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�¢¥¤¥¨¥

� á¢®¨å ¨áá«¥¤®¢ ¨ïå ¯® ®á®¢ ¨ï¬ ä¨§¨ª¨ �.�.�ã« ª®¢ ¯à¥¤-
«®¦¨« ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì áâà®¥¨ï ä¨§¨ç¥áª®£® § ª® , à áá¬ -
âà¨¢ ¥¬®£® ª ª ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ â ï á¢ï§ì ¬¥¦¤ã ¨§¬¥-
àï¥¬ë¬¨ ¢ ®¯ëâ¥ ¢¥«¨ç¨ ¬¨ [1]. �â  ¬®¤¥«ì, ¨¬¥ã¥¬ ï ä¨§¨ç¥áª®©
áâàãªâãà®©, ¯à¨«®¦¨¬  ª ®¡ëç®© £¥®¬¥âà¨¨ ¨ ¯à¥¤áâ ¢«ï¥â á®¡®©
á¢®¥®¡à §ãî £¥®¬¥âà¨î ¤¢ãå ¬®¦¥áâ¢ á ¬¥âà¨ç¥áª®© äãªæ¨¥©, á®-
¯®áâ ¢«ïîé¥© ¯ à¥ â®ç¥ª ¨§ à §ëå ¬®¦¥áâ¢ ®¤® ¨«¨ ¥áª®«ìª®

ç¨á¥«. � ®¢®© £¥®¬¥âà¨¨ ¥áâ¥áâ¢¥® ®¯à¥¤¥«ï¥âáï ¤¢¨¦¥¨¥ ª ª ¯ -
à  â ª¨å ¯à¥®¡à §®¢ ¨© ¨áå®¤ëå ¬®¦¥áâ¢, ª®â®àë¥ á®åà ïîâ ¬¥-
âà¨ç¥áªãî äãªæ¨î. �®¢®ªã¯®áâì ¢á¥å ¤¢¨¦¥¨© § ¤ ¥â £àã¯¯®¢ãî
á¨¬¬¥âà¨î íâ®© £¥®¬¥âà¨¨.

�«¥¤ãï �.�.�ã« ª®¢ã ¯® ¥£® à ¡®â ¬ [1],[2],[3], à áá¬®âà¨¬ ¢â®à®©
§ ª® �ìîâ®  ¢ ¬¥å ¨ª¥ ¨ § ª® �¬  ¢ í«¥ªâà®¤¨ ¬¨ª¥, § ¯¨á ¢ ¨å
¢ â ª®© ä®à¬¥, ª®â®à ï ¯®§¢®«¨â ¢ëï¢¨âì ä¥®¬¥®«®£¨ç¥áªãî á¨¬-
¬¥âà¨î ãª § ëå § ª®®¢.

�ãáâì i { ¬ â¥à¨ «ì®¥ â¥«®, ¬ áá  ª®â®à®£® à ¢  m(i), ¨ � {

ãáª®à¨â¥«ì, å à ªâ¥à¨§ã¥¬ë© á¨«®© F (�). �®¤ ãáª®à¨â¥«¥¬ ¯®¤à §ã-
¬¥¢ ¥âáï «î¡®¥ ¤àã£®¥ â¥«®, ª®â®à®¥ ¯à¨ ¢§ ¨¬®¤¥©áâ¢¨¨ á ¤ ë¬
¨§¬¥ï¥â ¥£® áª®à®áâì. �§¬¥àï¥¬®© ¢ ®¯ëâ¥ ¢¥«¨ç¨®© ï¢«ï¥âáï ãáª®-
à¥¨¥ a(i�), ª®â®à®¥ â¥«ã i á®®¡é ¥â ãáª®à¨â¥«ì �. �â®à®© § ª® �ìî-
â®  ¢ ¥£® âà ¤¨æ¨®®© ä®à¬¥ ãâ¢¥¦¤ ¥â, çâ® ¯à®¨§¢¥¤¥¨¥ ¬ ááë
â¥«    á®®¡é ¥¬®¥ ¥¬ã ãáª®à¥¨¥ à ¢® ¤¥©áâ¢ãîé¥© á¨«¥:

m(i)a(i�) = F (�): (B:1)

�®§ì¬¥¬ ¤¢  ¯à®¨§¢®«ìëå â¥«  i, j ¨ ¤¢  ¯à®¨§¢®«ìëå ãáª®à¨â¥«ï

�, �. �®¯®«¨â¥«ì® ª ãà ¢¥¨î (B:1) § ¯¨è¥¬ ¥é¥ âà¨:

m(i)a(i�) = F (�);
m(j)a(j�) = F (�);

m(j)a(j�) = F (�):

9>=
>; (B:10)

�§ ç¥âëà¥å ãà ¢¥¨© (B:1), (B:10) ¬®¦® ¨áª«îç¨âì ¬ ááë m(i),
m(j), á¨«ë F (�), F (�), ¯®«ãç¨¢ ¯à¨ íâ®¬ á¢ï§ì â®«ìª® ¬¥¦¤ã ¨§¬¥àï-
¥¬ë¬¨ ¢ ®¯ëâ¥ ãáª®à¥¨ï¬¨:

a(i�)a(j�)� a(i�)a(j�) = 0: (B:2)
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�® â¥à¬¨®«®£¨¨ �.�.�ã« ª®¢  äãªæ¨® «ì ï á¢ï§ì (B:2), ¨¬¥î-
é ï ¬¥áâ® ¤«ï «î¡ëå ¤¢ãå ¬ â¥à¨ «ìëå â¥« i; j ¨ «î¡ëå ¤¢ãå ãáª®-
à¨â¥«¥© �; �, ¯à¥¤áâ ¢«ï¥â á®¡®© ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âãî
ä®à¬ã ¢â®à®£® § ª®  �ìîâ® .

� í«¥ªâà®¤¨ ¬¨ª¥ ¯à®¢®¤¨ªã i á á®¯à®â¨¢«¥¨¥¬ R(i) ¨ ¨áâ®ç-
¨ªã â®ª  � á í«¥ªâà®¤¢¨¦ãé¥© á¨«®© E(�) ¨ ¢ãâà¥¨¬ á®¯à®â¨-
¢«¥¨¥¬ r(�) á®¯®áâ ¢«ï¥âáï â®ª I(i�), ¨§¬¥àï¥¬ë©  ¬¯¥à¬¥âà®¬ ¢
á®®â¢¥âáâ¢ãîé¥© ¯à®áâ®© § ¬ªãâ®© æ¥¯¨:

I(i�) = E(�)=(R(i) + r(�)): (B:3)

�®§ì¬¥¬ âà¨ ¯à®¨§¢®«ìëå ¯à®¢®¤¨ª  i; j; k ¨ ¤¢  ¯à®¨§¢®«ìëå
¨áâ®ç¨ª  â®ª  �; �. �®£¤  ¤®¯®«¨â¥«ì® ª â®ªã I(i�) ¯® ¢ëà ¦¥¨î
(B:3) ¬®¦® ¢ë¯¨á âì ¥é¥ ¯ïâì ¥£® § ç¥¨©:

I(i�); I(j�); I(j�); I(k�); I(k�): (B:30)

�§ è¥áâ¨ ¢ëà ¦¥¨© ¤«ï â®ª®¢ (B:3); (B:30) áà ¢¨â¥«ì® ¯à®áâ® ¨á-
ª«îç îâáï á®¯à®â¨¢«¥¨ï ¯à®¢®¤¨ª®¢ R(i); R(j); R(k), í«¥ªâà®¤¢¨-
¦ãé¨¥ á¨«ë ¨áâ®ç¨ª®¢ â®ª  E(�); E(�) ¨ ¨å ¢ãâà¥¨¥ á®¯à®â¨-
¢«¥¨ï r(�); r(�), ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç ¥âáï á¢ï§ì â®«ìª® ¬¥¦¤ã

¨§¬¥àï¥¬ë¬¨ ¢ ®¯ëâ¥ § ç¥¨ï¬¨ ¢¥«¨ç¨ë â®ª  I:�������
I
�1(i�) I

�1(i�) 1
I
�1(j�) I

�1(j�) 1
I
�1(k�) I

�1(k�) 1

������� = 0; (B:4)

£¤¥ I�1 = 1=I. �ãªæ¨® «ì ï á¢ï§ì (B:4), á¯à ¢¥¤«¨¢ ï ¤«ï «î¡ëå
âà¥å ¯à®¢®¤¨ª®¢ i; j; k ¨ ¤«ï «î¡ëå ¤¢ãå ¨áâ®ç¨ª®¢ â®ª  �; �, ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¯® �ã« ª®¢ã ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âãî ä®à¬ã
§ ª®  �¬ .

� à ¡®â¥ [3] �.�.�ã« ª®¢ë¬ ¯®ª § ®, ª ª, ¨áå®¤ï ¨§ ä¥®¬¥®-
«®£¨ç¥áª¨ ¨¢ à¨ âëå ä®à¬ (B:2) ¨ (B:4) ¢â®à®£® § ª®  �ìîâ®-
  ¨ § ª®  �¬ , ¯à¨©â¨ ª ¨å âà ¤¨æ¨®ë¬ ä®à¬ ¬ (B:1) ¨ (B:3),
¢¢®¤ï ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¬ ááã â¥«  m, á¨«ã ãáª®à¨â¥«ï F ¨ á®-
¯à®â¨¢«¥¨¥ ¯à®¢®¤¨ª  R, í«¥ªâà®¤¢¨¦ãéãî á¨«ã ¨áâ®ç¨ª  E, ¥£®
¢ãâà¥¥¥ á®¯à®â¨¢«¥¨¥ r.

� áá¬®âà¨¬ ¥é¥ ¯«®áª®áâì �¢ª«¨¤  á â®çª¨ §à¥¨ï ¥¥ ä¥®¬¥®«®-
£¨ç¥áª®© á¨¬¬¥âà¨¨, ª®â®à ï £¥®¬¥âà ¬ ¡ë«  ¨§¢¥áâ  ¤ ¢® [4], ®
  ª®â®àãî ¢¯¥à¢ë¥ ®á®¡®¥ ¢¨¬ ¨¥ ®¡à â¨« �.�.�ã« ª®¢ [5]. � ¤¥-

ª àâ®¢®© ¯àï¬®ã£®«ì®© á¨áâ¥¬¥ ª®®à¤¨ â (x,y) ª¢ ¤à â à ááâ®ï¨ï
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�(ij) ¬¥¦¤ã «î¡ë¬¨ â®çª ¬¨ i = (x(i); y(i)) ¨ j = (x(j); y(j)) § ¤ ¥âáï
á«¥¤ãîé¥© ¬¥âà¨ç¥áª®© äãªæ¨¥©:

f(ij) = �
2(ij) = (x(i)� x(j))2 + (y(i)� y(j))2: (B:5)

�®§ì¬¥¬ ç¥âëà¥ â®çª¨ i; j; k; l ¨ § ¯¨è¥¬ ¤«ï ¨å è¥áâì § ç¥¨©
¬¥âà¨ç¥áª®© äãªæ¨¨ (B:5):

�
2(ij); �2(ik); �2(il); �2(jk); �2(jl); �2(kl): (B:50)

�®à®è® ¨§¢¥áâ®, çâ® è¥áâì ¢§ ¨¬ëå à ááâ®ï¨© ¬¥¦¤ã «î¡ë¬¨ ç¥-
âëàì¬ï â®çª ¬¨ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ äãªæ¨® «ì® á¢ï§ ë, ®¡à -
é ï ¢ ã«ì ®¯à¥¤¥«¨â¥«ì �í«¨-�¥£¥à  ¯ïâ®£® ¯®àï¤ª :�����������

0 1 1 1 1
1 0 �

2(ij) �
2(ik) �

2(il)
1 �

2(ij) 0 �
2(jk) �

2(jl)
1 �

2(ik) �
2(jk) 0 �

2(kl)
1 �

2(il) �
2(jl) �

2(kl) 0

�����������
= 0: (B:6)

�¥®¬¥âà¨ç¥áª¨© á¬ëá« á®®â®è¥¨ï (B:6) á®áâ®¨â ¢ â®¬, çâ® ®¡ê-
¥¬ â¥âà í¤à  á ¢¥àè¨ ¬¨, «¥¦ é¨¬¨   ¯«®áª®áâ¨, à ¢¥ ã«î. �®

â¥à¬¨®«®£¨¨ �.�.�ã« ª®¢  [5] á®®â®è¥¨¥ (B:6), á¯à ¢¥¤«¨¢®¥ ¤«ï
«î¡ëå ç¥âëà¥å â®ç¥ª i; j; k; l, ¢ëà ¦ ¥â ä¥®¬¥®«®£¨ç¥áªãî á¨¬¬¥-
âà¨î ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨.

�¡à é ¥â   á¥¡ï ¢¨¬ ¨¥ ¯à¨æ¨¯¨ «ì ï ®¡é®áâì á®®â®è¥-
¨© (B:2); (B:4); (B:6), ª®â®àë¥ ¢ëà ¦ îâ äãªæ¨® «ìë¥ á¢ï§¨
â®«ìª® ¬¥¦¤ã ¨§¬¥àï¥¬ë¬¨ ¢ ®¯ëâ¥ ¢¥«¨ç¨ ¬¨, ¯à¨ç¥¬ íâ¨ á¢ï§¨
ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âë: ¤«ï «î¡ëå ¤¢ãå ¬ â¥à¨ «ìëå â¥«
i; j ¨ «î¡ëå ¤¢ãå ãáª®à¨â¥«¥© �; � ¢ë¯®«ï¥âáï á®®â®è¥¨¥ (B:2);
¤«ï «î¡ëå âà¥å ¯à®¢®¤¨ª®¢ i; j; k ¨ «î¡ëå ¤¢ãå ¨áâ®ç¨ª®¢ â®ª 

�; � ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ (B:4); ¤«ï «î¡ëå ç¥âëà¥å â®ç¥ª i; j; k; l
¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ (B:6). � ª ¦¤®¬ ¨§
âà¥å à áá¬®âà¥ëå ¯à¨¬¥à®¢ ¬ë ¨¬¥¥¬ ¤¥«® á äãªæ¨¥© ¯ àë â®-
ç¥ª, ®¯à¥¤¥«ïîé¥© à ááâ®ï¨¥ ¬¥¦¤ã ¨¬¨, â® ¥áâì á ¬¥âà¨ç¥áª®©
äãªæ¨¥©: ¢ á®®â®è¥¨¨ (B:2) â ª®© äãªæ¨¥© ï¢«ï¥âáï ãáª®à¥¨¥
(B:1), ª®â®à®¥ ¬®¦® áç¨â âì ®¡®¡é¥ë¬ à ááâ®ï¨¥¬ ¬¥¦¤ã â®ç-
ª ¬¨ ä¨§¨ç¥áª¨ à §«¨çëå ¬®¦¥áâ¢ { ¬®¦¥áâ¢  ¬ â¥à¨ «ìëå â¥«
¨ ¬®¦¥áâ¢  ãáª®à¨â¥«¥©;   «®£¨ç® ¢ á®®â®è¥¨¨ (B:4) â®ª (B:3)
¢ ¥ª®â®à®¬ ¡®«¥¥ ®¡é¥¬ á¬ëá«¥ ¥áâì à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨ à §-

«¨çëå ¬®¦¥áâ¢ { ¬®¦¥áâ¢  ¯à®¢®¤¨ª®¢ ¨ ¬®¦¥áâ¢  ¨áâ®ç¨ª®¢
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â®ª ; ¢ á®®â®è¥¨¨ (B:6) ¬¥âà¨ç¥áª®© äãªæ¨¥© ï¢«ï¥âáï ª¢ ¤à â
®¡ëç®£® à ááâ®ï¨ï (B:5) ¬¥¦¤ã â®çª ¬¨ ®¤®© ¨ â®© ¦¥ ¥¢ª«¨¤®¢®©
¯«®áª®áâ¨.

�®£« á® â¥à¬¨®«®£¨¨ �.�.�ã« ª®¢  [3] ãáª®à¥¨¥ a   ¬®¦¥-

áâ¢¥ ¬ â¥à¨ «ìëå â¥« ¨ ¬®¦¥áâ¢¥ ãáª®à¨â¥«¥© § ¤ ¥â ä¨§¨ç¥áªãî
áâàãªâãàã à £  (2,2),   â®ª I   ¬®¦¥áâ¢¥ ¯à®¢®¤¨ª®¢ ¨ ¬®¦¥-
áâ¢¥ ¨áâ®ç¨ª®¢ â®ª  § ¤ ¥â ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2). �â¨
ä¨§¨ç¥áª¨¥ áâàãªâãàë ¯à¥¤áâ ¢«ïîâ á®¡®© á¢®¥®¡à §ë¥ £¥®¬¥âà¨¨
¤¢ãå ¬®¦¥áâ¢, ä¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï ª®â®àëå ¢ëà ¦ ¥âáï
á®®â®è¥¨ï¬¨ (B:2) ¨ (B:4). �¥âà¨ç¥áª ï ¦¥ äãªæ¨ï (B:5) § ¤ ¥â
  ¯«®áª®áâ¨ ä¨§¨ç¥áªãî áâàãªâãàã à £  4, ª®â®à ï ¯à¥¤áâ ¢«ï¥â
á®¡®© £¥®¬¥âà¨î ®¡ëç®© ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨. �¥ ä¥®¬¥®«®£¨ç¥-
áª ï á¨¬¬¥âà¨ï ¢ëà ¦ ¥âáï á®®â®è¥¨¥¬ (B:6).

� ¬¥â¨¬ â ª¦¥, çâ® ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âë¥ ä®à¬ë
(B:2) ¨ (B:4) § ª®®¢ �ìîâ®  ¨ �¬  á â®ç®áâìî ¤® ¥ª®â®àëå ¥áâ¥-
áâ¢¥ëå ¯à¥®¡à §®¢ ¨© ï¢«ïîâáï ¥¤¨áâ¢¥® ¢®§¬®¦ë¬¨, çâ® ¯®-
ª § ® ¢ à ¡®â å [6], [7]. � ¤àã£®© áâ®à®ë, á®®â®è¥¨¥ (B:6) ¯à¨æ¨-
¯®¬ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ®¯à¥¤¥«ï¥âáï ¥®¤®§ ç®, â ª
ª ª ¨¬¥¥âáï ¥é¥ ¥áª®«ìª® £¥®¬¥âà¨©   ¯«®áª®áâ¨, ¤«ï ª®â®àëå
è¥áâì ¢§ ¨¬ëå à ááâ®ï¨© ¬¥¦¤ã «î¡ë¬¨ ç¥âëàì¬ï â®çª ¬¨ äãª-
æ¨® «ì® á¢ï§ ë (¯«®áª®áâì �®¡ ç¥¢áª®£®, ¯«®áª®áâì �¨ª®¢áª®£®,

¤¢ã¬¥à ï áä¥à  ¨ â.¤.). �®«ë© á¯¨á®ª á®®â¢¥âáâ¢ãîé¨å ¬¥âà¨ç¥-
áª¨å äãªæ¨© ¯à¨¢¥¤¥  ¢â®à®¬ ¢ à ¡®â å [8], [9].

�® ¬¥âà¨ç¥áª®© äãªæ¨¨ (B:5) ¬®¦®  ©â¨ ¬®¦¥áâ¢® ¥¥ ¤¢¨¦¥-
¨©, â® ¥áâì â ª¨å £« ¤ª¨å ¨ ®¡à â¨¬ëå ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨:

x
0 = �(x; y); y0 = �(x; y); (B:7)

®â®á¨â¥«ì® ª®â®àëå íâ  äãªæ¨ï á®åà ï¥âáï. �¥©áâ¢¨â¥«ì®, ¥á-
«¨ ¯à¥®¡à §®¢ ¨¥ (B:7) ï¢«ï¥âáï ¤¢¨¦¥¨¥¬, â® ¤«ï äãªæ¨© � ¨ �
¯®«ãç ¥âáï äãªæ¨® «ì®¥ ãà ¢¥¨¥

(�(i)� �(j))2 + (�(i)� �(j))2 = (x(i)� x(j))2 + (y(i)� y(j))2;

¢á¥ à¥è¥¨ï ª®â®à®£® ¬®£ãâ ¡ëâì  ©¤¥ë ç¨áâ®   «¨â¨ç¥áª¨:

x
0 = �(x; y) = ax� "by + c;

y
0 = �(x; y) = bx+ "ay + d;

)
(B:8)

£¤¥ a2 + b
2 = 1; " = �1:
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�®¦¥áâ¢® ¢á¥å ¤¢¨¦¥¨© (B:8) ¥áâì, ®ç¥¢¨¤®, £àã¯¯ , ¢ëà ¦ -
îé ï £àã¯¯®¢ãî á¨¬¬¥âà¨î ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨. � ¤àã£®© áâ®à®-
ë, âà¥å¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ¨© (B:8) ª®®à¤¨ â®©
¯«®áª®áâ¨ ®¯à¥¤¥«ï¥â   ¥© ¯® �.�«¥©ã [10] ¥¢ª«¨¤®¢ã £¥®¬¥âà¨î.

�¥âà¨ç¥áª ï äãªæ¨ï (B:5) ï¢«ï¥âáï ¯à¨ íâ®¬ ¥¥ ¤¢ãåâ®ç¥çë¬ ¨-
¢ à¨ â®¬, ª®â®àë©  å®¤¨âáï à¥è¥¨¥¬ á®®â¢¥âáâ¢ãîé¥£® äãªæ¨-
® «ì®£® ãà ¢¥¨ï:

f(�(i); �(i); �(j); �(j)) = f(x(i); y(i); x(j); y(j)):

�  ¯à®áâ®¬ ¯à¨¬¥à¥ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ á ¬¥âà¨ç¥áª®© äãª-
æ¨¥© (B:5) ¬ë ã¡¥¤¨«¨áì, çâ® ¥¥ £àã¯¯®¢ ï á¨¬¬¥âà¨ï, ¢ëà ¦ ¥¬ ï
¤¢¨¦¥¨ï¬¨ (B:8), ¨ ¥¥ ä¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï, ¢ëà ¦ ¥¬ ï
á®®â®è¥¨¥¬ (B:6), â¥á® ¬¥¦¤ã á®¡®© á¢ï§ ë. �áâ¥áâ¢¥® ¯à¥¤-
¯®«®¦¨âì, çâ®   «®£¨ç ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¨ ¢ £¥®¬¥âà¨¨ ¤¢ãå
¬®¦¥áâ¢ { â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. �®¤ ¤¢¨¦¥¨¥¬ ¢ íâ®© £¥®-
¬¥âà¨¨ ¡ã¤¥¬ ¯®¨¬ âì á®¢®ªã¯®áâì ¤¢ãå ®¤®¢à¥¬¥ëå ¯à¥®¡à -
§®¢ ¨© ª ¦¤®£® ¨§ ¬®¦¥áâ¢, á®åà ïîé¨å ®¡®¡é¥®¥ à ááâ®ï¨¥

¬¥¦¤ã «î¡ë¬¨ ¤¢ã¬ï ¨å â®çª ¬¨, ¤«ï ª®â®àëå ®® ®¯à¥¤¥«¥®.
�à¥®¡à §®¢ ¨¥ ¬®¦¥áâ¢  ¬ â¥à¨ «ìëå â¥« ¨ ¯à¥®¡à §®¢ ¨¥

¬®¦¥áâ¢  ãáª®à¨â¥«¥©:

m
0 = �(m); F 0 = �(F )

ï¢«ï¥âáï ¤¢¨¦¥¨¥¬, ¥á«¨ á®åà ï¥âáï ãáª®à¥¨¥, ®¯à¥¤¥«ï¥¬®¥ § ª®-
®¬ �ìîâ® :

�(F (�))=�(m(i)) = F (�)=m(i):

�â®á¨â¥«ì® äãªæ¨© � ¨ � ¨§ ãá«®¢¨ï á®åà ¥¨ï ãáª®à¥¨ï a(i�)
¯®«ãç¥® ¯à®áâ®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥, à¥è¥¨¥ ª®â®à®£® «¥£ª®
 å®¤¨âáï ¬¥â®¤®¬ à §¤¥«¥¨ï ¯¥à¥¬¥ëå:

m
0 = cm; F

0 = cF; (B:9)

£¤¥ c > 0 { ¯à®¨§¢®«ìë© ¯ à ¬¥âà. �¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯ 
(B:9) ®¯à¥¤¥«ï¥â £àã¯¯®¢ãî á¨¬¬¥âà¨î ä¨§¨ç¥áª®© áâàãªâãàë à £ 
(2,2), § ¤ ¢ ¥¬®©   ¬®¦¥áâ¢¥ ¬ â¥à¨ «ìëå â¥« ¨ ¬®¦¥áâ¢¥ ãáª®-
à¨â¥«¥© äãªæ¨¥© ãáª®à¥¨ï a = F=m.

�á«¨ ¨§¢¥áâ  £àã¯¯  ¯à¥®¡à §®¢ ¨© (B:9), â® ãáª®à¥¨¥ a ¬®¦¥â
¡ëâì  ©¤¥® ª ª ¥¥ ¤¢ãåâ®ç¥çë© ¨¢ à¨ â ¯® ãà ¢¥¨î

a(m0
; F

0) = a(m;F );
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ª®â®à®¥ ¤®«¦® ¢ë¯®«ïâìáï â®¦¤¥áâ¢¥® ¯® ¯¥à¥¬¥ë¬m, F ¨ ¯ -
à ¬¥âàã c. �¥è¥¨¥ íâ®£® ãà ¢¥¨ï ®¯à¥¤¥«ï¥â § ª® �ìîâ®  (B:1)
á â®ç®áâìî ¤® ®¤®© äãªæ¨¨ ®â ®¤®© ¯¥à¥¬¥®©:

a =  (F=m):

�®¤¥à¦ â¥«ìë© á¬ëá« äãªæ¨¨  á®áâ®¨â ¢ ¢®§¬®¦®áâ¨ ¢ë¡®à 
èª «ë  ªá¥«¥à®¬¥âà  { ¯à¨¡®à , ¨§¬¥àïîé¥£® ãáª®à¥¨¥. �á®, çâ®
ä¨§¨ç¥áª¨© á¬ëá« ¢â®à®£® § ª®  �ìîâ® , ¥£® ä¥®¬¥®«®£¨ç¥áª ï
¨ £àã¯¯®¢ ï á¨¬¬¥âà¨¨ ¥ ¤®«¦ë § ¢¨á¥âì ®â £à ¤ã¨à®¢ª¨ èª «ë
 ªá¥«¥à®¬¥âà .

� ©¤¥¬, ¤ «¥¥, ª ª¨¥ ¯à¥®¡à §®¢ ¨ï ¬®¦¥áâ¢  ¯à®¢®¤¨ª®¢ ¨
¬®¦¥áâ¢  ¨áâ®ç¨ª®¢ â®ª :

R
0 = �(R); E 0 = �(E; r); r0 = �(E; r)

á®åà ïîâ ¢¥«¨ç¨ã â®ª , ®¯à¥¤¥«ï¥¬®£® § ª®®¬ �¬ :

�(E(�); r(�))
�(R(i)) + �(E(�); r(�)) =

E(�)
R(i) + r(�)

:

�â®á¨â¥«ì® äãªæ¨© �, �, � ¨§ ãá«®¢¨ï á®åà ¥¨ï â®ª  ¯®«ãç¨-
«®áì äãªæ¨® «ì®¥ ãà ¢¥¨¥, ª®â®à®¥ ã¤®¡® ¤«ï  å®¦¤¥¨ï ¥£®
à¥è¥¨© ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

(�(R) + �(E; r))=�(E; r) = (R + r)=E;
®¯ãáâ¨¢ ¤«ï á®ªà é¥¨ï § ¯¨á¨ ®¡®§ ç¥¨ï i ¨ �, ãª §ë¢ îé¨¥  
®â®è¥¨¥ ¯¥à¥¬¥ëå R ¨ E, r ª ¯à®¢®¤¨ª ¬ ¨ ¨áâ®ç¨ª ¬ â®ª .

�à®¤¨ää¥à¥æ¨àã¥¬ íâ® ãà ¢¥¨¥ ¯® ¯¥à¥¬¥®© R. �®á«¥ à §¤¥«¥-
¨ï ¯¥à¥¬¥ëå  å®¤¨¬:

�(E; r)=E = a = const

¨, ¢®§¢à é ïáì ¢ ¨áå®¤®¥ ãà ¢¥¨¥, ¯®«ãç ¥¬ ®ª®ç â¥«ì®:

�(R) = aR+ b; �(E; r) = aE; �(E; r) = ar � b;

¯à¨ç¥¬, ®ç¥¢¨¤®, a > 0.
�à¥®¡à §®¢ ¨ï

R
0 = aR+ b; E 0 = aE; r0 = ar � b (B:10)
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á®áâ ¢«ïîâ ¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨©, ª®â®à ï ®¯à¥¤¥-
«ï¥â £àã¯¯®¢ãî á¨¬¬¥âà¨î ä¨§¨ç¥áª®© áâàãªâãàë à £  (3,2), § ¤ -
¢ ¥¬®©   ¬®¦¥áâ¢¥ ¯à®¢®¤¨ª®¢ ¨ ¬®¦¥áâ¢¥ ¨áâ®ç¨ª®¢ â®ª  äãª-
æ¨¥© â®ª  I = E=(R+ r). � ¤àã£®© áâ®à®ë, ¯® £àã¯¯¥ ¯à¥®¡à §®¢ ¨©

(B:10) ¬®¦® ¢®ááâ ®¢¨âì § ª® �¬ , à áá¬ âà¨¢ ï äãªæ¨î â®ª 
I(R; E; r) ª ª ¥¥ ¤¢ãåâ®ç¥çë© ¨¢ à¨ â:

I(R0
; E 0; r0) = I(R; E; r):

�¥è¥¨¥ íâ®£® äãªæ¨® «ì®£® ãà ¢¥¨ï á®¤¥à¦¨â ¯à®¨§¢®« ¢ ®¤ã

äãªæ¨î ®â ®¤®© ¯¥à¥¬¥®©:

I =  (E=(R + r));

ª®â®àë© ¥ ¬¥ï¥â ä¨§¨ç¥áª¨© á¬ëá« § ª®  �¬ , ¥£® ä¥®¬¥®«®-
£¨ç¥áªãî ¨ £àã¯¯®¢ãî á¨¬¬¥âà¨¨, ®âà ¦ ï ¢®§¬®¦®áâì ¨§¬¥¥¨ï

£à ¤ã¨à®¢ª¨ èª «ë  ¬¯¥à¬¥âà  { ¯à¨¡®à  ¤«ï ¨§¬¥à¥¨ï â®ª .
�¨§¨ç¥áª¨¥ áâàãªâãàë, à áá¬®âà¥ë¥ ¢ëè¥, ¡ë«¨ ®¤®¬¥âà¨ç¥-

áª¨¬¨ £¥®¬¥âà¨ï¬¨, â ª ª ª á®®â¢¥âáâ¢ãîé¨¥ ¬¥âà¨ç¥áª¨¥ äãªæ¨¨
ãáª®à¥¨ï ¢ § ª®¥ �ìîâ®  (B:1), â®ª  ¢ § ª®¥ �¬  (B:3) ¨ ª¢ -
¤à â  à ááâ®ï¨ï (B:5)   ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ á®®¯®áâ ¢«ï«¨ ¤¢ã¬
â®çª ¬ à §«¨çëå ¬®¦¥áâ¢ ¨«¨ ®¤®£® ¨ â®£® ¦¥ ¬®¦¥áâ¢  â®«ìª®
®¤® ¢¥é¥áâ¢¥®¥ ç¨á«®. �® íâ® á®¢á¥¬ ¥ ®¡ï§ â¥«ì® ¨ á«¥¤ãîé¨©
¯à¨¬¥à ¨§ â¥à¬®¤¨ ¬¨ª¨ ¨««îáâà¨àã¥â â ªãî ¢®§¬®¦®áâì.

� áá¬®âà¨¬ ¬®¦¥áâ¢® á®áâ®ï¨© ¥ª®â®à®© â¥à¬®¤¨ ¬¨ç¥áª®©

á¨áâ¥¬ë.� ¦¤®© ¯ à¥ á®áâ®ï¨© < ij > á®¯®áâ ¢¨¬ ¤¢  ç¨á« , à ¢ë¥
¤¢ã¬ ª®«¨ç¥áâ¢ ¬ â¥¯«  QTS(ij) ¨ QST (ij), ª®â®àë¥ á¨áâ¥¬  ®â¤ ¥â
¢¥è¨¬ â¥« ¬ ¯à¨ ¥¥ ¯¥à¥å®¤¥ ¨§ á®áâ®ï¨ï i ¢ á®áâ®ï¨¥ j á ç « 
¯® ¨§®â¥à¬¥ (T = const),   § â¥¬ ¯®  ¤¨ ¡ â¥ (S = const), ¢ ¯¥à¢®¬
á«ãç ¥ { ¯à®æ¥áá TS ¨ á ç «  ¯®  ¤¨ ¡ â¥,   § â¥¬ ¯® ¨§®â¥à¬¥, ¢®
¢â®à®¬ { ¯à®æ¥áá ST , £¤¥ T { â¥¬¯¥à âãà  ¨ S { íâà®¯¨ï á¨áâ¥¬ë:

Q
TS(ij) = (S(i)� S(j))T (i); QST (ij) = (S(i)� S(j))T (j): (B:11)

�¢ãåª®¬¯®¥â ï ç¨á«®¢ ï äãªæ¨ï Q = (QTS
; Q

ST ) á ¢ëà ¦¥¨ï-
¬¨ (B:11) ¤«ï ¥¥ ª®¬¯®¥â § ¤ ¥â   ¯«®áª®áâ¨ (S; T ) á®áâ®ï¨© â¥à-
¬®¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë ¤¢ã¬¥âà¨ç¥áªãî £¥®¬¥âà¨î, ª®â®à ï, ¯®¤®¡-
® ¥¢ª«¨¤®¢®© £¥®¬¥âà¨¨   ¯«®áª®áâ¨ (x; y) á ¬¥âà¨ç¥áª®© äãªæ¨¥©
(B:5)  ¤¥«¥  ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨ï¬¨.

�®§ì¬¥¬   ¯«®áª®áâ¨ (S; T ) âà¨ ¯à®¨§¢®«ìë¥ á®áâ®ï¨ï < ijk >,

¯®àï¤®ª á«¥¤®¢ ¨ï ª®â®àëå ®¯à¥¤¥«ï¥âáï § ¯¨áìî âà®©ª¨. �®£¤  ¤®-
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¯®«¨â¥«ì® ª ¤¢ã¬ ª®«¨ç¥áâ¢ ¬ â¥¯«  (B:11) ¬®¦® ¢ë¯¨á âì ¥é¥
ç¥âëà¥:

Q
TS(ik); QST (ik); QTS(jk); QST (jk) (B:110)

¤«ï ¯ à á®áâ®ï¨© < ik > ¨ < jk >. �§ è¥áâ¨ ¢¥«¨ç¨ (B:11), (B:110)
¬®¦® ¨áª«îç¨âì ¢á¥ ¯ à ¬¥âàë S(i); T (i); S(j); T (j); S(k); T (k) âà¥å
á®áâ®ï¨© i; j; k, ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç îâáï ¤¢¥ äãªæ¨® «ìë¥
á¢ï§¨ ¬¥¦¤ã ¨¬¨, § ¤ ¢ ¥¬ë¥ ¤¢ã¬ï ¥§ ¢¨á¨¬ë¬¨ ãà ¢¥¨ï¬¨:�������

0 �QST (ij) �QST (ik)
Q

TS(ij) 0 �QST (jk)

Q
TS(ik) Q

TS(jk) 0

������� = 0;

�������
Q

TS(ij) Q
TS(jk) �QST (ik)

Q
TS(ik) 0 �QST (ik)

Q
TS(ik) �QST (ij) �QST (jk)

������� = 0:

9>>>>>>>>>>=
>>>>>>>>>>;

(B:12)

�®®â®è¥¨ï (B:12), á¯à ¢¥¤«¨¢ë¥ ¤«ï «î¡®© âà®©ª¨ á®áâ®ï¨©
< ijk >, ¢ëà ¦ îâ ä¥®¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î ¤¢ã¬¥âà¨ç¥áª®©
£¥®¬¥âà¨¨, § ¤ ¢ ¥¬®©   ¯«®áª®áâ¨ (S; T ) ¤¢ãåª®¬¯®¥â®© äãªæ¨-
¥© (B:11).

�àã¯¯  ¤¢¨¦¥¨© ¬¥âà¨ç¥áª®© äãªæ¨¨ (B:11) á®áâ®¨â ¨§ ¢á¥å â¥å
¯à¥®¡à §®¢ ¨©

S
0 = �(S; T ); T 0 = �(S; T ) (B:13)

¯«®áª®áâ¨ (S; T ), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ¤¢ã¬ äãªæ¨®-
 «ìë¬ ãà ¢¥¨ï¬:

(�(i)� �(j))�(i) = (S(i)� S(j))T (i);
(�(i)� �(j))�(j) = (S(i)� S(j))T (j);

)

ï¢«ïîé¨¬áï á«¥¤áâ¢¨¥¬ ¨¢ à¨ â®áâ¨ ¥¥ ª®¬¯®¥â. �¥è¥¨ï íâ¨å
ãà ¢¥¨© «¥£ª®  å®¤ïâáï á ¯®¬®éìî ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® ª®®à-

¤¨ â ¬ á®áâ®ï¨© i; j ¨ ¯®á«¥¤ãîé¥£® à §¤¥«¥¨ï ¯¥à¥¬¥ëå:

�(S; T ) = aS + b; �(S; T ) = T=a; (B:14)

£¤¥ a > 0:
�®¦¥áâ¢® ¢á¥å ¯à¥®¡à §®¢ ¨© (B:13) á à¥è¥¨ï¬¨ (B:14) ï¢«ï-

¥âáï ¯®«®© £àã¯¯®© ¤¢¨¦¥¨© äãªæ¨¨ (B:11), ¢ëà ¦ ï £àã¯¯®¢ãî
á¨¬¬¥âà¨î ¤¢ã¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨, § ¤ ¢ ¥¬®©   ¯«®áª®áâ¨

(S; T ) íâ®© äãªæ¨¥©.
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�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨   ®¤®¬ ¨ ¤¢ãå ¬®¦¥áâ¢ å ¥ ¥¤¨-
áâ¢¥ ï ¢®§¬®¦®áâì ®¡®¡é¥¨ï ¯®ïâ¨ï £¥®¬¥âà¨¨. � ¯à¨¬¥à, ª -
¦¤®© âà®©ª¥ â®ç¥ª < ijk >   ª®®à¤¨ â®© ¯«®áª®áâ¨ (x; y) ¬®¦®
á®¯®áâ ¢¨âì ®à¨¥â¨à®¢ ãî ¯«®é ¤ì âà¥ã£®«ì¨ª  á ¢¥àè¨ ¬¨ ¢

íâ¨å â®çª å:

S(ijk) =
1

2

�������
x(i) x(j) x(k)

y(i) y(j) y(k)
1 1 1

������� : (B:15)

�«ï ¯à®¨§¢®«ì®© ç¥â¢¥àª¨ < ijkl > â®ç¥ª íâ®© ¯«®áª®áâ¨ ç¥âëà¥
¯«®é ¤¨ âà¥ã£®«ì¨ª®¢ < ijk >,< ijl >,< ikl >,< jkl > äãªæ¨®-
 «ì® á¢ï§ ë á«¥¤ãîé¨¬ ®ç¥¢¨¤ë¬ á®®â®è¥¨¥¬:

S(ijk)� S(ijl) + S(ikl)� S(jkl) = 0: (B:16)

� ¤àã£®© áâ®à®ë, äãªæ¨ï (B:15) ¤®¯ãáª ¥â ¯ïâ¨¯ à ¬¥âà¨ç¥áªãî
£àã¯¯ã ¤¢¨¦¥¨©:

x
0 = ax+ by + c; y

0 = gx+ hy + d; (B:17)

£¤¥ ah � bg = 1, ª®â®à ï ¬®¦¥â ¡ëâì  ©¤¥  ª ª à¥è¥¨¥ äãªæ¨®-
 «ì®£® ãà ¢¥¨ï�������

�(i) �(j) �(k)
�(i) �(j) �(k)

1 1 1

������� =
�������
x(i) x(j) x(k)
y(i) y(j) y(k)

1 1 1

������� ;
ï¢«ïîé¥£®áï á«¥¤áâ¢¨¥¬ ¨¢ à¨ â®áâ¨ ¯«®é ¤¨ (B:15) ¯à¨ ¯à¥-
®¡à §®¢ ¨ïå (B:7).

�ãªæ¨ï ¯«®é ¤¨ (B:15) § ¤ ¥â   ¯«®áª®áâ¨ â¥à àãî £¥®¬¥-
âà¨î, ª®â®à ï, á ®¤®© áâ®à®ë, ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç ,  
á ¤àã£®© {  ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥©. �¥à à®© íâ  £¥®¬¥âà¨ï

 §ë¢ ¥âáï ¯®â®¬ã, çâ® ç¨á«® S(ijk) á®¯®áâ ¢«ï¥âáï ¢ ¥© âà®©ª¥ â®-
ç¥ª < ijk >, ¢ â® ¢à¥¬ï ª ª ¢® ¢á¥å à ¥¥ à áá¬®âà¥ëå á«ãç ïå ç¨-
á«® á®¯®áâ ¢«ï«®áì ¯ à¥ â®ç¥ª ¨§ ®¤®£® ¨«¨ à §ëå ¬®¦¥áâ¢. � ª¨¥
£¥®¬¥âà¨¨ ¨ ä¨§¨ç¥áª¨¥ áâàãªâãàë ¬®¦® ¡ë«® ¡ë  §¢ âì ¡¨ àë-
¬¨. � ¬¥â¨¬, ®¤ ª®, çâ® äãªæ¨® «ì ï á¢ï§ì (B:16) ¥ ï¢«ï¥âáï
¯®à®¦¤ îé¥© ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1 ¨§ x10 ®á®¢®© ç áâ¨. �®íâ®-
¬ã, áâà®£® £®¢®àï, â¥à à ï £¥®¬¥âà¨ï ¯«®é ¤¥© (B:15) ¥ ¤®«¦ 
à áá¬ âà¨¢ âìáï ª ª â¥à à ï ä¨§¨ç¥áª ï áâàãªâãà , ª®â®à ï £àã¯-
¯®¢®© á¨¬¬¥âà¨¥© ¥ ¬®¦¥â ¡ëâì  ¤¥«¥ , çâ® ãáâ ®¢«¥® ¢ ã¯®¬ï-

ãâ®¬ x10.
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�¤®© ¨§ ®á®¢ëå § ¤ ç  áâ®ïé¥© ¬®®£à ä¨¨ ï¢«ï¥âáï ¨áá«¥-
¤®¢ ¨¥ £àã¯¯®¢®© á¨¬¬¥âà¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. �á¯®«ì§ãï á¢ï§ì
ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨©, ã¤ «®áì ¯®áâà®¨âì ¯®«-
ãî ª« áá¨ä¨ª æ¨î ¥ª®â®àëå ¤¢ã¬¥âà¨ç¥áª¨å ¨ âà¨¬¥âà¨ç¥áª¨å

ä¨§¨ç¥áª¨å áâàãªâãà   ®¤®¬ ¨ ¤¢ãå ¬®¦¥áâ¢ å. �§ãç îâáï â ª¦¥
¤®¯®«¨â¥«ìë¥ ¢®§¬®¦®áâ¨ ®¡®¡é¥¨ï ¨ à §¢¨â¨ï ¯®ïâ¨ï ä¨§¨ç¥-
áª®© áâàãªâãàë.

�à¨«®¦¥¨¥  ¯¨á ® �.�.�®à®¤¨ë¬, ª®â®àë© ¨áá«¥¤®¢ « ä¨§¨-
ç¥áª¨¥ áâàãªâãàë    ¡áâà ªâëå ¬®¦¥áâ¢ å. �å ¯à¥¤¢ à¨â¥«ì®¥
¨§ãç¥¨¥ ¯®ª § «®, çâ® â ª¨¥ ¨§¢¥áâë¥  «£¥¡à ¨ç¥áª¨¥ áâàãªâãàë,
ª ª £àã¤  ¨ £àã¯¯ , ï¢«ïîâáï ¥áâ¥áâ¢¥ë¬¨ á«¥¤áâ¢¨ï¬¨ ¯à¨æ¨¯ 
ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà.
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�á®¢ ï ç áâì

�« ¢®© § ¤ ç¥© �á®¢®© � áâ¨ ï¢«ï¥âáï ãáâ ®¢«¥¨¥ ¨ ¨áá«¥¤®-

¢ ¨¥ £àã¯¯®¢®© á¨¬¬¥âà¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. � x1 ¤ ¥âáï â®ç®¥
®¯à¥¤¥«¥¨¥ ä¨§¨ç¥áª®© áâàãªâãàë   ¤¢ãå ¬®¦¥áâ¢ å ¨ ¤®ª §ë¢ -
¥âáï, çâ® ¥¥ ä¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï íª¢¨¢ «¥â  £àã¯¯®¢®©.
� â¥¬ ¢ x2 ¤«ï ¨§¢¥áâëå à ¥¥ äãªæ¨©, § ¤ îé¨å íâ¨ áâàãªâã-
àë, à¥è¥¨¥¬ á®®â¢¥âáâ¢ãîé¨å äãªæ¨® «ìëå ãà ¢¥¨© ¨å ¨-
¢ à¨ â®áâ¨  å®¤ïâáï «®ª «ìë¥ £àã¯¯ë ¤¢¨¦¥¨© ®¤®¬¥âà¨ç¥-
áª¨å £¥®¬¥âà¨©   ¤¢ãå ¬®¦¥áâ¢ å. � «¨§ ¯®«ãç¥ëå à¥§ã«ìâ â®¢
¯à¨¢®¤¨â ª ¢ë¢®¤ã, çâ® ¤«ï ¢ëç¨á«¥¨ï ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢
¥¤®áâ â®ç® ¯à®¢®¤¨âì ª« áá¨ä¨ª æ¨î £àã¯¯ ¯à¥®¡à §®¢ ¨© á â®ç-

®áâìî ¤® ¯®¤®¡¨ï, ª ª íâ® ¤¥« « �®äãá �¨. �®«¥¥ â®ª ï ª« áá¨ä¨ª -
æ¨ï á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¥®¡å®¤¨¬  ¤«ï à¥è¥¨ï ¬®£¨å
§ ¤ ç, ¢®§¨ª îé¨å ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. �®®â®è¥¨¥ ¯®-
¤®¡¨ï ¨ íª¢¨¢ «¥â®áâ¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© ®¡áã¦¤ ¥âáï ¢ x3,  
§ â¥¬   ¯à¨¬¥à¥ ä¨§¨ç¥áª®© áâàãªâãàë à £  (3,3) íâ® á®®â®è¥¨¥
¨áá«¥¤ã¥âáï ¡®«¥¥ ¤¥â «ì®. � x4 ¯à®¢®¤¨âáï ¯®« ï á â®ç®áâìî ¤®
íª¢¨¢ «¥â®áâ¨ ª« áá¨ä¨ª æ¨ï ç¥âëà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à -
§®¢ ¨© ¯«®áª®áâ¨, ª®â®à ï § â¥¬ áà ¢¨¢ ¥âáï á á®®â¢¥âáâ¢ãîé¥©

ª« áá¨ä¨ª æ¨¥© �.�¨. � x5 äãªæ¨¨, § ¤ îé¨¥ ä¨§¨ç¥áªãî áâàãªâã-
àã à £  (3,3),  å®¤ïâáï ª ª ¤¢ãåâ®ç¥çë¥ ¨¢ à¨ âë ç¥âëà¥å¬¥à-
ëå £àã¯¯ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �áâ  ¢«¨¢ ¥âáï, çâ® ¡¥§ ¡®«¥¥
â®ç®©, ç¥¬ ã �.�¨, ª« áá¨ä¨ª æ¨¨ íâ¨ ¨¢ à¨ âë  ©¤¥ë ¡ëâì ¥
¬®£ãâ. � x6 ¨ x7 ¨§ãç îâáï £àã¯¯®¢ë¥ á¢®©áâ¢  ä¨§¨ç¥áª¨å áâàãª-
âãà à £  (n+1; 2). �á«¨ ¤«ï ®¤®¬¥âà¨ç¥áª¨å áâàãªâãà íâ®£® à £ 
¡ë« ¢®á¯à®¨§¢¥¤¥ ¯®«ãç¥ë© à ¥¥ ¤àã£¨¬ ¬¥â®¤®¬ à¥§ã«ìâ â, çâ®,
¥áâ¥áâ¢¥®, ¯®¤â¢¥à¦¤ ¥â íª¢¨¢ «¥â®áâì £àã¯¯®¢®© ¨ ä¥®¬¥®«®-
£¨ç¥áª®© á¨¬¬¥âà¨©, â® ¤«ï ¤¢ã¬¥âà¨ç¥áª¨å áâàãªâãà à¥§ã«ìâ â ®ª -

§ «áï § ç¨â¥«ì® ¡®«¥¥ ¨â¥à¥áë¬, ¢ ç áâ®áâ¨, ¯®«ãç¥  ¨å ¯®« ï
ª« áá¨ä¨ª æ¨ï. �¥   «¨§ ¯®§¢®«¨« ¢ë©â¨   ¯à®¡«¥¬ã ®¡®á®¢ ¨ï
áãé¥áâ¢®¢ ¨ï âà¥å â¨¯®¢ ª®¬¯«¥ªáëå ç¨á¥«. � x8 áâà®¨âáï ¯®« ï
ª« áá¨ä¨ª æ¨ï âà¨¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà ¬¨¨¬ «ì®£®
à £  (2,2). �â®â à¥§ã«ìâ â à ìè¥, ¤® ãáâ ®¢«¥¨ï íª¢¨¢ «¥â®-
áâ¨ ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨©, ¢®®¡é¥ ¥ ¬®£ ¡ëâì
¯®«ãç¥. �¨¯®â¥§  ® ¡¨ à®© áâàãªâãà¥ ¯à®áâà áâ¢ , ¯à¥¤¯®« £ -
îé ï, çâ® ª ¦¤ ï ¥£® â®çª  ¥áâì á«¨ï¨¥ ¤¢ãå â®ç¥ª ¨§ à §ëå ¬®-
¦¥áâ¢, ¯®§¢®«ï¥â ¢ëï¢¨âì ¥£® áâàãªâãàã ¨  ©â¨ á®®â¢¥âáâ¢ãîéãî

¬¥âà¨ç¥áªãî äãªæ¨î. � x9 áâà®¨âáï ¯®« ï ª« áá¨ä¨ª æ¨ï â ª¨å
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¯à®áâà áâ¢. �¤®© ¨§ "íª§®â¨ª" ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª ï £¥®¬¥-
âà¨ï ¥ç¥â®© à §¬¥à®áâ¨. x10 ¯®á¢ïé¥ ¬ ªá¨¬ «ì®¬ã ®¡®¡é¥¨î
¯®ïâ¨ï ä¨§¨ç¥áª®© áâàãªâãàë ¨ ãáâ ®¢«¥¨î ¥¥ £àã¯¯®¢ëå á¢®©áâ¢.
�ª §ë¢ ¥âáï, çâ® £àã¯¯®¢®© á¨¬¬¥âà¨¥© ¬®£ãâ ¡ëâì  ¤¥«¥ë â®«ìª®

¡¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë. �âáãâáâ¢¨¥ £àã¯¯®¢®© á¨¬¬¥âà¨¨ ã
¥¡¨ àëå ä¨§¨ç¥áª¨å áâàãªâãà ¯à¨¢®¤¨â ª â®¬ã, çâ® ¨å ª« áá¨-
ä¨ª æ¨ï ®ª §ë¢ ¥âáï ®ç¥ì ¡¥¤®©. � ¯à¨¬¥à, â¥à àë¥ ä¨§¨ç¥áª¨¥
áâàãªâãàë   âà¥å ¬®¦¥áâ¢ å áãé¥áâ¢ãîâ â®«ìª® ¢ á«ãç ¥ ¬¨¨-
¬ «ì®£® à £  (2,2,2), ¢ â® ¢à¥¬ï ª ª ¡¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâã-
àë   ¤¢ãå ¬®¦¥áâ¢ å áãé¥áâ¢ãîâ ¤«ï «î¡®£® á¨¬¬¥âà¨ç®£® à -
£  (n + 1; n + 1), ¤«ï à £  ®â«¨ç®£® ®â á¨¬¬¥âà¨ç®£®   ¥¤¨¨æã:
(n + 2; n + 1) ¨ (n + 1; n + 2), £¤¥ n � 1, ¨ ¤ ¦¥ ¤«ï à £®¢ (4,2) ¨
(2,4). � ¬¥â¨¬ ¯à¨ íâ®¬, çâ® ¡¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë   ®¤-

®¬ ¨ ¤¢ãå ¬®¦¥áâ¢ å ¥ â®«ìª®  ¤¥«¥ë £àã¯¯®¢®© á¨¬¬¥âà¨¥©,
® ¨ ¤®¯ãáª îâ á®¤¥à¦ â¥«ìãî ¨â¥à¯à¥â æ¨î ¢ ä¨§¨ª¥ ¨ £¥®¬¥-
âà¨¨. �à¨æ¨¯ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¥áâ¥áâ¢¥® ¯à¨¢®¤¨â
ª äãªæ¨® «ìë¬ ãà ¢¥¨ï¬, ¨ ¥ª®â®àë¥ ¨§ ¨å à áá¬ âà¨¢ îâáï
¢ x11. �â¨ ãà ¢¥¨ï ï¢«ïîâáï â®¦¤¥áâ¢ ¬¨ ¨ ¯®â®¬ã, ª ª ¯®ª § ® ¢
�à¨«®¦¥¨¨, ¬®£ãâ ®¯à¥¤¥«ïâì â ª  §ë¢ ¥¬ë¥ ä¥®¬¥®«®£¨ç¥áª¨¥
 «£¥¡àë,  ¯à¨¬¥à, £àã¤ë ¨ £àã¯¯ë.

x1. �¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï ä¨§¨ç¥áª¨å áâàãªâãà ¨

¥¥ íª¢¨¢ «¥â®áâì £àã¯¯®¢®© á¨¬¬¥âà¨¨ ¢ £¥®¬¥âà¨¨ ¤¢ãå

¬®¦¥áâ¢

�ãáâì ¨¬¥îâáï ¤¢  ¬®¦¥áâ¢  M ¨ N, ï¢«ïîé¨¥áï sm-¬¥àë¬ ¨
sn-¬¥àë¬ ¬®£®®¡à §¨ï¬¨, £¤¥ s;m ¨ n {  âãà «ìë¥ ç¨á« , â®çª¨
ª®â®àëå ¡ã¤¥¬ ®¡®§ ç âì áâà®çë¬¨ « â¨áª¨¬¨ ¨ £à¥ç¥áª¨¬¨ ¡ã-
ª¢ ¬¨ á®®â¢¥âáâ¢¥®,   â ª¦¥ äãªæ¨ï f : Sf ! R

s, £¤¥ Sf �M�N,
á®¯®áâ ¢«ïîé ï ª ¦¤®© ¯ à¥ < i� > 2 Sf ¥ª®â®àãî á®¢®ªã¯®áâì s
¢¥é¥áâ¢¥ëå ç¨á¥« f(i�) = (f1(i�); : : : ; f s(i�)) 2 Rs. � ¬¥â¨¬, çâ® ¢

®¡é¥¬ á«ãç ¥ Sf 6=M�N, â® ¥áâì äãªæ¨ï f ¥ ¢áïª®© ¯ à¥ ¨§M�N
á®¯®áâ ¢«ï¥â s ç¨á¥«, ® ¢ ¯®á«¥¤ãîé¥¬ ¨§«®¦¥¨¨ ã¤®¡® ¢ ï¢®© § -
¯¨á¨ § ç¥¨ï f(i�) íâ®© äãªæ¨¨ ¤«ï ¯ àë < i� > ¯®¤à §ã¬¥¢ âì,
çâ® < i� > 2 Sf . �¡®§ ç¨¬ ç¥à¥§ U(i) ¨ U(�) ®ªà¥áâ®áâ¨ â®ç¥ª
i 2M ¨ � 2 N, ç¥à¥§ U(< i� >) { ®ªà¥áâ®áâì ¯ àë < i� > 2M �N
¨   «®£¨ç® ®ªà¥áâ®áâ¨ ª®àâ¥¦¥© ¨§ ¤àã£¨å ¯àï¬ëå ¯à®¨§¢¥¤¥¨©
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¬®¦¥áâ¢M ¨ N   á¥¡ï ¨«¨ ¤àã£   ¤àã£ .
�«ï ¥ª®â®àëå ª®àâ¥¦¥© < 1 : : : m > 2 Nm ¨ < k1 : : : kn > 2 Mn

¢¢¥¤¥¬ äãªæ¨¨ fm = f [1 : : : m] ¨ f
n = f [k1 : : : kn], á®¯®áâ ¢«ïï â®ç-

ª ¬ i 2 M ¨ � 2 N â®çª¨ (f(i1); : : : ; f(im)) 2 R
sm ¨ (f(k1�); : : : ;

f(kn�)) 2 Rsn, ¥á«¨ ¯ àë < i1 >; : : : ; < im > ¨ < k1� >; : : : ; < kn� >

¯à¨ ¤«¥¦ âSf . � ¬¥â¨¬, çâ® äãªæ¨¨ f
m ¨ fn ¥ ®¡ï§ â¥«ì® ®¯à¥-

¤¥«¥ë ¢áî¤ã   ¬®¦¥áâ¢ åM ¨ N. �ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«¥¨¥
á«¥¤ãîé¨å âà¥å  ªá¨®¬:
I. �¡« áâì ®¯à¥¤¥«¥¨ï Sf äãªæ¨¨ f ¥áâì ®âªàëâ®¥ ¨ ¯«®â®¥ ¢

M�N ¬®¦¥áâ¢®.
II. �ãªæ¨ï f ¢ ®¡« áâ¨ á¢®¥£® ®¯à¥¤¥«¥¨ï ¥áâì ¤®áâ â®ç® £« ¤-

ª ï äãªæ¨ï.
III. � Nm ¨ Mn ¯«®âë ¬®¦¥áâ¢  â ª¨å ª®àâ¥¦¥© ¤«¨ë m ¨ n

¤«ï ª®â®àëå äãªæ¨¨ f
m ¨ f

n ¨¬¥îâ ¬ ªá¨¬ «ìë¥ à £¨, à ¢ë¥
sm ¨ sn, ¢ â®çª å ¯«®âëå ¢ M ¨ N ¬®¦¥áâ¢ á®®â¢¥âáâ¢¥®.

�®áâ â®ç ï £« ¤ª®áâì ®§ ç ¥â, çâ® ¢ ®¡« áâ¨ á¢®¥£® ®¯à¥¤¥«¥¨ï
¥¯à¥àë¢  ª ª á ¬  äãªæ¨ï f , â ª ¨ ¢á¥ ¥¥ ¯à®¨§¢®¤ë¥ ¤®áâ â®ç-
® ¢ëá®ª®£® ¯®àï¤ª . �« ¤ªãî äãªæ¨î f , ¤«ï ª®â®à®© ¢ë¯®«ï¥â-
áï ãá«®¢¨¥ III, ¡ã¤¥¬  §ë¢ âì ¥¢ëà®¦¤¥®©. � ¬¥â¨¬ â ª¦¥, çâ®
®£à ¨ç¥¨ï ¢  ªá¨®¬ å I, II, III ®âªàëâë¬¨ ¨ ¯«®âë¬¨ ¯®¤¬®¦¥-
áâ¢ ¬¨ á¢ï§ ® á â¥¬, çâ® ¨áå®¤ë¥ ¬®¦¥áâ¢  ¬®£ãâ á®¤¥à¦ âì ¨á-

ª«îç¨â¥«ìë¥ ¯®¤¬®¦¥áâ¢  ¬¥ìè¥© à §¬¥à®áâ¨, £¤¥ íâ¨  ªá¨®¬ë
¥ ¢ë¯®«ïîâáï.

�¢¥¤¥¬ ¥é¥ äãªæ¨î F , á®¯®áâ ¢«ïï ª®àâ¥¦ã< ijk : : : v; �� : : : � >

¤«¨ë m + n + 2 ¨§ Mn+1 � Nm+1 â®çªã (f(i�); f(i�); : : : ; f(v� )) 2
R
s(m+1)(n+1), ª®®à¤¨ âë ª®â®à®© ¢ Rs(m+1)(n+1) ®¯à¥¤¥«ïîâáï ã¯®àï-

¤®ç¥®© ¯® ¨áå®¤®¬ã ª®àâ¥¦ã ¯®á«¥¤®¢ â¥«ì®áâìî § ç¥¨© äãª-
æ¨¨ f ¤«ï ¢á¥å ¯ à ¥£® í«¥¬¥â®¢: < i� >;< i� >; : : : ; < v� >, ¥á«¨
íâ¨ ¯ àë ¯à¨ ¤«¥¦ â Sf . �¡« áâì ®¯à¥¤¥«¥¨ï ¢¢¥¤¥®© äãªæ¨¨
¥áâì, ®ç¥¢¨¤®, ®âªàëâ®¥ ¨ ¯«®â®¥ ¢Mn+1�Nm+1 ¬®¦¥áâ¢®, ª®â®à®¥

®¡®§ ç¨¬ ç¥à¥§ SF .
�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f = (f1; : : : ; f s),

ã¤®¢«¥â¢®àïîé ï  ªá¨®¬ ¬ I, II, III, § ¤ ¥â   sm-¬¥à®¬ ¨ sn-¬¥à®¬
¬®£®®¡à §¨ïå M ¨ N s-¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £ 

(n+ 1;m+ 1), ¥á«¨ ¤®¯®«¨â¥«ì® ¢ë¯®«ï¥âáï á«¥¤ãîé ï  ªá¨®¬ :
IY. �ãé¥áâ¢ã¥â ¯«®â®¥ ¢ SF ¬®¦¥áâ¢®, ¤«ï ª ¦¤®£® ª®àâ¥¦ 

< ijk : : : v; �� : : : � > ¤«¨ë m + n + 2 ª®â®à®£® ¨ ¥ª®â®à®© ¥£®
®ªà¥áâ®áâ¨ U(< i : : : � >)  ©¤¥âáï â ª ï ¤®áâ â®ç® £« ¤ª ï s- ª®¬-
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¯®¥â ï äãªæ¨ï � : E ! R
s, ®¯à¥¤¥«¥ ï ¢ ¥ª®â®à®© ®¡« áâ¨

E � R
s(m+1)(n+1), á®¤¥à¦ é¥© â®çªã F (< i : : : � >), çâ® ¢ ¥© rang� = s

¨ ¬®¦¥áâ¢® F (U(< i : : : � >)) ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ ¬®¦¥áâ¢  ã-
«¥© äãªæ¨¨ �, â® ¥áâì

�(f(i�); f(i�); : : : ; f(v� )) = 0 (1:1)

¤«ï ¢á¥å ª®àâ¥¦¥© ¨§ U(< ijk : : : v; �� : : : � >).

�ªá¨®¬  IY á®áâ ¢«ï¥â á®¤¥à¦ ¨¥ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®©
á¨¬¬¥âà¨¨ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà, ¯à¥¤«®¦¥®© �.�. �ã« -
ª®¢ë¬ [1] ¢ 1968 £®¤ã ¤«ï ª« áá¨ä¨ª æ¨¨ ä¨§¨ç¥áª¨å § ª®®¢. �à ¢¥-
¨ï (1.1) § ¤ îâ s äãªæ¨® «ìëå á¢ï§¥© ¬¥¦¤ã s(m+ 1)(n+ 1) ¨§-
¬¥àï¥¬ë¬¨ ¢ ®¯ëâ¥ § ç¥¨ï¬¨ ä¨§¨ç¥áª¨å ¢¥«¨ç¨ f = (f1; : : : ; f s)
¨ ï¢«ïîâáï   «¨â¨ç¥áª¨¬ ¢ëà ¦¥¨¥¬ ä¨§¨ç¥áª®£® § ª® , § ¯¨á -
®£® ¢ ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ â®© ä®à¬¥. �á«®¢¨¥ rang� = s

®§ ç ¥â, çâ® ãà ¢¥¨ï � = 0 (â® ¥áâì �1 = 0; : : : ;�s = 0) ¥§ ¢¨á¨-

¬ë.
�ãáâì x = (x1; : : : ; xsm) ¨ � = (�1; : : : ; �sn) { «®ª «ìë¥ ª®®à¤¨-

 âë ¢ ¬®£®®¡à §¨ïå M ¨ N. �«ï ¨áå®¤®© äãªæ¨¨ f ¢ ¥ª®â®à®©
®ªà¥áâ®áâ¨ U(i) � U(�) ª ¦¤®© ¯ àë < i� > 2 Sf ¯®«ãç ¥¬ â®£¤ 
«®ª «ì®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥

f(i�) = f(x(i); �(�)) = f(x1(i); : : : ; xsm(i); �1(�); : : : ; �sn(�)); (1:2)

á¢®©áâ¢  ª®â®à®£® ®¯à¥¤¥«ïîâáï  ªá¨®¬ ¬¨ II ¨ III. �®áª®«ìªã ¯®  ª-
á¨®¬¥ III à £¨ äãªæ¨© f

m ¨ f
n ¬ ªá¨¬ «ìë, ª®®à¤¨ âë x ¨ �

¢å®¤ïâ ¢ ¯à¥¤áâ ¢«¥¨¥ (1.2) áãé¥áâ¢¥ë¬ ®¡à §®¬. �®á«¥¤¥¥ ®§ -
ç ¥â, çâ® ¨ª ª ï £« ¤ª ï «®ª «ì® ®¡à â¨¬ ï § ¬¥  ª®®à¤¨ â ¥
¯à¨¢¥¤¥â ª ã¬¥ìè¥¨î ¨å ç¨á«  ¢ ¯à¥¤áâ ¢«¥¨¨ (1.2), â® ¥áâì ¨

¤«ï ª ª®© «®ª «ì®© á¨áâ¥¬ë ª®®à¤¨ â ¥£® ¥¢®§¬®¦® § ¯¨á âì ¢
¢¨¤¥

f(i�) = f(x1(i); : : : ; xm
0

; �
1(�); : : : ; �n

0

(�));

£¤¥ ¨«¨ m0
< sm, ¨«¨ n0 < sn. �¥©áâ¢¨â¥«ì®, ¥á«¨, ¯à¨¬¥à, m0

<

sm, â® ¤«ï «î¡®£® ª®àâ¥¦  < �1 : : : �m > 2 (U(�))m ¤«¨ë m ¨ ¤«ï
«î¡®© â®çª¨ ¨§ U(i) à £ äãªæ¨¨ fm = f [�1 : : : �m] ¡ã¤¥â § ¢¥¤®¬®
¬¥ìè¥ sm, çâ® ¯à®â¨¢®à¥ç¨â  ªá¨®¬¥ III. � ¬¥â¨¬, ®¤ ª®, çâ® áãé¥-
áâ¢¥ ï § ¢¨á¨¬®áâì ¯à¥¤áâ ¢«¥¨ï (1.2) ®â «®ª «ìëå ª®®à¤¤¨ â
x(i) ¨ �(�) ¥é¥ ¥ £ à â¨àã¥â ¢ë¯®«¥¨ï  ªá¨®¬ë III. �® ¥áâì ¯à¨
 «¨ç¨¨ ¢á¥å ª®®à¤¨ â ¢ «î¡®¬ ¯à¥¤áâ ¢«¥¨¨ (1.2) äãªæ¨ï f ¬®-

¦¥â ®ª § âìáï ¢ëà®¦¤¥®©.
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�ãªæ¨î f = (f1; : : : ; f s) ¬®¦® à áá¬ âà¨¢ âì ª ª s-¬¥âà¨ªã
¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢. �® ¯®áª®«ìªã s à ááâ®ï¨© f(i�) ®¯à¥-
¤¥«¥ë ¤«ï â®ç¥ª à §ëå ¬®¦¥áâ¢, ®¡ëçë¥ ¬¥âà¨ç¥áª¨¥  ªá¨®¬ë
§¤¥áì ¥ ¨¬¥îâ á¬ëá« . �ã¤¥¬ â ª¦¥ £®¢®à¨âì, çâ® s-ª®¬¯®¥â ï

äãªæ¨ï f § ¤ ¥â   ¬®£®®¡à §¨ïå M ¨ N à §¬¥à®áâ¨ sm ¨ sn ¯®-
«¨¬¥âà¨ç¥áªãî ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çãî £¥®¬¥âà¨î à £ 
(n+ 1;m+ 1).

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨¥ (1.2), § ¯¨è¥¬ «®ª «ì®¥ ª®®à¤¨ â®¥
§ ¤ ¨¥ ¤«ï ¢¢¥¤¥®© ¢ëè¥ äãªæ¨¨ F :

f(i�) = f(x(i); �(�));
f(i�) = f(x(i); �(�));
� � � � � � � � � � � � � � � � � � � � �
f(v� ) = f(x(v); �(� ));

9>>>=
>>>;

(1:3)

äãªæ¨® «ì ï ¬ âà¨æ  ª®â®à®£®

@f(i�)

@x(i)
0 ::: 0 0

@f(i�)

@�(�)
0 ::: 0 0

::: ::: ::: ::: ::: ::: ::: ::: ::: :::

0 0 ::: 0
@f(v� )

@x(v)
0 0 ::: 0

@f(v� )

@�(� )


(1:4)

¨¬¥¥â s(m+1)(n+1) áâà®ª ¨ s(2mn+m+n) áâ®«¡æ®¢. �¤¥áì ç¥à¥§ @f=@x
¨ @f=@� ªà âª® ®¡®§ ç¥ë á®®â¢¥âáâ¢ãîé¨¥ ¬ âà¨æë �ª®¡¨ ¤«ï
ª®¬¯®¥â äãªæ¨¨ f = (f1; : : : ; f s) ¯® ª®®à¤¨ â ¬ x = (x1; : : : ; xsm)

¨ � = (�1; : : : ; �sn) á®®â¢¥âáâ¢¥®:

@f=@x =


@f

1
=@x

1 � � � @f
1
=@x

sm

� � � � � � � � �
@f

s
=@x

1 � � � @f
s
=x

sm

 ;

@f=@� =


@f

1
=@�

1 � � � @f
1
=@�

sn

� � � � � � � � �
@f

s
=@�

1 � � � @f
s
=@�

sn

 :
� ¤ ¨¥ (1.3) ¤«ï äãªæ¨¨ F ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã s(m +

1)(n+ 1) äãªæ¨© f1(i�); : : : ; f s(i�); : : : ; f1(v� ); : : : ; f s(v� ), á¯¥æ¨ «ì-
ë¬ ®¡à §®¬ § ¢¨áïé¨å ®â s(2mn + m + n) ¯¥à¥¬¥ëå x1(i); : : : ;
x
sm(i); : : : ; �1(� ); : : : ; �sn(� ) | ª®®à¤¨ â ¢á¥å â®ç¥ª ª®àâ¥¦  <

ijk:::v; ��:::� > ¤«¨ë m + n + 2. �®áª®«ìªã ç¨á«® äãªæ¨© ¢ á¨-

áâ¥¬¥ (1.3) ¥ ¡®«ìè¥ ®¡é¥£® ç¨á«  ¯¥à¥¬¥ëå,  «¨ç¨¥ á¢ï§¨ (1.1)
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ï¢«ï¥âáï ¥âà¨¢¨ «ìë¬ ä ªâ®¬, ¥ ¨¬¥îé¨¬ ¬¥áâ  ¤«ï ¯à®¨§¢®«ì-
ëå äãªæ¨© ¢ íâ®© á¨áâ¥¬¥.

�à®áâë¥ ¯à¨¬¥àë £¥®¬¥âà¨© ®¤®£® ¨ ¤¢ãå ¬®¦¥áâ¢, à áá¬®âà¥-
ë¥ ¢® �¢¥¤¥¨¨, ¯®ª §ë¢ îâ, çâ® ¨å ä¥®¬¥®«®£¨ç¥áª ï ¨ £àã¯-

¯®¢ ï á¨¬¬¥âà¨¨ â¥á® ¬¥¦¤ã á®¡®© á¢ï§ ë, ¢§ ¨¬® ®¡ãá« ¢«¨¢ ï
¤àã£ ¤àã£ . � ª, á¢ï§ì ¬¥¦¤ã è¥áâìî à ááâ®ï¨ï¬¨ ¤«ï «î¡ëå ç¥-
âëà¥å â®ç¥ª ¯«®áª®© (â® ¥áâì ¤¢ã¬¥à®©) £¥®¬¥âà¨¨, ¥ ®¡ï§ â¥«ì®
¥¢ª«¨¤®¢®©, ¯à¨¢®¤¨â ª áãé¥áâ¢®¢ ¨î ¢ ¥© £àã¯¯ë ¤¢¨¦¥¨©, ç¨-
á«® ¯ à ¬¥âà®¢ ª®â®à®© à ¢® âà¥¬. �® ¤¢¨¦¥¨¥ ¢ £¥®¬¥âà¨¨ ¤¢ãå
¬®¦¥áâ¢ ¨¬¥¥â á¢®î á¯¥æ¨ä¨ªã, ®â«¨çãî ®â ¯à¨¢ëçëå á¢®©áâ¢
¤¢¨¦¥¨ï ¢ £¥®¬¥âà¨¨ ®¤®£® ¬®¦¥áâ¢ . �®íâ®¬ã ¥®¡å®¤¨¬® ¤ âì
á®®â¢¥âáâ¢ãîé¨¥ â®çë¥ ®¯à¥¤¥«¥¨ï.

�®¤ «®ª «ìë¬ ¤¢¨¦¥¨¥¬ ¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢M ¨ N ¡ã-

¤¥¬ ¯®¨¬ âì â ªãî ¯ àã ¢§ ¨¬® ®¤®§ çëå £« ¤ª¨å ®â®¡à ¦¥¨©
(¯à¥®¡à §®¢ ¨©)

� : U ! U
0 ¨ � : V ! V

0
; (1:5)

£¤¥ U;U 0 �M ¨ V; V 0 � N { ®âªàëâë¥ ®¡« áâ¨, ¯à¨ ª®â®àëå äãªæ¨ï
f á®åà ï¥âáï. �®á«¥¤¥¥ ®§ ç ¥â, çâ® ¤«ï ª ¦¤®© ¯ àë < i� > 2
Sf , â ª®© çâ® i 2 U; � 2 V ¨ < i

0
�
0
> 2 Sf , £¤¥ i

0 = �(i) 2 U
0,

�
0 = �(�) 2 V 0, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

f(�(i); �(�)) = f(i�); (1:6)

¢ë¯®«ïîé¥¥áï ¤«ï ª ¦¤®© ¨§ ª®¬¯®¥â f1; : : : ; f s äãªæ¨¨ f .
�®¦¥áâ¢® ¢á¥å ¤¢¨¦¥¨© (1.5) ¥áâì «®ª «ì ï £àã¯¯ , ¤«ï ª®â®-

à®© äãªæ¨ï f , á®£« á® à ¢¥áâ¢ã (1.6), ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨-

¢ à¨ â®¬. �à¥®¡à §®¢ ¨ï � ¨ � ¢ ¤¢¨¦¥¨ïå (1.5) á ¬¨ á®áâ ¢«ïîâ
¤¢¥ ®â¤¥«ìë¥ £àã¯¯ë,   £àã¯¯  ¤¢¨¦¥¨© ¥áâì ¨å ¢§ ¨¬®¥ à áè¨-
à¥¨¥. �á«¨ äãªæ¨ï f ¨§¢¥áâ ,  ¯à¨¬¥à, ¢ á¢®¥¬ «®ª «ì®¬ ª®®à-

¤¨ â®¬ ¯à¥¤áâ ¢«¥¨¨ (1.2), â® à ¢¥áâ¢® (1.6) ¯à¥¤áâ ¢«ï¥â á®¡®©
äãªæ¨® «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© � ¨ �. � ¬
¦¥ ® äãªæ¨¨ f ¨§¢¥áâ® â®«ìª®, çâ® ®  ¥¢ëà®¦¤¥  ¨ ä¥®¬¥®-
«®£¨ç¥áª¨ ¨¢ à¨ â , â® ¥áâì ã¤®¢«¥â¢®àï¥â ¥ª®â®à®© á¨áâ¥¬¥ s
¥§ ¢¨á¨¬ëå ãà ¢¥¨© (1.1). �® íâ®£® ®ª §ë¢ ¥âáï ¤®áâ â®ç® ¤«ï
ãáâ ®¢«¥¨ï ä ªâ  áãé¥áâ¢®¢ ¨ï £àã¯¯ë ¥¥ ¤¢¨¦¥¨©, § ¢¨áïé¥©
®â smn ¯ à ¬¥âà®¢.

�«ï ¡®«ìè¥© ïá®áâ¨ ¯®á«¥¤ãîé¥£® ¨§«®¦¥¨ï ¢®á¯à®¨§¢¥¤¥¬ ¢  -
è¨å ®¡®§ ç¥¨ïå ®¯à¥¤¥«¥¨¥ «®ª «ì®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ¨©,

á«¥¤ãï ¬®®£à ä¨¨ �.�. �®âàï£¨  "�¥¯à¥àë¢ë¥ £àã¯¯ë" (á¬.[11],
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áâà.435). �ãáâì Gr { r-¬¥à ï «®ª «ì ï £àã¯¯  �¨ ¨ U { ¥ª®â®à ï
®¡« áâì £« ¤ª®£® ¬®£®®¡à §¨ï M. �®¯ãáâ¨¬, çâ® ª ¦¤®¬ã í«¥¬¥âã
a 2 Gr ¯®áâ ¢«¥® ¢ á®®â¢¥âáâ¢¨¥ ¥¯à¥àë® § ¢¨áïé¥¥ ®â a ¨ê¥ªâ¨¢-
®¥ ®â®¡à ¦¥¨¥ �a : U ! U

0 ®¡« áâ¨ U ¢ ¥ª®â®àãî ®¡« áâì U 0 ¬®£®-

®¡à §¨ï M, ®â®áïé¥¥ ª ¦¤®© â®çª¥ i 2 U ¥ª®â®àãî â®çªã i0 2 U 0, â®
¥áâì i0 = �a(i) = �(i; a). �ã¤¥¬ £®¢®à¨âì, çâ® Gr ¥áâì «®ª «ì ï £àã¯-

¯  �¨ ¯à¥®¡à §®¢ ¨© ®¡« áâ¨ U , ¥á«¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ âà¨
ãá«®¢¨ï: 1) ¥¤¨¨æ¥ e £àã¯¯ë G

r á®®â¢¥âáâ¢ã¥â â®¦¤¥áâ¢¥®¥ ¯à¥-
®¡à §®¢ ¨¥ i0 = �(i; e) = i ®¡« áâ¨ U   á¥¡ï ¨ �(�(i; a); b) = �(i; ab),
â® ¥áâì ¯à®¨§¢¥¤¥¨î ab 2 Gr á®®â¢¥âáâ¢ã¥â ª®¬¯®§¨æ¨ï ¯à¥®¡à §®-
¢ ¨©, ¯à¨ç¥¬ á ç «  �a,   § â¥¬ �b, ® ¤®¯ãáâ¨¬ ¨ ¤àã£®© ¯®àï¤®ª;
2) ¤¢  ¯à¥®¡à §®¢ ¨ï �a ¨ �b á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
a = b, ¨«¨, ¨ ç¥, ¯à¥®¡à §®¢ ¨¥ �a ï¢«ï¥âáï â®¦¤¥áâ¢¥ë¬ «¨èì

¯à¨ ãá«®¢¨¨, çâ® a ¥áâì ¥¤¨¨æ  e £àã¯¯ë Gr; 3) ¢ ª®®à¤¨ â®© ä®à¬¥
�(i; a) ¥áâì ¤®áâ â®ç®¥ ç¨á«® à § ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï â®çª¨
i 2 U ¨ í«¥¬¥â  a 2 Gr.

�¯à¥¤¥«¥ ï â®«ìª® çâ® £àã¯¯  ¯à¥®¡à §®¢ ¨© ¯® ãá«®¢¨î 2) íä-
ä¥ªâ¨¢  ¨ ¯®â®¬ã á ¬¨ í«¥¬¥âë £àã¯¯ë G

r ¬®£ãâ áç¨â âìáï ¯à¥-
®¡à §®¢ ¨ï¬¨. �® ¥áâì ¬®¦® £®¢®à¨âì ® r-¬¥à®© «®ª «ì®© £àã¯¯¥
�¨ «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨ï M, ª®â®àãî ®¡®§ ç¨¬
ç¥à¥§ Gr(�). � ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ U § ¤ ® íää¥ªâ¨¢®¥ £« ¤-

ª®¥ ¤¥©áâ¢¨¥ £àã¯¯ë G
r, ¯à¨ç¥¬ ãá«®¢¨ï 1), 2), 3) ¢ë¯®«ïîâáï ¤«ï

¥ª®â®à®© ¥¥ ç áâ¨, â® ¥áâì ¥ª®â®à®©, § ¢¨áïé¥© ®â U , ®ªà¥áâ®áâ¨
¥¤¨¨ç®£® í«¥¬¥â  e 2 Gr.
�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f = (f1; : : : ; f s),

ã¤®¢«¥â¢®àïîé ï  ªá¨®¬ ¬ I, II, III, § ¤ ¥â   sm-¬¥à®¬ ¨ sn-¬¥à®¬
¬®£®®¡à §¨ïåM ¨N s-¬¥âà¨ç¥áªãî £¥®¬¥âà¨î,  ¤¥«¥ãî £àã¯¯®-

¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨ smn, ¥á«¨ ¤®¯®«¨â¥«ì® ¢ë¯®«ï¥âáï á«¥-
¤ãîé ï  ªá¨®¬ :
IY0. �ãé¥áâ¢ãîâ ®âªàëâë¥ ¨ ¯«®âë¥ ¢ M ¨ N ¬®¦¥áâ¢ , ¤«ï

¢á¥å â®ç¥ª i ¨ � ª®â®àëå ®¯à¥¤¥«¥ë íää¥ªâ¨¢ë¥ £« ¤ª¨¥ ¤¥©áâ¢¨ï
smn-¬¥à®© «®ª «ì®© £àã¯¯ë �¨ ¢ ¥ª®â®àëå ®ªà¥áâ®áâïå U(i) ¨
U(�), â ª¨¥, çâ® ¤¥©áâ¢¨ï ¥¥ ¢ ®ªà¥áâ®áâïå U(i); U(j) ¨ U(�); U(�)
â®ç¥ª i; j ¨ �; � á®¢¯ ¤ îâ ¢ ¯¥à¥á¥ç¥¨ïå U(i) \ U(j) ¨ U(�) \ U(�)
¨ çâ® äãªæ¨ï f ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬ ¯® ª ¦¤®© ¨§
á¢®¨å s ª®¬¯®¥â.

�àã¯¯ë ¯à¥®¡à §®¢ ¨©, ® ª®â®àëå £®¢®à¨âáï ¢  ªá¨®¬¥ IY0, ®¯à¥-
¤¥«ïîâ á¢®¥®¡à §ãî «®ª «ìãî ¯®¤¢¨¦®áâì ¦¥áâª¨å ä¨£ãà ("â¢¥à-
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¤ëå â¥«") ¢ ¯à®áâà áâ¢¥ M � N á smn áâ¥¯¥ï¬¨ á¢®¡®¤ë. � ¬¥-
â¨¬, çâ® £«®¡ «ì®© ¯®¤¢¨¦®áâ¨ ¯à¨ íâ®¬ ¬®¦¥â ¨ ¥ ¡ëâì. �®¦¥-
áâ¢® ¯ à < i� >, ¤«ï ª®â®àëå äãªæ¨ï f ®¯à¥¤¥«¥  ¨ ®¤®¢à¥¬¥®
ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬, ®ç¥¢¨¤®, ®âªàëâ® ¨ ¯«®â® ¢

M�N.
�®£« á®  ªá¨®¬¥ IY0,   ®âªàëâëå ¨ ¯«®âëå ¢M ¨N ¬®¦¥áâ¢ å

§ ¤ ë smn-¬¥àë¥ «¨¥©ë¥ á¥¬¥©áâ¢  £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© X
¨ �, § ¬ªãâë¥ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ¨ï, â® ¥áâì  «-
£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© (á¬.[11],x60). � ¥ª®â®àëå «®ª «ìëå á¨áâ¥-
¬ å ª®®à¤¨ â ¢ ¬®£®®¡à §¨ïå M ¨ N ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï íâ¨å
á¥¬¥©áâ¢ § ¯¨è¥¬ ¢ ®¯¥à â®à®© ä®à¬¥:

X! = �
�
!(x)@=@x

�
;

�! = �
�
!(�)@=@�

�
;

)
(1:7)

£¤¥ ! = 1; : : : ; smn,   ¯® "¥¬ë¬" ¨¤¥ªá ¬ � ¨ � ¯à®¨§¢®¤¨âáï áã¬¬¨-
à®¢ ¨¥ ®â 1 ¤® sm ¨ ®â 1 ¤® sn á®®â¢¥âáâ¢¥®. �® ¨ä¨¨â¥§¨¬ «ì®-

¬ã ªà¨â¥à¨î ¨¢ à¨ â®áâ¨ (á¬.[12],x17,áâà.229 ¨«¨ [13],x17,áâà.77)
äãªæ¨ï f(i�) ¡ã¤¥â ¨¢ à¨ â®¬ «®ª «ì®© £àã¯¯ë ¯à¥®¡à §®¢ ¨©
¥ª®â®à®© ®ªà¥áâ®áâ¨ U(i)� U(�), â® ¥áâì ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ -
â®¬, ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®  ¯®ª®¬¯®¥â® ã¤®¢«¥â¢®-
àï¥â á¨áâ¥¬¥ smn ãà ¢¥¨©

X!(i)f(i�) + �!(�)f(i�) = 0

á ®¯¥à â®à ¬¨ (1.7):

�
�
!(i)

@f(i�)

@x�(i)
+ �

�
!(�)

@f(i�)

@�� (�)
= 0; (1:8)

£¤¥ ��!(i) = �
�
!(x(i)) = �

�
!(x

1(i); : : : ; xsm(i)) ¨ �
�
!(�) = �

�
!(�(�)) =

�
�
!(�

1(�); : : : ; �sn(�)).
�¥ã«¥¢ë¥ ¢¥ªâ®àë¥ ¯®«ï X ¨ � ¬®£ãâ ®¡à é âìáï ¢ ã«ì ¢ ¥ª®-

â®àëå â®çª å ®¡« áâ¥© á¢®¥£® § ¤ ¨ï, ® å®âï ¡ë ¢ ®¤®© ¨§ ¨å â®ç¥ª
¤®«¦ë ¡ëâì ®â«¨çë ®â ã«ï. �á«¨ ¦¥ ¤«ï á®®â¢¥âáâ¢ãîé¨å £àã¯¯
�¨ ¯à¥®¡à §®¢ ¨©,  «£¥¡à ¬ �¨ ª®â®àëå ¯à¨ ¤«¥¦ â ¯®«ï X ¨ �,
¥¢ëà®¦¤¥ ï äãªæ¨ï f ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬, â®
¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï «¥¬¬ :

�¥¬¬  1. �®¦¥áâ¢  â®ç¥ª, £¤¥ ¥ã«¥¢ë¥ ¢¥ªâ®àë¥ ¯®«ï X

¨ �  «£¥¡à �¨ «®ª «ìëå £àã¯¯ �¨ «®ª «ìëå ¯à¥®¡à §®¢ ¨©, ã¤®-
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¢«¥â¢®àïîé¨å  ªá¨®¬¥ IY0, ®â«¨çë ®â ã«ï, ®âªàëâë ¨ ¯«®âë ¢

¬®£®®¡à §¨ïå M ¨ N á®®â¢¥âáâ¢¥®.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �ãáâì,  ¯à¨¬¥à, ¥ã«¥¢®¥ ¢¥ªâ®à®¥

¯®«¥ X = a
!
X!, £¤¥ a

!
; ! = 1; : : : ; smn { ¯®áâ®ïë¥, ¥ ¢á¥ à ¢ë¥

ã«î ®¤®¢à¥¬¥®, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(i) â®çª¨ i ®¡à é ¥âáï
¢ ã«ì â®¦¤¥áâ¢¥®. � áá¬®âà¨¬ á®®â¢¥âáâ¢ãîé¥¥ ¥ã«¥¢®¥ ¢¥ªâ®à-
®¥ ¯®«¥ � = a

!�!, ª®â®à®¥ ¢ ª ª®©-â® â®çª¥ �,   § ç¨â, ¨ ¢ ¥ª®â®à®©
¥¥ ®ªà¥áâ®áâ¨ U(�), ®â«¨ç® ®â ã«ï. �®áª®«ìªã ¯®  ªá¨®¬¥ I ®¡« áâì
®¯à¥¤¥«¥¨ï Sf äãªæ¨¨ f ®âªàëâ  ¨ ¯«®â  ¢ M � N, ¬®¦® áç¨-
â âì, çâ® ¯ à  < i� > ¯à¨ ¤«¥¦¨â Sf . �®£¤ , á®£« á®  ªá¨®¬¥ IY

0,
äãªæ¨ï f(i�) ¡ã¤¥â ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬, ï¢«ïïáì à¥è¥¨¥¬
á¨áâ¥¬ë ãà ¢¥¨© (1.8). �®áª®«ìªã, ¯® á¤¥« ®¬ã ¯à¥¤¯®«®¦¥¨î,

X(i) = a
!
X!(i) = 0,   �(�) = a

!�!(�) 6= 0, á«¥¤áâ¢¨¥¬ smn ãà ¢¥¨©
á¨áâ¥¬ë (1.8) ¡ã¤¥â ®¤® ãà ¢¥¨¥:

a
!
�
�
!(�)@f(i�)=@�

�(�) = 0; (1:9)

¢ ª®â®à®¥ ¢å®¤ïâ ¯à®¨§¢®¤ë¥ â®«ìª® ¯® ª®®à¤¨ â ¬ â®çª¨ � ¨ ®â
íâ¨å ¦¥ â®«ìª® ª®®à¤¨ â § ¢¨áïâ ª®íää¨æ¨¥âë ãà ¢¥¨ï a!��!(�),
¯à¨ç¥¬, ¯® ªà ©¥© ¬¥à¥, ®¤¨ ¨§ ¨å ®â«¨ç¥ ®â ã«ï. �à ¢¥¨¥
(1.9) ¬®¦¥â ¡ëâì à¥è¥® ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª. �¨áâ¥¬  ãà ¢¥¨©
å à ªâ¥à¨áâ¨ª ¤«ï ¥£® ¨¬¥¥â ¥ ¡®«¥¥ sn�1 ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢
¨ ¯®â®¬ã ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (1.9) ¡ã¤¥â â ª¨¬:

f(i�) = f(x1(i); : : : ; xsm(i);  1(�); : : : ;  n0(�)); (1:10)

£¤¥ n0 < sn. � ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¤«ï äãªæ¨¨ f(i�) sn ª®®à¤¨ â
�
1(�); : : : ; �sn(�) ¢å®¤ïâ ¥áãé¥áâ¢¥ë¬ ®¡à §®¬ ç¥à¥§ ¬¥ìè¥¥ ç¨á«®

äãªæ¨©  1(�); : : : ;  n0(�), â ª ª ª n0 < sn, çâ® ¯à®â¨¢®à¥ç¨â  ªá¨®¬¥
III. � ª¨¬ ®¡à §®¬, ¢ ®ªà¥áâ®áâ¨ U(i) ®¡ï§ â¥«ì®  ©¤¥âáï â®çª ,
£¤¥ ¨áå®¤®¥ ¢¥ªâ®à®¥ ¯®«¥ X ®â«¨ç® ®â ã«ï. �®áª®«ìªã ®¡« áâì
§ ¤ ¨ï ¯®«ï X ®âªàëâ  ¨ ¯«®â  ¢ M, ¬®¦¥áâ¢® â®ç¥ª, £¤¥ ®®
®â«¨ç® ®â ã«ï, ¯«®â® ¨, ®ç¥¢¨¤®, ®âªàëâ® ¢ M. � ááã¦¤¥¨ï ¢
®â®è¥¨¨ ¢¥ªâ®à®£® ¯®«ï � ¯à®¢®¤ïâáï á®¢¥àè¥®   «®£¨ç®.

�«¥¤áâ¢¨¥. �®¦¥áâ¢  â®ç¥ª, £¤¥ ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï X!

¨ �!, ! = 1; : : : ; smn  «£¥¡à �¨ «®ª «ìëå £àã¯¯ �¨ «®ª «ìëå ¯à¥-

®¡à §®¢ ¨©, ã¤®¢«¥â¢®àïîâ  ªá¨®¬¥ IY0, ®¤®¢à¥¬¥® ®â«¨çë ®â
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ã«ï, ®âªàëâë ¨ ¯«®âë ¢ ¬®£®®¡à §¨ïå M ¨ N á®®â¢¥âáâ¢¥®.

�«¥¤áâ¢¨¥ ®ç¥¢¨¤®, â ª ª ª ¯¥à¥á¥ç¥¨ï ª®¥ç®£® ç¨á«  (= smn)

®âªàëâëå ¨ ¯«®âëå ¢ M ¨ N ¬®¦¥áâ¢, ¤«ï ¢á¥å â®ç¥ª ª®â®àëå
¥ã«¥¢ë¥ ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï X! ¨ �! ¯® «¥¬¬¥ 1 ®â«¨çë ®â
ã«ï, ï¢«ïîâáï ®âªàëâë¬¨ ¨ ¯«®âë¬¨ ¢ M ¨ N ¬®¦¥áâ¢ ¬¨.

�¬ëá« â®«ìª® çâ® ¤®ª § ®© «¥¬¬ë 1 ¨ ¥¥ á«¥¤áâ¢¨ï á®áâ®¨â ¢
â®¬, ¥á«¨ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨©M ¨N, á®áâ ¢«ïîé¨¥
£àã¯¯ã ¤¢¨¦¥¨© ¥¢ëà®¦¤¥®© äãªæ¨¨ f , ¤¥©áâ¢ãîâ íää¥ªâ¨¢® ¢
¥ª®â®àëå ®âªàëâëå ¬®¦¥áâ¢ å U �M ¨ V � N, â® ®¨ ¤¥©áâ¢ãîâ
íää¥ªâ¨¢® ¨ ¢ «î¡ëå ¨å ®âªàëâëå ¯®¤¬®¦¥áâ¢ å U 0 � U ¨ V 0 � V .

�¥®à¥¬  1. �á«¨ äãªæ¨ï f = (f1; : : : ; f s), ã¤®¢«¥â¢®àïîé ï  ª-

á¨®¬ ¬ I,II,III, § ¤ ¥â   sm-¬¥à®¬ ¨ sn-¬¥à®¬ ¬®£®®¡à §¨ïå M

¨ N s-¬¥âà¨ç¥áªãî £¥®¬¥âà¨î,  ¤¥«¥ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥©

áâ¥¯¥¨ smn, â® ®    â¥å ¦¥ ¬®£®®¡à §¨ïå § ¤ ¥â s- ¬¥âà¨ç¥-

áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (n+ 1;m+ 1).

�ãáâì < ijk : : : v; �� : : : � > â ª®© ª®àâ¥¦ ¨§ Mn+1 � Nm+1 ¤«¨-
ë m + n + 2, çâ® ¥£® â®çª¨ i; j; k; : : : v ¨ �; �; ; : : : ; � ¯à¨ ¤«¥¦ â
®âªàëâë¬ ¨ ¯«®âë¬ ¢ ¬®£®®¡à §¨ïå M ¨ N ¬®¦¥áâ¢ ¬, ® ª®â®-
àëå £®¢®à¨âáï ¢  ªá¨®¬¥ IY0. �á®, çâ® ¬®¦¥áâ¢® â ª¨å ª®àâ¥¦¥©

®âªàëâ® ¨ ¯«®â® ¢ Mn+1 �Nm+1,   ¥£® ¯¥à¥á¥ç¥¨¥ á SF ®âªàëâ® ¨
¯«®â® ¢ SF . �®íâ®¬ã, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ®
< i : : : � > 2 SF . �® ãá«®¢¨î  ªá¨®¬ë IY0 áãé¥áâ¢ãîâ â ª¨¥ ®ªà¥áâ-
®áâ¨ U(i); : : : ; U(� ) â®ç¥ª ª®àâ¥¦  < ijk : : : v; �� : : : � >, çâ® smn-
¬¥àë¥ «®ª «ìë¥ £àã¯¯ë �¨ ¨å ¯à¥®¡à §®¢ ¨© á®åà ïîâ ¯®ª®¬¯®-
¥â® ¢á¥ äãªæ¨¨ f : U(i) � U(�) ! R

s
; : : : ; f : U(v) � U(� ) ! R

s.
� áá¬®âà¨¬, ¤ «¥¥, ¯à®¨§¢®«ìãî (m + n + 2)-â®ç¥çãî ä¨£ãàã, á®-
®â¢¥âáâ¢ãîéãî ¥ª®â®à®¬ã ª®àâ¥¦ã ¤«¨ë m+n+2 ¨§ ®ªà¥áâ®áâ¨
U(i)�: : :�U(� ). �¢¨¦¥¨¥ íâ®© ä¨£ãàë ª ª "â¢¥à¤®£® â¥« " ®§ ç ¥â,

çâ® ¯à¨ ¨§¬¥¥¨¨ ¯®«®¦¥¨ï ¥¥ â®ç¥ª ¢á¥ "à ááâ®ï¨ï" ¢ ¥© á®åà -
ïîâáï, â® ¥áâì ï¢«ïîâáï ¤¢ãåâ®ç¥çë¬¨ ¨¢ à¨ â ¬¨. � ¥ª®â®à®©
«®ª «ì®© á¨áâ¥¬¥ ª®®à¤¨ â íâ¨ "à ááâ®ï¨ï" ®¯à¥¤¥«ïîâáï á¨áâ¥-
¬®© äãªæ¨© (1.3). �¢ à¨ â®áâì ¦¥ äãªæ¨© (1.3) ¯à¨ «®ª «ìëå
¯à¥®¡à §®¢ ¨ïå, § ¤ ¢ ¥¬ëå ¢¥ªâ®àë¬¨ ¯®«ï¬¨ X = �

�(x)@=@x�

¨ � = �
�(�)@=@�� ¢ ®ªà¥áâ®áâïå U(i); : : : ; U(v) ¨ U(�); : : : ; U(� ), ¯®
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¨ä¨¨â¥§¨¬ «ì®¬ã ªà¨â¥à¨î, ã¯®¬ïãâ®¬ã ¢ëè¥ ¯à¨ § ¯¨á¨ ãà ¢-
¥¨© (1.8), ®§ ç ¥â, çâ® íâ¨ äãªæ¨¨ ¯®ª®¬¯®¥â® ï¢«ïîâáï à¥-
è¥¨ï¬¨ á«¥¤ãîé¥© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:

�
�(i)@f(i�)=@x�(i) + �

�(�)@f(i�)=@��(�) = 0;
�
�(i)@f(i�)=@x�(i) + �

�(�)@f(i�)=@��(�) = 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�(v)@f(v� )=@x�(v) + �

�(� )@f(v� )=@��(� ) = 0:

9>>>=
>>>;

(1:11)

�¨áâ¥¬  (1.11) ¯à¨ ¨§¢¥áâ®© äãªæ¨¨ f = (f1; : : : ; f s) ¬®¦¥â ¡ëâì
à áá¬®âà¥  ª ª  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  s(m + 1)(n + 1) «¨¥©ëå
®¤®à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì® s(2mn + m + n) ª®¬¯®¥â ¢¥ª-
â®àëå ¯®«¥© X ¨ � ¢ ®ªà¥áâ®áâïå U(i); : : : ; U(v) ¨ U(�); : : : ; U(� )
â®ç¥ª i; j; k; : : : ; v ¨ �; �; ; : : : ; � . � âà¨æ  á¨áâ¥¬ë (1.11) á®¢¯ ¤ ¥â,
®ç¥¢¨¤®, á äãªæ¨® «ì®© ¬ âà¨æ¥© (1.4). �«£¥¡àë �¨ ¢¥ªâ®àëå
¯®«¥© X ¨ � smn-¬¥àë, â ª ª ª ¨¬¥® â ªãî à §¬¥à®áâì ¯®  ª-
á¨®¬¥ IY0 ¨¬¥îâ «®ª «ìë¥ £àã¯¯ë �¨ ¯à¥®¡à §®¢ ¨© ®ªà¥áâ®áâ¥©

U(i); : : : ; U(� ). �«¥¤®¢ â¥«ì®, á¨áâ¥¬  (1.11) ¨¬¥¥â à¥è¥¨¥:

�
�(i) = a

!
�
�
!(i); : : : ; �

�(v) = a
!
�
�
!(v);

�
�(�) = a

!
�
�
!(�); : : : ; �

�(� ) = a
!
�
�
!(� );

)
(1:12)

£¤¥ a! { ¯à®¨§¢®«ìë¥ ª®áâ âë ¨ áã¬¬¨à®¢ ¨¥ ¯® "¥¬®¬ã" ¨-
¤¥ªáã ! ¯à®¨§¢®¤¨âáï ¢ ¯à¥¤¥« å ®â 1 ¤® smn, ¯à¨ç¥¬ äãªæ¨¨ �

�
!

á � = 1; : : : ; sm ¨ �
�
! á � = 1; : : : ; sn «¨¥©® ¥§ ¢¨á¨¬ë ¯® ¨¦-

¥¬ã ¨¤¥ªáã ! á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ¢ á®®â¢¥âáâ¢ãîé¨å
®ªà¥áâ®áâïå ª ¦¤®© â®çª¨ ª®àâ¥¦  < ijk : : : v; �� : : : � >.

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (1.11) ¨¬¥¥â smn «¨¥©® ¥§ ¢¨á¨¬ëå
á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ à¥è¥¨©. �â¨ à¥è¥¨ï ¬®¦® ¯®-
«ãç¨âì ¨§ à¥è¥¨ï (1.12), ¡¥àï á®®â¢¥âáâ¢ãîé¥¥ ç¨á«® «¨¥©® ¥-
§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ (a1; a2; : : : ; asmn),  ¯à¨¬¥à, (1; 0; : : : ; 0); : : : ;
(0; : : : ; 0; 1):

�
�
!(i); �

�
!(j); : : : ; �

�
!(v);

�
�
!(�); �

�
!(�); : : : ; �

�
!(� ):

)
(1:120)

�¥¬¬  2. �¥è¥¨ï (1:120) «¨¥©® ¥§ ¢¨á¨¬ë ¯® ¨¦¥¬ã ¨¤¥ª-

áã ! ¥ â®«ìª® á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨, ® «¨¥©® ¥§ ¢¨-

á¨¬ë ¯® ¥¬ã â ª¦¥ ¨ á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨, â® ¥áâì ¢

®¡é¥¬ á¬ëá«¥.
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�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �ãáâì  ©¤ãâáï â ª¨¥ ¯¥à¥¬¥ë¥ ª®íä-
ä¨æ¨¥âë c

! = c
!(< ijk : : : v; �� : : : � >), ! = 1; : : : ; smn, çâ® ¨¬¥îâ

¬¥áâ® á«¥¤ãîé¨¥ s(2mn+m+ n) á®®â®è¥¨©:

c
!
�
�
!(i) = 0; c!��!(j) = 0; : : : ; c!��!(v) = 0;

c
!
�
�
!(�) = 0; c!��!(�) = 0; : : : ; c!��!(� ) = 0;

)
(1:13)

¢ëâ¥ª îé¨¥ ¨§ ¯à¥¤¯®« £ ¥¬®© «¨¥©®© § ¢¨á¨¬®áâ¨ à¥è¥¨©
(1.120), ª®â®àë¥,  ¯®¬¨¬, «¨¥©® ¥§ ¢¨á¨¬ë á ¯®áâ®ïë¬¨ ª®-
íää¨æ¨¥â ¬¨. �®íää¨æ¨¥âë c

! ¥áâì à¥è¥¨¥  «£¥¡à ¨ç¥áª®© ®¤®-
à®¤®© á¨áâ¥¬ë ãà ¢¥¨© (1.13) ¨ ï¢«ïîâáï ¥ª®â®àë¬¨ äãªæ¨ï¬¨
ª®®à¤¨ â â®ç¥ª ª®àâ¥¦  < ijk : : : v; �� : : : � >, ®¤®¢à¥¬¥® ¢ ã«ì
¥ ®¡à é îé¨¬¨áï. � ¬¥â¨¬, çâ® á¨áâ¥¬  (1.13) ¥ ®¡ï§ â¥«ì® ¨¬¥¥â
¥ã«¥¢®¥ à¥è¥¨¥, â ª ª ª ç¨á«® ãà ¢¥¨© ¢ ¥© (= s(2mn+m+n))

¡®«ìè¥ ç¨á«  ¥¨§¢¥áâëå (= smn).
� áá¬®âà¨¬ ¤¢¨¦¥¨¥ ¯à®¨§¢®«ì®© ä¨£ãàë < jk : : : v; � : : : � >,

á®¤¥à¦ é¥© m+n â®ç¥ª, ¨ ¤¢¨¦¥¨¥ ä¨£ãàë < ijk : : : v; � : : : � >, á®-
¤¥à¦ é¥©m+n+1 â®çªã. �¥à¥å®¤ ®â ¯¥à¢®© ä¨£ãàë ª® ¢â®à®© á®áâ®¨â
¢ ¤®¡ ¢«¥¨¨ â®çª¨ i. �®áª®«ìªã ¯à¨ ¤¢¨¦¥¨¨ ¢â®à®© ä¨£ãàë á®åà -
ïîâáï ¤®¯®«¨â¥«ì® sm "à ááâ®ï¨©" f(i�); : : : ; f(i� ), ®â®á¨â¥«ì-
® sm ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï X(i), â® ¥áâì ¯®«ï X = �

�(x)@=@x�

¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(i) â®çª¨ i, ¢®§¨ª ¥â  «£¥¡à ¨ç¥áª ï á¨-

áâ¥¬  sm «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨©:

�
�(i)@f(i�)=@x�(i) = ���(�)@f(i�)=@��(�);
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�(i)@f(i� )=@x�(i) = ���(� )@f(i� )=@��(� ):

9>=
>;

� £ ¬ âà¨æë íâ®© á¨áâ¥¬ë ¯® ãá«®¢¨ï¬  ªá¨®¬ë III à ¢¥ sm, ¯®
ªà ©¥© ¬¥à¥, ¤«ï ®¤®£® ª®àâ¥¦  < � : : : � > ¨ ®¤®© â®çª¨ i ¨§ á®®â-
¢¥âáâ¢ãîé¨å ®ªà¥áâ®áâ¥© U(�)� : : :�U(� ) ¨ U(i). �¥è ï ãà ¢¥¨ï
á¨áâ¥¬ë,  å®¤¨¬ ¢ëà ¦¥¨¥ ¤«ï ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï X(i) ¢
®ªà¥áâ®áâ¨ U(i) ç¥à¥§ ª®¬¯®¥âë ¢¥ªâ®àëå ¯®«¥© �(�); : : : ;�(� ) ¢
®ªà¥áâ®áâïå U(�); : : : ; U(� ):

�
�(i) = b

�
1��

�(�) + : : :+ b
�
m��

�(� );

£¤¥,  ¯à¨¬¥à, b
�
1� = b

�
1�(< i; � : : : � >), ¯à¨ç¥¬ � = 1; : : : ; sm ¨

� = 1; : : : ; sn. � á®®â¢¥âáâ¢¨¨ á à¥è¥¨¥¬ (1.12) ¨ ¢ á¨«ã ¯à®¨§¢®«ì®-
áâ¨ ª®íää¨æ¨¥â®¢ a! ¢ ¥¬, ¨§ íâ¨å ¢ëà ¦¥¨© ¯®«ãç ¥¬ «¨¥©ãî
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á¢ï§ì:
�
�
!(i) = b

�
1��

�
!(�) + : : :+ b

�
m��

�
!(� ): (1:14)

� ¯¨è¥¬ ¯®¤á¨áâ¥¬ã ¨§ 2smn ãà ¢¥¨© á¨áâ¥¬ë (1.13), ®â®áïéã-
îáï ª ãª®à®ç¥®¬ã ª®àâ¥¦ã < jk : : : v; � : : : � > ¤«¨ë m+ n:

c
!
�
�
!(j) = 0; : : : ; c!��!(v) = 0;

c
!
�
�
!(�) = 0; : : : ; c!��!(� ) = 0:

)
(1:130)

�®®â¢¥âáâ¢ãîé ï ¯®¤á¨áâ¥¬  á¨áâ¥¬ë (1.13) ¤«ï ª®àâ¥¦  < ijk : : : v,
� : : : � > ¤«¨ë m+n+1 ¯®«ãç ¥âáï ¤®¡ ¢«¥¨¥¬ ª ¯®¤á¨áâ¥¬¥ (1.130)
ãà ¢¥¨© c!��!(i) = 0. �® íâ¨ ãà ¢¥¨ï ¢ á¨«ã «¨¥©®© á¢ï§¨ (1.14)

ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ãà ¢¥¨© ¯®¤á¨áâ¥¬ë (1.130). �® ¥áâì à £¨ ¬ -
âà¨æ ¯®¤á¨áâ¥¬ á¨áâ¥¬ë (1.13), ®â®áïé¨¥áï ª ª®àâ¥¦ ¬ < jk : : : v,
� : : : � > ¨ < ijk : : : v; � : : : � >, á®¢¯ ¤ îâ. �ãáâì à £ ¬ âà¨æë
¯®¤á¨áâ¥¬ë (1.130) à ¢¥ r. �á®, çâ® íâ®â à £ ¥ ¯à¥¢ëè ¥â ç¨á« 
¥¨§¢¥áâëå (= smn),   ¯® á«¥¤áâ¢¨î «¥¬¬ë 1 ® ¥ ¬¥ìè¥ ¥¤¨¨æë.
� á«ãç ¥ r = smn ¯®¤á¨áâ¥¬  (1.130) ¨ ¯®« ï á¨áâ¥¬  (1.13) ¡ã¤ãâ
¨¬¥âì â®«ìª® ã«¥¢®¥ à¥è¥¨¥, çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ®¬ã ¯à¥¤-
¯®«®¦¥¨î ®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ c!. �á«¨ smn = 1, â® ®¡ï§ -

â¥«ì® ¤®«¦® ¡ëâì smn = r, ¯®íâ®¬ã ¡ã¤¥¬ áç¨â âì,çâ® smn > 1,
â® ¥áâì çâ® «¨¡® s > 1, «¨¡® m > 1, «¨¡® n > 1. �®£¤  ¢ ¬ âà¨æ¥
¯®¤á¨áâ¥¬ë (1.130)  ©¤¥âáï â ª ï ª¢ ¤à â ï ¯®¤¬ âà¨æ  ¥ã«¥¢®-
£® ¯®àï¤ª  r < smn, ®¯à¥¤¥«¨â¥«ì ª®â®à®© ®â«¨ç¥ ®â ã«ï. �®§ì-
¬¥¬ ®¯à¥¤¥«¨â¥«ì r+ 1 ¯®àï¤ª , á®¤¥à¦ é¨© íâã ¯®¤¬ âà¨æã ¢ ª ç¥-
áâ¢¥ ¬¨®à  ¯®àï¤ª  r ¨ ®¤ã áâà®ªã ¨§ ¬ âà¨æë ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë
(1.13) ¤«ï ª®àâ¥¦  < ijk : : : v; � : : : � >, ¢ ª®â®àãî ¢å®¤ïâ äãªæ¨¨
�
�
!(i). �®áª®«ìªã, ª ª ¡ë«® ãáâ ®¢«¥® ¢ëè¥, à £ ¬ âà¨æë ¯®¤á¨-
áâ¥¬ë á¨áâ¥¬ë (1.13) ¤«ï ª®àâ¥¦  < ijk : : : v; � : : : � > â® ¦¥ à ¢¥

r, ãª § ë© ®¯à¥¤¥«¨â¥«ì r + 1 ¯®àï¤ª  ¤®«¦¥ ®¡à é âìáï ¢ ã«ì.
� áªàë¢ ï ¥£® ¯® í«¥¬¥â ¬ áâà®ª¨, á®¤¥à¦ é¥© äªªæ¨¨ ��!(i), ¤«ï
¢á¥å § ç¥¨© ¨¤¥ªá  � = 1; : : : ; sm ¯®«ãç ¥¬ á¢ï§ì

~c!(< jk : : : v; � : : : � >)��!(i) = 0;

£¤¥ ~c!(< jk : : : v; � : : : � >) ¥áâì  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï ª ��!(i),
§ ¢¨áïé¨¥ ®â ª®®à¤¨ â â®ç¥ª ª®àâ¥¦  < jk : : : v; � : : : � > ¨ ¥ § -
¢¨áïé¨¥ ®â ª®®à¤¨ â â®çª¨ i. � ¬¥â¨¬, çâ® å®âï ¡ë ®¤® ¨§ íâ¨å
 «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨© ®¡ï§ â¥«ì® ®â«¨ç® ®â ã«ï. �¨ªá¨àãï ¢

¯®«ãç¥®© á¢ï§¨ ª®®à¤¨ âë â®ç¥ª ª®àâ¥¦  < jk : : : v; � : : : � >, ¯®
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ª®â®àë¬ ãà ¢¥¨¥ á¢ï§¨ ¢ë¯®«ï¥âáï â®¦¤¥áâ¢¥®, ãáâ ¢ ¢«¨¢ -
¥¬, çâ® äãªæ¨¨ ��!(i) «¨¥©® § ¢¨á¨¬ë ¯® ¨¦¥¬ã ¨¤¥ªáã ! á ¯®-
áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨. �® íâ®â à¥§ã«ìâ â ¯à®â¨¢®à¥ç¨â ®á®¢-
®¬ã ãá«®¢¨î  ªá¨®¬ë IY0, á®£« á® ª®â®à®¬ã à §¬¥à®áâì «®ª «ì®©

£àã¯¯ë �¨ ¯à¥®¡à §®¢ ¨© ®ªà¥áâ®áâ¨ U(i) à ¢  smn, ¨ ¯®â®¬ã â -
ªãî ¦¥ à §¬¥à®áâì ¨¬¥¥â á®®â¢¥âáâ¢ãîé ï  «£¥¡à  �¨ ¢¥ªâ®àëå
¯®«¥© X(i) á ¡ §¨á®¬ X!(i) = �

�
!(i)@=@x

�(i), £¤¥ ! = 1; : : : ; smn. �áâ -
®¢«¥®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â «¥¬¬ã 2.

�¥¬¬  3. � £ ¬ âà¨æë  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨©

(1:11) â®ç® à ¢¥ s(m+1)(n+1)� s ¤«ï ¯«®â®£® ¢ SF ¬®¦¥áâ¢ 

ª®àâ¥¦¥© ¨ íâ®â à £ ¬ ªá¨¬ «¥ ¢ SF .

�à¥¤¯®«®¦¨¬, çâ® ¢ ®ªà¥áâ®áâ¨ U(i)� : : :� U(� )  ©¤¥âáï â ª®©

ª®àâ¥¦, çâ® à £ ¬ âà¨æë á¨áâ¥¬ë (1.11), â® ¥áâì à £ ¬ âà¨æë (1.4),
à ¢¥ s(m + 1)(n + 1) � s

0, £¤¥ s0 < s { æ¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«®,
¨ íâ®â à £ ¬ ªá¨¬ «¥. � á¨«ã £« ¤ª®áâ¨ äãªæ¨¨ f à £ ¬ âà¨-
æë (1.4) ¡ã¤¥â à ¢¥ â®¬ã ¦¥ § ç¥¨î ¨ ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨
ãª § ®£® ª®àâ¥¦ , á®¤¥à¦ é¥©áï ¢ ®ªà¥áâ®áâ¨ U(i) � : : : � U(� ).
� ª ¨§¢¥áâ®, ¬ ªá¨¬ «ì®¥ ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå (¤«ï á¨áâ¥-
¬ë (1.11) { ¢ ®¡é¥¬ á¬ëá«¥) ¥ã«¥¢ëå à¥è¥¨©  «£¥¡à ¨ç¥áª®© á¨-
áâ¥¬ë «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© à ¢® ç¨«ã ¥¨§¢¥áâëå ¬¨-

ãá à £ ¬ âà¨æë á¨áâ¥¬ë. � ¯à¥¤¯®« £ ¥¬®¬ á«ãç ¥ ¤«ï á¨áâ¥¬ë
(1.11) ®® ¡ã¤¥â à ¢®: s(2mn + m + n) � s(m + 1)(n + 1) + s

0 =
mns � (s � s

0), â® ¥áâì ¬¥ìè¥ mns, å®âï, ¢ ¤¥©áâ¢¨â¥«ì®áâ¨, ¯®
«¥¬¬¥ 2 íâ  á¨áâ¥¬  ¨¬¥¥â mns «¨¥©® ¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ë-
á«¥ ¥ã«¥¢ëå à¥è¥¨© (1.120). � ª¨¬ ®¡à §®¬, à £ ¬ âà¨æë (1.4) ¢
®ªà¥áâ®áâ¨ U(i)� : : :�U(� ) ¥ ¬®¦¥â ¡ëâì ¡®«ìè¥ s(m+1)(n+1)�s.
� ¤àã£®© áâ®à®ë, ¢ ¬ âà¨æ¥ (1.4) ¨¬¥¥âáï ª¢ ¤à â ï ¯®¤¬ âà¨-
æ  ¯®àï¤ª  s(m + 1)(n + 1) � s, ¯® ¤¨ £® «¨ ª®â®à®© à á¯®«®¦¥-
ë äãªæ¨® «ìë¥ ¬ âà¨æë @(f(i�); : : : ; f(i� ))=@(x1(i); : : : ; xsm(i)),

@(f(j�); : : : ; f(v�)) / @(�1(�); : : : ; �sn(�)) ; : : : , @(f(j� ); : : : ; f(v� ))=
@(�1(� ); : : : ; �sn(� )). �¯à¥¤¥«¨â¥«¨ íâ¨å ¬ âà¨æ ¥ ®¡à é îâáï ¢ ã«ì
¯® ãá«®¢¨ï¬  ªá¨®¬ë III,   ¨å ¯à®¨§¢¥¤¥¨¥ à ¢® ®¯à¥¤¥«¨â¥«î ®¯¨-
á ®© ¢ëè¥ ª¢ ¤à â®© ¯®¤¬ âà¨æë, ª®â®àë© â ª¦¥ ®ª §ë¢ ¥âáï ®â-
«¨çë¬ ®â ã«ï. �«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâ¨ U(i)� : : :�U(� ) ¯«®â-
®£® ¢ SF �Mn+1�Nm+1 ¬®¦¥áâ¢  ª®àâ¥¦¥© ¢á¥£¤   ©¤¥âáï â ª®©
ª®àâ¥¦, ¤«ï ª®â®à®£® à £ ¬ âà¨æë (1.4) â®ç® à ¢¥ s(m+1)(n+1)�s.
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�®¦¥áâ¢® â ª¨å ª®àâ¥¦¥©, ®ç¥¢¨¤®, ¯«®â® ¢ SF , ¯à¨ç¥¬ ¨ ¤«ï ®¤-
®£® ª®àâ¥¦  ¨§ SF à £ ¬ âà¨æë (1.4), ª ª ¡ë«® ãáâ ®¢«¥® ¢ëè¥,
¥ ¯à¥¢ëè ¥â § ç¥¨ï s(m+ 1)(n + 1) � s, â® ¥áâì íâ®â à £ ¬ ªá¨-
¬ «¥. �¥¬¬  3 ¤®ª §  .

�ãáâì, ¤ «¥¥, ¤«ï ¥ª®â®à®£® ª®àâ¥¦  < ijk : : : v; �� : : : � > ¨§
¯«®â®£® ¢ SF ¬®¦¥áâ¢ , ãáâ  ¢«¨¢ ¥¬®£® «¥¬¬®© 3, à £ ¬ âà¨-
æë (1.4) à ¢¥ s(m + 1)(n + 1) � s, ¯à¨ç¥¬ ¢ «î¡®© ¥£® ®ªà¥áâ®áâ¨
íâ®â à £ ¥ ¡®«ìè¥ ãª § ®£® § ç¥¨ï, ¯®áª®«ìªã ® ¬ ªá¨¬ «¥.
�® â®£¤  ¯® å®à®è® ¨§¢¥áâ®© ¨§ ¬ â¥¬ â¨ç¥áª®£®   «¨§  â¥®à¥-
¬¥ ® äãªæ¨® «ì®© § ¢¨á¨¬®áâ¨ ¤«ï ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(<
i : : : � >) áãé¥áâ¢ã¥â â ª ï ¤®áâ â®ç® £« ¤ª ï s-ª®¬¯®¥â ï äãª-
æ¨ï � : E ! R

s, ®¯à¥¤¥«¥ ï ¢ ¥ª®â®à®© ®¡« áâ¨ E � R
s(m+1)(n+1),

á®¤¥à¦ é¥© â®çªã F (< i : : : � >), ¢ ª®â®à®© ¥¥ à £ à ¢¥ s, çâ®

¬®¦¥áâ¢® F (U(< i : : : � >)) ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã ã«¥© äãª-
æ¨¨ �, â® ¥áâì ¨¬¥¥â ¬¥áâ® ãà ¢¥¨¥ (1.1) ¤«ï ¢á¥å ª®àâ¥¦¥© ¨§
U(< i : : : � >). �á® â ª¦¥, ¯®áª®«ìªã à £ ¬ âà¨æë (1.4) ¤«ï ª®à-
â¥¦  < i : : : � > à ¢¥ s(m + 1)(n + 1) � s, çâ® áãé¥áâ¢ã¥â â ª ï ¥£®
®ªà¥áâ®áâì U1(< i : : : � >) � U(< i : : : � >) ¨ â ª ï ®¡« áâì E1 � E,
çâ® ¬®¦¥áâ¢® § ç¥¨© F (U1(< i : : : � >)) á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬
ã«¥© íâ®© äãªæ¨¨ ¢ E1, ï¢«ïïáì ¥®á®¡®© ¯®¢¥àå®áâìî ª®à §¬¥à®-
áâ¨ s ¢ Rs(m+1)(n+1). �¥®à¥¬  1 ¯®«®áâìî ¤®ª §  .

�¥¬¬  4. �á«¨ äãªæ¨ï f = (f1; : : : ; f s), ã¤®¢«¥â¢®àïîé ï  ª-

á¨®¬ ¬ I,II,III,§ ¤ ¥â   sm-¬¥à®¬ ¨ sn-¬¥à®¬ ¬®£®®¡à §¨ïå M

¨ N s-¬¥âà¨ç¥áªãî £¥®¬¥âà¨î,  ¤¥«¥ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥©,

â® áâ¥¯¥ì íâ®© á¨¬¬¥âà¨¨ ¥ ¯à¥¢ëè ¥â smn.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �ãáâì äãªæ¨ï f ¤®¯ãáª ¥â â ªãî £àã¯-
¯ã ¤¢¨¦¥¨©, à §¬¥à®áâì ª®â®à®© ¡®«ìè¥ smn. �â® ®§ ç ¥â, çâ®
ã á¨áâ¥¬ë (1.11) ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå á ¯®áâ®ïë¬¨ ª®íää¨-
æ¨¥â ¬¨ à¥è¥¨© (1.120) ¡ã¤¥â ¡®«ìè¥ smn. �®§ì¬¥¬ ¨§ ¨å «î¡ë¥

smn+1 à¥è¥¨¥. �â¨ à¥è¥¨ï ¡ã¤ãâ «¨¥©® ¥§ ¢¨á¨¬ë ¥ â®«ìª® á
¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨, ® ¨ á ¯¥à¥¬¥ë¬¨, â® ¥áâì ¢ ®¡é¥¬
á¬ëá«¥. �«ï ãáâ ®¢«¥¨ï ¨å «¨¥©®© § ¢¨á¨¬®áâ¨ ¢ ®¡é¥¬ á¬ëá«¥
¤®áâ â®ç® ¯®¢â®à¨âì à ááã¦¤¥¨ï, á«¥¤ãîé¨¥ §  á¨áâ¥¬®© ãà ¢¥-
¨© (1.13), § ¬¥ïï ®£à ¨ç¥¨¥ ! � smn   ãá«®¢¨¥ ! � smn+1. �®-
áª®«ìªã á¨áâ¥¬  (1.11) ¢ ¯à¥¤¯®« £ ¥¬®¬ á«ãç ¥ ¨¬¥¥â, ¯® ªà ©¥© ¬¥-
à¥, smn+1 «¨¥©® ¥§ ¢¨á¨¬®¥ ¥ã«¥¢®¥ à¥è¥¨¥, à £ ¥¥ ¬ âà¨æë,
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â® ¥áâì ¬ âà¨æë (1.4), ¢áî¤ã ¤®«¦¥ ¡ëâì ¬¥ìè¥ s(m+1)(n+1)� s.
�¤ ª® ¢ ¬ âà¨æ¥ (1.4) ¨¬¥¥âáï ®â«¨çë© ®â ã«ï ®¯à¥¤¥«¨â¥«ì ¯®-
àï¤ª  s(m+ 1)(n + 1) � s, ã¯®¬ïãâë© ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3, ¯®
¤¨ £® «¨ ª®â®à®£® à á¯®«®¦¥ë ª¢ ¤à âë¥ ¬ âà¨æë �ª®¡¨, ®¯à¥-

¤¥«¨â¥«¨ ª®â®àëå ¥ ®¡à é îâáï ¢ ã«ì ¯® ãá«®¢¨ï¬  ªá¨®¬ë III.
�® ¥áâì ®¡é¨© à £ äãªæ¨® «ì®© ¬ âà¨æë (1.4) ¥ ¬®¦¥â ¡ëâì
¬¥ìè¥ s(m+1)(n+1)�s. �áâ ®¢«¥®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â
«¥¬¬ã 4.

�¥®à¥¬  2. �á«¨ äãªæ¨ï f = (f1; : : : ; f s), ã¤®¢«¥â¢®àïîé ï  ª-

á¨®¬ ¬ I,II,III, § ¤ ¥â   sm-¬¥à®¬ ¨ sn-¬¥à®¬ ¬®£®®¡à §¨ïå M

¨ N s-¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (n + 1;m + 1), â®
®    â¥å ¦¥ ¬®£®®¡à §¨ïå § ¤ ¥â s-¬¥âà¨ç¥áªãî £¥®¬¥âà¨î,  -

¤¥«¥ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨ smn.

�®£« á®  ªá¨®¬¥ IY ®¯à¥¤¥«¥¨ï 1 ¢ «î¡®© ®ªà¥áâ®áâ¨ ¯à®¨§¢®«ì-
®£® ª®àâ¥¦  ¨§ SF  ©¤¥âáï â ª®© ª®àâ¥¦ < ijk : : : v; �� : : : � > ¨
â ª ï ¥£® ®ªà¥áâ®áâì U(< i : : : � >), çâ® ¬®¦¥áâ¢® § ç¥¨© F (U(<
i : : : � >)) ¡ã¤¥â ã¤®¢«¥â¢®àïâì s ¥§ ¢¨á¨¬ë¬ ãà ¢¥¨ï¬ (1.1), ¯à¨-
ç¥¬ rang� = s ¢ â®çª¥ F (< i : : : � >). �®áª®«ìªã äãªæ¨ï � ¤®áâ â®ç-
® £« ¤ª ï, ¬®¦®, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, áç¨â âì, çâ® rang� = s

¤«ï ¢á¥å â®ç¥ª «®ª «ì®© ®¡« áâ¨ E � R
s(m+1)(n+1), £¤¥ ®  ®¯à¥¤¥«¥ ,

¨, ª®¥ç® ¦¥,   ¬®¦¥áâ¢¥ § ç¥¨© F (U(< i : : : � >)). �®£¤  ¬®¦¥-
áâ¢® ã«¥© äãªæ¨¨ �, ® ¥ ®¡ï§ â¥«ì® ¬®¦¥áâ¢® F (U(< i : : : � >)),
¡ã¤¥â £« ¤ª®© ¡¥§ ®á®¡ëå â®ç¥ª ¯®¢¥àå®áâìî ¢ Rs(m+1)(n+1) ª®à §¬¥à-
®áâ¨ s.

�à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥¨¥ (1.1) ¯® ª ¦¤®© ¨§ sm(n + 1) +
sn(m+1) ª®®à¤¨ â x1(i); : : : ; xsm(i); : : : ; x1(v); : : : ; xsm(v), �1(�); : : : ;
�
sn(�); : : : ; �1(� ); : : : ; �sn(� ) â®ç¥ª ª®àâ¥¦  < ijk : : : v; �� : : : � >. �
à¥§ã«ìâ â¥ ¯®«ãç¨¬ s(2mn + m + n) «¨¥©ëå ®¤®à®¤ëå ãà ¢¥-
¨© ®â®á¨â¥«ì® s(m+1)(n+1) ¯à®¨§¢®¤ëå ®â ª®¬¯®¥â äãªæ¨¨

� = (�1; : : : ;�s):

@��

@f(i�)

@f(i�)

@x(i)
+ : : :+

@��

@f(i� )

@f(i� )

@x(i)
= 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
@��

@f(i� )

f(i� )

@�(� )
+ : : :+

@��

@f(v� )

@f(v� )

@�(� )
= 0;

9>>>>>=
>>>>>;

(1:15)
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£¤¥ � = 1; : : : ; s, @��=@f = k@��=@f
1
; : : : ; @��=@f

sk,   @f=@x ¨ @f=@�
¥áâì â¥ ¦¥ ¬ âà¨æë �ª®¡¨, ª®â®àë¥ ä¨£ãà¨à®¢ «¨ ¢ á®ªà é¥®© § -
¯¨á¨ äãªæ¨® «ì®© ¬ âà¨æë (1.4). � âà¨æ  ¦¥ á ¬®©  «£¥¡à ¨ç¥-
áª®© á¨áâ¥¬ë ãà ¢¥¨© (1.15) á â®ç®áâìî ¤® âà á¯®¨à®¢ ¨ï, ®ç¥-

¢¨¤®, á®¢¯ ¤ ¥â á íâ®© äãªæ¨® «ì®© ¬ âà¨æ¥©.

�¥¬¬  5. � £ ¬ âà¨æë  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨©

(1.15) â®ç® à ¢¥ s(m+1)(n+1)�s ¤«ï ¯«®â®£® ¢ SF ¬®¦¥áâ¢ 

ª®àâ¥¦¥© ¨ íâ®â à £ ¬ ªá¨¬ «¥ ¢ SF .

�®ª § â¥«ìáâ¢® «¥¬¬ë 5   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 3. �¥©-
áâ¢¨â¥«ì®, ¥á«¨ ¤«ï ¥ª®â®à®£® ª®àâ¥¦  ¨§ SF à £ ¬ âà¨æë á¨áâ¥-
¬ë (1.15), â® ¥áâì à £ ¬ âà¨æë (1.4), à ¢¥ s(m+ 1)(n + 1) � s

0, £¤¥
s
0
< s { æ¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«®, ¨ íâ®â à £ ¬ ªá¨¬ «¥, â® ¢

ª ª®©-â® ¥£® ®ªà¥áâ®áâ¨ U á¨áâ¥¬  ¡ã¤¥â ¨¬¥âì â®«ìª® s0 «¨¥©®
¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ¥ã«¥¢ëå à¥è¥¨©, â ª ª ª ¢ ¥© ¨¬¥-
¥âáï s(m+1)(n+1) ¥¨§¢¥áâëå. � ¤àã£®© áâ®à®ë, á®£« á®  ªá¨®¬¥
IY rang� = s ¤«ï ¯«®â®£® ¢ SF ¬®¦¥áâ¢  ª®àâ¥¦¥©. �«¥¤®¢ â¥«ì-
®, ¢ ¥ª®â®à®© ®âªàëâ®© ç áâ¨ ®ªà¥áâ®áâ¨ U íâ  á¨áâ¥¬  ¤®«¦ 
¨¬¥âì s > s

0 «¨¥©® ¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ¥ã«¥¢ëå à¥è¥-
¨©. �áâ ®¢«¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® à £ ¬ âà¨æë (1.4)
¥ ¬®¦¥â ¡ëâì ¡®«ìè¥ s(m+1)(n+1)� s. � ¯®áª®«ìªã ¢ ¥© ¨¬¥¥âáï

ª¢ ¤à â ï ¯®¤¬ âà¨æ  ¯®àï¤ª  s(m + 1)(n + 1) � s á ®â«¨çë¬ ®â
ã«ï ®¯à¥¤¥«¨â¥«¥¬, ®¯¨á  ï ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3, à £ ¢á¥©
¬ âà¨æë (1.4), â® ¥áâì à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (1.15), à ¢¥
s(m+1)(n+1)�s ¤«ï ¯«®â®£® ¢ SF ¬®¦¥áâ¢  ª®àâ¥¦¥© ¨ íâ®â à £
¬ ªá¨¬ «¥. �¥¬¬  5 ¤®ª §  .

�ãáâì ¤«ï ª®àâ¥¦  < ijk : : : v; �� : : : � > ¨§ ãáâ  ¢«¨¢ ¥¬®£® «¥¬-
¬®© 5 ¯«®â®£® ¢ SF ¬®¦¥áâ¢  à £ ¬ âà¨æë (1.4) à ¢¥ s(m+1)(n+
1)�s,   ¯®áª®«ìªã ® ¬ ªá¨¬ «¥, ¬®¦® áç¨â âì ¥£® à ¢ë¬ â®¬ã ¦¥
§ ç¥¨î ¤«ï ¢á¥å ª®àâ¥¦¥© ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(i)�: : :�U(� )
¨áå®¤®£®. �¨á«® áâ®«¡æ®¢ ¢ ¬ âà¨æ¥ (1.4), à ¢®¥ s(2mn + m + n),
¡®«ìè¥ ¥¥ à £ , ¯®íâ®¬ã ¬¥¦¤ã ¨¬¨ áãé¥áâ¢ã¥â «¨¥© ï á¢ï§ì.
� ¯¨è¥¬ íâã á¢ï§ì ¯® í«¥¬¥â ¬ ª ¦¤®© áâà®ª¨:

�
�[i]@f(i�)=@x�(i) + �

� [�]@f(i�)=@��(�) = 0;
�
�[i]@f(i�)=@x�(i) + �

�[�]@f(i�)=@��(�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[v]@f(v� )=@x�(v) + �

�[� ]@f(v� )=@��(� ) = 0;

9>>>=
>>>;

(1:16)
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£¤¥,  ¯à¨¬¥à, ��[i] ¨ ��[�] { ª®íää¨æ¨¥âë «¨¥©®© § ¢¨á¨¬®áâ¨ ¯à¨
áâ®«¡æ å á ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯® ª®®à¤¨ â ¬ x

�(i); � = 1; : : : ; sm
¨ �� (�); � = 1; : : : ; sn á®®â¢¥âáâ¢¥®,   ¤«ï ¨å ®â«¨ç¨ï ®â ª®¬¯®¥â
�
�(i) ¨ �

�(�) ¢¥ªâ®àëå ¯®«¥© X ¨ � ¢ ®ªà¥áâ®áâïå U(i) ¨ U(�),

¢å®¤ïé¨å ¢ ãà ¢¥¨ï á¨áâ¥¬ë (1.11), §¤¥áì ¨á¯®«ì§®¢ ë ª¢ ¤à âë¥
áª®¡ª¨.

�®®â®è¥¨ï á¢ï§¨ (1.16) ¯à¨ ¨§¢¥áâ®© äãªæ¨¨ f = (f1; : : : ; f s)
¥áâ¥áâ¢¥® à áá¬ âà¨¢ âì ª ª  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã s(m+1)(n+1)
«¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì® s(2mn+m+n) ª®íää¨-
æ¨¥â®¢ «¨¥©®© § ¢¨á¨¬®áâ¨ ��[i]; : : : ; ��[v]; � = 1; : : : ; sm ¨ ��[�];
: : : ; �

�[� ]; � = 1; : : : ; sn, ª®â®àë¥ ®¤®¢à¥¬¥® ¢ ã«ì ¥ ®¡à é îâáï
¢ ®ªà¥áâ®áâ¨ U(i) � : : :� U(� ). � âà¨æ  á¨áâ¥¬ë (1.16) á®¢¯ ¤ ¥â á
¬ âà¨æ¥© (1.4), ¯®íâ®¬ã ¥¥ à £ à ¢¥ s(m+1)(n+1)�s. � ªá¨¬ «ì®¥

ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå (¢ ®¡é¥¬ á¬ëá«¥) ¥ã«¥¢ëå à¥è¥¨© á¨-
áâ¥¬ë (1.16) à ¢® ç¨á«ã ¥¨§¢¥áâëå ¬¨ãá à £ ¬ âà¨æë á¨áâ¥¬ë,
â® ¥áâì à ¢® smn. �ë¯¨è¥¬ ¥¥ ®¡é¥¥ à¥è¥¨¥:

�
�[i] = c

!
�
�
!(i;< ijk : : : v; �� : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[v] = c

!
�
�
!(v;< ijk : : : v; �� : : : � >);

�
�[�] = c

!
�
�
!(�;< ijk : : : v; �� : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[� ] = c

!
�
�
!(�;< ijk : : : v; �� : : : � >);

9>>>>>>>>=
>>>>>>>>;

(1:17)

£¤¥ c! { «¨¥©ë¥ ª®íää¨æ¨¥âë ®¡é¥£® à¥è¥¨ï ¢ ¥£® ¢ëà ¦¥¨¨ ç¥-
à¥§ «¨¥©® ¥§ ¢¨á¨¬ë¥ ¥ã«¥¢ë¥ à¥è¥¨ï íâ®© ¦¥ á¨áâ¥¬ë, ¯à¨-
ç¥¬ áã¬¬¨à®¢ ¨¥ ¯® "¥¬®¬ã" ¨¤¥ªáã ! ¯à®¨§¢®¤¨âáï ¢ ¯à¥¤¥« å
®â 1 ¤® smn. �® ¢ ®â«¨ç¨¥ ®â à¥è¥¨ï (1.12)   «®£¨ç®© á¨áâ¥-
¬ë (1.11), §¤¥áì ãçâ¥  ¢®§¬®¦ ï § ¢¨á¨¬®áâì ¢ëà ¦¥¨© ��[i]; : : : ;
�
�[v], ��[�]; : : : ; ��[� ] ¥ â®«ìª® ®â ª®®à¤¨ â â®© â®çª¨, ¯® ª®®à¤¨ â¥

ª®â®à®© ¯à®¢®¤¨âáï ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢ á®®â¢¥âáâ¢ãîé¥¬ áâ®«¡æ¥
¬ âà¨æë (1.4), ® ¨ ®â ª®®à¤¨ â ¢á¥å ¤àã£¨å â®ç¥ª, ¢å®¤ïé¨å ¢ ª®-
íää¨æ¨¥âë ãà ¥¨© (1.16), ãá«®¢® ®¡®§ ç¥ ï ¨áå®¤ë¬ ª®àâ¥¦¥¬
< ijk : : : v; �� : : : � >. �à®¬¥ â®£®, ¢ à¥è¥¨¨ (1.17) ª®íää¨æ¨¥âë c

!

ï¢«ïîâáï, ¢ ®¡é¥¬ á«ãç ¥, ¯à®¨§¢®«ìë¬¨ äãªæ¨ï¬¨, â®£¤  ª ª ¢
à¥è¥¨¨ (1.12) ª®íää¨æ¨¥âë a

! ¡ë«¨ â®«ìª® ¯à®¨§¢®«ìë¬¨ ª®-
áâ â ¬¨.

�¥¬¬  6. �¡é¥¥ à¥è¥¨¥ (1:17) á¨áâ¥¬ë ãà ¢¥¨© (1:16) ¬®¦¥â
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¡ëâì § ¯¨á ® ¢ â ª®© ä®à¬¥, çâ® ª®®à¤¨ âë â®çª¨ i ¨ ª®®à¤¨ -

âë â®çª¨ � ¢å®¤ïâ ï¢® ¢ äãªæ¨¨ �
�
! ¨ �

�
! â®«ìª® ¤«ï ¢ëà ¦¥¨©

�
�[i] ¨ ��[�] á®®â¢¥âáâ¢¥®.

�®§ì¬¥¬ ª®àâ¥¦ < jk : : : v; � : : : � > ¤«¨ë m+ n, ¯®«ãç¥ë© ¨§
¯¥à¢® ç «ì®£® ª®àâ¥¦  < ijk : : : v; �� : : : � > ¤«¨ë m+n+2 ®¯ãá-
ª ¨¥¬ â®ç¥ª i ¨ �. �ë¤¥«¨¬ ¨§ á¨áâ¥¬ë ãà ¢¥¨© (1.16) ¯®¤á¨áâ¥¬ã
ãà ¢¥¨© ¤«ï ª®àâ¥¦  < jk : : : v; � : : : � >, ¢ ª®íää¨æ¨¥âë ª®â®-
àëå ¥ ¢å®¤ïâ ª®®à¤¨ âë â®çª¨ i ¨§ ®ªà¥áâ®áâ¨ U(i) ¨ ª®®à¤¨ âë
â®çª¨ � ¨§ ®ªà¥áâ®áâ¨ U(�):

�
�[j]@f(j�)=@x�(j) + �

�[�]@f(j�)=@��(�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[v]@f(v� )=@x�(v) + �

�[� ]@f(v� )=@��(� ) = 0:

9>=
>; (1:160)

� ¬ âà¨æ¥ ¯®¤á¨áâ¥¬ë (1.160) ¨¬¥¥âáï ¬¨®à ¯®àï¤ª  smn, ¥ ®¡à -
é îé¨©áï ¢ ã«ì ¯® ãá«®¢¨ï¬  ªá¨®¬ë III. �®®â¢¥âáâ¢ãîé ï ª¢ -
¤à â ï ¬ âà¨æ  áâã¯¥ç â ï ¨ ¥¥ ¤¨ £® «ìë¬¨ ª«¥âª ¬¨ ï¢«ïîâ-
áï á«¥¤ãîé¨¥ ª¢ ¤à âë¥ ¬ âà¨æë �ª®¡¨:

@(f(j�); : : : ; f(j� ))=@(x1(j); : : : ; xsm(j));
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
@(f(v�); : : : ; f(v� ))=@(x1(v); : : : ; xsm(v))

9>=
>;

(á¬.   «®£¨çãî á¨âã æ¨î ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3). �® ¥áâì à £
¬ âà¨æë ¯®¤á¨áâ¥¬ë (1.160) à ¢ï¥âáï á¢®¥¬ã ¬ ªá¨¬ «ì®¬ã § -
ç¥¨î smn, ¯® ªà ©¥© ¬¥à¥, ¤«ï ®¤®£® ãª®à®ç¥®£® ª®àâ¥¦  <

jk : : : v; � : : : � > ¨ ¥ª®â®à®© ¥£® ®ªà¥áâ®áâ¨. �® â®£¤  ¯®¤á¨áâ¥¬ 
(1.160) ¨¬¥¥â smn ¨ ¥ ¡®«¥¥ «¨¥©® ¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ¥-
ã«¥¢ëå à¥è¥¨©, ¯®áª®«ìªã ¬ ªá¨¬ «ì®¥ ç¨á«® â ª¨å à¥è¥¨© à ¢-
® ç¨á«ã ¢å®¤ïé¨å ¢ ¥¥ ¥¨§¢¥áâëå ��[j]; : : : ; ��[v]; ��[�]; : : : ; ��[� ]
(= 2smn) ¬¨ãá à £ ¬ âà¨æë ¯®¤á¨áâ¥¬ë (= smn). � ¬ âà¨æ¥ ¯®¤-

á¨áâ¥¬ë (1.160) ¥â § ¢¨á¨¬®áâ¨ ®â ª®®à¤¨ â â®ç¥ª i ¨ � ¨ ¯®â®¬ã ¥¥
®¡é¥¥ à¥è¥¨¥ ¬®¦® § ¯¨á âì ¢ â ª®© ä®à¬¥, ¢ ª®â®à®© äãªæ¨¨ ��!
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¨ ��! ¥ § ¢¨áïâ ®â íâ¨å ª®®à¤¨ â:

�
�[j] = c

!
�
�
!(j;< jk : : : v; � : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[v] = c

!
�
�
!(v;< jk : : : v; � : : : � >);

�
�[�] = c

!
�
�
!(�;< jk : : : v; � : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[� ] = c

!
�
�
!(�;< jk : : : v; � : : : � >);

9>>>>>>>>=
>>>>>>>>;

(1:18)

¯à¨ç¥¬ áã¬¬¨à®¢ ¨¥ ¯® "¥¬®¬ã" ¨¤¥ªáã !, ª ª ¨ ¢ ®¡é¥¬ à¥è¥¨¨
(1.17) ¢á¥© á¨áâ¥¬ë (1.16) ¯à®¨§¢®¤¨âáï ¢ â¥å ¦¥ ¯à¥¤¥« å ®â 1 ¤® smn.

�ë¤¥«¨¬ ¨§ á¨áâ¥¬ë (1.16) ¯®¤á¨áâ¥¬ã sm ãà ¢¥¨©, ª®íää¨æ¨¥-
âë ª®â®àëå á®¤¥à¦ â ª®®à¤¨ âë â®çª¨ i:

�
�[i]@f(i�)=@x�(i) + �

�[�]@f(i�)=@��(�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[i]@f(i� )=@x�(i) + �

�[� ]@f(i� )=@��(� ) = 0

9>=
>; (1:1600)

¨ ¯®¤á¨áâ¥¬ã sn ãà ¢¥¨©, ª®íää¨æ¨¥âë ª®â®àëå á®¤¥à¦ â ª®®à¤¨-
 âë â®çª¨ �:

�
�[j]@f(j�)=@x�(j) + �

� [�]@f(j�)=@��(�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[v]@f(v�)=@x�(v) + �

�[�]@f(v�)=@��(�) = 0:

9>=
>; (1:16000)

�â®á¨â¥«ì® sm ¥¨§¢¥áâëå ��[i] ¨ sn ¥¨§¢¥áâëå �� [�] ¢ë¤¥«¥-
ë¥ ¯®¤á¨áâ¥¬ë ¥®¤®à®¤ë ¨ ¯® ãá«®¢¨ï¬  ªá¨®¬ë III ¨¬¥îâ à £¨
sm ¨ sn á®®â¢¥âáâ¢¥®. �® â®£¤  ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �

�[i] ¨
�
�[�] ¬®£ãâ ¡ëâì ®¤®§ ç® ¢ëà ¦¥ë ç¥à¥§ ®¡é¥¥ à¥è¥¨¥ (1.18)

¯®¤á¨áâ¥¬ë (1.160):

�
�[i] = c

!
�
�
!(i;< jk : : : v; � : : : � >);

�
�[�] = c

!
�
�
!(�;< jk : : : v; � : : : � >):

)
(1:19)

� £ ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë (1.16) ¡¥§ ¯¥à¢ëå s ãà ¢¥¨©

�
�[i]@f(i�)=@x�(i) + �

�[�]@f(i�)=@��(�) = 0; (1:160000)

á®¤¥à¦ é¨å äãªæ¨î f(i�) = (f1(i�); : : : ; f s(i�)), à ¢¥ à £ã á -
¬®© á¨áâ¥¬ë (1.16), ¢ ç¥¬ «¥£ª® ã¡¥¤¨âìáï, á®áâ ¢«ïï ¥¥ ¨§ ¯®¤á¨áâ¥¬
(1:160); (1:1600) ¨ (1:16000). � ª¨¬ ®¡à §®¬, ãà ¢¥¨ï (1.160000) ¢ á¨áâ¥¬¥
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(1.16) ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ¢á¥å ®áâ «ìëå ¨ ¨ª ª¨å ¤®¯®«¨â¥«ì-
ëå ®£à ¨ç¥¨©   à¥è¥¨ï (1.19) ¥  « £ îâ. �®¢®ªã¯®áâì à¥-
è¥¨© (1.18) ¨ (1.19) ¯®¤á¨áâ¥¬ (1.160) ¨ (1.1600),(1.16000) â®£¤  § ¤ ¥â
®¡é¥¥ à¥è¥¨¥ ¨áå®¤®© á¨áâ¥¬ë (1.16) ¢ á®®â¢¥âáâ¢ãîé¥© ®ªà¥áâ®-

áâ¨ ¥ª®â®à®£® ª®àâ¥¦  ¨§ U(i) � : : :� U(� ), ¯à¨ç¥¬ ¢ íâ®¬ à¥è¥¨¨
ª®®à¤¨ âë â®ç¥ª i ¨ � ¢å®¤ïâ ï¢® ¢ äãªæ¨¨ �

�
! ¨ �

�
! â®«ìª® ¤«ï

ª®íää¨æ¨¥â®¢ ��[i] ¨ �� [�]. �¥¬¬  6 ¤®ª §  .
� áá¬®âà¨¬, ¤ «¥¥, â ª®© ª®àâ¥¦ < p : : : q; � : : : � > 2Mn�Nm ¤«¨-

ë n+m, çâ® ¢á¥ ¯ àë ¥£® â®ç¥ª:< p� >; : : : ; < q� > ¯à¨ ¤«¥¦ âSf .
�®¦¥áâ¢® â ª¨å ª®àâ¥¦¥©, ®ç¥¢¨¤®, ¯«®â® ¢ Mn � Nm. � ¯¨è¥¬
á¨áâ¥¬ã ãà ¢¥¨© (1.160) ¤«ï ª®àâ¥¦  < p : : : q; � : : : � > ¨ ¥ª®â®à®©
¥£® ®ªà¥áâ®áâ¨ U(p)� : : :�U(�). �â  á¨áâ¥¬ , ª ª ¡ë«® ¯®ª § ® ¢ë-
è¥, ¨¬¥¥â ¥ ¡®«¥¥ smn «¨¥©® ¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå à¥è¥¨©. �¥

®¡é¥¥ à¥è¥¨¥ ¬®¦® § ¯¨á âì ¯® ®¡é¥¬ã à¥è¥¨î (1.18) ¯à®áâ®© § -
¬¥®© â®ç¥ª ª®àâ¥¦  < jk : : : v; � : : : � >   á®®â¢¥âáâ¢ãîé¨¥ â®çª¨
ª®àâ¥¦  < p : : : q; � : : : � >:

�
�[p] = c

!
�
�
!(p;< p : : : q; � : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[q] = c

!
�
�
!(q;< p : : : q; � : : : � >);

�
�[�] = c

!
�
�
!(�;< p : : : q; � : : : � >);

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[�] = c

!
�
�
!(�;< p : : : q; � : : : � >);

9>>>>>>>>=
>>>>>>>>;

(1:20)

¯à¨ç¥¬ ¤«ï ¢á¥© á®¢®ªã¯®áâ¨ â®ç¥ª ª®àâ¥¦  < p : : : q; � : : : � > ¨ ¢á¥å
§ ç¥¨© ¢¥àå¨å ¨¤¥ªá®¢ �; � äãªæ¨¨ ��!, �

�
! «¨¥©® ¥§ ¢¨á¨¬ë ¢

®¡é¥¬ á¬ëá«¥ ¯® ¨¦¥¬ã ¨¤¥ªáã !.
�ãáâì i ¨ � { â ª¨¥ â®çª¨ ¨§M ¨N, çâ® ¢á¥ ¯ àë < i� >; : : : ; < i� >

¨ < p� >; : : : ; < q� >,   â ª¦¥ ¯ à  < i� > ¯à¨ ¤«¥¦ âSf . � ¯¨è¥¬
á¨áâ¥¬ã ãà ¢¥¨© (1.1600) ¤«ï ª®àâ¥¦  < i; � : : : � > ¨ ¥ª®â®à®© ¥£®
®ªà¥áâ®áâ¨ U(i)� U(�)� : : :� U(�):

�
�[i]@f(i�)=@x�(i) + �

�[�]@f(i�)=@��(�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[i]@f(i�)=@x�(i) + �

�[�]@f(i�)=@��(�) = 0

9>=
>; (1:21)

¨ á¨áâ¥¬ã sn ãà ¢¥¨© (1.16000) ¤«ï ª®àâ¥¦  < p : : : q; � > ¨ ¥ª®â®à®©
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¥£® ®ªà¥áâ®áâ¨ U(p) � : : :� U(q)� U(�):

�
�[p]@f(p�)=@x�(p) + �

�[�]@f(p�)=@�� (�) = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�
�[q]@f(q�)=@x�(q) + �

�[�]@f(q�)=@��(�) = 0:

9>=
>; (1:22)

�¥è¥¨¥ íâ¨å á¨áâ¥¬ ¬®¦® § ¯¨á âì ¯® à¥è¥¨î (1.19):

�
�[i] = c

!
�
�
!(i;< p : : : q; � : : : � >);

�
� [�] = c

!
�
�
!(�;< p : : : q; � : : : � >);

)
(1:23)

£¤¥,  ¯®¬¨¬, áã¬¬¨à®¢ ¨¥ ¯® "¥¬®¬ã" ¨¤¥ªáã ! ¯à®¨§¢®¤¨âáï ¢
¯à¥¤¥« å ®â 1 ¤® smn.

�¥¬¬  7. �ãªæ¨¨ ��!(i;< p : : : q; � : : : � >), ��!(�;< p : : : q; � : : : � >)
¢ à¥è¥¨¨ (1:23) «¨¥©® ¥§ ¢¨á¨¬ë ¯® ¨¦¥¬ã ¨¤¥ªáã ! á «î¡ë¬¨

ª®íää¨æ¨¥â ¬¨ a
! = a

!(< p : : : q; � : : : � >).

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â® ¥áâì çâ®  ©¤ãâáï â ª¨¥ ª®íää¨æ¨¥-

âë a
! = a

!(< p : : : q; � : : : � >), ! = 1; : : : ; smn, ¥ ¢á¥ à ¢ë¥ ã«î
®¤®¢à¥¬¥®, á ª®â®àë¬¨,  ¯à¨¬¥à, ¤«ï ª ¦¤®£® § ç¥¨ï ¨¤¥ªá 
� = 1; : : : ; sm ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ a!��!(i;< p : : : q; � : : : � >) = 0,
¢ â® ¢à¥¬ï ª ª ¤«ï ¥ª®â®à®£® § ç¥¨ï ¨¤¥ªá  � = 1; : : : ; sn ¡ã¤¥â
¥à ¢¥áâ¢® a!��!(�;< p : : : q; � : : : � >) 6= 0. �®¤áâ ¢¨¬ ¢ëà ¦¥¨ï ¤«ï
ª®íää¨æ¨¥â®¢ ��[i] ¨ ��[�] ¨§ à¥è¥¨© (1.23) ¢ ¯¥à¢ë¥ s ãà ¢¥¨©
á¨áâ¥¬ë (1.16), § ¯¨á ë¥ ¤«ï ª®àâ¥¦  < ip : : : q; �� : : : � >, â® ¥áâì ¢
ãà ¢¥¨¥ (1:160000). � ãç¥â®¬ ¥§ ¢¨á¨¬®áâ¨ ¯¥à¥¬¥ëå ª®íää¨æ¨¥-
â®¢ c! ¨¬¥¥¬ ãà ¢¥¨ï

�
�
!(i;< p : : : q; � : : : � >)@f(i�)=@x�(i) +

+ �
�
!(�;< p : : : q; � : : : � >)@f(i�)=@��(�) = 0;

¨§ ª®â®àëå ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¯®«ãç ¥¬:

a
!
�
�
!(�;< p : : : q; � : : : � >)@f(i�)=@��(�) = 0: (1:24)

� ãà ¢¥¨¨ (1.24) ¥¨§¢¥áâë¬¨ ¡ã¤¥¬ áç¨â âì ª®¬¯®¥âë äãª-
æ¨¨ f(i�) = (f1(i�); : : : ; f s(i�)). �®®à¤¨ âë â®ç¥ª ª®àâ¥¦  < p : : : q;

� : : : � > ¥ ¢å®¤ïâ ¢ ¢ëà ¦¥¨¥ ¤«ï äãªæ¨¨ f(i�) ¨ ¯® ¨¬ íâ® ãà ¢-
¥¨¥ ¢ë¯®«ï¥âáï â®¦¤¥áâ¢¥®. �¨ªá¨àãï ¢ ¥¬ ãª § ë¥ ª®®à¤¨-

 âë, ¯à¨å®¤¨¬ ¤«ï ¯ àë < i� > ª ãà ¢¥¨î â¨¯  (1.9), á«¥¤áâ¢¨¥¬
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ª®â®à®£® ï¢«ï¥âáï ¥áãé¥áâ¢¥ ï § ¢¨á¨¬®áâì äãªæ¨¨ f(i�) ®â ª®-
®à¤¨ â â®çª¨ �, çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î á  ªá¨®¬®© III. � -
ç¨â, ªà®¬¥ ¯à¥¤¯®« £ ¥¬®£® á®®â®è¥¨ï a!��!(i;< p : : : q; � : : : � >) =
0, ¤®«¦® ¨¬¥âì ¬¥áâ® ¢â®à®¥,   «®£¨ç®¥: a!��!(�;< p : : : q; � : : : � >)

= 0 ¤«ï ¢á¥å § ç¥¨© ¨¤¥ªá  �. �® ¯®áª®«ìªã à¥è¥¨¥ (1.20) ®¡-
é¥¥, å®âï ¡ë ¤«ï ®¤®© â®çª¨ ª®àâ¥¦  < p : : : q; � : : : � > ¨ ®¤®£® ¨§
§ ç¥¨© ¨¤¥ªá®¢ �; � ¤®«¦® ¡ëâì ¯à®â¨¢®¯®«®¦®¥ á®®â®è¥¨¥
¥à ¢¥áâ¢  ã«î: a!��! 6= 0 ¨«¨ a!��! 6= 0. �ãáâì,  ¯à¨¬¥à, ¤«ï ¥-
ª®â®à®£® ¨¤¥ªá  � ¨ â®çª¨ � ¨¬¥¥¬: a!��!(�;< p : : : q; � : : : � >) 6= 0.
�®¤áâ ¢¨¬ ¢ ¯¥à¢ë¥ s ãà ¢¥¨© á¨áâ¥¬ë (1.21) ¢ëà ¦¥¨ï ¤«ï ª®íä-
ä¨æ¨¥â®¢ ��[i] ¨ ��[�] ¨§ à¥è¥¨© (1.23) ¨ (1.20). � ãç¥â®¬ ¥§ ¢¨á¨-
¬®áâ¨ ª®íää¨æ¨¥â®¢ c! ¯à¨å®¤¨¬ ª ãà ¢¥¨ï¬

�
�
!(i;< p : : : q; � : : : � >)@f(i�)=@x�(i) +

+ �
�
!(�;< p : : : q; � : : : � >)@f(i�)=@��(�) = 0;

¨§ ª®â®àëå ¢ ¯à¥¤¯®« £ ¥¬®¬ á«ãç ¥ ¯®«ãç ¥¬:

a
!
�
�
!(�;< p : : : q; � : : : � >)@f(i�)=@��(�) = 0;

â® ¥áâì ãà ¢¥¨¥, ¯®çâ¨ á®¢¯ ¤ îé¥¥ á ãà ¢¥¨¥¬ (1.24). �á«¨ ¢

¥¬ § ä¨ªá¨à®¢ âì ª®®à¤¨ âë ¢á¥å â®ç¥ª ª®àâ¥¦  < p : : : q; � : : : � >,
ªà®¬¥ ª®®à¤¨ â â®çª¨ � , â® ¤«ï ¯ àë < i� > ã¦¥ â®ç® ¯®«ãç¨¬
ãà ¢¥¨¥ (1.9). �® ¥£® á«¥¤áâ¢¨¥¬, ª ª ¬ë § ¥¬, ï¢«ï¥âáï ¥áãé¥-
áâ¢¥ ï § ¢¨á¨¬®áâì äãªæ¨¨ f(i�) ®â ª®®à¤¨ â â®çª¨ �, ¯à¨¢®¤ï-
é ï ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨ï¬¨  ªá¨®¬ë III. �«ãç ©, ª®£¤  ¥à -
¢¥áâ¢® a!��! 6= 0 ¨¬¥¥â ¬¥áâ®,  ¯à¨¬¥à, ¤«ï â®çª¨ p ¨ ¥ª®â®à®£®
§ ç¥¨ï ¨¤¥ªá  � à áá¬ âà¨¢ ¥âáï á®¢¥àè¥®   «®£¨ç®. �®£¤  ¢
äãªæ¨¨ f(p�) ¢®§¨ª ¥â ¥áãé¥áâ¢¥ ï § ¢¨á¨¬®áâì ®â ª®®à¤¨ â
â®çª¨ p, ¯à®â¨¢®à¥ç é ï â®© ¦¥  ªá¨®¬¥ III. �¥¬¬  7 ¤®ª §  .

�¥¬¬  8. �®¦¥áâ¢  à¥è¥¨© (1:23) à §«¨çëå á¨áâ¥¬ (1:21),
(1:22); ®â«¨ç îé¨åáï ¤àã£ ®â ¤àã£  ¢ëà ¦ª¨ï¬¨ (1.20) ¤«ï ¬®¦¨-

â¥«¥© �
�[p]; : : : ; ��[q],��[�]; : : : ; ��[�], ®¡à §ãîâ «¨¥©ë¥ á¥¬¥©áâ¢ .

�ãáâì ��[i]; ��[�] ¨ ~��[i]; ~��[�] | ¤¢  à¥è¥¨ï á¨áâ¥¬ ãà ¢¥¨©
(1.21), (1.22) á ¬®¦¨â¥«ï¬¨ �

�[p]; : : : ; ��[q], ��[�]; : : : ; ��[�] ¨
~��[p]; : : : ; ~��[q], ~�� [�]; : : : ; ~��[�] á®®â¢¥âáâ¢¥®. �â¨ ¬®¦¨â¥«¨, ¢
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á¢®î ®ç¥à¥¤ì, ¯®«ãç îâáï ¨§ ¢ëà ¦¥¨© ®¡é¥£® à¥è¥¨ï (1.20) ¯à¨
¯®¤áâ ®¢ª¥ ª ª¨å-â® ª®íää¨æ¨¥â®¢ c! ¨ ~c!. �®£¤  «¨¥©ë¥ ª®¬¡¨-
 æ¨¨ a�

�[i] + ~a~��[i], a��[�] + ~a~��[�], £¤¥ a; ~a { ¯à®¨§¢®«ìë¥ ¯®áâ®-
ïë¥, â ª¦¥ ¡ã¤ãâ à¥è¥¨ï¬¨ á¨áâ¥¬ (1.21),(1.22) á ¬®¦¨â¥«ï¬¨

a�
�[p] + ~a~��[p]; : : : ; a��[q] + ~a~��[q], a��[�] + ~a~��[�]; : : : ; a��[�] + ~a~��[�],

ª®â®àë¥ ¬®¦® ¯®«ãç¨âì ¨§ ®¡é¥£® à¥è¥¨ï (1.20) ¯à¨ ¯®¤áâ ®¢ª¥
ª®íää¨æ¨¥â®¢ ac! + ~a~c!. �¥¬¬  8 ¤®ª §  .

�®£« á®  ªá¨®¬¥ III ¢ ®ªà¥áâ®áâ¨ U(�)� : : :�U(�) � Nm ¨ U(p)�
: : : � U(q) � Mn  ©¤ãâáï â ª¨¥ ª®àâ¥¦¨ < �0 : : : �0 > ¨ < p0 : : : q0 >

¤«¨ë m ¨ n, ¤«ï ª®â®àëå á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨¨ fm = f [�0 : : : �0]
¨ fn = f [p0 : : : q0] ¨¬¥îâ ¬ ªá¨¬ «ìë¥ à £¨, à ¢ë¥ sm ¨ sn, ¢ â®ç-
ª å i ¨ � ¯«®âëå ¢ M ¨ N ¬®¦¥áâ¢. � ¯¨áë¢ ï á¨áâ¥¬ë ãà ¢¥¨©
(1.21) ¨ (1.22) ¤«ï ª®àâ¥¦¥© < i; �0 : : : �0 > ¨ < p0 : : : q0; � > ¨ ¥ª®â®-
àëå ¨å ®ªà¥áâ®áâ¥©, ¯®«ãç ¥¬ à¥è¥¨ï íâ¨å ãà ¢¥¨©:

�
�[i] = c

!
�
�
!(i;< p0 : : : q0; �0 : : : �0 >) = c

!
�
�
!(i);

�
�[�] = c

!
�
�
!(�;< p0 : : : q0; �0 : : : �0 >) = c

!
�
�
!(�);

)
(1:230)

ª®â®àë¥ ¯® ¤®ª § ®© ¢ëè¥ «¥¬¬¥ 8 ®¡à §ãîâ «¨¥©ë¥ á¥¬¥©áâ¢ ,
¯à¨ç¥¬ â®çª¨ i ¨ � ¯à¨ ¤«¥¦ â ¥ª®â®àë¬ ®âªàëâë¬ ¨ ¯«®âë¬ ¢
M ¨ N ¬®¦¥áâ¢ ¬.

� á¬®âà¨¬ â ª®© ª®àâ¥¦ < ijk : : : v; �� : : : � > 2 SF , çâ® ª ¦¤ ï
¥£® â®çª  ¯à¨ ¤«¥¦¨â ®¡« áâ¨ ®¯à¥¤¥«¥¨ï «¨¥©®£® á¥¬¥©áâ¢ 

(1:230). �®¦¥áâ¢® â ª¨å ª®àâ¥¦¥©, ®ç¥¢¨¤®, ®âªàëâ® ¨ ¯«®â® ¢ SF .
�®£¤  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(i) � : : : � U(� ) 2 SF ®¯à¥¤¥«¨âáï
«¨¥©®¥ á¥¬¥©áâ¢®

�
�[i] = c

!
�
�
!(i); : : : ; �

�[v] = c
!
�
�
!(v);

�
�[�] = c

!
�
�
!(�); : : : ; �

�[� ] = c
!
�
�
!(� );

)
(1:25)

£¤¥,  ¯à¨¬¥à, ��!(i) = �
�
!(x

1(i); : : : ; xsm(i)) ¨ �
�
!(�) = �

�
!(�

1(�); : : : ;
�
sn(�)). �®íää¨æ¨¥âë (1.25) ï¢«ïîâáï ¥ª®â®àë¬¨ à¥è¥¨ï¬¨ á¨áâ¥-

¬ë (1.16),   «®£¨ç® â®¬ã, ª ª à¥è¥¨ï (1.19) ¯®¤á¨áâ¥¬ (1:1600) ¨
(1:16000) ï¢«ï«¨áì ¥ª®â®àë¬ à¥è¥¨¥¬ ãà ¢¥¨© (1:160000), â® ¥áâì
¯¥à¢ëå s ãà ¢¥¨© á¨áâ¥¬ë (1.16). �¥àï ¤«ï ª®íää¨æ¨¥â®¢
(c1; : : : ; csmn) § ç¥¨ï (1; 0; : : : ; 0); : : : ; (0; : : : ; 0; 1), ¯®«ãç¨¬ á«¥¤ãî-
é¥¥ ¬®¦¥áâ¢® à¥è¥¨© á¨áâ¥¬ë (1.16):

�
�
!(i); : : : ; �

�
!(v); �

�
!(�); : : : ; �

�
!(� ); (1:26)

£¤¥ ! = 1; : : : ; smn. �â¨ à¥è¥¨ï, ª ª á«¥¤ã¥â ¨§ «¥¬¬ë 7, «¨¥©-

® ¥§ ¢¨á¨¬ë ¯® ¨¦¥¬ã ¨¤¥ªáã ! á ª®íää¨æ¨¥â ¬¨ a
! =
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a
!(< p0 : : : q0; �0 : : : �0 >). �¤ ª® ®¨ ®ª §ë¢ îâáï «¨¥©® ¥§ ¢¨á¨-
¬ë¬¨ ¥ â®«ìª® á íâ¨¬¨ ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨, ® ¨ á ¯¥-
à¥¬¥ë¬¨, â® ¥áâì ¢ ®¡é¥¬ á¬ëá«¥, çâ® ¬®¦® ãáâ ®¢¨âì â®ç®
â ª¦¥, ª ª íâ® ¡ë«® á¤¥« ® ¢ ®â®è¥¨¨ à¥è¥¨© (1:120) á¨áâ¥¬ë

(1.11) ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. �®áª®«ìªã, á ¤àã£®© áâ®à®ë, á¨-
áâ¥¬  (1.16) ¨¬¥¥â ¥ ¡®«¥¥ smn «¨¥©® ¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ë-
á«¥ ¥ã«¥¢ëå à¥è¥¨©, ¥¥ ®¡é¥¥ à¥è¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢
ä®à¬¥ (1.25) á ¯à®¨§¢®«ìë¬¨ ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨ c

! =
c
!(< ijk : : : v; �� : : : � >).
� ¦¤®¥ ¨§ smn à¥è¥¨© (1.26) ®¯à¥¤¥«ï¥â ¢ ¥ª®â®à®© ®ªà¥áâ®-

áâ¨ U(i)� : : :� U(� ) ¨áå®¤®£® ª®àâ¥¦  < ijk : : : v; �� : : : � > ¤«¨ë
m+ n + 2 £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥. �®¢®ªã¯®áâì ¢á¥å à¥è¥¨© (1.26)
®¡à §ã¥â ¡ §¨á smn-¬¥à®£® «¨¥©®£® á¥¬¥©áâ¢  â ª¨å ¯®«¥©. �î¡®¥

¯®«¥ íâ®£® á¥¬¥©áâ¢  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¡ §¨á¥ (1.26) ¢ëà -
¦¥¨ï¬¨

�
�(i) = a

!
�
�
!(i); : : : ; �

�(v) = a
!
�
�
!(v);

�
�(�) = a

!
�
�
!(�); : : : ; �

�(� ) = a
!
�
�
!(� );

)
(1:27)

£¤¥, ¢ ®â«¨ç¨¥ ®â   «®£¨çëå ¢ëà ¦¥¨© (1.25), a
! { ¯®áâ®ïë¥

ª®íää¨æ¨¥âë.

�¥¬¬  9.�¨¥©®¥ smn-¬¥à®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®àëå ¯®-

«¥© (1:27) á ¡ §¨á®¬ (1:26) § ¬ªãâ® ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ã-

â¨à®¢ ¨ï.

�ãáâì ¢¥ªâ®à®¥ ¯®«¥

�
�(i); : : : ; ��(v); ��(�); : : : ; ��(� ) (1:28)

¥áâì ª®¬¬ãâ â®à ª ª¨å-«¨¡® ¤¢ãå ¢¥ªâ®àëå ¯®«¥© á¥¬¥©áâ¢  (1.27).
�á®, çâ® ª®¬¬ãâ â®à «î¡ëå ¤¢ãå ¢¥ªâ®àëå ¯®«¥© ¨§ íâ®£® á¥¬¥©-
áâ¢  ¨¬¥¥â ä®à¬ã (1.28) ¢á«¥¤áâ¢¨¥ ¥§ ¢¨á¨¬®áâ¨ ª®®à¤¨ â, ®â®áï-
é¨åáï ª à §«¨çë¬ â®çª ¬ ª®àâ¥¦  < ijk : : : v; �� : : : � >. � ¤àã£®©
áâ®à®ë, ª®¬¬ãâ â®à (1.28), ®ç¥¢¨¤®, ï¢«ï¥âáï ¥ª®â®àë¬ à¥è¥¨¥¬
á¨áâ¥¬ë (1.16). �®íâ®¬ã ª®¬¬ãâ â®à (1.28) ¬®¦¥â ¡ëâì § ¯¨á  ¯® ¥¥
®¡é¥¬ã à¥è¥¨î (1.25):

�
�(i) = c

!
�
�
!(i); : : : ; �

�(v) = c
!
�
�
!(v);

�
�(�) = c

!
�
�
!(�); : : : ; �

�(� ) = c
!
�
�
!(� );

)
(1:29)
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¢ ª®â®à®¬ ªíää¨æ¨¥âë c
!, ¢®®¡é¥ £®¢®àï, ¬®£ãâ ¡ëâì ¥ª®â®àë¬¨

äãªæ¨ï¬¨ ª®®à¤¨ â â®ç¥ª ª®àâ¥¦  < ijk : : : v; �� : : : � >. �¡¥¤¨¬-
áï, ®¤ ª®, ¢ â®¬, çâ® ¢ à¥è¥¨¨ (1.29) ª®íää¨æ¨¥âë c

!, ¢ ¤¥©áâ¢¨-
â¥«ì®áâ¨, ¯®áâ®ïë. �«ï íâ®£® ¡ã¤¥¬ à áá¬ âà¨¢ âì á®¢®ªã¯®áâì

¢ëà ¦¥¨© (1.29) ª ª á¨áâ¥¬ã s(2mn + m + n) «¨¥©ëå, ¢ ®¡é¥¬
á«ãç ¥, ¥®¤®à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ c!, £¤¥
! = 1; : : : ; smn. �ë¤¥«¨¬ ¨§ ¥¥ ¯®¤á¨áâ¥¬ã s(2mn + m) ãà ¢¥¨©,
®¯ãáª ï ¢ëà ¦¥¨ï �

�(�) = c
!
�
�
!(�), £¤¥ � = 1; : : : ; sn. �â®«¡æ ¬¨

¬ âà¨æë íâ®© ¯®¤á¨áâ¥¬ë ï¢«ïîâáï ¥ã«¥¢ë¥ à¥è¥¨ï

�
�
!(i); �

�
!(j); : : : ; �

�
!(v); �

�
!(�); : : : ; �

�
!(� )

s(mn+m) ãà ¢¥¨© (1:160) ¨ (1:1600) á¨áâ¥¬ë (1.16), «¨¥© ï ¥§ ¢¨-

á¨¬®áâì ª®â®àëå ¢ ®¡é¥¬ á¬ëá«¥ ãáâ  ¢«¨¢ ¥âáï â®ç® â ª¦¥, ª ª
¨ «¨¥© ï ¥§ ¢¨á¨¬®áâì ¢ ®¡é¥¬ á¬ëá«¥ à¥è¥¨© (1:120) á¨áâ¥¬ë
(1.11) ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. � ª¨¬ ®¡à §®¬, ¢ë¤¥«¥ ï ¨§ á¨-
áâ¥¬ë (1.29) ®¯ãáª ¨¥¬ sn ¢ëà ¦¥¨© �

�(�) = c
!
�
�
!(�) ¯®¤á¨áâ¥¬ 

s(2mn+m) ãà ¢¥¨© ¨¬¥¥â à £ smn, â®ç® à ¢ë© ç¨á«ã ¥¨§¢¥áâ-
ëå ª®íää¨æ¨¥â®¢ c!, ¨ ¯®â®¬ã ¥¥ à¥è¥¨¥ ¬®¦¥â § ¢¨á¥âì â®«ìª® ®â
ª®®à¤¨ â â®ç¥ª ãª®à®ç¥®£® ª®àâ¥¦  < ijk : : : v; � : : : � >, â® ¥áâì
c
! = c

!(< ijk : : : v; � : : : � >). �®¤áâ ¢¨¬ íâ® à¥è¥¨¥ ¢ ®¯ãé¥ë¥

¢ëà ¦¥¨ï:

�
�(�) = c

!(< ijk : : : v; � : : : � >)��!(�) (1:30)

¨ ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ¥ª®â®à®£® «¨¥©®£® ª®íää¨æ¨¥â  c! ¯à®-
¨§¢®¤ ï ¯® ª ª®©-«¨¡® ¨§ ª®®à¤¨ â â®ç¥ª ãª®à®ç¥®£® ª®àâ¥¦  < ij

k : : : v; � : : : � > ®â«¨ç  ®â ã«ï. �¨ää¥à¥æ¨àãï ¯à ¢ãî ¨ «¥¢ãî ç -
áâ¨ ¢ëà ¦¥¨ï (1.30) ¯® íâ®© ª®®à¤¨ â¥,   § â¥¬ ä¨ªá¨àãï ª®®à¤¨ -
âë ¢á¥å â®ç¥ª, ªà®¬¥ â®çª¨ �, ¯à¨å®¤¨¬ ª á®®â®è¥¨î a

!
�
�
!(�) = 0,

¢ ª®â®à®¬ ª®íää¨æ¨¥âë a
! { ¯®áâ®ïë¥ ¨, ¯® ªà ©¥© ¬¥à¥, ®¤¨ ¨§

¨å ®â«¨ç¥ ®â ã«ï. �® â ª®© à¥§ã«ìâ â ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 7, â ª
ª ª ¯® ®¡®§ ç¥¨î ¢ à¥è¥¨¨ (1:230) �

�
!(�) = �

�
!(�;< p0 : : : q0; �0 : : :

�0 >). �«¥¤®¢ â¥«ì®, ¢ ¢ëà ¦¥¨ïå (1.29) ¤«ï ª®¬¬ãâ â®à  (1.28)
c
!=const ¯à¨ ! = 1; : : : ; smn, â® ¥áâì ª®¬¬ãâ â®à (1.28) ¯à¨ ¤«¥¦¨â
á¥¬¥©áâ¢ã ¢¥ªâ®àëå ¯®«¥© (1.27), ª®â®à®¥, â¥¬ á ¬ë¬, ®ª §ë¢ ¥âáï
§ ¬ªãâë¬ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ¨ï. �¥¬¬  9 ¤®ª § -
 .

�¨¥©®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© (1.27) á ¡ §¨á®¬

(1.26), § ¬ªãâ®¥ ¯® «¥¬¬¥ 9 ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ¨ï,
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ï¢«ï¥âáï smn-¬¥à®©  «£¥¡à®© �¨ ¯à¥®¡à §®¢ ¨© ¥ª®â®à®© ®ªà¥áâ-
®áâ¨ U(i)�: : :�U(� ) ª®àâ¥¦ < ijk : : : v; �� : : : � >, ¬®¦¥áâ¢® ª®â®-
àëå ®âªàëâ® ¨ ¯«®â® ¥ â®«ìª® ¢ SF , ® ¨, ®ç¥¢¨¤®, ¢M

n+1�Nm+1.
� ®ªà¥áâ®áâïå ¦¥ U(i) ¨ U(�) á®áâ ¢«ïîé¨¬¨ á¥¬¥©áâ¢  (1.27)

�
�(i) = a

!
�
�
!(i) ¨ �

�(�) = a
!
�
�
!(�) (1:31)

®¯à¥¤¥«ïîâáï smn-¬¥àë¥ «¨¥©ë¥ á¥¬¥©áâ¢  £« ¤ª¨å ¢¥ªâ®àëå
¯®«¥© á â¥¬¨ ¦¥ áâàãªâãàë¬¨ ª®áâ â ¬¨ ª®¬¬ãâ æ¨®ëå á®®â-
®è¥¨© ¢ ¡ §¨á å

�
�
!(i) ¨ �

�
!(�); (1:32)

çâ® ¨ ã ¨áå®¤®£® á¥¬¥©áâ¢  (1.27) ¢ ¡ §¨á¥ (1.26). �®íâ®¬ã á¥¬¥©áâ¢ 
(1.31) ï¢«ïîâáï smn-¬¥àë¬¨  «£¥¡à ¬¨ �¨ ¯à¥®¡à §®¢ ¨© ®ªà¥áâ-
®áâ¥© U(i) ¨ U(�), ¨§®¬®àäë¬¨  «£¥¡à¥ (1.27), ¯à¨ç¥¬ ¡ §¨áë (1.32)
¨ (1.26) á®®â¢¥âáâ¢ãîâ ¤àã£ ¤àã£ã.

�®¦¥áâ¢® â®ç¥ª i ¨ �, ¢ ¥ª®â®àëå ®ªà¥áâ®áâïå U(i) ¨ U(�) ª®â®-
àëå ®¯à¥¤¥«¥ë ¢¥ªâ®àë¥ ¯®«ï ��(i) ¨ ��(�), ®âªàëâë ¨ ¯«®âë ¢M
¨ N. �®íâ®¬ã, ¥ ª®ªà¥â¨§¨àãï ®¡®§ ç¥¨ï â®ç¥ª i ¨ �, ¢¥ªâ®àë¥
¯®«ï (1.31) ã¤®¡® § ¯¨á âì ¢ ®¡é¥ª®®à¤¨ â®© ®¯¥à â®à®© ä®à¬¥

X = �
�(x)@=@x� ¨ � = �

�(�)@=@�� ; (1:310)

  ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï (1.32) { ¢ ®¯¥à â®à®© ä®à¬¥ (1.7):

X! = �
�
!(x)@=@x

� ¨ �! = �
�
!(�)@=@�

�
: (1:320)

�¥ªâ®àë¥ ¯®«ï ��(i); ��(j) ¨ ��(�); ��(�), § ¤ ë¥ ¢ ®ªà¥áâ®áâïå
U(i); U(j) ¨ U(�); U(�), á®¢¯ ¤ îâ, ®ç¥¢¨¤®, ¢ ¯¥à¥á¥ç¥¨ïå U(i) \
U(j) ¨ U(�) \ U(�). �á«¨ ¯ à  < i� > ¯à¨ ¤«¥¦¨â Sf , â® äãªæ¨ï
f(i�) = (f1(i�); : : : ; f s(i�)) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1:160000):

�
�(i)@f(i�)=@x�(i) + �

�(�)@f(i�)=@��(�) = 0; (1:33)

¨§ ª®â®à®£® ¢ á®®â¢¥âáâ¢ãîé¨å ¡ §¨á å (1.32) ¯®«ãç ¥âáï á¨áâ¥¬ 
smn ãà ¢¥¨© (1.8).

�®£« á® ¢â®à®© (®¡à é¥®©) â¥®à¥¬¥ �.�¨ (á¬.,  ¯à¨¬¥à, [11],
áâà.438) smn-¬¥àë¥  «£¥¡àë �¨ ¢¥ªâ®àëå ¯®«¥© (1.31) á á®¯àï¦¥-
ë¬¨ ¡ §¨á ¬¨ (1.32) ®¤®§ ç® ®¯à¥¤¥«ïîâ íää¥ªâ¨¢ë¥ £« ¤ª¨¥
¤¥©áâ¢¨ï ¥ª®â®à®© smn-¬¥à®© «®ª «ì®© £àã¯¯ë �¨ ¢ ®ªà¥áâ®áâïå
U(i) ¨ U(�) â®ç¥ª i ¨ �, ¬®¦¥áâ¢® ª®â®àëå ®âªàëâ® ¨ ¯«®â® ¢ M

¨ N á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ ¤¥©áâ¢¨ï ¥¥ ¢ ®ªà¥áâ®áâïå U(i); U(j) ¨
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U(�); U(�) â®ç¥ª i; j ¨ �; � á®¢¯ ¤ îâ ¢ ¯¥à¥á¥ç¥¨ïå U(i) \ U(j) ¨
U(�) \ U(�). �® ¥áâì  «£¥¡àë �¨ á á®¯àï¦¥ë¬¨ ¡ §¨á ¬¨ (1.32) (¢
®¯¥à â®à®© ®¡é¥ª®®à¤¨ â®© ä®à¬¥ { (1.7)), ¨¬¥îé¨¥ ¢ ¨å ®¤¨-
 ª®¢ë¥ áâàãªâãàë¥ ª®áâ âë, ®¯à¥¤¥«ïîâ smn-¬¥àë¥ «®ª «ìë¥

£àã¯¯ë �¨ «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¥ª®â®àëå ®âªàëâëå ¨ ¯«®â-
ëå ¢ ¬®£®®¡à §¨ïåM ¨ N ¬®¦¥áâ¢, ¤«ï ª®â®àëå ¨áå®¤ ï äãªæ¨ï
f = (f1; : : : ; f s), ã¤®¢«¥â¢®àïîé ï á¨áâ¥¬¥ ãà ¢¥¨© (1.8), ï¢«ï¥âáï
¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬ ¯® ª ¦¤®© ¨§ á¢®¨å s ª®¬¯®¥â. �¥®à¥¬ 
2 ¯®«®áâìî ¤®ª §  .

�â®£®¢ë¬ à¥§ã«ìâ â®¬ ¨§«®¦¥®£® ¢ íâ®¬ ¯ à £à ä¥ ï¢«ï¥âáï ¢ë-
¢®¤ ®¡ íª¢¨¢ «¥â®áâ¨ ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨©
¯®«¨¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢, § ¤ ¢ ¥¬®©   sm-¬¥à®¬
¨ sn-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N äãªæ¨¨¥© f = (f1; : : : ; f s). �â 

íª¢¨¢ «¥â®áâì ï¢«ï¥âáï ¥áâ¥áâ¢¥ë¬ á«¥¤áâ¢¨¥¬ ¤®ª § ëå ¢ë-
è¥ ¤¢ãå â¥®à¥¬, ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ®¡à â®© ¯® ®â®è¥¨î
ª ¤àã£®©.

�¥®à¥¬  3. �«ï â®£®, çâ®¡ë äãªæ¨ï f = (f1; : : : ; f s), ã¤®¢«¥-
â¢®àïîé ï  ªá¨®¬ ¬ I,II,III, § ¤ ¢ «    sm-¬¥à®¬ ¨ sn-¬¥à®¬

¬®£®®¡à §¨ïå M ¨ N s-¬¥âà¨ç¥áªãî £¥®¬¥âà¨î,  ¤¥«¥ãî £àã¯-

¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨ smn, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

®    â¥å ¦¥ ¬®£®®¡à §¨ïå § ¤ ¢ «  s-¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî

áâàãªâãàã à £  (n+ 1;m+ 1).

� à ¡®â¥ [14]  ¢â®à®¬ ¤«ï s = 1 ¨ ¯à®¨§¢®«ìëå m � 1 ¨ n � 1 ¯à¨-
¢¥¤¥ë ¢á¥ ¢®§¬®¦ë¥ ï¢ë¥ ¢ëà ¦¥¨ï ¤«ï äãªæ¨¨ f , § ¤ îé¥©  
m-¬¥à®¬ ¨ n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ®¤®¬¥âà¨ç¥áªãî ä¨§¨-
ç¥áªãî áâàãªâãàã à £  (n+ 1;m+1). �¥è ï ãà ¢¥¨ï (1.6), ¬®¦®
 ©â¨ £àã¯¯ã ¤¢¨¦¥¨©, ¤®¯ãáª ¥¬ëå íâ®© äãªæ¨¥©. �®®â¢¥âáâ¢ãî-
é¨¥ ¨áá«¥¤®¢ ¨ï, ¯®¤â¢¥à¦¤ îé¨¥ «¥¬¬ã 4 ¨ â¥®à¥¬ã 2, á®áâ ¢«ïîâ
á®¤¥à¦ ¨¥ á«¥¤ãîé¥£® x2.

� ¬¥â¨¬, çâ® s-¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (n +
1;m + 1) ¢ á«ãç ¥ s � 2 ¥é¥ ¥ ¢á¥ ¨§ãç¥ë, ¥ ¯®áâà®¥  ¨å ¯®« ï
ª« áá¨ä¨ª æ¨ï. �¤ ª® ¨ ¯® ¨¬ ¯®«ãç¥ë ¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ì-
ë¥ à¥§ã«ìâ âë. � ç áâ®áâ¨, ãáâ  ¢«¨¢ ¥¬ ï â¥®à¥¬®© 3 íª¢¨¢ -
«¥â®áâì ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¡ë«  ¨á¯®«ì-
§®¢    ¢â®à®¬ ¯à¨ ¯®áâà®¥¨¨ ª« áá¨ä¨ª æ¨¨ ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨-
ç¥áª¨å áâàãªâãà à £  (n + 1; 2), â® ¥áâì ¤«ï á«ãç ï s = 2; n � 1 ¨
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m = 1 [15], [16]. � «¥¥, ¯®áª®«ìªã ¯à®áâ¥©è¨¥ âà¨¬¥âà¨ç¥áª¨¥ £¥®¬¥-
âà¨¨ ¢ ¯à®áâà áâ¢¥ ¨ âà¨¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £ 
(2,2) ¤®¯ãáª îâ âà¥å¬¥àë¥ £àã¯¯ë ¤¢¨¦¥¨©, ®ª § «®áì ¢®§¬®¦ë¬
¯® ¨¬¥îé¥©áï ª« áá¨ä¨ª æ¨¨ ¯¥à¢ëå [17] ¢®á¯à®¨§¢¥áâ¨ ª« áá¨ä¨ª -

æ¨î ¢â®àëå.
�á®¡ë© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ ¨§ãç¥¨¥ ¨ ª« áá¨ä¨ª æ¨ï ª®¬¯«¥ªá-

ëå ä¨§¨ç¥áª¨å áâàãªâãà. � à ¡®â¥ �.�.�« ¤¨¬¨à®¢  [18] ª®¬¯«¥ªá-
 ï ä¨§¨ç¥áª ï áâàãªâãà  à £  (3,3) ¡ë«  ¨á¯®«ì§®¢  , á ®¤®© áâ®-
à®ë, ¤«ï ®¡®á®¢ ¨ï à §¬¥à®áâ¨ ¨ á¨£ âãàë ª« áá¨ç¥áª®£® ¯à®-
áâà áâ¢  - ¢à¥¬¥¨,   á ¤àã£®© { ¤«ï ¢¢¥¤¥¨ï á¯¨®à®¢ ¨ ¡¨á¯¨®à®¢,
á ¯®¬®éìî ª®â®àëå ¢ á®¢à¥¬¥®© ª¢ â®¢®© â¥®à¨¨ ¯®«ï ®¯¨áë¢ îâ-
áï á®áâ®ï¨ï ç áâ¨æ ¨  â¨ç áâ¨æ á á¯¨®¬ 1/2. �®¬¯«¥ªáë¥ ä¨§¨ç¥-
áª¨¥ áâàãªâãàë ¡®«¥¥ ¢ëá®ª®£® à £  ¨¬ ¦¥ ¡ë«¨ ¨á¯®«ì§®¢ ë ¤«ï

®¯¨á ¨ï ®á®¢ëå ä¨§¨ç¥áª¨å ¢§ ¨¬®¤¥©áâ¢¨© ¨ ¯®áâà®¥¨ï ¨å ¥¤¨-
®© â¥®à¨¨ [19],[20].

� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ï ª®¬¯«¥ªáë¥ ä¨§¨ç¥áª¨¥ áâàãªâã-
àë ¥áâì ç áâë© á«ãç © ¢¥é¥áâ¢¥ëå ¤¢ã¬¥âà¨ç¥áª¨å. �á«¨ ¡ë ¡ë« 
¯®áâà®¥  ¯®« ï ª« áá¨ä¨ª æ¨ï ¯®á«¥¤¨å, â® ¯® ¥© ¬®¦® ¡ë«® ¡ë
¢®á¯à®¨§¢¥áâ¨ á®®â¢¥âáâ¢ãîéãî ª« áá¨ä¨ª æ¨î ¯¥à¢ëå. �®¬¯«¥ªá-
ë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë, ¨á¯®«ì§ã¥¬ë¥ ¢ ¢ëè¥ã¯®¬ïãâëå à ¡®â å
�.�.�« ¤¨¬¨à®¢ , ¯®«ãç¥ë ¨§ ¨§¢¥áâëå ¯® à ¡®â¥ [14] ¢¥é¥áâ¢¥-

ëå ®¤®¬¥âà¨ç¥áª¨å á ¯®¬®éìî ¥áâ¥áâ¢¥® ®¯à¥¤¥«ï¥¬®© ¯à®æ¥¤ã-
àë ª®¬¯«¥ªá¨ä¨ª æ¨¨, á®áâ®ïé¥© ¢ § ¬¥¥ ¢¥é¥áâ¢¥ëå ¯¥à¥¬¥ëå
¨ äãªæ¨© ª®¬¯«¥ªáë¬¨. �¤ ª®, §  ¨áª«îç¥¨¥¬ ¯à®áâ¥©è¨å ª®¬-
¯«¥ªáëå ä¨§¨ç¥áª¨å áâàãªâãà à £  (2,2) ¨ (3,2), à áá¬®âà¥ëå ¢
à ¡®â å [21],[22], ¥â ¨ª ª®© £ à â¨¨ â®£®, çâ® ¯®«ãç îé ïáï ¯à¨
íâ®© ¯à®æ¥¤ãà¥ ª« áá¨ä¨ª æ¨ï ª®¬¯«¥ªáëå ä¨§¨ç¥áª¨å áâàãªâãà
ï¢«ï¥âáï ¯®«®©. � ª¨¬ ®¡à §®¬, ¯à®¡«¥¬  ª« áá¨ä¨ª æ¨¨ ®¤®¬¥âà¨-
ç¥áª¨å ª®¬¯«¥ªáëå ä¨§¨ç¥áª¨å áâàãªâãà ¯à®¨§¢®«ì®£® à £  ª  -
áâ®ïé¥¬ã ¢à¥¬¥¨ ¥é¥ ¥ à¥è¥ .

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ®á®¢ë¥ ¯®«®¦¥¨ï ¨ à¥§ã«ìâ âë  -
áâ®ïé¥£® ¯ à £à ä  ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®â¥ [23].
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x2. �àã¯¯ë ¤¢¨¦¥¨© ®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å

áâàãªâãà

�®£« á® x1 ¨ à ¡®â¥ [24] ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç ï ®¤®-
¬¥âà¨ç¥áª ï £¥®¬¥âà¨ï ¤¢ãå ¬®¦¥áâ¢ (ä¨§¨ç¥áª ï áâàãªâãà ) ¢ ®¡-
é¨å ç¥àâ å ¨ ªà âª® ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥  á«¥¤ãîé¨¬ ®¡à §®¬.
�ãáâì ¬®¦¥áâ¢  M ¨ N ¥áâì á®®â¢¥âáâ¢¥® m-¬¥à®¥ ¨ n-¬¥à®¥

£« ¤ª¨¥ ¬®£®®¡à §¨ï. �¡®§ ç¨¬ «®ª «ìë¥ ª®®à¤¨ âë íâ¨å ¬®-
£®®¡à §¨© ç¥à¥§ x = (x1; : : : ; xm) ¨ � = (�1; : : : ; �n), áç¨â ï ¤«ï ®¯à¥¤¥-
«¥®áâ¨, çâ® m � n. �ãáâì, ¤ «¥¥, ¨¬¥¥âáï äãªæ¨ï f á ®âªàëâ®© ¨
¯«®â®© ¢ M�N ®¡« áâìî ®¯à¥¤¥«¥¨ï Sf , á®¯®áâ ¢«ïîé ï ª ¦¤®©
¯ à¥ ¨§ ¥¥ ¥ª®â®à®¥ ç¨á«®, â® ¥áâì f : Sf ! R. �ãªæ¨î f ¡ã¤¥¬
 §ë¢ âì 1-¬¥âà¨ª®© ¨«¨ ¯à®áâ® ¬¥âà¨ª®©, ¥ âà¥¡ãï ®â ¥¥ ¢ë¯®«-
¥¨ï ®¡ëçëå ¬¥âà¨ç¥áª¨å  ªá¨®¬, â¥¬ ¡®«¥¥, çâ® à ááâ®ï¨ï ¤«ï
¤¢ãå â®ç¥ª â®«ìª® ¨§ M ¨«¨ ¤¢ãå â®ç¥ª â®«ìª® ¨§ N ¥ ®¯à¥¤¥«¥ë.
�à¥¤¯®« £ ¥âáï, çâ® «®ª «ì®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ ¬¥âà¨-

ª¨ f § ¤ ¥âáï ¤®áâ â®ç® £« ¤ª®© äãªæ¨¥© (1.2) ¤«ï á«ãç ï s = 1,
ª®â®àãî ¢ ¨áá«¥¤®¢ ¨ïå  áâ®ïé¥£® ¯ à £à ä  ã¤®¡® § ¯¨á âì, ¥
ª®ªà¥â¨§¨àãï ®¡®§ ç¥¨ï â®ç¥ª i ¨ �:

f(x; �) = f(x1; : : : ; xm; �1; : : : ; �n): (2:1)

�á«¥¤áâ¢¨¥ ¥¢ëà®¦¤¥®áâ¨ ¬¥âà¨ª¨ f , ¢ ¯à¥¤áâ ¢«¥¨¥ (2.1) ª®®à-
¤¨ âë x ¨ � ¢å®¤ïâ áãé¥áâ¢¥ë¬ ®¡à §®¬. �®á«¥¤¥¥ ®§ ç ¥â, çâ®
¨ª ª ï £« ¤ª ï «®ª «ì® ®¡à â¨¬ ï § ¬¥  ª®®à¤¨ â ¥ ¯à¨¢¥¤¥â ª
ã¬¥ìè¥¨î ¨å ç¨á«  ¢ ¯à¥¤áâ ¢«¥¨¨ (2.1).

�®áâà®¨¬ äãªæ¨î F á ¥áâ¥áâ¢¥®© ¢Mn+1�Nm+1 ®¡« áâìî ®¯à¥-
¤¥«¥¨ï SF , á®¯®áâ ¢«ïï ª ¦¤®¬ã ª®àâ¥¦ã ¤«¨ë m+n+1 ¨§ SF ¢á¥
(m+ 1)(n + 1) ¢®§¬®¦ë¥ ¯® ¬¥âà¨ª¥ f à ááâ®ï¨ï. �ã¤¥¬ £®¢®à¨âì,
çâ® äãªæ¨ï f § ¤ ¥â   m-¬¥à®¬ ¨ n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨

N ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çãî £¥®¬¥âà¨î (ä¨§¨ç¥áªãî áâàãª-
âãàã) à £  (n+ 1;m+ 1), ¥á«¨ «®ª «ì® ¬®¦¥áâ¢® § ç¥¨© F (SF )
¢ R(m+1)(n+1) ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ ¬®¦¥áâ¢  ã«¥© ¥ª®â®à®© ¤®-
áâ â®ç® £« ¤ª®© äãªæ¨¨ � ®â (m+1)(n+1) ¯¥à¥¬¥ëå á grad� 6= 0
  ¯«®â®¬ ¢ SF ¯®¤¬®¦¥áâ¢¥.

� à ¡®â¥ [14] ¯à¨¢¥¤¥  ¯®« ï á¢®¤ª  «®ª «ìëå à¥§ã«ìâ â®¢ ¤«ï
®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà ¯à®¨§¢®«ì®£® à £  (n+1;m+
1), £¤¥ n � m � 1,   ¢ à ¡®â å [25],[26] ¨ ¬®®£à ä¨¨ [27] ¯®ª § ë
¬ â¥¬ â¨ç¥áª¨¥ ¬¥â®¤ë, ª®â®àë¬¨ ¯®«ãç¥ë ¢á¥ íâ¨ à¥§ã«ìâ âë. � -

¯¨è¥¬ ¨å §¤¥áì á â®ç®áâìî ¤® «®ª «ì® ®¡à â¨¬®© § ¬¥ë ª®®à¤¨ â
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¢ ¬®£®®¡à §¨ïå M;N ¨ ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f) ! f , £¤¥
 { ¯à®¨§¢®«ì ï £« ¤ª ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®© á ®â«¨ç®© ®â
ã«ï ¯à®¨§¢®¤®©:
m = 1; n = 1:

f = x+ �; (2:2)

m = 1; n = 2:
f = x� + �; (2:3)

m = 1; n = 3:
f = (x� + �)=(x+ #); (2:4)

m = n � 2:

f = x
1
�
1 + : : :+ x

m�1
�
m�1 + x

m
�
m
; (2:5)

f = x
1
�
1 + : : :+ x

m�1
�
m�1 + x

m + �
m; (2:6)

m = n� 1 � 2:

f = x
1
�
1 + : : :+ x

m
�
m + �

m+1
: (2:7)

�«ï ¢á¥å ®áâ «ìëå ¯ à § ç¥¨©  âãà «ìëå ç¨á¥«m ¨ n ¯à¨ ®£®¢®-

à¥®¬ ¢ëè¥ ãá«®¢¨¨ m � n ®¤®¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë
à £  (n+ 1;m+ 1) ¥ áãé¥áâ¢ãîâ.

�®¤ ¤¢¨¦¥¨¥¬ ¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢ á«¥¤ã¥â ¯®¨¬ âì â -
ªãî ¯ àã £« ¤ª¨å «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N:

x
0 = �(x); �0 = �(�); (2:8)

¯à¨ ª®â®àëå äãªæ¨ï (2.1) á®åà ï¥âáï:

f(�(x); �(�)) = f(x; �): (2:9)

�á«¨ ¬¥âà¨ç¥áª ï äãªæ¨ï f § ¤   ¢ ¥¥ ï¢®¬ ª®®à¤¨ â®¬ ¯à¥¤-
áâ ¢«¥¨¨ (2.1), â® à ¢¥áâ¢® (2.9) ï¢«ï¥âáï äãªæ¨® «ìë¬ ãà ¢¥-

¨¥¬ ®â®á¨â¥«ì® ¤¢ãå ¯à¥®¡à §®¢ ¨© (2.8), à¥è ï ª®â®à®¥ ¬®¦®
 ©â¨ £àã¯¯ã ¤¢¨¦¥¨© ¨ ãáâ ®¢¨âì ¥¥ à §¬¥à®áâì. �  áâ®ïé¥¬
¯ à £à ä¥  å®¤ïâáï ¯®«ë¥ «®ª «ìë¥ £àã¯¯ë «®ª «ìëå ¤¢¨¦¥¨©
¤«ï ª ¦¤®© ¨§ è¥áâ¨ ¬¥âà¨ª (2.2){(2.7) ª ª ®¡é¨¥ à¥è¥¨ï á®®â¢¥â-
áâ¢ãîé¨å ãà ¢¥¨© (2.9), ¯à¨ç¥¬   äãªæ¨¨ �(x) ¨ �(�) ¯à¥®¡à -
§®¢ ¨© (2.8), ªà®¬¥ £« ¤ª®áâ¨ ¨ «®ª «ì®© ®¡à â¨¬®áâ¨, ¨ª ª¨¥ ¤®-
¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï ( ¯à¨¬¥à, «¨¥©®áâì) ¥ ¢¢®¤ïâáï.
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�¥®à¥¬  1. �®« ï «®ª «ì ï £àã¯¯  ¤¢¨¦¥¨© (2:8) ®¤®¬¥âà¨-
ç¥áª®© ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢

á ®¤®© ¨§ ¬¥âà¨ç¥áª¨å äãªæ¨© (2:2){(2:7) § ¤ ¥âáï á«¥¤ãîé¨¬¨ «®-
ª «ìë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¬®£®®¡à §¨© M ¨ N:

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:2):

x
0 = x+ a; �

0 = � � a; (2:10)

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:3):

x
0 = ax+ b; �

0 = �=a; �
0 = � � b�=a; (2:11)

¯à¨ç¥¬ a > 0;
¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:4):

x
0 = (ax+ b)=(cx+ d); �0 = (d� � c�)=(d � c#);
�
0 = (a� � b�)=(d � c#); #0 = (a#� b)=(d � c#);

)
(2:12)

¯à¨ç¥¬ ad� bc = 1;
¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:5):

x
0� = a

�1
x
1 + : : :+ a

�m
x
m
;

�
0� = ~a1��1 + : : :+ ~am�

�
m
;

)
(2:13)

£¤¥ � = 1; : : : ;m; a { ª¢ ¤à â ï ¥¢ëà®¦¤¥ ï ¬ âà¨æ  ¯®àï¤ª 

m á det a > 0; ~a { ®¡à â ï ª ¥© ¬ âà¨æ ;

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:6):

x
0� = a

�1
x
1 + : : :+ a

�;m�1
x
m�1 + b

�
;

x
0m = x

m + c
1
x
1 + : : :+ c

m�1
x
m�1 + b

m
;

�
0� = ~a1�(�1 � c

1) + : : :+ ~am�1;�(�m�1 � c
m�1);

�
0m = �

m � (b1~a11 + : : :+ b
m�1~a1;m�1)(�1 � c

1)� : : :�
�(b1~am�1;1 + : : :+ b

m�1~am�1;m�1)(�m�1 � c
m�1)� b

m
;

9>>>>>=
>>>>>;

(2:14)

£¤¥ � = 1; : : : ;m�1; a { ª¢ ¤à â ï ¥¢ëà®¦¤¥ ï ¬ âà¨æ  ¯®àï¤ª 

m� 1 á det a > 0; ~a { ®¡à â ï ª ¥© ¬ âà¨æ ;

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2:7):

x
0� = a

�1
x
1 + : : :+ a

�m
x
m + b

�
;

�
0� = ~a1��1 + : : :+ ~am�

�
m
;

�
0m+1 = �

m+1 � (b1~a11 + : : :+ b
m~a1m)�1�

� : : :� (b1~am1 + : : :+ b
m~amm)�m;

9>>>=
>>>;

(2:15)
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£¤¥ � = 1; : : : ;m; a { ª¢ ¤à â ï ¥¢ëà®¦¤¥ ï ¬ âà¨æ  ¯®àï¤ª 

m á det a > 0; ~a { ®¡à â ï ª ¥© ¬ âà¨æ .

�á¥ ¯¥à¥ç¨á«¥ë¥ ¢ â¥®à¥¬¥ 1 £àã¯¯ë ¤¢¨¦¥¨© § ¢¨áïâ ®â ª®-

¥ç®£® ç¨á«  áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢, ¬ ªá¨¬ «ì®¥ ç¨á«® ª®â®-
àëå ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 4 ¨ â¥®à¥¬®© 2 ¨§ ¯à¥¤ë¤ãé¥£® x1 ¯à¨
s = 1 à ¢® ¯à®¨§¢¥¤¥¨î mn à §¬¥à®áâ¥© m ¨ n ¬®£®®¡à §¨© M ¨
N. �«ï áà ¢¥¨ï § ¬¥â¨¬, çâ® ¢ n-¬¥à®© ®¤®¬¥âà¨ç¥áª®© ä¥®¬¥-
®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© à £  n + 2 £¥®¬¥âà¨¨ ®¤®£® ¬®¦¥áâ¢ 
M íâ® ç¨á«® à ¢® n(n + 1)=2. �â¬¥â¨¬ â ª¦¥, çâ® ¥ ¤«ï ¢áïª®©
¬¥âà¨ç¥áª®© äãªæ¨¨ (2.1) ãà ¢¥¨¥ (2.9) ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥-
è¥¨¥, â® ¥áâì ¯®« ï £àã¯¯  ¤¢¨¦¥¨© ¬®¦¥â á®áâ®ïâì â®«ìª® ¨§
â®¦¤¥áâ¢¥ëå ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N. �¥âàã¤®,  -

¯à¨¬¥à, ãáâ ®¢¨âì, çâ® ¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ f(x; �) = x� + �
3

ãà ¢¥¨¥ (2.9) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥: �(x) = x; �(�) = �,
¨ ¯®â®¬ã ¯®« ï £àã¯¯  ¤¢¨¦¥¨© á®®â¢¥âáâ¢ãîé¥© £¥®¬¥âà¨¨ ¤¢ãå
¬®¦¥áâ¢ á®¤¥à¦¨â â®«ìª® â®¦¤¥áâ¢¥ë¥ ¯à¥®¡à §®¢ ¨ï x

0 = x ¨
�
0 = � ®¤®¬¥àëå ¬®£®®¡à §¨© M ¨ N. �®£« á® â¥®à¥¬¥ 3 ¨§ x1  -
¤¥«¥ ï â ª®© âà¨¢¨ «ì®© £àã¯¯®¢®© á¨¬¬¥âà¨¥© £¥®¬¥âà¨ï, § ¤ -
¢ ¥¬ ï   ®¤®¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ¬¥âà¨ç¥áª®© äãªæ¨¨¥©
f(x; �) = x� + �

3, ¥ ï¢«ï¥âáï ä¨§¨ç¥áª®© áâàãªâãà®© à £  (2,2).
�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã áä®à¬ã«¨à®¢ ®© ¢ëè¥ â¥®à¥¬ë 1.

� ¯¨è¥¬ á ç «  ãà ¢¥¨¥ (2.9) ¤«ï á ¬®© ¯à®áâ®© ¬¥âà¨ç¥áª®©
äãªæ¨¨ (2.2):

�(x) + �(�) = x+ �

¨ à §¤¥«¨¬ ¢ ¥¬ ¯¥à¥¬¥ë¥ x ¨ �:

�(x)� x = ��(�) + � = a = const;

®âªã¤   å®¤¨¬ ï¢ë¥ ¢ëà ¦¥¨ï ¤«ï äãªæ¨© �(x) ¨ �(�) ¯à¥®¡à -
§®¢ ¨© (2.8) ®¤®¬¥àëå ¬®£®®¡à §¨© M ¨ N:

�(x) = x+ a; �(�) = � � a: (2:16)

�ëà ¦¥¨ï (2.16) § ¤ îâ «®ª «ìãî ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã

«®ª «ìëå ¤¢¨¦¥¨© (2.10) ¬¥âà¨ç¥áª®© äãªæ¨¨ (2.2). � ¬¥â¨¬, çâ®
íâ  £àã¯¯  á®áâ®¨â ¨§ á®£« á®¢ ëå ®¡é®áâìî ¯ à ¬¥âà  a ¤¢ãå
¯ à ««¥«ìëå ¯¥à¥®á®¢ ¢ ª ¦¤®¬ ¨§ ¬®£®®¡à §¨© M ¨ N. �à¨ a = 0
¨¬¥¥¬ â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥, â® ¥áâì ®âáãâáâ¢¨¥ ¤¢¨¦¥¨ï.
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� ¯¨è¥¬ â¥¯¥àì äãªæ¨® «ì®¥ ãà ¢¥¨¥ (2.9) ¤«ï ¬¥âà¨ª¨ (2.3):

�(x)�(�; �) + �(�; �) = x� + �: (2:17)

� ¬¥â¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¬®£®®¡à §¨¥ M ®¤®¬¥à®,
  ¬®£®®¡à §¨¥ N { ¤¢ã¬¥à®, ¨ ¯®â®¬ã ¯à¥®¡à §®¢ ¨ï (2.8), ¡®«¥¥
ª®ªà¥â®, ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

x
0 = �(x); �0 = �(�; �); �0 = �(�; �); (2:80)

®âªã¤  áâ ®¢¨âáï ¯®ïâë¬ ¯à®¨áå®¦¤¥¨¥ ãà ¢¥¨ï (2.17) ¨§ ¥£®

®¡é¥© ä®à¬ë (2.9).
�à ¢¥¨¥ (2.17) ¤¢ ¦¤ë ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯® ¯¥à¥¬¥®© x:

�
00(x)�(�; �) = 0, ®âªã¤ , ãç¨âë¢ ï, çâ® ¢ ¯à¥®¡à §®¢ ¨ïå (2:80) �(�; �)
6= 0, ¯®«ãç ¥¬ �

00(x) = 0 ¨ ¯®â®¬ã

�(x) = ax+ b; (2:18)

£¤¥ a; b { ¯®áâ®ïë¥, ¯à¨ç¥¬ a 6= 0, â ª ª ª �
0(x) 6= 0 ¢á«¥¤áâ¢¨¥

®¡à â¨¬®áâ¨ ¯à¥®¡à §®¢ ¨© (2:80)
�®¤áâ ¢¨¬  ©¤¥®¥ ¤«ï äãªæ¨¨ �(x) ¢ëà ¦¥¨¥ (2.18) ¢ ¨áå®¤-

®¥ ãà ¢¥¨¥ (2.17):

(ax+ b)�(�; �) + �(�; �) = x� + �:

�à ¢¨¬ á¯à ¢  ¨ á«¥¢  ª®íää¨æ¨¥âë ¯à¨ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®©

x ¨ á¢®¡®¤ë¥ ®â ¥¥ ç«¥ë:

a�(�; �) = �; b�(�; �) + �(�; �) = �;

®âªã¤  «¥£ª® ¯®«ãç ¥¬:

�(�; �) = �=a; �(�; �) = � � b�=a: (2:19)

�ëà ¦¥¨ï (2.18),(2.19) § ¤ îâ £àã¯¯ã ¢á¥å ¤¢¨¦¥¨© (2.8) ¨«¨,
¡®«¥¥ ª®ªà¥â®, (2:80) ¬¥âà¨ç¥áª®© äãªæ¨¨ (2.3), á®áâ®ïéãî ¨§ ¤¢ãå
¥á¢ï§ëå ª®¬¯®¥â á a > 0 ¨ a < 0. �¥à¢ ï á¢ï§ ï ª®¬¯®¥â 
á®¤¥à¦¨â â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ¯à¨ a = 1; b = 0 ¨ ï¢«ï¥âáï
¯®«®© «®ª «ì®© ¤¢ã¬¥à®© £àã¯¯®© «®ª «ìëå ¤¢¨¦¥¨© (2.11) íâ®©
¬¥âà¨ª¨, ¢å®¤ï ¢ £àã¯¯ã ¢á¥å ¥¥ ¤¢¨¦¥¨© ª ª ¯®¤£àã¯¯ .

� ¯¨è¥¬, ¤ «¥¥, ãà ¢¥¨¥ (2.9) ¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2.4):

�(x)�(�; �; #) + �(�; �; #)

�(x) + � (�; �; #)
=
x� + �

x+ #
; (2:20)
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£¤¥, ¢á«¥¤áâ¢¨¥ âà¥å¬¥à®áâ¨ ¬®£®®¡à §¨ï N, ¥£® ¯à¥®¡à §®¢ ¨¥ ¢
¤¢¨¦¥¨¨ (2.8) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

�
0 = �(�; �; #); �0 = �(�; �; #); #0 = � (�; �; #); (2:800)

¢ â® ¢à¥¬ï ª ª ¤«ï ®¤®¬¥à®£® ¬®£®®¡à §¨ï M á®®â¢¥âáâ¢ãîé¥¥
¯à¥®¡à §®¢ ¨¥ § ¯¨áë¢ ¥âáï ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥: x0 = �(x).

�à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥¨¥ (2.20) ¯® ¯¥à¥¬¥®© x, ã¬®¦¨¢
¥£® § â¥¬   (�+ � )2:

(�� � �)�0(x) = (�(x) + � )2(�# � �)=(x+ #)2:

�®¢â®à®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ íâ®£® à ¢¥áâ¢  ¯® ¯¥à¥¬¥®© x ¯à¨-

¢®¤¨â ª á«¥¤ãîé¨¬ ¤¢ã¬ á®®â®è¥¨ï¬:

c(�� � �)2�00(x) = 2(�(x) + � )3(�#� �)2=(x+ #)4 �
� 2(�� � �)(�(x) + � )2(�# � �)=(x+ #)3;

(�� � �)3�000(x) = 6(�(x) + � )4(�#� �)3=(x+ #)6 �
� 12(�� � �)(�(x) + � )3(�#� �)2=(x+ #)5 +

+ 6(�� � �)2(�(x) + � )2(�# � �)=(x+ #)4;

®âªã¤ , ¨¬¥ï ¢ ¢¨¤ã, çâ®, ¢á«¥¤áâ¢¨¥ ®¡à â¨¬®áâ¨ ¯à¥®¡à §®¢ ¨ï
(2:800) âà¥å¬¥à®£® ¬®£®®¡à §¨ï N, ���� 6= 0, ¯®«ãç ¥¬ ®¡ëª®¢¥®¥
¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï äãªæ¨¨ �(x):

2�0(x)�000(x) = 3(�00(x))2:

�¡é¥¥ à¥è¥¨¥ íâ®£® ãà ¢¥¨ï § ¯¨áë¢ ¥âáï ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�(x) = (ax+ b)=(cx+ d); (2:21)

£¤¥ a; b; c; d { ¯®áâ®ïë¥ (á¬. [28], áâà. 526, ü7.10). �®áª®«ìªã �0(x) =
(ad � bc)=(cx + d) 6= 0, ¯®«ãç ¥¬, çâ® � = ad � bc 6= 0. �¢®¤ï ¥áâ¥-

áâ¢¥ë¥ ¯¥à¥®¡®§ ç¥¨ï a=

q
j�j ! a, b=

q
j�j ! b, c=

q
j�j ! c,

d=

q
j�j ! d, á¢ï§ì ¬¥¦¤ã ¯ à ¬¥âà ¬¨ ¢ à¥è¥¨¨ (2.21) ¬®¦® § ¯¨-

á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

� = ad� bc = �1: (2:22)

� ª¨¬ ®¡à §®¬, ¨§ ç¥âëà¥å ¯ à ¬¥âà®¢ a; b; c; d, § ¤ îé¨å ¯à¥®¡à -
§®¢ ¨¥ ®¤®¬¥à®£® ¬®£®®¡à §¨ï M, áãé¥áâ¢¥ëå, ¨§-§   «¨ç¨ï

á¢ï§¨ (2.22), â®«ìª® âà¨.
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�®¤áâ ¢¨¬ à¥è¥¨¥ (2.21) ¢ ¨áå®¤®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥
(2.20):  

ax+ b

cx+ d
� + �

!
(x+ #) =

 
ax+ b

cx+ d
+ �

!
(x� + �);

¯à¨¢¥¤¥¬ ¥£® ª ®¡é¥¬ã § ¬¥ â¥«î, ¯¥à¥¬®¦¨¬ áª®¡ª¨ ¨ áà ¢¨¬ ¢
ç¨á«¨â¥«ïå ¯à ¢®© ¨ «¥¢®© ç áâ¥© ª®íää¨æ¨¥âë ¯à¨ ¯¥à¥¬¥®© x,
¥¥ ª¢ ¤à â¥ x2 ¨ á¢®¡®¤ë¥ ®â ¥¥ ç«¥ë. � à¥§ã«ìâ â¥ ®â®á¨â¥«ì-
® äãªæ¨© �; �; � ¯®«ãç ¥âáï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  âà¥å «¨¥©ëå
¥®¤®à®¤ëå ãà ¢¥¨©:

a� + c�� c�� = a�;

(b+ a#)� + (d+ c#)�� (d� + c�)� = b� + a�;

b#� + d#�� d�� = b�;

9>=
>;

®¯à¥¤¥«¨â¥«ì ª®â®à®©, à ¢ë© (ad� bc)(d� c#)(�#� �), ®ç¥¢¨¤®, ®â-

«¨ç¥ ®â ã«ï. �á¯®«ì§ãï ä®à¬ã«ë �à ¬¥à ,  ©¤¥¬ à¥è¥¨¥ íâ®©
á¨áâ¥¬ë:

�(�; �; #) = (d� � c�)=(d � c#);
�(�; �; #) = (a� � b�)=(d � c#);
� (�; �; #) = (a#� b)=(d� c#):

9>=
>; (2:23)

�à¥®¡à §®¢ ¨ï x0 = �(x) ¨ (2:800) á äãªæ¨ï¬¨ (2.21) ¨ (2.23) ®¤-
®¬¥à®£® ¨ âà¥å¬¥à®£® ¬®£®®¡à §¨© M ¨ N § ¤ îâ £àã¯¯ã ¢á¥å
¤¢¨¦¥¨© ¬¥âà¨ç¥áª®© äãªæ¨¨ (2.4), á®áâ®ïéãî, á®£« á® ãá«®¢¨î
(2.22), ¨§ ¤¢ãå á¢ï§ëå ª®¬¯®¥â á � = +1 ¨ � = �1. �¥à¢ ï á¢ï§ ï
ª®¬¯®¥â  á � = +1 á®¤¥à¦¨â â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ¯à¨
a = d = 1; b = c = 0 ¨ ï¢«ï¥âáï ¯®«®© «®ª «ì®© âà¥å¬¥à®© £àã¯-

¯®© «®ª «ìëå ¤¢¨¦¥¨© (2.12) íâ®© ¬¥âà¨ª¨, ¢å®¤ï ¢ £àã¯¯ã ¢á¥å ¥¥
¤¢¨¦¥¨© ª ª ¯®¤£àã¯¯ .

�¥à¥©¤¥¬ â¥¯¥àì ª à áá¬®âà¥¨î á¨¬¬¥âà¨çëå ä¨§¨ç¥áª¨å
áâàãªâãà à £  (m + 1;m + 1) á m � 2, ¤«ï ª®â®àëå ¨¬¥îâáï ¤¢¥
¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (2.5) ¨ (2.6). �¨ ¥ ¬®£ãâ ¡ëâì ¯¥à¥¢¥¤¥ë
¤àã£ ¢ ¤àã£  ¨ª ª®© «®ª «ì® ®¡à â¨¬®© § ¬¥®© ª®®à¤¨ â ¢ m-
¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ¨ ¨ª ª¨¬ ¬ áèâ ¡ë¬ ¯à¥®¡à §®¢ -
¨¥¬  (f) ! f ¬¥âà¨ç¥áª®© äãªæ¨¨ f . � ¯¨è¥¬ á ç «  äãªæ¨®-
 «ì®¥ ãà ¢¥¨¥ (2.9) ¤«ï ¯¥à¢®© ¬¥âà¨ª¨ (2.5):

�
1(x)�1(�) + : : :+ �

m(x)�m(�) = x
1
�
1 + : : :+ x

m
�
m (2:24)

¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¥£® ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå �1; : : : ; �m:

�
1(x)�1��(�) + : : :+ �

m(x)�m��(�) = x
�
; (2:25)
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£¤¥ � = 1; : : : ;m. �â®á¨â¥«ì® äãªæ¨© �1(x); : : : ; �m(x) à¥§ã«ìâ âë
¤¨ää¥à¥æ¨à®¢ ¨ï (2.25) ¯à¥¤áâ ¢«ïîâ á®¡®©  «£¥¡à ¨ç¥áªãî á¨áâ¥-
¬ã m «¨¥©ëå ¥®¤®à®¤ëå ãà ¢¥¨©. � âà¨æ  íâ®© á¨áâ¥¬ë ®¤-
®¢à¥¬¥® ï¢«ï¥âáï ¬ âà¨æ¥© �ª®¡¨ ¤«ï äãªæ¨© �

1(�); : : : ; �m(�)

¯® ¯¥à¥¬¥ë¬ � = (�1; : : : ; �m) ¨ ®¯à¥¤¥«¨â¥«ì ¥¥ ®â«¨ç¥ ®â ã-
«ï, â ª ª ª, ¢á«¥¤áâ¢¨¥ «®ª «ì®© ®¡à â¨¬®áâ¨ ¯à¥®¡à §®¢ ¨ï m-
¬¥à®£® ¬®£®®¡à §¨ï N ¢ ¤¢¨¦¥¨¨ (2.8), íâ¨ äãªæ¨¨ ¥§ ¢¨á¨¬ë.
�¥è¥¨¥ á¨áâ¥¬ë (2.25)  ©¤¥¬ ¯® ¯à ¢¨«ã �à ¬¥à :

�
�(x) = a

�1
x
1 + : : :+ a

�m
x
m
: (2:26)

�¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® í«¥¬¥âë ¬ âà¨æë a ¢ à¥è¥¨ïå (2.26)
¯®áâ®ïë. �¥©áâ¢¨â¥«ì®,

@�
�(x)=@x� = a

��(�) = a
�� = const;

£¤¥ �; � = 1; : : : ;m. � ª¨¬ ®¡à §®¬, ¬ âà¨æ  a ¢ à¥è¥¨¨ (2.26) ª¢ -
¤à â ï, á ¯®áâ®ïë¬¨ í«¥¬¥â ¬¨ ¨ ¥¢ëà®¦¤¥ ï, â ª ª ª äãª-
æ¨¨ �1(x); : : : ; �m(x), § ¤ ¢ ï «®ª «ì® ®¡à â¨¬®¥ ¯à¥®¡à §®¢ ¨¥ m-
¬¥à®£® ¬®£®®¡à §¨ï M ¢ ¤¢¨¦¥¨¨ (2.8), ¥§ ¢¨á¨¬ë.

�ëà ¦¥¨ï (2.26) ¤«ï äãªæ¨© ��(x) ¯®¤áâ ¢¨¬ ¢ ¨áå®¤®¥ ãà ¢-
¥¨¥ (2.24):

(a11x1 + : : :+ a
1m
x
m)�1(�) + : : :+

+ (am1
x
1 + : : :+ a

mm
x
m)�m(�) = x

1
�
1 + : : :+ x

m
�
m
:

�à ¢¨¬ ¢ ¯à ¢®© ¨ «¥¢®© ç áâïå ¯®á«¥¤¥£® à ¢¥áâ¢  ª®íää¨æ¨¥âë
¯à¨ á®¢¯ ¤ îé¨å ¯¥à¥¬¥ëå x1; : : : ; xm:

a
1�
�
1(�) + : : :+ a

m�
�
m(�) = �

�
: (2:27)

�â®á¨â¥«ì® äãªæ¨© �1(�); : : : ; �m(�) ¯®«ãç¥   «£¥¡à ¨ç¥áª ï á¨-
áâ¥¬  «¨¥©ëå ¥®¤®à®¤ëå ãà ¢¥¨©. � âà¨æ  íâ®© á¨áâ¥¬ë ¨¬¥-

¥â ®â«¨çë© ®â ã«ï ®¯à¥¤¥«¨â¥«ì, â ª ª ª ®  á â®ç®áâìî ¤® âà á-
¯®¨à®¢ ¨ï á®¢¯ ¤ ¥â á ¬ âà¨æ¥© a ¢ ¢ëà ¦¥¨ïå (2.26). �®íâ®¬ã
á¨áâ¥¬  (2.27) ¬®¦¥â ¡ëâì à¥è¥  ¬¥â®¤®¬ �à ¬¥à :

�
�(�) = ~a1��1 + : : :+ ~am�

�
�
; (2:28)

£¤¥ ~a { ®¡à â ï ª a ¬ âà¨æ . �ëà ¦¥¨ï (2.26) ¨ (2.28) § ¤ îâ £àã¯-
¯ã ¢á¥å ¤¢¨¦¥¨© (2.8) ¬¥âà¨ç¥áª®© äãªæ¨¨ (2.5), á®áâ®ïéãî ¨§ ¤¢ãå
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¥á¢ï§ëå ª®¬¯®¥â á det a > 0 ¨ det a < 0. �¥à¢ ï á¢ï§ ï ª®¬¯®-
¥â  á det a > 0 á®¤¥à¦¨â â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ¯à¨ a = I ¨
ï¢«ï¥âáï ¯®«®© «®ª «ì®© m2-¬¥à®© £àã¯¯®© «®ª «ìëå ¤¢¨¦¥¨©
(2.13) íâ®© ¬¥âà¨ª¨.

� ¯¨è¥¬, ¤ «¥¥, ãà ¢¥¨¥ (2.9) ¤«ï ¢â®à®© ¬¥âà¨ç¥áª®© äãªæ¨¨
(2.6) á¨¬¬¥âà¨ç®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (m+1;m+1) ám � 2:

�
1(x)�1(�) + : : :+ �

m�1(x)�m�1(�) + �
m(x) + �

m(�) =

= x
1
�
1 + : : :+ x

m�1
�
m�1 + x

m + �
m

(2:29)

¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¥£® ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå �1; : : : ; �m�1; �m:

�
1(x)�1�� (�) + : : :+ �

m�1(x)�m�1�� (�) + �
m
�� (�) = x

�
;

�
1(x)�1�m(�) + : : :+ �

m�1(x)�m�1�m (�) + �
m
�m(�) = 1;

)
(2:30)

£¤¥ � = 1; : : : ;m� 1. �â®á¨â¥«ì® m� 1 äãªæ¨© �1(x); : : : ; �m�1(x)

¯®«ãç¥   «£¥¡à ¨ç¥áª ï á¨áâ¥¬  m «¨¥©ëå ¥®¤®à®¤ëå ãà ¢¥-
¨©, à £ ¬ âà¨æë ª®â®à®© à ¢¥ m� 1, â ª ª ª äãªæ¨¨ �1(�); : : : ;
�
m�1(�) ¥§ ¢¨á¨¬ë ¢á«¥¤áâ¢¨¥ «®ª «ì®© ®¡à â¨¬®áâ¨ ¯à¥®¡à §®-

¢ ¨ï m-¬¥à®£® ¬®£®®¡à §¨ï N ¢ ¤¢¨¦¥¨¨ (2.8). �®£« á® â¥®à¥¬¥
�à®¥ª¥à -� ¯¥««¨ ¤«ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (2.30) ¥-
®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë à £ ¥¥ à áè¨à¥®© ¬ âà¨æë â®¦¥
à ¢ï«áï m� 1, â® ¥áâì çâ®¡ë ®¡à é «áï ¢ ã«ì á«¥¤ãîé¨© ®¯à¥¤¥-
«¨â¥«ì: ����������

�
1
�1(�) : : : �

m�1
�1 (�) x

1 � �
m
�1(�)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
1
�m�1(�) : : : �

m�1
�m�1(�) x

m�1 � �
m
�m�1(�)

�
1
�m(�) : : : �

m�1
�m (�) 1� �

m
�m(�)

����������
= 0:

� á¨«ã ¥§ ¢¨á¨¬®áâ¨ ¯¥à¥¬¥ëå x1; : : : ; xm�1 ®âáî¤  ¯®«ãç ¥¬, çâ®
ã á¨áâ¥¬ë äãªæ¨© �1(�); : : : ; �m�1(�) ®¡à é ¥âáï ¢ ã«ì ïª®¡¨  ¯®

«î¡®© á®¢®ªã¯®áâ¨ m� 1 ¯¥à¥¬¥ëå ¨§ �1; : : : ; �m�1; �m, ¥á«¨ áà¥¤¨
¨å ¥áâì ¯¥à¥¬¥ ï �m,   ¯®áª®«ìªã @(�1

; : : : ; �
m�1)=@(�1; : : : ; �m�1) 6=

0, ¤®¯®«¨â¥«ì® ¨¬¥¥¬: �m�m(�) = 1. � ª¨¬ ®¡à §®¬, ¢ á¨áâ¥¬¥ (2.30)
¯¥à¢ë¥ m � 1 ãà ¢¥¨© «¨¥©® ¥§ ¢¨á¨¬ë ¨ ¨å à¥è¥¨¥ ¬®¦®
 ©â¨ ¯® ä®à¬ã« ¬ �à ¬¥à :

�
�(x) = a

�1
x
1 + : : :+ a

�;m�1
x
m�1 + b

�
; (2:31)
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£¤¥,  ¯®¬¨¬, � = 1; : : : ;m�1. �ëà ¦¥¨ï (2.31) ¯®¤áâ ¢¨¬ ¢ ¨áå®¤-
®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (2.29) ¨ à §à¥è¨¬ ¥£® ®â®á¨â¥«ì®
�
m(x):

�
m(x) = x

m + c
1
x
1 + : : :+ c

m�1
x
m�1 + b

m
: (2:310)

� ¬¥â¨¬, çâ® áâà®¥¨¥ äãªæ¨¨ �
m(x) ¯® ¢ëà ¦¥¨î (2:310) ®â«¨-

ç ¥âáï ®â áâà®¥¨ï äãªæ¨© ��(x), � = 1; : : : ;m � 1 ¯® ¢ëà ¦¥¨ï¬
(2.31). � «®£¨ç® ¯à¥¤ë¤ãé¥¬ã á«ãç î ¢ ¢ëà ¦¥¨ïå (2.26), ¥âàã¤-
® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¨ ¢ ¢ëà ¦¥¨ïå (2.31),(2:310) ¯®áâ®ïë í«¥-
¬¥âë ¬ âà¨æë a, áâà®ª¨ (c1; : : : ; cm�1) ¨ áâ®«¡æ  (b1; : : : ; bm�1; bm).
�á«¥¤áâ¢¨¥ ¥§ ¢¨á¨¬®áâ¨ äãªæ¨© �1(x); : : : ; �m�1(x); �m(x), ¬ âà¨-
æ  �ª®¡¨ ¤«ï ¨å ¯® ¯¥à¥¬¥ë¬ x

1
; : : : ; x

m�1
; x

m ¤®«¦  ¡ëâì ¥-
¢ëà®¦¤¥®©. �® ¯¥à¥¬¥ ï xm ¥ ¢å®¤¨â ï¢® ¢ á¨áâ¥¬ã äãªæ¨©
(2.31), ¯®íâ®¬ã ª¢ ¤à â ï ¬ âà¨æ  a, ¨¬¥îé ï ¯®àï¤®ª m�1, â ª¦¥
¥¢ëà®¦¤¥ .

�®¤áâ ¢¨¬ ¢ëà ¦¥¨ï (2.31),(2:310) ¢ ¨áå®¤®¥ ãà ¢¥¨¥ (2.29) ¨
áà ¢¨¬ ¢ ¥£® ¯à ¢®© ¨ «¥¢®© ç áâïå ª®íää¨æ¨¥âë ¯à¨ ¯¥à¥¬¥ëå
x
1
; : : : ; x

m�1 ¨ á¢®¡®¤ë¥ ®â ¨å ç«¥ë:

a
1�
�
1(�) + : : :+ a

m�1;�
�
m�1(�) + c

� = �
�
;

�
m(�) + b

1
�
1(�) + : : :+ b

m�1
�
m�1(�) + b

m = �
m
:

)
(2:32)

�¥è¥¨¥ ¯¥à¢ëå m� 1 ãà ¢¥¨© á¨áâ¥¬ë (2.32) ®â®á¨â¥«ì® äãª-
æ¨© �1(�); : : : ; �m�1(�) ¬®¦¥â ¡ëâì  ©¤¥® ¯® ä®à¬ã« ¬ �à ¬¥à ,  
§ â¥¬ ¨§ ¯®á«¥¤¥£® ãà ¢¥¨ï íâ®© á¨áâ¥¬ë  ©¤¥¬ ¨ äãªæ¨î �

m(�).
� à¥§ã«ìâ â¥ ¯®«ãç ¥¬:

�
�(�) = ~a1�(�1 � c

1) + : : :+ ~am�1;�(�m�1 � c
m�1);

�
m(�) = �

m � (b1~a11 + : : :+ b
m�1~a1;m�1)(�1 � c

1)� : : :�
� (b1~am�1;1 + : : :+ b

m�1~am�1;m�1)(�m�1 � c
m�1)� b

m
;

9>=
>; (2:33)

£¤¥ � = 1; : : : ;m � 1 ¨ ~a { ®¡à â ï ª a ¬ âà¨æ  ¯®àï¤ª  m � 1.
�ëà ¦¥¨ï (2.31),(2:310) ¨ (2.33) § ¤ îâ £àã¯¯ã ¢á¥å ¤¢¨¦¥¨© (2.8)

¬¥âà¨ç¥áª®© äãªæ¨¨ (2.6), á®áâ®ïéãî ¨§ ¤¢ãå ¥á¢ï§ëå ª®¬¯®¥â
á det a > 0 ¨ det a < 0. �¥à¢ ï á¢ï§ ï ª®¬¯®¥â  á det a > 0 á®¤¥à¦¨â
â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ¯à¨ a = I, b1 = : : : = b

m�1 = b
m = 0,

c
1 = : : : = c

m�1 = 0 ¨ ï¢«ï¥âáï ¯®«®© «®ª «ì®© m
2-¬¥à®© £àã¯-

¯®© «®ª «ìëå ¤¢¨¦¥¨© (2.14) ¬¥âà¨ª¨ (2.6). �â  £àã¯¯  § ¢¨á¨â ®â
m

2 áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢,   ¨¬¥®: (m� 1)2 í«¥¬¥â®¢ ª¢ ¤à â-
®© ¬ âà¨æë a, ¨¬¥îé¥© ¯®àï¤®ª m � 1; (m � 1) í«¥¬¥â®¢ áâà®ª¨
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(c1; : : : ; cm�1) ¨ m í«¥¬¥â®¢ áâ®«¡æ  (b1; : : : ; bm�1; bm), ¢å®¤ï ¢ £àã¯¯ã
¢á¥å ¤¢¨¦¥¨© ª ª ¯®¤£àã¯¯ .

� ¯¨è¥¬,  ª®¥æ, äãªæ¨® «ì®¥ ãà ¢¥¨¥ (2.9) ¤«ï ¯®á«¥¤¥©
¬¥âà¨ª¨ (2.7), ª®£¤  ¬®£®®¡à §¨ï M ¨ N ¨¬¥îâ à §«¨çë¥ à §¬¥à-

®áâ¨, ®â«¨ç îé¨¥áï   ¥¤¨¨æã:

�
1(x)�1(�) + : : :+ �

m(x)�m(�) + �
m+1(�) =

= x
1
�
1 + : : :+ x

m
�
m + �

m+1
(2:34)

¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¥£® ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå �1; : : : ; �m; �m+1:

�
1(x)�1��(�) + : : :+ �

m(x)�m��(�) + �
m+1
�� (�) = x

�
;

�
1(x)�1�m+1(�) + : : :+ �

m(x)�m�m+1(�) + �
m+1
�m+1(�) = 1;

)
(2:35)

£¤¥ � = 1; : : : ;m. �¨áâ¥¬  ãà ¢¥¨© (2.35) ¢¯®«¥   «®£¨ç  á¨áâ¥-
¬¥ (2.30) ¨ ¥¥ à¥è¥¨¥ ¬®¦® § ¯¨á âì áà §ã ¯® ¢ëà ¦¥¨ï¬ (2.31):

�
�(x) = a

�1
x
1 + : : :+ a

�m
x
m + b

�
: (2:36)

�¢ ¤à â ï ¬ âà¨æ  a ¢ à¥è¥¨¨ (2.36) ¨¬¥¥â ¯®àï¤®ª m ¨ ¥¢ë-
à®¦¤¥ , â ª ª ª äãªæ¨¨ �1(x); : : : ; �m(x), § ¤ ¢ ï ¢ ¤¢¨¦¥¨¨ (2.8)
«®ª «ì® ®¡à â¨¬®¥ ¯à¥®¡à §®¢ ¨¥ m-¬¥à®£® ¬®£®®¡à §¨ïM, ¥§ -
¢¨á¨¬ë. �¥£ª® ¯®ª § âì, ª ª ¨ ¢ á«ãç ¥ à¥è¥¨ï (2.26), çâ® í«¥¬¥âë
¬ âà¨æë a ¨ áâ®«¡æ  (b1; : : : ; bm) ¯®áâ®ïë.

�®¤áâ ¢¨¬ à¥è¥¨¥ (2.36) ¢ ¨áå®¤®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥
(2.34) ¨ áà ¢¨¬ ¢ ¥£® ¯à ¢®© ¨ «¥¢®© ç áâïå ª®íää¨æ¨¥âë ¯à¨ ¯¥-
à¥¬¥ëå x1; : : : ; xm ¨ á¢®¡®¤ë¥ ®â ¨å ç«¥ë:

a
1�
�
1(�) + : : :+ a

m�
�
m(�) = �

�
;

b
1
�
1(�) + : : :+ b

m
�
m(�) + �

m+1(�) = �
m+1

:

)
(2:37)

�¨áâ¥¬  ãà ¢¥¨© (2.37) ¢¯®«¥   «®£¨ç  ç áâ®¬ã á«ãç î á¨áâ¥-
¬ë (2.32) ¯à¨ c1 = : : : = c

m�1 = 0 ¨ bm = 0, ¯®íâ®¬ã ¥¥ à¥è¥¨¥ ¬®¦®
§ ¯¨á âì ¯® ¢ëà ¦¥¨ï¬ (2.33);

�
�(�) = ~a1��1 + : : :+ ~am�

�
m
;

�
m+1(�) = �

m+1 � (b1~a11 + : : :+ b
m~a1m)�1�

� : : :� (b1~am1 + : : :+ b
m~amm)�m;

9>=
>; (2:38)

£¤¥ � = 1; 2; : : : ;m, ~a { ®¡à â ï ª a ¬ âà¨æ  ¯®àï¤ª  m. �ëà ¦¥¨ï
(2.36) ¨ (2.38) § ¤ îâ £àã¯¯ã ¢á¥å ¤¢¨¦¥¨© (2.8) ¬¥âà¨ç¥áª®© äãª-
æ¨¨ (2.7), § ¢¨áïéãî ®â m(m+1) áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢ { m2 í«¥-

¬¥â®¢ ª¢ ¤à â®© ¬ âà¨æë a, ¨¬¥îé¥© ¯®àï¤®ª m, ¨ m í«¥¬¥â®¢
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áâ®«¡æ  (b1; : : : ; bm). �¥ á¢ï§ ï ª®¬¯®¥â  á det a > 0, á®¤¥à¦ é ï
â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ¯à¨ a = I ¨ b1 = : : : = b

m = 0, ï¢«ï¥â-
áï ¯®«®© «®ª «ì®© m(m + 1)-¬¥à®© £àã¯¯®© «®ª «ìëå ¤¢¨¦¥¨©
(2.15) ¬¥âà¨ª¨ (2.7), ¢å®¤ï ¢ £àã¯¯ã ¢á¥å ¤¢¨¦¥¨© íâ®© ¬¥âà¨ª¨ ª ª

¯®¤£àã¯¯ . �¥®à¥¬  1 ¯®«®áâìî ¤®ª §  .
� ª ¦¤®© ¨§ £àã¯¯ ¤¢¨¦¥¨© (2.10) { (2.15) £àã¯¯ë ¯à¥®¡à §®¢ -

¨© ¬®£®®¡à §¨© M ¨ N, ¨¬¥ï ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯-
¯ã, ¨§®¬®àäë, ® ¥ ®¡ï§ â¥«ì® íª¢¨¢ «¥âë, â® ¥áâì ¥ ®¡ï§ -
â¥«ì® ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¯à¨ ¥ª®â®à®¬ «®ª «ì® ®¡à â¨¬®¬
£« ¤ª®¬ ®â®¡à ¦¥¨¨ M ! N. �ª¢¨¢ «¥â®áâì ¨¬¥¥â ¬¥áâ® â®«ì-
ª® ¢ ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯¥ (2.10), ¢ ª®â®à®© «®ª «ì®¥ ¤¢¨¦¥-
¨¥ á®áâ®¨â ¨§ ¤¢ãå ¯ à ««¥«ìëå ¯¥à¥®á®¢. �¥íª¢¨¢ «¥â®áâì ¢
£àã¯¯ å ¤¢¨¦¥¨© (2.11), (2.12),(2.15) ®¡ãá«®¢«¥  â¥¬, çâ® ¯à¥®¡à -

§ã¥¬ë¥ ¢ ¨å ¬®£®®¡à §¨ï M ¨ N ¨¬¥îâ à §«¨çãî à §¬¥à®áâì. �
£àã¯¯ å ¤¢¨¦¥¨© (2.13) ¨ (2.14) íâ¨ ¬®£®®¡à §¨ï ¨¬¥îâ ®¤¨ ª®¢ãî
à §¬¥à®áâì ¨ ¥áâ¥áâ¢¥® ¡ë«® ®¦¨¤ âì íª¢¨¢ «¥â®áâ¨ £àã¯¯ ¨å
¯à¥®¡à §®¢ ¨©, ®¤ ª® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï â¥®à¥¬ :

�¥®à¥¬  2 �®ª «ìë¥ £àã¯¯ë «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¬®£®-

®¡à §¨© M ¨ N, á®áâ ¢«ïîé¨¥ £àã¯¯ë ¤¢¨¦¥¨© (2:13); (2:14) ¬¥-

âà¨ç¥áª¨å äãªæ¨© (2:5); (2:6), ¥íª¢¨¢ «¥âë.

�®ª ¦¥¬ á ç «  â¥®à¥¬ã 2 ¤«ï £àã¯¯ë ¤¢¨¦ª¨© (2.13) ¬¥âà¨-
ç¥áª®© äãªæ¨¨ (2.5). �®¦¤¥áâ¢¥®¬ã ¯à¥®¡à §®¢ ¨î ¬®£®®¡à §¨©
M ¨ N á®®â¢¥âáâ¢ã¥â ¥¤¨¨ç ï ¬ âà¨æ : a = ~a = I. � áá¬ âà¨¢ ï
¡¥áª®¥ç® ¬ «®¥ ¤¢¨¦¥¨¥, ¨§ ãà ¢¥¨© (2.13) ®ç¥ì ¯à®áâ®  ©â¨
¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë X�� ¨ ���, ®¤®§ ç® § ¤ îé¨¥ á®-
®â¢¥âáâ¢ãîé¨¥ ¡¥áª®¥ç® ¬ «ë¥ ¯à¥®¡à §®¢ ¨ï ¬®£®®¡à §¨© M ¨
N:

X�� = x
�
@=@x

�
; ��� = � �

�
@=@�

�
; (2:39)

£¤¥ �; � = 1; : : : ;m (á¬. [29], áâà. 48-49). �¯¥à â®àë X�� ¨ ��� ï¢«ï-
îâáï ¡ §¨áë¬¨ ¤«ï á®®â¢¥âáâ¢ãîé¨å m2-¬¥àëå  «£¥¡à �¨, ¯à¨ç¥¬

¢ íâ¨å ¡ §¨á å á®¢¯ ¤ îâ áâàãªâãàë¥ ª®áâ âë ¨å ª®¬¬ãâ æ¨®-
ëå á®®â®è¥¨©. �«ï â®£®, çâ®¡ë ¢ £àã¯¯¥ ¤¢¨¦¥¨© (2.13) ¡ë«¨
íª¢¨¢ «¥âë «®ª «ìë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨
N, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¡ë«¨ íª¢¨¢ «¥âë ¨å  «£¥¡àë
�¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (2.39) (á¬. x3 £«. II ¨ [12], áâà. 220).

�à¥¤¯®«®¦¨¬, çâ® ¯à¨ ¥ª®â®à®¬ «®ª «ì® ®¡à â¨¬®¬ ®â®¡à ¦¥-
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¨¨
� = '(x) (2:40)

®¯¥à â®àë X�� ¨ ��� , ®¯à¥¤¥«ï¥¬ë¥ ¢ëà ¦¥¨ï¬¨ (2.39), ¯¥à¥å®¤ïâ
á®®â¢¥âáâ¢¥® ¤àã£ ¢ ¤àã£ . �§ ä®à¬ã« ¯à¥®¡à §®¢ ¨ï ®¯¥à â®à®¢
X�� ¯à¨ § ¬¥¥ ª®®à¤¨ â (2.40) ¨ áà ¢¥¨ï ¨å á ®¯¥à â®à ¬¨ ��� ¤«ï

m äãªæ¨© '(x) = ('1(x); : : : ; 'm(x)) ¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã
m

3 ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:

x
�
@'

�
=@x

� = � �
��
'
�
; (2:41)

£¤¥ ��� { á¨¬¬¥âà¨çë© á¨¬¢®« �à®¥ª¥à , ¤«ï ª®â®à®£® �
�� = 1

¯à¨ � = � ¨ �
�� = 0 ¯à¨ � 6= �. �®áª®«ìªã �; �; � = 1; : : : ;m ¨

m � 2, ¤«ï «î¡®£® � ¬®¦®  ©â¨ â ª®¥ �, çâ® � 6= �. �® â®£¤ 
¨§ ãà ¢¥¨© (2.41) á«¥¤ã¥â, çâ® @'�

=@x
� = 0 ¤«ï «î¡ëå �; �. �® ¥áâì

'(x) � const, çâ®, ®ç¥¢¨¤®, ¯à®â¨¢®à¥ç¨â «®ª «ì®© ®¡à â¨¬®áâ¨

®â®¡à ¦¥¨ï (2.40). �áâ ®¢«¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â, çâ®  «-
£¥¡àë �¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (2.39) ¥íª¢¨¢ «¥âë ¨ ¯®â®¬ã
¥íª¢¨¢ «¥âë á®®â¢¥âáâ¢ãîé¨¥ «®ª «ìë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨©
m-¬¥àëå ¬®£®®¡à §¨© M ¨ N ¢ £àã¯¯¥ ¤¢¨¦¥¨© (2.13) ¬¥âà¨ª¨
(2.5).

� áá¬®âà¨¬ â¥¯¥àì £àã¯¯ã ¤¢¨¦¥¨© (2.14) ¬¥âà¨ç¥áª®© äãªæ¨¨
(2.6). �ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë, ®¤®§ ç® § ¤ îé¨¥ á®®â¢¥â-
áâ¢ãîé¨¥ ¡¥áª®¥ç® ¬ «ë¥ ¯à¥®¡à §®¢ ¨ï ¬®£®®¡à §¨©M ¨N, ª ª
¥âàã¤® ãáâ ®¢¨âì, ®¯à¥¤¥«ïîâáï â ª¨¬¨ ¢ëà ¦¥¨ï¬¨:

X�� = x
�
@=@x

�
; ��� = ���@=@�� ;

X�m = @=@x
�
; ��m = ���@=@�m;

Xm� = x
�
@=@x

m
; �m� = �@=@��;

Xmm = @=@x
m
; �mm = �@=@�m;

9>>>=
>>>;

(2:42)

£¤¥ �; � = 1; : : : ;m � 1. �à¥¤¯®«®¦¨¬, çâ®  «£¥¡àë �¨ á ¡ §¨á ¬¨
(2.42) íª¢¨¢ «¥âë, â® ¥áâì çâ® ®¯¥à â®àë X�� ;X�m;Xm�;Xmm ¯¥-
à¥å®¤ïâ á®®â¢¥âáâ¢¥® ¢ ®¯¥à â®àë ���;��m;�m�;�mm ¯à¨ ¥ª®â®-

à®¬ «®ª «ì® ®¡à â¨¬®¬ ®â®¡à ¦¥¨¨ (2.40). �®£¤  ®â®á¨â¥«ì® m
äãªæ¨© '(x) = ('1(x); : : : ; 'm(x)) íâ®£® ®â®¡à ¦¥¨ï, â ª ¦¥ ª ª ¨ ¢
¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã m3 ¤¨ää¥à¥æ¨-
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 «ìëå ãà ¢¥¨©:

x
�
@'

�
=@x

� = ����'�
; x

�
@'

m
=@x

� = 0;
@'

�
=@x

� = 0; @'
m
=@x

� = �'�
;

x
�
@'

�
=@x

m = ����; x
�
@'

m
=@x

m = 0;
@'

�
=@x

m = 0; @'
m
=@x

m = �1;

9>>>=
>>>;

(2:43)

£¤¥ �; �; � = 1; : : : ;m� 1. �¨áâ¥¬  (2.43) ï¢® ¥á®¢¬¥áâ . � ¯à¨¬¥à,
¨§ ¤¢ãå ¯®á«¥¤¨å ãà ¢¥¨© ¢â®à®£® áâ®«¡æ  ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥:
@'

m
=@x

m = 0 ¨ @'m
=@x

m 6= 0 ®¤®¢à¥¬¥®. �¥íª¢¨¢ «¥â®áâì  «-
£¥¡à �¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (2.42) ®§ ç ¥â ¥íª¢¨¢ «¥â®áâì
á®®â¢¥âáâ¢ãîé¨å «®ª «ìëå £àã¯¯ ¯à¥®¡à §®¢ ¨© m-¬¥àëå ¬®£®-
®¡à §¨© M ¨ N ¢ £àã¯¯¥ ¤¢¨¦¥¨© (2.14) ¬¥âà¨ª¨ (2.6). �¥®à¥¬  2
¯®«®áâìî ¤®ª §  .

� ¬¥â¨¬, çâ® ¥íª¢¨¢ «¥âë¥  «£¥¡àë �¨ á ¡ §¨á ¬¨ (2.39) áâ -
®¢ïâáï íª¢¨¢ «¥âë¬¨, ¥á«¨ ¢ ®¤®© ¨§ ¨å ¯¥à¥©â¨ ª ¤àã£®¬ã ¡ -
§¨áã. � ¯à¨¬¥à,  ¢â®¬®àä¨§¬ X�� ! �X�� ¨ âà¨¢¨ «ì®¥ ®â®¡à -
¦¥¨¥ � = x ¯¥à¥¢®¤¨â ¡ §¨á ¯¥à¢®©  «£¥¡àë ¢ ¡ §¨á ¢â®à®©. �¢-
â®¬®àä¨§¬  «£¥¡à ¨¤ãæ¨àã¥âáï, ®ç¥¢¨¤®, ¥ª®â®àë¬  ¢â®¬®àä¨§-
¬®¬ ¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¨ ¢ íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® £àã¯¯ë
¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N á« ¡® íª¢¨¢ «¥âë. �®, ª ª
®â¬¥ç¥® ¢ [30],   áâà. 44, ¥ ¢á¥£¤  á« ¡® íª¢¨¢ «¥âë¥ £àã¯¯ë
¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥âë. � «®£¨ç®, ¥íª¢¨¢ «¥âë¥  «£¥¡àë

�¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (2.42) áâ ®¢ïâáï íª¢¨¢ «¥âë¬¨ ¯à¨
âà¨¢¨ «ì®¨ ®â®¡à ¦¥¨¨ (2.40),   ¨¬¥® � = x, ¨  ¢â®¬®àä¨§¬¥
X�� ! �X��;X�m ! �Xm�;Xm� ! �X�m;Xmm ! �Xmm, çâ® £®-
¢®à¨â ® á« ¡®© íª¢¨¢ «¥â®áâ¨ á®®â¢¥âáâ¢ãîé¨å ¥íª¢¨¢ «¥âëå
£àã¯¯ ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N ¢ £àã¯¯¥ ¤¢¨¦¥¨© (2.14).

�áâ ®¢«¥ ï ¢ x1 á¢ï§ì £àã¯¯®¢®© ¨ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥-
âà¨© ¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢, ãâ¢¥à¦¤ ¥¬ ï â¥®à¥¬®© 3 ¨§ ¥£®,
¥áâ¥áâ¢¥® ¯à¨¢®¤¨â ª á«¥¤ãîé¥© § ¤ ç¥ ¢ â¥®à¨¨ £àã¯¯ �¨ ¯à¥®¡à -

§®¢ ¨©:

�«ï ¢á¥å íª¢¨¢ «¥âëå ¨ ¥íª¢¨¢ «¥âëå íää¥ªâ¨¢ëå £« ¤ª¨å

«®ª «ìëå ¤¥©áâ¢¨© smn-¬¥àëå «®ª «ìëå £àã¯¯ �¨ ¢ sm-¬¥à®¬ ¨

sn-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N  ©â¨ ¥¢ëà®¦¤¥ë¥ ¤¢ãåâ®ç¥ç-

ë¥ ¨¢ à¨ âë, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨î (2:9).

� ª áä®à¬ã«¨à®¢  ï § ¤ ç  ¯à¥¤¯®« £ ¥â ¯à¥¤¢ à¨â¥«ì®¥ ¯à®-
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¢¥¤¥¨¥ ª« áá¨ä¨ª æ¨¨ «®ª «ìëå £àã¯¯ ¯à¥®¡à §®¢ ¨© á â®ç®áâìî
¤® íª¢¨¢ «¥â®áâ¨ (§ ¬¥ë ª®®à¤¨ â) ¢ ª ¦¤®¬ «®ª «ì® ¨§®¬®àä-
®¬ ª« áá¥ ¤¥©áâ¢ãîé¨å £àã¯¯. �¤ ª® ¨¬¥îé ïáï ¯®« ï ª« áá¨ä¨-
ª æ¨ï �.�¨ (á¬. [29], áâà.24{27) ¯à®¢¥¤¥  â®«ìª® ¤«ï ®¤®¬¥à®£® ¨

¤¢ã¬¥à®£® ¬®£®®¡à §¨©, ¯à¨ç¥¬ á â®ç®áâìî ¤® á« ¡®© íª¢¨¢ «¥â-
®áâ¨. �®áª®«ìªã á« ¡® íª¢¨¢ «¥âë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¬®£ãâ
®ª § âìáï ¥íª¢¨¢ «¥âë¬¨,   â ª¦¥ ¢ á¨«ã â¥®à¥¬ë 2  áâ®ïé¥£®
¯ à £à ä , â ª ï â®ç®áâì ª« áá¨ä¨ª æ¨¨ ¤«ï à¥è¥¨ï áä®à¬ã«¨à®-
¢ ®© ¢ëè¥ § ¤ ç¨ ¬®¦¥â ®ª § âìáï ¥¤®áâ â®ç®©.

� ¤àã£®© áâ®à®ë, ¤«ï á«ãç ï s = 1 ¢á¥ ¢®§¬®¦ë¥ ¥¢ëà®¦¤¥ë¥
ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âë¥ ¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (2.1) £¥®¬¥-
âà¨¨ ¤¢ãå ¬®¦¥áâ¢ ¯à¨ «î¡ëå à §¬¥à®áâïåm ¨ n ¬®£®®¡à §¨©M ¨
N ¡ë«¨  ©¤¥ë ¬¥â®¤ ¬¨ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ¡¥§ ¯à¥¤¢ à¨-

â¥«ì®© ª« áá¨ä¨ª æ¨¨ mn-¬¥àëå £àã¯¯ ¨å ¯à¥®¡à §®¢ ¨©. �® ¨§-
¢¥áâë¬ ¢ëà ¦¥¨ï¬ (2.2){(2.7) íâ¨å ¬¥âà¨ª, à¥è ï äãªæ¨® «ì®¥
ãà ¢¥¨¥ (2.9), ®ª § «®áì ¢®§¬®¦ë¬  ©â¨ ¯®«ë¥ «®ª «ìë¥ £àã¯-
¯ë ¨å «®ª «ìëå ¤¢¨¦¥¨© (2.10){(2.15) ¨ á®®â¢¥âáâ¢ãîé¨¥ £àã¯¯ë
¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N, çâ® ¨ ï¢¨«®áì ®á®¢ë¬ á®¤¥à-
¦ ¨¥¬  áâ®ïé¥£® ¢â®à®£® ¯ à £à ä .

� § ª«îç¥¨¥ ¯à¨¢¥¤¥¬ ¯à¨¬¥à ¤¢ã¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãª-
âãàë à £  (2,2), § ¤ ¢ ¥¬®©   ¤¢ã¬¥àëå ¬®£®®¡à §¨ïå M ¨ N

á «®ª «ìë¬¨ á¨áâ¥¬ ¬¨ ª®®à¤¨ â (x; y) ¨ (�; �) ¤¢ãåª®¬¯®¥â®©
äãªæ¨¥© f = (f1; f2). �®§¬®¦ë ¤¢  ¨ â®«ìª® ¤¢  â¨¯  â ª¨å áâàãª-
âãà (á¬. [31] ¨ x7  áâ®ïé¥© ¬®®£à ä¨¨). �¢ã¬¥âà¨ç¥áª ï ä¨§¨ç¥áª ï
áâàãªâãà  à £  (2,2) ¯¥à¢®£® â¨¯  ¥áâì ¯à®áâ®¥  «®¦¥¨¥ ¤¢ãå ®¤-
®¬¥âà¨ç¥áª¨å áâàãªâãà â®£® ¦¥ à £ :

f
1 = x+ �; f

2 = y + �: (2:44)

�¢ã¬¥âà¨ç¥áª ï ä¨§¨ç¥áª ï áâàãªâãà  à £  (2,2) ¢â®à®£® â¨¯  ¥
á¢®¤¨âáï ª á«ãç î s = 1:

f
1 = (x+ �)y; f2 = (x+ �)�: (2:45)

�®®â¢¥âáâ¢ãîé¨¥ £àã¯¯ë «®ª «ìëå ¤¢¨¦¥¨© § ¤ îâáï á«¥¤ãî-
é¨¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¤¢ã¬¥àëå ¬®£®®¡à §¨© M ¨ N:

x
0 = x+ a; y

0 = y + b;

�
0 = � � a; �

0 = � � b;

)
(2:440)

x
0 = ax+ b; y

0 = y=a;

�
0 = a� � b; �

0 = �=a:

)
(2:450)
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�¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢ á ¬¥âà¨-
ç¥áª¨¬¨ äãªæ¨ï¬¨ (2.44),(2.45) ¢ëà ¦ ¥âáï á«¥¤ãîé¨¬¨ ãà ¢¥¨-
ï¬¨:

f
1(i�)� f

1(i�)� f
1(j�) + f

1(j�) = 0;
f
2(i�)� f

2(i�)� f
2(j�) + f

2(j�) = 0;

)
(2:4400)

����� f
1(i�)� f

1(i�) f
1(i�)f2(j�)

f
1(j�)� f

1(j�) f
1(j�)f2(i�)

����� = 0;

����� f
2(i�)� f

2(j�) f
2(i�)f1(i�)

f
2(i�)� f

2(j�) f
2(i�)f1(i�)

����� = 0:

9>>>>>>=
>>>>>>;

(2:4500)

�¥§ã«ìâ âë x2 ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®â¥ [32].

x3. �¡ ¨§®¬®àä¨§¬¥, ¯®¤®¡¨¨ ¨ íª¢¨¢ «¥â®áâ¨ £àã¯¯

¯à¥®¡à §®¢ ¨©

�§ â¥®à¥¬ë 2 ¯à¥¤ë¤ãé¥£® x2 á«¥¤ã¥â, çâ® § ¤ ç  ¢ëç¨á«¥¨ï ¬¥-
âà¨ç¥áª¨å äãªæ¨© ª ª ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢ £àã¯¯ ¯à¥®¡à -
§®¢ ¨© ¯à¥¤¯®« £ ¥â ¯à®¢¥¤¥¨¥ ¨å ª« áá¨ä¨ª æ¨¨ á â®ç®áâìî ¤®
íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ «®ª «ì® ¨§®¬®àä®¬ ª« áá¥ ¤¥©áâ¢ãîé¨å
£àã¯¯, ¤®¯ãáª îé¥© â®«ìª® § ¬¥ã ª®®à¤¨ â ¢ ¯à¥®¡à §ã¥¬®¬ ¬®-
£®®¡à §¨¨. �« ¡ ï íª¢¨¢ «¥â®áâì, ¤®¯ãáª îé ï â ª¦¥ ¨ ¥ª®â®àãî
§ ¬¥ã ¯ à ¬¥âà®¢ ¢ ¤¥©áâ¢ãîé¥© £àã¯¯¥, ¤«ï íâ®© æ¥«¨ ®ª §ë¢ ¥â-
áï ¥¤®áâ â®ç®©. � ¯à¨¬¥à, ¬¥âà¨ç¥ª¨¥ äãªæ¨¨ (2.5) ¨ (2.6) ¨§ x2
¥ ¬®£ãâ ¡ëâì ¯®«ãç¥ë, ¥á«¨ ª« áá¨ä¨ª æ¨ï £àã¯¯ ¯à¥®¡à §®¢ ¨©
¯à®¢¥¤¥  â®«ìª® á â®ç®áâìî ¤® á« ¡®© íª¢¨¢ «¥â®áâ¨, ¯à¥¤áâ ¢«ï-

îé¥© á®¡®© ç áâë© á«ãç © ¯®¤®¡¨ï ¢ á¬ëá«¥ �.�¨, ¤®¯ãáª îé¥£®
¯à®¨§¢®«ìãî § ¬¥ã ¯ à ¬¥âà®¢. � à ¡®â¥ [33]  ¢â®à®¬   ¯à¨¬¥-
à¥ âà¥å¬¥àëå £àã¯¯ �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¡ë«® ãáâ ®¢«¥®
à §«¨ç¨¥ ª« áá¨ä¨ª æ¨© á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¨ á â®ç®-
áâìî ¤® á« ¡®© íª¢¨¢ «¥â®áâ¨. � á«¥¤ãîé¥¬ x4   ¯à¨¬¥à¥ ç¥âë-
à¥å¬¥àëå £àã¯¯ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨  £«ï¤® ¡ã¤¥â ¯®ª §  
áãé¥áâ¢¥®áâì íâ®£® à §«¨ç¨ï,   ¢ x5 ¥£® à®«ì ¯à¨ ¨§ãç¥¨¨ £àã¯-
¯®¢ëå á¢®©áâ¢ ®¤®¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (3,3). �

 áâ®ïé¥¬ ¦¥ x3 ¡ã¤ãâ ¤ ë â®çë¥ ®¯à¥¤¥«¥¨ï «®ª «ìëå ¨§®¬®à-
ä¨§¬  ¨ ¯®¤®¡¨ï, á« ¡®© íª¢¨¢ «¥â®áâ¨ ¨ íª¢¨¢ «¥â®áâ¨ £àã¯¯
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¯à¥®¡à §®¢ ¨©, ®¡áã¦¤¥ë ¨å á¢ï§¨ ¨ à §«¨ç¨ï ¢ á¢¥â¥ § ¤ ç, ¢®§¨-
ª îé¨å ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà.

�  ç «¥ x1 (¢® ¢â®à®¬ ¯®á«¥ à ¢¥áâ¢  (1.6)  ¡§ æ¥) ¯® ¬®®£à ä¨¨
�.�. �®âàï£¨  "�¥¯à¥àë¢ë¥ £àã¯¯ë" (á¬. [11], áâà. 435) ¡ë«® ¤ -

® ®¯à¥¤¥«¥¨¥ «®ª «ì®© £àã¯¯ë �¨ Gr(�) ¯à¥®¡à §®¢ ¨© ®¡« áâ¨ U
¬®£®®¡à §¨ï M, ª ª íää¥ªâ¨¢®£® ¤¥©áâ¢¨ï � «®ª «ì®© £àã¯¯ë �¨
G

r ¢ U . �ã¤¥¬ £®¢®à¨âì, çâ® § ¤   «®ª «ì ï £àã¯¯  �¨ «®ª «ìëå
¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨ï M, ¥á«¨ ¤«ï ª ¦¤®© ¥£® â®çª¨ § ¤ ®
íää¥ªâ¨¢®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥ � £àã¯¯ë G

r ¢ ¥ª®â®à®© ¥¥ ®ªà¥áâ-
®áâ¨, ¯à¨ç¥¬ ¤¥©áâ¢¨ï íâ¨ á®¢¯ ¤ îâ ¢ ¯¥à¥á¥ç¥¨¨ ®ªà¥áâ®áâ¥©
¤¢ãå â®ç¥ª. �®åà ¨¬ ¤«ï ®¯¨á ®© £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯à¥¦¥¥
®¡®§ ç¥¨¥ Gr(�).

� áá¬®âà¨¬ «®ª «ìãî r-¬¥àãî £àã¯¯ã �¨ Gr(�) «®ª «ìëå ¯à¥-

®¡à §®¢ © m-¬¥à®£® ¬®£®®¡à §¨ï M:

x
0 = �(x; a); (3:1)

£¤¥ a 2 G
r
; x; x

0 2 M ¨ � { íää¥ªâ¨¢®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥ £àã¯¯ë G
r

¢ M. �àã¯¯ã Gr(�) ¥áâ¥áâ¢¥® à áá¬ âà¨¢ âì ª ª â®ç®¥ ¯à¥¤áâ -
¢«¥¨¥ (à¥ «¨§ æ¨î) r-¬¥à®© «®ª «ì®© £àã¯¯ë �¨ Gr «®ª «ìë¬¨
¯à¥®¡à §®¢ ¨ï¬¨ m-¬¥à®£® ¬®£®®¡à §¨ï (á¬. [12], áâà. 210). �àã¯¯ã
�¨ Gr á § ª®®¬ ã¬®¦¥¨ï

ab = '(a; b); (3:2)

£¤¥ a; b; '(a; b) 2 Gr, ®¡ëç®  §ë¢ îâ ¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© £àã¯-
¯ë ¯à¥®¡à §®¢ ¨© G

r(�). �ë¡à ¢ ¥ª®â®àãî «®ª «ìãî á¨áâ¥¬ã ª®-
®à¤¨ â x = (x1; : : : ; xm) ¢ ¯à¥®¡à §ã¥¬®¬ ¬®£®®¡à §¨¨ M ¨ ¥ª®â®-
àãî «®ª «ìãî á¨áâ¥¬ã ¯ à ¬¥âà®¢ a = (a1; : : : ; ar) ¢ ¤¥©áâ¢ãîé¥© ¢
¥¬ £àã¯¯¥ Gr, ®¡®§ ç¨¬ ç¥à¥§

X! = �
�
!(x)@=@x

� (3:3)

¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë £àã¯¯ë G
r(�), £¤¥ ! = 1; : : : ; r ¨ ¯®

"¥¬®¬ã" ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤®

m. �®áª®«ìªã £àã¯¯  Gr ¤¥©áâ¢ã¥â ¢ ¬®£®®¡à §¨¨ M íää¥ªâ¨¢®,
®¯¥à â®àë X! «¨¥©® ¥§ ¢¨á¨¬ë á ¯®áâ®ïë¬¨¨ ª®íää¨æ¨¥â ¬¨,
®¤®§ ç® ®¯à¥¤¥«ïîâ ¡¥áª®¥ç® ¬ «ë¥ (¨ä¨¨â¥§¨¬ «ìë¥) ¯à¥-
®¡à §®¢ ¨ï ¨ á®áâ ¢«ïîâ ¡ §¨á á®®â¢¥âáâ¢ãîé¥© r-¬¥à®©  «£¥¡àë
�¨. �®¬¬ãâ â®àë ®¯¥à â®à®¢ (3.3) ¢ëà ¦ îâáï «¨¥©® ç¥à¥§ íâ¨ ¦¥
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®¯¥à â®àë á ¯®¬®éìî áâàãªâãàëå ª®áâ â: [X!;X!0] = C
!00

!!0X!00,
¯à¨ç¥¬ ¯® ¨¤¥ªáã !00 ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤®
r.

�ãáâì ¨¬¥¥âáï ¥é¥ ®¤  «®ª «ì ï r-¬¥à ï £àã¯¯  �¨ Hr «®ª «ì-
ëå ¯à¥®¡à §®¢ ¨© n-¬¥à®£® ¬®£®®¡à §¨ï N:

�
0 = �(�; �); (3:4)

£¤¥ � 2 H
r
; �; �

0 2 N ¨ � { íää¥ªâ¨¢®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥ £àã¯¯ë H
r

¢ N. � ª® ã¬®¦¥¨ï ¢ ¯ à ¬¥âà¨ç¥áª®© £àã¯¯¥ Hr ¡ã¤¥â:

�� =  (�; �); (3:5)

£¤¥ �; �;  (�; �) 2 Hr.
�ë¡à ¢ ¥ª®â®àãî «®ª «ìãî á¨áâ¥¬ã ª®®à¤¨ â � = (�1; : : : ; �n)

¢ ¯à¥®¡à §ã¥¬®¬ ¬®£®®¡à §¨¨ ¨ ¥ª®â®àãî «®ª «ìãî á¨áâ¥¬ã ¯ à -
¬¥âà®¢ � = (�1

; : : : ; �
r) ¢ ¤¥©áâ¢ãîé¥© ¢ ¥¬ £àã¯¯¥ Hr, ®¡®§ ç¨¬

ç¥à¥§

�! = �
�
!(�)@=@�

� (3:6)

¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë £àã¯¯ë H
r(�), £¤¥ ! = 1; : : : ; r ¨ ¯®

"¥¬®¬ã" ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® n.

�¯¥à â®àë �!, ª ª ¨ ®¯¥à â®àë (3.3), á®áâ ¢«ïîâ ¡ §¨á á®®â¢¥âáâ¢ã-
îé¥© r-¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© á® á«¥¤ãîé¥© áâàãªâãà®©
ª®¬¬ãâ æ¨®ëå á®®â®è¥¨© ¢ ¥¬: [�!;�!0] = ~C!00

!!0�!00, ¯à¨ç¥¬ ¥
®¡ï§ â¥«ì® ~C!00

!!0 = C
!00

!!0.
� ¬¥â¨¬, çâ® £àã¯¯ë ¯à¥®¡à §®¢ ¨© G

r(�) ¨ H
r(�) § ¢¨áïâ ®â

®¤¨ ª®¢®£® ç¨á«  ¯ à ¬¥âà®¢, à ¢®£® r, ®¤ ª® § à ¥¥ ¥ ¯à¥¤¯®-
« £ ¥âáï, çâ® § ª®ë ã¬®¦¥¨ï (3.2) ¨ (3.5) ¢ ¨å ¯ à ¬¥âà¨ç¥áª¨å
£àã¯¯ å ª ª-â® á¢ï§ ë. �®£®®¡à §¨ï ¦¥M ¨ N, ¢ ª®â®àëå ¤¥©áâ¢ã-
îâ £àã¯¯ë G

r ¨ Hr, ¬®£ãâ ¨¬¥âì à §«¨çë¥ à §¬¥à®áâ¨. �â¬¥â¨¬

â ª¦¥, çâ®,  ¯à¨¬¥à, § ¬¥  ¯ à ¬¥âà®¢ a = (a1; : : : ; ar) ¢ £àã¯¯¥ Gr

¨¤ãæ¨àã¥â «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨á  (3.3) á®®â¢¥âáâ¢ãîé¥©
 «£¥¡àë �¨, ¨§¬¥ïîé¥£®, ¢ ®¡é¥¬ á«ãç ¥, áâàãªâãàë¥ ª®áâ âë
C

!00

!!0, ¢ â® ¢à¥¬ï ª ª § ¬¥  «®ª «ìëå ª®®à¤¨ â x = (x1; : : : ; xm)
¢ ¬®£®®¡à §¨¨ M, ¬¥ï¥â â®«ìª® ¢ëà ¦¥¨ï ¤«ï ¡ §¨áëå ®¯¥à â®-
à®¢ X!, á®åà ïï ¥¨§¬¥®© áâàãªâãàã ª®¬¬ãâ æ¨®ëå á®®â®è¥-
¨© (á¬. [13], áâà. 35).
�¯à¥¤¥«¥¨¥ 1. �àã¯¯ë ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Hr(�)  §ë¢ îâ-

áï «®ª «ì® ¨§®¬®àäë¬¨, ¥á«¨ «®ª «ì® ¨§®¬®àäë ¨å ¯ à ¬¥âà¨ç¥-

áª¨¥ £àã¯¯ë G
r ¨ Hr.
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�®ª «ìë© ¨§®¬®àä¨§¬ £àã¯¯ Gr ¨ Hr, ª ª ¨§¢¥áâ® (á¬. [12], áâà.
152), ®§ ç ¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ «®ª «ì® ®¡à â¨¬®¥ ®â®¡à ¦¥-
¨¥ u : Gr ! H

r, ¯à¨ ª®â®à®¬ § ª®ë ã¬®¦¥¨ï (3.2) ¨ (3.5) ¯¥à¥å®-
¤ïâ ¤àã£ ¢ ¤àã£ , â® ¥áâì ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ à ¢¥áâ¢®:

u('(a; b)) =  (u(a); u(b)) (3:7)

¤«ï ¢á¥å a; b ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¤¨¨ç®£® í«¥¬¥â  e 2 Gr.

�§ å®à®è® ¨§¢¥áâëå â¥®à¥¬ �.�¨ ® á®®â¢¥âáâ¢¨¨ «®ª «ìëå
£àã¯¯ ¯à¥®¡à §®¢ ¨© ¨ ¨å  «£¥¡à ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â á«¥¤ã-
îé ï «¥¬¬ :

�¥¬¬  1. �«ï â®£®, çâ®¡ë £àã¯¯ë ¯à¥®¡à §®¢ ¨© G
r(�) ¨ Hr(�)

¡ë«¨ «®ª «ì® ¨§®¬®àäë¬¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áã-

é¥áâ¢®¢ «® â ª®¥ ¥¢ëà®¦¤¥®¥ «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨á 

(3:3), ¯à¨ ª®â®à®¬ á®¢¯ ¤ «¨ ¡ë áâàãªâãàë¥ ª®áâ âë ¢ ®¢®¬

¡ §¨á¥ ¨ ¢ ¡ §¨á¥ (3:6).

�¯à¥¤¥«¥¨¥ 2. �àã¯¯ë ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Hr(�)  §ë¢ îâ-
áï «®ª «ì® ¯®¤®¡ë¬¨, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ «®ª «ì® ®¡à â¨¬ë¥
®â®¡à ¦¥¨ï u : Gr ! H

r ¨ v : M ! N, ¯à¨ ª®â®àëå § ª®ë ã¬®-
¦¥¨ï (3.2) ¨ (3.5),   â ª¦¥ ¤¥©áâ¢¨ï (3.1) ¨ (3.4), ¯¥à¥å®¤ïâ ¤àã£ ¢
¤àã£ , â® ¥áâì, ªà®¬¥ à ¢¥áâ¢  (3.7), ¨¬¥¥â ¬¥áâ® ¥é¥ ®¤® à ¢¥áâ¢®:

v(�(x; a)) = �(v(x); u(a)) (3:8)

¤«ï ¢á¥å x ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ ¢ M ¨ ¢á¥å a ¨§
¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¤¨¨ç®£® í«¥¬¥â  e 2 Gr.

�®¤®¡ë¥ £àã¯¯ë ¨§®¬®àäë, ®¤ ª® ¨§®¬®àäë¥ £àã¯¯ë ¯à¥®¡à -
§®¢ ¨© ¥ ®¡ï§ â¥«ì® ¯®¤®¡ë. � ç áâ®áâ¨, ¯®¤®¡¨¥ ¥¢®§¬®¦®,

ª®£¤  ¯à¥®¡à §ã¥¬ë¥ ¬®£®®¡à §¨ï M ¨ N ¨¬¥îâ à §«¨çë¥ à §¬¥à-
®áâ¨ m ¨ n. �® ¤ ¦¥ ¨ ¯à¨ m = n ¨§®¬®àäë¥ £àã¯¯ë ¯à¥®¡à §®¢ -
¨© ¬®£ãâ ¥ ¡ëâì ¯®¤®¡ë¬¨. � ¯à¨¬¥à, £àã¯¯  ¤¢¨¦¥¨© ¯«®áª®áâ¨
�®¡ ç¥¢áª®£® «®ª «ì® ¨§®¬®àä  £àã¯¯¥ ¤¢¨¦¥¨© á¨¬¯«¥ªâ¨ç¥áª®©
¯«®áª®áâ¨, ® ¯®¤®¡¨ï ¬¥¦¤ã íâ¨¬¨ £àã¯¯ ¬¨ ¥â, çâ® £®¢®à¨â ® ¯à¨-
æ¨¯¨ «ì®¬ à §«¨ç¨¨ á®®â¢¥âáâ¢ãîé¨å £¥®¬¥âà¨©.

�¥¬¬  2. �«ï â®£®, çâ®¡ë £àã¯¯ë ¯à¥®¡à §®¢ ¨© G
r(�) ¨ Hr(�)

¡ë«¨ «®ª «ì® ¯®¤®¡ë, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®-

¢ «¨ â ª®¥ ¥¢ëà®¦¤¥®¥ «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨á  (3:3) ¨
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â ª ï «®ª «ì® ®¡à â¨¬ ï § ¬¥  ª®®à¤¨ â x! �, ¯à¨ ª®â®àëå ¢

®¢®¬ ¡ §¨á¥ ¨ ¢ ¡ §¨á¥ (3:6) ®¯¥à â®àë á ®¤¨¬ ¨ â¥¬ ¦¥ ¨¤¥ªá®¬

! ¨¬¥«¨ ¡ë ®¤¨ ª®¢ë¥ ¢ëà ¦¥¨ï.

�á¥ á¢®¨ à¥§ã«ìâ âë ¯® ª« áá¨ä¨ª æ¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© �.�¨
¯®«ãç « á â®ç®áâìî ¤® ¯®¤®¡¨ï. �¥©áâ¢¨â¥«ì®, ¢ ¥£® à ¡®â å (á¬.,
 ¯à¨¬¥à, [34]) ¯®áâ®ï® ¨á¯®«ì§ã¥âáï «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ -
§¨á  á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë �¨ ¤«ï ¯à¨¢¥¤¥¨ï ¥£® ª "á¨áâ¥¬¥ ®¯¥-
à â®à®¢ ¢®§¬®¦® ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢" (á¬. [29], áâà. 213) ¨ á¨áâ¥-
¬  ª®®à¤¨ â, ¢ ª®â®à®© íâ¨ ®¯¥à â®àë § ¤ îâáï  ¨¡®«¥¥ ¯à®áâë¬¨
¢ëà ¦¥¨ï¬¨.

� áá¬®âà¨¬ â¥¯¥àì ¤¢¥ â ª¨¥ «®ª «ìë¥ £àã¯¯ë G
r(�) ¨ Gr(�) «®-

ª «ìëå ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N à §¬¥à®áâ¨ m ¨ n, ã

ª®â®àëå ®¤  ¨ â  ¦¥ ¯ à ¬¥âà¨ç¥áª ï £àã¯¯  Gr:

x
0 = �(x; a) ¨ �0 = �(�; a); (3:9)

£¤¥ a 2 Gr
; x; x

0 2M ¨ �; �0 2 N, � ¨ � { íää¥ªâ¨¢ë¥ £« ¤ª¨¥ ¤¥©áâ¢¨ï
£àã¯¯ë G

r ¢ M ¨ N. � íâ®¬ á«ãç ¥ ¡ §¨áë (3.3) ¨ (3.6) ®¤®§ ç®
á®®â¢¥âáâ¢ãîâ ¤àã£ ¤àã£ã á â®ç®áâìî ¤® á®¢¯ ¤¥¨ï áâàãªâãàëå
ª®áâ â: C!00

!!0 =
~C!00

!!0.
�¯à¥¤¥«¥¨¥ 3. �àã¯¯ë ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�), ¨¬¥îé¨¥

®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã Gr,  §ë¢ îâáï «®ª «ì® á« ¡®
íª¢¨¢ «¥âë¬¨, ¥á«¨ áãé¥áâ¢ã¥â â ª®© «®ª «ìë©  ¢â®¬®àä¨§¬ u :

G
r ! G

r ¨ â ª®¥ «®ª «ì® ®¡à â¨¬®¥ ®â®¡à ¦¥¨¥ v : M ! N, çâ®
¤«ï ¤¥©áâ¢¨© (3.9) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (3.8).

� ª¨¬ ®¡à §®¬, á« ¡ ï íª¢¨¢ «¥â®áâì £àã¯¯ Gr(�) ¨ Gr(�) ¥áâì
¨å ¯®¤®¡¨¥, ¯à¨ç¥¬ ¢ ¯®¤à §ã¬¥¢ ¥¬®¬ à ¢¥áâ¢¥ (3.7) ¤®«¦® ¡ëâì
 = ', â ª ª ª ®â®¡à ¦¥¨¥ u ¢ ®¯à¥¤¥«¥¨¨ 3 ï¢«ï¥âáï  ¢â®¬®àä¨§-
¬®¬.

�¥¬¬  3. �«ï â®£®, çâ® ¡ë £àã¯¯ë ¯à¥®¡à §®¢ ¨© G
r(�) ¨ Gr(�),

¨¬¥îé¨¥ ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã G
r
, ¡ë«¨ «®ª «ì®

á« ¡® íª¢¨¢ «¥âë¬¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®-

¢ «¨ â ª®¥ ¥¢ëà®¦¤¥®¥ «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨á  (3:3), á®-
åà ïîé¥¥ áâàãªâãàë¥ ª®áâ âë, ¨ â ª ï «®ª «ì® ®¡à â¨¬ ï

§ ¬¥  ª®®à¤¨ â x ! �, ¯à¨ ª®â®àëå ¢ ®¢®¬ ¡ §¨á¥ ¨ ¢ ¡ §¨á¥

(3:6) ®¯¥à â®àë á ®¤¨¬ ¨ â¥¬ ¦¥ ¨¤¥ªá®¬ ! ¨¬¥«¨ ¡ë ®¤¨ ª®¢ë¥

¢ëà ¦¥¨ï.
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�¯à¥¤¥«¥¨¥ 4. �àã¯¯ë ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�), ¨¬¥îé¨¥
®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã Gr,  §ë¢ îâáï «®ª «ì® íª¢¨-
¢ «¥âë¬¨, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ «®ª «ì® ®¡à â¨¬®¥ ®â®¡à ¦¥¨¥
w : M ! N, ¯à¨ ª®â®à®¬ ¤¥©áâ¢¨ï (3.9) ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£ , â®

¥áâì ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

w(�(x; a)) = �(w(x); a) (3:10)

¤«ï ¢á¥å x ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ ¢ M ¨ ¢á¥å a ¨§
¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¤¨¨ç®£® í«¥¬¥â  e 2 Gr.

�¥¬¬  4. �«ï â®£®, çâ®¡ë £àã¯¯ë ¯à¥®¡à §®¢ ¨© G
r(�) ¨ Gr(�),

¨¬¥îé¨¥ ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã G
r
, ¡ë«¨ «®ª «ì®

íª¢¨¢ «¥âë¬¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®¢ « 

â ª ï «®ª «ì® ®¡à â¨¬ ï § ¬¥  ª®®à¤¨ â x! �, ¯à¨ ª®â®à®© ¢

á®®â¢¥âáâ¢ãîé¨å ¡ §¨á å (3.3) ¨ (3.6) ®¯¥à â®àë X! ¨ �! á ®¤¨¬

¨ â¥¬ ¦¥ ¨¤¥ªá®¬ ! ¨¬¥«¨ ¡ë ®¤¨ ª®¢ë¥ ¢ëà ¦¥¨ï.

� ª ¦¥, ª ª ¨ «¥¬¬  1, «¥¬¬ë 2,3,4 ï¢«ïîâáï á«¥¤áâ¢¨¥¬ â¥®à¥¬
�.�¨ ® á®®â¢¥âáâ¢¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© ¨ ¨å  «£¥¡à (á¬.,  ¯à¨-
¬¥à, [11], x60). �¬¥ï ¢ ¢¨¤ã «¥¬¬ë 1 { 4, ¡ã¤¥¬ £®¢®à¨âì, çâ® ¨§®-
¬®àäë, ¯®¤®¡ë, á« ¡® íª¢¨¢ «¥âë ¨«¨ íª¢¨¢ «¥âë  «£¥¡àë �¨
¯à¥®¡à §®¢ ¨© á ¡ §¨á ¬¨ (3.3) ¨ (3.6), ¥á«¨ ¨§®¬®àäë, ¯®¤®¡ë,
á« ¡® íª¢¨¢ «¥âë ¨«¨ íª¢¨¢ «¥âë £àã¯¯ë ¯à¥®¡à §®¢ ¨© á íä-

ä¥ªâ¨¢ë¬¨ ¤¥©áâ¢¨ï¬¨ � ¨ �, ª®â®àë¬ íâ¨  «£¥¡àë á®®â¢¥âáâ¢ãîâ.
�ª¢¨¢ «¥âë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ®¤®¢à¥¬¥® ¨ á« ¡® íª¢¨-

¢ «¥âë á®£« á® ®¯à¥¤¥«¥¨ï¬ 3 ¨ 4, â ª ª ª â®¦¤¥áâ¢¥®¥ ¯à¥-
®¡à §®¢ ¨¥ £àã¯¯ë G

r, ®ç¥¢¨¤®, ï¢«ï¥âáï ¥¥  ¢â®¬®àä¨§¬®¬. �® á« -
¡® íª¢¨¢ «¥âë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¥ ®¡ï§ â¥«ì® íª¢¨¢ «¥â-
ë, å®âï â¥ ¨ ¤àã£¨¥ ¯®¤®¡ë ¯® ®¯à¥¤¥«¥¨î 2. �® ¥áâì, ¥á«¨ ãà ¢¥-
¨ï (3.8) ¯à¨ § ¤ ëå ¤¥©áâ¢¨ïå � ¨ � ¨¬¥îâ à¥è¥¨¥ ®â®á¨â¥«ì®
 ¢â®¬®àä¨§¬  u ¨ ®â®¡à ¦¥¨ï v, â® á®®â¢¥âáâ¢ãîé¨¥ íª¢¨¢ «¥â-
®áâ¨ ãà ¢¥¨ï (3.10) ®â®á¨â¥«ì® ®â®¡à ¦¥¨ï w ¬®£ãâ ®ª § âìáï

¥á®¢¬¥áâë¬¨.
� ¬¥â¨¬, çâ® à §«¨ç¨î ¬¥¦¤ã íª¢¨¢ «¥â®áâìî ¨ á« ¡®© íª¢¨¢ -

«¥â®áâìî ¢ â¥®à¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© «¨¡® ¥ ¯à¨¤ îâ ®á®¡®-
£® § ç¥¨ï, «¨¡® ¥£® ¢®¢á¥ ¥ § ¬¥ç îâ. � ¯à¨¬¥à, �©§¥å àâ �.�.
¢ á¢®¥© ¬®®£à ä¨¨ "�¥¯à¥àë¢ë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨©" [13]  
áâà. 95 á«¥¤ãîé¨¬ ®¡à §®¬ ä®à¬ã«¨àã¥â ªà¨â¥à¨© ¯®¤®¡¨ï £àã¯¯ ¯à¥-
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®¡à §®¢ ¨©: ¯ãáâì ¡ §¨áë (3.3) ¨ (3.6) á®®â¢¥âáâ¢ãîé¨å  «£¥¡à �¨
¢ë¡à ë â ª, çâ® áâàãªâãàë¥ ª®áâ âë ¢ ¨å á®¢¯ ¤ îâ; â®£¤ 
¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¯®¤®¡¨ï ï¢«ï¥âáï â®¦¤¥áâ¢®
ª®®à¤¨ âëå ¢ëà ¦¥¨© ¤«ï ¡ §¨áëå ®¯¥à â®à®¢ ®¡¥¨å  «£¥¡à ¯à¨

¥ª®â®à®© § ¬¥¥ ª®®à¤¨ â. �¤ ª® «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨-
á®¢, ¯à¨¢®¤ïé¥¥ ª á®¢¯ ¤¥¨î áâàãªâãàëå ª®áâ â, ®¯à¥¤¥«ï¥âáï
â®«ìª® á â®ç®áâìî ¤®  ¢â®¬®àä¨§¬®¢. � ¥ ¤«ï ¢áïª®£®  ¢â®¬®àä¨§¬ 
¬®¦®  ©â¨ â ªãî § ¬¥ã ª®®à¤¨ â, ª®â®à ï ¢®§¢à é ¥â ¡ §¨áë¬
®¯¥à â®à ¬ ¨å ¯à¥¦¨¥ ¢ëà ¦¥¨ï, çâ® ¡ã¤¥â ¯®ª § ® ¨¦¥   ª®-
ªà¥âëå ¯à¨¬¥à å. �® ¥áâì ªà¨â¥à¨© ¯®¤®¡¨ï (¢ ç áâ®áâ¨, á« ¡®©
íª¢¨¢ «¥â®áâ¨ ¨ íª¢¨¢ «¥â®áâ¨), áä®à¬ã«¨à®¢ ë© �©§¥å à-
â®¬, ï¢«ï¥âáï â®«ìª® ¤®áâ â®çë¬ ãá«®¢¨¥¬, ® ¥ ¥®¡å®¤¨¬ë¬.

� à ¡®â¥ [33]  ¢â®à®¬ ¡ë«¨  ©¤¥ë á â®ç®áâìî ¤® íª¢¨¢ «¥â®-

áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥ ¢á¥ âà¥å¬¥àë¥  «£¥¡àë �¨ ¯à¥®¡à -
§®¢ ¨© ¯«®áª®áâ¨. � áá¬®âà¨¬ ¨§ ¥¥ ¤®áâ â®ç® ¯®¤à®¡® ¯à¨¬¥à
á« ¡® íª¢¨¢ «¥âëå, ® ¥ íª¢¨¢ «¥âëå,  «£¥¡à �¨ á® á«¥¤ãîé¨-
¬¨ ¡ §¨á ¬¨:

X1 = @x; X2 = y@x; X3 = �@y; (3:11)

X1 = @x; X2 = @y; X3 = y@x + �@y; (3:12)

£¤¥ � { ¯à®¨§¢®«ì ï ¯®áâ®ï ï. � íâ¨å ¡ §¨á å ®¡¥  «£¥¡àë ¨¬¥îâ
®¤¨ ª®¢ë¥ ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï:

[X1;X2] = 0; [X3;X1] = 0; [X2;X3] = X1: (3:13)

�á«¨ ¢ ¯¥à¢®©  «£¥¡à¥ á ¡ §¨á®¬ (3.11) ¯¥à¥©â¨ ª ¤àã£®¬ã ¡ §¨áã,

  ¨¬¥®: X 0

1 = X1; X
0

2 = �X3; X
0

3 = X2 � �X3, â® ¤ ¦¥ ¡¥§ § ¬¥ë
ª®®à¤¨ â ¯®«ãç ¥¬ á®¢¯ ¤¥¨¥ ®¯¥à â®à®¢ X 0

1;X
0

2;X
0

3 ¥¥ ®¢®£® ¡ -
§¨á  á ®¯¥à â®à ¬¨ X1;X2;X3 ¡ §¨á  (3.12) ¢â®à®©  «£¥¡àë. �á«¨ ¦¥
¢ ¯¥à¢®©  «£¥¡à¥ ¥ ¯¥à¥å®¤¨âì ª ãª § ®¬ã ¡ §¨áã, â® ¢ § ¤ ëå
¡ §¨á å (3.11) ¨ (3.12) ¨ª ª ï «®ª «ì® ®¡à â¨¬ ï § ¬¥  ª®®à¤¨ â
  ¯«®áª®áâ¨

� = v(x; y); � = w(x; y) (3:14)

¥ ¯à¨¢¥¤¥â ª á®¢¯ ¤¥¨î ¢ëà ¦¥¨© ¤«ï á®®â¢¥âáâ¢ãîé¨å ¡ §¨áëå
®¯¥à â®à®¢. �®ª ¦¥¬ íâ®, ¯à¥¤¯®«®¦¨¢ ®¡à â®¥. �®£¤  ¤«ï äãªæ¨©

v(x; y) ¨ w(x; y) ¨§ ä®à¬ã« ¯à¥®¡à §®¢ ¨ï âà¥å ¡ §¨áëå ®¯¥à â®à®¢
(3.11) ¯à¨ § ¬¥¥ ª®®à¤¨ â (3.14) ¨ áà ¢¥¨ï ¨å á á®®â¢¥âáâ¢ãîé¨-
¬¨ ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (3.12), ¯¥à¥¯¨á ë¬¨ ¢ ª®®à¤¨ â å �; �,
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¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã è¥áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:

vx = 1; wx = 0; yvx = 0;
ywx = 1; �vy = w; �wy = �:

)
(3:15)

�¨áâ¥¬  íâ  ï¢® ¥á®¢¬¥áâ , çâ® ¨ ¤®ª §ë¢ ¥â ¥íª¢¨¢ «¥â®áâì
 «£¥¡à �¨ á ¡ §¨á ¬¨ (3.11) ¨ (3.12). � ¬¥â¨¬ â ª¦¥, çâ®  «£¥¡àë �¨ á
¡ §¨á ¬¨ (3.12), ¢ ª®â®àëå ¯®áâ®ï ï � ¯à¨¨¬ ¥â à §«¨çë¥ § ç¥-
¨ï, ¥íª¢¨¢ «¥âë, ¢ â® ¢à¥¬ï ª ª   «®£¨ç® ãáâà®¥ë¥  «£¥¡àë
�¨ á ¡ §¨á ¬¨

X1 = @x; X2 = y@x; X3 = �@y + �y@x

¢á¥ íª¢¨¢ «¥âë ¤àã£ ¤àã£ã ¨ íª¢¨¢ «¥âë  «£¥¡à¥ �¨ á ¡ §¨á®¬
(3.11).

�® ¨ä¨¨â¥§¨¬ «ìë¬ ¡ §¨áë¬ ®¯¥à â®à ¬ (3.11), (3.12) ¬®¦-
®  ©â¨ «®ª «ìë¥ íää¥ªâ¨¢ë¥ ¤¥©áâ¢¨ï � ¨ � á®®â¢¥âáâ¢ãîé¨å
£àã¯¯ ¯à¥®¡à §®¢ ¨©:

x
0 = x+ a

1 + a
2
y � a

2
a
3
=2;

y
0 = y � a

3;

)
(3:110)

x
0 = x+ a

1 + a
3
y + a

3(a2 + �a
3)=2;

y
0 = y + a

2 + �a
3

)
(3:120)

¨ § ª® ã¬®¦¥¨ï (3.2) ¢ ¨å ®¡é¥© ¯ à ¬¥âà¨ç¥áª®© £àã¯¯¥ G3:

'
1(a; b) = a

1 + b
1 + (a2b3 � a

3
b
2)=2;

'
2(a; b) = a

2 + b
2
;

'
3(a; b) = a

3 + b
3
;

9>=
>; (3:16)

¢ ª®â®àë©, ®¡à â¨¬ ¢¨¬ ¨¥, ¯®áâ®ï ï � ¥ ¢å®¤¨â, â ª ¦¥ ª ª ® 

¥ ¢å®¤¨«  ¨ ¢ ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï (3.13).
�¢â®¬®àä¨§¬ a

1 ! a
1
; a

2 ! a
3
; �a3� �a

2 ! a
2, ®áâ ¢«ïï ¥¨§¬¥-

ë¬ § ª® ã¬®¦¥¨ï (3.16), ¯¥à¥¢®¤¨â ¤¥©áâ¢¨¥ (3:110) ¢ ¤¥©áâ¢¨¥
(3:120) ¯à¨ â¥å ¦¥ ª®®à¤¨ â å. � ª¨¬ ®¡à §®¬, íâ¨ £àã¯¯ë ¯à¥®¡à -
§®¢ ¨© á« ¡® íª¢¨¢ «¥âë á®£« á® ®¯à¥¤¥«¥¨î 3, ® ®¨ ¥ íª¢¨-
¢ «¥âë ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4, â ª ª ª ¡¥§ ãª § ®£®  ¢â®¬®àä¨§-
¬  ¤¥©áâ¢¨ï (3:110) ¨ (3:120) ¥ ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¨ ¯à¨ ª ª®©
§ ¬¥¥ ª®®à¤¨ â (3.14). � á ¬®¬ ¤¥«¥, ¥á«¨ ¡ë íâ¨ £àã¯¯ë ¡ë«¨ íª¢¨-

¢ «¥âë, â® ãà ¢¥¨ï (3.10) ¨§ ®¯à¥¤¥«¥¨ï 4 ¤«ï äãªæ¨© w1 = v ¨

65



w
2 = w «®ª «ì®© § ¬¥ë ª®®à¤¨ â (3.14) ¢ ¯«®áª®áâ¨ ¯à¥¤áâ ¢¨«¨áì

¡ë á«¥¤ãîé¥© á¨áâ¥¬®© ¤¢ãå äãªæ¨® «ìëå ãà ¢¥¨©:

v(x+ a
1 + a

2
y � a

2
a
3
=2; y � a

3) =
= v(x; y) + a

1 + a
3
w(x; y) + a

3(a2 + �a
3)=2;

w(x+ a
1 + a

2
y � a

2
a
3
=2; y � a

3) =

= w(x; y) + a
2 + �a

3
:

9>>>=
>>>;

�á«¨ ¯à®¤¨ää¥à¥æ¨à®¢ âì íâ¨ ãà ¢¥¨ï ¯® ª ¦¤®¬ã ¨§ ¥§ ¢¨á¨-
¬ëå ¯ à ¬¥âà®¢ a1; a2; a3, ¯®«®¦¨¢ § â¥¬ a1 = 0; a2 = 0; a3 = 0, â® á®-
¢  ¯®«ãç¨¬ á¨áâ¥¬ã è¥áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (3.15), ª®-
â®à ï ï¢® ¥á®¢¬¥áâ . � «®£¨ç® á« ¡® íª¢¨¢ «¥âë, ® ¥ íª¢¨-
¢ «¥âë £àã¯¯ë ¯à¥®¡à §®¢ ¨© á íää¥ªâ¨¢ë¬¨ ¤¥©áâ¢¨ï¬¨ (3:120)

¯à¨ à §«¨çëå § ç¥¨ïå ¯®áâ®ï®© �.
�®«¥¥ ªà âª® ¨§ à ¡®âë [33] à áá¬®âà¨¬ ¥é¥ ¨ ¢â®à®© á«ãç © (¨§

¤¢ãå ¢®§¬®¦ëå) á« ¡® íª¢¨¢ «¥âëå, ® ¥ íª¢¨¢ «¥âëå, âà¥å-
¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á® á«¥¤ãîé¨¬¨ ¡ §¨á -
¬¨:

X1 = @x; X2 = @y; X3 = x@x + �@y; (3:17)

£¤¥ � { ¯à®¨§¢®«ì ï ¯®áâ®ï ï, ¨¬¥îé¨å ¢ ¨å ®¤¨ ª®¢ë¥ ª®¬¬ã-
â æ¨®ë¥ á®®â®è¥¨ï:

[X1;X2] = 0; [X3;X1] = �X1; [X2;X3] = 0: (3:18)

�® ¨ä¨¨â¥§¨¬ «ìë¬ ¡ §¨áë¬ ®¯¥à â®à ¬ (3.17) ¬®¦®  ©â¨
¯®à®¦¤ îé¨¥ ®â®¡à ¦¥¨ï á®®â¢¥âáâ¢ãîé¨å £àã¯¯ ¯à¥®¡à §®¢ ¨©:

x
0 = x exp a3 + a

1
;

y
0 = y + a

2 + �a
3

)
(3:170)

¨ § ª® ã¬®¦¥¨ï (3.2) ¢ ¨å ®¡é¥© ¯ à ¬¥âà¨ç¥áª®© £àã¯¯¥ G3:

'
1(a; b) = a

1 exp b3 + b
1
;

'
2(a; b) = a

2 + b
2
;

'
3(a; b) = a

3 + b
3
;

9>=
>; (3:19)

¢ ª®â®àë© ¯à®¨§¢®«ì ï ¯®áâ®ï ï �, ª ª ¨ ¢ ª®¬¬ãâ â®àë (3.18), ¥
¢å®¤¨â. �« ¡ ï íª¢¨¢ «¥â®áâì  «£¥¡à �¨ á ¡ §¨á ¬¨ (3.17) ¨ £àã¯¯
¯à¥®¡à §®¢ ¨© á íää¥ªâ¨¢ë¬¨ ¤¥©áâ¢¨ï¬¨ (3:170) ¯à¨ à §«¨çëå

§ ç¥¨ïå ¯®áâ®ï®© � ®ç¥¢¨¤ . �å ¥íª¢¨¢ «¥â®áâì ¯à¨ § ¬¥¥
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ª®®à¤¨ â (3.14) ãáâ  ¢«¨¢ ¥âáï â®ç® â ª¦¥, ª ª ¨ ¢ ¯¥à¢®¬ á«ã-
ç ¥: á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ãà ¢¥¨©,   «®£¨ç ï á¨áâ¥¬¥ (3.15),
®ª §ë¢ ¥âáï ï¢® ¥á®¢¬¥áâ®© ¯à¨ �1 6= �2. �¥âàã¤® ¯à®¢¥à¨âì, çâ®
§ ª®ë ã¬®¦¥¨ï (3.16) ¨ (3.19) ¢ ¯ à ¬¥âà¨ç¥áª¨å £àã¯¯ å G3 âà¥å-

¬¥àëå £àã¯¯ (3:110); (3:120) ¨ (3:170) ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ã¤®-
¢«¥â¢®àïîâ  ªá¨®¬ ¬ «®ª «ì®© £àã¯¯ë �¨ (á¬. [12], áâà. 150):

'('(a; b); c) = '(a; '(b; c));
'(a; 0) = '(0; a) = a:

)

�â¬¥ç¥®¥ ¢ëè¥ à §«¨ç¨¥ ¬¥¦¤ã á« ¡®© íª¢¨¢ «¥â®áâìî ¨
íª¢¨¢ «¥â®áâìî ¨¬¥¥â ¥¯®áà¥¤áâ¢¥®¥ ®â®è¥¨¥ ª ¢®¯à®áã ®
ª« áá¨ä¨ª æ¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨©. �¡ëç® ¥¥ ¯à®¢®¤ïâ á â®ç®-

áâìî ¤® ¯®¤®¡¨ï, â® ¥áâì á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¨ á« ¡®© íª¢¨¢ -
«¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥. �® ¨¬¥¥â á¬ëá« ¯à®¢¥áâ¨ íâã
ª« áá¨ä¨ª æ¨î ¨ á ¤àã£®© â®ç®áâìî,   ¨¬¥® á â®ç®áâìî ¤® ¨§®-
¬®àä¨§¬  ¨ íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥. �®áª®«ìªã
á« ¡® íª¢¨¢ «¥âë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¬®£ãâ ®ª § âìáï ¥íª¢¨-
¢ «¥âë¬¨, ¢â®à ï ª« áá¨ä¨ª æ¨ï, ¢ ®¡é¥¬ á«ãç ¥, ¥ á®¢¯ ¤ ¥â á
¯¥à¢®©, ãâ®çï¥â ¨ ¤®¯®«ï¥â ¥¥, ï¢«ïïáì, ¯® áãé¥áâ¢ã, ¡®«¥¥ â®-
ª®© ª« áá¨ä¨ª æ¨¥©. �  ¢®¯à®á ® â®¬, ¢ ª ª®¬ á«ãç ¥ ¢®§¬®¦® â ª®¥
ãâ®ç¥¨¥ ¨ ¤®¯®«¥¨¥ ®¡ëç®© ª« áá¨ä¨ª æ¨¨, ®â¢¥ç ¥â á«¥¤ãîé ï

â¥®à¥¬ :

�¥®à¥¬ . �á«¨ £àã¯¯ë ¯à¥®¡à §®¢ ¨© G
r(�) ¨ Gr(�) á« ¡® íª¢¨-

¢ «¥âë , ® ¥ íª¢¨¢ «¥âë, â® ¨å ¯ à ¬¥âà¨ç¥áª ï £àã¯¯  G
r

¨¬¥¥â ¢¥è¨¥  ¢â®¬®àä¨§¬ë.

�à¥¤¯®«®¦¨¬ ®¡à â®¥, â® ¥áâì çâ® ¯ à ¬¥âà¨ç¥áª ï £àã¯¯  G
r

¨¬¥¥â â®«ìª® ¢ãâà¥¨¥  ¢â®¬®àä¨§¬ë. �®£¤ , ¢á«¥¤áâ¢¨¥ á« ¡®©
íª¢¨¢ «¥â®áâ¨ £àã¯¯ Gr(�) ¨ Gr(�), ãà ¢¥¨ï (3.8) ¨¬¥îâ à¥è¥¨¥

®â®á¨â¥«ì® ®â®¡à ¦¥¨ï v(x) ¨ ¢ãâà¥¥£®  ¢â®¬®àä¨§¬  u(a) =
bab

�1, £¤¥ b 2 Gr, â® ¥áâì

v(�(x; a)) = �(v(x); bab�1): (3:20)

�®ª ¦¥¬, çâ® â®£¤  ®â®¡à ¦¥¨¥ w(x) = v(�(x; b)) ï¢«ï¥âáï à¥è¥¨-
¥¬ ãà ¢¥¨ï (3.10). �¥©áâ¢¨â¥«ì®, ¯®¤áâ ¢«ïï ¥£® ¢ íâ® ãà ¢¥¨¥,
¯®«ãç ¥¬ á«¥¤ãîé¥¥ á®®â®è¥¨¥:

v(�(�(x; a); b)) = �(v(�(x; b)); a);
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ª®â®à®¥, ®ç¥¢¨¤®, ¯¥à¥å®¤¨â ¢ à ¢¥áâ¢® (3.20) ¯à¨ ¯®¤áâ ®¢ª¥
�(x; b) ! x; b

�1
ab ! a. � ª¨¬ ®¡à §®¬, £àã¯¯ë G

r(�) ¨ Gr(�), ¢ ¯à®-
â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ â¥®à¥¬ë, ®ª §ë¢ îâáï íª¢¨¢ «¥âë¬¨, çâ® ¨
®§ ç ¥â ¥¢¥à®áâì á¤¥« ®£® ¯à¥¤¯®«®¦¥¨ï ®¡ ®âáãâáâ¢¨¨ ã ¯ à -

¬¥âà¨ç¥áª®© £àã¯¯ë G
r ¢¥è¨å  ¢â®¬®àä¨§¬®¢. �áâ ®¢«¥®¥ ¯à®-

â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã.
�¢â®¬®àä¨§¬ ¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¨¤ãæ¨àã¥â â ª®¥ «¨¥©-

®¥ ¯à¥®¡à §®¢ ¨¥ ¡ §¨á  (3.3), ª®â®à®¥ á®åà ï¥â ª®¬¬ãâ æ¨®ë¥
á®®â®è¥¨ï á â®ç®áâìî ¤® á®¢¯ ¤¥¨ï áâàãªâãàëå ª®áâ â. �â®
¯à¥®¡à §®¢ ¨¥ ¡ã¤¥â  ¢â®¬®àä¨§¬®¬ á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë �¨.
�á®, çâ® ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨ ¢®§¬®¦® â®«ìª® ¤«ï
â¥å  «£¥¡à �¨ á ¡ §¨á®¬ (3.3), ã ª®â®àëå ¥áâì ¢¥è¨¥  ¢â®¬®àä¨§¬ë
( ¯à¨¬¥à, ¨«ì¯®â¥âëå). �à®áâë¥ ¨ ¯®«ã¯à®áâë¥  «£¥¡àë �¨, ª ª

¨§¢¥áâ®, ¨¬¥îâ â®«ìª® ¢ãâà¥¨¥  ¢â®¬®àä¨§¬ë, ¯®íâ®¬ã ¤«ï ¨å
ª« áá¨ä¨ª æ¨¨ á â®ç®áâìî ¤® á« ¡®© íª¢¨¢«¥â®áâ¨ ¨ á â®ç®áâìî
¤® íª¢¨¢ «¥â®áâ¨ á®¢¯ ¤ îâ.

�¥§ã«ìâ âë à ¡®âë [33] ¯®ª §ë¢ îâ, çâ® ¨§ ¢á¥å âà¥å¬¥àëå  «-
£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¢ ª« áá¨ä¨ª æ¨¨ �.�¨ â®«ìª® ¤¢¥
¤®¯ãáª îâ ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨. �â®ç¥¨¥ ¯¥à-
¢®© ¨§ ¨å á ¡ §¨á®¬ X1 = @x; X2 = @y; X3 = y@x ¨ ª®¬¬ãâ -
æ¨®ë¬¨ á®®â®è¥¨ï¬¨ (3.13) ¯à¨¢®¤¨â ª ¥íª¢¨¢ «¥âë¬  «£¥-

¡à ¬ �¨ á ¡ §¨á ¬¨ (3.11) ¨ (3.12). �â®ç¥¨¥ ¦¥ ¢â®à®© á ¡ §¨á®¬
X1 = @x; X2 = @y; X3 = x@x ¨ ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨
(3.18) ¤ ¥â ¥íª¢¨¢ «¥âë¥  «£¥¡àë (3.17) ¯à¨ à §«¨çëå § ç¥¨ïå
¯à®¨§¢®«ì®© ¯®áâ®ï®© �.

� áá¬®âà¨¬ â¥¯¥àì ¥áª®«ìª® § ¤ ç, ¤«ï à¥è¥¨ï ª®â®àëå ãâ®ç¥-
¨¥ ª« áá¨ä¨ª æ¨¨ �.�¨ ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨ ¨¬¥¥â ¯à¨æ¨-
¯¨ «ì®¥ § ç¥¨¥.

�«ï ç¥âëà¥å¬¥à®©  ¡áâà ªâ®©  «£¥¡àë �¨ á ¡ §¨á®¬ X1, X2, X3,
X4 ¨ ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ ¢ ¥¬:

[X1;X2] = 0; [X3;X1] = 0; [X2;X3] = X1;

[X1;X4] = X1; [X2;X4] = X2; [X3;X4] = 0

)
(3:21)

 ©¤¥¬ ¢á¥ á« ¡® ¥íª¢¨¢ «¥âë¥ ¯à¥¤áâ ¢«¥¨ï (à¥ «¨§ æ¨¨) ¨ä¨-
¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �®áª®«ìªã
¯¥à¢ë¥ âà¨ ®¯¥à â®à  á®áâ ¢«ïîâ ¡ §¨á âà¥å¬¥à®© ¯®¤ «£¥¡àë á ª®¬-
¬ãâ â®à ¬¨ (3.13), ¤«ï ¥¥ ¢ ¯à¥¤¥« å á« ¡®© íª¢¨¢ «¥â®áâ¨ ¥áâ¥-

áâ¢¥® ¢§ïâì âà¥å¬¥àãî  «£¥¡àã á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (3.12)
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¯à¨ � = 0. �ëà ¦¥¨¥ ¤«ï ®¯¥à â®à  X4 ¢®§ì¬¥¬ ¢ á ¬®¬ ®¡é¥¬ ¢¨¤¥:

X4 = �(x; y)@x + �(x; y)@y: (3:22)

�®¤áâ ¢«ïï ®¯¥à â®àë (3.12) ¯à¨ � = 0 ¨ (3.22) ¢ ¯®á«¥¤¨¥ âà¨ ª®¬-
¬ãâ â®à  á®®â®è¥¨© (3.21), ¤«ï äãªæ¨© �(x; y) ¨ �(x; y) ¯®«ãç ¥¬

á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢¥¨©:

�x = 1; �x = 0; �y = 0;
�y = 1; y�x � � = 0; y�x = 0:

)

�¨áâ¥¬  íâ  á®¢¬¥áâ  ¨ ¨¬¥¥â â ª®¥ à¥è¥¨¥:

�(x; y) = x+ a; �(x; y) = y:

�®áâ®ï ï a ¨§ ¢ëà ¦¥¨ï (3.22) ¤«ï ®¯¥à â®à  X4 á íâ¨¬¨ à¥è¥-
¨ï¬¨ ¬®¦¥â ¡ëâì ¨áª«îç¥  ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â: x +
a ! x; y ! y, ®áâ ¢«ïîé¥© ¥¨§¬¥ë¬¨ ¢ëà ¦¥¨ï ¤«ï ®¯¥à â®-
à®¢ X1;X2;X3. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ â®«ìª® ®¤ã ç¥âëà¥å¬¥àãî
 «£¥¡àã �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥-
¨ï¬¨ (3.21):

X1 = @x; X2 = @y; X3 = y@x; X4 = x@x + y@y: (3:23)

�¤ ª® ¯® ª« áá¨ä¨ª æ¨¨ �.�¨, ¢®á¯à®¨§¢¥¤¥®© ¢ ¬®®£à ä¨¨ [35]
  áâà. 25{27, ¨¬¥¥âáï ¥é¥ ®¤  ç¥âëà¥å¬¥à ï  «£¥¡à , á« ¡® ¥ íª¢¨-
¢ «¥â ï  «£¥¡à¥ (3.23), á â¥¬¨ ¦¥ ª®¬¬ãâ â®à ¬¨ (3.21):

X1 = @x; X2 = y@x; X3 = �@y; X4 = x@x (3:24)

(á¬. â ª¦¥ ¢ëà ¦¥¨ï (4.8.3) ¨§ á«¥¤ãîé¥£® x4). �®  «£¥¡à  (3.24)
¬®¦¥â ¡ëâì ¯®«ãç¥    «®£¨ç®  «£¥¡à¥ (3.23) â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ ¢ ª ç¥áâ¢¥ âà¥å¬¥à®© ¯®¤ «£¥¡àë ¢§ïâì ¥  «£¥¡àã (3.12) ¯à¨
� = 0,   á« ¡® íª¢¨¢ «¥âãî ¥©, ® ¥ íª¢¨¢ «¥âãî  «£¥¡àã (3.11).
�® ¥áâì ã á« ¡® ¥íª¢¨¢ «¥âëå  «£¥¡à ¬®£ãâ ¡ëâì á« ¡® íª¢¨¢ -

«¥âë¥, ® ¥ íª¢¨¢ «¥âë¥ ¯®¤ «£¥¡àë.
� áá¬®âà¨¬, ¤ «¥¥, ¤¢¥ £àã¯¯ë G

r(�) ¨ Gr(�) ¯à¥®¡à §®¢ ¨© ¬®-
£®®¡à §¨ïM ¨ ¬®£®®¡à §¨ï N á ¯®à®¦¤ îé¨¬¨ ®â®¡à ¦¥¨ï¬¨ (3.9),
¨¬¥îé¨å ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã Gr, ª ª £àã¯¯ã ¯à¥-
®¡à §®¢ ¨© ¬®£®®¡à §¨ï M � N. �¡®§ ç¨¬ íâã £àã¯¯ã ç¥à¥§
G

r(�; �).
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�¯à¥¤¥«¥¨¥ 5. �àã¯¯  Gr(�; �) ¯à¥®¡à §®¢ ¨© ¯àï¬®£® ¯à®¨§¢¥-
¤¥¨ïM�N ¬®£®®¡à §¨© M ¨ N  §ë¢ ¥âáï ¢§ ¨¬ë¬ à áè¨à¥¨¥¬

£àã¯¯ ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�).
�ãáâì ¡ §¨áë¥ ®¯¥à â®àë  «£¥¡à �¨ £àã¯¯ Gr(�) ¨ Gr(�) § ¤ îâ-

áï ¢ëà ¦¥¨ï¬¨ (3.3) ¨ (3.6) á®®â¢¥âáâ¢¥®. �á®, çâ® ¢ íâ¨å ¡ §¨á å
¨å ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï ¡ã¤ãâ ®¤¨ ª®¢ë¬¨, â® ¥áâì ¡ã¤ãâ
á®¢¯ ¤ âì áâàãªâãàë¥ ª®áâ âë á ®¤¨¬ ¨ â¥¬ ¦¥  ¡®à®¬ ¨¤¥ª-
á®¢. �®£¤  ¡ §¨áë¥ ®¯¥à â®àë Z!  «£¥¡àë �¨ £àã¯¯ë G

r(�; �) ¡ã¤ãâ,
®ç¥¢¨¤®, § ¤ ¢ âìáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥¨ï¬¨:

Z! = X! + �! = �
�
!(x)@=@x

� + �
�
!(�)@=@�

�
; (3:25)

£¤¥ ! = 1; : : : ; r; � = 1; : : : ;m; � = 1; : : : ; n.
�¯à¥¤¥«¥¨¥ 50. �«£¥¡àã �¨ £àã¯¯ë G

r(�; �) á ¡ §¨áë¬¨ ®¯¥à -

â®à ¬¨ (3.25) ¡ã¤¥¬  §ë¢ âì ¢§ ¨¬ë¬ à áè¨à¥¨¥¬ ¨áå®¤ëå  «-
£¥¡à �¨ £àã¯¯ Gr(�) ¨ Gr(�) á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (3.3) ¨ (3.6).

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢§ ¨¬®¥ à áè¨à¥¨¥ ¬®¦¥â ¡ëâì íª¢¨¢ -
«¥âë¬,   ¬®¦¥â ¡ëâì ¨ ¥íª¢¨¢ «¥âë¬. �á«¨ £àã¯¯ë ¯à¥®¡à §®-
¢ ¨© (3.9) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬  «£¥¡àë (3.3), (3.6) íª¢¨¢ «¥âë,
â® ¨ à áè¨à¥¨¥  §ë¢ ¥âáï íª¢¨¢ «¥âë¬; ¥á«¨ ¦¥ ®¨ ¥íª¢¨¢«¥â-
ë, â® ¨ à áè¨à¥¨¥  §ë¢ ¥âáï ¥íª¢¨¢ «¥âë¬. �ª¢¨¢ «¥âë¥
(ªà âë¥) ¢§ ¨¬ë¥ à áè¨à¥¨ï ¨á¯®«ì§ãîâáï ¢ ®¡ëç®© £¥®¬¥âà¨¨
®¤®£® ¬®¦¥áâ¢  ¤«ï ®¯à¥¤¥«¥¨ï ¬¥âà¨ª¨ ª ª ¤¢ãåâ®ç¥ç®£® ¨¢ -

à¨ â  (á¬. [12], áâà. 237), ¢ â® ¢à¥¬ï ª ª ¥íª¢¨¢ «¥âë¥ ¢§ ¨¬ë¥
à áè¨à¥¨ï § ¤ îâ £àã¯¯ë ¤¢¨¦¥¨© ¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢,
à §¬¥à®áâì ª®â®àëå, ª ª ¬®£®®¡à §¨©, ¬®¦¥â ¡ëâì à §«¨ç®© (á¬.
x2).

�«ï á« ¡® íª¢¨¢ «¥âëå  «£¥¡à á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (3.11)
¨ (3.12) ¢®§¬®¦ë ª ª íª¢¨¢ «¥âë¥ ¢§ ¨¬ë¥ à áè¨à¥¨ï:

Z1 = @x + @�; Z2 = y@x + �@�; Z3 = �@y � @�; (3:26)

Z1 = @x + @�; Z2 = @y + @�; Z3 = y@x + �@y + �@� + �@�; (3:27)

â ª ¨ ¥íª¢¨¢ «¥âë¥:

Z1 = @x + @�; Z2 = y@x + @�; Z3 = �@y + �@� + �@�; (3:28)

Z1 = @x + @�; Z2 = @y + @�; Z3 = y@x + �1@y + �@� + �2@�; (3:29)

¯à¨ç¥¬ �1 6= �2.
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� ¬¥â¨¬, çâ® íª¢¨¢ «¥âë¥ à áè¨à¥¨ï (3.26) ¨ (3.27) á« ¡® íª¢¨-
¢ «¥âë, ¢ â® ¢à¥¬ï ª ª ¥íª¢¨¢ «¥âë¥ à áè¨à¥¨ï (3.28) ¨ (3.29)
á« ¡® ¥íª¢¨¢ «¥âë ¬¥¦¤ã á®¡®© ¯à¨ ¤®¯ãáâ¨¬®© § ¬¥¥ ª®®à¤¨ â
(3.14) ¨ á« ¡® ¥íª¢¨¢ «¥âë íª¢¨¢ «¥â®¬ã à áè¨à¥¨î (3.26). �á-

«¨ ¢ ¯à¥¤¥« å á« ¡®© íª¢¨¢ «¥â®áâ¨ ¨§ ¢§ ¨¬®£® à áè¨à¥¨ï (3.28)
¬®¦® ¨áª«îç¨âì ¯®áâ®ïãî �, â® ¨ª ª¨¬ ¯à¥®¡à §®¢ ¨¥¬ ¡ §¨á 
¨ ¨ª ª®© ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â (3.14) ¥¢®§¬®¦® ¨§ à á-
è¨à¥¨ï (3.29) ¨áª«îç¨âì ®¤®¢à¥¬¥® ®¡¥ ¯®áâ®ïë¥ �1 ¨ �2.

�«ï  «£¥¡à á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (3.17) ¢®§¬®¦® ®¤® íª¢¨¢ -
«¥â®¥ ¢§ ¨¬®¥ à áè¨à¥¨¥:

Z1 = @x + @�; Z2 = @y + @�; Z3 = x@x + �@y + �@� + �@� (3:30)

¨ ®¤® ¥íª¢¨¢ «¥â®¥:

Z1 = @x + @�; Z2 = @y + @�; Z3 = x@x + �1@y + �@� + �2@�; (3:31)

£¤¥ �1 6= �2. �á¥ íª¢¨¢ «¥âë¥ à áè¨à¥¨ï (3.30) ¤«ï à §ëå § ç¥-
¨© ¯®áâ®ï®© � á« ¡® íª¢¨¢ «¥âë ¬¥¦¤ã á®¡®©, ® ¥íª¢¨¢ «¥â-

®¬ã à áè¨à¥¨î (3.31) ®¨ á« ¡® ¥íª¢¨¢ «¥âë. �®áâ®ïë¥ �1 ¨
�2 ¢ ¯à¥¤¥« å á« ¡®© íª¢¨¢ «¥â®áâ¨ ¨§ ¢§ ¨¬®£® à áè¨à¥¨ï (3.31)
¨áª«îç¨âì ®¤®¢à¥¬¥® ¥¢®§¨®¦®.
�¯à¥¤¥«¥¨¥ 6. �« ¤ªãî äãªæ¨î f(x; �) ¡ã¤¥¬  §ë¢ âì

¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬ £àã¯¯ G
r(�) ¨ G

r(�) á íää¥ªâ¨¢ë¬¨
¤¥©áâ¢¨ï¬¨ (3.9), ¥á«¨ ®  ï¢«ï¥âáï ¨¢ à¨ â®¬ ¨å ¢§ ¨¬®£® à áè¨-
à¥¨ï Gr(�; �), â® ¥áâì ¥á«¨ ¤«ï ¢á¥å x; � ¨§ ¥ª®â®àëå ®ªà¥áâ®áâ¥©
â®ç¥ª ¢ M;N ¨ ¢á¥å a ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¤¨¨ç®£® í«¥¬¥â 
e 2 Gr ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

f(�(x; a); �(�; a)) = f(x; �): (3:32)

�®£« á® ¨ä¨¨â¥§¨¬ «ì®¬ã ªà¨â¥à¨î ¨¢ à¨ â®áâ¨ (á¬. [12],
áâà. 229 ¨ [13], áâà. 77) äãªæ¨ï f(x; �) ¡ã¤¥â ¨¢ à¨ â®¬ £àã¯¯ë
G

r(�; �) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢ ¥ª®â®àëå «®ª «ìëå
á¨áâ¥¬ å ª®®à¤¨ â x = (x1; : : : ; xm); � = (�1; : : : ; �n) ¨ ¯ à ¬¥âà®¢
a = (a1; : : : ; ar) ®  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥© á¨áâ¥¬¥ r ãà ¢¥¨©:

Z!f(x; �) = 0 (3:33)

á ®¯¥à â®à ¬¨ (3.25):

�
�
!(x)@f(x; �)=@x

� + �
�
!(�)@f(x; �)=@�

� = 0: (3:330)
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�¢ãåâ®ç¥çë© ¨¢ à¨ â f(x; �) ¨¬¥¥â á®¤¥à¦ â¥«ìë© á¬ëá« ¥
â®«ìª® ¯à¨ íª¢¨¢ «¥â®¬ (ªà â®¬) ¢§ ¨¬®¬ à áè¨à¥¨¨ £àã¯¯
¯à¥®¡à §®¢ ¨©, ª®£¤  ® § ¤ ¥â ¬¥âà¨ªã ¯à®áâà áâ¢  ¢ ®¡ëç®© £¥®-
¬¥âà¨¨ ®¤®£® ¬®¦¥áâ¢ . �à¨ ¥íª¢¨¢ «¥â®¬ ¢§ ¨¬®¬ à áè¨à¥-

¨¨ íâ®â ¨¢ à¨ â ¬®¦® à áá¬ âà¨¢ âì ª ª ¬¥âà¨ç¥áªãî äãªæ¨î
¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢, à §¬¥à®áâ¨ ª®â®àëå ¥ ®¡ï§ â¥«ì® á®-
¢¯ ¤ îâ. � ª ï £¥®¬¥âà¨ï ¥áâ¥áâ¢¥® ¯®ï¢«ï¥âáï ¢ â¥®à¨¨ ä¨§¨ç¥-
áª¨å áâàãªâãà �.�.�ã« ª®¢  [1],[2],[3], ¢ ª®â®à®© à ááâ®ï¨¥ f(x; �)
¨â¥à¯à¥â¨àã¥âáï ª ª ¨§¬¥àï¥¬ ï ¢ ®¯ëâ¥ ¢¥«¨ç¨ .

�¥è ï áà ¢¨â¥«ì® ¯à®áâë¥ á¨áâ¥¬ë ãà ¢¥¨© (3.33), ¥âàã¤®
ãáâ ®¢¨âì, çâ® ¤¢ãåâ®ç¥çë¥ ¨¢ à¨ âë f(x; y; �; �) íª¢¨¢ «¥âëå
¢§ ¨¬ëå à áè¨à¥¨© (3.26) ¨ (3.27) ¢ëà®¦¤¥ë:

f = y � �;

¢ â® ¢à¥¬ï ª ª ¤«ï ¥íª¢¨¢ «¥âëå à áè¨à¥¨© (3.28) ¨ (3.29) íâ¨
¨¢ à¨ âë ¥ ¢ëà®¦¤¥ë:

f = x� � � y� � �y
2
=2;

f = (�1 � �2)(x� �) � (y � �)2=2;

£¤¥,  ¯®¬¨¬, �1 6= �2. � «®£¨ç®, ¤«ï íª¢¨¢ «¥â®£® ¢§ ¨¬®£®
à áè¨à¥¨ï (3.30) ¤¢ãåâ®ç¥çë© ¨¢ à¨ â f(x; y; �; �) ¢ëà®¦¤¥:

f = y � �;

  ¤«ï ¥íª¢¨¢ «¥â®£® à áè¨à¥¨ï (3.31) ® ¥ ¢ëà®¦¤¥:

f = y � � � (�1 � �2) ln jx� �j;
£¤¥, ¯®-¯à¥¦¥¬ã, �1 6= �2.

�ëç¨á«¥¨¥ ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢  £«ï¤® ¯®ª §ë¢ ¥â áã-
é¥áâ¢¥®áâì à §«¨ç¨ï ¬¥¦¤ã íª¢¨¢ «¥â®áâìî ¨ á« ¡®© íª¢¨¢ -
«¥â®áâìî £àã¯¯ ¯à¥®¡à §®¢ ¨©. �¥©áâ¢¨â¥«ì®, áâàãªâãà  ¨ á¢®©-
áâ¢  íâ¨å ¨¢ à¨ â®¢ ®ª §ë¢ îâáï á®¢á¥¬ à §ë¬¨ ¯à¨ íª¢¨¢ «¥â-
®¬ ¨ ¥íª¢¨¢ «¥â®¬ ¢§ ¨¬ëå à áè¨à¥¨ïå, å®âï ¯à¨ ¥íª¢¨¢ -
«¥â®¬ à áè¨à¥¨¨ £àã¯¯ë, ¥£® á®áâ ¢«ïîé¨¥, á« ¡® íª¢¨¢ «¥âë.
�âáî¤  ¢ëâ¥ª ¥â, çâ® ¤«ï à¥è¥¨ï § ¤ ç  å®¦¤¥¨ï ¬¥âà¨ç¥áª¨å

äãªæ¨© ª ª ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢ ª« áá¨ä¨ª æ¨ï �.�¨ £àã¯¯
¯à¥®¡à §®¢ ¨© ¤®«¦  ¡ëâì ãâ®ç¥  ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨ ¢
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ª ¦¤®¬ ¨§®¬®ä®¬ ª« áá¥ ¨ á íâ®© ¦¥ â®ç®áâìî  ¤® ¥¥ ¨§ ç «ì®
¯à®¢®¤¨âì.

� ª®© ¢ë¢®¤ ¯à®¨««îáâà¨àã¥¬ ¥é¥ ¡®«¥¥  £«ï¤ë¬ ¯à¨¬¥à®¬.
� áá¬®âà¨¬ ¤¢¥ á« ¡® íª¢¨¢ «¥âë¥, ® ¥ íª¢¨¢ «¥âë¥ ç¥âëà¥å-

¬¥àë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á ¡ §¨á ¬¨

X1 = @x; X2 = y@x; X3 = �@y; X4 = �y@y; (3:34)

X1 = @x; X2 = @y; X3 = y@x; X4 = y@y (3:35)

(á¬. ¢ëà ¦¥¨ï (4.8.1) ¨ (4.8.2) ¯à¨ � = 0 ¨§ á«¥¤ãîé¥£® x4) ¨ § ¯¨è¥¬
¤«ï ¨å ¤¢  ¢§ ¨¬ëå à áè¨à¥¨ï. �¤® { íª¢¨¢ «¥â®¥:

Z1 = @x+ @�; Z2 = y@x+ �@�; Z3 = �@y � @�; Z4 = �y@y � �@�; (3:36)
  ¤àã£®¥ { ¥íª¢¨¢ «¥â®¥:

Z1 = @x+ @�; Z2 = y@x+ @�; Z3 = �@y + �@�; Z4 = �y@y + �@�: (3:37)

�«ï ¢§ ¨¬ëå à áè¨à¥¨© (3.36) ¨ (3.37) ¬®¦® § ¯¨á âì á¨áâ¥¬ë

ãà ¢¥¨© (3.33). �¥è ï íâ¨ á¨áâ¥¬ë, «¥£ª® ãáâ  ¢«¨¢ ¥¬, çâ® ¤¢ãå-
â®ç¥çë© ¨¢ à¨ â f(x; y; �; �) íª¢¨¢ «¥â®£® à áè¨à¥¨ï (3.36)
âà¨¢¨ «¥:

f = const; (3:38)

¢ â® ¢à¥¬ï ª ª ¤«ï ¥íª¢¨¢ «¥â®£® ¢§ ¨¬®£® à áè¨à¥¨ï (3.37) ®
¥ â®«ìª® ¥ âà¨¢¨ «¥, ® ¨ ¥ ¢ëà®¦¤¥:

f = x� � � y�: (3:39)

�á®, çâ® ¥ â®«ìª® ¤®¯ãáâ¨¬ ï § ¬¥  ª®®à¤¨ â (3.14), ® ¨ ¨-
ª ª ï ¨å ¤àã£ ï § ¬¥ , "¯¥à¥¬¥è¨¢ îé ï" ¢á¥ ç¥âëà¥ ª®®à¤¨ âë

x; y; �; �, ¥ ¯¥à¥¢¥¤¥â ¤¢ãåâ®ç¥çë¥ ¨¢ à¨ âë (3.38) ¨ (3.39) ¤àã£ ¢
¤àã£ . � íâ® ®§ ç ¥â, çâ® íª¢¨¢ «¥â®¥ ¨ ¥íª¢¨¢ «¥â®¥ ¢§ ¨¬ë¥
à áè¨à¥¨ï (3.36) ¨ (3.37) á« ¡® íª¢¨¢ «¥âëå  «£¥¡à �¨ á ¡ §¨á ¬¨
(3.34), (3.35) á« ¡® ¥ íª¢¨¢ «¥âë ª ª  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨©
ç¥âëà¥å¬¥à®£® ¯à®áâà áâ¢  R4.

�¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä  ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®-
â å [36], [54], [55].
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x4. �¥âëà¥å¬¥àë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨

� ¤®¯®«¥¨¥ ª à¥§ã«ìâ â ¬ à ¡®âë [33] ¯à®¢¥¤¥¬ ¯®«ãî ª« á-
á¨ä¨ª æ¨î ç¥âëà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á
â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥. �à ¢-
¥¨¥ íâ®© ª« áá¨ä¨ª æ¨¨ á á®®â¢¥âáâ¢ãîé¥© ª« áá¨ä¨ª æ¨¥© �.�¨
[34], [35] ¥é¥ ¡®«¥¥ ï¢®, ç¥¬ ¢ âà¥å¬¥à®¬ á«ãç ¥, ¯®¤â¢¥à¦¤ ¥â áã-
é¥áâ¢¥®áâì à §«¨ç¨ï á« ¡®© íª¢¨¢ «¥â®áâ¨ ¨ íª¢¨¢ «¥â®áâ¨
£àã¯¯ ¯à¥®¡à §®¢ ¨©. �¥©áâ¢¨â¥«ì®, â®«ìª® ¤¢¥ âà¥å¬¥àë¥  «£¥-

¡àë ¢ ª« áá¨ä¨ª æ¨¨ �.�¨ ¤®¯ãáª îâ ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å íª¢¨¢ -
«¥â®áâ¨, ¢ â® ¢à¥¬ï ª ª ç¥âëà¥å¬¥àëå  «£¥¡à, ¤®¯ãáª îé¨å â -
ª®¥ ãâ®ç¥¨¥, § ç¨â¥«ì® ¡®«ìè¥. �à®¬¥ â®£®, ¯®« ï ª« áá¨ä¨ª -
æ¨ï ç¥âëà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ®ª §ë¢ ¥â-
áï ¥®¡å®¤¨¬®© ¤«ï   «¨§  £àã¯¯®¢ëå á¢®©áâ¢ ä¨§¨ç¥áª®© áâàãªâãàë
à £  (3,3), â® ¥áâì ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© £¥®¬¥âà¨¨ ¤¢ãå
¬®¦¥áâ¢ M ¨ N, ª ¦¤®¥ ¨§ ª®â®àëå ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢ã¬¥à®¥
¬®£®®¡à §¨¥ (á¬. á«¥¤ãîé¨© x5). �â¥¯¥ì £àã¯¯®¢®© á¨¬¬¥âà¨¨ íâ®©
£¥®¬¥âà¨¨, á®£« á® â¥®à¥¬¥ 2 ¨§ x1, à ¢  ç¥âëà¥¬.

�®ª «ì ï ç¥âëà¥å¯ à ¬¥âà¨ç¥áª ï £àã¯¯  �¨ «®ª «ìëå ¯à¥-
®¡à §®¢ ¨© ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï M § ¤ ¥âáï ãà ¢¥¨ï¬¨

x
0 = �(x; y; a1; a2; a3; a4);
y
0 = �(x; y; a1; a2; a3; a4);

)
(4:1)

¯à¨ç¥¬ �x�y � �y�x 6= 0. �à¨ á¯¥æ¨ «ì®¬ ¢ë¡®à¥ ¯ à ¬¥âà®¢ a =
(a1; a2; a3; a4), ª®£¤  ¨å ã«¥¢ë¬ § ç¥¨ï¬ ¨ â®«ìª® ¨¬ á®®â¢¥âáâ¢ã¥â
â®¦¤¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥, ¯® ª®¥çë¬ ãà ¢¥¨ï¬ (4.1) ¬®¦-
® § ¯¨á âì ¡¥áª®¥ç® ¬ «®¥ (¨ä¨¨â¥§¨¬ «ì®¥) ¯à¥®¡à §®¢ ¨¥,
¡«¨§ª®¥ ª â®¦¤¥áâ¢¥®¬ã:

x
0 = x+ a

!
�!(x; y);

y
0 = y + a

!
�!(x; y);

)
(4:2)

£¤¥ ¨¤¥ªá ! ¯à¨¨¬ ¥â § ç¥¨ï 1,2,3,4 ¨ ¯® ¥¬ã ¯à®¨áå®¤¨â áã¬-
¬¨à®¢ ¨¥ ¢ íâ¨å ¯à¥¤¥« å,   �!(x; y) = @�=@a

!ja=0 ¨ �!(x; y) =
@�=@a

!ja=0.
�ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë

X! = �!(x; y)@x + �!(x; y)@y; (4:3)
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®¤®§ ç® ®¯à¥¤¥«ïîé¨¥ ¡¥áª®¥ç® ¬ «®¥ ¯à¥®¡à §®¢ ¨¥ (4.2), «¨-
¥©® ¥§ ¢¨á¨¬ë á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ á®áâ ¢«ïîâ ¡ -
§¨á ç¥âëà¥å¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨.

�ãé¥áâ¢ã¥â ¯®« ï ª« áá¨ä¨ª æ¨ï ¢¥é¥áâ¢¥ëå  ¡áâà ªâëå ç¥-

âëà¥å¬¥àëå  «£¥¡à �¨ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  (á¬.,  ¯à¨¬¥à,
[37], áâà. 72{74). �à¨¢¥¤¥¬ ¨¦¥ íâã ª« áá¨ä¨ª æ¨î, § ¯¨áë¢ ï è¥áâì
ª®¬¬ãâ â®à®¢ [X1;X2]; [X3;X1]; [X2;X3]; [X1;X4]; [X2;X4]; [X3;X4] ¢
á®®â¢¥âáâ¢ãîé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨:

0; 0; 0; "X1; kX2; lX3; (4:4)

0; 0; 0; kX1 +X2; �X1 + kX2; lX3; (4:5)

0; 0; 0; kX1 +X2; kX2; "X3; (4:6)

0; 0; 0; kX1 +X2; kX2 +X3; "X3; (4:7)

0; 0; X1; cX1; X2; (c� 1)X3; (4:8)

0; 0; X1; 2X1; X2; X2 +X3; (4:9)

0; 0; X1; qX1; X3; �X2 + qX3; (4:10)

0; �X1; 0; 0; X2; 0; (4:11)

0; �X1; X2; X2; �X1; 0; (4:12)

X3; X2; X1; 0; 0; 0; (4:13)

X3; X2; �X1; 0; 0; 0; (4:14)

£¤¥ " = 0; 1; q2 < 4; k; l; c { ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.
� íâ®© ª« áá¨ä¨ª æ¨¨ ¤«ï ã¤®¡áâ¢  ¯® áà ¢¥¨î á ¨áâ®ç¨ª®¬ [37]

¢  «£¥¡à å (4.11) ¨ (4.14) ®áãé¥áâ¢«¥ ¯¥à¥å®¤ ª ¤àã£¨¬ ¡ §¨á ¬ (¢
 «£¥¡à¥ (4.11) ¡ë«  ¯à®¨§¢¥¤¥  ¯¥à¥áâ ®¢ª  ®¯¥à â®à®¢ X1 ¨ X2,   ¢

 «£¥¡à¥ (4.14) ¯¥à¥å®¤ ª ®¢®¬ã ¡ §¨áã ¡ë« á«¥¤ãîé¨¬: (X1+X3)=2!
X1; X2 ! X2; (X1�X3)=2! X3; X4 ! X4). � ¬¥â¨¬ ¥é¥, çâ®  «£¥¡à 
(4.7) ¤«ï ¤¢ãå á«ãç ¥¢: " = 0; k 6= 0 ¨ " = 1; k 6= 1 ¨§®¬®àä   «£¥¡à¥
(4.6) á " = 0; k 6= 0 ¨ " = 1; k 6= 1 á®®â¢¥âáâ¢¥®. �§®¬®àä¨§¬
ãáâ  ¢«¨¢ ¥âáï á«¥¤ãîé¨¬ ¯à¥®¡à §®¢ ¨¥¬ ¡ §¨á   «£¥¡àë (4.6):
X1 +X3=k

2 ! X1; X2�X3=k ! X2; X3 ! X3; X4 ! X4 { ¤«ï á«ãç ï
" = 0; k 6= 0 ¨ X1 +X3=(k � 1)2 ! X1; X2 � X3=(k � 1) ! X2; X3 !
X3; X4 ! X4 { ¤«ï á«ãç ï " = 1; k 6= 1.

�®£« á® ¯à¨¢¥¤¥®© ª« áá¨ä¨ª æ¨¨ (4.4){(4.14) ç¥âëà¥å¬¥àëå

 «£¥¡à ¯¥à¢ë¥ âà¨ ®¯¥à â®à  ®¡à §ãîâ ¡ §¨á âà¥å¬¥à®© ¯®¤ «£¥¡àë.
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�ë¯¨è¥¬ ¨§ ª« áá¨ä¨ª æ¨®®© â¥®à¥¬ë à ¡®âë [33] á®®â¢¥âáâ¢ãî-
é¨¥ ¢ëà ¦¥¨ï ¤«ï ¡ §¨áëå ®¯¥à â®à®¢ X1;X2;X3 âà¥å¬¥à®©  «£¥-
¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨:

¤«ï  «£¥¡à (4.4), (4.5), (4.6), (4.7):

@x; y@x; �(y)@x; (4:15)

¤«ï  «£¥¡à (4.8), (4.9), (4.10):

@x; y@x; �@y; (4:16)

@x; @y; y@x + �@y; (4:17)

¤«ï  «£¥¡àë (4.11):

@x; y@x; x@x + y@y; (4:18)

@x; @y; x@x + �@y; (4:19)

¤«ï  «£¥¡àë (4.12):
@x; y@x; x@x; (4:20)

@x; @y; x@x + y@y; (4:21)

¤«ï  «£¥¡àë (4.13):

@x; tgy sinx@x + cosx@y; tgy cos x@x � sinx@y; (4:22)

¤«ï  «£¥¡àë (4.14):

@x; sinx@x; cos x@x; (4:23)

@x; sinx@x + cosx@y; cosx@x � sinx@y; (4:24)

@x; �thy sinx@x + cosx@y; �thy cos x@x � sinx@y; (4:25)

@x; �cthy sinx@x + cosx@y; �cthy cosx@x � sinx@y; (4:26)

£¤¥ �0 6= const; � { ¯à®¨§¢®«ì ï ¯®áâ®ï ï.
�«ï â®£®, çâ®¡ë ¯à®¢¥áâ¨ ¯®«ãî á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨

¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥ ª« áá¨ä¨ª æ¨î ç¥âëà¥å¬¥àëå  «£¥¡à
�¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨, ¥®¡å®¤¨¬® ®¡é¥¥ ¢ëà ¦¥¨¥

X4 = �(x; y)@x + �(x; y)@y (4:27)

¤«ï ®¯¥à â®à  X4 ¨ ¢ëà ¦¥¨ï (4.15){(4.26) ¤«ï ®¯¥à â®à®¢ X1;X2;X3

¯®¤áâ ¢¨âì ¢ ¯®á«¥¤¨¥ âà¨ ª®¬¬ãâ â®à  [X1;X4]; [X2;X4]; [X3;X4]
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ª ¦¤®© ¨§ ç¥âëà¥å¬¥àëå  «£¥¡à (4.4){(4.14). �à¨ íâ®¬ ¯®«ãç îâáï
¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ®â®á¨â¥«ì® äãªæ¨© � ¨ � ¢ëà ¦¥-
¨ï (4.27), ¨ ¬®£ãâ â ª¦¥ ¢®§¨ªãâì ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï  
®¯¥à â®àë X1;X2;X3. � ç áâ®áâ¨, ®ª §ë¢ ¥âáï, ¥ ¢áïª¨¥ âà¨ ®¯¥à -

â®à  ¨§ á¯¨áª  (4.15){(4.26) á®áâ ¢«ïîâ ¡ §¨á âà¥å¬¥à®© ¯®¤ «£¥¡àë
ç¥âëà¥å¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á ®¯¥à â®à®¬
(4.27). �à®¬¥ â®£®, ¢ ®â«¨ç¨¥ ®â âà¥å¬¥à®£® á«ãç ï, à áá¬®âà¥®-
£® ¢ à ¡®â¥ [33], ¥ª®â®àë¥ ¨§ ç¥âëà¥å¬¥àëå  ¡áâà ªâëå  «£¥¡à
(4.4){(4.14) ¥ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à -
â®à ¬¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨.

�¥®à¥¬ . � §¨áë¥ ®¯¥à â®àë X1;X2;X3;X4 ç¥âëà¥å¬¥à®©  «-

£¥¡àë �¨ «®ª «ì®© £àã¯¯ë �¨ «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨,

¨¬¥îé¥© ¢ íâ®¬ ¡ §¨á¥ áâàãªâãàã ª®¬¬ãâ æ¨®ëå á®®â®è¥¨©

(4.4){(4.14), á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¨ ¢  ¤«¥¦ é¥ ¢ë-

¡à ®© á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â (x; y) § ¤ îâáï á«¥¤ãîé¨¬¨

¢ëà ¦¥¨ï¬¨:

@x; y@x; �(y)@x; '(y)@x; (4:4:1)

@x; y@x; hy
l=k
@x; �ky@y; (4:4:2)

@x; y@x; �(y)@x; x@x; (4:4:3)

@x; y@x; hy
(1�l)=(1�k)

@x; x@x + (1� k)y@y; (4:4:4)

@x; y@x; h

q
1 + y2e

(k�l)arctgy
@x; (k + y)x@x + (1 + y

2)@y; (4:5:1)

@x; y@x; hye
�k=y

@x; (k + y)x@x + y
2
@y; (4:6:1)

@x; y@x; hye
(1�k)=y

@x; (k + y)x@x + y
2
@y; (4:6:2)

@x; y@x; y
2
=2@x; xy@x + y

2
=2@y ; (4:7:1)

@x; y@x; (1�
q
1� hy2)=h@x; xy@x� (1� hy2�

q
1� hy2)=h@y; (4:7:2)

@x; y@x; y
2
=2@x; (1 + y)x@x + y

2
=2@y ; (4:7:3)

@x; y@x; (1�
q
1 � hy2)=h@x; (1+y)x@x�(1�hy2�

q
1 � hy2)h@y; (4:7:4)

@x; y@x; �@y; �@x � y@y; (4:8:1)

@x; @y; y@x; �@x + y@y; (4:8:2)

@x; y@x; �@y; x@x; (4:8:3)
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@x; @y; y@x; x@x + y@y; (4:8:4)

@x; y@x; �@y; 2x@x + y@y; (4:8:5)

@x; @y; y@x + �@y; 2x@x + y@y; (4:8:6)

@x; y@x; �@y; cx@x + (c� 1)y@y; (4:8:7)

@x; @y; y@x; cx@x + y@y; (4:8:8)

@x; y@x; �@y; (2x� y
2
=2)@x + y@y; (4:9:1)

@x; y@x; x@x + y@y; �y@y; (4:11:1)

@x; @y; x@x; y@y; (4:11:2)

@x; y@x; x@x; xy@x + (1 + y
2)@y; (4:12:1)

@x; @y; x@x + y@y; �y@x + x@y; (4:12:2)

@x; sinx@x; cos x@x; @y; (4:14:1)

@x; sinx@x + cos x@y; cos x@x � sinx@y; h@y; (4:14:2)

£¤¥ h; c; � { ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥, ¯à¨ç¥¬ h 6= 0 ¨ c 6= 0; 1; 2; �0 6=
const; '0 � a�

0 6= const.

� ¯à¨¢¥¤¥®© â ¡«¨æ¥ ®¯¥à â®àë ¯à¥¤áâ ¢«ïîâ á«¥¤ãîé¨¥  ¡-
áâà ªâë¥  «£¥¡àë �¨: (4.4.1) ! (4.4) ¯à¨ " = k = l = 0; (4.4.2) !
(4.4) ¯à¨ " = 0; k 6= 0; l 6= 0; k 6= l; (4.4.3) ! (4.4) ¯à¨ " = k = l = 1;
(4.4.4) ! (4.4) ¯à¨ " = 1; k 6= 1; l 6= 1; k 6= l; (4.6.1) ! (4.6) ¯à¨
" = 0; k 6= 0; (4.6.2) ! (4.6) ¯à¨ " = 1; k 6= 1; (4.7.1) ¨ (4.7.2) ! (4.7)
¯à¨ " = k = 0; (4.7.3) ¨ (4.7.4) ! (4.7) ¯à¨ " = k = 1; (4.8.1) ¨ (4.8.2)
! (4.8) ¯à¨ c = 0; (4.8.3) ¨ (4.8.4) ! (4.8) ¯à¨ c = 1; (4.8.5) ¨ (4.8.6)
! (4.8) ¯à¨ c = 2; (4.8.7) ¨ (4.8.8) ! (4.8) ¯à¨ c 6= 0; 1; 2. �«¥¤ãîé¨¥

 ¡áâà ªâë¥  «£¥¡àë: (4.4) ¯à¨ l 6= k = " = 0; k 6= l = " = 0; k =
l 6= " = 0; l 6= k = " = 1; k 6= l = " = 1; k = l 6= " = 1; (4.6) ¯à¨
" = k = 0; " = k = 1; (4.10) ¨ (4.13) ¥ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë
¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �à®¬¥
â®£®, ª ª ¡ë«® ®â¬¥ç¥® ¢ëè¥,  ¡áâà ªâë¥  «£¥¡àë �¨ (4.6), (4.7)
¨§®¬®àäë ¯à¨ " = 0; k 6= 0 ¨ " = 1; k 6= 1, ¯®íâ®¬ã ¨§ â ¡¤¨æë
â¥®à¥¬ë ¢ë¯ãé¥ë ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (4.7) ¤«ï íâ¨å § ç¥¨©
¯®áâ®ïëå " ¨ k.

�à¥¤¨ ¤¢ ¤æ â¨ è¥áâ¨ ¯à¥¤áâ ¢«¥¨© á«¥¤ãîé¨¥ ¯ àë  «£¥¡à á« -

¡® íª¢¨¢ «¥âë ® ¥ íª¢¨¢ «¥âë: (4.7.1{2), (4.7.3{4), (4.8.1{2),
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(4.8.5{6), (4.8.7{8); (4.4.2), (4.4.4), (4.5.1), (4.6.1), (4.6.2), (4.7.2), (4.7.4),
(4.14.2) { ¯à¨ à §«¨çëå § ç¥¨ïå ¯®áâ®ï®© h 6= 0; (4.8.1), (4.8.2),
(4.8.6) { ¯à¨ à §ëå § ç¥¨ïå ¯®áâ®ï®© �. � àë  «£¥¡à (4.8.3{4),
(4.11.1{2), (4.12.1{2), (4.14.1{2) ¨§®¬®àäë, ® á« ¡®© íª¢¨¢ «¥â®-

áâ¨ ¬¥¦¤ã ¨¬¨ ¥â. � ª¨¬ ®¡à §®¬, ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å íª¢¨¢ -
«¥â®áâ¨ ¤®¯ãáª îâ á«¥¤ãîé¨¥ ®¤¨ ¤æ âì ç¥âëà¥å¬¥àëå  «£¥¡à
�¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨: (4.4.2), (4.4.4), (4.5.1), (4.6.1), (4.6.2),
(4.14.2) ¯à¨ h = 1; (4.8.2), (4.8.6) ¯à¨ � = 0; (4.7.1), (4.7.3), (4.8.8).

�¡é ï áå¥¬  ¤®ª § â¥«ìáâ¢  áä®à¬ã«¨à®¢ ®© ¢ëè¥ â¥®à¥¬ë ¤®-
áâ â®ç® ¯à®áâ . �®¤áâ ¢«ïï ¢ëà ¦¥¨ï (4.15){(4.26) ¤«ï ®¯¥à â®à®¢
X1;X2;X3 ¨ ¢ëà ¦¥¨¥ (4.27) ¤«ï ®¯¥à â®à  X4 ¢ ª®¬¬ãâ â®àë
[X1;X4], [X2;X4]; [X3;X4] ç¥âëà¥å¬¥àëå  «£¥¡à (4.4){(4.14), ¯®«ãç -
¥¬ á¨áâ¥¬ã è¥áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¤«ï äãªæ¨© �(x; y)

¨ �(x; y). �á«®¢¨¥ á®¢¬¥áâ®áâ¨ ãà ¢¥¨© íâ®© á¨áâ¥¬ë ¨ «¨¥© ï
¥§ ¢¨á¨¬®áâì ¡ §¨áëå ®¯¥à â®à®¢ X1;X2;X3;X4 ¯à¨¢®¤ïâ ª ¤®¯®«-
¨â¥«ìë¬ ®£à ¨ç¥¨ï¬   ¢ëà ¦¥¨ï (4.15){(4.26),   áâàãªâãàë¥
ª®áâ âë ª®¬¬ãâ æ¨®ëå á®®â®è¥¨© (4.4){(4.14) ¨ ¤«ï ¥ª®â®-
àëå ¨§ ¨å ¢®®¡é¥ ¥ ¬®£ãâ ¢ë¯®«ïâìáï. � ãç¥â®¬ á¤¥« ®£® § ¬¥-
ç ¨ï, à áá¬®âà¨¬ á«¥¤ãîé¨¥ ¯ïâì å à ªâ¥àëå á«ãç ¥¢ ¨§ ¯®«®£®
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë.

�®¤áâ ¢¨¬ á ç «  ¢ëà ¦¥¨ï (4.15), (4.27) ¢ ª®¬¬ãâ â®àë

[X1;X4], [X2;X4], [X3;X4]  «£¥¡àë (4.4) ¨ ¢ ª ¦¤®¬ ¨§ ¨å áà ¢¨¬ ¢
¯à ¢®© ¨ «¥¢®© ç áâïå ª®íää¨æ¨¥âë ¯à¨ «¨¥©® ¥§ ¢¨á¨¬ëå ®¯¥à -
â®à å ¤¨ää¥à¥æ¨à®¢ ¨ï @x ¨ @y. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ á«¥¤ãîéãî
á¨áâ¥¬ã è¥áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® äãª-
æ¨© �(x; y) ¨ �(x; y):

�x = "; �x = 0; y�x � � = ky;

y�x = 0; �(y)�x � �
0(y)� = l�(y); �(y)�x = 0:

)
(4:28)

�§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (4.28)  å®¤¨¬: �(x; y) = "x+ '(y),
£¤¥ '(y) { ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©. �§ ¯¥à¢®£® ¨ âà¥-
âì¥£® ãà ¢¥¨© ãáâ  ¢«¨¢ ¥¬: �(x; y) = (" � k)y, ¯à¨ íâ®¬ ¢â®à®¥,
ç¥â¢¥àâ®¥ ¨ è¥áâ®¥ ãà ¢¥¨ï ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨©   äãª-
æ¨î �(x; y) ¥  « £ îâ. � ª®¥æ, ¯®¤áâ ¢«ïï  ©¤¥ë¥ ¤«ï �(x; y) ¨
�(x; y) ¢ëà ¦¥¨ï ¢ ¯ïâ®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (4.28), ¯®«ãç ¥¬ ãà ¢-
¥¨¥

("� k)y�0(y) = ("� l)�(y); (4:29)
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ª®â®à®¬ã ¤®«¦  ã¤®¢«¥â¢®àïâì ¥«¨¥© ï äãªæ¨ï �(y) ¢ ¯®¤ «-
£¥¡à¥ (4.15). �§ ãà ¢¥¨ï (4.29), ¯®áª®«ìªã �(y) 6= 0 ¨ �

0(y) 6= 0,
á«¥¤ã¥â, çâ® ¯à¨ " = k (" 6= k) ¤®«¦® ¡ëâì " = l (" 6= l) ¨ ®¡à â®.
�á«¨ k = l 6= ", â® ãà ¢¥¨¥ (4.29) ¨¬¥¥â â®«ìª® «¨¥©®¥ à¥è¥-

¨¥, çâ® ¢ ®â®è¥¨¨ äãªæ¨¨ �(y) ¥ ¤®¯ãáª ¥âáï. � ª¨¬ ®¡à §®¬,
¨§ ¢á¥¢®§¬®¦ëå § ç¥¨© ¯®áâ®ïëå "; k; l  «£¥¡àë (4.4) ¢ á«ãç ¥
¥¥ ¯à¥¤áâ ¢«¥¨ï ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨ ¯à¥®¡à §®¢ ¨©
¯«®áª®áâ¨ ãà ¢¥¨¥¬ (4.29) ¤®¯ãáª îâáï â®«ìª® á«¥¤ãîé¨¥ ç¥âëà¥
¢ à¨ â  ¨å § ç¥¨©: " = k = l = 0; " = 0; k 6= 0; l 6= 0; k 6= l; " =
k = l = 1; " = 1; k 6= 1; l 6= 1; k 6= l. �áâ «ìë¥ è¥áâì ¢ à¨ â®¢:
l 6= k = " = 0; k 6= l = " = 0; k = l 6= " = 0; l 6= k = " = 1; k 6= l = " =
1; k = l 6= " = 1 ãà ¢¥¨¥¬ (4.29) ¥ ¤®¯ãáª îâáï.

� ¬¥â¨¬, çâ® äãªæ¨ï '(y) ¢ ¢ëà ¦¥¨¨

X4 = ("x+ '(y))@x + ("� k)y@y (4:30)

¤«ï ®¯¥à â®à  X4 ¢ á«ãç ¥ "
2+k2 6= 0 ¬®¦¥â ¡ëâì ¨áª«îç¥  § ¬¥®©

ª®®à¤¨ â x+  (y)! x; y ! y, ¥á«¨ " (y)� ("� k)y 0(y) = '(y). �®
¥áâì ¯à¨ "2 + k

2 6= 0 ¢ ¢ëà ¦¥¨¨ (4.30) ¬®¦® ¯®«®¦¨âì ' = 0.
� ª¨¬ ®¡à §®¬, ®ª®ç â¥«ìë© à¥§ã«ìâ â ¡ã¤¥â á«¥¤ãîé¨¬:
�á«¨ " = k = l = 0, â® ãà ¥¨¥ (4.29) ®¡à é ¥âáï ¢ âà¨¢¨ «ì®¥

â®¦¤¥áâ¢® 0 = 0,   ¯®áª®«ìªã "2 + k
2 = 0, ¯à¨å®¤¨¬ ª ¯à¥¤áâ ¢«¥¨î

(4.4.1)  «£¥¡àë (4.4), ¢ ª®â®à®¬ �
0 6= const ¨ '0 � a�

0 6= const, â ª ª ª
¡ §¨áë¥ ®¯¥à â®àë X1;X2;X3;X4 «¨¥©® ¥§ ¢¨á¨¬ë.

�á«¨ " = 0; k 6= 0; l 6= 0; k 6= l, â® ãà ¥¨¥ (4.29) ¨¬¥¥â à¥è¥¨¥
�(y) = hy

l=k, ¯à¨ç¥¬, ®ç¥¢¨¤®, h 6= 0. �®áª®«ìªã "2+k2 6= 0, äãªæ¨î
'(y) ¨§ ¢ëà ¦¥¨ï (4.30) ¬®¦® ¨áª«îç¨âì ã¤®¡®© § ¬¥®© ª®®à-
¤¨ â, ® ª®â®à®© £®¢®à¨«®áì ¢ëè¥. � ¨â®£¥ ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥
(4.4.2)  «£¥¡àë (4.4).

�®¢¥àè¥®   «®£¨ç® ¤«ï âà¥âì¥£® ¨ ç¥â¢¥àâ®£® á«ãç ¥¢ (" =

k = l = 1 ¨ " = 1; k 6= 1; l 6= 1; k 6= l) ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨ï (4.4.3) ¨
(4.4.4) ç¥âëà¥å¬¥à®©  ¡áâà ªâ®©  «£¥¡àë �¨ (4.4).

�®¤áâ ¢¨¬ â¥¯¥àì ¢ëà ¦¥¨ï (4.17),(4.27) ¢ ¯®á«¥¤¨¥ âà¨ ª®¬¬ã-
â â®à   «£¥¡àë (4.8):

�x = c; �x = 0; �y = 0; �y = 1;
y�x + ��y � � = (c� 1)y;

y�x + ��y = (c� 1)�:

9>=
>; (4:31)

�§ ¯¥à¢®£® ¨ âà¥âì¥£® ãà ¢¥¨© á¨áâ¥¬ë (4.31)  å®¤¨¬: �(x; y) =

80



cx + d, £¤¥ d { ¯à®¨§¢®«ì ï ¯®áâ®ï ï. �§ ¯ïâ®£® ãà ¢¥¨ï ¯® ¨§-
¢¥áâ®© äãªæ¨¨ �(x; y) ®¯à¥¤¥«ï¥¬: �(x; y) = y. � à¥§ã«ìâ â¥ ¯®«ã-
ç ¥¬ ¢ëà ¦¥¨¥

X4 = (cx+ d)@x + y@y (4:32)

¤«ï ®¯¥à â®à  X4. �®áâ®ï ï � ¢ ®¯¥à â®à¥ X3 âà¥å¬¥à®© ¯®¤ «£¥-

¡àë (4.17) ¤®«¦  ã¤®¢«¥â¢®àïâì ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨î: (c�2)� =
0, ¢ëâ¥ª îé¥¬ã ¨§ è¥áâ®£® ãà ¢¥¨ï á¨áâ¥¬ë (4.31) ¯à¨ � = y. �®
¥áâì ¯®áâ®ï ï � ¤¥©áâ¢¨â¥«ì® ¯à®¨§¢®«ì  â®«ìª® ¢ á«ãç ¥ c = 2.
�á«¨ ¦¥ c 6= 2, â® ¥®¡å®¤¨¬® ¤®«¦® ¡ëâì � = 0. � ¬¥â¨¬ ¥é¥, çâ®
¢ á«ãç ¥ c 6= 0 ¯®áâ®ï ï d ¨§ ¢ëà ¦¥¨ï (4.32) ¬®¦¥â ¡ëâì ¨á-
ª«îç¥  § ¬¥®© ª®®à¤¨ â x + d=c ! x; y ! y, â® ¥áâì ¯à¨ c 6= 0
¬®¦® ¯®«®¦¨âì d = 0. �á«¨ ¦¥ c = 0, â® ¯®áâ®ï ï d ¯à¨¨¬ ¥â
«î¡ë¥ § ç¥¨ï ¨ ¥¥ ã¤®¡® ¯¥à¥®¡®§ ç¨âì: d = �. � § ¤ ç¥ ®¯à¥-

¤¥«¥¨ï ¯à¥¤áâ ¢«¥¨©  «£¥¡àë (4.8) ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®-
à ¬¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¢ë¤¥«¨¬ á«¥¤ãîé¨¥ ç¥âëà¥ á«ãç ï:
c = 0; c = 1; c = 2 ¨ c 6= 0; 1; 2, ª®â®àë¥ ¤ ¤ãâ á®®â¢¥âáâ¢¥® ¯à¥¤-
áâ ¢«¥¨ï (4.8.2),(4.8.4),(4.8.6) ¨ (4.8.8).

�à¥¤áâ ¢«¥¨ï (4.8.1),(4.8.3),(4.8.5) ¨ (4.8.7)  «£¥¡àë �¨ (4.8) ¯®-
«ãç îâáï ¤«ï â¥å ¦¥ ç¥âëà¥å á«ãç ¥¢ c = 0; c = 1; c = 2 ¨ c 6= 0; 1; 2,
ª®£¤  ¥¥ âà¥å¬¥à®© ¯®¤ «£¥¡à®© ¡ã¤¥â  «£¥¡à  �¨ á ¡ §¨á®¨ (4.16).

�®¤áâ ¢¨¬, ¤ «¥¥, ®¯¥à â®àë (4.16) ¨ (4.2.7) ¢ ¯®á«¥¤¨¥ âà¨ ª®¬¬ã-
â â®à  á®®â®è¥¨© (4.9). �¯¥à â®àë ¤¨ää¥à¥æ¨à®¢ ¨ï @x = @=@x

¨ @y = @=@y «¨¥©® ¥§ ¢¨á¨¬ë ¢ ®¡é¥¬ á¬ëá«¥. �à ¢¨¢ ï ª®íä-
ä¨æ¨¥âë ¯à¨ ¨å ¢ ¯à ¢®© ¨ «¥¢®© ç áâïå ª ¦¤®£® ª®¬¬ãâ â®à ,
¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã è¥áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:

�x = 2; �x = 0; y�x � � = y;

y�x = 0; �y = �y; �y = 1:

)
(4:33)

�§ ¯¥à¢®£® ¨ âà¥âì¥£® ãà ¢¥¨© íâ®© á¨áâ¥¬ë  å®¤¨¬ äãªæ¨î
�,   ¨§ ¯¥à¢®£® ¨ ¯ïâ®£® { äãªæ¨î �:

� = 2x � y
2
=2 + a; � = y; (4:34)

£¤¥ a { ¯à®¨§¢®«ì ï ¯®áâ®ï ï, ª®â®à ï ¨§ ¢ëà ¦¥¨ï (4.27) ¬®¦¥â
¡ëâì ¨áª«îç¥  § ¬¥®© ª®®à¤¨ â x + a=2 ! x; y ! y. �¨áâ¥¬ 
(4.33) á®¢¬¥áâ , â ª ª ª à¥è¥¨¥ (4.34) ã¤®¢«¥â¢®àï¥â ª ¦¤®¬ã ¥¥
ãà ¢¥¨î. �«ï ®¯¥à â®à  X4 ¯® ä®à¬ã«¥ (4.27) á ª®íää¨æ¨¥â ¬¨
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(4.34) ¯®á«¥ ¨áª«îç¥¨ï ¯®áâ®ï®© a ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢ëà ¦¥-
¨¥: X4 = (2x � y

2
=2)@x + y@y, çâ® ¢¬¥áâ¥ á ®¯¥à â®à ¬¨ âà¥å¬¥à®©

¯®¤ «£¥¡àë (4.16) ¨ ¤ ¥â ¯à¥¤áâ ¢«¥¨¥ (4.9.1)  «£¥¡àë �¨ (4.9).
�á«¨ ¦¥ ¢ ª®¬¬ãâ â®àë [X1;X4]; [X2;X4]; [X3;X4] â®© ¦¥  «£¥¡àë

(4.9) ¯®¤áâ ¢¨âì ®¯¥à â®àë (4.17) ¨ (4.27), â® ®â®á¨â¥«ì® äãªæ¨©
�(x; y) ¨ �(x; y) ¯®«ãç ¥¬ ¤àã£ãî á¨áâ¥¬ã ãà ¢¥¨©:

�x = 2; �x = 0; �y = 0; �y = 1;
y�x + ��y � � = y; y�x + ��y = 1 + �;

)
(4:35)

ª®â®à ï, ¢ ®â«¨ç¨¥ ®â á¨áâ¥¬ë (4.33), ï¢® ¥á®¢¬¥áâ . �¥©áâ¢¨â¥«ì-
®, ¯®¤áâ ¢«ïï ¢ è¥áâ®¥ ãà ¢¥¨¥ íâ®© á¨áâ¥¬ë �x = 0 ¨ �y = 1

¨§ ¢â®à®£® ¨ ç¥â¢¥àâ®£®, ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î: 0=1. �® ¥áâì
âà¥å¬¥à ï  «£¥¡à  (4.17) ¥ ¬®¦¥â ¡ëâì ¯®¤ «£¥¡à®© ç¥âëà¥å¬¥à-
®©  «£¥¡àë á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ (4.9). � ª¨¬ ®¡à -
§®¬, ¤«ï ç¥âëà¥å¬¥à®©  «£¥¡àë (4.9) ¯à¥¤áâ ¢«¥¨¥ (4.9.1) ï¢«ï¥âáï
¥¥ ¥¤¨áâ¢¥ë¬ ¯à¥¤áâ ¢«¥¨¥¬ ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨
¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨.

�®¤áâ ¢¨¬ ¥é¥ ®¯¥à â®àë (4.22) ¨ (4.27) ¢ ¯®á«¥¤¨¥ âà¨ ª®¬¬ãâ -
â®à   «£¥¡àë (4.13), ¯®« £ ï ¤«ï á®ªà é¥¨ï § ¯¨á¨ �(y) = tgy:

�x = 0; �x = 0;
�x� sinx+ �y cos x� �� cosx� ��

0 sinx = 0;
�x� sin x+ �y cos x+ � sin x = 0;

�x� cos x� �y sinx+ �� sinx� ��
0 cos x = 0;

�x� cos x� �y sinx+ � cos x = 0:

9>>>>>=
>>>>>;

(4:36)

�à¨ �x = 0, á®£« á® ¢â®à®¬ã ãà ¢¥¨î, ç¥â¢¥àâ®¥ ¨ è¥áâ®¥ ãà ¢-
¥¨ï ®â®á¨â¥«ì® �; �y ®¡à §ãîâ «¨¥©ãî ®¤®à®¤ãî ¯®¤á¨áâ¥-
¬ã á¨áâ¥¬ë (4.36), ª®â®à ï, ®ç¥¢¨¤®, ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥:
� = 0; �y = 0. �® ¯à¨ � = 0 ¨§ âà¥âì¥£® ãà ¢¥¨ï á¨áâ¥¬ë (4.36)

¯®«ãç ¥âáï, çâ® ¨ � = 0. �¤ ª® ¯à¨ � = 0 ¨ � = 0 ®¯¥à â®à X4

¯® ¢ëà ¦¥¨î (4.27) áâ ®¢¨âáï ã«¥¢ë¬, çâ® ¯à®â¨¢®à¥ç¨â «¨¥©-
®© ¥§ ¢¨á¨¬®áâ¨ ¡ §¨áëå ®¯¥à â®à®¢X1;X2;X3;X4. �áâ ®¢«¥®¥
¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â, çâ® âà¥å¬¥à ï  «£¥¡à  (4.22) ¥ ¬®¦¥â ¡ëâì
¯®¤ «£¥¡à®© ç¥âëà¥å¬¥à®©  «£¥¡àë á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥-
¨ï¬¨ (4.13). � ª¨¬ ®¡à §®¬, ç¥âëà¥å¬¥à ï  ¡áâà ªâ ï  «£¥¡à  �¨
(4.13) ¥ ¨¬¥¥â ¨ ®¤®£® ¯à¥¤áâ ¢«¥¨ï ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à -
â®à ¬¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨.
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�à¨ ¯®¤áâ ®¢ª¥ ®¯¥à â®à®¢ (4.25),(4.27) ¨ (4.26),(4.27) ¢ ¯®á«¥¤¨¥
âà¨ ª®¬¬ãâ â®à   «£¥¡àë (4.14) ¯®«ãç ¥âáï â  ¦¥ á¨áâ¥¬  (4.36), ¢
ª®â®à®© �(y) = �thy ¤«ï ®¯¥à â®à®¢ (4.25) ¨ �(y) = �cthy ¤«ï ®¯¥à -
â®à®¢ (4.26). �®áª®«ìªã ¨§ à¥è¥¨© á¨áâ¥¬ë (4.36) á«¥¤ã¥â ¯à®â¨¢®-

à¥ç¨¥: X4 = 0, ¨ ®¤  ¨§ ¤¢ãå âà¥å¬¥àëå  «£¥¡à (4.25) ¨ (4.26) ¥
¬®¦¥â ¡ëâì ¯®¤ «£¥¡à®© ç¥âëà¥å¬¥à®©  «£¥¡àë á ª®¬¬ãâ æ¨®ë¬¨
á®®â®è¥¨ï¬¨ (4.14).

�á¥ ®áâ «ìë¥ á«ãç ¨ (¨§ ¤¥¢ïâ ¤æ â¨ ¢®§¬®¦ëå) ¯®¤áâ ®¢ª¨
®¯¥à â®à®¢ (4.15){(4.26) ¨ (4.27) ¢ ª®¬¬ãâ â®àë [X1;X4]; [X2;X4],
[X3;X4]  «£¥¡à (4.4){(4.14) ¨áá«¥¤ãîâáï   «®£¨ç® ¨ ¯à¨ íâ®¬ ¨ª -
ª¨å ¯à¨æ¨¯¨ «ìëå âàã¤®áâ¥© ¥ ¢®§¨ª ¥â. �®íâ®¬ã  ¢â®à áç¨â -
¥â à §ã¬ë¬ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ®£à ¨ç¨âìáï ¯ïâìî à áá¬®-
âà¥ë¬¨ á«ãç ï¬¨ à¥è¥¨ï á¨áâ¥¬ ãà ¥¨© (4.28), (4.31), (4.33),

(4.35), (4.36).
�á«¨ ¢  «£¥¡à å (4.7.1) ¨ (4.7.3) ¯à®¨§¢¥áâ¨ «¨¥©®¥ ¯à¥®¡à §®¢ -

¨¥ ¡ §¨á :

X1 + hX3=2 ! X1; X2 ! X2; X3 ! X3; X4 ! X4

¨ á«¥¤ãîéãî § ¬¥ã ª®®à¤¨ â:

x=(1 + hy
2
=4) ! x; y=(1 + hy

2
=4)! y;

â® ¯®«ãç¨¬ ¡ §¨áë¥ ®¯¥à â®àë (4.7.2) ¨ (4.7.4) á®®â¢¥âáâ¢¥®. �®
¥áâì ç¥âëà¥å¬¥àë¥  «£¥¡àë �¨ (4.7.1) ¨ (4.7.2),   â ª¦¥ (4.7.3) ¨

(4.7.4) á« ¡® íª¢¨¢ «¥âë ¢ á¬ëá«¥ «¥¬¬ë 3 ¨§ x3. �« ¡ ï íª¢¨¢ -
«¥â®áâì  «£¥¡à �¨ á ¡ §¨á ¬¨ (4.8.1) ¨ (4.8.2), (4.8.5) ¨ (4.8.6), (4.8.7)
¨ (4.8.8),   â ª¦¥  «£¥¡à �¨ á ¡ §¨á ¬¨ (4.4.2), (4.4.4), (4.5.1), (4.6.1),
(4.6.2), (4.7.2), (4.7.4), (4.14.2) ¯à¨ à §«¨çëå § ç¥¨ïå ¯®áâ®ï®©
h 6= 0 ¨  «£¥¡à �¨ (4.8.1), (4.8.2), (4.8.6) ¯à¨ à §«¨çëå § ç¥¨ïå
¯®áâ®ï®© � { ®ç¥¢¨¤ .

�ç¨âë¢ ï â®«ìª® çâ® áª § ®¥, § ª«îç ¥¬, çâ® ¯®« ï á â®ç®-
áâìî ¤® á« ¡®© íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥, â® ¥áâì
á â®ç®áâìî ¤® ¯®¤®¡¨ï, ª« áá¨ä¨ª æ¨ï ç¥âëà¥å¬¥àëå  «£¥¡à �¨

¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¡ã¤¥â á®¤¥à¦ âì á«¥¤ãîé¨¥ ¤¢ ¤æ âì ®¤-
ã  «£¥¡àã ¨§ ª« áá¨ä¨ª æ¨®®© â ¡«¨æë â¥®à¥¬ë  áâ®ïé¥£® ¯ -
à £à ä : (4.4.2), (4.4.4), (4.5.1), (4.6.1), (4.6.2), (4.14.2) ¯à¨ h = 1;
(4.8.2),(4.8.6) ¯à¨ � = 0; (4.4.1), (4.4.3), (4.7.1), (4.7.3), (4.8.3), (4.8.4),
(4.8.8), (4.9.1), (4.11.1), (4.11.2), (4.12.1), (4.12.2), (4.14.1).
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� ¯®¬¨¬, çâ® �®äãá �¨ ¯à®¢®¤¨« á¢®î ª« áá¨ä¨ª æ¨î á â®ç®-
áâìî ¤® ¯®¤®¡¨ï, â® ¥áâì á â®ç®áâìî ¤® á« ¡®© íª¢¨¢ «¥â®áâ¨ ¢
ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥. �®íâ®¬ã á®¯®áâ ¢«¥¨¥ à¥§ã«ìâ â®¢ ¤ -
®£® ¯ à £à ä  ¨ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ �®äãá  �¨ ¥®¡å®-

¤¨¬® ¤¥« âì á ãª § ®© â®ç®áâìî.
�ë¯¨è¥¬ á ç «  ¨§ ¯®«®£® á¯¨áª  ª®¥ç®¬¥àëå  «£¥¡à �¨ ¯à¥-

®¡à §®¢ ¨© ¯«®áª®áâ¨, á®áâ ¢«¥®£® �.�¨ ¢ 1893 £®¤ã (á¬. ¬®®£à -
ä¨¨ [34] ¨ [35]), ¡ §¨áë¥ ®¯¥à â®àë Y1; Y2; Y3; Y4 ¢á¥å ç¥âëà¥å¬¥àëå
 «£¥¡à:

33: @x; @y; x@y � y@x; x@x + y@y;

7: y@y; @x; x@x; x
2
@x + xy@y;

9: @y; x@y; @x; x@x + cy@y; c 6= 1;

10: @y; x@y; @x; x@x + (2y + x
2)@y;

110
1
: exp�x cos �x@y; y@y; exp�x sin �x@y; @x;

110
2
: exp�x@y; y@y; x exp�x@y; @x;

110
3
: exp�1x@y; y@y; exp�2x@y; @x;

12: @y; x@y; F (x)@y; y@y;

15: @y; x@y; @x; x@x + y@y;

170
1
: @y; x@y; x

2
@y; @x;

170
2
: exp�x@y; x exp�x@y; x

2 exp�x@y; @x; � 6= 0;

170
3
: exp�1x@y; @x; exp�2x cos �x@y; exp�2x sin�x@y;

170
4
: exp�1x@y; x exp�1x@y; @x; @y;

170
5
: exp�1x@y; x exp�1x@y; @x; exp�2x@y; �2 6= 0;

170
6
: @y; exp�2x@y; exp�3x@y; @x;

170
7
: exp�1x@y; exp�2x@y; exp�3x@y; @x; �1 6= 0;

18: @y; x@y; F1(x)@y; F2(x)@y;

22: @y; y@y; y
2
@y; @x;

24: @y; y@y; @x; x@x;

£¤¥ á«¥¢  ãª §  ®¬¥à ¯® ª« áá¨ä¨ª æ¨¨ �.�¨ (á¬. [35], áâà. 25{27).
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�¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä , ¨§«®¦¥ë¥ ¢ â¥®à¥¬¥, á®¯®-
áâ ¢¨¬ ¢ ¯à¥¤¥« å ¯®¤®¡¨ï (á« ¡®© íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®-
¬®àä®¬ ª« áá¥) á ¯à¨¢¥¤¥®© ¢ëè¥ ª« áá¨ä¨ª æ¨¥© �.�¨. �«ï ª -
¦¤®© ç¥âëà¥å¬¥à®©  «£¥¡àë �¨ ¨§ íâ®© ª« áá¨ä¨ª æ¨¨ ãª ¦¥¬ â -

ª®¥ «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¥¥ ¡ §¨á  Y1; Y2; Y3; Y4 ¨ â ªãî § ¬¥ã
ª®®à¤¨ â � = '(x; y); � =  (x; y), ¯à¨ ª®â®àëå ¯®«ãç îâáï ¡ §¨á-
ë¥ ®¯¥à â®àë X1;X2;X3;X4 ¨§ á¯¨áª  â¥®à¥¬ë, ¥áâ¥áâ¢¥®, ¯®á«¥
¢®§¢à é¥¨ï ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®®à¤¨ â: � ! x; � ! y.

�¥âëà¥å¬¥àë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¨§ ª« áá¨-
ä¨ª æ¨¨ �.�¨ ¯®¤®¡ë á«¥¤ãîé¨¬  «£¥¡à ¬ ¨§ á¯¨áª  ª« áá¨ä¨ª -
æ¨®®© â¥®à¥¬ë  áâ®ïé¥£® ¯ à £à ä :

 «£¥¡à  33. {  «£¥¡à¥ (4.12.2):

X1 = Y1; X2 = Y2; X3 = Y4; X4 = Y3;

� = x; � = y;

)

 «£¥¡à  7. {  «£¥¡à¥ (4.14.2) á h = 1:

X1 = (Y2 + Y4)=2; X2 = (2Y3 + Y1)=2;
X3 = (Y2 � Y4)=2; X4 = Y1=2;

� = arctg(2x=(1 � x
2)); � = ln(y2=(1 + x

2));

9>=
>;

 «£¥¡à  9. {  «£¥¡à¥ (4.8.2) á � = 0 ¯à¨ c = 0,  «£¥¡à¥ (4.8.6) á � = 0
¯à¨ c = 2 ¨  «£¥¡à¥ (4.8.8) ¯à¨ c 6= 0; 1; 2:

X1 = Y1; X2 = Y3; X3 = Y2; X4 = Y4;

� = y; � = x;

)

 «£¥¡à  10. {  «£¥¡à¥ (4.9.1):

X1 = �8Y1; X2 = �4Y2; X3 = �2Y3; X4 = Y4;

� = �y=8; � = x=2;

)

 «£¥¡à  110
1
: {  «£¥¡à¥ (4.12.1):

X1 = Y3; X2 = Y1; X3 = Y2; X4 = �(Y4 + �Y2)=�;
� = y exp(��x)= sin �x; � = ctg�x;

)

 «£¥¡à  110
2
: {  «£¥¡à¥ (4.8.3):

X1 = Y1; X2 = Y2; X3 = ��Y3 � Y4; X4 = Y3;

� = y exp(��x); � = x;

)
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 «£¥¡à  110
3
: {  «£¥¡à¥ (4.11.1):

X1 = Y1; X2 = Y3; X3 = (�2Y2 + Y4)=(�2 � �1);
X4 = �(�1Y2 + Y4)=(�2 � �1);

� = y exp(��1x); � = exp(�2 � �1)x;

9>=
>;

 «£¥¡à  12. {  «£¥¡à¥ (4.4.3):

X1 = Y1; X2 = Y2; X3 = Y3; X4 = Y4;

� = y; � = x;

)

 «£¥¡à  15. {  «£¥¡à¥ (4.8.4):

X1 = Y1; X2 = Y3; X3 = Y2; X4 = Y4;

� = y; � = x;

)

 «£¥¡à  170
1
: {  «£¥¡à¥ (4.7.1):

X1 = Y3=2; X2 = �Y2; X3 = Y1; X4 = Y4;

� = 2y=x2; � = �2=x;
)

 «£¥¡à  170
2
: {  «£¥¡à¥ (4.7.3):

X1 = �Y3=2; X2 = Y2; X3 = Y1=�; X4 = �Y4=�;
� = 2y exp(��x)=�x2; � = 2=�x;

)

 «£¥¡à  170
3
: {  «£¥¡à¥ (4.5.1) á h = 1:

X1 = Y3; X2 = Y4; X3 = Y1; X4 = Y2=�;

� = y exp(��2x)= cos �x; � = tg�x;

)

 «£¥¡à  170
4
: {  «£¥¡à¥ (4.6.1) á h = 1:

X1 = Y2; X2 = Y1; X3 = Y4; X4 = �Y3;
� = y exp(��1x)=x; � = 1=x;

)

 «£¥¡à  170
5
: {  «£¥¡à¥ (4.6.2) á h = 1:

X1 = �2Y2; X2 = Y1; X3 = Y4; X4 = �Y3=�2;

� = y exp(��1x)=�2x; � = 1=�2x;

)

 «£¥¡à  170
6
: {  «£¥¡à¥ (4.4.2) á h = 1:

X1 = Y1; X2 = Y2; X3 = Y3; X4 = �Y4;
� = y; � = exp�2x;

)

86



 «£¥¡à  170
7
: {  «£¥¡à¥ (4.4.4) á h = 1:

X1 = Y1; X2 = Y2; X3 = Y3; X4 = �Y4=�1;

� = y exp(��1x); � = exp(�2 � �1)x;

)

 «£¥¡à  18. {  «£¥¡à¥ (4.4.1):

X! = Y1; X2 = Y2; X3 = Y3; X4 = Y4;

� = y; � = x;

)

 «£¥¡à  22. {  «£¥¡à¥ (4.14.1):

X1 = (Y1 + Y3)=2; X2 = Y2; X3 = (Y1 � Y3)=2; X4 = Y4;

� = 2arctgy; � = x;

)

 «£¥¡à  24. {  «£¥¡à¥ (4.11.2):

X1 = Y3; X2 = Y1; X3 = Y4; X4 = Y2;

� = x; � = y:

)

�à®¢¥¤¥®¥ á®¯®áâ ¢«¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¢ ¯à¥¤¥« å ¯®¤®¡¨ï
(á« ¡®© íª¢¨¢ «¥â®áâ¨ ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥) ¨¬¥¥âáï ¢§ -
¨¬® - ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¬®¦¥áâ¢®¬ ¢á¥å ç¥âëà¥å-
¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ ¯® ª« áá¨ä¨ª æ¨¨ �.�¨
[34],[35] ¨ ¬®¦¥áâ¢®¬ ç¥âëà¥å¬¥àëå  «£¥¡à ¯® ª« áá¨ä¨ª æ¨®®©
â¥®à¥¬¥ ¤ ®£® ¯ à £à ä . � ª¨¬ ¦¥ ¡ë« à¥§ã«ìâ â  á®¯®áâ ¢«¥¨ï
¨ ¤«ï âà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �¤ ª®, ¥á«¨

â®«ìª® ¤¢¥ âà¥å¬¥àë¥  «£¥¡àë �¨ ¨§ ª« áá¨ä¨ª æ¨¨ �.�¨ ¤®¯ãáª -
«¨ ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨, â® ¢ á«ãç ¥ ç¥âëà¥å¬¥àëå
 «£¥¡à ¨å ¡ã¤¥â § ç¨â¥«ì® ¡®«ìè¥. �® â ¡«¨æ¥ �.�¨, ¯à¨¢¥¤¥®©
¢ëè¥, íâ® ¡ã¤ãâ á«¥¤ãîé¨¥ ç¥âëà¥å¬¥àë¥  «£¥¡àë: 7.; 9. á c = 0; 9.
á c = 2; 9. á c 6= 0; 1; 2; 170

1
:;170

2
:;170

3
:;170

4
:;170

5
:;170

6
:;170

7
:.

� ª¨¬ ®¡à §®¬, à¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä , â ª ¦¥ ª ª ¨ à¥-
§ã«ìâ âë à ¡®âë [33], ¤®¯®«ïîâ á®®â¢¥âáâ¢ãîéãî ª« áá¨ä¨ª æ¨î
�.�¨ á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨§ x3, â®
¥áâì á â®ç®áâìî ¤® ¯®¤®¡¨ï ¢ ¡®«¥¥ ã§ª®¬, ç¥¬ ã �.�¨, á¬ëá«¥, ª®£¤ 

¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥ ¤®¯ãáª ¥âáï â®«ìª® § ¬¥  ª®®à¤¨ â
  ¯«®áª®áâ¨ ¡¥§ § ¬¥ë ¯ à ¬¥âà®¢ ¢ ¤¥©áâ¢ãîé¥©   ¥© £àã¯¯¥.
�¥®¡å®¤¨¬®áâì â ª®£® ãâ®ç¥¨ï ¯®¤â¢¥à¦¤ ¥âáï ¢ëç¨á«¥¨¥¬ ¤¢ãå-
â®ç¥çëå ¨¢ à¨ â®¢ (á¬. ª®¥æ á«¥¤ãîé¥£® x5).
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� ¯à¨¬¥à,  «£¥¡àë (4.14.2) á à §ë¬¨ § ç¥¨ï¬¨ ¯®áâ®ï®© h ¢á¥
¯®¤®¡ë  «£¥¡à¥ 7., ¯®íâ®¬ã �.�¨ ¨å ¥ à §«¨ç ¥â. �® íâ  ¯®áâ®ï ï
¢ ¡ §¨á¥ (4.14.2) ¥ ¨áª«îç ¥âáï ¨ª ª®© § ¬¥®© ª®®à¤¨ â. �® ¥áâì
á®®â¢¥âáâ¢ãîé¨¥  «£¥¡àë ¯à¨ à §«¨çëå § ç¥¨ïå h ¢á¥ ¥íª¢¨¢ -

«¥âë ¤àã£ ¤àã£ã, ãâ®çïîâ  «£¥¡àã 7. ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨.
�ª §ë¢ ¥âáï, çâ® ¡¥§ â ª®£® ãâ®ç¥¨ï ¥ ¬®¦¥â ¡ëâì ¯®«ãç¥  ª ª
¤¢ãåâ®ç¥çë© ¨¢ à¨ â ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 6 ¨§ x3 ¬¥âà¨ç¥áª ï
äãªæ¨ï (5.3) ¨§ x5, ª®â®à ï ï¢«ï¥âáï ®¤®© ¨§ ¤¢ãå ¢®§¬®¦ëå ¬¥-
âà¨ç¥áª¨å äãªæ¨©, § ¤ îé¨å   ¤¢ã¬¥àëå ¬®£®®¡à §¨ïå M ¨ N
ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çë¥ £¥®¬¥âà¨¨ à £  (3,3).

�â¬¥â¨¬, çâ® à¥§ã«ìâ âë ¤ ®£® ¯ à £à ä  á®áâ ¢«ïîâ á®¤¥à¦ -
¨¥ x1 à ¡®âë [38].

x5. �àã¯¯®¢ ï á¨¬¬¥âà¨ï ®¤®¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®©

áâàãªâãàë à £  (3,3)

�¤®¬¥âà¨ç¥áª ï ä¨§¨ç¥áª ï áâàãªâãà  à £  (3,3) ªà âª® ¬®¦¥â
¡ëâì ®¯à¥¤¥«¥  á«¥¤ãîé¨¬ ®¡à §®¬ (á¬. â ª¦¥  ç «® x2). �ãáâìM
¨ N ¥áâì ¤¢ã¬¥àë¥ ¬®£®®¡à §¨ï á «®ª «ìë¬¨ ª®®à¤¨ â ¬¨ x; y ¨
�; � á®®â¢¥âáâ¢¥®. �ãáâì, ¤ «¥¥, ¨¬¥¥âáï äãªæ¨ï f á ®âªàëâ®© ¨
¯«®â®© ¢ M�N ®¡« áâìî ®¯à¥¤¥«¥¨ï Sf , á®¯®áâ ¢«ïîé ï ª ¦¤®©
¯ à¥ ¨§ Sf ¥ª®â®à®¥ ç¨á«®. �ãªæ¨î f  §®¢¥¬ 1-¬¥âà¨ª®©, ¨«¨
¯à®áâ® ¬¥âà¨ª®©, ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¥¥ ª®®à¤¨ â®¥ ¯à¥¤-

áâ ¢«¥¨¥
f = f(x; y; �; �) (5:1)

¥áâì ¤®áâ â®ç® £« ¤ª ï äãªæ¨ï, ¢ ª®â®àãî ª®®à¤¨ âë x; y ¨ �; �

¢å®¤ïâ áãé¥áâ¢¥ë¬ ®¡à §®¬.

�®áâà®¨¬ äãªæ¨î F á ¥áâ¥áâ¢¥®© ¢M3�N3 ®¡« áâìî ®¯à¥¤¥«¥-
¨ï SF , á®¯®áâ ¢«ïï ª ¦¤®¬ã è¥áâ¨â®ç¥ç®¬ã ª®àâ¥¦ã ¨§ SF ¤¥¢ïâì
¢®§¬®¦ëå ¯® ¬¥âà¨ª¥ f à ááâ®ï¨©. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï
f § ¤ ¥â   ¤¢ã¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ®¤®¬¥âà¨ç¥áªãî ä¨-

§¨ç¥áªãî áâàãªâãàã (ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çãî £¥®¬¥âà¨î)
à £  (3,3), ¥á«¨ «®ª «ì® ¬®¦¥áâ¢® § ç¥¨© F (SF ) ï¢«ï¥âáï ¯®¤-
¬®¦¥áâ¢®¬ ¬®¦¥áâ¢  ã«¥© ¥ª®â®à®© £« ¤ª®© äãªæ¨¨ � ®â ¤¥¢ïâ¨
¯¥à¥¬¥ëå á grad� 6= 0   ¯«®â®¬ ¢ SF ¯®¤¬®¦¥áâ¢¥.

� à ¡®â¥ [25]  ¢â®à®¬ ãáâ ®¢«¥®, çâ® áãé¥áâ¢ãîâ ¢á¥£® ¤¢  â¨-

¯  ®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à £  (3,3). �¥âà¨ç¥áª ï
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äãªæ¨ï (5.1) á â®ç®áâìî ¤® § ¬¥ë ª®®à¤¨ â ¨ ¬ áèâ ¡®£® ¯à¥-
®¡à §®¢ ¨ï  (f) ! f § ¤ ¥âáï á«¥¤ãîé¨¬¨ ¤¢ã¬ï ª ®¨ç¥áª¨¬¨
¢ëà ¦¥¨ï¬¨:

f = x� + y + � (5:2)

¤«ï ¯¥à¢®£® â¨¯  ¨
f = x� + y� (5:3)

¤«ï ¢â®à®£®.

�ãªæ¨® «ì ï á¢ï§ì � = 0 ¬¥¦¤ã ¤¥¢ïâìî à ááâ®ï¨ï¬¨ ¤«ï
â®ç¥ª ª®àâ¥¦  < ijk; �� > 2 SF � M3 � N3, ¢ëà ¦ îé ï ä¥®-
¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î ä¨§¨ç¥áª®© áâàãªâãàë à £  (3,3), «¥£ª®
 å®¤¨âáï: ���������

0 1 1 1

1 f(i�) f(i�) f(i)
1 f(j�) f(j�) f(j)
1 f(k�) f(k�) f(k)

���������
= 0

¤«ï ¬¥âà¨ª¨ (5.2) ¨ �������
f(i�) f(i�) f(i)
f(j�) f(j�) f(j)
f(k�) f(k�) f(k)

������� = 0

¤«ï ¬¥âà¨ª¨ (5.3), £¤¥,  ¯à¨¬¥à, f(i�) = f(x(i); y(i); �(�); �(�)):

�®¤ ¤¢¨¦¥¨¥¬ ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ á«¥¤ã¥â ¯®¨¬ âì â -
ªãî ¯ àã ¤®áâ â®ç® £« ¤ª¨å «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¤¢ã¬¥àëå
¬®£®®¡à §¨© M ¨ N:

x
0 = �(x; y); y0 = �(x; y);
�
0 = � (�; �); �0 = �(�; �);

)
(5:4)

¯à¨ ª®â®àëå ¬¥âà¨ª  (5.1) á®åà ï¥âáï:

f(x0; y0; �0; �0) = f(x; y; �; �): (5:5)

�®¦¥áâ¢® ¢á¥å ¤¢¨¦¥¨© (5.4) á®áâ ¢«ï¥â «®ª «ìãî £àã¯¯ã, ¤«ï
ª®â®à®© ¬¥âà¨ª  f á®£« á® ãà ¢¥¨î (5.5) ï¢«ï¥âáï ¨¢ à¨ â®¬.
�à¥®¡à §®¢ ¨ï ¬®£®®¡à §¨© M ¨ N ¢ ¤¢¨¦¥¨ïå (5.4) á ¬¨ á®áâ -
¢«ïîâ ¤¢¥ ¨§®¬®àäë¥ £àã¯¯ë, ¯à¨ç¥¬ £àã¯¯  ¤¢¨¦¥¨© ¥áâì ¨å ¢§ -
¨¬®¥ à áè¨à¥¨¥ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 5 ¨§ x3,   ¬¥âà¨ª  (5.1) ¥áâì
¨å ¤¢ãåâ®ç¥çë© ¨¢ à¨ â ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ 6 ¨§ x3.
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� ¬¥â¨¬, çâ® ¢§ ¨¬®¥ à áè¨à¥¨¥ £àã¯¯ ¯à¥®¡à §®¢ ¨© ¬®£®®¡à -
§¨© ¬®¦¥â ¡ëâì ¨ ¥íª¢¨¢ «¥âë¬, ª®£¤  íâ¨ ¯à¥®¡à §®¢ ¨ï ¥ ¯¥-
à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¨ ¯à¨ ª ª®© § ¬¥¥ ª®®à¤¨ â � = '(x; y); � =
 (x; y), â® ¥áâì ¨ ¯à¨ ª ª®¬ ¤¨ää¥®¬®àä¨§¬¥ M! N.

�¨á«® ¥§ ¢¨á¨¬ëå ¨ áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢ ¬®¦¥áâ¢  ¤¢¨¦¥-
¨© (5.4) á®£« á® â¥®à¥¬¥ 2 ¨§ x1 à ¢® ç¥âëà¥¬. �¥áâà®£® íâ® ç¨á«®
¬®¦® ãáâ ®¢¨âì â ª¦¥ ¨§ á«¥¤ãîé¨å ¯à®áâëå á®®¡à ¦¥¨©. � á-
á¬®âà¨¬ ¥ª®â®àãî è¥áâ¨â®ç¥çãî ä¨£ãàã ¨§ M3 �N3 ¨ ¯ãáâì ® 
¤¢¨¦¥âáï ª ª â¢¥à¤®¥ â¥«®. �®áª®«ìªã ¬®¦¥áâ¢  M ¨ N ï¢«ïîâáï
¤¢ã¬¥àë¬¨ ¬®£®®¡à §¨ï¬¨, ¤«ï ®¯à¥¤¥«¥¨ï ¯®«®¦¥¨ï ä¨£ãàë  -
¤® § ¤ âì ¤¢¥ ¤æ âì ª®®à¤¨ â è¥áâ¨ ¥¥ â®ç¥ª. �à¨ ¤¢¨¦¥¨¨ íâ®©
ä¨£ãàë ¤®«¦ë á®åà ïâìáï ¢á¥ ¤¥¢ïâì (9 = 3� 3) à ááâ®ï¨©, ¨§ ª®-
â®àëå ¢á«¥¤áâ¢¨¥ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨, â® ¥áâì á¢ï§¨ � = 0

á grad� 6= 0, â®«ìª® ¢®á¥¬ì ¥§ ¢¨á¨¬ëå. �¨á«® áâ¥¯¥¥© á¢®¡®¤ë ¥áâì
à §®áâì ¬¥¦¤ã ç¨á«®¬ ¥§ ¢¨á¨¬ëå ª®®à¤¨ â (=12) ¨ ç¨á«®¬ ¥§ -
¢¨á¨¬ëå á¢ï§¥©   ¨å (=8), ¢®§¨ª îé¨å ¯à¨ á®åà ¥¨¨ ¢®áì¬¨
à ááâ®ï¨©, ¨ à ¢®, á«¥¤®¢ â¥«ì®, ç¥âëà¥¬. �á®, çâ® íâ¨ ¯à®áâë¥
á®®¡à ¦¥¨ï ¥«ì§ï à áá¬ âà¨¢ âì ª ª ¤®ª § â¥«ìáâ¢®.

�  áâ®ïé¥¬ ¯ à £à ä¥   ¯à¨¬¥à¥ ®¤®¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®©
áâàãªâãàë à £  (3,3) ¡®«¥¥ ¤¥â «ì®, ç¥¬ ¢ x2, ¨§ãç ¥âáï £àã¯¯®¢ ï
á¨¬¬¥âà¨ï £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢. �«ï íâ®£® ¨á¯®«ì§ã¥âáï ¯®« ï

ª« áá¨ä¨ª æ¨ï ç¥âëà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨,
¯®«ãç¥ ï ¢ ¯à¥¤ë¤ãé¥¬ x4 á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¢ ª -
¦¤®¬ ¨§®¬®àä®¬ ª« áá¥. � áá¬ âà¨¢ ï 1-¬¥âà¨ªã ª ª ¤¢ãåâ®ç¥çë©
¨¢ à¨ â,  ¢â®à ¯®ª §ë¢ ¥â, çâ® ¢ëà ¦¥¨ï (5.2) ¨ (5.3) ï¢«ïîâáï
¥¤¨áâ¢¥® ¢®§¬®¦ë¬¨. �®áª®«ìªã íâ¨ ¢ëà ¦¥¨ï ¢®§¨ª îâ â®«ì-
ª® ¯à¨ ¥íª¢¨¢ «¥â®¬ ¢§ ¨¬®¬ à áè¨à¥¨¨, ãâ®ç¥¨¥ ¢ ¯à¥¤¥« å
íª¢¨¢ «¥â®áâ¨ ª« áá¨ä¨ª æ¨¨ �.�¨, ®áãé¥áâ¢«¥®¥ ¢ ¯à¥¤ë¤ãé¥¬
x4, ®ª §ë¢ ¥áï ¥®¡å®¤¨¬ë¬.

�â ª, ¯®« ï «®ª «ì ï £àã¯¯  «®ª «ìëå ¤¢¨¦¥¨© ¬¥âà¨ç¥áª®©

äãªæ¨¨ (5.1) § ¢¨á¨â áãé¥áâ¢¥ë¬ ®¡à §®¬ ®â ç¥âëà¥å ¯ à ¬¥âà®¢:

x
0 = �(x; y; a1; a2; a3; a4);
y
0 = �(x; y; a1; a2; a3; a4);
�
0 = � (�; �; a1; a2; a3; a4);
�
0 = �(�; �; a1; a2; a3; a4):

9>>>=
>>>;

(5:40)

�ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë íâ®© £àã¯¯ë:

Z! = �!(x; y)@x + �!(x; y)@y + �!(�; �)@� + �!(�; �)@�; (5:6)
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£¤¥ ! = 1; 2; 3; 4, «¨¥©® ¥§ ¢¨á¨¬ë á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨
c
! ¨ ®¡à §ãîâ ¡ §¨á ç¥âëà¥å¬¥à®©  «£¥¡àë �¨. � §¨áë¥ ®¯¥à â®àë
(5.6) ¥áâ¥áâ¢¥® à §« £ îâáï ¢ áã¬¬ã ®¯¥à â®à®¢ (4.3) ¨§ x4, ®¤®-
§ ç® § ¤ îé¨å ¡¥áª®¥ç® ¬ «®¥ ¯à¥®¡à §®¢ ¨¥ ¬®£®®¡à §¨ï M

¢ ¤¢¨¦¥¨¨ (5:40), ¨ ®¯¥à â®à®¢

�! = �!(�; � )@� + �!(�; �)@�; (5:7)

§ ¤ îé¨å ¡¥áª®¥ç® ¬ «®¥ ¯à¥®¡à §®¢ ¨¥ ¬®£®®¡à §¨ï N ¢ â®¬ ¦¥
¤¢¨¦¥¨¨:

Z! = X! + �!: (5:60)

�«£¥¡à  �¨ á ¡ §¨á®¬ (5.6) ¯à¥¤áâ ¢«ï¥â á®¡®© ¢§ ¨¬®¥ à áè¨à¥¨¥
(¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 50 ¨§ x3)  «£¥¡à �¨ á ¡ §¨á ¬¨ (4.3) ¨ (5.7).

�®£« á® ¨ä¨¨â¥§¨¬ «ì®¬ã ªà¨â¥à¨î ¨¢ à¨ â®áâ¨ (á¬.  -
¯à¨¬¥à, [13], áâà. 77), ¬¥âà¨ç¥áª ï äãªæ¨ï (5.1) ¡ã¤¥â ¨¢ à¨ â®¬

£àã¯¯ë (5:40) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®  ã¤®¢«¥â¢®àï¥â á¨-
áâ¥¬¥ ç¥âëà¥å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© Z!f = 0 á ®¯¥à â®à ¬¨
(5.6):

�!(x; y)fx + �!(x; y)fy + �!(�; �)f� + �!(�; �)f� = 0: (5:8)

�â®á¨â¥«ì® ¦¥ ¯à®¨§¢®¤ëå fx = @f=@x; fy = @f=@y; f� = @f=@�;

f� = @f=@� íâ¨ ãà ¢¥¨ï ®¡à §ãîâ ®¤®à®¤ãî á¨áâ¥¬ã «¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. �«ï â®£®, çâ®¡ë á¨áâ¥¬  (5.8) ¨¬¥«  ¥ã-
«¥¢®¥ à¥è¥¨¥ ¨, á«¥¤®¢ â¥«ì®, ¬¥âà¨ª  (5.1) ¥ ¡ë«  âà¨¢¨ «ì®©,
â® ¥áâì f 6= const, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ®¯à¥¤¥«¨â¥«ì ¥¥
¬ âà¨æë ¡ë« à ¢¥ ã«î:���������

�1 �1 �1 �1

�2 �2 �2 �2

�3 �3 �3 �3

�4 �4 �4 �4

���������
= � = 0: (5:9)

�¯¥à â®àë X! ¨ �!, § ¤ ¢ ¥¬ë¥ ¢ëà ¦¥¨ï¬¨ (4.3) ¨§ x4 ¨ (5.7),
®¡à §ãîâ ¡ §¨áë ¨§®¬®àäëå ç¥âëà¥å¬¥àëå  «£¥¡à �¨. �¥©áâ¢¨-

â¥«ì®, ¯® â¥®à¥¬¥ 2 ¨§ x1  «£¥¡àë �¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ X!

¨ �!, £¤¥ ! = 1; 2; 3; 4, ç¥âëà¥å¬¥àë. � ¤àã£®© áâ®à®ë, ¢á«¥¤áâ¢¨¥
à §«®¦¥¨ï (5:60) ¨ ¢§ ¨¬®£® ª®¬¬ãâ¨à®¢ ¨ï íâ¨å ®¯¥à â®à®¢, § ¢¨-
áïé¨å ®â à §ëå ª®®à¤¨ â, ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï ¤«ï ¨å
á®¢¯ ¤ îâ á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ ¤«ï ®¯¥à â®à®¢ Z!.
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�ã¤ãç¨ ¨§®¬®àäë¬¨, ¨¬¥ï ®¤¨ ª®¢ë¥ áâàãªâãàë¥ ª®áâ âë,
 «£¥¡àë á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (4.3) ¨§ x4 ¨ (5.7) ¥ ®¡ï§ â¥«ì®
íª¢¨¢ «¥âë. �á®, çâ® ¢ëà ¦¥¨ï ¤«ï ®¯¥à â®à®¢ �! ¯®«ãç îâáï
¨§ á®®â¢¥âáâ¢ãîé¨å ¢ëà ¦¥¨© ª« áá¨ä¨ª æ¨®®© â¥®à¥¬ë ¯à¥¤ë-

¤ãé¥£® x4 ¯à®áâë¬ ¯¥à¥®¡®§ ç¥¨¥¬ ª®®à¤¨ â: x ! �; y ! �. �à¨
¨á¯®«ì§®¢ ¨¨ íâ¨å ¢ëà ¦¥¨© ¤«ï ¯®áâà®¥¨ï á¨áâ¥¬ë ãà ¢¥¨©
(5.8) ¥ á«¥¤ã¥â § ¡ë¢ âì ® ¢®§¬®¦®áâ¨ ¥íª¢¨¢ «¥â®áâ¨  «£¥¡à á
¡ §¨áë¬¨ ®¯¥à â®à ¬¨ X! ¨ �!. � ç áâ®áâ¨, ã ¨å ¬®£ãâ ¥ á®¢¯ -
¤ âì ¯®áâ®ïë¥ h ¨ �, â ª ª ª, ¥ ¢å®¤ï ¢ ª®¬¬ãâ â®àë (4.4) { (4.14)
¨§ x4, íâ¨ ¯®áâ®ïë¥ ¯à¨ ¢ àì¨à®¢ ¨¨ ¥  àãè îâ ¨§®¬®ä¨§¬ 
 «£¥¡à.

�¥®à¥¬ . �«ï ç¥âëà¥å¯ à ¬¥âà¨ç¥áª¨å £àã¯¯ ¯à¥®¡à §®¢ ¨©

(5:40) ç¥âëà¥å¬¥àëå ¬®£®®¡à §¨© M ¨ N áãé¥áâ¢ãîâ ¤¢  ¨ â®«ì-

ª® ¤¢  â¨¯  ¥¢ëà®¦¤¥ëå ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢, ª®â®àë¥ ¢

 ¤«¥¦ é¥ ¢ë¡à ëå á¨áâ¥¬ å «®ª «ìëå ª®®à¤¨ â (x; y) ¨ (�; �)
¨ á â®ç®áâìî ¤® ¬ áèâ ¡ëå ¯à¥®¡à §®¢ ¨æ  (f) ! f § ¤ îâáï

ª ®¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨ (5.2) ¨ (5.3).

� áá¬®âà¨¬ ¢á¥¢®§¬®¦ë¥ ¯ àë ¨§®¬®àäëå ç¥âëà¥å¬¥àëå  «-
£¥¡à �¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ X! ¨ �!, § ¤ îé¨å «®ª «ìãî
£àã¯¯ã «®ª «ìëå ¤¢¨¦¥¨© (5:40), ¯à¨ ª®â®àëå á®åà ï¥âáï ¬¥âà¨ç¥-

áª ï äãªæ¨ï (5.1), ã¤®¢«¥â¢®àïîé ï á¨áâ¥¬¥ ãà ¢¥¨© (5.8). � ª¨å
¯ à ¢ á®®â¢¥âáâ¢¨¨ á ª« áá¨ä¨ª æ¨®®© â¥®à¥¬®© ¨§ x4 ¡ã¤¥â âà¨¤-
æ âì ¯ïâì: 1. (4.4.1) + (4.4.1), 2. (4.4.2) + (4.4.2), 3. (4.4.3) + (4.4.3),
4. (4.4.4) + (4.4.4), 5. (4.5.1) + (4.5.1), 6. (4.6.1) + (4.6.1), 7. (4.6.2) +
(4.6.2), 8. (4.7.1) + (4.7.1), 9. (4.7.1) + (4.7.2), 10. (4.7.2) + (4.7.2), 11.
(4.7.3) + (4.7.3), 12. (4.7.3) + (4.7.4), 13. (4.7.4) + (4.7.4), 14. (4.8.1) +
(4.8.1), 15. (4.8.1) + (4.8.2), 16. (4.8.2) + (4.8.2), 17. (4.8.3) + (4.8.3), 18.
(4.8.3) + (4.8.4), 19. (4.8.4) + (4.8.4), 20. (4.8.5) + (4.8.5), 21. (4.8.5) +
(4.8.6), 22. (4.8.6) + (4.8.6), 23. (4.8.7) + (4.8.7), 24. (4.8.7) + (4.8.8), 25.

(4.8.8) + (4.8.8), 26. (4.9.1) + (4.9.1), 27. (4.11.1) + (4.11.1), 28. (4.11.1)
+ (4.11.2), 29. (4.11.2) + (4.11.2), 30. (4.12.1) + (4.12.1), 31. (4.12.1)
+ (4.12.2), 32. (4.12.2) + (4.12.2), 33. (4.14.1) + (4.14.1), 34. (4.14.1) +
(4.14.2), 35. (4.14.2) + (4.14.2).

�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¬®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® ®¯à¥-
¤¥«¨â¥«ì (5.9) ¬ âà¨æë á¨áâ¥¬ë (5.8) ¤«ï á«¥¤ãîé¨å ¢®áì¬¨ ¯ à ¡ -
§¨áëå ®¯¥à â®à®¢ X! ¨ �! ®â«¨ç¥ ®â ã«ï: 18. � = x � � � y�;
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21. � = 2(x � � � y�) � �y; 22. � = (y � �)2 + 2(�2 � �1)(x � �); 24.
� = c(x� � � y�); 28. � = �y(x� � � y�); 31. � = (1 + y2)(x� � � y�);
32. � = (x� �)2 + (y � �)2; 34. � = cos(x� �) � 1. �®áª®«ìªã ¢® ¢á¥å
¯¥à¥ç¨á«¥ëå ¢ëè¥ ¢®áì¬¨ á«ãç ïå � 6= 0, á¨áâ¥¬  (5.8) ®â®á¨â¥«ì-

® ¯à®¨§¢®¤ëå fx; fy; f�; f� ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥, â® ¥áâì
¬¥âà¨ª  (5.1) ¤«ï ¨å âà¨¢¨ «ì : f(x; y; �; �) � const. �«ï ¤¢ ¤æ â¨
¯ïâ¨ ¯ à,   ¨¬¥®: 1. { 14., 16., 17., 19., 20., 23., 25., 26., 27., 29., 30.,
33. ¢ á¨áâ¥¬¥ (5.8)  ©¤¥âáï â ª ï ¯®¤á¨áâ¥¬  ¤¢ãå ãà ¢¥¨©, ª®â®-
à ï ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå fx ¨ f� ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥,
¨ ¯®â®¬ã ¬¥âà¨ç¥áª ï äãªæ¨ï (5.1) ®ª §ë¢ ¥âáï ¢ëà®¦¤¥®©, â ª
ª ª ¢ ¥© ª®®à¤¨ âë x ¨ � ®âáãâáâ¢ãîâ: f(x; y; �; �) = '(y; �).

� ª¨¬ ®¡à §®¬, ¨§ âà¨¤æ â¨ ¯ïâ¨ ¯ à ¡ §¨áëå ®¯¥à â®à®¢ X! ¨
�! ¥¢ëà®¦¤¥ ï 1-¬¥âà¨ª  (5.1) ª ª à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨©

(5.8) ¬®¦¥â ¯®«ãç¨âìáï â®«ìª® ¤«ï ¤¢ãå ¯ à: 15. (4.8.1)+(4.8.2) ¨ 35.
(4.14.2)+(4.14.2). � áá¬®âà¨¬ á ç «  ¯¥à¢ãî ¨§ ¨å. �®ª «ì®¥ ¤¢¨-
¦¥¨¥ (5:40) ¢ íâ®¬ á«ãç ¥ á®áâ®¨â ¨§ ¯à¥®¡à §®¢ ¨© ¬®¦¥áâ¢  M,
§ ¤ ¢ ¥¬®£®  «£¥¡à®© (4.8.1), ¨ ¨§®¬®àä®£®, ® ¥ íª¢¨¢ «¥â®£® ¥¬ã
¯à¥®¡à §®¢ ¨ï ¬®¦¥áâ¢  N § ¤ ¢ ¥¬®£®  «£¥¡à®© (4.8.2). �«ï â®£®,
çâ®¡ë á¨áâ¥¬  (5.8) ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå fx; fy; f�; f� ¨¬¥«  ¥-
ã«¥¢®¥ à¥è¥¨¥, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ®¯à¥¤¥«¨â¥«ì (5.9)
¥¥ ¬ âà¨æë ®¡à é «áï ¢ ã«ì. � áªàë¢ ï ¥£®, ¯à¨å®¤¨¬ ª ãà ¢¥¨î

� = �1 � �2 = 0, ®âªã¤  ¯®«ãç ¥¬ �1 = �2. � á¨áâ¥¬¥ (5.8) ¯à¨ � = 0
¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ â®«ìª® âà¨ ãà ¢¥¨ï:

fx + f� = 0; yfx + f� = 0; �fy + �f� = 0; (5:10)

�¥è¥¨¥ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (5.10) § ¤ ¥âáï ¢ëà ¦¥¨¥¬

f = �(x� �; y; �); (5:11)

£¤¥ �(u; v; w) { ¯à®¨§¢®«ì ï äãªæ¨ï âà¥å ¯¥à¥¬¥ëå. �®¤áâ ¢¨¬ ¥£®
¢ ®áâ «ìë¥ ¤¢  ãà ¢¥¨ï: v�u + �w = 0; w�u + �v = 0, ®âªã¤  «¥£ª®
¯®«ãç ¥¬ ®¢®¥ ãà ¢¥¨¥ v�v � w�w = 0 á ®ç¥¢¨¤ë¬ à¥è¥¨¥¬

�(u; v; w) = �(u; vw); (5:12)

£¤¥ �(s; t) { ¯à®¨§¢®«ì ï äãªæ¨ï ã¦¥ ¤¢ãå ¯¥à¥¬¥ëå. �®¤áâ ¢«ïï
¯®á«¥¤¨© à¥§ã«ìâ â ¢ ãà ¢¥¨¥ v�u + �w = 0, ¯®«ãç ¥¬: �s + �t = 0,
®âªã¤ :

�(s; t) =  (t� s); (5:13)
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£¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï â®«ìª® ®¤®© ¯¥à¥¬¥®©.
�®¤áâ ¢¨¬ à¥è¥¨¥ (5.13) ¢ äãªæ¨î (5.12), ª®â®àãî, ¢ á¢®î ®ç¥-

à¥¤ì, ¯®¤áâ ¢¨¬ ¢ ¢ëà ¦¥¨¥ (5.11). �«ï ¥¢ëà®¦¤¥®© ¬¥âà¨ç¥-
áª®© äãªæ¨¨ f , ã¤®¢«¥â¢®àïîé¥© á¨áâ¥¬¥ ãà ¢¥¨© (5.10), ¯à¨å®-

¤¨¬ ®ª®ç â¥«ì® ª á«¥¤ãîé¥¬ã ¢ëà ¦¥¨î:

f =  (y� � x+ �): (5:14)

�¥§ã«ìâ â (5.14) ¬ áèâ ¡ë¬ ¯à¥¡à §®¢ ¨¥¬  (f)! f ¨ ®ç¥¢¨¤®©
§ ¬¥®© ª®®à¤¨ â x ! �y; y ! x; � ! �; � ! � ¯à¨¢®¤¨âáï ª
ª ®¨ç¥áª®© ä®à¬¥ (5.2) { ®¤®© ¨§ ¤¢ãå ¢®§¬®¦ëå.

� áá¬®âà¨¬ â¥¯¥àì ¢â®à®© á«ãç ©, ª®£¤  «®ª «ì®¥ ¤¢¨¦¥¨¥ (5:40)
á®áâ®¨â ¨§ ¨§®¬®àäëå ¯à¥®¡à §®¢ ¨© ¬®¦¥áâ¢M ¨ N, § ¤ ¢ ¥¬ëå
 «£¥¡à®© (4.14.2) ¨§ x4 á à §«¨çë¬¨, ¢®®¡é¥ £®¢®àï, § ç¥¨ï¬¨ ¯®-

áâ®ï®© h. �§ ãá«®¢¨ï ®¡à é¥¨ï ¢ ã«ì ®¯à¥¤¥«¨â¥«ï (5.9) ¯®«ãç ¥¬:
� = (h1+h2)(cos(x��)�1) = 0, ®âªã¤  á«¥¤ã¥â: h2 = �h1, â® ¥áâì ª ª
¨ ¢ ¯¥à¢®¬ á«ãç ¥, ¯à¥®¡à §®¢ ¨¥ ¤¢ã¬¥àëå ¬®£®®¡à §¨© M ¨ N ¢
£àã¯¯¥ ¤¢¨¦¥¨© (5:40) ¥íª¢¨¢ «¥âë. �à¨ ãá«®¢¨¨ � = 0 ®¤® ¨§
ãà ¢¥¨© á¨áâ¥¬ë (5.8) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ âà¥å ¤àã£¨å. �¤®¡® ¢
íâ®© á¨áâ¥¬¥ ¤«ï  «£¥¡àë (4.14.2) ¨§ x4 ¯à¨ h2 = �h1 ®áâ ¢¨âì ¯¥à¢®¥,
ç¥â¢¥àâ®¥ ¨ ¢â®à®¥ ãà ¢¥¨ï:

fx + f� = 0; fy � f� = 0;
sinx fx + cosx fy + sin� f� + cos� f� = 0:

)
(5:15)

�§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥¨© á¨áâ¥¬ë (5.15), ¯à¨¬¥ïï ¬¥â®¤
å à ªâ¥à¨áâ¨ª,  å®¤¨¬:

f = �(x� �; y + �); (5:16)

£¤¥ �(s; t) { ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå. �®¤áâ ¢¨¬ à¥-

è¥¨¥ (5.16) ¢ âà¥âì¥ ãà ¢¥¨¥ á¨áâ¥¬ë (5.15), ¢®á¯®«ì§®¢ ¢è¨áì ¨§-
¢¥áâë¬¨ ä®à¬ã« ¬¨ ¤«ï à §®áâ¨ á¨ãá®¢ ¨ áã¬¬ë ª®á¨ãá®¢:

sin(s=2)�s + cos(s=2)�t = 0:

�â® ¯®á«¥¤¥¥ ãà ¢¥¨¥ â ª¦¥ à¥è ¥¬ ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(s; t) =  (exp(�t=2) sin(s=2)); (5:17)

£¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï â®«ìª® ®¤®© ¯¥à¥¬¥®©.
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�®¤áâ ¢¨¬ ¢ëà ¦¥¨¥ (5.17) ¤«ï äãªæ¨¨ �(s; t) ¢ à¥è¥¨¥ (5.16)
¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (5.15). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¥¢ë-
à®¦¤¥ãî ¬¥âà¨ç¥áªãî äãªæ¨î

f =  (exp(�y + �

2
) sin

x� �

2
); (5:18)

ª®â®à ï ¬ áèâ ¡ë¬ ¯à¥®¡à §®¢ ¨¥¬  (f) ! f ¨ á«¥¤ãîé¥© § ¬¥-
®© ª®®à¤¨ â: exp(�y=2) sin(x=2) ! x, exp(�y=2) cos(x=2) ! �y,
exp(��=2) cos(�=2) ! �, exp(��=2)sin(�=2) ! � ¯à¨¢®¤¨âáï ª® ¢â®à®©
ª ®¨ç¥áª®© ä®à¬¥ (5.3). �¥®à¥¬  ¯®«®áâìî ¤®ª §  .

� ¬¥â¨¬, çâ® à¥§ã«ìâ âë â®«ìª® çâ® ¤®ª § ®© â¥®à¥¬ë   ç áâ-
®¬ ¯à¨¬¥à¥ ¯®¤â¢¥à¦¤ îâ ãáâ ®¢«¥ãî ¢ x1 íª¢¨¢ «¥â®áâì ä¥-
®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¢ £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢.
�®¦®  ¤¥ïâìáï, çâ® íâ  íª¢¨¢ «¥â®áâì, ¨¬¥îé ï ¬¥áâ® â ª¦¥ ¨
¢ £¥®¬¥âà¨¨ ®¤®£® ¬®¦¥áâ¢  [39], ¯®§¢®«¨â ¬¥â®¤ ¬¨ â¥®à¨¨ ä¨-
§¨ç¥áª¨å áâàãªâãà à¥è¨âì â ª¨¥ § ¤ ç¨ ¢ â¥®à¨¨ £àã¯¯ ¯à¥®¡à §®¢ -
¨©, ª®â®àë¥ ®¡ëç® ¢ ¥© ¥ à áá¬ âà¨¢ «¨áì ¨§-§  ®âáãâáâ¢¨ï ª« á-
á¨ä¨ª æ¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨©, ¯à¨ç¥¬ ¥ â®«ìª® á â®ç®áâìî ¤®
íª¢¨¢ «¥â®áâ¨, ® ¨ á â®ç®áâìî ¤® ¯®¤®¡¨ï. �¤®© ¨§ â ª¨å § ¤ ç
ï¢«ï¥âáï ¢ëç¨á«¥¨¥ ¢á¥å ¥¢ëà®¦¤¥ëå ¤¢ãåâ®ç¥çëå ¨¢ à¨ -

â®¢, â® ¥áâì ¯®« ï ª« áá¨ä¨ª æ¨ï ä¥®¬¥®«®£¨ç¥áª¨ ¨¢ à¨ âëå
¬¥âà¨ª, ¨¬¥îé¨å á®¤¥à¦ â¥«ìãî ä¨§¨ç¥áªãî ¨â¥à¯à¥â æ¨î.

� «¨§ ¤¥â «¥© ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®§¢®«ï¥â á¤¥« âì ¥é¥ ®¤-
® § ª«îç¨â¥«ì®¥ § ¬¥ç ¨¥. �á«¨ ¨áå®¤¨âì ¨§ ª« áá¨ä¨ª æ¨¨ �.�¨
(á¬. [34] ¨ [35]), â® ¨ ®¤  ¨§ ¬¥âà¨ç¥áª¨å äãªæ¨© (5.2) ¨ (5.3) ¥ ¬®-
¦¥â ¡ëâì ¯®«ãç¥  ª ª ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© (5:40), â ª
ª ª �.�¨ ¢ ¯à¥¤¥« å ¯®¤®¡¨ï ¥ à §«¨ç ¥â  «£¥¡àë (4.8.1) ¨ (4.8.2)
¨ ¥ à §«¨ç ¥â  «£¥¡àë (4.14.2) á h1 6= h2, ª®â®àë¥ ¢ ¯à¥¤¥« å íª¢¨-
¢ «¥â®áâ¨ ¥ á®¢¯ ¤ îâ. � ¯à¥¤¥« å ¦¥ ¯®¤®¡¨ï  «£¥¡àë (4.8.1) ¨

(4.8.2) á¢®¤ïâáï ª ®¤®©  «£¥¡à¥ 9. ¯à¨ c = 0,    «£¥¡àë (4.14.2) á
à §«¨çë¬¨ § ç¥¨ï¬¨ ¯®áâ®ï®© h á¢®¤ïâáï ª  «£¥¡à¥ 7. ¯® ¯à¨¢¥-
¤¥®© ¢ x4 â ¡«¨æ¥ ¨§ ¬®®£à ä¨¨ [35]. � ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥-
¨ï ¤¢ãåâ®ç¥çëå ¨¢ à¨ â®¢ ¥®¡å®¤¨¬® ãâ®çïâì ª« áá¨ä¨ª æ¨î
�.�¨ ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨§ x3, ª®£¤ 
¤®¯ãáª ¥âáï â®«ìª® § ¬¥  ª®®à¤¨ â ¯à¥®¡à §ã¥¬®£® ¬®£®®¡à §¨ï ¢
ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥, ª ª íâ® ¡ë«® á¤¥« ® ¢ x4 ¤«ï ç¥âëà¥å-
¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨.

�â¬¥â¨¬, çâ® à¥§ã«ìâ âë  áâ®ïé¥£® x5, ª ª ¨ ¯à¥¤ë¤ãé¥£®, ®¯ã-
¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®â¥ [38], á®áâ ¢«ïï á®¤¥à¦ ¨¥ ¥¥ ¢â®à®£®
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¯ à £à ä .

x6. �àã¯¯®¢ ï á¨¬¬¥âà¨ï ®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å

áâàãªâãà à £  (n+1,2)

�ã¤¥¬ ¨áå®¤¨âì ¨§ ®¡é¥£® ¨ ªà âª®£® ®¯à¥¤¥«¥¨ï ®¤®¬¥âà¨ç¥áª®©
ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢, ¤ ®£®
¢  ç «¥ x2. �®¦¥áâ¢®M ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¡ã¤¥â ®¤®¬¥à-
ë¬ ¬®£®®¡à §¨¥¬,   ¬®¦¥áâ¢® N { n-¬¥àë¬. �«ï ¬¥âà¨ç¥áª®©
äãªæ¨¨ (2.1) ¨§ x2 ª®®à¤¨ â®¥ § ¤ ¨¥ ¡ã¤¥â á«¥¤ãîé¨¬:

f(x; �) = f(x; �1; : : : ; �n); (6:1)

£¤¥ á¯à ¢  x = x
1.

�®£« á® à¥§ã«ìâ â ¬ à ¡®âë [26] ®¤®¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥

áâàãªâãàë à £  (n + 1; 2) áãé¥áâ¢ãîâ â®«ìª® ¤«ï n = 1; 2; 3 ¨ ¥
áãé¥áâ¢ãîâ ¤«ï n � 4. �¥âà¨ª  (6.1) á â®ç®áâìî ¤® ¬ áèâ ¡®£®
¯à¥®¡à §®¢ ¨ï  (f)! f ¨ § ¬¥ë «®ª «ìëå ª®®à¤¨ â ¢ ¬®£®®¡à -
§¨ïå M;N,   â ª¦¥ äãªæ¨® «ì ï á¢ï§ì, ®¯à¥¤¥«ïîé ï ä¥®¬¥®-
«®£¨ç¥áªãî á¨¬¬¥âà¨î á®®â¢¥âáâ¢ãîé¥© £¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢,
§ ¤ îâáï á«¥¤ãîé¨¬¨ ª ®¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨ ¨ ãà ¢¥¨ï¬¨:

¤«ï n = 1:
f = x+ �; (6:2)

f(i�) � f(i�)� f(j�) + f(j�) = 0; (6:20)

£¤¥ � = �
1
; i; j 2M; �; � 2 N ¨,  ¯à¨¬¥à, f(i�) = x(i) + �(�);

¤«ï n = 2:

f = x� + �; (6:3)�������
f(i�) f(i�) 1
f(j�) f(j�) 1
f(k�) f(k�) 1

������� = 0; (6:30)

£¤¥ � = �
1
; � = �

2
; i; j; k 2M; �; � 2 N ¨,  ¯à¨¬¥à, f(i�) = x(i)�(�)+

+ �(�);
¤«ï n = 3:

f = (x� + �)=(x+ #); (6:4)
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���������

f(i�) f(i�) f(i�)f(i�) 1
f(j�) f(j�) f(j�)f(j�) 1

f(k�) f(k�) f(k�)f(k�) 1
f(l�) f(l�) f(l�)f(l�) 1

���������
= 0; (6:40)

£¤¥ � = �
1
; � = �

2
; # = �

3
; i; j; k; l 2 M; �; � 2 N ¨,  ¯à¨¬¥à,

f(i�) = (x(i)�(�) + �(�))=(x(i) + #(�)).
�àã¯¯  ¤¢¨¦¥¨© ¬¥âà¨ç¥áª®© äãªæ¨¨ (6.1) á®£« á® â¥®à¥¬¥ 2 ¨§

x1 § ¢¨á¨â ®â n áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢:

x
0 = �(x; a1; : : : ; an);

�
0� = �

�(�1; : : : ; �n; a1; : : : ; an);

)
(6:5)

£¤¥ � = 1; : : : ; n. �®ª «ì®¥ ¯à¥®¡à §®¢ ¨¥ ®¤®¬¥à®£® ¬®£®®¡à §¨ï

M ¢ £àã¯¯¥ ¤¢¨¦¥¨© (6.5) ®¤®§ ç® § ¤ ¥âáï «¨¥©® ¥§ ¢¨á¨¬ë-
¬¨ ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨

X! = �!(x)@x; (6:6)

£¤¥ ! = 1; : : : ; n. �á«¨ ¢ ®¯¥à â®à å (6.6) ¯à®¨§¢¥áâ¨ § ¬¥ã ª®®à¤¨ âR
dx=�1(x) ! x, â® ¤«ï ¯¥à¢®£® ®¯¥à â®à  X1 ¯®«ãç¨¬ ¬ ªá¨¬ «ì®

¯à®áâ®¥ ¢ëà ¦¥¨¥ ¨ â®£¤  ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ¬®¦¥¬ § ¯¨á âì:

X1 = @x; X2 = �2(x)@x; : : : ; Xn = �n(x)@x: (6:60)

�¥®à¥¬  1. (�.�¨). � ªá¨¬ «ì ï à §¬¥à®áâì  «£¥¡à �¨ ¯à¥-

®¡à §®¢ ¨© ®¤®¬¥à®£® ¬®£®®¡à §¨ï à ¢  âà¥¬. � â®ç®áâìî

¤® ¯®¤®¡¨ï (á« ¡®© íª¢¨¢ «¥â®áâ¨) ¡ §¨áë© ®¯¥à â®à X1 ®¤®-

¬¥à®©  «£¥¡àë § ¤ ¥âáï ¢ëà ¦¥¨¥¬

X1 = @x; (6:7)

¡ §¨áë¥ ®¯¥à â®àë X1; X2 ¤¢ã¬¥à®©  «£¥¡àë § ¤ îâáï ¢ëà ¦¥¨-

ï¬¨

X1 = @x; X2 = x@x (6:8)

á ª®¬¬ãâ â®à®¬

[X1;X2] = X1; (6:9)

¡ §¨áë¥ ®¯¥à â®àë X1; X2; X3 âà¥å¬¥à®©  «£¥¡àë § ¤ îâáï ¢ë-

à ¦¥¨ï¬¨

X1 = @x; X2 = x@x; X3 = x
2
@x (6:10)
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á ª®¬¬ãâ â®à ¬¨

[X1;X2] = X1; [X1;X3] = 2X2; [X2;X3] = X3: (6:11)

�¥§ã«ìâ â, ¨§«®¦¥ë© ¢ â¥®à¥¬¥ 1, ¯à¨ ¤«¥¦¨â �®äãáã �¨. �«¥-
¤ã¥â, ®¤ ª®, ¯®¤ç¥àªãâì, çâ® ¥£® ¤®ª § â¥«ìáâ¢®, ¢®á¯à®¨§¢¥¤¥®¥,
 ¯à¨¬¥à, ¢ ¬®®£à ä¨¨ �¥¡®â à¥¢  �.�. [29]   áâà. 213, ¯à¨¢®¤¨â ª
íâ®¬ã à¥§ã«ìâ âã ¥ á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨,   á â®ç®áâìî
¤® ¯®¤®¡¨ï (¨«¨ á« ¡®© íª¢¨¢ «¥â®áâ¨) ¢ á¬ëá«¥ «¥¬¬ë 2 (¨«¨ 3) ¨§
x3, ª®£¤  ¢ ¨áå®¤®© £àã¯¯¥ ¯à¥®¡à §®¢ ¨© ¤®¯ãáª ¥âáï ª ª § ¬¥ 
ª®®à¤¨ â ¢ ¯à¥®¡à §ã¥¬®¬ ¬®£®®¡à §¨¨, â ª ¨ § ¬¥  ¯ à ¬¥âà®¢
¢ ¤¥©áâ¢ãîé¥© £àã¯¯¥. �® ¯®¤®¡¨¥ (á« ¡ ï íª¢¨¢ «¥â®áâì) ¥ à ¢-

®á¨«ì  íª¢¨¢ «¥â®áâ¨, ª®£¤  ¢ ª ¦¤®¬ ¨§®¬®àä®¬ ª« áá¥ ¤®¯ãá-
ª ¥âáï â®«ìª® § ¬¥  ª®®à¤¨ â ¢ ¯à¥®¡à §ã¥¬®¬ ¬®£®®¡à §¨¨ (á¬.,
 ¯à¨¬¥à, [30], áâà. 44). � ¤àã£®© áâ®à®ë, ¯à¨  å®¦¤¥¨¨ ä¥®¬¥-
®«®£¨ç¥áª¨ ¨¢ à¨ âëå ¬¥âà¨ª (6.1), ï¢«ïîé¨åáï ¥¢ëà®¦¤¥ë-
¬¨ ¨¢ à¨ â ¬¨ £àã¯¯ë ¯à¥®¡à §®¢ ¨© (6.5) ¬®£®®¡à §¨ï M�N,
á«¥¤ã¥â, ¢ ®¡é¥¬ á«ãç ¥, ª ª ¯®ª § ® ¢ x3, ¯à®¢®¤¨âì ª« áá¨ä¨ª æ¨î
£àã¯¯ �¨ ¯à¥®¡à §®¢ ¨© ¨ á®®â¢¥âáâ¢ãîé¨å  «£¥¡à �¨ á â®ç®áâìî
¤® íª¢¨¢ «¥â®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨ «¥¬¬ë 4 ¨§ x3. �®íâ®¬ã
¨¬¥¥â á¬ëá« ãâ®ç¨âì à¥§ã«ìâ â â¥®à¥¬ë 1 ¢ ¯à¥¤¥« å íª¢¨¢ «¥â®-

áâ¨.

�¥®à¥¬  2. �« áá¨ä¨ª æ¨ï  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ®¤®¬¥à®-

£® ¬®£®®¡à §¨ï á â®ç®áâìî ¤® ¯®¤®¡¨ï (á« ¡®© íª¢¨¢ «¥â®áâ¨)

á®¢¯ ¤ ¥â á ¨å ª« áá¨ä¨ª æ¨¥© á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨.

� §¨áë© ®¯¥à â®à X1 ®¤®¬¥à®©  «£¥¡àë �¨ á â®ç®áâìî ¤®
íª¢¨¢ «¥â®áâ¨, á®£« á® ¢ëà ¦¥¨ï¬ (6:60), ¬®¦¥â ¡ëâì § ¯¨á  ¢
á¢®¥© ¬ ªá¨¬ «ì® ¯à®áâ®© ä®à¬¥ (6.7). � §¨áë¥ ®¯¥à â®àë X1; X2

¤¢ã¬¥à®©  «£¥¡àë �¨, á®£« á® â¥¬ ¦¥ á ¬ë¬ ¢ëà ¦¥¨ï¬ (6:60),

¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¢¨¤¥

X1 = @x; X2 = �(x)@x; (6:12)

£¤¥ �(x) = �2(x). �®¤áâ ¢¨¬ ®¯¥à â®àë (6.12) ¢ ª®¬¬ãâ â®à (6.9):
�
0(x)@x = @x, ®âªã¤  ¯®«ãç ¥¬ ãà ¢¥¨¥ �0(x) = 1 c à¥è¥¨¥¬ �(x) =
x + a. �¤¤¨â¨¢ ï ¯®áâ®ï ï a ¬®¦¥â ¡ëâì ¨áª«îç¥  ¯à®áâ®© § -
¬¥®© ª®®à¤¨ â x+ a ! x, ¥ ¬¥ïîé¥© ®¯¥à â®à X1, ¢ à¥§ã«ìâ â¥

ç¥£® á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨ï¬ (6.8).
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� ¬¥â¨¬, çâ® ¢ âà¥å¬¥à®©  «£¥¡à¥ á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥-
¨ï¬¨ (6.11) á®¤¥à¦¨âáï ¤¢ã¬¥à ï ¥ ¡¥«¥¢ ï ¯®¤ «£¥¡à  á ª®¬¬ãâ -
â®à®¬ (6.9). �®íâ®¬ã ¥¥ ¡ §¨áë¥ ®¯¥à â®àë X1; X2; X3, ®¡ê¥¤¨ïï
¢ëà ¦¥¨ï (6.8) ¨ (6:60), ¬®¦® § ¯¨á ¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

X1 = @x; X2 = x@x; X3 = �(x)@x; (6:13)

£¤¥ �2(x) = x,   �3(x) = �(x). �¯¥à â®àë (6.13) ¯®¤áâ ¢¨¬ ¢® ¢â®à®©
¨ âà¥â¨© ª®¬¬ãâ â®àë á®®â®è¥¨© (6.11): �0(x)@x = 2x@x ¨ (x�

0(x)�
�(x))@x = �(x)@x, ®âªã¤  ®â®á¨â¥«ì® äãªæ¨¨ �(x) ¯®«ãç ¥¬ ¤¢ 
ãà ¢¥¨ï: �0(x) = 2x ¨ x�

0(x) = 2�(x) á ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬
�(x) = x

2. �®¤áâ ¢¨¢ ¥£® ¢ ¢ëà ¦¥¨ï (6.13), ¯®«ãç¨¬ á â®ç®áâìî ¤®
íª¢¨¢ «¥â®áâ¨ ¡ §¨áë¥ ®¯¥à â®àë (6.10) âà¥å¬¥à®©  «£¥¡àë �¨
¯à¥®¡à §®¢ ¨© ®¤®¬¥à®£® ¬®£®®¡à §¨ï. �«ï n � 4, ®ç¥¢¨¤®, ¥â

n-¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨© ®¤®¬¥à®£® ¬®£®®¡à §¨ï á â®ç-
®áâìî ¤® íª¢¨¢ «¥â®áâ¨, ª ª ¥â ¨å ¯® â¥®à¥¨¥ 1 ¨ á â®ç®áâìî ¤®
¯®¤®¡¨ï (á« ¡®© íª¢¨¢ «¥â®áâ¨). �â¬¥ç¥®¥ ¯®á«¥¤¥¥ ®¡áâ®ïâ¥«ì-
áâ¢® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.

�§ â¥®à¥¬ 1,2 á«¥¤ã¥â, çâ® ¤«ï n � 4 «®ª «ì®¥ ¤¥©áâ¢¨¥ «î¡®©
n-¬¥à®© £àã¯¯ë �¨ ¢ ®¤®¬¥à®¬ ¬®£®®¡à §¨¨ M ¥ ¬®¦¥â ¡ëâì
íää¥ªâ¨¢ë¬, â® ¥áâì á®®â¢¥âáâ¢ãîé ï £àã¯¯  ¯à¥®¡à §®¢ ¨© ¥
¬®¦¥â § ¢¨á¥âì áãé¥áâ¢¥® ¡®«¥¥ ç¥¬ ®â âà¥å ¯ à ¬¥âà®¢.

�®ª «ìë¥ ¯à¥®¡à §®¢ ¨ï n-¬¥à®£® ¬®£®®¡à §¨ï N ¢ £àã¯¯¥

¤¢¨¦¥¨© (6.5) ®¤®§ ç® § ¤ îâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¨ä¨¨-
â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨

�! = �
�
!(�

1
; : : : ; �

n)@=@�� ; (6:14)

£¤¥ !; � = 1; : : : ; n. �®«®áâìî ¦¥ «®ª «ì ï £àã¯¯  ¤¢¨¦¥¨© (6.5) ®¤-
®§ ç® § ¤ ¥âáï ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨ Z! = X! + �!,
ª®â®àë¥ ®¡à §ãîâ ¡ §¨á n-¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¬®-
£®®¡à §¨ï M�N. �®áª®«ìªã ®¯¥à â®àë X! ¨ �!, § ¢¨áï ®â à §ëå
¯¥à¥¬¥ëå x ¨ �1; : : : ; �n, ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©, ª®¬¬ãâ æ¨®-
ë¥ á®®â®è¥¨ï ¤«ï ¨å á®¢¯ ¤ îâ á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥-

¨ï¬¨ ¤«ï ®¯¥à â®à®¢ Z!. �® ¥áâì n-¬¥àë¥  «£¥¡àë �¨ á ¡ §¨áë¬¨
®¯¥à â®à ¬¨ X! ¨ �! ¨§®¬®àäë á â®ç®áâìî ¤® á®¢¯ ¤¥¨ï áâàãª-
âãàëå ª®áâ â ¢ á®®â¢¥âáâ¢ãîé¨å ¡ §¨á å. �®íâ®¬ã, á®£« á® â¥-
®à¥¬¥ 2 ¨ ®¯à¥¤¥«¥¨î 2 ¨§ x1, ¤®¯®«¨â¥«ì® ª à¥§ã«ìâ â ¬ â¥®à¥¬
1 ¨ 2  áâ®ïé¥£® ¯ à £à ä  ¥®¡å®¤¨¬® â®«ìª®  ©â¨ á â®ç®áâìî ¤®
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íª¢¨¢ «¥â®áâ¨ ¢á¥ ¤¢ã¬¥àë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¤¢ã¬¥à-
®£® ¬®£®®¡à §¨ï á ª®¬¬ãâ â®à®¬ (6.9) ¨ ¢á¥ âà¥å¬¥àë¥  «£¥¡àë �¨
¯à¥®¡à §®¢ ¨© âà¥å¬¥à®£® ¬®£®®¡à §¨ï á ª®¬¬ãâ æ¨®ë¬¨ á®®â-
®è¥¨ï¬¨ (6.11).

�¥®à¥¬  3. � â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¡ §¨áë© ®¯¥à -

â®à �1 ®¤®¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ®¤®¬¥à®£® ¬®£®-

®¡à §¨ï § ¤ ¥âáï ¢ëà ¦¥¨¥¬

�1 = @�; (6:15)

¡ §¨áë¥ ®¯¥à â®àë �1; �2 ¤¢ã¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨©

¤¢ã¬¥à®£® ¬®£®®¡à §¨ï á ª®¬¬ãâ â®à®¬

[�1;�2] = �1 (6:16)

§ ¤ îâáï ¢ëà ¦¥¨ï¬¨:

�1 = @�; �2 = �@�; (6:17)

�1 = @�; �2 = �@� + @�; (6:18)

¡ §¨áë¥ ®¯¥à â®àë �1; �2; �3 âà¥å¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à -

§®¢ ¨© âà¥å¬¥à®£® ¬®£®®¡à §¨ï á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥-

¨ï¬¨

[�1;�2] = �1; [�1;�3] = 2�2; [�2;�3] = �3 (6:19)

§ ¤ îâáï ¢ëà ¦¥¨ï¬¨:

�1 = @�; �2 = �@�; �3 = �
2
@�; (6:20)

�1 = @�; �2 = �@� + @�; �3 = �
2
@� + 2�@�; (6:21)

�1 = @�; �2 = �@� + @�;

�3 = (�2 � exp 2�)@� + 2�@�;

)
(6:22)

�1 = @�; �2 = �@� + @�;

�3 = �
2
@� + 2�@� + exp� @#:

)
(6:23)

�ëà ¦¥¨¥ (6.15) ¤«ï ®¯¥à â®à  �1 ¯®«ãç ¥âáï áà §ã ¦¥ ¨§ ¢ëà ¦¥-
¨ï (6.7) ¤«ï ®¯¥à â®à  X1 ¯à®áâ®© § ¬¥®© ª®®à¤¨ â x! �, â ª ª ª
¯à¨ n = 1 ¬®¦¥áâ¢ M ¨ N ï¢«ïîâáï ®¤®¬¥àë¬¨ ¬®£®®¡à §¨ï¬¨.

�á«¨ n = 2, â® ¬®¦¥áâ¢® N ï¢«ï¥âáï ¤¢ã¬¥àë¬ ¬®£®®¡à §¨¥¬ á

«®ª «ìë¬¨ ª®®à¤¨ â ¬¨ � = �
1
; � = �

2. � §¨áë¥ ®¯¥à â®àë �1; �2
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¤¢ã¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ¨© ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï N ¢
á®®â¢¥âáâ¢¨¨ á ®¡é¨¬ ¢ëà ¦¥¨¥¬ (6.14) ¬®¦® § ¯¨á âì ¢ á«¥¤ãî-
é¥¬ ¢¨¤¥:

�1 = �1(�; �)@� + �1(�; �)@�;
�2 = �2(�; �)@� + �2(�; �)@�:

)
(6:24)

�à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨ â '(�; �) ! �;  (�; �) ! �, £¤¥ äãª-
æ¨¨ ' ¨  ï¢«ïîâáï ¥ª®â®àë¬¨ ¥§ ¢¨á¨¬ë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨©
�1'� + �1'� = 1 ¨ �1 � + �1 � = 0. �®£¤  ¤«ï ®¯¥à â®à  �1 ¯®«ãç ¥¬
¬ ªá¨¬ «ì® ¯à®áâ®¥ ¢ëà ¦¥¨¥: �1 = @�. � à¥§ã«ìâ â¥ ã¯à®áâ¨âáï

§ ¯¨áì ®¯¥à â®à®¢ (6.24):

�1 = @�; �2 = �(�; �)@� + �(�; �)@�; (6:240)

ª®â®àë¥ ¯®¤áâ ¢¨¬ ¢ ª®¬¬ãâ â®à (6.16): ��(�; �)@� + ��(�; �)@� = @�,
®âªã¤  ¯®«ãç ¥¬ ãà ¢¥¨ï ��(�; �) = 1; ��(�; �) = 0 ¨ ¯®á«¥ ¨â¥-
£à¨à®¢ ¨ï ¯® ¯¥à¥¬¥®© � ¯®«ãç ¥¬ ¨å ®¡é¨¥ à¥è¥¨ï �(�; �) =
� + �(�); �(�; �) = �(�). �à®¨§¢¥¤¥¬ ¤®¯®«¨â¥«ìãî § ¬¥ã ª®®à¤¨-
 â � + '(�)! �;  (�) ! �, ª®â®à ï á®åà ï¥â §  ®¯¥à â®à®¬ �1 ¥£®
¯à®áâãî ä®à¬ã. �á«¨ �(�) = 0, â®, ¯®« £ ï '(�) = �(�), ¯®«ãç¨¬ ¢ëà -

¦¥¨¥ (6.17). �á«¨ ¦¥ �(�) 6= 0, â® ¯®« £ ï �'(�) + �(�) + �(�)'0(�) =
0; �(�) 0(�) = 1, ¯®«ãç¨¬ ¢ëà ¦¥¨¥ (6.18). � ¬¥â¨¬, çâ®  «£¥¡àë
�¨ á ¡ §¨áë¬¨ ®¯¥à â®à ¬¨ (6.17) ¨ (6.18) ¨§®¬®àäë, ® ¥ íª¢¨¢ -
«¥âë, ¯à¨ç¥¬ ¥ â®«ìª® ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨§ x3, ® ¨ ¢ á¬ëá«¥
®¯à¥¤¥«¥¨ï 3 ¨§ x3, â® ¥áâì á« ¡® ¥ íª¢¨¢ «¥âë. �â® ®§ ç ¥â, çâ®
¨ª ª®©  ¢â®¬®àä¨§¬ ¨ ¨ª ª ï § ¬¥  ª®®à¤¨ â ¥ á¢¥¤ãâ  «£¥¡àë
(6.17) ¨ (6.18) ¤àã£ ª ¤àã£ã.

�«ï n = 3 ¬®¦¥áâ¢® N ï¢«ï¥âáï âà¥å¬¥àë¬ ¬®£®®¡à §¨¥¬, «®-
ª «ìë¥ ª®®à¤¨ âë ª®â®à®£® ®¡®§ ç¨¬ ç¥à¥§ � = �

1
; � = �

2
; # = �

3.

� §¨áë¥ ®¯¥à â®àë �1; �2; �3 âà¥å¬¥à®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ -
¨© âà¥å¬¥à®£® ¬®£®®¡à §¨ï N á®£« á® ®¡é¨¬ ¢ëà ¦¥¨ï¬ (6.14)
§ ¯¨èãâáï â®£¤  ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�1 = �1(�; �; #)@� + �1(�; �; #)@� + �1(�; �; #)@#
�2 = �2(�; �; #)@� + �2(�; �; #)@� + �2(�; �; #)@#;
�3 = �3(�; �; #)@� + �3(�; �; #)@� + �3(�; �; #)@#:

9>=
>; (6:25)

� ¬¥®© ª®®à¤¨ â '(�; �; #) ! �;  (�; �; #) ! �; �(�; �; #) ! # á
¥§ ¢¨á¨¬ë¬¨ äãªæ¨ï¬¨ ';  ; �, ï¢«ïîé¨¬¨áï ¥ª®â®àë¬¨ à¥è¥-
¨ï¬¨ ãà ¢¥¨© �1'� + �1'� + �1'# = 1, �1 � + �1 � + �1 # = 0,
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�1�� + �1�� + �1�# = 0, ¢ëà ¦¥¨¥ ¤«ï ®¯¥à â®à  �1 ¬®¦® á¤¥« âì
¬ ªá¨¬ «ì® ¯à®áâë¬:

�1 = @�: (6:26)

� ¬¥â¨¬, çâ® ¢ëà ¦¥¨¥ (6.26), ¢ ª®â®à®¬ �1 = 1; �1 = 0; �1 = 0,
á®åà ï¥â á¢®î ¯à®áâãî ä®à¬ã ¯à¨ «î¡®© § ¬¥¥ ª®®à¤¨ â ¢¨¤ 

� + '(�; #)! �;  (�; #)! �; �(�; #)! #; (6:27)

£¤¥ ';  ; � { ¯à®¨§¢®«ìë¥ äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå ¯à¨ ãá«®¢¨¨,
ª®¥ç®, çâ® äãªæ¨¨  ¨ � ¥§ ¢¨á¨¬ë.

�®¤áâ ¢¨¬ ®¯¥à â®à (6.26) ¨ ®¯¥à â®à �2 ¨§ (6.25) ¢ ¯¥à¢ë© ª®¬-
¬ãâ â®à á®®â®è¥¨© (6.19): �2�@� + �2�@� + �2�@# = @�, ®âªã¤  ¯®«ã-

ç ¥¬ ãà ¢¥¨ï �2� = 1; �2� = 0; �2� = 0, á ®ç¥¢¨¤ë¬¨ à¥è¥¨ï¬¨
�2 = � + �(�; #); �2 = �(�; #); �2 = � (�; #). �«ï ®¯¥à â®à  �2 â¥¯¥àì
¨¬¥¥¬ ¢ëà ¦¥¨¥ �2 = (� + �(�; #))@� + �(�; #)@� + � (�; #)@#, ª®â®à®¥
¬®¦® § ç¨â¥«ì® ã¯à®áâ¨âì, ¨á¯®«ì§ãï ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨-
 â (6.27). �á«¨ �2 + �

2 = 0, â®, ¯®« £ ï ' = �, ¯®«ãç¨¬

�2 = �@�: (6:28)

�á«¨ ¦¥ �2+ � 2 6= 0, â®, ¡¥àï äãªæ¨¨ ';  ; � ª ª ¥ª®â®àë¥ à¥è¥¨ï
ãà ¢¥¨© ��'+�'�+�'# = 0; � �+� # = 1; ���+��# = 0, ¯®«ãç¨¬
¢â®à®¥ ¢ëà ¦¥¨¥:

�2 = �@� + @�: (6:29)

�®¤áâ ¢¨¬ ®¯¥à â®àë (6.26),(6.28) ¨ ®¯¥à â®à �3 ¨§ (6.25) ¢® ¢â®à®©
¨ âà¥â¨© ª®¬¬ãâ â®àë á®®â®è¥¨© (6.19): �3�@� + �3�@� + �3�@# =
2�@� ¨ ��3�@� + ��3�@� + ��3�@# � �3@� = �3@� + �3@� + �3@#, ®âªã¤ 
¯®«ãç ¥¬ á¨áâ¥¬ã è¥áâ¨ ãà ¢¥¨©: �3� = 2�; �3� = 0; �3� = 0; ��3� =
2�3; ��3� = �3; ��3� = �3, à¥è¥¨¥ ª®â®àëå «¥£ª®  å®¤¨âáï: �3 =

�
2
; �3 = 0; �3 = 0. �á¯®«ì§ãï  ©¤¥ë¥ à¥è¥¨ï ¢ ¢ëà ¦¥¨¨ ¤«ï

®¯¥à â®à  �3 ¨§ (6.25) ¨ ¤®¡ ¢«ïï ª ¥¬ã ¢ëà ¦¥¨ï (6.26) ¨ (6.28)
¤«ï ®¯¥à â®à®¢ �1 ¨ �2, ¯à¨å®¤¨¬ ª à¥§ã«ìâ âã (6.20) ¤®ª §ë¢ ¥¬®©
â¥®à¥¬ë.

�®¤áâ ¢¨¬ â¥¯¥àì ®¯¥à â®àë (6.26),(6.29) ¨ ®¯¥à â®à �3 ¨§ (6.25) ¢
¯®á«¥¤¨¥ ¤¢  ª®¬¬ãâ â®à  á®®â®è¥¨© (6.19): �3�@�+�3�@�+�3�@# =
2�@� + 2@�, (��3� + �3�)@� + (��3� + �3�)@� + (��3� + �3�)@# � �3@� =
�3@�+�3@�+�3@#, ®âªã¤  ¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ è¥áâ¨ ãà ¢¥¨©: �3� =
2�; �3� = 2; �3� = 0; ��3� + �3� = 2�3; ��3� + �3� = �3; ��3� + �3� = �3.

�¥è¥¨ï íâ¨å ãà ¢¥¨© ¥âàã¤®  ©â¨: �3 = �
2 + �(#) exp 2�; �3 =
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2� + �(#) exp �; �3 = � (#) exp �, £¤¥ �(#); �(#); � (#) { ¯à®¨§¢®«ìë¥
äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©. �®¤áâ ¢¨¬ íâ¨ à¥è¥¨ï ¢ ®¯¥à â®à �3 ¨§
(6.25):

�3 = (�2 + �(#) exp2�)@� + (2� + �(#) exp �)@� + � (#) exp �@#

¨ ¯à®¨§¢¥¤¥¬ ¢ ¥¬ § ¬¥ã ª®®à¤¨ â � + '(#) exp � ! �; � +  (#)!
�; �(#) ! #, á®åà ïîéãî ¢ëà ¦¥¨ï (6.26) ¨ (6.29) ¤«ï ®¯¥à â®à®¢

�1 ¨ �2. �á«¨ � = 0 ¨ 4� + �
2 = 0, â®, ¯®« £ ï ' = �=2, ¯à¨å®¤¨¬ ª

à¥§ã«ìâ âã (6.21). �á«¨ ¦¥ � = 0 ¨ 4� + �
2 6= 0, â®, ¯®« £ ï ' = �=2

¨ �'2 + � + �' = � exp 2 , ¯à¨å®¤¨¬ ª à¥§ã«ìâ âã (6.22). �á«¨ ¦¥,
 ª®¥æ, � 6= 0, â®, ¯®« £ ï �'2 + � + �' + �'

0 = 0; �2'+ � + � 
0 =

0; ��0 = exp , ¯à¨å®¤¨¬ ª ¯®á«¥¤¥¬ã à¥§ã«ìâ âã (6.23). �¥®à¥¬  3
¯®«®áâìî ¤®ª §  .

� ¬¥â¨¬, çâ® ¨§®¬®àäë¥ âà¥å¬¥àë¥  «£¥¡àë �¨ á ¡ §¨áë¬¨
®¯¥à â®à ¬¨ (6.20){(6.23) ¯®¯ à® ¨ ¥ íª¢¨¢ «¥âë ¨ ¥ ¯®¤®¡ë,
â® ¥áâì ¥ íª¢¨¢ «¥âë ¨ ¢ á« ¡®¬ á¬ëá«¥, å®âï ¢ ãª § ëå ¡ §¨á å

¨¬¥îâ ®¤¨ ¨ â¥ ¦¥ ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï, â® ¥áâì ¨§®¬®àäë
¬¥¦¤ã á®¡®©.

�®ª «ì® ¤¢¨¦¥¨¥ (6.5) § ¤ ¥âáï áã¬¬®© ®¯¥à â®à®¢ (6.6) ¨ (6.14):

Z! = �!(x)@=@x+ �
�
!(�

1
; : : : ; �

n)@=@��; (6:30)

£¤¥,  ¯®¬¨¬, ! = 1; : : : ; n. �®¯®áâ ¢«ïï à¥§ã«ìâ âë ¯¥à¢®©, ¢â®à®©
¨ âà¥âì¥© â¥®à¥¬  áâ®ïé¥£® x6, ¬®¦® ¯®«ãç¨âì ª®ªà¥âë¥ ¢ëà ¦¥-
¨ï ¤«ï ®¯¥à â®à®¢ (6.30), ª®â®àë¥ á®áâ ¢ïâ ¡ §¨á ¢§ ¨¬®£® à áè¨à¥-
¨ï  «£¥¡à (6.6) ¨ (6.14). � §¨áë© ®¯¥à â®à Z1 ®¤®¬¥à®©  «£¥¡àë
�¨ ¤¢¨¦¥¨© (6.5) ¤«ï á«ãç ï n = 1 ®¯à¥¤¥«¨âáï áã¬¬®© ¢ëà ¦¥-
¨© (6.7) ¨ (6.15). � §¨áë¥ ®¯¥à â®àë Z1; Z2 ¤¢ã¬¥à®©  «£¥¡àë �¨

¤¢¨¦¥¨© (6.5) ¤«ï á«ãç ï n = 2 ®¯à¥¤¥«ïîâáï áã¬¬ ¬¨ ¢ëà ¦¥¨©
(6.8) ¨ (6.17),   â ª¦¥ (6.8) ¨ (6.18). � §¨áë¥ ®¯¥à â®àë Z1; Z2; Z3

âà¥å¬¥à®©  «£¥¡àë �¨ ¤¢¨¦¥¨© (6.5) ¤«ï á«ãç ï n = 3 ®¯à¥¤¥«ïîâ-
áï áã¬¬ ¬¨ ¢ëà ¦¥¨© (6.10) ¨ (6.20), (6.10) ¨ (6.21), (6.10) ¨ (6.22),
(6.10) ¨ (6.23).

�®£« á® ¨ä¨¨â¥§¨¬ «ì®¬ã ªà¨â¥à¨î ¨¢ à¨ â®áâ¨ (á¬.,  -
¯à¨¬¥à, [13], áâà. 77), ¬¥âà¨ç¥áª ï äãªæ¨ï (6.1) ¡ã¤¥â ¨¢ à¨ â®¬
£àã¯¯ë ¯à¥®¡à §®¢ ¨© (6.5) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ® 
ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© Z!f = 0 á ®¯¥-

à â®à ¬¨ (6.30):

�!(x)@f=@x+ �
�
!(�

1
; : : : ; �

n)@f=@�� : (6:31)
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�¥®à¥¬  4. � â®ç®áâìî ¤® ¬ áèâ ¡ëå ¯à¥®¡à §®¢ ¨©  (f)!
f ¨ ¢  ¤«¥¦ é¥ ¢ë¡à ëå ¢ ¬®£®®¡à §¨ïåM ¨N á¨áâ¥¬ å «®ª «ì-

ëå ª®®à¤¨ â ¥¢ëà®¦¤¥ ï ¬¥âà¨ç¥áª ï äãªæ¨ï (6.1), ®¯à¥¤¥-
«ï¥¬ ï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© (6.5),

§ ¤ ¥âáï á«¥¤ãîé¨¬¨ ª ®¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨: (6.2) ¤«ï n = 1,
(6.3) ¤«ï n = 2 ¨ (6.4) ¤«ï n = 3.

� á«ãç ¥ n = 1 ¬¥âà¨ç¥áª ï äãªæ¨ï f(x; �) ï¢«ï¥âáï à¥è¥¨¥¬
ãà ¢¥¨ï (6.31) á ®¯¥à â®à ¬¨ (6.7) ¨ (6.15):

fx + f� = 0; (6:32)

ª®â®à®¥ «¥£ª®  å®¤¨âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

f(x; �) =  (x� �); (6:33)

£¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®© á ®â«¨ç®© ®â ã«ï

¯à®¨§¢®¤®©. �¥è¥¨¥ (6.33) á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®-
¢ ¨ï  (f) ! f ¨ ®ç¥¢¨¤®© § ¬¥ë ª®®à¤¨ â: x ! x; � ! ��
á®¢¯ ¤ ¥â á ¢ëà ¦¥¨¥¬ (6.2).

�á«¨ n = 2, â® ¬¥âà¨ç¥áª ï äãªæ¨ï f(x; �; �) ï¢«ï¥âáï à¥è¥¨¥¬
®¤®© ¨§ ¤¢ãå á¨áâ¥¬ ãà ¢¥¨© (6.31) «¨¡® á ®¯¥à â®à ¬¨ (6.8) ¨
(6.17), «¨¡® á ®¯¥à â®à ¬¨ (6.8) ¨ (6.18). �¤ ª® ¨§ ¯¥à¢®© á¨áâ¥¬ë
«¥£ª® ãáâ  ¢«¨¢ ¥¬, çâ® @f=@x = 0 ¨ @f=@� = 0, â® ¥áâì ¬¥âà¨ç¥áª ï
äãªæ¨ï ®ª §ë¢ ¥âáï ¢ëà®¦¤¥®©, â ª ª ª ¥ § ¢¨á¨â ®â ª®®à¤¨ â

x ¨ �. � ¯¨è¥¬ ¯®íâ®¬ã ¢â®àãî á¨áâ¥¬ã:

fx + f� = 0;
xfx + �f� + f� = 0:

)
(6:34)

�¥è¥¨¥¬ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (6.34) ¡ã¤¥â, ®ç¥¢¨¤®, ¢ëà ¦¥-

¨¥
f(x; �; �) = �(x� �; �); (6:35)

£¤¥ �(u; v) { ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå á ®â«¨çë¬¨
®â ã«ï ¯à®¨§¢®¤ë¬¨ �u ¨ �v. �®¤áâ ¢¨¬ äãªæ¨î (6.35) ¢® ¢â®à®¥
ãà ¢¥¨¥ á¨áâ¥¬ë (6.34), ¯®« £ ï u = x � �; v = �. � à¥§ã«ìâ â¥
¯®«ãç ¥¬ ãà ¢¥¨¥ ¤«ï äãªæ¨¨ �(u; v):

u�u + �v = 0;
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à¥è¥¨¥ ª®â®à®£® «¥£ª®  å®¤¨âáï:

�(u; v) =  (u exp(�v)); (6:36)

£¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï â®«ìª® ®¤®© ¯¥à¥¬¥®©. �§ ¯®á«¥¤¨å
¢ëà ¦¥¨© (6.35) ¨ (6.36) ¯®«ãç ¥¬ à¥è¥¨¥ ¨áå®¤®© á¨áâ¥¬ë (6.34):

f(x; �; �) =  ((x� �) exp(��)); (6:37)

ª®â®à®¥ á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f) ! f ¨ § -
¬¥ë ª®®à¤¨ â x ! x; exp(��) ! �; � exp(��) ! �� á®¢¯ ¤ ¥â á

¢ëà ¦¥¨¥¬ (6.3).
�«ï á«ãç ï n = 3 ¬¥âà¨ç¥áª ï äãªæ¨ï f(x; �; �; #) ï¢«ï¥âáï à¥è¥-

¨¥¬ ®¤®© ¨§ ç¥âëà¥å á¨áâ¥¬ ãà ¢¥¨© (6.31) á ®¯¥à â®à ¬¨ (6.10) ¨
(6.20), (6.10) ¨ (6.21), (6.10) ¨ (6.22), (6.10) ¨ (6.23). �® ¯¥à¢ ï á¨áâ¥¬ 
®â®á¨â¥«ì® ¯à®¨§¢®¤ëå fx; f�, ¢â®à ï ¨ âà¥âìï á¨áâ¥¬ë ®â®á¨-
â¥«ì® ¯à®¨§¢®¤ëå fx; f�; f� ¨¬¥îâ â®«ìª® ã«¥¢ë¥ à¥è¥¨ï, çâ®,
®ç¥¢¨¤®, ¯à¨¢®¤¨â ª ¢ëà®¦¤¥¨î ¬¥âà¨ç¥áª®© äãªæ¨¨. � ¯¨è¥¬
ç¥â¢¥àâãî á¨áâ¥¬ã:

fx + f� = 0;
xfx + �f� + f� = 0;

x
2
fx + �

2
f� + 2�f� + exp � f# = 0;

9>=
>; (6:38)

¢ ª®â®à®© ¯¥à¢ë¥ ¤¢  ãà ¢¥¨ï á®áâ ¢«ïîâ á¨áâ¥¬ã (6.34). �¥ à¥è¥-
¨¥ «¥£ª® ¯®«ãç¨âì, ¨á¯®«ì§ãï ¢ëà ¦¥¨¥ (6.37):

f(x; �; �; #) = �((x� �) exp(��); #); (6:39)

£¤¥ �(s; t) { ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå á �s 6= 0 ¨ �t 6= 0.
�®¤áâ ¢¨¬ à¥è¥¨¥ (6.39) ¢ âà¥âì¥ ãà ¢¥¨¥ á¨áâ¥¬ë (6.38), ¯®« £ ï
s = (x� �) exp(��); t = #:

s
2
�s + �t = 0: (6:40)

�à ¢¥¨¥ (6.40) ¨â¥£à¨àã¥¬ ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(s; t) =  ((st+ 1)=s); (6:41)

£¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï â®«ìª® ®¤®© ¯¥à¥¬¥®© á ®â«¨ç®©

®â ã«ï ¯à®¨§¢®¤®©. �§ ¢ëà ¦¥¨© (6.39), (6.41) ¯®«ãç ¥¬ à¥è¥¨¥
¨áå®¤®© á¨áâ¥¬ë (6.38):

f(x; �; �; #) =  (
(x� �)# exp(��) + 1

(x� �) exp(��) ); (6:42)
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ª®â®à®¥ á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f)! f ¨ á«¥-
¤ãîé¥© § ¬¥ë ª®®à¤¨ â: x! x; #! �; � ! �#; ��#+ exp � ! �

á®¢¯ ¤ ¥â á ¢ëà ¦¥¨¥¬ (6.4). �¥®à¥¬  4 ¯®«®áâìî ¤®ª §  .
�«ï á«ãç ï n � 4, ª ª ¡ë«® ®â¬¥ç¥® ¢ëè¥ ¯®á«¥ ¤®ª § â¥«ìáâ¢ 

â¥®à¥¬ë 2, ¤¥©áâ¢¨¥ «î¡®© n-¬¥à®© «®ª «ì®© £àã¯¯ë �¨ ¢ ®¤®-
¬¥à®¬ ¬®£®®¡à §¨¨ M ¥ íää¥ªâ¨¢®. �® ¥áâì ¨ª ª ï äãªæ¨ï
(6.1) ¢ á«ãç ¥ n � 4 á®£« á® ®¯à¥¤¥«¥¨î 2 ¨§ x1 ¥ ¬®¦¥â § ¤ ¢ âì
  ®¤®¬¥à®¬ ¨ n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ®¤®¬¥âà¨ç¥áªãî
£¥®¬¥âà¨î,  ¤¥«¥ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨ n, ¨ ¯®â®¬ã
¨ª ª ï äãªæ¨ï (6.1) ¯® â¥®à¥¬¥ 2 ¨§ x1 ¤«ï n � 4 ¥ ¬®¦¥â § ¤ -
¢ âì   íâ¨å ¬®£®®¡à §¨ïå ®¤®¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã
à £  (n + 1; 2). � ª¨¬ ®¡à §®¬, ®¤®¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãª-
âãàë à £  (n + 1; 2) ¤«ï n � 4, â® ¥áâì à £  (5,2), (6,2) ¨ â.¤., ¥

áãé¥áâ¢ãîâ.
�¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä  ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®-

â å [26] ¨ [40].

x7. �¢ã¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (n+1,2) ¨

ª®¬¯«¥ªáë¥ ç¨á« 

�à âª®¥ ¨ ïá®¥ ®¯à¥¤¥«¥¨¥ ¤¢ã¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâã-
àë à £  (n+1; 2) ¥áâ¥áâ¢¥® ¯®«ãç ¥âáï ¨§ á®®â¢¥âáâ¢ãîé¥£® ®¡é¥-
£® ®¯à¥¤¥«¥¨ï s-¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (n+1;m+
1), ¤ ®£® ¢  ç «¥ x1, ¥á«¨ ¯®«®¦¨âì ¢ ¥¬ s = 2 ¨ m = 1.

�ãáâì ¨¬¥îâáï ¤¢  ¬®¦¥áâ¢  M ¨ N, ï¢«ïîé¨¥áï 2-¬¥àë¬ ¨
2n-¬¥àë¬ ¬®£®®¡à §¨ï¬¨ á®®â¢¥âáâ¢¥®, £¤¥ n {  âãà «ì®¥ ç¨-
á«®. �¡®§ ç¨¬ «®ª «ìë¥ ª®®à¤¨ âë ¢ íâ¨å ¬®£®®¡à §¨ïå ç¥à¥§
x = (x1; x2) ¨ � = (�1; : : : ; �2n). �ãáâì â ª¦¥ ¨¬¥¥âáï äãªæ¨ï f á ®â-
ªàëâ®© ¨ ¯«®â®© ¢ M �N ®¡« áâìî ®¯à¥¤¥«¥¨ï Sf , á®¯®áâ ¢«ïî-

é ï ª ¦¤®© ¯ à¥ ¨§ ¥¥ ¤¢  ¢¥é¥áâ¢¥ëå ç¨á« , â® ¥áâì f : Sf ! R
2.

�¢ãåª®¬¯®¥âãî äãªæ¨î f = (f1; f2) ¡ã¤¥¬  §ë¢ âì ¤¢ã¬¥âà¨-

ª®©. �à¥¤¯®« £ ¥âáï, çâ® «®ª «ì®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ íâ®©
¤¢ã¬¥âà¨ª¨ § ¤ ¥âáï ¤®áâ â®ç® £« ¤ª®© ¥¢ëà®¦¤¥®© äãªæ¨¥©

f(x; �) = f(x1; x2; �1; : : : ; �2n); (7:1)

¢ëà ¦¥¨¥ ¤«ï ª®â®à®© ¯®«ãç ¥âáï ¨§ ¢ëà ¦¥¨ï (1.2) ¯à¨ s = 2

¨ m = 1. �¥¢ëà®¦¤¥®áâì ¤¢ã¬¥âà¨ª¨ (7.1) ¯®¨¬ ¥âáï ¢ á¬ëá«¥
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 ªá¨®¬ë III ¨§ x1 ¨, ¢®®¡é¥ £®¢®àï, ¢ ®â«¨ç¨¥ ®â á«ãç ï s = 1, â®
¥áâì ®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà, ®§ ç ¥â ¥çâ® ¡®«ìè¥¥,
ç¥¬ ¯à®áâ® ¥¥ áãé¥áâ¢¥ãî § ¢¨á¨¬®áâì ®â ª®®à¤¨ â x = (x1; x2) ¨
� = (�1; : : : ; �2n). � ¨¬¥®, ¤®«¦ë ¡ëâì ®â«¨çë ®â ã«ï ïª®¡¨ ë

@f(i1)=@x(i) ¨ @(f(k1�); : : : ; f(kn�))=@�(�) ¤«ï ¯«®âëå ¬®¦¥áâ¢
¯ à < i1 > 2 M�N ¨ ª®àâ¥¦¥© < k1 : : : kn; � > 2 Mn � N ¤«¨ë
n+ 1.

� «¥¥ áâà®¨¬ äãªæ¨î F á ¥áâ¥áâ¢¥®© ¢ Mn+1 � N2 ®¡« áâìî
®¯à¥¤¥«¥¨ï SF , á®¯®áâ ¢«ïï ª ¦¤®¬ã ª®àâ¥¦ã ¤«¨ë n+3 ¨§ SF ¢á¥
4(n + 1) ¢®§¬®¦ë¥ ¯® ¤¢ã¬¥âà¨ª¥ f = (f1; f2) à ááâ®ï¨ï. �ã¤¥¬ £®-
¢®à¨âì, çâ® ¤¢ãåª®¬¯®¥â ï äãªæ¨ï f á «®ª «ìë¬ ª®®à¤¨ âë¬
¯à¥¤áâ ¢«¥¨¥¬ (7.1) § ¤ ¥â   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå
M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã (¨«¨ ä¥®¬¥®«®£¨-

ç¥áª¨ á¨¬¬¥âà¨çãî £¥®¬¥âà¨î) à £  (n+ 1; 2), ¥á«¨ «®ª «ì® ¬®-
¦¥áâ¢® § ç¥¨© F (SF ) ¢ R

4(n+1) ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã ã«¥© ¥ª®-
â®à®© ¤®áâ â®ç® £« ¤ª®© ¤¢ãåª®¬¯®¥â®© äãªæ¨¨ � = (�1;�2) á
¥§ ¢¨á¨¬ë¬¨ ª®¬¯®¥â ¬¨ �1 ¨ �2, â® ¥áâì ¨¬¥¥â ¬¥áâ® ãà ¢¥¨¥

�(f(i�); f(i�); f(j�); f(j�); : : : ; f(v�); f(v�)) = 0 (7:10)

¤«ï ¢á¥å ª®àâ¥¦¥©< ijk : : : v; �� > ¨§ ¥ª®â®à®£® ¯«®â®£® ¨ ®âªàëâ®-
£® ¢ SF �Mn+1�N2 ¬®¦¥áâ¢ . � ª¨¬ ®¡à §®¬, «®ª «ì® ¬®¦¥áâ¢®
F (SF ) ¯à¨ ¤«¥¦¨â ¥ª®â®à®© à¥£ã«ïà®© ª®à §¬¥à®áâ¨ 2 ¯®¢¥àå-
®áâ¨ ¢ R4(n+1), ¥ ®¡ï§ â¥«ì® á®¢¯ ¤ ï á ¥©.

� ¬¥â¨¬, çâ® ¥ ¢áïª ï ¤¢ãåª®¬¯®¥â ï äãªæ¨ï f = (f1; f2) ¬®-

¦¥â § ¤ ¢ âì ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã ¨ ¯®â®¬ã ®á®¢-
®© § ¤ ç¥© â¥®à¨¨ ï¢«ï¥âáï ¨å ¯®« ï ª« áá¨ä¨ª æ¨ï, ª®â®à ï, ª ª
®¡ëç®, ¯à®¢®¤¨âáï á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï
 (f)! f , ¢ ¤ ®¬ á«ãç ¥ ¤¢ã¬¥à®£®, ¨ ¢®§¬®¦®áâ¨ ¢ë¡®à  ¢ ¬®-
£®®¡à §¨ïå M ¨ N «î¡ëå ¤®¯ãáâ¨¬ëå á¨áâ¥¬ «®ª «ìëå ª®®à¤¨ â.

�¢  «®ª «ìëå ¤¨ää¥®¬®àä¨§¬ 

x
0 = �(x); �0 = �(�) (7:2)

á®áâ ¢«ïîâ ¯® ®¯à¥¤¥«¥¨î ¤¢¨¦¥¨¥, ¥á«¨ ®¨ á®åà ïîâ ¤¢ã¬¥âà¨-
ªã f :

f(�(x); �(�)) = f(x; �): (7:3)

�®¦¥áâ¢® ¢á¥å ¤¢¨¦¥¨© ¥áâì, ®ç¥¢¨¤®, «®ª «ì ï £àã¯¯ , ¤«ï ª®-
â®à®© ¤¢ã¬¥âà¨ª  ¯® à ¢¥áâ¢ã (7.3) ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨¢ -

à¨ â®¬. �®£« á® ¨â®£®¢®© â¥®à¥¬¥ 3 ¨ ®¯à¥¤¥«¥¨ï¬ 1,2 ¨§ x1 ¤«ï

107



à áá¬ âà¨¢ ¥¬®£® á«ãç ï ¥¢ëà®¦¤¥ ï ¤¢ãåª®¬¯®¥â ï äãªæ¨ï
f = (f1; f2) § ¤ ¥â   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N
¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (n+1; 2) ¢ â®¬ ¨ â®«ì-
ª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®  ¤®¯ãáª ¥â 2n-¯ à ¬¥âà¨ç¥áªãî «®ª «ìãî

£àã¯¯ã «®ª «ìëå ¤¢¨¦¥¨©

x
0 = �(x; a); �0 = �(�; a); (7:20)

£¤¥ a = (a1; : : : ; a2n) 2 G2n, ª®â®àë¥ á®åà ïîâ ®¡¥ ¥¥ ª®¬¯®¥âë:

f(�(x; a); �(�; a)) = f(x; �): (7:30)

� ª¨¬ ®¡à §®¬,   ®âªàëâëå ¨ ¯«®âëå ¢M ¨ N ¬®¦¥áâ¢ å § ¤ -

ë 2n-¬¥àë¥ «¨¥©ë¥ á¥¬¥©áâ¢  £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© X ¨ �,
§ ¬ªãâë¥ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ¨ï, â® ¥áâì  «£¥¡àë
�¨ ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N (á¬. [11], x60). �®®â¢¥âáâ¢ã-
îé¨¥ «¨¥©® ¥§ ¢¨á¨¬ë¥ ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï íâ¨å á¥¬¥©áâ¢
§ ¯¨è¥¬ ¢ ®¯¥à â®à®© ä®à¬¥:

X! = �
�
!(x)@=@x

�
; �! = �

�
!(�)@=@�

�
; (7:4)

£¤¥ ! = 1; : : : ; 2n; � = 1; 2; � = 1; : : : ; 2n, ¯à¨ç¥¬ ¯® ¥¬ë¬ ¨¤¥ªá ¬
� ¨ � ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥ ¢ ãª § ëå ¯à¥¤¥« å.

�§¢¥áâ® (á¬. [13], x17), çâ® äãªæ¨ï f(x; �) ¡ã¤¥â ¯® (7:30) ¤¢ãåâ®-
ç¥çë¬ ¨¢ à¨ â®¬ £àã¯¯ë ¤¢¨¦¥¨© (7:20) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ã-
ç ¥, ¥á«¨ ®  ¯®ª®¬¯®¥â® ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨© X!f +
�!f = 0 á ®¯¥à â®à ¬¨ (7.4):

�
�
!(x)@f(x; �)=@x

� + �
�
!(�)@f(x; �)=@�

� = 0: (7:5)

�¥¬¬  1. � £àã¯¯¥ ¤¢¨¦¥¨© ¥¢ëà®¦¤¥®© äãªæ¨¨ f(x; �) «®-
ª «ì®¥ ¤¥©áâ¢¨¥ �(�; a) £àã¯¯ë G

2n
¢ 2n-¬¥à®¬ ¬®£®®¡à §¨¨ N

«®ª «ì® âà §¨â¨¢®.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â® ¥áâì çâ® £àã¯¯  G2n ¤¥©áâ¢ã¥â ¢ ¬®-
£®®¡à §¨¨ N ¨âà §¨â¨¢®. �®£¤  ®¡é¨© à £ ª¢ ¤à â®© ¬ âà¨æë
�
�
!(�) ¤«ï ®¯¥à â®à®¢ �! ¨§ (7.4) ¡ã¤¥â ¬¥ìè¥ 2n (á¬. [12], x16.10).
� íâ® ®§ ç ¥â, çâ®  ©¤ãâáï â ª¨¥ ¯¥à¥¬¥ë¥ ª®íää¨æ¨¥âë c

!(�),
¥ ¢á¥ ®¤®¢à¥¬¥® ¨ â®¦¤¥áâ¢¥® à ¢ë¥ ã«î, ¤«ï ª®â®àëå ¢ë-

¯®«ï¥âáï à ¢¥áâ¢® c!(�)��!(�) = 0. �§ á¨áâ¥¬ë (7.5) ¯à¨ íâ®¬ «¥£ª®
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¯®«ãç ¥¬ ãà ¢¥¨¥

c
!(�)��!(x)@f(x; �)=@x

� = 0; (7:6)

ª®â®à®¬ã ã¤®¢«¥â¢®àïîâ ®¡¥ ª®¬¯®¥âë äãªæ¨¨ f = (f1; f2). �ã¤¥¬
à áá¬ âà¨¢ âì ãà ¢¥¨¥ (7.6), § ¯¨á ®¥ ¤«ï f1 ¨ f2, ª ª á¨áâ¥¬ã

¤¢ãå  «£¥¡à ¨ç¥áª¨å «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì®
¤¢ãå ¢ëà ¦¥¨© c!(�)�1!(x) ¨ c

!(�)�2!(x), áç¨â ï ¨å ¥¨§¢¥áâë¬¨. �®-
áª®«ìªã äãªæ¨ï f ¥¢ëà®¦¤¥  ¢ á¬ëá«¥  ªá¨®¬ë III ¨§ x1, ïª®¡¨ 
@(f1; f2)=@(x1; x2) ®â«¨ç¥ ®â ã«ï, ¨ ¯®â®¬ã íâ  á¨áâ¥¬  ¨¬¥¥â â®«ì-
ª® ã«¥¢®¥ à¥è¥¨¥: c!(�)�1!(x) = 0; c!(�)�2!(x) = 0. �«ï ®¯¥à â®à®¢
X! = �

1
!(x)@=@x

1 + �
2
!(x)@=@x

2 ¯® ¢ëà ¦¥¨ï¬ (7.4), £¤¥ � = 1; 2, â®-
£¤  ¨¬¥¥¬ c

!(�)X! = 0. �®« £ ï ¢ ¯®á«¥¤¥¬ á®®â®è¥¨¨ � = const,
â® ¥áâì ä¨ªá¨àãï ª®®à¤¨ âë � = (�1; : : : ; �2n), ¥ ¢å®¤ïé¨¥ ¢ X!, ¯®-

«ãç ¥¬ «¨¥©ãî á¢ï§ì c!X! = 0 á ¯®áâ®ïë¬¨ ¥ ®¡à é îé¨¬¨áï
®¤®¢à¥¬¥® ¢ ã«ì ª®íää¨æ¨¥â ¬¨ c!. �® íâ® ¥¢®§¬®¦®, â ª ª ª
£àã¯¯  G2n ¤¥©áâ¢ã¥â ¢ ¬®£®®¡à §¨¨ M íää¥ªâ¨¢® (á¬. x1) ¨ ¯®-
â®¬ã ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï X! «¨¥©® ¥§ ¢¨á¨¬ë. �®«ãç¥®¥
¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â «¥¬¬ã 1.

�¥¬¬  2. � £àã¯¯¥ ¤¢¨¦¥¨© ¥¢ëà®¦¤¥®© ¤¢ãåª®¬¯®¥â®©

äãªæ¨¨ f(x; �) «®ª «ì®¥ ¤¥©áâ¢¨¥ �(x; a) £àã¯¯ë G
2n

¢ 2-¬¥à®¬
¬®£®®¡à §¨¨ M á®¢¯ ¤ ¥â á íâ®© äãªæ¨¥© á â®ç®áâìî ¤® ¬ á-

èâ ¡®£® ¯à¥®¡à §®¢ ¨ï  : R2 ! R
2
¨ «®ª «ìëå ¤¨ää¥®¬®àä¨§-

¬®¢ v :M!M ¨ w : N! G
2n
.

�®áª®«ìªã à §¬¥à®áâì £àã¯¯ë G
2n ¨ ¬®£®®¡à §¨ï N á®¢¯ ¤ îâ,

¥¥ «®ª «ì®¥ ¤¥©áâ¢¨¥ �(�; a) ¢N ¥ â®«ìª® âà §¨â¨¢® á®£« á® «¥¬-
¬¥ 1, ® ¨ ¯à®áâ® âà §¨â¨¢®. � ¢á¥ ¯à®áâ® âà §¨â¨¢ë¥ ¤¥©áâ¢¨ï,
ª ª ¨§¢¥áâ® (á¬. [12], x16.11), íª¢¨¢ «¥âë ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï
4 ¨§ x3 ¯¥à¢®© ¯ à ¬¥âà¨ç¥áª®© £àã¯¯¥ ¨, ®ç¥¢¨¤®, «î¡®¬ã ¥¥ ¯à®-
áâ® âà §¨â¨¢®¬ã ¤¥©áâ¢¨î ¢ á¥¡¥,  ¯à¨¬¥à, b0 = a

�1
b, £¤¥ a; b 2

G
2n. �â® ®§ ç ¥â, çâ®  ©¤¥âáï â ª®© «®ª «ìë© ¤¨ää¥®¬®àä¨§¬

w : N ! G
2n, çâ® ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ �(�; a) = w

�1(a�1w(�)),
¢ë¯®«ïîé¥¥áï â®¦¤¥áâ¢¥® ¤«ï ¢á¥å a 2 G

2n ¨ � ¨§ ¥ª®â®à®©
®ªà¥áâ®áâ¨ U � N. �®¤áâ ¢¨¬ íâ® á®®â®è¥¨¥ ¢ ãà ¢¥¨¥ (7:30):
f(�(x; a); w�1(a�1w(�))) = f(x; �), ¯®«®¦¨¬ ¢ ¥¬ a = w(�) ¨ ¢¢¥¤¥¬
¤®¯®«¨â¥«ì® ®¡®§ ç¥¨¥ f(�(x;w(�); w�1(e)) =  (�(x;w(�))), £¤¥
e 2 G

2n { ¥¤¨¨çë© í«¥¬¥â £àã¯¯ë. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ á¢ï§ì
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¬¥¦¤ã äãªæ¨¥© f(x; �) ¨ ¤¥©áâ¢¨¥¬ �(x; a):

f(x; �) =  (�(x;w(�)); (7:7)

¢ ª®â®à®© äãªæ¨ï  : R2 ! R
2 ¨¬¥¥â, ®ç¥¢¨¤®, à £, à ¢ë© ¤¢ã¬.

�áâ ®¢«¥ ï á¢ï§ì ¨ ¤®ª §ë¢ ¥â «¥¬¬ã 2, ¯à¨ç¥¬ ¤¨ää¥®¬®àä¨§¬

v :M!M ®ª § «áï â®¦¤¥áâ¢¥ë¬ ¯à¥®¡à §®¢ ¨¥¬.

�¥¬¬  3. �áïª®¥ ¥¢ëà®¦¤¥®¥ «®ª «ì®¥ ¤¥©áâ¢¨¥ �(x; a) £àã¯-
¯ë G

2n
¢ 2-¬¥à®¬ ¬®£®®¡à §¨¨ M á®¢¯ ¤ ¥â á â®ç®áâìî ¤® ¬ á-

èâ ¡®£® ¯à¥®¡à §®¢ ¨ï  : R2 ! R
2
¨ «®ª «ìëå ¤¨ää¥®¬®àä¨§-

¬®¢ v :M !M ¨ w : N! G
2n

á ¥ª®â®à®© äãªæ¨¥© f(x; �), § ¤ î-
é¥©   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî

ä¨§¨ç¥áªãî áâàãªâãàã à £  (n + 1; 2).

�ãáâì w : N ! G
2n ¥áâì ¥ª®â®àë© «®ª «ìë© ¤¨ää¥®¬®àä¨§¬.

�® ¤ ®¬ã ¤¥©áâ¢¨î �(x; a) ®¯à¥¤¥«¨¬ äãªæ¨î f(x; �) á«¥¤ãîé¨¬
®¡à §®¬: f(x; �) = �(x;w(�)). �®ª ¦¥¬, çâ® íâ  äãªæ¨ï ¤®¯ãáª ¥â 2n-
¬¥àãî £àã¯¯ã ¤¢¨¦¥¨©, á®áâ®ïéãî ¨§ «®ª «ìëå ¤¥©áâ¢¨© �(x; a)
¨ �(�; a) = w

�1(a�1w(�)), â® ¥áâì çâ® ¤«ï ¨å ¢ë¯®«ï¥âáï ãà ¢¥¨¥
(7:30). �¥©áâ¢¨â¥«ì®, f(�(x; a); �(�; a)) = �(�(x; a); w(w�1(a�1w(�))))
= �(�(x; a); a�1w(�)) = �(x;w(�)) = f(x; �). �®áª®«ìªã ¤¥©áâ¢¨¥ �(x; a)
¯® ãá«®¢¨î ¤®ª §ë¢ ¥¬®© «¥¬¬ë 3 ¥¢ëà®¦¤¥®, ¥¢ëà®¦¤¥ ï ¢
á¬ëá«¥  ªá¨®¬ë III ¨§ x1 äãªæ¨ï f(x; �), ¤®¯ãáª îé ï 2n-¬¥àãî

£àã¯¯ã ¤¢¨¦¥¨©, ¡ã¤¥â, á®£« c® â¥®à¥¬¥ 1 ¨§ x1, § ¤ ¢ âì   2-
¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥-
áªãî áâàãªâãàã à £  (n+ 1; 2). �¥¬¬  3 ¤®ª §  .

�¥à¥©¤¥¬ â¥¯¥àì ª ®á®¢®© § ¤ ç¥  áâ®ïé¥£® ¯ à £à ä , â® ¥áâì
ª ¯®«®© ª« áá¨ä¨ª æ¨¨ ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à £ 
(n+ 1; 2), £¤¥ n � 1, § ¤ ¢ ¥¬ëå   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à -
§¨ïå M ¨ N ¤¢ãåª®¬¯®¥â®© äãªæ¨¥© f = (f1; f2) á «®ª «ìë¬
ª®®à¤¨ âë¬ ¯à¥¤áâ ¢«¥¨¥¬ (7.1).

� ¤¢ã¬¥à®¬ ¬®£®®¡à §¨¨ M «®ª «ìë¥ ª®®à¤¨ âë x
1
; x

2 ®¡®-

§ ç¨¬ ç¥à¥§ x; y. �®£« á® ¤®ª § ë¬ â®«ìª® çâ® «¥¬¬ ¬ 2,3 «î¡ ï
¥¢ëà®¦¤¥ ï äãªæ¨ï f = (f1; f2), § ¤ îé ï   ¬®£®®¡à §¨ïå M
¨ N à §¬¥à®áâ¨ 2 ¨ 2n ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £ 
(n+1; 2), ¥ª®â®àë¬ ¬ áèâ ¡ë¬ ¯à¥®¡à §®¢ ¨¥¬  : R2 ! R

2 ¨ «®-
ª «ìë¬¨ ¤¨ää¥®¬®àä¨§¬ ¬¨ v :M!M ¨ w : N! G

2n ¬®¦¥â ¡ëâì
¯à¨¢¥¤¥  ª ¥¢ëà®¦¤¥®¬ã «®ª «ì®¬ã ¤¥©áâ¢¨î � = (�1; �2) £àã¯-

110



¯ë G
2n ¢ 2-¬¥à®¬ ¬®£®®¡à §¨¨ M, ¯à¨ç¥¬ ¢¥à® ¨ ®¡à â®¥ ãâ¢¥à-

¦¤¥¨¥. �® ¥áâì äãªæ¨ï f ¨ ¤¥©áâ¢¨¥ � ¢ ãª § ®¬ á¬ëá«¥ íª¢¨¢ -
«¥âë. �«¥¤®¢ â¥«ì®, á â®ç®áâìî ¤® íâ®© íª¢¨¢ «¥â®áâ¨ ¯®« ï
ª« áá¨ä¨ª æ¨ï ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à £  (n+ 1; 2)

á®¢¯ ¤ ¥â á ¯®«®© ª« áá¨ä¨ª æ¨¥© ¥¢ëà®¦¤¥ëå «®ª «ìëå ¤¥©-
áâ¢¨© £àã¯¯ë G

2n ¢ 2-¬¥à®¬ ¬®£®®¡à §¨¨ M.
�¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨ à¥§ã«ìâ â®¢ ¨ á«¥¤ãï ¤®ª § â¥«ìáâ¢ã

«¥¬¬ë 3, ¡ã¤¥¬ ®¡ëç® ¯®« £ âì:

f
1(x; y; �) = �

1(x; y; w1(�); : : : ; w2n(�));
f
2(x; y; �) = �

2(x; y; w1(�); : : : ; w2n(�));

)
(7:8)

£¤¥ � = (�1; : : : ; �2n) ¨ w : N ! G
2n { ¥ª®â®àë© «®ª «ìë© ¤¨ää¥®-

¬®àä¨§¬. �¤ ª® ¢ ¥ª®â®àëå á«ãç ïå ã¤®¡® ¤«ï ã¯à®é¥¨ï ¯®«ãç -
îé¨åáï ¯® ä®à¬ã«¥ (7.8) ¢ëà ¦¥¨© ¨á¯®«ì§®¢ âì ¥é¥ ¨ á¯¥æ¨ «ì®
¯®¤®¡à ë¥ ¬ áèâ ¡®¥ ¯à¥®¡à §®¢ ¨¥  : R2 ! R

2 ¨ «®ª «ìë©
¤¨ää¥®¬®àä¨§¬ v :M!M.

�® ¤¢ã¬¥âà¨ç¥áª¨¬ ä¨§¨ç¥áª¨¬ áâàãªâãà ¬ à £  (n+1; 2) ¬®¦®
¯®«ãç¨âì ¨áç¥à¯ë¢ îé¨© ®â¢¥â, â ª ª ª ¨¬¥¥âáï ¯®« ï ª« áá¨ä¨-

ª æ¨ï ¢á¥å £« ¤ª¨å «®ª «ìëå ¤¥©áâ¢¨© ª®¥ç®¬¥àëå £àã¯¯ �¨ ¢
¯«®áª®áâ¨, ¯à®¢¥¤¥ ï ¢ 1883 £®¤ã á ¬¨¬ �®äãá®¬ �¨ (á¬. [34], áâà.
71{73, 280). �®áª®«ìªã íâ  ª« áá¨ä¨ª æ¨ï áãé¥áâ¢¥® ¨á¯®«ì§ã¥âáï ¢
¯®á«¥¤ãîé¥¬ ¨§«®¦¥¨¨, ¢®á¯à®¨§¢¥¤¥¬ ¥¥ ¯®«®áâìî ¢ ®¡®§ ç¥¨ïå
�.�¨ (á¬. â ª¦¥ [35], áâà. 25{26).

�¥®à¥¬  �.�¨. � §¨áë¥ ®¯¥à â®àë ¢¥é¥áâ¢¥®© ª®¥ç®¬¥à-

®©  «£¥¡àë �¨ «®ª «ì®© £àã¯¯ë �¨ «®ª «ìëå ¯à¥®¡à §®¢ ¨© ¯«®á-

ª®áâ¨ R
2
á â®ç®áâìî ¤® ¯®¤®¡¨ï ¨ ¢  ¤«¥¦ é¥ ¢ë¡à ®© á¨áâ¥-

¬¥ «®ª «ìëå ª®®à¤¨ â (x; y) § ¤ îâáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥¨ï¬¨,

¢ ª®â®àëå p = @=@x; q = @=@y:

1: p; q; xq; xp � yq; xp + yq; x
2
p + xyq; xyp+ y

2
q; yp;

2: p; q; xq; xp� yq; yp; xp + yq;

3: p; q; xq; xp� yq; yp;

4: q; xq; p; 2xp+ yq; x
2
p+ xyq;

5: q; xq; : : : ; xrq; p; 2xp+ ryq; x
2
p + rxyq (r > 2);

6: q; xq; : : : ; xrq; yq; p; xp; x2p + rxyq (r > 0);
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7: yq; p; xp; x2p + xyq;

8: q; xq; : : : ; xrq; yq; p; xp (r > 0);

9: q; xq; : : : ; xrq; p; xp + cyq (r > 0; c 6= 1);

10: q; xq; : : : ; xr�1q; p; xp+ (ry + x
r)q (r > 1);

11: exp�kx cos�kxq; x exp�kx cos�kxq; : : : ;
x
mk exp�kx cos �kxq; yq; exp�kx sin�kxq; x exp�kx sin�kxq;

: : : ; x
mk exp�kx sin �kxq; p (k = 1; 2; : : : ; l);

9>=
>;

12: q; xq; F1(x)q; : : : ; Fr(x)q; yq(r � 0);

13: q; xq; x2q; p; xp+ yq; x
2
p+ 2xyq;

14: p; 2xp + yq; x
2
p + xyq;

15: q; xq; : : : ; xrq; p; xp+ yq (r > 0);

16: q; p; xp+ (x+ y)q;

17: exp�kx cos�kxq; x exp�kx cos�kxq; : : : ;
x
mk exp�kx cos �kxq; p; exp�kx sin�kxq; x exp�kx sin �kxq;

: : : ; x
mk exp�kx sin�kxq (k = 1; 2; : : : ; l);

9>=
>;

18: q; xq; F1(x)q; : : : ; Fr(x)q (r � 0);

19: q; yq; y2q; p; xp; x2p;

20: p + q; xp+ yq; x
2
p + y

2
q;

21: q; yq; y2q; p; xp;

22: q; yq; y2q; p;

23: q; yq; y2q;

24: q; yq; p; xp;

25: q; p; xp + cyq (c 6= 0; 1);

26: q; yq; p;

27: q; yq;

28: p; q; xp+ yq;

29: q; xp + yq;

30: p; q;

31: q;
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32: p; q; xq � yp; xp + yq; (x2 � y
2)p + 2xyq; 2xyp+ (y2 � x

2)q;

33: p; q; xq � yp; xp+ yq;

34: p; q; xq � yp+ c(xp+ yq);

35: p+ (x2 � y
2)p+ 2xyq; q + 2xyp+ (y2 � x

2)q; yp � xq;

36: p � (x2 � y
2)p � 2xyq; q � 2xyp� (y2 � x

2)q; yp� xq:

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® �®äãá �¨ ¯à®¢®¤¨« á¢®î ª« áá¨ä¨ª -

æ¨î á â®ç®áâìî ¤® ¯®¤®¡¨ï, ª®â®à ï ¡ë«  ¥¤®áâ â®ç®© ¯à¨ ¨áá«¥¤®-
¢ ¨¨ £àã¯¯®¢®© á¨¬¬¥âà¨¨ ®¤®¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâãàë
à £  (3,3) ¢ x5. �¤ ª® ¢ ¨áá«¥¤®¢ ¨ïå  áâ®ïé¥£® x7 â ª ï â®ç-
®áâì ª« áá¨ä¨ª æ¨¨ ®ª §ë¢ ¥âáï ¤®áâ â®ç®©. �¥©áâ¢¨â¥«ì®, ¯à¨
 å®¦¤¥¨¨ ¬¥âà¨ç¥áª®© äãªæ¨¨ f(x; �) ª ª ¤¢ãåâ®ç¥ç®£® ¨¢ à¨-
 â  £àã¯¯ ¯à¥®¡à §®¢ ¨© (7:20) ¯® ãà ¢¥¨î (7:30) â®«ìª® ¤«ï ®¤®©
¨§ ¨å,  ¯à¨¬¥à �0 = �(�; a), ¥®¡å®¤¨¬® ¯à®¢¥áâ¨ ¯®«ãî ª« áá¨ä¨-
ª æ¨î á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨§ x3,
ª ª íâ® ¡ë«® á¤¥« ® ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ (á¬. â¥®à¥¬ã 3 ¨§ x6).
�«ï ¤àã£®© ¦¥ £àã¯¯ë, â® ¥áâì £àã¯¯ë x

0 = �(x; a), ¢¯®«¥ ¤®áâ -
â®ç®, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨ à¥§ã«ìâ â , ¯®«ãî ª« áá¨ä¨ª æ¨î
¯à®¢¥áâ¨ á â®ç®áâìî â®«ìª® ¤® ¯®¤®¡¨ï ¢ á¬ëá«¥ ®¯¥à¥¤¥«¥¨ï 2 ¨§
x3. �ç¥¢¨¤®, çâ® ¯à¨ íâ®¬ ¨ ®¤® ¨§ à¥è¥¨© ãà ¢¥¨ï (7:30) ¥ ¡ã-
¤¥â ¯®â¥àï® ¨ ª« áá¨ä¨ª æ¨ï ¤¢ã¬¥âà¨ª f = (f1; f2) ¡ã¤¥â ¯®«®©.

�¥®à¥¬ . �¢ã¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (n+1; 2)
áãé¥áâ¢ãîâ â®«ìª® ¤«ï n = 1; 2; 3; 4, â® ¥áâì à £  (2; 2), (3; 2),
(4; 2), (5; 2), ¨ ¥ áãé¥áâ¢ãîâ ¤«ï n � 5, â® ¥áâì à £  (6; 2); (7; 2) ¨

â.¤. � â®ç®áâìî ¤® ¬ áèâ ¡ëå ¯à¥®¡à §®¢ ¨©  (f) ! f äãª-

æ¨ï f = (f1; f2), § ¤ îé ï   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨-

ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (n + 1; 2),
¢  ¤«¥¦ é¥ ¢ë¡à ëå ¢ ¨å á¨áâ¥¬ å «®ª «ìëå ª®®à¤¨ â x =
(x1; x2) = (x; y) ¨ � = (�1; �2; �3; �4; : : : ) = (�; �; �; �; : : : ) ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬¨ ª ®¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨:

¤«ï n = 1, â® ¥áâì à £  (2; 2):

f
1 = x+ �; f

2 = y + �; (7:9)

f
1 = (x+ �)y; f2 = (x+ �)�; (7:10)
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¤«ï n + 2, â® ¥áâì à £  (3; 2):

f
1 = x� + "y� + �; f

2 = x� + y� + �; " = 0;�1; (7:11)

f
1 = x� + �; f

2 = x� + y�
c + �; c 6= 1; (7:12)

f
1 = x� + �; f

2 = x� + y�
2 + x

2
�
2 ln � + �; (7:13)

f
1 = x� + y�; f

2 = x� + y�; (7:14)

¤«ï n = 3, â® ¥áâì à £  (4; 2):

f
1 =

(x� + "y� + �)(x+ �)� "(x� + y� + �)(y + � )

(x+ �)2 � "(y + � )2
;

f
2 =

(x� + "y� + �)(y + � )� (x� + y� + �)(x+ �)

(x+ �)2 � "(y + � )2
;

9>>>=
>>>;

(7:15)

£¤¥ " = 0;�1,
f
1 =

x� + �

x+ �
; f

2 =
x� + y� + �

x+ �
; (7:16)

f
1 = x� + y�+ �; f

2 = x� + y� + � ; (7:17)

¤«ï n = 4, â® ¥áâì à £  (5; 2):

f
1 =

x� + y�+ �

x'+ y + !
; f

2 =
x� + y� + �

x'+ y + !
: (7:18)

�¢ã¬¥âà¨ª¨ (7.14), (7.17), (7.18),   â ª¦¥ ¤¢ã¬¥âà¨ª  (7.12) ¤«ï
á«ãç ï c = 0 ¢ ä®à¬¥ f1 = x� + y + �; f

2 = x� + y + �, à ¥¥
¡ë«¨ ®¡ àã¦¥ë �.�.�®§¨æª¨¬ (ç áâ®¥ á®®¡é¥¨¥), ®áâ «ìë¥ ¦¥
¢¯¥à¢ë¥  ©¤¥ë  ¢â®à®¬. �ä®à¬ã«¨à®¢  ï ¢ëè¥ â¥®à¥¬  ãâ¢¥à-

¦¤ ¥â ¯®«®âã ¯à¨¢¥¤¥®© ¢ ¥© ª« áá¨ä¨ª æ¨¨ ¤¢ã¬¥âà¨ª. �®ª § -
â¥«ìáâ¢® â¥®à¥¬ë ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®á«¥¤®¢ â¥«ì®¥ ¢ëç¨á«¥¨¥
¯® á®®â¢¥âáâ¢ãîé¨¬ ¨§ á¯¨áª  1{36 ¡ §¨áë¬ ®¯¥à â®à ¬ ¯à¨¢¥¤¥-
®© ¢ â¥®à¥¬¥ �.�¨ ª« áá¨ä¨ª æ¨®®© â ¡«¨æë ¢á¥å ¥¢ëà®¦¤¥-
ëå «®ª «ìëå ¤¥©áâ¢¨© � = (�1(x; y; a1; : : : ; a2n); �2(x; y; a1; : : : ; a2n))
£àã¯¯ë G

2n ¢ 2-¬¥à®¬ ¬®£®®¡à §¨¨ M. �â¨ ¤¥©áâ¢¨ï ®¯à¥¤¥«ïîâ
¯® ä®à¬ã«¥ (7.8) äãªæ¨î f = (f1; f2) = (�1(x; y; w1(�); : : : ; w2n(�)) ,
�
2(x; y; w1(�); : : : ; w2n(�))), § ¤ îéãî   ¬®¦¥áâ¢ åM ¨N (2-¬¥à®¬
¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå) ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã

à £  (n+ 1; 2). �à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã.
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�ãáâì á ç «  n = 1. � íâ®¬ á«ãç ¥ ¤¥©áâ¢ãîé ï £àã¯¯  G
2 ¨

¬®£®®¡à §¨¥ N ¤¢ã¬¥àë. �¡®§ ç¨¬ «®ª «ìë¥ ª®®à¤¨ âë �
1
; �

2 ¢
¬®£®®¡à §¨¨ N ç¥à¥§ �; �. � ¯à¨¢¥¤¥®© ¢ëè¥ ¯®«®© ª« áá¨ä¨ª -
æ¨¨ �.�¨ 1{36 ¨¬¥îâáï ç¥âëà¥ ¤¢ã¬¥àë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨©

¯«®áª®áâ¨, ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï X1;X2 ª®â®àëå (£¥¥à â®àë ¯®
�.�¨) § ¤ îâáï ¢ëà ¦¥¨ï¬¨ 18, 27, 29, 30:

18: X1 = q; X2 = xq;
27: X1 = q; X2 = yq;

29: X1 = q; X2 = xp+ yq;
30: X1 = p; X2 = q:

9>>>=
>>>;

(7:19)

� ¯®¬®éìî íªá¯®¥æ¨ «ì®£® ®â®¡à ¦¥¨ï (á¬.,  ¯à¨¬¥à, [41], £«. I,
x9)  ©¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ «®ª «ìë¥ ¤¥©áâ¢¨ï £àã¯¯ G2 ¢ 2-¬¥à®¬
¬®£®®¡à §¨¨ M:

18: �1 = x; �
2 = y + a

2
x+ a

1;

27: �1 = x; �
2 = y exp a2 + a

1;
29: �1 = x exp a2; �2 = y exp a2 + a

1;
30: �1 = x+ a

1
; �

2 = y + a
2;

9>>>=
>>>;

(7:190)

�§ ç¥âëà¥å «®ª «ìëå ¤¥©áâ¢¨© á¯¨áª  (7:190) â®«ìª® ¤¥©áâ¢¨ï 29 ¨
30 ¡ã¤ãâ ¥¢ëà®¦¤¥ë¬¨, â ª ª ª ¤«ï ¨å ïª®¡¨ ë @(�1; �2)=@(x; y)
¨ @(�1; �2)=@(a1; a2) ®â«¨çë ®â ã«ï. �¥©áâ¢¨ï 18 ¨ 27 ¢ëà®¦¤¥ë,
â ª ª ª ¤«ï ¨å ®¡à é ¥âáï ¢ ã«ì ¢â®à®© ïª®¡¨ . �¢®¤ï ¤«ï ¤¥©-
áâ¢¨ï 30 ¤¨ää¥®¬®àä¨§¬ a

1 = �; a
2 = �, ¯®«ãç ¥¬ ¯¥à¢®¥ ¢ëà ¦¥¨¥

(7.9) ¤«ï äãªæ¨¨ f = (f1; f2), § ¤ îé¥©   2-¬¥àëå ¬®£®®¡à §¨ïå
M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,2). �â®à®¥
¢ëà ¦¥¨¥ (7.10) ¤«ï íâ®© äãªæ¨¨ ¯®«ãç ¥âáï ¨§ ¤¥©áâ¢¨ï 29 ¯à¨
¬ áèâ ¡®¬ ¯à¥®¡à §®¢ ¨¨ f

1 = �
2
=�

1
; f

2 = �
2, ¤¨ää¥®¬®àä¨§¬¥

a
1 = ��; a

2 = ln � ¨ á«¥¤ãîé¥© § ¬¥¥ ª®®à¤¨ â ¢ M : y! x; 1=x!
y.

� ¬¥â¨¬, çâ® ¢ëà®¦¤¥¨¥ ¤¥©áâ¢¨© 18 ¨ 27 ¬®¦® ¡ë«® ¡ë ãáâ -
®¢¨âì áà §ã ¯® ¢ëà ¦¥¨ï¬ á®®â¢¥âáâãîé¨å ¡ §¨áëå ®¯¥à â®à®¢
¨§ á¯¨áª  (7.19). �¥©áâ¢¨â¥«ì®, ¨ ®¤® ¨§ ¨å ¥ á®¤¥à¦¨â ®¯¥-
à â®à  ¤¨ää¥à¥æ¨à®¢ ¨ï p = @=@x ¨ ¯®â®¬ã �

1 = x. �® â®£¤ 
@(�1; �2)=@(a1; a

2) = 0 ¯à¨ «î¡®© ¢â®à®© ª®¬¯®¥â¥ �2(x; y; a1; a2)
¤¥©áâ¢¨ï � = (�1; �2), çâ® ¨ ®§ ç ¥â ¥£® ¢ëà®¦¤¥¨¥. � «®£¨çë¥
à ááã¦¤¥¨ï ¯®§¢®«ïâ ¢ ¤ «ì¥©è¥¬ áà §ã ãáâ  ¢«¨¢ âì, ª ª¨¥ ¡ -

§¨áë¥ ®¯¥à â®àë ª« áá¨ä¨ª æ¨¨ �.�¨ ®¯à¥¤¥«ïîâ ¢ëà®¦¤¥ë¥ «®-
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ª «ìë¥ ¤¥©áâ¢¨ï � = (�1; �2), ¥ ¢ëç¨á«ïï ¨å § à ¥¥ á ¯®¬®éìî
íªá¯®¥æ¨ «ì®£® ®â®¡à ¦¥¨ï.

�ãáâì, ¤ «¥¥, n = 2. � íâ®¬ á«ãç ¥ ¤¥©áâ¢ãîé ï £àã¯¯  G4 ¨ ¬®£®-
®¡à §¨¥ N ç¥âëà¥å¬¥àë. �¡®§ ç¨¬ «®ª «ìë¥ ª®®à¤¨ âë �

1
; �

2
;

�
3
; �

4 ¢ ¬®£®®¡à §¨¨ N ç¥à¥§ �; �; �; �. �ª®¡¨  @(�1; �2)=@(x; y)
®â«¨ç¥ ®â ã«ï, â ª ª ª ¤¥©áâ¢¨¥ � = (�1(x; y; a1; a2; a3; a4); �2(x; y;
a
1
; a

2
; a

3
; a

4)) ®¡à â¨¬®. �®íâ®¬ã ®® ¡ã¤¥â ¥¢ëà®¦¤¥ë¬, ¥á«¨ ¤«ï
¯«®â®£® ¨ ®âªàëâ®£® ¢M2 ¬®¦¥áâ¢  ¯ à < (x1; y1); (x2; y2) > ¤®¯®«-
¨â¥«ì® ®â«¨ç¥ ®â ã«ï ¥é¥ ¨ ïª®¡¨  @(�1(1); �2(1); �1(2); �2(2))=
@(a1; a2; a3; a4), £¤¥,  ¯à¨¬¥à, �1(1) = �

1(x1; y1; a
1
; a

2
; a

3
; a

4).
� ª« áá¨ä¨ª æ¨¨ �.�¨ 1{36 ¨¬¥îâáï ®¤¨ ¤æ âì ç¥âëà¥å¬¥àëå

£àã¯¯ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨, ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï ª®â®àëå
§ ¤ îâáï ¢ëà ¦¥¨ï¬¨ 7, 9, 10, 11, 12, 15, 17, 18, 22, 24, 33.

�¤ ª® ¢ ¢ëà ¦¥¨ïå 11, 12, 17, 18, 22 ®¯¥à â®à ¤¨ää¥à¥æ¨à®-
¢ ¨ï p = @=@x ¯à¨áãâáâ¢ã¥â ï¢® ¥ ¡®«¥¥ ç¥¬ ¢ ®¤®¬ ¨§ ç¥âë-
à¥å ¡ §¨áëå ®¯¥à â®à®¢, çâ® ¯à¨¢®¤¨â ª ¢ëà®¦¤¥¨î á®®â¢¥âáâ¢ã-
îé¨å «®ª «ìëå ¤¥©áâ¢¨© � = (�1; �2), â ª ª ª ¢ ¨å ª®¬¯®¥â 
¤¥©áâ¢¨ï �1 § ¢¨á¨â ¥ ¡®«¥¥ ç¥¬ ®â ®¤®£® ¨§ ç¥âëà¥å ¯ à ¬¥âà®¢
a = (a1; a2; a3; a4) £àã¯¯ G4. �ë¯¨è¥¬ ¨¦¥ â®«ìª® â¥ ¢ëà ¦¥¨ï ¤«ï
®¯¥à â®à®¢ X1;X2;X3;X4, ¤«ï ª®â®àëå íâ¨ ¤¥©áâ¢¨ï ¥¢ëà®¦¤¥ë:

7: yq; p; xp; x2p + xyq;
9: q; xq; p; xp+ cyq; c 6= 1;
10: q; xq; p; xp + (2y + x

2)q;
15: q; xq; p; xp + yq;

24: q; yq; p; xp;
33: p; q; xq � yp; xp+ yq:

9>>>>>>>>=
>>>>>>>>;

(7:20)

�®®â¢¥âáâ¢ãîé¨¥ «®ª «ìë¥ ¤¥©áâ¢¨ï � = (�1; �2) £àã¯¯ G
4 ¢ 2-

¬¥à®¬ ¬®£®®¡à §¨¨ M  ©¤¥¬ ¯® íªá¯®¥æ¨ «ì®¬ã ®â®¡à ¦¥¨î:

7: �1 = ((1� a
1 + a

3)x+ a
2)=(1 � a

4
x� a

1);
�
2 = y=(1� a

4
x� a

1);
9: �1 = x exp a4 + a

3
; �

2 = y exp ca4 + a
2
x+ a

1;
10: �1 = x exp a4 + a

3
;

�
2 = y exp2a4 + a

2
x+ x

2
a
4 exp 2a4 + a

1;

15: �1 = x exp a4 + a
3
; �

2 = y exp a4 + a
2
x+ a

1;
24: �1 = x expa4 + a

3
; �

2 = y exp a2 + a
1;

33: �1 = x(exp a4 + cos a3 � 1)� y sin a3 + a
1
;

�
2 = y(expa4 + cosa

3 � 1) + x sin a3 + a
2
:

9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;

(7:200)
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�§ è¥áâ¨ «®ª «ìëå ¤¥©áâ¢¨© � = (�1; �2) á¯¨áª  (7:200)  ©¤¥¬
¢ëà ¦¥¨ï (7.11{14) ¤«ï äãªæ¨¨ f = (f1; f2), § ¤ îé¥©   2-¬¥à®¬
¨ 4-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãª-
âãàã à £  (3,2). �¢ã¬¥âà¨ª¨ (7.11), £¤¥ " = 0;+1;�1, ¯®«ãç îâáï ¨§
«®ª «ìëå ¤¥©áâ¢¨© 15, 24, 33 á®®â¢¥âáâ¢¥®; ¤¢ã¬¥âà¨ª  (7.12) ¯®-
«ãç ¥âáï ¨§ ¤¥©áâ¢¨ï 9; ¤¢ã¬¥âà¨ª  (7.13) { ¨§ ¤¥©áâ¢¨ï 10 ¨ ¯®á«¥¤-
ïï ¤¢ã¬¥âà¨ª  (7.14) { ¨§ ¤¥©áâ¢¨ï 7. �®ª «ìë¥ ¤¨ää¥®¬®àä¨§¬ë
v :M !M; w : N! G

4 ¨ ¬ áèâ ¡ ï äãªæ¨ï  : R2 ! R
2, ãáâ  -

¢«¨¢ îé¨¥ á¢ï§ì ¤¥©áâ¢¨© � = (�1; �2) ¨ á®®â¢¥âáâ¢ãîé¨å ¤¢ã¬¥âà¨ª
f = (f1; f2), ¢ ª ¦¤®¬ ¨§ è¥áâ¨ á«ãç ¥¢ ®ç¥¢¨¤ë.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © n = 3, ª®£¤  ¤¥©áâ¢ãîé ï £àã¯¯  G6

¨ ¬®£®®¡à §¨¥ N è¥áâ¨¬¥àë. �®ª «ìë¥ ª®®à¤¨ âë �
1
; �

2
; : : : ; �

6

¬®£®®¡à §¨ï N ®¡®§ ç¨¬ ç¥à¥§ �; �; �; �; �; � á®®â¢¥âáâ¢¥®. �®ª «ì-

®¥ ¤¥©áâ¢¨¥ � = (�1(x; y; a1; : : : ; a6); �2(x; y; a1; : : : ; a6)) ®¡à â¨¬® ¨
¯®â®¬ã @(�1; �2)=@(x; y) 6= 0. �¥¢ëà®¦¤¥®áâì ¤¥©áâ¢¨ï � = (�1; �2)
®§ ç ¥â, çâ® ¤®¯®«¨â¥«ì® ¤«ï ¯«®â®£® ¨ ®âªàëâ®£® ¢ M3 ¬®-
¦¥áâ¢  âà®¥ª < (x1; y1); (x2; y2); (x3; y3) > ®â«¨ç¥ ®â ã«ï ïª®¡¨ 
@(�1(1); �2(1); �1(2); �2(2); �1(3); �2(3))=@(a1; a2; a3; a4; a5; a6).

� ª« áá¨ä¨ª æ¨¨ �.�¨ 1{36 ¨¬¥îâáï âà¨ ¤æ âì è¥áâ¨¬¥àëå
£àã¯¯ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨, ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï ª®â®àëå
§ ¤ îâáï ¢ëà ¦¥¨ï¬¨ 2, 6, 8, 9, 10, 11, 12, 13, 15, 17, 18, 19, 32.

�¤ ª® ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï p = @=@x ¢ ¢ëà ¦¥¨ïå 8, 9, 10,
11, 12, 15, 17, 18 ¯à¨áãâáâ¢ã¥â ï¢® ¥ ¡®«¥¥ ç¥¬ ¢ ¤¢ãå ¡ §¨áëå
®¯¥à â®à å ¨§ è¥áâ¨, çâ® ¯à¨¢®¤¨â ª ¢ëà®¦¤¥¨î á®®â¢¥âáâ¢ãîé¨å
«®ª «ìëå ¤¥©áâ¢¨© � = (�1; �2), â ª ª ª ¢ ¨å ª®¬¯®¥â  �1 § ¢¨á¨â
¥ ¡®«¥¥ ç¥¬ ®â ¤¢ãå ¨§ è¥áâ¨ ¯ à ¬¥âà®¢ a = (a1; a2; : : : ; a6) £àã¯¯ë
G

6. �§ ¯¥à¥ç¨á«¥ëå ¢ëè¥ âà¨ ¤æ â¨ ¢ëà ¦¥¨© ¤«ï ®¯¥à â®à®¢
X1;X2; : : : ;X6 ¢ë¯¨è¥¬ ¨¦¥ â®«ìª® â¥, ª®â®àë¥ ¯à¨¢®¤ïâ ª ¥¢ëà®-
¦¤¥ë¬ ¤¥©áâ¢¨ï¬:

2: p; q; xq; xp� yq; yp; xp + yq;
6: q; xq; yq; p; xp; x2p+ xyq;

13: q; xq; x2q; p; xp+ yq; x
2
p+ 2xyq;

19: q; yq; y2q; p; xp; x2p;
32: p; q; xq � yp; xp+ yq;

(x2 � y
2)p+ 2xyq; 2xyp + (y2 � x

2)q:

9>>>>>>>>=
>>>>>>>>;

(7:21)

�® íªá¯®¥æ¨ «ì®¬ã ®â®¡à ¦¥¨î  ©¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ «®-
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ª «ìë¥ ¤¥©áâ¢¨ï � = (�1; �2) £àã¯¯ G6 ¢ 2-¬¥à®¬ ¬®£®®¡à §¨¨ M:

2: �1 = a
1
x+ a

2
y + a

3
; �

2 = a
4
x+ a

5
y + a

6;
6: �1 = (a1x+ a

2)=(a3x+ a
4);

�
2 = (a5x+ a

6
y + a

7)=(a3x+ a
4);

£¤¥ a1a4 � a
2
a
3 = 1;

13: �1 = (a1x+ a
2)=(a3x+ a

4);
�
2 = (y + a

5
x+ a

6
x
2 + a

7)=(a3x+ a
4)2;

£¤¥ a1a4 � a
2
a
3 = 1;

19: �1 = (a1x+ a
2)=(a3x+ a

4);
�
2 = (a5y + a

6)=(a7y + a
8);

£¤¥ a1a4 � a
2
a
3 = 1; a5a8 � a

6
a
7 = 1;

32: � = (az + b)=(cz + d);
£¤¥ � = �

1 + i�
2
; z = x+ iy; a = a

1 + ia
2
; b = a

3 + ia
4
;

c = a
5 + ia

6
; d = a

7 + ia
8
; i

2 = �1; ¯à¨ç¥¬ ad� bc = 1:

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

(7:210)

�§ ¯ïâ¨ «®ª «ìëå ¤¥©áâ¢¨© � = (�1; �2) á¯¨áª  (7:210)  ©¤¥¬ ¢ë-
à ¦¥¨ï (7.15), (7.16), (7.17) ¤«ï äãªæ¨¨ f = (f1; f2), § ¤ îé¥©  
2-¬¥à®¬ ¨ 6-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨-
ç¥áªãî áâàãªâãàã à £  (4,2). �¢ã¬¥âà¨ª¨ (7.15), £¤¥ " = 0;+1;�1,
¯®«ãç îâáï ¨§ «®ª «ìëå ¤¥©áâ¢¨© 13, 19, 32 á®®â¢¥âáâ¢¥®; ¤¢ã-
¬¥âà¨ª  (7.16) ¯®«ãç ¥âáï ¨§ ¤¥©áâ¢¨ï 6,   ¤¢ã¬¥âà¨ª  (7.17) { ¨§

¤¥©áâ¢¨ï 2. �«ï ª ¦¤®© ¨§ ¤¢ã¬¥âà¨ª (7.15{17) ®ç¥¢¨¤ë «®ª «ìë¥
¤¨ää¥®¬®àä¨§¬ë v : M ! M; w : N ! G

6 ¨ ¬ áèâ ¡ ï äãªæ¨ï
 : R2 ! R

2, ãáâ  ¢«¨¢ îé¨¥ ¨å á¢ï§ì á á®®â¢¥âáâ¢ãîé¨¬¨ «®ª «ì-
ë¬¨ ¤¥©áâ¢¨ï¬¨ ¨§ á¯¨áª  (7:210).

�é¥ à áá¬®âà¨¬ á«ãç © n = 4, ª®£¤  ¤¥©áâ¢ãîé ï £àã¯¯  G8 ¨
¬®£®®¡à §¨¥ N ¢®áì¬¨¬¥àë. �®ª «ìë¥ ª®®à¤¨ âë �

1
; �

2
; : : : ; �

8 ¢
¬®£®®¡à §¨¨ N ®¡®§ ç¨¬ ç¥à¥§ �; �; �; �; �; �; '; !. �®-¯à¥¦¥¬ã ïª®-
¡¨  @(�1; �2)=@(x; y) ®â«¨ç¥ ®â ã«ï, â ª ª ª «®ª «ì®¥ ¤¥©áâ¢¨¥
� = (�1(x; y; a1; : : : ; a8); �2(x; y; a1; : : : ; a8)) £àã¯¯ë G

8 ¢ M ®¡à â¨-

¬®. �¥¢ëà®¦¤¥®áâì ¤¥©áâ¢¨ï � = (�1; �2) ¯®íâ®¬ã ®§ ç ¥â, çâ® ¤®-
¯®«¨â¥«ì® ®â«¨ç¥ ®â ã«ï ïª®¡¨  @(�1(1); �2(1); : : : ; �1(4); �2(4))=
@(a1; : : : ; a8) ¤«ï ®âªàëâ®£® ¨ ¯«®â®£® ¢ M4 ¬®¦¥áâ¢  ç¥â¢¥à®ª
< (x1; y1); (x2; y2), (x3; y3); (x4; y4) >.

� ¯®«®© ª« áá¨ä¨ª æ¨¨ �.�¨ 1{36 ¨¬¥¥âáï ®¤¨ ¤æ âì ¢®áì-
¬¨¬¥àëå £àã¯¯ ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨, ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®-
«ï ª®â®àëå § ¤ îâáï ¢ëà ¦¥¨ï¬¨ 1, 5, 6, 8, 9, 10, 11, 12, 15,

17, 18. � ¬¥â¨¬, ®¤ ª®, çâ® ¢® ¢á¥å íâ¨å ¢ëà ¦¥¨ïå, ªà®¬¥ ¯¥à-
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¢®£®, ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï p = @=@x ¯à¨áãâáâ¢ã¥â ï¢® ¥
¡®«¥¥ ç¥¬ ¢ âà¥å £¥¥à â®à å ¨§ ¢®áì¬¨, çâ® ¯à¨¢®¤¨â ª ¢ëà®¦¤¥-
¨î á®®â¢¥âáâ¢ãîé¨å «®ª «ìëå ¤¥©áâ¢¨© � = (�1; �2), â ª ª ª ¢ ¨å
ª®¬¯®¥â  �1 § ¢¨á¨â ¥ ¡®«¥¥ ç¥¬ ®â âà¥å ¨§ ¢®áì¬¨ ¯ à ¬¥âà®¢

a = (a1; a2; : : : ; a8) £àã¯¯ G8. �ë¯¨è¥¬ ¯®íâ®¬ã â®«ìª® ¢ëà ¦¥¨¥ 1
¤«ï ®¯¥à â®à®¢ X1;X2; : : : ;X8:

p; q; xq; xp� yq; xp+ yq;

x
2
p + xyq; xyp+ y

2
q; yp

)
(7:22)

¨ ¯® íªá¯®¥æ¨ «ì®¬ã ®â®¡à ¦¥¨î  ©¤¥¬ á®®â¢¥âáâ¢ãîé¥¥ ¥-
¢ëà®¦¤¥®¥ «®ª «ì®¥ ¤¥©áâ¢¨¥ � = (�1; �2) £àã¯¯ë G

8 ¢ 2-¬¥à®¬
¬®£®®¡à §¨¨ M:

�
1 = (a1x+ a

2
y + a

3)=(a7x+ a
8
y + a

9);
�
2 = (a4x+ a

5
y + a

6)=(a7x+ a
8
y + a

9);

)
(7:220)

¯à¨ç¥¬ det a = 1. �® «®ª «ì®¬ã ¤¥©áâ¢¨î (7:220) «¥£ª® ¯®«ãç¨¬ ¢ë-
à ¦¥¨¥ (7.18) ¤«ï äãªæ¨¨ f = (f1; f2), § ¤ îé¥©   2-¬¥à®¬ ¨
8-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¤¢ã¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãª-
âãàã à £  (5.2).

� ¢ § ª«îç¥¨¥ à áá¬®âà¨¬ á«ãç © n � 5, ª®£¤  à §¬¥à®áâì ¤¥©-
áâ¢ãîé¥© £àã¯¯ë G

2n ¨ à §¬¥à®áâì ¬®£®®¡à §¨ï N, à ¢ë¥ 2n, ¥
¬¥ìè¥ ¤¥áïâ¨. � ª« áá¨ä¨ª æ¨¨ �.�¨ 1{36 ¨¬¥¥âáï ¤¥áïâì £àã¯¯
¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ á â ª®© à §¬¥à®áâìî. � §¨áë¥ ¢¥ªâ®à-
ë¥ ¯®«ï X1;X2; : : : ;X2n ¤«ï ¨å § ¤ îâáï ¢ëà ¦¥¨ï¬¨ 5, 6, 8,

9, 10, 11, 12, 15, 17, 18. �¤ ª® ¢® ¢á¥å íâ¨å ¢ëà ¦¥¨ïå ®¯¥-
à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï p = @=@x ¯à¨áãâáâ¢ã¥â ¥ ¡®«¥¥ ç¥¬ ¤«ï
âà¥å ¡ §¨áëå ®¯¥à â®à®¢. �®®â¢¥âáâ¢ãîé¨¥ «®ª «ìë¥ ¤¥©áâ¢¨ï � =
(�1(x; y; a1; : : : ; a2n); �2(x; y; a1; : : : ; a2n)) ®ª §ë¢ îâáï ¢ëà®¦¤¥ë¬¨,

â ª ª ª ¯¥à¢ ï ª®¬¯®¥â  �1 ¢ ¨å § ¢¨¢á¨â ¥ ¡®«¥¥ ç¥¬ ®â âà¥å ¨§
2n ¯ à ¬¥âà®¢ a = (a1; : : : ; a2n) £àã¯¯ G2n ¨ ¯®â®¬ã ¤«ï ¢á¥å ª®àâ¥-
¦¥© < (x1; y1); : : : ; (xn; yn) > ¤«¨ë n ¨§ Mn ®¡à é ¥âáï ¢ ã«ì ïª®-
¡¨  @(�1(1); �2(1); : : : , �1(n); �2(n))=@(a1; a2; : : : ; a2n). �®áª®«ìªã ¤«ï
n � 5 ¥â ¥¢ëà®¦¤¥ëå «®ª «ìëå ¤¥©áâ¢¨© £àã¯¯ G2n ¢ 2-¬¥à®¬
¬®£®®¡à §¨¨ M, ¯® «¥¬¬¥ 2 ¥â â ª¦¥ ¨ ¥¢ëà®¦¤¥ëå äãªæ¨©
f = (f1; f2), § ¤ îé¨å   2-¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå M
¨ N ¤¢ã¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (n + 1; 2), â® ¥áâì
¤¢ã¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (6,2), (7,2) ¨ â.¤., ¥ áã-

é¥áâ¢ãîâ. �¥®à¥¬  ¯®«®áâìî ¤®ª §  .
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�à ¢¨¬ à¥§ã«ìâ âë ¯à¥¤ë¤ãé¥£® x6 ¯® ®¤®¬¥âà¨ç¥áª¨¬ ä¨§¨ç¥-
áª¨¬ áâàãªâãà ¬ à £  (n + 1; 2) c à¥§ã«ìâ â ¬¨  áâ®ïé¥£® x7 ¯®
¤¢ã¬¥âà¨ç¥áª¨¬ ä¨§¨ç¥áª¨¬ áâàãªâãà ¬ â®£® ¦¥ à £ . �à¥¦¤¥ ¢á¥-
£® § ¬¥ç ¥¬,çâ® ¤¢ã¬¥âà¨ç¥áª¨¥ áâàãªâãàë, ¨áª«îç ï á«ãç © n = 4,

â® ¥áâì à £  (5,2), ¥ ¥¤¨áâ¢¥ë. �¢ã¬¥âà¨ª¨ (7.11) ¨ (7.15) ¬®-
£ãâ ¡ëâì ¯®«ãç¥ë ª®¬¯«¥ªá¨ä¨ª æ¨¥© á®®â¢¥âáâ¢ãîé¨å ¯® à £ã
áâàãªâãàë ®¤®¬¥âà¨ç¥áª¨å ¢ëà ¦¥¨© (6.3) ¨ (6.4), ª®â®àë¥ ¢ë¯¨-
è¥¬ §¤¥áì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

f = x� + �; f = (x� + �)=(x + �): (7:23)

�®¬¯«¥ªá¨ä¨ª æ¨ï á®áâ®¨â ¨§ ¤¢ãå íâ ¯®¢:  ) § ¬¥ë ¢ ¢ëà ¦¥¨ïå
(7.23) ¢¥é¥áâ¢¥ëå äãªæ¨© ¨ ª®®à¤¨ â   ª®¬¯«¥ªáë¥ ¯® áå¥¬¥:
f ! f

1 + ef
2
; x! x+ ey; � ! � + e�; �! �+ e�; �! �+ e� , £¤¥ e {

«¨¡® ®¡ëç ï ¬¨¬ ï ¥¤¨¨æ  (e2 = �1), «¨¡® ¤ã «ì ï ¬¨¬ ï ¥¤¨-
¨æ  (e2 = 0), «¨¡® ¤¢®© ï ¬¨¬ ï ¥¤¨¨æ  (e2 = +1) ¢ § ¢¨á¨¬®áâ¨
®â â¨¯  ª®¬¯«¥ªá®£® ç¨á« ; ¡) ®â¤¥«¥¨ï ¢¥é¥áâ¢¥®© (à¥ «ì®©) ¨
¥¢¥é¥áâ¢¥®© (¬¨¬®©) ç áâ¥© ¨§ ¯®«ãç îé¨åáï ª®¬¯«¥ªáëå ¢ë-
à ¦¥¨©. �®¯®«¨â¥«ì® § ¬¥â¨¬, çâ® ¤¢ã¬¥âà¨ª¨ (7.11) ¨ (7.15) ¤«ï
á«ãç ï " = +1 ï¢«ïîâáï ¥é¥ ¨ ¯àï¬®© ª®¬¯®§¨æ¨¥© á®®â¢¥âáâ¢ãîé¨å
®¤®¬¥âà¨ç¥áª¨å ¢ëà ¦¥¨©

f
1 = x� + �; f

2 = y� + �; (7:110)

f
1 = (x� + �)=(x+ �); f2 = (y� + �)=(y + � ); (7:150)

ª®â®àë¥ ¬®£ãâ ¡ëâì ¨§ ¨å ¯®«ãç¥ë á ¯®¬®éìî ¥ª®â®à®© ¬ áèâ ¡-
®© äãªæ¨¨  : R2 ! R

2 ¨ ã¤®¡®£® ¯¥à¥®¡®§ ç¥¨ï ª®®à¤¨ â.
�ëà ¦¥¨ï (7:110) ¯®«ãç îâáï ¨§ ¤¢ã¬¥âà¨ª¨ (7.11) ¤«ï " = +1:

f
1 = x� + y� + �; f

2 = x� + y� + �

á«¥¤ãîé¨¬ ®¡à §®¬: f1 + f
2 ! f

1
; f

1 � f
2 ! f

2
; x+ y ! x; x� y!

y, � + � ! �; � � � ! �; � + � ! �; � � � ! �. �ëà ¦¥¨¥ ¦¥
(7:150) ¯®«ãç îâáï ¨§ ¤¢ã¬¥âà¨ª¨ (7.15) ¤«ï " = +1 á ¯®¬®éìî â®© ¦¥
¬ áèâ ¡®© äãªæ¨¨, ® ¤àã£®© § ¬¥ë ª®®à¤¨ â: x+y! y; x�y!
x; � + � ! �; � � � ! �; �+ � ! �; �� � ! �; �+ � ! �; �� � ! �.

�¡à â¨¬ â¥¯¥àì ¢¨¬ ¨¥   ãà ¢¥¨¥ (7:10), ª®â®à®¥ ¢ëà ¦ ¥â
ä¥®¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î ¤¢ã¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãª-
âãàë à £  (n + 1; 2). �¥ ¤«ï ¢á¥å ¤¢ã¬¥âà¨ª (7.9{18) íâ¨ ãà ¢¥¨ï

 ©¤¥ë. �ë¯¨è¥¬ ¨¦¥ â¥ ¨§ ¨å, ª®â®àë¥ ¨§¢¥áâë:
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¤«ï ¤¢ã¬¥âà¨ª¨ (7.9):

f
1(i�)� f

1(i�)� f
1(j�) + f

1(j�) = 0;
f
2(i�)� f

2(i�)� f
2(j�) + f

2(j�) = 0;

)
(7:24)

¤«ï ¤¢ã¬¥âà¨ª¨ (7.10):����� f
1(i�)� f

1(i�) f
1(i�)f2(j�)

f
1(j�)� f

1(j�) f
1(j�)f2(i�)

����� = 0;

����� f
2(i�)� f

2(j�) f
2(i�)f1(i�)

f
2(i�)� f

2(j�) f
2(i�)f1(i�)

����� = 0;

9>>>>>>=
>>>>>>;

(7:25)

¤«ï ¤¢ã¬¥âà¨ª¨ (7.11) ãà ¢¥¨¥ (7:10) ¬®¦® ¯®«ãç¨âì, ª®¬¯«¥ª-
á¨ä¨æ¨àãï ãà ¢¥¨¥ (6:30), â® ¥áâì ¯®¤áâ ¢«ïï ¢ ¥£® ª®¬¯«¥ªáãî
äãªæ¨î f = f

1 + ef
2, £¤¥ e2 = " = 0;�1, ¨ § â¥¬ ®â¤¥«ïï ¢ ¥¬

à¥ «ìãî ¨ ¬¨¬ãî ç áâ¨:�������
f
1(i�) f

1(i�) 1

f
1(j�) f

1(j�) 1
f
1(k�) f

1(k�) 1

�������+ "

�������
f
2(i�) f

2(i�) 1

f
2(j�) f

2(j�) 1
f
2(k�) f

2(k�) 1

������� = 0;

�������
f
1(i�) f

2(i�) 1
f
1(j�) f

2(j�) 1
f
1(k�) f

2(k�) 1

�������+
�������
f
2(i�) f

1(i�) 1
f
2(j�) f

1(j�) 1
f
2(k�) f

1(k�) 1

������� = 0;

9>>>>>>>>>>=
>>>>>>>>>>;

(7:26)

¤«ï ¤¢ã¬¥âà¨ª¨ (7.12) ãà ¢¥¨¥ (7:10)  ©¤¥® �.�.�¨¬®®¢ë¬
(ç áâ®¥ á®®¡é¥¨¥):

R̂(��)

�������
f
1(i�) f

2(i�) 1
f
1(j�) f

2(j�) 1
f
1(k�) f

2(k�) 1

�������
(f1(i�)� f1(j�))c+1

= 0;

�������
f
1(i�) f

1(i�) 1
f
1(j�) f

1(j�) 1
f
1(k�) f

1(k�) 1

������� = 0; (7:27)

£¤¥ R̂(��) { ®¯¥à â®à  «ìâ¥à¨à®¢ ¨ï ( â¨á¨¬¬¥âà¨§ æ¨¨) ¯® í«¥-

¬¥â ¬ �; � (â® ¥áâì R̂(��)'(��) = '(��)� '(��));
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¤«ï ¤¢ã¬¥âà¨ª¨ (7.13) ãà ¢¥¨¥ (7:10) â ª¦¥  ©¤¥® �.�.�¨¬®®¢ë¬:�������
f
1(i�) f

1(i�) 1
f
1(j�) f

1(j�) 1
f
1(k�) f

1(k�) 1

������� = 0;

R̂(��)(f1(i�)� f
1(j�))�3f

�������
f
1(i�) f

2(i�) 1
f
1(j�) f

2(j�) 1

f
1(k�) f

2(k�) 1

��������

�
�������
f
1(i�) (f1(i�))2 1
f
1(j�) (f1(j�))2 1
f
1(k�) (f1(k�))2 1

������� ln(f
1(i�)� f

1(j�))g = 0;

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

(7:28)

¤«ï ¤¢ã¬¥âà¨ª¨ (7.14) ãà ¢¥¨¥ (7:10) ¡ã¤¥â á«¥¤ãîé¨¬:

R̂(ij)

����� f
1(i�) f

1(i�)

f
1(k�) f

1(k�)

������
����� f

2(j�) f
2(j�)

f
2(k�) f

2(k�)

����� = 0;

R̂(ik)

����� f
1(i�) f

1(i�)
f
1(j�) f

1(j�)

������
����� f

2(k�) f
2(k�)

f
2(j�) f

2(j�)

����� = 0;

9>>>>>>=
>>>>>>;

(7:29)

ãà ¢¥¨¥ (7:10) ¤«ï ¤¢ã¬¥âà¨ª¨ (7.15) ¬®¦® ¯®«ãç¨âì, ª®¬¯«¥ª-
á¨ä¨æ¨àãï ãà ¢¥¨¥���������

f(i�) f(i�) f(i�)f(i�) 1
f(j�) f(j�) f(j�)f(j�) 1
f(k�) f(k�) f(k�)f(k�) 1
f(l�) f(l�) f(l�)f(l�) 1

���������
= 0; (7:30)

â® ¥áâì ãà ¢¥¨¥ (6:40), ¯®« £ ï ¢ ¥¬ f = f
1+ef2, £¤¥ e2 = " = 0;�1,

¨ ®â¤¥«ïï § â¥¬ à¥ «ìãî ¨ ¬¨¬ãî ç áâ¨;
¤«ï ¤¢ã¬¥âà¨ª¨ (7.16) ãà ¢¥¨¥ (7:10) ¯®ª  ¥  ©¤¥®;
¤«ï ¤¢ã¬¥âà¨ª¨ (7.17) ãà ¢¥¨¥ (7:10) «¥£ª®  å®¤¨âáï, â ª ¦¥ ª ª
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¨ ¤«ï ¤¢ã¬¥âà¨ª¨ (7.14):

R̂(ij)

�������
f
1(i�) f

1(i�) 1
f
1(k�) f

1(k�) 1

f
1(l�) f

1(l�) 1

��������
�������
f
2(j�) f

2(j�) 1
f
2(k�) f

2(k�) 1

f
2(l�) f

2(l�) 1

������� = 0;

R̂(kl)

�������
f
1(i�) f

1(i�) 1
f
1(j�) f

1(j�) 1
f
1(k�) f

1(k�) 1

��������
�������
f
2(i�) f

2(i�) 1
f
2(j�) f

2(j�) 1
f
2(l�) f

2(l�) 1

������� = 0;

9>>>>>>>>>>=
>>>>>>>>>>;

(7:31)

¤«ï ¯®á«¥¤¥© ¤¢ã¬¥âà¨ª¨ (7.18), § ¤ îé¥© ä¨§¨ç¥áªãî áâàãªâãàã
à £  (5,2), ãà ¢¥¨¥ (7:10), â®¦¥ ¯®ª  ¥  ©¤¥®, ª ª ¨ ¤«ï ¤¢ã¬¥-
âà¨ª¨ (7.16).

� ª¨¬ ®¡à §®¬, ¨§ ¤¥áïâ¨ ¤¢ã¬¥âà¨ª (7.9{18) â®«ìª® ¤«ï ¤¢ãå,  
¨¬¥® (7.16) ¨ (7.18) ¥¨§¢¥áâë ãà ¢¥¨ï (7:10), ¢ëà ¦ îé¨¥ ä¥®-

¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î á®®â¢¥âáâ¢ãîé¨å ä¨§¨ç¥áª¨å áâàãªâãà
à £  (4,2) ¨ (5,2).

�®« ï ª« áá¨ä¨ª æ¨ï ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à -
£  (n+1;m+1) ¤«ï n � m � 2 ¯®ª  ¥ ¯à®¢¥¤¥ . �¥ª®â®àë¥ ¤¢ã¬¥âà¨-
ª¨ ¤«ï à £®¢ (m+1;m+1) ¨ (m+1;m) ¬®¦®  ©â¨ ª®¬¯«¥ªá¨ä¨ª -
æ¨¥© ¢ëà ¦¥¨© (2.5{6) ¨ (2.7) á®®â¢¥âáâ¢¥® ¤«ï ®¤®¬¥âà¨ç¥áª¨å
ä¨§¨ç¥áª¨å áâàãªâãà â®£® ¦¥ à £ .

�¢ã¬¥âà¨ª¨ (7.9) ¨ (7.10), § ¤ îé¨¥   ¤¢ã¬¥àëå ¬®£®®¡à §¨-
ïå ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (2,2), ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï ®¤®-

¢à¥¬¥®£® ®¯à¥¤¥«¥¨ï ¢ R2 ¤¢ãå ¡¨ àëå ®¯¥à æ¨© { á«®¦¥¨ï ¨
ã¬®¦¥¨ï:

(x; y)� (�; �) = (x+ �; y + �); (7:32)

(x; y)� (�; �) = ((x+ �)y; (x+ �)�): (7:33)

�«®¦¥¨¥ (7.32) ®¡ëç®¥,   ã¬®¦¥¨¥ (7.33) ¥ ®¡« ¤ ¥â ¯à¨¢ëçë-
¬¨ á¢®©áâ¢ ¬¨ ã¬®¦¥¨ï: ®® ¥ª®¬¬ãâ â¨¢®, ¥ áá®æ¨ â¨¢®, ¥-
¤¨áâà¨¡ãâ¨¢® ®â®á¨â¥«ì® á«®¦¥¨ï (7.32) ¨ ¥ ¤®¯ãáª ¥â ®¡à â-
ãî ®¯¥à æ¨î ¤¥«¥¨ï. �®íâ®¬ã, á®åà ïï á«®¦¥¨¥ (7.32), ®¯à¥¤¥-
«¨¬ ã¬®¦¥¨¥ ¢R2 á ¯®¬®éìî «î¡®© ¨§ âà¥å ¤¢ã¬¥âà¨ª (7.11), (7.12),
(7.13), § ¤ îé¨å   2-¬¥à®¬ ¨ 4-¬¥à®¬ ¬®£®®¡à §¨ïå ä¨§¨ç¥áªãî
áâàãªâãàã à £  (3,2), ®¯ãáª ï ¢ ¨å  ¤¤¨â¨¢ë¥ ª®®à¤¨ âë � ¨ �:

(x; y)� (�; �) = (x� + "y�; x� + y�); " = 0;�1; (7:34)

(x; y)� (�; �) = (x�; x� + y�
c); c 6= 1; (7:35)
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(x; y)� (x�; x� + y�
2 + x

2
�
2 ln �): (7:36)

�¬®¦¥¨¥ (7.34) ª®¬¬ãâ â¨¢®,  áá®æ¨ â¨¢® ¨ ¤¨áâà¨¡ãâ¨¢®. �¤¨-
¨æ  ã¬®¦¥¨ï à ¢  (1,0). �¥«¥¨¥   (x; y) ¢®§¬®¦®, ¥á«¨ x

2 �
"y

2 6= 0. �á®, çâ® í«¥¬¥âë ¯«®áª®áâ¨ R2 á ®¯¥à æ¨ï¬¨ (7.32) ¨ (7.34)
®ª §ë¢ îâáï ª®¬¯«¥ªáë¬¨ ç¨á« ¬¨ âà¥å â¨¯®¢: ®¡ëçë¬¨ (" = �1),
¤ã «ìë¬¨ (" = 0) ¨«¨ ¤¢®©ë¬¨ (" = +1). �¬®¦¥¨¥ (7.35) ¥ª®¬-
¬ãâ â¨¢®,  áá®æ¨ â¨¢®, ¤¨áâà¨¡ãâ¨¢® á¯à ¢ , ® ¥ ¤¨áâà¨¡ãâ¨¢-
® á«¥¢ . �¥«¥¨¥   (x; y) ¢®§¬®¦®, ¥á«¨ x 6= 0, ¥¤¨¨æ  à ¢  (1,0).
�¬®¦¥¨¥ (7.36) ¥ª®¬¬ãâ â¨¢®, ¥ áá®æ¨ â¨¢® ¨ ¥¤¨áâà¨¡ãâ¨¢-
®. �¥«¥¨¥   (x; y) ¢®§¬®¦®, ¥á«¨ x 6= 0, «¥¢ ï ¥¤¨¨æ  à ¢  (1,0),
  ¯à ¢ ï ®âáãâáâ¢ã¥â.

� ¬¥ç ¥¬, çâ® ¨§ ¨§ ç¥âëà¥å ¡¨ àëå ®¯¥à æ¨© (7.33), (7.34),
(7.35), (7.36), ¨â¥à¯à¥â¨àã¥¬ëå ª ª ã¬®¦¥¨¥, â®«ìª® ®¯¥à æ¨ï
(7.34) ¯®§¢®«ï¥â § ¤ âì ¢ R2 áâàãªâãàã ª®«ìæ , ¯®áª®«ìªã â®«ìª® ® 

¤¨áâà¨¡ãâ¨¢  ¯® ®â®è¥¨î ª á«®¦¥¨î (7.32). �¯¥à æ¨ï (7.34)
ï¢«ï¥âáï â ª¦¥ ¥¤¨áâ¢¥®© ®¯¥à æ¨¥© ã¬®¦¥¨ï, ª®â®àãî ¬®¦-
® ®¤®§ ç® ®¯à¥¤¥«¨âì ¯à¨ á«®¦¥¨¨ (7.32) á ¯®¬®éìî ¤¢ã¬¥âà¨-
ª¨ (7.15), § ¤ îé¥© ä¨§¨ç¥áªãî áâàãªâãàã à £  (4,2). �¢ã¬¥âà¨ª¨
(7.16) ¨ (7.17) áâàãªâãàë à £  (4,2),   â ª¦¥ ¤¢ã¬¥âà¨ª¨ (7.14) ¨
(7.18) áâàãªâãà à £  (3,2) ¨ (5,2) ¥ ¬®£ãâ ®¯à¥¤¥«ïâì ¯à¨ á«®¦¥-
¨¨ (7.32) ¡¨ àëå ®¯¥à æ¨© ã¬®¦¥¨ï. �â¬¥ç¥®¥ ®¡áâ®ïâ¥«ìáâ¢®
¬®¦® à áá¬ âà¨¢ âì ª ª á¢®¥£® à®¤  ®¡®á®¢ ¨¥ ¢¢¥¤¥¨ï âà¥å â¨-
¯®¢ ª®¬¯«¥ªáëå ç¨á¥«. �®¤¥à¦ â¥«ìë© ä¨§¨ç¥áª¨© ¨ ¬ â¥¬ â¨ç¥-

áª¨© á¬ëá« âà¥å ¡¨ àëå ®¯¥à æ¨© ã¬®¦¥¨ï (7.33), (7.35), (7.36)
¯®ª  ®áâ ¥âáï ¥ïáë¬. �®íâ®¬ã ¨¬¥¥â á¬ëá« ¡®«¥¥ ¤¥â «ì® ¨áá«¥-
¤®¢ âì  «£¥¡àë á íâ¨¬¨ ®¯¥à æ¨ï¬¨.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ª®¬¬ãâ â¨¢ë¥ £¨¯¥àª®¬¯«¥ªáë¥ ç¨-
á«  à §¬¥à®áâ¨ s � 3 ¤®«¦ë ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯®ï¢¨âìáï ¯à¨
à áá¬®âà¥¨¨ s-¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à £  (3,2).

�á®¢ë¥ à¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä  ®¯ã¡«¨ª®¢ ë  ¢â®à¬
¢ à ¡®â å [15] ¨ [16].

x8. �à¨¬¥âà¨ç¥áª ï ä¨§¨ç¥áª ï áâàãªâãà  à £  (2,2)

�®£« á® ®¡é¥¬ã ®¯à¥¤¥«¥¨î s-¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâã-
àë à £  (n + 1;m + 1), ¤ ®¬ã ¢ x1, âà¨¬¥âà¨ç¥áª ï áâàãªâãà 

à £  (2,2), ¤«ï ª®â®à®© s = 3; m = 1; n = 1, § ¤ ¥âáï äãªæ¨¥©
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f = (f1; f2; f3)   3-¬¥àëå ¬®£®®¡à §¨ïå M ¨ N. �¡®§ ç¨¬ «®-
ª «ìë¥ ª®®à¤¨ âë ¢ íâ¨å ¬®£®®¡à §¨ïå ç¥à¥§ x; y; z ¨ �; �; #. �®£¤ 
«®ª «ì®¥ ¯à¥¤áâ ¢«¥¨¥ âà¨¬¥âà¨ª¨ f § ¯¨è¥âáï ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

f = f(x; y; z; �; �; #); (8:1)

¯à¨ç¥¬ ¤«ï ª®ªà¥â®© ¯ àë < i� > ¨§ ®¡« áâ¨ ¥¥ ®¯à¥¤¥«¥¨ï Sf

¡ã¤¥¬ ¨¬¥âì:

f(i�) = f(x(i); y(i); z(i); �(�); �(�); #(�)): (8:10)

�¥¢ëà®¦¤¥®áâì âà¨¬¥âà¨ª¨ (8.1) ®§ ç ¥â ®â«¨ç¨¥ ®â ã«ï ¤¢ãå
ïª®¡¨ ®¢:

@(f1(i); f2(i); f3(i))

@(x(i); y(i); z(i))
6= 0;

@(f1(k�); f2(k�); f3(k�))

@(�(�); �(�); #(�))
6= 0 (8:2)

¤«ï ¯«®âëå ¬®¦¥áâ¢ ¯ à < i > 2M�N ¨ < k� > 2M �N.
�¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï à áá¬ âà¨¢ ¥¬®© ä¨§¨ç¥áª®©

áâàãªâãàë ¢ëà ¦ ¥âáï ãà ¢¥¨¥¬

�(f(i�); f(i�); f(j�); f(j�)) = 0; (8:3)

¢ ª®â®à®¬ ¥§ ¢¨á¨¬ë ¢á¥ âà¨ ª®¬¯®¥âë äãªæ¨¨ � = (�1;�2;�3).
� íâ® ®§ ç ¥â, çâ® ¬®¦¥áâ¢® § ç¥¨© äãªæ¨¨ F : SF ! R

12,
£¤¥ SF � M3 � N3 { ¥áâ¥áâ¢¥ ï ¥¥ ®¡« áâì ®¯à¥¤¥«¥¨ï, «®ª «ì-
® ¯à¨ ¤«¥¦¨â ¤¥¢ïâ¨¬¥à®© ¯®¢¥àå®áâ¨ ¢ R12, § ¤ ¢ ¥¬®© âà¥¬ï
ãà ¢¥¨ï¬¨ � = 0.

�® â¥®à¥¬¥ 2 ¨§ x1 äãªæ¨ï (8.1), § ¤ îé ï   3-¬¥àëå ¬®£®-
®¡à §¨ïå M ¨ N âà¨¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,2),
¤®¯ãáª ¥â âà¥å¬¥àãî £àã¯¯ã ¤¢¨¦¥¨©, á®áâ®ïéãî ¨§ ¤¢ãå ¤¥©áâ¢¨©
£àã¯¯ë G

3 ¢ íâ¨å ¬®£®®¡à §¨ïå. �ë¯¨è¥¬ ï¢® ¤¥©áâ¢¨ï íâ®© £àã¯-

¯ë ¢ M:
x
0 = �(x; y; z; a1; a2; a3);

y
0 = �(x; y; z; a1; a2; a3);
z
0 = � (x; y; z; a1; a2; a3);

9>=
>; (8:4)

£¤¥ a = (a1; a2; a3) 2 G3. �¥©áâ¢¨¥ ¦¥ £àã¯¯ë G
3 ¢® ¢â®à®¬ ¬®£®®¡à -

§¨¨ N § ¯¨áë¢ ¥âáï   «®£¨ç®:

�
0 = ~�(�; �; #; a1; a2; a3);
�
0 = ~�(�; �; #; a1; a2; a3);
#
0 = ~� (�; �; #; a1; a2; a3);

9>=
>; (8:40)
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¯à¨ç¥¬ äãªæ¨¨ ~�; ~�; ~� , § ¤ îé¨¥ íâ® ¤¥©áâ¢¨¥, ¥ ®¡ï§ â¥«ì® á®-
¢¯ ¤ îâ á äãªæ¨ï¬¨ �; �; � ¢ ¤¥©áâ¢¨¨ (8.4). �® ¥á«¨ ¤¥©áâ¢¨ï (8.4)
¨ (8:40) íª¢¨¢ «¥âë ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4 ¨§ x3, â® ¢á¥£¤  ¬®¦®
 ©â¨ â ª¨¥ á¨áâ¥¬ë ª®®à¤¨ â ¢ ¬®£®®¡à §¨ïå M ¨ N, ¤«ï ª®â®àëå
� = ~�; � = ~�; � = ~� .

�¢ à¨ â®áâì âà¨¬¥âà¨ª¨ (8.1) ®â®á¨â¥«ì® £àã¯¯ë ¤¢¨¦¥¨©,
á®áâ®ïé¥© ¨§ ¤¥©áâ¢¨© (8.4) ¨ (8:40), ®§ ç ¥â ¥¥ á®åà ¥¨¥ á®£« á®
ãà ¢¥¨î

f(x0; y0; z0; �0; �0; #0) = f(x; y; z; �; �; #); (8:5)

ª®â®à®¥ ¤«ï ª ¦¤®© ¥¥ ª®¬¯®¥âë f1; f2; f3 ¢ë¯®«ï¥âáï â®¦¤¥áâ¢¥-
® ¯® ª®®à¤¨ â ¬ â®ç¥ª ¬®£®®¡à §¨© M ¨ N,   â ª¦¥ ¯ à ¬¥âà ¬
a
1
; a

2
; a

3 £àã¯¯ë G
3.

�à¨ «¥¬¬ë ¯à¥¤ë¤ãé¥£® x7 ¢¥àë ¨ ¤«ï âà¨¬¥âà¨ç¥áª¨å ä¨§¨-
ç¥áª¨å áâàãªâãà, â ª ª ª ¢ ¨å ¤®ª § â¥«ìáâ¢ å ¤¢ã¬¥âà¨ç®áâì áã-
é¥áâ¢¥®© à®«¨ ¥ ¨£à « . �®íâ®¬ã ¢ë¯¨è¥¬ á®®â¢¥âáâ¢ãîé¨¥ âà¨
«¥¬¬ë ¤«ï  è¥£® á«ãç ï, ®¯ãáª ï ¤®ª § â¥«ìáâ¢ , ª®â®àë¥ ¯à®¢®¤ïâ-
áï á®¢¥àè¥®   «®£¨ç®.

�¥¬¬  1. � £àã¯¯¥ ¤¢¨¦¥¨© ¥¢ëà®¦¤¥®© âà¥åª®¬¯®¥â®©

äãªæ¨¨ (8:1) «®ª «ìë¥ ¤¥©áâ¢¨ï (8:4) ¨ (8:40) £àã¯¯ë G
3
¢ 3-¬¥àëå

¬®£®®¡à §¨ïå M ¨ N «®ª «ì® âà §¨â¨¢ë.

�¥¬¬  2. � £àã¯¯¥ ¤¢¨¦¥¨© ¥¢ëà®¦¤¥®© âà¥åª®¬¯®¥â®©

äãªæ¨¨ (8:1) «®ª «ì®¥ ¤¥©áâ¢¨¥ (8:4) £àã¯¯ë G
3
¢ 3-¬¥à®¬ ¬®£®-

®¡à §¨¨ M á®¢¯ ¤ ¥â á íâ®© äãªæ¨¥© á â®ç®áâìî ¤® ¬ áèâ ¡-

®£® ¯à¥®¡à §®¢ ¨ï  : R3 ! R
3
¨ «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢

v :M!M ¨ w : N! G
3
.

�¥¬¬  3. �áïª®¥ ¥¢ëà®¦¤¥®¥ «®ª «ì®¥ ¤¥©áâ¢¨¥ (8:4) £àã¯-
¯ë G

3
¢ 3-¬¥à®¬ ¬®£®®¡à §¨¨ M á®¢¯ ¤ ¥â á â®ç®áâìî ¤® ¬ á-

èâ ¡®£® ¯à¥®¡à §®¢ ï  : R3 ! R
3
¨ «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢

v : M!M ¨ w : N ! G
3
á ¥ª®â®à®© äãªæ¨¥© (8:1), § ¤ îé¥©  

3-¬¥àëå ¬®£®®¡à §¨ïå M ¨ N âà¨¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãª-

âãàã à £  (2; 2).

� ª¨¬ ®¡à §®¬, ¯®« ï ª« áá¨ä¨ª æ¨ï âà¨¬¥âà¨ç¥áª¨åä¨§¨ç¥áª¨å
áâàãªâãà à £  (2,2) á®¢¯ ¤ ¥â á ¯®«®© ª« áá¨ä¨ª æ¨¥© ¥¢ëà®¦¤¥-

ëå «®ª «ìëå ¤¥©áâ¢¨© (8.4), ª®â®àë¥ ¯® «¥¬¬¥ 1 ¤®«¦ë ¡ëâì «®-

126



ª «ì® âà §¨â¨¢ë. �¥¢ëà®¦¤¥®áâì ¤¥©áâ¢¨ï (8.4) ¯® ¯ à ¬¥âà ¬
£àã¯¯ë G

3 ®§ ç ¥â ®â«¨ç¨¥ ®â ã«ï á«¥¤ãîé¥£® ïª®¡¨  :

@(�; �; � )=@(a1; a2; a3) 6= 0: (8:6)

�¥¢ëà®¦¤¥®áâì ¦¥ íâ®£® ¤¥©áâ¢¨ï ¯® ª®®à¤¨ â ¬ ¬®£®®¡à §¨ï
M, â® ¥áâì ¥à ¢¥áâ¢® ã«î ¢â®à®£® ïª®¡¨  :

@(�; �; � )=@(x; y; z) 6= 0; (8:60)

á¢ï§   á ¥£® ®¡à â¨¬®áâìî.
� ®â«¨ç¨¥ ®â ¯«®áª®áâ¨ R2, ¤«ï ª®â®à®© �®äãá �¨ ¥é¥ ¢ 1883 £®-

¤ã  è¥« ¢á¥ ª®¥ç®¬¥àë¥ «®ª «ìë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© (á¬.

á¯¨á®ª  «£¥¡à ¢ â¥®à¥¬¥ �.�¨ ¨§ x7),   «®£¨ç®© ª« áá¨ä¨ª æ¨¨ ¤«ï
3-¬¥à®£® ¯à®áâà áâ¢  R3 ¤®  áâ®ïé¥£® ¢à¥¬¥¨ ¨ªâ® ¥ ¯®áâà®-
¨«. �®íâ®¬ã ¨¦¥ á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¡ã¤¥â ¯à®¢¥¤¥ 
¯®« ï ª« áá¨ä¨ª æ¨ï «®ª «ì® âà §¨â¨¢ëå ¤¥©áâ¢¨© (8.4), ¤®áâ -
â®ç ï, á®£« á® «¥¬¬ ¬ 2,3, ¤«ï ª« áá¨ä¨ª æ¨¨ ¢á¥å âà¨¬¥âà¨ç¥-
áª¨å ä¨§¨ç¥áª¨å áâàãªâãà à £  (2,2), § ¤ ¢ ¥¬ëå äãªæ¨¥© (8.1)  
3-¬¥àëå ¬®£®®¡à §¨ïå M ¨ N.

�¡®§ ç¨¬ ç¥à¥§

X! = �!(x; y; z)@x + �!(x; y; z)@y + �!(x; y; z)@z; (8:7)

£¤¥ ! = 1; 2; 3, ¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë £àã¯¯ë ¯à¥®¡à §®¢ -
¨© (8.4). �®áª®«ìªã £àã¯¯  G3 ¤¥©áâ¢ã¥â ¢ 3-¬¥à®¬ ¬®£®®¡à §¨¨
M íää¥ªâ¨¢®, ®¯¥à â®àë X! «¨¥©® ¥§ ¢¨á¨¬ë á ¯®áâ®ïë¬¨
ª®íää¨æ¨¥â ¬¨ ¨ ®¡à §ãîâ ¥áâ¥áâ¢¥ë© ¡ §¨á âà¥å¬¥à®©  «£¥¡àë
�¨ ¯à¥®¡à §®¢ ¨© M, ª®â®à ï á®®â¢¥âáâ¢ã¥â £àã¯¯¥ (8.4). �¥©áâ¢¨¥
£àã¯¯ë G

3 ¢M ¡ã¤¥â, ®ç¥¢¨¤®, «®ª «ì® âà §¨â¨¢ë¬ â®«ìª® ¢ â®¬

á«ãç ¥, ¥á«¨ �������
�1(x; y; z) �1(x; y; z) �1(x; y; z)
�2(x; y; z) �2(x; y; z) �2(x; y; z)
�3(x; y; z) �3(x; y; z) �3(x; y; z)

������� 6= 0: (8:8)

�®« ï á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ª« áá¨ä¨ª æ¨ï âà¥å¬¥àëå

¢¥é¥áâ¢¥ëå  ¡áâà ªâëå  «£¥¡à �¨ ¡ë«  ¤   �¨ ª¨ ¢ 1918 £.
�à¨¢¥¤¥¬ ¥¥ §¤¥áì ¯® ¬®®£à ä¨¨ [37], § ¯¨áë¢ ï á®®â¢¥âáâ¢ãîé¨¥
¢ëà ¦¥¨ï ¤«ï âà¥å ¢®§¬®¦ëå ª®¬¬ãâ â®à®¢ [X1;X2], [X3;X1],
[X2;X3] ¡ §¨áëå ®¯¥à â®à®¢ X1;X2;X3:

0; 0; 0; (8:9)
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0; 0; X1; (8:10)

0; �X1; X1 +X2; (8:11)

0; �X1; pX2; (8:12)

0; �X2; �X1 + qX2; (8:13)

X3; X2; X1; (8:14)

X3; X2; �X1; (8:15)

£¤¥ �1 � p � +1; 0 � q < 2.

�¥®à¥¬  1. � §¨áë¥ ®¯¥à â®àë (8:7) âà¥å¬¥à®©  «£¥¡àë �¨ «®-

ª «ì®© £àã¯¯ë �¨ «®ª «ì® âà §¨â¨¢ëå ¯à¥®¡à §®¢ ¨© 3-¬¥à®£®
¯à®áâà áâ¢  R

3
, ¨¬¥îé¥© ¢ ¡ §¨á¥ X1;X2;X3 áâàãªâãàã ª®¬¬ã-

â æ¨®ëå á®®â®è¥¨© (8:9�15), ¢  ¤«¥¦ é¥ ¢ë¡à ®© á¨áâ¥¬¥

«®ª «ìëå ª®®à¤¨ â x; y; z § ¤ îâáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥¨ï¬¨:

X1 = @x; X2 = @y; X3 = @z; (8:90)

X1 = @x; X2 = @y; X3 = y@x + @z; (8:100)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y + @z; (8:110)

X1 = @x; X2 = @y; X3 = x@x + py@y + @z; (8:120)

X1 = @x; X2 = @y; X3 = �y@x + (x+ qy)@y + @z; (8:130)

X1 = @x;

X2 = tg y sinx@x + cosx@y + sec y sin x@z;
X3 = tg y cos x@x � sinx@y + sec y cos x@z;

9>=
>; (8:140)

X1 = @x;

X2 = sinx@x + cos x@y + exp y sinx@z;
X3 = cos x@x � sinx@y + expy cos x@z;

9>=
>; (8:150)

£¤¥ �1 � p � +1; 0 � q < 2.

�à®¨§¢¥¤¥¬ ¢ R3 «®ª «ì® ®¡à â¨¬ãî £« ¤ªãî § ¬¥ã ª®®à¤¨ â

� = '(x; y; z); � =  (x; y; z); # = �(x; y; z); (8:16)
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¯à¨ç¥¬ @('; ; �)=@(x; y; z) 6= 0. � ®¢ëå ª®®à¤¨ â å �; �; # ¤«ï ®¯¥-
à â®à®¢ (8.7) ¡ã¤¥¬ ¨¬¥âì á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

X! = (�!'x + �!'y + �!'z)@� +

+(�! x+�! y + �! z)@� + (�!�x + �!�y + �!�z)@#:
(8:17)

�ãáâì äãªæ¨¨ '; ; � ¢ § ¬¥¥ ª®®à¤¨ â (8.16) ï¢«ïîâáï ¥§ ¢¨-
á¨¬ë¬¨ à¥è¥¨ï¬¨ á¨áâ¥¬ë ãà ¢¥¨©

�1'x + �1'y + �1'z = 1;
�1 x + �1 y + �1 z = 0;
�1�x + �1�y + �1�z = 0;

9>=
>; (8:18)

¢ ª®â®à®©, ®ç¥¢¨¤®, �21+�
2
1+�

2
1 6= 0. �®£¤  ¤«ï ®¯¥à â®à  X1 ¯®«ãç ¥¬

¬ ªá¨¬ «ì® ¯à®áâ®¥ ¢ëà ¦¥¨¥: X1 = @�. �®§¢à é ïáì ¢ (8.17) ª

¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®íää¨æ¨¥â®¢ ¨ ª®®à¤¨ â, ¬®¦¥¬ § ¯¨á âì:

X1 = @x;

X2 = �2(x; y; z)@x + �2(x; y; z)@y + �2(x; y; z)@z;
X3 = �3(x; y; z)@x + �3(x; y; z)@y + �3(x; y; z)@z:

9>=
>; (8:19)

� ¢ëà ¦¥¨ïå (8.19) �1 = 1; �1 = 0; �1 = 0. �¨áâ¥¬  ãà ¢¥-
¨© (8.18) á â ª¨¬¨ ª®íää¨æ¨¥â ¬¨ § ç¨â¥«ì® ã¯à®é ¥âáï: 'x =
1;  x = 0; �x = 0 ¨ ¥¥ ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï

� = x+ '(y; z); � =  (y; z); # = �(y; z); (8:20)

¢ ª®â®àëå @( ; �)=@(y; z) 6= 0, ®¯à¥¤¥«ïîâ â ªãî § ¬¥ã ª®®à¤¨ â ¢
R

3, ª®â®à ï §  ®¯¥à â®à®¬ X1 á®åà ï¥â ¥£® ¯à®áâ¥©èãî ä®à¬ã.
�® ª« áá¨ä¨ª æ¨¨ (8.9{15) ª®¬¬ãâ â®à [X1;X2] «¨¡® à ¢¥ ã«î,

«¨¡® á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ X3. � áá¬®âà¨¬ á ç «  ¯¥à¢ë© á«ãç ©:

[X1;X2] = 0: (8:21)

�®¤áâ ¢¨¬ ¢ ª®¬¬ãâ â®à (8.21) ¢ëà ¦¥¨ï (8.19) ¤«ï ®¯¥à â®à®¢
X1 ¨ X2. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ãà ¢¥¨ï �2x = 0; �2x = 0; �2x = 0

á à¥è¥¨ï¬¨ �2 = �(y; z); �2 = �(y; z); �2 = � (y; z) ¨ ¯®â®¬ã

X2 = �(y; z)@x + �(y; z)@y + � (y; z)@z: (8:22)

�á«¨ ¢ ®¯¥à â®à å (8.19) �2 = 0 ¨ �2 = 0, â® ¥ ¡ã¤¥â ¢ë¯®«ïâìáï

ãá«®¢¨¥ «®ª «ì®© âà §¨â¨¢®áâ¨ (8.8), â® ¥áâì ¢ ®¯¥à â®à¥ (8.22)
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¤®«¦® ¡ëâì �2 + �
2 6= 0. �áãé¥áâ¢¨¬ ¢ ¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®-

®à¤¨ â (8.20):

X2 = (�+ �'y + �'z)@� + (� y + � z)@� + (��y + ��z)@#:

�ãáâì äãªæ¨¨ '; ; � ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨© � + �'y +
�'z = 0; � y + � z = 1; ��y + ��z = 0 á @( ; �)=@(y; z) 6= 0. �®-
£¤  ¤«ï ®¯¥à â®à  X2 ¯®«ãç ¥¬: X2 = @� ¨, ¢®§¢à é ïáì ª ¯à¥¦¨¬
®¡®§ ç¥¨ï¬ ª®®à¤¨ â, ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨ï¬

X1 = @x; X2 = @y;

X3 = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z

)
(8:23)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â

� = x+ '(z); � = y +  (z); # = �(z); (8:24)

¢ ª®â®à®© �0(z) 6= 0.
�¡à â¨¬áï â¥¯¥àì ª® ¢â®à®¬ã ª®¬¬ãâ â®àã [X3;X1], ª®â®àë© ¤«ï

á«ãç ï (8.21) á®£« á® ª« áá¨ä¨ª æ¨¨ (8.9{15) ¬®¦¥â ¡ëâì à ¢¥
0; �X1; �X2. �ãáâì

[X3;X1] = 0: (8:25)

�®¤áâ ¢«ïï ®¯¥à â®àë (8.23) ¢ ª®¬¬ãâ â®à (8.25), ¯®«ãç ¥¬ ãà ¢¥¨ï
�x = 0; �x = 0; �x = 0 á à¥è¥¨ï¬¨ � = �(y; z); � = �(y; z); � = � (y; z),
â® ¥áâì ¢¬¥áâ® (8.23) ¬®¦¥¬ § ¯¨á âì

X1 = @x; X2 = @y;

X3 = �(y; z)@x + �(y; z)@y + � (y; z)@z:

)
(8:26)

�ëïá¨¬ â¥¯¥àì, ª ª¨¥ ¢®§¨ª îâ ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï  
¢ëà ¦¥¨ï (8.26), ¥á«¨ âà¥â¨© ª®¬¬ãâ â®à ®¡à é ¥âáï ¢ ®«ì:
[X2;X3] = 0. �®¤áâ ¢«ïï ¢ íâ® ãá«®¢¨¥ ®¯¥à â®àë (8.26), ¯®«ãç ¥¬

ãà ¢¥¨ï �y = 0; �y = 0; �y = 0 ¨, á®®â¢¥âáâ¢¥®, ¤«ï ®¯¥à â®à  X3

¢ëà ¦¥¨¥:
X3 = �(z)@x + �(z)@y + � (z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.24):

X3 = (�+ �'
0)@� + (� + � 

0)@� + ��
0
@#:

�® ãá«®¢¨î (8.8) � 6= 0 ¨ ¯®â®¬ã äãªæ¨¨ '; ; � ¬®¦® ¢§ïâì ¨§
à¥è¥¨© ãà ¢¥¨© � + �'

0 = 0; � + � 
0 = 0; ��0 = 1. � à¥§ã«ìâ â¥

¯®«ãç ¥¬: X3 = @# ¨, ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå, ®¯¥à â®àë (8:90).
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�â ª, ¤«ï  ¡¥«¥¢®©  «£¥¡àë (8.9) ¯®«ãç¥® á â®ç®áâìî ¤® íª¢¨-
¢ «¥â®áâ¨ ®¤® ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à ¬¨ «®ª «ì® âà §¨â¨¢-
ëå ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢  R3, § ¤ ¢ ¥¬®¥ ¢ëà ¦¥¨ï¬¨ (8:90)
¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1.

�ãáâì, ¤ «¥¥, ®¯¥à â®àë (8.26) ã¤®¢«¥â¢®àïîâ ª®¬¬ãâ æ¨®®¬ã
ãá«®¢¨î [X2;X3] = X1  «£¥¡àë (8.10). �®¤áâ ¢«ïï ¢ íâ® ãá«®¢¨¥ ®¯¥-
à â®àë (8.26), ¯®«ãç ¥¬ ãà ¢¥¨ï �y = 1; �y = 0; �y = 0 ¨ ¯®á«¥ ¨å
¨â¥£à¨à®¢ ¨ï ¤«ï ®¯¥à â®à  X3 ¢ëà ¦¥¨¥

X3 = (y + �(z))@x + �(z)@y + � (z)@z:

�à®¨§¢¥¤¥¬ ¢ ¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.24):

X3 = (y + � + �'
0)@� + (� + � 

0)@� + ��
0
@#:

�®áª®«ìªã � 6= 0, äãªæ¨¨ '; ; � ¢®§ì¬¥¬ ¨§ à¥è¥¨© ãà ¢¥¨©
��

0 = 1; � + � 
0 = 0; � + � + �'

0 = 0, â® ¥áâì X3 = �@� + @# ¨
¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬ ¢ëà ¦¥¨ï (8:100) ¡ -
§¨áëå ®¯¥à â®à®¢ ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8.10).

�ëè¥ ¡ë« ¯®«®áâìî à áá¬®âà¥ á«ãç © ª®¬¬ãâ¨à®¢ ¨ï ¯® ãá«®-
¢¨î (8.25) ®¯¥à â®à®¢ X1 ¨ X3. �¥à¥©¤¥¬ â¥¯¥àì ª® ¢â®à®¬ã á«ãç î
¨§ âà¥å ¢®§¬®¦ëå, ª®£¤  ª®¬¬ãâ â®à [X3;X1] ¯® ª« áá¨ä¨ª æ¨¨ (8.9{

15) ¯à¨ ãá«®¢¨¨ (8.21) à ¢¥ �X1:

[X3;X1] = �X1: (8:27)

�®¤áâ ¢¨¬ ®¯¥à â®àë (8.23), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (8.21), ¢
ª®¬¬ãâ â®à (8.27). �â¥£à¨àãï ¯®«ãç îé¨¥áï ¯à¨ íâ®¬ ãà ¢¥¨ï
�x = 1, �x = 0, �x = 0, ¯à¨å®¤¨¬ ª â ª¨¬ ¢ëà ¦¥¨ï¬:

X1 = @x; X2 = @y;

X3 = (x+ �(y; z))@x + �(y; z)@y + � (y; z)@z

)
(8:28)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â (8.24).
�¯¥à â®àë (8.28) ã¤®¢«¥â¢®àïîâ ¤¢ã¬ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥-

¨ï¬ (8.21) ¨ (8.27). �® ®¡é¥© ª« áá¨ä¨ª æ¨¨ (8.9{15) âà¥â¨© ª®¬¬ã-
â â®à [X2;X3] ¬®¦¥â ¯à¨¨¬ âì ¯à¨ íâ®¬ § ç¥¨ï X1 + X2 ¨ pX2,
£¤¥ �1 � p � +1. � áá¬®âà¨¬ ®â¤¥«ì® íâ¨ ¤¢  á«ãç ï. �à¥¤¯®«®¦¨¬
á ç « , çâ® [X2;X3] = X1 +X2. �®¤áâ ¢«ïï ¢ íâ® ãá«®¢¨¥ ®¯¥à â®àë
(8.28) ¨ ¨â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = 1; �y =
1; �y = 0, ¤«ï ®¯¥à â®à  X3 ¯®«ãç ¥¬ ¢ëà ¦¥¨¥

X3 = (x+ y + �(z))@x + (y + �(z))@y + � (z)@z;
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¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨ â (8.24):

X3 = (x+ y + � + �'
0)@� + (y + � + � 

0)@� + ��
0
@#:

�® ãá«®¢¨î «®ª «ì®© âà §¨â¨¢®áâ¨ (8.8) � 6= 0 ¨ ¯®â®¬ã äãªæ¨¨
'; ; � ¬®¦® ¢§ïâì ¨§ à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© �� '� + �'

0 =

0; �� + � 0 = 0; ��0 = 1. �«ï ®¯¥à â®à  X3 ¨¬¥¥¬ â®£¤  ¢ëà ¦¥¨¥
X3 = (�+�)@�+�@�+@# ¨ ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬
¡ §¨áë¥ ®¯¥à â®àë (8:110) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8.11).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® [X2;X3] = pX2, £¤¥ �1 � p � +1. �®¤-
áâ ¢¨¬ ¢ íâ®â ª®¬¬ãâ â®à ®¯¥à â®àë (8.28). �â¥£à¨àãï ¢®§¨ª î-
é¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = 0; �y = p; �y = 0, ¤«ï ®¯¥à â®àï X3

¯à¨å®¤¨¬ ª ¢ëà ¦¥¨î

X3 = (x+ �(z))@x + (py + �(z))@y + � (z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.24):

X3 = (x+ � + �'
0)@� + (py + � + � 

0)@� + ��
0
@#:

�®áª®«ìªã ¯® ãá«®¢¨î (8.8) ¢ ®¯¥à â®à å (8.28) � 6= 0, äãªæ¨¨ '; ; �
¬®¦® ¢§ïâì ¨§ à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© ��'+ �'0 = 0; �� p +
� 

0 = 0; ��0 = 1. �«ï ®¯¥à â®à  X3 ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨î X3 = �@�+
p�@� + @#,   ¯®á«¥ ¢®§¢à é¥¨ï ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®®à¤¨ â
¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (8:120) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8.12).

�¥à¥¬áï ª ®¯¥à â®à ¬ (8.23), ¯®¤ç¨ïîé¨¬áï ª®¬¬ãâ æ¨®®¬ã
á®®â®è¥¨î (8.21), ¨ ¯®âà¥¡ã¥¬, çâ®¡ë ®¨ ã¤®¢«¥â¢®àï«¨ â ª¦¥ á®-

®â®è¥¨î
[X3;X1] = �X2; (8:29)

¢å®¤ïé¥¬ã ¢  «£¥¡àã (8.13). �®¤áâ ¢¨¬ ¢ á®®â®è¥¨¥ (8.29) ®¯¥à â®-
àë (8.23). �â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �x = 0; �x =
1; �x = 0, ¯®«ãç ¥¬ ¢ëà ¦¥¨ï

X1 = @x; X2 = @y;

X3 = �(y; z)@x + (x+ �(y; z))@y + � (y; z)@z

)
(8:30)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â (8.24).
�¯¥à â®àë (8.30) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (8.21) ¨ (8.29). �®-

âà¥¡ã¥¬ ¤«ï ¨å ¢ë¯®«¥¨ï ¥é¥ ¨ âà¥âì¥£® ª®¬¬ãâ æ¨®®£® á®®â®-
è¥¨ï [X2;X3] = �X1+qX2, £¤¥ 0 � q < 2, ¢å®¤ïé¥£® ¢  «£¥¡àã (8.13).
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�â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = �1; �y = q; �y = 0,
¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ¢ëà ¦¥¨î ¤«ï ®¯¥à â®à  X3:

X3 = (�y + �(z))@x + (x+ qy + �(z))@y + � (z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.24):

X3 = (�y + � + �'
0)@� + (x+ qy + � + � 

0)@� + ��
0
@#:

�®áª®«ìªã � 6= 0, äãªæ¨¨ '; ; � ¬®¦® ¢§ïâì ¨§ à¥è¥¨© á¨áâ¥¬ë
ãà ¢¥¨© � +  + �'

0 = 0; � � ' + q + � 
0 = 0; ��0 = 1 ¨ â®£¤ 

X3 = ��@�+(�+q�)@�+@#. �®§¢à é ïáì ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®-
®à¤¨ â, ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (8:130) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë
(8.13).

�ëè¥ ¡ë« ¯®«®áâìî à áá¬®âà¥ á«ãç ©, ª®£¤  ¯® ª« áá¨ä¨ª æ¨¨
(8.9{15) ¯¥à¢ë© ª®¬¬ãâ â®à [X1;X2] ®¡à é ¥âáï ¢ ®«ì. �¥à¥©¤¥¬ ª

¨áá«¥¤®¢ ¨î ¢â®à®£® ¢®§¬®¦®£® á«ãç ï, ª®£¤  íâ®â ª®¬¬ãâ â®à ®â-
«¨ç¥ ®â ã«ï:

[X1;X2] = X3: (8:31)

�à¨ ¯®¤áâ ®¢ª¥ ®¯¥à â®à®¢ (8.19) ¢ ª®¬¬ãâ æ¨®®¥ á®®â®è¥¨¥
(8.31) ãáâ  ¢«¨¢ îâáï á«¥¤ãîé¨¥ á¢ï§¨: �2x = �3; �2x = �3; �2x = �3,
¨á¯®«ì§ãï ª®â®àë¥ ¯¥à¥¯¨è¥¬ íâ¨ ®¯¥à â®àë, ®¯ãáâ¨¢ ¤«ï á®ªà é¥-
¨ï § ¯¨á¨ ¨¤¥ªá " 2 ":

X1 = @x;

X2 = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z;
X3 = �x(x; y; z)@x + �x(x; y; z)@y + �x(x; y; z)@z;

9>=
>; (8:32)

¯à¨ç¥¬ § ¬¥  ª®®à¤¨ â (8.20) ¯®-¯à¥¦¥¬ã ®áâ ¥âáï ¤®¯ãáâ¨¬®©.
�ãáâì ¥é¥ ¤«ï ®¯¥à â®à®¢ (8.32) ¢ë¯®«ï¥âáï ¢â®à®¥ ª®¬¬ãâ æ¨-

®®¥ á®®â®è¥¨¥  «£¥¡à (8.14) ¨ (8.15):

[X3;X1] = X2: (8:33)

�à¨ ¯®¤áâ ®¢ª¥ ®¯¥à â®à®¢ (8.32) ¢ á®®â®è¥¨¥ (8.33) ¯®«ãç ¥¬
ãà ¢¥¨ï �xx + � = 0, �xx + � = 0, �xx + � = 0, ®¡é¨¥ à¥è¥¨ï
ª®â®àëå å®à®è® ¨§¢¥áâë:

�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;
�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;
� (x; y; z) = � (y; z) sinx+ �(y; z)cosx;

9>=
>; (8:34)
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£¤¥ ¯® ãá«®¢¨î «®ª «ì®© âà §¨â¨¢®áâ¨ (8.8) �2+�2 6= 0; � 2+�2 6= 0.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (8.32) á ª®íää¨æ¨¥â ¬¨ (8.34) ¤®¯ãáâ¨-

¬ãî § ¬¥ã ª®®à¤¨ â (8.20). �ãæ¨î ' ¢®§ì¬¥¬ ¨§ à¥è¥¨© ãà ¢¥-
¨ï � cos' � � sin' + (� cos' � � sin')'y + (� cos' � � sin')'z = 0.

�á«¨ � sin' + � cos' = 0 ¨ � sin' + � cos' = 0 (¨ ¯®â®¬ã, ®ç¥¢¨¤-
®, � cos' � � sin' 6= 0 ¨ � cos' � � sin' 6= 0), â®, ¡¥àï äãªæ¨î �

¨§ à¥è¥¨© ãà ¢¥¨ï (� cos' � � sin')�y + (� cos' � � sin')�z = 0,
¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ (8.8). � «®£¨ç ï á¨âã æ¨ï
¢®§¨ª ¥â ¨ ¯à¨ � cos' � � sin' = 0 ¨ � cos' � � sin' = 0. �®íâ®¬ã
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® � sin' + � cos' 6= 0 ¨«¨ � sin' + � cos' 6= 0
¨ � cos'� � sin' 6= 0 ¨«¨ � cos'� � sin' 6= 0. �ãªæ¨¨  ¨ � ¢®§ì¬¥¬
¨§ à¥è¥¨© ãà ¢¥¨©

(� sin'+ � cos') y + (� sin'+ � cos') z = 0;

(� cos' � � sin')�y + (� cos'� � sin')�z = 1;

ª®â®àë¥ ¢á¥£¤  ¨¬¥îâ ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï. �¥©áâ¢¨â¥«ì®, ¥á«¨
����� = 0, â® ¥§ ¢¨á¨¬ë ®â«¨ç®¥ ®â ¯®áâ®ï®© à¥è¥¨¥  ¯¥à¢®£®
ãà ¢¥¨ï ¨ «î¡®¥ à¥è¥¨¥ � ¢â®à®£® ãà ¢¥¨ï. �á«¨ ¦¥ ����� 6= 0,
â® ¥§ ¢¨á¨¬ë ®â«¨çë¥ ®â ¯®áâ®ïëå à¥è¥¨ï  ¨ �0 ¯¥à¢®£® ãà ¢-
¥¨ï ¨ ®¤®à®¤®© ç áâ¨ ¢â®à®£®. �®íâ®¬ã, ¥á«¨ à¥è¥¨¥  ¨ ¥ª®-
â®à®¥ ç áâ®¥ à¥è¥¨¥ �1 ¢â®à®£® ãà ¢¥¨ï ®ª ¦ãâáï § ¢¨á¨¬ë¬¨,
â® ¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ, ®ç¥¢¨¤®, à¥è¥¨ï  ¨ � = �0 + �1. �«ï ®¯¥-
à â®à  X2,  ¯à¨¬¥à, ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ¬®¦¥¬ § ¯¨á âì â®£¤ 

á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥:

X2 = �(y; z) sinx@x + �(y; z) cos x@y + (� (y; z) sinx+ cos x)@z: (8:35)

�à®¨§¢¥¤¥¬ ¢ ¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.20) á '(y; z) = 0:

X2 = � sinx@� + (� z sinx+ (� y +  z) cos x)@� +

+ (��z sin x+ (��y + �z) cos x)@#:
(8:350)

�á«¨ � = 0, â® ¯®« £ ¥¬ ��y + �z = 0. �á«¨ ¦¥ � 6= 0, ® � = 0,
â® ¯®« £ ¥¬ �z = 0. � ®¡®¨å á«ãç ïå ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á
ãá«®¢¨¥¬ (8.8). �®íâ®¬ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¨¦¥, çâ® ®¤®¢à¥¬¥®
� 6= 0 ¨ � 6= 0.

� ¡¥£ ï ¥áª®«ìª® ¢¯¥à¥¤, ¯®¤áâ ¢¨¬ ®¯¥à â®àë (8.32) á ï¢ë¬ ¢ë-
à ¦¥¨¥¬ (8.35) ¢ âà¥â¨© ª®¬¬ãâ â®à [X2;X3] = "X1  «£¥¡à (8.14)
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¨ (8.15), £¤¥ " = +1 ¨ " = �1 á®®â¢¥âáâ¢¥®. �à¨ â ª®© ¯®¤áâ -
®¢ª¥, ¢ ç áâ®áâ¨, ¯®«ãç ¥âáï ãà ¢¥¨¥ ��z = 0, ¨§ ª®â®à®£® ¯à¨
� 6= 0 á«¥¤ã¥â �z = 0, â® ¥áâì �(y; z) = �(y). �®íâ®¬ã äãªæ¨¨  

¨ � ¢ ®¯¥à â®à¥ (8:350) ¢®§ì¬¥¬ ¨§ ¥§ ¢¨á¨¬ëå à¥è¥¨© ãà ¢¥¨©

 z = 0; � y = 1; ��y + �z = 0 á �z 6= 0 ¨ â®£¤ 

X2 = ~�(�; #) sin �@� + cos �@� + ~� (�; #) sin �@#:

�®§¢à é ïáì ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®íää¨æ¨¥â®¢ ¨ ª®®à¤¨ â, ¤«ï
®¯¥à â®à®¢ X1;X2;X3 ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

X1 = @x;

X2 = �(y; z) sinx@x + cosx@y + � (y; z) sinx@z;
X3 = �(y; z) cos x@x � sinx@y + � (y; z) cosx@z;

9>=
>; (8:36)

£¤¥, ®ç¥¢¨¤®, � 6= 0.

�¯¥à â®àë (8.36) ã¤®¢«¥â¢®àïîâ ¯¥à¢ë¬ ¤¢ã¬ ª®¬¬ãâ æ¨®ë¬
á®®â®è¥¨ï¬ (8.31) ¨ (8.33)  «£¥¡à (8.14), (8.15). �à¥¤¯®«®¦¨¬, çâ®
®¨ ã¤®¢«¥â¢®àïîâ ¥é¥ ¨ âà¥âì¥¬ã ª®¬¬ãâ æ¨®®¬ã á®®â®è¥-
¨î [X2;X3] = X1  «£¥¡àë (8.14). �à ¢¥¨ï �y = �

2+1 ¨ �y��� = 0,
¢®§¨ª îé¨¥ ¯à¨ íâ®¬, «¥£ª® ¨â¥£à¨àãîâáï:

�(y; z) = tg(y + a(z)); � (y; z) = � (z) sec(y + a(z)); (8:37)

£¤¥ a(z) ¨ � (z) { ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©, ¯à¨ç¥¬

� (z) 6= 0.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (8.36) á ª®íää¨æ¨¥â ¬¨ (8.37) § ¬¥ã

ª®®à¤¨ â (8.24), ¯®« £ ï ¢ ¥© '(z) = 0;  (z) = a(z) ¨ � (z)�0(z) = 1.
�«ï ®¯¥à â®à  X2,  ¯à¨¬¥à, ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ¯®«ãç¨¬ â ª®¥
¢ëà ¦¥¨¥:

X2 = tgy sinx@x + (cosx+ �(z) sec y sinx)@y + sec y sinx@z;

£¤¥ �(z) { ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©. � ¯®á«¥¤¥¬ ¢ëà -
¦¥¨¨ ¯à®¨§¢¥¤¥¬ ®¡éãî ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (8.20). �ãª-
æ¨¨ '; ; � ¯à¨ íâ®¬ ¢®§ì¬¥¬ ¨§ à¥è¥¨© á«¥¤ãîé¥© á¨áâ¥¬ë è¥áâ¨
ãà ¢¥¨©:

'y = sin'tg ;  y = cos'; �y = sin' sec ;
'z = cos y cos'tg � �(z) sin'tg � sin y;

 z = � sin' cos y � �(z) cos';
�z = cos y cos' sec � �(z) sin' sec ;

9>>>=
>>>;
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ª®â®à ï ¨â¥£à¨àã¥¬ , â ª ª ª 'yz = 'zy;  yz =  zy; �yz = �zy , ¨,
ªà®¬¥ â®£®, @( ; �)=@(y; z) 6= 0. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥-
à â®àë (8:140) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8.14).

�®¤áâ ¢¨¬, ¢ § ª«îç¥¨¥, ®¯¥à â®àë (8.36) ¢ âà¥â¨© ª®¬¬ãâ â®à

[X2;X3] = �X1  «£¥¡àë (8.15). �®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï ¨¬¥-
îâ á«¥¤ãîé¨¥ ç¥âëà¥ à¥è¥¨ï:

�(y; z) = 1; � (y; z) = � (z) expy; (8:38)

�(y; z) = �1; � (y; z) = � (z) exp(�y); (8:39)

�(y; z) = �th(y + a(z)); � (y; z) = � (z)=ch(y + a(z)); (8:40)

�(y; z) = �cth(y + a(z)); � (y; z) = � (z)=sh(y + a(z)); (8:41)

£¤¥ a(z) ¨ � (z) { ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©, ¯à¨ç¥¬
� (z) 6= 0.

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (8.36) á ª®íää¨æ¨¥â ¬¨ (8.38) § ¬¥ã
ª®®à¤¨ â � = x; � = y; # = �(z), ¯®« £ ï � (z)�0(z) = 1. � ¯à¥¦¨å
®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (8:150) ¯à¥¤-

áâ ¢«¥¨ï  «£¥¡àë (8.15). � «®£¨ç®, ¥á«¨ ¢ ®¯¥à â®à å (8.36) á ª®-
íää¨æ¨¥â ¬¨ (8.39) ¯à®¨§¢¥áâ¨ § ¬¥ã ª®®à¤¨ â � = x + �; � =
�y; # = �(z) ¨ ¯®«®¦¨âì � (z)�0(z) = �1, â® ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå
ª®®à¤¨ â á®¢  ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (8:150).

� ®¯¥à â®à å (8.36) á ª®íää¨æ¨¥â ¬¨ (8.40) ¨ (8.41) ¯à¥¤¢ à¨â¥«ì-
® ¯à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨ â (8.24), ¯®« £ ï ¢ ¥© '(z) = 0;  (z) =
a(z); � (z)�0(z) = 1. � ¯à¥¦¨å ®¡®§ ç¥¨ïå ¤«ï ®¯¥à â®à  X2,  ¯à¨-
¬¥à, ¯®«ãç ¥¬ â ª®¥ ¢ëà ¦¥¨¥:

X2 = �(y) sinx@x + (cosx+ �(z)� (y) sinx)@y + � (y) sinx@z;

£¤¥ «¨¡® �(y) = �thy ¨ � (y) = 1=chy, «¨¡® �(y) = �cthy ¨ � (y) = 1=shy,
  �(z) { ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©.

� «¥¥ ¢ ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à-
¤¨ â (8.20). �ãªæ¨¨ '; ; � ¯à¨ íâ®¬ ¢®§ì¬¥¬ ¨§ à¥è¥¨© á«¥¤ãîé¥©
¨â¥£à¨àã¥¬®© á¨áâ¥¬ë ãà ¥¨©:

'y = sin';  y = cos'; �y = sin' exp ;
'z = cos'=� (y)� �(z) sin'� �(y)=� (y);

 z = � sin'=� (y)� �(z)cos';
�z = cos' exp =� (y)� �(z) sin' exp ;

9>>>=
>>>;
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¤«ï ª®â®à®© ïª®¡¨  @( ; �)=@(y; z) ®â«¨ç¥ ®â ã«ï. � à¥§ã«ìâ â¥ á®-
¢  ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (8:150) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8.15).
�â¨¬ ãâ¢¥à¦¤¥¨¥¬ ¨ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.

� ¬¥â¨¬, çâ® ª ¦¤ ï ¨§ âà¥å¬¥àëå ¢¥é¥áâ¢¥ëå  ¡áâà ªâëå

 «£¥¡à �¨ (8.9{15) ¨¬¥¥â á®®â¢¥âáâ¢¥® ¥¤¨áâ¢¥®¥ á â®ç®áâìî
¤® íª¢¨¢ «¥â®áâ¨ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ (8:90 � 150) ®¯¥à â®-
à ¬¨ «®ª «ì® âà §¨â¨¢ëå ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �®¥çë¥
ãà ¢¥¨ï (8.4) ¤«ï ª ¦¤®© ¨§ ¨å ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî íªá¯®-
¥æ¨ «ì®£® ®â®¡à ¦¥¨ï (á¬. [41]),  ªâ¨¢® ¨á¯®«ì§®¢ ®£® ¢ ¯à¥-
¤ë¤ãé¥¬ x7. �¤ ª® íâ® ®â®¡à ¦¥¨¥ ¥ ¤«ï ¢á¥å ãª § ëå  «£¥¡à
®áãé¥áâ¢«ï¥âáï ¯à®áâ®,   ¤«ï ¥ª®â®àëå ¨§ ¨å,  ¯à¨¬¥à, ¯®á«¥¤-
¨å ¤¢ãå, â¥å¨ç¥áª¨ ®ª §ë¢ ¥âáï ¤®áâ â®ç® á«®¦ë¬ ¨ £à®¬®§¤-
ª¨¬. �®íâ®¬ã, ¢ ®â«¨ç¨¥ ®â x7, §¤¥áì ã¤®¡¥¥ ¡ã¤¥â  ©â¨ äãªæ¨î

(8.1) ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© á ¤¥©áâ¢¨-
ï¬¨ (8:4); (8:40), à¥è ï äãªæ¨® «ì®¥ ãà ¢¥¨¥ (8.5). �® ¨ä¨¨-
â¥§¨¬ «ì®¬ã ªà¨â¥à¨î ¨¢ à¨ â®áâ¨, ª ª ¨§¢¥áâ®, äãªæ¨ï (8.1)
¡ã¤¥â ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®  ã¤®-
¢«¥â¢®àï¥â á«¥¤ãîé¨¬ âà¥¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬:

X!f + �!f = 0; (8:42)

£¤¥ X! ¨ �!; ! = 1; 2; 3; { ¨ä¨¨â¥§¨¬«ìë¥ ®¯¥à â®àë ¤¥©áâ¢¨©
(8.4) ¨ (8:40). �ëà ¦¥¨ï ¤«ï ®¯¥à â®à®¢ X! ¯à¨¢¥¤¥ë ¢ â¥ªáâ¥ â¥®-
à¥¬ë 1,   á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥¨ï ¤«ï ®¯¥à â®à®¢

�! = ~�!(�; �; #)@� + ~�!(�; �; #)@� + ~�!(�; �; #)@# (8:700)

¬®£ãâ ¡ëâì ¯®«ãç¥ë ¯à®áâë¬ ¯¥à¥®¡®§ ç¥¨¥¬ ®¯¥à â®à®¢ ¨ ª®®à-
¤¨ â: X! ! �!; x! �; y! �; z! #:

�1 = @�; �2 = @�; �3 = @#; (8:900)

�1 = @�; �2 = @�; �3 = �@� + @#; (8:1000)

�1 = @�; �2 = @�; �3 = (� + �)@� + �@� + @#; (8:1100)

�1 = @�; �2 = @�; �3 = �@� + p�@� + @#; (8:1200)

�1 = @�; �2 = @�; �3 = ��@� + (� + q�)@� + @#; (8:1300)

�1 = @�;

�2 = tg� sin �@� + cos �@� + sec � sin �@#;
�3 = tg� cos �@� � sin �@� + sec � cos �@#;

9>=
>; (8:1400)
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�1 = @�;

�2 = sin �@� + cos �@� + exp � sin �@#;

�3 = cos �@� � sin �@� + exp � cos �@#;

9>=
>; (8:1500)

£¤¥ �1 � p � +1; 0 � q < 2.

�¥®à¥¬  2. � â®ç®áâìî ¤® ¬ áèâ ¡ëå ¯à¥®¡à §®¢ ¨©  (f)!
f äãªæ¨ï f = (f1; f2; f3), § ¤ îé ï   3-¬¥àëå ¬®£®®¡à §¨ïå M ¨

N âà¨¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (2; 2), ¢  ¤«¥¦ -

é¥ ¢ë¡à ëå ¢ ¨å á¨áâ¥¬ å «®ª «ìëå ª®®à¤¨ â x; y; z ¨ �; �; #

®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬¨ á¥¬ìî ª ®¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨:

f
1 = x+ �; f

2 = y + �; f
3 = z + #; (8:43)

f
1 = y � �; f

2 = (x+ �)y + z + #; f
3 = (x+ �)� + z + #; (8:44)

f
1 = (x+ �)2 exp(2(y + �)=(x+ �));
f
2 = (x+ �)z; f3 = (x+ �)#;

)
(8:45)

f
1 = (x+ �)p=(y + �); f2 = (x+ �)z; f3 = (x+ �)#; (8:46)

f
1 = ((x+ �)2 + (y + �)2) exp(2arctg((y + �)=(x+ �)));

f
2 = z + arctg((y + �)=(x+ �));
f
3 = #+ arctg((y + �)=(x+ �));

9>=
>; (8:47)

f
1 = sin y sin � cos(x+ �) + cosy cos �;

f
2 = z + sign(@f1=@y)�

� arcsin(sin(x+ �) sin y=
q
1� (f1)2);

f
3 = #+ sign(@f1=@�)�

� arcsin(sin(x+ �) sin �=
q
1� (f1)2);

9>>>>>>>=
>>>>>>>;

(8:48)

f
1 = (x+ �)y�; f2 = z + 1=(x + �)y2; f3 = #+ 1=(x + �)�2; (8:49)

£¤¥ �1 � p � +1;  = q=
p
4 � q2, ¯à¨ç¥¬ 0 �  < 1, â ª ª ª

0 � q < 2.

� ¯¨è¥¬ á ç «  á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:90),
(8:900):

fx + f� = 0; fy + f� = 0; fz + f# = 0: (8:50)

�à¨ ¥¥ ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï f1 = x� �; f
2 = y � �; f

3 = z � # ®¯à¥-
¤¥«ïîâ âà¨ ª®¬¯®¥âë äãªæ¨¨ (8.43) á â®ç®áâìî ¤® á«¥¤ãîé¥©

§ ¬¥ë ª®®à¤¨ â: �� ! �; ��! �; �#! #.
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� ¯¨è¥¬ â¥¯¥àì á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:100),
(8:1000):

fx + f� = 0; fy + f� = 0; yfx + fz + �f� + f# = 0: (8:51)

�¡é¥¥ à¥è¥¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (8.51)

f = �(x� �; y � �; z; #); (8:52)

£¤¥ � { ¯à®¨§¢®«ì ï äãªæ¨ï ç¥âëà¥å ¯¥à¥¬¥ëå, ¯®¤áâ ¢¨¬ ¢ ¥¥
âà¥âì¥ ãà ¢¥¨¥, ¯®« £ ï u = x � �; v = y � �: v�u + �z + �# = 0.
�®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï å à ªâ¥à¨áâ¨ª ¨¬¥îâ á«¥¤ãîé¨¥ âà¨
¥§ ¢¨á¨¬ë¥ ¨â¥£à « : z � # = c1; vz � u = c2; v# � u = c3. �®á«¥
ã¤®¡®© § ¬¥ë ª®®à¤¨ â: x ! �z; y ! x; z ! y ¨ � ! #; � !
��; # ! � ¢ ¬®£®®¡à §¨ïå M ¨ N ¯®«ãç ¥¬ âà¨ ª®¬¯®¥âë (8.44)
¥¢ëà®¦¤¥®© äãªæ¨¨ f .

� ¯¨è¥¬, ¤ «¥¥, á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:110),
(8:1100):

fx + f� = 0; fy + f� = 0;
(x+ y)fx + yfy + fz + (� + �)f� + �f� + f# = 0:

)
(8:53)

�¡é¥¥ à¥è¥¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (8.53), ª ª ¨ ¯à¥-
¤ë¤ãé¥©, § ¤ ¥âáï ¢ëà ¦¥¨¥¬ (8.52), ª®â®à®¥ ¯®¤áâ ¢¨¬ ¢ ¥¥ âà¥-

âì¥ ãà ¢¥¨¥: (u + v)�u + v�v + �z + �# = 0. �à ¢¥¨ï å à ªâ¥à¨-
áâ¨ª ¤«ï ¥£® ¨¬¥îâ âà¨ ¥§ ¢¨á¨¬ë¥ ¨â¥£à « : v2 exp(�2u=v) =
c1; v exp(�z) = c2; v exp(�#) = c3, ¨§ ª®â®àëå ¯®«ãç îâáï âà¨ ª®¬-
¯®¥âë (8.45) ¥¢ëà®¦¤¥®© äãªæ¨¨ f ¯®á«¥ á«¥¤ãîé¥© § ¬¥ë
ª®®à¤¨ â: x! �y; y ! x; z !� ln z ¨ � ! �; � !��; #! � ln#.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:120); (8:1200):

fx + f� = 0; fy + f� = 0;
xfx + pyfy + fz + �f� + p�f� + f# = 0;

)
(8:54)

£¤¥ �1 � p � +1.
�®¤áâ ¢¨¬ ®¡é¥¥ à¥è¥¨¥ (8.52) ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© (8.54) ¢

¥¥ âà¥âì¥ ãà ¢¥¨¥: u�u + pv�v + �z + �# = 0. �à¨ «î¡ëå ¢®§¬®¦-
ëå § ç¥¨ïå ¯ à ¬¥âà  p ãà ¢¥¨ï å à ªâ¥à¨áâ¨ª ¤«ï ¥£® ¨¬¥-
îâ á«¥¤ãîé¨¥ âà¨ ¥§ ¢¨á¨¬ë¥ ¨â¥£à « : up=v = c1; u exp(�z) =
c2; u exp(�#) = c3. �¢®¤ï ®¢ë¥ ª®®à¤¨ âë x! x; y! y; z! � ln z
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¨ � ! ��; � ! ��; # ! � ln# ¢ ¬®£®®¡à §¨ïå M ¨ N, ¯®«ãç ¥¬ ¨§
¨å âà¨ ª®¬¯®¥âë (8.46) ¥¢ëà®¦¤¥®© äãªæ¨¨ f .

� ¯¨è¥¬ ¥é¥ á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:130),
(8:1300):

fx + f� = 0; fy + f� = 0;

�yfx + (x+ qy)fy + fz � �f� + (� + q�)f� + f# = 0;

)
(8:55)

£¤¥ 0 � q < 2.
�¥è¥¨¥ (8.52) ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (8.55) ¯®¤áâ ¢¨¬ ¢

¥¥ âà¥âì¥ ãà ¢¥¨¥: �v�u + (u + qv)�v + �z + �# = 0. �à¨ ¥§ ¢¨á¨-
¬ë¥ ¨â¥£à «  á®®â¢¥âáâ¢ãîé¨å ãà ¢¥¨© å à ªâ¥à¨áâ¨ª  å®¤ïâáï
áà ¢¨â¥«ì® «¥£ª®, ® ¢¥è¥ ®¨ ¤®áâ â®ç® £à®¬®§¤ª¨:

((2u+ qv)2+ v
2(4 � q

2)) exp
2qp
4 � q2

arctg
2u + qv

v
p
4 � q2

= c1;

z +
2p

4 � q2
arctg

2u+ qv

v
p
4� q2

= c2;

#+
2p

4 � q2
arctg

2u+ qv

v
p
4� q2

= c3:

�¢¥¤¥¬ ¢ íâ¨å ¨â¥£à « å ®¢ë© ¯ à ¬¥âà  = q=
p
4 � q2 ¨ ã¤®¡ãî

§ ¬¥ã ª®®à¤¨ â: x ! (y � x)=2, y ! x=
p
4 � q2, z ! 2z=

p
4 � q2,

� ! �(� � �)=2, � ! ��=p4 � q2, # ! 2#=
p
4� q2. � à¥§ã«ìâ â¥

¯®«ãç ¥¬ âà¨ ª®¬¯®¥âë (8.47) ¥¢ëà®¦¤¥®© äãªæ¨¨ f .
� ¯¨è¥¬ â ª¦¥ á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:140),

(8:1400):
fx + f� = 0;

tgy sin xfx + cos xfy + sec y sinxfz+

+ tg� sin �f� + cos �f� + sec � sin �f# = 0;
tgy cos xfx � sin xfy + sec y cos xfz+

+ tg� cos �f� � sin �f� + sec � cos �f# = 0:

9>>>>>=
>>>>>;

(8:56)

�ç¥¢¨¤®¥ à¥è¥¨¥

f = �(x� �; y; �; z; #) (8:57)

¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (8.56), £¤¥ � { ¯à®¨§¢®«ì ï äãªæ¨ï ¯ïâ¨
¯¥à¥¬¥ëå, ¯®¤áâ ¢¨¬ ¢ ¥¥ ¢â®à®¥ ¨ âà¥âì¥ ãà ¢¥¨ï, ¢¢¥¤ï ®¡®§ -
ç¥¨¥ u = x � �. �®á«¥ íâ®£® ¨§ ¢â®à®£® ãà ¢¥¨ï, ã¬®¦¥®£®  
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cos �(cos x) ¢ëçâ¥¬ âà¥âì¥, ã¬®¦¥®¥   sin �(sin x):

tgy sinu�u + cos u�y + �� + sec y sinu�z = 0;
tg� sinu�u + �y + cosu�� � sec � sinu�# = 0:

)
(8:58)

�¬®¦¨¬ ¯¥à¢®¥ ¨§ ¯®«ãç¥ëå ãà ¢¥¨© á¨áâ¥¬ë (8.58)   tg� ¨
¢ëçâ¥¬ ¨§ ¥£® ¢â®à®¥, ã¬®¦¥®¥   tgy:

(tg� cos u� tgy)�y � (tgy cos u� tg�)�� +

+ sec y tg� sinu�z + sec� tgy sinu�# = 0:

�à¨ ¥§ ¢¨á¨¬ë¥ ¨â¥£à « 

cos y cos � cos u+ siny sin � = c1;

z + sign(c1y) arcsin
sinu cos �q

1 � c
2
1

= c2;

#� sign(c1�) arcsin
sinu cos yq

1 � c
2
1

= c3

á®®â¢¥âáâ¢ãîé¨å ãà ¢¥¨© å à ªâ¥à¨áâ¨ª ï¢«ïîâáï, ª ª ¥âàã¤®
¯à®¢¥à¨âì, à¥è¥¨ï¬¨ ¨áå®¤®© á¨áâ¥¬ë (8.56) ¨ ®¯à¥¤¥«ïîâ âà¨ ª®¬-
¯®¥âë (8.48) ¥¢ëà®¦¤¥®© äãªæ¨¨ f ¯®á«¥ á«¥¤ãîé¥© ®ç¥¢¨¤®©
§ ¬¥ë ª®®à¤¨ â: x ! x; y ! y � �=2; z ! z ¨ � ! ��; � !
� � �=2; # ! �#,   â ª¦¥ ¬ áèâ ¡®© äãªæ¨¨ f

1 ! f
1
; f

2 !
f
2
; f

3 ! �f3.
� ¯¨è¥¬,  ª®¥æ, á¨áâ¥¬ã ãà ¢¥¨© (8.42) á ®¯¥à â®à ¬¨ (8:150),

(8:1500):
fx + f� = 0;

sinxfx + cosxfy + exp y sinxfz+
+ sin �f� + cos �f� + exp � sin �f# = 0;
cosxfx � sinxfy + expy cos xfz+

+ cos �f� � sin �f� + exp� cos �f# = 0:

9>>>>>=
>>>>>;

(8:59)

�¡é¥¥ à¥è¥¨¥ (8.57) ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (8.59) ¯®¤áâ ¢¨¬
¢ ¥¥ ¢â®à®¥ ¨ âà¥âì¥ ãà ¢¥¨ï. �¬®¦¨¬ § â¥¬ ¢â®à®¥ ãà ¢¥¨¥  
sinx(sin �) ¨ á«®¦¨¬ á âà¥âì¨¬, ã¬®¦¥ë¬   cos x(cos �):

(1� cos u)�u + e
y
�z + sinu�� + e

� cos u�# = 0;
(cos u� 1)�u � sinu�y + e

y cos u�z + e
�
�# = 0:

)
(8:60)
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�ª« ¤ë¢ ï ¤¢  ãà ¢¥¨ï á¨áâ¥¬ë (8.60), ¨áª«îç ¥¬ ¯à®¨§¢®¤ãî �u:

sinu(�y � ��)� (1 + cosu)(ey�z + e
�
�#) = 0:

�®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï å à ªâ¥à¨áâ¨ª ¨¬¥îâ âà¨ ¥§ ¢¨á¨¬ë¥
¨â¥£à « : exp(�(y + �)=2) sin(u=2) = c1; z + exp y ctg(u=2) = c2; #�
exp � ctg(u=2) = c3, ª®â®àë¥ ®¤®¢à¥¬¥® ï¢«ïîâáï à¥è¥¨ï¬¨ á¨áâ¥-
¬ë (8.60) ¨, ¥áâ¥áâ¢¥®, ¨áå®¤®© á¨áâ¥¬ë (8.59). �à®¨§¢®¤ï ¢ íâ¨å
¨â¥£à « å ã¤®¡ãî § ¬¥ã ª®®à¤¨ â: x ! 2arctgx; y ! � ln((1 +
x
2)y2); z ! z+x=(1+x2)y2 ¨ � ! �2arctg�; � ! � ln((1+ �2)�2); #!
# + �=(1 + �

2)�2,   â ª¦¥ ¬ áèâ ¡®¥ ¯à¥®¡à §®¢ ¨¥ f1 ! f
1
; f

2 !
f
2
; f

3 ! �f3, ¯®«ãç ¥¬ âà¨ ª®¬¯®¥âë (8.49) ¥¢ëà®¦¤¥®© äãª-
æ¨¨ f , çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.

�¥à¥©¤¥¬ â¥¯¥àì ª ãà ¢¥¨î (8.3), ¢ëà ¦ îé¥¬ã ä¥®¬¥®«®-

£¨ç¥áªãî á¨¬¬¥âà¨î âà¨¬¥âà¨ç¥áª¬å ä¨§¨ç¥áª¨å áâàãªâãà. �¥ ¤«ï
¢á¥å á¥¬¨ âà¨¬¥âà¨ª (8.43{49), ¯¥à¥ç¨á«¥ëå ¢ â¥®à¥¬¥ 2, â ª¨¥
ãà ¢¥¨ï  ©¤¥ë. �áª«îç ï âà¨¢¨ «ìë© á«ãç © âà¨¬¥âà¨ª¨
(8.43), ¤«ï ª®â®à®© ãà ¢¥¨¥ (8.3)  å®¤¨âáï í«¥¬¥â à®,   â ª¦¥
âà¨¬¥âà¨ª (8.47) ¨ (8.48), ¤«ï ª®â®àëå ãà ¢¥¨ï (8.3) ¥é¥ ¥  ©¤¥-
ë, ¤«ï ®áâ ¢è¨åáï ç¥âëà¥å âà¨¬¥âà¨ª (8.44), (8.45), (8.46) ¨ (8.49)
ãà ¢¥¨ï (8.3)  è¥« �.�.�¨¬®®¢ (ç áâ®¥ á®®¡é¥¨¥):

¤«ï âà¨¬¥âà¨ª¨ (8.43):

f
1(i�)� f

1(i�)� f
1(j�) + f

1(j�) = 0;
f
2(i�)� f

2(i�)� f
2(j�) + f

2(j�) = 0;
f
3(i�)� f

3(i�)� f
3(j�) + f

3(j�) = 0;

9>=
>; (8:61)

¤«ï âà¨¬¥âà¨ª¨ (8.44):�������
0 1 1
1 a(i�) a(i�)
1 a(j�) a(j�)

������� = 0;

�������
0 1 1
1 b(i�) b(i�)
1 b(j�) b(j�)

������� = 0;

�������
a(i�) b(i�) 1
a(j�) b(j�) 1
a(j�) b(j�) 1

�������+
�������
0 1 1
1 c(i�) c(i�)
1 c(j�) c(j�)

������� = 0;

9>>>>>>>>>>=
>>>>>>>>>>;

(8:62)

£¤¥ a = f
1
; b = (f2 � f

3)=f1; c = f
2 + f

3.
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¤«ï âà¨¬¥âà¨ª¨ (8.45):

R̂(��)

����� a(i�) c(i�)

a(j�) c(j�)

����� = 0;

����� c(i�) c(i�)

c(j�) c(j�)

����� = 0;

R̂(��)f
����� b(i�) c(i�)
b(j�) c(j�)

������
����� a(i�) c(i�) ln c(i�)
a(j�) c(j�) ln c(j�)

�����g = 0;

9>>>>>>=
>>>>>>;

(8:63)

£¤¥ a =
p
f2f3; b =

p
f2f3 ln

q
f1=f2f3; c =

q
f2=f3 ¨ R̂(��) { ®¯¥à â®à

 «ìâ¥à¨à®¢ ¨ï ( â¨á¨¬¬¥âà¨§ æ¨¨) ¯® í«¥¬¥â ¬ �; �, ¨á¯®«ì§®-
¢ ë© â ª¦¥ ¢ ãà ¢¥¨ïå (7.27) ¯à¥¤ë¤ãé¥£® x7;

¤«ï âà¨¬¥âà¨ª¨ (8.46):

R̂(��)

����� a(i�) c(i�)

a(j�) c(j�)

����� = 0;

����� c(i�) c(j�)

c(i�) c(j�)

����� = 0;

R̂(��)

����� b(i�) c
p(i�)

b(j�) c
p(j�)

����� = 0;

9>>>>>>=
>>>>>>;

(8:64)

£¤¥ a =
p
f2f3; b = (

p
f2f3)p=f1; c =

q
f2=f3;

¤«ï âà¨¬¥âà¨ª (8.47) ¨ (8.48) ¤®  áâ®ïé¥£® ¢à¥¬¥¨ ãà ¢¥¨ï
(8.3) ¥é¥ ¥  ©¤¥ë;

¤«ï ¯®á«¥¤¥© á¥¤ì¬®© âà¨¬¥âà¨ª¨ (8.49):

R̂(��)

����� a(i�) c(i�)
a(j�) c(j�)

����� = 0;

R̂(��)a�1(j�)[b(j�)

����� a(i�) c(i�)
a(j�) c(j�)

������ a(i�)] = 0:

R̂(��)f(a(i�) + b(i�))a�1(i�)a�1(j�)�

�[b(j�)
����� a(i�) c(i�)
a(j�) c(j�)

������ a(i�)] + b(j�)a�1(i�)g = 0;

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

(8:65)

£¤¥ a = f
1
; b = f

1
f
2
; c = f

1
f
3.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® à¥§ã«ìâ âë, ¨§«®¦¥ë¥ ¢ â¥®à¥¬¥ 1,
¡ë«¨ ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ à ¥¥ ¢ à ¡®â¥ [42], ¢ â® ¢à¥¬ï ª ª à¥§ã«ì-
â âë, ¨§«®¦¥ë¥ ¢ â¥®à¥¬¥ 2, ¢  áâ®ïé¥© ¬®®£à ä¨¨ ¯ã¡«¨ªãîâáï

¢¯¥à¢ë¥.
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x9. �¥ª®â®àë¥ á«¥¤áâ¢¨ï £¨¯®â¥§ë ® ¡¨ à®© áâàãªâãà¥

¯à®áâà áâ¢ 

�¨§¨ç¥áª¨¥ ¯à¥¤¯®áë«ª¨ £¨¯®â¥§ë ® ¡¨ à®© áâàãªâãà¥ ¯à®áâà -
áâ¢  ¡ë«¨ ¨§«®¦¥ë �.�.�« ¤¨¬¨à®¢ë¬ ¢ ¥£® ª¨£¥ "�à®áâà áâ¢®-
¢à¥¬ï: ï¢ë¥ ¨ áªàëâë¥ à §¬¥à®áâ¨" [43]   áâà. 47{55. �¥©áâ¢¨-
â¥«ì®, ª« áá¨ç¥áª¨¥ ¯à®áâà áâ¢¥®-¢à¥¬¥ë¥ ®â®è¥¨ï ¯à¨áã-
é¨ ®¡ê¥ªâ ¬ ¬ ªà®¬¨à , â® ¥áâì á«®¦ë¬ ®¡à §®¢ ¨ï¬, á®áâ®ïé¨¬
¨§ à §®¨¬¥® § àï¦¥ëå ¬¨ªà®ç áâ¨æ. � ¤àã£®© áâ®à®ë, ¨¤¥ï
¡¨ à®áâ¨ ®â®è¥¨© ¥áâ¥áâ¢¥® ¢ª«îç¥  ¢ â¥®à¨î ä¨§¨ç¥áª¨å

áâàãªâãà �.�.�ã« ª®¢  [1],[2],[3], ª®â®à ï ¨áå®¤¨â ¨§ ®ç¥ì ®¡é¨å ¨
¥áâ¥áâ¢¥ëå ¯à¥¤¯®«®¦¥¨©. �  áâ®ïé¥¬ ¯ à £à ä¥  ¢â®à, ®¯¨à -
ïáì   £¨¯®â¥§ã ® ¡¨ à®© áâàãªâãà¥ ¯à®áâà áâ¢  ¨ ¨á¯®«ì§ãï á¢®¨
ª« áá¨ä¨ª æ¨®ë¥ à¥§ã«ìâ âë ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà [14],
ãáâ  ¢«¨¢ ¥â á¨¬¬¥âà¨î ¬¥âà¨ª¨ ä¨§¨ç¥áª®£® ¯à®áâà áâ¢  ¨  -
å®¤¨â ¤«ï íâ®© ¬¥âà¨ª¨ ï¢®¥ ¢ëà ¦¥¨¥.

�  ç «¥ x2 ¡ë«® ¤ ® ªà âª®¥ ¢ ®¡é¨å ç¥àâ å ®¯à¥¤¥«¥¨¥ ä¥®-
¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© ®¤®¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨ ¤¢ãå ¬®-
¦¥áâ¢, â® ¥áâì ®¡ëç®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (n + 1;m + 1)

  ¤¢ãå ¬®£®®¡à §¨ïå M ¨ N à §¬¥à®áâ¨ m ¨ n. � ¬ ¦¥ ¡ë«  ¢®á-
¯à®¨§¢¥¤¥  ¯®« ï á¢®¤ª  «®ª «ìëå à¥§ã«ìâ â®¢, ¢§ïâ ï ¨§ à ¡®âë
[14]. � ¯à¨«®¦¥¨¨ ª £¥®¬¥âà¨¨ ¥áâ¥áâ¢¥® ®£à ¨ç¨âìáï á«ãç ¥¬
m = n � 1, ª®£¤  ¬®£®®¡à §¨ï M ¨ N ¨¬¥îâ ®¤¨ ª®¢ãî à §¬¥à-
®áâì. �®®â¢¥âáâ¢ãîé¨¥ ª ®¨ç¥áª¨¥ ¢ëà ¦¥¨ï ¤«ï ¬¥âà¨ç¥áª®©
äãªæ¨¨ f(i�), £¤¥ i 2M ¨ � 2 N, ¡ã¤ãâ á«¥¤ãîé¨¬¨:

¤«ï m = n = 1:
f(i�) = x(i) + �(�); (9:1)

¤«ï m = n � 2:

f(i�) = x
1(i)�1(�) + : : :+ x

n�1(i)�n�1(�) + x
n(i) + �

n(�); (9:2)

f(i�) = x
1(i)�1(�) + : : :+ x

n(i)�n(�): (9:3)

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë à £ 
(2,2) ¨¬¥¥âáï â®«ìª® ®¤  ª ®¨ç¥áª ï ä®à¬  (9.1) ¬¥âà¨ç¥áª®© äãª-
æ¨¨, ¢ â® ¢à¥¬ï ª ª ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë ¡®«¥¥ ¢ëá®ª®£® à £ 
(n+1; n+1) á n � 2 â ª¨å ä®à¬ ¡ã¤¥â ¤¢¥: (9.2) ¨ (9.3), ¯à¨ç¥¬ ®¨ ¥
á¢®¤¨¬ë ¤àã£ ª ¤àã£ã ¨ª ª¨¬¨ § ¬¥ ¬¨ ª®®à¤¨ â ¢ ¬®£®®¡à §¨ïå
M;N ¨ ¬ áèâ ¡ë¬ ¯à¥®¡à §®¢ ¨¥¬  (f)! f . �® ¥áâì ¢ ãª § ®¬

á¬ëá«¥ ¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (9.2) ¨ (9.3) ¥íª¢¨¢ «¥âë.
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�«ï ª ¦¤®© ¨§ ¬¥âà¨ª (9.1),(9.2),(9.3) § ¯¨è¥¬ ¥é¥ ¨ ãà ¢¥¨¥
(1.1), ¢ëà ¦ îé¥¥ ä¥®¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î § ¤ ¢ ¥¬®© ¥î
£¥®¬¥âà¨¨ ¤¢ãå ¬®¦¥áâ¢:

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.1):

f(i�) � f(i�)� f(j�) + f(j�) = 0; (9:4)

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.2):�����������

0 1 1 : : : 1
1 f(i�) f(i�) : : : f(i� )
1 f(j�) f(j�) : : : f(j� )
. . . . . . . . . . . . . . . . . . .
1 f(v�) f(v�) : : : f(v� )

�����������
= 0; (9:5)

¯à¨ç¥¬ ¢ ª®àâ¥¦¥< ijk : : : v; �� : : : � > n+1 í«¥¬¥â®¢ i; j; k; : : : ; v 2
M ¨ n + 1 í«¥¬¥â®¢ �; �; ; : : : ; � 2 N, â® ¥áâì < ijk : : : v; �� : : : � >

2Mn+1 �Nn+1, £¤¥ n � 2;
¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.3):���������

f(i�) f(i�) : : : f(i� )
f(j�) f(j�) : : : f(j� )
. . . . . . . . . . : : : . . . . .
f(v�) f(v�) : : : f(v� )

���������
= 0; (9:6)

¯à¨ç¥¬, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, < ijk : : : v; �� : : : � > 2Mn+1 �
Nn+1, £¤¥ n � 2.

� â¥¬ â¨ç¥áª¨¬ ¢ëà ¦¥¨¥¬ £¨¯®â¥§ë ® ¡¨ à®© áâàãªâãà¥ ¯à®-
áâà áâ¢  á®£« á® ¨¤¥ï¬ �.�.�ã« ª®¢  [5] ¨ ä¨§¨ç¥áª¨¬ ¯à¥¤¯®áë«-
ª ¬ �.�.�« ¤¨¬¨à®¢  [43], ¯® ¬¥¨î  ¢â®à , ¤®«¦  ¡ëâì á«¥¤ãî-
é ï
�ªá¨®¬ . �ãé¥áâ¢ã¥â â ª®¥ ¢§ ¨¬® ®¤®§ ç®¥ «®ª «ì® £« ¤-

ª®¥ ®â®¡à ¦¥¨¥ ' : M ! N, çâ® ¬¥âà¨ª  � n-¬¥à®£® ¯à®áâà áâ¢ 
M, § ¤ ¢ ¥¬ ï ¢ëà ¦¥¨¥¬

�(ij) = f(i; '(j)); (9:7)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�(ij) = �(�(ji)); (9:8)

£¤¥ � { ¥ª®â®à ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®© á ®â«¨ç®© ®â ã«ï ¯à®-

¨§¢®¤®© �0.
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�¥®à¥¬ . �¥âà¨ç¥áª ï äãªæ¨ï (9:7) n-¬¥à®£® ¯à®áâà áâ¢ 

M, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (9:8), á â®ç®áâìî ¤® «®ª «ì® ®¡à -

â¨¬®© § ¬¥ë ª®®à¤¨ â ¢ M ¨ ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï

 (�)! � § ¤ ¥âáï ¢ëà ¦¥¨ï¬¨:

�(ij) = x(i) + ax(j) (9:9)

¤«ï n = 1;
�(ij) = h��x

�(i)x�(j) + x
n(i) + ax

n(j); (9:10)

�(ij) = g��x
�(i)x�(j) (9:11)

¤«ï n � 2, £¤¥ h�� = ah��; �; � = 1; : : : ; n � 1; g�� = ag��; �; � =
1; : : : ; n; a = �1 ¨ ¯® "¥¬ë¬" ¨¤¥ªá ¬ �; � ¨ �; � ¯à®¨§¢®¤¨âáï

áã¬¬¨à®¢ ¨¥ ¢ á®®â¢¥âáâ¢ãîé¨å ¯à¥¤¥« å: 1 � �; � � n � 1 ¨ 1 �
�; � � n, ¯à¨ç¥¬ ¢ á«ãç ¥  â¨á¨¬¬¥âà¨¨, ª®£¤  a = �1, ¢ëà ¦¥¨¥

(9:10) ®¯à¥¤¥«ï¥â ¬¥âà¨ªã â®«ìª® ¥ç¥â®¬¥à®£® ¯à®áâà áâ¢ 

(n = 3; 5; 7; : : : ),   ¢ëà ¦¥¨¥ (9:11) { â®«ìª® ç¥â®¬¥à®£® (n =

2; 4; 6; : : : ).

� ¯¨è¥¬ á ç «  ¬¥âà¨ªã ®¤®¬¥à®£® ¯à®áâà áâ¢  M, ¯®¤áâ -
¢«ïï ¢ ¥¥ ®¯à¥¤¥«¥¨¥ (9.7) ª ®¨ç¥áª®¥ ¢ëà ¦¥¨¥ (9.1) ¤«ï ä¨§¨ç¥-
áª®© áâàãªâãàë à £  (2,2):

�(ij) = x(i) + '(j); (9:12)

£¤¥ '(j) = '(x(j)), ¯à¨ç¥¬ ãá«®¢¨¥ (9.8):

x(i) + '(j) = �(x(j) + '(i)) (9:13)

¥áâì äãªæ¨® «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® ®â®¡à ¦¥¨ï ' ¨ äãª-

æ¨¨ �.
�à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥¨¥ (9.13) ¯® ª®®à¤¨ â ¬ x(i) ¨ x(j):

1 = �
0(�(ji))d'(i)=dx(i) ¨ d'(j)=dx(j) = �

0(�(ji)), ®âªã¤  ¯®«ãç ¥¬

d'(i)=dx(i) = (d'(j)=dx(j))�1; (9:14)

¤«ï «î¡®© ¯ àë < ij >,   â ª ª ª ª®®à¤¨ âë x(i) ¨ x(j) à §¤¥«¥ë,
â® d'=dx = a ¨ ¯®á«¥ ¨â¥£à¨à®¢ ¨ï ¨¬¥¥¬:

'(x) = ax: (9:15)
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�à¨ ¨â¥£à¨à®¢ ¨¨ ®¯ãé¥   ¤¤¨â¨¢ ï ¯®áâ®ï ï, â ª ª ª à¥-
§ã«ìâ â ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ä®à¬ã«¨àã¥âáï á â®ç®áâìî ¤® ¬ á-
èâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (�) ! �, ª®â®àë¬ íâ  ¯®áâ®ï ï ¢á¥£¤ 
¬®¦¥â ¡ëâì ¨áª«îç¥ . �®¤áâ ¢«ïï ¢ëà ¦¥¨¥ (9.15) ¢ ¯à¥¤ë¤ãé¥¥

á®®â®è¥¨¥ (9.14),  å®¤¨¬,çâ® a = a
�1 ¨«¨ a2 = 1, â® ¥áâì a = �1,

  ¨á¯®«ì§ãï § â¥¬ äãªæ¨î (9.15) ¢ ®¯à¥¤¥«¥¨¨ ¬¥âà¨ª¨ (9.12), ¯®-
«ãç ¥¬ ¢ëà ¦¥¨¥ (9.9) ¤«ï ¥¥. �®áª®«ìªã, ª ª «¥£ª® ãáâ ®¢¨âì,
�(ij) = a�(ji), ¬¥âà¨ª  ®¤®¬¥à®£® ¯à®áâà áâ¢  M, § ¤ ¢ ¥¬ ï ¢ë-
à ¦¥¨¥¬ (9.9), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9.13), ¯à¨ç¥¬ ®  ¬®¦¥â ¡ëâì
«¨¡® á¨¬¬¥âà¨ç®© (a = +1 ¨ ¯®â®¬ã �(u) = u), «¨¡®  â¨á¨¬¬¥âà¨ç-
®© (a = �1 ¨ ¯®â®¬ã �(u) = �u).

�¥à¥©¤¥¬, ¤ «¥¥, ª à áá¬®âà¥¨î ¯¥à¢®£® ª ®¨ç¥áª®£® ¢ëà ¦¥-
¨ï (9.2) ¤«ï ä¨§¨ç¥áª¨å áâàãªâãà à £  (n + 1; n + 1), £¤¥ n � 2, â®

¥áâì à £  (3,3), (4,4) ¨ â.¤. �®¤áâ ¢¨¬ íâ® ¢ëà ¦¥¨¥ ¢ ®¯à¥¤¥«¥¨¥
(9.7) ¬¥âà¨ª¨ n-¬¥à®£® ¯à®áâà áâ¢  M:

�(ij) = x
�(i)'�(j) + x

n(i) + 'n(j); (9:16)

£¤¥ '�(j) = '�(x
1(j); : : : ; xn�1(j); xn(j)) ¨   «®£¨ç® ¤«ï 'n(j), ¯à¨-

ç¥¬ áã¬¬¨à®¢ ¨¥ ¯® "¥¬®¬ã" ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï ¢ ¯à¥¤¥« å ®â
1 ¤® n � 1. �á«®¢¨¥ (9.8) ¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.16):

x
�(i)'�(j) + x

n(i) + 'n(j) = �(x�(j)'�(i) + x
n(j) + 'n(i)); (9:17)

ª®â®à®¥ ï¢«ï¥âáï äãªæ¨® «ìë¬ ãà ¢¥¨¥¬ ®â®á¨â¥«ì® ®â®¡à -

¦¥¨ï ' ¨ äãªæ¨¨ �, ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯® ª®®à¤¨ â ¬ x�(i); � =
1; : : : ; n� 1:

'�(j) = �
0(�(ji))(x�(j)@'�(i)=@x

�(i) + @'n(i)=@x
�(i)); (9:18)

  â ª¦¥ ¯® ª®®à¤¨ â ¬ x
n(i) ¨ xn(j):

1 = �
0(�(ji))(x�(j)@'�(i)=@x

n(i) + @'n(i)=@x
n(i)); (9:19)

x
�(i)@'�(j)=@x

n(j) + @'n(j)=@x
n(j) = �

0(�(ji)): (9:20)

�®áª®«ìªã ¢ ãá«®¢¨¨ (9.8) �0(�(ji)) 6= 0, ¨§ à¥§ã«ìâ â®¢ ¤¨ää¥à¥-
æ¨à®¢ ¨ï (9.18) ¨ (9.19) ¯®«ãç ¥¬ á¢ï§ì:

'�(j) =
x
�(j)@'�(i)=@x

�(i) + @'n(i)=@x
�(i)

x�(j)@'�(i)=@xn(i) + @'n(i)=@xn(i)
; (9:21)
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¨§ ª®â®à®© «¥£ª® ¢ë¢®¤¨¬, çâ®

@'�=@x
n = 0: (9:22)

� ãç¥â®¬ á«¥¤áâ¢¨ï (9.22) ¨§ à¥§ã«ìâ â®¢ ¤¨ää¥à¥æ¨à®¢ ¨ï
(9.19) ¨ (9.20) ãáâ  ¢«¨¢ ¥¬ á®®â®è¥¨¥ ¯à®¨§¢®¤ëå:

@'n(i)=@x
n(i) = (@'n(j)=@x

n(j))�1;

¤«ï «î¡®© ¯ àë < ij >,   «®£¨ç®¥ á®®â®è¥¨î (9.14), ®âªã¤  ¯®-
«ãç ¥¬

@'n=@x
n = a; (9:23)

¯à¨ç¥¬, ®ç¥¢¨¤®, a2 = 1, â® ¥áâì a = �1.
�¢ï§ì ¦¥ (9.21) á ãç¥â®¬ á«¥¤áâ¢¨© (9.22) ¨ (9.23) § ç¨â¥«ì® ã¯à®-

é ¥âáï:
a'�(j) = x

�(j)@'�(i)=@x
�(i) + @'n(i)=@x

�(i) (9:210)

¨ ¨§ ¥¥ ¢ëâ¥ª ¥â, çâ® @'�=@x
� = h�� = const. �®á«¥ ¨â¥£à¨à®¢ -

¨ï íâ¨å ãà ¢¥¨© ¨ ãà ¢¥¨ï (9.22) ¯®«ãç ¥¬ ¢ëà ¦¥¨ï ¤«ï ª®¬-

¯®¥â '�, £¤¥ � = 1; : : : ; n � 1, ¢§ ¨¬® ®¤®§ ç®£® ®â®¡à ¦¥¨ï
' = ('1; : : : ; 'n�1; 'n):

'� = h��x
� + c�; (9:24)

¯à¨ç¥¬ ª¢ ¤à â ï ¬ âà¨æ  ª®íää¨æ¨¥â®¢ h�� , ¨¬¥îé ï ¯®àï¤®ª
n� 1, ¤®«¦  ¡ëâì ¥¢ëà®¦¤¥®©, â ª ª ª äãªæ¨¨ '� ¥§ ¢¨á¨¬ë.

�®¤áâ ¢¨¬ ¢ëà ¦¥¨ï (9.24) ¢ ¯à¥¤ë¤ãéãî ã¯à®é¥ãî á¢ï§ì
(9:210):

a(h��x
�(j) + c�) = h��x

�(j) + @'n(i)=@x
�(i);

®âªã¤  «¥£ª® ¯®«ãç ¥¬:
h�� = ah��; (9:25)

@'n=@x
� = ac�; (9:26)

£¤¥,  ¯®¬¨¬, a = �1; h�� = const; c� = const. �®®â®è¥¨ï (9.23)

¨ (9.26) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã n ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
®â®á¨â¥«ì® ¯®á«¥¤¥© ª®¬¯®¥âë 'n ®â®¡à ¦¥¨ï ' : M ! N.
�â¥£à¨àãï á¨áâ¥¬ã,  å®¤¨¬ íâã ª®¬¯®¥âã:

'n = a(c�x
� + x

n); (9:27)
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¯à¨ç¥¬  ¤¤¨â¨¢ ï ¯®áâ®ï ï ®¯ãé¥  ¯® â¥¬ ¦¥ á®®¡à ¦¥¨ï¬, çâ®
¨ ¢ ¢ëà ¦¥¨¨ (9.15). �®¤áâ ¢¨¬ ¢ëà ¦¥¨¥ (9.24) ¨ (9.27) ¤«ï ª®¬-
¯®¥â '� ¨ 'n ®â®¡à ¦¥¨ï ' ¢ ®¯à¥¤¥«¥¨¥ ¬¥âà¨ª¨ (9.16):

�(ij) = h��x
�(i)x�(j) + c�x

�(i) + x
n(i) + a(c�x

�(j) + x
n(j)): (9:28)

�¢®¤ï § â¥¬ ¥áâ¥áâ¢¥®¥ ¯à¥®¡à §®¢ ¨¥ ª®®à¤¨ â x� ! x
�
; c�x

� +
x
n ! x

n, ¯à¨å®¤¨¬ ª ¯¥à¢®¬ã ¢ëà ¦¥¨î (9.10) ¤«ï ¬¥âà¨ç¥áª®©
äãªæ¨¨ �(ij) ¢ á«ãç ¥ n � 2.

�§ ®ª®ç â¥«ì®£® ¢ëà ¦¥¨ï (9.10) ¨ à¥§ã«ìâ â  (9.25) á«¥¤ã¥â,
çâ® �(ij) = a�(ji), â® ¥áâì çâ® ®¯à¥¤¥«ï¥¬ ï ¢ëà ¦¥¨¥¬ (9.16) ¨
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (9.17) ¬¥âà¨ª  n-¬¥à®£® ¯à®áâà áâ¢  M
¬®¦¥â ¡ëâì «¨¡® á¨¬¬¥âà¨ç®© (a = +1), «¨¡®  â¨á¨¬¬¥âà¨ç®©
(a = �1), ¯à¨ç¥¬, ª ª ¨ ¤«ï á«ãç ï n = 1, äãªæ¨ï �(u), ¡ã¤ãç¨ à¥è¥-

¨¥¬ äãªæ¨® «ì®£® ãà ¢¥¨ï (9.17), § ¤ ¥âáï â¥¬ ¦¥ ¢ëà ¦¥¨¥¬:
�(u) = au.

�®¯®«¨â¥«ì® § ¬¥â¨¬, çâ® ¢ á«ãç ¥  â¨á¨¬¬¥âà¨¨ ¬¥âà¨ç¥áª®©
äãªæ¨¨ (9.10), ª®£¤  a = �1, ¯®àï¤®ª ¥¢ëà®¦¤¥®© ª¢ ¤à â®© ¬ -
âà¨æë h�� , à ¢ë© n� 1, ¤®«¦¥ ¡ëâì ç¥âë¬, â ª ª ª ®¯à¥¤¥«¨â¥«ì
 â¨á¨¬¬¥âà¨ç¥®© ¬ âà¨æë ¥ç¥â®£® ¯®àï¤ª  ¢á¥£¤  à ¢¥ ã«î,
â® ¥áâì â ª ï ¬ âà¨æ  ¢á¥£¤  ¢ëà®¦¤¥ . � ª¨¬ ®¡à §®¬, ¢ ¢ëà ¦¥-
¨¨ (9.10) ¤«ï á«ãç ï a = �1 à §¬¥à®áâì ¯à®áâà áâ¢  M ¥ç¥â ï
(n = 3; 5; 7; : : : ),   ¤«ï ç¥â®© à §¬¥à®áâ¨ (n = 2; 4; 6; : : : ) ¬¥âà¨ª 

(9.10) áâ ®¢¨âáï ¢ëà®¦¤¥®© ¢ â®¬ á¬ëá«¥, çâ® ¥ª®â®à®© «¨¥©®©
§ ¬¥®© ª®®à¤¨ â ¨§ ¥¥ ¬®¦® ¨áª«îç¨âì, ¯® ªà ©¥© ¬¥à¥, ®¤ã ª®-
®à¤¨ âã, â® ¥áâì § ¢¨á¨¬®áâì ®â ¨å áâ ®¢¨âáï ¥áãé¥áâ¢¥®©.

� áá¬®âà¨¬,  ª®¥æ, ¢â®à®¥ ª ®¨ç¥áª®¥ ¢ëà ¦¥¨¥ (9.3) ¤«ï ä¨-
§¨ç¥áª¨å áâàãªâãà à £  (n+1; n+1), £¤¥ ¯®-¯à¥¦¥¬ã n � 2, â® ¥áâì
à £  (3,3), (4,4) ¨ â.¤. �®¤áâ ¢¨¬ ¥£® ¢ ®¯à¥¤¥«¥¨¥ (9.7) ¬¥âà¨ª¨
n-¬¥à®£® ¯à®áâà áâ¢  M:

�(ij) = x
�(i)'�(j); (9:29)

¯à¨ç¥¬ "¥¬®¥" áã¬¬¨à®¢ ¨¥ ¯® ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï ¢ ¯à¥¤¥« å

®â 1 ¤® n, ¢ ®â«¨ç¨¥ ®â ¬¥âà¨ª¨ (9.16), £¤¥   «®£¨ç®¥ áã¬¬¨à®¢ ¨¥
¯® ¨¤¥ªáã � ¯à®¨§¢®¤¨«®áì ¢ ¯à¥¤¥« å ®â 1 ¤® n� 1.

�á«®¢¨¥ (9.8) ¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.29):

x
�(i)'�(j) = �(x�(j)'�(i)) (9:30)
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â ª¦¥ ï¢«ï¥âáï äãªæ¨® «ìë¬ ãà ¢¥¨¥¬ ®â®á¨â¥«ì® ®â®¡à ¦¥-
¨ï ' ¨ äãªæ¨¨ �, ª ª ¨ ãá«®¢¨¥ (9.17). �à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥-
¨¥ (9.30) ¯® ª®®à¤¨ â ¬ x

�(i); x�(i); x�(j):

'�(j) = �
0(�(ji))x�(j)@'�(i)=@x

�(i);

'� (j) = �
0(�(ji))x�(j)@'�(i)=@x

�(i);
x
�(i)@'�(j)=@x

�(j) = �
0(�(ji))'�(i);

9>=
>; (9:31)

®âªã¤ , ¨áª«îç ï ®â«¨çãî ®â ã«ï ¯à®¨§¢®¤ãî �
0(�(ji)), ¯®«ãç ¥¬

¤¢  á®®â®è¥¨ï:

'�(j)

'�(j)
=
x
�(j)@'�(i)=@x

�(i)

x�(j)@'�(i)=@x�(i)
; (9:32)

'�(j)

x�(i)@'�(j)=@x�(j)
=
x
�(j)@'�(i)=@x

�(i)

'�(i)
; (9:33)

ª®â®àë¥ ï¢«ïîâáï â®¦¤¥áâ¢ ¬¨ ¯® ª®®à¤¨ â ¬ â®ç¥ª i ¨ j.
� ä¨ªá¨àã¥¬ ¢ ¯¥à¢®¬ á®®â®è¥¨¨ (9.32) ª®®à¤¨ âë â®çª¨ i:

'�=g��x
� = '�=g��x

�
;

¯à¨ç¥¬ á«¥¢  ¨ á¯à ¢  ¥â áã¬¬¨à®¢ ¨ï ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬
� ¨ � , â® ¥áâì

'� = cg��x
�
; (9:34)

£¤¥ g�� = const,   c { ¥ª®â®à ï äãªæ¨ï ª®®à¤¨ â. �®áª®«ìªã ®â®-
¡à ¦¥¨¥ ' : M ! N ¢§ ¨¬® ®¤®§ ç®¥, ¥£® ª®¬¯®¥âë '�; � =
1; : : : ; n ¤®«¦ë ¡ëâì ¥§ ¢¨á¨¬ë,   ¯®â®¬ã ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®©
¬ âà¨æë ª®íää¨æ¨¥â®¢ g�� ¤®«¦¥ ¡ëâì ®â«¨ç¥ ®â ã«ï ¨, ªà®¬¥
â®£®, c 6= 0.

�â ª, ¨§ ¯¥à¢®£® á®®â®è¥¨ï (9.32) ¡ë«® ¯®«ãç¥® ¢ëà ¦¥¨¥
(9.34),   ª®â®à®¥ ¢â®à®¥ á®®â®è¥¨¥ (9.33)  « £ ¥â ¤®¯®«¨â¥«ì®¥

®£à ¨ç¥¨¥. �®«®¦¨¬ ¢ á®®â®è¥¨¨ (9.33) á ç «  i = j,   § â¥¬
� = � , ®âªã¤  ¯®«ãç ¥¬

'� = ax
�
@'�=@x

�
; (9:35)

£¤¥ a2 = 1, â® ¥áâì a = �1.
� ®¢®¥ ãà ¢¥¨¥ (9.35),   â ª¦¥ ¢ ¯à¥¤ë¤ãé¨¥ á®®â®è¥¨ï (9.32)

¨ (9.33) ¯®¤áâ ¢¨¬ ¯®«ãç¥®¥ à ¥¥ ¢ëà ¦¥¨¥ (9.34):

g��x
�
x
�
@c=@x

� = (ag�� � g��)x
�
c; (9:36)
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g��x
�(j)

g��x
�(j)

=
g��x

�(j)c(i) + g�"x
�(j)x"(i)@c(i)=@x�(i)

g��x
�(j)c(i) + g�"x

�(j)x"(i)@c(i)=@x�(i)
; (9:37)

g��x
�(j)c(j)

g��x
�(i)c(j) + g�"x

�(i)x"(j)@c(j)=@x�(j)
=

=
g��x

�(j)c(i) + g�"x
�(j)x"(i)@c(i)=@x�(i)

g��x
�(i)c(i)

:

(9:38)

�®®â®è¥¨ï (9.36), (9.37), (9.38) ¡ã¤¥¬ ¨áá«¥¤®¢ âì ¢ â ª¨å ¤¢ãå
¯à¥¤¯®«®¦¥¨ïå: «¨¡® g�� = ag�� ¤«ï ¢á¥å ¨¤¥ªá®¢ �; �, «¨¡® g�� 6=
ag�� ¤«ï ¥ª®â®àëå ¨¤¥ªá®¢ �; �. � áá¬®âà¨¬ á ç «  ¯¥à¢ë© á«ãç ©:

g�� = ag��; (9:39)

ª®£¤  ¬ âà¨æ  ª®íää¨æ¨¥â®¢ g�� á¨¬¬¥âà¨ç  (a = +1) ¨«¨  â¨-
á¨¬¬¥âà¨ç  (a = �1) ¯® ¯¥à¥áâ ®¢ª¥ ¨¤¥ªá®¢ � ¨ �. �®®â®è¥¨¥
(9.37) ¯à¨ íâ®¬ § ç¨â¥«ì® ã¯à®áâ¨âáï:

g��x
�(j)@c(i)=@x�(i) = g��x

�(j)@c(i)=@x�(i);

®âªã¤ , ¤¨ää¥à¥æ¨àãï ¯® ª®®à¤¨ â¥ x�(j), ¯®«ãç ¥¬ á¢ï§ì ¯à®¨§-
¢®¤ëå:

g��@c=@x
� = g��@c=@x

�
:

�®ª ¦¥¬, çâ® c = const. �¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥,
â® ¥áâì çâ® å®âï ¡ë ®¤  ¨§ ¯à®¨§¢®¤ëå äãªæ¨¨ c ¥ ®¡à é ¥âáï
¢ ã«ì,  ¯à¨¬¥à, @c=@x�

0 6= 0. �®£¤  ¯à¨ � = �
0 ¨§ ¯®á«¥¤¥© á¢ï§¨

¯à®¨§¢®¤ëå ãáâ  ¢«¨¢ ¥¬, çâ® g�� = g�0�(@c=@x
�)=(@c=@x�

0

) ¤«ï «î-
¡ëå ¨¤¥ªá®¢ � ¨ �. �® ¯à¨ â ª®¬ ¬ã«ìâ¨¯«¨ª â¨¢®¬ à áé¥¯«¥¨¨
¨¤¥ªá®¢ ¢ ª®íää¨æ¨¥â å g�� ®¯à¥¤¥«¨â¥«ì ¨å ¬ âà¨æë ®¡à é ¥âáï
¢ ã«ì, çâ® ¯à®â¨¢®à¥ç¨â ¥§ ¢¨á¨¬®áâ¨ äãªæ¨© (9.34), ï¢«ïîé¨åáï
ª®¬¯®¥â ¬¨ ¢§ ¨¬® ®¤®§ ç®£® ®â®¡à ¦¥¨ï ' : M ! N. � -

ª¨¬ ®¡à §®¬, ¯à¥¤¯®«®¦¥¨¥ ® â®¬, çâ® å®âï ¡ë ®¤  ¨§ ¯à®¨§¢®¤ëå
äãªæ¨¨ c ¢ ¢ëà ¦¥¨¨ (9.34) ®â«¨ç  ®â ã«ï, ¯à¨¢®¤¨â ª ¯à®â¨¢®-
à¥ç¨î. �«¥¤®¢ â¥«ì®, @c=@x� = 0 ¤«ï ¢á¥å ¨¤¥ªá®¢ � = 1; : : : ; n ¨
¯®â®¬ã ¢ ¯à¥¤¯®«®¦¥¨¨ (9.39) äãªæ¨ï c = const.

� áá¬®âà¨¬ â¥¯¥àì ¢â®à®© á«ãç ©, ª®£¤ 

g�� 6= ag�� (9:40)

151



¤«ï ¥ª®â®àëå ¨¤¥ªá®¢ �; �, ¯à¨ç¥¬, ª ª íâ® á«¥¤ã¥â ¨§ ãà ¢¥¨ï
(9.36), ¤®«¦® ¡ëâì g��x

�
x
� 6= 0.

�®¤áâ ¢¨¬ ¢ëà ¦¥¨¥ ¤«ï ¯à®¨§¢®¤®© @c=@x� ¨§ ãà ¢¥¨ï (9.36)
¢ á®®â®è¥¨¥ (9.38):

g��x
�(j)

g��x
�(i) + c� (j)~c�(j)x�(i)

=
g��x

�(j) + c�(i)~c�(i)x
�(j)

g��x
�(i)

; (9:41)

£¤¥ ¤«ï ã¤®¡áâ¢  ¢¢¥¤¥ë ®¡®§ ç¥¨ï c� = (ag���g��)x�=g�"x�x"; ~c� =
g�"x

", ¨§ ª®â®àëå á«¥¤ã¥â, çâ® c� 6= 0 ¨ ~c� 6= 0 ¤«ï ¥ª®â®àëå ¨¤¥ªá®¢
� ¨ �. �§ á®®â®è¥¨ï (9.41) ¯®«ãç ¥¬:

g��x
�(j) + c�(i)~c�(i)x

�(j) = A(ij)g��x
�(j); (9:42)

¯à¨ç¥¬ ¤«ï ª®íää¨æ¨¥â  A(ij) ¨¬¥¥¬ á«¥¤ãîé¥¥ ¯¥à¥áâ ®¢®ç®¥
á¢®©áâ¢®:

A(ij) = 1=A(ji): (9:43)

�à¥¤¯®«®¦¨¬, çâ® ¢ à ¬ª å ãá«®¢¨ï (9.40) ª®íää¨æ¨¥â A(ij) § ¢¨-
á¨â ï¢ë¬ ®¡à §®¬ ®â ª®®à¤¨ â ®¡¥¨å â®ç¥ª i ¨ j, â® ¥áâì

@A(ij)=@x�(i) 6= 0 ¨ @A(ij)=@x�(j) 6= 0 (9:44)

¤«ï ¥ª®â®àëå ¨¤¥ªá®¢ � ¨ �. �à®¤¨ää¥à¥æ¨àã¥¬ á®®â®è¥¨¥
(9.42) ¯® ª®®à¤¨ â¥ x�(j):

g�� + c�(i)~c�(i) = g��A(ij) + g�"x
"(j)@A(ij)=@x�(j);

¯®á«¥ ç¥£® § ä¨ªá¨àã¥¬ ª®®à¤¨ âë â®çª¨ j:

g�� = A(i)g�� � c�(i)~c�(i) + d�
~d�(i):

�®«ãç¥ãî á¢ï§ì ¯®¤áâ ¢¨¬ ¢ ¨áå®¤®¥ á®®â®è¥¨¥ (9.42), à §à¥-
è¨¬ ¥£® ®â®á¨â¥«ì® g��x

�(j) ¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯® ª®®à¤¨ â¥
x
�(j):

g�� = d�@[ ~d"(i)x
"(j)=(A(ij)�A(i))]=@x�(j);

¯à¨ç¥¬ ¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï (9.44) § ¬¥ â¥«ì A(ij)�A(i) ¯à ¢®©

ç áâ¨ ®â«¨ç¥ ®â ã«ï. �® ¬ã«ìâ¨¯«¨ª â¨¢®¥ à áé¥¯«¥¨¥ ¨¤¥ªá®¢
� ¨ � ¢ ¯®«ãç¥®¬ ¢ëà ¦¥¨¨ ®§ ç ¥â ®¡à é¥¨¥ ¢ ã«ì ®¯à¥¤¥«¨-
â¥«ï ¬ âà¨æë ª®íää¨æ¨¥â®¢ g��, çâ® ¯à®â¨¢®à¥ç¨â ¥§ ¢¨á¨¬®áâ¨
äãªæ¨© (9.34).
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�à¥¤¯®«®¦¨¬ â®£¤ , çâ® ¢ à ¬ª å ãá«®¢¨ï (9.40) ª®íää¨æ¨¥â A(ij)
¨§ á®®â®è¥¨ï (9.42) ¥ § ¢¨á¨â ï¢® ®â ª®®à¤¨ â ª ª®©-«¨¡® ¨§
â®ç¥ª i ¨ j, â® ¥áâì

@A(ij)=@x�(i) = 0 ¨«¨ @A(ij)=@x�(j) = 0 (9:45)

¤«ï ¢á¥å ¨¤¥ªá®¢ � ¨«¨ �. �§ ¯¥à¥áâ ®¢®ç®£® á¢®©áâ¢  (9.43) ¢
íâ®¬ á«ãç ¥ ¯®«ãç ¥¬ A(ij) = A = const, ¯à¨ç¥¬ A = �1, â® ¥áâì
A = a. �à®¤¨ää¥à¥æ¨àã¥¬ á®®â®è¥¨¥ (9.42) ¯® ª®®à¤¨ â¥ x�(j),
ãç¨âë¢ ï ¯®á«¥¤¨© à¥§ã«ìâ â: g�� + c�(i)~c�(i) = ag��, ®âªã¤  á«¥¤ã-
¥â c�(i)~c�(i) = c�(j)~c�(j). � á¨«ã ¯à¥¤¯®« £ ¥¬®£® ãá«®¢¨ï (9.40) ¤«ï
¥ª®â®à®£® ¨¤¥ªá  � = �

0 ®â«¨ç¥ ®â ã«ï ª®íää¨æ¨¥â c�0 ¨ â®£¤ 
~c�(i) = c�0(j)~c�(j)=c�0(i). �® ¢¢¥¤¥®¬ã ¢ á®®â®è¥¨¨ (9.41) ®¡®§ -
ç¥¨î ~c�(i) = g��x

�(i) ¨ á ãç¥â®¬ ¯à¥¤ë¤ãé¥£® ¢ëà ¦¥¨ï ¨¬¥¥¬:

g��x
�(i) = c�0(j)~c�(j)=c�0(i). �¨ää¥à¥æ¨àãï íâ®â à¥§ã«ìâ â ¯® ¯® ª®-

®à¤¨ â¥ x�(i), á®¢  ¯®«ãç ¥¬ ¬ã«ìâ¨¯«¨ª â¨¢®¥ à áé¥¯«¥¨¥ ¨-
¤¥ªá®¢ � ¨ � ¢ ¢ëà ¦¥¨¨ ¤«ï ª®íää¨æ¨¥â®¢ g�� äãªæ¨© (9.34), çâ®
¯à®â¨¢®à¥ç¨â ¨å ¥§ ¢¨á¨¬®áâ¨.

� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (9.40) ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î ¨ ¯®â®-
¬ã ¥ ¬®¦¥â ¢ë¯®«ïâìáï. �áâ ¥âáï ¯®íâ®¬ã â®«ìª® ãá«®¢¨¥ (9.39),
¯à¨ ª®â®à®¬, ª ª ¡ë«® ¯®ª § ® ¢ëè¥, ¢ ¢ëà ¦¥¨ïå (9.34) äãªæ¨ï
c = const. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ à¥§ã«ìâ â  ¬®¦®, ®ç¥¢¨¤®,
¯®«®¦¨âì c = 1 ¨ â®£¤ 

'� = g��x
�
; (9:46)

¯à¨ç¥¬ g�� = ag��; a = �1 ¨ ¬ âà¨æ  íâ¨å ª®íää¨æ¨¥â®¢ ¥¢ëà®-
¦¤¥ ï. �®¤áâ ¢«ïï äãªæ¨î (9.46) ¢ ®¯à¥¤¥«¥¨¥ (9.29), ¯à¨å®¤¨¬
ª® ¢â®à®¬ã ¢ëà ¦¥¨î (9.11) ¬¥âà¨ª¨ �(ij) ¢ á«ãç ¥ n � 2, ª®â®à ï
â ª¦¥ ®ª §ë¢ ¥âáï «¨¡® á¨¬¬¥âà¨ç®©, «¨¡®  â¨á¨¬¬¥âà¨ç®©, ¯®-
áª®«ìªã ¨§ á¢ï§¨ (9.39) ¤«ï ¥¥ á«¥¤ã¥â: �(ij) = a�(ji), £¤¥ a = �1.
�â®á¨â¥«ì® ¦¥ äãªæ¨¨ �(u) ¨áå®¤®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥
(9.30) ¨¬¥¥â, ®ç¥¢¨¤®, à¥è¥¨¥ �(u) = au, á®¢¯ ¤ îé¥¥ á à¥è¥¨ï-
¬¨ ¤«ï ¥¥ äãªæ¨® «ìëå ãà ¢¥¨© (9.13) ¨ (9.17). � ¬¥â¨¬ ¥é¥,
çâ® ¢ á«ãç ¥  â¨á¨¬¬¥âà¨ç®© ¬¥âà¨ª¨ (9.11) ¯à¨ a = �1, ª®£¤ 
g�� = �g��, ¯®àï¤®ª ª¢ ¤à â®© ¬ âà¨æë ª®íää¨æ¨¥â®¢ g��, à ¢ë©
n, ¤®«¦¥ ¡ëâì ç¥âë¬ (n = 2; 4; 6; : : : ). �á«¨ ¦¥ ¯®àï¤®ª ¥¥ ¥ç¥âë©
(n = 3; 5; 7; : : : ), â® ¬ âà¨æ  g�� ¢á¥£¤  ¢ëà®¦¤¥ , çâ® ¯à¨¢®¤¨â ª
¢ëà®¦¤¥¨î ¬¥âà¨ç¥áª®© äãªæ¨¨ (9.11). � ª¨¬ ®¡à §®¬, ¢ëà ¦¥¨¥
(9.11) ¢ á«ãç ¥  â¨á¨¬¬¥âà¨¨, ª®£¤  a = �1, ®¯à¥¤¥«ï¥â ¬¥âà¨ªã
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â®«ìª® ç¥â®¬¥à®£® á¨¬¯«¥ªâ¨ç¥áª®£® ¯à®áâà áâ¢ . �¥®à¥¬  ¯®«-
®áâìî ¤®ª §  .

� áá¬®âà¨¬ £¥®¬¥âà¨ç¥áªãî ¨â¥à¯à¥â æ¨î ¯®«ãç¥ëå à¥§ã«ì-
â â®¢. �à¥¤¯®«®¦¨¬ á ç « , çâ® a = +1, â® ¥áâì çâ® ¬¥âà¨ª  �(ij)

á¨¬¬¥âà¨ç :
�(ij) = �(ji): (9:47)

�ëà ¦¥¨¥ (9.9) ¢ íâ®¬ á«ãç ¥ ¡ã¤¥â á«¥¤ãîé¨¬:

�(ij) = x(i) + x(j); (9:48)

â® ¥áâì exp �(ij) «®ª «ì® ¯à¥¤áâ ¢«ï¥â á®¡®© áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥.
�ëà ¦¥¨¥ (9.10) ¯à¨ a = +1 § ¯¨è¥âáï:

�(ij) = h��x
�(i)x�(j) + x

n(i) + x
n(j); (9:100)

£¤¥ h�� = h�� ¨ �; � = 1; : : : ; n � 1. �ãáâì ¤«ï ¢á¥å â®ç¥ª i 2 M ¤®-
¯®«¨â¥«ì® ¢ë¯®«ï¥âáï ãá«®¢¨¥ �(ii) = const, ª®â®à®¥ ã¬¥ìè ¥â
ç¨á«® ¥§ ¢¨á¨¬ëå ª®®à¤¨ â, â ª ª ª 2xn + h��x

�
x
� = const. �á«¨

¢®á¯®«ì§®¢ âìáï íâ®© á¢ï§ìî ª®®à¤¨ â, â® ¤«ï ¬¥âà¨ª¨ (9:100) ¯®«ã-
ç¨¬ ¢ëà ¦¥¨¥

�(ij) = �0; 5h��(x�(i)� x
�(j))(x�(i)� x

�(j)) + const:

�á«¥¤áâ¢¨¥ á¨¬¬¥âà¨¨ ¨ ¥¢ëà®¦¤¥®áâ¨ ¬ âà¨æë ª®íää¨æ¨¥â®¢
h�� ¬®¦® ¢¢¥áâ¨ â ªãî § ¬¥ã ª®®à¤¨ â ¢ ¬®£®®¡à §¨¨ M, çâ® íâ 
ª¢ ¤à â¨ç ï ä®à¬  áâ ¥â ¤¨ £® «ì®©:

�(ij) = "�(x
�(i)� x

�(j))2; (9:49)

¯à¨ç¥¬ "� = �1; � = 1; : : : ; n � 1 ¨ ¯® "¥¬®¬ã" ¨¤¥ªáã � ¯à®¨§¢®-
¤¨âáï áã¬¬¨à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® n � 1,    ¤¤¨â¨¢ ï ¯®áâ®-
ï ï ¨áª«îç¥  ¬ áèâ ¡ë¬ ¯à¥®¡à §®¢ ¨¥¬. �®«ãç¥®¥ ¢ëà ¦¥-

¨¥ (9.49) § ¤ ¥â á¨¬¬¥âà¨çãî ¥¢ëà®¦¤¥ãî ª¢ ¤à â¨çãî ¬¥-
âà¨ªã ¢ ¥¢ª«¨¤®¢®¬ ¨ ¯á¥¢¤®¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å à §¬¥à®áâ¨
n� 1 � 1, â ª ª ª n � 2. �®¯à®á ® £¥®¬¥âà¨ç¥áª®© ¨â¥à¯à¥â æ¨¨ ¨á-
å®¤®£® ¢ëà ¦¥¨ï (9:100) ¡¥§ ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï �(ij) = const
¯®ª  ®áâ ¥âáï ®âªàëâë¬.

�ëà ¦¥¨¥ (9.11) ¯à¨ a = +1, ª®£¤  g�� = g��, ¤¨ £® «¨§ã¥¬ ¥-
ª®â®à®© § ¬¥®© ª®®à¤¨ â:

�(ij) = "�x
�(i)x�(j); (9:50)
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£¤¥ "� = �1; � = 1; : : : ; n ¨ ¯® "¥¬®¬ã" ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï áã¬-
¬¨à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® n. �¥âà¨ªã (9.50) ¬®¦® ¨â¥à¯à¥â¨à®-
¢ âì ª ª á¨¬¬¥âà¨ç®¥ áª «ïà®¥ ¨«¨ ¯á¥¢¤®áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢
¥¢ª«¨¤®¢®¬ ¨«¨ ¯á¥¢¤®¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å à §¬¥à®áâ¨ n � 2.

� «®¦¥¨¥¬   ¥¥ ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï �(ii) = const ¢ë¤¥«ï¥âáï
ª« áá ¯à®áâà áâ¢ ¯®áâ®ï®© ªà¨¢¨§ë (£¨¯¥àáä¥àë ¨«¨ £¨¯¥à¯á¥¢-
¤®áä¥àë).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® a = �1, â® ¥áâì çâ® ¬¥âà¨ª  �(ij)  â¨-
á¨¬¬¥âà¨ç :

�(ij) = ��(ji): (9:51)

�ëà ¦¥¨ï (9.9), (9.10) ¨ (9.11) ¯à¨ a = �1 ¡ã¤ãâ á«¥¤ãîé¨¬¨:

�(ij) = x(i)� x(j); (9:52)

�(ij) = h��x
�(i)x�(j) + x

n(i)� x
n(j); (9:53)

�(ij) = g��x
�(i)x�(j); (9:54)

¯à¨ç¥¬ h�� = �h��; �; � = 1; : : : ; n�1, £¤¥ n = 3; 5; 7; : : : ¢ ¢ëà ¦¥¨¨
(9.53) ¨ g�� = �g��; �; � = 1; : : : ; n, £¤¥ n = 2; 4; 6; : : : ¢ ¢ëà ¦¥¨¨
(9.54). �¥à¢ë¥ ¤¢  ¢ëà ¦¥¨ï (9.52) ¨ (9.53) § ¤ îâ ¥«¨¥©ãî ¥-
¢ëà®¦¤¥ãî ¬¥âà¨ªã á¨¬¯«¥ªâ¨ç¥áª®£® ¯à®áâà áâ¢  ¥ç¥â®© à §-
¬¥à®áâ¨, ¢ â® ¢à¥¬ï ª ª âà¥âì¥ ¢ëà ¦¥¨¥ (9.54) § ¤ ¥â ®¡ëçãî ¡¨-
«¨¥©ãî ¥¢ëà®¦¤¥ãî ¬¥âà¨ªã á¨¬¯«¥ªâ¨ç¥áª®£® ¯à®áâà áâ¢ 
ç¥â®© à §¬¥à®áâ¨. �¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® á¨¬¯«¥ªâ¨ç¥áª¨¥
¯à®áâà áâ¢  ¥ç¥â®© à §¬¥à®áâ¨ "¢ë¯ «¨" ¨§ ¯®«ï §à¥¨ï £¥®¬¥-
âà®¢, â ª ª ª ä®à¬ë (9.52) ¨ (9.53), ®¯à¥¤¥«ïîé¨¥ ¨å ¬¥âà¨ç¥áª¨¥

äãªæ¨¨, ¥ ã¤®¢«¥â¢®àïîâ ¥áâ¥áâ¢¥®¬ã ãá«®¢¨î ¡¨«¨¥©®áâ¨.
�®áª®«ìªã ª¢ ¤à âë¥  â¨á¨¬¬¥âà¨çë¥ ¬ âà¨æë h�� ¨ g�� ¢ ¢ë-

à ¦¥¨ïå (9.53) ¨ (9.54) ¨¬¥îâ ç¥âë© ¯®àï¤®ª ¨ ¥¢ëà®¦¤¥ë, ¥ª®-
â®à®© § ¬¥®© ª®®à¤¨ â ¨å ¬®¦® ¯à¨¢¥áâ¨ ª ¤¨ £® «ì®¬ã ¢¨¤ã,
¯à¨ç¥¬ í«¥¬¥â à®© ª«¥âª®© ¡ã¤¥â  â¨á¨¬¬¥âà¨ç ï ¥¤¨¨ç ï ¬ -
âà¨æ  ¢â®à®£® ¯®àï¤ª :  

0 1
�1 0

!
;

  á ¬¨ ¬¥âà¨ç¥áª¨¥ äãªæ¨¨ ¯à¨®¡à¥âãâ ¥áâ¥áâ¢¥ë© ¤«ï á¨¬¯«¥ª-
â¨ç¥áª®£® ¯à®áâà áâ¢  ¢¨¤:

�(ij) =
(n�1)=2X
s=1

(xs(i)ys(j)� x
s(j)ys(i)) + x

n(i)� x
n(j);
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ª®£¤  n { ¥ç¥â®, â® ¥áâì n = 3; 5; 7; : : : , ¨

�(ij) =
n=2X
t=1

(xt(i)yt(j)� x
t(j)yt(i));

ª®£¤  n { ç¥â®, â® ¥áâì n = 2; 4; 6; : : : . � § ª«îç¥¨¥ ®â¬¥â¨¬, çâ®
¢á¥ à¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä  ®¯ã¡«¨ª®¢ ë  ¢â®à®¬ à ¥¥ ¢

à ¡®â å [44] ¨ [45].

x10. �àã¯¯®¢ ï á¨¬¬¥âà¨ï ¯à®¨§¢®«ìëå ä¨§¨ç¥áª¨å

áâàãªâãà

�¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë ª ª ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥-
âà¨çë¥ £¥®¬¥âà¨¨ ¥áâ¥áâ¢¥® ®¯à¥¤¥«ïîâáï   ®¤®¬ ¨ ¤¢ãå ¬®¦¥-
áâ¢ å. �¢ãåâ®ç¥ç ï äãªæ¨ï, § ¤ îé ï â ªãî £¥®¬¥âà¨î, ¤®¯ãáª ¥â
¥âà¨¢¨ «ìãî £àã¯¯ã ¤¢¨¦¥¨© á ª®¥çë¬ ç¨á«®¬ ¯ à ¬¥âà®¢, ª®-
â®à®¥ ¡ë«®  §¢ ® áâ¥¯¥ìî £àã¯¯®¢®© á¨¬¬¥âà¨¨. �à¨ ®¯à¥¤¥«¥-

®¬ á®®â®è¥¨¨ ¬¥¦¤ã à £®¬ ä¨§¨ç¥áª®© áâàãªâãàë, ç¨á«®¬ áã-
é¥áâ¢¥ëå ¯ à ¬¥âà®¢ £àã¯¯ë ¤¢¨¦¥¨© ¨ à §¬¥à®áâìî ¬®¦¥áâ¢
£àã¯¯®¢ ï ¨ ä¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨¨ á®®â¢¥âáâ¢ãîé¥© £¥®¬¥-
âà¨¨ ®ª §ë¢ îâáï íª¢¨¢ «¥âë¬¨. �â¨ á®®â®è¥¨ï ¡ë«¨ § «®¦¥ë
¢ ®¯à¥¤¥«¥¨¥ ä¨§¨ç¥áª®© áâàãªâãàë ¥¥ ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯-
¯®¢®© á¨¬¬¥âà¨©. �áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á ®¡ ¨å ¯à®¨áå®¦¤¥¨¨
¨ ®¡®á®¢ ¨¨. �à®¬¥ â®£®, ¨¬¥¥âáï ¬®£® ¢®§¬®¦®áâ¥© ®¡®¡é¥¨ï ¨
à §¢¨â¨ï ¯®ïâ¨ï ä¨§¨ç¥áª®© áâàãªâãàë, ®¤  ¨§ ª®â®àëå ¡ë«  à¥-

 «¨§®¢   ¢ ¬®®£à ä¨¨  ¢â®à  "�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨" [46] ¨
¢ x1  áâ®ïé¥© ¬®®£à ä¨¨, ª®£¤  ¤¢ã¬ â®çª ¬ á®¯®áâ ¢«ï«®áì ¥-
áª®«ìª® ¤¥©áâ¢¨â¥«ìëå ç¨á¥«. �àã£ ï ¢®§¬®¦®áâì ®¡®¡é¥¨ï à¥ -
«¨§ã¥âáï ¢ ®¯à¥¤¥«¥¨¨ â¥à àëå ä¨§¨ç¥áª¨å áâàãªâãà, ª®£¤  ¨áå®¤-
 ï äãªæ¨ï, § ¤ îé ï áâàãªâãàã, á®¯®áâ ¢«ï¥â ç¨á«® ¥ ¯ à¥ â®ç¥ª,
  âà¥¬ â®çª ¬. �¥à àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë ¥áâ¥áâ¢¥® ®¯à¥-
¤¥«ïîâáï   ®¤®¬, ¤¢ãå ¨ âà¥å ¬®¦¥áâ¢ å ¨ ¨å ¯à®áâ¥©è¨¥ á«ãç ¨
¡ë«¨ à áá¬®âà¥ë  ¢â®à®¬ ¢ à ¡®â å [47],[48],[49]. �¤ ª® ã¦¥ ¯à¥¤-
¢ à¨â¥«ì®¥ ¨å ¨áá«¥¤®¢ ¨¥ ¯®ª § «®, çâ® â¥à àë¥ áâàãªâãàë ¢

®â«¨ç¨¥ ®â ¡¨ àëå ¥  ¤¥«ïîâáï £àã¯¯®¢®© á¨¬¬¥âà¨¥©, â® ¥áâì
¨áå®¤ ï âà¥åâ®ç¥ç ï äãªæ¨ï ¥ ¤®¯ãáª ¥â ¥âà¨¢¨ «ì®© £àã¯¯ë
¤¢¨¦¥¨©. �â®â à¥§ã«ìâ â ¢ ª ª®©-â® ¬¥à¥ ®¡êïáï¥â, ¯®ç¥¬ã áâ®«ì
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¡®£ âë ¨ á®¤¥à¦ â¥«ìë ¢ ä¨§¨ç¥áª®¬ ¨ ¬ â¥¬ â¨ç¥áª®¬ á¬ëá« å
¡¨ àë¥ áâàãªâãàë, ¢ â® ¢à¥¬ï ª ª â¥à àë¥ áãé¥áâ¢ãîâ â®«ì-
ª® ¢ á«ãç ¥  ¨¬¥ìè¥£® ¢®§¬®¦®£® à £ . �®íâ®¬ã ¢®§¨ª ¥â ¥é¥
¢®¯à®á ® ¢ãâà¥¨å ¯à¨ç¨ å â ª®£® à §«¨ç¨ï ¬¥¦¤ã ¡¨ àë¬¨ ¨

â¥à àë¬¨ ä¨§¨ç¥áª¨¬¨ áâàãªâãà ¬¨.
�«ï ¯®«®£® ®â¢¥â    ¢®¯à®á ® á®®â®è¥¨¨ ¬¥¦¤ã à £®¬ ä¨-

§¨ç¥áª®© áâàãªâãàë, áâ¥¯¥ìî £àã¯¯®¢®© á¨¬¬¥âà¨¨ ¨ à §¬¥à®áâìî
¬®¦¥áâ¢ (¬®£®®¡à §¨©),   ª®â®àëå ®  § ¤  ,   â ª¦¥ ® ¯à¨ç¨ å
à §«¨ç¨ï ¡¨ àëå ¨ ¯®«¨ àëå (¢ ç áâ®áâ¨, â¥à àëå) áâàãªâãà,
¥®¡å®¤¨¬® ¨áå®¤¨âì ¨§ ¡®«¥¥ ®¡é¥£® ®¯à¥¤¥«¥¨ï ä¨§¨ç¥áª®© áâàãª-
âãàë. �®£¤  ¬®¦® ¡ã¤¥â ãáâ ®¢¨âì, ¯à¨ ª ª¨å á®®â®è¥¨ïå ¬¥-
¦¤ã ®á®¢ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ áâàãªâãàë ®   ¤¥«¥  £àã¯¯®¢®©
á¨¬¬¥âà¨¥©,   ¯à¨ ª ª¨å ¥â. �áâ¥áâ¢¥® ¯à¥¤¯®«®¦¨âì, çâ® â®«ìª®

â¥ áâàãªâãàë á®¤¥à¦ â¥«ìë ¢ ä¨§¨ç¥áª®¬ ¨ ¬ â¥¬ â¨ç¥áª®¬ á¬ë-
á« å, £àã¯¯ë ¤¢¨¦¥¨© ª®â®àëå ¥âà¨¢¨ «ìë. �«ï ªà âª®áâ¨ ¯®á«¥-
¤ãîé¥£® ¨§«®¦¥¨ï ®¯à¥¤¥«¥¨¥ ¯à®¨§¢®«ìëå ä¨§¨ç¥áª¨å áâàãªâãà
¡ã¤¥â ¤ ® ¢ á ¬®¬ ®¡é¥¬ ¢¨¤¥, ¤®áâ â®ç®¬, ®¤ ª®, ¤«ï ¯à®¢¥¤¥¨ï
¤®ª § â¥«ìëå à ááã¦¤¥¨©.

�ãáâì ¨¬¥îâáï p ¬®¦¥áâ¢M1; : : : ;Mp ¯à®¨§¢®«ì®© ¯à¨à®¤ë, ª -
¦¤®¥ ¨§ ª®â®àëå ¢ ¬ â¥¬ â¨ç¥áª®¬ á¬ëá«¥ ¯à¥¤áâ ¢«ï¥â á®¡®© £« ¤-
ª®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ m1; : : : ;mp á®®â¢¥âáâ¢¥®. �ãáâì â ª-

¦¥ ¨¬¥¥âáï äãªæ¨ï
f : Sf ! R

s
; (10:1)

£¤¥ Sf � Mq1
1 � : : : �Mqp

p , á®¯®áâ ¢«ïîé ï ª ¦¤®¬ã ª®àâ¥¦ã ¤«¨ë
q = q1 + : : :+ qp ¨§ Sf ¥ª®â®àãî â®çªã ¨§ Rs, â® ¥áâì s ¤¥©áâ¢¨â¥«ì-
ëå ç¨á¥«. �à¥¤¯®« £ ¥âáï, çâ® ®¡« áâì ®¯à¥¤¥«¥¨ï Sf äãªæ¨¨ f
®âªàëâ  ¨ ¯«®â  ¢ q- à®¬ ¯àï¬®¬ ¯à®¨§¢¥¤¥¨¨ M

q1
1 � : : :�Mqp

p ¨á-
å®¤ëå ¬®¦¥áâ¢M1; : : : ;Mp,   ¥¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ £« ¤-
ª®¥ ¨ ¥¢ëà®¦¤¥®¥, ¢ ç áâ®áâ¨, á áãé¥áâ¢¥®© § ¢¨á¨¬®áâìî ®â
ª®®à¤¨ â. �¨á«®¢®© ª®àâ¥¦ (q1; : : : ; qp)  §®¢¥¬ ªà â®áâìî, ç¨á«®
q = q1+ : : :+ qp {  à®áâìî,   äãªæ¨î (10.1) ¬¥âà¨ç¥áª®© ¨«¨ ¯à®áâ®

¬¥âà¨ª®©.
�ãáâì M1; : : : ;Mp { ¯à®¨§¢®«ìë¥ æ¥«ë¥ ç¨á« , â ª¨¥ çâ® M1 >

q1; : : : ;Mp > qp. �®áâà®¨¬ ®â®¡à ¦¥¨¥

F : SF ! R
sC

q1
M1

�:::�C
qp

Mp ; (10:2)

£¤¥ SF � M
M1

1 � : : : �MMp

p , á®¯®áâ ¢«ïï ª ¦¤®¬ã ª®àâ¥¦ã ¤«¨ë
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M1 + : : : +Mp ¨§ SF á®¢®ªã¯®áâì sC
q1
M1
� : : : � C

qp
Mp

ç¨á¥«, á®®â¢¥â-
áâ¢ãîé¨å ¢á¥¬ ã¯®àï¤®ç¥ë¬ ª®àâ¥¦ ¬ ¤«¨ë q = q1+: : :+qp, ª®â®-
àë¥ ï¢«ïîâáï ¯à®¥ªæ¨ï¬¨ ¨áå®¤®£® ª®àâ¥¦    ®¡« áâì Sf . �¡« áâì
®¯à¥¤¥«¥¨ï SF äãªæ¨¨ (10.2) ¡ã¤¥â, ®ç¥¢¨¤®, ®âªàëâ®© ¨ ¯«®â®©

¢ MM1

1 � : : :�MMp

p . � «®£¨ç® ¯®áâà®¨¬ ¢â®à®¥ ®â®¡à ¦¥¨¥

F
0 : SF 0 ! R

sC
q1

M
0

1

�:::�C
qp

M
0

p ; (10:20)

£¤¥ SF 0 �MM 0

1

1 � : : :�MM 0

p

p ¨ M 0

1 �M1; : : : ;M
0

p �Mp. �à®¥ªæ¨î ®â®-

¡à ¦¥¨ï F 0   ¯à®áâà áâ¢® à §¬¥à®áâ¨, ¬¥ìè¥© sC
q1
M 0

1

� : : :�Cqp
M 0

p

;

¯®«ãç¨¬,®¯ãáª ï ¨§ ®¡« áâ¨ ¥£® § ç¥¨© ¢á¥ ç¨á« , á®®â¢¥âáâ¢ãî-
é¨¥ ¯® äãªæ¨¨ (10.1) ¥ª®â®à®© á®¢®ªã¯®áâ¨ ª®àâ¥¦¥© ¤«¨ë q =
q1 + : : :+ qp.
�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï (10.1) § ¤ ¥â  

m1; : : : ;mp-¬¥àëå ¬®£®®¡à §¨ïå M1; : : : ;Mp q- àãî s- ¬¥âà¨-
ç¥áªãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (M1; : : : ;Mp) ¨ ªà â®áâ¨
(q1; : : : ; qp), ¥á«¨   ¯«®â®¬ ¢ SF ¬®¦¥áâ¢¥ à £ ®â®¡à ¦¥¨ï F à -
¢¥ s(Cq1

M1
� : : : � C

qp
Mp
� 1),   à £ «î¡®© ¯à®¥ªæ¨¨ ®â®¡à ¦¥¨ï F 0,

¥ ¢ª«îç îé¥© ¢ á¥¡ï ¢áî ®¡« áâì ®â®¡à ¦¥¨ï F , ¬ ªá¨¬ «¥  
¯«®â®¬ ¢ SF 0 ¬®¦¥áâ¢¥.

�àã£¨¬¨ á«®¢ ¬¨, «®ª «ì® ¬®¦¥áâ¢® § ç¥¨© ®â®¡à ¦¥¨ï F

ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ ¬®¦¥áâ¢  ã«¥© á¨áâ¥¬ë s ¥§ ¢¨á¨¬ëå
äãªæ¨© � = (�1; : : : ;�s) ®â sC

q1
M1
� : : :� C

qp
Mp

¯¥à¥¬¥ëå, ¯à¨ç¥¬ s

äãªæ¨® «ìëå á¢ï§¥©

� = (�1; : : : ;�s) = 0 (10:3)

ï¢«ïîâáï ¯®à®¦¤ îé¨¬¨ ¢ â®¬ á¬ëá«¥, çâ® «î¡ë¥ ¤àã£¨¥ ¥âà¨¢¨-

 «ìë¥ á¢ï§¨ ¡ã¤ãâ â®«ìª® ¨å á«¥¤áâ¢¨¥¬.
�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ®¯à¥¤¥«¥ ï ¢ëè¥ ä¨§¨-

ç¥áª ï áâàãªâãà   ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨ r � 1, ¥á-
«¨ § ¤ ë â ª¨¥ íää¥ªâ¨¢ë¥ £« ¤ª¨¥ «®ª «ìë¥ ¤¥©áâ¢¨ï ¥ª®â®-
à®© r-¬¥à®© «®ª «ì®© £àã¯¯ë �¨ Gr ¢ ¬®£®®¡à §¨ïå M1; : : : ;Mp,
çâ® ¤«ï ¢§ ¨¬®£® à áè¨à¥¨ï íâ¨å ¤¥©áâ¢¨©   ¯àï¬®¥ ¯à®¨§¢¥¤¥-
¨¥Mq1

1 � : : :�Mqp
p ¬¥âà¨ç¥áªï äãªæ¨ï (10.1), § ¤ îé ï áâàãªâãàã,

ï¢«ï¥âáï q-â®ç¥çë¬ ¨¢ à¨ â®¬, £¤¥ q = q1 + : : :+ qp.
�®áª®«ìªã ¯à¥®¡à §ã¥¬ë¥ ¬®£®®¡à §¨ï ª®¥ç®¬¥àë ¨ ¬¥âà¨ª 

f ¥¢ëà®¦¤¥ , ¥áâ¥áâ¢¥® ¯à¥¤¯®«®¦¨âì, çâ® ¬ ªá¨¬ «ì®¥ ç¨á«®
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áãé¥áâ¢¥ëå ¯ à ¬¥âà®¢ ¯®«®© «®ª «ì®© £àã¯¯ë «®ª «ìëå ¤¢¨-
¦¥¨© ª®¥ç®, â® ¥áâì çâ® r < 1 ¨ ®  ï¢«ï¥âáï ª®¥ç®¬¥à®© «®-
ª «ì®© £àã¯¯®© �¨ á¯¥æ¨ «ìëå ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨ïMq1

1 �
: : :�Mqp

p à §¬¥à®áâ¨ q1m1+ : : :+qpmp, ª®â®àë¥ ¥áâì ¢§ ¨¬®¥ à áè¨-

à¥¨¥ ¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨©M1; : : : ;Mp ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï
5 ¨§ x3.

� ¯¨è¥¬ á¨áâ¥¬ã sC
q1
M 0

1

� : : :�Cqp
M 0

p

ãà ¢¥¨© á®åà ¥¨ï ¬¥âà¨ç¥-

áª®© äãªæ¨¨ (10.1):
Df jF 0 = 0 (10:4)

®â®á¨â¥«ì® M 0

1m1 + : : : +M
0

pmp ¤¨ää¥à¥æ¨ «®¢ ª®®à¤¨ â â®ç¥ª
ª®àâ¥¦  ¨§ SF 0 . �á«¨ ä¨§¨ç¥áª ï áâàãªâãà   ¤¥«¥  £àã¯¯®¢®© á¨¬-
¬¥âà¨¥©, â® ®¤®à®¤ ï á¨áâ¥¬  (10.4), á ®¤®© áâ®à®ë, ¤®«¦  ¨¬¥âì

å®âï ¡ë ®¤® ¥ã«¥¢®¥ à¥è¥¨¥,   á ¤àã£®©, ç¨á«® ¥¥ «¨¥©® ¥§ -
¢¨á¨¬ëå ¥ã«¥¢ëå à¥è¥¨© ¤«ï «î¡ëå ç¨á¥« M 0

1; : : : ;M
0

p ¥ ¤®«¦®
¯à¥¢ëè âì ¥ª®â®à®£® ª®¥ç®£® § ç¥¨ï, à ¢®£® áâ¥¯¥¨ £àã¯¯®-
¢®© á¨¬¬¥âà¨¨. �¨á«® â ª¨å à¥è¥¨© à ¢®, ª ª ¨§¢¥áâ®, ç¨á«ã ¥-
¨§¢¥áâëå ¢ á¨áâ¥¬¥ ¬¨ãá à £ ¥¥ ¬ âà¨æë. �® ¬ âà¨æ  á¨áâ¥¬ë
ãà ¢¥¨© (10.4) ¥áâì ¬ âà¨æ  �ª®¡¨ ¤«ï á¨áâ¥¬ë äãªæ¨© f , á®-
®â¢¥âáâ¢ãîé¨å ¢á¥¬ ã¯®àï¤®ç¥ë¬ ¯à®¥ªæ¨ï¬ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï
SF 0 ®â®¡à ¦¥¨ï (10:20)   ®¡« áâì ®¯à¥¤¥«¥¨ïSf ¨áå®¤®© äãªæ¨¨

(10.1). � £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (10.4), ®ç¥¢¨¤®, ¥ ¨§¬¥-
¨âáï, ¥á«¨ ¨§ á¨áâ¥¬ë äãªæ¨© f jF 0 ¨áª«îç¨âì § ¢¨á¨¬ë¥ ¯® á¢ï§¨
(10.3). �áª«îç¨¢ ¨å, ¯®«ãç¨¬ ¬ ªá¨¬ «ìãî ¯à®¥ªæ¨î ®â®¡à ¦¥¨ï
(10:20), ¥ á®¤¥à¦ éãî ¢ á¥¡¥ ®â®¡à ¦¥¨ï (10.2). �¡®§ ç¨¬ ç¨á«®
äãªæ¨© f ¢ íâ®© ¬ ªá¨¬ «ì®© ¯à®¥ªæ¨¨ ç¥à¥§ N(M 0

1; : : : ;M
0

p). �®-
£¤  ¯® ®¯à¥¤¥«¥¨î ä¨§¨ç¥áª®© áâàãªâãàë à £ ¬ âà¨æë á¨áâ¥¬ë
ãà ¢¥¨© (10. 4) ¡ã¤¥â à ¢¥

min(M 0

1m1 + : : :+M
0

pmp;N(M
0

1; : : : ;M
0

p)): (10:5)

�á«¨  ©¤ãâáï â ª¨¥ § ç¥¨ï ç¨á¥« M
0

1; : : : ;M
0

p, ¤«ï ª®â®àëå
M

0

1m1+ : : :+M
0

pmp � N(M 0

1; : : : ;M
0

p), â® à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢-
¥¨© (10.4) ¤«ï ¨å ¡ã¤¥â à ¢¥M 0

1m1+: : :+M
0

pmp, â® ¥áâì ç¨á«ã ¥¨§-
¢¥áâëå ¢ ¥©. �® â®£¤  á¨áâ¥¬  (10.4) ¡ã¤¥â ¨¬¥âì â®«ìª® ã«¥¢®¥ à¥-
è¥¨¥, çâ® ®§ ç ¥â ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì®© £àã¯¯®¢®© á¨¬¬¥âà¨¨
ã à áá¬ âà¨¢ ¥¬®© ä¨§¨ç¥áª®© áâàãªâãàë. �á«¨ ¦¥ ¤«ï «î¡ëå § -
ç¥¨© M 0

1; : : : ;M
0

p ¢ë¯®«ï¥âáï áâà®£®¥ ¥à ¢¥áâ¢® N(M
0

1; : : : ;M
0

p) <
M

0

1m1 + : : : + M
0

pmp, â® à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨ (10.4) ¡ã-

¤¥â à ¢¥ N(M 0

1; : : : ;M
0

p) ¨ ç¨á«® ¥¥ «¨¥©® ¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå
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à¥è¥¨© ®ª ¦¥âáï à ¢ë¬

r
0 =M

0

1m1 + : : :+M
0

pmp �N(M 0

1; : : : ;M
0

p) > 0: (10:6)

�¨á«® r0, ª ª ¡ë«® ®â¬¥ç¥® ¢ëè¥, ¢ á«ãç ¥  ¤¥«¥¨ï ä¨§¨ç¥áª®©
áâàãªâãàë £àã¯¯®¢®© á¨¬¬¥âà¨¥©, ¥ ¤®«¦® ¯à¥¢ëè âì ¥ª®â®à®£®
ª®¥ç®£® § ç¥¨ï. �§ â ª®£® ãá«®¢¨ï ãáâ ®¢¨¬, ¯à¨ ª ª¨å á®®â®-
è¥¨ïå ¬¥¦¤ã à §¬¥à®áâìî ¬®¦¥áâ¢, ªà â®áâìî ¨ à £®¬ ä¨§¨ç¥-

áª ï áâàãªâãà , § ¤ ¢ ¥¬ ï s-¬¥âà¨ª®© (10.1), ¬®¦¥â ¡ëâì  ¤¥«¥ 
£àã¯¯®¢®© á¨¬¬¥âà¨¥© ¨ ®¯à¥¤¥«¨âì áâ¥¯¥ì r íâ®© á¨¬¬¥âà¨¨.

� áá¬®âà¨¬ á ç «  ¤®áâ â®ç® ¯®¤à®¡® ¡¨ àë¥ áâàãªâãàë  
®¤®¬ ¨ ¤¢ãå ¬®¦¥áâ¢ å,   â ª¦¥ â¥à àë¥ áâàãªâãàë   ®¤®¬,
¤¢ãå ¨ âà¥å ¬®¦¥áâ¢ å.

�¨ à ï s-¬¥âà¨ç¥áª ï ä¨§¨ç¥áª ï áâàãªâãà  à £  M � 3 ¨
ªà â®áâ¨ 2   ®¤®¬ ¬®¦¥áâ¢¥M, ª®â®à®¥ ï¢«ï¥âáï m-¬¥àë¬ ¬®-
£®®¡à §¨¥¬, § ¤ ¥âáï äãªæ¨¥© (10.1), £¤¥ Sf � M �M, ¯à¨ç¥¬ ¯®
®¯à¥¤¥«¥¨î áâàãªâãàë à £ ®â®¡à ¦¥¨ï F : SF ! R

sM(M�1)=2,

£¤¥ SF � MM , à ¢¥ sM(M � 1)=2 � s. � ©¤¥¬, áª®«ìª® ¢ á¨áâ¥-
¬¥ sM 0(M 0 � 1)=2 äãªæ¨© ®â®¡à ¦¥¨ï F 0 : SF 0 ! R

sM 0(M 0
�1)=2, £¤¥

SF 0 �MM 0

¨M 0 �M , ¯à¨ íâ®¬ ¡ã¤¥â § ¢¨á¨¬ëå. �  ¬ âà¨æã ¯ à ¤«ï
ª®àâ¥¦  ¤«¨ë M

0 ¨§ SF 0 ¡ã¤¥¬ ¯®á«¥¤®¢ â¥«ì®  « £ âì ¬ âà¨æã
¯ à ¤«ï ª®àâ¥¦  ¤«¨ë F ¨§ SF . �à¨ ª ¦¤®¬ ¯®«®¬  «®¦¥¨¨ ¢ë-
ç¥àª¥¬ ®¤ã ¯ àã,  ¯à¨¬¥à, ¯®á«¥¤îî. �â  ¯à®æ¥¤ãà  ¯®¢â®àï¥âáï
¤® â¥å ¯®à, ¯®ª  ¢®§¬®¦®  «®¦¥¨¥ ¡¥§ ¯à®¯ãáª . �¨á«® § ¢¨á¨¬ëå
äãªæ¨© ¡ã¤¥â à ¢®, ®ç¥¢¨¤®, ç¨á«ã á®áâ®ï¢è¨åáï  «®¦¥¨©, ã¬®-

¦¥®¬ã   ç¨á«® s. �¥âàã¤® ãáâ ®¢¨âì, çâ® ¨áª®¬®¥ ç¨á«® à ¢®
s(M 0 � M + 1)(M 0 � M + 2)=2 ¨ ¯®â®¬ã à £ ¬ âà¨æë �ª®¡¨ ¢á¥©
á¨áâ¥¬ë äãªæ¨© f jF 0 ¯® ®¯à¥¤¥«¥¨î ä¨§¨ç¥áª®© áâàãªâãàë ¡ã¤¥â
à ¢ë¬

min(M 0
m; sM 0(M 0 � 2)=2 � s(M 0 �M + 1)(M 0 �M + 2)=2):

�á«¨ m < s(M � 2), â® ¤«ï ¤®áâ â®ç® ¡®«ìè¨å § ç¥¨© M 0 à £
¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (10.4) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ à ¢¥
M

0
m, â® ¥áâì ç¨á«ã ¥¨§¢¥áâëå ¢ ¥©, ¨ ¯®â®¬ã ®  ¨¬¥¥â ¤«ï íâ¨å

§ ç¥¨©M 0 â®«ìª® ã«¥¢®¥ à¥è¥¨¥. �«¥¤®¢ â¥«ì® ¯à¨m < s(M�2)
ä¨§¨ç¥áª ï áâàãªâãà  ¥ ¬®¦¥â ¡ëâì  ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥©.
�á«¨ ¦¥ m � s(M � 2), â® ¤«ï ¢á¥å M 0 � M à £ ¬ âà¨æë á¨áâ¥¬ë

(10.4) ¬¥ìè¥ M 0
m ¨ ®  ¯® ä®à¬ã«¥ (10.6) ¨¬¥¥â

r
0 =M

0
m� sM

0(M � 2) + s(M � 1)(M � 2)=2
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«¨¥©® ¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå à¥è¥¨©. �à¨ m > s(M � 2) á à®-
áâ®¬ M

0 ç¨á«® à¥è¥¨© r
0 ¬®¦¥â áâ âì áª®«ì ã£®¤® ¡®«ìè¨¬, çâ®

¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® ª®¥ç®áâ¨ áâ¥¯¥¨ r £àã¯¯®¢®© á¨¬-
¬¥âà¨¨, ¯®áª®«ìªã ¤®«¦® ¡ëâì r

0
< r. �®íâ®¬ã, ¥á«¨ ä¨§¨ç¥áª ï

áâàãªâãà   ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥© ª®¥ç®© ¥ã«¥¢®© áâ¥¯¥-
¨, â® à §¬¥à®áâìm ¬®£®®¡à §¨ïM ¨ ¥¥ à £ ¤®«¦ë ¡ëâì á¢ï§ ë
á®®â®è¥¨¥¬

m = s(M � 2): (10:7)

�à¨ á®®â®è¥¨¨ (10.7) ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå à¥-
è¥¨© r0 á¨áâ¥¬ë ãà ¢¥¨© (10.4) à ¢® ç¨á«ã áãé¥áâ¢¥ëå ¨ ¥§ -
¢¨á¨¬ëå ¯ à ¬¥âà®¢ £àã¯¯ë ¤¢¨¦¥¨©, â® ¥áâì áâ¥¯¥¨ r £àã¯¯®¢®©
á¨¬¬¥âà¨¨:

r = s(M � 1)(M� 2)=2 =m(m+ s)=2s: (10:8)

�ë¢¥¤¥ë¥ á®®â®è¥¨ï (10.7) ¨ (10.8) ¬¥¦¤ã à §¬¥à®áâìî m

¬®£®®¡à §¨ï M, à £®¬ M ä¨§¨ç¥áª®© áâàãªâãàë, § ¤ ¢ ¥¬®©  
¥¬ s-¬¥âà¨ª®© (10.1), ¨ áâ¥¯¥ìî r £àã¯¯®¢®© á¨¬¬¥âà¨¨ ¡ë«¨ ¨á-
¯®«ì§®¢ ë ¢ ®á®¢ëå ®¯à¥¤¥«¥¨ïå à ¡®â  ¢â®à  [50], [51], [52] ¨ ¥£®
¬®®£à ä¨¨ [46].

� áá¬®âà¨¬ â¥¯¥àì ¡¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (M;N)
¨ ªà â®áâ¨ (1,1), £¤¥ M � 2 ¨ N � 2, § ¤ ¢ ¥¬ëå   ¤¢ãå ¬®-
¦¥áâ¢ å M ¨ N, ï¢«ïîé¨åáï ¬®£®®¡à §¨ï¬¨ à §¬¥à®áâ¨ m ¨ n

á®®â¢¥âáâ¢¥®, s-¬¥âà¨ª®© (10.1), £¤¥ Sf � M�N. �® ®¯à¥¤¥«¥-

¨î ä¨§¨ç¥áª®© áâàãªâãàë à £ ®â®¡à ¦¥¨ï F : SF ! R
sMN , £¤¥

SF �MM�NN , à ¢¥ s(MN�1). �¨á«® § ¢¨á¨¬ëå äãªæ¨© ¢ á¨áâ¥¬¥
sM

0
N

0 äãªæ¨© ®â®¡à ¦¥¨ï F 0 : SF 0 ! R
sM 0N 0

, £¤¥ SF 0 �MM 0�NN 0

¨ M
0 � M; N

0 � N , ®¯à¥¤¥«ï¥âáï ®¯¨á ë¬ ¢ëè¥ á¯®á®¡®¬  «®-
¦¥¨ï   ¬ âà¨æã ¯ à ¤«ï ª®àâ¥¦  ¤«¨ë M

0 + N
0 ¨§ ®¡« áâ¨ SF 0

¬ âà¨æë ¯ à ¤«ï ª®àâ¥¦  ¤«¨ë M + N ¨§ ®¡« áâ¨ SF . �¨á«® íâ®
 å®¤¨âáï ¤®áâ â®ç® ¯à®áâ® ¨ à ¢® s(M 0 �M + 1)(N 0 �N + 1). �®-
íâ®¬ã à £ ¬ âà¨æë �ª®¡¨ á¨áâ¥¬ë äãªæ¨© f jF 0 ,   á«¥¤®¢ â¥«ì®, ¨
á¨áâ¥¬ë ãà ¢¥¨© (10.4) ¯® â®¬ã ¦¥ ®¯à¥¤¥«¥¨î áâàãªâãàë ¡ã¤¥â

à ¢ë¬

min(M 0
m+N

0
n; sM 0

N
0 � s(M 0 �M + 1)(N 0 �N + 1)):

�á«¨ m < s(N�1) ¨«¨ n < s(M�1), â® ¤«ï ¥ª®â®àëå § ç¥¨©M 0

¨ N 0 à £ á¨áâ¥¬ë ãà ¢¥¨© (10.4) à ¢¥ ç¨á«ã ¥¨§¢¥áâëå M 0
m+
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N
0
n ¢ ¥© ¨ ®  ¨¬¥¥â ¤«ï íâ¨å § ç¥¨© â®«ìª® ã«¥¢®¥ à¥è¥¨¥,

çâ® ¨ ®§ ç ¥â ®âáãâáâ¢¨¥ £àã¯¯®¢®© á¨¬¬¥âà¨¨ ã à áá¬ âà¨¢ ¥¬®©
ä¨§¨ç¥áª®© áâàãªâãàë. �á«¨ ¦¥ m � s(N � 1) ¨ n � s(M � 1), â®
à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (10.4) ¤«ï «î¡ëå § ç¥¨© M 0 ¨ N 0

à ¢¥ sM 0
N

0 � s(M 0 �M + 1)(N 0 �N + 1) ¨ ®  ¯®â®¬ã ¨¬¥¥â

r
0 =M

0
m+N

0
n� sM

0(N � 1)� sN
0(M � 1) + s(M � 1)(N � 1)

«¨¥©® ¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå à¥è¥¨©. �à¨ m > s(N � 1) ¨«¨
n > s(M � 1) á à®áâ®¬ M

0 ¨ N 0 ç¨á«® r0 â ª¨å à¥è¥¨© ¬®¦¥â áâ âì
áª®«ì ã£®¤® ¡®«ìè¨¬, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® ª®¥ç®-
áâ¨ áâ¥¯¥¨ r £àã¯¯®¢®© á¨¬¬¥âà¨¨, ¯®áª®«ìªã ¤®«¦® ¡ëâì r0 < r.
�®íâ®¬ã ¡¨ à ï ä¨§¨ç¥áª ï áâàãªâãà  à £  (M;N), § ¤ ¢ ¥¬ ï  
m-¬¥à®¬ ¨ n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N s-¬¥âà¨ç¥áª®© äãªæ¨¥©

(10.1), ¡ã¤¥â  ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥© â®«ìª® ¯à¨ ¢ë¯®«¥¨¨
á«¥¤ãîé¨å á®®â®è¥¨©:

m = s(N� 1); n = s(M� 1): (10:9)

�â¥¯¥ì r £àã¯¯®¢®© á¨¬¬¥âà¨¨, â® ¥áâì ç¨á«® ¥§ ¢¨á¨¬ëå ¨ áã-
é¥áâ¢¥ëå ¯ à ¬¥âà®¢ £àã¯¯ë ¤¢¨¦¥¨©, à ¢® ç¨á«ã r

0 «¨¥©®
¥§ ¢¨á¨¬ëå ¥ã«¥¢ëå à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© (10.4) ¯à¨ á®®â-
®è¥¨ïå (10.9):

r = s(M� 1)(N� 1) =mn=s: (10:10)

�®®â®è¥¨ï (10.9) ¨ (10.10) ¡ë«¨ ¨á¯®«ì§®¢ ë ¢ ®á®¢ëå ®¯à¥-

¤¥«¥¨ïå à ¡®âë  ¢â®à  [24] ¨ x1  áâ®ïé¥© ¬®®£à ä¨¨. �à¨ á®¯®-
áâ ¢«¥¨¨  ¤® ãç¥áâì â®«ìª® á«¥¤ãîéãî á¤¢¨¦ªã ®¡®§ ç¥¨© M !
n+1; N ! m+1; m! sm; n! sn. �® ¥áâì   sm-¬¥à®¬ ¨ sn-¬¥à®¬
¬®£®®¡à §¨ïå M ¨ N s-¬¥âà¨ª  (10.1) § ¤ ¥â ä¨§¨ç¥áªãî áâàãªâãàã
à £  (n+1;m+ 1), ª®â®à ï  ¤¥«¥  £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨
r = smn.

�¥à¥©¤¥¬, ¤ «¥¥, ª ¬¥¥¥ ¯®¤à®¡®¬ã à áá¬®âà¥¨î â¥à àëå
áâàãªâãà. �«ï â¥à à®© ä¨§¨ç¥áª®© áâàãªâãàë à £  M ¨ ªà â®-

áâ¨ 3, £¤¥M � 4, § ¤ ¢ ¥¬®©   ®¤®¬ ¬®¦¥áâ¢¥M, ¯à¥¤áâ ¢«ïîé¥¬
á®¡®© m-¬¥à®¥ ¬®£®®¡à §¨¥, s-¬¥âà¨ª®© (10.1), £¤¥ Sf � M3, à £
®â®¡à ¦¥¨ï F : SF ! R

sM(M�1)(M�2)=6, £¤¥ SF �MM , à ¢¥ ¯® ®¯à¥-
¤¥«¥¨î áâàãªâãàë sM(M�1)(M�2)=6�s. � ©¤¥¬ à £ ®â®¡à ¦¥¨ï
F
0 : SF 0 ! R

sM 0(M 0
�1)(M 0

�2)=6, £¤¥ SF 0 � MM 0

¨ M 0 � M . �à¥¤¨ ¢á¥å
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sM
0(M 0 � 1)(M 0 � 2)=6 äãªæ¨© f jF 0 íâ®£® ®â®¡à ¦¥¨ï ç¨á«® § ¢¨-

á¨¬ëå ®¯à¥¤¥«ï¥âáï ¬¥â®¤®¬  «®¦¥¨ï ¬ âà¨æë âà®¥ª ¤«ï ª®àâ¥¦ 
¤«¨ë M ¨§ SF   ¬ âà¨æã âà®¥ª ¤«ï ª®àâ¥¦  ¤«¨ë M

0 ¨§ SF 0.
�â®â ¬¥â®¤ ¡ë« ®¯¨á  ¢ëè¥ ¯à¨ à áá¬®âà¥¨¨ ¡¨ àëå áâàãªâãà

  ®¤®¬ ¬®¦¥áâ¢¥. �«ï ç¨á«  § ¢¨á¨¬ëå äãªæ¨© ®â®¡à ¦¥¨ï F 0

  «®£¨ç® ¯®«ãç ¥¬ § ç¥¨¥ s(M 0�M+1)(M 0�M+2)(M 0�M+3)=6.
�® ®¯à¥¤¥«¥¨î ä¨§¨ç¥áª®© áâàãªâãàë à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢-
¥¨© (10.4) ¡ã¤¥â à ¢¥

min(M 0
m; sM 0(M 0 � 1)(M 0 � 2)=6 �

� s(M 0 �M + 1)(M 0 �M + 2)(M 0 �M + 3)=6):

�®áª®«ìªã M > 3, ¤«ï ¤®áâ â®ç® ¡®«ìè¨å § ç¥© M
0 íâ®â à £

à ¢¥ M 0
m, â® ¥áâì ç¨á«ã ¥¨§¢¥áâëå ¢ á¨áâ¥¬¥ ãà ¢¥¨© (10.4) ¨

®  ¯®íâ®¬ã ¤«ï â ª¨å § ç¥¨© M
0 ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥.

� ª¨¬ ®¡à §®¬, â¥à àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë   ®¤®¬ ¬®¦¥áâ¢¥
¥ ¬®£ãâ ¡ëâì  ¤¥«¥ë £àã¯¯®¢®© á¨¬¬¥âà¨¥©.

�¥à àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (M;N) ¨ ªà â®áâ¨ (2,1),
£¤¥ M � 3; N � 2, § ¤ îâáï   ¤¢ãå ¬®¦¥áâ¢ å { m-¬¥à®¬ ¨ n-

¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N { s-¬¥âà¨ç¥áª®© äãªæ¨¥© (10.1), £¤¥
Sf � M2 � N. �® ®¯à¥¤¥«¥¨î â ª®© áâàãªâãàë à £ ®â®¡à ¦¥¨ï
F : SF ! R

sM(M�1)N=2, £¤¥ SF �MM �NN , à ¢¥ sM(M � 1)N=2� s,
  à £ ®â®¡à ¦¥¨ï F 0 : SF 0 ! R

sM 0(M 0
�1)N 0=2, £¤¥ SF 0 � MM 0 �NN 0

¨ M 0 �M; N
0 � N , â® ¥áâì à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (10.4),

 ©¤¥¬,  « £ ï ¬ âà¨æã âà®¥ª ¤«ï ª®àâ¥¦  ¤«¨ëM+N ¨§ ®¡« áâ¨
SF   ¬ âà¨æã âà®¥ª ¤«ï ª®àâ¥¦  ¤«¨ë M

0 +N
0 ¨§ ®¡« áâ¨ SF 0 :

min(M 0
m+N

0
n; sM 0(M 0 � 1)N 0

=2�
� s(M 0 �M + 1)(M 0 �M + 2)(N 0 �N + 1)=2):

�®áª®«ìªã M > 2 ¨ N > 1, ¤«ï ¤®áâ â®ç® ¡®«ìè¨å § ç¥¨© M 0 ¨
N

0 íâ®â à £ à ¢¥ M 0
m+N

0
n, â® ¥áâì ç¨á«ã ¥¨§¢¥áâëå ¢ á¨áâ¥¬¥

ãà ¢¥¨© (10.4), ª®â®à ï ¡ã¤¥â â®£¤  ¨¬¥âì â®«ìª® ã«¥¢®¥ à¥è¥¨¥.
� ª¨¬ ®¡à §®¬, â¥à àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë ¨   ¤¢ãå ¬®¦¥-

áâ¢ å ¥ ¬®£ãâ ¡ëâì  ¤¥«¥ë £àã¯¯®¢®© á¨¬¬¥âà¨¥©.
�«ï â¥à à®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (M;N;L) ¨ ªà â®-

áâ¨ (1,1,1), £¤¥ M � 2; N � 2; L � 2, § ¤ ¢ ¥¬®©   âà¥å ¬®¦¥-
áâ¢ å M;N;L { ¬®£®®¡à §¨ïå à §¬¥à®áâ¨ m;n; l á®®â¢¥âáâ¢¥® {
s-¬¥âà¨ª®© (10.1), £¤¥ Sf �M �N� L, à £ ®â®¡à ¦¥¨ï F : SF !
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R
sMNL, £¤¥ SF �MM �NN �LL, ¯® ¥¥ ®¯à¥¤¥«¥¨î à ¢¥ sMNL� s.

� £ ¦¥ ®â®¡à ¦¥¨ï F 0 : SF 0 ! R
sM 0N 0L0, £¤¥ SF 0 �MM 0 �NN 0 �LL0

¨ M
0 � M; N

0 � N; L
0 � L, â® ¥áâì à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢-

¥¨© (10.4), ¥âàã¤®  ©â¨ ¬¥â®¤®¬  «®¦¥¨ï, ¨á¯®«ì§®¢ ë¬ ¨

¯®¤à®¡® ®¯¨á ë¬ ¢ëè¥:

min(M 0
m+N

0
n + L

0
l; sM 0

N
0
L
0 �

� s(M 0 �M + 1)(N 0 �N + 1)(L0 � L+ 1)):

�®áª®«ìªã M > 1; N > 1; L > 1, ¤«ï ¤®áâ â®ç® ¡®«ìè¨å § ç¥¨©
M

0
; N

0
; L

0 à £ ®â®¡à ¦¥¨ï F 0 à ¢¥ M 0
m+N

0
n+ L

0
l, â® ¥áâì ç¨á«ã

¥¨§¢¥áâëå ¢ á¨áâ¥¬¥ ãà ¢¥¨© (10.4), ª®â®à ï ¤«ï íâ¨å § ç¥¨©
¡ã¤¥â ¨¬¥âì â®«ìª® ã«¥¢®¥ à¥è¥¨¥. � ª¨¬ ®¡à §®¬, ¨   âà¥å ¬®-
¦¥áâ¢ å â¥à àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë ¥ ¬®£ãâ ¡ëâì  ¤¥«¥ë
£àã¯¯®¢®© á¨¬¬¥âà¨¥©.

�à®¨§¢®«ìë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (M1; : : : ;Mp) ¨ ªà â®-
áâ¨ (q1; : : : ; qp), £¤¥M1 � q1+1; : : : ;Mp � qp+1, § ¤ îâáï   p ¬®¦¥-
áâ¢ å M1; : : : ;Mp { ¬®£®®¡à §¨ïå à §¬¥à®áâ¨ m1; : : : ;mp á®®â¢¥â-

áâ¢¥® { s-¬¥âà¨ç¥áª®© äãªæ¨¥© (10.1). � £ ®â¡à ¦¥¨ï (10.2) ¯®
®¯à¥¤¥«¥¨î ä¨§¨ç¥áª®© áâàãªâãàë à ¢¥ sC

q1
M1
� : : :�Cqp

Mp
� s,   à £

®â®¡à ¦¥¨ï (10:20), â® ¥áâì à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨ (10.4),
¬®¦®  ©â¨,  « £ ï   ¬ âà¨æã ª®àâ¥¦¥© ¤«¨ë q = q1 + : : : + qp

¤«ï ª®àâ¥¦  ¤«¨ë M
0

1 + : : :+M
0

p ¨§ ®¡« áâ¨ SF 0 ¬ âà¨æã ª®àâ¥¦¥©
â®© ¦¥ ¤«¨ë q ¤«ï ª®àâ¥¦  ¤«¨ë M1 + : : :+Mp ¨§ ®¡« áâ¨ SF :

min(M 0

1m1 + : : :+M
0

pmp; sC
q1
M 0

1
� : : :�C

qp
M 0

p

�
� sC

q1
M 0

1
�M1+q1

� : : :� C
qp
M 0

p�Mp+qp
):

(10:50)

�®áª®«ìªã ¡¨ àë¥ (q = 2) ¨ â¥à àë¥ (q = 3) ä¨§¨ç¥áª¨¥ áâàãª-
âãàë ¢ëè¥ ¡ë«¨ à áá¬®âà¥ë, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¨å  à®áâì

q > 3. �¨á«® ¥¨§¢¥áâëå ¢ á¨áâ¥¬¥ ãà ¢¥¨© (10.4) ®â M 0

1; : : : ;M
0

p

§ ¢¨á¨â «¨¥©ë¬ ®¡à §®¬. � â® ¦¥ ¢à¥¬ï à §®áâì, ¢å®¤ïé ï ¢® ¢â®-
àãî ¯®«®¢¨ã ¢ëà ¦¥¨ï (10:50), á®¤¥à¦¨â ¯® â¥¬ ¦¥ ¯¥à¥¬¥ë¬
M

0

1; : : : ;M
0

p ç«¥ë ¯®àï¤ª  q�1 > 2, ª®â®àë¥ ¥®£à ¨ç¥® ¢®§à áâ -
îâ, â ª ª ª M1 > q1; : : : ;Mp > qp. � íâ® ®§ ç ¥â, çâ® ¤«ï ¤®áâ â®ç-
® ¡®«ìè¨å § ç¥¨© M

0

1; : : : ;M
0

p à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨©
(10.4) à ¢¥ ç¨á«ã ¥¨§¢¥áâëå ¢ ¥©, ¨ ¯®â®¬ã ®  ¤«ï ¨å ¡ã¤¥â
¨¬¥âì â®«ìª® ã«¥¢®¥ à¥è¥¨¥. � ª¨¬ ®¡à §®¬, q- àë¥ ä¨§¨ç¥áª¨¥
áâàãªâãàë, § ¤ ¢ ¥¬ë¥   ¬®¦¥áâ¢ å M1; : : : ;Mp äãªæ¨¥© (10.1),

¨ ¢ á«ãç ¥ q > 3 ¥ ¬®£ãâ ¡ëâì  ¤¥«¥ë £àã¯¯®¢®© á¨¬¬¥âà¨¥©.
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�ª®ç â¥«ìë© ¢ë¢®¤, ª ª®â®à®¬ã ¬ë ¯à¨å®¤¨¬ ¯® à¥§ã«ìâ â ¬
¯à®¢¥¤¥®£® ¢ëè¥ ¨áá«¥¤®¢ ¨ï ¢ëà ¦ ¥â á«¥¤ãîé ï

�¥®à¥¬ . �àã¯¯®¢®© á¨¬¬¥âà¨¥© ¬®£ãâ ¡ëâì  ¤¥«¥ë â®«ìª®

¡¨ àë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë   ®¤®¬ ¨ ¤¢ãå ¬®¦¥áâ¢ å, ¢ â®

¢à¥¬ï ª ª ¤«ï q- àëå ä¨§¨ç¥áª¨å áâàãªâãà á q � 3 äãªæ¨ï (10:1)
¥ ¤®¯ãáª ¥â ¨ª ª¨å ¥âà¨¢¨ «ìëå «®ª «ìëå ¤¢¨¦¥¨©.

�®«ìª® çâ® áä®à¬ã«¨à®¢ ®© â¥®à¥¬¥ ®¡ ®âáãâáâ¢¨¨ £àã¯¯®¢®©
á¨¬¬¥âà¨¨ ã ¢á¥å q- àëå ä¨§¨ç¥áª¨å áâàãªâãà á q � 3 ª ª ¡ã¤-
â® ¡ë ¯à®â¨¢®à¥ç¨â ¯à¨¢¥¤¥ë© ¢ ª®æ¥ �¢¥¤¥¨ï ¯à¨¬¥à â¥à à-
®© ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®© à £  4 £¥®¬¥âà¨¨, § ¤ ¢ ¥¬®©
  ¯«®áª®áâ¨ R2 = fx; yg äãªæ¨¥© (�.15), ª®â®à ï á®¯®áâ ¢«ï¥â ª -
¦¤®© âà®©ª¥ â®ç¥ª < ijk > ¯«®é ¤ì S(ijk) ®à¨¥â¨à®¢ ®£® âà¥-

ã£®«ì¨ª  á ¢¥àè¨ ¬¨ ¢ íâ¨å â®çª å. �«ï ¯à®¨§¢®«ì®© ç¥â¢¥àª¨
â®ç¥ª < ijkl > ¬¥¦¤ã ¯«®é ¤ï¬¨ S(ijk); S(ijl); S(ikl); S(jkl), á®®â-
¢¥âáâ¢ãîé¨¬¨ ¢á¥¬ ã¯®àï¤®ç¥ë¬ ¯® ¨áå®¤®© ç¥â¢¥àª¥ âà®©ª ¬
â®ç¥ª < ijk >;< ijl >;< ikl >;< jkl >, ¨¬¥¥âáï äãªæ¨® «ì ï
á¢ï§ì (�.16), ¯à¨ç¥¬ á ¬  äãªæ¨ï (�.15) ¤®¯ãáª ¥â ¯ïâ¨¯ à ¬¥âà¨-
ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨© (�.17), á®áâ®ïéãî ¨§ ¥¢ª«¨¤®¢ëå ¤¢¨¦¥-
¨© ¨ á¤¢¨£®¢. �¤ ª® â®«ìª®  «¨ç¨ï äãªæ¨® «ì®© á¢ï§¨ (�.16),
á®£« á® ®¯à¥¤¥«¥¨î 1  áâ®ïé¥£® ¯ à £à ä , ¥ ï¢«ï¥âáï ¤®áâ -

â®çë¬ ãá«®¢¨¥¬ â®£®, çâ®¡ë äãªæ¨ï (�.15) § ¤ ¢ «    ¯«®áª®áâ¨
â¥à àãî ä¨§¨ç¥áªãî áâàãªâãàã à £  4. �¥®¡å®¤¨¬® ¥é¥, çâ®¡ë
á¢ï§ì (�.16) ¡ë«  ¯®à®¦¤ îé¥© ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¢áïª ï ¤àã-
£ ï ¥âà¨¢¨ «ì ï á¢ï§ì ¤®«¦  ¡ëâì ¥¥ á«¥¤áâ¢¨¥¬. �®ª ¦¥¬ , çâ®
¨¬¥® íâ®¬ã ãá«®¢¨î ®  ¨ ¥ ã¤®¢«¥â¢®àï¥â. �®§ì¬¥¬   ¯«®áª®-
áâ¨ á¥¬¥àªã â®ç¥ª < ijklpmn >, ª®â®à®© ¯® äãªæ¨¨ (�.15) á®¯®áâ -
¢¨¬ ¢á¥ âà¨¤æ âì ¯ïâì ¯«®é ¤¥© S(ijk), S(ijl); : : : ; S(imn); S(jkl),
S(jkp); : : : ; S(pmn) á®®â¢¥âáâ¢ãîé¨å âà¥ã£®«ì¨ª®¢ < ijk >; : : : ; <

pmn >. �§ íâ¨å âà¨¤æ â¨ ¯ïâ¨ ¯«®é ¤¥© ¯® á¢ï§¨ (�.16) ¬®¦® ¨á-

ª«îç¨âì ¤¢ ¤æ âì: S(jkl); S(jkp); : : : ; S(pmn). �¥¦¤ã ®áâ ¢è¨¬¨áï
¯ïâ ¤æ âìî ¯«®é ¤ï¬¨ S(ijk); S(ijl); : : : ; S(imn) ¨¬¥¥âáï âà¨¢¨-
 «ì ï á¢ï§ì, â ª ª ª ®¨ § ¢¨áïâ â®«ìª® ®â ç¥âëà ¤æ â¨ ª®®à¤¨ â
xi; yi; xj; yj; : : : ; xn; yn. �á«¨ á¢ï§ì (�.16) ¯®à®¦¤ îé ï, â®, ¨áª«îç ï
¯«®é ¤ì S(ijk), ¯®«ãç ¥¬ ç¥âëà ¤æ âì ¯«®é ¤¥©

S(ijl); S(ijp); : : : ; S(imn); (10:11)

165



ª®â®àë¥ ¤®«¦ë ¡ëâì ¥§ ¢¨á¨¬ë¬¨.�à¨¢¨ «ì®© á¢ï§¨ ¬¥¦¤ã ¨¬¨
¡ëâì ¥ ¬®¦¥â, â ª ª ª ®¨ ï¢«ïîâáï äãªæ¨ï¬¨ ç¥âëà ¤æ â¨ ª®-
®à¤¨ â â®ç¥ª á¥¬¥àª¨ < ijklpmn >, ® ¥âà¨¢¨ «ìë¥ á¢ï§¨ ¬¥¦¤ã
¨¬¨, ¢ ¤¥©áâ¢¨â¥«ì®áâ¨, ¥áâì, ¢ ç¥¬ ¬®¦® ã¡¥¤¨âìáï ¨§ á«¥¤ãîé¨å

¯à®áâëå á®®¡à ¦¥¨©. �á«¨ ¡ë â ª¨å á¢ï§¥© ¥ ¡ë«®, â® á¥¬¨â®ç¥ç ï
ä¨£ãà  < ijklpmn > ¥ ¨¬¥«  ¡ë ¤«ï á¢®¥£® ¤¢¨¦¥¨ï ¨ ®¤®© áâ¥-
¯¥¨ á¢®¡®¤ë, â ª ª ª   ç¥âëà ¤æ âì ª®®à¤¨ â ¥¥ â®ç¥ª ¡ë«® ¡ë
 «®¦¥® áâ®«ìª® ¦¥ ¥§ ¢¨á¨¬ëå á®®â®è¥¨©, ®¡ãá«®¢«¥ëå ¨-
¢ à¨ â®áâìî ç¥âëà ¤æ â¨ ¯«®é ¤¥© (10.11). � ¤¥©áâ¢¨â¥«ì®áâ¨
¦¥, á¥¬¨â®ç¥ç ï ä¨£ãà  < ijklpmn >, á®åà ïï ¯«®é ¤¨ ¢á¥å âà¨¤-
æ â¨ ¯ïâ¨ âà¥ã£®«ì¨ª®¢, ¬®¦¥â ¯¥à¥¬¥é âìáï ¯® ¯«®áª®áâ¨ á ¯ï-
âìî áâ¥¯¥ï¬¨ á¢®¡®¤ë: ®¤® ¢à é¥¨¥, ¤¢  ¯ à ««¥«ìëå ¯¥à¥®á  ¨
¤¢  á¤¢¨£ . �®®â¢¥âáâ¢ãîé ï £àã¯¯  ¤¢¨¦¥¨© § ¤ ¥âáï ¯ïâ¨¯ à ¬¥-

âà¨ç¥áª®© £àã¯¯®© (�.17) ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �áâ ®¢«¥®¥
¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â, çâ® ¬¥¦¤ã ç¥âëà ¤æ âìî ¯«®é ¤ï¬¨
(10.11) ¤®«¦ë áãé¥áâ¢®¢ âì ¤®¯®«¨â¥«ìë¥ ¥âà¨¢¨ «ìë¥ äãª-
æ¨® «ìë¥ á¢ï§¨, ¥ ï¢«ïîé¨¥áï á«¥¤áâ¢¨¥¬ ®á®¢®© á¢ï§¨ (�.16),
ª®â®à ï, â ª¨¬ ®¡à §®¬, ¥ ï¢«ï¥âáï ¯®à®¦¤ îé¥©. �ãªæ¨ï (�.15)
¥ § ¤ ¥â   ¯«®áª®áâ¨ M = R

2 â¥à àãî ä¨§¨ç¥áªãî áâàãªâãàã
à £  4 ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1  áâ®ïé¥£® ¯ à £à ä , ¥á¬®âàï  
 «¨ç¨¥ äãªæ¨® «ì®© á¢ï§¨ (�.16), â ª ª ª à £ ¯à®¥ªæ¨¨ ®â®¡à -

¦¥¨ï F 0 :M7 ! R
35, § ¤ ¢ ¥¬®© ç¥âëà ¤æ âìî ¯«®é ¤ï¬¨ (10.11)

¨ ¥ á®¤¥à¦ é¥© ®â®¡à ¦¥¨ï F : M4 ! R
4, ¬¥ìè¥ ç¥âëà ¤æ â¨,

â® ¥áâì ¥ ¬ ªá¨¬ «¥.
�àã¯¯®¢ ï á¨¬¬¥âà¨ï ¡¨ àëå ä¨§¨ç¥áª¨å áâàãªâãà, ª®â®àë¬

¡ë«® ã¤¥«¥® ®á®¢®¥ ¢¨¬ ¨¥ ¢ ¬®®£à ä¨¨  ¢â®à  "�®«¨¬¥âà¨ç¥-
áª¨¥ £¥®¬¥âà¨¨" [46] ¨ ¢  áâ®ïé¥© ¬®®£à ä¨¨, ï¢«ï¥âáï ®¯à¥¤¥«ïî-
é¥©. �® ¥áâì äãªæ¨ï f : Sf ! R

s, £¤¥ Sf � M2 ¨«¨ Sf � M�N,
¡ã¤¥â § ¤ ¢ âì ä¨§¨ç¥áªãî áâàãªâãàã ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ã-
ç ¥, ¥á«¨ ®  ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî ª®¥ç®¬¥àãî £àã¯¯ã ¤¢¨-

¦¥¨©. �á«®¢¨¥  ¤¥«¥¨ï ä¨§¨ç¥áª¨å áâàãªâãà £àã¯¯®¢®© á¨¬¬¥âà¨-
¥© ®¯à¥¤¥«ï¥â ¥¥ áâ¥¯¥ì, ãáâ  ¢«¨¢ ï á¢ï§ì íâ®© áâ¥¯¥¨ á à §¬¥à-
®áâìî ¬®¦¥áâ¢ ¨ à £®¬ áâàãªâãàë á®®â®è¥¨ï¬¨ (10.7),(10.8)
¨ (10.9),(10.10). � ¤àã£®© áâ®à®ë, ¡¥§ ¯à¥¤¯®«®¦¥¨ï ® £àã¯¯®¢®©
á¨¬¬¥âà¨¨ ¤ ¦¥ á®®â®è¥¨ï (10.7) ¨ (10.9,), ãáâ  ¢«¨¢ îé¨¥ á¢ï§ì
à §¬¥à®áâ¨ ¬®¦¥áâ¢ ¨ à £  áâàãªâãàë ¨ ¥ á®¤¥à¦ é¨¥ áâ¥¯¥ì
£àã¯¯®¢®© á¨¬¬¥âà¨¨, ¤®«¦ë ¢ ¨áå®¤ëå  ªá¨®¬ å ®£®¢ à¨¢ âìáï
¤®¯®«¨â¥«ì® ¡¥§ ¤®áâ â®ç® ã¡¥¤¨â¥«ì®£® ®¡®á®¢ ¨ï íâ®© á¢ï§¨.
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� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® à¥§ã«ìâ âë  áâ®ïé¥£® ¯ à £à ä  ®¯ã-
¡«¨ª®¢ ë  ¢â®à®¬ ¢ à ¡®â¥ [53].

x11. �ãªæ¨® «ìë¥ ãà ¢¥¨ï ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å

áâàãªâãà (���)

� ¬ â¥¬ â¨ç¥áª®¬ ¯¯ à â¥ ��� äãªæ¨® «ìë¥ ãà ¢¥¨ï ¨£à -
îâ ª«îç¥¢ãî à®«ì, ¯à¨ç¥¬ ä¥®¬¥®«®£¨ç¥áª ï ¨ £àã¯¯®¢ ï á¨¬¬¥-
âà¨¨ ¯à¨¢®¤ïâ ª à §«¨ç®¬ã ¨å â¨¯ã. �  áâ®ïé¥¬ ¯ à £à ä¥ ¢ ®á®¢-
®¬ ¡ã¤ãâ à áá¬®âà¥ë äãªæ¨® «ìë¥ ãà ¢¥¨ï ¤«ï ä¨§¨ç¥áª¨å
áâàãªâãà   ¤¢ãå ¬®¦¥áâ¢ å. �«ï £¥®¬¥âà¨ç¥áª¨å ¦¥ áâàãªâãà  
®¤®¬ ¬®¦¥áâ¢¥ á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨® «ìë¥ ãà ¢¥¨ï ¡ã¤ãâ
¯à¨¢¥¤¥ë â®«ìª® ¢ ¯« ¥ ¨««îáâà æ¨¨ ¨ á®¯®áâ ¢«¥¨ï.

�¨§¨ç¥áª ï áâàãªâãà  à £  (n+1;m+1) § ¤ ¥âáï ¥¢ëà®¦¤¥®©
s-¬¥âà¨ª®© (1.2):

f(i�) = f(x(i); �(�)) = f(x1(i); : : : ; xsm(i); �1(�); : : : ; �sn(�)); (11:1)

£¤¥ m;n; s � 1,   sm- ¨ sn-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N. �¥ ä¥-
®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï ®§ ç ¥â, çâ® ¤«ï ª ¦¤®£® ª®àâ¥¦  <
ijk : : : v; �� : : : � > ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U � SF �Mn+1�Nm+1

¯«®â®£® ¢ SF ¬®¦¥áâ¢  ª®àâ¥¦¥© ¢ë¯®«ï¥âáï â®¦¤¥áâ¢® (1.1):

�(f(i�); f(i�); : : : ; f(v� )) = 0; (11:2)

£¤¥ äãªæ¨ï � ¨¬¥¥â s ¥§ ¢¨á¨¬ëå ª®¬¯®¥â.

�®¦¤¥áâ¢® (11.2) ¥áâì, á ®¤®© áâ®à®ë,   «¨â¨ç¥áª®¥ ¢ëà ¦¥¨¥
¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨,   á ¤àã£®©, ¯à¥¤áâ ¢«ï¥â
á®¡®© ®á®¢®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ ¢ ���. � ®¡é¥¬ á«ãç ¥ ¥-
¨§¢¥áâë¬¨ ¢ ãà ¢¥¨¨ (11.2) ï¢«ïîâáï ¨ äãªæ¨ï f = (f1; : : : ; f s),
§ ¤ îé ï ä¨§¨ç¥áªãî áâàãªâãàã, ¨ äãªæ¨ï � = (�1; : : : ;�s), ¢ë-
à ¦ îé ï íâ¨¬ ãà ¢¥¨¥¬ ¥¥ ä¥®¬¥®«®£¨ç¥áªãî á¨¬¬¥âà¨î. �®-
¨¬ ¥¬®¥ ¨¬¥® ¢ â ª®¬ á¬ëá«¥, ãà ¢¥¨¥ (11.2) à¥è¥® â®«ìª® ¢
¥ª®â®àëå á«ãç ïå. �®«®áâìî ¤«ï s = 1 (á¬. x2 ¨ ¬®®£à ä¨î [27]),

ç áâ¨ç® ¤«ï s = 2 (á¬. x7 ¨ áâ âì¨ [15],[16]) ¨ s = 3 (á¬ x8). �®«¥¥
¯à®áâë¬ ï¢«ï¥âáï â®â ¢ à¨ â ãà ¢¥¨ï (11.2), ª®£¤  ¢ ¥¬ ¨§ ¤¢ãå
äãªæ¨© f ¨ � ª ª ï-â® ¨§¢¥áâ . �  áâà ¨æ å  áâ®ïé¥© ¬®®£à -
ä¨¨ ç é¥ ¢á¥£® ®ª §ë¢ « áì ¨§¢¥áâ®© s-¬¥âà¨ª  f , ¯®íâ®¬ã ¨¬¥®
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â ª®© ¢ à¨ â ãà ¢¥¨ï (11.2) ¬ë à áá¬®âà¨¬ ¨¦¥ ¤®áâ â®ç® ¯®-
¤à®¡®.

�à®áâ¥©è¨¥ á«ãç ¨ ãà ¢¥¨ï (11.2) á ¨§¢¥áâ®© äãªæ¨¥© f ¢®§¨-
ª îâ ¯à¨   «¨§¥ áâàãªâãàë ¢â®à®£® § ª®  �ìîâ®  ¨ § ª®  �¬ ,

¯à®¢¥¤¥®¬ ¢® �¢¥¤¥¨¨. �á«¨ § ª® �ìîâ®  § ¯¨á âì ä®à¬ã«®©
(�.1), ãª §ë¢ îé¥© ï¢® ¬ â¥à¨ «ì®¥ â¥«® i ¨ ãáª®à¨â¥«ì �:

m(i)a(i�) = F (�); (11:3)

£¤¥ a { äãªæ¨ï ãáª®à¥¨ï â¥«  ¬ ááë m ¯®¤ ¤¥©áâ¢¨¥¬ ãáª®à¨â¥«ï
á¨«ë F , â® ¤«ï «î¡ëå ¤¢ãå ¬ â¥à¨ «ìëå â¥« i; j ¨ ¤«ï «î¡ëå ¤¢ãå

ãáª®à¨â¥«¥© �; � «¥£ª®  å®¤¨âáï á¢ï§ì (�.2), ¢ ª®â®àãî ¢å®¤ïâ â®«ìª®
ç¥âëà¥ ¨§¬¥àï¥¬ë¥ ¢ ®¯ëâ¥ ãáª®à¥¨ï:

a(i�)a(j�)� a(i�)a(j�) = 0: (11:4)

�¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç ï ä®à¬  (11.4) ¢â®à®£® § ª® 
�ìîâ®  ï¢«ï¥âáï à¥è¥¨¥¬ äãªæ¨® «ì®£® ãà ¢¥¨ï

�(a(i�); a(i�); a(j�); a(j�)) = 0; (11:5)

¢ ª®â®à®¬ äãªæ¨ï ãáª®à¥¨ï a ¨§¢¥áâ  ¯® ®¡ëç®© ä®à¬¥ (11.3) íâ®-
£® § ª® . �ãªæ¨ï a § ¤ ¥â   ¬®¦¥áâ¢¥ ¬ â¥à¨ «ìëå â¥« M ¨
¬®¦¥áâ¢¥ ãáª®à¨â¥«¥© N ä¨§¨ç¥áªãî áâàãªâãàã ¬¨¨¬ «ì®£® à -
£  (2,2), ¯®íâ®¬ã ¨ ãà ¢¥¨¥ (11.5) ®ª § «®áì ¤®áâ â®ç® ¯à®áâë¬.
�á®, çâ® íâ® ãà ¢¥¨¥ ¥áâì ç áâë© á«ãç © ®¡é¥£® ãà ¢¥¨ï (11.2)

¤«ï á«ãç ï m = n = s = 1, ¥á«¨ ¢ ¥¬ ¯®«®¦¨âì f = a.
�¥à¥©¤¥¬ â¥¯¥àì ª § ª®ã �¬ , ¢ ä®à¬ã«¥ (�.3) ª®â®à®£® ï¢® ãª -

§ ë ¯à®¢®¤¨ª i ¨ ¨áâ®ç¨ª â®ª  �:

I(i�) = E(�)=(R(i) + r(�)); (11:6)

£¤¥ I { äãªæ¨ï â®ª , ¨§¬¥àï¥¬ ï  ¬¯¥à¬¥âà®¬ ¢ § ¬ªãâ®© æ¥¯¨,

á®¤¥à¦ é¥© ¯à®¢®¤¨ª á á®¯à®â¨¢«¥¨¥¬ R ¨ ¨áâ®ç¨ª â®ª  á í«¥ª-
âà®¤¢¨¦ãé¥© á¨«®© E ¨ ¢ãâà¥¨¬ á®¯à®â¨¢«¥¨¥¬ r. �«ï «î¡ëå
âà¥å ¯à®¢®¤¨ª®¢ i; j; k ¨ «î¡ëå ¤¢ãå ¨áâ®ç¨ª®¢ â®ª  �; � è¥áâì ¢®§-
¬®¦ëå § ç¥¨© â®ª  á¢ï§ ë á®®â®è¥¨¥¬ (�.4), ¢ ª®â®à®¬ ®âáãâ-
áâ¢ãîâ ¯ à ¬¥âàë íâ¨å ¯à®¢®¤¨ª®¢ ¨ ¨áâ®ç¨ª®¢:�������

I
�1(i�) I

�1(i�) 1
I
�1(j�) I

�1(j�) 1
I
�1(k�) I

�1(k�) 1

������� = 0: (11:7)
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�®®â®è¥¨¥ (11.7) § ¤ ¥â ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çãî ä®à-
¬ã § ª®  �¬ , ï¢«ïîéãîáï à¥è¥¨¥¬ äãªæ¨® «ì®£® ãà ¢¥¨ï

�(I(i�); I(i�); I(j�); I(j�); I(k�); I(k�)) = 0; (11:8)

¢ ª®â®à¬ äãªæ¨ï â®ª  I ¨§¢¥áâ  ¯® ®¡ëç®© ä®à¬¥ (11.6) íâ®£® § -
ª® . � ¬¥â¨¬, çâ® äãªæ¨ï I § ¤ ¥â   ¬®¦¥áâ¢¥ ¯à®¢®¤¨ª®¢ M
¨ ¬®¦¥áâ¢¥ ¨áâ®ç¨ª®¢ â®ª  N ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2),
  ãà ¢¥¨¥ (11.8) ¯®«ãç ¥âáï ¨§ ®¡é¥£® ãà ¢¥¨ï (11.2) ¯à¨ n =
2;m = s = 1, ¥á«¨ ¢ ¥¬ ¯®«®¦¨âì f = I.

� x2 ¯® à ¡®â¥ [14] ¨ ¬®®£à ä¨¨ [27] ¯à¨¢¥¤¥ë ¢á¥ ¢®§¬®¦ë¥
ª ®¨ç¥áª¨¥ ¢ëà ¦¥¨ï ¤«ï äãªæ¨¨ f , § ¤ îé¥©   m-¬¥à®¬ ¨ n-

¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ®¤®¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãªâã-
àã à £  (n+1;m+1). �®á¯à®¨§¢¥¤¥¬ ¨å §¤¥áì ¯® ä®à¬ã« ¬ (2.2){(2.7),
ãª §ë¢ ï ï¢® â®çªã i ¬®¦¥áâ¢ M ¨ â®çªã � ¬®¦¥áâ¢  N:
m = 1; n = 1:

f(i�) = x(i) + �(�); (11:9)

m = 1; n = 2:
f(i�) = x(i)�(�) + �(�); (11:10)

m = 1; n = 3:

f(i�) = (x(i)�(�) + �(�))=(x(i) + #(�)); (11:11)

m = n � 2:

f(i�) = x
1(i)�1(�) + : : :+ x

m�1(i)�m�1(�) + x
m(i)�m(�); (11:12)

f(i�) = x
1(i)�1(�) + : : :+ x

m�1(i)�m�1(�) + x
m(i) + �

m(�); (11:13)

m = n� 1 � 2:

f(i�) = x
1(i)�1(�) + : : :+ x

m(i)�m(�) + �
m+1(�); (11:14)

£¤¥ ¯à¥¤¯®« £ ¥âáï, çâ® m � n. �ëà ¦¥¨ï ¦¥ äãªæ¨¨ f(i�) ¤«ï
âà¥å á«ãç ¥¢ n = 1;m = 2; n = 1;m = 3 ¨ n = m�1 � 2, ª®£¤  m > n,
«¥£ª® § ¯¨á âì ¯® ¢ëà ¦¥¨ï¬ (11.10),(11.11) ¨ (11.14):
n = 1; m = 2:

f(i�) = x(i)�(�) + y(i); (11:15)

n = 1; m = 3:

f(i�) = (x(i)�(�) + y(i))=(�(�) + z(i)); (11:16)
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n = m� 1 � 2;

f(i�) = x
1(i)�1(�) + : : :+ x

n(i)�n(�) + x
n+1(i): (11:17)

�«ï ª ¦¤®© ¨§ ¬¥âà¨ç¥áª¨å äãªæ¨© (11.9){(11.17), ªà®¬¥, ¬®¦¥â
¡ëâì, (11.11) ¨ (11.16), à¥è¥¨¥ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.2)  -

å®¤¨âáï áà ¢¨â¥«ì® ¯à®áâ® ¨ ç¨áâ®  «£¥¡à ¨ç¥áª¨: ¨§ (m+1)(n+1)
§ ç¥¨© äãªæ¨¨ f ¤«ï ¢á¥å ¯ à ª®àâ¥¦  < ijk : : : v; �� : : : � > 2
SF �Mn+1�Nm+1 ¨áª«îç îâáï ª®®à¤¨ âë ¢á¥å â®ç¥ª íâ®£® ª®àâ¥-
¦ .

�ãªæ¨ï (11.9) § ¤ ¥â   ®¤®¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ä¨-
§¨ç¥áªãî áâàãªâãàã à £  (2,2) ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥
(11.2):

�(f(i�); f(i�); f(j�); f(j�)) = 0 (11:18)

¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:

f(i�) � f(i�)� f(j�) + f(j�) = 0: (11:19)

�ãªæ¨ï (11.10)   ®¤®¬¥à®¬ ¨ ¤¢ã¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N
§ ¤ ¥â ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2) ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥
ãà ¢¥¨¥ (11.2):

�(f(i�); f(i�); f(j�); f(j�); f(k�); f(k�)) = 0 (11:20)

¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:�������
1 f(i�) f(i�)
1 f(j�) f(j�)
1 f(k�) f(k�)

������� = 0: (11:21)

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® à¥è¥¨ï (11.19) ¨ (11.21) ¯®¤áâ ®¢-
ª ¬¨ f = ln a ¨ f = 1=I ¯¥à¥¢®¤ïâáï ¢ á®®â®è¥¨ï (11.4) ¨ (11.7),
®¯à¥¤¥«ïîé¨¥ § ª® �ìîâ®  ¨ § ª® �¬  ¢ ¨å ä¥®¬¥®«®£¨ç¥áª¨
¨¢ à¨ â®© ä®à¬¥.

�ãªæ¨ï (11.11) § ¤ ¥â   ®¤®¬¥à®¬ ¨ âà¥å¬¥à®¬¬®£®®¡à §¨ïå
M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (4,2) ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥

ãà ¢¥¨¥ (11.2):

�(f(i�); f(i�); f(j�); f(j�); f(k�); f(k�); f(l�); f(l�)) = 0 (11:22)
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¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥���������

1 f(i�) f(i�) f(i�)f(i�)
1 f(j�) f(j�) f(j�)f(j�)
1 f(k�) f(k�) f(k�)f(k�)
1 f(l�) f(l�) f(l�)f(l�)

���������
= 0: (11:23)

�ãªæ¨ï (11.12) § ¤ ¥â   m-¬¥àëå ¬®£®®¡à §¨ïå M ¨ N, £¤¥
m � 2, ä¨§¨ç¥áªãî áâàãªâãàã à £  (m + 1;m + 1), â® ¥áâì à £ 
(3,3), (4,4), (5,5), : : : , ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.2) ¨¬¥¥â
á«¥¤ãîé¥¥ à¥è¥¨¥:���������

f(i�) f(i�) : : : f(i� )
f(j�) f(j�) : : : f(j� )
: : : : : : : : : : : :

f(v�) f(v�) : : : f(v� )

���������
= 0: (11:24)

�ãªæ¨ï (11.13)   â¥å ¦¥ ¬®£®®¡à §¨ïå M ¨ N § ¤ ¥â ¤àã£ãî
ä¨§¨ç¥áªãî áâàãªâãàã, ® â®£® ¦¥ à £ , çâ® ¨ äãªæ¨ï (11.12). �«ï
¥¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.2) ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:

�����������

0 1 1 : : : 1
1 f(i�) f(i�) : : : f(i� )
1 f(j�) f(j�) : : : f(j� )
: : : : : : : : : : : : : : :

1 f(v�) f(v�) : : : f(v� )

�����������
= 0: (11:25)

� ¬¥â¨¬, çâ® äãªæ¨¨ (11.12) ¨ (11.13) ¥ ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£ 
¨ ¯à¨ ª ª¨å § ¬¥ å ª®®à¤¨ â ¢ ¬®£®®¡à §¨ïå M;N ¨ ¬ áèâ ¡-
®¬ ¯à¥®¡à §®¢ ¨¨ f !  (f), â® ¥áâì ®¨ § ¤ îâ ¯à¨æ¨¯¨ «ì®
à §«¨çë¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (m + 1;m + 1)   m-¬¥àëå
¬®£®®¡à §¨ïå, £¤¥,  ¯®¬¨¬, m � 2.

�ãªæ¨ï (11.14) § ¤ ¥â   m-¬¥à®¬ ¨ (m+ 1)-¬¥à®¬ ¬®£®®¡à -
§¨ïåM ¨ N, £¤¥ m � 2, ä¨§¨ç¥áªãî áâàãªâãàã à £  (4,3), (5,4), (6,5),

: : : , ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.2) ¨¬¥¥â á«¥¤ãîé¥¥ à¥-
è¥¨¥: �����������

1 f(i�) f(i�) : : : f(i� )

1 f(j�) f(j�) : : : f(j� )
1 f(k�) f(k�) : : : f(k� )
: : : : : : : : : : : : : : :

1 f(v�) f(v�) : : : f(v� )

�����������
= 0: (11:26)
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�ãªæ¨ï (11.15) § ¤ ¥â   ¤¢ã¬¥à®¬ ¨ ®¤®¬¥à®¬ ¬®£®®¡à §¨-
ïå M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,3) ¨ ¤«ï äãªæ¨® «ì®£®
ãà ¢¥¨ï (11.2):

�(f(i�); f(i�); f(i); f(j�); f(j�); f(j)) = 0 (11:27)

¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:�������
1 1 1

f(i�) f(i�) f(i)
f(j�) f(j�) f(j)

������� = 0: (11:28)

�ãªæ¨ï (11.16) § ¤ ¥â   âà¥å¬¥à®¬ ¨ ®¤®¬¥à®¬ ¬®£®®¡à §¨ïå
M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,4) ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥

ãà ¢¥¨¥ (11.2):

�(f(i�); f(i�); f(i); f(i�); f(j�); f(j�); f(j); f(j�)) = 0 (11:29)

¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:���������

1 1 1 1
f(i�) f(i�) f(i) f(i�)
f(j�) f(j�) f(j) f(j�)

f(i�)f(j�) f(i�)f(j�) f(i)f(j) f(i�)f(j�)

���������
= 0: (11:30)

�  ª®¥æ, äãªæ¨ï (11.17) § ¤ ¥â   (n + 1)-¬¥à®¬ ¨ n-¬¥à®¬
¬®£®®¡à §¨ïå M ¨ N, £¤¥ n � 2, ä¨§¨ç¥áªãî áâàãªâãàã à £  (n +
1; n+2), â® ¥áâì à £  (3,4), (4,5), (5,6), : : : , ¨ ¤«ï ¥¥ äãªæ¨® «ì®¥
ãà ¢¥¨¥ (11.2) ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:

�����������

1 1 1 : : : 1
f(i�) f(i�) f(i) : : : f(i� )
f(j�) f(j�) f(j) : : : f(j� )
: : : : : : : : : : : : : : :

f(v�) f(v�) f(v) : : : f(v� )

�����������
= 0: (11:31)

� x7, ¢®á¯à®¨§¢®¤ïé¥¬ á®¤¥à¦ ¨¥ à ¡®â [15] ¨ [16], ¯®«ãç¥ë ¢á¥
¢®§¬®¦ë¥ ª ®¨ç¥áª¨¥ ¢ëà ¦¥¨ï ¤¢ã¬¥âà¨ª¨, § ¤ îé¥©   ¤¢ã-
¬¥à®¬ ¨ 2n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã
à £  (n+1; 2), £¤¥ n � 1. �®á¯à®¨§¢¥¤¥¬ ¨å §¤¥áì ¯® ä®à¬ã« ¬ (7.9){
(7.18), ãª §ë¢ ï ï¢® â®çª¨ i ¨ � ¬®¦¥áâ¢M ¨ N:
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n = 1:
f
1(i�) = x(i) + �(�); f2(i�) = y(i) + �(�); (11:32)

f
1(i�) = (x(i) + �(�))y(i);

f
2(i�) = (x(i) + �(�))�(�);

)
(11:33)

n = 2:
f
1(i�) = x(i)�(�) + "y(i)�(�) + �(�);
f
2(i�) = x(i)�(�) + y(i)�(�) + �(�);

)
(11:34)

£¤¥ " = 0;�1;
f
1(i�) = x(i)�(�) + �(�);

f
2(i�) = x(i)�(�) + y(i)�c(�) + �(�);

)
(11:35)

£¤¥ c 6= 1;

f
1(i�) = x(i)�(�) + �(�);

f
2(i�) = x(i)�(�) + y(i)�2(�) + x

2(i)�2(�) ln �(�) + �(�);

)
(11:36)

f
1(i�) = x(i)�(�) + y(i)�(�);
f
2(i�) = x(i)�(�) + y(i)�(�);

)
(11:37)

n = 3:

f
1(i�) = [(x(i)�(�) + "y(i)�(�)) + �(�))(x(i) + �(�))�

� "(x(i)�(�) + y(i)�(�) + �(�))(y(i) + � (�))]=

=[(x(i) + �(�))2 � "(y(i) + � (�))2];

f
2(i�) = [(x(i)�(�) + "y(i)�(�) + �(�))(y(i) + � (�))�

� (x(i)�(�) + y(i)�(�) + �(�))(x(i) + �(�))]=

=[(x(i) + �(�))2 � "(y(i) + � (�))2];

9>>>>>>>>=
>>>>>>>>;

(11:38)

£¤¥ " = 0;�1;
f
1(i�) = (x(i)�(�) + �(�))=(x(i) + �(�));

f
2(i�) = (x(i)�(�) + y(i)�(�) + � (�))=(x(i) + �(�);

)
(11:39)

f
1(i�) = x(i)�(�) + y(i)�(�) + �(�);
f
2(i�) = x(i)�(�) + y(i)�(�) + � (�);

)
(11:40)

n = 4:
f
1(i�) = (x(i)�(�) + y(i)�(�) + �(�))=

=(x(i)'(�) + y(i) + !(�));
f
2(i�) = (x(i)�(�) + y(i)�(�) + � (�))=

=(x(i)'(�) + y(i) + !(�)):

9>>>=
>>>;

(11:41)
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�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.2) ¤«ï ¤¢ã¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®©
áâàãªâãàë à £  (n+ 1; 2) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (7:10):

�(f(i�); f(i�); f(j�); f(j�); : : : ; f(v�); f(v�)) = 0; (11:42)

¯à¨ç¥¬  ¤® ¯®¬¨âì, çâ® äãªæ¨¨ f ¨ � ¤¢ãåª®¬¯®¥âë¥, â® ¥áâì

f = (f1; f2) ¨ � = (�1;�2).
�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.42) ¤«ï ¤¢ã¬¥âà¨ª (11.32) ¨ (11.33),

§ ¤ îé¨å   ¤¢ã¬¥àëå ¬®£®®¡à §¨ïåM ¨N ä¨§¨ç¥áªãî áâàãªâãàã
à £  (2,2), ¨¬¥¥â à¥è¥¨ï (7.24) ¨ (7.25) á®®â¢¥âáâ¢¥®.

�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.42) ¤«ï ¤¢ã¬¥âà¨ª (11.34), (11.35),
(11.36) ¨ (11.37), § ¤ îé¨å   ¤¢ã¬¥à®¬ ¨ ç¥âëà¥å¬¥à®¬ ¬®£®-
®¡à §¨ïå M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2), ¨¬¥¥â à¥è¥¨ï
(7.26), (7.27), (7.28) ¨ (7.29) á®®â¢¥âáâ¢¥®.

�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.42) ¤«ï ¤¢ã¬¥âà¨ª (11.38) ¨ (11.40),
§ ¤ îé¨å   ¤¢ã¬¥à®¬ ¨ è¥áâ¨¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ä¨§¨-
ç¥áªãî áâàãªâãàã à £  (4,2), ¨¬¥¥â à¥è¥¨¥ (7.30) ¨ (7.31) á®®â¢¥â-
áâ¢¥®.

�«ï ¤¢ã¬¥âà¨ª¨ (11.39), â ª¦¥ § ¤ îé¥©   ¤¢ã¬¥à®¬ ¨ è¥áâ¨-
¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (4,2), à¥-
è¥¨¥ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.42) ¯®ª  ¥  ©¤¥®. �¥ à¥è¥®
íâ® ãà ¢¥¨¥ ¥é¥ ¨ ¤«ï ¤¢ã¬¥âà¨ª¨ (11.41), § ¤ îé¥©   ¤¢ã¬¥à-
®¬ ¨ ¢®áì¬¨¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N ¥¤¨áâ¢¥ãî ä¨§¨ç¥áªãî

áâàãªâãàã à £  (5,2).
� x8 ¯®«ãç¥  ¨áç¥à¯ë¢ îé ï ª« áá¨ä¨ª æ¨ï âà¨¬¥âà¨ª f =

(f1; f2; f3), § ¤ îé¨å   âà¥å¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ä¨§¨ç¥-
áªãî áâàãªâãàã à £  (2,2). �®®â¢¥âáâ¢ãîé¨¥ á¥¬ì ¢ëà ¦¥¨©
(8.43){(8.49) ¬®¦® ¯¥à¥¯¨á âì, ãª §ë¢ ï ï¢® â®çª¨ i ¨ � ¬®¦¥áâ¢
M ¨ N. �«ï íâ®£®  ¤® â®«ìª® ®áãé¥áâ¢¨âì ¢ ¨å á«¥¤ãîé¨¥ ¯®¤-
áâ ®¢ª¨: f ! f(i�); x ! x(i); y ! y(i); z ! z(i); � ! �(�); � !
�(�); #! #(�), ç¥£®, ®¤ ª®, ï¢® ¬ë ¨¦¥ ¤¥« âì ¥ ¡ã¤¥¬.

�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.2) ¤«ï âà¨¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å

áâàãªâãà à £  (2,2) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (8.3):

�(f(i�); f(i�); f(j�); f(j�)) = 0; (11:43)

ª®â®à®¥, ¢ ®â«¨ç¨¥ ®â ãà ¢¥¨ï (11.18), ¥áâì á¨áâ¥¬  âà¥å äãª-
æ¨® «ìëå ãà ¢¥¨©, â ª ª ª ¢ ¥¬ äãªæ¨¨ � = (�1;�2;�3) ¨
f = (f1; f2; f3) âà¥åª®¬¯®¥âë¥.
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�ãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.43) ¤«ï âà¨¬¥âà¨ª (8.43), (8.44),
(8.45), (8.46) ¨ (8.49) ¨¬¥¥â à¥è¥¨ï (8.60), (8.61), (8.62), (8.63) ¨ (8.64)
á®®â¢¥âáâ¢¥®. �«ï âà¨¬¥âà¨ª¦¥ (8.47) ¨ ( 8.48) à¥è¥¨ï íâ®£® ãà ¢-
¥¨ï ¥é¥ ¥  ©¤¥ë.

�àã£®© ¢ à¨ â äãªæ¨® «ì®£® ãà ¢¥¨ï (11.2), ª®£¤  ¯à¨ ¨§-
¢¥áâ®© äãªæ¨¨ � = (�1; : : : ;�s) ¥®¡å®¤¨¬®  ©â¨ s-¬¥âà¨ªã f =
(f1; : : : ; f s), § ¤ îéãî   ¬®£®®¡à §¨ïå M ¨ N à §¬¥à®áâ¨ sm ¨
sn ä¨§¨ç¥áªãî áâàãªâãàã à £  (n+ 1;m + 1), à¥è ¥âáï á«¥¤ãîé¨¬
®¡à §®¬. � ¯àï¬ëå ¯à®¨§¢¥¤¥¨ïå Mn ¨ Nm ä¨ªá¨àãîâáï ª®àâ¥¦¨
< j0k0 : : : v0 > ¨ < �00 : : : �0 > ¤«¨ë n ¨ m. �®çª¨ íâ¨å ª®àâ¥-
¦¥© ¢ë¡¨à îâáï â ª¨¥, çâ®¡ë ãà ¢¥¨¥ (11.2), § ¯¨á ®¥ ¤«ï ª®à-
â¥¦  < ij0k0 : : : v0; ��00 : : : �0 > 2 SF , ¬®£«® ¡ëâì ®¤®§ ç® à §-
à¥è¥®, ¯® ªà ©¥© ¬¥à¥ «®ª «ì®, ®â®á¨â¥«ì® f(i�). � â¥¬ ã¤®¡-

ë¬ ®¡à §®¬ ¢¢®¤ïâáï «®ª «ìë¥ ª®®à¤¨ âë x
1(i); x2(i); : : : ; xsm(i) ¨

�
1(�); �2(�); : : : ; �sn(�), ç¥à¥§ ª®â®àë¥ ¨ ¢ëà ¦ ¥âáï s-¬¥âà¨ª  (11.1).
�á«¨ ®  ¥¢ëà®¦¤¥  ¨ ¯à¨ ¥¥ ¯®¤áâ ®¢ª¥ ¢ ¨áå®¤®¥ ãà ¢¥¨¥
(11.2) ®® ¯à¥¢à é ¥âáï ¢ â®¦¤¥áâ¢® ¯® ¢á¥¬ ª®®à¤¨ â ¬ ª®àâ¥¦ 
< ijk : : : v; �� : : : � >, â® ¯®«ãç¥ ï s-¬¥âà¨ª  ¤¥©áâ¢¨â¥«ì® § ¤ -
¥â ä¨§¨ç¥áªãî áâàãªâãàã á®®â¢¥âáâ¢ãîé¥£® à £ .

�à®¨««îáâà¨àã¥¬ ®¯¨á ë© ¢ëè¥ ¬¥â®¤ à¥è¥¨ï äãªæ¨® «ì-
®£® ãà ¢¥¨ï (11.2)   ¯à¨¬¥à¥ ®¤®¬¥âà¨ç¥áª®© ¨ ¤¢ã¬¥âà¨ç¥áª®©

ä¨§¨ç¥áª®© áâàãªâãàë ¬¨¨¬ «ì®£® à £  (2,2).
�à ¢¥¨¥ (11.19) § ¯¨è¥¬ ¤«ï ç¥â¢¥àª¨ < ij0; ��0 >:

f(i�)� f(i�0)� f(j0�) + f(j0�0) = 0;

¯®á«¥ ç¥£® à §à¥è¨¬ ¥£® ®â®á¨â¥«ì® ¯¥à¥¬¥®© f(i�):

f(i�) = f(i�0) + f(j0�)� f(j0�0):

�¢®¤ï «®ª «ìë¥ ª®®à¤¨ âë x(i) = f(i�0) ¨ �(�) = f(j0�) � f(j0�0),
£¤¥ f(j0�0), ®ç¥¢¨¤®, ª®áâ â , ¯®«ãç ¥¬ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥-
¨¥ (11.9), ª®â®à®¥ ¯à¨ ¯®¤áâ ®¢ª¥ ¢ ãà ¢¥¨¥ (11.19) ®¡à é ¥â ¥£®
¢ â®¦¤¥áâ¢®, ¯®¤â¢¥à¦¤ ï â¥¬ á ¬ë¬, çâ® íâ  äãªæ¨ï § ¤ ¥â   ®¤-

®¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ®¤®¬¥âà¨ç¥áªãî ä¨§¨ç¥áªãî áâàãª-
âãàã à £  (2,2).

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¡®«¥¥ á«®¦®£® á«ãç ï ¤¢ã¬¥âà¨ç¥áª®©
ä¨§¨ç¥áª®© áâàãªâãàë à £  (2,2) á ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç-
ë¬ á®®â®è¥¨¥¬ (7.25). � áá¬®âà¨¬ íâ® á®®â®è¥¨¥ ª ª á¨áâ¥¬ã
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¤¢ãå äãªæ¨® «ìëå ãà ¢¥¨© ¨ á ç «  § ¯¨è¥¬ ¨å ¤«ï ç¥-
â¢¥àª¨ < j0i; �0� >:����� f

1(j0�0)� f
1(j0�) f

1(j0�0)f
2(i�0)

f
1(i�0)� f

1(i�) f
1(i�0)f

2(j0�0)

����� = 0;

����� f
2(j0�0)� f

2(i�0) f
2(j0�0)f

1(j0�)
f
2(j0�) � f

2(i�) f
2(j0�)f

1(j0�0)

����� = 0;

9>>>>>>=
>>>>>>;

¯®á«¥ ç¥£® à §à¥è¨¬ ®â®á¨â¥«ì® f(i�) = (f1(i�); f2(i�)):

f
1(i�) = [f2(i�0)f

1(j0�0) + f
1(j0�)f

2(j0�0)�
� f

1(j0�0)f
2(j0�0)]f

1(i�0)=f
2(i�0)f

1(j0�0);

f
2(i�) = [f2(i�0)f

1(j0�0) + f
1(j0�)f

2(j0�0)�
� f

1(j0�0)f
2(j0�0)]f

2(j0�)=f
1(j0�)f

2(j0�0):

9>>>>>=
>>>>>;

�¢®¤ï ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ã¤®¡ë¥ «®ª «ìë¥ ª®®à¤¨ âë x(i) =
f
2(i�0)f

1(j0�0); y(i) = f
1(i�0)=f

2(i�0)f
1(j0�0) ¨ �(�) = (f1(j0�) �

f
1(j0�0))f

2(j0�0); �(�) = f
2(j0�)=f

1(j0�)f
2(j0�0) ¢ ¤¢ã¬¥àëå ¬®£®-

®¡à §¨ïå M ¨ N, ¯®«ãç ¥¬ ï¢®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ (11.33)

¤¢ã¬¥âà¨ª¨, § ¤ îé¥©   íâ¨å ¬®£®®¡à §¨ïå ä¨§¨ç¥áªãî áâàãªâãàã
à £  (2,2), â ª ª ª ¥¥ ¯®¤áâ ®¢ª  ¢ ãà ¢¥¨¥ (7.25) ®¡à é ¥â ¥£® ¢
â®¦¤¥áâ¢®.

�á¥ ¤àã£¨¥ á«ãç ¨ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.2) á ¨§¢¥áâ®©
äãªæ¨¥© � à¥è îâáï   «®£¨ç®, å®âï ¤«ï ¥ª®â®àëå ¨§ ¨å ¢®§-
¨ª îâ § ç¨â¥«ìë¥ ç¨áâ® â¥å¨ç¥áª¨¥ âàã¤®áâ¨ ¥£® ®¤®§ ç®£®
à §à¥è¥¨ï ®â®á¨â¥«ì® ¯¥à¥¬¥®© f(i�) ¨ à æ¨® «ì®£® ¢¢¥¤¥¨ï
«®ª «ìëå ª®®à¤¨ â ¢ ¬®£®®¡à §¨ïå M ¨ N.

�¯¨á ë© ¢ëè¥ ¬¥â®¤ à¥è¥¨ï äãªæ¨® «ì®£® ãà ¢¥¨ï

(11.2) ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ª «î¡®©  ¯¥à¥¤ § ¤ ®© äãªæ¨¨ �.
�® ¥á«¨ à ¢¥áâ¢® � = 0 ¥ ®¯à¥¤¥«ï¥â ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥-
âà¨ç®¥ á®®â®è¥¨¥ ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë á®®â¢¥âáâ¢ãîé¥£®
à £ , â® ¯®«ãç¥®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ äãªæ¨¨ f(i�) ¯à¨
¯®¤áâ ®¢ª¥ ¢ ãà ¢¥¨¥ (11.2) ¥ ®¡à é ¥â ¥£® ¢ â®¦¤¥áâ¢® ¯® ¢á¥¬
ª®®à¤¨ â ¬ â®ç¥ª ª®àâ¥¦  < ijk : : : v; �� : : : � >. �à¨¢¥¤¥¬ ¨â¥à¥á-
ë© ¢ íâ®¬ á¬ëá«¥ ¯à¨¬¥à.

�¡®¡é ï ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®¥ á®®â®è¥¨¥ (11.23)
¤«ï ®¤®¬¥âà¨ç¥áª®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (4,2), ¥áâ¥áâ¢¥-

® ¡ë«® ¯à¥¤¯®«®¦¨âì, çâ®   «®£¨ç®¥ á®®â®è¥¨¥ ¤«ï ä¨§¨ç¥áª®©
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áâàãªâãàë à £  (5,3) ¤®«¦® § ¯¨áë¢ âìáï ¢ ¢¨¤¥ à ¢¥áâ¢  ã«î
á«¥¤ãîé¥£® ®¯à¥¤¥«¨â¥«ï ¯ïâ®£® ¯®àï¤ª :�����������

1 f(i�) f(i�) f(i) f(i�)f(i�)f(i)
1 f(j�) f(j�) f(j) f(j�)f(j�)f(j)
1 f(k�) f(k�) f(k) f(k�)f(k�)f(k)
1 f(l�) f(l�) f(l) f(l�)f(l�)f(l)
1 f(q�) f(q�) f(q) f(q�)f(q�)f(q)

�����������
= 0: (11:44)

�®®â®è¥¨¥ (11.44) § ¯¨è¥¬ ¤«ï ª®àâ¥¦ < ij0k0l0q0; ��00 >, à §-
à¥è¨¬ ¥£® ®â®á¨â¥«ì® ¯¥à¥¬¥®© f(i�) ¨ ¢¢¥¤¥¬ ã¤®¡ë¥ «®ª «ì-
ë¥ ª®®à¤¨ âë x(i); y(i) ¢ ¤¢ã¬¥à®¬ ¬®£®®¡à §¨¨ M ¨ �(�), �(�),
�(�), �(�) ¢ ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨¨ N. � à¥§ã«ìâ â¥ ¤«ï äãª-
æ¨¨ f(i�) ¯®«ãç ¥¬ á«¥¤ãîé¥¥ «®ª «ì®¥ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥-
¨¥:

f(i�) =
x(i)�(�) + y(i)�(�) + �(�)

x(i)y(i) + �(�)
: (11:45)

�¤ ª® ¯®¤áâ ®¢ª  äãªæ¨¨ (11.45) ¢ ãà ¢¥¨¥ (11.44) ¥ ®¡à é -
¥â ¥£® ¢ â®¦¤¥áâ¢®, çâ® ¡ë«® ãáâ ®¢«¥® á ¯®¬®éìî ª®¬¯ìîâ¥à®©
¯à®£à ¬¬ë "Maple 6", ¯®§¢®«ïîé¥© à áªàë¢ âì ®¯à¥¤¥«¨â¥«¨. �â®â
à¥§ã«ìâ â ¬®¦® ¡ë«® ¯à¥¤¢¨¤¥âì § à ¥¥, â ª ª ª á®£« á® ®á®¢®©
ª« áá¨ä¨ª æ¨®®© â¥®à¥¬¥ ¤«ï ®¤®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãª-
âãà, ¤®ª § ®©  ¢â®à®¬ ¢ ¬®®£à ä¨¨ [27], ä¨§¨ç¥áª ï áâàãªâãà 
à £  (5,3) ¥ áãé¥áâ¢ã¥â.

�«ï £¥®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà   ®¤®¬ ¬®¦¥áâ¢¥ ä¥-
®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç ï á¢ï§ì �(f) = 0 ¬®¦¥â à áá¬ âà¨¢ âì-

áï ª ª äãªæ¨® «ì®¥ ãà ¢¥¨¥ ¤«ï ®¡¥¨å äãªæ¨© � ¨ f ®¤®¢à¥-
¬¥®. � â ª®¬ á¬ëá«¥ íâ® ãà ¢¥¨¥ à¥è¥® ¤«ï áà ¢¨â¥«ì® ¥-
¡®«ìè®£® ç¨á«  á«ãç ¥¢, ¢ ç áâ®áâ¨, ¤«ï ®¤®¬¥à®£®, ¤¢ã¬¥à®£® ¨
âà¥å¬¥à®£® ¬®£®®¡à §¨©. �®«¥¥ ¯®¤à®¡ãî ¨ä®à¬ æ¨î ® ¢á¥å  ©-
¤¥ëå à¥è¥¨ïå ¬®¦®  ©â¨ ¢ ¬®®£à ä¨¨  ¢â®à  [46].

�á«¨ ¦¥ ®¤  ¨§ äãªæ¨© f ¨«¨ � ¨§¢¥áâ , â® äãªæ¨® «ì®¥
ãà ¢¥¨¥ �(f) = 0 áâ ®¢¨âáï ¡®«¥¥ ¯à®áâë¬. � ¯à¨¬¥à, ¤«ï ¬¥âà¨-
ª¨ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ (�.5) äãªæ¨® «ì®¥ ãà ¢¥¨¥

�(f(ij); f(ik); f(il); f(jk); f(jl); f(kl)) = 0; (11:46)

£¤¥ f = �
2, ¨¬¥¥â à¥è¥¨¥ (�.6). �«ï äãªæ¨¨ ¦¥ (�.15), ®¯à¥¤¥«ïî-

é¥© ¯«®é ¤ì S(ijk) âà¥ã£®«ì¨ª < ijk >, äãªæ¨® «ì®¥ ãà ¢¥¨¥

�(f(ijk); f(ijl); f(ikl); f(jkl)) = 0; (11:47)
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£¤¥ f = S, ¨¬¥¥â à¥è¥¨¥ (�.16). �  ª®¥æ, ¤«ï äãªæ¨¨ (�.11),
®¯à¥¤¥«ïîé¥© ª®«¨ç¥áâ¢® â¥¯« , ª®â®à®¥ â¥à¬®¤¨ ¬¨ç¥áª ï á¨áâ¥¬ 
®â¤ ¥â ¢¥è¨¬ â¥« ¬ ¯à¨ ¥¥ ¯¥à¥å®¤¥ ¨§ ®¤®£® á®áâ®ï¨ï ¢ ¤àã£®¥,
äãªæ¨® «ì®¥ ãà ¢¥¨¥

�(f(ij); f(ik); f(jk)) = 0; (11:48)

£¤¥ f = (f1; f2) = (QTS
; Q

ST ), ¨¬¥¥â à¥è¥¨¥ (�.12).
�à¨ ¨§¢¥áâ®© ¦¥ äãªæ¨¨ � äãªæ¨® «ì®¥ ãà ¢¥¨¥ �(f) = 0

à¥è ¥âáï á ¯®¬®éìî ä¨ªá¨à®¢ ¨ï í«¥¬¥â®¢ ¢ ¬®¦¥áâ¢¥ M ¨ ¢¢¥-
¤¥¨ï «®ª «ìëå ª®®à¤¨ â ç¥à¥§ à ááâ®ï¨ï ¤® ¨å. �®á«¥¤¥¥ ¢®§-
¬®¦® â®«ìª® ¤«ï ¡¨ à®© äãªæ¨¨ f , ª®â®à ï á®¯®áâ ¢«ï¥â ç¨á«®
¯ à¥ â®ç¥ª. �¥£ª® ¯à®¢¥à¨âì, çâ® à¥è¥¨ï¬¨ äãªæ¨® «ìëå ãà ¢-
¥¨© (�.6) ¨ (�.12) ï¢«ïîâáï ¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (�.5) ¨ (�.11)

á®®â¢¥âáâ¢¥®.
� ¬¥â¨¬, çâ® ãà ¢¥¨ï (11.46), (11.48) ¨ ãà ¢¥¨¥ (11.47) à¥è¥ë

¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ®¡¥ äãªæ¨¨ f ¨ � ¥¨§¢¥áâë, â® ¥áâì ¢ ®¡é¥¬
á¬ëá«¥ (á¬. ¬®®£à ä¨î [46] ¨ ¤®¯®«¥¨¥ [47] ª ¬®®£à ä¨¨ [1]).

�áâ ®¢«¥ ï ¢ x1 íª¢¨¢ «¥â®áâì ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥-
âà¨¨ £àã¯¯®¢®©, á®£« á® ª®â®à®© äãªæ¨ï f , § ¤ îé ï   ¤¢ãå ¬®-
¦¥áâ¢ åM ¨ N ä¨§¨ç¥áªãî áâàãªâãàã, ï¢«ï¥âáï ¤¢ãåâ®ç¥çë¬ ¨¢ -
à¨ â®¬ ¥ª®â®à®© £àã¯¯ë ¨å ¯à¥®¡à §®¢ ¨©, ¯à¨¢®¤¨â ª äãªæ¨®-
 «ì®¬ã ãà ¢¥¨î (1.6):

f(�(i); �(�)) = f(i�); (11:49)

¯à¨æ¨¯¨ «ì® ®â«¨ç®¬ã ®â à áá¬®âà¥®£® ¢ëè¥ ãà ¢¥¨ï (11.2),
å®âï à¥è¥¨ï íâ¨å ãà ¢¥¨© ¤«ï äãªæ¨¨ f ¤®«¦ë á®¢¯ ¤ âì.

�¨¦¥ ã¤®¡® ¡ã¤¥â ¢ ãà ¢¥¨¨ (11.49) ®¯ãáâ¨âì ï¢®¥ ãª § ¨¥
â®ç¥ª i ¨ � ¬®£®®¡à §¨© M ¨ N, § ¯¨áë¢ ï ¥£® ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

f(�(x); �(�)) = f(x; �); (11:50)

£¤¥ � : M!M; � : N ! N { «®ª «ìë¥ ®â®¡à ¦¥¨ï,   x = (x1; : : : ,
x
sm), � = (�1; : : : ; �sn) { «®ª «ìë¥ ª®®à¤¨ âë.

� ®¡é¥¬ á«ãç ¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.50), ª ª ¨ ãà ¢¥-
¨¥ (11.2), ¤®¯ãáª ¥â ¤¢  â®«ª®¢ ¨ï. � ¯¥à¢®¬ á«ãç ¥ ¥¨§¢¥áâë
ª ª ¬¥âà¨ç¥áª ï äãªæ¨ï f , â ª ¨ äãªæ¨¨ �; �, § ¤ îé¨¥ ¯à¥®¡à -
§®¢ ¨¥ ¬®£®®¡à §¨© M;N. �®£¤ , § ï ¯® ¨â®£®¢®© â¥®à¥¬¥ 3 ¨§ x1
à §¬¥à®áâì £àã¯¯ë ¤¢¨¦¥¨© äãªæ¨¨ f , á ç «  ¯à®¢®¤¨¬ ¯®«ãî
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á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ª« áá¨ä¨ª æ¨î smn-¬¥àëå £àã¯¯
¯à¥®¡à §®¢ ¨© ¬®£®®¡à §¨© M ¨ N à §¬¥à®áâ¨ sm ¨ sn, ¯®á«¥ ç¥£®
 å®¤¨¬ ¯® ãà ¢¥î (11.50) ¥¢ëà®¦¤¥ë¥ ¤¢ãåâ®ç¥çë¥ ¨¢ à¨ -
âë. �® â ª®© ¬¥â®¤ à¥è¥¨ï äãªæ¨® «ì®£® ãà ¢¥¨ï (11.59) ¤«ï

¡®«ìè¨å à §¬¥à®áâ¥© ¬®£®®¡à §¨© M;N ¨ £àã¯¯ë ¨å ¯à¥®¡à §®¢ -
¨©  â «ª¨¢ ¥âáï   ¥¯à¥®¤®«¨¬ë¥ ç¨áâ® â¥å¨ç¥áª¨¥ âàã¤®áâ¨,
á¢ï§ ë¥ á ª« áá¨ä¨ª æ¨¥© íâ¨å £àã¯¯, ¨ ¬®¦¥â ¡ëâì ¯à®¢¥¤¥ ¤®
ª®æ  â®«ìª® ¤«ï ¬ «ëå ¨å à §¬¥à®áâ¥© (á¬. x5, x6, x7 ¨ x8  áâ®ïé¥©
¬®®£à ä¨¨). �® ¢â®à®¬ á«ãç ¥, ª®£¤  ¨§¢¥áâ  ¬¥âà¨ç¥áª ï äãªæ¨ï
f ¨«¨ ¨§¢¥áâë ®â®¡à ¦¥¨ï � ¨ �, § ¤ îé¨¥ £àã¯¯ë ¯à¥®¡à §®¢ -
¨© ¬®£®®¡à §¨© M ¨ N, äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.50) ¬®¦¥â
¡ëâì à¥è¥® á¢¥¤¥¨¥¬ ¥£® ª á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
¢ ç áâëå ¯à®¨§¢®¤ëå. �¨¦¥ ¡ã¤ãâ à áá¬®âà¥ë ¥ª®â®àë¥ ¯à¨¬¥-

àë à¥è¥¨ï íâ®£® ãà ¢¥¨ï,  ç¨ ï á ¯à®áâ¥©è¨å, ¯à¨¢¥¤¥ëå ¢®
�¢¥¤¥¨¨.

�áª®à¥¨¥ ¯® ¢â®à®¬ã § ª®ã �ìîâ®  (�.1) ®¯à¥¤¥«ï¥âáï ¢ëà -
¦¥¨¥¬ a = F=m ¯®á«¥ ®¯ãáª ¨ï ¢ ¥¬ ï¢®£® ãª § ¨ï â¥«  i ¨
ãáª®à¨â¥«ï �. �à¥®¡à §®¢ ¨ï m0 = �(m) ¨ F 0 = �(F ) ¬®¦¥áâ¢  ¬ -
â¥à¨ «ìëå â¥«M ¨ ¬®¦¥áâ¢  ãáª®à¨â¥«¥©N ï¢«ïîâáï ¤¢¨¦¥¨¥¬,
¥á«¨ ®¨ á®åà ïîâ äãªæ¨î ãáª®à¥¨ï:

�(F )=�(m) = F=m: (11:51)

�¥è¥¨¥¬ íâ®£® äãªæ¨® «ì®£® ãà ¢¥¨ï ï¢«ï¥âáï ¯®« ï ®¤®-
¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¤¢¨¦¥¨© (�.9) ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë
à £  (2,2), § ¤ ¢ ¥¬®© äãªæ¨¥© ãáª®à¥¨ï: m0 = �(m) = cm; F

0 =
�(F ) = cF , £¤¥ c > 0.

�¡à â®, ¯® ¨§¢¥áâ®© £àã¯¯¥ ¯à¥®¡à §®¢ ¨©, à¥è ï äãªæ¨® «ì-
®¥ ãà ¢¥¨¥

a(cm; cF ) = a(m;F ); (11:52)

 å®¤¨¬ äãªæ¨î ãáª®à¥¨ï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â: a =
 (F=m). �â®â ¨¢ à¨ â â ª¦¥ § ¤ ¥â   ¬®¦¥áâ¢¥ ¬ â¥à¨ «ìëå
â¥«M ¨ ¬®¦¥áâ¢¥ ãáª®à¨â¥«¥©N ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,2),

¯à¨ç¥¬ ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©  ®¯à¥¤¥«ï¥â £à ¤ã-
¨à®¢ªã èª «ë  ªá¥«¥à®¬¥âà  { ¯à¨¡®à  ¤«ï ¨§¬¥à¥¨ï ãáª®à¥¨ï.

�®ª ¯® § ª®ã �¬  ¤«ï ¯®«®© æ¥¯¨ (�.3) ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥¨¥¬
I = E=(R+r). �¢¨¦¥¨¥ ¦¥, á®åà ïîé¥¥ äãªæ¨î â®ª , § ¤ ¥âáï á«¥-
¤ãîé¨¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¬®¦¥áâ¢  ¯à®¢®¤¨ª®¢ M ¨ ¬®¦¥áâ¢ 
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¨áâ®ç¨ª®¢ â®ª  N: R0 = �(R) ¨ E 0 = �(E; r); r0 = �(E; r). �ãªæ¨®-
 «ì®¥ ãà ¢¥¨¥ ¨¢ à¨ â®áâ¨ â®ª 

�(E; r)=(�(R) + �(E; r)) = E=(R + r) (11:53)

¨¬¥¥â à¥è¥¨¥¬ ¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨© (�.10): R0 =
�(R) = aR + b; E 0 = aE; r0 = �(E; r) = ar � b, £¤¥ a > 0. �¢ãåâ®ç¥ç-
ë© ¨¢ à¨ â íâ®© £àã¯¯ë ¯à¥®¡à §®¢ ¨©  å®¤¨âáï ª ª à¥è¥¨¥

äãªæ¨® «ì®£® ãà ¢¥¨ï

I(aR+ b; aE; ar� b) = I(R; E; r) (11:54)

á â®ç®áâìî ¤® ¬ áèâ ¡®© äãªæ¨¨  , ®¯à¥¤¥«ïîé¥© £à ¤ã¨à®¢ªã
èª «ë  ¬¯¥à¬¥âà , ¨§¬¥àïîé¥£® â®ª: I =  (E=(R + r)). �®«ãç¥ ï
äãªæ¨ï â®ª , ª ª ¨ ¨áå®¤ ï, § ¤ ¥â   ¬®¦¥áâ¢¥ ¯à®¢®¤¨ª®¢ M ¨
¬®¦¥áâ¢¥ ¨áâ®ç¨ª®¢ â®ª  N ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2).

�«ï äãªæ¨¨ (2.2): f = x + �, § ¤ îé¥© ä¨§¨ç¥áªãî áâàãªâãàã
à £  (2,2)   ®¤®¬¥àëå ¬®£®®¡à §¨ïå M ¨ N, äãªæ¨® «ì®¥
ãà ¢¥¨¥ (11.50):

�(x) + �(�) = x+ � (11:55)

¨¬¥¥â à¥è¥¨¥ (2.16): �(x) = x+ a; �(�) = � � a, ®¯à¥¤¥«ïîé¥¥ ®¤®-
¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨© (2.10) íâ®© äãªæ¨¨,   ¤¢ãåâ®ç¥ç-
ë© ¨¢ à¨ â ¯®«ãç¥®© £àã¯¯ë ¯à¥®¡à §®¢ ¨© x

0 = x + a; �
0 =

� � a  å®¤¨âáï ª ª à¥è¥¨¥ â®£® ¦¥ äãªæ¨® «ì®£® ãà ¢¥¨ï
(11.50):

f(x+ a; � � a) = f(x; �) (11:56)

á â®ç®áâìî, ª ª ®¡ëç®, ¤® ¬ áèâ ¡®© äãæ¨¨: f(x; �) =  (x+ �),
�«ï äãªæ¨¨ (2.3): f = x� + �, § ¤ îé¥©   ®¤®¬¥à®¬ ¨ ¤¢ã¬¥à-

®¬ ¬®£®®¡à §¨ïå M ¨ N ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2), äãª-
æ¨® «ì®¥ ãà ¢¥¨¥ (11.50) § ¯¨è¥âáï ¢ ¢¨¤¥ (2.17):

�(x)�(�; �) + �(�; �) = x� + � (11:57)

¨ ¨¬¥¥â à¥è¥¨¥ (2.18),(2.19): �(x) = ax + b; �(�; �) = �=a; �(�; �) =
� � b�=a, £¤¥ a 6= 0, § ¤ îé¥¥ ¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥-
¨© (2.11) íâ®© äãªæ¨¨. � ¬  ¦¥ äãªæ¨ï (2.3) ¬®¦¥â ¡ëâì  ©¤¥ 
ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â íâ®© £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯® äãª-

æ¨® «ì®¬ã ãà ¢¥¨î (11.50):

f(ax+ b; �=a; � � b�=a) = f(x; �; �) (11:58)

180



á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï: f =  (x�+�). � ¬¥â¨¬,
çâ® äãªæ¨® «ìë¥ ãà ¢¥¨ï (11.53), (11.54) ¨ (11.57), (11.58) á®®â-
¢¥âáâ¢¥® ¯® áãâ¨ ®¤¨ ª®¢ë, â ª ª ª äãªæ¨ï â®ª  I â ª¦¥ § ¤ ¥â
ä¨§¨ç¥áªãî áâàãªâãàã à £  (3,2).

�«ï äãªæ¨¨ (2.4): f = (x� + �)=(x + #), § ¤ îé¥© ä¨§¨ç¥áªãî
áâàãªâãàã à £  (4,2)   ®¤®¬¥à®¬ ¨ âà¥å¬¥à®¬ ¬®£®®¡à §¨ïå M
¨ N, äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.50) § ¯¨è¥âáï ¢ ¢¨¤¥ (2.20):

�(x)�(�; �; #) + �(�; �; #)

�(x) + � (�; �; #)
=
x� + �

x+ #
(11:59)

¨ ¨¬¥¥â à¥è¥¨¥ (2.21), (2.23), § ¤ îé¥¥ âà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯-
¯ã ¤¢¨¦¥¨© (2.12) íâ®© äãªæ¨¨. � ¬  ¦¥ äãªæ¨ï (2.4) ¬®¦¥â ¡ëâì
 ©¤¥  ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© (2.12)

¯® äãªæ¨® «ì®¬ã ãà ¢¥¨î (11.50):

f

 
ax+ b

cx+ d
;
d� � c�

d � c#
;
a� � b�

d� c#
;
a#� b

d� c#

!
= f(x; �; �; #): (11:60)

£¤¥, á®£« á® (2.22), � = ad � bc = �1. �¥è¥¨¥ íâ®£® ãà ¢¥¨ï á®-
¢¯ ¤ ¥â á äãªæ¨¥© (2.4) á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï
 (f)! f .

�«ï äãªæ¨¨ (2.5): f = x
1
�
1+ : : :+ xm�1�m�1+xm�m á m � 2, § ¤ -

îé¥©   m-¬¥àëå ¬®£®®¡à §¨ïå M ¨ N ¯¥à¢ãî ä¨§¨ç¥áªãî áâàãª-
âãàã á¨¬¬¥âà¨ç®£® à £  (m+ 1;m+ 1), äãªæ¨® «ì®¥ ãà ¢¥¨¥

(11.50) § ¯¨è¥âáï ¢ ¢¨¤¥ (2.24):

�
1(x)�1(�) + : : :+ �

m�1(x)�m�1(�) + �
m(x)�m(�) =

= x
1
�
1 + : : :+ x

m�1
�
m�1 + x

m
�
m
;

(11:61)

£¤¥ �(x) = �(x1; : : : ; xm); �(�) = �(�1; : : : ; �m), ¨ ¨¬¥¥â à¥è¥¨¥ (2.26),
(2.28), § ¤ îé¥¥ m2-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã (2.13) ¤¢¨¦¥¨© íâ®©
äãªæ¨¨. � ¬  ¦¥ äãªæ¨ï (2.5), ¡ã¤ãç¨ ¤¢ãåâ®ç¥çë¬ ¨¢ à¨ â®¬
£àã¯¯ë ¯à¥®¡à §®¢ ¨© (2.13), ï¢«ï¥âáï à¥è¥¨¥¬ äãªæ¨® «ì-
®£® ãà ¢¥¨ï (11.50):

f(�1(x); : : : ; �m(x); �1(�); : : : ; �m(�)) =

= f(x1; : : : ; xm; �1; : : : ; �m);
(11:62)

á®¢¯ ¤ ï á ¨¬ á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f)! f .
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�«ï äãªæ¨¨ (2.6): f = x
1
�
1+: : :+xm�1�m�1+xm+�m cm � 2, § ¤ -

îé¥©   â¥å ¦¥ m-¬¥àëå ¬®£®®¡à §¨ïå ¢â®àãî ä¨§¨ç¥áªãî áâàãª-
âãàã á¨¬¬¥âà¨ç®£® à £  (m+ 1;m+ 1), äãªæ¨® «ì®¥ ãà ¢¥¨¥
(11.50) § ¯¨è¥âáï ¢ ¢¨¤¥ (2.29):

�
1(x)�1(�) + : : :+ �

m�1(x)�m�1(�) + �
m(x) + �

m(�) =

= x
1
�
1 + : : :+ x

m�1
�
m�1 + x

m + �
m

(11:63)

¨ ¨¬¥¥â à¥è¥¨¥ (2.31), (2:310), (2.33), § ¤ îé¥¥ m2-¯ à ¬¥âà¨ç¥áªãî
£àã¯¯ã (2.14) ¤¢¨¦¥¨© íâ®© äãªæ¨¨. � ¬  ¦¥ äãªæ¨ï (2.6) ª ª
¤¢ãåâ®ç¥çë© ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© (2.14)  å®¤¨âáï à¥-
è¥¨¥¬ â®£® ¦¥ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.62) á â®ç®áâìî ¤®
¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï.

�«ï ¯®á«¥¤¥© äãªæ¨¨ (2.7): f = x
1
�
1 + : : : + x

m
�
m + �

m+1 á m �
2, § ¤ îé¥©   m-¬¥à®¬ ¨ (m + 1)-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N

ä¨§¨ç¥áªãî áâàãªâãàã à £  (m+2;m+1), äãªæ¨® «ì®¥ ãà ¢¥¨¥
(11.62) ¨¬¥¥â ¢¨¤ (2.34):

�
1(x)�1(�) + : : :+ �

m(x)�m(�) + �
m+1(�) =

= x
1
�
1 + : : :+ x

m
�
m + �

m+1
(11:64)

¨ ¨¬¥¥â à¥è¥¨¥ (2.36), (2.38), § ¤ îé¥¥ m(m+1)-¬¥àãî £àã¯¯ã ¤¢¨-
¦¥¨© (2.15) íâ®© äãªæ¨¨. � ¬  ¦¥ äãªæ¨ï (2.7) ¢®ááâ  ¢«¨¢ ¥âáï
á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f) ! f ª ª ¤¢ãåâ®-
ç¥çë© ¨¢ à¨ â £àã¯¯ë ¯à¥®¡à §®¢ ¨© (2.15), ¡ã¤ãç¨ à¥è¥¨¥¬
äãªæ¨® «ì®£® ãà ¢¥¨ï (11.50):

f(�1(x); : : : ; �m(x); �1(�); : : : ; �m(�); �m+1(�)) =

= f(x1; : : : ; xm; �1; : : : ; �m; �m+1):
(11:65)

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà

à £  (n + 1; 2), § ¤ ¢ ¥¬ëå äãªæ¨ï¬¨ (7.9){(7.18)   ¤¢ã¬¥à®¬ ¨
2n-¬¥à®¬ ¬®£®®¡à §¨ïå M ¨ N, £¤¥ n = 1; 2; 3; 4. �ãªæ¨® «ì®¥
ãà ¢¥¨¥ (11.50), ª ª á«¥¤áâ¢¨¥ ¨¢ à¨ â®áâ¨ ¤¢ã¬¥âà¨ª¨, ¥áâì
á¨áâ¥¬  ¤¢ãå ãà ¢¥¨©:

f
�(�1(x;y); �2(x; y); �1(�); : : : ; �2n(�)) =

= f
�(x; y; �1; : : : ; �2n);

(11:66)

£¤¥ � = 1; 2, ®â®á¨â¥«ì® 2n-¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¤¢¨¦¥¨© x0 =

�
1(x; y); y0 = �

2(x; y); �01 = �
1(�); : : : ; �02n = �

2n(�). � â®ç®áâìî ¤®
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¬ áèâ ¡ëå ¯à¥®¡à §®¢ ¨©  1(f1; f2) ! f
1
;  

2(f1; f2) ! f
2 ¤¢ã¬¥-

âà¨ª  f = (f1; f2) ¢®ááâ  ¢«¨¢ ¥âáï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â
á®®â¢¥âáâ¢ãîé¥© £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯® ¤¢ã¬ ¥§ ¢¨á¨¬ë¬ à¥-
è¥¨ï¬ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.66).

� ¯à¨¬¥à, ¤«ï ¤¢ã¬¥âà¨ª¨ (7.9), § ¤ îé¥© ä¨§¨ç¥áªãî áâàãªâãàã
à £  (2,2)   ¤¢ã¬¥àëå ¬®£®®¡à §¨ïå M ¨ N, á¨áâ¥¬  ¤¢ãå äãª-
æ¨® «ìëå ãà ¢¥¨© (11.66) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

�
1(x; y) + �

1(�; �) = x+ �;

�
2(x; y) + �

2(�; �) = y + �

)
(11:67)

¨ ¨¬¥¥â à¥è¥¨¥: �1(x; y) = x + a; �
2(x; y) = y + b; �

1(�; �) = � �
a; �

2(�; �) = � � b, § ¤ îé¥¥ ¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥-
¨© (2:440) à áá¬ âà¨¢ ¥¬®© ¤¢ã¬¥âà¨ª¨: x0 = x + a; y

0 = y + b; �
0 =

� � a; �
0 = � � b. � ¬  ¦¥ ¤¢ã¬¥âà¨ª  ¢®ááâ  ¢«¨¢ ¥âáï á â®ç®-

áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â

 ©¤¥®© £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯® ¤¢ã¬ ¥§ ¢¨á¨¬ë¬ à¥è¥¨ï¬
äãªæ¨® «ì®£® ãà ¢¥¨ï

f(x + a; y + b; � � a; � � b) = f(x; y; �; �): (11:68)

� «®£¨ç® ¤«ï ¤¢ã¬¥âà¨ª¨ (7.10), § ¤ îé¥©   â¥å ¦¥ ¬®£®®¡à -
§¨ïå ¢â®àãî ä¨§¨ç¥áªãî áâàãªâãàã à £  (2,2), ¥ á¢®¤¨¬ãî ª ¯¥à-

¢®©, äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.66) § ¯¨è¥âáï ¢ ¢¨¤¥ á«¥¤ãîé¥©
á¨áâ¥¬ë:

(�1(x; y) + �
1(�; �))�2(x; y) = (x+ �)y;

(�1(x; y) + �
1(�; �))�2(�; �) = (x+ �)�

)
(11:69)

¨ ¨¬¥¥â à¥è¥¨¥: �1(x; y) = ax + b; �
2(x; y) = y=a; �

1(�; �) = a� �
b; �

2(�; �) = �=a, £¤¥ a 6= 0, § ¤ îé¥¥ ¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã
¥¥ ¤¢¨¦¥¨© (2:450): x0 = ax+ b; y

0 = y=a; �
0 = a� � b; �

0 = �=a. � ¬ 
¦¥ ¤¢ã¬¥âà¨ª  (7.10)  å®¤¨âáï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â ¯® â®¬ã
¦¥ ãà ¢¥¨î (11.66):

f(ax+ b; y=a; a� � b; �=a) = f(x; y; �; �) (11:70)

á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï.
�«ï ¢á¥å ®áâ «ìëå ¤¢ã¬¥âà¨ª (7.11){(7.18) £àã¯¯  ¤¢¨¦¥¨©  -

å®¤¨âáï   «®£¨ç®, ª ª à¥è¥¨¥ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.66),
  á ¬  ®  ¢®ááâ  ¢«¨¢ ¥âáï ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â á®®â¢¥â-

áâ¢ãîé¥© £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯® à¥è¥¨î â®£® ¦¥ ãà ¢¥-
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¨ï (11.66), ® á â®ç®áâìî ¤® ¬ áèâ ¡®© äãªæ¨¨  1(f1; f2) ! f
1,

 
2(f1; f2)! f

2.
� ¯¨è¥¬ ¥é¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.66) ¤«ï ¤¢ã¬¥âà¨ª

(7.11){(7.14), § ¤ îé¨å   ¤¢ã¬¥à®¬ ¨ ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨-

ïå M ¨ N ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (3,2):

�
1
�
1 + "�

2
�
2 + �

3 = x� + "y� + �;

�
1
�
2 + �

2
�
1 + �

4 = x� + y� + �;

)
(11:71)

�
1
�
1 + �

3 = x� + �;

�
1
�
2 + �

2(�1)c + �
4 = x� + y�

c + �;

)
(11:72)

�
1
�
1 + �

3 = x� + �;

�
1
�
2 + �

2(�1)2 + (�1�1)2 ln�1 + �
4 =

= x� + y�
2 + (x�)2 ln � + �;

9>=
>; (11:73)

�
1
�
1 + �

2
�
3 = x� + y�;

�
1
�
2 + �

2
�
4 = x� + y�;

)
(11:74)

£¤¥ " = 0;�1; c 6= 1; � = �(x; y); � = �(�; �; �; �). �¥è¥¨ï íâ¨å á¨áâ¥¬
§ ¤ îâ ç¥âëà¥å¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë ¤¢¨¦¥¨© á®®â¢¥âáâ¢ãîé¨å
¤¢ã¬¥âà¨ª, ¯® ª®â®àë¬ ®  ¬®¦¥â ¡ëâì  ©¤¥  ª ª ¤¢ãåâ®ç¥çë©
¨¢ à¨ â, ã¤®¢«¥â¢®àïîé¨© ãà ¢¥¨î (11.66) á n = 2 ¨ �1 = �; �

2 =
�; �

3 = �; �
4 = �.

�«ï á¥¬¨ âà¨¬¥âà¨ª (8.43){(8.49), § ¤ îé¨å   âà¥å¬¥àëå ¬®-

£®®¡à §¨ïåM ¨N ä¨§¨ç¥áª¨¥ áâàãªâãàë à £  (2,2), äãªæ¨® «ì®¥
ãà ¢¥¨¥ (11.50) ¯à¥¤áâ ¢«ï¥âáï á«¥¤ãîé¥© á¨áâ¥¬®©:

f
�(�1; �2; �3; �1; �2; �3) = f

�(x; y; z; �; �; #); (11:75)

£¤¥ � = 1; 2; 3; � = �(x; y; z); � = �(�; �; #). �¥è¥¨¥ íâ®© á¨áâ¥-
¬ë § ¤ ¥â âà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨© á®®â¢¥âáâ¢ãîé¥©
âà¨¬¥âà¨ª¨, ¯® ª®â®à®© ¥¥ ¬®¦®  ©â¨ ª ª à¥è¥¨¥ â®© ¦¥ á¨áâ¥¬ë
(11.75) á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f) ! f , £¤¥
f = (f1; f2; f3) ¨  = ( 1

;  
2
;  

3) { âà¥åª®¬¯®¥âë¥ äãªæ¨¨. �à¨
íâ®¬ á¨áâ¥¬  äãªæ¨® «ìëå ãà ¢¥¨© (11.75) ¯¥à¥å®¤¨â ¢ á¨áâ¥-

¬ã âà¥å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (8.42) á ¡ §¨áë¬¨ ®¯¥à â®à -
¬¨ X1;X2;X3 ¨ �1;�2;�3, ï¢ë© ¢¨¤ ª®â®àëå § ¤ ¥âáï ¢ëà ¦¥¨ï¬¨
(8:90)� (8:150) ¨ (8:900)� (8:1500).
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�«ï £¥®¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà   ®¤®¬ ¬®¦¥áâ¢¥ â ª-
¦¥ ¨¬¥¥â ¬¥áâ® íª¨¢ «¥â®áâì £àã¯¯®¢®© ¨ ä¥®¬¥®«®£¨ç¥áª®© á¨¬-
¬¥âà¨©, ª®â®à ï ¯à¨¢®¤¨â ª äãªæ¨® «ì®¬ã ãà ¢¥¨î

f(�(i); �(j)) = f(ij); (11:76)

¯à¨ç¥¬, ¢ ®â«¨ç¨¥ ®â ãà ¢¥¨ï (11.49){(11.50), §¤¥áì ¢® ¨§¡¥¦ ¨¥
¯ãâ ¨æë ¥«ì§ï ®¯ãáâ¨âì ï¢®¥ ®¡®§ ç¥¨¥ â®ç¥ª i ¨ j, â ª ª ª â®£¤ 
ã ¨å á®¢¯ ¤ãâ ®¡®§ ç¥¨ï á®®â¢¥âáâ¢ãîé¨å ª®®à¤¨ â x(i) ¨ x(j).

� áá¬®âà¨¬ ¥ª®â®àë¥ ¯à¨¬¥àë à¥è¥¨ï ãà ¢¥¨ï (11.76).
�«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (�.5) ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨: f(ij) =

(x(i)�x(j))2+(y(i)�y(j))2 äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.76)   £àã¯-
¯ã ¤¢¨¦¥¨© (�.7): x0 = �(x; y); y0 = �(x; y) ¨¬¥¥â ¢¨¤:

(�(i)� �(j))2 + (�(i)� �(j))2 = (x(i)� x(j))2 + (y(i)� y(j))2 (11:77)

¨ ¥£® à¥è¥¨¥ (�.8): �(x; y) = ax � "by + c; �(x; y) = bx + "ay + d,
£¤¥ a2 + b

2 = 1; " = �1, ®¯à¥¤¥«ï¥â âà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã
¢á¥å ¥¥ ¤¢¨¦¥¨©, á®¡áâ¢¥ëå (" = +1) ¨ ¥á®¡áâ¢¥ëå (" = �1).
� ¤àã£®© áâ®à®ë, ¬¥âà¨ç¥áª ï äãªæ¨ï ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ ¬®¦¥â
¡ëâì  ©¤¥  ª ª ¤¢ãåâ®ç¥çë© ¨¢ à¨ â £àã¯¯ë ¥¥ ¤¢¨¦¥¨© (�.8)
à¥è¥¨¥¬ á«¥¤ãîé¥£® äãªæ¨® «ì®£® ãà ¢¥¨ï:

f(ax(i)� "by(i) + c; bx(i) + "ay(i) + d; ax(j)� "by(j) + c;

bx(j) + "ay(j) + d) = f(x(i); y(i); x(j); y(j)):
(11:78)

� ®¡é¥¬ á«ãç ¥ ¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ ¤¢ã¬¥à®© £¥®¬¥âà¨¨
f(ij) = f(x(i); y(i); x(j); y(j)) à¥è¥¨¥ äãªæ¨® «ì®£® ãà ¢¥¨ï

f(�(i); �(i); �(j); �(j)) = f(x(i); y(i); x(j); y(j)) (11:79)

§ ¤ ¥â £àã¯¯ã ¥¥ ¤¢¨¦¥¨© (�.7), § ¢¨áïéãî ®â âà¥å ¯ à ¬¥âà®¢, ¯®
ª®â®à®© ®   å®¤¨âáï á â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï
à¥è¥¨¥¬ â®£® ¦¥ äãªæ¨® «ì®£® ãà ¢¥¨ï (11.79), ® ã¦¥   ¤¢ãå-

â®ç¥çë© ¨¢ à¨ â.
�«ï ¤¢ã¬¥âà¨ª¨ (�.11): f1(ij) = (x(i) � x(j))y(i), f2(ij) = (x(i) �

x(j))y(j), § ¤ îé¥©   ¯«®áª®áâ¨ ä¨§¨ç¥áªãî áâàãªâãàã à £  3,
äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.79) ¯à¥¤áâ ¢«ï¥âáï á¨áâ¥¬®© ¤¢ãå
ãà ¢¥¨©

(�(i)� �(j))�(i) = (x(i)� x(j))y(i);
(�(i)� �(j))�(j) = (x(i)� x(j))y(j)

)
(11:80)
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¨ ¨å à¥è¥¨¥ �(x; y) = ax + b; �(x; y) = y=a, £¤¥ a 6= 0, ®¯à¥¤¥«ï¥â
¤¢ãå¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¥¥ ¤¢¨¦¥¨© (�.7). � ¬  ¦¥ ¤¢ã¬¥âà¨-
ª   å®¤¨âáï ª ª à¥è¥¨¥ ¨áå®¤®£® ãà ¢¥¨ï (11.79), ¡ã¤ãç¨ ¤¢ãå-
â®ç¥çë¬ ¨¢ à¨ â®¬ £àã¯¯ë ¢á¥å á¢®¨å ¤¢¨¦¥¨©:

f(ax(i) + b; y(i)=a; ax(j) + b; y(j)=a) = f(x(i); y(i); x(j); y(j)): (11:81)

�«ï â¥à à®© £¥®¬¥âà¨¨   ¯«®áª®áâ¨ á ¬¥âà¨ç¥áª®© äãªæ¨¥©
(�.15): 2f(ijk) = x(i)(y(j)� y(k))�x(j)(y(i)� y(k)) +x(k)(y(i)� y(j))
£àã¯¯  ¤¢¨¦¥¨© (�.17): x0 = ax+by+c; y0 = gx+hy+d, £¤¥ ah�bg = 1,
 å®¤¨âáï ª ª à¥è¥¨¥ äãªæ¨® «ì®£® ãà ¢¥¨ï�������

�(i) �(i) 1
�(j) �(j) 1
�(k) �(k) 1

������� =
�������
x(i) y(i) 1
x(j) y(j) 1
x(k) y(k) 1

������� : (11:82)

� ¬  ¦¥ ¬¥âà¨ç¥áª ï äãªæ¨ï f(ijk) ¢®ááâ  ¢«¨¢ ¥âáï ª ª âà¥åâ®-
ç¥çë© ¨¢ à¨ â  ©¤¥®© £àã¯¯ë ¥¥ ¤¢¨¦¥¨© (�.17), ï¢«ïïáì, á
â®ç®áâìî ¤® ¬ áèâ ¡®£® ¯à¥®¡à §®¢ ¨ï  (f)! f , à¥è¥¨¥¬ äãª-

æ¨® «ì®£® ãà ¢¥¨ï

f(�(i); �(i); �(j); �(j); �(k); �(k)) =

= f(x(i); y(i); x(j); y(j); x(k); y(k));
(11:83)

£¤¥ �(x; y) = ax+ by + c; �(x; y) = gx+ hy + d ¨ ah� bg = 1.
�ãªæ¨® «ìë¥ ãà ¢¥¨ï ¥áâ¥áâ¢¥® ¯®ï¢«ïîâáï ¢ á ¬®© â¥®-

à¨¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© ¯à¨ ãáâ ®¢«¥¨¨ ¨å ¨§®¬®àä¨§¬  ¨ íª¢¨-
¢ «¥â®áâ¨. � ¯à¨¬¥à, ¤«ï £àã¯¯ ¯à¥®¡à §®¢ ¨© Gr(�) ¨Hr(�) ¬®-
£®®¡à §¨© M ¨ N á ¤¥©áâ¢¨ï¬¨ (3.1): x0 = �(x; a) ¨ (3.4): �0 = �(�; �),
£¤¥ a 2 G

r ¨ � 2 H
r, á § ª® ¬¨ ã¬®¦¥¨ï (3.2): ab = '(a; b) ¨

(3.5): �� =  (�; �) ¢ á®®â¢¥âáâ¢ãîé¨å ¯ à ¬¥âà¨ç¥áª¨å £àã¯¯ å Gr

¨ Hr ¨å ¨§®¬®àä¨§¬ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1 ¨§ x3 ãáâ  ¢«¨¢ ¥âáï ¯®
à¥è¥¨î äãªæ¨® «ì®£® ãà ¢¥¨ï (3.7):

u('(a; b)) =  (u(a); u(b)) (11:84)

®â®á¨â¥«ì® ¢§ ¨¬® ®¤®§ ç®£® ®â®¡à ¦¥¨ï u : Gr ! H
r,   ¨å

¯®¤®¡¨¥ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 2 ¨§ x3 { ¯® à¥è¥¨î á¨áâ¥¬ë ¤¢ãå
äãªæ¨® «ìëå ãà ¢¥¨© (11.84) ¨ (3.8):

v(�(x; a)) = �(v(x); u(a)) (11:85)
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®â®á¨â¥«ì® ®¡à â¨¬ëå ®â®¡à ¦¥¨© u : Gr ! H
r ¨ v :M! N. �á-

®, çâ® ¯®¤®¡¨¥ ¢®§¬®¦® â®«ìª® ¯à¨ á®¢¯ ¤¥¨¨ à §¬¥à®áâ¥© ¬®-
£®®¡à §¨© M ¨ N.

�« ¡ ï ¨ á¨«ì ï íª¢¨¢ «¥â®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨© 3 ¨ 4 ¨§ x3
£àã¯¯ ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�) á ¤¥©áâ¢¨ï¬¨ (3.9): x0 = �(x; a) ¨
�
0 = �(�; a), ¨¬¥îé¨å ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã Gr, ãáâ -
 ¢«¨¢ ¥âáï ¯® à¥è¥¨î á¨áâ¥¬ë äãªæ¨® «ìëå ãà ¢¥¨© (11.84),
(11.85), £¤¥  = ', ®â®á¨â¥«ì®  ¢â®¬®àä¨§¬  u : Gr ! G

r ¨ ®¡à â¨-
¬®£® ®â®¡à ¦¥¨ï v :M! N ¨ ãà ¢¥¨ï

w(�(x; a)) = �(w(x); a) (11:86)

®â®á¨â¥«ì® ®¡à â¨¬®£® ®â®¡à ¦¥ï w :M! N.
� ¬¥â¨¬, çâ® ¢¯®«¥ ¢®§¬®¦¥ á«ãç ©, ª®£¤  á¨áâ¥¬  äãªæ¨® «ì-

ëå ãà ¢¥¨© (11.84), (11.85) á  = ' ¨¬¥¥â à¥è¥¨¥, ¢ â® ¢à¥¬ï ª ª
äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.86) à¥è¥¨ï ¥ ¨¬¥¥â, â® ¥áâì £àã¯¯ë
¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�), ¡ã¤ãç¨ á« ¡® íª¢¨¢ «¥âë¬¨ ¯® ®¯à¥-
¤¥«¥¨î 3 ¨§ x3, ¥ íª¢¨¢ «¥âë ¢ á¨«ì®¬ á¬ëá«¥ ¯® ®¯à¥¤¥«¥¨î
4 ¨§ â®£® ¦¥ ¯ à £à ä .

� à ¬ª å £¨¯®â¥§ë ® ¡¨ à®© áâàãªâãà¥ ¯à®áâà áâ¢ , à áá¬®-
âà¥®© ¢ x9, ¥£® ¬¥âà¨ª  ®¯à¥¤¥«ï¥âáï äãªæ¨¥© (9.7): �(ij) =
f(i; '(j)), ª®â®à ï ã¤®¢«¥â¢®àï¥â ¥áâ¥áâ¢¥®¬ã ãá«®¢¨î á¨¬¬¥âà¨¨
(9.8): �(ij) = �(�(ji)). �à¨ ¨§¢¥áâ®© äãªæ¨¨ f(i�), ®¯à¥¤¥«ï¥¬®©

âà¥¬ï ¢ëà ¦¥¨ï¬¨ (9.1) ¨ (9.2), (9.3), § ¤ îé¥© ä¨§¨ç¥áª¨¥ áâàãª-
âãàë á¨¬¬¥âà¨ç®£® à £  (2,2) ¨ (n + 1; n + 1), £¤¥ n � 2, ¯®«ãç ¥¬
âà¨ äãªæ¨® «ìë¥ ãà ¢¥¨ï (9.13), (9.17), (9.30) á®®â¢¥âáâ¢¥®:

x(i) + '(j) = �(x(j) + '(i)); (11:87)

x
�(i)'�(j) + x

n(i) + 'n(j) = �(x�(j)'�(i) + x
n(j) + 'n(i)); (11:88)

x
�(i)'�(j) = �(x�(j)'�(i)); (11:89)

£¤¥ áã¬¬¨à®¢ ¨¥ ¯® ¨¤¥ªáã � ¯à®¨§¢®¤¨âáï ¢ ¯à¥¤¥« å ®â 1 ¤® n�1,
  ¯® ¨¤¥ªáã � { ®â 1 ¤® n. �¥¨§¢¥áâë¬¨ ¢ íâ¨å ãà ¢¥¨ïå ï¢«ï-
îâáï ®â®¡à ¦¥¨¥ ' : M ! N ¨ äãªæ¨ï �, ®¯à¥¤¥«ïîé ï á¨¬-
¬¥âà¨î ¬¥âà¨ª¨ �(ij). �á¥ âà¨ äãªæ¨® «ìë¥ ãà ¢¥¨ï (11.87),

(11.88), (11.89) ®â®á¨â¥«ì® äãªæ¨¨ � ¨¬¥îâ ®¤® ¨ â® ¦¥ à¥è¥¨¥:
�(u) = au, £¤¥ a = �1. �â®á¨â¥«ì® ¦¥ ®â®¡à ¦¥¨ï ' à¥è¥¨¥ § ¤ -
¥âáï âà¥¬ï à §«¨çë¬¨ ¢ëà ¦¥¨ï¬¨: ' = ax; '� = h��x

� + c�; 'n =
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a(c�x
� + x

n), £¤¥ h�� = ah��; �; � = 1; : : : ; n � 1; '� = g��x
�, £¤¥

g�� = ag��; �; � = 1; : : : ; n� 1; n.
� ¢¥àè ï  áâ®ïé¨© ¯ à £à ä, § ¯¨è¥¬ ¥é¥ äãªæ¨® «ì®¥

ãà ¢¥¨¥ ¤«ï æ¨ª« , ª®â®àë© ®¯à¥¤¥«ï¥âáï ª ª â ª ï ¥¢ëà®¦¤¥-

 ï ªà¨¢ ï x = x(t), ¯® ª®â®à®© ¬®¦¥â á¢®¡®¤® áª®«ì§¨âì ¦¥áâª¨©
âà¥ã£®«ì¨ª < ijk > ¡¥§ ¨§¬¥¥¨ï ¤«¨ ¥£® áâ®à® f(ij), f(ik), f(jk).
�à¨ § ¤ ®© ¬¥âà¨ç¥áª®© äãªæ¨¨ f(ij) = f(x(i); x(j)) äãªæ¨® «ì-
®¥ ãà ¢¥¨¥ ¤«ï æ¨ª«  ¡ã¤¥â á«¥¤ãîé¨¬:

f(x(ti); x(tj)) =  (ti � tj): (11:90)

� ¯à¨¬¥à, ¤«ï ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ á ¬¥âà¨ç¥áª®© äãªæ¨¥© (�.5)
äãªæ¨® «ì®¥ ãà ¢¥¨¥ (11.90):

(x(ti)� x(tj))
2 + (y(ti)� y(tj))

2 =  (ti � tj) (11:91)

¨¬¥¥â ¤¢  à¥è¥¨ï. �¥à¢®¥: x = at + b; y = ct + d, £¤¥ a2 + c
2 6= 0,

§ ¤ ¥â ¯àï¬ë¥   ¯«®áª®áâ¨,   ¢â®à®¥: x = R cos t+ a; y = R sin t+ b,
£¤¥ R � 0, § ¤ ¥â ®ªàã¦®áâ¨ à ¤¨ãá  R á æ¥âà®¬ ¢ â®çª¥ (a; b).

�á®, çâ® æ¨ª« ¤®¯ãáª ¥â ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥¨©,
ª®â®à ï ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë á®¡áâ¢¥ëå ¤¢¨¦¥¨© x0 =
�(x; a) ¬¥âà¨ç¥áª®© äãªæ¨¨ f . � ª¨¬ ®¡à §®¬ ¤«ï æ¨ª«  ¬®¦® § -
¯¨á âì ¤àã£®¥ äãªæ¨® «ì®¥ ãà ¢¥¨¥:

x(t+ �) = �(x(t); a(�)); (11:92)

£¤¥ � { ¯ à ¬¥âà ¯®¤£àã¯¯ë. �¥è¥¨ï ãà ¢¥¨© (11.90) ¨ (11.92)

¤®«¦ë, ®ç¥¢¨¤®, ®¯à¥¤¥«ïâì ®¤® ¨ â® ¦¥ ¬®¦¥áâ¢® æ¨ª«®¢. �«ï
£àã¯¯ë á®¡á¢¥ëå ¤¢¨¦¥¨© ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ (�.8) á " = +1
ãà ¢¥¨¥ (11.92) § ¯¨è¥âáï ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

x(t+ �) = a(�)x(t)� b(�)y(t) + c(�);
y(t+ �) = b(�)x(t) + a(�)y(t) + d(�);

)
(11:93)

£¤¥ a2+ b2 = 1. �®¦® ¯®ª § âì, çâ® à¥è¥¨ï äãªæ¨® «ì®£® ãà ¢-
¥¨ï (11.93), ª ª ¨ à¥è¥¨ï äãªæ¨® «ì®£® ãà ¢¥¨ï (11.91), § -
¤ îâ   ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ â¥ ¦¥ ¤¢  ¬®¦¥áâ¢  æ¨ª«®¢ { ¯àï¬ë¥ ¨
®ªàã¦®áâ¨. � ¬¥â¨¬ â®«ìª®, çâ® à¥è¥¨ï ãà ¢¥¨© (11.92) ¨ (11.93)
®¯à¥¤¥«ïîâ ¥ â®«ìª® á ¬¨ æ¨ª«ë, ® ¨ â¥ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ ¯®¤-
£àã¯¯ë, ®â®á¨â¥«ì® ª®â®àëå ®¨ ¨¢ à¨ âë.
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� ª«îç¥¨¥

�â® � ª«îç¥¨¥ ¢ ¥ª®â®à®¬ á¬ëá«¥ ¯à®¤®«¦ ¥â   «®£¨ç®¥ � -

ª«îç¥¨¥ ¯à¥¤ë¤ãé¥© ¢â®à®© ¬®®£à ä¨¨  ¢â®à  "�®«¨¬¥âà¨ç¥áª¨¥
£¥®¬¥âà¨¨" [46], â ª ª ª £« ¢®© æ¥«ìî ¥£®  ¯¨á ¨ï ï¢«ï¥âáï ®¡§®à
¬ â¥¬ â¨ç¥áª¨å § ¤ ç â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ¢  ¤¥¦¤¥, çâ®
¥ª®â®àë¥ ¨§ ¨å ¬®£ãâ § ¨â¥à¥á®¢ âì ç¨â â¥«ï.

�â ª, ä¥®¬¥®«®£¨ç¥áª ï á¨¬¬¥âà¨ï, «¥¦ é ï ¢ ®á®¢¥ ®¯à¥¤¥-
«¥¨ï ä¨§¨ç¥áª®© áâàãªâãàë, á®£« á® â¥®à¥¬¥ 3 ¨§ x1 íª¢¨¢ «¥â 
£àã¯¯®¢®© á¨¬¬¥âà¨¨ ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¥¢ëà¦¤¥ ï s-¬¥âà¨ª 
f ¤®¯ãáª ¥â smn-¬¥àãî £àã¯¯ã ¤¢¨¦¥¨© ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ®  § ¤ ¥â   sm- ¨ sn-¬¥àëå ¬®£®®¡à §¨ïå ä¨§¨ç¥-

áªãî áâàãªâãàã à £  (n + 1;m + 1). � íâ® ®§ ç ¥â, çâ® § ¤ ç  à¥-
è¥¨ï äãªæ¨® «ì®£® ãà ¢¥¨ï (11.2), ¢ëà ¦ îé¥£® ä¥®¬¥®«®-
£¨ç¥áªãî á¨¬¬¥âà¨î ä¨§¨ç¥áª®© áâàãªâãàë, ¢ ª®â®à®¬ ¥¨§¢¥áâë-
¬¨ ï¢«ïîâáï s-¬¥âà¨ª  f ¨ äãªæ¨ï �, à ¢®á¨«ì  § ¤ ç¥ à¥è¥¨ï
äãªæ¨® «ì®£® ãà ¢¥¨ï (11.49), ¢ ª®â®à®¬ ¥¨§¢¥áâë¬¨ ï¢«ïîâ-
áï â  ¦¥ s-¬¥âà¨ª  f ¨ ¤¥©áâ¢¨ï �; �, ¢ëà ¦ îé¨¥ ¥¥ £àã¯¯®¢ãî á¨¬-
¬¥âà¨î.

� ¬¥â¨¬, çâ® ¬¥â®¤ à¥è¥¨ï ãà ¢¥¨ï (11.2), ®¯¨á ë© ¢ ¯¥à-

¢®© ¬®®£à ä¨¨  ¢â®à  "� â¥¬ â¨ç¥áª¨©  ¯¯ à â â¥®à¨¨ ä¨§¨ç¥áª¨å
áâàãªâãà" [27], á®¢¥àè¥® ®â«¨ç¥ ®â ¬¥â®¤  à¥è¥¨ï ãà ¢¥¨ï
(11.49), ¨á¯®«ì§®¢ ®£® ¢  áâ®ïé¥© ¬®®£à ä¨¨. �®, ¯®áª®«ìªã ¢ ª®-
¥ç®¬ áç¥â¥ à¥è ¥âáï ®¤  ¨ â  ¦¥ § ¤ ç  ª« áá¨ä¨ª æ¨¨ s-¬¥âà¨ç¥-
áª¨å ä¨§¨ç¥áª¨å áâàãªâãà ¯à®¨§¢®«ì®£® à £ , íâ¨ ¬¥â®¤ë ¤®¯®«ï-
îâ ¤àã£ ¤àã£ . �¤¨ s-¬¥âà¨ª¨  ©¤¥ë â®«ìª® ª ª à¥è¥¨ï äãª-
æ¨® «ì®£® ãà ¢¥¨ï (11.2), ¤àã£¨¥ { â®«ìª® ª ª à¥è¥¨ï äãªæ¨-
® «ì®£® ãà ¢¥¨ï (11.49). �áâì ¨ â ª¨¥ s-¬¥âà¨ª¨, ª®â®àë¥  å®-
¤ïâáï ®¤®¢à¥¬¥® ª ª à¥è¥¨ï ®¡®¨å ãà ¢¥¨© (11.2) ¨ (11.49), çâ®

¯®¤â¢¥à¦¤ ¥â íª¢¨¢ «¥â®áâì ä¥®¬¥®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬-
¬¥âà¨© (á¬. x5 ¨ x6). �¤ ª® ¯®« ï ª« áá¨ä¨ª æ¨ï s-¬¥âà¨ç¥áª¨å
ä¨§¨ç¥áª¨å áâàãªâãà, ¨áª«îç ï ®¤®¬¥âà¨ç¥áª¨¥ (á¬. x2, à ¡®âã [14]
¨ ¬®®£à ä¨î [27]) ¥é¥ ¥ ¯®áâà®¥ . �®íâ®¬ã ¨¬¥¥â á¬ëá«, ª ª ¨ ¢
� ª«îç¥¨¨ ¬®®£à ä¨¨ "�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨", ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ â ¡«¨æë ®¡§®à § ¤ ç ª« áá¨ä¨ª æ¨¨ ä¨§¨ç¥áª¨å áâàãªâãà  
¤¢ãå ¬®¦¥áâ¢ å. �¥è¥¨¥ â ª¨å § ¤ ç ¨â¥à¥á® ¥ â®«ìª® á ç¨áâ®
¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ï, ® ¨ á ä¨§¨ç¥áª®©, â ª ª ª à¥§ã«ìâ â®¬
¨å à¥è¥¨ï ï¢«ïîâáï ¢®§¬®¦ë¥ ä®à¬ë ä¨§¨ç¥áª¨å § ª®®¢. �ã¤¥¬

 ¤¥ïâìáï, çâ®, ¬®¦¥â ¡ëâì, ª®¬ã-â® ¨§ ç¨â â¥«¥© ã¤ áâáï ¯«®¤®â¢®à-
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® ®¡ê¥¤¨âì ®¡  ¬¥â®¤  ¨«¨  ©â¨ ª ª®©-â® âà¥â¨©, ª®â®àë© ¯®§¢®-
«¨â ¥ â®«ìª® ¯à®¤®«¦¨âì ª« áá¨ä¨ª æ¨î s-¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å
áâàãªâãà ¯à®¨§¢®«ì®£® à £ , ® ¨ § ¢¥àè¨âì ¥¥.

�« áá¨ä¨ª æ¨ï s-¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà

ü s m n sm sn (u; v) smn à¥è. ¨áâ.

1 1 > 1 > m m n (u; v) mn + x2
2 2 1 > 1 1 2n (u; 2) 2n + x7
3 2 > 2 > m 2m 2n (u; v) 2mn { {

4 3 1 1 3 3 (2,2) 3 + x8
5 3 1 > 2 3 3n (u; 2) 3n { {
6 3 > 2 > m 3m 3n (u; v) 3mn { {

7 4 1 1 4 4 (2,2) 4 ? {
8 4 1 > 2 4 4n (u; 2) 4n { {
9 4 > 2 > m 4m 4n (u; v) 4mn { {

10 > 5 > 1 > m > 5m > 5n (u; v) > 5mn { {

£¤¥ u = n + 1; v = m + 1. � ¯®¬¨¬, çâ® s � 1 { ç¨á«® ª®¬¯®¥â
s-¬¥âà¨ª¨, â® ¥áâì ¥¢ëà®¦¤¥®© äãªæ¨¨ f = (f1; : : : ; f s), § ¤ î-

é¥©   sm- ¨ sn-¬¥àëå ¬®£®®¡à §¨ïå ä¨§¨ç¥áªãî áâàãªâãàã à £ 
(u; v) = (n + 1;m + 1),  ¤¥«¥ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥¨
smn. �á«®¢¨¥ n � m ¢¢¥¤¥® á æ¥«ìî ã¬¥ìè¨âì ç¨á«® áâà®ª ¢ â -
¡«¨æ¥, â ª ª ª à¥§ã«ìâ â ª« áá¨ä¨ª æ¨¨ á¨¬¬¥âà¨ç¥ ®â®á¨â¥«ì®
¯¥à¥áâ ®¢ª¨  âãà «ìëå ç¨á¥« m ¨ n. � ¯à¥¤¯®á«¥¤¥¬ áâ®«¡æ¥ â -
¡«¨æë § ª ¬¨ ¯«îá (+) ¨ ¬¨ãá (�) ®â¬¥ç¥®, çâ® ¤  ï § ¤ ç 
à¥è¥  (+) ¨«¨ ¥ à¥è¥  (�). � ª®¬ ¢®¯à®á  (?) ®â¬¥ç¥® ¥§ ¢¥à-
è¥®¥ à¥è¥¨¥ (�.�.�ëà®¢, ç áâ®¥ á®®¡é¥¨¥), ¢ ª®â®à®¬ ¯à®¢¥-
¤¥  â®«ìª® ª« áá¨ä¨ª æ¨ï ç¥âëà¥å¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ -

¨© R4, ® ¥é¥ ¥  ©¤¥ë ¢á¥ ¤¢ãåâ®ç¥çë¥ ¨¢ à¨ âë, ª®â®àë¥ ¨
ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¥© 4-¬¥âà¨ª®©. � ¯®á«¥¤¥¬ áâ®«¡æ¥ â ¡«¨-
æë ãª §  ®¬¥à ¯ à £à ä  �á®¢®© ç áâ¨  áâ®ïé¥© ¬®®£à ä¨¨,
£¤¥ ¯à¨¢¥¤¥  ª« áá¨ä¨ª æ¨ï ¨ ¨§«®¦¥ë ¬¥â®¤ë à¥è¥¨ï ¨«¨ ãª -
§ ë ¤®¯®«¨â¥«ìë¥ ¨áâ®ç¨ª¨, ¢ ª®â®àëå á íâ¨¬¨ ¬¥â®¤ ¬¨ ¬®¦®
¯®¤à®¡® ®§ ª®¬¨âìáï.
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�à¨«®¦¥¨¥

�àã¤  ¨ £àã¯¯  ª ª ä¨§¨ç¥áª ï áâàãªâãà 

�.�. �®à®¤¨

�®à®è® ¨§¢¥áâ® [1], çâ® £àã¤®©  §ë¢ ¥âáï  «£¥¡à  G á â¥à à®©
®¯¥à æ¨¥© ' : G3 ! G, ã¤®¢«¥â¢®àïîé¥© á«¥¤ãîé¨¬ â®¦¤¥áâ¢ ¬:

'('(x; y; z); u; v) = '(x; '(u; z; y); v) = '(x; y; '(z; u; v)); (1)

'(x; y; y) = '(y; y; x) = x: (2)

�á«¨ ¨¬¥îâ ¬¥áâ® â®«ìª® â®¦¤¥áâ¢  (1), â®  «£¥¡à  G  §ë¢ ¥âáï
¯®«ã£àã¤®©. �¥ í«¥¬¥â e  §ë¢ ¥âáï ¡¨ã¨â àë¬, ¥á«¨ ¤«ï ¥£® ¢ë-
¯®«ï¥âáï â®¦¤¥áâ¢® '(x; e; e) = '(e; e; x) = x. � ª¨¬ ®¡à §®¬, ¢ £àã¤¥
ª ¦¤ë© í«¥¬¥â ¡¨ã¨â à¥.

� â®¦¤¥áâ¢ å (1) ®¡à é ¥â   á¥¡ï ¢¨¬ ¨¥ áà¥¤¥¥ §¢¥®, ¢ ª®â®-

à®¬ ¯à®¨áå®¤¨â ¯¥à¥áâ ®¢ª  ¢â®à®£® ¨ ç¥â¢¥àâ®£® í«¥¬¥â®¢ ª®àâ¥¦ 
< xyzuv >, çâ® ª ¦¥âáï ¥ á®¢á¥¬ ¥áâ¥áâ¢¥ë¬. � ¤àã£®© áâ®à®ë,
¢ ¨å ¯à ¢®¬ §¢¥¥ ¨áå®¤ë© ¯®àï¤®ª í«¥¬¥â®¢ íâ®£® ª®àâ¥¦  á®åà -
ï¥âáï. �ª §ë¢ ¥âáï, áà¥¤¥¥ §¢¥® â®¦¤¥áâ¢ (1) ¢ ®¯à¥¤¥«¥¨¨ £àã¤ë
¬®¦¥â ¡ëâì ®¯ãé¥®.

�¥¬¬  1. �®¦¤¥áâ¢  (1); (2), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â â¥à à-

 ï ®¯¥à æ¨ï ', íª¢¨¢ «¥âë â®¦¤¥áâ¢ ¬

'('(x; y; z); u; v) = '(x; y; '(z; u; v)); (3)

'(x; y; y) = '(y; y; x) = x: (4)

�á®, çâ® â®¦¤¥áâ¢  (3), (4) á®¤¥à¦ âáï ¢ â®¦¤¥áâ¢ å (1), (2) ¨ ¯®-
â®¬ã á«¥¤ãîâ ¨§ ¨å. �®ª ¦¥¬ á«¥¤®¢ ¨¥ ¢ ®¡à â®¬ ¯®àï¤ª¥. � -
ç « , ¨áå®¤ï ¨§ ¡®«¥¥ ¯à®áâëå â®¦¤¥áâ¢ (3), (4), ãáâ ®¢¨¬ ¥ á®¢á¥¬
®ç¥¢¨¤®¥ á®®â®è¥¨¥: '('(x; y; z); u; '(u; z; y)) = x. �¥©áâ¢¨â¥«ì®:
'('(x; y; z); u; '(u; z; y)) = '('('(x; y; z); u; u); z; y) = '('(x; y; z); z; y)
= '(x; y; '(z; z; y)) = '(x; y; y) = x. � «¥¥, ®¯¨à ïáì   â®«ìª® çâ®
ãáâ ®¢«¥®¥ á®®â®è¥¨¥, ¡ã¤¥¬ ¯à¥®¡à §®¢ë¢ âì áà¥¤¥¥ §¢¥® â®-

¦¤¥áâ¢ (1): '(x; '(u; z; y); v) = '('('(x; y; z); u; '(u; z; y)); '(u; z; y); v)
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= '('(x; y; z); u; '('(u; z; y), '(u; z; y); v)) = '('(x; y; z); u; v). � ª¨¬
®¡à §®¬, ¯¥à¢®¥ ¨§ ¤¢ãå â®¦¤¥áâ¢ (1),   ¨¬¥®, à ¢¥áâ¢® «¥¢®£® ¨
áà¥¤¥£® §¢¥ì¥¢, ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®¦¤¥áâ¢ (3), (4). �â®à®¥ ¦¥,
â® ¥áâì à ¢¥áâ¢® «¥¢®£® ¨ ¯à ¢®£® §¢¥ì¥¢, ¯à®áâ® á®¢¯ ¤ ¥â á â®-

¦¤¥áâ¢®¬ (3). �®¢¯ ¤ îâ â ª¦¥ â®¦¤¥áâ¢  (2) ¨ (4), çâ® ¨ § ¢¥àè ¥â
¤®ª § â¥«ìáâ¢® «¥¬¬ë 1.
�¯à¥¤¥«¥¨¥ 1. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© '  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ ¬ (3),(4).
�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ®¯à¥¤¥«¥¨¥ £àã¤ë â®¦¤¥áâ¢ ¬¨ (1),(2)

¯® «¥ªæ¨ï¬ �.�.�ãà®è  [1], ® ç¥¬ £®¢®à¨«®áì ¢  ç «¥ �à¨«®¦¥¨ï,
íª¢¨¢ «¥â® ¥¥ ®¯à¥¤¥«¥¨î â®¦¤¥áâ¢ ¬¨ (3),(4).

�¥¬¬  2. �®¦¤¥áâ¢  (3); (4), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â â¥à à-

 ï ®¯¥à æ¨ï ', íª¢¨¢ «¥âë â®¦¤¥áâ¢ ¬

'(x; y; z) = '('(x; y; s); s; z) = '(x; s; '(s; y; z)); (5)

'(x; y; y) = '(y; y; x) = x: (6)

� ¯¨è¥¬ â®¦¤¥áâ¢® (3) ¤«ï ¤¢ãå ª®àâ¥¦¥© < xyssz > ¨ < xssyz >

á®®â¢¥âáâ¢¥®, ¨á¯®«ì§ãï â ª¦¥ â®¦¤¥áâ¢  (4): '('(x; y; s); s; z)
= '(x; y; '(s; s; z)) = '(x; y; z) ¨ '(x; s; '(s; y; z)) = '('(x; s; s); y; z) =
'(x; y; z), â® ¥áâì ¯®«ãç ¥¬ â®¦¤¥áâ¢  (5), ª®â®àë¥, â ª¨¬ ®¡à §®¬,
á«¥¤ãîâ ¨§ â®¦¤¥áâ¢ (3),(4). � ¤àã£®© áâ®à®ë, ¨áå®¤ï ¨§ â®¦¤¥áâ¢

(5),(6), ®ç¥¢¨¤®, ¨¬¥¥¬: '('(x; y; z); u; v) = '('(x; y; z); z; '(z; u; v)) =
'(x; y; '(z; z; '(z; u; v))) = '(x; y; '(z; u; v)). �®áª®«ìªã ¯à¨ íâ®¬ á®-
¢¯ ¤ îâ â®¦¤¥áâ¢  (4) ¨ (6), «¥¬¬  2 ¤®ª §  .
�¯à¥¤¥«¥¨¥ 2. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© '  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ ¬ (5),(6).

�¥¬¬  3. �¯à¥¤¥«¥¨¥ 1 ¨ ®¯à¥¤¥«¥¨¥ 2 £àã¤ë, ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© â®¦¤¥áâ¢ ¬ (3); (4) ¨
â®¦¤¥áâ¢ ¬ (5); (6) á®®â¢¥âáâ¢¥®, íª¢¨¢ «¥âë.

�¥¬¬  3 ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ë 2, ãáâ  ¢«¨¢ îé¥©
íª¢¨¢ «¥â®áâì â®¦¤¥áâ¢ (3), (4) ¨ (5), (6), ¢å®¤ïé¨å ¢ ®¯à¥¤¥«¥¨ï
1 ¨ 2 £àã¤ë, á®®â¢¥âáâ¢¥®.
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�¯à¥¤¥«¥¨¥ £àã¤ë â®¦¤¥áâ¢ ¬¨ (5), (6) ¨¬¥¥â áãé¥áâ¢¥®¥ ¯à¥-
¨¬ãé¥áâ¢® ¯® á«¥¤ãîé¥© ¯à¨ç¨¥: ®ª §ë¢ ¥âáï, çâ® íâ¨ â®¦¤¥áâ¢ 
¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¢ â¥-
®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà [2]. �« ¢®© § ¤ ç¥© íâ®© â¥®à¨¨, ¢ ä®à¬ã-

«¨à®¢ª¥ ¥¥  ¢â®à  �.�.�ã« ª®¢ , ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ ¨ ®¡®á®¢ -
¨¥ áâà®¥¨ï ä¨§¨ç¥áª¨å § ª®®¢. �®§¨ª îé¨¥ ¨§ ¯à¨æ¨¯  ä¥®¬¥-
®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ â®¦¤¥áâ¢  (5), (6) ä ªâ¨ç¥áª¨ ¯à¥¤áâ ¢«ïîâ
á®¡®© äãªæ¨® «ìë¥ ãà ¢¥¨ï ®â®á¨â¥«ì® â¥à à®© ®¯¥à æ¨¨
'. �¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î ¯à®áâ¥©è¥© ä¨§¨ç¥áª®© áâàãªâãàë ¬¨¨-
¬ «ì®£® à £  (2,2).

�ãáâì ¨¬¥îâáï âà¨ ¬®¦¥áâ¢  M;N ¨ G ¯à®¨§¢®«ì®© ¯à¨à®¤ë,
¯à¨ç¥¬ í«¥¬¥âë ¯¥à¢ëå ¤¢ãå,   ¨¬¥® M ¨ N, ¡ã¤¥¬ ®¡®§ ç âì
áâà®çë¬¨ « â¨áª¨¬¨ ¨ £à¥ç¥áª¨¬¨ ¡ãª¢ ¬¨ á®®â¢¥âáâ¢¥®. �ãáâì

¨¬¥¥âáï â ª¦¥ äãªæ¨ï f :M�N ! G, á®¯®áâ ¢«ïîé ï ª ¦¤®© ¯ -
à¥ < i� > ¨§ ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï M �N ¥ª®â®àë© í«¥¬¥â f(i�)
¨§ ¬®¦¥áâ¢  G. � ®â®è¥¨¨ äãªæ¨¨ f ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«-
¥¨¥ á«¥¤ãîé¥£® ãá«®¢¨ï:
A. �«ï «î¡ëå í«¥¬¥â®¢ � 2 N ¨ j 2 M ç áâ¨çë¥ ®â®¡à ¦¥¨ï

M � f�g ! G ¨ fjg �N ! G á®®â¢¥âáâ¢¥® áîàê¥ªâ¨¢ë, â® ¥áâì
ï¢«ïîâáï ®â®¡à ¦¥¨ï¬¨   ¬®¦¥áâ¢® G.

�ë¬¨ á«®¢ ¬¨ ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  g 2 G ãà ¢¥¨ï f(i�)

= g ¨ f(j�) = g ¨¬¥îâ à¥è¥¨ï ®â®á¨â¥«ì® i 2M ¨ � 2 N, ¯à¨ç¥¬
í«¥¬¥âë � 2 N ¨ j 2M â®¦¥ ¯à®¨§¢®«ìë¥.

�¢¥¤¥¬ ¥é¥ äãªæ¨î F :M2�N2 ! G
4, á®¯®áâ ¢«ïï ç¥âëà¥åâ®-

ç¥ç®¬ã ª®àâ¥¦ã < ij; �� > ¨§ M2 �N2 ª®àâ¥¦ < f(i�); f(i�); f(j�);
f(j�) > ¤«¨ë ç¥âëà¥ ¨§ G4, í«¥¬¥âë ª®â®à®£® ¥áâì ®¡à §ë ¢á¥å
¢®§¬®¦ëå ¯ à < i� >;< i� >;< j� >;< j� >, ã¯®àï¤®ç¥ë¥ ¯®
¨áå®¤®¬ã ª®àâ¥¦ã.
�¯à¥¤¥«¥¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f : M�N ! G,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î A, § ¤ ¥â   ¬®¦¥áâ¢ å M ¨ N ä¨§¨ç¥-

áªãî áâàãªâãàã à £  (2,2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï â¥à à ï  «£¥-
¡à ¨ç¥áª ï ®¯¥à æ¨ï ' : G3 ! G, çâ® ¤«ï ¢á¥å ç¥â¢¥à®ª < ij; �� >

¢ë¯®«ï¥âáï á«¥¤ãîé¥¥ á®®â®è¥¨¥:

f(i�) = '(f(i�); f(j�); f(j�)): (7)

�®®â®è¥¨¥ (7), á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®£® ª®àâ¥¦  < ij; �� > 2
M2 �N2, á®áâ ¢«ï¥â á®¤¥à¦ ¨¥ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬-

¬¥âà¨¨ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. �®£« á® íâ®¬ã ¯à¨æ¨¯ã
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®¡à § ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï M2 � N2 ¢ G
4 ¯à¨ ®â®¡à ¦¥¨¨ F ¥

á®¢¯ ¤ ¥â á® ¢á¥¬ G
4,   ï¢«ï¥âáï ¥£® ¥ª®â®àë¬ ¯®¤¬®¦¥áâ¢®¬. �

á¢®î ®ç¥à¥¤ì, á®®â®è¥¨¥ (7)  « £ ¥â   ¨áå®¤ãî äãªæ¨î f ¤®-
áâ â®ç® á¨«ì®¥ ®£à ¨ç¥¨¥, â ª ª ª ¥ ¤«ï ¢áïª®© â ª®© äãªæ¨¨

 ©¤¥âáï â¥à à ï ®¯¥à æ¨ï ', ¢ëà ¦ îé ï íâ® á®®â®è¥¨¥.

�¥®à¥¬  1. �¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¨§ ®¯à¥¤¥«¥¨ï

3 ä¨§¨ç¥áª®© áâàãªâãàë à £  (2; 2), ãáâ  ¢«¨¢ îé ï ä¥®¬¥®-

«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®¥ á®®â®è¥¨¥ (7), § ¤ ¥â   ¬®¦¥áâ¢¥ G

£àã¤ã.

�®«®¦¨¬ ¢ á®®â®è¥¨¨ (7) i = j : f(i�) = '(f(i�); f(i�); f(i�))
¨ � = � : f(i�) = '(f(i�); f(j�); f(j�)). � á®®â¢¥âáâ¢¨¨ á ãá«®¢¨-
¥¬ A ¯ àë ¯¥à¥¬¥ëå f(i�); f(i�) ¨ f(i�); f(j�) ¥§ ¢¨á¨¬ë. �¢®-

¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i�); y = f(i�) ¢ ¯¥à¢®¬ á«ãç ¥ ¨
x = f(i�); y = f(j�) { ¢® ¢â®à®¬, ¯®«ãç ¥¬ â®¦¤¥áâ¢  (6). �«ï ¯®-
«ãç¥¨ï ¦¥ ®á®¢ëå â®¦¤¥áâ¢ (5) ¢ ®¯à¥¤¥«¥¨¨ 2 £àã¤ë ¢®§ì¬¥¬ ¢
¬®¦¥áâ¢¥ M ¤®¯®«¨â¥«ì® ª ¯ à¥ < ij > âà¥â¨© í«¥¬¥â k ¨ § -
¯¨è¥¬ á®®â®è¥¨¥ (7) ¥é¥ ¤«ï ¤àã£¨å ¤¢ãå ª®àâ¥¦¥© < ik; �� > ¨
< jk; �� >:

f(i�) = '(f(i�); f(k�); f(k�));
f(j�) = '(f(j�); f(k�); f(k�)):

)
(70)

�§ âà¥å á®®â®è¥¨© (7); (70) «¥£ª® ãáâ  ¢«¨¢ ¥¬ à ¢¥áâ¢®

'(f(i�); f(k�); f(k�)) = '(f(i�); f(j�); '(f(j�); f(k�); f(k�)));

á ¥§ ¢¨á¨¬ë¬¨ ¯® ãá«®¢¨îA ¯¥à¥¬¥ë¬¨ f(i�); f(k�); f(k�); f(j�).
�¢®¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i�); y = f(k�); z = f(k�); s =
f(j�), ¯®«ãç ¥¬ ¢â®à®¥ ¨§ ¤¢ãå â®¦¤¥áâ¢ (5). �¥à¢®¥ ¦¥ ¨§ â®¦¤¥áâ¢

(5) ¯®«ãç¨¬   «®£¨ç®, ¡¥àï ¤®¯®«¨â¥«ì® ª ¯ à¥ < �� > âà¥â¨©
í«¥¬¥â  ¨§ ¬®¦¥áâ¢  N. � ¯¨è¥¬ á®®â®è¥¨¥ (7) ¥é¥ ¤«ï ¤àã£¨å
¤¢ãå ª®àâ¥¦¥© < ij; � > ¨ < ij; � >:

f(i�) = '(f(i); f(j); f(j�));
f(i�) = '(f(i); f(j); f(j�)):

)
(700)

�§ âà¥å á®®â®è¥¨© (7); (700) á«¥¤ã¥â à ¢¥áâ¢®

'(f(i); f(j); f(j�)) = '('(f(i); f(j); f(j�)); f(j�); f(j�));
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á ¥§ ¢¨á¨¬ë¬¨ ¯® ãá«®¢¨î A ¯¥à¥¬¥ë¬¨ f(i); f(j); f(j�); f(j�).
�¢®¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i); y = f(j); z = f(j�); s = f(j�),
¯à¨å®¤¨¬ ª ¯¥à¢®¬ã ¨§ â®¦¤¥áâ¢ (5). � ª¨¬ ®¡à §®¬, ãáâ ®¢«¥ë ¢á¥
â®¦¤¥áâ¢  (5),(6), ¢å®¤ïé¨¥ ¢ ®¯à¥¤¥«¥¨¥ 2 £àã¤ë, çâ® ¨ § ¢¥àè ¥â

¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.
�¡à â¨¬ â¥¯¥àì ¢¨¬ ¨¥   à §«¨çãî à®«ì â®¦¤¥áâ¢ (5) ¨ (6) ¢

®¯à¥¤¥«¥¨¨ 2 £àã¤ë. �¥à¢ë¥ ¨§ ¨å ï¢® ®á®¢®¯®« £ îé¨¥, ¨¬¥î-
é¨¥ å à ªâ¥à äãªæ¨® «ìëå ãà ¢¥¨©, ®¯à¥¤¥«ïîé¨å £àã¤ã, ¢â®-
àë¥ ¦¥ ®âà ¦ îâ ç áâë¥ ¥¥ á¢®©áâ¢ . �®íâ®¬ã ¨¬¥¥â á¬ëá« ¢ ®¢®¬
®¯à¥¤¥«¥¨¨ £àã¤ë á®åà ¨âì â®¦¤¥áâ¢  (5),   â®¦¤¥áâ¢  (6) § ¬¥¨âì
¥ª®â®àë¬ ¡®«¥¥ ¥áâ¥áâ¢¥ë¬ ãá¤®¢¨¥¬,  « £ ¥¬ë¬   â¥à àãî
®¯¥à æ¨î '. �â® ãá«®¢¨¥ ¬®¦® ¯«ãç¨âì ¨§ â®£® ¦¥ ä¥®¬¥®«®£¨ç¥-
áª¨ á¨¬¬¥âà¨ç®£® á®®â®è¥¨ï (7) ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë à £ 

(2,2).

�¥¬¬  4. �¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¨§ ®¯à¥¤¥«¥¨ï 3
ä¨§¨ç¥áª®© áâàãªâãàë à £  (2; 2) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¥-

®¡å®¤¨¬®¬ã ãá«®¢¨î:

B: �«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ q; h 2 G ç áâ¨çë¥ ®â®¡à ¦¥¨ï

x 7! '(x; q; h); x 7! '(q; x; h); x 7! '(q; h; x) áîàê¥ªâ¨¢ë.

� áá¬®âà¨¬ á ç «  ¯¥à¢®¥ ®â®¡à ¦¥¨¥ x 7! '(x; q; h). �® ãá«®-

¢¨î A  ©¤¥âáï â ª ï ¯ à  < j� >, ¤«ï ª®â®à®© f(j�) = h. � «¥¥,
¯® â®¬ã ¦¥ ãá«®¢¨î A ¤«ï â®ç¥ª j 2 M ¨ � 2 N ¯à¥¤ë¤ãé¥© ¯ -
àë  ©¤ãâáï â ª¨¥ â®çª¨ i 2 M ¨ � 2 N, ¤«ï ª®â®àëå f(j�) = q

¨ f(i�) = p, £¤¥ p { ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ G. �® â®£¤ , ¯®« £ ï
x = f(i�), ¯® á®®â®è¥¨î (7) ¯®«ãç ¥¬ p = '(x; q; h). �® ¥áâì ã ¯à®-
¨§¢®«ì®£® í«¥¬¥â  p 2 G ¯à¨ ç áâ¨ç®¬ ®â®¡à ¦¥¨¨ x 7! '(x; q; h)
¨¬¥¥âáï å®âï ¡ë ®¤¨ ¯à®®¡à §, çâ® ¨ ¤®ª §ë¢ ¥â áîàê¥ªâ¨¢®áâì
íâ®£® ®â®¡à ¦¥¨ï. �îàê¥ªâ¨¢®áâì ®áâ ¢è¨åáï ç áâ¨çëå ®â®¡à -
¦¥¨© x 7! '(q; x; h) ¨ x 7! '(q; h; x) ãáâ  ¢«¨¢ ¥âáï á®¢¥àè¥®

  «®£¨ç®. �¥¬¬  4 ¤®ª §  .
�á«®¢¨¥ B ¨¬¥¥â ¡®«¥¥ ¯à¨¢ëçãî ¤«ï  «£¥¡à ¨áâ®¢ íª¢¨¢ «¥â-

ãî ä®à¬ã:
B0
: �«ï «î¡ëå âà¥å í«¥¬¥â®¢ p; q; h ¨§ ¬®¦¥áâ¢  G ª ¦¤®¥ ¨§

ãà ¢¥¨© p = '(x; q; h); p = '(q; x; h) ¨ p = '(q; h; x) ¨¬¥¥â à¥è¥¨¥
®â®á¨â¥«ì® x.

� ¬¥¨¬ ¥ á®¢á¥¬ ¥áâ¥áâ¢¥ë¥ â®¦¤¥áâ¢  (6) ¢ ®¯à¥¤¥«¥¨¨ (2)
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£àã¤ë ¡®«¥¥ ¥áâ¥áâ¢¥ë¬ ãá«®¢¨¥¬ B, ª®â®à®¥ â ª¦¥ ï¢«ï¥âáï á«¥¤-
áâ¢¨¥¬ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨.
�¯à¥¤¥«¥¨¥ 4. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®-

àïîé¥© ãá«®¢¨îB (¨«¨ íª¢¨¢ «¥â®¬ã ¥¬ã ãá«®¢¨î B0),  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ ¤«ï ¥¥ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ¤¢  â®¦¤¥áâ¢ :

'(x; y; z) = '('(x; y; s); s; z);
'(x; y; z) = '(x; s; '(s; y; z)):

)
(8)

�¥¬¬  5. �¯à¥¤¥«¥¨¥ 2 ¨ ®¯à¥¤¥«¥¨¥ 4 £àã¤ë ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© ç¥âëà¥¬ â®¦¤¥áâ¢ ¬

(5),(6) ¨«¨ ¯à¨ ãá«®¢¨¨ B ¤¢ã¬ â®¦¤¥áâ¢ ¬ (8) á®®â¢¥âáâ¢¥®,
íª¢¨¢ «¥âë.

�®¦¤¥áâ¢  (5) ¨ (8) á®¢¯ ¤ îâ, ¯®íâ®¬ã á ç «  ¨§ ãá«®¢¨ï B ¨
â®¦¤¥áâ¢ (8) ¯®«ãç¨¬ â®¦¤¥áâ¢  (6). � ¯¨è¥¬ ¯¥à¢®¥ ¨§ â®¦¤¥áâ¢ (8)
¤«ï ª®àâ¥¦  < xyyy >,   ¢â®à®¥ ¤«ï ª®àâ¥¦  < yyxy >: '(x; y; y) =
'('(x; y; y); y; y), '(y; y; x) = '(y; y; '(y; y; x)). �® ãá«®¢¨î B ®â®¡à -
¦¥¨ï x 7! '(x; y; y) ¨ x 7! '(y; y; x) áîàê¥ªâ¨¢ë. �¢¥¤ï á®®â¢¥â-

áâ¢ãîé¨¥ ¯¥à¥®¡®§ ç¥¨ï í«¥¬¥â®¢ '(x; y; y) ¨ '(y; y; x) ¨§ G, ¯®-
«ãç ¥¬ â®¦¤¥áâ¢  (6). �®ª ¦¥¬ â¥¯¥àì, çâ® ãá«®¢¨¥ B ¥áâì á«¥¤áâ¢¨¥
â®¦¤¥áâ¢ (5),(6). �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â® ¥áâì çâ®  ©¤ãâáï â -
ª¨¥ âà¨ í«¥¬¥â  p; q; h ¨§ ¬®¦¥áâ¢  G, çâ® ®¤® ¨§ âà¥å ãà ¢¥¨©
ãá«®¢¨ï B0 ¥ ¨¬¥¥â à¥è¥¨ï. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¤®ª § â¥«ì-
áâ¢  ¯à¥¤¯®«®¦¨¬, çâ® ¥ ¨¬¥¥â à¥è¥¨ï ãà ¢¥¨¥ p = '(x; q; h).
� ¯¨è¥¬ ¯¥à¢®¥ ¨§ â®¦¤¥áâ¢ (5) ¤«ï ª®àâ¥¦  < phhq >: '(p; h; h) =
'('(p; h; q); q; h), ®âªã¤ , ¨á¯®«ì§ãï ®¤® ¨§ â®¦¤¥áâ¢ (6), ¯®«ãç ¥¬:
p = '('(p; h; q); q; h). � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ p = '(x; q; h) ¨¬¥¥â

à¥è¥¨¥ x = '(p; h; q), çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ®¬ã ¯à¥¤¯®«®¦¥¨î.
�¢  ¤àã£¨å ãà ¢¥¨ï ¨§ ãá«®¢¨ïB0 ¨áá«¥¤ãîâáï   «®£¨ç®. �áâ  -
¢«¨¢ ¥¬ë¥ ¯à¨ íâ®¬ ¯à®â¨¢®à¥ç¨ï ¨ ¯®ª §ë¢ îâ, çâ® ãá«®¢¨¥ B0 (¨«¨
íª¢¨¢ «¥â®¥ ¥¬ã ãá«®¢¨¥ B) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®¦¤¥áâ¢ (5),(6).
�¥¬¬  5 ¤®ª §  .

�á«®¢¨¥ B,   ¯¥à¢ë© ¢§£«ï¤ ¬®¦¥â ¯®ª § âìáï á«¨èª®¬ á¨«ìë¬,
â¥¬ ¡®«¥¥, çâ® ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 5 ¯à¨ ¯®«ãç¥¨¨ â®¦¤¥áâ¢
(6) ãá«®¢¨¥ B ¨á¯®«ì§®¢ «®áì ¥ ¢ ¯®«®¬ ®¡ê¥¬¥, ¯®áª®«ìªã ¨¬¥-
«  § ç¥¨¥ â®«ìª® áîàê¥ªâ¨¢®áâì ®â®¡à ¦¥¨© x 7! '(x; y; y) ¨

x 7! '(y; y; x) ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  y. �ä®à¬ã«¨àã¥¬ íâ® ¡®«¥¥
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á« ¡®¥ ãá«®¢¨¥:
C. �«ï «î¡®£® í«¥¬¥â  q 2 G áîàê¥ªâ¨¢ë ç áâ¨çë¥ ®â®¡à ¦¥-

¨ï, § ¤ ¢ ¥¬ë¥ äãªæ¨ï¬¨ x 7! '(x; q; q) ¨ x 7! '(q; q; x).
�®«¥¥ ¯à¨¢ëçë© ¯® ä®à¬¥ ¨ íª¢¨¢ «¥âë© ¢ à¨ â íâ®£® ãá«®¢¨ï

¡ã¤¥â á«¥¤ãîé¨©:
C0
: �«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ p; q 2 G ª ¦¤®¥ ¨§ ãà ¢¥¨© p =

'(x; q; q) ¨ p = '(q; q; x) ¨¬¥¥â à¥è¥¨¥ ®â®á¨â¥«ì® x 2 G.
� ¬¥â¨¬, ®¤ ª®, çâ® á« ¡®¥ ãá«®¢¨¥ C ª ¦¥âáï ¬¥¥¥ ¥áâ¥áâ¢¥-

ë¬, ç¥¬ á¨«ì®¥ ¨ "¯®«®ªà®¢®¥" ãá«®¢¨¥ B.
�¯à¥¤¥«¥¨¥ 5.�«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àï-

îé¥© ãá«®¢¨î C (¨«¨ íª¢¨¢ «¥â®¬ã ¥¬ã ãá«®¢¨î C0) ¨ â®¦¤¥áâ¢ ¬
(8),  §ë¢ ¥âáï £àã¤®©.

�¥¬¬  6. �¯à¥¤¥«¥¨¥ 2 ¨ ®¯à¥¤¥«¥¨¥ 5 £àã¤ë ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© ç¥âëà¥¬ â®¦¤¥áâ¢ ¬

(5); (6) ¨«¨ ¯à¨ ãá«®¢¨¨ C ¤¢ã¬ â®¦¤¥áâ¢ ¬ (8) íª¢¨¢ «¥âë.

�®ª § â¥«ìáâ¢® «¥¬¬ë 6 ¢ ¯¥à¢®© ¥£® ç áâ¨ ¯®«ãç¥¨ï â®¦¤¥áâ¢ (6)
¯®¢â®àï¥â á®®â¢¥âáâ¢ãîéãî ç áâì ¤®ª § â¥«ìáâ¢  «¥¬¬ë 5,   áîàê-
¥ªâ¨¢®áâì ®â®¡à ¦¥¨© x 7! '(x; q; q) ¨ x 7! '(q; q; x), âà¥¡ã¥¬ ï
ãá«®¢¨¥¬ C, ¥áâì ¥¯®áà¥¤áâ¢¥®¥ á«¥¤áâ¢¨¥ â®¦¤¥áâ¢ (6).

�¥®à¥¬  2. �á¥ ç¥âëà¥ ®¯à¥¤¥«¥¨ï £àã¤ë,   ¨¬¥®, ®¯à¥¤¥«¥¨ï

1; 2; 4; 5 íª¢¨¢ «¥âë ¬¥¦¤ã á®¡®©.

�¥®à¥¬  2 ï¢«ï¥âáï á®¢®ªã¯ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ 3, 5, 6, ãáâ  ¢«¨-
¢ îé¨å íª¢¨¢ «¥â®áâì ¯ à ®¯à¥¤¥«¥¨© 1 ¨ 2, 2 ¨ 4, 2 ¨ 5,   â ª¦¥
âà §¨â¨¢®áâ¨ íâ®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨.

�ãáâì ¨¬¥¥âáï £àã¤  G á â¥à à®©  «£¥¡à ¨ç¥áª®© ®¯¥à æ¨¥© ' ¨
¯ãáâì e { ¥ª®â®àë© ¥¥ ä¨ªá¨à®¢ ë© í«¥¬¥â. �¯à¥¤¥«¨¬   ¬®-
¦¥áâ¢¥ G ¡¨ àãî  «£¥¡à ¨ç¥áªãî ®¯¥à æ¨î ¯® ä®à¬ã«¥

xy = '(x; e; y): (9)

�¥®à¥¬  3 (�íà -� £¥à  [1]).�®¦¥áâ¢® G á ¡¨ à®©  «£¥¡à -

¨ç¥áª®© ®¯¥à æ¨¥© (9) ï¢«ï¥âáï £àã¯¯®©.

�¥©âà «ìë¬ í«¥¬¥â®¬ ¡ã¤¥â, ®ç¥¢¨¤®, ä¨ªá¨à®¢ ë© í«¥¬¥â
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e, ¯®áª®«ìªã ¢ á¨«ã â®¦¤¥áâ¢ (6) xe = '(x; e; e) = x ¨ ex = '(e; e; x) =
x. �¡à âë© ª x í«¥¬¥â x

�1 ®¯à¥¤¥«¨âáï ¢ëà ¦¥¨¥¬: x�1 =
'(e; x; e), â ª ª ª ¢ á¨«ã â®¦¤¥áâ¢ (5), (6) ¨¬¥¥¬: xx

�1 =
'(x; e; '(e; x; e)) = '(x; x; e) = e, x�1x = '('(e; x; e); e; x) = '(e; x; x) =

e. �áá®æ¨ â¨¢®áâì ¦¥ ¡¨ à®© ®¯¥à æ¨¨ (9) ¥áâì á«¥¤áâ¢¨¥ â®«ì-
ª® â®¦¤¥áâ¢ (5): (xy)z = '('(x; e; y); e; z) = '('(x; e; y); y; '(y; e; z)) =
'(x; e; '(y; e; z)) = x(yz), çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.

� ¬¥â¨¬, çâ® ¨áå®¤ ï â¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¤«ï
£àã¤ë ®¤®§ ç® ¢ëà ¦ ¥âáï ç¥à¥§ ¡¨ à®¥ £àã¯¯®¢®¥ ã¬®¦¥¨¥
(9) ¯® á«¥¤ãîé¥© ä®à¬ã«¥:

'(x; y; z) = xy
�1
z; (10)

¯®áª®«ìªã xy
�1
z = '('(x; e; '(e; y; e)); e; z) = '('(x; y; e); e; z) =

'(x; y; z). �àã¯¯ë, ¯®«ãç ¥¬ë¥ ¨§ £àã¤ë á ¯®¬®éìî ¤¢ãå ä¨ªá¨à®¢ -
ëå í«¥¬¥â®¢ e ¨ e0, ¨§®¬®àäë ¬¥¦¤ã á®¡®©, ¯à¨ç¥¬ ¨å ¨§®¬®àä¨§¬
§ ¤ ¥âáï ®â®¡à ¦¥¨¥¬ x 7! '(x; e; e0).

� ª¨¬ ®¡à §®¬, äãªæ¨® «ìë¥ ãà ¢¥¨ï (5),(6), ï¢«ïîé¨¥áï
á«¥¤áâ¢¨¥¬ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¤«ï ä¨§¨ç¥áª®©
áâàãªâãàë à £  (2,2), á¢®¨¬¨ à¥è¥¨ï¬¨ ®¯à¥¤¥«ïîâ ¥ â®«ìª® £àã-
¤ã á â¥à à®© ®¯¥à æ¨¥© ', ® ¨ £àã¯¯ã á ¡¨ à®© ®¯¥à æ¨¥© (9). �®
¥áâì £àã¯¯  ª ª ®¤  ¨§ ã¨¢¥àá «ìëå  «£¥¡à ¢ë¤¥«¥  â¥¬, çâ® ¥¥
¥áâ¥áâ¢¥ë¬ ¨áâ®ª®¬ ï¢«ï¥âáï ¯à¨æ¨¯ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥-

âà¨¨. �ãªæ¨® «ìë¥ ãà ¢¥¨ï (5),(6) ¢¯¥à¢ë¥ ¡ë«¨ ¯®«ãç¥ë ¯à¨
¨áá«¥¤®¢ ¨¨ ¤¥©áâ¢¨â¥«ì®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (2,2), ª®-
£¤  G = R [3]. � íâ®¬ ç áâ®¬ á«ãç ¥ ¡ë«¨  ©¤¥ë ¢á¥ ¨å à¥è¥¨ï:
'(x; y; z) =  

�1( (x) �  (y) +  (z)), £¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï
®¤®© ¯¥à¥¬¥®© á ®â«¨ç®© ®â ã«ï ¯à®¨§¢®¤®©,    �1 { ®¡à â ï ª
¥© äãªæ¨ï. �à¥¤áâ ¢«ï¥â, ®ç¥¢¨¤®, ¨â¥à¥á ¯®¨áª à¥è¥¨ï ãà ¢¥-
¨© (5),(6) ¨ ¤«ï ¤àã£¨å ¬®¦¥áâ¢G,  ¯à¨¬¥à, G = R

2. � ª¨¥ § ¤ ç¨
¢®§¨ª îâ ¯à¨ ª« áá¨ä¨ª æ¨¨ ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà,
ª®£¤  ¯ à¥ < i� > 2 M �N á®¯®áâ ¢«ï¥âáï ¥ ®¤® ç¨á«®,   ¤¢ :

f(i�) = (f1(i�); f2(i�)) 2 R2 [4].
�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä. �.�.�¨å ©«¨ç¥ª® ¨ ãç áâ-

¨ª ¬  ãç®£® á¥¬¨ à  ¯® â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ¢ �®à®-
�«â ©áª®¬ ã¨¢¥àá¨â¥â¥ §  ¯®¤¤¥à¦ªã ¤ ®£® ¨áá«¥¤®¢ ¨ï ¨ ¬®-
£®ç¨á«¥ë¥ ®¡áã¦¤¥¨ï ¯à¥¤¢ à¨â¥«ìëå à¥§ã«ìâ â®¢.
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�¨å ©«¨ç¥ª®

�¥ ¤¨© �à¨£®àì¥¢¨ç

1942 £®¤  à®¦¤¥¨ï. � 1967 ®ª®ç¨« ä¨§¨ç¥áª¨© ä ªã«ìâ¥â �®¢®-

á¨¡¨àáª®£® £®áã¨¢¥àá¨â¥â , ¢ 1970 {  á¯¨à âãàã ¯à¨ ¥¬. �® 1994 {
¤®æ¥â ª ä¥¤àë â¥®à¥â¨ç¥áª®© ä¨§¨ª¨ �®¢®á¨¡¨àáª®£® £®á¯¥¤¨áâ¨-
âãâ , á 1994 ¯®  áâ®ïé¥¥ ¢à¥¬ï à ¡®â ¥â ¢ ¤®«¦®áâ¨ ¯à®ä¥áá®à 
ª ä¥¤àë ä¨§¨ª¨ �®à®-�«â ©áª®£® £®áã¨¢¥àá¨â¥â . �¬¥¥â ãç¥ãî
áâ¥¯¥ì ¤®ªâ®à  ä¨§¨ª®-¬ â¥¬ â¨ç¥áª¨å  ãª (á 1994) ¨ ãç¥®¥ §¢ ¨¥
¯à®ä¥áá®à  (á 2000), ç«¥-ª®àà¥á¯®¤¥â �ª ¤¥¬¨¨ �áâ¥áâ¢®§ ¨ï (á
1997). �¢â®à ¡®«¥¥ ¯ïâ¨¤¥áïâ¨ à ¡®â ¨ ¤¢ãå  ãçëå ¬®®£à ä¨©:
"� â¥¬ â¨ç¥áª¨©  ¯¯ à â â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà" ¨ "�®«¨¬¥-
âà¨ç¥áª¨¥ £¥®¬¥âà¨¨". � áâ®ïé ï âà¥âìï ¥£® ¬®®£à ä¨ï, á®áâ ¢«ïï

¯® â¥¬¥ ¨áá«¥¤®¢ ¨ï ¥¤¨®¥ æ¥«®¥ á ¯à¥¤ë¤ãé¨¬¨ ¤¢ã¬ï, ¯®á¢ïé¥-
  ¨§ãç¥¨î £àã¯¯®¢®© á¨¬¬¥âà¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ª ª £¥®¬¥-
âà¨© ¤¢ãå ¬®¦¥áâ¢. �á®¢ ï ®¡« áâì ¨áá«¥¤®¢ ¨ï { â¥®à¨ï ä¨§¨-
ç¥áª¨å áâàãªâãà, ¢ ª®â®à®© áâà®¥¨¥ ä¨§¨ç¥áª¨å § ª®®¢ ®¯à¥¤¥«ï¥âáï
¨§ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨,   «®£¨ç®£® ¯® á¢®¥©
®¡é®áâ¨ ¯à¨æ¨¯ã  ¨¬¥ìè¥£® ¤¥©áâ¢¨ï ¢ ¬¥å ¨ª¥.
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