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8 IIpenucnosue

IIpenucnoBue

Hacrosiee yuebuoe mocobue HAMCAHO HA OCHOBE JIEKITHI
aBTOpa, YNTAeMBIX CTyOeHTaM IepBOro Kypca MockoBckoro
(l)I/I3I/IKO—TeXHI/IquKOI‘O NHCTUTYTA.

ITopsimok cremoBaHWsT OCHOBHBIX TE€M MATEMAaTUIECKOTO
aHa/IN3a U UX COOEPXKAHUE COOTBETCTBYIOT IIporpamMe Kade-
opel Boicirein mareMmaTuku MPTU. UckarouenumeMm sBiseTcs
rinaBa 13 06 skcTpeMyMe PYHKIIUNA MHOTUX TIEPEMEHHBIX, 3a-
HUMAIOIIIAS 3[I€Ch CBOE JIOTMUYECKOE MECTO, HO OTHECEHHAS ITPO-
TpaMMOl KO BTOPOMY IOy O0yJeHus.

B psme BOmpocoB m3mmoxkeHmE HECKOIBKO OTINIAETCS OT
CTAHIAPTHOTO B IOJIB3Y €ro YIIPOIIEHWs, YTOYHEHUS WU IO-
XOOo49MBOCTHI. B N3JIOKECHNU NOKa3aTEeJIbCTB TeOpeEM 1 JIEMM aB-
TOp CTPEMUJICS K CPDABHUTEILHON KpaTKOCTU (HE B yuepsd 3a-
BEPILIEHHOCTN ), TOJIAras, YTO HEOOXOMUMOE BHUMATEIHHOE 00~
IYMBIBaHIE YUTAEMOr0 OyIeT CIIoCOOCTBOBATD JIYYIIIEMY ITOHU-
MAaHWIO U yCBOEHUIO MaTepuana. lIpu u3ydenun kypca HaACTO-
SITEIBHO PEKOMEHIYETCSI CAMOCTOSTEILHOE BLITIOJTHEHTE TIPEI-
JlaraeMbIX YIPaXXHEeHWHN U BHUMATENIbHBI pa3bop IpUMeEpOB.

AgTop 6raronaput npodeccopos b.U. I"'ony6osa u C.A. Te-
JITIKOBCKOT'O, MPOYUTABIINX PYKOIUCH U CHOEIABIINX PSI II€H-
HBIX 3aMeYaHUll, CIIOCOOCTBOBABIINX €€ yIYYIIEHUIO, a TaKXKe
corpynuuka kadenper A.B. Ilomo3osa, B3sgBmero ma cebs He-
JIETKUN TpyOa 11O IIOATOTOBKE DYKOIINUCH K II€YaTU.



O6o38aucHII 9

O603HauyeHUd

J71st COKpAIlleHNsT 3aIICU UCIOIB3YIOTCS ClIemytole 060~
3HAUEHNSI.
V — «Is KaXK[OOro»; <«Ijlsl JH060ro»; «mist Bcex» (0T
aurymiickoro All),
3 — «cyiecTByeTs; «Hainercs» (0T aHri. Exists),
! — «TaKOW, UTO»; «TaKue, I4To>,

‘= — «110 0003HAYEHUIO PABHO>,

— «COOTBETCTBYET», IIOCTABJIIEHO B COOTBETCTBUES,

N
= — «CJemyeTs, <= — «PABHOCHIHLHO®,

MHOXeCTBO SBIISIETCS OMHUM U3 UCXOMHBIX MMOHSITUNA B Ma-
TeMaTHUKe, OHO HE OMPENeIAeTCa. BMECTO CI0Ba «MHOXKECTBO>
TOBOPSIT «HAOOP», «COBOKYITHOCTB», «coOpanmes. MHOXecTBO
COCTONT U3 O6BEKTOB, KOTOPBIE MPUHSITO HA3BIBATH €T0 «DJIe-
MeHTaMm». BBOIUTCS Takke IIyCcToe MHOXKECTBO (&) Kak MHO-
JKECTBO, HE COMEPKAIIEe HU OMHOTO 3jieMeHTa. MHoXecTBa Ja-
cTo obosnauaroT Gomnbiumu Oyksamu A, B, C, ., a sJe-
MEHTEI MHOXKECTB — MaJbIMU. 3anuch a € A, A 3 a o3magaer,
UTO BIIEMEHT @ CONEPKUTCS BO MHOXKECTBe A, mpuHAIIEXKUT A,
MHOXKECTBO A CONEPXKUT 35IeMeHT a. 3anuch a ¢ A o3Hadaer,
YTO MHOXKECTBO A HE CONEPKUT OOBEKT (DIIEMEHT) a.

Samucy A C B, B D A o3HauaeT, 4TO MHOXKECTBO A ABIIs-
eTCs TTOMMHOXKECTBOM MHOXKeCTBa B, T.e. uto a € B Va € A.
Ecoimu A € Bu B C A, o mumrytr A = B. 3anucs a = b
03HAYAET, YTO @ U b — HTO ONUH U TOT YK€ BJIEMEHT.

IIpumepsr MHOXKECTB:

A={z:2*<1}, A={1,2,...,n,...}.

AU B (o6benunenne MHOKeCTB A 1 B) — MHOXeCTBO, CO-
CTOsdI1Iee U3 BCEX IJIEMEHTOB, Ka)KHBIfI 13 KOTOPBIX IIpUHAMOJIC-
XKUT XOTS ObI OMHOMY U3 MHOXeCTB A, B;

AN B (nepeceuenne MHOX)eCTB A u B) — MHOXeCTBO, CO-
CTOSAIIEE U3 BCEX HIIEMEHTOB, KAXIBIN U3 KOTOPBIX TPUHAIIIE-
JKWUT KAaK MHOXKECTBY A, Tak 1 MHOXeCTBY B;



I'maBa 1
MHOXKECTBO IENMCTBUTEJILHBIX
YUNCEJI

§1.1. AkcuomaTuka

Omnpenenenune. Hemycroe muoxecTBo R HasbiBaeTcs
MHOHCECTNEOM OeTCMEUMEAbHIT (BEWECTNEEHHHIT) UUCEd, &
€ro 3JIeMEHTHl — detcmeumetvibimy (6ewecmsennbLmy) Y-
caamu, ecnu Ha R ompeneseHs! omepanny CIOXKEHUS U yMHO-
JKEHUsI U OTHOILICHNE TOPSAKA, YAOBIETBOPSIOLINE CIIELYOLIIIM
AKCHIOMAM.

(I) Axcuomsbr cimoxenust (a,b — a+b)

a+b=b+a Va,b€R (KoMMyTaTUBHOCTS);
a+(b+c)=(a+b)+c Va,b,c € R (accommaTuBHOCTS);
J0eR: a+0=a VaeR;

Va e R 3(—a): a+ (—a) =0, (—a) nHassBaeTcs npomu-
B0OMOAOHCHBIM TUCIIOM IIJISL Q.

Ll

(II) Axcuomsbr ymuoxenus (a,b — ab)
1. ab=ba Va,b€R (KOMMyTaTUBHOCTE);
2. a(bc) = (ab)c Va,b,c € R (acconnaruBHOCTS);
3.d1eR, 1#0: a1:a1Va€R;
4.

YaeR, a#0,3 é: az =1, (% Ha3BIBAETCSA 00PaAMHbIM

YUCIIOM [JISL @).
(I-ITI) CBsa3b CiI0XKEHUsT U yMHOXKEHU I
1. (a+b)c=ac+bc Va,b,c € R (qucTpubyTHBHOCTE yMHO-
JKEHUsI OTHOCUTEIIBHO CJIOXKEHUS).
(IIT) Axcuomsrl mopsinka (s mobbix a, b € R ycranosieno
otHowtenne a < b wim b < a)
l.as<bb<a=a=b Va,beR,
2.a<bb<c=a<c Va,bceR.
a < b 3amuceiBaeTcs Takxke B Bume b > a, a < bupua # b
—BBuoe a<bmb>a.



§1.1. Akcrmomaruka 11

(I-III) CBa3b ciioXK€eHUs U HOPsAKA
l.a<b=a+c<b+c Va,b,ceR.

(II-IIT) Cesi3b yMHOXEHUS U IIOPSIOKA

1.

0<a,0<b=0<ab Va,beR.

(IV) Axkcumoma HemnpepsiBHOCTUIV ) (BapmanT mpunnuna
Henexkuumna)
IIycts A, B — HemycThble monMHOXKecTBa R Takme, 9To

a<b YacA, VbeB.

Torma dc¢ € R Takoe, uTo

a<c<b Yae A VbeB.

3amMeuanune 1. Mraoxecrso Q parmuoHATBHBIX

qucen ynosiersopsier akcuomam (I), (II), (III), (I-III), (II-
I1I), Ho He ynosnerBopsieT akcuome (IV). ITokaxem mocrensee.
Oycts A={a:a€Q,a>0ad2<2}, B={b:becQ b>
> 0, b2 > 2}. Torma Bo MHOx)ecTBe Q He CyIIECTBYeT UMCIA ¢
(€ Q) co croiictBom: a < c<b Vae A, Vbe B.

HexkoTopble cijiencTBUS aKCHMOM MHOXKeCTBa MIelCTBU-

TeJIbBHBbIX 4YlCeJl

1.

W

Yucso 0, IPOTUBOIOIOKHOE K @ YHUCIIO U PEIleHne yPaB-
HeHus a + r = b enuHcTBeHHBI, * = b — a = b+ (—a)

Ya,beR.

. Hucmo %, obpatnoe K a (npu a # 0) u pereHune ypaBHe-

Hus ax = b (npu a # 0) eQUHCTBEHHEL,

b 1
r=—=b—- Va,beR, a#0.
a a

.a0=0 VaeR.
.a,beR, ab=0=a=0umm b=0.
. Va,b € R Bcerma mMeeT MECTO OOHO M TOJIBKO OOHO W3

cooTHoteHuit a < b, a =b, a > b.

.0< 1.



12 I'maBa 1. MHOXeCTBO OEHNCTBUTEILHBIX YICEI

ITprMepsI YKUCIIOBBIX MHOXKECTB.
MuoxecTBo HaTypambubix uncen N = {1, 2, 3, ... }, rme
2=1+4+1,3=2+1,
Muoxkecrso nensix uncen Z = {0,1,—1,2, -2, 3, -3, ...}.
MHOX)eCcTBO pallOHAIbHBIX INCET

Q= {x:x:§,q€N,p€Z}.
OTpe3s0k, HHTEPBAJI, HOLYHHTEPBAIIBL
[a,b] ={z : a<x<b}, (a,b)={z: a<z<b},
(a,b) :={x : a<z<b}, [a,b)={z: a<x<b}

MHox)ecTBO meNCTBUTENBHBIX umcesl R 9acTo HA3BIBAIOT
YUCA0B0T NPAMOU, & IUCTIA — MOUKAMU YUCA0B0U NPAMOU.

§1.2. BepxHue u HUXXHUE I'PAaHU

Omnpenenenune. MuoxectBo X C R HaswBaeTcs oepanu-
uenmbim ceepry (CHU3Y), eCiu CyIecTBYeT ducyio b (ducio a)
Ttakoe, ut0 £ < b Ve € X (z > a Vz € X).

[Ipu 5TOM TOBOPAT, U4TO “ucto b (wucio a) oepanuuusaem
mrnoaxncecmeo X ceepry (cruay).

Ompenesnieane. Muoxecrso X C R HaswsBaeTcs oepanu-
YEHHbIM, €CIT OHO OTPAHUYEHO CBEPXY U CHU3Y.

Ompenesieane. Muoxectso X C R maseiBaeTcsa weoepa-
HUYEHHbIM (CBEPTY, CHU3Y), €CITI OHO He SIBIISIETCSI O PAHUICH-
HBIM (CBEPXY, CHU3Y ).

Omnpenesnienue. Beprrneti 2panbio HENYCmMo20 MHOHCECNBA
X C R maspiBaeTCs 4ucyo b, yIOBIETBOPSIOIIEE YCIIOBUSIM:
1°z2<b Vo € X;
22Vl <bday € X: xy > b wm unage: Ve > 0 Ja, €
eX:x.>b—c¢.

Onpenenieraue. Huocnetd 2panbio HENYCMO20 MHOHCECTEA,
X C R HasplBaeTCs YUCIO @, yOOBIETBOPSIOIIEE yCIIOBUSM:
1°x>a Vx € X,
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2°Va' >a3dxy € X: xy < a wim unauve: Ve > 0 Jz, €
€ X:xz.<a+e.
Bepxuss u HuxkHsIA rpaHn MHOXKeCTBa X 0603HAYAIOTCS CO-
OTBETCTBEHHO cuMBojiamu sup X, inf X.

IIpumepsni.
supla,b] = b, sup(a,b) =b.

OTMeTuM, ITO BEPXHSIS TPAHb MHOXKECTBA MOXKET KaK TPUHA]T-
JIeXaTh, TaK U He IPUHAIIEXKATH DTOMY MHOXECTBY, CP. CIIy-

van [a, b], (a,b).

Teopema 1 (exmHcTBEeHHOCTH). YHCI0BOE MHOXKECTBO
He MOXeT HMeTh GOJIbIIe ONHOH BEDXHEH (HUKHEIH) FDaHM.

HoxaszaTenbCcTBO IPOBEOEM JIUIIb [JIS CIIydas
BepxHen rpanu. Jlomyckas npoTUBHOE, TPEOIIOIOKIM, ITO Ka-
xnoe m3 uncen b u b’ (b # b') aBnseTcs BepxHEN IPAHBIO MHO-
xkectBa X. Ilycts, mas onpemenennoctu, b’ < b. Torma, B
cuity Toro, urto b = sup X, w3 ompemesieHus BEpPXHEN T'paHU
cremyer, uTo o umucaa b Iy vy € X, > 0. Ho Torma
b’ He sBngeTcsa BepxHeil rpaHbio X . V3 HOIy4YeHHOTO IPOTHUBO-
peunst cienyeT OMINO0THOCTD MPENTIOIOKEHUS U Y TBEPKICHUE
TEOPEMHBI.

3aMeTuM, UTO B YCJIOBHUSIX TEOPEMBI HE IIPEINOIaraeTCs
CylllecTBOBaHUE BepxHeil (HukHell) rpanu. Teopema yTBep-
KIAET, UTO €CJIM BePXHsisl (HUXKHSA) TPaHb CYILIECTBYET, TO
OHa, eIUHCTBEHHA.

3raunTensHO 6ostee IITyGOKOM (9KBUBATIEHTHON aKCHOME He-
PEPBIBHOCTH) ABJISETCS TEOPEMa O CyIIECTBOBAHUM BEPXHEN
rpaHu.

Teopema 2 (o0 cyliecTBoBaHUM BepxHell rpaHu). Bes-
KO€ HEILyCTOe OrPAHMIEHHOE CBEpPXY (CHU3Y) UHCII0BOE MHOXKE-
CTBO UMeeT BEPXHIOK (HIKHIOK) MDAHb.



14 I'maBa 1. MHOXeCTBO OEHNCTBUTEILHBIX YICEI

HoxaszaTenbCcTBO NPOBENEM JIUIIL JIsl BEPXHEN
rpaan. IlycTth A — HemycTOe OrpaHUYEHHOE CBEPXY MHOXKE-
cTBO. PaccmoTpum HemycToe MHOXECTBO B, smeMeHTaMu KO-
TOPOTO SIBJSIOTCSI BCE UKCIa b, OrPAHUIMBAOIIIIE MHOXKECTBO
A cBepxy.

Torma

a<b Vac A, VbeB.

W3 akcrOMBI HEPEPBIBHOCTH CJIEMYET, YTO ISl HEKOTOPOTO

ceR

a<c<b VacA, VbeB. (1)
ITokaxkem, uro sup A = c¢. llepBoe ycioBue u3 ompeneseHns
BEpXHEH I'PaHU BBIIOJIHEHO B CUILY JIEBOTO M3 HepaBeHCTB (1).

IMTokaxkeMm, 9TO BBINOIHAETCA U BTOpoe. Ilycts ¢ < ¢. To-
roa C/ ¢ B7 TaK KaK OJId KaXKIOOI'0 SJIEMEHTA 13 B BBITIOJIHAETCA
npasoe u3 HepaseHcTB (1). Crenosarenso, ¢ He orpanumyan-
BaeT MHOXeCTBO A cBepxy, T.e.

s €A xp >,

TAK 9TO BTOPOE YCIIOBUE TAKIKE BBHITIOIHEHO.
CremoBaTesbHO, ¢ = sup A, 1 TeopeMa OOKa3aHa.

Onpenenenne. Pacuupenuvim muoxcecmseom deticmeu-
meapHuiz wuces R Ha3bIBaeTCs

R=RU{-o00} U {+00},

T.e. 5IEMEHTAME MHOXKECTBA R SABISIOTCA BCE NEHCTBUTETH-
HBIE UNCJIa U eIlle OBa dJIeMeHTa: —O00, +00.

Bo MHOX)ecTBe R HE BBEICHBI CIIOXKCHNE U yMHOXKCHIIE, HO
“MeeTCsl OTHOIeHue mopsnka. llias nByx sieMeHTOB a,b € R
B ciayuae a,b € R orHomenue mopsimka To xe, uto B R. B
OPYTUX 2Ke CIIydasx OHO OIIPEHOeJICHO TakK: —o0 < a, a < +00,
—o00 < +0o VaeR.

Paccmarpusast MHOXeCTBO X MENCTBATEIBHBIX UNCETT KAK
TIONIMHOXKECTBO PACIINPEHHOTO MHOXKECTBA MTEeHCTBUTEILHBIX
wancen (X C R), moxmo 0606mmTs moraTme sup X (inf X).
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DTO 0600IIAOIIee OIpenesieHre OynIeT OTIMYATLCS OT IIPUBe-
IEHHBIX BBIILIE JIAIIb TEM, YTO B KadecTse b (a) MOXHO GpaThb
He TOJIBKO YHCJIO, HO U BJIEMEHT +00 (—00).

Torma momyunM, 49TO JIs HEIyCTOrO HEODAHMYEHHOTO
CBepxy (CHM3Y) YMCIIOBOIO MHOXKECTBa X

sup X = 400 (inf X = —00).
YunTeIBas TeopeMy 2, IPUXOOUM K BBIBOLY, UTO BCSIKOE He-
I[yCTOE YHUCIIOBOE MHOXKECTBO MMEET B DACLIMPEHHOM MHOXKE-

CTBe HENCTBUTENBHBIX Ynces R Kak BEPXHIOI, TAK U HUKHIOIO
TpaHN.

§1.3. CucteMa BIIOXXE€HHBIX OTPE3KOB
Omnpenernenne. MHOXECTBO OTPE3KOB
{[a1,b1], [a2,b2], ...}, —oc0<a,<b, <400 VneN

HA3BIBACTCS CUCTMEMOT 6AOHCEHHDIT OMPEIKO0B, €CIU [ay, by| D
D [ant1,bnt1] Vn € N, T.e. KaxkOplil OTPE30K CONEPKUT
CIEeyIOIINI 3a HIM.

B crenyrorteir Teopeme hopMyIupyeTcs CBOICTBO, SKBUBA-
JIEHTHOE aKCUOMe HEITPEPLIBHOCTH U HA3BIBAEMOE HEITPEPHIBHO-
CTBIO MHOXECTBA NEHCTBUTEIBHBIX dnces mo KanTopy.

Teopema 1. /[ BCAKOH CHCTEMBI BIIOXKEHHBIX OTPE3KOB
CyIIeCTBYeT TOYKa, IpHHaAJIEXKAIlas BCeM OTpe3KaM IaHHOH
CHCTEMHBI.

HoxaszaTenasbcTBso. [l1g cucTeMbl BIOXKEHHBIX OTPE3-
k0B {[an,bp]} paccMoTpuM mBa HemycThIX MHOXecTBA A =
={an} u B={b,}.

OueBnmgno, uro Vn,m € N

On < Apgm < anrm < b,

B cuity akcmoMbl HEPEPBIBHOCTHU CYIIIECTBYET UYUCIIO ¢ TaKoe,
qTO
an <c<by Vn,meN.
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B uwacTHOCTH, IPH M = N WOIyJYaeM, U4TO
¢ € lan,by] VneN,
9T0 1 TPebOBAIIOCH MOKA3aTh.

Onpenesteane. Cucrema BIOXKEHHBIX OTPE3KOB
{lan,bn]}52, HasbBaeTcsa cmgeusarOwelcs cucmemot 6.40-
acennbir ompeskos, ecnu Ve > 03dn e N: b, —a, <c.

Teopema 2. Crsaruparorasics CACTEMA BJIOXKEHHBIX OTPe3-
KOB HMEET POBHO OOHY TOUKY, IPHHAIIEKAIIYIO BCEM OTDE3-
KaM.

IHoxasaTenscTso. Ilo xkpaliHein mMepe, omHa OOIIIAs
TOYKA [JIs OTPE3KOB PACCMATPUBAEMON CHCTEMBI UMEETCS B
cuimy Teopembr 1. Ilokaxem, aTo oOIUX TOUEK HE OOIIBIIE
onuoii. omyckas TPOTUBHOE, IPENNIOIOXKUM, UTO Kax1as 13
NIBYX Pa3/IMYHLIX TOYEK ¢ U ¢ SBJISeTCS OOIIeH IS BCEX OT-
pe3KoB cucTeMbl. IlycTb, s ompeneieHHocTH, ¢ < ¢, T.e.
e =c—c > 0. Ilo onpeneneHnIo CTATUBAIONICH CUCTEMBI,
dn € N: b, —a, < e¢e. Tormaa, < <c <b, Orcona,
c—d <c—ap < by — a, <&, 9TO NIPOTUBOPEUNT BBHIOOPY E.
Teopema mokaszana.

§1.4. CBsa3b MeXOy Pa3IUYHBIMUA TPUHITUIIAMU
HETPEPBLIBHOCTU

Teopema 1 (npunnun Apxumena). JuozVa € R: In €
eEN:n>a.

IHoxaszaTenscTBo. HomycTuMmM, dUTO Teopema He-
BepHa. OTO0 3HaumuT, 9To Ja € R: n < a Vn € N. Cie-
OBATENIBHO, G OTPAHMYUBAET CBEPXY MHOXkecTBO N u 1mo Teo-
peme 1.2.2 4b € R: b = supN. Torma mo ompenenennto Bepx-
Heit rpaEn mig uncna b’ :=b—13n € N: n > b— 1. Ho Torma
n+1>b,n+1 €N, uro nporuBopeunT TOMy, 4TO b = sup N.
OTuM TeopeMa HOKa3aHa.
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B crnenyroment nuarpamme

IVg
IVp =1V 7 =1IVp
sup N (A)
IPUHSITH 0603HAYCHUS:
IVp — BapuanT npunmnuna lenexunna,

IVgyp — OpuHIUN BepxHEH IpaHu, T. €. yTBEPXKICHHUE Te-
opeMbl 1.2.2

IV — npunmun KanTopa, T.e. yTBepXKIeHHE Teo-
pembr 1.3.1,
(A) — mpunnun Apxumena.
OTa muarpamMma MOKasbIBAeT, YTO MEePEeYNCICHHLIC IPUHIAIILI
sKBUBaJeHTHBL. Jlro6oit u3 Hux (IVi B couerammm c (A))
MOXKHO OLIJIO OLI B3ATh B KAYECTBE AKCHOMEI HEIIPEPLIBHOCTH
IIPU OIPENeSICHNY MHOXKECTBA NEHCTBATEIBHBIX YUCET, a OPY-
rue OOKa3aTh B KAUYEeCTBE TEOPEM.
IBa u3 ykazaHHLIX B QUarpamMMe JIOTMYECKUX CIIENCTBUI
y2K€ YCTaHOBJIEHLI, IPYTHe IBa MPEeNIaraeTcsa OOKAa3aTh UNTa-
TENI0 B KAYECTBE YIPAXKHEHWI. DEIJIO HOKa3aHO TaKXKe, 4TO

IVp = 1Vgk.

Teopema 2 (IPpUHIUI MATEMATUYIECKON UHIYKIVIN).
Iycre muOX)EeCcTBO A C N 0b61amaeT CBOUCTBAMUT:

12 A>1;

22 Asn=A>n+1

Torma A =N.
HoxaszaTtenscTso. [locnenoBarensHo ybexmaemcs,
uro A>32=1+1, A>3 :=2+1, ... CrnenosarenabHo,

A D N. Orcrona n u3 A C N crenyer A = N.

3aMeuasnune 1. MbBuauMm, 9TO IPUHINI MaTe-
MaTHIECKOI MHIYKIINA CIIeNyeT HEeIOCPEACTBEHHO U3 OIpeee-
HUIS MHOXECTBa HaTypasbHBIX uncel. CyIlecTBYOT u Apyrue
[OCTPOEHUST TEOPUU NEACTBUTEIbHBIX YHCEN, B KOTOPBIX 3TOT
OpUHIUI GepeTcss B KAYeCTBE AKCHOMBI.
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§1.5. CueTHbIE U HECUETHbIE MHOXKECTBA

Onpenesnienne. Bynem roBopuTh, 4TO MeHcOY 08YMAI MHO-
acecmeamu X uY Ycmano6aeno 63aUMHO 00HOZHAUHOE COOM-
eemcmeue u mucath X « Y, eciau:

12 Vo € X mocraBieH B COOTBETCTBHE OOUH U TOJIBKO

onuH seMeHT Yy € Y (x — y);
27 ecrmm x1 # X2, T1 — Y1, T2 — Y2, TO Y1 7 Y2;
3 VyeY dee X: x—y.

Ompenesnieane. [IBa mHOXecTBa X 1 Y Ha3BIBAIOTCS
areusasenmubimy (uiryT X ~ Y'), ecim MeXIy HUME MOXKHO
VCTAHOBUTH B3aMMHO OIMHO3HAUHOE COOTBETCTBIUE.

OKBUBaJIEHTHLIE MHOXKECTBA, HA3LIBAIOT TAKXKE PABHOMOU-
HbIMU, TOBOPSAT, YTO OHU HMEIOT OOHY M Ty K€ MOIIHOCTH
(«OMMHAKOBOE> KOJIMIECTBO DIIEMEHTOB).

IIpumep. N~ {2,4,6,8,10, ...}.

Omnpenenierne. MHOXECTBO HA3BIBAETCS CUEMHbIM, ECITI
OHO KBUBAJICHTHO MHOXECTBY HATYPAJIbHBIX UKUCEN, MHAUE TO-
BODsI, €CIIH €r0 MOXKHO 3aHYMEPOBATH BCEMU HATYDPAIbHBIMUI
UUCITAMA.

Yupaxuenue 1. IlokazaTb, 4T0 6€CKOHETHOE TTOMMHOXKE-
CTBO CYETHOTO MHOXECTBA CUETHO.

Teopema 1. MHOXecTBO panmOHAILHBIX IHCET CUETHO.

HoxasarensctTso. CocraBuMm Tabmuiy ducesnr (OT-
KPBITYIO CHHU3y W CIpPaBa), CONEPKAIIYI0 BCe DAIIOHAJLHBIE
THCITA.

o1 -1 2] 23] -3
0/1]1/1]-1/1]2/1]-2/1]3/1|-3/1
0/2]1/2]-1/2]2/2|—2/2|3/2] —3/2
0/3|1/3]-1/3]2/3|-2/3|3/3] -3/3

W|IN| =
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Bynem mBuraTthes mo xireTkaM 3TOR TaOIUIBI U3 JIEBOTO BEPX-
HETO yTJIa IO IIyTU BUOA

+H I H
M|

1]

HYMepysI BCTPEUAIOIINECS B KJIETKAaX PAIIMOHAJbLHBIE YUCIIA,
IIPOITyCKas IPU 3TOM Te U3 HUX, KOTOPBIE paHee IO IIyTHU ykKe
BeTpevyanuch. OQueBHOHO, TAKMM CIOCOOOM MBI 3aHYMEPYEM
BCe paIMOHAJILHBIE UNCIIa BCEMU HATYPAILHBIMU, UTO U Tpe-
00BaJIOCh ITOKA3aTh.

Yopaxuaenue 2. [lokazaTh, 9TO 0O0beOUHEHUE CUECTHOTO
MHO2KECTBa CUETHBIX MHOXKECTB CUETHO.

Teopema 2 (KauTop). MHOXkecTBO BCex TOYEK OTPE3Ka
[0, 1] HecueTHO.

HoxaszaTennbcTso. Hoonyctum mporuBHoe. Torma
Bce Touku oTpeska [0, 1] MOXHO 3aHYMEpOBATE: X1, T2, T3,
IMonemum orpesok [0, 1] Ha Tpu paBHBIX OTpe3Ka U 0GO3HAUIM
qepes [a1,b1] onuH w3 HuX, cBOGOmHBIN OT TOuku 1. llome-
muM a1, bi| Ha TP paBHBIX OTpe3Ka 1 0003HAUUM uepes [ag, bo]
ONVH 13 HUX, CBOOOOHLIA OT TOYKHU To. lIpomosmkas mporecc,
HOJIyYUM CHCTEMY BJIOXEHHBIX OTPE3KOB {[an, by} ;. Ilo Te-
opeMe O BJIOKEHHBIX OTPE3Kax CYIIeCTBYeT TOUKA C, IPUHAI-
JIeXKAIIAsd BCeM OTPE3KaM CHCTeMBL. DTa TOYKA ¢ He COBIAHAET
HU C OMHOU W3 3aHYMEPOBAHHBIX TOYEK X1, T2, L3, ..., TAK KaK
IPOU3BOJIbHAS U3 HUX I He CONEPKUTCSI B OTpPe3ke [aj,bj], B
TO BpeMs KaK C COOEPXKUTCA B 5TOM OTPE3KeE.

Wrak, momyckas, uro Bce Touku orpeska [0, 1] 3amymepo-
BaHBI, MBI IPUIIIM K IPOTUBOPEYNIO, Hains Touky ¢ € [0,1],
OTJNYHYIO OT KaxKIOil 13 3aHYyMEPOBAHHBLIX. DTO IPOTHBOPE-
4me IMOKa3bIBAeT, YTO HAallle MOMyIleHne HeBepHo. Teopema mo-
Ka3aHa.
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O6 u3zomopdusMe pasIMIHBIX MHOXKECTB
OENCTBUTEILHBIX YNCEJI

Teopema 3. Ilycts umerorcs nBa mHOXxecTBa R, R’ ymao-
BJIETBOPSIIOIIAE BCEM AKCHOMAM MHOXECTBA IEHCTBUTEIbHBIX
gucen. Torma Mexmy HEMU MOXHO YCTAHOBUTH B3aUMHO O-
HO3HauHOE coorBercTBHEe R «— R, mpum koropom m3 (z,y € R,
2y eR, x— 2, y—y) crenyer, uro

1°c+y—a2 +y;

2° xy — 2'y;

¥ r<y=12<y.

B sTom ciywae rosopar, uro mHOX)ecTBa R, R’ meiicTBu-
TEJILHBIX YUCeST M30MOP(HBI APYT OPYTY M YTO MHOXKECTBO
MENCTBUTEIBHBIX YMCEIT EQUHCTBEHHO C TOYHOCTHIO JI0 M30MOP-
duzma.



I'maBsa 2
ITPEIEJI ITIOCJIEJOBATEJILHOCTNA

§ 2.1. OnpenesieHue mpenesia MOCIeN0BATEIIBHOCTHI

Omnpenenenne. Ilycts A — MpoM3BOIBLHOE MHOXKECTBO U
mycTh Kaxaomy 1 € N mocTaBieH B COOTBETCTBIE HEKOTOPBII
snemerT a € A. Torma roBopsT, 4To 3amaHa N0CAed06amelb-
HOCD

ai, az, az, ...,
KoTOopas 06O3HAYaeTCs Takke cuMmBoiaMu {a,}, {an}
{an}nGN-
[Tapa (n,a,) HA3BIBAETCS N-M BJIEMEHTOM MOCIIENOBATEb-

o]
n=1»

HOCTH, G — 3HAUEHHEM 1-I'0 JIEMEHTa II0CIeNOBaTEeILHOCT.

Beskas mocmenoBaTeIbHOCTE WMeEET CUETHOE MHOXKECTBO
9JIEMEHTOB, MHOXECTBO 3HAUEHUN 3JIEMEHTOB IIOCIIENOBATENIb-
HOCTHU MOXeT ObITH KOHEUHBIM MM CYeTHBIM. Hampumep, MHO-
JKeCTBO 3HAUEHUN 3JIEMEHTOB II0CJIEI0OBATEIEHOCTA

0,1,0,1,0,1, ... (1)

cocTouT u3 OByX snemeHToB: 0 m 1.

Msr 6ymeM paccMaTPUBATH IMOKA JIUIIMH TOCIEIOBATEIIHLHO-
CTHU €O 3HaUeHusMU 13 R U HA3LIBATDH UX YUCAOBLIMU NOCAEDO-
8AMEALHOCTNAMY WK TIPOCTO TOCIEIOBATEITEHOCTIMU.

3 amMeguanaue 1. Yacro BMECTO «3HAUEHUE
3JIEMEHTA IIOCJIEIOBATEILHOCTIS> TOBOPIT «DJIEMEHT ITOCIIENO-
BaTenbHOCTUY>. Hampumep, MOXHO cKa3aThb: «llaHHBI oTpe-
30K COMEPKUT GECKOHETHO MHOTO 3JIEMEHTOB TIOCIEIOBATEIHLHO-
CTU» ¥ T.II.

Onpenenenne. Yucmo a € R maswiBaeTcss npedesom no-
caedosamesvrocmu {ay}, ecnmu musa Ve > 0 In. € N:

la —an| <e Vn=ne..

IIpu sTom mumyT lim a, = a.
n—oo
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Hanmpuwmep, nlLrgo % =0.

O6o01nM moHsITHE Ipefeta (YUCIOBOI) HOCIEN0BATEIBHO-
CTH, pACCMATPUBAs B KaUYeCTBe Mpeesia He TOJIBKO UHCII0, HO
U KaKOW-Tub0 U3 CUMBOJIOB 400, —00, 00. s aToro paccmo-
Tpmy MuOXkecTBa R = RU {—00} U {400} 1 R = RU {o0}.

Omnpenenenne. Ilycts € > 0. e-oxkpecmuocmuio uucaa
a HaseiBaercs U, = (a — €,a + €) — UHTEpBaJ C IEHTPOM B
a; e-oxkpecmmocmuio saemenma a = +0o € R (a = —oo € R,

a = 0o € R) maseBaercs MuHOXKEeCTBO Uy = {1‘ rrzeR x> %}
(UEZ{ZU: $ER,$<—%},U€:{I‘: z €R, |ZL‘|>%})
Yepes U(a) nmpu a € R 0603HaUaETCS TPOU3BOIIbHAS £-OK-
PECTHOCTH DIIEMEHTA .
Coopmynupyem ofliiee OmpemeseHre Ipenera MocIenoBa-
TEJILHOCTHU B TEPMUHAX OKPECTHOCTEN.

Onpenenenne. a € R nassisaercs npedesom nocaedosa-
meavnocmu {an}, ecmu must Ve > 0 dn. € N: a,, € Uc(a)
Vn > ne.

OTo xe ompereseHre MOXHO TepedpasupoBATL CIEMYIO-
mmM 00pa3oM.

Onpenenenne. a € R uassiBaercs npedesom nocaedosa-
meavrocmu {a,}, eciu B VU (a) comepxkarcs 3HAUEHUS TOUTH
Bcex (T.e. BCeX, 3a UCKIIOYEHHEM, ObITh MOXKET, KOHEUHOIO
YUCIIA) HIIEMEHTOB IIOC/IEI0BATEILHOCTH.

Omnpenenenne. IlocnenoBaTenbHOCTE HA3BIBACTCS CLO0A-
weticd, ecln OHa UMeeT KOHeuHbIH (T.e. npuHamexaruii R)
npenes. B IpoTWBHOM cilydae NOCTIENOBATEIBHOCTH HAa3bIBa-
eTcs pacroddujetica.

ITpumepaMu pacXOmAIIUXCS IOCTIENOBATEIBHOCTEH sBII-
1orcst {n} u mocienosareabHOCTH (1).

Onpenenenne. [locienoBaTenbHOCTE HABLIBACTCS CLO0A-
wetica 6 R (8 R), ecrin ona umeeT mpenert, mpuHamexamii R

(R).
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Pacxomsmasicst mocienoBaTenbHOCTh {n} SBIISIeTCS CXOMs-
ureiicss B R u exonsiericst B R.

Pacxomsmasicst nocienoBarensHocTs {(—1)"n} cxomurcs B
R, x co.

BriBaer nonesna GopMyIupoBKa B HO3UTUBHBIX TEPMUHAX
YTBEPKIEHUS TOTO, UTO YUCIIO G He SBIIETCS MPENesioM TI0CIIe-
nmoBaTenbHOCTH {ay, }. [pusenem ee.

Yucro @ He SBIISIETCS IPENENIOM IOCIEIOBATEILHOCT {ay, },
ecmu 3eg > 0: Vng € NIn € N, n > ng: |a, — a| > ep.

Yupaxuenue 1. Bocmonb3oBasimcs 5Toit GOpMyIIPOB-
KOI1, IOKa3aTh, YTO MOCJIENOBATEILHOCTD (1) pacxonurcs.

Teopema 1 (enuncTBeHHOCTHN). YHCIOBas mocIenoBa-
TeJILHOCTH He MoxkeT uMmeTh B R 6osee onHOro mpeneira.

HokxaszaTensbcTso. [Ipenmonaras npoTuBHOE, MOITY-
CTHUM, YTO [JIS JAHHOH IIOCIENOBATEILHOCTH {ay } KayKIbII 13
ABYX Pa3/JIMYHBIX 3JIEMEHTOB a,a/ S R SABJIACTCA IIPEeOejIOM.
IIycts € > 0 crons mano, uro Ug(a) N Us(a') = @. Torma
no onpenenenmio npenena 3n. € N (3n. € N), npu koTopom
an € Us(a) Yn=n. (ap € Us(d') Yn=nl).

[onoxus 7i. = max{ng,n.}, moayaaem, aro a, € U:(a) N
NU:(a') ¥Yn > i, a 5T0 HEBO3MOKHO, TaK KaK 9TO IEePECeUeHIe
nycto. Teopema mokasaHa.

§ 2.2. CpoiicTBa IIpeesioB, CBI3aHHbIE
C HepaBeHCTBaMU

Ounpenenenne. IlocrenosarensHocTs {a,} Ha3bBaeTCs
oepanuuennoli (02panuuennot céepry, 02Panuuennot CrU3Y),
eCIII MHOXKECTBO 3HAUEHHI ee 5JIEMEHTOB OrDAHIYEHO (Oorpa-
HUYEHO CBEpXY, OTPAHIMYEHO CHU3Y).

Ounpenenenne. IlocrenosarensHocTs {a,} Ha3bBaeTCs
oepanuuennoti (o2paruuennot ce6epry, 02panuuennot cHusy),
ecnn

JbeR : Jap| <b (an <b, ap,=2b) YneN.
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[IpuBenenHbIe ABa ONpENETIeHNs, OI€BUIHO, SKBIBAJIEHTHBI
(PABHOCHJIBHBL).

Teopema 1. Cxomdrmasgcsa IOCI€O0BATEILHOCTEH OrDAHU-
yerna. Ob6paTHOE HEBEDHO.

Hoxaszarensctso. llycrs nocnenoBarensrocTs {ay, b

cxomures ma = lim a,. Tornamnge =13n; € N: Ja—ay| <
n—oo

<1 Vn > nq, Tak 4ro
a—1<a,<a+1 Vn>=ng.

[Iycts by = max{a+1,a1,a9, ..., ap,—1}. OueBugnO, YTO
{a,} orpanumuena csepxy umciaoMm bj. AHAIOrMYHO MOKA3BIBA-
ercst, 9To {a,} orpanndena cuusy. [locmenoBarensuocTs {ay, }
OrpaHWYEeHA B CUJLy €€ OrPAHMYEHHOCTHU CBEPXY W CHU3Y.

[Tpumep mocnenoBarensrocTH (2.1.1) mOKa3bIBaeT, 4TO He
BCsKasl OI'PaHNYCHHAasA IIOCJIeOOBATEJIBHOCTE CXOOUTCA.

Cremyrommume Tpu CBORCTBA MOKA3BIBAIOT CBI3b MEXKIY He-
PaBEHCTBAMIE U MIPENeIbHBIM MIEPEXonoM. B Hux mpenens a, b €
€R.

1° a, < b, < ¢y, nlir{:oan: lim ¢, =a= 3 lim b, = a;

. n—oo n—oo

2° lim a, =a,a<b=3dny € N: a, <b Vn = ny;
n—oo

3% lim ap, =a,a, <b=>a<b(lima,=a,a, >2b=
n—oo n—oo
=a>=b).

Caencreue. lim a, = a, |a,| < b= |a|] <b.
n—oo

Yupaxuenue 1. Ilokasarb, uro cBoiictBo 3° He coxpa-
HseTCs IPU 3aMeHe 3HAKOB < Ha < .

§ 2.3. CpoiicTBa IIpenesioB, CBI3aHHbIE
C apu@dMeTUUYEeCKIMHU ollepalusiMu
Teopema 1. Ilycts cymecTByroT mpeneasl lim a, = a €
n—oo
eR, lim b, =b€R. Toraa

12 lim (ap +by) = a+0b, lim (a, —by) = a —b;



§2.3. CBoiicTBa PENESoB, CBSI3aHHBIE ¢ apudM. omeparmuaMu 25

2? lim anb, = ab;
n—oo

. a
3° Bcmm b, #0 (Vn €N), b#0, o lim 72 = ¢.
n—oo Yn
IHokaszaTeabcCcTBO IPOBEOEM JIUIIb [JIsl CBOACTBA 3°.
Ilomoxxum o, = a — a,, B, = b — b,. Torma B cuy cBoitcTBa

1° ap, — 0, B, — 0 mpu n — co. OueHnM PasHOCTb MEXKITY %
n

W IPeIoNaraeMbiM IpeesioM ¢ .
A, = |% o) _ |30 = ban]
b by bby,
|a(b — Bn) —bla — )| _ lal
= Bn| + = |anl.
[N < i 1 g o
Bosemem € > 0. Torma In.,n’,n! € N rakune, aro |an| <
<e Vn =nl, B <e VYn =nl |by] = |b— Bl
\v/n ///
HO.HO)KI/IM nt = max{n.,n” n”'}. Torna
2!a|
A, < +m5—MeanVn>n

Tak 910 A, HE MPEBOCXOMUT CKOJIb YTOMHO MaJjioro uncyia Me
Ipu BCEX MOCTATOYHO Gonpimmmx n € N a 3To o3HAaYaeT, 1O

: a
OIIPEOECJICHUIO IIpedesia IIOCJaeqoBaTeJIbHOCTU, 9YTO El hm bf’n =
n—oo ¥Yn
_a
z.

Onpenenenne. IlocnenoBarensHocTs {0, } HasbIBaeTCs

beckoneuno maaol, ecru lim «, = 0.
n—oo

CrencrBueM apud@METUUECKUX CBOICTB IIPEIEIOB IIOCTIEIO-
BATEJILHOCTEN SIBIIIETCS

Jlemma 1.Cymma, pasHOCTD U IPOU3BENEHUE OBYX OGECKO-
HEYHO MaJIbIX IIOCJICOOBATEILHOCTEH ABJIIIOTCI OECKOHEYHO Ma-
JIBIMH TIOCJICHOBATEIHEHOCT M.

Yupaxuenune 1. IlocTtpouTs nmpumeps! GECKOHEUHO Ma-
abIx mocsenosaTensHocTelt {ay t, {Bn} (Bn #0 Vn € N), nus
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koroperx lim %2 = 0, lim %2 = oo, lim %2 = 1, lim
n—oo n n—oo n n—oo n n—oo n
He CYILIeCTBYeT.

Qp

Ounpenenenne. IlocnenosarensrocTs {a,} HasbBaeTCs

beckoneuno 6oavwot, ecimm lim a, = oo.
n—oo

Apudmverndeckue CBOMCTBA IIPENENIOB IOCIIEAOBATEIBHO-
CTel He MePEeHOCITCS Ha OECKOHETHO OOITBINIE TIOCIIENOBATETb-
voctu. Hanpuwmep: {a,} = {n+(-1)"}, {bp} = {n} — Gecko-
HeYHO GOJIbIINE TOCIIenoBaTeabHoCcTH, HO {a, — by} = {(—1)"}
He CXOmUTCA Haxe B R.

§ 2.4. Ilpenes1 MOHOTOHHOI MOCJIEIOBATEILHOCTU

Omnpenenerne. Bepznel (nuxcnel) epanvio nocaedosa-
MeabHOCTNU HA3BIBAETCS BEPXHsIs (HIKHSSL) TPAHb MHOXKECTBA
3HAYEHUIT ee HIeMeHTOB. IIpu 5TOM HCHOIB3YIOTC 0603HAUe-
HUSI COOTBETCTBEHHO sup{ay, }, inf{a,}.

Kaxmas mocenoBaTebHOCTh IMeeT B R BEpXHIO I HUXK-
HIOIO TDaHM.

Omnpenenenne. IlocrenosatensHOCTh {a,} Ha3bBaeTCA
sozpacmarnwet, (yowsaowetl), ecnn a, < Gp+1 (Gn = Anpil)
Vn e N.

Bospacraromme n yObIBaIOIImMe MOCICOOBATEILHOCTH HA3I-
BAIOTCSI MOHOTOHHBIMU.

Omnpenenenne. IlocnenosarensHocTs {ay,} HasbIBaeTCS
cmpozo 6o3pacmarowet; (cmpozo yowisaowet), ecmu a, <
< pt1 (an > ant1) Vn € N

CTporo Bo3pacTarolye U CTPOro yOBIBAIOLIIE MOCIIEHOBA-
TEILHOCTH HA3BIBAIOTCSL CMPO20 MOHOTMOHHLLMU.

3 awmeuanne 1l Bospacrawomme nocienosa-
TEJIBHOCTH HA3BIBAIOT TAKKE HEYObl8aloWUMU, a yObIBAIOIIE
— HeB03PACAIULUMU.

Teopema 1. Bcskas Bo3pacTaroijas MOC/IeI0BATETbHOCTE
{an} mmeer mpemenr B R lim a,, = sup{a,}. Oror mpemen
n—oo
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KOHEYeH (T.e. SABJIAETCS 9HUCIIOM), €CJIH IMOCJIENOBATEIHHOCTD
{a,} orpanmuena cBepxy, u paBeH +00, €C/IU MOCIAEHOBATENb-
HOCTB He OrpaHHIeHa CBEPXY.

HoxasarensctTso. llycrs a = sup{a,} < +oo. To-
rIa, IO OIPENeIeHNIO BepXHEN rpaHu, a, < ¢ Vn € N u mua
Ve >03dn. € N: a, € U-(a). Iockonsky a,. < an < a npu
n 2 Ng, NOJIy4aeM, 94TO

an € Uz(a) Vn > ne.

D710 o3HagaeT, yTo lim a, = @, 9YTO U TPEGOBAIIOCH IOKA3ATh.
n—oo

Yupaxsnenne 1. ChopMmynupoBaTh U OKa3aTh AHAJO-
TUYHYIO T€OPeMy IJIsl yOBIBAIOIIEH IOCIENOBATETEHOCTH.

IIpumep. Ilycte {[an,by|} — crarusaromasics cucrema
BIIOKEHHBIX OTPE3KOB, { — (emuucTBeHHAsI) OOIIast (s BCexX
OTPE3KOB) TOUKA.

Torna {a,} — Bospacratomas, {b, } — yObiBaroiias nocse-
moBaTenbHOCTH. [loCKOIBKY nlLH;o ap = &, C TOMOIITBIO TIOKA3AH-

HOIT TEOPEMBI 3aKIIo9aeM, 9To sup{a,} = &.
Amnanoruuno nomygaem, aro inf{b,} = &.

§2.5. Yucmo e

n
Omnpenenenune. ¢ = lim <1+ %) .

n—oo
IToxaxem, ITO 3TOT IpemNesI CYIIeCTBYeT 1 KOHeueH. bynem

[OJIB30BATHCsI HEPABEHCTBOM BepHyrm:
(I+h)">14nh upu h>0, neN, n>2 (1)

Yupaxueune 1. ITokazars (1), uCHonb3ys MeTom MaTe-
MATUYECKON WHIYKIIAN.

PaCCMOTpI/IM BCIIOMOT' aTE€JIBHYIO I1I0CJI€00BAaTE/IbHOCTH

n+1
{Zn}, xn = (1 - %) > 1+ nT—i-l > 2. Kak Bupnm, mocie-

IOBATENLHOCTH {X,} orpannuena cuusy umciiom 2. [Tokaxkem,
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9TO OHA SIBIISETCS YOBIBAIOIIEN ITOCIIENOBATETEHOCTHIO!

o (FaT) n[ n? )]”_

T, (1+%)”+1 Cn+1|(n+1)(n—1

oy "
n+1 n?2—1] °
Wcnons3ys vepasenctso Bepuymnu (1), momygaem, 9To
a:n,1> n 14 n _ nd4+n?—n
T n+1 n?—1 n4+n2—n-—1

Ha ocmoBanun TEOPEMBbI O CXOOMMOCTHU MOHOTOHHOW ITOCJIENO-
BaTEJIBHOCTHU 3aKJ/II0O9aeM, 9YTO

> 1.

3 lim =z, € [2,21] = [2,4].

n—oo

Ho Torma cytiectByeT 1

r lim z,
e:= lim nl = ——= = lim x,,
elg Gm (144) 0
n—oo

9T0 1 TPebOBAJIOCH TTOKA3aTh.

MoxHO ToKa3aTh, YTO € — UPPAIUOHAIBLHOE UUCIIO, OEeCs-
TUYHAS 3AIIUCH KOTOPOTO

e=2,718...

8§ 2.6. IlonnmocsienoBaTeILHOCTH

Omnpenenenne 1. Ilycrs {n;} — cTporo Bo3pacraoras
HOCTIENIOBATEIHLHOCTE HATYPAIBHBIX dncel. 1orma mocienoBa-

TEeNBHOCTE {ap, } = {an, }7°, Ha3eIBaeTCs nodnoc.iedosames-
Hocmpio nocaedosamenvhocmu {an,} = {an}o> .

IIpumep. IlocmenoBaTenvHOCTH 1, 3, 5, 7, ... sSBAsdeTCA
MTOMTIOCIIENOBATEILHOCTBIO MMOCIIENOBATEIEHOCTI HATYPAITHHBIX
qucerl, a MOCIemoBaTeNbHOCTE 1, b, 3, 9, 7, ... He saBIseTCs

IOOIIOC/IEAOBATEIBHOCTBIO HATYPAJIBbHBIX YUCEJI.
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Jlemma 1. OrbpachiBaHuE KOHEYHOT'O YHCJIA MEPBBIX UJIe-
HOB MOCJIENOBATEILHOCTU HE BIUSAET HU HA CXOOUMOCTD, HU HA
BeJIMYUHY Npenena (B CIydae CXOOUMOCTH).

Yuopaxnaenue 1. [lokasaTb geMMmy.

Omnpenenenue 2. Yacmuunvim npedesom nocaedosa-
MeAbHOCU HA3BIBAETCS IIPENesl KaKOu-Inbo ee MOAIOCIenoBa-
TeITLHOCTH, cxonsmeincs B R.

Omnpenenieane 3. Yacmuunvim npedesom mocaedosa-
MeAbHOCAU HABBIBAETCA 37eMeHT ji € R, mobas OKPeCTHOCTH
U(p) XOoTOpOro comepKuT GECKOHEUHOE YHCIIO HJIEMEHTOB II0-
CIIEIOBATETLHOCT.

IHoka3aTeNbCTBO 3KBUBAJIEHTHOCTH ONPENESICHUIT 2
u 3.

ITokaxkeM cHagasa, 9TO U3 ONPENESICHNs 2 CIIEMYeT OIpee-
JIEHUE 3 HyCTB M ABIIAETCA YaCTUYHBIM IIPEOEJIOM B CMBICJIE
onpenesenuss 2. Torma, mo ompemeneHuio Tpenena, B JIIOOOH
U(p) comepxkarcst TIOYTU BCE JIEMEHTHI HEKOTOPON IIOATIOCIIe-
noBaTeabHOCTH. CIIeNOBATEIBHO, (4 YIOBIETBOPSET OMpeNnese-
HUIO 1.

[TokaxeM Tenmepb, UTO ONpenesieHne 2 CAemyeT U3 OMpere-
nenus 3. IlycTeb p ABISETCS YACTUYHBIM MPENETIOM B CMBI-
cite ompenenenus 3. BoibepeMm Kakou-ambOO 3JIEMEHT MOCIIEemo-
BaTEIBHOCTH Tpn, € Uji(u), 3aTeM BBIOEpEM KaKOUW-IHOO 3IT€-
MEHT MOCJIEeNOBATEILHOCTH Ty, € U 1 (i), yImoBieTBOpSIOIIUIL
YCIIOBHIO Ny > Ni. OTO BO3MOXKHO, TakK Kak U 1 (1) comepxkut
GECKOHEUHOE UHCIIO HIIEMEHTOB. BbIGepeM 3aTeM Iy, € U% (1),
ng > ng. Ilpomomkas mporecc, MOIyYrM MOANOCIENOBATE b
HOCTH {2y, }, cxomammmytocs B R k p1, Tax kax mpu Ve > 0 Us(p)

COOEPXKUT BCE €€ YJICHBbI, Ha4YMHAasi C 9jIeHa C HOMEPOM k‘s, rage

1
ke > =.
IIpumep. IocnenosarenbrocTs (2.1.1) umeer B TOUHOCTH
noBa JacTHYHBIX mpenena: 0 m 1.
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Yupaxuenne 2. ITycrs {r,} — kakum-1m60o o6paszom 3a-
HyMepOBaHHasl IIOCIIENOBATEILHOCTh BCEX PAI[MOHAJILHBIX M-
cent orpeska [0, 1]. OmmucaTs MHOXKECTBO €€ YACTUYHBIX IPeIe-
JIOB.

JIemmMma 2. HOCJIeI[OBaTeJIbHOCTb HIMeET €qUHCTBEHHBII B R

YaCTUYHBIN IPENesI TOrAa U TOJIBKO TOrIa, KOTa OHA CXOOUTCI
B R.

HoxazaTtenscTso. Ilycts crauana mocmemoBaTems-
wocts {a,} cxomures B R. Ilyers {a,,} — mnpomspomnbmas
ee MOIIOCIIEIOBATENIEHOCTD. 110 ompenesieHnto mpezerna mocse-
IOBATENILHOCTH, J1I06ast OKpecTHOCTH U(a) comepKuT 3Hade-
HUSI OYTH BCEX 5JIEMEHTOB IIOCIIE0BATENLHOCTH {ay, }, a cite-
ZOBATENILHO, U HOYTU BCE HJIEMEHTHI HOANOCIICNOBATEILHOCTH
{an, }. CnenoBarensro, lim a,, = a.

n—oo

[Iycrs Temepb NOCIENOBATEIBHOCTH {a,} WMeET enuH-
CTBEHHBI JacTUIHLIN npenesl. O003HAUYMM €ro Yepe3 a U Io-

xaxeM, uro 3 lim a, = a. HomycTuMm mpoTuBHOE, T.€. UTO @
n—oo

He SBIIETCs HpeNesoM mnocsenosarenbHoctu. Torma Jeo >
> 0 Takoe, uro BHe U, (a) HAXOmATCs 3HAUYEHUs GECKOHEU-
HOTO YHCJIa BJIEMEHTOB MOCIIeNOBATeIbHOCTH. llocTponM momn-
HOCIIEOBATEILHOCTD { @y, }, BCE 3JIEMEHTHI KOTOPOIL JIEXKAT BHE
U, (a). Mer nokaxem Bckope TeopeMy (0G00IIAOIIYIO0 TEOPEMY
Bonbrano-Beftepurrpacca), B CHily KOTOPOI MOCIIELOBATEIIb
HOCTb {ap, } UMeeT YaCTUUHBIN Npenesl, KOTOPHIN SIBIISETCS
TakKe 1 YaCTUIHBIM [IPEIEsIOM HOCIenoBaTebHoCTH {ay, . On
HE COBIIAZIAET C A, TaK KakK an, & U (a) Vk, aTo mporusope-
YUT [PEIOIOKEHNIO O eAUHCTBEHHOCTU YaCTUIHOIO IIPEera

HOCTIenoBaTeIbHOCTH {ay, }. CrenoBarensho, a = lim ay,.
n—oo

Omnpenenenne. Beprrum (Husxcnum) npedesom nocaedo-
sameavrnocmu {a,} HazbIBaeTCsS HAMGOJIBIINI (HANMEHBIIINI)
B R U3 ee YaCTUUIHBIX HPENETIOB.

Ero o6osmauator cumBosiom lim a, (lim ay).
n—00 n—o00
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Besakas mocmenoBaTenbHOCTh MMEET BEPXHUN U HUKHAN
penessbl, ITo 6yoeT yCTAaHOBIEHO B § 2.7

Yupaxwuenue 3. llycts x, > 0, y, = 0 Vn € N, nocmeno-
BATEIILHOCTD {ZTp} cxonurces (T.e. MMeeT KOHEUHBIN MPEe),
HOCJIEIOBATENILHOCTD {Yy, } MMeeT KOHEUYHBIIl BEPXHUII IIpEmIerL.
IokasaTs, uTO TOrma

lim z,y, = lim z, lim y,.
n—oo n—oo n—oo

§ 2.7. Teopema Boabrnano—BeiiepinTpacca

Teopema 1 (Bosbumamo—Beiiepuirpacca). Beskas
OrpaHUYeHHAs MTOCJIEHOBATEILHOCTh UMEET XOTs Obl OOUH Ua-
CTUYHBIN IIpenes.

Hpyras ee GOpMyIUPOBKA: U3 8CAKOU 02PAHUUEHHOU NO-
€Aed08AMEABHOCTNY MONCHO BbLIEAUNb CTOOAWYOCT NMOONO-
cAed08aAMEALHOCTD.

Teopema Bonbnano—Beiiepintpacca sIBIseTCsT CIEOCTBUEM
OoJsee ob11Iel M HOJIEE CUITBLHON TEOPEMBIL.

Teopema 2. Beskas nociaenoBaresbHOCTs umeer (B R)
BEDXHUI U HUXKHUN IIPENEJIbI.

HoxaszarenbcTBO (mwist Bepxrero mpenena). Ilycts
{a,} — mpomssonbHas nocimenoBarenbHocTh. X = {z: x € R,
npasee & 6GECKOHEYHO MHOTO 3JIEMEHTOB IIOCIICIOBATEILHOCTH |.

1 caywann. X = &. Oro ssauut, yro VU (—00) comepxkur

IIOYTH BCE BJIEMEHTHI MOC/IEOOBATEILHOCTH, T.e. 3 lim a, =
n—oo
= —oo. CremoBaTe/lbHO, —00 — €NWHCTBEHHBLIN YACTUYHLIN

npenen {ay}, Tak 4To a = lim a,,.
n—oo

2 cayuann. X # @. Torma dsupX =b, —oo < b < +o0.

ITokaxxem, uro b = lim a,. Bosbmem mpouspombuOe € > 0,
n—od

u mycts b, € U:(b), b. < b. Torma u3 onpeneneHns BepxHein
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rpaHu ciemyer, 9To Haimercs . € X: b < zL < b. Tlo-
5TOMy TIpaBee b. JIeKUT GECKOHETHOE UUCIIO SIIEMEHTOB MOCTE-
IOBATENBLHOCTH {ay, }. Ecam b’ > b, To b ¢ X, Tak uro npasee
b — me Goslee KOHEUHOTO YUCIIA BIIEMEHTOB TOCIIENOBATELHO-
cru. CnenoBarensHo, Ug(b) comepKuT 6€CKOHETHOE TUCIIO HITe-
MEHTOB TOCJIENOBATENLHOCTH {ay } U, B CHIIy TIPOU3BOIBHOCTH
e >0, b — wacTuuHbIl npenen {a,}.

Ocraercs mokaszaTb, 4TO b — HAMOOIBININN YACTUYIHBINL
upenen {a,}, T.e. b= n@o ap,. Iomyckas IpOTUBHOE, TTpe-
MOJIOKUM, YTO CYIIECTBYeT JacTuuHbIl npenen b* > b. Torma
BCsiKast OKpecTHOCTb U (b*) comepuT GECKOHEUHO MHOTO 3JIe-
MEHTOB MOCIENOBATEIBHOCTH. HO 5TO MPOTHBOPEYUT TOMY,
uto mpu b < b’ < b* mpasee b’ (kax mokazaHO BBIIE) — He
6oJIee KOHEUHOTO YHCIIa 3JIEMEHTOB nocsenosarensaocTu. Cire-

noBaTenrbHO, b = lim a,,.
n—oo

Yopaxuaenue 1. [lokasats Teopemy bombnano—Beiiep-
oITpacca C IIOMOIIIBIO CTSIFI/IB&.IOILIGI?IC?I CUCTEMBI BJIOXKEHHBIX
OTPE3KOB.

Y x a 3 a H u e. B kauecTBe IepBOro OTPE3Ka PACCMO-
TPeTh OTPE30K, COMEPIKAIITUN BCE JIEMEHTHI IIOCIENOBATEILHO-
CcTHu. Ka)KI[beI n3 CJIEAYIOIIX OTPE3KOB IIOJIYYUTH HOEJICEHUEM
TIPENBIIYIIEro OTPE3Ka IOMOJIaM U BBIOOpa CaMOW IIPABOW U3
TIOJIOBUH, COOEpXKaIlell DeCKOHEeYHOe YNCIIO dJIEMEHTOB IOCIIe-
IOBATEILHOCTH.

§ 2.8. Kpurepunn Ko

Omnpenenenne. Ilocienosarensuocts {ay,} HasbBaeTCs
Pyndamenmarvroti, €Cau IJjis Hee BBIIMOJIHEHO ycioBue Korrmn:

Ve>0 dn. : |lap—am| <e Vn,m>=n.. (1)
Teopema 1 (xpurepmit Komm). [ng cxomumoctu

II0CJIENOBATEIBHOCTH HEOOXOOUMO H HOCTATOYHO, ITOOBI OHA
6pL1a (pyHITAMEHTAIHHON.
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HoxaszaTtensctso. Heobxodumocms. IlycTs mocme-
NOBATEIBHOCTE {ay} cxomures u lim a, = a. Bosbmem mpo-
n—oo

m3BoabHOoe € > 0. Torma
€

2 Vn > ne.

dne : |la—ayl <
Ecau Tteneps n, m > n., TO

e €
\an—am\g\an—a\+\am—a|<§+§:5,

9TO0 1 TpebOBaJIOCh NOKA3aTh.

Hocmamounocmy. Ilycts mocnenosarensrocTs {ay ) dyH-
IaMeHTaJIbHa, T.e. ynoBieTBopser yciosuio (1). ITokaxewm,
YTO OHA CXOLUTCSI.

[Mar 1. ITokaxeM, 9TO MOCIEOOBATEILHOCTD {dy, } OrpaHu-
geHa. Bosemem € = 1. Torma u3 (1) cienyer, uto

dny €N Jay, —ap,| <1 Vn>=mn,

TaK 9To
lan| < 1+ |an,| Vn>=n.
CrenosarensHo, {a,} — orpanuueHa.
[Iar 2. TIlo Teopeme Bombunano-Betiepmrpacca, us {a