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Ǒ�����������­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢áâà¥ç îâáï ¢ à §«¨ç­ëå ®¡« áâïå ­ ãª¨ ¨ ¬­®£®-ç¨á«¥­­ëå ¯à¨«®�¥­¨ïå (¢ â¥®à¨¨ ã¯àã£®áâ¨, â¥®à¨¨ ¯« áâ¨ç­®áâ¨, £¨¤à®¤¨­ -¬¨ª¥, â¥®à¨¨ ¬ áá®- ¨ â¥¯«®¯¥à¥­®á , â¥®à¨¨ ã¯à ¢«¥­¨ï, å¨¬¨ç¥áª®© â¥å­®«®£¨¨,¡¨®¬¥å ­¨ª¥, â¥®à¨¨ ¬ áá®¢®£® ®¡á«ã�¨¢ ­¨ï, íª®­®¬¨ª¥, ¬¥¤¨æ¨­¥ ¨ ¤à.).� ª­¨£¥ ¨§« £ îâáï â®ç­ë¥, ¯à¨¡«¨�¥­­ë¥  ­ «¨â¨ç¥áª¨¥ ¨ ç¨á«¥­­ë¥ ¬¥â®-¤ë à¥è¥­¨ï «¨­¥©­ëå ¨ ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. Ǒ®¬¨¬® ª« áá¨-ç¥áª¨å ¬¥â®¤®¢ ®¯¨á ­ë â ª�¥ ­¥ª®â®àë¥ ­®¢ë¥ ¬¥â®¤ë. Ǒà¨ ®â¡®à¥ ¬ â¥à¨ «  ¢â®àë ®â¤ ¢ «¨ ¡¥§ãá«®¢­®¥ ¯à¥¤¯®çâ¥­¨¥ ¯à ªâ¨ç¥áª®© áâ®à®­¥ ¢®¯à®á  (ª®­-áâàãªâ¨¢­ë¬ ¬¥â®¤ ¬, ¯®§¢®«ïîé¨¬ íää¥ªâ¨¢­® óáâà®¨âì� à¥è¥­¨ï). �«ï «ãç-è¥£® ¯®­¨¬ ­¨ï à áá¬®âà¥­­ëå ¬¥â®¤®¢ ¢® ¢á¥å à §¤¥« å ª­¨£¨ ¤ ­ë ¯à¨¬¥àëà¥è¥­¨ï ª®­ªà¥â­ëå ãà ¢­¥­¨©.Ǒà¨¢¥¤¥­ë ­¥ª®â®àë¥ â®ç­ë¥ ¨  á¨¬¯â®â¨ç¥áª¨¥ à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢-­¥­¨©, ¢áâà¥ç îé¨åáï ¢ ¯à¨«®�¥­¨ïå (¢ ¬¥å ­¨ª¥ ¨ ä¨§¨ª¥).�«ï ã¤®¡áâ¢  è¨à®ª®£® ªàã£  ¯®â¥­æ¨ «ì­ëå ç¨â â¥«¥© á à §­®© ¬ â¥¬ â¨ç¥-áª®© ¯®¤£®â®¢ª®©  ¢â®àë ¯® ¢®§¬®�­®áâ¨ áâ à «¨áì ¨§¡¥£ âì ¨á¯®«ì§®¢ ­¨ï á¯¥-æ¨ «ì­®© â¥à¬¨­®«®£¨¨. Ǒ®íâ®¬ã ­¥ª®â®àë¥ ¬¥â®¤ë ¨§« £ îâáï áå¥¬ â¨ç¥áª¨ ¨ã¯à®é¥­­® (á ­¥®¡å®¤¨¬ë¬¨ ááë«ª ¬¨ ­  ª­¨£¨, ¢ ª®â®àëå íâ¨ ¬¥â®¤ë à áá¬®â-à¥­ë ¡®«¥¥ ¤¥â «ì­®).� á¯®«®�¥­¨¥ ãà ¢­¥­¨© ¢­ãâà¨ ¢á¥å à §¤¥«®¢ ®â¢¥ç ¥â ¯à¨­æ¨¯ã ó®â ¯à®-áâ®£® ª á«®�­®¬ã�. �â® áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ®¡«¥£ç ¥â à ¡®âã á ¬ â¥à¨ «®¬.�­®£¨¥ à §¤¥«ë ª­¨£¨ ¬®£ãâ ç¨â âìáï ­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£ , çâ® ¯®§¢®«ï¥â¡ëáâà® ¢­¨ª âì ¢ áãâì ¢®¯à®á . �®áâ â®ç­® ¯®¤à®¡­®¥ ®£« ¢«¥­¨¥ ¯®¬®�¥â ç¨â -â¥«î ­ å®¤¨âì ¨áª®¬ãî ¨­ä®à¬ æ¨î.�â¤¥«ì­ë¥ à §¤¥«ë ª­¨£¨ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¢ ª ç¥áâ¢¥ ®á­®¢ë ¤«ïá¯¥æ¨ «ì­ëå ªãàá®¢ ¯® ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ ¨ ãà ¢­¥­¨ï¬ ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨ ¤«ï áâã¤¥­â®¢ ¨  á¯¨à ­â®¢ ã­¨¢¥àá¨â¥â®¢ ¨ â¥å­¨ç¥áª¨å ¢ã§®¢.�¢â®àë ­ ¤¥îâáï, çâ® á¯à ¢®ç­¨ª ®ª �¥âáï ¯®«¥§­ë¬ ¤«ï è¨à®ª®£® ªàã£  ­ -ãç­ëå à ¡®â­¨ª®¢, ¯à¥¯®¤ ¢ â¥«¥© ¢ã§®¢, ¨­�¥­¥à®¢ ¨ áâã¤¥­â®¢, á¯¥æ¨ «¨§¨àã-îé¨åáï ¢ à §«¨ç­ëå ®¡« áâïå ¯à¨ª« ¤­®© ¬ â¥¬ â¨ª¨, ¬¥å ­¨ª¨, ä¨§¨ª¨, â¥®à¨¨ã¯à ¢«¥­¨ï ¨ íª®­®¬¨ª¥. �. �. � ­�¨à®¢�. �. Ǒ®«ï­¨­
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1. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë.�­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï1.1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï, § ¬¥ç ­¨ï ¨ ä®à¬ã«ë1.1-1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®© (ª¢ ¤à â¨ç­® áã¬¬¨-àã¥¬®©, ¨­â¥£à¨àã¥¬®© á ª¢ ¤à â®¬) ­  ®âà¥§ª¥ [a, b℄, ¥á«¨ f2(x) ¨­â¥£à¨àã¥¬ ­  [a, b℄. �®¢®ªã¯­®áâì ¢á¥å ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå ­  [a, b℄ äã­ªæ¨© ®¡®§­ -ç îâ L2(a, b) ¨«¨ ª®à®âª® L2*. �®¢®ªã¯­®áâì ¢á¥å ¨­â¥£à¨àã¥¬ëå ­  [a, b℄ äã­ª-æ¨© ®¡ëç­® ®¡®§­ ç îâ L1(a, b) ¨«¨ ª®à®âª® L1.�á­®¢­ë¥ á¢®©áâ¢  äã­ªæ¨© ¨§ L2:1◦. �ã¬¬  ¤¢ãå ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå äã­ªæ¨© ¥áâì ª¢ ¤à â¨ç­® ¨­â¥£à¨-àã¥¬ ï äã­ªæ¨ï.2◦. Ǒà®¨§¢¥¤¥­¨¥ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®© äã­ªæ¨¨ ­  ª®­áâ ­âã ¥áâì ª¢ ¤-à â¨ç­® ¨­â¥£à¨àã¥¬ ï äã­ªæ¨ï.3◦. Ǒà®¨§¢¥¤¥­¨¥ ¤¢ãå ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå äã­ªæ¨© ¥áâì ¨­â¥£à¨àã¥¬ ïäã­ªæ¨ï.4◦. �á«¨ f(x) ∈ L2 ¨ g(x) ∈ L2, â® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �ã­ïª®¢áª®£® |�¢ àæ :(f, g)2 6 ‖f‖2‖g‖2, (f, g) = ∫ b

a

f(x)g(x)dx, ‖f‖2 = (f, f) = ∫ b

a

f2(x) dx.�¨á«® (f, g) ­ §ë¢ ¥âáï áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ äã­ªæ¨© f(x) ¨ g(x),   ç¨á«®
‖f‖|­®à¬®© äã­ªæ¨¨ f(x) ¢ L2.5◦. �«ï f(x) ∈ L2 ¨ g(x) ∈ L2 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª :

‖f + g‖ 6 ‖f‖+ ‖g‖.6◦. Ǒãáâì äã­ªæ¨¨ f(x) ¨ f1(x), f2(x), . . . , fn(x), . . . ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë­  ®âà¥§ª¥ [a, b℄. �á«¨ lim
n→∞

∫ b

a

[
fn(x)− f(x)]2 dx = 0,â® £®¢®àïâ, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© f1(x), f2(x), . . . áå®¤¨âáï ¢ áà¥¤­¥¬ª¢ ¤à â¨ç­®¬ ª äã­ªæ¨¨ f(x).�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© {fn(x)} ¨§ L2 áå®¤¨âáï à ¢­®¬¥à­® ª f(x),â® f(x) ∈ L2 ¨ {fn(x)} áå®¤¨âáï ª f(x) ¢ áà¥¤­¥¬.�­ «®£¨ç­ë¬ ®¡à §®¬ ¢¢®¤¨âáï ¯®­ïâ¨¥ ¨­â¥£à¨àã¥¬®© (áã¬¬¨àã¥¬®©) äã­ª-æ¨¨ ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå. � ¯à¨¬¥à, äã­ªæ¨ï f(x, t) ­ §ë¢ ¥âáï ª¢ ¤à â¨ç­®¨­â¥£à¨àã¥¬®© ¢ ®¡« áâ¨ S = {a 6 x 6 b, a 6 t 6 b}, ¥á«¨ f(x, t) ¨§¬¥à¨¬  ¨

‖f‖2 ≡
∫ b

a

∫ b

a

f2(x, t) dx dt < +∞.�¤¥áì, ª ª ¨ à ­¥¥ ‖f‖ ®¡®§­ ç ¥â ­®à¬ã äã­ªæ¨¨ f(x, t).* � ®¡é¥¬ á«ãç ¥ à áá¬ âà¨¢ îâáï ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ ¨ ¨­â¥£à « �¥¡¥£ . � ª ®¡ëç­®,íª¢¨¢ «¥­â­ë¥ äã­ªæ¨¨ (â. ¥. à ¢­ë¥ ¯®çâ¨ ¢áî¤ã ¨«¨ ®â«¨ç îé¨¥áï ­  ¬­®�¥áâ¢¥ ¬¥àë­ã«ì) áç¨â îâáï ®¤­¨¬ ¨ â¥¬ �¥ í«¥¬¥­â®¬ L2.
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1.1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï, § ¬¥ç ­¨ï ¨ ä®à¬ã«ë 111.1-2. �âàãªâãà  à¥è¥­¨© «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ¯¥à¥¬¥­­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï¨¬¥¥â ¢¨¤
βy(x) + ∫ x

a

K(x, t)y(t) dt = f(x), (1)£¤¥ y(x)|­¥¨§¢¥áâ­ ï äã­ªæ¨ï.�¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï¨¬¥¥â ¢¨¤
βy(x) + ∫ b

a

K(x, t)y(t)dt = f(x). (2)Ǒà¨ β = 0, ãà ¢­¥­¨ï (1) ¨ (2) ­ §ë¢ îâáï «¨­¥©­ë¬¨ ¨­â¥£à «ì­ë¬¨ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® à®¤ ,   ¯à¨ β 6= 0| «¨­¥©­ë¬¨ ¨­â¥£à «ì­ë¬¨ ãà ¢­¥­¨ï¬¨¢â®à®£® à®¤ .�à ¢­¥­¨ï ¢¨¤  (1) ¨ (2) ¯à¨ á¯¥æ¨ «ì­ëå ãá«®¢¨ïå, ­ ª« ¤ë¢ ¥¬ëå ­ ¨å ï¤à  ¨ ¯à ¢ë¥ ç áâ¨, ®¡à §ãîâ à §«¨ç­ë¥ ª« ááë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©(ãà ¢­¥­¨ï �®«ìâ¥àà , ãà ¢­¥­¨ï �à¥¤£®«ì¬ , ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ ¨ ¤à.),ª®â®àë¥ ¯®¤à®¡­® à áá¬®âà¥­ë ¢ £« ¢ å 2{7.� àï¤¥ á«ãç ¥¢, ¤«ï ªà âª®áâ¨, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¯¥à â®à­ãî ä®à¬ã § ¯¨á¨«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (1) ¨ (2):L [y℄ = f(x). (3)�¨­¥©­ë© ®¯¥à â®à L ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:L [y1 + y2℄ = L [y1℄ + L [y2℄,L [σy℄ = σL [y℄, σ = 
onst .Ǒà¨ f(x) ≡ 0 «¨­¥©­ë¥ ãà ¢­¥­¨ï ­ §ë¢ îâáï ®¤­®à®¤­ë¬¨ ,   ¯à¨
f(x) 6≡ 0|­¥®¤­®à®¤­ë¬¨.�î¡®¥ «¨­¥©­®¥ ®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â âà¨¢¨ «ì­®¥ à¥-è¥­¨¥ y ≡ 0.�á«¨ y1 = y1(x) ¨ y2 = y2(x)|ç áâ­ë¥ à¥è¥­¨ï «¨­¥©­®£® ®¤­®à®¤­®£® ¨­-â¥£à «ì­®£® ãà ¢­¥­¨ï, â® ¨å «¨­¥©­ ï ª®¬¡¨­ æ¨ï �1y1+C2y2 á ¯à®¨§¢®«ì­ë¬¨¯®áâ®ï­­ë¬¨ C1, C2 â ª�¥ ¡ã¤¥â à¥è¥­¨¥¬ ¤ ­­®£® ãà ¢­¥­¨ï (¢ ä¨§¨ç¥áª¨å § -¤ ç å íâ® á¢®©áâ¢® ­ §ë¢ îâ ¯à¨­æ¨¯®¬ «¨­¥©­®© áã¯¥à¯®§¨æ¨¨).�¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (3) à ¢­®áã¬¬¥ ®¡é¥£® à¥è¥­¨ï Y = Y (x) á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ïL [Y ℄ = 0 ¨ «î¡®£® ç áâ­®£® à¥è¥­¨ï �y = �y(x) ¤ ­­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ïL [�y℄ = f(x):

y = Y + �y. (4)�á«¨ ®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥
Y ≡ 0, â® à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¡ã¤¥â ¥¤¨­áâ¢¥­-­ë¬ (¥á«¨ ®­® áãé¥áâ¢ã¥â).Ǒãáâì �y1 ¨ �y2|à¥è¥­¨ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á®¤¨­ ª®¢ë¬¨ «¥¢ë¬¨ ¨ à §­ë¬¨ ¯à ¢ë¬¨ ç áâï¬¨: L [�y1℄ = f1(x) ¨ L [�y2℄ = f2(x).�®£¤  äã­ªæ¨ï �y = �y1 + �y2 ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï L [�y℄ = f1(x) + f2(x).Ǒà¥®¡à §®¢ ­¨¥

x = g(z), t = g(τ ), y(x) = ϕ(z)w(z) + ψ(z), (5)£¤¥ g(z), ϕ(z), ψ(z)| ¯à®¨§¢®«ì­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ (g′z 6= 0), ¯à¨¢®¤¨â
�âà ­¨æ  11



12 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ïãà ¢­¥­¨ï (1) ¨ (2) ª «¨­¥©­ë¬ ãà ¢­¥­¨ï¬ â®£® �¥ ¢¨¤  ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ-­®© äã­ªæ¨¨ w=w(z). � ª¨¥ ¯à¥®¡à §®¢ ­¨ï ç áâ® ¨á¯®«ì§ãîâáï ¤«ï ¯®áâà®¥­¨ïâ®ç­ëå à¥è¥­¨© «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.1.1-3. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï�­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤~f(λ) = ∫ b

a

ϕ(x, λ)f(x) dx.�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ®à¨£¨­ «®¬, ~f(λ)| ¨§®¡à �¥­¨¥¬ (¨«¨ ®¡à §®¬) äã­ª-æ¨¨ f(x),   ϕ(x, λ)|ï¤à®¬ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï. Ǒà¥¤¥«ë ¨­â¥£à¨à®-¢ ­¨ï a ¨ b|¤¥©áâ¢¨â¥«ì­ë¥ (ª ª ¯à ¢¨«® a = 0, b = ∞ ¨«¨ a = −∞, b = ∞).� à §¤. 1.2{1.6 ®¯¨á ­ë ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à -§®¢ ­¨ï (� ¯« á , �¥««¨­ , �ãàì¥ ¨ ¤à.), ª®â®àë¥ ¢áâà¥ç îâáï ¢ íâ®© ª­¨£¥ ¯à¨à¥è¥­¨¨ ª®­ªà¥â­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. � íâ¨å �¥ à §¤¥« å ¤ ­ë á®®â¢¥â-áâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï ®¡à â­ëå ¯à¥®¡à §®¢ ­¨©, ª®â®àë¥ ¨¬¥îâ ¢¨¤
f(x) = ∫

L

ψ(x, λ)~f(λ) dλ¨ ¯®§¢®«ïîâ ¯® § ¤ ­­®¬ã ¨§®¡à �¥­¨î ~f(λ) ¢®ááâ ­®¢¨âì ®à¨£¨­ « f(x). �®­âãà¨­â¥£à¨à®¢ ­¨ï L ¯à¨ íâ®¬ ¬®�¥â ¯à®å®¤¨âì ª ª ¯® ¤¥©áâ¢¨â¥«ì­®© ®á¨, â ª ¨ ¯®ª®¬¯«¥ªá­®© ¯«®áª®áâ¨.�­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâáï ¤«ï à¥è¥­¨ï à §«¨ç­ëå ¤¨ää¥-à¥­æ¨ «ì­ëå ¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �  à¨á. 1 ¯à¨¢¥¤¥­  ¯à¨­æ¨¯¨ «ì­ ïáå¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯à¨ ¯®¬®é¨ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ -­¨© (¢ á«ãç ¥, ¯à¨¢¥¤¥­­®¬ ­  áå¥¬¥, ¨á¯®«ì§®¢ ­¨¥ ¯®¤å®¤ïé¥£® ¨­â¥£à «ì­®£®¯à¥®¡à §®¢ ­¨ï ¯®§¢®«ï¥â ¯®«ãç¨âì «¨­¥©­®¥  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¯¥à¢®£®¯®àï¤ª  ®â­®á¨â¥«ì­® ¨§®¡à �¥­¨ï ~f(λ)).�® ¬­®£¨å á«ãç ïå ¤«ï ¢ëç¨á«¥­¨ï ®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢, ¢ â®¬ ç¨á«¥ ¤«ï®¯à¥¤¥«¥­¨ï ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á , �¥««¨­  ¨ �ãàì¥, ¨á¯®«ì§ãîâ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®, ¢ª«îç ï â¥®à¥¬ã ® ¢ëç¥â å¨ «¥¬¬ã �®à¤ ­ , ª®â®àë¥ ¨§« £ îâáï ­¨�¥ ¢ ¯¯. 1.1-4 ¨ 1.1-5.1.1-4. �ëç¥âë. �®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨©�ëç¥â®¬ äã­ªæ¨¨ f(z) ¢ ¨§®«¨à®¢ ­­®© ®á®¡®© â®çª¥ z = a ª®¬¯«¥ªá­®©¯«®áª®áâ¨ z ­ §ë¢ ¥âáï ç¨á«®res
z=a f(z) = 12πi ∫

cε

f(z) dz, i2 = −1,£¤¥ cε | ®ªàã�­®áâì ¤®áâ â®ç­® ¬ «®£® à ¤¨ãá  ε, ª®â®à ï ®¯¨áë¢ ¥âáï ãà ¢­¥-­¨¥¬ |z − a| = ε.�á«¨ â®çª  z = a ¥áâì ¯®«îá n-£® ¯®àï¤ª * äã­ªæ¨¨ f(z), â®res
z=a f(z) = 1(n− 1)! lim

z→a

dn−1
dxn−1 [(z − a)nf(z)].�«ï ¯à®áâ®£® ¯®«îá , çâ® á®®â¢¥âáâ¢ã¥â n = 1, ®âáî¤  ¨¬¥¥¬res

z=a f(z) = lim
z→a

[(z − a)f(z)].* � ®ªà¥áâ­®áâ¨ íâ®© â®çª¨ f(z) ≈ 
onst (z − a)−n .
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1.1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï, § ¬¥ç ­¨ï ¨ ä®à¬ã«ë 13

�¨á. 1. Ǒà¨­æ¨¯¨ «ì­ ï áå¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯à¨¯®¬®é¨ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©�á«¨ f(z) = ϕ(z)
ψ(z) , ¯à¨ç¥¬ ϕ(a) 6= 0,   ψ(z) ¨¬¥¥â ¢ â®çª¥ z = a ­ã«ì ¯¥à¢®£®¯®àï¤ª , â. ¥. ψ(a) = 0,   ψ′

z(a) 6= 0, â®res
z=a f(z) = ϕ(a)

ψ′
z(a) .1.1-5. �¥¬¬  �®à¤ ­ �á«¨ äã­ªæ¨ï f(z) ­¥¯à¥àë¢­  ¢ ®¡« áâ¨ |z| > R0, Im z > α (α|ä¨ªá¨à®-¢ ­­®¥ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®) ¨ lim

z→∞
f(z) = 0, â® ¤«ï «î¡®£® λ > 0 ¢ë¯®«­ï¥âáï¯à¥¤¥«ì­®¥ à ¢¥­áâ¢® lim

R→∞

∫

CR

eiλzf(z) dz = 0,
�âà ­¨æ  13



14 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï£¤¥ CR|¤ã£  ®ªàã�­®áâ¨ |z| = R, «¥� é ï ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨.
©• �¨â¥à âãà : �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª® (1968), �. �. �¢¥è­¨ª®¢,�. �. �¨å®­®¢ (1970).1.2. Ǒà¥®¡à §®¢ ­¨¥ � ¯« á 1.2-1. �¯à¥¤¥«¥­¨¥. �®à¬ã«  ®¡à é¥­¨ïǑà¥®¡à §®¢ ­¨¥ � ¯« á  ¤«ï ¯à®¨§¢®«ì­®© (ª®¬¯«¥ªá­®§­ ç­®©) äã­ªæ¨¨
f(x) ¤¥©áâ¢¨â¥«ì­®£® ¯¥à¥¬¥­­®£® x (x > 0) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:~f(p) = ∫ ∞0 e−pxf(x) dx, (1)£¤¥ p = s + iσ|ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï.�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ®à¨£¨­ «®¬,   ~f(p) | ¨§®¡à �¥­¨¥¬ (®¡à §®¬)äã­ªæ¨¨ f(x).Ǒà¥®¡à §®¢ ­¨¥ � ¯« á  áãé¥áâ¢ã¥â ¤«ï ­¥¯à¥àë¢­ëå ¨ ªãá®ç­®-­¥¯à¥àë¢-­ëå äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î |f(x)| <Meσ0x, £¤¥M > 0 ¨ σ0 > 0|­¥ª®â®àë¥ ç¨á« . � «¥¥ áç¨â ¥¬, çâ® ¢ ãª § ­­®© ®æ¥­ª¥ ¢§ïâ® ­ ¨¬¥­ìè¥¥ ¨§¢®§¬®�­ëå ç¨á¥« σ0, ª®â®à®¥ ­ §ë¢ ¥âáï ¯®ª § â¥«¥¬ à®áâ  äã­ªæ¨¨ f(x).�«ï ¢áïª®£® ®à¨£¨­ «  f(x) äã­ªæ¨ï ~f(p) ®¯à¥¤¥«¥­  ¢ ¯®«ã¯«®áª®áâ¨Re p > σ0 ¨ ï¢«ï¥âáï ¢ íâ®© ¯«®áª®áâ¨  ­ «¨â¨ç¥áª®© äã­ªæ¨¥©.�®à¬ã«ã (1) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì â ª:~f(p) = L

{
f(x)} ¨«¨ ~f(p) = L

{
f(x), p}.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~f(p) ®à¨£¨­ « ­ å®¤¨âáï á ¯®¬®éìî ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï � ¯« á 

f(x) = 12πi ∫ c+i∞
c−i∞

~f(p)epx dp, i2 = −1, (2)£¤¥ ¯ãâì ¨­â¥£à¨à®¢ ­¨ï à á¯®«®�¥­ ¯ à ««¥«ì­® ¬­¨¬®© ®á¨ ª®¬¯«¥ªá­®© ¯«®á-ª®áâ¨ á¯à ¢  ®â ¢á¥å ®á®¡ëå â®ç¥ª äã­ªæ¨¨ ~f(p), çâ® á®®â¢¥âáâ¢ã¥â c > σ0.�­â¥£à « ¢ (2) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï:
∫ c+i∞
c−i∞

~f(p)epx dp = lim
ω→∞

∫ c+iω
c−iω

~f(p)epx dp.� ®¡« áâ¨ x < 0 ä®à¬ã«  (2) ¤ ¥â f(x) ≡ 0.�®à¬ã«  (2) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ ¢ â®çª¥ x = x0
x = x0 > 0, äã­ªæ¨ï f(x) ¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® ¯à ¢ ï ç áâìä®à¬ã«ë (2) ¢ íâ®© â®çª¥ ¤ ¥â §­ ç¥­¨¥ 12 [f(x0 − 0) + f(x0 + 0)℄ (¯à¨ x0 = 0¯¥à¢ë© ç«¥­ ¢ ª¢ ¤à â­ëå áª®¡ª å ¤®«�¥­ ¡ëâì ®¯ãé¥­).�®à¬ã«ã ®¡à é¥­¨ï ¯à¥®¡à §®¢ ­¨ï � ¯« á  (2) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì â ª:

f(x) = L−1{~f(p)} ¨«¨ f(x) = L−1{~f(p), x}
.1.2-2. �¡à é¥­¨¥ à æ¨®­ «ì­ëå äã­ªæ¨©� áá¬®âà¨¬ ¢ �­ë© á«ãç ©, ª®£¤  ¨§®¡à �¥­¨¥ ï¢«ï¥âáï à æ¨®­ «ì­®© äã­ª-æ¨¥© ¢¨¤  ~f(p) = R(p)

Q(p) , (3)
�âà ­¨æ  14



1.2. Ǒà¥®¡à §®¢ ­¨¥ � ¯« á  15£¤¥ Q(p) ¨ R(p)|¬­®£®ç«¥­ë ¯¥à¥¬¥­­®© p, ¯à¨ç¥¬ áâ¥¯¥­ì ¬­®£®ç«¥­  Q(p)¡®«ìè¥ áâ¥¯¥­¨ ¬­®£®ç«¥­  R(p).Ǒãáâì ¢á¥ ­ã«¨ §­ ¬¥­ â¥«ï ¯à®áâë¥, â. ¥. á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
Q(p) ≡ 
onst (p− λ1)(p− λ2) . . . (p− λn).�®£¤  ®à¨£¨­ « ¬®�­® ®¯à¥¤¥«¨âì ¯® ä®à¬ã«¥

f(x) = n∑

k=1 R(λk)
Q′(λk) exp(λkx), (4)£¤¥ èâà¨å®¬ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥.Ǒãáâì ¬­®£®ç«¥­ Q(p) ¨¬¥¥â ªà â­ë¥ ª®à­¨, â. ¥.

Q(p) ≡ 
onst (p− λ1)s1(p− λ2)s2 . . . (p− λm)sm .� íâ®¬ á«ãç ¥ ®à¨£¨­ « ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥
f(x) = m∑

k=1 1(sk − 1)! lim
p→sk dsk−1

dpsk−1 [(p− λk)sk ~f(p)epx].1.2-3. �¥®à¥¬  ® á¢¥àâª¥ ¤«ï ¯à¥®¡à §®¢ ­¨ï � ¯« á �¢¥àâª®© (¯® � ¯« áã) ¤¢ãå äã­ªæ¨© f(x) ¨ g(x) ­ §ë¢ ¥âáï ¢ëà �¥­¨¥
f(x) ∗ g(x) ≡ ∫ x0 f(t)g(x− t) dt.�¯à ¢¥¤«¨¢  â¥®à¥¬  ® á¢¥àâª¥:

L
{
f(x) ∗ g(x)} = L

{
f(x)} L

{
g(x)},ª®â®à ï ç áâ® ¨á¯®«ì§ã¥âáï ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨© �®«ìâ¥àà  á à §­®áâ­ë¬ï¤à®¬.1.2-4. Ǒà¥¤¥«ì­ë¥ â¥®à¥¬ëǑãáâì 06 x<∞ ¨ ~f(p)=L

{
f(x)}|¯à¥®¡à §®¢ ­¨¥ � ¯« á  äã­ªæ¨¨ f(x).�á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« f(x) ¯à¨ x→ 0, â®lim

x→0 f(x) = lim
p→∞

[
p~f(p)].�á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« f(x) ¯à¨ x→ ∞, â®lim

x→∞
f(x) = lim

p→0[p~f(p)].1.2-5. �á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï � ¯« á �¨�¥ ¢ â ¡«¨æ¥ ¯à¨¢¥¤¥­ë ®á­®¢­ë¥ ä®à¬ã«ë á®®â¢¥âáâ¢¨ï ®à¨£¨­ «®¢ ¨¨§®¡à �¥­¨© ¯à¥®¡à §®¢ ­¨ï � ¯« á .
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16 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï������� 1�á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï � ¯« á 
N0 �à¨£¨­ « �§®¡à �¥­¨¥ �¯¥à æ¨ï1 af1(x) + bf2(x) a~f1(p) + b~f2(p) �¨­¥©­®áâì2 f(x/a), a > 0 a~f (ap) �§¬¥­¥­¨¥ ¬ áèâ ¡ 3 f(x− a),

f(ξ) ≡ 0 ¯à¨ ξ < 0 e−ap~f(p) �¤¢¨£  à£ã¬¥­â 4 xnf(x); n = 1, 2, . . . (−1)n~f(n)p (p) �¨ää¥à¥­æ¨à®¢ ­¨¥¨§®¡à �¥­¨ï5 1
x
f(x) ∫ ∞

p

~f(q) dq �­â¥£à¨à®¢ ­¨¥¨§®¡à �¥­¨ï6 eaxf(x) ~f(p− a) �¬¥é¥­¨¥ ¢ª®¬¯«¥ªá­®© ¯«®áª®áâ¨7 f ′x(x) p~f(p)− f(+0) �¨ää¥à¥­æ¨à®¢ ­¨¥8 f(n)x (x) pn~f(p) − n∑
k=1 pn−kf(k−1)

x (+0) �¨ää¥à¥­æ¨à®¢ ­¨¥9 xmf(n)x (x), m > n
(
− d

dp

)m[
pn~f(p)] �¨ää¥à¥­æ¨à®¢ ­¨¥10 dn

dxn

[
xmf(x)], m > n (−1)mpn dm

dpm
~f(p) �¨ää¥à¥­æ¨à®¢ ­¨¥11 ∫ x0 f(t) dt ~f (p)

p
�­â¥£à¨à®¢ ­¨¥12 ∫ x0 f1(t)f2(x− t) dt ~f1(p)~f2(p) �¢¥àâª �ãé¥áâ¢ãîâ â ¡«¨æë ¯àï¬ëå ¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á  (á¬. «¨â¥-à âãàã ¢ ª®­æ¥ à §¤¥« ), ¢ ª®â®àëå á¢¥¤¥­ë ¢¬¥áâ¥ ª®­ªà¥â­ë¥ äã­ªæ¨¨ ¨ ¨å ¨§®¡-à �¥­¨ï. �â¨ â ¡«¨æë ã¤®¡­® ¨á¯®«ì§®¢ âì ¯à¨ à¥è¥­¨¨ «¨­¥©­ëå ¨­â¥£à «ì­ëå¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.1.2-6. �®à¬ã«  Ǒ®áâ {�¨¤¤¥à �«ï ¯à¨«®�¥­¨© ¨¬¥¥âáï ¢®§¬®�­®áâì ®¯à¥¤¥«ïâì §­ ç¥­¨ï ®à¨£¨­ «  f(x),¥á«¨ ¨§¢¥áâ­ë §­ ç¥­¨ï ¨§®¡à �¥­¨ï ~f(t) ­  ¤¥©áâ¢¨â¥«ì­®© ¯®«ã®á¨ ¯à¨ t=p>0.�«ï íâ®£® ¬®�­® ¨á¯®«ì§®¢ âì ä®à¬ã«ã Ǒ®áâ {�¨¤¤¥à :

f(x) = lim
n→∞

[ (−1)n
n! (

n

x

)n+1~f (n)t

(
n

x

)]
. (5)�«ï ¯®«ãç¥­¨ï ¯à¨¡«¨�¥­­®© ä®à¬ã«ë ®¡à é¥­¨ï ¬®�­® ¢ (5) ¢¬¥áâ® ¯à¥¤¥« ¢§ïâì ª®­ªà¥â­®¥ (¤®áâ â®ç­® ¡®«ìè®¥) æ¥«®¥ §­ ç¥­¨¥ n.

©• �¨â¥à âãà : �. �. �¨àè¬ ­, �. �. �¨¤¤¥à (1958), �. �¥©â¬¥­, �. �à¤¥©¨ (1969),�. �ñç (1971), J. W. Miles (1971), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨ª®¢ (1974), B. Davis (1978),Yu. A. Bry
hkov, A. P. Prudnikov (1989), W. H. Beyer (1991), A. D. Polyanin, A. V. Manzhirov(1998).
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1.3. Ǒà¥®¡à §®¢ ­¨¥ �¥««¨­  171.3. Ǒà¥®¡à §®¢ ­¨¥ �¥««¨­ 1.3-1. �¯à¥¤¥«¥­¨¥. �®à¬ã«  ®¡à é¥­¨ïǑãáâì äã­ªæ¨ï f(x) ®¯à¥¤¥«¥­  ¯à¨ ¯®«®�¨â¥«ì­ëå x ¨ ã¤®¢«¥â¢®àï¥â ãá«®-¢¨î ∫ 10 |f(x)|xσ1−1 dx < ∞¨ ãá«®¢¨î ∫ ∞1 |f(x)|xσ2−1 dx <∞¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ ç¨á¥« σ1 ¨ σ2 (σ1 < σ2).Ǒà¥®¡à §®¢ ­¨¥ �¥««¨­  äã­ªæ¨¨ f(x) ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:
f̂(s) = ∫ ∞0 f(x)xs−1 dx, (1)£¤¥ s = σ + iτ |ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï (σ1 < σ < σ2).�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ®à¨£¨­ «®¬,   f̂(s)| ¨§®¡à �¥­¨¥¬ f(x).�®à¬ã«ã (1) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì â ª:

f̂(s) = M{f(x)},¨«¨ ¢ àï¤¥ á«ãç ¥¢ ¢ ä®à¬¥
f̂(s) = M{f(x), s}.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î f̂(s) ®à¨£¨­ « ­ å®¤¨âáï á ¯®¬®éìî ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï �¥««¨­ :

f(x) = 12πi ∫ σ+i∞
σ−i∞

f̂(s)x−s ds, σ1 < σ < σ2, (2)£¤¥ ¯ãâì ¨­â¥£à¨à®¢ ­¨ï à á¯®«®�¥­ ¯ à ««¥«ì­® ¬­¨¬®© ®á¨ ª®¬¯«¥ªá­®© ¯«®á-ª®áâ¨ s,   ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.�®à¬ã«  (2) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ ¢ â®çª¥ x = x0
x = x0 > 0, äã­ªæ¨ï f(x) ¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® ¯à ¢ ï ç áâìä®à¬ã«ë (2) ¢ íâ®© â®çª¥ ¤ ¥â §­ ç¥­¨¥ 12 [f(x0 − 0) + f(x0 + 0)℄ (¯à¨ x0 = 0¯¥à¢ë© ç«¥­ ¢ ª¢ ¤à â­ëå áª®¡ª å ¤®«�¥­ ¡ëâì ®¯ãé¥­).�à âª® ä®à¬ã«ã (2) ¡ã¤¥¬ § ¯¨áë¢ âì â ª:

f(x) = M−1{f̂(s)} ¨«¨ f(x) = M−1{f̂(s), x}.1.3-2. �á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï �¥««¨­ �¨�¥ ¢ â ¡«¨æ¥ ¯à¨¢¥¤¥­ë ®á­®¢­ë¥ ä®à¬ã«ë á®®â¢¥âáâ¢¨ï ®à¨£¨­ «®¢ ¨¨§®¡à �¥­¨© ¯à¥®¡à §®¢ ­¨ï �¥««¨­ .
�âà ­¨æ  17
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18 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï������� 2�á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï �¥««¨­ 
N0 �à¨£¨­ « �§®¡à �¥­¨¥ �¯¥à æ¨ï1 af1(x) + bf2(x) af̂1(s) + bf̂2(s) �¨­¥©­®áâì2 f(ax), a > 0 a−s f̂(s) �§¬¥­¥­¨¥ ¬ áèâ ¡ 3 xaf(x) f̂(s + a) �¤¢¨£  à£ã¬¥­â ã ¨§®¡à �¥­¨ï4 f(x2) 12 f̂( 12 s) �¢ ¤à â¨ç­ë©  à£ã¬¥­â5 f(1/x) f̂(−s) �§¬¥­¥­¨¥ §­ ª  ã à£ã¬¥­â  ¨§®¡à �¥­¨ï6 xλf

(
axβ

)
, a>0, β 6= 0 1

β
a
− s+λ

β f̂
( s + λ

β

) Ǒà¥®¡à §®¢ ­¨¥ ®à¨£¨­ « ,á®¤¥à� é¥¥ áâ¥¯¥­¨7 f ′x(x) −(s − 1)f̂ (s − 1) �¨ää¥à¥­æ¨à®¢ ­¨¥8 xf ′x(x) −sf̂(s) �¨ää¥à¥­æ¨à®¢ ­¨¥9 f(n)x (x) (−1)n �(s)�(s − n) f̂ (s − n) �­®£®ªà â­®¥¤¨ää¥à¥­æ¨à®¢ ­¨¥10 (
x
d

dx

)n
f(x) (−1)nsnf̂ (s) �­®£®ªà â­®¥¤¨ää¥à¥­æ¨à®¢ ­¨¥11 xα

∫ ∞0 tβf1(xt)f2(t) dt f̂1(s + α)f̂2(1−s−α+β) �«®�­®¥ ¨­â¥£à¨à®¢ ­¨¥12 xα
∫ ∞0 tβf1( x

t

)
f2(t) dt f̂1(s + α)f̂2(s+α+β+1) �«®�­®¥ ¨­â¥£à¨à®¢ ­¨¥1.3-3. �¢ï§ì ¯à¥®¡à §®¢ ­¨© �¥««¨­ , � ¯« á  ¨ �ãàì¥�ãé¥áâ¢ãîâ â ¡«¨æë ¯àï¬ëå ¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© �¥««¨­  (á¬. «¨â¥-à âãàã ¢ ª®­æ¥ à §¤¥« ), ª®â®àë¥ ã¤®¡­® ¨á¯®«ì§®¢ âì ¯à¨ à¥è¥­¨¨ ª®­ªà¥â­ëå¨­â¥£à «ì­ëå ¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. Ǒà¥®¡à §®¢ ­¨¥ �¥««¨­  á¢ï§ ­®á ¯à¥®¡à §®¢ ­¨ï¬¨ � ¯« á  ¨ �ãàì¥ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

M{f(x), s} = L{f(ex),−s}+L{f(e−x), s} = F{f(ex), is},çâ® ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì â ª�¥ ¡®«¥¥ à á¯à®áâà ­¥­­ë¥ â ¡«¨æë ¯àï¬ëå ¨®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á  ¨ �ãàì¥.
©• �¨â¥à âãà : �. �¥©â¬¥­, �. �à¤¥©¨ (1969), �. �ñç (1971), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨-ª®¢ (1974), Yu. A. Bry
hkov, A. P. Prudnikov (1989), A. D. Polyanin, A. V. Manzhirov (1998).1.4. Ǒà¥®¡à §®¢ ­¨¥ �ãàì¥1.4-1. �¯à¥¤¥«¥­¨¥. �®à¬ã«  ®¡à é¥­¨ïǑà¥®¡à §®¢ ­¨¥ �ãàì¥ ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:~f(u) = 1√2π ∫ ∞

−∞

f(x)e−iux dx. (1)�®à¬ã«ã (1) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì â ª:~f(u) = F{f(x)} ¨«¨ ~f(u) = F{f(x), u}.
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1.4. Ǒà¥®¡à §®¢ ­¨¥ �ãàì¥ 19Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~f(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî ®¡-à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥:
f(x) = 1√2π ∫ ∞

−∞

~f(u)eiux du. (2)�®à¬ã«  (2) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ ¢ â®çª¥ x = x0
x = x0 > 0, äã­ªæ¨ï f(x) ¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® ¯à ¢ ï ç áâìä®à¬ã«ë (2) ¢ íâ®© â®çª¥ ¤ ¥â §­ ç¥­¨¥ 12 [f(x0 − 0) + f(x0 + 0)℄.�à âª® ¡ã¤¥¬ § ¯¨áë¢ âì (2) â ª:

f(x) = F−1{~f(u)} ¨«¨ f(x) = F−1{~f(u), x}.1.4-2. �¥á¨¬¬¥âà¨ç­ ï ä®à¬  ¯à¥®¡à §®¢ ­¨ï� àï¤¥ á«ãç ¥¢ ¡ë¢ ¥â ã¤®¡­® ¯®«ì§®¢ âìáï ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¢ ä®à¬¥�f(u) = ∫ ∞

−∞

f(x)e−iux dx, (3)£¤¥ (3) § ¯¨è¥¬ á«¥¤ãîé¨¬ ®¡à §®¬: �f(u) = F{f(x)} ¨«¨ �f(u) = F{f(x), u}.� íâ®¬ á«ãç ¥ ¯® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î �f(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á¯®¬®éìî ä®à¬ã«ë ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¢ ¢¨¤¥
f(x) = 12π ∫ ∞

−∞

�f(u)eiux du, (4)¯à¨ç¥¬ ¤«ï (4) ¢¢®¤¨âáï á¨¬¢®«¨ç¥áª ï § ¯¨áì f(x) = F
−1{�f(u)} ¨«¨

f(x) = F
−1{�f(u), x}.1.4-3. �«ìâ¥à­ â¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥�­®£¤ , ­ ¯à¨¬¥à ¢ â¥®à¨¨ ªà ¥¢ëå § ¤ ç, ¨á¯®«ì§ãîâ  «ìâ¥à­ â¨¢­®¥ ¯à¥-®¡à §®¢ ­¨¥ �ãàì¥ (¥£® ­ §ë¢ îâ ¯à®áâ® ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥) ¢ ä®à¬¥

F(u) = 1√2π ∫ ∞

−∞

f(x)eiux dx. (5)�®à¬ã«ã (5) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:
F(u) = F{f(x)} ¨«¨ F(u) = F{f(x), u}.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î F(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï:

f(x) = 1√2π ∫ ∞

−∞

F(u)e−iux du. (6)�®à¬ã«ã (6) ªà âª® ¡ã¤¥¬ § ¯¨áë¢ âì â ª:
f(x) = F−1{F(u)} ¨«¨ f(x) = F−1{F(u), x}.�ã­ªæ¨ï F(u) ­ §ë¢ ¥âáï â ª�¥ ¨­â¥£à «®¬ �ãàì¥ ®â äã­ªæ¨¨ f(x).�­ «®£¨ç­® â®¬ã, ª ª ¡ë«® ¯à®¤¥« ­® ¤«ï ¯à¥®¡à §®¢ ­¨ï �ãàì¥, ¬®�­®¢¢¥áâ¨ ­¥á¨¬¬¥âà¨ç­ãî ä®à¬ã ¨ ¤«ï  «ìâ¥à­ â¨¢­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥:�F(u) = ∫ ∞

−∞

f(x)eiux dx, f(x) = 12π ∫ ∞

−∞

�F(u)e−iux du, (7)¯à¨ íâ®¬ ¯àï¬®¥ ¨ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨ï (7) ®¡®§­ ç îâ �F(u) = �F{
f(x)} ¨

f(x) = �F−1{ �F(u)} ¨«¨ �F(u) = �F{
f(x), u} ¨ f(x) = �F−1{ �F(u)x} á®®â¢¥âáâ¢¥­-­®.
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20 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï1.4-4. �¥®à¥¬  ® á¢¥àâª¥ ¤«ï ¯à¥®¡à §®¢ ­¨ï �ãàì¥�¢¥àâª®© (¯® �ãàì¥) ¤¢ãå äã­ªæ¨© f(x) ¨ g(x) ­ §ë¢ ¥âáï ¢ëà �¥­¨¥
f(x) ∗ g(x) ≡ 1√2π ∫ ∞

−∞

f(x− t)g(t)dt.Ǒãâ¥¬ § ¬¥­ë ¯¥à¥¬¥­­ëå x− t = u «¥£ª® ãáâ ­®¢¨âì, çâ® á¢¥àâª  á¨¬¬¥âà¨ç­ ®â­®á¨â¥«ì­® á¢¥àâë¢ ¥¬ëå äã­ªæ¨©: f(x) ∗ g(x) = g(x) ∗ f(x).�¥®à¥¬ . Ǒà¥®¡à §®¢ ­¨¥ �ãàì¥ á¢¥àâª¨ à ¢­® ¯à®¨§¢¥¤¥­¨î ¨­â¥£à -«®¢ �ãàì¥ á¢¥àâë¢ ¥¬ëå äã­ªæ¨©:
F

{
f(x) ∗ g(x)} = F

{
f(x)} F

{
g(x)}. (8)�«ï  «ìâ¥à­ â¨¢­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ â¥®à¥¬  ® á¢¥àâª¥ ¢ëà � ¥âáïá®®â­®è¥­¨¥¬ F{

f(x) ∗ g(x)} = F{
f(x)}F{

g(x)}. (9)�®à¬ã«ë (8) ¨ (9) ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ £« ¢ å 4 ¨ 5 ¤«ï à¥è¥­¨ï «¨­¥©­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨© á à §­®áâ­ë¬¨ ï¤à ¬¨.
©• �¨â¥à âãà : �. �¥©â¬¥­, �. �à¤¥©¨ (1969), J. W. Miles (1971), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤-­¨ª®¢ (1974), B. Davis (1978), Yu. A. Bry
hkov, A. P. Prudnikov (1989), W. H. Beyer (1991),A. D. Polyanin, A. V. Manzhirov (1998).1.5. �¨­ãá- ¨ ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥1.5-1. �®á¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥Ǒãáâì äã­ªæ¨ï f(x) ¨­â¥£à¨àã¥¬  ­  ¯®«ã®á¨ 0 6 x < ∞. �®á¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:~f
(u) = √ 2

π

∫ ∞0 f(x) 
os(xu) dx, 0 < u <∞. (1)Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~f
(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥:
f(x) = √ 2

π

∫ ∞0 ~f
(u) 
os(xu) du, 0 < x <∞. (2)�®á¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ (1) ®¡®§­ ç îâ ~f
(u) =F
{f(x)}. �§ ä®à¬ã-«ë (2) á«¥¤ã¥â, çâ® ª®á¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ F2
 =1. �ã-é¥áâ¢ãîâ â ¡«¨æë ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥ (á¬. «¨â¥à âãàã ¢ ª®­æ¥ à §¤¥-« ), ª®â®àë¬¨ ã¤®¡­® ¯®«ì§®¢ âìáï ¯à¨ à¥è¥­¨¨ ª®­ªà¥â­ëå ¨­â¥£à «ì­ëå ãà ¢-­¥­¨©.�­®£¤  ¯®«ì§ãîâáï ­¥á¨¬¬¥âà¨ç­®© ä®à¬®© ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥,§ ¤ ¢ ¥¬®© ¯ à®© ä®à¬ã«�f
(u) = ∫ ∞0 f(x) 
os(xu) dx, f(x) = 2
π

∫ ∞0 �f
(u) 
os(xu) du. (3)Ǒàï¬®¥ ¨ ®¡à â­®¥ ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥ (3) ®¡ëç­® ®¡®§­ ç îâ�f
(u) = F
{f(x)} ¨ f(x) = F
−1á {�f
(u)} á®®â¢¥âáâ¢¥­­®.
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1.6. �àã£¨¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï 211.5-2. �¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥Ǒãáâì äã­ªæ¨ï f(x) ¨­â¥£à¨àã¥¬  ­  ¯®«ã®á¨ 0 6 x < ∞. �¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:~fs(u) = √ 2
π

∫ ∞0 f(x) sin(xu) dx, 0 < u <∞. (4)Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~fs(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥:
f(x) = √ 2

π

∫ ∞0 ~fs(u) sin(xu) du, 0 < x <∞. (5)�¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ (4) ªà âª® ®¡®§­ ç îâ ~fs(u) = Fs{f(x)}. �§ä®à¬ã«ë (5) á«¥¤ã¥â, çâ® á¨­ãá-¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ F2s =1.�ãé¥áâ¢ãîâ â ¡«¨æë á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥ (á¬. «¨â¥à âãàã ¢ ª®­æ¥ à §¤¥-« ), ª®â®àë¬¨ ã¤®¡­® ¯®«ì§®¢ âìáï ¯à¨ à¥è¥­¨¨ ª®­ªà¥â­ëå ¨­â¥£à «ì­ëå ãà ¢-­¥­¨©.� àï¤¥ á«ãç ¥¢ ¡ë¢ ¥â ã¤®¡­¥¥ ¨á¯®«ì§®¢ âì ­¥á¨¬¬¥âà¨ç­ãî ä®à¬ã á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥, § ¤ ¢ ¥¬ãî á«¥¤ãîé¥© ¯ à®© ä®à¬ã«:�fs(u) = ∫ ∞0 f(x) sin(xu) dx, f(x) = 2
π

∫ ∞0 �fs(u) sin(xu) du. (6)Ǒàï¬®¥ ¨ ®¡à â­®¥ á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥ (6) ç áâ® ®¡®§­ ç îâ á®®â¢¥â-áâ¢¥­­® �fs(u) = Fs{f(x)} ¨ f(x) = F
−1s {�fs(u)}.

©• �¨â¥à âãà : �. �­¥¤¤®­ (1955), �. �. �¨àè¬ ­, �. �. �¨¤¤¥à (1958), �. �¥©â¬¥­,�. �à¤¥©¨ (1969), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨ª®¢ (1974), A. D. Polyanin, A. V. Manzhirov(1998).1.6. �àã£¨¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï1.6-1. Ǒà¥®¡à §®¢ ­¨¥ � ­ª¥«ïǑà¥®¡à §®¢ ­¨¥ � ­ª¥«ï ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:~fν(u) = ∫ ∞0 xJν(ux)f(x) dx, 0 < u <∞, (1)£¤¥ ν > − 12 ,   Jν(x)|äã­ªæ¨ï �¥áá¥«ï ¯¥à¢®£® à®¤  ¯®àï¤ª  ν.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~fν(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï � ­ª¥«ï:
f(x) = ∫ ∞0 uJν(ux)~fν(u) du, 0 < x <∞. (2)�â¬¥â¨¬, çâ® ¥á«¨ äã­ªæ¨ï f(x) â ª ï, çâ® f(x) = O(xα) ¯à¨ x → 0,

α+ ν + 2 > 0 ¨ f(x) = O(xβ) ¯à¨ x→ ∞, β + 32 < 0, â® ¨­â¥£à « (1) áå®¤¨âáï.�®à¬ã«  ®¡à é¥­¨ï (2) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ f(x) ¢­¥ª®â®àëå â®çª å ¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® «¥¢ãî ç áâì ä®à¬ã-«ë (2) á«¥¤ã¥â § ¬¥­¨âì ­  12 [
f(x− 0) + f(x+ 0)].Ǒà¥®¡à §®¢ ­¨¥ � ­ª¥«ï (1) ªà âª® ®¡®§­ ç îâ ~fν(u) = Hν

{
f(x)}. �§ ä®à-¬ã«ë (2) á«¥¤ã¥â, çâ® ¯à¥®¡à §®¢ ­¨¥ � ­ª¥«ï ®¡« ¤ ¥â á¢®©áâ¢®¬ H2

ν = 1.
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22 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï1.6-2. Ǒà¥®¡à §®¢ ­¨¥ �¥©¥à Ǒà¥®¡à §®¢ ­¨¥ �¥©¥à  ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:
f̂µ(s) = √ 2

π

∫ ∞0 √sxKµ(sx)f(x) dx, 0 < s <∞, (3)£¤¥ Kµ(x)|¬®¤¨ä¨æ¨à®¢ ­­ ï äã­ªæ¨ï �¥áá¥«ï ¢â®à®£® à®¤  (äã­ªæ¨ï � ª¤®-­ «ì¤ ) ¯®àï¤ª  µ.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î ~fµ(s) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �¥©¥à :
f(x) = 1

i
√2π ∫ c+i∞

c−i∞

√sx Iµ(sx)f̂µ(s) ds, 0 < x <∞, (4)£¤¥ Iµ(x)|¬®¤¨ä¨æ¨à®¢ ­­ ï äã­ªæ¨ï �¥áá¥«ï ¯¥à¢®£® à®¤  ¯®àï¤ª  µ. �«ï ¯à¥-®¡à §®¢ ­¨ï �¥©¥à  ®¯à¥¤¥«¥­  á¢¥àâª  ¨ ¯®áâà®¥­® ®¯¥à æ¨®­­®¥ ¨áç¨á«¥­¨¥.1.6-3. Ǒà¥®¡à §®¢ ­¨¥ �®­â®à®¢¨ç {�¥¡¥¤¥¢ Ǒà¥®¡à §®¢ ­¨¥ �®­â®à®¢¨ç {�¥¡¥¤¥¢  ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:
F (τ ) = ∫ ∞0 Kiτ (x)f(x) dx, 0 < τ <∞, (5)£¤¥ Kµ(x)|¬®¤¨ä¨æ¨à®¢ ­­ ï äã­ªæ¨ï �¥áá¥«ï ¢â®à®£® à®¤  (äã­ªæ¨ï � ª¤®-­ «ì¤ ) ¯®àï¤ª  µ,   i|¬­¨¬ ï ¥¤¨­¨æ .Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î F (τ ) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �®­â®à®¢¨ç {�¥¡¥¤¥¢ :

f(x) = 2
π2x ∫ ∞0 τ sh(πτ )Kiτ(x)F (τ )dτ, 0 < x <∞. (6)1.6-4. Y -¯à¥®¡à §®¢ ­¨¥ ¨ ¤àã£¨¥ ¯à¥®¡à §®¢ ­¨ï�­â¥£à «ì­®¥ Y -¯à¥®¡à §®¢ ­¨¥ ¢¢®¤¨âáï á®®â­®è¥­¨¥¬

Fν(u) = ∫ ∞0 √
ux Yν(ux)f(x) dx, (7)£¤¥ Yν(x)|äã­ªæ¨ï �¥áá¥«ï ¢â®à®£® à®¤  ¯®àï¤ª  ν.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î Fν(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî®¡à â­®£® Y -¯à¥®¡à §®¢ ­¨ï:

f(x) = ∫ ∞0 √
uxHν(ux)Fν(u) du, (8)£¤¥ Hν(x)|äã­ªæ¨ï �âàã¢¥, ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®©Hν(x) = ∞∑

j=0 (−1)j (x/2)ν+2j+1�(
j + 32 )�(

ν + j + 32 ) .�ãé¥áâ¢ãîâ ¨ ¤àã£¨¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï, ®á­®¢­ë¥ ¨§ ª®â®àëå,­ àï¤ã á ãª § ­­ë¬¨ ¢ëè¥ ¯à¥®¡à §®¢ ­¨ï¬¨, ¯à¨¢¥¤¥­ë ¢ â ¡«. 3 (®¡ ®£à ­¨ç¥-­¨ïå, ­ ª« ¤ë¢ ¥¬ëå ­  äã­ªæ¨¨ ¨ ¯ à ¬¥âàë ¯à¥®¡à §®¢ ­¨©, á¬. ¢ «¨â¥à âãà¥,¯à¨¢¥¤¥­­®© ¢ ª®­æ¥ à §¤¥« ).
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1.6. �àã£¨¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï 23������� 3�­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï� §¢ ­¨¥¯à¥®¡à §®¢ ­¨ï �­â¥£à «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ �®à¬ã«  ®¡à é¥­¨ïǑà¥®¡à §®¢ ­¨¥� ¯« á  f̃(p)= ∞∫0 e−pxf(x) dx f(x)= 12πi c+i∞∫

c−i∞

epxf̃(p) dp�¢ãåáâ®à®­­¥¥¯à¥®¡à §®¢ ­¨¥� ¯« á  f̃∗(p)= ∞∫

−∞

e−pxf(x) dx f(x)= 12πi c+i∞∫

c−i∞

epxf̃∗(p) dpǑà¥®¡à §®¢ ­¨¥�ãàì¥ f̃(u)= 1√2π ∞∫

−∞

e−iuxf(x) dx f(x)= 1√2π ∞∫

−∞

eiuxf̃ (u) du�¨­ãá-¯à¥®¡à §®¢ ­¨¥�ãàì¥ f̃s(u)=√ 2
π

∞∫0 sin(xu)f(x) dx f(x)=√ 2
π

∞∫0 sin(xu)f̃s(u) du�®á¨­ãá-¯à¥®¡à §®¢ ­¨¥�ãàì¥ f̃
(u)=√ 2
π

∞∫0 
os(xu)f(x) dx f(x)=√ 2
π

∞∫0 
os(xu)f̃
(u) duǑà¥®¡à §®¢ ­¨¥� àâ«¨ f̃h(u)= 1√2π ∞∫

−∞

g(x, u)f(x) dx,
g(x, u)≡
os xu+sinxu f(x)= 1√2π ∞∫

−∞

g(x, u)f̃h(u) duǑà¥®¡à §®¢ ­¨¥�¥««¨­  f̂(s)= ∞∫0 xs−1f(x) dx f(x)= 12πi c+i∞∫

c−i∞

x−sf̂(s) dsǑà¥®¡à §®¢ ­¨¥� ­ª¥«ï f̂ν(w)= ∞∫0 xJν(xw)f(x) dx f(x)= ∞∫0 wJν(xw)f̂ν(w) dw
Y -¯à¥®¡à §®-¢ ­¨¥ Fν(u)= ∞∫0 √

uxYν(ux)f(x) dx f(x)= ∞∫0 √
uxHν(ux)Fν(u) duǑà¥®¡à §®¢ ­¨¥�¥©¥à  (K-¯à¥-®¡à §®¢ ­¨¥) f̂(s)= ∞∫0 kν(s, x)f(x) dx,

kν(s, x)≡√ 2
π

√sxKν(sx) f(x)= c+i∞∫

c−i∞

rν(s, x)f̂(s) ds,
rν(s, x)≡ 1

i
√2π√sx Iν(sx)Ǒà¥®¡à §®¢ ­¨¥�®å­¥à (n=1, 2, . . . ) f̃(r)= ∞∫0 Gn(x, r)f(x) dx,

Gn(x, r)≡2πr( x

r

) n2
J n2 −1(2πxr), f(x)= ∞∫0 Gn(r, x)f̃(r) dr
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24 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«ë. �­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ïǑà¥®¡à §®¢ ­¨¥�¥¡¥à  Fa(u)= ∞∫

a

Wν(xu, au)xf(x) dx,
Wν(β, µ)≡Jν(β)Yν(µ)−

−Jν(µ)Yν(β) f(x)= ∞∫0 Ŵν(xu, au)Fa(u) du,
Ŵν(xu, au)≡ Wν(xu, au)u

J2ν(au)+Y 2
ν (au)Ǒà¥®¡à §®¢ ­¨¥�®­â®à®¢¨ç {�¥¡¥¤¥¢  F (τ)= ∞∫0 Kiτ(x)f(x) dx f(x)= ∞∫0 D(x, τ)F (τ) dτ,

D(x, τ)≡ 2
π2x τ sh(πτ)Kiτ(x)Ǒà¥®¡à §®¢ ­¨¥�¥«¥à {�®ª  F̃ (τ)= ∞∫1 P− 12+iτ(x)f(x) dx f(x)= ∞∫0 L(x, τ)F̃ (τ) dτ,

L(x, τ)≡τ th(πτ)P− 12+iτ(x)Ǒà¥®¡à §®¢ ­¨¥�¨«ì¡¥àâ * F̂ (s)= 1
π

∞∫

−∞

f(x)
x−s dx f(x)=− 1

π

∞∫

−∞

F̂ (s)s−x ds�¡®§­ ç¥­¨ï: i=√
−1, Jµ(x) ¨ Yµ(x)| äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤ ,

Iµ(x) ¨ Kµ(x)|¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤ , Pµ(x)|áä¥à¨ç¥áª ï äã­ªæ¨ï �¥� ­¤à  ¢â®à®£® à®¤ .* Ǒà¨¬¥ç ­¨¥. � ¯àï¬®¬ ¨ ®¡à â­®¬ ¯à¥®¡à §®¢ ­¨ïå �¨«ì¡¥àâ  ¨­â¥£à «ë ¯®­¨¬ -îâáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.
©• �¨â¥à âãà : �. �¥©â¬¥­, �. �à¤¥©¨ (1969), J. W. Miles (1971), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤-­¨ª®¢ (1974), B. Davis (1978), D. Zwillinger (1989), Yu. A. Bry
hkov, A. P. Prudnikov (1989),W. H. Beyer (1991).
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2. �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨©¢¨¤  ∫ x

a
K(x, t)y(t) dt = f(x)2.1. �à ¢­¥­¨ï �®«ìâ¥àà  ¯¥à¢®£® à®¤ 2.1-1. �âàãªâãà  ãà ¢­¥­¨©. �« ááë äã­ªæ¨© ¨ ï¤¥à� £« ¢¥ 2 ¨§« £ îâáï ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�®«ìâ¥àà  ¯¥à¢®£® à®¤ , ª®â®àë¥ ¨¬¥îâ ¢¨¤:

∫ x

a

K(x, t)y(t)dt = f(x), (1)£¤¥ y(x) | ­¥¨§¢¥áâ­ ï äã­ªæ¨ï (a 6 x 6 b), K(x, t) | ï¤à® ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï, f(x)| ­¥ª®â®à ï ¨§¢¥áâ­ ï äã­ªæ¨ï, ª®â®à ï ­ §ë¢ ¥âáï á¢®¡®¤­ë¬ç«¥­®¬ ¨«¨ ¯à ¢®© ç áâìî ãà ¢­¥­¨ï (1).�ã­ªæ¨¨ y(x) ¨ f(x) ®¡ëç­® áç¨â îâ ­¥¯à¥àë¢­ë¬¨, «¨¡® ª¢ ¤à â¨ç­® ¨­-â¥£à¨àã¥¬ë¬¨ ­  [a, b℄. �¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ¯®« £ îâ ­¥¯à¥-àë¢­ë¬ ¢ ª¢ ¤à â¥ S = {a 6 x 6 b, a 6 t 6 b}, «¨¡® ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î
∫ b

a

∫ b

a

K2(x, t) dx dt = B2 <∞, (2)£¤¥ B|¯®áâ®ï­­ ï, â. ¥. ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬ ¢ íâ®¬ ª¢ ¤à â¥. � ä®à¬ã-«¥ (2) ¯®« £ ¥âáï, çâ® K(x, t) ≡ 0 ¯à¨ t > x.�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, ¥á«¨ ®­®¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t).�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï à §­®áâ­ë¬, ¥á«¨ ®­®§ ¢¨á¨â ®â à §­®áâ¨  à£ã¬¥­â®¢: K(x, t) = K(x− t).� áá¬ âà¨¢ îâ â ª�¥ ¯®«ïà­ë¥ ï¤à 
K(x, t) = L(x, t)(x− t)β +M(x, t), 0 < β < 1, (3)¨ «®£ à¨ä¬¨ç¥áª¨¥ ï¤à  (ï¤à , ¨¬¥îé¨¥ «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì)

K(x, t) = L(x, t) ln(x− t) +M(x, t), (4)£¤¥ L(x, t) (L(x, x) 6≡ 0) ¨ M(x, t)|­¥¯à¥àë¢­ë ¢ S.Ǒ®«ïà­ë¥ ¨ «®£ à¨ä¬¨ç¥áª¨¥ ï¤à  á®áâ ¢«ïîâ ª« áá ï¤¥à á® á« ¡®© ®á®¡¥­-­®áâìî. �à ¢­¥­¨ï, á®¤¥à� é¨¥ â ª¨¥ ï¤à , ­ §ë¢ îâáï ãà ¢­¥­¨ï¬¨ á® á« ¡®©®á®¡¥­­®áâìî.� áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (1) á ï¤à®¬ (3) ï¢«ï¥âáï ®¡®¡é¥­­®¥ ãà ¢­¥­¨¥�¡¥«ï: ∫ x

a

y(t)(x− t)β dt = f(x), 0 < β < 1.�«ï ­¥¯à¥àë¢­ëå K(x, t) ¨ f(x) ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (1) ¤®«�­  ã¤®¢«¥-â¢®àïâì á«¥¤ãîé¨¬ ãá«®¢¨ï¬:1◦. �á«¨ K(a, a) 6= 0, â® ¤®«�­® ¢ë¯®«­ïâìáï ãá«®¢¨¥ f(a) = 0.
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26 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)2◦. �á«¨ K(a, a) =K′

x(a, a) = · · · =K(n−1)
x (a, a) = 0, 0 < ∣∣K(n)

x (a, a)∣∣ <∞, â®¯à ¢ ï ç áâì ãà ¢­¥­¨ï ¤®«�­  ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬
f(a) = f ′

x(a) = · · · = f (n)x (a) = 0.3◦. �á«¨ K(a, a)=K′
x(a, a)= · · ·=K(n−1)

x (a, a)= 0, K(n)
x (a, a)=∞, â® ¯à ¢ ïç áâì ãà ¢­¥­¨ï ¤®«�­  ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬

f(a) = f ′
x(a) = · · · = f (n−1)

x (a) = 0.�«ï ¯®«ïà­ëå ï¤¥à ¢¨¤  (4) ¨ ­¥¯à¥àë¢­ëå f(x) ­  ¯à ¢ãî ç áâì ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï ­¥ ­ ª« ¤ë¢ îâáï.� ¬¥ç ­¨¥ 1. �«ãç ©, ª®£¤  a = −∞, ¢®®¡é¥ £®¢®àï, ­¥ ¨áª«îç ¥âáï.2.1-2. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï�á«¨ ¢ ãà ¢­¥­¨¨ (1) äã­ªæ¨¨ f(x) ¨ K(x, t)| ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë¢¬¥áâ¥ á® á¢®¨¬¨ ¯¥à¢ë¬¨ ¯à®¨§¢®¤­ë¬¨ ­  [a, b℄ ¨ ¢ S á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬
K(x, x) 6= 0 (x ∈ [a, b℄) ¨ f(a) = 0, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­®¥à¥è¥­¨¥ y(x) ãà ¢­¥­¨ï (1).� ¬¥ç ­¨¥ 2. �®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï�®«ìâ¥àà  ¯¥à¢®£® à®¤  â¥á­® á¢ï§ ­ á ãá«®¢¨ï¬¨, ¯à¨ ª®â®àëå ®­® ¯à¨¢®¤¨âáï ªãà ¢­¥­¨ï¬ �®«ìâ¥àà  ¢â®à®£® à®¤  (á¬. à §¤. 2.3).� ¬¥ç ­¨¥ 3. �à ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¬®�­® âà ªâ®¢ âì ª ª ãà ¢-­¥­¨¥ �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ , ï¤à® ª®â®à®£®K(x, t) ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ t>x(á¬. £« ¢ã 4).
©• �¨â¥à âãà : �. �ãàá  (1934), �. �. �î­âæ (1934), �. �. �¨å«¨­ (1959), �. �à¨ª®¬¨(1960), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �« ä (1970), J. A. Co
hran (1972), C. Corduneanu (1973),�. �. �¬¨à­®¢ (1974), �. �®«ìâ¥àà  (1982), A. J. Jerry (1985), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢(1986), A. D. Polyanin, A. V. Manzhirov (1998, 1999).2.2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬:

K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t)2.2-1. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = g1(x)h1(t) + g2(x)h2(t)� áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ¬®�­® § ¯¨á âì â ª:
g1(x)∫ x

a

h1(t)y(t)dt+ g2(x)∫ x

a

h2(t)y(t)dt = f(x). (1)�ç¨â ¥âáï, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï: g1(x) 6= 
onst g2(x), h1(t) 6= 
onst h2(t),0 < g21(a) + g22(a) <∞, f(a) = 0.� ¬¥­ 
u(x) = ∫ x

a

h1(t)y(t)dt (2)¨ ¯®á«¥¤ãîé¥¥ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¢â®à®£® ¨­â¥£à «  ¢ (1) á ãç¥â®¬à ¢¥­áâ¢  u(a) = 0 ¤ ¥â ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ [g1(x)h1(x)+g2(x)h2(x)℄u(x)−g2(x)h1(x)∫ x

a

[
h2(t)
h1(t) ]′

t
u(t) dt=h1(x)f(x). (3)
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2.2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬: K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t) 27Ǒ®¤áâ ­®¢ª 
w(x) = ∫ x

a

[
h2(t)
h1(t) ]′

t

u(t) dt (4)¯à¨¢®¤¨â (3) ª «¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®-£® ¯®àï¤ª [g1(x)h1(x)+g2(x)h2(x)℄w′
x−g2(x)h1(x)[ h2(x)

h1(x) ]′

x

w=f(x)h1(x)[ h2(x)
h1(x) ]′

x

. (5)1◦. Ǒà¨ g1(x)h1(x) + g2(x)h2(x) 6≡ 0, à¥è¥­¨¥ ãà ¢­¥­¨ï (5), ã¤®¢«¥â¢®àïîé¥¥ãá«®¢¨î w(a) = 0 (ª®â®à®¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ § ¬¥­ë (4)), ¨¬¥¥â ¢¨¤
w(x) = �(x)∫ x

a

[
h2(t)
h1(t) ]′

t

f(t)h1(t) dt�(t)[g1(t)h1(t) + g2(t)h2(t)℄ , (6)�(x) = exp{∫ x

a

[
h2(t)
h1(t) ]′

t

g2(t)h1(t) dt
g1(t)h1(t) + g2(t)h2(t) }

. (7)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ®¡¥ ç áâ¨ (4) ¨ ¯®¤áâ ¢¨¬ ¢ ¯®«ãç¥­­®¥ ¢ëà �¥­¨¥§ ¢¨á¨¬®áâì (6). Ǒ®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ á ãç¥â®¬ à ¢¥­áâ¢ f(a) = 0,
w(a) = 0, ¯à¨ f 6≡ 
onst g2 ¯®«ãç¨¬

u(x) = g2(x)h1(x)�(x)
g1(x)h1(x) + g2(x)h2(x) ∫ x

a

[
f(t)
g2(t) ]′

t

dt�(t) .Ǒà¨ ¯®¬®é¨ ä®à¬ã«ë (2) ­ å®¤¨¬ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï ¢ ¢¨¤¥
y(x) = 1

h1(x) d

dx

{
g2(x)h1(x)�(x)

g1(x)h1(x) + g2(x)h2(x) ∫ x

a

[
f(t)
g2(t) ]′

t

dt�(t) }
, (8)£¤¥ äã­ªæ¨ï �(x) ¤ ¥âáï ¢ëà �¥­¨¥¬ (7).�á«¨ f(x) ≡ 
onst g2(x), â® à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã« ¬¨ (8) ¨ (7), ¢ ª®â®àëå¨­¤¥ªá 1 ¤®«�¥­ ¡ëâì § ¬¥­¥­ ­  2 ¨ ­ ®¡®à®â.2◦. Ǒà¨ g1(x)h1(x) + g2(x)h2(x) ≡ 0 à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

y(x) = 1
h1 d

dx

[ (f/g2)′x(g1/g2)′x ] = − 1
h1 d

dx

[ (f/g2)′x(h2/h1)′x ]
.2.2-2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ®¡é¥£® ¢¨¤ �à ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤  á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ®¡é¥£® ¢¨¤  ¬®�­®§ ¯¨á âì â ª:

n∑

m=1 gm(x)∫ x

a

hm(t)y(t)dt = f(x). (9)�á¯®«ì§ãï ®¡®§­ ç¥­¨ï
wm(x) = ∫ x

a

hm(t)y(t)dt, m = 1, 2, . . . , n, (10)§ ¯¨è¥¬ ãà ¢­¥­¨¥ (9) á«¥¤ãîé¨¬ ®¡à §®¬:
n∑

m=1 gm(x)wm(x) = f(x). (11)
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28 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)�¨ää¥à¥­æ¨àãï ä®à¬ã«ë (10) ¨ ¨áª«îç ï ¨§ ¯®«ãç¥­­ëå ¢ëà �¥­¨© y(x), ¯à¨-å®¤¨¬ ª «¨­¥©­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¤«ï äã­ªæ¨© wm = wm(x):

h1(x)w′
m = hm(x)w′1, m = 2, 3, . . . , n, (12)(èâà¨å á®®â¢¥âáâ¢ã¥â ¯à®¨§¢®¤­®© ¯® x) 
 ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

wm(a) = 0, m = 1, 2, . . . , n.�á«¨ ­ ©¤¥­® à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (11), (12), â® à¥è¥­¨¥ ¨áå®¤­®£®¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (9) ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî «î¡®£® ¨§ ¢ëà �¥­¨©
y(x) = w′

m(x)
hm(x) , m = 1, 2, . . . , n,ª®â®àë¥ ¯®«ãç¥­ë ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ä®à¬ã«ë (10).�¨áâ¥¬ã (11), (12) (¯ãâ¥¬ ­¥®¤­®ªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ãà ¢­¥­¨ï (11)á ãç¥â®¬ (12)) ¬®�­® á¢¥áâ¨ ª «¨­¥©­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î(n− 1)-£® ¯®àï¤ª  ¤«ï «î¡®© äã­ªæ¨¨ wm(x) (m = 1, 2, . . . , n).

©• �¨â¥à âãà : �. �ãàá  (1934), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).2.3. C¢¥¤¥­¨¥ ãà ¢­¥­¨© �®«ìâ¥àà  ¯¥à¢®£® à®¤  ªãà ¢­¥­¨ï¬ �®«ìâ¥àà  ¢â®à®£® à®¤ 2.3-1. Ǒ¥à¢ë© á¯®á®¡Ǒãáâì ï¤à® ¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï
∫ x

a

K(x, t)y(t)dt = f(x), (1)¨¬¥îâ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ K(x, x) 6≡ 0. �®£¤ ¯®á«¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï (1) á ¯®á«¥¤ãîé¨¬ ¤¥«¥­¨¥¬ ®¡¥¨å ç áâ¥© ¯®«ãç¥­­®£®¢ëà �¥­¨ï ­  K(x, x), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î �®«ìâ¥àà  ¢â®à®£® à®¤ :
y(x) + ∫ x

a

K ′
x(x, t)

K(x, x) y(t) dt = f ′x(x)
K(x, x) . (2)�à ¢­¥­¨ï íâ®£® â¨¯  à áá¬ âà¨¢ îâáï ¢ £« ¢¥ 3. �á«¨ K(x, x)≡ 0, â® ¤¨ää¥à¥­-æ¨àãï ¤¢ �¤ë ãà ¢­¥­¨¥ (1) ¯® x ¯à¨K′

x(x, t)|t=x 6≡ 0 ¨¬¥¥¬ ãà ¢­¥­¨¥ �®«ìâ¥àà ¢â®à®£® à®¤ 
y(x) + ∫ x

a

K ′′
xx(x, t)

K ′
x(x, t)|t=x y(t) dt = f ′′xx(x)

K ′
x(x, t)|t=x .�á«¨ �¥ K′

x(x, x) ≡ 0, â® ¢­®¢ì ¬®�­® ¯à¨¬¥­¨âì ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨ â. ¤. �á«ãç ¥, ª®£¤  ¯¥à¢ë¥ m− 2 ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ï¤à  ¯® x â®�¤¥áâ¢¥­­® à ¢­ë­ã«î,   (m− 1)-ï ¯à®¨§¢®¤­ ï ­¥ à ¢­  ­ã«î, â® m-ªà â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¨áå®¤­®£® ãà ¢­¥­¨ï ¤ ¥â á«¥¤ãîé¥¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ :
y(x) + ∫ x

a

K
(m)
x (x, t)

K
(m−1)
x (x, t)|t=x y(t) dt = f

(m)
x (x)

K
(m−1)
x (x, t)|t=x .2.3-2. �â®à®© á¯®á®¡�¢¥¤¥¬ ­®¢ãî ¯¥à¥¬¥­­ãî

Y (x) = ∫ x

a

y(t) dt,
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2.4. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬: K(x, t) = K(x− t) 29  § â¥¬ ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (1) á ãç¥â®¬ à ¢¥­áâ¢ 
f(a) = 0. � à¥§ã«ìâ â¥ ¯®á«¥ ¤¥«¥­¨ï ®¡¥¨å ç áâ¥© ¯®«ãç¥­­®£® ¢ëà �¥­¨ï­  K(x, x), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î �®«ìâ¥àà  ¢â®à®£® à®¤ :

Y (x)− ∫ x

a

K ′
t(x, t)

K(x, x) Y (t) dt = f(x)
K(x, x) ,¤«ï ª®â®à®£® ¤®«�­® ¢ë¯®«­ïâìáï ãá«®¢¨¥ K(x, x) 6≡ 0.

©• �¨â¥à âãà : �. �ãàá  (1934), �. �®«ìâ¥àà  (1982).2.4. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬:K(x, t) =K(x− t)2.4-1. �¥â®¤ à¥è¥­¨ï, ®á­®¢ ­­ë© ­  ¯à¥®¡à §®¢ ­¨¨ � ¯« á �à ¢­¥­¨ï �®«ìâ¥àà  ¯¥à¢®£® à®¤  á ï¤à®¬, § ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­-â®¢, ¨¬¥îâ ¢¨¤ ∫ x0 K(x− t)y(t)dt = f(x). (1)�«ï à¥è¥­¨ï íâ¨å ãà ¢­¥­¨© ¨á¯®«ì§ãîâ ¯à¥®¡à §®¢ ­¨¥ � ¯« á  (á¬.à §¤. 1.2). �«ï ¤ «ì­¥©è¥£® ¯®­ ¤®¡ïâáï ®¡à §ë ï¤à  ¨ ¯à ¢®© ç áâ¨ ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï, ª®â®àë¥ ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬~K(p) = ∫ ∞0 K(x)e−px dx, ~f(p) = ∫ ∞0 f(x)e−px dx. (2)Ǒà¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ � ¯« á  L ª ãà ¢­¥­¨î (1) ¨ ãç¨âë¢ ï, çâ® ¨­â¥-£à « á ï¤à®¬, § ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­â®¢, ¯à¥®¡à §ã¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥¯® ¯à ¢¨«ã (á¬. ¯. 1.2-3):
L

{∫ x0 K(x− t)y(t) dt} = ~K(p)~y(p),¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¤«ï ®¡à §  ¨áª®¬®© ¢¥«¨ç¨­ë ~y(p):~K(p)~y(p) = ~f(p). (3)�¥è¥­¨¥ ãà ¢­¥­¨ï (3) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©~y(p) = ~f(p)~K(p) . (4)Ǒà¨¬¥­ïï ª (4) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á  (¥á«¨ ®­® áãé¥áâ¢ã¥â), ¯®«ãç¨¬à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥
y(x) = 12πi ∫ c+i∞

c−i∞

~f (p)~K(p) epx dp. (5)Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ãª § ­­®£®  ­ «¨â¨ç¥áª®£® ¬¥â®¤  à¥è¥­¨ï ¬®£ãâ ¢®§­¨ª-­ãâì á«¥¤ãîé¨¥ â¥å­¨ç¥áª¨¥ âàã¤­®áâ¨:1◦. Ǒ®«ãç¥­¨¥ ¨§®¡à �¥­¨ï ~K(p) = ∫ ∞0 K(x)e−px dx ¤«ï ¤ ­­®£® ï¤à  K(x).2◦. Ǒ®«ãç¥­¨¥ ®à¨£¨­ «  (4), § ¤ ¢ ¥¬®£® ä®à¬ã«®© (5).�«ï ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ ¯à¨¬¥­ïîâ â ¡«¨æë ¯àï¬ëå¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á , ¯à¨ç¥¬ ¢® ¬­®£¨å á«ãç ïå ¤«ï ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâ ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®,¢ª«îç ï â¥®à¥¬ã ® ¢ëç¥â å (á¬. ¯. 1.1-4).� ¬¥ç ­¨¥. �á«¨ ­¨�­¨© ¯à¥¤¥« ¢ ¨­â¥£à «¥ ãà ¢­¥­¨ï �®«ìâ¥àà  á ï¤à®¬,§ ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­â®¢, à ¢¥­ a, â® ¥£® ¬®�­® á¢¥áâ¨ ª ãà ¢­¥­¨î (1)á ¯®¬®éìî § ¬¥­ë x = �x− a, t = �t− a.
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30 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)2.4-2. �«ãç © à æ¨®­ «ì­®£® ®¡à §  à¥è¥­¨ï� áá¬®âà¨¬ ¢ �­ë© ç áâ­ë© á«ãç ©, ª®£¤  ®¡à § à¥è¥­¨ï (4) ï¢«ï¥âáï à æ¨-®­ «ì­®© äã­ªæ¨¥© ¢¨¤  ~y(p) = ~f(p)~K(p) ≡ R(p)

Q(p) ,£¤¥ Q(p) ¨ R(p)|¬­®£®ç«¥­ë ¯¥à¥¬¥­­®© p, ¯à¨ç¥¬ áâ¥¯¥­ì ¬­®£®ç«¥­  Q(p)¡®«ìè¥ áâ¥¯¥­¨ ¬­®£®ç«¥­  R(p).�á«¨ ¢á¥ ­ã«¨ §­ ¬¥­ â¥«ï Q(p) ¯à®áâë¥, â. ¥. á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
Q(p) = 
onst (p− λ1)(p− λ2) . . . (p− λn)¨ λi 6= λj ¯à¨ i 6= j, â® à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

y(x) = n∑

k=1 R(λk)
Q′(λk) exp(λkx),£¤¥ èâà¨å®¬ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥.Ǒà¨¬¥à 1. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤ 

∫ x0 e−a(x−t)y(t) dt = A sh(bx).Ǒà¨¬¥­ïï ª ­¥¬ã ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ¯®«ãç¨¬1
p+ a

~y(p) = Ab

p2 − b2 .�âáî¤  ­ å®¤¨¬, çâ® ~y(p) = Ab(p+ a)
p2 − b2 = Ab(p+ a)(p − b)(p+ b) .�¬¥¥¬ Q(p) = (p − b)(p + b), R(p) = Ab(p + a) ¨ λ1 = b, λ2 = −b. Ǒ®íâ®¬ã à¥è¥­¨¥¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¬®�¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

y(x) = 12 A(b+ a)ebx + 12 A(b − a)e−bx = Aa sh(bx) +Ab 
h(bx).2.4-3. Ǒà¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨Ǒà¨ à¥è¥­¨¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �®«ìâ¥àà  ¯¥à¢®£® à®¤  á à §­®áâ­ë¬ï¤à®¬ K(x− t) á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á  ¨­®£¤  ¯®«¥§­® ¨á¯®«ì§®¢ âìá«¥¤ãîé¨© ¯à¨¥¬.Ǒà¥¤áâ ¢¨¬ ®¡à § à¥è¥­¨ï (4) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:~y(p) = ~N(p) ~M(p)~f(p), ~N(p) ≡ 1~K(p) ~M(p) . (6)�á«¨ ã¤ ¥âáï ¯®¤®¡à âì â ªãî äã­ªæ¨î ~M(p), çâ® áãé¥áâ¢ãîâ
L−1{ ~M(p)} =M(x), L−1{ ~N(p)} = N(x), (7)â® à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨:

y(x) = ∫ x0 N(x− t)F (t)dt, F (t) = ∫ t0 M(t− s)f(s) ds. (8)Ǒà¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥
∫ x0 sin(

k
√
x− t

)
y(t) dt = f(x), f(0) = 0. (9)
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2.4. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬: K(x, t) = K(x− t) 31�á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ¯®«ãç¨¬ ¨§®¡à �¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥~y(p) = 2√
π k

p3/2 exp(α/p)~f (p), α = 14 k2. (10)Ǒ¥à¥¯¨è¥¬ ¯à ¢ãî ç áâì (10) ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥~y(p) = 2√
π k

p2[p−1/2 exp(α/p)]~f(p), α = 14 k2. (11)�¤¥áì ¢ ª¢ ¤à â­ëå áª®¡ª å ¢ë¤¥«¥­ á®¬­®�¨â¥«ì, á®®â¢¥âáâ¢ãîé¨© ~M(p) ¢ ä®à¬ã«¥ (6),~N(p) = 
onst p2.Ǒà¨¬¥­ïï ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ¯® ãª § ­­®© áå¥¬¥ ª ä®à¬ã«¥ (11) áãç¥â®¬ à ¢¥­áâ¢ 
L−1{

p2~ϕ(p)} = d2
dx2 ϕ(x), L−1{

p−1/2 exp(α/p)} = 1√
πx


h(
k
√
x

)
,­ å®¤¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï

y(x) = 2
πk

d2
dx2 ∫ x0 
h(

k
√
x− t

)
√
x− t

f(t) dt.2.4-4. �á¯®«ì§®¢ ­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï� áá¬®âà¨¬ ãà ¢­¥­¨¥
∫ x

a

K(x− t)y(t)dt = f(x), (12)£¤¥ ï¤à® K(x) ¨¬¥¥â ¨­â¥£à¨àã¥¬ãî ®á®¡¥­­®áâì ¯à¨ x = 0.Ǒãáâì w = w(x)|à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ¡®«¥¥ ¯à®áâ®£® ãà ¢­¥­¨ï ¯à¨
f(x) ≡ 1, a = 0: ∫ x0 K(x− t)w(t) dt = 1. (13)�®£¤  à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî (12) ¢ëà � -¥âáï ç¥à¥§ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (13) á ¯®¬®éìî ä®à¬ã«ë

y(x) = d

dx

∫ x

a

w(x− t)f(t) dt = f(a)w(x− a) + ∫ x

a

w(x− t)f ′
t(t) dt. (14)Ǒà¨¬¥à 3. � áá¬®âà¨¬ ®¡®¡é¥­­®¥ ãà ¢­¥­¨¥ �¡¥«ï

∫ x

a

y(t) dt(x− t)µ = f(x), 0 < µ < 1. (15)�¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï
∫ x0 w(t) dt(x− t)µ = 1, 0 < µ < 1, (16)¨é¥¬ ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢ ¢ ¢¨¤¥

w(x) = Axβ . (17)Ǒ®¤áâ ¢¨¬ (17) ¢ (15),   § â¥¬ á¤¥« ¥¬ ¢ ¨­â¥£à «¥ á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© t = xξ.�ç¨âë¢ ï á¢ï§ì
B(p, q) = ∫ 10 ξp−1(1− ξ)1−q dξ = �(p)�(q)�(p+ q)
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32 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)¬¥�¤ã ¡¥â - ¨ £ ¬¬ -äã­ªæ¨ï¬¨, ¨¬¥¥¬

A
�(β + 1)�(1 − µ)�(2 + β − µ) xβ+1−µ = 1.�§ íâ®£® à ¢¥­áâ¢  ­ å®¤¨¬ ª®íää¨æ¨¥­âë A ¨ β:

β = µ− 1, A = 1�(µ)�(1 − µ) = sin(πµ)
π

. (18)�®à¬ã«ë (17), (18) ®¯à¥¤¥«ïîâ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (16) ¨ ¯®§¢®«ïîâ á¯®¬®éìî ä®à¬ã«ë (14) ¯®«ãç¨âì à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �¡¥«ï (15) ¢ á«¥¤ãîé¥¬¢¨¤¥:
y(x) = sin(πµ)

π

d

dx

∫ x

a

f(t) dt(x− t)1−µ = sin(πµ)
π

[
f(a)(x− a)1−µ + ∫ x

a

f ′t(t) dt(x− t)1−µ ]
.(19)2.4-5. �¢¥¤¥­¨¥ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬� áá¬®âà¨¬ á¯¥æ¨ «ì­ë© á«ãç ©, ª®£¤  ®¡à § ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï (1) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥~K(p) = M(p)

N(p) , (20)£¤¥M(p) ¨ N(p) ­¥ª®â®àë¥ ¬­®£®ç«¥­ë áâ¥¯¥­¥© m ¨ n á®®â¢¥âáâ¢¥­­®:
M(p) = m∑

k=0Akpk, N(p) = n∑

k=0Bkpk. (21)� íâ®¬ á«ãç ¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) (¥á«¨ ®­® áãé¥áâ¢ã¥â) ã¤®-¢«¥â¢®àï¥â «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢-­¥­¨î m-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨:
m∑

k=0Aky(k)x (x) = n∑

k=0Bkf (k)x (x). (22)�à ¢­¥­¨¥ (22) ¬®�­® ªà âª® § ¯¨á âì ¢ ®¯¥à â®à­®¬ ¢¨¤¥
M(D)y(x) = N(D)f(x), D ≡ d

dx
.� ç «ì­ë¥ ãá«®¢¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (22),   â ª�¥ ãá«®¢¨ï,ª®â®àë¥ ­¥®¡å®¤¨¬® ­ «®�¨âì ­  ¯à ¢ãî ç áâì ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1),¯®«ãç îâáï ¨§ à ¢¥­áâ¢ 

m∑

k=0Ak k−1∑s=0 pk−1−sy(s)x (0)− n∑

k=0Bk k−1∑s=0 pk−1−sf (s)x (0) = 0 (23)¯ãâ¥¬ ¢ë¤¥«¥­¨ï ç«¥­®¢ ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ¯ à ¬¥âà  p.�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥­¨ï ¯à®¢®¤¨âáï á ¯®¬®éìî ¯à¨¬¥­¥­¨ï ¯à¥®¡-à §®¢ ­¨ï � ¯« á  ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (22) ¨ ¯®á«¥¤ãîé¨¬ áà ¢­¥-­¨¥¬ ¯®«ãç¥­­®£® ¢ëà �¥­¨ï á ãà ¢­¥­¨¥¬ (3) á ãç¥â®¬ à ¢¥­áâ¢  (20).
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2.5. �¥â®¤ ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï 332.4-6. �¢ï§ì ãà ¢­¥­¨© �®«ìâ¥àà  ¨ �¨­¥à {�®¯ä �à ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ¢¨¤ 
∫ x0 K(x− t)y(t) dt = f(x), 0 < x <∞, (24)¬®�­® ¯à¨¢¥áâ¨ ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤  ¢ ä®à¬¥

∫ ∞0 K+(x− t)y(t) dt = f(x), 0 < x <∞, (25)£¤¥ ï¤à® K+(x− t) ¤ ¥âáï á®®â­®è¥­¨¥¬
K+(s) = {

K(s) ¯à¨ s > 0,0 ¯à¨ s < 0.�¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨ï (25) ¯à¨¢¥¤¥­ë ¢ £« ¢¥ 4.
©• �¨â¥à âãà : Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �ñç (1971), �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨ª®¢ (1974), �. �. �¬¨à­®¢(1974), �. �. � å®¢, �. �. �¥àáª¨© (1978).2.5. �¥â®¤ ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï2.5-1. �¯à¥¤¥«¥­¨¥ ¤à®¡­ëå ¨­â¥£à «®¢�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­®© ­  ®âà¥§ª¥ [a, b℄, ¥á«¨ ¤«ï«î¡®£® ε > 0 ¬®�­® ­ ©â¨ â ª®¥ δ > 0, çâ® ¤«ï «î¡®© ª®­¥ç­®© á¨áâ¥¬ë¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®âà¥§ª®¢ [ak, bk℄ ⊂ [a, b℄, k = 1, 2, . . . , n, â ª®©, çâ®
n∑
k=1(bk − ak) < δ, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® n∑

k=1 |f(bk) − f(ak)| < ε. �« áá ¢á¥åâ ª¨å äã­ªæ¨© ®¡®§­ ç ¥âáï AC.�¥à¥§ ACn, £¤¥ n = 1, 2, . . . , ®¡®§­ ç¨¬ ª« áá äã­ªæ¨© f(x), ­¥¯à¥àë¢­®¤¨ää¥à¥­æ¨àã¥¬ëå ­  [a, b℄ ¤® ¯®àï¤ª  n− 1, ¯à¨ç¥¬ f (n−1)(x) ∈ AC.Ǒãáâì ϕ(x) ∈ L1(a, b). �­â¥£à «ëIµa+ϕ(x) ≡ 1�(µ) ∫ x

a

ϕ(t)(x− t)1−µ dt, x > a, (1)Iµb−ϕ(x) ≡ 1�(µ) ∫ b

x

ϕ(t)(t − x)1−µ dt, x < b, (2)£¤¥ µ > 0, ­ §ë¢ îâáï ¨­â¥£à « ¬¨ ¤à®¡­®£® ¯®àï¤ª  µ. Ǒ¥à¢ë© ¨§ ­¨å ­ §ë-¢ îâ ¨­®£¤  «¥¢®áâ®à®­­¨¬,   ¢â®à®© | ¯à ¢®áâ®à®­­¨¬. �¯¥à â®àë Iµa+, Iµb−­ §ë¢ îâ ®¯¥à â®à ¬¨ ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï.�­â¥£à «ë (1), (2) ¯à¨­ïâ® ­ §ë¢ âì â ª�¥ ¤à®¡­ë¬¨ ¨­â¥£à « ¬¨ �¨¬ ­ {�¨ã¢¨««ï.�¯à ¢¥¤«¨¢  ä®à¬ã« 
∫ b

a

ϕ(x)Iµa+ψ(x) dx = ∫ b

a

ψ(x)Iµb−ϕ(x) dx, (3)­ §ë¢ ¥¬ ï ¨­®£¤  ä®à¬ã«®© ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬.�à®¡­®¥ ¨­â¥£à¨à®¢ ­¨¥ ®¡« ¤ ¥â á¢®©áâ¢®¬Iµa+Iβa+ϕ(x) = Iµ+βa+ ϕ(x), Iµb−Iβb−ϕ(x) = Iµ+βb− ϕ(x), µ > 0, β > 0. (4)�¢®©áâ¢® (4) ­ §ë¢ ¥âáï ¯®«ã£àã¯¯®¢ë¬ á¢®©áâ¢®¬ ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï.
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34 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)2.5-2. �¯à¥¤¥«¥­¨¥ ¤à®¡­ëå ¯à®¨§¢®¤­ëå�à®¡­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¥áâ¥áâ¢¥­­® ¢¢¥áâ¨ ª ª ®¯¥à æ¨î, ®¡à â­ãî¤à®¡­®¬ã ¨­â¥£à¨à®¢ ­¨î. �«ï äã­ªæ¨¨ f(x), § ¤ ­­®© ­  ®âà¥§ª¥ [a, b℄, ¢ëà -�¥­¨ï Dµ

a+f(x) = 1�(1 − µ) d

dx

∫ x

a

f(t)(x− t)µ dt, (5)Dµ
b−f(x) = − 1�(1− µ) d

dx

∫ b

x

f(t)(t− x)µ dt (6)­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® «¥¢®áâ®à®­­¥© ¨ ¯à ¢®áâ®à®­­¥© ¤à®¡­ë¬¨ ¯à®¨§¢®¤-­ë¬¨ ¯®àï¤ª  µ. � íâ¨å ä®à¬ã« å áç¨â ¥âáï, çâ® 0 < µ < 1.�à®¡­ë¥ ¯à®¨§¢®¤­ë¥ (5), (6) ­ §ë¢ îâ ®¡ëç­® ¯à®¨§¢®¤­ë¬¨ �¨¬ ­ {�¨ã¢¨««ï.� ¬¥â¨¬, çâ® ¤à®¡­ë¥ ¨­â¥£à «ë ®¯à¥¤¥«¥­ë ¤«ï «î¡®£® ¯®àï¤ª  µ > 0,  ¤à®¡­ë¥ ¯à®¨§¢®¤­ë¥|¯®ª  â®«ìª® ¤«ï ¯®àï¤ª  0 < µ < 1.�á«¨ f(x) ∈ AC, â® äã­ªæ¨ï f(x) ¨¬¥¥â ¯®çâ¨ ¢áî¤ã ¯à®¨§¢®¤­ë¥ Dµ
a+f(x)¨ Dµ

b−f(x), 0 < µ < 1, ¯à¨ç¥¬ Dµ
a+f(x),Dµ

b−f(x) ∈ Lr(a, b), 1 6 r < 1/µ, ¨ ¨å¬®�­® ¯à¥¤áâ ¢¨âì â ª�¥ ¢ ¢¨¤¥Dµ
a+f(x) = 1�(1 − µ) [

f(a)(x− a)µ + ∫ x

a

f ′t(t)(x− t)µ dt

]
, (7)Dµ

b−f(x) = 1�(1 − µ) [
f(b)(b− x)µ −

∫ b

x

f ′t(t)(t − x)µ dt

]
. (8)Ǒ¥à¥©¤¥¬, ­ ª®­¥æ, ª ¤à®¡­ë¬ ¯à®¨§¢®¤­ë¬ ¯®àï¤ª®¢ µ > 1. �ã¤¥¬ ¯®«ì§®-¢ âìáï ®¡®§­ ç¥­¨ï¬¨: [µ℄|æ¥« ï ç áâì ç¨á«  µ, {µ}| ¤à®¡­ ï ç áâì ç¨á«  µ,0 6 {µ} < 1, â ª çâ®

µ = [µ℄ + {µ}. (9)�á«¨ µ|æ¥«®¥ ç¨á«®, â® ¯®¤ ¤à®¡­®© ¯à®¨§¢®¤­®© ¯®àï¤ª  µ ¡ã¤¥¬ ¯®­¨¬ âì®¡ëç­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥:Dµ
a+ = (

d

dx

)µ
, Dµ

b− = (
− d

dx

)µ
, µ = 1, 2, . . . (10)�á«¨ �¥ µ|­¥ æ¥«®¥, â® Dµ

a+f(x), Dµ
b−f(x) ¢¢®¤ïâáï ¯® ä®à¬ã« ¬Dµ

a+f(x) ≡ (
d

dx

)[µ℄D{µ}
a+ f(x) = (

d

dx

)[µ℄+1I1−{µ}
a+ f(x), (11)Dµ

b−f(x) ≡ (
− d

dx

)[µ℄D{µ}
b− f(x) = (

− d

dx

)[µ℄+1I1−{µ}
b− f(x). (12)� ª¨¬ ®¡à §®¬,Dµ

a+f(x) = 1�(n− µ) (
d

dx

)n ∫ x

a

f(t)(x− t)µ−n+1 dt, n = [µ℄ + 1, (13)Dµ
b−f(x) = (−1)n�(n− µ) (

d

dx

)n ∫ b

x

f(t)(t − x)µ−n+1 dt, n = [µ℄ + 1. (14)�®áâ â®ç­®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¯à®¨§¢®¤­ëå (13), (14) á®áâ®¨â ¢ â®¬,çâ®¡ë ∫ x

a

f(t) dt(x− t){µ} ∈ AC[µ℄.�«ï ¢ë¯®«­¥­¨ï íâ®£® ãá«®¢¨ï ¤®áâ â®ç­®, çâ®¡ë f(x) ∈ AC[µ℄.
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2.5. �¥â®¤ ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï 35� ¬¥ç ­¨¥. �¯à¥¤¥«¥­¨ï ¤à®¡­ëå ¨­â¥£à «®¢ ¨ ¤à®¡­ëå ¯à®¨§¢®¤­ëå ¬®�-­® ®¡®¡é¨âì ­  á«ãç © ª®¬¯«¥ªá­ëå µ (á¬., ­ ¯à¨¬¥à, �. �. � ¬ª®, �. �. �¨«¡ á,�. �. � à¨ç¥¢ (1987)).2.5-3. �á­®¢­ë¥ á¢®©áâ¢ �¥à¥§ Iµa+(L1), µ > 0, ®¡®§­ ç¨¬ ª« áá äã­ªæ¨© f(x), ¯à¥¤áâ ¢¨¬ëå«¥¢®áâ®à®­­¨¬ ¤à®¡­ë¬ ¨­â¥£à «®¬ ¯®àï¤ª  µ ®â ¨­â¥£à¨àã¥¬®© äã­ªæ¨¨:
f(x) = Iµa+ϕ(x), ϕ(x) ∈ L1(a, b), 1 6 p <∞.�«ï â®£® çâ®¡ë f(x) ∈ Iµa+(L1), µ > 0, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

fn−µ(x) ≡ In−µa+ f(x) ∈ ACn, (15)£¤¥ n = [µ℄ + 1, ¨ çâ®¡ë*
f
(k)
n−µ(a) = 0, k = 0, 1, . . . , n− 1. (16)Ǒãáâì µ > 0. �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï f(x) ∈ L1 ¨¬¥¥â ¨­â¥£à¨àã¥¬ãî¤à®¡­ãî ¯à®¨§¢®¤­ãî Dµ
a+f(x), ¥á«¨ In−µa+ f(x) ∈ ACn, n = [µ℄ + 1.�àã£¨¬¨ á«®¢ ¬¨, íâ¨¬ ®¯à¥¤¥«¥­¨¥¬ ¢¢¥¤¥­® ¯®­ïâ¨¥, ¨á¯®«ì§ãîé¥¥ â®«ìª®¯¥à¢®¥ ¨§ ¤¢ãå ãá«®¢¨© (15), (16), ®¯¨áë¢ îé¨å ª« áá Iµa+(L1).Ǒãáâì µ > 0. �®£¤  à ¢¥­áâ¢®Dµ

a+Iµa+ϕ(x) = ϕ(x) (17)¢ë¯®«­ï¥âáï ¤«ï «î¡®© ¨­â¥£à¨àã¥¬®© äã­ªæ¨¨ ϕ(x),   à ¢¥­áâ¢®Iµa+Dµ
a+f(x) = f(x) (18)¢ë¯®«­ï¥âáï ¤«ï äã­ªæ¨¨

f(x) ∈ Iµa+(L1). (19)�á«¨ ¢¬¥áâ® (19) ¯à¥¤¯®«®�¨âì, çâ® äã­ªæ¨ï f(x) ∈ L1(a, b) ¨¬¥¥â áã¬¬¨àã¥¬ãî¯à®¨§¢®¤­ãî Dµ
a+f(x), â® (18), ¢®®¡é¥ £®¢®àï, ­¥¢¥à­® ¨ § ¬¥­ï¥âáï ä®à¬ã«®©Iµa+Dµ

a+f(x) = f(x)− n−1∑

k=0 (x− a)µ−k−1�(µ − k) f
(n−k−1)
n−µ (a), (20)£¤¥ n = [µ℄ + 1 ¨ fn−µ(x) = In−µa+ f(x). � ç áâ­®áâ¨, ¯à¨ 0 < µ < 1 ¨¬¥¥¬Iµa+Dµ

a+f(x) = f(x)− f1−µ(a)�(µ) (x− a)µ−1. (21)2.5-4. �¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �¡¥«ï� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �¡¥«ï ¢ ä®à¬¥
∫ x

a

y(t)(x− t)µ dt = f(x), (22)£¤¥ 0 < µ < 1. �ã¤¥¬ áç¨â âì, çâ® x ∈ [a, b℄, f(x) ∈ AC, y(t) ∈ L1, ¨ ¯à¨¬¥­¨¬â¥å­¨ªã ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï. � §¤¥«¨¢ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (22) ­ �(1− µ), ­  ®á­®¢ ­¨¨ (1) § ¯¨è¥¬ íâ® ãà ¢­¥­¨¥ ¢ ¢¨¤¥I1−µa+ y(x) = f(x)�(1− µ) , x > a. (23)* �¤¥áì ¨ ¤ «¥¥ ¢ à §¤. 2.5 § ¯¨áì f (n)(x) ®¡®§­ ç ¥â n-î ¯à®¨§¢®¤­ë¥ äã­ª-æ¨¨ f(x) ¯® ¥¥  à£ã¬¥­âã,   f (n)(a) ≡ f (n)(x)∣∣
x=a.
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36 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)Ǒ®¤¥©áâ¢ã¥¬ ­  ®¡¥ ç áâ¨ à ¢¥­áâ¢  (23) ®¯¥à â®à®¬ ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ -­¨ï D1−µ

a+ . �®£¤  ­  ®á­®¢ ­¨¨ á¢®©áâ¢ ®¯¥à â®à®¢ ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï ¨¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯®«ãç¨¬
y(x) = D1−µ

a+ f(x)�(1− µ) , (24)¨«¨ ¢ à §¢¥à­ãâ®© § ¯¨á¨
y(x) = 1�(µ)�(1 − µ) [

f(a)(x− a)1−µ + ∫ x

a

f ′t(t)(x− t)1−µ dt

]
. (25)�¥¯¥àì á ãç¥â®¬ á®®â­®è¥­¨ï 1�(µ)�(1 − µ) = sin(πµ)

π¯à¨¤¥¬ ª à¥è¥­¨î ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �¡¥«ï ¢ ä®à¬¥
y(x) = sin(πµ)

π

[
f(a)(x− a)1−µ + ∫ x

a

f ′t(t) dt(x− t)1−µ ]
, (26)ª®â®à ï á®¢¯ ¤ ¥â á ¯®«ãç¥­­®© à ­¥¥ ¢ ¯. 2.4-4.

©• �¨â¥à âãà : K. B. Oldham, J. Spanier (1974), �. �. � ¡¥­ª® (1986), �. �. � ¬ª®,�. �. �¨«¡ á, �. �. � à¨ç¥¢ (1987).2.6. �à ¢­¥­¨ï á ï¤à ¬¨, ¨¬¥îé¨¬¨ á« ¡ãî®á®¡¥­­®áâì2.6-1. �¥â®¤ ¯à¥®¡à §®¢ ­¨ï ï¤à � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤  
 ¯®«ïà­ë¬ï¤à®¬
K(x, t) = L(x, t)(x− t)α , 0 < α < 1. (1)�®£¤  ¨áá«¥¤ã¥¬®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¬®�­® § ¯¨á âì ¢ ä®à¬¥∫ x0 L(x, t)(x− t)α y(t) dt = f(x), (2)¯à¨ç¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨¨ L(x, t) ¨ ∂L(x, t)/∂x ï¢«ïîâáï ­¥¯à¥àë¢-­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨. �«ï à¥è¥­¨ï ãà ¢­¥­¨ï (2) ã¬­®�¨¬ ®¡¥ ¥£® ç áâ¨ ­ 

dx/(ξ − x)1−α ¨ ¯à®¨­â¥£à¨àã¥¬ ®â 0 ¤® ξ. �®£¤ 
∫ ξ0 [∫ x0 L(x, t)(x− t)α y(t) dt] dx(ξ − x)1−α = ∫ ξ0 f(x) dx(ξ − x)1−α .Ǒ®« £ ï

K∗(ξ, t) = ∫ ξ

t

L(x, t) dx(ξ − x)1−α(x− t)α ,
ϕ(ξ) = ∫ ξ0 f(x) dx(ξ − x)1−α , ϕ(0) = 0,¡ã¤¥¬ ¨¬¥âì ¤àã£®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ­¥¨§¢¥áâ­®© äã­ªæ¨-¥© y(t): ∫ ξ0 K∗(ξ, t)y(t) dt = ϕ(ξ), (3)¢ ª®â®à®¬ ï¤à® K∗(ξ, t) ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥©.
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2.6. �à ¢­¥­¨ï á ï¤à ¬¨, ¨¬¥îé¨¬¨ á« ¡ãî ®á®¡¥­­®áâì 37�®�­® ¯®ª § âì, çâ® «î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3) ï¢«ï¥âáï â ª�¥ à¥è¥­¨¥¬ãà ¢­¥­¨ï (2). � ª¨¬ ®¡à §®¬, ¯®á«¥ ¯à¥®¡à §®¢ ­¨ï ãà ¢­¥­¨ï (2) ª ¢¨¤ã (3), ª¯®á«¥¤­¥¬ã ¯à¨¬¥­¨¬ë ¬¥â®¤ë, ¯à¨£®¤­ë¥ ¤«ï ­¥¯à¥àë¢­ëå ï¤¥à.2.6-2. �¤à® á «®£ à¨ä¬¨ç¥áª®© ®á®¡¥­­®áâìî� áá¬®âà¨¬ ãà ¢­¥­¨¥
∫ x0 ln(x− t)y(t)dt = f(x), f(0) = 0. (4)�«ï ¥£® à¥è¥­¨ï ¯à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ � ¯« á . � ¬¥â¨¬, çâ®

L
{
xν

} = ∫ ∞0 e−pxxν dx = �(ν + 1)
pν+1 , ν > −1. (5)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ á®®â­®è¥­¨¥ (5) ¯® ν. �®£¤ 

L
{
xν lnx} = �(ν + 1)

pν+1 [ �′
ν(ν + 1)�(ν + 1) + ln 1

p

]
. (6)Ǒà¨ ν = 0 ¢ á¨«ã (6) ¨¬¥¥¬ �′

ν(1)�(1) = −C,£¤¥ C = 0.5772. . .|¯®áâ®ï­­ ï �©«¥à . � ãç¥â®¬ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ä®à¬ã-«  (6) ¯à¨­¨¬ ¥â ¢¨¤
L

{lnx} = − ln p+ C
p

. (7)Ǒà¨¬¥­ïï ª ãà ¢­¥­¨î (4) ¯à¥®¡à §®¢ ­¨¥ � ¯« á , á ãç¥â®¬ (7) ¯®«ãç¨¬
− ln p+ C

p
~y(p) = ~f(p),®âªã¤  ~y(p) = − p~f(p)ln p+ C . (8)� ¯¨è¥¬ â¥¯¥àì ~y(p) ¢ ¢¨¤¥~y(p) = − p2~f(p)− f ′x(0)

p(ln p+ C) − f ′x(0)
p(ln p+ C) . (9)� ª ª ª f(0) = 0, â®

L
{
f ′′
xx(x)} = p2~f(p)− f ′

x(0). (10)Ǒ¥à¥¯¨è¥¬ ä®à¬ã«ã (5) á«¥¤ãîé¨¬ ®¡à §®¬:
L

{
xν�(ν + 1) } = 1

pν+1 , (11)¨ ¯à®¨­â¥£à¨àã¥¬ ®¡¥ ç áâ¨ (11) ¯® ν ¢ ¯à¥¤¥« å ®â 0 ¤® ∞. �®£¤ 
L

{∫ ∞0 xν�(ν + 1) dν} = ∫ ∞0 dν

pν+1 = 1
p ln p .�®á¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© ¤«ï ¯à¥®¡à §®¢ ­¨ï � ¯« á  ¯à¨ ¨§¬¥­¥­¨¨¬ áèâ ¡  ¯¥à¥¬¥­­®© (á¬. â ¡«. 1 ¨§ ¯. 1.2-5), ¡ã¤¥¬ ¨¬¥âì

L

{∫ ∞0 (x/a)ν�(ν + 1) dν} = ∫ ∞0 dν

pν+1 = 1
p lnap = 1

p (ln p+ ln a) .
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38 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)�á«¨ ¯®«®�¨âì a = eC , â®

L

{∫ ∞0 xνe−Cν�(ν + 1) dν} = 1
p (ln p+ C) . (12)�¡à â¨¬áï ª à ¢¥­áâ¢ã (9). � á¨«ã á®®â­®è¥­¨ï (12)

f ′x(0)
p (ln p+ C) = L

{
f ′
x(0) ∫ ∞0 xνe−Cν�(ν + 1) dν}. (13)�ç¨âë¢ ï (10) ¨ (12), ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (9) ¬®�­® à áá¬ âà¨¢ âìª ª ¯à®¨§¢¥¤¥­¨¥ ¨§®¡à �¥­¨©. �«ï ®âëáª ­¨ï íâ®£® á« £ ¥¬®£® ¢®á¯®«ì§ã¥¬áïâ¥®à¥¬®© ® á¢¥àâª¥:

p2~f(p) − f ′x(0)
p (ln p+ C) = L

{∫ x0 f ′′
tt(t) ∫ ∞0 (x− t)νe−Cν�(ν + 1) dν dt

}
. (14)�  ®á­®¢ ­¨¨ á®®â­®è¥­¨© (9), (13) ¨ (14) ¯®«ãç¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï (4) ¢ ¢¨¤¥

y(x) = −
∫ x0 f ′′

tt(t)∫ ∞0 (x− t)νe−Cν�(ν + 1) dν dt− f ′
x(0) ∫ ∞0 xνe−Cν�(ν + 1) dν. (15)

©• �¨â¥à âãà : �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª® (1968), �. �®«ìâ¥àà (1982).2.7. �¥â®¤ ª¢ ¤à âãà2.7-1. �¢ ¤à âãà­ë¥ ä®à¬ã«ë�¥â®¤®¬ ª¢ ¤à âãà ­ §ë¢ ¥âáï ¬¥â®¤ ¯®áâà®¥­¨ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, ®á­®¢ ­­ë© ­  § ¬¥­¥ ¨­â¥£à «®¢ ª®­¥ç­ë¬¨ áã¬¬ ¬¨¯® ­¥ª®â®à®© ä®à¬ã«¥. � ª¨¥ ä®à¬ã«ë ­ §ë¢ îâáï ª¢ ¤à âãà­ë¬¨ ¨ ¢ ®¡é¥¬á«ãç ¥ ¨¬¥îâ ¢¨¤ ∫ b

a

ψ(x)dx = n∑

i=1 Aiψ(xi) + εn[ψ℄, (1)£¤¥ xi (i = 1, 2, . . . , n) |  ¡áæ¨ááë â®ç¥ª à §¡¨¥­¨ï ¯à®¬¥�ãâª  ¨­â¥£à¨à®¢ ­¨ï[a, b℄ ¨«¨ ã§«ë ª¢ ¤à âãàë (¨«¨ ¨­â¥à¯®«¨à®¢ ­¨ï), Ai|ç¨á«®¢ë¥ ª®íää¨æ¨¥­-âë ­¥ § ¢¨áïé¨¥ ®â ¢ë¡®à  äã­ªæ¨¨ ψ(x), εn[ψ℄| ®áâ â®ç­ë© ç«¥­ (®è¨¡ª )ä®à¬ã«ë (1). � ª ¯à ¢¨«® Ai > 0 ¨ n∑
i=1Ai = b− a.�ãé¥áâ¢ã¥â ¤®¢®«ì­® ¬­®£® ª¢ ¤à âãà­ëå ä®à¬ã« ¢¨¤  (1). � ¨¡®«¥¥ ¯à®áâë-¬¨ ¨ ç áâ® ¯à¨¬¥­ï¥¬ë¬¨ ­  ¯à ªâ¨ª¥ ï¢«ïîâáï á«¥¤ãîé¨¥ (h|¯®áâ®ï­­ë© è £¨­â¥£à¨à®¢ ­¨ï):�®à¬ã«  ¯àï¬®ã£®«ì­¨ª®¢:

A1 = A2 = · · · = An−1 = h, An = 0,
h = b− a

n− 1 , xi = a+ h(i− 1) (i = 1, . . . , n). (2)�®à¬ã«  âà ¯¥æ¨©:
A1 = An = 12 h, A2 = A3 = · · · = An−1 = h,

h = b− a

n− 1 , xi = a+ h(i− 1) (i = 1, . . . , n). (3)
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2.7. �¥â®¤ ª¢ ¤à âãà 39�®à¬ã«  �¨¬¯á®­  (¯ à ¡®«):
A1 = A2m+1 = 13 h, A2 = · · · = A2m = 43 h, A3 = · · · = A2m−1 = 23 h,
h = b− a

n− 1 , xi = a+ h(i− 1) (n = 2m+ 1, i = 1, . . . , n), (4)£¤¥ m|­ âãà «ì­®¥ ç¨á«®.�¨à®ª®£® ¯à¨¬¥­ïîâáï â ª�¥ ª¢ ¤à âãà­ë¥ ä®à¬ã«ë �¥¡ëè¥¢  ¨ � ãáá  áà §­ë¬ ª®«¨ç¥áâ¢®¬ ã§«®¢ ¨­â¥à¯®«¨à®¢ ­¨ï. Ǒà®¨««îáâà¨àã¥¬ íâ¨ ä®à¬ã«ë ­ ¯à¨¬¥à¥.Ǒà¨¬¥à. �  ®âà¥§ª¥ [−1, 1℄, ¯ à ¬¥âàë ä®à¬ã«ë (1) ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:�®à¬ã«  �¥¡ëè¥¢  (n = 6):
A1 = A2 = · · · = 2

n
= 13 ,

x2 = −x5 = −0.4225186538, x1 = −x6 = −0.8662468181,
x3 = −x4 = −0.2666354015. (5)�®à¬ã«  � ãáá  (n = 7):

A1 = A7 = 0.1294849662,
A3 = A5 = 0.3818300505,
x1 = −x7 = −0.9491079123,
x3 = −x5 = −0.4058451514, A2 = A6 = 0.2797053915,

A4 = 0.4179591837,
x2 = −x6 = −0.7415311856,
x4 = 0. (6)� ¬¥â¨¬, çâ® ª¢ ¤à âãà­ë¬ ä®à¬ã« ¬ ¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à âãà , ª®â®-àãî § ¨­â¥à¥á®¢ ­­ë© ç¨â â¥«ì á¬®�¥â ­ ©â¨, ­ ¯à¨¬¥à, ¢ ª­¨£ å �. �. � å¢ -«®¢ (1973), �. �. �¨ª®«ìáª¨© (1979), �. �®à­, �. �®à­ (1984).2.7-2. �¡é ï áå¥¬  ¬¥â®¤ � áá¬®âà¨¬ «¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤ 

∫ x

a

K(x, t)y(t)dt = f(x), f(a) = 0, (7)¨ ¯à¨¬¥­¨¬ ¤«ï ¥£® à¥è¥­¨ï ­  ®âà¥§ª¥ a 6 x 6 b ¬¥â®¤ ª¢ ¤à âãà. Ǒà®æ¥¤ãà ¯®áâà®¥­¨ï à¥è¥­¨ï á®áâ®¨â ¨§ ¤¢ãå íâ ¯®¢:1◦. �®-¯¥à¢ëå, ®¯à¥¤¥«¨¬ ­ ç «ì­®¥ §­ ç¥­¨¥ y(a). �«ï íâ®£® ¯à®¤¨ää¥à¥­æ¨àã-¥¬ ãà ¢­¥­¨¥ (7) ¯® x. �®£¤ 
K(x, x)y(x) + ∫ x

a

K′
x(x, t)y(t)dt = f ′

x(x).Ǒ®« £ ï x = a, ­ ©¤¥¬
y1 = y(a) = f ′x(a)

K(a, a) = f ′x(a)
K11 .2◦. �®§ì¬¥¬ ¯®áâ®ï­­ë© è £ ¨­â¥£à¨à®¢ ­¨ï h ¨ à áá¬®âà¨¬ ¤¨áªà¥â­®¥ ¬­®�¥-áâ¢® â®ç¥ª xi = a + h(i − 1), i = 1, 2, . . . , n. Ǒà¨ x = xi ãà ¢­¥­¨¥ (7) ¯à¨¬¥â¢¨¤ ∫ xi

a

K(xi, t)y(t) dt = f(xi), i = 2, 3, . . . , n. (8)� ¬¥­ïï ¨­â¥£à « ¢ (8) ª¢ ¤à âãà­®© ä®à¬ã«®© (1) ¨ ¢ë¡¨à ï xj (j = 1, 2, . . . , i)ã§« ¬¨ ª¢ ¤à âãàë (¯® ¯¥à¥¬¥­­®© t), ¯®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢­¥­¨©:
i∑

j=1AijK(xi, xj)y(xj) = f(xi) + εi[y℄, i = 2, 3, . . . , n, (9)
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40 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)£¤¥Aij|ª®íää¨æ¨¥­âë ª¢ ¤à âãà­®© ä®à¬ã«ë ­  ®âà¥§ª¥ [a, xi℄, εi[y℄|®è¨¡ª  ¯¯à®ªá¨¬ æ¨¨. Ǒ®« £ ï εi[y℄ ¬ «ë¬¨ ¨ ®â¡à áë¢ ï ¨å, ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©-­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¢ ä®à¬¥

i∑

j=1AijKijyj = fi, i = 2, . . . , n, (10)£¤¥ Kij = K(xi, xj) (j = 1, . . . , i), fi = f(xi), yj | ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï¨áª®¬®© äã­ªæ¨¨ y(x) ¢ ã§« å xi.�¥¯¥àì á¨áâ¥¬  ãà ¢­¥­¨© (10) ¯®§¢®«ï¥â ¯®á«¥¤®¢ â¥«ì­® ®¯à¥¤¥«¨âì ¯à¨
AiKii 6= 0 (i= 1, 2, . . . , n) ¨áª®¬ë¥ ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï ¯®áà¥¤áâ¢®¬ ä®à¬ã«

y1 = f ′x(a)
K11 , y2 = f2 −A21K21y1

A22K22 , . . . , yn = fn −
n−1∑
j=1 AnjKnjyj
AnnKnn

,ª®­ªà¥â­ë© ¢¨¤ ª®â®àëå § ¢¨á¨â ®â ¢ë¡®à  ª¢ ¤à âãà­®© ä®à¬ã«ë.2.7-3. �«£®à¨â¬ ­  ®á­®¢¥ ä®à¬ã«ë âà ¯¥æ¨©� á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© âà ¯¥æ¨© (3), ¨¬¥¥¬
Ai1 = Aii = 12 h, Ai2 = · · · = Ai,i−1 = h, i = 2, . . . , n.Ǒà¨¬¥­¥­¨¥ íâ®© ä®à¬ã«ë ¢ ®¡é¥© áå¥¬¥ ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ¯®è £®¢®¬ã «£®à¨â¬ã:

y1 = f ′x(a)
K11 , f ′

x(a) = −3f1 + 4f2 − f32h ,

yi = 2
Kii

(
fi
h

−
i−1∑

j=1 βjKijyj

)
, βj = { 12 ¯à¨ j = 1,1 ¯à¨ j > 1, i = 2, . . . , n,£¤¥ ®¡®§­ ç¥­¨ï á®¢¯ ¤ îâ á ¢¢¥¤¥­­ë¬¨ ¢ ¯. 2.7-2. �®à¬ã«  âà ¯¥æ¨© ¤®áâ â®ç­®¯à®áâ , íää¥ªâ¨¢­  ¨ ç áâ® ¨á¯®«ì§ã¥âáï ­  ¯à ªâ¨ª¥ ¤«ï à¥è¥­¨ï ¨­â¥£à «ì­ëåãà ¢­¥­¨© á ¯¥à¥¬¥­­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï.�  ®á­®¢ ­¨¨ 2.7-1 ¨ 2.7-2 ¬®�­® ¢ë¯¨á âì  ­ «®£¨ç­ë¥ ¢ëà �¥­¨ï á ¨á-¯®«ì§®¢ ­¨¥¬ ¤àã£¨å ª¢ ¤à âãà­ëå ä®à¬ã«. �¤­ ª® áãé¥áâ¢ãîâ ®á®¡¥­­®áâ¨ ¢¨å ¯à¨¬¥­¥­¨¨. � ¯à¨¬¥à, ¯à¨¬¥­¥­¨¥ ä®à¬ã«ë �¨¬¯á®­  ¤®«�­® ç¥à¥¤®¢ âìáï¤«ï ­¥ç¥â­ëå ã§«®¢ á ª ª¨¬-«¨¡® ¤àã£¨¬ ¯à ¢¨«®¬, áª �¥¬, á ä®à¬ã«®© ¯àï¬®-ã£®«ì­¨ª®¢ ¨«¨ ä®à¬ã«®© âà ¯¥æ¨©. �«ï ãà ¢­¥­¨© á ¯¥à¥¬¥­­ë¬ ¯à¥¤¥«®¬ ¨­-â¥£à¨à®¢ ­¨ï ¢®§­¨ª îâ á«®�­®áâ¨ ¨ ¢ ¯à¨¬¥­¥­¨¨ ä®à¬ã« �¥¡ëè¥¢  ¨ � ãáá .2.7-4. �«£®à¨â¬ ¤«ï ãà ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬�¡é¥¥ á¢®©áâ¢®  «£®à¨â¬®¢ ¬¥â®¤  ª¢ ¤à âãà ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨© �®«ì-â¥àà  ¯¥à¢®£® à®¤  á ¯à®¨§¢®«ì­ë¬ ï¤à®¬ á®áâ®¨â ¢ ¯à®¯®àæ¨®­ «ì­®© § ¢¨á¨¬®-áâ¨ ª®«¨ç¥áâ¢  ¢ëç¨á«¥­¨© ­  è £¥ ®â ­®¬¥à  è £ : ¢á¥ ®¯¥à æ¨¨ ¯à¥¤ë¤ãé¥£®è £  ¯®¢â®àïîâáï á ­®¢ë¬¨ ¤ ­­ë¬¨ ­  á«¥¤ãîé¥¬ è £¥ ¨ ¤®¡ ¢«ï¥âáï ¥é¥ ®¤¨­ç«¥­ áã¬¬ë.�á«¨ �¥ ï¤à® ¢ ãà ¢­¥­¨¨ (7) ¢ëà®�¤¥­­®¥, â. ¥.

K(x, t) = m∑

k=1 pk(x)qk(t), (11)
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2.8. �à ¢­¥­¨ï á ¡¥áª®­¥ç­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï 41¨«¨ ¢®§¬®�­  ¯à¨¡«¨�¥­­ ï § ¬¥­  ¯à®¨§¢®«ì­®£® ï¤à  ¢ëà®�¤¥­­ë¬, â® ¬®�­®¯®áâà®¨âì  «£®à¨â¬, ¤«ï ª®â®à®£® ª®«¨ç¥áâ¢® ®¯¥à æ¨© ­¥ § ¢¨á¨â ®â ­®¬¥à  ã§« ¤¨áªà¥â¨§ æ¨¨. � ãç¥â®¬ (11) ãà ¢­¥­¨¥ (7) ¯à¨­¨¬ ¥â ¢¨¤
m∑

k=1 pk(x) ∫ x

a

qk(t)y(t) dt = f(x). (12)Ǒà¨¬¥­ïï ª (12) ä®à¬ã«ã âà ¯¥æ¨©, ¯®«ãç ¥¬ à¥ªãàà¥­â­ë¥ ¢ëà �¥­¨ï ¤«ïà¥è¥­¨ï ãà ¢­¥­¨ï (á¬. ä®à¬ã«ë ¯. 2.7-3):
y(a) = f ′x(a)

m∑
k=1 pk(a)qk(a) , yi = 2

m∑
k=1 pkiqki [

fi
h

−
m∑

k=1 pki i−1∑

j=1 βjqkjyj],£¤¥ yi|¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï ­¥¨§¢¥áâ­®© äã­ªæ¨¨ y(x) ¢ ã§« å xi, fi= f(xi),
pki = pk(xi), qki = qk(xi).
©• �¨â¥à âãà : �. �. � å¢ «®¢ (1973), �. �. �àë«®¢, �. �. �®¡ª®¢, Ǒ. �. �®­ áâëà-­ë© (1984), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).2.8. �à ¢­¥­¨ï á ¡¥áª®­¥ç­ë¬ ¯à¥¤¥«®¬¨­â¥£à¨à®¢ ­¨ïǑà¥¤áâ ¢«ïîâ ¨­â¥à¥á ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ®¤­¨¬ ¯¥à¥-¬¥­­ë¬,   ¤àã£¨¬ ¡¥áª®­¥ç­ë¬ ¯à¥¤¥« ¬¨, á®¤¥à� é¨¥ à §­®áâ­®¥ ï¤à®. � áâ®ï¤à  ¨ äã­ªæ¨¨ â ª¨å ãà ¢­¥­¨© ­¥ ¯à¨­ ¤«¥� â ®¯¨á ­­ë¬ ¢ ­ ç «¥ £« ¢ë ª« á-á ¬. �áá«¥¤®¢ ­¨¥ íâ¨å ãà ¢­¥­¨© ¯à®¢®¤¨âáï ¬¥â®¤®¬ ¬®¤¥«ì­ëå à¥è¥­¨© (á¬.à §¤. 3.6) ¨«¨ ¬¥â®¤®¬ á¢¥¤¥­¨ï ª ãà ¢­¥­¨ï¬ â¨¯  á¢¥àâª¨. � áá¬®âà¨¬ ®â¬¥ç¥­-­ë¥ ¬¥â®¤ë ­  ¯à¨¬¥à¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ¯¥à¥¬¥­­ë¬ ­¨�­¨¬ ¯à¥¤¥«®¬.2.8-1. �à ¢­¥­¨¥ á ¯¥à¥¬¥­­ë¬ ­¨�­¨¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï� áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬:

∫ ∞

x

K(x− t)y(t)dt = f(x). (1)�à ¢­¥­¨¥ (1) ­¥«ì§ï à¥è¨âì ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­®£® ¯à¨¬¥­¥­¨ï ¯à¥®¡à §®¢ -­¨ï � ¯« á , â ª ª ª §¤¥áì â¥®à¥¬  ® á¢¥àâª¥ ­¥ ¯à¨¬¥­¨¬ . � á®®â¢¥âáâ¢¨¨ á ¬¥-â®¤®¬ ¬®¤¥«ì­ëå à¥è¥­¨©, ¯®¤à®¡­®¥ ¨§«®�¥­¨¥ ª®â®à®£® ¯à¨¢¥¤¥­® ¢ à §¤. 3.6,à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâìî
∫ ∞

x

K(x− t)y(t)dt = epx. (2)�¥è¥­¨¥ (2) ¨¬¥¥â ¢¨¤
Y (x, p) = 1~K(−p) epx, ~K(−p) = ∫ ∞0 K(−z)epz dz. (3)�®£¤  ­  ®á­®¢ ­¨¨ íâ¨å ä®à¬ã« ¨ ä®à¬ã«ë (11) ¨§ à §¤. 3.6 ¯®«ãç¨¬ à¥è¥­¨¥ãà ¢­¥­¨ï (1) ¤«ï ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ ä®à¬¥

y(x) = 12πi ∫ c+i∞
c−i∞

~f (p)~K(−p) epx dp, (4)£¤¥ ~f(p)| ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï� ¯« á .
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42 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ x
a K(x, t)y(t) dt = f(x)Ǒà¨¬¥à. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  
 ¯¥à¥¬¥­­ë¬ ­¨�­¨¬¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï

∫ ∞

x
ea(x−t)y(t) dt = A sin(bx), a > 0. (5)� á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (3) ¨ (4) ¯®«ãç¨¬ ¢ëà �¥­¨ï ¤«ï ~f (p) ¨ ~K(−p):~f(p) = Ab

p2 + b2 , ~K(−p) = ∫ ∞0 e(p−a)z dz = 1
a− p

, (6)  â ª�¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5) ¢ ä®à¬¥
y(x) = 12πi ∫ c+i∞

c−i∞

Ab(a− p)
p2 + b2 epx dp. (7)�¥¯¥àì, ¢®á¯®«ì§®¢ ¢è¨áì â ¡«¨æ ¬¨ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï � ¯« á , ¯®«ãç¨¬ â®ç­®¥à¥è¥­¨¥

y(x) = Aa sin(bx) −Ab 
os(bx), a > 0, (8)ª®â®à®¥ ¬®�­® «¥£ª® ¯à®¢¥à¨âì ¯®¤áâ ­®¢ª®© (8) ¢ ãà ¢­¥­¨¥ (5) á ¨á¯®«ì§®¢ ­¨¥¬ â ¡«¨æ¨­â¥£à «®¢.2.8-2. Ǒà¨¢¥¤¥­¨¥ ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤ �à ¢­¥­¨¥ (1) ¬®�¥â ¡ëâì ¯à¨¢¥¤¥­® ª ®¤­®áâ®à®­­¥¬ã ãà ¢­¥­¨î ¯¥à¢®£®à®¤  ∫ ∞0 K−(x− t)y(t)dt = −f(x), 0 < x < ∞, (9)£¤¥ ï¤à® K−(x− t) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:
K−(s) = { 0 ¯à¨ s > 0,

−K(s) ¯à¨ s < 0.�¥â®¤ë ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (9) ®¯¨á ­ë ¢ £« ¢¥ 4.
©• �¨â¥à âãà : �. �. � å®¢, �. �. �¥àáª¨© (1978), �. �. Ǒ®«ï­¨­, �. �. � ­�¨à®¢(1997).
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3. �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨©¢¨¤  y(x) −

∫ x

a
K(x, t)y(t) dt = f(x)3.1. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤ 3.1-1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �à ¢­¥­¨ï ¤«ï à¥§®«ì¢¥­âë� £« ¢¥ 3 ¨§« £ îâáï ¬¥â®¤ë à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �®«ìâ¥àà ¢â®à®£® à®¤ , ª®â®àë¥ ¨¬¥îâ ¢¨¤:

y(x)− ∫ x

a

K(x, t)y(t)dt = f(x), (1)£¤¥ y(x) | ­¥¨§¢¥áâ­ ï äã­ªæ¨ï (a 6 x 6 b), K(x, t) | ï¤à® ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï, f(x) | á¢®¡®¤­ë© ç«¥­ ¨«¨ ¯à ¢ ï ç áâì ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.�« ááë äã­ªæ¨©, ª®â®àë¬ ¬®£ãâ ¯à¨­ ¤«¥� âì y(x), f(x) ¨ K(x, t), ®¯à¥¤¥«¥­ë¢ ¯. 2.1-1. � íâ¨å ª« áá å äã­ªæ¨© à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà ¢â®à®£® à®¤  áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.Ǒà¨ f(x) ≡ 0 ãà ¢­¥­¨¥ (1) ­ §ë¢ îâ ®¤­®à®¤­ë¬ ,   ¯à¨ f(x) 6≡ 0 |­¥®¤­®à®¤­ë¬.�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, ¥á«¨ ®­®¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t).�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï à §­®áâ­ë¬, ¥á«¨ ®­®§ ¢¨á¨â ®â à §­®áâ¨  à£ã¬¥­â®¢: K(x, t) = K(x− t).� ¬¥ç ­¨¥ 1. �¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.� ¬¥ç ­¨¥ 2. �ë¢®¤ ® áãé¥áâ¢®¢ ­¨¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á¯à ¢¥¤«¨¢ ¨ ¤«ï £®à §¤® ¡®«¥¥ è¨à®ª®£®ª« áá  ï¤¥à ¨ äã­ªæ¨©.� ¬¥ç ­¨¥ 3. �à ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤  ¬®�­® âà ªâ®¢ âì ª ª ãà ¢-­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ , ï¤à® ª®â®à®£®K(x, t) ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ t>x(á¬. £« ¢ã 4).� ¬¥ç ­¨¥ 4. �«ãç ©, ª®£¤  a = −∞ ¨/¨«¨ b = ∞, ¢®®¡é¥ £®¢®àï, ­¥¨áª«îç ¥âáï, ­® ¯à¨ íâ®¬ á«¥¤ã¥â ¢­¨¬ â¥«ì­® ¯à®¢¥àïâì ¢ë¯®«­¥­¨¥ ãá«®¢¨ïª¢ ¤à â¨ç­®© ¨­â¥£à¨àã¥¬®áâ¨ ï¤à K(x, t) ¢ ª¢ ¤à â¥ S = {a6 x6 b, a6 t6 b}.�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
y(x) = f(x) + ∫ x

a

R(x, t)f(t) dt, (2)£¤¥ à¥§®«ì¢¥­â  R(x, t) ­¥ § ¢¨á¨â ®â á¢®¡®¤­®£® ç«¥­  f(x) ¨ ­¨�­¥£® ¯à¥¤¥« ¨­â¥£à¨à®¢ ­¨ï a,   ®¯à¥¤¥«ï¥âáï â®«ìª® ï¤à®¬ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.�¥§®«ì¢¥­â  ãà ¢­¥­¨ï �®«ìâ¥àà  (1) ã¤®¢«¥â¢®àï¥â ¤¢ã¬ ¨­â¥£à «ì­ë¬ ãà ¢-­¥­¨ï¬
R(x, t) = K(x, t) + ∫ x

t

K(x, s)R(s, t) ds, (3)
R(x, t) = K(x, t) + ∫ x

t

K(s, t)R(x, s) ds, (4)¢ ª®â®àëå ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® à §«¨ç­ë¬ ¯ à ¬ ¯¥à¥¬¥­­ëå ï¤à  ¨à¥§®«ì¢¥­âë.
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44 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.1-2. �¢ï§ì ¬¥�¤ã à¥è¥­¨ï¬¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©Ǒà¨¢¥¤¥¬ ¤¢¥ ¯®«¥§­ë¥ ä®à¬ã«ë, ¢ëà � îé¨¥ à¥è¥­¨¥ ®¤­®£® ¨­â¥£à «ì­®-£® ãà ¢­¥­¨¥ ç¥à¥§ à¥è¥­¨ï ¤àã£¨å ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.1◦. Ǒãáâì à¥è¥­¨î ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á ï¤à®¬ K(x, t) ®â¢¥ç ¥âà¥§®«ì¢¥­â  R(x, t). �®£¤  à¥è¥­¨î ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á ï¤à®¬

K∗(x, t) = −K(t, x) ®â¢¥ç ¥â à¥§®«ì¢¥­â  R∗(x, t) = −R(t, x).2◦. Ǒãáâì ¨¬¥îâáï ¤¢  ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á ï¤à ¬¨ K1(x, t)¨ K2(x, t), ª®â®àë¬ á®®â¢¥âáâ¢ãîâ à¥§®«ì¢¥­âë R1(x, t) ¨ R2(x, t). �®£¤  ãà ¢-­¥­¨¥ �®«ìâ¥àà  á ï¤à®¬
K(x, t) = K1(x, t) +K2(x, t)− ∫ x

t

K1(x, s)K2(s, t) ds (5)¨¬¥¥â à¥§®«ì¢¥­âã
R(x, t) = R1(x, t) +R2(x, t) + ∫ x

t

R1(s, t)R2(x, s) ds. (6)�â¬¥â¨¬, çâ® ¢ ä®à¬ã« å (5) ¨ (6) ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® à §«¨ç­ë¬ ¯ à ¬¯¥à¥¬¥­­ëå.
©• �¨â¥à âãà : �. �ãàá  (1934), �. �. �î­âæ (1934), �. �. �¨å«¨­ (1959), �. �à¨ª®¬¨(1960), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �« ä (1970), J. A. Co
hran (1972), C. Corduneanu (1973),�. �. �¬¨à­®¢ (1974), �. �®«ìâ¥àà  (1982), A. J. Jerry (1985), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢(1986), A. D. Polyanin, A. V. Manzhirov (1998, 1999).3.2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬:

K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t)3.2-1. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = ϕ(x) + ψ(x)(x − t)�¥è¥­¨¥ ãà ¢­¥­¨© �®«ìâ¥àà  á â ª¨¬ ï¤à®¬ ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ä®à¬ã«ë
y = w′′

xx, (1)£¤¥ w = w(x)|à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨- «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 
w′′
xx − ϕ(x)w′

x − ψ(x)w = f(x), (2)ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬
w(a) = w′

x(a) = 0. (3)Ǒãáâìw1=w1(x)|­¥âà¨¢¨ «ì­®¥ ç áâ­®¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® «¨­¥©­®£®®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2) ¯à¨ f(x) ≡ 0. Ǒãáâì w1(a) 6= 0.�®£¤  ¤àã£®¥ ­¥âà¨¢¨ «ì­®¥ ç áâ­®¥ à¥è¥­¨¥ ãª § ­­®£® «¨­¥©­®£® ®¤­®à®¤­®£®¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï w2 = w2(x) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
w2(x) = w1(x)∫ x

a

�(t)[w1(t)℄2 dt, �(x) = exp[∫ x

a

ϕ(s) ds].�¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (2), ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬ (3),¤ ¥âáï ä®à¬ã«®©
w(x) = w2(x)∫ x

a

w1(t)�(t) f(t) dt−w1(x)∫ x

a

w2(t)�(t) f(t) dt. (4)
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3.2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬: K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t) 45Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (4) ¢ ä®à¬ã«ã (1), ¯®«ãç¨¬ à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï
y(x) = f(x) + ∫ x

a

R(x, t)f(t) dt,£¤¥
R(x, t) = [w′′2 (x)w1(t)− w′′1 (x)w2(t)℄ 1�(t) == ϕ(x) �(x)

w1(x) w1(t)�(t) + [ϕ(x)w′1(x) + ψ(x)w1(x)℄ w1(t)�(t) ∫ x

t

�(s)[w1(s)℄2 ds.�¤¥áì �(x) = exp[∫ x

a
ϕ(s) ds], èâà¨å ¬¨ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥ ¯® ¯¥à¥¬¥­-­®© x.�«ï ¢ëà®�¤¥­­®£® ï¤à  à áá¬ âà¨¢ ¥¬®£® ¢¨¤  à¥§®«ì¢¥­âã ¬®�­® ®¯à¥¤¥-«¨âì ¯® ä®à¬ã«¥

R(x, t) = u′′
xx,£¤¥ ¢á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï u ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥©­®£® ®¤­®à®¤­®£® ®¡ëª-­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

u′′
xx − ϕ(x)u′

x − ψ(x)u = 0, (5)ã¤®¢«¥â¢®àïîé¨¬ á«¥¤ãîé¨¬ ­ ç «ì­ë¬ ãá«®¢¨ï¬ ¯à¨ x = t:
u
∣∣
x=t = 0, u′

x

∣∣
x=t = 1. (6)Ǒ à ¬¥âà t ¢å®¤¨â «¨èì ¢ ­ ç «ì­ë¥ ãá«®¢¨ï (6), ¯à¨ íâ®¬ á ¬® ãà ¢­¥­¨¥ (5) ­¥§ ¢¨á¨â ®â t.� ¬¥ç ­¨¥ 1. �¤à® à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

K(x, t) = G1(x) + tG2(x), £¤¥ G1(x) = ϕ(x) + xψ(x), G2(x) = −ϕ(x).3.2-2. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = ϕ(t) + ψ(t)(t − x)�«ï ¢ëà®�¤¥­­®£® ï¤à  à áá¬ âà¨¢ ¥¬®£® ¢¨¤  à¥§®«ì¢¥­â  ®¯à¥¤¥«ï¥âáï¢ëà �¥­¨¥¬
R(x, t) = −v′′tt, (7)£¤¥ ¢á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï v ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥©­®£® ®¤­®à®¤­®£® ®¡ëª-­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

v′′tt + ϕ(t)v′t + ψ(t)v = 0, (8)ã¤®¢«¥â¢®àïîé¨¬ á«¥¤ãîé¨¬ ­ ç «ì­ë¬ ãá«®¢¨ï¬ ¯à¨ t = x:
v
∣∣
t=x = 0, v′t

∣∣
t=x = 1. (9)�¥«¨ç¨­  x ¢å®¤¨â ¢ ­ ç «ì­ë¥ ãá«®¢¨ï (9) «¨èì ¯ à ¬¥âà¨ç¥áª¨, ¯à¨ íâ®¬ á ¬®ãà ¢­¥­¨¥ (8) ­¥ § ¢¨á¨â ®â x.Ǒãáâì v1=v1(t)|­¥âà¨¢¨ «ì­®¥ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (8). �®£¤  ®¡é¥¥à¥è¥­¨¥ íâ®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¤ ¥âáï ä®à¬ã«®©

v(t) = C1v1(t) + C2v1(t)∫ t

a

ds�(s)[v1(s)℄2 , �(t) = exp[∫ t

a

ϕ(s) ds].�¤®¢«¥â¢®àïï ­ ç «ì­ë¬ ãá«®¢¨ï¬ (9), ­ å®¤¨¬ § ¢¨á¨¬®áâì ¯®áâ®ï­­ëå ¨­â¥£à¨-à®¢ ­¨ï C1 ¨ C2 ®â ¯ à ¬¥âà  x. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à¥è¥­¨¥ § ¤ ç¨ (8), (9):
v = v1(x)�(x)∫ t

x

ds�(s)[v1(s)℄2 . (10)
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46 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (10) ¢ ä®à¬ã«ã (7) ¨ ¨áª«îç ï ¢â®àãî ¯à®¨§¢®¤­ãî á¯®¬®éìî ãà ¢­¥­¨ï (8), ­ ©¤¥¬ à¥§®«ì¢¥­âã

R(x, t) = ϕ(t) v1(x)�(x)
v1(t)�(t) + v1(x)�(x)[ϕ(t)v′t(t) + ψ(t)v1(t)℄∫ t

x

ds�(s)[v1(s)℄2 .� ¬¥ç ­¨¥ 2. �¤à® à áá¬ âà¨¢ ¥¬®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¬®�­® § ¯¨-á âì ¢ ¢¨¤¥ K(x, t) = G1(t) + xG2(t), £¤¥ G1(t) = ϕ(t) + tψ(t), G2(t) = −ϕ(t).3.2-3. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = ∑n

m=1 ϕm(x)(x − t)m−1�«ï ®¯à¥¤¥«¥­¨ï à¥§®«ì¢¥­âë R(x, t) ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î
u(x, t) = 1(n− 1)! ∫ x

t

R(s, t)(x− s)n−1 ds + (x− t)n−1(n− 1)! ,ª®â®à ï ¯à¨ x= t ®¡à é ¥âáï ¢ ­ã«ì ¢¬¥áâ¥ á® á¢®¨¬¨ n−2 ¯¥à¢ë¬¨ ¯à®¨§¢®¤­ë¬¨¯® x,   ¯à®¨§¢®¤­ ï ¯®àï¤ª  n− 1 ¯à¨ x = t à ¢­  ¥¤¨­¨æ¥. �à®¬¥ â®£®,
R(x, t) = u(n)x (x, t), u(n)x = dnu(x, t)

dxn
. (11)Ǒ®¤áâ ¢«ïï (11) ¢ ãà ¢­¥­¨¥ ¤«ï à¥§®«ì¢¥­âë (3) ¨§ ¯. 3.1-1, ¡ã¤¥¬ ¨¬¥âì

u(n)x (x, t) = K(x, t) + ∫ x

t

K(x, s)u(n)s (s, t) ds. (12)Ǒà¨¬¥­ïï ª ¨­â¥£à «ã ¢ ¯à ¢®© ç áâ¨ (12) ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬,¯®«ãç¨¬
u(n)x (x, t) = K(x, t) + n−1∑

m=0(−1)mK(m)s (x, s)u(n−m−1)s (s, t)∣∣s=xs=t . (13)Ǒ®¤áâ ¢«ïï â¥¯¥àì ¢ (13) ¢ëà �¥­¨ï ¤«ï K(x, t) ¨ u(x, t), ¯à¨¤¥¬ ª «¨­¥©­®¬ã®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª  ®â­®-á¨â¥«ì­® äã­ªæ¨¨ u(x, t).� ª¨¬ ®¡à §®¬, à¥§®«ì¢¥­âã R(x, t) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  á ¢ë-à®�¤¥­­ë¬ ï¤à®¬ ãª § ­­®£® ¢¨¤  ¬®�­® ¯®«ãç¨âì ¯à¨ ¯®¬®é¨ (11), £¤¥ u(x, t)ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¨ ­ ç «ì­ë¬ ãá«®¢¨-ï¬:
u(n)x − ϕ1(x)u(n−1)

x − ϕ2(x)u(n−2)
x − 2ϕ3(x)u(n−3)

x − · · · − (n− 1)!ϕn(x)u = 0,
u
∣∣
x=t = u′

x

∣∣
x=t = · · · = u(n−2)

x

∣∣
x=t = 0, u(n−1)

x

∣∣
x=t = 1.�¥«¨ç¨­  t ¢å®¤¨â ¢ ­ ç «ì­ë¥ ãá«®¢¨ï «¨èì ¯ à ¬¥âà¨ç¥áª¨, ¯à¨ íâ®¬ á ¬®ãà ¢­¥­¨¥ ­¥ § ¢¨á¨â ®â t.� ¬¥ç ­¨¥ 3. � ï¤àã à áá¬ âà¨¢ ¥¬®£® ¢¨¤  í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨-ï¬¨ ¯à¨¢®¤¨âáï ï¤à® K(x, t) = n∑

m=1 φm(x)tm−1.3.2-4. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = ∑n

m=1 ϕm(t)(t − x)m−1Ǒà¥¤áâ ¢¨¬ à¥§®«ì¢¥­âã § ¤ ­­®£® ¢ëà®�¤¥­­®£® ï¤à  ¢ ¢¨¤¥
R(x, t) = −v(n)t (x, t), v

(n)
t = dnv(x, t)

dtn
,
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3.2. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬: K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t) 47¯à¨ç¥¬ ¢á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï v(x, t) ¯à¨ t = x ®¡à é ¥âáï ¢ ­ã«ì ¢¬¥áâ¥ á
n − 2 ¯à®¨§¢®¤­ë¬¨ ¯® t,   n − 1-ï ¯à®¨§¢®¤­ ï ¯® t ¯à¨ t = x à ¢­  ¥¤¨­¨æ¥.Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ ¤«ï à¥§®«ì¢¥­âë ¢ ãà ¢­¥­¨¥ (3) ¨§ ¯. 3.1-1, ¯®«ãç¨¬

v
(n)
t (x, t) = ∫ x

t

K(s, t)v(n)s (x, s) ds −K(x, t).Ǒà¨¬¥­¨¬ ª ¨­â¥£à «ã ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬. �®£¤ ,ãç¨âë¢ ï á¢®©áâ¢  ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ v(x, t), ¯à¨¤¥¬ ª á«¥¤ãîé¥© § ¤ ç¥�®è¨ ¤«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤ª :
v
(n)
t + ϕ1(t)v(n−1)

t + ϕ2(t)v(n−2)
t + 2ϕ3(t)v(n−3)

t + · · ·+ (n− 1)!ϕn(t)v = 0,
v
∣∣
t=x = v′t

∣∣
t=x = · · · = v

(n−2)
t

∣∣
t=x = 0, v

(n−1)
t

∣∣
t=x = 1.�¥«¨ç¨­  x ¢å®¤¨â ¢ ­ ç «ì­ë¥ ãá«®¢¨ï «¨èì ¯ à ¬¥âà¨ç¥áª¨, ¯à¨ íâ®¬ á ¬®ãà ¢­¥­¨¥ ­¥ § ¢¨á¨â ®â x.� ¬¥ç ­¨¥ 4. � ï¤àã à áá¬ âà¨¢ ¥¬®£® ¢¨¤  í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨-ï¬¨ ¯à¨¢®¤¨âáï ï¤à® K(x, t) = n∑

m=1 φm(t)xm−1.3.2-5. �à ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ®¡é¥£® ¢¨¤ � ¤ ­­®¬ á«ãç ¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤  ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
y(x)− n∑

m=1 gm(x)∫ x

a

hm(t)y(t)dt = f(x). (14)�á¯®«ì§ãï ®¡®§­ ç¥­¨ï
wj(x) = ∫ x

a

hj(t)y(t)dt, j = 1, 2, . . . , n, (15)§ ¯¨è¥¬ ãà ¢­¥­¨¥ (14) á«¥¤ãîé¨¬ ®¡à §®¬:
y(x) = n∑

m=1 gm(x)wm(x) + f(x). (16)�¨ää¥à¥­æ¨àãï ¢ëà �¥­¨ï (15) á ãç¥â®¬ ä®à¬ã«ë (16), ¯à¨å®¤¨¬ ª á¨áâ¥¬¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© wj = wj(x):
w′
j = hj(x)[ n∑

m=1 gm(x)wm + f(x)], j = 1, 2, . . . , n,
 ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
wj(a) = 0, j = 1, 2, . . . , n.�á«¨ ­ ©¤¥­® à¥è¥­¨¥ íâ®© á¨áâ¥¬ë, â® à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï (14) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (16) ¨«¨ á ¯®¬®éìî «î¡®£® ¨§ ¢ëà �¥­¨©

y(x) = w′
j(x)
hj(x) , j = 1, 2, . . . , n,ª®â®àë¥ ¯®«ãç¥­ë ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ä®à¬ã«ë (15).

©• �¨â¥à âãà : �. �ãàá  (1934), �. �. �î­âæ (1934), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986),A. D. Polyanin, A. V. Manzhirov (1998).
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48 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.3. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬:K(x, t) =K(x− t)3.3-1. �¥â®¤ à¥è¥­¨ï, ®á­®¢ ­­ë© ­  ¯à¥®¡à §®¢ ­¨¨ � ¯« á �à ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á ï¤à®¬, § ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­-â®¢, ¨¬¥îâ ¢¨¤

y(x)− ∫ x0 K(x− t)y(t)dt = f(x). (1)Ǒà¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ � ¯« á  L ª ãà ¢­¥­¨î (1) ¨ ãç¨âë¢ ï, çâ® ¨­â¥-£à « á ï¤à®¬, § ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­â®¢, ¯® â¥®à¥¬¥ ® á¢¥àâª¥ (á¬. ¯. 1.2-3)¯à¥®¡à §ã¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥ ~K(p)~y(p), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¤«ï ®¡à §  ¨áª®-¬®© ¢¥«¨ç¨­ë ~y(p)− ~K(p)~y(p) = ~f(p). (2)�¥è¥­¨¥ ãà ¢­¥­¨ï (2) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©~y(p) = ~f(p)1− ~K(p) , (3)ª®â®àãî ¬®�­® § ¯¨á âì ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥~y(p) = ~f(p) + ~R(p)~f(p), ~R(p) = ~K(p)1− ~K(p) . (4)Ǒà¨¬¥­ïï ª (4) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (1)¢ ¢¨¤¥
y(x) = f(x) + ∫ x0 R(x− t)f(t) dt,
R(x) = 12πi ∫ c+i∞

c−i∞

~R(p)epx dp. (5)Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ä®à¬ã«ë (5) ¬®£ãâ ¢®§­¨ª­ãâì â¥å­¨ç¥áª¨¥ âàã¤­®áâ¨:1◦. Ǒà¨ ¯®«ãç¥­¨¨ ¨§®¡à �¥­¨ï ~K(p) = ∫ ∞0 K(x)e−px dx ¤«ï ª®­ªà¥â­®£®ï¤à  K(x).2◦. Ǒà¨ ­ å®�¤¥­¨¨ ®à¨£¨­ «  à¥§®«ì¢¥­âë (5), ¨§®¡à �¥­¨¥ ª®â®à®£® ~R(p)­ å®¤¨âáï ¯® ä®à¬ã«¥ (4).�«ï ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ ¯à¨¬¥­ïîâ â ¡«¨æë ¯àï¬ëå¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á , ¯à¨ç¥¬ ¢® ¬­®£¨å á«ãç ïå ¤«ï ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâ ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®,¢ª«îç ï â¥®à¥¬ã ® ¢ëç¥â å (á¬. ¯. 1.1-4).� ¬¥ç ­¨¥. �á«¨ ­¨�­¨© ¯à¥¤¥« ¢ ¨­â¥£à «¥ ãà ¢­¥­¨ï �®«ìâ¥àà  á ï¤à®¬,§ ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­â®¢, à ¢¥­ a, â® ¥£® ¬®�­® á¢¥áâ¨ ª ãà ¢­¥­¨î (1)á ¯®¬®éìî § ¬¥­ë x = �x− a, t = �t− a.�  à¨á. 2 ¯à¨¢¥¤¥­  ¯à¨­æ¨¯¨ «ì­ ï áå¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�®«ìâ¥àà  ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ á ¯®¬®éìî ¨­â¥£à «ì­®£® ¯à¥®¡à -§®¢ ­¨ï � ¯« á .Ǒà¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) +A

∫ x0 sin[
λ(x− t)]y(t) dt = f(x), (6)ª®â®à®¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (1) ¯à¨ K(x) = −A sin(λx).
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3.3. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬: K(x, t) = K(x− t) 49

�¨á. 2. �å¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �®«ìâ¥àà  ¢â®à®£® à®¤ á à §­®áâ­ë¬ ï¤à®¬ á ¯®¬®éìî ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï � ¯« á .
R(x)|®à¨£¨­ « äã­ªæ¨¨ ~R(p) = ~K(p)1− ~K(p) .�­ ç « , ¨á¯®«ì§ãï â ¡«¨æë ¯à¥®¡à §®¢ ­¨© � ¯« á  [�. �¥©â¬¥­, �. �à¤¥©¨ (1969,áâà. 138)℄, ¯®«ãç¨¬ ®¡à § ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¢ ¢¨¤¥~K(p) = − Aλ

p2 + λ2 .� â¥¬ ¯® ä®à¬ã«¥ (4) ­ ©¤¥¬ ®¡à § à¥§®«ì¢¥­âë:~R(p) = − Aλ

p2 + λ(A+ λ) .�á¯®«ì§ãï ¤ «¥¥ â ¡«¨æë ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á  [�. �¥©â¬¥­, �. �à¤¥©¨(1969, áâà. 207)℄, ¯®«ãç¨¬ ®à¨£¨­ « à¥§®«ì¢¥­âë:
R(x) = 





− Aλ

k
sin(kx) ¯à¨ λ(A+ λ) > 0,

− Aλ

k
sh(kx) ¯à¨ λ(A+ λ) < 0, £¤¥ k = |λ(A+ λ)|1/2.� ¬¥â¨¬, çâ® ¢ ç áâ­®¬ á«ãç ¥ ¯à¨ λ = −A ¯®«ãç ¥¬ R(x) = A2x. Ǒ®¤áâ ¢«ïï íâ¨¢ëà �¥­¨ï ¢ ä®à¬ã«ã (5), ­ å®¤¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (6). � ç áâ­®áâ¨, ¯à¨
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50 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)

λ(A+ λ) > 0 íâ® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤:
y(x) = f(x) − Aλ

k

∫ x0 sin[
k(x− t)]f(t) dt, k = √

λ(A+ λ). (7)3.3-2. �¥â®¤, ®á­®¢ ­­ë© ­  à¥è¥­¨¨ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
Ay(x) +B

∫ x

a

K(x− t)y(t)dt = f(x). (8)Ǒãáâì w = w(x) | à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ¡®«¥¥ ¯à®áâ®£® ãà ¢­¥­¨ï ¯à¨
f(x) ≡ 1, a = 0:

Aw(x) +B

∫ x0 K(x− t)w(t) dt = 1. (9)�®£¤  à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî (8) ¢ëà � ¥âáïç¥à¥§ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (9) á ¯®¬®éìî ä®à¬ã«ë
y(x) = d

dx

∫ x

a

w(x− t)f(t) dt = f(a)w(x− a) + ∫ x

a

w(x− t)f ′
t(t) dt. (10)�®ª �¥¬ íâ® ãâ¢¥à�¤¥­¨¥. Ǒ¥à¥¯¨è¥¬ ¢ëà �¥­¨¥ (10) (¢ ª®â®à®¬ ¯à¥¤¢ à¨â¥«ì­®á¤¥« ­® ¯¥à¥®¡®§­ ç¥­¨¥ ¯ à ¬¥âà  ¨­â¥£à¨à®¢ ­¨ï t ­  s) ¢ ¢¨¤¥

y(x) = d

dx
I(x), I(x) = ∫ x

a
w(x− s)f(s) ds, (11)¨ ¯®¤áâ ¢¨¬ ¥£® ¢ «¥¢ãî ç áâì ãà ¢­¥­¨ï (8). � à¥§ã«ìâ â¥ ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© ¨¨§¬¥­¥­¨ï ¯®àï¤ª  ¨­â¥£à¨à®¢ ­¨ï ¢ ¤¢®©­®¬ ¨­â¥£à «¥ á ãç¥â®¬ (9) ¯®«ãç¨¬

d

dx
AI(x) +B

∫ x

a
K(x− t) d

dt
I(t) dt = d

dx
AI(x) + d

dx
B

∫ x

a
K(x− t)I(t) dt == d

dx

[
A

∫ x

a
w(x− s)f(s) ds + B

∫ x

a

∫ t

a
K(x− t)w(t − s)f(s) ds dt] == d

dx

{∫ x

a
f(s)[Aw(x− s) + B

∫ xs K(x− t)w(t − s) dt] ds} == d

dx

{∫ x

a
f(s)[Aw(x− s) + B

∫ x−s0 K(x− s − λ)w(λ) dλ]
ds} == d

dx

∫ x

a
f(s) ds = f(x),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.3.3-3. �¢¥¤¥­¨¥ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬� áá¬®âà¨¬ á¯¥æ¨ «ì­ë© á«ãç ©, ª®£¤  ®¡à § ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï (1) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥1− ~K(p) = Q(p)

R(p) , (12)£¤¥ Q(p) ¨ R(p) ­¥ª®â®àë¥ ¬­®£®ç«¥­ë áâ¥¯¥­¨ n:
Q(p) = n∑

k=0Akpk, R(p) = n∑

k=0Bkpk. (13)
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3.3. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬: K(x, t) = K(x− t) 51� íâ®¬ á«ãç ¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã­¥®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª  á¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨:
n∑

k=0Aky(k)x (x) = n∑

k=0Bkf (k)x (x). (14)�à ¢­¥­¨¥ (14) ªà âª® ¬®�­® § ¯¨á âì ¢ ®¯¥à â®à­®¬ ¢¨¤¥
Q(D)y(x) = R(D)f(x), D ≡ d

dx
.� ç «ì­ë¥ ãá«®¢¨ï ¤«ï ãà ¢­¥­¨ï (14) ¯®«ãç îâáï ¨§ à ¢¥­áâ¢ 

n∑

k=0Ak k−1∑s=0 pk−1−sy(s)x (0)− n∑

k=0Bk k−1∑s=0 pk−1−sf (s)x (0) = 0 (15)¯ãâ¥¬ ¢ë¤¥«¥­¨ï ç«¥­®¢ ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ¯ à ¬¥âà  p.�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥­¨ï ¯à®¢®¤¨âáï á ¯®¬®éìî ¯à¨¬¥­¥­¨ï ¯à¥®¡-à §®¢ ­¨ï � ¯« á  ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (14) ¨ ¯®á«¥¤ãîé¨¬ áà ¢­¥-­¨¥¬ ¯®«ãç¥­­®£® ¢ëà �¥­¨ï á ãà ¢­¥­¨¥¬ (2) á ãç¥â®¬ à ¢¥­áâ¢  (12).�àã£®© ¬¥â®¤ á¢¥¤¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ®¯¨á ­ ¢ à §¤. 3.7.3.3-4. Ǒà¨¢¥¤¥­¨¥ ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¢â®à®£® à®¤ �à ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ¢¨¤ 
y(x) + ∫ x0 K(x− t)y(t) dt = f(x), 0 < x <∞, (16)¬®�­® ¯à¨¢¥áâ¨ ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¢ ä®à¬¥
y(x) + ∫ ∞0 K+(x− t)y(t)dt = f(x), 0 < x <∞, (17)£¤¥ ï¤à® K+(x− t) ¤ ¥âáï á®®â­®è¥­¨¥¬

K+(s) = {
K(s) ¯à¨ s > 0,0 ¯à¨ s < 0.�¥â®¤ë ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (17) ®¯¨á ­ë ¢ £« ¢¥ 5, £¤¥ ¯à¨¢¥¤¥­ ¨¯à¨¬¥à ¯®áâà®¥­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á à §­®áâ­ë¬ï¤à®¬ ¯®áà¥¤áâ¢®¬ à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£®à®¤  (á¬. ¯. 5.9-3).3.3-5. �¥â®¤ ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï ¤«ï ãà ¢­¥­¨ï �¡¥«ï� áá¬®âà¨¬ ®¡®¡é¥­­®¥ ãà ¢­¥­¨¥ �¡¥«ï ¢â®à®£® à®¤  ¢ ä®à¬¥

y(x)− λ

∫ x

a

y(t)(x− t)µ dt = f(x), x > a, (18)£¤¥ 0 < µ < 1. �ã¤¥¬ áç¨â âì, çâ® x ∈ [a, b℄, f(x) ∈ AC, y(t) ∈ L1, ¨ ¯à¨¬¥­¨¬â¥å­¨ªã ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï (á¬. à §¤. 2.5). Ǒ®«®�¨¢
µ = 1− β, 0 < β < 1, λ = ν�(β) , (19)
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52 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)­  ®á­®¢ ­¨¨ (2.5.1) § ¯¨è¥¬ ãà ¢­¥­¨¥ (18) ¢ ¢¨¤¥(1− νIβa+)

y(x) = f(x), x > a. (20)�¥¯¥àì à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �¡¥«ï ¢â®à®£® à®¤  ¬®�­® á¨¬¢®«¨ç¥áª¨¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬:
y(x) = (1 − νIβa+)−1

f(x), x > a. (21)� §« £ ï ®¯¥à â®à­®¥ ¢ëà �¥­¨¥ ¢ áª®¡ª å ¢ àï¤ ¯® áâ¥¯¥­ï¬ ®¯¥à â®à  ¯à¨¯®¬®é¨ ä®à¬ã«ë ¤«ï £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¯®«ãç¨¬
y(x) = [1 + ∞∑

n=1(νIβa+)n
]
f(x), x > a. (22)� à §¢¥à­ãâ®© § ¯¨á¨ á ãç¥â®¬ à ¢¥­áâ¢  (Iβa+)n = Iβna+ ä®à¬ã«  (22) ¯à¨­¨¬ ¥â¢¨¤

y(x) = f(x) + ∞∑

n=1 νn�(βn) ∫ x

a

(x− t)βn−1f(t) dt, x > a. (23)Ǒ®¬¥­ï¥¬ ¢ ¢ëà �¥­¨¨ (23) ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï, ¨ § ¬¥â¨¬,çâ®
∞∑

n=1 νn(x− t)βn−1�(βn) = d

dx

∞∑

n=1 νn(x− t)βn�(1 + βn) .�®£¤  á ãç¥â®¬ § ¬¥­ë (19) à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �¡¥«ï ¢â®à®£® à®¤ ¯à¨¬¥â ¢¨¤
y(x) = f(x) + ∫ x

a

R(x− t)f(t) dt, x > a, (24)£¤¥ à¥§®«ì¢¥­â  R(x− t) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
R(x− t) = d

dx

∞∑

n=1 [
λ�(1 − µ)(x − t)(1−µ)]n�[1 + (1 − µ)n℄ . (25)�ï¤ ¢ ¯à¥¤áâ ¢«¥­¨¨ à¥§®«ì¢¥­âë (25) ã¤ ¥âáï ¢ ­¥ª®â®àëå á«ãç ïå ¯à®áã¬¬¨à®-¢ âì ¨ ¯®«ãç¨âì ¤«ï ­¥¥ ï¢­®¥ ¢ëà �¥­¨¥.Ǒà¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �¡¥«ï ¢â®à®£® à®¤  (¢ ãà ¢­¥­¨¨ (18) ¯®« £ ¥¬

µ = 12 )
y(x)− λ

∫ x

a

y(t)√
x− t

dt = f(x), x > a. (26)� á¨«ã ä®à¬ã«ë (25) à¥§®«ì¢¥­â  ¤«ï ãà ¢­¥­¨ï (26) § ¤ ¥âáï ¢ëà �¥­¨¥¬
R(x − t) = d

dx

∞∑

n=1 [
λ
√
π(x− t) ]n�(1 + 12 n) . (27)�§¢¥áâ­®, çâ®

∞∑

n=1 xn/2�(1 + 12 n) = ex erf√x, erf x ≡ 2√
π

∫ x0 e−t
2
dt, (28)£¤¥ erf x|¨­â¥£à « ¢¥à®ïâ­®áâ¥©. �®£¤  ­  ®á­®¢ ­¨¨ (27) ¨ (28) ¢ëà �¥­¨¥ ¤«ï à¥§®«ì-¢¥­âë ¬®�­® § ¯¨á âì ¢ ä®à¬¥

R(x− t) = d

dx

{exp[λ2π(x− t)℄ erf[λ√
π(x− t) ]}

. (29)�®á¯®«ì§®¢ ¢è¨áì á®®â­®è¥­¨ï¬¨ (24) ¨ (27), ¯®«ãç¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï�¡¥«ï ¢â®à®£® à®¤ , ª®â®à®¥ ¨¬¥¥â ¢¨¤
y(x) = f(x) + d

dx

∫ x

a

{exp[λ2π(x− t)℄ erf[λ√
π(x− t) ]}

f(t) dt, x > a. (30)� ¬¥â¨¬, çâ® ¢ à áá¬®âà¥­­®¬ á«ãç ¥ à¥è¥­¨¥ ¯®áâà®¥­® ¢ § ¬ª­ãâ®¬ ¢¨¤¥.
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3.4. �¯¥à â®à­ë¥ ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 533.3-6. �¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �®«ìâ¥àà Ǒà¥®¡à §®¢ ­¨¥ � ¯« á  ¬®�­® ¯à¨¬¥­¨âì ¤«ï à¥è¥­¨ï á¨áâ¥¬ ¨­â¥£à «ì­ëåãà ¢­¥­¨© �®«ìâ¥àà  ¢¨¤ 
ym(x)− n∑

k=1 ∫ x0 Kmk(x− t)yk(t) dt = fm(x), m = 1, 2, . . . , n. (31)Ǒ®¤¥©áâ¢ã¥¬ ­  á¨áâ¥¬ã (31) ¯à¥®¡à §®¢ ­¨¥¬ � ¯« á . �®£¤  ¡ã¤¥¬ ¨¬¥âì~ym(p)− n∑

k=1 ~Kmk(p)~yk(p) = ~fm(p), m = 1, 2, . . . , n. (32)�¥è ï íâã á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ®¯à¥¤¥«¨¬ ~ym(p), ¨à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨© ¯à¨¬¥â ¢¨¤
ym(x) = 12πi ∫ c+i∞

c−i∞

~ym(p)epx dp. (33)Ǒà¥®¡à §®¢ ­¨¥ � ¯« á  ¬®�­® ¯à¨¬¥­¨âì ¤«ï ¯®áâà®¥­¨ï à¥è¥­¨ï á¨áâ¥¬ãà ¢­¥­¨© �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¨ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.
©• �¨â¥à âãà : �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨ª®¢ (1965), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª® (1968), �. �. �¬¨à­®¢ (1974),K. B. Oldham, J. Spanier (1974), �. �. � å®¢, �. �. �¥àáª¨© (1978), �. �. � ¡¥­ª® (1986),�. �. � ¬ª®, �. �. �¨«¡ á, �. �. � à¨ç¥¢ (1987), R. Gorenflo, S. Vessella (1991).3.4. �¯¥à â®à­ë¥ ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨©3.4-1. �á¯®«ì§®¢ ­¨¥ à¥è¥­¨ï óãª®à®ç¥­­®£®� ãà ¢­¥­¨ï� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤ 

y(x) + L [y℄ = f(x), (1)£¤¥ L|­¥ª®â®àë© «¨­¥©­ë© (¨­â¥£à «ì­ë©) ®¯¥à â®à.Ǒãáâì à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® óãª®à®ç¥­­®£®� ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ L [u℄ = g(x), (2)¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­o ¢ ¢¨¤¥
u(x) =M[L[g℄], (3)£¤¥M|­¥ª®â®àë© ¨§¢¥áâ­ë© «¨­¥©­ë© ®¯¥à â®à. �®à¬ã«  (3) ®§­ ç ¥â, çâ®L−1 =ML.Ǒ®¤¥©áâ¢ã¥¬ ®¯¥à â®à®¬ L−1 ­  ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1). � à¥§ã«ìâ â¥ ¯®«ã-ç¨¬ M[L[y℄] + y(x) =M[L[f ℄]. (4)�áª«îç ï y(x) ¨§ (1) ¨ (4), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãà ¢­¥­¨î:M [w℄ −w(x) = F (x), (5)£¤¥ ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï

w = L [y℄, F (x) =M[L[f ℄] − f(x).
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54 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)� àï¤¥ á«ãç ¥¢ ãà ¢­¥­¨¥ (5) ®ª §ë¢ ¥âáï ¯à®é¥, ç¥¬ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (1).�â® ¡ë¢ ¥â, ­ ¯à¨¬¥à, ª®£¤  ®¯¥à â®à M ï¢«ï¥âáï ª®­áâ ­â®© (á¬. ¯. 5.7-2) ¨«¨¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬:M = anD

n + an−1Dn−1 + · · ·+ a1D + a0, D ≡ d

dx
.� ¯®á«¥¤­¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (5) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëª­®¢¥­­®¥ «¨­¥©­®¥¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® äã­ªæ¨¨ w.�á«¨ à¥è¥­¨¥ w = w(x) ãà ¢­¥­¨ï (5) ¯®«ãç¥­®, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (1)¤ ¥âáï ä®à¬ã«®© y(x) =M[L[w℄].Ǒà¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �¡¥«ï ¢â®à®£® à®¤ 

y(x) + λ

∫ x

a

y(t) dt√
x− t

= f(x). (6)�«ï ¥£® à¥è¥­¨ï ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ­¥¡®«ìèãî ¬®¤¨ä¨ª æ¨î áå¥¬ë, ®¯¨á ­­®© ¢ëè¥,ª®â®à ï á®®â¢¥âáâ¢ã¥â á«ãç îM ≡ 
onst d

dx
.Ǒ¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (6) á«¥¤ãîé¨¬ ®¡à §®¬:

∫ x

a

y(t) dt√
x− t

= f(x)− y(x)
λ

. (7)�ç¨â ï ¯à ¢ãî ç áâì ¨§¢¥áâ­®©, ¡ã¤¥¬ à áá¬ âà¨¢ âì (7) ª ª ãà ¢­¥­¨¥ �¡¥«ï ¯¥à¢®£® à®¤ .�£® à¥è¥­¨¥ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ (á¬. ¯à¨¬¥à ¨§ ¯. 2.4-4)
y(x) = 1

π

d

dx

∫ x

a

f(t) − y(t)
λ
√
x− t

dt¨«¨
y(x) + 1

πλ

d

dx

∫ x

a

y(t) dt√
x− t

dt = 1
πλ

d

dx

∫ x

a

f(t) dt√
x− t

. (8)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (6) ¯® x, § â¥¬ ã¬­®�¨¬ ®¡¥ ç áâ¨ (8) ­ 
−πλ2 ¨ á«®�¨¬ ¯®ç«¥­­® ¯®«ãç¥­­ë¥ ¢ëà �¥­¨ï. � à¥§ã«ìâ â¥ ¯à¨¤¥¬ ª «¨­¥©­®¬ã®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ y = y(x):

y′x − πλ2y = F ′
x(x), (9)£¤¥

F (x) = f(x)− λ

∫ x

a

f(t) dt√
x− t

. (10)�à ¢­¥­¨¥ (9) á«¥¤ã¥â ¤®¯®«­¨âì ó­ ç «ì­ë¬� ãá«®¢¨¥¬
y(a) = f(a), (11)ª®â®à®¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ (6).�¥è¥­¨¥ § ¤ ç¨ (9){(11) ¨¬¥¥â ¢¨¤

y(x) = F (x) + πλ2 ∫ x

a
exp[πλ2(x− t)℄F (t) dt (12)¨ ®¯à¥¤¥«ï¥â à¥è¥­¨¥ ãà ¢­¥­¨ï �¡¥«ï ¢â®à®£® à®¤  (6).3.4-2. �á¯®«ì§®¢ ­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï ¢â®à®£® à®¤ �¥è¥­¨¥ ãà ¢­¥­¨ï �¡¥«ï ¢â®à®£® à®¤  (6) ¬®�­® ¡ë«® ¯®«ãç¨âì â ª�¥¤àã£¨¬ ¬¥â®¤®¬, ª®â®àë© ¨§« £ ¥âáï ­¨�¥.� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥

y(x)− L [y℄ = f(x), (13)
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3.4. �¯¥à â®à­ë¥ ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 55£¤¥ L|«¨­¥©­ë© ®¯¥à â®à. Ǒãáâì à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï
w(x)− Ln[w℄ = �(x), Ln[w℄ ≡ L [Ln−1[w℄], (14)á®¤¥à� é¥£® n-î áâ¥¯¥­ì ®¯¥à â®à  L, ¨§¢¥áâ­® ¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

w(x) =M [�(x)℄. (15)�®£¤  à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (13) ¨¬¥¥â ¢¨¤
y(x) =M [�(x)℄, �(x) = Ln−1[f ℄ + Ln−2[f ℄ + · · ·+ L [f ℄ + f(x). (16)�â® ãâ¢¥à�¤¥­¨¥ ¤®ª §ë¢ ¥âáï ¯à¨¬¥­¥­¨¥¬ ®¯¥à â®à  Ln−1+Ln−2+ · · ·+L+1ª ®¡¥¨¬ ç áâï¬ ãà ¢­¥­¨ï (13) 
 ãç¥â®¬ ®¯¥à â®à­®£® à ¢¥­áâ¢ (1− L)(Ln−1 + Ln−2 + · · ·+ L+ 1) = 1 − Ln¨ ä®à¬ã«ë (16) ¤«ï �(x). � ãà ¢­¥­¨¨ (14) ¢¬¥áâ® w(x) ¬®�­® ¯¨á âì y(x).Ǒà¨¬¥à 2. �á¯®«ì§ã¥¬ â¥¯¥àì ®¯¥à â®à­ë© ¬¥â®¤ (¯à¨ n = 2) ¤«ï à¥è¥­¨ï ®¡®¡é¥­-­®£® ãà ¢­¥­¨ï �¡¥«ï á ¯®ª § â¥«¥¬ 3/4:

y(x) − b

∫ x0 y(t) dt(x− t)3/4 = f(x). (17)� áá¬®âà¨¬ á­ ç «  ¨­â¥£à «ì­ë© ®¯¥à â®à á à §­®áâ­ë¬ ï¤à®¬L [y(x)℄ ≡ ∫ x0 K(x− t)y(t) dt.Ǒ®á¬®âà¨¬ ª ª ¤¥©áâ¢ã¥â L2:L2 [y℄ ≡L [L [y℄ ] = ∫ x0 ∫ t0 K(x− t)K(t − s)y(s) ds dt= ∫ x0 y(s) ds ∫ xs K(x− t)K(t− s) dt = ∫ x0 K2(x− s)y(s) ds,
K2(z) = ∫ z0 K(ξ)K(z − ξ) dξ. (18)Ǒà¨ ¢ë¢®¤¥ íâ®© ä®à¬ã«ë ¬¥­ï«áï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¨ ¤¥« « áì § ¬¥­  ξ = t− s.�«ï ï¤à  áâ¥¯¥­­®£® ¢¨¤ 

K(ξ) = bξµ¨¬¥¥¬
K2(z) = b2 �2(1 + µ)�(2 + 2µ) z1+2µ. (19)�«ï ãà ¢­¥­¨ï (17) ¨¬¥¥¬

µ = − 34 , K2(z) = A
1√
z
, A = b2√

π
�2( 14 ).Ǒ®íâ®¬ã ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ (14), á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨î n = 2, ¨¬¥¥â ¢¨¤

y(x) −A

∫ x0 y(t) dt√
x− t

= �(x), (20)£¤¥ �(x) = f(x) + b

∫ x0 f(t) dt(x− t)3/4 .�à ¢­¥­¨¥ (20) á â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨©A→−λ,�→f á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ (6),¥£® à¥è¥­¨¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯® ä®à¬ã«¥ (12).� ¬¥ç ­¨¥. �§ ä®à¬ã«ë (19) á«¥¤ã¥â, çâ® à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï�¡¥«ï á ¯®ª § â¥«¥¬ β
y(x) + λ

∫ x0 y(t) dt(x− t)β = f(x)á¢®¤¨âáï ª à¥è¥­¨î ãà ¢­¥­¨ï  ­ «®£¨ç­®£® ¢¨¤  á ¤àã£¨¬ ¯®ª § â¥«¥¬ áâ¥¯¥­¨
β1 = 2β−1. � ç áâ­®áâ¨, ãà ¢­¥­¨¥ �¡¥«ï (6), á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨î β = 12 ,á¢®¤¨âáï ª à¥è¥­¨î ãà ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ¯à¨ β1 = 0.
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56 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.4-3. �¥â®¤ à¥è¥­¨ï óª¢ ¤à â­ëå� ®¯¥à â®à­ëå ãà ¢­¥­¨©Ǒãáâì ¨§¢¥áâ­® à¥è¥­¨¥ «¨­¥©­®£® (¨­â¥£à «ì­®£®, ¤¨ää¥à¥­æ¨ «ì­®£® ¨ ¤à.)ãà ¢­¥­¨ï

y(x)− λL [y℄ = f(x) (21)¤«ï ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¨ «î¡®£® λ ¨§ ¨­â¥à¢ «  (λmin, λmax).�¡®§­ ç¨¬ íâ® à¥è¥­¨¥ â ª:
y = Y (f, λ). (22)Ǒ®áâà®¨¬ à¥è¥­¨¥ ¡®«¥¥ á«®�­®£® ãà ¢­¥­¨ï ¢¨¤ 

y(x)− aL [y℄− bL2 [y℄ = f(x), (23)£¤¥ a ¨ b|­¥ª®â®àë¥ ç¨á« , f(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �«ï íâ®£® ¯à¥¤áâ ¢¨¬«¥¢ãî ç áâì ãà ¢­¥­¨ï (23) ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢:
(1 − aL− bL2 )[y℄ ≡ (1 − λ1L )(1 − λ2L )[y℄, (24)£¤¥ λ1 ¨ λ2 |ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï

λ2 − aλ− b = 0. (25)Ǒãáâì λmin < λ1, λ2 < λmax.�¥è¨¬ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥
w(x)− λ2L [w℄ = f(x), (26)ª®â®à®¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (21) ¯à¨ λ= λ2. �£® à¥è¥­¨¥ ¤ ¥âáïä®à¬ã«®©

w(x) = Y (f, λ2). (27)�à ¢­¥­¨¥ (23) á ãç¥â®¬ (24) ¨ (26) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
(1− λ1L)(1− λ2L)[y℄ = (1− λ2L)[w℄¨«¨, á ãç¥â®¬ â®�¤¥áâ¢  (1− λ1L)(1− λ2L) ≡ (1− λ2L)(1 − λ1L), ¢ ¢¨¤¥
(1 − λ2L ){(1 − λ1L )[y℄− w(x)} = 0.�â® à ¢¥­áâ¢® ¡ã¤¥â ¢ë¯®«­ïâìáï, ¥á«¨ ¨áª®¬ ï äã­ªæ¨ï y(x) ¡ã¤¥â ã¤®¢«¥â¢®àïâìãà ¢­¥­¨î

y(x)− λ1L [y℄ = w(x). (28)�¥è¥­¨¥ ãà ¢­¥­¨ï (28) ¤ ¥âáï ä®à¬ã«®©
y(x) = Y (w, λ1), £¤¥ w = Y (f, λ2). (29)�á«¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ y(x) − λ2L[y℄ = 0 ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥*à¥è¥­¨¥ y ≡ 0, â® ä®à¬ã«  (29) ®¯à¥¤¥«ï¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¨áå®¤­®£®ãà ¢­¥­¨ï (23).Ǒà¨¬¥à 3. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
y(x) − ∫ x0 ( A√

x− t
+ B

)
y(t) dt = f(x).�§ à¥§ã«ìâ â®¢ ¯à¨¬¥à  2 (á¬. ¯. 3.4-2) á«¥¤ã¥â, çâ® ¥£® ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ ãà ¢­¥-­¨ï (23):

y(x) −AL [y℄− 1
π
BL2 [y℄ = f(x), L [y℄ ≡ ∫ x0 y(t) dt√

x− t
.* �á«¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ y(x) − λ2L[y℄ = 0 ¨¬¥¥â ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï, â® ¢¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (28) ¢¬¥áâ® w(x) ¤®«�­  áâ®ïâì äã­ªæ¨ï w(x) + y0(x), £¤¥ y0 |®¡é¥¥ à¥è¥­¨¥ ãª § ­­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.
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3.4. �¯¥à â®à­ë¥ ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 57Ǒ®íâ®¬ã à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (¢ ª¢ ¤à âãà å) ¤ ¥âáï ä®à¬ã« ¬¨
y(x) = Y (w,λ1), w = Y (f, λ2),

Y (f, λ) = F (x) + πλ2 ∫ x0 exp[
πλ2(x− t)]F (t) dt, F (x) = f(x) + λ

∫ x0 f(t) dt√
x− t

,£¤¥ λ1 ¨ λ2 |ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï λ2 −Aλ− 1
π
B = 0.�â®â ¬¥â®¤ ¯à¨¬¥­¨¬ â ª�¥ ¤«ï à¥è¥­¨ï (¢ ª¢ ¤à âãà å) ¡®«¥¥ ®¡é¨å ãà ¢­¥­¨© ¢¨¤ 

y(x)− ∫ x0 [ A(x− t)β + B(x− t)2β−1 ]
y(t) dt = f(x),£¤¥ β|à æ¨®­ «ì­®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î 0<β< 1 (á¬. ¯à¨¬¥à 2 ¨§ ¯. 3.4-2).3.4-4. �¥è¥­¨¥ ®¯¥à â®à­ëå ãà ¢­¥­¨© ¯®«¨­®¬¨ «ì­®£® ¢¨¤ �¥â®¤, ®¯¨á ­­ë© ¢ ¯. 3.4-3, ¤®¯ãáª ¥â ®¡®¡é¥­¨¥ ­  á«ãç © ®¯¥à â®à­ëåãà ¢­¥­¨© ¯®«¨­®¬¨ «ì­®£® ¢¨¤ . �ã¤¥¬ áç¨â âì, çâ® à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤-­®à®¤­®£® ãà ¢­¥­¨ï (21) ¤ ¥âáï ä®à¬ã«®© (22),   á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ãà ¢­¥­¨¥ ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.Ǒ®áâà®¨¬ à¥è¥­¨¥ ¡®«¥¥ á«®�­®£® ãà ¢­¥­¨ï á ¯®«¨­®¬¨ «ì­®© «¥¢®© ç áâìî®â­®á¨â¥«ì­® ®¯¥à â®à  L:

y(x)− n∑

k=1AkLk [y℄ = f(x), Lk ≡ L(Lk−1), (30)£¤¥ Ak|­¥ª®â®àë¥ ç¨á« , f(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï.�¡®§­ ç¨¬ λ1, λ2, . . . , λn ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
λn −

n∑

k=1Akλn−k = 0. (31)�¥¢ãî ç áâì ãà ¢­¥­¨ï (30) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢:
y(x)− n∑

k=1AkLk [y℄ ≡ n∏

k=1(1− λkL )[y℄. (32)�¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (26), ¢ ª®â®à®¬ ¯¥à¥®¡®§­ ç¥­ë w → yn−1,
λ2 → λn, ¤ ¥âáï ä®à¬ã«®© yn−1(x) = Y (f, λn). � ááã�¤ ï  ­ «®£¨ç­® â®¬ã, ª ªíâ® ¤¥« «®áì ¢ ¯. 3.4-3, ¯®«ãç¨¬, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (30) á¢®¤¨âáï ª à¥è¥­¨î¡®«¥¥ ¯à®áâ®£® ãà ¢­¥­¨ï

n−1∏

k=1(1 − λkL )[y℄ = yn−1(x), (33)ª®â®à®¥ ¨¬¥¥â ¬¥­ìèãî áâ¥¯¥­ì (­  ¥¤¨­¨æã) ®â­®á¨â¥«ì­® ®¯¥à â®à  L, ç¥¬¨áå®¤­®¥ ãà ¢­¥­¨¥. �­ «®£¨ç­ë¬ ®¡à §®¬ ¬®�­® ¯®ª § âì, çâ® ãà ¢­¥­¨¥ (33)á¢®¤¨âáï ª à¥è¥­¨î ¡®«¥¥ ¯à®áâ®£® ãà ¢­¥­¨ï ¢¨¤ 
n−2∏

k=1(1− λkL )[y℄ = yn−2(x), yn−2(x) = Y (yn−1, λn−1).Ǒà®¤®«� ï ¯®á«¥¤®¢ â¥«ì­® ¯à®æ¥áá ¯®­¨�¥­¨ï ¯®àï¤ª  ãà ¢­¥­¨ï, ¯à¨¤¥¬ ¢¨â®£¥ ª ãà ¢­¥­¨î (28), ¢ ¯à ¢®© ç áâ¨ ª®â®à®£® áâ®¨â äã­ªæ¨ï y1(x)= Y (y2, λ2).�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¤ ¥âáï ä®à¬ã«®© y(x) = Y (y1, λ1).�¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (30) ®¯à¥¤¥«ï¥âáï à¥ªãàà¥­â­® á ¯®¬®éìîä®à¬ã«
yk−1(x) = Y (yk, λk); k = n, . . . , 2, 1, £¤¥ yn(x) ≡ f(x), y0(x) ≡ y(x).�â¬¥â¨¬, çâ® §¤¥áì ¨á¯®«ì§ã¥âáï ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì k = n, . . . , 2, 1.
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58 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.4-5. �¥ª®â®àë¥ ®¡®¡é¥­¨ïǑãáâì «¥¢ ï ç áâì «¨­¥©­®£® (¨­â¥£à «ì­®£®) ãà ¢­¥­¨ï

y(x)−Q [y℄ = f(x) (34)¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï
y(x)−Q [y℄ ≡ n∏

k=1(1 − Lk )[y℄, (35)£¤¥ Lk | «¨­¥©­ë¥ ®¯¥à â®àë. �ã¤¥¬ áç¨â âì, çâ® à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­ëåãà ¢­¥­¨©
y(x)− Lk [y℄ = f(x), k = 1, 2, . . . , n, (36)¨§¢¥áâ­ë ¨ ¤ îâáï ä®à¬ã« ¬¨
y(x) = Yk

[
f(x)], k = 1, 2, . . . , n. (37)�¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (36) ¯à¨ k=n, ¢ ª®â®à®¬ ¯¥à¥®¡®§­ ç¥-­® y → yn−1, ¤ ¥âáï ä®à¬ã«®© yn−1(x) = Yn

[
f(x)]. � ááã�¤ ï  ­ «®£¨ç­® â®¬ã,ª ª íâ® ¤¥« «®áì ¢ ¯. 3.4-3, ¯®«ãç¨¬, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (34) á¢®¤¨âáï ª à¥-è¥­¨î ¡®«¥¥ ¯à®áâ®£® ãà ¢­¥­¨ï

n−1∏

k=1(1− Lk )[y℄ = yn−1(x).Ǒà®¤®«� ï ¯®á«¥¤®¢ â¥«ì­® ¯à®æ¥áá ó¯®­¨�¥­¨ï ¯®àï¤ª � ãà ¢­¥­¨ï, ¯à¨¤¥¬¢ ¨â®£¥ ª ãà ¢­¥­¨î (36) ¯à¨ k = 1, ¢ ¯à ¢®© ç áâ¨ ª®â®à®£® áâ®¨â äã­ªæ¨ï
y1(x) = Y2[y2(x)]. �¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¤ ¥âáï ä®à¬ã«®© y(x) = Y1[y1(x)].�¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (35) ®¯à¥¤¥«ï¥âáï à¥ªãàà¥­â­® á ¯®¬®éìîä®à¬ã«
yk−1(x) = Yk

[
yk(x)]; k = n, . . . , 2, 1, £¤¥ yn(x) ≡ f(x), y0(x) ≡ y(x).�â¬¥â¨¬, çâ® §¤¥áì ¨á¯®«ì§ã¥âáï ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì k = n, . . . , 2, 1.

©• �¨â¥à âãà : A. D. Polyanin, A. V. Manzhirov (1998).3.5. Ǒ®áâà®¥­¨¥ à¥è¥­¨© ãà ¢­¥­¨© á® á¯¥æ¨ «ì­®©¯à ¢®© ç áâìî� íâ®¬ à §¤¥«¥ ®¯¨á ­ë á¯®á®¡ë ¯®áâà®¥­¨ï à¥è¥­¨© ¨­â¥£à «ì­ëå ãà ¢-­¥­¨© á® á¯¥æ¨ «ì­®© ¯à ¢®© ç áâìî. �â¨ á¯®á®¡ë ®á­®¢ ­ë ­  ¨á¯®«ì§®¢ ­¨¨¢á¯®¬®£ â¥«ì­ëå à¥è¥­¨©, § ¢¨áïé¨å ®â á¢®¡®¤­®£® ¯ à ¬¥âà .3.5-1. �¡é ï áå¥¬ � áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ § ¯¨áë¢ âì ¢¢¨¤¥ L [y℄ = fg(x, λ), (1)£¤¥ L|­¥ª®â®àë© «¨­¥©­ë© (¨­â¥£à «ì­ë©, ¤¨ää¥à¥­æ¨ «ì­ë© ¨ ¤à.) ®¯¥à â®à,ª®â®àë© ¤¥©áâ¢ã¥â ¯® ¯¥à¥¬¥­­®© x ¨ ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  λ; fg(x, λ) |ª®­ªà¥â­ ï äã­ªæ¨ï, ª®â®à ï § ¢¨á¨â ®â ¯¥à¥¬¥­­®© x ¨ ¯ à ¬¥âà  λ.�ã¤¥¬ áç¨â âì, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨§¢¥áâ­®:
y = y(x, λ). (2)
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3.5. Ǒ®áâà®¥­¨¥ à¥è¥­¨© ãà ¢­¥­¨© á® á¯¥æ¨ «ì­®© ¯à ¢®© ç áâìî 59Ǒãáâì M| ­¥ª®â®àë© «¨­¥©­ë© (¨­â¥£à «ì­ë©, ¤¨ää¥à¥­æ¨ «ì­ë© ¨ ¤à.)®¯¥à â®à, ª®â®àë© ¤¥©áâ¢ã¥â ¯® ¯ à ¬¥âàã λ ¨ ­¥ § ¢¨á¨â ®â ¯¥à¥¬¥­­®© x. �ã¤¥¬áç¨â âì, çâ® ®¯¥à â®àë L ¨M ª®¬¬ãâ â¨¢­ë. Ǒ®¤¥©áâ¢ã¥¬ ®¯¥à â®à®¬M ­  ®¡¥ç áâ¨ ãà ¢­¥­¨ï (1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬, çâ® ãà ¢­¥­¨¥L [w℄ = fM (x), fM (x) =M [
fg(x, λ)], (3)¨¬¥¥â à¥è¥­¨¥

w =M [
y(x, λ)]. (4)�ë¡¨à ï à §«¨ç­ë¬ ®¡à §®¬ ®¯¥à â®à M ¬®�­® ¯®«ãç¨âì à¥è¥­¨ï ¤«ï¤àã£¨å ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨ï (1). �áå®¤­ãî äã­ªæ¨î fg(x, λ) ¡ã¤¥¬ ­ §ë¢ âì¯®à®�¤ îé¥© äã­ªæ¨¥© ¤«ï ®¯¥à â®à  L.3.5-2. Ǒ®à®�¤ îé ï äã­ªæ¨ï íªá¯®­¥­æ¨ «ì­®£® ¢¨¤ � áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâìîL [y℄ = eλx. (5)�ã¤¥¬ áç¨â âì, çâ® ¥£® à¥è¥­¨¥ ¨§¢¥áâ­® ¨ ¤ ¥âáï ä®à¬ã«®© (2). � â ¡«¨æ¥ 4¯à¨¢¥¤¥­ë à¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á à §«¨ç­®© ¯à ¢®© ç áâìî, ª®â®àë¥¢ëà � îâáï ç¥à¥§ à¥è¥­¨¥ ãà ¢­¥­¨ï (5).� ¬¥ç ­¨¥ 1. Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ãª § ­­ëå ¢ â ¡«¨æ¥ ä®à¬ã« ­¥ ­ ¤® §­ âì«¥¢ãî ç áâì «¨­¥©­®£® ãà ¢­¥­¨ï (5) (ãà ¢­¥­¨¥ ¬®�¥â ¡ëâì ¨­â¥£à «ì­ë¬, ¤¨ä-ä¥à¥­æ¨ «ì­ë¬ ¨ ¤à.), ¥á«¨ ¨§¢¥áâ­® ¥£® ç áâ­®¥ à¥è¥­¨¥ ¤«ï íªá¯®­¥­æ¨ «ì­®©¯à ¢®© ç áâ¨. Ǒà¨ íâ®¬ ¢ �­  «¨èì á ¬ ï ®¡é ï ¨­ä®à¬ æ¨ï ® â®¬, çâ® «¥¢ ïç áâì ãà ¢­¥­¨ï ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  λ.� ¬¥ç ­¨¥ 2. Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ãª § ­­ëå ¢ â ¡«¨æ¥ ä®à¬ã« ­¥®¡å®¤¨¬®¯à®¢¥àïâì áå®¤¨¬®áâì ¨­â¥£à «®¢, ¢å®¤ïé¨å ¢ ¯®«ãç¥­­®¥ à¥è¥­¨¥.Ǒà¨¬¥à 1. �¥è¥­¨¥ ãà ¢­¥­¨ï á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâìî

y(x) + ∫ ∞

x
K(x− t)y(t) dt = eλx (6)¨é¥¬ ¢ ¢¨¤¥ y(x,λ)=keλx ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

y(x, λ) = 1
B(λ) eλx, B(λ) = 1 + ∫ ∞0 K(−z)eλz dz. (7)�§ ¯. 3 â ¡«¨æë 4 á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï
y(x) + ∫ ∞

x
K(x− t)y(t) dt = Ax (8)¨¬¥¥â ¢¨¤

y(x) = A

D
x− AC

D2 ,
D = 1 + ∫ ∞0 K(−z) dz, � = ∫ ∞0 zK(−z) dz.�«ï â®£® çâ®¡ë â ª®¥ à¥è¥­¨¥ áãé¥áâ¢®¢ «®, ¤®«�­ë áãé¥áâ¢®¢ âì ­¥á®¡áâ¢¥­­ë¥¨­â¥£à «ë ®â äã­ªæ¨©K(−z), zK(−z). Ǒ®íâ®¬ã äã­ªæ¨ïK(−z) ¤®«�­  ã¡ë¢ âì ¡ëáâà¥¥,ç¥¬ z−2 ¯à¨ z→∞. � ¯à®â¨¢­®¬ á«ãç ¥ à¥è¥­¨ï ­¥ áãé¥áâ¢ã¥â. �­â¥à¥á­® ®â¬¥â¨âì, çâ®¤«ï à áâãé¨å ¯® áâ¥¯¥­­®¬ã § ª®­ã äã­ªæ¨© K(−z) ¯à¨ z → ∞ ¢ á«ãç ¥ λ < 0 à¥è¥­¨¥ãà ¢­¥­¨ï (6) áãé¥áâ¢ã¥â ¨ ¤ ¥âáï ä®à¬ã«®© (7),   à¥è¥­¨ï ãà ¢­¥­¨ï (8) ­¥ áãé¥áâ¢ã¥â.Ǒ®íâ®¬ã á«¥¤ã¥â ¡ëâì ®áâ®à®�­ë¬ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ä®à¬ã« ¨§ â ¡«¨æë 4 ¨ ¯à®¢¥àïâìáå®¤¨¬®áâì ¨­â¥£à «®¢, ¢å®¤ïé¨å ¢ à¥è¥­¨¥.
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60 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)������� 4�¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á ¯®à®�¤ îé¥© äã­ªæ¨¥© íªá¯®­¥­æ¨ «ì­®£® ¢¨¤ 

N0 Ǒà ¢ ï ç áâì f(x) �¥è¥­¨¥ y � ª ¯®«ãç¥­®1 eλx y(x, λ) �áå®¤­®¥ ãà ¢­¥­¨¥2 A1eλ1x+· · ·+Aneλnx A1y(x, λ1)+ · · ·+Any(x, λn) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨3 Ax+ B A
d

dλ

[
y(x, λ)]

λ=0+ By(x, 0) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨¨ à¥§ã«ìâ â®¢ ¯. 44 Axn,
n = 0, 1, 2, . . . A

{
∂n

∂λn

[
y(x, λ)]}

λ=0 �«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢¯. 6 ¯à¨ λ = 05 A

x+ a
, a > 0 A

∫ ∞0 e−aλy(x,−λ) dλ �­â¥£à¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ6 Axneλx,
n = 0, 1, 2, . . . A

∂n

∂λn

[
y(x, λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ7 ax y(x, lna) �«¥¤áâ¢¨¥ ¯. 18 A 
h(λx) 12 A[y(x, λ) + y(x, −λ)] �¨­¥©­®áâì ¨ á¢ï§ìá íªá¯®­¥­â®©9 A sh(λx) 12 A[y(x, λ)− y(x, −λ)] �¨­¥©­®áâì ¨ á¢ï§ìá íªá¯®­¥­â®©10 Axm 
h(λx),

m = 1, 3, 5, . . . 12 A ∂m

∂λm
[y(x, λ)− y(x,−λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¨ á¢ï§ì á íªá¯®­¥­â®©11 Axm 
h(λx),

m = 2, 4, 6, . . . 12 A ∂m

∂λm
[y(x, λ)+ y(x,−λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¨ á¢ï§ì á íªá¯®­¥­â®©12 Axm sh(λx),

m = 1, 3, 5, . . . 12 A ∂m

∂λm
[y(x, λ)+ y(x,−λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¨ á¢ï§ì á íªá¯®­¥­â®©13 Axm sh(λx),

m = 2, 4, 6, . . . 12 A ∂m

∂λm
[y(x, λ)− y(x,−λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¨ á¢ï§ì á íªá¯®­¥­â®©14 A 
os(βx) ARe[y(x, iβ)] �ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = iβ15 A sin(βx) A Im[

y(x, iβ)] �ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = iβ16 Axn 
os(βx),
n = 1, 2, 3, . . . ARe{ ∂n

∂λn

[
y(x, λ)]}

λ=iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯®λ,¢ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = iβ17 Axn sin(βx),
n = 1, 2, 3, . . . A Im{

∂n

∂λn

[
y(x, λ)]}

λ=iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¢ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = iβ18 Aeµx 
os(βx) ARe[y(x, µ+ iβ)] �ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = µ+ iβ19 Aeµx sin(βx) A Im[
y(x, µ+ iβ)] �ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = µ+ iβ20 Axneµx 
os(βx),

n = 1, 2, 3, . . . ARe{ ∂n

∂λn

[
y(x, λ)]}

λ=µ+iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¢ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = µ+ iβ21 Axneµx sin(βx),
n = 1, 2, 3, . . . A Im{

∂n

∂λn

[
y(x, λ)]}

λ=µ+iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,¢ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = µ+ iβ
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3.5. Ǒ®áâà®¥­¨¥ à¥è¥­¨© ãà ¢­¥­¨© á® á¯¥æ¨ «ì­®© ¯à ¢®© ç áâìî 61�§ ¯. 15 â ¡«¨æë 4 á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï
y(x) + ∫ ∞

x
K(x− t)y(t) dt = A sin(λx) (9)¤ ¥âáï ä®à¬ã«®©

y(x) = A

B2
 +B2s [
B
 sin(λx)− Bs 
os(λx)],

B
 = 1 + ∫ ∞0 K(−z) 
os(λz) dz, Bs = ∫ ∞0 K(−z) sin(λz) dz.3.5-3. Ǒ®à®�¤ îé ï äã­ªæ¨ï áâ¥¯¥­­®£® ¢¨¤ � áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á® áâ¥¯¥­­®© ¯à ¢®© ç áâìîL [y℄ = xλ. (10)�ã¤¥¬ áç¨â âì, çâ® ¥£® à¥è¥­¨¥ ¨§¢¥áâ­® ¨ ¤ ¥âáï ä®à¬ã«®© (2). � â ¡«¨æ¥ 5¯à¨¢¥¤¥­ë à¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á à §«¨ç­®© ¯à ¢®© ç áâìî, ª®â®àë¥¢ëà � îâáï ç¥à¥§ à¥è¥­¨¥ ãà ¢­¥­¨ï (10).������� 5�¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á ¯®à®�¤ îé¥© äã­ªæ¨¥© áâ¥¯¥­­®£® ¢¨¤ 
N0 Ǒà ¢ ï ç áâì f(x) �¥è¥­¨¥ y � ª ¯®«ãç¥­®1 xλ y(x, λ) �áå®¤­®¥ ãà ¢­¥­¨¥2 n∑

k=0Akxk n∑

k=0Aky(x, k) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨3 A lnx+B A
d

dλ

[
y(x, λ)]

λ=0+By(x, 0) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨¨ à¥§ã«ìâ â®¢ ¯. 44 A lnn x,
n = 0, 1, 2, . . . A

{
dn

dλn

[
y(x, λ)]}

λ=0 �«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢¯. 5 ¯à¨ λ = 05 Axnxλ,
n = 0, 1, 2, . . . A

dn

dλn

[
y(x, λ)] �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ6 A 
os(β lnx) ARe[y(x, iβ)] �ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = iβ7 A sin(β lnx) A Im[

y(x, iβ)] �ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = iβ8 Axµ 
os(β ln x) ARe[y(x, µ+ iβ)] �ë¤¥«¥­¨¥ ¤¥©áâ¢¨â¥«ì­®©ç áâ¨ ¯à¨ λ = µ+ iβ9 Axµ sin(β ln x) A Im[
y(x, µ+ iβ)] �ë¤¥«¥­¨¥ ¬­¨¬®©ç áâ¨ ¯à¨ λ = µ+ iβǑà¨¬¥à 2. �¥è¥­¨¥ ãà ¢­¥­¨ï á® áâ¥¯¥­­®© ¯à ¢®© ç áâìî

y(x) + ∫ x0 1
x
K

( t

x

)
y(t) dt = xλ
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62 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)¨é¥¬ ¢ ¢¨¤¥ y(x, λ) = kxλ ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

y(x, λ) = 11 +B(λ) xλ, B(λ) = ∫ 10 K(t)tλ dt.�§ ¯. 3 â ¡«¨æë 5 á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï á «®£ à¨ä¬¨ç¥áª®© ¯à ¢®© ç áâìî
y(x) + ∫ x0 1

x
K

( t

x

)
y(t) dt = A lnx¨¬¥¥â ¢¨¤

y(x) = A1 + I0 lnx− AI1(1 + I0)2 ,
I0 = ∫ 10 K(t) dt, I1 = ∫ 10 K(t) ln t dt.3.5-4. Ǒ®à®�¤ îé ï äã­ªæ¨ï, á®¤¥à� é ï á¨­ãáë ¨«¨ ª®á¨­ãáë� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á á¨­ãá®¨¤ «ì­®© ¯à ¢®© ç áâìîL [y℄ = sin(λx). (11)�ã¤¥¬ áç¨â âì, çâ® ¥£® à¥è¥­¨¥ ¨§¢¥áâ­® ¨ ¤ ¥âáï ä®à¬ã«®© (2). � â ¡«¨æ¥ 6¯à¨¢¥¤¥­ë à¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á à §«¨ç­®© ¯à ¢®© ç áâìî, ª®â®àë¥¢ëà � îâáï ç¥à¥§ à¥è¥­¨¥ ãà ¢­¥­¨ï (11).������� 6�¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á á¨­ãá®¨¤ «ì­®© ¯®à®�¤ îé¥© äã­ªæ¨¥©

N0 Ǒà ¢ ï ç áâì f(x) �¥è¥­¨¥ y � ª ¯®«ãç¥­®1 sin(λx) y(x, λ) �áå®¤­®¥ ãà ¢­¥­¨¥2 n∑

k=1Ak sin(λkx) n∑

k=1Aky(x, λk) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨3 Axm,
m = 1, 3, 5, . . . A(−1) m−12 [ dm

dλm
y(x, λ)]

λ=0 �«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢¯. 5 ¯à¨ λ = 04 Axm sin(λx),
m = 2, 4, 6, . . . A(−1) m2 dm

dλm
y(x, λ) �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ5 Axm 
os(λx),

m = 1, 3, 5, . . . A(−1) m−12 dm

dλm
y(x, λ) �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ6 sh(βx) −i y(x, iβ) �¢ï§ì á £¨¯¥à¡®«¨ç¥áª¨¬á¨­ãá®¬, λ = iβ7 xm sh(βx),

m = 2, 4, 6, . . . i (−1) m+22 [ dm

dλm
y(x, λ)]

λ=iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,á¢ï§ì á £¨¯¥à¡®«¨ç¥áª¨¬á¨­ãá®¬, λ = iβ� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á ª®á¨­ãá®¨¤ «ì­®© ¯à ¢®© ç áâìîL [y℄ = 
os(λx). (12)�ã¤¥¬ áç¨â âì, çâ® ¥£® à¥è¥­¨¥ ¨§¢¥áâ­® ¨ ¤ ¥âáï ä®à¬ã«®© (2). � â ¡«¨æ¥ 7¯à¨¢¥¤¥­ë à¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á à §«¨ç­®© ¯à ¢®© ç áâìî, ª®â®àë¥¢ëà � îâáï ç¥à¥§ à¥è¥­¨¥ ãà ¢­¥­¨ï (12).
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3.6. �¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© 63������� 7�¥è¥­¨ï ãà ¢­¥­¨ï L [y℄ = f(x) á ª®á¨­ãá®¨¤ «ì­®© ¯®à®�¤ îé¥© äã­ªæ¨¥©
N0 Ǒà ¢ ï ç áâì f(x) �¥è¥­¨¥ y � ª ¯®«ãç¥­®1 
os(λx) y(x, λ) �áå®¤­®¥ ãà ¢­¥­¨¥2 n∑

k=1Ak 
os(λkx) n∑

k=1Aky(x, λk) �«¥¤áâ¢¨¥ «¨­¥©­®áâ¨3 Axm,
m = 0, 2, 4, . . . A(−1) m2 [ dm

dλm
y(x, λ)]

λ=0 �«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢¯. 4 ¯à¨ λ = 04 Axm 
os(λx),
m = 2, 4, 6, . . . A(−1) m2 dm

dλm
y(x, λ) �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ5 Axm sin(λx),

m = 1, 3, 5, . . . A(−1) m+12 dm

dλm
y(x, λ) �¨ää¥à¥­æ¨à®¢ ­¨¥¯® ¯ à ¬¥âàã λ6 
h(βx) y(x, iβ) �¢ï§ì á £¨¯¥à¡®«¨ç¥áª¨¬ª®á¨­ãá®¬, λ = iβ7 xm 
h(βx),

m = 2, 4, 6, . . . (−1) m2 [ dm

dλm
y(x, λ)]

λ=iβ �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® λ,á¢ï§ì á £¨¯¥à¡®«¨ç¥áª¨¬ª®á¨­ãá®¬, λ = iβ3.6. �¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨©3.6-1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï*� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ § ¯¨áë¢ âì ¢¢¨¤¥ L [y(x)℄ = f(x), (1)£¤¥ L|­¥ª®â®àë© «¨­¥©­ë© (¨­â¥£à «ì­ë©) ®¯¥à â®à, y(x)|­¥¨§¢¥áâ­ ï äã­ª-æ¨ï, f(x)|¨§¢¥áâ­ ï äã­ªæ¨ï.� ¤ ¤¨¬ ¯®ª  ¯à®¨§¢®«ì­® ­¥ª®â®à®¥ ¯à®¡­®¥ à¥è¥­¨¥
y0 = y0(x, λ), (2)§ ¢¨áïé¥¥ ®â ¢á¯®¬®£ â¥«ì­®£® ¯ à ¬¥âà  λ (áç¨â ¥âáï, çâ® ®¯¥à â®à L ­¥ § ¢¨á¨â®â λ ¨ y0 6≡ 
onst). �§ ãà ¢­¥­¨ï (1) ®¯à¥¤¥«¨¬ ¯à ¢ãî ç áâì, ª®â®à ï ¡ã¤¥âá®®â¢¥âáâ¢®¢ âì ¯à®¡­®¬ã à¥è¥­¨î (2):

f0(x, λ) = L [y0(x, λ)℄.�¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1) ¯à¨ y=y0 ¨ f =f0 ­  ­¥ª®â®àãî äã­ªæ¨î ϕ(λ),  § â¥¬ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¯® λ ­  ®âà¥§ª¥ [a, b℄. � à¥§ã«ìâ â¥¯®«ãç¨¬ L [yϕ(x)℄ = fϕ(x), (3)£¤¥
yϕ(x) = ∫ b

a

y0(x, λ)ϕ(λ) dλ, fϕ(x) = ∫ b

a

f0(x, λ)ϕ(λ) dλ. (4)�§ ä®à¬ã« (3), (4) á«¥¤ã¥â, çâ® ¤«ï ¯à ¢®© ç áâ¨ f = fϕ(x), à¥è¥­¨¥¬ ¨áå®¤-­®£® ãà ¢­¥­¨ï (1) ¡ã¤¥â y = yϕ(x). �  áç¥â ¯à®¨§¢®«  ¢ ¢ë¡®à¥ äã­ªæ¨¨ ϕ(λ) (¨®âà¥§ª  ¨­â¥£à¨à®¢ ­¨ï) äã­ªæ¨î fϕ(x) ¢ ¯à¨­æ¨¯¥ ¬®�­® á¤¥« âì «î¡®©. �á-­®¢­ ï ¯à®¡«¥¬  §¤¥áì á®áâ®¨â ¢ â®¬, ª ª ¯®¤®¡à âì äã­ªæ¨î ϕ(λ), çâ®¡ë ¯®«ã-ç¨âì § ¤ ­­ãî äã­ªæ¨î fϕ(x). �âã ¯à®¡«¥¬ã ¬®�­® à¥è¨âì, ¥á«¨ ã¤ ¥âáï ­ ©â¨* �® çâ¥­¨ï íâ®£® à §¤¥«  ¯®«¥§­® ¯à®á¬®âà¥âì à §¤. 3.5.
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64 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)â ª®¥ ¯à®¡­®¥ à¥è¥­¨¥, ¤«ï ª®â®à®£® ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (1) ¡ã¤¥â ï¤à®¬ ¨§-¢¥áâ­®£® ®¡à â­®£® ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï (â ª®¥ ¯à®¡­®¥ à¥è¥­¨¥ ¡ã¤¥¬®¡®§­ ç âì Y (x, λ) ¨ ­ §ë¢ âì ¬®¤¥«ì­ë¬ à¥è¥­¨¥¬).3.6-2. �¯¨á ­¨¥ ¬¥â®¤ �¥©áâ¢¨â¥«ì­®, ¯ãáâì P | ­¥ª®â®à®¥ ®¡à â¨¬®¥ ¨­â¥£à «ì­®¥ ¯à¥®¡à §®¢ -­¨¥, ª®â®à®¥ «î¡®© äã­ªæ¨¨-®à¨£¨­ «ã f(x) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¨ ¨§®¡à �¥-­¨¥ F (λ) ¯® ¯à ¢¨«ã

F (λ) = P{f(x)}. (5)�ç¨â ¥¬, çâ® ®¡à â­®¥ ¨­â¥£à «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ P−1 ¨¬¥¥â ï¤à® ψ(x, λ) ¨¤¥©áâ¢ã¥â á«¥¤ãîé¨¬ ®¡à §®¬:
P−1{F (λ)} = f(x), P−1{F (λ)} ≡

∫ b

a

F (λ)ψ(x, λ) dλ. (6)Ǒà¥¤¥«ë a ¨ b ¨ ¯ãâì ¨­â¥£à¨à®¢ ­¨ï ¢ (6) ¬®£ãâ «¥� âì ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨.Ǒãáâì ã¤ «®áì ­ ©â¨ ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y (x, λ) ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ïãà ¢­¥­¨ï (1), ¢ ¯à ¢®© ç áâ¨ ª®â®à®£® áâ®¨â ï¤à® ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ïP−1:L [Y (x, λ)℄ = ψ(x, λ). (7)�¬­®�¨¬ ®¡¥ ç áâ¨ (7) ­  F (λ),   § â¥¬ ¯à®¨­â¥£à¨àã¥¬ ¯® λ ¢ â¥å �¥ ¯à¥¤¥« å,ª®â®àë¥ áâ®ïâ ¢ ®¡à â­®¬ ¯à¥®¡à §®¢ ­¨¨ (6). �ç¨âë¢ ï, çâ® ®¯¥à â®à L ­¥§ ¢¨á¨â ®â λ ¨ ¨á¯®«ì§ãï à ¢¥­áâ¢® P−1 {F (λ)} = f(x), ¯®«ãç¨¬L [∫ b

a

Y (x, λ)F (λ)dλ] = f(x).�âáî¤  á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x)¢ëà � ¥âáï ç¥à¥§ à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (7) ¯®ä®à¬ã«¥
y(x) = ∫ b

a

Y (x, λ)F (λ) dλ, (8)£¤¥ F (λ) | ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ -­¨ï (5).� ª ç¥áâ¢¥ ¯à ¢®© ç áâ¨ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (7) ¬®�­®, ­ ¯à¨¬¥à,¢§ïâì íªá¯®­¥­æ¨ «ì­ãî, áâ¥¯¥­­ãî ¨ âà¨£®­®¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨, ª®â®àë¥ á®-®â¢¥âáâ¢¥­­® ï¢«ïîâáï ï¤à ¬¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á , �¥««¨­ , á¨­ãá¨ ª®á¨­ãá ¯à¥®¡à §®¢ ­¨© �ãàì¥ (á â®ç­®áâì ¤® ¯®áâ®ï­­®£® ¬­®�¨â¥«ï). � àï-¤¥ á«ãç ¥¢ ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢ ã¤ ¥âáï áà ¢­¨â¥«ì­® ¯à®áâ®­ ©â¨ ¬®¤¥«ì­®¥ à¥è¥­¨¥ (§ ¤ ¢ ¥£® áâàãªâãàã). Ǒ®á«¥ íâ®£® ¤«ï ¯®áâà®¥­¨ï à¥-è¥­¨ï ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî ¬®�­® ¨á¯®«ì§®¢ âì ä®à¬ã«ë,¢ë¯¨á ­­ë¥ ¤ «¥¥ ¢ ¯¯. 3.6-3{3.6-6.3.6-3. �®¤¥«ì­®¥ à¥è¥­¨¥ ¤«ï íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâ¨Ǒãáâì ã¤ «®áì ¯®¤®¡à âì ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y = Y (x, λ), á®®â¢¥âáâ¢ãîé¥¥íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâ¨:L [Y (x, λ)℄ = eλx. (9)� áá¬®âà¨¬ ¤¢  á«ãç ï.
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3.6. �¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© 651◦. �à ¢­¥­¨¥ ­  ¯®«ã®á¨, 06 x<∞.�¡®§­ ç¨¬ ~f(p) ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x),¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á :~f(p) = L{f(x)}, L{f(x)} ≡
∫ ∞0 f(x)e−px dx. (10)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ëà � ¥âáï ç¥à¥§à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®©ç áâìî (9) ¯à¨ λ = p ¯® ä®à¬ã«¥

y(x) = 12πi ∫ c+i∞
c−i∞

Y (x, p)~f(p) dp. (11)2◦. �à ¢­¥­¨¥ ­  ¢á¥© ®á¨, −∞ < x < ∞. �¡®§­ ç¨¬ ~f(u) ¨§®¡à �¥­¨¥ äã­ª-æ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥:~f(u) = F{f(x)}, F{f(x)} ≡ 1√2π ∫ ∞

−∞

f(x)e−iux dx. (12)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ëà � ¥âáï ç¥à¥§à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®©ç áâìî (9) ¯à¨ λ = i u ¯® ä®à¬ã«¥
y(x) = 1√2π ∫ ∞

−∞

Y (x, iu)~f(u) du. (13)�«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «®¢ ¢ ¯à ¢ëå ç áâïå ä®à¬ã« (11) ¨ (13) ¨á¯®«ì§ãîâ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®, ¢ª«îç ï «¥¬¬ã �®à¤ ­  ¨â¥®à¥¬ã ® ¢ëç¥â å (á¬. ¯¯. 1.1-4 ¨ 1.1-5).� ¬¥ç ­¨¥ 1. �®¤¥«ì­®¥ à¥è¥­¨¥ Y (x, λ) ¬®�¥â ¨¬¥âì áâàãªâãàã, ®â«¨ç­ãî®â ï¤à  ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï � ¯« á  ¨«¨ �ãàì¥.� ¬¥ç ­¨¥ 2. Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ãª § ­­®£® ¬¥â®¤  ­¥ ®¡ï§ â¥«ì­® §­ âì«¥¢ãî ç áâì ãà ¢­¥­¨ï (1) (ãà ¢­¥­¨¥ ¬®�¥â ¡ëâì ¨­â¥£à «ì­ë¬, ¤¨ää¥à¥­æ¨- «ì­ë¬, äã­ªæ¨®­ «ì­ë¬ ¨ ¤à.), ¥á«¨ ¨§¢¥áâ­® ¥£® ç áâ­®¥ à¥è¥­¨¥ ¤«ï íªá¯®-­¥­æ¨ «ì­®© ¯à ¢®© ç áâ¨. Ǒà¨ íâ®¬ ¢ �­  «¨èì á ¬ ï ®¡é ï ¨­ä®à¬ æ¨ï, çâ®ãà ¢­¥­¨¥ «¨­¥©­® ¨ ¥£® «¥¢ ï ç áâì ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  λ.� ¬¥ç ­¨¥ 3. �ª § ­­ë© ¬¥â®¤ ¬®�¥â ¨á¯®«ì§®¢ âìáï â ª�¥ ¯à¨ à¥è¥-­¨¨ «¨­¥©­ëå ¨­â¥£à «ì­ëå (¤¨ää¥à¥­æ¨ «ì­ëå, ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ¨äã­ªæ¨®­ «ì­ëå) ãà ¢­¥­¨© á® á«®�­ë¬  à£ã¬¥­â®¬ ã ¨áª®¬®© äã­ªæ¨¨.Ǒà¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬
y(x) + ∫ ∞

x
K(x− t)y(t) dt = f(x). (14)�â® ãà ¢­¥­¨¥ ­¥«ì§ï à¥è¨âì ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­®£® ¯à¨¬¥­¥­¨ï ¯à¥®¡à §®¢ ­¨ï � ¯« -á , â ª ª ª §¤¥áì â¥®à¥¬  ® á¢¥àâª¥ ­¥ ¯à¨¬¥­¨¬ .� á®®â¢¥âáâ¢¨¨ á ¬¥â®¤®¬ ¬®¤¥«ì­ëå à¥è¥­¨© à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥á íªá¯®­¥­æ¨ «ì­®© ¯à ¢®© ç áâìî

y(x) + ∫ ∞

x
K(x− t)y(t) dt = epx. (15)�£® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤ (á¬. ¯à¨¬¥à 1 ¨§ ¯. 3.5-2)

Y (x, p) = 11 + ~K(−p) epx, ~K(−p) = ∫ ∞0 K(−z)epz dz. (16)
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66 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)�âáî¤  á ¯®¬®éìî ä®à¬ã«ë (11) ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (12) ¤«ï ¯à®¨§¢®«ì­®© ¯à ¢®©ç áâ¨

y(x) = 12πi ∫ c+i∞
c−i∞

~f (p)1 + ~K(−p) epx dp, (17)£¤¥ ~f(p)|¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á  (10)(á¬. â ª�¥ à §¤. 3.11).�â¬¥â¨¬, çâ® ¡®«¥¥ á«®�­ë¬ ¯ãâ¥¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (12) ¡ë«® ¯®«ãç¥­® ¢ ª­¨£¥�. �. �à á­®¢ , �. �. �¨á¥«¥¢ , �. �. � ª à¥­ª® (1968, áâà. 42, 43).3.6-4. �®¤¥«ì­®¥ à¥è¥­¨¥ ¤«ï áâ¥¯¥­­®© ¯à ¢®© ç áâ¨Ǒãáâì ã¤ «®áì ¯®¤®¡à âì ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y = Y (x, s), á®®â¢¥âáâ¢ãîé¥¥áâ¥¯¥­­®© ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ïL [Y (x, s)℄ = x−s, λ = −s. (18)�¡®§­ ç¨¬ f̂(s) ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ -­¨ï �¥««¨­ 
f̂(s) = M{f(x)}, M{f(x)} ≡

∫ ∞0 f(x)xs−1 dx. (19)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ëà � ¥âáï ç¥à¥§à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï á® áâ¥¯¥­­®© ¯à ¢®© ç -áâìî (18) ¯® ä®à¬ã«¥
y(x) = 12πi ∫ c+i∞

c−i∞

Y (x, s)f̂(s) ds. (20)�«ï ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (20)¨á¯®«ì§ãîâ ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®, ¢ª«îç ï «¥¬¬ã�®à¤ ­  ¨ â¥®à¥¬ã ® ¢ëç¥â å (á¬. ¯¯. 1.1-4 ¨ 1.1-5).Ǒà¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ x0 1

x
K

( t

x

)
y(t) dt = f(x). (21)� á®®â¢¥âáâ¢¨¨ á ¬¥â®¤®¬ ¬®¤¥«ì­ëå à¥è¥­¨© à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ á®áâ¥¯¥­­®© ¯à ¢®© ç áâìî

y(x) + ∫ x0 1
x
K

( t

x

)
y(t) dt = x−s . (22)�£® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤ (á¬. ¯à¨¬¥à 2 ¨§ ¯. 3.5-3 ¯à¨ λ = −s)

Y (x, s) = 11 +B(s) x−s , B(s) = ∫ 10 K(t)t−s dt. (23)�âáî¤  ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (20) ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (21) ¤«ï ¯à®¨§¢®«ì­®©¯à ¢®© ç áâ¨
y(x) = 12πi ∫ c+i∞

c−i∞

f̂ (s)1 + B(s) x−s ds, (24)£¤¥ f̂(s) | ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �¥««¨-­  (19).
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3.6. �¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© 673.6-5. �®¤¥«ì­®¥ à¥è¥­¨¥ ¤«ï á¨­ãá®¨¤ «ì­®© ¯à ¢®© ç áâ¨Ǒãáâì ã¤ «®áì ¯®¤®¡à âì ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y = Y (x, u), á®®â¢¥âáâ¢ãîé¥¥á¨­ãáã ¢ ¯à ¢®© ç áâ¨: L [Y (x, u)℄ = sin(ux), λ = u. (25)�¡®§­ ç¨¬ �fs(u) ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ­¥á¨¬¬¥â-à¨ç­®© ä®à¬ë á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥:�fs(u) = Fs{f(x)}, Fs{f(x)} ≡
∫ ∞0 f(x) sin(ux) dx. (26)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ëà � ¥âáï ç¥à¥§à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï á á¨­ãá®¨¤ «ì­®© ¯à ¢®©ç áâìî (25) ¯® ä®à¬ã«¥

y(x) = 2
π

∫ ∞0 Y (x, u)�fs(u) du. (27)3.6-6. �®¤¥«ì­®¥ à¥è¥­¨¥ ¤«ï ª®á¨­ãá®¨¤ «ì­®© ¯à ¢®© ç áâ¨Ǒãáâì ã¤ «®áì ¯®¤®¡à âì ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y = Y (x, u), á®®â¢¥âáâ¢ãîé¥¥ª®á¨­ãáã ¢ ¯à ¢®© ç áâ¨:L [Y (x, u)℄ = 
os(ux), λ = u. (28)�¡®§­ ç¨¬ �f
(u) ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ­¥á¨¬¬¥â-à¨ç­®© ä®à¬ë ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥:�f
(u) = F
{f(x)}, F
{f(x)} ≡
∫ ∞0 f(x) 
os(ux) dx. (29)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ¢ëà � ¥âáï ç¥à¥§à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï á ª®á¨­ãá®¬ ¢ ¯à ¢®© ç -áâ¨ (28) ¯® ä®à¬ã«¥

y(x) = 2
π

∫ ∞0 Y (x, u)�f
(u) du. (30)3.6-7. �¥ª®â®àë¥ ®¡®¡é¥­¨ï� ª ¨ à ­¥¥, ¡ã¤¥¬ áç¨â âì, çâ® P | ®¡à â¨¬®¥ ¯à¥®¡à §®¢ ­¨¥, ª®â®à®¥«î¡®© äã­ªæ¨¨-®à¨£¨­ «ã f(x) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¨§®¡à �¥­¨¥ F (λ) ¯®¯à ¢¨«ã (5). �¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (6).Ǒãáâì ã¤ «®áì ­ ©â¨ ¬®¤¥«ì­®¥ à¥è¥­¨¥ Y (x, λ) á«¥¤ãîé¥© ¢á¯®¬®£ â¥«ì­®©§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1): Lx [Y (x, λ)℄ = Hλ [ψ(x, λ)℄. (31)� ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (31) áâ®¨â ­¥ª®â®àë© ®¡à â¨¬ë© «¨­¥©­ë© (¨­â¥-£à «ì­ë©, ¤¨ää¥à¥­æ¨ «ì­ë© ¨«¨ äã­ªæ¨®­ «ì­ë©) ®¯¥à â®à, ª®â®àë© ­¥ § ¢¨-á¨â ®â ¯¥à¥¬¥­­®© x ¨ ¤¥©áâ¢ã¥â ¯® ¯ à ¬¥âàã λ ­  ï¤à® ®¡à â­®£® ¯à¥®¡à §®-¢ ­¨ï ψ(x, λ), 
¬. ä®à¬ã«ã (6). �«ï ­ £«ï¤­®áâ¨ ®¯¥à â®à ¢ «¥¢®© ç áâ¨ ãà ¢­¥-­¨ï (31) ¯®¬¥ç¥­ ¨­¤¥ªá®¬ x (®­ ¤¥©áâ¢ã¥â ¯® ¯¥à¥¬¥­­®© x ¨ ­¥ § ¢¨á¨â ®â λ).Ǒ®¤¥©áâ¢ã¥¬ ­  ®¡¥ ç áâ¨ (31) ®¡à â­ë¬ ®¯¥à â®à®¬ H−1
λ . � à¥§ã«ìâ â¥ ¢¯à ¢®© ç áâ¨ ¯®«ãç¨¬ ï¤à® ψ(x, λ),   ¢ «¥¢®© ç áâ¨ ¯¥à¥áâ ¢¨¬ ®¯¥à â®àë ¯®¯à ¢¨«ã H−1

λ Lx = LxH−1
λ (íâ® ª ª ¯à ¢¨«® ¬®�­® á¤¥« âì, â ª ª ª ®¯¥à â®àë
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68 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)¤¥©áâ¢ãîâ ¯® à §«¨ç­ë¬ ¯¥à¥¬¥­­ë¬). �¬­®�¨¬ ¤ «¥¥ ®¡¥ ç áâ¨ ¯®«ãç¥­­®£®à ¢¥­áâ¢  ­  ¨§®¡à �¥­¨¥ F (λ),   § â¥¬ ¯à®¨­â¥£à¨àã¥¬ ¯® λ ¢ â¥å �¥ ¯à¥¤¥« å,ª®â®àë¥ áâ®ïâ ¢ ®¡à â­®¬ ¯à¥®¡à §®¢ ­¨¨ (6). � à¥§ã«ìâ â¥ á ãç¥â®¬ à ¢¥­áâ¢ 

P−1 {F (λ)} = f(x) ¯®«ãç¨¬Lx [∫ b

a

F (λ)H−1
λ [Y (x, λ)℄ dλ] = f(x). (32)�âáî¤  á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x)¢ ¯à ¢®© ç áâ¨ ¢ëà � ¥âáï ç¥à¥§ à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®¬®£ â¥«ì­®£®ãà ¢­¥­¨ï (31) ¯® ä®à¬ã«¥

y(x) = ∫ b

a

F (λ)H−1
λ [Y (x, λ)℄ dλ, (33)£¤¥ F (λ) | ¨§®¡à �¥­¨¥ äã­ªæ¨¨ f(x), ¯®«ãç¥­­®¥ á ¯®¬®éìî ¯à¥®¡à §®¢ -­¨ï P ¯® ä®à¬ã«¥ (5).� ª®© ¯®¤å®¤ §  áç¥â ¯à®¨§¢®«  ¢ ¢ë¡®à¥ ®¯¥à â®à  Hλ à áè¨àï¥â ¢®§¬®�­®-áâ¨ ¬¥â®¤  ¬®¤¥«ì­ëå à¥è¥­¨©.

©• �¨â¥à âãà : A. D. Polyanin, A. V. Manzhirov (1997, 1998).3.7. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨­â¥£à «ì­ëåãà ¢­¥­¨©� àï¤¥ á«ãç ¥¢ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ (®¤­®ªà â­®¥, ¤¢ãªà â­®¥ ¨ â. ¤.) ¨­â¥-£à «ì­ëå ãà ¢­¥­¨© 
 ¯®á«¥¤ãîé¨¬ ¨áª«îç¥­¨¥¬ ¨­â¥£à «ì­ëå ç«¥­®¢ á ¯®¬®-éìî ¨áå®¤­®£® ãà ¢­¥­¨ï ¯®§¢®«ï¥â á¢¥áâ¨ ¨å ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì-­ë¬ ãà ¢­¥­¨ï¬. �­®£¤  á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ã¤ ¥âáï á¢¥áâ¨ à áá¬ â-à¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ª ¡®«¥¥ ¯à®áâ®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î, à¥è¥­¨¥ ª®â®-à®£® ¨§¢¥áâ­®. �¨�¥ ¯¥à¥ç¨á«¥­ë ­¥ª®â®àë¥ ª« ááë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ª®-â®àë¥ á¢®¤ïâáï ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ á ¯®áâ®ï­­ë¬¨ª®íää¨æ¨¥­â ¬¨.3.7-1. �¤à® á®¤¥à�¨â áã¬¬ã íªá¯®­¥­â� áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ x

a

[ n∑

k=1Akeλk(x−t)]y(t) dt = f(x). (1)�â® ãà ¢­¥­¨¥ ¢ ®¡é¥¬ á«ãç ¥ ¬®�­® á¢¥áâ¨ ª «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª-­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨-æ¨¥­â ¬¨.� è¨à®ª®¬ ¤¨ ¯ §®­¥ ¨§¬¥­¥­¨ï ¯ à ¬¥âà®¢ Ak, λk à¥è¥­¨¥ ¬®�­® ¯à¥¤áâ -¢¨âì ¢ ¢¨¤¥:
y(x) = f(x) + ∫ x

a

[ n∑

k=1Bkeµk(x−t)]f(t) dt,£¤¥ ¯ à ¬¥âàë à¥è¥­¨ï Bk, µk á¢ï§ ­ë  «£¥¡à ¨ç¥áª¨¬¨ á®®â­®è¥­¨ï¬¨ á ¯ à -¬¥âà ¬¨ ãà ¢­¥­¨ï Ak, λk.Ǒà¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ x

a

[
A1eλ1(x−t) +A2eλ2(x−t)]y(t) dt = f(x).
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3.7. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 691◦. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï
I1 = ∫ x

a
eλ1(x−t)y(t) dt, I2 = ∫ x

a
eλ2(x−t)y(t) dt.Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ¤¢ �¤ë ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥. � à¥§ã«ìâ â¥ ¨¬¥¥¬ (¯¥à¢ë¬ § ¯¨á -­® ¨áå®¤­®¥ ãà ¢­¥­¨¥)

y +A1I1 +A2I2 = f, f = f(x), (2)
y′x + (A1 + A2)y +A1λ1I1 + A2λ2I2 = f ′x, (3)
y′′xx + (A1 + A2)y′x + (A1λ1 +A2λ2)y + A1λ21I1 +A2λ22I2 = f ′′xx. (4)�áª«îç ï ®âáî¤  ¢¥«¨ç¨­ë I1 ¨ I2, ¯à¨å®¤¨¬ ª «¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨- «ì­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

y′′xx+(A1+A2−λ1−λ2)y′x+(λ1λ2−A1λ2−A2λ1)y= f ′′xx−(λ1+λ2)f ′x+λ1λ2f. (5)Ǒ®¤áâ ¢«ïï §­ ç¥­¨¥ x = a ¢ à ¢¥­áâ¢  (2) ¨ (3), ¯®«ãç¨¬ ­ ç «ì­ë¥ ãá«®¢¨ï
y(a) = f(a), y′x(a) = f ′x(a) − (A1 + A2)f(a). (6)�¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (5) á ãá«®¢¨ï¬¨ (6) ¯®§¢®«ï¥â ­ ©â¨ à¥è¥­¨¥¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.2◦. � áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

µ2 + (A1 + A2 − λ1 − λ2)µ + λ1λ2 − A1λ2 −A2λ1 = 0, (7)ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ®¤­®à®¤­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (5) ¯à¨ f(x) ≡ 0.�âàãªâãà  à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï § ¢¨á¨â ®â §­ ª  ¤¨áªà¨¬¨­ ­â  ª¢ ¤à â­®£®ãà ¢­¥­¨ï (7):
D ≡ (A1 − A2 − λ1 + λ2)2 + 4A1A2.� á«ãç ¥ D > 0 ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ (7) ¨¬¥¥â ¤¥©áâ¢¨â¥«ì­ë¥ (¨ à §«¨ç­ë¥) ª®à­¨

µ1 ¨ µ2:
µ1 = 12 (λ1 + λ2 − A1 − A2) + 12 √

D, µ2 = 12 (λ1 + λ2 −A1 − A2)− 12 √
D.Ǒà¨ íâ®¬ à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

y(x) = f(x) + ∫ x

a

[
B1eµ1(x−t) +B2eµ2(x−t)]f(t) dt,£¤¥

B1 = A1 µ1 − λ2
µ2 − µ1 + A2 µ1 − λ1

µ2 − µ1 , B2 = A1 µ2 − λ2
µ1 − µ2 + A2 µ2 − λ1

µ1 − µ2 .� á«ãç ¥ D < 0 ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ (7) ¨¬¥¥â ª®¬¯«¥ªá­® á®¯àï�¥­­ë¥ ª®à­¨
µ1 = σ + iβ, µ2 = σ − iβ, σ = 12 (λ1 + λ2 − A1 −A2), β = 12 √

−D.Ǒà¨ íâ®¬ à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤
y(x) = f(x) + ∫ x

a

{
B1eσ(x−t) 
os[β(x− t)℄ +B2eσ(x−t) sin[β(x− t)℄}f(t) dt,£¤¥

B1 = −A1 − A2, B2 = 1
β

[
A1(λ2 − σ) +A2(λ1 − σ)].3.7-2. �¤à® á®¤¥à�¨â áã¬¬ã £¨¯¥à¡®«¨ç¥áª¨å äã­ªæ¨©�à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬ ¢¨¤ 

y(x) + ∫ x

a

K(x− t)y(t)dt = f(x),
K(x) = m∑

k=1Ak 
h(λkx) + s∑

k=1Bk sh(µkx), (8)á ¯®¬®éìî ä®à¬ã« 
h β = 12 (eβ + e−β) ¨ sh β = 12 (eβ − e−β) ¬®£ãâ ¡ëâì¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥ ãà ¢­¥­¨ï (1) ¯à¨ n = 2m + 2s. Ǒ®íâ®¬ã ®­¨ á¢®¤ïâáïª «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ á¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.
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70 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.7-3. �¤à® á®¤¥à�¨â áã¬¬ã âà¨£®­®¬¥âà¨ç¥áª¨å äã­ªæ¨©�à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬ ¢¨¤ 

y(x) + ∫ x

a

K(x− t)y(t) dt = f(x), K(x) = m∑

k=1Ak 
os(λkx), (9)
y(x) + ∫ x

a

K(x− t)y(t) dt = f(x), K(x) = m∑

k=1Ak sin(λkx), (10)â ª�¥ ¬®�­® á¢¥áâ¨ ª «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì-­ë¬ ãà ¢­¥­¨ï¬ 2n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.Ǒà¨¬¥à 2. � áá¬®âà¨¬ ¯®¤à®¡­¥¥ ãà ¢­¥­¨¥ (10).1◦. �¡®§­ ç¨¬
Ik(x) = ∫ x

a
sin[λk(x− t)℄y(t) dt. (11)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ (11) ¤¢ �¤ë ¯® x. � à¥§ã«ìâ â¥ ¨¬¥¥¬ (èâà¨å¨ ®¡®§­ ç îâ ¯à®¨§¢®¤-­ë¥ ¯® x)

I′k = λk

∫ x

a

os[λk(x− t)℄y(t) dt, I′′k = λky(x) − λ2k ∫ x

a
sin[λk(x− t)℄y(t) dt. (12)�§ á®¯®áâ ¢«¥­¨ï ä®à¬ã« (11) ¨ (12) ¯®«ãç¨¬ á¢ï§ì ¬¥�¤ã I′′k ¨ Ik:

I′′k = λky(x)− λ2kIk, Ik = Ik(x). (13)�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ¯®¬®éìî (11) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
y(x) + n∑

k=1AkIk = f(x). (14)�¨ää¥à¥­æ¨àãï (14) ¤¢ �¤ë ¯® x, á ãç¥â®¬ à ¢¥­áâ¢ (13) ¨¬¥¥¬
y′′xx(x) + σny(x) − n∑

k=1Akλ2kIk = f ′′xx(x), σn = n∑

k=1Akλk. (15)�áª«îç ï ¨­â¥£à « In ¨§ (14) ¨ (15), ¯®«ãç¨¬
y′′xx(x) + (σn + λ2n)y(x) + n−1∑

k=1Ak(λ2n − λ2k)Ik = f ′′xx(x) + λ2nf(x). (16)�¨ää¥à¥­æ¨àãï à ¢¥­áâ¢® (16) ¤¢ �¤ë ¯® x ¨ ¨áª«îç ï ¨­â¥£à « In−1 ¨§ ¯®«ãç¥­­®£® ¢ë-à �¥­¨ï á ¯®¬®éìî (16), ¯à¨¤¥¬ ª  ­ «®£¨ç­®¬ã à ¢¥­áâ¢ã, ¢ «¥¢®© ç áâ¨ ª®â®à®£® ¡ã¤¥âáâ®ïâì «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ç¥â¢¥àâ®£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨-æ¨¥­â ¬¨ (¤¥©áâ¢ãîé¨© ­  y) ¨ áã¬¬  ¢¨¤  n−2∑
k=1BkIk. Ǒà®¤®«� ï ¤ «¥¥ 
 ¯®¬®éìî ¤¢ã-ªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ á®®â­®è¥­¨ï (13) ¯®á«¥¤®¢ â¥«ì­® ¨áª«îç âì á« £ ¥¬ë¥

In−2, In−3, . . . , ¯à¨¤¥¬ ¢ ¨â®£¥ ª «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­-æ¨ «ì­®¬ã ãà ¢­¥­¨î á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¯®àï¤ª  2n.� ç «ì­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ y(x) ­ å®¤ïâáï ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ §­ ç¥­¨ï
x = a ¢ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¨ ¢á¥ ¥£® á«¥¤áâ¢¨ï, ¯®«ãç¥­­ë¥ á ¯®¬®éìî ¤¨ää¥à¥­æ¨-à®¢ ­¨ï.2◦. � ©¤¥¬ ª®à­¨ zk  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï

n∑

k=1 λkAk
z + λ2k + 1 = 0, (17)
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3.8. �¢¥¤¥­¨¥ ãà ¢­¥­¨© �®«ìâ¥àà  2-£® à®¤  ª ãà ¢­¥­¨ï¬ �®«ìâ¥àà  1-£® à®¤  71ª®â®à®¥ ¯®á«¥ ¯à¨¢¥¤¥­¨ï ª ®¡é¥¬ã §­ ¬¥­ â¥«î á¢®¤¨âáï ª § ¤ ç¥ ®¡ ®¯à¥¤¥«¥­¨¨ ª®à­¥©å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  n-© áâ¥¯¥­¨.Ǒãáâì ¢á¥ ª®à­¨ zk ãà ¢­¥­¨ï (17) ¤¥©áâ¢¨â¥«ì­ë, à §«¨ç­ë ¨ ­¥ à ¢­ë ­ã«î. �á¥ª®à­¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¨å §­ ª  à §®¡ì¥¬ ­  ¤¢¥ £àã¯¯ë:
z1 > 0, z2 > 0, . . . , zs > 0 (¯®«®�¨â¥«ì­ë¥ ª®à­¨);
zs+1 < 0, zs+2 < 0, . . . , zn < 0 (®âà¨æ â¥«ì­ë¥ ª®à­¨).�¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y(x)= f(x)+∫ x

a

{ s∑

k=1Bk sh[
µk(x−t)]+ n∑

k=s+1Ck sin[
µk(x−t)]}f(t) dt, µk =√

|zk|.(18)�®íää¨æ¨¥­âë Bk ¨ Ck ­ å®¤ïâáï ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©s∑

k=0 Bkµk
λ2m + µ2k + n∑

k=s+1 Ckµk
λ2m − µ2k − 1 = 0, µk = √

|zk|, m = 1, 2, . . . , n. (19)�«ãç © á ­ã«¥¢ë¬ ª®à­¥¬ zs = 0 à áá¬ âà¨¢ ¥âáï á ¯®¬®éìî ¢¢¥¤¥­¨ï ­®¢®© ¯®áâ®ï­-­®© D = Bsµs ¨ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  µs → 0. � à¥§ã«ìâ â¥ ¢ à¥è¥­¨¨ (18) ¢¬¥áâ® ç«¥­ 
Bs sh[

µs(x− t)] ¢®§­¨ª ¥â á« £ ¥¬®¥ D(x− t),   ¢ á¨áâ¥¬¥ (19) ¯®ï¢«ïîâáï á®®â¢¥âáâ¢ãî-é¨¥ á« £ ¥¬ë¥ Dλ−2
m .�à ¢­¥­¨¥ á à §­®áâ­ë¬ ï¤à®¬, á®¤¥à� é¨¬ áã¬¬ã ª®á¨­ãá®¢ ¨ á¨­ãá®¢,â ª�¥ á¢®¤¨âáï ª «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ããà ¢­¥­¨î á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.3.7-4. �¤à® á®¤¥à�¨â ª®¬¡¨­ æ¨¨ à §«¨ç­ëå äã­ªæ¨©�î¡®¥ ãà ¢­¥­¨¥ á à §­®áâ­ë¬ ï¤à®¬, á®¤¥à� é¨¬ «¨­¥©­ãî ª®¬¡¨­ æ¨îá« £ ¥¬ëå ¢¨¤ (x− t)m (m = 0, 1, 2, . . .), exp[

α(x− t)],
h[
β(x− t)], sh[

γ(x− t)], 
os[λ(x− t)], sin[
µ(x− t)], (20)â ª�¥ á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¬®�¥â ¡ëâì á¢¥¤¥­® ª «¨­¥©­®¬ã ­¥®¤-­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á ¯®áâ®ï­­ë¬¨ ª®íä-ä¨æ¨¥­â ¬¨. �ªá¯®­¥­æ¨ «ì­ ï, £¨¯¥à¡®«¨ç¥áª¨¥ ¨ âà¨£®­®¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨¬®£ãâ ¡ëâì ã¬­®�¥­ë â ª�¥ ­  (x− t)n (n = 1, 2, . . . ).� ¬¥ç ­¨¥. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï á ãá¯¥å®¬ ¬®�¥â ¨á¯®«ì§®¢ âìáïâ ª�¥ ¤«ï à¥è¥­¨ï ¡®«¥¥ á«®�­ëå ãà ¢­¥­¨© á ­¥à §­®áâ­ë¬ ï¤à®¬, ª ª®â®àë¬­¥¯à¨¬¥­¨¬® ¯à¥®¡à §®¢ ­¨¥ � ¯« á .3.8. �¢¥¤¥­¨¥ ãà ¢­¥­¨© �®«ìâ¥àà  ¢â®à®£® à®¤ ª ãà ¢­¥­¨ï¬ �®«ìâ¥àà  ¯¥à¢®£® à®¤ �à ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ 

y(x)− ∫ x

a

K(x, t)y(t) dt = f(x) (1)¬®�­® á¢¥áâ¨ ª ãà ¢­¥­¨î �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¤¢ã¬ï á¯®á®¡ ¬¨.
�âà ­¨æ  71



72 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.8-1. Ǒ¥à¢ë© á¯®á®¡Ǒà®¨­â¥£à¨àã¥¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1) ¯® x ®â a ¤® x,   § â¥¬ ¨§¬¥­¨¬¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¢ ¤¢®©­®¬ ¨­â¥£à «¥. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î�®«ìâ¥àà  ¯¥à¢®£® à®¤ 

∫ x

a

M(x, t)y(t)dt = F (x), (2)¢ ª®â®à®¬ ¨á¯®«ì§®¢ ­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
M(x, t) = 1 − ∫ x

t

K(s, t) ds, F (x) = ∫ x

a

f(t) dt. (3)3.8-2. �â®à®© á¯®á®¡Ǒãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ f(a) = 0. �®£¤  ãà ¢­¥­¨¥ (1) ¯à¨¢®¤¨âáï ª ãà ¢­¥-­¨î �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¤«ï ¯à®¨§¢®¤­®© ¨áª®¬®© äã­ªæ¨¨
∫ x

a

N(x, t)y′t(t) dt = f(x), y(a) = 0, (4)£¤¥
N(x, t) = 1− ∫ x

t

K(x, s) ds. (5)�¥©áâ¢¨â¥«ì­®, ¨­â¥£à¨àãï ¯® ç áâï¬ ¯à ¢ãî ç áâì (4) á ãç¥â®¬ ä®à¬ã«ë (5),¯à¨å®¤¨¬ ª ãà ¢­¥­¨î (1).� ¬¥ç ­¨¥. Ǒà¨ f(a) 6= 0 ¨§ ãà ¢­¥­¨ï (1) á«¥¤ã¥â, çâ® y(a) = f(a). � íâ®¬á«ãç ¥ § ¬¥­  z(x) = y(x)− f(a) ¯à¨¢®¤¨â ª ãà ¢­¥­¨î �®«ìâ¥àà  ¢â®à®£® à®¤ 
z(x)− ∫ x

a

K(x, t)z(t) dt = �(x), �(x) = f(x)− f(a) + f(a)∫ x

a

K(x, t) dt,¤«ï ¯à ¢®© ç áâ¨ ª®â®à®£® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ �(0) = 0 ¨ ª®â®à®¥ ã�¥ ¬®�¥â¡ëâì á¢¥¤¥­® ¢â®àë¬ á¯®á®¡®¬ ª ãà ¢­¥­¨î �®«ìâ¥àà  ¯¥à¢®£® à®¤ .
©• �¨â¥à âãà : �. �®«ìâ¥àà  (1982), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).3.9. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©3.9-1. �¡é ï áå¥¬ 1◦. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ 

y(x)− ∫ x

a

K(x, t)y(t)dt = f(x). (1)�ã¤¥¬ áç¨â âì, çâ® f(x) ­¥¯à¥àë¢­  ­  ®âà¥§ª¥ [a, b℄,   ï¤à® K(x, t) ­¥¯à¥àë¢­®¯à¨ a 6 x 6 b, a 6 t 6 x.�ã¤¥¬ ¨áª âì à¥è¥­¨¥ ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©. �«ï íâ®£®¯®«®�¨¬
y(x) = f(x) + ∞∑

n=1ϕn(x), (2)
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3.9. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© 73£¤¥ ϕn(x) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬
ϕ1(x) = ∫ x

a

K(x, t)f(t) dt,
ϕ2(x) = ∫ x

a

K(x, t)ϕ1(t) dt = ∫ x

a

K2(x, t)f(t) dt,
ϕ3(x) = ∫ x

a

K(x, t)ϕ2(t) dt = ∫ x

a

K3(x, t)f(t) dt, . . .�¤¥áì
Kn(x, t) = ∫ x

a

K(x, z)Kn−1(z, t) dz, (3)£¤¥ n = 2, 3, . . ., ¯à¨ç¥¬ K1(x, t) ≡ K(x, t), Kn(x, t) = 0 ¯à¨ t > x. �ã­ª-æ¨¨Kn(x, t), ¤ ¢ ¥¬ë¥ ä®à¬ã« ¬¨ (3), ­ §ë¢ îâáï ¨â¥à¨à®¢ ­­ë¬¨ ï¤à ¬¨. �«ï­¨å á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥
Kn(x, t) = ∫ x

a

Km(x, s)Kn−m(s, t) ds, (4)£¤¥ m|«î¡®¥ ­ âãà «ì­®¥ ç¨á«®, ¬¥­ìè¥¥ n.2◦. Ǒ®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨�¥­¨ï ¬®�­® ¯®áâà®¨âì ¨ ¯® ¤àã£®©, ¡®«¥¥ ®¡é¥©áå¥¬¥:
yn(x) = f(x) + ∫ x

a

K(x, t)yn−1(t) dt, n = 1, 2, . . . , (5)£¤¥ y0(x)|ª ª ï-«¨¡® ­¥¯à¥àë¢­ ï ­  [a, b℄ äã­ªæ¨ï. Ǒ®«ãç ¥¬ë¥ â ª¨¬ ®¡à §®¬äã­ªæ¨¨ y1(x), y2(x), . . . â ª�¥ ­¥¯à¥àë¢­ë ­  ®âà¥§ª¥ [a, b℄.Ǒà¨ á¤¥« ­­ëå ¢ëè¥ ¯à¥¤¯®«®�¥­¨ïå ®â­®á¨â¥«ì­® f(x) ¨ K(x, t) ¯®á«¥¤®-¢ â¥«ì­®áâì {yn(x)} áå®¤¨âáï ¯à¨ n → ∞ ª ­¥¯à¥àë¢­®¬ã à¥è¥­¨î y(x) ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï. �¤ ç­ë© ¢ë¡®à ó­ã«¥¢®£®� ¯à¨¡«¨�¥­¨ï y0(x) ¬®�¥â ¯à¨-¢¥áâ¨ ª ¡ëáâà®© áå®¤¨¬®áâ¨ ¯à®æ¥áá .�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ç áâ­®¬ á«ãç ¥ y0(x)= f(x) ¤ ­­ë© ¬¥â®¤ ¯¥à¥å®¤¨â¢ ¬¥â®¤, ¨§«®�¥­­ë© ¢ 1◦.� ¬¥ç ­¨¥ 1. �á«¨ ï¤à® K(x, t) ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬® ¢ ª¢ ¤à â¥
S = {a 6 x 6 b, a 6 t 6 b} ¨ f(x) ∈ L2(a, b), â® ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨-�¥­¨ï áå®¤ïâáï ¢ áà¥¤­¥¬ ª à¥è¥­¨î y(x) ∈ L2(a, b) ãà ¢­¥­¨ï (1) ¯à¨ «î¡®¬¢ë¡®à¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï y0(x) ∈ L2(a, b).3.9-2. �®à¬ã«  ¤«ï à¥§®«ì¢¥­âë�¥§®«ì¢¥­â  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ®¯à¥¤¥«ï¥âáï ç¥à¥§ ¨â¥à¨à®¢ ­­ë¥ï¤à  ä®à¬ã«®©

R(x, t) = ∞∑

n=1Kn(x, t), (6)£¤¥ áå®¤ïé¨©áï àï¤, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨, ­ §ë¢ ¥âáï àï¤®¬ �¥©¬ ­  ï¤-à  K(x, t). �¥è¥­¨¥ ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  (1) ¬®�¥â â¥¯¥àì ¡ëâì§ ¯¨á ­® ¢ âà ¤¨æ¨®­­®© ä®à¬¥
y(x) = f(x) + ∫ x

a

R(x, t)f(t) dt. (7)
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74 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)� ¬¥ç ­¨¥ 2. � á«ãç ¥ ï¤à  á® á« ¡®© ®á®¡¥­­®áâìî à¥è¥­¨¥ ãà ¢­¥­¨ï (1)¬®�¥â ¡ëâì ¯®«ãç¥­® à áá¬®âà¥­­ë¬ ¢ëè¥ ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨-�¥­¨©. Ǒà¨ íâ®¬ ï¤à  Kn(x, t), ­ ç¨­ ï á ­¥ª®â®à®£® §­ ç¥­¨ï n, ­¥¯à¥àë¢­ë.Ǒà¨ α < 12 ­¥¯à¥àë¢­ë¬ ¡ã¤¥â ã�¥ ï¤à® K2(x, t).

©• �¨â¥à âãà : �. �. �®¢¨ââ (1957), �. �. �¨å«¨­ (1959), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �¬¨à­®¢ (1974), �. �®«ìâ¥àà  (1982).3.10. �¥â®¤ ª¢ ¤à âãà3.10-1. �¡é ï áå¥¬  ¬¥â®¤ � áá¬®âà¨¬ «¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ 
y(x)− ∫ x

a

K(x, t)y(t) dt = f(x) (1)­  ®âà¥§ª¥ a6 x6 b, ¨ ¯à¨¬¥­¨¬ ¤«ï ¥£® à¥è¥­¨ï ¬¥â®¤ ª¢ ¤à âãà. �ã¤¥¬ áç¨â âìï¤à® ¨ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨.�  ®á­®¢ ­¨¨ ãà ¢­¥­¨ï (1) ­ ©¤¥¬, çâ® y(a)=f(a). �®§ì¬¥¬ ¯®áâ®ï­­ë© è £¨­â¥£à¨à®¢ ­¨ï h ¨ à áá¬®âà¨¬ ¤¨áªà¥â­®¥ ¬­®�¥áâ¢® â®ç¥ª xi = a + h(i − 1),
i = 1, 2, . . . , n. Ǒà¨ x = xi ãà ¢­¥­¨¥ (1) ¯à¨¬¥â ¢¨¤

y(xi)− ∫ xi

a

K(xi, t)y(t) dt = f(xi), i = 1, . . . , n. (2)� ¬¥­ïï ¨­â¥£à « ¢ (2) ª¢ ¤à âãà­®© ä®à¬ã«®© (á¬. ¯. 2.7-1) ¨ ¢ë¡¨à ï xj(j = 1, 2, . . . , i) ã§« ¬¨ ª¢ ¤à âãàë (¯® ¯¥à¥¬¥­­®© t), ¯®«ãç¨¬ á«¥¤ãîéãîá¨áâ¥¬ã ãà ¢­¥­¨©:
y(xi)− i∑

j=1AijK(xi, xj)y(xj) = f(xi) + εi[y℄, i = 2, . . . , n, (3)£¤¥Aij|ª®íää¨æ¨¥­âë ª¢ ¤à âãà­®© ä®à¬ã«ë ­  ®âà¥§ª¥ [a, xi℄, εi[y℄|®è¨¡ª  ¯¯à®ªá¨¬ æ¨¨. Ǒ®« £ ï εi[y℄ ¬ «ë¬¨ ¨ ®â¡à áë¢ ï ¨å, ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©-­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¢ ä®à¬¥
y1 = f1, yi −

i∑

j=1AijKijyj = fi, i = 2, . . . , n, (4)£¤¥ Kij = K(xi, xj) (j = 1, . . . , i), fi = f(xi), yj | ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï¨áª®¬®© äã­ªæ¨¨ y(x) ¢ ã§« å xi.�  ®á­®¢ ­¨¨ (4) ¯®«ãç¨¬ á«¥¤ãîéãî à¥ªãàà¥­â­ãî ä®à¬ã«ã:
y1 = f1, yi = fi + i−1∑

j=1AijKijyj1− AiiKii
, i = 2, . . . , n, (5)á¯à ¢¥¤«¨¢ãî ¯à¨ ãá«®¢¨¨ 1− AiiKii 6= 0, (6)ç¥£® ¢á¥£¤  ¬®�­® ¤®¡¨âìáï §  áç¥â ¢ë¡®à  ã§«®¢ ¨ ®¡¥á¯¥ç¥­¨ï ¤®áâ â®ç­®©¬ «®áâ¨ ª®íää¨æ¨¥­â®¢ Aii.
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3.11. �à ¢­¥­¨ï á ¡¥áª®­¥ç­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï 753.10-2. Ǒà¨¬¥­¥­¨¥ ä®à¬ã«ë âà ¯¥æ¨©� á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© âà ¯¥æ¨© (á¬. ¯. 2.7-1), ¨¬¥¥¬
Ai1 = Aii = 12 h, Ai2 = · · · = Ai,i−1 = h, i = 2, 3, . . . , n.�á¯®«ì§®¢ ­¨¥ ä®à¬ã«ë âà ¯¥æ¨© ¢ ®¡é¥© áå¥¬¥ ¬¥â®¤  ª¢ ¤à âãà ¤«ï à¥è¥­¨ï¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ¯®è -£®¢®¬ã  «£®à¨â¬ã:
y1 = f1, yi = fi + h

i−1∑
j=1 βjKijyj1− 12 hKii , i = 2, . . . , n,

xi = a+ (i− 1)h, n = b− a

h
+ 1, βj = { 12 ¯à¨ j = 1,1 ¯à¨ j > 1,£¤¥ ®¡®§­ ç¥­¨ï á®¢¯ ¤ îâ 
 ¢¢¥¤¥­­ë¬ ¢ ¯. 3.10-1. �®à¬ã«  âà ¯¥æ¨© ¤®áâ â®ç-­® ¯à®áâ , íää¥ªâ¨¢­  ¨ ç áâ® ¨á¯®«ì§ã¥âáï ­  ¯à ªâ¨ª¥. �¥ª®â®àë¥ ®á®¡¥­­®áâ¨¯à¨¬¥­¥­¨ï ¬¥â®¤  ª¢ ¤à âãà ¤«ï à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ¯¥à¥¬¥­-­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï ®â¬¥ç¥­ë ¢ ¯. 2.7-3.3.10-3. �«ãç © ¢ëà®�¤¥­­®£® ï¤à � á«ãç ¥ à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  á ¯à®¨§-¢®«ì­ë¬ ï¤à®¬ ¯® ¬¥à¥ ã¢¥«¨ç¥­¨ï ­®¬¥à  è £  ­ à áâ ¥â ¨ ®¡ê¥¬ ¢ëç¨á«¥­¨©.�á«¨ �¥ ï¤à® ®ª §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, â® ¢®§¬®�­® ¯®áâà®¥­¨¥  «£®à¨â¬®¢ á­¥¨§¬¥­­ë¬ ®¡ê¥¬®¬ ¢ëç¨á«¥­¨© ­  è £¥. �¥©áâ¢¨â¥«ì­®, ¤«ï ¢ëà®�¤¥­­®£® ï¤-à  K(x, t) = m∑

k=1 pk(x)qk(t) ãà ¢­¥­¨¥ (1) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
y(x) = m∑

k=1 pk(x)∫ x

a

qk(t)y(t)dt+ f(x).Ǒà¨¬¥­¥­¨¥ ä®à¬ã«ë âà ¯¥æ¨© ¯®§¢®«ï¥â ¯®«ãç¨âì á«¥¤ãîé¥¥ à¥ªãàà¥­â­®¥¢ëà �¥­¨¥ (á¬. ¯. 3.10-2):
y1 = f1, yi = fi + h

m∑
k=1 pki i−1∑

j=1 βjqkjyj1− 12 h m∑
k=1 pkiqki ,£¤¥ yi | ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï ¨áª®¬®© äã­ªæ¨¨ y(x) ¢ ã§« å xi, fi = f(xi),

pki = pk(xi), qki = qk(xi), ¨§ ª®â®à®£® ¢¨¤­®, çâ® ª®«¨ç¥áâ¢® ¢ëç¨á«¥­¨© ­ ª �¤®¬ è £¥ ®áâ ¥âáï ­¥¨§¬¥­­ë¬.
©• �¨â¥à âãà : �. �. �àë«®¢, �. �. �®¡ª®¢, Ǒ. �. �®­ áâëà­ë© (1984), �. �. �¥à« ­ì,�. �. �¨§¨ª®¢ (1986).3.11. �à ¢­¥­¨ï á ¡¥áª®­¥ç­ë¬ ¯à¥¤¥«®¬¨­â¥£à¨à®¢ ­¨ïǑà¥¤áâ ¢«ïîâ â ª�¥ ¨­â¥à¥á ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤  á ®¤­¨¬¯¥à¥¬¥­­ë¬,   ¤àã£¨¬ ¡¥áª®­¥ç­ë¬ ¯à¥¤¥« ¬¨, á®¤¥à� é¨¥ à §­®áâ­®¥ ï¤à®.�¤à  ¨ äã­ªæ¨¨ â ª¨å ãà ¢­¥­¨© ¬®£ãâ ­¥ ¯à¨­ ¤«¥� âì ®¯¨á ­­ë¬ ¢ ­ ç «¥£« ¢ë ª« áá ¬. � íâ®¬ á«ãç ¥ ¨å ¨áá«¥¤®¢ ­¨¥ ¯à®¢®¤¨âáï ¬¥â®¤®¬ ¬®¤¥«ì­ëåà¥è¥­¨© (á¬. à §¤. 3.6) ¨«¨ ¬¥â®¤®¬ á¢¥¤¥­¨ï ª ãà ¢­¥­¨ï¬ â¨¯  á¢¥àâª¨. �«ï®¯à¥¤¥«¥­­®áâ¨ à áá¬®âà¨¬ ¤ «¥¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤  á ¯¥à¥¬¥­­ë¬ ­¨�­¨¬¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï.
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76 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ x
a K(x, t)y(t) dt = f(x)3.11-1. �«ãç © ¯¥à¥¬¥­­®£® ­¨�­¥£® ¯à¥¤¥«  ¨­â¥£à¨à®¢ ­¨ï�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á ¯¥à¥¬¥­­ë¬ ­¨�­¨¬ ¯à¥¤¥«®¬ ¢á«ãç ¥ à §­®áâ­®£® ï¤à  ¨¬¥¥â ¢¨¤

y(x) + ∫ ∞

x

K(x− t)y(t) dt = f(x), 0 < x <∞. (1)�­® ¯à¨­æ¨¯¨ «ì­ë¬ ®¡à §®¬ ®â«¨ç ¥âáï ®â ãà ¢­¥­¨© �®«ìâ¥àà  ¢â®à®£® à®¤ ,à áá¬®âà¥­­ëå ¢ëè¥, ¤«ï ª®â®àëå à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �¥è¥­¨¥á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï
y(x) + ∫ ∞

x

K(x− t)y(t) dt = 0 (2)¬®�¥â ¡ëâì ¨ ­¥âà¨¢¨ «ì­ë¬.�®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (2) ®¯à¥¤¥«ïîâáï ª®à­ï¬¨á«¥¤ãîé¥£® âà ­áæ¥­¤¥­â­®£® (¨«¨  «£¥¡à ¨ç¥áª®£®) ãà ¢­¥­¨ï ®â­®á¨â¥«ì­®¯ à ¬¥âà  λ: ∫ ∞0 K(−z)e−λz dz = −1. (3)�¥¢ ï ç áâì íâ®£® ãà ¢­¥­¨ï ¥áâì ¨§®¡à �¥­¨¥ äã­ªæ¨¨ K(−z), ¯®«ãç¥­­®¥ á¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á  á ¯ à ¬¥âà®¬ λ.� ¯à¨¬¥à, ¯à®áâ®¬ã ¤¥©áâ¢¨â¥«ì­®¬ã ª®à­î λk ãà ¢­¥­¨ï (3) á®®â¢¥âáâ¢ã¥âá®¡áâ¢¥­­ ï äã­ªæ¨ï yk(x) = exp(−λkx). �¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥-­¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© «¨­¥©­ãî ª®¬¡¨­ æ¨î (á ¯à®¨§¢®«ì­ë¬¨ ¯®áâ®ï­­ë¬¨)á®¡áâ¢¥­­ëå äã­ªæ¨© ãà ¢­¥­¨ï (2).�¨�¥ ¢ ¯à¨¬¥à¥ 1 ¤ ­ë ®¡é¨¥ à¥è¥­¨ï ª®­ªà¥â­®£® ãà ¢­¥­¨ï â¨¯  (2) ¤«ïá«ãç ¥¢ ªà â­ëå ¨ ª®¬¯«¥ªá­ëå ª®à­¥© (3).�¡é¥¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï áã¬¬ã®¡é¥£® à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï (2) ¨ ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®£®ãà ¢­¥­¨ï (1).Ǒà¨¬¥à 1. � áá¬®âà¨¬ ®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ Ǒ¨ª à {�ãàá 
y(x) + A

∫ ∞

x
(t − x)ny(t) dt = 0, n = 0, 1, 2, . . . , (4)ª®â®à®¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (1) ¯à¨ K(z) = A(−z)n.�¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤
y(x) = m∑

k=1Ck exp(−λkx), (5)£¤¥ Ck|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, λk|ª®à­¨  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï
λn+1 +An! = 0, (6)ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î Reλk > 0 (m | ç¨á«® ª®à­¥© ãà ¢­¥­¨ï (6), ¤«ï ª®â®-àëå íâ® ãá«®¢¨¥ ¢ë¯®«­ï¥âáï). �à ¢­¥­¨¥ (6) ¥áâì ç áâ­ë© á«ãç © ãà ¢­¥­¨ï (3) ¯à¨

K(z) = A(−z)n. �®à­¨ ãà ¢­¥­¨ï (6), ¤«ï ª®â®àëå Reλk 6 0 ¤®«�­ë ¡ëâì ®â¡à®è¥­ë,¯®áª®«ìªã ¨­â¥£à « ¢ (3) ¤«ï ­¨å à áå®¤¨âáï.�à ¢­¥­¨¥ (6) ¨¬¥¥â ª®¬¯«¥ªá­ë¥ ª®à­¨. � áá¬®âà¨¬ ¤¢  á«ãç ï, ª®â®àë¥ á®®â¢¥âáâ¢ã-îâ à §­ë¬ §­ ª ¬ ¢¥«¨ç¨­ë A.1◦. Ǒãáâì A < 0. �¥è¥­¨¥ ãà ¢­¥­¨ï (4) ¨¬¥¥â ¢¨¤
y(x) = Ce−λx, λ = (

−An!) 1
n+1 , (7)£¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �â® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­® ¯à¨ n = 0, 1, 2, 3.
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3.11. �à ¢­¥­¨ï á ¡¥áª®­¥ç­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï 77Ǒà¨ n> 4, ¢ë¤¥«ïï ¢ (5) ¤¥©áâ¢¨â¥«ì­ãî ¨ ¬­¨¬ãî ç áâ¨, ¯à¨¤¥¬ ª ®¡é¥¬ã à¥è¥­¨î®¤­®à®¤­®£® ãà ¢­¥­¨ï Ǒ¨ª à {�ãàá  ¢ ä®à¬¥
y(x) = Ce−λx + [n/4℄∑

k=1 exp(−αkx)[C(1)
k 
os(βkx) + C

(2)
k sin(βkx)], (8)£¤¥ C(1)

k , C(2)
k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, [a℄|æ¥« ï ç áâì ç¨á«  a, λ ®¯à¥¤¥«¥­® ¢ (7),  ª®íää¨æ¨¥­âë αk ¨ βk ¤ îâáï ¢ëà �¥­¨ï¬¨
αk = |An!| 1

n+1 
os( 2πk
n+ 1 )

, βk = |An!| 1
n+1 sin( 2πk

n+ 1 )
.� ¬¥â¨¬, çâ® à¥è¥­¨¥ (8) á®¤¥à�¨â ­¥ç¥â­®¥ ç¨á«® á« £ ¥¬ëå.2◦. Ǒãáâì A > 0. �ë¤¥«ïï ¢ (5) ¤¥©áâ¢¨â¥«ì­ãî ¨ ¬­¨¬ãî ç áâ¨, ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥®¤­®à®¤­®£® ãà ¢­¥­¨ï Ǒ¨ª à {�ãàá  ¢ ä®à¬¥

y(x) = [
n+24 ]
∑

k=0 exp(−αkx)[C(1)
k 
os(βkx) + C

(2)
k sin(βkx)], (9)£¤¥ C(1)

k , C(2)
k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   ª®íää¨æ¨¥­âë αk ¨ βk ¤ îâáï ä®à¬ã« ¬¨

αk = (An!) 1
n+1 
os( 2πk + π

n+ 1 )
, βk = (An!) 1

n+1 sin( 2πk + π

n+ 1 )
.� ¬¥â¨¬, çâ® à¥è¥­¨¥ (9) á®¤¥à�¨â ç¥â­®¥ ç¨á«® á« £ ¥¬ëå. � ç áâ­ëå á«ãç ïå ¯à¨ n = 0¨ n = 1, ¢ëà �¥­¨¥ (9) ¯à¨¢®¤¨â ª âà¨¢¨ «ì­®¬ã à¥è¥­¨î y(x) ≡ 0.Ǒà¨¬¥à 2. � áá¬®âà¨¬ ­¥®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ Ǒ¨ª à {�ãàá 

y(x) + A

∫ ∞

x
(t− x)ny(t) dt = Be−µx, n = 0, 1, 2, . . . , (10)ª®â®à®¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (1) ¯à¨ K(z) = A(−z)n ¨ f(x) = Be−µx .�ã¤¥¬ áç¨â âì, çâ® µ > 0. � áá¬®âà¨¬ ¤¢  á«ãç ï.1◦. Ǒãáâì µn+1 +An! 6= 0. � áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤�y(x) = De−µx, D = Bµn+1

µn+1 + An! . (11)Ǒà¨ A < 0, ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï Ǒ¨ª à {�ãàá  ï¢«ï¥âáï áã¬¬®©à¥è¥­¨© (8) ¨ (11). Ǒà¨ A> 0, ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (10) ¥áâì áã¬¬  à¥è¥­¨© (9) ¨ (11).2◦. Ǒãáâì µn+1+An! = 0. Ǒ®áª®«ìªã µ ¯®«®�¨â¥«ì­®, â® A ¤®«�­® ¡ëâì ®âà¨æ â¥«ì­ë¬.� áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤�y(x) = Exe−µx, E = Bµn+2
A(n+ 1)! . (12)�¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï Ǒ¨ª à {�ãàá  ¥áâì áã¬¬  à¥è¥­¨© (8) ¨ (12).3.11-2. Ǒà¨¢¥¤¥­¨¥ ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¢â®à®£® à®¤ �à ¢­¥­¨¥ (1) ¬®�¥â ¡ëâì ¯à¨¢¥¤¥­® ª ®¤­®áâ®à®­­¥¬ã ãà ¢­¥­¨î ¢â®à®£®à®¤  â¨¯ 

y(x)− ∫ ∞0 K−(x− t)y(t)dt = f(x), 0 < x <∞, (13)£¤¥ ï¤à® K−(s) = 0 ¯à¨ s > 0 ¨ K−(s) = −K(s) ¯à¨ s < 0.�¥â®¤ë ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (13) ®¯¨á ­ë ¢ £« ¢¥ 5, £¤¥ à áá¬ âà¨¢ îâáïãà ¢­¥­¨ï ¢â®à®£® à®¤  á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨. � ¬ �¥ ¢ ¯. 5.9-3 ¨§ãç¥­®ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ¨ ¯¥à¥¬¥­­ë¬ ­¨�­¨¬ ¯à¥¤¥«®¬¨­â¥£à¨à®¢ ­¨ï ¯®áà¥¤áâ¢®¬ ¯à¨¢¥¤¥­¨ï ¥£® ª ãà ¢­¥­¨î �¨­¥à {�®¯ä  ¢â®à®£®à®¤ .
©• �¨â¥à âãà : �. �. � å®¢, �. �. �¥àáª¨© (1978).
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4. �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨©¢¨¤  ∫ b

a
K(x, t)y(t) dt = f(x)4.1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï4.1-1. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ �¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨¨­â¥£à¨à®¢ ­¨ï ¨¬¥îâ ä®à¬ã

∫ b

a

K(x, t)y(t) dt = f(x), (1)£¤¥ y(x)|­¥¨§¢¥áâ­ ï äã­ªæ¨ï (a6x6 b),K(x, t)| ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï, f(x)|­¥ª®â®à ï ¨§¢¥áâ­ ï äã­ªæ¨ï, ª®â®à ï ­ §ë¢ ¥âáï á¢®¡®¤­ë¬ ç«¥­®¬¨«¨ ¯à ¢®© ç áâìî ãà ¢­¥­¨ï (1). �ã­ªæ¨¨ y(x) ¨ f(x) ®¡ëç­® áç¨â îâ ­¥¯à¥-àë¢­ë¬¨, «¨¡® ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬¨ ­  [a, b℄. �á«¨ ï¤à® ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï (1) ­¥¯à¥àë¢­® ¢ ª¢ ¤à â¥ S = {a6 x6 b, a6 t6 b}, «¨¡® ª¢ ¤à â¨ç­®¨­â¥£à¨àã¥¬® ¢ íâ®¬ ª¢ ¤à â¥, â. ¥.
∫ b

a

∫ b

a

K2(x, t) dx dt = B2 <∞, (2)£¤¥B|¯®áâ®ï­­ ï, â® ¥£® ­ §ë¢ îâ äà¥¤£®«ì¬®¢ë¬ ï¤à®¬. �à ¢­¥­¨ï á ¯®áâ®ï­-­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï ¢¨¤  (1), ¨¬¥îé¨¥ äà¥¤£®«ì¬®¢® ï¤à®, ­ §ë¢ îâãà ¢­¥­¨ï¬¨ �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ .�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, ¥á«¨ ®­®¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ K(x, t) = g1(x)h1(t) + · · ·+ gn(x)hn(t).�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï à §­®áâ­ë¬, ¥á«¨ ®­®§ ¢¨á¨â ®â à §­®áâ¨  à£ã¬¥­â®¢: K(x, t) = K(x− t).�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) ­ §ë¢ ¥âáï á¨¬¬¥âà¨ç­ë¬, ¥á«¨ ®­®ã¤®¢«¥â¢®àï¥â ãá«®¢¨î K(x, t) = �(t, x).�­â¥£à «ì­®¥ ãà ¢­¥­¨¥, ¯®«ãç¥­­®¥ ¨§ (1) § ¬¥­®© ï¤à  K(x, t) ­  K(t, x),­ §ë¢ ¥âáï á®î§­ë¬ á (1) ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬ ª ­¥¬ã.� ¬¥ç ­¨¥ 1. � ®¡é¥¬ á«ãç ¥ ¯¥à¥¬¥­­ë¥ t ¨ x ¢ ãà ¢­¥­¨¨ (1) ¬®£ãâ¨§¬¥­ïâìáï ¢ à §«¨ç­ëå ¯à¥¤¥« å (­ ¯à¨¬¥à, a 6 t 6 b ¨ c 6 x 6 d).4.1-2. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á® á« ¡®© ®á®¡¥­­®áâìî�á«¨ ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ï¢«ï¥âáï ¯®«ïà­ë¬:
K(x, t) = L(x, t)

|x− t|α +M(x, t), 0 < α < 1, (3)«¨¡® «®£ à¨ä¬¨ç¥áª¨¬:
K(x, t) = L(x, t) ln |x− t|+M(x, t), (4)£¤¥ L(x, t), M(x, t) ­¥¯à¥àë¢­ë ¢ S ¨ L(x, x) 6≡ 0, â® ®­® ­ §ë¢ ¥âáï ï¤à®¬ á®á« ¡®© ®á®¡¥­­®áâìî,   á ¬® ãà ¢­¥­¨¥ | ãà ¢­¥­¨¥¬ á® á« ¡®© ®á®¡¥­­®áâì.
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4.1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï 79� ¬¥ç ­¨¥ 2. �¤à  á «®£ à¨ä¬¨ç¥áª®© ®á®¡¥­­®áâìî ¨ ¯®«ïà­ë¥ ï¤à  ¯à¨0 < α < 12 ï¢«ïîâáï äà¥¤£®«ì¬®¢ë¬¨.� ¬¥ç ­¨¥ 3. �«ãç ©, ª®£¤  ¯à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï a ¨/¨«¨ b ¬®£ãâ ¡ëâì¡¥áª®­¥ç­ë¬¨, ¢®®¡é¥ £®¢®àï, ­¥ ¨áª«îç ¥âáï, ­® ¯à¨ íâ®¬ á«¥¤ã¥â ¢­¨¬ â¥«ì­®¯à®¢¥àïâì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (2).4.1-3. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ­  ¢á¥© ®á¨ (¥£®­ §ë¢ îâ ¨­®£¤  ãà ¢­¥­¨¥¬ â¨¯  á¢¥àâª¨ ¯¥à¢®£® à®¤  á ®¤­¨¬ ï¤à®¬) ¨¬¥¥â¢¨¤ ∫ ∞

−∞

K(x− t)y(t)dt = f(x), −∞ < x <∞, (5)£¤¥ y(x)|¨áª®¬ ï äã­ªæ¨ï, K(x)|ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, f(x)|¯à -¢ ï ç áâì ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (¢¢¥¤¥­­ë¥ ®¡®§­ ç¥­¨ï ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨¤ «¥¥).�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ­  ¯®«ã®á¨ ¨¬¥¥â¢¨¤ ∫ ∞0 K(x− t)y(t) dt = f(x), 0 < x < ∞. (6)�à ¢­¥­¨¥ (6) ­ §ë¢ ¥âáï â ª�¥ ®¤­®áâ®à®­­¨¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® à®¤  ¨«¨¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤ .�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ á ¤¢ã¬ï ï¤à ¬¨ ¯¥à¢®£® à®¤  ¨¬¥¥â ¢¨¤
∫ ∞0 K1(x− t)y(t)dt+ ∫ 0

−∞

K2(x− t)y(t)dt = f(x), −∞ < x <∞, (7)£¤¥ K1(x) ¨ K2(x)|ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (7).�ã­ªæ¨ï g(x) ã¤®¢«¥â¢®àï¥â ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ãá«®¢¨î �ñ«ì¤¥à , ¥á«¨¤«ï «î¡ëå ¤¥©áâ¢¨â¥«ì­ëå x1 ¨ x2 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
|g(x2)− g(x1)| 6 A|x2 − x1|λ, 0 < λ 6 1,¨ ¤«ï «î¡ëå ¤®áâ â®ç­® ¡®«ìè¨å ¯® ¬®¤ã«î x1 ¨ x2 á¯à ¢¥¤«¨¢®

|g(x2)− g(x1)| 6 A

∣∣∣∣
1
x2 − 1

x1 ∣∣∣∣
λ

, 0 < λ 6 1,£¤¥A ¨ λ|¯®«®�¨â¥«ì­ë¥ ç¨á«  (¯®á«¥¤­¥¥ ãá«®¢¨¥ ï¢«ï¥âáï ãá«®¢¨¥¬ �ñ«ì¤¥à ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨).Ǒà¥¤¯®«®�¨¬, çâ® äã­ªæ¨¨ y(x), f(x) ¨ ï¤à  K(x), K1(x), K2(x) â ª®¢ë,çâ® ¨å ¨§®¡à �¥­¨ï, ¯®«ãç¥­­ë¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥, ¯à¨­ ¤«¥-� â L2(−∞,∞) ¨, ªà®¬¥ â®£®, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à .�«ï â®£® çâ®¡ë ­¥ª®â®à ï äã­ªæ¨ï y(x) ¯à¨­ ¤«¥� «  ¢¢¥¤¥­­®¬ã ª« ááãäã­ªæ¨©, ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï y(x) ¯à¨­ ¤«¥� «  L2(−∞,∞),   xy(x)¡ë«   ¡á®«îâ­® ¨­â¥£à¨àã¥¬  ­  (−∞,∞).� ¬¥ç ­¨¥ 4. �­®£¤  ª« áá äã­ªæ¨© ¨ ï¤¥à ¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ (¢ç áâ­®áâ¨, ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä ) ®â«¨ç ¥âáï ®â ¢¢¥¤¥­­®£® ¢ ¯. 4.1-3. �â®®¡áâ®ïâ¥«ìáâ¢® ¡ã¤¥â ®£®¢ à¨¢ âìáï ¢ ª �¤®¬ ®â¤¥«ì­®¬ á«ãç ¥.
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80 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)4.1-4. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ Ǒ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á à §­®áâ­ë¬¨ ï¤à ¬¨ (â¨¯ á¢¥àâª¨) ¨¬¥¥â ¢¨¤

∫ ∞

−∞

K1(x− t)y(t)dt = f(x), 0 < x <∞,

∫ ∞

−∞

K2(x− t)y(t)dt = f(x), −∞ < x < 0, (8)£¤¥ ®¡®§­ ç¥­¨ï, ª« áá äã­ªæ¨© ¨ ï¤¥à á®¢¯ ¤ îâ á ¢¢¥¤¥­­ë¬¨ à ­¥¥ ¤«ïãà ¢­¥­¨© â¨¯  á¢¥àâª¨.Ǒ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  ¢ ¤®áâ â®ç­® ®¡é¥¬ á«ãç ¥¨¬¥¥â ¢¨¤ ∫ ∞

a

K1(x, t)y(t)dt = f1(x), a < x < b,

∫ ∞

a

K2(x, t)y(t)dt = f2(x), b < x <∞,£¤¥ f1(x), f2(x) ¨ K1(x, t), K2(x, t) | ¨§¢¥áâ­ë¥ ¯à ¢ë¥ ç áâ¨ ¨ ï¤à  ãà ¢­¥-­¨ï (9),   y(x)|äã­ªæ¨ï, ¯®¤«¥� é ï ®¯à¥¤¥«¥­¨î. �£® à §«¨ç­ë¥ ä®à¬ë ¡ã¤ãâà áá¬®âà¥­ë ¢ ¯¯. 4.6-2 ¨ 4.6-3.�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ¯®«ãç¥­­ë¥ ¨§ (5){(8) § ¬¥­®© ï¤à  K(x − t) ­ 
K(t− x), ­ §ë¢ îâáï á®î§­ë¬¨ á ­¨¬¨ ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬¨ ª ­¨¬.� ¬¥ç ­¨¥ 5. � ãà ¢­¥­¨ï¬ (5){(8) ¯à¨¢®¤ïâáï ­¥ª®â®àë¥ ãà ¢­¥­¨ï, ï¤à ª®â®àëå á®¤¥à� â ¯à®¨§¢¥¤¥­¨¥ ¨«¨ ®â­®è¥­¨¥ ¯¥à¥¬¥­­ëå x ¨ t.� ¬¥ç ­¨¥ 6. �à ¢­¥­¨ï â¨¯  á¢¥àâª¨ (5){(8) ¨­®£¤  § ¯¨áë¢ îâ ¢ ä®à¬¥,£¤¥ ¯¥à¥¤ ¨­â¥£à « ¬¨ áâ ¢ïâ ¬­®�¨â¥«ì 1/√2π.
©• �¨â¥à âãà : �. �­¥¤¤®­ (1955), �. �. �¨å«¨­ (1959), �. �®¡« (1962), �. �. �®å¡¥à£,�. �. �à¥©­ (1967), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �« ä (1970), �. �. �ä«ï­¤ (1977), �. �. � å®¢, �. �. �¥àáª¨©(1978), A. J. Jerry (1985), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986), L. A. Sakhnovi
h (1996),A. D. Polyanin, A. V. Manzhirov (1998, 1999).4.2. �¥â®¤ �à¥©­ 4.2-1. �á­®¢­®¥ ¨ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨ï�¯¨è¥¬ §¤¥áì ¬¥â®¤ ¯®áâà®¥­¨ï â®ç­ëå  ­ «¨â¨ç¥áª¨å à¥è¥­¨© «¨­¥©­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤  á® á« ¡®© ®á®¡¥­­®áâìî ¨ ¯à®¨§¢®«ì­®©¯à ¢®© ç áâìî. �¥â®¤ ®á­®¢ ­ ­  ¯®áâà®¥­¨¨ ¢á¯®¬®£ â¥«ì­®£® à¥è¥­¨ï ¡®«¥¥¯à®áâ®£® ãà ¢­¥­¨ï á ¯à ¢®© ç áâìî à ¢­®© ¥¤¨­¨æ¥. �á¯®¬®£ â¥«ì­®¥ à¥è¥­¨¥¨á¯®«ì§ã¥âáï ¤«ï ¯®áâà®¥­¨ï à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï ¯à¨ ¯à®¨§¢®«ì­®©¯à ¢®© ç áâ¨.� áá¬®âà¨¬ ãà ¢­¥­¨¥

∫ a

−a

K(x− t)y(t)dt = f(x), −a 6 x 6 a. (1)�ç¨â ¥¬, çâ® ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ï¢«ï¥âáï ¯®«ïà­ë¬ ¨«¨ «®£ à¨ä-¬¨ç¥áª¨¬,   K(x)| ç¥â­ ï ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­ ï äã­ªæ¨ï, ¯à¥¤áâ ¢¨¬ ï
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4.2. �¥â®¤ �à¥©­  81¢ ¢¨¤¥
K(x) = β|x|−µ +M(x), 0 < µ < 1,
K(x) = β ln 1

|x| +M(x),£¤¥ β > 0, −2a 6 x 6 2a,M(x)|¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï.�¤­®¢à¥¬¥­­® á (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥, § ¢¨áï-é¥¥ ®â ¯ à ¬¥âà  ξ (0 6 ξ 6 a):
∫ ξ

−ξ

K(x− t)w(t, ξ) dt = 1, −ξ 6 x 6 ξ. (2)4.2-2. �¥è¥­¨¥ ®á­®¢­®£® ãà ¢­¥­¨ï�«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x) à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (1)¬®�¥â ¡ëâì ¢ëà �¥­® ç¥à¥§ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (2) ¯® ä®à¬ã«¥
y(x) = 12M ′(a) [

d

da

∫ a

−a

w(t, a)f(t) dt]w(x, a)
− 12 ∫ a

|x|

w(x, ξ) d

dξ

[ 1
M ′(ξ) d

dξ

∫ ξ

−ξ

w(t, ξ)f(t) dt] dξ
− 12 d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ) [∫ ξ

−ξ

w(t, ξ) df(t)] dξ, (3)£¤¥M(ξ) = ∫ ξ0 w(x, ξ) dx, èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî,   ¯®á«¥¤­¨© ¢­ãâà¥­-­¨© ¨­â¥£à « ¡¥à¥âáï ¯® �â¨«âì¥áã.�®à¬ã«  (3) ¯®§¢®«ï¥â ¯®«ãç¨âì ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ¨­â¥£à «ì­ëåãà ¢­¥­¨© ¢¨¤  (1) á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî.Ǒà¨¬¥à 1. �¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
∫ a

−a
ln(

A

|x− t|

)
y(t) dt = f(x),ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ â¥®à¨¨ ã¯àã£®áâ¨, ¤ ¥âáï ä®à¬ã«®© (3), £¤¥ äã­ªæ¨¨M(ξ) ¨ w(t, ξ)®¯à¥¤¥«ïîâáï ¢ëà �¥­¨ï¬¨

M(ξ) = (ln 2A
ξ

)−1
, w(t, ξ) = M(ξ)

π
√
ξ2 − t2 .Ǒà¨¬¥à 2. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

∫ a

−a

y(t) dt
|x− t|µ = f(x), 0 < µ < 1,ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ â¥®à¨¨ ¯®«§ãç¥áâ¨. �£® à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®© (3), £¤¥ äã­ª-æ¨¨M(ξ) ¨ w(t, ξ) ®¯à¥¤¥«ïîâáï ¢ëà �¥­¨ï¬¨

M(ξ) = 2√π
µ�( µ2 ) �( 1− µ2 ) ξµ, w(t, ξ) = 1

π

os( πµ2 )(

ξ2 − t2) µ−12 .

©• �¨â¥à âãà : �. �. �àãâî­ï­ (1959), �. �. �®å¡¥à£, �. �. �à¥©­ (1967).
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82 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)4.3. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©�¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯®§¢®«ï¥â ¯à¨¢¥áâ¨ ­¥ª®â®àë¥ ¨­â¥-£à «ì­ë¥ ãà ¢­¥­¨ï ­  ¢á¥© ®á¨ ¨ ­  ¯®«ã®á¨ ª  «£¥¡à ¨ç¥áª¨¬ ãà ¢­¥­¨ï¬ ¤«ï¨§®¡à �¥­¨©. Ǒ®á«¥¤­¨¥ í«¥¬¥­â à­® à §à¥è îâáï ®â­®á¨â¥«ì­® ¨§®¡à �¥­¨ï ¨á-ª®¬®© äã­ªæ¨¨. �¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯®«ãç ¥âáï ¢ à¥§ã«ì-â â¥ ¯à¨¬¥­¥­¨ï ®¡à â­®£® ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï.4.3-1. �à ¢­¥­¨¥ 
 à §­®áâ­ë¬ ï¤à®¬ ­  ¢á¥© ®á¨� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

∫ ∞

−∞

K(x− t)y(t)dt = f(x), −∞ < x <∞, (1)£¤¥ f(x), y(x) ∈ L2(−∞,∞) ¨ K(x) ∈ L1(−∞,∞).Ǒà¨¬¥­¨¬ ª ãà ¢­¥­¨î (1) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥. �®£¤  á ãç¥â®¬ â¥®à¥¬ë ®á¢¥àâª¥ (á¬. ¯. 1.4-4) ¯®«ãç¨¬
√2π ~K(u)~y(u) = ~f(u). (2)� ª¨¬ ®¡à §®¬, á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ­ ¬ ã¤ «®áì á¢¥áâ¨ à¥è¥-­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ª à¥è¥­¨î  «£¥¡à ¨ç¥áª®£® ãà ¢­¥-­¨ï (2) ¤«ï ¨§®¡à �¥­¨ï ¨áª®¬®£® à¥è¥­¨ï. �¥è¥­¨¥ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¨¬¥¥âä®à¬ã ~y(u) = 1√2π ~f (u)~K(u) , (3)¯à¨ç¥¬ äã­ªæ¨ï ~f(u)/ ~K(u) ¤®«�­  ¯à¨­ ¤«¥� âì L2(−∞,∞).�¥¬ á ¬ë¬ ¨§®¡à �¥­¨¥ à¥è¥­¨ï ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ®ª § -«®áì ¢ëà �¥­­ë¬ ç¥à¥§ ¨§®¡à �¥­¨ï § ¤ ­­ëå äã­ªæ¨© | ï¤à  ¨ ¯à ¢®© ç áâ¨ãà ¢­¥­¨ï. � ¬® à¥è¥­¨¥ ¬®�¥â ¡ëâì ¢ëà �¥­® ç¥à¥§ ¥£® ¨§®¡à �¥­¨¥ á ¯®¬®-éìî ä®à¬ã«ë ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï:

y(x) = 1√2π ∫ ∞

−∞

~y(u)eiux du = 12π ∫ ∞

−∞

~f(u)~K(u) eiux du. (4)4.3-2. �à ¢­¥­¨ï á ï¤à®¬ K(x, t) = K(x/t) ­  ¯®«ã®á¨�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤ 
∫ ∞0 K(x/t)y(t) dt = f(x), 0 6 x <∞, (5)§ ¬¥­®© ¯¥à¥¬¥­­ëå x = eξ, t = eτ , w(τ ) = ty(t) ¯à¨¢®¤¨âáï ª ¢¨¤ã (1). �£®à¥è¥­¨¥ ¬®�¥â ¡ëâì â ª�¥ ¯®«ãç¥­® ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­®£® ¯à¨¬¥­¥­¨ï ¯à¥-®¡à §®¢ ­¨ï �¥««¨­ , çâ® ¡ã¤¥â ¢  ­ «®£¨ç­®© á¨âã æ¨¨ ¯à®¤¥« ­® ¢ á«¥¤ãîé¥¬à §¤¥«¥.4.3-3. �à ¢­¥­¨¥ á ï¤à®¬ K(x, t) = K(xt) ¨ ¥£® ®¡®¡é¥­¨ï1◦. � áá¬®âà¨¬ á­ ç «  á«¥¤ãîé¥¥ ãà ¢­¥­¨¥:
∫ ∞0 K(xt)y(t)dt = f(x), 0 6 x <∞. (6)
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 83�£® § ¬¥­®© ¯¥à¥¬¥­­ëå x = eξ, t = e−τ ¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã (1), ­®§¤¥áì ã¤®¡­¥¥ ¨á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  (á¬. à §¤. 1.3). �¬­®� ï ®¡¥ç áâ¨ (6) ­  xs−1 ¨ ¨­â¥£à¨àãï ¯® x ®â ­ã«ï ¤® ¡¥áª®­¥ç­®áâ¨, ¯®«ãç¨¬∫ ∞0 y(t) dt∫ ∞0 K(xt)xs−1 dx = ∫ ∞0 f(x)xs−1 dx.�® ¢­ãâà¥­­¥¬ ¨­â¥£à «¥ ¤¢®©­®£® ¨­â¥£à «  á¤¥« ¥¬ § ¬¥­ã z = xt. � à¥§ã«ìâ â¥¯®«ãç¨¬
K̂(s) ∫ ∞0 y(t)t−s dt = f̂(s). (7)�ç¨âë¢ ï à ¢¥­áâ¢® ∫ ∞0 y(t)t−s dt = ŷ(1 − s),¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (7) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

K̂(s)ŷ(1− s) = f̂(s). (8)� ¬¥­ïï ¢ (8) 1 − s ­  s ¨ à §à¥è ï ¯®«ãç¥­­®¥ ¢ëà �¥­¨¥ ®â­®á¨â¥«ì­® ŷ(s),­ å®¤¨¬ ¨§®¡à �¥­¨¥ ¨áª®¬®£® à¥è¥­¨ï
ŷ(s) = f̂(1 − s)

K̂(1− s) . (9)Ǒ® ä®à¬ã«¥ ®¡à é¥­¨ï �¥««¨­  ¯®«ãç¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï (6) ¢ ¢¨¤¥
y(x) = 12πi ∫ c+i∞

c−i∞

f̂ (1− s)
K̂(1 − s) x−s ds.2◦. � áá¬®âà¨¬ â¥¯¥àì ¡®«¥¥ á«®�­®¥ ãà ¢­¥­¨¥∫ ∞0 K

(
ϕ(x)ψ(t))g(t)y(t)dt = f(x). (10)�ç¨â ¥¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï ϕ(0) = 0, ϕ(∞) = ∞, ϕ′

x > 0, ψ(0) = 0,
ψ(∞) = ∞, ψ′

x > 0.Ǒà¥®¡à §®¢ ­¨¥
z = ϕ(x), τ = ψ(t), y(t) = g(t)

ψ′
t(t) w(τ )¯à¨¢®¤¨â (10) ª ãà ¢­¥­¨î ¢¨¤  (6)∫ ∞0 K(zτ )w(τ ) dτ = F (z),£¤¥ äã­ªæ¨ï F (z) § ¤ ¥âáï ¯ à ¬¥âà¨ç¥áª¨: F = f(x), z =ϕ(x). �® ¬­®£¨å á«ãç -ïå, ¨áª«îç ï ¨§ íâ¨å à ¢¥­áâ¢ x, ã¤ ¥âáï ¯®«ãç¨âì ï¢­ãî § ¢¨á¨¬®áâì F = F (z).

©• �¨â¥à âãà : �. �. �¨âª¨­, �. Ǒ. Ǒàã¤­¨ª®¢ (1965), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968).4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨�à ¥¢ ï § ¤ ç  �¨¬ ­  á«ã�¨â ®¤­¨¬ ¨§ ®á­®¢­ëå ¨­áâàã¬¥­â®¢ ¯®áâà®¥­¨ïà¥è¥­¨© ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ª ª®â®àë¬ ¬®£ãâ ¡ëâì ¯à¨¬¥­¥­ë à §«¨ç­ë¥¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¨ ¯à¨ íâ®¬ ¢®§¬®�­® ¨á¯®«ì§®¢ ­¨¥ â¥®à¥¬ â¨¯ á¢¥àâª¨. �¥ ¨áá«¥¤®¢ ­¨¥ ¯à®¢®¤¨âáï ­  ¯à¨¬¥à¥ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï�ãàì¥.
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84 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)4.4-1. �¢ï§ì ¨­â¥£à «  �ãàì¥ á ¨­â¥£à «®¬ â¨¯  �®è¨Ǒãáâì Y(τ )| äã­ªæ¨ï, ¨­â¥£à¨àã¥¬ ï ­  § ¬ª­ãâ®¬ ¨«¨ à §®¬ª­ãâ®¬ ª®­-âãà¥ L, à á¯®«®�¥­­®¬ ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z = u + iv (τ | ª®¬¯«¥ªá­ ïª®®à¤¨­ â  â®ç¥ª ª®­âãà ). � áá¬®âà¨¬ ¨­â¥£à « â¨¯  �®è¨ (á¬. à §¤. 6.2):12πi ∫

L

Y(τ)
τ − z

dτ.�­ ®¯à¥¤¥«ï¥â äã­ªæ¨î,  ­ «¨â¨ç¥áªãî ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ á à §à¥§®¬ ¯®ª®­âãàã L. �á«¨ L| § ¬ª­ãâ ï ªà¨¢ ï, â® ¨­â¥£à « ¡ã¤¥â äã­ªæ¨¥©,  ­ «¨â¨ç¥-áª®© ¢ ª �¤®© á¢ï§­®© ç áâ¨ ¯«®áª®áâ¨, ®£à ­¨ç¨¢ ¥¬®© L. Ǒãáâì ª®­âãà L ¥áâì¢¥é¥áâ¢¥­­ ï ®áì, â®£¤ 12πi ∫ ∞

−∞

Y(τ)
τ − z

dτ = {
Y+(z) ¯à¨ Im z > 0,
Y−(z) ¯à¨ Im z < 0. (1)�à®¬¥ â®£®, áãé¥áâ¢ãîâ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨© Y±(z) ­  ¤¥©áâ¢¨â¥«ì-­®© ®á¨ ¨ ®­¨ ¡ã¤ãâ á¢ï§ ­ë á ¯«®â­®áâìî Y ¨­â¥£à «  á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨�®å®æª®£®{Ǒ«¥¬¥«ï:

Y+(u) = 12 Y(u) + 12πi ∫ ∞

−∞

Y(τ)
τ − u

dτ,

Y−(u) = − 12 Y(u) + 12πi ∫ ∞

−∞

Y(τ)
τ − u

dτ

(2)¨«¨
Y+(u)− Y−(u) = Y(u), Y+(u) + Y−(u) = 1

πi

∫ ∞

−∞

Y(τ)
τ − u

dτ. (3)�­â¥£à « ¢ ¯®á«¥¤­¨å ä®à¬ã« å ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨.� ¨­â¥£à « �ãàì¥*
Y(u) = 1√2π ∫ ∞

−∞

y(x)eiux dx¤¥©áâ¢¨â¥«ì­ë© ¯ à ¬¥âà u ¢å®¤¨â ¯®áà¥¤áâ¢®¬  ­ «¨â¨ç¥áª®© äã­ªæ¨¨, ¯®íâ®¬ã¢ ­¥¬ ¬®�­® u § ¬¥­¨âì ­  ª®¬¯«¥ªá­®¥ z. �ã­ªæ¨ï ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®-£® Y(z), ®¯à¥¤¥«ï¥¬ ï ¨­â¥£à «®¬
Y(z) = 1√2π ∫ ∞

−∞

y(x)eizx dx, (4)¡ã¤¥â  ­ «¨â¨ç¥áª®© ¢ â®© ®¡« áâ¨ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z = u + iv, £¤¥ ¨­-â¥£à « (4)  ¡á®«îâ­® áå®¤¨âáï. �á«¨ â ª ï ®¡« áâì ­¥ á¢®¤¨âáï ª ®¤­®© ¤¥©áâ¢¨-â¥«ì­®© ®á¨, â® ¨­â¥£à « (4) ¤ áâ  ­ «¨â¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ ¨­â¥£à «  �ãàì¥ ¢ª®¬¯«¥ªá­ãî ¯«®áª®áâì z = u+ iv. �­â¥£à « (4) ¡ã¤¥¬ â ª�¥ ­ §ë¢ âì ¨­â¥£à «®¬�ãàì¥.�áâ ­®¢¨¬ á¢ï§ì ¬¥�¤ã íâ¨¬ ¨­â¥£à «®¬ ¨ ¨­â¥£à «®¬ â¨¯  �®è¨ á ¯«®â­®-áâìî Y(u), ¢§ïâë¬¨ ¯® ®á¨. �ã¤¥¬ ¨¬¥âì12πi ∫ ∞

−∞

Y(τ)
τ − z

dτ = 1√2π ∫ ∞0 y(x)eizx dx,12πi ∫ ∞

−∞

Y(τ)
τ − z

dτ = − 1√2π ∫ 0
−∞

y(x)eizx dx, Im z > 0,Im z < 0. (5)(6)* � à §¤. 6.4{6.6 ¨á¯®«ì§ã¥âáï  «ìâ¥à­ â¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ (á¬. ¯. 1.4-3).
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 854.4-2. �¤­®áâ®à®­­¨¥ ¨­â¥£à «ë �ãàì¥�á«¨ Y(z) = Y+(z) ¥áâì  ­ «¨â¨ç¥áª ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ äã­ª-æ¨ï, ¨¬¥îé ï á¢®¨¬ ¯à¥¤¥«ì­ë¬ §­ ç¥­¨¥¬ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ äã­ªæ¨î
Y(u) = Y+(u) ∈ L2(−∞,∞), â® äã­ªæ¨î Y+(z) ¬®�­® ¯à¥¤áâ ¢¨âì ¨­â¥£à -«®¬ �®è¨. �âáî¤  ¢ ­  ®á­®¢ ­¨¨ (5) ¡ã¤¥¬ ¨¬¥âì

Y+(z) = 1√2π ∫ ∞0 y(x)eizx dx,¯à¨ç¥¬ ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ ¨­â¥£à «  ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ­  ®á¨ ¬®�­®¯®«ãç¨âì ¯à®áâ®© § ¬¥­®© ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ z ­  u :
Y+(u) = 1√2π ∫ ∞0 y(x)eiux dx,£¤¥ y(x) ¥áâì, á®£« á­® (5), ®à¨£¨­ « ¤«ï Y(u). Ǒà ¢ãî ç áâì ¬®�­® à áá¬ âà¨¢ âìª ª ¨­â¥£à « �ãàì¥ ®â äã­ªæ¨¨, à ¢­®© â®�¤¥áâ¢¥­­® ­ã«î ¤«ï ®âà¨æ â¥«ì­ëå x.�âáî¤  ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ Y+(u) ¨­â¥£à «®¬ �ãàì¥á«¥¤ã¥â, çâ® y(x) ≡ 0 ­  ®âà¨æ â¥«ì­®© ¯®«ã®á¨.� ®¡®à®â, ¥á«¨ y(x) ≡ 0 ¤«ï x < 0, â® ¥¥ ¨­â¥£à « �ãàì¥ ¯à¨­¨¬ ¥â ¢¨¤
Y(u) = 1√2π ∫ ∞0 y(x)eiux dx.�â § ¬¥­ë ¯ à ¬¥âà  u ­  ç¨á«® z, «¥� é¥¥ ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨, áå®¤¨¬®áâì¨­â¥£à «  â®«ìª® ã«ãçè ¥âáï. �âáî¤  á«¥¤ã¥â  ­ «¨â¨ç­®áâì äã­ªæ¨¨
Y(z) = 1√2π ∫ ∞0 y(x)eizx dx¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨.�«ãç © ­¨�­¥© ¯®«ã¯«®áª®áâ¨ à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®.�­â¥£à «ë

Y+(z) = 1√2π ∫ ∞0 y(x)eizx dx, Y−(z) = − 1√2π ∫ 0
−∞

y(x)eizx dx (7)­ §ë¢ îâáï ®¤­®áâ®à®­­¨¬¨ ¨­â¥£à « ¬¨ �ãàì¥, ¯à ¢ë¬ ¨ «¥¢ë¬ á®®â¢¥âáâ¢¥­-­®. �­ çª¨ ± ­ ¤ á¨¬¢®« ¬¨ äã­ªæ¨©, ª ª ¨ ¢ ä®à¬ã«¥ (1), ¡ã¤ãâ ®§­ ç âì  ­ «¨-â¨ç­®áâì íâ¨å äã­ªæ¨© á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨«¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå.�¢¥¤¥¬ äã­ªæ¨¨
y+(x) = {

y(x) ¯à¨ x > 0,0 ¯à¨ x < 0, y−(x) = { 0 ¯à¨ x > 0,
−y(x) ¯à¨ x < 0. (8)�ã¤¥¬ ­ §ë¢ âì ¨å ¯à ¢®© ¨ «¥¢®© ®¤­®áâ®à®­­¨¬¨ äã­ªæ¨ï¬¨ ¤«ï y(x) á®®â¢¥â-áâ¢¥­­®,   ¨­®£¤  ¯à®áâ® ¯à ¢®© ¨ «¥¢®© äã­ªæ¨ï¬¨. �ç¥¢¨¤­®, ¡ã¤¥â á¯à ¢¥¤«¨¢®à ¢¥­áâ¢®

y(x) = y+(x)− y−(x). (9)�á¯®«ì§ãï ¨§¢¥áâ­ãî äã­ªæ¨î sign x:signx = { 1 ¯à¨ x > 0,
−1 ¯à¨ x < 0, (10)¬®�­® y±(x) ¢ëà §¨âì ç¥à¥§ y(x) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

y±(x) = 12 (±1 + sign x)y(x). (11)� ®¤­®áâ®à®­­¨å äã­ªæ¨© §­ çª¨ ± ¡ã¤¥¬ ¢á¥£¤  ¯¨á âì ¢­¨§ã.
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86 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)�­â¥£à «ë �ãàì¥ ¯à ¢®© ¨ «¥¢®© ®¤­®áâ®à®­­¨å äã­ªæ¨© ¥áâì ªà ¥¢ë¥ §­ ç¥-­¨ï äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå.Ǒà¨¢¥¤¥¬  ­ «®£¨ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï (3) ¢ ¨­â¥£à « å �ãàì¥:

Y(u) = 1√2π ∫ ∞

−∞

y(x)eiux dx = 1√2π ∫ ∞0 y(x)eiux dx++ 1√2π ∫ 0
−∞

y(x)eiux dx = Y+(u)− Y−(u),1
πi

∫ ∞

−∞

Y(τ)
τ − u

dτ = Y+(u) + Y−(u) == 1√2π ∫ ∞0 y(x)eiux dx− 1√2π ∫ 0
−∞

y(x)eiux dx == 1√2π ∫ ∞

−∞

y(x) sign x eiux dx. (12)
� ª¨¬ ®¡à §®¬, ¯¥à¢ ï ¨§ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï (¯à¥¤áâ ¢«¥­¨¥ ¯à®¨§¢®«ì-­®© äã­ªæ¨¨ ¢ ¢¨¤¥ à §­®áâ¨ ªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å äã­ªæ¨©) §¤¥áìï¢«ï¥âáï âà¨¢¨ «ì­ë¬ á«¥¤áâ¢¨¥¬ à §¡¨¥­¨ï ¨­â¥£à «  �ãàì¥ ­  ¯à ¢ë© ¨ «¥¢ë©.�â®àãî ¨§ ä®à¬ã« ¬®�­® § ¯¨á âì ¥é¥ ¢ á«¥¤ãîé¥© ä®à¬¥:F{y(x) signx} = 1

πi

∫ ∞

−∞

Y(τ)
τ − u

dτ. (13)4.4-3. �¥®à¥¬  ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ â¥®à¥¬  �¨ã¢¨««ï�¨�¥ ¯à¨¢¥¤¥­ë â¥®à¥¬  ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ ï â¥®-à¥¬  �¨ã¢¨««ï ¢ ä®à¬¥ ¥¤¨­®£® ãâ¢¥à�¤¥­¨ï, ª®â®à®¥ ¡ã¤¥â ¨á¯®«ì§®¢ ­® ¤ «¥¥¢ £« ¢ å 4 ¨ 5.Ǒãáâì äã­ªæ¨¨ Y1(z) ¨ Y2(z)  ­ «¨â¨ç­ë á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥©¯®«ã¯«®áª®áâïå §  ¨áª«îç¥­¨¥¬ ¬®�¥â ¡ëâì â®çª¨ z∗ 6= ∞, £¤¥ ®­¨ ¬®£ãâ ¨¬¥âì¯®«îá. �á«¨ Y1(z) ¨ Y2(z) ®£à ­¨ç¥­ë ­  ¡¥áª®­¥ç­®áâ¨, ¯à¨ç¥¬ £« ¢­ë¥ ç áâ¨¨å à §«®�¥­¨© ¢ ®ªà¥áâ­®áâ¨ â®çª¨ z∗ ¨¬¥îâ ¢¨¤
c1

z − z∗
+ c2(z − z∗)2 + · · ·+ cm(z − z∗)m ≡ Pm−1(z)(z − z∗)m ,  á ¬¨ äã­ªæ¨¨ á®¢¯ ¤ îâ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, â® ®­¨ ¯à¥¤áâ ¢«ïîâ ¥¤¨­ãî¢® ¢á¥© ¯«®áª®áâ¨ à æ¨®­ «ì­ãî äã­ªæ¨î

Y(z) = c0 + Pm−1(z)(z − z∗)m ,£¤¥ c0 |¯®áâ®ï­­ ï, Pm−1 | ¯®«¨­®¬ áâ¥¯¥­¨ m − 1. Ǒ®«îá z∗ ¬®�¥â «¥� âìª ª ¢ ¯®«ã¯«®áª®áâïå, â ª ¨ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨.�¨�¥ ¯à¨¢¥¤¥­  ¡®«¥¥ ®¡é ï ®¡ê¥¤¨­¥­­ ï ä®à¬ã«¨à®¢ª  â¥®à¥¬.�á«¨ äã­ªæ¨¨Y1(z) ¨Y2(z)  ­ «¨â¨ç­ë á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®á-ª®áâïå §  ¨áª«îç¥­¨¥¬ ¬®�¥â ¡ëâì ª®­¥ç­®£® ç¨á«  â®ç¥ª z0 =∞, zk (k = 1, 2, . . . , n), £¤¥®­¨ ¬®£ãâ ¨¬¥âì ¯®«îáë, ¯à¨ç¥¬ £« ¢­ë¥ ç áâ¨ à §«®�¥­¨© íâ¨å äã­ªæ¨© ¢ ®ªà¥áâ­®áâ¨¯®«îá®¢ ¨¬¥îâ ¢¨¤
c01z + c02z2 + · · ·+ c0m0zm0 ≡ Pm0 (z)

ck1
z − zk

+ ck2(z − zk)2 + · · ·+ ckmk(z − zk)mk
≡

Pmk−1(z)(z − zk)mk

¢ â®çª¥ z0,¢ â®çª å zk,
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 87  á ¬¨ äã­ªæ¨¨ á®¢¯ ¤ îâ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, â® ®­¨ ¯à¥¤áâ ¢«ïîâ ¥¤¨­ãî ¢® ¢á¥©¯«®áª®áâ¨ à æ¨®­ «ì­ãî äã­ªæ¨î
Y(z) = C + Pm0 (z) + n∑

k=1 Pmk−1(z)(z − zk)mk£¤¥ C|¯®áâ®ï­­ ï. Ǒ®«îáë zk ¬®£ãâ «¥� âì ª ª ¢ ¯®«ã¯«®áª®áâïå, â ª ¨ ­  ¤¥©áâ¢¨â¥«ì-­®© ®á¨.4.4-4. �à ¥¢ ï § ¤ ç  �¨¬ ­ �¥è¥­¨¥ § ¤ ç¨ �¨¬ ­  ¢ íâ®¬ à §¤¥«¥ ¡ã¤¥â ®â«¨ç âìáï ®â âà ¤¨æ¨®­­®£® â¥¬,çâ® ®­® ¡ã¤¥â ¢ëà � âìáï ­¥ ¢ ¨­â¥£à « å â¨¯  �®è¨ (á¬. ¯. 6.3-7),   ¢ ¨­â¥£à « å�ãàì¥. �«ï à¥è¥­¨ï à áá¬ âà¨¢ ¥¬ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¯®á«¥¤­¨©  ¯¯ à âï¢«ï¥âáï ¡®«¥¥ ã¤®¡­ë¬.�­¤¥ªá®¬ ­¥¯à¥àë¢­®© ­¥ ®¡à é îé¥©áï ¢ ­ã«ì ª®¬¯«¥ªá­®© äã­ªæ¨¨M(u)(M(u) = M1(u) + iM2(u), −∞ < u < ∞, M(−∞) = M(∞)) ­ §ë¢ ¥âáï¨§¬¥­¥­¨¥ ¥¥  à£ã¬¥­â  ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, ¢ëà �¥­­®¥ ¢ ¯®«­ëå ®¡®à®â å:IndM(u) = 12π [argM(u)]∞
−∞

= 12πi [lnM(u)]∞
−∞

= 12πi ∫ ∞

−∞

d lnM(u).�á«¨ M(u) ­¥ ¤¨ää¥à¥­æ¨àã¥¬ , ­® ¨¬¥¥â ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î, â® ¨­â¥£à «­ã�­® ¯®­¨¬ âì ¢ á¬ëá«¥ �â¨«âì¥á . �§ ¯à ¢¨« ¤¥©áâ¢¨© ­ ¤  à£ã¬¥­â®¬ ¢ëâ¥-ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢  ¨­¤¥ªá :Ind[
M1(u)M2(u)] = IndM1(u) + IndM2(u),Ind M1(u)

M2(u) = IndM1(u)− IndM2(u), IndMn(u) = n IndM(u).�á«¨ äã­ªæ¨ï M(u) ï¢«ï¥âáï ªà ¥¢ë¬ §­ ç¥­¨¥¬  ­ «¨â¨ç¥áª®©, §  ¨áª«îç¥­¨¥¬¬®�¥â ¡ëâì ª®­¥ç­®£® ç¨á«  ¯®«îá®¢ ¢ ¢¥àå­¥© ¨«¨ ­¨�­¥© ¯®«ã¯«®áª®áâ¨äã­ªæ¨¨, â® IndM(u) = ±(N − P ),£¤¥ §­ ª ¯«îá ¡¥à¥âáï ¤«ï ¢¥àå­¥©,   ¬¨­ãá | ¤«ï ­¨�­¥© ¯®«ã¯«®áª®áâ¨, N |ç¨á«® ­ã«¥©,   P | ç¨á«® ¯®«îá®¢ ¢ á®®â¢¥âáâ¢ãîé¥© ¯®«ã¯«®áª®áâ¨, ¯à¨ç¥¬­ã«¨ ¨ ¯®«îáë áç¨â îâáï á ãç¥â®¬ ¨å ªà â­®áâ¨.�á«¨ ¢ ®ªà¥áâ­®áâ¨ ­¥ª®â®à®© â®çª¨ z0  ­ «¨â¨ç¥áª ï äã­ªæ¨ï Y(z) ¨¬¥¥â¯à¥¤áâ ¢«¥­¨¥
Y(z) = (z − z0)mY1(z),£¤¥ Y1(z)  ­ «¨â¨ç­  ¨ Y1(z0) 6= 0, â® æ¥«®¥ ç¨á«® m (¯®«®�¨â¥«ì­®¥, ®âà¨æ -â¥«ì­®¥ ¨«¨ ­ã«ì) ­ §ë¢ ¥âáï ¯®àï¤ª®¬ äã­ªæ¨¨ Y(z) ¢ â®çª¥ z0. �á«¨ m > 0, â®¯®àï¤®ª äã­ªæ¨¨ ¥áâì ¯®àï¤®ª ¥¥ ­ã«ï, ¥á«¨ m < 0, â® ¯®àï¤®ª ¥¥ ¥áâì ¯®àï¤®ª¯®«îá  á ¯à®â¨¢®¯®«®�­ë¬ §­ ª®¬. �á«¨ ¯®àï¤®ª äã­ªæ¨¨ ¢ z0 ¥áâì ­ã«ì, â® ¢â ª®© â®çª¥ äã­ªæ¨ï ¯à¨­¨¬ ¥â ª®­¥ç­®¥, ®â«¨ç­®¥ ®â ­ã«ï, §­ ç¥­¨¥. Ǒà¨ à á-á¬®âà¥­¨¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ à §­®áâì z − z0 á«¥¤ã¥â § ¬¥­¨âì ­  1/z.�ä®à¬ã«¨àã¥¬ § ¤ çã �¨¬ ­ . Ǒãáâì ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ § ¤ ­ë ¤¢¥ äã­ª-æ¨¨: D(u) | ª®íää¨æ¨¥­â § ¤ ç¨ ¨ H(u) | á¢®¡®¤­ë© ç«¥­, ¯à¨ç¥¬ ¢ë¯®«­¥-­® ãá«®¢¨¥ ­®à¬ «ì­®áâ¨ D(u) 6= 0. �ã­ªæ¨¨ H(u) ¨ D(u) − 1 ¯à¨­ ¤«¥� â

L2(−∞,∞) ¨ ¯à¨ íâ®¬ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  (á¬. ¯. 4.1-3). �à¥¡ã¥âáï­ ©â¨ ¤¢¥ äã­ªæ¨¨ Y±(z)|  ­ «¨â¨ç¥áª¨¥ á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥©
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88 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)¯®«ã¯«®áª®áâïå,* ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ª®â®àëå ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ã¤®¢«¥â¢®-àïîâ ªà ¥¢®¬ã ãá«®¢¨î

Y+(u) = D(u)Y−(u) +H(u). (14)�§ ¯à¥¤áâ ¢«¥­¨ï D(u) ¢ëâ¥ª ¥â, çâ® D(∞) = 1. Ǒ®á«¥¤­¥¥ ãá«®¢¨¥ ­¥ ®£à ­¨ç¨-¢ ¥â ®¡é­®áâ¨ ¤ «ì­¥©è¨å à ááã�¤¥­¨©, ¯®áª®«ìªã, à §¤¥«¨¢ ªà ¥¢®¥ ãá«®¢¨¥ (14)­  D(∞), ¢á¥£¤  ¬®�­® ¯®«ãç¨âì ­¥®¡å®¤¨¬ãî ä®à¬ã § ¤ ç¨.**�á«¨ D(u)≡ 1, â® § ¤ ç  �¨¬ ­  ­ §ë¢ ¥âáï § ¤ ç¥© ® áª çª¥. �á«¨H(u)≡ 0,â® § ¤ ç  �¨¬ ­  ­ §ë¢ ¥âáï ®¤­®à®¤­®©. �­¤¥ªá ν ª®íää¨æ¨¥­â  ªà ¥¢®© § ¤ ç¨
D(u) ­ §ë¢ ¥âáï ¨­¤¥ªá®¬ § ¤ ç¨ �¨¬ ­ .� áá¬®âà¨¬ § ¤ çã ® áª çª¥, â. ¥. ®¯à¥¤¥«¨¬ Y±(z) ¯® ªà ¥¢®¬ã ãá«®¢¨î

Y+(u)−Y−(u) = H(u). (15)�¥è¥­¨¥ íâ®© § ¤ ç¨ ¤ ¥â ¯¥à¢ ï ä®à¬ã«  (12):
Y+(z) = 1√2π ∫ ∞0 H(x)eizx dx, Y−(z) = − 1√2π ∫ 0

−∞

H(x)eizx dx, (16)£¤¥
H(x) = 1√2π ∫ ∞

−∞

H(u)e−iux du. (17)Ǒ®áâà®¨¬ ­¥®¡å®¤¨¬®¥ ¤«ï ¤ «ì­¥©è¨å ¨áá«¥¤®¢ ­¨© ç áâ­®¥ à¥è¥­¨¥ X (z)®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  (14):
X+(u) = D(u)X−(u), D(∞) = 1, (18)­¥ ®¡à é îé¥¥áï ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ¢ ­ã«ì á ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬

X±(∞) = 1. �¡®§­ ç¨¬ ç¥à¥§ N+ ¨ N− ç¨á«  ­ã«¥© äã­ªæ¨© X+(z) ¨ X−(z)á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå. �ëç¨á«ïï ¨­¤¥ªá ®¡¥¨åç áâ¥© ªà ¥¢®£® ãá«®¢¨ï (18), ­  ®á­®¢ ­¨¨ á¢®©áâ¢ ¨­¤¥ªá  ¯®«ãç¨¬
N+ +N− = IndD(u) = ν. (19)Ǒãáâì á­ ç «  ν = 0. � íâ®¬ á«ãç ¥ lnD(u) ¡ã¤¥â ®¤­®§­ ç­®© äã­ªæ¨¥©. �§á®®â­®è¥­¨ï (19) á«¥¤ã¥â, çâ® N+ = N− = 0, â. ¥. à¥è¥­¨¥ ­¥ ¨¬¥¥â ­ã«¥© ¢®¢á¥© ¯«®áª®áâ¨. Ǒ®íâ®¬ã äã­ªæ¨¨ lnX+(z) ¨ lnX−(z) ¡ã¤ãâ  ­ «¨â¨ç¥áª¨¬¨ ¢á¢®¨å ¯®«ã¯«®áª®áâïå ¨, á«¥¤®¢ â¥«ì­® ®¤­®§­ ç­ë¬¨ ¢¬¥áâ¥ á® á¢®¨¬¨ ªà ¥¢ë¬¨§­ ç¥­¨ï¬¨ lnX+(u) ¨ lnX−(u). �®£ à¨ä¬¨àãï ªà ¥¢®¥ ãá«®¢¨¥ (18) ¡ã¤¥¬ ¨¬¥âìlnX+(u)− lnX−(u) = lnD(u). (20)�ë¡¨à ï ¤«ï lnD(u) â ªãî ¢¥â¢ì, çâ®¡ë lnD(∞) = 0 (¬®�­® ¯®ª § âì, çâ®®ª®­ç â¥«ì­ë© à¥§ã«ìâ â ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¢¥â¢¨), ¯à¨¤¥¬ ª § ¤ ç¥ ® áª çª¥.�®£¤  ­  ®á­®¢ ­¨¨ (15){(17) ¨ (20) à¥è¥­¨¥ § ¤ ç¨ (18) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ä®à¬¥

X+(z) = eG
+(z), X−(z) = eG

−(z),
G+(z) = 1√2π ∫ ∞0 g(x)eizx dx, G−(z) = − 1√2π ∫ 0

−∞

g(x)eizx dx,
g(x) = 1√2π ∫ ∞

−∞

lnD(u) e−iux du. (21)* Ǒ àã äã­ªæ¨© Y±(z) ¬®�­® âà ªâ®¢ âì ª ª ®¤­ã ªãá®ç­®  ­ «¨â¨ç¥áªãî ¢® ¢á¥©ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ äã­ªæ¨î Y(z). � àï¤¥ á«ãç ¥¢ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯®á«¥¤­¥¥®¡®§­ ç¥­¨¥.** Ǒ®áª®«ìªã ®á­®¢­ë¬  ­ «¨â¨ç¥áª¨¬ ¢ëà �¥­¨¥¬ § ¤ ç¨ �¨¬ ­  ï¢«ï¥âáï ¥¥ ªà ¥¢®¥ãá«®¢¨¥, â® ¯à¨ ááë«ª å ­  á®®â¢¥âáâ¢ãîéãî § ¤ çã ¡ã¤¥¬ ç áâ® ãª §ë¢ âì â®«ìª® ¥¥ªà ¥¢®¥ ãá«®¢¨¥ ¨ ¯¨á âì, ­ ¯à¨¬¥à, § ¤ ç  �¨¬ ­  (14).
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 89�®®â­®è¥­¨ï (21) ¯®§¢®«ïîâ á¤¥« âì ¢ �­ë© ¢ë¢®¤ ® â®¬, çâ® ­¥ ®¡à é îéã-îáï ¢ ­ã«ì ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ äã­ªæ¨î ­ã«¥¢®£® ¨­¤¥ªá  D(u), â ªãî çâ®
D(∞) = 1, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ®â­®è¥­¨ï äã­ªæ¨©, ï¢«ïîé¨åáï ªà ¥¢ë¬¨§­ ç¥­¨ï¬¨ äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å ¨ ­¥ ®¡à é îé¨åáï ¢ ­ã«ì á®®â¢¥âáâ¢¥­­® ¢¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå.Ǒ¥à¥©¤¥¬ ª á«ãç î ¯à®¨§¢®«ì­®£® ¨­¤¥ªá  ®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  (18).� ­®­¨ç¥áª®© äã­ªæ¨¥© (®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­ ) X (z) ­ §ë¢ îâ äã­ªæ¨î,ã¤®¢«¥â¢®àïîéãî ªà ¥¢®¬ã ãá«®¢¨î (18), ãá«®¢¨î X±(∞) = 1 ¨ ¨¬¥îéãî­ã«¥¢®© ¯®àï¤®ª ¢áî¤ã, §  ¨áª«îç¥­¨¥¬ ¬®�¥â ¡ëâì â®çª¨ −i, £¤¥ ¥¥ ¯®àï¤®ªà ¢¥­ ¨­¤¥ªáã § ¤ ç¨ �¨¬ ­  ν. �¥ ¬®�­® ¯®áâà®¨âì, ¯à¨¢¥¤ï ®¤­®à®¤­ãî § ¤ çã�¨¬ ­  ª à áá¬®âà¥­­®¬ã á«ãç î ­ã«¥¢®£® ¨­¤¥ªá . �¥©áâ¢¨â¥«ì­®, § ¯¨è¥¬ªà ¥¢®¥ ãá«®¢¨¥ ®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  (18) ¢ ä®à¬¥

X+(u) = [(
u− i

u+ i

)−ν

D(u)][(
u− i

u+ i

)ν
X−(u)]. (22)�®£¤  áâ®ïé ï ¢ ¯¥à¢ëå ª¢ ¤à â­ëå áª®¡ª å äã­ªæ¨ï ¨¬¥¥â ­ã«¥¢®© ¨­¤¥ªá ¨¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ®â­®è¥­¨ï ªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å ¢¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå äã­ªæ¨©. �âáî¤  ¨ ¨§ ªà ¥¢®£® ãá«®¢¨ï (22)¯®«ãç¨¬ ¢ëà �¥­¨¥ ¤«ï ª ­®­¨ç¥áª®© äã­ªæ¨¨

X+(z) = eG
+(z), X−(z) = (

z − i

z + i

)−ν

eG
−(z),

G+(z) = 1√2π ∫ ∞0 g(x)eizx dx, G−(z) = − 1√2π ∫ 0
−∞

g(x)eizx dx,
g(x) = 1√2π ∫ ∞

−∞

ln[(
u− i

u+ i

)−ν

D(u)]e−iux du, (23)£¤¥ X−(z) ¢ á«ãç ¥ ν > 0 ¨¬¥¥â ¢ â®çª¥ −i ­ã«ì ¯®àï¤ª  ν,   ¢ á«ãç ¥ ν < 0|¯®«îá ¯®àï¤ª  |ν|.�®íää¨æ¨¥­â ªà ¥¢®© § ¤ ç¨ �¨¬ ­  D(u) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥®â­®è¥­¨ï ªà ¥¢ëå §­ ç¥­¨© ª ­®­¨ç¥áª®© äã­ªæ¨¨ (á¬. (22) ¨ (23)):
D(u) = X+(u)

X−(u) . (24)� ª®¥ ¯à¥¤áâ ¢«¥­¨¥ D(u) ¢ ¢¨¤¥ ®â­®è¥­¨ï ªà ¥¢ëå §­ ç¥­¨© ª ­®­¨ç¥áª®©äã­ªæ¨¨ ç áâ® ­ §ë¢ îâ ä ªâ®à¨§ æ¨¥©.� áá¬®âà¨¬ â¥¯¥àì ®¤­®à®¤­ãî § ¤ çã �¨¬ ­  á ªà ¥¢ë¬ ãá«®¢¨¥¬
Y+(u) = D(u)Y−(u), D(∞) = 1. (25)Ǒ®¤áâ ¢«ïï ¢ (25) ¢ëà �¥­¨¥ ¤«ï D(u) ¢ ä®à¬¥ (24), ¯à¨¢¥¤¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ª¢¨¤ã

Y+(u)
X+(u) = Y−(u)

X−(u) . (26)�®£« á­® ä®à¬ã« ¬ (23) ¤«ï X (z) ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå à ¢¥­áâ¢  (26) áâ®ïâªà ¥¢ë¥ §­ ç¥­¨ï äã­ªæ¨©  ­ «¨â¨ç¥áª¨å á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥©¯®«ã¯«®áª®áâïå, §  ¨áª«îç¥­¨¥¬ ¬®�¥â ¡ëâì â®çª¨ −i, £¤¥ ¯®àï¤®ª à ¢¥­ ν. �«ï¢ë¡à ­­®£® ª« áá  äã­ªæ¨© ¨å §­ ç¥­¨¥ ­  ¡¥áª®­¥ç­®áâ¨ ¥áâì ­ã«ì. �®£¤  ¯®â¥®à¥¬¥ ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­®© â¥®à¥¬¥ �¨ã¢¨««ï (á¬.¯. 4.4-3) ¯à¨ ν > 0 ¡ã¤¥¬ ¨¬¥âì
Y+(z)
X+(z) = Y−(z)

X−(z) = Pν−1(z)(z + i)ν , (27)
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90 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)£¤¥ Pν−1(z)|¯à®¨§¢®«ì­ë© ¬­®£®ç«¥­ áâ¥¯¥­¨ ν − 1 (áâ¥¯¥­ì ç¨á«¨â¥«ï ­¨�¥áâ¥¯¥­¨ §­ ¬¥­ â¥«ï ¢ á¨«ã Y(∞) = 0). �âáî¤ 

Y(z) = X (z) Pν−1(z)(z + i)ν . (28)Ǒà¨ ν 6 0 ¢ á¨«ã Y(∞) = 0 ¯® ®¡®¡é¥­­®© â¥®à¥¬¥ �¨ã¢¨««ï Y(z) ≡ 0.�â ª, ®¤­®à®¤­ ï ªà ¥¢ ï § ¤ ç  �¨¬ ­  ¯à¨ ν > 0 ¨¬¥¥â â®ç­® ν «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨© ¢¨¤ 
zk−1X (z)(z + i)ν , k = 1, 2, . . . , ν,¯à¨ ν 6 0 ­¥âà¨¢¨ «ì­ëå à¥è¥­¨© ­¥â.Ǒà ¢ ï ç áâì à ¢¥­áâ¢  (28) ¨¬¥¥â ¢® ¢á¥© ¯«®áª®áâ¨ à®¢­® ν ­ã«¥©, ¢ª«îç ï ¨­ã«ì ­  ¡¥áª®­¥ç­®áâ¨. �â¨ ­ã«¨ ¬®£ãâ ¡ëâì à á¯®«®�¥­ë ¢ «î¡ëå â®çª å ¢¥àå­¥©¨ ­¨�­¥© ¯®«ã¯«®áª®áâ¥© ¨«¨ ¤¥©áâ¢¨â¥«ì­®© ®á¨. �á«¨ ®¡®§­ ç¨âì ç¨á«® ­ã«¥©­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ç¥à¥§ N0, â® ä®à¬ã«  (19) ¢ ®¡é¥¬ á«ãç ¥ (¡¥§ ãá«®¢¨ï ®¡®âáãâáâ¢¨¨ ­ã«¥© ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨) § ¬¥­ï¥âáï á«¥¤ãîé¥©:

N+ +N− +N0 = IndD(u) = ν. (29)Ǒ¥à¥©¤¥¬ ª à¥è¥­¨î ­¥®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  á ªà ¥¢ë¬ ãá«®¢¨¥¬ (14).�®á¯®«ì§ã¥¬áï á®®â­®è¥­¨¥¬ (24) ¨ ¯à¨¢¥¤¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ª ¢¨¤ã
Y+(u)
X+(u) = Y−(u)

X−(u) + H(u)
X+(u) . (30)Ǒà¥¤áâ ¢¨¬ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ª ª à §­®áâì ªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å ¢¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå äã­ªæ¨© (á¬. § ¤ çã ® áª çª¥), â. ¥.

W+(u)−W−(u) = H(u)
X+(u) , (31)£¤¥

W+(z) = 1√2π ∫ ∞0 w(x)eizx dx, W−(z) = − 1√2π ∫ 0
−∞

w(x)eizx dx,
w(x) = 1√2π ∫ ∞

−∞

H(u)
X+(u) e−iux du. (32)Ǒ®¤áâ ¢«ïï (31) ¢ (30), ¯®«ãç¨¬

Y+(u)
X+(u) −W+(u) = Y−(u)

X−(u) −W−(u). (33)Ǒ® â¥®à¥¬¥ ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­®© â¥®à¥¬¥ �¨ã¢¨««ï ¯à¨
ν > 0 ¡ã¤¥¬ ¨¬¥âì

Y+(z)
X+(z) −W+(z) = Y−(z)

X−(z) −W−(z) = Pν−1(z)(z + i)ν .�âªã¤  ¯à¨ ν > 0 ¯®«ãç¨¬
Y(z) = X (z)[W(z) + Pν−1(z)(z + i)ν ]

. (34)� ¯à ¢®© ç áâ¨ ä®à¬ã«ë (34) ¯à¨áãâáâ¢ã¥â ¢ ª ç¥áâ¢¥ á« £ ¥¬®£® ®¡é¥¥ à¥è¥-­¨¥ (28) ®¤­®à®¤­®© § ¤ ç¨. � ª¨¬ ®¡à §®¬, ¯®«ãç¥­® ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤-­®© § ¤ ç¨.
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 91Ǒà¨ ν 6 0 á«¥¤ã¥â ¯®«®�¨âì Pν−1(z) ≡ 0, ¨ ¨áª®¬®¥ à¥è¥­¨¥ § ¯¨è¥âáï ¢¢¨¤¥
Y(z) = X (z)W(z). (35)�¤­ ª® â®«ìª® ¯à¨ ν = 0 ä®à¬ã«  (35) ¤ ¥â à¥è¥­¨¥ ã¤®¢«¥â¢®àïîé¥¥ ¢á¥¬ ãá«®-¢¨ï¬. �á«¨ ν < 0, â® äã­ªæ¨ï X (z) ¡ã¤¥â ¨¬¥âì ¢ â®çª¥ −i ¯®«îá ¯®àï¤ª  |ν|. �íâ®¬ á«ãç ¥ ¤«ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¢ ¢ë¡à ­­®¬ ª« áá¥ äã­ªæ¨© ­¥®¡å®¤¨-¬®, çâ®¡ë ¢â®à®© ¬­®�¨â¥«ì ¨¬¥« ¢ â®çª¥ −i ­ã«ì á®®â¢¥âáâ¢ãîé¥£® ¯®àï¤ª . � ®á­®¢ ­¨¨ á®®â­®è¥­¨© (6) ¨ (32) ¯à¥¤áâ ¢¨¬ äã­ªæ¨î W−(z) ¢ ä®à¬¥

W−(z) = 12πi ∫ ∞

−∞

H(τ)
X+(τ) dτ

τ − z
.� §« £ ï ¯®á«¥¤­¨© ¨­â¥£à « ¢ àï¤ ¯® áâ¥¯¥­ï¬ z + i ¨ ¯à¨à ¢­¨¢ ï ­ã«îª®íää¨æ¨¥­âë ¯à¨ (z + i)k−1 (k = 1, 2, . . . , |ν|), ¯®«ãç¨¬ ãá«®¢¨ï à §à¥è¨¬®áâ¨§ ¤ ç¨ ¢ ¢¨¤¥ ∫ ∞

−∞

H(u)
X+(u) du(u+ i)k = 0, k = 1, 2, . . . , |ν|. (36)�«ï ­ £«ï¤­®áâ¨ ­  à¨á. 3 ¯à¨¢¥¤¥­  ¯à¨­æ¨¯¨ «ì­ ï áå¥¬  ¬¥â®¤  à¥è¥­¨ï§ ¤ ç¨ �¨¬ ­  ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨.�ä®à¬ã«¨àã¥¬ ®ª®­ç â¥«ì­ë¥ à¥§ã«ìâ âë, ª á îé¨¥áï à¥è¥­¨ï § ¤ ç¨ �¨-¬ ­ . �á«¨ ¨­¤¥ªá § ¤ ç¨ ν > 0, â® ®¤­®à®¤­ ï ¨ ­¥®¤­®à®¤­ ï § ¤ ç¨ �¨¬ ­ ¡¥§ãá«®¢­® à §à¥è¨¬ë ¨ ¨å à¥è¥­¨ï

Y±(z) = X±(z) Pν−1(z)(z + i)ν (®¤­®à®¤­ ï § ¤ ç ), (37)
Y±(z) = X±(z)[W±(z) + Pν−1(z)(z + i)ν ] (­¥®¤­®à®¤­ ï § ¤ ç ) (38)§ ¢¨áïâ ®â ν ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá­ëå ¯®áâ®ï­­ëå, £¤¥ Pν−1(z) | ¯®«¨­®¬áâ¥¯¥­¨ ν− 1. �á«¨ ν 6 0, â® ®¤­®à®¤­ ï § ¤ ç  ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ ­ã«¥¢®¥à¥è¥­¨¥,   ­¥®¤­®à®¤­ ï § ¤ ç  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

Y±(z) = X±(z)W±(z) (39)¯à¨ á®¡«î¤¥­¨¨ |ν| ãá«®¢¨© (36). Ǒà¨ íâ®¬
g(x) = 1√2π ∫ ∞

−∞

ln[(
u− i

u+ i

)−ν

D(u)]e−iux du, (40)
G+(z) = 1√2π ∫ ∞0 g(x)eizx dx, G−(z) = − 1√2π ∫ 0

−∞

g(x)eizx dx, (41)
X+(z) = eG

+(z), X−(z) = (
z − i

z + i

)−ν

eG
−(z), (42)

w(x) = 1√2π ∫ ∞

−∞

H(u)
X+(u) e−iux du, (43)

W+(z) = 1√2π ∫ ∞0 w(x)eizx dx, W−(z) = − 1√2π ∫ 0
−∞

w(x)eizx dx. (44)Ǒ®á«¥¤®¢ â¥«ì­®áâì ¤¥©áâ¢¨© ¤«ï ¯®«ãç¥­¨ï à¥è¥­¨ï ¬®�­® ¯à¥¤áâ ¢¨âìá«¥¤ãîé¨¬ ®¡à §®¬:1◦. Ǒ® ä®à¬ã«¥ (40) ®âëáª¨¢ ¥âáï g(x),   ¯® ­¥© á ¯®¬®éìî (41) | äã­ª-æ¨ï G±(z).
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92 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)

�¨á. 3. �å¥¬  à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ �¨¬ ­  ¤«ï äã­ªæ¨© Y+(z)¨ Y−(z),  ­ «¨â¨ç­ëå á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®á-ª®áâïå ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z = u + iv. �ç¨â ¥âáï, çâ® D(u) 6= 0 ¨
Pν−1(z) ≡ 0 ¯à¨ ν 6 0.
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 932◦. Ǒ® ä®à¬ã« ¬ (42) ­ å®¤¨âáï ª ­®­¨ç¥áª ï äã­ªæ¨ï X±(z).3◦. Ǒ® ä®à¬ã«¥ (43) ®¯à¥¤¥«ï¥âáï w(x),   § â¥¬ á ¯®¬®éìî (44) | äã­ª-æ¨ï W±(z).Ǒ®á«¥ íâ®£® ¯® ä®à¬ã« ¬ (37){(39) ¨ (42) ­ å®¤¨âáï à¥è¥­¨¥ ®¤­®à®¤­®© ¨­¥®¤­®à®¤­®© § ¤ ç. � á«ãç ¥ ν < 0 ­¥®¡å®¤¨¬® ¥é¥ ¯à®¢¥à¨âì ¢ë¯®«­¨¬®áâìãá«®¢¨© à §à¥è¨¬®áâ¨ (36).4.4-5. � ¤ ç  �¨¬ ­  á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨Ǒ®«ãç¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ �¨¬ ­  âà¥¡ã¥â ¢ëç¨á«¥­¨ï àï¤  ¨­â¥£à «®¢ �ã-àì¥. �¥£ª® ¬®�­® ¡ë«® ¡ë ¢ëà §¨âì à¥è¥­¨¥ â ª�¥ ç¥à¥§ ¨­â¥£à «ë â¨¯  �®è¨.� ª ¯à ¢¨«®, ¨­â¥£à «ë ­¥ ¡¥àãâáï ¢ ª®­¥ç­®¬ ¢¨¤¥,   ¢ëç¨á«ïîâáï à §«¨ç­ë¬¨¯à¨¡«¨�¥­­ë¬¨ ¬¥â®¤ ¬¨. �â® âàã¤®¥¬ª¨© ¯à®æ¥áá, ¯®íâ®¬ã ¯à¥¤áâ ¢«ï¥â ¨­-â¥à¥á ¢ë¤¥«¨âì â¥ á«ãç ¨, ª®£¤  à¥è¥­¨¥ ¬®�­® ¯®«ãç¨âì ¯® ªà ¥¢®¬ã ãá«®¢¨î¬¥â®¤®¬  ­ «¨â¨ç¥áª®£® ¯à®¤®«�¥­¨ï, ¬¨­ãï ª¢ ¤à âãàë.Ǒãáâì ¢ ªà ¥¢®¬ ãá«®¢¨¨ (14)
D(u) = R+(u)

Q+(u) R−(u)
Q−(u) .�¤¥áì R+(u), Q+(u) ¨ R−(u), Q−(u) | ¬­®£®ç«¥­ë, ­ã«¨ ª®â®àëå «¥� â á®-®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ¢ ­¨�­¥© ¯®«ã¯«®áª®áâïå (­¥ á«¥¤ã¥â á¬¥è¨¢ âì ¨å á¢¢¥¤¥­­ë¬¨ à ­¥¥, ¨¬¥îé¨¬¨  ­ «®£¨ç­ë¥ ®¡®§­ ç¥­¨ï, ®¤­®áâ®à®­­¨¬¨ äã­ª-æ¨ï¬¨). �¡®§­ ç¨¬ áâ¥¯¥­¨ ¬­®£®ç«¥­®¢ R+, R−, Q+, Q− á®®â¢¥âáâ¢¥­­® m+,

m−, n+, n−. � ª ª ª ¯® ãá«®¢¨î § ¤ ç¨ D(∞) ­¥ ¬®�¥â ®¡à é âìáï ­¨ ¢ ­ã«ì, ­¨¢ ¡¥áª®­¥ç­®áâì, ¡ã¤¥â ¢ë¯®«­ïâìáï á®®â­®è¥­¨¥ m+ +m− = n+ + n−. �­¤¥ªá§ ¤ ç¨ ¢ëà §¨âáï à ¢¥­áâ¢®¬
ν = IndD(u) = m+ − n+ = −(m− − n−).�¬­®�¨¢ ªà ¥¢®¥ ãá«®¢¨¥ ­  Q−(u)/R−(u), ¡ã¤¥¬ ¨¬¥âì

Q−(u)
R−(u) Y+(u)− R+(u)

Q+(u) Y−(u) = Q−(u)
R−(u) H(u).�á«¨ á¢®¡®¤­ë© ç«¥­ H(u) â ª�¥ ¥áâì à æ¨®­ «ì­ ï äã­ªæ¨ï, â® «¥£ª® à¥è ¥âáï§ ¤ ç  ® áª çª¥

W+(u)−W−(u) = Q−(u)
R−(u) H(u). (45)�«ï íâ®£® ¤®áâ â®ç­® ¯à ¢ãî ç áâì à §«®�¨âì ­  áã¬¬ã ¯à®áâëå ¤à®¡¥©. �®£¤ 

W+(u) ¨ W−(u) ¡ã¤ãâ á®®â¢¥âáâ¢¥­­® áã¬¬ ¬¨ ¤à®¡¥© á ¯®«îá ¬¨ ¢ ­¨�­¥© ¨¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâïå. � ¯®«ãç¥­­®¬ã à ¢¥­áâ¢ã
Q−(u)
R−(u) Y+(u)−W+(u) = R+(u)

Q+(u) Y−(u)−W−(u)¬®�­® ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¬¥­¨âì â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï. �¤¨­áâ¢¥­­®© ¨áª«îç¨â¥«ì­®© â®çª®©, £¤¥ ¥¤¨-­ ï ¢® ¢á¥© ª®¬¯«¥ªá­®© ¯«®áª®áâ¨  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ¬®�¥â ¨¬¥âì ­¥­ã-«¥¢®© ¯®àï¤®ª, ¡ã¤¥â ¡¥áª®­¥ç­® ã¤ «¥­­ ï, £¤¥ ¯®àï¤®ª äã­ªæ¨¨ ¡ã¤¥â à ¢¥­
ν − 1 = m+ − n+ − 1 = n− −m− − 1.Ǒà¨ ν > 0 à¥è¥­¨¥ § ¯¨è¥âáï ¢ ¢¨¤¥
Y+(z) = R−(z)

Q−(z) [W+(z) + Pν−1(z)℄, Y−(z) = Q+(z)
R+(z) [W−(z) + Pν−1(z)℄.
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94 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨ ν 6 0 ­ã�­® ¯®«®�¨âì Pν−1 ≡ 0 ¨ ¯à¨ ν < 0 ¢ë¯¨á âì ¥é¥ ãá«®¢¨ï à §-à¥è¨¬®áâ¨, ¯®«ãç ¥¬ë¥ ¯à¨à ¢­¨¢ ­¨¥¬ ­ã«î |ν| ­ ç «ì­ëå ç«¥­®¢ à §«®�¥­¨ïà æ¨®­ «ì­®© äã­ªæ¨¨W(z) ¢ àï¤ ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ (¯®áâ¥¯¥­ï¬ 1/z).�¥è¥­¨¥ § ¤ ç¨ ® áª çª¥ (45) ¬®�­® ¯®«ãç¨âì ¨«¨ ¨á¯®«ì§ãï ¬¥â®¤ ­¥®¯à¥¤¥-«¥­­ëå ª®íää¨æ¨¥­â®¢, ª ª íâ® ¤¥« ¥âáï ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ à æ¨®­ «ì­ëå äã­ª-æ¨©, ¨«¨ �¥ ¨á¯®«ì§ãï â¥®à¨î ¢ëç¥â®¢  ­ «¨â¨ç¥áª¨å äã­ªæ¨©. Ǒãáâì zk ¥áâì¯®«îá ªà â­®áâ¨ m äã­ªæ¨¨ [

Q−(z)/R−(z)]H(z). �®£¤  ª®íää¨æ¨¥­âë £« ¢­®©ç áâ¨ ¥¥ à §«®�¥­¨ï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ zk
ck1

z − zk
+ · · ·+ ckm(z − zk)m¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¯® ä®à¬ã«¥

ckj = 1(j − 1)! dj−1
dzj−1 [

Q−(z)
R−(z) H(z)]

z=zk

.� áá¬®âà¥­­ë© á«ãç © ­¥à¥¤ª® ¢áâà¥ç ¥âáï ­  ¯à ªâ¨ª¥. �­ ¢ �¥­ â ª�¥ ¨ ª ª®¤¨­ ¨§ ¢®§¬®�­ëå ¯ãâ¥© à¥è¥­¨ï § ¤ ç¨ ¯à¨ ®¡é¨å ¯à¥¤¯®«®�¥­¨ïå. �¯¯à®ª-á¨¬ æ¨ï ¯à®¨§¢®«ì­ëå ª®íää¨æ¨¥­â®¢ à áá¬ âà¨¢ ¥¬®£® ª« áá  à æ¨®­ «ì­ë¬¨äã­ªæ¨ï¬¨ ï¢«ï¥âáï ®¤­¨¬ ¨§ à á¯à®áâà ­¥­­ëå á¯®á®¡®¢ ¯à¨¡«¨�¥­­®£® à¥è¥-­¨ï ªà ¥¢®© § ¤ ç¨ �¨¬ ­ .4.4-6. �áª«îç¨â¥«ì­ë¥ á«ãç ¨. �¤­®à®¤­ ï § ¤ ç Ǒãáâì ¢ ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ª®íää¨æ¨¥­â D(u) ¨¬¥¥â ­ã«¨ á®®â¢¥âáâ¢¥­­®¯®àï¤ª®¢ α1, . . . , αr ¢ â®çª å a1, . . . , ar ¨ ¯®«îáë* ¯®àï¤ª®¢ β1, . . . , βs ¢ â®çª å
b1, . . . , bs (α1, . . . , αr , β1, . . . , βs |æ¥«ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« ). � ª¨¬ ®¡à §®¬,ª®íää¨æ¨¥­â ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥
D(u)= r∏

i=1(u− ai)αis∏

j=1(u− bj)βj

D1(u), D1(u) 6=0, −∞<u<∞,
r∑

i=1 αi=m,
s∑

j=1 βj =n.(46)�ã­ªæ¨î D1(u) ¢ á¢®î ®ç¥à¥¤ì ¯à¥¤áâ ¢¨¬ (á¬. ¯. 4.4-5) ¢ ¢¨¤¥
D1(u) = R+(u)R−(u)

Q+(u)Q−(u) D2(u), (47)£¤¥ R+(u), Q+(u) ¨ R−(u), Q−(u), â ª �¥ ª ª ¨ ¢ëè¥| ¬­®£®ç«¥­ë áâ¥¯¥­¥©á®®â¢¥âáâ¢¥­­® m+, n+ ¨ m−, n−, ¨¬¥îé¨¥ ­ã«¨ ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®á-ª®áâïå. �ã­ªæ¨ï D2(u) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à , ¨¬¥¥â ­ã«¥¢®© ¨­¤¥ªá ¨­¨£¤¥ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ­¥ ®¡à é ¥âáï ¢ ­ã«ì. �à®¬¥ â®£®, ­  ­¥¥ ¬®£ãâ ¡ëâì­ «®�¥­ë ­¥ª®â®àë¥ ãá«®¢¨ï ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª ai, bj ¨,¬®�¥â ¡ëâì, ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨.* � á«ãç ¥, ª®£¤  äã­ªæ¨ïD(u) ­¥  ­ «¨â¨ç¥áª ï, â¥à¬¨­®¬ ó¯®«îá� ¡ã¤¥â ®¡®§­ ç âìáïâ®çª , £¤¥ äã­ªæ¨ï ®¡à é ¥âáï ¢ ¡¥áª®­¥ç­®áâì æ¥«®£® ¯®àï¤ª .
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 95�à ¥¢®¥ ãá«®¢¨¥ ®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  § ¯¨è¥âáï ¢ ¢¨¤¥
Y+(u) = r∏

i=1(u− ai)αiR+(u)R−(u)s∏

j=1(u− bj)βjQ+(u)Q−(u) D2(u)Y−(u). (48)�¥è¥­¨¥ ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äã­ªæ¨©, ®£à ­¨ç¥­­ëå ­  ¢¥é¥áâ¢¥­­®© ®á¨ ¨®¡à é îé¨åáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨:
Y(∞) = 0. (49)�®íää¨æ¨¥­â D(u) ­  ¡¥áª®­¥ç­®áâ¨ ¨¬¥¥â ¯®àï¤®ª

η = n+ n+ + n− −m−m+ −m−. (50)�¨á«®
ν = m+ − n+ (51)­ §®¢¥¬ ¨­¤¥ªá®¬ § ¤ ç¨. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥
h = n− −m−. (52)�®£¤  ¯®àï¤®ª ­  ¡¥áª®­¥ç­®áâ¨ ¢ëà §¨âáï ä®à¬ã«®©

η = h− ν + n−m. (53)Ǒà¨áâã¯¨¬ â¥¯¥àì ª à¥è¥­¨î § ¤ ç¨ (48). Ǒà¨¬¥­ïï ®¡é¨¥ ¯à¨¥¬ë, ¯®«®�¨¬
D2(u) = eG

+(u)
eG

−(u) , g(x) = 1√2π ∫ ∞

−∞

lnD2(u)e−iux du,
G+(z) = 1√2π ∫ ∞0 g(x)eizx dx, G−(z) = − 1√2π ∫ 0

−∞

g(x)eizx dx (54)¨ § ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢ ¢¨¤¥
Q−(u)Y+(u)

r∏

i=1(u− ai)αiR−(u)eG+(u) = R+(u)Y−(u)s∏

j=1(u− bj)βjQ+(u)eG−(u) . (55)Ǒà¨¬¥­ïï,  ­ «®£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­® à ­¥¥,  ­ «¨â¨ç¥áª®¥ ¯à®¤®«�¥-­¨¥ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï, ¯®«ãç¨¬ ¢ ª ç¥áâ¢¥ ¥¤¨­áâ¢¥­­®© ¢®§¬®�-­®© ®á®¡¥­­®áâ¨ ¯®«îá ­  ¡¥áª®­¥ç­®áâ¨.�®§¬®�­ë ¤¢  á«ãç ï:1◦. Ǒãáâì ¯®àï¤®ª ª®íää¨æ¨¥­â  ªà ¥¢®© § ¤ ç¨ ­  ¡¥áª®­¥ç­®áâ¨ η > 0, â. ¥.
D(u) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ­ã«ì ¯®àï¤ª  η. �§ (53) á«¥¤ã¥â n−ν >m−h. Ǒà¨-à ¢­¨¢ ï «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ à ¢¥­áâ¢  (55) ¬­®£®ç«¥­ã Pν−n−1(z), ¯®«ãç¨¬à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

Y+(z) = r∏

i=1(z − ai)αi
R−(z)
Q−(z) eG+(z)Pν−n−1(z),

Y−(z) = s∏

j=1(z − bj)βj
Q+(z)
R+(z) eG−(z)Pν−n−1(z). (56)� ¤ ç  ¨¬¥¥â ν−n «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ¯à¨ ν−n> 0 ¨ ¨¬¥¥â «¨èìâà¨¢¨ «ì­®¥ ­ã«¥¢®¥ à¥è¥­¨¥ ¯à¨ ν − n 6 0.
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96 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)2◦. Ǒãáâì η < 0, â. ¥. D(u) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯®àï¤ª  −η. �íâ®¬ á«ãç ¥ m − h > n − ν, ¨ ®¡é¥¥ à¥è¥­¨¥ ¯®«ãç¨¬ ¨§ (56), ¥á«¨ ¢ ­¥¬§ ¬¥­¨¬ Pν−n−1(z) ­  Ph−m−1(z). � íâ®¬ á«ãç ¥ § ¤ ç  ¨¬¥¥â h − m à¥è¥­¨©¯à¨ h−m > 0 ¨ «¨èì âà¨¢¨ «ì­®¥ ­ã«¥¢®¥ ¯à¨ h−m 6 0.�®£« á­® (53) ¨¬¥¥¬

h−m = ν − n+ η. (57)� ª¨¬ ®¡à §®¬, ¢ ®¡®¨å à áá¬®âà¥­­ëå á«ãç ïå ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëåà¥è¥­¨© à ¢­® ¨­¤¥ªáã ¬¨­ãá áã¬¬ à­®¥ ç¨á«® ¯®«îá®¢ (¢ª«îç ï ¨ ¯®«îá ­ ¡¥áª®­¥ç­®áâ¨) ª®íää¨æ¨¥­â  D(u). �«¥¤®¢ â¥«ì­®, ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëåà¥è¥­¨© ®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  ­¥ ¨§¬¥­ï¥âáï ®â ­ «¨ç¨ï ­ã«¥© ª®íää¨æ¨-¥­â  ¨ ã¬¥­ìè ¥âáï ­  áã¬¬ à­ë© ¯®àï¤®ª ¥£® ¯®«îá®¢.4.4-7. �áª«îç¨â¥«ì­ë¥ á«ãç ¨. �¥®¤­®à®¤­ ï § ¤ ç Ǒà¥¤¯®«®�¨¬, çâ® á¢®¡®¤­ë© ç«¥­ ¨¬¥¥â â¥ �¥ ¯®«îáë, çâ® ¨ ª®íää¨æ¨¥­â.�à ¥¢®¥ ãá«®¢¨¥ ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
Y+(u) = r∏

i=1(u− ai)αiR+(u)R−(u)s∏

j=1(u− bj)βjQ+(u)Q−(u) D2(u)Y−(u) + H1(u)s∏

j=1(u− bj)βj

, (58)£¤¥ D2(u), H1(u) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  ¨, ªà®¬¥ â®£®, ­¥ª®â®àë¬ãá«®¢¨ï¬ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª ai, bj , ∞.1◦. Ǒãáâì ¯®àï¤®ª ª®íää¨æ¨¥­â  ªà ¥¢®© § ¤ ç¨ ­  ¡¥áª®­¥ç­®áâ¨ η > 0. � á¨«ãâ®£®, çâ® ¯¥à¢ë¥ ¤¢  ç«¥­  à ¢¥­áâ¢  (58) ­  ¡¥áª®­¥ç­®áâ¨ ®¡à é îâáï ¢ ­ã«ì,¬¨­¨¬ «ì­® ¢®§¬®�­ë© ¯®àï¤®ªH1(u) ­  ¡¥áª®­¥ç­®áâ¨ à ¢¥­ 1−n. � ¬¥­ïï, ª ª¨ ¢ ®¤­®à®¤­®© § ¤ ç¥, D2(u) ®â­®è¥­¨¥¬ ¤¢ãå äã­ªæ¨© (54), § ¯¨è¥¬ ªà ¥¢®¥ãá«®¢¨¥ ¢ ¢¨¤¥ (¯®¤ ä¨£ãà­ë¬¨ áª®¡ª ¬¨ ¢ë¯¨á ­ë ¯®àï¤ª¨ á®®â¢¥âáâ¢ãîé¨åäã­ªæ¨© ­  ¡¥áª®­¥ç­®áâ¨)s∏

j=1(u− bj)βjQ−(u)Y+(u)
R−(u)eG+(u)

︸ ︷︷ ︸1−n−h = r∏

i=1(u− ai)αiR+(u)Y−(u)
Q+(u)eG−(u)

︸ ︷︷ ︸1−m−ν

+ H1(u)Q−(u)
R−(u)eG+(u)
︸ ︷︷ ︸1−n−h�®¯ãáâ¨¬, çâ® ¬­®£®ç«¥­ S(u) áâ¥¯¥­¨ n+h−1 ¯à¥¤áâ ¢«ï¥â £« ¢­ãî ç áâì à §-«®�¥­¨ï ¯®á«¥¤­¥£® ç«¥­  ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ (¢ á«ãç ¥,¥á«¨ n+ h− 1 > 0)

H1(u)Q−(u)
R−(u)eG+(u) = S(u) +W(u), W(∞) = 0.� ¬¥­¨¢ W(u) à §­®áâìî ªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å äã­ªæ¨©

W(u) = W+(u)−W−(u), (59)£¤¥
w(x) = 1√2π ∫ ∞

−∞

W(u)e−iux du,
W+(u) = 1√2π ∫ ∞0 w(x)eiux dx, W−(u) = − 1√2π ∫ 0

−∞

w(x)eiux dx, (60)
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4.4. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ 97¯à¨¢¥¤¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ª ¢¨¤ãs∏

j=1(u− bj)βjQ−(u)Y+(u)
R−(u)eG+(u) −S(u)−W+(u)= r∏

i=1(u− ai)αiR+(u)Y−(u)
Q+(u)eG−(u) −W−(u).Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥-¬ã �¨ã¢¨««ï ¨ ãç¨âë¢ ï, çâ® ¥¤¨­áâ¢¥­­®© ®á®¡®© â®çª®© à áá¬ âà¨¢ ¥¬®©äã­ªæ¨¨ ¬®�¥â ¡ëâì «¨èì ¡¥áª®­¥ç­® ã¤ «¥­­ ï â®çª ,   â ª�¥ â®â ä ªâ, çâ®

−n− h 6 −m− ν (η > 0), ¯®«ãç¨¬
Y+(z) = R−(z)eG+(z)s∏

j=1(z − bj)βjQ−(z) [W+(z) + S(z) + Pν+m−1(z)℄,
Y−(z) = Q+(z)eG−(z)

r∏

i=1(z − ai)αiR+(z) [W−(z) + Pν+m−1(z)℄. (61)Ǒ®á«¥¤­¨¥ ä®à¬ã«ë ®¯à¥¤¥«ïîâ à¥è¥­¨¥, ¨¬¥îé¥¥ ¢ â®çª å ai, bj ¯®«ïà­ë¥®á®¡¥­­®áâ¨. �â®¡ë ¯®«ãç¨âì ®£à ­¨ç¥­­®¥ à¥è¥­¨¥, ¢®á¯®«ì§ã¥¬áï ª ­®­¨ç¥-áª®© äã­ªæ¨¥© ­¥®¤­®à®¤­®© § ¤ ç¨.� ­®­¨ç¥áª®© äã­ªæ¨¥© V(z) ­¥®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  ¢ ¨áª«îç¨â¥«ì­®¬á«ãç ¥ ­ §ë¢ ¥âáï ªãá®ç­®  ­ «¨â¨ç¥áª ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ªà ¥¢®¬ããá«®¢¨î (58), ¨¬¥îé ï ¢® ¢á¥© ª®­¥ç­®© ç áâ¨ ¯«®áª®áâ¨, ¢ª«îç ï â®çª¨ ai¨ bj , ­ã«¥¢®© ¯®àï¤®ª ¨ ®¡« ¤ îé ï ­  ¡¥áª®­¥ç­®áâ¨ ­ ¨­¨§è¨¬ ¢®§¬®�­ë¬¯®àï¤ª®¬.Ǒãáâì Up(z) | ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ �à¬¨â  á ã§« ¬¨ ¨­â¥à¯®«ï-æ¨¨ ¯®àï¤ª®¢ αi, βj á®®â¢¥âáâ¢¥­­® ¢ â®çª å ai, bj . � ª®© ¬­®£®ç«¥­ áâ¥¯¥­¨
p=m+n−1 áãé¥áâ¢ã¥â ¨ ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ (á¬. ¯. 6.3-1). � § ¤ ­­ë¥ äã­ªæ¨¨ D1(u),H1(u) ­ã�­® ­ «®�¨âì ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥, çâ®¡ë¢ ®ªà¥áâ­®áâ¨ â®ç¥ª ai, bj ®­¨ ¨¬¥«¨ ¯à®¨§¢®¤­ë¥ ¯®àï¤ª®¢ αi, βj á®®â¢¥âáâ¢¥­­®,ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î �ñ«ì¤¥à . �®£¤  ª ­®­¨ç¥áª ï äã­ªæ¨ï ­¥®¤­®à®¤­®©§ ¤ ç¨ § ¯¨è¥âáï ¢ ¢¨¤¥

V+(z) = R−(z)eG+(z)s∏

j=1(z − bj)βjQ−(z) [W+(z) + S(z)− Up(z)℄,
V−(z) = Q+(z)eG−(z)

r∏

i=1(z − ai)αiR+(z) [W−(z)− Up(z)℄. (62)�ª« ¤ë¢ ï V(z) á ¯®«ãç¥­­ë¬ à ­¥¥ ®¡é¨¬ à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨,¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© ­¥®¤­®à®¤­®© § ¤ ç¨:
Y+(z) = V+(z) + r∏

i=1(z − ai)αi
R−(z)
Q−(z) eG+(z)Pν−n−1(z),

Y−(z) = V−(z) + s∏

j=1(z − bj)βj
Q+(z)
R+(z) eG−(z)Pν−n−1(z). (63)
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98 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨ ν−n>0 § ¤ ç  ¨¬¥¥â ν−n «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©. � á«ãç ¥ ν−n6 0­ã�­® ¯®«®�¨âì Pν−n−1(z)≡ 0. Ǒà¨ ν−n< 0 ª ­®­¨ç¥áª ï äã­ªæ¨ï V(z) ¨¬¥¥â­  ¡¥áª®­¥ç­®áâ¨ ¯®àï¤®ª ν − n < 0 ¨, á«¥¤®¢ â¥«ì­®, ¯¥à¥áâ ¥â ¡ëâì à¥è¥­¨¥¬­¥®¤­®à®¤­®© § ¤ ç¨. �¤­ ª®, ¯®¤ç¨­ïï á¢®¡®¤­ë© ç«¥­ n− ν ãá«®¢¨ï¬, ¬®�­®¤®¡¨âìáï ¯®¢ëè¥­¨ï ¯®àï¤ª  ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨¨ V(u) ­  n− ν ¥¤¨­¨æ ¨â¥¬ á ¬ë¬ ¢­®¢ì á¤¥« âì ª ­®­¨ç¥áªãî äã­ªæ¨î V(z) à¥è¥­¨¥¬ ­¥®¤­®à®¤­®©§ ¤ ç¨.�â®¡ë ®¡¥á¯¥ç¨âì ¢ë¯®«­¨¬®áâì ãª § ­­ëå ®¯¥à æ¨©, ¤®áâ â®ç­® ¯®âà¥¡®-¢ âì, çâ®¡ë äã­ªæ¨¨ ukH1(u) ¨ D2(u) ¨¬¥«¨ ­  ¡¥áª®­¥ç­®áâ¨ ¯à®¨§¢®¤­ë¥ ¯®-àï¤ª®¢ ¤® n− ν, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î �ñ«ì¤¥à .2◦. Ǒãáâì η < 0. � ¨­¨§è¨© ¢®§¬®�­ë© ¯®àï¤®ª H1(u) ­  ¡¥áª®­¥ç­®-áâ¨ h − ν −m + 1. �®£¤  ¢ ãá«®¢¨¨ (58) äã­ªæ¨ï [H1(u)Q−(u)℄/[R−(u)eG+(u)℄¡ã¤¥â ¨¬¥âì ­  ¡¥áª®­¥ç­®áâ¨ ¯®àï¤®ª, à ¢­ë© 1 − m − ν. � íâ®¬ á«ãç ¥ ¯®á«¥¢ë¤¥«¥­¨ï £« ¢­®© ç áâ¨ à §«®�¥­¨ï [H1(u)Q−(u)℄/[R−(u)eG+(u)℄ ¢ ®ªà¥áâ­®-áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ ¯à¨ m + ν − 1 > 0 ªà ¥¢®¥ ãá«®¢¨¥ § ¯¨è¥¬ ¢¢¨¤¥s∏

j=1(u− bj)βjQ−(u)Y+(u)
R−(u)eG+(u) −W+(u)= r∏

i=1(u− ai)αiR+(u)Y−(u)
Q+(u)eG−(u) −W−(u)+S(u).� ­®­¨ç¥áª ï äã­ªæ¨ï ­¥®¤­®à®¤­®© § ¤ ç¨ ¢ëà � ¥âáï ç¥à¥§ ¨­â¥à¯®«ïæ¨®­­ë©¬­®£®ç«¥­ á«¥¤ãîé¨¬ ®¡à §®¬:

V+1 (z) = R−(z)eG+(z)s∏

j=1(z − bj)βjQ−(z) [W+(z)− Up(z)℄,
V−1 (z) = Q+(z)eG−(z)

r∏

i=1(z − ai)αiR+(z) [W−(z)− S(z)− Up(z)℄. (64)�¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ (58) ¯à¨¬¥â ¢¨¤
Y+(z) = V+1 (z) + r∏

i=1(z − ai)αi
R−(z)
Q−(z) eG+(z)Ph−m−1(z),

Y−(z) = V−1 (z) + s∏

j=1(z − bj)βj
Q+(z)
R+(z) eG−(z)Ph−m−1(z). (65)Ǒà¨ h−m > 0 § ¤ ç  ¨¬¥¥â h−m «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©. � á«ãç ¥

h−m6 0 ¬­®£®ç«¥­ Ph−m−1(z) ­ã�­® ¯®«®�¨âì â®�¤¥áâ¢¥­­® à ¢­ë¬ ­ã«î,   ®âá¢®¡®¤­®£® ç«¥­  ¢ á«ãç ¥ h−m<0 ¯®âà¥¡®¢ âì ¢ë¯®«­¥­¨ïm−h ãá«®¢¨© â ª®£®�¥ ¢¨¤ , ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥. Ǒà¨ ¢ë¯®«­¥­¨¨ íâ¨å ãá«®¢¨© ­¥®¤­®à®¤­ ï§ ¤ ç  (58) ¡ã¤¥â ¨¬¥âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.� ¬¥ç ­¨¥. � à §¤. 4.5 ¡ã¤ãâ à áá¬®âà¥­ë ãà ¢­¥­¨ï, ª®â®àë¥ ¯à¨¢®¤ïâáïª § ¤ ç¥ �¨¬ ­  ¯®áà¥¤áâ¢®¬ ¯à¨¬¥­¥­¨ï â¥®à¥¬ë ® á¢¥àâª¥ ¤«ï ¯à¥®¡à §®¢ ­¨ï�ãàì¥. �­ «®£¨ç­® ¬®�­® ¨áá«¥¤®¢ âì ãà ¢­¥­¨ï, ª ª®â®àë¬ ¯à¨¬¥­¨¬ë â¥®à¥¬ë® á¢¥àâª¥ ¤«ï ¤àã£¨å ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©, ­ ¯à¨¬¥à ¤«ï ¯à¥®¡à §®¢ ­¨ï�¥««¨­ .
©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢, �. �. �¥àáª¨© (1978),S. G. Mikhlin, S. Pr�ossdorf (1986).
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4.5. �¥â®¤ � à«¥¬ ­  ¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¯¥à¢®£® à®¤  994.5. �¥â®¤ � à«¥¬ ­  ¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨¯¥à¢®£® à®¤ �¥â®¤®¬ � à«¥¬ ­  ­ §®¢¥¬ ¬¥â®¤ ¯à¨¢¥¤¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ªªà ¥¢®© § ¤ ç¥ â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨©, ¢ ç áâ­®áâ¨, ª § ¤ ç¥ �¨¬ ­ . �«ïãà ¢­¥­¨© â¨¯  á¢¥àâª¨ â ª®¥ ¯à¨¢¥¤¥­¨¥ ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ¨­â¥£à «ì-­ëå ¯à¥®¡à §®¢ ­¨©. Ǒ®á«¥ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ ¨áª®¬ ï äã­ªæ¨ï ¬®�¥â ¡ëâì¯®«ãç¥­  ¯®áà¥¤áâ¢®¬ ®¡à â­®£® ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï.4.5-1. �à ¢­¥­¨¥ �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤ � áá¬®âà¨¬ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤ 1√2π ∫ ∞0 K(x− t)y(t) dt = f(x), 0 < x <∞, (1)ª®â®à®¥ ç áâ® ¢áâà¥ç ¥âáï ¢ ¯à¨«®�¥­¨ïå. �®®¯à¥¤¥«¨¬ ¥£® ­  ®âà¨æ â¥«ì­®©¯®«ã®á¨ ¯ãâ¥¬ ¢¢¥¤¥­¨ï ®¤­®áâ®à®­­¨å äã­ªæ¨©
y+(x) ={

y(x) ¯à¨ x > 0,0 ¯à¨ x < 0, f+(x) ={
f(x) ¯à¨ x > 0,0 ¯à¨ x < 0, y−(x) = 0 ¯à¨ x > 0.�á¯®«ì§ãï ®¤­®áâ®à®­­¨¥ äã­ªæ¨¨, § ¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥1√2π ∫ ∞

−∞

K(x− t)y+(t) dt = f+(x) + y−(x), −∞ < x <∞. (2)�á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï y−(x) ¢¢¥¤¥­  ¤«ï â®£®, çâ®¡ë ¤®®¯à¥¤¥«¨âì «¥¢ãîç áâì ãà ¢­¥­¨ï (2) ¯à¨ x < 0. � ¬¥â¨¬, çâ® y−(x) ¢ ®¡« áâ¨ x < 0 ­¥¨§¢¥áâ­  ¨­ å®¤¨âáï ¢ ¯à®æ¥áá¥ à¥è¥­¨ï § ¤ ç¨.Ǒà¨¬¥­ïï â¥¯¥àì ª ãà ¢­¥­¨î (2) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥, ¯®«ãç¨¬ á«¥¤ãî-éãî ªà ¥¢ãî § ¤ çã:
Y+(u) = 1

K(u) Y−(u) + F+(u)
K(u) . (3)�á«¨ σ|¯®àï¤®ª K(u) ­  ¡¥áª®­¥ç­®áâ¨, â® ¯®àï¤®ª ª®íää¨æ¨¥­â  ªà ¥¢®© § ¤ -ç¨ ­  ¡¥áª®­¥ç­®áâ¨ η=−σ< 0. �¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ (3) ¬®�­® ¯®«ãç¨âì ­  ®á-­®¢ ­¨¨ á®®â­®è¥­¨© (65) ¨§ ¯. 4.4-7, § ¬¥­¨¢ ¢ ­¨å Ph−m−1(z) ­  Pν−n+η−1(z).�¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (1) ¯®«ãç¨¬ ¨§ à¥è¥­¨ï § ¤ ç¨ (3) ¯® ä®à¬ã«¥ ®¡-à é¥­¨ï

y(x) = y+(x) = 1√2π ∫ ∞

−∞

Y+(u)e−iux du, x > 0. (4)�â¬¥â¨¬, çâ® ¢ ä®à¬ã«¥ (4) ï¢­® ¯à¨áãâáâ¢ã¥â â®«ìª® äã­ªæ¨ï Y+(u), ª®â®à ïá¢ï§ ­  á Y−(u) á®®â­®è¥­¨¥¬ (3).4.5-2. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï á ¤¢ã¬ï ï¤à ¬¨ ¯¥à¢®£® à®¤ � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤ 1√2π ∫ ∞0 K1(x−t)y(t)dt+ 1√2π ∫ 0
−∞

K2(x−t)y(t)dt= f(x), −∞<x<∞.(5)Ǒà¥®¡à §®¢ ­¨¥ �ãàì¥ ãà ¢­¥­¨ï (5) ¯à¨¢®¤¨â ª à¥è¥­¨î á«¥¤ãîé¥© ªà ¥¢®©§ ¤ ç¨:
Y+(u) = K2(u)

K1(u) Y−(u) + F(u)
K1(u) , −∞ < u <∞. (6)
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100 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)�¥ ª®íää¨æ¨¥­â ¯à¥¤áâ ¢«ï¥â á®¡®© ®â­®è¥­¨¥ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì­  ¡¥áª®­¥ç­®áâ¨, ¨, á«¥¤®¢ â¥«ì­®, ¢ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï, ¬®�¥â¨¬¥âì ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ­ã«ì ¨«¨ ¯®«îá ­¥ª®â®à®£® ¯®àï¤ª .Ǒãáâì K1(u) = T1(u)/uλ,   K2(u) = T2(u)/uµ, £¤¥ äã­ªæ¨¨ T1(u) ¨ T2(u)¨¬¥îâ ­  ¡¥áª®­¥ç­®áâ¨ ­ã«¥¢®© ¯®àï¤®ª. � § ¢¨á¨¬®áâ¨ ®â â®£®, ¡ã¤¥â «¨à §­®áâì η = µ − λ ®âà¨æ â¥«ì­  ¨«¨ ¯®«®�¨â¥«ì­ , ¬®£ãâ ¯à¥¤áâ ¢¨âìáï ¤¢ á«ãç ï. �«ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ¨¬¥îâáï â ª�¥ ¨áª«îç¨â¥«ì­ë¥ â®çª¨­  ª®­¥ç­®¬ à ááâ®ï­¨¨. Ǒãáâì äã­ªæ¨¨ K1(u) ¨ K2(u) ¨¬¥îâ ¯à¥¤áâ ¢«¥­¨ï

K1(u) = s∏

j=1(u− bj)βj

p∏

k=1(u− ck)γkK11(u),
K2(u) = r∏

i=1(u− ai)αi

p∏

k=1(u− ck)γkK12(u).�à®¬¥ ®¡é¨å ­ã«¥© ¢ â®çª å ck ªà â­®áâ¨ γk, äã­ªæ¨¨ K1(u) ¨ K2(u) ¨¬¥îâ­  ¡¥áª®­¥ç­®áâ¨ ®¡é¨© ­ã«ì ¯®àï¤ª  min(λ,µ).�®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­  ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
D(u) = r∏

i=1(u− ai)αiR+(u)R−(u)s∏

j=1(u− bj)βjQ+(u)Q−(u) D2(u).�§ (6) á«¥¤ã¥â, çâ® íâ  § ¤ ç  ¨ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (5) ¡ã¤ãâ à §à¥è¨¬ë, ¥á«¨
F(u) ¢ â®çª å ck, ï¢«ïîé¨åáï ®¡é¨¬¨ ­ã«ï¬¨ äã­ªæ¨© K1(u),K2(u), ¨¬¥¥â ­ã«ì¯®àï¤ª  γk, â. ¥. F(u) ¨¬¥¥â ¢¨¤

F(u) = p∏

k=1(u− ck)γkF1(u).�«ï íâ®£® ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ γ1 + · · ·+ γp = l ãá«®¢¨©
[
F(jk)
u (u)]

u=ck
= 0, jk = 0, 1, . . . , γk − 1, (7)¨«¨, çâ® ¢á¥ à ¢­®, ãá«®¢¨©

∫ ∞

−∞

f(x)xjkeickx dx = 0. (8)� íâ¨¬ ãá«®¢¨ï¬ ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  ¤®¡ ¢ïâáï ¥é¥
d = min(λ, µ) + 1 (9)ãá«®¢¨©, ­ ª« ¤ë¢ ¥¬ëå ­  ¯®¢¥¤¥­¨¥ F(u) ­  ¡¥áª®­¥ç­®áâ¨, â ª ª ª äã­ªæ¨¨

K1(u), K2(u) ¨¬¥îâ ­  ¡¥áª®­¥ç­®áâ¨ ®¡é¨© ­ã«ì ¯®àï¤ª  min(λ,µ). �«¥¤®¢ -â¥«ì­®, F(u) ¤®«�­  ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ (8) ¨ ¨¬¥âì ­  ¡¥áª®­¥ç­®áâ¨ ¯®àï-¤®ª ­¥ ­¨�¥ d.�á«¨ íâ¨ ãá«®¢¨ï ¢ë¯®«­¥­ë, â® ªà ¥¢ ï § ¤ ç  (6) ¯à¨­¨¬ ¥â ¢¨¤
Y+(u) = r∏

i=1(u− ai)αiR+(u)R−(u)s∏

j=1(u− bj)βjQ+(u)Q−(u) D2(u)Y−(u) + H1(u)s∏

j=1(u− bj)βj

.
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4.5. �¥â®¤ � à«¥¬ ­  ¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¯¥à¢®£® à®¤  101�¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­® à ­¥¥ ¢ ¯. 4.4-7. � á«ãç ¥ η > 0 (µ > λ) ®­® § ¯¨áë¢ ¥âáï¢ ¢¨¤¥
Y+(z) = V+(z) + r∏

i=1(z − ai)αi
R−(z)
Q−(z) eG+(z)Pν−n+1(z),

Y−(z) = V−(z) + s∏

j=1(z − bj)βj
Q+(z)
R+(z) eG−(z)Pν−n+1(z). (10)� á«ãç ¥ η < 0 (µ < λ) ®­® ¤ ¥âáï ¢ ¢¨¤¥

Y+(z) = V+1 (z) + r∏

i=1(z − ai)αi
R−(z)
Q−(z) eG+(z)Ph−m−1(z),

Y−(z) = V−1 (z) + s∏

j=1(z − bj)βj
Q+(z)
R+(z) eG−(z)Ph−m−1(z). (11)�¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¢ ®¡®¨å á«ãç ïå ¬®�¥â ¡ëâì¯®«ãç¥­® ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨ ¢ëà �¥­¨© (10), (11) ¢ ä®à¬ã«ã

y(x) = 1√2π ∫ ∞

−∞

[Y+(u)− Y−(u)℄e−iux du. (12)Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤ 1√2π ∫ ∞0 K1(x− t)y(t) dt+ 1√2π ∫ 0
−∞

K2(x− t)y(t) dt = f(x),£¤¥
K1(x) = { 0 ¯à¨ x > 0,√2π (e3x − e2x) ¯à¨ x < 0, K2(x) = {

−
√2π ie−2x ¯à¨ x > 0,0 ¯à¨ x < 0,(13)

f(x) = { 0 ¯à¨ x > 0,√2π (e3x − e2x) ¯à¨ x < 0.Ǒà¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ª äã­ªæ¨ï¬ ¨§ (13), ¯®«ãç¨¬
K1(u) = 1(u− 2i)(u − 3i) , K2(u) = 1

u+ 2i , F(u) = 1(u− 2i)(u− 3i) .�à ¥¢ ï § ¤ ç  (6) §¤¥áì ¨¬¥¥â ¢¨¤
Y+(u) = (u− 2i)(u − 3i)

u+ 2i Y−(u) + 1.�®íää¨æ¨¥­â D(u) ¨¬¥¥â ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ¯®«îá ¯¥à¢®£® ¯®àï¤ª (ν = −1). �®£¤ 
m+ = 2, n+ = 0, ν = m+ − n+ = 2, min(λ, µ) = 1, d = 2.�ã­ªæ¨ï F(u) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ­ã«ì ¢â®à®£® ¯®àï¤ª , á«¥¤®¢ â¥«ì­®, ­¥®¡å®¤¨¬®¥ãá«®¢¨¥ à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï ¢ë¯®«­¥­®.�¤­®à®¤­ ï § ¤ ç 

Y+(u) = (u− 2i)(u − 3i)
u+ 2i Y−(u)¢ ª« áá¥ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨, ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥­¨¥:

Y+(z) = C

z + 2i , Y−(z) = C(z − 2i)(z − 3i) ,£¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
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102 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)�¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© § ¤ ç¨ (13) ¬¥­ìè¥ ¨­¤¥ªá  ­  ¥¤¨­¨æã, â ª ª ª

D(u) ¨¬¥¥â ¯®«îá ¯¥à¢®£® ¯®àï¤ª  ­  ¡¥áª®­¥ç­®áâ¨.�¥è¥­¨¥ ­¥®¤­®à®¤­®© § ¤ ç¨ ¢ ª« áá¥ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì ­  ¡¥áª®­¥ç-­®áâ¨, ¨¬¥¥â ¢¨¤
Y+(z) = C

z + 2i , Y−(z) = C − 2i− z(z − 2i)(z − 3i) ,
y(x) = {

−
√2π iCe−2x ¯à¨ x > 0,√2π C(e2x − e3x)− 4i√2π e2x + 5i√2π e3x ¯à¨ x < 0.Ǒà¨ ¢ë¡à ­­®© ¢ëè¥ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨¥ ®ª §ë¢ ¥âáï à §à¥è¨¬ë¬. �®§ì¬¥¬â¥¯¥àì, ­ ¯à¨¬¥à,
f(x) = { 0 ¯à¨ x > 0,√2π i(5e3x − 4e2x) ¯à¨ x < 0. (14)�®£¤  F(u) = (u + 2i)/[(u − 2i)(u − 3i)℄. �®®â¢¥âáâ¢ãîé ï ªà ¥¢ ï § ¤ ç  �¨¬ ­  ¨¬¥¥â¢¨¤
Y+(u) = (u− 2i)(u − 3i)

u+ 2i Y−(u) + u+ 2i.�¥ à¥è¥­¨¥ ¢ ª« áá¥ äã­ªæ¨©, ®£à ­¨ç¥­­ëå ­  ¡¥áª®­¥ç­®áâ¨, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥
Y+(z) = C − z

z + 2i , Y−(z) = C − z − (z + 2i)2(z − 2i)(z − 3i) . (15)�¨ ¯à¨ ª ª®¬ ¯®¤¡®à¥ ¯®áâ®ï­­®© C à¥è¥­¨¥ ­¥ ®¡à é ¥âáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨,á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ á ¯à ¢®© ç áâìî, § ¤ ­­®© ¢ëà �¥­¨¥¬ (14), ­¥ ¨¬¥¥â à¥è¥­¨©,¨­â¥£à¨àã¥¬ëå ­  ¢¥é¥áâ¢¥­­®© ®á¨.
©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢, �. �. �¥àáª¨© (1978),S. G. Mikhlin, S. Pr�ossdorf (1986).4.6. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ 4.6-1. �¥â®¤ � à«¥¬ ­  ¤«ï ãà ¢­¥­¨ï á à §­®áâ­ë¬¨ ï¤à ¬¨� áá¬®âà¨¬ ¯ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨1√2π ∫ ∞

−∞

K1(x− t)y(t)dt = f(x), 0 < x < ∞,1√2π ∫ ∞

−∞

K2(x− t)y(t)dt = f(x), −∞ < x < 0, (1)£¤¥ äã­ªæ¨ï y(x) ¯®¤«¥�¨â ®¯à¥¤¥«¥­¨î.� æ¥«ìî ¤ «ì­¥©è¥£® ¨á¯®«ì§®¢ ­¨ï ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥(á¬. ¯¯. 1.4-3, 4.4-1, 4.4-2) ¤®®¯à¥¤¥«¨¬ á®®â­®è¥­¨ï (1) ­  ¢áî ¤¥©áâ¢¨â¥«ì­ãî®áì. �«ï íâ®£® ¤®¡ ¢¨¬ ¢ ¯à ¢ë¥ ç áâ¨ ®¡®¨å á®®â­®è¥­¨© ­®¢ë¥ ­¥¨§¢¥áâ­ë¥äã­ªæ¨¨. �â¨ äã­ªæ¨¨ ¤®«�­ë ¡ëâì ¢ë¡à ­ë â ª, çâ®¡ë § ¤ ­­ë¥ ­  ¯®«ã®áïåãà ¢­¥­¨ï ®áâ ¢ «¨áì á¯à ¢¥¤«¨¢ë¬¨. � ª¨¬ ®¡à §®¬, ª ¯à ¢®© ç áâ¨ ¯¥à¢®£®ãà ¢­¥­¨ï (1) á«¥¤ã¥â ¯à¨¡ ¢¨âì äã­ªæ¨î, ¨áç¥§ îéãî ­  ¯®«®�¨â¥«ì­®© ¯®-«ã®á¨,   ª ¯à ¢®© ç áâ¨ ¢â®à®£® ãà ¢­¥­¨ï (1) |äã­ªæ¨î, ¨áç¥§ îéãî ­  ®âà¨-æ â¥«ì­®© ¯®«ã®á¨. � ¨â®£¥ ¯ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤1√2π ∫ ∞

−∞

K1(x− t)y(t)dt = f(x) + ξ−(x),1√2π ∫ ∞

−∞

K2(x− t)y(t)dt = f(x) + ξ+(x), −∞ < x <∞,£¤¥ ξ±(x)|­¥¨§¢¥áâ­ë¥ ¯à ¢ ï ¨ «¥¢ ï ®¤­®áâ®à®­­¨¥ äã­ªæ¨¨.
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4.6. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  103Ǒà¨¬¥­ïï ¨­â¥£à «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥, ¯®«ãç¨¬
K1(u)Y(u) = F(u) + �−(u), K2(u)Y(u) = F(u) + �+(u). (2)�®®â­®è¥­¨ï (2) á®¤¥à� â âà¨ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ Y(u), �+(u), ¨ �−(u).�áª«îç ï Y(u) ¨§ á®®â­®è¥­¨© (2), ¯à¨¤¥¬ ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ¢ ä®à¬¥�+(u) = K2(u)

K1(u) �−(u) + K2(u)−K1(u)
K1(u) F(u), −∞ < u <∞.� ¤ ­­®¬ á«ãç ¥ ª®íää¨æ¨¥­â ªà ¥¢®£® ãá«®¢¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© ®â­®è¥-­¨¥ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨, ¨, á«¥¤®¢ â¥«ì­®, ¬®�¥â¨¬¥âì ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ­ã«ì ¨«¨ ¯®«îá ­¥ª®â®à®£® ¯®àï¤ª . �¥è¥-­¨¥ ªà ¥¢®© § ¤ ç¨ �¨¬ ­  ¬®�¥â ¡ëâì ¯®áâà®¥­® ­  ®á­®¢ ­¨¨ ¯¯. 4.4-6 ¨ 4.4-7,  à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ®¯à¥¤¥«¨âáï ¯® ä®à¬ã«¥

y(x) = 1√2π ∫ ∞

−∞

�+(u) + F(u)
K2(u) e−iux du = 1√2π ∫ ∞

−∞

�−(u) +F(u)
K1(u) e−iux du.(3)Ǒà¨¬¥à. �¥è¨¬ ¯ à­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  (1), £¤¥

K1(x) = { √2π (e3x − e2x) ¯à¨ x < 0,0 ¯à¨ x > 0, K2(x) = { 0 ¯à¨ x < 0,
−
√2π ie−2x ¯à¨ x > 0,

f(x) = { 14 √2π e2x ¯à¨ x < 0,
− 14 √2π e−2x ¯à¨ x > 0.� ©¤¥¬ ¨­â¥£à «ë �ãàì¥

K1(u) = 1(u− 2i)(u − 3i) , K2(u) = 1
u+ 2i , F(u) = 1

u2 + 4 .�®®â¢¥âáâ¢ãîé ï íâ®¬ã ãà ¢­¥­¨î ªà ¥¢ ï § ¤ ç  (2) § ¯¨è¥âáï ¢ ¢¨¤¥�+(u) = (u− 2i)(u − 3i)
u+ 2i �−(u) + u− 3i(u+ 2i)2 − 1

u2 + 4 . (4)�®íää¨æ¨¥­â D(u) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯¥à¢®£® ¯®àï¤ª  (¨­¤¥ªá ν = −1).�ã­ªæ¨¨K1(u) ¨K2(u) ¨¬¥îâ ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ®¡é¨© ­ã«ì ¯¥à¢®£® ¯®àï¤ª .�®£¤ 
m+ = 2, n+ = 0, ν = m+ − n+ = 2.Ǒà¥¤áâ ¢«ïï ªà ¥¢®¥ ãá«®¢¨¥ ¢ ä®à¬¥(u+ 2i)�+(u)− u− 3i

u+ 2i = (u− 2i)(u − 3i)�−(u) − 1
u− 2i¨ ¨á¯®«ì§ãï  ­ «¨â¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï, ¯®«ãç¨¬, çâ®®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ (4) ¢ ª« áá¥ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨, ¤ ¥âáï¢ëà �¥­¨¥¬�+(z) = 1

z + 2i (
z − 3i
z + 2i +C

)
, �−(z) = 1(z − 2i)(z − 3i) ( 1

z − 2i +C

)
, (5)£¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.�¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ­ å®¤¨âáï ¯® ä®à¬ã«¥

y(x) = 1√2π ∫ ∞

−∞

�+(u) + F(u)
K2(u) e−iux du.� ª ª ª äã­ªæ¨ïK2(u) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ­ã«ì ¯¥à¢®£® ¯®àï¤ª , â® �+(u)+F(u)¤®«�­  ¨¬¥âì ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ­ã«ì, ¯® ªà ©­¥© ¬¥à¥ ¢â®à®£® ¯®àï¤ª . �§íâ®£® ãá«®¢¨ï ­ å®¤¨¬ C = −1.
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104 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨ C = −1 à¥è¥­¨¥ (5) ¯à¨­¨¬ ¥â ¢¨¤�+(z) = −5i(z + 2i)2 , �−(z) = 1 + 2i− z(z − 2i)2(z − 3i) , y(x) = {

i
√2π e2x ¯à¨ x < 0,5√2π e−2x ¯à¨ x > 0.� ª¨¬ ®¡à §®¬, ãá«®¢¨î à §à¥è¨¬®áâ¨, ¢ëâ¥ª îé¥¬ã ¨§ ­ «¨ç¨ï ®¡é¥£® ­ã«ï äã­ª-æ¨© K1(u) ¨ K2(u), ã¤ «®áì ã¤®¢«¥â¢®à¨âì ¯ãâ¥¬ ¯®¤¡®à  ¢å®¤ïé¥© ¢ ®¡é¥¥ à¥è¥­¨¥ ¯à®-¨§¢®«ì­®© ¯®áâ®ï­­®©, ¨ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ®ª § «®áì ®¤­®§­ ç­® à §à¥è¨¬ë¬.4.6-2. �®ç­ë¥ à¥è¥­¨ï ­¥ª®â®àëå ¯ à­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ � ¯à¨«®�¥­¨ïå (­ ¯à¨¬¥à, ¢ â¥®à¨¨ ã¯àã£®áâ¨, â¥¯«®¯à®¢®¤­®áâ¨, í«¥ªâà®-áâ â¨ª¥) ¢áâà¥ç îâáï ¯ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¥ ¨¬¥îâ ¢¨¤

∫ ∞0 K1(x, t)y(t)dt = f1(x)
∫ ∞0 K2(x, t)y(t)dt = f2(x) ¯à¨ 0 < x < a,¯à¨ a < x < ∞,

(6)£¤¥ K1(x, t), K2(x, t), f1(x), f2(x)|¨§¢¥áâ­ë¥ äã­ªæ¨¨, y(x)|äã­ªæ¨ï, ¯®¤-«¥� é ï ®¯à¥¤¥«¥­¨î.�¥â®¤ë à¥è¥­¨ï à §«¨ç­ëå â¨¯®¢ â ª¨å ãà ¢­¥­¨© ®¯¨á ­ë, ­ ¯à¨¬¥à, ¢¯à¨¢¥¤¥­­®© ¢ ª®­æ¥ à §¤¥«  «¨â¥à âãà¥. �¨�¥ ¯à¨¢¥¤¥­ë à¥è¥­¨ï ­¥ª®â®àëåª« áá®¢ ¯ à­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ª®â®àë¥ ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç îâáï ¢¯à¨«®�¥­¨ïå.1◦. � áá¬®âà¨¬ ¯ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢ ä®à¬¥
∫ ∞0 J0(xt)y(t)dt = f(x)
∫ ∞0 tJ0(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(7)£¤¥ J0(x)| äã­ªæ¨ï �¥áá¥«ï ­ã«¥¢®£® ¯®àï¤ª . �¥è¥­¨¥ ãà ¢­¥­¨© (7) ¬®�­®¯®«ãç¨âì, ¨á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨¥ � ­ª¥«ï. �­® ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
y(x) = 2

π

∫ a0 
os(xt)[ d

dt

∫ t0 sf(s) ds√
t2 − s2 ]

dt. (8)2◦. �®ç­®¥ à¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
∫ ∞0 tJ0(xt)y(t)dt = f(x)
∫ ∞0 J0(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(9)£¤¥ J0(x)|äã­ªæ¨ï �¥áá¥«ï ­ã«¥¢®£® ¯®àï¤ª , ¯®áâà®¥­­®¥ ¯à¨ ¯®¬®é¨ ¯à¥®¡-à §®¢ ­¨ï � ­ª¥«ï, ¤ ¥âáï ä®à¬ã«®©
y(x) = 2

π

∫ a0 sin(xt)[ d

dt

∫ t0 sf(s) ds√
t2 − s2 ]

dt. (10)3◦. �®ç­®¥ à¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
∫ ∞0 tJµ(xt)y(t)dt = f(x)
∫ ∞0 Jµ(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(11)
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4.6. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  105£¤¥ Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ, ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ¢ëà �¥­¨¥¬(§¤¥áì â ª�¥ ¯à¨¬¥­ï¥âáï ¯à¥®¡à §®¢ ­¨¥ � ­ª¥«ï):
y(x) = √ 2x

π

∫ a0 t3/2Jµ+ 12 (xt)[∫ π/20 sinµ+1 θf(t sin θ) dθ] dt. (12)4◦. � áá¬®âà¨¬ ¯ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢ ä®à¬¥∫ ∞0 t2βJµ(xt)y(t)dt = f(x)
∫ ∞0 Jµ(xt)y(t)dt = 0 ¯à¨ 0 < x < 1,¯à¨ 1 < x <∞,

(13)£¤¥ Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ.�¥è¥­¨¥ ãà ¢­¥­¨ï (13) ¬®�­® ¯®«ãç¨âì, ¨á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨¥ �¥««¨­ .Ǒà¨ β > 0 íâ® à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨
y(x) = (2x)1−β�(β) ∫ 10 t1+βJµ+β(xt)F (t)dt, F (t) = ∫ 10 f(tζ)ζµ+1(1− ζ2)β−1 dζ.(14)Ǒà¨ β > −1 à¥è¥­¨¥ ¯ à­®£® ãà ¢­¥­¨ï (13) ¨¬¥¥â ¢¨¤
y(x) = (2x)−β�(1 + β) [

x1+βJµ+β(x)∫ 10 tµ+1(1− t2)βf(t) dt++ ∫ 10 tµ+1(1 − t2)β�(x, t) dt], (15)�(x, t) = ∫ 10 (xξ)2+βJµ+β+1(xξ)f(ξt) dξ.�®à¬ã«  (15) á¯à ¢¥¤«¨¢  ¯à¨ β >−1 ¨ −µ− 12 < 2β < µ+ 32 . �®�­® ¯®ª § âì,çâ® ¯à¨ β > 0 à¥è¥­¨¥ (15) ¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã (14).5◦. �®ç­®¥ à¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï∫ ∞0 tP− 12 +it(
hx)y(t)dt = f(x)
∫ ∞0 th(πt)P− 12 +it(
hx)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(16)£¤¥ Pµ(x)|áä¥à¨ç¥áª ï äã­ªæ¨ï �¥� ­¤à  ¯¥à¢®£® à®¤ ,   i|¬­¨¬ ï ¥¤¨­¨æ ,¬®�¥â ¡ëâì ¯®áâà®¥­® ¯à¨ ¯®¬®é¨ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï �¥«¥à {�®ª (á¬. à §¤. 1.6) ¨ ¤ ¥âáï ä®à¬ã«®©
y(x) = √2

π

∫ a0 sin(xt)[∫ t0 f(s) sh s√
h t− 
h s ds] dt. (17)� ¬¥â¨¬, çâ®
P− 12 +it(
hx) = √2

π

∫ x0 
os(ts)√
h x− 
h s ds, x > 0,£¤¥ ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  ­ §ë¢ ¥âáï ¨­â¥£à «®¬ �¥«¥à .4.6-3. Ǒà¨¢¥¤¥­¨¥ ¯ à­ëå ãà ¢­¥­¨© ª ãà ¢­¥­¨î �à¥¤£®«ì¬ �¤­¨¬ ¨§ íää¥ªâ¨¢­ëå ¬¥â®¤®¢ ¯à¨¡«¨�¥­­®£® à¥è¥­¨¥ ¯ à­ëå ¨­â¥£à «ì-­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤  ï¢«ï¥âáï ¬¥â®¤ ¨å á¢¥¤¥­¨ï ª ¨­â¥£à «ì­ë¬ ãà ¢­¥-­¨ï¬ �à¥¤£®«ì¬  ¢â®à®£® à®¤  (á¬. £« ¢ã 5). �¨�¥ ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ¯ à­ë¥ãà ¢­¥­¨ï, ª®â®àë¥ ¢áâà¥ç îâáï ¢ § ¤ ç å ¬¥å ­¨ª¨ ¨ ä¨§¨ª¨, ¨ á¢ï§ ­­ë¥ á ­¨¬¨ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤ .
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106 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)1◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ 

∫ ∞0 g(t)J0(xt)y(t)dt = f(x)
∫ ∞0 tJ0(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(18)£¤¥ g(x) | ¨§¢¥áâ­ ï äã­ªæ¨ï,   J0(x) | äã­ªæ¨ï �¥áá¥«ï ­ã«¥¢®£® ¯®àï¤ª ,¨¬¥¥â ¢¨¤
y(x) = ∫ a0 ϕ(t) 
os(xt) dt. (19)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (19) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  á«¥¤ãîé¥£® ¢¨¤ :

ϕ(x)− 1
π

∫ a0 K(x, t)ϕ(t) dt = ψ(x), 0 < x < a, (20)á¨¬¬¥âà¨ç­®¥ ï¤à® K(x, t) ¨ ¯à ¢ ï ç áâì ψ(x) ª®â®à®£® ¤ îâáï á®®â­®è¥­¨ï¬¨
K(x, t) = 2 ∫ ∞0 [1− g(s)℄ 
os(xs) 
os(ts) ds, ψ(x) = 2

π

d

dx

∫ x0 tf(t)√
x2 − t2 dt. (21)�¥â®¤ë ¨áá«¥¤®¢ ­¨ï â ª¨å ãà ¢­¥­¨© ¨§«®�¥­ë ¢ £« ¢¥ 5.2◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ 

∫ ∞0 tg(t)J0(xt)y(t)dt = f(x)
∫ ∞0 J0(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(22)£¤¥ g(x) | ¨§¢¥áâ­ ï äã­ªæ¨ï,   J0(x) | äã­ªæ¨ï �¥áá¥«ï ­ã«¥¢®£® ¯®àï¤ª ,¨¬¥¥â ¢¨¤
y(x) = ∫ a0 ϕ(t) sin(xt)dt. (23)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (23) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), £¤¥

K(x, t) = 2 ∫ ∞0 [1 − g(s)℄ sin(xs) sin(ts) ds, ψ(x) = 2
π

∫ x0 tf(t)√
x2 − t2 dt.� ¬¥â¨¬, çâ® ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.3◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ 

∫ ∞0 g(t)Jµ(xt)y(t)dt = f(x)
∫ ∞0 tJµ(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(24)£¤¥ g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï,   Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ, ¨¬¥¥â ¢¨¤
y(x) = √

πx2 ∫ a0 √
t Jµ− 12 (xt)ϕ(t)dt. (25)
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4.6. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  107�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (25) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬
K(x, t) = π

√
xt

∫ ∞0 [1 − g(s)℄s Jµ− 12 (xs)Jµ− 12 (ts) ds,
ψ(x) = 2

π

{
f(0) + ∫ π/20 [

µ(sin θ)µ−1f(x sin θ) + x(sin θ)µf ′(x sin θ)] dθ},£¤¥ f ′(x sin θ) = df(ξ)
dξ

∣∣∣
ξ=x sin θ, ¯à¨ç¥¬ ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.4◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ ∫ ∞0 tg(t)Jµ(xt)y(t)dt = f(x)

∫ ∞0 Jµ(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(26)£¤¥ g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï,   Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ, ¨¬¥¥â ¢¨¤
y(x) = √

πx2 ∫ a0 √
t Jµ+ 12 (xt)ϕ(t)dt. (27)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (27) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬

K(x, t) = π
√
xt

∫ ∞0 [1 − g(s)℄s Jµ+ 12 (xs)Jµ+ 12 (ts) ds,
ψ(x) = 2x

π

∫ π/20 f(x sin θ)(sin θ)µ+1 dθ,¯à¨ç¥¬ ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.5◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ ∫ ∞0 g(t)Jµ(xt)y(t)dt = f(x)
∫ ∞0 Jµ(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(28)£¤¥ g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï,   Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ, ¨¬¥¥â ¢¨¤
y(x) = x

√
πx2 ∫ a0 √

t Jµ− 12 (xt)ϕ(t)dt. (29)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (29) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬
K(x, t) = xµ

√2πt∫ a

x

ρ1−µ√
ρ2 − x2 ∫ ∞0 [1− g(s)℄s3/2Jµ(ρs)Jµ− 12 (ts) ds dρ,

ψ(x) = 2
π
xµ

∫ a

x

ρ1−µ√
ρ2 − x2 dρ.6◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ ∫ ∞0 t2βg(t)Jµ(xt)y(t)dt = f(x)

∫ ∞0 Jµ(xt)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x < ∞,

(30)
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108 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)£¤¥ 0 < β < 1, g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï,   Jµ(x)|äã­ªæ¨ï �¥áá¥«ï ¯®àï¤ª  µ,¨¬¥¥â ¢¨¤

y(x) = √
π2 x1−β ∫ a0 √

t Jµ+β(xt)ϕ(t) dt. (31)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (31) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬
K(x, t) = π

√
xt

∫ ∞0 [1 − g(s)℄s Jµ+β(xs)Jµ+β(ts) ds,
ψ(x) = 21−β�(β) √ 2x

π
xβ

∫ π20 f(x sin θ)(sin θ)µ+1(
os θ)2β−1 dθ,¯à¨ç¥¬ ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.7◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ ∫ ∞0 g(t)P− 12 +it(
hx)y(t)dt = f(x)
∫ ∞0 t th(πt)P− 12 +it(
hx)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(32)£¤¥ Pµ(x)|áä¥à¨ç¥áª ï äã­ªæ¨ï �¥� ­¤à  ¯¥à¢®£® à®¤ , i|¬­¨¬ ï ¥¤¨­¨æ ,  g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï ¤ ¥âáï ä®à¬ã«®©
y(x) = ∫ a0 
os(xt)ϕ(t)dt. (33)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (33) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬

K(x, t) = ∫ ∞0 [1 − g(s)℄{
os[(x+ t)s℄ + 
os[(x− t)s℄} ds,
ψ(x) = √2

π

d

dx

∫ x0 f(s) sh s√
h x− 
h s ds,¯à¨ç¥¬ ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.8◦. �¥è¥­¨¥ ¯ à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ ∫ ∞0 tg(t)P− 12 +it(
hx)y(t)dt = f(x)
∫ ∞0 th(πt)P− 12 +it(
hx)y(t)dt = 0 ¯à¨ 0 < x < a,¯à¨ a < x <∞,

(34)£¤¥ Pµ(x)|áä¥à¨ç¥áª ï äã­ªæ¨ï �¥� ­¤à  ¯¥à¢®£® à®¤ , i|¬­¨¬ ï ¥¤¨­¨æ ,  g(x)|¨§¢¥áâ­ ï äã­ªæ¨ï, ¤ ¥âáï ä®à¬ã«®©
y(x) = ∫ a0 sin(xt)ϕ(t)dt. (35)�ã­ªæ¨ï ϕ(x) ¢ à ¢¥­áâ¢¥ (35) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¢â®à®£® à®¤  (20), ¢ ª®â®à®¬

K(x, t)=∫ ∞0 [1−g(s)℄{
os[(x−t)s℄−
os[(x+t)s℄}ds, ψ(x)= √2
π

∫ x0 f(s) sh s√
h x− 
h s ds,¯à¨ç¥¬ ï¤à® K(x, t)|á¨¬¬¥âà¨ç­®¥.
©• �¨â¥à âãà : E. �¨âç¬ àè (1948), �. �­¥¤¤®­ (1955), �. �. �ä«ï­¤ (1977), �. �. � å®¢,�. �. �¥àáª¨© (1978).
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4.7. �á¨¬¯â®â¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨© 1094.7. �á¨¬¯â®â¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨© á«®£ à¨ä¬¨ç¥áª®© ®á®¡¥­­®áâìî4.7-1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ 
∫ 1
−1K(

x− t

λ

)
y(t)dt = f(x), −1 6 x 6 1, (1)á å à ªâ¥à­ë¬ ¯ à ¬¥âà®¬ λ, £¤¥ 0 < λ <∞.�ã¤¥¬ áç¨â âì, çâ® ï¤à® K =K(x) ï¢«ï¥âáï ç¥â­®© ­¥¯à¥àë¢­®© (¯à¨ x 6= 0)äã­ªæ¨©, ª®â®à ï ¨¬¥¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì ¯à¨ x→ 0 ¨ íªá¯®­¥­æ¨- «ì­ë¬ ®¡à §®¬ ã¡ë¢ ¥â ¯à¨ x → ∞. �à ¢­¥­¨ï á â ª¨¬ ï¤à®¬ ¢®§­¨ª îâ ¯à¨à¥è¥­¨¨ à §«¨ç­ëå § ¤ ç ¬¥å ­¨ª¨ á¯«®è­®© áà¥¤ë á® á¬¥è ­­ë¬¨ £à ­¨ç­ë¬¨ãá«®¢¨ï¬¨.Ǒãáâì f(x) ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã äã­ªæ¨©, ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ª®â®àëåã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  á ¯®ª § â¥«¥¬ α > 12 ­  ®âà¥§ª¥ [−1, 1℄. � íâ®¬á«ãç ¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ¢ ª« áá¥ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨åãá«®¢¨î �ñ«ì¤¥à , áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ¯à¨ «î¡®¬ λ ∈ (0,∞), ¯à¨ç¥¬ ®­®¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã:
y(x) = ω(x)√1− x2 , (2)£¤¥ ω(x)|­¥¯à¥àë¢­ ï äã­ªæ¨ï, ª®â®à ï ­¥ ®¡à é ¥âáï ¢ ­ã«ì ­  ª®­æ å ®âà¥§ª ¯à¨ x = ±1.*�§ ä®à¬ã«ë (2) á«¥¤ã¥â, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ­¥®£à ­¨ç¥­® ¯à¨ x→±1.�â® ¢ �­®¥ ®¡áâ®ïâ¥«ìáâ¢® ¡ã¤¥â ãçâ¥­® ¢ ¯. 4.7-3 ¯à¨ ¯®áâà®¥­¨¨  á¨¬¯â®â¨ç¥-áª®£® à¥è¥­¨ï ¢ á«ãç ¥ λ→ 0.� ¬¥â¨¬, çâ® ¡®«¥¥ ®¡é¨¥ ãà ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬ ¨ ¯à®¨§¢®«ì­ë¬¨ª®­¥ç­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï ¢á¥£¤  ¬®�­® § ¬¥­®© ¯¥à¥¬¥­­ëå ¯à¨¢¥-áâ¨ ª (1). �¤¥áì ä®à¬  (1) ¢§ïâ  ¤«ï ã¤®¡áâ¢  ¤ «ì­¥©è¥£® ¨§«®�¥­¨ï.4.7-2. �¥è¥­¨¥ ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå å à ªâ¥à­®£® ¯ à ¬¥âà Ǒãáâì ¤«ï ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ¯à¥¤-áâ ¢«¥­¨¥ ¯à¨ x→ 0:

K(x) = ln |x| ∞∑

n=0 an|x|n + ∞∑

n=0 bn|x|n, (3)£¤¥ a0 6= 0.�§ ¢ëà �¥­¨ï (3) ¢¨¤­®, çâ® ¢ ãà ¢­¥­¨¥ (1) ¯à¨ λ → ∞ ¢å®¤ïâ ¤¢  à §­®¬ áèâ ¡­ëå ¡®«ìè¨å ¯ à ¬¥âà  λ ¨ lnλ. �â®à®© óª¢ §¨¯®áâ®ï­­ë© ¯ à ¬¥âà�à áâ¥â áãé¥áâ¢¥­­® ¬¥¤«¥­­¥¥, ç¥¬ ¯¥à¢ë© (­ ¯à¨¬¥à, ¯à¨ λ = 100 ¨ λ = 1000¨¬¥¥¬ á®®â¢¥âáâ¢¥­­® lnλ ≈ 4, 6 ¨ lnλ ≈ 6, 9).�â¡à®á¨¬ ¢ ãà ¢­¥­¨¨ (1) ¢á¥ á« £ ¥¬ë¥, § âãå îé¨¥ ¯à¨ λ → ∞. � ãç¥â®¬(3), ¤«ï £« ¢­®£® (­ã«¥¢®£®) ¯à¨¡«¨�¥­¨ï ¯®«ãç¨¬
∫ 1
−1(a0 ln |x− t| − a0 lnλ+ b0)y0(t) dt = f(x), −1 6 x 6 1. (4)* � ¢¥­áâ¢  ω(±1) = 0 ¬®£ãâ ¢ë¯®«­ïâáï «¨èì ¢ ¨áª«îç¨â¥«ì­ëå á«ãç ïå ¯à¨ ®á®¡ëå§­ ç¥­¨ïå ¯ à ¬¥âà  λ.
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110 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ¯®¤ë­â¥£à «ì­®¬ ¢ëà �¥­¨¨ ­¥«ì§ï ¡ë«® á®åà ­¨âì â®«ì-ª® ®¤­® á« £ ¥¬®¥, ¯à®¯®àæ¨®­ «ì­®¥ lnλ (â ª ª ª á®®â¢¥âáâ¢ãîé¥¥ óãª®à®ç¥­­®-¥� ãà ¢­¥­¨¥ ¡ë«® ¡ë ­¥à §à¥è¨¬ë¬). �®­áâ ­â  b0 â ª�¥ ¤®«�­  ¡ëâì ¢ª«îç¥­ ¢ (4), çâ®¡ë ãà ¢­¥­¨¥ ¤«ï £« ¢­®£® ¯à¨¡«¨�¥­¨ï ¡ë«® ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì-­® ¯¥à¥­®à¬¨à®¢ª¨ ¯ à ¬¥âà  λ ¢ ãà ¢­¥­¨¨ (1).�«ï ¯®áâà®¥­¨ï  á¨¬¯â®â¨ç¥áª®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¯à¨ λ→ ∞ ã¤®¡­®¯®áâã¯¨âì á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬ á­ ç «  ¢á¯®¬®£ â¥«ì­®¥ ¨­â¥£à «ì-­®¥ ãà ¢­¥­¨¥ á ¤¢ã¬ï ¯ à ¬¥âà ¬¨ λ ¨ β:∫ 1

−1K(x− t, β, λ)y(t)dt = f(x), −1 6 x 6 1,
K(x, β, λ) = (ln |x| − β

) ∞∑

n=0 an
λn

|x|n + ∞∑

n=0 bn
λn

|x|n.
(5)�£® à¥è¥­¨¥ ¨é¥¬ ¢ ¢¨¤¥ à¥£ã«ïà­®£®  á¨¬¯â®â¨ç¥áª®£® à §«®�¥­¨ï ¯® ®¡à â­ë¬áâ¥¯¥­ï¬ λ (¯à¨ ä¨ªá¨à®¢ ­­®¬ β). � ¨â®£¥ ¤«ï ¯¥à¢ëå N ç«¥­®¢ ¯®«ãç¨¬:

y(x, β, λ) = N∑

n=0λ−nyn(x, β) + o
(
λ−N

)
. (6)Ǒ®¤áâ ¢«ïï (6) ¢ (5), ¤«ï ¯®á«¥¤®¢ â¥«ì­®£® ®¯à¥¤¥«¥­¨ï äã­ªæ¨© yn(x, β)¯®«ãç¨¬ à¥ªãàà¥­â­ãî æ¥¯®çªã ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢¨¤  (4):∫ 1

−1(a0 ln |x− t| − a0β + b0)yn(t, β) dt = gn(x, β), −1 6 x 6 1, (7)¯à ¢ë¥ ç áâ¨ ª®â®àëå gn(x, β) § ¢¨áïâ â®«ìª® ®â ¯à¥¤ë¤ãé¨å ç«¥­®¢ à §«®�¥­¨ï
y0, y1, . . . , yn−1.�çâ¥¬, çâ® ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ (5) ¯à¨ β = lnλ á®¢¯ ¤ ¥â á ãà ¢­¥­¨-¥¬ (1), ¢ ª®â®à®¥ ¯®¤áâ ¢«¥­® à §«®�¥­¨¥ (3). Ǒ®íâ®¬ã  á¨¬¯â®â¨ç¥áª®¥ à¥è¥­¨¥ãà ¢­¥­¨ï (1) ¯®«ãç ¥âáï á ¯®¬®éìî ¢ëà �¥­¨© (6) ¨ (7) ¯à¨ β = lnλ.�®­â ªâ­ë¥ § ¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨ ç áâ® ¯à¨¢®¤ïâáï ª ãà ¢­¥­¨î (1),¢ ª®â®à®¬ ï¤à® ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ (3) ¯à¨ an = 0 ¤«ï ¢á¥å
n > 0 ¨ b2m+1 = 0 ¯à¨ m = 0, 1, 2, . . . � íâ®¬ á«ãç ¥ ¢ à¥è¥­¨¨ (6) á«¥¤ã¥â¯®«®�¨âì yn(x, β) ≡ 0 ¯à¨ n = 1, 3, 5, . . . �«ï ¯à ªâ¨ç¥áª¨å æ¥«¥© ®¡ëç­® ¬®�­®®£à ­¨ç¨âìáï ã¤¥à� ­¨¥¬ ç«¥­®¢ ¯®àï¤ª  ¤® λ−4.4.7-3. �¥è¥­¨¥ ¯à¨ ¬ «ëå §­ ç¥­¨ïå å à ªâ¥à­®£® ¯ à ¬¥âà Ǒà¨  ­ «¨§¥ ¯à¥¤¥«ì­®£® á«ãç ï λ→ 0 ãçâ¥¬ ®á®¡¥­­®áâ¨ à¥è¥­¨ï ­  ª®­æ å®âà¥§ª  −1 6 x 6 1 (á¬. ä®à¬ã«ã (2)). �«ï íâ®£® à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãîá¨áâ¥¬ã ¤¢ãå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©∫ ∞

−1K(
x− t

λ

)
y1(t) dt = f1(x) + ∫ −1

−∞

K

(
x− t

λ

)
y2(t) dt, −1 6 x <∞,

∫ 1
−∞

K

(
x− t

λ

)
y2(t) dt = f2(x) + ∫ ∞1 K

(
x− t

λ

)
y1(t) dt, −∞ < x 6 1. (8)Ǒ¥à¢®¥ ãà ¢­¥­¨¥ á¯®á®¡áâ¢ã¥â ¢ë¤¥«¥­¨î ®á®¡¥­­®áâ¨ à¥è¥­¨ï ¯à¨ x = −1,  ¢â®à®¥| ¢ë¤¥«¥­¨î ®á®¡¥­­®áâ¨ à¥è¥­¨ï ¯à¨ x = +1,�ã­ªæ¨¨ f1(x) ¨ f2(x) â ª®¢ë, çâ®

f1(x) + f2(x) = f(x), −1 6 x 6 1,
f1(x) = O

(
e−α1x) ¯à¨ x→ ∞,

f2(x) = O
(
eα2x) ¯à¨ x→ −∞,

(9)
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4.7. �á¨¬¯â®â¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨© 111£¤¥ α1 > 0, α2 > 0.Ǒà¨ ¢ë¯®«­¥­¨¨ ¯¥à¢®£® ãá«®¢¨ï (9) à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1)®âëáª¨¢ ¥âáï ª ª áã¬¬  à¥è¥­¨© ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (8), â. ¥.
y(x) = y1(x) + y2(x), −1 6 x 6 1. (10)�â¬¥â¨¬, çâ® ¢ á¨«ã ¤¢ãå ¯®á«¥¤­¨å ãá«®¢¨© (9) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï
y1(x) = O

(
e−β1x) ¯à¨ x→ ∞,

y2(x) = O
(
eβ2x) ¯à¨ x→ −∞,

(11)£¤¥ β1 > 0, β2 > 0.� ¯®¬­¨¬, çâ® ï¤à® K(x) ï¢«ï¥âáï ç¥â­®© äã­ªæ¨¥©. Ǒ®íâ®¬ã ¥á«¨ äã­ª-æ¨ï f(x) ¢ ¨­â¥£à «ì­®¬ ãà ¢­¥­¨¨ (1) ç¥â­ ï ¨«¨ ­¥ç¥â­ ï, â® ¢ á¨áâ¥¬¥ (8) á«¥-¤ã¥â ¯®«®�¨âì*
f1(x) = ±f2(−x), y1(x) = ±y2(−x). (12)� ®¡®¨å íâ¨å á«ãç ïå á¨áâ¥¬  ãà ¢­¥­¨© (8) ¯ãâ¥¬ ¯¥à¥å®¤  ª ­®¢ë¬ ¯¥à¥-¬¥­­ë¬ á¢®¤¨âáï ª ®¤­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

∫ ∞0 K(z−τ )w(τ )dτ = F (z)±∫ ∞2/λK(2/λ−z−τ )w(τ )dτ, 06 z <∞, (13)¢ ª®â®à®¬ ¨á¯®«ì§®¢ ­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
z = x+ 1

λ
, τ = t+ 1

λ
, w(τ ) = y(t), F (z) = 1

λ
f1(x). (14)� ãç¥â®¬ á¢®©áâ¢ ï¤à  K(x) (á¬. ¯. 4.7-1) ¨ ¯¥à¢®£® á®®â­®è¥­¨ï (11) ¬®�­®¯®«ãç¨âì à ¢­®¬¥à­ãî ¯® τ  á¨¬¯â®â¨ç¥áªãî ®æ¥­ªã

I(w) ≡ ∫ ∞2/λK(2/λ − z − τ )w(τ )dτ = O
(
e−2β1/λ). (15)�®£« á­® (15), ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (13) ¯à¨ ¬ «ëå λ ¬®�­® à¥è âì¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¯® áå¥¬¥

∫ ∞0 K(z − τ )wn(τ ) dτ = F (z)± I
(
wn−1), n = 1, 2, . . . , (16)®â¡à áë¢ ï ¢ £« ¢­®¬ ¯à¨¡«¨�¥­¨¨ ¨­â¥£à « I(w0) ¢ ¯à ¢®© ç áâ¨. Ǒ®«ãç¥­­ë¥¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤  (16) à¥è îâáï ¢ § ¬ª­ãâ®¬¢¨¤¥ (á¬. ¯. 4.5-1).�§ ä®à¬ã« (10), (12) ¨ (14) á«¥¤ã¥â, çâ® £« ¢­ë© ç«¥­  á¨¬¯â®â¨ç¥áª®£®à §«®�¥­¨ï à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ¯à¨ λ→ 0 ¨¬¥¥â ¢¨¤

y(x) = w1( 1 + x

λ

)
± w1( 1− x

λ

)
, (17)£¤¥ w1 = w1(τ )|à¥è¥­¨¥ ãà ¢­¥­¨ï (16) ¯à¨ n = 1 ¨ w0 ≡ 0.�«ï ¯à ªâ¨ç¥áª¨å æ¥«¥© ®¡ëç­® ¡ë¢ ¥â ¤®áâ â®ç­® ¨á¯®«ì§®¢ âì ä®à¬ã-«ã (17).* � ä®à¬ã« å (12), (13), (16) ¨ (17) §­ ª ¯«îá ¡¥à¥âáï ¤«ï ç¥â­®© äã­ªæ¨¨ f(x), ¬¨­ãá|¤«ï ­¥ç¥â­®© äã­ªæ¨¨ f(x).
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112 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  ∫ b
a K(x, t)y(t) dt = f(x)4.7-4. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï â¥®à¨¨ ã¯àã£®áâ¨� ª®­â ªâ­ëå § ¤ ç å â¥®à¨¨ ã¯àã£®áâ¨ ç áâ® ¢áâà¥ç ¥âáï ¨­â¥£à «ì­®¥ ãà ¢-­¥­¨¥ (1), ¢ ª®â®à®¬ ï¤à® § ¤ ¥âáï á ¯®¬®éìî ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥

K(x) = ∫ ∞0 L(u)
u


os(ux) du. (18)�¤¥áì äã­ªæ¨ï L(u) ­¥¯à¥àë¢­  ¨ ¯®«®�¨â¥«ì­  ¯à¨ u ∈ (0,∞), ¯à¨ç¥¬ ¤«ï ­¥¥á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥ à ¢¥­áâ¢ 
L(u) = Au+O(u3) ¯à¨ u→ 0,
L(u) = N−1∑

n=0 Bnu−n +O
(
u−N) ¯à¨ u→ ∞,

(19)£¤¥ A > 0, B0 > 0.�§ ä®à¬ã«ë (18) á«¥¤ã¥â, çâ® ï¤à® ï¢«ï¥âáï ç¥â­®© äã­ªæ¨¥©:K(x)=K(−x).�¡ëç­® áç¨â ¥âáï, çâ® L(u)u−1 ¨ u[L(u)℄−1 ª ª äã­ªæ¨¨ ª®¬¯«¥ªá­®£®¯¥à¥¬¥­­®£® w = u + iv á®®â¢¥âáâ¢¥­­® à¥£ã«ïà­ë ¢ ¯®«®á¥ |v| 6 γ1 ¨ ¢ ¯®«®á¥
|v| 6 γ2. �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ï¤à® K(x) ã¡ë¢ ¥â ­  ¡¥áª®­¥ç­®áâ¨­¥ á« ¡¥¥, ç¥¬ exp(−γ1|t|).�§ ä®à¬ã« (18) ¨ (19) á«¥¤ã¥â, çâ® ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x) ¨¬¥-¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì ¯à¨ x = 0. Ǒà¨ íâ®¬ á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥-­¨¥ (3), £¤¥ an = 0 ¯à¨ n = 1, 3, 5, . . .� ª¨¬ ®¡à §®¬ ï¤à®, § ¤ ­­®¥ á ¯®¬®éìî ä®à¬ã«ë (18), ¨¬¥¥â â¥ �¥ á ¬ë¥å à ªâ¥à­ë¥ ®á®¡¥­­®áâ¨, ª®â®àë¥ ¯à¥¤¯®« £ «¨áì ¢ë¯®«­¥­­ë¬¨ ¤«ï ï¤à  ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï (1). Ǒ®íâ®¬ã ¤«ï  á¨¬¯â®â¨ç¥áª®£®  ­ «¨§  ãà ¢­¥­¨ï (1) áï¤à®¬ (18) ¯à¨ λ→ ∞ ¨ λ→ 0 ¬®�­® ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë ¯¯. 4.7-2 ¨ 4.7-3.
©• �¨â¥à âãà : �. �. �®à®¢¨ç, �. �. �«¥ªá ­¤à®¢, �. �. � ¡¥èª® (1974), �. �. �«¥ªá ­-¤à®¢, �. �. �®¢ «¥­ª® (1986), �. �. �«¥ªá ­¤à®¢ (1993).4.8. �¥â®¤ë à¥£ã«ïà¨§ æ¨¨4.8-1. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ � ¢à¥­âì¥¢ � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¯¥à¢®£® à®¤  (á¬. â ª�¥§ ¬¥ç ­¨¥ 3 ¨§ ¯. 5.6-5)

∫ b

a

K(x, t)y(t)dt = f(x), a 6 x 6 b, (1)£¤¥ f(x) ∈ L2(a, b), y(x) ∈ L2(a, b), ï¤à® K(x, t)| ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬®¥,á¨¬¬¥âà¨ç­®¥ ¨ ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ (á¬. ¯. 5.6-2).� ¢ë¡à ­­ëå ª« áá å äã­ªæ¨© ¨ ï¤¥à § ¤ ç  ®âëáª ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï (1)ï¢«ï¥âáï ­¥ª®àà¥ªâ­® ¯®áâ ¢«¥­­®©, â. ¥. ­¥ãáâ®©ç¨¢®© ¯® ®â­®è¥­¨î ª ¬ «ë¬¨§¬¥­¥­¨ï¬ ¯à ¢®© ç áâ¨ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.�®£« á­® ¬¥â®¤ã à¥£ã«ïà¨§ æ¨¨ � ¢à¥­âì¥¢  ­ àï¤ã á ãà ¢­¥­¨¥¬ (1) à á-á¬®âà¨¬ â ª�¥ à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥
εyε(x) + ∫ b

a

K(x, t)yε(t) dt = f(x), a 6 x 6 b, (2)£¤¥ ε > 0| ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨, ª®â®à®¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �à¥¤£®«ì¬ ¢â®à®£® à®¤  ¨ ¬®�¥â ¡ëâì à¥è¥­® ¬¥â®¤ ¬¨, ¨§«®�¥­­ë¬¨ ¢ £« ¢¥ 5, ¯à¨ç¥¬ ¥£®à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.
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4.8. �¥â®¤ë à¥£ã«ïà¨§ æ¨¨ 113� ¤ ¢ ï ¢ ãà ¢­¥­¨¨ (2) ¯ à ¬¥âà ε ¤®áâ â®ç­® ¬ «ë¬, ­ ©¤¥¬ à¥è¥­¨¥ãà ¢­¥­¨ï yε(x) ¨ ¯®¤áâ ¢¨¬ íâ® à¥è¥­¨¥ ¢ ãà ¢­¥­¨¥ (1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬
∫ b

a

K(x, t)yε(t) dt = fε(x), a 6 x 6 b. (3)�á«¨ ¯®«ãç¥­­ ï â ª¨¬ ®¡à §®¬ äã­ªæ¨ï fε(x) ¬ «® ®â«¨ç ¥âáï ®â f(x), â. ¥.
‖f(x)− fε(x)‖ 6 δ, (4)£¤¥ δ|­¥ª®â®à®¥ § à ­¥¥ ¨§¢¥áâ­®¥ ¬ «®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, â® à¥è¥­¨¥ fε(x)áç¨â ¥âáï ¤®áâ â®ç­® å®à®è¨¬ ¯à¨¡«¨�¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1).�¡ëç­® ¯ à ¬¥âà δ ®¯à¥¤¥«ï¥â ¯®£à¥è­®áâì ¨áå®¤­ëå ¤ ­­ëå, ª®£¤  ¯à ¢ ïç áâì ãà ¢­¥­¨ï (1) § ¤ ¥âáï ¨«¨ ®¯à¥¤¥«ï¥âáï ¢ íªá¯¥à¨¬¥­â¥ á ­¥ª®â®à®© â®ç­®-áâìî.� á«ãç ¥, ª®£¤  ¯à¨ § ¤ ­­®¬ ε ãá«®¢¨¥ (4) ­¥ ¢ë¯®«­ï¥âáï, ¢ë¡¨à ¥âáï ­®¢®¥§­ ç¥­¨¥ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨, ¨ ¯®¢â®àï¥âáï ®¯¨á ­­ ï ¯à®æ¥¤ãà .� á«¥¤ãîé¥¬ ¯ã­ªâ¥ ®¯¨á ­ ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨, ¯à¨£®¤­ë© ¤«ï ãà ¢­¥­¨©¯¥à¢®£® à®¤  á ¯à®¨§¢®«ì­ë¬¨ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬¨ ï¤à ¬¨.4.8-2. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®­®¢ � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ 

∫ b

a

K(x, t)y(t)dt = f(x), c 6 x 6 d. (5)�ã¤¥¬ ¯®« £ âì, çâ® K(x, t) ¥áâì «î¡ ï ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ ï ¢ ®¡« áâ¨
{a 6 t 6 b, c 6 x 6 d} äã­ªæ¨ï, f(x) ∈ L2(c, d) ¨ y(x) ∈ L2(a, b). � ¤ ç ®âëáª ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï (5) â ª�¥ ï¢«ï¥âáï ­¥ª®àà¥ªâ­® ¯®áâ ¢«¥­­®© ¢ãª § ­­®¬ ¢ëè¥ á¬ëá«¥.�®£« á­® ¬¥â®¤ã à¥£ã«ïà¨§ æ¨¨ �¨å®­®¢  (­ã«¥¢®£® ¯®àï¤ª ), ­ àï¤ã áãà ¢­¥­¨¥¬ (5) à áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ (á¬. £« ¢ã 5)

εyε(x) + ∫ b

a

K∗(x, t)yε(t) dt = f∗(x), a 6 x 6 b, (6)£¤¥
K∗(x, t) = K∗(t, x) = ∫ d

c

K(s, x)K(s, t) ds, f∗(x) = ∫ d

c

K(s, x)f(s) ds, (7)  ç¨á«® ε> 0|¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨. �à ¢­¥­¨¥ (6) ­ §ë¢ ¥âáï à¥£ã«ïà¨§®¢ ­-­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬, ¯à¨ç¥¬ ¥£® à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.� ¤ ¢ ï ¢ ãà ¢­¥­¨¨ (6) ¯ à ¬¥âà ε ¤®áâ â®ç­® ¬ «ë¬, ­ ©¤¥¬ à¥è¥­¨¥ãà ¢­¥­¨ï yε(x) ¨ ¯®¤áâ ¢¨¬ íâ® à¥è¥­¨¥ ¢ ãà ¢­¥­¨¥ (5). �®£¤ 
∫ b

a

K(x, t)yε(t) dt = fε(x), c 6 x 6 d. (8)�à ¢­¨¢ ï ­ ©¤¥­­ãî ¯à ¢ãî ç áâì ãà ¢­¥­¨ï fε(x) á § ¤ ­­®© f(x) ¯® ä®à-¬ã«¥ (4) ¢ á®®â¢¥âáâ¢¨¨ á ®¯¨á ­­ë¬ ¢ëè¥ ¯à®áâ¥©è¨¬  «£®à¨â¬®¬, «¨¡® á®çâ¥¬¯®«ãç¥­­®¥ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ yε(x) ã¤®¢«¥â¢®à¨â¥«ì­ë¬, «¨¡® ¯à®¤®«�¨¬¯®¨áª ¯à¨ ­®¢®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨.�ëè¥ ¨§«®�¥­ë ¯à®áâ¥©è¨¥ ¯à¨­æ¨¯ë ¢ë¡®à  ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ãà ¢-­¥­¨ï �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ . �®«¥¥ á®¢¥àè¥­­ë¥ ¨ á«®�­ë¥  «£®à¨â¬ë ¬®�­®­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨�¥ «¨â¥à âãà¥.
©• �¨â¥à âãà : �. �. �¨å®­®¢, �. �. �àá¥­¨­ (1979), �. �. � ¢à¥­âì¥¢, �. �. �®¬ ­®¢,�. Ǒ. �¨è âáª¨© (1980), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).
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5. �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨©¢¨¤  y(x) −

∫ b

a
K(x, t)y(t) dt = f(x)5.1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï5.1-1. �à ¢­¥­¨ï �à¥¤£®«ì¬  ¨ ãà ¢­¥­¨ï á® á« ¡®© ®á®¡¥­­®áâìî�¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤  á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨¨­â¥£à¨à®¢ ­¨ï ¨¬¥îâ ä®à¬ã

y(x)− λ

∫ b

a

K(x, t)y(t)dt = f(x), (1)£¤¥ y(x)|­¥¨§¢¥áâ­ ï äã­ªæ¨ï (a6 x6 b),K(x, t)| ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï, f(x)|­¥ª®â®à ï ¨§¢¥áâ­ ï äã­ªæ¨ï, ª®â®à ï ­ §ë¢ ¥âáï á¢®¡®¤­ë¬ ç«¥­®¬¨«¨ ¯à ¢®© ç áâìî ãà ¢­¥­¨ï (1). �«ï ã¤®¡áâ¢   ­ «¨§  ¢ ¨­â¥£à «ì­®¬ ãà ¢­¥-­¨¨ (1) ¯® âà ¤¨æ¨¨ ¯à¨­ïâ® ¢ë¤¥«ïâì ç¨á«®¢®© ¯ à ¬¥âà λ, ª®â®àë© ­ §ë¢ îâ¯ à ¬¥âà®¬ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï. �« ááë à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨© ¨ ï¤¥à¡ë«¨ ®¯à¥¤¥«¥­ë à ­¥¥ ¢ ¯¯. 4.1-1 ¨ 4.1-2. �â¬¥â¨¬, çâ® ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï ¢¨¤  (1), ¨¬¥îé¨¥ äà¥¤£®«ì¬®¢ë ï¤à  ¨«¨ ï¤à  á® á« -¡®© ®á®¡¥­­®áâìî, ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬¨ �à¥¤£®«ì¬  ¢â®à®£®à®¤  ¨«¨ ãà ¢­¥­¨ï¬¨ á® á« ¡®© ®á®¡¥­­®áâìî ¢â®à®£® à®¤ .�¨á«® λ ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á«®¬ ¨«¨ å à ªâ¥à¨áâ¨ç¥áª¨¬§­ ç¥­¨¥¬ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1), ¥á«¨ áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï (f(x) ≡ 0). � ¬® �¥ íâ® ­¥âà¨¢¨ «ì-­®¥ à¥è¥­¨¥ ­ §ë¢ ¥âáï á®¡áâ¢¥­­®© äã­ªæ¨¥© ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, á®®â-¢¥âáâ¢ãîé¥© å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λ. �á«¨ λ ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ç¨á«®¬, â® ¢¥«¨ç¨­  1/λ ­ §ë¢ ¥âáï á®¡áâ¢¥­­ë¬ ç¨á«®¬ ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï (1). Ǒà ¢¨«ì­ë¬ ¨«¨ à¥£ã«ïà­ë¬ §­ ç¥­¨¥¬ ¯ à ¬¥âà  λ ­ §ë¢ ¥âáï â ª®¥¥£® §­ ç¥­¨¥, ¯à¨ ª®â®à®¬ ã¯®¬ï­ãâ®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â®«ìª® âà¨¢¨- «ì­®¥ à¥è¥­¨¥. �­®£¤  å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  ­ §ë¢ îâ å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ ¨ á®¡-áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ ï¤à  K(x, t).�¤à®K(x, t) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ­ §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, ¥á«¨ ®­®¨¬¥¥â ¢¨¤K(x, t)= g1(x)h1(t)+· · ·+gn(x)hn(t), à §­®áâ­ë¬, ¥á«¨ ®­® § ¢¨á¨â ®âà §­®áâ¨  à£ã¬¥­â®¢: K(x, t) =K(x− t), á¨¬¬¥âà¨ç­ë¬, ¥á«¨ ®­® ã¤®¢«¥â¢®àï¥âãá«®¢¨î K(x, t) = �(t, x).�­â¥£à «ì­®¥ ãà ¢­¥­¨¥, ¯®«ãç¥­­®¥ ¨§ (1) § ¬¥­®© ï¤à  K(x, t) ­  K(t, x),­ §ë¢ ¥âáï á®î§­ë¬ á (1) ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬ ª (1).� ¬¥ç ­¨¥ 1. Ǒ¥à¥¬¥­­ë¥ t ¨ x ¬®£ãâ ¨§¬¥­ïâìáï ¢ à §«¨ç­ëå ¨­â¥à¢ « å(­ ¯à¨¬¥à, a 6 t 6 b ¨ c 6 x 6 d). �«ï ®¯à¥¤¥«¥­­®áâ¨ ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ®
c = a ¨ d = b (íâ®£® ¢á¥£¤  ¬®�­® ¤®¡¨âìáï «¨­¥©­®© ¯®¤áâ ­®¢ª®© x = α�x+ β á¯®¬®éìî ­ ¤«¥� é¥£® ¢ë¡®à  ¯®áâ®ï­­ëå α ¨ β).� ¬¥ç ­¨¥ 2. �«ãç ©, ª®£¤  ¯à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï a ¨/¨«¨ b ¬®£ãâ ¡ëâì¡¥áª®­¥ç­ë¬¨, ¢®®¡é¥ £®¢®àï, ­¥ ¨áª«îç ¥âáï, ­® ¯à¨ íâ®¬ á«¥¤ã¥â ¢­¨¬ â¥«ì­®¯à®¢¥àïâì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï ª¢ ¤à â¨ç­®© ¨­â¥£à¨àã¥¬®áâ¨ ï¤à  K(x, t) ¢ª¢ ¤à â¥ S = {a 6 x 6 b, a 6 t 6 b}.
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5.1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï 1155.1-2. �âàãªâãà  à¥è¥­¨©�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ä®à¬¥
y(x) = f(x) + λ

∫ b

a

R(x, t;λ)f(t) dt,£¤¥ à¥§®«ì¢¥­â  R(x, t;λ) ­¥ § ¢¨á¨â ®â á¢®¡®¤­®£® ç«¥­  f(x) ¨ ®¯à¥¤¥«ï¥âáïâ®«ìª® ï¤à®¬ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.�¥§®«ì¢¥­â  ãà ¢­¥­¨ï �à¥¤£®«ì¬  (1) ã¤®¢«¥â¢®àï¥â ¤¢ã¬ ¨­â¥£à «ì­ë¬ãà ¢­¥­¨ï¬
R(x, t;λ) = K(x, t) + ∫ b

a

K(x, s)R(s, t;λ) ds,
R(x, t;λ) = K(x, t) + ∫ b

a

K(s, t)R(x, s;λ) ds,¢ ª®â®àëå ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® à §«¨ç­ë¬ ¯ à ¬ ¯¥à¥¬¥­­ëå ï¤à  ¨à¥§®«ì¢¥­âë.5.1-3. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤ �­â¥£à «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ â¨¯  á¢¥àâª¨ (á¬. â ª�¥ ¯. 4.1-3) ­ §ë¢ îâáïãà ¢­¥­¨ï, ª®â®àë¥ ¯à¨ ¯à¨¬¥­¥­¨¨ ª ­¨¬ ­¥ª®â®à®£® ¨­â¥£à «ì­®£® ¯à¥®¡à §®-¢ ­¨ï ¨ â¥®à¥¬ë ® á¢¥àâª¥ ¤«ï íâ®£® ¯à¥®¡à §®¢ ­¨ï ¯à¨¢®¤ïâáï ª  «£¥¡à ¨ç¥áª¨¬ãà ¢­¥­¨ï¬ ¤«ï ¨§®¡à �¥­¨© ¨«¨ ª ªà ¥¢ë¬ § ¤ ç ¬ â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ª-æ¨©. � áá¬®âà¨¬ ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤ , á¢ï§ ­­ë¥ á ¯à¥®¡à §®¢ -­¨¥¬ �ãàì¥.�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ­  ¢á¥© ®á¨ (¥£®­ §ë¢ îâ ¨­®£¤  ãà ¢­¥­¨¥¬ â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  á ®¤­¨¬ ï¤à®¬) ¨¬¥¥â¢¨¤
y(x) + ∫ ∞

−∞

K(x− t)y(t) dt = f(x), −∞ < x <∞, (2)£¤¥ f(x) ¨ K(x) | ¨§¢¥áâ­ë¥ ¯à ¢ ï ç áâì ¨ ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï,  
y(x)|¨áª®¬ ï äã­ªæ¨ï.�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬ ­  ¯®«ã®á¨ ¨¬¥¥â¢¨¤

y(x) + ∫ ∞0 K(x− t)y(t) dt = f(x), 0 < x <∞. (3)�à ¢­¥­¨¥ (3) ­ §ë¢ ¥âáï â ª�¥ ®¤­®áâ®à®­­¨¬ ãà ¢­¥­¨¥¬ ¢â®à®£® à®¤  ¨«¨¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ �­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ á ¤¢ã¬ï ï¤à ¬¨ ¢â®à®£® à®¤  ¨¬¥¥â¢¨¤
y(x)+∫ ∞0 K1(x−t)y(t)dt+∫ 0

−∞

K2(x−t)y(t)dt= f(x), −∞<x<∞, (4)£¤¥ K1(x) ¨ K2(x)| ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (4). �« áá äã­ªæ¨© ¨ ï¤¥à¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢¢¥¤¥­ à ­¥¥ ¢ ¯. 4.1-3.5.1-4. Ǒ à­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤ Ǒ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á à §­®áâ­ë¬¨ ï¤à ¬¨ (â¨¯ á¢¥àâª¨) ¨¬¥¥â ¢¨¤
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116 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ b
a K(x, t)y(t) dt = f(x)

y(x) + ∫ ∞

−∞

K1(x− t)y(t)dt = f(x), 0 < x <∞,

y(x) + ∫ ∞

−∞

K2(x− t)y(t)dt = f(x), −∞ < x < 0, (5)£¤¥ ®¡®§­ ç¥­¨ï, ª« áá äã­ªæ¨© ¨ ï¤¥à á®¢¯ ¤ îâ á ¢¢¥¤¥­­ë¬¨ ¤«ï ãà ¢­¥­¨©â¨¯  á¢¥àâª¨ ¢ ¯. 4.1-3.Ǒ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  ¢ ¤®áâ â®ç­® ®¡é¥¬ á«ãç ¥¨¬¥¥â ¢¨¤
y(x) + ∫ ∞

a

K1(x, t)y(t)dt = f1(x), a < x < b,

y(x) + ∫ ∞

a

K2(x, t)y(t)dt = f2(x), b < x <∞,

(6)£¤¥ f1(x), f2(x) ¨ K1(x, t), K2(x, t) | ¨§¢¥áâ­ë¥ ¯à ¢ë¥ ç áâ¨ ¨ ï¤à  ãà ¢­¥-­¨ï (6),   y(x) | äã­ªæ¨ï, ¯®¤«¥� é ï ®¯à¥¤¥«¥­¨î. � ª¨¥ ãà ¢­¥­¨ï ¬®�­®¨áá«¥¤®¢ âì ¬¥â®¤ ¬¨ à §«¨ç­ëå ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨© á ¯à¨¢¥¤¥­¨¥¬ª ªà ¥¢ë¬ § ¤ ç ¬ â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨©,   â ª�¥ ¤àã£¨¬¨ ¬¥â®¤ ¬¨à §¢¨âë¬¨ ¤«ï ¯ à­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤  (á¬., ­ ¯à¨¬¥à,�. �­¥¤¤®­ (1955), �. �. �ä«ï­¤ (1977)).�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ¯®«ãç¥­­ë¥ ¨§ (2){(5) § ¬¥­®© ï¤à  K(x − t) ­ 
K(t− x), ­ §ë¢ îâáï á®î§­ë¬¨ 
 ­¨¬¨ ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬¨ ª ­¨¬.�á«¨ ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (1){(6) â®�¤¥áâ¢¥­­® à ¢­ë ­ã«î, â® ¨å ­ §ë-¢ îâ ®¤­®à®¤­ë¬¨. �á«¨ �¥ ¯à ¢ë¥ ç áâ¨ ­¥ ®¡à é îâáï ¢ ­ã«ì ¢áî¤ã ¢ ®¡« áâ¨¨å ®¯à¥¤¥«¥­¨ï, â® ãà ¢­¥­¨ï (1){(6) ­ §ë¢ îâ ­¥®¤­®à®¤­ë¬¨.� ¬¥ç ­¨¥ 3. � ãà ¢­¥­¨ï¬ (2){(5) ¯à¨¢®¤ïâáï ­¥ª®â®àë¥ ãà ¢­¥­¨ï, ï¤à ª®â®àëå á®¤¥à� â ¯à®¨§¢¥¤¥­¨¥ ¨«¨ ®â­®è¥­¨¥ ¯¥à¥¬¥­­ëå x ¨ t.� ¬¥ç ­¨¥ 4. �à ¢­¥­¨ï â¨¯  á¢¥àâª¨ (2){(5) ¨­®£¤  § ¯¨áë¢ îâ ¢ ä®à¬¥,£¤¥ ¯¥à¥¤ ¨­â¥£à « ¬¨ áâ ¢ïâ ¬­®�¨â¥«ì 1/√2π.� ¬¥ç ­¨¥ 5. �á«¨ ª« áá äã­ªæ¨© ¨ ï¤¥à ¤«ï ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ (¢ç áâ­®áâ¨, ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä ) ®â«¨ç ¥âáï ®â ¢¢¥¤¥­­®£® ¢ ¯. 4.1-3, â®íâ® ¡ã¤¥â ®á®¡® ®£®¢ à¨¢ âìáï ¢ ª �¤®¬ á«ãç ¥ (á¬. à §¤. 5.10 ¨ 5.11).
©• �¨â¥à âãà : �. �¨ à¤  (1933), �. �ãàá  (1934), �. �. �î­âæ (1934), �. �. Ǒà¨¢ -«®¢ (1935), �. �. Ǒ¥âà®¢áª¨© (1951), �. �. �à¥©­ (1958), �. �. �¨å«¨­ (1959), �. �à¨-ª®¬¨ (1960), �. �®¡« (1962), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®-á¥«ìáª¨©, �. �. � ©­¨ªª®, Ǒ. Ǒ. � ¡à¥©ª® ¨ ¤à. (1969), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �« ä (1970), J. A. Co
hran (1972), �. �. �¬¨à­®¢ (1974),�. �. �®«¬®£®à®¢, �. �. �®¬¨­ (1976), �. �. � ­â®à®¢¨ç, �. Ǒ. �ª¨«®¢ (1977), �. �. � -å®¢, �. �. �¥àáª¨© (1978), �. �¨áá, �. �ñª¥ä «ì¢¨-� ¤ì (1979), �. �. �ãâª®¢áª¨© (1979),L. M. Delves, J. L. Mohamed (1985), A. J. Jerry (1985), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986),A. Golberg (1990), D. Porter, D. S. G. Stirling (1990), C. Corduneanu (1991), J. Kondo (1991),S. Pr�ossdorf, B. Silbermann (1991), W. Ha
kbus
h (1995), R. P. Kanwal (1996), K. E. Atkinson(1997), �. �. Ǒ®«ï­¨­, �. �. � ­�¨à®¢ (1998), �. �. � ­�¨à®¢, �. �. Ǒ®«ï­¨­ (1998),A. D. Polyanin, A. V. Manzhirov (1998, 1999).5.2. �à ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  
¢ëà®�¤¥­­ë¬ ï¤à®¬5.2-1. Ǒà®áâ¥©è¥¥ ¢ëà®�¤¥­­®¥ ï¤à®� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  á ¯à®áâ¥©è¨¬
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5.2. �à ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  
 ¢ëà®�¤¥­­ë¬ ï¤à®¬ 117¢ëà®�¤¥­­ë¬ ï¤à®¬
y(x)− λ

∫ b

a

g(x)h(t)y(t)dt = f(x), a 6 x 6 b. (1)�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨é¥¬ ¢ ¢¨¤¥
y(x) = f(x) + λAg(x). (2)Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨ï (2) ¢ ãà ¢­¥­¨¥ (1), ¯®á«¥ ¯à®áâëå ¯à¥®¡à §®¢ ­¨© ¡ã¤¥¬¨¬¥âì

A

[1− λ

∫ b

a

h(t)g(t)dt] = ∫ b

a

f(t)h(t) dt. (3)�ç¨â ¥âáï, çâ® ®¡  ¨­â¥£à « , ¢å®¤ïé¨¥ ¢ (3), áãé¥áâ¢ãîâ. �  ®á­®¢ ­¨¨ (1){(3), áãç¥â®¬ â®£®, çâ® ¥¤¨­áâ¢¥­­®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® λ1 ãà ¢­¥­¨ï (1) ¤ ¥âáï¢ëà �¥­¨¥¬
λ1 = [∫ b

a

h(t)g(t)dt]−1
, (4)¯®«ãç¨¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë.1◦. �á«¨ λ 6= λ1, â® ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ª®â®à®¥ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

y(x) = f(x) + λλ1f1
λ1 − λ

g(x), f1 = ∫ b

a

f(t)h(t) dt. (5)2◦. �á«¨ λ = λ1 ¨ f1 = 0, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥
y = f(x) + Cy1(x), y1(x) = g(x), (6)£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, y1(x)| á®¡áâ¢¥­­ ï äã­ªæ¨ï, á®®â¢¥âáâ¢ãî-é ï å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λ1.3◦. �á«¨ λ = λ1 ¨ f1 6= 0 à¥è¥­¨ï ­¥ áãé¥áâ¢ã¥â.5.2-2. �ëà®�¤¥­­®¥ ï¤à® ¢ ®¡é¥¬ á«ãç ¥�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤  á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ¢®¡é¥¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

y(x)− λ

∫ b

a

[
n∑

k=1 gk(x)hk(t)] y(t) dt = f(x), n = 2, 3, . . . (7)Ǒ¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (7) ¢ ä®à¬¥
y(x) = f(x) + λ

n∑

k=1 gk(x)∫ b

a

hk(t)y(t)dt, n = 2, 3, . . . (8)Ǒà¥¤¯®« £ ï, çâ® ãà ¢­¥­¨¥ (8) ¨¬¥¥â à¥è¥­¨¥, á ãç¥â®¬ ®¡®§­ ç¥­¨ï
Ak = ∫ b

a

hk(t)y(t)dt (9)¡ã¤¥¬ ¨¬¥âì
y(x) = f(x) + λ

n∑

k=1Akgk(x), (10)
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118 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x) − ∫ b
a K(x, t)y(t) dt = f(x)¨§ ª®â®à®£® ¢¨¤­®, çâ® à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬á¢®¤¨âáï ª ®¯à¥¤¥«¥­¨î ¯®áâ®ï­­ëå Ak.�¬­®�¨¬ ®¡¥ ç áâ¨ à ¢¥­áâ¢  (10) ­  hm(x) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® x ¢ ¯à¥¤¥« å®â a ¤® b. �®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ª®â®à®©ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥­âë Ak:

Am − λ

n∑

k=1 smkAk = fm, m = 1, 2, . . . , n, (11)£¤¥smk = ∫ b

a

hm(x)gk(x) dx, fm = ∫ b

a

f(x)hm(x) dx, m, k = 1, 2, . . . , n. (12)Ǒà¨ ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ smk ¨ fm ¤«ï ª®­ªà¥â­ëå ¢ëà®�¤¥­­ëå ï¤¥à¬®�­® ¢®á¯®«ì§®¢ âìáï â ¡«¨æ ¬¨ ¨­â¥£à «®¢ ¨§ á¯à ¢®ç­¨ª®¢ �. �. �à ¤èâ¥©­ ,�. �. �ë�¨ª  (1975), �. Ǒ. Ǒàã¤­¨ª®¢ , �. �. �àëçª®¢ , �. �. � à¨ç¥¢  (1981,1983, 1986).�á«¨ ¯®áâà®¥­® à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (11), â® ¯®áâà®¥­® ¨ à¥è¥­¨¥¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬ ï¤à®¬ (7). �­ ç¥­¨ï ¯ à ¬¥âà  λ, ¯à¨ª®â®àëå ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (11) ®¡à é ¥âáï ¢ ­ã«ì, ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥-áª¨¬¨ ç¨á« ¬¨ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (7), ¯à¨ç¥¬ ¨å à®¢­® n èâãª á ãç¥â®¬ªà â­®áâ¨.�¥¯¥àì ¬®�­® áä®à¬ã«¨à®¢ âì ®á­®¢­ë¥ à¥§ã«ìâ âë ® à¥è¥­¨¨ ãà ¢­¥­¨ï (7).1◦. �á«¨ λ| ¯à ¢¨«ì­®¥, â® ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  á ¢ëà®�¤¥­­ë¬ï¤à®¬, ª®â®à®¥ ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥ (10), £¤¥ ª®íää¨æ¨¥­âë Ak ï¢«ïîâáïà¥è¥­¨¥¬ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (11). Ǒ®áâ®ï­­ë¥ Ak¬®�­® ®¯à¥¤¥«¨âì, ­ ¯à¨¬¥à, ¯® ä®à¬ã« ¬ �à ¬¥à .2◦. �á«¨ λ|å à ªâ¥à¨áâ¨ç¥áª®¥ ¨ f(x) ≡ 0, â® à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ïá ¢ëà®�¤¥­­ë¬ ï¤à®¬ ¨¬¥¥â ¢¨¤
y(x) = p∑

i=1 Ciyi(x), (13)£¤¥ Ci|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   yi(x)|«¨­¥©­® ­¥§ ¢¨á¨¬ë¥ á®¡áâ¢¥­­ë¥äã­ªæ¨¨ ï¤à , á®®â¢¥âáâ¢ãîé¨¥ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λi:
yi(x) = n∑

k=1Ak(i)gk(x). (14)�¤¥áì ¯®áâ®ï­­ë¥ Ak(i) á®áâ ¢«ïîâ p (p 6 n) «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©á«¥¤ãîé¥© ®¤­®à®¤­®© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©:
Am(i) − λ

n∑

k=1 smkAk(i) = 0; m = 1, . . . , n, i = 1, . . . , p. (15)3◦. �á«¨ λ| å à ªâ¥à¨áâ¨ç¥áª®¥ ¨ f(x) 6= 0, â® ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤-­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (7) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à ¢ ï ç áâìãà ¢­¥­¨ï f(x) ã¤®¢«¥â¢®àï«  p ãá«®¢¨ï¬
n∑

k=1Bk(i)fk = 0, i = 1, . . . , p, p 6 n. (16)
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5.2. �à ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  
 ¢ëà®�¤¥­­ë¬ ï¤à®¬ 119�¤¥áì ¯®áâ®ï­­ë¥ Bk(i) á®áâ ¢«ïîâ p «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®©á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, âà ­á¯®­¨à®¢ ­­®© ª á¨áâ¥¬¥ (15). � íâ®¬á«ãç ¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (7) ¨¬¥¥â ¢¨¤
y(x) = y0(x) + p∑

i=1 Ciyi(x), (17)£¤¥ y0(x)|ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (7),   áã¬¬  ¯à¥¤áâ ¢«ï¥âá®¡®© ®¡é¥¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï (á¬. 2◦).� ç áâ­®áâ¨, ¥á«¨ f(x) 6= 0, ­® ¢á¥ fk à ¢­ë ­ã«î, â®
y(x) = f(x) + p∑

i=1 Ciyi(x). (18)Ǒà¨¬¥à. �¥è¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
y(x)− λ

∫ π

−π
(x 
os t+ t2 sinx+ 
os x sin t)y(t) dt = x, −π 6 x 6 π. (19)�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

A1 = ∫ π

−π
y(t) 
os t dt, A2 = ∫ π

−π
t2y(t) dt, A3 = ∫ π

−π
y(t) sin t dt, (20)£¤¥ A1, A2, A3 |­¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥. �®£¤  ãà ¢­¥­¨¥ (19) ¯à¨¬¥â ¢¨¤

y(x) = A1λx+ A2λ sin x+ A3λ 
os x+ x. (21)Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (21) ¢ à ¢¥­áâ¢  (20), ¯®«ãç¨¬
A1 = ∫ π

−π
(A1λt+ A2λ sin t+A3λ 
os t+ t) 
os t dt,

A2 = ∫ π

−π
(A1λt+ A2λ sin t+A3λ 
os t+ t)t2 dt,

A3 = ∫ π

−π
(A1λt+ A2λ sin t+A3λ 
os t+ t) sin t dt.�ëç¨á«ïï ¢å®¤ïé¨¥ ¢ íâ¨ ãà ¢­¥­¨ï ¨­â¥£à «ë, ¯®«ãç¨¬ á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢­¥-­¨© ¤«ï ­ å®�¤¥­¨ï ­¥¨§¢¥áâ­ëå A1, A2, A3:

A1 − λπA3 = 0,
A2 + 4λπA3 = 0,

−2λπA1 − λπA2 + A3 = 2π. (22)�¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë ®â«¨ç¥­ ®â ­ã«ï:�(λ) = ∣∣∣∣∣
1 0 −λπ0 1 4λπ

−2λπ −λπ 1 ∣∣∣∣∣ = 1 + 2λ2π2 6= 0.� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (22) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
A1 = 2λπ21 + 2λ2π2 , A2 = − 8λπ21 + 2λ2π2 , A3 = 2π1 + 2λ2π2 .Ǒ®¤áâ ¢«ïï ­ ©¤¥­­ë¥ §­ ç¥­¨ïA1,A2,A3 ¢ (21), ¯®«ãç¨¬ à¥è¥­¨¥ ¤ ­­®£® ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï ¢ ¢¨¤¥

y(x) = 2λπ1 + 2λ2π2 (λπx− 4λπ sin x+ 
os x) + x.

©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968), �. �. �à ¤èâ¥©­, �. �. �ë�¨ª (1975), A. J. Jerry (1985), �. Ǒ. Ǒàã¤­¨ª®¢,�. �. �àëçª®¢, �. �. � à¨ç¥¢ (1981, 1983, 1986).
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120 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.3. �¥è¥­¨¥ ¢ ¢¨¤¥ àï¤  ¯® áâ¥¯¥­ï¬ ¯ à ¬¥âà . �¥â®¤¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©5.3-1. �â¥à¨à®¢ ­­ë¥ ï¤à Ǒãáâì ¨¬¥¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ 

y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b. (1)�ã¤¥¬ ¨áª âì ¥£® à¥è¥­¨¥ ¢ ¢¨¤¥ àï¤  ¯® áâ¥¯¥­ï¬ ¯ à ¬¥âà  λ:
y(x) = f(x) + ∞∑

n=1λnψn(x). (2)Ǒ®¤áâ ¢¨¬ àï¤ (2) ¢ ãà ¢­¥­¨¥ (1). Ǒà¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ -ª®¢ëå áâ¥¯¥­ïå λ, ¯®«ãç¨¬ à¥ªãàà¥­â­ãî á¨áâ¥¬ã á®®â­®è¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ïäã­ªæ¨© ψn(x):
ψ1(x) = ∫ b

a

K(x, t)f(t) dt,
ψ2(x) = ∫ b

a

K(x, t)ψ1(t) dt = ∫ b

a

K2(x, t)f(t) dt,
ψ3(x) = ∫ b

a

K(x, t)ψ2(t) dt = ∫ b

a

K3(x, t)f(t) dt, . . .�¤¥áì
Kn(x, t) = ∫ b

a

K(x, z)Kn−1(z, t) dz, (3)£¤¥ n = 2, 3, . . ., ¯à¨ç¥¬ K1(x, t) ≡ K(x, t). �ã­ªæ¨¨ Kn(x, t), ®¯à¥¤¥«ï¥¬ë¥¯® ä®à¬ã« ¬ (3), ­ §ë¢ îâáï ¨â¥à¨à®¢ ­­ë¬¨ ï¤à ¬¨. �«ï ­¨å á¯à ¢¥¤«¨¢®á®®â­®è¥­¨¥
Kn(x, t) = ∫ b

a

Km(x, s)Kn−m(s, t) ds, (4)£¤¥ m|«î¡®¥ ­ âãà «ì­®¥ ç¨á«®, ¬¥­ìè¥¥ n.�â¥à¨à®¢ ­­ë¥ ï¤à  Kn(x, t) ¬®�­® ­¥¯®áà¥¤áâ¢¥­­® ¢ëà §¨âì ç¥à¥§ ¤ ­­®¥ï¤à® K(x, t) ¯® ä®à¬ã«¥
Kn(x, t) = ∫ b

a

∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n−1 K(x, s1)K(s1, s2) . . .K(sn−1, t) ds1 ds2 . . . dsn−1.�á¥ ¨â¥à¨à®¢ ­­ë¥ ï¤à  Kn(x, t), ­ ç¨­ ï á K2(x, t), ¡ã¤ãâ ­¥¯à¥àë¢­ë¬¨äã­ªæ¨ï¬¨ ¢ ª¢ ¤à â¥ S = {a 6 x 6 b, a 6 t 6 b}, ¥á«¨ ­ ç «ì­®¥ ï¤à® K(x, t)ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬® ¢ íâ®¬ ª¢ ¤à â¥.�á«¨ ¤ ­­®¥ ï¤à® K(x, t) á¨¬¬¥âà¨ç­®, â® ¢á¥ ¨â¥à¨à®¢ ­­ë¥ ï¤à  Kn(x, t)â®�¥ á¨¬¬¥âà¨ç­ë.5.3-2. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©�¥§ã«ìâ âë ¯. 5.3-1 ¬®£ãâ ¡ëâì â ª�¥ ¯®«ãç¥­ë á ¯®¬®éìî ¬¥â®¤  ¯®á«¥¤®¢ -â¥«ì­ëå ¯à¨¡«¨�¥­¨©. �«ï íâ®£® á«¥¤ã¥â ¨á¯®«ì§®¢ âì à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

yn(x) = f(x) + λ

∫ b

a

K(x, t)yn−1(t) dt, n = 1, 2, . . . ,¢ ª®â®à®¬ ­ã«¥¢®¥ ¯à¨¡«¨�¥­¨¥ y0(x) = f(x).
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5.3. �¥è¥­¨¥ ¢ ¢¨¤¥ àï¤ . �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© 1215.3-3. Ǒ®áâà®¥­¨¥ à¥§®«ì¢¥­âë�¥§®«ì¢¥­â  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ®¯à¥¤¥«ï¥âáï ç¥à¥§ ¨â¥à¨à®¢ ­­ë¥ï¤à  ä®à¬ã«®©
R(x, t;λ) = ∞∑

n=1 λn−1Kn(x, t), (5)£¤¥ àï¤, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨, ­ §ë¢ ¥âáï àï¤®¬ �¥©¬ ­  ï¤à  K(x, t). �­áå®¤¨âáï ¢ áà¥¤­¥¬ ª ¥¤¨­áâ¢¥­­®¬ã ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®¬ã à¥è¥­¨îãà ¢­¥­¨ï (1), ¥á«
|̈λ| < 1

B
, B = √∫ b

a

∫ b

a

K2(x, t) dx dt. (6)�á«¨, ªà®¬¥ â®£®, ∫ b

a

K2(x, t) dt 6 A, a 6 x 6 b,£¤¥ A| ­¥ª®â®à ï ¯®áâ®ï­­ ï, â® àï¤ �¥©¬ ­  áå®¤¨âáï ­  [a, b℄  ¡á®«îâ­® ¨à ¢­®¬¥à­®.�¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  (1) ¢ëà � ¥âáï ä®à¬ã«®©
y(x) = f(x) + λ

∫ b

a

R(x, t;λ)f(t) dt, a 6 x 6 b. (7)�¥à ¢¥­áâ¢® (6) ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬ ¤«ï áå®¤¨¬®áâ¨ àï¤  (5). �¤­ ª®à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�¥â áãé¥áâ¢®¢ âì ¨ ¤«ï §­ ç¥­¨© |λ| > 1/B.� ¬¥ç ­¨¥ 1. �¥è¥­¨¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤  á® á« ¡®© ®á®¡¥­­®áâìî
y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b,£¤¥ ï¤à® K(x, t) ¨¬¥¥â ¢¨¤
K(x, t) = L(x, t)

|x− t|α , 0 < α < 1,a äã­ªæ¨ï L(x, t)|­¥¯à¥àë¢­  ¢ ª¢ ¤à â¥ S = {a 6 x 6 b, a 6 t 6 b}, ¬®�­®¯®áâà®¨âì ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¯à¨ ãá«®¢¨¨
|λ| < 1− α2B∗(b − a)1−α , B∗ = sup |L(x, t)|.� ¬® �¥ ãà ¢­¥­¨¥ á® á« ¡®© ®á®¡¥­­®áâìî ¬®�­® ¯à¨¢¥áâ¨ ª ãà ¢­¥­¨î�à¥¤£®«ì¬  ¢¨¤ 

y(x)− λn
∫ b

a

Kn(x, t)y(t)dt = F (x), a 6 x 6 b,

F (x) = f(x) + n−1∑

p=1 λp ∫ b

a

Kp(x, t)f(t) dt,£¤¥ Kp(x, t) (p = 1, 2, . . . , n) | p-®¥ ¨â¥à¨à®¢ ­­®¥ ï¤à®, ¯à¨ç¥¬ Kn(x, t) |äà¥¤£®«ì¬®¢® ¯à¨ n > 12 (1 − α)−1 ¨ ®£à ­¨ç¥­­®¥ ¯à¨ n > (1− α)−1.
�âà ­¨æ  121



122 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨¬¥à 1. �¥è¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

y(x) − λ

∫ 10 xty(t) dt = f(x), 0 6 x 6 1,¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©. �¤¥áìK(x, t) =xt, a=0, b=1. Ǒ®á«¥¤®¢ â¥«ì­®­ ©¤¥¬
K1(x, t) = xt, K2(x, t) = ∫ 10 (xz)(zt) dz = xt3 ,

K3(x, t) = 13 ∫ 10 (xz)(zt) dz = xt32 , . . . , Kn(x, t) = xt3n−1 .�®£« á­® ä®à¬ã«¥ (5) ¤«ï à¥§®«ì¢¥­âë
R(x, t;λ) = ∞∑

n=1 λn−1Kn(x, t) = xt
∞∑

n=1( λ3 )n−1 = 3xt3− λ
,¯à¨ç¥¬ |λ|< 3, ¨ ¢ á¨«ã ä®à¬ã«ë (7) à¥è¥­¨¥ ¤ ­­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï § ¯¨è¥âáï¢ ä®à¬¥

y(x) = f(x) + λ

∫ 10 3xt3− λ
f(t) dt, 0 6 x 6 1, λ 6= 3.� ç áâ­®áâ¨, ¯à¨ f(x) = x ¯®«ãç¨¬

y(x) = 3x3− λ
, 0 6 x 6 1, λ 6= 3.5.3-4. �àâ®£®­ «ì­ë¥ ï¤à �«ï ­¥ª®â®àëå ãà ¢­¥­¨© �à¥¤£®«ì¬  àï¤ �¥©¬ ­  (5) ¤«ï à¥§®«ì¢¥­âëáå®¤¨âáï ¯à¨ «î¡ëå §­ ç¥­¨ïå λ. Ǒ®ª �¥¬ íâ®.Ǒãáâì ¨¬¥¥¬ ¤¢  ï¤à : K(x, t) ¨ L(x, t). �ã¤¥¬ ­ §ë¢ âì íâ¨ ï¤à  ®àâ®£®­ «ì-­ë¬¨, ¥á«¨ ¢ë¯®«­ïîâáï ¤¢  ãá«®¢¨ï:

∫ b

a

K(x, z)L(z, t) dz = 0, ∫ b

a

L(x, z)K(z, t) dz = 0, (8)¯à¨ «î¡ëå ¤®¯ãáâ¨¬ëå §­ ç¥­¨ïå x ¨ t.�ãé¥áâ¢ãîâ ï¤à , ®àâ®£®­ «ì­ë¥ á ¬¨¬ á¥¡¥. �«ï â ª¨å ï¤¥à K2(x, t) ≡ 0,£¤¥ K2(x, t) | ¢â®à®¥ ¨â¥à¨à®¢ ­­®¥ ï¤à®. � íâ®¬ á«ãç ¥, ¢á¥ ¯®á«¥¤ãîé¨¥¨â¥à¨à®¢ ­­ë¥ ï¤à  â ª�¥ à ¢­ë ­ã«î ¨ à¥§®«ì¢¥­â  á®¢¯ ¤ ¥â á ï¤à®¬ K(x, t).Ǒà¨¬¥à 2. � ©¤¥¬ à¥§®«ì¢¥­âã ï¤à  K(x, t) = sin(x− 2t), 0 6 x 6 2π, 0 6 t 6 2π.�¬¥¥¬∫ 2π0 sin(x− 2z) sin(z − 2t) dz = 12 ∫ 2π0 [
os(x+ 2t − 3z)− 
os(x− 2t− z)℄ dz == 12 [
− 13 sin(x+ 2t− 3z) + sin(x− 2t − z)]z=2π

z=0 = 0.� ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ à¥§®«ì¢¥­â  ï¤à  à ¢­  á ¬®¬ã ï¤àã:
R(x, t;λ) ≡ sin(x− 2t),â ª çâ® àï¤ �¥©¬ ­  (5) á®áâ®¨â ¨§ ®¤­®£® ç«¥­  ¨, ®ç¥¢¨¤­®, áå®¤¨âáï ¯à¨ «î¡®¬ λ.� ¬¥ç ­¨¥ 2. �á«¨ ï¤à  M (1)(x, t), M (2)(x, t), . . . , M (n)(x, t) ¯®¯ à­® ®à-â®£®­ «ì­ë, â® à¥§®«ì¢¥­â , á®®â¢¥âáâ¢ãîé ï ¨å áã¬¬¥

K(x, t) = n∑

m=1M (m)(x, t),à ¢­  áã¬¬¥ à¥§®«ì¢¥­â, á®®â¢¥âáâ¢ãîé¨å ª �¤®¬ã ¨§ á« £ ¥¬ëå.
©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968), J. A. Co
hran (1972), �. �. �¬¨à­®¢ (1974), A. J. Jerry (1985).
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5.4. �¥â®¤ ®¯à¥¤¥«¨â¥«¥© �à¥¤£®«ì¬  1235.4. �¥â®¤ ®¯à¥¤¥«¨â¥«¥© �à¥¤£®«ì¬ 5.4-1. �®à¬ã«  ¤«ï à¥§®«ì¢¥­âë�¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤ 
y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (1)¤ ¥âáï ä®à¬ã«®©
y(x) = f(x) + λ

∫ b

a

R(x, t;λ)f(t) dt, a 6 x 6 b, (2)£¤¥ à¥§®«ì¢¥­â  R(x, t;λ) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬
R(x, t;λ) = D(x, t;λ)

D(λ) , D(λ) 6= 0. (3)�¤¥áì D(x, t;λ) ¨ D(λ)|áâ¥¯¥­­ë¥ àï¤ë ¯® λ:
D(x, t;λ) = ∞∑

n=0 (−1)n
n! An(x, t)λn, D(λ) = ∞∑

n=0 (−1)n
n! Bnλ

n, (4)ª®íää¨æ¨¥­âë ª®â®àëå ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨
A0(x, t) = K(x, t),
An(x, t) = ∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n

∣∣∣∣∣∣∣∣

K(x, t) K(x, t1) · · · K(x, tn)
K(t1, t) K(t1, t1) · · · K(t1, tn)... ... . . . ...
K(tn, t) K(tn, t1) · · · K(tn, tn) ∣∣∣∣∣∣∣∣

dt1 . . . dtn, (5)
B0 = 1,
Bn = ∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n

∣∣∣∣∣∣∣∣

K(t1, t1) K(t1, t2) · · · K(t1, tn)
K(t2, t1) K(t2, t2) · · · K(t2, tn)... ... . . . ...
K(tn, t1) K(tn, t2) · · · K(tn, tn) ∣∣∣∣∣∣∣∣

dt1 . . . dtn. (6)�ã­ªæ¨ï D(x, t;λ) ­ §ë¢ ¥âáï ¬¨­®à®¬ �à¥¤£®«ì¬ ,   D(λ)| ®¯à¥¤¥«¨â¥-«¥¬ �à¥¤£®«ì¬ . �ï¤ë (4) áå®¤ïâáï ¤«ï ¢á¥å §­ ç¥­¨© λ ¨, §­ ç¨â, ï¢«ïîâáï æ¥-«ë¬¨  ­ «¨â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ®â λ. �¥§®«ì¢¥­â  R(x, t;λ) ¥áâì  ­ «¨â¨ç¥áª ïäã­ªæ¨ï ®â λ, ªà®¬¥ â¥å §­ ç¥­¨© λ, ª®â®àë¥ ï¢«ïîâáï ª®à­ï¬¨ D(λ). Ǒ®á«¥¤-­¨¥ á®¢¯ ¤ îâ á å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ ãà ¢­¥­¨ï ¨ ï¢«ïîâáï ¯®«îá ¬¨à¥§®«ì¢¥­âë R(x, t;λ).Ǒà¨¬¥à 1. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
y(x) − λ

∫ 10 xety(t) dt = f(x), 0 6 x 6 1, λ 6= 1.�¬¥¥¬
A0(x, t) = xet, A1(x, t) = ∫ 10 ∣∣∣∣

xet xet1
t1et t1et1 ∣∣∣∣ dt1 = 0,

A2(x, t) = ∫ 10 ∫ 10 ∣∣∣∣∣∣

xet xet1 xet2
t1et t1et1 t1et2
t2et t2et1 t2et2 ∣∣∣∣∣∣

dt1 dt2 = 0,
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124 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)â ª ª ª ®¯à¥¤¥«¨â¥«¨ ¯®¤ §­ ª®¬ ¨­â¥£à «  à ¢­ë ­ã«î. �ç¥¢¨¤­®, çâ® ¨ ¢á¥ ¯®á«¥¤ãîé¨¥

An(x, t)=0. � å®¤¨¬ ª®íää¨æ¨¥­âë Bn:
B1 = ∫ 10 K(t1, t1) dt1 = ∫ 10 t1et1 dt1 = 1, B2 = ∫ 10 ∫ 10 ∣∣∣∣

t1et1 t1et2
t2et1 t2et2 ∣∣∣∣ dt1 dt2 = 0.�ç¥¢¨¤­®, çâ® ¨ ¢á¥ ¯®á«¥¤ãîé¨¥ Bn = 0.�®£« á­® ä®à¬ã« ¬ (4) ¨¬¥¥¬

D(x, t;λ) = K(x, t) = xet; D(λ) = 1− λ.� ª¨¬ ®¡à §®¬,
R(x, t;λ) = D(x, t;λ)

D(λ) = xet1− λ
,¨ à¥è¥­¨¥ ãà ¢­¥­¨ï ¬®�­® § ¯¨á âì ¢ ä®à¬¥

y(x) = f(x) + λ

∫ 10 xet1− λ
f(t) dt, 0 6 x 6 1, λ 6= 1.� ç áâ­®áâ¨, ¤«ï f(x) = e−x ¯®«ãç ¥¬

y(x) = e−x + λ1− λ
x, 0 6 x 6 1, λ 6= 1.5.4-2. �¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï�ëç¨á«¥­¨¥ ¯® ä®à¬ã« ¬ (5) ¨ (6) ª®íää¨æ¨¥­â®¢ An(x, t) ¨ Bn àï¤®¢ (4)¯à ªâ¨ç¥áª¨ ¢®§¬®�­® «¨èì ¢ ®ç¥­ì à¥¤ª¨å á«ãç ïå, ­® ¨§ íâ¨å ä®à¬ã« ¯®«ãç -îâáï á«¥¤ãîé¨¥ à¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï:

An(x, t) = BnK(x, t)− n

∫ b

a

K(x, s)An−1(s, t) ds, (7)
Bn = ∫ b

a

An−1(s, s) ds. (8)Ǒà¨¬¥à. Ǒ®«ì§ãïáì ä®à¬ã« ¬¨ (7) ¨ (8), ­ ©¤¥¬ à¥§®«ì¢¥­âã ï¤à  K(x, t) = x − 2t,£¤¥ 0 6 x 6 1, 0 6 t 6 1.�¥©áâ¢¨â¥«ì­®, B0 = 1, A0(x, t) = x− 2t. Ǒ® ä®à¬ã«¥ (8), ­ ©¤¥¬
B1 = ∫ 10 (−s) ds = − 12 .Ǒ® ä®à¬ã«¥ (7) ¯®«ãç¨¬

A1(x, t) = − x− 2t2 −
∫ 10 (x− 2s)(s − 2t) ds = −x− t+ 2xt+ 23 .� «¥¥ ¡ã¤¥¬ ¨¬¥âì

B2 = ∫ 10 (
−2s + 2s2 + 23 )

ds = 13 ,
A2(x, t) = x− 2t3 − 2 ∫ 10 (x− 2s)(−s − t+ 2st+ 23 )

ds = 0,
B3 = B4 = · · · = 0, A3(x, t) = A4(x, t) = · · · = 0.�«¥¤®¢ â¥«ì­®,

D(λ) = 1 + 12 λ+ 16 λ2; D(x, t;λ) = x− 2t+ λ
(
x+ t− 2xt− 23 )

.�¥§®«ì¢¥­â  ¤ ­­®£® ï¤à  ¡ã¤¥â ¨¬¥âì ¢¨¤
R(x, t;λ) = x− 2t+ λ

(
x+ t− 2xt− 23 )1 + 12 λ+ 16 λ2 .

©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968), �. �. �¬¨à­®¢ (1974).
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�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  2-£® à®¤  á á¨¬¬¥âà¨ç­ë¬¨ ï¤à ¬¨ 1255.5. �¥®à¥¬ë ¨  «ìâ¥à­ â¨¢  �à¥¤£®«ì¬ 5.5-1. �¥®à¥¬ë �à¥¤£®«ì¬ �¥®à¥¬  1. �à ¢­¥­¨¥ �à¥¤£®«ì¬  ¨¬¥¥â ­¥ ¡®«¥¥ áç¥â­®£® ¬­®�¥áâ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«, ª®â®àë¥ ¬®£ãâ á£ãé âìáï â®«ìª® ­  ¡¥áª®­¥ç-­®áâ¨.�¥®à¥¬  2. �á«¨ §­ ç¥­¨¥ λ ¯à ¢¨«ì­®¥, â® ª ª ¤ ­­®¥ ¨­â¥£à «ì­®¥ãà ¢­¥­¨¥, â ª ¨ á®î§­®¥ á ­¨¬ ãà ¢­¥­¨¥, à §à¥è¨¬® ¯à¨ «î¡®¬ á¢®¡®¤­®¬ç«¥­¥ ¨ à¥è¥­¨¥ ª �¤®£® ¨§ íâ¨å ãà ¢­¥­¨© ¥¤¨­áâ¢¥­­®. �®®â¢¥âáâ¢ãîé¨¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ â®«ìª® âà¨¢¨ «ì­ë¥ à¥è¥­¨ï.�¥®à¥¬  3. �á«¨ §­ ç¥­¨¥ λ å à ªâ¥à¨áâ¨ç¥áª®¥, â® ®¤­®à®¤­®¥ ¨­â¥-£à «ì­®¥ ãà ¢­¥­¨¥, â ª �¥ ª ª ¨ á®î§­®¥ á ­¨¬ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥,¨¬¥¥â ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï. �¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤-­®à®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ª®­¥ç­® ¨ à ¢­® ç¨á«ã «¨­¥©­® ­¥§ -¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®£® á®î§­®£® ãà ¢­¥­¨ï.�¥®à¥¬  4. �«ï â®£® çâ®¡ë ­¥®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¡ë«®à §à¥è¨¬®, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥£® á¢®¡®¤­ë© ç«¥­ f(x)ã¤®¢«¥â¢®àï« ãá«®¢¨ï¬
∫ b

a

f(x)ψk(x) dx = 0, k = 1, . . . , n,£¤¥ ψk(x)|á®¢®ªã¯­®áâì ¢á¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á®®â¢¥âáâ¢ã-îé¥£® á®î§­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.5.5-2. �«ìâ¥à­ â¨¢  �à¥¤£®«ì¬ �§ â¥®à¥¬ �à¥¤£®«ì¬  ¢ëâ¥ª ¥â â ª ­ §ë¢ ¥¬ ï  «ìâ¥à­ â¨¢  �à¥¤£®«ì¬  ,ª®â®à®© ç é¥ ¢á¥£® ¯®«ì§ãîâáï ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.�«ìâ¥à­ â¨¢  �à¥¤£®«ì¬ . �¨¡® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ à §à¥è¨¬®,ª ª®¢  ¡ë ­¨ ¡ë«  ¥£® ¯à ¢ ï ç áâì, «¨¡® á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ãà ¢­¥­¨¥ ¨¬¥¥â ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï.Ǒ¥à¢ ï ç áâì  «ìâ¥à­ â¨¢ë ¨¬¥¥â ¬¥áâ®, ¥á«¨ ¤ ­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà ¯à ¢¨«ì­®¥, ¢â®à ï| ¥á«¨ ®­® å à ªâ¥à¨áâ¨ç¥áª®¥.� ¬¥ç ­¨¥. �¥®à¨ï �à¥¤£®«ì¬  á¯à ¢¥¤«¨¢  ¨ ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©¢â®à®£® à®¤  á® á« ¡®© ®á®¡¥­­®áâìî.
©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968), J. A. Co
hran (1972), �. �. �¬¨à­®¢ (1974) A. J. Jerry (1985), D. Porter, D. S. G. Stirling(1990), C. Corduneanu (1991), J. Kondo (1991), W. Ha
kbus
h (1995), R. P. Kanwal (1996).5.6. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤ á á¨¬¬¥âà¨ç­ë¬¨ ï¤à ¬¨5.6-1. � à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨�¨¬¬¥âà¨ç­ë¬¨ ¨­â¥£à «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ­ §ë¢ îâáï ãà ¢­¥­¨ï, ï¤à ª®â®àëå á¨¬¬¥âà¨ç­ë, â. ¥. K(x, t) = K(t, x).� �¤®¥ á¨¬¬¥âà¨ç­®¥ ï¤à®, ­¥ à ¢­®¥ â®�¤¥áâ¢¥­­® ­ã«î, ¨¬¥¥â ¯® ªà ©­¥©¬¥à¥ ®¤­® å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«®.
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126 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�®¢®ªã¯­®áâì å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« n-£® ¨â¥à¨à®¢ ­­®£® ï¤à  ¯à¨ «î-¡®¬ n á®¢¯ ¤ ¥â á á®¢®ªã¯­®áâìî n-ëå áâ¥¯¥­¥© å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¯¥à-¢®£® ï¤à .�®¡áâ¢¥­­ë¥ äã­ªæ¨¨ á¨¬¬¥âà¨ç­®£® ï¤à , á®®â¢¥âáâ¢ãîé¨¥ à §«¨ç­ë¬ å -à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á« ¬, ®àâ®£®­ «ì­ë, â. ¥. ¥á«¨

ϕ1(x) = λ1 ∫ b

a

K(x, t)ϕ1(t) dt, ϕ2(x) = λ2 ∫ b

a

K(x, t)ϕ2(t) dt, λ1 6= λ2,â® (ϕ1, ϕ2) = 0, (ϕ,ψ) ≡ ∫ b

a

ϕ(x)ψ(x)dx.� à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  á¨¬¬¥âà¨ç­®£® ï¤à  ¤¥©áâ¢¨â¥«ì­ë.�®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¬®�­® á¤¥« âì ­®à¬¨à®¢ ­­ë¬¨: ¤®áâ â®ç­® ª �¤ãî¨§ ­¨å à §¤¥«¨âì ­  ¥¥ ­®à¬ã. �á«¨ ­¥ª®â®à®¬ã å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ãá®®â¢¥âáâ¢ãîâ ­¥áª®«ìª® «¨­¥©­® ­¥§ ¢¨á¨¬ëå á®¡áâ¢¥­­ëå äã­ªæ¨©, ­ ¯à¨¬¥à,
ϕ1(x), ϕ2(x), . . . , ϕn(x), â® ª �¤ ï ¨å «¨­¥©­ ï ª®¬¡¨­ æ¨ï â ª�¥ ï¢«ï¥âáïá®¡áâ¢¥­­®© äã­ªæ¨¥© ¨ íâ¨ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¬®£ãâ ¡ëâì ¢ë¡à ­ë â ª, çâ®¯®«ãç¥­­ë¥ ¯à¨ íâ®¬ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¡ã¤ãâ ®àâ®­®à¬¨à®¢ ­ë.�¥©áâ¢¨â¥«ì­®, äã­ªæ¨ï

ψ1(x) = ϕ1(x)
‖ϕ1‖ , ‖ϕ1‖ = √(ϕ1, ϕ1),¨¬¥¥â ­®à¬ã, à ¢­ãî ¥¤¨­¨æ¥: ‖ψ1‖ = 1. �¡à §ã¥¬ ª®¬¡¨­ æ¨î αψ1 + ϕ2 ¨¢ë¡¥à¥¬ α â ª, çâ® (αψ1 + ϕ2, ψ1) = 0,â. ¥. ¢®§ì¬¥¬

α = − (ϕ2, ψ1)(ψ1, ψ1) = −(ϕ2, ψ1).�ã­ªæ¨ï
ψ2(x) = αψ1 + ϕ2

‖αψ1 + ϕ2‖®àâ®£®­ «ì­  ª ψ1(x) ¨ ¨¬¥¥â ­®à¬ã, à ¢­ãî ¥¤¨­¨æ¥. � «¥¥ ¢ë¡¨à ¥âáï ª®¬¡¨-­ æ¨ï αψ1+βψ2+ϕ3 ¨ ¯®áâ®ï­­ë¥ α ¨ β ­ å®¤ïâáï ¨§ ãá«®¢¨© ®àâ®£®­ «ì­®áâ¨(αψ1 + βϕ2 + ϕ3, ψ1) = 0, (αψ1 + βψ2 + ϕ3, ψ2) = 0.� ­ ©¤¥­­ë¬¨ â ª¨¬ ®¡à §®¬ ª®íää¨æ¨¥­â ¬¨ α ¨ β äã­ªæ¨ï
ψ3 = αψ1 + βψ2 + ϕ2

‖αψ1 + βϕ2 + ϕ3‖®àâ®£®­ «ì­  ª ψ1, ψ2 ¨ ¨¬¥¥â ­®à¬ã, à ¢­ãî ¥¤¨­¨æ¥, ¨ â. ¤.�®¡áâ¢¥­­ë¥ äã­ªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ à §­ë¬ å à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á« ¬,ª ª ¡ë«® ®â¬¥ç¥­® à ­¥¥, ®àâ®£®­ «ì­ë. �âáî¤  ¢ëâ¥ª ¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâìá®¡áâ¢¥­­ëå äã­ªæ¨© á¨¬¬¥âà¨ç­®£® ï¤à  ¬®�­® á¤¥« âì ®àâ®­®à¬¨à®¢ ­­®©.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì á®¡áâ¢¥­­ëå äã­ªæ¨©á¨¬¬¥âà¨ç­®£® ï¤à  ®àâ®­®à¬¨à®¢ ­ .�á«®¢¨¬áï â ª�¥ ­ã¬¥à®¢ âì å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï¨å  ¡á®«îâ­ëå ¢¥«¨ç¨­. � ª¨¬ ®¡à §®¬, ¥á«¨
λ1, λ2, . . . , λn, . . . (1)¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ­¥ª®â®à®£® á¨¬¬¥âà¨ç­®£®ï¤à , ¨ ¥© á®®â¢¥âáâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì á®¡áâ¢¥­­ëå äã­ªæ¨©
ϕ1, ϕ2, . . . , ϕn, . . . (2)
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�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  2-£® à®¤  á á¨¬¬¥âà¨ç­ë¬¨ ï¤à ¬¨ 127â ª çâ®
ϕn(x)− λn

∫ b

a

K(x, t)ϕn(t) dt = 0, (3)â® ∫ b

a

ϕi(x)ϕj(x) dx = { 1 ¯à¨ i = j,0 ¯à¨ i 6= j, (4)¨
|λ1| 6 |λ2| 6 · · · 6 |λn| 6 · · · (5)�á«¨ å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¡¥áª®­¥ç­® ¬­®£®, â® ¯® â¥®à¥¬¥ 1 �à¥¤£®«ì-¬  ®­¨ á£ãé îâáï â®«ìª® ­  ¡¥áª®­¥ç­®áâ¨ ¨ ¯®â®¬ã λn → ∞ ¯à¨ n→ ∞.�®¢®ªã¯­®áâì ¢á¥å å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ ®àâ®­®à-¬¨à®¢ ­­ëå á®¡áâ¢¥­­ëå äã­ªæ¨© á¨¬¬¥âà¨ç­®£® ï¤à  ­ §ë¢ îâáï á¨áâ¥¬®© å -à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© ¤ ­­®£® ï¤à . �¨áâ¥¬  á®¡áâ¢¥­-­ëå äã­ªæ¨© ­ §ë¢ ¥âáï ­¥¯®«­®©, ¥á«¨ áãé¥áâ¢ã¥â ®â«¨ç­ ï ®â ­ã«ï ª¢ ¤à â¨ç­®¨­â¥£à¨àã¥¬ ï äã­ªæ¨ï, ®àâ®£®­ «ì­ ï ª® ¢á¥¬ äã­ªæ¨ï¬ á¨áâ¥¬ë. � ¯à®â¨¢­®¬á«ãç ¥ á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© ­ §ë¢ ¥âáï ¯®«­®©.5.6-2. �¨«¨­¥©­ë© àï¤Ǒãáâì ï¤à® K(x, t) ¤®¯ãáª ¥â à §«®�¥­¨¥ ¢ à ¢­®¬¥à­® áå®¤ïé¨©áï àï¤ ¯®®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬¥ á¢®¨å á®¡áâ¢¥­­ëå äã­ªæ¨©
K(x, t) = ∞∑

k=1 ak(x)ϕk(t) (6)¤«ï ª �¤®£® ä¨ªá¨à®¢ ­­®£® §­ ç¥­¨ï x ¢ á«ãç ¥ ­¥¯à¥àë¢­®£® ï¤à  ¨«¨ ¯®çâ¨¢á¥å x ¢ á«ãç ¥ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®£® ï¤à .�®£¤  ¡ã¤¥¬ ¨¬¥âì
ak(x) = ∫ b

a

K(x, t)ϕk(t) dt = ϕk(x)
λk

, (7)¨, á«¥¤®¢ â¥«ì­®,
K(x, t) = ∞∑

k=1 ϕk(x)ϕk(t)λk
. (8)�¡à â­®, ¥á«¨ àï¤

∞∑

k=1 ϕk(x)ϕk(t)λk
(9)áå®¤¨âáï à ¢­®¬¥à­®, â®

K(x, t) = ∞∑

k=1 ϕk(x)ϕk(t)λk
.�¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥: ¡¨«¨­¥©­ë© àï¤ (9) áå®¤¨âáï ¢ áà¥¤­¥¬ª ï¤àã K(x, t).�á«¨ á¨¬¬¥âà¨ç­®¥ ï¤à® K(x, t) ¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® å à ªâ¥à¨áâ¨ç¥-áª¨å ç¨á¥«, â® ®­® ¢ëà®�¤¥­­®¥, â ª ª ª ¢ íâ®¬ á«ãç ¥

K(x, t) = n∑

k=1 ϕk(x)ϕk(t)λk
. (10)
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128 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�¤à® K(x, t) ­ §ë¢ ¥âáï ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬, ¥á«¨ ¤«ï ¢á¥å äã­ª-æ¨© ϕ(x), ®â«¨ç­ëå ®â â®�¤¥áâ¢¥­­®£® ­ã«ï,

∫ b

a

∫ b

a

K(x, t)ϕ(x)ϕ(t) dx dt > 0,¨ «¨èì ¤«ï ϕ(x) ≡ 0 ãª § ­­ë© ¢ëè¥ ª¢ ¤à â¨ç¥áª¨© äã­ªæ¨®­ « à ¢¥­ ­ã«î.� ª®¥ ï¤à® ¨¬¥¥â â®«ìª® ¯®«®�¨â¥«ì­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« . �­ «®£¨ç­®®¯à¥¤¥«ï¥âáï ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®¥ ï¤à®.�áïª®¥ á¨¬¬¥âà¨ç­®¥ ­¥¯à¥àë¢­®¥ ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ (¨«¨ ®âà¨æ -â¥«ì­® ®¯à¥¤¥«¥­­®¥) ï¤à® à §« £ ¥âáï ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ ¢ ¡¨«¨­¥©­ë©àï¤,  ¡á®«îâ­® ¨ à ¢­®¬¥à­® áå®¤ïé¨©áï ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­ëå x, t.�â¢¥à�¤¥­¨¥ ®áâ ¥âáï ¢¥à­ë¬, ¥á«¨ ¤®¯ãáâ¨âì, çâ® ï¤à® ¨¬¥¥â ª®­¥ç­®¥ ç¨á«®®âà¨æ â¥«ì­ëå (á®®â¢¥âáâ¢¥­­® ¯®«®�¨â¥«ì­ëå) å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«.�á«¨ ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) á¨¬¬¥âà¨ç­®, ­¥¯à¥àë¢­® ¢ ª¢ ¤-à â¥ S = {a 6 x 6 b, a 6 t 6 b} ¨ ¨¬¥¥â ¢ ¯®á«¥¤­¥¬ à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¥ç áâ­ë¥ ¯à®¨§¢®¤­ë¥, â® ®­® à §« £ ¥âáï ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ ¢ à ¢­®¬¥à­®áå®¤ïé¨©áï ¡¨«¨­¥©­ë© àï¤.5.6-3. �¥®à¥¬  �¨«ì¡¥àâ {�¬¨¤â �á«¨ äã­ªæ¨î f(x) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
f(x) = ∫ b

a

K(x, t)g(t)dt, (11)£¤¥ K(x, t) | ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®¥ ï¤à®, g(t) | ­¥ª®â®à ï ª¢ ¤à â¨ç­®¨­â¥£à¨àã¥¬ ï äã­ªæ¨ï, â® f(x) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­  á¢®¨¬ àï¤®¬ �ãàì¥®â­®á¨â¥«ì­® ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© ï¤à  K(x, t):
f(x) = ∞∑

k=1akϕk(x), (12)£¤¥
ak = ∫ b

a

f(x)ϕk(x) dx, k = 1, 2, . . .�á«¨, ªà®¬¥ â®£®, ∫ b

a

K2(x, t) dt 6 A <∞, (13)â® àï¤ (12) áå®¤¨âáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­® ¤«ï ª �¤®© äã­ªæ¨¨ f(x) ¢¨¤  (11).� ¬¥ç ­¨¥ 1. � â¥®à¥¬¥ �¨«ì¡¥àâ {�¬¨¤â  ¯®«­®â  á¨áâ¥¬ë á®¡áâ¢¥­­ëåäã­ªæ¨© ­¥ ¯à¥¤¯®« £ ¥âáï.5.6-4. �¨«¨­¥©­ë¥ àï¤ë ¨â¥à¨à®¢ ­­ëå ï¤¥àǑ® ®¯à¥¤¥«¥­¨î ¨â¥à¨à®¢ ­­ëå ï¤¥à
Km(x, t) = ∫ b

a

K(x, z)Km−1(z, t) dz, m = 2, 3, . . . (14)�®íää¨æ¨¥­âë �ãàì¥ ak(t) ï¤à  Km(x, t), à áá¬ âà¨¢ ¥¬®£® ª ª äã­ªæ¨ï x,®â­®á¨â¥«ì­® ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© ï¤à  K(x, t)à ¢­ë
ak(t) = ∫ b

a

Km(x, t)ϕk(x) dx = ϕk(t)
λmk

. (15)
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�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  2-£® à®¤  á á¨¬¬¥âà¨ç­ë¬¨ ï¤à ¬¨ 129Ǒà¨¬¥­¥­¨¥ â¥®à¥¬ë �¨«ì¡¥àâ {�¬¨¤â  ª (14) ¤ ¥â
Km(x, t) = ∞∑

k=1 ϕk(x)ϕk(t)λmk
, m = 2, 3, . . . (16)� ä®à¬ã«¥ (16) áã¬¬  àï¤  ¯®­¨¬ ¥âáï ª ª ¯à¥¤¥« ¢ áà¥¤­¥¬. �á«¨ �¥ ¤®¯®«­¨-â¥«ì­® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (13), â® ¢ ä®à¬ã«¥ (16) àï¤ áå®¤¨âáï à ¢­®¬¥à­®.5.6-5. �¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ïǑà¥¤áâ ¢¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (17)£¤¥ §­ ç¥­¨¥ λ ¯à ¢¨«ì­®¥, ¢ ¢¨¤¥
y(x)− f(x) = λ

∫ b

a

K(x, t)y(t) dt (18)¨ ¯à¨¬¥­¨¬ â¥®à¥¬ã �¨«ì¡¥àâ {�¬¨¤â  ª äã­ªæ¨¨ y(x)− f(x):
y(x)− f(x) = ∞∑

k=1Akϕk(x),
Ak = ∫ b

a

[y(x)− f(x)℄ϕk(x) dx= ∫ b

a

y(x)ϕk(x) dx−∫ b

a

f(x)ϕk(x) dx= yk− fk.�®£¤  á ãç¥â®¬ à §«®�¥­¨ï (8) ¡ã¤¥¬ ¨¬¥âì
λ

∫ b

a

K(x, t)y(t)dt = λ
∞∑

k=1 yk
λk

ϕk(x)¨, â ª¨¬ ®¡à §®¬,
λ
yk
λk

= yk − fk, yk = λkfk
λk − λ

, Ak = λfk
λk − λ

. (19)�«¥¤®¢ â¥«ì­®,
y(x) = f(x) + λ

∞∑

k=1 fk
λk − λ

ϕk(x). (20)�á«¨ �¥ §­ ç¥­¨¥ λ å à ªâ¥à¨áâ¨ç¥áª®¥, â. ¥.
λ = λp = λp+1 = · · · = λq, (21)â® ¯à¨ k 6= p, p+1, . . . , q ç«¥­ë (20) á®åà ­ïîâ á¢®© ¢¨¤. Ǒà¨ k= p, p+1, . . . , q ¨§ä®à¬ã«ë (19) á«¥¤ã¥â fk = Ak(λ− λk)/λ ¨ ¢ á¨«ã (21) fp = fp+1 = · · · = fq = 0.Ǒ®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ∫ b

a

f(x)ϕk(x) dx = 0¯à¨ k=p, p+1, . . . , q, â. ¥. á¢®¡®¤­ë© ç«¥­ ãà ¢­¥­¨ï ¤®«�¥­ ¡ëâì ®àâ®£®­ «ì­ë¬ª á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬, á®®â¢¥âáâ¢ãîé¨¬ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λ.�¥è¥­¨ï ãà ¢­¥­¨ï (17) ¢ íâ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤
y(x) = f(x) + λ

∞∑

k=1 fk
λk − λ

ϕk(x) + q∑

k=pCkϕk(x), (22)£¤¥ ¢ ¯¥à¢®© ¨§ áã¬¬ (22) ¤®«�­ë ¡ëâì ®¯ãé¥­ë ç«¥­ë ¯à¨ k= p, p+1, . . . , q, ¤«ïª®â®àëå ®¤­®¢à¥¬¥­­® ®¡à é îâáï ¢ ­ã«ì fk ¨ λ− λk. �®íää¨æ¨¥­âë ¢® ¢â®à®©áã¬¬¥ Ck|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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130 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)� ¬¥ç ­¨¥ 2. �­ «®£¨ç­® ¯à®¤¥« ­­®¬ã ¢ëè¥ ¬®�­® ­  ®á­®¢ ­¨¨ ¡¨«¨-­¥©­®£® à §«®�¥­¨ï (8) ¨ â¥®à¥¬ë �¨«ì¡¥àâ {�¬¨¤â  ¯®áâà®¨âì à¥è¥­¨¥ á¨¬-¬¥âà¨ç­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ 

∫ b

a

K(x, t)y(t)dt = f(x), a 6 x 6 b,¢ á«¥¤ãîé¥© ä®à¬¥:
y(x) = ∞∑

k=1 fkλkϕk(x),¯à¨ç¥¬ ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­-­®áâ¨ â ª®£® à¥è¥­¨ï ¨§ L2(a, b) ï¢«ïîâáï ¯®«­®â  á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ª-æ¨© ϕk(x) ï¤à  K(x, t) ¨ áå®¤¨¬®áâì àï¤  ∞∑
k=1 f2kλ2k, £¤¥ λk | á®®â¢¥âáâ¢ãîé¨¥å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« .�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à®¢¥àª  ¯®á«¥¤­¥£® ãá«®¢¨ï ¤«ï ª®­ªà¥â­ëå ãà ¢­¥-­¨© § âàã¤­¨â¥«ì­ . �¡ëç­® ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨© �à¥¤£®«ì¬  ¯¥à¢®£® à®¤ ¯®«ì§ãîâáï ¬¥â®¤ ¬¨, ¨§«®�¥­­ë¬¨ ¢ £« ¢¥ 4.5.6-6. �«ìâ¥à­ â¨¢  �à¥¤£®«ì¬  ¤«ï á¨¬¬¥âà¨ç­ëå ãà ¢­¥­¨©Ǒ®«ãç¥­­ë¥ à¥§ã«ìâ âë ¬®�­® ®¡ê¥¤¨­¨âì ¢ á«¥¤ãîé¥©  «ìâ¥à­ â¨¢­®© ä®à-¬¥. �¨¬¬¥âà¨ç­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (23)¯à¨ § ¤ ­­®¬ λ «¨¡® ¨¬¥¥â ¤«ï ¢áïª®© ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x)∈L2(a, b) ®¤­®¨ â®«ìª® ®¤­® ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®¥ à¥è¥­¨¥, (¢ ç áâ­®áâ¨, y=0 ¤«ï f =0),«¨¡® á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ª®­¥ç­®¥ ç¨á«® r «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨© Y1(x), Y2(x), . . . , Yr(x), r > 0.�® ¢â®à®¬ á«ãç ¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨¥ â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  § ¤ ­­ ï äã­ªæ¨ï f(x) ®àâ®£®­ «ì­  ¢á¥¬ äã­ªæ¨ï¬ Y1(x),
Y2(x), . . . , Yr(x) ­  ®âà¥§ª¥ [a, b℄. Ǒà¨ íâ®¬ à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî¤®  ¤¤¨â¨¢­®© «¨­¥©­®© ª®¬¡¨­ æ¨¨ A1Y1(x) + A2Y2(x) + · · · + ArYr(x), £¤¥
Ai (i = 1, 2, . . . , r)| ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.5.6-7. �¥§®«ì¢¥­â  á¨¬¬¥âà¨ç­®£® ï¤à �¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  (23) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

y(x) = f(x) + λ

∫ b

a

R(x, t;λ)f(t) dt, (24)£¤¥ à¥§®«ì¢¥­â  R(x, t;λ) ¨¬¥¥â ¢¨¤
R(x, t;λ) = ∞∑

k=1 ϕk(x)ϕk(t)λk − λ
. (25)�¤¥áì á®¢®ªã¯­®áâ¨ ϕk(x) ¨ λk á®áâ ¢«ïîâ á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© ¨ å -à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ãà ¢­¥­¨ï (23). �§ ä®à¬ã«ë (25) ¢ëâ¥ª ¥â, çâ® à¥§®«ì¢¥­-â  á¨¬¬¥âà¨ç­®£® ï¤à  ¨¬¥¥â â®«ìª® ¯à®áâë¥ ¯®«îáë.
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�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  2-£® à®¤  á á¨¬¬¥âà¨ç­ë¬¨ ï¤à ¬¨ 1315.6-8. �ªáâà¥¬ «ì­ë¥ á¢®©áâ¢  å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«�¢¥¤¥¬ ®¡®§­ ç¥­¨ï(u,w) = ∫ b

a

u(x)w(x)dx, ‖u‖2 = (u, u),(Ku, u) = ∫ b

a

∫ b

a

K(x, t)u(x)u(t)dx dt,£¤¥ (u,w)| áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ äã­ªæ¨© u(x) ¨ w(x), ‖u‖| ­®à¬  äã­ª-æ¨¨ u(x),   (Ku, u)| ª¢ ¤à â¨ç­ ï ä®à¬  ¯®à®�¤¥­­ ï ï¤à®¬ K(x, t).Ǒãáâì λ1 | ­ ¨¬¥­ìè¥¥ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«®á¨¬¬¥âà¨ç­®£® ï¤à  K(x, t) ¨ ¯ãáâì y1(x)| á®®â¢¥âáâ¢ãîé ï íâ®¬ã ç¨á«ã á®¡-áâ¢¥­­ ï äã­ªæ¨ï. �®£¤  1
|λ1| = max

y 6≡0 |(Ky, y)|
‖y‖2 ; (26)¢ ç áâ­®áâ¨, ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ¨ y = y1 ï¢«ï¥âáï â®çª®© ¬ ªá¨¬ã¬ .Ǒãáâì λ1, λ2, . . . , λn | ¯¥à¢ë¥ n å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« á¨¬¬¥âà¨ç-­®£® ï¤à  K(x, t) (¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï ¨å  ¡á®«îâ­ëå ¢¥«¨ç¨­),   y1(x),

y2(x), . . . , yn(x)|á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ®àâ®­®à¬¨à®¢ ­­ë¥ á®¡áâ¢¥­­ë¥ äã­ª-æ¨¨. �®£¤  ¤«ï å à ªâ¥à¨áâ¨ç¥áª®£® ç¨á«  λn+1, á«¥¤ãîé¥£® §  λn, á¯à ¢¥¤«¨¢ ä®à¬ã«  1
|λn+1| = max |(Ky, y)|

‖y‖2 , (27)¯à¨ç¥¬ ¬ ªá¨¬ã¬ ¡¥à¥âáï ­  ¬­®�¥áâ¢¥ äã­ªæ¨© y, ®â«¨ç­ëå ®â â®�¤¥áâ¢¥­­®£®­ã«ï ¨ ®àâ®£®­ «ì­ëå ª á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ y1, y2, . . . , yn:(y, yj) = 0, j = 1, . . . , n; (28)¢ ç áâ­®áâ¨, ¬ ªá¨¬ã¬ ¢ (27) ¤®áâ¨£ ¥âáï ¨ y = yn+1 ï¢«ï¥âáï â®çª®© ¬ ªá¨¬ã-¬ , £¤¥ yn+1|á®¡áâ¢¥­­ ï äã­ªæ¨ï, á®®â¢¥âáâ¢ãîé ï å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á-«ã λn+1 ¨ ®àâ®£®­ «ì­ ï ª y1, y2, . . . , yn.� ¬¥ç ­¨¥ 3. �«ï ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­®£® ï¤à  K(x, t) §­ ª ¬®¤ã«ï ¢á®®â­®è¥­¨ïå (26) ¨ (27) ¬®�¥â ¡ëâì ®¯ãé¥­.5.6-9. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ¯à¨¢®¤¨¬ë¥ ª á¨¬¬¥âà¨ç­ë¬�à ¢­¥­¨¥ ¢¨¤ 
y(x)− λ

∫ b

a

K(x, t)ρ(t)y(t)dt = f(x), (29)£¤¥K(x, t)|á¨¬¬¥âà¨ç­®¥ ï¤à® ¨ ­¥¯à¥àë¢­ ï äã­ªæ¨ï ρ(t)> 0 ­  [a, b℄, ¬®�­®¯à¨¢¥áâ¨ ª á¨¬¬¥âà¨ç­®¬ã. �¥©áâ¢¨â¥«ì­®, ã¬­®� ï ®¡¥ ç áâ¨ (29) ­  √
ρ(x)¨ ¢¢®¤ï ­®¢ãî ¨áª®¬ãî äã­ªæ¨î z(x) = √

ρ(x)y(x), ¯à¨¤¥¬ ª ¨­â¥£à «ì­®¬ããà ¢­¥­¨î
z(x)− λ

∫ b

a

L(x, t)z(t) dt = f(x)√ρ(x), L(x, t) = K(x, t)√ρ(x)ρ(t), (30)£¤¥ L(x, t)|á¨¬¬¥âà¨ç­®¥ ï¤à®.
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132 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.6-10. �®á®á¨¬¬¥âà¨ç­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥�®á®á¨¬¬¥âà¨ç­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥, ï¤à®ª®â®à®£® ª®á®á¨¬¬¥âà¨ç­®, â. ¥. ¢ ãà ¢­¥­¨¨

y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x) (31)ï¤à® K(x, t) ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬:
K(t, x) = −K(x, t). (32)�à ¢­¥­¨¥ (31) á ª®á®á¨¬¬¥âà¨ç­ë¬ ï¤à®¬ (32) ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­®å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® ¨ ¢á¥ ¥£® å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« | ç¨áâ® ¬­¨¬ë¥.

©• �¨â¥à âãà : �. �ãàá  (1934), �. �ãà ­â, �. �¨«ì¡¥àâ (1951), �. �. �¨å«¨­ (1959),�. �à¨ª®¬¨ (1960), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª® (1968), J. A. Co
hran(1972), �. �. �¬¨à­®¢ (1974), A. J. Jerry (1985), D. Porter, D. S. G. Stirling (1990),C. Corduneanu (1991), J. Kondo (1991), W. Ha
kbus
h (1995), R. P. Kanwal (1996).5.7. �¯¥à â®à­ë© ¬¥â®¤ à¥è¥­¨ï ¨­â¥£à «ì­ëåãà ¢­¥­¨© ¢â®à®£® à®¤ 5.7-1. Ǒà®áâ¥©è ï áå¥¬ � áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á¯¥æ¨ «ì­®£® ¢¨¤ 
y(x)− λL [y℄ = f(x), (1)£¤¥ L| ­¥ª®â®àë© «¨­¥©­ë© (¨­â¥£à «ì­ë©) ®¯¥à â®à, ã¤®¢«¥â¢®àïîé¨© ãá«®-¢¨î L2 = k, k = 
onst.Ǒ®¤¥©áâ¢ã¥¬ ®¯¥à â®à®¬ L ­  ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬L [y℄ − kλy(x) = L [f(x)℄. (2)�áª«îç ï ¨§ (1) ¨ (2) á« £ ¥¬®¥ L [y℄, ­ å®¤¨¬ à¥è¥­¨¥:

y(x) = 11− kλ2 {
f(x) + λL [f ℄}. (3)� ¬¥ç ­¨¥. � à §¤. 3.4 ®¯¨á ­ë à §«¨ç­ë¥ ®¡®¡é¥­¨ï ãª § ­­®£® ¬¥â®¤ .5.7-2. �¥è¥­¨¥ ãà ¢­¥­¨© ¢â®à®£® à®¤  ­  ¯®«ã®á¨1◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥

y(x)− λ

∫ ∞0 
os(xt)y(t)dt = f(x). (4)�¯¥à â®à L ¢ ¤ ­­®¬ á«ãç ¥ á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® á®¬­®�¨â¥«ïá®¢¯ ¤ ¥â á ª®á¨­ãá-¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥:L [y℄ = ∫ ∞0 
os(xt)y(t)dt = √
π2 F
[y℄ (5)¨ ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã L2 = k, £¤¥ k = π2 (á¬. ¯. 1.5-1).�¥è¥­¨¥ ¯®«ãç¨¬ ¯® ä®à¬ã«¥ (3) á ãç¥â®¬ à ¢¥­áâ¢  (5):

y(x) = 22− πλ2 [
f(x) + λ

∫ ∞0 
os(xt)f(t) dt], λ 6= ±
√ 2

π
. (6)

�âà ­¨æ  132



5.8. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¬¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© 1332◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x)− λ

∫ ∞0 tJν(xt)y(t)dt = f(x), (7)£¤¥ Jν(x)|äã­ªæ¨ï �¥áá¥«ï, Re ν > − 12 .�¯¥à â®à L §¤¥áì á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® á®¬­®�¨â¥«ï á®¢¯ ¤ ¥â á¯à¥®¡à §®¢ ­¨¥¬ � ­ª¥«ï: L [y℄ = ∫ ∞0 tJν(xt)y(t)dt (8)¨ ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã L2 = 1 (á¬. ¯. 1.6-1).�¥è¥­¨¥ ¯®«ãç¨¬ ¯® ä®à¬ã«¥ (3) ¯à¨ k = 1 á ãç¥â®¬ à ¢¥­áâ¢  (8):
y(x) = 11− λ2 [

f(x) + λ

∫ ∞0 tJν(xt)f(t) dt], λ 6= ±1. (9)
©• �¨â¥à âãà : A. D. Polyanin, A. V. Manzhirov (1998, 1999).5.8. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©¨ ¬¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨©5.8-1. �à ¢­¥­¨¥ á à §­®áâ­ë¬ ï¤à®¬ ­  ¢á¥© ®á¨� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  á ®¤­¨¬ ï¤à®¬

y(x) + 1√2π ∫ ∞

−∞

K(x− t)y(t)dt = f(x), −∞ < x <∞, (1)£¤¥ f(x) ¨ K(x) | ¨§¢¥áâ­ë¥ ¯à ¢ ï ç áâì ¨ ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï,  
y(x)|¨áª®¬ ï äã­ªæ¨ï. Ǒà¨¬¥­¨¬ ª ãà ¢­¥­¨î (1)  «ìâ¥à­ â¨¢­®¥ ¯à¥®¡à §®-¢ ­¨¥ �ãàì¥. �®£¤  á ãç¥â®¬ â¥®à¥¬ë ® á¢¥àâª¥ (á¬. ¯. 1.4-4)

Y(u)[1 +K(u)℄ = F(u). (2)� ª¨¬ ®¡à §®¬, á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥ à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï (1) ¯à¨¢®¤¨âáï ª à¥è¥­¨î  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï (2) ¤«ï ¨§®¡-à �¥­¨ï ¨áª®¬®£® à¥è¥­¨ï. �¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¨¬¥¥â ¢¨¤
Y(u) = F(u)1 +K(u) . (3)�®à¬ã«  (3) ¢ëà � ¥â ¨§®¡à �¥­¨¥ à¥è¥­¨ï ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ïç¥à¥§ ¨§®¡à �¥­¨ï § ¤ ­­ëå äã­ªæ¨© | ï¤à  ¨ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï. � ¬®à¥è¥­¨¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯à¨ ¯®¬®é¨ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥:

y(x) = 1√2π ∫ ∞

−∞

Y(u)e−iux du = 1√2π ∫ ∞

−∞

F(u)1 +K(u) e−iux du. (4)�®à¬ã«  (4) ä ªâ¨ç¥áª¨ à¥è ¥â § ¤ çã, ®¤­ ª® ®­  ­¥ ¢á¥£¤  ã¤®¡­  ¤«ï¨á¯®«ì§®¢ ­¨ï, â ª ª ª âà¥¡ã¥â ¢ëç¨á«¥­¨ï ¨§®¡à �¥­¨ï F(u) ¤«ï ª �¤®© ¯à ¢®©ç áâ¨ f(x). �® ¬­®£¨å á«ãç ïå ¡®«¥¥ ã¤®¡­ë¬ ®ª §ë¢ ¥âáï ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï­¥®¤­®à®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ç¥à¥§ à¥§®«ì¢¥­âã ¨áå®¤­®£® ãà ¢­¥­¨ï.�â®¡ë ¯®«ãç¨âì âà¥¡ã¥¬®¥ ¯à¥¤áâ ¢«¥­¨¥, § ¬¥â¨¬, çâ® ä®à¬ã«  (3) ¬®�¥â ¡ëâì¯à¥®¡à §®¢ ­  ª ¢¨¤ã
Y(u) = [1 −R(u)℄F(u), R(u) = K(u)1 +K(u) . (5)
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134 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�  ®á­®¢ ­¨¨ (5) ¯à¨ ¯®¬®é¨ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¨ â¥®à¥¬ë ®á¢¥àâª¥ (¤«ï ¨§®¡à �¥­¨©) ¯®«ãç¨¬

y(x) = f(x)− 1√2π ∫ ∞

−∞

R(x− t)f(t) dt, (6)£¤¥ à¥§®«ì¢¥­â  R(x− t) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) § ¤ ¥âáï á®®â­®è¥­¨¥¬
R(x) = 1√2π ∫ ∞

−∞

K(u)1 +K(u) e−iux du. (7)� ª¨¬ ®¡à §®¬, ¤«ï ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1)¤®áâ â®ç­® ­ ©â¨ äã­ªæ¨î R(x) ¯® ä®à¬ã«¥ (7).�ã­ªæ¨ï R(x) ¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ á¯¥æ¨ «ì-­®¬ ¢¨¤¥ äã­ªæ¨¨ f(x). �¥©áâ¢¨â¥«ì­®, ¨§ ä®à¬ã« (3) ¨ (5) á«¥¤ã¥â, çâ® ¯à¨
Y(u)=R(u) äã­ªæ¨ï F(u) à ¢­  K(u). �â® ®§­ ç ¥â, çâ® à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1)¯à¨ f(x) ≡ K(x) ï¢«ï¥âáï äã­ªæ¨ï y(x) ≡ R(x), â. ¥. à¥§®«ì¢¥­â  ãà ¢­¥­¨ï (1)ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

R(x) + 1√2π ∫ ∞

−∞

K(x− t)R(t) dt = K(x), −∞ < x <∞. (8)�â¬¥â¨¬, çâ® ¤«ï ¢ëç¨á«¥­¨ï ¯àï¬ëå ¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© �ãàì¥ áã-é¥áâ¢ãîâ á®®â¢¥âáâ¢ãîé¨¥ â ¡«¨æë ¢ ª­¨£ å �. �¥©â¬¥­ , �. �à¤¥©¨ (1969),�. �. �¨âª¨­ , �. Ǒ. Ǒàã¤­¨ª®¢  (1965, 1974).Ǒà¨¬¥à. �¥è¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
y(x)− λ

∫ ∞

−∞
exp(

α|x− t|
)
y(t) dt = f(x), −∞ < x < ∞, (9)ª®â®à®¥ ¢ëâ¥ª ¥â ¨§ ãà ¢­¥­¨ï (1) ¯à¨ ª®­ªà¥â­®¬ ï¤à¥ K(x− t), § ¤ ¢ ¥¬®¬ ¢ëà �¥­¨¥¬

K(x) = −
√2π λe−α|x|, α > 0. (10)� ©¤¥¬ äã­ªæ¨î R(x), ¤«ï ç¥£® ¢ëç¨á«¨¬

K(u) = −
∫ ∞

−∞
λe−α|x|eiux dx = − 2αλ

u2 + α2 . (11)�®£¤  ¯® ä®à¬ã«¥ (5)
R(u) = K(u)1 +K(u) = − 2αλ

u2 + α2 − 2αλ , (12)®âªã¤ 
R(x) = 1√2π ∫ ∞

−∞
R(u)e−iux du = −

√ 2
π

∫ ∞

−∞

αλ

u2 + α2 − 2αλ e−iux du. (13)Ǒ®«®�¨¬, çâ® λ< 12 α. �®£¤  ¨­â¥£à « (13) ¨¬¥¥â á¬ëá« ¨ ¬®�¥â ¡ëâì ¢ëç¨á«¥­ á ¯®¬®éìîâ¥®à¨¨ ¢ëç¥â®¢ ¯ãâ¥¬ ¯à¨¬¥­¥­¨ï «¥¬¬ë �®à¤ ­  (á¬. ¯¯. 1.1-4 ¨ 1.1-5). Ǒ®á«¥ ­¥ª®â®àëå¢ëª« ¤®ª ­ ©¤¥¬
R(x) = −

√2π αλ√
α2 − 2αλ exp(

−|x|
√
α2 − 2αλ ) (14)¨, ®ª®­ç â¥«ì­®, ¢ á®®â¢¥âáâ¢¨¨ á (6) ¯®«ãç¨¬

y(x) = f(x)+ αλ√
α2 − 2αλ ∫ ∞

−∞
exp(

−|x−t|
√
α2 − 2αλ )

f(t) dt, −∞<x<∞. (15)
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5.8. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¬¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© 1355.8-2. �à ¢­¥­¨¥ á ï¤à®¬ K(x, t) = t−1Q(x/t) ­  ¯®«ã®á¨� áá¬®âà¨¬ §¤¥áì ãà ¢­¥­¨¥ ­  ¯®«ã®á¨
y(x)− ∫ ∞0 1

t
Q

(
x

t

)
y(t)dt = f(x). (16)�«ï à¥è¥­¨ï ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥««¨­ , ª®â®à®¥ ®¯à¥¤¥«ï¥âáïá«¥¤ãîé¨¬ ®¡à §®¬ (á¬. â ª�¥ à §¤. 1.3):

f̂(s) = M{f(x), s} ≡
∫ ∞0 f(x)xs−1 dx, (17)£¤¥ s = σ + iτ | ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï (σ1 < σ < σ2), f̂(s)| ¨§®¡à �¥­¨¥äã­ªæ¨¨ f(x). � «¥¥ ¤«ï ªà âª®áâ¨ ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  ¡ã¤¥¬ ®¡®§­ ç âì

M{f(x)} ≡ M{f(x), s}.Ǒ® ¨§¢¥áâ­®¬ã ¨§®¡à �¥­¨î f̂(s) ®à¨£¨­ « ­ å®¤¨âáï á ¯®¬®éìî ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï �¥««¨­ 
f(x) = M−1{f̂(s)} ≡ 12πi ∫ á+i∞á−i∞ f̂(s)x−s ds, σ1 < á < σ2, (18)£¤¥ ¯ãâì ¨­â¥£à¨à®¢ ­¨ï à á¯®«®�¥­ ¯ à ««¥«ì­® ¬­¨¬®© ®á¨ ª®¬¯«¥ªá­®© ¯«®á-ª®áâ¨ s,   ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.Ǒà¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  ª ãà ¢­¥­¨î (16) ¨ ãç¨âë¢ ï, çâ® ¨­â¥£à «á â ª¨¬ ï¤à®¬ ¯à¥®¡à §ã¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥ ¯à® ¯à ¢¨«ã (á¬. ¯. 1.3-2)

M

{∫ ∞0 1
t
Q

(
x

t

)
y(t) dt} = Q̂(s)ŷ(s),¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¤«ï ¨§®¡à �¥­¨ï ¨áª®¬®© ¢¥«¨ç¨­ë ŷ(s):

ŷ(s)− Q̂(s)ŷ(s) = f̂(s).�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
ŷ(s) = f̂(s)1− Q̂(s) . (19)Ǒà¨¬¥­ïï ª (19) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  (18), ¯®«ãç¨¬ à¥è¥­¨¥ ¨áå®¤-­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï

y(x) = 12πi ∫ á+i∞á−i∞ f̂(s)1− Q̂(s) x−s ds. (20)�â® à¥è¥­¨¥ ¬®�­® § ¯¨á âì â ª�¥ á ¯®¬®éìî à¥§®«ì¢¥­âë ¢ ¢¨¤¥
y(x) = f(x) + ∫ ∞0 1

t
N

(
x

t

)
f(t) dt, (21)£¤¥ ¯à¨­ïâë ®¡®§­ ç¥­¨ï

N(x) = M−1{N̂(s)}, N̂(s) = Q̂(s)1− Q̂(s) . (22)Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ãª § ­­®£®  ­ «¨â¨ç¥áª®£® ¬¥â®¤  à¥è¥­¨ï ¬®£ãâ ¢®§­¨ª-­ãâì â¥å­¨ç¥áª¨¥ âàã¤­®áâ¨: 1) ¯à¨ ¯®«ãç¥­¨¨ ¨§®¡à �¥­¨ï ¤«ï § ¤ ­­®£® ï¤-à  K(x) ¨ 2) ¯à¨ ­ å®�¤¥­¨¨ ®à¨£¨­ «  à¥è¥­¨ï ¯® ¥£® ¨§®¡à �¥­¨î ŷ(s). �«ï¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ ¯à¨¬¥­ïîâ â ¡«¨æë ¯àï¬ëå ¨ ®¡à â­ëå¯à¥®¡à §®¢ ­¨© �¥««¨­ . �® ¬­®£¨å á«ãç ïå á­ ç «  ¨á¯®«ì§ãîâ á¢ï§ì ¬¥�¤ã¯à¥®¡à §®¢ ­¨¥¬ �¥««¨­  ¨ ¯à¥®¡à §®¢ ­¨ï¬¨ �ãàì¥ ¨ � ¯« á :
M{f(x), s} = F{f(ex), is} = L{f(ex),−s}+L{f(e−x), s}, (23)  § â¥¬ ¯à¨¬¥­ïîâ â ¡«¨æë ¯àï¬ëå ¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© �ãàì¥ ¨ � ¯« á .
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136 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)� ¬¥ç ­¨¥ 1. �à ¢­¥­¨¥

y(x)− ∫ ∞0 H
(
x

t

)
xαt−α−1y(t)dt = f(x) (24)¬®�­® § ¯¨á âì ¢ ä®à¬¥ (16), ¥á«¨ ®¡®§­ ç¨âì K(z) = zαH(z).5.8-3. �à ¢­¥­¨¥ á ï¤à®¬ K(x, t) = tβQ(xt) ­  ¯®«ã®á¨� áá¬®âà¨¬ ãà ¢­¥­¨¥ ­  ¯®«ã®á¨

y(x)− ∫ ∞0 tβQ(xt)y(t)dt = f(x). (25)�«ï à¥è¥­¨ï ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥««¨­ . �¬­®� ï ®¡¥ ç -áâ¨ (25) ­  xs−1 ¨ ¨­â¥£à¨àãï ¯® x ®â ­ã«ï ¤® ¡¥áª®­¥ç­®áâ¨, ¯®«ãç¨¬
∫ ∞0 y(x)xs−1 dx−

∫ ∞0 y(t)tβ dt ∫ ∞0 Q(xt)xs−1 dx = ∫ ∞0 f(x)xs−1 dx. (26)�¤¥« ¥¬ § ¬¥­ã z = xt. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
ŷ(s) − Q̂(s) ∫ ∞0 y(t)tβ−s dt = f̂(s). (27)�ç¨âë¢ ï à ¢¥­áâ¢® ∫ ∞0 y(t)tβ−s dt = ŷ(1 + β − s),¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (27) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:
ŷ(s)− Q̂(s)ŷ(1 + β − s) = f̂(s). (28)� ¬¥­ïï s ¢ á®®â­®è¥­¨¨ (28) ­  1 + β − s, ¨¬¥¥¬

ŷ(1 + β − s)− Q̂(1 + β − s)ŷ(s) = f̂(1 + β − s). (29)�áª«îç ï ¨§ à ¢¥­áâ¢ ¢¥«¨ç¨­ã ŷ(1 + β − s) ¨ à §à¥è ï ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥®â­®á¨â¥«ì­® ŷ(s), ­ å®¤¨¬ ¨§®¡à �¥­¨¥ ¨áª®¬®£® à¥è¥­¨ï
ŷ(s) = f̂(s) + Q̂(s)f̂ (1 + β − s)1− Q̂(s)Q̂(1 + β − s) . (30)Ǒ® ä®à¬ã«¥ ®¡à é¥­¨ï �¥««¨­  ¯®«ãç¨¬ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï (25) ¢ ¢¨¤¥

y(x) = 12πi ∫ c+i∞
c−i∞

f̂(s) + Q̂(s)f̂ (1 + β − s)1− Q̂(s)Q̂(1 + β − s) x−s ds. (31)� ¬¥ç ­¨¥ 2. �à ¢­¥­¨¥
y(x)− ∫ ∞0 H(xt)xptqy(t) dt = f(x)¬®�­® § ¯¨á âì ¢ ä®à¬¥ (25), ¥á«¨ ®¡®§­ ç¨âì Q(z) = zpH(z), β = q − p.
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5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  1375.8-4. �¥â®¤ ¬®¤¥«ì­ëå à¥è¥­¨© ¤«ï ãà ¢­¥­¨© ­  ¢á¥© ®á¨Ǒà®¨««îáâà¨àã¥¬ ¢®§¬®�­®áâ¨ ®¡®¡é¥­­®© ¬®¤¨ä¨ª æ¨¨ ¬¥â®¤  ¬®¤¥«ì­ëåà¥è¥­¨© (á¬. à §¤. 3.6) ­  ¯à¨¬¥à¥ ãà ¢­¥­¨ï
Ay(x) + ∫ ∞

−∞

Q(x+ t)eβty(t)dt = f(x), (32)£¤¥ Q = Q(z), f(x)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, A, β|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,ã¤®¢«¥â¢®àïîé¨¥ ­¥ª®â®àë¬ ®£à ­¨ç¥­¨ï¬.�«ï ­ £«ï¤­®áâ¨ ¢¬¥áâ® ¨áå®¤­®£® ãà ¢­¥­¨ï (32) ¡ã¤¥¬ ¯¨á âìL [y(x)℄ = f(x). (33)� ª ç¥áâ¢¥ ¯à®¡­®£® à¥è¥­¨ï ¢®§ì¬¥¬ íªá¯®­¥­âã
y0 = epx. (34)Ǒ®¤áâ ¢«ïï (34) ¢ «¥¢ãî ç áâì ãà ¢­¥­¨ï (33), ¯®á«¥ ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨©¯®«ãç¨¬L [epx℄ = Aepx + q(p)e−(p+β)x, £¤¥ q(p) = ∫ ∞

−∞

Q(z)e(p+β)z dz. (35)Ǒà ¢ãî ç áâì (35) ¬®�­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨-â¥«ì­® ï¤à  ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï � ¯« á  epx. �«ï ¥£® à¥è¥­¨ï § ¬¥­¨¬ p¢ (35) ­  −p− β. � à¥§ã«ìâ â¥ ¯®«ãç¨¬L [e−(p+β)x℄ = Ae−(p+β)x + q(−p− β)epx. (36)�¬­®�¨¬ ®¡¥ ç áâ¨ à ¢¥­áâ¢  (35) ­  A,   ®¡¥ ç áâ¨ à ¢¥­áâ¢  (36) ­  −q(p) ¨á«®�¨¬ ¯®ç«¥­­® ¯®«ãç¥­­ë¥ ¢ëà �¥­¨ï. � à¥§ã«ìâ â¥ ¨¬¥¥¬L [Aepx − q(p)e−(p+β)x℄ = [A2 − q(p)q(−p− β)℄epx. (37)Ǒ®¤¥«¨¢ ®¡¥ ç áâ¨ (37) ­  ¯®áâ®ï­­ãî A2 − q(p)q(−p − β), ¯®«ãç¨¬ ¨áå®¤­®¥¬®¤¥«ì­®¥ à¥è¥­¨¥
Y (x, p) = Aepx − q(p)e−(p+β)x

A2 − q(p)q(−p− β) , L [Y (x, p)℄ = epx. (38)�¤¥áì −∞ < x <∞, ¯®íâ®¬ã á«¥¤ã¥â ¯®«®�¨âì p = iu ¨ ¢®á¯®«ì§®¢ âìáï ä®à¬ã-« ¬¨ ¨§ ¯. 3.6-3. �®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (32) ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x)¬®�­® § ¯¨á âì ¢ ¢¨¤¥
y(x) = 1√2π ∫ ∞

−∞

Y (x, iu)~f(u) du, ~f(u) = ∫ ∞

−∞

f(x)e−iux dx. (39)
©• �¨â¥à âãà : Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �¬¨à­®¢ (1974), �. �. � å®¢, �. �. �¥àáª¨© (1978),�. �. Ǒ®«ï­¨­, �. �. � ­�¨à®¢ (1997), A. D. Polyanin, A. V. Manzhirov (1998).5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤ 5.9-1. �à ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ � ¯à¨«®�¥­¨ïå ç áâ® ¢áâà¥ç îâáï ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  ¢¨¤ *

y(x) + 1√2π ∫ ∞0 K(x− t)y(t)dt = f(x), 0 < x <∞, (1)* Ǒ¥à¥¤ çâ¥­¨¥¬ íâ®£® à §¤¥«  à¥ª®¬¥­¤ã¥âáï ®§­ ª®¬¨âáï á à §¤. 4.4 ¨ 4.5.
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138 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)£¤¥ ï¤à® K(x) ®¯à¥¤¥«¥­® ­  ¢á¥© ¤¥©áâ¢¨â¥«ì­®© ®á¨.�®®¯à¥¤¥«¨¬ (1) ­  ®âà¨æ â¥«ì­®© ¯®«ã®á¨ ¯ãâ¥¬ ¢¢¥¤¥­¨ï ®¤­®áâ®à®­­¨åäã­ªæ¨©

y+(x) ={
y(x) ¯à¨ x > 0,0 ¯à¨ x < 0, f+(x) ={

f(x) ¯à¨ x > 0,0 ¯à¨ x < 0, y−(x) = 0 ¯à¨ x> 0.�®£¤  ¯®«ãç¨¬ ãà ¢­¥­¨¥
y+(x) + 1√2π ∫ ∞

−∞

K(x− t)y+(t) dt = y−(x) + f+(x), −∞ < x <∞, (2)ª®â®à®¥ á®¢¯ ¤ ¥â á (1) ¯à¨ x > 0.�á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï y−(x) ¢¢¥¤¥­  ¤«ï â®£®, çâ®¡ë ¤®®¯à¥¤¥«¨âì «¥¢ãîç áâì ãà ¢­¥­¨ï (2) ¯à¨ x < 0. � ¬¥â¨¬, çâ® y−(x) ¢ ®¡« áâ¨ x < 0 ­¥¨§¢¥áâ­  ¨­ å®¤¨âáï ¢ ¯à®æ¥áá¥ à¥è¥­¨ï § ¤ ç¨.Ǒ¥à¥å®¤ï ¢ à ¢¥­áâ¢¥ (2) ª ¨­â¥£à « ¬ �ãàì¥ (á¬. ¯¯. 1.4-3, 4.4-1, 4.4-2),¯®«ãç¨¬ § ¤ çã �¨¬ ­  ¢ ä®à¬¥
Y+(u) = Y−(u)1 +K(u) + F+(u)1 +K(u) , −∞ < u <∞. (3)1◦. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ ­®à¬ «ì­®áâ¨, â. ¥.1 +K(u) 6= 0,¨ § ¯¨è¥¬ § ¤ çã �¨¬ ­  ¢ ¥¥ ®¡ëç­®© ä®à¬¥
Y+(u) = D(u)Y−(u) +H(u), −∞ < u <∞, (4)£¤¥

D(u) = 11 +K(u) , H(u) = F(u)1 +K(u) . (5)� ¤ ç  �¨¬ ­  (4) à ¢­®á¨«ì­  ãà ¢­¥­¨î (1): ®­¨ ®¤­®¢à¥¬¥­­® à §à¥è¨¬ë¨«¨ ­¥à §à¥è¨¬ë, ¨¬¥îâ ¢ ®¡é¨å à¥è¥­¨ïå ®¤¨­ ª®¢®¥ ç¨á«® ¯à®¨§¢®«ì­ëå¯®áâ®ï­­ëå. �á«¨ ¨­¤¥ªá § ¤ ç¨ �¨¬ ­ 
ν = Ind 11 +K(u) , (6)ª®â®àë© ¨­®£¤  ­ §ë¢ îâ ¨­¤¥ªá®¬ ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤  ¯®«®-�¨â¥«¥­, â® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (1) (f(x) ≡ 0) ¨¬¥¥â à®¢­® ν «¨­¥©­® ­¥§ ¢¨-á¨¬ëå à¥è¥­¨©,   ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¡¥§ãá«®¢­® à §à¥è¨¬®, ¨ ¥£® à¥è¥­¨¥§ ¢¨á¨â ®â ν ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá­ëå ¯®áâ®ï­­ëå.� á«ãç ¥ ν 6 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ­¥ ¨¬¥¥â ®â«¨ç­ëå ®â ­ã«ï à¥è¥­¨©.�¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¯à¨ ν = 0 ¡¥§ãá«®¢­® à §à¥è¨¬®, ¯à¨ç¥¬ à¥è¥­¨¥¥¤¨­áâ¢¥­­®. �®£¤  ¨­¤¥ªá ν ®âà¨æ â¥«¥­, ãá«®¢¨ï∫ ∞

−∞

F(u) du
X+(u)[1 +K(u)℄(u + i)k = 0, k = 1, 2, . . . ,−ν, (7)­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (á¬.¯. 4.4-4).�® ¢á¥å á«ãç ïå, ª®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (1) áãé¥áâ¢ã¥â, ¥£® ¬®�­® ­ ©â¨¯® ä®à¬ã«¥

y(x) = y+(x) = 1√2π ∫ ∞

−∞

Y+(u)e−iux du, x > 0, (8)£¤¥ Y+(u) | ¯®áâà®¥­­®¥ ¯® áå¥¬¥ ¨§ ¯. 4.4-4 (á¬. à¨á. 3) à¥è¥­¨¥ § ¤ ç¨�¨¬ ­  (4) ¨ (5).�â¬¥â¨¬, çâ® ¢ ä®à¬ã«¥ (8) ï¢­® ¯à¨áãâáâ¢ã¥â â®«ìª® äã­ªæ¨ï Y+(u), ª®â®à ïá¢ï§ ­  á Y−(u) á®®â­®è¥­¨¥¬ (4).
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5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  1392◦. �áá«¥¤ã¥¬ â¥¯¥àì ¨áª«îç¨â¥«ì­ë© á«ãç © ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1), ª®£¤ ­ àãè ¥âáï ãá«®¢¨¥ ­®à¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ �¨¬ ­  (3) (á¬. ¯¯. 4.4-6 ¨ 4.4-7).� íâ®¬ á«ãç ¥ ®âáãâáâ¢ãîâ ­ã«¨ ª®íää¨æ¨¥­â  D(u) = [1 + K(u)℄−1 ¨ ¯®àï¤®ª¥£® ­  ¡¥áª®­¥ç­®áâ¨ η = 0. �¡é¥¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (3) ¬®�­® ¯®«ãç¨âì¯® ä®à¬ã« ¬ (63) ¨§ ¯. 4.4-7 ¯à¨ αi = 0. �¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï (1) ®¯à¥¤¥«¨âáï ¨§ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ ¯® ä®à¬ã«¥ (8).�  à¨á. 4 ¨§®¡à �¥­  áå¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �¨­¥à {�®¯ä (á¬. â ª�¥ ¯. 4.5-1).Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ ∞0 (a + b|x− t|)e−|x−t|y(t) dt = f(x), x > 0, (9)£¤¥ ¯®áâ®ï­­ë¥ a ¨ b ¢¥é¥áâ¢¥­­ë ¨ b 6=0. �¤à®K(x−t) ¢ ãà ¢­¥­¨¨ (1) ¤ ¥âáï ¢ëà �¥­¨¥¬

K(x) = √2π (a + b|x|)e−|x|.� ©¤¥¬ ¨§®¡à �¥­¨¥ ï¤à :
K(u) = ∫ ∞

−∞
(a+ b|x|)e−|x|+iux dx = 2 u2(a− b) + a+ b(u2 + 1)2 .�âáî¤  1 +K(u) = P (u)(u2 + 1)2 , P (z) = z4 + 2(a− b+ 1)z2 + 2a+ 2b+ 1.�áå®¤ï ¨§ ãá«®¢¨ï ­®à¬ «ì­®áâ¨, ¯à¥¤¯®« £ ¥¬, çâ® ¯®áâ®ï­­ë¥ a ¨ b â ª®¢ë, çâ® ¬­®£®-ç«¥­ P (z) ­¥ ¨¬¥¥â ¢¥é¥áâ¢¥­­ëå ª®à­¥©. Ǒãáâì α+ iβ|ª®à¥­ì ¡¨ª¢ ¤à â­®£® ãà ¢­¥­¨ï

P (z) = 0, ¯à¨ç¥¬ α > 0, β > 0. �®£¤ , ¢ á¨«ã ¢¥é¥áâ¢¥­­®áâ¨ ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï,¢¥«¨ç¨­ë (α− iβ), (−α+ iβ) ¨ (−α− iβ) ¡ã¤ãâ âà¥¬ï ®áâ «ì­ë¬¨ ª®à­ï¬¨. � ª�¥ ¢ á¨«ã¢¥é¥áâ¢¥­­®áâ¨ äã­ªæ¨ï 1 + K(u) ¨¬¥¥â ­ã«¥¢®© ¨­¤¥ªá, â ª çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (9)áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.� §« £ ï ­  ¬­®�¨â¥«¨, ­ å®¤¨¬ 1 +K(u) = X−(u)/X+(u), £¤¥
X+(u) = (u+ i)2(u+ α+ iβ)(u− α+ iβ) , X−(u) = (u− α− iβ)(u+ α− iβ)(u− i)2 .�á¯®«ì§ãï íâ®â à¥§ã«ìâ â, ¯à¥¤áâ ¢¨¬ ªà ¥¢®¥ ãá«®¢¨¥ (4), (5) ¢ ¢¨¤¥

Y+(u)
X+(u) − (u− i)2F+(u)(u− α− iβ)(u + α− iβ) = Y−(u)

X−(u) , −∞ < u <∞. (10)Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï (á¬.¯. 4.4-3), ¯®«ãç ¥¬ ¢®§¬®�­®áâì ¯à¨à ¢­ïâì ®¡¥ ç áâ¨ à ¢¥­áâ¢  ¢¥«¨ç¨­¥�1
u− α− iβ

+ �2
u+ α− iβ

,£¤¥ ¯®áâ®ï­­ë¥ C1 ¨ C2 ¯®¤«¥� â ®¯à¥¤¥«¥­¨î. �âáî¤ 
Y+(u) = X+(u)( (u− i)2F+(u)(u− α− iβ)(u + α− iβ) + �1

u− α− iβ
+ �2
u+ α− iβ

)
. (11)�«ï ãáâà ­¥­¨ï ¯®«îá®¢ (α + iβ) ¨ (−α+ iβ) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¯®«®�¨âì

C1 = − (α+ iβ − i)2F+(α+ iβ)2α , C2 = − (−α + iβ − i)2F+(−α + iβ)
−2α . (12)�¢¨¤ã £à®¬®§¤ª®áâ¨ ¯¥à¥å®¤ ®â ¨§®¡à �¥­¨ï (11) ª ®à¨£¨­ «ã ®áãé¥áâ¢¨¬ ¢ ¤¢  íâ ¯ .�­ ç «  ­ ©¤¥¬ ®à¨£¨­ « á« £ ¥¬®£®

Y1(u) = X+(u) (u− i)2F+(u)(u− α− iβ)(u+ α− iβ) = 11 +K(u) F+(u) = F+(u) +R(u)F+(u).
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140 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)

�¨á. 4. �å¥¬  à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �¨­¥à {�®¯ä . Ǒà¨
β = 0 ¨¬¥¥¬ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤ , ¯à¨ β = 1| ãà ¢­¥­¨¥ ¢â®à®£®à®¤ .�¤¥áì

R(u) = − 2u2(a− b) + 2a+ 2b[u2 − (α + iβ)2℄[u2 − (α − iβ)2℄ = µ

u2 − (α + iβ)2 + �µ
u2 − (α− iβ)2 ,

�âà ­¨æ  140



5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  141
µ = i

(α+ iβ)2(a− b) + a+ b2αβ .� ©¤¥¬ ®à¨£¨­ « ¯¥à¢®© ¤à®¡¨:F−1{ µ

u2 − (α+ iβ)2 } = √
π2 µ

β − iα
e−(β−iα)|x|.�à¨£¨­ « ¢â®à®© ¤à®¡¨ § ¯¨è¥¬ ¢ ¢¨¤¥F−1{ �µ

u2 − (α − iβ)2 } = √
π2 �µ

β + iα
e−(β+iα)|x|. (13)� ª¨¬ ®¡à §®¬,

R(x) = √
π2 ρ

(
eiθ+iα|x| + e−iθ−iα|x|

)
e−β|x| = √2π ρe−β|x| 
os(θ + α|x|)¨

y1(x) = f(x)+ρ ∫ ∞0 e−β|x−t| 
os(θ+α|x−t|)f(t) dt, x> 0, ρeiθ = µ

β − iα
. (14)� ¬¥â¨¬, çâ® ®¤­®¢à¥¬¥­­® ¬ë ­ è«¨ à¥§®«ì¢¥­âã R(x − t) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ­ ¢á¥© ®á¨

y0(x) + ∫ ∞

−∞
(a+ b|x− t|)e−|x−t|y0(t) dt = f0(x), −∞ < x <∞.�¥¯¥àì à áá¬®âà¨¬ ®áâ ¢èãîáï ç áâì ¨§®¡à �¥­¨ï (11):

Y2(u) = X+(u)( �1
u− α− iβ

+ �2
u+ α− iβ

)
.�ëç¨á«¨¢ ¨­â¥£à «ëF−1{Y2(u)} = C1√2π ∫ ∞

−∞

(u+ i)2e−iux du(u+ iβ − α)(u + iβ + α)(u − α− iβ) ++ C2√2π ∫ ∞

−∞

(u+ i)2e−iux du(u+ iβ − α)(u + iβ + α)(u+ α− iβ)á ¯®¬®éìî â¥®à¨¨ ¢ëç¥â®¢ (á¬. ¯¯. 1.1-4 ¨ 1.1-5) ¨ ¯®¤áâ ¢¨¢ ¢¬¥áâ® ¯®áâ®ï­­ëå C1 ¨ C2¨å §­ ç¥­¨ï (12), ¯®«ãç¨¬ ¯à¨ x > 0
y2(x) = [α+ (β − 1)2℄24α2β ∫ ∞0 e−β(x+t) 
os[α(x− t)℄f(t) dt++ ρ∗4α2 ∫ ∞0 e−β(x+t) 
os[ψ + α(x + t)℄f(t) dt, ρ∗e

iψ = (β − 1− iα)48α2(β − iα) .(15)� ª ª ªY+(u)=Y1(u)+Y2(u), â® ¨áª®¬®¥ à¥è¥­¨¥ ¡ã¤¥â áã¬¬®© äã­ªæ¨© (14) ¨ (15).5.9-2. �­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á ¤¢ã¬ï ï¤à ¬¨� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  á ¤¢ã¬ï ï¤à -¬¨ ¢ ä®à¬¥ (−∞ < x <∞)
y(x) + 1√2π ∫ ∞0 K1(x− t)y(t) dt+ 1√2π ∫ 0

−∞

K2(x− t)y(t)dt = f(x). (16)� ¬¥â¨¬, çâ® ª �¤®¥ ¨§ ï¤¥à K1(x) ¨ K2(x) § ¤ ­® ­  ¢á¥© ¢¥é¥áâ¢¥­­®© ®á¨.Ǒà¥¤áâ ¢«ïï ¨áª®¬ãî äã­ªæ¨î ¢ ¢¨¤¥ à §­®áâ¨ ®¤­®áâ®à®­­¨å:
y(x) = y+(x)− y−(x), (17)
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142 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)§ ¯¨è¥¬ ãà ¢­¥­¨¥ ¢ ¢¨¤¥

y+(x)+ 1√2π ∫ ∞

−∞

K1(x−t)y+(t) dt−y−(x)− 1√2π ∫ ∞

−∞

K2(x−t)y−(t) dt=f(x).(18)Ǒ¥à¥å®¤ï ®â ®à¨£¨­ «®¢ ª ¨§®¡à �¥­¨ï¬ ¯à¨ ¯®¬®é¨ ¨­â¥£à «ì­®£® ¯à¥®¡à -§®¢ ­¨ï �ãàì¥ (á¬. ¯. 1.4-3), ¯®«ãç¨¬[1 +K1(u)℄Y+(u)− [1 +K2(u)℄Y−(u) = F(u). (19)�âªã¤  ¡ã¤¥¬ ¨¬¥âì
Y+(u) = 1 +K2(u)1 +K1(u) Y−(u) + F(u)1 +K1(u) . (20)�¤¥áì K1(u), K2(u) ¨ F(u) | ¨­â¥£à «ë �ãàì¥ ¨§¢¥áâ­ëå äã­ªæ¨©. �¥¨§¢¥áâ-­ë¥ ¨§®¡à �¥­¨ï Y+(u) ¨ Y−(u) ï¢«ïîâáï ªà ¥¢ë¬¨ §­ ç¥­¨ï¬¨ äã­ªæ¨©,  ­ -«¨â¨ç¥áª¨å á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå. � ª¨¬ ®¡à §®¬,¯®«ãç¥­  ªà ¥¢ ï § ¤ ç  �¨¬ ­ .1◦. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï ­®à¬ «ì­®áâ¨, â. ¥.1 +K1(u) 6= 0, 1 +K2(u) 6= 0,¨ § ¯¨è¥¬ § ¤ çã �¨¬ ­  ¢ ¥¥ ®¡ëç­®© ä®à¬¥ (á¬. ¯. 4.4-4):

Y+(u) = D(u)Y−(u) +H(u), −∞ < u <∞, (21)£¤¥
D(u) = 1 +K2(u)1 +K1(u) , H(u) = F(u)1 +K1(u) . (22)� ¤ ç  �¨¬ ­  (21), (22) à ¢­®á¨«ì­  ãà ¢­¥­¨î (16): ®­¨ ®¤­®¢à¥¬¥­­®à §à¥è¨¬ë ¨«¨ ­¥à §à¥è¨¬ë ¨ ¨¬¥îâ ¢ ®¡é¨å à¥è¥­¨ïå ®¤¨­ ª®¢®¥ ç¨á«®¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå.�á«¨ ¨­¤¥ªá

ν = Ind 1 +K2(u)1 +K1(u) (23)¯®«®�¨â¥«¥­, â® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (16) (f(x) ≡ 0) ¨¬¥¥â à®¢­® ν «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨©,   ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¡¥§ãá«®¢­® à §à¥è¨¬®, ¨ ¥£®à¥è¥­¨¥ § ¢¨á¨â ®â ν ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá­ëå ¯®áâ®ï­­ëå.� á«ãç ¥ ν 6 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ­¥ ¨¬¥¥â ®â«¨ç­ëå ®â ­ã«ï à¥è¥­¨©.�¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¯à¨ ν = 0 ¡¥§ãá«®¢­® à §à¥è¨¬®, ¯à¨ç¥¬ à¥è¥­¨¥¥¤¨­áâ¢¥­­®. �®£¤  ¨­¤¥ªá ν ®âà¨æ â¥«¥­, ãá«®¢¨ï
∫ ∞

−∞

F(u) du
X+(u)[1 +K1(u)℄(u + i)k = 0, k = 1, 2, . . . ,−ν, (24)­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.�® ¢á¥å á«ãç ïå, ª®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (16) áãé¥áâ¢ã¥â, ¥£® ¬®�­® ­ ©â¨¯® ä®à¬ã«¥

y(x) = 1√2π ∫ ∞

−∞

[Y+(u)−Y−(u)℄e−iux du, −∞ < x <∞, (25)£¤¥ Y+(u), Y−(u)|¯®áâà®¥­­®¥ ¯® áå¥¬¥ ¨§ ¯. 4.4-4 (á¬. à¨á. 3) à¥è¥­¨¥ § ¤ ç¨�¨¬ ­  (21), (22).�â ª, à¥è¥­¨¥ ãà ¢­¥­¨ï (16) à ¢­®á¨«ì­® à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ �¨¬ ­ ¨ á¢®¤¨âáï ª ¢ëç¨á«¥­¨î ­¥ª®â®à®£® ç¨á«  ¨­â¥£à «®¢ �ãàì¥.
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5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  1432◦. �áá«¥¤ã¥¬ â¥¯¥àì ¨áª«îç¨â¥«ì­ë© á«ãç © ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (16).�®¯ãáâ¨¬, çâ® äã­ªæ¨¨ 1 + K1(u), 1 + K2(u) ¬®£ãâ ¨¬¥âì ­ã«¨, ¯à¨ç¥¬ íâ¨­ã«¨ ¬®£ãâ ¡ëâì ª ª ¢ à §«¨ç­ëå, â ª ¨ ¢ á®¢¯ ¤ îé¨å â®çª å ª®­âãà . � ¯¨è¥¬à §«®�¥­¨¥ íâ¨å äã­ªæ¨©, ¢ë¤¥«¨¢ á®¢¯ ¤ îé¨¥ ­ã«¨:1 +K1(u) = s∏

j=1(u− bj)βj

p∏

k=1(u− dk)γkK11(u),1 +K2(u) = r∏

i=1(u− ai)αi

p∏

k=1(u− dk)γkK12(u), p∑

k=1 γk = l.

(26)�¤¥áì ai 6= bj , ­® ¢®§¬®�­®, çâ® ®â¤¥«ì­ë¥ â®çª¨ dk (k=1, . . . , p) ¬®£ãâ á®¢¯ ¤ âì«¨¡® á ai, «¨¡® á bj . �â® ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì â®¬ã á«ãç î, ª®£¤  äã­ªæ¨¨1 + K1(u) ¨ 1 + K2(u) ¨¬¥îâ ®¡é¨© ­ã«ì à §­®© ªà â­®áâ¨. �ë ­¥ ¢ë¤¥«ï¥¬â ª¨¥ â®çª¨ ®á®¡®, ¯®â®¬ã çâ® ¨å ­ «¨ç¨¥ ­¥ ®ª §ë¢ ¥â ¢«¨ï­¨ï ­  ãá«®¢¨ïà §à¥è¨¬®áâ¨ ¨ ç¨á«® à¥è¥­¨© § ¤ ç¨.�§ à ¢¥­áâ¢  (19) ¨ ãá«®¢¨ï ª®­¥ç­®áâ¨ ­  ª®­âãà¥ à¥è¥­¨ï ¢ëâ¥ª ¥â, çâ®¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨,   á«¥¤®¢ â¥«ì­®, ¨ ãà ¢­¥­¨ï (16), ­¥®¡å®¤¨¬®, çâ®¡ë
F(u) ¢® ¢á¥å â®çª å dk ®¡à é « áì ¢ ­ã«ì ¯®àï¤ª  γk, â. ¥. F(u) ¤®«�­  ¨¬¥âì¢¨¤

F(u) = p∏

k=1(u− dk)γkF1(u).�«ï íâ®£® ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ γ1 + γ2 + · · ·+ γp = l ãá«®¢¨©
F(jk)
u (dk) = 0, jk = 0, 1, . . . , γk − 1, (27)¨«¨, çâ® ¢á¥ à ¢­®, ãá«®¢¨©

∫ ∞

−∞

f(x)xjkeidkx dx = 0. (28)� ª ª ª äã­ªæ¨¨ K1(u) ¨ K2(u) ®¡à é îâáï ¢ ­ã«ì ­  ¡¥áª®­¥ç­®áâ¨, â®¡¥áª®­¥ç­® ã¤ «¥­­ ï â®çª  ï¢«ï¥âáï ®¡ëª­®¢¥­­®© â®çª®© D(u).�®¯ãáâ¨¬, çâ® ãá«®¢¨ï (28) ¢ë¯®«­¥­ë. �®£¤  ªà ¥¢ãî § ¤ çã �¨¬ ­  (20)¬®�­® § ¯¨á âì ¢ ¢¨¤¥ (á¬. ¯¯. 4.4-6 ¨ 4.4-7)
Y+(u) = r∏

i=1(u− ai)αiR+(u)R−(u)s∏
j=1(u− bj)βjQ+(u)Q−(u) D2(u)Y−(u) + H1(u)s∏

j=1(u− bj)βj

. (29)� ©¤ï ¢ íâ®¬ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥ ¥¥ ®¡é¥¥ à¥è¥­¨¥, ¯®«ãç¨¬ ®¡é¥¥à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï ¯® ä®à¬ã«¥ (25).�ä®à¬ã«¨àã¥¬ ¢ë¢®¤ë ®¡ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ ¨ ç¨á«¥ à¥è¥­¨© ãà ¢­¥-­¨ï (16). �«ï à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (16) ­¥®¡å®¤¨¬®, çâ®¡ë ¯à¥®¡à §®¢ ­¨¥�ãàì¥ á¢®¡®¤­®£® ç«¥­  ãà ¢­¥­¨ï ã¤®¢«¥â¢®àï«® l ãá«®¢¨ï¬ (27). �á«¨ íâ¨ ãá«®-¢¨ï ¢ë¯®«­¥­ë, â® ¯à¨ ν−n> 0 § ¤ ç  (20) ¨ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (16) ¨¬¥îâà®¢­® ν −n «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©. Ǒà¨ ν−n 6 0 ¬­®£®ç«¥­ Pν−n−1(z)á«¥¤ã¥â ¯®«®�¨âì â®�¤¥áâ¢¥­­® à ¢­ë¬ ­ã«î, ¯à¨ç¥¬ ®â á¢®¡®¤­®£® ç«¥­  ¢ á«ã-ç ¥ ν − n < 0 ­¥®¡å®¤¨¬® ¯®âà¥¡®¢ âì ¢ë¯®«­¥­¨ï ¥é¥ n − ν ãá«®¢¨©. Ǒà¨ ¢ë-¯®«­¥­¨¨ ¯®á«¥¤­¨å ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¡ã¤¥â ¨¬¥âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
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144 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥ (16), ¤«ï ª®â®à®£®

K1(x) = {
−(1 + α)√2π e−x, x > 0,0, x < 0, K2(x) = {

−(1 + β)√2π e−x, x > 0,0, x < 0,
f(x) = { 0, x > 0,

−
√2π ex, x < 0,£¤¥ α ¨ β|¢¥é¥áâ¢¥­­ë¥ ¯®áâ®ï­­ë¥. �®£¤  K1(x− t) = 0 ¤«ï x < t ¨ K2(x− t) = 0 ¤«ï

x < t. �«¥¤®¢ â¥«ì­®, § ¤ ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ä®à¬ã
y(x) − (1 + α) ∫ x0 e−(x−t)y(t) dt− (1 + β) ∫ 0

−∞
e−(x−t)y(t) dt = 0,

y(x) − (1 + β) ∫ x

−∞
e−(x−t)y(t) dt = −

√2π ex, x > 0,
x < 0.�ëç¨á«¨¬ ¨­â¥£à «ë �ãàì¥

K1(u) = −(1 + α) ∫ ∞0 e−xeiux dx = − i(1 + α)
u+ i

, K2(u) = − i(1 + β)
u+ i

,

F(u) = i

u− i
, D(u) = u− iβ

u− iα
.�à ¥¢®¥ ãá«®¢¨¥ § ¯¨è¥¬ ¢ ¢¨¤¥

Y+(u) = u− iβ

u− iα
Y−(u) + i(u+ i)(u− i)(u− iα) . (30)�¥è¥­¨¥ § ¤ ç¨ �¨¬ ­  ¡ã¤¥â à §«¨ç­ë¬ ¢ § ¢¨á¨¬®áâ¨ ®â §­ ª®¢ α ¨ β.1◦. Ǒãáâì α > 0 ¨ β > 0. � íâ®¬ á«ãç ¥ ν = IndD(u) = 0. � «¥¢®© ¨ ¯à ¢®©ç áâïå ªà ¥¢®£® ãá«®¢¨ï áâ®ïâ äã­ªæ¨¨,  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬ë¥ á®®â¢¥âáâ¢¥­­® ¢¢¥àå­îî ¨ ­¨�­îî ¯®«ã¯«®áª®áâ¨. Ǒà¨¬¥­ïï ­¥¯®áà¥¤áâ¢¥­­® â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï (á¬. ¯. 4.4-3), ¡ã¤¥¬ ¨¬¥âì

Y+(z) = 0, z − iβ

z − iα
Y−(z) + i(z + i)(z − i)(z − iα) = 0.�âáî¤ 

y+(x) = 0, y(x) = −y−(x) = 1√2π ∫ ∞

−∞

i(u+ i)(u− i)(u − iβ) e−iux du.�ëç¨á«ïï ¯®á«¥¤­¨© ¨­â¥£à « ¢ ¯à¥¤¯®«®�¥­¨¨ β 6= 1, ¯® â¥®à¥¬¥ ® ¢ëç¥â å (á¬. ¯¯. 1.1-4¨ 1.1-5) ¯®«ãç¨¬
y(x) = 




0 ¯à¨ x > 0,
−

√2π1− β
[2ex − (1 + β)eβx℄ ¯à¨ x < 0.� á«ãç ¥ β = 1 ¨¬¥¥¬

y(x) = { 0 ¯à¨ x > 0,
−
√2π ex(1 + 2x) ¯à¨ x < 0.2◦. Ǒãáâì α < 0 ¨ β < 0. �¤¥áì ¯®-¯à¥�­¥¬ã ν = 0, X+(z) = (z − iβ)(z − iα)−1,

X−(z) = 1. �àã¯¯¨àãï ç«¥­ë, á®¤¥à� é¨¥ ªà ¥¢ë¥ §­ ç¥­¨ï  ­ «¨â¨ç¥áª¨å ¢ ª �¤®©¨§ ¯®«ã¯«®áª®áâ¥© äã­ªæ¨© ¨ ¯à¨¬¥­ïï § â¥¬ â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï (á¬. ¯. 4.4-3), ­ ©¤¥¬
Y+(z)
X+(z) + β + 1

i(β − 1) 1
z − iβ

= Y−(z)
X−(z) + 2

i(β − 1) 1
z − i

= 0.
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5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  145�âáî¤ 
Y+(z) = β + 1

β − 1 i

z − iα
, Y−(z) = 2i

β − 1 1
z − i

,

y(x) = 1√2π ∫ ∞

−∞

[
Y+(u)− Y−(u)] e−iux du = 




√2π β + 1
β − 1 eαx ¯à¨ x > 0,2√2π

β − 1 ex ¯à¨ x < 0.3◦. Ǒãáâì α < 0 ¨ β > 0, â®£¤  ν = 1. � íâ®¬ á«ãç ¥, ªà ¥¢®¥ ãá«®¢¨¥ (30) § ¯¨è¥¬ ¢ ¢¨¤¥
Y+(u) + i(1 + α)1− α

1
u− iα

= u− iβ

u− iα
Y−(u)− 2i1− α

1
u− i

.Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï (á¬.¯. 4.4-3) ¯®«ãç¨¬, çâ®
Y+(z) + i(1 + α)1− α

1
z − iα

= z − iβ

z − iα
Y−(z)− 2i1− α

1
z − i

= C

z − iα
.Ǒ®íâ®¬ã

Y+(z) = (
C − i

1 + α1− α

) 1
z − iα

, Y−(z) = C

z − iβ
− 2i1− α

z − iα(z − i)(z − iβ) ,£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �¥¯¥àì ¯à¨ ¯®¬®é¨ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥,¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¢ ä®à¬¥
y(x) = 





−
√2π(

iC + 1 + α1− α

)
eαx ¯à¨ x > 0,

−
√2π [

iC + 2(α − β)(1− α)(1 − β) ]
eβx − 2√2π1− β

ex ¯à¨ x < 0.4◦. Ǒãáâì α > 0 ¨ β < 0, â®£¤  ν = −1. Ǒ® â¥®à¥¬¥ �¨ã¢¨««ï (á¬. ¯. 4.4-3)
Y+(z) = z − iβ

z − iα
Y−(z) + i(z + i)(z − i)(z − iα) = 0,â ª çâ®

Y+(z) = 0, Y−(z) = − i(z + i)(z − i)(z − iβ) .�§ ¢ëà �¥­¨ï ¤«ï Y−(z) ¢¨¤­®, çâ® ®á®¡¥­­®áâì äã­ªæ¨¨ Y−(z) ¢ â®çª¥ iβ ¨áç¥§­¥â, ¥á«¨¯®«®�¨âì β = −1. Ǒ®á«¥¤­¥¥ à ¢¥­áâ¢® ¨ ¡ã¤¥â ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ § ¤ ç¨ �¨¬ ­ . �íâ®¬ á«ãç ¥ ¨¬¥¥¬ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
y(x) = 1√2π ∫ ∞

−∞

i

u− i
e−iux du = { 0 ¯à¨ x > 0,

−
√2π ex ¯à¨ x < 0.� ¬¥ç ­¨¥ 1. � à áá¬®âà¥­­ë¬ ¢ ¯. 5.9-2 ãà ¢­¥­¨ï¬ ¯à¨¢®¤ïâáï ­¥ª®â®àë¥ãà ¢­¥­¨ï, ¢ ï¤à  ª®â®àëå ¢å®¤ïâ ­¥ à §­®áâ¨,   ¤àã£¨¥ ¨å ª®¬¡¨­ æ¨¨: ¯à®¨§¢¥-¤¥­¨ï ¨«¨, ç é¥, ®â­®è¥­¨ï. � ª, ­ ¯à¨¬¥à, ãà ¢­¥­¨¥

Y (ξ)+∫ 10 1
τ
N1( ξ

τ

)
Y (τ ) dτ +∫ ∞1 1

τ
N2( ξ

τ

)
Y (τ ) dτ = g(ξ), ξ > 0, (31)áâ ­®¢¨âáï ®¡ëç­ë¬ ãà ¢­¥­¨¥¬ á ¤¢ã¬ï ï¤à ¬¨, ¥á«¨ á¤¥« âì á«¥¤ãîé¨¥ § ¬¥­ëäã­ªæ¨© ¨ ¨å  à£ã¬¥­â®¢: ξ = ex, τ = et, N1(ξ) = K1(x), N2(ξ) = K2(x),

g(ξ) = f(x), Y (ξ) = y(x).
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146 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.9-3. �à ¢­¥­¨ï â¨¯  á¢¥àâª¨ á ¯¥à¥¬¥­­ë¬ ¯à¥¤¥«®¬ ¨­â¥£à¨à®¢ ­¨ï1◦. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤ 

y(x) + 1√2π ∫ x0 K(x− t)y(t)dt = f(x), 0 6 x < T, (32)£¤¥ ¯à®¬¥�ãâ®ª [0, T ) ¬®�¥â ¡ëâì ª ª ª®­¥ç­ë¬, â ª ¨ ¡¥áª®­¥ç­ë¬. � ®â«¨ç¨¥ ®âãà ¢­¥­¨ï (1), £¤¥ ï¤à® § ¤ ¥âáï ­  ¢á¥© ®á¨, §¤¥áì ï¤à® § ¤ ¥âáï ­  ¯®«®�¨â¥«ì­®©¯®«ã®á¨.�à ¢­¥­¨¥ (32) ¬®�­® à áá¬ âà¨¢ âì ª ª ç áâ­ë© á«ãç © ®¤­®áâ®à®­­¥£®ãà ¢­¥­¨ï (1) ¨§ ¯. 5.9-1. �«ï íâ®£® ¤®áâ â®ç­® § ¯¨á âì ¥£® ¢ ¢¨¤¥
y(x) + 1√2π ∫ ∞0 K+(x− t)y(t)dt = f(x), 0 < x <∞,¯à¨¢®¤ïé¥¬áï ª á«¥¤ãîé¥© ªà ¥¢®© § ¤ ç¥:

Y+(u) = Y−(u)1 +K+(u) + F+(u)1 +K+(u) .�¤¥áì ª®íää¨æ¨¥­â [1 +K+(u)℄−1 § ¤ ç¨ ¥áâì äã­ªæ¨ï,  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨-¬ ï ¢ ¢¥àå­îî ¯®«ã¯«®áª®áâì, §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ç¨á«  ¢®§¬®�­ëå ¯®-«îá®¢, ï¢«ïîé¨åáï ­ã«ï¬¨ äã­ªæ¨¨ 1 +K+(z) (áç¨â ¥¬, çâ® ­  ¤¥©áâ¢¨â¥«ì­®©®á¨ 1+K+(z) 6= 0). Ǒ®íâ®¬ã ¨­¤¥ªá ν § ¤ ç¨ ¢á¥£¤  ­¥¯®«®�¨â¥«¥­, ν 6 0. Ǒ¥à¥-¯¨á ¢ § ¤ çã ¢ ¢¨¤¥ [1 +K+(u)℄Y+(u) = Y−(u) +F+(u), ¢¨¤¨¬, çâ® Y−(u) ≡ 0,â ª çâ®
Y+(u) = F+(u)1 +K+(u) . (33)� áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨.1.1. �ã­ªæ¨ï 1+K+(z) ­¥ ¨¬¥¥â ­ã«¥© ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ (íâ® ®§­ ç ¥â,çâ® ν = 0). �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (32) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f(x) ¨¬¥¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ª®â®à®¥ ¬®�­® ¢ëà §¨âì ç¥à¥§ à¥§®«ì¢¥­âã:

y(x) = f(x) + 1√2π ∫ x0 R(x− t)f(t) dt, x > 0, (34)£¤¥
R(x) = − 1√2π ∫ ∞

−∞

K+(u)1 +K+(u) e−iux du.1.2. �ã­ªæ¨ï 1 + K+(z) ¨¬¥¥â ­ã«¨ ¢ â®çª å z = a1, a2, . . . , am ¢¥àå­¥©¯®«ã¯«®áª®áâ¨ (â®£¤  ν < 0, ¯à¨ç¥¬ ν à ¢­® ¢§ïâ®¬ã á® §­ ª®¬ ¬¨­ãá áã¬¬ à­®¬ã¯®àï¤ªã ­ã«¥©). �®£ãâ ¯à¥¤áâ ¢¨âìáï ¤¢¥ ¢®§¬®�­®áâ¨:(a) �ã­ªæ¨ï F+(z) ¢ â®çª å a1, a2, . . . , am ®¡à é ¥âáï ¢ ­ã«ì, ¯à¨ç¥¬ ¯®àï¤-ª¨ íâ¨å ­ã«¥© ­¥ ­¨�¥ ¯®àï¤ª®¢ ­ã«¥© äã­ªæ¨¨ 1+K+(z). � íâ®¬ á«ãç ¥ äã­ªæ¨ï
F+(z)[1 +K+(z)℄−1 ®¯ïâì ­¥ ¡ã¤¥â ¨¬¥âì ¯®«îá®¢, â ª çâ® ¯®-¯à¥�­¥¬ã ãà ¢­¥-­¨¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (34).Ǒà¥¤«®�¥­¨¥ dkF+(aj)/dzk = 0 ®¡ ®¡à é¥­¨¨ F+(z) ¢ ­ã«ì à ¢­®á¨«ì­®ãá«®¢¨ï¬

∫ ∞

−∞

f(t)e−iajttk dt = 0, k = 0, . . . , ηj − 1, j = 1, . . . ,m, (35)£¤¥ ηj |ªà â­®áâì ­ã«ï äã­ªæ¨¨ 1 + K+(z) ¢ â®çª¥ aj . �á«®¢¨ï (35) ­ ª« ¤ë¢ -îâáï ã�¥ ­¥¯®áà¥¤áâ¢¥­­® ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨ï.
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5.9. �¥â®¤ � à«¥¬ ­  ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤  147(b) �ã­ªæ¨ï F+(z) ­¥ ®¡à é ¥âáï ¢ ­ã«ì ¢ â®çª å a1, a2, . . . , am (¨«¨,¥á«¨ ®¡à é ¥âáï, â® á ªà â­®áâï¬¨, ¬¥­ìè¨¬¨, ç¥¬ 1 + K+(z)). �®£¤  äã­ªæ¨ï
F+(z)[1 + K+(z)℄−1 ¨¬¥¥â ¯®«îáë, ¨ ¯®íâ®¬ã äã­ªæ¨ï (33) ­¥ ¯à¨­ ¤«¥�¨âãá«®¢«¥­­®¬ã ª« ááã. �à ¢­¥­¨¥ (32) ­¥ ¨¬¥¥â à¥è¥­¨© ¢ ¢ë¡à ­­®¬ ª« áá¥äã­ªæ¨©. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ãá«®¢¨ï (35) ­¥ ¢ë¯®«­ïîâáï.Ǒ®á«¥¤­¨© à¥§ã«ìâ â ­¥ ¯à®â¨¢®à¥ç¨â ¨§¢¥áâ­®¬ã ä ªâã, çâ® ãà ¢­¥­¨¥ �®«ì-â¥àà  ¢á¥£¤  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �à ¢­¥­¨¥ (32) ¯à¨­ ¤«¥�¨â ª« ááããà ¢­¥­¨© â¨¯  �®«ìâ¥àà  ¨ ¯®íâ®¬ã ¢ á«ãç ¥ (b) ¡ã¤¥â â ª�¥ à §à¥è¨¬®, ­® ¢¡®«¥¥ è¨à®ª®¬ ¯à®áâà ­áâ¢¥ äã­ªæ¨© á ¯®ª § â¥«ì­ë¬ à®áâ®¬.2◦. �àã£¨¬ ¯à®áâë¬ ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (1) ¨§ ¯. 5.9-1 ¡ã¤¥â ãà ¢­¥­¨¥á ¯¥à¥¬¥­­ë¬ ­¨�­¨¬ ¯à¥¤¥«®¬:

y(x) + 1√2π ∫ ∞

x

K(x− t)y(t)dt = f(x), 0 < x <∞. (36)�â® á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  ¢ ãà ¢­¥­¨¨ (1) äã­ªæ¨ï K(x) ¡ã¤¥â «¥¢®©®¤­®áâ®à®­­¥©: K(x) =K−(x). � ¤ ç  �¨¬ ­  ¯à¨ ãá«®¢¨¨ 1+K−(u) 6=0 ¯à¨¬¥â¢¨¤
Y+(u) = Y−(u)1 +K−(u) + F+(u)1 +K−(u) . (37)2.1. �ã­ªæ¨ï 1+K−(z) ­¥ ¨¬¥¥â ­ã«¥© ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨. �â® ®§­ ç ¥â,çâ® ®à¨£¨­ «®¬ äã­ªæ¨¨ Y−(u)[1 + K−(u)℄−1 á«ã�¨â «¥¢ ï ®¤­®áâ®à®­­ïï,  ¯®á«¥¤­ïï ­¥ ®ª �¥â ¢«¨ï­¨ï ¯à¨ x > 0 ­  á®®â­®è¥­¨¥ ¬¥�¤ã ®à¨£¨­ « ¬¨à ¢¥­áâ¢  (37). �â ª, ¢¢¥¤ï ¤«ï ã¤®¡áâ¢  äã­ªæ¨î

R−(u) = − K−(u)1 +K−(u) ,¯à¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (37) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¨ ¯®« £ ï
x > 0, ¯®«ãç¨¬ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (36)

y(x) = f(x) + 1√2π ∫ ∞

x

R−(x− t)f(t) dt, x > 0.2.2. � ­¨�­¥© ¯®«ã¯«®áª®áâ¨ ã äã­ªæ¨¨ 1 + K−(z) ¥áâì ­ã«¨. � ª ª ª íâ äã­ªæ¨ï ­  ¢á¥© ¢¥é¥áâ¢¥­­®© ®á¨, ¢ â®¬ ç¨á«¥ ¨ ­  ¡¥áª®­¥ç­®áâ¨, ®â«¨ç­  ®â­ã«ï, â® ç¨á«® ¥¥ ­ã«¥© ª®­¥ç­®. � ¤ ç  �¨¬ ­  (37) ¨¬¥¥â ¯®«®�¨â¥«ì­ë© ¨­¤¥ªá,ª ª à § à ¢­ë© ç¨á«ã ­ã«¥© äã­ªæ¨¨ ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨ (­ã«¨ áç¨â îâáïáâ®«ìª® à §, ª ª®¢  ¨å ªà â­®áâì):
ν = Ind 11 +K−(u) = − Ind[1 +K−(u)℄ = η1 + · · ·+ ηn > 0.�¤¥áì ηk |ªà â­®áâ¨ ­ã«¥© zk äã­ªæ¨¨ 1 +K−(z), k = 1, 2, . . . , n.Ǒãáâì

C1k
z − zk

+ C2k(z − zk)2 + · · ·+ Cηkk(z − zk)ηk¥áâì £« ¢­ ï ç áâì à §«®�¥­¨ï äã­ªæ¨¨ Y−(z)[1 + K−(z)℄−1 ¢ àï¤ �®à ­  ¯®áâ¥¯¥­ï¬ (z− zk), k = 1, 2, . . . , n. �®£¤  à ¢¥­áâ¢® (37) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
Y+(u) = F+(u)1 +K−(u) + n∑

k=1 ηk∑

j=1 Cjk(z − zk)j + · · · , (38)
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148 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)£¤¥ ¬­®£®â®ç¨¥ ®§­ ç ¥â äã­ªæ¨î, ®à¨£¨­ « ª®â®à®© à ¢¥­ ­ã«î ¯à¨ x > 0.Ǒ¥à¥å®¤ï ¢ à ¢¥­áâ¢¥ (38) ª ®à¨£¨­ « ¬, ¯à¨ x > 0 ¯®«ãç¨¬

y(x) = f(x) + 1√2π ∫ ∞

x

R−(x− t)f(t) dt+ n∑

k=1Pk(x)e−izkx, x > 0. (39)�¤¥áì Pk(x) | ¬­®£®ç«¥­ë áâ¥¯¥­¥© ηk − 1. �®�­® ¯à®¢¥à¨âì, çâ® (39) ¡ã¤¥âà¥è¥­¨¥¬ ãà ¢­¥­¨ï (36) ¯à¨ ¯à®¨§¢®«ì­ëå ª®íää¨æ¨¥­â å ¬­®£®ç«¥­®¢. � ª ª ªç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®£® ãà ¢­¥­¨ï (36) à ¢­® ¨­¤¥ªáã,â® ­ ©¤¥­­®¥ à¥è¥­¨¥ (39) ¡ã¤¥â ®¡é¨¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.5.9-4. Ǒ à­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ ¢â®à®£® à®¤ � áá¬®âà¨¬ ¯ à­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤ 
y(x) + 1√2π ∫ ∞

−∞

K1(x− t)y(t)dt = f(x), 0 < x <∞,

y(x) + 1√2π ∫ ∞

−∞

K2(x− t)y(t)dt = f(x), −∞ < x < 0, (40)£¤¥ äã­ªæ¨ï y(x) ï¢«ï¥âáï ¨áª®¬®©.�«ï ¯à¨¬¥­¥­¨ï ¯à¥®¡à §®¢ ­¨ï �ãàì¥ (á¬. ¯¯. 1.4-3, 4.4-1, 4.4-2) ¤®®¯à¥¤¥-«¨¬ ®¡  ãá«®¢¨ï ¢ ãà ¢­¥­¨¨ (40), ä®à¬ «ì­® § ¯¨á ¢ ¨å ¤«ï ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå§­ ç¥­¨© x. �â®£® ¬®�­® ¤®áâ¨£­ãâì ¯ãâ¥¬ ¢¢¥¤¥­¨ï ¢ ¯à ¢ë¥ ç áâ¨ ­®¢ëå ­¥¨§-¢¥áâ­ëå äã­ªæ¨©. Ǒ®á«¥¤­¨¥ ¤®«�­ë ¡ëâì ¢ë¡à ­ë â ª, çâ®¡ë ®­¨ ­¥ ­ àãè «¨§ ¤ ­­ëå ­  ¯®«ã®áïå ãá«®¢¨©. �«¥¤®¢ â¥«ì­®, ¢¥àå­¥¥ ãá«®¢¨¥ (40) ¤®«�­® ¡ëâì¤®¯®«­¥­® á« £ ¥¬ë¬, ª®â®à®¥ ®¡à é ¥âáï ¢ ­ã«ì ­  ¯®«®�¨â¥«ì­®© ¯®«ã®á¨,  ­¨�­¥¥ | á« £ ¥¬ë¬, à ¢­ë¬ ­ã«î ­  ®âà¨æ â¥«ì­®©. � ª¨¬ ®¡à §®¬, ¯ à­®¥ãà ¢­¥­¨¥ ¬®�¥â ¡ëâì § ¯¨á ­® ¢ ä®à¬¥
y(x) + 1√2π ∫ ∞

−∞

K1(x− t)y(t)dt = f(x) + ξ−(x),
y(x) + 1√2π ∫ ∞

−∞

K2(x− t)y(t)dt = f(x) + ξ+(x), −∞ < x <∞, (41)£¤¥ ξ±(x)|¯®ª  ­¥¨§¢¥áâ­ë¥ ¯à ¢ ï ¨ «¥¢ ï ®¤­®áâ®à®­­¨¥ äã­ªæ¨¨.�®á¯®«ì§®¢ ¢è¨áì ¨­â¥£à «ì­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥, ¯®«ãç¨¬[1 +K1(u)℄Y(u) = F(u) + �−(u), [1 +K2(u)℄Y(u) = F(u) + �+(u). (42)�¤¥áì ­¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï âà¨ äã­ªæ¨¨ Y(u), �+(u) ¨ �−(u).�¥¯¥àì ¬®�­® ­  ®á­®¢ ­¨¨ (42) ­ ©â¨
Y(u) = F(u) + �−(u)1 +K1(u) = F(u) + �+(u)1 +K2(u) (43)¨, ¨áª«îç ï ¯à¨ ¯®¬®é¨ à ¢¥­áâ¢  (43) äã­ªæ¨î Y(u) ¨§ á®®â­®è¥­¨© (42),¯®«ãç¨âì ªà ¥¢ãî § ¤ çã �¨¬ ­  ¢ ¢¨¤¥�+(u) = 1 +K2(u)1 +K1(u) �−(u) + K2(u) −K1(u)1 +K1(u) F(u), −∞ < u <∞. (44)1◦. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï ­®à¬ «ì­®áâ¨, â. ¥.1 +K1(u) 6= 0, 1 +K2(u) 6= 0,
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5.10. �¥â®¤ �¨­¥à {�®¯ä  149¨ § ¯¨è¥¬ â¥¯¥àì § ¤ çã �¨¬ ­  (44) ¢ ¥¥ ®¡ëç­®© ä®à¬¥ (á¬. ¯. 4.4-4)�+(u) = D(u)�−(u) +H(u), −∞ < u <∞, (45)£¤¥
D(u) = 1 +K2(u)1 +K1(u) , H(u) = K2(u) −K1(u)1 +K1(u) F(u). (46)� ¤ ç  �¨¬ ­  (45), (46) à ¢­®á¨«ì­  ãà ¢­¥­¨î (40): ®­¨ ®¤­®¢à¥¬¥­­® à §-à¥è¨¬ë ¨«¨ ­¥à §à¥è¨¬ë, ¨¬¥îâ ¢ ®¡é¨å à¥è¥­¨ïå ®¤¨­ ª®¢®¥ ç¨á«® ¯à®¨§-¢®«ì­ëå ¯®áâ®ï­­ëå.�á«¨ ¨­¤¥ªá

ν = Ind 1 +K2(u)1 +K1(u) (47)¯®«®�¨â¥«¥­, â® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (40) (f(x) ≡ 0) ¨¬¥¥â à®¢­® ν «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨©,   ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¡¥§ãá«®¢­® à §à¥è¨¬®, ¨ ¥£®à¥è¥­¨¥ § ¢¨á¨â ®â ν ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá­ëå ¯®áâ®ï­­ëå.� á«ãç ¥ ν 6 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ­¥ ¨¬¥¥â ®â«¨ç­ëå ®â ­ã«ï à¥è¥­¨©.�¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¯à¨ ν = 0 ¡¥§ãá«®¢­® à §à¥è¨¬®, ¯à¨ç¥¬ à¥è¥­¨¥¥¤¨­áâ¢¥­­®. �®£¤  ¨­¤¥ªá ν ®âà¨æ â¥«¥­, ãá«®¢¨ï∫ ∞

−∞

K2(u) −K1(u)
X+(u)[1 +K1(u)℄ F(u) du(u+ i)k = 0, k = 1, 2, . . . ,−ν, (48)­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.�® ¢á¥å á«ãç ïå, ª®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (40) áãé¥áâ¢ã¥â, ¥£® ¬®�­® ­ ©â¨¯® ä®à¬ã«¥

y(x) = 1√2π ∫ ∞

−∞

F(u) + �−(u)1 +K1(u) e−iux du = 1√2π ∫ ∞

−∞

F(u) + �+(u)1 +K2(u) e−iux du,(49)£¤¥ �+(u), �−(u)|¯®áâà®¥­­®¥ ¯® áå¥¬¥ ¨§ ¯. 4.4-4 (á¬. à¨á. 3) à¥è¥­¨¥ § ¤ ç¨�¨¬ ­  (45), (46).2◦. �áá«¥¤ã¥¬ â¥¯¥àì ¨áª«îç¨â¥«ì­ë© á«ãç © ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (40).�®¯ãáâ¨¬, çâ® äã­ªæ¨¨ 1 + K1(u), 1 + K2(u) ¬®£ãâ ¨¬¥âì ­ã«¨, ¯à¨ç¥¬ íâ¨­ã«¨ ¬®£ãâ ¡ëâì ª ª ¢ à §«¨ç­ëå, â ª ¨ ¢ á®¢¯ ¤ îé¨å â®çª å ª®­âãà . �®§ì¬¥¬à §«®�¥­¨¥ íâ¨å äã­ªæ¨©, ¢ë¤¥«¨¢ á®¢¯ ¤ îé¨¥ ­ã«¨ ¢ ä®à¬¥ (26), ¨ ¤ «¥¥¯®¢â®à¨¬ ¢á¥ à ááã�¤¥­¨ï, ¯à®¢¥¤¥­­ë¥ ¤«ï ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ ¢â®à®£®à®¤  á ¤¢ã¬ï ï¤à ¬¨. � ©¤ï ¢ íâ®¬ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥ ®¡é¥¥ à¥è¥­¨¥ªà ¥¢®© § ¤ ç¨ �¨¬ ­  (44) (á¬. ¯. 4.4-7), ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ¨áå®¤­®£®ãà ¢­¥­¨ï (40) ¯® ä®à¬ã«¥ (49).�ë¢®¤ë ®¡ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ ¨ ç¨á«¥ à¥è¥­¨© ãà ¢­¥­¨ï (40)  ­ «®-£¨ç­ë á¤¥« ­­ë¬ ¤«ï ãà ¢­¥­¨ï á ¤¢ã¬ï ï¤à ¬¨ ¢ ¯. 5.9-2.� ¬¥ç ­¨¥ 2. � áá¬®âà¥­­ë¥ ¢ à §¤. 5.9 ãà ¢­¥­¨ï ¨­®£¤  ­ §ë¢ îâ å à ª-â¥à¨áâ¨ç¥áª¨¬¨ ãà ¢­¥­¨ï¬¨ â¨¯  á¢¥àâª¨.
©• �¨â¥à âãà : �. �. � å®¢, �. �. �¥àáª¨© (1978).5.10. �¥â®¤ �¨­¥à {�®¯ä 5.10-1. �¥ª®â®àë¥ § ¬¥ç ­¨ïǑãáâì áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ y(x) (á¬. ¯. 1.4-3):

Y(z) = 1√2π ∫ ∞

−∞

y(x)eizx dx. (1)
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150 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�ã¤¥¬ áç¨â âì, çâ® ¯ à ¬¥âà z, ¢å®¤ïé¨© ¢ ¯à¥®¡à §®¢ ­¨¥ (1), ¬®�¥â ¯à¨­¨¬ âì¨ ª®¬¯«¥ªá­ë¥ §­ ç¥­¨ï. �áá«¥¤ã¥¬ á¢®©áâ¢  äã­ªæ¨¨ Y(z), à áá¬ âà¨¢ ¥¬®© ª ªäã­ªæ¨ï ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z. �«ï íâ®£® ¯à¥¤áâ ¢¨¬ äã­ªæ¨î y(x) ¢ ¢¨¤¥*

y(x) = y+(x) + y−(x), (2)£¤¥ äã­ªæ¨¨ y+(x) ¨ y−(x) á®®â¢¥âáâ¢¥­­® à ¢­ë
y+(x) = {

y(x) ¯à¨ x > 0,0 ¯à¨ x < 0, y−(x) = { 0 ¯à¨ x > 0,
y(x) ¯à¨ x < 0. (3)�§®¡à �¥­¨¥ Y(z) äã­ªæ¨¨ y(x) ¯à¨ íâ®¬, ®ç¥¢¨¤­®, à ¢­® áã¬¬¥ ¨§®¡à �¥­¨©

Y+(z), Y−(z) äã­ªæ¨© y+(x) ¨ y−(x). �ëïá­¨¬  ­ «¨â¨ç¥áª¨¥ á¢®©áâ¢  äã­ª-æ¨¨ Y(z), ãáâ ­®¢¨¢  ­ «¨â¨ç¥áª¨¥ á¢®©áâ¢  äã­ªæ¨© Y+(z) ¨ Y−(z). � áá¬®âà¨¬äã­ªæ¨î y+(x), § ¤ ¢ ¥¬ãî á®®â­®è¥­¨ï¬¨ (3). �¥ ¨§®¡à �¥­¨¥¬ ï¢«ï¥âáï
Y+(z) = 1√2π ∫ ∞0 y+(x)eizx dx. (4)�®�­® ¯®ª § âì, çâ® ¥á«¨ äã­ªæ¨ï y+(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
|y+(x)| < Mev−x ¯à¨ x→ ∞, (5)£¤¥ M | ­¥ª®â®à ï ¯®áâ®ï­­ ï, â® äã­ªæ¨ï Y+(z), ®¯à¥¤¥«¥­­ ï ä®à¬ã«®© (4),ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z = u+ iv ¢ ®¡« áâ¨Im z > v−, ¯à¨ç¥¬ ¢ íâ®© ®¡« áâ¨ Y+(z)→ 0 ¯à¨ |z|→∞. �®�­® â ª�¥ ¯®ª § âì,çâ® äã­ªæ¨¨ y+(x) ¨ Y+(z) á¢ï§ ­ë á«¥¤ãîé¨¬ á®®â­®è¥­¨¥¬:

y+(x) = 1√2π ∫ ∞+iv
−∞+iv Y+(z)e−izx dz, (6)£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® «î¡®© ¯àï¬®© Im z = v > v−, ¯ à ««¥«ì­®©¤¥©áâ¢¨â¥«ì­®© ®á¨ ­  ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z.Ǒà¨ v−<0 (â. ¥. ¤«ï ã¡ë¢ îé¨å ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨© y(x)) ®¡« áâì  ­ -«¨â¨ç­®áâ¨ äã­ªæ¨¨ Y+(z) á®¤¥à�¨â ¤¥©áâ¢¨â¥«ì­ãî ®áì ¨ ¢ ä®à¬ã«¥ (6) ¬®�­®¯à®¢®¤¨âì ¨­â¥£à¨à®¢ ­¨¥ ¢¤®«ì ¤¥©áâ¢¨â¥«ì­®© ®á¨. �á«¨ v− > 0 (â. ¥. äã­ª-æ¨ï y+(x) à áâ¥â ­  ¡¥áª®­¥ç­®áâ¨, ­® ­¥ ¡ëáâà¥¥, ç¥¬ íªá¯®­¥­â  á «¨­¥©­ë¬¯®ª § â¥«¥¬), â® ®¡« áâì  ­ «¨â¨ç­®áâ¨ äã­ªæ¨¨ Y+(z) «¥�¨â ­ ¤ ¤¥©áâ¢¨â¥«ì-­®© ®áìî ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z (¯à¨ íâ®¬ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ¨­â¥£à « (4)¬®�¥â à áå®¤¨âìáï). �­ «®£¨ç­®, ¥á«¨ äã­ªæ¨ï y−(x) ¨§ á®®â­®è¥­¨© (3), ã¤®-¢«¥â¢®àï¥â ãá«®¢¨î

|y−(x)| < Mev+x ¯à¨ x→ −∞, (7)â® ¥¥ ¨§®¡à �¥­¨¥, äã­ªæ¨ï
Y−(z) = 1√2π ∫ 0

−∞

y−(x)eizx dx, (8)ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z ¨ ¢ ®¡« áâ¨Im z < v+. �ã­ªæ¨ï y−(x) ¢ëà � ¥âáï ç¥à¥§ äã­ªæ¨î Y−(z) á ¯®¬®éìî á®®â­®-è¥­¨ï
y−(x) = 1√2π ∫ ∞+iv

−∞+iv Y−(z)e−izx dz, Im z = v < v+. (9)* �¢¥¤¥­­ë¥ ¢ íâ®¬ à §¤¥«¥ äã­ªæ¨¨ y±(x) ¨ Y±(x) ­¥ á«¥¤ã¥â ¯ãâ âì á äã­ªæ¨ï¬¨
y±(x) ¨ Y±(x), ¢¢¥¤¥­­ë¬¨ ¢ ¯. 4.4-2 ¨ ¨á¯®«ì§®¢ ¢è¨¬¨áï ¯à¨ à¥è¥­¨¨ ªà ¥¢®© § ¤ ç¨�¨¬ ­  ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨.
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5.10. �¥â®¤ �¨­¥à {�®¯ä  151�á«¨ v+ > 0, â® ®¡« áâì  ­ «¨â¨ç­®áâ¨ äã­ªæ¨¨ Y−(z) á®¤¥à�¨â ¤¥©áâ¢¨-â¥«ì­ãî ®áì.�ç¥¢¨¤­®, ¯à¨ v− < v+ äã­ªæ¨ï Y(z), ®¯à¥¤¥«¥­­ ï ¯® ä®à¬ã«¥ (1), ï¢«ï¥âáï ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z ¢ ¯®«®á¥ v− < Im z < v+.Ǒà¨ íâ®¬ äã­ªæ¨¨ y(x) ¨ Y(z) á¢ï§ ­ë ®¡à â­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥:
y(x) = 1√2π ∫ ∞+iv

−∞+iv Y(z)e−izx dz, (10)£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® «î¡®© ¯àï¬®©, ¯ à ««¥«ì­®© ¤¥©áâ¢¨â¥«ì­®©®á¨ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z, «¥� é¥© ¢ ¯®«®á¥ v− < Im z < v+. � ç áâ­®áâ¨,¯à¨ v− < 0 ¨ v+ > 0 äã­ªæ¨ï Y(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ¯®«®á¥, á®¤¥à� é¥©¤¥©áâ¢¨â¥«ì­ãî ®áì ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z.Ǒà¨¬¥à 1. �ã­ªæ¨ï K(x) = e−α|x| ¯à¨ α > 0 ®¡« ¤ ¥â ¨§®¡à �¥­¨¥¬
K(z) = 1√2π 2α

α2 + z2 ,ï¢«ïîé¨¬áï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z ¢ ¯®«®á¥ −α< Im z < α,á®¤¥à� é¥© ¤¥©áâ¢¨â¥«ì­ãî ®áì.5.10-2. �¤­®à®¤­®¥ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ � áá¬®âà¨¬ ®¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ ¢ ä®à¬¥
y(x) = ∫ ∞0 K(x− t)y(t) dt, (11)£¤¥ äã­ªæ¨ï K(x) § ¤ ­  ­  ¢á¥© ¤¥©áâ¢¨â¥«ì­®© ®á¨. �¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï,®ç¥¢¨¤­®, ­ å®¤¨âáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®�¨â¥«ï. �­ ¬®�¥â ¡ëâì­ ©¤¥­ ¨§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© § ¤ ç¨, ­ ¯à¨¬¥à ãá«®¢¨© ­®à¬¨à®¢ª¨.�ã¤¥¬ áç¨â âì, çâ® ãà ¢­¥­¨¥ (11) ®¯à¥¤¥«ï¥â äã­ªæ¨î y(x) ¤«ï ¢á¥å §­ ç¥­¨©¯¥à¥¬¥­­®© x, ª ª ¯®«®�¨â¥«ì­ëå, â ª ¨ ®âà¨æ â¥«ì­ëå. �¢¥¤¥¬ äã­ªæ¨¨ y−(x)¨ y+(x) ¯® ä®à¬ã« ¬ (3). �ç¥¢¨¤­®, y(x)=y+(x)+y−(x), ¨ ãà ¢­¥­¨¥ (11) ¬®�­®¯¥à¥¯¨á âì ¢ ¢¨¤¥

y+(x) = ∫ ∞0 K(x− t)y+(t) dt, x > 0 (12)
y−(x) = ∫ ∞0 K(x− t)y+(t) dt, x < 0. (13)�® ¥áâì äã­ªæ¨ï y+(x) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (12),  äã­ªæ¨ï y−(x) ¢ëà � ¥âáï ç¥à¥§ äã­ªæ¨¨ y+(x) ¨ K(x) á ¯®¬®éìî ä®à¬ã-«ë (13). Ǒà¨ íâ®¬ ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥
y+(x) + y−(x) = ∫ ∞

−∞

K(x− t)y+(t) dt, (14)íª¢¨¢ «¥­â­®¥ ¨áå®¤­®¬ã ãà ¢­¥­¨î (11).Ǒãáâì äã­ªæ¨ï K(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
|K(x)| < Mev−x ¯à¨ x→ ∞,

|K(x)| < Mev+x ¯à¨ x→ −∞,
(15)£¤¥ v− < 0, v+ > 0. �®£¤  äã­ªæ¨ï

K(z) = 1√2π ∫ ∞

−∞

K(x)eizx dx, (16)
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152 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ¯®«®á¥ v− < Im z < v+.�ã¤¥¬ ¨áª âì à¥è¥­¨¥ ãà ¢­¥­¨ï (11), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

|y+(x)| < M1eµx ¯à¨ x→ ∞, (17)£¤¥ µ < v+ (â ª®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â). Ǒà¨ íâ®¬ ¨­â¥£à «ë ¢ ¯à ¢ëå ç áâïåá®®â­®è¥­¨© (12) ¨ (13), ª ª ¬®�­® ¯à®¢¥à¨âì, ï¢«ïîâáï áå®¤ïé¨¬¨áï, ¯à¨ç¥¬¤«ï äã­ªæ¨¨ y−(x) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
|y−(x)| < M2ev+x ¯à¨ x→ −∞. (18)�§ ãá«®¢¨© (17) ¨ (18) á«¥¤ã¥â, çâ® ¨§®¡à �¥­¨ï Y+(z) ¨ Y−(z) äã­ªæ¨©

y+(x) ¨ y−(x) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z¯à¨ Im z > µ ¨ Im z < v+ á®®â¢¥âáâ¢¥­­®.Ǒ¥à¥©¤¥¬ ª à¥è¥­¨î ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (11) ¨«¨ íª¢¨¢ «¥­â­®£® ¥¬ããà ¢­¥­¨ï (14), ¤«ï ç¥£® ¢®á¯®«ì§ã¥¬áï ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥. � ¯®¬®éìîâ¥®à¥¬ë ® á¢¥àâª¥ (á¬. ¯. 1.4-4) ­  ®á­®¢ ­¨¨ (14) ¯®«ãç¨¬
Y+(z) + Y−(z) = √2πK(z)Y+(z),¨«¨

W(z)Y+(z) + Y−(z) = 0, (19)£¤¥
W(z) = 1 −√2πK(z) 6= 0. (20)�â ª, á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ã¤ «®áì ¯¥à¥©â¨ ®â ¨áå®¤­®£® ¨­-â¥£à «ì­®£® ãà ¢­¥­¨ï ª  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î ¤«ï ¨§®¡à �¥­¨©. �¤­ ª®â¥¯¥àì ¢ ãà ¢­¥­¨¥ (19) ¢å®¤ïâ ã�¥ ¤¢¥ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨. �®®¡é¥ £®¢®àï, ¨§®¤­®£®  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï ­¥«ì§ï ®¤­®§­ ç­® ®¯à¥¤¥«¨âì ¤¢¥ ­¥¨§¢¥áâ­ë¥äã­ªæ¨¨. �¥â®¤ �¨­¥à {�®¯ä  ¯®§¢®«ï¥â à¥è¨âì íâã § ¤ çã ¤«ï ®¯à¥¤¥«¥­­®£®ª« áá  äã­ªæ¨©. �­ ¢ ¯¥à¢ãî ®ç¥à¥¤ì á¢ï§ ­ á ¨§ãç¥­¨¥¬ ®¡« áâ¥©  ­ «¨â¨ç­®áâ¨¢å®¤ïé¨å ¢ ãà ¢­¥­¨¥ äã­ªæ¨© ¨ á¯¥æ¨ «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.�á­®¢­ ï ¨¤¥ï ¬¥â®¤  �¨­¥à {�®¯ä  § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.Ǒãáâì ãà ¢­¥­¨¥ (19) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

W+(z)Y+(z) = −W−(z)Y−(z), (21)£¤¥ «¥¢ ï ç áâì ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ Im z > µ,  ¯à ¢ ï |  ­ «¨â¨ç¥áª®© ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨ Im z < v+, ¯à¨ç¥¬ µ < v+,â ª çâ® áãé¥áâ¢ã¥â ®¡é ï ¯®«®á   ­ «¨â¨ç­®áâ¨ íâ¨å äã­ªæ¨© µ < Im z < v+.�®£¤  ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨  ­ «¨â¨ç¥áª®£® ¯à®¤®«�¥­¨ï ¬®�­® ãâ¢¥à�¤ âì, çâ®áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï æ¥« ï äã­ªæ¨ï ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®©, á®¢¯ ¤ îé ïá «¥¢®© ç áâìî (21) ¢ ¢¥àå­¥© ¨ ¯à ¢®© ç áâìî (21) ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨á®®â¢¥âáâ¢¥­­®. �á«¨ ¯à¨ íâ®¬ ¨§¢¥áâ­®, çâ® äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ (21), à áâãâ ­ ¡¥áª®­¥ç­®áâ¨ ­¥ ¡ëáâà¥¥, ç¥¬ ª®­¥ç­ ï áâ¥¯¥­ì z, â® ¢ á¨«ã ®¡®¡é¥­­®© â¥®à¥¬ë�¨ã¢¨««ï (á¬. ¯. 4.4-3) ¤ ­­ ï æ¥« ï äã­ªæ¨ï ¥áâì ¯®«¨­®¬. � ç áâ­®áâ¨, ¢ á«ãç ¥®£à ­¨ç¥­­®© ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨¨ ¯®«ãç¨¬
W+(z)Y+(z) = −W−(z)Y−(z) = 
onst . (22)�âáî¤  äã­ªæ¨¨ Y+(z) ¨ Y−(z) ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®.�â ª, ¯à¨¬¥­¨¬ ¤ ­­ãî áå¥¬ã ª à¥è¥­¨î ãà ¢­¥­¨ï (19). �§ ¯à®¢¥¤¥­­ëå¢ëè¥ à áá¬®âà¥­¨© á«¥¤ã¥â, çâ® ®¡« áâ¨  ­ «¨â¨ç­®áâ¨ äã­ªæ¨© Y+(z), Y−(z) ¨

W(z)=1−√2πK(z) á®®â¢¥âáâ¢¥­­® ¯à¥¤áâ ¢«ïîâ á®¡®© ¢¥àå­îî ¯®«ã¯«®áª®áâìIm z > µ, ­¨�­îî ¯®«ã¯«®áª®áâì Im z < v+ ¨ ¯®«®áã v− < Im z < v+. �¥¬ á ¬ë¬
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5.10. �¥â®¤ �¨­¥à {�®¯ä  153íâ® ãà ¢­¥­¨¥ á¯à ¢¥¤«¨¢® ¢ ¯®«®á¥* µ< Im z < v+, ï¢«ïîé¥©áï ®¡é¥© ®¡« áâìî ­ «¨â¨ç­®áâ¨ ¢á¥å ¢å®¤ïé¨å ¢ íâ® ãà ¢­¥­¨¥ äã­ªæ¨©. �«ï ¯à¥®¡à §®¢ ­¨ï ãà ¢-­¥­¨ï (19) ª ¢¨¤ã (21) ¯à¥¤¯®«®�¨¬, çâ® ¢®§¬®�­® à §«®�¥­¨¥ äã­ªæ¨¨ W(z):
W(z) = W+(z)

W−(z) , (23)£¤¥ äã­ªæ¨¨ W+(z) ¨W−(z) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ ¯à¨ Im z > µ ¨ Im z < v+á®®â¢¥âáâ¢¥­­®. �à®¬¥ â®£®, ¯à¥¤¯®«®�¨¬, çâ® ¢ ®¡« áâïå á¢®¥©  ­ «¨â¨ç­®áâ¨íâ¨ äã­ªæ¨¨ ­  ¡¥áª®­¥ç­®áâ¨ à áâãâ ­¥ ¡ëáâà¥¥, ç¥¬ zn, £¤¥ n | ­¥ª®â®à®¥¯®«®�¨â¥«ì­®¥ æ¥«®¥ ç¨á«®. Ǒà¥¤áâ ¢«¥­¨¥ (23)  ­ «¨â¨ç¥áª®© äã­ªæ¨¨ W(z)ç áâ® ­ §ë¢ îâ ¥¥ ä ªâ®à¨§ æ¨¥©.�â ª, ¢ à¥§ã«ìâ â¥ ä ªâ®à¨§ æ¨¨ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¢¥¤¥­® ª ¢¨¤ã (21).�§ ¯à¥¤ë¤ãé¨å à áá¬®âà¥­¨© á«¥¤ã¥â, çâ® ®­® ®¯à¥¤¥«ï¥â ­¥ª®â®àãî æ¥«ãîäã­ªæ¨î ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z.� ª ª ª Y±(z) → 0 ¯à¨ |z| → ∞,   W±(z) à áâãâ ­  ¡¥áª®­¥ç­®áâ¨, ª ª zn,â® ¤ ­­ ï æ¥« ï äã­ªæ¨ï ¬®�¥â ¡ëâì «¨èì ¯®«¨­®¬®¬ Pn−1(z) áâ¥¯¥­¨ ­¥¢ëè¥ n− 1.�á«¨ äã­ªæ¨¨ W±(z) à áâãâ ­  ¡¥áª®­¥ç­®áâ¨, «¨èì ª ª ¯¥à¢ ï áâ¥¯¥­ì¯¥à¥¬¥­­®© z, â® ¨§ á®®â­®è¥­¨© (22) ¢ á¨«ã â¥®à¥¬ë �¨ã¢¨««ï á«¥¤ã¥â, çâ®á®®â¢¥âáâ¢ãîé ï æ¥« ï äã­ªæ¨ï ¥áâì ¯®áâ®ï­­ ï C. �®£¤  ¤«ï ­¥¨§¢¥áâ­ëå Y+(z)¨ Y−(z) ¯®«ãç¨¬ ¢ëà �¥­¨ï
Y+(z) = C

W+(z) , Y−(z) = − C

W−(z) , (24)®¯à¥¤¥«ïîé¨¥ ¨§®¡à �¥­¨ï ¨áª®¬®£® à¥è¥­¨ï á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®-�¨â¥«ï, ª®â®àë© ¬®�¥â ¡ëâì ­ ©¤¥­ å®âï ¡ë ¨§ ãá«®¢¨© ­®à¬¨à®¢ª¨. � ®¡é¥¬á«ãç ¥ ¢ëà �¥­¨ï
Y+(z) = Pn−1(z)

W+(z) , Y−(z) = − Pn−1(z)
W−(z) , (25)®¯à¥¤¥«ïîâ ¨§®¡à �¥­¨ï ¨áª®¬®£® à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (11) á â®ç-­®áâìî ¤® ­¥®¯à¥¤¥«¥­­ëå ¯®áâ®ï­­ëå, ª®â®àë¥ ¬®�­® ­ ©â¨ ¨§ ¤®¯®«­¨â¥«ì­ëåãá«®¢¨© § ¤ ç¨. � ¬® à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ®¡à â­®£® ¯à¥®¡à §®¢ -­¨ï �ãàì¥ (6), (9) ¨ (10).Ǒà¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥

y(x) = λ

∫ ∞0 e−|x−t|y(t) dt, 0 < λ <∞, (26)ï¤à® ª®â®à®£® ¨¬¥¥â ¢¨¤ K(x) = λe−|x|.� ©¤¥¬ ¨§®¡à �¥­¨¥ äã­ªæ¨¨ K(x):
K(z) = λ√2π ∫ ∞

−∞
K(x)eizx dx = √ 2

π

λ

z2 + 1 . (27)�ã­ªæ¨ï K(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z ¢ ¯®«®á¥
−1 < Im z < 1. Ǒà¥¤áâ ¢¨¬ ¢ëà �¥­¨¥

W(z) = 1−√2πK(z) = z2 − 2λ+ 1
z2 + 1 (28)* �«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®«®�¨¬ µ > v−. � ¯à®â¨¢­®¬ á«ãç ¥ ®¡é¥© ®¡« áâìî  ­ «¨-â¨ç­®áâ¨ ¡ã¤¥â ¯®«®á  v− < Im z < v+.
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154 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)¢ ¢¨¤¥ (23), £¤¥

W+(z) = z2 − 2λ+ 1
z + i

, W−(z) = z − i. (29)�ã­ªæ¨ï W+(z) ¢ (29) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¨ ®â«¨ç­®© ®â ­ã«ï äã­ªæ¨¥© z ¢ ®¡« áâ¨Im z > Im√2λ − 1. Ǒà¨ 0 < λ < 12 íâ  ®¡« áâì ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ Im z >
√1− 2λ,¯à¨ç¥¬ √1− 2λ6µ < 1. Ǒà¨ λ > 12 äã­ªæ¨ïW+(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¨ ®â«¨ç­®©®â ­ã«ï ¢ ®¡« áâ¨ Im z > 0. �ã­ªæ¨ï W−(z), ®ç¥¢¨¤­®, ¯à¥¤áâ ¢«ï¥â á®¡®© ®â«¨ç­ãî ®â­ã«ï  ­ «¨â¨ç¥áªãî äã­ªæ¨î ¢ ®¡« áâ¨ Im z < 1. Ǒ®íâ®¬ã ¯à¨ 0 < λ < 12 ®¡¥ äã­ªæ¨¨ã¤®¢«¥â¢®àïîâ âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬ ¢ ¯®«®á¥ µ < Im z < 1.Ǒà¨ λ> 12 ®¡é¥© ®¡« áâìî  ­ «¨â¨ç­®áâ¨ äã­ªæ¨©W+(z) ¨W−(z) ï¢«ï¥âáï ¯®«®á 0 < Im z < 1. � ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬ ï ä ªâ®à¨§ æ¨ï äã­ªæ¨¨ (28) ¯à®¨§¢¥¤¥­ .� áá¬®âà¨¬ ¢ëà �¥­¨ï Y±(z)W±(z). � ª ª ª Y±(z) → 0 ¯à¨ |z| → ∞,   W±(z),á®£« á­® (29), à áâãâ ­  ¡¥áª®­¥ç­®áâ¨, ª ª ¯¥à¢ ï áâ¥¯¥­ì z, â® æ¥« ï äã­ªæ¨ï Pn−1(z),á®¢¯ ¤ îé ï á Y+(z)W+(z) ¯à¨ Im z > µ ¨ á Y−(z)W−(z) ¯à¨ Im z < 1, ¬®�¥â ¡ëâì«¨èì ¯®«¨­®¬®¬ ­ã«¥¢®© áâ¥¯¥­¨. Ǒ®íâ®¬ã

Y+(z)W+(z) = C. (30)�âáî¤ 
Y+(z) = C

z + i

z2 − 2λ+ 1 (31)¨, á®£« á­® (6),
y+(x) = C√2π ∫ ∞+iv

−∞+iv z + i

z2 − 2λ+ 1 e−izx dz, (32)£¤¥ µ < v < 1.� ¬ª­ã¢ ª®­âãà ¨­â¥£à¨à®¢ ­¨ï ¯à¨ x > 0 ¤ã£®© ¯®«ã®ªàã�­®áâ¨ ¢ ­¨�­¥© ¯®«ã¯«®á-ª®áâ¨ ¨ ®æ¥­¨¢ ¨­â¥£à « ¯® íâ®© ¤ã£¥ á ¯®¬®éìî «¥¬¬ë �®à¤ ­  (á¬. ¯¯. 1.1-4 ¨ 1.1-5),¯®á«¥ àï¤  ¢ëç¨á«¥­¨© ¯®«ãç¨¬
y+(x) = C

[
os(√2λ− 1 x) + sin(√2λ− 1 x)√2λ− 1 ]
, (33)£¤¥ C|¯®áâ®ï­­ ï. Ǒà¨ 0 < λ < 12 íâ® à¥è¥­¨¥ íªá¯®­¥­æ¨ «ì­® ¢®§à áâ ¥â á à®áâ®¬ x,¯à¨ 12 < λ <∞|®£à ­¨ç¥­® ­  ¡¥áª®­¥ç­®áâ¨.5.10-3. �¡é ï áå¥¬  ¬¥â®¤ . Ǒà®¡«¥¬  ä ªâ®à¨§ æ¨¨� ®¡é¥¬ á«ãç ¥ § ¤ ç , à¥è ¥¬ ï ¬¥â®¤®¬ �¨­¥à {�®¯ä , á¢®¤¨âáï ª á«¥¤ã-îé¥©. �à¥¡ã¥âáï ®¯à¥¤¥«¨âì äã­ªæ¨¨ Y+(z) ¨ Y−(z) ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z, ­ «¨â¨ç¥áª¨¥ á®®â¢¥âáâ¢¥­­® ¢ ¯®«ã¯«®áª®áâïå Im z > v− ¨ Im z < v+ (v− <v+),áâà¥¬ïé¨¥áï ª ­ã«î ¯à¨ |z| →∞ ¢ á¢®¨å ®¡« áâïå  ­ «¨â¨ç­®áâ¨ ¨ ã¤®¢«¥â¢®àï-îé¨¥ ¢ ¯®«®á¥ (v− < Im z < v+) äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î

A(z)Y+(z) +B(z)Y−(z) + C(z) = 0. (34)�¤¥áì A(z), B(z), C(z)| § ¤ ­­ë¥ äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z,  ­ «¨-â¨ç¥áª¨¥ ¢ ¯®«®á¥ v− < Im z < v+, ¯à¨ç¥¬ A(z) ¨ B(z), ®â«¨ç­ë ®â ­ã«ï ¢ íâ®©¯®«®á¥.�á­®¢­ ï ¨¤¥ï à¥è¥­¨ï íâ®© § ¤ ç¨ ®á­®¢ ­  ­  ¢®§¬®�­®áâ¨ ä ªâ®à¨§ æ¨¨¢ëà �¥­¨ï A(z)/B(z), â. ¥. ¢®§¬®�­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï ¥£® ¢ ¢¨¤¥
A(z)
B(z) = W+(z)

W−(z) , (35)£¤¥ äã­ªæ¨¨ W+(z) ¨ W−(z) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ ¨ ®â«¨ç­ë¬¨ ®â ­ã«ïá®®â¢¥âáâ¢¥­­® ¢ ¯®«ã¯«®áª®áâïå Im z > v′− ¨ Im z < v′+, ¯à¨ç¥¬ ¯®«®áë
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5.10. �¥â®¤ �¨­¥à {�®¯ä  155
v− < Im z < v+ ¨ v′− < Im z < v′+ ¨¬¥îâ ®¡éãî ç áâì. �®£¤  á ¯®¬®éìî (35)ãà ¢­¥­¨¥ (34) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

W+(z)Y+(z) +W−(z)Y−(z) +W−(z) C(z)
B(z) = 0. (36)�á«¨ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ (36) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

W−(z) C(z)
B(z) = D+(z) +D−(z), (37)£¤¥ äã­ªæ¨¨ D+(z) ¨ D−(z) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ ¢ ¯®«ã¯«®áª®áâïåIm z > v′′− ¨ Im z < v′′+ á®®â¢¥âáâ¢¥­­®, ¨ ¢á¥ âà¨ ¯®«®áë v− < Im z < v+,

v′− < Im z < v′+ ¨ v′′− < Im z < v′′+ ¨¬¥îâ ®¡éãî ç áâì|¯®«®áã v0− < Im z < v0+,â® ¢ íâ®© ¯®«®á¥ ¨¬¥¥â ¬¥áâ® äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥
W+(z)Y+(z) +D+(z) = −W−(z)Y−(z)−D−(z). (38)�¥¢ ï ç áâì (38) ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨î,  ­ «¨â¨ç¥áªãî ¢ ¯®«ã¯«®áª®áâ¨

v0− < Im z, ¯à ¢ ï|äã­ªæ¨î,  ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ Im z < v0+. �§ à ¢¥­áâ¢ íâ¨å äã­ªæ¨© ¢ ¯®«®á¥ v0− < Im z < v0+ á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ïæ¥« ï äã­ªæ¨ï, á®¢¯ ¤ îé ï á®®â¢¥âáâ¢¥­­® á «¥¢®© ¨ ¯à ¢®© ç áâï¬¨ (38) ¢®¡« áâïå ¨å  ­ «¨â¨ç­®áâ¨. �á«¨ ¢á¥ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ¯à ¢ë¥ ç áâ¨ (35)¨ (37), à áâãâ ­  ¡¥áª®­¥ç­®áâ¨ ¢ á¢®¨å ®¡« áâïå  ­ «¨â¨ç­®áâ¨ ­¥ ¡ëáâà¥¥,ç¥¬ zn, â® ¨§ ãá«®¢¨ï Y±(z) → 0 ¯à¨ |z| → ∞ á«¥¤ã¥â, çâ® íâ  æ¥« ï äã­ªæ¨ïï¢«ï¥âáï ¯®«¨­®¬®¬ Pn−1(z) áâ¥¯¥­¨ ­¥ ¢ëè¥ n− 1. �¥¬ á ¬ë¬ à ¢¥­áâ¢ 
Y+(z) = Pn−1(z)−D+(z)

W+(z) , Y−(z) = −Pn−1(z)−D−(z)
W−(z) (39)®¯à¥¤¥«ïîâ ¨áª®¬ë¥ äã­ªæ¨¨ á â®ç­®áâìî ¤® ¯®áâ®ï­­ëå. Ǒ®á«¥¤­¨¥ ¬®£ãâ ¡ëâì­ ©¤¥­ë ¨§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© § ¤ ç¨.Ǒà¨¬¥­¥­¨¥ ¬¥â®¤  �¨­¥à {�®¯ä  ®á­®¢ ­® ­  ¯à¥¤áâ ¢«¥­¨ïå (35) ¨ (37).�á«¨ äã­ªæ¨ï G(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ¯®«®á¥ v− < Im z < v+, ¯à¨ç¥¬ ¢íâ®© ¯®«®á¥ G(z) à ¢­®¬¥à­® áâà¥¬¨âáï ª ­ã«î ¯à¨ |z| → ∞, â® ¢ ¤ ­­®© ¯®«®á¥¢®§¬®�­® ¯à¥¤áâ ¢«¥­¨¥

G(z) = G+(z) + G−(z), (40)£¤¥ äã­ªæ¨ï G+(z) |  ­ «¨â¨ç¥áª ï ¢ ¯®«ã¯«®áª®áâ¨ Im z > v−,   äã­ª-æ¨ï G−(z)|¢ ¯®«ã¯«®áª®áâ¨ Im z < v+, ¯à¨ç¥¬
G+(z) = 12πi ∫ ∞+iv′

−

−∞+iv′
−

G(τ)
τ − z

dτ, v− < v′− < Im z < v+, (41)
G−(z) = − 12πi ∫ ∞+iv′+

−∞+iv′+ G(τ)
τ − z

dτ, v− < Im z < v′+ < v+. (42)�­â¥£à «ë (41) ¨ (42), ª ª ¨­â¥£à «ë, § ¢¨áïé¨¥ ®â ¯ à ¬¥âà , ®¯à¥¤¥«ïîâ ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z ¯à¨ ãá«®¢¨¨, çâ® â®çª  z ­¥«¥�¨â ­  ª®­âãà¥ ¨­â¥£à¨à®¢ ­¨ï.� ç áâ­®áâ¨, G+(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ¯®«ã¯«®áª®áâ¨Im z > v′−,   G−(z)|¢ ¯®«ã¯«®áª®áâ¨ Im z > v′+.�à®¬¥ â®£®, ¥á«¨ äã­ªæ¨ï H(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¨ ®â«¨ç­®© ®â ­ã«ï¢ ¯®«®á¥ v− < Im z < v+, ¯à¨ç¥¬ H(z) à ¢­®¬¥à­® ¢ íâ®© ¯®«®á¥ áâà¥¬¨âáï ª¥¤¨­¨æ¥ ¯à¨ |z| → ∞, â® ¢ ¤ ­­®© ¯®«®á¥ ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥
H(z) = H+(z)H−(z), (43)
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156 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)

H+(z) = exp[ 12πi ∫ ∞+iv′
−

−∞+iv′
−

lnH(τ)
τ − z

dτ

]
, v− < v′− < Im z < v+, (44)

H−(z) = exp[
− 12πi ∫ ∞+iv′+

−∞+iv′+ lnH(τ)
τ − z

dτ

]
, v− < Im z < v′+ < v+, (45)£¤¥ äã­ªæ¨¨ H+(z) ¨ H−(z) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ ¨ ®â«¨ç­ë¬¨ ®â ­ã«ïá®®â¢¥âáâ¢¥­­® ¢ ¯®«ã¯«®áª®áâïå Im z > v− ¨ Im z < v+. Ǒà¥¤áâ ¢«¥­¨¥ (43)­ §ë¢ ¥âáï ä ªâ®à¨§ æ¨¥© äã­ªæ¨¨ H(z).5.10-4. �¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ � áá¬®âà¨¬ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ 

y(x)− ∫ ∞0 K(x− t)y(t)dt = f(x). (46)�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ï¤à® ãà ¢­¥­¨ï K(x) ¨ ¥£® ¯à ¢ ï ç áâì f(x) ã¤®¢«¥â¢®-àïîâ ãá«®¢¨ï¬ (15), ¨ ¡ã¤¥¬ ¨áª âì à¥è¥­¨¥ y+(x) ãà ¢­¥­¨ï (46), ¤«ï ª®â®à®£®¢ë¯®«­ï¥âáï ãá«®¢¨¥ (17).�®£¤ , ¯à®¢®¤ï à ááã�¤¥­¨ï,  ­ «®£¨ç­ë¥ à ááã�¤¥­¨ï¬ ¯à¨ ¢ë¢®¤¥ äã­ªæ¨-®­ «ì­®£® ãà ¢­¥­¨ï (19) ¤«ï ®¤­®à®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, ¯®«ãç ¥¬,çâ® ¢ á«ãç ¥ ãà ¢­¥­¨ï (46) ¢ ¯®«®á¥ µ < Im z < v+ ¤®«�­® ã¤®¢«¥â¢®àïâìáïäã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥
Y+(z) + Y−(z) = √2πK(z)Y+(z) +F+(z) + F−(z) (47)¨«¨

W(z)Y+(z) + Y−(z)− F(z) = 0, (48)£¤¥ W(z), ª ª ¨ ¢ á«ãç ¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¯®¤ç¨­¥­  ãá«®¢¨î (20).� ¬¥â¨¬ â¥¯¥àì, çâ® ãà ¢­¥­¨¥ (48) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (34).�ã­ªæ¨ï W(z) ¢ ¯®«®á¥ v− < Im z < v+ ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¨ à ¢­®¬¥à­®áâà¥¬¨âáï ª ¥¤¨­¨æ¥ ¯à¨ |z|→∞, â ª ª ª |K(z)|→ 0 ¯à¨ |z|→∞. �®£¤  ¥¥ ¬®�­®¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (á¬. (43){(45))
W(z) = W+(z)

W−(z) , (49)£¤¥W+(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ Im z > v−,  W−(z)| ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨ Im z < v+, ¯à¨ç¥¬ äã­ªæ¨¨ W±(z) à áâãâ­  ¡¥áª®­¥ç­®áâ¨ ­¥ ¡ëáâà¥¥, ç¥¬ zn.�  ®á­®¢ ­¨¨ ¯à¥¤áâ ¢«¥­¨ï (49) ãà ¢­¥­¨¥ (48) ¯à¨­¨¬ ¥â ¢¨¤
W+(z)Y+(z) +W−(z)Y−(z)−W−(z)F−(z)−W−(z)F+(z) = 0. (50)�«ï ¯à¨¢¥¤¥­¨ï ãà ¢­¥­¨ï (50) ª ¢¨¤ã (38) ¤®áâ â®ç­® à §«®�¨âì ¯®á«¥¤­¥¥á« £ ¥¬®¥:

F+(z)W−(z) = D+(z) +D−(z), (51)­  áã¬¬ã äã­ªæ¨©D+(z) ¨D−(z), ï¢«ïîé¨åáï  ­ «¨â¨ç¥áª¨¬¨ ¢ ¯®«ã¯«®áª®áâïåIm z > µ ¨ Im z < v+ á®®â¢¥âáâ¢¥­­®.�«ï ®¡®á­®¢ ­¨ï ¢®§¬®�­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï (51) § ¬¥â¨¬, çâ® F+(z) ï¢«ï-¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ Im z > v− ¨ à ¢­®¬¥à­®áâà¥¬¨âáï ª ­ã«î ¯à¨ |z|→∞. �ã­ªæ¨ïW−(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ­¨�­¥©¯®«ã¯«®áª®áâ¨ Im z < v+, ¨ ¯® á¯®á®¡ã ¥¥ ¯®áâà®¥­¨ï ¬®�­® â ª ¯à®¢¥áâ¨ ä ª-â®à¨§ æ¨î (49), çâ®¡ë W−(z) ®áâ ¢ « áì ®£à ­¨ç¥­­®© ¢ ¯®«®á¥ v− < Im z < v+
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5.11. �¥â®¤ �à¥©­  ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä  157¯à¨ |z| → ∞. �âáî¤  á«¥¤ã¥â (á¬. (40){(42)), çâ® ¤«ï äã­ªæ¨¨ F+(z)W−(z) ¢¯®«®á¥ v− < Im z < v+ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï, ¤®áâ â®ç­ë¥ ¤«ï ®¡®á­®¢ ­¨ï¯à¥¤áâ ¢«¥­¨ï (51).Ǒà®¢¥¤¥­­ë¥ à ááã�¤¥­¨ï ¯®§¢®«ïîâ 
 ãç¥â®¬ â®£®, çâ® äã­ªæ¨¨ W±(z)à áâãâ ­  ¡¥áª®­¥ç­®áâ¨ ­¥ ¡ëáâà¥¥, ç¥¬ zn, ¯à¥¤áâ ¢¨âì ¨§®¡à �¥­¨ï à¥è¥­¨ï­¥®¤­®à®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (46) ¢ ¢¨¤¥
Y+(z) = Pn−1(z) +D+(z)

W+(z) , Y−(z) = −Pn−1(z) +W−(z)F−(z) +D−(z)
W−(z) . (52)� ¬® à¥è¥­¨¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® ¨§ (52) á ¯®¬®éìî ä®à¬ã« ®¡à â­®£®¯à¥®¡à §®¢ ­¨ï �ãàì¥ (6), (9) ¨ (10).5.10-5. �áª«îç¨â¥«ì­ë© á«ãç © ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤ � áá¬®âà¨¬ ¨áª«îç¨â¥«ì­ë© á«ãç © ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤ ,ª®£¤  äã­ªæ¨ï W(z) = 1−√2πK(z) ¨¬¥¥â ª®­¥ç­®¥ ç¨á«® ­ã«¥© N (á ãç¥â®¬ ¨åªà â­®áâ¨) ¢ ¯®«®á¥ v− < Im z < v+. �®§¬®�­®áâì ä ªâ®à¨§ æ¨¨ á®åà ­ï¥âáï ¨ ¢íâ®¬ á«ãç ¥. �«ï íâ®£® ¤®áâ â®ç­® ¢¢¥áâ¨ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

W1(z) = ln[(z2 + b2)N/2W(z)∏

i

(z − zi)−αi

]
, (53)£¤¥ αi|ªà â­®áâì ­ã«¥© zi,   ¯®áâ®ï­­ ï b > {|v−|, |v+|} ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï,çâ®¡ë äã­ªæ¨ï, áâ®ïé ï ¯®¤ §­ ª®¬ «®£ à¨ä¬ , ­¥ ¨¬¥«  ¤®¯®«­¨â¥«ì­ëå ­ã«¥©¢ ¯®«®á¥ v− < Im z < v+.�¤­ ª® ¢ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥ ¬¥â®¤ �¨­¥à {�®¯ä  ¯à¨¢®¤¨â ª à¥§ã«ìâ -âã â®«ìª® â®£¤ , ª®£¤  ç¨á«® ­ã«¥© äã­ªæ¨¨ W(z) ç¥â­®. �â® á¢ï§ ­® á â¥¬, çâ®â®«ìª® ¢ á«ãç ¥ ç¥â­®£® ç¨á«  ­ã«¥© ¬®�­® ¤®¡¨âìáï ­¥®¡å®¤¨¬®£® ¤«ï ¯à¨¬¥-­¥­¨ï ¬¥â®¤  �¨­¥à {�®¯ä  ¯®¢¥¤¥­¨ï äã­ªæ¨¨ (z2 + b2)N/2 ­  ¡¥áª®­¥ç­®áâ¨(á¬. �. �. � å®¢, �. �. �¥àáª¨© (1978), áâà. 144{146). Ǒ®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢® ­¥¬¥è ¥â è¨à®ª®¬ã ¨á¯®«ì§®¢ ­¨î ¬¥â®¤  �¨­¥à {�®¯ä  ¤«ï à¥è¥­¨ï ¯à¨ª« ¤­ëå§ ¤ ç, £¤¥ ®¡ëç­® ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x) ï¢«ï¥âáï ç¥â­®© äã­ªæ¨¥©,¨ ¯®íâ®¬ã ¢á¥ ¯à®¢®¤¨¬ë¥ à ááã�¤¥­¨ï ¡¥§ã¯à¥ç­ë.� ¬¥ç ­¨¥ 1. �à ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤  ¤«ï äã­ªæ¨©, ã¡ë¢ -îé¨å ­  ¡¥áª®­¥ç­®áâ¨, ¯à¨¢®¤¨âáï ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ­  ¤¥©áâ¢¨â¥«ì­®©®á¨ (á¬. ¯. 5.9-1). �®£¤  ¯à¥¤¯®«®�¥­¨ï ® ç¥â­®áâ¨ ç¨á«  ­ã«¥© äã­ªæ¨¨ W(z)¨«¨ ç¥â­®áâ¨ ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x) ¢ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥ ­¥áã-é¥áâ¢¥­­ë.� ¬¥ç ­¨¥ 2. Ǒ®«­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤  ¤«ïäã­ªæ¨© à áâãé¨å ­  ¡¥áª®­¥ç­®áâ¨ ¯à¨¢¥¤¥­® ¢ ã¯®¬ï­ãâ®© ª­¨£¥ �. �. � å®¢ ,�. �. �¥àáª®£® (1978).� ¬¥ç ­¨¥ 3. �¥â®¤ �¨­¥à {�®¯ä  ¬®�­® ¨á¯®«ì§®¢ âì ¨ ¤«ï à¥è¥­¨ï¨­â¥£à «ì­ëå ãà ¢­¥­¨© �¨­¥à {�®¯ä  ¯¥à¢®£® à®¤  ¯à¨ ãá«®¢¨¨ ç¥â­®áâ¨ ï¤¥àíâ¨å ãà ¢­¥­¨©.

©• �¨â¥à âãà : �. �®¡« (1962), �. �. �¢¥è­¨ª®¢, �. �. �¨å®­®¢ (1970), �. �. �¬¨à­®¢(1974), �. �. � å®¢ (1977), �. �. � å®¢, �. �. �¥àáª¨© (1978).
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158 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.11. �¥â®¤ �à¥©­  ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä 5.11-1. �¥ª®â®àë¥ § ¬¥ç ­¨ï. Ǒà®¡«¥¬  ä ªâ®à¨§ æ¨¨� áá¬®âà¨¬ ãà ¢­¥­¨¥ �¨­¥à {�®¯ä  ¢â®à®£® à®¤ 

y(x)− ∫ ∞0 K(x− t)y(t)dt = f(x), 0 6 x <∞, (1)£¤¥ f(x), y(x)∈L1(0,∞) ¨K(x)∈L1(−∞,∞). �ã¤¥¬ ¨á¯®«ì§®¢ âì ª« ááë äã­ª-æ¨©, ¯à¥¤áâ ¢¨¬ëå ª ª ¨§®¡à �¥­¨ï ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ( «ìâ¥à­ â¨¢­®£® ¯à¥-®¡à §®¢ ­¨ï �ãàì¥ ¢ ­¥á¨¬¬¥âà¨ç­®© ä®à¬¥, á¬. ¯. 1.4-3) äã­ªæ¨© ¨§L1(−∞,∞),
L1(0,∞) ¨ L1(−∞, 0). �«ï ªà âª®áâ¨ ¢¬¥áâ® íâ¨å á¨¬¢®«®¢ ¡ã¤¥¬ ¯à®áâ® ¯¨á âì
L, L+ ¨ L−. Ǒãáâì äã­ªæ¨¨ h(x), h1(x), ¨ h2(x) ¯à¨­ ¤«¥� â á®®â¢¥âáâ¢¥­­® L,
L+ ¨ L−, â®£¤  ¨å ¨§®¡à �¥­¨ï ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥�H(u)=∫ ∞

−∞

h(x)eiux dx, �H1(u)=∫ ∞0 h1(x)eiux dx, �H2(u)=∫ 0
−∞

h2(x)eiux dx.�¥à¥§ Q, Q+ ¨ Q− ®¡®§­ ç¨¬ ª« ááë äã­ªæ¨©, ¯à¥¤áâ ¢¨¬ëå á®®â¢¥âáâ¢¥­­® ¢¢¨¤¥ �W(u) = 1 + �H(u), �W1(u) = 1 + �H1(u), �W2(u) = 1 + �H2(u), (2)£¤¥ äã­ªæ¨¨ ¨§Q+ ¨«¨ Q−, à áá¬ âà¨¢ ¥¬ë¥ ª ª äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­-­®© z = u + iv,  ­ «¨â¨ç­ë ¯à¨ Im z > 0 ¨«¨ Im z < 0 ¨ ­¥¯à¥àë¢­ë ¢¯«®âì ¤®¢¥é¥áâ¢¥­­®© ®á¨.Ǒãáâì T (x) ¯à¨­ ¤«¥�¨â L,   �T (u)|¥¥ ¨§®¡à �¥­¨¥, ¯à¨ç¥¬1− �T (u) 6=0, Ind[1− �T (u)℄ = 12π {arg[1− �T (u)℄}∞

−∞
=0, −∞<u<∞, (3)â®£¤  áãé¥áâ¢ã¥â â ª®¥ q(x) ∈ L, çâ®ln[1 − �T (u)℄ = ∫ ∞

−∞

q(x)eiux dx. (4)�§ íâ®© ä®à¬ã«ë ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® ln[1− �T (u)℄ → 0 ¯à¨ u→ ±∞.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ä ªâ®à¨§ æ¨î ­¥¯à¥àë¢­ëå ­  ¯à®¬¥�ãâ-ª¥−∞6u6∞äã­ªæ¨© �M(u) ª« áá Q. Ǒ®¤ íâ¨¬ ¡ã¤¥¬ ¯®­¨¬ âì ¯à¥¤áâ ¢«¥­¨¥äã­ªæ¨¨ �M(u) ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï�M(u) = �M+(u)( u− i

u+ i

)k �M−(u), (5)£¤¥ �M−(z) ¨ �M+(z)| ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ¢ á®®â¢¥âáâ¢ãîé¨å ¯®«ã¯«®áª®-áâïå Im z > 0 ¨ Im z < 0, ­¥¯à¥àë¢­ë¥ ¢¯«®âì ¤® ¢¥é¥áâ¢¥­­®© ®á¨. �à®¬¥ â®£®,�M+(z) 6= 0 ¯à¨ Im z > 0 ¨ �M−(z) 6= 0 ¯à¨ Im z 6 0. (6)�§ (5) ¬®�­® § ª«îç¨âì, çâ®
k = Ind �M(u).� ªâ®à¨§ æ¨ï (5) ­ §ë¢ ¥âáï ª ­®­¨ç¥áª®©, ¥á«¨ k = 0.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨èì äã­ªæ¨¨ ¢¨¤ �M(u) = 1− �T (u), (7)â ª¨¥ çâ® �M(±∞) = 1. �®�­® â ª�¥ áç¨â âì, çâ®�M+(±∞) = �M−(±∞) = 1. (8)
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5.11. �¥â®¤ �à¥©­  ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä  159�ä®à¬ã«¨àã¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë, ª á îé¨¥áï ¯à®¡«¥¬ë ä ªâ®à¨§ æ¨¨.�«ï â®£® çâ®¡ë äã­ªæ¨ï (7) ¤®¯ãáª «  ª ­®­¨ç¥áªãî ä ªâ®à¨§ æ¨î, ­¥®¡å®-¤¨¬® ¨ ¤®áâ â®ç­® ­ «¨ç¨ï ¤¢ãå ãá«®¢¨©:�M(u) 6= 0, Ind �M(u) = 0. (9)Ǒà¨ íâ®¬ ª ­®­¨ç¥áª ï ä ªâ®à¨§ æ¨ï ¥¤¨­áâ¢¥­­ . �à®¬¥ â®£®, ¯à¨ ¢ë¯®«­¥­¨¨ãá«®¢¨© (9) áãé¥áâ¢ã¥â äã­ªæ¨ï M(x) ¨§ L â ª ï, çâ®�M(u) = exp[∫ ∞

−∞

M(x)eiux dx]
, (10)�M+(u) = exp[∫ ∞0 M(x)eiux dx]

, �M−(u) = exp[∫ 0
−∞

M(x)eiux dx]
. (11)�âáî¤  á«¥¤ã¥â, çâ® �M(u) ∈ Q ¨ �M±(u) ∈ Q±. �­®�¨â¥«¨ ¢ ª ­®­¨ç¥áª®©ä ªâ®à¨§ æ¨¨ ®¯à¥¤¥«ïîâáï â ª�¥ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:ln �M+(z) = 12πi ∫ ∞

−∞

ln �M(τ)
τ − z

dτ, Im z > 0, (12)ln �M−(z) = − 12πi ∫ ∞

−∞

ln �M(τ)
τ − z

dτ, Im z < 0. (13)� ®¡é¥¬ á«ãç ¥ ä ªâ®à¨§ æ¨¨ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ¯à¥¤«®�¥­¨¥. �«ï â®£®çâ®¡ë äã­ªæ¨ï (7) ¤®¯ãáª «  ä ªâ®à¨§ æ¨î (5), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë¢ë¯®«­ï«®áì ãá«®¢¨¥ �M(u) 6= 0, −∞ < u <∞.� íâ®¬ á«ãç ¥ à ¢¥­áâ¢® (5) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
(
u− i

u+ i

)−k �M(u) = �M−(u) �M+(u), −∞ < u <∞.Ǒ®á«¥¤­¥¥ ®§­ ç ¥â ª ­®­¨ç¥áªãî ä ªâ®à¨§ æ¨î ¤«ï äã­ªæ¨¨�M1(u) = (
u− i

u+ i

)−k �M(u).�«¥¤®¢ â¥«ì­®, ¤«ï ¬­®�¨â¥«¥© �M±(u) á¯à ¢¥¤«¨¢ë ä®à¬ã«ë (10){(13), ¥á«¨ ¢­¨å § ¬¥­¨âì �M(u) ­  �M1(u).�¥à­¥¬áï â¥¯¥àì ª ãà ¢­¥­¨î (1), ¤«ï ª®â®à®£®�K(u) = ∫ ∞

−∞

K(x)eiux dx. (14)5.11-2. �¥è¥­¨¥ ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤ �¥®à¥¬  1. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¯à¨ «î¡®¬ f(x) ¨§ L+ ¨¬¥«®®¤­® ¨ â®«ìª® ®¤­® à¥è¥­¨¥ ¨§ L+, ­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë á«¥¤ãîé¨¥ãá«®¢¨ï: 1− �K(u) 6= 0, −∞ < u <∞, (15)
ν = − Ind[1 − �K(u)℄ = 0. (16)�¥®à¥¬  2. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (15), â® ­¥à ¢¥­áâ¢® ν > 0 ï¢«ï¥âáï­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ â®£®, çâ®¡ë ®¤­®à®¤­®¥ ãà ¢­¥­¨¥

y(x)− ∫ ∞0 K(x− t)y(t) dt = 0 (17)
�âà ­¨æ  159



160 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)¨¬¥«® ¢ L+ ®â«¨ç­ë¥ ®â ­ã«ï à¥è¥­¨ï. �­®�¥áâ¢® íâ¨å à¥è¥­¨© ¨¬¥¥â¡ §¨á, á®áâ®ïé¨© ¨§ ν äã­ªæ¨© ϕk(x) (k = 1, 2, . . . , ν), áâà¥¬ïé¨åáï ª ­ã«î¯à¨ x→ ∞ ¨ á¢ï§ ­­ëå ¬¥�¤ã á®¡®î á«¥¤ãîé¨¬¨ á®®â­®è¥­¨ï¬¨:

ϕk(x) = ∫ x0 ϕk+1(t) dt, k = 1, 2, . . . , ν − 1, ϕν(x) = ∫ x0 ψ(t) dt+ C, (18)£¤¥ C | ­¥ª®â®à ï ®â«¨ç­ ï ®â ­ã«ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ ϕk(t) ¨ ψ(t)¯à¨­ ¤«¥� â L+.�¥®à¥¬  3. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (15) ¨ ν >0, â® ¯à¨ «î¡®¬ f(x)∈L+ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® à¥è¥­¨© ¨§ L+.�á«¨ �¥ ν < 0, â® ¯à¨ ¤ ­­®¬ f(x) ∈ L+ ãà ¢­¥­¨¥ (1) «¨¡® ¢®¢á¥ ­¥ ¨¬¥¥âà¥è¥­¨© ¨§ L+, «¨¡® ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �«ï â®£® çâ®¡ë ¨¬¥« ¬¥áâ®¯®á«¥¤­¨© á«ãç ©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨©:
∫ ∞0 f(x)ψk(x) dx = 0, k = 1, 2, . . . , |ν|, (19)£¤¥ ψk(x) | ª ª®©-«¨¡® ¡ §¨á ¬­®�¥áâ¢  ¢á¥å à¥è¥­¨© âà ­á¯®­¨à®¢ ­­®£®®¤­®à®¤­®£® ãà ¢­¥­¨ï

ψ(x)− ∫ ∞0 K(t− x)ψ(t)dt = 0. (20)1◦. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (15), (16), â® ¨¬¥¥âáï ¥¤¨­áâ¢¥­­ ï ä ªâ®à¨§ æ¨ï:[1 − �K(u)℄−1 = �M+(u) �M−(u), (21)¯à¨ç¥¬�M+(u) = 1 + ∫ ∞0 R+(t)eiut dt, �M−(u) = 1 + ∫ ∞0 R−(t)e−iut dt. (22)�¥§®«ì¢¥­â  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
R(x, t) = R+(x− t) +R−(t− x) + ∫ ∞0 R+(x− s)R−(t− s) ds (23)£¤¥ 0 6 x < ∞, 0 6 t <∞, R+(x) = 0 ¨ R−(x) = 0 ¯à¨ x < 0, â ª çâ® ¯à¨ f(x)¨§ L+ à¥è¥­¨¥ ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨¥¬

y(x) = f(x) + ∫ ∞0 R(x, t)f(t) dt. (24)�®à¬ã«ã (23) ¬®�­® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:
R(x, t) = R(x− t, 0) +R(0, t− x) + ∫ ∞0 R(x− s, 0)R(0, t− s) ds. (25)�á«¨ K(x− t) = K(t− x), â® ä®à¬ã«  (25) ¨¬¥¥â ¢¨¤

R(x, t) = R(|x− t|, 0) + ∫ min(x,t)0 R(x− s, 0)R(t− s, 0) ds. (26)�â¬¥â¨¬, çâ® R+(x) = R(x, 0) ¨ R−(x) = R(0, x)| ¥¤¨­áâ¢¥­­ë¥ ¢ ª« áá¥ L+à¥è¥­¨ï ãà ¢­¥­¨© á«¥¤ãîé¥£® ¢¨¤  (0 6 x <∞):
R+(x) + ∫ ∞0 K(x− t)R+(t) dt = K(x),
R−(x) + ∫ ∞0 K(t− x)R−(t) dt = K(−x). (27)
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5.11. �¥â®¤ �à¥©­  ¤«ï ãà ¢­¥­¨ï �¨­¥à {�®¯ä  1612◦. Ǒ®«®�¨¬, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ (15), ­®
ν = − Ind[1 − �K(u)℄ > 0.� íâ®¬ á«ãç ¥ äã­ªæ¨ï [1 − �K(u)℄−1 ¤®¯ãáª ¥â á«¥¤ãîéãî ä ªâ®à¨§ æ¨î:[1 − �K(u)℄−1 = �G−(u)( u− i

u+ i

)ν �G+(u), −∞ < u <∞. (28)�«ï äã­ªæ¨© �M−(u) ¨ �M+(u), ®¯à¥¤¥«¥­­ëå à ¢¥­áâ¢ ¬¨�M−(u) = �G−(u) ¨ �M+(u) = (
u− i

u+ i

)ν �G+(u), (29)¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥ (22) ¨ ä®à¬ã«  (23) ¤«ï à¥§®«ì¢¥­âë.�à®¬¥ â®£®, ¤«ï k = 1, 2, . . . , ν ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥­¨ï
ik �M+(u)(u− i)k = ∫ ∞0 gk(x)eiux dx, (30)¯à¨ç¥¬ gk(x) | à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï (17). �¥à¥§ ­¨å ¬®�­®, ¥áâ¥-áâ¢¥­­®, ¢ëà §¨âì ¨ à¥è¥­¨ï ϕk(x), ã¯®¬ï­ãâë¥ ¢ â¥®à¥¬¥ 2.3◦. �á«¨ ν = − Ind[1 − �K(u)℄ < 0, â® ã âà ­á¯®­¨à®¢ ­­®£® ãà ¢­¥­¨ï

y(x)− ∫ ∞0 K(t− x)y(t) dt = f(x) (31)¨­¤¥ªá −ν > 0. �á«¨ ä®à¬ã«  (28) ®¯à¥¤¥«ï¥â ä ªâ®à¨§ æ¨î ¤«ï ãà ¢­¥­¨ï (1),â® ¤«ï âà ­á¯®­¨à®¢ ­­®£® ãà ¢­¥­¨ï ¨¬¥¥¬ ä ªâ®à¨§ æ¨î[1 − �K(u)℄−1 = �M−(−u) �M+(−u),¯à¨ç¥¬ �M−(−u) ¨£à ¥â à®«ì �M+(u) ¨ �M+(−u)|à®«ì �M−(u).5.11-3. �®à¬ã«  �®¯ä {�®ª Ǒà¨¢¥¤¥¬ §¤¥áì ¯®«¥§­ãî ä®à¬ã«ã, ¯®§¢®«ïîéãî ¢ëà §¨âì à¥è¥­¨¥ ãà ¢­¥-­¨ï (1) ¤«ï ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ f(x) ç¥à¥§ à¥è¥­¨¥ ¡®«¥¥ ¯à®áâ®£® ¢á¯®-¬®£ â¥«ì­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ¯à ¢®© ç áâìî íªá¯®­¥­æ¨ «ì­®£® ¢¨¤ .Ǒãáâì ¢ ãà ¢­¥­¨¨ (1)
f(x) = eiζx, Im ζ > 0, y(x) = yζ(x) (32)¨, ªà®¬¥ â®£®, ¢ë¯®«­¥­ë ãá«®¢¨ï (15), (16). �®£¤ 
yζ(x) = eiζx + ∫ ∞0 R(x, t)eiζt dt, (33)£¤¥ R(x, t) ¨¬¥¥â ¢¨¤ (25). Ǒ®á«¥ ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© ¬®�­® ¯®«ãç¨âì, çâ®

yζ(x) = �M−(−ζ)[1 + ∫ x0 R(t, 0)e−iζt dt]eiζx. (34)Ǒ®« £ ï x = 0 ¢ (34), ¡ã¤¥¬ ¨¬¥âì
yζ(0) = �M−(−ζ), (35)¯à¨ç¥¬ ¯à¨ ç¥â­®© äã­ªæ¨¨ K(x), ®¯¨áë¢ îé¥© ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
yζ(0) = �M+(ζ). (36)
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162 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)� á¯®« £ ï ä®à¬ã«®© (34), ¬®�­® ¯®«ãç¨âì à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨ ¢ ®¡é¥¬á«ãç ¥ f(x) (á¬. â ª�¥ à §¤. 3.6):

y(x) = 12π ∫ ∞

−∞

�F+(−ζ)yζ(x) dζ, �F+(u) = ∫ ∞0 f(x)eiux dx. (37)� ¬¥ç ­¨¥ 1. �á¥ ¯®«ãç¥­­ë¥ ¢ à §¤. 5.11 à¥§ã«ìâ âë, ª á îé¨¥áï ãà ¢­¥-­¨ï �¨­¥à {�®¯ä  ¢â®à®£® à®¤  á¯à ¢¥¤«¨¢ë â ª�¥ ¤«ï ­¥¯à¥àë¢­ëå, ª¢ ¤à â¨ç-­® áã¬¬¨àã¥¬ëå ¨ àï¤  ¤àã£¨å ª« áá®¢ äã­ªæ¨©, ª®â®àë¥ ¯®¤à®¡­® ®¡áã�¤ îâáï¢ à ¡®â¥ �. �. �à¥©­  (1958) ¨ ª­¨£¥ C. Corduneanu (1973).� ¬¥ç ­¨¥ 2. �¥è¥­¨¥ ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¢ ¤àã£¨å ª« áá å äã­ªæ¨©¬®�¥â ¡ëâì ¯®áâà®¥­® ¨ ¢ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥, ª®£¤  1− �K(u)=0 (á¬. ¯¯. 5.9-1¨ 5.10-5).
©• �¨â¥à âãà : �. �. �®ª (1942), �. �. �à¥©­ (1958), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à.(1968), C. Corduneanu (1973), �. �. �¬¨à­®¢ (1974).5.12. �¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨© á à §­®áâ­ë¬ ï¤à®¬­  ª®­¥ç­®¬ ®âà¥§ª¥5.12-1. �¥â®¤ �à¥©­ � áá¬®âà¨¬ ¬¥â®¤ ¯®áâà®¥­¨ï â®ç­ëå  ­ «¨â¨ç¥áª¨å à¥è¥­¨© «¨­¥©­ëå ¨­-â¥£à «ì­ëå ãà ¢­¥­¨© á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî. �¥â®¤ ®á­®¢ ­ ­  ¯®áâà®-¥­¨¨ ¤¢ãå ¢á¯®¬®£ â¥«ì­ëå à¥è¥­¨© ¡®«¥¥ ¯à®áâëå ãà ¢­¥­¨© á ¯à ¢®© ç áâìîà ¢­®© ¥¤¨­¨æ¥. �á¯®¬®£ â¥«ì­ë¥ à¥è¥­¨ï ¨á¯®«ì§ãîâáï ¤«ï ¯®áâà®¥­¨ï à¥è¥-­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨.1◦. Ǒãáâì ¤ ­® ãà ¢­¥­¨¥

y(x)− ∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (1)�¤­®¢à¥¬¥­­® á (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¤¢  ¢á¯®¬®£ â¥«ì­ëå ãà ¢­¥­¨ï, § ¢¨áï-é¨å ®â ¯ à ¬¥âà  ξ (a 6 ξ 6 b):
w(x, ξ)− ∫ ξ

a

K(x, t)w(t, ξ) dt = 1,
w∗(x, ξ)− ∫ ξ

a

K(t, x)w∗(t, ξ) dt = 1, (2)£¤¥ a 6 x 6 ξ. Ǒãáâì ¤«ï «î¡®£® ξ ¢á¯®¬®£ â¥«ì­ë¥ ãà ¢­¥­¨ï (2) ¨¬¥îâ ¥¤¨­-áâ¢¥­­ë¥ ­¥¯à¥àë¢­ë¥ à¥è¥­¨ï w(x, ξ) ¨ w∗(x, ξ), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
w(ξ, ξ)w∗(ξ, ξ) 6= 0 (a 6 ξ 6 b). �®£¤  ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x)¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯® ä®à-¬ã«¥
y(x) = F (b)w(x, b)− ∫ b

x

w(x, ξ)F ′
ξ(ξ) dξ, F (ξ) = 1

m(ξ) d

dξ

∫ ξ

a

w∗(t, ξ)f(t) dt,(3)£¤¥
m(ξ) = w(ξ, ξ)w∗(ξ, ξ).�®à¬ã«  (3) ¯®§¢®«ï¥â áâà®¨âì à¥è¥­¨¥ ãà ¢­¥­¨ï (1) 
 ¯à®¨§¢®«ì­®© ¯à ¢®©ç áâìî f(x) á ¯®¬®éìî à¥è¥­¨© ¤¢ãå ¡®«¥¥ ¯à®áâëå ¢á¯®¬®£ â¥«ì­ëå ãà ¢­¥-­¨© (2) (§ ¢¨áïé¨å ®â ¯ à ¬¥âà  ξ) á ¯®áâ®ï­­®© ¯à ¢®© ç áâìî à ¢­®© ¥¤¨­¨æ¥.
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�¥â®¤ë ¤«ï ãà ¢­¥­¨© á à §­®áâ­ë¬ ï¤à®¬ ­  ª®­¥ç­®¬ ®âà¥§ª¥ 1632◦. � áá¬®âà¨¬ â¥¯¥àì ãà ¢­¥­¨¥ á ï¤à®¬, § ¢¨áïé¨¬ ®â à §­®áâ¨  à£ã¬¥­â®¢:
y(x) + ∫ b

a

K(x− t)y(t)dt = f(x), a 6 x 6 b. (4)�ç¨â ¥âáï, çâ® K(x)|ç¥â­ ï äã­ªæ¨ï, ¨­â¥£à¨àã¥¬ ï ­  ®âà¥§ª¥ [a − b, b − a℄.�¤­®¢à¥¬¥­­® á (4) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥, § ¢¨áïé¥¥®â ¯ à ¬¥âà  ξ (a 6 ξ 6 b):
w(x, ξ) + ∫ ξ

a

K(x− t)w(t, ξ) dt = 1, a 6 x 6 ξ. (5)Ǒãáâì ¤«ï «î¡®£® ξ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ (5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥-àë¢­®¥ à¥è¥­¨¥ w(x, ξ). �®£¤  ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x) à¥è¥-­¨¥ ãà ¢­¥­¨ï (4) ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯® ä®à¬ã«¥ (3), ¥á«¨ ¢ ­¥© ¯®«®-�¨âì w∗(x, t) = w(x, t).�ª �¥¬ §¤¥áì ¥é¥ ®¤­ã ¯®«¥§­ãî ä®à¬ã«ã ¤«ï ãà ¢­¥­¨ï á ï¤à®¬, § ¢¨áïé¨¬®â à §­®áâ¨  à£ã¬¥­â®¢:
y(x) + ∫ a

−a

K(x− t)y(t) dt = f(x), −a 6 x 6 a. (6)�ç¨â ¥âáï, çâ® K(x) | ç¥â­ ï äã­ªæ¨ï, ¨­â¥£à¨àã¥¬ ï ­  ®âà¥§ª¥ [−2a, 2a℄.�¤­®¢à¥¬¥­­® á (6) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥, § ¢¨áïé¥¥®â ¯ à ¬¥âà  ξ (0 < ξ 6 a):
w(x, ξ) + ∫ ξ

−ξ

K(x− t)w(t, ξ) dt = 1, −ξ 6 x 6 ξ. (7)Ǒãáâì ¤«ï «î¡®£® ξ ¢á¯®¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥ (7) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥­¥¯à¥àë¢­®¥ à¥è¥­¨¥ w(x, ξ). �®£¤  ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x)à¥è¥­¨¥ ãà ¢­¥­¨ï (6) ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯® ä®à¬ã«¥
y(x) = 12M(a) [

d

da

∫ a

−a

w(t, a)f(t) dt]w(x, a)−
− 12 ∫ a

|x|

w(x, ξ) d

dξ

[ 1
M(ξ) d

dξ

∫ ξ

−ξ

w(t, ξ)f(t) dt] dξ−
− 12 d

dx

∫ a

|x|

w(x, ξ)
M(ξ) [∫ ξ

−ξ

w(t, ξ) df(t)] dξ, (8)£¤¥M(ξ) = w2(ξ, ξ),   ¯®á«¥¤­¨© ¢­ãâà¥­­¨© ¨­â¥£à « ¡¥à¥âáï ¯® �â¨«âì¥áã.5.12-2. �¤à  á à æ¨®­ «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ �ãàì¥� áá¬®âà¨¬ ãà ¢­¥­¨¥ ¢¨¤ 
y(x)− ∫ T0 K(x− t)y(t) dt = f(x), (9)£¤¥ 0 6 x 6 T < ∞. �á«¨ ï¤à® K(x) ¨­â¥£à¨àã¥¬® ¢ ¯à®¬¥�ãâª¥ [−T, T ℄, â® ªíâ®¬ã ãà ¢­¥­¨î ¯à¨¬¥­¨¬  â¥®à¨ï �à¥¤£®«ì¬ .Ǒ®áª®«ìªã ¢ ãà ¢­¥­¨¥ ¢å®¤ïâ §­ ç¥­¨ï ï¤à  K(x) «¨èì ¤«ï [−T, T ℄, â® ¬®�-­® ¯à®¤®«�¨âì ï¤à® «î¡ë¬ ®¡à §®¬ ¢­¥ íâ®£® ®âà¥§ª . Ǒãáâì ï¤à® ¯à®¤®«�¥­® ­ ¢áî ®áì á á®åà ­¥­¨¥¬ ¨­â¥£à¨àã¥¬®áâ¨. �®£¤  ¢ ¯à®áâà ­áâ¢¥ L2(0, T ) ãà ¢­¥-­¨¥ (9) ¢ ®¡é¥¬ á«ãç ¥ á¢®¤¨âáï ª ªà ¥¢®© § ¤ ç¥ â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨©(§ ¤ ç¥ �¨¬ ­ ) ¤«ï ¤¢ãå ¯ à ­¥¨§¢¥áâ­ëå äã­ªæ¨©.
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164 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�á«¨ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ï¤à �K(u) = ∫ ∞

−∞

K(x)eiux dxà æ¨®­ «ì­®, â® ãà ¢­¥­¨¥ (9) à¥è ¥âáï ¢ § ¬ª­ãâ®¬ ¢¨¤¥. Ǒãáâì 1 − �K(u) 6= 0(−∞ < u <∞). �®£¤  ¨§®¡à �¥­¨¥ à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (9) ¤ ¥âáïä®à¬ã«®© �Y(u) = 11− �K(u) [ �F(u)− �W+(u)− e−iTu �W−(u)], (10)¢ ª®â®à®© �W±(u) = ∑

n

p±n∑

k=1 M±
nk(u− b±n )k ,£¤¥ b+n ¨ b−n | ¯®«îáë äã­ªæ¨¨ 1 − �K(u), «¥� é¨¥ á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥©¨ ­¨�­¥© ¯®«ã¯«®áª®áâ¨, p±n | ¨å ªà â­®áâ¨. Ǒ®áâ®ï­­ë¥ M±

nk ¬®£ãâ ¡ëâì®¯à¥¤¥«¥­ë ¨§ ãá«®¢¨©
ds
dus [ �W+(u) + e−iTu �W−(u)− �F(u)]

u=a+n = 0, s = 0, 1, . . . , q+n − 1,
ds
dus [ �W+(u) + e−iTu − �F(u)]

u=a−n = 0, s = 0, 1, . . . , q−n − 1,£¤¥ a+n ¨ a−n |­ã«¨ äã­ªæ¨¨ 1− �K(u), «¥� é¨¥ á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå­¥© ¨ ­¨�-­¥© ¯®«ã¯«®áª®áâ¨, q±n |¨å ªà â­®áâ¨. Ǒ®áâ®ï­­ë¥M±
nk ¬®�­® ®¯à¥¤¥«ïâì â ª�¥á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ à¥è¥­¨ï ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥. �¥è¥­¨¥ ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï (9) ¯®«ãç ¥âáï ®¡à é¥­¨¥¬ ä®à¬ã«ë (10).5.12-3. �¢¥¤¥­¨¥ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬1◦. � áá¬®âà¨¬ á¯¥æ¨ «ì­ë© á«ãç ©, ª®£¤  ®¡à § ï¤à  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï(9), ¯®«ãç¥­­ë© á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥�K(u) = �M(u)�N (u) , (11)£¤¥ �M(u) ¨ �N (u) ­¥ª®â®àë¥ ¬­®£®ç«¥­ë áâ¥¯¥­¥© m ¨ n á®®â¢¥âáâ¢¥­­®:�M(u) = m∑

k=0Akuk, �N (u) = n∑

k=0Bkuk. (12)� íâ®¬ á«ãç ¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (9) (¥á«¨ ®­® áãé¥áâ¢ã¥â) ã¤®-¢«¥â¢®àï¥â «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢-­¥­¨î m-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨�M(
i
d

dx

)
y(x) = �N(

i
d

dx

)
f(x), 0 < x < T. (13)�¥è¥­¨¥ ãà ¢­¥­¨ï (13) á®¤¥à�¨â m ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå, ª®â®àë¥ ®¯à¥¤¥-«ïîâáï ¯®¤áâ ­®¢ª®© à¥è¥­¨ï ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (9). Ǒà¨ íâ®¬ ¤«ï ®¯à¥¤¥«¥-­¨ï ¯®áâ®ï­­ëå ¯®«ãç ¥âáï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.2◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤  á à §­®áâ­ë¬ ï¤à®¬, á®¤¥à-� é¨¬ áã¬¬ã íªá¯®­¥­â:

y(x) + ∫ b

a

( n∑

k=1Akeλk|x−t|

)
y(t)dt = f(x). (14)
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�¥â®¤ë ¤«ï ãà ¢­¥­¨© á à §­®áâ­ë¬ ï¤à®¬ ­  ª®­¥ç­®¬ ®âà¥§ª¥ 165�â® ãà ¢­¥­¨¥ ¢ ®¡é¥¬ á«ãç ¥ ¬®�­® á¢¥áâ¨ ª «¨­¥©­®¬ã ­¥®¤­®à®¤­®¬ã ®¡ëª-­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î 2n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íä-ä¨æ¨¥­â ¬¨.Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ b

a
eλ|x−t|g(t)y(t) dt = f(x), a 6 x 6 b,ª®â®à®¥ ¯à¨ g(t) ≡ 
onst ¡ã¤¥â ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (14).1◦. � áªà®¥¬ ¬®¤ã«ì ¢ ¯®¤ë­â¥£à «ì­®¬ ¢ëà �¥­¨¨. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

y(x) + ∫ x

a
eλ(x−t)g(t)y(t) dt+ ∫ b

x
eλ(t−x)g(t)y(t) dt = f(x). (15)�¨ää¥à¥­æ¨àãï (15) ¤¢ �¤ë ¯® x, ¨¬¥¥¬

y′′xx(x) + 2λg(x)y(x) + λ2 ∫ x

a
eλ(x−t)g(t)y(t) dt+ λ2 ∫ b

x
eλ(t−x)g(t)y(t) dt = f ′′xx(x).(16)�áª«îç ï ¨§ (15) ¨ (16) ¨­â¥£à «ì­ë¥ ç«¥­ë, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ®¡ëª­®¢¥­­®¬ã¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ y = y(x):

y′′xx + 2λg(x)y − λ2y = f ′′xx(x)− λ2f(x). (17)2◦. �ë¢¥¤¥¬ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï ãà ¢­¥­¨ï (17). �ã¤¥¬ áç¨â âì, çâ® ¯à¥¤¥«ë ¨­â¥£à¨-à®¢ ­¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ −∞ < a < b < ∞. Ǒ®« £ ï ¢ (15) x = a ¨ x = b, ¨¬¥¥¬¤¢  á«¥¤áâ¢¨ï:
y(a) + e−λa

∫ b

a
eλtg(t)y(t) dt = f(a),

y(b) + eλb
∫ b

a
e−λtg(t)y(t) dt = f(b). (18)�ëà §¨¬ ¨§ ãà ¢­¥­¨ï (17) ¯à®¨§¢¥¤¥­¨¥ g(x)y ç¥à¥§ y′′xx ¨ f ′′xx ¨ ¯®¤áâ ¢¨¬ ¢ (18). Ǒ®á«¥¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯®«ãç¨¬

eλbϕ′
x(b)− eλaϕ′

x(a) = λeλaϕ(a) + λeλbϕ(b),
e−λbϕ′

x(b)− e−λaϕ′
x(a) = λe−λaϕ(a) + λe−λbϕ(b), ϕ(x) = y(x)− f(x).�âáî¤  ¯®á«¥ ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© ­ ©¤¥¬ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ y(x):

ϕ′
x(a) + λϕ(a) = 0, ϕ′

x(b)− λϕ(b) = 0; ϕ(x) = y(x)− f(x). (19)�à ¢­¥­¨¥ (17) ¢¬¥áâ¥ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (19) ®¯¨áë¢ ¥â à¥è¥­¨¥ ¨áå®¤­®£®¨­â¥£à «ì­®£® ãà ¢­¥­¨ï. Ǒà¨ g(t) ≡ 
onst á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­® ¢ ª­¨£¥�. �. Ǒ®«ï­¨­ , �. �. � ­�¨à®¢  (1998, áâà. 261).3◦. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬, á®¤¥à� é¨¬ áã¬¬ã £¨¯¥à¡®«¨ç¥áª¨å äã­ª-æ¨©:
y(x) + ∫ b

a

K(x− t)y(t)dt = f(x), K(x) = n∑

k=1Ak sh(
λk|x|

) (20)â ª�¥ á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï á¢®¤ïâáï ª «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ ®¡ëª-­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ 2n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨-æ¨¥­â ¬¨.4◦. �à ¢­¥­¨ï á à §­®áâ­ë¬ ï¤à®¬, á®¤¥à� é¨¬ áã¬¬ã âà¨£®­®¬¥âà¨ç¥áª¨åäã­ªæ¨©:
y(x) + ∫ b

a

K(x− t)y(t)dt = f(x), K(x) = n∑

k=1Ak sin(
λk|x|

) (21)
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166 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)â ª�¥ ¬®�­® á¢¥áâ¨ ª «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì-­ë¬ ãà ¢­¥­¨ï¬ 2n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

©• �¨â¥à âãà : W. B. Davenport, W. L. Root (1958), �. �. �®å¡¥à£, �. �. �à¥©­ (1967),Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), A. �. Ǒ®«ï­¨­, �. �. � ­�¨à®¢ (1998),A. D. Polyanin, A. V. Manzhirov (1998).5.13. �¥â®¤ § ¬¥­ë ï¤à  ¢ëà®�¤¥­­ë¬5.13-1. �¯¯à®ªá¨¬ æ¨ï ï¤à �«ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£®à®¤ 
y(x)− ∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (1)£¤¥ äã­ªæ¨¨ f(x) ¨ K(x, t) ¤«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì ­¥¯à¥àë¢­ë¬¨, ï¤-à® K(x, t) § ¬¥­ïîâ ¡«¨§ª¨¬ ª ­¥¬ã ¢ëà®�¤¥­­ë¬ ï¤à®¬
K(n)(x, t) = n∑

k=0 gk(x)hk(t). (2)�ª �¥¬ ­¥áª®«ìª® á¯®á®¡®¢ â ª®© § ¬¥­ë. �á«¨ ï¤à® K(x, t) ¤®áâ â®ç­®¥ç¨á«® à § ¤¨ää¥à¥­æ¨àã¥¬® ¯® x ­  ®âà¥§ª¥ [a, b℄, â® ¢ ª ç¥áâ¢¥ ¢ëà®�¤¥­­®£®ï¤à  K(n)(x, t) ¬®�­® ¢§ïâì ª®­¥ç­ë© ®âà¥§®ª àï¤  �¥©«®à :
K(n)(x, t) = n∑

m=0 (x− x0)m
m! K(m)

x (x0, t), (3)£¤¥ x0 | ­¥ª®â®à ï â®çª  ®âà¥§ª  [a, b℄. �­ «®£¨ç­ë© ¯à¨¥¬ ¬®�­® ¯à¨¬¥­¨âìâ ª�¥, ¥á«¨K(x, t) ¤®áâ â®ç­®¥ ç¨á«® à § ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ­  ®âà¥§ª¥ [a, b℄.�«ï ¯®áâà®¥­¨ï ¢ëà®�¤¥­­®£® ï¤à  ¬®�­® â ª�¥ ¨á¯®«ì§®¢ âì ª®­¥ç­ë©®âà¥§®ª ¤¢®©­®£® àï¤  �¥©«®à :
K(n)(x, t) = n∑

p=0 n∑

q=0 apq(x− x0)p(t− t0)q , (4)£¤¥
apq = 1

p! q! ∂p+q
∂xp∂tq

K(x, t)∣∣∣∣ x=x0
t=t0 , a 6 x0 6 b, a 6 t0 6 b.�¥¯à¥àë¢­®¥ ï¤à® K(x, t) ¤®¯ãáª ¥â â ª�¥  ¯¯à®ªá¨¬ æ¨î âà¨£®­®¬¥âà¨ç¥-áª¨¬ ¯®«¨­®¬®¬ ¯¥à¨®¤  2l, £¤¥ l = b− a.� ¯à¨¬¥à, ¬®�­® ¯®«®�¨âì

K(n)(x, t) = 12 a0(t) + n∑

k=1ak(t) 
os( kπx

l

)
, (5)£¤¥ ak(t) (k = 0, 1, 2, . . .)| ª®íää¨æ¨¥­âë àï¤  �ãàì¥:

ak(t) = 2
l

∫ b

a

K(x, t) 
os kπx
l

dx. (6)
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5.13. �¥â®¤ § ¬¥­ë ï¤à  ¢ëà®�¤¥­­ë¬ 167�­ «®£¨ç­®¥ à §«®�¥­¨¥ ¯®«ãç ¥âáï, ¥á«¨ ¯®¬¥­ïâì à®«ï¬¨ ¯¥à¥¬¥­­ë¥ x¨ t. �®�­® â ª�¥ ¨á¯®«ì§®¢ âì ª®­¥ç­ë© ®âà¥§®ª ¤¢®©­®£® àï¤  �ãàì¥, ¯®« £ ï,­ ¯à¨¬¥à,
ak(t) ≈ 12 ak0 + n∑

m=1 akm 
os( mπt

l

)
, k = 0, 1, . . . , n, (7)¨§ ä®à¬ã« (5){(7) ¨¬¥¥¬

K(n)(x, t) = 14 a00 + 12 n∑

k=1 ak0 
os( kπx

l

) + 12 n∑

m=1 a0m 
os( mπt

l

)++ n∑

k=1 n∑

m=1 akm 
os( kπx

l

) 
os( mπt

l

)
,£¤¥

akm = 4
l2 ∫ b

a

∫ b

a

K(x, t) 
os( kπx

l

) 
os( mπt

l

)
dx dt. (8)�ãé¥áâ¢ãîâ ¨ ¤àã£¨¥ ¯à¨¥¬ë  ¯¯à®ªá¨¬ æ¨¨ ï¤à  K(x, t).5.13-2. Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥�á«¨ K(n)(x, t) ¥áâì ¢ëà®�¤¥­­®¥ ï¤à®,  ¯¯à®ªá¨¬¨àãîé¥¥ ï¤à® K(x, t), ¨äã­ªæ¨ï fn(x) ¡«¨§ª  ª f(x), â® à¥è¥­¨¥ yn(x) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï

yn(x)− ∫ b

a

K(n)(x, t)yn(t) dt = fn(x) (9)¬®�­® à áá¬ âà¨¢ âì ª ª ¯à¨¡«¨�¥­¨¥ à¥è¥­¨ï y(x) ãà ¢­¥­¨ï (1).Ǒãáâì á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ®æ¥­ª  ¯®£à¥è­®áâ¨:
∫ b

a

|K(x, t)−K(n)(x, t)|dt 6 ε, |f(x)− fn(x)| 6 δ,¨ à¥§®«ì¢¥­â  Rn(x, t) ¤«ï ãà ¢­¥­¨ï (9) â ª®¢ , çâ®
∫ b

a

|Rn(x, t)| dt 6 Mn¯à¨ a 6 x 6 b, ¯à¨ç¥¬ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
q = ε(1 +Mn) < 1.�®£¤  ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ y(x) ¨

|y(x)− yn(x)| 6 ε
N(1 +Mn)21− q

+ δ, N = max
a6x6b

|f(x)|. (10)Ǒà¨¬¥à. � ©¤¥¬ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
y(x) − ∫ 1/20 e−x

2t2y(t) dt = 1. (11)Ǒ®«ì§ãïáì à §«®�¥­¨¥¬ ¢ ¤¢®©­®© àï¤ �¥©«®à , ï¤à®
K(x, t) = e−x

2t2§ ¬¥­ï¥¬ ¯à¨¡«¨�¥­­ë¬ ¢ëà®�¤¥­­ë¬ ï¤à®¬
K(2)(x, t) = 1− x2t2 + 12 x4t4.
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168 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�âáî¤  ¢¬¥áâ® ãà ¢­¥­¨ï (11) ¯®«ãç ¥¬

y2(x) = 1 + ∫ 1/20 (1− x2t2 + 12 x4t4)y2(t) dt. (12)�«¥¤®¢ â¥«ì­®,
y2(x) = 1 +A1 + A2x2 + A3x4, (13)£¤¥

A1 = ∫ 1/20 y2(x) dx, A2 = −
∫ 1/20 x2y2(x) dx, A3 = 12 ∫ 1/20 x4y2(x) dx. (14)�  ®á­®¢ ­¨¨ ä®à¬ã« (13) ¨ (14) ¯®«ãç¨¬ á¨áâ¥¬ã âà¥å ãà ¢­¥­¨© á âà¥¬ï ­¥¨§¢¥áâ-­ë¬¨, à¥è¨¢ ª®â®àãî, á â®ç­®áâìî ¤® ç¥âëà¥å §­ ç é¨å æ¨äà ¡ã¤¥¬ ¨¬¥âì

A1 = 0, 9930, A2 = −0, 0833, A3 = 0, 0007.�«¥¤®¢ â¥«ì­®,
y(x) ≈ y2(x) = 1, 9930 − 0, 0833 x2 + 0, 0007 x4, 0 6 x 6 12 . (15)�æ¥­ªã ¯®£à¥è­®áâ¨ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï (15) ¬®�­® ¯à®¨§¢¥áâ¨ ¯® ä®à¬ã«¥ (10).

©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �. � ­â®à®¢¨ç, �. �. �àë«®¢ (1962), �. Ǒ. �¥¬¨-¤®¢¨ç, �. �. � à®­, �. �. �ã¢ «®¢  (1963), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968).5.14. �¥â®¤ �¥©â¬¥­ 5.14-1. �¡é ï áå¥¬  ¬¥â®¤ �®�¥â ®ª § âìáï ¯®«¥§­®© ç áâ® ­¥ â®«ìª® § ¬¥­  ¤ ­­®£® ï¤à  ¢ëà®�¤¥­­ë¬,­® ¨ ¯à¨¡«¨�¥­­®¥ ¥£® ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë ï¤à , ¤«ï ª®â®à®£® à¥§®«ì¢¥­-â  ¨§¢¥áâ­ , ¨ ¢ëà®�¤¥­­®£® ï¤à . �«ï ï¤¥à ¯®á«¥¤­¥£® ¢¨¤  à¥§®«ì¢¥­â  ¬®�¥â¡ëâì ¤ ­  ¢ ª®­¥ç­®¬ ¢¨¤¥.� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ 
y(x)− λ

∫ b

a

k(x, t)y(t) dt = f(x) (1)á ï¤à®¬ k(x, t), à¥§®«ì¢¥­â  ª®â®à®£® r(x, t;λ) ¨§¢¥áâ­ , â. ¥. à¥è¥­¨¥ (1) ¬®�¥â¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ä®à¬¥
y(x) = f(x) + λ

∫ b

a

r(x, t;λ)f(t) dt. (2)�®£¤  ¤«ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ï¤à®¬
K(x, t)= 1�(aij) ∣∣∣∣∣∣∣∣

k(x, t) g1(x) · · · gn(x)
h1(t) a11 · · · a1n... ... . . . ...
hn(t) an1 · · · ann

∣∣∣∣∣∣∣∣
, �(aij)= ∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
a21 a22 · · · a2n... ... . . . ...
an1 an2 · · · ann

∣∣∣∣∣∣∣∣
, (3)£¤¥ gi(x), hi(t) ¨ aij (i, j = 1, 2, . . . , n)| ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨ ¯à®¨§¢®«ì­ë¥ç¨á«  á®®â¢¥âáâ¢¥­­®, à¥§®«ì¢¥­â  ¤ ¥âáï ¢ ¢¨¤¥

R(x, t;λ) = 1�(aij + λbij) ∣∣∣∣∣∣∣∣

r(x, t;λ) ϕ1(x) · · · ϕn(x)
ψ1(t) a11 + λb11 · · · a1n + λb1n... ... . . . ...
ψn(t) an1 + λbn1 · · · ann + λbnn

∣∣∣∣∣∣∣∣
, (4)
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5.14. �¥â®¤ �¥©â¬¥­  169£¤¥
ϕk(x) = gk(x) + λ

∫ b

a

r(x, t;λ)gk(t) dt, ψk(x) = hk(x) + λ

∫ b

a

r(x, t;λ)hk(t) dt,
bij = ∫ b

a

gj(x)hi(x) dx, k, i, j = 1, . . . , n. (5)5.14-2. �¥ª®â®àë¥ ç áâ­ë¥ á«ãç ¨Ǒà¥¤¯®«®�¨¬, çâ®
K(x, t) = k(x, t)− n∑

k=1 gk(x)hk(t), (6)â. ¥. ¢ ä®à¬ã«¥ (3) aij = 0 ¯à¨ i 6= j ¨ aii = 1. �¥§®«ì¢¥­â  ¤«ï íâ®£® á«ãç ï ¯à¨¬¥â¢¨¤
R(x, t;λ) = 1�∗

∣∣∣∣∣∣∣∣

r(x, t;λ) ϕ1(x) · · · ϕn(x)
ψ1(t) 1 + λb11 · · · λb1n... ... . . . ...
ψn(t) λbn1 · · · 1 + λbnn

∣∣∣∣∣∣∣∣
,�∗ = ∣∣∣∣∣∣∣∣

1 + λb11 λb12 · · · λb1n
λb21 1 + λb22 · · · λb2n... ... . . . ...
λbn1 λbn2 · · · 1 + λbnn

∣∣∣∣∣∣∣∣
.

(7)Ǒãáâì, ªà®¬¥ â®£®, k(x, t) = 0, â. ¥. ï¤à® K(x, t)|¢ëà®�¤¥­­®¥:
K(x, t) = −

n∑

k=1 gk(x)hk(t). (8)� ¤ ­­®¬ á«ãç ¥, ®ç¥¢¨¤­®, çâ® r(x, t;λ) = 0, ¨ ¢¢¨¤ã (7)
ϕk(x) = gk(x), ψk(x) = hk(x), bij = ∫ b

a

gj(x)hi(x) dx.Ǒ®íâ®¬ã à¥§®«ì¢¥­â  ¯à¨­¨¬ ¥â ¢¨¤
R(x, t;λ) = 1�∗

∣∣∣∣∣∣∣∣

0 g1(x) · · · gn(x)
h1(t) 1 + λb11 · · · λb1n... ... . . . ...
hn(t) λbn1 · · · 1 + λbnn

∣∣∣∣∣∣∣∣
. (9)� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ­¥ª®â®àë¬ ï¤à®¬ Q(x, t). �ë¡¥à¥¬¯à®¨§¢®«ì­® ¢ ¯à®¬¥�ãâª¥ (a, b) â®çª¨ x1, x2, . . . , xn ¨ t1, t2, . . . , tn, ¨ ¯®«®�¨¬¢ à ¢¥­áâ¢¥ (3)

k(x, t) = 0, gk(x) = Q(x, tk), hk(t) = −Q(xk, t), aij = Q(xi, tj).�®£¤ , ®ç¥¢¨¤­®, r(x, t;λ) = 0 ¨ ï¤à® K(x, t) ¯à¨­¨¬ ¥â ¢¨¤
K(x, t)= 1

D

∣∣∣∣∣∣∣∣

0 Q(x, t1) · · · Q(x, tn)
Q(x1, t) Q(x1, t1) · · · Q(x1, tn)... ... . . . ...
Q(xn, t) Q(xn, t1) · · · Q(xn, tn) ∣∣∣∣∣∣∣∣

, D= ∣∣∣∣∣∣∣

Q(x1, t1) · · · Q(x1, tn)... . . . ...
Q(xn, t1) · · · Q(xn, tn) ∣∣∣∣∣∣∣

.
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170 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�ëà �¥­¨¥ ¤«ï ï¤à  ã¤®¡­® § ¯¨á âì ¢ ¢¨¤¥

K(x, t) = Q(x, t)− 1
D

∣∣∣∣∣∣∣∣

Q(x, t) Q(x, t1) · · · Q(x, tn)
Q(x1, t) Q(x1, t1) · · · Q(x1, tn)... ... . . . ...
Q(xn, t) Q(xn, t1) · · · Q(xn, tn) ∣∣∣∣∣∣∣∣

. (10)�â® ï¤à® ¢ëà®�¤¥­­®¥ ¨ ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® á®¢¯ ¤ ¥â á Q(x, t) ­ ¯àï¬ëå x = xi, t = tj (i, j = 1, 2, . . . , n). �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯®«®�¨âì x = xi¨«¨ t = tj , â® ®¯à¥¤¥«¨â¥«ì, áâ®ïé¨© ¢ ç¨á«¨â¥«¥ ¢â®à®£® ç«¥­ , ¡ã¤¥â ¨¬¥âì ¤¢¥®¤¨­ ª®¢ëå áâà®ª¨ ¨«¨ áâ®«¡æ  ¨, á«¥¤®¢ â¥«ì­®, ®¡à â¨âáï ¢ ­ã«ì,   ¯®íâ®¬ã
K(xi, t) = Q(xi, t), K(x, tj) = Q(x, tj).� ª®¥ á®¢¯ ¤¥­¨¥ ­  2n ¯àï¬ëå ¯®§¢®«ï¥â à ááç¨âë¢ âì ­  â®, çâ® K(x, t) ¡«¨§ª®ª Q(x, t),   à¥è¥­¨¥ ãà ¢­¥­¨ï á ï¤à®¬ K(x, t) | ª à¥è¥­¨î ãà ¢­¥­¨ï áï¤à®¬ Q(x, t). �«¥¤ã¥â § ¬¥â¨âì, çâ® ¥á«¨ Q(x, t) ¢ëà®�¤¥­­®¥, â. ¥. ¨¬¥¥â ¢¨¤

Q(x, t) = n∑

k=1 gk(x)hk(t), (11)â® ®¯à¥¤¥«¨â¥«ì ¢ ç¨á«¨â¥«¥ â®�¤¥áâ¢¥­­® à ¢¥­ ­ã«î,   ¯®â®¬ã ¢ íâ®¬ á«ãç ¥
K(x, t) ≡ Q(x, t). (12)�«ï ï¤à K(x, t) à¥§®«ì¢¥­â  ¬®�¥â ¡ëâì á®áâ ¢«¥­  ­  ®á­®¢ ­¨¨ á«¥¤ãîé¨åà ¢¥­áâ¢:

r(x, t;λ) = 0, ϕi(x) = gi(x) = Q(x, ti), ψj(t) = hj(t) = −Q(xj , t),
bij = −

∫ b

a

Q(x, tj)Q(xi, x) dx = −Q2(xi, tj), i, j = 1, . . . , n, (13)£¤¥ Q2(x, t)|¢â®à®¥ ¨â¥à¨à®¢ ­­®¥ ï¤à® ¤«ï Q(x, t):
Q2(x, y) = ∫ b

a

Q(x, s)Q(s, t) ds,¨, á«¥¤®¢ â¥«ì­®,
R(x, t;λ) = 1

Dλ

∣∣∣∣∣∣∣∣

0 Q(x, t1) · · · Q(x, tn)
Q(x1, t) Q(x1, t1)− λQ2(x1, t1) · · · Q(x1, tn)− λQ2(x1, tn)... ... . . . ...
Q(xn, t)Q(xn, t1)− λQ2(xn, t1) · · ·Q(xn, tn)− λQ2(xn, tn) ∣∣∣∣∣∣∣∣

,(14)£¤¥
Dλ = D − λD2, D2 = ∣∣∣∣∣∣∣

Q2(x1, t1) · · · Q2(x1, tn)... . . . ...
Q2(xn, t1) · · · Q2(xn, tn) ∣∣∣∣∣∣∣

.� ¯®¬®éìî à¥§®«ì¢¥­âë R(x, t;λ) ¬®�­® ¯®«ãç¨âì ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ãà ¢­¥­¨ï á ï¤à®¬ Q(x, t). � ç áâ­®áâ¨, ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï ¤«ï á®¡áâ¢¥­­ëå§­ ç¥­¨© λ íâ®£® ï¤à  ­ ©¤¥¬, ¯à¨à ¢­¨¢ ï ­ã«î ®¯à¥¤¥«¨â¥«ì Dλ, áâ®ïé¨© ¢§­ ¬¥­ â¥«¥ (14).
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5.15. �¥â®¤ ª®««®ª æ¨¨ 171Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) − λ

∫ 10 Q(x, t)y(t) dt = 0, 0 6 x 6 1, (15)
Q(x, t) = {

x(t− 1) ¯à¨ x 6 t,
t(x− 1) ¯à¨ x > t.� ©¤¥¬ ¥£® å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« . �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© (14), £¤¥ ¤«ï¢â®à®£® ¨â¥à¨à®¢ ­­®£® ï¤à  ¡ã¤¥¬ ¨¬¥âì

Q2(x, t) = ∫ 10 Q(x, s)Q(s, t) ds = { 16 x(1− t)(2t − x2 − t2) ¯à¨ x 6 t,16 t(1 − x)(2x− x2 − t2) ¯à¨ x > t.�ë¡¥à¥¬ à ¢­®®âáâ®ïé¨¥ â®çª¨ xi ¨ tj ¨ ¢®§ì¬¥¬ n = 5, â®£¤ 
x1 = t1 = 16 , x2 = t2 = 26 , x3 = t3 = 36 , x4 = t4 = 46 , x5 = t5 = 56 .Ǒà¨à ¢­ï¥¬ ­ã«î ®¯à¥¤¥«¨â¥«ì, áâ®ïé¨© ¢ §­ ¬¥­ â¥«¥ (14). �®£¤  ¯®á«¥ ­¥ª®â®àëå¯à¥®¡à §®¢ ­¨© ¯à¨¤¥¬ ª ãà ¢­¥­¨î130µ5 − 441µ4 + 488µ3 − 206µ2 + 30µ − 1 = 0 (~λ = 216µ),ª®â®à®¥ ¬®�­® § ¯¨á âì ¢ ä®à¬¥(µ − 1)(2µ − 1)(5µ − 1)(13µ2 − 22µ+ 1) = 0. (16)Ǒ®á«¥ à¥è¥­¨ï (16) ­ ©¤¥¬~λ1 = 10, 02, ~λ2 = 43, 2, ~λ3 = 108, ~λ4 = 216, ~λ5 = 355, 2.�®ç­ë¥ ¢¥«¨ç¨­ë å à ªâ¥à¨áâ¨ç¥áª¨å §­ ç¥­¨© à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¨§¢¥áâ­ë:
λ1 = π2 = 9, 869 . . . , λ2 = (2π)2 = 39, 478 . . . , λ3 = (3π)2 = 88, 826 . . . ,á«¥¤®¢ â¥«ì­®, ®è¨¡ª  ¯à¨ ®¯à¥¤¥«¥­¨¨ ¯¥à¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï 2%, ¢â®à®£®| 9%,âà¥âì¥£®| 20%.�¥§ã«ìâ â ¬®�­® ã«ãçè¨âì ¢ë¡®à®¬ ¤àã£®© á®¢®ªã¯­®áâ¨ â®ç¥ª xi ¨ yi (i=1, 2, . . . , 5).�¤­ ª® ¯à¨ â ª®¬ ç¨á«¥ ®à¤¨­ â ®ç¥­ì ¢ëá®ª ï â®ç­®áâì ­¥ ¬®�¥â ¡ëâì ¤®áâ¨£­ãâ , â ª ª ªá ¬® ï¤à® Q(x, t) ¨¬¥¥â ®á®¡¥­­®áâì: ¯à®¨§¢®¤­ ï ¥£® à §àë¢­  ¯à¨ x = t ¢á«¥¤áâ¢¨¥ ç¥£®­¥¢®§¬®�­  å®à®è ï  ¯¯à®ªá¨¬ æ¨ï ¥£® â ª¨¬¨ ï¤à ¬¨.

©• �¨â¥à âãà : H. Bateman (1922), �. �ãàá  (1934), �. �. � ­â®à®¢¨ç, �. �. �àë«®¢ (1962).5.15. �¥â®¤ ª®««®ª æ¨¨5.15-1. �¡é¨¥ § ¬¥ç ­¨ï� ¯¨è¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤  ¢ ä®à¬¥
ε[y(x)℄ ≡ y(x)− λ

∫ b

a

K(x, t)y(t)dt− f(x) = 0. (1)�ã¤¥¬ ¨áª âì ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥ äã­ªæ¨¨ ¢¨¤ 
Yn(x) = �(x,A1, A2, . . . , An) (2)á® á¢®¡®¤­ë¬¨ ¯ à ¬¥âà ¬¨ A1, A2, . . . , An. Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (2) ¢ ãà ¢-­¥­¨¥ (1), ¯®«ãç¨¬ ­¥¢ï§ªã

ε[Yn(x)℄ = Yn(x)− λ

∫ b

a

K(x, t)Yn(t) dt− f(x). (3)
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172 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�á«¨ y(x) ï¢«ï¥âáï â®ç­ë¬ à¥è¥­¨¥¬, â® ­¥¢ï§ª  ε[y(x)℄ à ¢­  ­ã«î. Ǒ®íâ®¬ã áâ -à îâáï ¯®¤®¡à âì ¯ à ¬¥âàë A1, A2, . . . , An â ª, çâ®¡ë ­¥¢ï§ª  ε[y(x)℄ ¡ë«  ¡ë¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ¢®§¬®�­® ¬ «®©. �¨­¨¬¨§¨à®¢ âì ­¥¢ï§ªã ε[y(x)℄ ¬®�­®à §«¨ç­ë¬¨ á¯®á®¡ ¬¨. �¡ëç­® ¤«ï ¯à®áâ®âë ¢ëª« ¤®ª ¡¥àãâ äã­ªæ¨î Yn(x),«¨­¥©­® § ¢¨áïéãî ®â ¯ à ¬¥âà®¢ A1, A2, . . . , An. � ©¤ï ¯ à ¬¥âàë A1,

A2, . . . , An, ¯®«ãç îâ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ (2). �á«¨lim
n→∞

Yn(x) = y(x), (4)â® ¬®�­®, ¢§ï¢ ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«® ¯ à ¬¥âà®¢ A1, A2, . . . , An, ­ ©â¨à¥è¥­¨¥ y(x) á «î¡®© ­ ¯¥à¥¤ § ¤ ­­®© áâ¥¯¥­ìî â®ç­®áâ¨.Ǒ¥à¥©¤¥¬ â¥¯¥àì ª ¨§«®�¥­¨î ®¤­®£® ¨§ ª®­ªà¥â­ëå ¬¥â®¤®¢ ¯®áâà®¥­¨ï¯à¨¡«¨�¥­­®£® à¥è¥­¨ï Yn(x).5.15-2. Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥Ǒ®«®�¨¬
Yn(x) = ϕ0(x) + n∑

i=1 Aiϕi(x), (5)£¤¥ ϕ0(x), ϕ1(x), . . . , ϕn(x)|¨§¢¥áâ­ë¥ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ ¨ A1, A2, . . . ,
An | ­¥®¯à¥¤¥«¥­­ë¥ ª®íää¨æ¨¥­âë, ¯à¨ç¥¬ äã­ªæ¨¨ ϕi(x) (i = 1, 2, . . . , n)«¨­¥©­® ­¥§ ¢¨á¨¬ë. � ¬¥â¨¬, çâ® ¢ ç áâ­®áâ¨, ¬®�­® ¯®«®�¨âì ϕ0(x) = f(x)¨«¨ ϕ0(x) ≡ 0. Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (5) ¢ «¥¢ãî ç áâì ãà ¢­¥­¨ï (1), ¯®«ãç¨¬­¥¢ï§ªã
ε[Yn(x)℄ = ϕ0(x) + n∑

i=1 Aiϕi(x)− f(x)− λ

∫ b

a

K(x, t)[ϕ0(t) + n∑

i=1 Aiϕi(t)] dt,¨«¨
ε[Yn(x)℄ = ψ0(x, λ) + n∑

i=1 Aiψi(x, λ), (6)£¤¥
ψ0(x, λ) = ϕ0(x)− f(x)− λ

∫ b

a

K(x, t)ϕ0(t) dt,
ψi(x, λ) = ϕi(x)− λ

∫ b

a

K(x, t)ϕi(t) dt, i = 1, . . . , n. (7)�®£« á­® ¬¥â®¤ã ª®««®ª æ¨¨ ¯®âà¥¡ã¥¬, çâ®¡ë ­¥¢ï§ª  ε[Yn(x)℄ ®¡à é « áì¢ ­ã«ì ¢ § ¤ ­­®© á¨áâ¥¬¥ â®ç¥ª ª®««®ª æ¨¨ x1, x2, . . . , xn ¨§ ®âà¥§ª  [a, b℄, â. ¥.¯®« £ ¥¬, çâ®
ε[Yn(xj)℄ = 0, j = 1, . . . , n,£¤¥

a 6 x1 < x2 < · · · < xn−1 < xn 6 b.�¡ëç­® ¯®« £ îâ x1 = a ¨ xn = b.�âáî¤ , ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (6) ¤«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ A1,
A2, . . . , An ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

n∑

i=1 Aiψi(xj, λ) = −ψ0(xj , λ), j = 1, 2, . . . , n. (8)
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5.15. �¥â®¤ ª®««®ª æ¨¨ 173�á«¨ ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (8):det[ψi(xj , λ)℄ = ∣∣∣∣∣∣∣∣

ψ1(x1, λ) ψ1(x2, λ) · · · ψ1(xn, λ)
ψ2(x1, λ) ψ2(x2, λ) · · · ψ2(xn, λ)... ... . . . ...
ψn(x1, λ) ψn(x2, λ) · · · ψn(xn, λ) ∣∣∣∣∣∣∣∣

6= 0,â® ¨§ á¨áâ¥¬ë (8) ¬®�­® ®¤­®§­ ç­® ®¯à¥¤¥«¨âì A1, A2, . . . , An ¨, á«¥¤®¢ â¥«ì­®,­ ©â¨ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ Yn(x) ¯® ä®à¬ã«¥ (5).5.15-3. �®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ãà ¢­¥­¨ïǑà¨à ¢­¨¢ ï ­ã«î ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (8), ¯®«ãç¨¬ ãà ¢­¥­¨¥det[ψi(xj , λ)℄ = 0,ª®â®à®¥, ¢®®¡é¥ £®¢®àï, ¯®§¢®«ï¥â ­ ©â¨ ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï å à ªâ¥à¨áâ¨-ç¥áª¨å ç¨á¥« ~λk (k = 1, 2, . . . , n) ï¤à  K(x, t).�á«¨ ¯®«®�¨âì
f(x) ≡ 0, ϕ0(x) ≡ 0, λ = ~λk,â® ¢¬¥áâ® á¨áâ¥¬ë (8) ¡ã¤¥¬ ¨¬¥âì ®¤­®à®¤­ãî á¨áâ¥¬ã

n∑

i=1 ~A(k)
i ψi(xj , ~λk) = 0, j = 1, 2, . . . , n. (9)�¯à¥¤¥«¨¢ ­¥­ã«¥¢ë¥ à¥è¥­¨ï ~A(k)

i (i= 1, 2, . . . , n) á¨áâ¥¬ë (9), ¯®«ãç¨¬ ¤«ïï¤à  K(x, t) ¯à¨¡«¨�¥­­ë¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨~Y (k)
n (x) = n∑

i=1 ~A(k)
i ϕi(x),®â¢¥ç îé¨¥ ¥£® å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λk ≈ ~λk.Ǒà¨¬¥à. �¥â®¤®¬ ª®««®ª æ¨¨ à¥è¨âì ãà ¢­¥­¨¥

y(x) − ∫ 10 t2y(t)
x2 + t2 dt = x ar
tg 1

x
. (10)Ǒ®«®�¨¬

Y2(x) = A1 +A2x.Ǒ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢ ãà ¢­¥­¨¥ (10), ¯®«ãç¨¬ ­¥¢ï§ªã
ε[Y2(x)℄ = −A1x ar
tg 1

x
+ A2[x− 12 + x22 ln(1 + 1

x2 )]
− x ar
tg 1

x
.�ë¡¨à ï â®çª¨ ª®««®ª æ¨¨ x1 = 0, x2 = 1 ¨ ãç¨âë¢ ï, çâ®lim

x→0 x ar
tg 1
x

= 0, lim
x→0 x2 ln(1 + 1

x2 ) = 0,¤«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ A1 ¨ A2 ¡ã¤¥¬ ¨¬¥âì á¨áâ¥¬ã:0×A1 − 12 A2 = 0,
− π4 A1 + 12 (1 + ln 2)A2 = π4 .�âáî¤  ¯®«ãç ¥¬ A2 = 0 ¨ A1 = −1. � ª¨¬ ®¡à §®¬,

Y2(x) = −1. (11)� ©¤¥­­®¥ à¥è¥­¨¥ (11), ª ª «¥£ª® ¯à®¢¥à¨âì ï¢«ï¥âáï â®ç­ë¬.
©• �¨â¥à âãà : �. �®«« âæ (1958), �. Ǒ. �¥¬¨¤®¢¨ç, �. �. � à®­, �. �. �ã¢ «®¢  (1963),�. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).
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174 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.16. �¥â®¤ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢5.16-1. �¯¨á ­¨¥ ¬¥â®¤ �«ï ãà ¢­¥­¨ï

ε[y(x)℄ ≡ y(x)− λ

∫ b

a

K(x, t)y(t)dt− f(x) = 0, (1) ­ «®£¨ç­® ¬¥â®¤ã ª®««®ª æ¨¨, ¯®« £ ¥¬
Yn(x) = ϕ0(x) + n∑

i=1 Aiϕi(x), (2)£¤¥ ϕ0(x), ϕ1(x), . . . , ϕn(x)|¨§¢¥áâ­ë¥ äã­ªæ¨¨ ¨ A1, A2, . . . , An|­¥®¯à¥¤¥-«¥­­ë¥ ª®íää¨æ¨¥­âë, ¯à¨ç¥¬ ϕi(x) (i = 1, 2, . . . , n) «¨­¥©­® ­¥§ ¢¨á¨¬ë.Ǒ®¤áâ ¢«ïï (2) ¢ «¥¢ãî ç áâì ãà ¢­¥­¨ï (1), ¯®«ãç¨¬ ­¥¢ï§ªã
R[Yn(x)℄ = ψ0(x, λ) + n∑

i=1 Aiψi(x, λ), (3)£¤¥ ψ0(x, λ) ¨ ψi(x, λ) (i = 1, 2, . . . , n) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (7) ¨§ ¯. 5.15-2.�®£« á­® ¬¥â®¤ã ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢, ª®íää¨æ¨¥­âë Ai (i = 1, . . . , n)®âëáª¨¢ îâáï ¨§ ãá«®¢¨ï ¬¨­¨¬ã¬  ¨­â¥£à « 
I = ∫ b

a

{ε[Yn(x)℄}2 dx = ∫ b

a

[
ψ0(x, λ) + n∑

i=1 Aiψi(x, λ)]2 dx. (4)�â® âà¥¡®¢ ­¨¥ ¯à¨¢®¤¨â ª á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
∂I

∂Aj
= 0, j = 1, 2, . . . , n, (5)®âªã¤  ­  ®á­®¢ ­¨¨ (4), ¤¨ää¥à¥­æ¨àãï ¯® ¯ à ¬¥âà ¬ A1, . . . , An ¯®¤ §­ ª®¬¨­â¥£à « , ¡ã¤¥¬ ¨¬¥âì12 ∂I

∂Aj
= ∫ b

a

ψj(x, λ)[ψ0(x, λ) + n∑

i=1 Aiψi(x, λ)] dx = 0, j = 1, 2, . . . , n. (6)� ¯®¬®éìî ®¡®§­ ç¥­¨© â¨¯ 
cij(λ) = ∫ b

a

ψi(x, λ)ψj(x, λ) dx (7)á¨áâ¥¬ã (6) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
c11(λ)A1 + c12(λ)A2 + · · ·+ c1n(λ)An = −c10(λ),
c21(λ)A1 + c22(λ)A2 + · · ·+ c2n(λ)An = −c20(λ),
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
cn1(λ)A1 + cn2(λ)A2 + · · ·+ cnn(λ)An = −cn0(λ). (8)� ¬¥â¨¬, çâ® ¥á«¨ ϕ0(x)≡0, â® ψ0(x)=−f(x). �à®¬¥ â®£®, â ª ª ª áij(λ)=áji(λ),â® ¬ âà¨æ  á¨áâ¥¬ë (8) á¨¬¬¥âà¨ç­ ï.
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5.16. �¥â®¤ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ 1755.16-2. Ǒ®áâà®¥­¨¥ á®¡áâ¢¥­­ëå äã­ªæ¨©�¥â®¤ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ ¯à¨¬¥­ï¥âáï ¨ ¤«ï ®¯à¥¤¥«¥­¨ï å à ªâ¥à¨-áâ¨ç¥áª¨å ç¨á¥« ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© ï¤à  K(x, t). �¥©áâ¢¨â¥«ì­®, ¯®« £ ï
f(x) ≡ 0 ¨ ϕ0(x) ≡ 0, ®âªã¤  ψ0(x) ≡ 0, ®¯à¥¤¥«¨¬ ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï å -à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¨§  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ïdet[cij(λ)℄ = 0. (9)Ǒ®á«¥ íâ®£® ¯à¨¡«¨�¥­­ë¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ­ å®¤ïâáï ¨§ ®¤­®à®¤­®© á¨áâ¥-¬ë (8), £¤¥ ¢¬¥áâ® λ ¯®¤áâ ¢«¥­® á®®â¢¥âáâ¢ãîé¥¥ ¯à¨¡«¨�¥­­®¥ §­ ç¥­¨¥.Ǒà¨¬¥à. �¥â®¤®¬ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ ­ ©â¨ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

y(x) = x2 + ∫ 1
−1 sh(x+ t)y(t) dt (10)�«ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¯®« £ ¥¬ Y2(x) = x2 + A2x+ A1. �âáî¤ 

ϕ1(x) = 1, ϕ2(x) = x, ϕ0(x) = x2.�ç¨âë¢ ï, çâ®
∫ 1
−1 sh(x+ t) dt = a sh x, ∫ 1

−1 t sh(x+ t) dt = b sh x, ∫ 1
−1 t2 sh(x+ t) dt = c sh x,

a = 2 sh 1 = 2, 3504, b = 2e−1 = 0, 7358, c = 6 sh 1− 4 
h 1 = 0, 8788,­  ®á­®¢ ­¨¨ ä®à¬ã« (7) ¨§ ¯. 5.15-2 ¨¬¥¥¬
ψ1 = 1− a sh x, ψ2 = x− b 
h x, ψ0 = −c sh x.� «¥¥ ­ å®¤¨¬ (á â®ç­®áâìî ¤® ç¥âëà¥å §­ ç é¨å æ¨äà ¯®á«¥ § ¯ïâ®©)

c11 = 2 + a2( 12 sh 2− 1) = 6, 4935, c22 = 23 + b2( 12 sh 2 + 1) = 2, 1896,
c12 = −4(ae−1 + b sh 1) = −8e−1 sh 1 = −3, 4586,
c10 = ac

( 12 sh 2− 1) = 1, 6800, c20 = −2ce−1 = −0, 6466,¨ ¯®«ãç ¥¬ á¨áâ¥¬ã ¤«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ A1 ¨ A26, 4935A1 − 3, 4586A2 = −1, 6800,
−3, 4586A1 + 2, 1896A2 = 0, 6466.�âáî¤  ¨¬¥¥¬ A1 = −0, 5423, A2 = −0, 5613. � ª¨¬ ®¡à §®¬,
Y2(x) = x2 − 0, 5613x − 0, 5423. (11)� ª ª ª ¢ ãà ¢­¥­¨¨ (10) ï¤à®

K(x, t) = sh(x+ t) = sh x 
h t+ 
h x sh t¢ëà®�¤¥­­®¥, â® ¬®�­® ¯®«ãç¨âì â®ç­®¥ à¥è¥­¨¥:
y(x) = x2 + α sh x+ β 
h x, (12)

α = 6 sh 1− 4 
h 12− ( 12 sh 2)2 = −0, 6821, β = α
( 12 sh 2− 1) = −0, 5548.�§ áà ¢­¥­¨ï ä®à¬ã« (11) ¨ (12) § ª«îç ¥¬, çâ® ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ Y2(x) ¡«¨§ª® ªâ®ç­®¬ã y(x), ¥á«¨ |x||¬ « ï ¢¥«¨ç¨­ . �  ª®­æ å x = ±1 à áå®�¤¥­¨¥ |y(x) − Y2(x)|¤®¢®«ì­® §­ ç¨â¥«ì­®.

©• �¨â¥à âãà : �. �. � ­â®à®¢¨ç, �. �. �àë«®¢ (1962), �. Ǒ. �¥¬¨¤®¢¨ç, �. �. � à®­,�. �. �ã¢ «®¢  (1963), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª® (1968).
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176 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.17. �¥â®¤ �ã¡­®¢ {� «¥àª¨­ 5.17-1. �¯¨á ­¨¥ ¬¥â®¤ Ǒãáâì

ε[y(x)℄ ≡ y(x)− λ

∫ b

a

K(x, t)y(t)dt− f(x) = 0. (1)�­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã, ¡ã¤¥¬ ¨áª âì ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢¢¨¤¥ ª®­¥ç­®© áã¬¬ë
Yn(x) = f(x) + n∑

i=1 Aiϕi(x), i = 1, 2, . . . , n, (2)£¤¥ ϕi(x) (i = 1, 2, . . . , n)| ­¥ª®â®àë¥ ¨§¢¥áâ­ë¥ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ äã­ªæ¨¨(ª®®à¤¨­ â­ë¥ äã­ªæ¨¨) ¨ A1, A2, . . . , An | ­¥®¯à¥¤¥«¥­­ë¥ ª®íää¨æ¨¥­âë.Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (2) ¢ «¥¢ãî ç áâì ãà ¢­¥­¨ï (1), ¯®«ãç¨¬ ­¥¢ï§ªã
ε[Yn(x)℄ = n∑

j=1Aj[ϕj(x)− λ

∫ b

a

K(x, t)ϕj(t) dt] − λ

∫ b

a

K(x, t)f(t) dt. (3)�®£« á­® ¬¥â®¤ã �ã¡­®¢ {� «¥àª¨­ , ¨áª®¬ë¥ ª®íää¨æ¨¥­âë Ai ®¯à¥¤¥«ïîâ-áï ¨§ ãá«®¢¨ï ®àâ®£®­ «ì­®áâ¨ ­¥¢ï§ª¨ ª® ¢á¥¬ ª®®à¤¨­ â­ë¬ äã­ªæ¨ï¬ ϕ1(x),
ϕ2(x), . . . , ϕn(x). �â® ¤ ¥â á¨áâ¥¬ã ãà ¢­¥­¨©

∫ b

a

ε[Yn(x)℄ϕi(x) dx = 0, i = 1, . . . , n,¨«¨ ¢ á¨«ã (3)
n∑

j=1(αij − λβij)Aj = λγi, i = 1, 2, . . . , n, (4)£¤¥
αij = ∫ b

a

ϕi(x)ϕj(x) dx, βij = ∫ b

a

∫ b

a

K(x, t)ϕi(x)ϕj(t) dt dx,
γi = ∫ b

a

∫ b

a

K(x, t)ϕi(x)f(t) dt dx.�á«¨ ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (4)
D(λ) = det[αij − λβij ℄®â«¨ç¥­ ®â ­ã«ï, â® ¨§ íâ®© á¨áâ¥¬ë ¬®�­® ®¤­®§­ ç­® ®¯à¥¤¥«¨âì ª®íää¨æ¨¥­âë

A1, A2, . . . , An. �®£¤  ä®à¬ã«  (2) ¤ ¥â ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï (1).5.17-2. � à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ãà ¢­¥­¨ï�§ ãà ¢­¥­¨ï D(λ) = 0 ­ å®¤ïâáï ¯à¨¡«¨�¥­­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« ~λ1, ~λ2, . . . , ~λn ãà ¢­¥­¨ï. � ©¤ï ­¥­ã«¥¢ë¥ à¥è¥­¨ï ®¤­®à®¤­®© «¨­¥©­®©á¨áâ¥¬ë
n∑

j=1(αij − ~λkβij)~A(k)
j = 0, i = 1, 2, . . . , n,
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5.17. �¥â®¤ �ã¡­®¢ {� «¥àª¨­  177¬®�­® ¯®áâà®¨âì ¯à¨¡«¨�¥­­ë¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ~Y (k)
n (x), á®®â¢¥âáâ¢ãîé¨¥å à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á« ¬ ~λk:~Y (k)

n (x) = n∑

i=1 ~A(k)
i ϕ(x).�®�­® ¯®ª § âì, çâ® ¬¥â®¤ �ã¡­®¢ {� «¥àª¨­  à ¢­®á¨«¥­ § ¬¥­¥ ¨áå®¤­®-£® ï¤à  K(x, t) ­¥ª®â®àë¬ ¢ëà®�¤¥­­ë¬ ï¤à®¬ K(n)(x, t). Ǒ®íâ®¬ã ¤«ï ¯à¨¡«¨-�¥­­®£® à¥è¥­¨ï Yn(x) ¨¬¥¥âáï ®æ¥­ª  ¯®£à¥è­®áâ¨,  ­ «®£¨ç­ ï ¯à¨¢¥¤¥­­®©¢ ¯. 5.13-2.Ǒà¨¬¥à. � ©¤¥¬ ¯¥à¢ë¥ ¤¢  å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á«  ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï

ε[y(x)℄ ≡ y(x)− λ

∫ 10 K(x, t)y(t) dt = 0,£¤¥
K(x, t) = {

t ¯à¨ t 6 x,
x ¯à¨ t > x. (5)�  ®á­®¢ ­¨¨ (5) ¨¬¥¥¬

ε[y(x)℄ = y(x) − λ

{∫ x0 ty(t) dt+ ∫ 1
x
xy(t) dt}.Ǒ®«®�¨¬ Y2(x) = A1x+ A2x2. �®£¤ 

ε[Y2(x)℄ = A1x+A2x2 − λ
[ 13 A1x3 + 14 A2x4 + x

( 12 A1 + 13 A2) −
( 12 A1x3 + 13 A2x4)] == A1[(1− 12 λ)

x+ 16 λx3] +A2(− 13 λx+ x2 + 112 λx4).�àâ®£®­ «¨§ãï ­¥¢ï§ªã ε[Y2(x)℄, ¡ã¤¥¬ ¨¬¥âì á¨áâ¥¬ã
∫ 10 ε[Y2(x)℄x dx = 0,
∫ 10 ε[Y2(x)℄x2 dx = 0,¨«¨ ®¤­®à®¤­ãî á¨áâ¥¬ã ¤¢ãå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¤¢ã¬ï ­¥¨§¢¥áâ­ë¬¨:

A1(120 − 48λ) + A2(90 − 35λ) = 0
A1(630 − 245λ) +A2(504 − 180λ) = 0. (6)Ǒà¨à ¢­¨¢ ï ­ã«î ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (6), ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ïå à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«:
D(λ) ≡ ∣∣∣∣

120− 48λ 90− 35λ630 − 245λ 504− 180λ ∣∣∣∣ = 0.�âªã¤ 
λ2 − 26, 03λ+ 58, 15 = 0. (7)�§ ãà ¢­¥­¨ï (7) ¡ã¤¥¬ ¨¬¥âì~λ1 = 2, 462 . . . ¨ ~λ2 = 23, 568 . . .�«ï áà ¢­¥­¨ï ãª �¥¬ â®ç­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« 

λ1 = 14 π2 = 2, 467 . . . ¨ λ2 = 94 π2 = 22, 206 . . . ,¯®«ãç¥­­ë¥ ¨§ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨, íª¢¨¢ «¥­â­®© ¨áå®¤­®¬ã ãà ¢­¥­¨î:
y′′xx(x) + λy(x) = 0; y(0) = 0, y′x(1) = 0.� ª¨¬ ®¡à §®¬, ¯®£à¥è­®áâì ~λ1 à ¢­  ¯à¨¬¥à­® 0, 2%,   ~λ2 | 6%.

©• �¨â¥à âãà : �. �. � ­â®à®¢¨ç, �. �. �àë«®¢ (1962), �. Ǒ. �¥¬¨¤®¢¨ç, �. �. � à®­,�. �. �ã¢ «®¢  (1963), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).
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178 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)5.18. �¥â®¤ ª¢ ¤à âãà5.18-1. �¡é ï áå¥¬  ¤«ï ãà ¢­¥­¨© �à¥¤£®«ì¬  ¢â®à®£® à®¤ �¢¥¤¥­¨¥ § ¤ ç¨ à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ª à¥è¥­¨î á¨áâ¥¬  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨©, ¯®«ãç ¥¬ëå § ¬¥­®© ¨­â¥£à «®¢ ª®­¥ç­ë¬¨ áã¬¬ ¬¨, ï¢-«ï¥âáï ®¤­¨¬ ¨§ á ¬ëå íää¥ªâ¨¢­ëå ¬¥â®¤®¢. �¥â®¤ ª¢ ¤à âãà ®â­®á¨âáï ª  ¯-¯à®ªá¨¬ æ¨®­­ë¬ ¬¥â®¤ ¬. �­ è¨à®ª® à á¯à®áâà ­¥­ ¢ ¯à ªâ¨ª¥, ¯®áª®«ìªã ¤®-áâ â®ç­® ã­¨¢¥àá «¥­ ¢ ®â­®è¥­¨¨ ¯à¨­æ¨¯  ¯®áâà®¥­¨ï  «£®à¨â¬®¢ à¥è¥­¨ï ª ª«¨­¥©­ëå, â ª ¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨©.� ª �¥ ª ª íâ® ¡ë«® ¢ á«ãç ¥ ãà ¢­¥­¨© �®«ìâ¥àà , ¢ ®á­®¢¥ ¬¥â®¤  «¥�¨â­¥ª®â®à ï ª¢ ¤à âãà­ ï ä®à¬ã«  (á¬. ¯. 2.7-1):

∫ b

a

ϕ(x) dx = n∑

j=1Ajϕ(xj) + εn[ϕ℄, (1)£¤¥ xj | ã§«ë ª¢ ¤à âãà­®© ä®à¬ã«ë, Aj | ¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë, ­¥ § ¢¨-áïé¨¥ ®â äã­ªæ¨¨ ϕ(x), εn[ϕ℄| ®è¨¡ª  § ¬¥­ë ¨­â¥£à «  áã¬¬®© (®áâ â®ç­ë©ç«¥­ ª¢ ¤à âãà­®© ä®à¬ã«ë).�á«¨ ¢ «¨­¥©­®¬ ­¥®¤­®à®¤­®¬ ¨­â¥£à «ì­®¬ ãà ¢­¥­¨¨ �à¥¤£®«ì¬  ¢â®à®£®à®¤ 
y(x)− λ

∫ b

a

K(x, t)y(t) dt = f(x), a 6 x 6 b, (2)¯à¨­ïâì x = xi (i = 1, 2, . . . , n), â® ¯®«ãç¨¬ ¨áå®¤­®¥ ¤«ï ¤ ­­®£® ¬¥â®¤ á®®â­®è¥­¨¥
y(xi)− λ

∫ b

a

K(xi, t)y(t)dt = f(xi), i = 1, 2, . . . , n, (3)¨§ ª®â®à®£® ¯®á«¥ § ¬¥­ë ¨­â¥£à «  ª®­¥ç­®© áã¬¬®© ¯®«ãç ¥âáï á¨áâ¥¬  ãà ¢-­¥­¨©:
y(xi)− λ

n∑

j=1AjK(xi, xj)y(xj) = f(xi) + λεn[y℄. (4)Ǒ®á«¥ ®â¡à áë¢ ­¨ï ¢ ­¥© ¬ «®© ¢¥«¨ç¨­ë λεn[y℄ ¤«ï ®âëáª ­¨ï ¯à¨¡«¨�¥­­ëå§­ ç¥­¨© yi à¥è¥­¨ï y(x) ¢ ã§« å x1, x2, . . . , xn ¯®«ãç ¥âáï á¨áâ¥¬  «¨­¥©­ëå «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
yi − λ

n∑

j=1AjKijyj = fi, i = 1, 2, . . . , n, (5)£¤¥ Kij = K(xi, xj), fi = f(xi).�¥è¥­¨¥ á¨áâ¥¬ë (5) ¤ ¥â §­ ç¥­¨ï y1, y2, . . . , yn, ¯® ª®â®àë¬ ¯ãâ¥¬ ¨­â¥à-¯®«ïæ¨¨ ­ å®¤¨âáï ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (2) ­  ¢á¥¬®âà¥§ª¥ [a, b℄. Ǒà¨ íâ®¬ ¢ ª ç¥áâ¢¥ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¬®�­® ¯à¨­ïâì äã­ª-æ¨î, ¯®«ãç¥­­ãî «¨­¥©­®© ¨­â¥à¯®«ïæ¨¥©, â. ¥. á®¢¯ ¤ îéãî á yi ¢ â®çª å xi ¨«¨­¥©­ãî ¢ ª �¤®¬ ¨§ ¯à®¬¥�ãâª®¢ [xi, xi+1℄. �à®¬¥ â®£®, ¢ ª ç¥áâ¢¥  ­ «¨â¨ç¥-áª®£® ¢ëà �¥­¨ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï ¯à¨­¨¬ ¥âáï äã­ªæ¨ï~y(x) = f(x) + λ

n∑

j=1AjK(x, xj)yj , (6)â ª�¥ ¨¬¥îé ï ¢ ã§« å x1, x2, . . . , xn §­ ç¥­¨ï y1, y2, . . . , yn.
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5.18. �¥â®¤ ª¢ ¤à âãà 1795.18-2. Ǒ®áâà®¥­¨¥ á®¡áâ¢¥­­ëå äã­ªæ¨©�¥â®¤ ª¢ ¤à âãà ¯à¨¬¥­ï¥âáï â ª�¥ ¤«ï à¥è¥­¨ï ®¤­®à®¤­ëå ãà ¢­¥­¨©�à¥¤£®«ì¬  ¢â®à®£® à®¤ . � íâ®¬ á«ãç ¥ á¨áâ¥¬  (5) áâ ­®¢¨âáï ®¤­®à®¤­®©(fi ≡ 0) ¨ ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  ¥¥ ®¯à¥¤¥«¨â¥«ì
D(λ) à ¢¥­ ­ã«î. �«£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥ D(λ) = 0 áâ¥¯¥­¨ n ®â­®á¨â¥«ì­® λ¯®§¢®«ï¥â ­ ©â¨ ª®à­¨ ~λ1, ~λ2, . . . , ~λn, ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¯à¨¡«¨�¥­­ë¥ §­ -ç¥­¨ï n å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ãà ¢­¥­¨ï. Ǒ®¤áâ ­®¢ª  «î¡®£® ¨§ §­ ç¥­¨© ~λk(k = 1, 2, . . . , n) ¢ (5) ¯à¨ fi ≡ 0 ¯à¨¢®¤¨â ª á¨áâ¥¬¥ ãà ¢­¥­¨©

y
(k)
i − ~λk n∑

j=1AjKijy
(k)
j = 0, i = 1, 2, . . . , n,­¥­ã«¥¢ë¥ à¥è¥­¨ï ª®â®à®© y(k)i ¯®§¢®«ïîâ ¯®«ãç¨âì ¯à¨¡«¨�¥­­ë¥ ¢ëà �¥­¨ï¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï:~yk(x) = ~λk n∑

j=1AjK(x, xj)y(k)j .�á«¨ λ ­¥ à ¢­® ­¨ ®¤­®¬ã ¨§ ª®à­¥© ~λk, â® ­¥®¤­®à®¤­ ï á¨áâ¥¬  «¨­¥©­ëå «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �¤­®à®¤­ ï á¨áâ¥¬ ãà ¢­¥­¨© (5) ¢ íâ®¬ �¥ á«ãç ¥ ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.5.18-3. �á®¡¥­­®áâ¨ ¯à¨¬¥­¥­¨ï ª¢ ¤à âãà­ëå ä®à¬ã«�®ç­®áâì ¯®«ãç ¥¬ëå à¥è¥­¨© áãé¥áâ¢¥­­® § ¢¨á¨â ®â £« ¤ª®áâ¨ ï¤à  ¨á¢®¡®¤­®£® ç«¥­ . Ǒà¨ ¢ë¡®à¥ ª¢ ¤à âãà­®© ä®à¬ã«ë ­¥®¡å®¤¨¬® ãç¨âë¢ âì, çâ®ç¥¬ ¡®«¥¥ â®ç­ãî ä®à¬ã«ã ¯à¥¤¯®« £ ¥âáï ¯à¨¬¥­¨âì, â¥¬ ¡®«ìè¨¥ âà¥¡®¢ ­¨ï¤®«�­ë ¡ëâì ¯à¥¤êï¢«¥­ë ª £« ¤ª®áâ¨ ï¤à , à¥è¥­¨ï ¨ ¯à ¢®© ç áâ¨.�á«¨ ¯à ¢ ï ç áâì ¨«¨ ï¤à® ¨¬¥îâ ®á®¡¥­­®áâ¨, â® æ¥«¥á®®¡à §­® ¯à¥¤¢ à¨-â¥«ì­® ¯à¥®¡à §®¢ âì ¨áå®¤­®¥ ãà ¢­¥­¨¥ á æ¥«ìî ¯®«ãç¥­¨ï ¡®«¥¥ â®ç­®£® ¯à¨-¡«¨�¥­­®£® à¥è¥­¨ï. Ǒà¨ íâ®¬ ¯à¨¬¥­ïîâáï á«¥¤ãîé¨¥ ¯à¨¥¬ë.�á«¨ ®á®¡¥­­®áâ¨ ¨¬¥¥â ¯à ¢ ï ç áâì f(x),   ï¤à® £« ¤ª®¥, â® ¬®�­® ¢¬¥-áâ® y(x) ¢¢¥áâ¨ ­¥¨§¢¥áâ­ãî äã­ªæ¨î z(x) = y(x)−f(x), ¨á¯®«ì§®¢ ­¨¥ ª®â®à®©¢ ¨áå®¤­®¬ ãà ¢­¥­¨¨ ¯®§¢®«ï¥â ¯®«ãç¨âì ãà ¢­¥­¨¥
z(x)− λ

∫ b

a

K(x, t)z(t) dt = λ

∫ b

a

K(x, t)f(t) dt,¢ ª®â®à®¬ ¯à ¢ ï ç áâì á£« �¥­ ,   á«¥¤®¢ â¥«ì­®, ¨ à¥è¥­¨¥ z(x) ¡ã¤¥â ¡®«¥¥£« ¤ª¨¬. Ǒ® ­ ©¤¥­­®© äã­ªæ¨¨ z(x) «¥£ª® ­ ©â¨ ¨áª®¬®¥ à¥è¥­¨¥ y(x).� â¥å á«ãç ïå, ª®£¤  ï¤à® K(x, t) ¨«¨ ¥£® ¯à®¨§¢®¤­ë¥ ¯® t ¨¬¥îâ à §àë¢ë­  ¤¨ £®­ «¨ x= t, à¥è ¥¬®¥ ãà ¢­¥­¨¥ æ¥«¥á®®¡à §­® § ¯¨á âì ¢ íª¢¨¢ «¥­â­®¬¢¨¤¥:
y(x)[1− λ

∫ b

a

K(x, t) dt] − λ

∫ b

a

K(x, t)[y(t)− y(x)℄ dt = f(x),£¤¥ ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¢® ¢â®à®¬ ¨­â¥£à «¥ ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥©, ¯®-áª®«ìªã ­  ¤¨ £®­ «¨ x = t à §­®áâì y(t)− y(x) ®¡à é ¥âáï ¢ ­ã«ì,   ¢ëç¨á«¥­¨¥¨­â¥£à «  ∫ b

a
K(x, t) dt ¢ë¯®«­ï¥âáï ¡¥§ ¨áª®¬ëå äã­ªæ¨© ¨ ç áâ® ¢®§¬®�­® ¢ï¢­®¬ ¢¨¤¥.
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180 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)Ǒà¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥

y(x)− 12 ∫ 10 xty(t) dt = 56 x.�ë¡¥à¥¬ ã§«ë x1 = 0, x2 = 12 , x3 = 1 ¨ ¢ëç¨á«¨¬ ¢ ­¨å §­ ç¥­¨ï ¯à ¢®© ç áâ¨
f(x) = 56 x ¨ ï¤à  K(x, t) = xt:

f(0) = 0, f
( 12 ) = 512 , f(1) = 56 ,

K(0, 0) = 0, K
(0, 12 ) = 0, K(0, 1) = 0, K

( 12 , 0) = 0, K
( 12 , 12 ) = 14 ,

K
( 12 , 1) = 12 , K(1, 0) = 0, K

(1, 12 ) = 12 , K(1, 1) = 1.�á¯®«ì§ãï ª¢ ¤à âãà­ãî ä®à¬ã«ã �¨¬¯á®­  (á¬. ¯. 2.7-1)
∫ 10 F (x) dx ≈ 16 [

F (0) + 4F ( 12 ) + F (1)]¤«ï ®¯à¥¤¥«¥­¨ï ¯à¨¡«¨�¥­­ëå §­ ç¥­¨© yi (i = 1, 2, 3) à¥è¥­¨ï y(x) ¢ ã§« å xi, ¯®«ãç¨¬á¨áâ¥¬ã
y1 = 0,1112 y2 − 124 y3 = 512 ,

− 212 y2 + 1112 y3 = 56 ,à¥è¥­¨¥¬ ª®â®à®© ï¢«ïîâáï y1=0, y2= 12 , y3=1. Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥ ¢ á®®â¢¥âáâ¢¨¨á ¢ëà �¥­¨¥¬ (6) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥~y(x) = 56 x+ 12 × 16 (0 + 4× 12 × 12 x+ 1× 1× x
) = x.�¥£ª® ¢¨¤¥âì, çâ® ®­® á®¢¯ ¤ ¥â á â®ç­ë¬ à¥è¥­¨¥¬.

©• �¨â¥à âãà : �. �. � å¢ «®¢ (1973), �. �. �àë«®¢, �. �. �®¡ª®¢, Ǒ. �. �®­ áâëà-­ë© (1984), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).5.19. �¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬ ¢â®à®£® à®¤ 5.19-1. �¥ª®â®àë¥ § ¬¥ç ­¨ï�¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬  ¢â®à®£® à®¤  ¨¬¥¥â ¢¨¤
yi(x)− λ

n∑

j=1 ∫ b

a

Kij(x, t)yj(t) dt = fi(x), a 6 x 6 b, i = 1, . . . , n. (1)Ǒà¥¤¯®«®�¨¬, çâ® ï¤à  Kij(x, t) ­¥¯à¥àë¢­ë ¨«¨ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë ¢ª¢ ¤à â¥ S = {a 6 x 6 b, a 6 t 6 b},   á¢®¡®¤­ë¥ ç«¥­ë fi(x) ­¥¯à¥àë¢­ë ¨«¨ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë ­  [a, b℄. �â ¨áª®¬ëå äã­ªæ¨© yi(x) â ª�¥ ¯®âà¥¡ã¥¬,çâ®¡ë ®­¨ ¡ë«¨ ­  [a, b℄ ­¥¯à¥àë¢­ë «¨¡® ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë. �  â ª¨¥á¨áâ¥¬ë ¯®«­®áâìî à á¯à®áâà ­ï¥âáï â¥®à¨ï, à §¢¨â ï ¤«ï ãà ¢­¥­¨© �à¥¤£®«ì¬ ¢â®à®£® à®¤ . � ª, ¬®�­® ¯®ª § âì, çâ® ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (1) ¯®á«¥¤®¢ â¥«ì-­ë¥ ¯à¨¡«¨�¥­¨ï áå®¤ïâáï ¢ áà¥¤­¥¬ ª à¥è¥­¨î íâ®© á¨áâ¥¬ë, ¥á«¨ λ ã¤®¢«¥â¢®-àï¥â ­¥à ¢¥­áâ¢ã
|λ| < 1

B∗

, (2)£¤¥
n∑

i=1 n∑

j=1 ∫ b

a

∫ b

a

|Kij(x, t)|2 dx dt = B2
∗ <∞. (3)
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5.20. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ­¥ª®â®àëå ãà ¢­¥­¨© ¢â®à®£® à®¤  181�á«¨ ï¤à  Kij(x, t) ã¤®¢«¥â¢®àïîâ ¥é¥ ¨ ãá«®¢¨î∫ b

a

K2
ij(x, t) dt 6 Aij , a 6 x 6 b, (4)£¤¥ Aij | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, â® ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨�¥­¨ï áå®¤ïâáï ¡á®«îâ­® ¨ à ¢­®¬¥à­®.�á«¨ ¢á¥ ï¤à  Kij(x, t) ¢ëà®�¤¥­­ë¥, â® á¨áâ¥¬  (1) á¢®¤¨âáï ª «¨­¥©­®© «£¥¡à ¨ç¥áª®© á¨áâ¥¬¥. �®�­® ãáâ ­®¢¨âì, çâ® ¤«ï á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢-­¥­¨© �à¥¤£®«ì¬  á¯à ¢¥¤«¨¢ë ¢á¥ â¥®à¥¬ë �à¥¤£®«ì¬ .5.19-2. �¥â®¤ ¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ¢ ®¤­® ãà ¢­¥­¨¥�¨áâ¥¬ã ãà ¢­¥­¨© (1) ¬®�­® ¯à¥®¡à §®¢ âì ¢ ®¤­® ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥�à¥¤£®«ì¬  ¢â®à®£® à®¤ . �¥©áâ¢¨â¥«ì­®, ®¯à¥¤¥«¨¬ äã­ªæ¨¨ Y (x) ¨ F (x)­  [a, nb− (n− 1)a℄, ¯®«®�¨¢

Y (x) = yi
(
x− (i− 1)(b− a)), F (x) = fi

(
x− (i− 1)(b − a))¯à¨ (i− 1)b− (i− 2)a 6 x 6 ib − (i− 1)a.�¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï K(x, t) § ¤ ¤¨¬ ¢ ª¢ ¤à â¥

Sn = {a 6 x 6 nb− (n− 1)a, a 6 t 6 nb − (n− 1)a},¯®«®�¨¢
K(x, t) = Kij

(
x− (i− 1)(b− a), t− (j − 1)(b− a))¯à¨(i− 1)b− (i− 2)a 6 x 6 ib− (i− 1)a, (j − 1)b− (j − 2)a 6 t 6 jb− (j − 1)a.�¥¯¥àì á¨áâ¥¬  (1) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ®¤­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬ 

Y (x)− λ

∫ nb−(n−1)a
a

K(x, t)Y (t) dt = F (x), a 6 x 6 nb − (n− 1)a.�á«¨ ï¤à  Kij(x, t) ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë ¢ ª¢ ¤à â¥ S = {a 6 x 6 b,
a6 t6 b},   á¢®¡®¤­ë¥ ç«¥­ë fi(x)|­  [a, b℄, â® ï¤à® K(x, t) ª¢ ¤à â¨ç­® ¨­â¥-£à¨àã¥¬® ¢ ­®¢®¬ ª¢ ¤à â¥ Sn,   á¢®¡®¤­ë© ç«¥­ F (x) ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬­  [a, nb− (n− 1)a℄.�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (4), â® ï¤à® K(x, t) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã­¥à ¢¥­áâ¢ã:

∫ b

a

K2(x, t) dt 6 A∗, a < x < nb− (n− 1)a,£¤¥ A∗ |­¥ª®â®à ï ¯®áâ®ï­­ ï.
©• �¨â¥à âãà : �. �. �¨å«¨­ (1959).5.20. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ­¥ª®â®àëå ãà ¢­¥­¨©¢â®à®£® à®¤ 5.20-1. �á­®¢­®¥ ãà ¢­¥­¨¥ ¨ â¥®à¥¬ë �¥â¥à � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  ¢ ä®à¬¥

y(x) + 1√2π ∫ ∞0 K1(x− t)y(t)dt+ 1√2π ∫ 0
−∞

K2(x− t)y(t) dt++ ∫ ∞

−∞

M(x, t)y(t)dt = f(x), −∞ < x <∞. (1)
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182 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨¨ y(x), f(x) ¨ ï¤à  K1(x), K2(x),M(x, t) â ª®¢ë, çâ®¨å ¨§®¡à �¥­¨ï, ¯®«ãç¥­­ë¥ ¯à¨ ¯®¬®é¨ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥,¯à¨­ ¤«¥� â L2(−∞,∞) ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à , ¯à¨ç¥¬ ¤«ï ï¤à 

M(x, t)|¯® ª �¤®© ¯¥à¥¬¥­­®©. �à®¬¥ â®£®,
∫ ∞

−∞

∫ ∞

−∞

|M(x, t)|2 dx dt <∞.�®�­® § ¬¥â¨âì, çâ® ãà ¢­¥­¨¥ (1) ¯à¨M(x, t) ≡ 0 ¯¥à¥å®¤¨â ¢ ¨§ãç¥­­®¥ à ­¥¥¢ ¯. 5.9-2 ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨ á ¤¢ã¬ï ï¤à ¬¨.�®î§­®¥ á (1) ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤
ϕ(x) + 1√2π ∫ ∞0 K1(t− x)ϕ(t) dt+ 1√2π ∫ 0

−∞

K2(t− x)ϕ(t) dt++ ∫ ∞

−∞

M(t, x)y(t) dt = 0, −∞ < x <∞. (2)�ã¤¥¬ áç¨â âì, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï ­®à¬ «ì­®áâ¨ (á¬. ¯.5.9-2), â. ¥.1 +K1(u) 6= 0, 1 +K2(u) 6= 0, −∞ < u <∞. (3)�¥®à¥¬  1. �¨á«  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®£® ãà ¢­¥-­¨ï (1) (f(x) ≡ 0) ¨ á®î§­®£® á ­¨¬ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (2) ª®­¥ç­ë.�¥®à¥¬  2. �«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (1) ­¥®¡å®¤¨-¬ë ¨ ¤®áâ â®ç­ë ãá«®¢¨ï∫ ∞

−∞

f(t)ϕk(t) dt = 0, k = 1, . . . , N, (4)£¤¥ ϕk(x)| ª®­¥ç­®¥ ç¨á«® ¢á¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á®î§­®£®®¤­®à®¤­®£® ãà ¢­¥­¨ï (2).�¥®à¥¬  3. � §­®áâì ç¨á«  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®£®ãà ¢­¥­¨ï (1) ¨ ç¨á«  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ®¤­®à®¤­®£® á®î§­®£®ãà ¢­¥­¨ï (2) à ¢­  ¨­¤¥ªáã
ν = Ind 1 +K2(u)1 +K1(u) = 12π [arg 1 +K2(u)1 +K1(u) ]∞

−∞

. (5)5.20-2. �¥£ã«ïà¨§ãîé¨¥ ®¯¥à â®àë�¤­¨¬ ¨§ ¬¥â®¤®¢ ª ª â¥®à¥â¨ç¥áª®£® ¨áá«¥¤®¢ ­¨ï, â ª ¨ ¯à ªâ¨ç¥áª®£®à¥è¥­¨ï à áá¬ âà¨¢ ¥¬ëå ãà ¢­¥­¨© ï¢«ï¥âáï ¨å à¥£ã«ïà¨§ æ¨ï, â. ¥. ¯à¨¢¥¤¥­¨¥ª ãà ¢­¥­¨î �à¥¤£®«ì¬  ¢â®à®£® à®¤ .�¡®§­ ç¨¬ ç¥à¥§ K ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© «¥¢®© ç áâìî ãà ¢­¥­¨ï (1):K[y(x)℄ ≡ y(x) + 1√2π ∫ ∞0 K1(x− t)y(t)dt++ 1√2π ∫ 0
−∞

K2(x− t)f(t) dt+ ∫ ∞

−∞

M(x, t)y(t)dt, (6)¨ ¢¢¥¤¥¬ ¥é¥ ®¤¨­  ­ «®£¨ç­ë© ®¯¥à â®àL[ω(x)℄ ≡ ω(x) + 1√2π ∫ ∞0 L1(x− t)ω(t)dt++ 1√2π ∫ 0
−∞

L2(x− t)ω(t)dt+ ∫ ∞

−∞

Q(x, t)ω(t)dt. (7)
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5.20. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ­¥ª®â®àëå ãà ¢­¥­¨© ¢â®à®£® à®¤  183� ©¤¥¬ ®¯¥à â®à L â ª®©, çâ®¡ë ¯à®¨§¢¥¤¥­¨¥ LK ®¯à¥¤¥«ï«®áì «¥¢®©ç áâìî ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  
 ï¤à®¬ K(x, t):LK[y(x)℄ ≡ y(x) + ∫ ∞

−∞

K(x, t)y(t)dt, ∫ ∞

−∞

∫ ∞

−∞

|K(x, t)|2 dx dt <∞. (8)�¯¥à â®à L ­ §ë¢ ¥âáï à¥£ã«ïà¨§ãîé¨¬ á«¥¢  ¨«¨ «¥¢ë¬ à¥£ã«ïà¨§ â®à®¬.�«ï â®£® çâ®¡ë ®¯¥à â®à K ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ¨¬¥« à¥£ã«ïà¨§ã-îé¨© á«¥¢  ®¯¥à â®à L ¢¨¤  (7), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áìãá«®¢¨ï ­®à¬ «ì­®áâ¨ (3).�á«¨ ãá«®¢¨ï (3) ¢ë¯®«­¥­ë, â® à¥£ã«ïà¨§ãîé¨© á«¥¢  ®¯¥à â®à L ¨¬¥¥â ¢¨¤L[ω(x)℄ ≡ ω(x)− 1√2π ∫ ∞0 R1(x− t)ω(t)dt−
− 1√2π ∫ 0

−∞

R2(x− t)ω(t)dt+ ∫ ∞

−∞

Q(x, t)ω(t)dt, (9)£¤¥ à¥§®«ì¢¥­âë R1(x − t) ¨ R2(x − t) ï¤¥à K1(x − t) ¨ K2(x − t) § ¤ îâáï¢ëà �¥­¨ï¬¨ (á¬. ¯. 5.8-1)
Rj(x)= 1√2π ∫ ∞

−∞

Kj(u)1 +Kj(u) e−iux du, Kj(u)= 1√2π ∫ ∞

−∞

Kj(x)eiux dx, (10)£¤¥ j = 1, 2,   äã­ªæ¨ï Q(x, t) ¬®�¥â ¡ëâì «î¡®©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î
∞∫

−∞

∞∫
−∞

|Q(x, t)|2 dx dt <∞.Ǒà¨ ãá«®¢¨¨ (3) ®¯¥à â®à L, ®¯à¥¤¥«¥­­ë© ä®à¬ã«®© (9), ¤«ï ®¯¥à â®à  Kï¢«ï¥âáï ®¤­®¢à¥¬¥­­® ¨ à¥£ã«ïà¨§ãîé¨¬ á¯à ¢ :KL[y(x)℄ ≡ y(x) + ∫ ∞

−∞

K∗(x, t)y(t)dt, ∫ ∞

−∞

∫ ∞

−∞

|K∗(x, t)|2 dx dt <∞. (11)5.20-3. �¥â®¤ à¥£ã«ïà¨§ æ¨¨Ǒãáâì ¤ ­® ãà ¢­¥­¨¥ ¢ ¢¨¤¥K[y(x)℄ = f(x), −∞ < x <∞, (12)£¤¥ ®¯¥à â®à K ®¯à¥¤¥«¥­ ¢ëà �¥­¨¥¬ (6).�ãé¥áâ¢ã¥â ­¥áª®«ìª® á¯®á®¡®¢ ¥£® à¥£ã«ïà¨§ æ¨¨, â. ¥. ¯à¨¢¥¤¥­¨ï ª ãà ¢­¥-­¨î �à¥¤£®«ì¬ . �®-¯¥à¢ëå, ¬®�­® ¯à¨¢¥áâ¨ íâ® ãà ¢­¥­¨¥ ª ãà ¢­¥­¨î á ï¤à®¬�®è¨. �¥£ã«ïà¨§®¢ ¢ ¯®á«¥¤­¥¥ ®¤­¨¬ ¨§ á¯®á®¡®¢, ¨§«®�¥­­ëå ¢ à §¤. 7.4, ¬®�­®áç¨â âì æ¥«ì ¤®áâ¨£­ãâ®©. �â®â ¯ãâì ¯à¨¥¬«¥¬, ¥á«¨ ã¤ ¥âáï ­ ©â¨ ¯® § ¤ ­­ë¬äã­ªæ¨ï¬ K1(x), K2(x), M(x, t) ¨ f(x) ¯à®áâë¥ ¢ëà �¥­¨ï ¤«ï ¨å ¨­â¥£à «®¢�ãàì¥. � ¯à®â¨¢­®¬ á«ãç ¥ ¥áâ¥áâ¢¥­­® ¯à®¢®¤¨âì à¥£ã«ïà¨§ æ¨î ãà ¢­¥­¨ï (12)­¥¯®áà¥¤áâ¢¥­­®, ¡¥§ ¯¥à¥å®¤  ª ¨§®¡à �¥­¨ï¬.�¥£ã«ïà¨§ æ¨ï á«¥¢  ãà ¢­¥­¨ï (12) § ª«îç ¥âáï ¢ ¯à¨¬¥­¥­¨¨ ª ®¡¥¨¬ ¥£®ç áâï¬ ¯®áâà®¥­­®£® ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥ à¥£ã«ïà¨§ãîé¥£® ®¯¥à â®à  L:LK[y(x)℄ = L[f(x)℄. (13)� á¨«ã (8) ãà ¢­¥­¨¥ (13) ¥áâì ãà ¢­¥­¨¥ �à¥¤£®«ì¬ 
y(x) + ∫ ∞

−∞

K(x, t)y(t)dt = L[f(x)℄. (14)
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184 �¥â®¤ë à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  y(x)− ∫ b
a K(x, t)y(t) dt = f(x)�â ª, ãà ¢­¥­¨¥ (12) à¥£ã«ïà¨§ æ¨¥© á«¥¢  ¯à¥®¡à §ã¥âáï ¢ ãà ¢­¥­¨¥ �à¥¤-£®«ì¬  á â®© �¥ ­¥¨§¢¥áâ­®© äã­ªæ¨¥© y(x) ¨ ¨§¢¥áâ­®© ¯à ¢®© ç áâìî L[f(x)℄.�§¢¥áâ­®, çâ® à¥£ã«ïà¨§ æ¨ï á«¥¢  ­¥ ¯à¨¢®¤¨â ª ¯®â¥à¥ à¥è¥­¨©: áà¥¤¨ à¥è¥­¨©à¥£ã«ïà¨§®¢ ­­®£® ãà ¢­¥­¨ï á®¤¥à� âáï ¢á¥ à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï (12).�¤­ ª® ¢ ®¡é¥¬ á«ãç ¥ ­¥ ¢áïª®¥ à¥è¥­¨¥ à¥£ã«ïà¨§®¢ ­­®£® ãà ¢­¥­¨ï ¡ã¤¥âà¥è¥­¨¥¬ ¨áå®¤­®£®.�¥£ã«ïà¨§ æ¨ï á¯à ¢  § ª«îç ¥âáï ¢ ¯®¤áâ ­®¢ª¥ ¢ ãà ¢­¥­¨¥ (12) ¢¬¥áâ®¨áª®¬®© äã­ªæ¨¨ ¢ëà �¥­¨ï

y(x) = L[ω(x)℄, (15)£¤¥ ω(x)|­®¢ ï ­¥¨§¢¥áâ­ ï äã­ªæ¨ï. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ¨­â¥£à «ì­®¬ããà ¢­¥­¨î, ª®â®à®¥ ¢ á¨«ã (10) â ª�¥ ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬:KL[ω(x)℄ ≡ ω(x) + ∫ ∞

−∞

K∗(x, t)ω(t)dt = f(x), −∞ < x <∞. (16)� ª¨¬ ®¡à §®¬, ®â ãà ¢­¥­¨ï (12) ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­®© äã­ªæ¨¨ y(x)ã¤ «®áì ¯¥à¥©â¨ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �à¥¤£®«ì¬  ®â­®á¨â¥«ì­® ­®¢®©­¥¨§¢¥áâ­®© äã­ªæ¨¨ ω(x). �¥è¨¢ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  (16), ¯® ä®à¬ã«¥ (15)­ ©¤¥¬ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (12). �¥£ã«ïà¨§ æ¨ï á¯à ¢  ­¥ ¬®�¥â ¯à¨-¢¥áâ¨ ª ¯®áâ®à®­­¨¬ à¥è¥­¨ï¬, ­® ¨§¢¥áâ­®, çâ® ®­  ¬®�¥â ¯à¨¢¥áâ¨ ª ¯®â¥à¥à¥è¥­¨©.Ǒà¥¤áâ ¢«ï¥â §­ ç¨â¥«ì­ë© â¥®à¥â¨ç¥áª¨© ¨ ¯à ªâ¨ç¥áª¨© ¨­â¥à¥á à¥è¥­¨¥¢®¯à®á  ® à ¢­®á¨«ì­®© à¥£ã«ïà¨§ æ¨¨, ª®£¤  ­¥ ¯à®¨áå®¤¨â ­¨ ¯®â¥à¨ à¥è¥­¨©,­¨ ¯®ï¢«¥­¨ï ¯®áâ®à®­­¨å óà¥è¥­¨©�.�«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (12) ¤®¯ãáª «® à ¢­®á¨«ì­ãî à¥£ã«ïà¨§ æ¨î á«¥¢ ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f(x), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¨­¤¥ªá ν, ®¯à¥-¤¥«¥­­ë© ä®à¬ã«®© (5), ¡ë« ­¥®âà¨æ â¥«ì­ë¬ ç¨á«®¬. � ª ç¥áâ¢¥ à ¢­®á¨«ì­®à¥£ã«ïà¨§ãîé¥£® ®¯¥à â®à  ¬®�­® ¢§ïâì ®¯¥à â®à L◦, ®¯à¥¤¥«¥­­ë© ¢ëà �¥­¨¥¬L◦[ω(x)℄ ≡ ω(x)− 1√2π ∫ ∞0 R1(x− t)ω(t)dt− 1√2π ∫ 0
−∞

R2(x− t)ω(t) dt.�â ª, ãà ¢­¥­¨¥ �à¥¤£®«ì¬  L◦K[y(x)℄ = L◦[f(x)℄,¢ á«ãç ¥ ν > 0 ¨¬¥¥â â¥¨ â®«ìª® â¥ à¥è¥­¨ï, ª ª¨¥ ¨¬¥¥â ãà ¢­¥­¨¥ (12). � á«ãç ¥, ª®£¤  ¨­¤¥ªá ν ç¨á«®­¥¯®«®�¨â¥«ì­®¥, ®¯¥à â®à L◦ ®áãé¥áâ¢«ï¥â à ¢­®á¨«ì­ãî à¥£ã«ïà¨§ æ¨î á¯à ¢ ãà ¢­¥­¨ï (12) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f(x). �¥©áâ¢¨â¥«ì­®, ¯à¨ ν 6 0, ­ ©¤ïà¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤£®«ì¬  KL◦[ω(x)℄ = f(x),¯® ä®à¬ã«¥ y(x) = L◦[ω(x)℄¬®�­® ¯®«ãç¨âì ¢á¥ à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï (12).�§¢¥áâ¥­ ¥é¥ ®¤¨­ á¯®á®¡ à¥£ã«ïà¨§ æ¨¨ � à«¥¬ ­ {�¥ªã , ®á­®¢ë¢ îé¨©áï­  à¥è¥­¨¨ á®®â¢¥âáâ¢ãîé¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï. �à ¢­¥­¨¥ (12)ä®à¬ «ì­® § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ãà ¢­¥­¨ï á ¤¢ã¬ï ï¤à ¬¨
y(x) + 1√2π ∫ ∞0 K1(x− t)y(t) dt+ 1√2π ∫ 0

−∞

K2(x− t)y(t)dt = f1(x),
f1(x) = f(x)− ∫ ∞

−∞

M(x, t)y(t)dt. (17)� â¥¬, äã­ªæ¨ï f1(x) ¢à¥¬¥­­® áç¨â ¥âáï ¨§¢¥áâ­®©, ¨ à¥è ¥âáï ãà ¢­¥­¨¥ (17)(á¬. ¯. 5.9-2). �­ «¨§ ä®à¬ã«ë, ¯®«ãç¥­­®© ¢ à¥§ã«ìâ â¥ ¤«ï äã­ªæ¨¨ y(x), ¯®ª -§ë¢ ¥â, çâ® íâ  ä®à¬ã«  ¯à¨ ν=0 ï¢«ï¥âáï ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ �à¥¤£®«ì¬ á ­¥¨§¢¥áâ­®© y(x). � á«ãç ¥ ν > 0 ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ ¡ã¤¥â á®¤¥à� âì ν ¯à®-¨§¢®«ì­ëå ¯®áâ®ï­­ëå. Ǒà¨ ®âà¨æ â¥«ì­®¬ ¨­¤¥ªá¥ ν ª ãà ¢­¥­¨î ¤®¡ ¢«ïîâáïãá«®¢¨ï à §à¥è¨¬®áâ¨.
©• �¨â¥à âãà : �. �. � å®¢, �. �. �¥àáª¨© (1978).
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6. �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨©¯¥à¢®£® à®¤ 6.1. Ǒà¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï6.1-1. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨�¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨ ¨¬¥¥â ¢¨¤1
πi

∫

L

ϕ(τ)
τ − t

dτ = f(t), i2 = −1, (1)£¤¥ L| £« ¤ª¨© § ¬ª­ãâë© ¨«¨ à §®¬ª­ãâë© ª®­âãà ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨
z=x+iy, t ¨ τ|ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë ¥£® â®ç¥ª,ϕ(t)|­¥¨§¢¥áâ­ ï äã­ªæ¨ï,1
τ − t

| ï¤à® �®è¨, f(t)| ­¥ª®â®à ï äã­ªæ¨ï, ª®â®à ï ­ §ë¢ ¥âáï á¢®¡®¤­ë¬ç«¥­®¬ ¨«¨ ¯à ¢®© ç áâìî ãà ¢­¥­¨ï (1). �­â¥£à « ¢ «¥¢®© ç áâ¨ áãé¥áâ¢ã¥ââ®«ìª® ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨ (á¬. ¯. 6.2-5).� áâ­ë¬¨ á«ãç ï¬¨ ãà ¢­¥­¨ï (1) ï¢«ïîâáï ¯à®áâ¥©è¥¥ á¨­£ã«ïà­®¥ ¨­â¥-£à «ì­®¥ ãà ¢­¥­¨¥, ª®£¤  L|£« ¤ª¨© § ¬ª­ãâë© ª®­âãà, ãà ¢­¥­¨¥ ­  ¤¥©áâ¢¨-â¥«ì­®© ®á¨ 1
π

∫ ∞

−∞

ϕ(t)
t− x

dt = f(x), −∞ < x <∞, (2)  â ª�¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨ ­  ª®­¥ç­®¬ ®âà¥§ª¥1
π

∫ b

a

ϕ(t)
t − x

dt = f(x), a 6 x 6 b. (3)�¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨ ¨¬¥¥â¢¨¤ 1
πi

∫

L

M(t, τ)
τ − t

ϕ(τ ) dτ = f(t), (4)£¤¥M(t, τ )|¨§¢¥áâ­ ï äã­ªæ¨ï. �£® â ª�¥ § ¯¨áë¢ îâ ¨ ¢ ¤àã£®© íª¢¨¢ «¥­â­®©ä®à¬¥, ª®â®à ï ¯à¨¢¥¤¥­  ¢ ¯. 6.4-4.�ã¤¥¬ áç¨â âì, çâ® ¢á¥ äã­ªæ¨¨ ¢ ãà ¢­¥­¨ïå (1){(4) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î�ñ«ì¤¥à  (á¬. ¯. 6.2-2), ¯à¨ç¥¬ äã­ªæ¨ï M(t, τ )|¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬.6.1-2. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ï¤à®¬ �¨«ì¡¥àâ Ǒà®áâ¥©è¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬ �¨«ì-¡¥àâ  ¨¬¥¥â ¢¨¤ 12π ∫ 2π0 
tg( ξ − x2 )
ϕ(ξ) dξ = f(x), (5)£¤¥ ϕ(x)|­¥¨§¢¥áâ­ ï äã­ªæ¨ï (0 6 x 6 2π), 
tg[ 12 (ξ− x)]| ï¤à® �¨«ì¡¥àâ ,

f(x)|§ ¤ ­­ ï ¯à ¢ ï ç áâì ãà ¢­¥­¨ï.�¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬ �¨«ì¡¥àâ ¨¬¥¥â ¢¨¤
− 12π ∫ 2π0 N(x, ξ) 
tg( ξ − x2 )

ϕ(ξ) dξ = f(x), (6)
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186 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ £¤¥ N(x, ξ)|¨§¢¥áâ­ ï äã­ªæ¨ï. �à ¢­¥­¨¥ (6) ç áâ® § ¯¨áë¢ îâ ¢ íª¢¨¢ «¥­â-­®© ä®à¬¥, ª®â®à ï ¯à¨¢¥¤¥­  ¢ ¯. 6.4-5.�ã¤¥¬ áç¨â âì, çâ® ¢á¥ äã­ªæ¨¨ ¢ ãà ¢­¥­¨ïå (5) ¨ (6) â ª�¥ ã¤®¢«¥â¢®àïîâãá«®¢¨î �ñ«ì¤¥à  (á¬. ¯. 6.2-2), ¯à¨ç¥¬ äã­ªæ¨ïN(x, ξ)|¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬.�á«¨ ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (1){(6) â®�¤¥áâ¢¥­­® à ¢­ë ­ã«î, â® ãà ¢­¥­¨ï­ §ë¢ îâáï ®¤­®à®¤­ë¬¨, ¢ ¯à®â¨¢­®¬ á«ãç ¥| ­¥®¤­®à®¤­ë¬¨.
©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢ (1977), �. �. �ãá¥©­®¢,�. �. �ãåâ à®¢ (1980), S. G. Mikhlin, S. Pr�ossdorf (1986), S. Pr�ossdorf, B. Silbermann (1991),A. Dzhuraev (1992), �. �. �¨ä ­®¢ (1995).6.2. �­â¥£à « â¨¯  �®è¨6.2-1. �¯à¥¤¥«¥­¨¥ ¨­â¥£à «  â¨¯  �®è¨Ǒãáâì L|­¥ª®â®àë© £« ¤ª¨© § ¬ª­ãâë© ª®­âãà* ­  ¯«®áª®áâ¨ ª®¬¯«¥ªá­®£®¯¥à¥¬¥­­®£® z = x + iy. �¡« áâì, «¥� éãî ¢­ãâà¨ ª®­âãà  L, ¡ã¤¥¬ ­ §ë¢ âì¢­ãâà¥­­¥© ¨ ®¡®§­ ç âì 
+,   ¤®¯®«­¨â¥«ì­ãî ª 
+ ∪ L ®¡« áâì, á®¤¥à� éãî¡¥áª®­¥ç­® ã¤ «¥­­ãî â®çªã, ¡ã¤¥¬ ­ §ë¢ âì ¢­¥è­¥© ¨ ®¡®§­ ç âì 
−.�á«¨ f(z) | äã­ªæ¨ï,  ­ «¨â¨ç¥áª ï ¢ 
+ ¨ ­¥¯à¥àë¢­ ï ¢ 
+ ∪ L, â®á®£« á­® ¨§¢¥áâ­®© ¨§ â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® ä®à¬ã«¥ �®è¨12πi ∫

L

f(τ)
τ − z

dτ = {
f(z) ¯à¨ z ∈ 
+,0 ¯à¨ z ∈ 
−. (1)�á«¨ �¥ f(z)  ­ «¨â¨ç­  ¢ ®¡« áâ¨ 
− ¨ ­¥¯à¥àë¢­  ¢ 
− ∪ L, â®12πi ∫

L

f(τ)
τ − z

dτ = {
f(∞) ¯à¨ z ∈ 
+,
−f(z) + f(∞) ¯à¨ z ∈ 
−. (2)�  ¯®«®�¨â¥«ì­®¥ ­ ¯à ¢«¥­¨¥ ®¡å®¤  ª®­âãà  L, ª ª ®¡ëç­®, ¡ã¤¥¬ ¯à¨­¨¬ âìâ®, ¯à¨ ª®â®à®¬ ®¡« áâì 
+ ®áâ ¥âáï á«¥¢ .�®à¬ã«  �®è¨ ¤ ¥â ¢®§¬®�­®áâì ¢ëç¨á«¨âì §­ ç¥­¨ï äã­ªæ¨¨ ¢ «î¡®© â®çª¥®¡« áâ¨, ¥á«¨ ¨§¢¥áâ­ë ¥¥ §­ ç¥­¨ï ­  £à ­¨æ¥ ®¡« áâ¨, â. ¥. ä®à¬ã«  �®è¨ à¥è ¥âªà ¥¢ãî § ¤ çã ¤«ï  ­ «¨â¨ç¥áª¨å äã­ªæ¨©. �­â¥£à «, áâ®ïé¨© ¢ «¥¢®© ç áâ¨ä®à¬ã« (1) ¨ (2), ­ §ë¢ ¥âáï ¨­â¥£à «®¬ �®è¨.Ǒãáâì â¥¯¥àì L | £« ¤ª¨© § ¬ª­ãâë© ¨«¨ ­¥§ ¬ª­ãâë© ª®­âãà, æ¥«¨ª®¬à á¯®«®�¥­­ë© ¢ ª®­¥ç­®© ç áâ¨ ¯«®áª®áâ¨, τ | ª®¬¯«¥ªá­ ï ª®®à¤¨­ â  ¥£®â®ç¥ª ¨ ϕ(τ )|­¥¯à¥àë¢­ ï äã­ªæ¨ï â®ç¥ª ª®­âãà . �®£¤  ¨­â¥£à «�(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ, (3)¯®áâà®¥­­ë© â ª �¥, ª ª ¨ ¨­â¥£à « �®è¨, ­ §ë¢ ¥âáï ¨­â¥£à «®¬ â¨¯  �®è¨.�ã­ªæ¨ï ϕ(τ ) ­ §ë¢ ¥âáï ¥£® ¯«®â­®áâìî,   1/(τ − z)| ï¤à®¬.�«ï ¨­â¥£à «  â¨¯  �®è¨ á ­¥¯à¥àë¢­®© ¯«®â­®áâìî ϕ(τ ) ¥¤¨­áâ¢¥­­ë¬¨â®çª ¬¨, £¤¥ ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¯¥à¥áâ ¥â ¡ëâì  ­ «¨â¨ç¥áª®© ®â­®á¨â¥«ì-­® z, ï¢«ïîâáï â®çª¨ «¨­¨¨ ¨­â¥£à¨à®¢ ­¨ï L. Ǒ®á«¥¤­ïï ï¢«ï¥âáï ®á®¡®© «¨­¨¥©¤«ï äã­ªæ¨¨ �(z).�á«¨ L| ­¥§ ¬ª­ãâë© ª®­âãà, â® �(z) ¡ã¤¥â äã­ªæ¨¥©,  ­ «¨â¨ç¥áª®© ¢®¢á¥© ¯«®áª®áâ¨ á «¨­¨¥© ®á®¡¥­­®áâ¥© L. Ǒãáâì â¥¯¥àì L| § ¬ª­ãâë© ª®­âãà.* Ǒ®¤ £« ¤ª¨¬ ª®­âãà®¬ ¡ã¤¥¬ ¯®­¨¬ âì ¯à®áâãî (¡¥§ â®ç¥ª á ¬®¯¥à¥á¥ç¥­¨ï) § ¬ª­ã-âãî ¨«¨ ­¥§ ¬ª­ãâãî «¨­¨î á ­¥¯à¥àë¢­® ¬¥­ïîé¥©áï ª á â¥«ì­®© ¨ ­¥ ¨¬¥îéãî â®ç¥ª¢®§¢à â  (§ ®áâà¥­¨ï).
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6.2. �­â¥£à « â¨¯  �®è¨ 187�®£¤  �(z) à á¯ ¤ ¥âáï ­  ¤¢¥ á ¬®áâ®ïâ¥«ì­ë¥ äã­ªæ¨¨: �+(z), ®¯à¥¤¥«¥­­ãî¢ ®¡« áâ¨ 
+, ¨ �−(z), ®¯à¥¤¥«¥­­ãî ¤«ï â®ç¥ª ¢ ®¡« áâ¨ 
−. �ã­ªæ¨¨ íâ¨,¢®®¡é¥ £®¢®àï, ­¥ ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬ ¤àã£ ¤àã£ .�­ «¨â¨ç¥áªãî äã­ªæ¨î �(z), ®¯à¥¤¥«ï¥¬ãî ¢ ¤¢ãå ¤®¯®«­ïîé¨å ¤àã£ ¤àã-£  ¤® ¯®«­®© ¯«®áª®áâ¨ ®¡« áâïå 
+, 
− ¤¢ã¬ï á ¬®áâ®ïâ¥«ì­ë¬¨ ¢ëà �¥­¨ï¬¨�+(z), �−(z), ¡ã¤¥¬ ­ §ë¢ âì ªãá®ç­®  ­ «¨â¨ç¥áª®© äã­ªæ¨¥©.�â¬¥â¨¬ ®¤­® ¢ �­®¥ á¢®©áâ¢® ¨­â¥£à «  â¨¯  �®è¨. �ã­ªæ¨ï �(z), ¯à¥¤-áâ ¢«¥­­ ï ¨­â¥£à «®¬ â¨¯  �®è¨ (3), ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ®¡à é ¥âáï¢ ­ã«ì, â. ¥. �−(∞) = 0. �â® ãá«®¢¨¥ ï¢«ï¥âáï â ª�¥ ¨ ¤®áâ â®ç­ë¬ ¤«ï ¯à¥¤áâ -¢¨¬®áâ¨ ªãá®ç­®  ­ «¨â¨ç¥áª®© äã­ªæ¨¨ ¨­â¥£à «®¬ â¨¯  �®è¨.6.2-2. �á«®¢¨¥ �ñ«ì¤¥à Ǒãáâì L|£« ¤ª ï ªà¨¢ ï ­  ¯«®áª®áâ¨ ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® z = x+ iy¨ ϕ(t)|äã­ªæ¨ï â®ç¥ª íâ®© ªà¨¢®©. �®¢®àïâ, çâ® äã­ªæ¨ï ϕ(t) ã¤®¢«¥â¢®àï¥â ­ ªà¨¢®© ãá«®¢¨î �ñ«ì¤¥à , ¥á«¨ ¤«ï «î¡ëå ¤¢ãå â®ç¥ª íâ®© ªà¨¢®©
|ϕ(t2)− ϕ(t1)| 6 A|t2 − t1|λ, (4)£¤¥ A ¨ λ|¯®«®�¨â¥«ì­ë¥ ç¨á« . �¨á«® A ­ §ë¢ ¥âáï ¯®áâ®ï­­®© �ñ«ì¤¥à ,  

λ| ¯®ª § â¥«¥¬ �ñ«ì¤¥à . �á«¨ ¡ë λ ¡ë«® ¡ë ¡®«ìè¥ ¥¤¨­¨æë, â® ¨§ ãá«®¢¨ï (4)¢ëâ¥ª «® ¡ë, çâ® ¯à®¨§¢®¤­ ï ϕ′(t) ¢áî¤ã à ¢­  ­ã«î ¨ äã­ªæ¨ï ϕ(t) ¡ë«  ¡ëâ®�¤¥áâ¢¥­­® à ¢­  ¯®áâ®ï­­®©. Ǒ®íâ®¬ã ¬ë ¡ã¤¥¬ áç¨â âì, çâ® 0 < λ 6 1. �á«¨
λ = 1, â® ãá«®¢¨¥ �ñ«ì¤¥à  ç áâ® ­ §ë¢ îâ ãá«®¢¨¥¬ �¨¯è¨æ . �­®£¤  ãá«®¢¨¥�ñ«ì¤¥à  ­ §ë¢ îâ ãá«®¢¨¥¬ �¨¯è¨æ  ¯®àï¤ª  λ.�á«¨ t1, t2 ¤®áâ â®ç­® ¡«¨§ª¨ ¤àã£ ª ¤àã£ã ¨ ãá«®¢¨¥ �ñ«ì¤¥à  ¢ë¯®«­ï¥âáï¤«ï ­¥ª®â®à®£® ¯®ª § â¥«ï λ1, â® ®­® ¡ã¤¥â, ®ç¥¢¨¤­®, ¢ë¯®«­ïâìáï ¨ ¤«ï ¢áïª®-£® ¯®ª § â¥«ï λ < λ1. �¡à â­®¥, ¢®®¡é¥ £®¢®àï, ­¥á¯à ¢¥¤«¨¢®. � ª¨¬ ®¡à §®¬,¬¥­ìè¥¬ã λ á®®â¢¥âáâ¢ã¥â ¡®«¥¥ è¨à®ª¨© ª« áá äã­ªæ¨©. � ¨¡®«¥¥ ã§ª¨¬ ª« á-á®¬ ¡ã¤¥â ª« áá äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î �¨¯è¨æ .�  ®á­®¢ ­¨¨ ¯®á«¥¤­¥£® á¢®©áâ¢  «¥£ª® ãáâ ­®¢¨âì, çâ® ¥á«¨ äã­ªæ¨¨
ϕ1(t), ϕ2(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  á®®â¢¥âáâ¢¥­­® á ¯®ª § â¥«ï¬¨
λ1, λ2, â® ¨å áã¬¬ , ¯à®¨§¢¥¤¥­¨¥,   â ª�¥ ç áâ­®¥ ¯à¨ ãá«®¢¨¨, çâ® §­ ¬¥-­ â¥«ì ­¥ ®¡à é ¥âáï ¢ ­ã«ì, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  á ¯®ª § â¥«¥¬
λ = min(λ1, λ2).�á«¨ ϕ(t) ¤¨ää¥à¥­æ¨àã¥¬  ¨ ¨¬¥¥â ª®­¥ç­ãî ¯à®¨§¢®¤­ãî, â® ®­  ã¤®¢«¥-â¢®àï¥â ãá«®¢¨î �¨¯è¨æ . �¡à â­®¥, ¢®®¡é¥ £®¢®àï, ­¥¢¥à­®.6.2-3. �« ¢­®¥ §­ ç¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à « � áá¬®âà¨¬ ¨­â¥£à «

∫ b

a

dx

x− c
, a < c < b.�ëç¨á«ïï ¥£® ª ª ­¥á®¡áâ¢¥­­ë©, ¯®«ãç¨¬

∫ b

a

dx

x− c
= lim
ε1→0
ε2→0(

−
∫ c−ε1
a

dx

c− x
+∫ b

c+ε2 dx

x− c

)=ln b− c

c− a
+ lim
ε1→0
ε2→0 ln ε1

ε2 . (5)Ǒà¥¤¥« ¯®á«¥¤­¥£® ¢ëà �¥­¨ï § ¢¨á¨â, ®ç¥¢¨¤­®, ®â á¯®á®¡  áâà¥¬«¥­¨ï ε1 ¨ ε2ª ­ã«î. �«¥¤®¢ â¥«ì­®, ¨­â¥£à «, ¯®­¨¬ ¥¬ë© ª ª ­¥á®¡áâ¢¥­­ë©, ­¥ áãé¥áâ¢ã¥â.�£® ­ §ë¢ îâ á¨­£ã«ïà­ë¬ ¨­â¥£à «®¬. �®�­®, ®¤­ ª®, ¥¬ã ¯à¨¤ âì á¬ëá«, ¥á«¨
�âà ­¨æ  187



188 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ ãáâ ­®¢¨âì ­¥ª®â®àãî § ¢¨á¨¬®áâì ¬¥�¤ã ε1 ¨ ε2. Ǒ®« £ ï, çâ® ¢ëà¥§ ¥¬ë©¨­â¥à¢ « à á¯®«®�¥­ á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® â®çª¨ c, â. ¥.
ε1 = ε2 = ε, (6)¬ë ¯à¨å®¤¨¬ ª ¯®­ïâ¨î £« ¢­®£® §­ ç¥­¨ï á¨­£ã«ïà­®£® ¨­â¥£à «  ¯® �®è¨.�« ¢­ë¬ §­ ç¥­¨¥¬ ¯® �®è¨ á¨­£ã«ïà­®£® ¨­â¥£à « 

∫ b

a

dx

x− c
, a < c < b,­ §ë¢ ¥âáï lim

ε→0(∫ c−ε

a

dx

x− c
+ ∫ b

c+ε dx

x− c

)
.�ç¨âë¢ ï ä®à¬ã«ã (5) ¨ ãá«®¢¨¥ (6), ¡ã¤¥¬ ¨¬¥âì

∫ b

a

dx

x− c
= ln b− c

c− a
. (7)� áá¬®âà¨¬ â¥¯¥àì ¡®«¥¥ ®¡é¨© ¨­â¥£à «

∫ b

a

ϕ(x)
x− c

dx, (8)£¤¥ ϕ(x)| ­¥ª®â®à ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à . �â®â ¨­â¥-£à «  ­ «®£¨ç­® à áá¬®âà¥­­®¬ã ¢ëè¥ ¡ã¤¥¬ ¯®­¨¬ âì ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥-­¨ï, ª®â®à®¥ ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:
∫ b

a

ϕ(x)
x− c

dx = lim
ε→0(∫ c−ε

a

ϕ(x)
x− c

dx+ ∫ b

c+ε ϕ(x)
x− c

dx

)
.� ¯¨áë¢ ï â®�¤¥áâ¢®

∫ b

a

ϕ(x)
x− c

dx = ∫ b

a

ϕ(x)− ϕ(c)
x− c

dx+ ϕ(c) ∫ b

a

dx

x− c
,§ ¬¥ç ¥¬, çâ® ¯¥à¢ë© ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ áå®¤¨âáï ª ª ­¥á®¡áâ¢¥­­ë©,¯®áª®«ìªã ¢ á¨«ã ãá«®¢¨ï �ñ«ì¤¥à 

∣∣∣∣
ϕ(x)− ϕ(c)

x− c

∣∣∣∣ 6
A

|x− c|1−λ , 0 < λ 6 1,  ¢â®à®© ¨­â¥£à « á®¢¯ ¤ ¥â á (7).� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® á¨­£ã«ïà­ë© ¨­â¥£à « (8), £¤¥ ϕ(x) ã¤®¢«¥â¢®-àï¥â ãá«®¢¨î �ñ«ì¤¥à , áãé¥áâ¢ã¥â ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨, ¯à¨ç¥¬
∫ b

a

ϕ(x)
x− c

dx = ∫ b

a

ϕ(x)− ϕ(c)
x− c

dx+ ϕ(c) ln b− c

c− a
.�«ï ®¡®§­ ç¥­¨ï á¨­£ã«ïà­®£® ¨­â¥£à « , ­¥ª®â®àë¥  ¢â®àë ã¯®âà¥¡«ïîâ á¯¥-æ¨ «ì­ë¥ á¨¬¢®«ë, ­ ¯à¨¬¥à v.p. ∫ (valeur prin
ipale). �¤­ ª® ¢ íâ®¬ ­¥â ®á®¡®©­¥®¡å®¤¨¬®áâ¨, ¯®â®¬ã çâ®, á ®¤­®© áâ®à®­ë, ¥á«¨ ¨­â¥£à « (8) áãé¥áâ¢ã¥â ª ª®¡ëª­®¢¥­­ë© ¨«¨ ª ª ­¥á®¡áâ¢¥­­ë©, â® ®­ áãé¥áâ¢ã¥â ¨ ¢ á¬ëá«¥ £« ¢­®£® §­ -ç¥­¨ï, ¯à¨ç¥¬ ¨å §­ ç¥­¨ï á®¢¯ ¤ îâ, á ¤àã£®© �¥ áâ®à®­ë, á¨­£ã«ïà­ë© ¨­â¥£à «¢á¥£¤  ¡ã¤¥¬ ¯®­¨¬ âì ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï. Ǒ®íâ®¬ã á¨­£ã«ïà­ë© ¨­â¥-£à « ¡ã¤¥¬ ®¡®§­ ç âì ®¡ëç­ë¬ §­ ª®¬ ¨­â¥£à « .
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6.2. �­â¥£à « â¨¯  �®è¨ 1896.2-4. �­®£®§­ ç­ë¥ äã­ªæ¨¨� § ¤ ­¨¨ ª®¬¯«¥ªá­®£® ç¨á«  z = ρeiθ ¬®¤ã«ì ρ ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­®, à£ã¬¥­â �¥ θ á â®ç­®áâìî ¤® á« £ ¥¬®£®, ªà â­®£® 2π. Ǒ®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢®­¥ ¯à¨¢®¤¨â ª ¬­®£®§­ ç­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï ç¨á«  ¢ á¨«ã â®£®, çâ®  à£ã¬¥­â¢å®¤¨â ¢ íâ® ¯à¥¤áâ ¢«¥­¨¥ ç¥à¥§ ¯®áà¥¤áâ¢® äã­ªæ¨¨ eiθ, ¨¬¥îé¥© ¯¥à¨®¤ 2π.�® ¥á«¨  ­ «¨â¨ç¥áª ï äã­ªæ¨ï â ª®¢ , çâ® ¢ ¥¥ ¢ëà �¥­¨¥  à£ã¬¥­â ¢å®¤¨â¯®áà¥¤áâ¢®¬ äã­ªæ¨¨ ­¥ ¯¥à¨®¤¨ç¥áª®©, â® ®­  ®ª �¥âáï ¬­®£®§­ ç­®©. �à¥¤¨í«¥¬¥­â à­ëå äã­ªæ¨© ª â ª¨¬ ¯à¨­ ¤«¥� â «®£ à¨ä¬:ln(z − z0) = ln |z − z0|+ i arg(z − z0) = ln ρ+ i�, (9)¨ áâ¥¯¥­­ ï äã­ªæ¨ï á ­¥æ¥«ë¬ ¯®ª § â¥«¥¬:(z−z0)γ = ργeiγ� = ρα[
os(β ln ρ)+ i sin(β ln ρ)℄eiγθei2πkγ , γ =α+ iβ. (10)�® ¢á¥å à ááã�¤¥­¨ïå ¯®¤ «®£ à¨ä¬®¬ ¬®¤ã«ï ª®¬¯«¥ªá­®£® ç¨á«  ¢á¥£¤  ¯®-­¨¬ ¥âáï ¥£® ¤¥©áâ¢¨â¥«ì­®¥ §­ ç¥­¨¥ á®£« á­® ®¡ëç­®¬ã ®¯à¥¤¥«¥­¨î. �¡é¥¥¯à¥¤áâ ¢«¥­¨¥  à£ã¬¥­â  � ¨¬¥¥â ¢¨¤ � = θ + 2πk, £¤¥ k ¬®�¥â ¯à¨­¨¬ âì «î-¡ë¥ æ¥«ë¥ §­ ç¥­¨ï (k = 0,±1,±2, . . . ),   ¢ ª ç¥áâ¢¥ θ ¬®�­® ¢§ïâì ­ ¨¬¥­ìè¥¥¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ §­ ç¥­¨¥  à£ã¬¥­â .� �¤®¬ã ¢ë¡à ­­®¬ã §­ ç¥­¨î k ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ®¯à¥¤¥«¥­­ ï ¢¥â¢ì¬­®£®§­ ç­®© äã­ªæ¨¨. � «®£ à¨ä¬¨ç¥áª®© äã­ªæ¨¨ ç¨á«® ¢¥â¢¥© ¡¥áª®­¥ç­®. �áâ¥¯¥­­®© ¯à¨ ¨àà æ¨®­ «ì­®¬ ¨«¨ ª®¬¯«¥ªá­®¬ ¯®ª § â¥«¥ â ª�¥ ¡¥áª®­¥ç­®.�á«¨ �¥ ¯®ª § â¥«ì à æ¨®­ «ì­ë©, γ = p/q, £¤¥ p/q | ­¥á®ªà â¨¬ ï ¤à®¡ì, â®áâ¥¯¥­­ ï äã­ªæ¨ï ¨¬¥¥â q ¢¥â¢¥©. �¥â¢¨ «®£ à¨ä¬  ®â«¨ç îâáï ¤àã£ ®â ¤àã£  ­ á« £ ¥¬®¥ ¢¨¤  i2πm,   ¢¥â¢¨ áâ¥¯¥­­®© äã­ªæ¨¨ ­  ¬­®�¨â¥«ì ei2πmγ (m|æ¥-«®¥ ç¨á«®). �«ï § ¤ ­¨ï ¬­®£®§­ ç­®© äã­ªæ¨¨, ®ç¥¢¨¤­®, ­¥®¡å®¤¨¬® ãª § âì ¢ë-¡à ­­ãî ¢¥â¢ì. �¤­ ª®, ¢ ®â«¨ç¨¥ ®â äã­ªæ¨© ¤¥©áâ¢¨â¥«ì­®£® ¯¥à¥¬¥­­®£®, íâ®£®¥é¥ ­¥¤®áâ â®ç­® ¤«ï ¯®«­®£® ®¯à¥¤¥«¥­¨ï ¬­®£®§­ ç­®© äã­ªæ¨¨ ª®¬¯«¥ªá­®-£® ¯¥à¥¬¥­­®£®. �«ï ¯®á«¥¤­¨å áãé¥áâ¢ãîâ ­  ¯«®áª®áâ¨ â®çª¨, ®¡« ¤ îé¨¥ â¥¬á¢®©áâ¢®¬, çâ®, ª®£¤  ¯¥à¥¬¥­­®¥, ¨§¬¥­ïïáì ¯® § ¬ª­ãâ®¬ã ª®­âãàã, ®ªàã� îé¥-¬ã íâã â®çªã, ¢®§¢à é ¥âáï ª ­ ç «ì­®¬ã §­ ç¥­¨î, ¢ë¡à ­­ ï ¢¥â¢ì äã­ªæ¨¨ ­¥®áâ ¥âáï ­¥¨§¬¥­­®©,   ¯¥à¥å®¤¨â ¢ ­¥ª®â®àãî ¤àã£ãî ¢¥â¢ì. � ª¨¥ â®çª¨ ­ §ë-¢ îâáï â®çª ¬¨ ¢¥â¢«¥­¨ï ¬­®£®§­ ç­®© äã­ªæ¨¨.�«ï à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨© (9) ¨ (10) â®çª ¬¨ ¢¥â¢«¥­¨ï ¡ã¤ãâ z0 ¨ ¡¥á-ª®­¥ç­® ã¤ «¥­­ ï. �á«¨ ¯¥à¥¬¥­­®¥ ®¯¨áë¢ ¥â ª®­âãà, ®ªàã� îé¨© â®çªã z0 ¢¯®«®�¨â¥«ì­®¬ ¨«¨ ®âà¨æ â¥«ì­®¬ ­ ¯à ¢«¥­¨¨, â®  à£ã¬¥­â � ¨§¬¥­ï¥âáï ­  2π¨«¨ ­  −2π. Ǒà¨ íâ®¬ «®£ à¨ä¬ ¯®«ãç ¥â á« £ ¥¬®¥ i2π ¨«¨ −i2π,   áâ¥¯¥­­ ïäã­ªæ¨ï ¬­®�¨â¥«ì ei2πγ ¨«¨ e−i2πγ . �«¥¤®¢ â¥«ì­®, ¢¥â¢ì, á®®â¢¥âáâ¢ãîé ï ¢ë-¡à ­­®¬ã §­ ç¥­¨î k = n, ¯¥à¥å®¤¨â ¢ á®á¥¤­îî ¢¥â¢ì, á®®â¢¥âáâ¢ãîéãî §­ -ç¥­¨î k = n + 1 ¨«¨ k = n − 1. �áá«¥¤®¢ ­¨¥ ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥¯à®¨§¢®¤¨âáï, ª ª ®¡ëç­®, ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨ z = 1/ζ ¨ ¨áá«¥¤®¢ ­¨ï ¢ â®çª¥
ζ = 0.�®åà ­¨âì ¢ë¡à ­­ãî ¢¥â¢ì äã­ªæ¨¨ ã¤ áâáï «¨èì ¢ â®¬ á«ãç ¥, ¥á«¨ á¤¥-« âì ­¥¢®§¬®�­ë¬ ®¡å®¤ë ¢®ªàã£ â®ç¥ª ¢¥â¢«¥­¨ï. Ǒ®á«¥¤­¥¥ ¤®áâ¨£ ¥âáï ¯à®-¢¥¤¥­¨¥¬ ¢ ¯«®áª®áâ¨ à §à¥§®¢, á®¥¤¨­ïîé¨å â®çª¨ ¢¥â¢«¥­¨ï. � à áá¬ âà¨¢ ¥-¬ëå á«ãç ïå «®£ à¨ä¬¨ç¥áª®© ¨ áâ¥¯¥­­®© äã­ªæ¨© ­ã�­® ¯à®¢¥áâ¨ à §à¥§ ¢¤®«ì­¥ª®â®à®© «¨­¨¨, ¨áå®¤ïé¥© ¨§ â®çª¨ z0 ¨ ã¤ «ïîé¥©áï ¢ ¡¥áª®­¥ç­®áâì.�à ­¨æë ¨§¬¥­¥­¨ï  à£ã¬¥­â  � ®¯à¥¤¥«ïîâáï ¯®«®�¥­¨¥¬ à §à¥§ . �á«¨,­ ¯à¨¬¥à, à §à¥§ ¯à®¢¥¤¥­ ¯® «ãçã, ®¡à §ãîé¥¬ã á ®áìî  ¡áæ¨áá ã£®« θ0, â® ¤«ï£« ¢­®© ¢¥â¢¨ (k = 0) θ0 6 � 6 θ0 + 2π. � ç áâ­®áâ¨, ¤«ï à §à¥§ , ­ ¯à ¢«¥­­®£®¯® ¯®«®�¨â¥«ì­®© ¯®«ã®á¨  ¡áæ¨áá, 0 6 � 6 2π, ¯® ®âà¨æ â¥«ì­®© ¯®«ã®á¨,
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190 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ 
−π 6 � 6 π. �á«¨ à §à¥§ ªà¨¢®«¨­¥©­ë©, â® £à ­¨æë ¨§¬¥­¥­¨ï  à£ã¬¥­â  ¡ã¤ãâäã­ªæ¨ï¬¨ â®çª¨. � ç «ì­®¥ §­ ç¥­¨¥  à£ã¬¥­â  á®®â¢¥âáâ¢ã¥â «¥¢®¬ã (¥á«¨á¬®âà¥âì ®â â®çª¨ z0) ¡¥à¥£ã à §à¥§ , ª®­¥ç­®¥ | ¯à ¢®¬ã. �¡®§­ ç¨¬ §­ ç¥­¨¥ à£ã¬¥­â  ­  «¥¢®¬ ¨ ¯à ¢®¬ ¡¥à¥£ å à §à¥§  á®®â¢¥âáâ¢¥­­® �+ ¨ �−. �®£¤ �− − �+ = 2π. � §à¥§ ¤«ï ¢ë¡à ­­®© ¢¥â¢¨ ¡ã¤¥â «¨­¨¥© à §àë¢ . �  ¡¥à¥£ åà §à¥§  ¢ë¯®«­ïîâáï á®®â­®è¥­¨ïln(z− − z0) = ln(z+ − z0) + i2π, (z− − z0)γ = ei2πγ(z+ − z0)γ .�¢®©áâ¢® à §àë¢­®áâ¨ ¢¥â¢¥© ¬­®£®§­ ç­ëå äã­ªæ¨© ­  ¡¥à¥£ å à §à¥§ è¨à®ª® ¨á¯®«ì§ã¥âáï ¯à¨ à¥è¥­¨¨ ªà ¥¢ëå § ¤ ç á à §àë¢­ë¬¨ £à ­¨ç­ë¬¨ãá«®¢¨ï¬¨. �®£ à¨ä¬ ¨á¯®«ì§ã¥âáï ¢ â®¬ á«ãç ¥, ª®£¤  à §àë¢­ ï äã­ªæ¨ï ¢å®¤¨â¢ ªà ¥¢®¥ ãá«®¢¨¥ ¢ ª ç¥áâ¢¥ á« £ ¥¬®£®, áâ¥¯¥­­ ï äã­ªæ¨ï,| ¥á«¨ ¬­®�¨â¥«¥¬.6.2-5. �« ¢­®¥ §­ ç¥­¨¥ á¨­£ã«ïà­®£® ªà¨¢®«¨­¥©­®£® ¨­â¥£à « Ǒãáâì L | £« ¤ª¨© ª®­âãà, τ ¨ t | ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë ¥£® â®ç¥ª.� áá¬®âà¨¬ ªà¨¢®«¨­¥©­ë© á¨­£ã«ïà­ë© ¨­â¥£à «

∫

L

ϕ(τ)
τ − t

dτ. (11)Ǒà®¢¥¤¥¬ ¨§ â®çª¨ t ª®­âãà , ª ª ¨§ æ¥­âà , ®ªàã�­®áâì à ¤¨ãá  ρ, ¨ ¯ãáâì
t1, t2 | â®çª¨ ¯¥à¥á¥ç¥­¨ï íâ®© ®ªàã�­®áâ¨ á ªà¨¢®©. � ¤¨ãá ¡ã¤¥¬ áç¨â âì ­ -áâ®«ìª® ¬ «ë¬, çâ®¡ë ®ªàã�­®áâì ­¥ ¨¬¥«  á ªà¨¢®© L ¤àã£¨å â®ç¥ª ¯¥à¥á¥ç¥­¨ï,ªà®¬¥ t1 ¨ t2. �¡®§­ ç¨¬ ç áâì ª®­âãà  L, ¢ëà¥§ ¥¬ãî ®ªàã�­®áâìî, ç¥à¥§ l ¨¢®§ì¬¥¬ ¨­â¥£à « ∫

L−l

ϕ(τ)
τ − t

dτ. (12)Ǒà¥¤¥« ¨­â¥£à «  (12) ¯à¨ ρ→ 0 ­ §ë¢ ¥âáï £« ¢­ë¬ §­ ç¥­¨¥¬ á¨­£ã«ïà­®£®¨­â¥£à «  (11). Ǒà¥¤áâ ¢«ïï ¥£® ¢ ¢¨¤¥
∫

L

ϕ(τ)
τ − t

dτ = ∫

L

ϕ(τ)− ϕ(t)
τ − t

dτ + ϕ(t)∫

L

dτ

τ − t¨ à ááã�¤ ï â ª �¥, ª ª ¨ à ­¥¥, ¯®«ãç¨¬, çâ® á¨­£ã«ïà­ë© ¨­â¥£à « (11) ¤«ïäã­ªæ¨¨ ϕ(τ ), ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î �ñ«ì¤¥à , áãé¥áâ¢ã¥â ¢ á¬ëá«¥ £« ¢­®-£® §­ ç¥­¨ï ¯® �®è¨.�® ¢á¥å â®çª å £« ¤ª®áâ¨ ¥£® ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¤¢ãå ¢¨¤ å:
∫

L

ϕ(τ)
τ − t

dτ = ∫

L

ϕ(τ) − ϕ(t)
τ − t

dτ + ϕ(t)(ln b− t

a− t
+ iπ

)
,

∫

L

ϕ(τ)
τ − t

dτ = ∫

L

ϕ(τ) − ϕ(t)
τ − t

dτ + ϕ(t) ln b− t

t− a
,£¤¥ a ¨ b|ª®­æ¥¢ë¥ â®çª¨ ª®­âãà  L.� ç áâ­®áâ¨, ¤«ï § ¬ª­ãâ®£® ª®­âãà , ¯®« £ ï a = b, ¯®«ãç¨¬

∫

L

ϕ(τ)
τ − t

dτ = ∫

L

ϕ(τ)− ϕ(t)
τ − t

dτ + iπϕ(t).Ǒãáâì L| £« ¤ª¨© ª®­âãà (§ ¬ª­ãâë© ¨«¨ ­¥§ ¬ª­ãâë©) ¨ ϕ(τ )|äã­ªæ¨ïâ®ç¥ª ª®­âãà , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à . �®£¤  ¨­â¥£à « â¨¯  �®è¨�(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ (13)
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6.2. �­â¥£à « â¨¯  �®è¨ 191¨¬¥¥â ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï �+(t), �−(t) ¢® ¢á¥å â®çª å ª®­âãà  L, ­¥ á®¢¯ ¤ -îé¨å á ¥£® ª®­æ ¬¨, ¯à¨ ¯à¨¡«¨�¥­¨¨ ª ª®­âãàã á«¥¢  ¨«¨ á¯à ¢  ¯® «î¡®¬ã¯ãâ¨, ¨ íâ¨ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ¢ëà � îâáï ç¥à¥§ ¯«®â­®áâì ¨­â¥£à «  ϕ(t) ¨á¨­£ã«ïà­ë© ¨­â¥£à « (13) ¯® ä®à¬ã« ¬ �®å®æª®£®{Ǒ«¥¬¥«ï:�+(t) = 12 ϕ(t)+ 12πi ∫

L

ϕ(τ)
τ − t

dτ, �−(t) =− 12 ϕ(t)+ 12πi ∫

L

ϕ(τ)
τ − t

dτ. (14)�ëç¨â ï ¨ áª« ¤ë¢ ï ä®à¬ã«ë (14), ¯®«ãç¨¬ ¯ àã à ¢­®á¨«ì­ëå ¨¬ ä®à¬ã«�+(t)−�−(t) = ϕ(t), (15)�+(t) + �−(t) = 1
πi

∫

L

ϕ(τ)
τ − t

dτ, (16)ª®â®àë¬¨ ç áâ® ¯®«ì§ãîâáï ¢¬¥áâ® (14).�®à¬ã«ë �®å®æª®£®{Ǒ«¥¬¥«ï ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ ¨¬¥îâ ¢¨¤�+(x) = 12 ϕ(x)+ 12πi ∫ ∞

−∞

ϕ(τ)
τ − x

dτ, �−(x)=− 12 ϕ(x)+ 12πi ∫ ∞

−∞

ϕ(τ)
τ − x

dτ.(17)Ǒà¨ç¥¬ �+(∞) = 12 ϕ(∞), �−(∞) = − 12 ϕ(∞).�âáî¤  ¨ ¨§ (17) ¨¬¥¥¬ �+(∞) + �−(∞) = 0, (18)lim
x→∞

∫ ∞

−∞

ϕ(τ)
τ − x

dτ = 0. (19)�ã­ªæ¨ï, ¯à¥¤áâ ¢¨¬ ï ¨­â¥£à «®¬ â¨¯  �®è¨ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, ­¥®¡-å®¤¨¬® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (18). �â® ãá«®¢¨¥ ï¢«ï¥âáï â ª�¥ ¨ ¤®áâ â®ç­ë¬¤«ï ¯à¥¤áâ ¢«¥­¨ï ªãá®ç­®  ­ «¨â¨ç¥áª®© ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïåäã­ªæ¨¨ ¨­â¥£à «®¬ ¯® ¤¥©áâ¢¨â¥«ì­®© ®á¨.� áá¬®âà¨¬ ¨­â¥£à « â¨¯  �®è¨ ¯® ¤¥©áâ¢¨â¥«ì­®© ®á¨, áç¨â ï z ­¥ «¥� é¨¬­  ­¥©: �(z) = 12πi ∫ ∞

−∞

ϕ(x)
x− z

dx, (20)£¤¥ ϕ(x)|ª®¬¯«¥ªá­ ï äã­ªæ¨ï ¤¥©áâ¢¨â¥«ì­®£® ¯¥à¥¬¥­­®£® x, ã¤®¢«¥â¢®àïî-é ï ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ãá«®¢¨î �ñ«ì¤¥à  (á¬. ¯. 4.1-3).�á«¨  ­ «¨â¨ç¥áª ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ äã­ªæ¨ï ϕ(z) ­¥¯à¥àë¢­  ¢ § -¬ª­ãâ®© ¯®«ã¯«®áª®áâ¨ ¨ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à ,â® 12πi ∫ ∞

−∞

ϕ(x)
x− z

dx = {
ϕ(z)− 12 ϕ(∞) ¯à¨ Im z > 0,
− 12 ϕ(∞) ¯à¨ Im z < 0. (21)� ª�¥ á¯à ¢¥¤«¨¢  ä®à¬ã« 12πi ∫ ∞

−∞

ϕ(x)− ϕ(∞)
x− z

dx = { 12 ϕ(∞) ¯à¨ Im z > 0,
−ϕ(z) + 12 ϕ(∞) ¯à¨ Im z < 0, (22)¥á«¨  ­ «¨â¨ç¥áª ï ¢ ­¨�­¥© ¯®«ã¯«®áª®áâ¨ äã­ªæ¨ï ϕ(z) ­¥¯à¥àë¢­  ¢ § ¬ª­ã-â®© ¯®«ã¯«®áª®áâ¨ ¨ ã¤®¢«¥â¢®àï¥â ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ãá«®¢¨î �ñ«ì¤¥à .
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192 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ 6.2-6. �®à¬ã«  ¯¥à¥áâ ­®¢ª¨ Ǒã ­ª à¥{�¥àâà ­ � áá¬®âà¨¬ ¯ àã á«¥¤ãîé¨å ¯®¢â®à­ëå á¨­£ã«ïà­ëå ¨­â¥£à «®¢:
N(t) = 1

πi

∫

L

dτ

τ − t

1
πi

∫

L

K(τ, τ1)
τ1 − τ

dτ1, (23)
M(t) = 1

πi

∫

L

dτ1 1
πi

∫

L

K(τ, τ1)(τ − t)(τ1 − τ) dτ, (24)£¤¥ L| £« ¤ª¨© ª®­âãà,   äã­ªæ¨ï K(τ, τ1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à  ¯®®¡¥¨¬ ¯¥à¥¬¥­­ë¬.�¡  ¨­â¥£à «  ¨¬¥îâ á¬ëá«, ¨ å®âï N ¨ M ®â«¨ç îâáï «¨èì ¯®àï¤ª®¬¨­â¥£à¨à®¢ ­¨ï, ®­¨ ­¥ à ¢­ë, çâ® ¯®ª §ë¢ ¥â á«¥¤ãîé ï ä®à¬ã«  ¯¥à¥áâ ­®¢ª¨Ǒã ­ª à¥{�¥àâà ­ :1
πi

∫

L

dτ

τ − t

1
πi

∫

L

K(τ, τ1)
τ1 − τ

dτ1 = K(t, t) + 1
πi

∫

L

dτ1 1
πi

∫

L

K(τ, τ1)(τ − t)(τ1 − τ) dτ,(25)ª®â®àãî ¬®�­® § ¯¨á âì ¥é¥ ¨ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:
∫

L

dτ

τ − t

∫

L

K(τ, τ1)
τ1 − τ

dτ1 = −π2K(t, t) + ∫

L

dτ1 ∫

L

K(τ, τ1)(τ − t)(τ1 − τ) dτ. (26)Ǒà¨¬¥à. �ëç¨á«¨¬ ¨­â¥£à « â¨¯  �®è¨, ¢§ïâë© ¯® ¥¤¨­¨ç­®© ®ªàã�­®áâ¨ |z| = 1, á¯«®â­®áâìî ϕ(τ) = 2/[τ(τ − 2)℄, â. ¥.�(z) = 12πi ∫

L

1
τ − 2 dτ

τ − z
− 12πi ∫

L

1
τ

dτ

τ − z
.�ã­ªæ¨ï 1/(z−2)  ­ «¨â¨ç­  ¢
+,   1/z  ­ «¨â¨ç­  ¢
− ¨ ®¡à é ¥âáï ­  ¡¥áª®­¥ç­®áâ¨¢ ­ã«ì. Ǒ¥à¢ë© ¨­â¥£à « ¯® ä®à¬ã«¥ (1) à ¢¥­ 1/(z−2) ¤«ï z∈
+ ¨ à ¢¥­ ­ã«î ¤«ï z∈
−.�â®à®© ¨­â¥£à « ¯® ä®à¬ã«¥ (2) ¤«ï z ∈ 
− à ¢¥­ −1/z,   ¤«ï z ∈ 
+ à ¢¥­ ­ã«î. �âáî¤ �+(z) = 1

z − 2 , �−(z) = 1
z
..

©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢ (1977), S. G. Mikhlin, S. Pr�ossdorf(1986).6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­ 6.3-1. �¥®à¥¬  ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ â¥®à¥¬  �¨ã¢¨««ï�¥®à¥¬  ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ (¯à¨­æ¨¯ ­¥¯à¥àë¢­®áâ¨).Ǒãáâì ¤¢¥ ®¡« áâ¨ 
1 ¨ 
2 £à ­¨ç â ¢¤®«ì ­¥ª®â®à®© £« ¤ª®© ªà¨¢®© L.� ®¡« áâïå 
1 ¨ 
2 § ¤ ­ë  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ f1(z) ¨ f2(z). Ǒà¥¤-¯®«®�¨¬, çâ® ¯à¨ áâà¥¬«¥­¨¨ â®çª¨ z ª ªà¨¢®© L ®¡¥ äã­ªæ¨¨ áâà¥¬ïâáïª ¯à¥¤¥«ì­ë¬ §­ ç¥­¨ï¬, ­¥¯à¥àë¢­ë¬ ­  ªà¨¢®© L, ¯à¨ç¥¬ íâ¨ ¯à¥¤¥«ì-­ë¥ §­ ç¥­¨ï à ¢­ë ¬¥�¤ã á®¡®©. Ǒà¨ íâ¨å ãá«®¢¨ïå äã­ªæ¨¨ f1(z) ¨ f2(z)¡ã¤ãâ  ­ «¨â¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬ ¤àã£ ¤àã£ .Ǒãáâì ¢ ®¡« áâ¨ 
, ®£à ­¨ç¥­­®© ª®­âãà®¬ L, äã­ªæ¨ï f(z)  ­ «¨â¨ç­ , § ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ç¨á«  â®ç¥ª, £¤¥ ®­  ¬®�¥â ¨¬¥âì ¯®«îáë. �ë¯¨è¥¬à §«®�¥­¨¥ ¢ àï¤ ¢ ®ªà¥áâ­®áâ¨ ­¥ª®â®à®© â®çª¨ z0:
f(z) = cn(z− z0)n+ cn+1(z− z0)n+1+ · · ·= (z− z0)nf1(z), f1(z0) = cn 6= 0.
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  193�¨á«® n ­ §ë¢ ¥âáï ¯®àï¤ª®¬ äã­ªæ¨¨ ¢ â®çª¥ z0. �á«¨ n > 0, â® ¯®àï¤®ªäã­ªæ¨¨ ¥áâì ¯®àï¤®ª ¥¥ ­ã«ï, ¥á«¨ n < 0, â® ¯®àï¤®ª ¥¥ ¥áâì ¯®àï¤®ª ¯®«îá  á¯à®â¨¢®¯®«®�­ë¬ §­ ª®¬. �á«¨ ¯®àï¤®ª äã­ªæ¨¨ ¢ z0 ¥áâì ­ã«ì, â® ¢ â ª®© â®çª¥äã­ªæ¨ï ¯à¨­¨¬ ¥â ª®­¥ç­®¥, ®â«¨ç­®¥ ®â ­ã«ï, §­ ç¥­¨¥. Ǒà¨ à áá¬®âà¥­¨¨¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ à §­®áâì z−z0 ­ã�­® § ¬¥­¨âì ­  1/z. �á«¨ â®çª  z0«¥�¨â ­  ª®­âãà¥ L, â® ¯®àï¤ª®¬ äã­ªæ¨¨ ¡ã¤¥¬ áç¨â âì ç¨á«® 12 n.Ǒãáâì N
, P
 ¨ NL, PL á®®â¢¥âáâ¢¥­­® ç¨á«  ­ã«¥© ¨ ¯®«îá®¢ ¢ ®¡« áâ¨¨ ­  ª®­âãà¥, ¯à¨ç¥¬ ª �¤ë© ¨§ ­¨å ¡¥à¥âáï áâ®«ìª® à §, ª ª®¢  ¥£® ªà â­®áâì.�¨¬¢®«®¬ [δ℄L ®¡®§­ ç¨¬ ¯à¨à é¥­¨¥ ¢¥«¨ç¨­ë δ ¯à¨ ®¡å®¤¥ ª®­âãà  ¢ ¯®«®-�¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨. Ǒ®«®�¨â¥«ì­ë¬ ®¡å®¤®¬, ª ª ¢á¥£¤ , áç¨â ¥âáï â®â, ¯à¨ª®â®à®¬ à áá¬ âà¨¢ ¥¬ ï ®¡« áâì ®áâ ¥âáï á«¥¢ .Ǒà¨­æ¨¯  à£ã¬¥­â . Ǒãáâì f(z) ¥áâì äã­ªæ¨ï,  ­ «¨â¨ç¥áª ï ¨ ®¤-­®§­ ç­ ï ¢ ¬­®£®á¢ï§­®© ®¡« áâ¨ 
, ®£à ­¨ç¥­­®© £« ¤ª¨¬ ª®­âãà®¬
L = L0 + L1 + · · · + Lm, §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ç¨á«  â®ç¥ª, £¤¥ ®­ ¬®�¥â ¨¬¥âì ¯®«îáë, ­¥¯à¥àë¢­ ï ¢ § ¬ª­ãâ®© ®¡« áâ¨ 
 + L ¨ ¨¬¥¥â ­ ª®­âãà¥ ­¥ ¡®«¥¥ ç¥¬ ª®­¥ç­®¥ ç¨á«® ­ã«¥© æ¥«®£® ¯®àï¤ª . �®£¤  á¯à ¢¥¤-«¨¢  ä®à¬ã« 

N
 − P
 + 12 (NL − PL) = 12π [arg f(z)℄L.�¡®¡é¥­­ ï â¥®à¥¬  �¨ã¢¨««ï. Ǒãáâì äã­ªæ¨ï f(z)  ­ «¨â¨ç­  ¢®¢á¥© ¯«®áª®áâ¨ ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®, §  ¨áª«îç¥­¨¥¬ â®ç¥ª a0 = ∞, ak(k = 1, 2, . . . , n), £¤¥ ®­  ¨¬¥¥â ¯®«îáë, ¯à¨ç¥¬ £« ¢­ë¥ ç áâ¨ à §«®�¥­¨© äã­ª-æ¨¨ f(z) ¢ ®ªà¥áâ­®áâ¨ ¯®«îá®¢ ¨¬¥îâ ¢¨¤
Q0(z) = c01z + c02z2 + · · ·+ c0m0zm0

Qk

( 1
z − ak

) = ck1
z − ak

+ ck2(z − ak)2 + · · ·+ ckmk(z − ak)mk

¢ â®çª¥ a0,¢ â®çª å ak.�®£¤  äã­ªæ¨ï f(z) ¥áâì à æ¨®­ «ì­ ï äã­ªæ¨ï ¨ ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ä®à¬ã«®©
f(z) = C +Q0(z) + n∑

k=1Qk( 1
z − ak

)
,£¤¥ C |¯®áâ®ï­­ ï. � ç áâ­®áâ¨, ¥á«¨ ¥¤¨­áâ¢¥­­ ï ®á®¡¥­­®áâì äã­ªæ¨¨ f(z)¥áâì ¯®«îá ¯®àï¤ª  m ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥, â® f(z) ¥áâì ¬­®£®ç«¥­áâ¥¯¥­¨ m:

f(z) = c0 + c1z + · · ·+ cmz
m.�¡ëç­® ¨á¯®«ì§ãîâ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:a) f(z)|äã­ªæ¨ï, á®¯àï�¥­­ ï á ¤ ­­®© äã­ªæ¨¥© f(z);b) f(�z)|äã­ªæ¨ï, ¯®«ãç ¥¬ ï ¨§ f(z) ¯ãâ¥¬ § ¬¥­ë ¢ ­¥© z ­  �z, â. ¥. y ­  −y¢ f(z);
) �f(z)|äã­ªæ¨ï, ®¯à¥¤¥«ï¥¬ ï ãá«®¢¨¥¬ �f(z) = f(�z).�á«¨ z = x+ iy ¨ f(z) = u(x, y) + iv(x, y), â®

f(z)=u(x, y)−iv(x, y), f(�z)=u(x,−y)+iv(x,−y), �f(z)=u(x,−y)−iv(x,−y).� ç áâ­®áâ¨, ¥á«¨ f(z) § ¤ ­  àï¤®¬ f(z) = n∑
k=0 ckzk, â®

f(z) = n∑

k=0�ck�zk, f(�z) = n∑

k=0 ck�zk, �f(z) = n∑

k=0�ckzk.
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194 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ �«ï äã­ªæ¨¨, ¯à¥¤áâ ¢«¥­­®© ¨­â¥£à «®¬ â¨¯  �®è¨
f(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ,¡ã¤¥¬ ¨¬¥âì
f(z)=− 12πi ∫

L

ϕ(τ)�τ − �z dτ , f(�z)= 12πi ∫

L

ϕ(τ)
τ − �z dτ, �f(z)=− 12πi ∫

L

ϕ(τ)�τ − z
dτ.� ¬¥â¨¬, çâ® ¥á«¨ äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �f(z) = f(z), â® ¤«ï ¢¥é¥áâ¢¥­-­ëå §­ ç¥­¨© z ®­  ¯à¨­¨¬ ¥â ç¨áâ® ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï. �¯à ¢¥¤«¨¢® â ª-�¥ ¨ ®¡à â­®¥ ¯à¥¤«®�¥­¨¥.6.3-2. �­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ �à¬¨â �­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ �à¬¨â  ¨á¯®«ì§ã¥âáï ¤«ï ¯®áâà®¥­¨ï ª ­®­¨ç¥-áª®© äã­ªæ¨¨ ­¥®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­  ¢ ¯¯. 4.4-7 ¨ 6.3-9.Ǒãáâì § ¤ ­ë à §«¨ç­ë¥ â®çª¨ zk (k = 1, 2, . . . , m) ¨ ¯ãáâì ª �¤®© â®çª¥ zká®¯®áâ ¢«¥­ë ç¨á«  �(j)

k (j = 0, 1, . . . , nk − 1), £¤¥ nk | § ¤ ­­ë¥ ­ âãà «ì­ë¥ç¨á« . �à¥¡ã¥âáï ¯®áâà®¨âì ¯®«¨­®¬ Up(z) ­ ¨­¨§è¥© áâ¥¯¥­¨, ã¤®¢«¥â¢®àïîé¨©ãá«®¢¨ï¬
U(j)
p (zk) = �(j)

k , k = 1, 2, . . . ,m, j = 0, 1, . . . , nk − 1,£¤¥ U(j)
p (zk)|§­ ç¥­¨ï ¯à®¨§¢®¤­ëå j-£® ¯®àï¤ª  ¯®«¨­®¬  ¢ â®çª å zk. �¨á«  zk­ §ë¢ îâáï ã§« ¬¨ ¨­â¥à¯®«¨à®¢ ­¨ï,   nk | ªà â­®áâï¬¨ ¨­â¥à¯®«¨à®¢ ­¨ï ¢ã§« å zk.� ª®© ¯®«¨­®¬ áãé¥áâ¢ã¥â ¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤ (á¬. �. �. �¬¨à­®¢,�. �. �¥¡¥¤¥¢ (1964)):

Up(z) = m∑

k=1 ζ(z)(z − zk)nk

nk−1∑

r=0 Ak,r(z − zk)r, p = m∑

k=1nk − 1,
ζ(z) = m∏

k=1(z − zk)nk , Ak,r = r∑

j=0 �(j)
k

j! (r − j)! [
d r−j

dzr−j
(z − zk)nk

ζ(z) ]

z=zk

,

k = 1, 2, . . . ,m, r = 0, 1, . . . , nk − 1,¯à¨ç¥¬ ®­ ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.�­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ Up(z), ¯®áâà®¥­­ë© ¤«ï äã­ªæ¨¨ f(z), ¢ â®ç-ª å zk ¤®«�¥­ ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬
U(j)
p (zk) = �(j)

k = f (j)(zk), k = 1, 2, . . . ,m, j = 0, 1, . . . , nk − 1,£¤¥ f (j)(zk)|§­ ç¥­¨ï ¯à®¨§¢®¤­ëå j-£® ¯®àï¤ª  íâ®© äã­ªæ¨¨ ¢ â®çª å zk.6.3-3. Ǒ®­ïâ¨¥ ¨­¤¥ªá Ǒãáâì L|£« ¤ª¨© § ¬ª­ãâë© ª®­âãà ¨ D(t)|§ ¤ ­­ ï ­  ­¥¬ ­¥¯à¥àë¢­ ïäã­ªæ¨ï, ­¥ ®¡à é îé ïáï ¢ ­ã«ì.�­¤¥ªá®¬ ν äã­ªæ¨¨ D(t) ¯® ª®­âãàã L ­ §ë¢ ¥âáï à §¤¥«¥­­®¥ ­  2π¯à¨à é¥­¨¥ ¥¥  à£ã¬¥­â  ¯à¨ ®¡å®¤¥ ªà¨¢®© L ¢ ¯®«®�¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨:
ν = IndD(t) = 12π [argD(t)℄L. (1)
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  195� ª ª ª lnD(t) = ln |D(t)| + i argD(t) ¨ ¯®á«¥ ®¡å®¤  ª®­âãà  L äã­ª-æ¨ï |D(t)| ¢®§¢à é ¥âáï ª ­ ç «ì­®¬ã §­ ç¥­¨î, â® [lnD(t)℄L = i[argD(t)℄L ¨á«¥¤®¢ â¥«ì­®,
ν = 12πi [lnD(t)℄L. (2)�­¤¥ªá ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¨­â¥£à « 

ν = IndD(t) = 12πi ∫

L

d lnD(t) = 12π ∫

L

d argD(t). (3)Ǒà¨ íâ®¬, ¥á«¨ D(t) ­¥ ¤¨ää¥à¥­æ¨àã¥¬ , ­® ¨¬¥¥â ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î, â®¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �â¨«âì¥á . � á¨«ã ­¥¯à¥àë¢­®áâ¨ D(t) ®¡à § ��§ ¬ª­ãâ®£® ª®­âãà  L ¡ã¤¥â â ª�¥ § ¬ª­ãâë¬ ª®­âãà®¬ ¨ ¯à¨à é¥­¨¥  à£ã¬¥­-â  D(t) ¯à¨ ®¡å®¤¥ ª®­âãà  L ¡ã¤¥â ªà â­ë¬ 2π. �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ëá«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï.1◦. �­¤¥ªá äã­ªæ¨¨, ­¥¯à¥àë¢­®© ­  § ¬ª­ãâ®¬ ª®­âãà¥ ¨ ­¨£¤¥ ­¥ ®¡à é î-é¥©áï ¢ ­ã«ì, ¥áâì æ¥«®¥ ç¨á«® (¢®§¬®�­®, ­ã«ì).2◦. �­¤¥ªá ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à ¢¥­ áã¬¬¥ ¨­¤¥ªá®¢ á®¬­®�¨â¥«¥©. �­¤¥ªáç áâ­®£® à ¢¥­ à §­®áâ¨ ¨­¤¥ªá®¢ ¤¥«¨¬®£® ¨ ¤¥«¨â¥«ï.Ǒãáâì â¥¯¥àì D(t) ¤¨ää¥à¥­æ¨àã¥¬  ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ªà ¥¢®¥ §­ ç¥­¨¥ ­ «¨â¨ç¥áª®© ¢­ãâà¨ ¨«¨ ¢­¥ ª®­âãà  L äã­ªæ¨¨. �®£¤ 
ν = 12πi ∫

L

d lnD(t) = 12πi ∫

L

D′
t(t)
D(t) dt (4)®ª §ë¢ ¥âáï à ¢­ë¬ «®£ à¨ä¬¨ç¥áª®¬ã ¢ëç¥âã äã­ªæ¨¨ D(t). �§ ¯à¨­æ¨¯   à£ã-¬¥­â  (á¬. ¯. 6.3-1) ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢  ¨­¤¥ªá :3◦. �á«¨ D(t) ¥áâì ªà ¥¢®¥ §­ ç¥­¨¥ äã­ªæ¨¨,  ­ «¨â¨ç¥áª®© ¢­ãâà¨ ¨«¨ ¢­¥ª®­âãà , â® ¨­¤¥ªá ¥¥ à ¢¥­ ç¨á«ã ­ã«¥© ¢­ãâà¨ ª®­âãà  ¨«¨ á®®â¢¥âáâ¢¥­­® ç¨á«ã­ã«¥© ¢­¥ ª®­âãà , ¢§ïâ®¬ã á® §­ ª®¬ ¬¨­ãá.4◦. �á«¨ äã­ªæ¨ï D(z)  ­ «¨â¨ç­  ¢­ãâà¨ ª®­âãà , §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£®ç¨á«  â®ç¥ª, £¤¥ ®­  ¬®�¥â ¨¬¥âì ¯®«îáë, â® ¨­¤¥ªá ¥¥ à ¢¥­ à §­®áâ¨ ç¨á« ­ã«¥© ¨ ç¨á«  ¯®«îá®¢ ¢­ãâà¨ ª®­âãà .�ã«¨ ¨ ¯®«îáë áç¨â îâáï ¯à¨ íâ®¬ áâ®«ìª® à §, ª ª®¢  ¨å ªà â­®áâì. � ¬¥â¨¬¥é¥, çâ® ¨­¤¥ªáë ª®¬¯«¥ªá­® á®¯àï�¥­­ëå äã­ªæ¨© ®¡à â­ë ¯® §­ ªã.Ǒãáâì ª®­âãà L ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

t = t1(s) + it2(s), 0 6 s 6 l.Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ ª®¬¯«¥ªá­®© ª®®à¤¨­ âë t ¢ äã­ªæ¨î D(t), ¯®«ãç¨¬
D(t) = D

(
t1(s) + it2(s)) = ξ(s) + iη(s). (5)�ã¤¥¬ à áá¬ âà¨¢ âì ξ ¨ η ª ª ¤¥ª àâ®¢ë ª®®à¤¨­ âë. �®£¤ 
ξ = ξ(s), η = η(s)¯à¥¤áâ ¢«ï¥â á®¡®© ¯ à ¬¥âà¨ç¥áª®¥ ãà ¢­¥­¨¥ ­¥ª®â®à®© ªà¨¢®© �. � á¨«ã­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ D(t) ¨ § ¬ª­ãâ®áâ¨ ª®­âãà  L ªà¨¢ ï � ¡ã¤¥â § ¬ª­ãâ®©.�¨á«® ¢¨âª®¢ ªà¨¢®© � ¢®ªàã£ ­ ç «  ª®®à¤¨­ â, â. ¥. ç¨á«® ¯®«­ëå ®¡®à®â®¢à ¤¨ãá -¢¥ªâ®à , ª®£¤  ¯¥à¥¬¥­­ ï s ¨§¬¥­ï¥âáï ®â 0 ¤® l, ¨ ¡ã¤¥â, ®ç¥¢¨¤­®, ¨­¤¥ª-á®¬ äã­ªæ¨¨ D(t). �¨á«® íâ® ¨­®£¤  ­ §ë¢ îâ ¯®àï¤ª®¬ ªà¨¢®© � ®â­®á¨â¥«ì­®­ ç «  ª®®à¤¨­ â.�á«¨ ªà¨¢ãî � ã¤ ¥âáï ¯®áâà®¨âì, â® ç¨á«® ¢¨âª®¢ ãá¬ âà¨¢ ¥âáï ­¥¯®áà¥¤-áâ¢¥­­®. �®�­® ¯à¨¢¥áâ¨ ¬­®£® ¯à¨¬¥à®¢, ª®£¤  ¨­¤¥ªá ¬®�¥â ¡ëâì ®¯à¥¤¥«¥­ ¯®
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196 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ ¢¨¤ã ªà¨¢®© �. � ¯à¨¬¥à, ¥á«¨D(t)|¤¥©áâ¢¨â¥«ì­ ï ¨«¨ ç¨áâ® ¬­¨¬ ï äã­ªæ¨ï,­¥ ®¡à é îé ïáï ¢ ­ã«ì, â® � ¥áâì ®âà¥§®ª ¯àï¬®© (¯à®å®¤¨¬ë© ç¥â­®¥ ç¨á«® à §)¨ ¨­¤¥ªá D(t) à ¢¥­ ­ã«î. �á«¨ ¤¥©áâ¢¨â¥«ì­ ï ç áâì ξ(s) ¨«¨ ¬­¨¬ ï ç áâì η(s)­¥ ¬¥­ï¥â §­ ª , â® ¨­¤¥ªá, ®ç¥¢¨¤­®, â ª�¥ à ¢¥­ ­ã«î ¨ â. ¯. �á«¨ äã­ªæ¨îD(t)¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¨«¨ ç áâ­®£® äã­ªæ¨©, ï¢«ïîé¨åáï ¯à¥-¤¥«ì­ë¬¨ §­ ç¥­¨ï¬¨  ­ «¨â¨ç¥áª¨å ¢­ãâà¨ ¨«¨ ¢­¥ ª®­âãà  äã­ªæ¨©, â® ¨­¤¥ªá¢ëç¨á«ï¥âáï ­  ®á­®¢ ­¨¨ á¢®©áâ¢ 2◦, 3◦ ¨ 4◦.� ®¡é¥¬ á«ãç ¥ ¢ëç¨á«¥­¨¥ ¨­¤¥ªá  ¬®�¥â ¡ëâì ¯à®¨§¢¥¤¥­® ¯® ä®à¬ã«¥ (3).Ǒ®« £ ï ¢ ­¥© ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (5)
d argD(t) = d ar
tg η(s)

ξ(s)¨ ¯à¥¤¯®« £ ï ξ ¨ η ¤¨ää¥à¥­æ¨àã¥¬ë¬¨, ¯®«ãç¨¬
ν = 12π ∫� ξ dη − η dξ

ξ2 + η2 = 12π ∫ l0 ξ(s)η′s(s)− η(s)ξ′s(s)
ξ2(s) + η2(s) ds. (6)Ǒà¨¬¥à. �ëç¨á«¨âì ¨­¤¥ªá D(t) = tn ¯® «î¡®¬ã ª®­âãàã L, ®ªàã� îé¥¬ã ­ ç «®ª®®à¤¨­ â.1-© á¯®á®¡. �ã­ªæ¨ï tn ¥áâì ªà ¥¢®¥ §­ ç¥­¨¥ äã­ªæ¨¨ zn, ¨¬¥îé¥© ®¤¨­ ­ã«ì¯®àï¤ª  n ¢­ãâà¨ ª®­âãà . �«¥¤®¢ â¥«ì­®,

ν = Ind tn = n.2-© á¯®á®¡. �á«¨  à£ã¬¥­â t ¥áâì ϕ, â®  à£ã¬¥­â tn à ¢¥­ nϕ. �®£¤  â®çª  t, ®¡®©¤ïª®­âãà L, ¢®§¢à é ¥âáï ª ­ ç «ì­®¬ã §­ ç¥­¨î,ϕ ¯®«ãç ¥â ¯à¨à é¥­¨¥ 2π. �«¥¤®¢ â¥«ì­®,Ind tn = n..�­¤¥ªá ¬®�¥â ¡ëâì ®¯à¥¤¥«¥­ ¨ ¯à¨ ¯®¬®é¨ ç¨á«¥­­ëå ¬¥â®¤®¢. � á¨«ãæ¥«®ç¨á«¥­­®áâ¨ §­ ç¥­¨© ¨­¤¥ªá  ¯à¨¡«¨�¥­­®¥ ¥£® §­ ç¥­¨¥, ­ ©¤¥­­®¥ á¯®£à¥è­®áâìî, ¬¥­ìè¥© 12 , ¨ ®ªàã£«¥­­®¥ ¤® ¡«¨� ©è¥£® æ¥«®£® ç¨á« , ¤ áââ®ç­®¥ §­ ç¥­¨¥.6.3-4. Ǒ®áâ ­®¢ª  § ¤ ç¨ �¨¬ ­ � ­ë ¯à®áâ®© £« ¤ª¨© § ¬ª­ãâë© ª®­âãà L, ¤¥«ïé¨© ¯«®áª®áâì ª®¬¯«¥ªá­®-£® ¯¥à¥¬¥­­®£® ­  ¢­ãâà¥­­îî ®¡« áâì 
+ ¨ ¢­¥è­îî 
−, ¨ ¤¢¥ äã­ªæ¨¨ â®-ç¥ª ª®­âãà  D(t) ¨ H(t), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î �ñ«ì¤¥à  (á¬. ¯. 6.2-2), ¯à¨-ç¥¬ D(t) ­¥ ®¡à é ¥âáï ¢ ­ã«ì.� ¤ ç  �¨¬ ­ . � ©â¨ ¤¢¥ äã­ªæ¨¨ (¬®�­® £®¢®à¨âì ®¡ ®¤­®© ªãá®ç­® ­ «¨â¨ç¥áª®© äã­ªæ¨¨): �+(z)| ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ 
+, ¨ �−(z)| ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ 
−, ¢ª«îç ï z =∞, ã¤®¢«¥â¢®àïîé¨¥ ­  ª®­âã-à¥ L «¨­¥©­®¬ã á®®â­®è¥­¨î�+(t) = D(t)�−(t)¨«¨�+(t) = D(t)�−(t) +H(t) (®¤­®à®¤­ ï § ¤ ç )(­¥®¤­®à®¤­ ï § ¤ ç ). (7)(8)�ã­ªæ¨î D(t) ¡ã¤¥¬ ­ §ë¢ âì ª®íää¨æ¨¥­â®¬ § ¤ ç¨ �¨¬ ­ ,   äã­ª-æ¨î H(t)| ¥¥ á¢®¡®¤­ë¬ ç«¥­®¬.� áá¬®âà¨¬ ¯à¥¤¢ à¨â¥«ì­® § ¤ çã �¨¬ ­  ç áâ­®£® ¢¨¤ , ª®â®àãî ­ §ë¢ îâ§ ¤ ç¥© ® áª çª¥. Ǒãáâì ­  § ¬ª­ãâ®¬ ª®­âãà¥ L ¤ ­  äã­ªæ¨ï ϕ(t), ã¤®¢«¥â¢®àï-îé ï ãá«®¢¨î �ñ«ì¤¥à . �à¥¡ã¥âáï ­ ©â¨ ªãá®ç­®  ­ «¨â¨ç¥áªãî äã­ªæ¨î �(z)
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  197(�(z) = �+(z) ¯à¨ z ∈ 
+, �(z) = �−(z) ¯à¨ z ∈ 
−), ¨áç¥§ îéãî ­  ¡¥áª®-­¥ç­®áâ¨ ¨ ¨á¯ëâë¢ îéãî ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ ª®­âãà L áª ç®ª ϕ(t), â. ¥. ã¤®¢«¥-â¢®àïîéãî ãá«®¢¨î �+(t)−�−(t) = ϕ(t).�ã­ªæ¨ï �(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ­  ®á­®¢ ­¨¨ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï (á¬. ¯. 6.2-5) ¤ ¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥-­¨¥ íâ®© § ¤ ç¨.� ª¨¬ ®¡à §®¬, § ¤ ­­ãî ­  § ¬ª­ãâ®¬ ª®­âãà¥ ¯à®¨§¢®«ì­ãî äã­ªæ¨î ϕ(t),ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î �ñ«ì¤¥à , ¬®�­® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨âì¢ ¢¨¤¥ à §­®áâ¨ äã­ªæ¨© �+(t) ¨ �−(t), ï¢«ïîé¨åáï ªà ¥¢ë¬¨ §­ ç¥­¨ï¬¨ ­ «¨â¨ç¥áª¨å äã­ªæ¨© �+(z) ¨�−(z), ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ �−(∞)=0.�á«¨ ®â¡à®á¨âì ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ �−(∞) = 0, â® à¥è¥­¨¥ § ¤ ç¨ ¡ã¤¥â¤ ¢ âìáï ä®à¬ã«®© �(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ + 
onst . (9)�ã¤¥¬ ¨áª âì ç áâ­®¥ à¥è¥­¨¥ ®¤­®à®¤­®© § ¤ ç¨ (7) ¢ ª« áá¥ äã­ªæ¨©, ­¥®¡à é îé¨åáï ­  ª®­âãà¥ ¢ ­ã«ì. ǑãáâìN+,N− |ç¨á«® ­ã«¥© ¨áª®¬ëå äã­ªæ¨©á®®â¢¥âáâ¢¥­­® ¢ ®¡« áâïå 
+, 
−. �§ï¢ ¨­¤¥ªá ®¡¥¨å ç áâ¥© à ¢¥­áâ¢  (7), ­ ®á­®¢ ­¨¨ ¥£® á¢®©áâ¢ 2◦ ¨ 3◦ ¯®«ãç¨¬
N+ +N− = IndD(t) = ν. (10)�­¤¥ªá ν ª®íää¨æ¨¥­â  D(t) ¡ã¤¥¬ ­ §ë¢ âì ¨­¤¥ªá®¬ § ¤ ç¨ �¨¬ ­ .Ǒãáâì ν = 0. Ǒà¨ íâ®¬ ãá«®¢¨¨ lnD(t) ¡ã¤¥â ®¤­®§­ ç­®© äã­ªæ¨¥©. �§ (10)á«¥¤ã¥â N+ = N− = 0, â. ¥. à¥è¥­¨¥ ­¥ ¨¬¥¥â ­ã«¥© ¢® ¢á¥© ¯«®áª®áâ¨. �ã­ªæ¨¨ln�±(z) ¡ã¤ãâ ¯®íâ®¬ã  ­ «¨â¨ç¥áª¨¬¨ ¢ á¢®¨å ®¡« áâïå ¨, á«¥¤®¢ â¥«ì­®,®¤­®§­ ç­ë¬¨ ¢¬¥áâ¥ á® á¢®¨¬¨ ªà ¥¢ë¬¨ §­ ç¥­¨ï¬¨ ln�±(t).�®£ à¨ä¬¨àãï ªà ¥¢®¥ ãá«®¢¨¥ (7), ¯®«ãç¨¬ln�+(t)− ln�−(t) = lnD(t). (11)�«ï lnD(t) ¬®�­® ¢ë¡à âì «î¡ãî ¢¥â¢ì, ¯®áª®«ìªã ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â ­¥§ ¢¨á¨â ®â ¥¥ ¢ë¡®à . � ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬® ­ ©â¨ ªãá®ç­®  ­ «¨â¨ç¥áªãîäã­ªæ¨î ln�(z) ¯® § ¤ ­­®¬ã ­  L áª çªã. �¥è¥­¨¥ íâ®© § ¤ ç¨ ¯à¨ ¤®¯®«­¨-â¥«ì­®¬ ãá«®¢¨¨ ln�−(∞) = 0 ¤ ¥âáï ä®à¬ã«®©ln�(z) = 12πi ∫

L

lnD(τ)
τ − z

dτ. (12)�¡®§­ ç¨¬ ¤«ï ªà âª®áâ 1̈2πi ∫

L

lnD(τ)
τ − z

dτ = G(z). (13)�¥è¥­¨ï¬¨ ªà ¥¢®© § ¤ ç¨ (7), ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î �−(∞) = 1,¡ã¤ãâ, ª ª íâ® ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï, äã­ªæ¨¨�+(z) = eG
+(z) ¨ �−(z) = eG

−(z). (14)�á«¨ ®â¡à®á¨âì ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ �−(∞)= 1, â® ¢ ä®à¬ã«¥ (12) ­ã�­®¤®¡ ¢¨âì ¯à®¨§¢®«ì­®¥ ¯®áâ®ï­­®¥ á« £ ¥¬®¥ ¨ à¥è¥­¨¥ § ¤ ç¨ ¡ã¤¥â ¨¬¥âì ¢¨¤�+(z) = CeG
+(z), �−(z) = CeG

−(z), (15)
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198 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ £¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. � ª ª ª G−(∞) = 0, â® C ¯à¥¤áâ ¢«ï¥â á®¡®©§­ ç¥­¨¥ �−(z) ­  ¡¥áª®­¥ç­®áâ¨.� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ ν = 0 ¨ ¯à¨ ¯à®¨§¢®«ì­®¬ �−(∞) 6= 0 à¥è¥­¨¥á®¤¥à�¨â ®¤­ã ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî, á«¥¤®¢ â¥«ì­®, ¨¬¥¥âáï ®¤­® «¨­¥©­®­¥§ ¢¨á¨¬®¥ à¥è¥­¨¥. �á«¨ �−(∞) = 0, â® C = 0 ¨ § ¤ ç  ¨¬¥¥â â®«ìª®âà¨¢¨ «ì­®¥ à¥è¥­¨¥| â®�¤¥áâ¢¥­­ë© ­ã«ì, çâ® ¥áâ¥áâ¢¥­­® ¢ á¨«ã N− = 0.�âáî¤  ¬®�­® ¯®«ãç¨âì ¢ �­®¥ á«¥¤áâ¢¨¥. � ¤ ­­ãî ­  ª®­âãà¥ L ¯à®¨§¢®«ì-­ãî äã­ªæ¨î D(t) 6= 0, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î �ñ«ì¤¥à  ¨ ¨¬¥îéãî ¨­¤¥ªá­ã«ì, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ®â­®è¥­¨ï äã­ªæ¨© �+(t) ¨ �−(t), ï¢«ïîé¨åáïªà ¥¢ë¬¨ §­ ç¥­¨ï¬¨ äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å ¢ ®¡« áâïå 
+, 
− ¨ ­¥ ¨¬¥îé¨å¢ íâ¨å ®¡« áâïå ­ã«¥©. �ã­ªæ¨¨ íâ¨ ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£®¯®áâ®ï­­®£® ¬­®�¨â¥«ï ¨ ¤ îâáï ä®à¬ã« ¬¨ (15).Ǒ¥à¥å®¤ï â¥¯¥àì ª ®¡é¥¬ã á«ãç î, ¡ã¤¥¬ ¨áª âì ªãá®ç­®  ­ «¨â¨ç¥áªãîäã­ªæ¨î, ã¤®¢«¥â¢®àïîéãî ®¤­®à®¤­®¬ã ªà ¥¢®¬ã ãá«®¢¨î (7) ¨ ¨¬¥îéãî­ã«¥¢®© ¯®àï¤®ª ¢® ¢á¥© ¯«®áª®áâ¨, ªà®¬¥ ®¤­®© ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨,£¤¥ ¥¥ ¯®àï¤®ª à ¢¥­ ¨­¤¥ªáã § ¤ ç¨.� ­®­¨ç¥áª®© äã­ªæ¨¥© (®¤­®à®¤­®© § ¤ ç¨ �¨¬ ­ ) X(z) ­ §®¢¥¬ äã­ªæ¨î,ã¤®¢«¥â¢®àïîéãî ªà ¥¢®¬ã ãá«®¢¨î (7) ¨ ªãá®ç­®  ­ «¨â¨ç¥áªãî ¢áî¤ã ¢ ¯«®á-ª®áâ¨, §  ¨áª«îç¥­¨¥¬ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨, £¤¥ ¯®àï¤®ª ¥¥ à ¢¥­ ¨­¤¥ªáã§ ¤ ç¨.�âã äã­ªæ¨î ¬®�­® ¯®áâà®¨âì ¯à¨¢¥¤¥­¨¥¬ ª á«ãç î ­ã«¥¢®£® ¨­¤¥ªá .�¥©áâ¢¨â¥«ì­®, § ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (7) ¢ ¢¨¤¥�+(t) = t−νD(t)tν�−(t).Ǒà¥¤áâ ¢«ïï ¨¬¥îéãî ­ã«¥¢®© ¨­¤¥ªá äã­ªæ¨î t−νD(t) ª ª ®â­®è¥­¨¥ ªà ¥¢ëå§­ ç¥­¨©  ­ «¨â¨ç¥áª¨å äã­ªæ¨©
t−νD(t) = eG

+(t)
eG−(t) , G(z) = 12πi ∫

L

ln[τ−νD(τ)℄
τ − z

dτ, (16)¯®«ãç¨¬ ¢ëà �¥­¨¥ ¤«ï ª ­®­¨ç¥áª®© äã­ªæ¨¨:
X+(z) = eG

+(z), X−(z) = z−νeG
−(z). (17)�§ X+(t) = D(t)X−(t) á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­  ¬®�¥â ¡ëâì¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥ ®â­®è¥­¨ï ª ­®­¨ç¥áª¨å äã­ªæ¨©:

D(t) = X+(t)
X−(t) . (18)Ǒà¥¤áâ ¢«¥­¨¥ (18) ç áâ® ­ §ë¢ îâ ä ªâ®à¨§ æ¨¥©.Ǒà¨ ν > 0 ª ­®­¨ç¥áª ï äã­ªæ¨ï, ¨¬¥ï ­  ¡¥áª®­¥ç­®áâ¨ ­ã«ì ¯®àï¤ª  ν,ï¢«ï¥âáï ®¤­¨¬ ¨§ ç áâ­ëå à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (7). Ǒà¨ ν < 0 ª ­®­¨ç¥áª ïäã­ªæ¨ï ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯®àï¤ª  |ν| ¨ ã�¥ ­¥ ï¢«ï¥âáï à¥è¥­¨¥¬,­® ®­  ¨ ¢ íâ®¬ á«ãç ¥ ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ ¯à¨à¥è¥­¨¨ ­¥®¤­®à®¤­®© § ¤ ç¨.6.3-5. �¥è¥­¨¥ ®¤­®à®¤­®© § ¤ ç¨Ǒãáâì ν=IndD(t) ¥áâì «î¡®¥ æ¥«®¥ ç¨á«®. Ǒà¥¤áâ ¢«ïïD(t) ¯® ä®à¬ã«¥ (18),¯à¨¢¥¤¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (7) ª ¢¨¤ã�+(t)

X+(t) = �−(t)
X−(t) .
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  199� «¥¢®© ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  áâ®¨â ªà ¥¢®¥ §­ ç¥­¨¥ äã­ªæ¨¨,  ­ «¨â¨-ç¥áª®© ¢ 
+,   ¢ ¯à ¢®©| ªà ¥¢®¥ §­ ç¥­¨¥ äã­ªæ¨¨, ¨¬¥îé¥© ­  ¡¥áª®­¥ç­®áâ¨¯®àï¤®ª ­¥ ­¨�¥ −ν. Ǒ® ¯à¨­æ¨¯ã ­¥¯à¥àë¢­®áâ¨ (á¬. ¯. 6.3-1), äã­ªæ¨¨ ¢ «¥-¢®© ¨ ¯à ¢®© ç áâïå ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬ ¤àã£ ¤àã£  ­  ¢áî¯«®áª®áâì, §  ¨áª«îç¥­¨¥¬ à §¢¥ çâ® ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨, £¤¥ ¢ á«ãç ¥
ν > 0 ¢®§¬®�¥­ ¯®«îá ¯®àï¤ª  ­¥ ¢ëè¥ ν. �âáî¤ , ¯à¨ ν > 0 ¯® ®¡®¡é¥­­®©â¥®à¥¬¥ �¨ã¢¨««ï (á¬. ¯. 6.3-1) íâ  ¥¤¨­ ï  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ï¢«ï¥âáï ¬­®-£®ç«¥­®¬ áâ¥¯¥­¨ ν á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �á«¨ ν < 0, â® ¢­®¢ì ¯®®¡®¡é¥­­®© â¥®à¥¬¥ �¨ã¢¨««ï (¯. 6.3-1), äã­ªæ¨ï ¥áâì ¯®áâ®ï­­ ï. �® â ª ª ª ­ ¡¥áª®­¥ç­®áâ¨ ®­  ¤®«�­  ®¡à â¨âìáï ¢ ­ã«ì, â® ®âáî¤  á«¥¤ã¥â, çâ® ®­  ¥áâì â®�-¤¥áâ¢¥­­ë© ­ã«ì. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬, çâ® ¯à¨ ν<0 ®¤­®à®¤­ ï § ¤ ç  ¨¬¥¥ââ®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ | â®�¤¥áâ¢¥­­ë© ­ã«ì. �ã¤¥¬ ­ §ë¢ âì ­¥à §à¥è¨-¬ë¬¨ § ¤ ç¨, ­¥ ¨¬¥îé¨¥ ¤àã£¨å à¥è¥­¨©, ªà®¬¥ âà¨¢¨ «ì­®£®. � ª¨¬ ®¡à §®¬,®¤­®à®¤­ ï § ¤ ç  (7) ¯à¨ ®âà¨æ â¥«ì­®¬ ¨­¤¥ªá¥ ­¥à §à¥è¨¬ .Ǒà¨ ν > 0, ®¡®§­ ç ï ¬­®£®ç«¥­ áâ¥¯¥­¨ ν á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ç¥à¥§ Pν(z), ¯®«ãç¨¬ à¥è¥­¨¥ ¢ ¢¨¤¥�(z) = Pν(z)X(z),¨«¨ �+(z) = Pν(z)eG+(z), �−(z) = z−νPν(z)eG−(z), (19)£¤¥ G(z) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (16).�â ª, ¥á«¨ ¨­¤¥ªá ν ªà ¥¢®© § ¤ ç¨ �¨¬ ­  ­¥®âà¨æ â¥«¥­, â® ®¤­®à®¤­ ï§ ¤ ç  (7) ¨¬¥¥â ν + 1 «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©�+

k (z) = zkeG
+(z), �−

k (z) = zk−νeG
−(z) (k = 0, 1, . . . , ν). (20)�¡é¥¥ à¥è¥­¨¥ á®¤¥à�¨â ν+1 ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå ¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã-«®© (19). Ǒà¨ ®âà¨æ â¥«ì­®¬ ¨­¤¥ªá¥ § ¤ ç  (7) ­¥à §à¥è¨¬ .�­®£®ç«¥­ Pν(z) ¨¬¥¥â ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ â®ç­® ν ­ã«¥©. �§ ä®à-¬ã« (19) á«¥¤ã¥â, çâ® ç¨á«® ¢á¥å ­ã«¥© à¥è¥­¨ï ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ �¨¬ ­ â®ç­® à ¢­® ¨­¤¥ªáã ν. � § ¢¨á¨¬®áâ¨ ®â ¯®¤¡®à  ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­  íâ¨­ã«¨ ¬®£ãâ ¯®¯ áâì ¢ «î¡ãî ¨§ ®¡« áâ¥© 
±,   â ª�¥ ¨ ­  ª®­âãà. �¡®§­ ç ï, ª ª¨ à ­¥¥, N± ç¨á«® ­ã«¥© à¥è¥­¨ï ¢ ®¡« áâïå 
±,   N0 ç¨á«® ­ã«¥© ­  ª®­âã-à¥ L, ¯®«ãç¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥ (¡¥§ ®£à ­¨ç¥­¨ï ®âáãâáâ¢¨ï ­ã«¥© ­  ª®­âãà¥)ä®à¬ã«  (10) ¯à¨¬¥â ¢¨¤

N+ +N− +N0 = ν. (21)6.3-6. �¥è¥­¨¥ ­¥®¤­®à®¤­®© § ¤ ç¨� ¬¥­ïï ª®íää¨æ¨¥­â D(t) ªà ¥¢®£® ãá«®¢¨ï (8) ®â­®è¥­¨¥¬ ªà ¥¢ëå §­ ç¥-­¨© ª ­®­¨ç¥áª®© äã­ªæ¨¨ ¯® ä®à¬ã«¥ (18), ¯à¨¢¥¤¥¬ (8) ª ¢¨¤ã�+(t)
X+(t) = �−(t)

X−(t) + H(t)
X+(t) . (22)�ã­ªæ¨ï H(t)/X+(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à . � ¬¥­¨¬ ¥¥ à §­®áâìîªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å äã­ªæ¨© (á¬. § ¤ çã ® áª çª¥ ¨§ ¯. 6.3-4):

H(t)
X+(t) = 	+(t)−	−(t),£¤¥ 	(z) = 12πi ∫

L

H(τ)
X+(τ) dτ

τ − z
. (23)
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200 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ �®£¤  ªà ¥¢®¥ ãá«®¢¨¥ (22) ¬®�­® ¡ã¤¥â § ¯¨á âì ¢ ¢¨¤¥�+(t)
X+(t) −	+(t) = �−(t)

X−(t) −	−(t).� ¬¥â¨¬, çâ® ¯à¨ ν > 0 äã­ªæ¨ï �−(z)/X−(z) ¡ã¤¥â ¨¬¥âì ­  ¡¥áª®­¥ç­®áâ¨¯®«îá,   ¯à¨ ν < 0|­ã«ì ¯®àï¤ª  |ν|.� ááã�¤ ï á®¢¥àè¥­­® â ª �¥, ª ª íâ® ¤¥« «®áì ¯à¨ à¥è¥­¨¨ ®¤­®à®¤­®©§ ¤ ç¨, ¯®«ãç¨¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë.Ǒãáâì ν > 0, â®£¤ �+(t)
X+(t) −	+(t) = �−(t)

X−(t) −	−(t) = Pν(t).�âáî¤  ¨¬¥¥¬ à¥è¥­¨¥ �(z) = X(z)[	(z) + Pν(z)℄, (24)¯à¨ç¥¬ X(z) ¨ 	(z) ¢ëà � îâáï ä®à¬ã« ¬¨ (17) ¨ (23),   Pν(z)| ¬­®£®ç«¥­áâ¥¯¥­¨ ν á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.�¥£ª® ¢¨¤¥âì, çâ® ä®à¬ã«  (24) ¤ ¥â ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®© § ¤ ç¨,â ª ª ª ®­® á®¤¥à�¨â ¢ ª ç¥áâ¢¥ á« £ ¥¬®£® ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© § ¤ ç¨
X(z)Pν(z).Ǒãáâì ν < 0. � íâ®¬ á«ãç ¥ �−(z)/X−(z) à ¢­® ­ã«î ­  ¡¥áª®­¥ç­®áâ¨ ¨�+(t)

X+(t) −	+(t) = �−(t)
X−(t) −	−(t) = 0,®âªã¤  �(z) = X(z)	(z). (25)� ¢ëà �¥­¨¨ äã­ªæ¨¨ �−(z) ¯¥à¢ë© ¬­®�¨â¥«ì ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (17)¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯®àï¤ª  −ν,   ¢â®à®©, ª ª ¨­â¥£à « â¨¯  �®è¨ (23),¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¢ ®¡é¥¬ á«ãç ¥ ­ã«ì ¯¥à¢®£® ¯®àï¤ª . �«¥¤®¢ â¥«ì­®,�−(z) ¨¬¥¥â ­  ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯®àï¤ª  ­¥ ¢ëè¥ ç¥¬ −ν − 1. � ª¨¬®¡à §®¬, ¥á«¨ ν < −1, ­¥®¤­®à®¤­ ï § ¤ ç , ¢®®¡é¥ £®¢®àï, ­¥à §à¥è¨¬ . �­ ¡ã¤¥â à §à¥è¨¬  «¨èì â®£¤ , ª®£¤  á¢®¡®¤­ë© ç«¥­ ã¤®¢«¥â¢®àï¥â ­¥ª®â®àë¬¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨ï¬. �«ï ¯®«ãç¥­¨ï ¨å à §«®�¨¬ ¢ àï¤ ¨­â¥£à « â¨¯ �®è¨ (23) ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨:	−(z) = ∞∑

k=1 ckz−k, £¤¥ ck = − 12πi ∫

L

H(τ)
X+(τ) τk−1 dτ.�«ï  ­ «¨â¨ç­®áâ¨ �−(z) ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ­ã�­®, çâ®¡ë ¯¥à-¢ë¥ −ν − 1 ª®íää¨æ¨¥­â®¢ à §«®�¥­¨ï 	−(z) ®¡à â¨«¨áì ¢ ­ã«ì. �âáî¤  ¯®«ã-ç ¥¬, çâ® ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®© § ¤ ç¨ ¢ á«ãç ¥ ®âà¨æ â¥«ì­®£® ¨­-¤¥ªá  (ν < −1) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ã¤®¢«¥â¢®àï«¨áì á«¥¤ãîé¨¥

−ν − 1 ãá«®¢¨©:
∫

L

H(τ)
X+(τ) τk−1 dτ = 0, k = 1, 2, . . . ,−ν − 1. (26)�â ª, ¢ á«ãç ¥ ν > 0 ­¥®¤­®à®¤­ ï § ¤ ç  �¨¬ ­  à §à¥è¨¬  ¯à¨ «î¡®¬á¢®¡®¤­®¬ ç«¥­¥ ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®©�(z) = X(z)2πi ∫

L

H(τ)
X+(τ) dτ

τ − z
+X(z)Pν(z), (27)
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  201£¤¥ ª ­®­¨ç¥áª ï äã­ªæ¨ï X(z) ®¯à¥¤¥«ï¥âáï ¨§ (17),   Pν(z)|¯®«¨­®¬ áâ¥¯¥-­¨ ν á ¯à®¨§¢®«ì­ë¬¨ ª®¬¯«¥ªá­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �á«¨ ν = −1, â® ­¥®¤­®-à®¤­ ï § ¤ ç  â ª�¥ à §à¥è¨¬  ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.� á«ãç ¥ ν <−1 ­¥®¤­®à®¤­ ï § ¤ ç , ¢®®¡é¥ £®¢®àï, ­¥à §à¥è¨¬ . �«ï â®£®çâ®¡ë ®­  ¡ë«  à §à¥è¨¬ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë á¢®¡®¤­ë© ç«¥­ § ¤ -ç¨ ã¤®¢«¥â¢®àï« −ν − 1 ãá«®¢¨ï¬ (26). Ǒà¨ ¢ë¯®«­¥­¨¨ ¯®á«¥¤­¨å ¥¤¨­áâ¢¥­­®¥à¥è¥­¨¥ § ¤ ç¨ ¤ ¥âáï ä®à¬ã«®© (27), £¤¥ ­ã�­® ¯®«®�¨âì Pν(z) ≡ 0.� �­ë¥ ¯à¨¬¥­¥­¨ï ¨¬¥¥â à¥è¥­¨¥ á ¤®¯®«­¨â¥«ì­ë¬ âà¥¡®¢ ­¨¥¬, çâ®¡ë®­® ®¡à é «®áì ¢ ­ã«ì ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥. � íâ®¬ á«ãç ¥ ¢¬¥áâ®¬­®£®ç«¥­  áâ¥¯¥­¨ ν ­ã�­® ¢§ïâì ¬­®£®ç«¥­ áâ¥¯¥­¨ ν − 1. �«ï à §à¥è¨¬®áâ¨§ ¤ ç¨ ¢ á«ãç ¥ ®âà¨æ â¥«ì­®£® ¨­¤¥ªá  ¯à¨¤¥âáï ¯®âà¥¡®¢ âì ®¡à é¥­¨ï ¢ ­ã«ìâ ª�¥ ¨ ª®íää¨æ¨¥­â  c−ν .�«¥¤®¢ â¥«ì­®, ¯à¨ ãá«®¢¨¨ �−(∞) = 0 à¥è¥­¨¥ ¡ã¤¥â § ¤ ¢ âìáï ¯à¨ ν > 0ä®à¬ã«®© �(z) = X(z)[	(z) + Pν−1(z)℄, (28)£¤¥ ¯à¨ ν = 0 ­ã�­® ¯®«®�¨âì Pν−1(z) ≡ 0.�á«¨ ν < 0, â® à¥è¥­¨¥ ¯®-¯à¥�­¥¬ã ¡ã¤¥â ¢ëà � âìáï ä®à¬ã«®© (28), £¤¥
Pν−1(z) ≡ 0, ¯à¨ á®¡«î¤¥­¨¨ −ν ãá«®¢¨© à §à¥è¨¬®áâ¨:

∫

L

H(τ)
X+(τ) τk−1 dτ = 0, k = 1, 2, . . . ,−ν. (29)� íâ®¬ á«ãç ¥ ãâ¢¥à�¤¥­¨¥ ® à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®© § ¤ ç¨ ¯à¨­¨¬ ¥â¡®«¥¥ á¨¬¬¥âà¨ç­ë© ¢¨¤. Ǒà¨ ν > 0 ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®© § ¤ ç¨«¨­¥©­® § ¢¨á¨â ®â ν ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå. Ǒà¨ ν < 0 ç¨á«® ãá«®¢¨©à §à¥è¨¬®áâ¨ à ¢­® −ν. � ¬¥â¨¬, çâ® §¤¥áì ¯à¨ ν = 0 ­¥®¤­®à®¤­ ï § ¤ ç ¡¥§ãá«®¢­® à §à¥è¨¬  ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.�  ®á­®¢ ­¨¨ ¨§«®�¥­­®£® à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ �¨¬ ­  á¢®¤¨âáï ¢ ®á­®¢-­®¬ ª ¤¢ã¬ á«¥¤ãîé¨¬ ®¯¥à æ¨ï¬:1◦. Ǒà¥¤áâ ¢«¥­¨¥ ¯à®¨§¢®«ì­®© äã­ªæ¨¨, § ¤ ­­®© ­  ª®­âãà¥, ¢ ¢¨¤¥ à §­®áâ¨ªà ¥¢ëå §­ ç¥­¨© äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å ¢ ®¡« áâïå 
+ ¨ 
− (§ ¤ ç  ® áª çª¥).2◦. Ǒà¥¤áâ ¢«¥­¨¥ ­¥¨áç¥§ îé¥© äã­ªæ¨¨ ¢ ¢¨¤¥ ®â­®è¥­¨ï ªà ¥¢ëå §­ ç¥­¨© ­ «¨â¨ç¥áª¨å äã­ªæ¨© (ä ªâ®à¨§ æ¨ï).Ǒà¨ íâ®¬ ¢â®à ï ®¯¥à æ¨ï ¬®�¥â ¡ëâì á¢¥¤¥­  ª ¯¥à¢®© ¯ãâ¥¬ «®£ à¨ä¬¨-à®¢ ­¨ï. �¥ª®â®àë¥ ®á«®�­¥­¨ï ¯à¨ ­¥­ã«¥¢®¬ ¨­¤¥ªá¥ ¢­®á¨â â®«ìª® ­¥®¤­®-§­ ç­®áâì «®£ à¨ä¬ . Ǒ¥à¢ ï ®¯¥à æ¨ï ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ à ¢­®á¨«ì­ ¢ëç¨á«¥­¨î ¨­â¥£à «  â¨¯  �®è¨. � á¢ï§¨ á íâ¨¬ à¥è¥­¨¥ § ¤ ç¨ ¯® ä®à¬ã« ¬(17), (23){(25) ¢ëà � ¥âáï ï¢­® (¢ § ¬ª­ãâ®© ä®à¬¥) ç¥à¥§ ¨­â¥£à «ë â¨¯  �®è¨.6.3-7. � ¤ ç  �¨¬ ­  á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã �¨¬ ­  á ª®­âãà®¬, á®áâ®ïé¨¬ ¨§ ª®­¥ç­®£® ç¨á-«  ¯à®áâëå ªà¨¢ëå, ª®íää¨æ¨¥­â D(t) ª®â®à®© ¥áâì à æ¨®­ «ì­ ï äã­ªæ¨ï, ­¥¨¬¥îé ï ­ã«¥© ¨ ¯®«îá®¢ ­  ª®­âãà¥. � ¬¥â¨¬, çâ® ¯à®¨§¢®«ì­ ï ­¥¯à¥àë¢­ ï(  â¥¬ ¡®«¥¥ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à ) äã­ªæ¨ï ¬®�¥â ¡ëâì á «î¡®©â®ç­®áâìî ¯à¨¡«¨�¥­  à æ¨®­ «ì­ë¬¨ ¨ à¥è¥­¨¥ § ¤ ç¨ á à æ¨®­ «ì­ë¬¨ ª®-íää¨æ¨¥­â ¬¨ ¬®�¥â áâ âì ®á­®¢®© ¥¥ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¢ ®¡é¥¬ á«ãç ¥.Ǒà¥¤¯®«®�¨¬, çâ® § ¤ ç  �¨¬ ­  ¨¬¥¥â ¢¨¤�+(t) = p(t)

q(t) �−(t) +H(t), (30)
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202 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ £¤¥ ¬­®£®ç«¥­ë p(z) ¨ q(z) ¬®�­® à §«®�¨âì ¢ ¯à®¨§¢¥¤¥­¨¥
p(z) = p+(z)p−(z), q(z) = q+(z)q−(z), (31)¯à¨ç¥¬ p+(z), q+(z)|¬­®£®ç«¥­ë, ª®à­¨ ª®â®àëå «¥� â ¢ 
+,   p−(z), q−(z)|¬­®£®ç«¥­ë á ª®à­ï¬¨ ¢ 
−. �§ á¢®©áâ¢  4◦ ¨­¤¥ªá  (¯. 6.3-3) «¥£ª® ¯®«ãç¨âì, çâ®

ν = m+ − n+, £¤¥ m+ ¨ n+ |ç¨á«  ­ã«¥© ¬­®£®ç«¥­®¢ p+(z) ¨ q+(z).�¢¨¤ã â®£®, çâ® ª®íää¨æ¨¥­â § ¤ ç¨ ¥áâì äã­ªæ¨ï,  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨-¬ ï ¢ ®¡« áâ¨ 
±, §¤¥áì æ¥«¥á®®¡à §­® ­¥ ¯®«ì§®¢ âìáï ®¡é¨¬¨ ä®à¬ã« ¬¨ à¥-è¥­¨ï,   ¯®«ãç¨âì ¯®á«¥¤­¥¥ ­¥¯®áà¥¤áâ¢¥­­®, ¯®«ì§ãïáì  ­ «¨â¨ç¥áª¨¬ ¯à®¤®«-�¥­¨¥¬, ¯à¨ç¥¬ à®«ì áâ ­¤ àâ­®© äã­ªæ¨¨ â¨¯  tν , ¨á¯®«ì§ã¥¬®© ¤«ï á¢¥¤¥­¨ï¨­¤¥ªá  ª ­ã«¥¢®¬ã, á¯®á®¡­® ¨£à âì ¯à®¨§¢¥¤¥­¨¥ ν∏
j=1(t−aj), £¤¥ a1, a2 ,. . . , aν|«î¡ë¥ â®çª¨ ®¡« áâ¨ 
+. Ǒà¥¤áâ ¢«ïï ªà ¥¢®¥ ãá«®¢¨¥ ¢ ¢¨¤¥

q−(t)
p−(t) �+(t)− p+(t)

q+(t) �−(t) = q−(t)
p−(t) H(t),£¤¥ ª ­®­¨ç¥áª ï äã­ªæ¨ï ®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨ï¬¨

X+(z) = p−(z)
q−(z) , X−(z) = q+(z)

p+(z) , (32)­  ®á­®¢ ­¨¨ â¥å �¥ á®®¡à �¥­¨©, çâ® ¨ ¢ ¯. 6.3-6, ¯®«ãç¨¬ à¥è¥­¨¥ ¢ ä®à¬¥�+(z) = p−(z)
q−(z) [	(z) + Pν−1(z)℄, �−(z) = q+(z)

p+(z) [	(z) + Pν−1(z)℄, (33)£¤¥ 	(z) = 12πi ∫

L

q−(τ)
p−(τ) H(τ) dτ

τ − z
, �−(∞) = 0.�á«¨ ¨­¤¥ªá ®âà¨æ â¥«ì­ë©, â® ­ã�­® ¯®«®�¨âì Pν−1(z) ≡ 0 ¨ ¤®¡ ¢¨âìãá«®¢¨ï à §à¥è¨¬®áâ¨

∫

L

q−(τ)
p−(τ) H(τ )τk−1 dτ = 0, k = 1, 2, . . . ,−ν, (34)ª®â®àë¥ á®£« áãîâáï á ®¡é¥© ä®à¬ã«®© (29) á ãç¥â®¬ â®£®, çâ® ª ­®­¨ç¥áª ïäã­ªæ¨ï ¨¬¥¥â ¢¨¤ (32).� ¬¥â¨¬, çâ® ¨ ¢ ®¡é¥¬ á«ãç ¥ ¯à¨ ¯à ªâ¨ç¥áª®¬ à¥è¥­¨¨ § ¤ ç¨ �¨¬ ­ ¡ë¢ ¥â ã¤®¡­® ª®íää¨æ¨¥­â ¯à¥¤áâ ¢«ïâì ¢ ¢¨¤¥

D(t) = p+(t)p−(t)
q+(t)q−(t) D1(t),£¤¥ D1(t)| äã­ªæ¨ï á ­ã«¥¢ë¬ ¨­¤¥ªá®¬,   ¬­®£®ç«¥­ë p±(t) ¨ q±(t) ¯®¤¡¨-à îâáï, ¨áå®¤ï ¨§ ¢¨¤  ª®íää¨æ¨¥­â . Ǒà¨ ã¤ ç­®¬ ¯®¤¡®à¥ â ª¨å ¬­®£®ç«¥­®¢à¥è¥­¨¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® ­ ¨¡®«¥¥ ¯à®áâë¬ ¯ãâ¥¬.Ǒà¨¬¥à. � áá¬®âà¨¬ § ¤ çã �¨¬ ­ �+(t) = t

t2 − 1 �−(t) + t3 − t2 + 1
t3 − t¯à¨ ãá«®¢¨¨, çâ® �−(∞) = 0 ¨ L|¯à®¨§¢®«ì­ë© £« ¤ª¨© § ¬ª­ãâë© ª®­âãà á«¥¤ãîé¥£®¢¨¤ :1◦. �®­âãà L á®¤¥à�¨â ¢­ãâà¨ á¥¡ï â®çªã z1 = 0 ¨ ­¥ á®¤¥à�¨â â®ç¥ª z2 = 1, z3 = −1;2◦. �®­âãà L á®¤¥à�¨â ¢­ãâà¨ á¥¡ï â®çª¨ z1 = 0, z2 = 1 ¨ ­¥ á®¤¥à�¨â â®çª¨ z3 = −1;
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  2033◦. �®­âãà L á®¤¥à�¨â ¢­ãâà¨ á¥¡ï â®çª¨ z1 = 0, z2 = 1, z3 = −1;4◦. �®­âãà L á®¤¥à�¨â ¢­ãâà¨ á¥¡ï â®çª¨ z2 = 1, z3 = −1 ¨ ­¥ á®¤¥à�¨â â®çª¨ z1 = 0.� áá¬®âà¨¬ á«ãç ¨ 1◦{4◦ ¯® ¯®àï¤ªã. �«ï à¥è¥­¨ï ¨á¯®«ì§ã¥¬ ¬¥â®¤ ¨§ ¯. 6.3-7.1◦. � íâ®¬ á«ãç ¥ ¡ã¤¥¬ ¨¬¥âì
p+(t) = t, p−(t) = 1,
q+(t) = 1, q−(t) = t2 − 1, m+ = 1,

n+ = 0, ν = m+ − n+ = 1.� ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢ ¢¨¤¥(t2 − 1)�+(t) − t�−(t) = 1
t
(t3 − t2 + 1)(t+ 1).�âáî¤ 	(z) = 12πi ∫

L

q−(τ)
p−(τ) H(τ) dτ

τ − z
= 12πi ∫

L

τ3 − τ + 1
τ − z

dτ + 12πi ∫

L

1/τ
τ − z

dτ,¨, §­ ç¨â, ¢ á¨«ã ä®à¬ã« ¤«ï ¨­â¥£à «  �®è¨ (á¬. ¯. 6.2-1) ¨¬¥¥¬	+(z) = z3 − z + 1, 	−(z) = − 1
z
.�¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ á®¤¥à�¨â ®¤­® ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî. Ǒ® ä®à¬ã«¥ (33) ­ å®¤¨¬�+(z) = 1

z2 − 1 (z3 − z + 1 + C) = z3 − z + 1
z2 − 1 + C

z2 − 1 ,�−(z) = 1
z

(
− 1
z
+ C

) = − 1
z2 + C

z
,£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. � ¬¥­ïï C ­  C − 1, ¬®�­® à¥è¥­¨î ¯à¨¤ âì ¥é¥ ¨â ªãî ä®à¬ã: �+(z) = z + C

z2 − 1 , �−(z) = − z + 1
z2 + C

z
.2◦. �¬¥¥¬

p+(t) = t, p−(t) = 1, q+(t) = t− 1, q−(t) = t+ 1, m+ = n+ = 1, ν = 0,(t+ 1)�+(t) − t

t− 1 �−(t) = (t+ 1)(t3 − t2 + 1)
t(t − 1) ,	(z)= 12πi ∫

L

τ2 + τ

τ − z
dτ+ 12πi ∫

L

(τ + 1)/[τ(τ − 1)℄
τ − z

dτ =




z2 + z, z ∈ 
+,
− z + 1
z(z − 1) , z ∈ 
−.� ¤ ç  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥:�+(z) = p−(z)

q−(z) �+(z) = 1
z + 1 (z2 + z) = z,�−(z) = q+(z)

p+(z) �−(z) = z − 1
z

[
− z + 1
z(z − 1) ] = − z + 1

z2 .3◦. �¬¥¥¬
p+(t) = t, p−(t) = 1, q+(t) = t2 − 1, q−(t) = 1, m+ = 1, n+ = 2, ν = −1,	(z) = 12πi ∫

L

τ

τ − z
dτ + 12πi ∫

L

1/[τ(τ − 1)℄
τ − z

dτ = 




z, z ∈ 
+,
− 1
z(z − 1) , z ∈ 
−.
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204 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ �¥è¥­¨¥ § ¤ ç¨ áãé¥áâ¢ã¥â «¨èì ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© à §à¥è¨¬®áâ¨ (34) ¨«¨, ¢ ¤ ­­®¬á«ãç ¥, ®¤­®£® ãá«®¢¨ï: ∫

L

q−(τ)
p−(τ) H(τ) dτ = 0.�ëç¨á«ïï íâ®â ¨­â¥£à «, ­ å®¤¨¬

∫

L

τ3 − τ2 + 1
τ2 − τ

dτ = ∫

L
τ dτ + ∫

L

dτ

τ − 1 −
∫

L

dτ

τ
= 0 + 2πi− 2πi = 0.�á«®¢¨¥ à §à¥è¨¬®áâ¨, â ª¨¬ ®¡à §®¬, ¢ë¯®«­ï¥âáï, ¨ ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨¡ã¤¥â �+(z) = z, �−(z) = − z + 1

z2 .4◦. � íâ®¬ á«ãç ¥ ¨¬¥¥¬
p+(t) = 1, p−(t) = t, q+(t) = t2 − 1, q−(t) = 1, ν = m+ − n+ = −2 < 0.�«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ ¤¢ãå ãá«®¢¨©:

∫

L

q−(τ)
p−(τ) H(τ)τk−1 dτ = 0, k = 1, 2.�ëç¨á«ïï ¯®á«¥¤­¨© ¨­â¥£à « ¯à¨ k = 1, ­ å®¤¨¬

∫

L

τ3 − τ2 + 1
τ(τ2 − τ) dτ = ∫

L

(1− 1
τ

− 1
τ2 + 1

τ − 1 )
dτ = 2πi 6= 0.� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ à §à¥è¨¬®áâ¨ ­¥ ¢ë¯®«­¥­®, ¨ ¯®íâ®¬ã § ¤ ç  ­¥ ¨¬¥¥â à¥è¥­¨ï.� ¬¥â¨¬, çâ® ¥á«¨ ä®à¬ «ì­® ¢ëç¨á«¨âì äã­ªæ¨î �(z), â® ®­  ¡ã¤¥â ¨¬¥âì ¯®«îá ¢¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ¨, á«¥¤®¢ â¥«ì­®, ­¥ ¬®�¥â ï¢«ïâìáï à¥è¥­¨¥¬ § ¤ ç¨..6.3-8. � ¤ ç  �¨¬ ­  ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨Ǒãáâì ª®­âãà L ¥áâì ¤¥©áâ¢¨â¥«ì­ ï ®áì. � ª ¨ à ­¥¥, § ¤ ç  �¨¬ ­  § ª«îç -¥âáï ¢ â®¬, çâ®¡ë ­ ©â¨ ¤¢¥ ®£à ­¨ç¥­­ë¥  ­ «¨â¨ç¥áª¨¥ á®®â¢¥âáâ¢¥­­® ¢ ¢¥àå-­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïå äã­ªæ¨¨ �+(z), �−(z) (ªãá®ç­®  ­ «¨â¨ç¥áªãîäã­ªæ¨î �(z)), ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ª®â®àëå ­  ª®­âãà¥ ã¤®¢«¥â¢®àïîâ ªà ¥¢®-¬ã ãá«®¢¨î �+(x) = D(x)�−(x) +H(x), −∞ < x <∞. (35)� ¤ ­­ë¥ äã­ªæ¨¨ D(x) ¨ H(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à  ª ª ¢ª®­¥ç­ëå â®çª å, â ª ¨ ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ ª®­âãà .�ç¨â ¥¬ â ª�¥, çâ® D(x) 6= 0.�« ¢­®¥ ®â«¨ç¨¥ ®â à áá¬®âà¥­­®£® à ­¥¥ á«ãç ï ª®­¥ç­®© ªà¨¢®© á®áâ®¨â¢ â®¬, çâ® §¤¥áì ¡¥áª®­¥ç­® ã¤ «¥­­ ï â®çª  ¨ ­ ç «® ª®®à¤¨­ â «¥� â ­  á ¬®¬ª®­âãà¥ ¨ ¯®â®¬ã ­¥ ¬®£ãâ ¡ëâì ¯à¨­ïâë ¢ ª ç¥áâ¢¥ ¨áª«îç¨â¥«ì­®© â®çª¨, £¤¥ ¤«ïª ­®­¨ç¥áª®© äã­ªæ¨¨ ¤®¯ãáâ¨¬ ­¥­ã«¥¢®© ¯®àï¤®ª. �¬¥áâ® ã¯®âà¥¡«ï¢è¥©áï ¢¯à¥¤ë¤ãé¥¬ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ t, ¨¬¥îé¥© ¯® L ¨­¤¥ªá, à ¢­ë© ¥¤¨­¨æ¥,§¤¥áì ¡ã¤¥â ¢¢¥¤¥­  ®¡« ¤ îé ï â¥¬ �¥ á¢®©áâ¢®¬ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ¤à®¡­®-«¨­¥©­ ï äã­ªæ¨ï

x− i

x+ i
.�à£ã¬¥­â íâ®© äã­ªæ¨¨arg x− i

x+ i
= arg (x− i)2

x2 + i
= 2arg(x− i)
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  205¨§¬¥­ï¥âáï ­  2π, ª®£¤  x ¯à®¡¥£ ¥â ¤¥©áâ¢¨â¥«ì­ãî ®áì ¢ ¯®«®�¨â¥«ì­®¬ ­ ¯à ¢-«¥­¨¨. � ª¨¬ ®¡à §®¬, Ind x− i

x+ i
= 1.�á«¨ IndD(x) = ν, â® äã­ªæ¨ï

(
x− i

x+ i

)−ν

D(x)¨¬¥¥â ¨­¤¥ªá, à ¢­ë© ­ã«î. �¥ «®£ à¨ä¬ ¡ã¤¥â ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ äã­ªæ¨¥©®¤­®§­ ç­®©.Ǒ®áâà®¨¬ ª ­®­¨ç¥áªãî äã­ªæ¨î, ¤«ï ª®â®à®© ¨áª«îç¨â¥«ì­®© â®çª®© ¡ã¤¥ââ®çª  −i:
X+(z) = eG

+(z), X−(z) = (
z − i

z + i

)−ν

eG
−(z), (36)£¤¥

G(z) = 12πi ∫ ∞

−∞

ln[(
τ − i

τ + i

)−ν

D(τ )] dτ

τ − z
.Ǒ®«ì§ãïáì ¯à¥¤¥«ì­ë¬¨ §­ ç¥­¨ï¬¨ íâ®© äã­ªæ¨¨, ¯à¥®¡à §ã¥¬ ªà ¥¢®¥ ãá«®-¢¨¥ (35) ª ¢¨¤ã �+(x)

X+(x) = �−(x)
X−(x) + H(x)

X+(x) .� «¥¥, ¢¢®¤ï  ­ «¨â¨ç¥áªãî äã­ªæ¨î	(z) = 12πi ∫ ∞

−∞

H(τ)
X+(τ) dτ

τ − z
, (37)¯à¥¤áâ ¢¨¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢ ä®à¬¥�+(x)

X+(x) −	+(x) = �−(x)
X−(x) −	−(x).� ¬¥â¨¬, çâ®, ¢ ®â«¨ç¨¥ ®â á«ãç ï ª®­¥ç­®£® ª®­âãà , §¤¥áì, ¢®®¡é¥ £®¢®àï,	−(∞) 6= 0. Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ãç¨âë¢ ï, çâ®¥¤¨­áâ¢¥­­®© ®á®¡¥­­®áâìî à áá¬ âà¨¢ ¥¬®© äã­ªæ¨¨ ¬®�¥â ¡ëâì «¨èì ¯®«îá¢ â®çª¥ z =−i ¯®àï¤ª  ­¥ ¢ëè¥ ν (¯à¨ ν > 0), ­  ®á­®¢ ­¨¨ ®¡®¡é¥­­®© â¥®à¥¬ë�¨ã¢¨««ï (á¬. ¯. 6.3-1) ¡ã¤¥¬ ¨¬¥âì�+(z)

X+(z) −	+(z) = �−(z)
X−(z) −	−(z) = Pν(z)(z + i)ν , ν > 0,£¤¥ Pν(z) | ¬­®£®ç«¥­ áâ¥¯¥­¨ ­¥ ¢ëè¥ ν á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.�âáî¤  ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨�(z) = X(z)[	(z) + Pν(z)(z + i)ν ]�(z) = X(z)[	(z) + C℄ ¯à¨ ν > 0,¯à¨ ν < 0, (38)(39)£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. Ǒà¨ ν < 0 äã­ªæ¨ï X(z) ¨¬¥¥â ¢ â®çª¥

z = −i ¯®«îá ¯®àï¤ª  −ν, ¯®íâ®¬ã ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ ­ã�­® ¯®«®�¨âì
C = −	−(−i). Ǒà¨ ν < −1, ªà®¬¥ â®£®, ¤®«�­ë ¢ë¯®«­ïâìáï ¥é¥ á«¥¤ãîé¨¥ãá«®¢¨ï: ∫ ∞

−∞

H(x)
X+(x) dx(x+ i)k = 0, k = 2, 3, . . . ,−ν. (40)
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206 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ � ª¨¬ ®¡à §®¬, ¯®«ãç¥­ë à¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ â¥¬, ª®â®àë¥ ¨¬¥«¨ ¬¥áâ® ¢á«ãç ¥ ª®­¥ç­®£® ª®­âãà .�¥©áâ¢¨â¥«ì­®, ¯à¨ ν > 0 ®¤­®à®¤­ ï ¨ ­¥®¤­®à®¤­ ï ªà ¥¢ë¥ § ¤ ç¨ �¨-¬ ­  ¤«ï ¯®«ã¯«®áª®áâ¨ ¡¥§ãá«®¢­® à §à¥è¨¬ë ¨ à¥è¥­¨¥ ¨å § ¢¨á¨â «¨­¥©­®®â ν + 1 ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå. Ǒà¨ ν < 0 ®¤­®à®¤­ ï § ¤ ç  ­¥à §à¥è¨¬ .�¥®¤­®à®¤­ ï § ¤ ç  ¯à¨ ν < 0 à §à¥è¨¬  ®¤­®§­ ç­®, ¯à¨ç¥¬ ¢ á«ãç ¥ ν = −1¡¥§ãá«®¢­®,   ¯à¨ ν < −1 «¨èì ¯à¨ ¢ë¯®«­¥­¨¨ −ν − 1 ãá«®¢¨© (40).�áâ ­®¢¨¬áï ­  á«ãç ¥ ¨áç¥§ îé¨å ­  ¡¥áª®­¥ç­®áâ¨ à¥è¥­¨© (á¬. â ª�¥¯. 4.3-4). Ǒ®¤áâ ¢«ïï �+(∞)=�−(∞)=0 ¢ ªà ¥¢®¥ ãá«®¢¨¥, ¯®«ãç¨¬H(∞)= 0.�«¥¤®¢ â¥«ì­®, çâ®¡ë § ¤ ç  �¨¬ ­  ¨¬¥«  à¥è¥­¨¥, ¨áç¥§ îé¥¥ ­  ¡¥áª®­¥ç-­®áâ¨, á¢®¡®¤­ë© ç«¥­ ªà ¥¢®£® ãá«®¢¨ï ¤®«�¥­ ­  ¡¥áª®­¥ç­®áâ¨ ®¡à é âìáï ¢­ã«ì. �ã¤¥¬ áç¨â âì íâ® ãá«®¢¨¥ ¢ë¯®«­¥­­ë¬. �«ï ¯®«ãç¥­¨ï à¥è¥­¨ï ¢ à áá¬ â-à¨¢ ¥¬®¬ á«ãç ¥ á«¥¤ã¥â ¢ (38) ¢¬¥áâ® Pν(z) ¢§ïâì Pν−1(z),   ¢ (39) ¯®áâ®ï­­ãî C¯à¨à ¢­ïâì ­ã«î. � ª¨¬ ®¡à §®¬,�(z) = X(z)[	(z) + Pν−1(z)(z + i)ν ]
. (41)Ǒà¨ ν 6 0 ¢ íâ®© ä®à¬ã«¥ ­ã�­® ¯®«®�¨âì Pν−1(z) ≡ 0. � ãá«®¢¨ï¬ à §à¥è¨¬®-áâ¨ (40) ¤®¡ ¢¨âáï ¥é¥ ®¤­®: 	(−i) = 0, ¨ ¢ à¥§ã«ìâ â¥ ®­¨ ¯à¨¬ãâ ¢¨¤

∫ ∞

−∞

H(x)
X+(x) dx(x+ i)k = 0, k = 1, 2, . . . ,−ν. (42)�¥¯¥àì ¯à¨ ν > 0 ¡ã¤¥¬ ¨¬¥âì à¥è¥­¨¥, § ¢¨áïé¥¥ ®â ν ¯à®¨§¢®«ì­ëå¯®áâ®ï­­ëå, ¯à¨ ν 6 0 à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®, ¯à¨ç¥¬ ¯à¨ ν < 0 ¤«ï ¥£®áãé¥áâ¢®¢ ­¨ï ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï −ν ãá«®¢¨©.6.3-9. �áª«îç¨â¥«ì­ë¥ á«ãç ¨ § ¤ ç¨ �¨¬ ­ � ¯®áâ ­®¢ª¥ ªà ¥¢®© § ¤ ç¨ �¨¬ ­  âà¥¡®¢ «®áì, çâ®¡ë ª®íää¨æ¨¥­â D(t)ã¤®¢«¥â¢®àï« ãá«®¢¨î �ñ«ì¤¥à  (çâ® ¨áª«îç «® ¢®§¬®�­®áâì ®¡à é¥­¨ï ¥£® ¢¡¥áª®­¥ç­®áâì) ¨ ­¨£¤¥ ­¥ ®¡à é «áï ¢ ­ã«ì. �£à ­¨ç¥­¨ï íâ¨, ª ª ¡ë«® ¢¨¤­®¨§ å®¤  à¥è¥­¨ï (¨á¯®«ì§®¢ ­¨¥ lnD(t)), áãé¥áâ¢¥­­ë. Ǒãáâì â¥¯¥àì D(t) ¢®â¤¥«ì­ëå â®çª å ª®­âãà  ®¡à é ¥âáï ¢ ­ã«ì ¨«¨ ¡¥áª®­¥ç­®áâì æ¥«ëå ¯®àï¤ª®¢.�ã¤¥¬ áç¨â âì, çâ® ª®­âãà L á®áâ®¨â ¨§ ®¤­®© § ¬ª­ãâ®© ªà¨¢®©.� áá¬®âà¨¬ ®¤­®à®¤­ãî § ¤ çã. � ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ®¤­®à®¤­®© § ¤ ç¨�¨¬ ­  ¢ ¢¨¤¥ �+(t) = ∏µ

k=1(t − αk)mk

∏
κ

j=1(t − βj)pj
D1(t)�−(t). (43)�¤¥áì αk (k = 1, 2, . . . , µ) ¨ βj (j = 1, 2, . . . ,κ) | ­¥ª®â®àë¥ â®çª¨ ª®­âãà , mk¨ pj|æ¥«ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« ,D1(t)|äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î�ñ«ì¤¥à  ¨ ­¥ ®¡à é îé ïáï ¢ ­ã«ì. �®çª¨ αk ¡ã¤ãâ ­ã«ï¬¨ äã­ªæ¨¨ D(t).�®çª¨ βj ¡ã¤¥¬ ­ §ë¢ âì ¥¥ ¯®«îá ¬¨. � ª ª ª äã­ªæ¨ï D(t) ­¥ ­ «¨â¨ç¥áª ï, â®¯à¨¬¥­¥­¨¥ â¥à¬¨­  ó¯®«îá� ­¥ ¢¯®«­¥ § ª®­­®. �ã¤¥¬ ã¯®âà¥¡«ïâì íâ®â â¥à¬¨­¤«ï ªà âª®áâ¨, ¯®­¨¬ ï ¯®¤ íâ¨¬ â®çªã, £¤¥ äã­ªæ¨ï (­¥ ­ «¨â¨ç¥áª ï) ®¡à é ¥âáï¢ ¡¥áª®­¥ç­®áâì æ¥«®£® ¯®àï¤ª . �¡®§­ ç¨¬IndD1(t) = ν,

κ∑

j=1 pj = p,

µ∑

k=1mk = m.�¥è¥­¨¥ ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äã­ªæ¨©, ®£à ­¨ç¥­­ëå ­  ª®­âãà¥.
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  207Ǒãáâì X(z) ¥áâì ª ­®­¨ç¥áª ï äã­ªæ¨ï § ¤ ç¨ �¨¬ ­  á ª®íää¨æ¨¥­-â®¬ D1(t). Ǒ®¤áâ ¢¨¬ D1(t) = X+(t)/X−(t) ¢ (43) ¨ § ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢¢¨¤¥ �+(t)
X+(t)∏µ

k=1(t − αk)mk
= �−(t)

X−(t)∏
κ

j=1(t − βj)pj
. (44)Ǒà¨¬¥­¨¬ ª ¯®á«¥¤­¥¬ã à ¢¥­áâ¢ã â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨®¡®¡é¥­­ãî â¥®à¥¬ã �¨ã¢¨««ï (á¬. ¯. 6.3-1). �®çª¨ αk, βj ­¥ ¬®£ãâ ¡ëâì ®á®¡ë-¬¨ â®çª ¬¨ ¥¤¨­®©  ­ «¨â¨ç¥áª®© äã­ªæ¨¨, â ª ª ª íâ® ¯à®â¨¢®à¥ç¨«® ¡ë ¯à¥¤-¯®«®�¥­¨î ®¡ ®£à ­¨ç¥­­®áâ¨ �+(t) ¨«¨ �−(t). �«¥¤®¢ â¥«ì­®, ¥¤¨­áâ¢¥­­®©¢®§¬®�­®© ®á®¡¥­­®áâìî ï¢«ï¥âáï ¡¥áª®­¥ç­® ã¤ «¥­­ ï â®çª . Ǒ®àï¤®ª ­  ¡¥á-ª®­¥ç­®áâ¨ X−(z) ¥áâì ν,   ¯®àï¤®ª κ∏

j=1(z − βj)pj à ¢¥­ −p. �âáî¤  ¯®àï¤®ª ­ ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨¨ �−(z)/[X−(z) κ∏
j=1(z−βj)pj

] ¥áâì −ν+p. Ǒà¨ ν−p> 0,á®£« á­® ®¡®¡é¥­­®© â¥®à¥¬¥ �¨ã¢¨««ï, ¨¬¥¥¬�+(z)
X+(z)∏µ

k=1(z − αk)mk
= �−(z)

X−(z)∏
κ

j=1(z − βj)pj
= Pν−p(z).Ǒ®íâ®¬ã�+(z) = X+(z) µ∏

k=1(z −αk)mkPν−p(z), �−(z) =X−(z) κ∏

j=1(z − βj)pjPν−p(z).(45)�á«¨ ν − p < 0, â® ­ã�­® ¯®«®�¨âì Pν−p(z) ≡ 0 ¨, á«¥¤®¢ â¥«ì­®, § ¤ ç  ­¥¨¬¥¥â à¥è¥­¨©.� §®¢¥¬ ªà ¥¢ãî § ¤ çã á ª®íää¨æ¨¥­â ¬¨ D1(t) ¯à¨¢¥¤¥­­®© § ¤ ç¥©. �­-¤¥ªá ¯à¨¢¥¤¥­­®© § ¤ ç¨ ν ­ §®¢¥¬ ¢¬¥áâ¥ á â¥¬ ¨ ¨­¤¥ªá®¬ ¨áå®¤­®© § ¤ ç¨.�®à¬ã«ë (45) ¯®ª §ë¢ îâ, çâ® áâ¥¯¥­ì ¯à¨áãâáâ¢ãîé¥£® ¢ ­¨å ¬­®£®ç«¥­  ­  p¥¤¨­¨æ ¬¥­ìè¥ ¨­¤¥ªá  § ¤ ç¨ ν.�âáî¤  á«¥¤ã¥â, çâ® ç¨á«® à¥è¥­¨© § ¤ ç¨ (43) ¢ ª« áá¥ äã­ªæ¨©, ®£à ­¨-ç¥­­ëå ­  ª®­âãà¥, ­¥ ¨§¬¥­ï¥âáï ®â ­ «¨ç¨ï ­ã«¥© ã ª®íää¨æ¨¥­â  § ¤ ç¨ ¨ã¬¥­ìè ¥âáï ­  áã¬¬ à­ë© ¯®àï¤®ª ¢á¥å ¯®«îá®¢. � ç áâ­®áâ¨, ¥á«¨ ¨­¤¥ªá ®ª -§ë¢ ¥âáï ¬¥­ìè¥ áã¬¬ à­®£® ¯®àï¤ª  ¯®«îá®¢, â® § ¤ ç  ­¥à §à¥è¨¬ . �á«¨ § -¤ ç  à §à¥è¨¬ , â® ¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã« ¬¨ (45), ¢ ª®â®àëå ª ­®­¨ç¥áª ïäã­ªæ¨ï ¯à¨¢¥¤¥­­®© § ¤ ç¨ X(z) ­ å®¤¨âáï ¯® ä®à¬ã« ¬ (16) ¨ (17), ¯à¨ç¥¬¢ ­¨å D(t) ­ã�­® § ¬¥­¨âì ­  D1(t). �á«¨ ­ «®�¥­® ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥�−(∞) = 0, â® ç¨á«® à¥è¥­¨© ã¬¥­ìè ¥âáï ­  ¥¤¨­¨æã ¨ ¬­®£®ç«¥­ ¢ (45) ­ã�­®¢§ïâì áâ¥¯¥­¨ ν − p− 1.� áè¨à¨¬ â¥¯¥àì ª« áá à¥è¥­¨©, ¤®¯ãáª ï, çâ® ®¤­  ¨§ ¨áª®¬ëå äã­ªæ¨©�+(z) ¨«¨ �−(z) ¬®�¥â ®¡à é âìáï ­  ª®­âãà¥ ¢ ­¥ª®â®àëå â®çª å ¢ ¡¥áª®­¥ç-­®áâì æ¥«®£® ¯®àï¤ª , ¢ â® ¢à¥¬ï ª ª ¤àã£ ï ¢ íâ¨å â®çª å ®áâ ¥âáï ®£à ­¨ç¥­­®©.�¥£ª® ãá¬®âà¥âì, çâ® â ª®¥ ¤®¯ãé¥­¨¥ ­¥ ¯®¢«¥ç¥â ­¨ª ª¨å ¨§¬¥­¥­¨© ¢ ­¥¨áª«î-ç¨â¥«ì­ëå â®çª å. �¤¥áì ®£à ­¨ç¥­­®áâì ®¤­®© ¨§ äã­ªæ¨©  ¢â®¬ â¨ç¥áª¨ ¢«¥ç¥â§  á®¡®© ®£à ­¨ç¥­­®áâì ¤àã£®©. �­ ç¥ ®¡áâ®¨â ¤¥«® ¢ ¨áª«îç¨â¥«ì­ëå â®çª å.� ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (43) ¢ ¢¨¤¥
∏

κ

j=1(t − βj)pj�+(t)
X+(t) = ∏µ

k=1(t− αk)mk�−(t)
X−(t) . (46)� ááã�¤ ï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¨ ãç¨âë¢ ï, çâ® ¯à ¢ ï ç áâì ¨¬¥¥â ­ 
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208 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ ¡¥áª®­¥ç­®áâ¨ ¯®«îá ¯®àï¤ª  ν +m, ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ¢ ¢¨¤¥�+(z)=X+(z) µ∏

k=1(z−αk)−mkPν+m(z), �−(z)=X−(z) κ∏

j=1(z−βj)−pjPν+m(z).(47)�®à¬ã«ë (47) ¯®ª §ë¢ îâ, çâ® ¢ ª« áá¥ à¥è¥­¨© á ¤®¯ãáâ¨¬®© ¯®«ïà­®© ®á®¡¥­-­®áâìî ã ®¤­®© ¨§ äã­ªæ¨© ç¨á«® à¥è¥­¨© ¯® áà ¢­¥­¨î á ª« áá®¬ ®£à ­¨ç¥­­ëå­  ª®­âãà¥ äã­ªæ¨© ã¢¥«¨ç¨¢ ¥âáï (¯à¨ ν > 0) ­  áã¬¬ à­ë© ¯®àï¤®ª ¢á¥å ­ã«¥©¨ ¯®«îá®¢ ª®íää¨æ¨¥­â .� áá¬®âà¨¬ â¥¯¥àì ­¥®¤­®à®¤­ãî § ¤ çã. � ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢ ä®à¬¥�+(t) = ∏µ
k=1(t − αk)mk

∏
κ

j=1(t− βj)pj
D1(t)�−(t) +H(t). (48)�¥£ª® ¢¨¤¥âì, çâ® ªà ¥¢®¥ ãá«®¢¨¥ ­¥ ¬®�¥â ¡ëâì ã¤®¢«¥â¢®à¥­® ª®­¥ç­ë¬¨ �+(t)¨ �−(t), ¥á«¨ ¤®¯ãáâ¨âì, çâ® H(t) ¨¬¥¥â ¯®«îáë ¢ â®çª å, ®â«¨ç­ëå ®â βj , ¨«¨¥á«¨ ¢ ¯®á«¥¤­¨å â®çª å ¯®àï¤ª¨ ¯®«îá®¢ H(t) ¯à¥¢ëè îâ pj . �áå®¤ï ¨§ íâ®£®,¯à¨¬¥¬ ª ª ãá«®¢¨¥, çâ® H(t) ¬®�¥â ¨¬¥âì ¯®«îáë â®«ìª® ¢ â®çª å βj ¨ ¯®àï¤ª¨¨å ­¥ ¯à¥¢ëè îâ pj . �«ï ¯à®¢¥¤¥­¨ï ¤ «ì­¥©è¨å à ááã�¤¥­¨© ­¥®¡å®¤¨¬® â ª�¥¯®âà¥¡®¢ âì, çâ®¡ë äã­ªæ¨¨ D1(t) ¨ κ∏

j=1(t−βj)pjH(t) ¢ ¨áª«îç¨â¥«ì­ëå â®çª å¡ë«¨ ¤¨ää¥à¥­æ¨àã¥¬ë ¤®áâ â®ç­®¥ ç¨á«® à §.� ¬¥­¨¬, ª ª ¨ ¢ ®¤­®à®¤­®© § ¤ ç¥, D1(t) ®â­®è¥­¨¥¬ ª ­®­¨ç¥áª¨å äã­ª-æ¨© X+(t)/X−(t) ¨ § ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (48) ¢ ¢¨¤¥
κ∏

j=1(t− βj)pj
�+(t)
X+(t) = µ∏

k=1(t− αk)mk
�−(t)
X−(t) + κ∏

j=1(t− βj)pj
H(t)
X+(t) . (49)� ¬¥­¨¢ äã­ªæ¨î, ¯à¥¤áâ ¢«¥­­ãî ¢â®àë¬ á« £ ¥¬ë¬ ¢ ¯à ¢®© ç áâ¨ (49), à §-­®áâìî ªà ¥¢ëå §­ ç¥­¨©  ­ «¨â¨ç¥áª¨å äã­ªæ¨©

κ∏

j=1(t− βj)pj
H(t)
X+(t) = 	+(t)−	−(t),£¤¥ 	(z) = 12πi ∫

L

κ∏

j=1(τ − βj)pj
H(τ)
X+(τ) dτ

τ − z
, (50)¯à¨¢¥¤¥¬ ªà ¥¢®¥ ãá«®¢¨¥ ª ¢¨¤ã

κ∏

j=1(t− βj)pj
�+(t)
X+(t) −	+(t) = µ∏

k=1(t− αk)mk
�−(t)
X−(t) −	−(t).Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã �¨-ã¢¨««ï, ¯®«ãç¨¬�+(z) = X+(z)∏

κ

j=1(z − βj)pj
[	+(z) + Pν+m(z)℄,�−(z) = X−(z)∏µ

k=1(z − αk)mk
[	−(z) + Pν+m(z)℄. (51)Ǒ®á«¥¤­¨¥ ä®à¬ã«ë ¤ îâ à¥è¥­¨ï, ª®â®àë¥, ¢®®¡é¥ £®¢®àï, ®¡à é îâáï ¢ ¡¥á-ª®­¥ç­®áâì ¢ â®çª å αk , βk. �«ï â®£® çâ®¡ë à¥è¥­¨¥ ¡ë«® ®£à ­¨ç¥­­ë¬, ­¥®¡-å®¤¨¬®, çâ®¡ë äã­ªæ¨ï 	+(z) + Pν+m(z) ¨¬¥«  ­ã«¨ ¯®àï¤ª®¢ pj ¢ â®çª å βj ,  
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  209äã­ªæ¨ï 	−(z) +Pν+m(z)|­ã«¨ ¯®àï¤ª®¢ mk ¢ â®çª å αk . �â¨ âà¥¡®¢ ­¨ï ­ -ª« ¤ë¢ îâm+p ãá«®¢¨© ­  ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  Pν+m(z). �á«¨ ª®íää¨æ¨-¥­âë ¬­®£®ç«¥­  Pν+m(z) ¯®¤®¡à âì ¢ á®®â¢¥âáâ¢¨¨ á ­ «®�¥­­ë¬¨ ãá«®¢¨ï¬¨,â® ä®à¬ã«ë (51) ¤ ¤ãâ à¥è¥­¨¥ ­¥®¤­®à®¤­®© § ¤ ç¨ (48) ¢ ª« áá¥ ®£à ­¨ç¥­­ëåäã­ªæ¨©.� áá¬®âà¨¬ ¤àã£®©, ¡®«¥¥ ã¤®¡­ë© á¯®á®¡ à¥è¥­¨ï, ®á­®¢ ­­ë© ­  ¯®áâà®¥-­¨¨ á¯¥æ¨ «ì­®£® ç áâ­®£® à¥è¥­¨ï.� ­®­¨ç¥áª®© äã­ªæ¨¥© ­¥®¤­®à®¤­®© § ¤ ç¨ Y (z) ­ §ë¢ ¥âáï ªãá®ç­®  ­ -«¨â¨ç¥áª ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ªà ¥¢®¬ã ãá«®¢¨î (48), ¨¬¥îé ï ¢áî¤ã ¢ª®­¥ç­®© ç áâ¨ ¯«®áª®áâ¨ (¢ª«îç ï ¨ â®çª¨ αk , βj) ­ã«¥¢®© ¯®àï¤®ª ¨ ®¡« ¤ î-é ï ­  ¡¥áª®­¥ç­®áâ¨ ­ ¨­¨§è¨¬ ¢®§¬®�­ë¬ ¯®àï¤ª®¬.Ǒà¨ ¯®áâà®¥­¨¨ ª ­®­¨ç¥áª®© äã­ªæ¨¨ ¡ã¤¥¬ ¨áå®¤¨âì ¨§ à¥è¥­¨ï, ¤ ¢ ¥¬®£®ä®à¬ã« ¬¨ (51). Ǒ®áâà®¨¬ ¬­®£®ç«¥­ Un(z) â ª, çâ®¡ë ®­ ã¤®¢«¥â¢®àï« á«¥¤ãî-é¨¬ ãá«®¢¨ï¬:
U(i)
n (βj) = 	+(i)(βj),

U(l)
n (αk) = 	−(l)(αk), i = 0, 1, . . . , pj − 1,

l = 0, 1, . . . ,mk − 1, j = 1, 2, . . . ,κ,
k = 1, 2, . . . , µ,£¤¥ 	+(i)(βj), 	−(l)(αk) | §­ ç¥­¨ï ¯à®¨§¢®¤­ëå i-£® ¨ l-£® ¯®àï¤ª®¢ ¢ á®®â-¢¥âáâ¢ãîé¨å â®çª å. � ª¨¬ ®¡à §®¬, Un(z) ¥áâì ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­�à¬¨â  ¤«ï äã­ªæ¨¨ 	(z) = {	+(z) ¢ â®çª å βj ,	−(z) ¢ â®çª å αká ã§« ¬¨ ¨­â¥à¯®«ïæ¨¨ βj ¨ αk ªà â­®áâ¥© á®®â¢¥âáâ¢¥­­® pj ¨ mk (á¬. ¯. 6.3-2).� ª®© ¬­®£®ç«¥­ ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¨ ¥£® áâ¥¯¥­ì n ­¥ ¢ëè¥

m+ p− 1.� ­®­¨ç¥áª ï äã­ªæ¨ï ­¥®¤­®à®¤­®© § ¤ ç¨ ¢ëà � ¥âáï ç¥à¥§ ¨­â¥à¯®«ïæ¨-®­­ë© ¬­®£®ç«¥­ á«¥¤ãîé¨¬ ®¡à §®¬:
Y +(z) = X+(z) 	+(z) − Un(z)∏

κ

j=1(z − βj)pj
, Y −(z) = X−(z) 	−(z)− Un(z)∏µ

k=1(z − αk)mk
. (52)�«ï ¯®áâà®¥­¨ï ®¡é¥£® à¥è¥­¨ï ­¥®¤­®à®¤­®© § ¤ ç¨ (48) ¢®á¯®«ì§ã¥¬áï â¥¬,çâ® íâ® ®¡é¥¥ à¥è¥­¨¥ áª« ¤ë¢ ¥âáï ¨§ ­¥ª®â®à®£® ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤-­®© § ¤ ç¨ ¨ ®¡é¥£® à¥è¥­¨ï ®¤­®à®¤­®©. �á¯®«ì§ãï ä®à¬ã«ë (47) ¨ (52), ¯®«ã-ç¨¬ �+(z) = Y +(z) +X+(z) µ∏

k=1(z − αk)mkPν−p(z),�−(z) = Y −(z) +X−(z) κ∏

j=1(z − βj)pjPν−p(z). (53)� á«ãç ¥, ¥á«¨ ν−p < 0, ­ã�­® ¯®«®�¨âì Pν−p(z)≡ 0. Ǒ®«ì§ãïáì ä®à¬ã«®© (52),­¥âàã¤­® ¯®¤áç¨â âì, çâ® ¯®àï¤®ª Y −(z) ­  ¡¥áª®­¥ç­®áâ¨ à ¢¥­ ν − p+ 1. �á«¨
ν < p − 1, â® Y −(z) ¨¬¥¥â ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ¯®«îá ¨ ª ­®­¨ç¥áª ïäã­ªæ¨ï ¯¥à¥áâ ¥â ¡ëâì à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© § ¤ ç¨.�¤­ ª®, ¯®¤ç¨­ïï á¢®¡®¤­ë© ç«¥­ H(t) p− ν − 1 ãá«®¢¨ï¬, ¬®�­® ¤®¡¨âìáï¯®¢ëè¥­¨ï ¯®àï¤ª  ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨¨ Y (z) ­  p − ν − 1 ¥¤¨­¨æ ¨â¥¬ á ¬ë¬ ¢­®¢ì á¤¥« âì ª ­®­¨ç¥áªãî äã­ªæ¨î Y (z) à¥è¥­¨¥¬ ­¥®¤­®à®¤­®©§ ¤ ç¨. �«ï íâ®£®, ®ç¥¢¨¤­®, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ à §«®�¥­¨¨äã­ªæ¨¨ 	(z)−Un(z) ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¨ ¯¥à¢ë¥ p−ν−1ª®íää¨æ¨¥­â®¢ ®¡à é «¨áì ¢ ­ã«ì. �â® ¨ ¤ áâ p − ν − 1 ãá«®¢¨© à §à¥è¨¬®áâ¨
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210 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ § ¤ ç¨ ¢ íâ®¬ á«ãç ¥. �ëïá­¨¬ å à ªâ¥à íâ¨å ãá«®¢¨©. � §«®�¥­¨¥ 	(z)− Un(z)¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥	(z)−Un(z)=−anzn−an−1zn−1−· · ·−a0+a−1z−1+a−2z−2+· · ·+a−kz−k+· · · ,£¤¥ a0, a1, . . . , an | ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  Un(z),   a−k | ª®íää¨æ¨¥­âëà §«®�¥­¨ï äã­ªæ¨¨ 	(z), ¢ëç¨á«ï¥¬ë¥ ¯® ä®à¬ã«¥
a−k = − 12πi ∫

L

κ∏

j=1(τ − βj)pj
H(τ)τk−1
X+(τ) dτ.�á«®¢¨ï à §à¥è¨¬®áâ¨ ¡ã¤ãâ ¨¬¥âì ¢¨¤

an = an−1 = · · · = an−p+ν+2 = 0.�á«¨ ­  à¥è¥­¨¥ ­ «®�¥­® ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ �−(∞) = 0, â® ¯à¨
ν − p > 0 ¢ ä®à¬ã« å (53) ­ã�­® ¢§ïâì ¬­®£®ç«¥­ Pν−p−1(z),   ¯à¨ ν − p < 0¯®­ ¤®¡¨âáï ã¤®¢«¥â¢®à¨âì p− ν ãá«®¢¨ï¬.6.3-10. � ¤ ç  �¨¬ ­  ¤«ï ¬­®£®á¢ï§­®© ®¡« áâ¨Ǒãáâì L=L0+L1+· · ·+Lm|á®¢®ªã¯­®áâìm+1 ­¥¯¥à¥á¥ª îé¨åáï ª®­âã-à®¢, ¯à¨ç¥¬ ª®­âãà L0 á®¤¥à�¨â ¢­ãâà¨ á¥¡ï ¢á¥ ®áâ «ì­ë¥. Ǒãáâì 
+| (m+1)-á¢ï§­ ï ®¡« áâì, «¥� é ï ¢­ãâà¨ ª®­âãà  L0 ¨ ¢­¥ ª®­âãà®¢ L1, L2, . . . , Lm,   
−¤®¯®«­¥­¨¥ 
++L ¤® ¯®«­®© ¯«®áª®áâ¨. �«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì ­ ç -«® ª®®à¤¨­ â à á¯®«®�¥­­ë¬ ¢ ®¡« áâ¨ 
+. Ǒ®«®�¨â¥«ì­ë¬ ®¡å®¤®¬ ª®­âãà  Láç¨â ¥âáï â®â, ª®â®àë© ®áâ ¢«ï¥â ®¡« áâì 
+ á«¥¢ , â. ¥. ª®­âãà L0 ­ã�­® ®¡å®¤¨âì¯à®â¨¢ ç á®¢®© áâà¥«ª¨,   ª®­âãàë L1, L2, . . . , Lm|¯® ç á®¢®©.Ǒà¥�¤¥ ¢á¥£® ãª �¥¬, çâ® § ¤ ç  ® áª çª¥�+(t)−�−(t) = H(t)à¥è ¥âáï ¯à¨ ¯®¬®é¨ â®© �¥ ä®à¬ã«ë�(z) = 12πi ∫

L

H(τ) dτ
τ − z

,çâ® ¨ ¢ á«ãç ¥ ®¤­®á¢ï§­®© ®¡« áâ¨. �â® ¢ëâ¥ª ¥â ¨§ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï,ª®â®àë¥ ¨¬¥îâ ¤«ï ¬­®£®á¢ï§­®© ®¡« áâ¨ â®â �¥ ¢¨¤, çâ® ¨ ¤«ï ®¤­®á¢ï§­®©.� ¤ ç  �¨¬ ­  (®¤­®à®¤­ ï ¨ ­¥®¤­®à®¤­ ï) ä®à¬ã«¨àã¥âáï á®¢¥àè¥­­® â ª�¥, ª ª ¤«ï ®¤­®á¢ï§­®© ®¡« áâ¨.�¡®§­ ç¨¬ νk = 12π [argD(t)℄Lk
(¢á¥ ª®­âãàë ®¡å®¤ïâáï ¢ ¯®«®�¨â¥«ì­®¬­ ¯à ¢«¥­¨¨). �­¤¥ªá®¬ § ¤ ç¨ ­ §®¢¥¬ ¢¥«¨ç¨­ã

ν = m∑

k=0 νk. (54)�á«¨ νk (k=1, 2, . . . , m) ¤«ï ¢­ãâà¥­­¨å ª®­âãà®¢ à ¢­ë ­ã«î, â® à¥è¥­¨¥ § ¤ ç¨¨¬¥¥â á®¢¥àè¥­­® â®â �¥ ¢¨¤, çâ® ¨ ¤«ï ®¤­®á¢ï§­®© ®¡« áâ¨.�«ï ¯à¨¢¥¤¥­¨ï ®¡é¥£® á«ãç ï ª ¯à®áâ¥©è¥¬ã ¢¢®¤¨¬ äã­ªæ¨î
m∏

k=1(t− zk)νk ,£¤¥ zk | â®çª¨, «¥� é¨¥ ¢­ãâà¨ ª®­âãà®¢ Lk (k = 1, 2, . . . ,m). �ç¨âë¢ ï, çâ®[arg(t− zk)℄Lj
= 0, ¥á«¨ k 6= j, ¨ [arg(t− zj)℄Lj

= −2π, ¯®«ãç¨¬12π [arg m∏

k=1(t− zk)νk

]

Lj

= 12π [arg(t− zj)νj
]
Lj

= −νj , j = 1, 2, . . . , m.
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  211�âªã¤  [arg(D(t) m∏

k=1(t− zk)νk

)]

Lj

= 0, j = 1, 2, . . . ,m.�ëç¨á«¨¬ ¨§¬¥­¥­¨¥  à£ã¬¥­â  äã­ªæ¨¨ D(t) m∏
k=1(t− zk)νk ¯® ª®­âãàã L0:12π [arg(D(t) m∏

k=1(t− zk)νk

)]

L0 == 12π [argD(t)]
L0 + 12π m∑

k=1[νk arg(t− zk)℄L0 = ν0 + m∑

k=1 νk = ν.� ª ª ª ­ ç «® ª®®à¤¨­ â «¥�¨â ¢ ®¡« áâ¨ 
+, â®[arg t℄Lk
= 0, k = 1, 2, . . . ,m, [arg t℄L0 = 2π.Ǒ®íâ®¬ã [arg(t−ν m∏

k=1(t− zk)νkD(t))]

L

= 0. (55)1◦. �¤­®à®¤­ ï § ¤ ç . � ¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥�+(t) = D(t)�−(t) (56)¢ ¢¨¤¥ �+(t) = tν∏m
k=1(t− zk)νk

(
t−ν

m∏

k=1(t− zk)νkD(t))�−(t). (57)�ã­ªæ¨î t−ν
m∏
k=1(t − zk)νkD(t), ¨¬¥îéãî ­  ª �¤®¬ ¨§ ª®­âãà®¢ Lk(k = 1, 2, . . . ,m) ¨­¤¥ªá ­ã«ì, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ®â­®è¥­¨ï

t−ν
m∏

k=1(t− zk)νkD(t) = eG
+(t)

eG
−(t) , (58)£¤¥

G(z) = 12πi ∫

L

ln(
τ−ν

m∏

k=1(τ − zk)νkD(τ )) dτ

τ − z
. (59)� ­®­¨ç¥áª ï äã­ªæ¨ï § ¤ ç¨ ¤ ¥âáï ä®à¬ã« ¬¨

X+(z) = m∏

k=1(z − zk)−νkeG
+(z), X−(z) = z−νeG

−(z). (60)�¥¯¥àì ªà ¥¢®¥ ãá«®¢¨¥ (57) ¬®�¥â ¡ëâì § ¯¨á ­® ¢ ä®à¬¥�+(t)
X+(t) = �−(t)

X−(t) .Ǒà¨¬¥­ïï â¥®à¥¬ã ®¡  ­ «¨â¨ç¥áª®¬ ¯à®¤®«�¥­¨¨ ¨ ®¡®¡é¥­­ãî â¥®à¥¬ã�¨ã¢¨««ï (¯. 6.3-1), ¯®«ãç¨¬�+(z) = m∏

k=1(z − zk)−νkeG
+(z)Pν(z), �−(z) = z−νeG

−(z)Pν(z). (61)
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212 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ �¥è¥­¨¥, ª ª ¢¨¤¨¬, ®â«¨ç ¥âáï ®â ¯®«ãç¥­­®£® à ­¥¥ à¥è¥­¨ï § ¤ ç¨ ¤«ï ®¤-­®á¢ï§­®© ®¡« áâ¨ «¨èì ­ «¨ç¨¥¬ ã äã­ªæ¨¨ �+(z) ¬­®�¨â¥«ï m∏
k=1(z − zk)−νk .Ǒà¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ �−(∞) = 0 ¢ ä®à¬ã« å (61) á«¥¤ã¥â ¡à âì ¬­®£®-ç«¥­ Pν−1(z).�®á¯®«ì§®¢ ¢è¨áì ä®à¬ã« ¬¨ �®å®æª®£®{Ǒ«¥¬¥«ï, ¡ã¤¥¬ ¨¬¥âì

G±(t) = ± 12 ln[t−ν�(t)D(t)℄ +G(t),£¤¥ G(t) ¥áâì £« ¢­®¥ §­ ç¥­¨¥ ¨­â¥£à «  (59) ¨�(t) = m∏

k=1(t− zk)νk .Ǒ¥à¥å®¤ï â¥¯¥àì ¢ ä®à¬ã« å (60) ª ¯à¥¤¥«ã ¯à¨ z → t, ¯®«ãç¨¬
X+(t) = √

D(t)
tν�(t) eG(t), X−(t) = 1√

tν�(t)D(t) eG(t). (62)�­ ª ª®à­ï ®¯à¥¤¥«ï¥âáï ¢ë¡®à®¬ ¢¥â¢¨ äã­ªæ¨¨ ln[t−ν�(t)D(t)℄, ª®â®à ï ¬®�¥â¡ëâì ¢§ïâ  ¯à®¨§¢®«ì­®.2◦. �¥®¤­®à®¤­ ï § ¤ ç . � ááã�¤ ï á®¢¥àè¥­­®  ­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« -«®áì à ­¥¥, ¯à¥¤áâ ¢¨¬ ªà ¥¢®¥ ãá«®¢¨¥�+(t) = D(t)�−(t) +H(t) (63)¢ ¢¨¤¥ �+(t)
X+(t) −	+(t) = �−(t)

X−(t) −	−(t),£¤¥ 	(z) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© ä®à¬ã«®©:	(z) = 12πi ∫

L

H(τ)
X+(τ) dτ

τ − z
.�âáî¤  ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥­¨¥�(z) = X(z)[	(z) + Pν(z)℄ (64)¨«¨ �(z) = X(z)[	(z) + Pν−1(z)℄, (65)¥á«¨ ­  à¥è¥­¨¥ ­ «®�¥­® ãá«®¢¨¥ �−(∞) = 0.Ǒà¨ ν < 0 ­¥®¤­®à®¤­ ï § ¤ ç  à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¢ë¯®«­¥­ë ãá«®¢¨ï ∫

L

H(t)
X+(t) tk−1 dt = 0, (66)£¤¥ k ¯à¨­¨¬ ¥â §­ ç¥­¨ï ®â 1 ¤® −ν− 1, ¥á«¨ ¨éãâáï à¥è¥­¨ï, ®£à ­¨ç¥­­ë¥ ­ ¡¥áª®­¥ç­®áâ¨, ¨ ®â 1 ¤® −ν, ¥á«¨ áç¨â âì, çâ® �−(∞) = 0.Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (66) à¥è¥­¨¥ ¬®�­® ¯®«ãç¨âì ¨§ ä®à¬ã« (64)¨«¨ (65), ¯®« £ ï ¢ ­¨å Pν(z) ≡ 0 ¨«¨ Pν−1(z) ≡ 0.�á«¨ ®âáãâáâ¢ã¥â ¢­¥è­¨© ª®­âãà L0 ¨ ®¡« áâì 
+ ¯à¥¤áâ ¢«ï¥â á®¡®©¯«®áª®áâì á ¤ëà ¬¨, â® £« ¢­®¥ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï á®áâ®¨â ¢ â®¬,çâ® â¥¯¥àì ­ã«¥¢®© ¨­¤¥ªá ®â­®á¨â¥«ì­® ¢á¥å ª®­âãà®¢ Lk (k = 1, 2, . . . ,m)¨¬¥¥â äã­ªæ¨ï m∏

k=1(t − zk)νkD(t), ¢ ª®â®àãî ­¥ ¢å®¤¨â ¬­®�¨â¥«ì t−ν . Ǒ®íâ®¬ã¤«ï ¯®«ãç¥­¨ï à¥è¥­¨ï § ¤ ç¨ ¤®áâ â®ç­® ¯®¢â®à¨âì ¢á¥ ¯à¥�­¨¥ à ááã�¤¥­¨ï,®¯ãáâ¨¢ íâ®â ¬­®�¨â¥«ì.
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6.3. �à ¥¢ ï § ¤ ç  �¨¬ ­  2136.3-11. �«ãç ¨ à §àë¢­ëå ª®íää¨æ¨¥­â®¢ ¨ à §®¬ª­ãâëå ª®­âãà®¢Ǒãáâì äã­ªæ¨¨ D(t), H(t) ¢ ªà ¥¢®¬ ãá«®¢¨¨ § ¤ ç¨ �¨¬ ­  (63) ¢áî¤ã ­  Lã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à , §  ¨áª«îç¥­¨¥¬ â®ç¥ª t1, t2, . . . , tm, £¤¥ ®­¨¨¬¥îâ à §àë¢ë 1-£® à®¤ , ¯à¨ç¥¬ L|§ ¬ª­ãâ ï ªà¨¢ ï. �¨ª ª®¥ ¨§ ¯à¥¤¥«ì­ëå§­ ç¥­¨© ­¥ ®¡à é ¥âáï ¢ ­ã«ì ¨ ªà ¥¢®¥ ãá«®¢¨¥ ¢ë¯®«­ï¥âáï ¢áî¤ã, ªà®¬¥ â®ç¥ªà §àë¢ , £¤¥ ®­® â¥àï¥â á¬ëá«.�¥è¥­¨¥ § ¤ ç¨ à §ëáª¨¢ ¥âáï ¢ ª« áá¥ äã­ªæ¨©, ¨­â¥£à¨àã¥¬ëå ­  ª®­âãà¥.�âáî¤  ¢ëâ¥ª ¥â, çâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® ¢ á¬ëá«¥ �ñ«ì¤¥à  ¢áî¤ã, ªà®¬¥ à §¢¥çâ® â®ç¥ª tk. � íâ¨å â®çª å ¨¬¥îâáï à §­ë¥ ¢®§¬®�­®áâ¨.1◦. �®�­® âà¥¡®¢ âì ®£à ­¨ç¥­­®áâ¨ ¢® ¢á¥å â®çª å à §àë¢ , ®âëáª¨¢ ï à¥è¥­¨¥¢áî¤ã ®£à ­¨ç¥­­®¥.2◦. �®�­® âà¥¡®¢ âì, çâ®¡ë à¥è¥­¨¥ ¡ë«® ®£à ­¨ç¥­­ë¬ ¢ ­¥ª®â®àëå â®çª åà §àë¢ , ¤®¯ãáª ï ¨­â¥£à¨àã¥¬ãî ¡¥áª®­¥ç­®áâì ¢ ®áâ «ì­ëå â®çª å à §àë¢ .3◦. �®�­® ¤®¯ãáâ¨âì ®¡à é¥­¨¥ à¥è¥­¨ï ¢ ¡¥áª®­¥ç­®áâì ¨­â¥£à¨àã¥¬®£® ¯®-àï¤ª  ¢® ¢á¥å â®çª å, £¤¥ íâ® ¤®¯ãáª ¥âáï ãá«®¢¨ï¬¨ § ¤ ç¨.Ǒ¥à¢ë© ª« áá à¥è¥­¨© ï¢«ï¥âáï ­ ¨¡®«¥¥ ã§ª¨¬, ¢â®à®© ª« áá ï¢«ï¥âáï ¡®«¥¥è¨à®ª¨¬, ¨ á ¬ë¬ è¨à®ª¨¬ ï¢«ï¥âáï ¯®á«¥¤­¨© ª« áá. �¨á«® à¥è¥­¨© § ¢¨á¨â ®ââ®£® ª« áá , ¢ ª ª®¬ ®­® ®âëáª¨¢ ¥âáï, ¨ ¬®�¥â ®ª § âìáï, çâ® § ¤ ç , à §à¥è¨¬ ï¢ ¡®«¥¥ è¨à®ª®¬ ª« áá¥, ¡ã¤¥â ­¥à §à¥è¨¬®© ¢ ¡®«¥¥ ã§ª®¬.�¥áª®«ìª® á«®¢ ® § ¤ ç¥ �¨¬ ­  ¤«ï à §®¬ª­ãâëå ª®­âãà®¢. Ǒãáâì ª®­âãà Lá®áâ®¨â ¨§ á®¢®ªã¯­®áâ¨ m ¯à®áâëå £« ¤ª¨å ­¥¯¥à¥á¥ª îé¨åáï ªà¨¢ëå L1,
L2 . . . , Lm, ª®­æë ª®â®àëå ak ¨ bk (¯®«®�¨â¥«ì­ë© ®¡å®¤ ¯à®¨§¢®¤¨âáï ®â akª bk), ¨ ¯ãáâì D(t), H(t)| § ¤ ­­ë¥ ­  L äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î�ñ«ì¤¥à , ¯à¨ç¥¬ ¢áî¤ã D(t) 6= 0.�à¥¡ã¥âáï ®¯à¥¤¥«¨âì äã­ªæ¨î�(z),  ­ «¨â¨ç¥áªãî ­  ¢á¥© ¯«®áª®áâ¨, ªà®¬¥â®ç¥ª ª®­âãà  L, £à ­¨ç­ë¥ §­ ç¥­¨ï �+(t), �−(t) ª®â®à®© ¯à¨ ¯à¨¡«¨�¥­¨¨ª L á«¥¢  ¨ á¯à ¢  áãâì ¨­â¥£à¨àã¥¬ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ªà ¥¢®¬ããá«®¢¨î (63).� ¤ ç  �¨¬ ­  ¤«ï à §®¬ª­ãâ®£® ª®­âãà , ª ª ¢¨¤­® ¨§ ¯®áâ ­®¢ª¨, ¯à¨­æ¨-¯¨ «ì­® ®â«¨ç ¥âáï ®â § ¤ ç¨ ¤«ï § ¬ª­ãâ®£® ª®­âãà  â¥¬, çâ® ¢áï ¯«®áª®áâì áà §à¥§®¬ ¯® ªà¨¢®© L á®áâ ¢«ï¥â ®¤­ã ®¡« áâì ¨ ¯à¨å®¤¨âáï ®âëáª¨¢ âì ­¥ ¤¢¥á ¬®áâ®ïâ¥«ì­ë¥  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ �+(z) ¨ �−(z),   ®¤­ã  ­ «¨â¨ç¥áªãîäã­ªæ¨î �(z), ¤«ï ª®â®à®© ª®­âãà L ï¢«ï¥âáï «¨­¨¥© áª çª®¢. �ä®à¬ã«¨à®¢ ­-­ãî § ¤ çã ¬®�­® á¢¥áâ¨ ª § ¤ ç¥ ¤«ï § ¬ª­ãâ®£® ª®­âãà  á à §àë¢­ë¬¨ ª®íää¨-æ¨¥­â ¬¨.�®«¥¥ ¯®¤à®¡­® ® ªà ¥¢®© § ¤ ç¥ �¨¬ ­  á à §àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨¨ à §®¬ª­ãâë¬¨ ª®­âãà ¬¨ ¬®�­® ¯à®ç¨â âì ¢ æ¨â¨àã¥¬®© ¢ ª®­æ¥ à §¤¥« «¨â¥à âãà¥.6.3-12. �à ¥¢ ï § ¤ ç  �¨«ì¡¥àâ Ǒãáâì ¤ ­ ¯à®áâ®© £« ¤ª¨© § ¬ª­ãâë© ª®­âãà L ¨ ¤¥©áâ¢¨â¥«ì­ë¥ äã­ªæ¨¨¤ã£¨ s ª®­âãà  a(s), b(s), c(s), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î �ñ«ì¤¥à .�à ¥¢®© § ¤ ç¥© �¨«ì¡¥àâ  ¡ã¤¥¬ ­ §ë¢ âì á«¥¤ãîéãî § ¤ çã. � ©â¨  ­ «¨-â¨ç¥áªãî ¢ ®¡« áâ¨ 
+ ¨ ­¥¯à¥àë¢­ãî ­  ª®­âãà¥ äã­ªæ¨î

f(z) = u(x, y) + iv(x, y),¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ¤¥©áâ¢¨â¥«ì­®© ¨ ¬­¨¬®© ç áâ¥© ª®â®à®© ã¤®¢«¥â¢®àïîâ ­ ª®­âãà¥ «¨­¥©­®¬ã á®®â­®è¥­¨î
a(s)u(s) + b(s)v(s) = c(s). (67)
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214 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ Ǒà¨ c(s) ≡ 0 ¡ã¤¥¬ ¨¬¥âì ®¤­®à®¤­ãî § ¤ çã,   ¯à¨ c(s), ®â«¨ç­®© ®â ­ã«ï,|­¥®¤­®à®¤­ãî. �à ¥¢ ï § ¤ ç  �¨«ì¡¥àâ  ¬®�¥â ¡ëâì á¢¥¤¥­  ª ªà ¥¢®© § ¤ ç¥�¨¬ ­ . �¯®á®¡ë â ª®£® á¢¥¤¥­¨ï ¬®�­® ­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨�¥ «¨â¥à âãà¥.
©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢ (1977).6.4. �¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤ 6.4-1. Ǒà®áâ¥©è¥¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨Ǒãáâì ¤ ­® á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤ 1

πi

∫

L

ϕ(τ)
τ − t

dτ = f(t), (1)£¤¥ L | § ¬ª­ãâë© ª®­âãà. Ǒ®áâà®¨¬ ¥£® à¥è¥­¨¥. � ¬¥­¨¬ ¢ ®¡¥¨å ç áâïå¯¥à¥¬¥­­ãî t ­  τ1, ã¬­®�¨¬ ­  1
πi

dτ1
τ1 − t

, ¯à®¨­â¥£à¨àã¥¬ ¯® ª®­âãàã L ¨¯¥à¥áâ ¢¨¬ ¯® ä®à¬ã«¥ Ǒã ­ª à¥{�¥àâà ­  (á¬. ¯. 6.2-6) ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï.�®£¤  1
πi

∫

L

f(τ1)
τ1 − t

dτ1 = ϕ(t) + 1
πi

∫

L

ϕ(τ ) dτ 1
πi

∫

L

dτ1(τ1 − t)(τ − τ1) . (2)�ëç¨á«¨¬ ¢â®à®© ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (2):
∫

L

dτ1(τ1 − t)(τ − τ1) = 1
τ − t

(∫

L

dτ1
τ1 − t

−
∫

L

dτ1
τ1 − τ

) = 1
τ − t

(iπ − iπ) = 0.� ª¨¬ ®¡à §®¬,
ϕ(t) = 1

πi

∫

L

f(τ)
τ − t

dτ. (3)Ǒ®á«¥¤­ïï ä®à¬ã«  ¤ ¥â à¥è¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£®à®¤  (1) ¤«ï § ¬ª­ãâ®£® ª®­âãà  L.�¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1) ¤«ï ¯à®¨§¢®«ì­®£® ª®­âãà  L ï¢«ï-¥âáï ç áâ­ë¬ á«ãç ¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ï¤à®¬ �®-è¨ (á¬. ¯¯. 7.1-1 ¨ 7.2-1).6.4-2. �à ¢­¥­¨¥ á ï¤à®¬ �®è¨ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  ­  ¤¥©áâ¢¨-â¥«ì­®© ®á¨ 1
πi

∫ ∞

−∞

ϕ(t)
t− x

dt = f(x), −∞ < x <∞. (4)�à ¢­¥­¨¥ (4) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ (á¬. ¯. 7.2-4) ¨ ¢ ª« áá¥ ¨áç¥§ îé¨å ­  ¡¥áª®­¥ç­®áâ¨äã­ªæ¨© ¨¬¥¥â à¥è¥­¨¥
ϕ(x) = 1

πi

∫ ∞

−∞

f(t)
t − x

dt, −∞ < x <∞. (5)�¡®§­ ç ï f(x) = F (x)i−1 § ¯¨è¥¬ á®®â­®è¥­¨ï (4) ¨ (5) ¢ ä®à¬¥1
π

∫ ∞

−∞

ϕ(t)
t− x

dt = F (x), ϕ(x) = − 1
π

∫ ∞

−∞

F (t)
t− x

dt, −∞ < x < ∞. (6)Ǒ àã ä®à¬ã« (6) ­ §ë¢ îâ ¯à¥®¡à §®¢ ­¨¥¬ �¨«ì¡¥àâ  (á¬. ¯. 1.6-4).
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6.4. �¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  2156.4-3. �à ¢­¥­¨¥ ¯¥à¢®£® à®¤  ­  ª®­¥ç­®¬ ®âà¥§ª¥� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  ­  ª®­¥ç­®¬®âà¥§ª¥ 1
π

∫ b

a

ϕ(t)
t − x

dt = f(x), a 6 x 6 b. (7)�£® à¥è¥­¨ï ¬®�­® ¯®áâà®¨âì, ®¯¨à ïáì ­  â¥®à¨î ªà ¥¢®© § ¤ ç¨ �¨¬ ­ ¤«ï à §®¬ª­ãâ®£® ª®­âãà  (á¬. ¯. 6.3-11). Ǒà¨¢¥¤¥¬ ®ª®­ç â¥«ì­ë¥ à¥§ã«ìâ âë.1◦. �¥è¥­¨¥, ­¥ ®£à ­¨ç¥­­®¥ ­  ®¡®¨å ª®­æ å:
ϕ(x) = − 1

π

1√(x− a)(b − x) (∫ b

a

√(t− a)(b − t)
t− x

f(t) dt+ C

)
, (8)£¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, ¯à¨ç¥¬

∫ b

a

ϕ(t) dt = C. (9)2◦. �¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ª®­æ¥ a ¨ ­¥ ®£à ­¨ç¥­­®¥ ­  ª®­æ¥ b:
ϕ(x) = − 1

π

√
x− a

b− x

∫ b

a

√
b− t

t− a

f(t)
t− x

dt. (10)3◦. �¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ®¡®¨å ª®­æ å:
ϕ(x) = − 1

π

√(x− a)(b− x) ∫ b

a

f(t)√(t − a)(b − t) dt

t− x
(11)¯à¨ ãá«®¢¨¨ ∫ b

a

f(t) dt√(t − a)(b − t) = 0. (12)�®�­® ¯®áâà®¨âì ¨ à¥è¥­¨ï, ¨¬¥îé¨¥ â®çªã á¨­£ã«ïà­®áâ¨ s ¢­ãâà¨ ®âà¥§-ª  [a, b℄. �­¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤.4◦. �¨­£ã«ïà­®¥ à¥è¥­¨¥, ­¥ ®£à ­¨ç¥­­®¥ ­  ®¡®¨å ª®­æ å:
ϕ(x) = − 1

π

1√(x− a)(b − x) (∫ b

a

√(t− a)(b − t)
t− x

f(t) dt+ C1 + C2
x− s )

, (13)£¤¥ �1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.5◦. �¨­£ã«ïà­®¥ à¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ®¤­®¬ ª®­æ¥:
ϕ(x) = − 1

π

√(x− a)(b− x)(∫ b

a

√
b− t

t− a

f(t)
t− x

dt+ C

x− s )
, (14)£¤¥ �|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.6◦. �¨­£ã«ïà­®¥ à¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ®¡®¨å ª®­æ å:

ϕ(x) = − 1
π

√(x− a)(b− x)(∫ b

a

f(t)√(t−a)(b− t) dt

t−x + A

x−s )
,

A = ∫ 1
−1 f(t) dt√(t− a)(b − t) . (15)
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216 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ 6.4-4. �¡é¥¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  
 ï¤à®¬ �®è¨� áá¬®âà¨¬ ®¡é¥¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨1
πi

∫

L

M(t, τ)
τ − t

ϕ(τ ) dτ = f(t), (16)£¤¥ ¨­â¥£à «, ¯®­¨¬ ¥¬ë© ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï, ¡¥à¥âáï ¯® § ¬ª­ãâ®¬ã¨«¨ à §®¬ª­ãâ®¬ã ª®­âãàã L. � ¤ ­­ë¥ ­  L äã­ªæ¨¨ f(t) ¨ M(t, τ ) áç¨â îâáï,ª ª ®¡ëç­®, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î �ñ«ì¤¥à , ¯à¨ç¥¬ ¯®á«¥¤­ïï ¯® ®¡¥¨¬¯¥à¥¬¥­­ë¬.Ǒà®¢¥¤ï ¯à¥®¡à §®¢ ­¨¥
M(t, τ)
τ − t

= M(t, τ)−M(t, t)
τ − t

+ M(t, t)
τ − t¨ ®¡®§­ ç¨¢

M(t, t) = b(t), 1
πi

M(t, τ)−M(t, t)
τ − t

= K(t, τ ), (17)§ ¯¨è¥¬ ãà ¢­¥­¨¥ (16) ¢ ¢¨¤¥
b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ )dτ = f(t). (18)�§ ä®à¬ã« (17) á«¥¤ã¥â, çâ® äã­ªæ¨ï b(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à  ­  ¢á¥¬ª®­âãà¥ L,   K(t, τ ) ¢áî¤ã, ªà®¬¥ â®ç¥ª τ = t, £¤¥ ¤«ï ­¥¥ á¯à ¢¥¤«¨¢  ®æ¥­ª 
|K(t, τ )| 6

A

|τ − t|λ , A = 
onst <∞, 0 6 λ < 1.�¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨ ç áâ®§ ¯¨áë¢ îâ ¢ ä®à¬¥ (18).�¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  ï¢«ï¥âáï ç áâ­ë¬á«ãç ¥¬ ¯®«­®£® á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, â¥®à¨ï ª®â®à®£® à áá¬ â-à¨¢ ¥âáï ¢ £« ¢¥ 7. �¡ëç­® ®­® ­¥ à¥è ¥âáï ¢ § ¬ª­ãâ®© ä®à¬¥. �¤­ ª® ¨¬¥¥âáïàï¤ á«ãç ¥¢, ª®£¤  â ª®¥ à¥è¥­¨¥ ¢®§¬®�­®.Ǒãáâì äã­ªæ¨ïM(t, τ ) ¢ ãà ¢­¥­¨¨ (16), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬ ­  £« ¤ª®¬ § ¬ª­ãâ®¬ ª®­âãà¥ L,  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬ ¢ ®¡« áâì 
+ ¯® ª �¤®© ¯¥à¥¬¥­­®©. �á«¨M(t, t)≡ 1, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (16)¬®�­® ¯®«ãç¨âì ¯à¨ ¯®¬®é¨ ä®à¬ã«ë Ǒã ­ª à¥{�¥àâà ­  (á¬. ¯. 6.2-6). �­®¤ ¥âáï ä®à¬ã«®©
ϕ(t) = 1

πi

∫

L

M(t, τ)
τ − t

f(τ ) dτ. (19)�à ¢­¥­¨¥ (16) ¬®�­® à¥è¨âì ¨ ­¥ ®£à ­¨ç¨¢ ï äã­ªæ¨î M(t, τ ) ãá«®¢¨¥¬
M(t, t) ≡ 1. �¥©áâ¢¨â¥«ì­®, ¯ãáâì äã­ªæ¨ï M(t, τ )  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬ ¢ 
+ ¯® ª �¤®© ¯¥à¥¬¥­­®©, ¨ ¯ãáâì M(z, z) 6= 0 ¤«ï z ∈ 
+. �®£¤  à¥è¥­¨¥ãà ¢­¥­¨ï (16) ¨¬¥¥â ¢¨¤

ϕ(t) = 1
πi

1
M(t, t) ∫

L

M(t, τ)
M(τ, τ) f(τ)

τ − t
dτ. (20)� à §¤. 6.5 ¤ ­ â ª�¥ ç¨á«¥­­ë© ¬¥â®¤ à¥è¥­¨ï ®¤­®£® ¢¨¤  ®¡é¥£® ãà ¢­¥­¨ï¯¥à¢®£® à®¤ , ¯à¥¤áâ ¢«ïîé¨© á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á á â®çª¨ §à¥­¨ï ¥£®¨á¯®«ì§®¢ ­¨ï ¤«ï à¥è¥­¨ï ¯à¨ª« ¤­ëå § ¤ ç.� ¬¥ç ­¨¥ 1. Ǒ®áâà®¥­­ë¥ ¢ ¯. 6.4-4 à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥-£à «ì­ëå ãà ¢­¥­¨© ¯à¨¬¥­¨¬ë ¢ á«ãç ¥, ª®£¤  ª®­âãà L ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ïá®¢®ªã¯­®áâì ª®­¥ç­®£® ç¨á«  £« ¤ª¨å § ¬ª­ãâëå ª®­âãà®¢ ¡¥§ ®¡é¨å â®ç¥ª.
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6.4. �¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  2176.4-5. �à ¢­¥­¨ï ¯¥à¢®£® à®¤  
 ï¤à®¬ �¨«ì¡¥àâ 1◦. � áá¬®âà¨¬ ¯à®áâ¥©è¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  áï¤à®¬ �¨«ì¡¥àâ 12π ∫ 2π0 
tg( ξ − x2 )
ϕ(ξ) dξ = f(x), 0 6 x 6 2π (21)¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨

∫ 2π0 ϕ(x) dx = 0. (22)�à ¢­¥­¨¥ (21) ¬®�¥â ¨¬¥âì à¥è¥­¨¥ â®«ìª® ¯à¨ á®¡«î¤¥­¨¨ ãá«®¢¨ï à §à¥è¨-¬®áâ¨, ª®â®à®¥ ¯®«ãç ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ ®¡¥¨å ç áâ¥© (21) ¯® x ®â ­ã«ï ¤® 2π¨, á ãç¥â®¬ ∫ 2π0 
tg( ξ − x2 )
dx = 0,¨¬¥¥â ¢¨¤ ∫ 2π0 f(x) dx = 0. (23)�«ï ¯®áâà®¥­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï (21) ¢®á¯®«ì§ã¥¬áï à¥è¥­¨¥¬ ¯à®áâ¥©-è¥£® á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® à®¤  á ï¤à®¬ �®è¨, áç¨â ïª®­âãà L ®ªàã�­®áâìî ¥¤¨­¨ç­®£® à ¤¨ãá  á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â (á¬.¯. 6.4-1). � ¯¨è¥¬ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨ ¨ ¥£® à¥è¥­¨¥ ¢ ä®à¬¥1

π

∫

L

ϕ1(τ)
τ − t

dτ = f1(t), (24)
ϕ1(t) = − 1

π

∫

L

f1(τ)
τ − t

dτ, (25)ª®â®à ï ¯®«ãç ¥âáï ¯®¤áâ ­®¢ª®© ¢ á®®â­®è¥­¨ï ¨§ ¯. 6.4-1 äã­ªæ¨¨ ϕ1(t) ¢¬¥áâ®
ϕ(t) ¨ äã­ªæ¨¨ f1(t)i−1 ¢¬¥áâ® f(t).Ǒ®« £ ï t = eix ¨ τ = eiξ ­ ©¤¥¬ á®®â­®è¥­¨¥ ¬¥�¤ã ï¤à ¬¨ �®è¨ ¨�¨«ì¡¥àâ :

dτ

τ − t
= 12 
tg( ξ − x2 )

dξ + i2 dξ. (26)Ǒ®¤áâ ¢«ïï â¥¯¥àì á®®â­®è¥­¨¥ (26) ¢ ãà ¢­¥­¨¥ (24) ¨ ¥£® à¥è¥­¨¥ (25), á ãç¥â®¬§ ¬¥­ë ¯¥à¥¬¥­­ëå ϕ(x) = ϕ1(t) ¨ f(x) = f1(t) ¯®«ãç¨¬12π ∫ 2π0 
tg( ξ − x2 )
ϕ(ξ) dξ + i2π ∫ 2π0 ϕ(ξ) dξ = f(x), (27)

ϕ(x) = − 12π ∫ 2π0 
tg( ξ − x2 )
f(ξ) dξ − i2π ∫ 2π0 f(ξ) dξ. (28)�à ¢­¥­¨¥ (21) ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ (22) á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ (27),  §­ ç¨â ¥£® à¥è¥­¨¥ ¤ ¥âáï ¢ëà �¥­¨¥¬ (28). �ç¨âë¢ ï ãá«®¢¨¥ à §à¥è¨¬®-áâ¨ (23), ­  ®á­®¢ ­¨¨ (28) § ¯¨è¥¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (21) ¢ ¢¨¤¥

ϕ(x) = − 12π ∫ 2π0 
tg( ξ − x2 )
f(ξ) dξ. (29)�®à¬ã«ë (21) ¨ (29) ¢¬¥áâ¥ á ãá«®¢¨ï¬¨ (22) ¨ (23) ­ §ë¢ îâáï ä®à¬ã« ¬¨®¡à é¥­¨ï �¨«ì¡¥àâ .
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218 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ � ¬¥ç ­¨¥ 2. �à ¢­¥­¨¥ (21) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ å à ªâ¥à¨áâ¨ç¥-áª®£® á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ï¤à®¬ �¨«ì¡¥àâ  (á¬. ¯¯. 7.1-2¨ 7.2-5).2◦. � áá¬®âà¨¬ ®¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬�¨«ì¡¥àâ  12π ∫ 2π0 N(x, ξ) 
tg( ξ − x2 )
ϕ(ξ) dξ = f(x). (30)Ǒà¥¤áâ ¢¨¬ ¥£® ï¤à® ¢ ä®à¬¥

N(x, ξ) 
tg ξ − x2 = [
N(x, ξ)−N(x, x)] 
tg ξ − x2 +N(x, x) 
tg ξ − x2 .�¢®¤ï ®¡®§­ ç¥­¨ï

N(x, x) = −b(x), 12π [
N(x, ξ)−N(x, x)] 
tg ξ − x2 = K(x, ξ), (31)§ ¯¨è¥¬ ãà ¢­¥­¨¥ (30) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

− b(x)2π ∫ 2π0 
tg( ξ − x2 )
ϕ(ξ) dξ + ∫ 2π0 K(x, ξ)ϕ(ξ) dξ = f(x), (32)�§ ä®à¬ã« (31) á«¥¤ã¥â, çâ® äã­ªæ¨ï b(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à ,  ï¤à® K(x, ξ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à , ¢áî¤ã, ªà®¬¥, ¬®�¥â ¡ëâì, â®ç¥ª

x = ξ, £¤¥ ¤«ï ­¥£® á¯à ¢¥¤«¨¢  ®æ¥­ª 
|K(x, ξ)| 6

A

|ξ − x|λ , A = 
onst <∞, 0 6 λ < 1.�¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  
 ï¤à®¬ �¨«ì¡¥àâ  ç áâ®§ ¯¨áë¢ îâ ¢ ä®à¬¥ (32). �­® ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¯®«­®£® á¨­£ã«ïà­®£®¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ï¤à®¬ �¨«ì¡¥àâ , ª®â®à®¥ à áá¬ âà¨¢ ¥âáï ¢ ¯¯. 7.1-2¨ 7.4-8.
©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢ (1977), �. �. � å®¢ ¨ �. �. �¥à-áª¨© (1978), S. G. Mikhlin, S. Pr�ossdorf (1986), �. �. �¨ä ­®¢ (1995).6.5. �¥â®¤ �ã«ìâ®¯¯ {� « ­¤¨ï� áá¬®âà¨¬ ®¡é¥¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® à®¤  á ï¤à®¬�®è¨ ­  ª®­¥ç­®¬ ®âà¥§ª¥ [−1, 1℄ ¢¨¤ 1

π

∫ 1
−1 ϕ(t) dt

t− x
+ 1

π

∫ 1
−1K(x, t)ϕ(t) dt = f(x). (1)�â® ãà ¢­¥­¨¥ ç áâ® ¢áâà¥ç ¥âáï ¢ ¯à¨«®�¥­¨ïå, ®á®¡¥­­® ª  íà®¤¨­ ¬¨ª¥ ¨¯«®áª®© â¥®à¨¨ ã¯àã£®áâ¨.Ǒà¨¢¥¤¥¬ á¯®á®¡ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¢ ¯à¥¤¯®«®�¥­¨¨,çâ® ®­® ¤®¯ãáª ¥â à¥è¥­¨¥ ¢ ãª § ­­ëå ­¨�¥ ª« áá å.6.5-1. �¥è¥­¨¥, ­¥ ®£à ­¨ç¥­­®¥ ­  ª®­æ å ®âà¥§ª � ª®¥ à¥è¥­¨¥ á®£« á­® ®¡é¥© â¥®à¨¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©(á¬., ­ ¯à¨¬¥à, �. �. �ãáå¥«¨è¢¨«¨ (1968)) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

ϕ(x) = ψ(x)√1− x2 , (2)
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6.5. �¥â®¤ �ã«ìâ®¯¯ {� « ­¤¨ï 219£¤¥ ψ(x)| ®£à ­¨ç¥­­ ï äã­ªæ¨ï ­  [−1, 1℄. Ǒ®¤áâ ¢¨¬ ¢ëà �¥­¨¥ (2) ¢ ãà ¢-­¥­¨¥ (1) ¨ ¢¢¥¤¥¬ ­®¢ë¥ ¯¥à¥¬¥­­ë¥ θ ¨ τ à ¢¥­áâ¢ ¬¨ x = 
os θ, t = 
os τ ,0 6 θ 6 π, 0 6 τ 6 π. �®£¤  ãà ¢­¥­¨¥ (1) ¯à¨¬¥â ¢¨¤1
π

∫ π0 ψ(
os τ) dτ
os τ − 
os θ + 1
π

∫ π0 K(
os θ, 
os τ )ψ(
os τ ) dτ = f(
os x). (3)Ǒ®áâà®¨¬ ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ � £à ­�  ¤«ï ¨áª®¬®© äã­ªæ¨¨ ψ(x)¯® ç¥¡ëè¥¢áª¨¬ ã§« ¬
xm = 
os θm, θm = 2m− 12n π, m = 1, 2, . . . , n.�§¢¥áâ­®, çâ® â ª®© ¯®«¨­®¬ ¨¬¥¥â ¢¨¤
Ln(ψ; 
os θ) = 1

n

n∑

l=1(−1)l+1ψ(
os θl) 
osnθ sin θl
os θ − 
os θl . (4)� ¬¥â¨¬, çâ® ¤à®¡ì ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (4) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨«î¡®¬ l ç¥â­ë© âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ áâ¥¯¥­¨ 6 n − 1. �¯à¥¤¥«¨¢ª®íää¨æ¨¥­âë íâ®£® ¯®«¨­®¬  á ¯®¬®éìî ¨§¢¥áâ­ëå à ¢¥­áâ¢1
π

∫ π0 
os nτ dτ
os τ − 
os θ = sinnθsin θ , 0 6 θ 6 π, n = 0, 1, 2, . . . , (5)§ ¯¨è¥¬ ä®à¬ã«ã (4) ¢ ¢¨¤¥
Ln(ψ; 
os θ) = 2

n

n∑

l=1 ψ(
os θl) n−1∑

m=0 
osmθl 
osmθ − 1
n

n∑

l=1 ψ(
os θl). (6)�  ®á­®¢ ­¨¨ ¤¢ãå ¯à¥¤ë¤ãé¨å à ¢¥­áâ¢ ¢ë¯¨è¥¬ ª¢ ¤à âãà­ãî ä®à¬ã«ã¤«ï á¨­£ã«ïà­®£® ¨­â¥£à « :1
π

∫ 1
−1 ϕ(t) dt

t− x
= 2

n sin θ n∑

l=1 ψ(
os θl) n−1∑

m=1 
osmθl sinmθ. (7)�â  ä®à¬ã«  â®ç­  ¢á¥£¤ , ª®£¤  ψ(t)|¯®«¨­®¬ ®â t ¯®àï¤ª  6 n− 1.�® ¢â®à®¬ã ¨­â¥£à «ã ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (1) ¯à¨¬¥­¨¬ á«¥¤ãîéãîä®à¬ã«ã: 1
π

∫ 1
−1 P (x) dx√1− x2 = 1

n

n∑

l=1 P (
os θl), (8)á¯à ¢¥¤«¨¢ãî ¢á¥£¤ , ª®£¤  P (x)|¯®«¨­®¬ áâ¥¯¥­¨ 6 2n − 1. �®£¤  ¢ á¨«ã (8)¡ã¤¥¬ ¨¬¥âì 1
π

∫ 1
−1K(x, t)ϕ(t) dt = 1

n

n∑

l=1 K(
os θ, 
os θl)ψ(
os θl). (9)Ǒ®¤áâ ¢«ïï á®®â­®è¥­¨ï (7) ¨ (9) ¢ ãà ¢­¥­¨¥ (1), ¯®«ãç¨¬2
n sin θ n∑

l=1ψ(
os θl)n−1∑

m=1
osmθl sinmθ+ 1
n

n∑

l=1K(
os θ, 
os θl)ψ(
os θl)= f(
os θ).(10)Ǒ®« £ ï θ = θk (k = 1, 2, . . . , n), á ãç¥â®¬ ä®à¬ã«ë
n−1∑

m=1 
osmθl sinmθk = 12 
tg θk ± θl2 , (11)
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220 �¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® à®¤ £¤¥ §­ ª ¯«îá ¡¥à¥âáï, ª®£¤  ç¨á«® |k − l| ç¥â­®¥,   ¬¨­ãá, ª®£¤  ®­® ­¥ç¥â­®¥,¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¤«ï ­ å®�¤¥­¨ï ¯à¨¡«¨-�¥­­ëå §­ ç¥­¨© ψl ¨áª®¬®© äã­ªæ¨¨ ψ(x) ¢ ã§«®¢ëå â®çª å ¢ ä®à¬¥
n∑

l=1 aklψl = fk, fk = f(
os θk), k = 1, 2, . . . , n,
akl = 1

n

[ 1sin θk 
tg θk ± θl2 +K(
os θk, 
os θl)]. (12)Ǒ®á«¥ à¥è¥­¨ï á¨áâ¥¬ë (12) ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ­ å®¤¨âáï¯® ä®à¬ã« ¬ (2) ¨ (4).6.5-2. �¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ®¤­®¬ ª®­æ¥ ®âà¥§ª � íâ®¬ á«ãç ¥ ¯®« £ ¥¬
ϕ(x) = √ 1− x1 + x

ζ(x), (13)£¤¥ ζ(x)|®£à ­¨ç¥­­ ï ­  ®âà¥§ª¥ [0, 1℄ äã­ªæ¨ï.�áâ ¢¨¢ ã§«ë ¨­â¥à¯®«ïæ¨¨ â ª¨¬¨ �¥, ª ª ¨ ¢ ¯. 6.5-1, § ¬¥­¨¬ ζ(x)¬­®£®ç«¥­®¬
Ln(ζ; 
os θ) = 1

n

n∑

l=1(−1)l+1ζ(
os θl) 
os nθ sin θl
os θ − 
os θl , (14)¨ ¯®¤áâ ¢¨¬ à¥§ã«ìâ â ¢ á¨­£ã«ïà­ë© ¨­â¥£à «, ¢å®¤ïé¨© ¢ ¢ëà �¥­¨¥ (1). �®£¤ , ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã, ¯®«ãç¨¬ ª¢ ¤à âãà­ãî ä®à¬ã«ã1
π

∫ 1
−1 ϕ(t) dt

t − x
= 2 1− 
os θ

n sin θ n∑

l=1 ζ(
os θl) n−1∑

m=1 
osmθl sinmθ − 1
n

n∑

l=1 ζ(
os θl).(15)�â  ä®à¬ã«  â®ç­ , ¥á«¨ ζ(t)|¬­®£®ç«¥­ áâ¥¯¥­¨ 6 n− 1.�®à¬ã«  (9) ¤«ï ¢â®à®£® á« £ ¥¬®£® ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤1
π

∫ 1
−1K(x, t)ϕ(t) dt = 1

n

n∑

l=1(1− 
os θl)K(
os θ, 
os θl)ζ(
os θl). (16)�­  ¡ã¤¥â â®ç­®©, ¥á«¨ ¯®¤ë­â¥£à «ì­®¥ ¢ëà �¥­¨¥ ¥áâì ¯®«¨­®¬ ®â t áâ¥¯¥­¨
6 2n− 2.Ǒ®¤áâ ¢«ïï á®®â­®è¥­¨ï (15) ¨ (16) ¢ ãà ¢­¥­¨¥ (1) ¨ ¯®« £ ï θ = θk(k = 1, 2, . . . , n), á ãç¥â®¬ ä®à¬ã«ë (11) ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨-ç¥áª¨å ãà ¢­¥­¨© ¤«ï ¯à¨¡«¨�¥­­ëå §­ ç¥­¨© ζl ¨áª®¬®© äã­ªæ¨¨ ζ(t) ¢ ã§« å ¢ä®à¬¥

n∑

l=1 bklζl = fk, fk = f(
os θk), k = 1, 2, . . . , n,
bkl = 1

n

[tg θk2 
tg θk ± θl2 − 1 + 2 sin2 θl2 K(
os θk, 
os θl)]. (17)Ǒ®á«¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (17) ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1)®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã« ¬ (13) ¨ (14).
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6.5. �¥â®¤ �ã«ìâ®¯¯ {� « ­¤¨ï 2216.5-3. �¥è¥­¨¥, ®£à ­¨ç¥­­®¥ ­  ®¡®¨å ª®­æ å ®âà¥§ª �£à ­¨ç¥­­®¥ ­  ®âà¥§ª¥ à¥è¥­¨¥ (1) ®¡à é ¥âáï ¢ ­ã«ì ­  ª®­æ å ®âà¥§ª :
ϕ(1) = ϕ(−1) = 0. (18)�ã¤¥¬ ¯à¨¡«¨� âì äã­ªæ¨î ϕ(x) ç¥â­ë¬ âà¨£®­®¬¥âà¨ç¥áª¨¬ ¯®«¨­®¬®¬ ®â θ,¯®áâà®¥­­ë¬ ¯® ã§« ¬ ¨­â¥à¯®«ïæ¨¨, ï¢«ïîé¨¬¨áï ª®à­ï¬¨ ¯®«¨­®¬  �¥¡ëè¥¢ ¢â®à®£® à®¤ :

xk = 
os θk, θk = kπ

n+ 1 , k = 1, 2, . . . , n. (19)Ǒ®«¨­®¬ íâ®â ¡ã¤¥â ¨¬¥âì ¢¨¤
Mn(ϕ; 
os θ) = 2

n+ 1 n∑

l=1 ϕ(
os θl) n∑

m=1 sinmθl sinmθ. (20)�®£¤  ¯®«ãç¨¬ á«¥¤ãîéãî ª¢ ¤à âãà­ãî ä®à¬ã«ã:1
π

∫ 1
−1 ϕ(t) dt

t− x
= − 2

n+ 1 n∑

l=1 ϕ(
os θl) n∑

m=1 sinmθl 
osmθ. (21)�­  â®ç­  ¢á¥£¤ , ª®£¤  ϕ(x) | ­¥ç¥â­ë© âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ áâ¥¯¥-­¨ 6 n.� à¥£ã«ïà­®¬ã ¨­â¥£à «ã ¢ ãà ¢­¥­¨¨ (1) ¯à¨¬¥­¨¬ ä®à¬ã«ã
∫ 1
−1 √1− x2 P (x) dx = π

n+ 1 n∑

l=1 sin2 θl P (
os θl), (22)¨¬¥îéãî âã �¥ â®ç­®áâì, çâ® ¨ ä®à¬ã«  (8). �  ®á­®¢ ­¨¨ (22) ¡ã¤¥¬ ¨¬¥âì1
π

∫ 1
−1K(x, t)ϕ(t) dt = 1

n+ 1 n∑

l=1 sin θlK(
os θ, 
os θl)ϕ(
os θl). (23)Ǒ®¤áâ ¢«ïï á®®â­®è¥­¨ï (21) ¨ (23) ¢ ãà ¢­¥­¨¥ (1) ¨ ¯®« £ ï θ = θk(k = 1, 2, . . . , n),  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨-ç¥áª¨å ãà ¢­¥­¨© ¢ ä®à¬¥
n∑

l=1 cklϕl = fk, k = 1, . . . , n, (24)
ckl= sin θl

n+ 1 [ 2εkl
os θl − 
os θk +K(
os θk, 
os θl)], εkl={0 ¯à¨ ç¥â­ëå |k − l|,1 ¯à¨ ­¥ç¥â­ëå |k − l|,£¤¥ fk = f(
os θk),   ϕl|¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ϕ(t) ¢ ã§« å.Ǒ®á«¥ à¥è¥­¨ï á¨áâ¥¬ë (24) ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (20).Ǒà¨ à¥è¥­¨¨ á¨­£ã«ïà­®£® ãà ¢­¥­¨ï ¬¥â®¤®¬ �ã«ìâ®¯¯ {� « ­¤¨ï áãé¥-áâ¢¥­­®, çâ®¡ë ¨áª®¬ë¥ à¥è¥­¨ï ¯à¥¤áâ ¢«ï«¨áì ¢ ¢¨¤¥
ϕ(x) = (1− x)α(1 + x)βχ(x), (25)£¤¥ α= ± 12 , β = ± 12 ,   χ(x)|®£à ­¨ç¥­­ ï äã­ªæ¨ï ­  ®âà¥§ª¥, ¯à¨­¨¬ îé ï®¯à¥¤¥«¥­­ë¥ §­ ç¥­¨ï ­  ª®­æ å. Ǒà¨ ­ «¨ç¨¨ ¯à¥¤áâ ¢«¥­¨ï (25) ¬¥â®¤ ¯à¨-¬¥­¨¬ ª ¯®«­®¬ã á¨­£ã«ïà­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î, ª®â®à®¥ ¨§ãç ¥âáï ¢£« ¢¥ 7.�àã£¨¥ ¬¥â®¤ë ç¨á«¥­­®£® à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©¬®�­® ­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨�¥ «¨â¥à âãà¥.

©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � « ­¤¨ï (1973), �. �. �¥«®æ¥àª®¢-áª¨©, �. �. �¨ä ­®¢ (1985), �. �. �¨ä ­®¢ (1995).
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7. �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨©7.1. �¥ª®â®àë¥ § ¬¥ç ­¨ï7.1-1. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï á ï¤à®¬ �®è¨Ǒ®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨ ¨¬¥¥â ¢¨¤
a(t)ϕ(t) + 1

πi

∫

L

M(t, τ)
τ − t

ϕ(τ ) dτ = f(t), i2 = −1, (1)£¤¥ ¨­â¥£à «, ¯®­¨¬ ¥¬ë© ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï, ¡¥à¥âáï ¯® § ¬ª­ãâ®¬ã¨«¨ à §®¬ª­ãâ®¬ã ª®­âãàã L,   t ¨ τ |ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë â®ç¥ª ª®­âãà .� ¤ ­­ë¥ ­  L äã­ªæ¨¨ a(t), f(t),M(t, τ ) ¨ ¨áª®¬ ï ϕ(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î�ñ«ì¤¥à  (á¬. ¯. 6.2-2), ¯à¨ç¥¬ M(t, τ )|¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬.�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1) ¬®�­® â ª�¥ § ¯¨á âì ¢ ç áâ® ¨á¯®«ì§ã¥¬®©íª¢¨¢ «¥­â­®© ä®à¬¥. �«ï íâ®£® à áá¬®âà¨¬ ¯à¥®¡à §®¢ ­¨¥ ï¤à 
M(t, τ)
τ − t

= M(t, τ)−M(t, t)
τ − t

+ M(t, t)
τ − t

, (2)£¤¥ ®¡®§­ ç¨¬
M(t, t) = b(t), 1

πi

M(t, τ)−M(t, t)
τ − t

= K(t, τ ). (3)�®£¤  ãà ¢­¥­¨¥ (1) á ãç¥â®¬ (2) ¨ (3) ¯à¨¬¥â ¢¨¤
a(t)ϕ(t) + b(t)

πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ ) dτ = f(t). (4)�§ ä®à¬ã« (3) á«¥¤ã¥â, çâ® äã­ªæ¨ï b(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à  ­  ¢á¥¬ª®­âãà¥ L,   K(t, τ ) ¢áî¤ã, ªà®¬¥ â®ç¥ª τ = t, £¤¥ ¤«ï ­¥¥ á¯à ¢¥¤«¨¢  ®æ¥­ª 
|K(t, τ )| 6

A

|τ − t|λ , A = 
onst <∞, 0 6 λ < 1.�áâ¥áâ¢¥­­®, çâ® ãà ¢­¥­¨¥ (4) â ª�¥ ­ §ë¢ îâ ¯®«­ë¬ á¨­£ã«ïà­ë¬ ¨­â¥£à «ì-­ë¬ ãà ¢­¥­¨¥¬ 
 ï¤à®¬ �®è¨. �ã­ªæ¨¨ a(t) ¨ b(t) ­ §ë¢ îâáï ª®íää¨æ¨¥­â ¬¨ãà ¢­¥­¨ï (4), 1
τ − t

| ï¤à®¬ �®è¨, a ¨§¢¥áâ­ ï äã­ªæ¨ï f(t)| ¯à ¢®© ç áâìî¨«¨ á¢®¡®¤­ë¬ ç«¥­®¬ ãà ¢­¥­¨ï. Ǒ¥à¢®¥ ¨ ¢â®à®¥ á« £ ¥¬ë¥ ¢ «¥¢®© ç áâ¨ ãà ¢­¥-­¨ï (4) á®áâ ¢«ïîâ å à ªâ¥à¨áâ¨ç¥áªãî ç áâì ¨«¨ å à ªâ¥à¨áâ¨ªã ¯®«­®£® á¨­-£ã«ïà­®£® ãà ¢­¥­¨ï,   âà¥âì¥ | ¥£® à¥£ã«ïà­ãî ç áâì, ¯à¨ç¥¬ äã­ªæ¨ï K(t, τ )­ §ë¢ ¥âáï ï¤à®¬ à¥£ã«ïà­®© ç áâ¨. � á¨«ã ¯®«ãç¥­­®© ¤«ï ï¤à  à¥£ã«ïà­®© ç -áâ¨ ®æ¥­ª¨ K(t, τ ) ï¢«ï¥âáï ï¤à®¬ á® á« ¡®© ®á®¡¥­­®áâìî «¨¡® äà¥¤£®«ì¬®¢ë¬ï¤à®¬.�«ï ãà ¢­¥­¨© (1) ¨ (4) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨ ®¯¥à â®à­ãî ä®à¬ã § ¯¨á¨,ª®â®à ï ¨¬¥¥â ¢¨¤ K[ϕ(t)℄ = f(t), (5)£¤¥ ®¯¥à â®à K ­ §ë¢ ¥âáï á¨­£ã«ïà­ë¬ ®¯¥à â®à®¬.�à ¢­¥­¨¥ K◦[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ = f(t) (6)
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7.1. �¥ª®â®àë¥ § ¬¥ç ­¨ï 223­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬, á®®â¢¥âáâ¢ãîé¨¬ ¯®«­®¬ã ãà ¢­¥-­¨î (4),   ®¯¥à â®à K◦ | å à ªâ¥à¨áâ¨ç¥áª¨¬ ®¯¥à â®à®¬.�¢®¤ï ¤«ï à¥£ã«ïà­®© ç áâ¨ ãà ¢­¥­¨ï ®¡®§­ ç¥­¨¥Kr[ϕ(t)℄ ≡ ∫

L

K(t, τ )ϕ(τ ) dτ,£¤¥ ®¯¥à â®à Kr ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬ (äà¥¤£®«ì¬®¢ë¬) ®¯¥à â®à®¬, § ¯¨è¥¬¯®«­®¥ á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ ¥é¥ ¢ ®¤­®© ®¯¥à â®à­®© ä®à¬¥:K[ϕ(t)℄ ≡ K◦[ϕ(t)℄ +Kr[ϕ(t)℄ = f(t), (7)ª®â®à ï ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¢ ¤ «ì­¥©è¥¬.�à ¢­¥­¨¥K∗[ψ(t)℄ ≡ a(t)ψ(t)− 1
πi

∫

L

b(τ)ψ(τ)
τ − t

dτ + ∫

L

K(τ, t)ψ(τ )dτ = g(t), (8)¯®«ãç ¥¬®¥ ¨§ ãà ¢­¥­¨ï (4) ¯¥à¥áâ ­®¢ª®© ¯¥à¥¬¥­­ëå ¢ ï¤à¥, ­ §ë¢ ¥âáï á®î§-­ë¬ 
 (4) ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬ ª ­¥¬ã. �¯¥à â®à K∗ ­ §ë¢ ¥âáï á®î§­ë¬ á®¯¥à â®à®¬ K ¨«¨ âà ­á¯®­¨à®¢ ­­ë¬ ª ­¥¬ã.� ç áâ­®áâ¨, ãà ¢­¥­¨¥K◦∗[ψ(t)℄ ≡ a(t)ψ(t)− 1
πi

∫

L

b(τ)
τ − t

ψ(τ ) dτ = g(t) (9)¡ã¤¥â ãà ¢­¥­¨¥¬, á®î§­ë¬ 
 å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ (6). �«¥¤ã¥â ®â¬¥-â¨âì, çâ® ®¯¥à â®à K◦∗, á®î§­ë© á å à ªâ¥à¨áâ¨ç¥áª¨¬ ®¯¥à â®à®¬ K◦, ­¥ á®¢¯ -¤ ¥â á ®¯¥à â®à®¬ K∗◦, å à ªâ¥à¨áâ¨ç¥áª¨¬ ¤«ï á®î§­®£® ãà ¢­¥­¨ï (8). Ǒ®á«¥¤-­¨© ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©K∗◦[ψ(t)℄ ≡ a(t)ψ(t)− b(t)
πi

∫

L

ψ(τ)
τ − t

dτ. (10)�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ª®­âãà L á®áâ®¨â ¢ ®¡é¥¬ á«ãç ¥ ¨§
m + 1 § ¬ª­ãâëå £« ¤ª¨å ªà¨¢ëå: L = L0 + L1 + · · · + Lm. �¡ ãà ¢­¥­¨ïå ¤«ïà §®¬ª­ãâëå ª®­âãà®¢ ¬®�­® ¯à®ç¨â âì, ­ ¯à¨¬¥à, ¢ ª­¨£ å �. �. �ãáå¥«¨è¢¨«¨(1968), �. �. � å®¢  (1977).� ¬¥ç ­¨¥ 1. �áâ ­®¢«¥­­ ï á¢ï§ì ¬¥�¤ã ãà ¢­¥­¨ï¬¨ (1) ¨ (4), ¢ª«îç î-é ï á¢®©áâ¢  íâ¨å ãà ¢­¥­¨©, ­ àãè ¥âáï, ¥á«¨ ¯à¥¤¯®«®�¨âì, çâ® ¢ ãà ¢­¥­¨¨ (1)äã­ªæ¨ï �(t, τ ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à  ¢áî¤ã ­  ª®­âãà¥ §  ¨áª«îç¥-­¨¥¬ ª®­¥ç­®£® ç¨á«  â®ç¥ª, £¤¥ ®­¨ ¨¬¥îâ à §àë¢ë ¯¥à¢®£® à®¤ . � íâ®¬ á«ã-ç ¥ ¯®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á«¥¤ã¥â ª ª¨¬-«¨¡® ®â«¨ç­ë¬ ®â¯à¥®¡à §®¢ ­¨ï (2) ¨ (3) á¯®á®¡®¬ ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥ (4) á ¢ë¤¥«¥­­ë¬¨ å -à ªâ¥à¨áâ¨ç¥áª®© ¨ à¥£ã«ïà­®© ç áâï¬¨, ¯®áª®«ìªã ã¯®¬ï­ãâ®¥ ¯à¥®¡à §®¢ ­¨¥ãà ¢­¥­¨ï (1) ª â ª®¬ã ¢ë¤¥«¥­¨î ­¥ ¯à¨¢®¤¨â. �¡ ãà ¢­¥­¨ïå á à §àë¢­ë¬¨ª®íää¨æ¨¥­â ¬¨ ¬®�­® ¯à®ç¨â âì ¢ ã¯®¬ï­ãâëå ¢ëè¥ ª­¨£ å.7.1-2. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï á ï¤à®¬ �¨«ì¡¥àâ Ǒ®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �¨«ì¡¥àâ  ¨¬¥¥â ¢¨¤

a(x)ϕ(x) + 12π ∫ 2π0 N(x, ξ) 
tg ξ − x2 ϕ(ξ) dξ = f(x), (11)£¤¥ ¤¥©áâ¢¨â¥«ì­ë¥ äã­ªæ¨¨ a(x), f(x), N(x, ξ) ¨ ¨áª®¬ ï ϕ(x) ã¤®¢«¥â¢®àïîâãá«®¢¨î �ñ«ì¤¥à  (á¬. ¯. 6.2-2), ¯à¨ç¥¬ N(x, ξ) ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬.
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224 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (11) ¬®�­® â ª�¥ § ¯¨á âì ¢ ç áâ® ¨á¯®«ì§ã¥¬®©íª¢¨¢ «¥­â­®© ä®à¬¥. �«ï íâ®£® ¯à¥®¡à §ã¥¬ ¥£® ï¤à® á«¥¤ãîé¨¬ ®¡à §®¬:
N(x, ξ) 
tg ξ − x2 = [

N(x, ξ)−N(x, x)] 
tg ξ − x2 +N(x, x) 
tg ξ − x2 , (12)£¤¥ ®¡®§­ ç¨¬
N(x, x) = −b(x), 12π [

N(x, ξ)−N(x, x)] 
tg ξ − x2 = K(x, ξ). (13)�®£¤  ãà ¢­¥­¨¥ (11) á ãç¥â®¬ (12) ¨ (13) ¯à¨¬¥â ¢¨¤
a(x)ϕ(x)− b(x)2π ∫ 2π0 
tg ξ − x2 ϕ(ξ) dξ + ∫ 2π0 K(x, ξ)ϕ(ξ) dξ = f(x). (14)�§ ä®à¬ã« (13) á«¥¤ã¥â, çâ® äã­ªæ¨ï b(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à ,  ï¤à® K(x, ξ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à , ¢áî¤ã, ªà®¬¥, ¬®�¥â ¡ëâì â®ç¥ª

x = ξ, £¤¥ ¤«ï ­¥£® á¯à ¢¥¤«¨¢  ®æ¥­ª 
|K(x, ξ)| 6

A

|ξ − x|λ , A = 
onst <∞, 0 6 λ < 1.�à ¢­¥­¨¥ ¢ ä®à¬¥ (14) â ª�¥ ­ §ë¢ îâ ¯®«­ë¬ á¨­£ã«ïà­ë¬ ¨­â¥£à «ì­ë¬ãà ¢­¥­¨¥¬ á ï¤à®¬ �¨«ì¡¥àâ . �ã­ªæ¨¨ a(x) ¨ b(x) ­ §ë¢ îâáï ª®íää¨æ¨¥­â -¬¨ ãà ¢­¥­¨ï (14), 
tg[ 12 (ξ−x)]| ï¤à®¬ �¨«ì¡¥àâ , a ¨§¢¥áâ­ ï äã­ªæ¨ï f(x)|¯à ¢®© ç áâìî ¨«¨ á¢®¡®¤­ë¬ ç«¥­®¬ ãà ¢­¥­¨ï. Ǒ¥à¢®¥ ¨ ¢â®à®¥ á« £ ¥¬ë¥ ¢ «¥-¢®© ç áâ¨ ãà ¢­¥­¨ï (14) á®áâ ¢«ïîâ å à ªâ¥à¨áâ¨ç¥áªãî ç áâì ¨«¨ å à ªâ¥à¨-áâ¨ªã ¯®«­®£® á¨­£ã«ïà­®£® ãà ¢­¥­¨ï,   âà¥âì¥| ¥£® à¥£ã«ïà­ãî ç áâì, ¯à¨ç¥¬äã­ªæ¨ï K(x, ξ) ­ §ë¢ ¥âáï ï¤à®¬ à¥£ã«ïà­®© ç áâ¨.�à ¢­¥­¨¥
a(x)ϕ(x)− b(x)2π ∫ 2π0 
tg ξ − x2 ϕ(ξ) dξ = f(x), (15)­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬, á®®â¢¥âáâ¢ãîé¨¬ ¯®«­®¬ã ãà ¢­¥-­¨î (14).�á¥ à áá¬®âà¥­­ë¥ ¨ ¯®á«¥¤ãîé¨¥ ãà ¢­¥­¨ï, ¯à ¢ë¥ ç áâ¨ ª®â®àëå à ¢­ë­ã«î ¢áî¤ã ¢ ®¡« áâ¨ ¨å ®¯à¥¤¥«¥­¨ï, ¡ã¤¥¬, ª ª ®¡ëç­®, ­ §ë¢ âì ®¤­®à®¤­ë¬¨,¢ ¯à®â¨¢­®¬ á«ãç ¥| ­¥®¤­®à®¤­ë¬¨.7.1-3. �¡ ãà ¢­¥­¨ïå �à¥¤£®«ì¬  ¢â®à®£® à®¤  ­  ª®­âãà¥�¥®à¨ï �à¥¤£®«ì¬  ¨ ¬¥â®¤ë à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬ ¢â®à®£® à®¤ , ¯à¥¤áâ ¢«¥­­ë¥ ¢ £« ¢¥ 5, ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨, ¥á«¨ ¢á¥ äã­ª-æ¨¨ ¨ ¯ à ¬¥âàë ¢ ãà ¢­¥­¨ïå áç¨â âì ª®¬¯«¥ªá­ë¬¨,   ®âà¥§®ª ¤¥©áâ¢¨â¥«ì­®©®á¨ § ¬¥­¨âì ­¥ª®â®àë¬ ª®­âãà®¬ L. �¤¥áì ¯à¨¢¥¤¥¬ â®«ìª® ­¥ª®â®àë¥ á¢¥¤¥­¨ï¨ § ¯¨è¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤  ¢ ä®à¬¥, ã¤®¡­®©¤«ï ¨á¯®«ì§®¢ ­¨ï ¢ íâ®© £« ¢¥.� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢ ä®à¬¥

ϕ(t) + λ

∫

L

K(t, τ )ϕ(τ ) dτ = f(t), (16)£¤¥ L|­¥ª®â®àë© £« ¤ª¨© ª®­âãà, t ¨ τ | ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë ¥£® â®ç¥ª,
ϕ(t) | ¨áª®¬ ï äã­ªæ¨ï, f(t) | á¢®¡®¤­ë© ç«¥­ ¨«¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï,
K(t, τ )|¥£® ï¤à®.�á«¨ ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  λ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì-¬  ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ (¨«¨ ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï), â® λ ­ §ë¢ ¥âáï

�âà ­¨æ  224



7.1. �¥ª®â®àë¥ § ¬¥ç ­¨ï 225å à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á«®¬ (å à ªâ¥à¨áâ¨ç¥áª¨¬ §­ ç¥­¨¥¬),   á ¬¨ ­¥âà¨¢¨- «ì­ë¥ à¥è¥­¨ï| á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ ï¤à  K(t, τ ) ¨«¨ ãà ¢­¥­¨ï (16).�à ¢­¥­¨¥ (16) ¨¬¥¥â ­¥ ¡®«¥¥ áç¥â­®£® ¬­®�¥áâ¢  å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«.�á«¨ íâ® ¬­®�¥áâ¢® ¡¥áª®­¥ç­®, â® ¥£® ¯à¥¤¥«ì­®© â®çª®© ï¢«ï¥âáï ¡¥áª®­¥ç­®ã¤ «¥­­ ï â®çª . � �¤®¬ã å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã á®®â¢¥âáâ¢ã¥â ª®­¥ç­®¥ç¨á«® á®¡áâ¢¥­­ëå äã­ªæ¨©. �­®�¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ¨­â¥£à «ì­®£®ãà ¢­¥­¨ï ­ §ë¢ ¥âáï ¥£® á¯¥ªâà®¬. �¯¥ªâà ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬ ¥áâì ¬­®�¥áâ¢® ¤¨áªà¥â­®¥.�á«¨ §­ ç¥­¨¥ ¯ à ¬¥âà  λ ­¥ á®¢¯ ¤ ¥â ­¨ á ®¤­¨¬ å à ªâ¥à¨áâ¨ç¥áª¨¬ç¨á«®¬ (¢ íâ®¬ á«ãç ¥ ¥£® ­ §ë¢ îâ ¯à ¢¨«ì­ë¬ ¨«¨ à¥£ã«ïà­ë¬), â. ¥. ®¤­®à®¤­®¥ãà ¢­¥­¨¥ ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥, â® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (16)à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f(t).�¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®©
ϕ(t) = f(t)− ∫

L

R(t, τ ;λ)f(τ ) dτ, (17)£¤¥ äã­ªæ¨ï R(t, τ ;λ) ­ §ë¢ ¥âáï à¥§®«ì¢¥­â®© ãà ¢­¥­¨ï ¨«¨ à¥§®«ì¢¥­â®© ï¤à 
K(t, τ ) ¨ ¢ëà � ¥âáï ç¥à¥§ ¯®á«¥¤­¥¥.�á«¨ §­ ç¥­¨¥ ¯ à ¬¥âà  λ å à ªâ¥à¨áâ¨ç¥áª®¥ ¤«ï ãà ¢­¥­¨ï (16), â® ®¤­®-à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

ϕ(t) + λ

∫

L

K(t, τ )ϕ(τ )dτ = 0, (18)â ª�¥ ª ª ¨ á®î§­®¥ á ­¨¬ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥
ψ(t) + λ

∫

L

K(τ, t)ϕ(τ ) dτ = 0, (19)¨¬¥îâ ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï, ¯à¨ç¥¬ ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©ãà ¢­¥­¨ï (18) ª®­¥ç­® ¨ à ¢­® ç¨á«ã «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ãà ¢­¥-­¨ï (19).�¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥
ϕ(t) = n∑

k=1Ckϕk(t), (20)£¤¥ ϕ1(t), ϕ1(t), . . . , ϕn(t)|ª®­¥ç­®¥ ç¨á«® ¢á¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå á®¡áâ¢¥­-­ëå äã­ªæ¨©, á®®â¢¥âáâ¢ãîé¨å å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã λ,   Ck|¯à®¨§¢®«ì-­ë¥ ¯®áâ®ï­­ë¥.�á«¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (18) à §à¥è¨¬®, â® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (16),¢®®¡é¥ £®¢®àï, ­¥à §à¥è¨¬®. �­® ¡ã¤¥â à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¢ë¯®«­¥­ë ãá«®¢¨ï ∫

L

f(t)ψk(t) dt = 0, (21)£¤¥ ψk(t) (k = 1, 2, . . . , n) ¥áâì ª®­¥ç­ë© ­ ¡®à ¢á¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå á®¡-áâ¢¥­­ëå äã­ªæ¨© á®î§­®£® ãà ¢­¥­¨ï, á®®â¢¥âáâ¢ãîé¨å å à ªâ¥à¨áâ¨ç¥áª®¬ãç¨á«ã λ.�á«¨ ãá«®¢¨ï (21) ¢ë¯®«­¥­ë, â® ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥-­¨ï (16) ¤ ¥âáï ä®à¬ã«®© (á¬., ­ ¯à¨¬¥à, ¯. 5.6-5)
ϕ(t) = f(t)− ∫

L

Rg(t, τ ; λ)f(τ ) dτ + n∑

k=1Ckϕk(t), (22)
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226 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©£¤¥ Rg(t, τ ;λ) ­ §ë¢ îâ ®¡®¡é¥­­®© à¥§®«ì¢¥­â®©,   áã¬¬  ¢ ¯à ¢®© ç áâ¨ (22)¥áâì ®¡é¥¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.� áá¬®âà¨¬ â¥¯¥àì ãà ¢­¥­¨¥ ¢â®à®£® à®¤  á® á« ¡®© ®á®¡¥­­®áâìî ­  ª®­âã-à¥
ϕ(t) + ∫

L

M(t, τ)
|τ − t|α ϕ(τ ) dτ = f(t), (23)£¤¥M(t, τ )|­¥¯à¥àë¢­ ï äã­ªæ¨ï ¨ 0<α<1. � ª®¥ ãà ¢­¥­¨¥ ¯à¨ ¯®¬®é¨ ¨â¥-à æ¨¨ ¬®�­® ¯à¨¢¥áâ¨ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �à¥¤£®«ì¬  ¢â®à®£® à®¤  (á¬.§ ¬¥ç ­¨¥ 1 ¨§ à §¤. 5.3). �­® ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ ãà ¢­¥­¨ï �à¥¤£®«ì¬ (á¬. § ¬¥ç ­¨¥ ¨§ à §¤. 5.5).� â¥®à¨¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢ á¨«ã áª § ­­®£® ®¡ëç­®­¥ ¤¥« îâ à §«¨ç¨© ¬¥�¤ã ãà ¢­¥­¨ï¬¨ �à¥¤£®«ì¬  ¨ ãà ¢­¥­¨ï¬¨ á® á« ¡®©®á®¡¥­­®áâìî ¨ ¨á¯®«ì§ãîâ ®¡éãî ¤«ï ­¨å ä®à¬ã § ¯¨á¨

ϕ(t) + λ

∫

L

K(t, τ )ϕ(τ )dτ = 0, K(t, τ ) = M(t, τ)
|τ − t|α , 0 6 α < 1, (24)¯à¨ç¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (24) â ª �¥, ª ª ¨ ¥£® ï¤à®, ­ §ë¢ îâ ¯à®áâ®äà¥¤£®«ì¬®¢ë¬¨.�á«¨ ¢ ãà ¢­¥­¨¨ (24) ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à ,¯à¨ç¥¬ M(t, τ )|¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬, â® «î¡®¥ ®£à ­¨ç¥­­®¥ ¨­â¥£à¨àã¥¬®¥à¥è¥­¨¥ ãà ¢­¥­¨ï (24) â ª�¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à .� ¬¥ç ­¨¥ 2. �¤à  à¥£ã«ïà­ëå ç áâ¥© à áá¬®âà¥­­ëå ¢ëè¥ á¨­£ã«ïà­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢ á¨«ã ¯à¨¢¥¤¥­­ëå ¤«ï ­¨å ®æ¥­®ª ï¢«ïîâáï äà¥¤£®«ì-¬®¢ë¬¨.� ¬¥ç ­¨¥ 3. Ǒ®«­ë¥ ¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ á¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà -¢­¥­¨ï ­ §ë¢ îâ ¨­®£¤  á¨­£ã«ïà­ë¬¨ ¨­â¥£à «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ¢â®à®£® à®¤ .

©• �¨â¥à âãà : �. �. �¨å«¨­ (1959), �. �à¨ª®¬¨ (1960), �. �. �ãáå¥«¨è¢¨«¨ (1968),�. �. � å®¢ (1977), �. �. �ãá¥©­®¢, �. �. �ãåâ à®¢ (1980), S. G. Mikhlin, S. Pr�ossdorf(1986), S. Pr�ossdorf, B. Silbermann (1991), A. Dzhuraev (1992), �. �. �¨ä ­®¢ (1995).7.2. �¥â®¤ � à«¥¬ ­  ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨åãà ¢­¥­¨©7.2-1. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨� áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨K◦[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ = f(t), (1)£¤¥ ª®­âãà L á®áâ®¨â ¨§m+1 § ¬ª­ãâëå £« ¤ª¨å ªà¨¢ëå: L=L0+L1+ · · ·+Lm.�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�­® á¢¥áâ¨ ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ �¨¬ ­ (á¬. ¯. 6.3-10) ¨ ¤ âì à¥è¥­¨¥ ãà ¢­¥­¨ï ¢ § ¬ª­ãâ®© ä®à¬¥.�¢¥¤¥¬ ªãá®ç­®  ­ «¨â¨ç¥áªãî äã­ªæ¨î, § ¤ ­­ãî ¨­â¥£à «®¬ �®è¨, ¯«®â-­®áâìî ª®â®à®£® á«ã�¨â ¨áª®¬®¥ à¥è¥­¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï�(z) = 12πi ∫

L

ϕ(τ)
τ − z

dτ. (2)�®£« á­® ä®à¬ã« ¬ �®å®æª®£®{Ǒ«¥¬¥«ï (á¬. ¯. 6.2-5)
ϕ(t) = �+(t)− �−(t),1

πi

∫

L

ϕ(τ)
τ − z

dτ = �+(t) + �−(t). (3)
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7.2. �¥â®¤ � à«¥¬ ­  ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© 227Ǒ®¤áâ ¢«ïï (3) ¢ ãà ¢­¥­¨¥ (1) ¨ à¥è ï ¥£® ®â­®á¨â¥«ì­® �+(t), ¯®«ãç¨¬, çâ®ªãá®ç­®  ­ «¨â¨ç¥áª ï äã­ªæ¨ï �(z) ¤®«�­  ï¢«ïâìáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨�¨¬ ­  �+(t) = D(t)�−(t) +H(t), (4)£¤¥
D(t) = a(t) − b(t)

a(t) + b(t) , H(t) = f(t)
a(t) + b(t) . (5)� á¨«ã â®£®, çâ® ¨áª®¬ ï äã­ªæ¨ï �(z) ¯à¥¤áâ ¢«¥­  ¨­â¥£à «®¬ â¨¯  �®è¨, ®­ ¤®«�­  ã¤®¢«¥â¢®àïâì ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î�−(∞) = 0. (6)�­¤¥ªá ν ª®íää¨æ¨¥­â  D(t) § ¤ ç¨ �¨¬ ­  (4) ¡ã¤¥¬ ­ §ë¢ âì ¨­¤¥ªá®¬¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1). �¥è¨¢ ªà ¥¢ãî § ¤ çã (4), ¯® ¯¥à¢®© ä®à¬ã«¥ (3)­ ©¤¥¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (1).� ª¨¬ ®¡à §®¬, ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1) á¢¥«®áì ª ªà ¥¢®© § ¤ ç¥ �¨¬ -­  (4). �â®¡ë ãáâ ­®¢¨âì à ¢­®á¨«ì­®áâì ãà ¢­¥­¨ï ¨ ªà ¥¢®© § ¤ ç¨, ®â¬¥â¨¬,çâ®, ¨ ®¡à â­®, ϕ(t), ­ ©¤¥­­ ï ãª § ­­ë¬ ®¡à §®¬ ¨§ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨,ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1).� áá¬®âà¨¬ á­ ç «  ­®à¬ «ì­ë© (­¥ ¨áª«îç¨â¥«ì­ë©) á«ãç ©, ª®£¤  ª®íää¨-æ¨¥­â D(t) § ¤ ç¨ �¨¬ ­  (4) ­¥ ®¡à é ¥âáï ¢ ­ã«ì ¨«¨ ¡¥áª®­¥ç­®áâì, çâ® á®®â-¢¥âáâ¢ã¥â ¤«ï ãà ¢­¥­¨ï (1) ãá«®¢¨î

a(t)± b(t) 6= 0. (7)�«ï ã¯à®é¥­¨ï ¤ «ì­¥©è¨å ä®à¬ã« ¡ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥-­¨ï (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
a2(t)− b2(t) = 1. (8)� â ª®¬ã á«ãç î ¢á¥£¤  ¬®�­® ¯à¨¢¥áâ¨ ¨áá«¥¤ã¥¬®¥ ãà ¢­¥­¨¥ ¤¥«¥­¨¥¬ ®¡¥¨å¥£® ç áâ¥© ­  √

a2(t)− b2(t).�ë¯¨è¥¬ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ �¨¬ ­  (4), áç¨â ï ν > 0, ¨ ¢ëç¨á«¨¬ ¯®ä®à¬ã« ¬ �®å®æª®£®{Ǒ«¥¬¥«ï ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨©(á¬. ¯¯. 6.2-5, 6.3-6 ¨ 6.3-10)�+(t) = X+(t)[ 12 H(t)
X+(t) +	(t)− 12 Pν−1(t)],�−(t) = X−(t)[− 12 H(t)
X+(t) +	(t)− 12 Pν−1(t)], (9)£¤¥ 	(t) = 12πi ∫

L

H(τ)
X+(τ) dτ

τ − t
. (10)Ǒà®¨§¢®«ì­ë© ¬­®£®ç«¥­ ¢§ïâ ¢ ä®à¬¥ − 12 Pν−1(t) ¤«ï ã¤®¡áâ¢  ¤ «ì­¥©è¨å®¡®§­ ç¥­¨©.�âáî¤  ¯® ä®à¬ã«¥ (3)

ϕ(t) = 12 [1 + X−(t)
X+(t) ]

H(t) +X+(t)[1 − X−(t)
X+(t) ][	(t)− 12 Pν−1(t)].Ǒà¥¤áâ ¢«ïï ª®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­  ¢ ¢¨¤¥ D(t) = X+(t)/X−(t), ¨ § ¬¥­ïïäã­ªæ¨î 	(t) ¥¥ ¢ëà �¥­¨¥¬ ¯® ä®à¬ã«¥ (10), ¡ã¤¥¬ ¨¬¥âì

ϕ(t)= 12 [1+ 1
D(t) ]

H(t)+X+(t)[1− 1
D(t) ][ 12πi ∫

L

H(τ)
X+(τ) dτ

τ − t
− 12 Pν−1(t)].

�âà ­¨æ  227
15*



228 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©Ǒ®¤áâ ¢«ïï, ­ ª®­¥æ, ¢¬¥áâ® X+(t) ¥¥ ¢ëà �¥­¨¥, § ¤ ¢ ¥¬®¥ ä®à¬ã«®© (62)¨§ ¯. 6.3-10, ¨ §­ ç¥­¨ï D(t) ¨ H(t) ¨§ (5), ¯®«ãç¨¬
ϕ(t) = a(t)f(t)− b(t)Z(t)

πi

∫

L

f(τ)
Z(τ) dτ

τ − t
+ b(t)Z(t)Pν−1(t), (11)£¤¥

Z(t) = [a(t) + b(t)℄X+(t) = [a(t)− b(t)℄X−(t) = eG(t)√
tν�(t) ,

G(t) = 12πi ∫

L

ln[
τ−ν�(τ ) a(τ) − b(τ)

a(τ) + b(τ) ]
dτ

τ − t
, �(t) = m∑

k=1(t− zk)νk ,

(12)¯à¨ç¥¬ ª®íää¨æ¨¥­âë a(t) ¨ b(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (7). �¤¥áì �(t) ≡ 1¢ á«ãç ¥, ª®£¤  L| ¯à®áâ®© ª®­âãà, ®å¢ âë¢ îé¨© ®¤­®á¢ï§­ãî ®¡« áâì. � ªª ª äã­ªæ¨¨ a(t), b(t), f(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �ñ«ì¤¥à , â® ­  ®á­®¢ ­¨¨á¢®©áâ¢ ¯à¥¤¥«ì­ëå §­ ç¥­¨© ¨­â¥£à «  â¨¯  �®è¨ äã­ªæ¨ï ϕ(t) â ª�¥ ¡ã¤¥âã¤®¢«¥â¢®àïâì ãá«®¢¨î �ñ«ì¤¥à .Ǒ®á«¥¤­¨© ç«¥­ ä®à¬ã«ë (11) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®-£® ãà ¢­¥­¨ï (f(t) ≡ 0),   ¯¥à¢ë¥ ¤¢  ç«¥­  | ­¥ª®â®à®¥ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤-­®à®¤­®£® ãà ¢­¥­¨ï.� áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®�­® § ¯¨á âì ª ªR[f(t)℄, £¤¥R|®¯¥à â®à,®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬R[f(t)℄ = a(t)f(t)− b(t)Z(t)
πi

∫

L

f(τ)
Z(τ) dτ

τ − t
.�®£¤  ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨¬¥â ¢¨¤

ϕ(t) = R[f(t)℄ + ν∑

k=1 ckϕk(t), (13)£¤¥ ϕk(t) = b(t)Z(t)tk−1 (k = 1, 2, . . . , ν)| á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ å à ªâ¥à¨áâ¨-ç¥áª®£® ãà ¢­¥­¨ï.�á«¨ ν < 0, â® § ¤ ç  �¨¬ ­  (4), ¢®®¡é¥ £®¢®àï, ­¥à §à¥è¨¬ . �á«®¢¨ï ¥¥à §à¥è¨¬®áâ¨
∫

L

H(τ)
X+(τ) τk−1 dτ = 0, k = 1, 2, . . . ,−ν, (14)¡ã¤ãâ ¢¬¥áâ¥ á â¥¬ ¨ ãá«®¢¨ï¬¨ à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (1).� ¬¥­ïï H(τ ) ¨X+(τ ) ¨å ¢ëà �¥­¨ï¬¨ ¨§ (5) ¨ (12), ¬®�­® § ¯¨á âì ãá«®¢¨ïà §à¥è¨¬®áâ¨ ¢ ¢¨¤¥

∫

L

f(τ)
Z(τ) τk−1 dτ = 0, k = 1, 2, . . . ,−ν. (15)�á«¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ á®¡«î¤¥­ë, â® à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥-­¨ï (4) ¤ ¥âáï ä®à¬ã«®© (11) ¯à¨ Pν−1(t) ≡ 0.1◦. �á«¨ ν > 0, â® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ K◦[ϕ(t)℄ = 0 ¨¬¥¥â ν «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨©

ϕk(t) = b(t)Z(t)tk−1, k = 1, 2, . . . , ν.2◦. �á«¨ ν 6 0, â® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ­¥à §à¥è¨¬® (¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥à¥è¥­¨¥).
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7.2. �¥â®¤ � à«¥¬ ­  ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© 2293◦. �á«¨ ν > 0, â® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®©ç áâ¨ f(t) ¨ ¥£® ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­® § ¢¨á¨â ®â ν ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå.4◦. �á«¨ ν < 0, â® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¥£® ¯à ¢ ï ç áâì f ã¤®¢«¥â¢®àï¥â −ν ãá«®¢¨ï¬:
∫

L

ψk(t)f(t) dt = 0, ψk(t) = tk−1
Z(t) . (16)�à ¢­¨¢ ï ¯¥à¥ç¨á«¥­­ë¥ á¢®©áâ¢  å à ªâ¥à¨áâ¨ç¥áª®£® á¨­£ã«ïà­®£® ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï á® á¢®©áâ¢ ¬¨ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  (á¬.¯. 7.1-3), ¬®�­® ãá¬®âà¥âì ¬¥�¤ã ­¨¬¨ áãé¥áâ¢¥­­ë¥ à §«¨ç¨ï. �«ï ãà ¢­¥­¨ï�à¥¤£®«ì¬  ¢ á«ãç ¥ à §à¥è¨¬®áâ¨ ®¤­®à®¤­®£® ãà ¢­¥­¨ï ­¥®¤­®à®¤­®¥, ¢®®¡-é¥ £®¢®àï, ­¥à §à¥è¨¬® ¨, ­ ®¡®à®â, ¢ á«ãç ¥ ­¥à §à¥è¨¬®áâ¨ ¯¥à¢®£® ¢â®à®¥¡¥§ãá«®¢­® à §à¥è¨¬®. �«ï á¨­£ã«ïà­®£® �¥ ãà ¢­¥­¨ï ¯à¨ à §à¥è¨¬®áâ¨ ®¤­®-à®¤­®£® ¡¥§ãá«®¢­® à §à¥è¨¬® ¨ ­¥®¤­®à®¤­®¥, ¯à¨ ­¥à §à¥è¨¬®áâ¨ �¥ ¯¥à¢®£®,¢®®¡é¥ £®¢®àï, ­¥à §à¥è¨¬® ¨ ¢â®à®¥.�¢¥¤¥¬  ­ «®£¨ç­® ãà ¢­¥­¨î �à¥¤£®«ì¬  ¢ ï¤à® å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-­¥­¨ï ¯ à ¬¥âà λ ¨ à áá¬®âà¨¬ ãà ¢­¥­¨¥

a(t)ϕ(t) + λb(t)
πi

∫

L

ϕ(τ)
τ − t

dτ = 0.� ª ¡ë«® ¯®ª § ­®, ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ à §à¥è¨¬®, ¥á«¨
ν = Ind a(t) − λb(t)

a(t) + λb(t) > 0.�­¤¥ªá ­¥¯à¥àë¢­®© äã­ªæ¨¨ ¨§¬¥­ï¥âáï áª çª®®¡à §­®, ¯à¨ç¥¬ â®«ìª® ¤«ïâ ª¨å §­ ç¥­¨© λ, ¤«ï ª®â®àëå a(t) ∓ λb(t) = 0. �á«¨ ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨
λ=λ1+iλ2 ¯à®¢¥áâ¨ ªà¨¢ë¥ λ=±a(t)/b(t), â® ®­¨ à §¤¥«ïâ ¯«®áª®áâì ­  ®¡« áâ¨,¢ ª �¤®© ¨§ ª®â®àëå ¨­¤¥ªá ¡ã¤¥â ¯®áâ®ï­­ë¬. � ª¨¬ ®¡à §®¬, á®¡áâ¢¥­­ë¥§­ ç¥­¨ï å à ªâ¥à¨áâ¨ç¥áª®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï § ¯®«­ïîâ æ¥«ë¥ ®¡« áâ¨,á«¥¤®¢ â¥«ì­®, á¯¥ªâà ¥£®, ¢ ®â«¨ç¨¥ ®â á¯¥ªâà  ãà ¢­¥­¨ï �à¥¤£®«ì¬ , ï¢«ï¥âáï­¥ ¤¨áªà¥â­ë¬,   á¯«®è­ë¬.7.2-2. �à ¢­¥­¨¥, á®î§­®¥ á å à ªâ¥à¨áâ¨ç¥áª¨¬�à ¢­¥­¨¥K◦∗[ψ(t)℄ ≡ a(t)ψ(t)− 1

πi

∫

L

b(τ)ψ(τ)
τ − t

dτ = g(t), (17)á®î§­®¥ á å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ K◦[ϕ(t)℄ = f(t), á ¬® ­¥ ï¢«ï¥âáïå à ªâ¥à¨áâ¨ç¥áª¨¬. �¤­ ª® ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨
b(t)ψ(t) = ω(t) (18)®­® ¯à¥¢à é ¥âáï ¢ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® äã­ªæ¨¨ ω(t):

a(t)ω(t)− b(t)
πi

∫

L

ω(τ)
τ − t

dτ = b(t)g(t). (19)�¯à¥¤¥«¨¢ ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ω(t) ¯® ä®à¬ã«¥ ¯®«ãç îé¥©áï á«®�¥-­¨¥¬ à ¢¥­áâ¢ (17) ¨ (18), ­ ©¤¥¬ ¨áª®¬ãî äã­ªæ¨î ψ(t):
ψ(t) = 1

a(t) + b(t) [
ω(t) + 1

πi

∫

L

ω(τ)
τ − t

dτ + g(t)].
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230 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�¢®¤ï ªãá®ç­®  ­ «¨â¨ç¥áªãî äã­ªæ¨î�∗(z) = 12πi ∫

L

ω(τ)
τ − z

dτ, (20)¯à¨¤¥¬ ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­ �+
∗ (t) = a(t) + b(t)

a(t) − b(t) �−
∗ (t) + b(t)g(t)

a(t) − b(t) . (21)�®íää¨æ¨¥­â ªà ¥¢®© § ¤ ç¨ (21) ¥áâì ¢¥«¨ç¨­ , ®¡à â­ ï ª®íää¨æ¨¥­âã § ¤ ç¨�¨¬ ­  (4), á®®â¢¥âáâ¢ãîé¥© ãà ¢­¥­¨î K◦[ϕ(t)℄ = f(t). �«¥¤®¢ â¥«ì­®,
ν∗ = Ind a(t) + b(t)

a(t) − b(t) = − Ind a(t) − b(t)
a(t) + b(t) = −ν. (22)� ¬¥â¨¬, çâ® ¢ á¨«ã ä®à¬ã« (17) ¨§ ¯. 6.3-4 ª ­®­¨ç¥áª¨¥ äã­ªæ¨¨ X∗(z) ¤«ïãà ¢­¥­¨ï (21) ¨ X(z) ¤«ï (4) ¡ã¤ãâ ®¡à â­ë ¯® ¢¥«¨ç¨­¥:

X∗(z) = 1
X(z) .�­ «®£¨ç­® ¯à®¤¥« ­­®¬ã ¢ ¯. 7.2-1 ¯®«ãç¨¬ à¥è¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï (17) ¯à¨ ν∗ = −ν > 0 ¢ ¢¨¤¥

ψ(t) = a(t)g(t) + 1
πiZ(t) ∫

L

b(τ)Z(τ)g(τ)
τ − t

dτ + 1
Z(t) Qν∗−1(t), (23)£¤¥ Z(t) § ¤ ¥âáï ä®à¬ã«®© (12),   Qν∗−1(t) | ¬­®£®ç«¥­ áâ¥¯¥­¨ ν∗ − 1 á¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �á«¨ ν∗ =0, â® á«¥¤ã¥â ¯®«®�¨âìQν∗−1(t)≡ 0.�á«¨ ν∗ = −ν < 0, â® ¤«ï à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (17) ­¥®¡å®¤¨¬® ¨¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ ãá«®¢¨©

∫

L

b(t)Z(t)g(t)tk−1 dt = 0, k = 1, 2, . . . ,−ν∗, (24)¯à¨ á®¡«î¤¥­¨¨ ª®â®àëå à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®© (23), £¤¥ ­ã�­® ¯®«®�¨âì
Qν∗−1(t) ≡ 0.�¥§ã«ìâ âë ®¤­®¢à¥¬¥­­®£® ¨áá«¥¤®¢ ­¨ï å à ªâ¥à¨áâ¨ç¥áª®£® ¨ á®î§­®£® á­¨¬ ãà ¢­¥­¨© ¯®ª §ë¢ îâ áãé¥áâ¢¥­­®¥ ®â«¨ç¨¥ ¨å á¢®©áâ¢ ®â á¢®©áâ¢ ãà ¢­¥-­¨© �à¥¤£®«ì¬  (á¬. ¯. 7.1-3). � à ªâ¥à¨áâ¨ç¥áª®¥ ¨ á®î§­®¥ á ­¨¬ ®¤­®à®¤­ë¥ãà ¢­¥­¨ï ­¨ª®£¤  ­¥ ¡ë¢ îâ ®¤­®¢à¥¬¥­­® à §à¥è¨¬ë. �­¨ ¨«¨ ®¡  ­¥à §à¥è¨-¬ë ¯à¨ ν = 0, ¨«¨, ¯à¨ ­¥­ã«¥¢®¬ ¨­¤¥ªá¥, à §à¥è¨¬® â® ¨§ ­¨å, ª®â®à®¥ ¨¬¥¥â¯®«®�¨â¥«ì­ë© ¨­¤¥ªá.�â¬¥â¨¬, çâ® à §­®áâì ç¨á¥« à¥è¥­¨© å à ªâ¥à¨áâ¨ç¥áª®£® ¨ á®î§­®£® á ­¨¬®¤­®à®¤­ëå ãà ¢­¥­¨© à ¢­  ¨­¤¥ªáã ν.�â¢¥à�¤¥­¨ï 1◦, 2◦ ¨ 3◦, 4◦, áä®à¬ã«¨à®¢ ­­ë¥ ¢ ¯. 7-2.1, ­ §ë¢ îâáï ¯¥à¢®©¨ ¢â®à®© â¥®à¥¬ ¬¨ �ñâ¥à  ¤«ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï,   ®â¬¥ç¥­­ ï§¤¥áì á¢ï§ì ¨­¤¥ªá  ãà ¢­¥­¨ï á ª®«¨ç¥áâ¢®¬ à¥è¥­¨© ®¤­®à®¤­ëå ãà ¢­¥­¨©K◦[ϕ(t)℄ = 0 ¨ K◦∗[ψ(t)℄ = 0|âà¥âì¥© â¥®à¥¬®© �ñâ¥à .7.2-3. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨�¥®à¨ï ¨­â¥£à «  â¨¯  �®è¨ ¯®ª §ë¢ ¥â (á¬. à §¤. 6.2), çâ® ¥á«¨ ¯«®â­®áâì¨­â¥£à «  â¨¯  �®è¨, ¢§ïâ®£® ¯® ¡¥áª®­¥ç­®© ªà¨¢®©, à ¢­  ­ã«î ­  ¡¥áª®­¥ç­®-áâ¨, â® á¢®©áâ¢  ¨­â¥£à «  ¢ á«ãç ïå ª®­¥ç­®£® ¨ ¡¥áª®­¥ç­®£® ª®­âãà®¢ ¢® ¢á¥¬áãé¥áâ¢¥­­®¬ á®¢¯ ¤ îâ. Ǒ®íâ®¬ã â¥®à¨ï á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
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7.2. �¥â®¤ � à«¥¬ ­  ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© 231­  ¡¥áª®­¥ç­®¬ ª®­âãà¥ ¢ ª« áá¥ ¨áç¥§ îé¨å ­  ¡¥áª®­¥ç­®áâ¨ à¥è¥­¨© á®¢¯ ¤ -¥â á â¥®à¨¥© ãà ¢­¥­¨ï ­  ª®­¥ç­®¬ ª®­âãà¥.� ª �¥, ª ª ¢ á«ãç ¥ ª®­¥ç­®£® ª®­âãà , å à ªâ¥à¨áâ¨ç¥áª®¥ ¨­â¥£à «ì­®¥ãà ¢­¥­¨¥
a(x)ϕ(x) + b(x)

πi

∫ ∞

−∞

ϕ(τ)
τ − x

dτ = f(x) (25)á ¯®¬®éìî ¨­â¥£à «  â¨¯  �®è¨�(z) = 12πi ∫ ∞

−∞

ϕ(τ)
τ − z

dτ (26)¨ ä®à¬ã« �®å®æª®£®{Ǒ«¥¬¥«ï (á¬. ¯. 6.2-5) ¯à¨¢®¤¨âáï ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­ ¤«ï ¤¥©áâ¢¨â¥«ì­®© ®á¨ (á¬. ¯. 6.3-8)�+(x) = a(x)− b(x)
a(x) + b(x) �−(x) + f(x)

a(x) + b(x) , −∞ < x <∞. (27)�ã¤¥¬ áç¨â âì, çâ®
a2(x)− b2(x) = 1, (28)¯®áª®«ìªã ãà ¢­¥­¨¥ (25) ¢á¥£¤  ¬®�­® ¯à¨¢¥áâ¨ ª á«ãç î (28) ¤¥«¥­¨¥¬ ®¡¥¨å¥£® ç áâ¥© ­  √

a2(t)− b2(t) á ¯®á«¥¤ãîé¨¬¨ ¯¥à¥®¡®§­ ç¥­¨ï¬¨, ¨ § ¬¥â¨¬, çâ®¨­¤¥ªá ν ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (25) ¤ ¥âáï ä®à¬ã«®©
ν = Ind a(x) − b(x)

a(x) + b(x) . (29)�®£¤  ¯à¨ ν > 0 ¯®«ãç¨¬
ϕ(x) = a(x)f(x)− b(x)Z(x)

πi

∫ ∞

−∞

f(τ)
Z(τ) dτ

τ − x
+ b(x)Z(x) Pν−1(x)(x+ i)ν , (30)£¤¥

Z(x) = [a(x) + b(x)℄X+(x) = [a(x)− b(x)℄X−(x) = (
x− i

x+ i

)−ν/2
eG(x),

G(x) = 12πi ∫ ∞

−∞

ln[(
τ − i

τ + i

)−ν
a(τ) − b(τ)
a(τ) + b(τ) ]

dτ

τ − x
.� á«ãç ¥ ν6 0 á«¥¤ã¥â ¯®«®�¨âì Pν−1(x)≡ 0 ¨ ¯®âà¥¡®¢ âì ¯à¨ ν < 0 ¢ë¯®«­¥­¨ïãá«®¢¨© à §à¥è¨¬®áâ¨∫ ∞

−∞

f(x)
Z(x) dx(x+ i)k = 0, k = 1, 2, . . . ,−ν. (31)� à¥è¥­¨¨ ãà ¢­¥­¨ï (25) ¢ ª« áá¥ ®£à ­¨ç¥­­ëå ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨©¬®�­® ¯à®ç¨â âì ¢ ª­¨£¥ �. �. � å®¢  (1977).�  ¤¥©áâ¢¨â¥«ì­®© ®á¨  ­ «®£®¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ï¢«ï¥âáïãà ¢­¥­¨¥ ¢¨¤ 

a(x)ϕ(x) + b(x)
πi

∫ ∞

−∞

x− z0
τ − z0 ϕ(τ)

τ − x
dτ = f(x), (32)£¤¥ z0 | â®çª , ­¥ «¥� é ï ­  ª®­âãà¥. �«ï ­¥£® á¯à ¢¥¤«¨¢ë ¢á¥ ª ç¥áâ¢¥­­ë¥à¥§ã«ìâ âë ¨ ä®à¬ã«ë, ¯®«ãç¥­­ë¥ ¤«ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ­  § ¬ª­ã-â®¬ ª®­¥ç­®¬ ª®­âãà¥. � ç áâ­®áâ¨, ®ª §ë¢ îâáï á¯à ¢¥¤«¨¢ë¬¨ ä®à¬ã«ë ®¡à -é¥­¨ï ¨­â¥£à «  â¨¯  �®è¨

ψ(x) = 1
πi

∫ ∞

−∞

x− z0
τ − z0 ϕ(τ)

τ − x
dτ, ϕ(x) = 1

πi

∫ ∞

−∞

x− z0
τ − z0 ψ(τ)

τ − x
dτ. (33)
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232 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©7.2-4. �áª«îç¨â¥«ì­ë© á«ãç © å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ïǑà¨ ¨áá«¥¤®¢ ­¨¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¢ ¯. 7-2.1 ¨áª«îç «áï á«ã-ç ©, ª®£¤  äã­ªæ¨¨ a(t)± b(t) ®¡à é «¨áì ­  ª®­âãà¥ L ¢ ­ã«ì. �â® ¡ë«® ¢ë§¢ ­®â¥¬, çâ® ª®íää¨æ¨¥­â D(t) § ¤ ç¨ �¨¬ ­ , ª ª®â®à®© ¯à¨¢®¤¨âáï å à ªâ¥à¨áâ¨ç¥-áª®¥ ãà ¢­¥­¨¥, ¨¬¥¥â ¢ íâ¨å á«ãç ïå ­  ª®­âãà¥ ­ã«¨ ¨ ¯®«îáë, ¨, á«¥¤®¢ â¥«ì­®,â ª ï § ¤ ç  ­¥ ¯®¤ç¨­ï¥âáï ®¡é¥© â¥®à¨¨. � áá¬®âà¨¬ ãª § ­­ë© ¨áª«îç¨â¥«ì-­ë© á«ãç ©.�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥­âë ¨áá«¥¤ã¥¬ëå á¨­£ã«ïà­ëå ãà ¢­¥­¨©â ª®¢ë, çâ® ®¡¥á¯¥ç¨¢ ¥âáï ¢ë¯®«­¥­¨¥ ¤®¯®«­¨â¥«ì­®£® âà¥¡®¢ ­¨ï ¤¨ää¥à¥­-æ¨àã¥¬®áâ¨ äã­ªæ¨©, ª®â®à®¥ ¢¢®¤¨«®áì ¯à¨ à áá¬®âà¥­¨¨ ¨áª«îç¨â¥«ì­ëå á«ã-ç ¥¢ § ¤ ç¨ �¨¬ ­  (á¬. 6.3-9).� áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨ (1) ¢ ¯à¥¤¯®«®�¥-­¨¨, çâ® äã­ªæ¨¨ a(t)− b(t) ¨ a(t) + b(t) ¨¬¥îâ ­  ª®­âãà¥ ­ã«¨ á®®â¢¥âáâ¢¥­­®¢ â®çª å α1, α2, . . . , αµ ¨ β1, β2, . . . , βη æ¥«ëå ¯®àï¤ª®¢ ¨, á«¥¤®¢ â¥«ì­®, ¯à¥¤-áâ ¢¨¬ë ¢ ¢¨¤¥
a(t)− b(t) = µ∏

k=1(t− αk)mkr(t), a(t) + b(t) = η∏

j=1(t− βj)pj s(t),£¤¥ r(t) ¨ s(t) ­¨£¤¥ ­¥ ®¡à é îâáï ¢ ­ã«ì. �á¥ αk ¨ βj ¯à¥¤¯®« £ îâáïà §«¨ç­ë¬¨.�ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨î
a2(t)− b2(t) = µ∏

k=1(t− αk)mk

η∏

j=1(t− βj)pj = A0(t). (34)� â ª®¬ã á«ãç î ¨áá«¥¤ã¥¬®¥ ãà ¢­¥­¨¥ ¢á¥£¤  ¬®�­® ¯à¨¢¥áâ¨ ¤¥«¥­¨¥¬ ®¡¥¨å¥£® ç áâ¥© ­  √s(t)r(t) á ¯®á«¥¤ãîé¨¬¨ ®ç¥¢¨¤­ë¬¨ ¯¥à¥®¡®§­ ç¥­¨ï¬¨.�à ¢­¥­¨¥ (1) ¢ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥,  ­ «®£¨ç­® ¯à®¤¥« ­­®¬ã ¢ ¯. 7.2-1,¯à¨¢®¤¨âáï ª § ¤ ç¥ �¨¬ ­ �+(t) = µ∏

k=1(t − αk)mk

η∏

j=1(t − βj)pj

D1(t)�−(t) + f(t)
η∏

j=1(t − βj)pj s(t) , (35)£¤¥ D1(t) = r(t)/s(t). �¥è¥­¨¥ íâ®© § ¤ ç¨ ¢ ª« áá¥ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨åãá«®¢¨î �(∞) = 0, ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨�+(z) = X+(z)
η∏

j=1(z − βj)pj

[	+(z)− Uρ(z) +A0(z)Pν−p−1(z)℄,�−(z) = X−(z)
µ∏

k=1(z − αk)mk

[	−(z)− Uρ(z) +A0(z)Pν−p−1(z)℄, (36)£¤¥ 	(z) = 12πi ∫

L

f(τ)s(τ)X+(τ) dτ

τ − z
, (37)
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7.2. �¥â®¤ � à«¥¬ ­  ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© 233  Uρ(z)| ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ �à¬¨â  (á¬. ¯. 6.3-2) ¤«ï äã­ªæ¨¨ 	(z)áâ¥¯¥­¨ ρ = m + p − 1 á ã§« ¬¨ ¢ â®çª å αk ¨ βj á®®â¢¥âáâ¢¥­­® ªà â­®áâ¥©
mk ¨ pj , £¤¥ m = ∑

mk,   p = ∑
pj .�á«®¢¨¬áï ¬­®£®ç«¥­ Uρ(z) à áá¬ âà¨¢ âì ª ª ®¯¥à â®à, áâ ¢ïé¨© ¢ á®®â¢¥â-áâ¢¨¥ á¢®¡®¤­®¬ã ç«¥­ã f(t) ãà ¢­¥­¨ï (1) ¯®«¨­®¬, ¨­â¥à¯®«¨àãîé¨© ãª § ­-­ë¬ ®¡à §®¬ ¨­â¥£à « â¨¯  �®è¨ (37). �¡®§­ ç¨¬ íâ®â ®¯¥à â®à12 T[f(t)℄ = Uρ(z). (38)�®íää¨æ¨¥­â 12 §¤¥áì ¢§ïâ ¤«ï ã¤®¡áâ¢  ¤ «ì­¥©è¨å ¯à¥®¡à §®¢ ­¨©.� «¥¥,  ­ «®£¨ç­® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ­® ¢ ­®à¬ «ì­®¬ á«ãç ¥, ¨§ (36)­ ©¤¥¬�+(t) = X+(t)

η∏

j=1(t− βj)pj

[ 12 f(t)s(t)X+(t) + 12πi ∫

L

f(τ)s(τ)X+(τ) dτ

τ − t
−

− 12 T[f(t)℄− 12 A0(t)Pν−p−1(t)],�−(t) = X−(t)
µ∏

k=1(t − αk)mk

[
− 12 f(t)s(t)X+(t) + 12πi ∫

L

f(τ)s(τ)X+(τ) dτ

τ − t
−

− 12 T[f(t)℄− 12 A0(t)Pν−p−1(t)].�®íää¨æ¨¥­â − 12 ¢ ¯®á«¥¤­¨å á« £ ¥¬ëå íâ¨å ä®à¬ã« ¢§ïâ ¤«ï ã¤®¡áâ¢ ¤ «ì­¥©è¨å ¯à¥®¡à §®¢ ­¨© ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­ 
Pν−p−1(t). �«¥¤®¢ â¥«ì­®,

ϕ(t) = �+(t)−�−(t) = �1(t)f(t)s(t)X+(t) ++�2(t)[ 1
πi

∫

L

f(τ) dτs(τ)X+(τ)(τ − t) −T[f(t)℄− A0(t)Pν−p−1(t)], (39)£¤¥ �1(t) = X+(t)2 η∏

j=1(t − βj)pj

+ X−(t)2 µ∏

k=1(t− αk)mk

,�2(t) = X+(t)2 η∏

j=1(t − βj)pj

− X−(t)2 µ∏

k=1(t− αk)mk

.�®á¯®«ì§®¢ ¢è¨áì ®¡®§­ ç¥­¨¥¬
Z(t) = s(t)X+(t) = r(t)X−(t), (40)  â ª�¥ á®®â­®è¥­¨¥¬ (34), ¯à¥¤áâ ¢¨¬ ä®à¬ã«ã (39) ¢ ¢¨¤¥

ϕ(t) = 1
A0(t) [

a(t)f(t)− b(t)Z(t)
πi

∫

L

f(τ)
Z(τ) dτ

τ − t
++ b(t)Z(t)T[f(t)℄] + b(t)Z(t)Pν−p−1(t).
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234 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�¢®¤ï ®¯¥à â®à R1[f(t)℄ ä®à¬ã«®©R1[f(t)℄ ≡ 1
A0(t) [

a(t)f(t)− b(t)Z(t)
πi

∫

L

f(τ)
Z(τ) dτ

τ − t
+ b(t)Z(t)T[f(t)℄], (41)®ª®­ç â¥«ì­® ¯®«ãç¨¬

ϕ(t) = R1[f(t)℄ + b(t)Z(t)Pν−p−1(t). (42)�®à¬ã«  (42) ¤ ¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ¨áª«îç¨â¥«ì­®¬ á«ãç ¥ ¯à¨
ν − p > 0, ª®â®à®¥ «¨­¥©­® § ¢¨á¨â ®â ν − p ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå. �á«¨
ν − p < 0, â® à¥è¥­¨¥ áãé¥áâ¢ã¥â «¨èì ¯à¨ ¢ë¯®«­¥­¨¨ p − ν á¯¥æ¨ «ì­ëåãá«®¢¨© à §à¥è¨¬®áâ¨, ­ « £ ¥¬ëå ­  á¢®¡®¤­ë© ç«¥­ f(t) ¨ ¢ëâ¥ª îé¨å ¨§ãá«®¢¨© à §à¥è¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© íâ®¬ã á«ãç î § ¤ ç¨ �¨¬ ­  (35).7.2-5. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �¨«ì¡¥àâ � áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �¨«ì¡¥àâ 

a(x)ϕ(x)− b(x)2π ∫ 2π0 
tg ξ − x2 ϕ(ξ) dξ = f(x). (43)� ª å à ªâ¥à¨áâ¨ç¥áª®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨ á¢ï§ ­® á ªà ¥¢®©§ ¤ ç¥© �¨¬ ­ , â ª ¨ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (43) á ï¤à®¬ �¨«ì¡¥àâ  ­ «¨â¨ç¥áª¨ ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¢®¤¨âáï ª § ¤ ç¥ �¨«ì¡¥àâ . � ¤ ç  �¨«ì¡¥àâ  ¢á¢®î ®ç¥à¥¤ì ¬®�¥â ¡ëâì á¢¥¤¥­  ª § ¤ ç¥ �¨¬ ­  (á¬. ¯. 6.3-12),   §­ ç¨â ¬®�­®¯®áâà®¨âì  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (43).Ǒà¨ ν > 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (43) (f(x) ≡ 0) ¨¬¥¥â 2ν «¨­¥©­® ­¥§ -¢¨á¨¬ëå à¥è¥­¨©,   ­¥®¤­®à®¤­®¥ ¡¥§ãá«®¢­® à §à¥è¨¬® ¨ § ¢¨á¨â «¨­¥©­® ®â2ν ¤¥©áâ¢¨â¥«ì­ëå ¯®áâ®ï­­ëå.Ǒà¨ ν < 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ­¥à §à¥è¨¬®,   ­¥®¤­®à®¤­®¥ à §à¥è¨¬®«¨èì ¯à¨ ¢ë¯®«­¥­¨¨ −2ν ¤¥©áâ¢¨â¥«ì­ëå ãá«®¢¨© à §à¥è¨¬®áâ¨.�ç¨âë¢ ï, çâ® ª®¬¯«¥ªá­ë© ¯ à ¬¥âà á®¤¥à�¨â ¤¢  ¤¥©áâ¢¨â¥«ì­ëå,   ª®¬-¯«¥ªá­®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ à ¢­®á¨«ì­® ¤¢ã¬ ¤¥©áâ¢¨â¥«ì­ë¬, § ª«îç ¥¬,çâ® ¯à¨ ν 6= 0 ª ç¥áâ¢¥­­ë¥ à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-­¥­¨ï á ï¤à®¬ �¨«ì¡¥àâ  ¯®«­®áâìî á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ à¥§ã«ìâ â ¬¨¤«ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï á ï¤à®¬ �®è¨.7.2-6. �à ¢­¥­¨¥ �à¨ª®¬¨�¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¨ª®¬¨ ¨¬¥¥â ¢¨¤
ϕ(x)− λ

∫ 10 ( 1
ξ − x

− 1
x+ ξ − 2xξ )

ϕ(ξ) dξ = f(x), 0 6 x 6 1. (44)�¤à® íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ ¤¢ãå á« £ ¥¬ëå. Ǒ¥à¢®¥ á« £ ¥¬®¥ ¯à¥¤áâ ¢«ï-¥â á®¡®© ï¤à® �®è¨. �â®à®¥ á« £ ¥¬®¥ ­¥¯à¥àë¢­®, ¥á«¨ å®âï ¡ë ®¤­  ¨§ ¯¥-à¥¬¥­­ëå x ¨ ξ ¬¥­ï¥âáï áâà®£® ¢­ãâà¨ ®âà¥§ª  [0, 1℄, ­® ¥á«¨ x = ξ = 0 ¨«¨
x = ξ = 1, â® íâ® á« £ ¥¬®¥ áâ ­®¢¨âáï ¡¥áª®­¥ç­ë¬ ¨ ­¥¨­â¥£à¨àã¥¬ë¬ ¢ ª¢ ¤-à â¥ {0 6 x 6 1, 0 6 ξ 6 1}.Ǒà¨ ¯®¬®é¨ ªãá®ç­®- ­ «¨â¨ç¥áª®© ¢ ¢¥àå­¥© ¨ ­¨�­¥© ¯®«ã¯«®áª®áâïåäã­ªæ¨¨ �(z) = 12πi ∫ 10 ( 1

ξ − z
− 1

z + ξ − 2zξ )
ϕ(ξ) dξ
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Ǒ®«­ë¥ á¨­£ã«ïà­ë¥ ãà ¢­¥­¨ï, à §à¥è ¥¬ë¥ ¢ § ¬ª­ãâ®© ä®à¬¥ 235ãà ¢­¥­¨¥ (44) ¬®�­® ¯à¨¢¥áâ¨ ª § ¤ ç¥ �¨¬ ­  á ªà ¥¢ë¬ ãá«®¢¨¥¬ ­  ¤¥©áâ¢¨-â¥«ì­®© ®á¨. �¥è¥­¨¥ ãà ¢­¥­¨ï �à¨ª®¬¨ ¨¬¥¥â ¢¨¤
ϕ(x) = 11 + λ2π2 [

f(x)+( 1− x

x

)α ∫ 10 (
ξ1− ξ

)α
×

×
( 1
ξ − x

− 1
x+ ξ − 2xξ )

f(ξ) dξ]+ C(1− x)β
x1+β ,

α = 2
π
ar
tg(λπ) (−1 < α < 1), tg βπ2 = λπ (−2 < β < 0),£¤¥ C|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

©• �¨â¥à âãà : �. �à¨ª®¬¨ (1960), �. �. �ãáå¥«¨è¢¨«¨ (1968), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®-è¥«¥¢ ¨ ¤à. (1968), �. �. � å®¢ (1977).7.3. Ǒ®«­ë¥ á¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï,à §à¥è ¥¬ë¥ ¢ § ¬ª­ãâ®© ä®à¬¥Ǒ®«­ë¥ á¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ¢ ®â«¨ç¨¥ ®â å à ªâ¥à¨áâ¨ç¥-áª¨å ¨ á®î§­ëå á ­¨¬¨, ­¥ à¥è îâáï ¢ ®¡é¥¬ á«ãç ¥ ¢ § ¬ª­ãâ®© ä®à¬¥. �¤­ ª®¨¬¥¥âáï àï¤ á«ãç ¥¢, ª®£¤  ¨ ¯®«­ë¥ ãà ¢­¥­¨ï ¬®£ãâ ¡ëâì à¥è¥­ë ¢ § ¬ª­ãâ®©ä®à¬¥.7.3-1. � ¬ª­ãâ®¥ à¥è¥­¨¥ ¯à¨ ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â å� áá¬®âà¨¬ ¯®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ 
 ï¤à®¬ �®è¨ ¢ä®à¬¥ (á¬. ¯. 7.1-1)
a(t)ϕ(t) + b(t)

πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ ) dτ = f(t), (1)£¤¥ L|¯à®¨§¢®«ì­ë© § ¬ª­ãâë© ª®­âãà. Ǒ®ª �¥¬, çâ® ãà ¢­¥­¨¥ (1) à¥è ¥âáï ¢§ ¬ª­ãâ®© ä®à¬¥, ¥á«¨ a(t) = a ¨ b(t) = b ¯®áâ®ï­­ë,   K(t, τ )|«î¡ ï äã­ªæ¨ï, ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬ ï ¢ ®¡« áâì 
+ ¯® ª �¤®© ¯¥à¥¬¥­­®©.�à ¢­¥­¨¥ (1) ¯à¨ ãª § ­­ëå ¯à¥¤¯®«®�¥­¨ïå ¨¬¥¥â ¢¨¤
aϕ(t) + 1

πi

∫

L

M(t, τ)
τ − t

ϕ(τ ) dτ = f(t), (2)£¤¥ M(t, τ ) = b + πi(t − τ )K(t, τ ), â ª çâ® M(t, t) = b = 
onst. Ǒãáâì b 6= 0.�¡®§­ ç¨¬
ψ(t) = 1

bπi

∫

L

M(t, τ)
τ − t

ϕ(τ ) dτ. (3)�®£« á­® ¯. 6.4-4 äã­ªæ¨ï ϕ(t) ¢ëà � ¥âáï ç¥à¥§ ψ(t) â®ç­® â ª �¥, ª ª ψ(t)ç¥à¥§ ϕ(t). �®£¤  ãà ¢­¥­¨¥ (2) § ¯¨è¥¬ ¢ ¢¨¤¥
aϕ(t) + bψ(t) = f(t). (4)Ǒà¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ ®¯¥à æ¨î (3), ¯®«ãç¨¬
aψ(t) + bϕ(t) = w(t), (5)£¤¥

w(t) = 1
bπi

∫

L

M(t, τ)
τ − t

f(τ ) dτ.
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236 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�¥è ï á¨áâ¥¬ã ãà ¢­¥­¨© (4) ¨ (5), ­ ©¤¥¬ ϕ(t):
ϕ(t) = 1

a2 − b2 [
af(t)− 1

πi

∫

L

M(t, τ)
τ − t

f(τ ) dτ] (6)¯à¨ ãá«®¢¨¨, çâ® a 6= ±b.� ª¨¬ ®¡à §®¬, ¯à¨ a 6=±b ¨  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬®¬ ï¤à¥K(t, τ ) ãà ¢­¥-­¨¥ (1) ¨«¨ (2) à §à¥è¨¬® ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¤ ¢ ¥¬®¥ ä®à¬ã«®© (6).�à ¢­¥­¨¥ (1) à áá¬ âà¨¢ «®áì ¯à¨ b 6= 0. �â® ¯à¥¤¯®«®�¥­¨¥ ¥áâ¥áâ¢¥­­®¢¢¨¤ã â®£®, çâ® ¯à¨ b ≡ 0 ãà ¢­¥­¨¥ (1) ¯¥à¥áâ ¥â ¡ëâì á¨­£ã«ïà­ë¬. �¤­ ª®,¯®«ãç ¥¬®¥ ¯à¨ b = 0 äà¥¤£®«ì¬®¢® ãà ¢­¥­¨¥
aϕ(t) + ∫

L

K(t, τ )ϕ(τ )dτ = f(t), a = 
onst (7)à §à¥è¨¬® ¢ § ¬ª­ãâ®© ä®à¬¥ ¯à¨  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬®¬ ï¤à¥ K(t, τ ).Ǒãáâì äã­ªæ¨ï K(t, τ )  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬  ¢ ®¡« áâì 
+ ¯® ª �¤®©¯¥à¥¬¥­­®© ¨ ­¥¯à¥àë¢­  ¯à¨ t, τ ∈ L. �®£¤ 1◦. �ã­ªæ¨ï �+(t) = ∫

L

K(t, τ )ϕ(τ )dτ ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬  ¢ ®¡« áâì 
+ ¤«ï «î¡®© äã­ªæ¨¨ ϕ(t), ã¤®¢«¥â¢®àïî-é¥© ãá«®¢¨î �ñ«ì¤¥à .2◦. �á«¨ äã­ªæ¨ï ϕ+(t), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à ,  ­ «¨â¨ç¥áª¨ ¯à®-¤®«�¨¬  ¢ ®¡« áâì 
+, â®
∫

L

K(t, τ )ϕ+(τ ) dτ = 0. (8)�âáî¤  á«¥¤ã¥â, çâ®
∫

L

K(t, τ )∫

L

K(τ, τ1)ϕ(τ1) dτ1 dτ = 0 (9)¤«ï «î¡®© (ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î �ñ«ì¤¥à ) äã­ªæ¨¨ ϕ(t). Ǒ®íâ®¬ã ¨§ (7)­ å®¤¨¬
a

∫

L

K(t, τ )ϕ(τ )dτ = ∫

L

K(t, τ )f(τ ) dτ,¨ â®£¤ 
ϕ(t) = 1

a2 [
af(t)− ∫

L

K(t, τ )f(τ ) dτ]. (10)�«¥¤®¢ â¥«ì­®, ¥á«¨ ï¤à® K(t, τ )  ­ «¨â¨ç­® ¢ ®¡« áâ¨ 
+ ¯® ª �¤®© ¯¥à¥-¬¥­­®© ¨ ­¥¯à¥àë¢­® ¯à¨ t, τ ∈ L, â® ãà ¢­¥­¨¥ (7) à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®©ç áâ¨ ¨ ¥£® à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®© (10).7.3-2. � ¬ª­ãâ®¥ à¥è¥­¨¥ ¢ ®¡é¥¬ á«ãç ¥Ǒ¥à¥©¤¥¬ ª ®¡é¥¬ã á«ãç î à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (1) ¢ § ¬ª­ãâ®© ä®à¬¥¯à¨ ãá«®¢¨¨, çâ® äã­ªæ¨ï K(t, τ )[a(t) + b(t)℄−1  ­ «¨â¨ç­  ¯® τ ¨ ¬¥à®¬®àä­ ¯® t ¢ ®¡« áâ¨ 
+.�¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨Kr[ϕ(t)℄ = ∫

L

K(t, τ )ϕ(τ )dτ
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Ǒ®«­ë¥ á¨­£ã«ïà­ë¥ ãà ¢­¥­¨ï, à §à¥è ¥¬ë¥ ¢ § ¬ª­ãâ®© ä®à¬¥ 237¨ § ¬¥â¨¬, çâ® Kr[ϕ+(t)℄ = 0 (11)¤«ï ¢áïª®© äã­ªæ¨¨ ϕ+(t),  ­ «¨â¨ç¥áª¨ ¯à®¤®«�¨¬®© ¢ ®¡« áâì 
+. Ǒ®« £ ï
ϕ(t) = ϕ+(t)−ϕ−(t), ¯à¨¢®¤¨¬ ãà ¢­¥­¨¥ (1) á ãç¥â®¬ (11) ª á®®â­®è¥­¨î â¨¯ § ¤ ç¨ �¨¬ ­ 

ϕ+(t)− 1
a(t) + b(t) Kr[ϕ−(t)℄ = D(t)ϕ−(t) +H(t), (12)£¤¥

D(t) = a(t) − b(t)
a(t) + b(t) , H(t) = f(t)

a(t) + b(t) .Ǒ® ¯à¥¤¯®«®�¥­¨î ¨¬¥¥¬
K(t, τ)

a(t) + b(t) = A+(t, τ)�+(t) , �+(t) = n∏

k=1(t− zk)mk , (13)£¤¥ zk ∈ 
+, mk |æ¥«ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« ,   äã­ªæ¨ï A+(t, τ )  ­ «¨â¨ç­ ¯® t ¨ ¯® τ ¢ 
+.�®®â­®è¥­¨¥ (12) ¯à¨­¨¬ ¥â ¢¨¤�+(t)ϕ+(t) +A+[ϕ−(t)℄ = �+(t)[D(t)ϕ−(t) +H(t)℄, (14)£¤¥ A+ | ¨­â¥£à «ì­ë© ®¯¥à â®à á ï¤à®¬ A+(t, τ ). � ª ª ª äã­ªæ¨ï A+ϕ−(t) ­ «¨â¨ç­  ¢ 
+, â® ¯®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëç­ãî § ¤ çã�¨¬ ­ , ¨§ ª®â®à®© ®¯à¥¤¥«ïîâáï äã­ªæ¨¨ �+(t)ϕ+(t) +A+[ϕ−(t)℄ ¨ ϕ−(t),  á«¥¤®¢ â¥«ì­®, ¨ ϕ(t). � á ¬®¬ ¤¥«¥, § ¯¨áë¢ ïD(t) ¢ ¢¨¤¥D(t) =X+(t)/X−(t),£¤¥ X±(z)|ª ­®­¨ç¥áª ï äã­ªæ¨ï § ¤ ç¨ �¨¬ ­ , ¨ ¯à¨¢®¤ï á®®â­®è¥­¨¥ (14)ª ¢¨¤ã, ¤®¯ãáª îé¥¬ã ¯à¨¬¥­¥­¨¥ ®¡®¡é¥­­®© â¥®à¥¬ë �¨ã¢¨««ï (á¬. ¯. 6.3-1),¯à¨¤¥¬ ª ¬­®£®ç«¥­ã áâ¥¯¥­¨ ν − 1 + n∑
k=1mk á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨(¢ á«ãç ¥ ν + n∑

k=1mk > 0). �¤­ ª® ­ «¨ç¨¥ ¬­®�¨â¥«ï �+(t) ¯¥à¥¤ ϕ+(t),®¡à é îé¥£®áï ¢ ­ã«ì ¢ 
+ á áã¬¬ à­ë¬ ¯®àï¤ª®¬ ­ã«¥© n∑
k=1mk, ã¬¥­ìè¨âç¨á«® ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå ¢ ®¡é¥¬ à¥è¥­¨¨.� ¬¥ç ­¨¥ 1. �­ «®£¨ç­® ¯à®¤¥« ­­®¬ã ¢ ¯. 7.3-2 ¬®�¥â ¡ëâì à áá¬®âà¥­á«ãç ©, ª®£¤  ï¤à® K(t, τ ) ¬¥à®¬®àä­® ¨ ¯® τ . �®£¤  ãà ¢­¥­¨¥ (1) ¬®�­® á¢¥áâ¨ª § ¤ ç¥ �¨¬ ­  â¨¯  (12) ¨ ­¥ª®â®à®© «¨­¥©­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬¥.� ¬¥ç ­¨¥ 2. Ǒ®áâà®¥­­ë¥ ¢ à §¤. 7.3 à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥-£à «ì­ëå ãà ¢­¥­¨© ¯à¨¬¥­¨¬ë ¢ á«ãç ¥ ª®£¤  ª®­âãà L ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ïá®¢®ªã¯­®áâì ª®­¥ç­®£® ç¨á«  £« ¤ª¨å § ¬ª­ãâëå ª®­âãà®¢ ¡¥§ ®¡é¨å â®ç¥ª.Ǒà¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥

λϕ(t) + 1
πi

∫

L


os(τ − t)
τ − t

ϕ(τ) dτ = f(t), (15)£¤¥ L|¯à®¨§¢®«ì­ë© § ¬ª­ãâë© ª®­âãà.� ¬¥â¨¬, çâ® äã­ªæ¨ïM(t, τ) = 
os(τ − t) ®¡« ¤ ¥â á¢®©áâ¢®¬M(t, t) ≡ 1. �áâ ¥âáï¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© (6), â ª çâ® ¤«ï ãà ¢­¥­¨ï (15) ¨¬¥¥¬
ϕ(t) = 1

λ2 − 1 [
λf(t) − 1

πi

∫

L


os(τ − t)
τ − t

f(τ) dτ], λ 6= ±1..
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238 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©Ǒà¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥
λϕ(t) + 1

πi

∫

L

sin(τ − t)(τ − t)2 ϕ(τ) dτ = f(t), (16)£¤¥ L|¯à®¨§¢®«ì­ë© § ¬ª­ãâë© ª®­âãà.�ã­ªæ¨ïM(t, τ) = [sin(τ − t)℄/[τ − t℄ ®¡« ¤ ¥â á¢®©áâ¢®¬M(t, t) ≡ 1. �®á¯®«ì§®¢ ¢-è¨áì ä®à¬ã«®© (6), ¤«ï ãà ¢­¥­¨ï (16) ¯®«ãç¨¬
ϕ(t) = 1

λ2 − 1 [
λf(t) − 1

πi

∫

L

sin(τ − t)(τ − t)2 f(τ) dτ], λ 6= ±1.
©• �¨â¥à âãà : �. �. � å®¢ (1977).7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨©7.4-1. �¥ª®â®àë¥ á¢®©áâ¢  á¨­£ã«ïà­ëå ®¯¥à â®à®¢Ǒãáâì K1, K2 |á¨­£ã«ïà­ë¥ ®¯¥à â®àë:K1[ϕ(t)℄ ≡ a1(t)ϕ(t) + 1

πi

∫

L

M1(t, τ)
τ − t

ϕ(τ ) dτ, (1)K2[ω(t)℄ ≡ a2(t)ω(t) + 1
πi

∫

L

M2(t, τ)
τ − t

ω(τ )dτ. (2)�¯¥à â®à K = K2K1, ®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®© K[ϕ(t)℄ = K2[K1[ϕ(t)℄], ¡ã¤¥¬­ §ë¢ âì ª®¬¯®§¨æ¨¥© ¨«¨ ¯à®¨§¢¥¤¥­¨¥¬ ®¯¥à â®à®¢ K1 ¨ K2.�®áâ ¢¨¬ ¢ëà �¥­¨¥ ¤«ï ®¯¥à â®à  K:K[ϕ(t)℄ = K2K1[ϕ(t)℄ ≡ a2(t)[a1(t)ϕ(t) + 1
πi

∫

L

M1(t, τ)
τ − t

ϕ(τ ) dτ]++ 1
πi

∫

L

M2(t, τ)
τ − t

[
a1(τ )ϕ(τ ) + 1

πi

∫

L

M1(τ, τ1)
τ1 − τ

ϕ(τ1) dτ1] dτ, (3)¨ ¢ë¤¥«¨¬ ¥£® å à ªâ¥à¨áâ¨ç¥áªãî ç áâì. �«ï íâ®£® ¯à®¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥-®¡à §®¢ ­¨ï:
∫

L

M1(t, τ)
τ − t

ϕ(τ ) dτ =M1(t, t)∫

L

ϕ(τ)
τ − t

dτ + ∫

L

M1(t, τ)−M1(t, t)
τ − t

ϕ(τ ) dτ,
∫

L

a1(τ)M2(t, τ)
τ − t

ϕ(τ ) dτ = a1(t)M2(t, t) ∫

L

ϕ(τ)
τ − t

dτ++ ∫

L

a1(τ)M2(t, τ)− a1(t)M2(t, t)
τ − t

ϕ(τ ) dτ,1
πi

∫

L

M2(t, τ)
τ − t

dτ
1
πi

∫

L

M1(τ, τ1)
τ1 − τ

ϕ(τ1) dτ1 =M2(t, t)M1(t, t)ϕ(t)++ 1
πi

∫

L

ϕ(τ1) dτ1 1
πi

∫

L

M2(t, τ)M1(τ, τ1)(τ1 − τ)(τ − t) dτ.(4)�¤¥áì ¨á¯®«ì§®¢ ­  ä®à¬ã«  ¯¥à¥áâ ­®¢ª¨ ¯®àï¤ª  ¨­â¥£à¨à®¢ ­¨ï Ǒã ­ª à¥{�¥àâà ­  (á¬. ¯. 6.2-6). �¥£ª® ¢¨¤¥âì, çâ® ¢á¥ ï¤à  ¨­â¥£à «®¢ ¢ ¯®á«¥¤­¨åá« £ ¥¬ëå ¯à ¢ëå ç áâ¥© ä®à¬ã« (4) ï¢«ïîâáï äà¥¤£®«ì¬®¢ë¬¨.
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7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 239�¡®§­ ç ï
M1(t, t) = b1(t), M2(t, t) = b2(t), (5)¯®«ãç¨¬, çâ® å à ªâ¥à¨áâ¨ç¥áª¨© ®¯¥à â®à K◦ ª®¬¯®§¨æ¨¨ (¯à®¨§¢¥¤¥­¨ï) K¤¢ãå á¨­£ã«ïà­ëå ®¯¥à â®à®¢ K1 ¨ K2 ¢ëà � ¥âáï ä®à¬ã«®©K◦[ϕ(t)℄ = (K2K1)◦[ϕ(t)℄ == [a2(t)a1(t) + b2(t)b1(t)℄ϕ(t) + a2(t)b1(t) + b2(t)a1(t)

πi

∫

L

ϕ(τ)
τ − t

dτ. (6)� ¯¨è¥¬ ®¯¥à â®àë K1, K2 ¢ ä®à¬¥ (3) á ï¢­® ¢ë¤¥«¥­­®© å à ªâ¥à¨áâ¨ç¥-áª®© ç áâìî:K1[ϕ(t)℄ ≡ a1(t)ϕ(t) + b1(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K1(t, τ )ϕ(τ )dτ, (7)K2[ω(t)℄ ≡ a2(t)ω(t) + b2(t)
πi

∫

L

ω(τ)
τ − t

dτ + ∫

L

K2(t, τ )ω(τ )dτ. (8)� ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥­âë a(t) ¨ b(t) å à ªâ¥à¨áâ¨ç¥áª®© ç áâ¨ ¯à®¨§¢¥-¤¥­¨ï ®¯¥à â®à®¢ K1K2 ¢ëà � îâáï ä®à¬ã« ¬¨
a(t) = a2(t)a1(t) + b2(t)b1(t), b(t) = a2(t)b1(t) + b2(t)a1(t). (9)�â¨ ä®à¬ã«ë ­¥ á®¤¥à� â à¥£ã«ïà­ëå ï¤¥à K1, K2 ¨ ®­¨ á¨¬¬¥âà¨ç­ë ®â­®á¨-â¥«ì­® ¨­¤¥ªá®¢ 1 ¨ 2. �âáî¤  § ª«îç ¥¬, çâ® å à ªâ¥à¨áâ¨ç¥áª ï ç áâì ¯à®¨§¢¥-¤¥­¨ï á¨­£ã«ïà­ëå ®¯¥à â®à®¢ ­¥ § ¢¨á¨â ®â ¨å à¥£ã«ïà­®© ç áâ¨ ¨ ­¥ § ¢¨á¨â ®â¯®àï¤ª  á«¥¤®¢ ­¨ï íâ¨å ®¯¥à â®à®¢ ¢ ¯à®¨§¢¥¤¥­¨¨.� ª¨¬ ®¡à §®¬, ¨§¬¥­¥­¨¥ ¯®àï¤ª  ®¯¥à â®à®¢,   â ª�¥ ¨§¬¥­¥­¨¥ ¨å à¥£ã-«ïà­®© ç áâ¨ ®ª §ë¢ ¥â ¢«¨ï­¨¥ â®«ìª® ­  à¥£ã«ïà­ãî ç áâì ¯à®¨§¢¥¤¥­¨ï ®¯¥à -â®à®¢, ­¥ § âà £¨¢ ï ¥¥ å à ªâ¥à¨áâ¨ç¥áª®© ç áâ¨.�ëç¨á«¨¬ ª®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­ , á®®â¢¥âáâ¢ãîé¥© å à ªâ¥à¨áâ¨ç¥áª®-¬ã ®¯¥à â®àã (K2K1)◦:
D(t) = a(t) − b(t)

a(t) + b(t) = [a2(t) − b2(t)℄ [a1(t) − b1(t)℄[a2(t) + b2(t)℄ [a1(t) + b1(t)℄ = D2(t)D1(t), (10)£¤¥ ç¥à¥§
D1(t) = a1(t) − b1(t)

a1(t) + b1(t) , D2(t) = a2(t) − b2(t)
a2(t) + b2(t) (11)®¡®§­ ç¥­ë ª®íää¨æ¨¥­âë § ¤ ç �¨¬ ­ , á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à ¬ K◦1 , K◦2 .�âáî¤  ¢ëâ¥ª ¥â, çâ® ª®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­  ®¯¥à â®à  (K2K1)◦ à ¢¥­ ¯à®-¨§¢¥¤¥­¨î ª®íää¨æ¨¥­â®¢ § ¤ ç �¨¬ ­  ®¯¥à â®à®¢ K◦1 ¨ K◦2 , ¨, á«¥¤®¢ â¥«ì­®,¨­¤¥ªá ¯à®¨§¢¥¤¥­¨ï á¨­£ã«ïà­ëå ®¯¥à â®à®¢ à ¢¥­ áã¬¬¥ ¨­¤¥ªá®¢ ¯¥à¥¬­®� -¥¬ëå ®¯¥à â®à®¢:

ν = ν1 + ν2. (12)Ǒ®«­ë© ¢¨¤ ®¯¥à â®à  K2K1 ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¢ëà �¥­¨¥¬K2K1[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ )dτ,£¤¥ a(t) ¨ b(t) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (9),   ­  ®á­®¢ ­¨¨ ä®à¬ã« (4) ¬®�­®¢ë¯¨á âì ï¢­®¥ ¢ëà �¥­¨¥ ¤«ï à¥£ã«ïà­®£® ï¤à  K(t, τ ).�«ï á¨­£ã«ïà­®£® ®¯¥à â®à K ¨ á®î§­®£® á ­¨¬K∗ (á¬. ¯. 7.1-1) á¯à ¢¥¤«¨¢ëá®®â­®è¥­¨ï: ∫

L

ψ(t)K[ϕ(t)℄ dt = ∫

L

ϕK∗[ψ(t)℄ dt¤«ï «î¡ëå äã­ªæ¨© ϕ(t) ¨ ψ(t), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î �ñ«ì¤¥à , ¨(K2K1)∗ = K∗1K∗2.
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240 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©7.4-2. �¥£ã«ïà¨§ãîé¨© ®¯¥à â®à�¥â®¤ à¥£ã«ïà¨§ æ¨¨ á®áâ®¨â ¢ ¯à¨¢¥¤¥­¨¨ á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï ª äà¥¤£®«ì¬®¢ã. � ¬ ¯à®æ¥áá â ª®£® ¯à¨¢¥¤¥­¨ï ­ §ë¢ ¥âáï à¥£ã«ïà¨§ æ¨¥©.�á«¨ á¨­£ã«ïà­ë© ®¯¥à â®à K2 â ª®¢, çâ® ®¯¥à â®à K2K1 ï¢«ï¥âáï à¥£ã«ïà-­ë¬ (äà¥¤£®«ì¬®¢ë¬), â. ¥. ¢ ­¥¬ ®âáãâáâ¢ã¥â á¨­£ã«ïà­ë© ¨­â¥£à « (b(t) ≡ 0),â® K2 ­ §ë¢ ¥âáï à¥£ã«ïà¨§ãîé¨¬ ®¯¥à â®à®¬ ¯® ®â­®è¥­¨î ª á¨­£ã«ïà­®¬ã®¯¥à â®àã K1 ¨«¨, ª®à®âª®, ¥£® à¥£ã«ïà¨§ â®à®¬. � ¬¥â¨¬, çâ® ¥á«¨ K2 ï¢«ï¥âáïà¥£ã«ïà¨§ â®à®¬, â® à¥£ã«ïà­ë¬ ¡ã¤¥â ¨ ®¯¥à â®à K1K2.� ©¤¥¬ ®¡é¨© ¢¨¤ à¥£ã«ïà¨§ãîé¥£® ®¯¥à â®à . Ǒ® ®¯à¥¤¥«¥­¨î, ¤®«�­®¢ë¯®«­ïâìáï à ¢¥­áâ¢®
b(t) = a2(t)b1(t) + b2(t)a1(t) = 0, (13)¨§ ª®â®à®£® á«¥¤ã¥â, çâ®

a2(t) = g(t)a1(t), b2(t) = −g(t)b1(t), (14)£¤¥ g(t) | ¯à®¨§¢®«ì­ ï ­¥ ®¡à é îé ïáï ¢ ­ã«ì äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ïãá«®¢¨î �ñ«ì¤¥à .�«¥¤®¢ â¥«ì­®, ¥á«¨ K|á¨­£ã«ïà­ë© ®¯¥à â®à:K[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ )dτ, (15)â® ¥£® à¥£ã«ïà¨§ â®à ~K ¬®�­® ¢ ®¡é¥¬ á«ãç ¥ ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥~K[ω(t)℄ ≡ g(t)a(t)ω(t)− g(t)b(t)
πi

∫

L

ω(τ)
τ − t

dτ + ∫

L

~K(t, τ )ω(τ )dτ, (16)£¤¥ ~K(t, τ )|¯à®¨§¢®«ì­®¥ äà¥¤£®«ì¬®¢® ï¤à®,   g(t)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï,ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �ñ«ì¤¥à .� ª ª ª ¨­¤¥ªá à¥£ã«ïà­®£® ®¯¥à â®à  (b(t) ≡ 0), ®ç¥¢¨¤­®, à ¢¥­ ­ã«î, â® ¨§á¢®©áâ¢  ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢ ¢ëâ¥ª ¥â, çâ® ¨­¤¥ªá à¥£ã«ïà¨§ãîé¥£® ®¯¥à -â®à  à ¢¥­ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ¨ ®¡à â¥­ ¯® §­ ªã ¨­¤¥ªáã à¥£ã«ïà¨§ã¥¬®£®®¯¥à â®à . �â® �¥ § ª«îç¥­¨¥ ¬®�­® á¤¥« âì ­¥¯®áà¥¤áâ¢¥­­® ¯® ¢¨¤ã à¥£ã«ïà¨-§ãîé¥£® ®¯¥à â®à  (16), ¨áå®¤ï ¨§ â®£®, çâ®~D(t) = ~a(t) − ~b(t)~a(t) + ~b(t) = a(t) + b(t)
a(t) − b(t) = 1

D(t) .� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® á¨­£ã«ïà­®£® ®¯¥à â®à  á ï¤à®¬ �®è¨ (15) ­®à-¬ «ì­®£® â¨¯  (a(t)± b(t) 6= 0) áãé¥áâ¢ã¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® à¥£ã«ïà¨§ã-îé¨å ®¯¥à â®à®¢ (16) á å à ªâ¥à¨áâ¨ç¥áª®© ç áâìî, § ¢¨áïé¥© ®â ¯à®¨§¢®«ì­®©äã­ªæ¨¨ g(t), ¨ á®¤¥à� é¨å ¯à®¨§¢®«ì­®¥ à¥£ã«ïà­®¥ ï¤à® ~K(t, τ ).Ǒà®¨§¢®«ì­ë¬¨ í«¥¬¥­â ¬¨ g(t), ~K(t, τ ) ¬®�­®, ¯à¨ á«ãç ¥, à á¯®àï¤¨âìáïâ ª, çâ®¡ë à¥£ã«ïà¨§ãîé¨© ®¯¥à â®à ã¤®¢«¥â¢®àï« ­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬ãá«®¢¨ï¬. �®�­®, ­ ¯à¨¬¥à, ¤®¡¨âìáï ¢ à¥£ã«ïà¨§®¢ ­­®¬ ãà ¢­¥­¨¨ ­®à¬¨à®¢ -­¨ï ª®íää¨æ¨¥­â  ¯à¨ ϕ(t), á¤¥« ¢ ¥£® à ¢­ë¬ ¥¤¨­¨æ¥. �«ï íâ®£® ­ã�­® ¯®«®-�¨âì g(t) = [a2(t)− b2(t)℄−1. �á«¨ ­¨ª ª¨å ãá«®¢¨© ­¥ ­ « £ ¥âáï, â® ¥áâ¥áâ¢¥­­®¢®á¯®«ì§®¢ âìáï ¯à®áâ¥©è¨¬¨ à¥£ã«ïà¨§ â®à ¬¨. �å ¬®�­® ¯®«ãç¨âì, ¥á«¨ ¢ ä®à-¬ã«¥ (16) ¯®«®�¨âì g(t) ≡ 1, ~K(t, τ ) ≡ 0, ¯®á«¥ ç¥£® à¥£ã«ïà¨§ â®à ¡ã¤¥â ¨¬¥âì¢¨¤ ~K[ω(t)℄ = K∗◦[ω(t)℄ ≡ a(t)ω(t)− b(t)
πi

∫

L

ω(τ)
τ − t

dτ, (17)
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7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 241¨«¨ �¥ ¯®«®�¨âì g(t) ≡ 1, ~K(t, τ ) = − 1
πi

b(τ) − b(t)
τ − t

, â®£¤ ~K[ω(t)℄ = K◦∗[ω(t)℄ ≡ a(t)ω(t)− 1
πi

∫

L

b(τ)ω(τ)
τ − t

dτ. (18)Ǒà®áâ¥©è¨¥ ®¯¥à â®àëK∗◦ ¨K◦∗ ã¯®âà¥¡«ïîâáï ¢ ª ç¥áâ¢¥ à¥£ã«ïà¨§ â®à®¢­ ¨¡®«¥¥ ç áâ®.� ª ª ª ¯¥à¥¬­®�¥­¨¥ ®¯¥à â®à®¢ ­¥ ¯¥à¥¬¥áâ¨â¥«ì­®, â® á«¥¤ã¥â à §«¨ç âì¤¢  ¢¨¤  à¥£ã«ïà¨§ æ¨¨: à¥£ã«ïà¨§ æ¨î á«¥¢ , ª®£¤  ¢ à¥§ã«ìâ â¥ ¯®«ãç ¥âáï ®¯¥-à â®à ~KK, ¨ à¥£ã«ïà¨§ æ¨î á¯à ¢ , ª®£¤  ®­  ¯à¨¢®¤¨â ª ®¯¥à â®àã K ~K. �  ®á-­®¢ ­¨¨ á¤¥« ­­®£® ¢ëè¥ § ¬¥ç ­¨ï à¥£ã«ïà¨§ â®à á¯à ¢  ï¢«ï¥âáï ®¤­®¢à¥¬¥­­®¨ à¥£ã«ïà¨§ â®à®¬ á«¥¢ , ¨ ­ ®¡®à®â. � ª¨¬ ®¡à §®¬, ®¯¥à æ¨ï à¥£ã«ïà¨§ æ¨¨ ¯¥-à¥¬¥áâ¨â¥«ì­ .�á«¨ ®¯¥à â®à ~K ï¢«ï¥âáï à¥£ã«ïà¨§ãîé¨¬ ¤«ï ®¯¥à â®à  K, â® ¨ ®¡à â­®,®¯¥à â®à K ï¢«ï¥âáï à¥£ã«ïà¨§ â®à®¬ ¤«ï ®¯¥à â®à  ~K. �¯¥à â®àë ~KK ¨ K ~K¬®£ãâ ®â«¨ç âìáï ¤àã£ ®â ¤àã£  «¨èì à¥£ã«ïà­®© ç áâìî.7.4-3. �¯®á®¡ë à¥£ã«ïà¨§ æ¨¨ á«¥¢  ¨ á¯à ¢ Ǒãáâì ¤ ­® ¯®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥K[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ )dτ = f(t). (19)�á¯®«ì§ãîâáï âà¨ á¯®á®¡  ¥£® à¥£ã«ïà¨§ æ¨¨. Ǒ¥à¢ë¥ ¤¢  ®á­®¢ ­ë ­  ª®¬¯®-§¨æ¨¨ ¤ ­­®£® á¨­£ã«ïà­®£® ®¯¥à â®à  ¨ ¥£® à¥£ã«ïà¨§ â®à  (à¥£ã«ïà¨§ æ¨ï á«¥¢ ¨ á¯à ¢ ). �à¥â¨© á¯®á®¡ áãé¥áâ¢¥­­® ®â«¨ç ¥âáï ®â ¯¥à¢ëå ¤¢ãå, ¢ ­¥¬ ãáâà ­¥-­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «  ¯à®¨§¢®¤¨âáï ¯ãâ¥¬ à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥£® å -à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï.1◦. �¥£ã«ïà¨§ æ¨ï á«¥¢ . �®§ì¬¥¬ à¥£ã«ïà¨§ãîé¨© ®¯¥à â®à (16)~K[ω(t)℄ ≡ g(t)a(t)ω(t)− g(t)b(t)
πi

∫

L

ω(τ)
τ − t

dτ + ∫

L

~K(t, τ )ω(τ )dτ. (20)Ǒ®¤áâ ¢«ïï ¢ ~K[ω(t)℄ ¢¬¥áâ® äã­ªæ¨¨ ω(t) ¢ëà �¥­¨¥K[ϕ(t)−f(t)℄, ¯à¨¤¥¬ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î ~KK[ϕ(t)℄ = ~K[f(t)℄. (21)Ǒ® ®¯à¥¤¥«¥­¨î ®¯¥à â®à ~KK äà¥¤£®«ì¬®¢, â ª ª ª ~K| à¥£ã«ïà¨§ â®à. �«¥-¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (21) ¥áâì ãà ¢­¥­¨¥ �à¥¤£®«ì¬ . � ª¨¬ ®¡à §®¬, ¬ë ¯à¥-®¡à §®¢ «¨ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (19) ¢ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥�à¥¤£®«ì¬  (21) ®â­®á¨â¥«ì­® â®© �¥ ­¥¨§¢¥áâ­®© äã­ªæ¨¨ ϕ(t).� íâ®¬ á®áâ®¨â ¯¥à¢ë© á¯®á®¡ à¥£ã«ïà¨§ æ¨¨, ª®â®àë© ­ §ë¢ ¥âáï à¥£ã«ïà¨-§ æ¨¥© á«¥¢ .2◦. �¥£ã«ïà¨§ æ¨ï á¯à ¢ . Ǒ®¤áâ ¢¨¢ ¢ ãà ¢­¥­¨¥ (19) ¢¬¥áâ® ¨áª®¬®© äã­ªæ¨¨¢ëà �¥­¨¥ (20):
ϕ(t) = ~K[ω(t)℄, (22)£¤¥ ω(t)|­¥ª®â®à ï ­®¢ ï ­¥¨§¢¥áâ­ ï äã­ªæ¨ï, ¯à¨¤¥¬ ª ¨­â¥£à «ì­®¬ã ãà ¢-­¥­¨î K ~K[ω(t)℄ = f(t), (23)ª®â®à®¥ â ª�¥ ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬. � ª¨¬ ®¡à §®¬, ®â á¨­£ã«ïà­®£® ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï (19) ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­®© äã­ªæ¨¨ ϕ(t) ¬ë ¯¥à¥è«¨
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242 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �à¥¤£®«ì¬  ®â­®á¨â¥«ì­® ­®¢®© ­¥¨§¢¥áâ­®© äã­ª-æ¨¨ ω(t).�¥è¨¢ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  (23), ¯® ä®à¬ã«¥ (22) ­ ©¤¥¬ à¥è¥­¨¥ ¨áå®¤­®-£® ãà ¢­¥­¨ï (19). Ǒà¨¬¥­¥­¨¥ ä®à¬ã«ë (22) âà¥¡ã¥â â®«ìª® ¢ëç¨á«¥­¨ï ª¢ ¤à -âãà (®¤¨­ ¨­â¥£à « ®¡ëª­®¢¥­­ë© ¨ ®¤¨­ á¨­£ã«ïà­ë©).� íâ®¬ á®áâ®¨â ¢â®à®© á¯®á®¡ à¥£ã«ïà¨§ æ¨¨, ª®â®àë© ­ §ë¢ ¥âáï à¥£ã«ïà¨§ -æ¨¥© á¯à ¢ .7.4-4. Ǒà®¡«¥¬  à ¢­®á¨«ì­®© à¥£ã«ïà¨§ æ¨¨� ¯à®æ¥áá¥ ¯à¨¢¥¤¥­¨ï á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ª à¥£ã«ïà­®-¬ã ­ ¤ ãà ¢­¥­¨¥¬ ¯à®¨§¢®¤¨âáï ­¥ª®â®à®¥ äã­ªæ¨®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥. �â®¯à¥®¡à §®¢ ­¨¥ ¬®�¥â, ¢®®¡é¥ £®¢®àï, ¨«¨ ¢­¥áâ¨ ¯®áâ®à®­­¨¥ à¥è¥­¨ï, ­¥ ã¤®-¢«¥â¢®àïîé¨¥ ¨áå®¤­®¬ã ãà ¢­¥­¨î, ¨«¨ ¢ë§¢ âì ¯®â¥àî ­¥ª®â®àëå ¨§ ­¨å. Ǒ®-íâ®¬ã ¯®«ãç ¥¬®¥ ãà ¢­¥­¨¥, ¢®®¡é¥ £®¢®àï, ­¥ à ¢­®á¨«ì­® ¨áå®¤­®¬ã. � áá¬®â-à¨¬ á¢ï§¨ ¬¥�¤ã à¥è¥­¨ï¬¨ íâ¨å ãà ¢­¥­¨© ¨ ¢ëïá­¨¬ ª®£¤  ãà ¢­¥­¨ï à ¢­®-á¨«ì­ë.1◦. �¥£ã«ïà¨§ æ¨ï á«¥¢ . Ǒãáâì ¤ ­® á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥K[ϕ(t)℄ = f(t) (24)¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥£ã«ïà­®¥~KK[ϕ(t)℄ = ~K[f(t)℄. (25)� ¯¨è¥¬ (25) ¢ ä®à¬¥ ~K[K[ϕ(t)℄ − f(t)] = 0. (26)� ª ª ª ®¯¥à â®à ~K ®¤­®à®¤­ë©, â® ¢áïª®¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (24)(äã­ªæ¨ï, ®¡à é îé ï ¢ëà �¥­¨¥ K[ϕ(t)℄ − f(t) ¢ ­ã«ì) ã¤®¢«¥â¢®àï¥â â ª�¥ãà ¢­¥­¨î (26). �«¥¤®¢ â¥«ì­®, à¥£ã«ïà¨§ æ¨ï á«¥¢  ­¥ ¯à¨¢®¤¨â ª ¯®â¥à¥ à¥-è¥­¨©. �® ­¥ ¢áïª®¥ à¥è¥­¨¥ à¥£ã«ïà¨§®¢ ­­®£® ãà ¢­¥­¨ï ï¢«ï¥âáï à¥è¥­¨¥¬¨áå®¤­®£®.� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ à¥£ã«ïà¨-§ãîé¥¬ã ®¯¥à â®àã ~K[ω(t)℄ = 0. (27)Ǒãáâì ω1(t), ω2(t), . . . , ωp(t)| ¥£® ¯®«­ ï á¨áâ¥¬  à¥è¥­¨©, â. ¥. á®¢®ªã¯­®áâì¢á¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå á®¡áâ¢¥­­ëå äã­ªæ¨© à¥£ã«ïà¨§ãîé¥£® ®¯¥à â®à  ~K.� áá¬ âà¨¢ ï ãà ¢­¥­¨¥ (26) ª ª á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ ¢¨¤  (27) á ¨áª®¬®©äã­ªæ¨¥© ω(t) = K[ϕ(t)℄− f(t), ¡ã¤¥¬ ¨¬¥âìK[ϕ(t)℄ − f(t) = p∑

j=1 αjωj(t), (28)£¤¥ αj |­¥ª®â®àë¥ ¯®áâ®ï­­ë¥.� ª¨¬ ®¡à §®¬, à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥ à ¢­®á¨«ì­® ­¥ ¨áå®¤­®¬ã ãà ¢-­¥­¨î (24),   ãà ¢­¥­¨î (28).�â ª, ãà ¢­¥­¨¥ (25) à ¢­®á¨«ì­® ãà ¢­¥­¨î (28), ¢ ª®â®à®¬ αj|¯à®¨§¢®«ì-­ë¥ ¨«¨ ®¯à¥¤¥«¥­­ë¥ ¯®áâ®ï­­ë¥. �®�¥â ®ª § âìáï, çâ® ãà ¢­¥­¨¥ (28) à §à¥-è¨¬® â®«ìª® ¯à¨ ãá«®¢¨¨, çâ® ¢á¥ αj = 0. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (25) ¡ã¤¥âà ¢­®á¨«ì­® ¨áå®¤­®¬ã ãà ¢­¥­¨î (24), ¨ à¥£ã«ïà¨§ â®à ¡ã¤¥â à ¢­®á¨«ì­ë¬. �ç áâ­®áâ¨, ¥á«¨ à¥£ã«ïà¨§ â®à ­¥ ¨¬¥¥â á®¡áâ¢¥­­ëå äã­ªæ¨©, â® ¯à ¢ ï ç áâì
�âà ­¨æ  242



7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 243ãà ¢­¥­¨ï (28) â®�¤¥áâ¢¥­­® à ¢­  ­ã«î, ¨ ®­ ®¡ï§ â¥«ì­® ï¢«ï¥âáï à ¢­®á¨«ì-­ë¬. � ª®© ®¯¥à â®à § ¢¥¤®¬® áãé¥áâ¢ã¥â ¯à¨ ν > 0. � ¯à¨¬¥à, ¨¬ ¬®�¥â ¡ëâìà¥£ã«ïà¨§ â®à K∗◦, ­¥ ¨¬¥îé¨© ¢ íâ®¬ á«ãç ¥ á®¡áâ¢¥­­ëå äã­ªæ¨©, â ª ª ª ¨­-¤¥ªá à¥£ã«ïà¨§ â®à  K∗◦ à ¢¥­ −ν 6 0.2◦. �¥£ã«ïà¨§ æ¨ï á¯à ¢ . Ǒãáâì ¨¬¥¥¬ ãà ¢­¥­¨¥ (24) ¨ à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢-­¥­¨¥ K ~K[ω(t)℄ = f(t), (29)¯®«ãç¥­­®¥ ¯®¤áâ ­®¢ª®© ~K[ω(t)℄ = ϕ(t). (30)�á«¨ ωj(t) ¥áâì ª ª®¥-­¨¡ã¤ì à¥è¥­¨¥ ãà ¢­¥­¨ï (29), â® ¨§ ä®à¬ã«ë (30) ¯®«ã-ç ¥¬ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï
ϕj(t) = ~K[ωj(t)℄.�«¥¤®¢ â¥«ì­®, à¥£ã«ïà¨§ æ¨ï á¯à ¢  ­¥ ¬®�¥â ¯à¨¢¥áâ¨ ª ¯®áâ®à®­­¨¬ à¥è¥­¨-ï¬. Ǒãáâì, ­ ®¡®à®â, ϕk(t) ¥áâì ­¥ª®â®à®¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï. �®£¤ à¥è¥­¨¥ à¥£ã«ïà¨§®¢ ­­®£® ãà ¢­¥­¨ï (29) ¬®�¥â ¡ëâì ¯®«ãç¥­® ª ª à¥è¥­¨¥­¥®¤­®à®¤­®£® á¨­£ã«ïà­®£® ãà ¢­¥­¨ï~K[ω(t)℄ = ϕk(t),ª®â®à®¥, ®¤­ ª®, ¬®�¥â ®ª § âìáï ­¥à §à¥è¨¬ë¬. � ª¨¬ ®¡à §®¬, à¥£ã«ïà¨§ æ¨ïá¯à ¢  ¬®�¥â ¯à¨¢¥áâ¨ ª ¯®â¥à¥ à¥è¥­¨©. � ª®© ¯®â¥à¨ ­¥ ¯à®¨§®©¤¥â, ª®£¤ ãà ¢­¥­¨¥ (30) à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®© ç áâ¨. � íâ®¬ á«ãç ¥ ®¯¥à â®à ~K¡ã¤¥â à ¢­®á¨«ì­ë¬ à¥£ã«ïà¨§ â®à®¬ á¯à ¢ .3◦. � ¢­®á¨«ì­ ï à¥£ã«ïà¨§ æ¨ï. �¯¥à â®à ~K=K∗◦ ï¢«ï¥âáï ¯à¨ «î¡®¬ ¨­¤¥ªá¥à ¢­®á¨«ì­ë¬ à¥£ã«ïà¨§ â®à®¬, ¯à¨ç¥¬ ¯à¨ ν > 0 á«¥¤ã¥â ¯à¨¬¥­ïâì à¥£ã«ïà¨§ -æ¨î á«¥¢ ,   ¯à¨ ν 6 0|à¥£ã«ïà¨§ æ¨î á¯à ¢ .� ¯®á«¥¤­¥¬ á«ãç ¥ ¯®«ãç ¥âáï ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ­®¢®© äã­ªæ¨¨ ω(t),­® ¥á«¨ ®­  ­ ©¤¥­ , â® ¬®�­® ¯®áâà®¨âì ¢á¥ à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï¢ ª¢ ¤à âãà å, ¯à¨ç¥¬ ¯® á¢®©áâ¢ã à¥£ã«ïà¨§ æ¨¨ á¯à ¢  ­¥ ¬®�¥â ¢®§­¨ª­ãâì¯®áâ®à®­­¨å à¥è¥­¨©.� ¤àã£¨å á¯®á®¡ å à ¢­®á¨«ì­®© à¥£ã«ïà¨§ æ¨¨ ¬®�­® ¯à®ç¨â âì ¢ æ¨â¨àã¥-¬®© ¢ ª®­æ¥ à §¤¥«  «¨â¥à âãà¥.7.4-5. �¥®à¥¬ë �ñâ¥à Ǒãáâì ¤ ­® ¯®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥K[ϕ(t)℄ = f(t). (31)�¥®à¥¬  1. �¨á«® à¥è¥­¨© á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (31)ª®­¥ç­®.�¥®à¥¬  2. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ á¨­-£ã«ïà­®£® ãà ¢­¥­¨ï (31) ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢

∫

L

f(t)ψj(t) dt = 0, j = 1, 2, . . . ,m, (32)£¤¥ ψ1(t), ψ2(t), . . . , ψm(t) | ¬ ªá¨¬ «ì­ë© «¨­¥©­® ­¥§ ¢¨á¨¬ë© ­ ¡®àà¥è¥­¨© á®î§­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï K∗[ψ(t)℄ = 0.
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244 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�¥®à¥¬  3. � §­®áâì ç¨á«  n «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á¨­£ã«ïà-­®£® ãà ¢­¥­¨ï K[ϕ(t)℄ = 0 ¨ ç¨á«  m «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á®-î§­®£® ãà ¢­¥­¨ï K∗[ψ(t)℄ = 0 § ¢¨á¨â «¨èì ®â å à ªâ¥à¨áâ¨ç¥áª®© ç áâ¨®¯¥à â®à  K ¨ à ¢­  ¥£® ¨­¤¥ªáã, â. ¥.
n−m = ν. (33)�«¥¤áâ¢¨¥. �§ ¢á¥å á¨­£ã«ïà­ëå ãà ¢­¥­¨©, ¨¬¥îé¨å ¤ ­­ë© ¨­¤¥ªá ν,­ ¨¬¥­ìè¥¥ ç¨á«® à¥è¥­¨© ¨¬¥îâ å à ªâ¥à¨áâ¨ç¥áª¨¥.7.4-6. �¯®á®¡ à¥£ã«ïà¨§ æ¨¨ � à«¥¬ ­ {�¥ªã Ǒ¥à¥­¥á¥¬ à¥£ã«ïà­ë© ç«¥­ á¨­£ã«ïà­®£® ãà ¢­¥­¨ï ¢ ¯à ¢ãî ç áâì ¨ § ¯¨-è¥¬ ¥£® ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ = f(t)− ∫

L

K(t, τ )ϕ(τ ) dτ (34)¨«¨, ¢ ®¯¥à â®à­®© ä®à¬¥,K◦[ϕ(t)℄ = f(t)−Kr[ϕ(t)℄. (35)�¥è¨¬ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ª ª å à ªâ¥à¨áâ¨ç¥áª®¥, à áá¬ âà¨¢ ï ¢à¥¬¥­­®¯à ¢ãî ç áâì ª ª ¨§¢¥áâ­ãî äã­ªæ¨î. �®£¤  (á¬. ¯. 7.2-1)
ϕ(t) = [

a(t)f(t)− b(t)Z(t)
πi

∫

L

f(τ)
Z(τ) dτ

τ − t
+ b(t)Z(t)Pν−1(t)]−

−
[
a(t)∫

L

K(t, τ )ϕ(τ )dτ − b(t)Z(t)
πi

∫

L

dτ1
Z(τ1)(τ1 − t) ∫

L

K(τ1, τ )ϕ(τ )dτ], (36)£¤¥ ¯à¨ ν 6 0 á«¥¤ã¥â ¯®«®�¨âì Pν−1(t)≡ 0. �¥­ïï ¢ ¤¢®©­®¬ ¨­â¥£à «¥ ¯®àï¤®ª¨­â¥£à¨à®¢ ­¨ï, § ¯¨è¥¬ ¢ëà �¥­¨¥ ¢ ¯®á«¥¤­¨å ªàã£«ëå áª®¡ª å á«¥¤ãîé¨¬®¡à §®¬:
∫

L

[
a(t)K(t, τ )− b(t)Z(t)

πi

∫

L

K(τ1, τ)
Z(τ1)(τ1 − t) dτ1]ϕ(τ ) dτ.� ª ª ª äã­ªæ¨ï Z(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �ñ«ì¤¥à  (á«¥¤®¢ â¥«ì­®, ®£à -­¨ç¥­ ) ¨ ­¥ ®¡à é ¥âáï ¢ ­ã«ì,   K(τ1, τ ) ¢¡«¨§¨ τ1 = τ ¨¬¥¥â ®æ¥­ªã

|K(τ1, τ )| 6 A|τ1 − τ |−λ (0 6 λ < 1), â® ¨ ¢¥áì ¨­â¥£à «
∫

L

K(τ1, τ)
Z(τ1)(τ1 − t) dτ1¨¬¥¥â âã �¥ ®æ¥­ªã, çâ® ¨ K(τ1, τ ). �«¥¤®¢ â¥«ì­®, ï¤à®

N(t, τ ) = a(t)K(t, τ )− b(t)Z(t)
πi

∫

L

K(τ1, τ)
Z(τ1)(τ1 − t) dτ1 (37)ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬. Ǒ¥à¥­®áï ¢á¥ ç«¥­ë, á®¤¥à� é¨¥ ϕ(t), ¢ «¥¢ãî ç áâì,¯®«ãç¨¬

ϕ(t) + ∫

L

N(t, τ )ϕ(τ )dτ = f1(t), (38)£¤¥ N(t, τ )|äà¥¤£®«ì¬®¢® ï¤à®, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© (37),   f1(t)|á¢®¡®¤-­ë© ç«¥­, ¨¬¥îé¨© ¢¨¤
f1(t) = a(t)f(t)− b(t)Z(t)

πi

∫

L

f(τ)
Z(τ) dτ

τ − t
+ b(t)Z(t)Pν−1(t). (39)
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7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 245�á«¨ ¨­¤¥ªá ãà ¢­¥­¨ï (34) ν < 0, â® ­ àï¤ã á ãà ¢­¥­¨¥¬ �à¥¤£®«ì¬  (38)äã­ªæ¨ï ¤®«�­  ã¤®¢«¥â¢®àïâì á®®â­®è¥­¨ï¬
∫

L

[∫

L

K(t, τ)
Z(t) tk−1 dt]ϕ(τ ) dτ = ∫

L

f(t)
Z(t) tk−1 dt, k = 1, 2, . . . ,−ν. (40)�â ª, ¥á«¨ ν > 0, â® à¥è¥­¨¥ ¯®«­®£® á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥-­¨ï (34) ¯à¨¢®¤¨âáï ª à¥è¥­¨î ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  (38). �á-«¨ ν < 0, â® ãà ¢­¥­¨¥ (34) ¯à¨¢®¤¨âáï ª ãà ¢­¥­¨î (38) (£¤¥ ­ã�­® ¯®«®�¨âì

Pν−1(t) ≡ 0) á®¢¬¥áâ­® á ãá«®¢¨ï¬¨ (40), ª®â®àë¥ ¬®�­® § ¯¨á âì ¢ ä®à¬¥
∫

L

ρk(τ )ϕ(τ )dτ = fk, k = 1, 2, . . . ,−ν,
ρk(τ ) = ∫

L

K(t, τ)
Z(t) tk−1 dt, fk = ∫

L

f(t)
Z(t) tk−1 dt, (41)£¤¥ ρk(τ )|¨§¢¥áâ­ë¥ äã­ªæ¨¨ ¨ fk |¨§¢¥áâ­ë¥ ç¨á« .� ¢¥­áâ¢  (41) ¥áâì ãá«®¢¨ï à §à¥è¨¬®áâ¨ à¥£ã«ïà¨§®¢ ­­®£® ãà ¢­¥­¨ï (38).�¤­ ª® ­¥ ¢á¥ ®­¨ ï¢«ïîâáï ãá«®¢¨ï¬¨ à §à¥è¨¬®áâ¨ ¨áå®¤­®£® á¨­£ã«ïà­®£® ¨­-â¥£à «ì­®£® ãà ¢­¥­¨ï (34). � áâì ¨å ¬®�¥â ®ª § âìáï ãá«®¢¨ï¬¨ à ¢­®á¨«ì­®áâ¨íâ¨å ¤¢ãå ãà ¢­¥­¨©. �ë¤¥«¨¬ ãá«®¢¨ï ãª § ­­ëå ¤¢ãå â¨¯®¢.Ǒãáâì áà¥¤¨ äã­ªæ¨© ρk(t) ¨¬¥¥âáï h «¨­¥©­® ­¥§ ¢¨á¨¬ëå. �®�¥¬ ¢ë¡à âì­ã¬¥à æ¨î â ª, çâ®¡ë íâ® ¡ë«¨ ρ1(t), ρ2(t), . . . , ρh(t). �®£¤  ¡ã¤¥¬ ¨¬¥âì

∫

L

ρk(t)ϕ(t)dt = fk, k = 1, 2, . . . , h. (42)�à®¬¥ â®£®, ¡ã¤ãâ ¢ë¯®«­ïâìáï η = |ν| − h ­¥§ ¢¨á¨¬ëå «¨­¥©­ëå á®®â­®è¥­¨©
αj1ρ1(t) + · · ·+ αj|ν|ρ|ν|(t) = 0, j = 1, 2, . . . , η.�¬­®�¨¬ à ¢¥­áâ¢  (40) ¯®á«¥¤®¢ â¥«ì­® ­  αj1, αj2 , . . . , αj|ν| ¨ á«®�¨¬.�ç¨âë¢ ï ¯®á«¥¤­¨¥ à ¢¥­áâ¢ , ¡ã¤¥¬ ¨¬¥âì

∫

L

f(t)ψj(t) dt = 0, ψj(t) = 1
Z(t) |ν|∑

k=1αjktk−1, j = 1, 2, . . . , η. (43)�â¨ à ¢¥­áâ¢ , ­¥ á®¤¥à� é¨¥ ¨áª®¬®© äã­ªæ¨¨ ϕ(t), ¡ã¤ãâ ãá«®¢¨ï¬¨ à §-à¥è¨¬®áâ¨, ª®â®àë¬ ­¥®¡å®¤¨¬® ¤®«�¥­ ã¤®¢«¥â¢®àïâì á¢®¡®¤­ë© ç«¥­ f(t) ¤«ïâ®£®, çâ®¡ë ¨áå®¤­®¥ á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ ¨ ¥£® à¥£ã«ïà¨§®¢ ­­®¥ ¡ë«¨ à §à¥-è¨¬ë. � ¢¥­áâ¢  (42) ¡ã¤ãâ ãá«®¢¨ï¬¨ à ¢­®á¨«ì­®áâ¨ ãà ¢­¥­¨© ¨áå®¤­®£® á¨­-£ã«ïà­®£® ¨ à¥£ã«ïà¨§®¢ ­­®£®. �§ à¥è¥­¨© äà¥¤£®«ì¬®¢  ãà ¢­¥­¨ï (38) ¤ ­­®¬ãá¨­£ã«ïà­®¬ã ãà ¢­¥­¨î (34) ¡ã¤ãâ ã¤®¢«¥â¢®àïâì «¨èì â¥, ª®â®àë¥ ã¤®¢«¥â¢®àï-îâ ãá«®¢¨ï¬ (42).� ª¨¬ ®¡à §®¬, ¯à¨ ν > 0 à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥ (38) à ¢­®á¨«ì­®¨áå®¤­®¬ã á¨­£ã«ïà­®¬ã. Ǒà¨ ν < 0 ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¡ã¤¥â à ¢­®á¨«ì­®à¥£ã«ïà¨§®¢ ­­®¬ã (¢¬¥áâ¥ á ®¡é¨¬¨ ¤«ï ­¨å ãá«®¢¨ï¬¨ à §à¥è¨¬®áâ¨ (43)) ¨ãá«®¢¨ï¬ (42).� ¬¥ç ­¨¥ 1. �á«¨ ï¤à® à¥£ã«ïà­®© ç áâ¨ ¯®«­®£® á¨­£ã«ïà­®£® ¨­â¥-£à «ì­®£® ãà ¢­¥­¨ï á ï¤à®¬ �®è¨ ¢ëà®�¤¥­­®¥, â® á¯®á®¡®¬ à¥£ã«ïà¨§ æ¨¨� à«¥¬ ­ {�¥ªã  íâ® ãà ¢­¥­¨¥ ¬®�­® ¯à¨¢¥áâ¨ ª ¨áá«¥¤®¢ ­¨î á¨áâ¥¬ë «¨­¥©-­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (á¬., ­ ¯à¨¬¥à, �. �. �¨å«¨­, �. �. �¬®«¨æª¨©(1965)).� ¬¥ç ­¨¥ 2. �¯®á®¡ à¥£ã«ïà¨§ æ¨¨ � à«¥¬ ­ {�¥ªã  ¨­®£¤  ­ §ë¢ îâ à¥-£ã«ïà¨§ æ¨¥© à¥è¥­¨¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï.
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246 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©7.4-7. �¥£ã«ïà¨§ æ¨ï ¢ ¨áª«îç¨â¥«ì­ëå á«ãç ïå� áá¬®âà¨¬ ¯®«­®¥ á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ á ï¤à®¬ �®è¨K[ϕ(t)℄ ≡ a(t)ϕ(t) + b(t)
πi

∫

L

ϕ(τ)
τ − t

dτ + ∫

L

K(t, τ )ϕ(τ )dτ = f(t) (44)¯à¨ â¥å �¥ ¯à¥¤¯®«®�¥­¨ïå ®â­®á¨â¥«ì­® äã­ªæ¨© a(t)± b(t), çâ® ¨ ¢ ¯. 7.2-4.Ǒà¥¤áâ ¢¨¢ ¥£® ¢ ¢¨¤¥K◦[ϕ(t)℄ = f(t)− ∫

L

K(t, τ )ϕ(τ )dτ,¯à¨¬¥­¨¬ ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ � à«¥¬ ­ {�¥ªã . �®£¤  ¯® ä®à¬ã«¥ (42) ¨§¯. 7.2-4 ¯®«ãç¨¬ ãà ¢­¥­¨¥
ϕ(t) +R1[∫

L

K(t, τ )ϕ(τ )dτ] = R1[f(t)℄ + b(t)Z(t)Pν−p−1(t), (45)£¤¥ ®¯¥à â®à R1 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (41) ¨§ ¯. 7.2-4.� ¢ëà �¥­¨¨ ¤«ï ¢â®à®£® á« £ ¥¬®£® ¢ «¥¢®© ç áâ¨ (45) ®¯¥à æ¨ï R1 ¯® ¯¥à¥-¬¥­­®© t ¨ ®¯¥à æ¨ï ¨­â¥£à¨à®¢ ­¨ï ¯® τ ¯¥à¥áâ ­®¢®ç­ë. �®£¤  ãà ¢­¥­¨¥ (45)¬®�­® § ¯¨á âì ¢ ä®à¬¥
ϕ(t) + ∫

L

Rt1[K(t, τ )]ϕ(τ ) dτ = R1[f(t)℄ + b(t)Z(t)Pν−p−1(t), (46)£¤¥ ¨­¤¥ªá t ã á¨¬¢®«  ®¯¥à â®à  Rt1 ãª §ë¢ ¥â, çâ® ®¯¥à æ¨ï ¯à®¨§¢®¤¨âáï ¯®¯¥à¥¬¥­­®© t.� ª ª ª ®¯¥à â®à R1 ®£à ­¨ç¥­­ë©, â® ¯®«ãç¥­­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥-­¨¥ (46) ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬ ¨, á«¥¤®¢ â¥«ì­®, § ¤ ç  à¥£ã«ïà¨§ æ¨¨ á¨­£ã-«ïà­®£® ãà ¢­¥­¨ï (44) à¥è¥­ .�§ ®¡é¥© â¥®à¨¨ à¥£ã«ïà¨§ æ¨¨ á«¥¤ã¥â, çâ® ¯à¨ ν − p > 0 ãà ¢­¥­¨¥ (44)à ¢­®á¨«ì­® ãà ¢­¥­¨î (46),   ¯à¨ ν − p < 0 | ãà ¢­¥­¨î (46) ¨ á¨áâ¥¬¥­¥ª®â®àëå äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨©.� § ª«îç¥­¨¥ § ¬¥â¨¬, çâ® ¤«ï à áá¬®âà¥­­ëå á«ãç ¥¢ á¨­£ã«ïà­ëå ¨­â¥-£à «ì­ëå ãà ¢­¥­¨© â¥®à¥¬ë �ñâ¥à  ®ª §ë¢ îâáï, ¢®®¡é¥ £®¢®àï, ­¥á¯à ¢¥¤«¨-¢ë¬¨.� ¬¥ç ­¨¥. �áª«îç¨â¥«ì­ë¥ á«ãç ¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©á ï¤à®¬ �®è¨ ¬®�­® ¯à¨¢¥áâ¨ ª ãà ¢­¥­¨ï¬ ­®à¬ «ì­®£® â¨¯ .7.4-8. Ǒ®«­®¥ ãà ¢­¥­¨¥ 
 ï¤à®¬ �¨«ì¡¥àâ � áá¬®âà¨¬ ¯®«­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥¬ á ï¤à®¬ �¨«ì¡¥àâ (á¬. ¯. 7.1-2)
a(x)ϕ(x)− b(x)2π ∫ 2π0 
tg( ξ − x2 )

ϕ(ξ) dξ + ∫ 2π0 K(x, ξ)ϕ(ξ) dξ = f(x). (47)Ǒ®ª �¥¬, çâ® ãà ¢­¥­¨¥ (47) ¬®�­® ¯à¨¢¥áâ¨ ª ¯®«­®¬ã á¨­£ã«ïà­®¬ã ¨­â¥-£à «ì­®¬ã ãà ¢­¥­¨î á ï¤à®¬ �®è¨, ¢ á¢ï§¨ á ç¥¬ ¢áï â¥®à¨ï ¯®á«¥¤­¥£® ¬®�¥â¡ëâì ­¥¯®áà¥¤áâ¢¥­­® ¯¥à¥­¥á¥­  ­  ãà ¢­¥­¨¥ (47). � ª ª ª à¥£ã«ïà­ë¥ ç áâ¨ã ®¡®¨å â¨¯®¢ ãà ¢­¥­¨© ¨¬¥îâ ®¤¨­ ª®¢ë© å à ªâ¥à, â® ¤®áâ â®ç­® ¢®á¯®«ì§®-¢ âìáï á®®â­®è¥­¨¥¬ ¬¥�¤ã ï¤à®¬ �¨«ì¡¥àâ  ¨ ï¤à®¬ �®è¨ (á¬. ¯. 6.4-5)
dτ

τ − t
= 12 
tg( ξ − x2 )

dξ + i2 dξ. (48)
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7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 247�âªã¤  12 
tg( ξ − x2 )
dξ = dτ

τ − t
− 12 dτ

τ
, (49)£¤¥ t=eix ¨ τ=eiξ|ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë â®ç¥ª ª®­âãà  L, ¯à¥¤áâ ¢«ïîé¥£®¨§ á¥¡ï ®ªàã�­®áâì ¥¤¨­¨ç­®£® à ¤¨ãá .� ¬¥­ïï ¢ ãà ¢­¥­¨¨ (47) ï¤à® �¨«ì¡¥àâ  ¢ëà �¥­¨¥¬ (49) ¨ ¯®¤áâ ¢«ïï

x=−i ln t, ξ=−i ln τ , dξ=−i dτ/τ , ¯®á«¥ ®ç¥¢¨¤­ëå ¯¥à¥®¡®§­ ç¥­¨© ¯à¨¢¥¤¥¬ãà ¢­¥­¨¥ (47) ª ¯®«­®¬ã á¨­£ã«ïà­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î á ï¤à®¬ �®è¨¢ ä®à¬¥
a1(t)ϕ1(t)− ib1(t)

πi

∫

L

ϕ1(τ)
τ − t

dτ + ∫

L

K1(t, τ ) dτ = f1(t). (50)�®íää¨æ¨¥­â § ¤ ç¨ �¨¬ ­ , á®®â¢¥âáâ¢ãîé¨© ãà ¢­¥­¨î (50), ¨¬¥¥â ¢¨¤
D(t) = a1(t) + ib1(t)

a1(t) − ib1(t) = a(x) + ib(x)
a(x) − ib(x) , (51)  ¨­¤¥ªá ¢ëà � ¥âáï ä®à¬ã«®©IndD(t) = 2 Ind[a(x) + ib(x)℄. (52)Ǒà¨¬¥à. Ǒà®¨§¢¥¤¥¬ à §«¨ç­ë¬¨ á¯®á®¡ ¬¨ à¥£ã«ïà¨§ æ¨î á«¥¤ãîé¥£® á¨­£ã«ïà­®-£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï:K[ϕ(t)℄≡ (t+t−1)ϕ(t)+ t− t−1

πi

∫

L

ϕ(τ)
τ − t

dτ− 12πi ∫

L
(t+t−1)(τ+τ−1)ϕ(τ) dτ =2t2 ,(53)£¤¥ L|¥¤¨­¨ç­ ï ®ªàã�­®áâì.�¥£ã«ïà­ ï ç áâì ï¤à  ï¢«ï¥âáï ¢ëà®�¤¥­­®©, ¯®íâ®¬ã â¥¬ �¥ á¯®á®¡®¬, ª®â®àë©¯à¨¬¥­ï¥âáï ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨© �à¥¤£®«ì¬  á ¢ëà®�¤¥­­ë¬ ï¤à®¬ (á¬. à §¤. 5.2),ãà ¢­¥­¨¥ ¬®�¥â ¡ëâì á¢¥¤¥­® ª ¨áá«¥¤®¢ ­¨î å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¨ «¨­¥©­®£® «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï ¨, á«¥¤®¢ â¥«ì­®, à¥è¥­® ¢ § ¬ª­ãâ®© ä®à¬¥. � ª¨¬ ®¡à §®¬,§¤¥áì ­¥â ­¥®¡å®¤¨¬®áâ¨ ¢ à¥£ã«ïà¨§ æ¨¨. �¤­ ª® à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ã¤®¡­® ¤«ï¨««îáâà æ¨¨ ­  ­¥¬ ®¡é¨å ¬¥â®¤®¢, ¯®áª®«ìªã ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â ¬®�­® ¯®«ãç¨âì¢ § ¬ª­ãâ®¬ ¢¨¤¥.�«ï ã¤®¡áâ¢  ¤ «ì­¥©è¨å à ááã�¤¥­¨© ¯à¥¤¢ à¨â¥«ì­® à¥è¨¬ ¤ ­­®¥ ãà ¢­¥­¨¥.�¡®§­ ç ï 12πi ∫

L
(τ + τ−1)ϕ(τ) dτ = A, (54)§ ¯¨è¥¬ ¥£® ¢ ä®à¬¥ å à ªâ¥à¨áâ¨ç¥áª®£®:(t+ t−1)ϕ(t) + t− t−1

πi

∫

L

ϕ(τ)
τ − t

dτ = 2t2 + A(t+ t−1).�«ï á®®â¢¥âáâ¢ãîé¥© ªà ¥¢®© § ¤ ç¨ �¨¬ ­ �+(t) = t−2�−(t) + t+ 12 A(1 + t−2) (55)¨­¤¥ªá ν =−2 ¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ (á¬. ¯. 7.2-1) ¡ã¤ãâ ¢ë¯®«­ïâìáï â®«ìª® ¯à¨ A= 0.Ǒà¨ íâ®¬ �+(z) = z ¨ �−(z) = 0. �âáî¤  ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (53) ¢ ä®à¬¥
ϕ(t) = �+(t) − �−(t) = t. Ǒ®¤áâ ¢«ïï ¯®á«¥¤­¥¥ ¢ëà �¥­¨¥ ¢ à ¢¥­áâ¢® (54), ã¡¥¤¨¬áï¢ â®¬, çâ® ®­® ã¤®¢«¥â¢®àï¥âáï ¯à¨ A = 0. �«¥¤®¢ â¥«ì­®, ¤ ­­®¥ ãà ¢­¥­¨¥ à §à¥è¨¬® ¨¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

ϕ(t) = t.1◦. �¥£ã«ïà¨§ æ¨ï á«¥¢ . � ª ª ª ¨­¤¥ªá ãà ¢­¥­¨ï ν = −2 < 0, â® «î¡®© ¥£® à¥£ã«ïà¨§ã-îé¨© ®¯¥à â®à ¡ã¤¥â ¨¬¥âì á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ (­¥ ¬¥­¥¥ ¤¢ãå), ¯®íâ®¬ã à¥£ã«ïà¨§ æ¨ïá«¥¢  ¯à¨¢®¤¨â, ¢®®¡é¥ £®¢®àï, ª ãà ¢­¥­¨î, ­¥ à ¢­®á¨«ì­®¬ã ¨áå®¤­®¬ã.
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248 �¥â®¤ë à¥è¥­¨ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©� áá¬®âà¨¬ á­ ç «  à¥£ã«ïà¨§ æ¨î á«¥¢  ¯à¨ ¯®¬®é¨ ¯à®áâ¥©è¥£® à¥£ã«ïà¨§ â®-à  K∗◦. � ©¤¥¬ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ãà ¢­¥­¨ïK∗◦[ω(t)℄ ≡ (t+ t−1)ω(t) − t− t−1
πi

∫

L

ω(τ)
τ − t

dτ = 0.�®®â¢¥âáâ¢ãîé ï ªà ¥¢ ï § ¤ ç  �¨¬ ­ �+(t) = t2�−(t)¨¬¥¥â â¥¯¥àì ¨­¤¥ªá ν = 2. � å®¤ï ¯® ä®à¬ã« ¬ ¨§ ¯. 7.2-1 á®¡áâ¢¥­­ë¥ äã­ªæ¨¨®¯¥à â®à  K∗◦, ¯®«ãç¨¬
ω1(t) = 1− t−2, ω2(t) = t− t−1 .�¥£ã«ïà­®¥ ãà ¢­¥­¨¥ K∗◦K[ϕ(t)℄ = K∗◦[f(t)℄ ­  ®á­®¢ ­¨¨ ®¡é¥© â¥®à¨¨ (á¬.¯. 7.4-4) ¡ã¤¥â à ¢­®á¨«ì­® á«¥¤ãîé¥¬ã á¨­£ã«ïà­®¬ã ãà ¢­¥­¨î:K[ϕ(t)℄ = f(t) + α1ω1(t) + α2ω2(t), (56)£¤¥ α1, α2 | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, ª®â®àë¥ ¬®£ãâ ®ª § âìáï ¨«¨ ¯à®¨§¢®«ì­ë¬¨ ¨«¨®¯à¥¤¥«¥­­ë¬¨. �ç¨âë¢ ï (54), § ¯¨è¥¬ ãà ¢­¥­¨¥ (56) ¢ ä®à¬¥ å à ªâ¥à¨áâ¨ç¥áª®£®:(t+ t−1)ϕ(t) + t− t−1

πi

∫

L

ϕ(τ)
τ − t

dτ = 2t2 +A(t+ t−1) + α1(1− t−2) + α2(t − t−1).�®®â¢¥âáâ¢ãîé ï ¥¬ã ªà ¥¢ ï § ¤ ç  �¨¬ ­  ¨¬¥¥â ¢¨¤�+(t) = t−2�−(t) + t+ 12 A(1 + t−2) + 12 α1(t−1 + t−3) + 12 α2(1 − t−2).�¥ à¥è¥­¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ä®à¬¥�+(z) = z + 12 A+ 12 α2, �−(z) = 12 z2[α1z−3 + (α2 −A)z−2 − α1z−1℄.�á«®¢¨ï à §à¥è¨¬®áâ¨ ¤ îâ α1 = 0 ¨ α2 = A. �®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (56) ®¯à¥¤¥«ï¥âáïä®à¬ã«®©
ϕ(t) = �+(t) −�−(t) = t+ A.Ǒ®¤áâ ¢«ïï ­ ©¤¥­­®¥ §­ ç¥­¨¥ ϕ(t) ¢ à ¢¥­áâ¢® (54), ¯®«ãç¨¬ â®�¤¥áâ¢® A = A. �«¥¤®-¢ â¥«ì­®, ¯®áâ®ï­­ ï α2 = A ®áâ ¥âáï ¯à®¨§¢®«ì­®©, ¨ à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥ à ¢­®-á¨«ì­® ­¥ ¨áå®¤­®¬ã ãà ¢­¥­¨î,   ãà ¢­¥­¨îK[ϕ(t)℄ = f(t) + α2ω2(t),¨¬¥îé¥¬ã à¥è¥­¨¥ ϕ(t) = t + A, £¤¥ A|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. Ǒ®á«¥¤­¥¥ à¥è¥­¨¥ã¤®¢«¥â¢®àï¥â ¨áå®¤­®¬ã ãà ¢­¥­¨î â®«ìª® ¯à¨ A = 0.2◦. �¥£ã«ïà¨§ æ¨ï á¯à ¢ . � ª ç¥áâ¢¥ à¥£ã«ïà¨§ â®à  á¯à ¢  ¢®§ì¬¥¬ ¯à®áâ¥©è¨© ®¯¥à -â®à K∗◦. Ǒ®« £ ï

ϕ(t) =K∗◦[ω(t)℄ ≡ (t+ t−1)ω(t) − t− t−1
πi

∫

L

ω(τ)
τ − t

dτ, (57)¯®«ãç¨¬ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ®â­®á¨â¥«ì­® äã­ªæ¨¨ ω(t):KK∗◦[ω(t)℄ ≡ ω(t) − 14πi ∫

L
[t(τ2 − 1 + τ−2) + 2τ−1 + t−1(τ2 + 3 + τ−2)−

− 2τ−2τ−1℄ω(τ) dτ = 12 t2. (58)�¥è ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ª ª ¢ëà®�¤¥­­®¥, ¡ã¤¥¬ ¨¬¥âì
ω(t) = 12 t2 + α(t − t−1) + β(1− t−2),£¤¥ α, β|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.� ª¨¬ ®¡à §®¬, à¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®â­®á¨â¥«ì­® ω(t) ¤¢  «¨­¥©­®­¥§ ¢¨á¨¬ëå à¥è¥­¨ï, â®£¤  ª ª ¨áå®¤­®¥ ãà ¢­¥­¨¥ (53) à¥è «®áì ®¤­®§­ ç­®. Ǒ®¤áâ ¢«ïï­ ©¤¥­­®¥ §­ ç¥­¨¥ ω(t) ¢ ä®à¬ã«ã (57), ¯®«ãç¨¬

ϕ(t) = K∗◦
[ 12 t2 + α(t − t−1) + β(1 − t−2)] = t,£¤¥ ϕ(t) | à¥è¥­¨¥ ¨áå®¤­®£® á¨­£ã«ïà­®£® ãà ¢­¥­¨ï. �¥§ã«ìâ â á®£« áã¥âáï á ®¡é¥©â¥®à¨¥©, â ª ª ª ¯à¨ ®âà¨æ â¥«ì­®¬ ¨­¤¥ªá¥ à¥£ã«ïà¨§ æ¨ï á¯à ¢  ®¯¥à â®à®¬K∗◦ ï¢«ï¥âáïà ¢­®á¨«ì­®©.
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7.4. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯®«­ëå á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 2493◦. �¥£ã«ïà¨§ æ¨ï � à«¥¬ ­ {�¥ªã . �â®â á¯®á®¡ à¥£ã«ïà¨§ æ¨¨ ¯à®¢®¤¨âáï ¯® ä®à¬ã« ¬(36){(39). �¤­ ª® ­ã�­® ¯®¬­¨âì, çâ® íâ¨ ä®à¬ã«ë ¯à¨¬¥­¨¬ë ª ãà ¢­¥­¨î, ¤«ï ª®â®à®£®¢ë¯®«­ï¥âáï ãá«®¢¨¥ a2(t)− b2(t) = 1. Ǒ®íâ®¬ã ¯à¥¤¢ à¨â¥«ì­® ­ã�­® à §¤¥«¨âì ãà ¢­¥-­¨¥ (53) ­  2. �®£¤  ¡ã¤¥¬ ¨¬¥âì
a = 12 (t+ t−1), b = 12 (t− t−1), f(t) = t2, K(t, τ) = − 14πi (t+ t−1)(τ + τ−1),
X+(z)=1, Z(t)=(a+b)X+= t, f1(t)= 12 (t+t−1)t2− (t − t−1)t2πi ∫

L

τ2
τ

dτ

τ − t
= t,

N(t, τ) = − 12 (t+ t−1) 14πi (t+ t−1)(τ + τ−1)++ (t − t−1) t (τ + τ−1)2πi · 4πi ∫

L

τ1 + τ−11
τ1 dτ1

τ1 − t
= − 12πi (τ + τ−1).�¥£ã«ïà¨§®¢ ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤

ϕ(t) − 12πi ∫

L
(τ + τ−1)ϕ(τ) dτ = t. (59)� ­¥¬ã ­ã�­® ¤®¡ ¢¨âì ¥é¥ ãá«®¢¨ï (41) ¯à¨ k = 1, 2. �¥è ï ¥£® ª ª ¢ëà®�¤¥­­®¥, ­ ©¤¥¬®¡é¥¥ à¥è¥­¨¥ ϕ(t)= t+A, £¤¥A|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �ë¯¨è¥¬ ãá«®¢¨ï (42), (43).�¤¥áì

ρk(τ) = ∫

L

K(t, τ)
Z(t) tk−1 dt = − τ + τ−14πi ∫

L
(1 + t−2)tk−1 dt, k = 1, 2,

ρ1(τ) = 0, ρ2(τ) = − 12 (τ + τ−1), fk = ∫

L

f(t)
Z(t) tk−1 dt = ∫

L
tk dt, f1 = f2 = 0.�ã­ªæ¨¨ ρ1(t), ρ2(t) «¨­¥©­® § ¢¨á¨¬ë. � ¢¨á¨¬®áâì αj1ρ1(t)+ · · ·+αj|ν|ρ|ν|(t) = 0(á¬. ¯. 7.4-6) ¨¬¥¥â ¢¨¤

α1ρ1(t) + 0 · ρ2(t) = 0.�âáî¤  ãá«®¢¨¥ à §à¥è¨¬®áâ¨ (43) ¢ë¯®«­ï¥âáï â®�¤¥áâ¢¥­­®. �á«®¢¨¥ à ¢­®á¨«ì­®-áâ¨ (42) ∫

L
ρ2(τ)ϕ(τ) dτ = − 12 ∫

L
(τ + τ−1)(τ + A) dτ = 0ã¤®¢«¥â¢®àï¥âáï «¨èì ¯à¨ A=0. �«¥¤®¢ â¥«ì­®, ¨§ ¬­®�¥áâ¢  à¥è¥­¨© à¥£ã«ïà¨§®¢ ­­®£®ãà ¢­¥­¨ï ϕ(t) = t+A ¨áå®¤­®¬ã á¨­£ã«ïà­®¬ã ã¤®¢«¥â¢®àï¥â «¨èì äã­ªæ¨ï ϕ(t) = t.

©• �¨â¥à âãà : �. �. �ãáå¥«¨è¢¨«¨ (1968), �. �. � å®¢ (1977), S. G. Mikhlin, S. Pr�ossdorf(1986).
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8. �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå¨­â¥£à «ì­ëå ãà ¢­¥­¨©8.1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ § ¬¥ç ­¨ï8.1-1. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢á«¥¤ãîé¥¬ ¢¨¤¥: ∫ x

a

K
(
x, t, y(t)) dt = F

(
x, y(x)), (1)£¤¥ K(

x, t, y(t))|ï¤à® ­¥«¨­¥©­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, y(x)|­¥¨§¢¥áâ-­ ï äã­ªæ¨ï (a 6 x 6 b). �á¥ äã­ªæ¨¨ ¢ (1) ®¡ëç­® áç¨â îâ ­¥¯à¥àë¢­ë¬¨.�¨¤ (1) ­¥ ®å¢ âë¢ ¥â ¢á¥ ¢®§¬®�­ë¥ ä®à¬ë ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢-­¥­¨© �®«ìâ¥àà , ®¤­ ª® ¢ª«îç ¥â ç áâ® ¢áâà¥ç îé¨¥áï ¨ ¡®«¥¥ ¢á¥£® ¨§ãç¥­-­ë¥. �¥«¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1) ­ §ë¢ ¥âáï ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨-¥¬ �®«ìâ¥àà  ¢ ä®à¬¥ �àëá®­ .� àï¤¥ á«ãç ¥¢ ãà ¢­¥­¨¥ (1) ã¤ ¥âáï § ¯¨á âì ¢ ¢¨¤¥
∫ x

a

K
(
x, t, y(t)) dt = f(x). (2)�à ¢­¥­¨¥ (2) ­ §ë¢ îâ ãà ¢­¥­¨¥¬ �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¢ ä®à¬¥ �àëá®­ .�­ «®£¨ç­® ãà ¢­¥­¨¥

y(x)− ∫ x

a

K
(
x, t, y(t)) dt = f(x) (3)­ §ë¢ îâ ãà ¢­¥­¨¥¬ �®«ìâ¥àà  ¢â®à®£® à®¤  ¢ ä®à¬¥ �àëá®­ .�à ¢­¥­¨¥ (3) § ¬¥­®© u(x) = y(x) − f(x) ¬®�­® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®©ä®à¬¥

u(x) = ∫ x

a

K
(
x, t, u(t)) dt, (4)£¤¥ K(

x, t, u(t))|ï¤à®* ª ­®­¨ç¥áª®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï.�¤à® K(
x, t, y(t)) ­ §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, ¥á«¨

K
(
x, t, y(t)) = n∑

k=1 gk(x)hk(t, y(t)).�á«¨ ¢ ãà ¢­¥­¨¨ (1) ï¤à® K(
x, t, y(t)) = Q(x, t)�(

t, y(t)), ¯à¨ç¥¬ Q(x, t) ¨�(t, y)|¨§¢¥áâ­ë¥ äã­ªæ¨¨, â® ¯®«ãç ¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢ä®à¬¥ � ¬¬¥àèâ¥©­ :
∫ x

a

Q(x, t)�(
t, y(t)) dt = F

(
x, y(x)), (5)£¤¥ äã­ªæ¨¨ y(x), F (x, y), �(t, y) ¨ ï¤à® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï Q(x, t) ®¡ëç­®áç¨â îâ ­¥¯à¥àë¢­ë¬¨.* �ãé¥áâ¢ãîâ ¨ ¤àã£¨¥ á¯®á®¡ë ¯à¨¢¥¤¥­¨ï ãà ¢­¥­¨ï (3) ª ä®à¬¥ (4), ¯à¨ íâ®¬ ¢¨¤äã­ªæ¨¨ K ¨§¬¥­¨âáï.
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8.1. �¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ § ¬¥ç ­¨ï 251� àï¤¥ á«ãç ¥¢ ãà ¢­¥­¨¥ (5) ã¤ ¥âáï § ¯¨á âì ¢ ¢¨¤¥
∫ x

a

Q(x, t)�(
t, y(t)) dt = f(x). (6)�à ¢­¥­¨¥ (6) ­ §ë¢ îâ ãà ¢­¥­¨¥¬ �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¢ ä®à¬¥ � ¬¬¥à-èâ¥©­ . �­ «®£¨ç­® ãà ¢­¥­¨¥

y(x)− ∫ x

a

Q(x, t)�(
t, y(t)) dt = f(x) (7)­ §ë¢ îâ ãà ¢­¥­¨¥¬ �®«ìâ¥àà  ¢â®à®£® à®¤  ¢ ä®à¬¥ � ¬¬¥àèâ¥©­ .�à ¢­¥­¨¥ (7) ¬®�­® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®© ä®à¬¥

u(x) = ∫ x

a

Q(x, t)�∗

(
t, u(t)) dt, (8)£¤¥ u(x) = y(x)− f(x).� ¬¥ç ­¨¥ 1. Ǒ®áª®«ìªã ãà ¢­¥­¨ï �®«ìâ¥àà  ¢ ä®à¬¥ � ¬¬¥àèâ¥©­  ï¢«ï-îâáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨© �®«ìâ¥àà  ¢ ä®à¬¥ �àëá®­ , â® ¢á¥ à áá¬®âà¥­-­ë¥ ­¨�¥ ¬¥â®¤ë ¤«ï ¯®á«¥¤­¨å ¡¥§ãá«®¢­® ¯à¨¬¥­¨¬ë ¨ ª ¯¥à¢ë¬.8.1-2. �¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï�¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ -­¨ï ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥

∫ b

a

K
(
x, t, y(t)) dt = F (x, y(x)), α 6 x 6 β, (9)£¤¥ K(

x, t, y(t))|ï¤à® ­¥«¨­¥©­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, y(x)|­¥¨§¢¥áâ-­ ï äã­ªæ¨ï. �¡ëç­® ¢á¥ äã­ªæ¨¨ ¢ (9) áç¨â îâ ­¥¯à¥àë¢­ë¬¨ ¨ à áá¬ âà¨¢ îâá«ãç © α = a ¨ β = b.�¨¤ (9) ­¥ ®å¢ âë¢ ¥â ¢á¥ ¢®§¬®�­ë¥ ä®à¬ë ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢-­¥­¨© á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï, ®¤­ ª®,  ­ «®£¨ç­® ä®à¬¥ (1)¤«ï ãà ¢­¥­¨© �®«ìâ¥àà , ¢ª«îç ¥â ç áâ® ¢áâà¥ç îé¨¥áï ¨ ¡®«¥¥ ¢á¥£® ¨§ãç¥­-­ë¥. �¥«¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ -­¨ï (9) ¡ã¤¥¬ ­ §ë¢ âì ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ â¨¯  �àëá®­ .�á«¨ ãà ¢­¥­¨¥ (9) ã¤ ¥âáï § ¯¨á âì ¢ ¢¨¤¥
∫ b

a

K
(
x, t, y(t)) dt = f(x), (10)â® (10) ­ §ë¢ îâ ãà ¢­¥­¨¥¬ �àëá®­  ¯¥à¢®£® à®¤ . �­ «®£¨ç­® ãà ¢­¥­¨¥

y(x)− ∫ b

a

K
(
x, t, y(t)) dt = f(x) (11)­ §ë¢ îâ ãà ¢­¥­¨¥¬ �àëá®­  ¢â®à®£® à®¤ .�à ¢­¥­¨¥ �àëá®­  ¢â®à®£® à®¤  ¬®�­® § ¯¨á âì ¢ ª ­®­¨ç¥áª®© ä®à¬¥

u(x) = ∫ b

a

K
(
x, t, u(t)) dt. (12)� ¬¥ç ­¨¥ 2. �á«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï�àëá®­  ®¡áã�¤ îâáï ­¨�¥ ¢ ¯¯. 8.3-4 ¨ 8.3-5.
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252 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�á«¨ ¢ ãà ¢­¥­¨¨ (9) ï¤à® K(
x, t, y(t)) = Q(x, t)�(

t, y(t)), ¯à¨ç¥¬ Q(x, t) ¨�(t, y)|¨§¢¥áâ­ë¥ äã­ªæ¨¨, â® ¯®«ãç ¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  � ¬¬¥à-èâ¥©­ : ∫ b

a

Q(x, t)�(
t, y(t)) dt = F

(
x, y(x)), (13)£¤¥ ¢á¥ äã­ªæ¨¨ ãà ¢­¥­¨ï, ®¡ëç­®, áç¨â îâáï ­¥¯à¥àë¢­ë¬¨.�á«¨ ãà ¢­¥­¨¥ (13) ã¤ ¥âáï § ¯¨á âì ¢ ¢¨¤¥

∫ b

a

Q(x, t)�(
t, y(t))dt = f(x), (14)â® (14) ­ §ë¢ îâ ãà ¢­¥­¨¥¬ � ¬¬¥àèâ¥©­  ¯¥à¢®£® à®¤ . �­ «®£¨ç­® ãà ¢­¥­¨¥

y(x)− ∫ b

a

Q(x, t)�(
t, y(t)) dt = f(x) (15)­ §ë¢ îâ ãà ¢­¥­¨¥¬ � ¬¬¥àèâ¥©­  ¢â®à®£® à®¤ .�à ¢­¥­¨¥ � ¬¬¥àèâ¥©­  ¢â®à®£® à®¤  ¬®�­® § ¯¨á âì ¢ ª ­®­¨ç¥áª®© ä®à-¬¥

u(x) = ∫ b

a

Q(x, t)�∗

(
t, u(t)) dt. (16)�ãé¥áâ¢®¢ ­¨¥ ª ­®­¨ç¥áª¨å ä®à¬ (4), (8), (12) ¨ (16) á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬,çâ® à §«¨ç¨¥ ¬¥�¤ã ­¥®¤­®à®¤­ë¬¨ ¨ ®¤­®à®¤­ë¬¨ ­¥«¨­¥©­ë¬¨ ¨­â¥£à «ì­ë-¬¨ ãà ¢­¥­¨ï¬¨ ­®á¨â ­¥ ¯à¨­æ¨¯¨ «ì­ë© å à ªâ¥à ¨ á®áâ ¢«ï¥â ®â«¨ç¨â¥«ì­ãî®á®¡¥­­®áâì ¯® ®â­®è¥­¨î ª «¨­¥©­ë¬ ãà ¢­¥­¨ï¬. �é¥ ®¤­®© ®â«¨ç¨â¥«ì­®©®á®¡¥­­®áâìî ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¯® ®â­®è¥­¨î ª «¨­¥©­ë¬ ï¢«ï¥âáï ­ «¨-ç¨¥, ª ª ¯à ¢¨«®, ­¥áª®«ìª¨å à¥è¥­¨©.� ¬¥ç ­¨¥ 3. Ǒ®áª®«ìªã ãà ¢­¥­¨ï � ¬¬¥àèâ¥©­  ï¢«ïîâáï ç áâ­ë¬ á«ã-ç ¥¬ ãà ¢­¥­¨© �àëá®­ , â® ¢á¥ à áá¬®âà¥­­ë¥ ­¨�¥ ¬¥â®¤ë ¤«ï ¯®á«¥¤­¨å ¡¥§-ãá«®¢­® ¯à¨¬¥­¨¬ë ¨ ª ¯¥à¢ë¬.

©• �¨â¥à âãà : �. �. �¬¨à­®¢ (1951), �. �. �à á­®á¥«ìáª¨© (1956), �. �à¨ª®¬¨ (1960),Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢, �. �. � ª à¥­ª®(1968), �. �. �à á­®á¥«ìáª¨©, �. �. � ©­¨ªª® ¨ ¤à. (1969), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢(1986).8.2. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà 8.2-1. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©� áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®-áâìî
µy(x)− λ

∫ x0 y(x− t)y(t)dt = f(x). (1)�«ï ¥£® à¥è¥­¨ï ¨á¯®«ì§ãîâ ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ª®â®à®¥ á ãç¥â®¬ â¥®à¥¬ë® á¢¥àâª¥ (á¬. à §¤. 1.2) ¯à¨¢®¤¨â ª ª¢ ¤à â­®¬ã ãà ¢­¥­¨î ®â­®á¨â¥«ì­® ¨§®¡-à �¥­¨ï ~y(p) = L{y(x)}:
µ~y(p)− λ~y2(p) = ~f(p).�âáî¤  ¨¬¥¥¬ ~y(p) = µ ±

√
µ2 − 4λ~f (p)2λ . (2)
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8.2. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  253�à¨£¨­ « y(x)=L−1{~y(p)} (¥á«¨ ®­ áãé¥áâ¢ã¥â), ¯®«ãç¥­­ë© á ¯®¬®éìî ®¡à â-­®£® ¯à¥®¡à §®¢ ­¨ï, ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1). �â¬¥â¨¬, çâ® à §­ë¬ §­ ª ¬¢ ä®à¬ã«¥ ¤«ï ¨§®¡à �¥­¨© (2) ®â¢¥ç îâ ¤¢  à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï.Ǒà¨¬¥à 1. � áá¬®âà¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥
∫ x0 y(x− t)y(t) dt = Axm, m > −1.Ǒà¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¯à¥®¡à §®¢ ­¨¥ � ¯« á , á ãç¥â®¬à ¢¥­áâ¢  L{xm} = �(m + 1)p−m−1 ¨¬¥¥¬~y2(p) = A�(m + 1)p−m−1,£¤¥ �(m)|£ ¬¬ -äã­ªæ¨ï. �§¢«¥ª ï ¨§ ®¡¥¨å ç áâ¥© ª¢ ¤à â­ë© ª®à¥­ì, ¯®«ãç¨¬ ¨§®¡à -�¥­¨ï ~y(p) = ±

√
A�(m + 1)p− m+12 .�á¯®«ì§ãï ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ­ å®¤¨¬ ¤¢  à¥è¥­¨ï ¨áå®¤­®£® ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï

y1(x) = −
√
A�(m+ 1)�( m+ 12 ) x

m−12 , y2(x) = √
A�(m + 1)�( m+ 12 ) x

m−12 .8.2-2. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©� àï¤¥ á«ãç ¥¢ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ (®¤­®ªà â­®¥, ¤¢ãªà â­®¥ ¨ â. ¤.) ­¥«¨­¥©-­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 
 ¯®á«¥¤ãîé¨¬ ¨áª«îç¥­¨¥¬ ¨­â¥£à «ì­ëå ç«¥­®¢á ¯®¬®éìî ¨áå®¤­®£® ãà ¢­¥­¨ï ¯®§¢®«ï¥â á¢¥áâ¨ ¨å ª ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­-­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. �¨�¥ ªà âª® ¯¥à¥ç¨á«¥­ë ­¥ª®â®àë¥ ãà ¢-­¥­¨ï â ª®£® â¨¯ .1◦. �à ¢­¥­¨¥ ¢¨¤ 
y(x) + ∫ x

a

f
(
t, y(t)) dt = g(x) (3)á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à¨¢®¤¨âáï ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î ¯¥à¢®£®¯®àï¤ª :

y′x + f(x, y)− g′x(x) = 0á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(a) = g(a).2◦. �à ¢­¥­¨¥ ¢¨¤ 
y(x) + ∫ x

a

(x− t)f(
t, y(t)) dt = g(x). (4)á ¯®¬®éìî ¤¢ãªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï (á ¯®á«¥¤ãîé¨¬ ¨áª«îç¥­¨¥¬ ¨­-â¥£à «ì­®£® ç«¥­  á ¯®¬®éìî ¨áå®¤­®£® ãà ¢­¥­¨ï) ¯à¨¢®¤¨âáï ª ­¥«¨­¥©­®¬ããà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª 

y′′xx + f(x, y)− g′′xx(x) = 0. (5)� ç «ì­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ y = y(x) ¨¬¥îâ ¢¨¤
y(a) = g(a), y′x(a) = g′x(a). (6)3◦. �à ¢­¥­¨¥ ¢¨¤ 

y(x) + ∫ x

a

eλ(x−t)f(
t, y(t)) dt = g(x) (7)
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254 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï (á ¯®á«¥¤ãîé¨¬ ¨áª«îç¥­¨¥¬ ¨­â¥£à «ì­®£®ç«¥­  á ¯®¬®éìî ¨áå®¤­®£® ãà ¢­¥­¨ï) ¯à¨¢®¤¨âáï ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î¯¥à¢®£® ¯®àï¤ª 
y′x + f(x, y)− λy + λg(x)− g′x(x) = 0. (8)�áª®¬ ï äã­ªæ¨ï y=y(x) ¤®«�­  ã¤®¢«¥â¢®àïâì ­ ç «ì­®¬ã ãá«®¢¨î y(a)=g(a).4◦. �à ¢­¥­¨ï ¢¨¤ 

y(x) + ∫ x

a


h[
λ(x− t)]f(

t, y(t)) dt = g(x), (9)
y(x) + ∫ x

a

sh[
λ(x− t)]f(

t, y(t)) dt = g(x), (10)
y(x) + ∫ x

a


os[λ(x− t)]f(
t, y(t)) dt = g(x), (11)

y(x) + ∫ x

a

sin[
λ(x− t)]f(

t, y(t)) dt = g(x) (12)â ª�¥ ¯à¨¢®¤ïâáï ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¢â®à®£® ¯®-àï¤ª  á ¯®¬®éìî ¤¢ãªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï.Ǒà¨¬¥à 2. �áâ ­®¢¨¬áï ¯®¤à®¡­¥¥ ­  ãà ¢­¥­¨¨ (12). �¨ää¥à¥­æ¨àãï ¥£® ¤¢  à §  ¯®
x, ¯®«ãç¨¬

y′x(x) + λ

∫ x

a

os[λ(x− t)℄f(

t, y(t)) dt = g′x(x), (13)
y′′xx(x) + λf

(
x, y(x)) − λ2 ∫ x

a
sin[λ(x− t)℄f(

t, y(t)) dt = g′′xx(x). (14)�áª«îç ï ¨§ à ¢¥­áâ¢  (14) ¨­â¥£à «ì­®¥ á« £ ¥¬®¥ á ¯®¬®éìî ¨áå®¤­®£® ãà ¢­¥­¨ï,¯à¨å®¤¨¬ ª ­¥«¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª 
y′′xx + λf(x, y) + λ2y − λ2g(x)− g′′xx(x) = 0. (15)Ǒ®« £ ï x=a ¢ ¨áå®¤­®¬ ãà ¢­¥­¨¨ ¨ à ¢¥­áâ¢¥ (13), ¨¬¥¥¬ á«¥¤ãîé¨¥ ­ ç «ì­ë¥ ãá«®¢¨ï¤«ï äã­ªæ¨¨ y = y(x):

y(a) = g(a), y′x(a) = g′x(a). (16)�à ¢­¥­¨¥ (15) á ãá«®¢¨ï¬¨ (16) ®¯à¥¤¥«ï¥â à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï. �®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£®¯®àï¤ª  (15) ¤«ï à §«¨ç­ëå äã­ªæ¨© f(x, y) ¨ g(x) ¬®�­® ­ ©â¨ ¢ ª­¨£ å �. �. � ©æ¥¢ ,�. �. Ǒ®«ï­¨­  (1995, 1997).8.2-3. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©1◦. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¢® ¬­®£¨å á«ãç ïå ¬®�¥â ¡ëâì ãá¯¥è-­® ¯à¨¬¥­¥­ ª à¥è¥­¨î à §«¨ç­ëå ¢¨¤®¢ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. Ǒà¨­æ¨¯ ¯®-áâà®¥­¨ï ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ®áâ ¥âáï â ª¨¬ �¥, ª ª ¨ ¢ á«ãç ¥ «¨­¥©­ëåãà ¢­¥­¨©. �«ï ãà ¢­¥­¨ï �®«ìâ¥àà  ¢â®à®£® à®¤  ¢ ä®à¬¥ �àëá®­ 
y(x)− ∫ x

a

K
(
x, t, y(t)) dt = f(x), a 6 x 6 b, (17)á®®â¢¥âáâ¢ãîé¥¥ à¥ªãàà¥­â­®¥ ¢ëà �¥­¨¥ ¨¬¥¥â ¢¨¤

yk+1(x) = f(x) + ∫ x

a

K
(
x, t, yk(t)) dt, k = 0, 1, 2, . . . (18)� ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï y0(x) ®¡ëç­® ¢ë¡¨à ¥âáï y0(x) ≡ 0 ¨«¨

y0(x) = f(x).
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8.2. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  255� ®â«¨ç¨¥ ®â á«ãç ï «¨­¥©­ëå ãà ¢­¥­¨© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥-­¨© ¨¬¥¥â ¡®«¥¥ ®£à ­¨ç¥­­ãî ®¡« áâì áå®¤¨¬®áâ¨. Ǒà¨¢¥¤¥¬ ãá«®¢¨ï áå®¤¨¬®-áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (18), ®¤­®¢à¥¬¥­­® ¯à¥¤áâ ¢«ïîé¨¥ ¨ ãá«®¢¨ï áãé¥-áâ¢®¢ ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï (17). Ǒãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ y0(x) = f(x).�á«¨ ¤«ï «î¡®© ¯ àë ¢¥«¨ç¨­ z1, z2 ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥
|K(x, t, z1)−K(x, t, z2)| 6 ϕ(x, t)|z1 − z2|¨, ªà®¬¥ â®£®, ∣∣∣∣

∫ x

a

K
(
x, t, f(t)) dt∣∣∣∣ 6 ψ(x),¯à¨ç¥¬ ∫ x

a

ψ2(t) dt 6 N2, ∫ b

a

∫ x

a

ϕ2(x, t) dt dx 6 M2,£¤¥ N ¨ M | ¯®áâ®ï­­ë¥, â® ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨�¥­¨ï áå®¤ïâáï ª ¥¤¨­-áâ¢¥­­®¬ã à¥è¥­¨î ãà ¢­¥­¨ï (17) ¯®çâ¨ ¢áî¤ã  ¡á®«îâ­® ¨ à ¢­®¬¥à­®.Ǒà¨¬¥à 3. �á¯®«ì§ã¥¬ ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï
y(x) = ∫ x0 1 + y2(t)1 + t2 dt.�á«¨ y0(x) ≡ 0, â®

y1(x) = ∫ x0 dt1 + t2 = ar
tg x,
y2(x) = ∫ x0 1 + ar
tg2 t1 + t2 dt = ar
tg x+ 13 ar
tg3 x,
y3(x) = ∫ x0 1 + ar
tg t+ 13 ar
tg3 t1 + t2 dt == ar
tg x+ 13 ar
tg3 x+ 23·5 ar
tg5 x+ 17·9 ar
tg7 x.Ǒà®¤®«� ï íâ®â ¯à®æ¥áá, ¬®�­® § ¬¥â¨âì, çâ® yk(x) → tg(ar
tg x) = x ¯à¨ k → ∞,â. ¥. y(x) = x. Ǒ®¤áâ ­®¢ª  íâ®£® à¥§ã«ìâ â  ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯®¤â¢¥à�¤ ¥â ¥£®¯à ¢¨«ì­®áâì.Ǒà¨¬¥à 4. �«ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï

y(x) = ∫ x0 [ty2(t) − 1℄ dt­¥®¡å®¤¨¬® ¯®«ãç¨âì âà¨ ¯¥à¢ëå ¯à¨¡«¨�¥­¨ï. �á«¨ ¯à¨­ïâì y0(x) = 0, â®
y1(x) = ∫ x0 (−1) dt = −x,

y2(x) = ∫ x0 (t3 − 1) dt = −x+ 14 x4,
y3(x) = ∫ x0 [

t
( 116 t8 − 12 t5 + t2) − 1] dt = −x+ 14 x4 − 114 x7 + 1160 x10.2◦. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¯à¨¬¥­¨¬ ª à¥è¥­¨î ¨ ¤àã£¨å ¢¨¤®¢­¥«¨­¥©­ëå ãà ¢­¥­¨©, ­ ¯à¨¬¥à, ãà ¢­¥­¨© ¢¨¤ 

y(x) = F

(
x,

∫ x

a

K(x, t)y(t) dt),®¡ê¥¤¨­ï¥¬ëå â¥¬, çâ® ®­¨ à §à¥è¨¬ë ®â­®á¨â¥«ì­® y(x),   ¨­â¥£à « ¨¬¥¥â x ¢ª ç¥áâ¢¥ ¢¥àå­¥£® ¯à¥¤¥« . �â® ¯®§¢®«ï¥â ¯à¨ ç¨á«¥­­®© à¥ «¨§ æ¨¨ ¯®«ãç¨âì à¥-è¥­¨¥ ¯ãâ¥¬ ¤¢¨�¥­¨ï ¬ «ë¬¨ è £ ¬¨ ¯® x ¨ «¨­¥ à¨§ æ¨¨ ­  ª �¤®¬ è £¥, çâ®â ª�¥ ®¡ëç­® ®¡¥á¯¥ç¨¢ ¥â ¥¤¨­áâ¢¥­­®áâì à¥§ã«ìâ â  ¨â¥à æ¨© ¯à¨ ¯à®¨§¢®«ì-­®¬ ­ ç «ì­®¬ ¯à¨¡«¨�¥­¨¨.
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256 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©3◦. � ç «ì­®¥ ¯à¨¡«¨�¥­¨¥ áãé¥áâ¢¥­­® ¢«¨ï¥â ­  ª®«¨ç¥áâ¢® ¨â¥à æ¨© ¤«ï¯®«ãç¥­¨ï à¥§ã«ìâ â  á ­¥®¡å®¤¨¬®© â®ç­®áâìî, ¯®íâ®¬ã ¯à¨ ¥£® ¢ë¡®à¥ ®¡ëç­®¯®«ì§ãîâáï ­¥ª®â®àë¬¨ ¤®¯®«­¨â¥«ì­ë¬¨ á®®¡à �¥­¨ï¬¨. � ª ¤«ï ãà ¢­¥­¨ï
Ay(x)− ∫ x0 Q(x− t)�(

y(t)) dt = f(x),£¤¥ A | ­¥ª®â®à ï ¯®áâ®ï­­ ï, å®à®è¥¥ ­ ç «ì­®¥ ¯à¨¡«¨�¥­¨¥ y0(x) ¨­®£¤ ¬®�¥â ¡ëâì ­ ©¤¥­® ¨§ à¥è¥­¨ï á«¥¤ãîé¥£®, ¢ ®¡é¥¬ á«ãç ¥ âà ­áæ¥­¤¥­â­®£®,ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® ~y0(p):
A~y0(p)− ~Q(p)�(~y0(p)) = ~f(p),£¤¥ ~y0(p), ~Q(p) ¨ ~f(p) | ¨§®¡à �¥­¨ï á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨©, ¯®«ãç¥­­ë¥¯à¨ ¯®¬®é¨ ¯à¥®¡à §®¢ ­¨ï � ¯« á . �á«¨ ~y0(p) ®¯à¥¤¥«¥­®, â® ­ ç «ì­®¥ ¯à¨-¡«¨�¥­¨¥ ¬®�­® ­ ©â¨, ¢®á¯®«ì§®¢ ¢è¨áì ®¡à â­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ � ¯« á :

y0(x) = L−1{~y0(p)}.8.2-4. �¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç �®áâ®¨­áâ¢®¬ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯à¨¬¥­¨â¥«ì­® ª «¨­¥©­ë¬ ãà ¢­¥­¨-ï¬ �®«ìâ¥àà  ¢â®à®£® à®¤  ï¢«ï¥âáï ¨å ­¥¨§¡¥�­ ï áå®¤¨¬®áâì ¯à¨ á« ¡ëå ®£à -­¨ç¥­¨ïå ­  ï¤à® ¨ ¯à ¢ãî ç áâì. Ǒà¨ à¥è¥­¨¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨© ®¡« áâìáå®¤¨¬®áâ¨ ¬¥â®¤  ¯à®áâëå ¨â¥à æ¨© áã� ¥âáï,   ¥á«¨ ¯à®æ¥áá ¨ áå®¤¨âáï, â®¢® ¬­®£¨å á«ãç ïå áª®à®áâì áå®¤¨¬®áâ¨ ¬®�¥â ®ª § âìáï ®ç¥­ì ­¨§ª®©. �¤­¨¬¨§ íää¥ªâ¨¢­ëå ¬¥â®¤®¢, ¯®§¢®«ïîé¨å ¯à¥®¤®«¥âì ãª § ­­ë¥ âàã¤­®áâ¨, ï¢«ï¥â-áï ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç . �á­®¢­ë¬ ­ §­ ç¥­¨¥¬ ¤ ­­®£® ¬¥â®¤  ï¢«ï¥âáïà¥è¥­¨¥ ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢â®à®£® à®¤  á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥-« ¬¨ ¨­â¥£à¨à®¢ ­¨ï. �¥¬ ­¥ ¬¥­¥¥ ®­ ®ª §ë¢ ¥âáï ¯®«¥§­ë¬ ¨ ¯à¨ à¥è¥­¨¨ ¬­®-£¨å § ¤ ç ¤«ï ãà ¢­¥­¨© �®«ìâ¥àà , ¯®§¢®«ïï §­ ç¨â¥«ì­® ãáª®à¨âì áå®¤¨¬®áâì ¯®áà ¢­¥­¨î á ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©.Ǒà¨¬¥­¨¬ ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç  ª à¥è¥­¨î ãà ¢­¥­¨ï �®«ìâ¥àà ¢â®à®£® à®¤  ¢ ä®à¬¥ �àëá®­ 
y(x) = f(x) + ∫ x

a

K
(
x, t, y(t)) dt. (19)�®£¤  ¯®«ãç¨¬ á«¥¤ãîé¨© ¨â¥à æ¨®­­ë© ¯à®æ¥áá:

yk(x) = yk−1(x) + ϕk−1(x), k = 1, 2, . . . , (20)
ϕk−1(x) = εk−1(x) + ∫ x

a

K′
y

(
x, t, yk−1(t))ϕk−1(t) dt, (21)

εk−1(x) = f(x) + ∫ x

a

K
(
x, t, yk−1(t)) dt− yk−1(x). (22)� ®á­®¢¥  «£®à¨â¬  «¥�¨â à¥è¥­¨¥ «¨­¥©­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (21)®â­®á¨â¥«ì­® ¯®¯à ¢ª¨ ϕk−1(x) á ¨§¬¥­ïîé¨¬¨áï ®â è £  ª è £ã ï¤à®¬ ¨ ¯à ¢®©ç áâìî. � ª®© ¯à®æ¥áá ®¡« ¤ ¥â ¡ëáâà®© áå®¤¨¬®áâìî, ®¤­ ª® ¤®áâ â®ç­® á«®�¥­¨§-§  ­¥®¡å®¤¨¬®áâ¨ à¥è¥­¨ï ­®¢®£® ãà ¢­¥­¨ï ­  ª �¤®¬ ¨â¥à æ¨®­­®¬ è £¥.�¯à®é¥­¨¥ ¬®�¥â ¡ëâì ¤®áâ¨£­ãâ® ¯ãâ¥¬ ¨á¯®«ì§®¢ ­¨ï ¢¬¥áâ® (21) ãà ¢­¥­¨ï

ϕk−1(x) = εk−1(x) + ∫ x

a

K′
y

(
x, t, y0(t))ϕk−1(t) dt (23)¨«¨ ãà ¢­¥­¨ï

ϕk−1(x) = εk−1(x) + ∫ x

a

K′
y

(
x, t, ym(t))ϕk−1(t) dt, (24)
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8.2. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  257ï¤à  ª®â®àëå ­¥¨§¬¥­­ë. � ãà ¢­¥­¨¨ (24) m ä¨ªá¨à®¢ ­­® ¨ ã¤®¢«¥â¢®àï¥âãá«®¢¨î m < k − 1.�à ¢­¥­¨¥ (23) æ¥«¥á®®¡à §­® ¨á¯®«ì§®¢ âì ¯à¨ ã¤ ç­® ¢ë¡à ­­®¬ ­ ç «ì­®¬¯à¨¡«¨�¥­¨¨. � ¯à®â¨¢­®¬ á«ãç ¥ ¬®�­® ®áâ ­®¢¨âìáï ­  ­¥ª®â®à®¬ m-¬ ¯à¨-¡«¨�¥­¨¨ ¨, ­ ç¨­ ï á ­¥£®, ¨á¯®«ì§®¢ âì ã¯à®é¥­­®¥ ãà ¢­¥­¨¥ (24). Ǒ®«ãç î-é¨©áï ¢ à¥§ã«ìâ â¥ ¨â¥à æ¨®­­ë© ¯à®æ¥áá ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®¤¨ä¨æ¨à®¢ ­­ë©¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç . � ¯à¨­æ¨¯¥ ®­ áå®¤¨âáï ¬¥¤«¥­­¥¥, ç¥¬ ¨áå®¤­ë©¯à®æ¥áá (20){(22), ®¤­ ª® ¬¥­¥¥ á«®�¥­ ¯à¨ ¢ëç¨á«¥­¨ïå.Ǒà¨¬¥à 5. Ǒà¨¬¥­¨¬ ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç  ª à¥è¥­¨î ãà ¢­¥­¨ï
y(x) = ∫ x0 [ty2(t) − 1℄ dt.Ǒà®¨§¢®¤­ ï ¯®¤ë­â¥£à «ì­®£® ¢ëà �¥­¨ï ¯® y ¨¬¥¥â ¢¨¤
K ′
y

(
t, y(t)) = 2ty(t).Ǒà¨­¨¬ ï ¢ ª ç¥áâ¢¥ ­ã«¥¢®£® ¯à¨¡«¨�¥­¨ï y0(x) ≡ 0, ¯®«ãç¨¬ á®£« á­® (20) ¨ (21), çâ®

ϕ0(x) = −x ¨ y1(x) = −x. � «¥¥, y2(x) = y1(x) + ϕ1(x). �®£« á­® (22) ¨¬¥¥¬
ε1(x) = ∫ x0 [t(−t)2 − 1℄ dt+ x = 14 x4.�à ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¯®¯à ¢ª¨ ¨¬¥¥â ¢¨¤
ϕ1(x) = −2 ∫ x0 t2ϕ1(t) dt+ 14 x4¨ ¬®�¥â ¡ëâì à¥è¥­® «î¡ë¬ ¨§ ¬¥â®¤®¢ à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© �®«ìâ¥àà  ¢â®à®£®à®¤ . � ¤ ­­®¬ á«ãç ¥ ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©, ª®â®àë©¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ à¥§ã«ìâ â ¬ (­®¬¥à è £  ãª §ë¢ ¥âáï ¢¥àå­¨¬ ¨­¤¥ªá®¬):

ϕ
(0)1 = 14 x4,
ϕ
(1)1 = 14 x4 − 2 ∫ x0 14 t6 dt = 14 x4 − 114 x7,
ϕ
(2)1 = 14 x4 − 2 ∫ x0 t2( 14 t4 − 114 x7) dt = 14 x4 − 114 x7 + 170 x10.�£à ­¨ç¨¢è¨áì §¤¥áì ¢â®àë¬ ¯à¨¡«¨�¥­¨¥¬, ¯®«ãç¨¬

y2(x) = −x+ 14 x4 − 114 x7 + 170 x10,¨ ¯¥à¥©¤¥¬ ª âà¥âì¥¬ã ¨â¥à æ¨®­­®¬ã è £ã ¬¥â®¤  �ìîâ®­ {� ­â®à®¢¨ç :
y3(x) = y2(x) + ϕ2(x),

ε2(x) = 1160 x10 − 11820 x13 − 17840 x16 + 19340 x19 + 1107800 x22,
ϕ2(x) = ε2(x) + 2 ∫ x0 t

(
−t+ 14 t4 − 114 t7 + 170 t10)ϕ2(t) dt.�£à ­¨ç¨¢è¨áì ­ã«¥¢ë¬ ¯à¨¡«¨�¥­¨¥¬ ¯à¨ à¥è¥­¨¨ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï, ¯®«ãç¨¬

y3(x) = −x+ 14 x4 − 114 x7 + 23112 x10 − 11820 x13 − 17840 x16 + 19340 x19 + 1107800 x22.Ǒà¨¬¥­¥­¨¥ ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ª ¨áå®¤­®¬ã ãà ¢­¥­¨î ¯à¨¢®¤¨â ªâ ª®¬ã �¥ à¥§ã«ìâ âã ­  ç¥â¢¥àâ®¬ è £¥.Ǒà¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ¨­â¥£à «, ª ª ®¡ëç­®, § ¬¥­ï¥âáï ª¢ ¤à âãà­®© ä®à-¬ã«®©. �á­®¢­ ï âàã¤­®áâì à¥ «¨§ æ¨¨ ¬¥â®¤  ¢ íâ®¬ á«ãç ¥ ¬®�¥â § ª«îç âìáï¢ ®¯à¥¤¥«¥­¨¨ ¯à®¨§¢®¤­®© ®â ï¤à . � ¤ ç  ã¯à®é ¥âáï, ¥á«¨ ï¤à® § ¤ ­® ¢ ¢¨¤¥ ­ «¨â¨ç¥áª®£® ¢ëà �¥­¨ï, ¤®¯ãáª îé¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢  ­ «¨â¨ç¥áª®¬¢¨¤¥. �á«¨ �¥ ï¤à® § ¤ ­® â ¡«¨æ¥©, â® ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¤®«�­® ¢ë¯®«­ïâìáïç¨á«¥­­®.
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258 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©8.2-5. �¥â®¤ ª®««®ª æ¨¨Ǒà¨¬¥­¨â¥«ì­® ª à¥è¥­¨î ãà ¢­¥­¨© �®«ìâ¥àà  ¯¥à¢®£® à®¤  ¢ ä®à¬¥ �àë-á®­  ∫ x

a

K
(
x, t, y(t)) dt = f(x), a 6 x 6 b, (25)¬¥â®¤ ª®««®ª æ¨¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. Ǒà®¬¥�ãâ®ª [a, b℄ à §¡¨¢ ¥âáï ­ 

N ãç áâª®¢, ­  ª �¤®¬ ¨§ ª®â®àëå ¨áª®¬®¥ à¥è¥­¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ äã­ª-æ¨¨ ®¯à¥¤¥«¥­­®£® ¢¨¤  ~y(x) = �(x,A1, A2, . . . , Am), (26)§ ¢¨áïé¥© ®â á¢®¡®¤­ëå ¯ à ¬¥âà®¢ Ai (i = 1, 2, . . . ,m).�¥è ¥¬®¥ ãà ¢­¥­¨¥ § ¯¨áë¢ ¥âáï ­  ª �¤®¬ (k+1)-¬ ãç áâª¥ xk 6 x6 xk+1(k = 0, 1, . . . , N − 1) ¢ ¢¨¤¥
∫ x

xk

K
(
x, t, ~y(t)) dt = f(x)−	k(x), (27)£¤¥ ¨­â¥£à « 	k(x) = ∫ xk

a

K
(
x, t, ~y(t)) dt (28)¢á¥£¤  ¬®�¥â ¡ëâì ¢ëç¨á«¥­ ¯® ¨§¢¥áâ­®¬ã ­  ¯à®¬¥�ãâª¥ a6 x6 xk ¯à¨¡«¨�¥­-­®¬ã à¥è¥­¨î ~y(x), ¯®«ãç¥­­®¬ã ¯à¥¤¢ à¨â¥«ì­® ¤«ï k − 1 ãç áâª®¢. � ç «ì­®¥§­ ç¥­¨¥ y(a) ¨áª®¬®£® à¥è¥­¨ï ­ å®¤¨âáï ª ª¨¬-«¨¡® ¢á¯®¬®£ â¥«ì­ë¬ á¯®á®-¡®¬ ¨«¨ áç¨â ¥âáï § ¤ ­­ë¬.�«ï à¥è¥­¨ï ãà ¢­¥­¨ï (27) ¨á¯®«ì§ã¥âáï ¯à¥¤áâ ¢«¥­¨¥ (26),   á¢®¡®¤­ë¥¯ à ¬¥âàë Ai (i=1, 2, . . . , m) ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï ®¡à é¥­¨ï ¢ ­ã«ì ­¥¢ï§®ª

ε(Ai, xk,j) = ∫ xk,j

xk

K
(
xk,j , t,�(t, A1, . . . , Am)) dt− f(xk,j)−	k(xk,j), (29)£¤¥ xk,j (j = 1, 2, . . . ,m)| ã§«ë, á®®â¢¥âáâ¢ãîé¨¥ à §¡¨¥­¨î ®âà¥§ª  [xk, xk+1℄­  m ç áâ¥© (¯®¤®âà¥§ª®¢). �ëà �¥­¨¥ (29) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã m ãà ¢-­¥­¨© ®â­®á¨â¥«ì­® A1, A2, . . . , Am.�«ï ã¤®¡áâ¢  ¢ëç¨á«¥­¨© ¨áª®¬®¥ à¥è¥­¨¥ ­  ãç áâª¥ æ¥«¥á®®¡à §­® ¯à¥¤-áâ ¢«ïâì ¢ ¢¨¤¥ ª ª®£®-«¨¡® ¯®«¨­®¬ ~y(x) = m∑

i=1 Aiϕi(x), (30)£¤¥ ϕi(x) | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨. � ª ç¥áâ¢¥ ϕi(x)ç áâ® ¢ë¡¨à îâáï áâ¥¯¥­­ë¥ ¨ âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯®«¨­®¬ë, ¢ â®¬ ç¨á«¥,
ϕi(x) = xi−1.� ¯à¨«®�¥­¨ïå ª®­ªà¥â­ë© ¢¨¤ äã­ªæ¨© ϕi(x) ¢ ä®à¬ã«¥ (30),   â ª�¥ ¢¨¤äã­ªæ¨¨ � ¢ (26), ¨­®£¤  § ¤ ¥âáï ¨§ ä¨§¨ç¥áª¨å á®®¡à �¥­¨© ¨«¨ ®¯à¥¤¥«ï¥âáïáâàãªâãà®© à¥è¥­¨ï ¡®«¥¥ ¯à®áâ®£® ¬®¤¥«ì­®£® ãà ¢­¥­¨ï.8.2-6. �¥â®¤ ª¢ ¤à âãà� à¥è¥­¨î ­¥«¨­¥©­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  ¬®�­® ¯à¨¬¥­¨âì ¬¥â®¤, ®á­®-¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨ ª¢ ¤à âãà­ëå ä®à¬ã«. �¥â®¤¨ª  á®áâ ¢«¥­¨ï  ¯¯à®ª-á¨¬¨àãîé¥© á¨áâ¥¬ë ãà ¢­¥­¨© ®áâ ¥âáï â ª®© �¥, ª ª ¨ ¢ «¨­¥©­®¬ á«ãç ¥ (á¬.¯. 3.10-1).
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8.2. �¥«¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  2591◦. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¢â®à®£® à®¤  ¢ ä®à¬¥ �àëá®­ 
y(x)− ∫ x

a

K
(
x, t, y(t)) dt = f(x) (31)­  ®âà¥§ª¥ a 6 x 6 b. �ã¤¥¬ áç¨â âì, çâ® K(

x, t, y(t)) ¨ f(x) | ­¥¯à¥àë¢­ë¥äã­ªæ¨¨.�  ®á­®¢ ­¨¨ ãà ¢­¥­¨ï (31) ­ ©¤¥¬ y(a) = f(a). �®§ì¬¥¬ ¯®áâ®ï­­ë© è £¨­â¥£à¨à®¢ ­¨ï h ¨ à áá¬®âà¨¬ ¤¨áªà¥â­®¥ ¬­®�¥áâ¢® â®ç¥ª xi = a + h(i − 1),£¤¥ i = 1, 2, . . . , n. � â®çª å x = xi ãà ¢­¥­¨¥ (31) ¯à¨­¨¬ ¥â ¢¨¤
y(xi)− ∫ xi

a

K
(
xi, t, y(t)) dt = f(xi). (32)�ë¡¨à ï xi ¢ ª ç¥áâ¢¥ ã§«®¢ ª¢ ¤à âãà­®© ä®à¬ã«ë (á¬. ¯. 2.7-1), ¤«ï ª®â®à®©®è¨¡ª®©  ¯¯à®ªá¨¬ æ¨¨ ¡ã¤¥¬ ¯à¥­¥¡à¥£ âì, ¨ § ¬¥­ïï ¥î ¨­â¥£à « ¢ ¢ëà �¥-­¨¨ (32), ¯®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å (¨«¨ âà ­á-æ¥­¤¥­â­ëå) ãà ¢­¥­¨©:

y1 = f1, yi −
i∑

j=1AijKij(yj) = fi, i = 2, 3, . . . , n, (33)£¤¥ Aij | ª®íää¨æ¨¥­âë ª¢ ¤à âãà­®© ä®à¬ã«ë ­  ®âà¥§ª¥ [a, xi℄, yi |¯à¨¡«¨-�¥­­ë¥ §­ ç¥­¨ï à¥è¥­¨ï y(x) ¢ ã§« å xi, fi = f(xi) ¨ Kij(yj) = K(xi, tj , yj).�®®â­®è¥­¨ï (33) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ à¥ªãàà¥­â­ëå­¥«¨­¥©­ëå ãà ¢­¥­¨©
y1 = f1, yi − AiiKii(yi) = fi + i−1∑

j=1AijKij(yj), i = 2, 3, . . . , n, (34)¤«ï ®¯à¥¤¥«¥­¨ï ¯à¨¡«¨�¥­­®£® §­ ç¥­¨ï ¨áª®¬®£® à¥è¥­¨ï ¢ ã§«®¢ëå â®çª å.2◦. Ǒà¨¬¥­¨â¥«ì­® ª ãà ¢­¥­¨î �®«ìâ¥àà  ¢â®à®£® à®¤  ¢ ä®à¬¥ � ¬¬¥àèâ¥©­ 
y(x)− ∫ x

a

Q(x, t)�(
t, y(t)) dt = f(x) (35)®á­®¢­ë¥ á®®â­®è¥­¨ï ¬¥â®¤  ª¢ ¤à âãà ¨¬¥îâ ¢¨¤ (x1 = a)

y1 = f1, yi −
i∑

j=1AijQij�j(yj) = fi, i = 2, . . . , n, (36)£¤¥ Qij = Q(xi, tj) ¨ �j(yj) = �(tj , yj). �­¨ ¯à¨¢®¤ïâ ª ¯®á«¥¤®¢ â¥«ì­®áâ¨­¥«¨­¥©­ëå à¥ªãàà¥­â­ëå ãà ¢­¥­¨©
y1 = f1, yi −AiiQii�i(yi) = fi + i−1∑

j=1AijQij�j(yj), i = 2, . . . , n, (37)à¥è¥­¨ï ª®â®àëå ¤ îâ ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï ¨áª®¬®© äã­ªæ¨¨.Ǒà¨¬¥à 6. Ǒà¨ à¥è¥­¨¨ ãà ¢­¥­¨ï
y(x) − ∫ x0 e−(x−t)y2(t) dt = e−x, 0 6 x 6 0, 1,£¤¥ Q(x, t) = e−(x−t), �(

t, y(t)) = y2(t) ¨ f(x) = e−x,  ¯¯à®ªá¨¬¨àã¥¬®¥ ¢ëà �¥­¨¥¨¬¥¥â ¢¨¤
y(xi)− ∫ xi0 e−(xi−t)y2(t) dt = e−xi .
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260 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�á¯®«ì§ãï ¤«ï § ¬¥­ë ¨­â¥£à «  ä®à¬ã«ã âà ¯¥æ¨© (è £ h = 0, 02) ¨ ®âëáª¨¢ ï à¥è¥­¨¥¢ ã§« å xi = 0, 0,02, 0,04, 0,06, 0,08, 0,1, ¯®«ãç ¥¬ á®£« á­® (33) á«¥¤ãîéãî á¨áâ¥¬ãà áç¥â­ëå á®®â­®è¥­¨©:
y1 = f1, yi − 0, 01Qiiy2i = fi + i−1∑

j=1 0, 02Qijy2j , i = 2, 3, . . . , 6.� ª¨¬ ®¡à §®¬, ¤«ï ­ å®�¤¥­¨ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ­¥®¡å®¤¨¬® à¥è¨âì ª¢ ¤à â­®¥ãà ¢­¥­¨¥ ¤«ï ª �¤®£® §­ ç¥­¨ï yi, çâ® ¯®§¢®«ï¥â § ¯¨á âì
yi = 50± 50[1− 0, 04(fi + i−1∑

j=1 0, 02Qijy2j)]1/2
, i = 2, . . . , 6.

©• �¨â¥à âãà : Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢ ¨ ¤à. (1968), �. �. �à á­®¢, �. �. �¨á¥«¥¢,�. �. � ª à¥­ª® (1968), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).8.3. �à ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨¨­â¥£à¨à®¢ ­¨ï8.3-1. �¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á ¢ëà®�¤¥­­ë¬¨ ï¤à ¬¨1◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥ � ¬¬¥àèâ¥©­  ¢â®à®£® à®¤  ¢ ª ­®­¨ç¥áª®© ä®à¬¥
y(x) = ∫ b

a

Q(x, t)�(
t, y(t)) dt, (1)£¤¥ Q(x, t), �(t, y)|§ ¤ ­­ë¥ äã­ªæ¨¨, y(x)|¨áª®¬ ï äã­ªæ¨ï.Ǒãáâì Q(x, t)|¢ëà®�¤¥­­®¥ ï¤à®, â. ¥.

Q(x, t) = m∑

k=1 gk(x)hk(t). (2)� íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¯à¨­¨¬ ¥â ¢¨¤
y(x) = m∑

k=1 gk(x)∫ b

a

hk(t)�(
t, y(t)) dt. (3)Ǒ®«®�¨¬

Ak = ∫ b

a

hk(t)�(
t, y(t)) dt, k = 1, 2, . . . ,m, (4)£¤¥ Ak|¯®ª  ­¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥. �®£¤  ¢ á¨«ã (3) ¡ã¤¥¬ ¨¬¥âì

y(x) = m∑

k=1Akgk(x). (5)Ǒ®¤áâ ¢«ïï ¢ à ¢¥­áâ¢  (4) ¢ëà �¥­¨¥ (5) ¤«ï y(x), ¯®«ãç¨¬ ¢ ®¡é¥¬ á«ãç ¥
m âà ­áæ¥­¤¥­â­ëå ãà ¢­¥­¨© ¢¨¤ 

Ak = 	k(A1, A2, . . . , Am), k = 1, 2, . . . ,m, (6)á®¤¥à� é¨å m ­¥¨§¢¥áâ­ëå ¢¥«¨ç¨­ A1, A2, . . . , Am.� á«ãç ¥, ª®£¤  �(t, y)|¬­®£®ç«¥­ ®â­®á¨â¥«ì­® y, â. ¥.�(t, y) = p0(t) + p1(t)y + · · ·+ pn(t)yn, (7)£¤¥ p0(t), p1(t), . . . , pn(t) ¥áâì, ­ ¯à¨¬¥à, ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ t ­  ®âà¥§ª¥ [a, b℄,á¨áâ¥¬  (6) ¯à¥¢à é ¥âáï ¢ á¨áâ¥¬ã ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®-á¨â¥«ì­® A1, A2, . . . , Am.�¨á«® à¥è¥­¨© ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (3) à ¢­® ç¨á«ã à¥è¥­¨© á¨áâ¥-¬ë (6). � �¤®¥ à¥è¥­¨¥ á¨áâ¥¬ë (6) ¯®à®�¤ ¥â à¥è¥­¨¥ (5) ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï.
�âà ­¨æ  260



8.3. �à ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï 2612◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �àëá®­  ¢â®à®£® à®¤  á ã¯à®é¥­­ë¬ ¢ëà®�¤¥­­ë¬ï¤à®¬ á«¥¤ãîé¥£® ¢¨¤ :
y(x) + ∫ b

a

{ n∑

k=1 gk(x)fk(t, y(t))} dt = h(x). (8)�£® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤
y(x) = h(x) + n∑

k=1λkgk(x), (9)£¤¥ ¯®áâ®ï­­ë¥ λk ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© (âà ­áæ¥­¤¥­â-­®©) á¨áâ¥¬ë ãà ¢­¥­¨©
λm + ∫ b

a

fm
(
t, h(t) + n∑

k=1λkgk(t))
dt = 0, m = 1, 2, . . . , n. (10)� §«¨ç­ë¬ ª®à­ï¬ íâ®© á¨áâ¥¬ë ®â¢¥ç îâ à §«¨ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®£® ¨­-â¥£à «ì­®£® ãà ¢­¥­¨ï. �®§¬®�­ë á¨âã æ¨¨, ª®£¤  (¤¥©áâ¢¨â¥«ì­ë¥) à¥è¥­¨ï ®â-áãâáâ¢ãîâ.�¥è¥­¨¥ ãà ¢­¥­¨ï �àëá®­  ¢â®à®£® à®¤  á ¢ëà®�¤¥­­ë¬ ï¤à®¬ ¢ ®¡é¥©ä®à¬¥

f
(
x, y(x)) + ∫ b

a

{ n∑

k=1 gk(x, y(x))hk(t, y(t))} dt = 0 (11)¬®�­® § ¯¨á âì ¢ ­¥ï¢­®¬ ¢¨¤¥
f
(
x, y(x)) + n∑

k=1λkgk(x, y(x)) = 0, (12)£¤¥ ¯ à ¬¥âàë λk ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å (âà ­á-æ¥­¤¥­â­ëå) ãà ¢­¥­¨©
λk −Hk(~λ) = 0, k = 1, 2, . . . , n,

Hk(~λ) = ∫ b

a

hk
(
t, y(t)) dt, ~λ = {λ1, λ2, . . . , λn}. (13)� á¨áâ¥¬ã (13) á«¥¤ã¥â ¯®¤áâ ¢¨âì äã­ªæ¨î y(x) = y(x,~λ), ª®â®à ï ¯®«ãç ¥âáï¯ãâ¥¬ à §à¥è¥­¨ï (12).�¨á«® à¥è¥­¨© ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï ç¨á«®¬ à¥è¥­¨©, ¯®-«ãç¥­­ëå ¨§ (12) ¨ (13). �®§¬®�­ë á¨âã æ¨¨, ª®£¤  à¥è¥­¨ï ®âáãâáâ¢ãîâ.Ǒà¨¬¥à 1. �¥è¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

y(x) = λ

∫ 10 xty3(t) dt (14)á ¯ à ¬¥âà®¬ λ. Ǒ®«®�¨¬
A = ∫ 10 ty3(t) dt. (15)�®£¤  ¨§ (14) ¡ã¤¥¬ ¨¬¥âì
y(x) = λAx. (16)Ǒ®¤áâ ¢«ïï y(x) ¢ ä®à¬¥ (16) ¢ á®®â­®è¥­¨¥ (15), ¯®«ãç¨¬

A = ∫ 10 tλ3A3t3 dt.
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262 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©�âªã¤ 
A = 15 λ3A3. (17)Ǒà¨ λ > 0 ãà ¢­¥­¨¥ (17) ¨¬¥¥â âà¨ à¥è¥­¨ï:

A1 = 0, A2 = √ 5
λ3 , A3 = −

√ 5
λ3 .�«¥¤®¢ â¥«ì­®, ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (14) â ª�¥ ¨¬¥¥â âà¨ à¥è¥­¨ï ¯à¨ «î¡®¬ λ > 0:

y1(x) ≡ 0, y2(x) = √ 5
λ3 x, y3(x) = −

√ 5
λ3 x.Ǒà¨ λ 6 0 ãà ¢­¥­¨¥ (17) ¨¬¥¥â â®«ìª® ®¤­® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ y(x) ≡ 0.8.3-2. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©1◦. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®-áâìî ­  ¯®«ã®á¨

µy(x)− λ

∫ ∞0 1
t
y
(
x

t

)
y(t)dt = f(x). (18)�«ï ¥£® à¥è¥­¨ï ¨á¯®«ì§ãîâ ¯à¥®¡à §®¢ ­¨¥ �¥««¨­ , ª®â®à®¥ á ãç¥â®¬ â¥®à¥¬ë® á¢¥àâª¥ (á¬. à §¤. 7.3) ¯à¨¢®¤¨â ª ª¢ ¤à â­®¬ã ãà ¢­¥­¨î ®â­®á¨â¥«ì­® ¨§®¡-à �¥­¨ï ŷ(s) = M{y(x)}:

µŷ(s)− λŷ2(s) = f̂(s).�âáî¤  ¨¬¥¥¬
ŷ(s) = µ±

√
µ2 − 4λf̂ (s)2λ . (19)�à¨£¨­ « y(x) = M−1{ŷ(s)} (¥á«¨ ®­ áãé¥áâ¢ã¥â), ¯®«ãç¥­­ë© á ¯®¬®éìî®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï, ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (18). � §­ë¬ §­ ª ¬ ¢ä®à¬ã«¥ ¤«ï ¨§®¡à �¥­¨© (19) ®â¢¥ç îâ ¤¢  à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï.2◦. � ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �¥««¨­  ¬®�­® à¥è âì â ª�¥ ­¥«¨­¥©­ë¥ ¨­â¥-£à «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤ 

y(x)− λ

∫ ∞0 tβy(xt)y(t)dt = f(x). (20)Ǒà¥®¡à §®¢ ­¨¥ �¥««¨­  (á¬. â ¡«. 2 ¨§ à §¤. 1.3) ¯à¨¢®¤¨â (20) ª äã­ªæ¨®­ «ì-­®¬ã ãà ¢­¥­¨î ¤«ï ¨§®¡à �¥­¨ï ŷ(s) = M{y(x)}:
ŷ(s)− λŷ(s)ŷ(1− s + β) = f̂(s). (21)� ¬¥­ïï ¢ (21) s ­  1 − s + β, ¨¬¥¥¬ á«¥¤áâ¢¨¥

ŷ(1− s + β)− λŷ(s)ŷ(1− s + β) = f̂(1− s + β). (22)�áª«îç ï ¨§ (21) ¨ (22) ª¢ ¤à â¨ç­ë© ç«¥­, ¯®«ãç¨¬ á¢ï§ì
ŷ(s)− f̂(s) = ŷ(1− s + β)− f̂(1− s + β). (23)�ëà � ï ®âáî¤  ŷ(1 − s + β) ¨ ¯®¤áâ ¢«ïï ¢ (21), ¯à¨å®¤¨¬ ª ª¢ ¤à â­®¬ããà ¢­¥­¨î ®â­®á¨â¥«ì­® ¨§®¡à �¥­¨ï

λŷ2(s)− [1 + f̂(s)− f̂(1− s + β)]ŷ(s) + f̂(s) = 0. (24)� §à¥è¨¢ (24) ®â­®á¨â¥«ì­® ŷ(s) á ¯®¬®éìî ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �¥««¨­ ¬®�­® ­ ©â¨ à¥è¥­¨¥ ¨áå®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (20).
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8.3. �à ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï 2638.3-3. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©1◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥
y(x) + ∫ b

a

|x− t|f
(
t, y(t)) dt = g(x). (25)� áªà®¥¬ ¬®¤ã«ì ¢ ¯®¤ë­â¥£à «ì­®¬ ¢ëà �¥­¨¨. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

y(x) + ∫ x

a

(x− t)f(
t, y(t)) dt+ ∫ b

x

(t− x)f(
t, y(t)) dt = g(x). (26)�¨ää¥à¥­æ¨àãï (26) ¯® x, ¨¬¥¥¬

y′x(x) + ∫ x

a

f
(
t, y(t)) dt− ∫ b

x

f
(
t, y(t)) dt = g′x(x). (27)�¨ää¥à¥­æ¨àãï (27), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®-¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ y = y(x):

y′′xx + 2f(x, y) = g′′xx(x). (28)�ë¢¥¤¥¬ â¥¯¥àì £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï ãà ¢­¥­¨ï (28). �ç¨â ¥¬, çâ®
−∞ < a < b <∞. Ǒ®« £ ï ¢ (26) x = a ¨ x = b, ¨¬¥¥¬ ¤¢  á«¥¤áâ¢¨ï:

y(a) + ∫ b

a

(t− a)f(
t, y(t)) dt = g(a),

y(b) + ∫ b

a

(b− t)f(
t, y(t)) dt = g(b). (29)�ëà §¨¬ ¨§ ãà ¢­¥­¨ï (28) äã­ªæ¨î f(x, y) ¨ ¯®¤áâ ¢¨¬ ¢ (29). Ǒ®á«¥ ¨­â¥£à¨-à®¢ ­¨ï ¯® ç áâï¬ ¯®«ãç¨¬ ¨áª®¬ë¥ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ y(x):

y(a) + y(b) + (b− a)[g′x(b)− y′x(b)] = g(a) + g(b),
y(a) + y(b) + (a− b)[g′x(a)− y′x(a)] = g(a) + g(b). (30)�â¬¥â¨¬ ¯®«¥§­®¥ á«¥¤áâ¢¨¥ íâ¨å à ¢¥­áâ¢:

y′x(a) + y′x(b) = g′x(a) + g′x(b),ª®â®à®¥ ¬®�­® ¨á¯®«ì§®¢ âì ¢¬¥áâ® ®¤­®£® ¨§ ãá«®¢¨© (30).�à ¢­¥­¨¥ (28) ¢¬¥áâ¥ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (30) ®¯¨áë¢ ¥â à¥è¥­¨¥ ¨á-å®¤­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (®â¬¥â¨¬, çâ® à¥è¥­¨© ¬®�¥â ¡ëâì ­¥áª®«ìª®).2◦. �à ¢­¥­¨¥ ¢¨¤ 
y(x) + ∫ b

a

eλ|x−t|f
(
t, y(t)) dt = g(x) (31)á ¯®¬®éìî ¤¢ãªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï (á ¯®á«¥¤ãîé¨¬ ¨áª«îç¥­¨¥¬ ¨­â¥-£à «ì­®£® ç«¥­  á ¨á¯®«ì§®¢ ­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï) ¯à¨¢®¤¨âáï ª ­¥«¨­¥©-­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª 

y′′xx + 2λf(x, y)− λ2y = g′′xx(x)− λ2g(x). (32)� £à ­¨ç­ëå ãá«®¢¨ïå ¤«ï íâ®£® ãà ¢­¥­¨ï á¬. ¢ ª­¨£¥ �. �. Ǒ®«ï­¨­ , �. �. � ­-�¨à®¢  (1998, áâà. 392).3◦. � ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¢â®à®£® ¯®àï¤ª  á ¯®¬®éìî¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à¨¢®¤ïâáï â ª�¥ ãà ¢­¥­¨ï ¢¨¤ 
y(x) + ∫ b

a

sh(
λ|x− t|

)
f
(
t, y(t)) dt = g(x), (33)

y(x) + ∫ b

a

sin(
λ|x− t|

)
f
(
t, y(t)) dt = g(x). (34)�¡ íâ¨å ãà ¢­¥­¨ïå á¬. ¢ ª­¨£¥ �. �. Ǒ®«ï­¨­ , �. �. � ­�¨à®¢  (1998, áâà. 393).
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264 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©8.3-4. �¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©� áá¬®âà¨¬ ­¥«¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �àëá®­  ¢ ª ­®­¨ç¥áª®©ä®à¬¥
y(x) = ∫ b

a

K
(
x, t, y(t))dt, a 6 x 6 b. (35)�â¥à æ¨®­­ë© ¯à®æ¥áá ¤«ï íâ®£® ãà ¢­¥­¨ï áâà®¨âáï ¯® ä®à¬ã«¥

yk(x) = ∫ b

a

K
(
x, t, yk−1(t)) dt, k = 1, 2, . . . (36)�á«¨ äã­ªæ¨ï K(x, t, y) ­¥¯à¥àë¢­  ¢¬¥áâ¥ á ¯à®¨§¢®¤­®© K′

y(x, t, y) ¯® á®¢®ªã¯-­®áâ¨ ¯¥à¥¬¥­­ëå a 6 x 6 b, a 6 t 6 b, |y| 6 ρ ¨
∫ b

a

sup
y

|K(x, t, y)|dt 6 ρ,

∫ b

a

sup
y

|K′
y(x, t, y)|dt 6 β < 1, (37)â® ¯à¨ «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï y0(x) ¨§ ®¡« áâ¨

{|y|6 ρ, a6 x6 b} ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨�¥­¨ï (36) áå®¤ïâáï ª ­¥¯à¥àë¢­®¬ãà¥è¥­¨î y∗(x), ª®â®à®¥ à á¯®«®�¥­® ¢ â®© �¥ ®¡« áâ¨ ¨ ¥¤¨­áâ¢¥­­® ¢ ­¥©.�ª®à®áâì áå®¤¨¬®áâ¨ ®¯à¥¤¥«ï¥âáï ­¥à ¢¥­áâ¢®¬
|y∗(x)− yk(x)| 6

βk1− β
sup
x

|y1(x)− y0(x)|, a 6 x 6 b, (38)ª®â®à®¥ ¤ ¥â  ¯à¨®à­ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ k-£® ¯à¨¡«¨�¥­¨ï. �¯®áâ¥à¨®à­ ï¨, ¢®®¡é¥ £®¢®àï, ¡®«¥¥ â®ç­ ï ®æ¥­ª  ¨¬¥¥â ¢¨¤
|y∗(x)− yk(x)| 6

β1− β
sup
x

|yk(x)− yk−1(x)|, a 6 x 6 b. (39)�¥è¥­¨¥ ãà ¢­¥­¨ï ¢¨¤  (35) á ¤®¯®«­¨â¥«ì­ë¬ á« £ ¥¬ë¬ f(x) ¢ ¯à ¢®©ç áâ¨ ¬®�¥â ¡ëâì ¯®áâà®¥­®  ­ «®£¨ç­ë¬ ®¡à §®¬.Ǒà¨¬¥à 2. Ǒà¨¬¥­¨¬ ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨© ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï
y(x) = ∫ 10 xty2(t) dt − 512 x+ 1.�®®â¢¥âáâ¢ãîé ï à¥ªãàà¥­â­ ï ä®à¬ã«  ¨¬¥¥â ¢¨¤

yk(x) = ∫ 10 xty2k−1(t) dt− 512 x+ 1, k = 1, 2, . . .� ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï ¢®§ì¬¥¬ y0(x) = 1. �ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®
y1(x) = 1 + 0, 083 x,
y8(x) = 1 + 0, 27 x,
y16(x) = 1 + 0, 318 x, y2(x) = 1 + 0, 14 x,

y9(x) = 1 + 0, 26 x,
y17(x) = 1 + 0, 321 x, y3(x) = 1 + 0, 18 x,

y10(x) = 1 + 0, 29 x,
y18(x) = 1 + 0, 323 x, . . .

. . .

. . .� ª¨¬ ®¡à §®¬, ¯à¨¡«¨�¥­¨ï áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î y(x) = 1+ 13 x. �¨¤­®, çâ®áª®à®áâì áå®¤¨¬®áâ¨ ®ç¥­ì ¬ « .� ¯. 8.3-5 íâ® ãà ¢­¥­¨¥ ¡ã¤¥â à¥è¥­® ¡®«¥¥ íää¥ªâ¨¢­ë¬ ¬¥â®¤®¬.8.3-5. �¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç �¥è¥­¨¥ ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ï¢«ï¥âáï á«®�­®© § ¤ ç¥© ¢ë-ç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨, çâ® ®¡ãá«®¢«¥­® âàã¤­®áâï¬¨ ª ª ¯à¨­æ¨¯¨ «ì­®£®,
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8.3. �à ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï 265â ª ¨ ¢ëç¨á«¨â¥«ì­®£® å à ªâ¥à . � á¢ï§¨ á íâ¨¬ à §à ¡ âë¢ îâáï ¬¥â®¤ë, á¯¥-æ¨ «ì­® ¯à¥¤­ §­ ç¥­­ë¥ ¤«ï à¥è¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨©. � â ª¨¬ ¬¥â®¤ ¬®â­®á¨âáï ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç , ª®â®àë© ¢® ¬­®£¨å á«ãç ïå ¯®§¢®«ï¥â à¥-è âì ¢®¯à®áë ®¡¥á¯¥ç¥­¨ï ¨ ãáª®à¥­¨ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­ëå ¯à®æ¥áá®¢.� áá¬®âà¨¬ ¤ ­­ë© ¬¥â®¤ ¯à¨¬¥­¨â¥«ì­® ª ãà ¢­¥­¨î �àëá®­  ¢ ª ­®­¨ç¥-áª®© ä®à¬¥ (35). �â¥à æ¨®­­ë© ¯à®æ¥áá áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:
yk(x) = yk−1(x) + ϕk−1(x), k = 1, 2, . . . , (40)

ϕk−1(x) = εk−1(x) + ∫ b

a

K′
y

(
x, t, yk−1(t))ϕk−1(t) dt, (41)

εk−1(x) = ∫ b

a

K
(
x, t, yk−1(t)) dt− yk−1(x). (42)�  ª �¤®¬ è £¥  «£®à¨â¬  à¥è ¥âáï «¨­¥©­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨-â¥«ì­® ¯®¯à ¢ª¨ ϕk−1(x). Ǒà®æ¥áá (40) ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ®¡« ¤ ¥â¡ëáâà®© áå®¤¨¬®áâìî, ®¤­ ª® ¤®áâ â®ç­® á«®�¥­, ¯®áª®«ìªã ­  ª �¤®© ¨â¥à æ¨¨­¥®¡å®¤¨¬® ¯®«ãç âì ­®¢®¥ ï¤à® K′

y

(
x, t, yk−1(t)) ¤«ï ãà ¢­¥­¨ï (41).�¯à®é¥­¨¥  «£®à¨â¬  ¤®áâ¨£ ¥âáï ¯ãâ¥¬ ¨á¯®«ì§®¢ ­¨ï ãà ¢­¥­¨ï

ϕk−1(x) = εk−1(x) + ∫ b

a

K′
y

(
x, t, y0(t))ϕk−1(t) dt (43)¢¬¥áâ® (41). Ǒà¨ ã¤ ç­®¬ ¢ë¡®à¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï ¨­â¥£à «ì­ë¥ ®¯¥à -â®àë ¢ (41) ¨ (43) ®â«¨ç îâáï ¬ «®. Ǒà¨ íâ®¬ ï¤à® ¢ (43) ¢ ¯à®æ¥áá¥ à¥è¥­¨ï®áâ ¥âáï ­¥¨§¬¥­­ë¬.�¥â®¤ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï, á®áâ®ïé¨© ¢ ¯à¨¬¥­¥­¨¨ ä®à¬ã« (40), (42)¨ (43), ­ §ë¢ ¥âáï ¬®¤¨ä¨æ¨à®¢ ­­ë¬ ¬¥â®¤®¬ �ìîâ®­ {� ­â®à®¢¨ç . � ¯à¨­-æ¨¯¥ ®­ áå®¤¨âáï ¬¥¤«¥­­¥¥, ç¥¬ ¨áå®¤­ë© (­¥¬®¤¨ä¨æ¨à®¢ ­­ë©) ¬¥â®¤, ®¤­ ª®¬¥­¥¥ á«®�¥­ ¯à¨ ¢ëç¨á«¥­¨ïå ¨ ¯®â®¬ã ç áâ® ®ª §ë¢ ¥âáï ¯à¥¤¯®çâ¨â¥«ì­ë¬.Ǒãáâì äã­ªæ¨ï K(x, t, y) ­¥¯à¥àë¢­  ¢¬¥áâ¥ á ¯à®¨§¢®¤­ë¬¨ K′

y(x, t, y) ¨
K′′
yy(x, t, y) ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå a 6 x 6 b, a 6 t 6 b ¨ ¢ë¯®«­¥­ëá«¥¤ãîé¨¥ ãá«®¢¨ï:1◦. Ǒà¨ ­ ç «ì­®¬ ¯à¨¡«¨�¥­¨¨ y0(x) ï¤à® K′

y

(
x, t, y0(t)) ¨¬¥¥â à¥§®«ì¢¥­âã

R(x, t) â ªãî, çâ®
∫ b

a

|R(x, t)| dt 6 A <∞, a 6 x 6 b.2◦. �¥¢ï§ª  ε0(x) ãà ¢­¥­¨ï (42) ¤«ï ¯à¨¡«¨�¥­¨ï y0(x) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­-áâ¢ã
|ε0(x)| =∣∣∣∣

∫ b

a

K
(
x, t, y0(t)) dt− y0(x)∣∣∣∣6 B <∞.3◦. � ®¡« áâ¨ |y(x)− y0(x)| 6 2(1 +A)B ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

∫ b

a

sup
y

∣∣K′′
yy(x, t, y)∣∣ dt 6 D <∞.4◦. Ǒ®áâ®ï­­ë¥ A, B ¨ D ¯®¤ç¨­¥­ë ãá«®¢¨î

H = (1 +A)2BD 6
12 .�®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© 1◦{4◦ ¯à®æ¥áá (40) áå®¤¨âáï ª à¥è¥­¨î y∗(x)ãà ¢­¥­¨ï (35), à á¯®«®�¥­­®¬ã ¢ ®¡« áâ¨

|y(x)− y0(x)| 6 (1−√1 − 2H)H−1(1 −A)B, a 6 x 6 b,
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266 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©¨ ¥¤¨­áâ¢¥­­®¬ã ¢ ®¡« áâ¨
|y(x)− y0(x)| 6 2(1 +A)B, a 6 x 6 b.�ª®à®áâì áå®¤¨¬®áâ¨ ®¯à¥¤¥«ï¥âáï ®æ¥­ª®©

|y∗(x)− yk(x)| 6 21−k(2H)2k−1(1− A)B, a 6 x 6 b.� ª¨¬ ®¡à §®¬, ¯à¨¢¥¤¥­­ë¥ ãá«®¢¨ï ãáâ ­ ¢«¨¢ îâ áå®¤¨¬®áâì  «£®à¨â¬ , áãé¥-áâ¢®¢ ­¨¥, ®¡« áâì à á¯®«®�¥­¨ï ¨ ®¡« áâì ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ­¥«¨­¥©­®£®ãà ¢­¥­¨ï (35). �­¨ â ª�¥ ¯à¥¤êï¢«ïîâ ®¯à¥¤¥«¥­­ë¥ âà¥¡®¢ ­¨ï ª ­ ç «ì­®¬ã¯à¨¡«¨�¥­¨î y0(x), ¢ë¡®à ª®â®à®£® ï¢«ï¥âáï ¢ �­®© á ¬®áâ®ïâ¥«ì­®© § ¤ ç¥©,­¥ ¨¬¥îé¥© ¥¤¨­®£® ¯®¤å®¤ . �¡ëç­® ­ ç «ì­®¥ ¯à¨¡«¨�¥­¨¥ ®¯à¥¤¥«ï¥âáï «¨¡®¡®«¥¥ ¤¥â «ì­ë¬  ¯à¨®à­ë¬  ­ «¨§®¬ à¥è ¥¬®£® ãà ¢­¥­¨ï, «¨¡® ä¨§¨ç¥áª¨¬¨á®®¡à �¥­¨ï¬¨, ¢ëâ¥ª îé¨¬¨ ¨§ áãé¥áâ¢  § ¤ ç¨, ®¯¨áë¢ ¥¬®© íâ¨¬ ãà ¢­¥­¨-¥¬. Ǒà¨ ã¤ ç­®¬ ¢ë¡®à¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç ®¡¥á¯¥ç¨¢ ¥â ¢ëá®ªãî áª®à®áâì áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ¤«ï ¯®«ãç¥-­¨ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï á § ¤ ­­®© â®ç­®áâìî.� ¬¥ç ­¨¥. Ǒãáâì ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (35) á®¤¥à�¨â ¤®¯®«­¨â¥«ì­®¥á« £ ¥¬®¥ f(x). �®£¤  â ª®¥ ãà ¢­¥­¨¥ ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ (35) á¯®¤ë­â¥£à «ì­ë¬ ¢ëà �¥­¨¥¬ K(
x, t, y(t)) + (b− a)−1f(x).Ǒà¨¬¥à 3. Ǒà¨¬¥­¨¬ ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç  ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï

y(x) = ∫ 10 xty2(t) dt − 512 x+ 1. (44)� ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï ¢®§ì¬¥¬ y0(x) = 1. �¯à¥¤¥«¨¬ á®£« á­® (42) ­¥¢ï§ªã:
ε0(x) = ∫ 10 xty20(t) dt− 512 x+ 1− y0(x) = x

∫ 10 t dt− 512 x+ 1− 1 = 112 x.�¥®¡å®¤¨¬ ï ¢ à áç¥â å ¯à®¨§¢®¤­ ï ®â ï¤à  K(x, t, y) = xty2(t) ¨¬¥¥â ¢¨¤ K′
y(x, t, y) == 2xty(t). � á®®â¢¥âáâ¢¨¨ á (41) á®áâ ¢¨¬ ®â­®á¨â¥«ì­® ϕ0(x) ãà ¢­¥­¨¥

ϕ0(x) = 112 x+ 2x ∫ 10 ty0(t)ϕ0(t) dt,¢ ª®â®à®¬ ï¤à® ®ª §ë¢ ¥âáï ¢ëà®�¤¥­­ë¬, çâ® ¯®§¢®«ï¥â ¯®«ãç¨âì ϕ0(x) = 14 x. �¥¯¥àì®¯à¥¤¥«¨¬ ¯¥à¢®¥ ¯à¨¡«¨�¥­¨¥ ¨áª®¬®© äã­ªæ¨¨: y1(x) = y0(x) + ϕ0(x) = 1 + 14 x.Ǒà®¤®«� ï ¨â¥à æ¨®­­ë© ¯à®æ¥áá, ¯®«ãç¨¬
ε1(x) = ∫ 10 xt

(1 + 14 t) dt+ (1− 512 x)
−

(1 + 14 x) = 164 x.�à ¢­¥­¨¥ ®â­®á¨â¥«ì­® ϕ1(x) ¨¬¥¥â ¢¨¤
ϕ1(x) = 164 x+ 2x ∫ 10 t

(1 + 14 t) dt+ (1− 512 x)
−

(1 + 14 x)
,¨ ¥£® à¥è¥­¨¥ ϕ1(x) = 340 x. �âáî¤  y2(x) = 1+ 14 x+ 340 x= 1+0, 325x. � ªá¨¬ «ì­®¥®â«¨ç¨¥ â®ç­®£® à¥è¥­¨ï y(x) = 1 + 13 x ®â ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï y2(x) ­ ¡«î¤ ¥âáï¯à¨ x = 1 ¨ á®áâ ¢«ï¥â ¬¥­¥¥ 0,5%.� ­­®¥ à¥è¥­¨¥ ­¥ ¥¤¨­áâ¢¥­­®¥. �â®à®¥ à¥è¥­¨¥ â ª�¥ ¬®�¥â ¡ëâì ¯®«ãç¥­®, ¥á«¨¢ ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨�¥­¨ï ¢ë¡à âì äã­ªæ¨î y0(x) = 1 + 0, 8x. � íâ®¬ á«ãç ¥¯®¢â®à¥­¨¥ ¯à¨¢¥¤¥­­®© ¢ëè¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à¨¡«¨�¥­¨© ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬à¥§ã«ìâ â ¬:

y1(x) = 1 + 0, 82 x, y2(x) = 1 + 1, 13 x, y3(x) = 1 + 0, 98 x, . . . ,
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8.3. �à ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¯à¥¤¥« ¬¨ ¨­â¥£à¨à®¢ ­¨ï 267¨ ¯®á«¥¤ãîé¨¥ ¯à¨¡«¨�¥­¨ï áâà¥¬ïâáï ª â®ç­®¬ã à¥è¥­¨î y(x) = 1 + x.�ë ¢¨¤¨¬, çâ® áª®à®áâì áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  á¢ï§ ­­®£® á ¬¥â®¤®¬�ìîâ®­ {� ­â®à®¢¨ç  áãé¥áâ¢¥­­® ¢ëè¥, ç¥¬ ¤«ï á«ãç ï ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨-¡«¨�¥­¨© (á¬. ¯à¨¬¥à 2 ¨§ ¯. 8.4-4).�à ¢­¨¬ â ª�¥ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­ëå ¯à®æ¥áá®¢ ¬¥â®¤  �ìîâ®­ {� ­â®à®¢¨ç  ¨ ¬®¤¨ä¨æ¨à®¢ ­­®£® ¬¥â®¤ . Ǒà¨¬¥­¥­¨¥ ¬®¤¨ä¨æ¨à®¢ ­­®£® ¬¥â®¤  ¤ ¥â
yn(x) = 1 + knx; k0 k1 k2 k3 k4 k5 k6 k7 k8 . . .0 0, 25 0, 69 0, 60 0, 51 0, 44 0, 38 0, 36 0, 345 . . .

.�â¥à æ¨®­­ë© ¯à®æ¥áá ¬®¤¨ä¨æ¨à®¢ ­­®£® ¬¥â®¤  â ª�¥ áå®¤¨âáï ª â®ç­®¬ã à¥è¥-­¨î y(x) = 1 + 13 x.�¨¤­®, çâ® ¬®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç  ¬¥­¥¥ íää¥ªâ¨¢¥­, ç¥¬¬¥â®¤ �ìîâ®­ {� ­â®à®¢¨ç , ­® ¡®«¥¥ íää¥ªâ¨¢¥­, ç¥¬ ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨-�¥­¨© (á¬. ¯à¨¬¥à 2 ¨§ ¯. 8.4-4).8.3-6. �¥â®¤ ª¢ ¤à âãà� à¥è¥­¨î «î¡®£® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¬®�­® ¯à¨¬¥­¨âì ¬¥â®¤, ®á­®-¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨ ª¢ ¤à âãà­ëå ä®à¬ã«. �¥â®¤¨ª  á®áâ ¢«¥­¨ï  ¯¯à®ª-á¨¬¨àãîé¥© á¨áâ¥¬ë ãà ¢­¥­¨© ®áâ ¥âáï â ª®© �¥, ª ª ¨ ¢ «¨­¥©­®¬ á«ãç ¥ (á¬.¯. 5.18-1). � áá¬®âà¨¬ ¥¥ ­  ¯à¨¬¥à¥ ãà ¢­¥­¨ï �àëá®­  ¢â®à®£® à®¤ 
y(x)− ∫ b

a

K
(
x, t, y(t)) dt = f(x), a 6 x 6 b. (45)Ǒ®«®�¨¬ x = xi (i = 1, 2, . . . , n), â®£¤ 

y(xi)− ∫ b

a

K
(
xi, t, y(t)) dt = f(xi), i = 1, 2, . . . , n, (46)�®á¯®«ì§®¢ ¢è¨áì ª¢ ¤à âãà­®© ä®à¬ã«®© ¨§ ¯. 5.18-1 ¨ ¯à¥­¥¡à¥£ ï ®è¨¡ª®© ¯¯à®ªá¨¬ æ¨¨, ¯à¥®¡à §ã¥¬ á®®â­®è¥­¨ï (46) ¢ á¨áâ¥¬ã ­¥«¨­¥©­ëå ãà ¢­¥­¨©

yi −
n∑

j=1AjKij(yj) = fi, i = 1, 2, . . . , n, (47)®â­®á¨â¥«ì­® ¯à¨¡«¨�¥­­ëå §­ ç¥­¨© yi à¥è¥­¨ï y(x) ¢ ã§« å x1, x2, . . . , xn, £¤¥
fi = f(xi),Kij(yj) =K(xi, tj , yj),   Aj|ª®íää¨æ¨¥­âë ª¢ ¤à âãà­®© ä®à¬ã«ë.�¥è¥­¨¥ ­¥«¨­¥©­®© á¨áâ¥¬ë (47) ¤ ¥â §­ ç¥­¨ï y1, y2, . . . , yn, ¯® ª®â®-àë¬ ¯ãâ¥¬ ¨­â¥à¯®«ïæ¨¨ ­ å®¤¨âáï ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢-­¥­¨ï (45) ­  ¢á¥¬ ®âà¥§ª¥ [a, b℄. � ª ç¥áâ¢¥  ­ «¨â¨ç¥áª®£® ¢ëà �¥­¨ï ¯à¨¡«¨-�¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï ¬®�¥â ¡ëâì ¢§ïâ  äã­ªæ¨ï~y(x) = f(x) + n∑

j=1AjK(x, xj , yj). (48)8.3-7. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®­®¢ Ǒà¨¬¥­¨â¥«ì­® ª ­¥«¨­¥©­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �àëá®­  ¯¥à¢®£®à®¤  ∫ b

a

K
(
x, t, y(t)) dt = f(x), c 6 x 6 d, (49)
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268 �¥â®¤ë à¥è¥­¨ï ­¥«¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©£¤¥ f(x) ∈ L2(c, d) ¨ y(t) ∈ L2(a, b), ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®­®¢  ¯à¨¢®¤¨â ªà¥£ã«ïà¨§®¢ ­­®¬ã ­¥«¨­¥©­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î ¢ ä®à¬¥
αyα(x) + ∫ b

a

M
(
t, x, yα(t), yα(x)) dt = F

(
x, yα(x)), a 6 x 6 b, (50)

M
(
t, x, y(t), y(x)) = ∫ d

c

K
(s, t, y(t))K′

y

(s, x, y(x)) ds, (51)
F

(
x, y(x)) = ∫ d

c

K′
y

(
t, x, y(x))f(t) dt, (52)£¤¥ α|¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨.�¥â®¤ ª¢ ¤à âãà á ¨á¯®«ì§®¢ ­¨¥¬ ä®à¬ã«ë âà ¯¥æ¨©, ­ ¯à¨¬¥à, ¯à¨¢®¤¨âãà ¢­¥­¨¥ (50) ª á¨áâ¥¬¥ ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. Ǒà¨¡«¨�¥­­®¥à¥è¥­¨¥ (49) áâà®¨âáï ¯® ¯à¨­æ¨¯ã, ®¯¨á ­­®¬ã ¤«ï «¨­¥©­ëå ãà ¢­¥­¨© (á¬.à §¤. 4.8).

©• �¨â¥à âãà : �. �. �¬¨à­®¢ (1951), �. �à¨ª®¬¨ (1960), Ǒ. Ǒ. � ¡à¥©ª®, �. �. �®è¥«¥¢¨ ¤à. (1968), �. �. �¥à« ­ì, �. �. �¨§¨ª®¢ (1986).
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