BEKTOPOB.
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Teopema 1.2. ITycmoe A€L (), cnpasedausa ouenra (1.1).
Tozda

Al)M -M > coM -M VM eM,,,, rank(M) =1, (1.8)
noumu 6crody na 2.

JIOKABATEJILCTBO. BBejieM B paccMoTpenne 2-1eproindecKyio
DYHKIHUIO p BEMIECTBEHHON TIEPEMEHHOI { TaKyIo, 9TO

=15, 1558
Hust o € C5°(Q), a € R", b € R™, & > 0 nostoxumM
ue(z) = ep(z)pla-x/e)b, x €.
Herpynano yoemurbed, uro u. € Hy g, n
Dyuc g =eDop(z)pla-z/e)bsg + @(x)p' (a - x/e)anbs,

a=1,2,...,n, =12 ...,m. 3ammmem mepaserctso (1.1) upu-
MEHHUTETHHO K (DYHKIINH U, 3aTEM YCTPEMAM € K HyJI0. B pesybrare
TIOJTY IUM

/4,02(33)A(x)a®b-a®bd1: > CO/wQ(x)|a®b|2 dz. (1.9)
Q Q

ITockonbKy ¢, @, b 31ech MOryT BBIOpaHBI IPOH3BOJILHO, TO YCJIO-
sue (1.8) Bemosaeno. [

Teopema 1.3. ITycmoe A € C(R), swnoaneno ycaosue Jle-
otcandpa — Adamapa. Tozda cyusecmsyem nosOAHCUMEADHLE NOCTNO-
ANHBIE €, Co TaKUe, wmo®)

/A(x)Vu-Vudx>c1/|Vu|2 dm—02/|u|2 de YueH,; o (1.10)
Q Q Q

JIOKABATEJIBCTBO. YCTAHOBUM CHa4aJja, 9TO CYIIECTBYET Ta-
Koe € > 0, uTo

/A(x)Vu~Vudx > %0/|Vu|2dx (1.11)
Q Q

1)HepaBeHCTBO (1.10) maseiBatoT HepaseHCTBOM [OpamHTa.
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Jutst o6oit dynknmn u € [C§(€2)]™ Takoii, 4To AHAMETp €e HOCH-
TeJIsT He TIPEBOCXOMIAT €. B caMoM sieste, BCJIEJICTBIE HENTPEPBIBHOCTH
dyukumn A(z) va Q Haitnercs Takoe € > 0, aro |A(x)—A(y)| < co/2,
ecan |z — y| < e. Ilycrs reneps dyuxmus u € C§°(2) Takosa, 410
JIIAMeTp ee HOCUTEJIsl He IIPEBOCXOJNT € U IyCTh Xy € supp u. Torma

/A(x)Vu -Vudr = /A(xg)Vu -Vudr+
)

/ (A(x)— A(zo))Vu-Vudr > co/|Vu\2 x——/|Vu\2da:

supp u

o u gokasbBaer (1.11). Ilocrponm Teneps MOKpbITHE Q) OTKPBITHI-
mu mapamvu B(zy,e/4), v € Q, k = 1,2, ..., N. Onpenenum st
kaxkaoro k dyuknmio (, € C§°(B(xg,e/2)) Takyio, uaro (i(z) = 1
nast x € B(zy,e/4), u nonoxum

k()

h ., k=12 ....N, z€Q. (1.12)
> C(x)
j=1

or(z) =

D710 ompejesieHre KOPPEKTHO, TaK KaK II0 KpaifHeil Mepe OJHO u3
cJlaraeMbIX B 3HaMeHaTeJle paBHO €JIMHUIlEe, IIpuiemM

> gi(z) =1 (1.13)
k=1

TlosTomy
N
/A(z)Vu -Vudr = /Z A(x)pr(x)Vu - o (z)Vude.  (1.14)
Q Q k=1

Jlma mpeobpa3oBaHnst BBIPAYKEHUsI, CTOSIIErO IO/ 3HAKOM CYMMBbI,
HCIOJIb3YEM CJIELYIONLYIO JIETKO IIPOBEPsieMyo (hOPMYJLY BBIMHACTIE-
HUsT TPAINEHTA TPOU3BEICHNST CKAISIPHON U BEKTOPHON (hyHKITHIL:

V(pu) = pVu+u® Vo, (1.15)

B COOTBETCTBUU C KOTOPOil BhIparkKeHue MoJI 3HAKOM CyMMbl B IIPaBOit
qacru (1.14) MOXKHO LpesCcTaBUTH B BUE
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A(z)pr(x)Vu - pr(x)Vu = A(2)V(ex(z)u) - V(or(2)u) -
— AV (o)) -4 ® Vou(z) — Alx)u ® Vor(z) - Vign(@)u)+
+ A(2)u @ Vor(z) - u® Vi (z).  (1.16)
Juamerp mocuTens (PYHKINA Qp1, OUEBUIHO, HE MPEBBIMIAET £, T0-
stomy, ucnosb3yst (1.11), (1.17) u BbIIIO/IHSISI 3/IeMEHTAPHbIE OIEHKH,

OCHOBaHHbBIE Ha IIPUMEHEHUU HEePpaBEHCTBa Komu — ISyHS{KOBCKOI‘O7
IIOJIYYUM

/ Alw)pr (@) V- pu(o) Vude > & / V(o () -V (k) di—
Q Q
liollullo = esllullg, (1.17)

— calju

rJie 3, €3 — MOJIOYKUTEIbHbIE He 3aBUCAIINE OT U MOCTOSHHbIE. BHOBb
ucnonbsys dopmyiy (1.15), Gymem umernb

V(pr(z)u) - V(pr(2)u) = @i (2)Vu - Vu + op(2)Vu - u @ Vi (x)+
+u® Vop(x) - prp(x)Vu+u® Vg (z) - u® Veg(z).  (1.18)
ToscTaBuM 9TO BhIPayKeHHe B IepBoe ClaraeMoe IIpaBoil 4acTu Hepa-
sercrBa (1.17), a 3aTeM yureM 110y Y€HHOE HEPABEHCTBO JIJIsl OLEHKI

cuuzy cymmbl B (1.14). ITpu srom ucnoassyem (1.13), a Taxkke Hepa-
BeHcTBO Komu — Bynskosckoro. B pesynbrare mosmyanm

vollullo — esllullg,  (1.19)

/A(x)Vu Vudz > %0||u||§70 — caflu
Q

rje ¢4, Cs — IMOJOXKUTE/IbHBbIe He 3aBUCSIIe OT U HOCTOsHHBIe. V-
MOJIB3ysl TEeph HepapeHCTBO Komm ¢ &, mpugem x (1.10). O

SAMEYAHUE 1.1. Ucnosnb3ys s OEHKU BBIYUTAEMOTO B IIpa-
Boii wactu (1.10) HepasercTso PpHsIpUXCa, HETPY/IHO MOJYIUTh, YTO
€CJIN BBITIOJIHEHBI YCI0BHs Teopembl 1.3 u mes (§2) 70cTaTouHo Masia,
TO CYIIECTBYET II0JIOYKUTEIbHAS IIOCTOSIHHAS ¢ TaKas, UTO

/A(:U)Vu -Vudx > c/ |Vul>de Vu €H p. (1.20)
Q Q

2. HepasencrBa KopHna. Bciogy B 93TOM IyHKTEe MBI TIOJIA-
raem, 9To m = mn.
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2.1. IlepBoe nepaBeHcTBo KopHa.

Teopema 2.1. Jas aoboti gynxyuu u € Hy o cnpasedauso
HEPABEHCTMEO

11Vulll o) < V2INE W)l Ly(6)- (2.1)

JIOKABATEJILCTBO. Hepasenctro (2.1) mocTaToqHO MpOBEpUTH
quist dynkmmit u € [C§°(2)]". HemocpeicTBenno u3 onpe/ieenust 1o-
ayaaem, uro 2|€(u)|? = |Vul? + Vu - ((Vu)T)). fcno, uro

Ou; Ouj
TV _ i Ol
(Ve)™) = Z | 0 oz;

4,j=1
JIBarKIbI MHTErpUpysI 10 9aCTAM, OyJIeM UMETD

aui Gu]— do — 8ui 8Uj
61‘]‘ 6331 o al‘L 6xj
Q Q

HO3TOMY
/Vu~ (Vu)™)) de = /(divu)2 dx >0,
Q Q

OTKYy/la, 09eBHHO, cieayer, (2.1). O

OrmernM, 9TO TIepBoe HepaBeHCTBO KoOpHa cripaBenBo st
JII00OH OTpaHMIEHHON 061acTH TpocTpaHcTBa R™.

2.2. Bropoe HepaBencTBo KopHa.

Teopema 2.2. Ilycmov Q) — o02paHuMeHMaA AUNUWUYUESA 00-
aacmo. Tozda cyuecmeyem nocmosannas ¢ > 0 makxas, wmo

[ully < c(lullo + €Wy @)  Vu € Hy. (2.2)

Hepasencrso (2.2) 06bIYHO HA3BIBAIOT BTOPBIM (OCHOBHBIM)
HepasercTBoM Kopna. /lokazaresbcTBy TeopeMbl 2.2 TIPeJIIoNieM
P BCIIOMOTraTe/JIbHBIX yTBep}K,ZLeHI/H?I.

Jlemma 2.1. ITycmo p(x) = dist (z,T') = milgl |x — z|. Tozda
zE

p(z) —p(y)| < |z —yl Va,ye, (2:3)

p€WL(Q). (2.4)
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JIOKABATEJILCTBO. IlycTh TOukM x,y TpUHAIIE)RAT 00JIa-
ctu §2. He orparmamBas OOMIHOCTH PACCYKICHUIN, MOXKHO CIUTATD,

aro p(x) = p(y), u nycrs p(y) = |y — zy|. Toraa
p() = p(y) <z — 2yl = [y — 2yl <[z — 2y — (Y = 2)| = |z —yl.

OueBnno, uro p(x) =0, x € I'. Tlonokum

_Jp(z), e,
v(@) = {O, x ¢ Q.

Ucnonbsyst dbopmyry (15.4), c¢. 80, must mobbix h > 0, 1 < i < n
MOZKeM HaIUCAThb, YTO

/UDZ}-L(,O dr = — /ch;hv dz Y€ C3(Q). (2.5)
Q Q

ITonsTHO, YTO ||Di_h'UHLOO(Q) < 1 st yioboro h > 0, u 110 Teope-
Me O *—Cﬂa60ﬁ KOMIIAKTHOCTHU J'HO6OFO OI'PaHUYICHHOT'O MHOXKeCTBa
upocrpascrBa Lo (§2) (em. [24, Teopema 5, c. 254]) MoxKHO yKa3arTh
Taky GYHKIMO w; € Lo (§2) u Takyro nmocseaoBaTebHOCTD by, — 0
pu k — 00, 9TO

/nD;hvdx%/windx upu k — oo Vn € Li(Q).
Q Q

Paccyxxnas nanee TOUHO Tak Ke, KaK IIPHU JIOKA3ATEJIHCTBE TEOPE-
MBI 15.2) ¢. 79, MOXKHO TOKa3aTh, YTO DYHKIUS w; — 0O0OIEeHHA
rnpousBojiHast gy v. [

Jlemma 2.2. [Tyemov v € C*(Q)NLoy(Q), p?Av € La(R2). Toz0a
pVv € Lo(Q) u cywecmeyem ne sasucawas om v nocmoannas ¢ > 0
maxas, wmo

oIV olllza(e) < e (V] Lo + 1P A0l o)) - (2.6)

JJOKABATE/IBCTBO. [l 1OCTATOYHO MAJIBIX ITOJIOZKHTEIIhb-
HBIX § mosioxKuM 5y = QN {x : p(x) > 0}. Ouesuano, uro p(r) = J
na 08 s). Ilosromy, npumenss dopmysy uaTerpupoBaHus MO Ha-
cTaAM, a 3areM HepaBeHCTBO Komm — ByHAKOBCKOro, Oy IHM



188 I'nmaBa 4. Summanrndeckne cucTeMbl ypABHEHUIH

(/<p@o—wnﬂvUde=

Q)

=— / 2(p(x) —6)Vp-Vodr — / (p(z) — 0)*vAvdr <

Q) Q)
<1 (6 = O)IV0ll e 0l )+

+ Wl a0 = 620y, ) -

HpI/IMeHHH JJIg ONEHKHU II€epBOro cjiaraeMoro B HpaBOfI qJacCTH I10CJIe 1~
HEro HepaBeHCTBa HEPABEHCTBO Komu ¢ g, NoJIy4um

H(p - 6)‘V’U|||L2(Q(5)) <
<z (I0lza@ey + 10 = 02 Avliy0,,) » (27)

rae cg > 0 — IOCTOsHHAs, HE 3aBUCAIIAA OT d. YeTpemiss 0 B Hepa-
BeHCTBe (2.7) K HYJIO, OJYYIUM, 9TO

HP|VU|HL2(G) < C2 (||U||L2(sz) + ||p2AUHL2(Q))

st gmo6oit obsacru G CC Q. Orciona caenyer, aro p|Vo| € Ly(Q) u
BBIIIOJIHEHA, OlleHKa (2.6). O

Jlemma 2.3. ITycmo f € C0,b], 2de b — npoussosvroe noso-
orcumenvroe wucao. Tozda cywecmeyem noA0HCUMENOHAA HE 3A6U-
cawas om f nocmoAnHas ¢ MaKxas, Ymo

b b b
0/f2(t)dt<c</f2(t)dt+/t2(f’)2(t) dt). (2.8)

b/2 0

JIOKABATEBCTBO. s moboro 7 € (0,b), oueBuHO, BBIIOJI-
HSIETCS PABEHCTBO

/det:fQ(T)T—Q/ff'tdt.
0 0
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ITo Teopeme o cpeanem cymecryer T € (b/2,b) Takoe, 4T0

2b
2 2
—b/fdt.

by2

IIpu ykazannom BbIOOpE T TIOC/Ie TPUMEHeHus HepaBercTsa Korrm ¢ €
[IOJIy YUM

/det—QT/det /fftdt /f%zt+

b/2 b/2
2 1 14\2
+s/f dt+g/(ft) dt
0 0

[onarast 31ech € = 1/2, Gynem unmeTh

/Tdet (/f2dt+/(ft dt>

b/2

Orcroa oueBnHbIM 06pasoMm cieayer (2.8). O

Jlemma 2.4. [Ipednosostcum, wmo
v € C™(Q) N La(£2), p282v/8xi8xj € Ly(92),

i,7 = 1,2, ...,n. Toeda cywecmeyem e 3a6UCAULAA OM UV MOCMO-
Annaa ¢ > 0 maxas, 4mo

0%v

V| 1) < € HUIIL2<Q>+Z P ou,01,

7,7=1

(2.9)

L2(9)

JTOKABATEJILCTBO. Ilockonbky obsacts ) Jmnmwmiesa, ee
MOXKHO HOKDPBITH obytactsimu g, 1, ..., y Takumu, 9To

Qo = {z € Q: p(x) > §},
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0 > 0 u JI0CTATOYHO MAJIO,
Qi = {z € Q:i(y) <yn <ily) +bi}, bi >0,

y/ = (y17y27 B 'ayn—l)7 y/ € Q'Im Fﬁan = {l’ € P7 Yn = Q;Z)’L(y/)}7

TIE Y1, Y2, - - -, Yn — KOOPJIMHATHI TOUKH & € () B MECTHOM JIeKAPTO-

BOIl cucTeMe KOOpAMHAT, PYHKINA 1); YAOBIETBOPSAET yCI0BHIO JImi-
!

munasa Y, i =1,2, ..., N (cm. oupenenenne 8.1, c. 41). epes Qg/Q
GyaeM obozHauaTh 0/2 okpecTHOCTh 0bactu . Ilo memme 2.2 mmve-

eM

/ ps/2(x)|Vu[* do < c / <vz+p5/2(x)zn: (gig)Z) dz, (2.10)

1 i
5/2 5/2 g
Q() Q()

e ps2(x) = dist (, 898/2). U3 mepapencrsa (2.10), oueBuiHO, BbI-
TEKAET, 9TO

n 2 2
/|V1}|2 dr < cs / <v2 + Z <gxg> ) dz, (2.11)
Go i=1 @

5/2
Q

rme ¢s > 0 — mocrosiHHAs, 3aBUCAIIAsg TOJLKO oT . Pukrcupyem
reriepp Hekoropoe ¢ € {1,2,...,N}, a 3aTeM HEKOTOPYIO TOYKY
y € Q. Hna bynxmn 0v(y',y,)/0y;, j € {1,2, ..., N}, ucroms-
syeM Ha orpeske [1;(y) +&, i (y') +¢e+b;], vae € > 0 u gocraroano
majgo, gemMmy 2.3. Ilomyanm

Yi(y')+e+bs Suly’ 9 pi(y')+e+bs (o 5
/ ’ vy yn) |, <e v(y', Yn) dynt
0y, 9y,
pi(y')+e Vi (y')+e+bi/2
»i(y")+e+b; o W) 5
VY, Yn / 2
+ / <> iy + e —yn)idy, | (2.12
Sy ) () ) (212)
pi(y')+e

OyHKIUS 1); JTUIIIATEBA, TTOITOMY

[Vi(y') + & —ynl < pi(y) + [i(y') — i (7)] <
<py) + Ly —§'| <A+ L)p(y).
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Baecs pf(y) — paccrosinue or y j1o 0F); + €, p(y) — paccrosinue oT y
qo I'. Uarerpupyst HepasencTso (2.12) mo 3/, a 3areMm ycrpemisis €

K HYJIIO, IIOJIyIUM
ov
—_— d
(/ ‘63 W),
Qo

/‘ayj

Tlepexoast K mepBOHAYAIBHON JIEKAPTOBON CUCTEME KOODJIUHAT I,
To, ..., Tp, OYIEM UMETDH

2
/|Vv|2d:c < c( /pQ( dm+/|Vv2dx>. (2.13)
O O

. . s
i i 0

‘ 83/] 3yn

9%

Cymmupys zepaserncrsa (2.13) no ¢ or 1 go N u ucnonssys (2.11),
HOJTy IUM

2

- 0%v
2 2
/Vv\ dr < c /p (x) Z 92,008 dx +
Q Q Jk=1
n 82’U 2 )
. (2.14
+ / Z Da,0n dm—i—/vdx ( )

k=1
Qg/z J Qg/z

W3 (2.14) BbiTekaer onenka (2.9), mockoabky p(x) > > 08 Qp. O
JIOKABATEJIBCTBO Teopemsl 2.2. [lousitHo, uTO (2.2) moctaTod-
HO ycTaHOBUTH yist u € C°°(£2). 3amernm, npexKie BCero, u4ro

W: aizjcfij(u)fgé‘jj(u% Z,j:1,2, e,
J K3

IIycts 29 — orpanmdennast 06acTb Takast, 9to 2 CC 2g. [Tomoxum

57«]( )7 $€Q,
= {3 Lana

i,j = 1,2, ...,n, u onpegenum dynxmuio v; € H} () xax permenne
zajaan Jupuxite

" on on
/Vvi -Vndr = /jzl <Qgijax g”@ ) dr Vne HO(QO)
Q0 Qo I=
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Kak nam yxe mssectHo (cm. §1, T 2), 9Ta 3a/a19a UMeeT peleHue,
U CIIpaBelJINBa AIlPUOPHAS OLEHKA

Vil Ly) < [IVVill Ly0o) < elllE(W)]]| Ly 0)- (2.15)

ITpu stom v; € C* (),

- 0 0
Av; = Z <2837j5ij(u) - 8xié:‘jj(u)> ,

j=1
i=1,2,...,n, tak Kak g;; €C>®(Q), i,j = 1,2, ...,n, (cM. cren-
creue 1.1, c¢. 126). Ilycrs panee v = (vy,v2, ...,n), W = ¥ — u.

Torna, oueBngro, w € C°(Q), Aw =08,
Alej(w)) =0, z€Q, (2.16)
1,7 =1,2,...,n. Beaencreue (2.15) momyaaem
1€W)lzo0) < NIE€W)l|Lo0) + I1EW)ILa0) <
<€) 120) + [IVVllLy0) < cll€(W)| Ly 0)-
IMpumenss Teneps gemmy 2.2 u paserncrsa (2.16), Gygem uMernb

1pVeij (W)l < ellei(w)ll L) < €W Lo, (2.17)

1,7 =1,2, ..., n. Samernm, rajiee, 9T0

0w B i ow; n ow, i ow; n ow, B
O0x,0x; o Oz, \ Ox;  Ox; Ox; \ 0z, Ox;

_ O (Ow Owy
dzx; \Ox, Oz, )

ITosromy u3 (2.17) BBITEKAET, YTO

< A€Wz
L2(9)

Ha ocnopanun jiemmbr 2.4 OTCIoa IIoJIydaeM, ITO
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0

2’LU
8$i8.%‘j

+lwllL,@ | <

L2($2)

<c(l€@la@) + llwlra@), (2.18)

n
[Vwllr,@ <c||p Z

ij=1

IIO9TOMY

Vull L, ) < [IVwllLy) + VY] 1y) <
< c(lE@)|py@) + IV, @)+
+IVllLa) < cll€@)lly@) + lullia) + Ivla @), (2:19)
Ho B cuity (2.15) cnpaseymsa onenka ||v||gi(q) < cl|€(u)l, @) 1,
TakuM 00pa3oM, HepaseHCTBO (2.2) ycraHosiaeHo. [

Ob6oznadnm wepe3 R MHOXKECTBO (DYHKIUH % ¢W3 TPOCTpaH-
crBa Hj, nmeromux Bug u(z) = ¢+ Wz, ¢ € Q, tue ¢ € R”,
W = —WT ectb KococuMMeTpuuHas MaTpHUIa. HeTpyrHo yoemiuTh-
cst, 910 R — moarpocTpancTBo mpocrpancTsa Hy .

Jlemma 2.5. ITyemo u € Hy, E(u) =0 na Q. Toeda u € RY.

JLOKABATEJIbCTBO. s dbyukuuu u€H; rakoit, uro £(u) =0
na (), mocrponMm ee ycpennenune mo CobosieBy

uh(z) = / (& — v)uly) dy,

cM. c¢. 25. Kak ycTanoBseHo npu goka3aTeabcTBe TeopeMsl 8.1, ¢. 39,

Al () Oui(y)
1 — _ Q/
46 [P0 g e

R’n
e ' — mobas cTporo BHyTpeHHsas nojaobaacts obractu §2. Orcio-
J1a, O9€eBUJIHO, BbITEKAeT, IYTO

dull(x)  0uj(z) _

. 2.2

L Ouesnsro, cripaseyuo u obparsoe, ecin u € R, 1o £(u) = 0 nHa Q.
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SJIGNIGHTaprIe BBIYUCJICHUA ITOKA3BbIBAIOT, IYTO

Puf(x) _ Oui(e)  Puy(z)  Pul(a)

Ox0xy O0x;0z,  O0z;0my 0,0z’

ceosarebro, O2ul () / 0wk Oz, =0 nua mobex i, k,p = 1,2, ..., n,
z € . OTcroma mosryvaeM, 9To

ul(@) = +> wha;, i=12...n, (2.21)
j=1

rie cf-f‘, wlh — BeIeCTBEHHbIE YUCIa, npudeM Beaeacrsue (2.20) ume-

J

eM wlhj = —w;?i, i,7 = 1,2... n. Pasencrra (2.21) MoxKHO mpejcTa-
BUTH B MaTpuuHOil bopme u” = + Wha, x € ', Wh = —(WhT,
Benenerue npoussosbroctu ) CC ), 0U9EBUIHO, MOKHO CUUTATD,
uro u” € R, npuuem u" — u npu h — 0 B upocrpancrse Hi ()

(cm. Teopemy 8.1, ¢. 39). Iockombky R 3amkuyTO, TO 4 € R. O

3. HepasencrBa tuna @®@puapuxca. Oueparop A Gyuem
Ha3bIBATH KOIPIUTUBHBIM Ha Hy, €cu cyIecTByeT Mmoa0KuTeIbHAT
TOCTOSTHHAST ¢ TaKasl, 9TO

/(A(x)Vu “Vu+ cou-u)de > ||lulf YueH,. (3.1)
Q

Ecnu oneparop A meorpunarenes, T. e. AM-M >0V M € M,, ,, To

1/2
lu|a = < / AVu-Vu dx> €CTb IIOJIyHOpMa, Ha mpocrpancrse Hy.

A npo sroit nosryHopMbl Oy1eM 00603HavYaThL Yepe3 R,.

JlemMma 3.1. Ilycmv onepamop A meompuyamener u KOIPUU-
musen wa Hy, V' — nodnpocmpancmeo npocmpancmea Hy maxoe,
wmo

R, NV ={0}.
Toz0a cyuecmsyem noAOHCUMEALHAA NOCTOANHAA C MAKAA, MO
lullo < clula YueV. (3.2)
B HEKOTOPBIX cirydasi Gosiee yJ00HBIM OKA3bIBACTCS PE3YJIbTAT,

aHAJIOTUYHBIN jJeMMe 3.1, 11t GopMyJIMPOBKI KOTOPOI'O HaM IOTPe-
OYIOTCS CJIeIYIONINE ONPEIETICHUSI.
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q)yHKL[I/IOHa.H F Ha3bIBACTCA IIOJIOZKUTEJIbHO OJHOPOJIHLIM Ha
npocrpancTse Hy, ecim

F(tu) = tF(u)

st roboint dyakIun v € Hy un jiutst 1100010 HEOTPUTIATEBHOTO L.

Oyukimonan F HasbiBaercs cj1abo TOJYyHEIPEPBIBHLIM CHE-
3y ua Hy, ecam jjist Jioboii cy1abo CXOMISINENRCsT TMOCIeI0BATEIHLHO-
cru {u,} C Hy, u, — up,

F(up) < lim F(uy,).
n—o0
Jlemma 3.2. ITycmv onepamop A meompuuyamener u Ko3puu-
mueen na Hy, F — neompuuyameavnvili noA0#CUMENDHO 00HOPOOHDLT
caabo noayrenpepviensili chusy dynryuonan wa Hy. Hycms, dasce,
uz pasencmea |u|y + F?(u) = 0 caedyem, wmo u = 0. Tozda cyuse-
CMBYEM NON0AHCUMENLHAA TOCTNOAHNAA C MAKAA, YN0

lulld < e(july + F*(u)) Vu e Hy. (3-3)

JlokazareabcTBa STUX JIEMM IIPAKTUYECKH JIOCTIOBHO COBIIAJIA-
I0T ¢ JOKa3aTesbcTBOM TeopeMbl CobosieBa 06 9KBUBAJIEHTHBIX HOP-
MHpPOBKax (cM. c. 73).

IIpumenenne jemm 3.1, 3.2 ¢BSA3AHO C BBIYUCICHUEM /ipa R,.
[IpuBegemM COOTBETCTBYIOININE IIPUMEDHI.

1. Eciim orteparop A ymosierBopsier ycsoBuio Jlexxanapa, To R,
COCTOUT M3 BEKTOP-(PYHKIHI, TOKICCTBEHHO MOCTOSHHBIX Ha ().

2. Eciu A — oneparop Teopun yupyrocTu, TO, Kak CJIeLyeT U3
JIEMMBI 2.5, MHOXKECTBO R, COCTOUT W3 (DYHKIHI U, BHITUCITEMBIX
o opmyine u(x) = c+Weax, x € Q, rue ¢ = const, W — nocrostnaast
KOCOCUMMETPUYIHAS MATPUIA. 3aMETUM, ITO MHOYKECTBO DPeNTeHuit
ypaBHeHud

Wa+c=0 (3.4)
€CThb T'UlIepPILJIOCKOCTHb BUIa
l
z=x0+ Y dipr, (3.5)
k=1
rje rp — dacrHoe perrenue ypasuenus (3.4), a @1, @2, ..., ] —

dbyHmaMeHTaAIbHAT CUCTEMa PEIICHUI OJTHOPOIHOIO YPABHEHUS, CO-
orBercTByIonero ypasuenuio (3.4), | — pasMepHOCTD dpa MaTpu-

et W.
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Hetpyamo yoenThest, 910 panr BCAKOW HEHY/TEBON KOCOCHMMET-
puunoit matpurnsl W He Menbime nByX. leficTBUTEILHO, B MPOTUB-
HOM CJIydae BCe CTPOKU MATPHUILl W mosIyda nch Obl YMHOXKEHTEM
OJIHOU CTPOKU ITON MATPUIIbI HA HEKOTOPbIE YUCJIA, HO 3TO HEBO3-
MOKHO, TaK KaK BCE JIMarOHAJIbHBIE 3JIEMEHTHI KOCOCUMMETPUIHOI
MAaTPHUIIBl PABHBI HYJIIO.

TlosTOMy pasMepHOCTb THIEPIUIOCKOCTH (3.5) He IpeBbIaeT
n — 2, 3HAYAT, MHOYKECTBO DellleHnii ypaBHeHust Buja (3.4) ¢ Koco-
cuMMeTpudHOi MaTpuneit W He MOXKeT 3aI0THATL HUKAKOTO KYCKa
OBEPXHOCTHU I MOJIO2KUTETHHOI MepBhI.

Takum obpasom, B oboux ciydasx, eciau pyHKIus u € R, 06-
paIaeTcs B Hy/Ib Ha HEKOTOPOW YacTH I MOJIOKUTETLHON MepHhI, TO
OHA eCTh TOXKJIECTBEHHBIN Hy/IbL Ha obacTi 2.

§ 3. UcciienoBanue pa3zpenimMoCTé KPaeBbIX 3a1a4

1. OcHoBHas TeopeMa O pPa3pelINMOCTH.

Teopema 1.1. ITycmw onepamop A xospuumueen Ha npo-
cmpancemee Hy. Tozda 3adaua natimu dynxyuwo v € Hy, ydosae-
MEOPAIOWYIO UHMELPAALHOMY MOAHCIECMEY

a(u,n) =1(n) VneH (L.1)
(em. (2.1), c. 178), oxsusarEHMNG YPABHEHUIO
u+ Tu = ¢, (1.2)

2de ¢ — 3adannwil anemenm u3d Hy, T : Hy — Hy — aunednond
6NOANHE HENPEPLIEHVILTT ONEPAmOop.

JIOKABATEJILCTBO. 3ajaua (1.1) sKBUBaJICHTHA yPABHEHUIO
Au = Agu+ Tou = po, (1.3)

rie omepatopnl Ag, Ty : Hy — Hy u o € Hy ompemerensr ToX ae-
cTBAMU

(Aou,n)1 = /(AVU'VU+COU'77> dx Vu,n € Hy,
Q
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(Tou,n)1 :/(Bu-V77+C'Vu-77+Du~77—cou~77)da:+
Q

+/Gu~77da: Yu,n € Hy,
r

(¢o,m)1 =1Un) VneH.

Tenepnb 10CTATOMHO 3aMETUTH, UTO ONEPATOD A OI'DAHUIEH, BCJIE]I-
cTBHe ycioBust (3.1) MOJIOXKUTENLHO ONpENIesieH, U, 3HAYWT, [0 JIEM-
me Jlakca — MmibrpamMa mmeeT OrpaHUYEHHBIH OOpPATHBIN, a oOIre-
parop Ty nuneen u BroJiHe HenpepbiBeH. [locienauit dpakT obocHO-
BBIBAETCSl QHAJIOTUIHO CIIYyYalOo OJIHOTO YPaBHEHUs, CM. JeMMy 5.2,
c. 118, u ynpazknenne 5.1, c. 118.

CanenctBue 1.1. Ilycmos gwvinoanens, ycaosus meopemu, 1.1.
Tozda 3adawa (1.1) umeem eduncmeennoe pewenue npu A0OLIT
fe L), Fe La(RN), g€ La(T), ecau coomsememsyrowan 00mo-
POOHAA 3a004aA UMEEM MOALKO MPUBULALHOE PEULEHUE.

CanencrBue 1.2. Ilycmv V. — nodnpocmpancmeo npocmpar-
cmea Hy. 3adaua (1.3) umeem eduncmeennoe pewerue u € V npu
mobom g € V, ecau svnoaneno nepasencmeo (3.1) das ecex u €'V,
Ao+ Ty: V=V u coomeememesyrowee odnopodnoe ypasnerue umeem
MoALKO MPusuasvroe pewenue u3 V.

Bribupas coorBeTcTByomumM 06paszom moampocrpanctso VC Hy,
MIPUXOUM K 0DODOIIEHHOI MOCTAHOBKE TON MJIM WHOM KPaeBoil 3a/1a-
qu jist ypasrenust (1.2). Kaxnpiii pas npu 91om Oymem mpejo-
JlaraTh BBIIIOJTHEHHBIMU YCJIOBHSI, 00ECIIEUNBAOIIIE KOSPIIUTUBHOCTD
omeparopa A, Tax 9TO JJIs JI0KA3aTEJIbCTBA CYIIECTBOBAHUS U €IMH-
CTBEHHOCTH PEIIeHUsI COOTBETCTBYIOIIEH 3ajadu OyJIeT J0CTATOTHO
YCTAHOBUTH, YTO OHA MUMeeT He DoJiee OJIHOTO PEeIeHUs.

2. IIpuMepsl O4HO3HAYHO pa3peIlInMbIX KPAaeBbIX 331a4.

2.1. Bagaya dupuxie. B stom ciyuae V momaraercs pas-
ubiM H . [TorsiTHO, WTO 3/16CH PEtIb NIET O PEIIEHNN CHCTEMBL yPaB-
nenuii (1.2) upu rpanununom yciosuu u(z) =0, x € I

B mpocreiimux curyarnusax s JI0Ka3aTeTbCTBA €IMHCTBEHHO-
T 0DOOIIEHHOTO PEIeHUS 3a/Ia9H YIACTC UCIIOIb30BATEH TTPUHITATI
makcumyma. Tak, ecsim m = 1 u oneparop A yjaoBjIeTBOpsieT yCJio-
Buto Jlexkanapa, o 3amaua Jlupuxie jis ypassenusi (1.2) moxker
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MMeTH He 00Jiee OTHOTO PEIIeHust, eCJIn

/(Dv+B~Vv)dm>O (2.1)
Q

Jutst ool Heorpunareabuoit bynknun v w3 CF(Q) (em., Teopemy
4.2, c. 116). Kiacc s/ummnTudecKux CHCTeM yPaBHEHNU, s TIaIKIX
peIeHnii KOTOPBIX CIPABE/JINB IPUHIIAI MAKCUMyMa onucaH B §4,
c. 205.

VKaykeM JIOCTATOYHBIE YCJIOBUsl, IIPA KOTOPBIX oreparop A mo-
JIOKUTEJIbHO onpeneseH Ha Hy g. 9T ycaosus, oueBuaHo, OyIyT ra-
PAHTHPOBATH CYIIECTBOBAHIE W €INHCTBEHHOCTH OOOOIIEHHOIO pe-
mrerus 3agaau Jupuxire.

ITycts onepatop A yJI0BIeTBOPSIET YCJIOBUIO

collullfo < /AVu -Vudr Yu e H), (2.2)
Q

rjie ¢o — MOJIOKUTEIbHAS TIOCTOSHHALA, He 3aBucAIas ot ) (Hanpu-
Mep, ollepaTop A yJIoBIeTBopsieT yCIoB1Io JlexaHn ipa, siBJsercs orle-
PaTOPOM TEOPHUHM yIIPYTOCTH, HE 3aBUCHUT OT & U YIOBJIETBOPSIET yCJIO-
Buto Jlexxanapa — Anamapa, uimn A € C(2) y10BIeTBOpSIET YCIOBHUIO
Jlexkamnpa — Anamapa, a mes () gocrarouno mana). Torma

(Au,u); > /(Co‘vu|2 —2¢1|u||Vu| + Du - u) dz, (2.3)
Q

e e = max((| Bl ... [IC 1. o). Bocromssyenca oesna:
HBIM pasercTBoM D = Dg + Dy, rae

Do = (1/2)(D+ D7), Dy = (1/2)(D - D7)

Ilousrno, uro Diu - u = 0, ciemoBarenbuo, Du - u = Dou - u. Mar-
puria Dy CHMMETPUYHA, TIO9TOMY CYIIECTBYET IIOTHAST OPTOHOPMUPO-
BaHHas CHCTEMa ¢e COOCTBEHHBIX BEKTOpPOB {e}7_;, Doey = Agex,

k = 1, 2,..., n. CobcrBeHHble 4gmcia MarTpunbl Dy 3aHyMepy-
eM B TOpsJIKe HeyObIBaHWs. ByaeM cauTaTh MPH 9TOM, UTO HHC-
Ja A1, Ag, ..., A\, TOJOXKHUTENBHBI, GUCTA Aty Afy1, - -, Ap OTPHIIA-
resbabl. Kak wussecrHo, [Ap| < |Dol, & = 1,2, ... ,n, nosromy

Ak € Loo(2). Pazmaras u no 6asucy {ey}}_;, TOIydnmM

Du-uzDou-u=ZdiAk+Zdi)\k,

k=1 k=t
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rne dp =u-eg, k=1,2,...,n. Takum obpazom,
T
Du-u> N\ Y di — [ Mallul®.
k=1

Bymem pasnmaars [Ba Ciytdast:
1) r= Q, cf =essinf A 0;
) T =m AJIs HOYTH BCeX T € €, ¢3 = ess in n(x) > 0; B 9TOM
fas

ciayaae Du-u > cf |ul? na Q.

2) Du-u > —cy |ul? na Q, rae ¢, = esssup |\, (x)|; 1o Hepasen-
z€EQ
crBy Dpujpuxca 1moJydaeM, 9To

/Du cudr = —coey / \Vu|2 dx.
Q Q

B IIEPBOM CJlydJae nMeeM

(Au,u) > /((co —c16)|Vul? + (¢ —e1/e)|uf?) da (2.4)
Q

I JII000T0 II0JIOXKUATEJILHOIO €. Bo BTOPOM cCJiy4dae

(Au,u); = (co — 2010;2/2 —c5cq) /(|Vu|2 dz. (2.5)
Q

U3 onenok (2.4), (2.5) cremyer, 9ro oneparop A MOJOKUTETEHO
omupesneser b0, KOLJa ¢; JOCTATOMHO BEJINKO, b0, KOTJa €1, Cy
JTIOCTATOYHO MAJbI, U000, Korja nocrognHas Ppuapuxca cq g0CTa-
TouHo Masta. Ilocemee, Kak HaM M3BECTHO, BBIIIOIHEHO, €CIH mes )
JIOCTATOYHO MaJia.

Taxmm obpa3om, KapTHHA pa3pemnMocTn 3aaadu Jupuxire s
cucrembl (1.2) BIOJIHE AHAJIOTUYHA CJIyYAl0 OJHOTO ypaBHEHUs (CM.
reopemy 3.1, c. 110).

2.2. Tperbs KpaeBas 3amada. B stom ciayudae V cosnasaer
¢ npocrpancTtBoM Hj. DTo O3HAYAET, YTO PEIIAETCS CUCTEMA ypaB-
Henuii (1.2) Ipu rpaHUYHOM yCIOBUM

(AVu+ Bu)v+Gu=g, ze€l.

IIycte oneparop A ynosserBopsier ycjoButo Jlexkanapa uin sBiser-
¢s oreparopoM Teopuu yupyrocru. Herpyauo ybeaurnes (M. npume-
pot 1, 2, ma ¢. 195), uro B 060UX 9TUX CJIyYasiX BBIIOJIHEHBI YCJIOBUI
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senmbr 3.2 ipu F2 (u) = / |u(x)|? dz, u, cieposarensuo, nopma ||uy
r

9KBHUBAJICHTHA HOPME
1/2

llull1,« = /AVU-VUCZ:E—F/‘UFCLT
Q r
TTosTomy, ecn mpeATOIOXKUTH, UTO MaTuiia G paBHOMEpHO 10 € [
TTOJIO2KUTEJIBHO OIIPEJIe/IEHa, TO PACCYKIast TOYHO TaK Ke, KaK B CJIy-
Jae mepBOil FPAHUTHON 33181, HETPY/IHO TTOKA3aTh, ITO OIlepaTop A

LIOJIOXKUTEJIBHO olpesesier Ha H, ecin nocTosiHHEBIE €1, €5 JOCTATOY-
HO MaJIbI.

2.3. 3agaua Heilimauna. Ilox 3anadgeit Helimana nonumaercst
3ajada oTbicKannsa gpyuknun v € Hy Takoit, aTo

/AVu-Vndx:/(f~77+F-V77)da:+/g-77dac Vn e ;. (2.6)
) Q r

B 3rom myHkTe Oyjiem mnpeoarars, 9uro A — cuMMeTrpuyHbIil HeoT-
pUIATEIbHBI KOIPIUTUBHBINA orepaTop. 3 cuMmmerpun omneparopa
crenyer, ato ecau ) € Ry, 10 (u,n), = 0 ps moboro u € Hy.
IosTomy mst cyiecTBoBanus perenust 3agadn (2.6) HeoOGXO MO,
I{TO6])I BBIIIOJIHAJIOCH YCJIOBUE

/(f~77+F~Vn)d3:+/g-17dm:0 Vn € Ry. (2.7)
Q r

Iycres H; = {u € Hy : (u,r); =0 Vr € Ry}. Ecam yenosue (2.7)
BBIIIOJIHEHO, TO CYIIECTBYET U IIPU TOM TOJIbKO OJ(iH sjeMenT f € H
TaKO, 4TO

(o= [(f-n+F -Vn)de+ [ g-ndx ¥neH,.
/ /

IIycts, nanee, omeparop A : Hy — H; ompesenen paBeHCcTBOM

(Au,m)q :/AVU-Vndx Vu,n € Hy.
Q
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N3 cummerpun oneparopa A Bbitekaer, uro Au € H, s jro6o-
ro u € Hj. Ilo semme 3.1 umeem, uro |u|, > clulo Juist s1060ro
u € H,, cnemoBarenbno, ypaBaerne Au = f mMeeT eIMHCTBEHHOE
pemenne u € H .

2.4. 3agava O >KE€CTKOM KOHTakKTe. 3aJada O HOPMaJib-
Hoit Harpyske!). B srom myskre Gyem npenonarars, uro I € C'L.
Bynewm mosarars Takke, uto 2 < m < n. Beakomy BekTopy a € R”
IMOCTaBUM B COOTBETCTBHE BeKTOp @ € R™, cuurasi, 9T0 a; = a; JJIs
i1=1,2,...,m. Ilyctp namnee

Vy={ueH :ulx) v(x)=0 =xel}, (2.8)

Vo, ={veH; u(z)Av(x)=0, xeTl} (2.9)

Hanomuum, 9To i1 BeKTOpoB a,b € R™ marpuna a A b (BHemnee
nponsBe/ienye) onpesenserca pasenctsom a Ab = {a;b; —a;b;}1 ;.
Herpyano ybemurbesi, aro coorromenne a A b = ( S5KBUBaJIEHTHO
KOJUJINHEAPHOCTH BEKTOPOB @, b.

Bynem rosoputs, uto dynknus u € V. ecTb pelieHne 3a1a4u o
2KECTKOM KOHTaKTe, eCJIH Il JTI000it dyukimu n € V.,

/((AVu—i—Bu)-Vn+CVu-77+Du~77)da::
Q

:/(f-77+F~Vn)d:(:. (2.10)
Q

Bynaem roBoputs, uto dyuknmsg u € V,, eCTh pereHne 3a1a9m O
HOPMAJIbHOI HAIPY3Ke, €CJIM JIJIsl Hee BBIIOJHEHO paBeHCTBO (2.10)
pu Ji060it hyukIMu n € V.

Herpyano ybeanthest, ITo /11T 3871841 O 2KECTKOM KOHTAKTE TPa-
uuanoe ycsosue (AVu + Bu)y Av =0, z € I' asisiercst ecrecTBeH-
oM. JIJ1s 3a/1a9u 0 HOpMAJIBLHOM HATDY3Ke €CTECTBEHHBIM T'DAHU-
HBIM ycrioBueM siBjsiercst yeiaosue (AVu + Bu)y -0 =0, x € T

Ucenenyem cravasia pa3penmMocThb 9TUX 3a/ad, IpeJoJiaras,
qTo 1yist oneparopa A Boimosmeno yciosue Jlexanmpa (3.1), ¢. 179.
OueBUIHO, 9TO B 9TOM CJIydae IPOCTPAHCTBO R, COCTOUT U3 BEKTO-
POB, TOXKJECTBEHHO MOCTOSHHBIX Ha (2. MHOXKecTBO Bcex HOpMaJieit

D1y HASBAHMS CBSI3AHBI C COOTBETCTBYIONIMMHA TPAHMTHBIMI 34 a9aMu IS
cucTeMbl ypasHeHHH Teopun ynpyroctu [45], [26, rui. 4], ananornumbie 3azaun
paccmarpuBaiauchk Takxke B [11], [48], [14].
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K IIOBEPXHOCTN I COZIEPZKUT IIPU NMPUHATHIX YCJIOBUAX BCE BEKTOPDI
ecrecrBeHHoro 6asnca npocrpancrsa R™. ITosromy R, NV = {0},
ectm V=V, wm V = V,. Takum obpazom, ycaoBus JieMMmbr 3.1
BBINIOJIHEHbBI U, CJIEJOBATEIHHO, Jisi PACCMATPUBAEMBIX 3a/a4 CIpa-
BEJJIMBBI T€ YK€ YTBEPKJIeHUsT 00 OJHO3HAYMHON Pa3pernmnMOCTh, ITO
u Jist 3a7a49n Jupuxie.

TIpesmonokum Terepn, 9To oneparop A ecTsb omeparop Teopun
yupyrocru. CTpykTypa npocrpanctsa R, NV, B 3TOM ciiydae 3aBuU-
cut or obsacru 2.

Jlemma 2.1. Ilyemwv ¢ € R, W — npousgoavhas koco-
cummempuunan mampuya nopadka n. Tozda cywecmeyem (n — 1)-
mepras noseprrocmy S kaacca C1 maxas, wmo

(c+Wz)-v(x)=0 Vzelb. (2.11)

JIOKABATEJILCTBO. XOpOIIO U3BECTHO, YTO BCAKAS KOCOCUM-
MeTPHYHAsI MaTPHUIA OPTOrOHAJIBHO M0/I00HA OJIOTHO-TNArOHATBHOM
MaTpHIle, MAKCUMAJIBHBIA pa3Mep KayKJOro IMaroHaJbHOrO OJIOKa
KOTOPOii He 6osbire AByX. [loaToMy, BBIIOIHSA TPH HEOOXOMMOCTH
IIOBOPOT M CJIBUT JIEKAPTOBOI CUCTEMBbI KOOPJIMHAT, MOYKHO CUUTATD,
qTO

c+Wax=(c1,¢a, -y Cpy —Opy12ps2, Opp1Tpit, - - s
— 5n—1xn75n—1xn—1) Ve Rn, (212)

rjie 9ucnd Opyi1,0p42, - - ., 0n—1 HOJOKUTEIBHBL. 338/ UM HOBEPX-
HOCTBH S TapaMeTpUYecKH:

o =@r(t), k=1,2,...,n, t€ BC R" L

Iloguauaum pu 3toM GyuKun @i, k= 1,2, ..., n, yCIoBUIM
Ik (t)
- = k=1,2,...
8tn71 Ck, s 4y s Dy
Ipp+1(t) Ipp+2(t)
#1 = _6p+1()0p+2(t)a #1 = p+199p+1(t)7 st
Opn—1(t Opn(t
32;715) = —0n_1n(t), %Q — Sy (t). (2.13)
n— n—

Torma BekTop ¢ + Wax npu mobom z € S Oyner JiexKaThb B IJIOCKO-
cTH, KacaresibHoii K S, u ycaosue (2.11) 6yuer omosaneno. Cucrema
ypasrenuii (2.13) umeer perenue
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Pr = Crln—1 +gk(7_)7 k= 1727 Ry 2
Opt1 = Gpr1(T) €08 Op1tn_1, Ppra = Gps1(T)sinbpr1tn_1, ...,
Pn—1 = gnfl(T) COs 5n71tn713 Pn = gnfl(T) sin 6n71t71717 (214)

e gx, k = 1,2, ...,n — 1, — nmpousBosbuble nuddepeHmpyeMbe
dbyuxuun 7 € R" 2. JIng HOBEPXHOCTH, OIUCHLIBACMO COOTHOIICHHU-
simu (2.14), yTBepKIeHne TeOPeMbI BbITIOIHEeHO. [

TIoBEpPXHOCTD, ONUCHIBAEMYO [IPU TIOMOIIHM COOTHOTIeHu (2.14),
Ha3bIBAIOT (1 — 1)-MepHOI BUHTOBOH OBepXHOCTBIO. [Ipu ¢1, ¢a, .. .,
¢p =0, 8pt1,0p42, ..., 0n—1 = 1, tp,—1 € [0,27] moyuaeMm mOBEpX-
HOCTH BpatieHus. Takum obpazom, ecyu 00s1acTsb ) OrpaHuvIeHa 1mo-
BEPXHOCTBIO BPAIEHUsI, TO IPOCTPAHCTBO R, NV, He TPUBHAIIBHO.

TlonHOE ommcaHme 3TOrO MPOCTPAHCTBA IPU IIPOM3BOJIBLHOM 7
y/JIaeTCs BBIIIOJHUTE JIUIIb B ciiy4dae cdepbl. VIMeHHO, HETPYIHO yOe-
JIATHCsI, 9TO B 9TOM CJIydae

Ro NV, ={u(x) =Wz, z € Q}, (2.15)

rae W — npousBosibHasi KOCOCHMMMeETpHYHasi Marpuna. leficTBu-
TeJIbHO, B paccMarpuBaeMoM ciaydae v(x) = (1/R)x, € T'. Ilycrs
u€e Ry, T e.

u(z)=c+Wz VzeQ, tmeceR" W= —-WT,
uwx)-x=0 Vzel.

Ilockombry Wz -z = 0 V2 € R, nonydaem, uro c-x = 0 Jy1g Bcex x
us I' nostomy ¢ = 0. O6parno, ecmu u(r) = Wa, W = —W7T| 1o
u(z) -z = 0Ve €T, u pasencrso (2.15) gokaszano.

SAMEYAHUE 2.1. Pasencrso (2.15), 04eBUIHO, CIIPABEJINBO 1
B TOM cJydae, Korja objacTh §) orpanudena JBYyMsI KOHIIEHTpPHIE-
ckuMu chpepamu.

B mpaxktudeckn nambosiee BayKHOM ciiydae, KOTJa n = 3, IO-
BEPXHOCTHb BpalllCHUA .HI/I6O umMeeT TOJIBKO O/IHY OChb U OIIUCBhIBaETCHA
YPABHEHUSIMU

x1 = q1(7), o = g2(7) cost, x3 = go(7T)sint,
TER, te0,2n], (2.16)

Jambo siBysiercs cdepoit. B mepBoMm ciryuae mpocrpancTso R, N V.
OJIHOMEPHO U COCTOUT M3 BeKTopoB Buia ui(x) = 0, us(x) = dxs,
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uz(x) = —dx2, 6 € R. Bo Bropom ciiyuae OHO COCTOUT U3 BEKTOPOB
Bugia u(r) = Wz, tae W — nponsBosibHAsi KOCOCUMMETPUTHAST MaT-
putia TpeThero nopsijika. Ecim I' He siBJIsieTcst TOBEPXHOCTHIO Bpaliie-
uust, 10 R,NV, = {0}. Ormernm, uro npocrpancrso RNV, # {0} n
It 00JIACTH, OTPAHUYEHHON COOCHBIMU MTOBEPXHOCTSAMU BPAIICHHUSL.

Jig 3a1a9u 0 KECTKOM KOHTAKTE, OYEBUIHO, UMEIOT MECTO
YTBEPK/ICHUsI O PA3PEIIUMOCTH, AHAJIOTUIHBIE CIyvaio 3agadu Heii-
MaHa ¢ 3aMEHON HPOCTpaHcTBa R, Ha IPOCTpaHcTBo R, NV .

[Tpu anasiuse 3aa9u 0 HOPMAJILHON HAIPY3KE B CJIydae, KOrja
oneparop A ecThb OIepaTop TEOpHU YUPYTOCTHU IIOJE3HON OKa3bIBa-
ercst

Jlemma 2.2. Iycmo T € C*. Toeda R, NV, = {0}.

JIOKABATEJILCTBO. Eciu v € R, NV, To /i HEKOTOPOTO ¢
n3 R™ 1 KOCOCUMMETPUYIHOMH MaTpuibl W nopsiaka n uMeeMm

c+ Wz =a(z)v(z), alz) e R, Ve eT.

BeiGepeM j1eKapToBy CHCTeMY KOODJMHAT Tak, YTOOBI BBIIOJIHSAINCH
coorHormrenns (2.12). Torna BesecTBre TOro, 4ro Ha I cymiecTBy-
0T HOPMAaJIN [apaJl/IesIbHble JIFOOOMY KOOPANHATHOMY HAIIPABJICHUIO,
nosyunm, 9ro ¢ = 0. IHosromy Wz = a(x)v(z), = € T. Ilpuuem
ax) = 0 Juums Ha MHOKeCTBe Mepbl Hysib. OTCiona, 09eBUAHO, Cle-
ayer, uro v(x) -« = 0 s Beex ¢ € I'. Ilycers I' onmcsiBaercs ypas-
nerneM ¢(z) = 0. Torma Vo(x) - ¢ = 0 qa scex « € I'. Tpaxrys
MOCJIeTHEE COOTHOIIEHNE KaK JIMHETHOe ypaBHEHNe ¢ TaCTHBIMH TIPO-
M3BOIHBIMU TIEPBOTO TTOPSIIKA OTHOCUTETHHO (DYHKINN (©, HETPYIHO

noyauTs, ato o(x) = @(ry/1, 23/T1, . . ., Tn/x1) V). HomsTHO, uTO
IpU 3TOM BEKTOP V() TApaAJIIesieH BEKTOPY C KOODJAMHATAMMA
_LNn, 00p) 1090(p) 1 0v(p)
o} = TOp; T wy Opa T w Opy

rae pr = xx/x1, k = 2,3, ...,n. Homoxus v(z) = (1,0, ...,0),
IMOJIyYUM OTCIO/Ia IIPOTUBOPEYUBbIE paBeHCTBa. []

U3 umepasencrsa (2.2), c¢. 186, semm 3.1 u 2.2 BbITeKaer, 4ro,
ecau A — omepaTrop TeOpHUM yIPYTOCTH, TO CYIIECTBYET MOCTOSHHAS
¢ > 0 Takas, 9TO

/AVU Vudz > c|ul? YueV,,
Q

D3amernm, a0 ypaBHeHue ¢(z) = 0 ecTb B JaHHOM Cilydae ypaBHEHHE I10-
BEPXHOCTU KOHYCa C BEPIIMHON B Havajie KOOPJAWHAT.
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[I09TOMY HCCJIE/IOBAHNE PA3PENIMMOCTH 33/[a4i O HOPMAJIBHON Ha-
Tpy3Ke TPOBOJUTCS B PACCMATPUBAEMOM CJIydae TOUHO TakK Ke, KaK
u aya 3agaqu Jlupuxie.

§ 4. Ilpuniun MmakcuMmyma

B srom naparpade Oyer onmcan KJaace JIINITHYECKIX CHCTEM
YPABHEHHUIA, /151 KOTOPBIX CIPABEIJINE NPHHIMAI MAKCHMYMa, AHAJIO-
PUYHBI CJIy9alo OJIHOrO SJUIMITHYECKOro ypaBHeHHst (eM. 1. 1, §3,
. 2).

Msb1 6yaeM paccMaTpuBaTh 3a1ady Jupuxie 11 Tak Ha3blBae-
MBIX C1a00 CBSI3AHHBIX CHCTEM yPABHEHUI

m

Liu;(z) + Zdw(:ﬂ)u](x) =fi(z), z€Q, i=12,....m, (1)
u(z) =0, xzel. (2)

3nech () — orpanmdennas objacTh npoctpancrsa R, n > 2, ' —
rpanuta 2, m > 1,

Liui(x) = = > ajyDiDyui(z) + > af Dyui(x), (3)
k=1 k=1

1=1,2,...,m.
Cucrema ypashenuii (1) ecrb uacTHbIil ciayvaii cucremsr (1.1),
c. 177 (upu ycmoBum, 94rTo coOTBETCTBYIONHE KOIDdUueHTs mud-

depennupyemsr).

Bce koadpdunuenTsr u npasyto yactsb cucremsl (1) Oymem cuu-
TaTh B JaJIbHelIeM HerpepbBHbIME Ha ). Kpome Toro, Gymem mpej-
[10JIATATh BBIIIOJIHEHHBIMY CJIELYOIINE YCIOBUSI.

Marpuribt {a};l(m)}z7l:1 CUMMETPUYHBI Jijisi Becex ¢ = 1,2, ... m,
x € Q. CymecTByer MOJIOKUTEIbHAST TIOCTOSTHHAST ¢ TaKasi, 9TO

n

n
S ap@tt = co > th Vo e, t=(t,ts, ... ,t,) ER", (4)
k=1 k=1

i=1,2,...,m.

Ouementst Marpuit {d;;(x)}" _; TaKOBbI, UTO
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di(x) =) dij(z) >0 VazeQ i=12 ... m. (6)

Teopema 1. IIycmb 6bnoAHEHD NEPEUUCAEHHBIE BLIUE YCAO-
suA Ha Koapduyuenmo, cucmemos ypasrenut (1), fi(x) = 0 das ecex
xeQ,i=1,2,....m,u= (u,ug, ...,un) — pewerue zadauu (1),
(2). Tozda u;(x) >0 das 6cex x € Q, i=1,2, ..., m.

[Ipexkie yeM MPUCTYIUTH K JTOKA3ATETHCTBY TEOPEMBI, YCTAHO-
BUM, 4TO ycsosue (6) MOXKHO 3aMeHUTH Ha 6oJiee CHIBHOE YCJIOBHE

di(x) = dij(z) >0 VazeQ i=12...,m. (7)

j=1

IpeacraBum GyHKIMIO U, sSBAAONYOC pernenuem 3agaqu (1), (2),
B Buge u(z) = a(zi)v(z), tne a(z,) = K — et tie K, B — noio-
JKUTEJIbHBIE TIOCTOSIHHBIE, 3HAUEHUsI KOTOPBIX HUXKe Oy/IyT yKa3aHBI.
B pesynbraTe 3/eMeHTapHbIX BBIKJIAI0K MOy IAM, ITO

— >y DiDii(x)+ Y ag Dyvi(a +Zdw = fi(z), (8)
K,

k=1

v(z) =0, zel, 9)

i = 1,2, ...,m. 3neco ai,(z) = a(x)ay,(r). Kospdummenrsr aj,
TaKKe BBIPAYKAIOTCS depe3 Ko UIMEeHTHI HCXOJHOTO yPABHEHUS I
dbynximmo «. KoHKpeTHbIit Bijl 9THX BBIPAXKEHUT JUIs TasbHefiero
e cymecrsenet. Kpome Toro, d; ij = d;j Ipu i # j, ”( ) =dii(x) +

+ B(Baty(x) — ai(m))eﬁx upu ¢ = 1,2, ...,m. BC.He,HCTBI/Ie ycI10-
Bud (4) umeeM af (z) = co Vo € Q, 4 = 1,2, ..., m, byuxnun aj
HerpepbiBHEL Ha (). I[I09TOMy MOXKHO yKas3aTh TAKOE IOJIOKHTE/Ib-
noe 3, uro Bai;(z) —ai(z) > 0 muza Beex x € Q, i = 1,2, ..., m.
ITpu ykasanHOM BBIOODE (3, 0UEBH/HO, Oy/IEM UMETh, UTO

nast Beex x € €, 4 = 1,2, ..., m. Beibepem, nakonen, K HaCTOJIBKO
GOJIBIINM, YTOOBI BBIIOJIHSIOCH yeaoBue o(xy) > 0 ms Beex z € ().
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Ocraaoch 3aMeTUTDb, UTO M3 HEOTPHUIATENTLHOCTH (yHKINN v Ha )
cJIeTyeT HeOTPHUIATETHHOCTD U.

JIOKABATEJIbCTBO Teopembl 1. Banumewm cucremy (1) B Buge

Liwy(x)+d; (w)uwi(@)+ Y dij (@) (u; () —ui(2)) = fi(z), = € Q, (10)
J#i

i =1,2, ..., m.llycTb Bolpekn JOKa3bIBAEMOMY YTBEPIKJIEHUIO OTHA

n3 byHKIWMit u; TpuHIMaeT B obmacTn {2 OTpUIIATETLHBIE 3HATEHUSI.

He orpanmamsast 06MHOCTH pacCy?K/IeHNNH, MOKHO CIUTATH, ITO ITA
dbyuxuna ects u;. Torma cymecrsyer Touka x! € §) Takas, 4ro

up(21) = minwy (z) < 0.
z€eQ

Barmmem ypasuenue (10) mpu i = 1 B Touke z':
Lyug(a')+di (2" yur (1) + ) dij (@) (uy (@) —ua (21)) = fil2"). (11)
J#1
st Toro 4Tobbl IpH CIeJaHHLIX HAMH IPEINOJIOKEHHUAX ypaBHe-
aue (11) BbIoHsI0Ch, HEOOXOAUMO, YTOOBI XOTs OBl OJIHO U3 CJIara-
€MBIX 10l 3HAKOM CYMMBI B JIEBOI €ro 9acTH ObLIO IOJIOKUTEIHHBIM.
He orpanmdauBas o0ITHOCTH PacCyKICHUil, MOXKHO CIATATh, 9TO 3TO
caraemoe cootsercteyer j=2. Toria, ouesmmno, ug(xl) < wup(xl).
Orcioa ciieiyer, 9To CyIMEeCTBYeT TOUKa T € () Takas, ITo

uz(2?) = minug(z) < uy (21).
€N

Iostomy uz(z?) < wui(z?). Amajsormuno, paccMaTpuBas BTOpPOE

ypasuenue cucrembl (10) B Touke x?, MOXKEM 3aK/IOYUTh, YTO CY-

mectByer Touka r® € () Taxad, uro uz(r®) = minug(x), upuiem
€N

ug(2®) < up(a®), ug(z3) < wug(x?®). Ipomo/mkas sToT 1ponecc, u3
(m—1)-ro ypasaenus cucremsl (10) moryamm, 4To CymecTByeT TOIKa
2™ € Q TaKast, 9TO U, (™) = min Uy, (), 1 Uy (™) < ui(x™) pus
zeQ

Becex i # m. Herpyauo y6eurbesi, 9TO IPU BLIIOJHEHUU TOCTEIHIX
HEPABEHCTB ypasHeHue ¢ HoMepoM m cucreMbl (10) He MoxKeT GbITH
BoiosHeHO. [losyyennoe nporuBopeyne 3aBepIiaeT J0Ka3aTeIbCTBO
TeopeMbl. [

U3 Teopembl 1 09eBHAHBIM 0GPA30M BBITEKAET, 9TO €CJIU BBIIOJI-
HEHBI BCC [IPUYHC/ICHHBIC BBIIE yCJIOBUA Ha KO3 MUIMEHTBI cucTe-
Mol (1), To 3agaga (1), (2) Moxker umersb He GoJiee OJHOTO PENICHUSL.
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ITAPABOJIMYECKUWUE YPABHEHNA

B sr0it rmaBe paccMaTpuBaioOTCs JUHEHHbIE U HeJIMHEHHDbIE Ta-
pabosmmdeckne ypasHeHH:A. VccieryioTcss BODPOCHI CYIECTBOBAHUS
7 €JIMHCTBEHHOCTH OOOOITIEHHOT0 perenus. B mHeliHoM cirydae u3y-
gaercs TaKXKe [VIAJKOCTh OOODIMEHHOTIO PEeIeHNs.

§ 1. IIpocTpancTBa BEKTOPHO3HAYHBIX (DYHKIIHUI

IIpu wuccienoBanuu ypaBHEHUIA, ONUCHIBAIOIIUX HECTAIMOHAD-
HbIE [IPOIIECCHI, BOSHUKAIOT IPOCTPAHCTBA, (DYHKIINN, 3aBUCATIINX KAK
oT TOouKHU obJsiacTu ), B KOTOPOil 3TOT IPOIECC IIPOTEKALT, TAK U OT
BpeMenu (ero, oObraHO, 0603HAYAOT OyKBOHl t). flcHo, uTO JIHOGYIO
dyuxumio u(z,t), tne x € Q C R™, t € (0,T) MOXKHO pacCMaTPUBATD
kax dynkmmo, sagannyio B Qr = QO x (0,7) C R Oamako qacto
y/100Hee M eCTeCTBEHHEE BOCIPUHUMATH (DYHKIINIO U KAK 0TOOparKke-
uue, upu KoropoMm kaxzgomy ¢ € (0,7) craBurca B COOTBETCTBHE
3JIEMEHT TTPOCTPAHCTBA OOOOIIEHHBIX (DYHKITHI, 3aBUCSIIIX OT TPO-
CTPAHCTBEHHON 11epeMenHoii (B pannoMm ciaydae — 310 u(+,t)). Takue
O0TOOparKEHNsT HA3BIBAIOT 6EKMOPHOZHAYHBIMAL.

IIycrs X — JjmmHeliHOe HOPMUPOBAHHOE ITPOCTPAHCTBO. Bysem
obosuatars depe3 Ly(0,T;X), 1 < p < 00, IPOCTPAHCTBO BEKTOD-
HosHauHBbIX GyHKIMi u:(0,7T) — X, 1j1st KOTOPBIX

1 1/p
el o) = ( / ||u<t>||5}dt) <oo mpu 1<p<oo,
0

[ull Lo 0,7;3) = esssup [lu(t)]x < oo;
gyepe3 C([0,7]; X) Gynem 0603HaYATH IIPOCTPAHCTBO HEIIPEPBIBHBIX
BeKTOpHO3HAUHBIX byHkuuii u : [0,7] — X, st KOTOPBIX

. = t .
lulleqom = max fu(®)lx < oo
Ecim X — ©6anHaxoBo IpPOCTPAHCTBO, TOTJIA ITPOCTPAHCTBA

L,(0,7;X), C([0,T]; X) Tak:ke GaHaxoBBL.
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YHOPAKHEHUE 1. Jlokazars, 4TO:

1) ecm X — moampocrpanctso npocrpancrsa X, 1o Ly (0, T;X)
ectb nozpocrpanctso L, (0, T X);

2) Ly (0,7 X) conepxurcsa B L,(0,T; X), ecu p’ > p.

OTMeTnM TakzKe, ITO B cJytdae, Korma X — TIIb0epTOBO MPO-
crpanctBo, Lo(0,T; X) Gyner Toxke rusibOEPTOBBIM, €CJM BBECTU B
HEM CKaJISTPHOE TTPOU3BE/IEHNE CJIEIYIONTIM 00Pa30M:

T

(u, V) Ly0,m5x) = /(u(t),v(t))x dt.

0

Omnpenenenne 1. ITyemv u € L1(0,T; H-1(Q)). Oaemenm v
us npocmpancmea L1(0,T; H=1(Q)) 6ydem nasmeamnv obobuernoti
npouzeodnoti ynryuu w no t u obosnanwams wepes v uau Ou/ot,
ecau daa mobwz dynkyuti o € C(0,T), z € HE () cnpasedauso
PAGEHCME0

/ (1) (u(t), 2) dt = — / (1) {o(t), =) d. (1)

20e (-,-) — ommuowenue dsoticmeennocmu, esedernoe Ha c. 84.

B nampueitiem mpu uccnemoBannn audbepeHnnaababIX yPaB-
HeHnit Oy/IyT MOJE3HBIMA CJIEIYIONINE PE3YIbTATHI.

Jlemma 1. Mmnoosicecmeo 6cex aunelnox Komounayutl Gyr-
yuti 6uda w(x)z(t), ede w € HYH(Q), z € Ly(0,T), 6crody naomno 6
npocmpancmee Lo(0,T; H ().

JIOKABATEBCTBO. 3amernm, uto B npoctpanctse HE () cy-
HIECTBYET OPTOHOPMHUPOBaHHBI Gasuc {¢k} (Hampumep, cocTos-
muit u3 coberBennbix GyHKIWin oneparopa Jlamnaca). Eciau y npu-
najygiexxut Lo(0,T; HE(Q)), To misa nourn seex t € (0,7) dynx-
s y(t) MoxeT ObITH mpejicTaBIena cxonamumes B H(Q) pagom
o0

> cut)n(a), mpm srond) e (t) = (y(t) e, (o)l = 3 len(t)f
k=1 =1

DB panbHeRIIEM HCIOMB3YIOTCS 0GO3HAMEHHISE: (u,v)1=[ Vu - Vo dz,
Q

(u,v)o=[wvdz, |ul1 = (u,u)i/27 lulo = (u,u)(l)/Q.
Q
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U3 ouesunoro mepasenctsa ck(t)? < |ly(t)]|? cmemyer, uro cy(t)
npuHagexut Ly (0,T). Pacemorpum (byHKuI/H/I

bn(t) = ]y(t) ~ Y ale

k=1

2
m=1,2

’ 3Ly e

1

U3 BbIIIECKA3aHHOIO cJiefyer, 910 P, (t) — 0 upu m — oo, upu-
eM Yy, (t) < |y(t)|3 g nourn seex t € (0,T). Ilpasag qacThb nocste/1-
Hero HepaseHcTBa — unHTerpupyemas Ha (0,7) dynkuums. [Tosromy
1o Teopeme Jlebera o mpejieIbHOM TIepexojie

/ 1o Zcmm

2
dt—)Onpnm—)oo O

Teopema 1. Ilycmv dynxyus u € La(0,T; HE () makosa,
wmo v € Lo(0,T; H-1(Q)). Tozda:

1) w € C([0,T); L2(2)) (moorcem Goimov, nocae usmenerus Ha
MHONHCECTNEE MEPVL HYAD);

2) ¢ynryus t — ||u(t)||%2(m abcontoMMO HENPEPBIBHA, NPULEM
d 2 /
EHu(t)HLQ(Q) = 2{u'(t),u(t)) noumu secrody na (0,T); (2)
3) umeem mecmo oyenka

max [|u(t)l|z,@) < C(u®)lryo,mmy @) +

0<t<T
!
+ [[u' )| Ly0,m50-102)) s (3)
2de C' — nocmosannan, 3asucswan moavko om T .
JLOKABATENBLCTBO. Ilponoskum dyuxmuio v wa [—T,0] u
[T,2T] werno ornocuresbHo 0 m T COOTBETCTBEHHO U HyJIEM BHE

orpeska [—T, 2T, cOXpaHUB 3a IPOJOJIZKEHIEM TO K€ 0003HAUEHHeE.
Onpenenum ycpeanenue (GYyHKIAA 1 CIACAYIOMNUM 00pa3soM:

+oo
ut(x,t) = / Ne(t — 1) u(z, 1) dr, t € (—o0,+00),

—00
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rae ne(t) = e~ 'n(t/e),

[IOCTOsIHHAsI ¢ BbIOpAHA U3 YCJIOBUSI: / n(t)dt = 1.
— 00
Ilo ananorum ¢ Teopemoit 3.2, c. 27, HETPYIHO JOKA3aTh, UTO
Jst mroboit dyukimu v € Lo(0,7T; La(2)) ee yepennenune v u mpo-
u3BOJHAsL v° 10 ¢ J06oro nopsiika npuasekar Lo(0,T; Lo ().
Kpowme Toro,

[v" = vllLo0,750002) =0 mpue —0. (4)
du\e  Jduf
TTockobky (8 u) = 8u , 4= 1,2,...,n, To s OYHKIAN

U, YJOBJIETBOPAIONIEH yCI0BUAM TeopeMbl, u3 (4), oueBuaHO, OyaeMm
UMETh:

g

[u® — ullLy0,msm ) — 0 upu & — 0. (5)

JlokaxkeM TakzKe, ITOo

(W) | Lyo,msm-1(2)) < C W | Ly0,msm-1(02)) Ve >0 (6)

(W) = B Ly(0,T; H Q) 1upu e — 0. (7)

I[Tycts w — npoussosbhag gynknust uz H (Q), () = (u(t),w).
Acuo, aro ) € Lo(—T,2T). Kpome Toro, us onpenenennst 1 Bbreka-
er, uro 1) umeer Ha (0,7) 0606meHHy0 MpousBouHyo u3 Lo(0,7T),
pasuyio (u'(t),w), caemoBaTesbHO, 1) UMeeT NPOU3BOAHYIO U3 Lo u
Ha muOoxkectBax (—T,0), (7,27). Ilo mocTpoeHHO TPOJOIKEHUsT 1)
nenpepbibHa B Toukax 0 u T, mostomy 1 € HY(—T,2T). Orcio-
Jla, YUUTBIBAasi CBOWCTBA ONEpaTopa YCPEeJIHEHUsl, HETPY/IHO MOJIy-
YUTH, ITO

(%) oo, 1) < 1Y | Lo(—e,74e) <
<MY llzy=r2my < 319 Lo0,m)  (8)

n jys joboro § > 0

[¥° = Yllar(—r+5,27—5) =0  mpme —0. (9)
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JokakeMm Jiasiee, 94TO

(©9) (1) = () (£),w) st t € (~T +6,2T = 5). (10

JeficTBUTEIHLHO, UCTIOIB3YS TVIAJKOCTD 10 ¢ GYHKIUUA 4, HETPYIIHO
IIOJIyYUTh

(o = [ ( m%’f(t ~ e, r)ir ) (o) d =

Q —o0
+oo
= — aazs (t—r7) </u(x,7) w(z) dx) dr =
—o0 Q
+oo
e a\/
= - | g t=nv(n)dr = (v°)(t), te (=T +6,2T ).

U3 coornomenuit (8), (10) caemyer orenka
(=) (8), W) ooy < 3 1 (1), w)l| ooy 5 (11)
cipasejyuBas st moboit byuknmn w € HE(Q). Ucnomszys (11),

HETPY/IHO 10y IuThb (6).
Kpowme roro, u3 (9), (10) nmeem

/<<(u5)/(t) — ' (1), w>) o(t)dt -0  npme—0

Vo € Ly(0,T) u Yw € HE(Q). losromy yreepskenue (7) BbITeKaeT
3 JIeMMBI 1.

Hautee, B cruty riakoCTH GYHKIMH U 1O ¢ 11 JI00bIX €, 0 > 0
CIPaBE/JINBO PABEHCTBO

o (0) = w0 ey =2 (' 0) — Y (0,0 0) — (1) 1,

13 KOTOPOr'o IIOJIydaeM, UTO

[[us(t) — ué(t)”QLz(Q) = [Ju®(s) — U5(3)||2L2(Q)+
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t

2 /<(u€)’(7') — (W) (7),uf (1) — u6(7)> dr Vs, t €[0,T]. (12)

ycts pue(t) = [|u(t)—u(t)| L, (). U3 (5) BeITeKaer, ato e — 0
npu € — 0B Ly(0,7), a noToMy HaieTCsI TOIOCIIETIOBATETHHOCTE
nocJeoBaTebHOCTU {fie }, cxomgmasics Kk 0 nourn seogy B (0,7
(cMm., nanpumep, [12, c. 58]). Iloapasymesas B jasnbueitiem mox {u}
TIO/IIIOC/IEIOBATEIBHOCTD CO CBOHCTBOM

lus(t) — u(t)||Ly) — O mpu € — 0 (13)

qutst moutu Beex ¢ € [0, 7], Bobepem B (12) B KadecrsBe S OHY U3 TO-
4ek, yaoByeTsopsitontyio yeaosuto (13). Torma uz (12) 6yem nmers,
9TO

lim ~ sup [[u(t) — u’(t)|7,) < (14)
£,6—0 0<t<T 2
. s
< 2871(1;30”(“8)/ - (u )N Lo(0,msm-1(0)) U — ||L2(0,T;H3(Q))-

IockonbKy Jist DyHKIMKM u BBINOJHsIOTCA cooTHorerust (5), (6),
To u3 uepasencrsa (14) cienyer dynnamenranbnocrs {uf} B mpo-
crparcree C([0,T7]; L2(2)). Mcnonb3yst OJHOTY 5TOr0 HPOCTPAH-
CTBa, HETPY/IHO YOEJIUTLCA B CHPABE/INBOCTH yTBEPsKIeHnst 1.

Hokaxkem nasee pasencrso (2). Ilycrs s,¢ — npousBosibHbBIE
rouxn orpeska (0,77, xs,q(t) — xapakrepucTudeckas QyHKIMA OT-
peska [s,t]. fcuo, aro (cm. (5))

1) — 0 upu € — 0. (15)

3anuinemM 04eBUIHOE PABEHCTBO

T
a2, = I1u7(3) 20y +2 / W (1) X(e (7)) dr. (16)
0

Yuursas (15), (7) u cxomgumocts ||u® ||L2 ©) ||u||%2(9) B C([0,T7]),

nepeiiziem B (16) k upemeny nupu ¢ — 0. B pesyuabrare mosydum
PaBEHCTBO

@I, ) = ()L, @) + 2 /(u’(T),u(T» dr,
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U3 KOTOPOro B cuily lipoussBosibHoctu 8, t € (0,7'), oueBuano, cieiy-

er (2) u abeomorHas HenpepbiBHOCTH bymKimi [[u(t)|7 @)

st oKasaTesIbCTBa yTBEPXKJCHUS 3 3aMeTUM, YTO ||uH2L2 )

kax ynxnus nepementoit ¢ npunayiexxkut Wi(0,T)C C ([0,T]) (ewm.
yupaxuenue 13.1, c. 67), a moromy

2
mase [u(t) 3,0 <

; (17)
L1(0,T)

npu sroM nocrostiaast C' 3aBucut Tosbko or 1. 113 nepasencrsa (17)
JIETKO MOJTyIUTh (3), €CJIH BOCIIOIB30BATHCS Y2KE JIOKA3AHHBIM PABEH-
crBoM (2). O

d
<C <||UL2(0,T;L2(Q)) + Hdt|u(t)|2L2<Q)

Teopema 2. IIycmv Q — ozparunennas 0baacmb nNpoCmpat-
cmea R™ xaacca C™ ;| m — uenoe HEOMPUUAMEALHOE YUCAO, PYHK-
yua u, npunadaescawsan Lo(0,T; H™F2()), umeem obobusernyio
npouszsodnyio no nepemernnot t uz Lo(0,T; H™(Q)). Toeda:

1) uwe C([0,T); H"(Q)) (moorcem 6uumv nocae usmenenus 1a
MHOIICECTNGE MEPBL HYAD)

2) umeem mecmo ouenka:
m <
Og%gXTHU(t)HH +1(Q) S

< C (Jult)| oo, mm+2(0)) + 10 Ol Lyo,rsmm )y ) > (18)

2de C' — nocmoannasn, 3asucauians moavko om , T u m.

JIOKABATEJILCTBO. Crnadaja yoeuMcst B CIIPABETABOCTH TEO-
pembl ipuy m = 0. Beibepem obsacth {21 Tax, urodbbr 2 CC 2.
Bocmonszosasmmcs Teopemoit 11.1, ¢. 48, moctpoum QyHKIHUIO U,
KOTOpasi ABJISICTCs IPOJIOJIZKEHIEM byarmumr u Ha {2 ¢ COXpaHEeHU-
eMm kiacca. dcuo, uro (u') = %', mosTomy syt @ 1o Teopeme 11.1,
c. 48, nmeem

Nl 2,0, 1552 (00)) < Cllully0,m:852(0) > (19)

1% | 2o (0,722 21)) < ClIW [ Lo(0,7:L0(02)) - (20)
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OTMeTI/IM, 9TO IIOCTOAHHAA C B 9TUX HEpaBEHCTBaX 3aBUCUT TOJIBKO
or obiacreit Q2 u Q.

Duxcupyem nestoe 1ucio i € [1, n], snement w € Lo (0,T3H ~($21))
OIIPE/IEJTM € TIOMOTIBIO PABEHCTBA

(w(t),v) = / ()gvdajl) Yo € Hy(Q), t€(0,T).
Q

Bamernm, uro jis obeix n uz C§(0,T) u v € Hy (1) umeem

T

/ dt—//~'a n(t)dedt =
0 0 2

e

Orcioma, OY€BUIHO, CIIEIYET, ITO

t)dxdt = t) dx dt.

0 9

U
3 nMeeT OOODIEHHYIO TTPOU3-
L4

BOJIHYIO TI0 £, TIpuHAyIezKamyto poctpanctsy Lo(0,T; H1(Q4)) n
pasuyio w. ITo teopeme 1 mmeem, aro 0u/dz; € C([0,T]; L2(2))
(MO’KET OBITH, TTOCTIE M3MEHEHWsT Ha MHOYKECTBE MEDBI HYJIb) W

1d [[oa\’ o , 0%
i [ () = (o) = [ 5e e
Qq Q

1

U3 pasencrs (21), ncnionsays orenku (19), (20), HeTpyIHO HOJYIUTD,
9TO

oz, "

max
0<t<T

<O (lu)l poo,rsm20)) + 1t @) lLa0,7:02(2)))
L2(Q2)

Jutst Joboro nesoro ¢ € [1,n]. Yreepxaenue reopemsl upu m = 0
JI0Ka3aHo.

IIycrs m > 1. Pacemorpum dbyukuuio v = D%u, rue |af <
W3 ycnoBuit TeOpeMbl BBITEKAET, ITO

v € Ly(0,T; H*(Q)), v € Ly(0,T; Lo (Q)).

3nech m1d KOMIAKTHOCTH 3aIlUCH y OYHKIHU U, HE yKa3aH apTyMEHT .
D10 cokpalieHue 6yeT UCIOJIbL30BaHO U B JajbHEHIIeM.
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ITosToMy ISt OIEHKHM ¥ BOCIOJIB3YEMCs JIOKA3aHHBIM 1ipu m = 0
HepaseHcTBoM (18). B pesymnbrare mosmyanm

(e}
<
oax | DYu(t)|| g1 (o) <

<C (ID*u()] Ly (o,m312(0)) + 1(Dw) (E) | La0,1:02(0)) ) <
< C ([lu() oo, zsmm+2()) + 10/ ()| oo, 7:5m (22)) ) -

W3 9T0ro COOTHOIIEHUs] W IIPOU3BOJIBLHOCTU (v CJIEYET CIPABEIJIH-
BOCTBH TeOpeMbl 1pu JrodoMm m. [

§ 2. JIuneiinblie nmapabojindecKue ypaBHEHUS

1. ITocranoBka 3amauu. Ilycte Qp = Q x (0,7), rme Q —
orpannvennas obsacts R™ ¢ rpanuneii 09, Qr = Q x [0,7T].
Pacemorpum ciesryronyro 3asaqy:

% + Lu = f, (x,t) € Qr, (1.1)
u(z,t) = 0, (x,t) € 92 x (0,77, (1.2)
u(z,0) = ug(x), x €, (1.3)
e

19} du
Lu = — Z 871 (aijaxj) +

ij=1

n n

ou 0
N Ty, . (14
+ ;az oz, ; oz, (b;u) + agu. (1.4)

IIpenmonaraercs, 9ro KodpOUIHUEHTH a; j, i, b;, ap W mpapas
4acTh [ MOIYT 3aBUCETH OT II€PEMEHHBbIX T U t.

Wcnonb3yst npuaaTse B r1aBe 2 0003HAYEHUs U TOJIArast

n a l
f = fO + 8f )
= 9t

ypasrerue (1.1) MoxKHO 3ammcarh B BUJIE

% — div (AVu) + a- Vu — div(ub) + apu = fo+divf, (1.5)
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riae f = (f1, ..., fn). Ecom marpuna A(z,t) nooureabHo onpejie-
JIeHa, paBHOMEDHO 10 nepeMeHHbIM x € Q u t € [0,7T], 1. e. cyme-
CTBYET IOCTOsIHHAsA ¢y > () Takas, 4TO

Az, )€ - € = ¢ \f\ VEER™, 2€Q, te|0,T], (1.6)

To ypasHenue (1.1) HasbBaOT H1APabOILIECKUM.
Oupejesum 06061ennoe pentenne 3agaun (1.1)—(1.3). C sroit
LEJTBI0 Y MHOXKIM ypaBHeHI/Ie (1.1) ma dyskuumio n(x,t) u3 npocrpan-

cra CH(0,T;CH(Q))Y, ynosrersopsioniyto yenosmo n(z,T) = 0,
MpOWHTErpUpyeM 0 (Qp U mpeobpasdyeM HEKOTOPBIE CaaraeMble C
TOMOTIBI0 (DOPMYJIBI HHTEIPUPOBAHUS TI0 IaCTAM. B pesyabrare mo-
JIyIUM

/ { gt +AVu-Vn+a-Vun + ub-Vn + aoun} dxdt—
Qr

- /uo(m)n(x,()) dz = /(fon —£-Vn)dxdt. (1.7)

Q Qr
Herpynano BumeTnh, ITO Npu BBHITOJTHEHUH yCJIOBUM
Qij, Qj, bjGLOO(QT)a i:O,l,...,n, j:1,2,...,n, (18)

fiELQ(QT), 1=0,1,...,n,

¢ nomolpo paseHcrsa (1.7) MOXKHO onpeenTbh 0GOOIIEHHOE Pe-
menue sagaqn (1.1)-(1.3) us npocrpancrsa Lo(0,T; H(2)). Ta-
Koe pertrenre (0T KOTOporo He TpeGyercst CYIeCTBOBAHUS IPOU3BO/I-
HOI Ou/0t) 9acTo Ha3BIBAIOT CJaa0bIM 0600IeHHbIM perterneM. O
HAKO OTMETHM, 49T0 B pasencrse (1.7) measHo nmudopmals 0 Ipo-
W3BOHOI pereHns 110 IepeMeHnHoi ¢ cojepskuTcs. JleiicrBure/ibHoO,
soibupast B (1.7) n(x,t) = v(z)z(t), tae v € CL(Q), z € C§°(0,T),
HEeTPY/IHO IIOJIyYUTh

_O/T<Q/u<x,t)v<x)dx)a O/Tz@){/( T

Dem™0,T;C3(Q)) =
= {n(=z,t) € C(0,T;CA(V)) : atk €C(0,T;C3(Q)), k=1,2,...,m}.
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AVU~Vva~Vuvub~Vvamw)dx}dt. (1.9)

Ucnomwayst miornocts CF(Q) B HE(Q), MOKHO mOKazaTh, 9TO pa-
BeHerBo (1.9) ocraercst cnpaBe/UIMBBIM U OpH JIE000H  DyHKIMN
v € H}(Q). Upu Buimosennn yeaosuit (1.8) s1o o3nauaer (M. onpe-
neserne 1, ¢. 209), aro GyHKIMS U nMeeT 0OOOIIEHHYIO TPOU3BO/I-
nyio Ou/0t € Ly(0,T; H 1 (Q)). Tlosromy B masbueiinien Mbr Gyiem
WCIIOJIB30BATh CJIEJIYIOIee OIpeiesieHne 0000IEHHOTO PeIeHusl.

Omnpenenenne 1.1. Oynxyus u € L2(0,T; HE () nasvieaem-
ca 0606wennvm pewenuem dadavwu (1.1)—~(1.3), ecau

ou .
o € 20T HH(@), (1.10)
u(z,0) = ug(x) n. e 6 QY (1.11)

u daa o060t dyrryuu n € La(0,T; HE(Q)) evnoaneno unmeepans-
HOE MOodHcdecmeo

f 0
u
0

—I—/(AVU-Vn—l—a-Vun+ub-V77+a0un) dz dt =
Qr

= /(f077 — f-Vn)dedt. (1.12)
Qr
IMockosbKy npu bukcuposantom z uz HE (Q)
/(AVZ-VU +a-Vzv + 2zb- Vv + apzv) do
Q

sIBJIseTcst orpannyueHHbIM dbyHkimonanom na Hi (), To (cm. 3ameda-
Hue 3.1, c. 111) MOXKHO OIpeJIe/INTh JIMHEHHBINH OrpaHUYeHHbIH orle-

D 3amerum, uro pasencrso (1.11) umeer cMmbici, MOCKOIBbKY (M. Teopemy 1,
c. 210) dynxuus v u3 npocrpancrsa Lo (0,7 H& (£2)), ynosnersopsitomast (1.10),
npunaexxur C(0,T; L2(2)).
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patop L, neiicreyronmuit uz Hi (Q) 8 H~(Q) ¢ momombio Tox1ecTBa

(Lz,v) = / (AVz-Vv+a-Vzv+ zb- Vv + apzv) dz,
)

CITPABETUBOTO IS JIIOOBIX 2,V U3 H&(Q) Taxmm obpazom, TOXKIe-
crBo (1.12) MOKHO 3anucarh B 60Jiee KOMIAKTHOM BHJIE

/T{< at’"> + <Lu,n>}dt_

T
- / (fnydt i€ L(0,T: HA(Q), (113)
0

rjae

() = [ (o - 20 Tnyda Vo HYQ).
Q

2. CyriectBoBaHue 00OOIIEHHOTO peIleHusl.

Teopema 2.1. ITycmo xospduyuermo, ypasnenus (1.1) ydosae-
meopsrom ycaosuam (1.6), (1.8). Tozda sadaua (1.1)—(1.3) umeem

xoms 6bt 0010 0606w,eHH06 pewenue npu a00wux ug us La(Q) u f
us Lo(0,T; H-1()).

JIOKABATEJILCTBO. Bocnosb3yemcsi Tak HA3bIBAEMBIM MEMo-
dom @asdo — Tanepruna. ycts {pg 152, — nomnas B H(Q) cu-
creMa GasnucHbIX QyHKIUH, oproHOpMUpOBaHHast B Lo(Q)) (Hampn-
Mep, cucreMa coOcTBeHHBIX (DyHKIuMHA orneparopa Jlamiaca ¢ Kpae-
BoiM ycsioBueM [dupuxie). IpuGnnxkennoe pemenue 3agaun (1.1)—
(1.3) Gyaem uckarh B BHE

=Y ') pul)

k=1

3aeck ¢’ — KodhOUIMEHTDI, onpeeseMble clie/lyfoneil cueTeMoit
YPaBHEHUIA:

(ul, s o6)o + {Ltum, ox) = {fy01), k=1,2,....m, 0<t<T, (2.1)
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C;cn(o) = (Uo,SDk)o, k= 1727"'7ma (22)
rae un, = Oy, /OL.

Vcnosnb3yst OpTOHOPMUPOBAHHOCTE CUCTEMBL {p) } B IIPOCTPAH-
crBe Lo(Q) u nuneiinocts oneparopa L, HETPYIHO yOEIUTHCI B TOM,
aro (2.1) mpescrasiasier coboit cucTeMy JIMHEHHBIX OOBIKHOBEHHBIX
b depeHInaIbHbIX YPABHEHIH BUIA

dck+2d’“ t) = fult), k=1,2,...,m, (2.3)

rae dF'(t) = (Lo, on), fr(t) = (f(t),or). Tlo ycaoBusM poxasbiBa-
€MOI TeOpEeMbL

fe € Ly(0,T), d*(t) € Loo(0,T),

II03TOMY M3 TeopeMbl 2.3, c. 99, ciemyer cyliecTBOBaHWE W €JIMH-
cTBeHHOCTH pemtenus sagaun (2.2), (2.3) uz kinacca H'(0,7). Ta-
kUM obpasoM, 3amada (2.1), (2.2) umeer eJMHCTBEHHOE DEIIEHHE
um € HY(0,T; HA()).

Ciremytonuii sral J0Ka3aTelbCTBA — HOJYYEHNE JIIA Uy, PaB-
HOMEDPHBIX 110 1 allPUOPHBIX OIIEHOK BHJIA

n 1/2
T P <c(|uo|2;2<m+zfi||i2(QT)) (24

i=0

n 1/2
bl 0101860 <c(u0|iz<m+z||fi%mﬂ> . @5)
1=0

rje ¢ — MOCTOsTHHAS, 3aBucsinas Juiib or (), T u Koaddurmenron
oneparopa L. C aroif nenbio kaxijgoe u3 ypasnenuit cucremot (2.1)
yMHOKIM Ha ¢} (t) 1 mpocymmupyeM o k ot 1 mo m. B pesyabrare
TOJTY IHM

(uly s um)o + (L, ) = (fyum) . se B (0,7). (2.6)

13 teopemnr 1, c. 210, cremyer, aTo

(1 (1), ()0 = 5 lum ()3 (27)
Ipu onerre (L, (t), um(t)) yarem, aro
/AVum(t) V() dz > co | um(t) |2, (2.8)

Q
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2 Cgo” 2
< elun(®) B+ = un(®)3,

‘/a -Vt (1) wp (t) de
Q

2 Cc2>on 2
< elum® [y + = lum(®) o,

‘Q/um(t)b-Vum(t) dz

< oo [ um(t) I3,

‘/ao(um(zﬁ))2 dx
Q

rie
Coo = Maxy max ||a; max ||b; }
o = mae{ mae ladllzc o+ max [hillzon)
IIpu nosyvyeHNn TUX HEPABEHCTB HCIOJb30BAIUCH ycaosus (1.6),

(1.8) u mepasencreo Koru ¢ e.
Takum obpazom,

2
cSon

> ) lum () 3. (29)

ITpasyto wacTb pasencrsa (2.6) Tak»Ke OINEHUM C IIOMOIIBIO HEDABEH-
crea Kommu ¢ e:

(Lt (8), i (8)) > (co—26) [ ()3 = (oo +

<

A0 )] = | [ (0 — 80 t))
Q

< %(|f0(t) 2 4 Jum(®) 2 4 lum(t)]? + EZW” \3) (2.10)

HUcmnonbayst (2.7)—(2.10), uz pasencrsa (2.6) HeTPYAHO HOJIYIUTD, 9TO

2

d csmn
= lum ()1 + 2 (c0=39) [um (D < 2 (o0 + 5 + 1) um ()3 +

+2{ IR + L IAOR} nses 0.1). @11

Uz memmbr 1.1, c. 96, u HepasercTsa (2.11) npu & < ¢/3 cie-
ayer (2.4). Ilpu sTom Hago yaects, 910 |y, (0)|o < |uglo, mocKoIbKY
U, (0) — orpesok pama @ypbe mia bynkuun ug (em. (4.1), ¢. 170).
Ouenky (2.5) HETPYIHO HOIYyYUTb, UCHOb3ya (2.4) u HepaseH-
cTBO (2.11), B KOTOPOM ITApaMeTp € BBIOPaH TaK, 4To ¢o—3€ = a > 0.
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U3 onenku (2.5) ciregyer paBHOMEPHAsT OIPAHUIEHHOCTH TI0-
ceioBaTenbHoCTH  {uy,} B npocrpanctse Lo (0,75 HE (), a 1o-
TOMY HANYTCsl TI0/IIIOC/IEI0BATEIBHOCTD (38 KOTOPOil COXPAHUM TO
e obozHauenne) u dyuxmusa u € Lo(0,T; H} () Taxue, uro npu
m — 00

Uy — u B Lo(0,T; HH(Q)) V. (2.12)

JlokaxkeM Temeph, UTO (BDYHKIU U, ONPEIETCHHAS COOTHOIIE-
HueMm (2.12), siBasiercst 06061eHHEbBIM pernennen 3ajaqan (1.1)—(1.3).
Ilycte 2z — mupoussosbHas (yukmus u3z C(0,7) rakasi, 4TO
z(T) = 0. Paencrso (2.1) ymuoxum Ha z(t), npounrerpupyem ot 0
no T u mepBoe cjiaraeMoe B JIEBOH YacTh peodpasyeM ¢ TOMOIIBIO
OpMyIIbI MHTErPUPOBAHUS 1O YaCTsAM. B pesyibrare moJrydmm

0
- /um goka—jdxdt - /uOm(x) vr(x) z(0) da+

Qr Q
+ /(Lum,gok) z(t) dedt =
Qr
= /(fo o — f-Vor)z(t)dedt YE<m, (2.13)
Qr

m
rae uom () = 3 (uo, pi)o @i(2).
i=1
VunrbiBag coornomenue (2.12) u o4eBuIHbIE PABEHCTBA

[uom@ enta)ds = [wole) euta)da vk <m,

Q Q

upu duxcuposannom k € [1,m] nepeiieM K Ipejeiy B paBeH-
crie (2.13) npu m — oo. Pesysaprar 3anumem B Buje

T

T
/ (u, pr) —dt—l—/(Lu,gak)z(t)dt—
0 0

T

- / uo () pr() 2(0) dz = / (foon) 2(t) dt. (2.14)

Q 0

DHanomuum, 4ro cumsosoM "—"oGosnadaercs ciabas CXooUMOCTD.
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Pagenctro (2.14), oueBumHo, nmeer mecTo Jis oboro k=1,2...,
U [OTOMY B CHJIy TOJHOTHI cucTeMbl dynkunit {¢r}i, B H}(Q)
OHO OCTAETCs CIIPABE/JINBBIM, €CJIU P 3AMEHUTH Ha MPOU3BOJIbHYIO
dbynxmuio w uz H}(Q). Hostomy us (2.14) npu 2z € C§°(0,T) Gynem
UMETH

T T
/uw—d /f Lu,w) z(t) dt Yw € Hy ().
0 0

Bamernm, uro f — Lu € Lo(0,T; H-1(Q)), nostomy m3 mocyes-
Hero paBeHCTBa BLITEKaeT, uTo (PYyHKIMsS U Y/IOBJIETBOPSET YCIIO-

Ju
Buto (1.10), npuaem — = f — Lu, U BBIIIOJHEHO OYEBUTHOE TOXKJIE-

ot

CTBO

T T

0/<gl;,w> z(t) dt + O/<LU7w>Z(t)dt_

T
:/(f,w>z(t) dt Yw € H(Q), z2€ C(0,T). (2.15)
0

IMockonbky MHO)kecTBOo C§°(0,7T) minorao 8 Lo(0,T'), To (2.15) ocra-
€TCsl CIIPABEeIMBBIM 1 Ipu JitoboMm z € Lo(0,T). Beibupas z B (2.15)
TakuM Ke, Kak B (2.13), u cpaBHuUBas 310 cooTHoeHue ¢ (2.14),
HETPY/IHO IIOKA3aTh, UTO

- /T<u w)Z dt + /uo(x)w(m)z(O)d;r - /T<g?,w>z(t)dt.
0 Q 0

3aMeTnM TakKe, UTO, BOCIOJH30BABIINCEH OMpeeaeHneM 0000IIeH-
HOHM TIPOM3BOIHON MO t W (HOPMYJION MHTEIPUPOBAHUS IO YACTIM,
HETPYIHO TOJYIUTH CJIETYIONIYIO TEMOYKY PABEHCTB

T T
[ (Giw)sa = [ St s -
o 0

/Tuw —dt+ /u(x,O)w(x)z(O)dx,
0

Q
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O9TOMY
/u(x,O)w(x) dr — /uo(x) w(x)dx = 0 Yw € Hy (Q).
Q Q

Takum o6pasom, (1.11) mokasano. Crupasemymusocts (1.12) BbITeKa-
er u3 (2.15) n IWIOTHOCTH MHOXKECTBA BCEX JMHEHHBIX KOMOMHAIWIT
bynxmuit suna w(z)z(t), rae we HYH(Q), 2€L2(0,T), B mpocTpan-
cre Lo(0,T; H(Q)) (em. memmy 1, c. 209). O

3. EauHcTBEeHHOCTh ODOOGIIEHHOIO peIlleHusl.

Teopema 3.1. Ilycmv svinoanerv, ycaosus meopemovs 2.1. To-
20a 0bobuwennoe pewenue 3adawu (1.1)=(1.3) eduncmeernno.

JIOKABATEJBCTBO. Ilycth w1, us — aBa 0DOOIEHHBIX perire-
nus 3aa49u (1.1)—(1.3). Torga ausa dbyskuuu w = u; — ug cupaBej-
JIABO TOXKJIECTBO

i{<%§’”>+<Lw’”>} dt =0 Ve Ly0,T;Hs(). (3.1)
0

ITpoussosbHbIM 06pasoM BeiGepeM Touky ' € (0, 7). Tlonaras s (3.1)
n(t) =w(t)upu t <t un(t) =0npu t' <t <T,arakxKe yInTHIBASA
(cm. Teopemy 1, c. 210), uro

ow 10
(GO0)) = 5 5w,

¢

S o) == [ (L, wo)d (32)

0

Oy/ileM UMeThb

nockosieKy w(0) = 0.
Hnst onenku  (Lw,w) Bocmosb3dyemest (2.9) npu € = ¢o/2. B
pesyibrare u3 (3.2) HoJLyduM, 9TO

'

= n /|w )adt mmsose. € (0,T).

S0l < (e + 2

Orciona u u3 Broporo Hepasencrsa I'ponyosuia (aemma 1.2, ¢. 96)
caeayer, uro w = 0. O
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4. T';magkocTh 00O0OIIEHHOTO pellleHus. B 3ToMm myHkre
OyJeT TOMyYeH Pl pe3y/IbTaTOB O TJIAKOCTH ODODIEHHOTO perre-
mng 3aga49u (1.1)—(1.3) npu ycrosun, 910 KOI(DMUIUEHTE 45, a4,
ag omeparopa L #e 3apucsar or t, a b; =0, 1 < i < n. Kpome To-
ro, ByseM CUUTaTh, UTO a;; = Aj;, 1 < 4,j < n. 3aMeTuM, 4TO ITO
yCJIOBHE TIpU (DOPMYJIUPYEMBIX HUZKE IIPEJIITOJIOKEHUIX O TJIAIIKOCTH
K03 duImenToB oneparopa L He sIBISIETCsS OTPAHMIUTETHHBIM (CM.
c. 104).

Teopema 4.1. [Tycmv u — obobwernoe pewenue 3adavu (1.1)—
(1.3),

0N e€C? a; € Loo(Q), i=0,1,...,n, a;; € C(Q), (4.1)
i,7=1,2,...,n. Toeda:
1) ecau ug € HY(Q), f € L2(Qr), mo
u € Ly(0,T; H*(Q)) N Lo (0, T5 HA (), ' € Lo(Qr),

U CNPaBedAUBH OUEHKE

HUHiQ(o,T;m(Q))an(o,T;Hg(Q)) + 141170 <
<c(luoli + 17, 0m); (42)
2) ecau ug € H*(Q) N H(Q), f € HY0,T;Ly(S2)), mo
U € Loo(0,T; HA(Q)), ©' € Loo(0,T; La()) N Ly (0, T; Hi (Q)),
u” € Ly(0,T; H (),

U CNPaBedAUBa OUEHKA:

lull? . or:m20)) + ||u/||%°o(O,T;LQ(Q))QLQ(O,T;H&(Q))+
+ 1"1Z 01110 <
< c(lluollrzy + 1 F 1% 0.7, 000)) - (43)

JLOKABATE/IbCTBO OCHOBAHO Ha IOJIyYEHHN JOHNOTHUTEIBHBIX
OIEHOK ISl TIOCJIEJIOBATEBHOCTH {Uy, } NPUOJIIZKEHHBIX DeIlleHui
sajgaan (1.1)-(1.3), mocrpoeHHON Tpu 0oGoCHOBaHMM TeopeMbl 2.1.
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ITpu sTOM, Kak 1 Iperk/ie, Oy/IeM MOIaraTh, ITO B KATECTBE ODA3UCHBIX
dyuxumit {@r 52, B Merone Pasno — Tamepkuna BEIGPAHBI OPTO-
HOpMupoBaHHbIE B Lo (§2) coberBennbie (pyHKIuu oneparopa Jlama-
ca npu rparnasoM yeaosun Jupuxie. Iockorsky 092 € C?, To, Kak
ciejtyer u3 TeopeMbrt 7.1, ¢. 175, kaxmast u3 GyHKINN @y, TpUHAIIE-
sxuT npoctparctey H2(Q) N HE () u, crenosarenbo,

—App = \ppp 1. BC. Ha (), (4.4)

e A — COOTBETCTBYIOINIEE COOCTBEHHOE YUCIO0 ortepaTopa Jlammaca.
IlocpescTBOM TOXKTEeCTBA

(Lou,n) = /AVu -Vn dx Yu,n € Hy(Q)
Q

onpenesinm oneparop Lg. Herpyano Buyiers, uto u3 yciaoBuii Teope-
MBI CJIe/yeT JMHEHHOCTh, OIPAHMYEHHOCTb U IIOJIOXKUTEIbHAS OIIpe-
JIEJIEHHOCTD ortepaTopa L, a TakyKe CIpaBeINBOCTh PABEHCTBA

<L0ua77> = <L077au> Vu,n € Hé(Q)a (45)

T. €. cuMMeTpus orneparopa L.

st jokasaresbeTBa nepBoil 4actu TeopeMbl Ipu (DUKCHPOBAH-
HOM 7 paBeHCTBO (2.1) ymuoxum Ha (c}]')’ U mpocymmupyem o k
or 1 10 m, B pe3ysbTaTe IOJIyIUM

(ury s ul)o + (Lup,ul,) = (f,ul,) man se. t € (0,T). (4.6)
IMonoxkum Ly = L — L. 13 (4.5) BbITEKAET, ITO

1d
(Lo, ul,) = 3 %(Loum,um> i 1. Be. t € (0,7). (4.7)

ITpaByio uactb pasencrBa (4.6) u ciaraemoe (Ljty,,u,,) OLEHUM,
ucnosb3yst (1.8), ¢. 217, u mepasercrso Kommu ¢ &, cremyrommm 06-
pasom:

[{Latum (1), up (£)] < glum(t)\? + e lup, (1[5,

[{(f(®), um(E))] < glf(t)lﬁ + e lup, (1[5 -

YaureiBast 9TH OICHKA U paBeHCTBO (4.7), u3 (4.6) HETpYAHO TOJIY-
AT, ITO
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[ (115 + (Lotm (), um(t)) <

£ (lum(®} +17O) + 21, (0} Ve>o0.

N | —
A Sl

Iocneaee HepaBeHCTBO Tpeobpasyem ¢ nomomniwio (1.6), c. 217. Pe-
sysbTaT npu € = 1/4 3anumem B B

(O + Dot (6), (1)) <

1
< 8¢ <C(L0um(t)7um(t)) + f(t)g) st 1. Be. t € (0,T). (4.8)
0
U3z (4.8), nemmbr ['ponyosra 1.1, ¢. 96, orpaHUYeHHOCTH U TI0-
JIOKUTETHLHON OMPEJIEJICHHOCTH oneparopa Ly HETPYIHO IOy IUTh,
4TO

||U/m||2L2(QT) + um (8)17 < C(Juol} + Hf||%2(QT)) (4.9)

qist ourn Beex ¢ € (0, 7). Tlpu 91oM MBI yuiu, 9T0 Beaeacreue (2.2)
dyrkumst 1, (0) ectb orpesok psima Pypbe st GyHKIUM wg (CM.
(4.2), c. 170).

Bocnosnb3zosasumucs onenkoit (4.9) u ciaaboil KOMIAKTHOCTBIO
OIPDAHNYEHHBIX MHOYKECTB B TMJIBOEPTOBOM IPOCTPAHCTBE, BbIOEpEM
HOJIIOC/IEIOBATEIbHOCTD  TIOCIEI0BATEIbHOCTH  { Uy, b (38 KOTODPOI
COXPAHMM TO K€ 0DO3HAUEHUE) TAK, ITOODI

/!

Uy,

— ¢ mpu m — oo B Lo(Qr),

rge £ — HEKOTOpBIN 3jeMeHT u3 Lo(Q7). Yerpemutsis m — 00 B
OYEBU/IHOM DABEHCTBE

/u;n zdrdt = — /um%dacdt VzeCy(Qr) (4.10)
Qr Qr

u yuntbiBas (2.12), HerpyHo ybeaurbes B ToMm, uto & = u'. [losromy
u3 onenku (4.9) u ciaboii NOJYHENPEPHIBHOCTU CHU3Y HOPMBI (CM.,
Hanpumep, [3], c. 108) Gyaem nmers

111, @r) < C (luolf + I£1lL,0r)) - (4.11)

CrpaBeImBOCTDb OIEHKI

HUH%OO(O,T;H?(Q)) < C (Juolf + ||fH2L2(QT)) (4.12)
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BoiTekaer u3 (2.12), (4.9) u gemmpr 1, §4 Hacrosueil riasbl 1pu
Hy, = Hy = H}(Q)Y.

Jokazkem orpanuuentocts u B Lo(0,T; H2(Q)). das storo 3a-
MeTHuM, 4T pemtenne 3ajgadn (1.1)—(1.3) mis nouru Beex ¢ € (0,7)
MOYKHO PacCMaTPUBATh KaK pelleHne 3a1adu JIupuxie s SJuIn-
THYECKOIO yPaBHEHUS BUIA

Lu(t) = h(t), taeh(t) = f(t) —u/(t) € L2(9).

Yenosust (4.1) MO3BOMSIIOT BOCTIONB30BAThCs caiegcTeueM 3.1, ¢. 133,
U HOJIYIUTH OIEHKY

a2 < e (fOR + [/ @ + [u®)]f) - (4.13)

WHTerpupoBanue 3TOr0 HEPABEHCTBA IO { 3aBEPIIAET JIOKA3ATE b~
CTBO IIEPBO#l 4acTU TEOPEMBI.

TIpn nmokazareabLeTBe BTOPOH 9aCTH TEOPEMBI 3aMETHM, UTO W3
YCJIOBHIT TEOPEMBI CJIEJIYET, UTO IpaBas 9acThb cucreMbl (2.3) umeer

npoussojmyio mo t u3 Lo(0,T), xoacdbdburmentnr d* ne zaBucsaT or
2 .m

d“c
t, e H(0,T), mostoMy CymIecTByIoT dtéc € L2(0,T) u cupa-
BeJJIMBLI PABEHCTBA,

d? e dcp’
dt; (t)+del (t) F®,  k=1,2....m. (4.14)
ITomoxxum
dc?
~m vt = —k
i (1) ().

k=1
dej?
Vuuoxkasn (4.14) na - u cymMupys no k or 1 710 m, OyjieM uMeThb

(@, iim)o + (L, ) = (f' ) aasa i se. t € (0,T). (4.15)

Paccyzkmast Teneph TOYHO TaK 2Ke, KAK IPU JOKA3ATENbLCTBE HEPa-
BeHCTB (2.4), (2.5), u yuursiBasi, 910 Uy, = U, , HETPY/IHO HOJYIUTH
OIICHKY

2 2
”u'/m”LDO(O,T;LQ(Q)) + ”u;nHLz(QT;Hé(Q)) <

1 BenomoraTerbHbIe PEe3yJIbTAThI [IPEJICTABJIEHbI B KOHIE 9TOM IVIaBbl B § 4.
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< ([ O + 1140 ) - (416)

Tlokazkem, aTo

[, O < ¢ (luolde) + 130 zizaiay) - (417)

Iockoneky ¢t € H 2(0,T) (r. e. ko3hbburmenTsr cp' ¥ UX IPOU3BO/I-
Hble ABJAIOTCA HenpepbiBHbiMU Ha orpeske [0,T] dyuxiusmu, cu.
yupaxkuaenue 13.1, ¢. 67), To pasencrsa (2.1) GyayT crupaBeuBbI-
mu u npu ¢ = 0. YMHOXKag KaxK/0e U3 ypaBHeHuii cucrembl (2.1)
npu t =0 na (¢]")'(0) u cymmupyst mo k or 1 g0 m, 6yem umernb

(u/m(o) au/m(o))() + <Lum(0)a u;n(o» = <f(0)v u/m(o» ?
[I09TOMY, KaK HETPYJIHO YOeIuThCs,
[, O < ¢ (lumO)l3z@ + FORF) . (@18)
ITokazkem Temepb, ITO
[t (0) [ 122(02) < clluol m2(0)- (4.19)

IIpesk e Beero 3aMeTHM, 4To HocKoIbKy 0§) € C2, o no Teopenme 3.1,
c. 129, cpaBejyInBO HEPABEHCTBO

[[m (0)[| 202y < c[Aum(0)

0 (4.20)

OueBuHO, 9TO

(A, (0), Ay, (0))o = (Aup (0), Aug)o+
+ (A (0), At (0) — Aug)g.  (4.21)

IokazkeM, 4TO BTOpOE caraeMoe B IpaBoit yactu paseHncrsa (4.21)
ecThb HyJsb. JlocTaToIHO TPOBEPUTH, UTO

I, = (Avk, Ay, (0) — Aug)o =0
st k=1,2, ..., m. Beaenersue (4.4) nmeem
I, = =i (0r, Ay, (0) — Aug)o.
IIpumensist Tenepb (bOPMyYJTy HHTEIPUPOBAHUS IO YACTSIM, TTOJLY TUM

I = = Ak(Apk, (um(0) — uo))o = AZ(#k, (um (0) — ug))o = 0.
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IocyieiHEE PABEHCTBO BBITEKAET U3 TOTO, UTO Uy (0) — OTPE30K psiya
Dypoe Gyuxmmn ug o cucreme byuxmumit {py}72 ;. Takum o6pasom,
| A, (0)|2 = (Aupm(0), Aug)o. U3 sroro pasercrsa u uz (4.20) cie-
ayer (4.19). Onenxu (4.19), (4.18) u oueBHIHOE COOTHOIICHUE

£ < cllf 1 om0

obecneunBaroT cipaseyinBocTh (4.17), a ¢ yuerom (4.16) u cripasei-
JIIBOCTD OIIEHKU

Hu;nH%m(O,T;Lg(Q)) + ||u/mH2LQ(0,T;Hé(Q)) <
< ¢ (Nuolrzy + 1130 ziaay) - (422)

JokazarenbcrBo Toro, 4ro anajorudHas (4.22) oneHKa IMeeT MeCTo
U IS IPEAeIbHON QYHKIMU U, IIPOBOJUTCH 110 TOl JKe CXeMe, UTO
u mepexoy or orenku (4.9) x (4.11) u (4.12).

IIpu monywenuu onenku Jyist GYHKIUU % B HOPME HIPOCTPAH-
ctBa Lo (0.T; H2(£))) HY?KHO MOBTOPUTL PACCy’KJIEHNs TepBOil [a-
CTH JIOKA3aTeIbCTBA, UCIOJIb3yeMoro jist obocHoBanust (4.13). TIpu
STOM CJIEJyeT y4YecTb, YTO MO YCJIOBHIO BTOPOIl HaCTH Teope-
MBI TpaBas 9acTb HepaBeHCTBa (4.13) mpHHAIEKUT HpPOCTpAH-
crBy Loo(0,T).

TaxumM 00pazoM, Jyist 3aBepIIEHHs [[OKA3ATEIbCTBA TEOPEMbI
OCTAJIOCH [I0KA3aTh, 1TO

112 0.2y < € (Nuolaay + 1130 (0.rizaay ) - (4:23)

Ilycts v — mpowssosbHbIH saement w3 Ha (). Kaxmoe us pa-
BeHcTB (4.14) ymuoxkuM Ha (U, Yk )o, IPOCYMMUPYEM HOUIEHHO 110 K
or 1 1o m. B pesymbrare, yuanrsiBas, 9to (ul,,¢;)o = 0 pis 1060~
ro j > m, HOJIy9IuM, ITO

<U;;,L,’U> = <f/ - Lu;n7 Z (’Uv(pk) 801@>,

k=1

OTKY/I& BBITEKAET OIEHKA
(s ) | < (o + luml) ol Vo € Hy(Q).
ITosromy st moutn Beex ¢ € (0,7)

lum@ll-1@) < e(If' Bl + [up, (D) -
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U3 sToro mepasencrea u (4.22) cieayer oneHka

12 so.zr-1cay < € (loliEraqay + 1130 0.ziaay)

U3 KOTOPOil ¢ TIOMOIIBIO MPEJeJILHOTO mepexosa moaydaeM (4.23).
O6ocHOBaHNE STOTO HTAINa MPOBOJUTCS C MOMOIIBIO PACCYZKJIEHUH,
AHAJIOTUYIHBIX TeM, KOTOpPbIE 6I)IJ'H/I HCIIOJIB30BAaHbI JJId JOKa3aTeJIb-
crBa toro, uro u3 (4.9) Berrekaer (4.11). IIpu sTom BmecTo mpe-
JIeJIBHOTO TIepexoia B paBeHcTBe (4.10) HY>KHO mepeiiTu K npejieny B

paBeHCTBe
T

/T Vo' dt = /(u’,;l, w)z(t) dt,
0

0
cipase/ymBoM 1pu Jiobeix w € Hi (), 2 € C§°(0,T). O
Teopema 4.2. [Tycmov u — ob6obwennoe pewerue 3adauu (1.1)-
(1.3),
e C™2 ay; € CPTHQ), 0,5 =1,2,...,n,
eC?™(Q), i=0,1,...,n, m>0. (4.24)

Ilycmoy, xpome moeo,

o f

ug € H2m+1(9)7 atk

€ Ly(0,T; H*™2k(Q)),
E=0,1,...,m, (4.25)

U BOINOAHEHD, CACOYIOULUE YCAOBUA COBMECTINHOCTIY HANAAOHOIT U
epanumvix yeaosuts sadavu (1.1)—(1.3)1:

ak
go = ug € HJ (Q), gk+1:aT£(0)—Lgk € Hy(Q), k=0,1,...,m—1.
Tozda
" u 2m+2—2k
%GLQ(O,T;H’” (), k=0,1,...,m+1,

U CNPABEIAUBH OUEHKA

D37n yeaosust HASBIBAIOT YCAOBUAMU COBMECTVHOCTIU M-20 NOPAJKA.
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2

m+1 aku
> o <
s t Lo (0,T; H2m+2—2k (Q2))
m akf 2
S e (Z ik + [luolFrzmsr(qy | - (4.26)
k=0 L2 (0,T; H2m=2k(Q))

JIOKABATEJILCTBO. BocrobayeMcss METOJIOM MaTeMaTUIeCKOi
napykiun. Ipn m = 0 cupaBeyImBOCTE T€OPEMBI BBITEKAET U3 II€p-
Boit yacTu Teopembl 4.1. IIpeamnosokum, 4TO yTBEPK/IEHIE TEOPEMbI
cripaBeiuBO 1ipu m = p > 0, u jJoKaxkem, 4To pu m = p + 1
OHO TAKKe CIIPABEJJIMBO. 3aMETHUM, PEXKJIe Beero, aro u3 (4.25) n
TeopeMbl 2, c. 214, cieyert, 4TO

f(0) € H#PTHQ),  f'(0) € H*71(Q), ..., fP(0) € H'(Q),
u HOTOMy
go € H*T3(Q), g1 € H* HQ), ..., gps1 € H(Q).

Ilycrs @ = v'. ®akTU9eCKH, IPH JOKA3aTEILCTBE BTOPO 9aCTH TeO-
pembl 4.1 ObLIO YyCTAHOBJIEHO, 9TO U SBJISETCS PEIIEHUEM CJIeTyIomei
3a/1a4n:

ou _of
E—FLU_E’ (z,t) € Qr,
u(z,t) =0, (x,t) € 90 x [0,T7,

17,(1‘,0) = gl(‘%.)a x €.
ITosTomy
i€ Ly(0,T; H (Q)), @ € Ly(0,T; HH(Q)).

Kpowme toro, dyrkiun df /0t u g; ynosiaerBopsttor yciaosusam (4.25)
IPU M = P U YCJIOBUSIM COBMECTHOCTH P-T0 mopsizika. [TlosTomy, Boc-
[OJIb30BABIINCH TPEIONOKEHNEM UHJIYKITU, MOXKEM yTBEPXKIATh,
9TO

otk

W CIIpaBe/JINBa OIEHKa,

€ Ly(0,T; H#T*725(Q)),  k=0,1,...,p+1,
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p+1 2

ok
(v <
=0 197 Nl Ly 0,7, 204221 ()
P k+1 ¢ 12
" f 2
<c — + g1l z2e+1(qy | -
(ch—O O Ly 0.1 m20 -2k (02)) e

OTcrofia, yIuThIBasg PABEHCTBO U = U’ W BBITEKAIONLYIO U3 TEOPEMBI 2,
c. 214, onenky

1FO)[Fr2pt1(0y < € (||fH%2(o,T;H2p+2(Q)) + Hf/H%g(O,T;H?P(Q))) ;

HETPYAHO IIOJIYyIUTh, 9TO

2ok
P (Ena <
i1 1O Ly 0,5 pr2mva=20 )
p+1 k 2
o f
< 7
¢ Z otk L 2p+2—2k -
k=1 L2(O)T)H P (Q))

HLF O zmra(@y + I LtolFzmene ) <

pt1
<c (Z

k=0

o fI?

+ uolli,zp+3(m> . (427)
LQ(O,T;H2P+2*2’C(Q))

OCTa.HOCL A0Ka3aThb, 9TO
u € Ly(0,T; H*4(Q)).

C sroit b0 pemenue ypasHenus Lu = [ — u/, cupapemBoro
st nourn Beex 0 < ¢ < T, onenumM, yuurbiBas ycuaosus (4.24), upu
oMo TeopeMbl 3.2, ¢. 134. B pesysibrare mosyanm

lulznraiay < € (IF = 0/ l3aragay + Iulaey) <

< ¢ (1 ey + I ramragay + Tullfy @) -

Wurerpupyst mocieguee Hepasencrso mo ¢ or 0 go T u yuuTsl-
Bas (4.27), 6yleM uMeThb
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2

p+2 aku
Z atk S
P L(0,T; H20+4-2k (02))
p+1 k 2
d
<e(X| 5 '
=0 1O Nl 0751200221 0))

+ lwolarsaqay + lulor ) - (4:28)

IlockobKy, Kak IIOKa3aHO paHee,

lul oy < ¢ (113 aim + luolaey)

u3 (4.28) cuenyer cupasemusocts (4.26) upu m =p+ 1. O
Teopema 4.3. Ilycmo

Qjj ECOO(Q), i, =1,2,...,n, aiGCOO(Q), 1=0,1,...,n,

up € COO(Q)a f € COO(QT)7 00 e COC7

U GHINOAHENDL YCAOBUA COBMECTIHOCTIU M-20 NOPAJKA OAs A100020
yeaozo neompuyamesvnozo m. Tozda pewenue 3adavu (1.1)—(1.3)
npunadaesicum C(Qr).

JIOKABATE/JILCTBO COCTOUT B MOCJIEJIOBATEILHOM IIPUMEHEHUN
Teopembl 4.2 ipu m =0,1,...

§ 3. Henmmneitnbie mapabosinueckue ypaBHEHUS

1. YpaBHeHHUsI C MOHOTOHHBIM oriepaTropom. B stom ma-
parpade paccMaTpUBaeTCs 3a1ata,

ou

a + Lu = f, (l‘,t) (S QT, (1.1)
u(z,t) = 0, (z,t) € 9 x (0,77, (1.2)
u(z,0) = ug(x), z€Q, (1.3)

B CIyvae, Korjaa

Lu = —div a(z,u, Vu) + ag(z,u, Vu), (1.4)
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e a = (a1,...,a,), ai(r,,£),i=0,1,...,n, — 3aganube QyHK-
in, U3MepuMbIe 1o & Tpu Jodbix &y € R, £ € R™, "HenpepbiBHbIE
mo & u & npu yoboM x € (), YIOBIETBOPSIONINE YCTOBUIM MOHO-
TOHHOCTHN

n

Z (ai(f,go,g) - ai(l‘v&)vg)) (gz - Ez) 2 0

=0
V507€0€R7 £7£_€Rn7 er? (15)
KO3PHUTUBHOCTU
Z az(x 507 ] / Co Z |§’L‘2
=0

V& eR, EeR”, 2 €, (1.6)

n OFpaHI/I‘{eHHOCTI/I
i, 0. 6)| < e (Z €] + 1) Ve ER, EERY, e (LT)
k=0

Buecy ¢g >0, ¢; >0, p > 0 — nocrosiHHbBIE.

ITo amajorum ¢ JMHEHHBIM CilydaeM Ha30BeM OYHKIMIO U,
npunagexkaityio Lo (0,75 HE(Q)), 0606meHHbIM peleHneM 3a1axu
(1.1)—(1.4), ecam

0
a%t € Ly(0,T; H-1()), (1.8)
u(z,0) = ug(x) . B. B (), (1.9)

u s gmoboit byukmun n € Lo(0,T; HE(Q)) BhImosmeno nnaTerpasis-
HOE TOXKJIECTBO

Z{<§;,n>+<Lun}dt_ / 110

e oneparop L, neitcrsyronmit us HE(Q) 8 H~1(Q) , onpeemum ¢
HIOMOIIBIO COOTHOIIECHHUA

(Lu,v) = /(a(x,u, Vu) - Vv + ag(z,u, Vu)v)de Yu,v € Hg(Q).
Q
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Teopema 1.1. Ecau ¢ynxyuu a;(x,€o,€), i =0,1,...,n, ydo-
BAEMBOPAIOM NEPEHUCACHNIM BbIUE YCa08UAM, Mo 3adayva (1.1)—
(1.4) umeem eduncmeennoe obobwernoe pewenue npu A100bLT

ug € Lo(Q), f € Ly(0,T; H1(Q)).

JIOKABATE/ILCTBO. Crauama y6eaumcsas B €JUHCTBEHHOCTH
0606mmennoro permenus. Ecian wy, ug — ABa pemenns 3agaqau (1.1)—
(1.4), To It PYHKIAM W = U1 — Ug JETKO TI0 AHAJIOTHH C JIMHEHHBIM
catydaeM 1nostyauth g nodru Beex t € (0,7T) paBeHcTBO

t,
1
§\w(t’)|g + /(Lul — Lug,uy — ug)dt =0, (1.11)
0
OTKyJa ¢ y49eToM ycjaoBus monoronnocru (1.5) Gymem mmerhb, 9TO
lw(t")| < 0 st mouru Beex t' € (0,7, 1. e. perenne 3amaun (1.1)—
(1.4) exunCTBEHHO.
Ilpu noKa3aTeIbLCTBE CYNIECTBOBAHUS PEIICHUsT OYIeM HCIIOJIb-
30BaTh Memod NoAYOUCKPeMU3auuy 10 IEPEMEHHON ¢ B coueTanun

¢ MeTomoM MonoToHHocTH. g sroro mocrpoum Ha orpeske [0, 7
PaBHOMEPHYIO ceTKy ¢ marom 7. ITomoxkum

wT:{t:kTJ k:0717"'7N7 NT:T}J U‘)T:(DT\{O}

QyHKIUIO Y, ONpeieseHHyio Ha ) X W, , Oy/1eM Ha3bIBATH IOy~
JuckperHbiM perienneM 3aaun (1.1)—(1.4), ecom st sio6oro ¢ € w,
byukmusa y(t) € HEH(Q), y(z,0) = ug(z) nouru seogy B Q u s
060t dynximuu 7 € HE () BBIIOIHEHO PaBEHCTBO

(T2 ) L3te) ) = £o0)m) Ve €@ \(T), (112)

e Y(t) = y(t + 1),

n t+7
<fr(t)7v>=(f0nU)0—Z(fin%)oa folt) = 1) / fi(€)de.

n
3aech, Kak u B § 2, nosaraeM, 4ro f = fo+ > 385
: :

=1
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Bamucas ypasuenue (1.12) B Buse

((E+7L)yt), n)=(yt) + 7f-@),n) View\{T}, (1.13)

sameruM, 4to (1.13) npm mssectHOM y(t) SABJISIETCS OTHOCHUTEIIB-
HO Y(t) 9/IMOTUYECKUM yPABHEHHEM C MOHOTOHHBIM OLEPATOPOM.
ITosroMmy cyiecTBOBaHEE MOy JUCKPETHOTO PEIEHUsT CJIE/IyeT U3 Pe-
3yJabTaToB TaBbl 2 (cM. Teopemy 4.1, c¢. 152). B emuncrsennocru
perternst ypasaenust (1.13) sierko yoeuThbest, UCIOIb3ysi OUEBUIHOE
HEPABEHCTBO

(v—z,v—z2)+7(Ilv—Lz,v—2) > |v—2} Vv,z€ H}(Q).

JokaxkeM, jaJjiee, 4TO I PENIEHUs ITOJYTUCKPETHON 3a/1aqm
CIPABE/IJINBDI CJIEIYIONUE allPUOPHBIC OICHKU:

OB < e (lwld+ 1+ 1 filkqn) Vieo, (114)
i=0

Srlu® B < e (| uol + 1+ D1 filRum): (1.15)

tEw, =0

S rlagt y0), Vo) [} < es(Juold+1+ 3 15l qr) ) (116)
=0

tEw,

j7=0,1,...,n. 31echb ¢, Co,C3 — MOCTOSHHBIE, HE 3aBUCAIINE OT T.
st nostyuenust arux onenok nosozkum B (1.12) n = g(t). B pe-
3yJIbTaTE, MOy IUM

(oe(t), y(@)) + (L), y@)) = {(f-(t), y(t)), (1.17)
rie yi(t) = (y(t) —y(t))/7. Duemenrapble BHIKIIAIKH OKA3BIBAIOT,
- 1, 1 9 T 9

(3e(0), ¥(1)) = 14O o — - ly@ o + 5 lue®)]5. (1.18)

ITpu onenke (Ly(t), y(t)) Bocmoab3yeMcst yeaoBreM KO3PIUTHBHO-
cru (1.6). IIpasyio uacts (1.17) oneHHM € HOMOIIBIO HEPABEHCTBA
Kommu ¢ . B pesysibrare Oyjaem nmersb

A =DIFO) G + 7(2c0 —en) [GH) [T < |y + 270+
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+T{fof<t 2 me t>|o} (1.19)

Iycrs € < ¢o/n, ¢ = const > 1. Torma s moboro 7 < 1/¢
orerka (1.19) MO3BOJISET BOCIOIB30BATLCH JEMMOi 2, ¢. 259, npu

€)= (1),
) =20/0 = 7] for ) + 200 + 1/ Y1 Fr) 3 .

p=1/(1—77¢). B pesysbrare, yauTblBasg JErKO IIPOBEPIEMYIO OICH-
Ky

k T
Y () 5 < /|fj(f) lbdt  Vk=0,1,...,N—1, (1.20)
1=0 0

1 TOT (PAKT, YTO IIPU JOCTATOUYHO MaJIOM T Jjist Bcex k=0, 1, ..., N
BomosHeno nepasenctso (1 — 7¢) 7% < exp(2¢T), momyamm (1.14).

Cymmvupyst mepasencrsa (1.19) t ot 0 mo T — 7, npu € < ¢o/n
OyaeM MMeTh

ZTCOHJ |U0|0+ZT|?J
+ ZT{2M+ for ()2 + Z\f” }
t=0

W3 sroro mepasemcTBa, yxke gokazanuoil omenku (1.14) u (1.20)
HerpynHo moayunts (1.15), a u3 (1.15) u ycnosust (1.7) BbiTekaer
onerka (1.16). Ioguepkuem, uro (1.14)—(1.16) umeror mecro st
Beex 7 < 1/¢. IIpn 9TOM NOCTOSIHHBIE €1, C2, C3 OT HapaMeTpa T He
3aBUCAT.

Haunee, mig dbyuxuun z(t), 3a1aHHON HA MHOXKECTBE W, OIIpe-
JIeJIAM OTIePATOPBI IPOJIOJIKEHHs Ha Bech oTpe3ok [0, T:

IZz(t')=2(t) mpu (t—7) <t' <t t€ws,

Hz(t) =2(t) nmput <t < (t+7), t €@, \{T}.

13 onenoxk (1.14)—(1.16) n semmbl 4, c. 260, BbITeKaer cy-
[IECTBOBAHUE IIOC/IEI0BATEIBHOCTH IMAaroB 7 u (DYHKIMHA u U3
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Lo(0,T; HY Q) u x; w3 L2(Qr), i = 0,1,...,n, Takux, 9TO
upu 7 — 0

7y — us Lo(0,T; HY()), Ity — u B L2(Qr), (1.21)

ai(x, 17y, VIIZy) — x; B L2(Q7). (1.22)

Jlokaxkem, 9T0 (DYHKIMA U, ONPEAEICHHAS TPEACTLHBIMA COOT-
HommenusivMu (1.21), siBasiercst 06061eHHBIM permerneM 3ajaqu (1.1)—
(1.4). Hus sroro B pasencrse (1.12) momoxkum 1 = 7w (t), rae
wT — cerounast (PyHKIUS, COBIAJAIONAs Ha MHOXKecTBe ) X W, ¢
byukimeit w € C?(0,T; HE (Q)) raxoit, uro w(z,0) = 0. Pesynbrar,
cymmupyst o t or 0 ;o T — 7 m npeobpasysl IepBoe cjaraemMoe ¢
MOMOIIBIO JIETKO TTPOBEPSIeMOil (pOpMYyJIbI

T— T—1

<yf(t) w(t),) = Ty (), (w7)i(t)) — (uo,w™(0)), (1.23)

t=0 =0

3alluimeM, BOCIIOJIb3OBABIIUCH OllepaTOopaMu Hf, B BUIe

— /H;Ly I (w) do dt — /uo(x) w(z,0)dx +

Qr Q

/{Zazxﬂ VH())MI%‘”)JF

Qr
T ao(a, 11 (), VI (3) H:(wf)} drdt =

= /(fo - (w”) — £ VI (w"))dedt. (1.24)
Qr
Hanomuum, uro £ = (f1, fa, ..., fn)-

B pasencrse (1.24), ucnonssys (1.21), (1.22) u nemmy 3, c. 260,
nepeiizieM K npejerny npu 7 — 0. B pesynbrare mosydnm

_ u%—wdxdt — /uo(x)w(x,O)dx—i—
Qr Q

/{ZXz +Xow}dxdt—/(fow—f Vw)dzdt. (1.25)

Qr =1 Qr
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JlokazaTeabcTBO TOrO, ITO (DYHKIMSA U YAOBJIETBOPSAET TOXKICCTBY

T

ou i ow
/<8t’w>dt +/{2;Xzaxl +X0w} dedt =
0 Qr "7

= /(fow—f-Vw)dxdt VwELg(O,T;Hé(Q)), (1.26)
Qr

a Takzke ycaosusim (1.8), (1.9), mpoBognTCst AHATIOTUIHO JIOKA3ATE b=
CTBY COOTBETCTBYIOIIEH dacTu Teopemsbl 2.1, c. 219.

st 3aBeprieHnst JIOKA3aTebCTBA TEOPEMbI OCTAJIOCH IIPOBE-
puUTh, uTO JyIst J1060it dbynkmun w € Lo (0,15 H ()

Q/ {Zx + Xow} drdt =
g,

Qr

3ameTnM, UTO U3 MOHOTOHHOCTH oreparopa L W OYeBHIHOIO Hepa-
BercTBa (cp. ¢ (1.18))

i=1 g

{Z a;(x,u, Vu) g;ﬂ + ao(m,u,Vu)w} daedt. (1.27)

§j<@—v @), G~ 5)0) > 5 l(T) — (D -

1 T
— Sl — v O3

CJIETyeT, ITO

T—1

(g =o)lt) + (L7 = LT, (7 - 7)) >

t=0

1
= 5 lug — v7(0)|5, (1.28)

riae v7 — onpejesienHast Ha () X @, QyHKIMs, paBHas QyHKIUNA
v uz C(0,T;C5°(2)) Ha 9TOM MHOXKECTBE, Y — PEILICHHE LOJLy-
juckpernoit 3agaan (1.12). Hepasencrso (1.28), ucnonnays (1.12)
1 omepaTophl BocnosHenns 11F, sarmmmem B Buje
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/(fo £V (v T))da:dt—/ T (™), T (y—v™) dae dt —

Qr
n H_ _ T
_ /{Zai(xaﬂrv ,VH;’UT)%%.U)—F
Qr =1 '
+ ao(z, 707, VII o) I (y — UT)} dx dt >

1
> —5lu — 0T (O)R. (1.29)

Onwupasics na coornomrenus (1.21), (1.22), nemmy 3, ¢. 260, u ncross-
3ys HEIPePBIBHOCTH oneparopa Hembikoro (cMm. ¢. 142), uepeiigem
B (1.29) k upeneny upu 7 — 0. Ioxyuum

v

e (u—v)dxdt—

/(fo(ufv)*fV(ufv))dxdt -
Qr Qr

_ /{iai(x,v,vv)a(g;v)+
Qr =1

+ ao(x,v, Vo) (u — v)} dzdt > —% lup — v(0)[2. (1.30)

IIpeobpasyem nepasencTso (1.30), ncnonbsys (1.26) npu w = u — v:

0/T< u—v) v> dt +Q[{i(>a — ai(,0, V) 3(?;7;”) N

+ (x0 — ao(z,v,Vv)) (u — v)} dr dt > —% lup — v(0)[2. (1.31)

Herpyaso sugers, uro (1. 31) OCTaeTCs CIIPABEJJIUBBIM W JIJIsl
moboit dyukiuu v € Lo (0, T H () raxoit, uto dv/dt npunasyie-
xut Lo(0,T; H-H(Q)). CJIe,ILOBaTeJIbHO, B (1.31) MOXKHO HOJIOKUTE
dbyHKIMIO v PaBHOH 4 + Aw, TJe A — IPOU3BOJIBLHASL [OJIOXKHUTEb-
Hasl [OCTOSHHASL, & W — IPOM3BOJIbHAST (byHKuI/IH us Lo (0, T HE (D))
TaKasl, 9ITO aw/at npunagiexxut Lo(0,T; H-1(Q)) u w(x 0)=0
nourn Beiony B Q. Ilpu srom nepasencrso (1.31) sanumiercs B Buje
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T
ow = ow
)\/<at,w>dt+ /{Z(Xl ai(x,u+)\w,V(u+)\w))> 3xi+
0 Qr

i=1
+ (XO —ap(z,u+ Aw, V(u + Aw))) w} dxdt > 0.

B nmociieinem HepaBeHCTBE, UCIOIB3YSI CUIBHYIO CXOAUMOCTD U + Aw
K u B Lo(0,T; H(Q)) u menpepsisHOCTL Onepatopa Hembikoro,
nepeiiziem K npemeny npu A — 0. B mrore 6ymem nmers, 90

/{Z(Xi—ai(x,u, Vu)) g;ﬂ + (xo0 — ao(z,u, Vu)) w} dxdt > 0
Qr '

i=1

B custy mpousBOILHOCTH W U3 9TOTO HEPABEHCTBA CJIEYET CIIPABE]I-
auBoCcTh ToxkAecrsa (1.27). O

[Tpu 6ostee CHTBHBIX TPEIITOIOKEHUIX 00 NCXOIHBIX TAHHBIX 3a-
gaan (1.1)—(1.4) MOXKHO TOJTyIHUTh PE3YJIBTAT O HEKOTOPOI PeryJisip-
HOCTH ODODIIEHHOI'O PEeIeHns, 8 UMEHHO, CIIPABEeJJINBA

Teopema 1.2. ITycmo dynrwyuu a;(x,&p,&) i = 0,1,...,n
Y00BAEMBOPAIOM, BCEM NEPEHUCAEHHBIM 6 HAUAAE IMO20 Napazpada
(em. c. 235) ycaosuam, sa uckmouernuem (1.6), xpome mozo, oan
nouwmu ecex x € Q0 u awobwx & € R, £ € R™

n

> i, &0 =0 Y &GP — i D1l G >0,4>0D, (1.32)
=0 i=0

i=0
da;
3] 5&

Iycmy maxorce ug € HE(Q), f € La(Qr). Tozda dan obobwsenozo
pewenus 3adavu (1.1)—(1.4) cnpasedausa ouenka

D3amernm, uro ycrosue (1.32) cunbree yeaosus (1.6), MOCKOIbKY, OYEBHIHO,

(2,0,8) =

(Z‘ 5055) iajzovla"'7n' (133)

+ lullzoommi @) <
L2 (Q1)

STl < e/2Y 7 J6l? + nt/?/(2e) Ve >o.
1=0

=0



§ 3. Hestnnerinpre napabosimieckue ypaBHEeHUs 243

¢ (o gy + 1 F liai@ny + 1) (1:34)

JIOKABATEBLCTBO. onarass n = 7y:(t), npocymmupyem pa-
BercTBo (1.12) mo t or 0 o t/ — 7, ¢’ € w,. B pesynbrare mosyanm

t'—r t'—7

Sorllm@lIs + Z ) ye(t)) =
t=0
=S, w). (135)

Onpesiemum  onepatop  A(z,€), MeficTByOmu 1IPH  KaxKI0M
z € Qus R*! g R crnemyromum o6pazom:

(A('r7g))7’ = ai(mag()ag)gia 7::0,1,...771,

e & = (&,€), €= (&,...,&,). Yenosus (1.33) obecriewusaior Tio-
TEHNNAILHOCTL omepaTopa A, WHBIMHI CJIOBAMH, CYIIECTBYET (DyHK-
must P(x, &) rakas, 4ro

(098 099
a0 = (P52 - 5520,

u 1IoTOMYy

[a@. co-0)- € = [PHEEEHED gy
0 0

— ®(2,8) — (@,0) ¥C EeR™L (1.36)

IMorennua oneparopa OLUPEIEIISIETCs ¢ TOYHOCTBIO JI0 HOCTOSIHHOIO
ciaraemoro. [lomarass ®(x,0) = 0, u3 (1.36) npu ¢ = 0 6yem nmeTsb

B(2, ) = / (A(z,08)) - Ed6. (1.37)
0

Ucnonbsyst (1.37), (1.33) u (1.7), HETPYJHO TOMIYyHUUTH CJIEIYIOIINE
OIEHKI:

Gy 6P — i < ®(,8) <a Z &1 (1.38)
=0
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e Co, ¢1 — HOJOXKUTEJbHDbIE ITOCTOSTHHBIE.
Hagee, OJIOKIM

Fv) = /@(w,f(v))dx
Q

e €(v) = (v, Vo), v € H}(Q). s dynxmumonana F, Bocrosnsso-
Basimck (1.36), (1.38), npu moberx v, w € H}(Q) Gynem nmers:

F(v) — F(w) :/ (w+ ((v—w)), v—w)d(, (1.39)
0

G llvllf = A < Flo) < é vl (1.40)
B cuuy (1.39)

T(LY,y) = (LY, y—

y
= F(7) /Ly Ly + ¢ —v),y—y)dS.
0

U3 sroro paBencTsBa u OmeHKN

1
/<Ly—L<y G-y, T-y)dC >0,
0

crpaBeUInBOii B cuity MOHOTOHHOCTH olieparopa L (em. (1.5)), Bbl-

TeKaeT, ITO
(LY, y) = Fy) — Fy). (1.41)

Ucnonssysa (1.35), (1.41), nepasercrso Komm € jyist onenku mpasoit
gacru (1.35), HEeTpyIHO HOJYIUTDH

t—7 T—1

(1-2) S 7w + Fu) < Fwo) + 5= S 7l L0O13,

t=0 t=0

orkyza, yaurbisas (1.40), 6yzaem umers
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1Ty (13, 0y + 1T 9(®) 30y <

< e (luo 3@ + 11/ 13agn + 1) Vt€w

Taxkum o6paszom, Tocseosarenbiocth {1117y, } pasHOMepHO orpanu-
yeHa B Ly(Qr), & moTOMY HAHIETCs MOJIOC/IEI0BATELHOCTD, JIJIs
KOTOPOii cipaseyuBo (1.21) u ciemyroree COOTHOIIEHHE:

Oy, — x B Lo(Qr). (1.42)

Yo6eaurnest B ToM, uTo X = OQu/dt, HerpyuHo, ecau, ucnosbsys (1.21)
u (1.42), uepeiiru K upeneny upu 7 — 0 B CJIELYIONIEM JIETKO IIPOBE-
PAEMOM PABEHCTBE:

/Hiyt 2" dedt = — /Higjﬂiz{ dx dt
Qr Qr

rae 27 — dynknus, cosnagaomas ¢ z € C§°(Qr) Ha MHOXKECTBE
Q X @, y — pemenue noiyauckpernoii 3agaun (1.12) (cp. ¢ moka-
3aTeIbCTBOM JieMMbI 4, ¢. 260).

Ouenxka (1.34) caenyer u3 (1.21), (1.42), cnaboii nosyHenpepbis-
HOCTHU CHU3Y HOPMBI U JieMMbI 1, ¢. 258. [

2. Henuneiinbie ypaBHeHUs ¢ MOHOTOHHOI 110 IrpainueH-
TY IVIABHOI YacCThIO IIPOCTPAHCTBEHHOTO onieparopa. B srom
IyHKTE PAcCMATPUBAETCsl 3a/1a4a:

% — Z aixi(ai(x,u)ki(x,Vu)) + ao(z,u) = f, (2.1)

u(z,t) = 0, (z,t) € 09 x (0,7, (2.2)

u(z,0) = up(z), ze€. (2.3)

Byaem upemnonarars, aro dbyuxkmmn a;(x, &), i = 0,1,...,n,

u ki(z,€),i =1,2,...,n, HENPEPBIBHBL 110 &y U &, U3MEPUMBI 110 T

I YIOBIETBOPSIOT Ipu Jobbix = € €, & € R!, €', €%, ¢ € R”
YCJIOBUSIM

0<ﬁ0<ai(x7€0)<515 i:1527"'an7 (24)

lao(z, &) < B2léo] + Bs, B2, 33 = const > 0, (2.5)
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(2, )| < Ba Y _1&1+ Bs,  Ba>0, B5 >0, (2.6)

j=1

Zala:fo)k(xé COZMIF o co >0, 020, (2.7)

Zai(x,fo)(ki(x,él) — ki(2,€%))(& — &) > 0. (2.8)

OHpe,ZLeHI/IM oneparopel L, Lo, neiicrytomme uz Hi(Q) B
H~Y(Q), npu momommm ToxkK1ecTs

(Lu,v) / <§:aZ x,u) )gxl + ao(z,u)v )dm

Yu,v € Hg(Q),

n
(Lou,v) = / <Zaz(x w)ki(z, vu)g )dx Yu,v € HY Q).
o \i=1 i
Kak nmerpyano ybemurncest, u3 (2.4), (2.6)-(2.8) Bbirekaer, 4To
oneparop L sIBJIsieTCsl HEIPEPBIBHLIM, KOSPIUTHUBHBIM, OIPAHIICH-
HBIM, HO He MOHOTOHHBIM. Besencrsue (2.8) ero ecrecTBeHHO Ha3bI-
BaTh MOHOTOHHBIMHE 110 rpajuenty. OTMeTHM, YTO BECh HIPOCTPAH-
CTBEHHBIH orepaTop L coXpaHsieT CBOHCTBA HENPEPLIBHOCTH, KO3D-
[UTUBHOCTH U OrPAHIYECHHOCTH.
Kak u B ciiydae ypaBHEHHsI ¢ MOHOTOHHBIM OIIEPATOPOM, 0000~

MIeHHBIM perrenneM 3agadn (2.1)—(2.3) masoseMm dyHKIMIO u u3
Ly (0,T; HY(Q)) Taxyto, ato

% € Ly(0,T; H (), (2.9)
w(z,0) = ug(x) 1w B. B, (2.10)

u st moboit byuknun 1 € Lo (0, T; HE(2)) BbinoHeHo nHTerpaib-
HOE TOXKJIECTBO

O/T{<g?7n> + <Lu,77>} dt = 0/T<f,n)dt. (2.11)
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Teopema 2.1. Ilycmv dynkuyuu a;, ¢ = 0,1,...,n, u Pynx-
yuu ki, 1=1,2,...,n, y008AEMBOPAIOM NEPEUYUCACHHIM BHIULE YCAO-
suam. Tozda zadaua (2.1)—(2.3) umeem xoms 6v. 00HO 0600ULEHHOE
pewenue npu Mmooz uy € La(Q) u f € La(0,T; H-1(Q)).

JOKA3BATE/IbCTBO. BHOBB BOCHOIB3YyeMCS METOJOM OJLY/IHC-
kperusarun. PyHKIWMIO Y, OUpeeseHHyI0 Ha ) X W,, HA30BEM pe-
IIeHueM ToJTy/IucKpeTHoft 3ataun (2.1)-(2.3), ecim y(t) € HE(Q)
YVt € wr, y(z,0) = uo(x) mouru Berogy B €2, u s 060t HyHK-
uun 1 € H}(Q) u aast moboro ¢ € @, \ {T'} umeer MecTo paBeHCTEO

(), m) + Y / ai(,y(1) ki(z, V(1)) 52 et

i=1¢

+ / a0l G(t)) ndx = (f(t), n). (212)

Q

SaMeTI/IM7 9TO IJid oreparopa B, IIOPOZKIa€MOT'0 TOZKJIeCTBOM

o) = Y [ aitey(o) ki@ 7o) 5L do Ve H®),
=1 !

BBIIIOJIHEHBI YCJIOBH MOHOTOHHOCTH, OPPAHIMYEHHOCTH U KOSPIUTHB-
Hocru. [losromy paspermmmocts (2.12) orrocurenbro Y(t) npu mus-
BecTHOM ¥(t) cieayer U3 pesyabraros 1. 3, §4, v 2.

IIpu mosyveHuE PaBHOMEPHBIX 110 T AIPUOPHBIX OLEHOK JIJIst
HOJTY/INCKPETHOTO pelieHnst moyokuM B (2.12) n = (), Bocmob3y-
emcst pasencTBoM (1.18), a Takke BeITeKaromuMu u3 csoiicrs (2.7) u
(2.5) HepaBeHcTBAME

3 [ aite®) kit v50) 22 o > ol - a.

=1 ¢

’/ ag(z,§(t)) y(t) dz| < e2[gO)f5 + es,
Q

rje co, €3 — IOCTOsiHHBIE, 3aBucsime or [y u (3. B pesynbrare
Oy/ileM UMeTb

{1-Q+e)rH IO 5 + 7(2c0 —en) |51 F < [y +
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+orle + 1o + 2100 R) (@213)
i=1

HeTpy/HO MOKA3aTh 0 AHAJIOTHA C JIOKA3aTENHLCTBOM Teopembl 1.1
(em. c. 238), wro u3 HepasencTsa (2.13) mpu e < co/nu T < (14+c9)7?
CJIEJTYTOT OIEHKH

g0 < & (I woly + 1+ D _|fi |iz(QT)) Vi€, (2.14)
=0

S w0 < 2 (ol + 1+ 31 i Baan) (215)

teEw, =0

Onenka (2.15) u ycobue (2.6) O3BOJISIIOT 3aK/IFOUUTh, UTO JJIsl BCEX
i = 1,2,....n

> Tk, Vy(t) 1§ < @ (uo% +14y m%Q(QT)) . (2.16)

tEw, =0

JokazkeM, jraJiee, 9TO JIjId MOJTYJIMCKPETHOTO PENIEHUs CIIPABE]I-
JIUBO TaK»Ke HEPABEHCTBO

N—kt

1
e Z | y(mr + k1) —y(m7)|2 <c, (2.17)

m=0
rie k — soGoe nesioe ducIio, npuHaiexaiiee orpesky [1, N|. s
9TOro Hpocymmupyem obe dactu (2.12) o t or t = m7 mo t = m7 +

+ (k — 1)7, nosyuennoe pasercrso upu 1 = 7(y(m7 + k1) — y(mr))
npocymmupyeMm o m ot 0 1o N — k. B pesymbrare 6ym1em nmern

N—k
> rly(mr +kr) —y(mr)[5 =
m=0

N—k m+(k—1)

= ‘% > > T/{ao(w,y((jﬂ)ﬂ) (y(mr +kr) —y(m7)) +
j=m Q

m=0

1
kT

_,_Zai(x,y(jT)) k(e V3(G41)7) d (y(mt + k1) — y(m7)) }dm—i—

8.%7;
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N—k m+(k—1)

_|_
Enl

7{(fr(7), (y(m7 + k7) —y(m7))). (2.18)

m=0 j=m

3ameTnm, 9TO

7 | ao(z,y((G+1)7)) (y(m7+kr)—y(m7))dz| <

| =
1M

=2
-
3
+
’z‘r\

<.
Il
3

=
=
3
X
=

Q

-1)

. / Baly((G-+1)7)) |+ B3) [y (mr + k) —y(mr)|de <
Q

N
El

1M

[~]

i
3

i
el
3
+
T

< % 7'(|y((j+1)T))|(2)+‘y(mT+kT)—y(mT)|(2) +1) <
m=0 j=m
< C( > Tyl +1).

ITpu oy ueHNn 9TOM OIEHKN YITEHO, ITO B JBOIMHON CyMMe 3Hade-
uue |y(m7)|3 npu xaxgom m Berpedaercst He Gosee 3k pas. Ana-
JIOPMYHO OIEHUBAETCS BCsl IpaBast dacTb paBeHcTBa (2.18). Takum
obpasoM, HepaseHcTBO (2.17) j0Ka3aHo.

Ucnonb3ys (2.14)—(2.17), nemmy 4, c. 260, u ciepcrsue u3 teo-
pemsl 1, c. 262, HeTpysHO 0BOCHOBATH CYIECTBOBAHUE IOCTIEI0BA~
TEJIBHOCTH T U (PYHKIIII

) 1

Takux, Iro npu 7 — 0
M7y — u BL(0,T; H}(Q), My — u BLa(Qr), (2.19)
ki(x, VILZy) — Xi B Ly(Qr), (2:20)
ai(z, ITFy) — ai(z,u) mBe.B Qp,i=0,1,...,n, (2.21)
ao(x,17y) — ao(w,u) B La(Qr). (2.22)

JokazareabeTBO TOro, 910 (DYHKIMSL U, OIpEJeJeHHAs COOTHOIIe-
HueM (2.19), sBasiercst 0606IEeHHBIM perieHneM 3azaan (2.1)-(2.3),
HPOBOJIUTCSL IO TOf 2Ke CXeMe, YTO U Jisl yPABHEHUs ¢ MOHOTOH-
HBIM orleparopoM. B pasercrse (2.12) monoxum 1 = 7@ (t), rae
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w” — YHKIUA, paBHAS B TOYKAX MHOKECTBA Q x @, by
w € C?(0,T; H(Q)), Taxoit, uto w(z,0) = 0. Pesyabrar nousen-
no npocymmupyeMm mo t or 0 mo T — 7, mepBoe ciaraemoe mpeod-
pasyem ¢ nomorsio dhopmysbl (1.23), Bocmosb3yemcs: onepaTopamu
BocrojiHenus 117 u, nepexozs x nupejeny npu 7 — 0, HOJIyduM

/{—u—l—Zalxuxl + ao(z, u)w} dx dt —

Qr
— /uo(z)w(LO) de = /(fgw —f-Vw)dxdt. (2.23)
Q Qr

IIpu sToM yumTbiBasuch coorHomenus (2.19)—(2.22), jpemmbr 3, 4,
c. 260, a Tak:Ke BBITEKAIOIEe U3 HUX IIPEJIe/IbHOE COOTHOIIIEHHE

ai(z, TEy) TEw = ai(z,u)w B La(Qr) Yw € La(Qr).

Ilepexom or pasencTBa (2.23) K paBeHCTBY

T
ou - ow

/<8t7 w>dt +/{Zal(;r T oz, + ag(x,u)w }dzdt =

0 Qr

=1

= /(fow —f-Vw)dzdt Ywe LQ(O’T;H&(Q)), (2.24)
Qr

a TaKIKe JIOKA3aTeJIbCTBO TOT0, 9TO (DYHKIHS U YIOBIECTBOPSET yCJIO-
BusAM (2.9), (2.10), mposozasTest Tak ke, Kak B Teopeme 1.1.

Tlocmeaauit sTanm mokasaTeabCTBa TeopeMbl 2.1 cocTouT B 060C-
HOBaHUU CIIPaBe/UIMBOCTH JIst Jtioboro w € Lo(0,T; H () pasen-
CTBa BHU/IA

/Z ai(z,u) (xi — ki(z, V) SZ dzdt = 0. (2.25)

Jl71s1 3TOr0o paccMOTPUM OYEBHIHOE HEPABEHCTBO
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+i T/Z ai(z,y(t))(ki(z, Vy(t))—ki(z, Vﬁf(t)))%;ff)d:c >
t=0 Q 1=1

1
> -3 lup — v7(0)[3, (2.26)

rJie Yy — pelenne HOoJyUCKPeTHON 3aqaun, v — (QyHKIMsI, paBHAas
B TOYKaX MHOXKecTBa ) X W, dyukiun v € C(0,T;C§°(Q)). Uc-
nosb3yst (2.12) u oneparopsl BocniosHennst 115, nepaseHcTBO (2.26)
3AIUIIEM B BUJIE

T

/(fo 1= (v )—£-VIT- (7)) da dt —/ T (™), 1 (y—0™) dar df —
Qr Qr

n

-/ {Z e T y) b, L o) 2 W)
Qr

ox;
i=1 v

1
+ o T9) T (g = 07) fdodt >~ o — O

ITepexozst B 9TOM HepaBeHCTBe K mpefeiay npu 7 — 0 U yduTbl-
Basi (2.24), GyeM MMeTh

/<6<8>>

+ /{;a(xU) (xwlfi(ac,vv))5'(7;7:;“)+

Qr
1
+ ao(x,u) (u— v)} drdt > —3 lup — v(0)[2. (2.27)

Bamernm, uro (2.27) BbIIOIHEHO U JyIst J060# DyHKIUM v, HpU-
nayiexxaeit Lo (0,7 HE(Q)), Takoit, uro dv/dt € Lo(0,T; H~1(12)).
ITosromy, nosarast B (2.27) v = u+ Aw, rae A > 0 — npousBosbHas
NOCTOsIHHASA, & W — Npou3BosbHas bynkims us L (0, T; HE(Q)) Ta-
Kast, uto Ow/0t € Lo(0,T; H-*(Q)) u w(z,0) = 0 mourn Beioay B
Q, moyam

T

A/<%Z,w> dt —Q—/zn:ai(x,u) <Xi—ki(cc,V(u+>\w))> ZZ > 0.

0 Qr =t
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U3 nocieiHero HepaseHCTBA JIETKO BbIBOAMTC (2.25) (cM. joKasa-
TebcTBO Teopembl 1.1). [

Teopema 2.2. IIyemv dynruuu a;(x,&)=1, i=1,2,...,n
ki(x,8),i=1,2,...,n, u ap(x,&) ydosaemsopsrom ecem nepewuc-
AEHHBIM 6 HAMAAE ITNO20 NYHKMEA YCAOBUAM, 304 UCKAIOUEHUCM YCAO-
sus (2.7). Kpome mozo, das nowmu ecex x € Q0 u aobvr £ € R™

n

> kilz,6)& /cOZm —uZIé}, G >0, i >0, (2.28)
i=1

9¢; 3
Ilyemv maxorce ug € HYH(Q), f € La(Qr).

Tozda dan obobwennozo pewenus sadavu (2.1)—(2.3) umeem
MECNO CACOYIOWAHA OUEHKA:

Ou
ot

(x7€) = ($’£)7 i?j = 172""777" (2'29)

+ lullr., 0,T;HY(Q) S
L2(QT)

¢ (o gy + 1 £ lnai@ny +1) - (2:30)

JIOKABATEJILCTBO. IToaoxkum B (2.12) n = 7y.(t) u upocym-
MHUpPYyeM HOJIy4YeHnoe pasencTso mo t or 0 go t' — 7, ' € w,. B pe-
gysabrare, OyIeM NMeTh

iﬂmm%+irw@m%mw
t—0 _
+ Z_: /ao x,Y(t)) ye(t) do = Z_:MfT(t), ye(t)) . (2.31)

t=0

Bamernm, uro (2.31) orsmaaercst or (1.35) JIMINb TTOCIEHIM CI1arae-
MBIM JI€BOII YacTu, ornepaTop Lo B IIPEe/IoIOKEHUAX JOKaA3bIBACMOM
TeopeMbl ABJIAeTCA MOHOTOHHBIM. IlosTOMy 1o amasorum c mokasa-
TEeJBCTBOM TeopeMbl 1.2 u3 (2.31), yunrsisas (2.14), HeTpYAHO 1O-
JIy9nTb, ITO
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2 - 2
H ijt HLZ(QT) + ” H'r y(t) HH&(Q) <
< e (fuo H?LI(}(Q)) + 1 m +1) View.
SakI0INTeTbHAs JACTh JOKA3aTETLCTBA COBIATACT C JOKA3ATEb-
ctBOM Teopembl 1.2. [

HceneoBanue €UHCTBEHHOCTH perenust 3agaqan (2.1)—(2.3)
[PEJICTABAM JBYMs PE3y/IbTATAME. 11epBbIil 13 HUX MOJIyHUeH B IIpeJi-
[OJIO?KEHNH MOHOTOHHOCTH omeparopa Lo, B €ro JOKa3aTeJbCTBO
TpaanIuoHHO. BTOpoil pesysbrar mosyden B 6osee obmeM ciydae,
LIPH €ro JOKA3ATEJbCTBE HCIOIB30BAHA TEXHHKA, paspaboTaHHas
nemenkum Maremarukom O. Orro [50], [51], nosBousiomas ucciae0-
BaTh € IMHCTBEHHOCTDH PEIICHUA HeJIMHENHBIX Hapa6OHI/IquKI/IX YpaB-
HEeHUil 1 BapUallMOHHBIX HEpaBEHCTB C MOHOTOHHBIM IIO I'DaJIUEHTY
IIPOCTPAHCTBEHHBIM OII€epaTOPOM.

Teopema 2.3. [Iycmov gvinoanenvs ycarosus meopemovs 2.1, xpo-
Mme mozo, onepamop Lo Moromonoil, u

|a0(m,§1) - ao(ili,fg)‘ < ﬁ‘gl - £2|7 51752 S R7 T e Q? (232)

2de B = const > 0. Tozda obobwennoe pewenue 3adavwu (2.1)—(2.3)
eUHCMBEHHO.

JIOKABATEJICTBO. Ilycrs wy, up — pemenud 3agaqau (2.1)—
(2.3). Torpma st GyHKIMU W = U1 — U BBIIOJIHEHO PABEHCTBO

t/

1

§|’U.)(tl)‘g +/(L0u1 — Lo’U,Q,U)> dt +
0

+0/ Q/(aO(x’ u1) = ag(@, ug))wdrdt = 0

g 1. se. t' € (0,T). (2.33)

Ucnonbsyst (2.33), MOHOTOHHOCTH oneparopa Lo m omnenky (2.32),
HETPY/IHO TIOJIY9IUTh, 9TO

¢

1
§|w(t/)\g < ﬁ/ lw(t)|2dt s . se. € [0,T).
0

W3 nocnenero nepasencTsa u ieMMbl I'poryosia 1.2, ¢. 96, cie-
ayer, aro w = 0, 7. e. permenue 3aa4n (1.1)—(1.4) exuncreenno. O
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Teopema 2.4. [Tycmov gvinoanenvs ycarosus meopemovs 2.1, xpo-
Mme mo2o, pynruuu a;, ¢ = 0,1,... N, AUNWUY-HENPEDBLLEHDL:

lai(r,§1) — ai(x, &) < 816 — &
VE&,& € R, [ =const. (2.34)

Toz0a obobwenmoe pewenue 3adavwy (2.1)—(2.3) eduncmeenno.

JIOKABATENBLCTBO. Ecim wq, us — pemenus 3agaqan (2.1)—
(2.3), To qyist byHKIMM W = U] — up UpH JHOOOH (DYHKIUM 1) U3
Lo(0,T; HY(9)) BBIIOIHEHO PaBEHCTBO

O/T{< ot ’77> + (Lur — LUNI)} dt = 0. (2.35)

IIyctn

/A=

0, z <
plz) = 3 2%/2, 0 <2
z—1/2, z >

)

is(z) = 6 p(z/9). Ormerum HeKOTOPBIE CBOICTBA DYHKIMN (U5

1) w5 — menpepsiBo nuddepenimpyemast, HeyObBamomas Ha R
dbyuxuus, pfs(§) =0, ecmu £ <0, ps(€) = £/0, ecmm 0 < € <0,
0< ph(€) < 1 VEER;

2) mouru Beiony na R cymecrsyer pf, npu stom pf () = 0 ma
muozkectse (§ < 0)U (£ >0), pf(§) = 1/6 mma 0 <& < 6.

W3 1), B gacTHOCTH, CJI€JyeT, UTO

e )0, £<0,

i ) = {  §50 (2.36)
Kpowme Toro, uz onpejenenus (pyHKIAN [i5 BHITEKAET, TTO

. 0, £€<0

1 = ’ ’ 2.

tin ) = { & £50 (2.37)

Csoiicrsa 1), 2) obecnieuunsalor Takske, uto ps(w) € Lo(0,T; HE (£2))
st mo6oit byuknun w € Lo (0, T HEH ().
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B pasencrse (2.35) momoxkum 1) = pu5(u1 —u2)X (0,17)> TAE X (0,47) —

. :
xapakrepucruyieckas dbynkius muoxkecrsa (0,t'). B pesysibrare mo-
JIY9IUM

+

0/< %f(t)’“fs(w(t))>dt+

+ / ((Luy — Lug)(t), ps(w(t))) dt =
0

JlokazkeM, 9TO It IOUTH Beex t/

(2.38)

€[0,T]

0/ ( Gruitwo) ar ! o, 1)) da

st sToro dynkiuio w npogoskuM Ha [—T, 2T, nonaras w(t) =0
upu t <0, w(T +&) =w(T —& upu 0<ELT

TTockombKy yHKIHs (15 HeyObIBaromast, To TeopeMe Jlarpamxa
O CpefiHeM 3HavdeHnn Oy/1eM NMeTh

wsn) < w@g@ VEMER: €3

(2.39)

cJIeJ0BaTeJIbHO,

s(m) (€ —n) < ps(€) — ps(n) < ps(€) (€ —n)

VEneR. (2.40)
Yuurbsas (2.40) u tor dakr, uro w(x,t) = 0 mouTH BCIOIY

B Q gsa obeix t < 0, HETPYAHO yOEIUTHCS B CIPABEITUBOCTH
CJIEJTYTOTIINX HEPABEHCTB:

] < o0 —ett), ufs(w(t))>dt <
0

t'+ At

//Lg ))dxdt, (2.41)
Q

+
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’

]< -2, us<w<t>>> it >

0

> A / /ug(w(z,t))dxdt. (2.42)
t—At Q

Bamerum, ganee, uro dyuknus ¥ (t) = (w(t),z) upu dbukcupoan-

nom z uz H} (Q) npunajyexxur npocrpancrsy H'[—T,2T]. Ciueso-

BaTEJILHO, KAK HETPYHO MPOBEPUTD,

P EO= ey, MRS ) w0

B L5(0,T). I3 srux coornomenuii u pasencrsa ¢'(t) = (w'(t),z)
(cM. foKaszaTeLeTBO Teopembl 1, ¢. 210) BbITeKaeT, UTO

w(t + At) —w(t) " w(t) —w(t — At)

—w
At ' At

B L2(0,T; H1(2)). Ucnonbsys 3TO, HETPYIHO TOKA3aTh, €TO
u3 (2.41), (2.42) nocae upenesasHoro nepexoia 1upu At — 0 Bbl-
rekaer (2.39).

Hamee, obosnaunp vepe3 [ BTOpoe ciiaraemMoe B JIeBOH da-
cTH (2.38) 3allUIIEM €ro B BUIE

//Zazxm ( (z,Vuy) — ki(z, Vu2)>g P (w) da dt+

t n
/]
0o o =1
Y
+ //(ao(a:,ul) — ao(x,u2)> ps(w)ydedt = I + Iy + I3.
00

VYeaosue (2.8) obecueunsaer Heorpunareabuocts Ir. Js onenku Iy
u I3 Bocnosbsyemes (2.34):

t n
|I5] < 6//Z|u1 — wug| |ki(z, Vug) |“ '(w) da dt |
0 o =1

—w'(t) upu At — 0

<ai(z,u1) - ai(x,uQ)> k:i(x,VuQ)g:j pg(w) dx dt +
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t’
L) < B //|u1 o () d dit
0 Q

YuamreiBas Bee 9710, 3 (2.38) HETPYIHO MOIYIUTDH, TTO

t/
ps(w(z,t'))dr < B [ur — ua| ps(w) dx dt +
/ /1

Q

’

+ 8 //Z'ul — ug| |ki(z, Vua) " S(w)dzdt . (2.43)
0

B mepasencrse (2.43) nepeitnem k npegeny npu 6 — 0. Ilpu srom
yurem, uto corsiacto (2.37) us(w) — w' upu § — 0 mouru Beioy
B Q1 u, kpome Toro, ps(w) < 1+ |wl|. [Hosromy 1o Teopeme JleGera o
IpeJIeILHOM TIePexo/ie Mo 3HAKOM MHTerpaJsa MoJydaeM

/ug(w(m,t'))dx — /(w(:v,t'))+ dx upn § — 0. (2.44)
Q

Q

Kpowme Toro, uz (2.36) sbrrexkaer, uro |w|p/(w/6) — (w)T nouru
Bciony B Qr mpu 0 — 0. YUuThIBasg OrpaHAIeHHOCTDh PyHKIUU L,
OyeM mMeTh

t’ t’
//|u1 — g |y (w)dadt — //(u1 — ug)tdadt (2.45)
0 Q 0 Q

mpu § — 0. Hasee, 3amernM, 910

" " O, wgo U w>6’
lur — ug| ps (w) = ps(w)|w| = { w/o, ( O<)w<< 0. )

Cueiosaressuo, dbysuximus s (w) |w| orpanudena B Qr u
,u:;'(w)\w| —0 mpu § — 0

moutn Beioay B Q. [lostomy mpu § — 0

"

t/
n aw
//Z|U1 — ug| [ki(z, Vug)| ‘8 s
° L
0o O =1

(w)dxdt — 0. (2.46)
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Taxkum 06pa3oM, B pesysbrare IPeJeJbHOrO Iepexoja B HepaBeH-
crBe (2.43) Gyzem nmerhb

/

/( (z,t")" de < /t/(w(t))+ drdt.
0 Q

Q

13 mocnennero mepasercTsa u seMMbl [ 'poryostia 1.2, ¢. 96, ciemyer,
q9To

(w(x, )" = (us(z,t) —uz(z, ')t =0 m B B Q7.

ITomensiB MecTamMu uq U Uz, OyueM umerb, 9ro (w(z,t’))” = 0 nourn
Bcoy B Qp, T. €. uy = uy. [J

§ 4. IIpunokenue

Jlemma 1. Ilycmv Hy u Hy — 2uavbepmosv, npocmparcmasa
maxue, umo Ho nenpepviero erootceno 6 Hy, m. e. Ho C Hi u cy-
wecmsyem nocmoannas C maxas, wmo ||u| g, < Cllullg, Yu € Hs.
Kpome moeo, nycme nocaedosamenvnocms {u,} caabo cxodumes x
u 6 Lo(0,T; Hy) u

ltn o o,im2) < C (1)

Toz0a
lullzo 018 < C. (2)

JIOKABATEJILCTBO. Ouenka (1) obecreunBaer orpaHuIeHHOCTD
muoxkectsa {u,} B Lo(0,T; Hs). Beaencersue ciaboil KOMIAKTHO-
CTH OIpaHHYEHHLIX MHOMKECTB B I'HMJILOEPTOBOM IIPOCTPAHCTBE Haii-
JIETCs TIOCIIEI0BATEILHOCTD {un,} C {u,}, crabo cxongmasica B
L(0,T; Hy) x ssementy . fcuo, 9to u,, — U u B Lo(0,T; Hy).
B cuity eAuHCTBEHHOCTH c1aboro mpejesa 1 = .

Hanee, zameruM, ato Jis moobix ¢/, ¢, 0 <t/ <t < T, n
v € Hy u3 (1) caexyer onenka

7

/ (tmy (1), 0) g, dt < C (" — 1) 0]} 3)

t
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13 KOTOPOii, BOCIOJIb30BABIINCH CJIA00M CXOJUMOCTBIO 1Up, B IIPO-
crpanctse Lo(0,T; Hy) K 4, HETPYIHO MOJYIUTh, UTO

" (u(t), v)

B2t <O —t).
[0l e

TMosarast B 910M HepaBeHcTBe v = u(t), OyeM nMeTh

t//
(" — ) / lu@®)mdt < C. (4)
t/

IMockonbky dyukiwms ||u(t)| g, cymmupyema na [0, 7], To nouru Bce
rouku u3 [0, T siBisitorcst ee Toukanmu Jlebera (cm., Hanpumep, [29]),
UHBIMH CJIOBAMH,

7

("=t /HU(t)HH2 dt = u(t')|a, anam st €[0,T] (5)

upu ¢ — t'. U3 (5) u (4) caeayer (2). O

Jlemma 2 (cerounoe HepaBeHcTBO I'ponyosina). Ilycmo
&(t), n(t) — neompuyamenvrovie sewecmeernnve GyHKyuU, onpede-
AEHHDLE HA Wy U YIOBAECTNEOPAIOULUE HEPAGEHCTEAM

Tozda 0as das awbozo k=0,...,N — 1 cnpasedausa ouenka
k .
E(trpr) < PPTHE0) + D pM (). (7)
i=0

JTOKA3ATEJILCTBO. Bocrosib3yemcst METOIOM WHJLYKIUH. 3a-
mernM, uro upu k = 0 mepaserncrsa (6) u (7) cosnamator. Ilycrs (7)
Boioseno upu k = p. Torpa cormacuo (6) nmeenm

Eltpia) < p€ltyr) +altyn) < o (#7160 + 0 0(e) ) +

i=0
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p+1
+ n(tper) < PPTEEO) + > pPT (). O
1=0

Jemma 3. Iycmv w — dynxyua us C2(0,T; HH(Q)), wT —
Pynryus, 3a0anmnan wa X W, U c08NACAIOUWGA C W 6 MOYKAT IMO20
MmHuoocecmsa. Toeda npu 7 — 0

MFw™ — w 6 Lo(0,T; H (D)), (8)
T (w™), — %ﬂf 6 Ly(Qr)). (9)

JIOKABATEJIbCTBO. 3aMeTUM, 9ITO

T N_q tit1
[ e — wide = 3 [ lutt) - v -
0 =0
N— 1ot
8w ow
Z / (f) < 77T mes(Q) x| = t) 1

=0 :

rae t; = jr. Takum obpasoM, coornommenne (8) mus I BoimomHS-
ercsa. Cnpaseymsocts (8) as 1L} nposepsiercss anaiorndso.
Hauee, mockomabKy npu ¢ € (t;,t;41]

100 - o] = [ G -
tit+1
1 ow dw s
-1/ {ag@ - at“)}‘dfgﬁj&iﬁ“ o
t

To yrBep:kenue (9) rakxe cupasemso. [

JlemMma 4. ITycmo 27 — cemeticmeo dynruyuti, onpedeernoix
na ) X w,. Tozda:

1) ecau

N
doTE ) < e (10)
j=0
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mo natidymes nocaedosamenvnocmo {1}, T, —0 npu k — oo,
u pynryus z € Lo(Qr) marue, wmo npu k — oo

kaz” -z 6 La(Qr); (11)

2) ecau dynruuu 27 npunadaescam HE () npu ecer t € wr u
napady ¢ (11) umeem mecmo ouenka

N
Do) <. (12)
j=1

mo natidymes nocaedosamenvrocmsv {1y}, 7 —0 npu k— oo,
u dynruua z € Lo(0,T; HY(Q)) makue, wmo

I 2™ — 2z 6 Lo(0,T;Hy () (13)

npu k — oo.

JJOKABATENILCTBO. 1) M3 (10) BbITEKaeT, YTO MHOXKECTBa
{II727} n {I[}27} paBHOMEpHO OrpaHUYEHbI 10 T B IIPOCTPAH-
crBe Lo(Qr). OrpamnudyennHoe MHOXKECTBO B T'HJILOEPTOBOM  IIPO-
CTpaHCTBE CJa00 KOMIIAKTHO, HOITOMY HAIyTCs [IOC/IEI0BATEb
nocts {27} u bdynkman 2| 2(7) uz Ly(Qr), asnsiomuecs cia-
Obivu npesieamu nociegosaTenbaocreii {ILf 2™} u {II 2™} coor-
serctrento. Jokasem, uro 2(t) = 2(). Jlaa sroro sammmen ciie-
JIOLIEE PaBEHCTBO:

+ Tk + T _ — Tk — T
/HTkz T w™ drdt = /Hmz P w™dedt,  (14)
Qr Qr

CIpaBeyIuBoe Jjisd Jii00oi (yHkimumn w™, coBnajgaionmeii B Tod-
Kax QXw,, ¢ dyuxmueit w € CF°(Qr). Ucnonssys aemmy 3, c. 260, B
pasercTse (14) mepeiizieM K mpejiesry npu k — 00, B pe3yJIbTaTe Io-
JTY UM

/Z(J")wdl'dt = /z<‘)wdxdt, Yw e C5°(Qr) ,
Qr Qr

T. €. Z(Jr) = Z(i) HepBaﬂ qJaCThb JIEMMBI JOKa3aHa.
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2) Bocnosib30BaBIIMCH TOJBKO UTO MOJIYYEHHBIM Pe3yJIbTATOM,
HETPY/IHO yCTAHOBUTH CYIIECTBOBAHUE HIOC/Iej0BaTebHOCTH {27F } 1
byskumit z, &, i = 1,2,...,n, u3 Lo(Qr) TaKux, 9T0 UMEIOT Me-
cro (11) m

0z

Tk 8.7)7

— & B Lo(Qr).

— T
0z _ 0z Ol 2™
Hokazxkem, ato &; = . Hockomeky T = , TO

ox; dz; 0w

_ 02 s Ow'k
/HTk oz, I w™dzdt = — /HTkz A Uiy oz, dz dt,

Qr Qr

rje w BbIOpaHa Takoii xke, kak u B (14). B pesysnbrare npesenbHOro
[epexo/ia B MOCJIETHEM PABEHCTBE MOJIYIUM

ow

/giwdxdt:—/za dx dt Yw € C§°(Qr) -

T
Qr Qr '

Takum obpazom, byHKIUA &; ABISIETCT OOODIIEHHON TPOU3BOJI-

moit dyuknum 2z mo x;. B cuiy npousBosbHOCTH ¢ (DYHKIUSA 2

npunageskut Lo(0,T; H(2)). s saBepiienus 1oKasaTelbeTBa
OCTAJI0Ch OTMETHTB, YITO TOC/Te0BaTebHOCTh {117 27 } mpuna,ire-

xut Lo(0,T; HE(Q)). DTo mpocTpancTBO sBjIsteTcss Iuib0epTOBBIM
U, CJIe/IOBATENIBHO, C/1abo TIOHBIM, To3ToMy 2 € Lo(0,T; HE(Q)). O

Teopema 1. Ilycmv W — wmmooicecmeo dynkuyutd us npo-
cmpancmea Ly (0,T; HE () maruz, wmo

T
/|y<t>|%dt <c  Vyew (15)
0

T—5
/ ly(t+6) —y(t)|2dt < ¢ Yye W, 6 >0, (16)
0

SN

3decv ¢ = const > 0. Tozda W womnaxmno 6 La(Qr).

JIOKABATEJIBCTBO. IIycts M > 0. Oupenenny MHOKECTBO

B = {t€ 0.7 6): o) + SIu(e+6)—u(0 > e},
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W3 yenosuit (15), (16) caemyer, uro mes Ey < 2¢/M.

Hamee, mycTh
_ y(t)7 t ¢ EMa
v(t) = { 0, te B,

X' — xapakrepuctudeckas dbynkuus orpeska [(i — 1)§, i6] N [0, 7]

Ns — nenas gactp qucia 1'/4.
ITpomomzkas GyHKIME y 1 v HyseM BHe orpeska [0, T'], 3anumem

cieJiyronme COOTHOIIIEHW A :
2

. 5 T N1
5//‘,7;(75) D vl =13+ )X 0) deds =
00 i=1
| Mot T ET)
-1 [ylt) —v(s) [} dsd <
=G s (i21)6
§ min(T,T—h)
1
<g/ / ly(s +h) —v(s) |2 dsdh <
—0 max(0,—h)
§ , min(T,T—h)
1
é(s/{ / ly(s+h) —y(s)|3 ds dh+
-4 max(0,—h)
[ luts 0 =y dsan+2 [ 1yl dsdh}<
En En
min(7,T—h)
<tswp [ ey s+ [y fas. an
Ihl< max(0,—h) En
Bamernm, uro u3 yciosnii (15), (16) Berrekaer, uro npu |h| < §
min(7T,T—h)
(s +h) — () 3 ds < b,
max(0,—h)

/\y(s)\gdsﬁo upu M — oo.

En
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Bribepem uuncia M u § Tak, 9To6bl npaBas 1acth (17) Gbl1a MeHbIIe
3a/IAHHOTO CKOJIb YTI'OJHO MaJIOro ITOJIOXKHUTEJBHOrO 4ucia €. B pe-
3ysbTare OyJeM NMeTh

N&-‘rl

. /T [N IECED SRR RSN

2

dtds < e. (18)
0

N3 (18) caemyer, uro jyist kaxgoi dyuxkmuu y € W naiigercs
XOTsI 61;1 oxo gucsio s* € [0, 0] rakoe, 4ro

N5+1

/\ o((i—1)5 -+ 57 x(0)

2

dt < e. (19)
0

CymecrBoBanue s* JiIerko 0O0OCHOBATH, MpeJIojiaras IPOTUBHOE.
Hepagencrso (19) o3Hauaer, 910 MHOXKeCTBO (DyHKITHIT

WE—{J\%lv((i—l)(S—i—s*)xi}

i=1

obpasyer B Lo(Qr) e—cerb nyist mHOXKecTBa, W. [okaxkem, uro W,
koMIakTHO B Lo(Qr). Ilockossky W, C Vs ar, tae

Ns+1

» 1 2

Vs = { E ziX' 2z € Hy(Q), |zli < M},
i=1

TO KOMIIAKTHOCTh W, OyJieT ciie/1oBaTh U3 KOMIAKTHOCTH Vs pr. st

TOr0, 4TOOBI YCTAHOBUTH IIOCJIEIHEE, PACCMOTPUM IIPOU3BOJIbHYTO 110-
Ns+1

caeoBaTesibHOCTD {uy, } C Vi ar. Ilycts wy, = E zi(") x". U3 ompe-
i=1

Jenenns Vs 1 TeopeMbl Peutixa coeyer cyrecTBoBanue (yHK-

unit z; € H} () u noamnocsenosaresHoCTH {zgn’“)} TaKUX, 9TO IIPH

k — oo

A s B La(Q), i=1,2,... Ns+1.  (20)
HNcnonbayst (20), erko mokasarhb, 9TO

Ns+1

Uny —> =Y X C Vsu B La(Qr). O
i=1
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CaencrBue 1. I[lycmov mmooicecmseo W cocmoum u3 kycouno-
nocmoannvixr wa [(i — 1)7,i7), © = 1,2,...,N, TN = T, no nepe-
Mmennol t Pynryut. Toeda ymeeporcdenue meopemovr 1 ocmanemcs
enpasedausvim, ecau (16) samerums caedyouwuM Yea08UEM:

N—kt
k Z rly(it + kr) —y(iT) |2 <c, (21)

3decwv k — moboe ueaoe wucao, npunadaescawee ompesky [1, NJ.

JIOKA3ATEJIbCTBO. Ycranosum, 4to u3 (21) cuepyer nepase-
crBo (16) myist II060ro MOJIOXKHUTEIBHOIO YHCIIa, 0.

Pacemorpum cotywait, xorpa 6 > 7. Ilycrs k — mesoe uncio n3
orpeska [1, N| rakoe, uto kT < 0 < (k + 1)7. O603Ha4YNM IOABIHTE-
rpaibhyio Gyukimio B (16) yepes I(t). 3amerum, uro I(t) Kycouno-
IIOCTOAHHA 110 T, IpUYeM

I(t) = |y(kT + k7) —y(k7‘)|(2) Vt e [kr kT + (k+ 1)1 —6];
I(t) = |y(kr+(k+D)7)—y(k)2  Vte [kr+(k+1)7—06, (k+1)7].
CiietoBaresibHO,

T—6
/|yt+5 y()|3dt =
0

SN

- N—k—1

= w Z |y(kr + k) — y(kr)|2 +
k=0
N—k-2

U3 (22) u onenkn (21) mosyanm

(k+ 1)1 —96)- (6 — k1)
J < 5 ke + 5

IIycte Tenepsr 0 < § < 7. Torma mompiHTerpasibHas QyHK-
must (t) va orpeskax [k7, (k+1)7—4], k=0,..., N—2, obpamiaercs
B HyJIb, a Ha orpe3kax [(k+ 1)7 — 4, (k+ 1)7], k=0,1,...,N — 1,
nocrosinaa u pasua | y(k7+7) —y(k7)|3. Us onenku (21), ouesu,imo,
cienyert, aro J < c.

(k+1c=c.



O0o3HaYeHud

0i; — cumBosr Kponexkepa.

R — MHOZKECTBO BCeX BCIIeCTBCHHBIX YUCeJI.
R"™ — n-MepHOE €BKJIUJIOBO IIPOCTPAHCTBO.
R} = {z = (21,22, ..., 2,) € R" 1 2, > 0}.

R” = {fL‘ - (-T17x27 .. .,.Tn) € R™: Tn < O}
n
a-b= > ayby — cranspHOe npousBejeHne BeKTOpos a,b € R™.
k=1

Q C R™ — orpannvenHas 06J1acTh.

I' wm 092 — rpanuna obaacru ).

v — BHEIIHSSA eINHAYHAas HopMasb K [

I — e uHWYHBII OEPATOD B JIMHEITHOM ITPOCTPAHCTBE.
F — eluHWMYHAA MaTPHUIA.

tr A — cnen maTpurst A.

Ou/0x; = D;u — yacTHasi MPOU3BOHAST (DYHKIIUH
u(z) = u(zy, ..., z,) MO ;.

Vu = (Dyu, ..., Dyu) — rpaguent dbyHKIMU U.
dlelu(x)

Dlely(z) = Fpo g0  CMEIIAHHAS IPOU3BOHAs dyHKIINT U
... 0z,

nopanka ol = g + ... + .

L,(), p > 1, — nuHeiiHOE TPOCTPAHCTBO (QYHKINIT, HHTErPHPYe-
MbIxX 110 Jlebery co crenensio p > 1.

esssup u(x) — cyliecTBeHHas BepxHss rpaHb MYHKIUH U Ha 00J1a-
e
cru €.
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C*(Q) — muoxkecTso dyHKuil k pas Hernpepbisio quddeperumpy-
eMbIX Ha obyacTtu ).

Ck(Q) — wmoxectso k pas mempepwiBHO b bepeRTHPYeMbIX
dyurImit, GUHUTHLIX Ha obgacTu ).

Ne(z) — sApo ycpenHeHusI.

fe(x) — ycpennenne o CoboseBy dynkimn f.

B(z,r) C R™ — oTKpbITHIl MIap pajumyca r ¢ IMeHTPOM B TOUYKE .
D(Q) — upocrpancTBo n1pobHBIX byHKIMIL.

D’(Q) — upocrpancTso pacupenenenuii (0600menubIx GyHKImii).
(u, p) — snavenue u € D'(Q) na ¢ € D(Q).

WF(Q) — mHOMkecTBO ByHKIHiT, IMEIONIX Bee 0606MEHHbIe TPON3-
BosiHbIe B cMbicsie CobosieBa 10 opsiyika k > 1 BKIIFOUUTEJBHO.

W} () — npocrpancrso Cobouesa.

o
W;(Q) — TOANPOCTPAHCTEO MPOCTPAHCTBA Wp1 (), cocrosimee u3
dyHKIHMil, UMeroIMX cJejl, paBHbINA Hys0 Ha 1.

HE(Q) = WkE(Q).

Hy () =W3().

ut = max{u,0} — nosoxkuTebHAS YACTH DYHKIUU U.
u” = min{u,0} — orpunarenbuas YacTh GYHKIHUU U.

_ u(z + he;) — u(zx)

U 110 TIePEMEeHHON ;.

— Pa3HOCTHOE OTHOIIEeHNE (OYHKIIN

H~*(Q) — npocrpancrso CobosieBa ¢ OTpUIATEBHBIM II0KA3aTE-
JIEeM.

R(u) — oruomenne Paes.

L,(0,T; X) — mpocTpaHCTBO BEKTOPHOZHAYHBLIX (DYHKIIHI, CyMMUI-
PYEMBIX CO CTEIEHBIO P.



IIpenmverHbIit yKa3aTeib

I'panngnsre ycroBus

— raBHbIe, 108

— ecrecrBennble, 108

Sanada

— Jupuxie, 102, 105

— MuauM#r3anun, 111

— Heitmana, 200

— 0 ¥)KecTKOM KoHTakTe, 201

— 0 HOpMaJIbHOI Harpyske, 201

Jlexkanapa

— ycyosue, 179

Jlexkauapa — Amamapa

— ycJioBue, 180

Jlemma

— Jlakca — Muibrpama, 8

Jluneitnbre mapaboInIecKue
ypaBHeHus, 216

Marpurna

— IIOJIOYKUTEJILHO OIpEJICTICHHAS

— — paBHOMepHO, 104

Merox

— Tanepkuna, 152

— moJryJiucKperunsaruu, 236

— Qanyio — lanepkuna, 219

Hepagsemctso

— Tesbyepa, 23

— — 006001menHoe, 23

— I'ponyosna

— — BTOpOE, 96

— — nepBoe, 96

— — ceToyHoe, 259

— HWHTEPIOJIAIMOHHOE, 24

— Kommu — Byngaxosckoro, 23

— Kopna

— — BTOpOE, 186

— — uepsoe, 186

— Kormm, 23

— Ko ¢ g, 22

— llyankape, 76, 77

— Opuapuxca, 75

— FOmura, 22

Hopwma

— sHepreruyeckas, 10

Hopwmbr

— 3KBUBaJeHTHBIE, 10

Obutacts, 20

— gumiunesa, 41

Omneparop

— BIIOJIHE HEIPEPbIBHBII, 11

— JIMHEeHHO# Teopuu yIpPyrocT,
181

— JIMHEeHHbIA

— — OIpaHUYEHHbI, §

— JIMIIINT-HENPEePBIBHbIN, 19

— Hewmpriikoro, 142

— TIOJIOYKUTEJTBHO
HBIi, 8

— caMoconupsizkeHHblIit, 10

— CHJIbHO MOHOTOHHBII, 19

— conpsizkeHHbIi, 10

Omneparopa

— obuiactb 3HaveHuii (obpas), 12

— spo, 12

OTHorenne ABoOCcTBEHHOCTH, 84

Ornormmenne Pajes, 162

Orobpazkenue (pyHKIms)

— BEKTOpHO3Ha4Had, 208

TToryrOpM™MAa

— [u]s,oo,Qv 72

— [u]sp0, 72

* |u|s,oo,Q, 72

o |u|s,p,ﬂv 72

oTpe e/ IeH-



Ipenvernslii ykazaresn

269

IIpasuso

— rnennoe, 43

ITpuaIIn

— MAKCUMyMa

— — cuJibHbIHA, 140

— — cJ1absbrit, 136

— MUHHMaKCUMAJbHBIN, 171

IIpoussenenne

— BEKTOPOB

— — TEH30pHOe
182

— CKaJISIpHOE

— (u,0)s.0, 39

— — sHepreruydeckoe, 10

IIpoussoaas

— obobrmennast, 35

IIpocTpancTso

— C([0, T); X), 208

— C(Q), 21

— H75(Q), 81

— Loo(Q2), 22

— L,(0,T;X), 208

— L,(2), 22

— W7 (), 38

— W, (52), 39

— > (Q), 42

— Cobonena, 20, 38

Paznenennass  pasHocTh
HOCTHOE OTHOITEHHE), 78

Paznoxenne enunnipr, 26

Pacnpenenenne, 30

— peryJisipHoe, 31

Perrenne

— KkJjaccuueckoe, 103

— obobrenHoe, 103

CBoifcTBO BHYTpEHHEro miapa,
140

CymecTBeHHasi BepXHsisl TI'PaHb
bynkun, 22

(KpOHEKEPOBO),

(pas-

Teopema

— Bpayapa, 91

— Pennuxa, 69

— Pucca (06 orpanuuenHoM Jiu-
HeifHoM (YHKIIMOHAJIE B TIPO-
crpancTse ['nibepra), 9

— CobosteBa 006 IKBHUBAJICHTHBIX
HOPMUPOBKaX, 72

— ITaynepa, 93

— Iledepa, 95

Teopembr

— BJIOXKeHHUsI, 57
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