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OT USOATEJIbCTBA

IIpenmaraemoe unrarenaM yueOHOe IOCOOME COCTOUT U3 ABYX
yacreii. B mepBoii yacTu paccMaTPUBAIOTCA OCHOBBI TEOPUU O0BIK-
HOBEHHBIX IudpdepeHnnaibHbIX YPaBHEHU, BO BTOPOl — mud-
(epeHIIMATBPHBIE YPABHEHUA C YACTHBIMU ITPOM3BOIHBIMU.

IlepBass uacTh HamucaHa Ha OCHOBe Kypca JIEKIIWII, UNTaB-
muxcsa B. II. HemunoBuuem B BoeHHON APTUIIEPUACKON MHIKE-
HepHOU akamemuu uM. @. 9. [Izep:kuHCcKOro (HbIHe BoenHas aka-
IeMus paKkeTHBIX BOMCK CTpaTernyecKoro HasHaueHus um. Ilet-
pa Bemnuroro). Ee comep:Kamme COOTBETCTBYET HBJIOMKEHHIO 3a
OJIVH CEMEeCTD pasziesia «00bIKHOBEeHHBIE N (hepeHITnaTIbHbIE YPaB-
HEHUs» Kypca BBICIIIENl MaTeMaTUKM [JIA TeXHUUECKUX BY30B.

Marepuan mepBOi YacTu MOCOOMS IIPEACTaBJIEH B UEeThIpeX
riaBax. B mepBoii riiaBe AAiOTCS OOIMe IIOHSATUS TEOPUHU OOBIK-
HOBEHHBIX audpdepeHIInaIbHBIX ypaBHeHUIi. Bo BTOpoO#l TiaBe
M3JIaraloTCsA CBeleHUs 00 ypaBHEHUAX IIEPBOTO mopAaka. Kpome
IeTaIbHOTO pasbopa MHTETPUPYEMBIX CIyUYaeB, B HeH 3aTparmpa-
IOTCSA 9JI€MEeHTHI 00Iel Teopuu AuddepeHnaIbHbIX YPaBHEHU
(ocobbie TOUKM, 0COObIE PeIeHnus 1 Ip.). TpeTha riiaBa MOCBAIIe-
Ha HOAPOOHOMY HCCJIEIOBAHUIO YPaBHEHUII BTOPOTO MOpsaka. B
YEeTBEPTOH TJIaBe PAcCMATPUBAIOTCA YPABHEHUA BBICIIIHUX ITOPSAJ-
KOB.

ABTop BTOpoOii yactTu KHuru, B. II. MomenoB Hamucaa ee Ha
OCHOBe Kypca Jiekiuit, mpountanHoro B. II. [lemugoBuuem cry-
IeHTaM xumMHuueckoro garxyabrera Mockosckoro I'ocymapcTBeH-
Horo yumBepcurera um. M. B. JlomoHocoBa. Ee marepuan coor-
BETCTBYET UBJIOXKEHUIO, TAK)KE B TeUeHUE OJHOTO CeMecTpa, pas-
mena «auddepeHInaIbHble YPABHEHUS C YACTHBIMH IIPOU3-
BOAHBIMH» M3 Kypca BBICIIEH MAaTeMaTHUKU IJA TEeXHUYECKUX
BY30B.

Bropas wacTth mocobus, KaK W IepBas, COIEPKUT UeThIpe
TJIaBbl. B IIepBoii IiaBe HAioTCsA CBeIeHUs 00 YpPaBHEHUSX B UaCT-
HBIX IPOM3BOAHBIX IIEPBOTO TMOPSANKa. Bropasd riiaBa ITOCBAIEHA
MBJIOXKEeHUI0 HeoOXOomAMMO# majee Teopuu psamoB @Pypwe. B Tpe-



ThEU TJIaBe MOAPOOHO pPacCMaTPUBAETCS KJIACCUDUKAIIUA JTUHEH-
HBIX YpaBHEHUI C YaCTHBIMU IPOM3BOAHBIMM BTODOTO HOPALKA.
B uerBepTOIl Ir1aBe aHAJMBUPYIOTCS OCHOBHBIE YDaBHEHUS MaTe-
MaTUUECKON (pUBUKU.

B kHure mpuBomumTcA pasbop XapaKTEPHBIX 3akad, COJAEp-
JKATCS YIPAKHEHUA JJIsI CAMOCTOATEIBHOTO PEIeHNs, CHAOMKEeH-
HBbIe HEOOXOAMMBIMYU YKa3aHUAMU U OTBeTaMU. B KOHIe ee uMe-
eTCfA CINUCOK JONIOJHUTEJIbHON JUTepaTyphl.

WzpaTenbeTBO BhIpaskaeT IpusHaTeabHOCTh B. B. emunoBuuy
u H. II. OcM0/I0BCKOMY 3a IIOMOIIlb, OKA3aHHYIO IPU IIOATOTOBKE
HACTOAIIETO yueOHOTO IOCo0us.

Kuura paccunrTana Ha CTYAEHTOB TeXHWYECKMX By30B. Ha-
nucaHHas MPOCTBIM U SCHBIM A3BIKOM, OHA IIPeJCTaBJsEeTCA
TaksKe IIOJIe3HOM JuIaM, 3aHMMAIOIIMMCA MaTeMaTUKOU camo-
CTOATEJBHO.



HYACTb I ObbIKHOBEHHbIE
ANOOEPEHLUWNAJIbHBIE
YPABHEHWUA

Ton obbixrosernbiM dupeperyuaroroim ypasreruem (COKpaILEH-
o, OJ1Y) noHumaeTcst paBeHCTBO, COfiepKalliee HE3ABHCHMYIO TlepeMeH-
HYI0, HEU3BECTHYI0 (DYHKLHMIO OT 3TOH NMepeMeHHOH U e€ NPOU3BOIHbIE.
[TopsipxoM crapuieldl NPOM3BOJAHOM, BXOASILIEH B COCTaB YpaBHEHHS,
3anaéres nopsadox OLLY. PyHkuuel, uMerOLIeH COOTBETCTBYIOLLHE TPO-
M3BOJIHbIE U 06 pallalolell ypaBHEHHE B TOXKAECTBO, ONpeelIseTcs peule-
nue OL1Y. Tpouecc Haxoxnaenus peuenuit OJ1Y o6biuHO Ha3bIBAIOT €ro
UHMezpUPOBAHUEH.

[Tpu usnoxenuu reopun O1Y ocHOBHOE BHUMaHHE MBI COCPELOTOUHM
Ha CJIy4asix TOYHOTO HHTErPHPOBAHUS TaKHX YPAaBHEHHH.

fnasa 1l
OBLWMUE NOHATUA

§ 1. 3AJA4YU, NPUBOAALLME K AUDOEPEHLUANBHBIM YPABHEHUAM

Maremarnyeckoe H3yyeHHe 3aKOHOMePHOCTEH 1eHCTBHTeILHOTO MHpa
YacTO NPHBOLHT K YPABHEHHSIM, CBA3bIBAIOLIMM HEH3BECTHBIE BEJHYHHBI U
NPOM3BOHbIE 3THX BeNHYKH. Takue ypaBHeHUs Ha3bBawOTCA Juddepen-
YUAAbHOIMU.

[Tpexpe yeM 1epexomuTh K TOUYHBIM ONpeJe]eHHSIM OCHOBHbBIX MOHS-
THH, PaCCMOTPHM DAL MPHMEPOB.

IMpumep 1. CkopocTb pacnaja pajius B KaX/IblH TEKYILIHH MOMEHT Bpe-
MEHH { MPONOPLUHOHANbHA €ro HalHYHOMY KoauuecTBy Q. HalTh 3akoH
pacrnaja pajus, ecau B HayaabHbiH MoMeHT { = 0 umesoch Qy panus.

Pewenue. Ilox ckopocTbio pacnana pagusi NOHHMAeTCs MPOH3BOL-
Hasi; MOITOMY COTJIaCHO YCJOBHMIO 3ajiaud HMeeM AHddepeHUHatbHoe
ypaBHeHHe

dQ _

o =*Q, (1.1)



rae k — W3BeCTHBIH KO3(MULUMEHT NPONOPLUHOHANLHOCTH®, a 3HaK “~"

yKa3blBaeT Ha TO, YTO C yBeJHUYEHHeM BpeMeHH { BequuuHa ( ybbiBaet:

dQ
i <0. Kpome ypasrenus (1.1) umeem elte Tak Ha3biBaeMoe HayalbHOE

yCJIOBHE:

Q=Qq mpu t=0, (1.2)

POJIb KOTOPOTO BBISICHHTCS BIIOCJIEACTBHH.
YpasHenue (1.1) nerko Moxet 6bITh peleHo. A UMEHHO, pasienus o6e
ero yacti Ha Q, 6yznem nmerhb

d(nQ) _

dt —k

HIHn
2 (InQ+kt)=0
dt :

OTtcropa
InQ +kt =InC,

rae InC — npou3BoJIbHAs NOCTOSIHHAS HHTErPHPOBAHUSA B JIorapudMuye-
ckoMm BHzie. [ToteHumpyst nocsieiHee paBeHCTBO, OKOHYATEBHO MOJIYUHM

Q=Ce*, (1.3)

dopmyaa (1.3) npeactasasier co6oil ceMelCcTBO GYHKUME OT HE3ABUCH-
MOH NepeMeHHOH f, 3aBUCsILee OT MPOM3BOIbHOM MOCTOsIHHOH C, mpuueM
KaX[1asi U3 3THX GYHKLMH yI0BaeTBOPSeT AH(hepeHIMaNbHOMY YPaBHEHHIO
(1.1). Takoe peliieHye Ha3bIBAETCS OOU4LM U HE Ia€T KOHKPETHOrO OTBETa Ha
BOIIPOC 3afiayH. UTOObI OTYUHTh pellieHHe 3aladk, HyKHO OMpeleTHTh 3Ha-
yeHHe NOCTOSHHOH C; 3TO MOXKHO CHeJ1aTh, HCIIOMb3Ys Haua/lbHOe YCJIOBHE
(1.2). Monaras t =0 B popmyae (1.3), nonyuum

Q=C1l
OTcrona

C=Qp.

[ToncraBass 3To 3HaueHue B hopmyay (1.3), HafineM Tax HasblBaeMoe
4acmuoe pewierue

Q=Qpe™*, (1.4)

* A uMeHHo, k — du3nuecKas NOCTOAHHas, BbIPaXKeHHas OOBIYHO Yepe3 NepHoa noJy-

pacnapa t.



MOHOCTBIO pellaolee 3anady. [eOMeTpHUECKH 3TO eCThb 0Ka3aTelbHas
kpuas (puc. 1).

NS N S

\

T t
Puc. 1

Mpumep 2. MarepuansHasi Touka Macchl m OpOIIeHa BepPTHKAIbHO
BBEPX C Hauya/lbHOW CKOPOCTbIO V. HalTH 3aKOH ABHXKEHHS TOYKH, NIpeHe-

Operast CONPOTHBJIEHHEM BO31yXa.

Pewenue. Bynem cuurars, uto TpaekTopHs ToukH ectb och O, Ha-
NpaBJeHHast BEPTHKANBLHO BBEPX, TPUYEM B Ha4anbHbIH MOMeHT { = 0 Tou-
Ka HaXxo[H/Iach B Hauase KoopauHat. EquHcTBeHHas cua, eHCTBYolas
Ha Hallly TOUKY, eCTh CHJIA TSKECTH, PaBHAst Mg U HarpaB/eHHas BEPTH-
KaJibHO BHH3. [IpiMensis 3akod HbloToHa, corsiacHo KOTopoMy nponsBesie-
HHE MacChl Ha YCKOPEHHe paBHO AeHCTBYIOLIEH CHIle, TTONTYUUM AHddeper-
LMaNbHOE YpaBHEHHE BTOPOTro MopsiiKa

m d?x = -mg
dr?
WJIH
d2x
=g (1.5)
a2 8

Hayanbhble YCJIOBHA 31€Ch 3aMHChIBAIOTCA CJAEAYIOLIUM 06p830MZ

(x=0, %’f=vo) npu t=0. (1.6)

Wnrerpupys ypasuense (1.5) nocsienosatenbHo hBa pasa, 6Gyaem
MMETh

4= -gt (1.7)
H
2
x=Cy+Cit £, (1.8)

Pyukums (1.8), 3aBucAwas B 3T0M c/Iydae 0T ABYX NPOU3BONBHBIX T10-
crosHHbIX Cp v Co, npepcTasisieT co60i Tak HazbiBaeMoe obujee pewerue



x  ypasuenns (1.5). Us ypastenui (1.7) u
(1.8), ucrnonb3ys HauanbHble YCJAOBHA
(1.6), nmeem

Ci=vg, Gy =0;
o OTClOOa, MnoAcCTaBadAsd 3TH 3HAYEHHHA B

0 N7 ¢opmyay (1.8), nonyunm wacmmoe pe-
p wenue
uc. 2

2

x=ugpt —%—,
TNPEACTABJIAIOLIEE HCKOMBIA 3aKOH ABHXKEHHsI MaTepHalbHOH TOYKH. ['eo-
MeTPHYECKH 3TO eCTb MapafoJia ¢ 0CbIo NapaJiielbHOH OCH OP/IMHAT, Kaca-
TeJbHast K KOTOPOM B Hauane koopaunaT (puc. 2) o6pasyer yroa
a =arctgug.

§ 2. OCHOBHbIE ONPEAENEHUA

BBezieM HeCKOMIbKO OMpefesieHHH.
Onpenenenue l.YpaBHenue

Fle, g,y y™) =0, (1.9)

CBSI3BIBAIOLIEE HE3ABUCHMYIO IEPEMEHHYIO X, HCKOMYIO GyHKUHIO y = y(x)

u ee 1pou3BoaHble (MK KuddepeHLHabl) 10 1-TO NOPSIIKA BKIIOUHUTENb:
HO, Ha3bIBaeTCs OObIKHOBEHHBIM OUpeperyuarbHbIM YPABHEHUEM N-TO
nopsiiKa.

Hanpumep:

yy’+x =0 — muddeperumansHoe ypaBHeHHe 1-ro nopsika;

y”+y =0 — nuddepeHunanbHoe ypaBHeHHe 2-r0 MOPSAKA U T. [I.

Onpenenenne 2. Beakas Gpynkuns y = y(x), Kotopas npH ee nop-
craHoBKe B U deperunansHoe ypasrenue (1.9) obpaiaer ero B Toxae-
CTBO, Ha3bIBAGTCS peuleHuem ITOTO ypaBHeHHs, a rpadHK 3TOH QYHKLHH
Ha3bIBACTCA UHME2PANLHOU KPUBOL.

YpaBHeH#Ue

®(x,y)=0 (1.10)
HasbiBaeTcsi MHTerpanoM auddeperuuanstoro ypasHenus (1.9), ecan
kaxnas GpyHkuus y = y(x), onpenensiemas ypastenuem (1.10) u umeio-
was HenpepeiHble npou3sogsbie ', ..., y®) 1o n-ro nopsaka BKmOUH-
TeJIbHO, ABJISETCH pelleHHeM JaHHOTO U (epeHUHaIbHOTO YPaBHEHHS.

O6o06wasi moHsATHE HHTErpasbHOH KPUBOH, JIMHHIO ONpelesseMyio
ypasuenueM (1.10), 6ynem no-npexxHeMy Ha3bBaTh UHMESPAALHOL KPU-
801l UK uHMezparvroll autuell nuddeperuraibHoro ypasHenus (1.9).

8



Paspeinas ypasuenue (1.9), ecsid 970 BO3MOXKHO, OTHOCHTEILHO CTap-
1eit npou3BoAHOH ("), oNyduM OIHO WJTH HECKOJIBKO YPaBHEHHH BU1a

g = fe, gy D), (1.11)

rie [ — u3BecTHas GyHKums. B nanpHeliem Ml 6yeM H3yuaThb IJ1aBHbIM
o6pasom nuddeperunanphbe ypastenns (1.11), paspeennbie oTHOCH-
TeJIbHO CTapluei NPOH3BOAHOM.

Ha npumepax Mbl Bunen, uto nuddepeHuransHoe ypaBHeHHe HMeeT
Gecyuc/IeHHOe MHOXKECTBO pellleHHH. UT0Ob! BbIIETHTL OJHO BIIOJIHE Onpe-
JleleHHOe KOHKDETHOe pellieHHe, Kpome ypaBHenus (1.11) HyxHo 3axaTh
JIOMOJIHMTE/IbHBIE YCJIOBHS, BbITEKAlOLMe M3 YCJIOBMI JaHHOH 3ajlauH.
B npocrefiiuem ciiyyae HMH SIBASIOTCS TaK Ha3blBaeMble HA4AAbHbLE YCAO-
8Usl, COCTOSILLIHE B TOM, 4TO NPH HEKOTOPOM 3HAYEHHH X = X(), 3aal0TCA

3HAUEHHsI HCKOMOH (byHKHHH Y W ee ToCNEeN0BATEJbHLIX MPOU3BOAHBIX

’

[T y(”'”. Torna mbl npuxoaum B 3adaye Kow: naliTy pelenue y aug-
depenunanbroro ypashenus (1.11), yroieTsopsitoiiee 3a1aHHbIM Haua-
JIbHBIM YCJIOBHSIM

— 7 — (I’l—] ) — ( n—l) l l 2
ylx:xo yO‘ le'—‘X() yO""' y ‘x:xo yo . ( . )

TIE X0, YO YO -on y(()n_” — HeKOTOpble onpe/eneHHble yucaa. Ecin ara

3afaya st 1I00# CUCTeMbl Ha4aJIbHbIX YCJIOBHH HMeeT e IHHCTBEHHOe pe-
LIeHHe, TO TOBOPAT, uTo AuddepenumansHoe ypasHenue (1.11) o6ranaer
CBOHMCTBOM eIMHCTBEHHOCTH. ['eomeTpryeckH 3afaya Kouin cocToUT B Ha-
XOXK/IEHUH MHTErpaibHOH KpuBOH y = y(x), Mpoxoasiuel yepes AaHHYIO
Touky Mo(xg, yo), npuuem Tak, uTo6b IPOU3BOAHBIE ¥, ..., Y =1 ppunn-
MaJii 3alaHHble 3HaYEHHs.

Ecaiu nopsinok ypasHenus nepebiii (n = 1), To TpeGoBaHHe 0 MPOH3BOL-
HBIX, ECTECTBEHHO, OTMaJaeT.

Onpenenenue 3. Pewenne puddeperunansroro ypasnenus (1.11)
y=0x,Cp, .. Cy), (1.13)

coaepxaillee n MpoH3BOJIbHBIX MOCTOAHHBIX Cl’ . Cn,6y11€M Ha3biBaTb

00LIKM, ec/iH MyTeM BbIGOPa 3THX MOCTOAHHBIX MOXKHO MOMYYHTh pelle-
HHe, YIOBJIeTBOPSIOLLee JIOOBIM Haya/bHbIM YCIOBUAM .

[locrostuubie Cy, ..., C,, obnagamouine STHM CBOMCTBOM, HA30BEM CYLIie-
cTBeHHBIMH. [03TOMY KOPOTKO MOXHO CKa3aTh, YTO OOLUMM pelleHHeM
1 depeHuranbHOro ypaBHEHMS 11-10 MOPSIAKa Ha3biBaeTCA €ro peleHue,
coaepiKallee 71 CyLUeCTBEHHbIX TPOM3BOJBHBIX OCTOSHHBIX.

* Boo0tue roBopsi, B H3BECTHOH 00/1aCTH.



EcJi1 BBIMOJIHEHO CBOHCTBO eIMHCTBEHHOCTH, TO O6lIee pellleH e Npej-
craB/feT co60# COBOKYMHOCTb BCEX PelieHHH JaHHOro iuddepeHunas-
HOTO YpaBHEHHS, T. €. aeT MOJHOe pelleHHe 3a1auH.

Onpenenenue 4. Peienne auddepeHuHasbHoro ypaBHeHHs
(1.11), nonyuatouteecs u3 o6uero (1.13) mpy HeKOTOPOM KOHKPETHOM Bbi-
6ope NPOM3BOJILHBIX MOCTOAHHEIX C1, ..., C,, Ha3bIBAETCA YACMHbIM.

[eomeTpuuecky obluee pelileHHe NpeacTaBiseT co6oi ceMeHCcTBO HH-
TerpajbHbIX KPHBBIX, 3aBHCsLlee OT 7 napameTpoB (nose unmeepanonoLx
KpUBbLX), 2 UaCTHOE PellleHHe — OTAENbHYIO MHTETPabHYIO KPHBYIO, BXO-
ASILLYIO B 3TO C@MeHCTBO.

Ecan usBectHo o6uiee pewenue (1.13) nuddepenunanstoro ypase-
Hust (1.11), To ero yacTHoe pelueHHe, yIOBAETBOpSAIOIIEE 331aHHBIM Ha-
yanbHbM ye10BusM (1.12), Mbl mosyduM, onpeaessis NpoM3BoIbHEIE TIO-

crosinnbie Cy, ..., C, U3 CHCTEMBI ypaBHEHHI:
Yo = 0lxq, Gy, ... ), )
Yo = 0 (20, Cpy s Cy), L
(1.14)

gV =90 Vi, i, C).

Ipumep. Haiitu perenne quddepeHuHasbHOro ypaBHeHU S
y” =6ux, (1.15)
YAOBJIETBOPSAIOLIEe HAYaJJbHBIM YCIOBHAM
Ueeo =0, ¥lcp =L ¥",co=-2

Pewenwue. Uurerpupys obe uactu ypasenus (1.15) nocaenosare-
JIbHO TPH pasa, OyleM UMeTb

g =3x2+ G, |
y'=x3+ Cx + Cy, L (1.16)
y=%+CI%+C2x+C3.J|

Tonaras x = 0 B ypasHenusx (1.16), nonyunm
-2=C;, 1=Cy, 0=0G;.
Orciona

C=-2 Cy=1 C=0

10



H, CJIe10BATE/JbHO, HCKOMOE YaCTHOE pellueHHe eCTb

y=txt-xl+x

Onpenenenune 5 CooTHoueHHe
®(x,yC,.,.Cp)=0 (1.17)

HasbiBaeTCs o0uuM urmeeparom tuddepentmanbHoro ypasaenns (1.11),
ecau 1) npu mo6oM BeGOpe MPOM3BOMBHBIX MOCTOAHHBIX (i, .... C,
KpuBasi, onpeneJsiemMas ypasHerneM (1.17), ssasercss HHTerpanbHOH H
2) cpenu cemericTBa (1.17) umeoTcst MHTErpasibHbie KPUBbiE, YIOBIETBO-
pSIOILKE TPOU3BOJLHBIM HAUaJIbHBIM YCJIOBHSIM,

Ecnu puddeperumansHoe ypaBHeHHE JaHO B 0011eM BUJE,

Flx,y, 4. y'™) =0, (1.18)

TO B IPOCTEHIIEM C/Tyyae 3TO ypaBHeHHe SKBHBANEHTHO HECKOIbKUM ypaB-
nenusim suna (1.11). Torna cootsomenue (1.17) 6ynem HasbiBaTh 0OIMM
uHTerpanom muddeperunanstoro ypashenus (1.18), ecan oHo 3KBHBa-
JIEHTHO COBOKYMHOCTH OOLIMX HHTErpajoB BCEX OT/IEJbHBIX YPaBHEHHH
una (1.11).

Teomerpuuecku o6uki unrerpan (1.17) npeacrasnsier co6oii n-na-
paMeTpHuecKoe CeMeHCTBO HHTerpajbHBIX KPHBbIX AH((epeHUHab-
Horo ypasHenusi (1.11), unu coorsercraento (1.18).

O6paTHo, uMest ceMeHCTBO KPHBbIX

¥(x,4.C, Cy, ... Cy) =0, (1.19)

3aBHCHLLee OT 71 CyluecTBeHHbIX napameTpoB Cy, Co, ..., C,, nyTeM audde-
PEHLHMPOBAHUS MOJTYUHM elLle 1 ypaBHEHHH

ik A ay

o =0 e 0. (1.20)
Hckmouast w3 n + 1 ypasuenust (1.19) u (1.20) n napamerpos C;,
Cy, ..., C,, monyuum, BooGiie roBopst”, nuddepeHiraibHOe ypaBHeHHE

11-rO TIOPSIKa, 061HUM HHTErPa/IoM KOTOPOTO ABJISETCH JaHHOe CeMeHCTBO
xpuBbix (1.19).

IIpumep. CoctaBuTb LM HepeHLHanbHOe ypaBHEHHE CeMeCTBa Nps-
MBIX, IPOXOASIIMX Yepe3 Haua/lo KOOPAHHAT.

[Tpeanonaraetcs, uro nekiiodetne napametpos C, Cy, ..., C, He MOXeET ObITb NPOU3-
. . d*
BeeHO M3 YaCTHYHOH CHCTeMbl ypaBHeHHH y=0, ... —\l': =0npuk<n.
dx



Peuwenue. Umeem (puc. 3)
y=Cx. (1.21)

Juddepenumpys pasencrso (1.21),
HaXOZHUM

y =C. (1.22)
Wckmouas C us (1.21) u (1.22), noay-
yaeM fuddepeHLHanbHOE YpaBHEHHE
xy' =y,

aast Kotoporo ceMeiictso (1.21) siBasier-
Puc. 3 Csl OBLUMM HHTETPaJIOM.

3agaHud A8 CaMOCTOATENbHOIO pelieHud

1. TIpoBepHTb, YTO 4151 3aIaHHBIX AU (e pPeHUHATbHBIX YPABHEHHH CJle-
pyiouye GyHKUKH sBasioTcs ux pewerusimu (C, Cy, Co — npoU3BOJbHbIE
NOCTOSIHHEIE):

a)yy'=x, y=+x2+C;
6) y” — (kb + ky)y’ + kikoy = 0, y = Ciek* + Cyee*
(k,, k, — nocTosiHHBIE);
B)y”+2py’ + py =0, y = eP*(C; + Cyx) (p — mocTORHHO);
) y”+ 2y + (p? + q2)y = 0, y = e P*(C; cosqx + Cysingx)
(p, ¢ — mocTosiHHEL).

2. CocTaBuTh AuGb(bepeHUHalbHbE YPaBHEHHUS 3aaHHBIX CeMeHCTB
kpusbix (C, C;, Cy — mapameTpei):
a)y = x + C (napanienbHsie npsimble);
6) y = Cx? (napaGoui);
B)y = x2+ Cx + Cy (KOHTpyeHTHEIE Napabosbi);
r)(x = €)% + (y = Cy)% = 1 (oKpyXHOCTH enMHHUHOTO
panuyca).

3. 3uas obume pemeHus Au(epeHIHaNbHBIX YPABHEHHH, HAHTH HX
yacTHbie pewienus y = y (x), yAOBIETBOPSIOLKME 32 1aHHHIM HAYaNbHbIM
YCJIOBHSIM, €CJIH

a)y=Cx2, y(2)=3;
6) x2+2y2=C, y(1)=5;
B)y =e*(C; + Cyx), y(0)=1, y(0)=0;

r) y = e*(Cicosx + Cysinx), y(0)=0, y(0)=10.



fnasa II
AUDOEPEHLUWANBHBIE YPABHEHWUA NEPBOIO NOPAAKA

§ 1. PA3JIMYHBIE ®OPMbI AUDDEPEHLIUANLHOTO YPABHEHWUA NEPBOTO
NOPAAKA

OG6wui BUA nHddepeHIMaIbHOrO ypaBHeHHS 1-T0 opsAjKa ¢ HeH3BeCT-
Ho¥ yHKuMeH y = y (x), Hepaspeuienno20 OMHOCUMEAbHO NPOU3BO0-
HotLl y’, CEeNYIOLHH:

Flx,y,y)=0, 2.1)

rie F — 3anannas dyukuus. Paspewas ypasnenue (2.1), ecau 3o Bo3-
MOHO, OTHOCHTEJIbHO apryMeHTa y’, IoMy4YuM fxddepeHLHaibHoe ypaB-
HEHHe [IePBOTO NOPSIIKA, pa3peleHHOe OTHOCHTENbHO IPOH3BOLHOM:

y' = f(x, y), (2.2)

rie f — HekoTopast W3BecTHas GyHKuus. B obiuem ciyuae, ypaBHeHHe
(2.1) sxBuBanenTHO HecKoIbKMM ypaBHenHaM upa (2.2) (em. rui. 11, § 12).
B ypasuenun (2.2) nepemeHHbIe X U § BXOLAT HEPABHOMPABHO: X — SIB-
JIIeTCS HE3aBUCHMOH NIepEMeHHOM, a y — (QyHKuMed ot x. [1pu pewenny
3aja4 MHorAa yA06HO A AuddepeHLHanbHoro ypasHerus (2.2) nosb3o-
BaThCsA MHOM 3aMUChIO, B KOTOPOH NepeMeHHble paBHONpaBHEL. [lonaras

, d P(x, y)
=g 8 fay) = ~505

(3mecn yureHo, uto f (x, y), Boob1we roBopsi, — ecTh APOBHas GYHKUHUS, H
3HAK MHMHYC B3AT /sl yA06CTBA AaJbHEHIIMX BHIK/IAA0K), 6yneM UMeTb
CHMMeTpHUecKyIo hopMy AudpepeHLHaIbHOTO YpaBHEHHS | -ro nopsaka:

P(x, y)dx + Q(x, y)dy = 0. (2.3)
IMox pelueHneM 3TOr0 ypaBHeHHs IOHUMAETCS CHUCTEMA (YHKLMH
x=¢(t), y=wyl(t)
(t — mapameTp) TaKux, 4TO
{Plo@®), w®lo’(t) + Qlo(), w(t)y'(t)}dt = 0.

B uacTHOM caiyyae 3a mapameTp MOXeT GbiTb NPHHATA MepeMeHHas X
HJIH IIepeMeHHas Y.

JIMHHMH, COOTBETCTBYIOLIME PELeHHsM ypaBHeHHs (2.3), HasblBalOTCS
UHMEe2PANbHbIMU KPUBbIMU 3TOTO YPAaBHEHHS.
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§ 2. MONE HANPABJIEHWH

[lyctb B HekoTopo# obaacti G miockocty Oxy 3afaHo auddepenuy-
a/ibHOe ypaBHenHe (2.2)

y' =f(x y).

1o ypaBHeHue B Kaxaoi Touke M(x, y), npunaanexamei oénactu G,
onpefeaseT, ¢ TOUHOCTbIO 10 moBopoTta Ha 180°, HampaB/eHue KacaTelb-
HOM K HCKOMOH MHTerpanbHOH KpHBOH, poxoasutest uepes Touky M. ['eo-
MeTPHYeCKH HanpaBJleHHe H300paxaeTcs HeGOJIbLIMM OTPE3KOM MPAMOH
(yepToukoit), npoBeeHHBIM yepes TouKy M U HaKIOHEHHBIM K ock Ox oz
YIJIOM O TAKUM, 4YTO

tga = f(x, y)

(puc. 4). CoBoKYNHOCTL TAaKHX HaNpaBJEHHI HOCHT Ha3BaHHe MOJS Ha-
npasJieHuit muddepernpasHoro ypapHennus (2.2).
Paciunpsis nosie HanpaBieHuH, Ml 6YeM CYHTATh HANPABJIEHHE B TOY-
ke Mo(xg, yo) nepnenaukyasphbim k ock Ox, ecau
lim f(x, y) = oco.
X=Xy
Und 0V
WnTerpasnbHEIMH KpuBBIMH IHGGbEpeHUMaIbHOTO YpaBHeHHUs (2.2) aB-
JISIIOTCA T€ H TOJIBKO Te JIMHHH, KOTOPbIE B KAXKIOH CBOEH TOUKE KacaloTcs
COOTBETCTBYIOLIEro Harnpasienus (puc. 4).
T'eomeTpryeckoe MeCTo TOUEK MJIOCKOCTH, C OAHHAKOBLIM HANPaBIeHH-
€M 1104151, Ha3blBaeTcsl u30KAuKoL. OueBHAHO, ypaBHEHHE H30KIHHB! HMe-
eT BHI

f(x, y) = &,

rae k = {g 0. — 3ajaHHblil HAKJIOH NOJA.

y

Puc. 4 Puc. 5
14



[locTpoMB ZOCTATOYHO TYCTYIO CeTh M30K/HMH, HHOTAA YAAeTCs cocTa-
BHTb NPHMepHOe MpeACTaBleHHe O NMOBeJeHHH WHTErpalbHbIX KPHBBIX
RuddepeHunanbHoro ypaBHeHus. Tak, Hanpumep, AJis ypaBHEHHUS

g =yx?+y?

M30KIMHAMH ABISIOTCA OKPYXHOCTH x2 + y2 = k2, [Ipuban3uTeIbHOE pac-
T0JIOXKEHHE HHTErPa/IbHbIX KPHBBIX IOKA3aHO Ha pHC. b.

331{8.1*1“5] AJid CAMOCTOATEJIBHOIO pPEIIEHHU A

[TocTponTb H30K/IHHBI, [TOJIE HANPaBJIEHHH H yKa3aTb IPHMepHOe pac-

M0JI0)KeHHE HHTErPabHbIX KPHUBBIX A1 A1 (e peHLIHaNbHBIX Y PaBHEHHH:
x—

a)y’ =1+y%; 6)y' =x+y; B)y =xy-L r) y'=—x—+—i—.

§ 3. NOIMTOHbI IUNEPA

st npubAMKEHHOTO MOCTPOEHHs HHTErpaJbHOH KPHBOH Ruddepen-
LMaNBHOTO YPaBHEHHUS

y'=flx, y),
npoxozsued yepes fauuymo Touky M (xq, yo), 3Ty KPHBYIO 3aMeHSIOT J10-
MaHo# (nonuron ilsiepa), 3BeHbsi KOTOPOF MMEIOT HAMPABJEHUS, IPHHAL-
JMeXaliye noJiio HanpasJeHH# auddeperanbHoro ypapHenus (puc. 6).

Mycte M; (x;,y;) (i =0, 1,2, ...) — nocenoBatenbHbe BePIIMHBL OJIH-
roHa dinepa u
Ax; =X =X AY; =Yi1—Yi
— npupaueHus KoopauHat. O4eBHIHO, HMeeM
Ay; =Ax; tgo;
uam, Tak Kak tg o; = f (x;, y;), To
Ayi =A)Ci f(xi, yl) (l'—’ 0, 1, 2, )

Kpome Toro, y;41 = y; + Ay;.

[To atum pacueTHbIM (opmysam, 3angaBas
3HAYeHHS X[, X, ..., MOXKHO NTOCJIE0BATENLHO
onpenensith Yy, Y, ... . Ha npakTHke TOUKH
3HayeHHH x; O6bIYHO 6epyT PaBHOOTCTOSIIH-
MH, cuntas Ax; = h = const (wae npoyecca). ; et

Torma ol x, X, X, X x
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Henocrartok atoro METO/a BbiuKcJJieHHS] — CHCTEeMaTHyeCcKoe HaKormjie-

Hue olKM60K U BCJIEACTBHE 3TOTO — MaJiasi TOYHOCTh.

Ipumep. [ns ypaBHeHus
y'=x+y

Hantu y (2), ecan y (1) = 1.

no

Pemewnwne. [Nonoxumh=0,1. Pesynprare Beramc/ieHHi ¢ TOYHOCTBIO
0,001 nansl B Tabauue.

R

7 Ay;
1 0,2
1,2 0,23
1,43 | 0,263
1,693 | 0,299
1,992 | 0,339
2,331 | 0,383
2,714 | 0,431
3,145 | 0,485
3,630 | 0,543
4173 | 0,607
4.780

W00 N D U W N

O WD UEWN — O™
[ i e S e

—

Jlnsi cpaBHEeHHsi IPUBOANM TOYHBIH oTBeT: y (2) = 5,155.
Yupaxuenue. Meronom diinepa naitu y (1), ectu

y'=-——u y0) =2

I+ x
YayumeHHbIH MeTOX ToMaHbIX. [TycTh
Ai=h u fi=f(x,y).

[Tonoxum
=y, +4 = by
el =Xt g YL = Yit gl
"
! Min fi+‘—=f(x. Y 1]’
2 i+ i+
) 2
B takom ciyuae npuHuMaioT
| Yis1 = Yi + Ay,
]
Y Yult  Uin -
: e 7 rie Ay; = th%.
[}
0 % e %o x  YTOUHEHHE 3[1eCb COCTOHT B TOM, UTO B He-
h ~ KOTOPOH Mepe Y4HTHIBAITCS MOCAeAyIOLHe
Puc. 7 3HaueHus Hanpassenus noas (puc. 7).



Mpumep. Haittu y (1), ecan
y=y- -Qyi y(0) =1

Pewmeunue. [Ipumem i =0,2. Pe3ynbTaTsl BeIYHCIEHHH fal0TCA B Ta6-
JIHLE HHXe.

i X Y hi xi+% yi+% Ay;
0 0,0 1,0 0,2 0,1 1,1 0,184
| 0,2 1,184 0,169 0,3 1,268 0,159
2 0,4 1,343 0,149 0,5 1,417 0,142
3 0,6 1,485 0,135 0,7 1,553 0,130
4 0,8 1,615 0,124 09 1,678 0,121
5 1,0 1,736

ToyHoe pelueHHe 3afaukt ecThb ¥ = v2x +1; oTciona npu x = 1 nosydaem
y=+3=1732.

§ 4. TEOPEMA CYLUECTBOBAHUA W EANHCTBEHHOCTH
Jlnsi nuddepeHunanbHoro ypapHenus 1-ro nopsiaxa (2.2)
y' =i, y)

3ajaua Kowwm dopmysnupyercst Tak: HaiTH pemenHe y = y (x) naunoro
ypasHenus (2. 2), yrosneTBopsioliee 3a1aHHOMY HauyalbHOMY YCJIOBHIO

y(x0) = yo.

TeoMeTpuuecKH 3TO paBHOCHJIBHO CAEAYIOLIEMY: HAUTH HHTErPANBHYIO
KPHBYIO LudepeHLHanbHoro ypasHeHus (2.2), npoxoasulyio yepes aaH-
Hyto Touky Mg (xq, yg).

EcrecTBeHHO BO3HHKaeT BOMPOC: NPH KAKUX yC/IOBHSX 3amaua Komw
HMeeT pelueHue U GyNeT M 3TO peleHue eMHCTBeHHEIM? [IpuBesem Ge3
Jl0Ka3aTe/bCTBA TEOPEMY CYLIECTBOBAHHS H MHCTBEHHOCTH PelIeHH,
JHAIOULY!0 OTBET Ha TIOCTABJIEHHbIH BONPOC.

Teopema. Ecau B HekoTopoit okpectrocTH Toukn My (xg, yo)
lx—xol<a, |y—yol<o

BBIIIOJIHEHBI CIIEAYIOLIHE YCIOBUSA:
1) gyukums f(x, y) HenpepriBHA M0 COBOKYMHOCTH MEPEMEHHBIX X U ;
2) npoussonnas f, (x, y) orpannyena,
TO CylleCTBYeT peluenne y = y(x) auddepenunanstoro ypasHerus (2.2),
OTIpe/ie/IeHHOe Ha HEKOTOPOM OTpe3Ke

|x—x0|Sh,
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H yZIOB/IETBOPSIIOILEe HAYaIbHOMY yC/I0BHIO y(x() = Yo, IpHYEM TaKoe pe-
LIeHHE €IHHCTBEHHO.

M3 cchopmynupoBaHHOM BhIILe TeOpeMbl BOBCE HE CJIELYET, YTO COOT-
BETCTBYIOLIEE YACTHOE pellieHHe HaKTHUECKH MOXET ObITh HAHIEHO C Mo-
MOLIBIO KOHEYHOTO YHMCJ/Ia MaTeMaTHYeCKHX onepauui. JTo yaaercs cue-
JIaTh JIMLLb B PeIKHX cayydasx. B crenyiomux naparpagax Msl paccMoTpum
pS TAKHX HHTETPHPYEMBIX CJIyYaes.

§ 5. YPABHEHUA C PAAENAIOWUMUCA NEPEMEHHBIMU

JuddeperunanbHoe ypaBHeHHE IEPBOro NOPSAAKA, I0NYCKaKOLIee NpH-
BeJleHHe K BULY

X(x)Y(y)dx + X,(x)Y;(y)dy = 0, (2.4)

rae X(x), X;(x) — u3BecTHble QYHKUMH JHILb NepeMeHHOH x, a Y(y),
Y (y) — u3BecTHbie HYHKUMH IHLIb IEPEMEHHOH Y, HA3HIBAETCS YpaBHe-
HHEM C Pa3[e/SIoMMMHCS NIEPEMEHHBIMH.

Jlnst peleHust 3TOTO ypaBHEHHs HYXKHO TIPOM3BECTH pa3fieieHHe fepe-
MEHHbIX, T. €. Ipeo6pasoBath ypasHerue (2.4) Tak, uto6si npu dx cTOAN
651 MHOXHTEJTb, 3aBUCALIMH TONBKO OT X, @ PU Yy CTOSAN 6bi MHOXUTEIb,
3aBHCALUMI TOJbKO OT y. JlAs 3TOro, OYEBHIHO, NOCTATOYHO 0B€ HacTH
ypasHenus (2.4) pasgennts Ha npoussenenre X (x)Y(y), nocae yero 6y-
JIeM UMeThb

X(x) X oo B hiy) (y) -0
X (x) Y(y)

PaccmarpuBasi [1Jist ONpefesieHHOCTH B TNOCJAEJHEM PaBEHCTBE Y Kak
(bYHKUMIO TepeMeHHOH X, TONYYHM

X(x) W) _
[ % T V) y]d""o'

Otciona, HHTErpUPYS M0 X, GyleM HMeTb
X, 5w, N
JI:X,(x) Y ]dx‘c

HJIH

Jxl(x)d +j”y) -C (2.5)

rie C — npoM3BoNbHAs IOCTOSIHHAS .

*  3pech, Kak ¥ BO MHOTHX MeCTax B Jla/ibHeiLeM, NOJ HeonpeeJeHHbIMH HHTerpaiamu
TIOHUMAIOTCS HEKOTOpble NepBo0OPa3Hble QYHKLKH.
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Kpome pewenuii, naBaembix popmyioit (2.5), ypastenue (2.4) nonyc-
KaeT pelueHus, o6palatoutre B Hyb npoussenenue X;(x)Y(y), 1. e. asas-
toumecs kopusiMu ypasrenuit X,(x) = 0, unu Y(y) = 0. B camom peue,
nyctb x = a, rae X;(a) = 0, toraa dx = 0. [ToacTasasis 31y GYHKUUIO B
ypasHenue (2.4), nonyunm

X(@Y(y)-0 + X, (@), (y)dy =0,

T.€. X = a — ecTb penieHue ypaBHenns (2.4). AHaJIOTHYHO MOXKHO TOKa-
3aTh, 4T0 GyHKuUMsA y = b, rae Y(b) = 0, siBAseTCA TAKKE PELIEHHEM yPaB-
nenus (2.4). TeomeTpHuecKH 3TH pelleHHUs, €C/IH OHH CYLUECTBYIOT, IPefl-
CTaBJISIOT COOON NPsiMble, MapaJliesibHbie 0CSIM KOOPAHHAT,

Hpumep. [ycts
xdy - ydx =0. (2.6)
Peurenue. Pasnenss nepeMeHHble, I0OMYYHM
4y _ dx,
Y X
Hurerpupys o6e 4acTH NOC/AEIHETO paBEHCTBA, OyIeM HMETD
In|y| = In|x| + InC,

rae C] — TOJIOXHTeNbHas nocTosinHas. OTcona

lyl = Clx|

y=Cx, (2.7)

rae C=1C; — npou3Bo/bHask NOCTOSAHHASA, KOTOpass MOXeT IIPUHHMATh
KaK MOJIOXKHTeJIbHBIE, TaK U OTpHLATeJbHbIE 3HAYEHUS.

PeuennsiMu 1anHoro auddepeHLHaNbHOTO ypaBHEHHS SIBJSIOTCS TaK-
xe QYHKIHH

HJIIH

x=0uy=0.
Kcraru ckasath, nocsenHee peleHne noayyaercs W3 ofliero peLieH s
(2.7) npn C = 0. TeoMeTpHUYECKH COBOKYNMHOCTb pElUeHH ypaBHeHHs

(2.6) npencraBasier 060 My4OK NPAMBIX HHUE, TPOXOASIIMX Yepes Ha-
“yano koopauHat (cm. puc. 3).

3anaHusd AJ19 CaMOCTOATENLHOIO PelleHUS
1. sinx-dy = ycosx-dx.
2. (1+y2)dx=(1+x2)dy.
3. y'=e*Y.
4. HaiiTi uHTerpanbHylo KpUBYIO ypaBHEeHHS y’ = J_ , TIPOXOAALLYO
yepe3 Touky M(2, 0).
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§ 6. 0AHOPOAHLIE YPABHEHHA

Kax ussectHo, dyukums f(x, y) HasbiBaetcs 0dropodnol usmeperus
O, €CJIH NPH J060M 3HAaYEHHH ¢ BBITIONHEHO TOXKAECTBO

f(tx, ty) = t*f(x, y). (2.8)

B yacTHOCTH, MHOrOUYJIEH
- i
P(x,y) = ZCijx y!
ij
npencTaBasieT cO60H OIHOPONHYI0 DYHKLHMIO 1-TO H3MEPEHHsI, eC/H Bce
YJIEHBI €r0 UMEIOT OJIHO U TO JKe H3MEePEHHE, PABHOE 1, T. €. eCJIH

i+j=n.
Onpenenenue. IuddepeHunanbHoe ypaBHeHHe IEPBOTo NOPSIKA

P(x, y)dx+ Q(x, y) dy=0 (2.9)

HasbiBaeTcs 00HOpodnbLM, ecnn Kosdduuments P(x, y) n Q(x, y) npu
IuddepeHIHanax nepeMeHHbIX X H §f — CYTh OXHOPOIHbIE GYHKIHH OIHO-
IO M TOTO K€ H3MEPEeHHS.

TycTb obiee usmepenue onnoponHoctd dynkuuii P(x, y) u Qlx, y)
paBHo 0. Mcnosbays ocHoBHOe ToxaecTBo (2.8), npuHumas ¢ = x, Gyaem
HMeThb

P(x, y) = P(x-1, x%) = x®*P(1, %)

Qlx, )= Q(x 1, x%) = x2Q(1, £).

[Moncrasass 3TH BepaxeHHus B ypasHene (2.8), mocsie cokpalieHns Ha
X% TIOJIy4UM

P(1,£)dx + Q(1,£)dy =0

HIIH
. 4
Z=i@), (2.10)
y P(1,%)
rze f (;) = _Q(l ;) — onHopoaHas (yHkuus 0-ro namepenus. Takum 06-

pa3oM, BCIKOe OAHOPOAHOE ypaBHeHHe (2.9) MoXeT GbiTh MPHBENEHO K
HopManbHo# dopme (2.10).
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Jlnst HaxoxneHus oblero unTerpana ypasHenus (2.10) monoxum

Yy
==y, (2.11)
oTclofa
y=xu (2.12)
H, CJ1eJ0BATebHO,
dy du
de ~ T dx tu

Jleniast COOTBETCTBYIOILYIO OACTAHOBKY, IOJYYHM YPaBHEHHe C pa3fe-
JSIIOLIMMUCS TlepeMEHHBIMH

x% = f(u) - u

Paspensis nepemeHHble, 6y1eM HMETh

WHTerpupys nouseHHo noceiHee paBeHCTBO, MOJYYHM OCILHMH HHTer-
pan

i(j;‘_u = In|Cx], (2.13)

rpeu = % , d[IPOU3BOJIbHASA NTOCTOSITHHASA B3ATa B JIOI‘apId(bMH‘leCKOM BHUAE.

W3 dopmyast (2.13) BhiTekaet, uTo 06LHil HHTErpa OAHOPORHOrO ypasHeHHus (2.10)
reoMeTpHUECKH NpeAcTaBseT coB0ii CeMeilcTBO M0A0BHBIX KPHBBIX C LLEHTPOM NMOLOGHS
B Haya/e KOOPAHMHAT. B caMoM fesie, pacCMOTPHM HHTErpalibHylo KpHBYIO

duy  _
el Injxq |, (2.14)
cootserctayiowyio C = 1. [Ipoussons B ypasHenun (2.14) npeo6pasosanue noaobus
P
x;=Cx, y,=Cy
M YYHTBIBas NIPH 3TOM, UTO
ul = % = ;;/. =u
1

Moy41M, OYEBHAHO, TPOH3BOJIbHYIO KDHBYIO CeMeiCTBa
(2.13).

[To3TOMY, 4TOOBI IOCTPOUTD MOJIE HHTErPAJIbHBIX KPH-
BbIX OHOPOAHOrO ypaBHEHHs, LOCTaTOYHO HapPHCOBATb
OJHY HHTerpajbHyio KpuByio, cootBetcrylouyio C = 1.
a 3aTeM Moflo6HO Npeo6pa3oBaTh ee B COOTBETCTBYIOLLEM
otHowenuu (puc. 8).

Ipu pewennn ypasuenus (2.10) nam npu-
WI0Ch AeJIMTb Ha Bhipaxkenne f(u) — u. Toato-
MY MHTErpa/bHEIMU KPHBbIMH 3TOTO yPaBHEeHHS
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OYRyT TaKxKe MPsAMbIE y = kX, YIIIOBOH KO(D(UILMEHT KOTOPHIX YIOBIETBO-
psiet ypasHenwuio f(k) — k= 0. Kpome Toro, ypasrenue (2.9) moxer umets
ele perueHde x =0,

3ameuanue. Jlug pelienns oxHopoaHoro ypaBHenus (2.9) Ml npen-
BapHTEJILHO IPHBOAMIH €ro K HopmanbHomy Buay (2.10). Ha npaktuke B
3TOM HeT HeOOXOAHMOCTH, MOXKHO Cpa3y MOJb30BaThCSA MONCTAHOBKOM
y=xu.

Mpumep. Pewntsb ypasHenue

(x+y)dx+ (x-y)dy=0. (2.15)

Pemenue. YpaBHeHue OIHOPONHO, TaK KaK, O4eBHIHO, P=x+y u Q

=X-—Yy — onHOponHble GyHKUKH 1-ro u3mepenus. Mcronb3ys 3ameua-
HHe, IoJlaraeMm

y=xu u dy=xdu+udx.
Otcrona

(x+xu)dx + (x — xu)(xdu + udx) =0
HJIH TIOCJIE OYEBHMIHBIX COKPALIeHH
(1 -u)xdu+ (1 +2u-u2)dx=0.

PasjeniB nepeMeHHble ¥ HHTETPHPYS IOCJIEN0BATENbHO, 6yIeM HMETh

(1-u)du dx _
1+2u-u?  x 0
H
J.l+ Qu-— u2du +j.
Orciona
%ln|l+2u—u2] + In|x|=InC
HIH

x2(1+2u-u?)=¢,

rae Cy = +C2. [ToacTap.sis BMECTO 4 €70 3HAUEHHUE, IONYYMM OOLUIHH HH-
Terpai

x2+2xy-y2=C,. (2.16)

Tak kak B mpolecce peleHust HaM IPUXONHUAOCH ENUTb Ha BHIPAXKEHHE
1+2u—u2, ro pewenusiMu ypasrenus (2.15) 6yayT rakxe npambie y = kx,

rae 1 +2k—k2=0.B n1aHHOM cilyyae 3TH pelleHHs 10y4aI0TCA U3 GOpMY-
bt (2.16) mpu €y = 0.
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«
(9]
ﬂ_

Teomerpuuecku o6umi uuterpar (2. 16) )
npeactasaseT co60H ceMeHCTBO rumep6od, /
BKJIOYas MX [BE aCHMIITOTHI y=(li«/§)x \\4 (

(puc. 9).

3ajganus fJ1s CaMOCTOSATENbHOTO
pemeHU s

0)
C=1
1. (x2+ y2)dx— xydy=0. / l
2. xdx —(y +x2+y2)dy = 0.

3. y'=

In

= =
BRES

§ 7. NMHENHBIE YPABHEHUSA

Onpenenenue. JuddepeHiuansHoe ypaBHeHHe 1-ro nopsiaka Ha-
3bIBAETCS AU HEL HbLM, €CJIA OHO IEPBO¥ CTENEHH OTHOCHTEJILHO HEH3BECT-
HOH QyHKUMH y K ee nipousBoaHok y (uau nuddepernumana dy) u He co-
LEpPXHUT TpOU3BeleHUs 3THX BenMuHH. B obmem cayuae mMHeiHoe
ypaBHeHHE UMEeET BHI

alx)y’+ Bx)y + y(x) =0, (2.17)

re ko3 duuments 0x), B(x), Y(x) — nanHble HenpepbiBHBIE QYHKLHMH B
HEKOTOPOM NpoMexyTKe a < x < b.
Tpennonaras, uto o(x) #0, ¥ BBOAS 0603HAUEHHS

Talx)

plx) =

ypasHenue (2.17) MOXHO MPHBECTH K HOPMANBLHOMY BHAY
y'+pl)y=q(x), (2.18)

rie ¢yHkuun p(x) u q(x) onpefeneHsl W HenpepelBHBI B MHTepBase
a<x<b.

Ecau g(x) =0, 10 nuneitHoe ypasHenue (2.18) HasbiBaeTcsi OfHOPOA-
HBIM; B [IPOTHBHOM CJly4ae — HEONHOPOLHBIM.

1. OxHopoaHoe AMHelHOe ypaBHeHHe. PaccMoTpuM oauopoduoe
JIHHEIHOE YpaBHeHHe

y'+plx)y=0 (2.19)
UK

%—= -p(x)y.

23



OueBuAHO, B 3TOM YpaBHEHHH MOXKHO pa3fieJHTb nepeMeHHbie. [Tpen-
noJaras y #0, 6yneM uMeThb
d
7y = - p(x)dx.

Huterpupys nocnenHee paBeHCTBO, MOJTYUHM

Idy—y = —Ip(x)dx

HITH o
Inlyl = ~[p()dx + InCy, (2.20)

rie C; — MOMOXHTeNbHas NPOM3BOJIbHAS NOCTOAHHAs. [ToTenuupys pa-
BeHcTBO (2.20), HaxomuM

l!/l - Cle—Jp(x)dx

HJIu
y= Ce—fp(x)dx’ 2.91)

rne C = +C; — npou3Bo/bHAs MOCTOSIHHAS, KOTOPAsk MOXeT IPUHUMATD
KaK NOJIOXKHTe IbHbIE, TaK U OTPHLATe bHble 3HAYeHHS. 3aMEeTHM, YTO [IPH

C = 0 noaryyaetcs pewenne y = 0 ypasHerus (2.19); nostomy C mMoxer
TIPUHUMATh JI060€ IeHCTBHTE/IbHOE 3HaueHHe U popmya (2.21) naer 06-
1[ee pellieHHe 3TOr0 ypaBHEHHS.

OG6o3Hayas yepe3
y = et
pewuenne ypasrenus (2.19), cootserctaymoiuee C = 1, u3 popmy.ni (2.21) Gyaem umets
y=Cy,.

CrenoBare/bHo, 4T06bI MOCTPOMTH MOJIE HHTErPaNbHbIX KPUBLIX ypaBHeHHs (2.19),
JIOCTaTOYHO HAapHUCOBATb rpadHK DYHKLHH

yi=yx) (a<x<b),

a 3aTeM OPAUHATDLI €ro HU3MEeHHTb B COOTBETCTBYI0LLEM OTHOLLUEHHH (PHC. 10)

Yy |
{24,
;/—____,/‘: 0,5y,
0 a b x

Puc. 10
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2. HeonHopoaHoe auHeEiHoe ypaBHeHHe. PaccMOTPHM HeodHo-
poOHOe TMHeHHOe YpaBHEHHE

y +p(x)y =q(x). (2.23)
Bynem nckaTh peleHHe 3TOro ypaBHeHH B hopme
y=Cx)y;, ' (2.24)

rie C(x) — HOBas HeusBecTHas GyHKuUs U y; = y;(x) — HEKOTOpOE He-
HyJIeBOE pellleHHe COOTBETCTBYIOLIEro OXHOPOJAHOr0 ypaBHeHHs

yi+pl)y; =0. (2.25)
Hcronbays hopmyiy (2.21), MOXHO M0JI0KHTb
gy =e P, (2.26)

3ameTuM, uto ecau B Gopmyde (2.24) C cyutath NOCTOSHHOM, TO 3Ta
dopMyna naer obluee pelueHHe JMHEHHOTO OLHOPOJHOIO YpaBHEHHs
(2.25). Ml xe npennonaraem, uto C = C(x) — ecTb HeKOTOpasi GyHKLUKS
NePEMEHHOH X, T. €. BAPbUPYEM 3TY MOCTOSIHHYIO H TeM CaMbIM J0GHBaeM-
¢, 4T06BI QYHKIHSA i YI0BJAETBOPSNA HEOAHOPOAHOMY ypaBHeHuo (2.23).
[To3TOMy 3TOT METON Ha3bIBAETCH «MemOO0OM BAPUALUL NPOUIBOALHOL
NOCMOAHHOL».

Toncrasnss suipaxenue (2.24) ns y B UCXONHOE AU depeHUMANbHOS
ypaHenue (2.23), 6yneM umeTh

C'()y; + C)yi + px)Cx)y; = q(x)

501074
C'()y; + Clyi +p(x) yy] = q(x). (2.27)

B cuny dopmyust (2. 25) koadduument npu C(x) B nocienHeM ypaBHeHHH
pasen 0. [ToaToMy 3T0 ypaBHeHHe IPUHUMAET BHI

C'(x)y; = q(x),

OTCra
C'lx) = 42
H, CJIe10BaTeJILHO,
Cv) = + j"‘*’ (2.28)

rae CI — NPOU3BOJIbHAA MTOCTOSAHHAA.

25



Ha ocHoBanuu dopmyasl (2.24) nonyuaem, uto obluiee peleHue HEOIHO-
POAHOTO JIMHEHHOro ypaBHeH s (2.23) umeet Bua

y= yl[q +f %"dx] (2.29)

HJIH, TIOACTaBAsAS Clofa Bhipaxenue (2.26) 1as y;, OKOHYaTenbHO Gyaem
HMeTb

y=e'h’(“)d"{cx +Jq(x)ejp(")dxdx}. (2.30)

Takum o6pa3oM, 4ToGbl PELINTb HEOLHOPOAHOE JIHHEHHOE ypaBHEHHE
(2.23), HyxHo cHauana HallTH obliiee pelleHHe COOTBETCTBYIONIEro OfHO-
POIHOTO JHHEeHHOro ypaBHeHus (2.25), a 3aTeM BXONALLYIO B HETO MPOH3-
BOJIbHYIO MOCTOSIHHYIO, MOJIOXHTb HEKOTOPOH (PYHKLHEH OT X, KOTOPYIO
ciefyeT mofo6path TaK, YTOGb GBUIO YHOBJETBOPEHO HEOLHOPOAHOE
ypaBHEHHE.

U3 dpopmyast (2.29) caenyer, uto
y=Clyl+Y’ (231)

rae Y = Y(x) — HekoTopoe yacTHoe pelueHne HeonHopoaHoro ypasHenus (2.23) (noay-
yaercsinpu C;=0), 7. e. y ABAAETCA IUHEHHOI DYHKUMET NPOH3BONLHOM MOCTORHHOI C;.
[ToaToMy nocTpoeHHe MoJsi HHTErPabHBIX KPHBBIX HEOLHOPOLHOTO IHHEHHOTO YpaBHe-
Hus OyLeT Takoe Xe, Kak 4 B OIHOPOLHOM CJly4ae, C TOH JIMLUb Pa3HHLEH, YTO POJib HyJle-
BOJ INHUK OTCYeTa ByneT Urpath rpaduk GyHkunu y = Y(x) (puc. 11).

y(C,.x)

Cl=l:\_/\|

€,=0i___—NY
C=-1h__——
i ;
0 a b X

Puc. 11

W3 cnioco6a noctpoenns cenyer, yto yepes kaxmyo Touky Mo(x,, yo) monoch
{a <x<b, — o <y <+00} IPOXOLHT OHA H TOJBKO OAHA HHTErPAJIbHAS KPHBAS.

3ameuaHue. Ha npakTike MeToA BapHaLHH NPOH3BOJNbHOM NOCTOSHHOH MOXHO
NPUMEHSATb Cpasy ANs JMHelHoro ypasHeHus (2.17).
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IIpumep. Pemnts ypaBHenue
(1+x2)y +xy=1. (2.32)
Pewenue. PaccMoTpuM cHayana oHOPOAHOE ypaBHEHHE
(U+x2)y +xy=0
HJIH
(l+x2)%+xy =0.

Paspensis nepeMenHsble, 6yfeM HMeTb

4y _ _ _xdx
Y 1+ %2’
OTCroaa
J‘ﬂ - _J xdx
y 1+ %%’
TO €CTb

In|y| = —-%ln(l+x2) + InC,

rae C — nosoxuTe/bHas NPOH3BOJIbHAA MMOCTOAHHASA. nOTeHLIHPYR no-
cJjieqHee paBeHCTBO, NTOJYUHM

=L )
y ‘/'1'+x2' ( -33)

rue _
C=+C.

CorznacHo HameMy metony B hopmyde (2.33) nosoxum C = C(x) u 6y-

IeM HCKaTb pelleHHe JaHHOTO HEOLHOPOIHOTO YPaBHEHH S (2.32) B BHIE
=L (2.34)

R
TMoncrasnsis 370 BripaxkeHHe B ypasHerue (2. 32), moayuum
M7 72C ) - xC(x)
(1+x2)- S Ty O
2

1+ x * \/1+,\:2 -

1

HJIH

Vi+x2C'(x)=1

3ameTHM, 4TO uMleHsl, cofepxaiume C(x), 0653aTe/bHO JOKHBI COKPa-
TUTBCS. ITO CTYKUT KOHTPOJIEM NPABUNLHOCTH BHIKIAMIOK.
K] [IOCJIEAHET0 YPABHEHHU A MONydaeM

C'(x)= \ﬁ-:-—;z—
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H, C/IeJI0BaTeIbHO,
C(x) =J.‘[liiix? = In(x + {1+ x2) + C,

rae C| — npoH3BosibHas I0CTOSHHAS.
Ha ocHoBaunuu Gopmy.ii (2.34) okoHuaTe bHO HMEEM

y= ‘/E’?[Cwln(xh/nx?)].

3ameuanue. U3 popmynn (2.24) Buitexaer, 4to 06LWIMIH HHTErpaN
JHHEHHOr0 HEOTHOPOAHOTO YpaBHeH s (2.23) MOXHO HCKATh B BHJE PO-
H3BeJleHUs ABYX GYHKUMH

y=uv,
T/ie OfHY H3 HHX, HanpuMep QYHKUHMIO v, ClIefyeT Noa06paTh TaK, 4To6kl
o6paTHiICs B Hy/b KO3(QMHUMEHT PU APYTOi DYHKLKH, B JAHHOM Caydae
NpH u, B npeo6pasoanHoM ypasHeHuH (cpasuu dopmyay (2.27)!). He
NpoJeJbiBasi BBIKJI2/IOK B OGLLUEM BH/E, OrPAHUYUMCS PACCMOTPEHHEM TPH-
Mepa.

Tpumep. Pewnts ypaBHeHHe

(x+y)y’ =1

Pewenwue. [To popme 310 ypaBHeHUe He SABASETCS JMHEHHBIM, TaK
KaK OHO COZIEPXKHT IPOHM3BEEHHE HCKOMOI (DYHKLIMH Y ¥ €€ IPOM3BOAHOI.
OnHako, ec/Iu paccMaTpPHBATh X KaK (YHKUHMIO OT ¥, TO, YYUTHIBAs, 4TO

r_ 1

y=+
6yzneM UMeTb JHHEHHOe YpaBHEeHHe
x'=x+y. (2.35)
[Tonoxnm
x=uv : (2.36)

H, CJIEI0BATENBHO,
dx _ ,du o do
dy = Vay T ay

IMoncrasasis 314 3HaueHus B ypasHenue (2.35), nonyuum

du duv _
vdy+udy—uv+y
HIIH
du dy _ -
vy (dy v)u y. (2.37)
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Buibepem dyukuuio v # 0 Tak, 4To6s 06paTHICH B HYIb KOIQPHLHEHT
TPH 4; 3TO flaeT

%ﬁ- -0 =0;
oTcIONa
= dy
H, C/Iel0BATEBHO, —
Injv] = yInC,
TO eCTh
v=_CeY,

rae C = +C — npou3Bo/bHas MOCTOsHHAsA. TaK Kak HaM TpebyeTcs JHILIb
O[lHa KOHKpeTHasi PYHKLHUs v, TO MOXKHO mosoxuts C = 1, 1 nostomy

v=eV. (2.38)

Toncrasus 310 BhipaxkeHue B popmiy (2.37), momyunm

ydu _
e =Y
oTcIONa
du _ Yy
dy ~ ye
U, CJIe0BATebHO,
U= Iye'ydy =-ye¥-eY +(, (2.39)

rae C; — NpoU3BO/IbHAS I0CTOSHHAS.
Takum 06pa3om, Ha ocHoBanuu popmya (2.36), (2.38) u (2.39) obuee
pellleHHe JaHHOrO YPaBHEHHS HMeeT BH]

x=CeY-(y+1).

3agaHusa 1J1s1 CaMOCTOSATEIBHOIO PelleH .
L oxy'+2 = x2.
2. (x8+y)dx-xdy=0.
3. (x+y?)y =1
4. Cuna Toka / B 3,1eKTPHYECKOH LeNH C OMHYECKHM COPOTHBIEHHEM

R v k03 dHLUHEHTOM caMOHHAYKUKH L ynoBreTBopsieT AudhepeHIHalb-
HOMY YpaBHEHHIO

dl =
Lo +RI=V,

rae V — nanpsixeHue Toka. Hafiti cuity Toka yepes ¢ CeKyHJI OCJIe BKJTIO-
yeHHs, ecd V — nocrossHHO M [ = [ympu £ = 0.
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§ 8. VPABHEHUE BEPHYIIU

K iuHeiHbIM ypaBHEHHAM JIerko CBOASTCS ypasrenus Bepruyaiu
y'+ py = q(x)y”, (2.40)

rae p(x) u g(x) — nanHble HenpepbIBHbIE HYHKLHH; 0L — 060 IeHCTBH-
TeJIbHOE YHCJIO.

Ecnno=1, To ypaBHenue Bepuyinu (2.40) ssnsiercs MHeHHBIM OLIHO-
POIHBIM H JIETKO HHTETPHPYETCH.
IMpua #1, nenst 06e yacty ypasrerus (2.40) Ha y®, 6yaeM UMeTh
vy + p()yl=® = g(x). (2.41)
[Tonoxum
yl=% = 2, (2.42)
Toraa
I-a)y™@y =2
H, CIEJ0BATEJIBHO,
y oy = 2 (2.43)

l-a

IoncraBass Boipaxenns (2.42) u (2.43) B ypasuenue (2.41), nonyuum
JUHEHHOE yPaBHEHHE OTHOCHTEJILHO 2:

l—f'a- + p(x)z = qlx).

Haiins otcrona z, us gopmyust (2.42) onpenensiem y.
OrmeTHM TakxKe, 4o pua. > 0 ypasHenue (2.40) nMeeT oueBHaHOE pe-
weHue y =0.

3aMmeuyaHue. Tak kak ypasuenue Beprynu (2.40) npeo6pasyercs B
JIHHEHHOe, TO 1JIsl er0 pelleHHsi MOXHO CPa3y HCIOMb30BaTh CIOCOGH pe-
LIeHHUS JHHEHHOTO YPaBHEHHUS, T. €. METOJ BapHALMK [IPOU3BOJIBHON 10-

CTOSIHHOH HJIH MOACTAHOBKY Y = UU.
Tpumep. Pemnts guddeperunansHoe ypaBHeHHe
xy'+y = x2y?.

Pewenue. OueBunHo, ato ypaBrenue Bepuysu. Pasnenus o6e yac-
TH ypaBHEeHHUs Ha y2, GyeM UMeTh

x—+l x2.
2y
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[Tonaras
,
yi= zZ " —-—% =2/,
y
TIOJIYUHM JIMHEHHOe ypaBHeHHe

—xz'+z = x*. (2.44)

CorniacHO MeTOAy BapHallMH IPOM3BOJIBHOM MOCTOSIHHOH pelllaeM CHa-
YyaJia OLHOPOXHOE ypaBHEeHHe

(35}

_,dz —
xdx+z—0.

Paanemm NepeMeHHbIe, HMEEM
dz _ dx
z

_x'

IMocae HUHTErpupoBaHHs NNOJYUHUM

In|z| = In|x| + InC
HJIH

z=Cx, (2.45)

rze C = +C. Kak o61uno, 6yneM cuntath, uto C = C(x) ecTh HekoTopas
¢yukuus x. [logcrasnss BuipaXkeHHe 14 2 B ypasHenue (2.44), Haxonum

~x(xC'+ C) + Cx = x?2
WJIH
C=-1

[Tostomy

C=-x+ Cl’
rie C; — npousBoJibHas nocTosHHas. Janee, us gpopmydst (2.45) noay-
yaeMm

z2=—-x2+ Cyx.
Tak kak 2z = i TO OKOHYaTe/bHO HMeeM

y= 12-

CIX"')C

Kpome Toro, Halre ypaBHeHHe HmeeT elie pewetue y = 0, hopMaibHO
COOTBETCTBYIOLIEE 3HAYeHHIO (] = oo,

3afgaHud AJd CaMOCTOSITEIbHOTO pewieHud

L oy?y - xy®= x5
2. xy'-y-= xQJ_y_.
3. (xy+x2y3)y’' =1
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§ 9. YPABHEHUA B NONHbIX AWDd’EPEHuMMAX

[TycTe neBas wacTb AMdhepeHIHaNbHOTO ypaBHeHHS

P(x, y)dx+ Q(x, y)dy=0 (2.46)
SIBJISIETCS MOJHBIM AU depeHIHanom HekoTopor GyHKUKK 2 = 2(x, y), T. €.
P(x, y)dx + Q(x, y)dy = dz. (2.47)

Kak W3BECTHO, HEOOXONUMBIM H JOCTAaTOYHBIM YCJIOBHEM 3TOr0 CIYXUT
BBITIOJTHEHHE TOXKAECTBA

P _ Q. | (2.48)

B stoM cayuae ypasxenue (2.46) HasbiBaeTCS ypaBHEHHEM B MOJHBIX
IuddepeHIHatax 1 pelaeTcs BeCbMa mpocTo. A UMEHHO: B TOUKAX HHTer-
pa/bHOM KPHBOH OfIHY M3 NePEMEHHBIX X ¥ J MOXKHO paccMaTpHUBaTh Kak
¢yHkumio apyroi”. [peanosaras Anst OnpeaeNeHHOCTH, UTO i eCTb HYHK-
uus ot X, ypasHeHue (2.46), B cuiy dopmyJsi (2.47), MOXHO 3anucath B
BHJI€ PaBEHCTBA

dz(x, y) =0,
re 2(x, y) — paccMaTpUBAeTCA Kak CJ0XKHas QYHKLHUS OT X, WK

d _
Ez(x, y)=0.

Orciona nosiyyaem o6yl uHTerpan ypasuetus (2.46)
2(x, y)=C, (2.49)

rae C — npou3BoJIbHAs MOCTOSAHHAS.

Teomerpuuecku o6uwmit nuterpan (2.49) npencrasaser co6oi cemei-
CTBO JIMHHI YPOBHS MOBEPXHOCTH 2 = 2(X, ).

Ecau BhinonHeHo ycJioBye nonHoro auddepennuana (2.48), o ans Ha-
XOXAEHHS QYHKLHH 2 MOXKHO l'lOCTyHPITb cJiefyioLuM 06pa3oM: U3 ypas-
Henus (2.47) umeem

= P(x, y) £ = Q(x, y). (2.50)
Ortciofia, HHTErpHpYs NepBoe paBeHcTBO hopmyasl (2.50), noayunm
z = [P(x, ydx + o(y) (2.51)
re ¢(y) — HekoTOpast PYHKLHUS OT Y.

* HckaioyeHue coCTaBaslOT auwb Touku (x, y), rae BuimonHeso ycuaosue P(x, y)=

=Q(x, y)=0. Takue TOYKH Ha3bIBAIOTCH 0COGLIMH ANt AN PEPEHUHANBHOTO ypaBHE-
nus (2.46) (nogpoGree cu. § 16).
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Hcnonbays BTopoe paBeHcTBO opmydst (2.50), 6ynem HMeTb

9'(y) = Qx,y) - 57| Plx. y)dx = R(x,y).

Tpu Hanuuuu pasenctsa (2.48) dynkuus R(x, y) He 3aBHCHT OT X, Tak
KaK

Tostomy R(x, y) = R(y). Toc/ientee 06CTOATELCTBO MOXKET CIYXKHUTh
KOHTPOJIEM IPABHJILHOCTH BbiKJIaL0K. CJIel0BATEIIbHO,

0'(y) = R(y)

o(y) = [R(ydy + G
W3 popmy.t (2.51) okoHuaTenbHO HMeeM

z= JP(x, ydx + JR(y)dy + (.

B nocnennest gopmyne npousBonbHas noctosiHHas Cy MOXeT ObITh
TpONyIeHa, TaK Kak /sl IoJy4eHus obuiero uuterpana (2.49) nam Hyx-
Ha X0Tsl Obl OiHa QYHKUKSA 2, YIOBAETBOpsIowas ypaBHeHHIo (2.47).

Mpumep. Peunts ypasHenue
@2x - y)dx - (x - 2y)dy = 0. (2.52)

Pemenue. 3necs
P=2x-y Q=-(x-2y),

npuyem
P _ R _ _,

Y ox

H, CJIe[10BATEbHO, JIeBas YacTb ypaBHeHHs (2.52) sB/A€TCA MONHBIM AUG-
(epeHLUHaIOM HEKOTOPOH DYHKLHH 2, T. €.

@x = y)dx - (x - 2y)dy = d=.
Ha ocHoBaHHu nocsieHedt GopMmyJibl HMeeM

Eoge oy ke (o) (259
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Wnrterpupys nepsoe u3 paBeQCTB (2.53), Haxonum
z= j(2x - ydx + o(y) = x% - xy + o(y).

Mcnosb3ys Bropoe u3 pasencts (2.53), 6yneM numets

g_; = —(x - 2) = —x + ¢'(y).
Orcrona HaxopuM
0'(y)=2y
H
o(y)=y2+C.
CreoBaTebHO,

z2=x2-xy+y2+C,.
TMonaras y = y(x), ypasuenue (2.52) MoxHo 3anucats B Bune
dz(x, y)=0.

Orciona, npuusBs s npoctoThl Cy =0, nosyyaem o61mui HHTErpasn 3To-
Io ypaBHeHHs

x2—xy+y2=_C, (2.54)
rae C — NpOH3BOJIbHAS IOCTOSHHAS.

Teomerpuuecku 06w uuterpan (2.54) ectb ceMeRCTBO IHHUE YPOBHS
3JLIANTHYeCKOro napabosonaa z = x2 —xy+y2 (puc. 12).

Puc. 12

3aMmeuaHue HanpakTuke ypaBHeHHe B NOJHBIX AHGPepeHLHanax
4acTo BCTpEUaeTcs B BHIE

P(x, y)dx + Q(x, y)dy = Py(x, y)dx + Q(x, y)dy,
rie P(x, y), Q(x, y), Py(x, y) u Q,(x, y) — 3ananHble DyHKLUKH.
34



Ecin P(x, y)dx + Q(x, y)dy = dz(x, y) n Pi(x, y)dx + Q(x,y)dy=
=dz,(x, y), T 061Kl HHTErPaJ 3TOrO YpaBHEHHs MMeeT BHJL

z(x, y)=2,(x,y) + C.

®ynkuun 2(x, y) u z(x, y) HaxoaATCS CIOCOGOM, YKA3aHHBIM BBILLE.

3aﬂaﬂﬂﬁ AJil CAMOCTOATEJBbHOIO pelIEHHUHA
1 (x2 - 2xy)dx - (x2 + yH)dy = 0.

xdx + ydy

§ 10. NOHATUE Ob UHTEMPUPYIOWIEM MHOXUTENE

OnpeneneHue. MHTerpupyomuM MHOXHTeNeM AH((epeHIHaNb-
HOTO ypaBHEHHS

2. =dx.

P(x, y)dx + Q(x, y)dy=0 (2.55)

Ha3bLIBAeTCA He paBHAs HYJIO QYHKLMs P(X, y), I0C/He YMHOXKEHHUS Ha KO-
TOPYIO JIeBasi YacThb ypaBHeHHs 06paliaeTcs B MOJNHBIH AuddepeHuHal,
TO €CTb

ulP(x, y)dx+Q(x, y)dyl=dz, (2.56)

rie z = x(x, y) — HekoTOpas QYHKIKA MepeMeHHbIX X U Y.
Hcnonbays ycnoue nosHoro gudepeHuraa, noayyum, 4To QyHKIUs
W YZOBJIETBOPSIET YPABHEHHIO C YaCTHBIMU 1POU3BOIAHBIMH
Q) _ awP)
x ~ dy -
Ecam st ypasrenus (2.55) HHTerpupyIoIIHil MHOXHTEJb HalleH, TO,

cuuTas AU ONpeNeNeHHOCTH y = y(Xx) HCKOMOH hyHKUMEH, IOTYUHM, UTO
3TO ypaBHeHHE IKBUBAJEHTHO YPaBHEHHIO

a _
<-2(x,y)=0
U, C/Ie[I0BaTe/IbHO, OBILMH HHTErpas ero ecTh
z(x, y)=C,

re GyHKups 2 = z(x, y) MoXeT 6biTh Jierko onpenesena (cm. § 9). Onnako
B 0011ieM CJTy4ae OTHICKUBAHHE HHTErPHPYIOLEro MHOXHTES eCTh 3aia4ya
CTOJIb XK€ TPyJHasd, KakK M pellleHHe caMoro AuddepeHIHalbHOIO ypaBHe-
Hust (2.55). TTo3TOMy METOX MHTErpUpYIOIIEro MHOXHTENS He UMeeT
60JIBLIOTO PAKTHYECKOrO 3HAUEHHUS.
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3ameuanue. Eciu puddepenimanbioe ypaBHeH e 3a1aHO B BHE
P(x, y)dx + Q(x, y)dy = Py(x, y)dx + Q,(x, y)dy,

TO, Haiiisl OGLUMI MHTErpUPYOIIHE MHOXUTeNb W = (X, y) Ans J1eBoi 1
TPaBOH YaCTH TOTO YpaBHEHHS, T. €. CUHTast |l QYHKLHEH, yLOBIETBOPSIO-
1eH YCJIOBHAM

ulP(x, y)dx + Q(x, y)dyl = dz

ulP (x, y)dx + Q(x, y)dyl = dz,,

e z=2(x, y) u 2;(x, y) — HeKOTOPLIE U3BECTHBIE DYHKIMH, /s OGLIETO
MHTErpaa 3Toro ypaBHeHHs Gy1eM UMETb CJeyIoliee BhpaXKeHHe:

2(x, y) =2(x, y) +C,

rae C— NPOHU3BOJIbHAA NMOCTOAHHASA.

§ 11. UHTETPUPYIOLLUA MHOXUTENb TUHEAHOTO YPABHEHUA

PaccMoTpuM NHHeHHOe ypaBHEHHE

y'+px)y = q(x)
HJIU

dy+p(x)y dx=q(x)dx. (2.57)

O61KM HHTETPUPYIOLIMM MHOXHTeJEM IS JIeBOM M NpaBOH HacTH
ypaBHEHHS, KaK JIETKO HEMOCPeACTBEHHO IPOBEPHUTD, ABJAETCHA QYHKLHUSA

W= ejp(x)dx.

B camom nene, ymHoXas ypasHenue (2.57) Ha |1, 04eBHIHO, UMEEM
ejp(x)dxdy + p(x)ej"(x)d"ydx = q(x)efp(")d"dx;
oTciofa

d(yefp(x)dx) - q(x)e]p(x)dxdx'

CienoBaTesbHoO,
yelPdx ¢ 4 Jq(x)ejp(x)dxdx,

rae C — npou3sBoJIbHas NOCTOSTHHAA. DTO HauboJee NPaKTHYHBIN cr1oco6
peLueHH s THHEHHOTO YPaBHEHHUS.
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IIpumep. Peints ypaBHeHHe
y' —ay = f(x), (2.58)

rfie @ — MNOCTOSIHHAS BeJHYKHA.
Pemenwue. 3nech

u = e_.[adx = e_ax
HH
d(ye=®*)=e=%*f(x)dx.
Orcroza
ye % = C + fe“”‘f(x)dx
i’

y =e%[C+ Je‘axf(x)dx]. (2.59)

ST0¥ GopMYJIOH MbI BOCIIOIb3YeMCsI B Ja/IbHEHILIEM.

§ 12. YPABHEHWA NEPBOT0 NOPAAKA, HE PAPELWIEHHBIE
OTHOCWUTENbLHO NPOU3BOJHOM

JluddepeHunanbHoe ypaBHeHHe MepBOro Mopsiika B ofLIeM cayyae
HMeeT BUJ

F(x,y,y)=0, (2.60)

rie F — usBectHas ¢yHkuus. Y pasuenue (2.60) moxet conepxath y’ B

M0G0 CTeNeHH U JaXe M0Jl 3HaKOM TPaHCLEHAeHTHOH (QyHKIHH.
PaccmoTpyM cHauana ToT cayuait, koraa ypassenue (2.60) MoxHo pas-
pewuTh oTHOCHTeNbHO Y. [Tpeanodaras, 4TO YHCIO KOPHEH B KOHEUHO,

MBI I0J1y4uM & ypasHenHii (k >1)
¥'=h6y), .y’ = frlxy). (2.61)

Takum o6pa3om, 3nech Yepe3 Kaxayio Touky obnactd G, B KOTOpOH
onpe/ieJieHb IpaBble YacTH ypasHeHui (2.61), npoxoasit, Boo6Lie rosops,
k MHTerpasbHbIX KPHBbIX.

Ecian

®@(x,y5,0) =0, ®y(x,y,0)=0,..,0,(x,y,C)=0

— o61ume uHTerpaisl ypasHenuit (2.61), To 06wkl MHTErpan ypaBHeHHs
(2.60) B 06nacTi G MoXeT GbITh 3aNHCaH B CAEAYIOLIEM BHIE:

®(x, 5, O xDy(x,y,CO) X ... xDp(x, y,C) = 0.
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Ipumep. Pewmts nuddepenunansioe ypasHeHHe
y2—(x+y)y +xy=0. (2.62)

Pewenue. Pewas ksagparHoe ypaHerse (2.62) oTHOCHTE/IbHO po-
H3BOJHOH y’, MOMyYHM

Orcioza
2
y = % +C u y=_Ce*
H, CJIelOBATENIbHO, 06LIMI HHTerpan ypaBHenus (2.62) ectb

(y - % - Oy - Ce¥) = 0. (2.63)

).
s

Puc. 13

y

Teomerpuuecky obuwit uuterpan (2.63) npencrasaser co6oi coso-
KyMHOCTb CeMeHCTB MapaboJt ¥ oKasaTebHbIX KpuBbIX (puc. 13).

§ 13. NAPAMETPUYECKUM CNOCOB PELLEHUA

Muorza ynaetcst mony4uTh peliieHye 061LEro ypaBHeHHS IePBOro MOpsaKa
(2.60), Buiparkast iepeMeHHbIE X 1 i KaK YHKLHK HEKOTOPOTO NIapameTpa p.
PaccMoTtpuM cienytouiye fga ciyyas.

Cayuait 1. Tlyctb ypasrenue (2.60) paspeminmo OTHOCHTENIBHO X.
Hmeem

x =0y, y). (2.64)
[TpumeM 3a napamerp p Beanuuny y’. Torna
x = ¢ly, p). (2.65)
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x _ 1
HucddepeHunpys 310 ypaBHEHHE 110 y ¥ YYHUTHIBAS, YTO yriat 6y-
JeM UMeTb
1_9 , d0dp
p 9y dpdy

Otciona, paccMatpuBasi y Kak (yHKUMIO napaMeTpa p, MPUXOIMM K
YpaBHEHHIO, pa3pelieHHOMY OTHOCHTEJIbHO NMPOM3BOAHOH OT HEH3BECT-
HOH (QYHKUHH )

R
b % (2.66)
= — .
O6uiee pewenHe ypasHeHus (2.66) umeet Bun
y =0(p,0), (2.67)

rae © — HekoTOpasi H3BecTHas QyHKUUS U C — NPOUBOJIbHAS MOCTOSIH-
Hast. YTOGH! MOMYYHTH X, HYXKHO TOC/ENHEe BEpaXKeHHe MMOACTABHTH B
dopmyJy (2.65).
CoBOKYIHOCTb IBYX hopMy
x=an0m?

4= 0.0 (2.68)

naet 061wt nuTerpan ypasHenus (2.64) B napamerpuueckoit popme. [pu
¢ukcuposanHoM C moJsyyaeTcs OTAe/IbHAsS HHTErpallbHas KPHBasi, KOTO-
PY!0 MOXKHO IOCTPOHTb 110 TOYKAM, 1aBast p PasJH4Hble 3HAUEHUS, IPHYEM
B KaX/0¥ TOYKe TOM KPHBOH p PaBHO YIJIOBOMY KO3(hHULUKMEHTY Kaca-
TesbHOM. ckimioyas napametp p u3 cuctemsl (2.68), nosyunum o6umit uH-
terpai ypasHenus (2.60) B 06s1uHOM BUze

@(x,y, C)=0.

B uacTHoM caiyuae, ecan ypasHenue (2.64) iBHbIM 06pa3oM He 3aBHCHT
ot y, 6yneM UMeThb

x = o(y").
,_ 4y
Monaras y'= - = p, noay4um
x = o(p). (2.69)
OuesupHo,
dy = pdx = p¢’(p)dp
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H, CJIe10BaTEJIbHO,
y = [pe’(pdp + C.

CoBoKynHOCTb hOPMYJI /1 X H y AaeT oGLIME HHTerpal ypaBHEHHS
(2.69) B napameTpuueckom BHzeE.
Ipumep. Peunts ypasHeHHe

y2-x+y=0. (2.70)

Pewenune. [Tonaras y’ = p u paspeiuas ypasHenue (2.70) otHocuTe-
JbHO X, 6yieM HMeTb

Iuddepenuupys nocnenHee ypaBHeHHe MO Y, MOJIYYHM
1_9,%
; 2p i L
Orciona
dy _ %
p~ 1-p

H, CJI€10BATEJBbHO,

2, of1--p?)
y—fl—_,; p—Q,f i, dp =

= of £ - 2f 1+ p)dp = ~20nl1—p| - (2.72)
-@p+p?)+C

rie C — npou3BoJIbHas IOCTOSIHHAS.
Toncrasass 31o Bhipaxkenue B hopmy.y (2.71), 6ynem uMeTh

x=-2p -2nfl-p| + C. (2.73)

CosokynHocTb popmya (2.73) u (2.72) naet 061yt HHTErpas ypaBHe-
nus (2.70) B napamerpuueckom Buze. U3 popmyasi (2.71) MoxHo Bbipa-
3UTb p 4EPE3 X U Y/, a HMEHHO:

p= 777

TMoncTasass 310 Bhipaxenue B Gopmydy (2.72), noayuum oMl HH-
terpan ypasrenus (2.70) B o6buHO# hopme.
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Cayuan 2. [lycts ypaBHenHe
F(x,y,y’)=0

pasperuuMo OTHOCHTENbHO . B TakoM ciyyae 3To ypaBHEHHe MOXHO 3a-
TnHcaThb B BHIE :

y=vy(x,y), - @74)

rle Y — HeKOTOpasi H3BeCTHas (PYHKLHS.
[IpuHKMast 3a mapamMeTp p BeJHYHHY ' IOJYYHM

y=ylx,p). (2.75)

Jluddepenuupys ypasHenue (2.75) no x, umeem

_ oy oydp
P =% + op dx’ (2.76)

OTCIOJIa HaXO0AHM

dx o % 2.77)

MbI NONYYHIIH pa3peLeHHOe OTHOCHTENbHO TPOU3BORHOM % ypaBHe-
HHe /17 HeH3BeCTHOH GyHKUMH x. Ecant 310 ypaBHeHHe MOXeT GbITb pe-
weHo (Hanpumep, eciiu OHO OTHOCHTCS K OIHOMY H3 HU3BECTHBIX THIIOB), TO
ero o6liee pelleHHe 3aMUCbIBAETCS B BUJE

x=0(p,0), (2.78)

rae ® — Hexoropast 3BecTHast QYHKUMS 1 C — NpOM3BOJIbHAS OCTOSH-
Hasl.
TMoncrasass nocnenxee sbipaxenye B opmyay (2.75), nonyunm

y=w(©(p, ), p). (2.79)

CosokynHoctb popmya (2.78) u (2.79) naet o6wuii uHTErpan ypaBHe-
Hus (2.74) B napameTpuyeCcKOM BHIE.

B uactHoM cayuae, ecan ypashenue (2.74) ABHbIM 06Pa3oM He 3aBUCHT
oT X, 6yneM HMeThb

y=vy(y). (2.80)
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Monaras

TNONY4YHM

y =wlp).
OuesuHo,

dx =4 = Y0y

H, CJIe[I0BATEJbHO,
"(p)
X = I-‘yp—pdp +C.

CoBOKyMmHOCTB (hopMya IJist X U y AaeT OGLIME HHTerpa ypaBHeHHs
(2.80) B napametpuueckom Bue.

Tpy HaxoxneHny o61wero uuTerpana ypasHenus (2.80) Ham npuxoay-
JIOCh HEKOTOpOe BblpaxKeHHe AeNuTb Ha p. [lonaras p = 0, mosyyum oue-
suaHoe peinente y = y(0), KoTopoe c/iefyeT BK/IOUUTD B COCTAB OBLIETO
unrerpana (ecn y(0) umeet cmbica).

Ipumep. Pents ypaBHeHHe
y=y+y'rey. (2.81)
Pewenue. [lonaras y’ = p, nonyunm

y=p+pler. (2.82)
Orcrona
dy  1+(p2+2p)e?

=222 d4p

dx = —
p p

H, CJef0BaTeJbHO,
dp
X =j7 +[(p +2ePdp = Inlp| + (p +De? +C.  (2.83)

Dopmydst (2.83) u (2.82) nawt o6wmit uuTerpan ypasHenus (2.81).
Kpome Toro, Ha 0CHOBe NPHBEEHHBIX BbILlE COOOpaXkeHUH OO HHTET-
paJl HyXKHO JIONOJHHTb OYeBHAHLIM perueHuneM y = 0.

3aMevaHue. Takum o6pasom, o6WHM NPHEMOM pelueHHs AHdde-
peHLMa/bHbIX ypaBHeHHH (2.64), (2.74), paspelieHHBIX COOTBETCTBEHHO
OTHOCHTEJILHO TepeMEHHBIX X H Y, siBsieTcsi AMddepeHLpoBaHHeE 110 APY-
ro# nepeMeHHoH.
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§ 14. YPABHEHUE IATPAHIKA
OnpeneneHnue. ¥Ypasnenuen Jlacpansa HasbiBaetcs avddepen-
LMasIbHOe ypaBHeHHe 1-ro nopsinka, iuHeiHoe (nepBo cTeneHn) OTHOCH-
TE/NbHO HE3aBUCHMON epeMeHHOH X ¥ HeH3BeCTHOH (yHKuMH y. O6umit
BUJ ypaBHeHus Jlarpanxa ciexyoumi:
aly)x + By +v(y) =0, (2. 84)
, d
rre a(y”), B(y’), y(y’) — HexoTopbie H3BeCTHBIE GYHKIUMH OT y’ = 71%‘ [To-

Jarast y’ = p, 6yieM UMeTb
alp)x +Blp)y + y(p) = 0. (2.85)

YpasHenwe (2.85) erko MoxeT 6BITh pa3peLeHO KaK OTHOCHTENBHO X,
TaK 1 OTHOCHTEJIBHO ¥/; TOITOMY J/I5l HAXOX/IeHHsl ero 0611ero HHTerpasna,
COT/IACHO NpeAbilylieMy naparpady, MOXKHO HCII0/Ib30BaTh MeTON AHtde-
PeHLHMPOBaHHH.

PaccmoTpum psig citydaes, KOTOpble MOTYT NPEACTaBUTBCS.

Cayuai 1. IyctsB(p) Z 0. Paspewasn ypasuenue (2.85) ornocute-

JBHO Y, 6yfeM HMeTh
y = olp)x +ylp), (2.86)
rae

_ _%p) __1p)
olp) = 5) v(p) = 5(0)

dynkumn ¢(p), w(p) npeanonaraotcs HeMpephHIBHEIMY M HMEIOLIHMHU
HenpepsiBHbie pousBoaHbie ¢’ (p) uy’ (p).
Tuddeperuupys ypasuenue (2.86) no nepeMeHHOM X M yUHTBIBAA, YTO

dy
Iy = P> ONy4HM

p=0(p) + [0/ (p)x + W(PIL, (2.87)

PacemarpuBas x Kak dyHKumI0 napameTpa p, ypasterwe (2.87) MoxHO
3aMHCaTh B CJEAYIOLIEM BHIE:

[p - @(p)]ﬁfj— = ¢'(p)x +v'(p). (2.88)

Orciona Jierko YCMOTPETD, UTO 3TO YPABHEHHE ABJAETCA AUHELHbLM OT-
HOCHTEJNbHO HepeMeHHOI:I X.

Ecam p — ¢(p) £ 0, 10 o61iee pewenne ypasrennus (2.88) moxer 6biTh
Ha#H[leHO OGBIYHBEIMH METOAMH H HMeeT BHJ
X = él(P) + CéQ(p), (289)
rae &1 (p), &9 (p) — usBectHbie GpyHkuuy ¥ C — NPOM3BONBHAS IOCTOSH-
Hasl.
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Moncrasasisi BpaxkeHue st x B ypasHenue (2.86), nosyuum
y =n;(p) + Cny(p), (2.90)

rae N1 (p) = 9(p)& (p) +¥(p) 1 Ny (p) = 9(p)E 5 (p). CoBokynHoCTb op-
mya (2.89) u (2.90), BooGLe roBops, AaeT 06uIMil MHTerpal ypaBHEHHUS
Jlarpanxa (2.85) B napameTpuueckok Gopme.

Ecau p - ¢(p) =0, T0 pewenne ypasuenus (2.88) nonyuaercsa 6es ses-
KHX KBafpaTyp. DTOT HCKIIOUMTENbHBIA CJydail Mbl IOAPOGHO PaccMOT-
PHM B CJlelyloleM naparpade.

Cayuait 2. Iyetbo(p) 20, B(p)=0.
Ypasuenue (2.85) umeet Bug

alp)x +y(p) =0 (2.91)
UK
x = (p), (2.92)
reeo(p) = —gi—‘;—;. 310 ypasHenue 6bino pacemotpero B § 13 (cM. popmyaty
2.69).
Tak kak dy = pdx = po’(p)dp, T0
y = [pe'(p)dp + C. (2.93)

Cayuait 3. Mycrba(p)=0, B(p)=0, y(p) # 0. Ypasnenue (2.85)
MMeeT BUJ

y(p)=0. (2.94)
IMyctb p = k — KopeHb ypasHenus (2.94), 1. e. '

y(k)=0. (2.95)
Tak kak %—y; = k, TO, HHTErpHpYys, OyeM HMETb

y=kx+C,

rae C— NpOHU3BOJIbHAA NTOCTOSAHHAA. Orcrona

_4-C
k= —.
Moxcrasass nocneaHee BeipaxkeHHe B paBeHctso (2.95), noayuum o6-
WM MHTerpan auddepeHunansHoro ypapHenus (2.94)

v =0
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Mpumep. Pemuts ypasHenue
xy’ —yy' =1=0. (2.96)

Pemenue. [lonaras y’ = p u paspewas ypasHenue (2.96) otHockTe-
JIBHO Y/, IOy 4UM

y=pic- pl. (2.97)

Hubdeperunpys no x nocienHee ypaBHeHHe, 6yaeM HMeTb

OTCHOaa

fro oyl (2.98)

Tpumensia k auneitHomy ypasHenuwo (2.98) meton BapHauuu npous-
BOJIbHOH MIOCTOSTHHOH, 110C/1eI0BATENbHO HAXOHM

de _ 2dp
x  l-p

x= Lo (2.99)

Bapbupys npousBosbHy nocTosiHHylo C M IOACTaBJsAs BHIpaXEHHe

AJIS X | % B ypasHenue (2.98), 6ynem umeth

I dc, 2 _ ¢ . _1 |
(I-p)* dp ~ (1-p)®*  (1-p)?*  p3(1-p)
OTCroAa
dc _1-»r
dp - p3
H
C
C= 1 + 1 + hd
2 p 27

rae C; — npousBoubHas noctosinHas. [Topcrasiiss 310 BhipaXkeHue B (op-
myJbt (2.99) 1 (2.97), okoHuaTenbHO NONYUHM

_ =1+2p+Cp?
T op2(1-p)?
-1+ 2p+Cp?

Z ZEkeptpt 1
y= A1-p)? P’
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§ 15. YPABHEHUWE KNEPO
PaccMOTpHM TOT HCKI/IIOUMTENbHBIH C1yyall ypaBHeHus Jlarpanka
y = xo(y) + y(y), (2.100)
KOrjJia UMeeT MeCTO TOXKAECTBO
oly)=y.

DTOT YacTHbIHA BHI ypaBHEHHs

y = xy +yly) ' (2.101)
HOCHT Ha3BaHHe ypasrerus Kiepo. Beons o6biuHoe 0603HaueHue y’ = p,
ypaBHeHHe Kiiepo MOXHO 3amnncathb B BHfe

y = px +y(p). (2.102)

OtHocutensHo GyHKUUK Y (p) Mbl GyaeM npeAnonarath, 4T OHa Hempe-
pbIBHA BMECTe CO CBOMMH NpoH3BoaHbIMH W’ (p) ny” (p).

Jlnsi pelueHust ypaBHEHHs], Kak U B OGILIEM CJlydae, IPUMEHUM METON
nuddeperuuposanus. [uddepenurpys obe yactu ypasenue (2.102) no
nepeMeHHOH X, TIOMyYUM

d , \d
p=p+xg+ V)T
OTClOaa
d ,
L +ypl=o. (2.103)
TpupaBHuBas HyJTI0 IePBbIH MHOXUTEJb B opmyJe (2.103), nomyunm
i _
dx ~
H, CJIEIOBATEJILHO,
p=C,

rie C — npon3BoJIbHAS OCTOSIHHAS.
Y3 ypasrenus (2.102) naxonum obuiee peiuenue ypasHenus Knepo

y = Cx + y(C), (2.104)

reoMeTpHYECKH NpefcTaBisiolee cO60H ceMeHCTBO NPAMbIX JTHHHH.
[pupaBHsiem Teneps HyJII0 BTOPOit MHOXHTeJb B popmyae (2.103). 1o
flaeT HaM ypaBHeHHe HekoTopoi KpHBoit (T):

x = -y'(p), }

(2.105)
y = -py'(p) + w(p).
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Ora KpHBas AB/NAETCA HHTQFpaJIbHOl:l BO BCeX TOYKax, rae

v(p) #0,
TaK KakK
dy _ =vip)-pyp)+yip) _
de ~ -y"(p) -

Cuctema ypasHenuii (2.105) naet ocoboe peienue ypasHetnus Kiepo
(nonpo6Hee 06 ocobbix peienusix cM. § 17). Tak kak uepes Kaxayio TOUKy

(x, y) xpuBoi I, oTBeuatouy0 3Ha4eH IO napametpap = y’ = C, IPOXORHT

takxe npsmast (2.104) ¢ yraosbim koadduumerrom C, To kpusas I kaca-
eTcsl BceX 3THX npsaMbix. CiiefoBaTesIbHO, FeOMeTPHYEeCKH 0coboe pelle-

nue (2.105) npencrasaser coGoit oruGamuly0 cemedcTBa MNPSIMbIX
(2.104).

Ipumep. Pewnts ypasrenue Kiepo

y=xy +al+y? (@>0).
Pewewnue. [onaras y’ = p, nonyunm

y=px +al+p?. (2.106)

Jubdepenuunpys nocneaHee ypaBHeHue, 6yieM HMeThb

_ dp ap dp

p=ptxgt 14+p2 dx’

OTKY/a HaXOUM
dp ap
—lx+ =0. 2.107
dx ( ’l+p2 ) ( )
dp
Ecnu Pl 0, To p = C u, cienoBatesbHo,

y=Cx+ayl+C2. (2.108)

Ar0 ofliee pelleHHe, COIVIACHO OGILEl TEOPHH, Mbl MOTJIH HAMHCATh
¢tpa3y, 3ameHus B ypaBHeHuH (2.106) p na C.

[MpupasHuBas HyJI0 BTOPO¥ MHOXHUTeb B popmyJte (2.107) v noacras-
J1si51 BbIpaxkenue 1isi x B ypasuenue (2.105), nonyuum ocoboe pewenve

ap

X = - 7
Vi+p (2.109)
—_ a
y= \/1+p2.
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YTo6bl BHSICHHT, UTO 3TO 32 KPHBAs, HCKJTIOUHM napameTp p. Bosso-
ast ypaBHenue (2.109) B kBanpat 1 cKIafbIBast, NOAYYHM

22+ y2=q2 (2.110)

Ortciona sICHO, UTO 3TO OKPYXKHOCTD C LIEHTPOM B HayaJie KOOPAHHAT, pa-
auyca a (TouHee 3TO BePXHss 4aCTh OKPYXKHOCTH, TaK Kak u3 (2.109) ce-
ayert, uto y > 0). [psimbie (2.108), oueBuano, KacawTCs 3TOH OKPYKHO-

CTH (pHC. 14).
7E gi

Puc. 14

B 3amrpruxoBaHHO! yacTH puCYHKa HHddepeHIHaNbHOe ypaBHEHHE He
OTpefieJIeHO.

3anaHus 19 CaMOCTOATENLHOTO PelleHU s
1. y=xy +cosy’. 3. 6xy’2 —6yy’ -3y =2
2. y=ylx—-y+y?2) 4. y=xy' +y'%

§ 16. 0COBbIE TOYKH
PaccMoTpuM nosie HHTerpanbHBIX KPHBBIX AH((depeHIHaIbHOrO ypaB-
HeHHsl

P(x, y)dx+ Q(x,y) dy=0, (2.111)

3anoJHsollee HeKOTOpyH obaacTb G ¢ rpanuuei I (puc. 15).
Onpenenenue. Touka M(x, y) obnactu G HasbiBaeTcs 06bLKHO-
gennol s nuddepenunansHoro ypasHenus (2.111), ecau yepes sty
TOYKY B HEKOTOPOH ee 0KPeCTHOCTH U MPOXOAMT ONHA H TOJBKO OIHA HH-
TerpanbHas Kpuas (puc. 15). Besikyio Touky N o6nactu G, He sIBJSIONLY-
10cs1 OBbIKHOBEHHOH, HJIH IPUHaIexalyo rpanuue I o6nacty G, Mbl 6y-
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JleM Ha3blBaTh 0CO60H Ais AMbdepeHuHanbHoro ypasHenus (2.111).
Uepes 0cobyio TOUKY HJM COBCEM He MPOXOAMT HH OfHA HHTerpabHas
KpHBas, HJH Xe IIPOXOAHT HECKOJIbKO HHTErpasibHbIX KDUBBIX (BOSMO)KHO
6eCKOHEYHOE MHOXECTBO).

Puc. 15

B YaCTHOM cnyqae, ecJik nmpq)epeﬂunanbﬂoe ypaBHeHHe HUMeEEeT BUI
y' =[x, y), (2.112)

rze bynkums f(x, y) onpenenena B o6aacti G, TO U3 TEOPEMBI CYLIECTBOBA-
HHS M eIMHCTBEHHOCTH peleHui (§ 4) nosyyaem cliefyioUKil pe3yJibTar:
€C/I B HEKOTOPOH OKpecTHOCTH Touku M obactu G npasas yacts f(x, y)
ypasueHus (2.112) HenpepbiBHAa U HMeeT OrPaHHUYEHHYIO MPOH3BOAHYIO
fy (x, y), 10 Touka M 3aBeJoMO OBLIKHOBEHHAS /151 3TOTO YPABHEHHUS.

Kak cnienctaue, uMeeM Takoe yTBepxkaeHHe: BHYTPeHH:As ToukKa N 06-
Jgacti G moxeT ObiTb 0co60H Ais AH((depeHUHaNTbHOTO ypaBHEHHS
(2.112) Tonbko B TOM Caryyae, ecau 1) dyHkums f(x, y) TepuUT pa3pes B
Touke N, uiu B m060oi ee okpecTHOCTH; wiiH xe 2) hynkuus f(x, y) Henpe-
PbIBHa B HEKOTOPOH OKPECTHOCTH TOUKH N, HO ee Npou3BoAHas fy (x,y)

HeorpaHH4eHa B 060H OKPECTHOCTH ITOH TOYKH".
AnaJiornuHble OPMYJIHPOBKH NOMYYAIOTCS /15 ypaBHEHHS BUAA

x'=glx, y) (2.113)

Bosepawasice k ypasHenuto (2.111), mpennonoxum, 4t0 yHKUKMH
P(x, y) u Q(x, y) HenpepHIBHB BMECTE CO CBOMMH YaCTHHIMH IPOM3BOMIHBI-
Mu nepsoro nopsiaka B o6sactu G. Ecaiu B HekoTopoi Touke M(x, y) o6aa-
ctu G Brimonseno yesosue Px, y) # 0w xe Q(x, y) #0, o ypasHeHue
(2.111) B OKpecTHOCTH 3TOH TOUKH MOXET OBITh NMPHBENEHO K BHAIY
(2.112) (unm, cootsetcTBenHo, K Buay (2.113) u, ciegosaTebHO, B Ha-
LIHX TPEATON0XKEHHAX 3T TOYKA SIBJSETCH OOHIKHOBEHHOM).

* DTH TOYKH ABJIAIOTCA «MOA03PHUTEJIbHBIMH» B HallleM CMbICJIe; 4To6b! paso6paTbcx B HX
npupone, Tpe6ye'rcn AOTOJIHUTEJNIbHOE HCCel0BAaHHE.
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TakuM 06pasoM, ocobbie TOUKM AH(depeHUHATLHOTO YPaBHEHHS
(2.111) ynoBneTBopsioT cHcTeMe ypaBHEHHUit

P(x, y)=0, Qx,y)=0. (2.114)
Ipumep. Onpenennts 0cobble TOUKH AU dEPEHIHANLHOTO ypaBHEHHS
2ydx — xdy=0. (2.115)

PeweHue. OueBHaHO, ENHHCTBEHHOH 0COGOH
TOuKOM ypaBHeHus (2.115) MoxeT 6bITb TOJILKO

x=0, y=0.

HenocpencTBeHHbBIM HHTETPHPOBaHHEM YOeX-
C=0"x naemcs, yto obuee pemenue ypasrerns (2.115)
C=-1 €CTb

y=Cx2

H, cJIefoBaTebHo, yepes Touky O(0, 0) mpoxoaut
6ECUHC/IeHHOE MHOXECTBO HHTErPaNbHbIX KPHBBIX
[(napa6on) (puc. 16)]. Takas ocobas TouKa Ha3bIBAETCH Y3A0M.

Puc. 16

B cnyuae, ecin puddepeHuHanbHoe ypaBHEHHe NepBoro Nopsiaka HMeeT BUL
F(x,y,y)=0,

He paspeLueHHbli OTHOCHTE/bHO POM3BOAHOM y’, TO OHO SKBHBANEHTHO HECKObKMM (10-
MyCTHM k) ypaBHeHHAM BHAa

v =0 y), sy = fulx, y)

omnpe/le/ieHHbIX B HeKoTOpo# o6aacTh G.

CrenoBaTenbHO, 31eCh, KaK NPaBHIo, Yepes Kaxayio Touky M (x, y) o6nactu G npo-
XOLHT k HHTErpasibHbIX KPHBbIX, HMEIOILHX, BOOOLLE TOBOPS, Pa3/IHuHble HaNpaBleHHs.
B stom ciyyae Touka N o6nact G HasbiBaeTcsi 0C060¥ TOJIbKO TOTAA, KOrAA 110 OLHOMY H
TOMY € HanpaBJIeHHIO POXOAHT HECKOJIbKO HHTErpallbHbIX KPHBBIX.

Ynpaxkuenue. Onpenenuts ocobble TOYKH AH(DdepeHUHaIbHOrO
ypaBHEHHA
' 25—y - x?
x=2y+xy’

§ 17. OCOBbIE PEWEHUA

Onpenenenue. Pemenue nupdepeHurasbHOr0 YpaBHeHHs NepBo-
ro nopsiaka
F(x,y,y")=0 (2.116)

Ha3blBaeTCcs 0COOBIM, €C/IH B JIIOGOH ero To4yKe Hapyulaetcs CBOHCTBO
eIMHCTBEHHOCTH, T. €. yepes Kaxayw Touky M(x, y) oco6oro pewenus 1o
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HEKOTOPOMY JIOTYCTHMOMY HanpasJjeHHio tga = y’, onpenenseMomy 3a-
JaHHbIM AU depeHiHatbHEM ypaBHerHeM (2.116), IPOXOAMT HECKOIBKO
MHTerpabHbIX KpuBbiX (prc. 17).

Puc. 17

Tak kak ocoGoe pelueHHe B KaX[IOH CBOEl TOUKe KacaeTcsl KaKoH-TO
IpYroH HHTerpa/JbHOH KPUBOH, TO FeOMeTPHYECKH OHO MpENCTaBJseT Co-
60#1 OrH6alLLyio HEKOTOPOro CeMeHCcTBa HHTErpalbHbX KpUBbIX. O6part-

HO, €CJIH Mbl HMEEM HEKOTOPOE CeMercTBO HHTErpajibHbIX KpHBbIX ypaBHe-
uuii (1.116)

¥(x, y, C) =0, (2.117)

10 orubatonias K 3Toro cemeiicTBa 065i3aTebHO SABJISETCS 0COOBIM pellle-
HHeM. B camoM fiente, ornbaroias K sBiseTcs Npexie BCEro HHTErpab-
HOM KPHBOH AH(depeHunansHoro ypapHenus (2.116), Tak Kak B Kax10i
cBoeit Touke M(x, y) oHa KacaeTcs OHOH U3 MHTETPaJbHBIX KPUBBIX Ce-
merictBa (2.117) u, caenoBatenbHo, HMeeT ¢ Hell ofliee 3HaueHue y’,
yroBJeTBOpsiioliee AHbbepenurassHomMy ypasHeHuio (2.116). Kpome
TOTO, B KaX10H TO4Ke orubaiomies, O4eBHAHO, HapYLIEHO CBOHCTBO eHH-
CTBEHHOCTH.

Takum 06pa3om, pasbicKHBaHHe 0COOLIX pelleHHH TH((epeHIHaNTbHO-
ro ypasHenus (2.116) cBOIMTCS K HAXOXIEHUIO OTHOAIOUIMX HEKOTOPHIX
CeMeHCTB HHTerpajlbHbIX KPHBbIX 3TOTO YPAaBHEHHUS.

[TycTb H3BecTeH OOUIHH HHTErpa

®(x,y,C)=0 (2.118)

nuddepenunansroro ypasHenus (2.116). Kak ussectHo u3 Kypca mate-
MaTHYeCKOro aHanu3a, orubaroiuas cemerictsa kpuebix (2.118) ynosaer-
BOpSIET CHCTEME ypaBHEHUH

®(x,5,0)=0, 2= (2.119)
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H 3aBeJIOMO CyluecTByet, ecid @), (x, y, C) #0 nis BCex aHaueHuit x, y, C,

nopuuHeHHbIX yenosuaM (2.119). Ucknouas us cuctems (2.119) napa-
MeTp C, MONy4YuM ypaBHEHHE HEKOTOPOH JIMHHH

D¢lx, y) =0, (2.120)

Hocsied HasBaHHe C-IHCKPHMHHAHTHOH KDPHBOH IH((epeHLHaIbHOro
ypaBHenus (2.116). 1o kpuBas, KpoMe OrubaIIeH, eC/TH OCAETHSAS CY-
LIECTBYET, MOXKET COAEPXKaTh ellle TeOMeTPHYECKoe MECTO 0COOBIX TOUEK
MHTerpa/bHbIX KPUBLIX (TOYEK BO3BPATA, ABOMHBIX TOUEK M T. I1.).
[Tostomy, 4To6Bl HalTH 0co60e pereHHe NUQHePEHIHATBHOrO ypaBHe-
Hust (2.116), HyxHo: 1) onpenennTs Bce OHO3HAUHBIE BeTKH y = Y (x),
BXOJsILIHE B cOCTaB C-IHCKPHUMHHAHTHON KPHBOI; 2) CPEe/iH HUX 0TOOPATh
Te, KOTOphie YAOBJETBOPAIOT 3alaHHOMY AH(depeHIHalbHOMY YpaBHe-
Huto (2.116), uTo MOXHO OBHAPYXKHTb HermocpeiCTBEHHOM NPOBEPKONL.
Kpome Toro, 0co6eIMH pellleHHSIMH MOTYT GbITh TaKXKe YYaCTKH rpaHuy-
Holt kpuBoH I' obsnactu G 3aganus OH(depeHuHanbHOrO ypaBHEHHS
(2.116).

IMpumep 1. Paccmorpum nuddepernuanbioe ypaBHeHue

2
y'=y3. (2.121)
O61wwmit HHTErpas 3TOr0 ypaBHEHHS €CTh
3
y=(xgc). (2.122)

CocrasJisisi ypaBHenue C-IUCKPUMHHAHTHON KPUBOH, IOJNYYHM CUCTEMY
3 2
x-C x-C
o= (555 (59 -0
Orciona y = 0. Henocpexncteento
BUJHO, 4YTO 3Ta (YHKUMS YIOB-
Y JeTBopsier  AH(depeHIHATBHOMY

ypasHenuo (2.121) u, caenopa-
TEJIbHO, SIBJISIETCS er0 OCOOBIM pe-

/ " wenuem. [eomeTpuueckd Kpusas
B(-5,0) y=0 (ocb Ox) npencrasaser co-

0 A(a,0) * 6o orubarouyto ceMeHcTBa Ky6H-
m yeckux napa6oa (2.122) (puc. 18).

3aMeTHM, 4TO Yepes KaXAYIo TOUKY
oco6oro pewieHnst ¥ = 0 MpoXoAHT
GeCKOHEUHOEe MHOXECTBO HH-
Puc. 18 TerpajbHbIX KpHBBIX; HalpHMep,

52



yepes Touky O(0, 0) MpoXomaT cJeayloLe HHTErpanbHble KpUBbIE: a)

npsimas y = 0; 6) Ky6nueckas napadosna y = (%J ; 8) COCTaBHbIE KPHBbIE

3
mBAn, rue y=[—x—;——b) mpH ~eo<x<-=b, y = 0 npu -b<x<q,

3
y= (i—-a-) npua < x < +oo, npuuema >0 u b >0 — npoH3BOMLHEL

Mpuwmep 2. ITycts
yy'? =1 (2.123)
Torna

WHTerpupys 310 ypaBHeHHe, MOJTy4uM 06LIME HHTErpas

3
y2=+3(x - C)
HITH
2
y3 = [%(x - c)} . (2.124)
C-IMCKPHMHHAHTHAs KpHBas HMeeT BHI
2
Y3 = [—g—(x - C)] , 0=3(x-0),
OTKY/Ia HAXOIHM
y=0. (2.125)

DTa KpHBasi, 0YEBU/IHO, HE ABJISETCH MHTErPanbHOl (a ClieloBaTebHO, He
SIBAISIETCS OCOOBIM pelleHHeM) H MPeACTaBAseT co60M reoMeTpHiecKoe
MecTo 0co6bix Touek (Touek Bosspara) mapatou (2.124) (puc. 19).

Yy

Puc. 19

YxaxeM ellle OlHH MeTOJ pasbicKaHks ocoGbix peweHuit. ITycTs auddepeHunastoe
ypaBHeHHe HMeeT BHA

F(x,y,p)=0, (2.126)
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raep = y’, npuyem Fy, Fj — venpepsisHbl. [Ipeanonaras, uto ypasxerue (2.126) moxer
6bITh pa3peLieHO OTHOCHTE/IbHO NPOH3BOAHOI P, MOJYYHM ONHO HIH HECKOJIbKO ypaBHe-
HHH BHAA

p=1(x, 9,

rae ¢pyHkuus f(x, y) HenpepbiBHa B HekoTopoit 06nacTu G. B cuay TeopeMsl cylecTBOBa-

HHst 1 eAHHCTBeHHOCTH peweuil (§ 4) B kaxaoil Touke o6nact G, B KOTOPO CywecTsy-

eT HenpepelBHas MPOH3BOJHAS f;(x, Y), 3aBElOMO HMeeT MeCTO CBOHCTBO eAHHCTBEHHO-

CTH M, C/efoBaTeJIbHO, 3Ta TOYKA He MOXET MpHHAIeKaTb 0CO60MY pelieHHIo

anddeperumransoro ypasHenus (2.126). Taknum 06pa3om, ocoboe peleHHe COCTOMT

TOJIbKO U3 TeX TOYEK, Il IPOH3BOAHAS fg(x, ) MK TEPNIAT Pa3pbiB, UJH HE CYLIECTBYeT.
OuesuaHo,

Flx, y, f(x, p]=0.

Juddeperunpys nocneaxee TOXAECTBO 110 ¥, NOTYYHM

oF , oF 5, -
a—y"‘ ﬁfy(x,y)—O,

0TKyAa
Qf_
, =%
Iy(x,y)— - (2.127)
op
Ecnn g—‘; # 0, To npon3BoaHas fb',(x, y) HenpepbiHa. [TosToMy B TOuKax 0co60ro peLue-
HHS$I LODKHBI GbITh BBINOJIHEHb! COOTHOLUEHHS
F(x,y,p)=0, %§=o. (2.128)

Jlunus, onpenensiemas ypasHeHusimu (2. 128), HasbiBaercs: p-OuUckpumunarmuoll
kpusoi. Uckmioyas u3 cuctemsl (2.128) napamerp p, noJyyum ypaBHeHUe p-LHCKPHMH-
HaHTHON KPHBOH B 0OLIYHOM BHJE

D,(x,y)=0. (2.129)

W3 ypasuennii (2.128) suano, 4o oco6oe peLieHKe NpeacTasseT Co60i orubaroutyo
ceMeiicTBa KpuBbIX (2.126), rae p urpaet poab napametpa.

B o6uwem cnyuae p-auckpuMuHanTHas kpusas (2.129) kpoMe 0co6bIX PeLieH it MOXeT
COfiepXKaTh FeOMETPHYECKOE MECTO 0COBbIX TOUEK HHTErpabHbIX KpHBbIX. [ToaToMy, OTbIC-

KHBas 0CO60€ pelieHHe, KaX bl Pa3 HYKHO IPOBEPATH, uTo yHKUMH ¥ = (x), onpesens-
eMbie ypasHenueM (2.129), ynoBneTBOpAIOT AaHHOMY AH(depeHUHaNbHOMY YPaBHEHHIO
(2.126).
Ipumep. Myctsb pato ypasHenue
y2(1+ y?)=1 (2.130)
[Tonaras y’=p, nonyunm
y2(1+p2)=1.
Orciona ypaBHeHHs p-AMCKPHMHHAHTHOMH KPHBO# ecTb
P +pY)=1, 24%p=0
WK
a)y=0; 6)y==I1.
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[Nepsas kpusas (y = 0) He ABARETCA HHTErPaNbHON H NPeLCTaBAsET CO60H reoMeTpH-
yeckoe MecTo 0CoGbIX TOUEK (TOUEK IPUKOCHOBEHHI1) CEMEICTBA HHTErPa/bHbIX KPUBBIX

(x-C2+y2=1 (2.131)

nuddeperunansioro ypastenusa (2.130) (puc. 20). ITpsmble y = +1 sBAs0TCA 0cOOLIMHU
peLUeHHAMHU U NPEACTABASIOT cOG0i BeTKM orubarolueil ceMeiicTsa okpyxHoctei (2.131).

¥

+1

Puc. 20
3aganus gag cCaMoCTOATEIbHOTO pemeHus

Hafitu o6mue uHTerpanisl, ocobbie pelueHus AuddepeHIHaNIbHBIX
YPaBHEHHH U BBIYEPTHTD IPadHKH CeMEHCTB pelleHHH:

L y?=y

= xy’ + L
2.y xy+y,,

3. y2@2-3y)? =40 - y).

§ 18. COCTABNEHUE AUOOEPEHLUANbHBIX YPABHEHWH

Meron nuddepeHIHANTBHEIX YPaBHEHHH, OCHOBB KOTOPOr0 GbIIH 3a/10-
xeHbl HeloroHom u Jlefi6Huuem, mpeacrasasieT co6oi 0aMH U3 HanGosee
TJIOAOTBOPHLIX METOJIOB H3YYeHHS JEHCTBHTENBHOrO MUpa. MaTeMaTHKH
XVII-XVIII Bexos, nepHoaa co3faHHs BHICLIEH MATEMATHKH, He 6e3 0CHO-
BaHUA CUMTAJH, UTO «S3bIK MPUPOABl — €CThb A3bIK AU(DepeHIHabHbIX
ypaBHeHuH». [ledcTBUTENbHO, AU depeHIHalbHbe yPABHEHHS ABJISIOT-
Cs1 MaTeMaTHYECKUM anmaparom, Mo3BOJSAILUHM YCTaHABJIHBATh 3aKOHbI
NPOTEKaHHsA (PU3HUECKHX POLECCOB HAa OCHOBAHHH H3y4eHHs CKOPOCTEeH
M3MEHEHHS BEJIHYMH, XapaKTepH3YIOLMX 3TH npouecchl. McxomHeIMH
TPEeAnOoChIKAMH TIPH 3TOM ABJSIOTCS (QH3HYECKHe 3aKOHBI, NIOJyyaeMble
B pe3yJbTaTe HEeNOCPeACTBEHHOrO H3yYeHHs MaTepHa/ibHOH HeHCTBH-
TeJIBHOCTH.
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B XVII-XVIII Bekax npu nomoum auddepeHHalbHEIX YpaBHEHHH
6blIH CHOPMYNHPOBAHBI M PellieHbl MHOTOUHUC/IEHHbIE 3alaud MEXaHHKH,
(HU3MKH, XHMHH H T. 1., HeIOCTYIIHblE IPEXXHHM MaTeMaTHYeCKUM CPEACT-
BaM. B dactHocTH, HblOTOH peumns 3HamMeHHTYI0 3amady O ABHXXEHHH
«BYX TeJI» — COJIHLA H NJ1aHeTHl. B fanbHeliieM oco6oe pasBuTHe MOy-
4HJH A epeHLHabHble YpaBHEHHS B YaCTHBIX NPOM3BOJHbIX, K KOTO-
PbIM MPUBOASAT MHOTOYHCJ/IEHHbIE 3ala4H 110 TEOPHH TEIIa, 3/eKTPHYeCT-
Ba, MarHeTH3Ma, ra30BOH JUHAMHKH H IPYTHX Pa3/ieJIOB eCTECTBO3HAHHH.

B koH11e mpo1usioro cToseTHs BBIIAIOIIMHACS PYCCKHi yueHbii A, M. Jls-
IIYHOB CO3/laJl HOBOE HalpaBJ/ieHHe B TEOPHH AU(hepeHIIHaNbHEIX YpaBHe-
HHH — «TEOPHIO YCTOHYHBOCTH ABHXKEHHS», HMEIOLLYIO IEPBOCTENEHHOE
3HaueHHe JJIS BOIPOCOB TEXHHKH.

Bosbwioi Bkaag B TeopHio AuddepeHUHaNbHEIX yPaBHEHHH BHECTH
Takxe oreyectBeHHble yueHble: C. B. Kosanesckas, B. A. CrekJos,
C. H. Bepururesin, C. A. Yanasirun, H. M. Kpoiios, W. T. [Terposckut,
C. JI. Co6ouseB u fp.

PelueHue 3anauu NpUKJIaHOTO XapaKTepa 06bIYHO COCTOHT U3 IBYX Ya-
cTed:

1) cocrasinenue auddepeHUHaTbHOTO yPaBHEHHS;

2) pelieHHe 3TOrO ypaBHEHHS.

[Ipremsl pelenn fuddepeHIHaIbHBIX ypaBHEHHH NIEPBOTO NOPAAKA
6blIH pa3o6paHbl B MpeAbIAYIIMX Maparpadax. 3aech Mbl 3aiMeMcsl pac-
CMOTPEHHEM THIHYHbIX FeOMETPHYECKHX U HH3HUECKHX 3a1ay, TPHBOLS-
IUX K AuddepeHIHalbHEIM YpaBHEHHAM 1-ro nopsaxa.

§ 19. 3AJAYHN TEOMETPUYECKOIO XAPAKTEPA

Cocrasnenre nuddepeHuHaNbHbIX YpaBHeHHH 1-ro nopsiaka 4j4 3agay
reOMeTPHYECKOro XapaKTepa OCHOBbIBAaeTCS Ha TOM (hYHIaMeHTalbHOM
Gbakre, 4TO YrI0BOH Ko3dduuueHT KacaTenbHoit MT K naHHOM KPHBOH

y=y(x)BeeTouke M (x, y) paBen npoussonHoi y’ (puc. 21), 1. e. tga=y’.

X
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Orclofia noayyaeM ypaBHeHHe KacateabHoit MT
Y-y =y X-x)

rae X, Y — Tekyluue KOODIHHAThI TOUKH KacaTe/IbHOH, H YPaBHEHHe HOp-
Main MN (nepreHnvKy/isipa K KacaTe/bHOM B TOUKE KacaHHs)

Y-y = —ﬁ(X—x),

rae X, Y — cooTBeTCTBEHHO, TeKY1Ll1e KOOPAHHATH TOYKH HOPMAIH.

W3 uyeprexa, yuuTsiBas, uto PM = y, nonydaem Takxe GopMybl s
LMK 0Tpe3koB (c yueToM 3HakoB): nodkacamenvroil S; = TP, nodHop-
maau S, = PN, 0runer ompesxa kacameavroti t = MT , OauneL ompeska
Hopmaau n=MN, a nMeHHO:

Sy = yi Sh=yy, t= ‘fvlw/l +y'%;
n=|ylyl +y'2. (2.132)

3apgaua. Haiiti KpuByl0, 1)1 KOTOPOH MoakacarenbHas B /0001 ee
touke M(x, y) paBHa yBOEHHOM abcuucce TOUKH KaCaHHUs.

Pemenue. Ha ocHoBanMH (opMyJbl JUIs TMOAKAcaTeJbHOH HMeeM
IuddepeHIHaIbHOE YPaBHEHHE

—y—, =2x
Y
* Orciona
,
y'=5
H, CJIE[OBATEJIBHO,
y2=_Cx,

rae C — npou3BosbHAs NOCTOSHHAS.

Takum 06pa3oM, HCKOMBIM CBOHCTBOM 06./1afaioT napaboJibl ¢ BEPLIK-
HOH B HayaJie KOOPAMHAT, OCbI0 CHMMETPHH KOTOPHIX siBJIseTcs och Ox.

3aMeTuM, 4TO pelleHHas HaMU 3a[1aua UMeeT KaueCTBEHHBIH XapaKkTep
1 QopMyJHpyeTCs Tak: KaKoBa Ta KpHBas, KoTopasi 06/1afiaeT H3BeCTHEIM
cBoiicTBOM. OTBETOM CJTYXKHT He YHCJIO, 3 YPaBHEHHe KPHUBOH, T. €. 3aKOH
H3MEHEHHA ee OpPIMHAThl B 3aBHUCHMOCTH OT M3MeHeHus abcuucchl. [1o
YPaBHEHHIO MBI Y3HaeM TaKXe «HMs» KpHBOH. B 3TOM cocToHT cyuiecT-
BEHHOE OTJHuMe Au(depeHUHaIbHbIX YPaBHEHHH OT ajre6paHvyecKux,
rJle pe3yJbTaT pelieHHs 3aa4H NpecTaBaseT co60H YHCIIO.

Takum o6pasoM, nuddepeHIHaNbHEIE YPABHEHHS TO3BOJSIIOT PELIaTh
3aJla4Hx He TOJIbKO KOJIHUECTBEHHOTO, HO TaKKe H KaueCTBEHHOTO XapaKTe-
pa, 4TO 3HAYHTEJBHO YCHIMBAET MOLIlb MaTeMaTHYECKHUX METOMIOB.
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3agaua 06 oproroHaabHbIX TpaekTopusx. Kpusas y = y(x) Hasul-
BaeTCs OPMOSOHAAbHOU mpaeKmopuel JAHHOTO ceMeHCTBa KPHBbIX

F (€, C)=0, (2.133)

rae &, — Tekylupe KoopaHHaThl ¥ C — NapameTp, ec/H B KaXK0H CBOEH TU-

ke M(x, y) aTa KpuBas epecekaet HeKOTOPYIO IHHHIO cemeitcTsa (2.133)
noa npsiMbim yriaoM (puc. 22).

YpaBHenue cemelicTsa Kpubbix (2.133)

yno6Ho 3anucaTh B AH((epeHHabHOM

dopme. [duddepeHuupys ypaBHeHHe

M(xy) (2.133), 6ynem umets
o OF | oFdn _
90 %t ME " 0. (2.134)

Wckaouast us- ypasnenuit (2.133) u
(2.134) napamerp C, nonyunm mudde-
peHUMaNbHOe ypaBHEHHE BHA

dn ) _
Puc. 22 @ (&, n:“dgj—(), (2.135)

KOTOPOMY YOBJIETBOpSAET J06ast KpuBas AaHHOro cemericna (2.133).

Mycts yepes Touky M(x, y) OpTOroHaNbHOM TPaEKTOPHH MPOXOAMT
onHa 13 KpHBhIX cemericTsa (2.133). B 310i TouKe, 04EBU/IHO, UMEIOT Mec-
TO paBeHCTBa

E=x, n=y.

Kpome TOro, B CHIy YCJIOBHS MEPNEHIMKYNSIPHOCTH KacaTesbHEIX,
HMeeM

an _ _ 1
il (2.136)
dx

ToxcTasass 314 BeJMuHHb B ypasHenue (2.135), nonyunm auddepen-
LiMaJIbHOe ypaBHEHHe

CD(x, Y, —§]= 0 (2.137)
(3pecby’ = %), KOTOPOMY YIOBJIETBOPSIIOT KOOPAHHATH! TOUEK H HaNpaB-

JIEHHe OpPTOTOHAJIbHOH TpaeKTOpHH. MIHTerpupys nocjenHee ypaBHeHHe,
HalleM BCe CeMEHCTBO OPTOTOHAJIbHEIX TPAeKTOPHH.
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3ameyaHnue: 3anuchiBasi nUddepeHLHaNbHOe YpaBHEHHE KPHBBIX
(2.135) B 06biuHO# popMe

®(x,y,y")=0, (2.138)

MBI Ha OcHOBaHHU (opmyJisl (2.137) umeeM crenyouiee NPOCTOe MPABHIIO:
yTO6BI MOMYUUTh AH((epeHIHaIbHOe YpaBHEHHEe OPTOTOHAJIbHBIX TPAeKTO-

PHI1 [aHHOTO CeMeHCTBa, HYXKHO B IH(depeHLHanbHOM ypaBHEHHH CEMEHCT-

Ba 3aMEeHHUTb ' Ha —#.

Mpumep. HaliTi opTOroHa/bHble TPAEKTOPUH CEMEHCTBA JJIHICOB
(puc. 23)
x2 + 242=C. (2.139)
Pewenne. Iuddepenuupys ypasuenue (2.139), 6ynem nmetn
2x + 4yy’ =0,
OTKyZa
2uy’+ x = 0. (2.140)

D10 M ecTb NH(QepeHUHANTbHOE YpaBHEHHE CeMeHCTBAa 3JUIMIICOB

(2.139). CornacHo 3ameuanwio, 3amensis B ypapHenuu (2.140) y’ na —;1;,

nosy4uM frddepeHuranbHOe ypaBHeHHe OPTOrOHAIBHBIX TPAEKTOPHH

2
L 4x=0
Y
WK
2 Y
y== (2.141)
Wurerpupys nocsenHee ypaBHeHHe,
TMOJYYUM CEMEeHCTBO OPTOrOHAJBHBIX 9
TPaeKTOpHil *
y=Cx2,
npecTaBIsiollee Co60k ceMeHCTBO na-
pa6ox (puc. 23). Puc. 23
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3anamm AJIA CAMOCTOATEJBHOIO pEWEeHUd

1. Haiit kpusyto, npoxoasiuiyio uepes Touky (0, 1), y kotopoii nouka-
caTeJIbHasi IOCTOAHHA.

2. HaiiTi KpHBYI0, Y KOTOPOH OAHOPMa/b TOCTOSIHHA.

3. Haiitu KpuBY!10, y KOTOpOH KacaTenbHasi B 11060H ee TOUKe 06pasyer
NOCTOSIHHBIHA YTOM O ¢ PaAiHYCOM-BEKTOPOM ITOH TOUKH.

4. Haiitu KpuBYyi0, L/ KOTOPOM MOAKAcaTelbHasi PaBHA CPeNHEMY
apH(MEeTHYECKOMY KOODIAHHAT TOYKH KaCaHHs.

5. HaiiTi KpuByIo, y KOTOPOH OpAMHATA TOYKH KAaCaHHS €CTh CpefHee

reoMeTpHYeCcKoe ee abCUHCChl H 0TPe3Ka, 0TCeKaeMOro HOpMasibio Ha OCH
Ox.
6. Haiitn opToroHa/bHEIE TPaeKTOPHH CeMeHCTBA THIIEPBOI

xy=C.

§ 20. 3AJJAYN OU3UYECKOT O XAPAKTEPA

ITpu coctasienun nupdepeHIHaNbHOrO ypaBHeH s HHU3HuecKor 3aaa-
4H, 06bIYHO, HCMIOMB3YS U3BECTHBIE (PH3HYECKHE 3aKOHBI, TPHXOAUTCS Ha-
XO[MTb COOTHOLIEHHE MeXY 6ECKOHEYHO MaJIbIMK MPHUPAILEHHSIMH HCKO-
MBIX BEJIHUHH.

3nech UMEeT MECTO NPUHKUN OmOpPacvi8anus GECKOHEUHO MAAbLX
8bICULLX NOPSOKOS.

Teopewma. [Ipu cocraBnenun nuddepeHIHaNbHOTO YpaBHEH S nep-
BOT'O IOPs/IKa, CBSA3BIBAIOLIEr0 HEKOTOPbIE TepeMeHHBIe X H I, MOXHO OT-
KHIBIBaTh 6ECKOHEYHO MaJible BBICLIHX MOPSIKOB OTHOCHTEJBHO NMpHpa-

WeHUH Ax U Ay 3THX NepeMeHHbIX, 3aMeHssl NI0CJIeIHHe NIPH ITOM, COOT-
BETCTBEHHO, nHddepeHuranamu dx u dy.

JoxasartenbcTBo. [TycTh TOUHOE COOTHOLIEHHE MEXAY NepeMeH-
HBIMH X H i ¥ UX 6€CKOHEYHO MaslbIMH NPUpaLleHUSIMU Ax ¥ Ay UMeeT BHIL

Alx, y)Ax + B(x, y)Ay + aAx + BAy = 0, (2.142)

rne o=alx, y,Ax,Ay)> 0 u B=PB(x,y,Ax,Ay)—> 0 npu Ax—>0 u
Ay— 0.
Jlens o6e uactu pasencTsa (2.142) va Ax, nonyunm

A A
Alx, y) + Blx, y)zx! +o+ BEy =0,
oTcIoAa, nepexoas K npeaeny npu Ax — 0 u Ay — O u yuursiBas, 4T0

. Ay dy
A A =
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6yneM UMeTb
d
Alx, y) + B(x, y)gi—’ =0

HITH
Alx, y) dx+ B (x,y) dy=0. (2.143)

Kak BuaHo, tuddepenumanboe ypasHenne (2.143) GpopmainsHo nony-
yaercs u3 ypaBHeHHs (2.142) nyTem oT6pachiBaHHs COBOKYIHOCTH Gec-
KOHEUHO MaJIbIX BBICLIETO MOpPsiAKa O0AX H Ay OTHOCHTEJ/bHO AX U Ay u 3a-
MeHbl Ax Ha dx u Ay Ha dy.

Takum 06pa3oM, Halll IPHHLMI YCTAHOBJIEH.

3aMeuaHHue. BpanbHeneM npu cocTaBieHHH A e peHIHaNbHbIX
ypaBHeHHH |-ro mopsiaxa Mbl GyieM BMecTO 6€CKOHEYHO MaJIbIX IpHpallle-
HHH BeJIMYMH NHCaTh AMGdepeHIHansl 3THX BeJHYHH, HTHOPHPYS NpPH
3TOM 4JIeHBI BHICLIETO TOPSIKA MAJIOCTH OTHOCHTEJIbHO IPHpAILeHHH IaH-
HBIX BEJIMYHH.

3apaua 1. B pesepsyap, conepxatmi 10 kr cosn Ha 100 51 cmecH, Kax-
nyto munyTy noctynaet 30 1 Boasl v BuiTekaet 201 cmeck (puc. 24). Ompe-
[EJUTh, KaKoe KOIHYEeCTBO COJIH OCTaHeTCs B pe3epByape uepe3 { MHH.,
npeArnoaras, 4T0 CMeCb MTHOBEHHO MepeMeLIHBaeTCs.

Pewmenue. Ilpu cocrasnennn puddeper-
LIMalbHOTO YPaBHEHHsI HM3y4aeMoe sBJIEHHeE 30
cJellyeT pacMaTpHBaTh B OGLUEM TOJI0KEHHH;
HayaJIbHbIE JAHHBIE ONIPEeISIOT JIHLIb Hayallb-
Hble YCJOBHA H, KaK IPaBHIIO, He BXOASAT B CaMO
nu¢depeHLHanbHOe ypaBHEHHE.

[TycTb x — KOJIHYECTBO COJIH B pe3epByape
B MOMEHT BPEMEHH { MHH., a X + d.X — KOJHYe-
CTBO COJIH B MOMEHT BpeMeHH ¢ + dt MuH. O6-
paiiaeM BHUMaHMe, YTO 3eCh BMECTO IpHpa- MUH
uleHHH Mbl nuweM AuGdepeHunans. Takum
o6pa3oMm, dx ecTb H3MeHEHHe KOJHYecTBa
coJH 32 6ECKOHEYHO MaJIbli IPOMEXYTOK Bpe-
MEeHH df, TpHYeM TaK KaK KOJIMYeCTBO CoJin yOuiBaet, To dx <0 npudi >0.

C npyro#i cTopoHbI, U3MEHEHHE KOJIHYeCTBA COJIH TPOHCXOAUT JIHLLb [10-
TOMY, UTO BbITEKaloas CMeCh YHOCHT ¢ co60H coub. Tak kak 06beM cMecH
B pe3epByape B MOMEHT BpeMeHH ¢, o4eBHAHO, paBeH v = 100+ 30¢ — 20¢ =
=100+ 10¢, T0 KOHLEHTpaLKs COH (T. €. KONHYECTBO COMH, COAePXKALLee-
cfl B elMHULE 06beMa) B MOMEHT BpeMeHH ! 6yieT paBHa

MHH

Puc. 24

R
100 +10¢°
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C TOYHOCTBIO 10 6ECKOHEYHO MaJIOH BBICIUETO NOPSIAKA OTHOCHTEJBHO
dt MOXeM CUHTaTb, YTO B TeYeHHe 6eCKOHEYHO MaJIOro IPOMEXKYTKa Bpe-
MeHH (2, t + dt) KOHLEHTPALKS COMK OCTAeTCA MIOCTOSHHOM U [103TOMY KO-
JIHYeCTBO COJIM, YIlUe/lIee U3 pe3epByapa 3a IPOMeXKYyTOK BpeMeHH dt, oT-
CYHTAHHBIH OT MOMEHTA BPEMEHH ¢, PABHO

X . —_ _2x
100+ 10¢ 20dt = lO+tdt'

TlpypaBHHBas 3TO BhipaXKeHHe aGCOMOTHON BEIHUHHE H3MEHEHHUST KO-

NMYecTBa conM, T. €. |dx|, 6ynem uMeTh Tu(depeHIHaNbHOe ypaBHEHHE
3ajauu

__2
—-dx = 1Of,dt. (2.144)

Kpome TOro, HMEET MECTO Ha4aJIbHOE YCJIOBHE
l2=10. (2.145)

Paspensisi nepemenubie B ypaBHeHuu (2.144) u unterpupys, nocaesno-
BaTeJIbHO NOMYYHM

de _ _ 24t
X 10+¢
H
Inx=1InC-2ln(10+1¢),
OTKy/a

C

_ (10+¢)?°
W3 nauasnbHoro ycsosus (2.145) naxonum
=L
10= ok
1. e. C = 1000. [To3ToMy OKOHYATE/bHO 3aKOH M3MEHEHHs KOMHYeCTBa
COJIH X B KT, HaXOAAILIEACS B pe3epByape, B 3aBUCHMOCTH OT TEKYLIEro
BpeMeHH ¢ B MHHYTax Jaetcs gpopmyJoi (puc. 25)

X = H% (2.146)

A x, kr 3ameyanue. U3 dopmyis (2.146),
101 3Has KOJIMYECTBO COMH, HAXONALIEHCS B
pesepsyape (mocJsefHee JIEFKO YCTaHO-
51 BHTb, H3Mepsisi 06beM pe3epByapa 1 KoH-
LIEHTPALMIO COMH B HEM), MOXKHO OTpesie-
; PR — > IUTb CKOJbKO BPEMEHH [MpOLULIO OT
O] 2 4 6 8 10 twmu .

Hauazia npouecca. Ha 31oii naee ocHosa-
HO BBIYMCJIEHHE BO3PAcTa MODPEH H OKea-

Puc. 25 HOB.
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3anaua 2. Ha kako#i BEICOTE X OT TOBEPXHOCTH 3€MJIH HaXOAUTCA JIeT-
YHK, eCJIH AaBJieHHe 6apomeTpa B KaG1He camMosieTa paBHO P kr/cMm2, a Ha
noBepxHoCTH 3eMan Py kr/ cm2,

Pemenue. JaBnenue P Bo3nyxa Ha nJolan-
Ky 0= 1 cM2. IOMeILLeHHYIO Ha BBICOTE X, CO3JaeTCst
BecoM 6eCKOHEYHOro BO3AYLIHOro cTo/16a, OnHpa-
jorierocst Ha 31y maomanky (puc. 26). IMoatomy,
€CJIM YPOBEHb IIOLIANKH YBENHUHTCS Ha dX, TO
HaBjieHHe P yMeHbIUNTCS Ha BeluuuHy —d P, pas- dx
HYI0 BeCy OTNaBllIero CToN6HKa BO3yXa ¢ OCHOBA-

HHeM O H BbcOTOH dx. O603Hayas yepe3 Y yaeb-
HBIH BeCc BO3QyXa Ha BHICOTE X, HMeeM

(o} f
X
IubdepeHIHanbHOe ypaBHeHHe ¢

~dP=Ydx. (2.147) Puc. 26

[Tpeanonoxum, 4To TeMNepaTypa BO3yXa Ha NOBEPXHOCTH 3eMJIH U Ha
BHICOTE X OiHA M Ta Ke. Torna corsacHo 3akoHy boins—MapuorTa ynesns-
HBIH BeC BO3/lyXa H3MEHseTCs IPONOPLHOHANbHO AABJIEHHIO U Mbl UMeeM

=

11

-4

%
-
A

Y

L-L 2.148
Yo A’ (2.148)
r/e Yo — YAeJbHBIH Bec BO3[yxa Ha moBepxHocTH 3eMad. OTcloza

=Jo
Y_POP

M, CJIe[0BaTeNbHO, AU depeHunanbHoe ypapHenne (2.147) npunumaer
BHJL

dP = -%,ﬂ Pdx. (2.149)
0

HauanbHele ycioBus snech Takosbl: P= Py mpu x = 0.
WHrerpupys ypasrenue (2.147), nonyyaem

P dp
dx=--24=
Yo P

P
x=C-2hP.
Yo
W3 Hava/bHBIX YCMOBHH HaXOAHM

P
=—=InPy;
Yo 0
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N03TOMY OKOHYATE/ILHO HMeeM
By, P
x=="2ln-2 2.150
P ( )

(6apomempuueckas popmyara Janraca).
Jlnst YHCeHHBIX PacyeToB MPHMEM TeXHHYECKYH CHcTeMmy mep. [1pu
temneparype 15 °C umeem

Yo=1,293 kr/M3=1,3 kr/m3

Py=1atm. =1 kr/cm2= 10000 kr/m2.

Orciona

x= 77001n7',- M,

Tie faBneHHe P BeipaxeHo B aTMocdepax. B uacrHocTH, npu P = —é— aTM.

HMeeM:
x=7700-1n2=7700-0,69 = 5500 M = 5,3 kM.

dopmyna (2.151) naet nuub npubIU3HTE/bHEIE 3HAYEHHS, TaK KaK He
Y4YTEHO H3MEHeHHe TeMIIepaTypbi BO3yXa C BEICOTOM U APyTHe HaKkTophl.

3agaHug 19 CaMOCTOATEIbHOIO pemieHnusa

1. CornacHo 3akoHy HbioToHa CKOpOCTB OX/IaXIEHHUS TeJ1a POTOPLIH-
OHaJIbHa Pa3HOCTH TeMIlepaTyp Tesia i cpelsl. Uepes CKOJIbKO MHHYT TeJIO,
Harpetoe 10 100 °C v Haxonsiueecs B Boagyxe tremneparypsi 20 °C, oxna-
nutcs 10 30 °C, ecaiut B reuenre 20 MUHYT 3T0 TeJs10 oxnanuioch 1o 60 °C.

2. B kaxoe BpeMs Bojia, 3aMoJHAOLIAS MONyCHepHYeCcKyIo Yaly a1a-
merpa D = 2 M, BBITeUET Yyepe3 Kpyrioe oTBepctue auaMerpa d = 0,2 m B
[He Yawu?

Y ka3 anue CKOpPOCTb HCTEUEHHs BOJBI IPU HArope /i paBHa
v =c42gh,

rae ¢ = 0,6 — onbITHbI KoaddHuKeHT 1 g = 9,82 M/ cek? — yckopenue
CHJIBI TSKECTH.



Fnasa III
AUODEPEHLUANBHBIE YPABHEHUA BTOPOTO
NOPAAKA

§ 1. OBLWME NOHATHA

JlnddepeHuranbHoe ypaBHEHHE BTOPOTO MOPSIKA C HEU3BECTHOH (YH-
kuued y = y(x) umeet Bug

Flx,y,y’,y") =0, (3.1)

rie F — nanHas QyHKUMs.
Tpeanonaras, uto ypasrenye (3.1) MoxxeT GBITh OIHO3HAYHO paspeiue-
HO OTHOCHTEJbHO NPOM3BOAHOMH ¥”, IONyYHM

y" =l g, y), (3.2)

rie [ — HeKoTOpast H3BeCTHAst yHKLHS.
O61iee peLieHHe 3TOrO ypaBHEHH

y=0lx, Cy, CQ) (3.3)

CONEPXKHT JIB€ MPOM3BOJbHBEIE NTOCTOSHHbIE
C; n Cy. Ilostomy uepe3 HaHHYIO TOYKY
M(xg, yo), BoOGLIE TOBOPS, MPOXOAHT Y-
YOK MHTerpanbHeiX KpuBbix (puc. 27), Tak
KaK OfHA M3 NPOM3BOJIBHBIX MMOCTOSIHHBIX
ocTaeTcsi HeomnpeneseHHOH. YToObl Bhize-
JIUTb OTpEJIeJIEHHYI0 WHTErPajbHYK KpH-
BYI0, KpOMe TOYKH M, 1OCTaTOYHO 3aath
ellle HanpaBJIeHHe KacaTe/IbHOM B Touke M
K HCKOMOH MHTErpajibHOH KPHBOH

Puc. 27

tgog = yp. (3.4)
Takum 06pa3oM, Mbl HMEEM CIELYIOLIHE HAYAAbHbLE YCAOBUR:

Yli=xy = Y0, ¥lx=ry = ¥ (3.5)

OcHoBHasi 3aj1a4a, KOTOPAst 3[1€Ch CTABUTCS, €CTh CAIEAYIOLIAs: HAHTH
pewenre AudepeHuranshoro ypasHenus (3.2), ynosaeTBopsiolee
HavanbHbiM yeaouam (3.5) (sadaua Koww). Teomerpuueckd 370
3HAYHT: HAHTH HHTErPaIbHYIO KpUBYIO ypasHenHs (3.2), npoxoasuiyio ye-
pe3 manHyio Touky Mo(xg, yo) B 3a1aHHOM HampaBiaeHHU tg g = Y.
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W3 HauanbHbIx yenosuii (3.5) BeiTekaer, uto nocrosiHubie Cp ¥ Co JOIKHEL
YIOBJIETBOPATb CHCTEME yPaBHEHUH

Yo = 0lxq, C;, Cy) }
’ ’ ‘
Y0 = 0% (x0, G, Cp)
B 3aBUCHMOCTH OT TOTO, UMEET H.HH HE UMeeT 3Ta CUCTeMa pe[ﬂeﬂﬂﬂ, 3a-
naua Kowu paspeirma v He paspervma.

[TpuBenem Ge3 10Ka3aTeNbCTBA BAXHYIO MeOpemy CYu,ecmeosarus u
e0uHCmeeHHOCMU peleHull.

(3.6)

Teopewma. Ecau B HekoTOpOH 06/1aCTH

|x-xql<a, ly-yol<b, |y —yol<c
(a, b, ¢ — nonoxurensHele uncaa) Gpynkuus f(x, y, y’) HenpepuBHA U
HMeeT OI‘paHquHbee YacCTHbBIE HPOH3BOJJ,Hble

fyCy 9 fr ey y),
TO CYLUECTBYET €AHHCTBEHHOE pELIEHHE

y=0(x) (3.7)

nuddeperuransHoro ypasrerus (3.2), yrosieTsopsiioliee HaualbHbIM
yeaosusm (3.5) u onpenenenHoe Ha HeKOTOPOM oTpeske |x — xg| < A.

§ 2. MEXAHWYECKUM CMbICT AUGDEPEHLLMANIBHOTO YPABHEHUA
BTOPOTI'O MOPAAKA

IycTs no ocu Ox ABMXeETCS MaTepHanbHas Touka Macchl m (puc. 28),
npHyeM JeHCTBYIOLIAs CHIa

dx
X= X(t, X, E?),

B caMoM o011eM CJydae, 3aBUCHT OT BDEMEHH t, KOOpAHHATHI TOYKH X H €€

dx
CKOPOCTH —=. Ha ocHoBanuu 3akoHa HeloToHa iMeeMm nuddepeHnranbHoe

YPaBHEHHE IBHXKEHHA

d2x _ dx
mﬁ = X(t,x, d)tc) (3.8)

————
— -

Puc. 28

Takum o6pasoM, Bcskoe aH(GepeHLHanbHOe YPaBHEHHE BTOPOro
MOPSIKA, pa3pellleHHOe OTHOCHTEJbHO CTaplieil NMPOHW3BOAHOM, MOXHO
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paccMaTtpHBaTh Kak AH(depeHLHaNbHOe YpaBHEHHe NpPSMOJHHEHHOro
IBHXXEHHS MaTepHanbHOH TOYKH. HauanbHele yesoBus 3aech npuobpera-
10T CJEAYIOLHI BUL:

- e  _
x|t=t0 = X0, dt t=t0 X0, (39)

T. €. B HaUaJbHBI MOMEHT to 3a1al0TCA: X — HayaJ/JIbHOE I0JIO)KEHHE TOY-
KH H XE) — €€ Haya/JIbHasd CKOPOCTh.

§ 3. WHTEFPUPYEMbBIE CIVYAH

Cnyuaip 1. [lyctb mpaBas yacTb AH((HEPEHUHMATLHOTO YPaBHEHHS
2-ro nopsinka (3.2) sBAsieTcs QyHKUMeH TOMBKO OT MEPEMEHHOH X, T. €.
IAMddepeHIHaNbHOE YDaBHEHHE HMEET BHIL

y" = X(x), (3.10)

rae X — u3BecTHas GyHKUHUS.
WHrerpupys nocsefoBatesbHo 18a pas3a o6e yacTd ypasHeHus (3.10),
OyneM HMeTb

y = JX(x)dx + G

y= defX(x)dx + Cix + Cy,
rie C; u Cg — NpoU3BOMbHBIE OCTOSIHHBIE,
Ipumep. Pewntsb ypaBHeHue
L4
=1
y ==
Pewenue. MHTerpupys, nocienoatenbHo HaxoquM

y’= %+Cl= lﬂl)Cl‘i'Cl

y= Ilnlxldx +Cix + Cy = xln|x| - x + Cjx + Cy.
OG6benuHss 1Ba U/IeHa, OKOHYATENBHO OJTyIHM
y = xlnlx| + Cjx + Cy. (3.11)

Cayuai 2. Ilycts mpaBast yacTh AMQdepeHUHANBHOTO YpaBHEHHS
(3.2) stBHBIM 06a30M 32BHCHT TOJILKO OT HEH3BECTHOH PYHKLHH Y, T. €.

y" =Y(y), (3.12)

rae Y — naHHas GyHKUuS,
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[Ipumem y 3a He3aBHcHMYIO nepemenHylo. Toraa, npUMeHsis NpaBUJIO

nuddepeHIHpPOBaHHS CIOXKHON QYHKUKH, TOTYYHM
w_dy_dy dy _,dy’

dx = dy dx Yy

Ha ocHoBanuu ypasuenus (3.12) umeem
» /d !
y'=y —f; = Y(y)

WIH
y'dy’ = Y(y)dy.
WHrterpupys noc/iesee paBeHCcTBO, HAXOAHM

2 C
y—2— = _[Y(y)dy + 5

y’= i,’ZIY(y)dy + Cl'

H, CJIeflOBATEJNLHO,

(3.13)

(3.14)

Paspensisi nepemennsie B ypasHenuu (3.14) u unTerpupys, nonyunm

o6uM# HHTerpas Hamero A depeHIHaIbHOTO YPaBHEHHS:

% _ 4
J\lzj}'(y)dy +G o + Co).

rie C u Cg — npoH3BOJIbHEIE IOCTOSHHBIE.

(3.15)

3aMmeuanue. He caenyer sanomunats Gopmyay (3.15), nocrarouno

YCBOHTBb COOTBETCTBYIOLIHMI NTPHEM.
Ipumep. Pewnts ypasHenue

y = PER
Pewenue. [Tonaras
dy’
n_ %Y
y - y dy'
6yneMm HMeThb
Ay
) e
HJIH
dy
Id ’_ =
yay P
OTciona HaxoauM
d
[ydy =],
TO €CTh
v __ 1 .G
2 2y2
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H, CJef0BaTeNbHO,

«Q‘Clyz— 1

’
=g
y y
Paspnesnsisi nepeMeHHbIe B TOCJAELHEM YPABHEHHH, MIONYUHM
d
A _ gy
C]y -1
Orcrona
d
I T . 2y = iJ' dx
C]y - 1
HJIH

é Cy?-1=%(x +Cy).

Takum 06pasom, o61mit uHTerpas ypasHenus (3. 16) umeer Bun”

Cry2=1+(Cpx + Cy)2,

rae C; u Cy — NpoH3BOIbHbIE IOCTOSIHHEIE, IPHYEM o4eBHAHO, yTo C;> 0.
Cayuait 3. [lycts npaBas yacTh IH(PHEpEHUHANBHOTO ypaBHEHHS
(3.2) sBHBIM 06Pa30M 3aBUCHT TOJILKO OT 4', T. €. ypaBHEHHE MMEeT BHJ

y"=Ply),
rie P — HeKoTOpas H3BeCTHAst PYHKIUHS.
[Monaras
’ »_ dp
Yy=p H Yy =75
Oynem HMeTb
dp _
ke P(P)
Orciona
_dr_
dx = P(p)

¥, CJIe[lOBATEbHO,
dp
x= J. P TG
Paspeus ypaBHenue (3.18) oTHOCHTEIBHO p, NOMYUHM

p=0(x, Cy).

* B aroit hopmyne uepes Cq Mul 0Go3Haumnu soipaxerue CyCo.

(3.18)
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d
Hs NOCJIEAHEro YpaBHeHH , quuaaﬂ 4Top = y , IETKO HalTH y.

y=fol.cdx + cg. (3.19)

Onnako He Beera ypasrenue (3.18) sierko paspelnmMo 0THOCHTENBHO p.
[TosToMy Mbl yKaxeM Apyro#i cnoco6 HaxoxaeHust yHKuHH y. OueBHIHO,

»_4dp _dp dy dp

dx ~ dy dx P dy’
Hcnonbays puddepenunansyoe ypaBHeHne (3.17), nonyyaem

L =P(p)
H, CJIEI0BaTEJIBHO,
pdp

Cucrema ypasuenuii (3.18), (3.20) naet ob6wwmii unrerpan nuddepen-
unansHoro ypasrenus (3. 17) B napaMeTpuueckoM Buie, Te poib napa-
MeTpa urpaet p. Uckiouas U3 3THX ypaBHeHH p, IOJTy4MM OGLUHE HHTET-
pan ypasnenus (3.17) B 06b1unOM BHIE

dJ(x, Y, Cl’ C2)= 0.

3aMmeuanue. Tak kak TapaMeTpuyecKoe NPeACTaBIeHHe KDHBOMH He-
ONHO3HayHo, To B popmydax (3. 18) u (3. 20) 3a napameTp MOXHO TpH-
HHUMaTh M06y10 BeanuuHy 6 = Y(p), ABASIOLLYIOCS H3BECTHOH DYHKUHEH
ot p.

Tpumep. Haiiti Bce MII0CKHeE KPHBLIE, HMEIOILHE IOCTOSHHBIH PaiHycC
KPUBH3HBI, PaBHbIH R.

PeuweHue. Bcnomunas hopmyay panuyca KpUBU3HEL, HMeeM Jubde-

peHIHa/NbHOE ypaBHEHHE
3

(1+y72)2 _
yll -
Orcrona
3
y =50+ y?H
[Tonaras
y=puy" ‘—“de
MOMyYuM
3
J 3
&= 7+ e?)’
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3
p_z_;_ - l(l +p )2
CuienoBaTeNLHO,
x = R[—%— + ¢ - (3.21)
(1+p2)2
H
y= R[22+ + . (3.22)
(1+p?)2
[Tonaras B unterpanax (3.21), (3.22)
de
=180, dp="55 cos?@’
HaXOfKM
x = chos@d(a +C; = Rsin®@+G (3.23)
u
y = R[sin@d® + Cy = ~Reos® +C;. (3.24)

Dopmyasi (3.23), (3.24) nator napameTpHyeckoe npeaCTaBIeHHe CHC-
TeMbl HHTEerpalbHbIX KpUBEIX. Mckiouas u3 ypasuenuit (3.23) u (3.24)

napametp ©, nosyyum
(x=C2 + (y-Cp)2 = R2. (3.25)

Kak u cnenoano oxuuarh, HCKOMble HHTETpajbHbie KPHBBIE €CTh
OKDYKHOCTH paguyca R.

3ajanus 115 CaMOCTOSTENLHOTO pelleH s
L y"=sin?x.
2. ¥y + 5—;7 =0,ecmny(0)=1uy’0)=1
3. 2y =1
4. MarepnansHasi TouKa 6polueHa BEPTHKAILHO BBEPX C HAYabHOM

CKOPOCTBI0 Ug. HaiiTh HauGOMbIIIyI0 BLICOTY MORHATHS TOUKH, NpHHHMas
COMNPOTHBJIEHHE BO3/lyXa MPONOPLHOHANbHBIM KBaPaTy CKOPOCTH.

§ 4. CNYYAU MOHWKEHMA NOPARKA

YkaxeM 1Ba ciyyas, Koraa AH¢QepeHLHanbHOE ypaBHEHHe BTOPOTO
nopsaka (3.1) nerko npuBoauTCA K AMQGhEPEHUMANLHOMY YPaBHEHHIO
TepBOro NopsiAxa.
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Cayuait 1. JleBast uacTb nucdepeHIHaNLHOTO ypaBHEHUS BTOPOTO M0~
panka (3.1) He conepxuT X, T. €. AMddepeHIIHanbHOe ypaBHEHHE HMeeT BUJ|
F(y,y".y")=0. (3.26)

[Tonaras

, »n_dp _dpdy _ dp
y—pny_dx_dydx_pdy’

noJiyuuM fudeperLHansHOe ypaBHEHHE MePBOro NopsifKa
) _
F(y.p.p5)=0, (3.27)

TJie poJib He3aBHCHMOH MepeMeHHOH HrpaeT Y.

Cayuait 2. JleBasi uactb audepeHUHanbHOTO ypaBHEHHSI BTOPOTO
nopsinka (3.1) He conepxHuT y, T. e. AMQdepeHIHalbHOe ypaBHEHHE HMeeT
BHJ

Flx,y’,y")=0. (3.28)
[Monaras
’ »_ dp
y=p ¥ =40

nonyyHM fH¢depeHIHaIbHOE YpaBHeH e 1ePBOro Nnopsaaxa
d
F(x, P, d—i) =0. (3.29)

Jins pewenuit ypaBHenuit nepsoro nopsaka (3.27), (3.29) caenyer
TNIPUMEHUTD pa306paHHble paHee PHEMBI.

3ameuanue. [Ipu npeo6pa3oBaHHM MPOHU3BONHOM Y HYKHO 106H-
BaThCS TOTO, YTOGH HU(depeHIHpoBaHHe (YHKLUMH §' = p TIPOHCXOLHIIO
110 TO¥ epPeMEeHHOH X MM I/, KOTOpas BXOAMT B IPaBYI0 4acTb AHddepeH-
LMaJIbHOTO ypaBHEHHSI.

INpumep. HaiiTu peuterne ypaBHeHus
y'=yt-y,
YIOBJIETBOPSIOLIEE HAYaIbHbIM YCIOBHSAM
y:-%, y’:% mpu x =1
Pewmenue. [Tonaras
’ » dp
y = p’ y = pd_yr
TOJTYYHM
d
pﬁ =p?-y (3.30)
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HJIH
dp _ :
OvyeBHIHO, 3TO YpaBHEHHE Bepﬂymm. HOCTyrIaS{ COrJiaCHO o6u1e1vly Me-

TopLy, e iuM o6e yacTH ypaBHeHnus (3.31) Ha p~1, T. e. Bo3Bpalaemcs cHO-
Ba k uny (3.30). [Tpumem Teneps

dp _ d
2= ar _ dz
pe=2, Qde dy’
OTKYy[ld HAXOAHM
ldz _ , _
2dy ~ -y
HJIH
dz _ 9, - _
iy 2z 2y. (3.32)

VIHTerpupyoLuii MHOXUTe b 415 ypaBHeHus (3.32) umeer Byl

p=e 2 = ol

Ymuoxas o6e yacTi ypasHenus (3.32) Ha |1, moayyuM

L(e2z) =2y

dy
OTKyZa
ez = —Q'fye‘zydy = ye %Y + %e'2y + G
CaenosaTtenbHo,
z2=y+ % + Ce?
HIH

pi=y +%+Cle2y.
Wcnonb3ys HavasbHbIE YCI0BHS, GyieM UMETh

1

1o lylyce™
4 4 T2 TS
OTKyza
H, CJI€10BaTEeJIbHO,
2
pP=(F) =v+i (3.33)

33M8THM, Y4TO eCJIM Obl MBI Ha 3TOM 3Tare peiieHus He ONpeAeJInIH Npo-
H3BOJIbHYIO NTOCTOSIHHYIO Cl’ TO 3a/ia4da CHJIbHO YCJIOXKHUJIACh Obl.
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U3 ypasnenus (3.33) nonyyaem

4 _ 4[4+ 1
dx—i y+2.

" d
Tak Kak B OKpeCTHOCTH HauaJ/IbHbIX 3HAYeHUH IPOU3BOAHAs y’ = d—z noJio-
XKHTeJIbHa, TO [IePe]l PaIMKaJIOM CliefyeT B3siTh 3HaK muioc (+). [Tostomy
d
- = = dx.
Vy+3
WHrerpupys nmocnenHee paBeHCTBO, 6y1eM HMETh
d
J { yx = J dx
1+ 3
HJIH
2/y+3 = x +Cy. (3.34)

Jlnst onpenenenus noctostHHo# Cq HCIOJIB3yeM HayaJlbHbIe YCAOBHS
y= —% npu x=1.
Hmeem
I=1+Cy, 1.e. C3=0.

Takum o6pa3om, HckoMas HHTerpasibHast KpUBast 3a4aeTCs ypaBHEHHEM
2,/_1/ +% =X

2
- X _
U

WK
(3.35)

B

3anal-ma AJig CAaMOCTOATEJBbHOIO pEIICHUH
L oyy"=y2+y%Iny.
2. (I+x2)y"+(1+y'%)=0.
3. vy +y'2=yy, ecmny(0)=0uy(0)=-1.

4. Haiiti KpuBYyIO 1715 MOBGOH TOUKH, TPOEKIMS PaHyCca KPUBU3HEI KO-
Topo# Ha ocb Oy UMeeT OIHO H TO XKe 3HaueHHe.

5. Ha#itu dopmy paBHOBecust KaHaTa ¢ 3aKpeMJIEHHHIMH KOHLAMH,
TIPUHUMAEMYI0 UM NOJ IeHCTBHEM COOCTBEHHOH TSXKECTH.

6. Llens anunsl /= 10 M cockanbabiBaeT BHU3 CO cToJa Ge3 TpeHus. 3a Ka-
Koe BpeMsl T COCKOJIb3HET Liellb, €C/IH ABHXKeHHe HauHHAeTCsl H3 TIOJIOKEHHS,
KOrJa CBHCaeT a = 2 M LENH.
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§ 5. IMHEAHBIE ORHOPOAHBIE YPABHEHUA C NOCTOAHHLIMU
KO3OOULUEHTAMU
B TeXHMYECKHX MPHJIONKEHHAX BaXKHOE 3HAUEHHE HUMEIOT AUHelHble
Jugpgpepenyuarvrole YypasHenus

y"+ p()y +qx)y = f(x), (3.36)

rre p(x) u q(x) (xoappuyuenmor ypasnenus) u f(x) (npasas wacme,
WK C80600HbLI UAeH YDABHERUS) — HEKOTOPbIE JAHHbIE HENpephiBHbe
¢yukuuu. Ecau f(x) =0, o ypasrenue (3.36) HasbiBaeTcsi 00HOPOOHbIM
wiH 6e3 npasoli wacmu; B IPOTHBHOM CJIyYae OHO Ha3bIBAeTCS HEOOHO-
POOHBIM, WIIH C NPABOL 4aACMbIO.

M&l 371eCh H3YYHM JIHLIb JTUHEHHbIE YDABHEHHUS C NOCMOAHKbIMU KOID-
(uyuenmamu, IPAYEM B [IEPBYIO OYepelb PACCMOTPUM OLHOPOLHOE ypaB-
HEHHUe.

Hrak, nyctb

plx)=a, qlx)=0, (3.37)

Tfie a ¥ b — NocTosHHEIE fefcTBUTeNbHEe yucaa H f(x) = 0.
Ypasuenue (3.36) npu 3TOM PHHEMAET BU

y"+ay + by = 0. (3.38)

Hapsiny ¢ nuddepeHImanbHEIM ypaBHeHHEM PACCMOTPHM COOTBETCTBY-
1olee anre6panyeckoe ypaBHeHHe

k2+ak+b=0, (3.39)

KOTOPOE Ha3biBAETCH XAPAKMEPUCMULECKUM YPABHeHUeMm VIS ypaBHE-
nusi (3.38). GopmanbHo xapakrepucTHueckoe ypasuenue (3.39) moayua-
ercst M3 AuddepeHunabHoro ypasHerus (3.38) myTem 3ameHb NPOM3BOL-
HBIX Pa3JIMYHbIX TOPSIKOB Ha COOTBETCTBYIOLIHME CTENIEHH HEM3BECTHOH &,
npuyeM QYHKUMS Y, KAK BCErAa, CYMTAETCs NPOHU3BOAHOM HYJIEBOTO T0-
psiliKa.

ITyctb k| 1 kg — KOpHH XapakTepucTHYecKoro ypaBHeHus (3.39), 7. .

2

ko=-5t 4 -b. (3.40)

B cuny u3BectHo# TeopeMul Bueta umeem
kl+k2=—a, klkz—'—-b. (341)

TMostomy auddeperunanshoe ypasHenue (3.38) MoXHO 3anucaTh B
ClleflyIoleM BHAE:
y"— (ky + ko)y' + kikgy = 0
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HITH
(v - kyy) — koly’ - kyy) = 0. (3.42)
371ech BO3MOXKHBI C/IAYIOLIHE TPH CJIyyasi.
Cnyuan 1. Ilycts
D=4 -b>0.

Torna KopHH k| 1 kg (3.40) xapakTepucTuyeckoro ypasrenns (3.39) neit-
CTBHMTEJIBHbI H Pa3JIHUHbIL. ‘

[Tonaras
Y -hky=u ' (3.43)
u3 ypaHenus (3.42) 6ynem umets
u'- kgu =0
WIH
%% = kgdx.
Orciona

Inu=kyx +InC
H, caedoBaTeJbHO,
u = Ceko*, (3.44)

rae C — npou3BoJibHas MOCTOSHHAS.
TMoacrasass 310 BEpaxenue B Gopmyay (3.43), noayuum JuHeRHOe
ypaBHeHHe NIepBOro nopsaxa

y - kyy = Cke*x, (3.45)

Kak u3BecTHo, nnHeldHoe ypasHenue (3.45) uMeeT MHTerpupymoLMi
mHoxuTesb (em. rar. 1, § 11)

“' = e—klx_
YmHoXas 06e yactH ypasHenus (3.45) Ha |1, 6ynem nMeTb
(ye—klx )' - Ce(k2 “kl )x;
oTciofa
yeh* = C + Cpella=h)x,

rie CiuCy= Eg_k, — NPOM3BOJIbHBIE MOCTOSAHHBIE. Cl1el0BaTebHO,
y = Ceh* + Cyete*, (3.46)
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3amernm, uto hopmyna (3.46), kak BbITEKAeT H3 ee BLIBOAA, 43T COBOKYMHOCTb BCEX
pelIeHHii OHOpOAHOro AndQeperLmHansHoro ypasHenus (3.38). Kpome Toro, pewenne
(3.46) sBasetcs o6WMM, Tak Kak OHO CMOCOGHO YHOBJETBOPHTD JIOObIe HauajlbHbie
YC/I0BHS.

B camom zene, nosmoxum

Y |x=x0 =Y. Y’ |x=x0 =Yb, (3.47)

TIe Yo, Y — Kakne-HHOYAb onpefeneHHble yucaa. Jlns HaX0xKAeHHs COOTBETCTBYIOLWKX
niocrosHHbIX C) M Cy M3 dopmyJisl (3.46), MeeM cliefyOLLLyI0 CHCTEMY BPaBHEHHI

Creki + Coelto =y }
Cikyefi% + Cokyete®o = yp

(3.48)

Onpepenutenb 3TOH CHCTEMBI
efixo ekaXo
Ry eki%o k,zek2xo

= (hy - ket )Xo 20,

nostomy cuctema (3.48) coMecTHa u uMeeT eMHCTBeHHOE pewenye. Clef0BaTeNbHO, CY-
LLeCTBYeT OAHO H TOJbKO OLHO HacTHOe pelueHHe ypasHetus (3. 38), ynosneTBopsioluee
HauanbHbIM yeioBusaM (3.47) u nonyuamoweecs U3 Gopmysl (3.46) cooTBETCTBYIOLHM
3THM yc/10BUAM BbiGopoM noctosHHbix C| 1 Cy.

IIpumep. Haitru peluenne ypaBHeHus
y'-2y'-15=0,
YIOBJIETBOPSIIOLIIEe HAYa/IbHBIM YCJIOBHSAM
y0)=1, y(0)=-2
Pemenne. CoctaBuM XapaKTepHCTHYECKOE YpaBHEHHE
k2 -2k —15 = 0.
Peruasi 370 ypaBHeHue, noJyyum

k=1%1+15 =114,

TO €CTb
kl = 5, kQ =~3.

ChnenoBateibHo, o6liee pelleHHe ypaBHEHHS Ha OCHOBaHHH (HOPMYJIbl
(3.46) umeer Bun

y = Cje® + Cye™3x,

f AHHBI , B CHJTy Ha4a/IbHbIX BHH,
Jns onpefesieHHs MOCTO xCinCyBC aya CJIOBHH
noJy4yaeM ypaBHEHHS

1= C] + CQ, -2 = 5C1 —362.
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Peuas NOCJIEJHIO0 CUCTEMY, 6y11€M HMETb

C1= C2=

oo~

1
8)
CnenoBaresibHO, HCKOMOE YaCTHOE peLeHHe TaKOBO:
y= %(esx + Te=3%),
Cayuai 2. Ilycts
2
D=4 -b<0
Torna kopuH k) u kg xapakTeprcTHieckoro ypasHenus (3.39) pazsnu-

HbI, HO SIBJISIIOTCH KOMILJIEKCHO CONPSXKEHHbIMY, T. €.

by =0 +iB, ky=a—ip, (3.49)

: 2 .
riei=v-1,a o= —% P =4b- 14— — JIeACTBUTE/IbHI.

Briuncaienus B cayyae 2 NoJHOCTBIO aHATOTHYHBI BHIYMCIEHHSM B CJTY-
yae |, HO ¢ TO# TOJLKO pasHHLEH, YTO 3M€Ch NPHXOAUTCSA HMETh €0 C
KOMILJIEKCHBIMH (DYHKLHAMH OT eACTBHTEIbHOM NepeMeHHOH x. [ToaTomy
obuiee pemenue uddepeHuHansHOro ypastenus (3.38) dopmanbHo Bbl-
pasurcst Toi xe dopmyanoii (3.46)

y = Cieh* + Cyeto*, (3.50)

rae Cy u Cy — npoH3BOJILHEIE TIOCTOAHHbIE, BOOGLLE TOBOPS, KOMILIEKC-
Hble.

CnipaBeIBOCTD 3TO¥ (OPMYJIBL JIETKO TIPOBEPUTD HEMOCPEACTBEHHO.
B camom nente, noacrasasis 3ty dyHkuuio B ypasxenue (3.38), nonyunm

y"+ay +by = C(k? + aky + b)e®* + Cy(k2 + aky + ) = 0,

T. €. y — eCTb pellieHHe ypaBHeHus (3.38).
dopmyse (3.50) moxHo mpumath apyroit Bua. IlogctaBnss 3Haue-
nusi(3.49) kopHedt k; 1 kg B Gopmyay (3.50), 6ynem umets

y= Cle(aﬂ'B)x + CQQ(a—iB)x - eax(cleiﬁx + CQe‘iB").
Hcnonbays dopmyast ditnepa
e = cosPx + isinpx,
e~P* = cosPx - isinpx,
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OKOHYATe/IbHO HaX0AHUM
y = e* (A cosPx + AgsinPx), (3.51)

rie A; = C; + Cy, Ag=i(Cy - Cy) — npOH3BOJbHbIE TOCTOSHHBIE.
dopmyay (3.51) MoxHO 3anKcaTh TakXKe B HECKOJIBKO HHOM BHze. [To-
naras B popmyue (3.51)

Al = ASil’l(p N A2 :ACOS(P.

rie A u (p — HOBbIE IPOH3BOJIbHBIE NTOCTOSSHHBIE, ONpEeAe/IsieMbIE 110 (pOp-

MyJ1aM
A= AT+ A2, tg<p=j—'2,

O4YE€BHIHO, MMOJYYHUM

y = Ae™sin(Bx + @). (3.52)
Ipumep. Pewuts ypaBHeHue
y’ -2y +5y =0. (3.53)
Peuenue. XapakTepiucTHYECKOE YpaBHEHHE HMEET BHI
k2 -2k +5 =0,
Orcrona
Ry g =1%2i,

T.e.00=1 uP=2.Ilo popmyie (3. 51) uMeeM obliiee pelieHHe ypaBHEHHS
(3.53)

y=ex (A cos2x + Agsin2x),
rie A} n Ay — NpOH3BOJIbHBIE TOCTOSIHHBIE,
Cayuan 3. Ilycrs
2
_at _p_
D = T b= 0.

KopHu xapaktepuctuueckoro ypasuenus (3.39) 6ynyT kpatHbie (cosna-
fatoLye)

hi=hy=-% (3.54)
Nuddeperunanstoe ypasrenue (3.42) npuHumaer BHa
(_1/' - kl_l/)l - kl(yl - kly) =0. (355)
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Orciona, noJsaras

Yy —ky=0, (3.56)
TOJIYYHM
u - ku=0.
Pewns nocseaHee ypaBHeHHe, 6yfeM UMeTh
u= Geh*,

rae C; — npou3BOJIbHAsS IOCTOSHHAS.
IMoxcrasasis nocsennee Bbipaxenue B hopmydy (3.56), 6yneM umeTh

Yy~ by = Ceh*.
Hcnonb3ayst HHTErpUPYIOLIME MHOXHTENb
o= e—Mx’
[oJIy4UM
(ye™hry = ¢,
OTKYaa

ye~h* = Cix + Cy
H, cjeg0BaTeJIbHO,
y = (Cx + Cy)eh*, (3.57)

rae C u Cy — npoU3BOIbHEIE NTOCTOSIHHBIE.
®opmya (3.57), Kak Jierko y6enuThes, 1aeT 06LUee PeleHHe JMHEHHO-
ro OIHOPOAHOTO AH(depeHIManbHoro ypasHenus (3.55).

HNpumep. Pewnts ypaBHeHHe

Y +2y'+y=0. (3.58)
PeweHue. XapakTepucTHuecKoe ypaBHEHHE HMEET BHL
k2426 +1=0,
OTKyJa
ky = ky = -1

TMosTomy obuiee pewenue ypashenus (3.58), B cuity dpopmyasi (3.57),
ecTh

y = (Cx + Cy)eh.
CBoaxka pe3yJbTaToB cayyaes 1—-3 naercs B TabJuLe.
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Ta6auua pewennii ypasHenus y’ +ay + by=0

XapakTep KopHeil k| H ky

Cnyvyait XapaKTepHCTHYECKOro O6uuee peweHune
ypaBHeHHs
1 Kopuu k| 1 kg nefictaurens- y=Ciehix + Coele

Hble W passiHuHble (B # k)
KopH# KoMnieKcHble:

2 k=a+if u y =e*(C; cosPx+ Cy sinPx)
kl =0 - lﬁ
3 KOpH: K_p;THbIe: y=eb*(C; + Cyx)
1 ="

3agaHus 1715 CAaMOCTOSITEbHOIO pelleHH
Peutsb ypaBHenus.
L y"+y-2y=0. 2. y"+y' +y=0.

3. 4" -4y’ +y=0. 4. —+a) 2x =0 (® >0 — nocrostHHO).

§ 6. DU3UYECKAA NHTEPNPETALMA NUHEWHOTO OAHOPOAHOTO
YPABHEHWUA BTOPOI0 MOPAAKA
PaccMoTpuM 3agauy o mpsIMOJIMHEHHBIX KoJeGaHHSIX MarepHanbHOH
TOYKH B CONPOTHBJIAIOILENCA Cpefie Mo AeHCTBHEM LIeHTPabHOH YIIpYro#
“cuabl (eapmonuneckuil ocyuasmop).
[TycTb Ha MaTepHaIbHYIO TOUYKY MacChl m B HanpasJeHud ocu Ox fed-
CTBYET LieHTpaJibHas yrpyras cH1jia

X=-kx,

e X — OTKJOHEHHE TOUKM OT MoJoxeHus pasHosechss O (puc. 29),
k — nocrosuHbIA KO3 dULIKEHT nponopuroHaibHocTH. Kpome Toro, Ha
3TY TOYKY JEHCTBYET ellle CHJIA CONPOTHBIAEHHS CPe/bl

Xy = -k at’

KOTOPYIO Mbl IPHHHMAEM [PONOPLUHOHAILHOM NEPBOH CTENEHH a6COMIOT-
HOM BeJMYMHBI CKOPOCTH (R — KO3((ULMEHT NPONOPIHOHA/LHOCTH).

Puc. 29
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CornacHo 3akoHy HbloToHa uMeem aubdepeHuHanbHOE ypaBHEHHe
ABHXeHHS

Lx _ _py_podx
m-oy = —kx-k'g

dt?
HIIU
d%x dx L 32, —
on TG +Bx =0, (3.59)
rae
_h po_k
a—Qm’B “m

MBI npeanonoXuMm, YTo B HauasbHbIA MoMeHT f =0 MaTepHalbHas TOY-
Ka UMeJia OTKJIOHEHHe paBHOe Xy M Gbl1a oTnyiueHa 6e3 toayka. [Tostomy
HayaNbHbIe YCJIOBHS HMEIOT BHIL

X|t=0= X0 %ﬂt=0 =0. (360)

XapakTepHCTHYECKOE ypaBHEHHE B HALLIEM CJlyyae IPHHUMaeT BUA"

p?+20p + B2 =0, (3.61)
oTCIOzA
plyg =- t 0.2—[52. (362)

Paccmorpum TpH caryyast.
Cayua# 1. Ilycts

a?-p2=352>0.

®u3yueCcKY 3TO 3HAUHT, 4TO CONPOTHBJEHHE CPEbl BEJTUKO 10 CPaBHe-
HHIO C YIIPYTro# CHJIOH.

Torna KopHH XapakTepHcTHYecKoro ypasHenus (3.61) B cuiy popmy-
i (3.62) 6ynyT

pp=-0+8, p=-0-93 ' (3.63)
H, cjeJ0BaTeJbHO, 06u1ee pelieHHe HMeeT BHI
X = Cle(‘“ + ) + C2e(‘°‘ - 8) . (364)

Jlnsi onipefieieHys POU3BOMBHLIX MocTosHHBIX C| U Cqy MCTIONB3YeM Ha-
yasbHbie yeaous (3.60). CocTaBasis IpOM3BOAHYIO

% = Cy(—0 + e+ 4 Cy (o — B)e-* -8 (3.65)

* Bo u3bexaHue nyTaHMLbI Mbl 31€Ch HEH3BECTHYI0 0603HauaeM yepes p.
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¥ noJaras t = 0 B ypasHenusix (3.64) u (3.65), nonyuum

C| + Cz =X,
((X —8)C1 + ((X +8)C2 =0. (366)
Orcrona
q:%@+%}c@=%@—%} o (367)
CJ1e[l0BaTeJIbHO, v
X = %e—atl:(eﬁt +e) 4+ %(eat — e~ )}
HIH

x = xge ™ [Chﬁt + %sh&‘]. (3.68)

Tak kak 0 <8 <o, To rpacuik (3.68) uMeer Bua, ykasaHHwi Ha prc. 30
(anepuoduueckuil npoyecc).
X

Xo

Puc. 30

Canyuain 2. Iycts
a?-B2=32=0.
Pewenne sanauu MoXHO nosryunth 13 hopmyasi (3.68) nyrem mepexo-
na k npeneny npu & — 0. B pesyabrare 6ynem umets
x = xge (1 + at). (3.69)
flB/IeHue MMeeT IPHMEDHO TOT Xe XapakTep, KaK H B cayyae .
 Cnyuai 3. Iycts
o2 -B2=-52<0.
®uzuueckH 310 0603HAYAET, YTO YIPyTras CHIa BEJHKA [0 CPABHEHHIO ¢
CONpOTHBJIEHHeM cpenbl. KOpHH XapakTepHCTHYECKOTO ypaBHEHHS B 3TOM
cJTydae KOMILUIEKCHbIE
P =—'(X+i5, 1) = -0 — 0.
Orciona ob1uee pewenre ypapHenus (3.59) umeet Bug
x = e ®(C cosdt + Cysindt). (3.70)
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Tax kak; oueBHaHO,
% = —oe ¥ (Ccosdt + Cysindt) +
+ 8¢~ (C;sindt + Cycosdt),

T0, noJaras ¢ = 0, Ha OCHOBaHHH HaYa/IbHBIX ycoBHit (3.60) nonyunm

Gi=xo
—(ZCl + 8C2 =0/’
OTKYy/a .
Cl = X0, CQ =%X0 (371)
H, CJIe[I0BaTeJIbHO,
x = xge™ (cosdt + Lsindt). (3.72)
Tpaduk pewennus (3.72) usobpaxen Ha puc. 31 (samyxarouue xoreba-

_ 2 .
HUS), T TION0XKEHO Xg = X041+ %?' [Nepuron konie6auui, O4eBHAHO, paBeH

Puc. 31

Takum 06pa3om, Bce Caydyau pelIeHHH JHHEHHOTO OJHOPOIHOTO YPaB-
HEeHHS C MOCTOSTHHBIMH KO3 pHLIMEeHTaMH HOMYCKAIOT HAMIAAHYI0 QH3H-
4eCKYI0 HHTEepIpeTaLHio.

3axauu xis CaMOCTOATENHHOTO pelleHH .

1. Onpenenutsb nepron 7 cBoGOAHBIX KONeGaHHH JBYXPECCOPHOTO Ba-
IroHa Beca P Kr, eCJIH IOl CTATHYECKHUM JeHCTBHEM Beca BaroHa Kax/as H3
peccop nporu6aercst Ha 5 cM.

2. Teno Becom P = 10 kr Kouse6eTcsl MOX A€HCTBHEM YIPYTOH CHJIBI,
paBHo# 20 Kr, Ipy CMeILeHHH B | M, pHYeM COMPOTHBIIEHHE CPellbl PO-
TNOPLUHOHAJIBHO CKopocTH. HalTh 3aKoH KosleGaHHH 1 TepHONL KoJlebaHHs,
€CJIH TeJI0 ObLJIO BEIBEICHO U3 NOJIOXKEHHS paBHOBECHS TyTeM COOBILEeH S
eMy Haya/IbHOM CKOpOCTH Ug = 5 M/ ¢ ¥ mocae 3-X KoJe6aHHi aMIIMTyAa
ymenpuniace B 10 pas.

84



§ 7. NWHENHbIE HEORHOPOAHbLIE YPABHEHUA
C NOCTOAHHLIMU KOIPDULIMEHTAMN

PaccMOTpHM /HHeiiHOe HEOXHOPOLHOE YPaBHEHHe BTOPOTO MOPsiAKa
y" +ay + by = f(x), (3.73)

KO3 QHLHEHTE KOTOPOro @ ¥ b — MOCTOSHHBI.

Teopewma. Obuee pelueHHe THHEAHOTO HEOAHOPOAHOTO YPaBHEHHS
(3.73) ectb cymMa 06LLier0 pelleH s COOTBETCTBYIOLUErO JIHHEHHOTO Of-
HOPOJHOTrO ypaBHEHHS H Kakoro-HUGYAb YaCTHOTO pelleHHs JaHHOro He-
OAHOPOIHOTO ypaBHEHHS.

HNoxasateabcTso. [lycts Y= Y(x) — yacTHoe pelueHHe JaHHOTO
NMHEHHOro HeOAHOPONHOro ypaBHeHHs (3.73), T. e.

Y”+a¥V’ +bY = flx). (3.74)

Briuntas mounenHo u3 ypasenus (3.73) ypasuenue (3.74), Gynem
HMeThb

(y=Y) +aly-Y) +bly-Y)=0. (3.75)

Taxum o6pa3oM, pasHocTb y —Y = y ABAsETCS pelueHHeM COOTBETCT-
BYIOLLETO INHEHHOTr0 ONHOPOAHOTO ypaBHeHust. OTciona

y=yo+Y, (3.76)
. TIe Yo — €CTh pellleHHe yPaBHEHH
y"+ay +by =0 (3.77)

Ecan B popmyiie (3.76) cuntah Y 0611KM peLieHHeM JTMHEHHOr0 OXHO-
ponsoro ypasenus (3.77), To 3ta popMyna, oueBHaHO, faeT obuiee pe-
LUEHHE JIMHEHHOr0 HEOAHOPONHOro ypaBHeHHs (3.73).

Teopeme nokasaHa.

§ 8. ®U3UYECKAA MHTEPNPETALMA NWHEHHOTO HEOAHOPORHOIO
YPABHEHHA BTOPOI0 NOPAAKA

.PaccMoTpuM Kone6aHUs rapMOHHYECKOr0 OCLHMJIATOPA NPH HAHYHH
nepemeHHOI BHeluHe# cuubl mf(t), rae m — macca Touku. [1punepxusa-
sick 06o3HaueHuH § 6, nomyyaeM cienyioulee ypaBHeHHe IBHXKEHHUS:

dx dx 4 32y =
G+ P = f(), (3.78)
rie o U B — noctosuubl. Kone6anus MeXaHHUECKOH CHCTEMBI TIPH HaJlH-

UMH BO3MYLIAIOLIEH BHELIHEH CH/Ibl HAa3bIBAIOTCH BHIHYXKAEHHLIMH, a NPH
OTCYTCTBHH ee — CBOGOAHBIMH. TakHM 06pa3oM, OAHOPOAHOE JIHHEHHOe
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ypaBHeHHe ¢ MOCTOSHHLIMH K03((HLleHTaMK BTOPOTO MOPSKA ONKCHIBA-
eT cBoGOAHbIe Koe6aHHA rapMOHHYECKOTO OCLHJIATOPA, @ HEOLHOPOI-
HOe — BHIHYXJeHHbIe KoJe6anus. C aToi Touku 3peHus popmyaa (3.76)
MMeeT C/eNYIOIHH CMBIC/: O0LUMe BHHYXIEHHbIE KoNeGaHHA CHCTeMbl
ecTb CyMMa HEKOTOPBIX ee BBIHYXXJEHHBIX KosieGaHHH H COOTBETCTBYIO-
IHX CBOOOAHBIX KOIEOAHHH CHCTEMBI.

§ 9. HAXOXMAEHHE YACTHbIX PEWUEHUA HEORHOPOAHOI0 YPABHEHHA
METOAOM HEONPEAENEHHLIX KO3POULUEHTOB

TTycTb AaHo MMHEHHOE HEOXHOPONHOE YpaBHEeHUE
Y +ay + by = f(x), (3.79)

K03 pHLMEHTH KOTOPOro a 1 b — nocTtosHHble. Kak H3BecTHO, obluee pe-
IIeHHE TOT0 YPaBHEHHs HMeeT BUL

y=yo+Y, (3.80)

rjie yo — obliee peleHHe COOTBETCTBYIOLIEr0 OXHOPOJHOTrO yPAaBHEHHS, a
Y — wacmnoe pewerue danr020 HeOOHOPOOHO20 YpABHEHUSL.

B § 5 6bu10 nokasaHo Kak HaxonuTCs GYHKUKA Y. CenoBaTelbHo, 0CTa-
€TCsl 1aTh METOJ| HaXOXIEHH s YaCTHOTO pellieHys Y 1o 3alaHHOH NpaBoH ya-
cr f (x) muddepenuuansHoro HeonHopoxHoro ypaeuenus (3.79). Myl orpa-
HHYUMCS 3[1€CH JIHILb PACCMOTPEHHEM OTHEJBHBIX YACTHBIX C/Iy4aes; OGLIHH
TpHeM 1J1s ypaBHeHH# Jo6oro nopsaka 6yzer AaH B CJefyIoLIeH Iiase.

A. IIpaBas yacTb eCTb MHOTOYJIEH, T. €.

[ =ag+ax+..+a,x™. (3.81)
1. Ecaub#0, o nonaraem
Y=Ag+Ax+..+A,x™. (3.82)
2. Eciub=0 u a#0, rononaraem
Y =x(Ag+ Apx + ..+ Ay x™), (3.83)

rae Ag, Ay, ..., A,, — HeorpefieIeHHbIE KOIDPHIIHEHTHI.

[paBuAbHOCTb 3THX paccyXieHHH GyHeT HOKa3aHa BIOC/IEACTBHH.
st onpenenenus koadpduumentos Ay, Ay, ..., A, NoaCTaBASEM BEIPaXKe-
nue (3.82) [uan coorsercTenHo (3.83)] B neByio yacTsb ypasrenus (3.79)
M TpUpaBHMBaeM KO3(G(UUMEHTEl TIPH OJHHAKOBbIX CTENEHSX NepeMeH-
Ho#t x. [TonyyeHHas anre6panyeckas CHCTeMa JHHEHHBIX YpaBHEHHH, KaK
MOXXHO JI0Ka3aTh, ABJSIETCS COBMECTHOH H, C/IEJOBATEIbHO, aeT BO3MOX-
HOCTb HalTH K03 duumenTsl Ay, Ay, ..., Ap.
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IIpumep. Peiuntsb ypasHenue
Yy +y 12y = x2.
Pewenue. KopHH XapakTepHCTHYECKOTO YpaBHEHHS

B2+ k-12=0,

OYeBHIHO, ecTb k| = 3, kg = —4. [TosTomy obliee peleHHe OXHOPOLHOrO
YpaBHEHHSI HMEET BU]

Yo = Cle3x + CQ€—4x,

rre Cy, Cy — npou3BOJIbHbIE TOCTOSTHHBIE.
Taxk kak b= —-12#0, To HLIeM YacTHOe pelieHHe HEOXHOPOIHOTO ypaB-
HEeHHS B CJIeflyIOLLeM BHIe:

Y = Ao + Alx + A2x2.
Orcrona
249 + (A] +249)x = 12Ag + Ajx + Agx?) = x?
WU

~1249x% +(2A5 —124))x + (24, + A; -124;) = x2.

TTpupaBHKBas cOOTBETCTBYIOLIHE KOID(HLHMEHTDI, TOJTYYHM CHCTEMY:

—124 = 1, 1
2A2 - 12/41 = 0,
94y + A; - 1244 = 0
Orcrona
—_1 -1 =13
Ay=-15 Ai=-7p Ao= 864

H, CJIe[0BATENbHO,
—|Jd3 4 L 1.2
Y= (864 gt igX )
B cuuty dopmyusi (3.80) o6uiee peieHre 1aHHOTO ypaBHEHHUS €CTh

y = Cied* + Coe™ - -g&(ll% +12x +72x2),

b. IlpaBad yacTb ecTb FapMOHHKA, T. €.
f(x) = Msinwx + Ncosox, (3.84)

rne M, N — nocTosiHHbIe.
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1. Muem yacTHoe pelenue ypasHenus (3.79) Takxke B BUie FAPMOHHKH
Y = Asinwx + Beoswx, (3.85)

rae A, B— nocrosiHHble. [TopcTasiss 310 BbipaXkeHue B iuddepeHurans-
Hoe ypaBHeHHe (3.79), 6ynem umeTh

(-Aw?sinwx — Bo? coswx) + a(Ancoswx — Bosinwx) +
+ b(Asinwx + Bcoswx) = Msinwx + Ncosox,

HITH

2 _ -
A(-0? + b) - Baw = M,} (3.86)

Aaw + B(-0% + b) = N.

Cucrema (3.86) 3aBe1oMo COBMECTHa, €M ee OTpele/IuTeNb He PaBeH
HyJI0:

—0Z+b  -aw

A= = (2 -b)? +a%0? #0. (3.87)

an -2 +h

B sTom cayuae koadduurenTs A 1 B 1erKo MOTYT GbITh ONpe/IeseHbl.

2. Ecmna=0ub=02, 10 A=0ucucrema (3.86) HecoBmecTHa. B 3TOM
HCKJIOYHTENbHOM caydae GyHKUHIO Y cienyer 6paTh Gosee CJIOXHOTO
BHJA:

Y = x(Asinwx + Bcoswx). (3.88)

3ameuanue. Ecaunpasas uacts f (x) 3aBUCHT TOMBKO OT SinWx MK
TOMBKO OT €OSWX, TO B hopMmyJe (3.85), Kak H B oblueM ciyyae, cieayer

6paTb U Sin®x, K COSWX, TaK KaK npu fuddepeHIHPOBAHIH CHHYC epexo-
IHUT B KOCHHYC H 06paTHO.

Ipumep. HaliTi BEHYX/IeHHble KONe6aHHs CHCTeMBI
Lx 4 B2y = Msinot. (3.89)
PeweHue. XapakrepucTHuecKOe ypaBHEHHE 3[IeCh HMeeT BHJL
k2 + B2=0;

orciona ky o = +Bi. CnenosaresbHo, o6uiee peieHre ONHOPOAHOTO ypas-
HEHH$ TaKOBO:

xg = Cysinpt + CycosPt. (3.90)

[Ipy HaxoXHeHHH YacTHOro pelieHHst X HEOJHOPOAHOTO yPaBHEHHS
(3.89) npuxoautcs pasnuyath ABa CIyyasi.
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Cayuaii 1. Tlycts|o] #|B|, T. . nepron BHeiw e cuJbl He coBNaaa-
eT ¢ nepuoaoM cBo6oaHbIX Konebanwuii (3.90).
Huwem dbyHkuuio X B Buge

X = Asinwt + Bcoswt.

TMoxcrasass 3To BeipaxeHue B ypasHenue (3.89), 6ynem umeth

(-Ao?sinot - Bo? coswt) + p2(Asinot + Beoswt) = Msinot,

oTclola
BB?2-0?)=0,
TO €CTh
M
A = 32—_;‘{, B = O
H, CJIeOBATENbHO,
X= B—z—’_iﬁsmmt, (3.91)
X
A \
x = Asinwt

.\
T

Puc. 32

Takum 06pa3oM, B 3TOM C/lyyae y CHCTEMBI HMEIOTCS BHIHYXIEHHblE
orpanuyeHHsble Kose6anus (3.91), nepron KOTOPEIX paBeH MepHOLY BHeLl-
Helt cuatbl (puc. 32).

Cayuai 2.Tlycrs|o|=|B |, 1. e. nepuon BHewHeit cutbl coBnazaer ¢
epHoIoM cBOGOIHBIX KOJIeGaHHH.

B srom cayuae dopmyaa (3.91), ouesunno, Tepser cmpica. CornacHo
TEOPHH N0JIaraeM

X = t(Asinot + Bcoswt). (3.92)
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[TonctaBiins 370 BeipaxeHue B Au(depeHuransHoe ypasHenue (3.89),
6yneM UMeTb

t(-Aw?sinot - Bw?coswt) + 2(Awcoswt — Bosinwt) +
+ 0%t (Asinwt + Beoswt) = Msinot

HIH
2(Awcoswt — Bosinwt) = Msinwt.
Orciona
A=0, B=-#
H, C/IEl0BaTELHO,
X= —%cosa)t. (3.93)

®opmyaa (3. 93) nokaswiBaet, uTo pazmax KosebaHuit X HeorpaHUUEH-
HO pacteT co BpeMeHem ¢ (puc. 33). Takum 06pasoM, naxe Manas BHeIL-
Hfifl CHJIa B CJIyyae 2 BHI3bIBAaeT HEOrPaHUUYEHHbIe KoJseGaHus. DTo sBIe-
HHE HOCHT Ha3BaHHe pe3oHaHca. PH3HueCKUM MOC/IeCTBHEM Pe30HaHCa
BJISIETCS HapylueHHe paGoThl MK JaXe paspylueHue cuctemsl. Hasect-
HBI CJIy4YaH, KOTAa PUTMHYECKUH CTYK KOJIEC 10€3/1a, HAYILEro 110 XKeJes-
HOJIOPOXXHOMY MOCTY, TPHBO/HJI K Pa3pyIleHHIO 3TOro MocTa. B cuay tex
e 06CTOSATENbCTB, KOJOHHY COMIAT, HAYLLHMX [0 MOCTY, 3aCTABASIOT HATH
«HE B HOTY».

X=- M—’-cosmt
20

Y|

(O] \

Puc. 33
O61me BHHYXIEHHBIE Kose6anus cuctemsl (3.89) natores hopmyoi
x = C;sinPt + CycosPt + X. (3.94)

JIJIH y1106CTBa 3allOMHHAHHUA PaCCMOTPEHHbIE C/1y4aH CBEAEHDI B TabJu-
uy:
90



Ta6aMua YacTHBIX pemieHuii ypasHeHus y” + ay’ + by = f(x)

Cayuaii XapaKTep npaBoi YacTH YacTHoe pelueHude
[(x)=P,(x), Y=Q,(x),
1 | rae P,(x) — muorounen n-oit | rae Q,(x) — MHorouneH n-oit
I creneHi ub=0 CTeNneHun
2 | f(x)=Px) n b=0, a#0 Y=xQ,(x)

[(x)=Msinwx+ N coswx,

(@02 -0)+ a2w?#0 Y =Asinox+ Bcoswx

9 fx)=Msinwx+ N2cosmx,

Y = (Asinwx + Bcoswx)
a=0, b=w

3aganus 1Js CaMOCTOSTENbHOTO PelleHU
1L y"+2/+x2=0.
2. HariiTi yacTHOe peleHHe YpaBHEHHS
Y -2y +y=2x-4,
VZOBJIETBOPSIOIIEE HAUATLHBIM YCIOBHSAM
y(0)=0, y'(0)=2

3. y" -2y + 2y = sinx + cosx.

4. y”+100y = coslOx.

5. I'pys maccol m = 4 kr noJBelLueH HA NPYXHHE H YBEJIHYUBAET €€
AvHy Ha | cM. HaliTh 3aKoH [BHXKeHUs Ipy3a, ec/Id BepXHHI KOHell Tpy-

XHHbI COBepILaeT BepTHKabHOE rapMOHHYecKoe Konebanue y = sin30¢
{conporuBaeHHeM cpeb npeHebperaem).

§ 10. 0 KPAEBbIX 3AJAYAX ANIA YPABHEHWH BTOPOIO NOPAAKA

Hnst ypaBHeHUH BTOPOro Mopsiika MOXHO PacCMaTpHBaTb BOMPOC He
TOJIBKO O HAXOXKAEHHH PeLleHH s 110 3aJaHHBIM B 00HOL TOUKE HAYAAbHbIM
YCAO08USM, OTIPENIENAIOLIMM B YKa3aHHOH TOUKe 3HAUEHHs! KaK CAMOro pe-
LIeHWst yPaBHEHHUS!, TaK U ero npoussonHok (sadawy Kowwu), 1o u o mouc-
Ke PeLIeHHs N0 2PAHULHbIM YCA0BUSM B 08YX HUKCUPOBAHHBIX TOUKAX,
3aJal01KX B HUX (KaK B KOHLAX COOTBETCTBYIOLIETO IPOMEXKYTKA) HHAOP-
MalHIo O pellleHHH ypaBHeHH st i (Wiu) ero npoussoaHok (kpaesyro sada-
uy). TTosiCHUM MOCTAHOBKY KpaeBoit 33/1auu Ha KOHKPETHBIX PHMepaXx.

Mpumep 1. Haiiti dyuxuuto y = y(x), ynosaersopsioutyio nuddepen-
LLMa/IBHOMY YPaBHEHHIO

y =[x y.y) (3.95)
M npHHUMaIyoIpux=a U x=b (a<b)3anaunble rpaHHYHbIe 3HAYe-
HUS:

yla)=A, y(b)=B. (3.96)
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N leomerpuueckd ckasaHHOe O3Ha-
yaer, yro B mIockoctH Oxy Tpebyer-
Cfl HaWTH HHTErpajbHY) KPHBYIO
IudepeHIHaNbHOrO  ypaBHEHHS
(3.95), npoxomsutyio yepes ase 3a-
naubie Toukd M(a, A) u N(b, B)
(cm. puc. 34).

y=y(x)

S -

Puc. 34
IMpumep 2. BugousMeHenueM 3a-

RauH, NpHBEAEHHOH B npuMepe 1, GyaeT: HauTH Takoe pewierue y = y(x)
nuddepeHLmanbHoro ypasHenus (3.95), 111 KOTOPOro BHIOHSAIMCDH Obl
rpaHHYHbIE YCIOBHA
y'@)=4,, y'b)=8. (3.97)
['eomeTpHyecKH 3TO CBOAUTCS K OTBICKAHHIO B 110cKoCTH OXY HHTErpaJib-
HOW KpHBOH ypaBHenust (3.95), nepecekarouieit npaMbie X =a ¥ X = b 101
3a/laHHbIMH COOTBETCTBEHHO yraiaMu O H  Takumy, uto tg o= Ay, tgf= B,
(cm. puc. 35).
Ipumep 3. MoxHO paccMOTpeTh Takxe CENYOLIYIO 3a1auy: HalTH

pewenne y = y(x) ypasuenus (3.95), yrosnerBopsioliee rpaHHYHBIM
YCOBHAM

yla)=A, y'()=B,. (3.98)

B 3roit curyauu B niockocti Oxy TpeGyeTcst HAHTH HHTErPaVIbHYIO KPH-
BYI0 anddepeHumansHoro ypastenns (3.95), koTopasi J0/KHA TPOHTH

yepes Touky M(a, A) u nepeceub npsimyto x = b nog yriiom B (cm. puc. 36).
B cayuae aunetinoeo nuddepeHIHaIbHOTO YPaBHEHHS

y"+ px)y’ + q(x)y = f(x), (3.99)

KO3((HUMEHTH KOTOPOTO Ha paccMaTpuBaeMoM npoMmexyTke [a, b] He-
TIPEPLIBHBI, AUKelHble TPAHHYHBIE YCIOBHSA OMKCHIBAIOTCA PAaBEHCTBAMH

ayla) + ayy’(a) = A, By +By’(®) = B, (3.100)
y

igh=B,

Puc. 35 Puc. 36
92



rre o, 0., B, Bj, A, B — onHOBpeMeHHO He paBHble HyJIi0 3alaHHbIe IOCTO-
AHHble yMcna (aunelinas kpaesas 3adaua). JluHerHas kpaeBas 3ajaua
(3.99)-(3.100) HaswiBaeTcsi 0dwopodHoLi, ecau, Bo-nepebix, [(x)=0
(1. e. camo nudepentmansHoe ypasaente (3.99) oqHOpoaHO) H, BO-BTO-
pbix, A= B =0 (1. e. rpaHUuHbIE YCIOBHS TAKXKE OXHOPOMHBI); B IPOTHB-
HOM cayyae KpaeBas 3afaua (3.99)—(3.100) nasbiBaetcsi He0OHOPOOHOLL.

Kpaesas 3anaua /151 ypaBHeHH#i BToporo nopsiaka (B TOM 4ucie U Aas
AuHeliHbLx 0OHOPOOHbLX YPABHEHHH, H IaXKe [PH HAJIHUHUH Y HHX NOCMO-
AHHbLX KO(PUYLEHMOE) MOXKET COBCEM He HMETb pelLueHHH, HMeTb
eIMHCTBEHHOE PeleHHe HJIH XKe MMeTh MHOXKECTBO PeLlIeHHH.

Mpumep 4. [l NUHEHHOTO OIHOPOAHOTO yPABHEHHS! C IOCTOSIHHBIMHU
K03 duuHeHTaMH

y"+y=0, - (3.101)
obliiee pelieHre KOTOPOro HMeeT BHI
y = Cysinx + Cycosx (3.102)

(cm. Tabauuy B § 5 raassi I11), paccMoTpM TpH KpaeBbie 3aauH Co Cleay-
IOLIMMH I'PAHHYHBIMH YCJIOBHSMH:

1) y(0)=0, y(n)=-1; (3.103)
2) y(0)=0, y(n/2) =1; (3.104)
3) y(0)=0, y(n)=0. (3.105)

Kpaesas 3anaua (3.101), (3.103) He umeer peleHHus, TaK Kak 13 Gop-
~ myasi (3.102), B cuay (3.103), 1151 Hero LOMKHBI GBLIH Gbi BHITOMHATHCS
paBeHcTBa 0= Cy =1, yTO HEBO3MOXKHO.

Kpaesas 3amaua (3.101), (3.104) uMeer emuMHCTBEHHOE pelleHHe
y==sin x, nockosbky us (3.102) u (3.104) nonyuaem C; =1, Co=0.

Kpaesas 3agaya (3.101), (3.105) uMeeT 6eCKOHEUHO MHOTO pelleHHH
Buna y=C;sinx, rie C; — npou3BosIbHAS MOCTOSHHAS, KOO B CHITY IIEPBO-
ro B (3.105) rpanuytoro ycnosus Haxomum Co = 0, a BTOpoe rpaHHUHOE
yeaosue B (3.105) Torma 6yner BHIMOMHATLCA TPH JIO60M BLHIGOPE KOH-
crauTh Cj.

JInsl KOHKPETHOTO pelleHH s JIMHeHHOH KpaeBoi 3aaud CHayasa Hy»KHO
TI0CTapaThCs HAUTH 00w ee peuleriie HCXOTHOTO TH((pepeHIHaNBHOTO YpaB-
HEHHs, N0C/Ie 3TOr0, HCIOJIb3Yysl FPAHHYHbIE YCJIOBHS, CELYeT BblNUCAMb
anzebpaudeckyro cucmemy yposHeHuli OTHOCHTENbHO BXOASLIKX B 06-
Liee pellleHHe MPOU3BOJIbHbIX KOHCTAHT, a 3aTeM Bbiuucaumo (€Cau 3To
BO3MOXXHO) BHAUEHUS IMUX KOHCMAKM KaK PELUEHUH BHIITHCAHHOMN CHC-
TeMbl ypaBHeHHH. YacTHbIM pelleHueM aHdhepeHIHaNbHOro ypaBHeHH S,
OTBEYAIOIMM HaHIeHHbIM 3HAUEHUsIM KOHCTAHT, U OyIeT onpeie/sThes
pelleHHe pacCMaTPHBAeMOH KpaeBoH 3ajlau.
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Mpumep 5. Haiit pemenue ypasHerus

Yy -y=x, (3.106)
ynosnemopmomee TPAaHHYHLIM YCJIOBHUAM
y(0)=0, y(1)=1. (3.107)

PemeHnune. Xapakrepuctuueckoe ypasHenue k2 — | =0 HMeeT KOpHH
ky o = £1. CnenoBatenbHo obliee pelleHHe COOTBETCTBYIOUIETO OJHO-
POHOTO YpaBHEHHs MOXHO 3anucarth B BULe Yo = Cie* + Coe™*, raie Cy,
Cy — mpOM3BOJIbHbIE KOHCTAHTBIL.

Tockoabky Koadduument ypasrenus (3.107) npu y pasen —1#0, To
(cornacro § 9 ruasbi I11) yacTHOe pelueHHe HEOTHOPONHOTO YpaBHEHHS
(3.107) 6ynem uckarts B Buge Y = + vx. Orciona — (4 + vx) = x. [Tpupas-
HHMBas KO3(dHUHEHTH IPH OAHHAKOBLIX CTEMEHSIX ePeMeHHOH X, MoJy-
yaeM u=0, v=-1, 1 remcambiM Y =—x. [TosTomy obuiee pelueHue ypas-
Henus (3.107) ectb

y=Ce*+Coe™* - x. (3.108)
Tax xax u3 (3.108) umeem
y(0)=C +Cy, y() =Ce + %2 -1,

TO M3 rpaHHYHbIX ycaoBui (3.107) nosyyaem cucTeMmy ypaBHeHHE fas
onpenenenus Cy, Cq:

Cl + C2 =0,
I (3.109)
eCl+ eCQ—l— l.J

W3 nepsoro ypasrenus cuctemsi (3.109) nonyuaem Cy = -C;, a notomy
BTOpOE YpaBHEHHe CHCTeMBI NIPHBOAMT HAac K paBeHCTBY eCy — %Cl =2

CirenoBaresbHo,

__2 _ 1 _
Cl"e_L—shl’ G=-a7
e

T. €. pelleHHe HCKOMOH KpaeBo¥t 3a/ia4uH OJHO3HAYHO onpefeseTcs GyHK-
upen

Y= 5 "‘=2%-x. (3.110)
3agaum AJd CaMOCTOSATENbHOTO PEUleHUS

Peume Chaeaylle KpaeBbie 3ajavu:

1. y"-y=0; y(0)=0, y(2m)=1.

2. y"+y=1 y(0)=0, y(%) =0.

3. y+y=0; y(0)=0, y'(n)=1

4. y"+y=2x-n; y(0)=0, y(n)=0.



Fnasa IV
ANODEPEHLUANBHBIE YPABHEHUA BbICILIUX NOPAAKOB

~ § 1. TEOPEMA CYLLECTBOBAHUA W EAUHCTBEHHOCTY PEWEHUA
PaccmotpuM auddepeHuHanbHOe ypaBHEHHE n-ro nopsiaka
y(ﬂ):f(x, Y, y"m,y(ﬂ“l)), (41)

3pech HMEET MeCTO Caefyollas obluas TeopemMa, KOTOpYIo Mbl IpHBe-
IeM 6e3 10Kka3aTesbCTBa.
-1
Teopema. Ilycts xq, Yo, Y0, - yf)" ) HEKOTOpasi CHCTeMa YH-

ceJ1, a pasas yacTh f ypaHeHus (4.1) HempepbiBHA ¥ MMeeT OrpaHHueH-
HEle IPOH3BOMIHBIE 110 apryMeHTaM y, i, ..., y(» ~1) B o6nacTu

|x~x0|<a, |y—y0|<b, ly’—y{)kb],
ceny Iy(""l)'—y8—1l<bn-~l (42)

rnea, b, by, ..., b, _ | — NONOXHUTENbHBIE YHCJIA.
B TakoM cayyae cyliecTByeT eJMHCTBEHHOE penienne ypasHeHus (4.1)

y=¢(x) (Jx-xol<h), (4.3)
yII,OBJIeTBOpﬂ!OUlee HayaJbHBIM YCJIOBHHM
(n-1)

¢ (xo)=yo. ¢ (xp)=yp,... 0=V (xg)=yg" .  (4.4)

Peiuenue ypasuenus (4.1)
y=9(xy, Cy, ..., Cp), (4.5)
coziepxailiee 1 IPOM3BOJIbHEIX MOCTOsAHHEIX (mapametpos) C, ..., C,, ¢

NOMOLIBI0 BEI6OPA KOTOPHIX MOXHO MoJyuuTh pewenue (4.3) (vacmroe
peuienue), yIOBAETBOPSIOLIEe JIOOLM Haua bHBIM yeaosusaM (4.4)*, Ha-
3bIBaeTCS 06UYUM.

B yacTHOCTH, eC/M YC/IOBHS pebIyIIed TeopeMbl IPH HEKOTOPOM
X = X BBIIOJIHEHE] /151 BCEX 3HAYEHUH yHces

’ -1
Yo Yoo 05",

TO 3TH YHCJ/Ia MOXKHO PaCCMaTPHBaTh KaK 1apaMeTphl, BXOAALIHE B COCTaB
peweHus (4.3); uto6sl moyuuTs obmee pewenue (4.5), 10cTaTOUHO MO-
NOXHUTh

_ _ (n-1)
Ci=90.Co=yp, . Cyr =9y

* Boob6lie roBopsi, B H3BECTHOH 06/1aCTH.
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Ecau cemedicTBO 3THX pelueHuit 3anonHset o6aacts G, T0 B CHIY BhI-
TOJTHEHHS CBOHCTBA €MHCTBEHHOCTH obluee pewenue (4.5) naet coso-
KyMHOCTb BCeX pelleHH# AndbepeHunanbHoro ypasaenus (4.1) B 06-
nactu G.

Onpenenenue CooTHOWEHHE

o(x,y,Cy,...,C) =0 (4.6)

Ha3blBaeTcss obujum unmeepasom Nud epeHUHAILHOTO YpaBHEHHS
(4.1), ecai npu 06bIX 3HAYEHHMAX MOCTOAHHEIX Cy, ..., C, onpenensemble
MM KDHBBIE SIBJISIOTCS HHTETPAJIbHEIMH, IPHYEM CPeJIH CeMeHCTBa KPUBBIX
(4.6) HaiinyTcs MHTerpasibHbie KPUBBIE, YIOBIETBOPSIOLIME IPOM3BO/Ib-
HBIM Ha4aJIbHbIM YCJIOBUSIM.

Ecnn B HexkoTopor o6siact G nis ypaBHeHus (4.1) BbIMOJHeHB!
YCJIOBHSI TEOPEeMbl CYILECTBOBAHHA M €IUHCTBEHHOCTH pPEIUeHHH, TO
mobas MHTerpasbHast KpuBasi ypasHenus (4.1), pacnonoxennas B G,
MOXeT GbITb MoJy4eHa 3 ypasHenust (4.6) npu cooTBeTCTBYIOLEM BbI-
6ope nocrosinHbix Cy, Co, ..., C,. B 3TOM cityuae o6uuit uHTErpan naet
TOJIHOE pelleHHe 3a1a4l HHTerPHPOBaHHs AH(depeHIHaNbHOTO ypaB-
HEHHsI B JaHHOH o6n1acTy. B o6uiem cayuae MOryT CyLIeCTBOBATD pelle-
HUs ypaBHeHHust (4.1), He BXoAALIHE B €10 06MIME HHTErPaJ.

Wuorna nnsi ypasuenust (4.1) ynaetcst nonyuuts nudbdepennmanssoe
ypaBHeHHe 6oJiee HU3KOro nopsiagka n—k (1 < k< n):

Dpx, y, 4, ..., y(n=8), Cy, ..., Cp) =0, (4.7)

coziepxalliee & POU3BOJIBHEIX OCTOSIHHBIX C, ..., C,,, CIEACTBUEM KOTO-
poro fiBfieTC JaHHoe AU depeHIHaIbHOe YPaBHEHHE, T. €. HAHTH TaKoe
ypasHenne (4.7), uTo Kaxnoe ero pelieHye y eCTh TAKXe pelleHHe ypas-
Herust (4.1). B Takom ciyuae cootHowenue (4.7) HasbiBaeTCs k-EIM npo-
MeHYMOUHbIM UHMe2ParoM, a IPH k = | — nepsoim unmeepairon.
B npocrefiunx cayyasx npouecc peruenus auddepeHuIHanbHONO ypasHe-
HHs (4.1) COCTOMT B OCTPOEGHUH LIETIOUKH TIPOMEXKYTOUHEIX HHTETPaJIOB;
urrerpupyst (n— 1)-# IPOMeXyTOUHbIH MHTErpaJ, OJY4UM OBLIHI HHTeT-
pai (4.6) ypasuenus (4.1).

Ipumep. [TycTb nMeeM ypaBHeHHE

Yy =1 (4.8)
PeweHue. [TocnenoBatenbHO HHTErPHPYS, MIONy4aeM IPOMEKYTOY-
Hble HHTerpabl
y=xtCy
"

’

y=%+C1x+C2.
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Ortciona o6umit uuTerpan ypasHenus (4.8) ectb
G

3
y=%+-§—x2+C2x+C3,

rie Cy, Cy, C3 — NpOM3BOJIbHbIE TOCTOSTHHBIE.

O61uiee ypaBHeHHe 1-ro MOPSAAKA, He Pa3pellleHHOe OTHOCHTEJIBHO CTap-
we# npoussoanor F(x, y, ¢/, ..., y(") ) =0, sxBuBaseHTHO, BOOGLLE rOBOPH,
HecKoJbKUM ypaBHenusm Buaa (4.1). CooTHOLEHYE, PABHOCHIBHOE COBO-
KYMHOCTH O6LIMX HHTErPAJIOB BCEX 3THX MOC/IEHUX YPaBHEHHH, Ha3biBa-
eTcs 06LIMM HHTErpasoM AaHHOro ypasHenus (cm. 1. 1, § 2).

§ 2. YPABHEHUA, AONYCKAIOLWIMKE NOHWKEHWUE NOPAAKA

PaccMoTtpum obulee nuddepeHuraibHOe YpaBHEHKE -0 NOPsAKa
Fx,y,y, ..., y®) =0, (4.9)

YKaxeM HECKOJIBKO CJ1yyaeB, KOTAA MOPSAOK 3TOr0 ypaBHEHHS JIETKO
MOKET OBITh [IOHHXKEH.

Canyuau 1. Jleas uacts ypasnenus (4.9) He COLEPXHUT X, T. €. ypaB-
HeHHe UMeeT BUJL

Fly,y',y",....,yw) =0. (4.10)

[TprmMeM y 3a HOBYIO HE3aBHCHMYIO IEPEMEHHYIO, @ i’ = p 3@ HOBYIO HEU3-
BecTHYI0 ¢yHKupo. [Ipumenss npasumo nuddepeHUMPOBaHHS CJIOKHOH
(DYHKIMH, TIOCTeI0BATEJBHO NI0Ty4aeM

u 1. 1. [logcrasass st Beipaxenus B ypasHenue (4.10), nonyuum audde-
peHLMabHOe ypaBHeHHe (n — 1)-ro nopsinka cienyiowero BUaa:

dp d”"lp
Fl(y, P gy ag ): 0.

IIpumep. HaitTh qacTHOe perieHHe ypaBHEHHs

ylylll - 2yl3 + yllz,
YAOB/IETBOPAIOIIEE HAYATLHEIM YCIOBHAM

y(0)=0, y'(0)=1, y4"(0)=0.
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Pewewnue. [lonaras y = p, noayuum

o2+ p(2) =200+ (522)’

3( & o) _
p (dyQ 2)—0.

Tax kak B cui1y HauanbHbIX yeoBHE p Z 0, To oTCI0Aa

d2
)
dy

HITH

HMurerpupys o6e 4acTH 3TOro ypaBHeHHs [Ba pasa I10 MePeMEeHHOH Y,
TN0C/IeI0BaTE/IbHO 6y1eM HMeTh

dp
E;'_ = 2_1/ + Cl
H
p=y2+Cyy+Cy.
o dp S
W3 HayanbHBIX YCJIOBHH, YUHUTbIBAS, YTO Fy‘ = ;y , IoJiyuaem
0’—‘0+C1 U 1:C2,
OTKyza

Cl =0 u C2 =1
H, CJIeJ0BATEJbHO,

dy D)
p= =yt L
Pasnensisi nepeMeHHble B 10C/eHEM YPaBHEHHH, HAXOLHM

dy
=dx,
y2+1

le;i‘lil = J.dx,

arctgy=x+Cs.

. OTKyZa

TO €CTb

W3 HavanbHbIX yCA0BHI HMeeM
0 = 0 + C3,
10 ecTb C3=0. [ToaTomy okoHuaTe/IbHO HCKOMOE PeleHHE TaKOBO:

y=tgx.
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Cayuait 2. Jlepas yacTb ypasHeHHs (4.9) He COREPXKHT y, T. . ypaBHe-
HHe HMeeT BUJ

Fle.y.y", ... ym)=0. (4.11)
[Tonaras

y=py'=p, .., y(fl):p(n- 1),
nostyunm ypassenue (n — 1)-ro nopsiaka
F(x,p,p’, ... pln=1)=0
OTHOCHTEJIbHO HEM3BECTHOH (QYHKLHH p.
Ecau B ypasHenuu (4.11) BMecTe ¢ y OTCYTCTBYIOT H NPOHM3BOLHBIE
Y, ...,y k=D (k< n),T. e. ypaBHeHHE HMEET BH]
Flx, y®, ..., ym) =0, (4.12)

TO, NpUMeHss noacTaHosKy y(k) = z, nonyunm auddepeHLHaNbHOE ypaB-
HeHHe

F(x, z, .. z(n-#)=0,
MOPSAZI0K KOTOPOTO Ha k eIMHHUIL HUKE TIOPSIKA HCXOAHOTO YPABHEHHS.

Hpumep. Peuwnts ypaBHeHHe

xyIII - yll = 1 .
Pewenwne. [Tonaras
yll: z,
OyneM UMeThb
xz'— z=1.

OTtcrona

dz _ dx

z+1 X

H, CJIeJIOBaTeJBHO,
Inlz+1/=InC+Inx.
Taxum o6pasom,

z=y'=-1+Cx.
Murerpupys 1Ba pasa nocseiHee ypaBHeHHe, OKOHYATeJIbHO MOJYYHM
y=-3x2+ Q¥+ Cx + G,
rie Cy, Cy, C3 — npoM3BOMIbHbIE OCTOSHHBIE.

Cuayuaii 3. JleBasi yactb ypasHeHust (4.9) 01HOPOZHA OTHOCHTEJBHO EPEMEHHBIX Y,
Y, .. y("), T. €. VIS I060r0 & MMeeT MeCTo TOXAECTBO

Fx,ky,ky, ..., Ry =k* Flx, y, ¢, ..., y™),

rie 0. — HEKOTOpOoe NOCTOAHHOE YHCJIO (noxasame/tb oduopoanocmu).
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[Tonoxum
y= eJ' udx’
TZle 4 — HOBas HeusBecTHasn GyHKuMs. OTCIOLa NOC/Ae10BATENbHO HAXOAHM
y=yu, y'=y +u?), ..
1 T. . [ToacTasass 3TH BolpaXkeHus B 1 depeHLmanbHoe ypasHenue (4.9) noayunm
F(x,y, yu,..)=0,
WJIW B CUJY OHOPOAHOCTH (PyHKLUMH F GyseM uMeTb
y*F(x,1,u,..)=0,
rie 0. — nokKasaTeb OfHOpoaHocTH. OTCI0Aa NoyyaeM, yTo QYHKUMS & YAOBJETBOPSET
HeKOTOpoMy AMddepeHUHanbHoMy ypasHenHuio (n— 1)-ro nopsnxa
Filx,u, i, .. uti=1)=0.
Kpome Toro, ecan a >0, To y=0, 04eBUIHO, ABASIETCS pelLieHHeM JaHHOTO YPaBHEHHS.
ITpumep. Pelwuts ypaBHenue
7
xyy" - xy*=yy.
PeweHue. YpasHenue, OueBUHO, SIBJSETCS OLHOPOAHBIM OTHOCHTENbHO I, ' H Y.
[Tonaras
y= ej udx‘
MoJly4YHM
xy2 (' + u?) - xy2u? = y2u,
v, ecnn y 20, To

du —
xE&h =y,
dx
Orciona
u=Cx

H, C1eI0BaTe/bHO,
y= eIdex - eC1x2+InC2’

HJIH OKOHYATeJIbHO
y=Cpelr”,
rae C, u Cy — npoH3BOJIbHbIE OCTOSHHbIE.
Pewenue y = 0 nonyyaercs npu Co=0.

§ 3. OQHOPOAAHBIE NIUHEWHBIE AUGOEPEHUMANLHLIE YPABHEHUA
OG61wwit BUL IHHEHHOTO AH(depeHIIHalbHOTO yPaBHEHHS /1-T0 NOPAAKA
CleyoIHH:
Yy + f(x) =D+ + £ (x) y= fx), (4.13)
rae Gyskumu fy(x) (& = 1, ..., n) — HasbiBawTCs KOdpPuyUenmamnu
ypasnenus, a f(x) — ero npasoi wacmoro uni c606001bLM waeHom. Ec-

au f(x) =0, T0 IMHEHOE ypaBHeHHE Ha3bIBaeTCst 00HOPOOHbLM, B IPOTHB-
HOM CJIyyae — HeOIHOpPOoAHBIM. Mbl OyneMm mpeanoJsararh, 4To QYHKIHH

100



{fr (x)}}_, u f(x) HenpepbiBHLI Ha HekoTOPOM O6eM (KoHeuHOM 1K Gec-

KoHeuHoM) HuTepBaJe (a, b). Paspewas ypasuenue (4.13) oTHocHTenbHO
crapieit npoussonxoit y(n), Gynem uMeTh

yMW=Fx,y, v, ..., yr-1), _ (4.14)
rae
n-1
F=f(x) =Y frop(x)y®). (4.15)
k=0
Tax kak

D= fp®) (6=0,L o 0D

COTVIACHO NIPEMTIONIONKEHNIO HETPEPLIBHAL NPH @ < X < b, TO Ha OCHOBAHHH

TEOpEeMBI CYIIeCTBOBAHUSA U eIMHCTBeHHOCTH petuenuit (§ 1) nns mo6oit
n-1

cucteMsl uncen xq (a < xg < b), yo, Yo, - yg ) CYILECTBYET peleHue

y=0(x) (4.16)
U TIPUTOM eIHHCTBEHHOE, TAKOE, 4TO

y B = o®(xg) (k=0,1,..,n-1).

MOoXHO 10Ka3aTb, 4TO 3TO YaCTHOE PelleHHe HMEeeT CMBIC BO BCEM HH-
tepsaie (a, b).

Mbi 3afiMeMcst CHaua/Ia OXHOPOIHBIM JHHEHHBIM AH(hepeHIHANbHbIM
ypaBHeHueM

ym+ fi(x)y-D+... +f(x)y=0. (4.17)
3aMeTHM, 4TO 3TO ypaBHEHHE HMEET OUEBHIHOE PellieHHe
y=0, (4.18)
OZIHO3HAYHO OMpe/iesIieMOe HyIeBbIMU HaYabHbIM YCJOBHAM
y(xg) =y (xg) = =yln-D(xy) =0, (4.19)

HoCfAlee Ha3sBaHHe HYJIeBOTO HJIH TPHBHANbHOTO. B fanbHelineM Mbl, Kak
TpaBHJIO, 6yeM 3aHHMAThCS HETPUBHAIbHEIMU PELIEHUsIMH.
Ypasuenue (4.17) a5 cokpaluerus GyleM 3aNUCHBATH B BHAE

Llyl=0, (4.20)
rge
Llyl=y + fi()n=D 4. 4 f (x) y. (4.21)

Buipaxenue L[y] nasvisaetcs aunedinom duppeperyuarbroim one-
pamopom W TpeNCTaBJseT Co60H HeKOTOpYl (YHKIHMIO, KoTopas
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TOJTyyaeTesi H3 Y B pe3yJIbTaTe BhIIONHEHHS YKa3aHHbIX feHcTBri (4.21).
Hanpumep, ecan
Llyl=y"-2xy + x2y,
TO
Llx]=0-2x1+x2-x=x3-2x,

L[x?]=2-2x-2x+x2-x2=x4—4x2+2uT. 1.

C 3701 TOUKH 3peHHs pelleHUsAMH ypaBHeHHs (4.20) ABASIOTCA Te H
TO/IbKO Te PyHKIMH y = y(x), KoTOpHIe o6pautaiot onepatop L[y] B nys.

YkaXKeM Ba OCHOBHBIX CBOHCTBa onepatopa L [y].

CaosicTBo 1. [ToCTOSIHHBIA MHOXHTEb MOXHO BLIHOCHTb 33 3HAK JIH-
HEHHOro onepaTtopa.

B camom peute, ecin C — nocTosiHHASA, TO HMeeM

L(Cy): (Cy)(fl)+fl(x)(Cy)(ﬂ- D4... +fn(x)(Cy):

= Cly™ + fi(x) y(r-D+-. .+ f,(x) yl = CLIy],
TO €CTh

L[Cyl=CL[yl. (4.22)
CBoiicTBO 2. JIuHeliHbIi ONepaTOp OT CyMMEI paBeH CyMMe OmepaTo-

POB OT CJ1araeMbIX.
B camom nente, ecant yy M Yo — dyHKUMH OT X, TO HMeeM

L[yl +yol = (y +y2)(")+f1(x)(y1 +y2)(n— Dy...

o F 0+ 59 =L+ R w0+

+ {yé") + fx(x)yé"'” + o+ [yl = Ly | + Llyy),

TO €CThb
Lly; + yol = LIy, 1+ Lly,). o (4.23)

Cnencreue. JlnHeHHBI omepaTop OT JMHeHHON KOMOMHALMH He-
CKOJIbKMX (DYHKLHMH PaBeH TaKOH e JIHHeHHOH KOMGHHALMH OlIepaTopoB
3THX QYHKLHH.

HescraurensHo, ecin C; u Cy — MOCTOSIHHBIE, TO TOC/IEAOBATEIBHO
HMeeM

LICyyy + Coypl = LIC 11+ LICaysl = €y Llyy 1+ CoLlysl,
TO €CTh

LICyy; + Coygl = C LIy, ]+ CoLlys) (4.24)
(ceoiicmeo auneiinocmu).
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YCcTaHOBMM HEKOTOPHIE BaXKHbIe CBOMCTBA PELUEHUS THHEHHOTO OfIHO-
ponHoro ypasHenus (4.20).

Teopema 1. [IpousBeneHHe pelieHHs JHHEHHOrO OJHOPONHOTO
yPaBHEHHs Ha IOCTOSIHHYIO €CTh TAKXKe pellleHHe 3TOT0 YPaBHEeHHS!.

B camom pese, eciin C — nocTosiHHAS BEJMUMHA M §| — PELIEHUE YpaB-
Henus (4.20), 1. e.

L[y1]=0,

TO B CHJIY cBoiCTBa | HMeeM
L[Cy,]=CLIy,]=0.

CnenosaTeano, Cyl — TaKXe pelueHHe 3TOro ypaBHeHH.

Teopema 2. CymMa IBYX pelLueHHi JHHEHHOrO OXHOPOLHOTO ypas-
HEeHHMS eCTb TAK)XKe PeIlleHHe 3TOr0 ypaBHEHHS.
B camom neute, ecan yy 1 yo — peuienus ypasuenus (4.20), 1. e.

Lly]=0wu Ll y5]=0,

TO B CHJIy CBOMCTBA 2 HMeeM

Lly; + yol = LIy, 1+ Llyol = 0.

ChnegoBateibHO, Y| + yo €CTh TaKXKe peluerue ypasHeHus (4.20).
Caencrue. Jlobas nuHeliHasi KOMOHHALMS PELIEHHH JIHHEHHOTO
* OTHOPOJIHOTO YPaBHEHHS eCTb TaKXKe pelleHHe 3TOT0 YPABHEHHS].

B camom nente, ecan yy, yo, ..., y, — petuenne ypasrenus (4.20) u Cy,
Co, ..., C,— NOCTOSIHHBIE, TO

L[Cyy; + Coyg+-- - + Cpypl =

= ClL[y]] + C2L[y2] +.-0 + CkL[yk]: 0,
TO €CTh

y=Ciy1+ Coyg+--- +Cpyy

eCThb TaKkXKe pelieHue ypapHenus (4.20).

- Takum 06pasom, cocTaBsisl THHEHHble KOMGHHALMH U3 YaCTHBIX peLie-
HHH Y1, Y9, ..., Y, JHHEHHOTO OXHOPOAHOTO YPABHEHHUSI, MBI TI0JTy4aeM HO-
Bbl€ €ro pelieHHs. Bo3HHkaeT BOMPOC, CKOMBKO YAaCTHBIX PelieHHH H Ka-
KHe HMEHHO CJIelyeT B3ATb, YTOObI HX JMHHeHHasd KOMOHHALMS fana Bce
pelleHHs 1aHHOTO AHdhepeHIHaIbHOTO ypaBHeH s ? UTo6b OTBETHTD Ha
3TO, HY>KHO BBECTH MOHATHE JIHHEHHO He3aBUCHMBIX PellleHHH.

Onpenenenue 1. Oynkuun @;(x), Po(x), ..., @(x), onpenenennsie
B oem uHTepBase (a, b), HA3LIBAIOTCS AUHEIIHO 3Q8UCUMbLMIY B STOM
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HHTEpPBaJIe, €CJIH CYLIECTBYIOT NOCTOAHHBIE Cl' CQ, B Ck’ H3 KOTOPLIX 110
MeHbIIeH Mepe OHa He paBHA HYJI0, U TaKHE, YTO

C191(x) + Co@olx) + - - + Crp(x) =0 (4.25)

npH a < x < b. B npoTHBHOM cilyuae GYHKUMH HA3LIBAIOTCH AUHEUHO HE3A-
BUCUMbIMU, T. €. IJIS TUHEHHO He3aBUCUMBIX QYHKLME TOXIECTBO (4.25)
MOXeT HMEeTb MECTO TOJIbKO B TOM CJIyYae, KOrjaa

Cy=Cy=-- =C,=0.

3aMeTHM, 4TO QYHKLHMS, TOXKAECTBEHHO PaBHAs HYJIIO, HE MOXET BXO-
JMTh B COBOKYMHOCTH IMHEHHO He3aBUCHMBIX YHKIMIL, TaK KaK eCJIH, Ha-
npumep, @;(x) =0, To Toxnectso (4.25) 6yner umers mecto npu Cy =1,

Cy=---=C,= 0w, cnenosatensto, dynkuuu ¢1(x), Polx), ..., plx) —
JIMHEHHO 3aBHCHMBI.

Mpumep 1. Gyukuun 1, x, x2 — JIHHEHHO HE3ABUCHMEL.
PemeHnue. M3 Toxnecrsa

Cl + C2x+ C3x2 =0
BBITEKAeT
Cl = C2 = C3 = 0
Mpumep 2. Oyukuuu 1, sin? x, cos2 x — JMHEHHO 3aBHCHMBI.
Pemenue. JleAcTBUTENBHO, TOJIATaAS
Clz—l, C2= 1, C3= 1,
TOJTYUHUM TOXKIAECTBO
—1-1+sin2x+1:-cos2x=0.
Mycts yy =y, (%), yo=yg (x), ..., ¥, =y, (x) — QpyHKuKH, HMeloLIHE
HernpepuIBHbIE IPOU3BOAHbIE 110 (11 — 1)-T0 MOPSIKa BKIOYHTENBHO.
Onpenenurensb
n Yo Yn

- S o
!/fn ) ygn ) yﬁln )

Ha3bIBaeTcCs onpedeﬂume/zem BpOHCKOZO WIH BPOHCKUAHOM CHCTEMbBI
YHKUHE Y1, Y, ..., Yn-
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Teopema 3. Ecau byHKuuM yy, yo, ..., Y, — JTHHEHAHO 3aBHCHMBI, TO
X BPOHCKMaH TOX/eCTBEHHO PaBeH Hyo (Ha COOTBETCTBYIOLIEM IIPOMe-
KYTKe).

JI/15i IPOCTOTHI 10KA3aTeNbCTBA OTPAHHYHUMCS CaydaeM TpeX QYHKUHH,
T. €. [IOJIOXKUM 12 = 3.

[Tycts

Cyy; + Coyg+ C3y3=0, (4.27)

rlle 110 MeHbluel Mepe ofiHa U3 noctosHHbX Cy, Co, C3 OTIMUYHA OT HyJIA.
Juddepenuupys roxaectso (4.27) nocsieoBareibHO 1Ba pasa, OMy4HM

Gyt + Cyp + Gy3 =0,
Ciyi + Coys + Gy3 =0. (4.28)

Dukcupys x = x, 6ynem paccmarpuBath noctosiHble Cy, Cq, C3 Kak H3Be-
crupie. Torna ypasuenue (4.27), (4.28) npencrasisior coboit anre6pau-
YECKYI0 JIHHEHHYIO0 ONHOPOIHYIO CHCTEMY, 3aBEIOMO A0NYCKAKOLLYI0 HEeHY-
JeBble pelleHHs, Tak Kak He Bee Cp (k= 1, 2, 3) paBHbl Hyu0. 70, KakK
M3BECTHO, BO3MOXHO JIHILb B TOM CJ1y4ae, eCJIH ONpeleIUTe b 3TOH CHCTe-
MBI, IPeJICTaBASIOIHH COO0H BPOHCKHAH QYHKUMH Y, Y9, Y3, PaBEH HYIIO,
TO €CThb

Y1 Y2 Y3
W@ =yl vy y3|=0. (4.29)
yi ys oy

Tak KaK 3T0 paccyx/eHue clpaBenuBo as Jwo6oro &, To W(x) = 0.
Teopema fokasaHa.

Crnencrue. Ecan BpoHckuaH cucteMbl QYHKUHH Yy, Yo, ..., Y, OTIHYEH
OT HyJIfl XOT$! Obl B OHOM TOUKE, TO 3TH (DYHKUMH JHHEHHO HE3aBUCHMBL.

[Ipennosioxxum Teneps, YTo i, Yo, ..., Y, €CTb pelIeHHs YPaBHEHHS
(4.20). Torna cnpaBeyBa 06paTHas TeopeMa:

Teopema 4. Ecin BpOHCKHAH CHCTEMbI PELUEHHH Yy, Yo, ..., Y, JIH-
HelHOro OJHOpOHOro ypasHeHus (4.20) paBeH HyJio XOTst Gbl B OAHOH
TouKe HHTepBana (a, b), TO 3TH pelUeHHs IUHEHHO 3aBHCHMBI.

ITpu nokasatebCTBe 4151 IPOCTOTH OrPAHHYMMCS CayyaeM n= 3.

Mycts W(xg) =0, rre a < xp<b.

PaccmoTpum cienyoliee pelieHue:

y=Cyy;(x) + Coyy(x) + C3y3(x), (4.30)
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rae yy = y1(x), yo = yo(x), y3 = y3(x) — nannsie pewenus u Cy, Cy, C3 —
HekoTopble nocTosiHHble. [Tonbepem nocrosuuble Cy, Co, C3 TaK, 4T00HI
ObLTH BHITIOJHEHbI YCJIOBHS

ylxg) =0, y'(xg)=0, y"(xy)=0. (4.31)

Y3 popmyasi (4.30) caienyet, uto noctosinusie Cy, Cy, C3 yAOBAETBOPS-
I0T CHCTEMe YPaBHEHHH

Ciyy(xo) + Cayalxg) + Cays(xo)=ol

Ciyi(xg) + Coyalxg) + Gyz(xg) =0,
Ciyi(xg) + Coys(xg) + C3y3(xg)=0.

(4.32)

Tak Kak 10 yCJIOBHIO ONpefeIHTe/Nb 3TOH CHCTEMbI PAaBEH HYJIIO, T. €.
y1(xo) yalxo) y3(xo)
Wxg)=|yilxo) y2(xo) y3(xo)|=0,
yilxo)  y3(xg) y3(xq)
T0 cucTeMa (4.32) nonycKaer HeHy/eBOe pelueHHe
Cl :él, C2=62, C3 = 63.
Torpa peurenne
§=Cyy,(x) + Coyg (x) + Cay3(x) (4.33)

6yneT ya0BJETBOPATh HauanbHbeIM yeiosuam (4.31). C apyro cTopoHsl,
TPHBHAJIbHOE pelleHHe

y=0 (4.34)

TaKxXKe, OYEBH/IHO, YIOBAETBOPSET HauanbHbIM ycsoBusM (4.31). B cuay Te-
OpeMbl eIMHCTBEHHOCTH 3TH J1Ba PelUeHHs IOKHbI COBNAAATh BO BCEM HH-
tepsaie (a, b). CnenoBate/sHO,

élyl(x) + ézyg (x)+ é3y3(x) =0,

npuyem He Bce yncena Cy, Co, C3 paBHEI HYJI0. DTO 3HAYHUT, YTO PeLeHHS
Y1, Y9, Y3 IMHEHHO 3aBUCHMBI.
Teopema gokasaHa.

Caenctaue. Ecau pewenus yy, vy, ..., Y, NTHHEHHOTO OAHOPOHOTrO
YPaBHEHHUs IMHEHHO HE3aBUCHMBI, TO BPOHCKHAH HX He PAaBeH HYJIIO HH B
OnHOM Touke HHTepBana (a, b).
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Onpenenenue 2. Pyndamenmanvroii cucmemol peweruil nn-
HEeHMHOr0 OJHOPOIHOrO YpaBHeHHs Ha3biBaeTcs J100as COBOKYIHOCT JIH-
HeHHO HEe3aBHCHMBIX YAaCTHBIX PELIeHHH Yy, Yo, ..., Y, YHCIO KOTOPBIX
PaBHO MOPSAKY CHCTEMBI.

Yro6bl MOCTPOUTDL (DyHIAMEHTANBLHYIO CHCTEMY PELLIeHHH, OCTaTOUHO
B3ATb [IPOM3BOJIBHYIO CHCTEMY 12 yuce ajj (i,j=1,2,..,n), yoonerso-
PSIOIIUX eIHHCTBEHHOMY YCJIOBHIO |

app ag - Ay
a a .. a

A= T2 2 %0, (4.35)
a,,l anQ a,,n

H PaCcCMOTPETb YACTHBIE PELICHUA

y1=41(%), yo=yo(x), ..., Y =ynlx), (4.36)
OHPEIIEJTHEMHE HadaJbHBIMHU yCJIOBHHMPI

yk(XO) =aip y;e (XO) =a9p, v y,(en—l)(xo) =anpp (k =12, ey n),

rie a < xo < b (3TH peleHus CyLIECTBYIOT B CHJY TEOPEMbI CYLIECTBOBA-
HUSA ¥ eIMHCTBEHHOCTH U OTpefiesieHbl pH a < x < b). Pewenus (4.36) 06-
pasyioT GyHIAMEHTAJIbHYIO CHCTEMY pellieHHH, TaK KaK, O4eBHHO, BPOH-

ckuaH ux W(x) npu x = x OTJIMYEH OT HyJIs

W(Xo) =A#0
H, CIe[I0BATENBHO, B CHIY C/Ie[ICTBHS K TeopeMe 3 pemenus (4.36) uned-
HO HE3aBUCHMBI.

Teopema 5. O6uiee pereHue THHEHHOrO OAHOPOAHOTO YPaBHEHHS
(4.20) npencrasasieT coB0M NHHEHHYI0 KOMOHHALHMIO €10 YACTHBIX pellie-
HHUH, 00pa3yolkX HEKOTOPYH (YHAaMEHTANbHYI0 CHCTEMY pelleHHH,
T. €. obluee pelueHHe BbipaxaeTcs GopMyJIoH

y=Cyyy + Coyg+ -+ Cpyp, (4.37)

rae y1 = y1(x), yo=yo(x), ..., y, = y,(x) — nuHeiHO He3aBHCHMBIe YacT-
uble pewenns u Cy, Co, ..., C,, — NpoH3BOJIbHBIE IOCTOSHHbIE.

Tpe6yetcs nokasatb, 4to hopmy.a (4.37) npx HekoTopoM BEIGOpeE Mo-
crosinnbix Cy, Cy, ..., C, naer pewenne y = y(x), yroBnetsopsiouiee Jo-
ObIM Haya/bHbIM YCJOBHSAM

7(x0)= o, 7() =70, - 7" Vo) = 7"V, (4.38)
rae a<xy<b.
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Jnsi onpenenenus nocrosivubix Cy, Co, ..., C, u3 yeaosuii (4.38) noay-
4aeM HeOJXHOPOIHYIO CHCTEMY JIMHEHHBIX ypaBHEHHH

Ciyi(xg) + Cayalxg) + .. + Cry,(xg) = Ty, |
Ci(10) + Colog) + . + Catiylxo) = | w30

Onpeuenmenb 3TOH CUCTEMBI €CTb HE YTO MHOE KaK 3HaueHHe BPOHCKH-

ana W(x) pewenui y, ys, ..., Y, IPH X = X(; IO3TOMY 3TOT ONPEAENHTEb
OTJIMYEH OT HyJs

W(Xo) 0.

CnenosatenbHo, cucTema (4.39) coBMecTHa U HMeeT eIMHCTBEHHOE pe-
IeHHe

€,=C,, C;=Cy, ..., C,=C,.
Taxum o6pasom, nonyyaem
y:EIy] +E2.’/2+ +Enyn'

T. €. § COAEPXHTCS B COBOKYNHOCTH peleHuit (4.37).
Teopema nokasana.

Caencreue. Ecin koadpuumeHTH fk(x) (k=1, 2, ..., n) nuHenHOrO
OIHOPOMHOTO ypaBHEHHs HelpepbiBHbL, T hopmyda (4.37) naet Bee pele-
HHsl 3TOTO ypaBHeHHUSI.

3aaHus AJs CAaMOCTOATENbHOIO peuieHud

1. HccnepoBath Ha JIMHEHHYI0 3aBHCHMOCTb CJENYIOIHE CHCTEMb
GyHKUMHA:
a) x,2x,x%
6) sin x, cos x;
B) x,x+1,x+2;
r) ekiX, ek2X eksX rne k|, ko u kg — MOCTOSHHB M k) < ko < k3.

2. ®ynpameHTabHas cHCTeMa PellieHuH ecTh x, x2, x3. Haity peue-
HHe Y, YIOBJIeTBOPSIOLIEe HAYaJIbHEIM YCIOBHAM:

y(1)=0, y'(1)=0, y"(1)=2.
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§ 4. HEOQLHOPOHbIE NMHEAHBIE AUOOEPEHLIHANbHBIE
YPABHEHHA

PaccmorpuM HeofHOPOAHOE ypaBHEHHE
Llyl=f(x), (4.40)
roe

Llyl=y® + fi(x)yln-D+ . + [ (x)y. (4.41)

Teopema. Obee peureHHe HEOJHOPORHOTO JHHEHOTrO AU depeH-
LMaNbHOTO YpaBHEHHS eCTb CyMMa OGLLEro pelieH s COOTBETCTBYIOLIEr0
OJIHOPOHOTO IMHEHHOTO YPaBHEHHS H YAaCTHOTO pellieHHst JAHHOTO Heof-
HOPOJIHOTO JIMHEHHOTO YPaBHEHHUS.

B camom aene, mycts ¥ = Y(x) — yacTHOe peleHne HEOXHOPOLHOTO JIH-
neitnoro ypasnenus (4.40), 1. e.

Llyl= f(x). (4.42)
PaccMoTpum dyHKUHIO
y=y+Y, (4.43)

rue 'y‘ — of1ee pelueHHe COOTBETCTBYIOLIETO OAHOPOLHOTO JIMHEHHOT0
ypaBHeHHs
Llyl=o. (4.44)

[TokaxeM, 4To y ecTh oblilee pelueHye HEOJHOPOJHOTO JIHHEHHOTO ypaB-
Henus (4.40). TIpexne BCEro y yIOBJIeTBOPSIET ITOMY AHD(DEepeHLIHaNbHO-
MY ypaBHEHHIO, TaK KaK

Llyl=Llyl+ LIY]=0 + f(x) = f(x).

Kpowme Toro, us gopmyani (4.43) MOXHO NMOMYYHTD YACTHOE PeLIEHHE
y = y(x), ynosnetsopsoliee JM06LIM HaualbHbIM YCJIOBHAM

y(Xo)z Yo, y/(x0)= yb, ey y(n_l)(XO) = yén_l); (445)

JUIS1 3TOTO, OUEBHJIHO, IOCTATOUHO B KauecTse y = y(x) B3ATb yacTHOe pellle-
HHe OXHOPOIHOTO YPaBHEHHS, YAOBIETBOPSIOIIEE Haua bHbIM YCIOBHAM
y(xo) = yo = Y(xo), y’'(xg) = yo - Y (xo), ...
—(n— -1 _
y(n l)(xO) - y(()n ) _y(n 1)(xO)

(Takoe peleHye 3aBe1OMO CYILIECTBYET).
Takum o6pasom, TeopeMa f0Ka3aHa.
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Caencrsue. Oblee peleHre JHHEHHOTO HEOAHOPOAHOTO YpaBHe-
Hust (4.40) naercst popmyaoi

n
ERCIED YA )
k=1
rae Y(x) — HekoTopoe yacTHOe pelueHHe 3Toro ypasHenus, yj(x), yg (x),
<y Y (x) — yHIZaMeHTa/IbHAS CHCTEMA PeLUeHHH COOTBETCTBYIOLIEr0 O/-

HopopHoro ypasHenust (4.44) u Cy, Cy, ..., C, — NPOU3BOJIbHEIE TOCTO-
SIHHBIE.

§ 5. METOZA BAPUALUK NPOU3BOJIbHLIX MOCTOAHHBIX

PacemoTpuM cnoco6 HaxoXaeH s YaCTHOTO pelieHUs Y HeOXHOPOIHO-
ro JINHEHHOTO YpaBHEHHS

Llyl= f(x), (4.46)

€CJIH M3BECTHO OfLiee pellieHHe § COOTBeTCTBYIOLIEro OXHOPOAHOTO JIK-
HEHHOTO ypaBHEHHA

Llyl=0. (4.47)
,IL)IH HpOCTOTbI BBIKJIAI0OK orpaﬂmnmc;x cjy4yaeM
Lyl = y" + hy" + fo(y" + f(0)y, (4.48)

Koraa GyHaaMeHTabHast CUCTEMa pelleH i
y1=51(x), yo=yox), y3=y3(x) (4.49)

ypasHenusi (4.47) cocTout u3 Tpex hyHKumi (06K cryyai BOJHe aHa-
JIOTHYEH).
[ycts

y=Ciy1+Coyp+ Cay3. (4.50)

Ecau C|, Cy, C3 — NOCTOSHHEIE, TO QYHKLKSA Y YAOBAETBOPSIET OXHOPOA-
Homy ypaBHeHHio (4.47). Bynem cuutath

C=Cx), C=Cx), G=Clx)
HEKOTOPHIMH (YHKUMAMYU 0T x (T. €. IpoBapbUpyeM 3TH MOCTOSIHHBIE) H
NOMOXHM

y= Cl(x)yl + CQ(X)yQ + C3(X3)y3, (451)
npuuem nogbepem pynkuuu Ci(x), Cox), C3(x) Tak, utobsl QyHKUHS Y,

onpenensiemas Gpopmynoit (4.51), 6bina 6bi peLieHHeM HEONHOPOAHOTO JIH-
HedHoro ypaBHeHus (4.46). Tak Kak B HalieM PacropsDKEHHH HMeeTcs
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tpu dyHKuuK C;(x), Co(x), C3(x), TO ABE U3 HUX MBI MOXKEM CYHTATD MIPO-
113BOJIbHBIMH HJIH XK€ MOXXHO Ha/lOXXHTb Ha 3TH TPH PYHKUMH ABa yCJ10-
B U 1, IpHYeM AU depeHuunanbHoe ypasHeHHe (4.46) GyneT yroBaeTBope-
HO 3a cueT BbiOOpa TpeTbei, OCTaBlUeHCH CBOGOAHOM (YHKLHH.
[Tonb3ysich 3THM 06CTOSITEBCTBOM, B JajibHeHIIeM Mbl ToTpe6yeM, 4To6H!

MPOM3BOAHbIE Y’ H y” MMeNH TakoH BHJ, KaK 6yato 6bl ¢pyHKuuu Ci(x),

Cy(x) 1 C3(x) sIBASIOTCS IOCTOSHHBIMH.
Juddepenumpys gopmyay (4.51), 6ynem umerb

y'= Gyi + Co(x)ys + Gy (x)ys +
+[C{()y; + Cy(x)yy + G (x)ys3l
Hanoxum na pyskuuu Cy(x), Co(x), C3(x) ycnosue
Ci(x)y; + C(xyy + G3(x)y3 = 0.
Toraa nonyynm
y' = G(x)y] + Co(x)yy + C3(x)y3.
Jucddeperuupys ele pas, HaX0aUM
y" = Cyi + Cy(xys + Gx)ys +
+[C{ () y1 + Co(x)yh + Ci(x)y3)
TorpeGyem, utoGe
Cilyi + Co()ys + Glx)ys = 0;
Toraa
y"= Gyl + Cy(x)ys + G x)y3.
Hanbreninee quddepeHurpoBatue naet
y" = Cyi + Cox)ys + G3x)yg +
+[C{()y] + Cy(x)ys + Cy(x) 3l

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

TMoncrasass Gpyskuuio y (4.51) u ee nocsefoBaTesbHbIE NPOU3BOAHbIE Y
(4.54), y” (4.56) u y” (4.57) 6 HeodHopodHOE AuneilHOe ypasHeHue

Lyl = y” + [i()y" + [y’ + f(x)y = f(x),

TOJTYYHM

Ci(x) L[y ] + Cy(x) Lyl + G (x) Llys] +
+[Ci (g7 + Coa)ys + Gx)y3] = f(x)

HJIH, TAK KaK

Lly)=0, Lly)=0, Llysl=0,

(4.58)
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TO

Cl(x)yf + Co(x)ys + G (x)y; = f(x). (4.59)

TakuM o6pasom, Ansi onpefeneHHs HeussecTHbix dyHKumit Cj(x),
Cy(x), C5(x) B cuaty ypasnenuii (4.53), (4.55), (4.59) umeem cuctemy

Ci(ayy + Cy(x)ys + Glx)ys = 0, l
Ci(x)yi + Co(x)yy + C3(x)y3 = 0

Cie)y + C5(x)ys + G5 ()g5 = ()]

Bun 3108 cHeTeMbl nosie3Ho 3anoMHKTh. Cuctema (4.60) npeacrapaser

co60# anre6panyecKy:o JHHEHHYIO HEOAHOPOHYIO CHCTEMY TPeX ypaBHe-

HHE ¢ Tpems HeusBecTHbMU Ci (x), C)(x), G5 (x). Onpenenutens 3Toi cHc-
TeMbI

(4.60)

Y1 Y2 b3
W)=yl vy u3 (4.61)
yi Yy b3
€CTb BPOHCKHaH JJIsl CUCTEMBI PELEHHH 1, Yo, y3; mosTomy W(x) # 0 n,

c/ieloBaTe bHO, cHeTeMa (4.60) coBMecTHa ¥ MMeeT eIHHCTBEHHOE pelle-
Hue. Pemas cuctemy (4.60, 6ynem umerts

[Ci(0)= LW (o),
ch ()= L2 Wy (), (4.62)
Cé (X) i(X) ng (X)

rae Wap(x) (k=1,2,3) — cooTBeTcTByIOLIHE MHHODBI CO 3HAKAMH OIpe-
neautens W(x).
Orcrona

Cil)= Ay + I LSwy @),

{ C2 ()C) = AQ + J VIV((?) W32 (&)d& (463)

X0

Gy (x)= Ay + J ufy((?) W33 (E)dg,

X0
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rie xo — HeKOTOpoe (hHKCHpOBaHHOe 3HaueHue U A, Ay, A3 — npous-
BOJIbHbIE NOCTOSIHHBlE. Tak KaK Mbl HILEM YacCTHOE pelLleHHe, TO MOXHO
TIOJIOXKHTb

A1=A2:A3=0. (464)

Ecan B Bhipaxenusix (4.63) coxpannts noctosinnsie Ay, Ay, As, 10 op-
myaa (4.51) pact obluee peleHre HEONHOPOAHOTO ypaBHeHus. [lofcTas-
asist yukuun Cy(x), Co(x), C3(x) B Gopmyay (4.51) ¢ yuetom ycnosus
(4.64), nonyuum yacTHoe peleHHe

x[(é) y1(8) y2(§) yg(ﬁ)
V=[5 n@ 5 5@ | (4.65)
*o yi(x) yolx) y3(x)

3ameruM, uto pemeHue Y (4.65), KaK Jerko NpoBepHTL HEMOCPEACT-
BEHHO, y/I0B/IETBOPSIET HYJIEBbIM HAaya/IbHBIM YCJIOBHSAM

Y(Xo) = O, Y’(Xo) = 0, Y”(Xo) = 0
HpHMCp. Perunts YpaBHEHHE

m ’_ 1
y ty= sinx’

PeweHnue OnHOpOaHOE ypaBHEHHE HMEET BUJ
y"+y' =0.
- Monarasty’=u u y” =u", nonyuum

u +u=0.
Otcrona (em. ran. 111, § 5)

dy .
u=—-=Creosx + Cysinx

H, CJIeI0BATEJIbHO,
y=Cysinx—Cycosx+Cs.
Taxum o6pasom,
yp=sinx, yg=-cosx, yz=1.

* Monoxum Cy = Cy(x), Cy=Cy(x), C3= C3(x). lns onpenenennus npous-
sombix Ci(x), Cj(x), G3(x) cornacto dpopmynam (4.60) umeem caenyio-
L0 CHCTEMY ypaBHeHH:

Ci(x)sin x — Cy(x)cosx + C5(x) = O,]
C{(x)cosx + Cy(x)sinx = 0, L

-C{(x)sin(x) + Cy(x)cosx = —L—. J

sSinx
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Otclona
Cx)=-1, Cy(x)=ctgx, Gx)=-

sin x
H MI03TOMY
CI(X) ==X +A1,
Colx)=In|sin x|+ Ay,
= x
Glx)= Inl tg3 |+A3,
rie Ay, Ay, A3 — NPOH3BOJBHBIE IOCTOSHHbIE.

CJieoBaTesbHO

y = —xsinx — cosx-In|sinx| + lnltgé‘-l + Aysinx — Agcosx + As.

3agaHus 1J CaMOCTOATENbHOIO pelleHH S
L y" -y = xe”.
2. xy” + y” = x2. Haiitu uacTHoe pelleHue, yI0BJeTBOPSILEE Ha-
YaJIbHBIM YCJIOBHSIM

y(1)=0, y(1)=0, y"(1)=0.

§ 6. ONHOPOAHbIE NMHENHBIE YPABHEHUA C NOCTOAHHbIMK
KO3®OULIMEHTAMU

PaccMoTtpum auddepeninanboe ypasHeHHe

Lly]=0, (4.66)
roe
L[y]:y(n)+a1y(n—l)+m+any’ (4.67)
npuyeM KO3OOHUHEHTE! aj, Ay, ..., A, — OCTOSIHHbIE NEHCTBUTEIIbHbIE
yucJaa.

Yro6bl MOCTPOUTH 061uiee pelenue ypasHenHs (4.66) cornacto o6wei
TEOPHH, JOCTATOYHO HAHTH CHCTEMY 1 JHHEHHO He3aBHCHMBIX YaCTHBIX
pellleHui 3T0ro ypaBHenus (¢yrndamenmansnyio cucmemy). Bynem uc-
KaTh 3TH pelleHHst B popMe Moka3aTeJbHOH GpyHKUHH

y=ehx, (4.68)

rae k — HeKOTOpoe MOCTOSTHHOE YHCIIO.
OyeBHIHO,

y(m) = (ekx)(m) = pmekx  (m =0,1,..,n).
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TloncTapass 3TH BuipaXKeHHs B iU depeHLHanbHoe ypasHeHue (4.66),
6ynem MMeThb

Lle**)=e**F(k) =0, (4.69)

rae .
F(B) = k" + a k™! + .. +a,. (4.70)

Taxk kak ekx # 0, 10 u3 ypasHenus (4.69) nonyunm
F(k)=0. (4.71)

IMonunom F(k) HasbiBaeTc xapakmepucmuieckum MHOSOHAEHOM
aaa puddepeHuManbHoro ypasHenus (4.66), a ypasnenue (4.71) — xa-
pakmepucmuueckum ypasrenuem. [locienHee popManbHO noaydaeTcs
B pesyJibTate 3amensl npoussognbix y(m) (m=0,1, ..., n) B iudpeperuu-
anbHoM ypasHenuu (4, 66) Ha COOTBETCTBYIOLIME CTeNEHH BeNHUYHHDI K.
XapakrepucTuyeckoe ypasHenue (4. 71) ecTb anreGpanyeckoe ypasHe-
HHe n-ii CTENEHHU H, KaK M3BECTHO U3 anre6pbl, HMeeT 7 AeHCTBHTEbHBIX
WJIH KOMIIJIEKCHBIX KOPHEH

ky Ry, .., k.

Ecuiy £ ecTb KOpeHb XapaKTepUCTHUECKOTO YPaBHEHHUS, TO, KaK CJIeyeT
u3 dopmyast (4.69), GyHkuus ekx spasiercs pemrennem nuddepeHIHab-
Horo ypasHenus (4.66).

PaccmotpuM pasinuHble catyyaH, KOTOpble 34€Ch MOTYT NPEACTABHTHCS.

Cayuait 1. KopHu XapaKTepHCTHYECKOTO YpABHEHHS NEHCTBUTE/ b-
HBl H Pa3/IHYHbL.
ViMeeM n yacTHBIX peleHHH

kIX

yy=eh*, yy=eh¥,

o Yg =eF* (4.72)

Jlerko y6eIuThCs, YTO 3TH PEleHHs JMHEHHO He3aBUCHMBL B camom
Jene, MyCTh /15 ONpeJieeHHOCTH

ki<kg< .. <k,
Hpennonomnm, HYTO CYLIECTBYIOT ITOCTOAHHBIE
C,,Cy...,C,
TaKHe, YTO
Ciehi* + Coele* + . + Cpefn* =0, (4.73)
npuyeM C,, — nocJeaiHsisi B 3TOM Ha6ope KOHCTAHTa, OTJIHYHAS OT HYJIA.
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Paspenus o6e uacti Toxnectsa (4.73) Hae*n*, Torna Gynem umers
Cre~(hn=h)x 4 Coe~n=R)x 4 4 C, =0.
Orciona, nepexofist K pejeny NpH x — + oo, MOIYYHM
C,=0,

YTO MPOTHBOPEYHUT IMPEATIOJN0KEHHIO.

Hrak, Toxnectso Buaa (4.73) HeBO3MOXHO, T. €. GYHKLHH ¥, Yo, ...,
Y, — JHUHEHHO He3aBHUCHMBI.

Mostomy pewenus (4.72) o6pasyoT dhyHnaMeHTalbHYI0 CHCTEMY pe-
wenud. CienoBaTenbHO, o6lee pelteHre T hepeHUHalbHOrO ypaBHe-
uust (4.66) ects

y = Cieh* + Coelr* + . + Cehnr,
rae Cy, Cy, ..., C,, — Npou3BOJIbHEIE IOCTOSIHHEIE.
Hpumep. [Tycts
y"-y'=0.
Pemenue. XapakrepucTuyeckoe ypaBHeHHeE eCThb
k3—k=0;
OTCI0Za KOPHH
k=0, ky=1, k3=-1.
STHUM KOPHSIM COOTBETCTBYIOT YaCTHbIE PELIEHHs
y1=1, yg=er, y=e-x.

Tak Kkak KODHH XapakTEePHUCTHYECKOIo YpaBHEHHs JEHCTBUTENbHBI H
pas3JyiMyHbl, TO obiuee peleHre 3TOT0 YPaBHEHUA UMEET BUL

y = C + Coe* + Gge™*,
rae Cy, Cy, C3 — NpOM3BOJIbHbIE TOCTOSHHbIE.

Cayuai 2. KopHu XapakTepHCTHYECKOTO YPaBHEHHS PA3/IHYHEI, HO
CpelH HUX eCTb KOMILIEKCHBIE.
B atoM ciyuae yno6HO paccMaTpHBaTh KOMIJIEKCHbIE PelleH s

y=u+iv, (4.74)

Tle 4 ¥ U — NeHCTBHUTENbHB H i = ¥—1 — MunMas enunnua. [Ipu qudde-
pEeHUMPOBaHHU QYHKLMH Y YHCJIO i pacCCMaTPHBAETCA KaK NOCTOSHHAS.
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Jemma 1. Ecum komnaiekcnas dyHkuns y (4.74) ynosietsopser Ju-
HelHOMY OHOpONHOMY ypaBHeHH10 (4.66) ¢ neficTBUTEBHEIMH KOI(dH-
LMEHTAMH, TO ¥ — JEHCTBUTEJbHASA YaCTh ¥ U — KOI(PHHUHEHT MHHMOH
4aCcTH 3TOH QYHKLHH TaKXKe yIOBNeTBOPAIOT NaHHOMY YPaBHEHHIO.

B camom fiente, B cuaty uHeitHocTH oneparopa L[y], umeem

Llu+iv] = Llu]l + iL[v] = 0.

Ho xoMmieKkcHOe YHcIo PaBHO HYJIIO TOTAA U TOJIBKO TOT/a, KOria paB-
HBI HYJIIO €T0 JIEHCTBHUTENbHAS U MHHMast YaCTH:

Llul=0 u Ll]=0,

T.€. U ¥ U — ABJATCS pelleHUsAMH ypaBHeHus (4.66).
TTepexonuM Teneps K OCTPOSHUIO hyHIAMEHTANBHOM CHCTEMbI PELLEHHI,
3aMeTHM, 4TO TaK Kak KO3((QHLUHEHTH XapaKTePHCTHYECKOTO ypaBHe-
Husi (4.72) neficTBATEbHEIE, TO KOMILIEKCHBIE KOPHH €0 MONapHO conpsi-
xennble. [TycTs, Hanpumep,

ki=a+if, ko=0-if

(01, B — ReficTBUTE/IbHBIE) — KOMILTEKCHEIE KOPHH XaPAKTEPHCTHYECKOTO
ypaBHeHHs1. M3 cBoHCTB nokasareibHOM QYHKUMH CliefyeT, T GYHKIHH

ekt = o0+ B)x = o0 (cosBy + isinPx)

ehat = o(0=iB)x = o0 (cosBy — isinfx)

NO-NIPeXKHEMY SIBASIOTCS pelleHnsMH (KOMIIEKCHBIMHI) auddepeHLHas-
HOro ypaBHeHus (4.66).

B cuaty nemmsi | neficTBUTE /BHAS 4aCTh M KO3 hHLMEHT MHUMOH 4aCTH
NpYBE/IEHHbIX BhILIE PELIEHUH, 2 KMEHHO:

Yy =exxcos Px, yo=e%*sin fx

TaKKe SIBJSIOTCS pelleHusiMU ypasrerus (4.66).

B cnyuae, eciiv HeKOTOPHIH KOpeHb k; — NeHCTBUTENEH, TO Mbl, KaK H
npexne, 6epeM uacTHOe pellieHHe B (OpMe TOKa3aTeJbHOH (GYHKUHH
y = eks* . MoxHO 10Ka3aTh, 4TO IOCTPOEHHAs TAKMM 06a30M CHCTEM Ya-
CTHBIX PEWIEHHH Yy, Yo, ..., Y, OyneT PyHaamMeHTanpHOH. Ob1Lee pelieHHe
nuddeperunansHoro ypasHenus (4.66), kak Bcerma, Bbipasutcs hop-
MYJIOH

y=Cuy+Cyy+..+Chyy,

rre Cy, Cy, ..., C,, — NpOH3BONbHEIE TIOCTOSHHBIE.
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Ipumep. [Tycts
y" -2y -4y =0.
Pewenue. XapakTepucTHYeCKOe ypaBHEHHE HMEET BUJ,
k3—2k~4=0. (4.75)
Orciona nog6opoM nosy4daem OAHH OYEBHIHbIH KOPEHb
kl = 2
Jlensi nesyio uacth ypasrenus (4.75) Ha 6uHoM & — 2, 6yneM HMeTh
(k—2)(k2+2k+2)=0.
CrnenoBate/ibHO, 1Ba APYrHe KOPHSI XapaKTepHCTHYECKOr0 ypaBHEHHS
6ynyT
k2=—1 +1, k3:*—1 —1.
dyHnameHTanbHas CHCTeMa PelleHHH 3/1eCh TaKoBa:
y=e

[Toatomy obliiee pelieHHe eCTh

, Yg=e *cosx y3=e *sinux.

y = Cie?* + e~*(Cycos x + Cysin x),
rze Cy, Cy, C3 — MpPOU3BOJIbHBIE [IOCTOSIHHBIE.

Cayuait 3. Cpeny KopHeH XapaKTepHUCTHYECKOrO YPaBHEHHS HMEIOT-
Csl IeHICTBUTE/IbHBIE KPAaTHbIE KOPHH.
YCTaHOBHM NpeBapHTebHO OTHO CBOMCTBO onepatopa L{y].

Jlemma 2. Eciu
Ligl= ¢ + a;yD & 4+ a,y,

TO NPU NIOCTOSIHHOH Rk MMeeM
(n)
L[ekxy] = ekx{F(k)y + Fr(p)y + L) F (k) Yt f_;_fﬂy(n)}’ (4.76)

rae F(B) = k" + aik"~! + .. + a, — XapakTepuCTHYECKUI MHOrOU/IeH
onepatopa L[y].
JokasaredabcTso. B cuny popmyist JlefibHrna nmeem
ekXy = ekXy;
(ek:(y)’ = ekx (ky + y');

(ehry)(m) = ekx(k” g+ CLem 1y + C2RP 2y 4 L+ y(”)).
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YMHOXKas 3TH paBeHCTBA COOTBETCTBEHHO HA Ay, Ay _ 1, ..., A, | M CKNIA-
AbIBast, IOJY4HM

Lle**y] = e**{[k" + q k™' + ..+ a,ly +
+nk" 1+ (n=Da k"2 + . +a, ]y +

+ %[n(n—l)k"'2 +(n-1)(n-2a k"3 + . +2-la,_oly" +

.+ l,[n(n—l) Ay =

—ek"{F( )y + F'(k)y’ + k)y"+ e W(k) (")}

4TO H TPeBOBANOCh 10KA3aTh.
[Tyctsb
kl = k2 == ks

(s 22) — kopeHb xapaktepucTHyeckoro ypaBHerHus (4.71), KpaTHOCTb
KoToporo pasHa s. [Tonoxum

y=ehry, 4.77)

re 4 = u(x) — HoBasi HeU3BeCTHAsA (YHKLHUS.
TMoacrasnss 370 BrpaxeHue B AuddepeHuuranbioe ypapHenue (4.66),
6ynem UMEThb

Lle®*u]=0
WJTH, IPUMEHSS JeMMy 2 H yuuThiBast, uTo eX¥ 0, nonyunm

Fleu + F'(R)u + —2=

(n)
Py + 20 20 (478)

Tak Kak k| — KOpeHb XapaKTepHCTHYeCKOro ypasHerus (4.71) KpaTHo-
CTH S, TO

Flk) = F'(k) = ... = F's~D (k) =0,
F($) (k) 20
TosTomy ypasHerue (4.78) npunnmaer BrA

]:(s)(k1 )u(s) + 4 F(")(kl)u(n) =0 (4 79)
—-—S! ] . '

BBHay TOro, YTO HAWHM3WUMH MOPSAOK MPOH3BONHOH B YPaBHEHHH
(4.79) paBeH s, 370 ypaBHEHHE HMEET S OUEBHIHBIX YACTHBIX PEILEHHH

u =L ug=x ., ug=x5""L
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CuenoBatenbHO, HcxonHOe AM(GbepeHLHaIbHOe ypaBHeHHe AOMyCKaeT
CHCTEMY S YaCTHBIX pelueHHi BUIa

yp=eh* yo = xef* oy = xsTlehix, (4.80)

OTH peleHHs ¥ COCTABJISIOT COOTBETCTBYIOLILYIO YaCTh YHIAMEHTAIb-
HOM CHCTeMbl PellIeHHH.

Ipumep. Pewnts ypaBHeHHe
yV+2y" -2y -y=0. (4.81)
Pewenne. CocTaBuM xapaKTepHCTHYECKOE ypaBHEHHE

B+ 2632k —1=0

HJIH, TaK KaK
B4+ 2R3 -2k 1=(k4-1)+2kR(K2-1)=
=(B2-1)(R2+1+2B)=(R2 - 1)k +1)2=
=(k-1)(k+1)3,
T0
(B-1)(k+1)3 =0.
Orciona

ky=1, kg=ky=ky=-1.
[TosToMy dyHnaMeHTaIbHAS CHCTEMA PelLlleHHI HMeeT BHI
yi=e*, yg=e™, yz=xe~% y,=xle-*x.
CneoBatesibHO, o6liee peleHue 1aHHOro ypasHenus (4.81) Gyaer
y=Ciex+(Cq+ Cax + Cyx?) e,

rae Cy, Cy, C3, C4 — npOM3BOJIbHbIE TOCTOSHHbIE.

Cayuaii 4.Cpeny KOpHeH XapaKTepPHCTHYECKOr0 ypaBHEHHS HMEI0TCs
KpaTHble KOMILIEKCHBIE. '

Tak KaK K03 hHUMeHTEl XapaKTepHCTHUYeCKOTo ypasHeHus (4.71) neit-
CTBUTEJIbHbBI, TO KOMILIEKCHbIE KODHH €r0 MOMapHO CONpsKEHHbIe, MPH-
yeM KPaTHOCTH COMPSXKEHHbIX KOpHeH ofHHaKoBEL. [1ycTb

k1=k2= '"=ks =(l+iB

(01, B — nme#icTBHUTENbHBI) — KOPEHb XapaKTEPUCTHYECKOrO ypPaBHEHHS
(4.72) kpatHOCTH 5. B TakoM caiyuae

ksp1 =ksip= .. =kys =0—if

120



TaKXKe S-KpaTHBIH KOpeHb 3TOro ypaBHeHHs. Ha ocHoBanum ¢dopmyabt
(4.80) xopHIO k| COOTBETCTBYET S YACTHBIX KOMIJIEKCHBIX PellIeHHI

ehix = e®(cosPx + isinPx);

xeki* = xe® (cosPx + isinPx);

xS7lehx = xs=lg® (cosBy + isinPx).

TosTomy B cuaty nemmul | auddepenumanshoe ypasHenue (4.66) umeer
2s NeUCTBUTENbHBIX PellleHHI BHIA

Yy =e™cosPx, yg,q =e*sinPx;

Yo = xe® cos Px, ys,.o = xe®sinPx;

ys = x5 1e® cos By, yos = x571e sin B,

KOTOpEI€ W BOHAYT B 0611y10 PyHAaMEHTANbHYI0 CHCTEMY PeLeHHH KaK co-
OTBETCTBYIOLIME KPATHBIM KOPHAM O, % if3.

IIpumep. Pents ypaBHeHHe
yV+2y" +y=0.
Pewenue. XapakrepHCcTHYECKOE ypaBHEHHE HMEET BHI
k4+2k2+1=0
)20)071
(k2+1)2=0.
Orcrona
ky=kyg=1i, h3=hy=-i.
dyHpamMeHTabHAS CHCTEMA PELlieHH# Oy eT UMeTh B!
Yy =COS X, Y9 =XCOSX, Y3 =sinx, y4=xsinx.
CiteoBatesbHO, ofliee pelleHHe 3TOr0 YpaBHEHHS TaKOBO:
y=(C;+ Cyx) cos x +(Cy+ Cyx) sin x

(Cy, Cy, C3, C4 — mocToORHHBIE).
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3anaHuns A9 CaMOCTOSATENLHOIO pelleHus
yIV-5y"+4y=0.
Y’ +y=0.
Yy =3y +2y=0.
oyl 2y + 3y + 2y +y=0.
Haiitu pelenue ypaBHeHHs

G N

yN+y=0,
YAOBJIETBOPSAIOLIEE HAYAJIbHBIM YCJIOBHAM
y(0)=0, y(0)=1. y(0)=0, y"(0)=0.
§ 7. HEORHOPOZHIE IMHEAHBIE YPABHEHHA C NOCTOAHHBIMM
KO3®OULHEHTAMM

PaccMoTpuM HeoHOPOAHOE JIHHEHHOE YpaBHEHHE

Llyl= f(x), (4.82)

rae
Ligl=y™ + ayn-D 4 +a,y, (4.83)
a,(k=1, ..., n) — noctosiuuble, a f(x) — HekoTOpas AaHHas HEMpepPLIB-

Has (pyHKuHﬂ Kak nssectHo (cm. § 4), o6Luee peluenue ypasHeHus (4.82)
BhlpaxkaeTcs GopmyJion

y=y+Y,

rie y — obLiee pelIeHHe COOTBETCTBYIOLIET0 OAHOPOAHOTO JIHHEHHOro
ypaBHeHHs M Y — 4acTHOe pelleHHe JAHHOrO HEOXHOPOLHOTO JTHHEHHOTO
ypasnenus (4.82). B npeasiayuiem naparpade ykasslBajioch Kak HaiTH
dyHKuMIO y. [l HAXOXKAEHHS YACTHOTO peleHHs Y MOXKHO BOCIIO/b30Ba-
ThCA METOJIOM BapHALMU NPOM3BOJIBHBIX NOCTOAHHBIX (cM. § 4), onHako
3TOT METOJ, IPHBOIHT K JJIHHHBIM BhIK/IaLKaM. [103TOMY Mbl yKaxeM 115t
HEKOTOPBIX IPOCTHIX MpaBbIx yacted f(x) Apyroi MeTox HaX0XKAEHHUS BYH-
Kuuu Y, HocsilMil Ha3BaHHe memoda HeonpeOdeseHHblX KOIpuyuen-
mog. PaccMOTpHUM psifl clyuaes.

Cayuaii 1. (TTpaBas yacTb ypaBHeHHs — noauHOM.) TTycTh
fx)=bgx™ + bx™ "\ + ..+ b, (4.84)

rze by, by, ..., b, — HEKOTOpbIE IOCTOSIHHbIE.
1. [pennonoxum, 4to

a, = F(0)#0,
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T. e. k=0 — He sBAsieTCSH KODHEM XapaKTePUCTHUYECKOro YpaBHEHHS
F(R)=k" +a k™' + .. +a, =0.

Wiem yacTHOe pelienHe B hopMe OJIMHOMA TOM Xe (KaK M Y npaBoii ua-
CTH) CTeNeHH

Y=Agx™ + Ajx™ L+ Agx™2 4 L+ Ay, (4.85)

¢ HeorpesieJeHHbIMH KO3 duunentamu Ag, Ay, ..., A, Tlocnenosatensro
AH(depeHLHpYS, OyneM HMETb
Y =mAgx™ ! + (m-DAx™ 2 + .+ 1A,
Y” =m(m-DAgx™ 2 + (m=1)(m=-2)Ax™3 + ..+ 2:1-Ap_g;

TMoncrasasis 311 BhipaxkeHnus B ypaBHeHue (4.82) u nenast npuseseHue
NOOGHBIX YIEHOB, MOJIYYHM

LIY] = Aganx™ + (ma,_ Ay + a,A)x™ 1 +
+m(m -Da,_gAg + (m=Da,_1A; + ayAglx™ 2 + ..
Eboxm + blx”"l + bQXm_2 + ..
TTpupaBHHBast KO3 OHLUHEHTDI PH ONMHAKOBBIX CTENEHSX X, MOJyyaeM
CHCTeMY ypaBHeHHH:
Aoan = bo, ]
Alan + man_lAO = b], L

4.86
Aga, + (m=Da,_A; + mm-1)a,_gAy = b2,J (4.86)

13 KOTOPO#, YuHTbIBas, 4TO a, # 0, OCIe0BATENbHO MOKHO OTPEIETHTD
koahduuments Ag, Ay, Ag, ..., Apy.

Urak, ecin F(0) # 0, To ypaBHenue (4.82) umeer yacTHOe pelueHHe B
(opme MOJIHMHOMA, CTeNMeHb KOTOPOro paBHa CTENeHH MOJHHOMA, CTOSILIe-
ro B [IPaBOH YacTH YpaBHEHHH.

" 2. Ilyets

(r)
Apr = d f!(0)=0 (r=0, 1. ey S—l)

(n)
s!

T. . k =0 — sBAseTCA KOPHEM XapaKTepPUCTHUECKOTO YPaBHEHHS KpaT-
HOCTH S.

n-=s
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Ypasuenue (4.82) umeer BUL

yMW+ayl-0 + |+ aq,_y6) = fx). (4.87)
[Monaras
Yy =y, (4.88)
TOJIYYHM
wn=9) 4 gn=s-D 4 4q = f(x). (4.89)

Tak kak a,_¢ #0, To B cuay NpeAbIAYLIMX pacCyXAeHHH NMoC/aeHee
ypaBHeHHe HMeeT yacTHoe pelerue U B GpopMe nosHHOMA

Us=Apx™ + Ax™ 4+ A,

rne Ag, Aq, ..., A, — HEKOTOpbIe ONpefe/eHHbIe YUCJIA.
0> 11 m

Ha ocnosanuu dopmyant (4.88), unTerpupys nouseHHo nocneaxee pa-
BEHCTBO § a3, I0JIy4YUM YaCTHOE pellieHHe HCXOAHOTo ypaBHeHus (4.87)

Y=Cyp+Cx+ ..+ Co_x571 4
+Agx™S + ALy A, x5,

rze Cy, Cy, ..., C5_ | — npoH3BoJIbHEIE OCTOSIHHBIE H A, Ay, ..., A,, — He-
KOTOpBIE OnpefieieHHble Ko3DdHULUMeHThl. TaK KaK Mbl HILEM JHLIb 4acT-
HOe pellleHHe, TO MOXKHO MONI0XKHTb

Co=Cy= .. =C,_=0
H, C/IefloBaTeIbHO,

Y=x5(Apx™ + Ajx™ L+ L+ Ap). (4.90)

Hrax, ecan F(0) = 0 1 KpaTHOCTb HY/IEBOTO KOPHs! PaBHa §, TO Andde-
peHIMallbHOe ypaBHEHHe MMeeT YacTHOe pellieHHe B (hopMe MONHHOMA,
CTeneHb KOTOPOro Ha § eIHHIL BhIILIe, YeM CTelleHb N0JHMHOMA, CTOAIIero B
TNIpaBOH YaCTH YPaBHeHHS.

IIpumep. PelnTs ypaBHeHHe

g0 4+ 4O = x. (4.91)
PeweHnue. XapakTepucTHYeCKOe ypaBHEHHE HMEET BHJ
EO+ 89 = 0.
Orcrona
ky=ky=.=k=0 ko=-1
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CorsiacHO TEOPHH HILEM YACTHOE pelueHHe Y B Takok dopme:

Y=x9(Ax + B)
WIIH
Y =Ax10+ Bx9.

TNoncrasaas 370 BupaxkeHHe B AuddepeHumanbHoe ypasHenue (4.91),
TOMYYHM .
1014+ 10!Ax +9!B =x.

Orciona
1014 =1
1014 +91B=0
H, CJIe[0BaTeJIbHO,
=1L pg=-_1
A= 1o B= 9!
Takum o6pasom, HaxoAUM
yoa 2
TR

Ob61ee pelieHHe JaHHOro YpaBHEHH, O4E€BHIAHO, TAKOBO:

9
y= 2Cpx™ "+ e - %—?— + ’1‘—1)0—!.
m=1

Cayuait 2. ([TpaBasi yacTb ypaBHEeHUS — MOJMHOM, YMHOMEHHBIH Ha
TOKA3aTe bHYI0 QYHKLHIO. )

[Tyctb

f(x) = Pp(x) e, (4.92)

e

Pp(x)=bgxm + byxm-1+ .. +b,

H 0L — NOCTOSIHHOE YHCJIO.
[Tonoxum

y=etxy,
rile u — HOBasi HeusBecTHas dyHkuus. Torna ypasHenue (4.82) npumer
BUI
eox Li[u] = exxP,(x)
WU

Lilu]l= P, (x), (4.93)
rge

| (n
Lilul= Flo)u + Flou’ + Z88y 4 2@y (n),
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Mbl npHILIH K Pa306PaHHOMY BBILLIE CJIy4alo C TOM TOJILKO PasHHLEH,
yTo KO3 bHLMEHT NPH HEU3BECTHOH PYHKLMH 1 paBeH F(ot).

1. Mycts F(a) #0, T. €. O He sIBASETCS KOPHEM XapaKTepPHCTHUECKOTO
ypasHenusi. Torna ypasHenue (4.93) umeer uactHoe pewenue U B popme
nosiHoMa crenenu m. CienoBarensHo, jaHHoe ypasHeHHe (4.82) umeer
YaCTHOE pelleHHe BHAA

Y =ewx Q,(x), (4.94)

rae Q,,(x) — nonuHoM cTenenu m.

Kosddpuuments nonuxoma Q,,(x) HaxoasTes nyTeM NOACTAHOBKH Bhi-
paxenus (4.94) B nannoe auddepeHIManbHOe ypaBHEHHE.

2. Myctb F(o) = 0, npuueM k& = 00 — KOpeHb XapakTepHCTHYECKOTO
YpaBHEHHS KPaTHOCTH S.

Ypasnenue (4.93) nonyckaer yactHoe pewenne U B opMe NoIHHOMA
CTENeHH m, YMHOXeHHOe Ha xS. CliefloBaTe/IbHO, Hallie AU depeHIHap-
Hoe ypaBHenHe (4.82) nMeeT Takoe YaCTHOE pelleHye

Y = xse0x Q,,(x), (4.95)

rae Q,,(x) — nonuHOM cTeneHu m.
Mpumep. Pents ypasHenue

y" -y =xle*. (4.96)
Pemenue. CocTaBisieM xapakTepucTHYeCKOe ypaBHEHHE
k2-1=0.
Kopuuero by =—1,ky=1.
Tak xak o.= 1 = kg, TO noJIaraeM

Y = x(Ax? + Bx + C)e*
HIIH
Y =(Ax3 + Bx? + Cx)e*.
[Tpumensis popmyJy Jleli6Huua, monyyaem
Y”=(Ax3 + Bx? + Cx)e* +
+ 2BAx2 + 2Bx + C)e* + (6Ax + 2B)e*.

Orctona, noxcrasass Y u Y B ypasrenue (4.96), GyneM umersb

2(34x2 + 2Bx + C)e* + (6Ax + 2B)e* = x2e*
HJIH
6Ax2 + (BA + 4B)x + (2B + 20) = x2.
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CrenoBaresipHO,

64 =1, l

64 + 4B = 0,
98 +2C = 0. |
Peuas 3Ty CHCTEMY, HaXOHM
_1 ol ool
A—G’ B= 4’ C= 4

N03TOMY

O6uee pewenue ypasHerus (4.96) nmeet BUI
y=Ce*+Coe ™+ (%—3 —LZ- + f)e".

B nasnbHelieM nHoraa 6yneT yao6HO Monb30BaThCs KOMIJIEKCHBIMH pe-
LIEHUSIMH.

Jlemma. [1ycTb gaHO MHEHHOE HEOTHOPOIHOE YPaBHEHHe

Llyl= f(x), : (4.97)
npaBag 4aCTb KOTOPOro €CTb KOMIIJIEKCHAsA (byHKU.Hﬂ
flx) = o(x) + iy(x) (4.98)

u L[y] ectb mueitnbit oneparop (4.83) ¢ meficTBHTENBHBIME KO3 HHLM-
eHTaMH.
Ecin koMniekcHas GyHKUHS

y=u+iv

yHoBJeTBOpsieT ypasHenuwo (4.97), To nelCTBUTe bHBIE QYHKUHMH U H U
YAOBJIETBOPSIOT COOTBETCTBEHHO yPaBHEHHSAM

Llul=¢(x) u Llo]=wyl(x).
B camom nese, umeem
Llu+iv] = Llu] + iL[v] = ¢(x) + iw(x).

Tak kak ko3 puumenTs onepatopa L|y| nefictsutenshbie, T0 oTCIOAA CE-
LYeT, 4TO

Llul=¢(x) u Llv]=w(x).

JleMma fjokasaHa.
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Cayuait 3. IlpaBast yacTb ypaBHEeHHS — NPOU3BEJEHHE NI0KA3aTeNb-
HOH (YHKIUHMH Ha TPHTOHOMETPHYECKHH MOJMHOM C MOJHHOMHUAJbHBIMH
K03 duLHeHTaAMH.

ITycTsb

f(x)=e™[P, (x)cosPx + Q,, (x)sinPx], (4.99)

rie o ¥ f — neficTBUTeNbHbIE UnCIa, P, (x) 1 Q,,(x) — noanHOMBI, KOTO-
pele, 6e3 HapylleHHs OOLUHOCTH PACCYXKAEHHS, MOXKHO CUMTATb UMEIOLLH-
MH OIHHAKOBYIO CTEMEHb 1.

[Tpumenss ¢opmyay Jisepa

cosPx = %(eiﬁx +e~Br) sinpx= %(e"ﬁ" — e~iBx),

TNOJYYHM
[()=$e@t B)xp] () + Jele=i®xq;, (),

* *
rie P, (x), Q,, (x) — HekoTOpbie KOMIVIEKCHO COMPSIXKEHHbIE TIOJHHOMbI
CTeMeHH m. PaccMOTPUM BCIIOMOraTe/IbHOe ypaBHEHHe

LIyl = e+ Bl p> (1), (4.100).
OueBHIHO, YTO

f(x)=Relel@+Bxpr ()]

CoraacHo cJydyar 2 BMeeM JIBe BO3MOXKHOCTH.

1. Tycts F(ou+ iB) #0, 1. e. uncsio k= ot + i} — He siBASETCSA KOPHEM
XapaKTepPHCTHYECKOrO ypaBHEHHH.
Ypasuenue (4.100) umeer uacTHoe pelenue Buaa”

Y=elr B[R (x) =S, (1)) (4.101)

rie R, (x) u S,,(x) — HekoTopbie nosuHOMEI cTenenu m. Ha ocHoaHuu
JIeMMbI 3aKTI0YaEM, UTO HCXOAHOe A depeHuanbHoe ypasHeHue (4.82)
MMeeT 4aCTHOE peleHHe BUAA

Y =e™[R,, (x)cosPx + S,, (x)sinfx] (4.102)

2. Tycrs F(ou+iB) = 0, mpuueM KpaTHOCTb KOPHs k= 0.+ i} paBHa s.
Bcrnomorareantoe ypasuenue (4.100) umeer yacTHOe pelueHHe Bra

Y= xSt B[R (x) - S, ()]

* 3nak Munyc (=) B3AT A5 y106CTBA BHIKIALOK.
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CnenoBarelbHO, Halle fu(pepeHiHaIbHOe YPaBHEHHE HMEET YaCTHOE
pellieHHe BHIA

Y = x5e®[R,, (x)cosBx + S, (x)sinPx] (4.103)

Ha npakTrike MOXHO He [1lepeX0HTh K KOMIIEKCHbIM (YHKIHAM, a cpa-
3y O/Ib30BaThCS FOTOBBIMU BUAAMH YacTHbIX peierni (4.102) u (4.103).

Mpumep. Pewnts ypasHenue
y" =2y’ +5y =e*sin 2x. (4.104)
Pewenue. CocraBiasieM XapaKTepucTHYECKOE YPaBHEHHE

: k2-2k+5=0,
OTKyAa
ki=1+2i, kg=1-2i.

Tax kak uncyio o + i} = | + 2i siBAsieTCst MPOCTHIM KOPHEM XapaKTepH-
CTHYECKOTO yPaBHEHHS, TO MoJIaraeM

y = xex(Acos 2x + Bsin 2x). (4.105)

[oxcTasass 310 BeIpaxkeHue B AuddepeHnraibHoe ypasHenue (crpa-
Ba HaJleBo), 6yeM HMeTh

5xe*(Acos2x + Bsin2x) —
- 2(x + De*(Acos2x + Bsin2x) +
+ 2xe*(~Asin2x + Bcos2x)] +
+ [(x + 2e*(Acos2x + Bsin2x) +
+ 4(x +1)e*(-Asin2x + Bcos2x) —
~ 4xe*(Acos2x + Bsin2x)] = e*sin2x
WJIH, IPOU3BO/S OUEBH/IHbIE COKPAILIEHHS, IOMYYHM
—4Asin 2x + 4Bcos 2x = sin2x.

B cuny imneliHo#N He3aaBUCHMOCTH QYHKUHE sin2x U cos 2x HMeeM
A=-1 B=0,
4
CJIe10BATeNbHO, YACTHOE PelieHHe GyIeT UMETh BHIL
Y =—{e*cos2x.
Ortciona obuiee pewenre ypasHenus (4 ,104) Takoso:

y = e*(Cicos2x + Cysin2x) — e* cos2x.
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3ameuanwue. Cnyyan 1, 2, 3 MOXKHO 06bEAHHHTb OGLLMM [PABHIIOM:
LJ15 IPABBIX YacTeH YKa3aHHOTrO BHAA YaCTHOe pelueHue auddepeHirals-
HOTO ypaBHEHHsI, BOOOLile TOBOPSi, UMEeT TOT XK€ BHJ, UTO H €ro npasas
YacTb; NPH HCKJIOYHTEJBHBIX 00CTOATEIBCTBAX HYXKHO 100aBJISTh LOMOJ-
HUTEJbHBIN CTEMEHHOH MHOXHTEMb XS.

IIpunuun HanoxeHus peweHud. Ecan npaBas yacTb smuHeHHOro
HEOHOPOJHOTO ypaBHEHHs (C MOCTOSHHBIMH HJIH NepeMEHHBIMH K03 hH-
LMEHTaMH) TIPeACTaBIseT CO6O0H CyMMY HECKOJIBKHX (DYHKLHM, TO YacT-
HOE pellleHHe ITOT0 YPaBHEHHs MOXKHO HaXONHUTh Kak CyMMY YacTHBIX pe-
LIeHHH COOTBETCTBYIOLIHX HEOXHOPOAHBIX YpaBHEHHH, IPABLIMH YaCTAMH
KOTODBIX CJIyKaT OTAEeJIbHbIE C/laraeMble CyMMBI.

Teopema.llycrs
Lyl = 9,(x) + go(x) (4.105)
H Y|, Yo — pellieHHs ypaBHEeHUH
Lly)1=9,(x) u Llygl=go(x).
B rakom ciyuae
Yy=4%1+Y,

SIBJISETCA pellleHHeM UexoaHoro ypasHerus (4.105).

B camoM niente, B cHiy IMHERHOCTH onepaTtopa HMeeM

Llyl = LIy, 1 + Llys) = 91 (x) + @o(x),

4TO M TPe6OBaJIOCh JOKa3aTh.
Ipumep. Pemnts ypaBHeHHe

2 2

y"+y"+y +y=x*+sin®x. (4.106)
Pewenue. CocraBnsieM xapakTepUCTHUECKOE YDPABHEHHE
B+k2+k+1=0
HIH

(k2 +1)(k+1)=0.
Orcrona
kl = —1, k2 =i, k3 = —.

Tpasyo uacTb ypasHenus (4.106) MOXHO NIPeACTaBUTb B TAKOM BHE:

flx) = (x2 + %) + (—%cos2x).
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CorylacHO NPUHLIKIY Ha/lOXKEHH s PelLeH!H paccMaTPUBaeM ypaBHEHHs

yr iyl ty=xt g (4.107)
H
Yy + Yy + Yy + yo = —%cos2x. (4.108)
COOTBeTCTByK)U.IHe YaCTHbIE pelI€HHs HMEIOT BUJ
Yl = AX2 +Bx+C
!

Yo = Dcos2x + Esin2x.

- IMoxcrasnss 3TH BHPaXEHHs COOTBETCTBEHHO B ypaBHenus (4.107) u
(4.108), Haxonum

A=l B=-2 C=3
H
=Ll g=1
D=4; E=1.

Orciona uacTHoe peluenue ypasHenus (4.106) 6ynet TakoBo:

Y=Y, +Yy=x%-2x + 1 + L(cos2x + 2sin2x)
2 2" 14

H, CJIe10BaTeNbHO, ero obliee peleHue UMeeT BUI

y = Cle ™ + Cycosx + Cysinx +

+x2 -2 + % + ﬁ(cos?x + 2sin2x),

rie Cy, Cg, C3 — npou3BOJIbHbIE IOCTOSIHHBIE.

3agaHus NJig CaMOCTOATENbHOTO peweHusd

1. Ykasarb Gopmy YacTHbIX pewenuit Y, eciu
a)y”+y =1+cosx;
6) yIV — y = x2x + e2x;
B) yIV+ 2y +y=xsinx;
)y + 2y +y=x2ex cos x.
2. Pewmnts ypaBHeHue
Yy =y’ =x+cos x.
3. Haiitn yactHoe pelueHune ypaBHeHus
Y+ 2y + 2y +y=x,
YLOBNETBOPSIOLIEE Haya/IbHBIM YCIOBHAM
y(0)=4'(0) = y”(0) = 0.
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§ 8. YPABHEHWE JWJIEPA

K /nHHefiHOMY ypaBHEHHIO C MOCTOSHHBIMH KO3()(HIHEHTaMH JIETKO
TNIPHBOJMTCA YpaBHeHHe Ditepa

xty(W) 4 xn=ly(n=D o 4g y=f(2), (4.109)

raeay,ay, ...,a, — MOCTOSHHbIE YHCJA.
Jlist IpOCTOTH OrPAaHHYMMCS PacCMOTPEHHEM YpaBHEHHs BTOPOTO No-
pAnka

x2y" + apxy’ + agy = f(x). (4.110)

Cuutas, 4o x > 0, N0I0XKHUM
x=éel. (4.111)

Hcnonbays npasuio arddepeHurpoBanus GyHKUHH, 3aJaHHOH Napa-
MEeTPHYeCKH, OC/IeJ0BaTe/bHO HAXOAUM

[loncraBnss 3TH BbpaxeHHs B AU((epeHLHalbHOe ypaBHEHHe
(4.110), nocsie 0YeBUAHBIX COKPALIEHHH NI0JY4HM JTHHEHHOE YPaBHEHHE C
NOCTOSIHHBIMH KO3(HLHEHTaMU

&2y d d
(d_tg_d_iJ+ald_z+a2y=f(et)' (4.112)

Eciu x <0, To, mosiarasi x =—&, Mbl IPHXOMM K YpaBHEHHI0 Ditiiepa OT-
HOCHTeJIbHO nepeMeHHo# &, rae € > 0.
3ameuaHue. PaccMoTpuM ofgHOpoRHOE YpaBHeHue Ditsiepa
xym g xnlyn=D 4 4 og,y=0. (4.113)

Tak Kak npH 3aMeHe x = e' 370 ypaBHEHHE IPUBOJUTCA K IMHEHHOMY YPaBHEHHIO C NO-
CTOSIHHbIMU KO3((hHLHEHTAMH, TO OHO AOMYCKAeT YaCTHbIE PelleHHs BUAA
g=ekt = ¢k,
rae k — nocTosiHHO. 3afaBasch 3T0H GOPMON, erko HemocpeACTBEHHO HAHTH 3TH peLLe-
HHS.
B HCKJIIOYHTENLHOM CJlyyae, KOraa KOPHH COOTBETCTBYIOLIET0 XapaKTepHCTHYECKOro
YPaBHEHHUS KPaTHbIE, YaCTHbIE PelleHts y HMelT 6oJiee CJ0XHbIH BHA

y=t'ekt=xkin"x (r=0,1, .., m),

rie m — KpaTHOCTb KOPHA.
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Mpumep. Pewnts ypaBHeHHe

X2y +xy’+y=x. (4.114)
Pewenwue. [Nonaras
x=eél,
Oynem UMeThb
d% dy | dy .t
PRI T
WJH
2
L y=e. (4.115)

Xapax'repucmqecxoe YpaBHEHHE 31eCb HMEET BH]

k2 +1=0.
Orcrona
ky=i, ky=-i
Bynewm HckaTh yacTHOe peluenue ypasHerus (4.115) B Buze
Y = Aet.
Moncrasass Y B (4.115), Haxonum
24e! =et,
CJIel0BATENBHO,
4}
Y=%d.

Tax Kak KOPHH XapaKTePUCTHYECKOrO YPaBHEHHs MHUMble, TO obLIee pe-
wieHue ypasHeHus (4.115) TakoBo:

y=%e’ + Cysint + Cycos ¢
H, C/IEOBATEIbHO, ObLuee pelenns ypaHeHus (4.114) ecTb
y= %x + Cysin(lnx) + Cycos (Inx)
(Cy, Cy — npou3BoNbHbIE IOCTOSIHHBIE).
3ajganus Aas CAaMOCTOATENLHOTO PelIeHU S

I x2y"+xy’=p2y=0 (p — nocTosHHO).

2. x2y"+3xy’ +y =%.

3. x3y” =6(x+y). Haiitu yactHoe pewene y = y(x), ynoBieTBops-

foutee HauansHbiM yeaosuam y(1) =0, y'(1) =2, y"(1) =6.
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§ 9. CHCTEMbI AUDDEPEHLUANBHBIX VPABHEHUA

Ecau B 3anaue nucpdepeHuHanbHoro xapakrepa HMeeTcst HECKOMBKO
MCKOMBIX (DYHKUMH, TO N5 OUPENeNeHHs 3THX (yHKLUuH, BoobLie roBops,
C/IeflyeT COCTAaBHTb CTOJbKO AH(depeHUHaNbHbBIX ypaBHEHHH, CKOJIBKO
uMeercs QYHKUME. Tak Mbl IPUXOAMM K cucmeme dudepenyuarvroix
YypagHeruil.

IMycTs, HanpuMep, ¢ — He3aBHCHMast epeMenHas M x = x(1), y = y(t) —
HcKoMble QYHKUHH. JIomycTHM, 4TO 3TH QYHKLMH YA0BJIETBOPSIOT CHCTE-
Me YpaBHeHHH

d
a=1itxy)

dy (4.116)
T =8txy),
. d
pa3pellueHHOH OTHOCHUTEJNbHO NTPOU3BOAHBIX %, 'd—!:, rue f H g — 3allaHHble

HeTnpephIBHble (PYHKIHUH.

CHcTeMa TaKOro BHA Ha3bIBAETCS HOPMAAbHOL, @ YHCJIO YPABHEHHH B
HODMaJIbHOM CHCTeMe Ha3blBaeTCs ee nopAdKom: TakuM 06pasoM, HOP-
MasibHasi cuctema (4.116) — Broporo nopsaaka. [oa pemeHreM cucTeMEl
(4.116) Mbl noHUMaET MIO6YI0 COBOKYMHOCTb ABYX (hYHKUMIL

x=x(), y=y), (4.117)

KOTOpbIe 6yy4YH NIOACTABJIEHBI B 3TY CHCTEMY 06PaILAIOT ee B TOXKIECTBO.
Teomerpruecky B npoctpancTse Otxy pewenue (4.117) npencrasaser
co60H HEKOTOPYIO JIHHHIO, KOTOpast Ha3EIBAETCSH UHMEePaAbHOU KPUBOL.
Cucrema auddepeHIHANbHBIX YPaBHEHHH, KaK IPaBU/IO, HMeeT Gecumnc-
JIEHHOE MHOXKECTBO DeIleHHH, 00Pa3yIOLIMX 104e UHMe2paLbHbLY KPU-
gbix. YToOBl H3 3TOTO MOJS BBUICTMTb ONHY KOHKPETHYIO HHTErpasibHylo
KPHBYIO, B [IPOCTEHILEM CJIyyae JOCTaTOYHO yKa3ath Touky Mg (to,Xq, o)
(puc. 37) ucKOMO# KPHBOH, T. €. HYXKHO 3alaTh HAYAAbLHOE YCLOBUE

X |t=to = xO) Y |t:t0 = Yo-

Puc. 37
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B npusioxkeHusix K MexaHHKe H (DH3HKe HEe3aBHCHMYIO NIepeMeHHYIO ¢
YacTO PaccMaTpHUBAIOT Kak BpeMsi. B TakoM ciyuyae nepeMeHHble X M Y
MO>KHO MHTePIPETHPOBATh KaK KOOPAWHATEI HeKoTopo Toukd M(x, y)
maockoctH Oxy. DTy MIOCKOCTb 0OBIYHO HA3BIBAWT (PA3060i NAOCKO-
cmbro (B caydae GOJBLIONO YHC/A IEPEMEHHBIX (PAB08bIM NPOCMPAHC-
gom). Perenne (4.117) nocut HasBaHue dsuscenus, a COOTBETCTBYIOLIAA
kpusas (4.117) $a3oBoM MIOCKOCTH, TTie ¢ HrpaeT poJib IapameTpa, Hasbl-
Baetcs mpaexmopuei dsuncenus. Ecau npeanonoxuts, uyto hazosas
TJI0CKOCTb 3aM0JIHeHa HempepLIBHO ABHXYIIeHcs cpefoi (MOTOK XKUIKO-
CTH), A5 MOBOH TOYKH KOTOPOH MPOEKUMH CKOPOCTH ABHXKEHHS B KaX-
JIBIYl MOMEHT BpeMeHH ¢ onpefiessiiotesi ypaBHeHusiMH (4.116), o TpaekTo-
PHI0 [BHXEHHS MOXXHO HarJIAHO TNpPEeACTaBIATb KaK TPaeKTOPHIO
IBUXEHUS TOYKH ITOH CPefHl.

Ecan npasbie yactu cuctemsl (4.116) siBHbBIM 06pa3oM 3aBUCAT OT Bpe-
MenH t (HecmayuonapHoell nomok), To TPaeKTOPHs, HAUMHAIOLIASICS B
[LaHHBIA MOMEHT fq B Touke Mg(xq, o), Oyaer, Booblie roBopsi, 3aBHCETh
OT 3TOro MoMeHTa. B ciiyuae xe, ecain nipasbie yacTu cuctemsl (4.116) sis-
HbIM 06Pa30M He 3aBHCAT OT BpeMeHH ¢ (cmayuoraprelil nomok), To pac-
TnpefieNeHHe CKOPOCTEH BHXEHUS TOYEK NPOCTPAHCTBA AJIsl JIOOOro Mo-
MEHTa BPeMeHH f OJMHAKOBO M IO3TOMY TOYKH Cpelibl, 3aHHUMaloLHe B
KakKHe-1H60 MOMeHTbI BpeMeHH fy H ' mosioxkeHue My, 6YLyT UMeTb OHY
H Ty XK€ FeOMETPHUYECKYIO TPAEKTOPHIO ABHKEHHS (KOHEUHO, KHHeMaTHYe-
CKHe 3aKOHBI IBUXXEHHUs HX OYIYT PasNuyHbl).

Ipumep. YpaBHeHHe ynpyrux KoeGaHHH MaTePHANbHON TOUKH B OfI-
HOM M3MEeDPEHHH NPH OTCYTCTBHH COTIPOTHBJIEHHS CPefibl UMEET BHJ

d2x 2
2 +B%x=0,
dt? b
rie B >0 — nocTosiHHAs BEJHYHHA.
Pewenue. [onaras y = %, TOMY4HM CHCTeMY AH((epeHIHaTbHBIX
ypaBHeHHH
de_, % _ g2
=Y ar=Px

* JIBMXKEHHS 3TOH CHCTEMbl HMEIOT BHL
x=Asin(Bt +9), y=ABcos(Bt + ),

rie A ¥ ¢ — NPOM3BOJIBHEIE IOCTOSIHHEBIE,
Hckimouas oTciona BpeMs ¢, OJYYHM ypaBHeHHe ceMeHCTBA (Ha30BbIX
TPaeKTOPHH
2

£ 4 wr =L (4.118)
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OueBHAHO, 4TO 3[1ECh TPAEKTOPHH IBHKEHHs — NOf06HbIE 3JHmChl (prc. 38).

e R
N x

Puc. 38

3Hast KpuBble Ha (ha30BOH MJIOCKOCTH, MOXHO COCTaBHTb NPHMEPHOE
NpeCcTaBAeHHe 0 MeXaHHYeCKOM JABHXeHNH. B HaueMm ciyyae Touka da-
30B0# MI0CKOCTH M(x, ) €CTb COBOKYIHOCTb NOJIOKEHHUS! X H CKOPOCTH Y
MatepuanbHOi ToukH. W3 ypasnenus (4.118) BhiTexaer, uTo npH 066X
HaYaJIbHBIX YC/IOBHAX KOOPAHHATA X ¥ CKOPOCTb ) MaTepPHaNbHOH TOUYKH
OCTalOTCS OrPAHHYEHHBIMH, NPHUEM, YeM GoJiblile OTK/IOHEHHE X, TeM
MeHbllIe CKOPOCTb Y, 1 Hao6opoT. Kpome Toro, TpaekTopHs 3aMKHyTa H,
CJIeIOBAaTE/IbHO, MeXaHH4ecKasi CHCTeMa uepe3 OIlpeleseHHble NpoMe-
XKYTKH BpEMEHH BO3BpAILaeTcsl K PeXXHEMY COCTOSTHHIO, T. €. IBHXKEHHe
ee HOCHT IIepHOJHYEeCKHH XapaKTep.

3ameyaHue. Cucremy, CofepKalllyto NPOM3BOJHbIE BEICLIKX MOPSA-
KOB OT HCKOMbIX (DYHKLMH H pa3pelieHHY0 OTHOCHTENBHO CTapLIUX [po-
H3BOJAHBIX, TyTE€M BBEIEHH S HOBBIX HEU3BECTHBIX q_)yHKHI/If:l MOXKHO IpHBe-
CTH K HOpPMa/ibHOMY BHAY. B uyacTHOCTH, ypaBHeHHe n-TO MOPSHKa,
paspelleHHOe OTHOCHTENbHO CTaplliel POM3BOJHON, MOXHO 3aMucaTh B
BUJIe HOpMa/IbHOH CHCTEMBI 71 YpaBHEHHH MepBOro NopsijKa.

Mpumep. [lycTb

d%x dx
P X +y +dt'

S (%) ]

Pemwenue. [Tonaras

dx _
at = *b
TOJTY4UM HOPMAJIbHYIO cncremy
dt = ]
dx; 2 !
I =x“+y +x

dy 2
E=ty+x]
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PeqyKuus HOPMaJabHON CHCTEMbI K OJHOMY YpaBHEHHIO BhICIIE-
ro nopsaaka. OfHUM H3 OCHOBHBIX METO/JOB pelleHHs CHCTeMbl AU de-
PEHLMAJILHBIX YPAaBHEHHH BASIETCS Memo0 UCKAIOYEeHU S, COCTOSILIMH B
TOM, UTO TIPH IOMOILHU AH(depeHIHPOBAHUS CHCTEMBI NONYUYaIOT PAJ HO-
BbIX 11 depeHIHANbHbIX YPABHEHHH, H3 KOTOPBIX, B COBOKYITHOCTH C laH-
HBIMH YPaBHEHHSMH, HCKJIOYAIOT BCe HCKOMble (DYHKLMH, KPOME ORXHOH.
Taknm 06pasoM, MPHXOAAT K OLHOMY YPaBHEHHIO, COflepKalleMy OfHY He-
U3BECTHYIO PYHKLHIO.

MBI H3J10)KHM 3TOT METOJL PUMEHHTETbHO K HOPMATbHOH CHCTEME BTO-
poro nopsiixa

=ft,xy), =gt xy) (4.119)

PaccmatpuBas x 1 y Kak GyHKUKH OT { M 1M depeHumpys 1o ¢, Hanpumep,
nepeoe ypapsenue cuctemsl (4.119), noayuum

i _ 9 O dx  Ody
dtz—dt+axdt+3ydt
HJIH
d _ O g9l O
gt =3 Tl e = hitxy) (4.120)

Onpeneasisi M3 nepBoro ypasHeHus cuctemsl (4.119) gynxumio y (npea-
" moJ1arasi, YTo 3T0 BO3MOXHO), GyieM HMeTh

y=F(t x % (4.121)

TMoxctasasis 310 Buipaxenue B ypaBHenue (4.120), nomyunm ofHo ypas-
HEHHe 2-r0 TOPsIIKA OTHOCHTEbHO KCKOMOM (GyHKuuH x(¢)

,uz = fo(t, x, & (4.122)

Ecau ynactes HaiiTi o61iee pelieHHe 3TOro ypaBHEHHUS
x=0¢(¢,Cy, Cy),

TO (DYHKLHIO § MOXKHO HEMOCPEACTBEHHO ONpeNe HTh o popmyae (4.121)
OueBHHO, aHAJOTHYHBIM CIIOCOGOM MOXHO MOJYYHTb TaKXke Audde-
peHuHanbHoe ypaBHeHHe OTHOCHTEIILHO Y.

3amevanue Ha npakTrke yacTo 6biBaeT BO3MOXKHO IPOH3BECTH
HCKJIOUEHHe BCeX HCKOMBIX (QYHKLHH, KpOMe OHOH, He MOo/b3YsCh 06 1IeH
CXEMOH.
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Mpumep. Peuntsb cucremy

B rxray (4.123)

—t—t+x 2_1/, at

d

Pewenune. uddepenunpys nepsoe ypaBHeHue, 6yaeM HMETb

dx _ g dx dy

a T d T
HITH
dﬂ Z=t-1-x-10y.
Tax kak
y=3(t+x-2%) (4.124)
TO
dﬂ f=t-l-x-5(t+x-4%
HJHU
5“ +6x=-1- 4. (4.125)

dt2

XapakTepHcTHYECKOE YPaBHEHHE HMEeT BHJ

k2 -5k +6 =0,
OTKY/la HaXO[IUM ero KOpHH
k=2 k=3
Wuem yacTHoe peulenue
X=A+Bt.
[Tonyuaem
0-5B+6(A +Bt)=-1-4t.
CaepoBaTenbHO,
= _13 =-2
A=-15 B=-3
H
B _2
X =153t
[Tostomy
x = Cle + Cyed - (13 +12) (4.126)
W3 popmyanl (4.124) naxonum
y=—-1Cie? - Cpe¥ - 3-(1 - 61). (4.127)

CosokynHocts dopmya (4.126), (4.127), rae C;, Cy — nponsBosbHble
TOCTOSIHHEIE, aeT pelienue cucteMsl (4.123).
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MonsTHe 0 MepBBIX HHTerpanax. HetoxaecTBeHHOE COOTHOLIEHUE
F(t,x,y)=C (4.126)

(C — npousBoJibHas NOCTOSIHHASA ) HA3BIBAETCS NEPBbLM UHMESPANOM CH-

CTEMBbI
d
L= ft,x,y), F=glt,xy) (4.119)

ecJli OHO 06pallaeTcs B TOXKIECTBO MPH MOACTAHOBKE BMECTO X H Y KaKO-
ro-HHOY/Ib PEIieHHst 3TON CHUCTeMbl. 3Hast epBbIi HHTErpal, MOXHO OIHY
13 UCKOMBIX (DYHKLHH BBIPA3UTh Yepe3 APYTYIO H, CJeN0BaTe/IbHO, Nops-
JIOK CHCTEMBI IOHH3HTh Ha eMHHULY.

B cayyae cucrembl BToporo nopsaka (4.119), umes 1Ba He3aBHCHMbie
MeX[1y CO60H mepBble HHTErpaJbl

Fi(t,x.y)=C,, Fylt,x,4)=Cy (4.127)

¥ paspeas nonyyeHHyw cuctemy (4.127) oTHOCHTENbHO X H Yy, Gynem
uMeTh obuee peulentHe cuctembl (4.119)

Xz(p[(t, Cl,CQ), _I/=([)2(t, CI,CQ), (4128)
HMpumep. Pewnts cucremy
de -, % _
L=y =x (4.129)
Pew €HHue. CKJlalIbIBaﬂ YPaBHEHHA NNOYJIEHHO, 6leeM HMETb
g;(x +y)=x+y.

Ortcioza mosyyaeM nepebiii HHTErpal
x+y=Cel. (4.130)

YmHoxas nepBoe ypasHenue cuctemsl (4.129) Ha x, a BTOpoe Ha y U
BbIUHTasl, OyaeM UMeThb

de _ 49 1d(,2_,2)=
xF -y =0mm 55 - y*) = 0.

" Orciofa nosy4aeM elue OJKHH NepBbli HHTerpail
x2-y2=Cy. (4.131)

Cucrema ypasHenuii (4.130) u (4.131) naer obiuee pelierre CHCTeMbI
(4.129) B HesiBHOM BHze. Paspeluas 3Ty CHCTEMY OTHOCHTEIBHO X H Y, Ha-
XO[HM

x=Aet+ Be-t, y=Ael-Bet

(A, B — npousBosibHblE IOCTOSIHHbIE).
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33118!!"5! AJif CAMOCTOATEJIBHOIO peICHU A
de _ Y _
1. G =Xty =Xy

HaﬁTH yacTHOe pelieHHe, YIOBJETBOPSAIOLIEE Ha4yajJabHbIM YCJIOBHAM
x(0)=1,4(0)=0.
2 d%x d’y

PTEE AT

§ 10. 06 OBLLUX KPAEBbIX 3AAYAX
Jlust ypaBHeHu# n-20 nopsdka
Flx, 4,9, .. y'™)=0, (4.132)

e n 22, NocTaHOBKa obujell kpaesol 3adauu 3aK/I04aeTCs B CJeLyIo-
wem: HailTu pewwenne y = y(x) ypasuenus (4.132), ans KOTOPOro B GHk-

CHPOBaHHOM Habope u3 m 22 Touek x = x; (i=1,.., m) 3HaueHus ero

camoro y; = y(x;) v ero npon3BoaHbIX yES) = y(s)(xi) (s 21) ynosaerso-

PAOT 1 HE3ABUCHMBIM MEXY coboi CPDAHUYHBIM YCAOBUAM BUAA
(01 v)

’ ’ (va)
Gy (51 05 o 0™ Y U ™) =0 (4.133)
(v=1,..,n),
ruge GV —— 33aJJaHHbI€ (BOO6I.I.IC roBsop4, He/luﬁedﬂble) (byHKLU'lH CBOHUX ap-

TYMEHTOB, @ G|y, - O yy — 33/aHHbIE IOPSKH MPOU3BOLHBIX HYHKIHMH
y(x)*

O61was kpaesas 3aj1aua MOXET ObITb OXHO3HAYHO Pa3PELIHMOH, BOBCE
He OéﬂaﬂaTb PELICHHEM HJIH XK€ UMETb HECKOJILKO (H Jaxe 6ECKOHEUHO
MHOro) petuenuii. KOHKpeTHbIH NOKMCK peleHKs MOA0OHON 3a1auH CIeNy-
€T NPOU3BOAUTDH, MO BO3MOXKHOCTH, IIYTE€M, aHAJIOTUYHBIM YKAa3aHHOMY
TIPH H3JI0XKEHHH KPaeBbiX 3a1ad /Il YPaBHEHHH BTOPOTO MOPSIKA.

Mpumep 1. Haiitu pewenue y = y(x) ypashenus

yV 4y =0, (4.134)
y}lOBJIeTBOpﬂlOlllee I'paHI/llleIM YCJIOBHHM
y©0)=y'0)=1, y(%) =%, y(%) =0. (4.135)

Tak kak ans pewenns y = y(x) ypasHenus (4.132) ero npon3sonHbie Nopsaka n 1
Bhillle BeIpaXaioTes (MyTeM Moc/ieoBaTebHoro AHM(GEepeHUNPOBAHHS HCXOAHOTO
YPaBHEHHS NIPH €CTECTBEHHOM JOMYLEHHH O HYXHOH 21a0K0CMU TAKOTO PELIEHHS)
uepes HCKOMYIO DYHKUMIO ¥ H ee MJajALIHe NPOH3BOAHbIE §, ..., gD, o moxHo

CYHTATh, YTO 3/1€Ch CNIPaBEANMBbI HepaBeHcTBa Gy, Sn—1 (i=1, .., m;v=1, ..., n).
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Pemwenue. XapakrepuctHueckoe ypasHenue (4.134) nmeer BHA
k% +k% =0, a ero kopHAMH cayxar uncaa ky o =0, ks 4 = ti. [losTomy

o6uiee pewenue ypasHeHus (4.134) MoxHO 3amucatb HopMyI0H

y=C; + Cyx + Cysinx + Cycosx, (4.136)
rze Cj, Cy, G5, C4 — npousBoJibHEIE NOCTOAHHBIE. OTCl0Na MOMyYaeM
yO=C +Cy y(2)=C +CE+ G (4.137)

Jnddepenunpys paserctso (4.136), naxonum y’ = Cy +C3 cos x —Cy sinx,
U TIOTOMY

YO =Cy+G, y'(%)=C-Cy. (4.138)

Tem cambiM, u3 rpaHuuHblX ycaosui (4.135) nmpuxomuM K cucTeme
ypaBHeHHH oTHocHTeNbHO Cp, Co, C3, Cy:

C]+C4=l, ]
C+G=1, L
. . (4.139)
Cl +§CQ +CS= 9
CQ—C4=O.

Bripaxkasi W3 mepBoro, BTOPOro W YETBEPTOrO ypaBHEHHH CHCTEMEI
(4.139) nepementbie Cy, Cy, C3 uepes Cy, nonyyaem

CI=I—C4, C2 =C4, C3 =1—C4, (4140)

[Toacrasass st npencrarienus uis Cp, Co, Gy B TpeTbe ypaBHeHHe CHC-
Tembl (4.139), npUXOAUM K paBeHCTBY

(1-Cy) +5Cy+(1-C4) =T,

KOTOpO€ MOXKHO ITE€PENHCaTh B BUJIE

(g— 2)@:%—2.
OTciona 3aKmouaeM, 4To
Ci=1,
a TeM caMbM, corsacHo (4.140), 1 uto
€ =0, Cy=1 C=0.

CirenoBaTe/IbHO, €IHHCTBEHHBIM pelleHHeM HCKOMOH KpaeBOH 3afauH
CNYXHT QYHKUHSA Y = X + COSX.
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Jnsi cuctem ypaBHeHHil o6luHe KpaeBble 3a7auM TaKXe MOXHO pac-
cMaTpuBath. Ho npu 3TOM HYXKHO HMETb B BULY, YTO pa3peuLumocmy Ta-
KOH 32/1a4M eCTECTBEHHO OXHJATh JIMIUb B CJIyuae, KOIa yAaeTcs Mpef-
CTaBHTb Obwjee peuiexue HCXOLHOH CHCTeMBl AHGb(epeHUHaNbHbIX
YPaBHEHHH 8 gude yHKYUL OM HEKOMOPO2O YUCAQ NPOUIBOLLHLLX NO-
CMOAHHbLX, @ TPAHHYHBIE YCIOBHS NMO3BOAIT STH KOHCTAHThI peabHO
onpeaeauTh. [1prBenem no aTomMy NoBORY HITIOCTPHPYIOILKME IPUMEPHI.

Ilpumep 2. B npenvinymem § 9 151 cucTemsl ypaBHeHHi

dx
L =1+ x -2y, :
a (4.141)

dy _
2 =1+x+4y]
6blJ10 HaleHO ee o6liee pelleHke B BUE COOTHOLIEHUH
x =Ce¥ + Cpe¥ — (13 +12),
(4.142)

y = —%Clem ~ Cyedt - ﬁ(l - 6t)

¢ IByMsi IPOM3BOJIbHBIMK OCTOSIHHBIMU C) 1 Cy . [TosTomy paspewmmocTs
KpaeBOH 3aJlauH 31eChb MOXHO OXMIATb, B YaCTHOCTH, 8 08YXMOUEUHOL
cumyayuu, KOria B KaXI0H U3 TOYEK 3a/1aeTCst JIHLIb 110 OIHOMY TPaHHY-
HOMY YCJIOBHIO JUIsSl COBOKYIHOCTH (QyHKuMi x = x(¢), y = y(t): ckaxem, B
nepBo¥i TOUKe {] yKa3biBaeTCs 3HaueHHe As dyHKumH x (¢) (uau ee npous-
BOAHOI), BO BTOPO¥ TouKe £ — 115t byrkumu y(t) (sau ee npouaBogHoii).

Hanpumep, nonarasit; =0, t9 =1 u Tpe6ys BbINOJHEHUE IPAHHYHBIX
YCNOBHH

x(t)=0, ylty)=0, (4.143)
TMPUXOAUM K C/IEyIOLIeH cHCTeMe YpaBHeHHH oTHocHTebHO Cp, Co:
Cl + CQ = lg,
8 (4.144)

P 3C, = 5
2Cl+e 62_36'

W3 nepBoro ypasHenus cucremsi (4.144) umeem

C=8B_¢. (4.145)

IMoncrapnsisi 310 Bhipaxenue ans Co BO BTOPOE YpaBHEHHE CHCTEMBI
(4.144), npuxonum K paBeHCTBY

sa+e(B-a)=4
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KOTOPO€ MOXKHO NepentcaTh B BHAE

2
—eQ—CI - e3C1 =2 13,3

OTcroa 3aKa04aeM, 4yTo

5 13,3
_ 3% 1% 1 26e3 -
G= z;~es T 18e2 2e-17 (4.146)
a TeM cambiM, cornacHo (4.145), u uto
=B _p 13 ] 26e%-5 | 5-13e?
G = 18 G = 18 7 1862 2e—-1 182 2e-1"° (4.147)

CrefoBaTe/IbHO, eIMHCTBEHHHIM pelleHueM KpaeBod 3amaud (4.141),
(4.143) cayxar dyskuuu x(t), y(¢), rae

1 26e-5 2 _ 1 13e? -5 o3 _
) = w55 e ~ R s (13+12t) (4.148)

1 13e—53,__ 1 26e3- 52t
¥ = e ~ e 36— 6.  (4.149)

IIpumep 3. PaccmoTpHM cHCTeMY ypaBHEHHH

& l
Y
i, (4.150)
="

Jlnst mocTpoeHus ee o6LIero pelleHHst MOXKHO BOCIOJIb30BATLCS METO-
IOM HCcKJoueHHs. IMeHHo, ruddepeHIupy s ABaX /bl NepBOe YpaBHeHHe

d2
B cucteMme (4.150) 1 3aMeHsisi IPOU3BOAHYIO Z_ﬁy_ ee 3HaueHHeM H3 BTOPOro

YPaBHEHHS JaHHOH CHCTEMBI, MPUXOAMM K JHHEHHOMY OXHOPOLHOMY
YPaBHEHHIO YeTBEPTOro NopsAAKa

%:—f—x:O. (4.151)

Ero xapakrepucthueckoe ypasHenne k*—1=0 umeer kopuu

ky 9 =%l, ks 4 = =i [TosTomy obimee pemenre ypasHerus (4.151) mo-
KeT ObITh 3amKcaHo GOPMYI0H

x = Ce! + Coe™ + Gysint + Cycos t. (4.152)
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A TaK Kak B Uiy nepBoro ypasHeHus cuctembi (4.150) no/mkHo Buinos-

2
HSATBbCS PaBEHCTBO Y = % TO UMeeM TaKxke GopMy.1y

y = Cie' + Cye™" — Cysint — C4cost. (4.153)

Tem cambiM, obuiee pemenne cuctembl (4.150) onuckiBaeTCs COOTHO-
LIEHHAMHU

x = Ce! + Coe™ + Gysint + C4cost,

(4.154)
y = Cie! + Cye™ - Gysint — C4cost,
rre Cj, Cy, G5, C4— npoHU3BOJIBHBIE IOCTOSIHHBIE.

Paspeuwiumocme KpaeBo# 3aJ1aut 31eCb BO3MOXKHA HE TOJbKO B IBYXTO-
YeYHOH CHTYalHH, HO U B CHTYaUHAX C 3alaHUEM YCJIOBHH B TPEX UM XKe
yeThIpeX TOYKaX: HYXKHO JIHIIb YTOOB TaKHe TpeGOBaHUS TOPOXKAAJH ObI
pa3peluMyI0 CHCTEMY YpaBHEHUH OTHOCHTEJIbHO BhillIeYKa3aHHEIX KOH-
ctaHT. KOHKpEeTHBIA BUI rPaHHYHbBIX YCJIOBHH, 3aK/IOYAOIIHX HHPOPMa-
uo 0 pyuxuusx x(¢), y(t)u ux NpoH3BOAHEIX B BHIOPAHHEIX TOYKAX, MO-
XKeT ObITb BeCbMa Pa3HOOOPA3HBIM, HO MPH 3TOM €CTECTBEHHO OXHAATh
«6J1aronoJy4yHbIH HCXO» B OTHOLIEHHH Pa3peliMOCTH ToJay4yaeMoH A5
MCKOMBIX KOHCTAHT CHCTEMBI YpaBHEHHUH B CJIyUasiX, KOTAA 4UCAO 2paHUY-
Hblx ycaosul cosnadaem ¢ YUCAOM PA3bICKUBACMbLY KOHCMAHM, T. €.
PaBHO YETHIPEM.

B npocrediuelt ABYXTOYEUHON CHTYalMH, cKaxeM, ¢ Toukamut; =0,
tg = —’2514 TPaHHYHBIMH YCJIOBHSAMH

x(t)=1 ylt)=-1 x(ty)=-1 ylty)=1 (4.155)

COOTBETCTBYIOILAs CHCTeMa ypaBHeHHH A KoHeTaHT Cy, Cy, C3, C4 npH-
HMMaeT BHI
Cl + CQ + C4 =1, ]
CI +C2 —-C4=—1,
x _t (4.156)
e2C+e 2Cy + G =-1,
e2C +e 20 -G =1

Briuntas B cucreme (4.156) u3 nepporo ypasHeHHs BTOpoe ypaBHeHHe,
U3 TPEThero ypaBHeHHsl YeTBEPTOE YpaBHEHHE, HAXOUM, YTO

Ci=1 G=-L (4.157)
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[Toncrasnss HaitneHHble C3, Cy B I€pBOE U TPEThE yPaBHEHHS CHCTEMbI
(4.156), nna koucraut C, Co nosTydaem JTMHEHHYIO OHOPOAHYIO CHCTEMY
IBYX anre6panyecKux ypaBHeHHH

C+GC= 0,
s I
e?2Ci+e 2Cy =0,
C OTJIHYHBIM OT HYJIsl OIPE/IE/IUTENIEM, €IMHCTBEHHBIM PEILIeHHEM KOTOPOit
OYIyT CIyXKUTb YKCIA
€, =0, Cy=0. (4.158)
CuenosatenbHo, Kpaesas sanaua (4.150), (4.155), e t; =0, t; =7,
ONHO3HAYHO pa3peliiMa M ee pelleHHe Omnpefessercss (YHKUHUSIMH
x(t) = cost —sint, y(t)=sint—cost.
3ajaHus 1J18 CaMOCTOATENLHOTO PeMeH s

Peuutb Caenywume KpaeBblie 3aavyu:

L y"-5y"+6y'=0; y(-1)=0, y'(0)=1, y1)=0.

Q=2x—y,1
2 4 . x(0=0, y(Z)=0.
- =X t2y]



YACTb II ANOOEPEHUNANBHBIE
YPABHEHWSA C YACTHBIMNW
MPOU3BOJHbIMK

[Ton Jugpepenyuaroroim ypagrernuem c uacmmoimi nPoU3BOOHbLMU
(cokpaweénno, IYYIT) noHuMaeTcs paBeHCTBO, COfEpKALIee HECKOMBKO
HEe3aBHCHMBIX [IePEMEHHBIX, HEH3BECTHYIO (DYHKIHIO OT HE3aBUCHMBIX Tle-
PEMEeHHbIX H e€ YaCTHbIEe IPOM3BOJHbIE N0 ITHM NepeMeHHEIM. [Topsinkom
cTaplieH NPOW3BOIHOH, BXONSILEH B COCTAB YPaBHEHHS, 3a[1aeTCs NOp A~
Oox IYUI1. dyHkumeH, MMeIoLIEel COOTBETCTBYIOIIKE YaCTHEIE IPOH3BOA-
Hble M 06pallaiollell YpaBHEHHE B TOXKAECTBO, OMPELeNsieTCs peulerue
JYUIL. TMpouecc Haxoxpenus pewenuit JYUIT npunsito Ha3wiBaTh ero
unmeepuposanuem. JuddepeHuransHoe ypaBHeHHE ¢ YACTHHIMH IPOU3-
BOIHBIMH TIpeBpallaeTcs B 06bIKHOBEHHOE AU depeHLanbHOe YpaBHe-
HHe, eCJIH He3aBHCHMasi NepeMeHHast OfiHa.

B teopun JYUI1 nHauGonee u3yueHbl JHHEHHblE W KBa3HJIHHEHHbIE
ypaBHEHHS [IEPBOTO H BTOPOT0 MOPSAAKOB. VMU MEI la/iee M OrpaHHYHMCS.

fnaBa I
-YPABHEHUA NEPBOI0 NOPAAKA

B 370l raBe Mbl pPaCCMOTPUM JIMHEHHbBIE OHOPOLHEIE H KBAa3HJIHHEH-
Hble 11 depeHIHaNbHble YPAaBHEHUS ¢ YACTHBIMK TPOH3BOHBIMH 1€PBO-
ro nopsigka. Oco6eHHOCTHIO TAKHX YPAaBHEHHH CIYXKHT TOT (aKT, 4TO Ha-
XOX[IeHHe MX pelUeHHH CBONUTCH K MHTErPUPOBAHUIO OOBIKHOBEHHBIX
nudhepeHIHaNbHBIX YPAaBHEHHH. '

§ 1. IMHENHLIE ORHOPOHBIE YPABHEHMA

1. Onpenenenus. Juneinoe 00HOpodHOe ypasHeHue B YaCTHEIX IIPO-
U3BOJIHBIX 11€PB020 NOPAJKA OTPefieNseTCs COOTHOIEHHEM BHAA

n
YAy, o ) =0, (1.1)
i=1 '

TAe Xq, .., X, — He3agucumole nepemennsie, u = u(x,, .., x,) — Heusse-

cTHas QyHKUMS, %T — ee wacmHuoie npoussonnbie, A; = A;(xq, .., x,) —
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K0ag¢uyuermeor, He 3aBUcslHe OT 4. Bynem nanee nonaraTe, 4TO ypaB-
nenre (1.1) paccmarpuBaerTcss B HeKOTOpOH o6aacTd D mepeMeHHbIX
X{, . X, @ KO3QHUHEHTHl YDABHEHHUS:

1) nenpepoisro duppepenyupyemol B obnactu D;

2) OIHOBPEMEHHO He 06paUyarOmcs 8 HyAb HU B OHOM TouKe u3 D, T.e.

n
Y A2(xy, . 2,)>0, (xy, ... x,)€D. (1.2)

i=1

Pewenuem ypasuenus (1.1) 6ynem Ha3biBaTh 06y Henpepsiro Oug-
gepenyupyemyro B D dynkumio u = u(xy, ..., X, ), 06palIAIOLLYI0 PaBEHCT-
Bo (1.1) B TOXIECTBO:

n
> Ai(xy, xn)% =0, Y(x, .., x,)eD.
i=l '

[eomeTpuyecky pelleHHe paccMaTpPHBAeMOrO YpDaBHEHHS MOXHO MHTep-
TNPeTHPOBaTb KaK HEKOTOPYIO IVIAAKYI 71~MEPHYIO MOBEPXHOCTh B MPO-
crpanctse Oxy, ..., X,, U, HA3bIBAEMYIO UHME2PANbHOL NOBEPXHOCMbIO
LJI1 JaHHOTO ypaBHeHHs1. 3aMeTHM, 4TO IMHEHHOe OIHOPOJIHOE YPaBHEHHE
(1.1) Bcerna umeet pewenue u= C, rae C — nmo60e NOCTOAHHOE YHCJIO: Ta-
KHe PelleHHs Ha3blBAlOTCS 04es8udHbIMU U fallee He 06CYXAI0TCH.

ﬂ.ﬂﬂ COOTBETCTBYIOLIErO YPABHEHHUSA C aeymz HE3aBUCHMbIMH [TIEPEMEH-
HbIMH

P(x, )3 + Qx, 35 =0 (L1)

ero pewenre u = f(x, y) B npoctpanctse Oxyu npeacTasaseT co6oi npo-
CTO HEKOTOPYIO IVIaIKY10 08YMepHYH TTOBEPXHOCT.

2. XapakrepucTHyecKas cHCTeMa M xapakrtepucTHKH. [locTa-
BMM B COOTBETCTBHE yPaBHEHHIO ¢ acmuoimu npoudsodrnoimu (1.1) cuc-
TeMy 06biKHOBeRHbLx JU((pepeHIHaNbHbIX YPaBHEHHH, B cummempuye-
CKOl (hopme 3aNUCLIBAEMYIO B BHIIE

dx dx,

Al(xl y oy )Cn) == m’ (13)

a NpY ee 9KBHBAJIEHTHOH 3aIUCH B napamempu4eckoll popme UMEIIEH
BHI
dx,

= = Al x,), =120 (1.4)

(3mecb t — HoBas HesaBUCHMas napamempuueckas nepemennas). Ta-
Kyl cuctemy OJIY HasbiBaOT xapakmepucmuyeckol AN ypaBHEHHs
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(1.1), a ee pewenus (HHTErpanbHBIE KPUBbIE) — XAPAKMEPUCMUKAML
3TOr0 ypaBHEHHS.

B orosopenHbix 151 ypasnenus (1.1) yc/oBusiX ero xapaktepucTuye-
CKasl CHCTeMa YIOBJIeTBOPSIET TeOpeMe CYIeCTBOBAaHHS U €IHHCTBEHHO-
ctH pelieHuH. [Toatomy yepes kaxay:o Touky o6actu D npoxoguT eQuH-
cmeennas xapakmepucmuxa ypasHenus (1.1), B napameTpruyeckoil
(opme npencTaBUMas B BUE 1 GYHKUHH

x;=x;), i=12 ., n (1.5)

B cayuae ypaBHeHus ¢ 1ByMs He3aBHCHMbIMH nepemeHHbIMH (1.17) ero
XapaKTepHCTHYeCKas CHCTeMa B CHMMETPHUECKOH (opMe Boipoxcdaemcs
8 00no O/1¥ 1-20 nopsdxa

A = gl wan Qe gl - Plx,hdy =0, (13)

a B MapamMeTpHuecKol (hopMe NpHOGPETaeT BHI ABMOKOMHOL CUCMEeMbL
OAY 2-20 nopsdxa

L = p(x, y), (1.4)
(_ii/_ = Q(X y)J |
dat o

TNpHYeM COOTBETCTBYIOLIAs ee XapaKTepHCTHKA MOXeT GbiTh 3almHcaHa ¢
NOMOLIBI 08YX QYHKUHH

x=x(t), y=yt). , (1.5")

3. Hepeswiit unrerpan. das cucremsl OJlY onpenesneHo moHsiTHe
TMepBOro MHTErpaa. B cooTBeTCTBHE C HUM MO nepBbIM UHMEZPALOM Xa-
paKTepHCTHUeCKOH cHcTeMul ypaHenHs (1.1) 6ysem noHumath oT/MY-
HYI0 OT KOHCTAaHTHl HempephiBHO HubdepeHuupyemyo B D QyHKUHIO
g(xy, ..., x,), KoTopas Ha atoboil xapakmepucmuke (1.5) dannozo ypas-
Henus (1. e. IpY OACTAHOBKE B KAYECTBE apTYMEHTOB X[, ..., X, COOTBET-

CTBYIOLWUX BHIpaXeHHH X (1), ..., X, (t)) umeer nocmosnHoe snaverue:

g(x (), ., x,(1))=C V(xq, ., x,)€D, (1.6)

rie C — KoHCTaHTa.

Teopema 1. Ecuu = f(xy, .., x,)— pewenue ypasrenus (1.1), 1o
dyukums (x|, ..., X, ) ABASETCS EPBLIM HHTErPAJIOM ISt XapaKTePHCTH-
YeCKO¥ CHCTEMBI JAHHOTO YPaBHEHHUS.

OG6patHo, ecan hyHKuus glxy, ..., X, ) CAyXKHUT EPBBIM HHTErPAJIOM Xa-
paKTepHCTHYECKOH cucTeMbl ypasHenus (1.1), To u = glxy, .., x,) ecTb
pelleHHe 3TOr0 ypaBHeHHS.

148



Nokasareabctso. [lycts u= f(x, .., Xx,) — pelieHue ypasHe-
nua (1.1), 1 TeM caMbiM CIpaBeIHBO TOXAECTBO

ZA(\cl.... ) -=0 Y (xq, .., x,)€D. (1.7)

Moncrasum B (1.7) B KauecTBe apryMeHTOB Xi, .., X, QYHKUHH
x(), .., x,(t), onpeneasioume Kakyio-HuGyar xapaktepuctuky (1.5)
ypasuenus (1.1). Torna, iuddepenuupys f no ¢ (no npasuay duggepen-
YUPOBAHUS CAOHCHOL (PYHKLLL) Vi YUHTBIBAS, UTO BCAKAS XaPAKTEPHCTH-
ka ypaBHenus (1.1) HONXKHA YIOBIETBOPATD XapaKTePUCTHUECKOH CHCTe-
Me JaHHOTO ypaBHeHHS, Ha ocHoBaHHH (1.7) nosyyaem:

df Of dyq af dx, _ o _
= o dt te ax,, dt ZA (xl’ " x")ax =0
Orciona caienyer, uto

[ @), .o x, ) =C Vi,

rie C — KoHcTaHTa. A 3T0 U 03Hauaer, uto ¢pyHkuus f(x, ..., X, ) aeaser-
Cfl MIepBbIM MHTErpaioM IS XapaKTepPHCTHYECKOH CHCTEMbl YpPaBHEHHS
(1.1).

IMycTs, 06patHo, dyHKuust g(xy, .., X,) CIYXKUT NEPBLIM HHTETPAJTIOM
XapakTepUCTHUeCcKoM cucTeMbl ypaBrerus (1.1). Torna mas mo6oro pe-
wenus (1.5) 3Toit CHCTeMbI HMeeT MeCTo TOXAECTBO

gl @), .. x, () =C V¢, (1.8)
rie C — koucrauta. Juddepenunpys (1.8) no ¢, nonyuaem
=% _ % dy o dy _ N %
0= = ax, dt T ox, dt ZA'(XI’ x")ax '

Orciona caenyer, 4T0

n
S A4ty o 1 )j—ﬁ =0 V(x, .. x,)eD,

T.e.utou =g(x, .., x,) aBasercs pewennem ypasrenus (1.1). Teopema
l0Ka3aHa.

B oTHOweHUH ypaBHeHHUS ¢ IByMSs He3aBUCHMBIMU iepemeHHbiME (1.17)
MOJXHO 3aMeTHTb, 4TO €0 XapaKTepPHUCTHUECKOH CHCTeMe OyeT COOTBeT-
CTBOBATb AUULb 00UH ee TIepBbIA MHTerpan Buaa g(x, y).
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4. O6wee pemenue. [Tyctb u3BecTHb 1 — | nepBeIX UHTErpana A/s
XapaKTepHCTHYECKO# cucTeMbl ypaBHenus (1.1):

gl(xl,...,x,,), ...,gn_l(xl,...,xn), (19)

NpHYEM B obaactu D onu He3asucumot, T. e. V15 UX 2KOOUAHA HMEET Mec-
TO HEBBIPOXKAEHHOCTD!

g, .., 8,
e 8u) Lo vy, . x,)eD (1.10)
a(xil v Ay )

T0 KpalHe# Mepe NPH OHOM BbIGOpe 1 — | mepeMeHHbIX Xj s Xj | M3HX

Ha6opa X1y Xp. Torna BbIpaXxKeHHE
u=(D(g1,....g,,_1), (111)

rie & — npousBoJbHAs HeNpephIBHO AuddepeHurpyemas QyHKUKS OT
CBOMX apryMeHTOB, 6yaeM Ha3biBaTh O6LUM peuieHiem TMHEHHOTO OJIHO-
ponsoro ypasHenus (1.1).

Tposepum, uto dopmyuoit (1.11) npu Beskom BrIGope dynkuuy ® 3a-
daemcs pewenue ypasHenus (1.1).

B camom pene, nycTb B Beipaxkenuu (1.11) ¢pynkuus @ dukcupopana.
IMockosbky aprymentamu ajisi @ ciyxat nepeble HHTErPabl XapakTepH-
CTHYeCKOH cHcTeMbl ypaBHenus (1.1), To Ha m060# XapaKTepHCTHKE 3TO-
ro ypasHenus ¢yHkuus (1.11) 6yner nocrosuxoi. Tem cambiM, paccmar-
puBast @ Kak QYHKUMIO OT MEPEMEHHBIX X1, ..., X,, 3aK/I04aeM, YTO OHa
caMa SIBJISIeTCs IepBLIM HHTErpaioM sl XapakTepPUCTHYECKOH CHCTEMBL
ypasHenus (1.1). A Torna u3 Teopemsi | caienyet, uto Boipaxkennem (1.11)
3ajiaeTcs pelenue aJs ypasHenus (1.1).

Otmerum Teneps, uto ecau ycaosue (1.10) peanusyercs, Hanpumep, B
BHJE

a(gl,....gn_l) #0 V(xl, o xn)e D, (112)

B(xl y ey Xp] )

T0 JiI060€ peleHHe
u=flxy, .., x,) (1.13)

ypasrenus (1.1) MoxeT 65T BhipaxkeHo dopmyuoii (1.11) npu coorset-
cTBYyloleM noxbope hyHKuuH .

DeitctBuTenbHO, noactasass Gyukuun g; (i =1,2, ..,n— 1) n fus
(1.9), (1.13) B ypaBnenue (1.1), npuxoaum K COOTHOLIEHHM BH/A
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ax n o,
g, (1.14)
ML a2,
3f 3f
Al—aTq— + ..+ Ans;"- = )

OrHocutessHo Ay, ..., A, cootHowenus (1.14) npeacrasasiot co6oit
CHCTeMY 00HOPOOHbIX AUHeliHbLX arcebpaudeckux ypasrenuli. B cuny
yenosus (1.2) aTa cucTeMa MMeeT HeTPHBHABHOE PEILEHHE, @ 3HAUHT, ee
onpenenutess A B o6aactu D doascer 6oimy pasen nyaro. OTciona umeeM
TOXIECTBO

A Xm0 gy )eD.

- a(xl sy Xy X,,)
Tem CaMbIM, (pyHKHHPI

g1lxr, e ), s @t X1y o X)), f 2y, o xp)

B obsiacty D 3asucumet, T. . CylLeCTBYeT HETPHBHAbHAS HENPEepPLIBHO
nuddeperurpyemas GyHKIHs F oT 1 epeMeHHbIX TaKas, uTo

Fgy, . 8n-1,)) =0 V(x, .., x,)eD. (1.15)

A Ha ocHoBanuu (1.12) pasenctso (1.15) MoxHO 0dnosHa4HO paspe-
WMy OTHOCHTEJIBHO TIEPEMEHHOM [ U PUATH K BHIPAXKEHHIO

f = h(gl' . gn_]) V()Cl, ...,Xn)E D, (116)

Tie h — COOTBETCTBYIOLIAs HEMPEpPLIBHO AU (epeHLrpyeMas GYHKLHKS.
TMoartomy pewenue (1.13) gefcTBUTENBHO MOXKET GHITH IPEACTABIEHO B
Bune u=h(gy, .., g,-1), Kak u Tpebyercs B popmyae (1.11).*

Jlns ypaBHeHHS ¢ IByMs He3aBHCHMBIMU nepemenHbiMu (1.17) B cay-
yae, Kora g(x, y) ABASETCS NMEPBLIM HHTETPAJOM ero XapaKTepucTHYe-
CKO# CHCTeMbl, 0011iee PelieHHe MOXHO 3aNHCaTh B SBHOM BUIE

u=®(glx, y)), (1.11%)
rie ¢ — Npou3BoJIbHAS HeTpepbIBHO IU(pepeHurpyeMas GYHKLHS.

* YteepxaeHus o sasucumocmu QyHKyul gy, ..., g,., [ ¢ cobarodenuem pasencmea
(1.15), a akxe 0 soamoxcrocmu, 8 ycaosuax (1.12), nepeiimu om (1.15) & coomuo-
wenuto (1.16) Tpedyiot, Boobluie roBops, 60/1ee N0APOGHEIX 060CHOBAHH I, HO HX H3JIO0-
KeHHe OyheT OnMpaThC Ha CBeJieHHf, BbIXONfILHE 33 PaMKH CTaHAApPTHOro
BTY30BCKOrO KypCa BbiCLIEH MaTeMaTHKH.,
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§ 2. 3AIAYA KOLM ANA NWHEHHOTO ORHOPOAHOIO YPABHEHMA

OpnHoit M3 BaXKHeHLIMX 3a[au, PACCMaTPUBAEMBIX B TEOPHH TH(depeH-
LHMa/JbHBIX YpaBHeHHH, cJyXuT 3adava Kowu, Koraa pellleHHe ypaBHe-
HHUS MILETCH yO008AeMmBOPAIOUUM 3A0AHHbIM HAYAAbHOIM YCAOBUSM.
Jlns nMHeHHOro OZHOPOIHOTO YpPaBHEHHS ¢ YaCTHBIMH TPOH3BOJAHBIMH
NEePBOro NOpsiika

n
ZAi('xl,...,xn)%- =0, ‘ @.1)
i=1 '
B KOTOPOM, 6e3 orpaHHueHHs 06LHOCTH, MONOXUM
Al(xl,..., xn);tO V(xl,...,x,,)e D, (22)

3afaua Koy craButcs Tak:
cpen Beex pemlenuil ypasHenus (2.1) BugeauTs Takoe ero peienue

u=flxy, ... x,), (2.3)
KOTOPO€ YIOBJIETBOPAET HAUANbHOMY YCAOBUKD
u|x1=x,0 = (p(x2, ey xn), (24)

rae xlo — 3ajiaHHoe Ynca0, a Q(xg, ..., X, ) — 3aJaHHAs HENPEPLIBHO AHG-

(epeHuupyeMas HYHKLHS CBOHX apryMEHTOB.

[1pu nanuo# nocraHoBke 3anaun Ko, ecTeCTBEHHO, 101araeTcs, yTo
B (n + 1)-MepHoM npocTpancTBe Oxy... X,U COOTBETCTBYIOLIAS f-MePHAsI
" IJIOCKOCTb X =xf) nepecexaemcs ¢ ob6aactsio D. Tem cambim, B HeH peyb

UJET O MOCTPOEHHH B 3TOM IPOCTPAHCTBE N-MEPHOHM HHTErpajbHOH Mo-
BEPXHOCTH, ONHChIBaeMoil ypaBHeHueM (2.3), npoxoasiueit uepes 3anaH-
HyI0 ryiafKyio (n —1)-MepHyI0 N0BEpXHOCTD.

u=olxg,..x,), x;=xp. (2.5)

Ecan nopo6Has 3anaua Kowu paccMatprBaeTtcs A1 ypaBHEHHS ¢ IBY-
Msl He3aBHCHMbIMH TlepeMeHHBIMH

P(r.y)5s +QLey)Gr = 0 (2.1

C Ha4yaJIbHbIM YCJIOBHEM

ul,_ 0 = o(y), (2.4)
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TO B Hel TpebyeTcst HailTH peluenne u = f(x, y), Anst KOTOPOro H3o6paxa-
towas B npoctpaHcTBe Oxyu WHTErpajbHasi IOBEPXHOCTb GyAeT MpoXo-
auTh (B nockocty x = x0) uepes 3a1aHHyI0 KPUBYIO

u=(y), x=x0. _ (2.5)
[lycTs Tenepnb
g1lxp, oy x0)s ons gnalxy, o xp) (2.6)

— He3aBHCHMble [IePBble HHTErPaJIbl ISt XapaKTEPUCTHIECKOH CHCTEMBI
ypasHenus (2.1), npuueM MOMOXKHM, YTO /IS HUX BHIMONHAETCS YCAOBHE

g, . gny)
a(/ltg,__‘..,xn‘) #0  V(xy,..x,)eD. 2.7)

Torna MoxHO cOPMYyIMPOBATh @120pUmM TOCTPOEHHS PelleHHs YKa-

3aHHOH 3a1a4yu KOLUH, COCTOSILIHH U3 CJICAYIOIUX TPEX 3Tall0B:

1) noxcrasass x| =x10 B nepable HHTerpaibl (2.6), cocTaBuTb cucTeMy

paBeHCTB
gl(xP,xQ,...,xn) =, ]
0 -
gg(xl,xz,...,xn)-Cg, (28)

¢ NIpOK3BOMbHEIMK napametpam Cy, ..., C,_i;
2) paspewas cucteMy (2.8) OTHOCHTENBHO Xy, ..., X, (4TO BOIMOXKHO B
cuity yeaosust (2.7) ), HaliTH BEIpaXKeHHS 1151 STHX NIePeMeHHbIX:

x2 = pQ(Cl' --"Cn—l)’]
X3 = p3(Cl7 . Cn—l)’ L (2 9)

C COOTBETCTBYIOLIMMH IVIAAKUMH QYHKIHAMY;
3) noncrasass Beipaxenns (2.9) B dpynkuuio ¢lxg, ..., x,,), 3anawowyio
HauabHoe ycaoBHe (2.4), cocTaBuTb hopMmy.Ty

u= (p(pQ (Cl' ey Cn-l)’ o Py (C] ) eeny Cn—-l)) (210)
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H MOJIOKHTh B HEH

(Ci=gi(x), x9, . Xpy, X)),

JC2=gz(xl,XQ,...,Xﬂ_l,xn)- (211)

Taxoit airopuT™, IeACTBHTEJBHO, MPUBEET K PELIEHHI0 PaccMaTpUBae-
Mot 3anauu Kow, nockonbky u3 cootHowenui (2.10)—(2.11) ans u ume-
eT MECTO: 80-NepabLy, peAcTaBiette (COracHo CBOMCTBAM CYNepnosu-
UMK rafkux GyHkumi) uaa (1.11), onpenensiomero suipaXxeHue o61iero
pewennst ypasuenus (2.1), a, 80-emopeix, cnpasennuBocts (B cuny
(2.8)) Tpebosanus (2.4), sanaoiiero nocTabIeHHOe HayabHOE YCJIOBHE.

B orHowenun 3anaun Kowwn asst ypasuenus (2.1°) ¢ yenosuenm (2.4)
MOXHO KOHKPETH3HPOBATh CJIEAYIOLIee: IOCKOJIbKY XapaKTepPHCTHYECKas
CHCTEMa B 3TOM CJIy4ae XapaKTePH3YeTCsl JIHLIb 00K UM TIEPBBIM HHTErpa-
soM Buza g(x, y), To cucrema (2.8) ceenetcs k 00HoMY ypaBHEHHIO

g(x0,y) = C, (2.8)
cucreMa (2.9) nepefiger B 09HO PaBeHCTBO
y=p(C), 2.9)

a u3 cootHowenu# (2.10)—(2.11) Buitekaer edunas hpopmyna s HCKO-
Moro peleHus 3anauu Kou

u=@(p(glx, y))). (2.10)

§ 3. KBASWIHHEAHDBIE YPABHEHUA

PaccmoTpuM Tenepb ypaBHeHHS ¢ YaCTHBIMH TPOH3BOXHBLIMH NEPBOTO
nopsaiKa BUAa

n
ZAi(xl,‘..,x,,,u)%.- = Blxy, .., x,, ), (3.1
i=1 '

noJsiarasi, YTo B 3alaHHOH 06s1acTH Q NepeMeHHBIX X1, ..., X, U KO3QhHLH-
enTl ypaHenus A;(x, ..., X,, u) v ero npasas uacts B(x, ..., x,, 1) ecTb
HenpephiBHO AUddepeHUHpyeMble QYHKLHH, IPHYEM, HAPUMED,

Ay, xp, W) 20 Yixp, . x,,u)e Q. (3.2)

HOHCHHM, KaK pelIeHHEe TAKOro ypaBHEHHs, Ha3bIBa€MOTro K8a3uAumel-
HolM YypagHeHuem B YACTHBIX NMPOU3BOAHLIX NMEPBOro IMOpfAAKa, MOXET
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ObITh CBEIEHO K PeLIEHHIO APUCOeOUHEHHO20 YPABHEHIS — CTIELHANbHO
CTPOSILLErocst 1Jisi Hero COOTBETCTBYIOLIErO AuHeliH020 00HOPOdHO20

YPABHEHUS.
[Tycts D — 06/1acTh M3MEHEeHH s NepeMeHHEIX X1, ..., X,,, B KOTOPOH pac-
cMatpusaetcs ypasHenue (3.1). Bynem uckars pewenne

u=fley,..x,), (xp,.,x,)eD, (3.3)

ypaBHenusi (3.1) 6 nessrom 6ude, . e. nonaras, 4To JOMKHO BHITIOJHATD:
Cfl PaBEHCTBO

Flxy, oy xp,0) =0, (xg,.,x,,0)€Q, (3.4)

rie F — HenpepbiBHO au(deperuspyemas B 06acTH Q GYHKLHUS, 1S KO-
TOpOH
oF #0 V(. x, 0)e Q. (3.5)

. u=flx, ., x,)
Teopema 2. Ecu BripaxenHast u3 ypasHenus (3.4) pynkuus (3.3)

HernpepbiBHO AHddepernrpyema B 06nacTh D 1 ABJseTCS PELIeHHeM Aas
KBasHMHHelHOro ypaBHerus (3.1), To bynkuus

v=F(xy, ... xp,u), (x),.,%,,u)eQ, (3.6)

CJTYXKHT pellleHHeM A5l nprcoearHerHoro (k (3.1)) ypaBHenus

n
ZlAi (xg, oo xn,u)gj—% + Blxy, ..., x,,,u)g—z =0 (3.7)
=
Ha peieHuH (3.3) uexonnoro ypasnenns (3.1).
llokaszaTenbcTBo. [eficTBUTENbHO, IYCTh BHPAXKEHHAS H3 ypaB-
nenus (3.4) bynkuns (3.3) B o6nactu D sBasercst HenpephiBHO AH(he-
PEeHLHPYeMOH 1 CIyXUT pelerueM Ans ypasHenns (3.1). Torna, B cuay
(3.5), cywiecTByIOT HenpepLIBHEIE YACTHBIE IPOH3BOLHbIE

9F

du _ %% -

B = O (=12, ...,n).
ou u=f(x, .., x,)

Iloncrasass 311 yacTHbie IPOH3BOAHbIE B ypaBHenHe (3.1), ymMHOXKas 3a-
F
TeM obe YacTH Ha —-g—u ¥ TIEPEHOCS BCE Y/eHbl B JIEBYIO YacTh, I0JMyYaeM

PaBeHCTBO

n
Y A;(x, .., xn,u)%f; + Blxy, ..., xn,u)g—f =0. (3.8)
=1 '

u=f(x, .., x,)
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A pasencteo (3.8) 1 o3Hauaer, uto pyHKuMs (3.6) cayxuT peleHHeM
npHcoearHeHHOT0 ypaBHeHH s (3.7) Ha pewennn (3.3) ucxonHoro ypasHe-
Hus (3.1). Teopema nokazaHa.

JlanHast Teopema o6/1afaeT TeM HERXOCTATKOM, YTO AJIS [lepeMEeHHbIX
X{y ..y X, U OHA TPEOYET peanusaluu cBs3u B Bune dopmys (3.3), rae
f(xq, ..., x,), BOOGWE rOBOPS, HeU3BeCTHAS (yHKuus. [103TOMY Ha npak-
THKE [OCTYNAIOT 0-HHOMY: CYMTAIOT, UTO PyHKUHA F(X, ..., X, &) IOMK-
Ha CTPOUTLCS KaK pellleHHe IPUCOeIMHeHHOro ypaBHeHHs (3.7), B KoTopoM
8ce nepemenbie NOAA2alomc s He3aBUCHMBIMK. Torna NpucoeHHeHHOe
ypasHenue (3.7) 6yner yxe ABAATCA AUHEHHbLM 0OHOPOOHBLM YpasHe-
HUueM, OnpeJleJIeHHbIM B 06/1aCTH 2 NIepeMeHHbIX X|, ..., X,, 4. CJefoBa-
TeJILHO, /151 HETO MOXHO GYAeT HaNKCcaTh COOTBETCTBYIOLLYIO XapaKTepH-
CTHYECKYIO CHCTEMY, B CHMMETPHYECKOH OopMe onpesensieMylo BHIOM

dxl — - dxﬂ — du
Ay, xg,u) 7 Ay, xeu) T Bly, ., X, u) (3.9)

a B napaMeTpHYecKoH hopMe UMeIOILEeH BH]

dx,
W = Al (X], ey Xpy u),

[ (3.10)
%xtﬂ- = AII (xl, ey Xn,u)»

du .
&t = Blxy, . xp,u).

Otciona, eciu [V TaKOH XapaKTepPUCTHYECKOH CHCTEMBI H3BECTHBI €€ 7l
HE3aBHCHMBIX B 06/1aCTH €2 NIePBLIX HHTErPAIOB

g1y, g, 1), ey @ (X1 o X, 10), (3.11)
TO BLHIPaXeHHeM

v=d>(g1,...,gn), (3.12)

rie @ — npoOM3BOJIbHAS HEMpephiBHO MH(PepeHLrpyemas GyHKIHs OT
CBOMX apryMeHTOB, ONpefiensercss o6luee pelieHHe MPHCOEAHHEHHOTO
ypasHenus (3.7). A Torna popmyiioi

®(g) (g, Xy, 1), s 8 (X1 Xy, 0)) =0 (3.13)

6ynyT 3anaBathes (HesgHbIM 06PA3OM) PELLIEHHS HCKOMOTO KBAa3HJIHHEN-
Horo ypasnenus (3.1).

Hanomuum, uTo npu noctpoenun gyskuuu O aas sbipaxenns (3.12)
MBI HCTIONIb30BAMH OONOAHUMEAbHbIE 0ePAHUYEHU S, TOTPeGOBAB, YTOOH
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dyHkumus F cayxuia 6bl pelieHueM NPHCOEHHEHHOrO ypaBHeHHs!, B KO-
TOPOM BCE TIEPEMEHHBIE X1, ..., X,, Ik CYHTANHCD Obl He3aBUCHMbIMH. Tem
caMBIM, MBI He MOXeM, BOOGLle roBopsi, YTBEPXKAATb, 4TO (HOPMYJIOH
(3.13) onuchiBatorcs sce pewerus ypasHenus (3.1). Pewenus aas ypas-
nenns (3.1), He onpenensiembie dhopmyJioi (3.13), HasbiBaloT cneyuais-
HoLMU, HO MX MBI HCK/II0YaeM U3 paccmoTpeHus. [ToaTomy cooTHoweHHe
(3.13) mbi 6yeM Ha3bIBATb IPOCTO POPMYAOL 06Ue20 peLueH IS LIS KBa-
3unuHeiHoro ypaBHenHs (3.1).

3aMeTHM, 4TO €C/IU U BXOJMT MOAbKO 8 00UK U3 NePBbIX HHTErPasoB
(3.11), Hanipumep B nocienHui U3 HUX, TO popmyay (3.13) MoxHO 3anu-
caTb ¥ B BHJle PaBEHCTBA

gn(xpy o xp,0) = Plgy(xy, o Xp), o @y (2, o xp)), (3.14)

rae ¥ — npousBosibHas HempepsiBHO AHddepeHIppyeMas QYHKLHSA OT CBO-
ux aprymenTos. Paspewns paenctso (3.14) OTHOCHTENBHO U, H3 HETO TOTAA
nony4uM s6Hoe npedcmagaenue Js o61Iero peruenus ypasHenus (3.1).

B cayyae cooTBeTCTBYIOLIEr0 ypaBHEHHS C ABYMS HE3aBHCHMBIMH Ile-
peMeHHBIMH

P(x, y, u)a“ + Qlx, y, u)-g— = R(x, y,u) (3.1)

yKa3aHHbIH cnoco6 NoMcKa ero peutenus u = f(x, y) CBOAUTCS K OCTpoe-
HHUIO pellenns v = F(x, y, u) IPUCOENHHEHHOrO ypaBHEHHS BUA

PO,y )3 + Qe g, 5 + Rx, g )3 =0, (37)

Ybsl XapaKTepPHUCTHUECKAs CHCTEMA MOXKeET OBITh 3aMHCcaHa KaK B CHMMET-
pHuecko dhopme

dx _ dy _ du )
P(x.y,u) ~ QUey.w)  Rlx,y,u)’ (3.9)

TaK M B TapaMeTpHUecKkor dopme

% = P(x, y,u),l
% = Qlx, y,u), L (3.10)
% = R(x, y,u).

Takol xapakTepHCTHYECKOH CHCTeMe OYIET COOTBETCTBOBATH YXKe
TOJIbKO 08a He3aBUCHMbIX (B pPacCMaTpPUBaEMOi 06J1aCTH) NEPBbIX HHTET-
pajna

g1,y ), golx,y, u), (3.11")
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unotomy Beipaxcenne (3,13) snech nepeiizer B hopmy.ty o61ero pemeHus
st ypaBHenus (3.1°) Buna

(g, (x, y, u), golx,y, w) =0 (3.13)

C IPOH3BOJILHOH HenmpepblBHO AU depeHIHpyeMot hyHKuHer . B caoio
ouepelb, KOTAa # BXONHT TOJNBKO BO BTODPOH W3 MNEPBbIX MHTErpajoB
(3.11), To popmyay (3.13") MoXKHO nepenHcaTh B BHAe

ga(x, y,u) = ¥(g(x, y)), ‘ (3.14)

B KOTOPOM MPOH3BOJILHOH HEMpephBHO AH(GhepeHUHpyeMOH QYHKUHEH
cayxut yxe Y. Hakonel, B ciydyae BO3MOXHOro paspeLieHHs OTHOCH-
TeJIbHO & paBeHCTBa (3.14°), 0T HEro MOXHO nepeiiTH K ABHOMY NPEACTaB-
JIEHHIO 06111ero pellleHHst paccMaTpHBaeMoro ypasHerus (3.1°).

Ipumep 1. [lnst ypaBHeHus

ou _ ,ou _
Yox xay_o

HaliTH ofliee pelleHuUe.

Pewenue. Bynem paccMaTpuBaTh 1aHHOE ypaBHEHHE Ha Bcell NAOC-
KOCMU He3aBHCHMBIX [IePEMEeHHBIX X, Y/, TZle TOJIbKO, COrJIACHO HAILIUM Tpe-
60BaHHAM K KO3 (HLUHEHTAM JHHEHHOTO OXHOPOIHOTO YPABHEHHS, HCK-
mounm Touky (x =0, y = 0).

[Tocko/IbKY Y ypaBHEHHS JMLIb BE HE3aBUCHMbIE IEPEMEHHBIE, TO €r0
XapaKTepHUCTHYeCcKasl CHCTeMa B CHMMETPHYeCKoH (opMe onpeaensieTcs
onHum OJ1Y 1-ro nopsinka xdx + ydy = 0. Murerpupys ero, npuxonum K
paBeHcTBy x2 + y2 = C, rie C — npoussonbHas Konctanta (C > 0). Otcio-
Jia 3aKJII0YaeM, YTO NepBLIit HHTErPaJ AJIst XapaKTePUCTHUECKOH CHCTEMbI
paccMaTpHBaeMOro ypaBHeHus 3anaetcs GpyHkuuen glx, y) = x2 + y2, a
ero ofluee pelueHye 3anuchHiBaeTcs B sBHOM Buze u = ®(x2 + y2), rne d —
TNPOH3BOJIbHAS HENPePBIBHO AH( G epeHIrpyeMas QYHKLUS CBOETO OXHOTO
apryMeHTa.

['eometpuuecky Ha nockocTH Oxy COBOKYMHOCTb TaKHX MEPBLIX HHTErPaJOB Mpef-
cTaBasieT co6oH oduonapauempuuecxoe cemelicmso KOHYEHmpU4ecKkux OoKpYyxicHo-
cmel c yenmpamu 8 Hadase koopounam. [1pu atom B npoctpanctse Oxyu pyHKuuei &

3a/laeTCA HHTerpasibHasi MOBEPXHOCTb, ABAIOLIASCS NOBEPXHOCMbIO BPAUEHIUR BOKDY2
ocu Ou.

Mpumep 2. [Ins ypaBHeHus
ou Ju _
Yaxr =% dy 0
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PEeWnTb 3aaavy Koy ¢ HauanbHBIM YCJIOBHEM

u!x:l = V1+y2 gg[(p(y)'

PeweHue. [Tpexne Bcero OTMETHM, UTO B Ja/IbHEHILIHX PACCYKAEHH-
X, COTMIaCHO HaLIMM TpeboBaHUsM K 3agaye Kolu ans INHEHHOTO OJHO-
POIHOTO YPaBHEHHUSI, H3 MJIOCKOCTH HE3aBHCHMBIX NMepeMeHHbIX Oxy Mbl
HCKJIIOUHM YKe Leayto npamyio y = 0.

W3 npenwinyuiero nmpuMepa caenyet, 4to obliee pellleHHe ypaBHEHHS
umeet BuA u = @ (x2 + y2), rne @ — npoM3BOJIBHAS HENPEPHIBHO AH(-
epenumpyemas GyHkuus, a BeipaxkenneM glx, y) = x2 + y2 onpenens-
€TCH MepPBbIH HHTErpaj COOTBETCTBYIOIIEr0 XapaKTePHCTHYECKOTO ypaB-
Henus. [loxcrasasis x = | B nepBblil MHTErpaJl, Ha OCHOBAHHH HAauaJbHOTO
YCJIOBHSI TPUXOAHM K PaBEHCTBY x2+y2lx_1 =C, rne C —napamerp.

Orciona | + y2 = C v TeM caMbiM HaxoIuM, u4T0 y=4/C =1 (C >1). [Tosto-

My, MIoCJIe IOICTAHOBKH HAMIEHHOro 3HaueHHs y B GyHKuuio O(y), noay-

yaeM u=4l+y% =1+(C-1) = VC . A torza, 3amensist C BhpaxKeHHEM

ans g(x, y), 3akmouaem, 4TO peleHHeM paccMaTpuBaeMoi 3anauu Koy
cayxut GyHKIMa U = yx2 + y2.

[eomerpuuecku B npoctpancTse Oxyu HaieHHONH QYHKUKEH u = ,/x2 + y2 3ajaetcs
HHTerpaJbHas MoBePXHOCTb, ABJSIOLLAACS BePXHEH YacTbI0 MPAMOro KPYroBoro KoHyca
(c BepwHHOI B Hayase KOOPAMHAT H 0Cblo Bpalienns Ou), npoxoaswei (8 niockocTH
x = 1) yepes 3aJ1aHHYI0 KPHBYIO U =./1 + y2 (npencraeasiowweit co6oii BeTBL paBHOGOY-
Hoit runepGoab u® = 42 = 1). ‘

Mpumep 3. [lns ypasuenus
xy%% + (x —2u)g—; = yu

TNOCTPOHTD O6lliee pelleHHe.

Pemenue. CornacHo HauM Tpe6oOBaHHAM K KOI(Q(HLIHEHTAM KBa-
3HIMHeHHOro ypaBHeHHS, lanee OyneM cunTaTh, 4To Xy # 0, T. €. M3 moc-
KOCTH nepeMeHHbIX (x, y) HCKMOuMM Kak npsaMyio x = 0, Tak U IpaMyo
y=0. Kpome Toro, oTMETHB cpa3y, 4TO JaHHOE YPaBHEHHE, OYEBHHO,
donyckaem mpusuarsroe peuerue u=0, 1anee GyaeM TakxKe nonararsb,
ytou #0.

3anucbiBasi XapaKTePUCTHYECKYI) CHCTeMY I TMPHCOeIHHEHHOTO

(K HCXOLHOMY) ypaBHEHHS B CHMMETPHYECKO# (hopMe, HMeeM PaBeHCTBa

dx _ 4 _ du
W x-% gu PaccmarprBas B HHX DaBeHCTBO MEXAY MEpPBHIM H
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TPETbUM UHJIEHAMH, NMPUXOAHUM K COOTHOUIEHHIO Z—; = ﬁ, KOTOpE MOXHO

nepenucath B BUAE AU((hePeHUHATLHONO YPaBHEHHS iu”- = —df. Wuterpu-
pystero, nontyuaew In|u|= In| x| + C;, rae C; — npoussonbHas KOHCTAHTA.

[Tpeacrasisisi KOHCTAHTY (:‘1 B /02apugmuieckol gopme Cl = In|C|
(C, # 0), Torna Haxoaum lnl-i—‘ = In|C; |, a Tem cambim, nocsie notennuposa-

HUst IPHXOMM K paseHcTBy & = C). Tloatomy Bhipaxenuem g (x, y, u) = %

onpenensieTcs NepBbIH HHTErpas AIs HCCIeyeMOH CHCTEMBI.

PaccmarpuBasi Tenepb B XapaKTepPHCTHYECKOH CHCTEME MPHCOEIHHEH-
HOTO YpPaBHEHHS PaBEHCTBO MEXIY MePBbIM U BTOPHIM UJIeHAMH, OMyya-

d
€M COOTHOILLIeHHe z_; = xTyQ-;’ KOTOPOE Mbl NepenuiuieM B BUIE PABEHCTBA
dy _ x-2u
dx ~  xy

Orcrona, HCIOMB3Yst YKe HMEIOLLYIOC BO3MOXKHOCTD BBIPA3HTh U Yepes
X ¢ noMouibio popmyibl 4 = Cx, IPUXOAUM K IHdPepeHIHaIbHOMY YpaB-
dy 1- 26]

HEHHKO :i—; =

penucarsb B Buze ydy = (1 = 2C,)dx. [Toatomy noc/ie uHTErPHPOBAHHUS TIO-

, KOTOPOE, MNOocJ/ie pa3fae/ieHHd NepeMEHHBIX, MOXHO ITe-

Jqydaem %— =(1-2C)x +Cy, rze 62 — IpOHU3BO/bHAS NOCTOSIHHAA. TeM

CaMbIM, MPEACTABJIAS KOHCTAHTY C‘Q g boree ydobrou gopme, nonaras
Cy =2Cy, 3aK/mouaeM o cripaBeTHBOCTH paBeHcTBa y2 = 2x —4C,x + Co.

[TocnenHuM paBeHCTBOM ellle He ONpefesseTcs NepBblA HHTErpas 1jis
XapaKTePUCTHYECKOH CHCTEMbI IPUCOENHHEHHOTO (K HCXOHOMY) ypaB-
HEHHS, MIOCKOJIbKY OHO CONEPXHT dge NMPOM3BOJbHBIE NOCTOAHHBEIE. Ho
B pe3yJibTaTe UCKJIIOUEHHS B HEM, HCMO/b3Ys CBSA3b U = C|X, KOHCTAHTHI
C|, U3 Hero BhITeKaeT PaBEHCTBO ¢ OOHOL. NPOU3BOALHOL NOCMOAHHOU
y2 + 4u - 2x = Cy. [TosTOMy BhipaxkeHueM golx, y, u) = y2 + 4u — 2x yxe
3ajiaetcs Opyeoil NepBblit HHTErpaJ IS 3TOH CHCTEMBL.

Jlerko npoBepHTb, UTO HalJeHHble NepBbie uHTerpanst g)(x, y, u) = %

go(x, y,u)= y2 +4u —2x ABATIOTCA HEIABUCUMBLMU, TIDUYEM VIS HHX

g,
HEBLIPOXKIEH IKOOHaH BUAA %5—2)—).
A, L 9
B camom geste, umeem e &) _ det| x? =-2% B CHJTY OTOBO-
ox, y) 2 X2

PE€HHBIX B HayaJne YCJIOBHl:l, 3TOT A€TEPMHUHAHT OMAUUEH OM HYAA U TEM
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CaMbIM YTBEPKAaeMasi He3aBHCHMOCTb HCKOMBIX [TePBbIX HHTErpasoB Je-
CTBHTEJIbHO UMEET MecTO.

PesiomMupysi Bce cka3zaHHOe, 3aKJ0YaeM, YTO AJIs OGIUEro pelueHHs
paccMaTpHBaeMOro ypaBHEHHMs CIpaBefHBa HesiBHas  QopmyJa

d)(% y 244y - 2x) =0, rne ® — npousBoJibHas HeNpepbIBHO AU (epeH-

nupyemas (bYHKI.LHH OT ABYX CBOHUX MN€PEMEHHbIX.

OTMeTHM, 4TO MPH PaCCMOTPEHHH BCeX TPeX Pa3obpaHHbIX MPUMEPOB Mbl BbIHYXJe-
Hbl GBIH CHayas1a ONpefiesIsTh YCJ0BHS Ha 06/1aCTH, AeJlaloliiie JajibHeHIlne Hallk pac-
CYX/eHHA 060CHOBAHHBIMH, @ JILIb MOTOM NPOBONHTb HENOCPEACTBEHHbIE HCCeN0Ba-
HHUR ypaBHeHHH. B nocienyolux ynpaxHeHnsx HeoOX0AUMBIe YCOBHS, NPH KOTOPbIX
npeAnaraeTcs HCCIeA0BaTh COOTBETCTBYIOWHE yPaBHEHHS, OYNYT, MO BO3MOXHOCTH,
KOHKDETH3HPOBaTbCA B HOPMYJIHPOBKAX CaMHX 3aflaHHH.

3anaHus 19 CaMOCTOSATEJNbHOTO peweHud

1. ins ypaBHeHus

2x +y Za“ =0 (x>0)

INIOCTPOHUTH ob1ee pelieHue.

2. lnq ypaBHEeHHS
yg—i +x% =0 (y>0)
pewTh 3a1a4y Kot ¢ HayanbHbM yc0BUEM
”]x=0 = 2y2
3. Jlnst ypaBHeHus

xa—z+(x+y)g—‘y‘=u (x>0)

TIOCTPOUTH 06lLee pelLeHHe.
4. llns ypaBHeHust

23+ udt =0 (x>0)

TNOCTPOHTD O6Liee pelleHHe.
5. [lnst ypaBHeHust

)au

(x+u§+(y+u)g—';= x+y (y#x)

TNIOCTPOHTD 0flllee pelLIeHHe.



fnasa Il
PAAblI ®YPLE

[Tpexxne ueM nepelTH K U3yueHU0 AU DepeHUHATbHBIX YPAaBHEHHH ¢
YaCTHBLIMH MPOH3BOJAHBLIMH BTOPOrO MOPAAKA, NMpHBELEM Heo6XOauMble
CBeJleHHs U3 meopuu psados Pypve.

§ 1. OproroHanbHble cucTeMbl GYHKUUIH U oGoneuuue pAaabl Pypbe
1. OcHOBHBIE OMpexeneHu .

Onpenenenuel. [e neiicTeutensusie Gpynkuun ¢ (x) u y (x),
onpeaeneHHble Ha UHTepBae (a, b), Ha3bHIBAITCH HAa 3TOM HHTEpBaJe Op-
MO2OHANbHBLMUL, €CTTH

b
[olenylodx = 0. (1.1)

Onpenenennas Ha (a, b) cucmema peiictButenbHeix pynkumii {Q, (x)} na-
3bIBAETCSH OPMO2OHAALHOL HA PaCCMATPHBAaEMOM HHTEPBaIe, eC/H DYHK-
LUK 3TOM CHCTEMb Ha JaHHOM HHTePBaJle NONAPHO OPMO2OHANbHbL MEXC-
dy coboii:

b
J(pn(x)(pm(x)dx =0, npun#m. (1.2)

AHanoruunble onpe/e/eHus BBOIATCA ¥ 1715 0Tpe3Ka [a, b).

Onpenenenue 2. [lon ropmoi dyHkuun ¢ (x) Ha JaHHOM MpoMe-
XYTKe OHHMAeTCs KBafpaTHbIi KOPEHb U3 COOTBETCTBYIOLIETO HHTErpa-
J1a OT KBajipaTa 3T0i yHKIMH U 0603Havaetcs | @(x)|;

lo(a)] = f[cp (x))2dx. | (1.3)

a
Cucrema (YHKUMH Ha3blBaeTCs HOPMUPOBAHKOL, eCIIH HOPMa KaXIOH
(yHKUMH paBHA e[HHHLE.
Onpenenenue 3. OproroHanbHasi HOpMUPOBAHHAS CHCTEMA Ha3bl-
BaeTCs OpMOHOPMUPOBAKHOU. [l Hee BBITIONHSIOTCS YCAOBHSA

O,n#zm

b
{@n(x)wm(x)dx = {1’ e (1.4)
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Baenem cumBon KpoHekepa — uKc/I0BYI0 QYHKLHIO

0, n#m,

. ={ (1.5)

I, n=m.

Torna mis OpTOHOPMHPOBAHHOH CHCTEMBI XapaKTepH3YIOLHe ee COOT-
HOLLEHHS MOXKHO 3alIHCaTh B CJeyoLeM BUIE:

b
Jcp,,(x)cp,,,(x)dx =8, (1.6)

a

Kommnekctele GyHKLIMH
fx) = alx) + iB(x), glx)=0,(x) +if;(x),

(alx), B(x), oy(x), By(x) — meficTBUTENBHYL, 2 = —1), Ha3bIBAIOTCS Op-
mozonarbrbimu Ha npomexxyTke (a, b), ecau

b
[H0)gdx =0,

e

glx)=0(x)-iB(x)
— conpsiXeHHast QyHKuus. B aToM cayyae HopMa QyHKUMH Onpeaessier-
csl hopMyIoH

/s

fircotas]
|7l = f!f(x)lzdxJ ,

rae

|F(0)] = Y2 (x) +B 2 (x)

— Monytb pyHKuuH f(x).

2. HopMHpoBaHMe OPTOTOHANbHOH CHCTEMBI QYHKIMH.

JI e MM a. Besikyio opToroHanbHy 0 CHCTEMY MOXHO HOPMHPOBATD YM-
HOXKEHHEM €€ UJIEHOB Ha MOAXOASAIIME MHOXUTEH (HOPMUPYIOILHE MHO-
XKHUTEJH).

HlokasarteabcTBo. [lycTh B npoMexyTke a < x < b 3axaHa opTo-
roHajlbHas cHcteMa GyHKuui {Q,(x)}. BBemeM HOBble QYHKUHH

163



v, ()= ﬁﬁ' TMonyuennas Takum o6pasom cuctema {y,(x)} 6yner op-

TOHOPMHUPOBAHHOH. [leficTBUTENBHO,

b b
= 1 =
_[\Vn(x)‘l’m(x)dx = m{%()ﬁ)wm(x) =8,

3. 0606meHnubIe psabl Pypoe. [Tycts HekoTopas hyHkuus f(x), 3a-
aHHasi B IPoMeXyTKe a < x < b, I0NycKaeT pasioxeHHe B P/ 10 OPTOTo-
HaJIBHOH B 3TOM NPOMEXYTKe cucTeme dyHkuuit {Q,(x)}:

flx) = iCn(p,,(x). (1.7)

n=l1

Haiinem uucnennbie koabduuuents C,, npeanonaras paBHOMePHYIO
cxonuMocTb psifa. Jast storo ymHoxuM o6e uactu (1.7) Ha @,,(x) (m =
=1, 2, ...) ¥ IPOHHTErpHpyeM 10 NIPOMEXYTKY (a, b), cuuras, uto psg,
CTOSILLMA CNIPaBa, MOXHO MHTErpUpPOBATh NMOUNEHHO (BBHIY €ro pasHo-
MEPHOH CXONUMOCTH):

b b o 0o b
Jf(x)(pm (x)dx = J- Y Cr9, ()0, ()dx = yc, J(p 2 (), (dx.

an=1 n=1

B cuny oproronansHoctu cuctemst {9, (x)} Ha (a, b), nonysaem Bmecto
psilia eIMHCTBEHHbIH YJIeH, COOTBETCTBYIOLMM 1 = m. :
CunienoBatelIbHO, 3aMeHsst m Ha 11, 6y1eM HMeTb:

b

[1(x)@,(x)dx

C, =4+— =12 ... 1.8
" Ter ) (18)

Koadduuuentst C,, onpenensiemsie no 3TuM GopMyaam, HasbiBalOTCH

koagpuyuenmamu Pypoe dyuxuuu f(x) OTHOCHTENBHO AAHHOM OPTOTrO-
HaNbHOM cucTeMbl hyHKuMi {@,(x)}.

dynkunonanbHbi psg (1.7) ¢ kospduumentamu Oypoe (1.8) Hasbipaet-
cs padom Pypee dyukuuii f(x) Hesasucumo ot ero cxonumoctu. Cresiopa-
TeJIbHO, PYHKUHMH f(x) MOXHO mocTaBuTh B cootBeTcTBHE psan Pypoe:

flx) - icn(p,,(x).
n=1

Tpu onmpefeseHHBIX TIPETIONOKEHHAX OTHOCUTENbHO DyHKIMH f(x) psn
Dypbe 370N HYHKUMK GYAET CXOMUTHCS H ero cymMma 6ynet paBHa f(x).
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§ 2. TpuroHomeTpuueckue paabl Pypbe

1. TpuroHomeTpuyeckas cucremMa pyHKUHHA H ee OPTOTOHANDb-
HOCTb. PaccMOTpHM cHCTeMy TPHrOHOMETPHYECKHX (QYHKLHH ¢ 06LMM
nepuonom T = 2[:

{cos”—’l‘"—, sin-’"l‘—x} (n=0,12..). (2.1)

Jlemma. Cucrema TpUroHOMeTpHUYECKHX QYHKUMA OPTOroHaNbHa Ha
Jo60M TPOMEXYTKE, IJHHA KOTOPOro paBHa O6leMy NepHOLY 3THX
GYHKUHH.

HokasarteabctBo. [lycte C — mo60oe ReHCTBUTEIBHOE YHCJIO H
(C, C +21) moboi mpomexkyTOK AIHHbI 21. B nanbHerieM st onpeseseH-
HOCTH MBI 6yieM 6patb C =—/, 1. e. posb npomexkytka (C, C + 21) Gyznet y
Hac urpath npoMexyTok (-, [). B cuiy onpesnesieHHs OPTOrOHAJIBHOCTH
(1.2) Mbl fOMKHBl yOENUTHCS, UTO MHTErPaJ 10 3TOMY NPOMEXYTKY OT
TIPOU3BENeHHUs MOOLIX IBYX PasNuuHbX GyHKuui cuctemsl (2.1) pasen
HYJIIO, T. €.

)
Icos&l"cosmlﬂdx =0, n#m,
-1

!
jcos%sin%dx =0, J.sinﬁ-’l‘—xsini"%dx=0, nzm, (2.2)
-1 -1

(n=1,2,.., m=0,1,2,..).

JloxaxxeM, HanpuMep, IepBOe COOTHOIIEHHE:

] ]

Jcosﬂl‘—&cos—’l‘lﬂdx = %j‘ [cos("_'l")"x +cos("+ ;n)m]dx =
-1 -1

l

=0.
-1

=1 ! . (n-m)nx [ . (ntm)mx
B 2[(ﬂ—m)7tsm [ (n+m)1t°m { ]

OcTanbHble COOTHOLLEHHS MoJIYy4arTCA aHaJIOTHYHO.

3aMeyaHHe. BolyHCIUM KBapaT HOPMBI 3THX QYHKLHH Ha mpoMe-
xyTke (=1, 1):
l
112 = [12ax = 2;
-1
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"cos A " = JcosQ Xy = —I(l + cos£1nX 2'”‘")d,\c =/, n=12..;
(2.3)

"sm ” —Jsm2 AE iy = 3 I(l cos <X 2'"‘")d)c = n=12..

MoxHo nokasats, uTo HHTerpai ot mo6oi Gyukuuu @(x) neprona T no

J060MY IPOMEXYTKY JUIHHBI T He 3aBHCHT OT Hayajla 3TOro IPOMEeXYTKa,
C+T

T. €. BeJIMYHHA HHTerpasa J(p(x)dx He 3aBucut ot C. [loatomy moay-
C

yeHHble BhiLe hopmy.s (2.2) 1 (2.3) HMeIOT MeCTO NpH HHTErPUPOBAHHH

no so6omy npomexytky (C, C + 21) nauHbl, paBHO# NepHoay ByHKLMU

T=2l.

2. Tpuronomerpuueckuit psag Pypoe. [Ipennonoxum, 4To HEKOTO-
past pynkums f(x), onpenenena B npomexxytke (—/, 1), a 3atem npu ocTanb-
HBIX 3HaYeHHAX X MPONOJKEHA MO 3aKOHY NMEPUONMYHOCTH C MEPHOIOM
T = 21. Tlyers f(x) nonyckaeT TPHTOHOMETpHYECKOE PAa3/NOXKEHHe B PAN
Dypee:

a4 % nmx . nmX
fle) = 3+ Y, cos—— + b, sm—l—). (2.4)
n=1
Kosdduunentsr Pypoe ay, a,, b, 3T0ro TPUrOHOMETPHYECKOTO psaa
®ypoe BoiuMcasIOTCA 110 GopMynam (1.8) ¢ nenonb3oBaHKeM COOTHOLLIE-
Huit (2.3) ¥ UMEIOT CJIeyIOIHE BUL:

cos X
{b jf(x) " dx, n=0,1,2,. (2.5)

nnx
Zr o |sinf

OrMetum yacTHii cayuait T = 21 (I = 1), korxa kKoadpuuments Pypbe
CYHTaIOTCA 1o hopMy.ie

{ nolf ,f(x){”s’”‘dx, n=0,12... (2.6)

smnnx

Mt npeanonarany, YTo 3aiaHHas GYHKLMS MOXKET GbiTh Pas/oKeHa B
paBHOMepHO cxonsumitcst pag Pypoe (2.4) ¢ kosdpduupentamu (2.5). Ka-

KOt J0/KHa 6biTh hyHKuus f(x), 3ananuas B npomexyTke (- /, 1), uto6h
ee TpUroHoMeTpuyeckui psig Pypbe cXonH/ICS H NPEACTABAA QYHKLHIO
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f(x)? Ha stoT BOTpOC f2eT OTBET TEOPEMA CXOAMMOCTH A/l TPHTOHOMET-
pHryeckux psigoB Dypbe, KOTOPYIO Mbl ceHdac chopmyJHUpyeM.

3. Teopema CXOAMMOCTH.

OnpenedneHHue. OyHKuHs Ha3bIBACTCS KYCOUHO-HENPEPBIBHON HA
JlAHHOM TIPOMEXYTKe, eCJii: 1) OHa OrpaHHyYeHa Ha 3TOM NPOMEXKYTKE;
2) ©MeeT Ha HeM KOHEYHOE YHCJIO TOYeK Pa3pbiBa, IPHYEM BCe TOUKH pas-
puiBa 1-ro poza.

TMycTs nana nepHoauyeckas dynkuus f (x) ¢ nepuonom T = 21. TTpome-
xyToK (—/, ) npu [ = % Ha3bIBaeTCs OCHOBHOH 06s1acThio. s 310H yH-
KUK MOXHO MOCTPOUTh TPUTOHOMETPHYECKHH psift Pypbe:

o
f(x) - a—2° + Z(a,, cos % + b, sin#E ).
n=l

Teopema. Ecan pynkums f(x) KycouHo-HenpepbiBHA B OCHOBHOM
06./1aCTH ¥ HMeeT KyCO4YHO-HemnpepLIBHYIO epBYI0 MPOU3BONHYI0, TO: 1) ee
COOTBETCTBYIOLMH TPUrOHOMETpHYecKHii pag Pypbe cxomures 114 J11060o-
ro 3HayeHHst apryMeHTa;

2) cymma S(x) TpuroHomerpuyeckoro psga Pypbe pasHa QYHKUUH
f(x) B TouKkax ee HempepHIBHOCTH W paBHA CPeNHEMY apU(METHIECKOMY

npenesnoB (YHKUHH C/eBa U CpaBa B TOYKAX pa3pbiBa (QYHKLHH, T. €.
fx=0)+ [(x+0) e

S(x) = f(x), rae x — Touka HenpepbiBHOCTH U S(x) = 5 .

X — TOYKa pa3pbiBa.
Tak Kak B To4Kax HenpepuIBHOCTH X GyHKuKH f(x) BBIIOJIHEHbI PaBeH-
CTBa

flx=0) = f(x +0) = f(x),
1o 1t cymmbl S(x) HMeeM o611yio GopMyJty
S(x) = Hf(x=0)+ f(x +0)]
370 0/1HA U3 OCHOBHEIX TeopeM TeopuH psigoB Pypee. JlokazaTenbCTBO
3TO¥ TEOPEMEI Mbl 3[(€Ch He TIPHBOLHM.

4. JleMMa 00 nHTErpaJie YeTHOM M HEUETHON PYHKIHUH.

Onpenenenue OyHKUMS HASLIBACTCS 4EMHOIL, €CJTH OHA HE MEHS-
eT CBOEr0 3HaYeHHs NP H3MEHEHHH 3HaKa apryMenTa, 1. e. f(-x) = f(x).
DyHKUHS HA3HIBAETCS HeUEeMHOLL, €CJTH TP U3MEHEHHH 3HaKa apryMeHTa
OHa MeHsieT 3HaK Ha 06PaTHBIH, COXpaHsAs a6COMOTHYIO BE/IHUUHY, T. €.

fl=x) == f(x).
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[Tpu BeyKcaeHHH Ko3hduLHeHTOB Dypbe MOXKET 0Ka3aThCs MONE3HOH
cllefytoluas emma.

Jl e MM a. MHTerpan B CHMMeTPHUHBIX Npefesax OT YeTHOH QYHKUHH
PaBeH YIBOEHHOMY HMHTerpajy Mo MOJOBHHE OTPe3Ka WHTEerpUpOBaHHUS,
a 0T HeYeTHOH QYHKLHH paBeH HYJIO, T. €.

!
l .
Jf(x)dx = J%([f(x)dx, ec f(x) — vernas;

2.7
0, ecau f(x) — HeueTHas.
HoxaszatenbcTBo. PaCCMOTpHM
If(x)dx J.f x)dx +J.f(x)dx
-1l
[Tonoxum B nepeom unterpaine x = —&, dx = —d&. Monyuum

I 0 [ l l

[ Fdx = = [ F(-E)E + [ fe)dx = [ F-E)E + [ fxdax =

-1 [ 0 0 0

|
=J£[f(—x)+ £} = J2J(;f(x)dx, ecau f(x) — yeTHast GpyHKuMS;

0 0, ecu f(x) — HeueTHas dyHKuus.

JlemMa nokasaua.

5. TpuroHomerpuyeckue psaabl Pypbe YETHBIX M HEYETHBIX
byHKUMH.

Teopewma. Tpuronomerprueckuit psg Pypbe yeTHOH mepHoaHyec-
KOH (DYHKLHH COEPXKHUT TONLKO KOCHHYCBI KPaTHBIX AYT. TpHroHOMETpH-

yeckuil psif Pypbe HeueTHOH DYHKLHMH COLEPKHT TONBKO CHHYChI KpaT-
HBIX AYT.

HokasaTeabctso. JonyctuM, uto dpynkuuu f(x) cooTBeTcTBYeT
psn Pypoe (2.4) ¢ kosaduupentamu (2.5).

Ecan f(x) — yertnas dyuxuus, To npumenss gemmy (2.7) K uuterpa-
nam (2.5), onpeuenmoumm Koa¢)qmunemb1 ®ypbe, Mbl nONyyaEM:

H=Hf(x [jf Jeos#Edx (n=0,1,2,.), (2.8)
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l
by =1 [f()sindx =0 (n=0,12,..), (2.9)
-1

TaK Kak B MepPBOM CJyyae MOJ 3HAKOM HHTerpaja CTOMT MPOH3BefeHHe
YyeTHOH (QYHKUMH Ha YeTHYIO, T. €. 4eTHas (YHKLHMS, a BO BTOPOM CJy-
Yae — NPOU3Be/leHHe YeTHOH (DYHKLHMH Ha HEUETHYIO, T. €. HeueTHas PyHK-
uusi. CiieoBaTeqbHO, 711 4eTHOR QYHKIHMH HMeeT MecTo pas/ioxKeHHe

f(x)——°+ Zancosm (2.10)

Ecau f (x) — HeveTHas (yHKIKS, TO B CHJIY PEbIAYILEH JEMMEL 51
K03 dunreHToB Pyphbe aHATOTHYHO HMeeM

I
= f(eos ™edx =0, (=012 (211)
-/

l l
by = %jl fx)sin g = 2 { fosin®dy, (n=12.). (2.12)

PasznoxeHne caMoit pyHKUHK OyeT HMETb BHA!
fx)= Zlbn sin 27, (2.13)
n=

TeM cambiM TeopeMa 10Ka3aHa.

B cayuae, ecan pynkuus f(x) neprona T = 21 (I = 7), noaydeHHble
Bhille (POPMYJIbi IPHHUMAIOT BUIL:

1JIs1 Y€THOH (PYHKUMH —

f(x)=—02£+ Zlan cosnx, (2.14)
n=
T
= %jf(x)cos nxdx, (n=0,12,..); (2.15)
0
ANl HEYETHOH (PYHKLHH —
fx)= Y b, sinnx, (2.16)
n=1
T
b,= %jf(x)sinnxdx, (n=12.). (2.17)
0
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6. YeTHoe u HeweTHOE npoaoKeHUe GyHKUHH. [TycTb HeKoTOpas
dynkuns f(x) 3anana Tonbko Ha yuactke 0 < x < [. [Ins pasnoxeHue 3101
dyHkuun B pax Pypbe ee Ha0 NPOAOIKUTL HA PoMexyToK — < x < 0.
TO MOXHO clle1aTh Pa3NUyHbIMH criocobamu. Hanpumep, 31y dyHKuHIO
MOXHO pa3JioxHTh B ipomexyTke (0, [) kak B pan suna (2.10) no kocuny-
CcaM KpaTHbIX Ayr ¢ Koahduurentamu (2.11), Tak u pan suna (2.13) no cu-
HyCaM KpaTHBIX Ayr ¢ Koahduumentamu (2.12). O6a 3tH psga BHYTPH
npomexxytka (0, [) 6ynyT umets cymmoit dynkumio f(x) uau cpensee
apudMeTHUeCKOoe B TOuKax pa3pbiBa. Ho BHe mpoMexyTka oHH 6yayT
NPECTABJATb COBEPIUEHHO pa3/iudHble PYHKLHMH: PSifl 110 KOCHHYCaM AacT
byHKuKio, Monyyaninycs u3 f(x) YeTHHIM NPONOMKEHHEM B COCEHHH
npomexyTok (-1, 0), a 3aTeM nepUOAHYECKHM IPOSOJIKEHHEM C TEPHOOM
T = 21 BHe npomexkyTka (-1, 1). Psig o cuHycam aacT GyHKUHIO, [101y4a0-
LLYIOCS HEYETHBIM MPOROJIKeHHeM (yHKUMK f(x) B coceHuil POMeExy-
10K (-, 0) ¥ 3aTeM NepHOIMUECKHM NPOJOIKeHHeM ¢ nieprotoM T = 2/
BHe npoMexyTka (~/, [).

Urak, dynkuuio f(x), sapannyio Ha npomexytke (0, /), MoxHO pasio-
XUTb 6eCUMCIEHHBIM MHOXECTBOM CIIOCOGOB B 3aBUCHMOCTH OT Criocoba
NPOLOJIKEHHS €€ B OTPHULATEbHYI0 06/1acTb. B 4acTHOCTH, ee MOXHO pa3-
JIOXHTD B Psil KOCHHYCOB (4eTHOE NPONOJIXKEHHe) KM B Psil CHHYCOB (He-
YeTHOE TIPONOJIKEHHUE).

7. llonsATHe 0 pasnokeHUH B psax Pypbe HemepHOAMUYECKHX
dynkuui. OyHKiHI0, 331aHAYI0 B OCHOBHO# 06aacTH (~1, [), MOXHO me-
PHOIMYECKH MPOJOKHUTD 32 OCHOBHYIO 06/1aCTh C MOMOLIBIO (DYHKLHO-
HaJbHOro cootHowenus f(x + 21) = f(x).

Jlns Henepronuueckoi GpyHkiuu f(x) (oo < x < +o0) MOKHO BHIENHTD
yuactok (= < x <[), a 3ateM B3sTh nepuonuyeckyo dyHkuuwo (x) ¢
nepuonom T = 2/, kotopas B npomexxyTke (-, [) pasua f(x). [Tepronuue-
Ky dyHKumo Q(x) MOXHO pasnoxuTh B psan Pypoe:

(2.18)

- % nmx
ox)= 3 Z(a,,cos + b, sin 1

®opmyna (2.18) BepHa Ha Beeli ocH —o < X < oo, MOXHO HAMKCATb NOK06-
HOe passoxeHue 15 GyHkuuu f(x):

()= 22+ Z(a cos M + by, sin ). (2.19)
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Popmyana (2.19) 6ynet BepHa TONLKO Ha KOHEUHOM npomexyTke (-1, [),
TaK KaK Ha 31oM npomexyTke f(x) u ¢(x) coBnanaort.

Takum 06pa3oM, HEMEPHOAMYECKYI0 QYHKLUHIO MOXKHO PA3JIOXKHTb B DAL
®ypbe TOJILKO Ha KOHEUHOM TTPOMEXKYTKE.

8. KomnaekcHas ¢opma TpuroHomerpuyeckoro paga Pypoe.
Psn ®ypoe (2.4) 1o TpUroHOMETPHYECKOH CHCTeMe (QYHKUHH ¢ KO3 dH-
uuentamu (2.5) MoXeT 6bITb MPeACTaB/IeH B KOMIUIEKCHOH (opme. [as
3TOTO BOCMOJIb3yeMCsl COOTHOLIEHHAMH

jome e
e L =¢o ”’l‘xﬂsm-”—’l‘—".e 1—cos"’l”‘ zsm-"-’f’i (2.20)

H BBIPa3UM TPUrOHOMETpHYeCKHe (BYHKUHH 10 GopMy/am

A . 1| i —janx
cos”T’”:—Z—e Uge 1| osin®™ =l e 1 | (2.21)

OrTctona nosyyum

f(x)=-a—2°-+ i(a cos 2% + b, sin 4 ) =

n=
_ a4 o[ a,-ib, ™ a.+ib, -11‘5"—
-7+Z( e T+ e |

! !
—ib, . -
C, = Zn 2‘ —2L (x)(cos X _jsin ""x)dx ljf(X)e "1 dx,
1

1
+ib, j X
C.,= An 21 n 2lj (x)(cos”—""+15m "’l"‘)dx = §I7J.f(x)el I dx.

3pech MBI BOCTIONIb30BANKMCH BhipaxkerHeM (2.5) nas koadduumentos dy-
pbe H cooTHoweHHsaMH (2.20). OTciofa OKOHUATEJILHO NOJy4aeM KOMI-
JeKCHY10 hopMy psina Pypbe B caefyioLieM BHIE:

fx)= iCkeiﬁlE, (2.22)

k=—o0
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l e
Ce =2 [ e T ax, (2.23)
2

TAEe 3Ha4O0K k TIPHUHHMAET He TOJIbKO LeJbie TTOJI0XHUTENbHbIE HO K OTPHLIA-
TeJIbHbl€ 3HAYECHHA.

9. Unrerpaannas popmyana ®ypse. [Tycts pynkuus f(x):

1) KycouHo-HenpepbiBHA H HMEET KYyCOYHO-HENpPEPLIBHYI NMPOH3BOJ-
Hyo ['(x) Ha kaxaom npomexyTke (~, [) C (~oo, +oo);

2) aGCONMOTHO-HHTErPHPYEMa Ha OCH (—oo, +00), T. €. CYLIECTBYET HHTET-
pan

]olf(x){dx < oo, (2.24)

Torna npu =/ < x < [ 3Ty QYHKUKIO MOXHO NPEACTAaBHTD B BHAE Psla
Dypre:
: Foo :kmx
fO) = Y Ce't, (2.25)

h=—c0

TIe KOMIJIeKcHbie Koa(duurenTs Dypbe onpenensioTcs no popmysne
(2.23) (cm. § 2, 1. 8)

ke

l .
Ce =5 [F(®)e™ T dE, (2.26)
-1

(k=0,%1,+2,...). 3necn, no cpaenuo ¢ popmysnoi (2.23), nas ynober-

Ba Ja/bHEMIIMX BBIKNAJA0K NepeMEeHHas MHTerpUpoBaHHA X 0603HayeHa

ApyTo#t 6yKBO# £, 4TO 33aKOHHO A/151 OTIPefeNIeHHOTO HHTerpaa.
TMoncrasass Gopmydy (2.26) B popmyay (2.25), 6ynem umeTs

+oo L [ (x=8)
fo)= Y & 1@ T e, (<x<n.  (227)
h=—o |
Beenem o6o3nauenus
BLNp,  (k=0,%1,42,.)

Mg = A=k === - =T,
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OTKyZna
LTy
—=.

—~1—

Torna ¢popmyna (2.27) npumet BUI

l
[(x) = 5= f Ahy [Ee™Dde  (1<x<i).  (228)
-1

[TycTb Temepnb [ — oo 1, CELOBATEINLHO,
My =70
®opmyana (2.28) HanomuHaeT uHTerpaibHylo cymmy. Kak u3BecTHo,
ec dynkums ¢ (x) HenpeprisHa Ha otpeske [a, bl u
a=xp<x1<..<x,=b,
Axp=xp41-%, (£=0,1,2,..,n-1),

TO
n-1 b
lim (xp)Ax, = |olx)dx. (2.29)
maxAxk—)Okzﬂ’)q) *h k {(P *

MoxHo 10Ka3aTh, 4TO MpH NpeAnonoxkenusx 1) v 2) A/s Hawero psiaa
(2.28) Ha npomexyTke (o0, +o0) nipu AA;, — 0 GyzeT BepHa aHAJIOTHYHast
dopmyna, rie GyHKUHSA @ MMeeT BUL

o(A) = [f(®le™-5)gg (2.30)

(8 cuny ycaosus (2.24) unterpan (2.30) a6comoTHO CXOAUTCS).
Takum 06pa3om, nepexoss K npejeny [ — o B popmyse (2.28) Gynem
MMETb HHTErpanbHylo Gopmyay Pypbe:

flx)= #T&T/‘(ﬁ)e Mx-8)gE (-0 < x < +o0)  (2.31)
WK o
f(x)= TC(X)e Mgp, (2.313)
rae -
o) = Q%Tf(g)e-flidg (2.316)

(cnexmpansnoe pasroncenue pynryuu f(x)).
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3ameuanue. Kak cienyer us teopemsl cxogumoctu psino Pypoe

(§ 2, n. 3), B Toukax paspeiBa x dyHkuuu f(x) neBas yacTh GoOpMybi
(2.31) paBua

$[H(x = 0)+f(x + 0]

10. HaTerpaa Pypoe B geiictBuTeAbHOM BHAE. Mcnonbays dpopmy-
Jay dinepa

el = cosoL + [ sina.,

dopmyay (2.31) MoxHO 3anKcaTh B BUIE

fx) = <L [d [FE)cosA(x - E)aE + (2.32)

e iy
+ o [an [fE)sinh(x - £t

Tak kak Mbl npeanosiaraeM, uto GpyHkuus f(x) neicTBuTeNbHA, TO €€
MHHMasi 4acTh paBHa HyJo. [TosTomy u3 dopmy.si (2.32) nonyuaem

)= 3x f dh f fE)cosMx —E)dE  (~o0 < x < +0). (2.33)

—00

11. MuTerpanbuas dopmyna Pypbe Jis YeTHBIX ¥ HEUETHBIX
$yuxumi. Tak Kak

cosMx — &) = cosh x cosAE + sinAx sinAg,

0 hopmyay (2.33) MOXHO nepenucath B BUe

flx) = Tta(?»)cos A +b(M)sinAxJdA, (2.34)
rne -
a(h) = #Tf(é)coslf,dé (2.35)
H
b(h) = %Ti(é)sm}»édé (2.36)
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Ecau dyukuus f(x) — wemnasn, 1. e. f(-x) = f(x), To Ha ocHOBaHHH
nemmbi (§ 2, 1. 4), umeem

400
bA) = o= [[®)sinAEdE = 0.
[Mostomy Toraa

f(x) = [aM)cos Axdh (=00 < x < Foo), (2.37)

T. €. CHpaBEIUIHBO TaK Ha3biBaemoe «Kocuuyc-pasjloofceuue ¢ym€uuu
f(x)», rne

ah) = 5= [ F()cosMEdE = L [f(E)coshEdE. (2.38)
—o 0

Ecuu xe gynkuus f(x) — HeuetHas, 7. e. f(~x) =—f(x), To aHanornyno
nonyyaem

400
ah) = 5= ff(i)cos?did& =0

+4oo
fx) = [o)sindedh  (~oo < x < o), (2.39)

(«ccunyc-pasroncenuesr pynxyuu f(x)), re
b(A) = & [f(E)sinAEdE = L [fE©)sindede  (2.40)
—o0 0

Mpumep 1. [TocTpouts uHTErpanbHOE NpeacTasienue GpyHkuuH (puc. 1)

, |d<i;
(x)=
! 0, >t
Y
- ]
: Y =f(x) :
pemm———e———— !
| I
J e
-l 0 l X
Puc. 1

175



Pewenwue. Tak kak Qpyukuus f(x) — yeTHasi, To uMmeeM

f(x) = _"a(k)cos Axd\,

—o0

rae

a(d) = %T (&)cos AEAE = {Il cosAEdE + IO -coS ?»éd&_,}
0

smhﬁ]g =l sinM

. 241
A |§ 0 A 241)
Ha ocHoBannu dopmyasi (2.41) nonyuaem
oo
[0 =1 (1x]#0). (2.42)
B cuny 3ameuanus (9.1) npu x = [ umeem
oo
[(L=0)+(1+0) | 1 oM
2 T2 21:.[5"11 dM.
Orcrona, nonaras [ = nonyqaeM 3ameuaresibHbIH unmezpan Jupuxae
+oo ) +oo .
gy = g [hrgp = g, (2.43)
—oo 0

HMpumep 2. Pasnoxuts B psg Pypbe QyHKunio f(x) = |_fc—| B HHTEpBaJe

-7t < x <. U306pa3uTh rpad ik GyHKLUHH H rpadUKU HECKOJIBKHX YaCTHY-
HbIX cyMM psifia Pypbe 370l dyHkuuu. [Tomb3ysck pasnoxeHHeM, HaUTH
cymmy psina Jleii6Huua

i ])nl

PeweHue. Tak kak hynkuus f(x) — HeueTHas, TO ee TPUTOHOMETPH-
yeckuil psg Pypoe (2.16) conepxHT TOILKO CHHYChI KPaTHBIX AYT:

w|...
cnl—-
~)—

f(x) = Yb, sinnx,
n=l
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rae KosdduumenTs! b, BuuMcasiorcs 1o popmyaam (2.17) 1 paBHbl

T
2J innxdx = 2[ Vil +—,1;j|
0

n

a |

CJIelIOBaTEJIbHO, B TOYKax HENpepbIBHOCTH

4 < sin(2n - 1)x
=E2 2n-1 (x;tO).

[Tonaras x = 5, NONyYuM

i(_l)n-l _n
n-1 ~ 4°
n=|

YacTHyHble CYyMMbI JAHHOTO TPUFOHOMETPHYECKOTO PS/ia PaBHBI:
S = Ainx,
T
So =8 + %sian HT. I

Ha puc. 2 n3o6paxeHb! rpaduKH yacTHYHBIX CyMM S| U So

s, S,

. | //// \:/ \\\ |
- 2 /7 \\J
:\\\ 4 0] % noXx
LN \_ f_\ __/4/ -1

Puc. 2

HMpumep 3. Paznoxurs B pag Pypoe dpyHkuuio f(x) = x2 B uHTepBaie
(-m, ).

PeweHue. Tak Kak JaHHas (YHKUHS — YeTHast, TO KMeeT MeCTO pas-
noxenue (2.14)

flx) = %°+ Zan cosnx,

n=1

Tie Ko3hGULHEHTH a,, BHUKCAAIOTCS N0 hopmynam (2.15) u pasHel

T T
0= 2[x2x =212, o, = 2[x? _ A=
" X =37 ,an—nfx cosnxdx = pran
0
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CaenoBatesnsHo,

flx) = x2 = l3— 2( ~——cosnx.

Ipumep 4. Paznoxurts 8 psn Pypve hyHkuuio
f(x) = |cos x|.

Pewewnue. [lannas dyHkuus — yeTHas u uMeeT nepuon «t (2/ = r).
ChneoBate/bHO, A/151 Hee HMeeT MecTo pasnoxenue (2.10)

=%
cos x| = + Y a,cosnx,
n=1
re Ko3(hHLUHeHTH a, BHUKCsIoTCS 10 Gopmysiam (2.8) 1 pasHb
T

_4 -
= n{)cosx cos2nxdx =

4(___1)n+1
n(4n2-1)

CrenoBaresbHO,

|cosx|=% %2( )’Mcos2nx

331131'"!5[ AJid CAMOCTOATEJIBHOIO PELIEHU A

1. Paznoxuts B psan Pypbe B yKaszaHHBIX HHTepBaJiaX CJAefyHOLIHe
GbyHKUHH:
a) f(x) =] x | B untepsane (-7, 7);
6) f(x) = x B unrepsane (=, 1);
B) f(x) = n2 - x2 B uurepsane (-, 1);

[A, ecin —-m<x<0,

r) f(x):! B, ecy 0<x<m,

lA+B
2 ’

Ha cermenTe |-, 1], rie A u B nocTosIHHBIE;

ecii x=-7,0, 1

1) f(x) = xcos x B untepsane (-2 ——)

2. TTokasatb CrpaBeIHBOCTD CIEAYIOLIMX PaBEHCTB:

n cos(2n+1) _x n
a)Z(l) 2nrl = 40 T2 <E<T
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2_2,2
6)2 1)"‘3°5'”‘=————’t % _msxs<m

| 12
n=
2,3
B) 2( l)"“smr”C =7“;—2x, -n<x<m.
n=1

3. dynxumio f(x) = sin4x pasnoxutsb B psig Pypee.
4. Paznoxuts B psinsl Oypbe cienyouye nepHoauyeckue GpyHKIUHH:
a) f(x) = sign (cosx);
6) f(x) = arcsin (sinx);
B) f(x) =|sin x|.
5. YkasaHHbie HiXe DYHKUUHK pasnoxkuTb B uutepsaie (0, 1) B Hemoa-
nbie pas Oypue: a) o CHHycaM KpaTHBIX AyT, 6) 110 KOCHHYCaM KPaTHBIX

nyr. Hapucosatb rpaduku GpyHKUMH K rpadHKH YaCTHUHBIX CYyMM COOT-
BETCTBYIOLLMX PSIOB B 06/1aCTH MX CYLIECTBOBaHHUA.

1, eciu O<x< 5,
a) f(x) =
0, ecau % <Sx<m;

6) f(x) = x.

6. [Tokasats CIIPAaBEAJIUBOCTD CJACAYIOLIUX DABEHCTB!

sin(2n+ x _x .
)2 gnel =g 0<X<m

n 2
n=1
8) i cos(2n+1)x _ n?~2mx 0<x <
arp 8 0 CTEEE
3x2-6mx+ 2n’
cosnx
r)z ==—p—— 05x<2m
n=1
= o 3 2 2
sinnx __ X -3nx“+ 2mx <
n Y P R 0<x<2m.

7. Paznoxurs B psanst Pypbe B unrepsae (0, T) Mo CHHYcaM KpaTHBIX
IyT QYHKUHH:

a) f(x) = x(n - x); 6) f(x) =sin3.
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8. Paznioxutsb B pagst Pypoe B untepsae (0, T) no KocuHycam Kpat-
HBIX IYT QYyHKLMH:

a) f(x) = I-3;  ecn 0<x<2h
0, ecan  2h<x<m;

I, eum O0<x<h,
6 —
) f&) {O, ecii  h<x<m.

9. Pa3ioxHTb B yKa3aHHBIX HHTEpPBa/NaX B HeMoJIHble psigbl Pypbe:
A) no cunycam KpaTHBIX AyT M B) 1o KockHycaM KpaTHBIX AyT Clefyiouue
GbYHKUHH:

a) f(x)=1 Bunrepsane 0< x < I;
6) f(x) =x Buntepsane 0< x <.
10. B yxa3aHHbIX HHTEpBaJax pasnoXHTh B psifibl ypbe GYHKUHH:
a) f(x) =|x| Bunreppane—1<x<1;
6) f(x) =10—-x BunTepBane 5 < x < 15,
11. [TpencraButh uHTerpanom Pypoe ciepyiomiye GyHKIUU:

signx, ecnn  |x|<],
a) f(x) = {
f 0, ecnn |x|>1;

ofw=fo

0, ecs [x|>1

1-|x|, ecam  |x|<1,
B) [(x) = {0, ectn  |x|>]
) f(x) = l+l.\¢2 ’

Y ka3 anue. Bocnosb3oBatecs unterpanom Jlannaca

+o0

coset 4y — K p-|af.
J‘l+x2 2 ’

) f(x) ==

1+ 12"
Y kasauue. Bocnonb3oBaThes HHTErpanoM
oo
J—xli"x%" dx = %signae -l
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sinx, ecan |x|<m,

e)f(x)={

x) () =e*, (@>0);

Y ka3 anue. Bocrionb3oBaTbes HHTErpajiom

0, eciu  |x|>m;

+o0

_[e"’"cosbxdx = —%— (a>0);
0 a‘+b

3) flx) = e~*';

Y kasanue. Bocrosb3oBaTbes HHTErpajJoM

Foo 2
2 _be
Je"”‘ cosbxdx = %\[{Ee 4 (a>0);

0
(1, ecn —1<x<0,
V., ecm x=-10, +1,
u) f(x) = lé
X, ecmu O<x<l,
0, ecmm |¢>1

12. ®yukumo f(x)=e ¥, (0<x<+e) NpeaCTaBHTb HHTErpajoM
dypere, npogosmkasi eé: a) 4eTHbHIM 06pa3oM; 6) HeYeTHEIM 06PasoM.
¥ ka3 aHHue. Boconb3oBaThesl HHTErpaiaMu

+oo +oo0
e—9% cosbxdy = —9—- J —ax g —_b
J(; osbxdx oL Oe sinbxdx = —5 =

(3mecba > 0).



Fnasa III
KNACCUOUKALMA YPABHEHMIM BTOPOI0 NOPAAKA

B 3r0ii rnase gaetcs knaccupUKAUMsA THHEHHBIX OTHOCHTEJBHO CTap-
LIMX MPOU3BONHLIX YPaBHEHHH BTOPOTro MOPSIAKA C ABYMsl HE3aBMCHMBIMH
nepeMeHHbIMH.

§ 1. OcHoBHble onpeaeneHus

M-Horue 3agaun ¢GH3UKH U TeXHUKH NPUBOAAT K AH((epeHIHaNbHEIM
YPaBHEHHSM B YACTHBIX TIPOM3BOMHBIX.

Onpenenenue 1. ¥pasnenuem 8 nacmuoLx npousgooHsLX Ha3bl-
BaeTCsl COOTHOLLEHHE, KOTOPOE CBSI3bIBAET HEM3BECTHYIO (DYHKLHMIO He-
CKOJILKMX NIepeMeHHBbIX U (x|, Xg, . . ., X,) ¥ €€ YaCTHbIe IPOU3BOJHbIE:

du ou_ 9"y _
@(xl, Xy Xyt s o 3y o o ) =0, (1.1)

rae ® — 3anaHHas QyHKUMA CBOMX apryMeHTOB.

Onpenenenue 2. Pewenuem ypaBHEHHS B YaCTHBIX IPOM3BOIHBIX
(1.1) HaseiBaeTcs Besikas GyHKUMS, KOTOPAs MOCJE MOACTAHOBKH BMECTO
HeM3BeCTHOH HYHKIMH 06palniaeT 370 ypaBHEHHE B TOX/AECTBO N0 HE3aBH-
CHMBIM NIEPEMEHHEIM.

Onpepneanenue 3. [lopsmox crapuiedl NPOM3BOLHOH, BXOAALIEH B
naddepeHUHanbHOe ypaBHeHHe, Ha3biBaeTCsi nOpPAOKOM 3TOTO ypaB-
HEHHS.

B matemartnyeckoit Gpu3HKH Hanbosee YacTo BeTpeyanTes AuddepeH-
UMaJIbHEIE YPaBHEHHs BTOPOro nopsiaka. OCHOBHBIMH H3 HHX ABJISIOTCA:
ypasHerue Korebanuil cmpyrot

2 2 A

ypasHerue menaonposooHoCmuy

2
2oy (19
ypasnenue Jlanaaca
2 2
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§ 2. NpuBegeHne K KIHOHUYECKOMY BUAY IMHEHHBIX OTHOCUTENbHO
CTapimMx NPOM3BOAHBIX YPABHEHWU BTOPOro NOPAAKA C ABYMA
He3aBUCHMbIMU NepeMeHHbIMH

1. 3amena nepeMeHHBIX B ypaBHeHHH. PaccMOTpuM aunelinoe om-
HOCUMEAbHO CMAPUUX NPOU3BO0HbIX YPaBHEHHE BTOPOrO MOPSIKA,
onpefelIsieMoe BHIOM

9%u o%u %u _ ( du ou

Alx, )57 + 2B, y)gs + Clx, y)ay2 =Fluyuwgos ) @D
TZe X, Y — He3asucumble nepeMenHbie, u = u(x, y) — neussecmnas GyH-
kuus, A = A(x, y), B= B(x, y), C = C(x, y) — koagppuyuenme: ypabHe-
HUS, He 3aBHCSAWMe OT U, F= F(x, y,u, %‘i—, g—;) — ero npasas wacmo,
npuyem GyIeM CUMTaTh, 4TO ypaBHenue (2.1) paccmaTpuBaercs B HeKo-
mopoi o6aacmu D nepemennsix (x, y). Tlonoxum, 4To K03hOUUHEHTDI
[AHHOTO ypaBHeHHUs HernpepbiBHO nu¢pdeperurpyemsl B D, a ero npasas
4acTh ABJAETCS HENMPEPLIBHO AH(DepeHIHpyeMol GYHKLHEH B 3alaHHOH
obmactH Q u3MeHeHHUs CBOMX apryMeHToB. HakoHew, norpe6yem, 4To6bl B
o6sacTd D HekoMble KO3hQHUHEHTH 00H08peMEHHO He 06pauyaruce boL
8 HYAb.

HazoBem Bripaxenue
A=B2-AC

AMCKpPUMHHAHTOM ypasHeHHs (2.1) u Gynem roBopHTb, YTO ypaBHeHHe
(2.1) B 06nactn D npunanaexur:

a) runep6oauyeckomy THIy, ecau A > 0;

6) napa6onuyeckomy THny, eciu A = 0;

B) 3JUIUNTHYECKOMY THITY, ecan A < 0.

Baenem Bmecto (x, i) HoBbie HesaBrcHMbie niepementbie (€, ) (puc. 3):

Puc. 3
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[Tyctb npeo6pasoBaHue nepeMeHHbIX

E=0(x,y), n=vylx,y) (2.2)
ABJACTCA HEBprO)KlIeHHbIM, T. €. ﬂKOﬁHaH

d Iy
ox  ox

j= ﬂ a_w #O
oy oy

B obnactv D.

TMpousBoanble B HOBLIX HE3aBHCHMbIX NiepeMeHHbIX (€, ) BHIYHCASIOT-
cs 1o hopmyJiam:
Qy___@tiié duon, ou _ duds  duon

“xm+ha 3 %@*%@

?u ( 9 0% Ko ( L % L a_
ax2 a§2 9§an wor t aé ax t oo

== a 32'1 ___asan au azg _u_
=G ) aaan Wyt ( t ot Tmae 29
?u _ Pudkk | %u (Fom a_am +

oxdy ~ &2 ox oy Bit}n dxdy  dy ox

+&an6n +a_u 32}; +8u 8211
m2oxdy = o dxdy  onoxoy’

TMoncrasassa sHayeHus npoussoaHsix u3 (2.3) B ypasnenue (2.1), noay-
YUM:

A] a&z +QBl

du 9
T Se-Alenug ) @

rae

4, - A(—aﬂ) + 2% % +c(%:1)2,

dx dy
_ 2990y 0y . ¢ a\v) 99 dy
Bi= A5 *Bacay Ty o Cay 3y’ (2.5)

L(:1=A(%‘;") +23*""a"’+c( .

IMpu npeo6pasosatuu (2.2) nopsgok AU HEpeHIHANLHOTO YPaBHEHHS
(2.1) He MoXeT yBenHuuThCA. 3aMeTuM, 4TO B ypaBHeHHH (2.4) koaddu-

unentsl A; = A;(§, ), B; = B,(§, n) u C; = C,(§, n) He moryT oxHoBpe-
MeHHO 06palaThCs B HYJIb.
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JleficTBHTE/IBHO, NPOH3BO/S 06paTHOE Npeobpa3oBaHHe

x=¢&n), y=vy,(E ),
MBI I0/XHBI BEPHYThCSA K MCXOAHOMY ypaBHeHHI0 (2.1), rne A2+ B2+ C2#
# 0. A 370 HeBO3MOXHO, ecid B Hekotopoi Touke ({, M) umeem
Al+Bl+CE=0.
Taxum 06pasom, ypashenue (2.4) TakKe ecTb ypaBHEHHe BTOPOTO 110-
psaka.
Jlerko HenocpeaCTBEHHO YOeAUThCS, UTO

B2~ A€, =J2%(B2-AC). (2.6)

Orcrona cefyer HHBapHAHTHOCTD THIA YPaBHEHHS NIPH NPe06Pa30BaHHHU
nepeMeHHbIX.

Takum 06pa3om, NpH HEBLIPOXKIEHHOH 3aMeHe He3aBUCHMBIX NIePeMeH-
HBIX B JIHHEHHOM IH((pepeHLHalbHOM YDaBHEHHH He MeHseTCA:

1) nopsinok ypasHeHHus,

2) NHHEHHOCTD,

3) Tun ypaBHeHHs.

2. XapaKTepHCTHKH ypaBHEHHUS.

Onpeneunenue. [lon xapaxmepucmuseckum ceMeHcTBOM KPUBbIX
TNIOHHMaeTcs OJJHOTIApaMeTpUUecKoe ceMelCTBO, 06Jafatolee TeM CBOH-
CTBOM, 4TO €CJIH NapaMeTp ceMeHCTBa NMPHHATH 332 HOBYIO KPHBOJHHEH-
HYI0 KOOPIHHATY, TO B Npeobpa3oBaHHOM IH((PepeHIHaNlbHOM ypaBHe-
HHM OYIeT OTCYTCTBOBaTb uJeH, COAEPXKAaIUMH BTOPYK NPOH3BOAHYIO
HEM3BECTHOH (YHKLHH [10 3TOH KOOpAHHATE.

Beskas xpuBas, BXOAsIIIAs B XapaKTepPUCTHYECKOe CeMeHCTRO, Ha3blBa-
eTCH XapaKmepucmuxoi.

Hanpumep, ecau

§=0(x,y)
— XapakTepHucTHYecKoe ceMeHcTBO, T0 A| =0, T0 ecTb
2%0)? | gpdede | c(30)?_
A(S) + 289238 +0(32) =0 2.7)
B CHJTy COOTHoMIeHHS (2.5).
[Tycrsb
o(x, y) =& = const (2.8)

— HekoTopast PUKCHpOBaHHas xapakTepucTuKa. Judpdepenuupyem (2.8):
94, 4190, _
0%+ % dy=0
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HITH

E=:—£=K=const
ax dy
Orciona
do_dy do_ dx
=K WS- K- (2.9)

TMoncrasass (2.9) B (2.7), 6yneM umets:

Aldy)? - 2Bdxdy + C(dx)® _
K? -

0

HITH
Aldy)? - 2Bdxdy + Cldx)? =0. (2.10)

INonyyennoe ypasHenue (2.10) HasbiBaetcs dugpeperyuarvroim ypas-
HeHuem xapaKmepucmux.

Ipu dx # 0 0HO 9KBHBAJIEHTHO CJIEAYIOLIEMY YPaBHEHHIO:
2
dy 4y  ~_
A(Z) -BF+c=0
HIIH

(2.11) .

dy _ B+VBP-AC . dy _ B-VB*-AC
dx ~ A Yodx T A :

Ananoruuso, ecaiu 1| = Y(x, y) — xapakTepucTHYECKOE CEMEHCTBO, TO
C; =0, a xapakTepHCTHKH yIO0BJIETBOPSIOT TaKXe ypaBHerue (2.10).

Wrak, eciv BLI6paTh B Ka4€CTBE HOBBIX HE3ABHCHMBIX IEPEMEHHBIX § 1
T) XapaKTEPUCTHKH, T. €. 061IKe uHTerpassl ypasHenus (2.10), To npeo6-
pasoBaHHOe ypaBHeHHe (2.4) npuMeT Hau6osee MPOCTOH BHA.

3. KaHoHMYeCKHII BHJ ypaBHEHHS TMNep6OIMYECKOTO THMA.
Jlnst ypaBHeHHsi runep6oaMyeckoro TUna B 06sacTy D cpaBeiIHBo Hepa-
BeHcTBO B2 —AC >0, a o6ume unterpans ¢(x, y) = const, y(x, y) = const

ypasHenu# (2.11) geficTBuTeNbHDI K pasauunbl. [109TOMY ypaBHeHHe rH-
nep6oJIHYECKOro THIIA HMeeT [1Ba Pa3/IH4HbIX CeMEHCTBA IeHCTBHTE/bHBIX
XapaKTePHCTHK.

[Tycts B npeobpasosanuu (2.2)

E=0(x,y), n=ylx, y). (2.12)
Torna B cuay (2.5) B ypasHenuu (2.4) Ko3ppHuuHEHTH
Al = Cl =0.
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flko6uan J B paccMaTpHBaeMoi 06/1aCTH NIpeAnoarae Tcs OTJIHYHEIM OT
nyas. [TosTomy u3 cooTHowenus (2.6) cnenyer, uto

Bl #0,
¥ ypasHenwe (2.4) npumer Bua:

92
2B1 565 = Fi-

Pasnenus Ha 2B, noayuum

02 du du
= h(enu 5.5 (2.13)

310 — Kanonuueckuil 6ud ypasHerus eunepboAULECKO20 MUNQ.
E+1 B - E-n
2 2

MNonaras =0+, n=a-P,rae o= — HOBbIE [IepeMeH-

Hbl€, MOXHO MOJIyYHTb BTOPYIO KAHOHHYECKYI0 (POPMY YpaBHEHHS rHnep-
60JIHYECKOro THIIA:

2 2 * *
S -TE=1T T =4p).

[IpocrefimuM npuMepoM ypaBHEHHS! NAHHOTO THNA MOXET CJYXHThb
ypaBHeHHe KoJIeGaHHH CTPYHbI

Pu_ o _
x?  gy?

4. KaHoHHYecKknii B ypaBHeHHs napa6oanueckoro Tuna. s
ypaBHeHHs napabosnxyeckoro THna B obaactu D

B2-AC=0. (2.14)

CnenosatenbHo, oiMH U3 K03 dHLHeHTOB A U C OTJIHYEH OT HYJIS, TaK
KaK Mbl IpeAinoJaraiy, yto koadduuuentsl A, B u C ypasHenus (2.1) He
00pallaioTcs ONHOBPEMEHHO B HYIb.

IMycts, Hanpumep, A # 0. Toraa ypasHenus (2.11) coBnanator:

dy _ B
4_8 (2.15)

Mgl nosryuaem ofuH 061K HHTErpas ypaBHeHUs xapakTepucTHk (2.10):
o(x, y) = const.

CnenoBarenbHO, ypaBHeHHe MapaboMHYecKOro THIA HMeeT OfHO Ce-
MEHCTBO 1eHCTBHTEbHBIX XaPaKTEPHCTHK.

187



[peanonaras, urto %% #0, B ypaBHeHHe (2.1) BBezieM HOBbie MepeMeH-

Hbie
E=0lx,y), n=y (2.16)
TIpH 3TOM
% 3
J=1|dx dy =%’1¢0.
0 1 X

Torzna B cuay (2.5) B ypasHenuu (2.4) kospduument A; =0, a

3(Paﬂ 99 on 90371 dp o 3(9
ax i +B(ax dy 8y o +C8y dy B C (2.17)

Tokaxewm, 4to koadduument By =0. 115 storo ypasuenue (2.7), kotopo-
MY yIOBJETBOPSIOT CEMeHCTBA XapaKTEePHCTHK

A(%f 23-3—333 +c(a§)2 =0, (2.18)

YMHOXHM U pasfenum Ha C. Ucnonbays cootnomwenus (2.14) u (2.17), no-
JY4UM

(Ac-32)(%‘§)2+ (82 +c% : B
=T

=0,

OTKyZa carenyer, uto By = 0.
Takum 06pasom, ypasrenue (2.1) napa6onnyeckoro Tuna B HOBBIX -
pemeHHbIX (2.16) npruHrMaeT cneayromm?l BHI:

an2 = Fl
HIIH
Lo ji(enw g;: g; (2.19)

310 — Kanoxuueckull sud ypasHernus napaboaudeckoeo muna.

[pumepoM ypaBHeHHs TapaGoNHYecKOro THIIA MOXKET GITh ypaBHeHHe
TENJIONPOBOAHOCTH:

2
ox

5%

u

Lo
a® oy

(5]
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3amerum, uto eci kKosdduument C = 0, 1o u3 (2.14) nonyuaem B =0,
T. e. Toraa ypasHenue (2.1)usHayanbHo nMeeT KaHoHHyeckui Buz (2.19)
u npeoGpasosanue (2.16) nannuHe.

MOoXKHO N0Ka3aTh, 4TO B 1apaboauyeCKOM cayyae Jio6oe npeo6pasoBa-
HHe BHJA:

E=0lx,y), n=ylx,y)
¢ siko6uarom J # 0 npuBoauT ypasHerue (2.1) K KaHOHHYECKOMY BHLLY.
5. KaHoHu4ecKkuil BUI ypaBHEHHd JIMNTHYeCKOro THna. s

YPaBHEHHUs! 3UIMITHYECKOTO THNa B 06/1acTH D cripaBelHBO HepaBeH-
¢1B0 B2~ AC < O unpasbie yacTu ypasuenuii (2.11) komnnexcrbr. [Tycts
¢(x, y) = const, yl(x, y) = const

— KOMIIJIEKCHBIE HHTEI'PaJlbl 3TUX ypaBHEHHﬁL Hepexonﬂ K KOMIIJIEKCHBIM
NNEpEMEHHBIM

E=0x, ), n=vylx y (2.20)

MOMyYHM, KaK U B CJlyuae ypaBHeHHs runepOoNHYecKoro THIa, npeobpa-
30BaHHoe ypaBHenue (2.4) B cnenyxomeM BHJIE:

aaan = fi. (2.21)

Urto6bl He MMETD [N C KOMIIEKCHBIMH [IepeMEHHBIMH, BBEEM HOBBIE
_TlepeMeHHble OL U B:

&

+
=
=
Uay
I
=

o =

TaK 4TO
E=a+if;, n=o-ip.

[Tpu stom ypasuenue (2.21) npuuumaer Bux:
A[a_u] _ 1{a_ua_a + 8_u£] _
i | & onldo &  9f I8
9|l ou 1|_1 1,
= &n[aa 2" % Zi] [a(,? aaaﬁ( 2;)]
%y
[aaz 332) h

Lu ) P g (2.22)

HJIH

rre f* = 4f.
10 — KaHOHU4eCKuli U0 YpaBHEHUS INAUNMULECKO20 MUNGA.
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[IpocTefilim npHMepoM ypaBHEHHS JVIHITHYECKOrO THNA ABASETCS
ypaBHeHue Jlanuaca.

3ameyanue. Moxer cayuntbes, uto ypaHenue (2.1) B pasHbix ya-
ctax obsacTd D npUHapexuT pasnanyHbiM Tunam. [IpumepoM Takoro
yPaBHEHHS CMEIUIAHHOrO THIA MOXET CJIYXKHThb ypaBHeHHe TpHUKOMH

2u , o*u _
2t ol 0.

ITpu y > 0 oHO NPHHANIENKHT MIHNTHYECKOMY THITY, IpH ¥ < 0 — runep-
GomuueckoMy THMYy, a y = 0 — JMHHSA NapaboNUYHOCTH.

§ 3. 3aauu C HayanbHLIMU AaHHBIMK

1. 3amaua Komu. PaccMOTpHM 06111y 0 OCTAHOBKY 3alauH C HayaJb-
HBIMH JIaHHBIMH 115 ypaBHEHHUS:

Llu] =F[x, Y, ”%%aaTu) (3.1)
rfie oneparop

Llu] = Al 9)3% +2B(x, )t + Cle )2, (32)

ITycte Ha niockoctu Oxy samaetcs Hexortopas riagkas kpupas K, Ha
KOTOPOH 3a/1al0TCsl 3HaUeHH s PYHKLHMH H ee IPOM3BOAHOH:

Dl = olx, y);
3.3
S .

Hauanbuele yenosus (3.3) HasbiBatotes Hauasbnoimu dannowmu Kowu, a
kpuBasi K — Hocumenvruyell Ha4arbHblx OAHHbLX.

3anaya Koww craButcs Tak: TpeOyeTcss HaHTH pelleHHe YPaBHEHHS
(3.1), ynosnetsopsiowee aanubimM Kown (3.3).

3ameuanue l. Hauanbubie yesnosus (3.3) no3sonsiior HalTH 3Have-
HH s IPOU3BOIHON g—i Ha kpuBo# K, 3anaBaemoli ypasHeHueM y = 0(x).

JleicTBUTEIBHO, B0 3TOH KPHBOH

u(x,0(x)) = o(x, 6(x)). (3.4)
Iuddepenumpys cootromwenue (3.4) no x, nonyyum
ou

3

dul ory) = 49
K+ayKe(X)'dx

K)
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OTKyZa, yuuThiBas (3.3), 6yneM umetsb

%% 0" 34;(9()5. 8(x)) - ylx, ¥)8’(x). (3.5)

3ameuanue 2. Havanbueie ycioBus Kowu Hesb3st 3a1aBaTh Ha Xa-
pakTepHCTHKax (3afaua He GyxeT HMeTb PelleHHs HJIH GyleT Heompene-
JIEHHOM).

3ameuanue 3. 3anaua Komn 06b4HO CTABHTCSA IS YPAaBHEHHH T'H-
nep6oJHYecKoro 1 napabosryeckoro Tunos. [lns ypaBHeHHH 3JUHNTHYe-
CKOTO THIA OHa He PacCMaTpHBaeTcs, Tak KaK MOXeT OBITb HEKOPPEKT-
Hoi". Hanpumep, 3anaua Kowu 115 ypasrenus Jlannaca siBaisieTcst HeKop-
PEKTHO nocTtas/ieHHOoH. [103ToMY [/ ypaBHEHHH 3JJIHMITHYECKOro THMA
06BIYHO CTaBATCS KpaeBble 3a/lauy.

HNpumep. [TycTs TpeGyercsi pents 3agauy Ko 15 ypaBHeHHs

u _ u _
e 0 (3.6)
C Haya/IbHEIMH AaHHbIMHU
uly =x2, %%sz' (3.7)
3a/1aBaeMbIMH Ha THHUH K:
y=2x. (3.8)

PaccmatpuBaeMoe ypasHenue (3.6) — runep6osuyeckoro Tuna, Tak
Kak

A=1,B=0 C=-1

u B2—AC = 1> 0. [lns Hero ypasHeHHe xapakTepucTrk (2.10) umeet Bua
(dy)? - (dx)2=0 unu (dy - dx)(dy + dx) = 0. Orciona, pewas ypasHe-
Hua dy—dx =0 u dy + dx =0, nosyyaem 1Ba CeMeHCTBa [EHCTBUTEIb-
HbIX XapaKTEPHCTHK

(Dy-x=Cy u () y+x=0Cy.

* Cm.§5,m.2
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Beonum koopauHath: & =y —x, N =y + x.
Torna ypasHenue (3.6) npuonutes K BUAY

2y _
o = 0 (3.9
HaH 5 ) 0. 0603Haqaﬂ =@, (&), 6ynem umets

u= J(pl(é)dé +y(n) = (&) + y(n)

WM, BO3BpAIU@SCh K CTapblM NepeMeHHbIM (X, y), MOJYYHM pelieHHe
ypasrenus (3.6) B Bune
ulx, y) = @ly—x) + y(y + x), (3.10)

e @ U Y — NPOU3BOJIbHBE HYHKLMH.
O6ecneunM BhINOJIHEHHe HayanbHbIX ycaoBuii (3.7):

L o —gy—x) + Y (y+x)

x2=u| ;ox=2
y=2x o y=2x

HJIHU
= @(2x - x) + y(2x + x) = @(x) + y(3x);

x=-¢'(x) +y'(3x).
Wurerpupys BTopoe U3 ypaBHeHui cuctemsl (3.11), moayyum

% +C= —jQ'(x)dx + jw’(Sx)dx = —ox) + %\V(Bx).

(3.11)

Cx/apiBas 3T0 BEIpaXKeHHe C NepBbiM ypaBHeHHeM cuctemsl (3.11), 6y-
ZieM HMeTb

%x2 +C= —g-\ll(3x).
Orciona

y(3x) = —98-x2 + %C
HJIH

3c=1,2,3
yix) = (3) +3C=4x2+4C
¥ COOTBETCTBEHHO
o(x) = x2-y(@3x) = ——éxQ -3¢
Cuaief10BaTeNbHO,
u=oly-x)+yly+x) = —%(y—x)2 - %C + %(yﬂc)2 + %C = %xy.
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2. 3apaua 'ypca. PaccMoTpuM 3a1auy ¢ IaHHBIMH Ha XapaKTEPUCTH-
Kax. Ty KpaeBylo 3anayy HasbiBaioT 3adauerl ['ypca. OHa BCTpeuaercs,
HarnpuMep, NPU H3yYeHHH MPOLECcCOB cOpOLMH U 1ecOpOLHH ra3oBs, Mpo-
11I6CCOB CYLIKH BO3MYIIHBIM [I0TOKOM, IIPOrpeBaHusi TPyObl MOTOKOM BOMbI
¥ MHOTHX [PYTHX IPOLIECCOB.

Mul paceMotpum 3agauy ['ypca Ha npuMepe mpoCcTeHiero ypaBHeH!s
I‘HHep60JIPNeCKO[‘O THIa

9%y

i .f(x,y). (3.12)

Jlns Hero ypaBHeHHe xapakTepHcTHK (2.10) uMeert Bua
dx-dy=0,

T.e.dx =0unu dy = 0. ITH ypaBHEHHUs] HMEIOT COOTBETCTBEHHO PEILeHHUs
y 1 x. CenoBaresbHo,

x =const, y=const
— ceMelCTBa XapaKTePUCTHK paccMaTpruBaemMoro ypaesHenus (3.12).

[TycTb foMONHHTENBHBIE YCI0BHS JaHbl Ha IpsAMbIX x = 0u y = 0, sBag-
IOLIMXCSA XapaKTePUCTHKAMH JaHHBIX CeMEHCTB!

ulx,0) = @;(x); (0, y) = @o(y). (3.13)

Wrak, tpebyercs pewnth 3anady [ypca: HaiTH pelleHHe ypaBHEHHS
. (3.12), npunumaroee 3ananHbie 3Hauenus (3.13) Ha xapakTepHCTHKaxX
x=0uy=0.

Bynem cuurate, uto ¢pynkuun Q(x) u @o(y) nuddepenurpyemsr 1
YAOBJIETBOPAIOT YCAOBUIO COMPSIKEHHS:

(P](O) = (PQ(O).

Wurerpupys ypasrenue (3.12) nocJenosatesibHO 10 X U 110 Y, 6yaeM
HMeTh

g—;(x. y) = g—Z(O, y) + _([)f(&, y)dE,

X

Y
ulx, y) = u(x,0) + u(0, y) —u(0,0) + [dn [ f(&,n)dE
0 0

HMJIH, BOCTIO/Ib30BABILIKCh AaHHbIMHU (3.13), OKOHUATENBHO MOAYUHM
Y x
ulx, y) = @1(x) + 9o(y) — ¢,00) + j jf(é,n)didn. (3.14)
00
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dopmyaa (3.14) npeacrapaser B ABHON aHANTHTHUECKOH (opMe pelle-
HHe NocTaB/eHHON 3a1aun ['ypca st npocTeitiuero ypasnenus (3.12). Us
Hee HenocpefCTBEHHO CJIeyeT eAMHCTBEHHOCTD H CylIeCTBOBAHHE peLLe-
HHS 3TOH 3aJjauH.

Hpumep 1. OnpenenuTs THI U HAHTH XapaKTEPUCTHKH YpaBHEHHUS

9? 92 9
y28_xlzi —x2ay—’; = 'a‘:— (X¢O, y¢0).

Pewenue. Tak Kak K03()GULHEHTbI 3TOTO YpaBHEHHS
A=y2 B=0, C=-x2,
TO BbIpaXKEeHHE
B2-AC=x2y22 0

H, C/IEl0BATENBHO, BHE 0Cel KOOPAMHAT JaHHOE YPaBHeHHe PHHAJNEKHT
runep6onHueckomy Tuny. JuddepeHunasbHoe ypaBHEHHe XapaKTepH-
cruk (2.10) umeer Buz

y?(dy)Q — x2(dx)2 =0
Y pacrajiaeTcsi Ha 1Ba ypaBHEHU s
ydy—xdx=0 u ydy + xdx =0.

Murerpupys 3ty ypaBHeHHs, NIosly4aeM ABa CeMelcTBa NeHCTBHTEeNbHBIX
XapaKTepPHCTHK

yz_xzzcl H y2+x2=C2‘

M3 KOTOpPBIX MepBOe MpejcTaB/seT co6oit ceMeHcTBO rumep6os, a BTO-
poe — ceMeHCTBO OKPYKHOCTeH.

Mpumep 2. [IprBecTy K KAHOHHYECKOMY BH/Y U PELUHTD yPaBHEHHe

92 02 d
x——'; - yﬁ = i (y#O).

Pemenue. Tak kak 17151 Bcex 3HadeHHH y # 0 BopaXkeHHe
y 2
B2-AC = (-5) >0,

TO paccMaTpHBaeMoe ypaBHeHHeE [IPHUHAJIEKHT THIepOoTHueCKOMY THITY.
Jnodepenupansroe ypasHenue xapakrepuctuk (2.10) umeer Bup

x(dy)? + yldx-dy) = 0
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1 pacrnajaeTcs Ha Ba ypaBHeHHs
dy=0u xdy +ydx =0.

CJie[10BaTeMbHO, MbI rnoJsy4yaeM aBa pa3JHYHbBIX CeMeHCTBa NEeHCTBUTENb-
HBbIX XapaKTEePHUCTHK!

y=C; u xy=_Cy.
Baenem BMecto (x, y) HoBbie nepementbie (§, n), nosaras

E=y, n=xy.

JlanHoe nmpeofpa3oBaHKe MepeMeHHbIX SBJISETCH HeBBIPOXKAEHHBIM, TaK
Kak IKo6HaH

& m

_lox ox| _ Yi _ _

=z @.‘L J y#0
dy dy

B paccMaTpHBaeMOi 06/1acTH.

Bbiuncsisisi Tpon3BOIHbIE B HOBBIX HE3aBUCHMBIX TlePEMEHHBIX § 1 1 110
dopmynam (2.3), nepenuiem HCXOHOE YPaBHEHHE CIEAYIOLMM 06Pa3oM:

9%u 28u_
oan tEan = O

. Pewmnm 370 ypaBHeHue, 115t uero BBefieM QYHKLMIO p = %” Torna ypasHe-

HHE IIDUMET BHI:

)
ag gp 0 wiu g(lnp) =—%.

Orciona Inp = -2In& + In @ (n), rae ¢ (n) — npoussobHas GyHKuUA
nepemenHoit . [ToTeHumpys, nonyunm

- o) u _ o)
p= 22 ”“”an—§2'

Wurerpupys nocsiefHee paBeHCTBO, HAXOAHM

= &fotmin + F(e) = S + Ry,

rae Fy u Fy — nBe npousBosbHble GpyHKuuK. Bosspamasics K nepsoua-
Ya/IbHBIM TIepeMeHHBIM, NI0JIy4aeM OKOHYATe bHbIA omegen:

u(x, )——(ii)+F2( ).
y
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IIpumep 3. [Ipusectu K KaHOHquCKomy BHULY YpaBHEHHE

2 9%

tg?x s - oytgx 2L 4 y2 i Lt tg3xa“ =0 (y=0).

Bxay

Peuwenue. D10 ypaBHeHHe — apaboJiHyeCcKOro THIIA, TaK KaK Bhipa-
XeHHe

B2-AC=0.
JuddepeHupanbHoe ypaBHeHHe XapaKTePHCTHK
(tgx)dy +ydx=0
HMeeT OJHH OOLIHI HHTerpaJ
ysinx = C.
Beeznem BmecTo (x, y) HOBbIE He3aBUCHMEIE IepeMEHHbIE
E=ysinx, n=y.
Tak kak B paccmaTpuBaemoit o6sacTH y # 0, sikobuaH
J = ycosx #0,

TO JIaHHOe Npe06pa3oBaHKe NePeMeHHbIX SBISETCS HEBBIPOX/EHHBIM.
Hcnonbays dopmyist (2.3), nepenuiiem HCXoAHOE ypaBHEHHE B BHE

2
23 _2&3&_0
HIH
Pu _ Ko
m: oo

OT0 — KaHOHHYECKHH BHJ paccMaTpHBaeMOro ypaBHeHHs napaboJu-
YEeCKOro THIA.

IIpumep 4. IIpuBects K KaHOHH'-lECKOMy BHIlY ypaBHEHHe

9%u

Bu
3;.;-!' axay 5——*+'— 2 = 0.

Pewenue. Tak kak Ko3hQHLMEHTH YDaBHEHUS
A=1, B=2, C=5,
TO
B2-AC=-1<0
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H, CJIe[I0BATE/bHO, PACCMATPHBAEMOe ypaBHEHHE IPHHALIEKHT SJHITH-
yeckoMy THny. Peluas nu¢pdepeHunaipHoe ypaBHeHHe XapaKTePHCTHK

(dy)? - 4dxdy + 5(dx)2 =0
ToJTy4aeM 1Ba KOMILIEKCHO-CONPSKEHHbIX OBIUHX HHTerpasia
(y-2x)tix=Cy .
BBozs HOBLIE HE3aBHCHMBIE TepeMeHHble
E=y-2x, n=x

Y BBIYKCJISIA IPOU3BOIHEIE 10 hopmyJaM (2.3), HCXOHOE ypaBHeHHE NPH-
BOIHUM K CJeNYIOIEMY KAHOHHYECKOMY BHAY
9%y | % _

® Y T

3a11amm AJig CaMOCTOHATEJIbHOI'O pEelIeHU A

1. Haiitu obuiee peiieHHe cliefyomux ypaBHeHHH:

u _p. ?u %u _ x.
oxdy =0; 6) axdy *Ys B) aixdy  y’
- u _ . 20u. 13u _q.
)Dxay “ay )axay—x dy’ )aan Xy =0;
2y _
)3x2"0

2. PewunTh ypaBHeHHe

A +23""“ caz =0,

rie A, B, C — nocrosinubie 1 B2 — AC > 0, BBOAS HOBble HE3aBUCHMEIE T1e-
peMeHHble

E=x+Ay, n=x+ly.

3. Peluthb ypasHeHue

BBO/JSt HOBbIE HE3ABHCHUMBbIE IEPEMEHHbBIE
gzx' n:x2+y2‘
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4. Peuintb ypaBHeHHe
a
-+ ya =0,
TOJIOXHB
= =4
E=x, n=7
¥ NIpUHAB & 1 T 32 HOBble HE3aBHCHUMBbIE NIEPEMEHHbIE.
5. Onpenenuts THII n HalWTH XapaKTepUCTHKH YpaBHEHHH:

2d% 2 _a_u
a) x al 4y S
32 8 ou
6) 259 +_a2+ +ﬁay+yu—
Qau _ zau B
B) X a2+2x axay 3y +9x u=0;

2
r)(1+x2)§7‘; + (1+y2)ay_l; =0.

6. Hpmsecm K KAHOHHYECKOMY BHAY CJEAYIOLLUE YDABHEHUS!

o%u 2%y Zau_ au__
a)ax - 2x axay+ % 25 = 0;

6)(l+x2) +(1+y2)—+xi€‘-+y

23u+ 29u__0

B) y 57

7. ﬂpmaecm K KAHOHHYECKOMY BHAY U PEIUXTH CJACAYIOLHE YDABHEHHS!
9%y 92y u _ n.
a) 9x2 -4 3'—5 = O,

dxdy
2y 2
6) x2St ngz 0;
9 9%y 2% _
B) x° =5 +2xy axay+y ay,‘,-O

8. Pewnth ypaBHeHus:

Pu _ 0% _ 13u :
a)ax yaz_”y (y>0);

Pu _ 4 0% | 4% _
6) 5 — 4y + 455 =0

B) 262 %y %u , du , du _ 0:

Taa T Tty T
2 2,
1")x2‘37’2,‘—y2a 2y
9%u Ru 62,0 u _
n W 25mxaay cos xay2 cosxg - =
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9. Haiti o61acT runep6oJHYHOCTH, SJJIMITTHYHOCTH H TapaboJHyHO-
CTH ypaBHeHuﬁ'

Qu  Pu_ .

a) y<= + 5t = O

6)92—” +y-a—2£ +0 =0, o= const
ox? oy? dy ’ ’

1 [IPHBECTH HX K KAHOHHYECKOMY BUAY B 06/1aCTAX JITHITHYHOCTH H T'H-
nep6OIHYHOCTH.

10. [lepexons K nonsipHbIM KOOPAHHATAM I P, MoJaras
X =rcos@, y = rsing,
pelInTh ypaBHeHnﬂ'

a)x +y

Qau 9%u 28u_
6) x +2xyavay +y 57 0;

28u 9 0%u
B) Y Qxyaxay sy-Q— ax + Y3 ) 0.

11. Haiitu pewenne u(x, y) ypaBHeHHs

du

w =X 242y,

YAOBJIETBOPSAIOLIEE HaYa/bHOMY YCJIOBHIO

uly___xz =1
12. Pemtsb 3anaun Komu:

9%u 9%u
du _9 9%u _
ay? dy 2

a) qul,o=1 6) ”|y=o = Asinx,
Jdu du
= = X; = = Bx;
dy y=0 dy y=0
Pu_ g3 (2 _ o
ox ’ Jaﬁ T oox’

B) uly:x=x2(x3+2), ) ul,_o=A4A
wl  _ac03 @l _pB
Wl —3x(x +1), | xl o = B
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13. Haiitu pewenue u(x, y) ypasHenus

% 9%u 92u
+ 2 —3'8'—2"—‘-0,

x P dxady
yllOBJIeTBOpﬁIOHlee Ha4daJIbHbIM YCJ/IOBHAM
92  du
u| _o=3x%, < =
y=0 dy y=0

14. Haiitu pewenue u(x, y) ypasHenus

2 E) ou _ % 2y au )
42 2+ 21—y )axay il Cr rie 0,

YAOBJIETBOPAIOLIEE HAaYaJIbHbIM YC/JI0OBHUAM

uly=0 =o(x), o =y(x).
15. Haiitu pemeﬂue u(x, y) ypasueHus
a 5 +2cosxaa—ay —sm2x37 —smx% =0,
YIOBJIETBOPSIIOLEE HAaua/IbHbIM YCJIOBHAM
u|y=sinx =¢(x), ay yesinz =y(x).

16. Haiitu pewenue u(x, y) ypaBHeHus

23u E)u__ 92 0“u _
34 oy -3y yz_o,

YAOBJIETBOPAIOLIEE HaYaJIbHBIM YCJIOBHAM

ul, oy =), g—: i =ylx).



fnasa IV
OCHOBHbIE YPABHEHUA MATEMATUYECKOW ®U3UKU

Llesibio naHHOH [1aBbi CJIYXKHT BBIBOR H HCCJIEIOBaHHE YPaBHEHHH ¢ ya-
CTHBIMH TIPOM3BOJHBLIMH BTOPOTrO MOPSIKA, IIHPOKO NMPHUMEHSIOLIMXCS B
mamemamuueckoi pusuxe.

§ 1. YpaBHeHue Kone6aHum cTpyHs!

1. BoiBox ypaBHeHus koae6anui cTpyHbl. [loHaTHE 0 rpaHHy-
HBIX ¥ HayaJdbHBIX YCIOBHAX. PaccMOTpuUM Hamsanymyto cmpyry,
T. €. TOHKYI0 TUOKYIO YIPYTYIO HHTD, PACTIONOXEHHY0 B IockocTH Oxu,
KOTOpast B pe3yJIbTaTe H3BECTHOTO B03MYyUjeH U s Oblia BhIBELEHA H3 MOJIO-
xenus papHoBecusi Ox. U3yuum nonepeuroie korebarus CTPYHBI, oJa-
rasi, 4TO IIPK TAKOM KOJleGaHHU CTPYHBI ee TOUKH JABHXKYTCS MepreHAHKY-
JsipHo ocu Ox.

O6o3naunm uepes u = u(x, t) — cmewyerue TOYKH CTPYHbI € a6CLHCCOM
X B MOMEHT BpeMeHH ¢ oTHocuTenbHo Ox (puc. 5).

“ Plx, thdx
i, o
= T !
M, t) | |
e | :
— ! |
0 X x+dx X
Puc. 5

Torna pynkuuei u(x, ) npu 0 < { < oo onHUIIETCA MPOLECC KOe6aHHI
CTPYHBI: A1t JIO60T0 (HPHKCHPOBAHHOTO MOMEHTA BpeMeHH ¢ = ¢ BbIpaxe-
HHeM u = u(x, t|) onipefensieTcsi MeHOBeHHbLI NPOPUAL CTPYHBI.

Cnenaem crenytouiye 10Ny UEHUS:

1). Bynem npeanonarath, 4To CTPyHa COBepIIAeT Majbie KonebaHus,
T. €. ee opma B npoliecce KosleOaHHH He3HAYHTe IbHO OTIHYAeTCs OT Mpsi-
moit u = 0. Bynem npennonarath, 4To HAaK/MOH KacaTeNbHOH K rPadHKy

dysxunn u = ulx, t), t =const, 1. e.tgo.= 3—1 eCTb MaJiasi 1o MOLLY.JIIO Be-

JIMYMHA 110 CPaBHEHHIO ¢ enuHuLen. OTciona nosyyaem, 4to sin 0= tg oL u
cosou=1.
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Yo
2). K xoHuam ao6oro yuactka MM’ cTpyHsl nproxeHs HalnpasJieH-
HBIE [10 KACaTeJIbHOH yTpyrHe CHiIbl HaTsKeHHs (cM. puc. 5), MoxyH Ko-

15
TOPbIX PaBHb (I T(M,t)

5
T(M, t)l =T JH SIBJIAIOTCS TPAKTHYECKH T10-

CTOSIHHBIMH, T. €. T( He 3aBHCHT OT X H L.

3). Ha cTpyHy aeiicTBYIOT HenpephiBHO pacnpefeieHHble BHELIHHe
CHJIbl, NepreHAnKyasApHbie ock OX, ¢ mIoTHocTbio (Harpyskoit) p(x, t),
PaCCYHTAHHOH HA EUHHILY ANHHEL.

BuipexeM U3 CTpyHB GecKOHeuHo Manbiii saement MM’, abcuuccamu
KOTOpOro AABAOTCA X M X + d.x. BoszieficTBre 0T6POLIEHHBIX 1€BO H Mpa-
BOH yacTeH CTPYHbl 3aMEHHM COOTBETCTBYIOIUMMH CHJAMH HaTSMEeHHS.
Torza snement MM’ Moo paccMaTpHBATh, KaK CBOGOAHYIO MaTepHallb-

HYI0 TOYKY, HAXOAALLYIOCH 104 AEHCTBUEM YIPYTHX CHJT T(M, 1), T(M', 1)
W BHeuHe# cuibl p(x, t)dx €, rae €, — opm ocu Ou.

Iycts p(x) — nuHelinas MIOTHOCTH CTPYHHI B ToUKe X. TaK Kak B [0J10-
XEHHH PaBHOBECHS Macca sneMeHTa paBHa p(x)dx, To, B CHTy coXpaHe-
HUSA MacChl, 3JIEMEHT MM’ umeer Ty Xe Maccy. O603HaYHM yepes OL U 0
yriisl, 06pasoBanHble ¢ 0cbio Ox KacaTelbHBIMU K IPO(UIIIO CTPYHEL B MO-
MeHT BpeMeHH ¢ B Toukax M u M’ coorBetcTBeHHO. [Tpoextupys Ha och Ou
CHJIBI, IPHJIOXEHHBIE K 3/IEMEHTY MM, 8 cuiy 3akoHa HeioToHa u pen-
NOJIOXKeHHs 2) GyneM HMeTh

2
p(x)dx%Tfj = Tysino’ - Tysina + p(x, t)dx. (1.1)
CornacHo npeanonoxeHuio 1) yrae oL 1 o Manbl; nosToMy
sina = tgow = g—i (1.2)

Jdu

sina” = tgo’ = 3= (1.2')

x+dx
Jlast nopcuera (1.27) ucnonbayem usBecTHyio GOpMYJTy MaTEMaTHYECKOTO
aHanM3a

flx +dx) = f(x) + f'(x)dx,
CIPaBEJIMBYIO C TOYHOCTBIO I0 6ECKOHEYHO MaJIBIX BHICIUHX TOPSAKOB.

Ortcrona uMeem:
du , d%u

sina’ = 5%+ S dx. (1.3)
Moncrasass Beipaxenue (1.2) u (1.3) B popmyay (1.1), nonyuum
92 92
P2 = To 2 4 p(x, ), (14
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Mbl NONYYHIIH HCKOMOE YPaBHEHHE MAAbLX BbLHYHCOCHHBLX NONEPEUHbLY
KoaebaHul cmpyHeot.

B caryuae noctosHHoM muiotHocTH (p = const) 3To ypaBHeHHe 06bIYHO
3anyChIBAaeTC B BUJE

%j—’; = aQ%‘; + P(x.t). (1.5)
T =p(x,t)

rae aZ = ‘—p‘, aP — TIJIOTHOCTb CHJIBI, OTHECEHHAA K €JHHHLEC

Macchl.
Tpu orcyreTeuy Brewneit cuabl (P(x, 1) = 0) Mbl ONIy4aeM ypaBHeH e
MAbLX C80000HBLL KOACOAHUL CIMPYHbL:
9%u 2 9%y
£l =gt (1.6
at2 ox? )
Ypasuenue (1.4), Kak 0Ka3aHo Bblllle, IMeeT GECYHCIEHHOE MHOXKECT-
B0 peuenuii. [109TOMy A5 OIHO3HAUHON XapaKTEPUCTHKHU IpoLecca Ko-
ne6aHui He06XOIMMO K YPaBHEHHIO IPHCOEAMHHTL HEKOTOPbIE JOTOJHH-
TeJIbHbIe YCAOBHSA, BHITEKAIOLIHe H3 PU3UIECKOTO CMbIC/1a JAHHOH 3a[1a4H.
TH YCIOBUS MOTYT GHITh BechbMa pasHoo6pasHbiMH. B npocreiiiuem cay-

4yae, KakK ¥ B IMHAMHKE TOYKH, 33[Ja€TCH MOJ0XEHKE H CKOPOCTb TOYEK
CTpYHbI B HaYyaJbHbIH MOMEHT BPEMEHH!

u(x,0) = 9(); (x,0) = y(x). (1.7).

TH ycI0BHS, KOTOPHIM JOMKHO YIOBJETBOPATb peluenue u(x, t) npu
t =0, Ha3BIBAIOTCS HAYANbHOLMU YCAOBUAML.

Jlanee, ecu cTpyHa orpaHHueHa, TO HEOGXOAMMO 3aaTh YCIOBHS Ha ee
KOHL@X. B yacTHOCTH, /151 CTPYHBI, KOHLBI KOTOPOH X = 0 ¥ X = [ 3aKpemnvIeHs!,

u(0,8)=0; ull,t)=0 (1.8)

npu BesikoM ¢ 2 0. Yenosust (1.8) Ha3BIBAIOTCS 2PAHUUHBLML YCAOBUAMU.
B03MOXHHI 1 ipyTHe THIIE TPaHUYHLIX YCJIOBUH.

Takum o6pasom, pusHyecKas 3afaya o KoJeGaHHsAX CTPYHbI, 3aKper-
JIEHHOJ! Ha KOHIIaX, CBeJach K C/eAyIolel MaTeMaTHYeCKOH 3aaye: HaH-
TH peueHne u(x, t) ypashenus (1.4), yaoBjeTBOpsiOlEe HAYATBHBIM
yenosuam (1.7) u rpanuunbim yeaosusm (1.8). To Tak HasbiBaeMasi cue-
WaHKAR Kpaesas 3adaya AJ1s YpaBHeHHs KoseGanui. K Hell Takxke MOX-
HO MPUHTH NPH U3yyeHUH OHOMEPHEIX KoJieGaHUi UAEaJIbHOTO ra3a Wik
OJHOMEPHBIX NPOLOJILHBIX KOJIeOAHHH CTEPXKHS.

2. 3aMeyaHHe 0 «<KOPPEKTHO NMOCTaBJIEHHBIX » 3aa4yax. Marema-
THYECKOe OMHCaHHe (HH3MYECKOro npouecca HayYWHAETCs C MOCTAHOBKH
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3a/lauH, T. €. C BbIBOJA yPaBHEHHS H (OPMYJHPOBAHHS YCAOBHH, J0CTa-
TOYHBIX /ISl OMHO3HAYHOrO ONpefeNeHHst 3TOro Ipouecca. ITH
HOTIOJIHHTE/IbHBIE YCJIOBHS, Ha3blBaeMble OJQHHbIMIU 3a[lauM, JIOKHEI
obecneunTs el PU3MUeCKylo onpeaeseHHOCTh. Yalle BCero faHHbIMH 3a-
HauH ABJSIOTCS HAaYa/lbHble YCJIOBHUS, T. €. YCJIOBHS B HEKOTOPbI MOMEHT
BPEMEHH, ¢ KOTOPOTO HaYMHAeTCs H3ydeHHe (PH3UUYECKOTO Tpouecca, U
TPaHHYHLIE YCJIOBHS, T. €. YCJIOBUS Ha FPAKHULE 06J1aCTH, B KOTOPOH HILET-
cs peluenre. B nocraBneHHo! Bbillie 3afaue 0 KOJMeGaHUAX CTPYHBl 3TO
yeaosus (1.7) u (1.8). .

MatemaTuyeckas 3aa4a, COOTBETCTBYIOLIAA GU3HYECKOMY SBJECHHIO,
HOJKHA YIOBJIETBOPATb CJAEAYIOLIMM TPeM TpeGoBaHHaM: 1) peleHue
IIOMIKHO CYIIECTBOBATb; 2) PeLleHHe J0MKHO GbITh eIMHCTBEHHBIM; 3) pe-
LIeHHe NOJDKHO HenpepbiBHO 3aBHCETb OT AaHHBIX 3ajiaud (Tpe6oBanue
yeroitunBocTH). To eCTh MasbIM U3MEHEHHAM MI0GOro H3 JaHHBIX 3a1a4H
JO/KHBI COOTBETCTBOBATH MaJlble H3MEHEHHS PeLIeHKA.

3anaua, ynoBeTBOPAIOLIAN BCEM TPEM TPeGOBAHHSAM, HA3LIBAETCS KO-
pexmno nocmagaenHol 3adauell.

[TepBoe 1 BTopoe TpeGoBaHHs 03HAYAIOT, YTO CPEAH AAHHBIX 33]AUH HET
MPOTHBOPEYALIKX APYT APYTY H UX LOCTATOYHO [/Isl BHIAEJEHHS eIHHCT-
BEHHOTO peleHH sl

Tpetbe Tpe6oBanue He06X0AHMO, YTOOE MaTeMaTHYeCKas 3ajaua Npa-
BHJIbHO OTTHChIBANa HabumolaeMble (DU3HUECKHE iBJIEHHUS. B neficTBHTENb-
HOCTH JIaHHbIE 32241 He/lb35 CUMTATh CTPOrO (PUKCHPOBAHHBIMH, T. €. OHH
(0coGeHHO 3KCTIePHMEHTANIBHO NTOTyUEHHEIE) BCETAI 331aHbl B HEKOTOPBIX
npezenax TogHocTH. [loaToMmy He06x011UMO, 4TOGBI Masiasi IOrPELIHOCTD B
H2HHBIX TIPUBOJIHJIA K MaJIOM HETOYHOCTH B pelleHHH. DTo TpeGoBaHHe
«yYCTOMYMBOCTH» HMEET CYILECTBEHHOE 3HaUeHHE TAKXKE st IPHONHIKEH-
HBIX METOJOB.

Mg GyaeM paccMaTpHBaTh TOJIBKO KJIACCHYECKKHE KOPPEKTHO MOCTaB-
JieHHble 3anauu. OHAKO CJIelyeT 3aMeTHTb, YTO 3TO AAjeKO He elHHCTBEH-
Hble 33auH, NPaBUJILHO OTpPaxaiolpe dusuyeckue ssaeHud. MmewTtcs
IPHMEDBI 33124, KOTOPble «HeKOPPEKTHO NOCTaB/IeHkl». X Hecne0BanuIo,
0COOEHHO B PHOJIHXKEHHBIX BHIYHCIEHHSAX, B [OC/IEHEE BPEMS yaeJseTcs
60J1bLI0E BHHMaHHE.

3. 3anaya Komn ans HeorpannuuenHoi crpyust. ®opmyaa Ja-
aambepa. KoppekrHoctb 3agaun. Pusnyeckas HHTEpnperauus.
Paccmotpum 3anauy ¢ HayalbHBIMH YCJIOBHSIMH [JIS HEOTPaHHYEHHOH
CTPYHbI: HaiTH pelwenye u(x, ) ypaBHeHHs

2 2
gt_gZaQ_g_x% (-oo<x<°°,t>0) (19)
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C Ha4aJ/IbHbIMH YCJIOBUSIMH!

(x,0) = o(x)
l;ux o lﬂpu—w<x<oo, (1.10)
5r(x,0) = ylx)|

rre @(x), y(x) — nocTaToyHo raagkue 3afaHHbe QYHKLHH.

Ty 3anauy HasbiBawT 3adakel Kowu.

Tpusenem ypasnente konebanuit ctpyHsi (1.9) K BuRy, fonyckaroue-
MY HETOCpEeJCTBEHHOE HHTerpHpoBaHHe. Bo3bMeM B KayecTBe HOBBLIX He-
33aBHCHMBIX IePEMEHHBIX XapakTepucTHKH ypasHetus (1.9)

E=x+at, n=x-at.
Buiyucsiim npou3BoaHbIe:

w _u , ou % _ 2% Pu %
x=® T a2 ae 2% gy
du _ (du  du 2u _ 2(8% 9 92u 32u)

a=NE ") T Tk T

YpaBHeHMe B HOBbIX IEpEMEHHBIX 3aMHIIEM B BHJE

%u
%an = 0
HITH
d (du) _
(&) =0
Orcloja HaxooUM
%% = f(n),

re f(n) — npousBo/bHAs QYHKUHKS TONBKO IepeMeHHOH 1. HTerpupys
MOJIy4eHHOe YPaBHEHH e 110 1| NP QUKCHPOBaHHOM &, IOJIyYHM:

u=[fdn + RE) = FE) + K0,

rae F (&) u Fo(n) aBasiotes GyHKuuamu Tonbko nepeMeHHbIX & 1 M. Bos-
BpaLIasCh K CTapbiM IePEMEHHBIM, 6y/leM HMeThb

ulx, t) = F(x + at) + Fy (x - at). (1.11)

HenocpencTBeHHO! MOACTaHOBKOH B ypaBHeHHe y6exKaaeMcs, UTo 1o- .
JnyueHHas QyHKuus u(x, t) iBAsieTCs pelueHueM 06ILEro BUAa ypaBHEHHs
(1.9), ecain F| 1 F9 — npon3BosibHblE ABaXK /bl HEMPEPBIBHO AU (DEpEHLH-
pyemble QyHKLHH.
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Bri6epem dynkuuu F; u Fo Tak, 4ToGbl YAOBJAETBOPHTH HaYaNbHBIM
yenosusm (1.10):

ulx,0) = F(x) + Fy(x) = (),
aa—‘t‘(x, 0) = aF{(x) —aF3(x) = y(x).

OTCDﬂa.HHTerprﬁBTOpoepaBeHCTBO,HOHYQHM:
(Fi(x)+ Fy(x) = 9lx),

lFl(x)—Fg(x)=%Jw(z)dz +C, (1.12)

X0

re xo ¥ C — npousBosbHbie nocTosiHHble. 3 pasercts (1.12) Haxomnm

( X
jFl(x) =¥ L y(e)z + &,
%o

(1.13)
lFQ(x) = %X) - ﬁj\y(z)dz - %

X0

11 hopmyJbl onpenensoT GyHKuMH F| 1 Fo yepes 3afaHHbe PYHKLUMH @
W ¥, npudem paserctsa (1.13) cpaseinBel npy M06OM 3HAYEHHH apry-

menta. [Toncrasass B (1.11) nainennsie snauenus F(x) u Fy(x), 6ynem
HMETh

_ olx+at)+ ¢(x—at) 1 xhat x-al
we, t) = =—F———+ 5~ Jw(z)dz - jw(z)dz

X0 X0
HJIH OKOHYATeJNbHO

x+at :
u(x, t) = Mﬂ#—ta—t) + i J\p(z)dz. (1.14)

x—at

dopmyana (1.14) naet pewenne 3anaun Kou (1.9)—(1.10) 1 Hassia-
etcst popmyroii Jarambepa.

Jokaxem, uto 3anaya Kowmw (1.9)—(1.10) nocrassieHa KoppeKkTHO.

JleficTBHTE/IBHO, HEMOCPEACTBEHHOH TPOBEPKOH JIETKO Y6eIUThCS, YTO
dopmyaa (1.14) yrosaersopsiet (B npennonioxerut, 4to @(x) HMeeT He-
npepbIBHEIE IPOM3BOHBIE O BTOPOTO NOPSIAKA BKIOYHMTENBHO, 2 Y(x) —
[0 IEPBOr0) YPABHEHHUIO M HAYANbHBIM YCJIOBHSAM.
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Ilanee, 3Ta opmyJia 10Ka3biBaeT eAMHCTBEHHOCTD pelueHHs. B camom
Ziedie, ecan Gbi CylecTBOBaIo Apyroe pewente 3anayx (1.9) u (1.10), To
OHO 1aBasoch 6b1 popmyJtoit Janambepa (1.14) 1 conanano 6bl ¢ iepBbIM.

Takum 06pasom, pelueHue CyIecTBYeT 4 eIHHCTBEHHO.

JlokaxkeM, HaKOHeLl, YTO pellleHHe HeNPePbIBHO 3aBHCHT OT HayaJIbHbIX

J@HHBIX, T. €. 1181 060ro € > 0 MOXKHO yKasaTb Takoe & > 0, uTo eci 3a-
MEeHHTb Haua/bHble 3Hauenus @ (x) u v (x) na @(x)u Y(x), oTuvaroume-

csi IPYT OT Jipyra MeHblie, yeM Ha
lo€) - 9(E)|<8, |W(E) -~ Y(E)|<d (-w=<E<w), (1.15)

TO HOBoe pewenue «(x, ) ¥ nepBoHauanbHoe u(x, t) 6yayT pasauyaThes
MexX 1y co60H MeHblle, 4eM Ha €:

lux,t) — u(x,t)| < €

Ha J1000M KOHeyHOM npoMexxyTke BpeMeHH 0 < ¢ < T,

JlokasatebCTBO 3TOr0 yTBEPXKIAEHHUS Cpasy caenyeT u3 Gopmyanst a-
nam6epa (1.14), kotopas casssiBaeT dynkuuu ulx, t) u i (x, t) co cBouMH
HauanbHbiMA 3HaueHraMu Q(x), y(x) u @(x), y(x).

JleHCTBUTENBHO

luCx, 1) = @(x, 1) < |‘P(x+at);6(x+at)| N

I<P(x—at)—6(x—at)| 1 x‘]"llt( ) —( )d
+ i +5- Jlw(2) - y(2)|dez,

x—at

Otkyna B cuay HepaseHcTs (1.15) mosyuaem:

|uCe,t) - @(e)] <3 + 8 + 1520t <50+7),

YTO H A0Ka3bIBAET HALLIE YTBEDPKAECHHE, €CJIH MTOJIOKHTD

—_ €
8"1+T'

Janum husryeckyo HHTEpIpeTaLHio nonyyeHHoro pewenus (1.14) sa-
nauv Kouw 11 HeorpaHWdeHHOH CTpyHbl. Kak Mbl BHIENH, OHO MOXeT
ObITb PENCTAB/IEHO B BHIE CYMMBI IBYX C/laraeMbix:

ux, t) = Fi(x + at) + Fy(x - at). (1.11)
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B xaxaplit (DHKCHPOBaHHBI MOMEHT BpeMeHH [ rpaduk (yHKUHH
F\(x + at) nonyuaercs us rpaduka F(x) cMelenseM B1eBo Ha BETHYHHY
at, arpaduk Fo(x — at) — cmewenuenm rpaduka Fo(x) BpaBo Ha Ty xe
BeuuKHy. Eciiu noctpoenst rpaduku ¢yHkumii F(x) u Fo(x), T0 s no-
CTPOEHHs POGMHUIIS CTPYHBI B 10601 MOMEHT BpeMeHH ¢ I0CTATOYHO C/IBH-
HyTb KpuBYIo F | (x) BiIeBo Ha Bennuny at, kpusyio Fo(x) — Bripaso Ha Ty
Xe BeJIMYMHY M 3aTeM /151 KaXKOT0 X CIOXKHTb rpaduyecKH OPAHHATHI 110-
JY4eHHBIX KPUBBIX. [TosiyueHHasi B pe3yJibTaTe C/IOXKEHHs KpHUBasi JacT
dopmy (mpodusIb) CTPYHEI B MOMEHT BpEMeHH £

®ynkuus Fi(x + at) onucsiBaeT BOJHY, PaclpoCTPaHSIOLLYIOCS BIEBO
€O CKOPOCTBIO a, a hyHKUMsA Fo(x — at) — BonHy, pacnpocTpaHsoLLyOCs
BIPABO C TOM Xe CKopoCThio a. Takum 06pasom, npodus cTpyHsi u(x, t)
CTb CYNepIO3HLKS ABYX BOJH.

PaccmoTpuM catyyai, Koraa HauaabHbIE CKOPDOCTH TOYEK CTPYHBI PABHEL
Hyao, T. e. Y(x) = 0. Cornacro popmyse Nanambepa (1.14) npoduis
CTPYHBI OTIPE/EISIETCS] B 3TOM CJlyyae rpapukoM QyHKLHMH

u(x,t) = F(x + at) + Fy(x — at) =

_ olx+at) o(x — at)
=77 T

Kak yxe oTMeuanoch, OH HpeicTaB/isieT oGO CyMMY HBYX BOJH,
pacmpoCTPaHAIOLIKMXCSA HaJeBO U HAMpaBO CO CKOPoCThio a. HauanbHas

o X o
topma 06enx BOMH onpejensercs QyHKIHeH # paBHOH II0JIOBHHE 3a-

JaHHOTO Ha4yaJIbHOIo OTKJIOHEHHU . led nepeMeleHuH (bopma 3THUX BOJH
0CTaeTcst HeM3MEHHOH.

3ameuanue. Dyukuusa ulx, t), onpenenennas dopmymaon (1.14),
MOXeT ObiTh peleHneM ypaHeHHs (1.9) TosbKo npu ycioBuu guddepeH-
uupyeMocTH GYHKUMH @ W Y. Takoe [BaXkapl HemnpepreBHO AH(depeH-
LMPYeMOe pellieHHe Ha3biBaeTCs Kiaccuyeckum peuientieM. OnHaKo BCTpe-
yaloTcs caydad, koraa OyHkumu Q(x) H Y(x) He HMEIT HyXHbIX
npou3BoAHbIX. HanpuMep, ecsii cTpyHa B Ha4ambHBIH MOMEHT HMeeT (op-
My JIOMaHOH JIHHHH, TO @ (X) He HMeET Onpe/ieIeHHOH IPOM3BOLHOH B Bep-
LIKHe JIOMaHoH. B 3Tux cayuasx cuntatot, uto hopmyJa Janambepa tax-
Xe JaeT pelleHHe 3ajiauH, XoTa NpH 31oM GyHkuus ulx, t) He BCIOLY
ABaxIbl AuddepeHunpyema. Takoe pelleHye Ha3blBaeTcst 0606ujeHHbIM
pewenuenm 3adauu. Onpenensemoe GpopmyJod (1.14), oHo sBasieTcs npe-
LeJIOM pellleHHH YpaBHeHHs Ko/leOaHHH ¢ HEMHOTO CIVIaXKeHHBIMH Hauaslb-
HBIMH YCJIOBHSIMH.
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4. Kone6anus nosyorpaHudeHHOH CTpyHbI. PaccMOTpHM 3a1auy o
TIONepeYHbIX KoJIeOaHHAX MOTyOrpaHHYeHHON CTPYHbI X 2 0 ¢ XKecTKo 3a-
KperneHHbIM KoHUoM. OHa MoXeT 6bITh C(OPMYNHPOBaHA CJIEAYIOLIHM
© o6pa3om: HalTH peruenue u(x, t) ypaBHeHHs Kone6aHHH

%:ﬂ%‘;, O<x<o, {50, (1.16)

YIOBJIETBOPSIOLLEE FPAHHYHOMY YCJIOBHIO
u(0,¢)=0 (1.17)
H HaydaJbHbIM YCJIOBHSM
(ulx,0) = o(x),

3—‘;(x, 0) = y(x), (1.18)

npu stom @(0) = y(0) = 0, uHaue rpaHHYHbIE H HAYANBHBIE YCAOBHS MIPO-
THBOpEYar APyT APYTY.
Pewym BeromoratesibHyio 3afady il HEOTPaHHYEHHOH CTPYHBI, IPH-

YeM Ha OTpHIATE/IbHYIO YacTh MPofo/kuM yHKuuH O(x) 1 y(x) Heuer-
HbIM 00pa3oM, T. €.

o(—x) =-0(x), yl-x)=-y(x).

CurenoBatesibHO, HayaJIbHBIMK JaHHBIMH BCIIOMOTaTeNbHOM 3aauH SBJIS-
" 10TCA HedeTHble QYHKUHH

_Jolx), x>0, Cfy, x>0,
(D(x)_{—@(—x). x<0, " ‘P(")‘{_\V(_X), <o 119

a ee peluenne, coraacHo ¢opmyJe lanambepa (1.14), naetcs dpynkuue

D t)+ & t) wat
u(e,t) = A 2 L [z, (1.20)
x—at

ofpefieIeHHOM /151 BeeX X H s ¢ > 0.

Tokaxem, uro nonyuennas dynkuus u(x, t) npu t > 0, x > 0 ynosser-
BOPSET TaKXe A0NOMHUTe bHBIM yeaoBuam (1.17) u (1.18), 1. e. siBasietcs
pelleHHeM MOCTaBJIeHHOH HCXONHOH 3afaud. JleHCcTBUTENbHO, QYHKIHSA
ulx, t), onpenensemas dopmysnoi (1.20), npu x = 0 pasHa

at
w0, 1) = 3[@(at) + ®(-at)] + o= [\¥(e)iz =0,

-at

209



TaK KaK repBoe cj1araeMoe paBHO HyJio B cuiy HeueTHocTH @(x), a BTO-
poe paBHO HYJII0, TOCKOJIbKY HHTErpall OT HeueTHOH (DYHKLHH B NIpefenax,
CHMMETPHYHBIX OTHOCHTEJBHO Hayala KOODAMHAT, BCEraa paBeH HyJIo
(cm. nemmy § 2). Kpome toro, npu ¢t =0 31a QyHKLKS yAOBJIETBOPSET HEOO-
XOJHMBIM Haya/IbHbIM YCJIOBHSIM:

u(x,0) = d(x) = olx),

0.
W00 = ) = yl), T

Hrak, pelueHre 3a1aqu 0 pacnpoCcTpaHeHHH BOJIH Ha NOJNyOrpaHHYeH-
HOM nIpsiMOH ¢ rpaHnyHbIM ycstoBreM 1(0, t) = 0 cBoauTes K 3aaue 0 Koule-
6aHHM HEOTPaHHYEHHOH CTPYHbI, €CJIH Haya/bHble JaHHbIE MPOJOIKHTD
Ha BCIO IPSAMYIO HEYeTHHIM 06DPa3oM.

5. OcHoBHas neMMa MeToaa Pyphe.
JI e M ™ a. Ecaiu B npsimoyrosbuuike R niockoetn Oxy (puc. 6):

a<x<b,
(R) {A<y<B

p10)8:¢ HeKOTopb[X Q)yHKILHl':[ BbIMTOJIHAETCHA TOXKIAECTBO
X(x)=Y(y), (1.21)
TO B 3TOM cnyqae

X(x) = Y(y) = const.

Y
B¢———-—
% /
yr————- /
Ar—-—-—- I/ f
| | | |
d l d l
0 a X, Xy b x
Puc. 6

JlokasaTenbcTso. [IpeanonoKuM NIPOTUBHOE, T. €. UTO
X(x) # const;
TOTJla CYIIECTBYIOT 3HAYEHHS X| H X9 B MHTepBase (a, b) Takue, uTO

X(xp) # X(xg).
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Pacemotpum Toukw (xy, y) 1 (xg, y), NIpHHaLIENKALIHE NPIMOYTOIBHH-
Ky R. Ha R cnipasensiuBo Toxaectso (1.21), a noromy

X(xl) = Y(y),
X(XQ) = Y(!/)

CpaBHHBasi 3TH paBeHCTBA, IPHXOAHM K IPOTHBOPEUHIO C HALUKMM Npef-
noJioxeHuem. CiieoBaTe/bHO,

X(x) = const,
aToraau
Y(y) = const.

6. Merox Pypbe gas ypaBHeHHs KoJeOGaHHH OrpaHHMYEHHOH
ctpynsl. IlonsTre o ctosunx Bonnax. Meton ®ypoe (meTox pasneie-
HUS NIepeMEeHHBIX) SBJAETCS ONHHM M3 HanGo/iee pacrpocTpaHeHHbIX Me-
TOJOB PelleHHs YPaBHEHHH C YaCTHBIMH MPOM3BOAHBIMHU. M3/10XXHM 3TOT
METOJ| Ha TpHMepe 3aauH O MONepeyHbIX KoJeOGaHHAX CTPYHBI, 3aKper-

NeHHoN Ha Konnax (B Toukax x = 0 u x = ). Kak ussectno (§ 5, n. 1), 3ta
3a/1a4a CBOJUTCSA K PeleHHI0 ypaBHEHHUS

2 2
gt—;‘ = a237;‘ (1.22)

C TPaHHYHBIMH YCJOBHSIMH
u(0,8)=0, u(l,)=0 (1.23)

¥ HayaJIbHbIMH YCJIOBHSIMHU

u(x,0) = (), (r,00=ylx) O<x<s),  (1.24)

rae @(x) u y(x) — 3anannbie GyHKIMH.

MeToz OCTPOEHHUS PeLeH s JaHHOH 3a/layy 3aKJI04aeTCs B TOM, U4TO
cHavana HaxoasTes QyHKuun® u,(x, 1) (n =1, 2, ...), ynosnersopsiowue
ypasHenuo (1.22) u rpannunbiM yesosuam (1.23). 3atem u3 3TuX yact-
HBIX PELUEHHI COCTABSETCS JIMHEHHAs KOMOHHALHS

u(x,t) = Y Cotty (x,1),
n=l

KOTOpast IPH JIObIX 3HaUeHHAX K03 HLreHToB C, B CHITy THHEHHOCTH 1
OJHOPOJHOCTH YPaBHEHHs M OZHOPOJHOCTH IPAHHYHEIX YCJIOBHI TaKxXe

* JInneHHO He3aBHUCHMBIE,
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- YAOBJIETBODSIET YPABHEHHIO H 'PAHHYHEIM ycaoBuaM (npunyun cynepno-
auyuu). Haxkouew, kosdduumentst C,, cocTapeHHOr0 psifa BbIGHpalOTCS
TaKUMH, YTOGHI BBHIMOJHSIHCH HavyanbHble yeaosus (1.24). Tem cambim,
NOCTPOeHHas TakuM 06pa3oM dyHKLUHs u(x, t) 6yaeT yI0BAETBOPATL BceM
YCJIOBHSIM HCXOJHOH 3a/1a4H, T. €. 6Y/IET SBASTLCS €€ PEIIeHHEM.

HNuwem yacTHble peuenns ypasrenus (1.22), ve paBHble TOX/IeCTBEHHO
HYJIIO H YIOBJIETBOPSAIOLHE 'PaHHYHBIM yeu10BHsiM (1.23), B BHIe npousse-
JeHHs

ulx, t) = X(x) - T(2), (1.25)

rae X(x) — pyHKums TonbKo nepemenHoi x, T(t) — (yHKUHS TOMBKO ITe-
PeMeHHOH ¢.
TMoncrasass (1.25) B ypasuenue (1.22), nonyuum

X()T(t) = a2 X"(x) T(t)

HJIH, pa3fe/IuB NEpEMeHHbIE:

JleBasi yacThb TOX/ECTBA 3aBHCHT TOJIBKO OT ¢, @ IpaBast — TOJABKO OT X
Ha OCHOBaHHMH OCHOBHOH JieMMbl Pypbe NpeAcTaBJSIOT COG0K ONHY H Ty
Xe nocrosHHywo. [ns yno6cTBa BhIKIAA0K 0603HAYMM 3Ty NOCTOSHHYIO
yepe3 —A2:

Tt _ Xx) _ g
=S =2 (1.26)

Ortciona nosyyaeM cHcTeMy U3 IBYX OOBIKHOBEHHBIX AH(depeHIHATbHEIX
YPaBHEHHH:

” 2 —
X"(x) + A X(x)—O,} (1.97)

T"(t) + a’A2T(t) = 0.
'pannunbie yeaosus (1.23) pator:
u(0, 1) = X(0)-T(t) =0, u(l, t)=X(1)-T(¢) = 0.

Tax Kak HLLyTCs HeTPHUBHAJIbHEIE petuerus, To T(f) #0.
IMostomy dynkuus X(x) nomkHa yiOBAETBOPATH CJEAYIOLHM AOMO-
HUTEbHBIM YCIOBUAM:

X(0)=0, X()=0. (1.28)
* Ecan B ypasHenun (1.26) 0603HaunTh nocTosiHHyI0 yepes +A2 BMecTo —A2, TO 4151 BO3-

HHUKAIWHX faiee COOCTBEHHbIX 3HAYEHHI MOYYHM MHHMbIE BEIMYUHBL. DTO He 0Tpa-
3HTCA Ha KOHEYHOM pesyJibTaTe.
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CnefoBaTe/ bHO, [V1A MOJYYEHHS He PABHOTO HYJMI0 DELUeHHs BHAA
(1.25), ynosnetsopsiomiero rpaHuuHbM yeaosuam (1.23), Mbl mpuxoaum
K crenymomeit 3aaye (0 co6CTBEHHBIX 3HaUEHHAX): HAHTH TaKHe 3Haye-

HHS A, TIPH KOTOPBIX CYLLECTBYIOT HETPHBHA/MbHbIE ElIeHHsl NepBOro
ypaBHeHHs U3 cucTeMsl (1.27), yr0B/IeTBOPSIOLIME TPAHHYHBIM YCJOBHAM
(1.28).

AT pewenns A HasbiBalOTCS coBCcmaennbiMu 3HaAYeruImU (HX COBO-
KYMHOCTb — CNeKmpoM), a COOTBETCTBYIOILME peweHns X — cobcmaen-
Houm yrKyuamy Kpaesoi sanauu (1.27) u (1.28). Haiinem 3tH co6et-
BEHHble 3HaueHHs H COBCTBEHHbIE (YHKLHH.

OG6uiee pewenye nepsoro ypasrenus us (1.27) umeer sug

X(x) = C;sinAx + Cycoshux,

rae C; u Cy — npoU3BONIbHBIE OCTORHHBIE. Y IOBNETBOPSS €10 rPaHHy-
HbiM yeaosusim (1.28), nosyuum

Cl ~O+C2' 1 =0Y
C;sinM + CycosM = 0.
Orciona C9=0 n Cysinhl =0.
Mt no/mxnsl cunrats Cy # 0, T. K. HUIYTCS HeTPHBHANbHBIE PELIeHHS.

[TosToMy anisi ompepesieHHst A mosyyaeM Caefylollee cnexmpanbHoe
.ypasreHrue:

sinAl =0,

TO €CThb

n

A=, =15

TJie 7 — LEJIOe YHUCJIO.
CnepnosareiibHo, HeTpuBHanbHble pewenus 3anaun (1.27) u (1.28) os-
MOXHBI JIALUb NIPU 3HAYEHHSIX

A= (=12, (1.29)

OTHM COOCTBEHHBIM 3HAYEHHSIM COOTBETCTBYIOT COGCTBEHHbIE (PYHK-
LKA

Xp()=sinffx (n=12 .), (1.30)

onpenesisieMble ¢ TOYHOCThIO A0 MOCTOAHHOIO MHOXKHUTE4, KOTOprl:I 6e3
HapyuleHus 06LIHOCTH MOXKHO CYHTATh PaBHbIM €JHHHLE.
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3HaueHus A,, cooTBeTcTBylouMe n =0, 1, -2, ..., He NPHHHMaEM BO
BHUMaHHe, TaK KaK OHH OTBEYaIOT HJIH HY/IEBOMY peLIEHHIO

Xo(x)=0
HJIH TUHEHHO 3aBHCHMOMY PELUEHHIO
X_p(x) ==X, (x).
Peuenne Broporo ypasHenus us (1.27) npu A = A, umeeT BHA

_ nmat ;o nmat
T,(t) = Apcos#Bf- + B sin B,

rae A, v B, — K030 dHLHMEHTH, NOAJIeXALLHe ONPeIeNeHHIO.
Takim 06pasom, QyHKIHH

up(x,t) = X, ()T, () =

= (A, cos ™AL + B, sin 2Rl ) sjn 2%
SIBJISIIOTCS YaCTHBIMH pelueHusiMK ypasHenus (1.22), ynoBaeTBopsiomy-
MU rpaHHyHbIM yeaoBusM (1.23) npu mo6bix A, 1 B,,.

B cuay npuHUMNA CynmepnosHLMH pellleHHH JIMHEHHOro OXHOPOJHOro
ypaBHEHHs PSR

ulx,t) = Y (Ancos L + B, sin L) sjn 2 (1.31)

[
n=1

TaKxKe Gy/eT ero pellleHHeM, eCIH Psifi PABHOMEPHO CXOJHTCH, H €T0 MOXKHO
ABaXIbl NIOUJEHHO Iuddepenumposath 1o x u f. Cymma storo psiaa u(x, t)
YI0BNIETBOPSIET TAKXKE ¥ ONHOPONHLIM rpanHuHbM yeaosusam (1.23), Tak
Kak Kaxzoe ciaraemoe B (1.31) yroBneTBOpSIET STHM yC/IOBHSM.
Onpenenum ko3hduurenTs A, 1 B, TaK, 4TOGbI BBINOMHSINCH Haualb-
ubie yeaosus (1.24). Ipoguddepenunpyem psia (1.31) no ¢:
o
%% = ;—"’;—”(-—Ansin il 1+ B, cosﬂlgt—)sin%. (1.32)
n=

TMonaras 8 (1.31) 1 (1.32) ¢ =0, B cuay HauanbHbIX yeaosuit (1.24) noay-
yuM:

olx) = YA, sin 7%,
n=l (1.33)
ylx) = Y HHEB, sin M,

n=1
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TH pAA IPEACTABASAIOT cO60I0 Pa3/IoKeHHe 3aaHHbIX HYHKLHH Q(x)
1 y(x) B pan ®ypoe no curycam KpatHeix ayr. KoadduureHTs pasinoxe-
nuit (1.33) Boiymcasiores no uasectrbiM hopmyaam (eum. (2.12), c. 169) u
UMeIOT BH

l
A, = %Jo(x)sin"T’“dx;
0 (1.34)
[
B, = —Q—Jql(x)sin—”-@dx, n=12, ..

nma l
0

TMoncrasnss sty sHauenus kosp@uuuentos B (1.31), moayunm psg, Gop-
MaJIbHO YJIOBJIETBOPSIOIMH BCeM TPeOOBAHHUAM pellaeMoH 3alauH.

Mel He ocTaHaBnMBaeMcsl Ha BHISICHEHHH YCJIOBHH, IPH KOTOPBIX 3TOT
PAL CXOMUTCS U MPEeACTABAseT eJUHCTBEHHOE pellleHHe, HeMpepbIBHO 3a-
BHCSALLEe OT HaYaJIbHBIX IaHHBIX 3a[a4H.

Janum Gpu3vdeckyio MHTEpIpeTalHio noaydeHHoro pemenus (1.31)

ux, t)= Y u, (x,1). (1.35)
n=l1
Canaraembre
Un(x,1) = ¢, (t)sin %, (1.36)
rae

¢ (t) = Apcos B2 + B sin et
Ha3bIBaloTCs cmosuumi soanamu. Takum 06pasom, Gopma CTPYHBI B JI0-
60/ MOMEHT BPEMEHH eCTb Pe3yJIbTaT CJOXKEHHs GeCKOHEYHOro YMe/Ia
crostunx BoaH (eapmonuk). U3 dopmyast (1.36) BuaHo, 4T0 CTOSYAS BOS-
Ha NPeaCTaBaseT COB0H «IyIbCHPYIOLLYI0» CHHYCOHAY.
Touku

xp=%0 (k=12 .,n-1,,
B KOTOPbIX
sin—"—’l‘—"=0,

B J1I060I MOMEHT BDEMEHH OCTAIOTCS HEMONBHXHBIMH U HA3HIBAKTCA Y3-
aamy cTosiyed BosHbl u,(x, t). Touku

Xy = Z’-;;_—ll (m=12 ..,n),
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B KOTOPLIX

’

sin"—’l"‘- = +]

COBEpLIAIT Kosie6aHUsI ¢ MaKCHMaJIbHOH ammmrynoﬁ H Ha3blBalOTCH
nysHocmamu CTOSTYEH BOJIHBI. ﬂepnon UX Kosie6aHHu s

tn=2n:%=% (h=12.).

o T,
Jns nonepeunsix KoseGaHHi CTPYHBI a?= FO H, CJIe[I0BaTENBHO,

Ty =

EE

[TonyyenHnas popmysa 06bsICHAET 3aKOHbI KOsleGaHH sl CTPYHbI, OTKPHI-
ThIE BIEPBbIE IKCIIEPHMEHTAJIBHO.

§ 2. YpaBHeHue TENNIONPOBOAHOCTH

1. BriBox ypaBHeHHud TemuonpoBogHoctu. [loctaHoBKa 3agaun
0 pacnpefeJeHMH TeMIEepaTyprl B OTpaHMYEeHHOM cTepxKHe. Eciu
TeMrepaTypa TeJa HepPaBHOMEpHa, TO MPOHCXOAMT INpolecc Nepefayy
TemJa OT Y4acTKOB 6oJiee HarpeTHX K y4acTKaM MeHee HarpeThiM.

PaccMOTpHM OHOPOAHBIH CTEPXKEHb AIHHBI [, HaNpaBJeHHbIH 110 OCH X.
CrepiXeHb TEMIOU30JMPOBaH C GOKOB H IOCTAaTOYHO TOHKHH, YTOGBI CYH-
TaTbh TEMIEPATypy B KaXKIOM €ro ceuyeHHH NMocTosiHHOH. Torxa mpouecc
pacmpocTpaHeHHsi Tella B CTepXHe MOXeT OblTb OMHUCAH (YHKUHEH
u(x, t), IpeACTaBSIOLIEH TEMNIEPATYPY B CEYEHHH X B MOMEHT BPEMEHH {.
Jlnst onpenieIeHHOCTH NPEMTIOJIOXKHUM, UTO TeMIIepaTypa PacTeT ¢ yBeJanye-
HHeM x. HanoMHMM HeKoTOpble 3aKOHOMEPHOCTH, H3BECTHBIE H3 (PHU3HKH.

Paccmotpym 6ecKOHEUHO Masty1o IIOLAAKY dC, uepe3 KOTOPYIO TPOX0-
[IWT TenJ10BoH noTok. [TocTpouM BEKTOP HOPMAJIH 11, HAIPABJIEHHBIH B CTO-
POHY yBesuenHs Temnepatypsl. TOra 3aKoH TennonpoBoaHocTH (3akon
Dypove) MOXKHO CHOPMYTHPOBATD CIIEAYIOLIMM 06PA30M: KOJIHYECTBO Tel-
Ja dQ, npoxozsiiee yepe3 6eCKOHEYHO MaJIYIO NIOLIAAKY dC 3a eAMHHLLY
BpEMeHH, TPOTNIOPLUHOHANBHO ee TJIOWAAH Y BeJIMYHHe IPaJHeHTa TeMIe-
patypsl:

= _pou
dQl = kandﬁ,

rae k — Ko3(QhHLUHEHT TeNIONPOBOAHOCTH.
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CoraacHo 3akoHy Dypbe, KOMUUECTBO TeIIa, NPOXOASILEro yepes ce-
YeHHe C KOOPAHHATO X 32 IPOMEXYTOK BpeMeHH (1, ¢ + dt) paBHO

ou
dQ = -kS5dt, (2.1)

rae S — mioiuaAb NonepeyHoro ceveHus crepxHs. Jlns HeonHoponHOro
CTEep>KHS k 3aBHCHT OT X.
PaccMoTpuM 6ecKOHEUHO MaJlbiii 3eMeHT cTepxHs [x, x + dx].
KonuuectBo Temna,  KoTopoe HEOOXOAHMO COOOLIMTL 3JEMEHTY
[x, x + dx] 3a Bpems dt, uTOGBI MOBBICUT €10 TEMIEPATYpPY Ha

'
Au = 5 dt,
paBHO
dQ = cpSdxAu = cp 2 Sdxdt, (2.2)
e ¢ — YLeJibHas TeJIOEMKOCTbD, p — TIJIOTHOCTD, %Lti — CKOpPOCTb U3Me-

HEHUS TeMIIepaTyphl.

Bynem npeanonarate, 4To B HEKOTOPHIX YAaCTSAX CTEPXKHS HAXONATCS
TennoBbie HeTouHUKH. [Tyets q(x, t) — KonMuecTBo Tenna, cosnaBaemoe
TEIJIOBbIM HCTOUHHKOM, IOMELIEHHBIM B TOUYKE X B MOMEHT BPeMeHH ¢ 3a
e[IMHUIY BPEMEHH, OTHECEHHOE K eMHHIE MacChi cTepXKHs (HHTEHCHB-
HOCTb TEeMJIOBOTO HCTOYHHKa). TOrIa KOJMYeCTBO Tema, BhiesieMoe Ha
otpeske cTepxkHs [x, x + dx| 3a npomexyrtok Bpemenu [¢, t + dt] 6yner

dQ = q(x, t)pSdxdt. (2.3)

Brinesienre WM MOIMOIIEHHe TeIJa MOXKET INPOMCXOAHTh, HalpHMeEp,
BCJIEACTBHE XMMHYECKHX PeakLHH, B pe3yJibTaTe IPOXOXKAEHHS JNEKTPH-
YeCKOT0 TOKa H T. 1.

BeiBenem ypaBHeHHe, KOTOPOMY [OJ/DKHA YAOBNETBOPATH (YHKLMSA
u(x, t). Jlnsi 3T0r0 COCTaBHM ypaBHEHUE TeIJIOBOro 6anaHca As 6eCKo-
HEYHO MaJloro 3/1eMeHTa cTepXHs [x, x + dx| 3a npomexxyTok BpemenH dt.
BocnoJb30BaBuIKCh NPHOJHXKEHHOH (GOPMYIOH

[l +dx) = f(x) + f'(x)dx, (2.4)

a Takxe cooTHoweHuamH (2.1) 1 (2.3), nonyuum ans KoaHuecTsa Tera,
HaKOIIEHHOT0 3/IEMEHTOM CTEPXKHS 32 BpeMs df, CJIeflyIollee BhPaXKeHHe:

) ) 02
dQ = -kSLat + ks(ﬁ + g’;—dx)dt + 05)

+ q(x, t)pSdxdt = [k% + pq(x,t)]dedt.
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Ta xe BesmunHa d Q moJsyyaeTcst Ha OCHOBAHHH H3MEHEHHs TeMIepaTy-
PBl 3/IEMEHTA CTEPXHs HA BENHUHHY 5 du dt 1 onpenensieTcst GopmyJion

(2.2). MpupasuuBas 06a BLPaXKeHHS, IONYUHM:

[ka £ +pqlx, t)]dedt cp L 5 Sdxdt.

Orciona, BBeas 0603HaUeHHs
fp a?, f(x,1) = 1q(x,0),
6yneM uMeThb

a" = a2 a 2+ fx,1). (2.6)

ATo ypaBHeHHe Ha3blBACTCH ypasHenuem menionposodnocmu. Ove-

BHJIHO, €CJIH TEMJIOBbIE HCTOUHHKH OTCYTCTBYIOT, TO
2
S=g22t (2.7)

J1191 BIZIe/IeHVS! €IHHCTBEHHOTO PelleH s yPaBHEHHS TeMN0NPOBONHO-
CTH HEOOXOMMO K YPaBHEHHIO TIPHCOEIMHHTb HayalbHble H IPaHUYHbIE
YCJI0BHS.

HauanbHbie yenosus (B oT/iHuHMe OT ypaBHeHHs KoJeGaHHii) COCTOAT
JMIIb B 33JIaHHH 3HaueHHH GyHKImK (X, ) B HAYaNbHBIH MOMEHT BpeMe-
Hu t=0:

u(x, 0) = o(x). (2.8)

['pannyHble YCAOBHS MOTYT ObITh PA3/HUHBI, B 3aBHCHMOCTH OT TeMIIe-
PaTypHOrO peXxuMa Ha rpanuue. Hampumep, eciu Ha KOHIAX CTepXHA
TOJIePXKHBAETCA I0CTOSHHAs TeMneparypa (B Touke x = 0 — Temmepary-
pa A, B Touke x = [ — Temneparypa B), T0 rpaHHUHbie yCIOBHS HMEIOT
BUJ:

u(0,t)=A4, ull,t)=B. (2.9)

Takum 06pa3oM, 3aj124a 0 pacnpeeNeHHH TEMIIEPATyPbl B OXHOPOLHOM
OrpaHHYEHHOM CTEPXKHE C [IOCTOSIHHOM TeMIIepaTypPOH Ha ero KOHL@Xx cTa-
BUTCS TaK: HAWTH pelleHHe ypaBHeHHs TerionpoBoaHocTH (2.6), ynos-
JeTBOpsIolLee HauanbHoMy ycoBHio (2.8) v rpaniuHbiM yenosusM (2.9).

2. BeiBox ypaBHenus xuddysun. Paccmorpum Tpy6Ky, 3anonHeH-
HYI0 BELECTBOM, KOHLEHTPALHs KOTOPOTO B KaXXOM IONepeyHOM ceye-
HHH OIHHAKOBA Y MEHSIETCs OT CeYeHHU K ceueHH0. Torna, Kak H3BecTHO,
uMeeTcs AHdy3us BelllecTBa H3 MECT ¢ 601ee BLICOKOH KOHLEHTPaLHeH B
MecTa ¢ MeHbllleH KOHLeHTpalHeH.
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MaremaTnuecku Tako¥ npouecc AP Y3uH MOXKeT ObITb ONHCAH PYHK-
uuet c(x, t), npencTaBsIOWEH KOHUEHTPALHIO B CEYEHHH X B MOMEHT Bpe-
menw t. [TosyuuM ypaBHeHHe, KOTOPOMY YIOBJETBOpSET 3Ta (DYHKLUMS,
IJIsl Yero COCTaBHM ypaBHeHHe (ajaHca Macchl BeIleCTBA Ha OTpe3Ke
[x, x + dx] 3a npomMexyTok BpeMeHH dt.

TMycts c(x, t) yBeanunsaetcs ¢ poctom x. CornacHo sakony Heprema,
KOJIHYECTBO BELLECTBA, MPOXOsUlee B eIHHHLY BpeMEeHH Yepe3 faHHOe
I0NepeyHoe ceyeHHe, NMPONOPLUHOHANBHO €ro MVIOWaf S H rpaiHeHTy
KOHLIEHTPALMH, T. €. 32 BpeMst df OHO PaBHO

dQ=-nS (2.10)

rae N — Ko3pHIHeHT AU PY3HH.

Hcnonbays dopmy.si (2.4) 1 (2.10), mosyunm, uto KOIMYECTBO Belle-
cTBa dQ, HAKOMIEHHOE BBIIEJICHHBIM OTpe3koM |x, x + dx] 3a Bpems df,
paBHO

i 2, Py \gs < nge
dQ = -nSat + “S(ax + 3 dx)dt = nsfdudt.  (2.11)
C zpyro¥ CTOPOHEH!, U3MeHEeHHe KOHLEHTPALMH 3a BpeMst dt
_
T ot dt,

a CJIef0BaTCJ/IbHO,

dQ = SdxAc = Sacdxdt (2.12)

[NpupasuuBas Beipaxenus (2.11) u (2.12), nomyuum:
0Zc _ odc
nS-a-x;dxdt = Sgdxdt
HIH

% _ g29% (2.13)

rie a2 = 1. JTo ¥ ecTb HCKOMOE ypasHeHue duggyauu. OHO COBEpLIEHHO
aHaJIOTMYHO YPaBHEHHIO TEIIONpoBoaHocTH (2.7).

[pu BbIBOZE 3TOrO ypaBHEHHS Mbl IPeATIOIArany, yto Aupy3us yepes
CTEHKH TPYOKH OTCYTCTBYET H BHYTPH TPYGKH HET HCTOUHHMKOB BELIECTBA.
TpH Ha/HYHK HCTOYHHKOB NOMTy4aeTCst HEOAHOPOLHOE YpaBHEHHe, aHaO0-
ruuHoe ypasHenHio (2.6). [Tockonbky ypasHenus (2.13) u (2.7) onuuako-
BbI, TO KpaeBble 3a]auH JJIsi HUX CTaBSATCS TaKXKe OHHAKOBBIM 06pa3oM.

219



3. Pemienne KpaeBod 3ajgaud Aas ypaBHEHHS TeNJONPOBOA-
noctu MetoxoM Pypbe. TemneparypHbie Boaubl. [1ycTh Ha oTpeske
[0, /] oc Ox pacnosioxeH TOHKHI OIHOPOAHbI CTePXeHb, G0KOBas 110-
BEPXHOCTb KOTOPOTO TEIIOM30JHPOBaHa OT OKpyXKawlel cpeasl. [Todo-
KHM, UTO Ha KOHLIAX 3TOTO CTEPXKHSI OJIEPKUBAETCSH IOCTOSIHHAS TEMITe-
parypa: Ha JIeBOM KOHLie — TeMrnepartypa A, Ha npaBom — Temmneparypa
B. HauanbHoe pacnpesesieHye TeMnepaTypbl B CTepxKHe 3a1aiuM (QyHK-
umert Q(x). Haitnem TemnepaTypy B Touke X B MOMeHT BpeMeHH | > 0, npe-
noJiarast, 470 BHYTPH CTEPXKHS OTCYTCTBYIOT HCTOYHHKH H MOTJIOTHTEJH
Temna.

Srta 3anaua, kak u3sectHo (cm. § 2, n. 1), 3akmoyaercs B peLieHUH aud-
(hepeHUHANLHOTO YpaBHEHHS

u _ 2%
[ =at s, (2.142)
[IpH HaYaJIbHOM YCJIOBHH
u(x, 0) = ol(x) (2.15a)

W TIPH TPAHAYHBIX YCIOBHSAX:
w©0,t)=A, ull,1)=8B. (2.16a)

CresnaeM 3aMeHy nepeMeHHbIX TaKy10, YTOObI HOBAs HEH3BECTHAS PYHK-
LMl YIOBJIETEOPAIA OHOPOAHLIM FPaHHUHbIM YCIOBHAM. A HMEHHO, BBE-
neM pyukuuio vlx, t), ceasannyo ¢ ickoMol dynxuued u(x, t) cootHowE-
HHEM:

o(x,t) = ulx, t) - (B_IA X +A).

Dynxkuus v(x, t) yIoBAETBOPSIET ypaBHEHHIO

v _ ,23%

=4 5T (2.146)
HAYaNBHOMY YCJIOBHIO

o(x,0) = ulx,0) - [B—IA x +A] =

(2.156)

= olx) - [B‘IA P +A] = ¢,(x)

M OIHOPOJHLIM FPAaHHYHBIM YCIOBHSAM:
v(0,1)=0, o(l,t)=0. (2.166)

Onuoponuoe ypasHenHe (2.146) ¢ HeOXHOPOLHBIM HaYIbHbIM YCIOBH-
eM (2.156) 1 ONHOPOXHBIMH FpaHUYHLIMU ycnoBUsAMH (2.166) MOXHO pe-
math MeTozoM Dyphe COBEPLIEHHO TaK e, KaK Mbl DELIaIH 3a1a4y 0 KO-
Ne6aHHAX CTPYHbI, 3aKPEMIeHHON Ha KOHLAX.

220



VMenHo, 6yneM cHayasa HCKaTh HETPHBHAJIbHBIE PELIEHHS! yPaBHEHHS
(2.146), ynosneTsopsioiye rpaHuyHbIM ycaoBusM (2.166), B Buae npous-
BeJleHHUs!

v =X(x)T(t) £0. (2.17)

Moncrasnss (2.17) B ypauenue (2.146), noayuum

X()T(8) = a2 X"(x)T(¢)
HJIK

TM) _ X"x) _ a9 '
il P A% = const (2.18)

B CHJIy OCHOBHOH JieMMbI MeToa Pypre. OTcrona
T(t) + a2 A2T(1) =0, (2.19)
X"(x) +A2X(x) = 0. (2.20)
T'pannunsble ycsiosus (2.166) patot

XO0)T(H)=0, X(DT(t)=0,
OTKYZa
X©0)=0, X()=0. (2.21)

CnenoBaTe IbHO, Mbl IPHXOHM K 3a/1a4e O COGCTBEHHbIX 3HAYEHHSIX:

X"(x) +A2X(x) =0,

X0)=0, X()=0,
yKe uccieoBaHHO! B § 1, m. 6 npu u3ydenuH Kone6aHHH OTHOPOLHOM
orpaHHYeHHoM CTpyHbl. TaM 6bl/10 [I0Ka3aHO, YTO TOJIBKO NIPH 3HAYEHHUSIX
A, paBHbIX

Ap= (n=12.) (2.22)

CYLIECTBYIOT HETPUBHA/bHbIE peleHns 3anaun (2.20) u (2.21):

Xy (x) = sin = (2.23)

(iuHediHO He3aBHCHMBIE).
Ipu A = A, ypasuenue (2.19) umeer pewenre B Buze

2,2
T,(t) = Ae~tnt (2.24)
rae A, — nonexauiye onpeeeHuIo Ko3QOUUHUEHTH, a

2,2
b2 = >0
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Takum o6pasom, cornacHo (2.17), KaXzas QpyHKuust

0,(5,1) = X, (0T, () = A0 sin 232 (2.25)

6yner peweHueM ypasHenus (2.146), ynOBIeTBOPAIMHM TPAHHUHBIM
yeaoBusm (2.166). Tomy e caMOMy ypaBHEHUIO H TEM e CaMbIM TPaHHY-
HbIM YCJIOBHSIM B CHJy MPHHLHNA CYNEePro3uiuy 6yaeT yAOBAETBOPATH
e

olx, t) = Zv (x,t) = ZA g=bn?t sm——— (2.26)

Bri6epem ko3 duiment A, TaK, 4ToGH! BHIIOIHAIOCH HAYAJIBHOE YCI0BHE
(2.156). IMonaras t = 0, nonyyum

00 = YA, sin 27, (2.27)
n=1

HanucanHeli pap npeacTasiseT co600 pasioxKeHHe 3ajaHHOH QyHK-
wnu Q;(x) B pan Pypbe no cuHycam KpaTHeix ayr. Kosdduuments A,
onpefensoTcs Mo ussectTHol gopumyae (cm. (2.12), c. 170) mpocTeiM uH-
TErpUPOBaHUEM:

4 I
= %J.tm(x)sinﬁ’l—‘&dx = %j{w(x) - [A + #x]}sm nmx g
0 ’ (2.28)

l
= %J'(p(x)sin"T“"dx —n—%t[A + (—I)"“B].
0

Psn (2.26) ¢ kosdpduumentamu (2.28) hopmanbHo 6yneT yAOBAETBOPATL
BceM ycaoBuaAM 3anauu (2.146)—(2.166).

Cnaraembie v,(x, t) pana (2.26) MoryT GbiTb HHTEPNIPETHPOBAHEI KaK
TeMnepaTypHbie BOHB. AMIUIMTYa TEMIEPAaTyPHBIX BOJH YMEHBLIAETCS
CO BpeMeHeM, T. K. B Hee BXOAHT MHOXHTeb e 2" 1t |
Tenepb Mbl MOXEM HaNMCaTh OKOHYATEbHOE PELLIeHHe HCXOAHOM Kpae-

Bo# 3anauu (2.14a)—(2.16a):

ulx,t)=A + —x + ZA e~b°n%t gjp ILx ; (2.29)
n=1
re koahduuuenTs A, Bepaxaiotcs popmyaoi (2.28).
Hcenenyem nosyueHHoe pelueHue py ¢ — oo,
O6o03Hauum

u, (x) = limu(x, t).
o0
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Ec/ paa cxomuTcst paBHOMEPHO, TO

u x)=4+ B——liq—x.

Takum 06pa3oMm, Mpe/esbHbIi PeXXHM — 3TO JJHHEHHOE pacrpefieieHHe
temneparypsl (puc. 7).

u(x, 1)

Puc. 7

B 3ak/0ueHre OTMETHM, UTO Mbl OTPaHHYHIHCh UL HOPMAJIBHBIM 110-
CTPOEHHEM pellleHHs U He OyleM OCTAHaBJMBATbCS HA BBIACHEHHH yCJIO-
BHE, pH KoTopbiX pan (2.29) npenctasaser GyHKUMIO, YIOBIETBOPAIO-
LyI0 BCEM YCJIOBHSIM MCXONHOH KpaeBOH 3ajayd. MoXHo mokasath
TaKXKe, YTO 3T 3ajla4a MocTaBleHa KOppeKTHO st ¢ > 0 ¥ HeKOpPeKTHO
AJ15 OTPHLIATEJIbHBIX £, €CJIH Haya/lbHOe ycoBHe faHo npH f = 0.

4. 3apaya o pacmnpeneNeHUM TeMIepaTypbl B GeCKOHEYHOM
crepxHe. Murerpan Ilyaccona. [1ycTb Mbl iMeeM GeCKOHEUHBIH OLHO-
POIHBIH CTePKEeHb, TeNJIOM30JHPOBAHHBIH ¢ GOKOB, OCb KOTOPOTO IPHMEM
3a ock Ox. TemmepaTypy cTep>Hs B TOUKE X B MOMEHT BpeMeHH ¢ 0603Ha-
unM yepes u = u(x, t) — 3To UHTepecyoIas Hac QYHKIKA.

B oTcyTcTBHM HCTOYHHKOB TemJia (pyHKUHMS 4 NOJXKHA YAOBJAETBOPSTD
ypaBHEHHIO TEMJIONPOBOAHOCTH

2
F=a?h (co<x<ten, >0, (2.30)
rie a2 — ¢usnyeckas koHcTanta. [TocTaBuM clenyloulyio 3anauy: 3Has
HayajibHOe pacrpeje/ieHHe TeMnepaTyphl

u(x, 0) = f(x), (2.31)

HallTH TeMIepaTypy Touek cTepxHs u(x, t) aas a060ro nocaenyOLEro
MOoMeHTa BpeMeHH ¢ > 0.

W3 pusnuecknx coobpaxKeHHH 6yeM MpeanonaraTh, YTo TeMIepaTypa
CTepHs B 6@CKOHEYHO yaleHHbIX TOYKaX X = £ oo He MOXeT OBITb 6ecKo-
HEeYHO 60JIbLIOH.
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Jlnsi HaxoXeHHs YyacTHBIX pelueHuil ypasHenus (2.30), kak u B . 3,
NPUMEHHM Memod pasdesenus nepementoix, T. e. 6yeM HCKaTb ero pe-
LIEHHS CMIeLMaTbHOTO BH/A

u=X(x)T(t) #0, (2.32)

rie X(x) — dyHkuus Tonbko ot x ¥ T() — ByHKUKS TONBKO OT £.
Moncrasnss seipaxenue (2.32) B ypasrenue (2.30), noayunm

X(x)T'(t) = a2 X"(x)T(2),

HJIH B CUITy OCHOBHOM emmbl (§ 1, 11. 5) 6ynem umeTnb

= —2 = —)\2 = const. (2.33)
Ortciona nosyyaeM cucTeMy 0GHIKHOBEHHBIX M (hepeHIHANbHBIX yPaBHE-
HUH:

X"(x) + A2X(x) = 0,
(x) (x) (2.34)
T'(t) + a?A2T(t) = 0.

Tak Kak XapaKTepHCTHIECKOe ypaBHEeHHe Ji/1sl IEPBOTO ypaBHEHHS CHC-
temsl (2.34) umeeT BHE

k2+A2=0
H, CJIEJOBATEJBHO,
kly 9= +i )\,,
TO MOXKHO TOJIOKHUTb
X(x) = A(\)eirx, (2.35)
AnasoruyHo nony4aem
T(t)= B(\e~a"M. (2.36)
Orciona
uy, = X()T () = c(M)e=a"¥t + ikx, (2.37)
rae

c(r) = AW)B().

TMapamerp A B dopmyae (2.37) nomkeH ObITb AEACTBUTENBHBIM, IPHYEM
—o0 < ) < +oo, TAK KaK B IPOTHBHOM CJ1yuae uy 6bi1a 6bi 6€CKOHEUHO 60Jb-

LIOH TPH X = —o0 WJIK [IPH X = +oo, YTO (PH3HNYECKH HEBO3MOXKHO.
[Tonoxum

+oo +oo 919 .
ulx,t) = Juxdk = jc(?»)e‘“ N+ iy, (2.38)

®yuxuus u(x, t) yIoBaeTBOpseT ypaBHeHHIO TemonposoHocTH (2.30).
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JlericTBHUTEIBHO, TOJIATas

Llu]l=% —a2 giu (2.39)

¥ Tpeanosarasi 3aKOHHOCTb AU depeHLHPOBaHHUS N0 apaMeTpaM X H ¢
1oJ1 3HAaKOM Heco6cTBeHHOro HHTerpana (2.38), Gynem uMeTh:

+°° 9 +oo
Llu] = J‘c(k)e‘azxzt +ikxgy, — iz jc(l)e‘“zkzl +ikeg), =

—o0

+oo0 +oo
- J_azxzc(x)e-ai’x?t + i) 4 g2 J’;"Qc(k)e—-azﬂt + i), = 0.

—oc0

s dyukuau (2.38) oGecriedrM Tenephb BBINONHEHHE HAYalbHOTO

yeaosusi (2.31). Toaaras ¢ = 0, nonyunm
400

fx) = [cMedn. (2.40)

—o0

CpasuuBasi unrerpai (2.40) ¢ unterpanom ®ypse (em. ra. 11, § 2, . 9, op-
myant (2.31), (2.31a) u (2.316))

F0) = 5 [an [ (e Mx-8)gt,

" HAXOJUM
o0
oh) = 3 [F(E)e~Mde. (2.41)
Cule0BaTeNbHO, -
4oo
u(e, ) = 2 j A j f(E)ea®¥t + Mx=B)gg, (2.42)

Wamensist B hopmyie (2.42) nopsiiox uHTErpHpOBaHHs, GyieM HMETb

ulet) = [[E)GE, x 18,
rae -

' +oo
GE;x, 1) = 5L [ema™t+ Ma-Blgy, (2.43)

— TaK HasbiBaeMas gpynkyus [puna.
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Muterpan (2.43) moxet 6uiTh HalieH B KoHeuHoM Buze. U3 Kypca aHa-
7132 H3BECTHO 3HaUYeHHEe HHTErpala BepOsTHOCTE:

oo
je-f"dx = (2.44)

—00

MoxHo nokasat, uto Gpopmyaa (2.44) octaetcs BepHOI, ecJH X Ha KOMII-
JIEKCHOH IIOCKOCTH mpoeraeT npamMyo x = o, + if}, (~ oo < 0 < ), mapau-
JIeJIbHYI0 I€HCTBUTE/IbHOH OCH, T. €.

+oo+ if§ +o0
J e~ dx = B’ Je‘(“2+2iaﬁ)da = r.
_°°+IB —00
Orciona
o0
ferte®+2B)gg = JreB?. (2.45)
[Tonaras B popmyae (2.43)

)

a212t=u2 (—oo<l_,[<+oo)
NOCJIEA0OBATEJIbHO TTOJTYYHUM

) =2

A= o

B
avt’
u ¢ yuetom (2.45)

om0

e (2.46)
»-y? _(x-9)?
4 2[ = 1 4 2t

21tafre ‘ QaJEt_e o

[Toxcrasass ato Buipaxenue B dopmyay (2.42), nonyuaeMm unmezpar
[Myaccona

(x-8)?

ulx, ) = j f(E)e 4a gg,

AalMit pacrpesieieHHe TEMIEPaTyphl B TOYKaX 6eCKOHEYHOTO CTEPXKHS
ans o6oro MoMeHTa BpeMerH ¢ € (0, +oo).
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§ 3. YpasueHue Jlannaca

1. PacnipocTpaHenue Tenaa B 0XHOPOXHOH nmaacTuHKe. [Ipouecc
pacmpocTpaHeHHUs Tellia B TOHKOH MJIaCTHHKe MOXeT ObITh ONHCaH QyHK-
unedt u(x, y, t), XapakTepusywolleil TeMIepaTypy MIaCTHHKH B JaHHOM
touke M(x, y) B JaHHBI} MOMEHT BpeMeHH ¢.

O6o3naynm:

p = const — MJIOTHOCTb NIACTHHKH,

¢ — YIeJbHasi TEMNOeMKOCTb,

k = const — K03 QHILHKEHT TEMIONPOBOAHOCTH,

h — TOJILIMHA TIACTHHKH.

[TpennosoXum, 4To HCTOUHHKH TEMJIA B MIACTHHKE OTCYTCTBYIOT.

Haiinem ypaBHeHHe, KOTOpPOMY IO/KHA YNOBJETBOPATH (YHKLHs
u(x, y, t). TIOCTYNMM TaK Xe, KaK U DU BBIBOJIE YPABHEHHS TEIIONPOBOL-
HocTH ans cTepxusi (cm. § 2, 1. 1). Boinenm B nsiacTHHKe 6eCKOHEUHO Ma-
bt anemenT dS = dxdy (puc. 8) 1 COCTaBUM A/Ist HETO YPaBHEHHE TEMJIO-
Boro fasanca. [is onpejie/ieHHOCTH NPEATOJIONKHM, YTO TEIJIO PacTeT B
MOJIOKHTEJILHOM HalpaBJIEHHH ocelt X M i (3aMeTHM, 4To OKOHUYATeJIbHBIH
Pe3yJIbTAT He 3aBUCHT OT 3TOTO NPETIONOKEHHS).

Y

Puc. 8

CorJ1acHO 3aKOHY TEMJIONPOBOJHOCTH, KOMHYECTBO TEMJA, IPOTEKAK0LLe-
ro uepes ceuenue MN nuowany hdy 3a npoMeXyToK BpemeHH dt, paBHO

du
—kxhdydt,

a yepes ceuenre PQ, B cuiy dhopmyasi (2.4) 115 GyHKUMH g—i paBHO

Ju 9%u
k(% + Thax)hdyat.

Ananoruyto, 1as cevenus MQ nmiowanu Adx umeeM:

—kg—”hdxdt,
Y
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a 1ns ceyenus NP:
_plou , %
k(ay + adethdxdt.

[Toatomy KosnuecTBO Tema d@Q, HAKOMIIEHHOE 3/IEMEHTOM 32 BpeMs dt,
paBHO

dQ =~k hdydt + k(— " ——dx)hdydt -
du u %
- kay hdxdt + k(ay + ayzdy]hd)cdt.
HJIH

dQ = kh( Py ]det (3.1)

3a BpeMs dt TeMmepaTypa MOBLICHTCS HA BEUUHHY
_ du
du= 5 dt,

rae %‘: CKOPOCTb BO3pacTaHusl Temnepartypsl. [IpH 3ToM KoJH4ecTBO

TeN/a, KOTOpPOe HEOOXOAMMO COOOLMTb 3/1eMeHTy Macchl phdS, uToGbl
YBEJHYHUTD €r0 TEMNepaTypy Ha du, paBHO

dQ=cphdS2dt. (3.2)
Tpupasuueas cootHowenus (3.1) u (3.2), nonyuaem:

kh(a 4 Jdet = cph2dsdt.

Y E
ot~ cp\ox? oyt )

Beeznem onepamop Jlanaaca (v aansacuan) A, nonaras

Orcona umeeM

32 32
Au = STt " (3.3)

k 2

O6o3nauas 2p =@ TIOyHaeM TOT/Ia ypaBHEHHe TeNIONpOBOAROCTH AS

OlIHOPO}.IHOI';l IJIACTHHKH B BHAE

3’; = a?Au. (3.4)

228



2. CrauuoHapHoe pacnpejeieHHe TeMIepaTypsl B MJIACTHHKE.

Pacnpeueneﬂue TeMIepaTypsbl Ha3bIBAETCHA CmayloHapHblM, €CJIH OHO HE

3aBHCHT OT BPEMEHH, T. €. ‘3—;‘ = (. YpaBHeHHe CTALHOHAPHOTO pacnpee-

JIeHUs TeMIIepaTyphl NoydaeTcsi U3 ypasHenus (3.4) u umeer BuI
Au=0. (3.5)

T0 ypaBHeHHUe Ha3biBaeTcs ypasrernuem Jlanaaca.

DyHKIMA HA3BIBAETCH 2APMOHUYECKOL B JAHHOH 00JIaCTH, eCsIM OHa
MMeeT HelpepbiBHbIE TPOU3BOAHbBIE 10 BTOPOTO NOPAAKA BKIIOUHTEIBHO H
YIOBJETBOPSET ypaBHeHHI0 Jlansmaca BO BHYTPEHHHX TOUYKax 06JACTH.
(IMpumepn rapMonuueckux GyHKuMi: u = ax + by, u=x2-y2)

Iycts C2) — knace hyHKUHIA ¢ HenpepLIBHHIMK BTOPLIMHA IPOH3BOAHbI-
mu. Torza, coryiacHo onpenenexuto, rapMoHHyeckas B 06iacTi G yHKUHS
YIOBJIETBOPSET ABYM YCJIOBHAM:

)ue C@BG; (3.6)
2) Au(P) =0, eciu PeG.

Beskas rapMoOHH4YeCKas Ct)yHKLUdﬂ OMMUCBIBAET CTAUHMOHAPHOE pacnpene-
JIeHHEe TeMIepaTyphl JIAaCTHHKH.

3. HeoGxoxumoe yciosue Mmakcumyma ¢pyHkuuu. I1ycTs B o6mac-

i G 3aana ynkuns u(x, y) € C2). U nycrs 8 Touke Pylxg, yo) € G dys-
KUHs IPHHMMAeT MakcuManbHoe 3Hauenne u(Py) = maxu.
G

Torpa nast no6oit Touku P € G, HaXonsALIeHCs BHYTPH Kpyra paguyca r
C LEHTPOM B TOUKe Py, CpaBe//IHBO HEPABEHCTBO

u(Pg) > u(P), ecnn0< p(Py, P)<p, (3.7)

rae p(Pg, P) — paccrosinue Mexay Toukamu Py u P (puc. 9).

y

Yo

Puc. 9

229



JloxaxkeM crienyloutyo Teopemy.

Teopema. Ecin QpyHKUHS HMeeT MaKCHMYM BO BHYTPEHHEH TOUKe
06/1aCTH, TO B 3TOH TOUKE €e YacTHbIE IPOM3BO/HbIE PAaBHBI HYJIIO, @ JlaTjia-
CHaH He 6OJIbLIE HYJIS.

JlokasareuasbcTBo. Heo6xoauMoe yc/oB1e aycTpeMyMa (yHKUHUH
naer
u;(Po) = O,

u'y (Po) = 0

Tak kKak (byHKU.Hﬂ u(x, yo) HMeeT MaKCHMYM IIPH X = Xy, TO
u;x(P()) <0,

AHaJIOI‘H‘lHO, TaK KakK (DYHKU.HH u(xo, y) MaKCUMaJbHa NIPH Y = Yo, TO
uyy (Po) < 0,

CxkanampiBas HEPaBEHCTBA, MOJYUHUM

Au(Py) 0. (3.8)

Teopema fokasana.

4. NpuHUMN MaKCMMyMa s rapMoHu4YecKuXx ¢pyHkumi. Pac-
CMOTPUM oOrpannuyenHylo obnactb G ¢ rpanuueidt I'. Ilycts dynkuus
u(x, y) onpeesieHa U HenpepbiBHA B 3aMKHYTOH o6aactu G = G +T 1
yIOBJeTBOpseT ypaBHeHHIo Jlaniaca BHyTpH G .

Y3 Kypca MaTeMaTH4YeCKOro aHa/11u3a H3BECTHO, YTO BCAKAA HENpepbiB-
Has (YHKLUMA B 3aMKHYTOH OTPaHHYeHHON 06/MacTH JOCTHTaeT CBOEro
MaKCHMaJbHOrO 3HaueHHs. [lnst rapMoHHUecKol DYHKUMH CpaBellHBa
clleflyloLas Teopema.

Te o p e M a. OyHKuus, rapMOHHUECKas BHYTPH OrpaHHYeHHOH obnac-
i G ¥ HenpepbiBHAs B 3aMKHYTOH 06/1acTH G, HE MOXET JOCTHraTh CTPO-
roro MakCHMyMa BHYTPH 3TOH 06J1aCTH.

Hoxaszateanctso. [lyerb Qy € I' — Touxa rpanuus I', B koTopoit
dyHkuust u(x, y) NnpHHUMaeT MaKCHMaJIbHOE TpaHHYHOE 3HaueHue. Jloka-
KeM, 4To 3Ta QYHKLHS He MOXKeT BHYTPH obaacTH G NPHHHMATD 3HaUe-

HHs, 60JIbIINE YEM B TOYKE QQ erl. 110Ka3aTeJ1bCTBO [IPOBENEM OT IPOTHUB-
HOro.

[Tycts Halinercs Takas Touka Py € G, uto
u(Py) > u(Qp), (3.9)
npuyem u(Py) — MakcuManbHOe 3HaueHKe GYHKUKH U B 06aacTH G.
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Orcrona
u(Py) - u(Qp) 20 >0
HIH

u(Py) 2 u(Qq) + o.. (3.10)
TMycts P € G +T. PaccMOTpUM BCHIOMOTaTe IbHYI0 (DYHKLHIO

v(P) = u(P) +¢gp2, (3.11)

2 213
ruep=p(P,P0)=[(x—xo) +(y-yp) ]2,O<a<+oo.
y

Puc. 10.

Tak Kak dyHKuHs u(P) LOCTHraeT CBOEro HaHGOBLIEr0 3HAYEHHS! BO
BHyTpeHHe# Touke Py o6aactu G, To hyHkuust v(P) npu 10CTATOYHO Ma-
nom 3HayeHHH € > 0 Takxke 0CTHraeT CBOEro HaHGOJIbIIEr0 3HaYEHHS B
HEKOTOPOH BHyTpeHHeH Touke P o6mactu G.

Jeitcreurensto, npu Qe T ur=p(Q, Py) nmeem

v(Py) = u(Py) 2 u(Qp) + o 2 u(Q) + «. (3.12)
Ortciona Ha ocHosanuu (3.11) nonyyaem
u(Py) 2 v(Q) -er2+ o 2 v(Q) + (0.-eR2), (3.13)
rae R = maxr.
Qell
CnenosatesbHoO, BeIGHpas
O<e< -;;—2,
u3 (3.13) 6ynem umets
v(Py) > v(Q).
OTcloza ¥ MOJaBHO
u(P§) = v(Py) > v(Q), (3.14)
npuyem
Pyerl.
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IMoncynraemannacuan Av B ouke Pj. U3 (3.11) umeem

v (Pg) = uy (P§) + 2

gy (Py) = Uy, (P5) + 2.
Orcrona
Av(P§) = AulPg) + 4¢ = 4e >0,

4TO HEBO3MOXKHO B CHJTy TeopeMbl, puBefeHHOH B § 3, 1. 3. CietoBareiip-
HO, npeanonoxenue (3.9) HesepHo.
Teopema nokasana.

Caeacreue 1 (npunuun Munumyma). OyHKuMs, rapMOHUYECKas
BHYTPH OTPaHHYEHHOH 06s1acTH G 1 HempephIBHAS B 3aMKHYTOH 06/1aCTH
G, He MOXeT JOCTHraTh CTPOroro MUHMUMyMa BHYTPH 0G/ACTH.

JloxasareabcTso. [IpeanosoxuM, yTo rapMoHHueckas (yHK-
UHS U JOCTHraeT CTPOroro MHHMMyMa B HEKOTOPOH BHYTpPEHHEH TOuKe
PyeG,r.e.

u(Py) = minu.
G

PaccmoTpuM QyHKLHMIO U = ~u, KOTOpasi, paBHO KaK H U, HeMpepblBHA B Gu
rapmoHnyeckas B G, Tak Kak Av = - Au = 0.

Ho B Touke Py, rae u NpHHHMaeT MHHUMAJbHOE 3HaYeHHe, QYHKLUHS U
HMeeT MaKCHMaJIbHOE 3HaYeHHe

v(Py) = maxu.
G

4YTO HEBO3MO2KHO B CHJTY NPDHUHIIHIIA MAKCHMYyMa. CJIGHCTBHE JIOKa3aHo.

CanenxcrBue 2. 3HaueHus QyHKUMH, FaDMOHUYECKOH BHYTPH Orpa-
HHYeHHOH o6sacTi G W HEMpepLHIBHOH B 3aMKHYTOH o6sacTd G, 3aKJio-
YeHbl MeX/1y HaUMEeHbLIMM ¥ HauOO/bIIMM ee 3HaUeHHsSIMH Ha FpaHHle
3TOH 00J1aCTH, T. €.

u < u(P) <, (3.15)

rae: u = miny, u =maxu, PeG.
r r

3aMeyaHue. OyHKUMsA, raDMOHHYECKAs BHYTPH OrPaHHUEHHOH 06-
nactd G, HempepbIBHAst B 3aMKHYTOH 06J1acTH G W OTJIHYHAS OT OCTOSIH-
HOM, IOCTHraeT CBOM Hanbo/blIee 1 HaUMeHblilee 3HaYeHHsl JIUILb Ha Ipa-
HU1e 006J1aCTH.
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5. 3agaya Jqupuxae. [lycts G — KoHeyHas 06/1acThb, OrpaHHYEHHas
3aMKHYTBIM KOHTYypoM I', Ha KOTOpOM 3aiaHa HenpepbiBHasi (QyHKUHS

f(Q).

Tpebyercs Haitti dyHKiHI0 4(P) rapMOHHYeCKylo BHYTPH o61acTH G,
HeIpepbIBHYIO B 3aMKHYTOH 06sacTi G = G + ' 1 npHHUMAIOLILYO 3aJiaH-
Hble 3HaueHus f Ha rpannuel, T. e.

1)Au(P)=0, PeG;
2)ulr = Q). QeT.

Ira KpaeBas 3aia4a HOCHT Ha3BaHue 3ada4u Jupuxe.

[pumepom 3anaun Jlnpuxie MOXKET CJYXHTb Clelylollas: 3Has pac-
npejesieHHe TeMIepaTypsl Ha FpaHHILE MIACTHHKY, HAUTH CTallHOHApPHOe
pacnpeie/ieHHe TeMIIepaTyphl 10 MJIaCTHHKE.

6. KoppekrHoctb 3agaun Jupuxae. JlokaxeM TeopeMy eIHHCT-
BEHHOCTH.

Teopema 1. [lns orpannueHHON 3aMKHYTOH o6sactu 3agava Jlu-
pHXJle HMeeT e{MHCTBEHHOE pellleHHe.

HoxazatenbcTBo. [Ipeanonoxum npoTHBHOE, T. €. 4TO 3amaya
MIMEeT IBa PelueHH s
GYHKLMIO 4y, AJIs KOTOPOH

Auy(P) =0, Peg,

{ul(Q) = f(Q), QeTl,
H QYHKIHIO Uy, /15 KOTOPOH

Aug(P)=0, Peg,

{L@(Q) =f(@Q), QeT.

PaccmoTpuM pasHocTb u = 4y — ug. OHa 06/1afaeT CleRyOUMMH CBOHCT-
BaMH:

1) Au(P)=0,Pe G; _
2) u HernpepbiBHa B 3aMKHYTOM 06sacTH G = G + T

. 3) ulp=f(Q)-f(Q)=0.

CanenoBatenbto, u = minu =0, & = maxu=0.
r r
B cuny dpopmyasi (3.15) umeem

O=u<ulP)<i =0,
OTKyAa
u(P)=0, T.e.uj=uy.

Teopema nokasana.
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Onpenenenue. O6nactb HasbiBAETCS BbLNYKAOL, €CIH JTOGLIE 1BE
ee TOYKH MOXKHO COEHHUTb OTPe3KOM, IPUHA/JIEXKAILHUM 3TOH 06NACTH.

Teopema 2. [lns orpaHuueHHOH BBITYKJIOK 06/1aCTH 3aa4a Jupux-
Jie HMeeT pelleHHe U 3TO pelieHHe eHHCTBeHHOe (6e3 10Ka3aTe/bCTBa).

llJIﬂ 10Ka3aTeJNbCTBA KOPPEKTHOCTH 3alauyH }lupuxne JAOCTATOYHO M0~
Ka3aTb, YTO €€ pelI€HHEe HEMPEPLIBHO 3aBHUCHUT OT FPAaHUYHBIX JAHHBIX.

Teopema 3. Peuenne 3agaun Jlupuxiie 11 3aMKHYTOH H OTPaHH-
YeHHOH 06/1aCTH (B YaCTHOCTH, BHLIYK/OH) HENMpepHIBHO 3aBUCHT OT rpa-
HUYHbIX JaHHbIX.

Jlokxa3zateabcTso. JonycTum, 4to

uy(x, y) u uglx, y)

© — pELUEHHd 3aJa4H ﬂupnx.ne, COOTBETCTBEHHO ITPHHHUMAIOLLIHE Ha rPaHH-
L€ 3HaYE€HHA

fi(x, ) m folx, y).
[TycTb Belony Ha rpanuue I' BEIOJIHEHO HEPaBEHCTBO
|16, 9) - o(x. 9| <&,
rje € — MPOH3BOJILHO MaJoe MONOXKHTEIbHOE YHCIIO.
PaceMoTpiM rapMoHHYECKYI0 QYHKIHIO
ulx, y) = u)(x, y) - ug(x, y).
Ha rpanuue I" aTa GpyHKUMS NpHHKHMAeT 3HaYeHHe

Tak kak —¢ < f(x, y) <€ HaT, TO B CHJTy IPUHLKIIA MAKCHMYMa HMEEM
-e<ulx,y)<e npul(x,y)e G,

—e<uylx, y)—uglx, y) <e
HIH
luy (x, y) = ug(x, )| < &.

CrnenosaresibHo, a5 106010 € > 0 MOXHO yKasaTb Takoe § (a MMeHHO:
d=¢>0), uTo npH M3MeHeHHH IPAHHYHBIX 3HAYEHHI MeHblle, YeM Ha J,
peieHHe B o6aacTh G H3MeHsieTCs MeHblle, YeM Ha €.

W3 teopem 1-3 cnenyer KoppeKTHOCTD 3afaust Jlupyxne ojs orpaH-
4eHHOH BBIMYKJIOH 06/1acTH.

7. Oneparop Jlanaaca B noIAPHBIX KOOPAMHATAX. 3alHILIEM OMe-
parop Jlansaca
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B oAIApHbIX KoopauHatax (r, @), (r 2 0, -1 < @ < 1), KOTOpHIE, KaK H3Be-
CTHO, CBAA3aHbl C 1€KAPTOBLIMH KOOPAHHATAMH CJeIYIOUHMH COOTHOLIle-
nuamu (cm. puc. 11):

Y
X = rcosQ,
. P M(x, y)
Y = rsing; U ol
|
: LI i
* 5~ |
r = /x2 +_l/2, 9 r !
y ¢ i
¢ = arctg=. 0 M
Puc. 11
Boiyncaum npou3BogHble:
u _duwdr  wde_u__x au (-y/o?)
ax _ orox | dgox aer Ty2 991+ 42/ =
ou Ju singQ
= COS(p a(pT’
Pu _ 0 (ou) _ 0 (ou ausn(p
a2~ ox\ax FEA A )COS(p -
d (d i
- 3 (Bcoso - sne)sne (.16)

2 2 i
- @t~ Z588 5

92y _ Pusing _ ducosg\sing _
(ara<p°°5‘P Sm(P opt 1 T r ) r

%u 9 9 9%y sin@cos@ + 9%usin?e | usin?g + 23” sin pcos @

:3‘,'2—(:05 (P Bra(p r a(pZ f2 ar r f2

Jlns HaxoxpeHust %7 samennm B popuyze (3.16) ¢ na T —¢ u 9 Ha

—-d¢:
' 2y _ d%u 9 9%u_ 92y cos@sin @

57 = s 20 +

oy +

Jdpar r (3.17)
a u cos? ) +a_ucos [0) _2Q£costpsin<p
a(p r2 ar r Jdp r2 '

* TouHee, ¢ = arctg 4, ecanx>0; g=m + arctg%, ecnnx <0,y20;¢=-mn + arctg,

ecn x < 0, y < 0. Bo Beex cayvanx tgep = -x”-
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CxuagpiBas Beipaxenus (3.16) u (3.17), noayunm

= ul Bl
Au= 5+ gt tarr (3.18)

Wrak, onepatop Jlanuaca B nosisipHEIX KOOPAHHATAX OTIpeeseTCs BULOM

8. ®yHnamMeHTanbHoe pemeHue ypaBHeHus Jlanxaca B moasp-
HBbIX KoopauHaTax. Hafinem pewerne ypasnenns Jlanuaca B NoJsgpHLIX
KOOPJIMHATAX, 3aBUCALUEE TOJIBKO OT OJHOH NepeMeHHOH 7 H He 3aBUCsLIee
ot @. Cornacno opmyuie (3.18), oHo 6yneT onpeaensThCs TOrAa U3 00biK-
HOBeHH020 I (epeHLHaIbHOTO YPaBHEH S

d?u(r) +_l_du(r)
dr? r odr

=0

H, KaK JIerKo y6eIuThbCs, PaBHO
u(r)=Cy Inr + Cy,
rie Cy u Cy — NPOM3BOJIbHbIE IOCTOSIHHBIE.
Ionaras Cy =-1, Cy =0, noayunm

ug = lnrl.

Dyukums ug(r) ynosnersopsier ypapuenHo Ay = 0 BCIOLY, KpOMe TOUKH
0

r =0, rie oHa obpaiiaercs B 6eCKOHEUHOCTb., DTy QYHKIUMIO Ha3bBAKOT

pyndamenmanoroim pewseruenm ypaBHeHus Jlaniaca Ha MJI0CKOCTH.

9. TF'apMoHnYecKHe MOJMHOMBI. [IOJHHOMEI, YIOBJIETBOPSIOIIHE
ypaBHeHu10 Jlaraca, Ha3blBAIOTCS 2apPMOHUYECKUMLL.
PaccMOTpHM OZHOPOIHBIH NOJIMHOM CTEIIeHH 1

Pt y) = Y Cupx®yP. (3.19)

o+P=n
[lepexoas k noasipHBIM KOOPAHHATAM 10 popMYyIaM
X=rcos®, y=rsinQ,
TOJIyYHM

Py=r" .Gy pcos®@sinP o =rrd, ().

o+B=n
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CJien0oBaTesIbHO, BCAKHH ONHOPOAHBIH MOJHHOM MOXHO NpPEICTaBHTh B
BHE

 =r"®, (@), n=0,12 .. (3.20)
17151 rapMOHHUYECKHMX OIHOPOMHBIX TIOJTUHOMOB, KPOME TOTO, .
AP, =0
WJTH B TIOJIIPHBIX KOOPAMHATaX, coriacHo opmyJe (3.18),
92P, 0P, | 92P,
Tt 0 (321

Moncrasass (3.20) 8 (3.21), moayuum
n(n=Dr"=2® () + nr*=2® () + r"~207 (p) = 0.
Orciopa caenyet, uto QpyHKums @ ,(Q) onpenesnsiercs H3 ypaBHeHHH
@ (9) + n’®, () =0
¥ paBHa
® ,(p)= A, cosng + B, sinng,

raoe An H Brz —— [IPOX3BOJIbHbIE [IOCTOAHHELIE.
Hrax, OJHOPOAHBIE TADMOHHYECKHE MOJTHHOMbI CTEIEHH 72 B MOJNSPHBIX
KOOPAHHATAaX HMEIOT BHUJL

P, =r"(A,cosng + B,sinng), n=0,1,2,...  (3.22)

[lepefinem K nekapTOBEIM KoopiuHaTaM. Bocro/ip3oBaBimch ¢opmy-
Joit Myaspa

(x + iy)n = rn(cosn@ + isinng),
MOy 4HM
rncosn@ = Re(x + iy)r, rsinng = Im(x + iy)n.

CJIelIOBaTeJleO, OAHOPOAHbIE TADMOHHYECKHE NTOIMHOMBI CTEINEHH 1 B 1€~
KapTOBbIX KOOpDAHHATAX MOT'YT ObITh MpeacTaBJ/IEHbl B BULE

P,(x, y) = A Re(x + iy)n + B, Im(x + iy)n. (3.23)

Hanpumep, mocTpouM ofHOpOAHBIE TapMOHHYECKHE IOJUHOMBI Tpe-
The crenenu Py(x, y). Umeem

(x +iy)3 = x3+ 3ix2y ~ 3xy2 - iy3.
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OTciona umeeM

Re(x +iy)3 =x3-3xy2, Im(x +iy)3 = 3x2y - y3

P3(x, y) = Ag(x3 - 3xy2) + By(3x2y - ).

10. Pemenue 3agaun Qupuxae nias kpyra. [Tycrs naH kpyr paguyca
R ¢ uentpom B Hayase koopauHat. Peunm 3agauy Jupuxie pas xkpyra:
HaiTH QyHKUMIO u(r, Q) rapMOHHUYECKYIO BHYTPH KPyra ¥ IPHHUMAIOLLYIO
Ha ero rpanuue I' 3a/laHHble HenpephEIBHbIE 3HAYEHHH, T. €.

1) Au(r,9) =0 (0<r<R); (3.24)
2)u(R,y) = —lilrerlo ulr, ) = f(y), (3.25)
Uand )

rae f(y) — sanannas nenpepuisHas gpynkuus (puc. 12)

Puc. 12

®ynkumio u(r, @), npencTapasIOMYI0 PellleHHe AaHHOM 3a1auH JupHXx-
Jie, HIIeM B BUJIe psila FapMOHHYECKHX MONHHOMOB

u(r, @) = Y,r"(A, cosng + B, sinng). (3.26)
n=0

Takum o6pasom, Au = 0.

Bri6epem ko3 duuments A, u B, TakHMH, 4TOOH! 3Ta QYHKUHSA YI0B-
JIETBOPSJIA TAaKXKe 3alaHHOMY rPaHHYHOMY ycJoBHI0. [TycTb r=R, @ = .
Toraa rpanuuHoe ycuose (3.25) naer

f) = Y R (A, cosny + B, sinny). (3.27)
n=0
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Hannwem pasnoxenue dbyskuuu f(y), nepron kotopoit T = 2m, B pan
Dypoe:

fly) = "—2" + Y (aycosny + b, sinny) (3.28)

n=1

¢ K03 QHUHEHTaMH, ONpeeJIsieMBIMH 110 QopMmyJie (2.6)(cm. . 11, § 2)

} ,lt]gf {cosn\y v (3.29)

sinny

Panei (3.27) 1 (3.28) nosmkHbl 6biTh TOXAeCTBEHHEL. [T03TOMY, CpaBHHBas
HX, 10JTy4aeM

Ag=20 4 =22 B =2 (3.30)

Wrak, Mbl mocTpouau GpopMasbHoe peliteHue 3afaun Jupuxie 1js Kpy-
ra B Buze paja (3.26) ¢ koadpduumentamu (3.30). Utobbl y6enuThes B TOM,
uTo GyHKuUs u(r, @), onpeaensieMast STUM PSLIOM, AEHUCTBHTEJBHO SIBISET-
s pelleHHeM MCXOQHOH 3alauH, Hajlo 10Ka3aTb CXOAMMOCTb Psifa, BO3-
MOXKHOCTb €0 TIOYJIEHHOTO AH((hepeHIHPOBaHHS, a TaKkXKe 10Ka3aTh He-
NpepLIBHOCTD 3TOM GYHKUMH (M3HYTPH) B TOUKAX IPaHHLLI KPYTa.

11. TeomeTpuyeckas nporpeccusi B KOMNJIeKCcHOM obaacru. Pac-
CMOTPHM GeCKOHEUYHO yOBIBAIOILYI0 FeOMETPHYECKYIO IIPOrPECCHI0

Ms

q"=l—;1—q, lg|< L (3.31)
n=0

ITycTh ¢ — KOMIIEKCHO U NIPeCTaBJIeHO B TPUTOHOMETPHYECKO# (hopme
q =plcos@ +ising),

raep=|q| u g =argq.
" Torna no gpopmyse Myaspa nmeem

" = p"(cosng + isinng)
u paBeHcTBO (3.31) MoXeT 6biTb 3aMKCaHo B CIeyIOEM BHIE:

1 _ 1-pcoso + ipsing
1-pcosp—ipsing ~  1-2cosp+p?

Y p™(cosng + isinng) =
n=0
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[IpupaBHHBas 1eHCTBHTE/IbHEIE H MHHMBIE YaCTH, MOJYYHM

e 1 -pcose
n e
gbp COSRg = o o (3.32)
N 0 i = PSNO
,E)p Sinng = T (3.33)

rae |p| < 1. O1H QopMynbl MBI HCTIOJIB3YEM HHXKE.

12. Uurterpaa Ilyaccona. Pewenne 3anaun Jupuxse /s Kpyra, Kak
6bIJIO TIOKA32HO Bhille, AaeTcsa B Buae paxa (3.26) ¢ xospduumentamu,
onpeneasieMsiMu 1o opmyaam (3.30) u (3.29). TMyaccon Hamwes cymmy
" psna (3.26) B KoHeuHOM BHIE.

Monctasnss BeipaxkeHue Ko3pduurenTos B (3.26) u Mensas nopanok
CYMMHPOBaHHS H MHTETPHPOBaHHUs, GyeM HMETh

T = T
ulr, @) = ﬁ Jf(\ll)d\v + %2(%)'1 {cosn(p Jf(W)COSﬂ\]IdW +
n=1

-7 -7

+ sinng jf(w)sinmpdw} = 511; _[f(\p)d\y +

- -7

+ #i(!ﬁ)" J’f(q;)cosn(\ll—w)dllf =
n=1

-T
_iff()i+i(L)” w-0)ldy, L<1
= -] [y) 5 (7 cosnly - ) [dy, & <1
-7 n=
Bocnonbayemcs dhopmyJoii (3.32)

l—pCOS(p -, ‘p| < l,

n = + n R et AR
Zp cosng =1 Zp cosng [ opcospt p

n=0 n=1

nonaras p = % Torna BbipaxkeHue, cTosillee B KBaPaTHBIX CKOOKaX, Tpe-

obpasyeTcs ciefyoLUM 06pasom:

= - £ cos(y-0)
%+2‘I(ﬁ)ncosn(\|l—(p) =l RCOS‘V 0.
n=1"

1 _
2 T 9%
- 25cos(y-¢) + 1,72
R2—r2
" 2[R2-2Rrcos(y-o) +r2]

240



HOE)TOMy OKOHYaTeJIbHO NnoJiyyaeMm:

T

_ 1 RZ —r2
ulr. ) = 2n J R2— 2Rrcos(y—g) + r? ftyldy. (3.34)
-

Ira popmyna HasbiBaeTcs HHTerpanoM [lyaccona.
13. Teopema o cpegHeM [l TAapDMOHMYECKHX QYHKIMM.

Teopema. 3HaueHUe rapMOHHYECKOH (YHKUHMH B LEHTpe Kpyra
PaBHO CpeiHeMy apU(pMETHYECKOMY ee 3HaUeHHH Ha OKPYXKHOCTH L 310r0

Kpyra.
JlokasatenbcTBo. [Ipumenss dopmyay (3.34), nonaras r =0 u

f(y) = u(R, y), nonyyaem:

u(0) = & [u(R,yidy,
-T

HJIH, IepeXols K HHTETrpHPOBAHHUIO M0 1yTe OKPYXHOCTH

dl = Rdy,
6yznem UMeTh
u0) = 5 fu@dl, Qe L), (3.35)
L

YTO U TpeﬁOBaJIOCb J0Ka3aTb.

14. IpubanxeHHoe pemeHUe 3axauu [{upuxje METOJOM CETOK.
B tex ciryuasx, Koraa He yaeTcs NOJYYUTh aHAJTHTHUECKOTO PELLeHHUS 3a-
Iaul, IPUMEHSIOT MPUOIHKEHHbIE METOLBL. DTH METOJbl HanboJIee LIHpO-
KO€ PacrpoCTpaHeHHe MOJYYUIH B CBS3H ¢ OYPHBIM Pa3BUTHEM BBIUHMCIIH-
TeJIbHOU TeXHHKH.
JLnst uncyieHHoro perueHus 3agauu Jupuxie
92

ﬁ + %;—’;- =0 npulx,y)e G (3.36)

ulp= f(Q) mpuQeT,

rie f(Q) — 3ananuas HenpepuiBHAs QYHKLMS, YACTO NPUMEHSIOT METON
ceToK. Mest aTOro MeToaa COCTOUT B ClERYIOLIEM:

1) sanannas o6nactb G, B KOTOPOH HUIETCA pellleHHe, 3aMEHAETCS CeT-
yaton obsacteio Gy, annpokcumupyowed obaacts G;
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2) nuddepeHumanshoe ypasHeHue Jlaniaca 3aMeHseTcs PasHOCTHBIM;

3) W3 rPaHHYHOTO YCJIOBHS YCTAaHABIUBAKTCS 3HAUEHHs HCKOMOTO pe-
LWIEHHs B TPAHUYHBIX y3/1axX o6nactv Gy, 06pasyiommx ee rpanuuy [,

[1pu rpy6oii annpokcHMaLKiH 3HaYeHHe HCKOMOH (DYHKLMH U4 B IPaHKY-
HBIX y3/1aX ceTKH Gy, , CYMTAIOT PaBHEIMHU 3HAUEHHUIO 3TOH QYHKLMHM B 611
XaHUIHX TOYKax rpaHuubl I, roe GyHKUMS 4 3aaHa.

Haiins pelueHne pasHoCTHOro ypaBHeHHs, [/ 4ero, BOOGILE TOBOPS,
HY>XHO DEIHTDb aire6pandecKylo CHCTeMY ¢ GObLIMM YHCIOM HEU3BECT-
HBIX, MBI OJIyYHM 3Ha4€HHS HCKOMOH QYHKIIHH B y3/1aX CETKH, T. €. GyneM
MIMeTb YHCJIEHHOE pellleHHe Hallel 3ajiauH.

JInsl npoCTOTEl pacCMOTPHM Calydai KBaapaTHO ceTku. Bribpas war f,
TOCTPOMM cHCTeMy Y30 (puc. 13)

x;=xqo+ih, y;=yo+jh, G, j=0, %1, %2, .).

3uauenne uckoMoi pyHkumy u = u(x, y) B Toukax (x;, y]-), 0603HaYMM
yepes

u,-j = u(xi, y])
3ameHuM TIPOU3BOJIHBIE HX PA3HOCTHBIMHA OTHOIIEHUSAMH:

Uigl,j — Ui j

’ .
ux(xi,y;)=~——h-——,
B N
uy (xi, yy) = P
» Bigg,j — Wi ) W j =Wy, ) ~ui+1,j—2“t,j+”z—1,,"
uxx(xiryj)z( h - h th = h2 ’

u,r.jﬂ - 214;',1- + u,-' j-1
he

u;y (X,', _l/]') =

a
7

4
A i-1,j i il
( G i, j-1
—/
L
P —— /
~_/ | T
Puc. 13
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Jndpdepenunanstoe ypasHeHue Jlannaca Toraa 3aMeHHTCS Pa3HOCTHBIM!

imy, j = 2uy Uy o U e = 20 e 0
h2 -
HJTH
_ 1
uij = Z(ui_]’j F Uit U o UG e ), (3.37)

TA€ X; 4 |, Yj + | — PACUETHBIE TOUKH.

B y3s0Bbix Toukax I', rpaHiuHyI0 YHKLMIO f; TIONaraeM paBHOH 3Haue-
HHIO GYHKLMH f B 6/1HXKAHIIMX TOUKaX rpaHHLbl .

Wrtak, Mbl puxoauM K CJIefyioleM 3aaade: HalTH QYHKLHMIO, YAOBJIET-
BOPSIIOLLYIO B Y3JI0BbIX TOUKaX BHYTpH G, pa3HOCTHOMY ypaBHeHHIo Jlan-
naca (3.37) u npunuMarowtyto Ha ', 3HaueHust, paBHEIE fj.

Jlnsi onpenenieHys pelieHHs B KaXK0H BHYTPeHHEH TOUYKE CeTKH Heob-
XOIUMO peLIUTh HeOZHOPOAHYI JIHHEHHYI CHCTeMy ajire6paHyecKHX
ypasHenuit (3.37). Uncno HeusBecTHBIX (T. €. UHCIIO BHYTPEHHHX Y3JI0B
CETKH) PaBHO YHCJY yPABHEHHH.

[okaxem, uto cucrema (3.37) Bceraa COBMECTHA U MMEET €IMHCTBEH-
Hoe peleHue. Bynem onupartbes Ha CJIEAYIOLIYIO TEOPEMY: JIHHEHHAS He-
O[IHOPOJHAs CHCTEMA COBMECTHA H HMeeT eNHHCTBEHHOe PellleHHe TOraa 1
TOJILKO TOT/@, KOTla COOTBETCTBYIOLIAs IMHEHHAs OHOPOJHAs CHCTeMa
MMeEeT TOJIbKO HYJIeBOE PelleHHe.

PaccmoTpuM ogHOpOIHYIO cHCTEMY

. _ l ~ -~ -~ -
= 5 (@i, j + B+ o) + B ) (3.38)
rae

i =0 (3.39)

nas rouek (x;, y;) € Ty
Tycts cucrema (3.38) nmeeT HekoTOpOE pellenHe ;. j- O6o3HauMM ye-
pes i, , — MaKCHMAJbHYI0 KOMIOHEHTY STOrO PELIEHHS, T. €.

ﬁi,/’ < ﬁp, q V(i’ ]) (3.40)
" W3 ypasuenus (3.38) nonyuaem
@y, g = tip-1, ) + @y g = thpyy o) +

- : ) i (3.41)
+ Gy, g — iy g1) + @y 4 =iy ge1) = 0.

Tax Kak Bce CKOGKH B paBeHcTBe (3.41) HEOTPHLATEbHE, TO OTCIOAA Bbl-
BOLHM

Up,g = Up-lg = Up+l,q = Up,g-1 = Up,g+1- (3.42)
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Takum 06pa3om, npH H3MEHEHHH Ha eJHHULLY OAHOIO H3 HHAEKCOB P HJH
PelIeHHs Uy, o BBINOJHSAETCS PABEHCTBO (3.42). MosTopss 310 paccyxe-
HHe JOCTaTOYHOE YHCJIO Pa3, Mbl yepe3 KOHEYHOE YHCJIO [IAr0B JOCTHIHEM
TOYKH IpaHHLbl Ug ; € [y, npuyem

up,q =ﬁs,¢ =0,

maxy; ; =0.
ij
AnanoruyHo 10Ka3bIBaeTCs, YTO

minﬁ,- / = O
ij
Ciie10BaTeJbHO,

y,q=0,

a 3HauuT, cucteMa (3.37) coBMeCTHA H HMeeT eMHCTBEHHOE PelleHHe.

3amaua. MeTos10M CETOK IPUOJIHKXEHHO peluTh 3a1auy lupuxie as
kBagpara G ={0< x < 3; 0 < y < 3} npyi 3aaHHBIX TPAHUUYHBIX YCJIOBUSX

ulp=x%+y2.
Pewenne. Buibupaem war k4 = 1. B yanax ceTku npocrabJisieM 3Haue-

HUs uckoMoi ¢ynkuun u (cM. puc. 14). Ha ocxosanun cxemst (3.37)
COCTaBJISiEM CHCTEMY ypaBHEHHH

9 19 13 18 a=%(l+b+d+1),
b=1(4+10+c+a),
4 d c 13
c=40b+13+13+4d),
d=%(a+c+10+4)
1 a b 10 ’
HITH
da-b-d=2 )
—-a + 4b - ¢ = 14,
3.43
0 ! 1 J ~b +4c - d = 26, (343)
Puc. 14 —a—C+4d=14.}

W3 BTOporo 1 yeTBepTOro ypaBHeHHH nojyyaem b = d.
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CnezioBatesibHo, U3 (3.43) nony4um cucremy

4q - 26 = 2,
-a+4b-c=14,} (3.44)
-2b + 4c = 26.

Pemas cucremy (3.44), Gyaem umetb a =4, b=7, ¢=10, d=7.
CnenoBatesibHO, pelleHHe 3TOH 3ajauy MOXHO 3aMKcaTh B BHIE Tal-
JHLBL

g1 o 1 2 3 J
0 0 1 4 9 |
1 1 4 7 10
2 4 7 10 13
3 9 10 13 18

JL1st KOHTpOMISt 3aMeTHM, 4T0 ISt QYHKLUMH & COBMONEHbl TPUHIKIT MH-
HUMYMa W MPHHLUI MAKCHMYyMa.

Ipumep 1. Penntsb 3agauy Kouw 115 ypaBHeHus kose6aHui Heorpa-
HHYEHHOH CTPYHbL:

2 2
9 u -g—%, —0 < x <400, £ >0,
X

Pewenue. Bocronbayemes dhopmyaoi Janambepa (1.14). Umeem:
a=1,0(z) = 22, y(z) = z. CnenoBarenso,
9 2 X+t
Lv P+ (-t} ;(x J, + % fzdz =x2+1t2 4 xt.
x~t

u(x,t) =

Ilpumep 2. [TocTpouTb NpoduIb 6ECKOHEUHON CTPYHbI AJisi MOMEHTOB
BpemenH: fg =0, {; = 7, £ = %, ecam
(0, BHe (o, a1);
ulx,0) = ¢(x) = l x+h, -a<x<0, %‘,i(x,o) =y(x)=0;
-x+h, 0<x<a.
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Pemenwu'e. ITo bopmyne lanambepa:

— 9x)  olx)
ulx, tg) = 5t o5
2) o
u(x,tl) - (p(x;- 2 + (p(XQ 2)’
u(x,ty) = olxra) (p(x_a).

2 2

ulx, t,)

Puc. 15

®ynkuus u(x, t), npencrasasoLas pacIpoCTPaHeHHE HAYANBHOTO OT-

Kk/1oHeHus Q(x) npu HyJeBoi HayanbHOH ckopoctH Y(x) = 0, naetcs B
cuny popmyant lanam6epa:

ul ) = xpel) y daal)

B BHJIe CYMMbI [BYX BOJIH, PaClPOCTPAHSIOLIMXCS HANPaBO H HaJMeBO CO
CKOpOCTBIO @, NpHYeM HayanbHas GopMa 06eHX BOJIH onpeaensercs QyHkK-

o X o
HEeH QO(T_, PaBHOH MOJIOBHHE HAYAJbHOTO OTKJOHEHH .

Ipumep 3. [locTpouTs NpodHib 6eCKOHEYHOH CTPYHBI, €CJIH Hauallb-
HOE OTKJIOHEHHe ee PAaBHO HYJIO, @ HaYalbHasi CKOPOCTb OTJIHYHA OT HYJIS
TOJILKO Ha OTpe3Ke [x|, xo], rie npuHKMaeT nocTosHHOE 3HaYEHHe:
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u(x, 0) = ¢(x) =0,

, ecan X1 £x < Xxog,
2 (,0) = ylx) = YO I 2T
t 0 suelx),xol,
I MOMEHTOB BpeMeHH

to =0, H =;11;(x2 —xl), ty =i(x2 —)Cl).

Pewenue. Barom cayuae gopmyna [Jlanambepa nprHnMaer BUI

x+at
ulx, t) = —21; Iw(z)dz = W(x+at) - ¥(x—-at),

x—at

T. e. H B 3TOM caydae dyukuus u(x, ¢) naeTcs B BULe ABYX BOJIH, PHYEM

¥(x) sBasetca uHTerpanoM ot W(z) u npeactasaser NpodHIb BOJMHH,
HILyIEeH HaleBo:

W(x)=5- Jw(z)dz.
%

Ham 6yner yno6Ho BEI6paTh Xy = x|. BcomoraresibHas GyHKUMS HMe-
_er sun (puc. 16):

[0, x < XI’
P(x) = jg‘a—(x—xl)\yo, xp Sx<xg,

1
‘Q—Q‘(XQ —xl)\yo, X ZXQ.

| (x)

=Y

ot x Xy
Puc. 16

Jlns nosyuenus dpynkuuu u(x, {) Mbl JOMKHbI B39Th Pa3HOCTb JI€BOH H
NpaBoi BOJIH, onpeaensiembix Gynkurei ¥(x).
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W306pa3um nocsiejoBaTe bHEIE I0JI0XKEHHS THX BOJH H HX Pa3HOCTH B
pa3JIMuHble MOMEHTBI BpeMeHH ¢ (puc. 17):

ulx,t)
0 x X, x
ulx,t,)
——rr o
0 X \_—x

0 13 =
Puc. 17

Mpumep 4. [ocTpouts npodub cTPyHs! u(x, t) ¢ 3aKpenIeHHBM KOH-
uom u(0, ) = 0 n1a MomenToB t) =0, t; =L, ecin 0 < x < +oo

’Ea

Ax(l —x), 0<x <,
u(x,0)={ x(l-x), 0<x
0, x>

PemeHue. Pemenue 3To# 3aaun 6yaeT mosydeHo, ec/iv HauyalbHble
JlaHHbIe HEYETHO MPOIOJIKUTD Ha GeckoHeuHyo npsimyio (puc. 18).

% (x,00= 0, x>0.

t,=0 u(x, ty)
Y - Y 2
)
y x
\:\\_’/// Y
\ /
~_.7
) u(x, t)
t=—
a
Y NV N
_‘-\—-.—_:/ TTYT o ) 20 x
\\__/
Puc. 18
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Mpumep 5. Haiitu nponosbHoe cMeierue u(x, t) ToUek CTepKHs K-
HOH [, XKeCTKO 3aKpeIJIeHHOro ¢ 060HX KOHLIOB, €CJIH HayaJbHOe CMelle-
HHue

,0) = o(x) =
u(x.0) = gl Al -x), %<xsl,

a HayaJ/IbHbl€ CKOPOCTH paBHbI HYJIIO.

PeweHnune. d1o — nepBas KpaeBas 3afaya [JIs ypaBHeHHs Koneba-
HHH:

[3—2—= 23’;, 0<x<l, t>0,
Ju(xO) o(x),

l (x 0) = w(x) =
w©,1) = ull,t) =

Ee pewenne npeacrasasiercs B sune psina Oypoe (1.31) ¢ koahduuy-
eHtamu A, u B,, BuiukcasieMbiMu 1o popmyaawm (1.34):

] 1/2
_ 2 oy g, _ 2 nmx
= l'(l;(p(x)sm-——f dx = 3 £2xsm ARy

+2 J2(l x)sinfEdx = 2 —$L-sin2%, B, =0.
1/2

Caie10BaTeNbHO,

=8L§ 1 nmat o onmx
ulx,t) = 22 ~ysin‘tcos A% sin £,

38}13!‘["![ AJi CAMOCTOATEJIbHOIO PELIEHUS.

1. Pemnts 3anauy Ko /1 ypaBHeHHs KoJleGaHHH HeorpaHHYEHHOH
CTPYHBI:

(2 _ 2 (20 _ 22 (o= a2t

l FYEFY J az — " j Az T ok’
a){u(x,0) =sinx, 6)Ju(x,0) =0, 8)yu(x,0) =0,

|aa_l;(x‘ 0) = O, l‘aai;‘(x,o) = ASiHX; IB_!;_(X, O) = ex
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2. [TocTpouts npotub 6eCKOHEYHOH CTPYHbI /ISt MOMEHTOB BpeMeHH
to =0, tl ='2'IE. t2 = 'é-, €CJIH

4. 0) = Acos—%,
0, x> 1;

x| <!,
g aa—‘;(x,0)=0.

3. [TocTpouTtsb npoduiIb 6eCKOHEYHOH CTPYHBI IJIsi MOMEHTOB BpeMeHH

= =L 4 =2 4 -3 4 -4
to—O,tl-4a,t2—4a,t3—4a,t4—4a,ecmd

1-|x|, npu |¥ <1,

umm={ %(x,0) =0.

0, npu Jx|>1;
4. TMoctpoutb npoduab cTpyHsl u(x, t) ¢ 3aKPernIeHHEIM KOHLOM:

u(0,)=0 (0 x<+)

IJISt MOMEHTOB BpEMeHH ) = 0,t = %, tg = %, t3 = -Zf,ecnu Haya/jbHbIE

CKOPOCTH OTCYTCTBYIOT, @ Haua/lbHOE OTKJIOHEHHe HMeeT BHJ, H300pa-
JKEHHBIH Ha puc. 19.

Y
I
0 c 2C 3C x

Puc. 19
5. TlocTpoutb npoduab cTpyHbl u(x, t) ¢ 3aKpenJIeHHBIM KOHLOM
(0, t) = 0 nns MoMeHTOB BpeMenu ¢ =0, ¢ =-";, ecan 0<x < 4o, a

Asin"—l", 0<x<l,

uLm={ % (x,0) =0,

0, x>1;
6. Haitti npoduab nony6eckoneuHol cTpyHbl u(x, ¢) ¢ 3aKpenieHHbIM
= = =L o=ty =2
konuoM (0, t) = 0 gnst MomMeHTOB BpeMen tg = 0,¢) = sl =7l =%
ecau
n(l-x)

R
u(x,0) = {Acos o+ *<h %‘;—(x,O)=0 (0 € x < +00).
0, x>
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7. TMonyorpaHHyeHHast OHOPOAHAS CTPYHA C 3aKPEIVIEHHHIM KOHLIOM

x=0 B036}’)K116Ha Ha4daJabHbIM OTKJIOHEHHEM

jO, 0<x<l,
u(x,0) = —sin—"l—’g, [<x<2,
lo, 9 < x < oo,

Onpenenutb rpaduuecky GopMy CTPYHb B MOMEHTH BpeMeHH

{ _ 1 _ 3l
tl=:ﬁ{,tr_)-—z, t3—ﬂ'

8. Jlnist mosyorpaHHIeHHOH CTPYHBI C 3aKpel/IeHHEIM KOHLOM x = 0 B

Haya/lbHbI MOMEHT BPEMEHH BbLINOJHEHBI CEAYIOLIHE COOTHOIUEHHS!

(0, x<ec,
—g—(x—c), c<x <2, %—’:—(x, 0) =0,
u(x,0) =
~L(x-3¢), 2c<x<3c  (A>0, c>0).
0, x 23c;
HauepTuts npodusb CTpyHbI B MOMEHTH BpEMEHH
_c —2 4 _3c _TIc
h=<tyg=2 =iy =1

(a — ckopocTb pacpocTpaHeHHs KoJe6aHHH 110 CTPYHE).

9. Haitt 3akoH KoJsie6aHHst OMHOPOAHOH CTPYHBI VIHHH [ = T ¢ 3aKpen-
JIEHHBIMH KOHUAMH, €CJIH HauallbHoe OTKNOHeHHe Q(x) = sinx, a Haua/b-

Hasi CKOPOCTb PaBHa HY.IIO0.

10. 3akmoyeHHbI! B LHIHHAPHYECKOH TPYOKe HIeasbHBIH ra3 coBep-
11aeT MaJible KoJle6aHusl, IpHYeM MJI0CKHe NoNepeyHbie CeYeHHsl, COCTOs-
LIIHe W3 YaCTHULl rasa, He Je()OPMHPYIOTCS H BCE YACTHLIbI a3a ABHTa0TCs
napajiesbHO OCH HWIMHAPA, @ KOHIB TPYOKH 3aKPHITH XKECTKUMH HEMpo-

HHIIA€MbIMH NTE€PErOPOAKAMH.

. Haiitn cvewenne u(x, ¢) yacTuu rasa npu ¢ > 0, ecai Haya/IbHOE CMe-

II€HHE UMEET BHJ

u(x,0) = Asin-"f 0<x<,

a HayaJ/ibHbl€ CKOPOCTH PaBHbBI

Z;—‘;(x,O) = Bsin% 0<x<l).
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11. Metogom Pypre pemuri, TepBYIO KpaeByIo 3aauy AJIsl YpaBHEHHH
Kose6aHuu:

(% _ 2%
oz =4 o O<x<l, t>0,
u(x,0) = o(x),

l%mm=wn
u0,8) =u(l,t) =0
eCJIH;

a) ¢(x) =0, y(x) = sin =,

6) (x) =0, y(x) = 1.

12. OxHopozHas CTpYHa, 3aKpenieHHas Ha KoHuax x = 0 u x = [, umeeT
B Haya/IbHLIA MOMEHT BpeMeHH (opMy mapadoJibl, CHMMETPUYHOH OTHOCH-
TEJbHO NMepreHAHKYIsPa, TPOBEAEHHOr0 Yepe3 TOUKY X = é Onpenennts
CMelLeHHe TOYeK CTPYHbI OT NPSMONUHEHHOTO T0JI0XKEHHs PaBHOBECHH,

npeanoJiaras, 4To Ha4yaJbHbl€ CKOPOCTH OTCYTCTBYIOT.
Y ka3 anue. HauanbHoe OTKJIOHEHHE TOYEK CTPYHBI paBHO

ox) = 4’”([ %) ,Tie b = u(2,0)

13. Konupt crpyHsl x = 0 1 x = [ 3akpensieHs. HayanpHoe oTK/IOHEHHE
3aJlaHO PaBeHCTBOM

J—h—x. npu 0 < x <x,
X0
(6,0 =13 4y

le 7, TpH xg Sx <[

HauanbHbie ckopocTy pasub Hymo. Haiitu otkionense u(x, t) nput > 0.

14. [TpoponbHbie KoNe6aHHs CTePXKHS JIHHBI /, Y KOTOPOTO OUH KOHeL|
(npu x = 0) sakpenuien, a apyroit (npu x = [) cBOGOAEH, ONpeAeAsIOTCS
ypaBHeHHeM

Pu _ 2%

- =q ,
at? ox?

rae u(x, t) — npojoNbHOE CMeleHHe TOUKH CTEPXKHS ¢ aGCLMCCOH X B MO-
MEHT BPEMeHH ¢, [PaHUYHBIMH yCIOBHAMH

-0 94 -
U,_o =0, = =0
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npH 1060M ¢ M HayaJIbHBIMK YCIOBHAMH NpH ¢ = 0:

oo =00, 5| = v,

Havitu pynkuwio u(x, t), ecau:
a) o(x) = kx, y(x)=0;
6) @(x) =0, y(x) = vy,

Mpumep. Tpybka nmnHOH | COLEPKUT PaCTBOPEHHOE BEILECTBO C Ha-
4aJbHOM KOHLEHTpalHeH

X, npH O<x_2,
olx) = 1
l=x, mpun 5<x<l

Haiitn konuentpaumio C(x, ¢) Bewectsa npu ¢ > 0, ecsu Ha KOHLAX
TpyOKH OHA MOJIEPAKHBALTCS PABHOH HYJIIO.

Pem e Hue. Mbl MeeM epBYIO KpaeBYyio 3afauy /15 ypaBHeHHs TH(-
Oby3uu:

ac _ 3%
[7= w2 O<x<l,t>0,
JC(x,O) = ¢(x), 0<x<l,

[C(O,t) = C(.H)=0, t>0,

rae | — KoaddHuKHeHT AU DY3HH.
Pemenne ee onpenensercs psgom Oypoe

X

C(xt)-ZAe( )nm”_

n=1

¢ KoappurenTamu Pypbe, BLIYHCIEHHEIMH 110 GopMy.Ie:

1/2
sm
A, = % J.xsm Aty 4 2 j (I = x)sin®Edx = 2’,—71-2——
0 1/2
CnenoBaTeJibHO,
I ©2n+1)272

=4 G e nt o (@n+ Dmx
O, ) = §)(2"+ 7 e sin==———.
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15. Jlan TOHKHMH OXHOPONHBIA CTEPXeHb JMHHOH [, 60KOBas MoBepX-
HOCTb KOTOPOTO TeM/I0H30JHpoBaHa. KoHub! CTepKHS MOLIepKUBAIOTCS
TpH TeMnepatype, paBHOH Hyuo. OnpeenuTb TEMIEpPaTypy CTEPXKHs B
MOMeHT BpeMeHH ¢ > 0, ec/id Haya/IbHas TeMIepaTypa paBHa

olx)= AsinQT"x.

16. Metonom ®ypre pelnTb KpaeByio 3aauy:

(u _ 3% .
!at—w’ O<x<m,t>0,
u(x,0) = sinx, O<x<m,

[u(O, t)=ulnt)=0, ¢t>0.

17. Peiunts nepBylo KpaeByo 3afauy

(228 0<x<l, t>0,
Ju(x,0)=<p(x), 0<x<l,

tu(O, t)=ul,t)=0, ¢>0,

€CJIu:

a)o(x) = x(l - f;—)

2 3
6)o(x) =& - 35 + 5.

18. PacTBOpeHHOE BelECTBO C HauaibHOM KoHLeHTpauuel Cy = const
RH(PYHAUPYET H3 PacTBOPA, 3aKMIOYEHHOTO MEXAY MIIOCKOCTAMH X = 0 1
x = h, B PaCTBOPHUTEJIb, OTPaHHUYEHHbIH MIOCKOCTAMK X = hu x =1, (I > h).
Onpenenuts KoHuenTpauuio C(x, ¢) BewecTsa B MOMeHT BpeMeHH ¢ > 0,
npejmnoJaras, yto rpaHuusl X = 0 1 x = [ HenpoHHLaeMbl JJ1S BELIECTBA, TO
ecTb

|l o X -
a—xx=0_ oox x=l_0'
19. Pewntb Kpaesylo 3anauy:
(9w _ ,20% )
lat—a 2 O0<x<l, t>0,
u(x,0) = ¢lx), O0<x<l,

du Ju _
lx@ﬂ=gﬁﬁ—Q t>0.
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20. IMyctb B ntacTuHe, neprnenarkyasptoit ocu Ox (0< x < /), pacnipo-
cTpaHsiolieics 6eckoHeuHo B HanpasaeHusix Oy u Oz ¥ HMelolled Ha-
ya/ibHy0 Temnepatypy @(x), CTEHKH BHe3alHO OXJIafHIHCh 0 TeMIepa-
TYPbI OKPYKAIOLIEH CPefbl L.

Haiitu 3aBucumocts u(x, t) MeXIy TeMnepaTypoi H BpeMeHeM OT Haua-
J1a OXJIaXKAeHH S ISt PA3JIHYHBIX TOYeK MIACTHHBI.

PaccmotTpeTs ci1ydail nocTOSHHON Haya/lbHOH TeMIepaTyphbl

o(x) = u; = const.

21. 3adaua o macconposodnocmu. IycTh coCyl ¢ eAMHUYHEIM TOME-
PEUYHbIM CeuyeHHeM M BHICOTOIO / 3arosiHeH pacTBopoM couH. [Tonoxum,
YTO 3TOT COCYA C COAEPXKHMBIM TIOTPYXKEH B €MKOCTb C GOJIBILHM KOJIHYe-
CTBOM BOJIBI, [IPHYEM OTKPBITHIH KPaH COCYHa HAXONUTCS HEMOCPEeNCTBEH-
HO TIOJ OBEPXHOCTBIO Bofbl. [IpHMeM, 4TO BEpXHUH Kpal cOCysa Bceraa
HaXOIMTCS B CONPUKOCHOBEHHUHU C YUCTOH BogoH. Toraa B cocyne GymeT
TpoTeKaTh Mpouecc TUPHY3UH COMH B COOTBETCTBHH ¢ 3aKoHOM Dypbe:

dc d*c
2 = N
rze ¢ = c(x, t)— KOHUEHTPALKS COMH B PaCTBOPE;
N — KoapduuMeHT auddy3nu;
I — Bpems;
X — BbICOTA CJIOS PACTBOPA B COCYIIE.
['panuyHble 1 Haya/bHbIE YCJIOBHS MPOLECCa TAKOBbI:
dc

u

-0 =0, ¢|,_, =0, ¢c|,_o=¢o.

Onpege/UTh KOHLEHTPALHIO COMH ¢(X, t) B 3aBUCHMOCTH OT BpEMeHH H
OT BHICOThI CJIOS XKHKOCTH B COCYE.

Haijitu BeipaxkeHue 151 KOHUEHTpauuu IMpOYHIUPYIOLUIETO BeleCTBa
B Pa3JIMYHbIX YaCTAX COCY/A [IOCJIe TOTO, KaK MPOLEeCC MacCONPOBOAHOCTH
YCTaHOBHJICS.

22. T1py paccMOTPEHHH NpoLiecca B3aHMHOM 1 (y3HH ABYX ra30B BO3-
HHKaeT c/leflylolas Kpaesas 3ajaya:

[3 92
ﬁ= 5;’2‘— O<x<l!, t>0,
ul_g=1 O<x<l,
du
uleo=0%| =0 >0,

rae Gpyukuus u(x ,t) onpeaensier napuMabHoe [aBJeHHE OHOrO H3 Fa30B.
Haiitu pemenue 310t kpaesoii 3anaum.
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Ipumep. Ha rpannue kpyra x2 + y2 < R? remnepatypa pacnpesensier-
¢l 1o 3aKoHy 4 = y2. Haiitu pacnipeesieHse TeMnepaTypsl BHyTpH Kpyra,
Npejrnoaras, YTo OHO CTALHOHAPHO.

PeweHue. dro3anaua Aupuxie 1Js Kpyra:
{Au =0,
u Ir = !/2 )

rie I — okpyxHocTb x2 + y2 = R2, Ha 310# OKpyXXHOCTH
2= fly) = R%sin?y = %2(1 - cos2y).

Peluenue paccmarpusaemoli 3afauu npeacrasasercs pagom (3.26):

= ?0 + Z( ) (aycosne + b, sinng),

n=1

¢ K03 hHLHMEHTaMH a, U b, onpenensieMbIMH 110 popmyaanm (3.29):

= %Jf (y)cosnydy = — JR (I -cos2y)cosnydy, b, =0.
n I
CnenoBaTebHO,
ap = R?, anp = _%ZSnQ’ b, =0,

rae
, n=2
5 .2 b ,
n2 {o, n#2,
a 3HAuMT,
2
u=%—’7 sZw-—— (r cos2y —r?sin \11)———-2(x y?).

Ipumep. Haliti 3HaueHue rapMoHUuecKOH QYHKLHH B LIeHTPe Kpyra
x2 + y2 < R2, ecoivi Ha ero rpaHuLe 4 =| x |.
PeweHue. 3Has 3HaueHHe QYHKIUMH HA OKPYXKHOCTH:
u=|x|=R]cos y|
1 [IPUMEHUB TEOpeMY O CpelIHEM TMOJTYYUM

u0) = - IR|cosw|dw = RJ|cosw|d\y =

-7
|
T

cosyady — jcoswdwl = —n@.

2

,_
(=R 1]
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23. INocTpouTh BCe OAHOPOAHbIE FADMOHHYECKHE NONHHOMEI, CTeNeHH
KOTOPHIX He Bbillle BTOPOH.

24, Pewws 3anauy Jupuxae 1 Kpyra pagiyca R ¢ LeHTPOM B HauaJle
KOOPAHHAT, eC/I1 33/[aHbl CJIeyIOILHe ITPAHHYHbIE YCICBHA:

au,_p =4 6)u|,_p = Acose;
B) ulrrR = Asing; _ r) ulr:R = A + Bsing;
n) u|r=R = Asin2¢ + Bcos2g; e)u|,_p = Asindp+ B,

rie A u B — noctosiHHble, (7, ¢) — MONSIPHBIE KOOPAUHATHI.

25, Haiitn pelienne ypaBHenus Jlansiaca BHYTpH Kpyra papuyca R,
€CJIH Ha IpaHulie Kpyra 3alaHbl YCIOBHS:
a)ul,_p=A+By; 6)ul,_p=Axy.

26. Haiitu dpynkuuio u(r, 9), ynosuersopsiolyyo ypasHeruo Jlannaca
BHYTPH Kpyra ¢ LLleHTPOM B HayaJ/le KOOPAHHAT U pafuyca R, ecild Ha rpa-
HULIE 3TOTO Kpyra

| Asing, 0<o¢<m,
U _p = i
=R " |34sin3g, m<o<2n.

27. Haittu dynkumio u = u(x, y), rapMOHMYECKYI0 BHYTPH Kpyra
2+y2 <x+y ‘
¥ IPHHUMAIOLLLYIO HA ero IPaHHLle 3HAYeHHST:
Au=x; 6)u=y.
28. Haiitu pynkumio u = u(x, y), rapMOHHYECKYIO BHYTPH Kpyra
x2+y2<]
Y IPHHHMAIOLLLYIO Ha ero rPaHHLE 3HaYeHHe U = x3.
29. Haiitn 3HaueHue rapMoHnueckoi yHkumu u = u(x, y) B UeHTpe
Kpyra x2 + y2 < 4, eciv Ha €ro rpaHKLE OHA IPHHUMAET 3HAYEHHE
u=xy.
30. Haiitu 3HaueHue rapMoHuyeckoit GpyHkuun u(x,y) B ueHTpe Kpyra
x2 + y2 < x, ecav Ha ero rpaHKLE OHa IPUHHUMAET 3HAYEHHe
u=x+ty.

31. Onpenenutb cTalKOHAPHOE paclpejeNeHHe TeMIepaTypbl BHYTPH
Koupla Ry < r < Ry, €CJIM Ha OKPYXXHOCTH r = R| TI0lepKHBaeTCs TeMrle-
patypa u = u{, a Ha OKPYXKHOCTH 7 = Ry — TeMnepaTtypa u = uy.



OtseTbl K 3afaHUAM YacTu I

I'naBal
§2
3
2. a)y'=1; 6) xy’ =2y; B)y'=2; )y =0+y'?).

3. a)y= %xQ; 6) x2+242=51; B)y=xex; r)y=10e *sinx.

I'nasa Il
§3
y(1)=0,95.
§5
_ . _C+x
1. y = Csinx. 2.y =1¢
_9\2
8.y =-In(C-e¥) 1.y=(32) 29uy=0
§6
1. y%2 = 2x%InCx. 2.y= —2%(x2 -C%) (Cc>0).
3. y=xel+Cx,
§7
l.y=%+%. 2.y=£23-+Cx.
3.x=Ce¥ - (y2 +2y +92). 4.1=%+(10—%)e_%.
§8
3,2
Lyd= et _[mg} 2.y = (Lx +¥Cx)% y =0
y2
3.%=Ce—2——(y2+2).
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§9.
3

5
1.%——x2y—y?=c. 2.yx2+y?2-x=0C

§15.
1.y=Cx +cosC; x =sinp, y = psinp + cosp.

2.y=Cx-C2+C83 x=2p-3p2, y=p%-2p8

2

=Cx-&_ L. -y, L P _2
3.y=Cx -5 -3 x=p P V=T Ty

§16
0(0,0); A(1,1); B(3,-3).

§17

Ly= L 5 ¢ J (cemelicTBo napa6ou), ocoboe pewene y = 0;

2. y=Cx +% (cemeiicTBo mpsMBIX), ocoGoe pelieHHe — napa6osa
y2=4x;
3.y%(1 - y) = (x = C)2, ocoboe pemenue y = 1.
§19
Ly= es.
2. TMapa6ona y2=2a(x - C).

3. Jlorapudmuueckas cnupanbr = Ce®'8* (ru ¢ — nonapHsie KOOPMH-
HaThi).

4. MMapa6ona (x - y)2=Cy.

c?
5.y2 = x? ln—x—2-.
6. Tunep6oar x2 — y2 = C.

§20
1. 60 mun. 2. 35,2 cek.
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I'nasa III
§3

24 %cos?x.

1y

l.y=CI+C2)C+4

2
2.y= (1 + %x)a.
3
3.y= i%(x + ()2 + Cy.

ko2
4 31;111(1 + %) rie k& — Ko3)GHULUMEHT NPONOPUHOHANHOCTH, OTHE-

CEHHBIH K e[IHHHULIE MACCHI.

§4
- o 1+C
L.Iny = Cie* + Cye™*. 2y=-F+ In|l + Cix| + Cy.
3.y=1-e* 4.y=aln‘cosx—c“+c2,

C
L+ Cy,rea = %, H — cuna ropuson-

x—
5. LlenHas qunus y = ach

Ta/NIbHOIO HaTAXEHUA U ¢ — BEC MIOrOHHOr0 METpa KaHara.

,2_ 2
“6.T = \Elnl—f—%-a— = 23 cek.

§5
Ly = Ce™2* + Cye”*. 2.y=e Q(Clcos o8, Cy sin Jg)
3.y= eé(Cl + Cyx). 4. x = Cjcoswt + Cysinwt.
§6
1,045cex. 2.x =12le 18 sin413¢; 1,52 cexk.
§9
Ly=C +Cye2x - (1 3 4x +;xJ

2.y =2x
3.y = e*(Csinx + Cycosx) — (sinx + cos x).
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4.y = GsinlOx + Cycos10x + 55sinlOx.

5.x =1-0,12sin(10yg t) + 00lcos(10/g t) + 0,12sin30¢ m.

§10

_ _shx
Ly =or

2.y =1-sinx —cosx.
3. Peluenui Hert.

4.y =2x — 1t + mcosx + Csinx, C — npou3BoJbHOE,

I'nasa IV

§3

1. a) MHEHHO 3aBHCHMbIL; 6) JIHHEHHO HE3aBHCHMBL; B) JIMHEHHO 3aBHCH-
MbI; T) IMHEHHO He3aBHCHMBI.

2.y=x-2x2+ x5

Ly=Ce*+Coe ™+ (%x2 - %x)e".

= 1,2 1,4 _x
2.y = gt 5x t X

§6

Ly = Ce* + Coe™ + Cye* + Cye2*.
2.y=Ce" x+e2(C2cos"‘/- + C3sin ‘/5)

3.y = e*(C, + Cox) + Gze~2*.

r

(¢ + CQX)COSX—;/_:}' +(G + C4x)sin%/§j|.

I A U W Y _x___ﬂ_)
Sll’l(ﬁ + 4)+ 23 sm(ﬁ 1/

4.y = 72

B

5y=%
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§7

1. a)Y = Ax + x(Bcosx + Csinx);
6)Y = x(Ax2 + Bx + C)e* + De?;

B)Y = x2[(Ax + B)sinx + (Cx + D)cosx];

r)Y = xe™*[(Ax? + Bx + C)cosx + (A;x2 + Byx + C})sinx).

2.y = C + Cyx + Gge* - (éxe’ +%x2) + 4(cosx — sinx).

3.y=e”"(—é—x2+2x+3)+x—3.

§8
Ly=CuxP +Cyx™?, eciup#0; y=C +Cylnx, eciup=0.

2.y = %(Cl + Cylnx) + -21—x1n2x.

3.y=ux3-x
§9
. =L - g = - L
l.x= ﬁsh(t«/ﬁ), y = ch(tv2) ﬁsh(tw/?‘).
2. x = Cjcost + Cysint + Cgcht + Cysht;
y = —Cjcost — Cysint + Ggcht + Cysht.

§10

_ sh3 2x _ sh2 3x _ shl
Ly =553 52 2sh3 - 3sh2 ¢ 2sh3 - 3sh2

2. x(t) = Ce2tsint, y(t)=-Ce2icost, C — mpou3BoJBbHOE.



Otsetbl K 3aaHUAM YacTu 11

Cnasal
x’' x
u=2y% - x2?)
. (D(—y;d"—x, “) 0 unHXe u= x‘I’(y—ﬂ).
X X X

x+y+u
(x-y)2’

=)
—

(=) + y—2u)) -

Inasa Il

a) fx)=2-2% (2’11 7 cos(2n +1)x.
n=0

6) f(x) = Qi(_l)ms_m;g

n=1

B) f(x) = %nz + 42(—?:“ cosnx.

+2(B- A)ZSI_H(M,

2n + 1

0 f(x) = 4

n) f(x) = %z& 12) 0 sin2nx.
n=l1

=3_1 1
.. f(x) = § = gcos2x + gcosdx.

. a) f(x) z( )" cos(2n+1)x‘

2n+ 1
n=0

6) f(x) =2 i )2 sin(2n +Dx.
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264

1) a)%Z(l - cos%‘— —Smn"";

ml»—

oo
2 2 mt cosnx
n

2) )22( " inn;

n=1
T _ 4 cos(2n — x
6) 2 2 (2n-12 °

a) f(x) = %i(Zn L 7 sin(2n —1)x.

6) f(x) = %Z(_l)nj”sinnx.

a) flx) = 2%[% + i(s—'zhih QCosnx}

6) f(x) = 27”[% + ZSiZ:h cosnx}

4 - sin(2n + )7
A) a) T 2 2n + 1 ’
n=

6)f(x)=1.




10.2) f(x) =41 -2 2 ( G+ 17 cos(2n + nx.

6) f(x) = %2( L

4oo
11. a) f(x) = %j - cos}‘smkxdl
0

6) f(x) = % f s'; cosAxdA.
0
1= cosh
B) f(x) =2 f _:205 cos AxdA\.
0
oo

1) f(x) = Ie"‘ cos AxdA.
0

n f(x) = fe"‘ sinAxdA.
0

+m .
e) f(x) = % j —??%sin AxdA.
0

+m .

u) f(x) = ;lt—_[ (————nsm)';zcos}”_lcoskx + Sm; )‘sm)\.x)d}»
0
T coshx

12. a) f(x) = 2 j lcj’sz dh (0 x < +oo);

0
T Asinh

6) f(x) = —12;] li‘"}? dh (0<x < +oo).
0
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I'nasa III
1. a) ulx,y) = F(x) + Fy(y);

6) ulx,y) = F(x) + Fp(y) + i24—2-
B) ulx, y) = Fi(x) + Fy(y) + £lnly}
r) ulx,y) = F(x) + Fy(ye®;

3
n) ulx, y) = Fi(x) + Fy(yle 3;
e) ulx,y) = F(x) + == FQ(y)

x)ulx, y) = xF(y) + F2 ().
3neck Fy U Fg — npousBoJibHbIe GYHKLHH.

2. ulx,y) = F(x+Ay) + Fy(x +Aoy), rne A 9 — KopHH
ypaBHenuss A + 2BA + CA2=0.

3. ulx,y) = F(x2 + y?), rne F — npoussosbHas (yHKLUHSI.

4. ulx,y) = xF (%) rie F — npou3BosibHast GPYHKUHSA.

5. a) TunepGosruecKHi THIL: —yx—= Ci, xy=0Cy;
6) INapaGosnueckuit THIL: x+y=C
B) Tunep6onuyeckHii THL: xy=0C, "7= Cy;

I) DJIMNTHYECKHI THIL: ln(x +l+x2 )+1n(y+\/1+y ) = Co.

2 2
6. a)%:%ﬂ—‘;—; E=%+y, n=ux

| 6) 2 a§2 =0, §= 1n(x+\/l+x ) n= ln(y+\/l+y )

B) ypaBHEHHe SJIJIHNITHYHO BCIOAY, KpOMe ocei KOOpAHHAT, COCTOA-
LIIHMX U3 TOYeK Hap&éOJIHqHOCTH. Ono [IPUBOAHUTCSH 3aMeHOH

E=y2, n=x2 k KaHOHqucxomy BUAY:
92u 1 du 1 du

'a—gz—+5?+—2Ea—§+HE 0.
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agan =0, E=3x+y, n=x+y;
u(x y) = FBx+y) + Fylx +y);

=0 b= ay n=
ulx,y) = A (%)w/Qxy + Fy (xy);
2 .
B) gT-]—l;- =0; Q:-Z—, n=y; ulx,y) = yh (.i_) + F2.(%)'

rae F| u Fg — npou3BoJibHblE QYHKUHH.

8. a) ulx,y) = Fi(x - Uy) + Fy(x + 2y);
6) ulx,y) = yF@2x + y) + F,2x + y);

1
B) ulx, y) = Fi(x +29)e 3™ + Fy(x - p);

ulx, y) = \/%Fl(xy) + Fy (%),

n ulx,y) = Fi(x +y = cosx) + Fy(x —y + cosx);

22 92 3
9. a)a_i%+an‘;+3'f|3n 0; &=yx, =—§-y2 (y <0);
9%y 1 _u.___
e~ a3 ~ o) =0
3
&*x——(—y)2 n=x+2-y? (y<0)

2 92 200-19 . .
6) fl;+7;ﬁ%+"71—3%=0' E=x, =2y (y>0);

9% “'IE du  du

®om ~E-n\k&  on

E=x-2/-y, n=x+2J-y (y<0).
10. 2) u(x, y) = F(arctg);
6) ulx, y) = F arctg%)m + F (arctg%);
B) u(x,y) = F(Yx2+y?)arctg + Ry (Y2 +42).

1L u(x,y) =1+ x2y + y2 - 244,
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12,

13.

14.

15.

16.

10.

268

a) u=l+xy+y?;

6)u = y2 +Bxy + Asinx;

B) u=x2y3 +xy+y?;

r)u = Be* +A-B.

ulx, y) = 3x2 + y2.

Y kasaHue. Obliee pelieHHe ypaBHEHHS €CTb

ulx, y) = Fi(x+y) + F,(3x — y),
rie Fy u Fg — npousBosibHble QYHKIHH.

x+2y
ulx, y) = (p(x —%y3) + % j\p(z)dz.
x—-2y3
3
( ) ) . ) y—-sinx+x
ux, y) = (p—y+smx+x2+ oly —sinx+ x +_% I\V(Z)dz.
—y+sinx+x

Y kasanue. Oblee peuieHHe ypaBHEHHS eCThb
ulx, y) = Fi(y —sinx —x) + Fy(y — sinx +x),

rae F{ u Fo — npousBoJibHBle HYHKLMH,

e = 00 + e () +
c 24y for e - 24y fwer i
x3fy iy

T'nasa IV

. a) ul(x,t) = sinxcost;

6)u(x,t) = %sinxsinat;

B) u(x, t) = %x-sh2t.

. ulx, t) = sinxcosat.

= nat | Bl g, mat)gin B
ulx, t) (acos -+ oysin® )sm .



11.

12.

13.

14.

15.

16.

17.

18.

= deinEiaink
a) ulx,t) = ~sinfsinf x.

_ 9 = 1 . (2n+1) . (2n+1)
6) u(x,t) = =~ > G pEsinT—mat sin——mx
n=0
ulet) = hi cos it (2nt])
=3 20 +1)3 7 sin==——"mx.
_ o2 Nl TMXo mnaf . mnx
u(x, t) = ==t ) “-gin—=9 cos F2&lgjp BAX
(x,1) ﬂzxo(l—xo);_‘]nzsm 7> cos Eidhsin B0E,
8bl N (=" (@n+Dmar . (2n+Dmx
a) ule,t) = 0 >; @+ 2w TR
_ 8vol (2n+ Dmat . (2n+Dnx
6) ulx,t) = Z(Qn pEsin g sin"—5—

(22 2
e« A gz

u(x,t) = e tsinx.

> | nr 2
a) u(x t) - __%_2(-—1)3 ’e—(—l—) a’t

n=1 "

sin—’l—l“i;

. o0 2
- 1 1L () a% . nnx
6) u(x,t) = _"—3,,2_“173—6 ( ! ) Shi

AL 2N 1 T CORY
clx,t) = co| T+ % Z—Jsin"—’l‘—e ! cos
n=|

nmx
=

Y ka3aHue. 3anaua NIPHBOAHTCA K PELIEHHIO YPAaBHEHHS

¥k _ o
%= M5z (0<x<i, t>0)
NpH YCJIOBHAX!
cg, O<x<h, 3
’O= —O,t——'_‘"l,t_
el 0) {o, hexap; #00=500
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oo n 2 9
19. u(x,1) = 2 + Ya,e (7)o ! cos I8,
n=1
l
riea, = %I (x)cos Mg n=012.
0

oo (nn 2 D)
20.u(x,1) = ug + ZlAne ()"t gy s
n=

[
e, = %J(p(x)sin”—’l"idx 2u° [l + (=),
0

Tpu @(x) = u;:

oo —@k+1)2r242t
_ Huy —ug) 1 5 . (2k+nx
wlx, t) = ug + =4 kz(2k+l)e ! sin—————

)

n+l n+l
21. c(x,t) = 4C° 2 2n)+1 (5 )" " cos (2';;'1) nx

[1pu ycraHoBHUBILEMCS poLIECCE

X _ oy P
at—Onaxz—O.

CaenoBatesbHo, ¢ = Ax + B, rie A u B — nocTOsIHHBIE, KOTOPHIE MOX-
HO OIIPERENUTDb 3KCHepHMeHTaJIbHO.

4 i 20+
22.u(x,t) = 2 g ST

23.Yxasanwue. Bocnonssosateea popmyaoit (3.23) (cm. ra. IV, § 3)
npun=0,1, 2.

24.2) u=A; 6)u = %rcoscp;
B) u= %rsin(p; Nu=A +%rsin(p;

= %(l cos2(p) B(l + —cochp)
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=B+ Mrsine - LA(LY i
e)u =B +3Lrsing 4A(R) sin3¢.
Ykazanue: sind¢ = %sin(p - %sin&p.

25.a) u= A + By; 6)u=Axy.

- 2
26.40.0) = Afsine - 4 3(5)" 2%
n=1

27.2) u=x; 6)u=y.
28.u = %x3 - %xy2 + %x.
29.4(0,0)=0.
1 og)=1
30. u(3,0)=1.
31. ¥ ka3 aHue. Uckars pereHue B BHAE:
u(r) = Cylnr + Cy,

rae C; u Cy HaXONATCS U3 YCIOBHH Ha IPaHHIIe KOJIbLLA.



10.

11

12.

13.

14.

15.
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