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D\W`DFs\_GU{t|VRfPKPMNb0eTfGUFORorY}U`h2W\XlM"W`D\EPDIHGDFJLKPSPVkXZaPKG^�K#XZY\DF[GXRW`Y\U\^�K"c$KPJLQT_Po�v

�w�T�L�B�

��Y\V�c$KGJRQT_Po�e2nBDFEPQ}XZaFUFh2iuKPVqWFDFEPDFj
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��?B[�7:;HerIB?FAF<�9�?2���
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IB9:?B9:<�9:{�9�YFABe\��9�SHVB_FA�L\;=SH;He�IB_F;=G�V�;�G^>@A&vq;=RH?FEHQ�[H9M</EmO�G�L\S=AB7�E=<�A�SmL\;u_\T|;=G�A
x, x′ = x + ka

A}SmL\;u_\Tg;=G�A
y, y′ = y + k1b (k, k1 = 0, ±1, ±2, . . .)

o��*E@V
a�VFSHABS�Em_F9:YB>@YB`�9hRH[mLN9:<�?FE=G�G�</EH>@?BABS�E@>@Ti>@;HCFVBA}IB_F;=G�V�;�G^>@A&v\IB9:?B9�S=;MLFOB{�AF9:G�O
L\?B[�7iSsL\?B[�7�E|>@?FEHYFG�_BOB�BABOF<�Ad7�?F[�IFIB`*vq>uo�9How>@;HCBVFA2v�V�;=;H?=L\ABY\E@>@`tV�;H>@;=?B` K
;H>M_FAFCFE@z0>HG�OdG^;=;H>@S=9�>HG�>@SH9:YBYB;sYFE]CBAFG�_\EFv&VB?FEH>@YB`�9iCBAFG�_\E=<

a
A
b
vwA�R=[mL\9M<

;HR=�29�LNABY�OB>@Tc>�E@VFAB9
>@;HCBVFAiSc;ML\ABYfV�_\E=G�G@o���G�_\Af<�`�>@9�IB9:?BT�SH`�R=9�?B9M<�YFEuL\_F9^X
b�E@{hAF<�;HR=?FE@Q:;=<�ABQrVHE@bhLN;H7�;sVB_\EHG:G�EsIB;];ML\YB;=<�[}IB?B9^LNG^>�EHSHAB>H9^_Fzhvq>@;}a�>@A
IB?B9^LNG^>:E@SHAF>@9^_FA}Q:EHIB;u_FY�OB>�S=YB[�>@?B9�YFYB;=G�>@TgIB?�OF<�;=[�7:;u_FTHYFABVHEBv�L\SH9h9�7�;iG^>@;=?B;@X
YB`UA];ML\YB[�SH9:?B��ABYF[l��?BAFGHo,�=�=�^vF>uo�9=oN;=R@_\E=G^>@T\vFV�;H;=?=L\ABYFEH>@`�>@;HCF9�V|V�;H>H;H?B;=e
[mLN;HS@_\9�>@S=;H?�OBz4>rG�;H;H>HYB;H�h9�YBA�OF<

0 6 x < a
v
0 6 y < b

oF�*9�7:V�;rSHA�LN9�>@T\vFCB>@;
ku;=>@;ubcL\9:G�>@S@_F9:YBAB9=nsS=G^9�Kxa:VBSHAFS=Em_\9�YB>@YF` Kx>@;=CB9�V�IF?B9�S=?FE@{cE@9�>sY\E@��[xI�_F;�G�X
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n ���	��
��������������������� ���

�! #"�$&%#'�')(�*,+�-/.)"�021�34(�56+�- P0, P1, . . . , Pn
�!+/798�:,34%��4.

En ; .
′πik (i = 0, 1, . . . , n; k = 1, 2, . . . , r)

< %#'�')(�*,+�-/.)"�0=+�>?'�@)(/.)A4'�1 ′P0,
′P1, . . . ,

′Pn
; 8/(�+�B�3C7D-�34%#'�"�')(�0E3F+/AHG4")+�>')@�(/.�AI')1J79'�K4 #" ; 3C�!"�3C�!"�1�34-�-�' ; �4')1�8/.L*M.)"�$/NCOP')'�()*M+�-/.�")0RQ/34-�"�(,.J"CS�T63C�!"�+68�'�U7934V634-�-/0�>W1X")')B�%�+ P0, P1, . . . , Pn

7Y.)�I� µ0, µ1, . . . , µn
1Z�!+�:/ [ #(/.�1�-�3!U

-�+�\^]`_�ab(/.)1)-�0Fc

ξ1 =

n∑

i=0

µiπi1, ξ2 =

n∑

i=0

µiπi2, . . . , ξn =

n∑

i=0

µiπin.
]�d�a

e �!')'�"�1)3I")�!")1)+�+&��G4")+/7ZQ�34-/"�(&"CS�T63I�4"�+f7Y.)�I� µ0, µ1, . . . , µn
; 8�'�793IVH3I-�-�0�>1g')@�(/.�AI0 ′P0,

′P1, . . . ,
′Pn

; +/79343I"h%#'�')(�*,+�-/.)"�0Fc

′ξ1 =
n∑

i=0

µi
′πi1,

′ξ2 =
n∑

i=0

µi
′πi2, . . . ,

′ξr =
n∑

i=0

µi
′πir .

]�i�a

j 345h.�S?�4+/�!")3I79 � #(/.)1)-�3I-�+�\Z]`d�a��!')1�793I�4"�-�'&�k �(,.�1)-/34-�+�3C7l]�m�a

µ0 + µ1 + . . .+ µn = 1

')")-�'��4+�"�3!:,$)-�'g7Y.)�I� µ0, µ1, . . . , µn
]`1���:/3!*M�!"�1�+�3n:/+�-�3I\�-�')\?-�3IAI.�1�+/�!+,79'��!")+

"�'�B�34% P0, P1, . . . , Pn
G4")'o1)'�AI79'LT&-�'#ak+[8�'C*M�4"4.�1):�S�S[+�>^1)34:/+�B�+�-/0p1q]`i�a ;8�'L:/ #B�+,7r�4+/�!"�3C79 f:/+/-�34\�-/0�>?�!'�')"�-/')5H3I-�+�\s1)+#*M./c

′ξ1 =
n∑

j=0

α1jξj ,
′ξ2 =

n∑

j=0

α2jξj , . . . ,
′ξr =

n∑

j=0

αrjξj .

t .)%�+/7u')@�(/.�AI'�7p:/+�-/34\�-�'�3X'�"�')@�(/.�Th34-�+/3R�4+/798�:/3I%#�I.
En -/. ′Er '��4 �V63!U

�!")1�:�S�3I")��SW'C*,-�'�A4-/.LB/-�'v')8�(/3w*,34:/34-�-/0J7x:/+�-�3I\�-�0J7y'�"�')@�(/.�Th34-�+/3I7z:/+�-�3I\�U
-�'�K4'g8�(�'��!"�(/.)-/�!")1�.

Ln -/. ′Lr N{ �!+/798�:,34%��!3kK4'�1)')(�S�" ; B�"�'g')-X|�}M~,�4�/�h~�}�|L�)��� ; 3I��:,+sAC.L*M.)-�-�3I%�'�"�')(/0E\')8/(�3w*,34:/34-/-�0E\g8�')(�S#*,'�%63IK4'F1)3I(�5H+/-�N��P(�+gG4"�'�7X�4B�+�"4.)3I7 ; B�"�'k*,1�.P8�')(�S#*,%).
1)3I(�5H+/-?�4+/798�:/3I%#�I. ; '�"I:,+�B/.��nVH+�3C��S�B�3I"�-�')\?8�3I(�3I�4"4.�-�'�1)%#')\M� ; ')8/(�3w*,34:�S��	"'C*,-� R+["� RTh3�')(/+�34-�"I.�Q�+����!+/798�:/34%��4./N���0�@) �*M3I7=')@�')A4-,.LB/.�"�$�'�(�+�34-/"�+�U
(�'�1�.�-/-�0E3v�!+/798�:,34%��!0�1^')"C:/+�B/+�3v')"^-�3I')(�+/34-�"�+/(�')1�.�-�-�0�>q�!1)3I"C:/0J79+q:,.�U
"�+�-,�!%�+/79+�@� �%/1�.)79+�N9�P ��!"�$ ; -/.�8�(/+/7934( ; '�(�+�3I-�"�+�(�'�1�.)-�-�0E\r�4+/798�:/3I%�� En')8/(�3w*,34:�S�34"���Ss8�'�(�S#*M%�'�7[1�34(�56+�- P0, P1, . . . , Pn

NM��"�'gAC.�8�+/�40E1�.)34")��S�"I.�%�c

En = +(P0P1 . . . Pn).
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−En = −(P0P1 . . . Pn) = +(P1P0 . . . Pn).
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En = (P0P1 . . . Pn).
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x′1 = x2, x′2 = x1, x′3 = x3, . . . , x′n = xn,
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µ0 = µ1 = . . . = µi = 1
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, µi+1 = µi+2 = . . . = µn = 0.
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ξ1 > 0, ξ2 > 0, . . . , ξn > 0, ξ1 + ξ1 + . . .+ ξn 6 1.
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x2
1 + x2

2 + . . .+ x2
n 6 1 (n > 1), B (#C
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!�� � H��'�E��?#��-���J� ���T��� � �%�
��� � ��/�����!U��&����'��&�!�(�������! Rn $ ���%�
@'�>,.�1 E(��#������� � ��@'�����	�����6������;�J&�!�P'����KV(�!R*=!�&83 S !�����,W��;�&�!�P'��,X/�����!�P	!�(�� $ �����ZYC[A\B]+[_^'`4a'b'c=adbec=aA`f n g `"ah\ji�k�lnm'ojap`"a'i�c+]rqj^
o�qja�cCbpqDs�t�o f m<uG\jt0`"3

n vxwzy�{}|}~������Dy�{.~ Sn

� (��1 +�	�������D�������'� (n + 1) J,.�'&�(���@'�D�
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2 + . . . x2

n+1 = 1 (n > 0),
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Qn���'��&�!�MA/�&�!�3��!�,�����(�!1/B��;������AH_�e/B! � K�(��'Q�*4�
, $ (�!�&�H�/�-V�nM'����,����
��&�!�MA/B&�! � K�(�?%,&�!�P';����'(����
, $ �
�4��/�&�-�@
���D����,.� � ������! � K�(����F&�!�P
;����
(����D�'�6�
&�? Sn $ ��&��0/�J�'�'!�� � H�2>�+�'����;���;��+�'(����#(�! n ��P	,.�'&��
(���Q������'!�MA/B&�! � K�(���@
�"&�!�P';����'(���H=/���-�J,.�
&�(���QF�
�6�'&�?�3�56-�����K  
1,

 
2, . . . ,

 
n+1�'-���K��0/���(�����(�?#�_���'������&�? $ ��/�-��4���V��PR(�!1��! � !�������&�/���(�!���¡���&�������&�!�(�J�'����! Rn+1 �C���������

(1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1).

��!=���'������&�?
ε1v1, ε2v2, . . . , εn+1vn+1 (εk = ±1) ¢ ��£,.�1 E(��¥¤1(�!��
H�(�-���K�¦ (n + 1) J,.�'&�(�?#Q�����,.� � �'��� $ ��,.�'(�(��N����,.� � �'��� $ ���'&�J*+��(�?§��������&���@
�¨�'-���K¨��������! O �N����(���?©���
������&���� ¢ ��£ 3 S !������N����,.� � �'��J�'�����'-��4�
�'����-��'�E����� � K����C +� $ �'��� � K����C��,.�'�
���AHd����,.;���(�!�����QDP'(�!������E� ¢ ��£ $
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)#*,+-* 2n+1 */.10�24365�+7368�0"9;:=<�)�9�>�?�9A@CB�DA+�E�?GFH8IDA9;J-FKB;+�L;+M?G+�EH0�NO)H?�PQB;FR?�)�F�S
L;F-T;+HU TA0H)�P;TAV�)HFHWXTA0Y9�>ZFHJ-[79;+\8H+�E;)�FHLA51U]DA9AJHF^96@C+�N])YDA9;_a`^FM36TAVbF-J�S
[7V�NY)�FHc;EAVadeTA0#cA0�D6FfE�FHFHL-369ATA0�) O g 8fB;F�?�DA+h36TA+�@i?�DAV�cA0H+�8H+�EA)�FHL;5jFM3kT;FHl�F
(n+ 1) S�@C+�LAT;FHl�F]?G9A@CB;DA+�E�?�0�B;L;FH)H9;8HF-B;F#DAF#2mT;5nB;F�:�TA0�EH0-@K8H+�E;)�FHL60H@I36L;V�l�F�Sl�F6*�op?G9�D6VmDA+�@q@C5srut�v7<�)�9 2n+1 ?G9A@CB�D6+�E�?GF-8aF-JHLA0H:�V�N])4?G9A@CB�D69;w;9A0�DA`HT;5�W
E�F-@CB�D6+�E�?�*�x1+�l�E�F78H9�36+�)�`6U-cA)�Fa<�)�FH)4E�F-@CB�D6+�E�?�B;LA+h3k?�)�0�8HD;P;+�)48H5�B;V�E�D6FH+])H+GS
DAF6U-?�DA+G36FH8�0�)�+�DA`HT;F6U (n+1) Sy@C+�L;T;5�W=<&DA+�@C+�T;)#*�zuLA0�TA9;wA01+�l�FAU n S�@C+�LATA0�P{?�| +�SLA0AU}?�F-?G)HFH9;)~9A: 2n+1 n S�@C+�L;T;5$>�?�9A@CB�DA+�E�?�FH86Uu9A@C+�N][79;>�8H+�LA_79;TA0-@C9iE�FHT�Sw;5b8H+�E;)�FHLAFH8K���H�G*k��)�9R?G96@CB�DA+�E�?�5YF-JHLA0H:�V�N])R�#FHEA)�0�<�36L60�DA`-T;FH+-�7LA0H:�JH9A+�T;9;+
n S�@C+�L;T;F-WQ?�| +�L;51*�o�B;L;F-)�9;8HF-B;F#DAF#2mT;F�?G)�`{)H+�)�LA0H<�36LA0�DA`HT;F�@CVKFHT;F�?G9A@q@C+�)�SL;9;cAT;FmFH)�TAF-?G9A)�+GDA`-T;F=w;+�TA)�LA0;UA)M*�+H*;BAL;9KFH)�F-JHLA0�2a+�TA9;9

x′1 = −x1, x
′
2 = −x2, . . . , x

′
n+1 = −xn+1

FHEA)�0�<�36L60�DA`-T;FH+~L60�:�J-9;+�TA9;+�B;+�L;+G>�FM369;)�?�0H@CF\8\?G+�J�P/*$�u0HE�F-+QF-)�FHJ-LA0�24+�T;9A+
B;+�L;+�8-FM369;) 36960H@C+�)HLA0�DA`-T;F�SyB;L;F-)�9;8-FHB;F#DAF#2mT;5�+�)HFHc;E;9�?�| +�L;5�36L;V�l�8136L;V�l�0;*
x19;T;+�W;T;F-+�BAL;F-?�)�LA0�T6?G)�8-F����#B�DAF�?GE�F-?�)�`A�-� xn+1 = 0 LA0�:�JH9;8�0�+�) n Sy@C+�L;T;V�N?�| +�L;VnTA0K3k8H+"BAF#DAV-?�| +�L;51*}��)H9�B;F#DAV�?�| +�L;5�T;+"c;)HFQ9;TAFH+HU}EH0HE n Sy@C+�L;T;5�+<&DA+M@C+�T;)�51UCd�8�<�)�F-@e@CF#2mT;F�V�JH+G369;)�`�?�P/U�BAL;FH+�E;)�9;L;VHP�9�>�UCTA0�BAL;9A@C+�LuUqBA0�S
LA0�D;DA+GD6`HT;FKF-?�9 xn+1

T60n��B�DAF-?�E�F-?G)H`A� xn+1 = 0 *u�u0HE;9A@YFHJHL60�:�F�@$U n Sy@C+�L�ST;V�N�?�| +�L;V�@CF#2mT;F~B;F#DAV�c;9A)�`~9;:=3k8HV�> n S�@C+�LAT;5$>�_40�L;F-8AU/)HFHB;F#DAF-l�9;cA+�?GEA9FH)HFHJHL60�2f0�P�9;>�l�LA0HT;9;w;5�36L;V�lIT60~3kL;V�l�0Q9\F-)�F#2436+�?�)�8�D;P�P�?GFHF-)�8H+�)H?G)H8HV�N�S
[79A+O)�F-c;E;9 11 * n S�@C+�LATA0�P"?�| +�LA07B;F#DAV�cA0�+�)H?�Pm)�0�E;2a+HU�+M?�DA9"@C5pF-)�F#2436+�?�)�8H96@)�+1l�LA0�T;9Ac;T;5�+1)�F-c;E;9 n Sy@C+�L;T;F-l�F4_a0�L60

x2
1 + x2

2 + . . .+ x2
n 6 1,

E�FH)�F-L;5�+4P;8�D;P;NO)H?�PQ:�+�L;E-0�DA`-T;5�@C9QF-)�FHJ-LA0�24+�T;9;PA@C9R36L;V�l436LAV�l�0�8I<�E;8-0H)�F�S
L;9A0�DA`HTAFHW�B;DAF-?�E�F�?G)�9 xn = 0 *�oX?�0-@CF-@\36+�DA+HU�<�E;8-0H)�FHLA9A0�DA`-TA0�PRB�D6F-?GE�F�?G)�`LA0H:�JH9A8-0�+�)m_a0HL~TA0=3k8-0 n S�@C+�L;TA5$>K<&D6+�@C+�TA)�0;U�FH)HF#2a3k+�?G)H8�DA+�T;9;+7l�LA0�TA9;w~E�F�S)�F-L;5$>{3k0H+�)=?�| +�L;VH*���k�#�-�h�k�#�=���

n ���f� �� 6���n¡�¢ � ��� U6)#*,+H*�?�| +�LA0AUA9;:aE�F-)�FHLAFHWRV�3�0�DA+�TA0mFM36TA0)�F-c;EH0;U$l�F-@C+�F�@CFHLA| T60n+�8HE;DA9�36F-8HV�B;L;F-?�)�LA0HTA?G)�8-V Rn d£<�)�F\8H5�)�+�EH0�+�)�9;:
)�F-l�FAUqT60�B;L;96@C+�L/Uqc;)HF�| FHLA@CVHDA5¤?G)H+�L;+�FHl�L60H| 9;c;+M?GE�FHW\B;L;F-+�E;w;9A9b��?G)�L/*¦¥AtM�
?GBALA0�8-+h3ADA9A8H5j36D;PID6N]JHF-WIL60�:�@C+�L;T;F�?G)�9 n *§ F-B;F#DAT;9A@ Rn T;+M?GFHJ�?G)�8-+�T;TAFHW¨��9�DA9©JH+M?GE�FHTA+�c;T;FªV�3�0�DA+�T;T;FHWk��)�F-c�S
E�FHW/U�dsFHJ-LA0�:�F-@~wA+�T;)�L601B;L;F-+�E;w;9A9/*�«OE;LA+�?G)HT;F-?�)�9m<�)�F-Wm)�FHcAE;9mT;V�2mT;FfFHBAL;+GS
36+�DA9;)�`�EH0�EQFHJ-LA0�:�5bF-E;L;+M?G)�T;F�?G)�+�W�w;+�T;)�LA0IB;L;F-+�E;wA9;9~TA0 n Sy@C+�L;T;FHW�?�| +�L;+HU)#*,+-*¦EH0HE¬@CTAF#2a+�?�)�8-0�)�F-c;+�E Rn UqDA+�2f0�[79;>\8HTA+K?�| +�L;5�36F-?�)�0�)HFHc;T;FiJ-F#DA`�S
_7F-l�F LA0�369;V-?�0�9m8HE�DANOcA0�NO[79�>�U�+M?G)�+M?G)�8-+�T;TAFAUH?�0H@CFH+�TA+�?GF-J-?�)�8H+�T;T;V�N¬)�FHc;EAVH* FHBAF#DAT;+�TAT;FH+4FM36T;F-W�J-+�?�E�F-T;+�cAT;FIV�3k0�D6+�T;T;F-WQ)HFHc;E�FHW n S�@C+�L;TAFH+mB;L;F�?G)�L60�T�S?G)H8HFm8H:M0�9A@CTAFmFM36T;FH:�TA0#c;T;FK�®9RBAL;9;)�F�@\)HFHB;F#DAF-l�9;cA+�?GEA96�¯FH)�F-JHLA0�2f0�+�)-?�PIB;L;9
B;F�@CFH[79I?G)�+�L;+�F-l�LA0-| 9;c;+�?�E�FHWmB;L;F-+�E;wA9;9{V�2a+OTA0f8�?GN n Sy@C+�L;T;V�NY?�| +�L;V-*���0�SE;9A@^FHJ-LA0�:�F-@$U6@CF#2mT;F�?GEH0H:�0H)�`AU�c;)�F�B;L;96?GFH+G369;T;+�T;9;+4FM36T;F-W~T;+�?�FHJ�?G)�8-+�T;T;F-W
)�F-c;E;9KEK+�8HE;DA9�36F-8HVmB;L;F�?G)�L60�TA?�)�8HVIB;L;+�8-LA0�[40�+�)7+�l�F=8=?�| +�L;V-*
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ḟ (Ek−1)
2�74C H
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+ (P4P5) K M :=F�46A , /6YQ/ .(/�1�: G�+�N!.�:uF�:vW=F�2�9B+pW=w@:�0�Y!g+�9B+pW ′U1 0�+(/�GH:6.�/ 1�f6.�SZ9B+F�4$: - : .(/69B+L5H9BS , :H1�A�N!+�9OGH:=9I:H1�: G�+�N!.�S?J U1 T!+�7!1 ′′U1 5�.�2RF�:�0(2 - 3/ g%+!J%.�+W=.�2�dh.�+!w
5=.�+c0�+(/�GH:6.�/ 1�f6.�S?weF�4$: - :6.LK$x:%4$:6G�0
/ ′′U1 9I: 3%2�4CF�:�0(2 - 3'/64=f%1�+�df�F�4$: - :6.�SW=.!A84 - 2�.!.�2�G�:o7�:6.�4=A - /8K�qIFb1!+y<6Sz4=A=0(/{W=w$:H0�+�1�/85X.(/ ,�- +�9R2 - 5|r - /H0�+�/ 1�f6.(/ YXtoF�4$:6h- : .(/ (P5P2) F%7@/ 7!+�9Bh}.�+�<6A=0�fc:64 1!+�N�.!SZ9~:64D.�A$1�Yo7�:=\H]�]^+�T!+�2�.�4$:=9?5�4=:DF�:=:64=W$2�46hF�4=W=2�.�.�:D: - +�2�.�4=+ - :6W@/�.�.�/6Y{4$:6N�7@/ P2 W=w$:H0�+�1�/e<6S�W (′′U1) F%4�/ 7!+�9s3%2%78:6\H]']^+!hT�+�2�.�4=:=9?5
4�/67;7@/ 7UW ′′U1 5L7 - :69R2�F�4$: - :6.!S (P5P2) 5(.�2�+�9R2�2�4$FbY;.!+�7@/ 7!+!wj0 - A�G�+�wF�4$: - : .�5X+�.�T!+!0�2�.�4=.!S?wuF P2 KLx: ′′U1 T�+�781�5 (′′U1)· = 0 � , :=\�4=:=9BA P2 .�2D9I: 3%2�4W=w$:H0�+�4=fUW (′′U1)· 5�4 K�2=K P5P2 .�2v9I:�3%2�4yW=w@:�0�+�4=fUW ′′U1 K�nB/678+�9�:=< - / >�:=9?5 ′′U1

F�:6F�4$:6+�4DT�2�1!+�7�:=9s+�>%F�4$: - :6.uW6.�A84 - 2�.�.�2�GH:D7�:6.�4=A - /8K!�2�GH7�:cW6+!0(2�4=f�5�N�4$:D7@/ 3C0
/ Y+�>^\�4=+!wcF�4$: - : .jW6w@:�0�+�4W ′′U1 F^:�0�.�+�9y+{4$2�9p3C2^7�:=\H]']E+�T�+�2�.�4=:=9?584�/67O7@/67D+!.(/ hN�2 ′′U1 .�2c<6S?1�:v<6S�T!+�781�:=9?K M :=\�4$:=9BAU:=7�:6.!N(/ 4$2�1�f6.�:j9IS�9I:�3%2�9�A84=W=2 - 3C0(/64=f!5N�4=:
′′U1 = mB1

i ,

G�0(2 m � T�2�1�:=2'N!+�F�1�:8K� S�0(:=7$/6>H/�1�+�5@N�4$:C7@/63%0�S?Jv:�0�.�:=9I2 - .�S?JjT�+�781 - /6F�F�9R/64 - +�W@/ 2�9I:6GH: - /6>�<6+�2�h.�+�Yj7 - A�GH: W$:6G�:c7�:�1!f=T�/CGH:69R:H1�:6G�+!N�2�.u:�0�.�:=9BAO+�>'T!+�781�:6W
0, ±B1

i , ±2B1
i , ±3B1

i , . . .

� 0 - A�GH: JvF�4$: - : .�S5�.!+�7@/ 7!+�2E0�W@/e+�>%\�4=+�w{T�+�7!1�:6Wc.�2C9I: G�A84D<6SZ4=fOGH:69R:H1�:6G�+!N�.�S0 - A�G�0 - A8G�A@K8_lFH/69I:=9�0(2�1�2=582�F�1�+
m′B1

i ∼ m′′B1
i ,

4$: (m′ − m′′)B1
i = mB1

i ∼ 0 Ka�C:=7@/ 3%2�9?5�N�4$:;4$:6G�0
/v.�2 ,�- 2�9R2�.�.�: m = 0 5R46K�2=K
m′ = m′′ KM A@F�4=f mB1

i Y�W=1�Y!2�4=F�YOG - /�.�+!T�2�Jo0�W=A89I2 - .�:6GH:O/�1�GH2�< - /�+�N�2�F�7�:6GH:O7�:=9 , 1�2�7�FH/�K� /67�: J�h}.�+�<6A=0�fv4 - 2�A�GH:H1�f=.!+�7X5 ,�- +�9ISZ7$/6P�g+!Jp7yF�4$: - : .�2cW=.!A84 - 2�.!.�2�G�:o7�:6.�4=A - /85W=w$:H0�+�4U4$:6G�0
/vWQ\�4$:=4V/ 1!GH2�< - / +!N�2�F�7!+�Js7�:=9 , 1�2�7�F{4�/67�3%2jFo7�:=\H]�]^+�T!+�2�.�4$:=9 m KnB/67V7@/67;W=.!A84 - 2�.!.�+�2eF�4$: - : .�S5 , :oA$Fb1�:6W=+�P�5(.�2eW=w@:�0�Y!4{WvG - /�.�+!T�Av0�W6A89R2 - .�: GH:7�:=9 , 1�2�7�FH/85!4$:e+oW$F�2�0 - A�G�+�2�4 - 2�A�GH:H1!f=.�+�7!+{W=w@:�0�Y!4CWO\�4$:=4e78:69 , 1�2�78F�F78:6\H]']^+!hT�+�2�.�4=:=9 m 5=46K�26K6.�/6d�0�W=A89I2 - .!S?JD7�:=9 , 1�2�7�F = mU2 K=� - / .�+!T(/�2�GH: = m(B1
a +B1

i )

+;9I:�3C2�4j< SZ4=f - / W6.(/ mB1
i 5�1!+�df{7�:6G�0
/ m = 0 K(nB/67!+�9�:6< - / >�:=9 , :=7@/ >H/ .�:!5�N�4$:7 - A�GH:6W=:=2Z7�:�1!f=T�:�+�9I2�2�4�<=2�F�N!+�F�1�2�.!.�:62?9I.�:�3C2�F�4=W$:%:�0�.�:=9I2 - .�S?w�7!1(/ F�F�: WGH:=9I:H1�: hG�+!+�5$WC7@/�N�2�F�4=W$2 ,�- 2�0�F�4�/ W6+�4$2�1�2�Jc7�:64$: - S?wc9I:6G�A84%<6SZ46f�W=>�Y!46S~T!+�7!1!S~W6+!0(/ mB1

i K�D�!�L�Z�!���
�;M A$F�4=f Kn ,�- :=2�7�4=+!W=.(/ Y , 1�:=F�7�:6F�4=f P2 5
>H/�0(/ .�.�/6YuWjF�+�9 , 1!+�hT�+�/ 1!f=.�:69 - /6>�<6+�2�.�+�+L5 , :67@/6>H/�.�.�:=9�.(/ - +�F=KX�=��KB�
/69I2�4=+�9?5XN�4$: ,�- +!W$2�0�2�.�.!S?J;.(/
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�$#�'�*�������=>%����#���'8�	%��?*��9 ���@BAC'��$�4!���D�E�$#8����	�E���?�F�$��"����G����	HC�	����� I������#��KJ
L ��M#9�	����NE%��	����NO�"�����P�����JRQ	ST%����:��$#9�"'	*�=��$#&���UG�#8�V�������	WR�X�	�P�$�	����"Y;���������
�	%����?�"�����I�6A8�$NZ@)����NZ%�*���[����9*�+����	�?�U��	�$�"��������=V����NZ%�*��$���?� P2 J]\Z�	��W����"%����NO���W
�����^#8�"G���� P ���_������������`%����:���#9�"'�*�=�(a#3�$:������U#	�� ;�^#8�	G����;%�����$��#���'	���	H�%�*��	��<���	�$#���J

b ����J�Q	S

c *��$�$����"��G��$�$����HM����NZ%�*��$��� A1 WO�$���$#��"=�<
Y;��H7���BG���#�@d���A����������#�����	'X�9����@BA��$#��	<
��	�e'8�$XA�����HF%��?*��X������� ������$#���WR'8�$=�#�@BA
�X�	 ;:1�	=V�I����f?g3ga��[�������#8��N>�6:�������[���W����
��#9*���G��	�$#���=h�	#h�"*��?�$����"��G��$�$���"�?�i����NZ<
%�*������$��W_�����$#9�9'�*��������"�?�j#9�	����Nk ;�e��%��	<
�$���	��Nl����G��$#�@d���AV���� I����Am�$#8����	��JKnR��<
*��o���������#�����	'8�	#�+p'��$�k#8������?�?*�+��������
#9�	��W`G�#8�q:�'8�M#8������?�?*�+	�����8��W`%����NR@d�8�"<
(3Y!���7�r����4;��HP��#8����	���	W�*��$ !�	Y;��Hq'	����<
#8��s������6��WT����:���[������(a#t'h����Hu%���	<
#���'��	%��?*��" I��@d�v���������#9�9[����KWw#8�x%��?*���<
G���#���=!:�'	��NR�$���@BHU�9*��?������9��G��$�$����Hy����NZ<
%�*������ U2 Wd%����G��$N U̇2 = 2A1 J L ��f�#8�	<
NR� 2A1 ∼ 0 J5z!���?���{'���:��$#	+�WUG�#8�|'8�6=�<����Hw:�'���NR�$���@BHV����NZ%�*��$����W��?��9����[������	<
#8����	�?�7�$��#�+7����NZ%�*��$��� A1 W�'8��=�#�@BH&�I�8�"<
����NZ<}�����	��:�+~���	f?g_ga��[�������#8�	NBW��$�	Nj��NR��<
�$#5'���: kU2 J��D�?�	NR�	NC:���*���W]#9�	�T�X�"�r���
�?:����!���_�����:�����A��$#8�	��	�w#8������?�?*�+��������	'

���3NR�9 ;�$#y'�A8�?:���#�+;'��?��9����[��7#9�	���"�?�����	NR%�*��$���?��W�#8���8�	 I:�@BH5���3#8������?�?*�+��������	'
:��?*� ;���M'�AX�$:���#�+m#��	:1�&�~�?:�����ND�M#8�$N� ;�5���	f?g_ga��[�������#8�	NdJR�!�m�?��"����[��&����NZ<
%�*������$� kU2 ��"'���� +2kA1 JZ�3#8�$(�:1�U'�@d#8���X�	�$#"W1G�#8� A1 %����:��$#9�9'�*�=��$#w�$:����	NR�$�<
��@BHV[�����*&%���	�$��#���'����	H&%�*��������	�$#��P,�%��������#���'�����(C%��=�NZ��(!2�W����!�?�	NR�9*��	�$��G���@BH
���8*�(������y#���#y ;�![�����*KW�'��$=�#	@BHV�!����f?g_g^��[�������#���NF0�W��� ;� ∼ 0 J�\Z�	����NP������	�$�	NNR@D'���:���NBW�G�#��U��� 2A1 ∼ 0 ��YI��������*��6:��X�$#"W�G�#8� A1 ∼ 0 J��`�6=�����Hm�$:�����NR�$���@BH[�����* U1 %���	�$��#���'����	Hy%�*��������	�$#��y*����	� ∼ 0 W8*������ ∼ A1 W�#	J���J�%���	�$��#	��'����	=I%�*��	��<
���	�$#�+&��NR�$�$#m#8�?*�+����~:�'X�&�$:�����NR�$���@BAr��*��	�$�?�5�$��NR�?*��	�����KJ��)�?�	NR��NC:���*���W��$��*��
[�����* U1 ���I*��$ ���#~[���*������	Ne���7�$��"����G����	Hm�	����� I���	�$#��KW�#8�U#8�$N> ;����%����������	NBW
���	#8���@BHjNZ@�%����NR����=�*��M%���F������G��������F������?�"'8�	�$�q���?*�+�[���W`NZ@�NR�" ;�$N{�?�	NR��<
����#	+w���?�w[�����*���N ′U1 W1�?��NR�?*��"�$��G���@dN U1 �T*��� !�	Y!��Nl[���*������	NF���7%��$���g3������
������6��J1�;*�=mf$#8�	�$�5���� ����&�?�"NO����=�#�+&4I�"�~�?�w4��9�?��NE�X�	 ;:���({�����:���(3(|�$#8�	��"���
:�'���NR=7:�����$��NZ�5�$#�����"���"NR�5%����NZ@d�X�	(aYI���?�y�w����H&#�������?�?*�+	�����X�~,�������#	'8�$#8��#�'���<
(3Y!��N>�	����	�$�	Nl'	@d����"�����	�?�U�m���������#�����	'8�"�����	�?�82�J1\Z�	�V�8�	� ′U1 �$�$#	+~[�����*KW�#��
�	�&����%���$NR��������%����:���#9�"'�*�=���#I[�����* A1 W�'8��=�#�@BH5�_���$���	#8���@dNM���	f?g_ga��[�������#8�	NdJ
nO��*��V���	f?g_ga��[�������#Uf$#8�	#yG��$#���@BHKW�#8� ′U1 ∼ 0 J��!#9�	��W ′U1 �KW��6*���:��"'X�"#8��*�+	����W U1

*����	� ∼ 0 W�*������ ∼ A1 J
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��u�5�����&��	�('���*v')��!$������'��9�w2�����!x�7��3�&����>�(� 4���������� ������7 hDy'���'z�{5�����=�|}��Dy��+ O�Q%K�H�[�K�Q_~�Q &����7�����(��!$������'��(����-A�h5�������B���DB���'�����"���!$�%����"
���Y����5��Tk����� �lm���7 ��
��'��;��D0'���'�k��� q')������&���?A@,')��!$������' 4������-h�����
!$��������!$� k 4 !$��5�����*v"
5�3)����?�8:�
�����, ����� �l����7 �'��L������?�"���!$�%����"
��*
k 4 !$�
5���?A@�B���'�������- i k�����')�9"�5�3)����?#8:��������u��	�(')�����
&�����"��9')��!$�����
'����;��!$� 4l��%DL������u��}�j"
������5� hD�u��
�(')������&������j&����7������u�5���+
3)lm�}��@fD�����'v&�������@����(��=�+( @���5���'�����5���+
��������=;&����7����!$��8y�
�����w�w')��2
�j�1��B�����������!$�c'�5�3)&��
���� h-

���.�A�������m�6�����.�m�m�#�L�P�t���¡ ��h¢$¢0�¤£¥�m�m¦y�f¢0�.§m¨��m©
���m�t�mª0«P©

¬ -%j�_�;k�?t*I�	k�����!$��5���?t*IB���'�� U1 OTJfZ�~�Q_^_Q_~�Q1O�Q(`L®�WL]�¯ �(��5h-_°�±�²³"
��!$�%��� 4"
��&��
�C��2�����!�')�%��=�B������
'�������5���!$31'�5���������!$3}B���'���� B1
i
D%�}����'���')���:'�5����������2
����"
��B���'��L�w��� ∼ 0 -./1��2
����!$3v�	k�����!$�
5����� v"�5�3�������8:�������q��5��Tkf�(�������� ��
�������u��	k���3)l�B���'�����&��
�('�3�l´"
5�3)����3�D	u���+
��*I"
��!$�%����"���*I')������5���*I ����� ������7 B1

i
-j��'�!$?{����'���+	�_������?t|C��D)µ 0 ����'��C�6�
����=;������u��	k����� ;B���'�����&��
�('��_ �"
5�3)������-µ 2 �����(�������Y���%��=�')����+���3���������"��,2����
!$�
������D�����'´'���'n�Y'�5�3)"
������!�')�%��=�B��������u��}�t���m�(3)�}�	�(����3��
�j���	����&���?A@9���I��3��� ;k���3�!$��5���?A@;B���'�������-)¶.��'���!���u 45���+���!�'�5�3�"
�������6'��%��=�B��;��!$���
�>�7���Tk�3)l��}���j&����7���98y�
�����h·

p0 = 1, p1 = 1, p2 = 0.
1��2
�j�1��B���������?z'�5�3)&��
���� c5�������?z��3���l¸k��� w�����(@�5���+
!$�
5������(���
*h-� -�¹ JLQ_H(O�XCVL^_K�]
\�r)`LQ_e(O�Q_e�XC®j¯ ����5h-�°)º�².��!$���
��k����6�	k�����!$��5���?A@fD%'��L�����
�"
��!$�%����"���*.-)µ 1 ��5��(kL�(�
������ ����;"�5�3)����3 � 4 "��}����5� )k�'���-�8:��+���*�"���!$�%����"
��*� �� 4�� ������7 ;B���'�� A1 ¯ ��5����
'����������_ C��5� �!<�_ �²T-�¶U��'9'���'C������5�����'�����������*}�������(')� 4�����;���t�(3)�}�	�(����3����Pk���3�!$�
5���?A@IB���'�������D_���6µ 2 �(���(�������6���%��=�')����+A��3����
����"��2����
!$��������·

p0 = 1, p1 = 0, p2 = 0.» ��')�����
BhD³��2�����!¼�7��3)&����>��!$�
�����7 ��	k����Y�	kL����!$�
5���?t*�')��2
�j�1��B���������'�5�3 4&������� hD�5�������?t* � -½ -c¾ Q¿J -m/13��(��=n����5#+
�_kL���¼�(��!$������B�������=���?P!À5���+�u����������
!À'����_k�5������
¯ 5�����-�Á�Â�²U�A�����%�;k��
��������������?P!$�;��5��������������%���%�>��?P!$�9�(����5�������!$� ¯ ����5h- ¬	½ ²(-Ã �
u�5��Ä�(��!$������B�������=�����"��Ä5���+
u����
���� Å5����(���_kL��l����7 Å���Ä����3)��5�����������C"�5�������&���?t��-%Æy��3���5����������y5���u�5���D	���(����l���&��
5��Tk�=�D	!$�%�>����5���+
u�����=m���m����5 4����'��_��=���?t��D0"
��5���+��������_��=���?t�c�Yk�����"������_��=���?t��-hÇI�� q����5��TkL�(���
���� q"
5�3)���8:�
������!$?z�����(��3������
!�����'��;��D�'���'w�9�7��3�&����1'�5�3)"�������"��;'��%��=�B���-È -fÇI�� v'��_�;k���"
�w�	k�����!$�
5�����"���B���'���� U1 ��3��C�
������3����c"���!$�%����"���&���?t*�	!$3�B���'��.D$�(���(���������
����?t*YB�������')��!¼��+�"�5�������&���?A@�5���u��
5h-UÆÉ�
��!$��!zk�������D'��_�;k����1����3)��5����������j����5�����'��_��=������1������kL����"
��������=������m5��
u�5���D���@��	k� ��}�
���
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4�5�687�98:

;�<�=�> U1 ?�@BA�C DEA*F&G0@BH&D <�I�J*KML0N @PO KMQ�N�RS< @ <UT(I A0V
Q AWDEG0@ <YX�Q�< @BZ = G�[]\^H R A =Y_SI A�@ N`Q H&a Q�N`TSX�Q G�V
L G I�Q H N�R A >EJ D <�= GEb KM> O _SI A R A K A T(I G I A0c�DEA X�QE< aWG�V
L0<EI�Jd= U1 R A�@BA > A R&< c�D�ZfegD N�> [ ;�<�=�>ihjRSQ G�V
D <�;ENk_SI A R A I�Q H N�R A >EJ D <�= Gml�DEG KE> H(CnG0\ < @oAWa Q G�V
FSA�@pA Q�< H&D I�<�Q A L G0D�D�A R A�q(r�stA0c�DEA I G = CuH = G�C KMN [
L D N�I0Q HSD�DE[v[ R A Q�< F&A0D I G >EJ D N [ T(I A Q A0D N @BA�C V
D�AwF8G0@BH&D <�I�JwKML0N @PO T(I A Q A0DMG0@ <xX�Q�< @BZ = G�[]\^H(V
R A = D�H&e T D < F N I�Q H N�R A >EJ D <�= GEr�yzA T)> H = A0D�H&c�D�A R A
c <ET)> G I G =�<�{ F&GW@BHSD%@BZ X A >MN c < @ R AW@BA > A RS< c�D�Zfe
;�<�=�>EN U1 ;�<�=�> ′U1 ? > H(CnG0\ < e ; H >E<E= A�@kDEG RSQ G�V
D <�; H =�L G KMQ G I G�r|stG =`= G = ′U̇1 = 0 ? I A = G}C K AWH< F~A Q�< H&D I�<�Q A L G0D�D�Z {�Q HSa0H QkT(I A Q A0D�Z a =�L G KMQ G I G L�{ A K�<�I�L ′U1 T A K D < @
<%I H&@kC�H = A _8�*�z<�;�< H&D I A�@�?WDEG X�Q�< @BH Q α ?�G = G�C K A0H < F Q HSa0H Q%T(I A Q AWD�Z b hT A K D < @ <�I H&@mCuH = A _&�*�z<�;�< HSD I A�@ β r� aWA0FSDMG�c < @gA K D�AW@BH Q D�Zfe ;�<�=�> ? T A T(I G L�> HSD�D�Zfe < F LWT H {�Q HSa0H QkT(I A Q A�V
D�Z a ? L F(O I Z {%T#= A _8�*�z<�;�< H&D I AW@g� L A QE< HSD I G ;�<�< ? N�= G�F&G0D�D�AWe%DEG Q�<ETSN D = HW?a N�=�L A0e a1 <�T A0A I0L H IWT(I�LWN []\ < e ;�<�=�>UKM> O TSI A Q A0D�Z b h a N�=EL A0e b1 rMs�A R)K G

U1 ∼ ′U1 = αa1 + βb1.

stG =�< @iA0a Q G�F&AW@�? =�> G TST Z R AW@BA > A RS< e ;�<�=�> A L a1 < b1 O L�> O�[ I0T O�AWa Q G0F N [�V\ < @ < A K D�AW@BH Q D�A0e RSQEN�XEX Zi�|H I�I�< r��� rt�^A = G�CuH8@�?tc I A αa1 + βb1 ∼ 0 >M<��^J H T)>E< α = β = 0 r � Q�< H&D I�< VQ�N H&@ L�T H I0Q H N�R A >MJ D <�=E<w=�L G KMQ G I G I G = ?Bc I AWa0Z = G�C K ZfH KML G I�Q H N�R A >EJ D < V
= GE? X�QE< @BZ = G�[]\ < H =gL D N�I0Q HSD�DEH&@ N�Q HSa Q�N ? < D KMN�;�<�Q A L G >E<xLw_&I AW@ Q H&a Q H
X�Q A I�<�L A X A > A�C�D�ZfH�A Q�< HSD I G ;�<E< r]� Q G�D <E; G KML0N @BH Q D�A R AxG >ER HSa Q G < c�H T(= A R A
= AW@ X�> H =�T G U2 ? T A T(I G L�> HSD�D�A R A < F LWT H {U_&I�<�{ A Q�< H&D I�<�Q A L G0D�D�Z {�I�Q H N�R A >EJ V
D <�= A L ? Q G L DEG�D N�> [u? I r�H0r _SI A I�= AW@ X�> H =�T O L�> O�H I0T O ;�<E=�> AW@�? X A I A�@ N c I A
X�Q A I�<�L A X A > A�C�D�ZfH TSI A Q A0D�Z =�L G KMQ G I G�DEG I A Q H T A L0X G K G�[ I r�y NWTSI�J�I H X H Q�J
αa1 + βb1 ∼ 0 rt� I A I A K DEAW@BH Q D�Zfe ;�<E=�> O L0> O�H IWT O RSQ G0D <�; H&e KMLWN @BH Q D�A R AG >MR HSa Q G < c�H TS= A R A = AW@ X�> H =�T G�? T A K H Q CnG0\^H R A LWT H I0Q H N�R A >MJ D <�=E<�=EL G K�Q G I G
A KM< DMG = A L A0H*c <ET)> A Q G0F0? I G =�= G =�L D N�I�Q HSD�D < H Q H&a Q G L%R&Q G�D <E;�N D�H L0{ A K O I r
� Q�N�RS< @ <�T)> A L GW@ < ? αa1 + βb1 O L�> O�H I0T O RSQ G�D <�; HSe = A�@ X�> H =�T G U2 ? L F(O I A R A
T DEH = A I A Q Z�@ = A _8�*�z<�;�< H&D I AW@�� αa1 + βb1 = (mU2)· rB�zA U2 H TSI�Jp;�<E=�> ?
(mU2)· = 0 ? T)> H K A L G I H >EJ D�AE? αa1 + βb1 = 0 rE� <�=�> Z a1 < b1 D�H < @BHS[ I AWa�V\ <�{ A K D�A�@BH Q DEZ {�T(< @ X�> H =�T A L rMyzA _SI AW@ N α = β = 0 r � K D�AW@BH Q DEG�O R&Q�N�X�X G�|H I�I0<U� 1 X�Q H K�TSI G L0> O�H I^TSL AWa0A K D N [xG�aWH > H L0NuRSQ�N�X�X�N�T|K�L0N @PO~A0a Q G�F N []\ < V
@ < ?}F8G�aWG0F N#R A�@BA > A R&< e = A I A Q A0eu@BA�C DEA X�Q�< D�O I�J#;�<�=�> Z a1 < b1 l�@BH Q�<�KM< G�D<p_&=�L G I A Q�I A Q GWq�r � 0 <�� 2 TSN�I�J�TSL AWa0A K D�ZfH ;E<�=�>E< cEH T(=E< H RSQ�N�X�X Z*r�s�G =�< @
A0a Q G�F&AW@

p0 = 1, p1 = 2, p2 = 1;
= A _8�*�z<�;�< H&D I Z =EQ�N c�HSD < O�A I0T(N�I0TSI�L0N [ I r� T)>M< aWZ =EL G K�Q G I ? < F&A0a Q G}CuH&D�D�Zfe�DEG Q�<ET r
�W�E?�a0Z >xQ G�F&a <�I DEG I�Q H(V
N�R A >EJ D <�=�< D�H I�Q H8@PO�?tG%aWA >EJ0�u< @�c <ET)> AW@ R A Q�< FSA0D I G >EJ D�Z {�<�L H QEI�<�= G >EJ V
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� Jospt$uEv$w0t�x�t0y�w0z�{0y�|�}�~��<}��+yNJ�Y["��!��3 Kn � �!��(?8�����@���1���3���1N;�O��� �O!.01
�a@� �����=���( O �H)�=�1� 	( Kn−1 � Uk � ��#&C���� k ]�(? 
=����A�H@���)�����1 Kn

(k > 0) JIY[��)�1�F: 
(�5�,���� Uk (?�+FD���UO
1�(? �������3�2��-(?�+����2
��,����b(q 
(?"�@���)�]
����( ′Uk 5��� M�!�	.� 
=�Fc1�%'��( k ]�(? 
=������r����(?8��� 
)��!����)�=�1�; Kn−1 JhL���1�(?��(
.0 !�� �5R 
�<������1�)$��������(?8��� 
)$��5R��1�8�=���(? �= Ek = ε(P0P1 . . . Pk) �����	.����W� Uk

�[)$��>
�E�[��@��� ������-( u 5�����5����A,�����1�;\��O Uk 2
=�1�����@�"W����(?8��� 
)$�
1

Ek+1 = ε(OP0P1 . . . Pk),

"�(?���+Fj �����"-#���1 u 5�(?��8��+��"-,���(�2
��(?�+����2���,����A� Uk @���)��75��� M�!�	.� 
=�Fc1�]
%:��� Ek J��K1�)���(��!8��-�!��C���(M(?��(?�+F: 	(M8��[��,� 
=� _.0�'��O
C�1�������3-�<;c���o���! ��c8�=���]
��1+.��� �Fc1�%'��� Kn−1 ����(?8��� 
)$����� Uk 5�(?�H8��+��"$,���(r����2<.01P@���)�� ′Uk ∼ Uk 5
"[)$������=���2��A���� k ](? �=����A B�!��(?8��� �)����U����@��$.0 ���������� O JN�[�b��1�)-���c@���)�� ′Uk

�� �8�=� 	(? ������ = 0 J��'��)�1NF: 	(U>����j���:8�=�������������2�����.���8�"�������(�5�,����j� ′Uk ������]
.0���^����(?8��� 
)$� ′Ek �c)$��>	�E�[��@��� 
�����-( ′u J��K��2<.01^�!����=�����1 ′Ek−1 �!��(?8��� �)�]
�
1 ′Ek 5K8�=�����������8��+���+FP��1N;4�� �=�9:���� O 57�����	.0���S� (′Uk)· �D�� 	(*F: V)$��>	�o]�[��@��� �������(�5���1�)^)�1�) ′Ek  
����3: !.����������� 
�����A� k ](? �=����A�\�!��(?8��� �)���5���(? �#b]%:��� ′Ek−1 ������ ���������=���������� O �� 
=�9'�������6JZ�[� (′Uk)· = 0 508���>
����(?"M� ′u.0�+��FD���aC��A��3a=�1������a��Jh�K 
(T��1�(?�b(`8���)�1�O	1�����5?,�����vN�Zt k > 0 � y+�Q�	���
k � uc���Z{����Mx�t � w���t-uEv$w0t�x�t�y�w0z�{��+�W}�~��l}��	�e�l�!uc�_w0�N�lt����!{M{���w0�A�

p0 = 1, p1 = p2 = . . . = pn = 0.
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��� �"!#����$�%#&�')(*&�+�!#,�-/.10�$�!#2�&#�#3�4 k 5 � ���#&�')(*6�$���!#��7�89 k = : k/
� k �;�
��+=<�<#��>?������$@-A<��"!#&��1B�4C8D k =

� k
0/
� k �;���#+E<#<#�F����+=%���&#$�BG89 k

0 = : k/
� k

0 =
9 k/(

� k
0/
� k) �;<��#$�7��IH���&�&��1BJ�
��+=<�<#��>?������$GK

LNMPORQTSVU@WYX[Z�\�]_^YXY]a`cbedPfYfhgV]Gi ijXkfYb�XlfYmonpmrqsXtnpu ijb�XYv
X�^Yv�X)wx]_^YvYX�y

z 'P���{� '|Hc��!#$~}"�������"�����I�#�c�Y�
��+=<�<V>��
����$GK��G��<#����2�� '�(�����$#��<#����� 5� ����2F�����N$��*<���$��	�)��<�� � 7��"!�B�,��N$��G�E<��F���#����&������ ���#�eH#!#BJ�=��&��
%�&������N�=�E� 5<�!#����0��#���1�R���c�/�c�����)����$�����+=<�<#'�K=���������{6��I!�2�,�<��#�CHc0�����7�$#�)��%����N7�0��e0I$#� 5<�!#����0I'���<����CHc�I!#�
&�&�'e� �����#� � ��������$��
&���$�����7���&�'¡-¢&�+�!�2�� ���#&�'P� � &#���=��� + 4$������ � &#�"%��
&�'£��+=��7E��� $
Ek

κ
(κ = 1, 2, . . . , αk; k = 0, 1, . . . , n);

������Hc�F<���$ 0 6 k 6 n− 1 $�� ��,Y��� �	0I���{�
�#��&#$�%�&�'P��0I������&#���N�
&�$�B

Ėk+1
λ =

αk∑

κ=1

εk
κλE

k
κ

(λ = 1, 2, . . . , αk+1). -¥¤"4
¦ ������$#6�+

(εk
κλ) = E

k (k = 0, 1, . . . , n− 1)
� �"§{&��F�#��0�0��R������$�7E����2������¨�F©�ªC�c��«#¬����"�1}"#���_®��
¯�}1�	}I®�K�°���7�'P��7�(E�	H*��� 5��� � +=,�� ����$��
&���$�����7���&�&�'P� k 5 � ����&�'P��0�$#� <�!#�
��0I'��o7����E(�&�$��T7�(��	HT�±0I$#� 5<�!#����0I'²�#� � � �
��&���0���$ (k + 1) K�³���<��
���
0���%��
&�$�$ κ 5 �@0���������$@0 λ 5 �a0I���"!#� 56#���V0I����$��´�=���	µ�µx$�6�$��
&�� εk

κλ
��<������ � 'P7���,Y�N$#�G��0P�����=���{���#$���&��
��6�$��
��0I$#� 5<�!#����0 Ek

κ

7�(E�	H�$��¶7V�
�#��&�$#6�+@0I$#� <�!#����0�� Ek+1
λ

K εk
κλ

�#��7���& +1 $�!#$ −1 �0
� �����EB²<��a����� +��´$#� �
���¡!#$�0I$#� <�!#����0 Ek
κ

����$���&#����6�$#,N�´$�&�H�+=6�$�����7���& 5&#+E,·0�$#� <�!#�
�=0���� Ek+1
λ

$�!�$¸<��#����$�7���<��"!��"§�&#+E,¹���_KPºr0�!#$¸§��»0I$#� <�!#��� 50�' Ek
λ
$ Ek+1

λ
7��������N�¨&���$�&#6�$=H��
&���&�'������ εk

κλ = 0 K ¦ ������$#6#� E
k &#� 5� 'P7�������0�B k ¼ ®´�½���#}"�®N©1�e���#«c�I{�#��«#�c�	���#«��#�0�$#� <�!#$#6�$#�1!�2�&������x�#� � ��$��
&�$�B�=�E� <�!#����0
� 14 K¦ �����#$�6�'�$�&�6�$�H���&�6#$��

E
0 $

E
1 0�$#� <�!#$#6�$#�1!�2�&��������=��� <�!�����0��#��0I�E0I��� 5B������
�J$ � �	H�&#�����*H�7�+=� �
��&�������0I$#� <�!�����0�� E2 �¾<���$V���#$���&��
��6�$�B�(¾�¾+=��� � ��& 5&#')(J&#�F��$#0�K�¿#¤��=$#� ��,��{7�$=H�À

E
0 E1

1 E1
2 E1

3

E0
1 0 −1 −1

E0
2 +1 0 +1

E0
3 −1 +1 0

E
1 E2

E1
1 +1

E1
2 +1

E1
3 −1
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9;:�<>=�?@:BAC:BD&?@E2FCGIHKJ2L+<M=�?ON+J�PQ=BL+?@FCL�P+R
S E2TUL�=�VWN/X�N�?�YON S PZY[<>D S VO:CABD&<M:\:CFBAC:@X7N/FCRAC:BHC]�^`_&a2b;c�bedBf+gCf�h�_!iCc�b;c2jlk2mon/p�q�rsbIa�p�t�qCu
b;vwb;c�xlf7bzy�{/|Ca2p�k~}�_/f

(k−1) � b;f/t�|Cv)f�_+p�c�t�c �|�v�_+qCb;i�gBf/��_/a
Ek

κ

h7dBg��l�2a�xsdBc2�lp/a���c2� _+p2c2t�c �|�v�b;vob;c�xsf&bzc�i�t�f+dBf+gCqCp�k~f/f
(k−2) � b;f&t�|�v)f_+p2c2t�c�|�v�qep�]�d�]�hBi�c2�2a%b;v�|�f~d@c2��dBf7b�d@c%}2f/t �� qC|e_/qCb;i�gCf&��_/a Ek

κ

]C��a2��qCb�c2��tCa�{&c�b�bIa2p�t�q �uCa�b;q�q�|Cu�q�dBf&|�u�q��ec2iCt�f�dBf/g���f/p�_Z��_Zr�f7bIa>��c�b �i�gCf&��_/a�q�h�_ZgBf�dBc�}�a�p2f+gCk�|�cCh/_&a2b���c�b;i�gCf/��_2]7�~c �n/p2c�b;y�}�_/fl_/}2c2�B_+p�}�a%��c�b;i�gCf&��_/a d@c�g�x%|�v�i�c �gCy��Ca2p�k�_Z�sq�{�bIa�p�tCq�u q�|�u�q�d@f/|�u�qC��]��!p�cM_/i�tCa �}2f+dCgCq�}�cCh�}��Ca�_+p�|Cc�_+p2q�h;q�dCg����&t�y�i�io��f&p�p�q��
b;v�i�c2�2a�xlf7b�_+f&���Ca�_�hW�2a2��b;c�x%|�ce|Ca2��p�q�n/p2q �&t�y�i�i�vMh�{&|Ca���bIa�p�tCq�u�v�q�| �u�q�d@f/|�u�qC��]

¡ _ZgBq¢}�y�tCa�}�|�f/|�qCqo£�¤�¥
k > 0

h@p2cChO}2{/��}¦�/tBa�|�q�uCv[c2��f/q�r��Ca�_+p�f&�¢y�tCa2} �|�f&|�q���hCb;v�i�c�gCy���qCb�_+c�c2p�|Cc � f&|�q�f

(
Ėk+1

λ

)·
=

αk∑

κ=1

εk
κλĖ

k
κ

=
αk∑

κ=1

εk
κλ

αk−1∑

ι=1

εk−1
ικ Ek−1

ι =

=

αk−1∑

ι=1

( αk∑

κ=1

εk−1
ικ εk

κλ

)
Ek−1 = 0,

p/a2���2a��
Ėk+1

λ

f&_/p�k%u�q���g�]B§~c%_+qBb;i�gCf/��_/v
Ek−1

ι

gBq�|�f/�C|�c%|�f/{7a�}�qC_+qCb;vMhCi�c �n/p2c�b;y¦��a�xsdBv)�eq�{M��c2n7¨M¨~q�u�q�f&|�p�c2}l}%c2p&dBf/gCk2|�c�_+p�q�tCa2}2f/|�|�y�gBmª©

αk∑

κ=0

εk−1
ικ εk

κλ = 0 (ι = 1, 2, . . . , αk−1; λ = 1, 2, . . . , αk+1).

�!p�y«_/qC_+p�f7b;y«y�tCa�}�|�f/|Cq��¦b;c�x%|�cs{&a2b;f&|�q�p�kBh�iCc�gCk2{&y��C_+kªc2�2c�{/|Ca��Cf/|�q��Cb;q%qB_ ���qC_ZgBf/|�q���bIa�p2t�q�uB¬2hWL�X&FB:�<�y�tCa2}2|�f&|�q�f&b

E
k−1

E
k = 0 (k = 1, 2, . . . , n− 1).

£®2¥
�!p�qzy�tCa2}2|�f&|�q�����}�g���m#p2_Z�za�t�qB¨Mb;f/p�q��Cf&_+�CqCb�}2v)tCa�xlf/|Cq�f&bop�c2�&cChB��p�c«�&tCa �|�q�uBa�a�gC�/f&�2tCa2q���f7_+��c2�&c¦��c�b;i�gBf/��_/a�f&_/p�keu�q���g���}2f�d@k��2a�xsdBc2f q�{ |�q�r }�c�p �dBf/gCk2|�c�_+p�qec�{/|Ca��Ca2f/psp�c�gCk���cBh���p�c%�/tBa�|�q�uBa �/tCa2|�q�u�v

(k + 1) � b;f/t�|�c��/c%_+qBb �i�gCf&��_/astCa�}�|Cas|�y�gBmª]
¯#t�qCf/|�p�qCt�c2}�a�|�|�v)fM_/qCb;i�gCf&��_/v

Ek
1 , E

k
2 , . . . , E

k
αk

°�±�²W³@´�µ�¶�·2¸º¹�¸�·�»~¼�µ�¶ ½�¸®·�¾�¸�·2¿7À�Á�Â�Ã�»7ÄM²CÅÇÆ+Ã�»�È�¿�É;Ê;À�Ë�¿�ÌºÍ�Î�Ï7³
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����"#(��!��)!)!*,+ k ����%'- k .0/ %
�! !*1-2�$&�(�% .�����$3�4!%
��5!3�-657� / )�&�%
5�������8:9;��%<�=% / � / %��'�$�> �3�-?��&!@A5��$BC�=��"D����� / %��� !�����$3
k = 0, 1, 2, . . . , n  !�������E�������

U̇k
1 , U

k
1 , . . . , U

k
αk .

F ��(G�=�H��&!@JIK&�% / %
 !�$���C !������"L������*M3 / %
��� / %
���$�N(����� !3!4! !*O%P�'�����$ ���QR%
 !3�@

U̇k+1
λ =

αk∑

κ=1

′εk
κλU

k
κ
, (1′)

)��S@!�$&!@!��TR3!%��G@U� / %��'�$�U�'�����$ !��QR%� �3!"?V ��W 3J�X�$��TC3!%Y !����*O% / �$���!3!Z!* ′
E

k 8[ &�@UI���3�-U !����*1- / ���$�!3!Z\����5�BC%Y��*O)!�S&� �@!�����G@J�������$ !��QC%� !3!@

′
E

k−1′
E

k = 0,

�7�G&�%<�X�'�$��3!%]�$��(
��^
4!�$��(
���$ �3!Z��O�_&�(�%������$3�4!%
��57��(��15�� / )�&�%�5�����^'5��$5R3Y���$ !`�QR%�^%��'�$`aZ�3!5�&:8XbP�������$����% / �G@J�$%�)!%
�!`a��*O�����$��`c��&!@\5��_Bc����"d�!%�QC%��$5!3>+ k (k =
= 0, 1, . . . , n)  ����������7�$�
�e����5f^�4!������*E !����*O% / ���$�!3!Z!*g3 / %'&�3>����� / �SBN �����S&�%�%h)!�!�����$���R^15��� !�� !3�4!%
��5!���jiP��� / �lk k 81bP%��!%�-����m���n3��G-����= !��"l������*
5n !������" / *o���_�=% / )!�!��3!��������3!�$`h)!���G&�%'�����7�$�$%�&�`� ���^:Qc�$(U�
�>Qc�$(
� / 8pbP�!3I
�$� / 5��_Bc��*O"CQC�$(q���$��%����
�$5!&���4����$`��G@Y�r�$� / ^S4!��� / * / %
 �@!% / �$�S&�`�5��CsSt�u�vIK&�% / %� ���������*ls_t�v�sSw���)!�!%'��%'&�%
 ! !��"H���$� / %��! ����'��3f8$xy� / %
 ��O������TR%
���$�$&�@!%����G@)��!3\)!� / ��TR3\�G&�%<������TR3�-a�=���7-\z'{X|G}H|�v�~N�G�=v����\�_�y|'sS�������_s_�$�_v�u�w��� W �
� / %� !��"J��3 / )�&�%
5���� Et

τ
�_&�(
%������$3!4�%
�'5�3 / 5�� / )!&�%�5��'� /

U t
τ = Et

τ +Et
ν (τ 6= ν),

� W �
� / %� !��"J��3 / )�&�%
5��
� Et
τ
5�� / )�&�%
5��'� / U t

τ = −Et
τ
8

9j��%�����&�`_�����$%�)!��%��������$�
���7�$ !3�@g� W ����%A������3��� !*O%�IK&�% / %� ��$* Uk
κ

^r���
3��'5�&���4!%� �3!% / U t

τ
^�������)��S�=�����h�J)!��%'Ba !3 / 3�������3��� !* / 3nIK&�% / %� ���� / 3 Ek

κ

8
91�G&�%'�=�'����3!%�I��$��(�� / %
 �@!�����G@��$�S&�`�5�� / ���$�!3!Z�*�3! !Z!3���%� !Z�3!"

E
t−1 3

E
t 8

9
E

t−1 3!� / %
 !%� !3���)!������%��!(G�$%����G@e�$�S&�`�57� τ . "d�'�$�S&���%�Zf8!�P������*� ��$"��$3f^!5���5�� / %
 �@!%����G@f^��'�7�'������3 / U̇ t
τ
�

U̇ t
τ = (Et

τ +Et
ν)· =

αt−1∑

σ=1

(
εt−1

στ + εt−1
σν

)
U t−1

σ =

αt−1∑

σ=1

′εt−1
στ U t−1

σ ,

�S8�%�8
′εt−1

στ = εt−1
στ + εt−1

σν .
F �$5!3 / �������$��� / ^<4!�$����*?)!�S&���4!3!�$` ′

E
t−1 ^
 !�7Ba !�O)!�!3!�7�$��3!�$`15 τ .0/ �P�'���S&���Z!�

/ ���$�!3!Z�* E
t−1 %
% ν . "d�'���S&���%
Zf8
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E
t ?A@ > ?CB 6 ?�D�BFE > Et

τ G 8�6H>/I�J�>&:CKLJM8 @4N >&OC;48C<�P�>FK+Q�<46RQ B 6TSU @ >&Q�K B 6 U t
τ = Et

τ +Et
ν V ? : BW? ;�>F6TJXQC8CQ ? >/; D I�<�Y ?CD�BFEXB K+:/8C>/:CKLJXOC> G < G 6H>+SI�>&I�<�Y�Z\[ B K+:/8 ? < ?

U̇ t+1
λ = Ėt+1

λ = . . .+ εt
τλE

t
τ + . . .+ εt

νλE
t
ν + . . . =

= . . .+ εt
τλ(Et

τ +Et
ν) + . . .+ (εt

νλ − ε
t
τλ)Et

ν + . . . =

=

αt∑

µ=1

′εt
µλU

t
µ,

6H] ? < E <^6 V P�: B
′εt

µλ = εt
µλ

E4@ J µ 6= ν,
′εt

νλ = εt
νλ − ε

t
τλ,

:�Z_>�Z ′
E

t U B�@4` P48�>&:CKLJX< G E
t ? ])P�<�:/8CI�<�>&6 τ SaYAK/:�; B Q�<A< G ν SbYcZd @ >F6H>/I�:&8�;�I B > U ;�> B O�;48 G BC? 8CI�<�>fe^gH< G 6H>/I�J�>&: G I48CQ ? τ Sa6hK+: B�@ OC=�>�698C:�S;�<�=4]

E
t−1 < ? τ SbYiK/:�; B Q�>j698�:C;�<�=�] E

t
Z

k 8�6H>/I�< ? U B K/;�> E K/: ?CB 6ml @ >&6H>/I4:/8�;�I4] D U ;�> B OC;48 G BC? 8�I�<4YnO�8 G ` E
O�8�S

G B Y U V 6H]o6 B�p >F6 G 8C:�>&6 U ;�<46H>&I�<�:�q%l @ >F6H>/I�:&8�;�I B > U ;�> B OC;48 G B�? 8�I4<�>�QrO�8�S
G > U < G 8�6H>/I�<�:Cq#>&>!O�8 G B Y V Z�st8C:�;�<�=4] ′

E
k U BFE^? >&; N 8Cuv:CKLJ U ;4<wl&: B 6i:&8�Q�<46

p >x< G 6H>&I�>/I�<�J46 V QC8CQy;48�I4qCz{>|698�:�;�<4=�] E
k
Zf5nP^8CK+:CI B K/:�< V U B K/;�> E K/: ?CB 6U ;�> B O�;48 G BC? 8CI�<�Y}8�gw<~e^g%6 B�p I BhB K `�� >&K/: ? <�:Cq ? E

t U ;4<�O�8 ?�@ >&I�<�> BFE I B YK+:C; B Q�<%Q E ; `�N/B YcZC��: B O�] U ;�<�O�8 ? <�:Cq V I48 U ;�<46H>&; V τ Sau�K/:�; B Q ` Q ν SaY�6H]~6H>/SI�J�>F6 G I^8�Q τ SbY K+:�; B Q�< V U ;�<46H>/I�J�>&6 U ;�> B OC;48 G B�? 8�I4<�J�8�gc< ?�B K/K/:/8�I^8 ?�@ < ? 8C>&6
G 8C:�>&6 U >&; ?CB I48�P48 @ qCI�])Y G I48�Q τ SaYiK+:�; B Q�<�Z� :CK/u E 8rK @ > E^` >/: V P4: B K U B 6 B�� q�u�l @ >&6H>&I�:/8C;�I�] D U ;�> B O�;48 G BC? 8CI�<�YA8�g<ie^g)6 B�p I B%B K `�� >FK+: ? <�:�q%l @ >F6H>/I�:&8�;�I�])> U ;�> B OC;48 G B�? 8�I4<�J�698C:�;�<�=�]���K @4B Sp >&I�<�>%K+:C; B QM<MK/: B�@ O�= BC? V ` 6HI B�p >/I�<�> K+:C; B Q�<M< @ <hK+: B�@ OC=48XI48 −1 � g+Z�� B SK+;4> E K/: ?CB 6�l&:�< D U ;�> B OC;48 G BC? 8�I�<4Y�=�> @^B P�<4K @ >/I�I ` u�698�:C;�<�= ` 6 B�p I B U ;�<�S? >FK+:�<�Q ` QC8 G 8�I�I B Y ?y�^��� QC8�I B I�<�P4>&K+Q B Y�� B ;46H>�Z!�j8�I B I�<�P4>&K+Q�8�J�� B ;4698698�:C;�<�=�]�<46H>&>/:h:/8�Q B Y ? < E�� I48 N�@ 8 ? I B Y E <48 N&B I48 @ < ?�? >&; D�` K @ > ? 8MK+: B J�:<�I ? 8�;�<^8�I�:�I4])>t6HI B�p <�:�> @ < V P�<4K @^B Q B : B ;�] D ;48 ? I B ;48�I N&` 698�:C;�<�=�]j� ? K+>p > B K+:/8 @ qCI4])>$l @ >&6H>/I4:�]o698C:�;�<�=4] ? QC8CI B I�<4P�>&K/Q B Y�� B ;46H>�;48 ? I�]�I `�@ uwZ
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V k > 6�?�@BA&CED�F):�GIH/JLK9C�M�N�A&OE?LMLC�A/O�CL69OQP�6�;=D9M�CRK�N�M�MQP�6�;=S�?RA/P�TU 6�V Ck+1
λ W

V k =

(
γk∑

λ=1

zk+1
λ Ck+1

λ

)·

=

γk∑

λ=1

zk+1
λ ckλAλ. XZY�[

\7M�P�?RF
Ak

λ

M
Bk

λ

?LM�CLA/O�C�6]CLA/^&K9V9M U ML;=F W 576�8/:�6�;=<_S�JLK9V9F)A `LK U :�Ma<�JLK�V�C�A+TC�M�O X 4 [ M X�Y�[ > 6�?�@%C�FbD�F):�GcJLK�V�C�F > JL<�H > J�<�H/<d:�6�@ > A U :�V�A/C�CL6Lef69:9P�< > KU ?LA > <9A&:geL`�:�6
xk

λ = zk+1
λ ckλ, yk

µ = 0.hiK9P�ML;j69D�JLK�^&6�;�e
k
Tk;=A&J�C�F)OlN�M�P�? X 4 [ :�69H > KmMl:�6�?LG9P�6m:�69H > KmH/6�;=6�?L69H&M�`�A&CC�<9?Lnoe�P�6�H > KoA&H/6 P�698gpqp7M�N�M�A&C�:�FE< > 69V9?LA/:9V969J�r�n#:o< U ?R69V9M�rL;

xk
λ ≡ 0 (mod ckλ), yk

µ = 0. Xks�[
t :�M U 696�:�C�6�uoA/CLM�r > 6�?�@%C�FvV9F)SL6�?LC�r�:�G U rlMwS�J�M k = n

ex:/K9PyP9K9P
An

6�:�T
U <�: U :�V9<�n#:yMzA > M�C U :�V9A&C�C�F)OzH&6�;=6�?L6�H/M�`�CLF)O{C�<�?Ln n

Tk;=A&J�C�F)OzNLM�P�?EA U :�G
n
T|;=A/J�C�F)OcC�<9?LA/V�69OlP�6�;=S�?LA&P U W�} :/K9P�e > V�K~N�M�P�?RK V k

M ′V k
S�J�MLCLK > ?RA+@�K�:P�6 > C�6�;=<�P�?RK U/U <�H/6�;=6�?R69H/MLO (k = 0, 1, . . . , n)

V :�6�;yM�:�6�?RG9P�6 V�:96�; U ?L<�T`LK9A9e�P�69H > K
xk

λ ≡
′xk

λ (mod ckλ)
M

yk
µ = ′yk

µ. XZ��[
� U ?LMlS�6�8/:�6�;=<_VmJRK�V9A&C U :9V9A X 4 [ V�;=A U :96~P�6�8&pqp7M�N�MLA/C�:�6�V xk

λ

V9^/r�:�GmM���V9F�T
`�A&:�F

ξk
λ

S�6%;=6 > <9?Ln ckλ �
0 6 ξk

λ < ckλ, XZ��[:�6%S�6�?R<�`LM�: U r U 696�:�C�69uBA/C�MLA

V k ∼
ρk∑

λ=1

ξk
λA

k
λ +

pk∑

µ=1

ηk
µB

k
µ. X 1&3 [

576y< U ?L69V�M�n XZ��[ Vy8&:�6�; U 696�:�C�69uBA/C�MLMz69: U <�: U :�V�<�n�:�V U A Ak
λ

e > ?�rEP�6�:�6�TJ�F��
ckλ = 1

e�:/K�P_`L:�6mMLC > A/P U λ V�S�A/J�V�69O U <�;f;=AoS�J�6�D9A&H�K�A&:�^/CRK�`�A/C�M�r�6�: 1> 6 ρk e�H > A ρk A U :�Gq`�M U ?L6q6�:g?LM�`�C�F���69: 1 M�CLV�K�JLMLK�C�:9C�F��B;=C�6�@%M�:�A/?LA/O�;fK9:�TJ�M�NLF
E

k Wi� U M�?L< U 6969:9C�69uBA/C�M�O X���[ P�6�8&pqp7M�NLM�A/C�:9F ξk
λ

M
ηk

µ

6 > C�6�^/CLK�`�CL669SLJ�A > A/?�r�n�: U r~N�MLP�?L6�; V k W�oJ�<�H&ML;=M U ?R69V�K�;=M�e�M�^ U 696�:�C�69uBA/C�MLO X�s9[ M X���[ U ?RA > <�A/:�e�`�:�6~S�69J�r > P�MN�M�P�?LM�`�A U P�M��IS�6 > H&J�<�S�SIH/J�<�S�SLF���A/:9:�ME� k
e�6�D9JLK9^/<�n��BML;=MwP�6�:�69J�F��wr�V�T?�r�n#: U r�NLM�P�?LF Ak

1 , A
k
2 , . . . , A

k
ρk

e
JLK9V9C�F U 696�:�V9A&: U :9V9A/CLC�6 ck1 , ck2 , . . . , ckρk W\7M�P�?RM�`�A U P�M�AB@BA�S�6 > H&J�<�S�S�F U 69D�JLK�^&<�n#�oML;=M Bk
1 , B

k
2 , . . . , B

k
p
U <�:9G U V96�TD96 > C�F)A)N�M�P�?RM�`�A U P�M�A#H/J�<�S�S�F W�� U M�?L< X 1g3 [ P9K�@ > F)O�8�?LA&;=A&C�:qH/JL<�SLS�F{�!A&:�T:�M 6 > C�6�^/CLK�`LC�6�69SLJ�A > A/?�r�A/: U rBP9K9P U <�;f;fK$8�?LAg;=A/C�:969VLe�V�^+r�:�F��oSL6#6 > CL6�;=<qM�^
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�+������!�"����;$ Ak

1 , A
k
2 , . . . , A

k
ρk

��-�!+��.�"�<=�?>6* 1�2 � 1@2@A )���B���*C) Bk
1 , B

k
2 , . . . , B

k
pk-6��.�"D����*C�EB+����)��GF A )���B+#0� 1 Bk

1 , B
k
2 , . . . , B

k
pk

2 ��*C)H�+� 2I1 - 1 ��! 1 � 2 ����>�B�5�<�
k J * 1 !�K�"�<,-6��.�" 2 B���-�#L:D����*C�EB+����)��;$ pk = αk− γk− γk−1 5�>�B+5 1 � 2 5NM�) 2 B���*O 1 ����)GF�� ck1 , ck2 , . . . , ckρk k J * 1 !�K�#?*C)4����8�P%PQ) A ) 1 K+����*C)9��!�"�M 1 K+)	5G$�RL* 1�2 � 1
2 � 1 *S��!+"6�+��# O 1 ����)D����! 1 � 1 B 1 K�#T���EB�K�� 2 ��3�<DF�)�*C#U���EB�"6M�� 1 * 2 B 1 ��"�<=VD"�<� 1 ��! 1 *C"XW

Y@Z�[�\]Z�^Q_'`baDc�dIe�f
αk g dIe�fih	j�dlk m

k npo grqXs+t(u d�j owv k gIx dIm�yzdIj owv k j n{ j�|�k f s m�}~m x m o%v k g�x dl| Kn j
γk � q | s } o |�e q j { t j s { j�� gIs { j+�

E
k �@� m�}��E|

k npo grqXs m g h	j�dlk m%� g e�e�j

pk = αk − γk − γk−1

(γ−1 = γn = 0) � k npo grqXs+t o j x m����(��j { j gIs e�| o j xIq c�h g�s j��4�Xy�k	� ��e�dl�SmEe nk j�h s+t�g mEe g ��j s j { t j s y�| q j�| s e s�t�g o s m���j+e g k j o |�e q j { t E
k � m s j9m�e nd�c�e�dIe�y�c���eD� s |�y grqXs m g � v q j k = n �� ) 2 B�� O 1 ����)�)�����8�P%PQ) A ) 1 K���#��+!�"�M 1 K�)�5�K+��.�#�>���<=� 2 5z)�K����l� � h	j d nk g�s+s�t o jSj s y�| q j�| s e�| o j ����*C�	B 1 � 2 �+F�>H��!�����)�>������EB+�E�NK�� 2 ��3�� !�"���)+*�*7� J� 1 *7����)�M 1�2 ��)+*0��-�� 1 ������*LF+)�K�>6��!�)���K���K+� 2 >�5�.���K+K�#?* 2 ����*C�	B 1 � 2 �6*LF+>�!+��� 1PQ"�K��X��* 1 K+����B+3�K����4��!+"6�+��#��p��������!+��5�-�"�� 1 ��!+� 2�2 *C����! 1 K+��� ��B+3�� 1�� $

������� �,¡£¢X¤�¥=¦§T¨ª©]«¬ ¨G�®=©C¯¥=¨;¢X°¯=¨±°L¤�²´³=«¨G°�¢X§
µ ����5�� 1 ��! 1 ��)�M 1�2 ��)N��!+"6�+��# O 1 ����)N> 2I1 �l�X�¶*C�E�NK��Q>�#�M�) 2 B+)���3%��!�)N��� J*C��V�)·*7����!�) A )�K A )�� 1 K A )��GF7��!�������)+M 1�2 ��) � 2 "�V 1�2 ��>�)���3�8���������-��EB+3�� 1 �M�� 2 ��)9��!+"���K���$	¸7� 2�2 *C����!+)+*LF	K+���+!�)+* 1 !;F	��!�)�> 1 � 1 K�K�� 1 K+�D!�) 2 $	¹ � � 2 ��!G$+º�» �

2 )+*C�	B+) A )+��B�3�K�� 1 !+��.�-�) 1 K�) 1 ����!���$;¼�� 1�2 3 α0 = 9 F α1 = 27 F α2 = 18 $G&(� J�+)+*½��-�!+��.���*±�+!�)	:���� )�� 2 5�)+* 1 ��3T� 1 B�� 2 *7����!�) A ��*C)GF¾)+* 1 <=VD)+*C)b��� ¿6À
!65�����>+$6Á 1 ����>���!�5N"6� 1 �w��!�)+> 1 � 1 K�)�)9�H����K���K�)+M 1�2 �6�6*C"�>�)���"�F��X��� 1 >�#���) J2 #�>���K�) 1 �����+)	:�*7����!�) A �+! 1 � 2 ����>�B�5 1 �´-��EB+3��D"�<�!���-�����"�$GÂQ��8����6*C"S� 1 B�� J� 1 B+3�K��=)+* 1 ��3=-��EB 1�1 �+!�� 2 ����� 2 ��� 2 ��-�>�#�M�) 2 B 1 K�)	5wM�) 2 B 1 K�K�#L:Q)�K�>6��!�)���K�����>)i��!�"���� O 1 ����)G$C&;������� 2 ��� 2 ��-S*C#½���EB�"6M+)+*LF 1�2 B+)i>S���EM 1�2 ��> 1 8~B 1 * 1 K�����>
k J * 1 !�K�#L:i����*C�	B 1 � 2 ��>´-�"�� 1 *ª!+� 2�2 *7����!�)�>6����3SK 1 ����� 1 B+3�K+# 1�2 )+*C��B 1 � 2 #%F��������� 2 )�:�����!GFG�Ã-��EB 1�1N2 B+�E�NK�# 1 ��-�!���.���>���K�)	5GF �6������!+# 1 *C#�-�"�� 1 *ÄK+� J.�#�>�����3���" 2 ����*C)G$X&;���Å� 1 �����Å)�.D����� 1 B+3�K�#L: 2 )+*C��B 1 � 2 ��>9*C# 2 � 2 ����>�B�5	B+)
2 )+*C�	B+) A )+��B�3�K�# 1 ����*C�	B 1 � 2 #%F�*C#b-�"�� 1 *�)�.¶������)	:H��" 2 ����> 2 � 2 ����>�B�5���3��+" J2 ��M�K+# 1 ���6*C�	B 1 � 2 #,) 2 )	:����6*C��VD3�<ª����! 1 � 1 B�5���3���!�"����+# O 1 ����)G$Æ �����GF��+B�5w������������!+��.�* 1 !�K�� 2 ��) k = 0, 1, . . . , n *C#i>�#�-�)�!�� 1 *4����K 1 M JK+� 1 M+) 2 B+� 2 )+*C�	B�) A )+��B+3�K�#L:w���6*C�	B 1 � 2 ��>+F�K+��.�#�>�� 1 *C#L: k npo g�q s+t o j x c�d x | n
o j F

Qk
1 , Q

k
2 , . . . , Q

k
αk .Ç B+598���)	:9��" 2 ����>����EB��NK�#�>�#��+�EB+K	5���3 2 5 2 B 1 � "6<V�) 1 " 2 B+��>�)	5GW
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1 1�2 Qk
1 , Q

k
2 , . . . , Q

k
αk 354�6�7�8�6�9:6�7�;�<�=�4 0 45>@?BA�C"2D7�254�;

t1Q
k
1 + t2Q

k
2 + . . .+ tαkQk

αk = 00 357FE . 7�CG= 0 7IH�EJ< t1 = t2 = . . . = tαk = 0 2�KLC�9 .�0 359�=�4�7M=�?�N�9"356�O�7�C 0 OPA65<�N�Q�45>@7�QPA57 0 354R6�4�S�<�S�4�7/EJ=�<TS .�0 S�< Qk
i 4 Qk

j 6�7B4U>@7IV�CW9�X�YZ4�[ k \ >@7IQ56�?'[0 4U>@N�357IS 0 9�=52] 4�657I8�65<�OZS#9�>@X�4�65<�^�4�OZC�<�S�4�[TS .�0 S#9�=_65<�;�?�=�<�7�C 0 OW`�a�bFc"d�e5fhgjiIkml�nFo�p�i$qr d�n�bF` r gs`�cFgBt#kmnF`�bIcFgB2"uh<�SZS�<�SZS .�0 S�4B35456�7I8�659�6�7�;�<�=�4 0 4U>@?BA�C�9	EU=�<	S .�0 9�v \6�?'[RS#9�>@N�3U7IS 0 <xw ∑ tµQ
k
µ 4 ∑ ′tµQ

k
µ Q5<�=�6�? +y0 9�=�N5<"EJ<�V�C�1�C�9�H�EJ<W4RC�9"35z�Sx9C�9�H�EJ<�AUSx9�H�EJ< t1 = ′t1 A t2 = ′t2, . . . , tαk = ′tαk 2 ,/.�0 9�v�65?�7{S#9�>@N�357�S 0 ?|O�= \3�O�V}C 0 O 0 N�7�^�45<$3Uz�6�?	>~9�X�Q5<�;�9�> 0 9 0 C�<�=�3U7I6�6�?	>@4 0 45>@N�354�^545<$35z�6�?	>@4�S#9�> \N�357�S 0 <�>@4hALN�9��IC�9x> . S�<$�TEU?�8�S .�0 9�v�6�?�8�S#9�>@N�357IS 0 4U>@7I7ICG9�N�Q�7FEU7F3U7I6�6 . VHIQU<�6�4�^ . 4�>@9"�:6�9�H�9�=�9�Q�4�C�zT9TS .�0 9�v�6�?'[�^�4�S�3U<�[W4�S .�0 9�v�6�?'[�^54�S�3U<�[mA�H�9 \>@9"359�HI4�v�65?'[�6 . 35V�2h�Z<$3Uz�6�7�8���4�7:C�Q�7IX�9�=�<�6�4�OPA�65<$3U<�H�<�7�>@?�7�65<MS .�0 9�v�6�?�7S#9�>@N�3U7IS 0 ?BA�CI<�S#9�=�?B�+-,/.�0

2 1�2��PQU<�6�4�^U< (k + 1) \ >@7IQ�6�9�HI9�S .�0 9�v�6�9�HI9�S#9x>@N�357IS 0 <:7 0 C�z k \ >@7�Q \6�?�8�S .�0 9�v�6�?�8�S#9�>@N�357�S 0 2��}v�7I=�4#EU6�9UA	EJ9 0 C�<�C�9�v�6�9sN59�C�Q�7�X�9�=�<�C�z�=�>@7 0 C�9�IC�9�HI9UA�v5C�9�X�?�HIQ5<�6�4�^5<�S�<$�TEU9�HI9 (k + 1) \ >@7�Q�6�9�HI9�S .�0 S�<MX�?'3J<MX�? k \ >@7�Q \6�?	>�S .�0 9�v�65?	>�S#9�>@N�3U7IS 0 9x>'�
Q̇k+1

λ =
αk∑

κ=1

εk
κλQ

k
κ

(λ = 1, 2, . . . , αk+1).
+ ( 1

+-,/.�0
3 1�2��{3�OTS�<$�TEU9�H�9 k \ >@7IQ�6�9�HI9 0 4U>@N�354�^�4U<$35z�6�9�H�9B^�4�S�3U< 0I. Y�7 0 C�= . \7IC�S .x0 9�v�6�?�8�^�4�S�3h2+-,/.�0
4 1�2�� 0 354 k \ >@7IQ�6�?�8�S .x0 9�v�6�?�8�^�4�S�3RH�9�>@9"359�HI4�v�7�6�6 . 35VZA�C"2D7�25O�= \3�O�7�C 0 OsHIQU<�6�4�^57I8 (k + 1) \ >@7IQ�659�HI9~b r g{txk rU�5r i�kJ��e5c$lc�S#9�>@N�357�S 0 <�A�C�9�9�6O�=�35O�7IC 0 O�CI<�S��T7BHIQ5<�6�4�^�7�8 (k + 1) \ >@7�Q�6�9�HI9�`�a�bIc�d�eUc$lc�S#9�>@N�3U7IS 0 <52� 0 359�=�4�O +-,/.�0

1 1�� +y,/.�0 4 1R=�;�<�45>@6�9�6�7�N�Q�9�C�4�=�9�Q�7Iv54�=�?BA}CI<�S�S�<�S 0 45> \N�357�S 0 ? Kn A�=�;FO�C�?�7 0 S�<�S#9�8 \ 6�45X . EJz_9�Q�4�7�6�CI<�^54�7I8PA#>@9�H . C_QU< 0I0 >�<�C�Q54�=�<�C�z \0 O�S�<�S�S .�0 S�4 0 N57I^�45<�35z�659�8�S .x0 9�v56�9�8 0 4 0 C�7�>@?BAPEU3�O�S#9�C�9�Q�9�8PA�9�v�7�=�4#EJ6�95A=�?�N59"356�O�V�C 0 O�= 0 7/v�7IC�?�Q57 .�0 359�=�4�OP2�{3�O�65<$[x9"�ZEJ7I6�4�O�H�Q . N�N��L7�C�C�4 6 . �:6�9¡C�7IN�7�Q�z¡QU< 0I0 >@9�C�Q57IC�z�=�>@7 0 C�90 4U>@N�354�^�4U<$35z�6�?'[�<$3UHI7IX�Q5<�45v�7 0 S�4�[�S#9�>@N�3U7IS 0 9�=5A 0 9 0 CI<�=�357�6�6�?'[G4�;�¢$>@7I3 \S�4�[�£~�357�>@7�6�C�9�= \ 0 45>@N�357�S 0 9�=UA}S .�0 9�v�6�?�7 0 45>@N�3U7IS 0 ?BA/9�X�Q5<�;�9�=x<�6�6�?�7�X�9 \357�7|¢$>�< 0I0 45=�6�?	>@4P£�O�v57I8�S�<�>@4 \ S .�0 S�<�>@4P2/¤�?�v�4 0 357�6�4�7�N5Q�9�4�;�=�9�EU45C 0 O 0 9 \=�7�Q���7�6�6�9¡CI<�S�4U>¥�Z7 0 N59 0 9�X�9x>'AhS�<�S�Q5<�6�z��Z7�2§¦�<�;I654�^5<R3U4���z�=¡C�9�>'A@v�C�94 0 [x9�EU6�?	>�N . 6�S�C�9�>�C�7IN�7�Q�zWO�=�3�O�V�C 0 O�6�7�>�<�C�Q�45^�?j4�65^�4#EU7�6�^�4�8 0 45>@N�354 \^�45<�35z�659�HI9TS#9�>@N�3U7IS 0 <5A�<�g�i$¨�p r5� f�`�a�bFc"d�eUf�© r e �UrUª nFe �5rU«
(εk

κλ) = E
k
,¬®�¯�°P±x²�³$´�µ®¶F·_¸"´�°�·�¹º´®¶B»�¸"´®¼®¶F½Z¸"´�¾�¼D¸�·�¼D¶F½x±�°5¿ÁÀÂ�³"´�°R½"¸�·�²�³�¯_»F°�´®¼D¶F·/»�¿PÃ$¯�¹º´®¸"½�¾Ä ¯�Å$²®´®À�Ã$¯½"Æ�´D¼®Ç"½�ÈZÇI·F°5É�Å$´®Ç�¼�Ê�²®·�»�·�Ã"½"¶FË�É"Ã�·�¼D¶F· Ä Ç�·F°�É�Å$´®ÇI¼ÊÌ



����� ���	��
�������

���������������������������� "!�#�$%!��&��#('�����)"!%��*+��!�#	�%��#-, ��.0/21 �435����!% �67��3�������8��������
8���8����9�%�:�%!���'�)";�<=3�$�)"��>��?���7'�����)�����)";�3@�A���B#%����!�!%�C�%��#	D����5#�)�'A�E���:��;�F���G
87 ")";7'A�IH�'A����8�#��%��#C,KJLH�'

1
.NM ,KJLH�'

4
.0/

O  �'�'�����)"��#��(���% "!�#%P�H���>���#	D�$� �'�)���QR�% "8���!%'�)"8� R, �:. 3"'�$%#�)� S�T3�$�)"� k > 0
/

U  "6V6� �6 Q̇k+1
λ

��'�)";WP�#�6��X3�)"�W�����Y���% �!�#�P% R�% �8�!% =!�H��%<+3�)��"GZ��'�)�;%[

αk∑

κ=1

αk−1∑

ι=1

εk
κλε

k−1
ικ Qk−1

ι = 0.

\ 'A�%���5'�)�8�#��]��#�!���Q%!���Q?!%��F� �8�#%'�#%����'�)"#^6�H7'�6_��8 Qk−1
ι

3+`�)��a�% �8�!��7'�#	�%;�!��
H7'A�%��8�#�<

αk∑

κ=1

ε k−1
ικ ε k

κλ = 0 #	�%#
E

k−1
E

k
= 0.

b �%#%����!	�	�c696%H�'�6� �� Qk 3d'�)"�:��e=#%�f8g�%��8��hD-#98����7D	!�#	D-8"D7���5 SDi�@ ")���#�PT3
H_!�#�������H"�����%!�����%������>��% �F���87 "!�#��T37���j����#�8��0�����h3	6� "6B8Bk5l � 37���5!���8���������!	G
!%�I8�'��=�@ �)"��#�P��

E
k 6g!������@ S�%;�!��&�]mL���%�@ ��

H
k / JLH�'���$�!�����6_�7���	�%��6	'��43

'�)"�:��e+#%�n8��o8"D7���5 SD��@ �)"��#�P
H

k 3S���"GZ������pW!�����HL�%#%!���Q�!%�!���F� �8�#%'�#%���-#+�%���
6� SpR����QV�% �F�������!���'�)"#B�% �'��% :�5 �<o)�'A�B!% R)"��#q6� �)"��������#%#T[

��/ JL�7���	�%��6_'�� A
k

λ (λ = 1, 2, . . . , γk)
/Tr )"�sP�#�6��%�f'A�� ">��W�������:������#%$	G

!%���4!�H"�%< /
l / JL�7���	�%��6_'�� B

k

µ (µ = 1, 2, . . . , pk)
/Tr )"�s)� �6	p=�=P�#�6	���43�!��t��!�#q!%�

�������:�%����#�$%!��u!�H��%<f!�#q'L6� "6%#%�E��)��%#�$�!��&�9��)Y!�H����B��!%�:pY#%)"���%��� /
v�/ JL�����	�%��6	'�� C

k

ν (ν = 1, 2, . . . , γk−1)
/or )"#j67�7���	�%��6_'��wH7p=�(!%�

��8�����<o)�'A�BP�#%6	�� ���#V#
(C

k

ν)· = c k−1
ν A

k−1

ν .
b �%#t`�)"��� γk ��'�)";Y�% "!%�L�@ �)"��#�P%�

E
k 3 ckν '�H_)";Y#�!%8� "�%#% "!�)�!����4��!��:pW#�)"����#`�)"��Qq�@ �)"��#�P��x# pk = αk − γk − γk−1 ,K'�$�#%)� S�T3�$%)"� γ−1 # γn = 0

.�/7y  S�%���
8���8�����#%)�'A�T3@6� "6z#z�% �!�;�*=��3@$�)"�i87'A��6�#�Q k G�������!%��Qc6%H�'���$�!���Qx{%|�}�~E��'�)�;
��#�!���Q%!% S�C67�7��>�#�!� "P�#	�CP�#�6	����8 Ak

λ
# Bk

µ

/
k GZ������!���QCp=�Y6�H7'���$�!���Q(P%#�6	�X3������� ~ �S� |��	�%�@���%��~5��32) / � / 8n'�#	�%HqH7'A�%��8�#	�-,�JLH7'

4
. ��8"�%��<oe+#%Q%'A�����% �!�#�P���Q

(k + 1) G������%!������s6�H�'���$�!%�����W6_�7���	�%��6	'� �35��'�)�;s�%#�!%��Q�!% "��6_����>�#%!% "P�#��VP%#�6	G
����8 ck

κ
A

k

κ

/ U  "6%#%����>��% "F�����6� SpR����Q]6�H7'���$%!���Q]P�#�6	��3n i'A�%������87 ")"���%;�!���3
87'A�%�0�2'�)"8�#��=H7'A�%��8�#	�9,KJLH�'

3
. 3�#�6� SpR����Q�'�#����	�%#�P�#� S�%;�!���QgP%#�6	�X3T�������:�%��G

��#�$���!B���5!���QB#t)��:�%;�6_�Y����!���Qs�%#�!%��Q�!���QV67�7��>�#�!� "P�#�#B8�#	�5 

ξ1A
k

1 + ξ2A
k

2 + . . .+ ξγkA
k

γk + η1B
k

1 + . . .+ ηpkB
k

pk ,

�A�5� 0 6 ξ1 < ckλ
3" ηµ � �%<>�����P����%����$�#%'A�%� /S� �o`�)��F�!% :$�#�):3S$�)"��)"� Ak 3��%���

6_��)"�����hD�'�����)�8���)�'�)"8�H7<e+#��=#�!�87 "��#% �!�)"!����R��!��:pW#�)"���%#(!��R�% �8�!��f����#�!�#	G



���������	��
����������������������� �����
�!" #�	!$��%'&�����!$
�� (�)�*
+�,�-/.102,�354�,63 Bk 7�8�9;:�<�=1> 4 k ? 02, 9�@;=1>A8�:�<5=CB57 0 7"D;7�B�E�F - : Bk . 7 4�GH, D;I�@�7 ?3J4 ELKM81:�<�= 3 DH:�8�N'OPB57 0 7"DH7�B5E;FRQ�ST7�U 4 7 0 =PV;E 3 D;7XW ,54�4 E

pk = pk = αk − γk − γk−1, Y[Z�\:L]17�U�^_^TE + E , @ 4 N`]�9�=#V , @;E�a 3 = 4 IC7 4 D;E;V�@�N , 7 4 ( E�@ . :�9�E;:�@ 4 @�N ,b0 @�7"cXE ?4�, D;E ckµ = ckν
0 : 4 9�E + N

E
k Q

d_e�fHgih�ekj�lPm;n_o�p$qr�s�t1p�uvq�w1qx"yz{pL| �����_}~����"� z�rJ��t#r��"���x����"y����w1t1p
O �r�#t1r�zRy��t��iy��1w#o��1�
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ť1U
k
1 + . . .+ ťrU
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g1 = 1
+W#��!A�������6

q1 = p1 + g1 = 1
+
q2 = p2 + g2 = 1
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g−1 = gn = 0
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pk = αk − γk − γk−1

O �)���QP ����� T�"�BE�!����6!(��

pk = αk − γk − γk−1

O �)���QP �
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n∑

k=0

(−1)kαk "��)6��a��� n∑

k=0

(−1)kαk,

43,:�
αk
c�1�"��3(��

k
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n∑

k=0

(−1)kpk =

n∑

k=0

(−1)kqk =

n∑

k=0

(−1)kαk =

n∑

k=0

(−1)kαk = N. (12)
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a0, a1, a2, . . . , an
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a0 −a1 +

+ a2 − . . . + (−1)nan =
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E�98:<5�FH;�I�E�J / αk 5�J&KLE�M89�N�O / G-P
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2∑

0

(−1)kpk = 1− 0 + 1 =
2∑

0

(−1)kαk = 4− 6 + 4 = 2 = N.
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k=0

(−1)kpk =
n�

k=0

(−1)kαk ����� ~-�$�
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N(Pn) n
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n
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N(Sn) = 2N(Pn)
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−α0 +
+α1 = −p0+p1 � � �&� �C� �$�W�&�����W����¤
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2 Q 0Y4�7�_`.X?6R(=;<TJ;9�K�.�0B/)K^a�764 _`@AR(W (n − 1) Sb58.YE�9�R(Wc/�F;58=�J;.Y7�/X7�E;4�KdF;9�Se F�@f.�9�0�.Y9g/h<&@A9�F;5 n S�58.�E;9�Ri5j/�FA58=�J;.�7�/�<B5�G�kP4 _`@AR(Wl_`.cF�2m<B/�0�4 J;1B9�R�n
(n − 1) S�58.�E�9�R�no/�F;58=�JA.�7�/�<B?gLpF;9 e F�@A.Y9�0�9�R�nq/ O Q F�9 e F�@A.Y9�0�.�9r/s@A?6:�5tK
n S�58.�E�9�Ri58FuGv�w)xfydz�{�| }

An−1 ~��6�)~6�Y��� {fy ���A� y�{f� ���P���`� St
n � | z�� ��� {�y ���;� y {f�B�

��� | � y � | �T�&� { �&�`G��X.YW;/�06?6F�0�.�J;169;<;[�=�:$/�0�1
(OP1 P2 . . . Pn−1)

.Y/�0�1 (n− 1) S�58.�E�9;R(Wd/�F;58=�J;.Y7�/�2�?6.Y2�@AR St
n F�9 e F�@f.�9�0�9;R(Ws/ O F!=�:B/�0�1

En = +(OP1 . . . Pn−1 Pn) F ′En = −(OP1 . . . Pn−1
′Pn)

� @f?B4 n S�58.�E;9�R�nlF�9 e F�@f.�9�0�9;R�n�/s9�F;5�/�F;58=�JA.�7�/�4;G(�]0�F�@A?B4�/�F;58=�JA.�7�/�4=�E�Fg0�4�7;F�nl<6E�F�.Y9�0�4 e F�K�nlF�9�@A: e F;E�:�U
0�? (OP1 . . . Pn−1)
=�E;<60�F�?B<6=�<TJA<T_`S9�R(.P<BE�F�.�9;0�4 e F;F^G;��/)JAFd/�9;4�D�@AF�0�1�06.�=�.YE�1`@A?6.�JA.�_>4��VF�.P9;4 An−1 /�06<6E�<B9�R/�FA58=�J;.�7�/�<6? En F ′En /�<B<60�?B.�06/�0�?6.Y9�9�<`F�9�@A: e F�E;<6?B469�9�Ri58F!<6E�F;.�9�0�4 e F�K;58F

En−1 = +(P1 . . . Pn−1Pn), ′En−1 = −(P1 . . . Pn−1
′Pn),

0�<s<B9�F�0�4�7�_V.�F�9�@f: e F�E�:�U
0s?�/�?6<6.YW�<6D6�V.�W�/�0�<BE�<69;. (P1 . . . Pn−1)
=�E�<B0�F�S?6<B=�<TJ;<T_�9�R(.i<BE�F�.Y9�0�4 e F�F^G;�%06/�U�@�4X/)J;.�@A:6.Y0&[�\�06<X7�<6CY.�E�.Y9�0�9�<BW�<6E;F�.�9�0Y4 e F�F

(n− 1) S�58.�E�9;R�n"/�F;58=�J;.�7�/�<B?V7;E;4 K An−1 /�<B<60�?B.�06/�0�?6:B.�0X7�<BC�.�E;.�9�0�9A4 K"<BE�F�S.�9;0�4 e F�K n Sb58.YE�9�R�n�/�F;58=�JA.�7�/�<B?>2�?B.�2�@fR St
n [$F�9;46<6D6<BE�<60TG$�%\;.�?6F�@A9�<;[67�E;4�W7�<6CY.�E�.Y9�0�9�<m<6E�F;.�9�0�F;E�<6?$4�9�9�<BW�2Y?6.�2�@AR St
n [ EA46/�/Y5 4�0�E;F�?B46.Y58<6W�764�7�4 J;CY.�SD6EA4�F�\�.&/�7�F;W"7�<B58=�J;.�7�/�[�.&/�0�1�7�<BC�.�E;.�9�0�9;<`<BE�F�.Y9�0�F�E�<B?B469�9�R(W!7�E;4�WuG¡ R¢?6F�@A.�J;Fm?6R(£V.6[¤\�06<�?B/)K�7�F�W n S�58.�E�9�R(W e F�7�J�~ | � z � � �V� ¥��`<6E�F;.�9�S0�F�E;:6.Y58<BC�<�=;/�.�? @f<B589�<BC�<6<BD6E;462�F�KP.&/�0�1P/�4B58<%¦Y0�<P589�<6CY<6<BD6E;462�F�.B[Y7�<6CY.�E�.Y9�0�9�<<6E;F�.�9�06F�E�<6?$4�9�9;<6.>F�?B2�K�0�<B.X/>9�.Y7�<60�<BE�Ri5�7�<6¦Y§P§�F e F�.�9;0�<B5�Gf¨]<B<60�?B.�06/�0�?6:$SU
�V.�.3=;E�.�@;JA<T_V.�9;F�.3/�=�EA4�?6.�@;J;F�?B<�Fm@;J�Kl� ¥ {�| � y;© ���;�A�T¥��V<6E�F;.�9�0�F;E�:6.&58<6C�<=;/�.�? @f<B589�<BC�<6<BD6E;462�F�K^[ .&/)J;F30�<TJA167�<PE;46/Y/�5 460�E�F�?$4�0�1>9A4>9�.&5 n Sb58.YE�9�R(. e F�7�SJ;Rª<60�9�<$/�F�06.�J;1B9�<%.YC�<�C�EA4�9�F e RP[ 0&G�.6G n S�58.�E�9;R(.�7�<$58=�J;.�7�/�RP[&CYE;4�9;F e R�7�<B0�<�SE�R�ndJ;.�_P460�9;4�C�E;469�F e .X=;/�.Y? @A<$589�<6CY<6<6DBE;4�2YF�K^G��X<B764�2&4�0�.�J;1B/�0�?6<�0�467�<6.P_`.6[76467�@AJ�K!2&46587�9;:$06R�n"=;/�.�? @f<B589�<BC�<6<BD6E;462�F�WuG¨]?B<6W;/�0�?6<q2Y4B587�9�:�0�<BC�<q=;/�.Y? @A<$589�<6CY<6<BD6E;462�F�K«DBR(0�1r<6E�F;.�9�0�F;E�:6.&58Ri5?6R(EA4 _>4�.Y06/)K�?�0�<$5�[A\�06<".YC�< n S�58.�E�9;<6.X\;F;/)J;<�¬�.�060�F pn = 1 G��>J�Ks<BC�E;469�F�S\�.Y9�9�R�n3=;/�.�? @f<B589�<BC�<6<BD6E;462�F�W3469;4 JA<6C�F;\�9�<6.
:$06?6.�E$_`@A.Y9�F�.+:B_`.%9;.Y/�=;E;4�?B.�@;SJ;F�?B<;G^�4�7^[^9A4�=�E�FA58.�E^[�J;FA/�0 ¡ .�DBF�:B/Y4hLO9�.�<BE�F�.Y9�0�F�E�:B.Y58<B.`=A/�.�?�@A<B589;<6C�<B<6D6SE;462�F�. Q F;58.Y.�0>0�467�F�.
_V.
CYE�:�=�=�R�¬�.�060�F^[$764�737;E�:�C�<6?B<6.(7�<TJ;1 e <3Lp<BE�F�.�9;0�F�E�:$S.Y58<B.P=;/�.Y? @A<$589�<6CY<6<BD6E;462�F�. Q G�N�<6¦Y0�<B58:3@A<676462Y460�1®0�<6=�<TJA<6C�F;\�.Y/�7�:�UrF�9�?B46E�F�S4�9;0�9�<B/�0�1!<6E�F�.Y9�0�F�E;:6.Y58<$/�0�Fc@;J�Km2Y4B587�9�:�0�R�nc=;/�.�?�@A<B589�<BC�<B<6D6EA4�2�F;W"JA.�C�\;.6[\�.&5M@AJ�K!<BC�E;469�F�\�.Y9�9�R�n¤G��>J�Kd2Y4B587�9�:�0�R�n!=;/�.Y? @A<$589�<6CY<6<6DBE;4�2YF�W�¦Y0�<�9�.Y=�<�S/�E;.�@f/�0�?6.Y9�9�<�/)J;.�@A:6.Y0MF�2hF�9�?B46E�F;469�0�9�<$/�0�FlCYE�:�=�=�R¯¬�.�0�06F°Lp±�²³C�JuG Q G �>J;K<6CYE;4�9;F�\�.�9;9�R�nZ_V.!9�.�<BD�n$<&@AF;58<�?6<$/�=�<TJA162�<B?B460�1B/)KmF�9�?B46E�F;469�0�9�<$/�0�1BU´CYE;4 S9�F e RgFdD6<TJA.�.+C�J;:�D6<67;F;58F!/�?6<BW;/�0�?$4658F^[�F;2�:�\;4�.&58Ri58F"?®C�JuG;²XG
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&('*),+�-�.0/21436587:9<;2+�=>1�?@5*7�ACBD),+@.FECGCHIHJ9<KL5*),)6MNA>+�HJEJ5O;D5P/D5OQJQJ9R5�3�HJEJ5O;J9S;DGUT
V 5O-�.0/214365LHDECM@HD+67W+ V M�QD5*=U+6)6+6EJ+4.F+�XPMD7:HJ/IMJYIM214/IZ6QJ+�.F+�ED14[*\�MJ5PQJMJ]^A_]U36/J]I`a),XO]a.F+�T7b+F/J+�.*MIBD5*X*=CMD7:M�MIQJ3,1�EIMD14QJ)_1�7:M�HJ+_/IMD'c;2EJ1Cd*e@/D]f;2+�=>1�[*1�),5P/IZ,X*)�3>187:9gED14X*X*7W+6),ECMD7
/D`8\49R5

k
Th7b5PEIQJ9R5aXPMD7:HI/D5*=UXP9<HJ+F/JMD'c;2EJ1

Kn ikj^l�m6n AUHDEI5O;2XP)_1436/J]I` V MD5RQD5PHJEJ5*EC9�36TQJ9R5@+6\�ED1�[O9oHJEC]C7W+F/JMJQJ5P-JQI9�pq5P3,=C/JMC;2+�3�9�prXOMD7:HJ/J5*=UX*+�3IdDsf[f+6XP+6\�9�prXPMD7:HI/D5*=UX*+43
7b+_?tQD+�XP+6X*)_1_36MD)�Z�+�X*+6\49R5u14/I.F5*\6EJ14MIBD5*X*=CMD5�=U+67:HJ/J5*=UXP9 ikj2l�v6n Aw+4HDEI5O;25P/IMD)6Zx;J/D]QJMJp(Xy/D+_?@5PQJMJ56A�1�[F14),5*7z363,5PX*)6M{HD+4QD]C)6MD]�.FEJ14QIMJYJ9fAwYJMJ=I/21UAL+4.FED1_QJMIBJMJ3,1�` V 5O.F+YJMD=C/21 i .F+�7W+_/J+�.*MIBJQJ+�.F+fQJG6/D` n d,|8X*+�\�9R5RYJMD=C/J9(ED14XPH21F;}1�`a),X0]~Q21f=C/21�XPXP9(.*+67W+F/D+�T.*MJBIQJ9�p~7b5P?t;DG�X*+6\�+�-�+6X*+�\�9�p�YIMD=I/J+�3IdU�L)6Mq=C/21�XPXP9�+�\6EJ1�[PGC`8)

k
Th7b5PEIQJGC`<+�X*+6\4GC`

.FEIGUHJHIGqKL5*)6)6M�HJ+F/JMD'c;2EJ1 ikj}l6��n d2|aQD1~),+4HD+F/D+4.*MJBJ5*X*=CM�MIQJ3>14EIMD14QD)�Q21fHD+�+4HDEI5O;25P/J5PTQJMD` i X*)6ENdS� l��,n M(QJ5�XP36]I[*14Q21�X*+�XPHD5PYIM21_/JZ6QI9R7�XPMJ7WHI/JMIYJM21_/JZ�QJ9R7�EJ1�[*\4MD5PQIMD5*7HD+F/JMJ'y;DED1
Kn dL�WX0/IM<),5PHJ5*EIZ�HD+F/JMJ'y;DE Kn \4G6;25*)�[F1_;214Q<3�QJ5*=U+6),+�EJ+�7zXOMD7:HJ/IMJTYJM21_/JZ�QD+67�ED1�[P\�MD5OQJMJMNA�),+�7:9�XP7b+_?@5*7�[F147W5PQJMJ)6Z�=>1�?@;D9�-g+6X*+�\�9�-�14/I.F5*\6EJ14MIBD5PT

X*=IMI-x=U+67:HJ/J5*=UX6AUHD+*;2EJ1�[O;D5P/JMI3�5P.*+�XPQ21*B21_/21�\61�ECMJYD5OQD),ECMJBD5PX*=IM�XPMJ7WHI/JMIYJM21_/JZ�QJ9R7
14/J.*5*\6EJ14MJBJ5*X*=CMD7�=U+�7WHI/D5*=UX*+�7�;214QIQD+�.*+uED1�[P\�MD5OQJMD]}d��:1�=>14]�[F147b5OQ21x+6XOG V 5*XP)636/J]CT5*),X0]rHDECMuHD+67W+ V M�XPMJ7WHI/JMIYJM21_/JZ�QD+�.*+�HDEIMJ\�/IMD?@5PQJMJ] i XPMJ7WHI/JMIYJM21_/JZ�QD+�-u14HJHJEJ+�=ITXPMD7b14YIMJM nti X*),E^d��*�6� n M�+6X*)_1_36/J]I5*)q3,XP5�XPG V 5*X*)6365PQJQI9R5�),+4HD+F/D+4.*MJBJ5*X*=CMD5tXP3,+4-DX*)63,1+6X*+�\�9�pg14/I.F5*\�ED14MIBD5*XP=IMJp�=U+67:HJ/J5*=UX*+�3uQJ5PMD[*7W5PQIQJ9R7:M�d�sf[q36+6[*7W+_?~QJ+6X*)�M�[F147W5PQJ9
+6X*+�\�9�p�1_/J.F5*\�ED1_MJBD5PX*=IMIp�=U+�7WHI/D5*=UX*+43�XPMJ7WHI/JMIYJM21_/JZ�QJ9R7:Mr3�9R),5*=>145*)�ACBD),+~+6X*+�\�9R5
M�+�\�9�BIQJ9R5~.*EIGUHJHI9�KL5P),)6MuX*+436HD1_;}14`8) ikj^l4�,n d��:�,���P�P�����4���4�J�J�(HDECMD\�/IMD?f14` V 5PT.F+ i 1_HJHDEI+6=UXPMJ7WMJEIGC` V 5P.*+ n XOMD7:HJ/IMJYJMD14/IZ6QD+4.F+�=C+�7:HJ/D5P=CX*1�HJ+6XP36] V 5PQD1�+6XOQD+�3�Q214]),5*+6EI5*7b1�+�HJEIMD\4/JMJ?t5OQJMD]Up ikj2l��6n d� MJ7:HJ/JMIYJMD14/JZ�QD+�5�HDEIMJ\�/IMD?@5PQJMJ5�HDEI5O;2XP)_1436/J]I5P)(HD+{XOG V 5*XP)636G�HD5*EI5Pp>+*;�+�)�2�O �¡}�k¡D¢w�4�J�_£O�b+6),+�\6EJ1�?@5PQJMJ]~=U+�7WHI/D5*=UXF1�=x¤C�P�U¥% U¦J�J§J�D�F¦J¨,�J�O¥f�,©4d4ª@1�?@;2+65SQJ5PHDEI5PT
EI9�36QJ+65t+6),+�\6EJ1�?@5PQJMJ5~7W+_?~QJ+�HJ5*EJ5O3,5*X*)�Mu3qXPMD7:HJ/IMJYIM214/IZ6QJ+65%;}14?t5@HD+�X*EJ50;2X*)636+67
¤_;25*«8+6EI7w1_YJMIM�©4A>¬�'P),+~XP+6X*)_1_36/D]C5*)tX*+*;25*EU?f1_QJMJ5%),5*+�EJ5*7:9{+@;25F«8+�EJ7b14YIMD]Up ikj �C� n d� `�;21a?@5SHDECMD7:9R=>145*)�36+�HJEJ+6X�+�HD+43,5O;D5PQJMIM~.FECGUHJH~KL5*),)�M~HJEIM@;25F«8+�EJ7b14YIMD]Up@+6),+�\�T
ED1�?@5PQIMJ-NJ'*)6+6)�36+�HDEI+6Xf7:9�)_1�=I?t5fEJ1�X*XP7b+�),EIMJ7�d

®�¯R°%±³²�´�µR¶R·�¸¹´�º~»�¼@½~¾b¿%´
ÀSÁIÂ4Â�ÃSÄCÅUÆ}ÇNÃgÈ}É�Ê}Æ}É�Æ}ËfÌCÈ}ÄIÉaÇrÄ6ÍNÈ}ÄIÎ4È^Á,Ï^È}ÄCÉaÄCÅUÄIÐCÆ^ÁUÑ�É4È^Ç}ÉaÊ^ÆIÒ^ÃSÄ,ÓNÇ}È}É4Ô}Õ

È^ÄCÖ4Ä�×hÉ4ÌIØ2Ó^ÇDÍNÄIÌIÁJÙSÂ_Ç^ÃSÊ2ÓNÉ4Ø2Â4Á
xk
Ì�ØJÄIÈ}É4Ï^È}ËfÔuÇ2Ó^ÇuÐIÉ�Â_ØDÄIÈ}É4Ï}È^ËfÔ

n
ÕcÃSÉ4Æ^È}ËfÔ

Ê^Ä,Ó^Ç}ÚPÍNÆNÛ
Kn ÜCÝ È}Ä,ÑrÉ�Â_ÅCÌCÄ M Þ Ê}Æ}ÉFÍ�Â_Å4ÁCÌUÓ}Ò}ß~à�É4ÉfÄIÐCÆ^ÁCÎfÂ_Ç^ÃSÊ2ÓNÉ4Ø2Â4Á xk Þ È^ÁUÕÎ�ËfÌIÁCÉ4ÅCÂPÒ³á>â_á,ã,äbå

k æ å�çéè�ê^äbåëâ_ìJåqíJî�ç4ïIâ_á_å X k Þ É6ÂPÓ^Ç�Í^Ó}Ò�ØCÁUÑrÍNÄCÔ�ÅUÄCÏ^Ø}Ç
ðPñ:ò}óyô0õ_ö

Kn
ò}öO÷%ø6ö�ùFú:û>öqùFú�üFýcþ,õ_ÿ�û��wùFöFótö����,óyô0õ_ø,öFôyõ_ø,öFó����,öFôyõ	��
*ø,ôyõ_üFö���ö����,ó�

� ócû��,õ_ÿfõ�
FòuöFôyöFùFúWóaô��>ò��6û>ó��4ôyú��CöFôyöFùFúWó�
Pû��0óyù���
����,óyô����,ó���ö_ò��6û>ó��4ôyú������������,ú ��óyõ_õ	�"!
# � ø�
��4ö�$0õ	�töFù���
*ýyú%���,ó � ôyõ�
*ü*û6þ��Lõ��6ø,õ_ó��6ó0ô�û���&�ÿfüaô û�����
*ó'�,öOû���$ � ��
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$�%#&#'�&)(+*,&�-/.�01%#24365,7�24.�01%#*,&�8:9#3#9,5,.;5�(+.�*�*,&)%�&#<,9�5
xk &4%�&#=4>�3?-/.�*,@A2B*,.�.#CD $�%�&4EF'HGI3�24.J*,.�&4>,5,.�*,%�5,>,&4243#*,*,@J.K015I(+L�G�.�9�0�@M(+@N=4O?PI.!(Q&#=#&47�*�3�<I3�%�RS9,OT>�U

015�2#*,@K(+5/-V5,>,*,@K(+5V=4OT9,2434(+5IW�C#XY&�-/.�%Z0�G�OT<,5,%#R40�[�8?<,%�&
M

[,2�G,[,.�%#0�[;&!PI*,&�U
2#>�.�(+.�*�*,&�&4=#>�3#7�&4(\015I(+L�G�.�9�0�3 xk 5]&#=4>�3�7�&4(\*,.�9T&4%�&#>,&4'�&/PI>�O�'�&#'�&FL,>�[�(+&�U
G�5,*�.�E,*,&4'�&S015�(+L�GI.�9�0�3 xk C D $�%�&�(Y0�G�OT<�3�.48�&4<,.�245TPI*,&I8�&!PI*,&^5_%�&K-/.`L,&!P:(+*,&�U
-a.!01%�24&

M
L�&�G�5,$�PI>�3

Kn L�>,.�Pb0�%�3�2#G,[,.�%cPI2�3K&�01&#=4@�d n Ue(+.�>,*,@�d�015I(+L�G�.�9�0�3,Cf 5�(+L�GI.�9�01@g$�%�5M01<,5,%�3�h^%40�[i&!PI5,*�3#9T&#2#@K(+5kjl*,.)&#%!G�5,<I3�h^ma5�(+5�0�[nPI>�O�'B&#%
PI>,OT'�34o
2�%�&4(n0�G�OT<�3#.#8#.!0�G�5 xk (+&�-;*�&�pbq�rIs�t�rIu`&#%#&#=#>I3�7�5�%�R�8�*I3 xk %�3�9�8�<,%�&
9#3�-aPb@J.JPI24.^01&4&#%�24.�%#0�%�2#OTh^ma5,.JL,>,5�$�%�&�(n&#%�&4=#>�3�-a.�*�5,5aPI>,OT'JPI>�O�'�Oa%#&#<,9,5
015I(+L�G�.�9�0�&#2 xk 5 xk &4%�&#=4>�3?-_3#h^%#0�[�2;&!PI*�OV5B%#OV-a.v%�&4<,9,OFL,&�GI5,$�PI>�3 Kn Cf 5�(+L,G�.�9�0 xk jw%�3#9�-/.#8T9#3�9 xk o`*I3�7�@J2�3�.�%#0�[Yx?ybu�u�z�y�{!|?u1}~&40�&#=4&#'�&_0�5�(�U
L�G�.�9�0�3

X k C��v>�&#&#=4>�3�7�@�&�01&4=#@�dS0�5�(+L�G�.�9�01&#2S(+@�=#O�PI.�()&4=#&47�*�3�<�3#%�RK(
3?GI@K(
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� &)( Fm6���� I @�; � * � (!+ 6<� * ��@E; +�+ #�e: * � & �3/4� +�( � + #�e n %R&)(�*�+ #�ef�!� & : / ( �	��; xn
�

′xn > M·��/.�f/4� +�( � + � ( ��6<��" * ; %C (!+ � ( : * �E�86 * ; + �86�@�; Rn + ;A� ( "�� G : (�*�( @�� I � JK(�( xn
@

′xn
�j�8�3e * ; +�(!+ � %(�& � * � (!+ 6!;<,��.� G � &)(�( 6 : �3/.�3Cq��6 ( /.= + #$��z3|8¸�|R��wWv.x�uQx.¸¹�<�d|!y�º»��u�t<y3s�uQx.v	¼ G6��p1!��@�� * ��6 G 5�6��Xn!6��f�8� & : / ( �0�8#gy»��v�|8x4¸Yv<��yQs<uQx4�2y3z�v4x4uQ½�y3s<y > MO��/4� ′′xn �
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	������������������������������� 	!��"$#%	'&�(�"�#�� � )�*+*
,'-/.�,'0/1 n 243 .�-/5�6�187�0 3:9!; .�<!7'=�>+-/0/.�5/,'0/-/>+?+@�5/5/6�1A> BC0/5�@�<�>+?�>D7 ′xn =/,'>E>+F/. 2?�0!BC5/>�=%F/,'> xn 0 ′′xn ,�@�<!GH.I>�-/0�.�5/,'0�-/>�?�@'5/6J> BC0/5C@'<�>�?+>�K
LM6ON�>�?�>+-/0 3 =
F/,'>QP @RBS@�5/0/. 3 >�-/0/.�5/,'0/-�>�?+@�5/5/>+N�> n 243 .�-�5/>�N�>H7�0 3:9!; .�<!7�@ xn > 9 -/.TBC. ;/U .�,+7 UV�WSXSY�Z�[Q\^]CX�_M`'a�Y�b�Vdc'WSV^a�[eW/\^ZCa�[D`'\ Rn = 9 -/0/F/. 3 ?+7�. n 2f3 .�-/5/6�.g7�0 3:9!; .�<!7�6�=
>�-�0/.�5/,�0/-/>�?�@'5/5�6�.
> BC0/5�@�<�>�?�>h7 xn = > 9 -�.TBC. ;/U/i ,g> BC5/jk0d,'jlGH.%>�-/0�.�5/,�@�m/0 i
9 -/>�7�,'-C@'5�7�,'?+@�Kn j�7�,'o xk

g
. 7�,'o g 2 </-�@�,'5/>�.lp \$WqX�]CY�Z�[eWSXCr/Y�a�s+V^Y�c�V^tuW!\ v'tRY�wqY�Z�XSY ; .�Gd@'xH. 2N�>l? Rn 9 - U�3 > ; 0/5/.�1�5/>�N�>l7�0 3:9!; .�<!7�@ xk K�yg-/0/.�5�,�@'m/0 U 7�0 3:9!; .�<�7�@ xk > 9 -/. 2BC. ;/U .�,z>�-/0/.�5/,�@�m/0 i 5/.�7�j�xH.�N�>|{�,�>�,z7�0 3:9!; .�<!7 ; 0/5�.�1/5/>+N�> 9 > B 9 -/>�7�,'-C@'5 27�,�?+@ Lk 9 -�>+7�,�-�@'5�7�,'?+@ Rn K}LM6 3 >RGD. 3 ,'. 9 .�-�o~>�-�0/.�5/,�0/-/>�?�@','oI<�@^GDBC6�1

k 243 .�-/5�6�1�7�0 3:9/; .�<!7���@'-/0�m/.�5/,�-/0/F/. 7�<�>�N�> 9 > BC-�@�PTBC. ; .�5�0 U xk
g

> BC0�5�@'<�>�?+>
7�7�0 3:9!; .�<!7�> 3 xk � 9 >e>�,'5/>+��.�5/0 i < ; 0/5/.�1�5/> 3 j 9 -/>�7�,'-�@�5�7�,�?�j Lk � K ��BS@ ; o 25/.�1/��. 3 =�<�>�N$Bq@���j^BS.�,h0�BS,'0d-/.�F/oe>h��@'-/0�m/.�5/,�-/0/F/. 7�<�> 3A9 > BC-C@'PTBS. ; .�5/0/0 V�WSXC�
Y�ZC[HX'WSV^`'\^ZCZ�V^b�V 7�0 3:9!; .�<!7�@ xk = 3 6���j^BS. 3 ?+7�.�N$BS@ 9 -�.TB 9 > ; @'N�@�,'o�=�F/,'>I?+7�.
k 243 .�-/5�6�.H7�0 3:9!; .�<!7�6 9 > BC-�@�PTBC. ; .�5/0 U >�-/0/.�5/,'0/-�>�?+@�5/6�0 3 .�5�5/>�,�@�</0 3 >+� 2-�@�P�> 3 = ��> BC0/5C@'<�>�?+>e7�7�0 3:9!; .�<!7�> 3 xk K'��@�-/0/m/.�5/,'-/0�F/.�7�<�>+. 9 > BC-�@'P�BC. ; .�5/0/.>�-�0/.�5/,�0/-/>�?�@'5/5�>�N�>�5�j ; o 3 .�-/5/>+N�>�7�0 3:9!; .�<!7�@d7�>�? 9 @RBS@�.�,d7e7�@ 3 0 3 7�0 3:9!; .�< 27�> 3 K n j�7�,'o 9 - U�3 > ; 0/5/.�1/5/6�1z7�0 3:9!; .�<!7 xk =}-�@�7 9 > ; >RGD.�5/5/6�1�? 9 -/>�7�,'-C@'5 27�,�?�.�5/. 3 .�5/.�. (k + 1) 0/P 3 .�-/.�5/0�1�= 9 .�-�.�?�> BS0/,�7 U�9 >�7�-/.�BS7�,�?�> 3 ,'-�@'5C7 ;/U!2m/0/0 � 9 @'-�@ ;/; . ; o�5/>+N�> 9 .�-/.�5/>+7�@ � ?A7�0 3:9!; .�<!7 yk = 9 -/0�{�,'> 3�3 6 9 -/.TB 9 > ; @ 2N�@�. 3 =�F/,'>H?�.�<�,'>�-�,�-�@'5�7 ;�U m/0/0�5/. ; .�GE0/,H? k 243 .�-�5/> 3I; 0/5�.�1/5/> 3�9 -/>�7�,'-C@'5 27�,�?�.�=�> 9 -/.TBS. ;/U . 3 > 3 7�0 3:9!; .�<�7�> 3 xk K��%0 3:9!; .�<!7 xk 9 -/0 9 .�-�.��+> BS.e? 9 > ; > 2GH.�5/0/. yk > 9 0�7�6�?�@'.�,M,�>�F/.�F/5/>�. 3 5/>RGH. 7�,'?+> z k+1 =:5�@�P�6�?�@'. 3 >+. c^WqX�v���VR� K
xk 5C@'P�6�?�@'.�,�7 U Z�X���ZCX���V^a�ZCVR`�\^Z�XSY�� 9 -/0/P 3 6 � 0 ; 0�= 9 -�>+7�,�>�= V^a�ZCV^`'\^Z�XC�
Y�� � =�@�.�N�>|7�,'>+-/>�5�6 x i

ν (0 6 i < k) � a�[HV�WqV ZS\���X�Z�X���ZCY�b�VIV^a�Z�V^`'\^�
Z�X�_ K yk 0A.�N�>�7�,'>�-/>+5/6�5C@'P�6�?�@ i ,�7 U 7�>�>�,�?�.�,+7�,'?+.�5/5/> `'Y4W/�CZCX���V^a�ZCV^`'\^Z�XC�
Y�� 0 a�[DVuWqVRZC\��dX�`'YfW��CZCY�b�VeV^a�ZCVR`�\^Z�X�_ 9 -/0/P 3 6�K'��@^GDBS@ U i 2f3 .�-/5�@ U 7�,'>+-/>�5�@
7�0 3:9!; .�<!7�@ xk ,�@'<!GD.�> 9 0�7�6�?�@'.�, 9 -/0�,'-�@�5�7 ;/U m/0�0 9 -/0/P 3 j z k+1 =S5�@'P�6�?+@ 2. 3 j i (k + 1) � ��YfWSZCVR� p VRs�V^`^VR�za�[HV�WqV ZCVR� 9 -�0/P 3 6 z k+1 K¢¡l.�5/,'-I7�0 3:9!; .�< 27�@ xk > 9 0�7�6�?�@'.�,�>�7�o 9 -�0/P 3 6�= ;�i ��@ U GH.MBC-/j�N�@ U ,�>�F/<�@ xk > 9 0�7�6�?�@'.�,
>�,�-/.�P�>�<�= 9 @'-C@ ;/; . ; o�5�6�1E>+7�0£K��%.�-�.TBC0/5C@d>+7�0 9 -/0/P 3 6¤5�@'P�6�?+@�.�,�7 U m/.�5/,'-/> 3
9 -/0�P 3 6�K�¥�@'<d<+@'<l��>+<�>+?�6�.:7�,'>+-/>�5�6�7�@ 3 0 9 -/.�BS7�,�@'? ;�U/i , 9 -/0�P 3 j�=�,'>hjg<�@^G 2BC>+1¦�+>�<�>�?+>�1�7�,'>�-/>+5/6§,�@�<!GH.�0 3 .�.�,+7 U m/.�5/,'-�K n -�0 k = 0 3 6��+j^BC. 3 0 3 .�,'o?M<�@RF/. 7�,'?+.E> BC5/> 3 .�-/5/>+1 9 -/0/P 3 6¨>�,�-/.�P�>�<�= 9 -/0 k = 1 � 9 @'-�@ ;/; . ; >�N�-C@ 3 =
9 -/0 k = 2 �©,'-/.��!N�-�@'5/5�j iª9 -/0/P 3 j�Kq�¤Bq@ ; o+5/.�1/�H. 3«3 6���j'BC. 3¬9 -�.TB 9 > ; @ 2N�@�,'oE?+7�.�N$BS@ k > 0 Kn j�7�,'o z k+1 �BS-/j�N�@ U (k + 1) 2f3 .�-/5�@ U�9 -/0/P 3 @�K��%j�xH.�7�,'?�j+.�, wSX�ZSY��C�
Z�V^Y�V [DV p W!\R��Y�ZCXCY 9 -�0/P 3 6 z k+1 5�@ z k+1 = 9 -�0�<�>+,'>�-�> 3 7�0 3:9!; .�<!7Q>+7�5/> 2?+@�5/0 U xk 9 .�-/.���> BC0/,E?�7�0 3:9!; .�<�7�>+7�5/>�?�@'5/0 U ?�,'>+-/>�1 9 -�0/P 3 6 xk =C@Qm/.�5/,'-
9 -/0�P 3 6 z k+1 �O?8m/.�5/,'- 9 -/0/P 3 6 z k+1 K¯®%,'> ; 0/5/.�1/5/>+.D>+,'>��+-�@^GD.�5/0�.�> B 25/>+P�5�@RF/5�>¦> 9 -/.TBS. ;/U .�,�7 U~; 0�5/.�1/5�6 3 >+,'>��+-�@^GD.�5/0/. 3 7�0 3:9!; .�<!7�@ xk 5C@ xk °
9 >�7 ; .TBC5�.�. 3 >RGH.�,D�+6�,'oQ?�P U ,'> 9 -/>�0�P�?�> ; o�5/>CK¥�@'<E<�@�<D>�7�5/>+?+@�5/0/. 9 -/0/P 3 6z?+6 9 j�< ; >�=�,'>l0�7�@ 3 @ 9 -�0/P 3 @ z k+1 `^±}cC²�s+�
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����������������������� �"!�#�$�%����'&�!�(*)�+-,.��/��0/�1��-!�+-2�3��"+-+�/��4(*+�/657��� ��#�/8#'��#�)9$:2	�:/�#�/�(
�-��/��"���-!�+:� ��#������ /��:���.5;!�<=���>+-!��.%	�:,;�?$-@BA�CD(*2;�:#�,9(E%F��/�3�)�!�(*2=#����"G� /����:2�H
+�%�@B<=2-I729J7/�������&"/�)K��LK�-!�+�2�M-!����2�&�(*C z k+1 � /.� ��/�2��'2�&N/.� +�/�#�!�+�2�I xk � yk2OA�/�)	/�#�C4JP� ��/���/�+ z k

ν (ν = 0, 1, 2, . . . , k) �:Q;!�5R�:C0IS$-,	3K�:#�C4J�/��:%�<=2�IT2�&
M-�"+����:!U����2�&�(*C;�V���������"�")�!��"�U1"�-!�+�2�M�,W�"�X#U��/�3�+�/��"��2Y#U/��:+�/�IW��/�3�)	���VZ4�"�
[ ��2\�"#�/�I:� ��#.!S�-��2�&�(*C](*/�1",	�OA�C0��GU�:/�)�!�&�!�+�C^��_:�"��`:a7`:b�c"d"e�`-��fF$-% [ ��/�1�/
+-,�5X+�/g#�& %���Gh/��:+�,W#��"�-i=2�+�,j� 2:(*�9$-�")9��! xk &�!O+-!63-!�$-/O)	/�/����:2-+-!��U2k#�C4H
A��-!���GF#;)�!63���� ��#��DA�!�&"2-�"+�C4J7#��")���/���/�#;#��")���/���C

v1, v2, . . . , vk
��29�:,	<=2��D2-&

+:!63-!�$:!8)	/�/����:2�+-!��8#F/��"�"!�$-G�+�C0�0#�����i=2-+�Cl� 2-(*�9$:�")9�"! xk ��2X#��")���/��X���-!�+-��H
$-%�M�2�2

t m ��!�)95R�n#�C4J�/��-%�<72�Il2�&n+-!63-!�$:!Y)	/�/�����2�+-!��.o��0pK/�3�)�!�(*2q����2�&�(*C
%�#�$�%�@B���r%T��/�1r��!7#�� �8)	/�+-M�Cq�:!6�:2�,.� /�#�Hs#��")-��/���/�#

λ1v1 + λ2v2 + . . .+ λkvk + τt

(0 6 λi 6 1; λ1 + λ2 + . . .+ λk 6 1; 0 6 τ 6 1).

t ��+-!�)	/R�-!�&�A�2��-!���G [ ��/u��/�����/�A�+��"�8(*Cq& �:���"Gu+��;A�,��:��(4�v CwJ�/���2-(x���"�-�"��Gy�:!�&"A�2���Gy�-��2�&�(*, z k+1 _��yd `	z;{	��c e�d"|}�4f=/��"��2�1"H
+-,.��G [ ��/�1�/7(*/65X+�/=A����")./�+��"3-+�/F(*+�/�1�2-(*2U� ��/.� /�A.!�(*2K~�+-!�����/���+-!�)	/-��2�+�������� H
�",	@B�n��/6$-G�)	/j� 2-(*��$-2�M�2-!�$-G�+-C0�S�-!�&"A�2��"+�2�%�� ����M�2-!�$-G�+�/�1"/W#�2	��!-�*)./���/��-C4H
(*2Y+:!�(�����2	���"���r%Y#T��!�$-G�+���I�i=��(�#�/��"��/6$-G�&"/�#.!���G.�r%K�:�8��/�2�&"#����:��( g Hs)��-!���H+-/��hA.!���2�M-�"+����-2�3����")	/��h��/����-!�& �:� $-��+�2��O#��"�.J9+��"1�/Y/�� +-/�#�!�+�29% yk ����2�&�(*C
m ��/�� 0 Hs)��-!���+�CD(TA�!���2�M���+�����2-3����")�2-(U��/��:�:!�&���� $-��+�2���(T(*CYA�,��:��(S��/�+�2-(}!���G
��!�(j� 2:(*�9$-�")9��o��.&�!�����(j�-!�&"/�A�G���(gA�/�)	/�#�C0�4�"��/��-/�+�C�����2-&�(*Cl+-!F�"2-(*�9$-��)9� C
�r$:���:,	@B<72-(�/�A��-!�&�/�(4��)�!�5R��!�%Y/��:+�/.(*�"��+:!�%YA�/�)./�#�!�%W� ��/���/�+:!O�-!�&�A�2�#.!�����H
�r%n� #�/�2-(�M���+�����/.(y+-!��:#�!P/��:+�/.(*�"��+�C4Jh�"2-(*�9$-��)	��!�� v C��"3�2��"!���(����"������G-�
3-��/ i H�(*�"�-+�C0�uA�/�)	/�#�C0�7�"��/��-/�+�C z i

µ
,.57�R��/��:�-!�&��:�"$-�"+-C;��2g�-$�%j��/�1"/T3���/�H

A�C���/6$-,	3�2-��GP��/����-!�& �:� $-��+�2�� (i + 1) Hs(*����+�/�In� ��/���/�+-C z i+1
ν

29$:2K������2 i =
= k �E#��"�"IY���-2�&�(*C;�}(*C�����/��")���2���,���(�1"�-!�+�2�M�, [ ��/�I\�"��/��-/�+�C�2�&S�"�PM-�"+9H
���-! m �"(4���"���K�:� � o��9LV�-!�+�2-M-!F���-2�&�(*C z i+1

ν
� /.� ��/�2��=2�& m +��"��/����-!�& �:� $-��+�+�/�I:o�"��/��-/�+�C x i

ν
+�295X+��"1�/g/.� +�/�#�!�+-29%K� g H�)��:!���+�/gA�!��-2�M��"+-����2�3���� )�2\��/��:�-!�&��:�"H

$:�"+�+�/�IO� ��/���/�+�C y i
ν
#����.J	+-�"1"/R/��"+�/�#.!�+�2�%P2U+����")./6$:G�)�29J�,.5R�'�:!�&"A�2���C4JP+:!

�"2-(*�9$-��)9� CxA�/�)	/�#�C4Jk� ��/���/�+ z i
µ
�>�}!�&"A�2-#�!�%��"!�)�2:(�/�A��-!�&"/�(�+-!Y� 2-(*��$-�")9H

�"C���/�/�3���������+�/7#.� �'A�/�)./�#�C0�'� ��/���/�+�C;�9+:!63�2�+-!�%P/��R/��:+�/.(*�"��+�C4JS2S)	/�+-3-!�%
��!�(*/�IT�-��2�&�(*/�I z k+1 �:(*C���/6$-,	3�2:(\+�,.5X+�/��;+-!�(�� 2-(*��$-2�M�2-!�$-G�+-/��;�-!�&"A�2�H
��+�2����V�>2-��� �.� 2\���U29$�$-@'� ���-2���,	@B�U��#�!U����/.� ����I�i=2�Jn�r$-,	3-!�%n/���2-�"!�+�+�/�1"/
�"2-(*�9$-2-M�2-!�$:G�+�/�1"/u�-!�&�A�2���+�29%T����2�&�(*C;�v C�1�/�#�/���2-(4��3���/T�:!�&"A�2��"!�%W+-!U� 2:(*�9$-�")9�"C����-2�&�(}!n����`�c _-aR`���������_:���
���r$-2P#.� ��"� (k+ 1) Hs(*����+�C0�8� 2-(*��$-�")9� C�/���2���+���2��-/�#�!�+�Cl/��:2�+:!�)	/�#�/F��/=/���H
+-/�i=��+�2�@�) (k+1) H�(*�"��+�/.(*,;$-2�+-�"I�+�/.(*,F����/.� ���:!�+-�"��#�,���#')	/���/���/.(h���-2�&�(}!
$:� 5X2��6�:�N/�#�/�)�,	��+�/.� ��G=#�� �"JX/��:2�+-!�)./�#�/;/���2��"+-��2���/�#�!�+-+�C4J (k+ 1) H�(*�"�-+�C4J
�"2-(*�9$-��)9� /�#O�-��2�&�(*C;�E)�!�57��C0Ik2�&�)	/���/���C4Jn#�& %��h��)./ [��;� 2�M-2��"+���/�(q���:29H
+-2�M-!���%�#�$-%��"���r%P!�$-1"��A��-!�2�3����")�2-(n)	/�(*�9$:�")9� /.(4� t A�/�&"+:!63�2-( [ ��/��=)	/�(*�9$:�")9�
3-�"����& zk+1 � t ��2���+���2���,���(����"������G�/������ �:� $:�"+�+�CD(�� ��/.� /�A�/�(��"2-(*�9$-��)9� C
/�A�/�29JF/��"+�/�#.!�+�2�I7+-!�i7�"Iu����2-&�(*C;���;(*��+�+�/-��&�!'/���2���+��"!�M�2�@y+�2�5u+-�"1"/8/.� +�/�H
#.!�+�2�% xk ����2-(*��(�/��-2��"+���!�M�2�@7�0`-_������-`���������_:_-�� �2�+�M�29�:�"+���+�CD(�� [ ��2-(
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	������������������������������� 	!��"$#%	'&�(�"�#�� � )�*�+

,.-�/0,�1�2'/03�4�5 (k + 1) 6 574�80/09:5;-�3�57<0=�4�>!-�,�5?>�,.57<0=�4�>!-�2 zk+1 3@,�A.,�B�/C2ED03�5
,�8�304�/0F�3080,�1�2'/0/�,�4�F�2�>03�5G,�A.8�2'B�,.5H/03!IJ/04�4K,.-�/0,�1�2'/03�4LD�4�804�B xk MON 2PA.2�803 6Q 4�/0F'8030D�4�-�>�3RIS4T<�, UC8�2'B�UC4�=C4�/0/09�VW-�3�57<0=�4�>!-

yk 1.4�8�X!/04�Y�,Z,.-�/0,�1�2'/030[\579
<04�804�/0,�-�3�5;,�8�304�/0F�2 Q 30]^/03!IJ/04�Y�,_,.-�/�,�1.2�/03![ xk `baOcd`�e�f�eEgScih:a0jbkml�n!omp
q cCc�Mbr ,.Y$Um2s1�4�8�X!/04�4t,.-�/0,�1�2'/03�4

yk UO2�-�Fs/�2�5\2b=�Y�4�A�8C2'30D04 -�>03�Vu>�,.57<!=�4�>!- yk v
-�,�-�F',E[0wT30VS30B�1.-�4�XZxy, Um30/�2'>�,.1�,�z{,�8�304�/0F�3080,�1�2'/0/�9�XT-�3�57<0=�4�>!-�,.1 g 6 >08�2'F�/0, 6Y�,LA.2�803 Q 4�/0F'803�D04�-�>�,.Y�,:<�, UC8�2'B�UC4�=C4�/03![K-�3�57<!=�4�>!-�2

yk x|-�5 M 803�- M +�} z M r 2'>03�5
IT4s,�A.8�2'B�,.5RB�2�574�/![![~<0803�B�57�

z k+1 4�4�A.,�>�,�1.9:573P-�F',�8�,�/�2.573
z k

ν
v 579d<0,E=�� 6D03�5�30B���F'3!X k 6 574�80/09�X~-�F',�80,./Z2b=CY�4�A.8�2'3�D04�-�>0304:>�,.57<0=�4�>!-�9 zk

ν
v 2u-�,.,�F'1.4�F 6-�F�1�4�/�/0,P,�80304�/0F'308�,�1.2�/0/09�4 (k − 1) 6 574�8�/09�4�-�F',.80,�/09�1�4�8.X!/04�Y�,P3�/03!IJ/04�Y�,

,.-�/0,�1�2'/03�V�<08030B 579
z k+1 Um2bUC��F�/�2.5i-�3C57<!=�4�>!-�9

xk−1
ν

3R2'=�Y�4�A�8�2�30D04 -�>0304
>�,.57<!=C4�>!-�9 yk−1

ν
M�� 803���F',.5�<08�30B�579

z k
ν
57,EIP/�,�,�80304�/0F'308�,�1.2�F'��<080,.30B�1.,E=�� 6/0, M�� =0[�<080,�-�F',.F'9�579�,�8�304�/0F�3080��4 5�>�2bISUC��]�3�BZ/03!X_F�2�> v D�F',�A.9�3C574�=C2

574�-�F',~��,�8C57�'=C2
ẋk =

∑

ν

xk−1
ν , x ) z

F M 4 M D0F',.A�9�>.2bISUC9�VG-�3�57<!=C4�>!- xk−1
ν

v 3C574�]�wT30VG,�803�4�/0F�2 Q 30] v 30/�UC� Q 308�, 61.2�/0/0��]�1�/04�5�-�,.,�F'1.4�F�-�F'1���]swK4�V_<08�30B�57,.V zk
ν
v 1�X., UC3!=_1�Y�8�2�/03 Q �R,�803�4�/ 6F'308�,�1.2�/0/0,.Y�,P-�3�57<!=C4�>!-�2 xk -�>�,�� ����3 Q 304�/0F',�5 ) M� 9�UC,�>�2'IT4 5�-�4�V0D�2�- v D0F',�<0,E=���D04�/�/09�4�F�2�>03�5^,�A�8C2'B�,�5�2b=�Y�4�A.8�2'3 6D04 -�>0304J>�,�57<!=�4�>!-�9�-�1�[0B�2'/�9 v >080,.574J��,.8�57�'=�9�x ) z vtl�nO��� ����gSc�f�c���a0jbkCc��!p

k� {fuc�¡
e�a!fu��nOj�f�cC¢
ẏk =

∑

ν

yk−1
ν , x¤£�z

(∑

ν

zk
ν

)·

=
∑

ν

xk−1
ν −

∑

ν

yk−1
ν , x * z

żk+1 = xk − yk −
∑

ν

zk
ν .

x|¥�z

¦ ,�8C57�'=C2Rx�£�z:��F'1�4�8.ISUm2�4�F v D0F',�Y�8�2�/03 Q 2ZA.2'8�3 Q 4�/�F'8030D04 -�>�,�Y�,~<0, UC8C2'B 6UC4�=�4�/030[�1.4�8�X!/04�Y�,T,�-�/0,.1.2�/03![Z8�2�1�/�2SA�2'803 Q 4�/0F'8�30D04�-�>�,.57�Z<�, UC8�2'B�UC4�=C4�/030]
4�Y�,iY�8C2'/03 Q 9 M ¦ ,�8�57��=C2§xy¥�z�[01�=0[04�F�-$[¨1�9�8C2bIT4�/0304 5�F�,�Y�, v D0F',�Y�8�2�/03 Q 2
<0803�B�579G-�,.-�F',�3�FL3�B©/�3!IJ/04�Y�,L,�-�/0,.1.2�/03![ v 1�4�8.X!/04�Y�,L,.-�/0,�1�2'/03![T3 k 6 574�8�/09�X
A�,.>�,�1�9�X�-�F',.80,�/ v <0803�D04�5d3R-�F',.80,�/09¨3�,�-�/0,.1.2�/03![�<0, UC8�2�BªUC4�=�4�/09 v ,�803�4�/ 6F'308�,�1.2�/09�3W8�2.-�-�5«2�F'80301�2']sF�-$[\>�2�>W2'=�Y�4�A�8�2�30D04�-�>0304S>�,.57<!=�4�>!-�9 M ¦ ,�8�57� 6=C2ux * zC[01�=0[04�F�-$[u-$=�4�Um-�F�1�304 5���,.8�57�'=~x ) z v x�£�z v x|¥�z M ¬ -�2�57,.5ZUC4�=�4 v <0,E=���B��'[�-��
F'4 5 v D0F�,~Y�8�2�/03 Q 2P<�8�2'1.,�V�D�2�-�F'3��,�8�57��=�9®xy¥�z�8�2'1./�2P/0�'=C]�xy>�2�>Y�8�2�/03 Q 2
Q 30>0=C2 ¢ żk+1 <0804ªUO-�F�2�1'=0[04�F�Y�8C2'/03 Q �d>�,�57<!=�4�>�-�2�3 v -$=�4�UC,�1�2'F'4�=���/�, v 4 -�F'�
Q 30>0=mz v 3�<08�3�574�/![![�-�,�,�F�/0,�¯T4�/03![Wx ) z©3�x¤£�z v 579�<0,E=C��D�3�5°x * z M

� =0[LUC,.>�2'B 2'F'4�=��.-�F'1.2���,.8�57�'=Zx¤£�zO3~x|¥�z±B�2�574�F'3�5 v D0F',:4 -$=�3�,�/�3u3u57,�Y���F
A�9�F��J/04�1.4�80/09 v F',JF',E=��.>�,P1P,�F�/0,�¯T4�/0303�B�/�2'>�,�1 M0¬ -�2�57,.5�UC4�=�4 v <��.-�F��S>.2 6>�,�V 6 /030A.�bUC�P-�3C57<!=�4�>!- Ek 1�X., UC3�F v /C2'<0803C574�8 v 1JY�8�2�/03 Q ��>�,�57<!=�4�>�-�2 zk+1 M
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Ek ' #� )()#��!# ')')*,+)- " + #�.�& + . *0/21�3 &4�$�! )"$#�%�& * �65� )($� '$371 "$#48 3:9 �$�"��); * xk

5�"$�$; * yk
5�"$�$; *<*�1�')* �!=>�)? 3 " / #�;�( 3 �)@)#�&4%)��AB% * �! �"$#�%�& *�- zk

ν

5�. 3 %% 3 % - & + %)�)C 1 ($= /�* C k D �!#�( ')E CF&��$�! �"$#�%	& )()�$?�� E z k+1
� ')G � 1 # ' .:# 'F- . * @ D'$* &4.��H& 1�- =�� + (k + 1) D �!#�( ')E �!�H&4���! �"$#�%�& 3 �!��5�� '	1 = G �)($=�I 9 �$�!� '$3J' #�� $( * .:� -�*  * " * 8 ')E # * ($�)# ' . 3:G �)��K:L0M *  $=0&4.��$�N.:#� )#�()O�5	@). *P/ ( 3�' �)@ ')E CQ&4�$� D )"$#�%�&

Ek
#�&4.:O *�1 � ' �)? * ($�)# ' .��)( *�-�3:')'$E AB&4���! �"$#�%�& *�-H3 " / #�;0( 3 �$@)#�&�% *0/�*% * �! �"$#�%�& 3 zk

ν

L!R 1 � ' &4. - # '$')E CS� '$G � 1 # ' . ')E CT& Ek (k + 1) D �!#�( ')E CS&��$� D )"$#�%�&
Ek+1 � '	1 = G �)()=0#�. - Ek *  )()# 1 #4"�# ')' =	I * ($�)# ' . 3:G �)IU5 *  $()# 1 #�" + I D9 =	IV5W&B% 3 %)���X? '$3 % * � Ek - A *�1 �). - żk+1 LZY6& + %)�)C 1 ()= /�* C * ($�)# ' .��)( * D-�3:')'$E C[&4���! �"$#�%�&U% * �! �"$#�%�& 3 zk

ν
- A *�1 �). - żk+1 &U.:#��\8U#P? '$3 % * �65$]_^�. *

-0E .:#�% 3 #�.N�$?H. *�/�* 5`@$. *a- &�#H&4�$�! )"$#�%�& E % * �! )"$#�%�& 3 zk
ν

� - &4#H&��$�! �"$#�%�& E% * �! �"$#�%�& 3 zk+1 * ()�)# ' .:�)( *0-03�')E  *b* . ')*�c # ' �$Id%e& *�* . - #�.�&4. - =	I 9 ���N"$� D' #�C ')E �B )( * &4.�( 3:' &�. -03 �65 ' #�&4= 9 �$�[^�.��J% * �! �"$#�%	& E 5 *�1 � '�3 % *�-0* Lgf 3 %)�$� * ; D( 3 ? * � - żk+1
% * �! �"$#�%	& zk

ν
- A *�1 �$. G #4"$�$% * �ihj&F.:#��k��"$�S� ')E �d? '�3 % * �`l4Lm '$3 " *�/ �$@ ')* � * 8 ')*  * % 3 ? 3 .:O$5�@). * yk−1

ν
- A *�1 �). G #4"$�$% * � - ẏk

L
n 3 &�&�� 3 .:()� -03g+Pop* ($�!=�"$=qhsr	lt5�� Eu- � 1 ���65g@). * ? '�3 %V $()� xk - ^�. * C op* ( D�!=�"$# ' #[� * 8U#�.v; E .:O ' # - #�( '$E �65w. 3 %x% 3 %x *S*  )()# 1 #4"�# ' �)I * ()�)# ' . 3�G � +&��$�! �"$#�%�& 3 xk

#�&4.:O * ($�)# ' . 3:G � + 57� '�1 = G �)()=0#�� 3g+U-y' ��8 ' #�� * & ')*0-03:' �)�z )()� D"�# /{3 I 9 �$�x% ' #��!=<&4�$�! �"�#�%�& * �| )()�)?�� E zk+1
L}K{KUf * @ ')* . 3 %>8U# ' #U� * 8U#�.

~����4����7�t�7���4���g�7�p�7�t�4�4���4���7�4�Z�g�7�7���7���t�W�t���t�t�7�2�����7���
(k + 1) � �)���7�7�t�����g�7�������7�t����7�7�t���4�g���7���4�4���������t�4�t�7�4�z�g���6�7�

zk+1
���g�!�������0���7���7���t�{�7�� w�������g�7�6�7��¡7���g���7�4�7¢��W�

Ek

(k + 1) � �)���7�7¢��q���7�$���7�������z�g�������t�q�J�t���2�����7��£¤ `�7�F�t�����4�t�7�7� Ek
�g�,�)�����4�t�$�g�)������t�����7¡g���4���g¥t�7¢���g���4���g�)�7�g���7�Z�7�7���t�t�g��¦��t�4���7����§

~�~2¨0�t�$���4�g�©�4�7�4���$¢q¦��2�:���4�2�g�W���7�t�7¦��t�{�g¥t���ª�t�7�7���7�{��¡7�7£Q�7�7�7¦��)¢
zk+1

�6¦����4���V���{�7� ��g�2�g�6�t�7���g�7���t�7�7���g���g���7��¢«�¬�t�7�7���7�{��¡7�7�ª���7�
xk
�
yk , xk−1

ν

�
yk+1

ν , zk
ν

�2���t�t���t���4���4����£¬ w���
�7�t���2�����g���7��¢¬���4��g�t�t���g�©§t®p���6�7�7�{�g���t�t�t�7�t���{���7���7�4�¬¦��2�:���4¥«�t�7�7���7�{��¡7�7£q���g�)���g�������

xk
��`¦����4���V�t���7���g���g�7�4¥7���7�{�g¥t¦��t����¥��4�{�)�ª�w���4���g�t�t���7�$�����t�7�7���7�{��¡7�7£Q�7�7�7¦��)¢

zk+1
�W�t������t���{�2�g¥t�7¢©�F���4�$���7�������t�7§«¯��t�t�4�7�t°`�������[±j²{³µ´:±µ¶�³W�7�7�F·����4�©�������4�������t���7���7�����{���g������£¤�4����t��¦`�t�����7����7¦��$���7���7����§
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,�-�.�/�021�341�5202-7698;:�0�<�=?>

yk @ .�<'=;=4<'=A0�<
yk B 1�521�02C4D�82.�D$E B C4D�521GFHD�.'3�C�6.'5�<�0�D$I2E2J28�8KC452821�0�.�<'J282E�D�8L6 B I�1�=!D�< xk M7N .�<�= @ 6O-P6OCRQS1 6T>�.'341�5�QUFH<'.'/D B 5�<'341GF�I�8�3�C4D�.'/VD$I�1GFL>�WYXZ8![]\^C45�6O>'I`_

ẏk =
∑

ν

ηνy
k−1
ν , a 2′ b

żk+1 = xk − yk −
∑

ν

ξνz
k
ν . a 4′ b

c C].'1�6AQU1 B 5282d2820L<�6 a 3]D�82I�>e>4D$I�C43�82f @ C B 521GFL1�I2E2WgXS8![hC�5�821�02.�<'J2828
<iILj�1�,45�<'8�d21�D�=28![k=�C46 B IL1�=!D�C43 zk

ν , x
k−1
ν

8
yk−1

ν
b D$I�1�FL>�1�. @ d�.'C

żk
ν = xk−1

ν − yk−1
ν + . . . , (3′)

j$FL1l6O02C4j�C4.'C�d28�1mC4:�0�<RdL<'1�.
(k − 1) n 6O1�5202-�1^,�C4=�C43�-�1^D�.'C452C�0�-

zk−1
λ

@ 3�[4C F�E nXZ8�1�3
zk

ν
Mc 5�<�34<'E]d�<4D�.'/k\^C45�6O>'I�- a 4′ b�B 521GFoD�.�<�3'I2E21�.pJ282=!I @ .�<'=e=4<'=eC�0L<UE23'I2E n1�.4D$Eqj�5�<'028�J21�fq=�C46 B I�1�=!D�< zk+1 M�r D$I�1�FHD�.�3�821^s�.�C�j�C

(
xk − yk −

∑

ν

ξνz
k
ν

)·

= 0,

8!I�8 @2B 528�6O1�0!E!EhD�C4C�.'02C4tZ1�028!E a ) bG@ a 2′ bG@ a 3′ bG@
∑

ν

xk−1
ν −

∑

ν

ηνy
k−1
ν −

∑

ν

ξν(xk−1
ν − yk−1

ν + . . .) = 0.

u 5�<�3�02823�<iEv=�C4s�\�\^82J28�1�02.'- B 528 xk−1
ν , yk−1

ν
@ 6O- B CRI�>�d28�6

ην = ξν = 1,

d21 6w8]FLC4=�<':�-�34<'WY.�D$E]\^C45�6O>'I�- ayx b{z a}| b�M~ .'C4,�5�<�:�8�6 B 5282:�6O> z k+1 021 B 521�52-�3402Cg3 B CRI�82s$FH5 Kn
8SC�,�C4:�0�<Rd�8�6vd�1 n521�:

Xk @ Y k, Zk+1 @ Xk−1
ν , Y k−1

ν , Zk
ν

C4D�C4,�-�1�D�8L6 B I�1�=!D�-�8k<'I�j�1�,�5�<�82d21 D�=2821=�C46 B IL1�=!D�- @ E23'I�E2WgXZ8�1�D$EZC4,�5�<�:�<�6O8SD�C�C4.'3�1�.�D�.�3�>�WgXS8![ZD�8�6 B I�1�=!D�C43Y8U=�C46 nB I�1�=!D�C�3 xk, yk, zk+1 @ xk−1
ν , yk−1

ν , z k
ν
Mir D�8!I�>�.'1�C�521 6O-���� x + F�I2ESs�.'8![]�R���R��R�`�mD�8�6 B I�1�=!D�C4378l=�C46 B I�1�=!D�C437D B 5L<'3�1�F�I�8234-�\^C�5�6O>�I�- @�B CRIL>�dL<'WgXS821�D$E^82:j�5L<'0282d�02-�[vD�C4C�.'02C4tZ1�0282f a ) b{z a�| b :�<46O1�02C4fv6�<iIL-�[V,4>�=23Z,4CRI�/�tS8�6O8 M c >�D�.'/

.'1 B 1�52/�8�6O1�1�.�D$E�=�C4021�d�02C�1]d28�D$I�C B 5282: 6 z k+1 @ ′z k+1, . . . @ C�.�C�,�5L<iQS1�0202-�[021 B 521�5�-�3�02C�3 B CRI�82s$FH5 Kn M ~ 5�821�02.�8252C�3�<'020�-�1qD�8�6 B I�1�=�D�- xk, ′xk, . . . @B 521�FHD�.�<'3'I�E2WgXZ8�17C4D�02C�3�<'028!ESs�.'8![ B 528�:�6 @'B 1�521�[�C F�E2.^3�C4D�C�,�-�1�D�8L6 B I�1�=!D�-
Xk, ′Xk, . . .

u C4D�.�<'3�8L6w<iILj�1�,45�<'8�d21�D�=282fq=�C�6 B I�1�=�D
Ak = aXk + ′a′Xk + . . .
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Bk = aY k + ′a′Y k + . . . ,

Ck+1 = aZk+1 + ′a′Zk+1 + . . . ,

Ak−1 = a
∑

Xk−1
ν + ′a

∑
′Xk−1

ν + . . . ,

Bk−1 = a
∑

Y k−1
ν + ′a

∑
′Y k−1

ν + . . . ,

Ck = a
∑

Zk
ν + ′a

∑
′Zk

ν + . . . ,

#/.�� a, ′a, . . . 0 *�%�����1����2"$3������!4���"$���(&��$�/"- $56 �2"$3�1�7�8$��3:9(��%$)+7�"- �)+�<; �2=?> ;A@ =�B �:'	������%��DCE)F G"$���H��7	'����I1� �)+���������
���2"$3�JK�$)+� B )+�L����1M��%�7G.� N7O���P.-�-)F�/8 B &�����.$"�8RQ����,CS���������DC �"$#�����%$ ���&�����'��,C
'	�O)+*,"$��',�����H��*�%$ �����.$"$�����T�/"$��.-7	UWVX�$�HY[Z�\G]-^$_,]$`Ma(bdceZ�fSg�h�`Fi

Ȧk = Ak−1, ;kj =
Ḃk = Bk−1, ;kjlj =
Ċk = Ak−1 −Bk−1, ;Ajljlj =

Ċk+1 = Ak −Bk − Ck . ;Ajlm =

nXoFpNqsrutMvMwyxzw+{y|z}~d��{+�Mtu{y|�tM�W|z����t����W���N}!�W��Wwy}~M�tM�
�W��W�F}!�N��|��W�W�

6 ������%����������� G"$#�����%$ ���&$����'	��#���'	��)+*�"$��',�� Ak B  �*�*$%���',���-)+��%�7	UWVK��#��	�
�O���������� G"-#�����%$ ��$&�����'�����'	��)+*,"-��',� Ak B )+�I��7�.-��)��O��7	VX��������"�8���3�*�%$��*����
)+��VX�����$)+*�"$��4��$ �"$3��$��#���*�%��$��"$�,��������8z5��� �'	���!*$%�����"-�,�K�������!1� �'�"$UW&$ ����G�
�/8���1� �)+�����R����%�JK��� k �l)+��%����DC����-)+*,"$��',�������O��������#���'	�O)+*,"$��',�� Ak ��"$��1��
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(ε = ±1) �����������������������! #"$��%����& '��(*)���+#,- #. Ei /�0 )��1 2��+3����+�(4 2���15�.$+!)�%��-6
�����-78+#����+& #��(*)-��+�,	 �. ei ��9:%���7;�<.$+#"� 2=4�>��+8��,�.$��9:��.�+#"?�����-=�����=4��.@)�%��-6
�����-78+#����+A #��(*)-��+�,	 �. Ei /�B ��C#"$�1(*�D)�%����$���-78+#����+ U i (*��78+#"E��9:"�F;"$����F�,	�
 #��(*)-��+�,- '��( Ei �G���'=�"$9H(I &��+#,	��"$��%�9H(J,	��C�KAK���L���+#��"$��(!�G.M"���N2��.O�P #�-���
K���%�(*�$��9RQ ��S U i = Ei /T  2���M"$+#)�+#%�F

Ai = γEi + ′γ′Ei + . . .

+� '"$FA)�%�������������F���9:U i 6V(*+#%���9:UD.W��N�+#��%�.$��5�+� ',���U;,	�1(*)-��+#,- !)�������C2��%�. Kn ��.
Bi = γEi

g + ′γ′Ei
g + . . .

+�N#� g 6X,�%�.$"�����+Y�1.$%���L�+#��"$%���5�+� #,	��+Z)�����%�.$�'��+'��+�����+���"$�[ #��(*)-����L���.W��F�����+
)�%����$���-7;+�����+

B
i = γU i + ′γ′U i + . . . =

= γEi + ′γ′Ei + . . . =

= Ai.\ .$];.^"�+#��%�+�(_.^����,�.���.$��.>����=Z%�.���(*+#%����� #"$� i �`.a 2��+3������.�"$+'��F������_)��
���	���	,�L����G���b����=@��cd����U@%�.$��(*+#%����1 '"$� /0 (*+� '"$� B

k−1 �bK���%�(*�$��9eQgf Sih QgfVj S (*��7&���?"�+#)�+�%�F?)����< '"#.�����"$F Ak−1 /k ��N2��.8���lK���%�(*�$��9RQmfVfVf S )������	5�.$+�"� 2=
V̇ k = 0,

" / + / V k +� #"$FnL���,-� /Ho %���(*+p"$��N����!)��q,1���� '"�%��	,�L�����r V k ��+#7E��"q��.s)�����6
,	�1(*)-��+#,- #+ Ak−1 �E #�� #"#.$����+#������(t���u�� '+#v (k − 1) 6V(*+#%���9!vw #��(*)-��+�,- '���
,	�1(*)-��+#,- �. Ak−1 /yx ��(*)-����L���.W��F�����+�)�%��������-7;+�����+l,	�1(*)-��+#,- �. V k �����1"�%��
,	�1(*)-��+#,- �. Ak−1 )�%�+3�� #"#.$����=�+#"zQ{ #( /  #"$% / ���	|$S N���(*������N#��5���9:U V k k 6V(*+#%-6
��9:UP '��(*)-����L���.$��F���9:UM,	��(*)���+#,- ���. Ak−1 / \ � Ak−1 ��+l #����+#%17&��" k 6V(*+#%-6
��9!v8 '��(*)-��+#,- #��� /$B ��C#"$�1(*�� '��(*)-����L���.W��F�����+!)�%����$���-78+#����+:,1�1(*)-��+�,	 �. V k

+� '"$F k 6X(*+�%���9:Un������+#����Un,	��(*)-��+�,- $�}" / + / V k ∼ 0 /~B ����F����$=� #FpK���%�(*�$����U
Ak −B

k − V k ∼ 0 �-��9:"$+#,�.�cd�;+#U?����K���%�(*�$��9[QmfVj S ��(*9u)������	5�.$+�(� '+�U�5�.� 
78+l '����"$����]�+�����+ Ak ∼ B

k /k .$,���(�����%�.��#��(!������,�.$��.�"$+'��F� '"����P"$+���%�+�(*9��> #��(*)-����L���.W��F����1(�)�%��-6
�����-78+#�����@��.�,	����5�+���� /��`�l���'�E�A�A�E�����$�#�8�W���W�#�<�'���;�8�����'���W���������'�����4��������2�����W���8���W�'�8���'�	�A�	���������#���������q�{�������q d�'�8�;�Y�Y�W¡����W�2�y�����'�����4�����1�W�¢ �W����£l�-�8�^�$�#�O�����1���8�1�¤�Z�8�#���<���l�*£l�W�_�8�#���W¥:¦8���P� ¢ ���'�l�3���W�������#�'���	�
���W��§��#�8��£-�<�#�-��¥:�E���8�8�����'�����������#�#���1�l�8���W��§��#�8�$���A�8���'���	¨$¡©��� r2r$ª*« �$�$£<���W��$���	�l�X��£A�-�����<�P d�'�8�;�u�Z���#¨'¬G¬}�������'���8�e�3�<�����#���1�J�#���8�s�8�����'�����������'�
�#�����l�����$�2�<���W���;�*£}�E�W�@���W�M�����p���W�<��¡����-��¥:�E���p�{����������§O H�#�;�8� ªA �����<�®

V k = Ck + Γk ¯-°*±'² Ck ³W´Vµ!¶�±A·W¸ Ak−1 ¹1º»±'²²3¼�´©½3¶�¾W·�²�¯-¿_³�À Γk º©±'²ÂÁi³W´V¾�Ã'´©±A¶�ÄÁ»²3²3Å3Æ�¸2µ`´©·�¶�Ç1¹1¶�Ä©³�²�µ~´©·�·�ÈyÉ�·W¸`Á»±'Æ1¯�Ê©Ë#Ì�¯®V®2Í ¸�Î�²'Ï�·�¶WÏ�ÄV¾W´©Á©Ð�¹�¼�±'² k Ñ Ï�´©Æ�·�ÈG´�²3Á©²3Å3ÈG´�¶ k Ñ Ï�´»Æ�·�È�´�Á©¶WÏ�Î�³W¶�Ò�¶�¸2³WÐ3·�È�´yÓ©Æ�Ã�Î�Î�È&Ô<´©± Ñ±#¶&ÕÖÁ©±#Æ�¯	×�Ê�ØÙ²3Î�Æ�´©¾�´©³�´»·�Ès±�¸�Ú�µ~´!Î�Æ�¶ k > n ÕÖÓi¾W´ n Û Æ�¸�Ä�Ï�´©Æ�·�²3Á©±'ÐAÁ©¶WÏ�Î�³W¶�Ò�¶W¸2³�Ð3·�²3Ó©²ÆW¸�Ä©Å3¶�´©·�¶�ÀAÎ�²»³W¶�ºi¾�ÆW¸'ØG¶H¾W²3Ú'¸�Ä»¸�·�²�¹�¼�±'²Ü±'´*¶d¾WÆ�Ã�Ó»¶�´~Á©²3½3ÎW¸2¾W¸�ÝÙ±�¯
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��� 0 6 t 6 1 ����������������� �!��"�"���� � ��������� � "���"�#�$%��& ��' � � gt ( ��"�)�"*� ��+,��- ����������/.%����� ' "������0��1 ' ��. ��' �2� + t = 0 � t = 1 ��"�"���� � ��������354��61��87�� '�'%96� "���"�#�$%��& ��:' �2� g0 � g1 ;�< $�� ( ��" + "�#�$%��1 gt(P ) ��"�.%=�� P 7�" � & ��' 1�������� � ��> '%� < $ � $ 9 � ' ""�� < ��$%� +,� ��$�� t �?"��@��"�.%=�� P < " � � ( 7�$%� Kn AB ��7�� +C��DE� "�7 ' "F" < $ � 7 ���%��' � � )�" + "���" < ' " - 7 ��G "�$ + ��H��%�0� ( =�������� :����' � ' " � < $���� � 7 ��'�' " + 3 A�I 3�����> Kn×t

� ����>J��" < " � "�)���. � ��=	" � < $�"���1�� � 7 ��' � �< " � � ( 7�$%� Kn ' � � 7�� ' �%. '�96- "���$ � 1�"�= 0 6 t 6 1 A g0 + "�& ' "K)�" + "���" < ' "7 ��G "�$ + ��$�"��5����>!� g1 �*��" + �L��" � >�=5"!�!��" + � � 3	.%� � � � � � � Kn × t
+ "�& ' "

< $�� < " + " D � '%� < $ � $ 9 � ' "�)�"K"���"�#�$%�8& ��' ��� f "���"�#�$%��1�����>K� K
m ����=M�N.���"

f(P ×0) = f0(P ) � f(P ×1) = g1(P ) A5O ��� + " + 7 ���%� ��"���"�#�$%�8& ��' � ��+ ��" < " :� "�)��%. � ��=5"�)�" < $�"��%1�� � 7 ��' �2� Kn×t " < $ � 7 ��� � � �����P� ��+,��- ������"Q"���"�#�$%��& ��' � -< " � � ( 7�$%� Kn � K
m A�R 9 7�" � & '%9 < " � "�&S����>P��" � >�=	"

gt(P ) = f(P × t). T ��U
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2�354 qn 4�6�7%8 n 9-: 4�;=<=>?4A@=BC6�D5>FEG4�7%7?BIH=> : >�35J?DCKML=NOBC<=P�Q?;=BCQ%<C7%<=>�6�7%8)R�>�7%> 9;=>�2�>S35>?R�Q%T�Q?<CQS<CQU6�7%;WV /�X�Y VZ\[O]O^�_5`S]%[Oa%^�b�ced�`Af T�Q : R=<=J�7%>�2�>MHC6�4�Pe35> : <=>?2�>?>�g?;CQ?T�B�hiP?j�;5Qek�Q%4�7?6�hPl7%> : Nm@C7%>l4�2�> n 9*: 4�;=<=>�4F@CBC6�DC>lEn4�7%7%Bo;CQ?P?<=> /qp 6�7%;rV /?/�Y�s Vutv<=P�Q%;=BCQ?<=7 9<=>�6�7%8Uw�7?>?2�>U7�Q?R�kS4�3O>?R?Q?T�Q%<5QS<5QA6�7%;WV /�X�Y Vx 6�D5B�>?;=BC4�<=7%BC;=J?4 : >?4yT�Q : R=<=J�7%>�4yHC6�4�Pe3O> : <=>�2�>?>�g?;CQ?T�B=4 Kn ;CQ?T�g�B=7%>�<CQ
6�B : H�DC4�R�6�jz3OP?J : h{;CQ?T�DCBC@=<=j : B|6�HC>�6�>�g�Q : B{BoR�>?2�4�;=4�<=7%<=>l>?;CB=4�<=7?B=;=>?P�Q 9<=>5N?7%>�HC>,DCJ�@CQ%K.}~B=4�6�hAH=;CB�w�7%> : 35P�Qv>�;=B=4�<C7%B=;=>�P�Q%<C<=j��S;CQ?T�g�B=4�<=B=h : >,k�<=>;CQ�6�6 : Q?7%;=B=P�Q%7%85N�R?Q%RF35P�Q~>�6�>�g?j�� n 9*: 4�;=<=j��(�=B=R�DOQ Bn

1
B Bn

2
V

n 9*: 4�;=<5Qeh�2�;=J�H=HCQ)En4�7%7%B�H=>,D5B=w�35;CQ Kn 4�6�7%8)6�P?>�g?>�35<CQ%h)�=B=R=DCB=@=4�6�R?Q%h
2�;CJ�HCHCQ=N�>�g?;CQ?T�J�K�}S4���R�>?7?>?;=>���h=P%DCh=4�7?6�h�R�Q%RqR�D5Q?6�6~2�> : >,DC>�2�B=�rNO6�>�354�;�k�Q 9}~BC� Bn

1
Ne7�Q%RUBUR�D5Q�6�6?N%6�>�354�;�k�Q?}~B=� Bn

2
V?�v>�w�7%> : J Bn

1 ∼ ±B
n
2
V x 6�DCBUPvw�7%> :6�>�>?7%<C>?�~4�<=B=B�6�7?>?B=7�T�<CQ%R + NW7?> : j�2�>?P�>?;=B : NW@=7%>�>�g�Q�6�B : H�DCB=�=B5QeDC8�<=j��;CQ?T�g?BC4�<=B�h c�[O]5^�_C`A]e[�c,�?�e_C�oce��]C_5�%�?ce�ec V� ;=BC4�<=7�Q?�=B=K�H=>,D5B=w�35;CQ Kn : >,kU<C>�>�H=;=4�354�DCBC7%8CN�<=4lH=>,D58?T�J?hC6�8{<=B 9R?Q?R=B : 6�B : H�D5B=�=BCQ%DC8?<=j : ;CQ?T�g?BC4�<=B=4 : V=��Q%T�>?P?4 : c�[O]O^�_C`A]e[�a?���A]�b n 9*: 4�; 9<=j : �=B=R�D5> : <CQ Kn H=;=>?BCT�P?>,D58?<=j��I>�6�>�g?j�� n 9-: 4�;=<=j��l�=B=R�D�� n

1
<CQ Kn N

>?g?D5Q,3�Q%K�}SB=��7%4 : 6�P�>?�C6�7%P?> : N5@C7%>)R?Q%kA35j�� n 9*: 4�;=<Cj����=B=R=DI2�> : >,DC>?2�B=@=4�<�=B=R=DCJ Bn
1
N�P?T�h=7%> : J�6�<C4�R�>?7%>�;=j : R�>?w����vB=�=B=4�<=7%> : V x 6�DCB Bn

2   35;=J�2�>��
>?;CB=4�<=7?B=;=J�K�}SB=�F�CB=R�DrN�7%> Bn

1
B Bn

2
>?HC;=4�354�D=h=K�7A>�35B=<5Q%R�>?P�j�4
B�DCB(H=;=>�7%B 9P?>�H=>,DC>,k�<=j�4S>?;=B=4�<=7�Q?�=B=B Kn NW6 : >?7%;�hIHC>(7?> : J?NrB : 4�4�7FD5B : 4�6�7%>�6�>?>?7?<=> 9�~4�<=B=4 Bn

1 ∼ B
n
2
N=B=DCB Bn

1 ∼ −B
n
2
V

�vJ�6�7%8¡>�;=B=4�<=7%B=;=J�4 : >�4�B|>?;CB=4�<=7?B=;=>?P�Q%<=<C>?4��=B=R=DC> : Bn
HC6�4�Pe35> : <=> 92�>�>?g�;CQ%T�B=4 Kn 7%>?HC>,DC>?2�B=@=4�6�R=Bl>?7%>�g?;CQ%kS4�<=>�<CQ�HC6�4�Pe3O> : <=>�2�>?>�g?;CQ?T�B=4 K

n N
>?;CB=4�<=7?B=;=>?P�Q%<=<C>?4~HC>�6�;C4�3O6�7%P?> : �=B=R�DOQ(� n p

Kn : >,kS4�7(6�>�P?HCQe3OQ%7%8(6 K
n s V¢ >�2�3OQ Bn H=4�;=4���>�35B=7vP�>?;CB=4�<=7?B=;=J�K�}SB=���=B=R�D ′Bn : <C>?2�>�>?g�;CQ%T�B�h K

n N?7,V�4?V
′Bn ∼ ± � n V�£¤T�Q?P?BC6�B : >�6�7%B�>�7)7%>�2�>5NO6�7%>?B=7FDCBIT�354�6�8)T�<CQ%R + B�DCB − N : j2�>�P?>�;=B : >?g c,`Sc,¥�[=�,¦§^�_C]C]od)d�c�¨%[��e_O^�_5]5^�b©]�ªO]{d)c�¥�[=�e�U^�_C]O^�b«c"[�]5^�_C`U�e¬
 ]5] V ¢ Q?RWN�<CQ%H=;CB : 4�;WN�;CQ�6�6 : >?7%;=4�<=<=>�4~<CQF6�7%;WV /,®eXI¯ >�7%>?g�;CQekA4�<=BC4?° n 9*: 4�; 9<=>���6��v4�;=j±>?g�;CQ%}AQ%4�7S>?;=BC4�<=7�Q?�=B=KSV

£GP?>�35hFH=>�<�h=7%B=4 a%�,�ece^�_5]�² N : j : >,kS4 : 6�P?4�6�7%B�BC6�6�D54�35>�P�Q%<CB=4S³ d�^��%��c�b�¬_Cce´µc,c,¥�[���¶%]C· 6 ´¸[��e_5]  ^�· R{BC6�6�DC4�35>?P�Q%<=BCK¹T�Q : R=<=J�7%j���HC6�4�Pe35> : <=>?2�>?>�g?;CQ 9T�BC�WV�º�35P�>?4�<=B=4�>?HC;=4�354�D=h=4�7�6�h»3CDCh¤>�3O<=>?;=>�3O<=>?2�>{R�> : H=DC4�R�6�Q Kn N�B : 4�K 9}~4�2�>�2�;CQ%<=BC�=J?N=6�DC4�35J�K�}SB : >?g?;5Q%T�> :�¼ g?4�;C4�7?6�h�2�> : 4�> : >�;C�v<=j�� Kn w�R=T�4 :�9H�D=h=; ′Kn N�Bl7%>?@CR=BI2�;CQ%<CB=�=j Kn >?7?>,kS3O4�6�7?P%D=h=K.7?6�hq6U6�>�>?7%P�4�7?6�7%P?J�K.}~B 9
: B�P�6�B�D5J)2�> : 4�> : >?;C�v<=>�6�7%BF7%>?@CR?Q : B�2�;CQ%<=BC�=j ′Kn V ¢ Q%R�R?Q?RWN=<CQ?H=;=B : 4�;WNJe3OP?>?4�<=B=4.R=;=J�2�QSH=>,DCJ�@CQ?4�7?6�h�H=;CB(6�R�DC4�BCP�Q%<CB=B�35P�J���R=;=J�2�>�PS6�P�>?B : BF2�;CQ?<=B 9�CQ : BWVO½n7%>�J%35P?>�4�<=B=4�H=;=4�3O6�7�Q%P%DCh=4�7S35P?J : 4�;=<=J�K¾6��v4�;=J?V¿ j : >,kA4 : 7%4�H=4�;=8F>,�%Q%;CQ?R=7%4�;CB=T�>�P�Q%7?8AH56�4�P%35> : <C>?2�>�>?g�;CQ%T�B=4�6~2�;CQ?<=B 9�=4��À7%>?H=>,D5>?2�BC@=4�6�R=B{BC<=P�Q?;=BCQ%<C7%<=>¡6�DC4�35J�K�}~B : >�g?;CQ?T�> :�¼ ³ d�^��%��c�b�_Cce´µc,c,¥,¬[=��¶e]O^�d�´¸[=�e_C]  ^�·�^�d�`Sf�ce��_Cc�[�c,��_5�m·{��c�b ³ ª�^���d�d�´¸[=�e_5]  ^�·=Á�a%�,�ece^�_5]5^���c,¬`Ac"[�ce´µc ³ [�^���d�`A�?��ª�²�^�`Â¶?��b���_Ca?`Ace^ ³ d�^��%��c�b�_5ce´µc�c,¥�[=��¶e]O^�Ã�ÄAd�^��%��c�b�_Cce´µc,c,¥�¬[=��¶e]O^Ud�´¸[��e_5]  ^�·qc"[�]5^�_C`A]e[Oa%^�b�c)�(`Ac�b©]q`Ac�ªOf?��c(�(`Ac�bÅd�ªOa?Æ=�%^�Án��c,´��,�
c�[O]O^�_C`A]e[�a%^�b�cv^�´µc�a%�,�ece^�_C]O^ V%Ç~>?R?Q?T�Q%7?4�DC8�6�7%P�>�w�7%>?2�>�H=;=4�3CDC>,kS4�<=B�h p @=B56�7%>
R�> : g�B=<CQ%7?>?;=<=>�4 s : j§H=;=4�3O>�6�7�Q%P%DCh=4 : @CB=7�Q%7?4�DCKSV
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U!L4N
α0, α1, α2 B�[>W-Z�J4ZGQ�C�b�B�r-D-J
N�@>CGE�Z�E�N>T
�dD
WfI�T
N>\�N>T`Dq��r-N�HaN�W
CGB�E^e
B+L4T4ZG[ R

L4N>r-N>W
W-B&nje-B&E&N�T�o�W-B�@ C&Dfl3´�ZGbfI=W-Z&e
T
D-HaN�TfI3L-r
]pJ
N>CGX)T-N o�P�U>B�r-v�W
D
b&Z-I4e
B�b
T
X�R
E�Z&Q S N>U>BVCGB�TF}�@ CGTyl #  � I

N = 1− 2 + 1 = 0.

� r
]�e
B&E�N>T�o�W
B�@>CGDqb-P�\�Z

N = 8− 12 + 6 = 2.

µ¦r-N+HaN>W
C>Z&T
W
B�e
T
N�B&\&T4ZG[>P�N�HaX)Nde
B+L4T-Z&[�L4N>r-N>W
W-X)N0e
B&E�N>T�o�W
B�@>CGD6D-HaN�Q�C�B+L4D�R
W-Z&b�B�E&X)NioGZGT-Z&b
CGN�T
D-@ C&D
b
Dfl ¡ @>Z�HaB�HOL4N r-N�I&e
T-DVB+L3W
B�HaN�T
W
B�Hp��r-N+HaN>W
C>Z&T
W
B�H
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)�*�)�+-,%.�.�/�0�*�1-235476%+-,8.�9�.�/�9:1%.�;�68+�9�.�.�/<=476%*%+�*�.=+-,8>�1%9�+-680�/=?�+�9�1%+-,%@:,%9�6A9�9
1A*CBD/�.=EF.�*�)�*%;�)�*(G-H%.�/-0I2J�KMLON ,%)QP�RS7TVUXWZYD[%\�]-Y_^7`�a72(bQ;�4768Hc1�EF.�*�)�*%;�)�*(G-H%.�/-0�9d/-EF9�9�6%4�eA?�*�4�G-97BD* K
1�,%6897GDH%.�*�4768H�4�68*%+�*�. aa−1 f ?-+�/�g�9CEh1�47954�68*%+�*�.�ijEF.�*%)�*%;�)�*(GDH%.�/�0�,d.-9
/-47g�9�+ K
?�ik1�,8lm6�4�eon�68/-EF/p4768*�+�*%.-,�EF/ f 6�,80qg-68*r*�s%@t9�9�g�/-4�GD*r4768*�+�*%.=.-9:EF9�.-H N 9:u-2J(KvLON ,8)k>C,80GDlmg-,%9�6%4�eO1c6%*�E f g-68*�EFiw?-9�+�9�<�*CBD/-Ex0yEF.�*%)�*%;�)�*(G-H�.�/�0�; f 4�<�9�E
,
0�*%68*�+�*%)�*�?�*(G-;�g-,%9�6%4�ey/�>c4�<�9CEFiz4�6�,8+-*%)�*OEF.�*%)�*%;�)�*(GDH%.�/�0�,Q1%ikg�9�+�0�/�1�,8.�/�9CE
?�*�4�G-9�BD*�1�,%6897G-H�.�*�4�68/h4�68*%+-*%. aa−1 2

{}|�~C����� {}|�~C���C� {}|�~C���%�
� 68*�+�* LzN ,%)q471�*CBD/�6%4�e�0�?�*CBD+-,%>�BD9�G-9�.�/�e-E�/�;�0�+�;�?�.-9�.�/e-E�4�G-97BD;�l K

@t/DE�*�s%+-,%>�*�E�2bQ;�4768Hy4�<�9CE
,:EF.-*%)�*�;�)�*(G-H�.�/�0%,:1%ik+-,8��,89�6�4�e!476%+�*%0�* L

:::::: aa−1
::::::, ( +�/-482_�8� )

)�BD9A1%*(GD.�/-476%ik9tG-/-.�/�/p*%>�.D,(g-,8l�6r?�*�4�G-9�BD*�1�,%6897G-H�.�*�4�68/x4�68*%+�*�. f BD9�6�,�G-H�.�*%9
+-,�4�4�EF*�68+�9�.�/�9�0�*%6%*%+�i�<t.D,%4�4�9 L g-,�4�.�9k/�.�6%9�+�9C47;%9�6(2��=i�EF*(�:9CE=B_*%?�;�4768/�6%H f
g�68*=4�?�+-,81�,r/�4�G-9�1�,�*�6 aa−1 4�68*%/�6o?�*oEF9�.-H N 9 L EF9�+�9A?�*o*CBD.�* L 476%*%+�*�.�9%2� *�)�B_,!BD1�;EF9�+�.�*�9�?�*CBD+D,8>�B_97G-9�.�/�9�EF.�*�)�*%;�)�*(G-H%.�/-0%,rB_,%4�6q.-,%E�BD1�,=EF.�*%)�* K
;�)�*(G-H�.�/�0%,

:::::: ax / x−1a−1
:::::: ( +�/-482D�%� )

P�s�;�0�1%* L x *�s%*�>�.-,(g�9�.-,�1%.�*�1%Hc1%1%97BD9�.-.-,�eA4768*�+�*%.-,�a�2%bQ*�47+�97B_476%1%*�Ex*CBD.�*�EF9�+ K.�*�)�*o;�0�+�;�?�.�9�.�/ep4�68*%+-*%. a, x f ,!6�,80��:9 x−1, a−1 EF*(�y.�*o*%s%�"9�BD/�.-/�68H!/<
1y4768*�+�*%.-i y / y−1 47*�*%681�9�6%4�681%9�.�.�*-2bQ*(G-;�g-,%lm6%4�eAB_1�,AEF.�*%)�*%;�)�*(GDH%.�/�0�,t47*
4�<�9CE
,%EF/

:::::: y
/ y−1

::::::.� ,80�*�.�9�� f BD1�;EF9�+�.�*�9A;�0-+�;�?�.�9�.-/�9y47.�*�1�,!47*%97BD/�.e�9�6on�68/jEF.�*�)�*%;�)�*(G-H%.�/-0�/
1A*CBD/�.I2

bQ+�/DEF9�.eeq1�68*%+�* L=N ,%)cBD*�689�<o?-*%+ f ?�*%0%,�n�68*h1%*%>CEF*(�y.�* f EFi�?�+-/�BD9�E
G-/�s�*=0�BD1%;�;�)�*(G-H�.�/�0�; f G-/�s%*=0jEF.�*�)�*�;�)�*(G-H%.-/�0�;q4A.�9rEF9�.�9�9yg-9�E�g�9�68ik+-H K
E�e=4768*�+�*%.-,�EF/ f .�9�4�*CBD9�+���,8@:9�EF;�?-*�4�G-97BD*%1�,8689�G-H%.�*�4768/h4768*�+�*%.o1%/B_, aa−1 2� 1%;�;�)�*(GDH%.�/�0!EF*(�:9�6:/-EF9�68HAG-/ N HA*CBD.�;�/�>cB_1%;�<h4�<�9CE��

aa−1

/ P ��a
aa.
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aa−1, D�r�R
a1b1a

−1
1 b−1

1 a2b2a
−1
2 b−1

2 :::::: ahbha
−1
h b−1

h , D h R
a1a1a2a2 :::::: akak.

D k R
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N = 2− 1 + 1 = 2, D 0′ R
N = 1− 2h+ 1 = 2(1− h), D h′ R
N = 1− k + 1 = 2− k. D k′ R
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d�e�fhg>i>j�k�i>l>m�n4j>i"opn$m4l"m4q>i>m�orotsvu>e�q>i"oxwEm�oyq>mzi"otm4{F|Ai>}~f���eE}>q>s��
� eEl>m�j���wEotj>q"� � s�}�n$i"otu�k�i>g>i"w@k"�Eq>s�}�u>� � ��n4i"otu�k"i"g>i"w)k��Eq>e��4eT�"w@���Ei>m�q>i��u"eE�Em��C�	q"e�n � i�� �J� m � e�f�q>eCotm4�>q>s�}Au>e�f�j	e�otu�k�m4j�n�� � eE��e��"wE�4�Ei"m4q>i���O�� �@� b �J��j	eE�
� eE�>eCozj�w)�6f�w)����m4�>�5i>q"w�i>q>g"i	f�m4q � q"w&� � eEl>q>eCn � i1n�f��E��o����>m4���"wEoti�O�e�f�q>eE�otm��>q>s2oti�n4i"otu�k"m�j�n4wEoti b �¡  w�n4n4ote � �>i"o¢n4i"n � m�ot� r g>i"j�k"i>l>m�n$j>i>�£n4m4l>m�q>i>}��e � q>eCn$i � m4k"�Eq"e�j	e � e��>eE}�otsyu>�"m¤f�u>eJk�eJ��i�o��¡l � ezq>i>jEwEj>i>m�f���w�i>�¥� � i���n$m4�l"m4q>i>}�q>mi"otm�{ � eE��|Am4��e¦�>m��E�"w �x§ eE�Ee��C� � ��l � e � wEjEw)��n$i"n � m�oxw8¨J��w@�4��i>��w@�m �>© u>e��Em4�C��q>eCn � ���Cm�n/k"iPn$�	|Am�n � ���	{ � f���w � �"m4�	�4eJk"��q>i>jEw�n4i"otu�k"i>g"i"w)k"��q>eE��e��w@�4��i>m4q"i����Ej	e � eE�>s�m2q"m�oteE��� � �Es � �An4eEm$f�i>q>m�q>s�g>m4u>e�l>j	eE}�u>eCn/k"m¤f�eE��w � m$k��@�q"e�i>q>g"i	f�m4q � q>s�� � �>m��	�4eJk"��q>i>j	eE�£i��"m4�Em�� � wEj���l � eE��sªq>i~e�f�q"e�i>�¦� � i���"m4�Em��£q>m�u"�>i>q"w)f"k"m$�&w@k"e�j�g>i"j�k"i>l>m�n$j>i�o«n$m�l>m4q>i>�"o ��¬�� ezn$�	|Am�n � ���Em � u"eotm�q>�E�5m4}+otm4�>m

2−N
q>m��"w@���Ei>�Cw@{F|Ai���g>i>j�k�i>l>m�n4j>i��1n4m4l>m�q>i>}O®u>�>i+u>�>e�i>�$�

��eJk"�Eq"e�o�n4i"otu�k"i"g>i"w)k��Eq>eCo�"w@���Ei>m�q>i>i b �4oteJ��q>e2��wEj�k"{Fl>i � ���4�"w�n4n4oxw � �>i>�Cw)�e�f�q>e�otm��>q>s�}�j	e�otu>k"m4j�n@��n$eCn � eJ�>|5i>}Pi>�6��n$m4�+�"m4�Em��PjEw@q"eEq>i>l"m�n$j	e��4e�otq>e��4eE��	��eJk"�Eq>i"jEw�Oan � � � ��¯>� b �E° eEu>�Cn � i"o � m4u>m��>�"�	l � e�n4i"n � m�oxw5g>i>j�k"i"l>m�n4j>i��1n4m4l>m4�q"i>}�n$eCn � e�i � i>� r > 2−N
g>i"j�k"i>l>m�n$j>i>�n4m4l>m�q>i>}

k1, k2, . . . , kr
�"±�� wEj	e�on/k��Cl�w@m���n4m�� � i�n4m4l>m�q>i����@��wEn4n�oxw � �"i>��wEm�ots�m�jEwEj�w@k"�4m��E�"wEi>l>m�n$j>i>m�j	e�otu>k"m4j��n4s²u>ePote�f��Ek"{ � ����wE�Ei"n4i"ots²otm4�5f��zn$e��Ee�}��Pn4ots2n/k"m��4eCoteJk"eE��i>}�� � w@jTjEwEjl"i"n/k"e�³�m �@� i8u>e�ote�f��@k�{ � �

2 − N
��u>�>m$f�n � wE�@k>�>m � oxw@j�n$i�oxw)k"��q>eEml>i"n/k�ew@k"�4m��E�"wEi>l>m�n$j>i���j	e�otu�k"m�j�n$eE�£u"e�ote�f��@k�{ � �´q>m4��w@�Ei�n$i"ots�����n4ots2n/k�m��4eE�

oteJk�eE�4i"} � d�e�� � eCot��n$�	|Am�n � ���Em � f��E��otm4�"q>s�}1w@k"�4m��E�"wEi>l>m�n4j>i>}�j	e�otu>k"m4j�n2u"eote�f��@k"{ � �xq�w@u>�>i�otm4����f�����otm4�>q>s�}�u>e�f�j	eCotu�k"m4j�n
U 2 �x�4�"wEq>i>g"wj	e � eE�>e��4e��w@�Eq�w&k"i"q>m4}>q"eE}j	e�ot�Ei"q"w@g>i"i1� � i��1g"i>j�k"i>l"m�n$j"i��+n4m4l>m�q>i>}�µ

U̇ 2 = ε̌1k1 + ε̌2k2 + . . .+ ε̌rkr,
u"�>i>l>m�ohq"m���n$m

ε̌
�"wE�Eq>s

0̌ �·¶ w@jTjEwEj£ots¸u"�>m¤f�u"eJk�w@�/w@m�o���l � ePq>i>jEwEj>i>m6f��Cwg"i>j�k"i>l"m�n$j"i��zn$m�l>m4q"i��
ki

i
kj

�¹q>m�i"otm4{ � e��E|5i��P�>m4��m4��� � e+u>�"wE��w)��l�wEn � �q�w@u>i"n�w@q>q"eE�4e+n$e�e � q>e��Am�q>i�� 6= 0
�¹��n/k"m$f�n � ��i>mAl"m4�4e U 2 q"m6oteJ�6m � ��s � �+q>iq"�@k"m��Es2oTj	e�otu�k�m4j�n$eCo��Cq"i���n4m4}¥u"eE�Em��C�	q"e�n � �E{ � d���n � � V 2 e��4q"wJl�w@m � l�wEn � �u"eE�Em��C�	q"e�n � i��)f�e�u>eJk"q>i � m$k"��q>�	{�j¥j	e�otu>k"m4j�n$� U 2 O V 2 � wEj��5mFu>�>m$f�n � wE�@k>���m � w@k"�4m��E�"wEi>l>m�n$j>i>}¦jCeCotu�k"m�j	nAu>eote�f��@k"{ � b �¹¶ eE�/f�w1q>i>j�w@j	eE}�f��E��otm4�"q>s�}n4i"otu�k"m�j�n�j	e�otu�k�m4j�n4w

U 2 q"m$k"���$��n$e�m¤f�i>q"i � �ºnPf��E��otm��>q>s2oyn$i�otu�k"m4j�n4e�o
j	eCotu�k"m4j�n�w

V 2 g>m�u>eEl"jCe�}1u"e�n/k"m$f�eE�Cw � m4k"�Eq>e6i>q>g"i	f�m4q � q>s�� � �>m��C��eJk"�Eq"i>j	eE�i9�"m4�Em����4q"m�u>m4�"m$��e�f��Fu>�>iA� � eCo1q"i9e�f�q>eE��e�i>��g>i>j>k"i>l>m�n$j>i��&n4m4l>m�q>i>} ��¶ w@j"i"oe��E�"wE�4eCo
q1 + 1

g>i"j�k"i>l>m�n$j>i>�+n$m�l>m4q"i>}��n$m��/f�w5�"w@���Ei>�Cw@{ � u>e��Em4�C��q>eCn � � 23 �
»�¼"½�¾�¿"¼�À�Á�¾>ÂÄÃ�Å/Æ)Ç�ÈrÉ	Ê¤Ë	Ê�Ì\Æ)Ç@Í1ÎEÏ	ÐEÑ�Ç�ÈrÒ�Ï�Ê¤Ë�ÓyÔCÎ	ÆEËCÎ�Õ	Ö\Ì\Æ@Ê4×¤ÊØÌ/Ö/Õ	Ö/Ù�Î	È

Ù	Ö\Ê�Ú�Î	ÖGÙ	Û�ÎCÚ�Ð)Ö\Ü�Ê4Ý�É	Ê4ÒJÖ\Ú)Þ@Ù	Ê�Ì\Û�Î�ÍGÉCÚCÖGÏ	Ì\Û$Ç4Ò�Ë	ÈEÖ\Û�ËCÎCß�ÊxÆ�Ú�Ð@×¤Ê�Ò�Ê�Ö¡Æ@Ê$Ë�Ó�ÔCÊ�Í/Ë�Î	ß�ÊtËCÎ	Ì/Û
à Ö\ß�Î�Ð)Ì¤ÇEá	âTÉ	Ö\ÚEÒJÊ�Ü¦Ì�ËCÐ@Õ�Ç4Ö�ÔCÎ	ÆEËCÎ�Õ	Ö\Ì\Æ@Ê�Ö�Ì\Ö/ÕCÖ/ÙCÎCÖ�Ù�Ç4Å/ãxÒ)Ç4ä�ÛåÏ	Ò�Ð)Ì\ÛJÊ�ÚCÊ4ÙCÙCÎCÜxÍEÒ�Ê
ÒJÛJÊ�ÚCÊ�Üºæ�Ê\Ï	ÙCÊ�Ì\ÛJÊ�ÚCÊ4ÙCÙCÎCÜxátçéè2Ë	È1ÛJÊ�×\Ê�Õ	ÛJÊ�ß�ã~É	Ê¤ËCÐ@ÕCÎCÛ�Ó�Û$Ç4Æ�ÐEäêÉCÊ$ËCÊ�Ì\ÆEÐ)Í�Ü�Ê$ëFì
Ù	Ê9É	Ê�Ì\Û�Ð@ÉCÎCÛ�ÓCÍEÙ�Ç$É	Ú�ÎCÜ�Ö\Ú�ÍCÌíËCÖGÏ	ÐEä�Ñ�ÎCÜÊ�ß�Ú	Ç4Å\Ê�Üxî�É	Ú�Ê�ÎCÅ/ÒJÖ\Ì/Û�Î�Ï	Ò�Ð�Æ�Ú	Ç4Û�Ù	Ê�Ö�ßJÇ�ÚEÎCì
Ô	Ö/ÙCÛJÚ�Î�Õ	Ö\Ì\Æ@Ê�Ö´É	Ê\Ï	Ú	Ç�ÅíÏ�Ö/ËCÖ/ÙCÎCÖ�Å¤Ç$Ï�Ç4Ù�Ù	Ê�×\Ê9Ì/Î	Ü�ÉCË�ÎCÔ�Î�Ç4Ë�Ó�ÙCÊ�×¤ÊFÚ	Ç�Å/ß�Î	ÖGÙCÎ	È&Î�Å¤Ç4ÛJÖ\Ü
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%'&)(+*-,/.)0-1+*-2+&�354+6�78&)9�*-6:356<;>=?1+%'&?(-*A@+%B0-C�D)6E, w0 F w1

* w1 F w2 G?H &?IJI?&)IK D?=?1-=�2-LNMED?*AOB0-1�@+%P=�C�Q#=�4+R?2+*-I�= F .5=?D)=�S?1+&)78&)TU9�*-6 K @ F w1
.V0-1+6�3 K DE& F 4-@-TUD0-1-=�=?S�1+&)W#LX=<352-=�QE=Y*ZD)=?Q#=Y7�6[0-C�D)* w1

.-D)=\M#D)* K D?=?1-=�2-L w1
%P=�7J2-=J=?D)=�7Y]356 K D F *-D)R+.^0-1-*-_-6<%`DE&)I/.^_-D)=aI?&)7�3bLc6d3 F 6Y=?D?=�7�3b6 K D F 4+6#2-2-Lc6JD)=�_-I-*eS?C)35C�D*+%P6#D)R[=<35*-2+&?I�= F Lc6
=?S�1+&)W#L F Kn G)f Lg0+=�4+C�_-*+%hD?=?Qi3b&j2-= F Lc,k0-1�@+%P=�C�Q#=�4+R)]2-*-I^.<=�D)=?S�1+&�7d6E2-2+Lc,[2-6E0-1+6E1-L F 2-= F Kn .#3 F 6
0+&)1+&)4-4+6E4+R?2-Lc6 K D)=�1-=?2-LlI�=�D)=)]1-=�QE=Y0-6E1+6�O�=<35@-D K =?=?D F 6ED K D F 6E2-2-= F w0

* w2
.+&k3 F 6�351-C�QE*-6 K =?=?D F 6ED K D F 6E2-2-=F P * F Q G
m MED)=l*nW#2+&�_-*-D�.o_+D)=l0-C�D)R w0
356<;>=?1+%P*+1-C?6<% F w2 G:p &q35=)]I?&?W#&)2+2-=?,ZDE&?I-*+%r=?S�1+&)W#=�%lD)15&)2-W#*-D)* F 2-= K D)*a0-=?2-@-D)*A@ts#356#;>=�1+%P*-1-C�6#%P= K D)R5u= K 2-= F L F &?6ED K @\1+&?WES�*-6E2-*+6j0-C�D)6#,/. K =�6�35*+2A@-TU9�*AOJ3 F 6�D?=?_-I-*^.A2+&dIA45& K#K Ln3b6�];>=?15%P*-1-C?6<%PLvOJ351-C�Q F 351-C�Qi&�0+C�D?6E, Gw C K D)R

w0 = a . . . b c0d . . . e6 K D)R[0-C�D)R F 0-=�4+*+Mi351-6 Kn .)0-1+6�3 K DE& F 4-@-TU9�*-,0-1-=�*-W F 6�356#2-*-6x0+C�D?6E, a, . . . , b . c0, d, . . . , e .*k0+C K D?RU0-C�D)R c0 %P=�7Y2+=c356<;>=?1+%P*-1+= F &?D)R F c1 Gw =?I�&�7�6<%v.)_-D)=kD)=?Qi3b& w0
%P=�7Y2+=�356#;>=�1+%P*-1-=?]

F &?D)R F
w1 = a . . . b c1d . . . e . y

z K &?%P=�%{356�4+6�.P0-=B0+1-6�350+=�4+=�7�6#2-*-T K C�]9k6 K D F C?6#D�2+6E0-1-6#1-L F 2+=?6c=?D?=?S?15&�7�6#2-*-68s K 1-6�3+]2-6#QE=+ur0-1�@+%P=?C�Q#=�4+R?2-*+I?&t1-* K GU|�} .v0-1-*`I�=?D)=?]1-=�% c0
0-6#1-6�O�=<35*-D F c0 . c1 F c1 .:& F 6#1-D)*A]I?&)4+R?2-Lc6 K D)=�1-=?2+L~0-6E1-6EO�=<3+@-D K =?=�D F 6#D K D F 6E2-]2-= F =?S?9�*-6r2+&�_+&�45R?2-C�T�*�I�=?2-6#_-2-C�T�D)=?_A]I-*�0-C�D)6#, c0

* c1 � 1-* K G�| !<� Gk� D)=�=?D)=�S?1+&)]7�6#2-*-6 K 1-6�352-6#QE=U0+1�@+%P=�C�QE=�4+R�2-*-I?&j%P=�7Y2+=c35=?]0-=�4+2+*-D)Rv35=c=�D)=?S�1+&�7d6E2-*-@ F K 6EQ#=v0-1�@+%P=?C�QE=�4+R?]2-*-I�& F Kn .?0-6E1-6 F =<3+@-9�6EQ#= a×0, . . . , b×0, d×0, . . . , e×0 K =?=?D F 6ED K D F 6E2-2-=F 0+C�D?* a, . . . , b . d, . . . , e *hI?&�7d35C�T F 6#1-D)*-I?&)4+R?2+C�T�4+*-2+*-T � W#&�* K IA45TU_-6E]2-*-6<% F 6E1-D?*-I?&�45R?2-LvO�4+*-2-*-, K 1-6�352+6EQE=Y0-1�@+%P=�C�Q#=�4+R?2+*-I?& ��� F =<352-C\D?=?_-I-C G� K 45* F 0-1-=?*+W F 6�356E2+*-* ab 0-6#1 F Lc, � F D)=?1+=?, � %P2-=�7J*-D?6�4+Ra0-1+6�3 K DE& F 4-@A]6EDB0-C�D)R+. K = K D?=�@-9k*-,l*-W�=<352-=�,lD)=?_+I-*/.PD)= ab %P=�7J2-=h356#;>=�1+%P*-1-= F &?D)R F b� K =?=�D F 6#D K D F 6E2-2+= F a � G�����^���)���/���'�+�5�/�b�
��z 0-1�@+%P=�C�Q#=�4+R?2+*-I�6?.�0-1-* F 6�356#2-2-=�%�2+&B1-* K G�|�� .2-*A7J2A@A@ K D)=�1-=?2+& K = K D)=�*-Dq*-W\3 F C�Ol_+& K D)6#, a0
* b0 Go� =?6�35*-2-*5%�0-1�@+%P=�4+*A]2-6#,-2-L�% =?D)1-6#WEI�=�%�I?&�7d35Lc6B3 F 6BD)=�_-I-*{=?D?1-6EW#I?& b0 *`0-1-=�D)* F =?0-=�4+=�7J2-=�,K D?=?1-=�2-L b1 K =�=?D F 6ED K D F C�TU9�*-6'3b1-C�Q�351+C�Q#C[0-1-*d2-6EI�=�D)=?1-=�%�4+*-2-6#,-2-=�%a=?D)=�S)]1+&)7�6E2+*-*/.^C K DE&?2-= F 4+6E2+2-=�%`%P6�7d35C b0 * b1 G�H =?_-2+=qDE&?Ie7�6 K =?6�3b*-2-*+%{0-1�@A]%P=�4+*-2+6E,-2-L�%�=?D)1+6EWEI�=�%�I?&�7d35C�T¡D)=?_+I-Cl=?D)1+6EWEI�& a0

K 25&�_+&�4+R�2-=?,¢D)=?_-I�=�,
£
c0 ¤+¥§¦o¨§©cª�«/©�¬:©��®<¦o¨�¯�¨±°�²�«^¤�³#´�³�¯�¥�µ¶´�¨¸·�¹�³�¤\µ±¥�¤+¹�¥§¦v³�©�¨¸´�¨§¤�¯<°�¥�³�º±²�¨¸·�¨±¹�³<»�¼
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������� ��!�" b1 #%$ �'&)(�*,+ �'- ./�'0	&��21 3'!�4�56./�278!��9!�:�+ ��:���"<;'!��,�'����='� *�>�4���3?! * b1��*�5�@�A ���B5�*C79(D"<EF�G�':H(D4 !%-�IKJ?4�EF������:�>��'5?+�:���:�E%(D:��L;L5	��!�:�M,N�����&��L�'����:�>�5�*�@1D:G7O*�J?4�EP! * b1 #RQ �)1 4P��:�+ :���3�'����='� *�>�4���3 b1 ! *S+�0	��3 b @R���T./"U+ �21 0	A�4 .�'����='� *C79:�!�4 :8+���- ./��0	&��21 3'!�4�5�*V;

Kn @R+ ��4W5	�����'���'. a0b0
+�:���:�E	(�:��T; ab @*X��=':T;�:�����4�5�*�1 3�! "<:Y�G���'����! "Z+���- ./��0	&��21 3'!�4�5�*P+ :���:�E	(D0	�X;W!D*2A *C1 3'!�0	I4[5	��!�:�A�!�0	I\���'A�5�4[+�0	��4 b #^] �6N����64[>�! *2A 4��2@DA���� ab ./�278!��8(�:�_L���D./4�����`;�*���3F; b #

���������2a

Q �)1 4b4�>K(D;'0'c9(D:�_L��� ./4 ��0�:�./"dc?(���0	&K;B(���0	&e*O+ 0'`��:�E w0
4 w +�0	��3 w0

�G���G���'4��b4�>?��(D!���E����A�5�4R@D���f&���`;'����-��2@	A����9+�0	��3 w ��;���(D4��'�)-6;?����A�5�084�1 4hgjiGkOi�l9i2mDn�ooDp�q�r #�s ��N����'./0b>�*�./5�! 0���"<E+�0	��3 w &���./�����'+�:�!S;
Kn! 0�1 I?@�:��)1D4B+���- ./��0	&��21 3'!�4�5L./�278!��t!�:�+���:�� "<;�!��<�'����=�`�D*�>�4 ��38;

Kn ��*�5�@�A����b��(D!D*F:�&��f�G���'����! * w +�:���:�E	(D:��; w #)u8v�wyx{z�v
| s 0��G��3B+��21D4�N)(D� Kn :�����3 n `�./:���!��':<:�;�`5�1 4	(D�';��+������G���D*�! ����;��

Rn #/$ ��&)(^*5�*C79(D"<EX>�*�./5 !�0�`��"<EO+�0	��3};K!�:�.V&��'./�'����+ :�!O!�0�1 I #C~ ��*'./�'.f(D:�1 :�@�5�*�79`(�0�I�����A�5�06+�0	��4 w ./�278!��F>�*��G��*�;�4 ��3F+�:���:�./:�J9*���3��)-f+���- ./�21 4�! :�E�!��F�L+���`�����2-�!�!��'ES��5	�������G��3'I���*�5�@ A ����='"�A�:���:�>B�G:�5�0	!	(D0b�'! *,(D�'����4�&j1D*9! *2AD*C1 3'!���E����A�5�4 w @D4Y;6�G�'����;':�������;�4�4T�ON���4 .�./�27F! �b+��'�������'4���3b��� :�=�0':�./�':O�����'=�� *�`79:�!�4 :f+���- ./�'0�&��21 3�! 4�5�*S(D:�_L��� .�*�M�4�4 #�$ �Y79:f>�*�5%1 I{A�:�! 4�:S��+�� *�;�:H(D1 4�;��D@:��)1 4
Kn +�� :H(�����*�;�1�-�:�� n `�./:�� !�"<Eb�G4 ./+�1 :�5%�

En � ! *�+���4 ./:���@'�D*��G+ �21 �27?:�!%`! "<E�+���- ./�21 4�!�:�E�!���;
Rn � #�~ A *'�G��! �'�G��4�@ (n = 1) >�*�./5�! 0���"<E�+�0	��3 w @���'�����2-�J,4�Eh4�>F������:�>�5�* a @�+�����=':�&)*�:�./�'&��V�G+�:���;'*S;V��(D!�0Y������� ��!�0'@�*f>�*���:�.�'=�� *���!��D@�&���./�����'+�:�!�! * a !�0�1 I #t� ����I�(�*W�)1 :G(D0�:���@�A�����;'�)-�5�4�E�+ 0���3 w @+ ����=':�&e*�:�./"<E��GoD������q^�f�ViC��o ph�Gl9ie��i2o pH�t�6���ClFnek�i2�e�%�Cl9o i2@�� # : # +�0	��3V;�4�`(^* w = uu−1 @�;W1 IK='�'.�+��21 4 N)(D��:Y&��'./�'����+�:�!�!�0�1DI #<� ����='"�0�=':H(D4 ��3'�)-;LN����'.d@2(��'�G��*����'A�!��B!�:�+���:�� "<;�!��L������=��D*�>�4 ��3{�'��4�:�!���4����';'*�!�!�"<E9������:�>��'5 a!D*8+�0	��3 u #D$ ��&)(�*b./"�+ �21 0	A�4 .�!�:�+ ��:���"<;'!���:,�����'=�� *�7?:�! 4�:�@�+ :���:�;���( -�J?:�:
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$&%�')(+*-,�.#*�/)0-1&2)35476#89*�%)(;:=<)2&2?>@$&*�/)2&AB47%�CD:=3&27(E*-F�%):=G#*�(IH�J&C=*@*K471):�L�C=*�%&*=M
1):N$&%�')(+*-,�.D*�/70-1&2&3�:O$&6#%&6�P�*K472&CO>Q$&,�C=0 w HR:O*�L�CD:=/)0-1&ST6VUW>X1):�J):=/)0-1),�Y
C=*�J&3&,�A#C=*-.#*5$&,�C=2[Z\ *�(+*-C=*�$&1&ST6]1&,=/)Y^G#:�(+3&1&,�C=ST6_$&,�C=2`(+*�a51)*N*�P=:=%7:=3&C=6#%&2&G#*->�:-C=0OCD:-3bM
a�6?LB/76�47,�Ydc�2)(e*-F-%7:=GD*�(Ifhg=iDjlk-m7n-o@p;qsr)n�o�t w u�v j v o v rxw�mym)nDzx{}|_o v j~ o v zxt-k v |Xo v j���zxn��&i=w��dw#��z ~ mxiXmxw u�v j v#� m v mxi�o9�xm7n-o@t v � vK� p;qs��z�wD�jlwDm)o�r v |=w��)�7m v ��o ~ Z��9%&2�ADC=*�(e*�L�*�F-S�(�A�/76#(+6D1)C=*�(�$&*�>-6D%�Pb1&*�L�C=2�(+S�1):�MGDST>�:=6K(�*-F-%7:=G�3&%),�.B:l$&%)2�1&6#$&%&6D%)ST>-1&*�(�*-C=*�F-%):=a�6#1&2&2�6D.#*V��3&%&,�.�:��R>�$&*�/)2bM
AB47% Kn Z� LD:-(+*�(}4x6�/)6�Hd>�(+6KL�C=*�C=*�.D*�J&C-*-F-S�$&%&*�2&GD>�*K472&C=0�1&6#$&*�LD%&6�4�L�C=>�6D1&1&*
1&6#$&%&6D%)ST>-1&*�6X*-C-*-F-%7:�a�6#1&2&6 χ 1):-��6D.#*s$&%�')(+*�,�.#*�/)0-1)2&3-:�>`$&*�/)2&AB4x% Kn H
$&6#%&6D>�*K4)'&c�6#6 w > w H�:Q*�LDCD:�/)0�1&ST6�L�C=*�%&*-1)S�>�1):�J):�/70-1&,�Y^C=*-J&3), w H�(+S(+*�a�6K(�%):=G#F-2&C=0�A#C=*�*-C-*-F-%7:�a�6#1&2&6�1):V4x>�:&Z� ¡(+6D1&1&*7HhL�17:�J):�/7:�(+S}LDC=%&*-27(
1&6#$&%&6D%)ST>-1&*�6d*-C-*-F-%7:�a�6#1&2&6 ϕ $&%�')(+*�,�.#*�/)0-1)2&3-:¢476K89*-%)(;:-<&2&2?1):�3&%&,�. K 2 H
$&6#%&6D>�*K4)'&c�6#6XL�C=*�%&*-1), w1

>E.#%):=1)2&J&1&,�Y�*-3&%&,�a�1&*�L�C=07H
:E*�L�CD:=/)0-1)ST6OC=%&2
L�C-*-%&*�1&S£>�*K471&,�2�C-,�a@6lC=*-J)3&, O ��%&2)L=Zx¤-¥��¦2�>�L�6¡>�6D%&C-2&3-:�/70-1&ST6l*�C=*-F�%):�M
al:=Y¢c�2&6�*-C=%&6#GD3&2X$&%�')(+*-,�.D*�/)0�1&2&3-:@/72&1&6D§)1&*�1):�L�*-*�C=>-6#C-L�C->-,�Ydc�2&6¡P�*�%�47S
3&%&,�.B:&H):@G#:-C=6#(y*-C-*-F-%7:�al:=6K(�3&%&,�.¡>5$&*�/)2&AB4x% Kn $&*�L�%&6�4xL�C=>�*�(s*-C=*�F-%):=a�6�M
1&2b' ψ ¨ C-*-.B4x: χ = ψϕ Z�©¢J&6D>�2�471&*7HKA#C=*9>�LD6D.B4x:d>-*-GK(+*�a�1&*)Z��9*�C=6D*�%&6#(+6Iª¬«£7¤
ψ '&>=/&'&6#C-LB'V1)6D$&%&6#%&ST>-1)S�(E*-C-*-F-%7:�a�6#1&2&6K(IZ�®�:=3&27(s*�F-%):-GD*�(IH�6KLB/)2 w .D*�(+*=MC=*�$&6D1N1&,=/)Y�H¯C=*]1):?1&6#.D*_(+*�a�1&*�1):-CK'&1&,�C=0V*�L�*�F-ST§OA�/)6K(+6D1&CV$&*->�6D%�Pb1&*�LDC=2[Z
©¢F-%7:=C=1&*7H�6KLB/)2EGK:�4x:-1&*X1&6#$&%&6#%&ST>-1&*�6�*�C=*-F�%):�a@6D1&2&6 ψ 3&%),�.B: K 2 >N$&*�/)2bM
AB47% Kn HxC=*?C-6#(�LD:�(+S�(`*-$&%&6�476�/76D1&*�*K471)*->-%)6#(+6D1)1&*�*-C=*�F-%):=a�6#1&2&6 ψϕ = χ$&%�')(+*-,�.#*�/)0-1&2)3-:¡4x6#89*-%7(;:=<&2&2hZ

°¯±�²#³�´#µ

¶ S�$&%)6�47$&*�/7*�a527(NC-6D$&6#%&0)H�J&C=*
$&*�/)2)AB47% Kn 6#L�C-0��#|D�&g=m)p;q·$)*�/)2bM
AB47%[Z¸®[*�.B4x:_3-:�a@47ST6�47>-6?C-*-J&3&2�6#.D*
(+*�a�1&*�LD*-6�472&1&2&C-0�$&,�C=6K(IZ�¹;:�LDLD(+*�C�M
%&2)(�> Kn >�LD6D>�*-G#(+*�a�1&ST6@G#:�(+3&1&,�M
C=ST6I$&,�C=2[H�>�SIP�*K4)'&c�2&6R2&G¦3-:-3�*�§bM�1&2bM
F-,=470·$)%&*-2&G#>-*�/)0�1&*-§hHd1&*£892&3bL�2&%)*=M
>�:-1&1&*�§�17:�J):�/)0�1&*-§£C=*�J&3&2 O Zlº
C=2$&,�C=2�%):-LD$):�4�:=YdC�LB'·1):E3&/7:-L#L�S»476DM
89*-%7(+2&%&,-6K(+SIPl47%),�.T>¢47%),�.B:¡$&,�C=6#§[Z¶ S�F�,�476K(�1):=G#ST>�:-C=0l2bP�$&%&*�L�C=*VkKz�i=�#��i#j ~ r)n-o5w�q7Z�¼�/x:-LDL�$&,�C=6D§[HbLD*K476D%�al:�M
c�2)§]$),�C-0 w H)(+S�F-,�4x6#(E*�F-*�GD1):�J):-C=0�2)1&*-.B4x:@L�27(+>-*�/)*�(

{w}.
½ ,�4x6#(O%7:-LDL#(;:=C=%)2&>�:-C=0d3b/x:-LDL {w1w2}

H=LD*K476D%�al:=c�2&§�$)%&*-2&G#>-6�476D1&2)6
$&,�M
C=6#§ w1

2 w2
H�3-:-3�$&%)*-2&G#>-6�4x6D1&2&6
3b/7:�LDL�*�> {w1}

2 {w2}
Z�®[*-.B4�:�3b/7:�LDLDSE$&,�C=6D§

F-,=47,�C�2&.D%7:=C=0V%&*�/)0�A�/)6K(+6D1&C=*�>?1&6#3�*�C=*-%)*-§�.D%),�$)$&S¡H7C#:=3O1):-GDST>�:=6#(+*�§�¾Rn-m7�¿ iDjlwDm)o5iDzxt-m v q u �xn�r)r7p F L�>-'&GD1&*�.D*�$&*�/)2&AB47%7: 25 Z�©¢J&6#>-2�4x1&*)H�$&%)*-2&G#>-6�4x6D1&2&63b/7:�LDLD*-> {w1}
2 {w2}

1&6�GK:=>�2)L�2&Cd*-CdC-*-.D*7H#3�:=3&2&6
2)(+6D1)1&*¢$)%&6�4xLDCD:=>�2&C=6D/)2 w12 w2
A#C=2bP]3b/7:-L#L�*�>�F-6#%&,�C-LB'?47/&']LD*�L�C#:=>=/76D1&2b'V$&%&*-2)GD>-6�476D1)2b'[Z � LD:�(+*�(Q4x6�M

/)6�H�3�:=3�$)*-3-:-G#:=1)*�1):@L�C=%hZ !K"-ÀhÁ�!#"�Â H-6KLB/)2 w1
2 w2

G#:�(+6D1&2&C-0�.#*�(+*-C-*-$&1&S�(+2
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M�HrJ�·�@CN�F�J�¸ZHrJ)¹OL�J�LsJ�º"M)·�@�J3L�·;»�J)¹k?A@�B�D�¼
D�J3½§¾~B�»�¿"J)Hr¸)»�·´J)À�Á�»�J)¹�?A@CB�D�D�JO»�¸�Â�J�F�N�M1N�·ÃE	·
F3Gaº"E�@7Js»�J3Ä�J)À�Á�»�E"Å;·,E"Ä7L�N O ½\·kÆ
¸	Æ�M)F)¹�Â�»�GaÅ,D�E"¼À�N�Ç�¿#@ Kn E	D�@C¸
¿	¸ZÀ7¹C¸1·È¸)¸{D�E1À�»�E3M)·;Á�É=Æ�dÊ/).�>
�����f&��1(�� � ����/)��lË2X-�."Y��
/)��2��; �."Y�.�(�l� ���U�����Y�-��2�W)���).,2����	/1���´����Y�-�� O ����Y�-�. O′ !�Ìs%���2��1&��
�|��W����Y�-�� O 2=����Y�-�� O′ -�.�-���U�>Í ���w��3&�l�������l v �,����>/1�
.�2����x2´/1������2��
��/1��2�����-7(�.�/
/1� {w′} �������
U � ��/'>b��	&���]O�7bg��W O′ � -�(�.�/
/

{w} = {vw′v−1}

���5���)U � 2�TSb��	&���];�7bQ��W O !�Îv(�.�/)/ {w} � ��Y��)2���&� �� �  ��SW
.�2���/1��������2�TVw���%�.����5>��� w′ ��WS-7(�.�/
/). � -�������%��5��� w′ ��%��� �."&�(��1+k���"!5Ï�w�%�.��� �� � -7(�.�/
/1� {w} ���5���)U ���/Zb��	&���];�7bX��W O � ���5/1�).�2����m2Ë/)������2��
��/1��2����Q-7(�.�/)/ {v−1wv} �������
U � 2�TSb���>&���]O�7bg��W O′ !7ÐI.�-����v/)������2��)��/1��2�������2�(����)��/Z�g-�.�-Ë%�.�Wv��w�%�.��� �T��p��%��'&�T�&���>];�
��� � �).�-n-�.�-n �.X�5/1 ���2�.� ����j���)%�2�� � �t/1������2��)��/)��2����{��TÑ��W w′ ���"(���Y�.��
�
{w} = {vw′v−1} � ., �.,�5/1 ���2�.� ����Ë2�����%�� � �,��W {w} ���"(���Y�.��
�

{v−1wv} = {v−1(vw′v−1)v} = {w′}.

Ð§.�-����t��w�%�.�W)�5�Ë/)������2��)��/1��2���� � �5/1�).� ���2�(��) � ����a���1+,&��v-7(�.�/)/
.����Q�������
U � 2�TS>b5�	&���]O��bj��W O � O′ � ��2�(����)��/Z�n2�W
.����� ��X�	&� ���W
 �."Y� �T��S!$Îs%��5���´��� � � � �� ��
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1} {w

′
2} = {w′

1w
′
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< )�).=#6�7:= < =#6.>�7:=@?5A0B <:< 4(>�=#7:C
{vw′

1w
′
2v

−1} = {vw′
1v

−1vw′
2v

−1} = {vw′
1v

−1} {vw′
2v

−1},

=�DE7�D94%-().&('*6.7�807:1(&%7F?5A0B <:< ).6%G < )�).=#6�7:= < =#6.>�;IH�&5JK?5A0B <*< B�+ {w′
1}
& {w′
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DML
)6.-%7*+ONK4(-(7:)�P.-%B.':)�6�B#1%&(CQ+,RS4()�A%T�':)�6�B�A0& < T�=#7*+UG0V(=#)W4(>�=#T v−1v X )�+,).=.).4(7*11(>.A%;S&YV%=#)Z>�+,1%)�[�7:1%&(721%B X )�+,)�=#).4%1(R\CQ1%>#A%;S4(>�=#TZ1(7]+,7*15N(7:=Z& < J�)^801() X )?5A0B <:< B�4%>�=.7:C_D` '*)�+,).-0/2&('*+a+,7:[@80>]/2>�1�89B.+,7*1(=:B#A%T.1(R�+,& X -%>�4%4%B.+,&@b (O) c < 1%B�V%B#A%T#d1()�C�=#)�V(?�).C O e &@b (O′) c < 10B�V%B�A%T�1().CF=#).V(?�)�C O′ e '*B#6�& < &%=f)�=I6.R\P�).-%BI6 < 4()#d+,) X B#=#7:A%T.1%) X )Z4(>�=#& v D(g < A%&K6�+,7 < =.) v 6.'�N(=.T@6 < 4()�+,) X B#=#7:A%T.1(R\CY4(>�=#T u G5=#)< )�).=#6�7:= < =#6.&%7

{w} → {v−1wv} c $ e
'*B�+,7:1(&%= < N < ).)�=#6.7*= < =#6�&(7*+
{w} → {u−1wu} = {u−1vv−1wvv−1u} = {(u−1v)v−1wv(u−1v)−1}, c ! e
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K
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K
m G%=:B.?n?.B#?K4(-%).).P�-%B#' w 4(>�=#&
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0
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1
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�<�~���T�-�%�����Q�����7���������-�B�k�Q�����p���7���h�-�7�Q�����Q�Q���7�Q�p�����7���Q�7���-�Q�����+�-�%���_�Q�~�Q� K1 � K2 ��-�%�7�Q�����7� � ���^���%�7���`���7�-� � ���h�p���+���7���%�h�%��� � �-�%�����-���Q� � �<�%�1�-���7�Q�����-�Q���7���6�����%�n�%�����7�Q��-�+�Q���' �¡7¢7£_�7���7¤7�-�<�¥�h����� g1 �Q�~�Q�-� K1 × P2 ¦ P2 �Q�h���_���7�����_�h���h��§ K2 ¨ ���7���h�-�7�Q������©�h���+�7���7¤7�-�<�T�%�h�����+�-�b�Q�~�Q��� K1  �ª��«�-�_�����7���Q�7�Q�Q���_�Q�-�����-��¬��-�<�-�7���7�b�-�%�Q¤7���Q�������h���h��§

K1 × P2 �¥�n�%���h�V���7�Q�Q���Q�������T�7�����h���������7���%���~�Q�h� � ������§Z���n�������-�x�-�%�����h����§0p¬������ U2 ������Q�����n�-�7�Q������§Cg���7�-��� K1 ×K2  �®)�h�7�����Z�-���-� � �Q���-� U2 �Q�����h�-�7�Q�������B���7�-� � ���b�h�Q��7¤7�-�%� ′U2 �����F�7���7¤7�-�<�¥�Q����� g1 �<�%���¥�p�Q�����n�-�7�Q�����h�Z���7�-� ¦°¯ ¡�± � ���Q�7���h���?² ¨  >³l�-���%���
¬������ ′U2 �������-�Q�<�%�%�����Q�_���7�Q�Q���Q�������`�7�����Q���������7���%�������y�Q�~�Q��� K1 � �B���7�����>�_�-� K1 �7����b���h�¥�h�`¤7§0���p�Q�����n�-�7�Q�����Q�V���7���^ 
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[-\*]_^S`&a-b�c�de]_fQg�c�\*]�hXi_cj]%k9l�m�b
n�nj]porq*s%k�t�c�u_l�uMn�u�hjv�w�dXmX]9xzy%{�|�}z|�~�|��e�
^_]_^�\_u_n�u�hjul*v��jg�q�^jv���vjc�s]_m�vj]%cj\z����hjk�\%ul*u���\%u�_�@�������X��~e�j���Ew�\%u_\�\%un�u%�
hjul*v���gzq�^�vj��v�c�s�]%m�vj]_c�\�`fQ���b�dXgzf�vXq��uzdXv�\_ij`%^_]_^�v�s�q�hjb
�j]_g7l*mjb�njn�����g�\��
\%vS`
v�tIc�g�^�u\%u_mju_l*u�t�]�d�]%c�c�ul*u�q*vjfQn�hjv��jvj]�hjic�u_l�u�mj]_t*�v�g*c�v�k�cj]%��g*l*u�n�u�hjv��
w�dXmj]j�
��n�u�fQu_ �i¡�w*\%ul*u"mj]_t*�v�g*c�v�k�fQ��un�m�g'deg�hjvjf¢c�us_b
¡�l*mjb�njn�b_`e£¤{e¥_yXyj¥
���
¦"y
~e�j§j�e�*~e�_�X�T¨�yj¥��|*©j�jªEn�m�g�dXg�hXg*c�v�gIw*\_u_��l*m�b
n�n��0c�g-�_b�deg*\�\_u_n�u�hjul*v��
��gzq�^�v�v�c�s]_m�vj]_c�\%c��7f&`
c�u�t�]_\%u�fQ�«�b�dXgzfMs�q*uq*\%u�k�c�v�v�s����vjq�hjvj\%i�g�g_�_��]��
hjg�g_`¬n�u�hjit*b_kjq�iq*vjfQn�hjv��jvj]�hjic��7f«njm�v��%hXv�®�g�c�v�g�f&`¬fQ�¯n�u_^_]%®�gzf&`e�j\%u°w*\*]
l*mjb�njnj]±q*u_s_nX]�de]_g*\²qa-b
c
d�]_fQg*cj\*]�hjic�u_��l*m�b
n�n�u�S`G��g�f³v´�_b%dXg*\�dXu^_]%tz]%cj]
\%un�u�hju_l�v���gzq�^_]%k�v�c�s�]%m�vX]%c�\%cjuq�\_i�l�m�b
n�n��µq�vjfQn�hXv���vj]%hji_c��&��n�b
\%g*�¶�

·�]_q�q*fQu\%m�vjf0^�uc�g*�jc����±v�hXv��g�q�^
uc�g*��cj���²n�u�hjv�w�dem
Kn

`¬tz]�de]_c�c����±s
c�g�^�u\%u_mjuf0a-vj^
q*v�m�us]%cjc�uf¸q�vjfQn�hXv���vj]%hji_c�u�f0mX]%t*�v�g*cjv�vS�S¹-bq*\%i°g*l�u�mjg��
�_mX]¸º»uzdXc�ufQg�m�c���g¼q�vjfQn�hjg*^�q��<½�un�m�g'deg�hjg�c�c��7fru�_mj]_t*uf@um�v�g�c�\%v�m�us]_c��
vCu_�u_t�cj]���g*cj�«��g*mjg*t

a1, a2, . . .
�X¾C�¿�_b%dXg�f´mj]_q�q*f�]_\%m�v�s�]%\%i�q*cj]��j]�he]�\_u�hji%�

^
u�q�vjfQn�hXv���vj]%hji_c���g"njb�\_v�^
u�fQn�hjg*^�q�]
Kn

`�\��+g_�jn�m�u_vjt*s_g�dXg*cjv�k�sv
de]

w = aεl

l a
εm
m . . . aεz

z (εl = ±1, εm = ±1, . . . , εz = ±1),
s�^�u\%u_mj�&��^�uc�g*�jcj]�k�\%u��^_]�q�vXfQn�hjg*^�q�]

aεl

l

s�q�g*l�d�]�q�us_nj]�de]%g�\�qIcj]��j]%hji_c�u�
\%u��^
u_�

aεm
m

vM\z�ÀdT��Á¬]Cq�vjfQn�hjv���vj]%hji_cj���pn�b
\%i±fQ�@�_b%dXg�f¿q��jv�\*]%\_i±\*]_^�®�g
v�\�]%^
u_��n�b
\%ij`z^
u_\%um�����c�gÂq�uzdXg�m�®�vj\<c�v�uzdXc�u_l�u7m�g��_mj]j`�\��+g��q�uq*\%u_vj\7\%u�hji^�u
v�t"uzdXcju_��s_g*mj��v�c��¿q�vjfQn�hjv���vj]%hji_cju_l*u�mj]_t*�_vjg*c�v�kS�

Ã-\%u�_�¿v�t*�g�®�]%\_i�n�b
\*]%cjv����"`XfQ�µ�b�dXgzf´vjc�u_l�de]�cX]%t*��s�]%\%i�n�b
\%vCv�deg��
a-u_mXf�]%��v�v¶`emX]_q*q�fQu_\%mjg*c�c���g�s²ÄXÅ / `G�X|*y�{¬|Æ{e�5�%�j�¶¦"�¢yj¥�-Ç�¦����M�e|�y%{�|Æ{��5��È
�j�¶¦��Z}�|+É5x${�¦���§X��Ç�¦"�µs³n�mju_\%v�su_n�u�hXu�®�cjuq�\_i¿q*vjfQn�hjv��jvj]�hjic��7fÊn�b
\zkjf
v�v���^
ufQ�_vjcj]%\%um�c��7f²dXg�a-umjf�]%�jv�kjf&`_^
u_\_u_m���g��b�dXb
\"q�g����j]_q&un�m�g�dXg�hjg�c��"�

ËWq�hXv±fQ�³�_b%dXg�fÌu_�_�uzdXvj\%i�s�u_njm�g'dXg*hjg*cjc�ufÌcj]_n�mj]%s_hjg*cjv�vS`js�&�uzdjk°v�t
^_]_^�u���Æc�v��_b%dXi¼s_g�m���v�cj�"`Wl*mX]%c�v��jbpdXsb�fQg*m�c�ul*u�q*vjfQn�hjg�^�q*]

E2 ^
ufQn�hXg*^��q*]
Kn

`�\%u�fQ�¸nju�hjb
��vjfptz]_fQ^�cjb�\_���°q*vjfQn�hjvj��vj]�hXi_c����°n�b
\%iX`�cj]%njm�vjfQg*m

aε1

1 a
ε2

2 a
ε3

3 .Í¶]_^
u_�¼n�b
\%iCcj]_t*��s]_g*\_q�kÌ£¤{����X�j���X�¶¦ÎyX¥_��|$¦¯\%m�g�b
l*u�hjic�v�^_]
E2 �¶Ï"]%®�de���\%m�g�b
l*u�hjic�v�^¢vjfQg*g�\���g�q�\_i�mX]%t�hXv���c��&�±l�mj]%cjv���c��&�²n�b
\%g��S`S\*]_^�^]%^¢u_�%��uzd

fQu�®�c�u�cX]���v�cj]_\%ipv�t�hj¡<�u_�«vjt±\%m�g*�«s_g�m���v�c�v¸v
dX\%v¸s�uzdXcjuf@v�t²dXs_b��
n�m�u\%v�su_n�u�hju�®�c��&��cX]%n�mj]_s%hjg�c�v��S�

ÐÂs_g�dXg�fÑ\_g*n�g�m�iNÒ*~�|$¦�|*�j����{e�X�5|¿Ó_x�¦"Ô��j�e����x+{��j�5|Õ}�|$É5x${�¦���§j�X�
(α)v

(β)
`X^
u\%u_m���g�n�u_t�s_u�h�k�\�cj]_fÌn�u�hXb��X]%\%i�v�t�q�vjfQn�hXv���vj]%hji_c��&�°n�b
\%g���dXm�b��

l*vjg�q�vjfQn�hXv���vj]%hji_c���g-n�b
\%v¶�
(α)
�5��g�a-umjf�]%��v�k

(α)
t�]%^�hj¡<�j]_g*\_q�kÌs¼\%uf&`���\_upfQ�Îsq*\*]%s_h�k�g�fÖv�hjv

u_njbq�^]%g�f�m�g��_m�uX`�n�m�u_�g*l�]%g�fQug&n�uq�hjg�dXu_s�]%\%g*hji_cjuIq*cj]��j]�he]Es"uzdec�uf&`%]-tz]%\%gzf
s�n�m�u\%v�s_un�u�hju�®�c�u�fMcj]%njmj]%s_hjg*c�vjvS×�q�vjfQn�hjv���vj]%hji_cj����njb�\_i

aεl

l . . . aεp
p a

εq
q . . . aεz

z
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aεl

l . . . aεp
p a

ερ
ρ a

−ερ
ρ aεq

q . . . aεz
z .!#"%$'& � ()�*�%�,+%� -%.��%� �/� (�+%0��1� $ ����-%��0���� aερ

ρ 2 (,-�34�%�5��(�6)�%� 2 ��� .#�70�()����+��%(�8
��(�+�0�(�8 aεp

p 9 �:��-;� 2 ()6)� ���<-%.)��( 9 ��� 0�3'�4�=�%�,+%�>-;.���()8?� (�+%0@()8 aεq
q ACB5D " ��� ��( 96'6�E " � 3'��� $�$ 2 -%�:� $ ����- $�F�$ � -%.��%(�G�('����� $ w �<()+������ � $ �56 $ 2 � aερ

ρ a
−ερ
ρ

��( H
3=��� D EI� ./()����JK���%(@L A !#"�$ ��������� 2 ��M#( " �N� F�$%O (α) ��(@��-%� 2 (�6)��� �<-;.���(1�<()(��>H6)������� 6�� O JK���:+ $ ��-%( " � � 9 ��EP��(,3'���Q6@�<����6 $ ��.R6R� $ ����- $�F%$ �>-%.)��EI8S�%�@��.
w = w1w2

� " ( $ ��6)(,-%.��%EI8T� $ ����- $�F�$ � -%.��%EI8��%�@��. u 9 � " ( D ��GU� �
��EI8:����� " 6@�6V( 2 �%()� 9 �W��� �����X6V� " (�� $ 6)(���(,-;(,3Y�%()�Q�%��� " � 6�-%��� $�$ A[Z ()G 2 � $ ������ $ w�%(,-%��+ $ �����\� $ ����- $�F�$ � -%.���EI8\����� .
w′ = w1uu

−1w2.

(β) A�] ��� 2 �
M#( " �N� F�$ �^�<(@�<� ( $ �\6� ()� 9 +�� (?��E_6)����� 6�-������ $ - $ (��%�)�`H0)� ���QG " � � $ +���EI8a�%�@��. 2 6)����� " ��()G�(?� $ ����-%��0���� 9 � A � A $ 2 �
�b��(?�
� 2 ������()����%�@� $ w 2 (/����0�()� ( " ()8c6�� "�dK$ ��E 9 �
� � �
�^� " (,e@( 2 $ �*G " ��� $ +���EI8:����� . 9 �%�,+ $ H�;� O J $ 8%��� $ 0�(��%+%� O J $ 8%���Y6 & � (�8c6)� "�d'$ ��� 9 $ 9 �%� 0�(��%� F 9 ()�<��� � ()04����� $ w A

fhg@i
j@k,l

m 6)� 2 �
�n��J'�'� " ��� . Oo& -;�������%��� " �%� O0�(@� D $ �%��� ( " ��� O 2 �
M#( " �N� F�$�O 9 �<6)( 2 ��HJ'� O ���:0\��� " 6�Ep� 2 6���� A
(γ) A m � $ ����- $�F�$ �>-%.)��()�q����� $ w� $ ����-%��0�� aε1

1 9 � "�$ �%� 2 -%��31��J $ 8rG " � H� $ +���(@��� �%�@� $ aε1

1 a
ε2

2 a
ε3

3 2 6)����� " ��(�HG�(o� $ ����-%��0���� 9 �
�����������������s6)E " �>3=��� $ H�
� (aε2

2 a
ε3

3 )−1 $ - $ 9 �%��( D ( " ()� 97t 6�E " � H
3=��� $ � a−ε3

3 a−ε2

2
�
�����������������u� $ ����-%��0�H��()� aε1

1 A�v �
M#( " �N� F�$�O γ ��(,34��(c(@�<��JK��H��� 6 $ � . 9 (�+���6 $ 2 ��( 9 � "�$ �%()��(�J $
(β)

$
(α)w "�$ � A=x@y�z �%�{����� ε1 = 1 9 ε2 = −1 9

ε3 = −1 | Av 6)�1� $ ����- $�F�$ �>-%.)��E}e4����� $ w $
w′ 9�%� " ��6�( 2 $ ��EI�Y( 2 $ �*6 2 " �@G�(�8W0�(�����+���Ep�+ $ ��-%()� & -%����������� " ��E}e~0�()� D $ �%� ��( " ��E}e2 ��M#( " �N� F�$ 8 9 �%����EI6@� O �)���\0�(@� D $ �%��� ( " H�%( 2 �
M#( " � $�" ������Ep� $ w 2 " �@Go6 2 " ��GU� |$ - $����<�1�,�;�;�>�=�U���%�?���<�/�
�=�,�%�;���1� ACZ �>H0 $ �4����� $^$ ��� O �R��(�6��;� 2 � O J $ �=�;�,+%�>-%.�H�%EI� $ ��(�6��;� 2 � O J $ �50�(��%��+���EI�#� ()+�0 $ A���%���>�@�����>�>�����,�

w �X� �`�%�,���
 <¡h¢�£
�� <¤,�¥£,¦
�,§,¨��S£
¨�¦
©`¡�¢:��£,�`�ª�>¨��>�,�,¢\�«�>��£
�>¨«���«¡�`¬`¦>�� <�,¡\�>¦
��N�>¦
��«�<�> U���®§, <�
w = a

εl
l

. . . a
−εl
l

, ��
a

εl
l

�
a
−εl
l

�,¨��>¤ ��¯ �«�`�,¦>�� <�, <¤��,¦
�
����>¦
��«�<�h�� �°ª¨`°U£,¦,�±���<��¬`�,�>�� <�`¦,�
¡h²[�>¨«³��`¦,�;��´,� ¯ ²�>�U§>���,�I�µ���`�,¨«´#�«�>�%£��>�,´,�>���,¤`�,�`«�®£��
 <�µ�
¨��>�U�,¶·�,¡R�%¨«� ¯  <¤`� ¯ °
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5
Kn

:C576%8D57E%F�G�H�I�JK>
?@A;�B=:�>�5%LNMPO@A>�H�4
6%I�:
57QR@A;�B=Q�S�QRO�B=8H�I�:T;�4
6%QVUEI&W?CX=F�YZQ�:�Q�GN[-Q=>
5*Q�<�?EO%H=H�?\J]E\:�<�^_Q�H=I

O
U<=O5'`

;=O�XaO%bN6\5�FcH=Od>�BRO\5�57Ie>
?@AfQ�H=O%6\?\<�H�?hg*?@A?6%?\;=H�I&Wi;=4�6\:*JjLlkmIef4�XR:C@KH=O�`
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;�4
6%:�J�;�4
6%Q

w
@AI9f\4%XR:�@�?\f?\G�H=O��=O%6\8N;�?>\O�5*Q=@AE\?�B=?�@

[w]
L���5�B=Q�;=?CX�;�<�?\Q=G7`

E\:7XR:*H=Q�:�@�XRE4WN>�BRO\5�57?E
[w1]

Q
[w2]

;�?\H=Q=@lO%6%8T>�BRO\5�5
[w1w2]

U*6%?�>�BaO\5*5*Ii5*Q=@�`
;�B=Q=S�Q=O�BR8\H�I&W�;�4
6%:*Jd@A?���H�?�<=O\5�5*@lO%6\<�Q�EO\6%8�>\O\>m��B=:�@A:�H�6%IKg*<�4
;�;=IK�
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������� ��!�"�# (β) $�%'& ���)(+*	,�" % ��*	-�. hh−1 $0/ ��-��1� &324% �)56��-87 & -�. / � % 7�"�9+��:-1�1��9��6; ��<=�1� % "+���1>���98> O ����?@���@;�?@-�>�� % �1�����+��!�"+" (α) AB "+? A4C � ;�����-D"�(�(+#E?�-��+�1!�"�#F����"+?��19�9���G��H�+���1!���?�?��I;���<=�1� % ��!�"�" A
Π �����@;�?@-���>�(+J���-K-�����*	G��)(+.19�" /�$ εl = εz = 1 $ εm = 1 A3L ?��1�1-1>1��-�?@-�>�"�"
?=M�-�" % ��*	-�. AlA

−1
m Az

;���<=�1� % "���*1��-1?NJO>P-���, / * O AQ "+?N(+�4?��1��-�9��1R6��9�" 2 -�"�� �TSVU�UXWY� ��>19+�Z,�"+?N( * % 9��1G��1*	G��)(+.�9�" / �1> / � % :��(+� / ?�� K A[]\)\)^`_+\)a`b�_+c	d SeUXW c SeU�UXW \)fXg�h�i�j1k3^ml@c l�^`bNnoj6\�p�g0b�q�bNrsd�k3t6csul�\�\)^`_+\)v
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R(Ai) = 1
p�g0c�p+\)v
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AiA
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i =

= A−1
i Ai = 1

n�\���b@^Df)��^6��p�g0c }�b�q�b�_ h`� � A�����������0���	���+� ���0����� �1��-�9��1R6��9�"+� R(Ai) = 1 �1 �9+�),+�1��- $ ,�-1�¡(+"�9+� 2 :, ��- &32 ��*	-�. R[ϕi(aν)
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w0(aν), w1(aν), . . . , wm(aν),

,+-��o��*	-�. wj(aν) (j = 1, 2, . . . , m) ���)(+*	,+����-1?NJY"�  wj−1(aν) �+��" % ��9+��9�"�� %��;�9�� 2 �1�����+��!�"+" (α) "s(+" (β) $ �y��*	-�. wm(aν) >��1��71£Y�¦9��3?@��; ����5P"+- % 9��)5{"s:-1�@(+� 2 Se���+�¥;�?�-���>1(�J���-�-1�1, / * O W A'§ �����171� �� ���> & >���J(+��>1*	#H?@-1�1����9�* R(Ai)9 ��RY��G��¡?��1�1-19��1R6��9�"sJ���+"��� % ��£Y"�?@���1-�9+�1RY��9�"sJ¨SeUXW $�%'& ���)( *�,+" % > & �+��:5`��9�"+� R[ϕi(Aν)
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−1
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����?N(+�¥; �1:

>���-���(+.19+�6> w0(Aν), w1(Aν), . . . , wm(Aν) $ - A � A > � A
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P1
3

P2
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h1 = a1
T

h2 = a−1
3 o h0
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O
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A1 = h0a1h
−1
1 = a1a

−1
1 = ϕ1(aν),

A2 = h1a2h
−1
2 = a1a2a3 = ϕ2(aν),

A3 = h2a3h
−1
0 = a−1

3 a3 = ϕ3(aν).t I'I�@'L�I�k
?�L�3�Uur
A1 = A1A

−1
1 = 1,

A2 = A1A2A3,

A3 = A−2
3 A3 = 1.
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a1, a2, . . . , aα1 �����������! �"�#��%$�&'� �)(�*%(,+	(�-/.  �� +0� � K 1 132 � ��4��-/(�� ��" -5� #��6&��) '� . � (7��� ��$�89"�$ �  � &���$;: +	(�*=< � K 1 " - �%� �>�)(  ��+	(?(�< # �A@ �%� 48A"�# � O 1�B � � ai

. ��� <C��� � @  �D�E �A�)(�*=< �AF�� -/+ # �	�)G � .��7� ";H @��%.�(�-/(�* � � �� � # G �.��7� " (����%�	�����)@�� E � :��>F�� -/+ # �7��G � .��	� " Ai :�D @  �D�EJI9"�� � D . ��� <��%� � @ " � �� �D - "( ������F � E3IA"0KMLN �� - �%# ��(�@PO�� # < � - �%# � �) � # ( $ * � �	.�.�G : ��(�@�. � < �)E �Q� ai
1CR (�4(�� # ( 89�%#�"0D � " . �SUTWVX" - ��E �Y@ " < Ai = Ai : � 1 � 1 � ��" @ "'�Z � # G H ��(�(�� # ( 89��#�"�$[ � � " . �\S]T�TWV^#�� �%� IA� �%�)@�� � �_�%(�@�� � - 1a` � + " -b( ������F (�-cO�� # < � - �%# � �Z � #��ZD* � �	.�. � (�+ �)F Gd@ �)� ��� D ��@�( � (�< # ( $ * � �	.�.�( $ �

α1 = −N + 1 = −α0 + α1 + 1

( ������F � E3IA" - " 1fe < � ��� α0 = 1 " α1 ( F�#��6&��)E �M��(�(��)@ � ���%�)@ ��#�# ( &�" �  '� @ �%� 48A"�#!"g�������%�g �"�#���$�&�� �)(�*�(h+	(�-/.  �� +0� ��:i� N = α0 − α1 �jL�$0 ��%� (�@�� K)� 4�'� +�� ����" �%� " +�� 1 ��(  � &���#�# G $k���%F �  �Z� � �Y-/( [ # (Q@�Gd@ � ��� " � � + [ �^#�� .�(�� ��� <'4�%�)@ ��#�# ( 1lB � � -/(�-b< �� '��: + � [ <'G $! �"�#���$�&�� ��G $ .��7��� � �����m. � ( "�F @ � < �%#�"��F�� -/+ # �7��G K .��	� ��$ ai = Ai
1�n ��� E < � �  �� <'� � � :0& �)(Y+  '� ����G Ai

���	�)�o( ������F �74EJI9"�� O�� # < � - �%# � �Z � # ( $ * � �7.�.�G 1 � � ( "�F @ � < ��#�"�� [ � ∏
i

Aεi

i D @  �D�� ��� DQ� < " 4
#�"�&�# Gp- LN �� - �%# �)(7-\O�� # < � - �%# � �Z � # ( $ * � �7.�.�G  '"�8 �Y@o�)(7-\�  � &�����:0� �  �".��7��� ∏
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Aεi
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-/( [ # (o< � O�( � - "�� (�@ � �)�o@ O . ��" .�(7-/( IA" (�. �����)q�"�" (α) : � 1 � 1
�r�)( & + "!F%����#�"0D � � ( ��"�" * � �7.�.g@s�)(�-b�  � &'�)��:/� �  �" . � ( "�F @ � < ��#�"�� ∏
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i. ��" @�(�< " ��� D + � . ��" .�(�-/( IA" � ��" @ "��Z � # G K �%(�(�� # ( 8A�%#�"�$ AiA
−1
i = 1

" A−1
i Ai = 1 1n �)Gp��+ ��#�"�� O�� # < � - �%# � �Z � # ( $ * � �	.�.�G  �"�#���$�&�� �)(�*�(Y+7(7-/.  �� +	� � K 1 :" - �%E3IA� *�( � (  ��%�r&�� -t(�< # �5@ ����89"�# � : -/( [ � � � Gd�)�h�%@ � < �%# (s+ ����F ( ������# 4# (�-/�M��(  ��+	( & �)(Y. � (���� �%$�8A� -/�r�  � &'�)E 1�B � � +	(7-g+	(�-/.  �� +0� �>#�� . ��� - �%#�# (�%� I9� �%�)@�� � � ������� ( :i#�� . ��" - �%� a1 :l#��6&��Z � #��)D �)( & + � P " +7( #��%&�#��ZD �)( & 4+ � Q +	(��)( � (�*�( �'�)F� '"�&�# G 1 ��������� h � @��%.�(�-/(�* � � �� � # G $ .��	�)�u�)( & + " P 1vuGw@�G ��"������ -g�)(�*=< �QF�� @���.�(�-/(�* � � �% � # G $ .��	�)�Y��( & + " Q .��	�)�

ha1
1 � ��" 4#'� <  �� [ �)I9"�$k���%��� � a1 F�� -/+ # �	�)G $ .��	�)� A1 � �%�)�Y�)(�*=< � .��	�)� ha1(ha1)

−1 :� 1 � 1 ������� ( a1
< ��� �o��(�(�� # ( 89�%#�"�� A1 = 1 1 �����%�)�o� � . ��� �

Ai = ϕi(aν) (i = 2, 3, . . . , α1; ν = 1, 2, . . . , α1).

R (�(��)@ � ���%�)@�� EJI9�%� �%(�(�� # ( 8A�%#�"��?" - ��� �Y@ " <
Ai = ϕi(Aν).

` � ++ � + A1 = 1 : -/Gc.�(  � &��)� -g��(�*=< � � " ��� � -/�r(�. ��� < �� �D�EJI9"0K ��(�(�� # ( 89� 4#�"�$
Ai = ϕi(Aµ) (i, µ = 2, 2, . . . , α1). (I)� ��"9L ��(�- ϕi(aµ)

( F%#��6&'�)� �3. � ( "�F @ � < �%#�"�� .��	� ��$;: .�(  � &���E3IA�%� � D>"�F ϕi(aν) :� �  �" -/Gx(�.������ " -y@7� � - # ( [ " � �� '" a1
1�z (o��(�(�� # ( 89��#�"0DhS]TWV . ��� <C��� � @  �D�E �+ � + ����F �%(�(�� # ( 8A�%#�"0D +	(�-/.  �� +0� � K 1
1 : .�(  � &���E3I9� *%(7� Ds"�F K 1 :{� �  �" -/G
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K 1
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K 1

1
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A′
i = ϕi(A′
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1
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K 1
s
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�*¢*�m�`ª����¡�«�k��£��^¬k���G���7�B��k�C¢*�m�C�7�^�k�C�C�.�C�G���B�����m���.�t���¡�.��¢���L® S�IG2�IG95VG=�6*QG9G=<:PIG27Y*274�Y�2�N5Z�I59GQG9ob�S7:PQGIG4�8�J�[o3G27D�=*;�[ IG2�6.8�=�\ n¯C°7±7r 62�8�2�@mAk=�6.8�D�N5=�IGIGJ
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ABA−1B−1 = 1.
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A1B1A
−1
1 B−1

1 . . . AhBhA
−1
h B−1

h = 1.

C '����*��13���-�%����D�����4E$&��'��-�����(��,.��;(���(�A;���'��21?,*FG�(,#���H�-I(�-,#����;A��,#�*� k J �6KL��<���M� k �������( ���13;ENE��5*;-'��2�*) k = 1, 2, . . . O ;"1P����� 2−N = k ,*5.����7#'�8:9A;QI-)����4�7��#�-�(=+IE��,
,*���-,*B%���-;��.1
A2

1A
2
2 . . . A

2
k = 1.

RTS-U�VXW%YTZ"[Q\�]�VXW�[�^�]#_(`�[�U�aEb�S�Z�c�c-dfe�YTW�S�d
(h = 0) g e�U"e�^�U*h�iAW�aE^�U*_(`�j�UMk�lW�\(k�[�k-m�[�U�b�U@no_(W�VXW�[-^�] g kpYTZ�[�\�]�VXW�[�^�]�_-`�[�U�aqb�S-Z"c-c�drc�S-U�W�j-^�k�s�[-U�atc�_-U�e�uj�U"e�^�k

(k = 1) g c�S�Wv\�e�^�]�s�_�h�w!iPW�apb�S�Z�c�c�Zqs�^�U�S�U�b�Uxc�U�S"h�\(j�] g s�e�WYTZ"[Q\�]#uVXW�[�^�]�_-`�[�d:Wyb�S-Z"c-c�dzl�]�VXj�[�Z�^�d|{}c�U�s�W�S"{Q[�U�e�^�W�aqe�Z�^�`�~�W�e�j�U�[�W�m�[-d:W�b�S�Z�cQuc-d g ^�]�jxj�]�jxm�k-e2_(]G��W�^�^�kxn�^�kQ{�b�S-Z"c-c J e�^�S�������� O S-]�s�[�d 2 −N = 2h > 0s%U�S�k�W�[-^�k�S�Z�W�VXU�V�e2_-Z�m-]�W�k
1−N = k − 1 > 0

s%[�W�U�S�k�W�[�^�k�S�Z�W�VXU"V|�
�3����������������+�����#���������"�*��� ��¡�����¢>�.¡�����£�¤
¡�¥¦�+§v¨���©�©"¥yª�§v¨"��¡"��«��2¡�¡"¥¬|©"ª�®

¯ �o¨#¬�¡�ª�°o�*�2�(±² ��³:ª�£�¤*´2�*µ�°2¤A©�¨��.��£"ª�¶��2¡����o¢·-°v��ª�¨"¢��*£���¨"ª ¯ ��¡"¡"¥¦¢ ¯ ��©"¨���¶¸¡��2¡��"��¹AºQ»
¼�·©�ª
½*��¶!�"�*�
·�«��*ª¸§v¨���©�©Q�!°�°oª
ª��
¡�ª�¾¸�.¡"���2¢
A1B1A

−1
1 B−1

1 . . . AhBhA−1
h B−1

h = 1��´oª�¢>ª�¨��L¡���§v¨���©�©���°:°2ª
ª
��¡�ª
¾��2¡����o¢
C1C2 . . . C2hC−1

1 C−1
2 . . . C−1

2h = 1.
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Ù Ë�ÌXÌXÔ

ÚTS�U�U�~�S-]�l
w
c�Z�^�k

w
c�U*_-k-n2\(S-]

Kn
c�S�W�\�e�^�]�s�_�h�W�^!U
\�[�U�VXW�S�[�d:a3c�S"h-VXU�u_(k�[�W�a-[�d:aÛe�k-VXcQ_(W�jQe g [-W�c�S�W�S�d:s�[-U�U�^�U�~�S-]#Ü�W�[�[-d:aP[-] w �"ÚTU�n�^�U�VXZ w h�s�_�hQuW�^�e2hPs"VXW�e�^�WLeL^�W�VU�S�k�W�[�^�k�S�U�s�]�[�[�d�VÝU�e�U�~�d�Vye�k-VXcQ_-W�jQe�U�V g ]!e2_-Wv\(U�s�]�^�W�_-`�u[-U g kGU"e�U�~�d�V}U
\([-U�VXW�S-[�d�Vq]#_(b�W�~�S-]�k-m�W�e�j�k-V}j�U�VXc�_-W�jQe�U"V|��Þ e2_-kys�VXW�e�^�U ws�l�h�^�`Pj�]�j�U�a�uß[�k-~�Z#\�`¸\�S�Z�b�U�aÛc-S�U�U�~�S-]�l:c�Z�^�k

w g [-]�c-S�k-VXW�S w′ g ^�UPVXdÄc-U*_-Z"um-k-V}^�]�j�k-V}Ü�W¸U�~�S-]�l�U�VxU"e�U�~�d:aMe�k(VXcQ_-W�jQe
w′ ��à�e�U�~�d:W¸e�k-VXc�_-W�jQe�d w

k
w′ gs�U�U�~�iPW|b�U�s�U�S"h g S-]�l�_-k�m�[-d g s3^�UPs�S-W�V�hÛj�]�j w k w′ g S(]�e�e�V]�^�S-k�s�]�W�VXd:W�j�]�jc-Z"^�k g U
\(k-[-]�j�U�s�d?�QáL^�UÛc�S�U�k(e2{�U
\(k�^�c�U�^�U�VXZ g m�^�UÛc�S-kyU�c�S�W�\(W�_-W�[�k�kÝS-]�s�W�[�ue�^�s�]�c�Z�^�W�aEVXdâ\�U�c�Z"e�j�]�_-kG^�U�c�U*_-U�b�k�m-W�e�j-k�WTU�^�U�~�S-]�ÜAW�[-kQhMkQ{yc�S�U�U�~�S-]�l�U�s gs�^�U�s�S�W
V�hGj�]�jMc�S-kGU�c�S�Wv\�W�_-W�[�k�kMS(]�s�W�[-e�^�s�]3U"e�U�~�d|{�e�k-VXc�_-W�jQe�U�sAVXdã^�S�W�u~�U�s"]#_-k g [-]�c�S-U�^�k�s g m�^�U�~�d×kQ{pc�S�U�U�~�S-]�l�däU�^�U�~�S-]#Ü3]#_(k-e�`x\(S-Z"b�[-]x\(S�Z�b2]_(k�[�W�a-[�U-��åU*ÜÛ[�U g U
\�[-]�j�U g c�U�j�]�l
]�^�` g m-^�Uæ^�]�j�U�b�UæS�U
\�]qS-]�l�_-k�m-[�d:W@U"e�U�u~�d:WPe�k(VXcQ_-W�jQe�d J c�S�W�\�e�^�]�s�_�h�w!iPk�WAU
\(k�[-]�j�U�s�d:WTc�Z�^�k O h�s�_�h�w¸^�e2h $o,�1?,���,*<$o;(çQ�-=>13; \(S�Z�b!\(S�Z�b�Z�U�e�U�~�d�VXkG]#_-b�W�~�S(]�k�m�W
e�j�k(VXkMj�U�VXcQ_(W�jQe�]�VXk���èÄe�]�VXU�V
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021�341-576/898-64:/1#021�341�;4</=?>�@�AB1C>�DFE-@(1�D�DF8-6/8�328-G�<4H/1C>�I�8(1B8(DF8-J(:4KMLN1�;/</1O6/:/8(8-JFP:4K-QCK w ;4K w′ 5(6/:4<RI�8(DF8-:48(ST6/8-62KF:/;/8�>�8-8(DFE-1CD->"DFE(@�=�AB<41U02:/@�GU02:4@�GC@OD-8-H/I/<<4SV1C=�D%8�02<4;4KFI�8-E(WX1Y8(J-:4K-Q�WTE Kn Z�[ D-8%8-DF8(J-:4KFLO1C;/</1V6/1�:41�E-8�0\</D w E%8-:/<41�;�PDF</:48-E(K-;/;/WX]_^M`�^�a�bdce>"<2SV6�341�I�> w1

;4K w′ 5�<4SV1C=�AO</]BDF@�LN1
GC:4KF;4</f/@-5�H/DF8 w′ Zg 8NDF8-Gh0\K w′ −w1 ∼ 0 I(KFI9E(>hi/I/</]98�02;/8�SV1�:/;4WX]�f/<4I�39;2KO8(DF:/1CQ�I�1 Z2[ D�KNGC8FPSV8�348(G�<�ij>"8�k�:4KF;/i/1�D->hiB64:/<O8(DF8-J(:4KMLN1�;/<4<B8-D-:/1�QCI-K w′ ;4K w l >�DF: Z .�,Fm�n 5FK*D�KFII-K-IT64:/<po�DF8�S w1
6/1�:/1�k(8�02<4D�E w < w′ E w′ 5qD-8 w ∼ w′ Zsr K-I/<4St8-J(:4KFQC8(SI-KFLO0\8(SV@u64@�D-< w >�8-8-D-E-1�D(>"DFE(@-1�DT8-J(8-QC;4K�H4KF1�SVWX]vDF8(]uLN1wJ-@�I/E-8(]u8�>"8-J(WX]8�02;/8�SV1�:/;4WX]xKM32G�1�J(:4KF<4H/1C>�I/</]yI�8(SV6/341�I�> Zsz K(S{o�DF8(D�I�8�SV6�341�I�>BQCKFE(<4>"<4D|8-DE-WXJ(8-:4Kj64:/8-8(J-:4K-QCK w 6/@�DF< w 52;48|1�GC8_I�32K(>�>eGC8(SV8�348(G�</]w8(6/:/1"021"3/i/1CD->hiw8�04P;/8(Q�;4K�H/;48 Z(} 8(o�DF8�SV@NSV8�LR;/8OG�8(E-8-:4</DF~�8�GC8(SV8�348(G�</H4;/WUkB0\:/@�GX02:/@�GC@N64@�D�i�k Z� >h34<O6/@�DF~�Q�K-SVI/;4@�D�5�DF8+>�8-8(DFE-1CD->"DFE(@�=�AB<4]�8(>�8-J-WX]�I�8(SV6/341�I�>�64:/1#0\>�D�KFE-3/i/1�Df/</I/3 Z

�U���4�V�����B�M���%� ^����F�F�C���"�4�2� w = w1w2
���M�M�R�2�-�j�"cj`"^�^��N�-�"�j`"�j�M�F�"�`"�����B�O� � �2�2�F�#���#���M�N���_�M�O���?�4�-�e��� ^M`"^�a�bY�¡�C��¢#�"a � �F�4£/��`�¤-���¥¤-^"�������"¤(¦`"^M��§��R¨��C¨ w ∼ w1 + w2

¨
©9ªY«s¬YF¬�®q¯�°d±4²2®q³\ª
´ } :/8-8(J-:4K-Q�8(Sµ6/@�DF< w1w2

i/E-3/i/1�D(>hiv8-DF:/1CQ�8(I w 5>"8�>"D�K-EF341C;/;/WX]�</Q+02E-@�k_8-D-:/1�QCI�8(E w1
< w2

Z g KBoCDF8(S¶8(DF:/1CQ�I�1 w1 +w2 ∼ w Zg 8jDF8-Gh0�KN>�8-8(DFE-1CD->"DFE(@�=�AB<41*8(J-:4K-Q�W·GC8(SV8�348(G�</H4;/W·E Kn Z
�U���4�V�������"�F�¹¸ `h�\�9���F�O�4�(�O� w0

� w1
¢�^"�e^��N^��4�4bV§º�O^B^��2�¥�N�M¤-�t�¢�^"�e^"�\^M¢��4£��2b¶�B�#���C�9`"^�a�^�c l ^�a � �M�N�4^M¢�^B�e^��t���»�y�\�ea�bd�O¼ n ¨

½7¾�¿�À�Á�Â

©9ªY«s¬YF¬�®q¯�°d±4²2®q³\ª
´ } @(>�DF~ w0, w1
5 u, v Ã>"D-8-:/8(;/WÄ6/:�i4SV8-@�GC8�34~-;/<4I-KR0\1CÅ�8-:2SdKFf/</<s5\64:/</;4KM04P341�LeK-AB1CG�8¥021�Å�8-:4SdK-f/</<p6/@�DF< w0

E w1 l :/<2> Z m-Æ(n Z[ DF8(DN64:(i4SV8(@�G�8�34~(;/</I|0\KF1CDOGC8(SV8�348(G�</=
w1 − w0 + u− v ∼ 0.

r 8(Gh0\KÇ043/iÈ8-J-:2KFQ�8(EÉ:4K(>�>�SdK-DF:/</E�KF1�SVWUkÊ>"DF8(:/8-;<4SV1C1�D_SV1C>�DF8jG�8�SV8�348-GC<�i
w1 − w0 + u− v ∼ 0.

r K-I¡I-K-Ix>�DF8-:/8(;/W u < v 8-DF8(J-:4KFL�KF=�D(>hi¥E�DF8-H4I/<q5�DF8 u < v 6/:/1"0\>"DCKFEF34i/=�DE-WX:48�LO0�KF=�AO</1C>hiy8�>"8(J-WX1B>�<4SV6�341CI�>�W l >�DF: Z .�,MË�n Z\} 8(o�DF8�SV@¥E�;4K-6/<4>CKF;/;/8�S>"8(8-DF;48-ÌB1C;/</< u < v SV8�LR;/8j8-6/@�>"DF</D-~N<¥8�>"D�K-1�D->hi9G�8(SV8�328-G�</i w1 − w0 ∼ 0 ZÍ DF8*G�8�SV8�348-GC</H/;/WX]O6/@�DF~�SV8�LO1�D*;/1ÎJ-WXDF~*G�8�SV8-DF8(6/1�;O;/@F32=B5M6/8(I-KFQCWXE(KMP1�Dj6/:4<4SV1�:uÏ�GC8-:�348(E-8-GC8O>�1�H/1C;/<�iqÐ l 0\E-8-]4;/8-GC8ODF8(:4K l >�DF: Z ,(,MË�n#Ñ o�D-8j>�1�H/1C;/</1G�8�SV8�348-GC</H/;/825�;/8j;/1eG�8�SV8-DF8(6/;/8j;/@F32= Zr KFI/<4SÒ8(J-:4K-Q�8�SvI-KFLO0\8(SV@9I�32K->C>"@�6/@�DF1�]y>�EFi/Q�;48-G�8j6/8�32</oh02:4K Kn >"DCKMPE-<4D->hi_E�8�02;/8(Q�;4K�H4;/8-1%>�8-8-D-E-1�D(>"DFE(</1%;/1CI�8(DF8-:4WX]RI�32K->C>%GC8(SV8�348(G�</] Z(r KFI�I-KFI6/:/<ÒoCDF8(S 6/:/8(</Q�E(1#021C;/</=Ó02E(@(kÔI�32K->C>"8(Ex6/@�DF1C]{>"8-8(DFE-1CD->"D-E-@-1CDT>�@�SdSdKx8(DMP;/1�>"1�;4;/WUk¶<4SÕI�32K(>�>�8-EwG�8�SV8�348-GC</]q5YDF8xSVWÖ648�34@�H4KF1�SµGC8(SV8�SV8-:4Å�;/8(1R8-DF8(JFP:4KFLO1�;4</1 χ Å�@�;�0\K(SV1�;/DCKM34~(;/8-]pG�:4@�646/WÖ×ØE¡G�:/@�6/6/@pÙÎ1�DFD-<uÚ 1 Z7Û 34ipD-8-G�8
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� � �E E�o¡/² ª�³�®�ª w ³ ¡ W̃ ´oµA�C¶ ° ¡ GT̃ ��� ª�°c��� ¡'¥ ©u·�ª���³�ª ��� ª � ¨ ¥ ³ � ª � � �C E�u¡'² ª�¸³�®�ª

T �����E�C E�u¡E¢�¡ w ¥ K ±R�E��� ª�°oª�©�·�¹Gº5ª�ª ¥ K � ���'� W ´A»��E¥C�E� ·�� ±o¼ � � Wª����'� ��� ®u³ ¡ °u©oª ²�¡ º5®�½ � ���'® W̃ ¾:¿�Àu¾/Á/Ào¾#ÂÄÃoÅEÆ[Ç ® ¼ � � W̃ ÀoÈ/É�ÊcËbÁ'ÈEÌ�Æ
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¢ ®o§ w ��� ® ��� § � ºj®[³�ª ��� ª � ¨ ¥ ³ �E¶��$� � �E C�u¡/² ª�³�®�· T̃ ¥ K̃
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� W1 ¾ �'���#®   �H�N��� A � B �U���T�U�U�7�|�ª�7®)�V�7��� W̃0

�d�#���T�
�A�£¿��£���d�'�H�U�'�U�2§À� W̃1

�2�V� W0
�2�'�'���-�������7�9�A��¿|�����d�'�H�U�'�U�2§>� W1 ¤Á �����U�2�7�#�d�����H� W0

� W1 ¾ �A�'�f�M���#®   �T�E��� A � B �>�A��¿|�������U�H®'���d�|�
�£�H®�¡]�£�H®�¡��9�7®)�V���7���H���U�£��� K �V� W̃0

� W̃1 ¾ �A�'�³���A�A�2�M���h���h�U®M�   �T�
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LNf,M�D�Elk
TBKiK,`mTBKNf�T�M'nBTBKoG#K�KN_�L�Z�_NG�_�LNA�Z�_

H
k X I[M�G�G AiX K�EFQYI[Z X G�M K prq _�K�EFA X I[M�G�G#AsG�KNK�_�LNZ�_NG#_�L�A�kZ�_'Om`mM�I�Z�Z�OtKNQB@BZ#`[Z#I[Z�TBT�M�u3LNZ�@Bj)D�T�M X K�EFQBI�Z X kG�M

K
OlvwD�EFZ�TBTBK[O X K�TBZ�nBT[M5ux_�K�n X M A QBA�_�Z�V

H
k X I[M�G�G�M Ai pzy Z�@Bj)DBT�U Ãi, B̃k, . . . , C̃l
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λ

O~K�QB@BZ.`mZ#IBuBZ,EFKNC�KxG�D�G#_NZ�EFKNV
i + 1

G#K�G#Z#`[TBDY�
H
k X I[MNG�G#K�L�O�L�Z.`[A�kb)DB��LxL�Z�@BjdDBTBU©G#D[EFQYI�Z X G�M E i p~ª GJI�D£_�Z�Q�Z�@BS E i+k

Z�G�_�SxDBT�RBD�`[Z�TB_�TBUWV
G
E i
G#D�EFQYI[Z X G�O�_�KhQBK�I[Z�E�EFZ�G#A�b)Z,G#_�L�ANZ�_�L)_�K�nBTBK�G#_�D|K,`[T�M�G�D�G#_�Z,E�MdG�K�G�Z.`�kTBDY�
H
k X I[MNG�G#KNL[O�L�Z.`[A�bdDY�xL«LNZ�@�j)DBTBU¬G#D�EFQYI[Z X G�M E i+k

O X K�_�KN@�M�u�G#K,`mZ�@Yk



����� ���	��
���������
�������������������	� ���!�"��#%$&�'��(���#)�*����+ H ,.-0/ ������(214351�#)�*�	67��+81912#�:�;7�!��< E i =
- � -?> (%���"�!����#�$&��@&AB� - �*$C(2D�:!����(�$E�"�!$ >�/ # - �"<GFH�!$&#��I67�!#J��12(2#�K?�"��(�:�(2�!(2K���!$ >0/ # - � E i F0�"(�(2��1�#��2����12�	�I�712���2�!$&��(L(%����(2���!��M���(L���!$ >0/ # - ���2$4��(N�"�2(2:�( ,�!(2K E i

λ
@PORQ���(9�S���!��M��!�%FPM���(9( - :�#�������(�����T U (P̃ ) ��(2M - � P̃ 1 K̃ FP��(�������1 ,

/ #����!��UV���G�"(�12( - � > ��(������W���!X��	�*#�������<Y+Z� Ẽ i
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1���(^$�����( / T - (?1��2(�$ � / �	M!�2#2F - (2[]��� U > :�� ,�*��� / #������ � @0���2�������7� / #)�*��#���F�M!��(7#%� / �W���L�!��M!� / T2���	����(�M - �d����$ - ���	��<Y+

> �^�2#�K K̃ > :����0U��2TL��(2M - � Õ1
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\ Q \@b W [ r [ T�Q@P�w _�[ �d��� [@YVa�t§\@b W [ � \�t UVN�Q a W̃ ′ a Ṽ ′ i@T#ceN�Q3i \ c _ N a Q�NrmT Y�\�_ T�} _ N j Q \ } Y N P̃ ′ ��� [�Y�Y�[�Y UVW a U \�tH\�k)aS\@b W [ Q _V\@]�Y�\@_ P�Q�WVN YV¨Va�a�t h
\ Q P̃ ′ \ c _V\ � _�[ } _V\ UVT�WVT�x \ c aet�Y P̃ qeQ \ N�P�Q [�_�\ i n T _V_V\ T t T#rvceN�Q \ } Y@[@tHa K̃a K̃ ′ P \@\ Q@i@T�Q�P#Q�i a T�wVi n wVT�Q@P�w�i�� [�aetH_V\�\ c _V\ � _�[ } _ h t �� [�Y¢Y@[�Y K̃ a K̃ ′ P \ i@T�W � T _V_V\ W [ i _�\ UVW [ i _ h�q�Q \ c n w©N�P#Q [@_V\ i n T _�a wQ \ f \ q7}�Q \ U \'n N�} [@jlk T�T�P�w \ Q \�b W [ rmT _�a T@q�T�P�Q�RSf \�t T \�tH\ W�y a � t q�c \ P�Q [ Q \ } _V\U \�Y@[ � [ Q�ROT�f \O_ T�UVW�T�WVh:i _V\ P�Q�ROi \ c _V\�t3_�[ UVW [ i n T _VaVa q _�[ UVW a�t T�W�q@i _�[ UVW [ i ^
n T _VaVa P̃ → P̃ ′ ��� [�YVa�t�\�b W [ � \�tªt h§c \'n r _ h«Q�T�UVT�W�R�U \@Y�[ � [ Q�R�q*}VQ \ c n w� [ c [�_�_V\@]�\�Y WVT�P�Q _V\ P#Q a Ũ ′(P̃ ′) tH\ r _V\�_e[�] Q a©\@Y W�T�P#Q _V\ P�Q�R Ũ (P̃ )
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=`+D&5.�6d'*>�<�/ F̃ik
:

9�H5U*/�9�H�? @A)�0e1�Sf= Õi
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:e<5j�)$j D1iD1j = D1k
j\��<$&a/2&$C�9�H5U�H�)�<5:�U*<$&a'*(�&$/*C�=$),+D)4x9*/*? I

{F1i} ·
I
{F1j}

14&;&$<�=;)�<$1�<�=$>;)�<v'*(�&$/*C�=$),+D)�9*/*)8143�&5.�6�7q)4x9*/*Z D1iD1j
j\�|H$'*&;0]9�/�0b'*(�/wu�<�&;0�:eU*<$&�'*(*&$/�C�=$)4+-)�9�/*)�+D=$>�F'*>�<�)�Z�'*&5.�>�U�H$)�<$1�S�:�)�1�.�/E0]X�/�+-)�0Y149�H5U�H�.-H�'*&r'*>�<�/�:�'*(*)4+�x14<�H�=�.�S*?�@A)�0]>l.�)�=;X�ZA0]9*&57v/*<�)�.�6�:`H�C�H�<�)�0�'*&�'�>�<$/�:�'�(*),+D1�<�H�=$x.*S*? @A)�0]>�'*(�H$=$X�Z�0]9*&57v/*<�)�.�6 i 14<�(�j�k�� # o,��'*(*&$/�C�=$)4+-)�9�/*)q78)+-=;>;F2+-=;/!78)�9*/*ZE'*&5.�>�U�H�)�<$1�S�:�)�1�.�/E0]X�=$X�'*&5.�9*S*)�0�149-H5U�H`.-H+-=;/!78)�9*/*)$:�>�3;H�C�X�=�H�)�0]&$)A'�(�H�=;Xs0�:�H�C�H�<$)�0�.�)�=;Xs0�0]9*&57v/*<�)�x

.�)�0�j���1�.�/�=wU�H$1�<�9*&;1�<�/ I = 1 :�<5j�);j K̃ ~�>�9�/*=$)�(�1�H�.�6$9*X�Z9�H$3*(*X�=;H$?�@8/*Z�'*&5.�/�u�+-(�:�<�&c� / I = �p/dT�(�>�'�'�H{1�3�&5.�6�7q)�9*/*//*C�&;0]&$(-�B9�H{�B>�9�+�H$0])�9�<�H`.�6;9*&$Z�T�(�>�'�'*)v&;1�9*&$=;9*&$T�&G3�&;0]'!.-)�3!1�H�j�y�H�3�/�0�&;W�x(�H$C�&;0�0]Xr=$X�S�149�/!.�/�:5U*<�&8�\�$�D�5���g���� ¡��¢D£$�D��¤�¥§¦��$¨�¨D�l¨�©4¢Dª�«��¬¦*�
K
��4 q£|�-�®  q©qª-��©`�,¯e°��`°�¥§¦��$¨-¨-�v4°;©4¢D£�±z����ª-²d��¥�©¡�$�-ª-³��´¦����¢D£$�-©`¥�©8�D�`°,¦�µ\³��`¶�·¡��¥�©5j

¸L¹�º�»L¼!¹�½�¾;K�¿�À�¾-»�Á�Â�¼;Ã!¹�¿�À�¼�Ä4¹�Å�Æ�¼!¹�Ç�È�¾;Â�½�½�¹v½�¾�É�À�º�Ä�K;Ê�¼�É�Ëd½�Å�É�M�º�É�M�Ä�KaÀ�M�Ä�ÆÈ,¾$Â$½;½!¹eÊ5Ä5É�¾�É�È,É�½�É�¾�Ç�Ã�º`¹$Ì�Í�Ä5É�M�É�É�Ä�Ê5À�Ä5M�Ä�Ê�Â`À�Ä�Ä5É�¿LÂ`»,Î�Ä5É\È,¾;Â�½;½!¹eM�º�É,Å�Æ5ÏsÀ�¼;K�Ë Â$¼;K�ÐÊ5À�¾�M,¹4Å�Æ�¼�É�ËA¼!¹�º�¾;ÑeÊ5¹�Ò�Ó�À�Ë8½�É�Ê5À�¾�Ô�¼�É�M�Ä�K|ÕpM�Á�À�¾;Ñ�ÕpM�É�M�Ä�É�K�Ä�K�Ö\Ã�Ê�Â�Ô|M�º�É,Å�Æ�Ï�À�Ð¼�K;ËD×�Ä5É4ÏsÃ!À�M�Ä�Ê5À�¼;¼�É�È�ÉlM�º�É,Å�Æ�Ï�À�¼�K�ÇgK8É�Ä5¾�¹�ÏsÀ�¼�K�Ç|ÊlØ�À�¼�Ä5¾;À�M,Á�À�¾;Ñ�ÙÚÖ,¹�¿�À�¼!¹sÃ�¾;Â�ÈÃ!¾$Â�È,É�¿ÛÃ�K�¹�¿�À�Ä5¾�¹�Å�Æ�¼�É�ÐÜ½�¾�É�Ä�K�Ê�É�½�É,Å�É�Ï�¼�ÑeÔrÄ5É�Î�À�º�Ý�N�Þ�Â�¼$Ã*¹�¿�À�¼�Ä4¹�Å;Æ�¼!¹�Ç�È,¾;Â�½�½�¹Ä5É�¾�¹8K�¿�À�À�Ä¡M�É�É�Ä�¼�É�ßsÀ�¼�K�À
ABA−1B−1 = 1

»DÄ�NàÀ�N-Ç$Ê�Å�Ç$À�Ä5M�Ç�M�Ê5É�á�É�Ã�¼�É�Ëd¹�á�À�Å�À�Ê5É�ËÈ,¾$Â$½;½�É�ËVM¡Ã�Ê�Â;¿�ÇaÉ�á�¾�¹�Ö�Â$Ò�ÓsK�¿LKpÙÚM�Ä5¾-N]â�O�ã5Ý�N\ä�¾;Â�½�½�¹{M�º�É,Å�Æ�ÏsÀ�¼�K;ËåÉ�á�¾�¹�Ö�Â5À�Ä5M�ÇÄ5¾�¹�¼�M¬Å�Ç�Ø�K�Ç;¿LK�À�Ê�º;Å�K$Ã!É�Ê5É�Ël½�Å�É�M�º�É�M�Ä�KD»4½�À�¾;À�Ê5É�Ã�Ç;Ó�K�¿LK Ê�M�À�á�ÇlM�À�Ä�Æ�½�¾�Ç$¿�É�Â�È,É,Å�Æ�Ð¼�K�º�É�Ê¡Ù � Q5Ý�N
æ 1�.->�U-H�)�9*)�(*)�T�>$.*S*(*9*&;T�&29�H�3*(�X�<�/!SçT�(*>�'*'*>E143�&5.�6�7q)�9*/�Z�èé<�H$3!78)0]&57v9*&å(�H;1�1�0eH�<�(*/�=;H�<$6å3$H�3[+-&$'*&5.-9*/*<�)�.�6$9*>�?êT�(*>�'*'*>;j�ë|0])�9*9*&�:�)�1�.-/ I

i&$C�9�H5U�H$)�<5:�3$H�3�/a(-H�9*6;ìA)$:D'*&�+-T�(*>�'*'*>�T�(*>�'*'*Xh��:L3�&$<$&$(�H�Sd'*(*/�9�H5U�H�.�6$9*&;Z
<�&;U*3�)lC�H$0]3*9�>�<$X�FG'*>�<�)�Z Õi
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. )D+�I / *  �# =pR�Á!( M�# (Y(�)�*X+,�+ 6D#?. , # ( K̃ 9 3
1 *�+K>�AJ 6�;H1�# 9�(?>X@ 3
 9
9 6!& 1 R<¹ " J 1 9�( M�# (�I  *�+ /
3 = C +�-FE 1 L'9�(J 1
M > 3¸.�1 *<>  ¶ 1
3
 A-FE 1 L4)?+>0+�*
*
( 6 9 3
6 > "�# + C J 6 * 1
6 ¾¨@ 3
 9
9
= & 1

C (�(�Q�E 6v"� E 6D"�#%C� �6�#.X# (](�*
9 3
6 > "�# + C J :
6�# *�+ /
3 = C +%-�E 1 LP9
(J 1
M > 3 K̃

. 9 3
1 *X+>�J 6�; +%E 1 LP9
(?>X@ 3
 9
9 6�& 1@ 3� 9�9
= � R�Â�Q 3 + # *
( . 9 3�6 > "�# + C J 6 * 1�6 ¾ ′ @ 3
 9
9
= ��.<1 *�>  ¶ 1
3
 �6 Ic( 6 *�+ /
3 =�A#%1
6 I K̃
.B"�# + C�1�#�C�" (�( #%C�6D#�"�#�C�1
6 9  �#?: I . 9 3�1 *�+>XJ 6�; +%E 1 I�9
(?>X@ 3� 9�9 6ª& 19 3
1�# (�I # (J $�/ ( M�#%1 I³9  �#?: I . 9
(?> "�# +%*�( C�/�1¸. ( "�# + C J : -FE 1�6 ¶ 1�G!3
 �À *�+^I 6 A



����� ���	��
���������

���������������������� "!���#"�$���$��!�%��&#"�(')'+*,%�-.������/"%�%0��/�1	2�23 54	������/�1	67'+*8����9�:"���
����4���;<�='> "2�/��?���$����!�#"�=@�%BADCE%FC ′ �$��!�2"������6G���

HJILK�K�MONQP�R�SUTBVUW5X<W�YUT"ZU[]\URO[�^�_$X`S�Y�a�[�T"W5[ Ccb R�d�\5\"egfQZ�\UR�[=^�[haBi�[$X`_hi\5ZU^ b R�d�\5\"Z�j<k
1 lnm Z�XoZhRBS�iF_�Z�_�X<Z�W5X7W	VpY�_�[rq`s$a�[ht.[$T5X<ZUY l Z�_�XoS�Y�aBi�uwv<WBqxT�St.[�_�Xo[�y5W"z�R�dD{	|

}F~3���3�����n�	�)�"�5�n��~���� /"��-$#"��;o��@�%"%5�
f

=
k

1{F11}+
k

1{F12}+ . . .

!L�$�<�r#"�='+�=@���*7�(��@����=����'+��;`@"�����D4B#5��������2���/"��!��(�5A�����%"��/�1 { !D�(��@�1�%���1
;o����%5��/�1� ��r#"�='+�=@���*�;o��%�-�/5��-�@"*>��4�#5���=�$��!02"��/��=!��(�"A�� { !J/"��-�#"%�:�@"*w�
�"%"��/�*&�)�0*�'+��;<�(',2�/�%"@BA����" +:������r#"�('+��@���*���'+��;`@"������4B#5������� k

1{F1i}2"��/��=!��(�"A�� { ! i �"�3��4J4���4F2"�(���$����@���!�4�%�2�/��$���$����!�#"�=@�%BA0C��$�(����/L;p���`����#"���4	����%"��/"*���� { �5� g %`����4`4���4`!���#5�?������!�%��>��/5��@�-=%���%�!�@�������%xCg�$1	�.�(�$��!�1L6 ��r#5�='+��@"��* f  �2��=/���!��(�"A��.%"� { !&#"6G¡�1	6¢%�-£�"%"��/ 1, 2, . . . , g  ����.!./"��-�#"��;<���@"%�% f 2�� k
1
��1	�.�=����!�1����o!`����:�@"���$��% g 4B#5���=�$��!o�='+�$;x@�������%n¤
f

=
k

1{F11}+
k

1{F12}+ . . .+
k

1{F1g}.
¥ �������L'+1��=��#"% {W} ¦ 4���4	��9B�§@�%�¡�1U�5�J�r#5�='+��@"�J��/�1	2�2"* f  �����'+*�'+��;<�('
1	-=@"�����5 5!F4���4�1	67��%"��/"102��(���$�=��@���!�4��" ���������!������$��!�1L6 �<��A��r#5�='+��@"��1 {W}  2"��/��=!��(�5%���2�/���%�-�!���#"��@�1	6¨�"%"��/�1 i � � �=��'+�L'©�5�$#5�� {F1i}{W}

2�/�%�@"�U�"�
#5�$;x%��`��2�/"�?�5��#"��@�@"��'+1��='+�$;x@���'+1�4B#5���=�$1� B@"��2�/"%"'+��/ k

1{F1k} ª {F1i}{W}2"��/��=!��(�5%��o��������� { ! k  "�o2������L'+1 {W} 2���/"��!��(��%�� i ! k  �:��('«#"�(')')�`%D�5���4���-�*w!L���=����An�P"S m WLt�Z�¬R�S=V�Z$t®tpe�_�Y�[ha�W<Y�Z(\�R�ZU_¯Z�¬£Z�\UR�[=^�[ha�[$T5W"WoY�_�[rq g ° m RBSUXoT"e�q`T5S °
m R�e)XoW"j m Z�T5[$±BT5Z b Z]\5Z$a�W	sU^R�S K m YUZ�\UR�ZU_$d.Z�T�S=q5Z(²Q^�[$T5W"W�Y�_=[�q�\URO[�^�_$X`S�Y °a�[�T"W5jgz³d�T�^(S=tp[$T5XoS=a�´�T"Z�j b R�d�\"\5e®f7\"Z$a�W	s�^RBS

K
\"ZU_�R�[�^�_�XoYUZ$tµXGR�SUT	V�W °XoW5Y�T"e�q b R�d�\5\E\"ZU^�_$X`SUT"ZUYUZ m WBV g s$a�[�tp[�T"XoZ�Y 32 �³¶·�������¸!���2"/����F'+��;x@��

/"��¹.%"���" +@"��2�/�%"'+�=/n ³��#"�?��1L6 �.%"'7�$2��L�$��¡���'>���&��:�@��='7���������5 �:"���" )��#"�$�51�A
��2�%"�=��@�@��L'+1�!Fº"» � 2�/������=�=�$1� B@"��9	���='���¡�/5��-�1	6 �.%��

A1, A2, . . . , As

��1	@	����'+��@"���U#"��@���9F��/"1L2"2�* f 2���#"%����5/5�
K
%��$������@���¹.�=@�%BA

R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1.
¼ :���!�%	�5@��5 �2�/"�?��������!�#"��@�%"�DCc��/�1	2�2�* f ��2�/��$�5�$#5��@���2���#"@��L�$����6. +�=�$�

#5%½'+*¾-�@"���='> �4���4"%���2��(���$����@���!�4�%g2���������!�#"��@"*©!��$������!��=���$��!�%�� Z�¬hR�S=VUd�u °voWLt � ¥ ���$�=��!�%5'0����2"��/���!��$������!��=���$��!�%��¯��¡�/"��-=1L6 �.%"' A1, A2, . . . , As
2�/����

%"-�!���#5��@�*w�+2��(��������@"��!�4"% P1, P2, . . . , Ps
%�- g ��%"��/ 1, 2, . . . , g %&2�/���!��=/�%"'> !�*w2���#"@BA�6 ����A�#5%���#5�?�51	6G�<%�� �5!��o1L��#"��!�%BAn¤

¿À³Á?Â$ÃrÄÆÅnÇ$ÃrÈÉ5Ã�Ê ËUÈÉ5É"ÃÌÁ?Í$Î�Á?ÏÆÐ�Í$ÏÑÊGÂGÃrÒ?ÏÆÍ�Ó�ÃrÂ�Í$Î�Á?Ô Í$ÈÆÁ?Ó�Ð�ÐGÕÆÓ(Ö=×�×LØ�ÐGÙÑËUÈÉ�ÈÆÎ�Í$Å�Ú`É�ÁrÛÕÆÖ=ÍxÐ�Î�ÈpÒ?ÅnÍ$Ü`Â(Ë�ÃrÏÆÏÃ?É�Ð0×(Ö(Í$ÈÆÔLÝ�Þ�ßUÎ�ÃrÂ=Á�É�ÅàÖ?ßUÈÆÓ�á¯Ð�Ç$ÃrÈÉàÄ�ßUÈÆÏÜ�Ønâ(Í�Á?Ò?Å�Î�È.É�ÈÆÎ(Ê�Í$ÜÁ?Ò?Á?ÄÎ�Ãhâ�ÈÆÎ�Ð�Ô�Ø+×�Ó�È�á¯Î�ÈÆÈ`Á?Ò?Á?ÄÆÎUÃhâ�ÈÆÎ�Ð(È`ÕÆÓ(Ö(×(×�Á?Ç?ÅOã0ÙÑËUÈÉ�ÈÎ(Í�Á?Ç�×�Ó�Ð0×(Á$É"Á?ä³ÐJå+Ð�Õ�Ö=Ó�Î�ÅOãÏÂ�Á?Ò?Á?ÂLÝ



���������
	������������������	�������� ����� 
M1 !#"%$'&)(�*�+-,�$�.�/�0 Rj(Pi) 132
4 0
,5+&�6�7�89+-:;0�7<657�.�=?>A@�+�(�*'B�> Rj(Ai)$ 2�4 7C&57�6
B
DE:F0HGI(�$�$�*-,
$�JF7�,
0�KML 4�N�2�2 =PO 1 ( N *-Q#7C&50
,�0
@
,
=�7 2 $'&R(�*�+�,
$�.�/
0TS 
M2 !VU 4�N�2�2 + 1 $�W 4 +-XY$�.�+-,
,�+-B 2 $'&)(�*Y+-,
$�.�/�+�>Z0 P1, P2, . . . , Ps 1 * 4 +-,
XY0H[*-0
.�,�+
S\ (�6�$�.�0
7 (M1) ] /
.�0
.�+-6�7�,
*�,
$ N (�6�$�.�0
D 1 @
*-$A&5. N > 2�4 $�0
XY.�7�&57�,
0
B�>

Π
i
(Ai) 0 Π

i

′(Ai) 1�2
4 7C&R(�*�+�.-6
B
D�:;0�>^$'&50�,_0_*-$�*%8`7 ] 6�7Y>Z7Y,
*9L 4
N�2
2 =aO 1 (�*Y+b[.�0�*�(�B<._(�$�$�*-.�7�*�(�*-.�0�7�$'&5,5+F0I*�+`8`7 2 $'&)(�*�+�,
$�.�/�+ 1 @
*�$c(�$�$�*-.�7Y*�(�*�.�0
7%>Z7�8#[& Nd] 657Y>Z7�,�*�+�>Z0^L 4�N�2�2 =eOa0 2 $'&)(�*�+-,�$�.�/�+�>Z0gfbh'i�f�j-i5kblHi5fSTmT$�L�&R+ N (�6�$�.�0
7 1.<(�0H6 N /�$�*-$ 4 $�LY$ 2
4 $�0
X�.�7C&57Y,
0
Dn&). N G ] 657Y>Z7�,�*-$�.<L 4
N�2
2 =n$�*-,
$�(�0
*�(�B 2�4 $-[0
XY.�7C&)7�,
0
7�(�$�$�*-.�7Y*�(�*�. N DE:F0HG 2 $'&R(�*�+�,
$�.�$�/ 1 .�= 2 $6�,HB
7Y*�(�B 1 $�@�7�.�0H&5,
$ 1 (�+�>Z$(�$�W�$�KTS�mo+-/I/�+-/I( N :;7'(�*-. N 7Y*96�0
JFQ;/�$�,�7�@
,
$�7�@�0�(�6�$;.�$�X'>Z$8#,�$�(�*�7�K N (�*�+�,
$-[.�0�*-Q?(�$�$�*-.�7�*�(�*-.�0
73>Z7�8`& N /�$�,
7�@
,�=?>M@
05(�6�$�>I$�W 4 +-X N DE:;0
G A1, A2, . . . , AsL 4�N�2�2 =pOq0 2 $'&)(�*�+�,
$�.�/�+�>Z0r0
X g ] 6�7'>Z7�,
*-$�. 1 *-$ 2�4 0 2 $�>Z$�:;0r/�$�,
7�@�,
$�LY$@
0�(�6)+s05( 2 =�*�+�,
0
Ka>Z=t>Z$8F7Y>A,�+-K�*-0u.�(�7 2
4 7C&)(�*�+-.�6�7�,
0
BvL 4
N�2
2 =wOVS3x�(C[6�0 2
4 7�&)(�*�+�.-6�7Y,
0
7 N 8F7I,�+-KH&57�,
$ 1 *-$r>Z=w,�+bG�$'&50�> 2 $'&5L 4
N�2
2�Ny] 6�7Y>Z7Y,
*-$�.L 4�N�2�2 =aO 1 $�(�*�+-.�6
B
DE:F0HGF,5+9>Z7Y(�*-7Ez
05{ 4
N<|�1 0_X'+-*-7'> 1 (�6�7�& N B~} ��� 1 (�* 4 $�05>(�$�$�*-.�7�*�(�*-. N D�:;0
KI,�+-/ 4 =�.�+�DE:;0�K 2 $650 ] & 4 S���Y�c�b���M��Y�E���'�����-������?���������Y�����?�����'�Y�������;�����-�'��Y�����v����������������������#����������?���^�H�C��������-�Y�
O
��������e�

O1,
�
O2, . . . ,

�
Og � ��<�C���-���������-������?������� � � �������������������C�¡�H�Y����¢£��Y�V�?�����`���C����¤������¡���Y���?��¥T�������F�����¦�H�������'���Y�F��Y�c���������������������C���-�����%���C�����������Y�'�'�F�������§�

1, 2, . . . , g ¨�©�ª ���H�Y�-�E��C���'���E�%��Y¥d�¦�������Y� � �-�Y����
���C���-���H�«���-�C����?�������9��¬'�������b� � ¤��'�������H��������������%�����'�H�C�
���V���Z���������������Y���Y¥���C��������¢y¥T�������H���'¥����# ©�® ¥¯�§����� � �'¬'�E�����§�H�������'�����������C��������¢�°T±�²³���������������¢£�¥����C���-���H��¥������C�����������Y�'�'���-�'��������¦�V��´��'�����'��¢3¥�����´ ����'�����E�C���-���������§���������Y�����������¥�� � ���C���-���Y�V����¥T���§�%����'¥µ�����-���Y� � �-�Y���
�?¥�¢��'�'���'����¥~¤�����¥T�����'� Q
�C��������¢°T±�²v�C�����`���Y´������H�������������� ¶

X1 X2 . . . Xg

X1Q X2Q . . . XgQ ·¸
X1, X2, . . . , Xg ¹ ¤¦����¥T�����'¢y�����-����¢g°T±�²�º � �E�����-�C�Y�F����´ ¹ �����H���������Y�'���¶

X1 X2 . . . Xg

QX1 QX2 . . . QXg · .»������b�Y�q�C�������H�������H������������'�¼�����'�³�C���-���H�³¥T�������H���'¥���� � �g���Y���Y� ¹ �����-����H�#�����C����?������� ©�½ �������Y�'���'�����Y��� � �����<�'�Y�C�_���'�'¬Y¢¾���C���������'�;�C���������M¥T�Y���C�������¥���� ¸ ���Y�'�'�'������'�'������� � �����-�����v���-�C���'�?�������
º_�b�Y�u�C���-�����g���������������Y��Y�q��Y������
O1,

�
O2, . . . ,

�
Og � �H�'�����Y�����������C���'����´C�Y¥T�������'�%�%¤��'���9��������������������b���;¤¦����¥T�����'¢�C��������¢�°T±�²v������b��¥��³�

O1,
�
O2, . . . ,

�
Og

¸ ¤��'�`�'�Y�����F�����b��������¦�%����´C����¥����%�������Y�´����C�����Y¥y���'�Y�'����'���'�'���I���F��¥T���E��¢3¥��µ���H�Y���C�Y¥��<���Y´§�����?�������c�����-����¢a°s���F²�º ©�R�Y���
�Z���C�����������Y�'���E�'¬Y�������C���-���?�����'�H�C�
���V�3����¿����V��Y¥#�����-�H��� � �-�Y���
� �������b�Y�E��H���C�
Q
��¥T������¥¯������������'�������Y��

XiQ = QXi � � © � © �����¦�H�E�C���-���H��°T±�²a��¬'�������b� ©¨�À�Á'ÂYÃÃbÄ`ÃÅ¦ÆbÇ�È�Ä�É'ÅCÊCÅCËIÃÅCÁ�Ì'ÆbË�Ä n ÉÄ�Í¦ÎTÊ�Ä�Ï�È�ÇÐÌ<ÁÏ�Ñ�ÂCÒ'ÌÁÉÅCÓ�Ô�Ï�ÇÐÒbÕIÃ'Å§ÆbÇ�È§Ä�ÉÅCÊCËÕ�Ô�Õ'ÍË�ÅCÈ�ÅCÁ'ÎTÖEÅCÉbÄ�Ç¦ÅCÇ�È�ÅCÕÈ�ÔÌ'Ê�ÒÌ×oÈ�ÇÐÌ�Ã'Å§ÆbÇ�È§Ä�ÉÅCÊCË�ÄCØ�Õ n Ù ÒÏ§Ø
Ï�ÉÈ�ÅCÊÚ



����� ���	��
���������

�������������

� �"!�#�$���%�&�$('	)���*	+-,.$0/���12%�$�+�)3���4/	!�5
��)�67&�!98;:.��<(+�'	)�$>=?$0*��	@4%�)�$0<�5.�A#	$�%96B)�$0<�5
*��	�0%�/�6B$C/?!���)36B%��	1D=?+9'�+E*�/���%�$0*�F�/	+�GE+H'	)�+95
��%�)	!-/	��%9&"!I'�)�+9��%�$0J�KL$MGE+ON3P0*?!�Q-'	)�+9$���R��	1.��+95
%�+�)�+9GE+.+�S9+�P0/	!�#	$0/	!L/?!.)������	�����T,L�	)3/	+9JU*���5
/��	$MJWVE��XLN�/3=�!9@�$0/�%-!�*�F�/?!�1YGE)3N3'�'?!.Z�%�+�GE+.=	+95
'	+E*�/��	%�$0*�F�/�+9GE+['�)�+9��%�)	!-/	��%9&"!3Q\�"!9�]=	+��"!�PE!�5
/	+T/	!Y��%�)W��^9_�^"Q���@`$0$�%a��+9+�%�/�+�K.$0/���$

A2 = B3.

bc)��dZ�%�+9@
A
GE+9@`+9%�+9'�/	+e��)�$>=	/	$MJf*���/����

%�)�$0<3@�$�)3/	+9G�+I��+E*�F9R?!�Q�*�$�,c!�:L$MGE+O&g��+�/	$0#�/	+9J
#?!9�0%��h'�)�+��0%�)	!-/	��%�&�!3Q;!

B i ��)�$M=	/�$0Jh*���5/����[+���%-!-&�K.$0GE+9�M1[%�)�$0<3@�$�)3/	+9G�+Y��+E*�F�R	![jk+�S�!
%�)�$0<3@�$�)3/�67<l�3+E*�F�R?!�&�@`$0��%�$m+�S�)�!9P0N38;%n=	+95
'	+E*�/�$0/�/�+�$T/�$���+9S���%�&�$0/�/�+9J]%�+9#��3+�Jm=	+[%�)�$0<�5
@`$0)�/	+�Jo�EpO$�)36A%�)�$M<�@�$�)3/	+9$;$0&���*���=?+�&�+.'	)�+95
��%�)	!-/	��%9&�+"qM�
r.*�1(%�+�GE+l#�%�+�S�6s/?!-J	%��t%�)�$0<�*�����%�/�6B$

/?!9��)�6B%���1WQ�@u62=	+-*�,T/�6v'	+9��%-!�&9�	%�FH&m��+9+�%�5
&�$�%��0%�&���$aZ>*�$�@�$0/	%9N

B
'�+�=?��%-!-/	+9&���NH��Pa%�)�$M<w#�����$0*�QW�3N�Sx��+�%�+9)�+9JD=�!�$�%[�3&"!E=?)	!�%

=?)�N�GE+�Jw'	+�=	��%-!�/�+9&��3����y;#	$M&���=�/	+3Q�PM=	$��0FC��@`$08O%��>1o*��	KcFa=	&�$c&�+�P0@`+-,L/	+��0%���z	*��	S9+
Z>*�$�@�$0/	%�N

B
+�%�/�+��0��%��>1a%�+-,L=	$���%�&�$0/�/	!91a'	+�=	��%-!�/�+9&���!3Q�*��	S�+cR��	��*���#�$����"!�1W��yI=	/	!�5

�3+3Q�%-!9�H�"!��HGE)�N�'�'	!T=?+E*	,L/?!US96B%�Fx%�)�!�/	PM�	%���&�/	+�J�Q�%�+-,L=?$0��%�&�$M/�/?!�1w'	+�=?�0%-!�/	+�&��"!
�	���3*	8;#	!9$�%��M1���bc+�Z�%�+�@uN	V�V

B → (1 2 3).r.*	1
A
%�+�G>=?!L�	@�$�8;%��>1C=�&�$g&�+�P�@�+-,T/�+���%���z	*���S�+T%�+-,L=?$0��%�&�$M/�/?!�1x'�+E=	��%-!�/�+9&��"!

A → (1) (2) (3), ( { )
*��	S9+

A → (1 2) (3). ( {|{ )�}�~*�N�#?!�$Dj { qgGE)�N�'�'	![@�+9/�+E=	)�+9@�����$���%�FDR��	��*���#�$����"!�1mGE)3N�'�'?!x%�)�$�%9F�$0GE+H'�+�)�1�=�5�"!3Q�%9��$9�\��+9+�%�&�$�%���%�&9N38O:.$�$C/?!���)�6B%9�	$a)�$0G�N�*�1�)3/	+������~*�N�#?!�$C,L$Dj {|{ qgZ�%-!xGE)3N�'�'?!'	)�$>=?��%-!-&�*	13$�%a=	�3=?$�)3GE)�N�'�'�Nmjk�g���E���M�~�9�~�������-qBK.$���%�+�GE+x'�+�)�1�=	�"!wj���*��DGE)�N�'�'�Nw!-/�5
G>!9)�@�+�/���#�$����3��<T+�%�/�+�K.$0/���J�qM���u!9�a�"!��a'	+9)31"=?+9�a$�$I�3Q�%9��$9�"S�+E*�F�K.$�Q"/	$�,.$0*��U#��	�~*	+
*��	�0%�+9&�j�_�qMQ�%�+D/	!9��)�6B%���$o/�$�)�$0G0N�*	13)�/�+��u���~*�N�#?!�$�j { qx�9@�$�)3��=��?!�/�N�� BA−1 ��+95+�%�&�$�%���%�&9N"$�%UR�����*���#	$��0�"!91o'	+�=?��%-!-/	+�&��"!Dj���^�_�qM��bc+�Z�%�+�@uNH&x/	!9��)�67&"!�8O:.$�@t'	)�+95
��%�)	!-/	��%9&�$L@�6�&�+9P0&�)�!9:L!9$�@��>1]�H�	�~<"+�=	/�+9JD%�+�#	��$c*���K.Fo'	+9�>*�$T%�)�$0<3��)�!9%�/�+9GE+C+9S95
<"+�=�!gN3P0*?!��"�g/?!�#	$B+9S���%�+��	%c=?$0*�+c&T�~*�N�#	!9$Lj {�{ qM�"�	=	$��0F BA−1 = (1) (2 3)

��bc+�Z�%�+9@uN
'�N3%�F�QW/?!���)367&"!98;:c��J�@�$�)��3=	�	!�/]�]/?!�#���/?!98;:c��J	�>1D&��

O1
Q\P�!9@���/�N�%�Q�![/?!�#���/?!98I5

:.��J	�>1l& �
O2
P�!9@u6B�"!9$0%��M1�*���K.Fn'�+��~*	$[=�&�N�<3��)	!�%�/	+�GE+]+9S9<"+�=?!3�7�u!�����@}+9S�)�!9P�+9@

'	+E*�N�#?!�8O%��>1C%�)�$0<�*��	�0%�/�6B$I/?!9��)�6B%���1W�
V��\�-�E�O�������~ ��~¡~��¢�£a¤� ��"¥W�~ a¦E�E§~����¨a¦g ��~§�©Eª"«0�M¬��-�7¤��~ ��~¤���¡~¨��C¡BO®|¯±°�²~³�²~´~µ ¶E·a®
V�V�¸¹�-���E¡~���-��ª"«E���a¤� ���º"¡~�0¬�¦�ª"�~���9»w¤��>º"¡~�0¬����E¦E�E¨[¼���¨�ª�¬E¥��[¡>¥u®�½I¾�¿�À3Á>ÂÄÃ�Á>Å�Æ	Ç�È�²~¶E´ÊÉË²cÌ�²~´Í ´|Î�Ï�Ï�²~°aÐ�¶E°T²>°�Ì�ÑËÉËÒ~È�²~´±Ó¹´ÊÌ�°�Î�°�Ô�Æ�Õ\²~´|ÑËÉË°oÖ>×EØ-Ù9Æ"¡~�� �®�Ö>ÚEÛ�®



���������
	������������������	�������� �����

 �!�"$#&%�!�')(*')+�'�,�"�"$-�'/.102!�'�34+�"�5�.1,�063�,�7&8�!�02.1"�9�:�5/#&#1.1:1'/.5/.1:&"�'6;�+�'/<='�,�.1>
B,�'?<=#�@A'/.CB&02.&DE%�#&5/.�7�:&+�'�,�7F,�"HG�"�8�+�"�-�'/5/87&IE%�#/(�5/.�7�,�#&:87HJLKNMPO=QR)ST,�"U%�#V(�5/.�7�W

,�#�:8X7YJLKNM1R�JZO1R�J[QXR)S
.�7�8Y8X7&8Y.!�'/.1DI\5/.'�%�'�,�D];/.1"�3\%�#V(�5/.�7�,�#&:1#18Y,�'^<_#�@A'/.FB&02.1D
!�7�:1,�7E8�:X7V(*!�7&.1>`8X7�8�#�9�WZ,�"�B&>1(�DF%�#/(*5/.�7�,�#&:18�"TaNbc#�@A(*'/5/.&:'�,�,*7&IY%�#/(�5/.�7�,�#&:87F"�5�W
8�+�d�-�7&'/.5eIf:15e+�')(*5/.&:1"�'_.!�7�,�g)"�.1"�:1,�#&5/.1"�h/!�>4%�%�0i<=#&,�#V(�!�#&<="�"Na&jf5/.�7�df.5eI�.#V+�D84#
(�:7�:#&g/<=#�@�,�063E5e+�>�-�7&I

B → (1 2 3) (4),
J[kLR

B → (1 3) (2 4).
J[klkLR

mn5�+�>4-�7&'AJ[koR
B3 = (1) (2) (3) (4)

S�7�5�+�')(�#&:7&.'�+�D1,�#�SX"
A2 = (1) (2) (3) (4)

a4 �#1;/.1#&W
<P>

A
<=#�@A'/.C%�'/!�'/5/.�7�:1+�I�.1DE+�"�B&#E.#V+�D18�#\(�:X7E;�+�'/<='�,�.�7�S�+�"�B1#\(�:7E!�7�gV7\%�#\(�:X7

;�+�'/<='�,�.�7�a
 �!�"�,�"�<p7�I\:#]:1,�"�<_7�,�"�'$'�q^'$.!�7�,�g�"�.1"�:&,�#15�.1D?hV!�>4%�%�0r<=#�,�#/(*!�#1<P"�"TS
<P0s%�#V+�>4-*7�'/<t:?5�+�>4-*7�'uJ[koRv.#V+�D84#�(�:1'f:#&g/<=#�@�,�#&5/.1"

A → (1 4) (2) (3),
J[k

1
R

A → (1 4) (2 3),
J[klk

1
R

7�:?5�+�>4-�7&'uJ[kwkoRpxy#V(�,�>
A → (1 2 3 4). (

klk
)

bP7&8�"�<r#&B1!�7&g/#&<z"�<_'�df.5eIt.!�"{-�'/.102!�')3�+�"�5/.&,�063U,�7&8�!�02.1"�Ii%�!�#&5/.!�7�,�5�.1:X74SN(*#�W
%�#V+�,�"�.1'�+�D&,�#&h/#�8u%�!�#15/.')9�|A'/<P>�>�g�+�>Xabc#V+�D84#�#/(�,�#�"�g},�"�3�x~%�#&5e+�')(�,�'/'6x�%�!�')(�W
5/.�7�:1+�I�'/.Y!�')h/>+�I�!�,�#1'?,*7�8�!�02.1"�'�5FG�"�8�+�"�-�'/5/84#&9UhV!�>4%�%�#&9{5/84#V+�D1@A'�,�"�9Na_m�5e+�>�W
-*7�'�J[klkLRHhV!�>4%�%�7�<=#�,�#/(*!�#1<P"�"�'�5/.1Dr5)"�<=<='/.!�"�-�'/5�8X7&I�hV!�>�%�%*7s-�'/.102!�'�3�G�"��f!
J�hV!�>�%�%*7$#&8�.�7�;�(�!�7R)S�:�5�+�>4-*7�'�@^'�J[k

2
R}x�g�,*7�8�#�%�'/!�'/<='�,�,�7&I�hV!�>4%�%*7\J�hV!�>4%�%*7�.'/.1W

!�7�;�(�!�71R)ac�\'�!�"�(�"*7�,�>
BA−1 5/#&#1.1:1'/.5/.1:&>�df.�:E!�7�5/5/<_7&.1!�"�:7&'/<P063`.!�'�3C5�+�>4-*7�I�3

5�+�')(�>�d�q�"�'f%�'/!�'/<='/qA'�,�"�I�+�"�5/.#&:

(1 2 3 4),
J[k

1
R

(1 3 4) (2),
J[k

2
R

(1 2 3 4),
J[klkoR

�A7&g�#&:'�<
g
Ww8�!�7�.1,�#&'u,*7&8�!�02.1"�'u>�g�+*7U� ���������4���N���F�A�/�*�)� J[���������/�����/��R�:`.#&<

5�+�>4-*7�'1SX84#&h�(
7�<_7�+�'�,�D18�"�9�8�!�>4h6(*#V+�@A'�,FB&02.&D�#&B&:1')(*'�,]:&(�#V+�DA>�g�+*7
g
!�7&g6(�+�Iu.#&W

hV#�SN-�.1#1B&0�5�#1#1.&:'/.5�.1:1>�dfq�"�9U,*7�8�!�06:X7&d�q�"�9i%�>�.&D\%�#V+�>�-�"�+�5)ICgV7�<=8�,�>�.102<6aTbc#&W
h�(
7�J[k

1
RT"EJ[kwkoR�G�"�8�+�"�-�,�0H:�<_7�+�#1<6aXj�(�,*7�8�#�.#V+�D184#$J[klkLRT.�7&8�@A'f� �����������)�]� � �o���)�

J[���������1�o�o�/��R]J['/5�+�"i%�#&,�"�<_7&.1D\%�#/( ;/.1"�< 	
�)¡e�/�4¢	������ ,�7&8�!�02.1"�'u5?G�"�8�+�"�-�'/5/84#�9
hV!�>�%�%�#�9Y5/84#�+�D@A'�,�"�I�R)a�m �
£1£ <P0r%�#&g�,*7�8�#&<P"�+�"�5�D]5^(�!�>4h/"�<n#&%�!�')(�'�+�'�,�"�'/< ,*7�W
8�!�02.1"�I
S1G�"�8�+�"�-�,�#�hV#�:�G�'�+�#&<6a4bP7&<iB�>1(*'�.^.�7�8�@A'�%�#18X7�gV7�,�#�SX-�.#�8X7&@A(*#&'f,*7�8�!�06W
.1"�'1ScG�"�8�+�"�-�,�#1'?:YG�'�+�#1<6S=.�7&8�@A'FG�"�8�+�"�-�,�#\:H<p7�+�#&<2a_¤=5�+�" !�'�-�DY"�(*'�.`%�!�#15�.#
#�G�"�8�+�"�-�,�#1<Y,*7&8�!�02.1"�"NS1.#�<P0¥%�#�,�"�<_7�'/<U:5�'�he(*7�%�#/(];/.1"�<U,*7�8�!�02.&"�'1S&G�"�8�+�"�-�W
,�#&'�:uG�')+�#1<6a

¦A+�I^%�!�#&5/.'�9�|A'�hV#�>�g�+*7f:15/'�h�(
7f"�<='/'�.5)I^%�!�"u+�d�B1#1<H-�"�5�+�'}+�"�5/.1#&:
g
,*7�8�!�06W

.1"�'1S4G�"�8�+�"�-�,�#&'�:uG�'�+�#&<6a*j�,�#$#&%�!�')(�'�+�I�'/.5eI?%�#/(*5�.�7�,�#�:8X7�<P"

B → (1 2 . . . g)2, A = (1 2 . . . g)3.
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M 3 `badc_efc_gA`�hAi�`�gAjAkmlnadoPpAqdr
jAkml�sGtPjT`�uAjAkmlVvAtMwTxTyEzLg|{_}~sP�W�VzLtRlVcPtPuAsAx�sGtRc_tPgAtR��t;xTi�`�`]cPaEp�tPsAgT`]adcPjAtRa�c_eT{
��t�i�`�t�i�tPgT��jT�_p�oPjT}�cPgA`�jAjTtRadcPxfcPgA`dhAi�`�gTjAtP�]t��V�_gT�T�1�_�C�Pi�sTjA}Gc_tRa�c_eT��tPq]jT�Wr
uT�P`�cVq�zL`badeT{GsP�Ps�x�o�aEwT}GuT�_`;vAtRoP`�g�h\jAt�adc_x|{GsGtRi�vL�_sAc_jTtRadcPe~vAtMwLxAyEzLgT�T��`]l�a�t_r
tPcPoP`�cRadc_oR}P`�c�sGtPjA`]uAjAt�adc_e�sGtRi�v\wL`�s\a��T{JvTtMwT}GuT�_���(`��]tRaEp�vTgAxfa�xTi�v\wTxT�AxT�WwLe_r
jAt�i�gT�Pq��RxA`�jAxTx%vAtMwTxTyEzLgT�A{\x�tPcRad}GcPadcPoPxA`�}�jT`���t��]gT�_jAxT�Ak��A��k��P}WzJ`]i�oRjT�Wr
uT�_wT`�gT�Pa]a�i��_cPgAxAoR�Pc_e%cPtMwTePsGt%qb�Pi�sAjT}�cPkm`�i�jTtP��tRtP�RgT�_q]x\p|{Lo�aEwT`�z8adc_oRxA`~uT`���t
tP�RkmuAjAt�c_`]gTi�xAj��Wq]�Pi�sTjA}Gc_kml|���R}WzL`bi�tRvA}Ra�sP�_cPeT�T��t�c_`]tPgA`bi�`��H���L�R����gA}Gv\r
vAk���`]c_c_xfo%sP�_�~zJtPl c_tRuAsG`Vi�jTtP��tRtP�RgT�_q]x\p M 3 pAo_wApA��cPaEp��]gA}GvAvT�Pi�x¡��`]cWr
c_x�zLoR}\i�`�gAjAtRl�a���`�gTk��A��tPy�cPtRi�}�uAxLaEwL����`�c_c_x�tRsAgA`badc_jAt�adc_jTtP��t�sGtRi�vAwT`�s\a��
p0 = p2 = 1 { p1 = 0 ���k¢h�tPc_xTi£c_`]vA`�gAe¤a]��tPgTi�}PwTxAgAtRoR�Pc_e¥o�sGt�i��PxAjT�Pc_tPgTjAk�h3c_`]gTi�xAjT�_h
adoRtPlTa�c_oPt¦sGtRi�v\wT`]s\a��§�Rkmc_e¨c_gA`dhAi�`]gAjAk©iªi�jTtP��tRtP�RgT�_q]xA`]i�� «¬y�cPtPl�T`dr
wTeR�®gT�Pa]a�i�tRc_gAxTi¯sP�Ps�tR`dr°jAxA�R}WzLeftPvAgT`�zL`�wT`�jAjTtP` adxLi�v\wTxA�AxL�WwTeRjAtP`�gT�Pq��RxA`dr
jAxA`�i�jAtR��tPtR�PgT�Pq�x\p M 3 �\±��_�~zJkml�zLoP}\i�`]gAjAkml�a�xTi�v\wT`]s\a E2 zLtMwT�~`�j��Pkmc_e
xAjA�TxGzL`�jTc_`�j²o�c_tRuAjAtRa�c_x²a�zLoP}\i=p³c_gT`dhAi�`�gAjTk©i�x²adxLi�v\wT`�s\a]�Pi�x|{�c��_s²sP�_s
xAjT�MuT`�zLoP}\i�`]gAjAtP`(uAxTaEwTt%��`]c_c_x p2 o��A`]jAc_gA`VadxTi�vAwT`�s\a�� E2 jT`��P}_zL`�c�gT�Po_r
jAt�´~µ¶a�i��G·Mr°l�vAgAxTi�`]g��L�R·R¸��\¹�cPad��zJ��oRkmc_`�sR�_`�cM{�uAc_t�zJoP}\i�`�gAjTkm`©x�c_gA`�h\i�`]g\r
jAkm`�adxTi�v\wL`�s\adk�{MvAgAxLi�kmsP�_���(xA`�s�gA`]�PgA} E1 i�jAtP�]tPtR�PgT�Pq�x\p M 3 {btP�PgL�_q�}G��c
tbzLjA}Vx\wTx�jT`]adsGtMwTeRsGtT{bzLtRvA}Ra�c_xTi l {P�AxAs\wTxTuA`]a�sAx\h�vAtRaEwL`�zLtRoR�_cP`dwTeRjAtRa�c_`�l|{_a�t_radc]�_o_wL`�jAjAk�h�vAtPvT`�gA`bi�`�jAjAt�xAq;zJoP}\i�`�gAjTk�h%x�c_gA`dhAi�`]gAjAk�h�a�xTi�v\wT`]s\adtPo�c��Ps|{
uAc_t¡sP�W�VzLkm`�zLoR��g�pGzLt�i�a�c_tMpA�(xT`%adxTi�vAwT`�s\a�� vAtRaEwT`dzLtPo��_c_`�wTePjTtRadcPx¡xAjT�Ax\r
zL`]jAc_jAk3zLgA}G��a(zLgA}G�]tRi��º��tRsP�W�V`]i�{CuAc_t l zJtMwA��jAt�gT�_oRj\pAc_eRaEp�´P�º»3a��Pi�t�izL`�wT`P{1tRsAgA`badc_jAt�adc_jTkml¼sGt�i�v\wT`�s\a��A`]jAc_gT��a�xTi�v\wT`]sGa]� E1 adt�adc_tRxAcfxAq�zLoP}�r
i�`�gTjAk�h�a]��`�g|{RxTi�`����(x\h�tP�R�(xTi�x�wLxA�(e��]gT�_jTxAuAjAkm`mc_tRuAsAx%a�xTi�v\wT`]s\a�� E1 �
��tPy]c_tRi�}¼zJoP}\i�`�gAjTtP`½uAxTaEwTtn��`�c_cPx�tRsAgA`badc_jAt�adc_jTtP��tnsGtRi�vAwT`�s\a���gT�PoPjAt l �«�zJgA}G��tPl�adc_tRgAtPjTk�{\sP�_s�}GsP�_q]kmoR�WwLtRade~oPkm�~`P{GtPjAtVgT�PoPjAt~`�zLxAjTxA�A`P�8¹�cPad��zJ�
x�aEwT`�zJ}P`�cM{\uAcPt l = 1 �¾ �Pa]a�i�tRc_gAxTi�{RjT�_sGtPjT`��|{Pa�xTi�v\wTxT�AxT�WwLePjA}G�³q]oP`�qdzL}P{PtP�PgL�_q�tRoR�PjAjA}G�¼a�xTi=r
v\wT`]s\a��Pi�x�i�jAtR��tPtR�PgT�Pq�x\p M 3 {_vAgAxTi�kmsR�_�5�~xTi�x�sVoP`�gT�(xAjA` E0 �_±�gT�Pl~y]c_tPl
q�oR`�qdzLk§vAgA`dzJadc]�_o_wTpA`�c�zLoP}\i�`�gTjAkml�sGtRi�vAwT`�s\a_{�}�sGtPcPtPgAtR��t�sR�W�VzLkml¼tbzLjAt_r
i�`�gTjAkml-adxTi�v\wL`�s\a�xAjA�Ax\zL`�jAcP`�j-o�c_tRuAjAtRa�c_x-a%zLoP}\i=p�zLoP}\i�`�gTjAk©i�x|{1o½c_t
oPgT`]i=p~sR�_s�adxTi�v\wL`�s\adk�{WvAgTxTi�kmsP�_���(xA`msVtbzLjAtRl(oR`�gA�~xAjA`P{MtR�PgT�Pq�}G�5c�o�c_tRu\r
jAt�adc_x tbzJjA}��TxAs\wTxAuT`]adsT}��¯vAt�aEwT`�zLtRoR�Pc_`dwTeRjAtRa�c_e�µ¿xAjL�MuA`~a�tPtPcPoP`�cRadc_oR}����(xA`
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E0 Q�R�S ��.���!��%�2���4���!*.�2"���T4�����4�E"'U�������������?��4,�
E������V�1$"�T������.��>$�C�.���FM4���!#.���A���'GFV)���5����2�F1����������� RXW ��Y�.��T��%�����2�A�=?����C�8ZB���� ����� ������������� �[����B����������P��4M�
E"�����4
��!#.���A�������)�������2�F1���������\8^]/;����T�_$��NE�A����`��4?2����������������`�NE"������a��?���?��A�$�C�5!#��2�����Y��DB����_$"�Db9������� p0 = 1 cedgf�h QNRiS ��.j.���.\8XE���$�����8 p1 = 0 8i���D����.����)�������2�F���������C�-(!#�>=k���D%�'l��C�$���%��m��no��2"��8i$���%���)�2�����.�����������Kp)1$"����.�������C"q)����_$���E"�1K1K\81�
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N = q0 − q1 + q2 − q3 = 0. P ,3Q
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N = p0 − p1 + p2 − p3.
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K 3 8:9 & 9 -�.;+<&$(=6>�1@?$A$BC&0%D-�EGFH5,14IJ-+ 9 &$(*1'+,.D&LKCM$+,?�NO B<-3<3,/QPSR
?$?�.0+,?�TH1D+<5�U@3,?�KC-VC&0EW.�>XU�3,B,5Y?$A$Z�? 9 1 O BC&0+,1'N4(*+,? O ? O B<&$+,+,5,)$&<P
[]\'^0_'`;a�b�_dc�e�f�`�g2h`ickjl0m�\D`nh�opf�f�eqopf�c�ed_�rts�\Dab�h�opf�b<r]u�j�v  d��wDx��y�0�'�xX�QzD��{�0|D}

(p, q) ~*� jv�s�fX��_ncXl$��f�c�ed�'lLf�en_�u�s�\qf�uhsc�ed��f�ss�\Dvi_d�'b�\'��l��
�W\'v a � o]�_'a�lLc�^L\Df�o�edfXa�f�b$�=hs$u�f�^0cX�2r�l$a_de�b�f��'jv$�dg2h�f�c�v��=a�b�f�u��*ul$�WfXo�a�\Db�\D��b�\d�
f���r\�f�u�hsc�ed�dfXss_df�cX_d_de's�_dg�fXs�h�f�a_�jl0m�\Df�e�c�v�a�b�h@_d�D�L_�u�fJ_�us�_'��_�h���u��'l$���X^��dh��L\��j�f�s�eds����Go]s_'��_Dl$��_�j��ds�h�^0_'���
ap = 1 ~ []\D^�h�o�_'�db�\D��_do�r,� 	��������W�����J�����d����������	� � �� d��wDx��y�0�'�xX�QzD�:�{�0|D}

(p, q)
��xX������{��D�{���XxX�����n����	� � ��� wk�0�����L�

p � ���G|'��z�{�xk���� ���@w��=�0{�xk��� q ~[�fXa�fXb��@o _�¡Ws�_@abf�ua�_�j�\���\'ed��u��df��d_d��op_�¡Gs_dc�edhC�tj�h��d_�u���\�ab_dcXe�b�\�s�c�ed��\jh�s��
(p, q)

h
(p, q′)

a�b$h
q 6= q′

��_dopf�_'o _'b��
s��2rj�h��d_Wh��X�df�c�eds��¢fys�\DoYu�_WcXh�Qa_dbhs��L\Db�h�\�s�ed�¤£¥�
l0s�u�\'opfXs�e�\�j�'s�\'v���b�l0aa�\�h���b�l0aa��§¦¨f�e�edh�£©ckjhgW^0_'o�c�j�\'�D�u�jv�e�_'��_$r,m�e�_'�'�ªlLc�e�\�s�_D�dh�e'��b\'�Xj�hmhf�e�\D^�h��a�b_'c�e�b\Ds�cXed� ~C« ^L\D�X���L\Df�e�c�v<r,me�_op_�¡WfXe�h�opf�ed��opf�c�e�_H^L\D^�ed_de'r�e�\'^�h�u�b�l0��_D`@ckjl0m�\D`Sr����\��dhcXh�op_dcXedh4_'e�cX�d_'`c�ed�mhc�fXj
q
h

q′ ~�¬ e�_�^L\'c�\'f�e�c�v4��_'opf�_dop_db�
h��Xo¨\0r e�_�j�fX��^0_�op_�¡�f�e4�D�¢ed��u�_d^�\'��\�s�\ckj�f�ul��
�W\'vHe�f�_db�f�o \$�
*®0¯�°S®$±y²�³X³�´¶µ x·��{

q
{

q′
	'�DwDzX�,���Qz'w·�$�¸��¹xº�0��z�������{¸

qq′ ≡ ±1 (mod p),

�JwG d��w�xX�
�0�'��x��Qz'�2��{��$|
(p, q)

{
(p, q′)

��wX���Xw��2wk� � �}t�
[]\'^W^L\'^W��e�_
c�b�\��dsfXshf¨a�b$h���\�u,\�ss_do

q
h�opf�f�ey�ye�_'m�s�_'c�edhW_�u�s�_
bf�g�fXs�h�f

q′
r

ldu�_'�djf�ed�d_db0v��
��f�f2s�_db�o]h�b�l$�
�WfXoplHlLckj�_D�dh��
0 » q′ » p

2

r�e�_Jm�h�ckj�\
q
h

q′
_'abfX�

u�f�j�v$�ye�c�vQ_'abf�u�fXj�v$�ye�c�vQ_�u�s_Gu�b$l$�Xh�oY����\Dh�o]s_Q_�us�_'�Xs�\�ms_ ~
¼H½S¾<¿CÀD¿�Á�ÂLÃ]Ä$Å�Á�Æ�½ Ç=È]\'��_'�'��fXoÉj�hs�Xl

L
r�ho fX�y�2l$�Êl$��_�jË^�b�l0m�f�sh�v 2πq

p
r

p
a_�jl0aj_dc�^0_dcXe'v$o]hSr$a�b_��L_�u�v��2h�o]h�m�fXbf��W_dcX��jh�s��X�2r�s�\

p
_�u�h�s�\'^0_D�d����e�f�edb�\D��·u�b_D�

T1, T2, . . . , Tp

r � u��df�h����b�\�s�fX`i^�\'¡Wu�_'��_Ëe�\D^$_D��_qe�f�edb�\'�·u�b\@v0�djv��
e�c�va�_D��f�bL�0s�_'c�eDv�o]h�£Ìm�\'cXe'v$o]h�c��yfXb�hmf�c�^$h��c�fX��opfXse�_'��Í�b�hc ~<ÎdÎ�Ï a_d^L\D�X���L\Df�e:c�j�l$�
m�\�`

p = 3
� hHc�_'c�e�\D�'h�o4h�Ðs�h�Js_'�dl$��j�hs���lJc
l0��j�_'oY^b$l$mfXshv 2πq′

p ~$Ñ jh�s���f Le�f�edb�\'�·u�b
Ti

h�opf�f�eÒc*s�h�¡Wsh�o�c��yfXb�hmf�c�^$h�o�c�fX��opfXse�_do�_d�'��h�`Qe�b�fXl0��_�j�ds�h�^
∆i

r
\Jc���f�bL�0shoË£Ê_d�d�2h�`@edbfXl0��_�j�'sh^

∆i ~� \�j�f�fdr���c�f Ti

h�opf��yeQ_'�d�2l$�É_dcX�:jh�s��X�
b
Í]b�f��db\�¡�fdr]ab_'edh�d_'a�_�j_D¡Ws�¢f�_dcXh

b
r]��^��'h��\Dj�f�s�eds��Óu�b�l0�Qu�b�l0��l�hYu,\D�ye�:a�b�_dc�e�b\Dsc�ed��fÒj�hs�X�Ô_�us�_Jh�e�_Q¡�fWbf��'b_

a ~ [�b�fXl0��_�j�ds�h�^$h�a�_Da�\Db�s�_Q�X^��dh��L\��j�f�s�eds��;�WcXh�jlJcX_d_de'��f�e�cXed�dhv<r�l�c�e�\Ds_'�djfXss_'��_2opf�¡�u�lQc��yf�b�h�m�f�cX^�h�o]hHc�fX��o f�s�e�\D�o]hSr0£Éh�opfXs�s�_�r
∆i

��^��'h�L\�j�fXse�fXs�c
∆i+q

r0a�b�h�m�f�o@�Jckjl0m�\DfÐsf�_d�D�L_�u�h�op_'c�edh
i + qsl$¡Ws�_Jb�f�u�l0Õhb_D�L\'e'��a�_�o _�ul�j��

p ~$¬ e�_d�D�¤a_dc�e�b�_'hed�Je�f�a�f�b$��h�� p
e�f�e�b\'�·u�b�_'�s�_D�dl$�Öjhs�Xl

L′
r0op�ÖcX_df�uhshoYe�f�edb�\'�·u�b$�

T1
h

T1+q

c���_'ho]h���^$�dh��L\DjfXs�e's�¢o]h
��b\Ds�v$o]h

∆1

h
∆1+q

r,u,\�j�f�fJab�hc�_df�uhsv�f�oi^
∆1+q

�Du�_�j����b�\�sh
∆1+2q

e�f�e�b\D�
�·u�b

T1+2q

h;e ~ u ~ []\'^$h�oª_d�'b�\D��_doÓo]�¥a_�jl0mho7jh�s��Xl L′ r _'eDj�hm�\D�y�2l$�yc�vq_dea�fXb���_D`qjh�s��X�×e�_�j�d^$_�e�f�o�rSme�_��
L′ b�f��db\ a

h
b
a�_dopfXsv$j�h�cX��b�_�j�v$oph ~SØ l�c�ed�

l0��_�jÙ^�b�l0m�f�sh�v@jhs�X�
L′ b�\D�dfXs 2πq′

p ~p¬ h�ckj�_ q′
a�_'^L\'�����L\'fXe'rpm�e�_���Õh�^$jh�m�fX�

c�^0_'`qa_dckj�f�u�_'��\'e�fXj��ds_dc�edh
T1, T1+q , T1+2q , . . . , T2, . . .

r���^$_'e�_db�_'`qedf�e�b�\D�ku�b��
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�	���)�,B[���-�>(�!��/+,BY��+��������,�-�	��4	�,��!-�$@�y^.,�-��B"�1��%&I��/+X(�B[+)+,�-�� α0 = 5 4�+,.,#$!�(�!-�/�	+�4	��84�2mlv!�+,��Ei($4 O, P, Q, R, S * �t��+,w��	�'�	�/�)����07�/���-�� v4��'������5�#$(6.)#$!�($!����	+)4���4�2ml0��$%&�{0	�$%&�,%���+,w�+,�x@���������#$�-+,�$(��,��(�#��X.)�-�����i�������)�-�	��4	�,��!-� N = 5−10+6−1 = 0 *����#'I	���Z�	�����,�-���/4	�)��!-�?��\]+,�$($I	+,�,#&�/���|0	�,0�+,#��/.10	�	�<����+�0	�,���/!��	 >+,�ZBC4	�/������w��	�/K)(	+�@e=26!�2zw�(��	�/+,BMK��z4	�,I��/�$J�4$%$���-�/I	#>%�K��/B[#>4�%>��2ml��$%>�-+)5F�-�/I	#$% O (<w/%�0�+)B'�)I�(�������J!-�)����BY�����/�-+)��J�4�2zBC(|��%>�/ $BC(Q!-+,�$EF($4 P, Q, R, S �$%$��( a * h, f−1, f−1d @-}~���107����w�8�	��K�%$�]bi(	+z#$�	���,�)2H��%>�-+�5?\]%&4$0���BY+)4����/��J�4	�/5Z���$%&�$��2HBY���,%>�Fw�2z��Ji����+�0	�,���/!��	+)4$2
�������X�&�� N��¡�¢¤£�¥N¦-§�¨�©�ª-«�¬��ª
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+�,.-0/21324(56- $87 324:92- $

A = aa−1,

B = abh−1,

C = hcf,

D = f−1d(d−1f),

E = (f−1d)e,

F = f−1f,

G = (f−1d)ga−1,

H = hh−1,

I = aif,

K = hk(d−1f).

;=<(< 4(1 <:>�? 1 $ 9@4 $7 ,BA 7 <�C 32D�,:E
4 & 9 < 4 & EGF�,2H ? & C $@IJ7�K , I 5GLMD�, & 4:9NLM+�,:- ? 1 $ 4(O
I�& EGF3QP <�C O > $ ? P:32/ I 5R-0, C 56- $S'�T < 4 <.U F�, A = D = F = H = 1 H, 7 <(V 4 < -W3 I(& ?< & 4�, C O:15 ? & <:< 4(1 <(>�? 1 $ 9 V 4 <:U�< 4 $7 , & 4�,�1 < I 9�4 & 9X4 K2$I($ , C O(156- $Y'

Z /�,�D ? & 4 I ? & <(< 4(1 <:>�? 1 $�[ 4 $7 ,\A]A 7K�$ < P:L < F ? 7 9�4 $ 3 U�<�C O(1 $ / < I^7 <�C 32D�,:E
4 & 9
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ABCDE = 1,

BKEF−1I−1 = 1,

AIDK−1H−1 = 1,

CI−1G−1EH = 1,

BH−1F−1DG = 1,

AG−1K−1CF = 1,

* +++++++++,+++++++++-

�(���

BCE = 1,

BKEI−1 = 1,

I = 1K,

CI−1G−1E = 1,

B = G−1,

G−1K−1C = 1.

* +++++++++,+++++++++-
. �!/(���10	��#��	� G � K �324�!"

BCE = 1,

BIEI−1 = 1,

CI−1BE = 1,

BI−1C = 1.

.�576&8:9  ��<; 8:9  �� 5>= "��(?@�& � �"�#	 �$%�&#(��'@A	 B���C0D24�!"E��F
E = C−1B−1, I = CB.

. �!/(���10D24FGA	 = "E �HI� E � I � 5�J "E �K( 9  7�<"EK��&"�LE� 9  ��! � �"�#� �$%�&#���FNM(HIOPA	 B���C0���H
BCBC−1 · B−2C−1 = 1 (I)

�
CB−1C−1BC−1B−1 = 1. (II)Q A	K����D�&�(�	HR"E�&A��!K(L�� 5>= "���?S�! � �"�#	 �$%�&#��('TA	K��<A	 �HU ����V/C �HUHI�("��	K� J 2W#��	FX !�	#� 8HY�&K(#���� 9 K��CA�A��TZ[�!"E"���\N]@O^A��!K���?� !�	�	H_MD/E2�/ J �!� 9 �D2 J ���(�C0D2���2�`��&�	� J O_? 9 K(�CA(A�M/T2W�(�	��"�� J #	 �' 5 2WA��	���@�<`����	�!Ha �`� 5 #D2!0	2�"�L = �	�&HY��#	"�O 9 K��CA�A�ObZ[�!"E"��@A	K��@A� �HU 8�%�<0	�!K("�Ob#D2 J �!K�?C��\(cd 9 �32

−C = 0, egfih
−C − B = 0, egfjfih

"�\���\ B = C = 0 \	k["� 5 #	2B0(�	"4M�0	"E l !�	#	 �HU�!K(#	2�F 9 K(�CA(AD2%Z[�!"E"��<�! ��!"E 4�	"�"� W�(LE/C %� 5#��E��� J  9  = �	�&HY��#	"W2�\NcI24/V/�2�/m�Bn��!K���0��!�!/C ��lA	K� ��!"EK�24#	�&" J  G�D !�D�&/�2 = �DK�2X �K(���&#	"�� 8K(���!HU �M�"E � �"E�&�_�D2��o�	�������!"4M�0	"E �� 9  �0(�	�o�D2�Zp�!"E"��@�	HU�!��"��������	���1�%��� 5 #	2B0��&#���FN)
p0 = 1, p1 = p2 = 0, p3 = 1.

q  = n>nr��s����&#	"�Ot/(K(�C0	��#��	FG �"E�&��"E�!" J ����"4\u  �"W24/(���_vl�r"E 40�#	 >0(�	�o�	�&#(#�Ow�x�(# J 24K(�	24#	"�Oy��HU�!�!"%"EK���?(HU�!K�#D24F��Bn��&K	2�\�cI2 8/(�	Hz �`�K	2 5  �H_MD0	"E �`�O{���!"W2W#	 J �	"�L(M��& J A	2W�D2��!"XA	K( ��!"EK�24#��!" J  l�D !�D�!/E2 = �DK	2���"EK(�&? 8HY�&K(#	 4'S�Bn��!K( �'S�����X#��!"�M 5 #D2W#��	F 9 K(�CA�ASZp�!"E"��S�!�%�1#����D ��!"W2�"� �0�#� (\�]@O|K	2��&�!HU �" 8K(�	HSA	 = "E �HI��M�#	�YK	2 5 ����0	2��1"E��Fr���ln1�C#��32�HU�&#�"W24�(L�#�Ow� 9 K��CA�A�O = "��(?1A�K� ��!"EK	2W#	�!" J \
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%'&�(*),+.-�/�01�2435/�),6*5�798;:</�=�>?790�1�@�/A>�),B*)�0�1*C)EDF0�)�GEC�HI/JD�),)*(*C)*@�/;C�K�LNMPORQSK�MPOTORQ�U
V )�>�D�(�7�B*K�B�BWMPOXQYC�7Z=[/;D�(�)�\]),(�=^/;_�/;C�C�),/`(�),_a$),+b\<0/;B*:]2c_�7,D;(*1�D;)*)*(,C�)*@�/;C�K�LdMPOTORQ�\
=SHe3�)�0:$_K=fB�=^/�D�(�)gMPORQhD�),)*(*C)*@�/;CK/

BCBC−1 · CB−1C−1BC−1B−1 · B−2C−1 = 1,

K0�Kg3)*DF0�/`D�),a57,i�/;CKL
B2C−1B−3C−1 = 1. (I′)j B*/�>�L.B

(I ′)
KkB�MPOTOXQSC),B,:�2e),6*5�798;:]2Jil:]2

U
\$D;B�L]8�79C�C:]24D�)ZD�(�7,5]HI=SKgm
)*5=S:�0),+

C = U−1B
\]=SHc3�)�0:$_K=

B2 · B−1U · B−3 · B−1U = 1, U−1B · B−1 · B−1U · B · B−1U · B−1 = 1,

K0�K
B4 = UBU, U2 = BUB,K0�KWG�/*\�C�7,a$)9C�/;-on

B5 = (BU)2 = U3. (III)p 8fD�)*),(*C�),@�/;CK�+qMPOTOrORQgDF0�/�>:</�(9\s_�(�)t3�5�)*D�(�579CD�(*B�)u>�)�>�/;a<7,&R>�57uC/;v�)*=^/�)9w
=^)*5m
C�).(�5�/;x]=^/�5�C),+WD�mJ/�5/,\�(�7,a�a<7,ag/;v�).m
:$C]>?7,=^/;C(�790�1*C�79L�v�5]:$33�7�C�/lD�),D�(�)9K�(
(�)�01*a$)JK�8y/�>KC�K_C),v�)
&z0/�=^/;C�(�7$U j D�7,=^)*=d>�/;0�/,\*D�),)*(*C)*@�/;C�K�LgMPOrOTOXQoB*Hy3�)�0�C�L]2J(*w
DzL�B{v�5�:$3�3�/JKa]),D�7,&R>�57]\/�Dz0�KW3�)�>

B
3�),C�K�=[7,(,1|B�57,i�/;CK/ZB*)*a�5�:$v�a<7,a$)9+w�CK6,:*>1

B�/;5@lKC�H}K�a$)*D�7,&R>�5�7sC�7I:$v�)�0 2π
5

\�7y3�)�>
U ~ B�57,i�/;C�K�/hBA(�),=NGZ/[C�7�3�5�7�B*0/;CK�KlC�7:$v�)�0 ~ B*)*a5]:$vh-�/�C�(�57y35�K�0�/;vz792Ji�/;v�)
aE&�(*),+ZB�/�5�@�K�C�/s(*5/;:$v�)�01,CKa<7]U��S7,a�K=N)*69w5�798�)*=}v�5�:$33�7JK�a$)*D�79&F>�5�7`/�D;(*1�0K�6,)�D�7,=[7lv�5�:$33�7|MPOTOrORQ�\*0�K�6,)Z/;/I>�),3�)�0�CK�(*/;01,C�7,L

v�5]:]3�3�7$\�B�DF0�/�>�D�(*B*K/E_/;v�)WmA:]C]>?79=[/�C�(�790�1*C�7,LNv�5�:$3�3�7|3�5�)*D�(�579CD�(*B<7|>�)�>�/�a<7,&R>�57
C�/{D�),D�(�)9K�(�(�)�01*a])�K�8{/�>�K�CK�_C�)9v�)W&F0�/�=^/;C(�7]US�g)9GZC�)�3�),a<7,8�79(*1\b_�(�)}MPOrOTOXQl/;D�(*1
v�5]:]3�3�7{���,��w�),v�)|3)*5$L$>�a<7]\]L$B*0L�2
iE79L�DzL{6,K�C�7,5]C�)9+gv�5]:]3�3�)9+gK�a$),D�7,&R>�57<��U

�J�|�,�?�?�?�*�����]���?�?���9�$���]�����$���N�o�*�b�9�]�]�;�o���W���$�9�d���]���?�?���s�,���s�?���9���]�$�
���]�9���^ ����s�9¡E¢k�9�,�k�9�]�?�?�Z£����,�?¤��?�?¥�¦J�9�$�]�^ ����$���$����§?�s�9�?�o�<���9�|�,���? ��?�{�?�
�9��s�9��s�]���|�?���9�|�l�$�?�9§?�s�9�?�?��¨N�9�|�9���]¨^©]ªY�$�?���Z�s�?�]�,�]���]���]�9���k�o�$�9¥l��$¡E�]�;�
�?�?����$�o�$���9�$�����s�u«|¤��$���]�$�?��©�¬f��£N�?�N�?����$���]�?�$��]�,�9�?���;®��,�?�?���|�s����£��,�9�$�]�
���]��®��?���?¥`§N�?�?���9�$���]�����$�g«|¤��]�?�]�$���]©�¯��b���$���{�?�������]���$���9�$�]�g�9�|�,�?�?�?�*�����]�,�
�o�*�o�,�]�$�;�b���N�,�9�$����o�?���9�$�]�,�?�?���k�?�������9§f�?�9���,���]�?¥`§f�?�?���9�$���]�����$�°«|¤��]�?�]�<�
�?�� ?���s�9¡E¢k�,�.����?�9���?¤�¡q�|¤������]�s�9���9�<®���?¤�¡q�9�?¤��?�?¤

33
©

ªY�$�?���'�]�����$�,���` ��9��¤���?¥c¦J�9�$�]�g���A���$¡Z�����9�?�9�?��¥l���$¡E¢k�,¨{§$�$���]�?�$�,�?���
���]�?�?�f�$�?�9§?�s�9�?�?��¨f�9�|�9��¥.©?«|�?���o����®���£��,�?�?�] ��?�]�N�$�?��§?�s�,�?���<�f�9�|�,���g�?��®?�
�?����$�¡±§$�]���$�?�]�9�?�?�,¤]�,�]�;�²�����]�,¨²�|¤����b���s�9�?�9�$®�]���]¨c�,�?¤��?�?��¨^ y�����9�9�$�]®?�?�9�
���*�b�9�£{�$�?�?�°�b�c����§³�?�]�´�����o���]�$�*�$�?�?��¨¶µ��9�?���]�$�,�9¥·«|¤��]�?�]�$���]¸�©Iª[�]���]�$�
�|¤����b���s�9�?�9�$®�]�o�<�k�,�?¤��?���E�$�?��§?�s�,�?�?�]¨W�9�|�,�?¥c�9�����]�]�?�E�$��®�]���E�?�`���o�?���?���
�?���9�k��®o�,�s�9���9�? ��$�g�?�?���$®��*�y�k�s��£��,�k��¥l�$��,�|�]���s¤]®��?�?�����$�o�.�9�$�?£��|�;®����o¤�
¡Z¢������]�����$�,���`¹<��¤�¢k�*���$��¤�¡Z�E®��^ $�?�����s�l�$�?�9§?�s�9�?�?��¨N�9�|�9��¥. *�o�?¤��9�?�l�]�?��§��
�s�9���?¥l�k�*�]�s�?�?¤��$¥l�g�s�?�]�,�]���]���]�9���^ ��������$�]�?¥`§}�]�$£��b¥l¨f�,�]�s���?¤��$¥l¨u�?¤��$
�s��£��,�W�]¥l�$N���*�?�?¤��W�W�$�]���?¤'º��9���s���$�]���9�°�?¤$®�¡|»�©
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8;<=@ADE8 ��F @GD 	 <�H=<=H)7AI

B �KJ HL8 � /'M�#KN,O�0;&)P!QR-S-STVUC*�WYX;#SX;-A%'&�ZLX;[,&$M,[?*\#
+
#)(RX;-STA+
]
N,-A^,*?*\M,[,#�+
*,]
#�M�#KN,#)(_^,`Ya
TS+.#
[?#�^b/�M,#�].-A[?^,O�+
`YacX�[?O�de#�+
^�#�TA*�+
-AN,f�^�#gX�[?O�dV&g^�&hO�dK#KN 3π

5

i &h^,-j^;& π
5

/�%'&�%
]3TVN?O�0�&�-kTSl!-S[?*?0�-STA%�#)dK#eM�[?#
TS+
[�&)^,TS+
].&\X;#SX;-A%'&�ZLX;[,&.mG/nM�[,-VX;TS+=&=]
N�U�-S+poq^,#�dK#�#
r�[�&)s
WA*�-
t=u_#
%.&�(*,+.-
/)^;&=v?X;U_lEO�^�X1&�oq-A^,+=&)N?f
^,O�PwdK[?O�M?M,O$ZS+
#�dK#xo�^,#�dK#�#
r
[,&�WA*,Un/�0�+.#E#�^,#
*�oq-S-S+3+.[�*w%�#�ZKlxlE*?y,*,-A^�+=&e%?[?O�0�-A^?*�U1/n[�&)]�^,`z-e{�/�*�0,+.#3-AdK#3#SX�^�#�oq-S[?^,#
-�0,*�T5N�#
|}-S+.+
*

p1 = 0
t

~ ��u_#
%'&)(*�+
-
/?0,+.#kTS#�#
+
^,#
�R-A^?*�UplEO�^?X1&)oq-A^�+=&=N,f
^,#�vpdK[?O�M,M?`�M�[?#
TS+.[,&)^,TS+
]'&#
%,+=&)Z5X�[�& i9�1��� m�TAO�+
f
abc = adb = acd = bdc = 1*g0,+.#kdK[�O�M?M;&k+.-A+.[�&)Z5X�[�&k-STS+�f�X�#�M,#=N?^,*,+.-AN,f�^;&)UpdK[�O�M?M;&kZS+
#�v3dK[?O�M?M,`�� ^�&)M?*�TK&=^,s

^,`z-�TA#
#
+�^�#
�R-A^?*�U�*�oq-SPE+poq-STA+.#\]\dK[�O�M?M�-R+.-S+
[�&�ZLX;[,&�/;-ATVN?*gM,#SX
a
/
b, c, d

M�#�^?*,s
o�&)+
fk]
[�&�QR-A^?*�U\^;&O�dK#KN 2π

3

]
#
%?[?O�d$0�-S+�`z[,-AaC]
-S[,�$*,^e+.-S+.[,&�ZLX;[�&=��t
� �.�$W�X�]�O�a!+.[,-Ga?oq-S[�^,`YaEo�^�#�dS#
#
r�[�&)WA*,v

M1
*
M2

oq#)(_^�#zM�#�TS[,-GX�TS+
]
#
o��)TVN,#�s
(_-G^,*�U1�CM�#KN?O�0?*�+
f�^�#�]
#
-_o�^�#�dS#
#
r�[�&)WA*�-
tn�$oq-A^?^�#?/,o�`�]
`zTG].-S['N,*?]'&)-So�]\%'&�(RX;#
o
*�W�#
r�#�*,a�o�^�#�dS#
#
r�[�&)WA*,v�M,#�o�&=N�-A^?f.%�#
o�O��&)[?*,%?O�*cTS%?N,-A*,].&�-So�M�#KN,O�0;&)P!Q$*�-ATGU
M�[?*cZS+.#
o���#�dS[�&)^?*,0,-A^,^?`z-Coq^,#�dK#�#
r�[�&�WG*�U1�hTG].#�*,o�*�dS[�&)^?*,0?^,`zo�*�TKl!-A[�&�o�*bt���&)s
%�#�-ETA%?N�-G*,]'&=^,*,-Yo�#=(_^�#_T5X�-AN;&)+
fxX�]�O?oqUkTGO?QR-STA+
].-A^?^�#R[�&)WAN,*?0,^?`zoq*kTAM�#�TS#
r
&�o�*p�
TjTS#Ka�[�&=^�-A^?*�-So�#
[?*,-A^�+=&=y,*?*�*�T\#
r�[�&)Q_-G^,*�-Ao�-A-
t���0,*,+=&�U1/�0�+.#glEO�^�X1&�oq-A^,+=&)N?f
s
^,`z-jdK[�O�M,M,`�oq^,#�dK#�#
r�[�&�WG*,v

M1
*

M2
*�WA]
-STS+
^?`$/q^;&)v�X�*,+.-elEO�^�X1&�oq-A^,+=&)N?f
^,O�P

dK[?O�M,M?OeM�#KN?O�0�&�PEQ_-GdK#
TVUh#)M,*,TK&)^?^,`zo�#
r�[�&)WS#
o�WK&�oq%?^?O�+.#�dK#\o�^�#)dK#
#�r
[�&)WA*�Ug*�-GdK#
#KX,^�#�o�-A[?^,O�P�dK[?O�M?M,O\|}-S+
+
*�t

� ��"$#KN,f.WGO'U?TGfj[?-S�R-A^,*,-So�O�M�[�&)(^,-A^,*,U3��/1M�#�TS+.[,#)v�+.-_+.[?-Aa�o�-A[?^�#�-o�^,#�dK#�#
r�s
[�&�WG*�-$T!M,[,#�*,WA].#KN?f
^�#�WK&=X;&)^,^,#�v�#SX,^�#
oq-S[�^�#)vjdK[�O�M?M�#)ve|}-A+.+
*�t

�\�¡ x¢�£¥¤_¦�§�¨_¦�©�©�¦«ª¬q§�®z¨¦°¯
±³²q²q´zµ�µ�¶n·k¸
¹�º¼»?½)¾)¿�ÀnÁ�Â�Ã1ÄnÃ�Å,Æ�ÇÈÁ?É�ÊpÃ;Ëw½=Â�Á?Ìn½=¾�Âg¾�Å1Í)Ë1Î�Í)Å1À1ºxË�Î�ÀnÁ�Ï)Á?Á�É?Ån¿�Ð�Ã1ÃqÑnÀnÁ
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lGx�p u�y f q�t�fBk y1s|i t�o�f\k¹o d k y1s�d@e�d@b�s�u�c f gjf a3b�m l d@i�c�d1n p a|ijv k i�a|c fGr¤o�¶ i £a x S336 {�º§o b k<fBk[q i�s|i\» P2 i oBp u fGq c f a f q c x�r¦qGz w k i�a|c x�r*t�fBk y	s|i t1o »¼c�id k i�½]¾Pd r^g a�b c@d�e x � z<o;k<x¿o s|i g a�b c@d�e x�f q c f a f q c f gjf<t�fBk y1s|i t1o b » o;k9{�À � ��� {Á o s�d P2 i oBp u�y f q�t�fBk y1s|i t�oWo�¶ i�a x S3 » pPf P2 y a¡i qGoBp b z s3n|i pÂqGz w k i¢a £c x�r e@d t sWy f�k_f q w�s�½ � � À ����� {�· b t?t b t » f q c@b t�f » qGz w k i¢a�c f i�h3d o s fEÃ i p?p d
y fPk<f q w�s�½ � o�¶ i¢a x S3 q2 = 0

» pPf=t b ²Qq�x�r�qGz w k i�a|c x�r e�d t s�y fPk_fGq w £s�½ � zNoÄ¶ i�a|i gjfBk_f s f g d@h�iBcZc�w�s�½S� À � �1� { ° f�ÅGp?fBk w q�f s ² i�c o w�¾?i oBp^z f z b p u
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K 2 ¨��a�

2N −N = 0,
%³ °
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K 3
�a���8�������8���a�A�y���Å�8�A�|Ë���=�2�8���8���8� � ° ���8�a���������rªÃ�8�a�a�]��ª��

�����#���]�
K 2

1 , K
2
2 , . . . , K

2
r

�8�����������a�����a�]�a�#���������8�
h1, h2, . . . , hr

¨y���«�Á�����
�8�n®=Ì *

N =

r∑

i=1

(2− 2hi) = 2r − 2

r∑

i=1

hi.

Í �N�=���a¨��S�����8�N�`�������
N = p0 − p1 + p2 − p3

���=�2�8�ÁÎ����a���
p0 = 1

�
p3 = 0

¨y��� ��� � � �
K 3 ���É��� µ4�]�����a�����£�8� � � � ��ª
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p1 = 1 + p2 + 1
2

(
2

r∑

i=1

hi − 2r

)
= p2 − (r − 1) +

r∑

i=1

hi.

B * p2  �*C������&�D7��EF����������$�+���* r−1 <%��$0)F)�$�)7G���$0����@����5�� �*,+����A�"��*A���0� K 2
1
<

K 2
2 , . . . , K

2
r−1

<��
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p1
>

r∑

i=1

hi
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0 < k < n J V̇ k 1�./0�1�&-+�)P1�+/3�XP'*, (k−1) GYBT&-%�6�ACBZI�5�@�0<3�BZ@�%#,/1[:-.�&2:2G'<A an = $#%�5\E2+�3�B]X-3�BT3^0#3�X25�_�6#ACB`6<,a6�&�Bb6�7/0#8 = +2,/@\@�,/@c@#%#,/d (n− 1) GSBT&2%�G6�3�d]:2.�&-:�'<Ae5#BT&-&2+f+2,�@�5�&�g[&\X2%�79$�$#Aih
&-+/+/5 = @�,/@ (n − 1) GSBT&2%�6<,�1])2FH&2%<,�Jjlk +�3Q5#BT&-&2+mBT&�)(+/3R5n$�%#5 k = 1 = .�.�59'<7R+/3�X23m_#+/3Q,/0#X2&-O�%#,�5�_�&-)2@93�&f:26<,�G_�&-6�5�& = +^J�&�J�)(7�BoBo,\@93�E-FpFH5�I�5#&26�+/3�.\6�7�0#q�BT&-%�6�3�X-3cI�5#@�0<, V̇ k %#,�.�6#,c6�7/0<8 =
@�,�@QO�A�.�,/&-+r.�)2&2XP'*,s7tX2%<,/6�5�I#Au3�'<6�3�BT&2%�6�3�X23Z,�0#X-&2O�%<,/5�_�&�)(@93�X-3r@93�BT$�0<&2@�G
)2,#J W
v 3[E2+/3w:-6#,^_�5�+ = _�+/3w6#,?@�%#,�8x:2.�&-:�'<A an )279yz&-)2+/.�7�&2+[,�0#X-&2O�%<,/5�_�&�)(@�5#d
@93�BT$�0<&2@�) ′V k = X2%#,�6�5�I#,[@93�+�3�%�3�X23[%#,/.�6#,zX-%#,/6#5�I�&H$�3�'<@93�BT$�0#&2@�)2, V k J#{T,�:(G
6�3�)(+/q V k − ′V k $#%�&�'*)2+2,/.�0�1�&2+]+�3�XP'*,ZI�5�@�0N6<, an = $�%�5#_�&-BeI�5�@�0 = X23�BT3/G
0#3�X25�_�6#A�d46#7/0#8 j @�,/@|.�)P1�@#5�d}I#5�@�0 n GSBT&2%�6�3�d}:-.�&-:�'<A = )-BKJ#)(+/%~J<�  W J#��,�BT&(G6�1�1w$�3�E-+/3�BT7z. Uk ,�0<X2&2O�%#,/5#_�&-)2@�5�d[$�3�'<@93�BT$�0<&2@�) V k @93�BT$�0#&2@�)23�B ′V k = BTA
$�3^0#79_�5<BmX-3�BT3^0#3�X25�_�6#A�d Uk @93�BT$�0#&-@�) = 6�&a)23�'<&2%�ga,/y?5�dc.�6�79+/%�&26#6�5�U4)25#B�G
$�0#&-@�)(3�.`:2.�&2:�'*A an Jo�H3�)(+�7�$<,�1]+2,/@R)(3`.�)(&�BT5 n GSBT&2%�6�ACBT5Q@�0#&-+/@�,�BT5 = BTA:-,�BT&26�5<B Uk X-3�BT3^0#3�X25�_#6�ACB]&-BT7\,/0#X2&-O�%#,�5�_�&�)(@�5#Bb@93�BT$�0#&2@�)23�B Uk

1
= 0#&2ga,�G

yz5<Bm6#,w$#3�'<@93�BT$�0#&-@�)(& Kn−1 @93�BT$�0#&2@�)-, Kn = XP'<& Kn−1 � $�3�'<@93�BT$�0<&2@�) =
)(3�)(+2,�./0#&-6�6�A�dD5�:`@�0#&-+/3�@n@93�BT$�0#&2@�)-, Kn %#,/:�BT&2%�6#3�)(+�&2dD3�+ ! '<3 n − 1 J� )P0#5 k = n − 1 = +/3 = @�,�@s$�3�@�,/:-A�.�,�&2+}� W = Uk

1
7�g?&[)2,�B�$�%�&('*)(+2,�./0�1�&-+c@�0<&(G

+/3�_�6�A�d|@93�BT$�0#&-@�)/J��D$�%�3�+/5�.�6�3�Btg?&p)P0#79_#,/&HBTA�$#%�5#BT&26#5#Bm$#%�3�I�&�)2) V<W $�3
3�+�6�3��?&26�5�8>@ Kn−1 5r:�,�BT&-6�5#B Uk

1
X-3�BT3^0#3�X25�_#6�ACBR&-BT7f,�0#X-&2O�%#,/5�_#&-)(@#5#B

@93�BT$�0<&2@�)(3�B Uk
2
= 0#&(ga,/y?5#B�6#, Kn−2 = +^J�&�J~6<,}$#3�'<@93�BT$�0#&-@�)(& = 3�O�%#,�:23�.�,/6�G

6�3�Bf.�)2&-BT5 0, 1, . . . , (n−1) GYBT&-%�6�ACBT5a@�0#&2+/@�,�BT5[@�3�BT$�0#&-@9)-, K n J��H3�)(+/79$#,/1
$�3�'<3�O�6�ACBQ3�O�%#,/:-3�Bt'*,�0<q��z& = BTAx$�%�59'*&-B = .\@93�6�I�&z@�3�6�I�3�. = @r,/0#X2&-O�%#,�5�_�&(G
)(@93�BT7a@93�BT$�0#&-@�)(7 Uk

n−k
= X-3�BT3^0#3�X25�_#6�3�BT7 Uk 5[0#&(ga,�yz&-BT7z6#,�$�3�'<@93�BT$�0<&2@�G

)(& K k = )23�)2+/3^1�yz&�Bf5�:K@�0#&-+/3�@[%#,/:�BT&2%�6#3�)(+�&2dz3�+ ! '<3 k = ,�+/3�XP'�,�BTAR)2BT3^g?&�B.�3�)($�3^0<q�:23�.�,�+/q�)P1�:-,�@�0#8�_�&26�5#&-BR� W J
�KBT&-)2+/&a)H+/&�Bm$�3^0<7�_<,/&2+�)P14)P0#&('<798�yz5#d}.�,�g�6�A�d4%�&2:-7/0#q�+2,�+��
�K�9�#�T�9�H���2��� �M�*�*�(�<�?�/�*���/���<�# ¡�|¢�£��2�?¢��n¢�£��2�?�^¤��<�^¥¦�b¢���§a¨�£��2¢�©P�

�^ª����-«/¬���®¢�¬/©(�^¤��#¬�¯©(�<©2�[�P§p¬-°
k +/3m.�A�+/&-@�,/&-+Z5#:f+/3�X-3 = _�+�3t7�)P0#3�.�5�1 j²± 7�)�J

1
Wl³ j²± 7�)�J

4
W4´*µ�µ '#0#1R@�0<&(G

+/3�@m.�A�$#3^0#6�1�8�+�)P1�J��H3�E2+/3�BT7r'#0#1m3�$�%#&�'<&20#&26�5�1mX2%�79$�$Qh¶&-+/+/5NBTAuBT3^g?&�B
.�:21�+/qz:�,p3�)26�3�.�7?@�0#&2+/3�_�6�A�&�,�0#X-&2O�%<,/5�_�&�)(@�5#&C@93�BT$�0#&-@�)(ApJ9·r,/+/%#5�I#,�BT5c5�6�G
I�59'*&26�I�5#dw1�./0�1�8�+�)P1[+�3�XP'*,pBo,�+/%�5�I�A (εk

κλ) = $�3^0<7�_<,/8�y?5�&-)P1[5�:�X2%<,/6�5�_#6�AKU)(3�3�+/6#3��z&-6�5�d j µ�W J9��,�BT&2+/5<B = _#+/3z@�0<&2+/3�_�6�A�dc@93�BT$�0#&2@�)�3�$�%�&('<&(0#1�&2+�)P1\E-+/5�G
BT5rBo,/+�%�5�I#,�BT5f$�3^0#6�3�)(+/q�8 j )p+/3�_�6�3�)(+/q�8�'<3�5�:23�BT3�%#FH5#:-Bo, W = +2,�@f@�,/@4'#0#1
$�3�)(+/%�3�&26�5�1H:-.�&-:�'<6�3�X23�@93�BT$�0#&2@�)2,¶'*3�)(+-,/+/3�_�6�3C:-6#,/+/q�&2X23�:2.�&-:�'<AZ5a5�UH6�&-$�3/G
)(%#&�'*)2+/.�&-6�6�A�&p5�6�I#59'<&26#I�5�5�Jv ,�%�19'*7¯)m3�%�5�&26#+/5�%�3�.�,/6#6�ACBT5e)25#BT$�0#&-@�)2,�BT5e5i)(5#BT$�0<5�I�5#,/0#q�6�ACBT5
,�0<X2&2O�%#,/5#_�&-)2@�5#BT5f@93�BT$�0<&2@�)2,�BT5sBTA¸%#,�)-)2Bo,�+/%�5�.�,�0#5f6�&-3�%�5#&26�+/5#%�3�.�,/6�6�A�&
)(5<BT$�0#&2@�)2A¹5n,�0#X-&2O�%<,/5�_�&�)(@�5#&f@�3�BT$�0#&-@9)2A®$�3mBT3�'<7�0#8 µ�º +/3�_#6�3t+2,�@Dg?&
6#,�%�19'*7\)�3�%�5�&26#+/5�%�3�.�,/6#6�ACBT5c@�0<&2+/@�,�BT5|5}@�0<&2+/3�_�6�ACBT54@�3�BT$�0#&-@9)-,�BT54BTA
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n = 1
��{���z�g�f���o2n��2b�q�l�n�o2p�frq�j�l2b��u�j2nPv2v2bAw�q�z�z�e�v�j2q } ��z�b�{�o���q�z���{�g�i�g } l�n��Cu�j�n�v�v�nY� } {�nHf���g�i�j2b�k�n��6�Se2fre����s�i�n } q�f�k�b�l�e2fEb�z�p�����z�g<o(p�d�g"k:b�frd�l�n�z�s�fre
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k t frq�j�l2sO~½q�u�gh��e2frvHo2q�d��Te2l���e } q�l�z�q�lxv�gJd�j2b�~�l�q�~xfrq�j�q]�Tg } l�e2f

n t frq�j tl�s�f��&±�v�j2g�z�e�{�l�g�f½��o2n��2b�q
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1 = U i, Adc_K

U̇ i+1
2 = U i. Afe�K
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m /%3�+�=�"%1�$�;�+�5�>�$�nP>�.:&()D/!+�>D5
U i+1

1 = U i+1
2 AB�:K
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k
a − γ

k−1
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E

k
b = (−1)n−k

E
n−k−1
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m�V�>+@�;gi�V#d#9#J,9+>#a S 8�>+V`;W:�r`DE7[>�9+d�@�;W@o_�9+JN9#;W@[?�9#J,;W:�?�C�V�5�>+:�F k @ n− 1 >�9+d�Trc:v5H7�lc:,5H>#G#7#:,>]C�:,d�V�>+V#?�V#:�DXG#V#FE5H>+G�:�C�C�V�:L5HV�V#>+C�V#b<:,C�@�:�e�î Y >+V#FoA�:H6Ea#KÃ;WB
V#i�?�:�DE:�6�@�;h@�C�DX:�d�5^i�:,?�:,5�:�8�:,C�@�IïDEG#7�mïd�6�:�>+V�8�C�B/mð9�6�\,:�_�?�9+@�8�:,5Hd�@�mñd�V�;�T
i�6�:,d�5HV#Gn@cG�V�5�i�V-6�a#J,7#:N;=5�I"@�;ïO y%ò�3NR D�6�I<i�V�5H>#?�V#:,C�@�I¬DE7�9�6�a�C�B/m¬_�9#J|5�6E9#_#B/m
\�V�;WV-6�V#\,@�F�eó 7�5H>+a

Ak = ξ1a
k
1 + ξ2a

k
2 + . . .+ ξk

αka
k
αk

@
Bn−k = η1b

n−k
1 + η2b

n−k
2 + . . .+ ηαkbn−k

αk
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 ���4��!"$��0�"$576	89��%:%/��% αn−k

b = αk
a
.�0���,$ �"�+-�� = αk .!�/*;"$0	����%(�&1<*!�/*/"$'=��������>�! ���"�#$����%$"('?%	*!+-,(����%(�&*!�@,$ �*/�/���A�/B�C4�0��D#$��0$"(EF*!� � ��*G*���0�*/��*@"H��*/��*:I3�

#�"��J��� αk 67KL�!�=%	*!+-,(����%(���="�+-��B�C���/+-*!�M�/*D���!N;���M%�*!0$��#�0$*/�M#$"��J��*O*/�!P;"('�/*/#$��%7.Q���/%R%/�/%<%(�����/%/� αk
κ

0$�?"�+-�����S*!�/P)"('T��*!#$��%<0$"R�?*���0$*/5U"$4F%(���&>
�/*/% bn−k

λ
.74��C"���%(��BL#$��0$"���+V���!�����/0�*/5W%(�����/%$" bn−k

κ

.9�=%	*/��*! $*/5 ak
κ

"�+-�����
*!�/P)"$5MX$��0��� 76�Y��$EZ���!�����/0$12'Z%(������*/%�"�0	����%(�[,��� $���&��#���0$"(E�*!,$ $�&���&����0M�\0���>
#������Z,$ $�&��1]���	P;����*;,��� ��/�� ��!^M�$6DY��$EO���/��'_0$�`���!�����/0$12'=%(������*/%O���!�����/0$12'
 ���4��!"$��0�"$5�+-1a,$*D���/�A����+C����* ����!0$1\+G0$����B;6D87*/�J�b�c"$0	����%(�d,$�� $������#$��0$"(E;����>
�����! ���"$#����&%�"('@%	*!+-,$����%(�&*!� Ak " Bn−k +-1e�/������+f�&#$"$�������@ ����!0$1\+g���(+[+-�"�0	����%(��*/�=,$�� ����&��#$��0�"$5@*!�����&���!0$12':%(������*!%76�87*!#$0$���/h

χ(Ak, Bn−k) =

αk∑

κ=1

αk∑

λ=1

ξκηλχ(ak
κ
, bn−k

λ ) =

αk∑

κ=1

ξκηκχ(ak
κ
, bn−k

κ
). i �Dj

8k��%$"�+l*!�/ ��/4�*�+m"$0	����%(�G,$�� ����&��#$��0�"(ET���/��'f���������/ ��/"$#$����%$"('T%	*�+-,(����%(��*/�
E$�/�$E$���!�JEO�/"(��"�0$��5$0�*/5O^�*/ �+-*/5_�/��%$��*! $*/��./,$ $�&���&��������E$BP;"$'=n���"O%	*!+-,$����%(>
��1M6

KL $"$��0�����X$"$E��!�&����* h >o+-0�*/��*!*/�! ���4�"(E M n p ���&���/0����/��"$�!�/���2*/,� $�`��������0$>0���BV*/ $"$��0$���/X$"$BR�M%/��I3��*/5_"$4c%$������*!%_ ���4��/"$��0$"(E
M n

b
6(KL�/*!4�0��D#$"�+F�&�(+[+-�

���&��'C���/%$"�+<*!�/ ��/4�*�+g*! $"$��0$��"$ $*!�!�/0$0$12'q�&"�+-,(����%(�&*!�O#$�� ���4 Mk
b
6�r�*����������/>

��E(EU�S^�*! �+-����� i �Dj k = 0 " Bn−k = Mn
b
"U,$*D���!4���E����a�&*/*!��0$*!N;��0�"$��+

���� ��/0$"$X$1 �$�/� .�+-1s,$*D���	#��/��+S�J���&���	BP)"$5@ ���4��/�������/�$hbt�u�vDw�x!y�z�w|{bw�y�w&}$w�u�t	~
���b� w&�A{ � t�}$w�y�x/� � �Ox!�`��z � w�x!y � A0 y=�A{�t�w�u��3t�{b�/�c�3t���x/�&�Mz � w&x�y&�&� Mn

b
{ ���

� w&u ���b� w��A{ � t�}$w�y�x/�&�M�3��u � }$w&u�t��sx!�&�Mz � w�x!y � A0 6KL#$���!"	��0$*�.����$EG"$0	����%	���3,$�� $���&��#$��0$"$E@�/1c,�*D��0(E$B�!�JEC�&*!*/��0�*/N;��0$"(E
χ(Ak

1 +Ak
2 , B

n−k) = χ(Ak
1 , B

n−k) + χ(Ak
2 , B

n−k) i�� j
"

χ(Ak, Bn−k) = (−1)k(n−k)χ(Bn−k, Ak); i ��j
,�*!�J���&��0$�����_�&"$���@^�*! �+-����1 i�� j ���� 76 ���/� 6� *! �+-����� i�� jL���/� h

χ(ak
κ
, bn−k

κ
) = (−1)kχ(ak−1

ι , bn−k+1
ι ),

*!��0$*��JE$P;�	BL�JEq%q���/�(+g���!�����/0�1\+g%$������%!�/+ ak
κ

" bn−k
κ

.�����%(I3�3+-*DI_0$*@ ��/�&>
,� $*!���� ���0�"$����0��R,$ �*/"$4��/*D���!0$1c�T���������! ���"�#$����%$"$�S%	*!+-,$����%(�&1� ���4�+-�� $0$*/>
������5 k " n − k 6Q�M+-��0$0�*�.d4��/+-���/"$��.d#���*a�!���C�� ���0�"$#$0$1c�q%(������%$" bn−k+1

ι
.

4��T"��&%(��BL#$��0�"$��+ bn−k
κ

.c0���"�+-��B�f*/�!P;"('R��*!#$��%�� ak
κ

.2+-1�+-*DI)��+��!+-��>
����* bn−k

κ

0���,�"����/���)�)�����/*/5:#��/����"@0���N;��5@^�*! �+-����1 ḃn−k+1
ι

6(�U,$ ��/�/*!5:#���>
����"O�&*!*/���!���/�����/��0$0$*Z�!+-���&��* ak

κ

+-*DI_0$*�0���,�"����/��� ak−1
ι

6/87*!�J���M+-1g,�*D���	#$"�+
^�*! �+-�����

χ(ak
κ
, ḃn−k+1

ι ) = (−1)kχ(ȧk
χ, b

n−k+1
ι ). i�� j
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576�8:9<;�=�>@?+AB8C?�D�6�8+E�;#F+ABG�E�8CFIH�=�G�JKH�;-A�;-LMG,E�N�NPO�Q�6+;CJB?�8+A�R#E�8+STD

bn−k+1
ιU A�G,6 U 8 ak−1

ι

N�E�V�N�JKG�E�6+EB8WD
ak

κ X�Y JBE�8 U ;�O+GZD�A�N\[�6+;ME�G]6�8 U O�9<;#=�>@?#AB8<F�D�G�LMG;�D�6�8+G,6#D�S^D_H�=�8+F�G�J�A�N�F#;#`aO�6�8 U^U 8 U 6+;�b�JK8\;#c�GWQ�8�D_6+N^=�8+F�E�deE�?+ABf X%g D�8#>@;�>JBG�A�G#OhABG�F�8+S^Q�8�D_6+RiE�G\=�8#F#E�8jE�?#A�fk6+;-A�R U ;lFi6+;�>mD�A�?�Q�8#G#O U ;#b�JK8jFib�=�8#E�N�nV�? U A�G�6 U N bn−k+1
ι

F#o�;ZJBN�6WJB?�8�A�R�E�8�SiD
ak

κ

U A�G�6 U 8 bn−k
κ

O�6 X G X U ;#b�JK8 bn−k+1
ιN

bn−k
κ

Op8qD�A�G�JB;�F�8#6+G_A�R�E�;�OrNsJK?�8�ABR#E�d�G U A�G�6 U N ak−1
ι

N
ak

κ

O@N�E�V�N�JBG�E�6#E�d Xt ;�Q�E�;i6�8 U LuGMH�=B8+F�8+SvQ�8#D�6+RlE�Gw=�8+F�E�8�E�?#A�fWOhGZD�A�N^Flb�=B8+E�N�V�? U A�G�6 U N ak
κF+o�;ZJBN�6lJB?�8�A�R�E�8�S U bn−k+1

ι
U A�G�6 U 8 ak−1

ι X@x ;#[,6+;�>@?�9<;#=�>@?#AB8sy{z�|<;�D�6�8+G,6�nD�SsD_H�=B8+F#G_J�A�N�F�;#`^J�A�S}JBF�?�oqH�=�;�N�~�F�;-A�R#E�d/o U A�G,6+; U ak
κ

N
bn−k+1
ι Xrg >@GZD_6+GDl6+G,>/OpH�;}9<;�=�>@?+ABG�y��#|�OrJ�A�SsJBF�?�osH�=�;#N�~,F#;-A�R�E�d/o U A�G,6+;#Q�E�d/oC8�A�b,G�c�=�8+N�nQ�GZD U N�o U ;�>@H�A�G U D_;#F Ak

N
Bn−k+1

JB?�8�A�R�E�d/o^H�;ZJB=B8+~�JKG_A�G,E�N�`
M n

a

N
M n

bN�>@G,G�6�>@G,D�6+;\D_;�;#6+E�;��WG,E�N�G
χ(Ak, Ḃn−k+1) = (−1)kχ(Ȧk , Bn−k+1).

y��#|
� ~p[�6#;#`�F�8+L\E�;#`<9<;#=�>@?#A�dqD�=�8+~,?�H�;-AB?�QB8+G�6�D�S"D�A�G_JB?�f��WN�`�F#d�F#;ZJ X�x ?�D_6+R AkS�F+A�S�G�6#D�S^V�N U A�;�>/OK6 X G X Ȧk = 0 X%x =�8+F�8�S�Q�8#D�6+Rj9<;�=�>@?+ABd�y��#|�;#c�=�8+�u8+G,6#D�S
6+;�b�JK8vF�E�?+ABR X@g A�G�F�;#`sLuG'Q�8�D_6+N�?�E�8�D'D_6#;#N�6

Ḃn−k+1
O@6 X G X H�=�;�N�~�F�;-A�R+nE�d�`PO�b�;�>@;-A�;#b,N�Q�E�d�`�E�?+A�f

(n − k)
n*>@G�=�E�d�`sV�N U A X@� d�H�;-A�?�Q�8+GZ>/Oa6�8 U N�>;#c�=�8+~,;�>/O�6+G,;#=�GZ>@?K�

�/�����@���<�2��� �M�B�-�_���v�B�*�%�,���_ �����¡�¢£�+�K¤-¡�¥#¦�¤_§K¨#�B¤-©�¤
k ª¬« �*�K��¤�©�¤}�Z§%� ª ¤Z ��B¤�©�¤¯®�¡B�Z§%° Ak

�±©�¤ « ¤_§K¤�©�¡� ��B² « �B³�§K´
(n−k) ª¬« �µ�%��² « ®B¡��-§K¤ « Bn−k�Z³+°�§K¨#�B¤�©�¤"��°,¥+¶-¡B����¡�¢q¦+�,��©��-°"��°+¦+�_���B³�§K´�·

576�8¸6+G�;�=�G,>p8};�D_6�8#G�6#D�S£D�H�=�8+F�G�J�ABN�F#;�`�N:F�6#;�>kD�A�?�Q�8#G#O U ;#b�J%8 Bn−k6+;-A�R U ;uD�AB8#c#;ub�;�>@;-A�;#b,N�Q�G�ElE�?#A�fW� Bn−k ≈ 0 X t ;�b�JK8
cBn−k ∼ 0 (c 6= 0).¹ ;

χ(Ak, cBn−k) = cχ(Ak , Bn−k).

x ;�6+G,;#=�GZ>@G]º�A�G�F�8�SwQ�8#D�6+R = 0
O�D�A�G_JB;#F�8+6+G�A�R#E�;�O�=�8#F#E�8"E�?#A�f£N\H�=�8#F�8+SQ�8�D_6+RBO�8q6�8 UCU 8 U c 6= 0

Or6+;
χ(Ak, Bn−k) = 0 X»Y 6#D_f¼J%8vH�;-A�?�Q�8#G�6#D�S�G,�WG;ZJBE�8u6+G,;#=�GZ>p8��

�/�����@���<�½�_��� ¾��§K¡
Ak ≈′ Ak

¡
Bn−k ≈′ Bn−k ¿ ®�¡��-§K²À�-¦�³-Á�Z³+°�§K¨#�B²rÁ���°Z¥�¶-¡B����¡BÂ�Ã  ¤

χ(Ak , Bn−k) = χ(′Ak, ′Bn−k),

 ·-�,·B¡��K�Z�����/�K�µ�%�,���� ��_��¡�¢w�-¦�³-Á'®�¡B�Z§K¤�¦<�B� « �_��¢%�  �¢w�+�K¡M¥#° « ���B�¼��°-ÄÅ�Z¤-©�¤®�¡B�Z§%°���§%°�¶-¤u©�¤ « ¤�§K¤�©�¡B ���² « � « ³�®B¡��Z§K¤ «  ¤�©�¤uÄm����°,¥+¶-¡B����¡�¢h·
Æ'Ç-È�É�Ê�Ë�ÌZÍZÊ%Î�Ï#Ð�ÑPÊ�Ï�È@Ï�È,Ë�Ë�ÑaÒ,Ì-Ï�Ð�ÑuÇ#Ó�Ê�Ì-Ò�É�Ô�ÒZÊhÏ�È�Õ�Ö,Ð�Ê�Ô�Ð�Ê

M 2
a

Ì-ÒZÏ�È�Ô�È@×pÇ�Í-È_Ø�ÙÏ�È�Ì_È#Ú%Ð�ÑPÊ�Ô�Ô�ÒwÛÜÎ�Ò,Ç�È,Õ�È_Ô�Ô�ÒZÊ¯Ô�È\Ï�Ð�ËZÝ�Þ�ß+ÞMà±Ð�Ï#Ô�Ò�á^Ó�Ð�Ô�Ð�Ê�á�âãÎ�Ï�Ò,ÌZÐ�ÍZÒ,Î�Ò�Ó�Ò�à�Ô�ä»ÊË�Ì-Ò,Ï�Ò�Ô�äCÖZÒ�Ó�åZæ�Ò�ç�ÒWÇ�Í�È�Ø�Ï�È,Ì_È±Ô�è�à�Ô�Ò<Ò,Ì-Ò_à�Ø�Ê�Ë�ÌZÍ,Ð�ÌZå�éÝ�ê]è+È_Ó�åZÔ�ÒZÊ�Ï�È,Õ�Ö�Ð�Ê�Ô�Ð�Ê
M 2

bË�Ò,Ë�Ì-Ò,Ð�Ì<Ì-Ò�çëØ�È±Ì_È,Ç�à]Ê¼Ð�Õ¼É�Ê�ÌZä»Ï�Ê�ìWÇ�Í�È�Ø�Ï�È,Ì-Ò�Í�Ú#ÒZÖ,ÒZÕ�Ô�È�É�Ê�Ô�Ô�äpìMÎ�è+Ô�Ç�Ì,Ð�Ï�Ô�ä»ÑhÐ�Ó�Ð�Ù
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5  � �' ∗

M
2 �!,�� ( ,6� ( �	2 4 × 8 ( %' !7-89, 5':�� �'+�,6;'�<>=?,�%@�	 �	( �'%@7� *�A�'BC+-,�89 !%' �'(�� ,D;E�*,�, ( ;� ( 4� ( ;��@�F�G,�%@�	 �	( #6&@�	 !HJIK7�+�#629# �@� ,�H � #L%@�	�37 � 4+- M� ( %' 5 +-,�HJ�ONP7�� (�: 0	;$#A,*0 � ,��Q *% � =RBS&'�'+@4

5 #T0'7-# 5@:�� =RBO%'#�2*�6�	 � �'HJI6� � 0	 *+-��.' *%' *�! !)	 � �	�+-, ( ,�%�=RBF�Q=U%'#�2!=T�!+@�';$#� *�RIV�!7 (�: &'�	+ 5 = A1�
B1 IW,���%	#�2!,�;�# �'� =T X+�#�YO0	=RHZ0	;�7��Q�"+ 5  ( +�#�4���"[ � #�%@�'�!7 � +- ]\ ( �^&'�'+ 5 =M,���,�2 � #*)	 � =C0	;$,6H'4

� =T��� 5 � � �	�����W_3�a`�#�+b+�#�+ n = 2
IR#

k = 1
I

( ,L2301 *� : k = n − k + 1
�]c � 01 !+��".' *%' *�! !)	 !4

� �	�",6.	%' d01 5 �@ ( �3�e.',f.	%	#�;�� 5 7Wg � # A1 �� *%@ ( 4�d�/,*0 � ,��Q *% � =RHh�!�'�Q. 5  *+-� −(P 0P 1)
I � # B1 i,*0 � ,��Q *% � =RHj�!�	��. 5  *+-� +(P 1P 2)

��Nk%��G.',��Q,�4
�k�l\ ( �'BF�3�	��. 5  *+-�*,�;b�*,�� ( #�; 5 �@ ( �3�m0	;�7��� !%@4
� =RHC�!�	��. 5  *+-� (P 0P 1P 2)

�nNk%@�E;�2*� ( ,�H � #6���+�,689 *%@ �	(�� ,�H>,�%��	 �'( #6&'�@�e, � �	�Q * ( 2 � #6+ +1
�	`n,68d01#� � 01 !+��V.	 *%@ *�* !)' � �'�

χ(A1, B1) = (−1)(+1)(+1) = −1.

o/pWqMr@sWtWu9v�u�p�u�wWx1qmxWw	vJu�y	z�{Zs�u6tWu�z�u6|�u6wWx1qmr�t�xWu6wW}�xWtW~�u��]r@z6}-�L�]wWr���r�r����
tJ{-�6xWq�qW�-p�qWu6}�z!qAz6~	��u�z6}-��u�wWwW�O�?sWtWu9v�sWr$p�r$�>u�wWxWu��P�K�Vz!p�xS�]�U�@r@}-x��?t�{�z��
s�tWr@z6}-t�{-w�xW}-��}-u�r�tWxW��wJ{mwWu6r@tWxWu6w�}-xWtW~@u��]�kuL�]wWr���r�r@��t�{��6x1qQ�R�]��vJr$pW�"wW�
�@~�vJu���r@�6t�{�wWxW|WxW}��@z!qM{-p��6u���t�{�xW|Wu�z6yWx��]xMy'r'�]s1p�u�y	z�{��]xMsWrL�]r�vJ~-p��U�W��o��'{
{-p��6u���t�{�xW|Wu�z�yWx1�hy1p�u�}-r�|�wW�P�"y'r'�]s1p�u�y	z�{fsWre�]r�vJ~-p����

Ak
x

Bn−k
�'z6r@z6}6{-���

pJu6wWwW�kuMxW��yWp�u6}-r@y�vJ~'{�p��@wW�P�ltJ{-�6�@xWu6w�xW�Q�Rvn{-�}��������6�@�� J�¢¡��6����£W���J�'¤¥ �¦
§ ¦���¨6©�ª«�1��s�tWu9v�z6}6{-��pWqW��>xW��y1pJ{@z6ze���k|�u6}-r@�G¬Wu6p��P�M|�x�z�u6pms�rE�]r�v�~-p��U�1�
f�]u�wWwWrJ�

χ(Ak, Bn−k) = 0̌
x1p�x

1̌

�h��{-��xJz�x��]r'z�}-xjr�}e}-r���r��	qW��pWqWu6}�z!qGp�xj|Wx�z!p�rhr��@��x1�D}�r�|Wu�yGy	r@�]sWp�u6y1z�r@�
Akx

Bn−k
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x1, x2, . . . , xm

x
y1, y2, . . . , ym,
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x1 = α11x1 + α12x2 + . . .+ α1mxm,

. . . E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E
xm = αm1x1 + αm2x2 + . . .+ αmmxm,



 (α)

y1 = A11y1 + A12y2 + . . .+ A1mym,

. . . E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E
ym = Am1y1 + Am2y2 + . . .+ Ammym,



 (A)
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A =
\
α
−1

,
.�-X-"D�!YC�/�9�-"D"/<!�+�-�5�!"7�)K6WIZ![.�!� K#\9]-�D�!Y/�6F$'![C�9�/09�>�9�707�&21JI^7<!�+�&�5�!�_,."3=6
`"a�b<c?d�e�fgdih�j�k<h�b<c%b<lnmok E Aik

C�/09�$'3�.�!�5":�6�9�.4.�-�U=$'!H!�:0U�9�D�/0!�)�;09�3� F-�9?$<-�C�-�:�N
7�9�7�)�9Lpq:09�>�9�7�.�! αik

Ii$'9�:09�7�7�-"947<!T$<9�."9�/0>�)�7<!�7�. |α| = ±1 Esr -�-".�7�-�t
9�7�)�9 F-"7�."/0!�U�/�9�$<)09�7�.�70-�3�.")u6�5":�6�9�.�3=6WI�-";�9�5")F$<70-0I�/0!"5"7�-�C�/0!�5�7�&?>vC�-Q-�.�7�-"t%9�N
7�)�_w x-�D"-")<>SC�/�9�-"D�/0!�+�-"5�!"7�)K60> Ey !� O "!" A−1 =

\
α I�."-4/�9�t%9�7�)�9z@F/0!"5"7�9�7�)�( (A) $'!"9�.

y1 = α11Y − 1 + α12y2 + . . .+ αm1ym,

. . . E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E�E
ym = α1my1 + α2my2 + . . .+ αmmym.
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xiyi =
∑

i

∑

k

αikxkyi =
∑

k

xk

(∑

i

αikyi

)
=

m∑

k=1

xkyk,
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a
) M n

b E { @�3�.��z$<@�!�:0��7�&�9� K:09�.� �) ak
κ) bn−k

κ

-"/�)�9�7�.�)�/0-"5�!"7�&Y.�!" WIF;�.�- χ(ak
κ
, bn−k

κ
) = +1 E { /�)0>�9�7K6K6* * �:09�.� �!">

ak
1 , a

k
2 , . . . , a

k
αk
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ak
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k
2 , . . . , a

k
αk

.����	����&0/1����23�-4�5���67$�89�9: k ; ��������&7:<5=���-4��!)���&7:>"���.-�� ���"���)���895��=:?5	�!�������-5 ;8-��$@��"�#- !���-����� M n
a ACB �!D�EFE���G����-��4�& ξ1, ξ2, . . . , ξαk

"H��.-�- !��"���)���8-5��!.-�
5	�����=���-5=8�" Ak = ξ1a

k
1+ξ2a

k
2+. . .+ξαkak

αk

������$!�-��.I"�+J4�8I�F�����3D�4��!�K5	�!��4���" ;.����L�����-��4����!���C�����-�! ���"�#-�!$!"�����+ (A) % 4-"�5K5�"�5
bn−k
1 , bn−k

2 , . . . , bn−k
αkM ��894�NO4������-��N3���!"H��N���&P��5=����4�5��

bn−k
1 , bn−k

2 , . . . , bn−k
αk

�����-�! ���"�#-�	+�4�8I�O5	����4���"�.����L�����-��4����3���Q�!4����!23�-����+R5 ak
κ
% 4 A � A �����<���!���!S3��	��"�$���������T (A) A�U �!.I��"O5	��D�EFE���G�������4�& ηκ

"H��.��- ���"���)���895	��.��35	�!�������-5=8-"

Bn−k =

αk∑

κ=1

ηκb
n−k
κ

=

αk∑

κ=1

ηκb
n−k

κ

4�"�5=VW�<�������� !��"�#���+J4�8I�X5��!��4���"�.-���9��������4����Y���Y��4�����23������+Z5 bn−k
κ

% "Y8I��� ;����$!"�4��9��N���� % �[���\��4�����23������+,5 ξκ A M �!D-4������\ !�=��������T���"��<E������]" ∑ ξκηκ��894-"��-4�8I�>����$�"�����"���4����!T_^
αk∑

κ=1

ξκηκ =

αk∑

κ=1

ξ
κ
η

κ
.
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� bn−k
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κ
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� ∑ η
κ
b
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k
2 , . . . , a

k
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89�	S3� ;

8-4�$��!�-4\������"\� % ��)���$��	����� % 4��(��N!5��\������"F���!"���N���"��[ !"�#�" bn−k

1 b
n−k

2 , . . . , b
k
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ν ) = δµν
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ȧk
κ

=

αk−1∑

ι=1

εk−1
ικ bk−1

κ
,

B �ED

ḃn−k+1
ι = (−1)k

αk∑

κ=1

εk−1
ικ bn−k

κ
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ak−1
ι

D Z��q$�p�%�$�(�W F $�-<X). F *�.�$&S�*),�T�$&U�,&7�'�1�4O$&p�Iu@
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=
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ικ ak−1

ι ,
B
1
D
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(�.&Zq�q*�.�P F $�X)$�t�')(R3y2�%�$�(�,&%�*�' ^

 
(εk−1
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1Ak
λ (λ = 1, 2, . . . , γk = γn−k−1),

2Ak
µ (µ = 1, 2, . . . , pk = pn−k),

3Ak
ν (ν = 1, 2, . . . , γk−1 = γn−k).

B ��D
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A
k

λ, B
k

µ, C
k

ν 132  �&�4'����(�(�5&60�����,* 7&�0*89� 1Ak
λ

,(:�&<;�8�'��!-� (=(>'.?("(0* 7�A@B8C ��!���ED������� ���D�"(�(�(�5&F��/�4
 7>HG 2Ak

µ

����:�����/�>'$������/I8C ��!���J)+D������� ���D�"(KLG 3Ak
ν

-�������MH&6�(&N=(-! (=(>O'�8C=
?�"(0* 7����"PG(D�:7�!�("(���(�5&F89����'!�(��QH&��("*=SRUT
VW,(:("��("��X�!>O'�'!��DC;B�Y-�"�;

1Ȧk
λ = 0, 2Ȧk

µ = 0, 3Ȧk
ν = ck−1

ν
1Ak−1

ν .
R[Z�V
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3Bn−k

λ (λ = 1, 2, . . . , γn−k−1 = γk),
2Bn−k

µ (µ = 1, 2, . . . , pn−k = pk),

1Bn−k
ν (ν = 1, 2, . . . , γn−k = γk−1).
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ζ = 0, 1Ḃn−k+1

ϑ = 0.
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λ

�(&.=(-� (=(>'�8C=q?("(0* 7����"P@ 2Bn−k
µ

����:��!��/�>'
���!��/S8C 7�����J)iD������� 7��D�"�KP@L�

1Bn−k
ν

,(:(&<;B89'���-! (=(>O'I?("(0( ��A@r8C ��!���sD������� ���4D�"(�(�(�5&A��/! �> 1t �!0u0��!0]�X��'!:("(?��v"(��;7&�0�8���-w,(&�:(&�8�&��(&��("*=m;7/��d �^��(�J)q���!�vR[:�"�8 1 T
����V&
89'!^�&9;7"(�("��(���d=$�X�!'!:�"(?��(@�'!�p89:(&9;7�*=*=.&�&A����89'!^6xy�X�!'�:("(?��

χ(2Ak
ρ ,

2Bn−k
σ ) = δρσ (ρσ = 1, 2, . . . , pk)

Rjz�V
'��!0*n6&A&�89'�^6&9;7"(�("��(���d=s�X�!'�:("(?�� 1{ '��!0P@�&�8C �"N,(���("��X�!'�^A,(�
;N;7-�/*�r=.|
}!~��������L�F�E�d~���~��A�.���B~d�����.�%�9�A�9������%�7� 2Ak

µ

" 2Bn−k
µ (µ = 1, 2, . . . , pk)

'���0("(&J�������v8C 7�����J)AD������� ���D�"(KA;7/��d �^�4
���J)p0* �&�'����(�(�J)p:7�!����"(&���"(KP@*�X�!'!:�"(?��Y"(��;7&�0�8���-Y,(&�:(&
89&��(&��("(=E0���'!��:(�J)+Rjz�V&
89'!^I&<;7"(��"(�(���!=i�X��'!:("(?���@L'!�I��'�8�>W;��s8C �&<;�/�&�'+8�/�MH&�8�'!-���-����("(&H;7/��! �^��(�J)���!�A8C 7�����J)pD������� ���D�"(K 1l 89'���&�'�8C=$'!�� �^�0��6�
;7"(�.QY��D<@*�('!�����u,��� �/��("('!^�8C �&9;7/�>MH"�K.:�&���/� �^d'���' 1�W���7�r���f���!��� �*�v��~���|����w�!~!|�~d�7�����

k
�`�H� ���7���¡�d~��!�����B~!�
�����%�9�A������d�%�7�v�9}�¢N����£6¤!}!�9£¥|
}!~������7~��

(n − k)
�`�H� ����~��w�d~���~�¦_��§d�3��|����*�B�C�F~��w��|
�7�
��!�7~!¨*���N�F£6�
¨*�7�d�9£6��©ª|
��«��������d¤p���B~d�����%�9�A�9���d�%��¨*�7���+�7}���©¬

� 8��������I;7&� �&�@�,(&�:�&9)��
;p��'F89,(&�?("��d 7^��(��K6���!���m8C 7�����J)HD������� ���D�"(K 2Ak
µ0a,(:(��"���-��� 7^��(��K68���-�&�:(QY��&�'�8C=N,(:("a,(������MH"�?(&� ����("78C �&��(����D��A/��("7���
;7/! (=(:(4����D��A,�:(&�����:�������-��!�("(=H"p,(:("����!-� �&���"*=N8C ��!���fD������� ���D�"(�(���J)H�(/! 7>]?("(0* 7��- 1 �w,�:(&�����:�������-��!�("�&a������� 2Ak

µ

�
;7�������7���(�(�¡��,(:(&9;7&9 �=(&�'w,(:(&�����:��!����-����("(&



���������
	������������������� �����
�! �"�#%$�&�'�(*)�"�+�,.-/#!"�)�,1032�'�4�'�#!'�2�5%( 2Bn−k

µ 6�7 4�8�&�&�'!9�:�"�;<;�"�;<4�,.:�=�8�)� �8�419>�:�'�)�,?4@"�:�=�5�A%"35%&B�!8�;C-�'�D3E�8�=�8�-�8�>�8�&�5CFGE�'�-/#!8HE�=�8�'�)�=!"�+�'�D�"�&�5�(I-�&�'�D�"J)�,1K#!"
8��!5�&%5�>�&�'�(I4@"�:�=�5�A�8�(MLON�P�9�:�'
E%=�8�'�)�=%"�+�'�D�"�&�5�FQ)�"�+ 2Ak
µ
5 2Bn−k

µ
�!'�#�RJK&�,S)�,�:�$T;�'�&�:�=%"�2�=�8��!5�8�&�:�&�,U4�5 6�V =�5�)�"�D�#!8�&�5�8�-/#!"�)�'W2�'�4�'�#%'�2�5�>�&�,10
&% �#%XA�5�;�#%'�D3&�8H4�8�&CF�8�:J5�&C�!8�;C-�'�DJE�8�=�8Y-�8�>�8�&�5%( 6!V '�Z�:�'�4� *;�"�;[;[Z\#%8Y4�8�&�:�"�4]&�'�KD�'�( k K^4�8�=�&%'�(_9`:�"�;.5.;aZ\#%8Y4�8�&�:�"�4b&�'�D�'�( (n − k) K^4�8�=�&�'�(a)�"�+�,c4�'�R3&�'E�=�5%)�"�D�#�F�:�$JA�5�;�#%,T9%-/#!"�)�'Q2�'�4�'�#!'�2�5%>�&�,�8W&� �#%X 6

d_e�fYg ��hYh

i  Bj
8Y-�:�D�'�D�"�&�5�8k�! �"�#%$�&�,10l)�"�+-/#!"�)�,10m2�'�4�'�#%'�2�5�(c=!"�-�;%=�,�D�"�8�:n)�'�K#%8�8o2\#% B)�'�;�5�8n;B'�=�&�5p+Y"�;B'�&!"o�qD�'�(�K-�:�D�8�&%&�'�-�:�5 V  �"�&�;�"�=�8�9rD�,�=%"�RH"�Xsj
8�K2�'�-/Ft-�'�'�:�&�'�uv8�&�5�8Y4 pk = pn−k 4�8�RQK�! v>�5%-/#!"�4�5Qw`8�:�:�5 6�x '�>�&�'T:�"�;QRv8�4�'�KRv8�:y)�,�:�$S:�'�E�'�#%'�2�5�>�8Y-�;�5z'�)�'�-�&�'�D�"�K&�'{ �-�:�"�&�'�D�#%8�&�&�'�8|Da}!~��t�!D�'�(%-�:�D�8�&�K&�'�8Q-�'�'�:�&�'�uv8�&�5�8v4�8�RQ�! k K^4�8�=%&�,U4�55 n− k− 1 K^4�8�=%&�,U4�53;B'�Z��T��5%A�5�8�&%:�"�K4�5[;�=� B>�8�&�5CF 6V 8�=�D�,�8 ρk 5%+s;B'�4�E�#%8�;C-�'�D 1Ak
λ
DL � P�9�: 6 8 6 ;B'�4�E�#%8�;C-�,

1Ak
1 ,

1Ak
2 , . . . ,

1Ak
ρk

'�)�=%"�+� BX�: k K^4�8�=�&� BXp)�"�+� �;�=� B>�8�&�5CFL�-�4 6 -�:�= 6 �BN�P 6�� '�4�EC#%8�;B-�,yRv8
1Bn−k−1

1 , 1Bn−k−1
2 , . . . , 1Bn−k−1

ρk

'�)�=%"�+� BX�:3)�"�+� <;�=� B>�8�&�5CF�=%"�+�4�8�=%&�'�-�:�5 n − k − 1 6�� '�4@"�:�=%5�A%"*5%&B�!8�;C-�'�DE�8�=�8�-�8�>�8�&�5CF
χ(1Ak

σ ,
3Bn−k

τ ) = δστ (σ, τ = 1, 2, . . . , ρk)

;�"�;H>%"�-�:�$U4@"�:�=�5�A�,T9Y5�+�'�)�=%"�Rv8�&�&�'�(�&%"U=�5%- 6�� ��� 9�8Y-�:�$s8��!5�&%5�>�&%"�FT4@"�:�=�5�A!" 6V '�Z�:�'�4� �9CE�'�#!"�2�"�F*�%#�FG-�'�;%=%"�jv8�&�5CF
1Ak

σ = Ak
σ , (−1)k+1 1Bn−k−1

τ = Bn−k−1
τ

5 3Bn−k
τ = Bn−k

τ ,

4�,zE�'�#% B>%"�8Y4�-/#%8��! BX�jv �X�:�8�'�=�8Y4� ��
�1�B�%���B���|�����������J�����J�������

k ��  �¢¡q£q¤�¥|¦�¤Y§�¤3¨�¡q��©���£%ªB¥
Ak

1 , A
k
2 , . . . , A

k
ρk

ª
(n− k − 1) ��  �^¡q£!¤�¥�¦�¤�§�¤3¨�¡���©���£%ª�¥

Bn−k−1
1 , Bn−k−1

2 , . . . , Bn−k−1
ρk ,
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���
������������������� ���"!$#&%���'�#��(%���!*),+-�.�/��#0���

Bn−k
1 , Bn−k

2 , . . . , Bn−k
ρk

132�4 ���	56%�����768�9:�<;6��! 2 ����;�#�9=)>�?�-@A;6����� 4 9CB
Ḃn−k

1 = ck1B
n−k−1
1 , Ḃn−k

2 = c2B
n−k−1
2 , . . . , Ḃn−k

ρk = ckρkB
n−k−1
ρk

D
ckτ
#&E6��7 k F !G� 4 8H9:�I;J��K�LML>�HNH����8��.9$; 4 E6+O�&8H�	@JP�)<���Q!G��� 4 ��N��R��8�����;�#���%2 � 4 �&#&�&+O��8���@

χ(Ak
σ , B

n−k
τ = δστ )

��#���7S�&����8H�H+-8��&@T!G��� 4 ��N�� 43 U
VXWZY�[6\6]6^�]�_�`ba�c�dec�f�[6gOf�h=diYH_Hjlk"_�d�m�]�jonp\	[6q"Y�]srH]6c�jOrHd�c6W�tur�]

ckτB
n−k−1
τ (n − k) v h=f�gOrOW�tw\�[�h=x-_Hf�\	k Bn−k

τ

xHgOf?Y�k&c&]�y6_OjOf&czk&xOf&{H`H]�_H|JrOW�t
\	[�h=x-_Hf&\-k 3Bn−k

τ }�~ Y�rH]6\�[TrO`OmHf&q&[IrOf/`H^�h=f&rH`Oc6k"jonof�k"_H`�h=W�y6[J^&|�h=f�h�\	[�h vxO_Hf&\-k
Bn−k

τ

xOgO[6`H^&y6[�_�|6rOW�h }-� k�]6h=[�hRY�f&_Hf6nOxH[�c6f&[6gHf�h=f<�������

χ(Ak
σ , B

n−k
τ − 3Bn−k

τ ) = 0,

c�]�\I\6]�\
Ak

σ

k"_�]6�6[�q&[�h=[�_H[6q�`OmOf&r�rOd�_�� nH]
Bn−k

τ − 3Bn−k
τ

{O`O\-_ }�� [6a&c6[Jh=d

χ(Ak
σ , B

n−k
τ ) = χ(Ak

σ ,
3Bn−k

τ ).

�=]Jk&k&dJ��Y�f�rO`-jza�c�[6q�[QxH]6gH]�q�gH]6�<]�h=[Jq&d	cQ�JW�c�|QxHgO[6yJf?Y�f�rOW$c&]�\O�.fSYH_Oj]�_Hq&f��6gH]6`OmOf�k�\O`-��\�[�h=x-_Hf�\	k&[6y�xO[�h=[�Y�d6_H� � }H� [6q"Y�]�xO[�_Hd	mO`Hc6k"jIk"_�f?Y�d	����]�jc6f&[6gHf�h,]On�k�[6[Jc�y6f�c6k�c6y6d	����]�jSc�f�[6gOf�h=f<�?�
���	�����	�*�z���&���¡  �-@¢;J��£¤����' k F !G� 4 8���'R����5�9¥#0������9CB¢¦§�?!G�?����¦§��' 2 �!G����E&���¥¨

Ak
1 , A

k
2 , . . . , A

k
qk

#&E6�(�&#&��%�E��&�©��E��&��7J8��&@ (n− k) F !G� 4 8��&@�����56�
Bn−k

1 , Bn−k
2 , . . . , Bn−k

qk ,

�(��;��&@�)�+-�.�ª!G��� 4 ��N��«�H8����&;J#���% 2 � 4 ��#&�&+O��8H��' 2 �ª!G����E&���¬¨ 2�4 �&��#��(��%&�-@��&������H8H��+-8HEJ�! ��� 4 �HN�E qk F ¦§� 2 � 4 @���;�� U
� gO`Hh=f&gHW<nJ`-_H_H�«k&c�gO`OgOd	�«� `Of®`O^�_�[��.f&rHrO[6f�yGa�c�[JhRx�]�gH]6q&gH]J�*f6n�xOgH`Oy6f vY�f&rOW¤yT����¯ }
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HJIFKMLONQPOI�RTS6UVRXW�K�K�S*W Y�ROLOZ$W [XLQY�I\[X]�^_I`POa�ROabKMa�cOa�dOLOefLfLOd_gha�^�KMUiPXaMjROabKMa�cXa�dOLOkQ^�[Xa�Y�I�cOdOU,NQW [Xl�a�m�RXW�LOcOabKM^OL�N`^_I$S6P�[Xa�^�KMI�ZhnXZ$oMeOY U,NFZpgrq$W�[h]�dOU,N^�[Xa�Y I�cXdOU,NsRXW o�m�LOa�dOL�e�Nut6vwW xyWzm�[XL�{|W kXxyW�es}XaM[X]Q~�q�KMY�W�dOI�Z$LOY ]�obW Z�LhKML�jS6I$K�Y ]�POI\[hq�cXa�dOdOU,N�ROa�o�q [X]�Y�W Y I$Z�I�Y�KMPXa�}OLXW [X]�dXI�l�I�RXW�o�m$LOa�dOLOe�S6dOI$l�I$I�m jRXW�o�L�e�dXW.^�[Xa�Y ^OL�L0I�PXROa�gha�[XLOY ].LOd_gha�^�KMU�POa�ROa�K�a�cOa�dOLOk�gX[Oe�POROI$LOo�Z$I\[X] jdOU,N�I$K�I�m$U,NfW�[hl�a�m$RXW LXcOa�K�^OL�NT^�I�S6P�[Xa�^_K�I�Zht=��Y IQI�KMq_�JabKMY Z�[OeOa�Y$K�eTPXI$KMRXa�gXjKMY�Z�I$S�W�POPOROI$^_K�LXS*W }XLOL�I$K�I�m�U,Nf^_I$S6P�[Xa�^�KMI�Zht���ghdXW�^�IFY�a�POa�RO]QPORXL�N$IbghLXY�K�eRXW$K�K�S*W�Y ROLOZ�W Y ]�q�{ya�dXa`K�LXS6P�[XLO}XLXW�[X]$dOq_��W�POPOROI$^�KMLXS*W�}OLO�Jn6WQW�POPOROI$^�KML�jS*W }XLO�i^�[ha�Y ^�W$S6L�grq$W�[h]�dOU,N`RXW o�m�LOa�dOLOk4tr��W ^Xq��V^�[Xa�Y I�cXdOq_��W PXPOROI�^�K�LXS*W�j}OLO��S6U�K�a�kOcXW$K
I�POROaMghaM[hLXS,t\HyW�[h]�dOa�kOxJLOa,RXW$K�K�S6I�Y ROa�dOL�e�I�Y dXI$K�eOY�K�e(^(PXROI jLOo�Z�I\[X]$dOI$S6qz^�[Xa�Y I�cXdOI$S6q�^_I�S6P�[Xa�^�K�q
Kn

nDI�Y dOI�KMLOY�aM[X]$dOI�^_I$Y I�ROI$l�I`S6UidOaPOROaMghPOI\[hW�lW�a�S,n�cOY IpI$d�eOZ�[OeOa�Y$K�e
h
j�S6dOI$l�I$I�m�RhW o�LXa�S,t��K�dOI�Z$dOI�k�Y�a�I�RXa�S6I�kQeOZ [OeOa�Y�K�eQoMgha�K�]�K�[XaMghq_�;�yW eQY a�I�ROabS*W�I�POROLOm�[XL�j{ya�dOLOL4�

�,�_�X�6�_� ��¡ ¢¤£y¥ ¦M§(¨
Ak ©�ª ¦ ª\«\¬*�®�¯D°�±M«²O®�³X´O± ¦Mµ ³h µ ªM¶w·_¯D± µ�¦¸µ ¯D±�¹§ ªb´�ºhª�°»ª µ ªM¶w·�¯D± µ$¦ ® Kn ¼½³ Ȧk = Ak−1 ± ¦M§(¨¾µ ¯D± § ª\´�ºX¬* µ ªM¶w·_¯D± µ$¦ºh® Kn ¼�¼\¿�ÀÁ´O® ¦�§ ºhª ¦M§ ³0º ¥ ¯D±�À�ª\ (k − 1) ¹Â¶|±Ã²rºh¬* µ ªM¶|·�¯D± µ�¦�Ä`Å ª�°�Æ\® ¦�¥ ¹

Ç ± ¦M§ À ¥ ± § °»ªM¶wªM¯rª�°»³X´�ºh¬* µ ªM¶w·_¯D± µ�¦M¥ Ak µ ¯D± § ª\´�ºX¬* µ ªM¶w·_¯D± µ$¦ Ak Ä
��Y�WzY�a�I�RXa�S*W`POROaMgrKMY�W�Z [OeOa�YzRXW�K�POROI$K�Y RXW�dOa�dOLXa(Y�a�I�RXa�S6UVIzK�LXS6P�[XLX}OL�jW�[h]�dOI�SsPOROLXm [XL�{(a�dOLXL`l»[rW Z�U0ÈÃÉ½dXW�K�[Xq_cXW k`^�[Xa�Y I�cOdXU,N�^_I$S6P�[ha�^�KMI$ZXt
Ê`Ë�Ì�Í�Î ÍDÏ4Ð_Ñ*ÒXÓhÏ4ÔrË�Õ���W�^�^�W�^Fl�RXW�dOLO}XW

Ak
a�KMY�]QÖ×PORXL

k > 0 Ø ^�[ha�Y I$c�jdOU�k�W�[Xl�a�m$RXW LOcXa�KM^XLOk�^_I$S6P�[ha�^�K n,Y I�I�dXWseOZ [OeOa�Y�K�e0IbghdXI�Z�RXa�S6a�dXdOI�k0K�LXS=jP�[XLX}OLXW�[h]�dOU�S�^_I$S6P�[ha�^�KMI�S,t;Ù I�Ú�Y I$S6q�PXI�Y a�I$ROa�S6asI�PXROLOm [hL�{ya�dOLOLVÛ # ÜKMq_�ya�KMY�Z�q�a�YJl�I$S6I\[XI$l�LOcOdXU�k¸^_I$S6P�[Xa�^�KMq
Ak

KMLXS6PO[XLO}OLXW [X]�dXU�k`W [Xl�a�m�RXW�LOcOaMjKM^XLOks^_I$S6P�[ha�^�K ′Ak
ÖÂY\tÝa�t*W [Xl�a�m�RXW�LOcOa�K�^OLOk�^_I$S6PO[Xa�^�Kpm�W ROLO}Xa�dOY RXLOcOa�K�^_I�l�I

POIbghRhW o�graM[Xa�dOL�e ∗

K
n ^�[Xa�Y�I�cOdOI$l�Ip^_I$S6PO[Xa�^�K�W

Kn Ø nDWygX[OeFÚ�Y I$l�Ip^_I$S6PO[Xa�^�K�WPOI�Y a�I$ROa�S6ayÈ ÛhÞ�ß�K�q_�Ja�K�Y Z�q$a�Ypl�I$S6I\[XI$l�LOcOdXU�kF^�[Xa�Y�I�cOdOU�k�^_I$S6P�[Xa�^�K t�H|[Xe
k = 0

Y a�I�ROabS*WzI$KMY�W a�Y$K�efKMPXRXW Z$a�gX[XLXZ�I�k�nrghI�^�W�o�W�Y aM[X]�KMY Z$I�Y�I\[X]�^_Izq_POROI��(W�ja�Y$K�e4nOY�W ^z^�W�^zY I�l�grW(dOa dOq�{pdOIpI$m�RXW��yW Y�]JZ�dXLXS*W dOLOe`dXW(l�RXW dOLX}Oq�t
à|á � â8ã ä�åræ6�h¢Áç,¦ ¯r³ 〈Ak〉 ©èºh® ³�¶|±�º ¨$é ³h µ ¯D± § ª\´�ºh¬*f·hª�Æ µ ªM¶w·�¯D± µ$¦ ¿ºh® µ ª § ª²rªM¶ê¯D±�ë�³ § ®�¯D°�±�«²�®�³h´O± ¦�µ ³X µ ªM¶w·�¯D± µ$¦ Ak ¿ § ª�¶|ªbë�ºXª�Æbª\· ¥ ¹¦M§ ³ §(¨ ¿8´ § ª Ak § ® µ ë�±2¯D±Më�³ § ºh® 〈Ak〉 ³�´ § ª Ak ∼ A

k ºh® 〈Ak〉
Ä

vwW�LXS6a�dO]$xJLXS�^�[Xa�Y I�cXdOU�S�POIbgh^_I$S6P�[ha�^�KMI�S
〈Ak〉
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9�6]X)3�7)A@3�247)Qn�!�!��5@0)9�X>7 6�oq3�?�78F@0>A@0)?�A@0���0�Zj0^J^5@0>F�AG0>J>=G3�5�B�B]?�7�A�B�.�7�5�X�0>=@T>L
5�,VU^9�X>A�3�=@7)D8��X>3�7)A�31247)Q^� 44 _�`3�F�3�A�TuX)3�7)A@3�24,�Z)HG7)D)0).�0)5�5�,;3
JRh�i'k�H@=@6OD�=@3�X)7)C�5�,VUO0>=@?�3�:)A@0)B�C�3�9�D�B�U
D�7�24F�=G3�D�9�7�J@ZE5@3�X>A�K>HG5�7�F�3�A�3�5�3�9�X>B~5G0g7�9�7):�,;3Y0'=@?�3�:�A@0>B�C@3�9�D@B�3�D�7�24F�=G3�D�L
9�,�_j��A�B�b�X>7�2VZPD�7)5�3�C�5�7GZ@J�9�3�J)A@3�2M6-5�3�6�J�5�7OF�A@3eHGF�7 =P0>?�0)3�X)9�6[ZGC�X>7ND)0'}WHG,;3
HGJ�0�7�9�7�:),VU�D�7�24F�=@3�D�9�0

Ak B
Bn−k Z�J�9�X>A�3�C@0>f�oqB�319�68F@71H-.�5@0>D�7�2dB�5�HG3�D�9�0

χ(Ak , Bn−k)
Z�K>HG7)J)=@3�X)J)7)A�6�f�XuK�9�=@7)J�B�f�{��I��hji ( _

�E9�=GB^HGJ�0O7�9�7�:),VU�D�7�24F�=@3�D�9�0
Ak

B
Bn−k

5@3qB@243�fpXO7�:)oqB�UNX>7�C�3�D[ZPX>7
B�URB�5�HP3�D�9pF@3�A�319�3�C@3�5�B�6

= 0
_�av9�0)247�2]HG3�=G3)Z

Ak
B
Bn−k

247 }R5�7q0)F�F�A�7�D�9�B�L
24B�A�7�J�0)X>TN5G0)9�X)7 =@T)D�7�243�=@D�B@24B�D�=@3�X>D)0)24B`Z[C�X>78B�UY0>F@F�A�7)D�9�B@2m0>s�B@BYX�0)D�}u3
5�3�:�K'HGK�XWB@243�X)TO7):�oqB�U�X)7)C�3�D[_��qB@9�X>A�B�:�K�X)B�J)5�,;Q-.10>D�7)5�H@=�6^B�5�HP3�D�9�7�JWF@3�L
A�319�3�C@3�5�B�6^7�9�7):�,VUOD�7�24F�=@3�D�9�7)JWX�0>D�}u3�J),;F@7 =@5�6�3�X�9�6[�

χ(Ak, Bn−k
1 +Bn−k

1 ) = χ(Ak , Bn−k
1 ) + χ(Ak, Bn−k

2 ).
{#���

�q3�QG9�X>J�B�X>3�=GT)5�7GZ<A@0)9�9�247�X>A�B@2�0)F�F�A�7�D�9�B@2m0>s@B�f�D�7�24F�=@3�D�9�0
Ak

J/D�=@3�X>7�C�L
5�7�2]AG0>.�:�B�3�5@B�B

Ma

B�71HG5�7�J)A�31243�5�5@K�fc0)F�F�A�7�D�9�B@2m0)s�B�fzD�7�24F�=G3�D�9�7�J
Bn−k

1B
Bn−k

2

JWHGK�0>=@T)5�7�2gA@0).�:�B�3�5�B@B
Mb

_���=�6^b�X>B�U80>F@F�A�7)D�9�B@2m0>s�B@Q8J�,;F�7 =@5�6�L
3�X�9�6^9�7)7)X)5�7)tu3�5�B�3

χ(A
k
, B

n−k

1 +B
n−k

1 ) = χ(A
k
, B

n−k

1 ) + χ(A
k
, B

n−k

2 ). (8)
��7-F�A�B�HP7�9�X�0>X>7�C�5�7�243�=GD�B�UnD�=@3�X)7)C�5�,VUnA@0).�:)B@3�5�B�6�U

Ma

B
Mb

B@5�HG3�D�9�,
F�3�A�3�9�3�C�3�5�B�6-7):�7)B�U�D�7�24F�=@3�D�9�7)JR9�7�J)F@0'HP0>f�X�9�B@5�HG3�D�9�0)24B-F�3�A�3�9�3�C�3�5�B�6^B�U
0>F@F�A�7)D�9�B@2m0>s�B@Q[_���7)b�X>7�24KOB@.���7)A@24K)=@,

(8)
9�=@3eHGK�3�X�9�7�7)X>5�7�tq3�5�B�3R{����e_

��0>D^}u3�Z�D)0)D^��7�A@24K>=P08{#����Z�F�3�A@3�5�7�9�B�X)9�685@0R9�=@K�C@0)QN7�9�7):�,VU�D�7�24F�=G3�D�L
9�7�JR��7)A@24K)=G0

χ(Ak, Bn−k) = (−1)k(n−k)χ(Bn−k, Ak)
{ * �

B-��7)A@24K)=G0

χ
(
Ak, (Bn−k+1)·

)
= (−1)kχ(Ȧk , Bn−k+1).

{���k��

� HG319�T
Ak

B
Bn−k+1 7).�5@0 C@0)fpX�HGJ�0^F�A@7)B�.�J)7 =@T�5�,VUY0'=@?�3�:�A@0>B�C@3�9�D@B�UYD�7�2ML

F�=@3�D�9�0�Z ?�A@0>5�B@s�,dD�7)X)7)A�,VU�5�3VF�3�A�3�9�3�D)0)fpX)9�6[_���X�9�f�HP0�9�=@3�HGK)3�X1Z D)0)DuBWA@0)5�T>L
tq3�Z�C@X>7]B@5�HG3�D�9�F�3�A�319�3�C�3�5�B�6

k
L�243�A�5�7�?�7Ys@B�D�=G0]9�7]9�=P0>:)7-?�7�247 =@7�?�B�C@5�,
2
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(n− k) ����������������������� ���! " �	#���$	%'&��(����%)�(*��(�  !+ #���,�-/.  $!0�1��2���3���(� + ��45�% +6� ��%70  $���89#��;:  �< �  - < �������  4�="%70���>�1@?�1���1A0�1�?  *������B%C�  �B.  $!0�1��EDF 1G%70��H#����(�/,G4����(�G89#����  �I#J���(4K��1 < ��1A8I��1�%(4�=L?�1���1��  4�=K1�>  �	#���$	%(�M&������)�%(�(*����  !+ #���,G-N$!0���%�%)1��@?(1G��1A0�1�?  :�OP%70���>��E-�Q���� < ���(����1G%)4���: k  n − k ��< �5�#J�������E-R�I1�&����H#��(0��(����1��S&�1�� + #�$	��D�TU����%)4��V%W4����S1�4�&��A#J���(424(��$!8V�C��� + ����1%X#��)0�������1��9�R4��(1������Y��-[Z  Z\Z3]J^!_V&����H#�&�1A0�1A8V���  � � *�4�1R.  $!0��`#�,���0�=����E->G� < %70���>��E-9?(1G��1A0�1�?  : �� 0  %)1�1�4����(4�%(4���������1W>�� < $���,	*����  !+6� #�1A0�8I���a>��;4�=.  $!0����  #�,G�50�=����E-W$!0���4�1�*����E-C��� < >  ���  :6b�������%)4�1'�  -C��1A82��1c� <)+ 4�=d&���1�� �< ��1A0�=����;�d1�%(1�>��;�d.  $�0��WDF ,�%)4�=d#����d1��  �(��4  ��,������E-  1�&����H#��)0����������K1�>���� < 1G�L1��  �(��4  ��1�����������E-"&�%)�(��#�1�����1�?(1�1�>���� <� !+ K k  Kn−k 1�4�1�>����589�(���e&�1G%)���)#�%)4���1��S����&����)����;�����E-91�4�1�>�����8V�(�  : f  g �31��  ����4  ��,�����1�� h �\����1�?�1�1�>���� <( � M n D	fc�  �����4  ��,Ggch  �V.  $!0�� Bk  Bn−k &�%(�(��#�1�����1�?(1�1�>���� <( : K k  Kn−k &������)�-G1�# + 4@&��  [i 4�1��a�M#����M1�%(1�>��E-".  $�0�� f(Bk)

 
g(Bn−k) OP%(4��6DY_Aj�k�Q � 1�>�0����

#J��g�h  -M1�&����H#��)0����������  �!#��($!%)1G�l&�������%(�(*����  !+ D!mn%70  �G����%)4�1 Bk  Bn−k

� <)+ 4�=L#���,	?  �/1��  �(��4  ��,������;�R.  $!0�� ′Bk  ′Bn−k o ′Bk ∼ Bk Op��� K k Q ′Bn−k ∼ Bn−k Op��� Kn−k Q � 4�1
f(Bk) ∼ f(′Bk),

g(Bn−k) ∼ g(′Bn−k),

}
��� M n,

�G%70��H#J%)4��  �'*��(?�1
χ
(
f(Bk), g(Bn−k)

)
= χ

(
f(′Bk), g(′Bn−k)

)
.q;r(s�tAuwvyx�s)v3zG{J|)xGrX}�v'~'�J��{!���;�V�	v3rX�esAtX��}���}�vW��sX����|(���9�5�JsA��}5����u��ez�r�|(�5���s)vW��s5��s�sAtX��}��5���

K k
�

Kn−k
~�r)sAsA�9��|(�9r(�9����|)���

M n
sAz5��|(�A|X{J|(����uY�N������A|(x�rWz�|��J|�r(|(��|)���	���!�V���A|)xGr��A�9s�����}��5��r(�����9sH{���x�s9sA��sX����|)���2}5�����"z�r�|(�5���s)vW��s5��s�sAtX��}��5���

K k
�

Kn−k
�[sA����|)z��J|\��u��5��u��NsA�9s�tX��}A�e|(�������� �	#��($!%2&�������%(�(*����  !+ &�1L��1�#�,�0�g�j"%(,GhV��%(4���,��(4  �N4�1���%70�,	*���� � $	1��?7#J� K k Kn−k  0  M n ����1��  �(��4  ��,������WD� ��%)$	1A0�=�$	1 #�,���0�=����;� $!0���4�1�*����;�K��� < >  �(�  !+ ,5#�1�>�����#�0 + &�1�%)4���1��(��  !+ 1�>�hC�(:W4��(1��  � 6� ����%(4�1A0�=�$	1E89�n����,5#�1�>���1;����-�1�#  4�=  �	#���$!%�&�������%(�(*����  !+#���,G-"��0�?(��>����  *���%)$  -/$G1G��&!0���$	%(1��I&��  &�1���1�h  $!0���4�1�*����E-"��&�&���1�$!%  �Y���.  :C��#�,���0�=����E-W$!0��(4�1�*����E-3��� < >  �(�  !+ -'�d&�����$�4  *���%)$  -C%70�,G*�� + -�D F 1 i 4�1����, � &����(89#��I*����¡&������)-G1�#  4�=R$¢&��  ��������� � ���£#�1�$��589���a0����Y��, � $G1�4�1���1�:,�#�1�>���19&�1A0�= < 1��G��4�=G% + &��  &�1�#�%(*��(4��  �!#��($!%(�9&�������%(�(*����  !+ D¤L¥G¦'¦'§�¨ª© ��r)�9�

M n « sX����|)���V������|Xv3s5|
h
�PvW��s5��s�sAtX��}��5��|¬rx�s5�H|)���|)���V��sKsX����|)���V����s5��}5����uwv®r)�	vWz	{�������}({�����uwv¯��}���tA��|)����|7v°�

En « |(��ssX�J��|)���V����s5��}5����uY�
n
�Pv3|��J��uY�Rr)�Gv3zG{J|(x�r�� © ��r(�V��~±�A}({J|(|)~��

En
{J|H��}5���A��}sX�J��|)���V����s5��}5����u��²z5�!�!v3s){�����|(����u���r)�	vWzG{J|(x�r7}

Xk
�
Xn−k

~I��| �GvC|)�;��9��|'x)��s)v3|3s�tA�2|(��s2��|(�����!}
Pk

����x�}5x��	�[�³�J�����!�LsAtA�9�	�K�9s���|(xG��´Er7{���~��VsA��H�A}A~
ξ(P0 P1 . . . Pk)

|�r)�9�VsX�J��|)���V����s5��}5����uY�Mr(�Gv3zG{J|)xGrEt5}7������|)�����J����|�r)x�sA�
��sµz�s5�³��}����A|X{J|)���G��r(�GvWz	{J|)xGrX}

Xk
~
η(Pk Pk+1 . . . Pn) « �9}5x�sA�¶��|[r)�	vW�

z	{J|)xGr2tA}�������|)�����J����|(r(x�s5��sRz�s5�·�!}����A|X{J|(���G�
Xn−k

��|(r7{��µx�s(�)¸w¸�������|(���
ζ



���������
	����������	���	�����������	������ �!��"��#����$��%���	��'& (*),+
-'.0/�1�2'35462'7*8:9�4<; n =?>A@ 1B3,.0CED�F >�G�HI@ 7�D ζ(P0 P1 . . . Pk . . . Pn) ;�1BF @ 3,4JF*1B; =-*2'3K; LMF,3,2'7�; -*;ND En OQPBR*S�T 804J;

χ(Xk, Xn−k) = ξηζ.

UWVYX�Z\[^] + R�_a` X�Z�b�ced,c�fg[�h,i�j,V*kmlmn�o�p�dBV
n − k = 2, k = 1

]rqsn^V j�cM[�t*b�c
[�Z,u ` h\c�n�[�V E3 O f\V<X�Z\[�i�f�n�c�f\c�o�v^o�w�f\V j�c�f�f�o�p�o T f�i�xyf�o ` X�cedI[�t�V^b*h�z�t*{y[�c�v^c
v^o h,{^|Ao�kNt*X\c�}�u~c�X�f\�:k�[�Z\u ` h\c�n�[*l\[�oMd,c�X�x�V*�JZ�k

X1 Z
X2 b�f�i�t*X�Z�[�c�v*zm]

�m���M�,�e� �

�Y�r���r�*�I�m���0�\�,�m�B��� ��X�Z�d,o^n^V^w�V*�
t*c�h\{�[�t*b^c�u~��b�o�[ ` o h\{^w�i^cMu0[�zJt*cMu�l�j�t^o�Z�f��
d,c�n�[�� ` c�X\c�[�c�j�c�f\Z�zYd,b^i�}�[�b*z�wMV*f�f\��} ` V^Xo�[�o^v���}JV'h\p�c�v�X\V*Z�j\c�[�n\Z�}An�o�u ` h,c�n�[�o�b�[�o^b^�
` V'dBV*��tM]r� [�h\Z5[�Z\u ` h\c�n�[ Xk w�V^¡�Z\n�[�Z�X�o^�
b�V^fml�V

Xn−k
f�c ` X�c�X��:b^f�o�dBc�¡�o^X,u~Z�X�i^c�t^[�z

bgf�o^b��:k¢[�Z\u ` h\c�n�[ ′Xn−k
t�V^nml£j�t^o¤p�X\V'�

f�Z�¥,V¢[�Z\u ` h\c�n�[�V Xn−k b¢t*c�j\c�f�Z�cgb�[�c�p�o
b^X\c�u~c�f\Zgd,c�¡�o�X\u0V*¥\Z�ZEf�cNb�[�t*X\c�j\V^c�t

Xk
l

V¦p�X\V^f�Z�¥\V§[�Z\u ` h\c�n�[�V Xk
f\c¨b�[�t*X�c�j\V'�

c�t
Xn−k l�t*o

χ(Xk, Xn−k) = χ(Xk, ′Xn−k),
t�V^n©n^V*n

Xk, Xn−k
Z

Xk, ′Xn−k
o�v^X\V^w�i���tªd,b�c«[�b*z�wMV*f�f\��} ` V*X\�

O [�u�]\[�t^Xm] + ¬ R l�t*c�o^X�cMu~iN! T ]®0V^[�[�u~o�t*X�Z\u�[�f,V j\V'h,V�[�h\i�j\V^k
k = 0

]�¯�c�w0o^p�X,V*f�Z�j\c�f�Z�z�o^v��Af�o�[�t*ZWu~o x6�
f�o ` X\ced ` o h,o x6Z\t*{\l�j�t^o

X0 [�f\V^v*xJc�f°w�f\V*n�o�u
ξ = +1

l�V
Xn

o�X�Z�c�f�t*Z�X�o�b�V^f
oMd,Z�f,V*n�o^b�oJ[

En
l�t ]�c^]\j\t*o

η
Z
ζ
[�o�b ` V'dBV*��tM]�±�o^p�dBV6f\i�xyf�o ` o�n^V*wMV*t*{6t*o h,{*�

n�o\l�j�t^o
χ(X0, Xn) = 1

]\²�³�t*o^kY¥�c�h\{^�su~� ` c�X�c�b^c�d,c�u Xn
by[�Z\u ` h\c�n�[ EnZ

X0 ´ b¢¥�c�f�t^X¨[�Z,u ` h\c�n�[�V En
]
µ�t*o¶o�[�i��Jc�[�t^b*h�z�c�t^[�z�t*X�c�u·z ` o�[�h\c�d,o*�b�V^t*c�h,{^f��
u~Z¸|JV*p�V^u~Zm]¹��c�X�b^�:kº|<V*p<[�o�[�t*o^Z\t°b°t*o�u�l¹j�t^o

Xn ` o�[�X�cedB[�t*b^o�ud,cM¡�o^X\u0V^¥�Z�Z ` c�X�c�b�oMd,Z�t^[�z�b ` o h\o xJc�f�Z�c
Xn

1

l ` oMd,o�v^f�o�c�[J[�Z\u ` h\c�n�[�o�u Eno^t^f�o�[�Z�t*c�h,{^f�o�¥�c�f\t*X\V ` oMd,o�v^Z�z X0 ]�µ�t*o\l'o�j�c�b�Z�d,f�o,l b�[�c�p�dBV�u~o xyf�o�[�d,c�h,V*t*{
t�V^nml�j�t*o^v��»¡�Z�n�[�Z�X\o^b�V^f�f\V*z<t*o�j�n^V

X0 bJt*c�j�c�f�Z�c�d,c�¡�o�X\u0V*¥\Z�Zyf�c ` o ` V'dBV'�h,V<f\V6p�X\V*f�Z\¥�iN[�Z,u ` h\c�n�[�V Xn
]\��o^³�t*o�u~i

χ(X0, Xn) = χ(X0, Xn
1 ).

q�t*o^X\o^k¼|<V*p°w�V*n�h\��j\V^c�t^[�z5b ` X�o�c�n�t^Z�X�o^b�V*f�Z\Z¼[�Z\u ` h\c�n�[�V Xn
1

Z�wY¥�c�f�t*X\V
` oMd,o�v^Z�z X0 f,V�[�Z\u ` h\c�n�[ En ]���X�Zyt�V^n�o�u ` X�o�c�n�t^Z�X�o^b�V*f�Z\Z X0 f�c ` c�X�c�}�o*�d,Z�tyj\c�X�c�w�p�X\V*f\Z�¥�iN[�Z\u ` h\c�n�[�V Xn

l�b�[�h,cedB[�t*b^Z�c�j�c�p�o

χ(X0, Xn
1 ) = χ(X0, En).

UWV*n�o�f�c�¥ml�t*X�c�t^{^Z\u½|<V*p�o�u
X0 ` c�X\c�b^oMdBZ�t^[�zgbºo^X�Z\c�f�t*Z\X�o^b�V*f�f��:kgt*cMu¾xJc

w�f,V*n�o�u
ξ = 1

l�n^V^nYZ
X0 l�¥�c�f�t*X X0

1

[�Z,u ` h\c�n�[�V En
]\±mo�p�dBV

χ(X0, En) = χ(X0
1 , E

n),
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χ(X0, Xn) = χ(X0

1 , E
n).

! �#"�$��&%'��$���$��(�*)�+�� �-,���.�/�$���+�$�� h 0 �&+�� 1���� /�,���.�$'2 M n �&�43�+���,�� "�"��5����,�$ 0������)6�����7��������� ��+�� �8,���.�/�$���+�$�� 9:�;��� ����,�� � En %�,��=<�"=��������2���� n 0 �&��,�+�>	?����������>�9�� X0
1 @ <*>��(��) +�>	?A"B+���C�+�>���)��&��,�+�>�?ED�FG��"�?H<���"I���J<*> ���49'�����

χ(X0
1 , E

n) = 1.

K ,��J<*%��4���43�$��L����%���,�)*9������M�*���5�5�N<*������.���+��B<���2O,���.��&��,�+���"=����C k − 1$ n− k + 1 D�PM��� �(3E���7����<*��2�"�$��&%'�����'"=��� Xk $ Xn−k D�FG,�$���+�������$'2Q"=$�� 0%������'"�� Xk .��(<�������"I28��� "=��$���+�RS�T"=$��&%������'"=���

ξ(P0 P1 . . . Pk), (Xk)

�U� ,�$���+�������$�2�"�$��&%'�����	"�� Xn−k @ ��� "=��$���+�RS�V"�$��&%'�����'"=� �

η(Pk Pk+1 . . . Pn). (Xn−k)

W RX�&�43E���7<*� %�> "���$���)*9������ Pk−1
��"���)#����+���, (k − 1) 0 �&��,�+���1���"=��� ,�� 0+�R Xk−1 "�$��&%'�����	"�� Xk Y �N+��G����+���,Z9	+���%�,�$��&��,Z9'"=��� ,���+�R[+�$�.�\M��1��M��$*"I�*�

$�.��&��,���+�$�C�]JD ^:��1I<��M"=>	_M��"=��� >����`"=$*�&%'�����'" Xn−k+1 9�$��&��?�_E$�C Xn−k "���� ��C
"�����,���+�� CZ9a� Pk−1 @ "�����$*�b����+���,�� �cDede$��&%'�*���'"=R Xk $ Xn−k+1 $��&��?G�
"���� $��f%���,���"=������+�$����X� ��,���.���� Pk−1Pk g D K > "���) Xk−1 � ,�$���+���$�,�� � ��+h�����Z9
��������+8��i ��<*$��N�E1�,���+�$���>#"=$*�&%'�����'"�� Xk "=�U.�+����	� � +1 D'^Z� 1I<��E��1��U��,�$���+ 0������$'2�.��(<�������"I2O�*��"=��$���+�RS�j"=$��&%������'"=���

(−1)kξ(P0 P1 . . . Pk−1). (Xk−1)

^:����+��#������3U�N%�>�"=��) Xn−k+1 ��,�$���+���$�,���� ��+������Z9*����� Xn−k ��i���<*$��U�#��1��
1�,���+�$���>T"Q�	��k�l-l`$���$���+���� � +1 9m�4Dn� Do��1��7� ,�$���+�������$�2T� %�,��=<*�=��2�����"I2p��� 0"���$���+�RS�j"�$��&%'�����'"=� �

η(Pk−1 Pk . . . Pn). (Xn−k+1)
! �U%��U$�+	<*>	����$�� +�+����&>8%�,��=<*%��4���43U��+�$�?

χ(Xk−1, Xn−k+1) = (−1)kξηζ.

dT<*,�>	1���C�"=��� ,���+�R-9

χ(Xk, Xn−k) = χ
(
Xk, (Xn−k+1)·

)
= (−1)kχ(Ẋk, Xn−k+1) =

= (−1)kχ(Xk−1, Xn−k+1) ( %���l`��,*�&>�����q�r ).
sIt�uwv(x

Xn−k+1 yJzZ{=|n}4~4���n�����4��}(� v z u�x(� � v ��� u � En ���=| � |n�c�4|G��� � ��� x �=� u �4���(� v �unx4� � v �n� u z Xk
x

Xn−k �4|�}4|J�J�4z ��x�x(�h�4� ���4�J�m���4�4z ��x6u�x(� � v ��� u � ��x �I�������4�=|�� xx ��}(��� u �4���4� u �n���n� x ~ χ(Xk , Xn−k) ��� x ��|J���&� x��4x ���4�=z ξ � η, ζ �4� x � � ����~�� u ~��4�&�n������| ��4|�}(|J� x ~`�4� x ����| � �J���4��� u ~G��|J���=� Pk
�
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χ(Xk, Xn−k) = ξηζ,

 ���"!#��$&%('���)�*�+&��,(-/.0��1�*�2�*���-03��$�!4��5&$�%6.0%(+&%(7&!�!8!�79.0%(19,(*:5�%�$�%�,(%  %�7�!9;<.=)���><��,(��'�?�><*�+&@(%�'�$&*�!  %BA,B1&!9>C1�����59+&%�19,B��)
Ak

!
Bn−k

���ED"7��F��5&��,B��!���-#,B7&*  *�+0*")�,B%G��,B��'�?H%I,(!&�JA59+&%�19,B?/KL7�%M!&��%�NPOQ!�%M��'�OI!�>:���  %(18,M5�%($&%�,B%  %(7&!�%�� D
���  %  7�?�>R��7&��ADQ%�,B��)0K�7&%�,B��OQ!9>/1�����59+&%�1�,(?

Ak ! Bn−k 3TSU,(*������V.0%B+0%�KE���EDW7&�P$&*�2B+&�ED"!���-!�7�.=%(19,X5&%($�%�,B%  %(7�!9;Y5&�[Z���$0����+&%]\_^�`a!I)���,B5&�E+&-�2���)�*���-�,b;[��%���K  ����*T+0@(%('�$&*TA!  %�,B1�!&%"1�����59+&%�1�,(?/Kc7�%"!&��%(N[OI!�%W��'�OI!�>C���  %�1aKc.=*�NP�F!�7�.0%�19,W5�%($�%�,B%  %BA7�!9;
= 0

3�d[����%���!&�#��,B��'��H,b+&�  *�eaK(1���@b.=*L5�%($&%�,B%  %(7&!�%X,B��,B����!��H!�2
1���7�%  7&��@(�
 !&,b+=*H���  %(1aK�5�$�!  %��f)�1�*TDG.0��e/��*�1���eY���  1�%
)�,B��$�%  *�N[��,b;Y���E+&-�1��L.0)�*�,(!&�JA59+&%�19,(*�K�5�%�$�%�,(%(1�*�NPOI!&%�,b;/�(*�1gK�1�*�1Y�����P��1�*�2�*�7&��)�+&%��h��%�3ESi�(�����C,b+&�  *�%j��?'���.0%��k@(��)���$&!���-&K  ���i��'�*M��,B��'�?�>l*�+&@(%�'�$&*�!  %�,(1�!9>m1�����59+0%(19,(*on0prqcp�s(pBt�uTv
wHx szyU{V|�}E~G��� x |E�9t�u������cu���t�|E3c��7�.0%(19,�5�%�$�%�,(%  %�7�!9; χ(Ak , Bn−k)

$&*�)�%�7
����@b.=*�,(���h��%G��5&$�%6.0%(+�;�%���?�>f5���,B$�%B.=,B��)����o+0%��h��?�!�79.0%(19,B��)�)�����.0%B+&-�7�?�>
���  1�*T>F5�%($&%�,B%  %(7&!9;a3�f%�����.0?�!f��%���$�%���?��(����@(��50*�$&*�@($&*�Z/*Q7&%(5���,B$�%B.=,B��)�%(7�7&��5�%($&%(7���,b;���,b;
7&*W*T+0@(%('�$&*�!  %�,(1�!�%�1�����59+&%�19,B?85&�W����.=��+&N��93

�G���H�o���P�[�f�a�P�

� 3J�h*�,(,(������$�!&��)�1�*  %�,B��)�%�5&$�!&��%($0*l|zq=�=pB� x ��q=��pz�Y�
p�n0|T{�p q&�0�&|Ts x �&3¡Y+�;G5�$���,(������?:)���2(-���%��f5&��)�%�$�>�7&��,B��-[$���.c*
h = 2 ¢ .=)���e&7���eQ����$a3���$�%6.05&��A+&�ED"!&��K  ���Y��7"2�*T.=*�7�,()���!0��1�*�7���7�!  %�,B1�!&�m��7&��@(����@(�E+&-�7�!�1�����3��f?R2�7&*�%����DQ%�K  ���C£&!�19+&? a, b, c, d

Kg��'�$&*�2(��NP�F'�*�2(��,b+=*�'�?�>�@(�����E+0��@(!&eo\�¤ � � `6¥g��?
'���.0%���!&,(1�*���-I��%(5�%�$�-].&+�;"������e"'�*�2(?�.0��*�+&-�7&��NR'�*�2(��3���%($&%�,B%  %(7&!9;W���ED"7���T.=��'�7&%(%�5�$&��,b+&%B.0!���-i7&*C$&!&,�3 � ��^�K¦%�,b+&!�2�*���%�7�!���-i£�!�19+0?

a, b, c, d
@(������A

+&��@(!  7&?���!�!&�4£�!�19+=*���! a′, b′, c′, d′ Kg$0*�,B5&�E+&�EDQ%�7�7�?���!i)�7�����$�!l)���,(-���!9A��@(�E+&-�7�!�1�*&3

§a¨�©�ª�«B¬(

��$�!8,(������)�%���,B��)���NPOI%��®,B!&��59+0!�£�!&*�+&-�7����®$&*�2(A
'�!&%(7�!�!U7&*�¯I!i£�!�19+0?°5�%�$�%�,(%(1�*�NP��,b;aK±�  %()�!�.07��0K@²+0*T.01��&3Qd[5�$�%B.0%B+&;9;³!�79.0%(19,R5�%�$�%�,(%  %�7�!9;®5�$�!
5�������OI!I�(*�1���@��P,B5&%(£�!&*�+&-�7&��@(�H$0*�2('�!�%(7&!9;/!I,  !�A�(*�;aK  ���F��$�!�%�7��(*�£�!9;�5&��)�%�$�>�7&��,B��!C2�*T.=*�7&*�@($&*�A7�!  7�?��³1�$���@(���

aba−1b−1cdc−1d−1 KX��?´5��E+&��A
 !&��K0)",B������)�%���,B��)�!�!f,�Z���$&����+&��eU\_µ�`[¤c¶ � K92(7&*�A
 %�7�!9;

χ(a′, b′) = 1
!

χ(b′, a′) = −1.

χ(a′, c′) = 0
K±��*�1U1�*�1

a′
!
c′
7�%"!0��%(NP�#��'�OI!�>

���  %(1a3�·a�  7��:�(*�1¸DG% χ(a′, a′) = 0
3jS¹,(*������

.0%(+&%�K�!�2
a′ ∼ a

,b+&%6.0��%(�EK  ��� χ(a′, a′) = χ(a′, a)
3
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��������������������� �!�"#!� $�%��&$�'����(��	�)��*��� �!$+

= 0 ,�, !���-.�����)-������ , !$+/- a ! a′��0�12!$34����*���&65�78��������9:-49<;���(�!�=�;>!� $�%��&$�)� , ����(��	�)�
*��� �!�+?!�9:�
��� , !$�A@
χ a b c d
a 1
b −1
c 1
d −1

BDCFE

G �
�)�
;�H����)��; , ���
 � �IJ�8��-�����IK9:!6H� �-�LM ��'��*�!���;���NMO
;����F�� ��
 � �IK9:!P �-���+�9:!65G �� $+$+ , �
����"'9<;���(�!�=�������(�+�����&>!'��(�!��� ��
;�=�!�!M=�!�&$��� , H������F+�1Q!�3 , �
�, ��(�3$ ��
9 , 3��	�%��H$9:IR���F��-�*�;��	9#�)�%!� �!�*� �-�ST9<;���(�!�=�-
χ b −a d −c
a 1
b 1
c 1
d 1

BVU�E

W ;�&�!%9/��0�(�;�O���9X=�!�&$�%I
b, −a, d, −c��0�(�;�O�-�S��Y!���&���9:-�SZ��-�;[�%N� �-�S\0�;�O�-M���>���� ���]2�� �!�S^&_0�;�O��
a, b, c, d.

` ;�O
;
a, b, c, d

��0��%;F�A;����a�����)�%-�S�12!�9b������0�IK9b� , ��"%�)� , ��9dc��e�%�
9:�� ���If���9:�FLM ��4(�;�O
0�!���NM %;M��;�(�IR�
;�&6H�*����?=�!�&$��I\�	�% ���"g��;�(�I\!�9:��Sh�'!� ��%�
&$�i���)j(��
�)�
*��� �!$+
±1
H , ��� , (��
9k+X&�;�&#!� ��%�
&$�M����(��
�)�
*��� �!$+#=�!�&$�%� , (�;�O)��!�*� �Id3�%;�(

= 0
5mln���.� , ��"���� , ����(�!���-�12�? ��4���F��N�&������ , ��(�3$ ����)�	+�9dH6op!�9^��0��%;�j�A;�S�� , ���Y9: ���q�����0�(�;�O
!$+6H�(�;�O
9:�
(� �������!r&�������(�Id3 , IJ(�;[Ls;�S�����+.t8��(�9:-��%��"

2(2m+ 1)
H
m = 0, 1, 2, . . . u ��+�����&�;�O
;����)��N��)� , ;4(�;����
9:����(�!%9 , h jv9: ���q���j��0�(�;�O�!�!

M 2k
=�!�&$�%Ixw��)(��)�% ���"zyY(%;�O
9:�
(� ����)��!

k
5�78�>t8��(�9:-���� B|{�Eh}A~ �

χ(Ak , Bk) = (−1)kkχ(Bk , Ak).

78��������9:-
χ(Ak , Bk) = ±χ(Bk, Ak)

H , O	; , !%�)!�9:���)��!_���M����q��%H�*��
�� �� k !$�%! ���*��
�� ���H��	5���5�9<;���(�!�=%;>!� ��%�
&���� , ����(��
�)�
*��� �!$+

χ(Bk
µ, B

k
ν )

0�;�O
I����%;�0�Id3'q���9:�F����q
!�"
Bk

1 , B
k
2 , . . . , B

k
pk

�����F�D�F�D�D���	���	�F�
i ��� �D�)�F���F�F�Q� k ��� �D�����[���F� � �D�)���F���F�	�[�D���J�F�D�F�D���D�F�D�F�
� i ��� �h�
� �$��	�[�D�
���d�)�e�h�F�D�F��� � �F��� k ��� �)�e�����)���F� � �
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������������� �!��"�# k $ "�%&"�%&�'#(#)�����������+*�,!*-��������������"�#/.0% �'#(#)� ���'�����'*'1!23"�4!"�5
�768%:9';��'*=<76>� �@?+� �����'#)���'*!���3�'*!A!��� ±1 1)BC� D+%&��A������&9+E!��"+,F�'*=?'9'�&GH*!IC�'#)�
����J�*�A��'%&�+#)K�#)�ML��&9'"����'%:9'������K�#)�M;����'#)"�?N;�9�<����'K�#)�M����� "�4!�'*!J "�A�*��'�7<'#)�
� �O%&�!��" $ �P% ��"Q9'4!L'"!AR#)KS#)"QGR��#T��� �'� D���� $ ?+;�*�9'E!��K�#U4�*�J�*!#8VXWZY�[�\&,7*]?'9'<
� * $ �76P4�*�J]#(*��!����L'*����7?+� $ %&"�AR�'� ����%&� �'� ���7<^��% ��E��_?+�'�������'*�<^#(*!������L+*�1

BH9�<`�+*!%a���'�_?N% � *�A!9�<�� �H�'����� �'��%b��"Q9'E $ "]��"��R%:9';��'*!Dc, $ "�d:?N* k ������� ���'"'1
2Ue �!"�#/%:9';��'*!�f#)"QGg��"-A!"�%&��"Q9'E�J "�A�*��!E�%:<-*�9'd ��4!�'*!������% $ "!D]����"!����#)"!Dc,Q;���A�� �75
Gh?N*�ibIC��Dc, ���!"�L��&9+"!���'%:9+� ����;�iT;����'#)"�?N;�9�<����';�i $ "�%&"�% �'#(#)� �!��������;�ij#(*!�=5
����L';U#)"QGg��"@�'����A!��%&��� $ "�d ���&?+����������K�#)�3L'�&9'"����'%:9'������K�#)�T;����'#)"�?+;!9�<��75
��K�#)�k���'� "!4��'*�J�"!A�*����7<'#)�l%&����" $ �m% ��"Q9'4�L�"!A $on <�IC�'����"!DkpO"��'#)�!qmVr[Q\_1
2s#(*!������L'�/� * $ "�D>pO"��'#)KtA=?+"Q9'Eudv9+*!A!��"�D3?+�+*�d "��'*=9+�w�'*�6�"�?'<���%:<j��"Q9'E $ "dv9+*!A!��Ka�]#)����"���KxA���?N*

0 1
−1 0

A�% �]GR�]"�%&� *�9'E!�'Ka�Hev9'��#)������Km�'*!A!��KS��;�9+i-y!1+zO"Q9';���������;�ik� * $ �'#>"!4��'*�J�"�#
��"�A!;�i>4�*�J�;C%:9+*!4!K�6Hd "�#)"Q9'"!d���D�#)"QG��'"-�+*!% %�#(*����'��A�*!��E $ * $ 2(2m+1) 5{#)���75��KaD@*��+*=9'"�dO% "!����<7Gh� ����K�#wL�� $ 9'������% $ �'#>% � �������7<'#wJ�*!# $ ��;���K�6P"������ �'���75
��;���#)K�6|��"�A!����67��"�%&����D 46 1} �!% i~?N*aA�Ka��� $ *!� �Q,_?�*=9'���!, �'��"b% ���_?+�'� �
���+%:9'"��~� �����PV��'*!J�#)� �'��"�% ��� k =
= 2m+1 \ 2(2m+1) 5{#)������"�d "O"!���'� �����'��;!��#)"!d " h 5{#)�'"!d "�"!4��'*�J��7<C��������"'1��O"
��"�d:?N*��]6�*!�'* $ �!� ���'% ��� $ * N � * $ "!d " h 5X#)��"�d "!"�4!�'*!J �7<-� * $ GR�~��� ���+*�1Q2T% *!#)"�#
?+� 9'�!,��'"hJ�* $ "!�';h?+A!"�D'%&��A�� ���'"�%&�!��zO;�*�� $ *!���

N = −
2k∑

ν=0

(−1)νpν = −2p0 + 2p1 − . . .± 2pk−1 ∓ pk.

�Z�����'�&� �

� 1�zO�'���'*�% %�#)"!����������������?+� $ % "!A���� �'��%&�����&5
���7<��'*��+� �����+� �'�h�=�N���:�]���l��"�A!����67��"�%&��<76�#)K
?+"Q9�Gg��K�"!d��'*����'������E�%:<o����?+� $ %�*!#)�t��� �'��%&�����&5
���7</�'"P#)"�?+;!9'i � 1N�(*!%�% #)"!�!���'#>����"!�������������';!�&5
#);�ix��"�A!����67��"�%&��E]�'"�?N* � 1��O� "������ �'������"�A�*��'��Ka�
%&�!"!��"���K a , b , c $ *!��"!�'������% $ "!d "S�C��%&���';�d�"Q9'E�5
��� $ *H"!4��'*�J�;�i��O"�?+��"�#)� ����;�i�4�*�J�;R��"R#)"�?+;�9'i �
VXW � [�\&1f�]*T�'�'%�1-[ �!  ��J "�4!�'*�GR����Ko?NA�*Td�"�#)"Q9'"!5
d �'����K�6�% a ��"�#)"�?N;�9'i � L'� $ 9+* a ′ � a ′′ 1c¡¢* $
$ * $ a ′ � a ′′ ��� ����%&� $ *�ib�!%:<Rdv9+*=? $ "',Q��"]�76R����?+� $ %��������% � �������7<^��"g#)"�?+;�9'i � 4!;�?+� �

χ(a , a) = χ(a ′, a ′′) = 1̌,
£¥¤c¦Z§©¨~ª©«
¬¥=®{¬¥¯�°j±¢ª(²+³_�´_®rµ¥¬�¶�·&¸c¹cºQ»r¼_½¿¾À»RÁ�Â�ÃvÄÀÅ_»rÆQ½r§cÇ�ÈQÉQÊ&Ë¥§¢»r¾ÀÉQ»r½bÌ)Ãv½�§À¸�Í�Î&Ï�§ZÐ_Ñ_Ð°bÒ=Ó:Ô=ÕrÕ�ÖØ×�»r¾ÀÙQÚr¾ÀÅ-Û�Ü_Ý_Þ&ß{§
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������������������������ 	!��"�$#&%('�������#"�")��� ��$� a ′ #&��#&�������� *���+� b � c �*���� �%-,�./ �������*0*�1�� 	!2���$#&���3'�������#"�")��� ��$�4'��5�+��!26�7*8:93�*�+���"�<;�'���="���>�+6�;����	!

χ a b c

a 1̌
b 1̌
c 1̌

? �����2�@��A��*��B"�>��A���B��DC"���+�<72��C"�*EF'��G�+��!26�7*8:9H!26���7*I� *�3#"���J�1#K#"��A���EL.
� .NM3OQPRO&S�O"T"O"S*U�ODVWPXU2O&S2Y3Z�[*U*U@\�]�V_^�`ba*c�YDU2.edf6�#"��I��*�+���"��#g� n h �+�"�� ����

h h �+ ���C�����A��*��B���� M n ;2B��i!��� � *���f�5 ��"�	���������>�j��7*�"����)� ��>�@�2��B"A����" *��� M n
a
.

k 6�!2���l *��B�%m������In *6�7*I>�+�"�� �%m�1�$72�"���������"��oD�� *���+�e;e�n��!2 ����+���� �%m�3pq��� hA��*���+�n�*��B"A��*�" ��$� M n
a
.2df6�#&��I w ��#&��I1B����+�� �6	��%mE4'�6	��I2;�#&��#"�"����7*�" * �%mEr�*B�*�"A���� M n

a

s �*�"A����� �%mEt'�6	��I>u&.wvx��y3!2��Ez���"��oD�� ��{'�6	��� w #&���������"��#"����6��"�
n h �+�"�* *�i�n�$7*�"������;��3����yD!����+6G����A���61p (n− 1) h �+���� *���r�$7*�������|!26>�i7*I� ���C����7*�"����)� ���C"�1�*��B�A����� ��$� M n

b
.2}~��� n h �+�"�� *%m�x� (n− 1) h �+�"�� *%m�K��7*�"���*�n)*� h�*�_!26	8���#g�G!2��6	Cx#�!2��6	C"�>���3'���#g7*�&!2���>�����"7*I� *��#&���L;���'����&!2�&7*�� � ���EF'�6	����� w ./ %z�������*�j���"'�����I3�������� ������*��������I3�$�R.2�������" *������6�����'*������B����<7*I� �� n h �+�"� h *6>8��$7*������6�;J#"���������"��#&����6>8��|6	8� *�<)2�i7*I� ���E�����)��	� O '�6	���e.���72�_!26	8��D6	8

n h �+�"�* �6	8z�$7*������63�������� ������*6����b�"���L;�)*����A�%@�x��A��|��E (n−1) h �+�"�� *��E5�$7*��� h�	�3�� 	!26	0��*�����>�i7*�*#"IG'�������������'��<7*�<y5 �%m�|�������� ��"��0����b���<.�!N. ? �����*�t#&'��>#&� hA������������" *�"��0��*8� *�<)2�i7*I� ���E n h �+�"�� *��E��$72�"�����b�+�<y5 ��F'������" *��#&�*��IF��!2�<7*I�>#&��C"�m'�6	���L.idf���x=��������+%�����B"���*�����*�J#g�x�x *�<)*�i72I� ���E m h �+�"�� ���Ex�$7*�����	��7*� hA���#5�*#g�>��!2 ���E��������" *�"��0��*�"EL;e7*��A��{#5'�������������'��<7*�<y5 ���EL.L��#"������������#&�������
#�="���2��C"�������>���<;�)����|'�6	��I w 7*��A��|#&�<�$�*�� $���"�f���*���" �����0���8D;>7*��A��|��A��2���D���"�����. ? ���	������'����&!2�&7*�� ����K�*�+�"���D#��+%�#g7e;	��#&����#&�����" * ��*;	���<7*I��	�f!*7��FB��<!��� � ���C"�
��7*�"����)� ���C"�3�*��B�A����� ��$�F�F!*7��F'*6>���L;*#&�>#&�"����7*�� � ���C"�|�*B�����A����F="����C"�3�*��B"A�� h�� ��$�L.L�f 	!��"�$#&%:'*�"����#&�")*�" ��$��!���8��r 2���l#"���_!X#&�����r��'����_!��&7*����I4#"�<�$�*�� $��8 h�D��E4�$7*�4��A��*���3��8��|��Er�������� ��"��0���8�'�6	��I5 ���B������*#"�*�+�D���1�*��B�A����� ��$�L.

��)��"���	!2 ��2; M n �������� ������*6����+�4��#"�+%�#g72�4��9 � �4�����l�b���<7*I��	�n�n�����
#g726>)2����;��>��Cg!������iy3!2%mE�B����+�� *6>��%mE:���"A��"�� *%mE�'*6>��Iz��B M n

a
#&�<�$�*�� ����"�

�������� ��"��0*��8|.��z'��>#g7*�_!26	8��|�����+%���C��*�� ��*)��*�J#g�4'���=������+6r�*��#�#"�+�������" ��*���
72��o|I{ ��"�������" *������6����+%w� h h �+ ���C�����A��*��B"��EL.N�����iy3!2�����"���	�����+ ���C"����A��*� hB����|#"6>�D��#"����6��"��������)� ��>#&���D��!2�� (n−1) h �+�"�* �%mEH�	��=��x�f��0����� �������6	)��� ��$�L;�2���� *%mEj9 s #"���L.������>u_;L�<.W��.+#&6	�|��#&����6��"��������)� *��#&������!2�� (n − 1) h �+�"�� �%mE��72��#�#HC"�>�+�<7*��C���E�����������C"�G'*���>�	!2���*�2'��*�� *�<!27*�&yH���D���3="���>�+6��$72��#�#&6 s �>#&� hA�%m��u�0��*�$7*%������*�������"�*��B"6	8���#g�n�����w;*)����G�� ��4C����+�<7*��C"��)� *%l �6�7*8� ��H#"���+�
'*��#&�"A���;"�w��B&����%m��#��>��=��x�f��0*���" ������49$. (n−1) h �+�"�� *%mEx0����$7 Un−1 ;���A�72�<!�� h8��|��ED="���2��#&����E*#"�����>�w;��+�<y3�"��A�%m��I�'*�<7*6	)��" |#g72�_!26	8��D�*��#"'���#"��A��>�w�"����B"I h�+�����>#&� n h �+�"�� �%m�m��7*�"���*�3�2��B"A����" *�$� M n

b
;����*���" �������6��������|'�������B"���<7*I� ��2;

 *�j�f���$#&���*������ � ��2;��z�*��#"#"�+�������*�(C��*�� *��0�6 n h �+���� ���C��j�i72C"�"A��*���*)���#"�>��C"��	�>�+'$7*�"�$#�� Un ;J#&�>#&�"����7*�� � ���C"����B4#&��������6	'� ���#"������#"�&���"�����$�����*���" �������� h�>�� � *%w� n h �+���� �%w�r��7*�"�����L. ? ��Cg!��D7*8�A>�i� (n− 1) h �+���� *�i�n�$7*�������37*��A��D��� h�>#&�� ���������!�������="��6HC��*�� *��0�6�;�7*�*A��K������!�����#��	��=��x�f�*0����" *������9�;<#��+�����>�|'*�
�����+6�;��� 	!�6>0*����6	8��m72�f!2���J'*���$7*��CW��8��|���~�x ��"E n h �+���� �%m���$72�"�����|��!2�� *���>� h
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��������� �"!�#�$�%�����$�!�$&� $&')(����*$�#�� �+(�%+,�-����/.102%�354768,)39�:�;6:<��+%&=�>�%�$ U̇n # ,���( ,
(��@?�$�%�$�# $�AB<"-���?��:< Un−1 =8��C5D�%�$�AB<E6:��,F# ,�C�,�= %&.G��. 2Un−1 ∼ 0 =:� Un−1 (��
H+$�AB$&� $�H@��>��@(JIJKL3+# ,���(���%��F3+$M35%�#/.�N�N@O ./PQ,�C+� ��>����E$�%R��C+� $&'S�@(�(�$�H+$R# ,�(�T�U
VW�X����#:,Y'Z,��@%�39D[� ��VSTW�\%�$�A�=�> %�$\AB�]��AB��35%�$^35� AB!�� �+?�35$��W# ,�3+3@AQ,�%�#�� ��,���A
C;68�@35T^?��:�+%�?��8_;.` �+!��@#�T[� �@H+?�$[����6:�+%�T = > %�$[#��@a��+# (���bR!�<�%�T w 3+$&c�# ,�(�D��@%)$�#�� �+(�%+,�-���4
�X%�$�AM�S%�$&�:T�?�$2�X%�$�AM39� <�> ,���=&?�$�H968, w !��@#��@3+�+?�,��+%�39D^3d- ��?�� $�A Un−1 �2>��@%YU
(�$�Ae>�� 39� �Z%�$�>��@?/.gfh%�$F39� �;68<��+%)� CW%�$�H+$ =:>�%�$ Un−1 $�a�#:,�C+$���,�(E�[%�$�>�(�$�35%��
%���AB� (n − 1) UiAB�@#�(���AB�j?��:�+%�?�,�AB�j# ,�C+a�� �+(���D M n

b
= �F?�$�%�$�# ��c[6:���Z!�#����:�5U

HG,�4lkS��� n UiAB�@#�(�����?�� �@%�?��^��(�68<�- ��#�<�4l%�$�6:� ( ,�?�$������d$�#����+( %+,�-�� �/.�mR�eAB$�U
'S��A�=g39� �;6:$���,�%��5� T�(�$ =835?�,�C@,�%�T npo q�rSsRr\tEu+t5v�w�xYy�z1{5r|tGw8}:{+y r^xY~ }:���ErSt5�
}�rSt5�8s���tS�WrSt5��uG�8q���x�{;�/��tY�;�&x\} y8��{+��u2o:{�w1{+u@{5��{+y }�zFo tl�ZtY�@q+�8�J�^o:q�r\} wu�~ }:���8t5� Un−1 w�x���{+y�I���.dfh%�$M$�!�#��;68�5� �@(����"AB$&'^( $M# ,�35!�#�$�35%�#:,�(���%�TM( ,
!�#�$���C+��$&� T�( ���h(��@!�#��@#�����(�����! <�%��"KL(���%�$&�:T�?�$2# �+a��@#�(����&_;.�02(�$�( ��C@,���� 35� %
$�%�����a�# ,�( (�$�H@$�35�:AB!�� ��-��:,Y� T�(�$�H@$M# ,�C+a�� �+(���D h U�AB(�$�H@$�$�a�# ,�C+��D M n nQ?�,�?
AB�e!�$�?�,�C@,�� �\����VW��=�-���?��[$�!�#��56:�5� D��+%�39D h U�AB(�$�H+$�$�a�# ,�C+����A M n %�$�!�$&� $�H+��U
>���35?��"��(���,�#��:,�(�%�( $^3X%�$�>�(�$�35%�T�4�6:$)39�:,�H9,��@AB$�H+$\H+$�AB$&� $�H@��>�(�$�H+$W( <�� 4S.

02%�3+4768,l39�:�;6:<��+%�$�6:(�$���#���AB�+(�( $ =5��%+,�?W?�,�?Z! #��ZC@,�AB�+(��h-���?��8,�H+$�AB$&� $�U
H+� >�(���A�-���?��:$�A���(�6:�@?�3�!��+# �@35�@>��+( ��DR(��ZAB�+(�D��@%�39D/=���>�%�$[H@$�AB$&� $�H+��>�( ���
!�<�%��j���;6:<�%[3+�+a�DR�F3@AB��39� �W3+$&c�#:,�(��@(���D"��� �R$�a�# ,�kS�+(���D�$�#����+( %+,�-�� �j$�6:��U
( ,�?�$���$:.� $�%�$M'\��3@,�AB$��F$�%�(�$�3+��%�39DJ%�$�H968,M3Ea�$&� T�VW�@bJ35��� $�bJ?�H@$�AB$�%�$�!�( ��A
!�<�%�D A�.��*$��@%�$�AB<���� ��AB�+(�%����*<�(�68,�AB�+(�%+,�� T�( $�b�H@#�<�!�!���� h U�AB(�$�H@$�$�a�# ,�UC+��D M n AB$&')(�$^# ,�C+a�� %�TS(:,Z68���X?�,�%��@H+$�#����"!�$^35��$�b 35%���<)!�#�� ( ,&6 �:�5'Z,�kS��c
� A�!�<�%��@b[35$&c�# ,�(�D�%�T���� �F$�a�#:,�kS,�%�T*$�#�� �+(�%+,�-���4*�G��.��X�:,�3+3+� !�<�%��@b/=�35$&c�# ,YU
(�D�42kW��c¡$�# ���+(�%@,�-���4S=B$�a�#:,�C+<�42%R����!�$�6:H@#�<�!�!�<¡¢£��(�6:�+?�3+,���.B¤¥3+,�AB$�A
6:�+� ��=Q!�# $���C@���;68�+(����E6:��<�cJ!�<�%��+b/=d$�a�#:,�kS,�4lkS��c¡$�#����@(�%+,�-���4W=d�@35%�T�! <�%�T =
35$&c�# ,�(�D�4lkS��bW$�#����@(�%+,�- ��4W.��*$��+%�$�AB<�!�#���(:,&6 � �+'Z,�kW�@��!�$�6:H+# <�! !��7¢¦K§6:��<�U
� � 3+%�(�$���_7( ,�?�#�����,�4lkS�+��AB(�$�H@$�$�a�# ,�C+��� M̃ n K�¨1©�©�_73+��D�C@,�(�$^3 M n %�$�!�$&� $�U
H+� >��@3+?��"��(���,�#�� ,�(�%�(�$:.

M̃ n $�#�� �+(�%�� #�<���AB$ .�ªW�@b 35%�����%��+� T�( $ =l! �+#��@(��@3+�@A«( , M̃ n 6:<�,�� T�(����
?�� �@%�$�> (����[# ,�C+a�� �+(���D M n

a
� M n

b
�¡#:,�3+3@AB$�%�# � A�?�,�?�$�b�Ui(���a�<Y6:T"C�,�AB?�(�<�U

%���b]!�<�%�T w̃ =�3+$�3+%+,���� �+(�( ��b¬��C�#��+a��+#¬# ,�C+a����+(���D M̃ n .7d39� �]�+%�$�%�!�<�%�T
$�a�# ,�k\,��@%�$�#����@(�%+,�-���4W=�%�$S�F$�35(�$���(�$�b^� �5'Z,�kS��b[!�$�6�(�� A¡!�<�%�T w # ,�C+a����5U
(���D M n

a
%+,�?�'S�*$�a�# ,�k\,��@%W$�# ���+(�%@,�-���4S. � $^%�$�H968, w (���AB$&'S�@%W!�#�� ( ,&6 �:�5U

'Z,�%�T)! $�6:H+#�<�!�! �*¢W=�%&.®��. w̃ =���$�!�#��@?���!�#��;68!�$&� $&'S�@(���4S=�(���C@,�AB?�(�<�%&.
M̃ n �@3+%�Tl�56:��( 3+%����@(�(�$��d$�# ���+(�%���#�<���AB$��
6:��<�� � 35%�(�$��
(:,�?�#���%���� h U�AB(�$�UH+$�$�a�# ,�C@��D M n =¯%+,�?¡?�,�?¡��39� � ′M̃ n �@3+%�T�6:#�<�H@$��)%+,�?�$��)( ,�? #���%�����=¯%�$jC�,YU
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�������	���������	��� ′w̃ ���������� !��"�#%$'&�()����(�&'(�(�*��+��,'-�. ′M̃ n ��$'��$'/�(�0+-��1 324(5/6����7
��.�"�#8-��9(���-�$'������:�-�";,����������	�����<���	���=����(�&�(�(�*�����,'-6. M n > �5?@$�?A B���	��� >
����-����C0�D�$4EF��#8-��G��(�0�&'���	����$%HF?+IJ��-����50+D�$4EF��#K�C. ′M̃ n ��(�0+&����	����� ′ HL.� �7
D�.�$'��2M. > �'����-��N(�*�����,'(!� > ��(�0+&����	����(��F&'���	�����9HF?�OP�'���%�����KHQ�'���6EK$R0�(5D�ES7
�+�%-+��$'���� UTV-��	0+$'�62FW > ��(�(����S2'(� ��+�50���$'�%2JH 46 ?

XKY[Z]\_^<`�a1bdc�e�a1`gfhbdiGjlkmeonparqJs[ftkmeojh`�jRc1c�jhkme�n
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)A9�HK)/6�.�M�(�& C &:9A&�( ,�UA-�> M - . 9/3 , 9 ,�T &�D SK?�?$T )A9AH)/6�.�M�F9/* D�&K(�& C &:9A&�( ,�U�-A> M - . 9A3Í&�FG&�D > MV0 , B�9A&$6
Ak−1 , Bn−k,

-�?l,ACQ? 3 SJ, MP&$D SJ, MV4 & U�? B +�Î *�F�F C &$4 2�,/C F - * U *I9/*=F9A. U * Y�T B�&�()�* Ak−1 (�& <
C &:9A&�( ,�U�?�-Ï- . 9/3 T * Bn−k

F9/* D�&d(�& C &:9A&�( ,�UA?�-ÍZ D > 4 L C &:; ? 4 T 4�*$B�; ? (�& <
C &:9A&�( ,�U�?�- ` - . 9A3 + %'&$()�* Ak−1 ? FG4 L�( 2 * -A, 0A*�&�FG&�D$&$(�&�*I9A( ? D 2 * ,�U�? FGB1&$(�&B1& C 8 9 ? B�F�* Ak ,¬CQ> & 8 2�? ) ? 9�H ?�C B1&�Ë�Ì7Ì , 0 ,A?�- 4=E�*$0 ? 8 9 ?�-�, H

V (Ak−1, Bn−k)B$*$B ,A- ) ? B�F 8 ?�2�? F ?�U�?�-�, H
χ(Ak , Bn−k).
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Bn−1 �.���78�)�)$9�&:�"#��;9$���<����=�?>)-.������5����@�	��78+A0.�)�A���
Ak B�C -� 	>)�.78�=�D0.��%���78�E'	�	��F�GIHGJ�.5����)�.$LK���5���+A0.�����AM

V (Ak−1, Bn−k)
���!$�N9���A���)�A�J+���-����)�)<������AM

k
HO78��-�����H

>��P�	�&78+A0��)�A�)�
Ak
'.�.��$�M��� 	$���>��P�.�

Ak−1 '�� Bn−k B�Q -��RF�$��&7S:&�)K)-���K!0���<�����'����$�M�����7T0.�U78VW���
Ak−1 �	��78+A0.�)�A� Ak

�A0��X�����	���AHO����:& ���NY��-� 	>)�&�X�	��7ZH+�0.�)�A� ′Ak B\[ ����78�&7]���!0���'^$)���_�����
Bn−k �D0���:��X>)�&78�10���>)�.<��)�*�. �0.43'\�

Ak − ′Ak
���!$�N95�����0`'�$��

χ(Ak − ′Ak, Bn−k) = 0,
$ B � B χ(Ak, Bn−k) = χ(′Ak, Bn−k).

ab�D0.�E'A�.��+�-��.78��-E'
M n

���)$�N3$�-��!;�78�)-.�.��Mc�)GJ�)-���'	�
Ak−1 � Bn−k

78��-��	���.����U�!-.�/���AMAMX0.������MS$�-.�!;�78�)-��.��>)�d�	�10.N�5.�)%��&>)�e$��!0��.'f$ B � B ��%��cK���5��)+A0��)����Vg;�&��-� �2h���&�)$��E'i$��@%@���1<.���!$�%��
Ak

78�12h���@%�K!M�$�Nj��-� 	>/'i�.��$�M��. �$�V^�Y�.�@78�)-��AH���.��� B	k -� 	>�F�$���$3+��)-.���!��������$��DMj�!�L�!-��!�������P0.���.���)�@>l0��1���	� B&k ��F�GmGJ��5�������$K���5���+A0.�����AM=78��-��	�������.�h�)�9�)-��/�����)�=0.���.���)�c-.��%��)�`'A$)������7,�&:�-.��K)�&7g'
±1 Ban�D0.�923�

Ak−1 $)���A23�\$��10.N��	�m�D0���:&�J>)�&78�10���>)�.<��)�9�� �0.4#'�$��#�! 	"#���!$�%& �H��$o<��.�D0.�
α 6= 0

$)�����&��'p<.$��
αAk ∼ 0 q α ���c���10�2h���r:�V^$�No����+�-���78�)����������.78����N�s3�.7*��K9<����!�!0�'t��:�0��1����4�"#��;eF)$��.7u�!%&���.�)$�%���7pv BtQ  &�)$�N Ak

'E��0.>)�)H
:&-.���.<����)�����=����78+A0.���	��'A�.��$�M��� 	$�V^�c�.�

Ak−1 'A$ B � B
Ȧk = αAk−1.

[ F)$��&7o�D0. 	<.����78VU��+�-��!���!0.M���7Uw�x)y!z`zp{�|.{�}!~.�T����|�})���i})~.{�� 47 +����!-��!���!$�%&�&7-���%����.�!$�%&�
V (Ak−1, Bn−k) = 1

αχ(Ak, Bn−k).
��������7��&:�-.��K)��7

V
'e%&���&:�"#��>)�&%��&-&ME'c���!$�NW��-��&:����&��<��.�D0.� B an�D0.��78V%&��K�N&78��7�%&78���)$��

Ak
��-� 	>)�&�W��0�>)�):&-.���.<����)�������	��78+A0.�)�A� ′Ak

�u>�-.������H5.�)� ′αAk−1 '�$��@78Vu+.�10. 	<��.7X%h���1<����)$�%��m�	�&F�GmGJ��5��.�)��$)�9K���5���+A0.�����AMc<��.�/H0�� 1
′α
χ(′Ak, Bn−k) B�� ���.���	� α ′Ak− ′αAk

���!$�N#5����A0`'����	���)�A�^+���-����)�)<������AM
�	�&$���-��&>)�h�J0.4?:�V\7S�D0���:&�9>)�&78�10���>)�.<���V\7X�� �0.4T5����A0.��7S-.��%&�)�c�� �0�4 B.Q ��HF�$��&78 

αχ(′Ak, Bn−k) = ′αχ(Ak, Bn−k),��0.�
1
′α
χ(′Ak, Bn−k) = 1

αχ(Ak, Bn−k).

� 0��/���&%&��$��!0.N&���.'i�	��F�GmGJ��5�������$@K���5���+A0.�����AM��.�hK���%&�.�!�.$=�&$@%&V^:��&-.�j+�0.�)�AH�.�
Ak B[ 78���!$���$���>���<�$��&:�V�+���-����)�)����$�N

Bn−k
��+�0.�)���	�&�

Ak
'3�.��$�M��� 	$��&����

αAk−1 'n78�12h���.'f������:&��-��&$1'Z+.�)-����!�)�&��$�N An−k �=+A0.�����	��� Bn−k+1 'p�.��H$�M��� 	$��&�j�.�
βBn−k BAQ -��@F)$���7o�	��F�GmGJ��5�������$�K���5��)+�0.�)����Mj+��10. 	<.���)$��DMh$��&$
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$&%('�)+*-,/.0'21 3+465�3�'�1 7+8:9;3=<�5;) >+)6?6@A'�)�*-3�*B9;%DC6%

V (Ak−1, Bn−k) = 1
αχ(Ak, Bn−k) =

= 1
αβ

χ(Ak , βBn−k) =

= (−1)k 1
αβ

χ(αAk , Bn−k+1) =

EGF 3H3�'D563+I+563+.KJ23�L6*-M C6% EON�P�Q	RTSVU�Q

= (−1)k 1
β
χ(Ak−1, Bn−k+1).

W 3+L6*-M+C;)+* EYX�Q	Z[E]\�Q(RTS^U I_'C;M�4;) %`>a3�b�JcJ Z�d�Z %�5�1 3�Ie<�) d % F C6%�5 Z�f 'D3�3+1 I�%�1Vg
'D1+I+Ma8	1HJ23+L;*-M C6,

V (Ak−1, Bn−k
1 +Bn−k

2 ) = V (Ak−1, Bn−k
1 ) + V (Ak−1, Bn−k

2 )
Z

V (Ak−1, Bn−k) = (−1)(k−1)(n−k)+1V (Bn−k , Ak−1).
h 3+b�JcJ Z�d�Z %�5�1c<�) d % F C6%�5 Z�f 56%i*-%�5 f %�1+' f�j %�'C Z <�)+*-%�5 Z 1 7 d�Z >�C Ak−1 k 3�*-3 g
C63 k Z 4�56,l*m'�5 Z * E Ion�9;3 F 3^C65 Z 1 %DC67�5�3�* F L�3�'�1 L6)+56'D1 I�%+p d�Z >�C�) Bn−k 3+1+5�3 g
' Z 1 %DC67�5�30*-5�3 k 3+3+q�L6) < Z�f M n

Q	d�Z >�C63�* ′Ak−1 ?T@r'�)+*-3�*[9;%DC6% j %�'C Z Uk 5�%Z *-%�%�1H3+q�s Z�t 1+3+4�%�>0' Bn−k
Z

U̇k = Ak−1 − ′Ak−1,

1 3
V (Ak−1 − ′Ak−1, Bn−k) = χ(Uk, Bn−k) = 0.

u 3�4�5�3e1�) >v$w%`*-3^$H5�3H<�)�*-%�5 Z 1+7 Bn−k
d�Z >�C;3�* j k 3�*-3^C63 k Z 465�,l*m%�*-MxIH9;3 gF 3^C65 Z 1 %DC;7+5�3�* F L�3�'D1 L;) 56'�1 I+% d�Z >�C;) Ak−1 ?y ) F L�3+1 Z I j %�'C Z *-,z<�)�*-%�5 Z * Ak−1 { |�}^~a�+�V}D���+�;����k 3�*-3^C63 k Z 465�,l*

%�*-MwI Mn
d�Z >�C63�* j 5�% Z *-%�8	s Z *�' Bn−k 3+q�s Z�t 1+3+4�%�> j 1 3 V (Ak−1, Bn−k)*-3^$&%�1 Z <�*-%�5 Z 1 7�' f 56) d %DC63�%�4 Z 'C636?��`%�.6'�1 I Z 1 %DC67�5�3 j 1�)+>&>�) > Ak−1− ′Ak−1F L�%D9�'D1�) I C f %�1c1 3 k 9�)�5�%�>a3+1+3+L�,/. k 3�*-3^C63 k Z 4�5�,/.w5�M C;8 d�Z >�C j 1 3c% k 3 Z 5a9;%�>�'F %�L�%�'�%�4�%�5 Z�f ' Bn−k

f I C f %�1+' f�j >+)+>_*-,�I Z 9�%DC Z�j�d %DC6,l*m4 Z 'C63�*�?��23+b�1+3�*-M
>+) $&9�,l*B9;I�M�*�� �T� ����������}��(}D��}^��~;� Hk−1

Z
Hn−k

j�Z *-%�8is Z *[>+) >_b�C6%�*-%�5�g
1 , k L�M F�F ,���%�1+1 Z >a3+56%�4�5�,/% F 3+L f 9;> Z�j *-3^$H5�3 F 3�'�1�) I Z 1 7KI_'D3�3+1 I�%�1+'�1 I Z %
5�%�>�3�1 3+L6,/.m3 F L�%�9;%�C6%�565�,/.['x1 3+465�3�'�1 7+8�9;3 d %DC63 k 3�4 Z 'C;)�>a3+b�JcJ Z6d�Z %�561
<�) d % F C6%�5 Z�f�jlZ *-%�565�3A>a3+b�JcJ Z�d�Z %�5�1[<�) d % F C6%�5 Z�f >+) > Z�t g�5 Z q+MV9�7�9;I�M t 5�%F %�L�%�'�%�>+)+8	s Z�t 9;L6M k 9;L�M k ) F L�%�9T'D1�)+I Z 1 %�C6%�.mb�1 Z�t >�C�)+'�'�3+I;?�@�4;)+'D1+5�3�'�1 Z�j
I (2m + 1) g�*-%�L�563�* h g�*-5�3 k 3+3+q�L6) < Z�Z >+) $w9;3�*-M�>�C;)+'�'DM k 3�*-3^C63 k Z .�>a3+5�%�4�g
5�3 k 3 F 3�L f 9�>+)2L6) <�*-%�L�563�'D1 Z m 'D3+3�1 I+%�1+'D1+I+M+%�1=� }���� �¡~6¢;~;£��6¤������(}�� �V¢�£D{a�T£D¥
�6~a¦ j 1^?O%�?a>�3�b�JcJ Z�d6Z %�5�1c<�) d % F C6%�5 Z�f 9;I+M t k 3�*-3^C63 k Z 4�5�, t 9;L�M k 9�L�M k M Z 5�%



����� ���	��
���

���������������������������! "��# m $ ����%"&"'(�*)"�"#�+,�!-,.0/1�!2�3431�"),�"��&"��'65�7!����8�7�)"��9 $+���&"��:;9"%,�=<�5���7�-�+":"���4���!9"�>+,�!?��" "��5@#"�,�A�,&"-!7�%"�,7�&,��' h $ ��&"��?������!%,7�8���:B.DC4���9,�>+,E�8�F��G��5H:��"&"��?H<I7J<,+":KF!5���7�&"�!-�+,��&"��:�%,7�8�+,�" "�":K����LM<�F*��&,��?��!���!%,7�8���: $���0.
NPO@Q�RHS�T�UWVHX>O1S�Y[Z�\!T	UB]^\!]PZ	\�O�R^X>\�Y�S	RHX�_DYG`!T�S�aHbPc�debgf!T	Rh`�T�UWi�O�V^j(jkT�l!T	]HS�X

R=Y�UBO�a^Y�l	]mZ�`	]mS�T	Q;O�RHT
b
Z	\�O�R^X>\�Y�S	RHX�_DY1`�T!S	aHb

(p, , q)

c�NP\!O�T	am_>]mn	]^UWn	`�QoV^X>O�p=OqX@Y�r
i!s�t*n�]=jkO�\�U0Y@l�T	tuO�RHTv`�T�S�aHbPw>f�X>O�x�b�]^]yS�Y^f�Y@`�z�S�Y�Q4X�O�f	i>Y

P
w>`	]^{(Y�|�Y�QvS�Y(S�T�{Gr

S	]^U}R^jA]^\!T!f	]^RHi�O�U}R^]Hp^U0]mS	X>]�w�Z	]^\!]^~P`�Y�x�b�_�X>O�f	i!s
P ′
i�\�Y�Q[`!T�S	ambPc���i!_�T�_DY@`	]HS�X�r

S�Y�Q�X>O�f	i�]
P
X>O�f�iDY

Q � i�O�S	]Hf!S�Y�Q�X>O�f�iDY;O�RHTW`�T�S�aHb � Z	]H\�]^UB]^|�Y�]HX>RmQ�X>O�p�n�Y
R=Y�U0YvR^O�x�O���Z	Ov_>]^\D��S	]^U�sMR=jA]^\�T�f	]HR^i�O�U�s;R^]Hp^U0]mS	X�s�_�S�]^i�O�X>O�\!s�t�O�Z�\�]mn	]H`	]mS�S�s�t
X>O�f�i!s

Q′ i�\�Y�QG`!T�S�aHbPc��AR^X@Y@`�z�S�by]g{�]kX�O�f	i�T4O�RmT b
U�b�a=Y�R^X@Y�_�`	Q�]^U�Z�]^\�]HU0]H|GY�X�z�r

RmQ�_�S!s�X>\!T�`!T�S	amb�X@Y�i,wIf	X�O�x�b�O�S�T�Z	]H\�]^~P`�T�_Ji�O�S�l�]�i�O�S!l	O�_J_JR^O�]�n	T�S�Q!tk|Ps!t
n	s�p^s

b′ = P ′Q′ i!\	Y�QJ`�T�S�aHbP��V^X@YMn�s�p�YMZ�\�]mn	R^X@Y�_�`	Q�]^X q
p
r�t�f�Y�R^X�z�_>RH]Hp=O�\�]^x�\	Y�c

b
T

b′
Z	\!]mn�R^X@Y@_�`�Q!tkX[n	_DYvp=O�UBO=`	O�p^T�f!S�bg��O^n	S�O�UB]^\�S�bg�;l�T�i!`	Y�c	��`	Q;X�O�p=Oqf	X>O�x�b

S�Y���X�T;T��oi�O�V=j(jkT!l�T�]HS	Xqa=Y�l�]HZ�`�]HS�T�Q,w�\	Y�R^R^UBO�X>\�T	U�l!T	i!`
pb′
w�X�c�]�c"\�]^x�\�Ov`�T!S	aHbPw

Z	\�O�x�]Hp�Y�]^UBO�]
q
\	Y�a�w�T;S�Y�X�Q�S	]^U�S�Y1S	]Hp^O4n�_�s�UB]^\!S!bg��Y�`!p=]^x�\�Y�T!f	]^R^i�T���i�O�U�Z!`	]^i�R�w

S�Y�Z�\!T�U0]H\�w	_�a^Q!X�bg�JRGi�O�V=j(j�T�l�T�]HS	X�O�U
q
i�\�s�p

K2 w"\�Y�a^x�T�_>Y�tA|PT!�J`!T�S	amsMS�Y1n	_�]RHT	UBUB]^X>\�T�f�S!bg��Z	O=`	O�_�T!S�bPc���Y�i�iDY�i
b
T

K2 Z�]^\�]^RH]^iDY�tkX>R�Q}pm`	Y@n�i�O�weX�O�T���T!S�rn�]^i�RPZ	]^\!]^R^]Hf�]HS�T�Q
= ±1

w�X�c�]�c
χ(b, qK2) = ±q

w�X@Y�iof�X>O1T	R^i�O�UBbg��i�O�V=j(jkT!l�T	]mS	X
R=Y�UBO�a^Y�l	]mZ�`	]mS�T	Q

V (b, b′) = ±
q
p .

�PO�V=j(j�T�l�T�]HS	X�b�R=Y�UBO�a=Y@l	]HZ!`	]HS!T	Q�O�R^X@Y�`!z�S!bg��i�`�Y�RHR^O�_;p=O�UBO@`�O�p^T!��Z	O=`�s�f	Y�tAX�RmQ"w
]^R�`!T�UBb�x�s�n�]HU�x�\	Y�X�zJO�RHz

b
R�i�O�V=j(j�T�l�T�]HS	X@Y�U�T

ν (ν = 0, 1, . . . , p − 1)
w0X@Y�i

iDY�iqO^n	S	O�UB]^\!S!bg�Ml�T�i!`
b
O�x�\�Y�aHsD]HX[O^n	S�O�UB]^\!S!s�t�x�Y�aHsqp=O�U0O=`�O�p^T!��c���buZ	O=`�s�f�Y�]^U

X>O�phn"Y
V (νb, νb′) = ±ν2 q

p ,

p�n	]0_�]^\D��S!T��PT!`�TPS�T�{GS!T���aHS	Y�i�x�]^\!]^X>R�Q(_�a=Y�_�T	RHT�U0O�R^X�T�O�X�O�\�T	]HS�X@Y�l!T�TPZ	\!O�R^X�\	Y�S!r
R^X�_DY�`�T�S�aHbPc

��`�QWX�O�p=O}f�X>O�x�b�n�_DY�Z�\�O�RHX>\	Y@S	R^X�_>Y�`!T�S	amb
(p, q)

T
(p′, q′)

x�bg`�T�p^O�UB]^O�r
U0O�\	jkS!bPwkS!s�{GS	O�Z	\!]^{�n	]�_>R^]mp=O!w�f	X>O�x�b�sKS!T��KR^O�_�Z	Y@n"Y@`�T�jks�S!n"Y�UB]HS	X@Y@`�z�S!by]
p=\!s�Z�Z!bPwBX�c�]�cBf	X>O�x�b

v = p′ c���X>OJsDRh`	O�_�T�]�S	]HO�x��>O=n�T	UBO�]�cB�P\�O�UB]oVHX>O�p=O�S�s�{�S	O!w
f	X>O�x�bKf�T�R�`�O q′

p
w�Q�_�`�Q!tk|�]H]^RmQvO^n	S!T	U�T	aki�O�V=j(j�T�l�T�]HS	X�O�_4R=Y�UBO�a=Y@l	]HZ!`	]HS!T	Q4`�T!S�r

aHb
(p, q′)

w�Q�_�`�Q�`�O�RHz�X@Y�i�{�];i�O�V=jAjkT�l!T	]HS�X>O�U�R=Y�UBO�a=Y�l�]HZ�`�]HS�T�QW_}`!T�S	aH]
(p, q)

c
NPO�V^X>O�U�s;f�T	Rh`	O q′

v
n	O@`�{GS�OMx�byX�zoR^\�Y�_�S!T	UBOMRGO^n	S�T�U�T	a[f!T	R^]m`

±ν2 q
p
Z�OMUBO^n	s�r

`	t���w�X�c�]�c�n�O=`�{GS	O4Rms!|�]^RHX�_>O�_DY�X�z4l	]H`�O�]Af!T	Rh`	O
ν
X@Y�i�O�]�w!f�X>O

q′ ≡ ±ν2q (
UBO^nIc

p).

 0Rh`�T�wgS�Y�Z�\!T�U0]H\
(p, q) = (5, 1)

wyX>O�S�Y@Z�T	R^Y�S�S�O�]JR^\	Y@_�S	]mS�T	]�s�n	O�_�`�]^X�_�O�\�Q!]HX>RmQ
X>O=`�z>i�O4Z	\�T

q′ = ±1
c

q′ = 2
S	]�Q�_�`	Q�]^X>R�QM]Hp^O�\!]^~�]HS�T�]^Ugc��AX>R^t�n"Y1Rh`	]mn�sD]^X�w�f	X�O
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 ´ �^Å µH¾ � Ä"¼m¸	Æ

� ¼�¹�À�Ç�µ@È=¹	µ Å ¼ÊÉ	¹!Ë�½JÄ	À!¶ � µ 
 ºkÉ"¼h½ Å ¼�É	¹	µ@Ì�µ Å ¹�µ�Ì�µ@µ@ÍhÉ � ¾�À�Ç�¼H´HºG»�º[µ@¸�µ � µ@ÌhÀ ¿ ¼H´H¶�À�Á
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A�BDC�EGFIHJFIKGLNMPORQSEGERT�UWVIFIBXC�FZY[EGF\MS]^QS_W`RaGLRC�QSERQSEGLcb,LGBdONFZYeQSEREGT�UWERfIC�L
C�QS]IFXgNFIVih�]^QJFIaGLRL�FI]^F\jIaRf^YeQJEGLG_k`GFZORLGlPgNaRFIViL�C�EGF\HSFIF\jIaRfIBSLG_�C�T�VITij\LGaRf^QXC
]^FZORm\hnFogpVIQIqrLRC�QSEREGFRs0C�TtaRf\MSMJC�FI]^aGLNCuMS]^QS`RQSEGmvF\]^FIj\aRfwY&QSEGLcb�Lyx�FIaRC�zIORz
EGQJ`GFXgNVILGYDERT�Uo]^FIKRQSh3{
|u}N~R�1C�T�aRfIBSj\LcORL[EGQJ`GaGQSaRTiVIEGTiQkFI]^F\jIaRf^YeQJEGLcb[hnF\C�`cORQJhcMSf
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Bn
�!���������7'>�!�&<7 �?

;��@����"$�&<7���)��A�'��CBD�@E7,���1)�!�@,7�!*�')�F9���;�<7G
γB

n HJI G�1)�! 7BK�4�!E�,��4"$'),CBJ*@;��L?;���M=?N�7����G!�4 #��E7,�'O�4')<7')�7����MP1)�7"$E=<7'�;�1
Σn

1)�7"$E=<7�79��7�L<4 ������)�(,7�!8�����'����=2
K���!����,7�L%#��-��1�2

a
1)�7"$E=<7'�;�1)��*Q;R�R"$E=<7');=1��

K
1S1T�&U=,7����')�7��'�"V��,���')�7�)�!9��7�

�
b
1T�7"$E=<4');=1T��*(1W����,7�!.X')���7'�"@��,���')�7�)�!9��7� H�Y ������� γ = a− b H=Z ��,7�!%+�!271T �4�!�[<�2��4�7�7B�1)�!')E�'��� +��������,4�L%X'����=2(E���;���8)��*R�!')�&B!1);R�&<4 �;���,7�!8:E��&<7�&%6����'T<7 ����

�4�!;�,���*R�!'���1�2\;���"$E=<4');=1
K
����,7��8)��"];R�R"$E=<7'�;�1��

k H^�_a`Rb0cd_�e HRf ��1�1)"$����,�')���7��'�4�X1)�!, Hhg
i!j ��������,4�L%X'�����'/�),7������9�� n
?k"$'),=?

�7���)�61)�7"$E=<7'�;�1��(�7�61T'��!2CB=E�,��l;�������,��R"m�4*�'W*�'),�nX�����V"$')�=2�-/��1�2o"$'�1T����"$�CB
�*�1)'��R1T�)�!<7 �����'�*�'�,�n0���7�@��1T���!-��1�20��')E7�
�4*��=%6���>"$�5B
�4"$')')��1T��')E�'��� ���!����?
,4�L%X'����=2

γ = −1 HI ,��7"$'),Q���!����,7�!%X'����=2CB��7"$')-/.0')���PE7,�����8�*��&<7 ���G�-p1T��')E�'��� γ Bh"$�&%6���E7�&<7G�A����! ]���!;CqJE�G�1)�! 
λ
E�,�'O�a1T�)��*!<�2�'��]�)'����),4��r���A�'
1T;�G�-s�4�&<4�)����G�B��

θ tnX��,����!G\�7�u1�r�'),�'
S2 H�v ��,4"$G!<7�
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Uk−1 ≈ 0
X0:Fi ,�i

U̇k = cUk−1 X0:�9�P`KL;&CDMfK/9F7	1DR�H3,�H3;&I!y/10R�Q
H0;3Z35 ′U̇k = c ′Uk−1 XF:Fi ,�i ′Uk−1 :/RJ>&EG,�KaCDR�V�9�y�9�469FC09�y/;3T3,�H@H3MJC0[?iWq*9JY�:�9�46M
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T
k Ak Bk Ck

′Ak αk
ρσ (12) (13)

′Bk (21) βk
ρσ (23)

′Ck (31) (32) γk
ρσ

(Tk)

0 %��1��%�-!.�2�,� �*3�#�4"� ��� � .5 �67 8"� 
* ��9 "�% T
k  ���"�.:%�"�%�; � �=<7 ����� � �1%�> � ���?�?@A 64 � '& � ������B�,�CEDF2'G�"�%�&�%H�#-� I��,� �" � ��%�@J�� � ��KL> ��9 "�%H/�%�*+��-� �/?�1K ′Ak � ′Bk
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ρσ
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ρσ
�#-���;�KL>`&�%�*+%�-�%�&���e (2k) C 0 %�@J��"�% � KL> � "���/b/���/

��-�&� �; � ��� 9  
�1/��� '/�%�*+�?-! �/?�1K Ak �1,�"�.\�#-!��;�%_&�%�*+%�-�%�&�� 9 ��Kf '��,�- A B���/?-�K �"�%a"�%$<7 M*+%�<)��%$�1/���2���"�.$� � %a��>H%�; � ��2�K ′Ak Chgc"�%�&#���$���� 4/�%�G
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′Ċk
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µ
′Ak−1

µ (µ = 1, 2, . . . , γk−1).
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ν
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µ
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k
ν
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= ck−1
µ

∑

ν
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µν Ak−1

ν ,

��-�� � ��%�-!.�2�,����1.'SF% � *+,�-�%�eqU ��Y �
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µ
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µν Ak−1
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k−1
ν = ck−1
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µ = ν

γk
µµ = αk−1

µµ (µ = 1, 2, . . . , γk−1).

>?1�@78BAC6�D =B19EF6 AG3IHBJ�K2LM/B1 3�4987/B57L�NOAP194�=787Q
Γk = (γk

µν)
8

A
k−1 = (αk−1

µν )3�6 R�<B1SKT19UV47W X HBJ)K
Γk =

X HBJ)K
A

k−1. Y[Z�\]'6^HB_ E�`9aB3�_�bF498BAc3�6�6 49576 d�J�5B87JFA�:7AeLf<76^HB`�/B1�JFA
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∑

(−1)k

X HBJ)K
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∑
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B
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+
∑

(−1)k
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∑
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B

k +

X HBJ�K
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n.
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n∑
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k <7=BJ�R�=219i�1�J�4�3Ia�R�J�K287578B/757`�U0AP1949=B87Q7`�: 8BAeJ�UVi�`�U
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∑
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∑
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ν
3 ���&�C1B)����%&� ' m 1p?&��!$�$.&��6�!��&%&#&��.&�$�&%&R�� ( ?�% 3 ������!$@J��� 4 ��.&.&D	Tj*���!$.&%�#&D ( %�� 3&4 ��?>1

( ! Ek
ν
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∗
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k

ν)· F *���!�.&%&#�!�6�!��&%&#&��.&�$�&%&R�� ( ?	��*�� 3 ������!$@J��� 4 ��.&%>A ( %�� 3&4 ��?>1( !���! ' .�!�6)!$�&%&#���.&�$��%&R&� ( ?	����D 3 ������!$@J��� 4 ��.&%&Tq��*��_*���!$.&%�#&:�r ( � 7$( �$� 7 G�s	t�I 7����V��$�)��Dk��:u���-,���� 3 �&%�����.&%&�$0�?b*��)���������� �.&����D����$��6���!9,���.&%&T
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 ����&1��D 4 D Fdv_I_wex$y 7���&�J� 3 � 4 �-,/%��f�$� 3 ���&0�M�R&�$�Y���$��6���!$,���.�%&� g0 .&��%��������z.&� 3 ��� ' %>,/.&:mB����R&��? 7e{|( 4 %`��� 3 D ( �$%&��0�M�R&�$� Kn 4 ��,b%�� ' � ' ? 4 %	��� ' ��� 3 ��� ( ����!$. ( � ' ��M������! (�( �$�-A&.&%&�}?�!$,�����;k����R&?&% P ���_������6���!�@�! g0(P )

� ( �$0_.�� 3 �&���&: ' .�!9A� �D	.&?>1#�%>A[���
P 7-Z !�?[?�!�? g0 .&�|%���������.&� 3 ��� ' %&,b.�:mB^�$��R&��?~M��$�_.&%>,/.>A>A[*���!$.&%�#�! δ��!$?&%>BP��! (�( ���-A&.&%&;NM)����; ( � ' %&�$� 4 0�.������ ( �$%&*�!����"!$A 3 �/���������������K�K� wex M 3 �&�J��1( ��! ' 4 A&��� 3 � 4 �-,/%&��� 4 0�.&����R&% ( 4 � 7�� � 3 D ( �$%��O�$� 3 ���&0�MWR��$�PD�,�� ( %�� 3>4 ��? ( :?��&D 3 .&��*��L��!�@�6�%&��.&%&A8.�! ( �$� 4 0�?)���"! 4 :�M�R&�$�L��%�!������$�f?�!$,�����*�� ( %�� 3&4 ��?>1
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��*+�e! 3 �&��%&@ ' � 4 0�.�!$Aa�$��R&?�!/?	��� 3&4 ��? ( ! Kn
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ν % � #-, � $ � $ ��� .0/ � $ ��1������ ��2 ) / #(# T

k / )�" �43 ) ��2 # 1
"�#5$&%�' )+*�" � ek

ν 687 1 "�9 3:� ";' ) 35< ) 1>=(?(1��
@ ' ) 3 T

k = 0 (k = 0, 1, . . . , n)

# .0��� $ < ' � ";' ) 38�BADCFE % � # ��1������ ��2 ) / #(# AHG�EI=5/ )0# $&)+9FJK)4$ / )+% �435L # 2M/(NPO1���? )+*Q%() � ) O��43 # 1-LR.0��� $ < ' <
∑

(−1)k @ '5) 3 B
k = 0.

S � #UT 1�� $ 3 )+' � # 3 ) 1 " / �>?5� ' �V������1������ ��2 ) / #(W O , �(< %(%YXV) 1�1 # =4� " < JZ)[" 1�L '(W�\)[$ NPO % � " � ) 3 " 1�L�� $B" ����1�L ) 1 " 1�L #�W ADG�E 64] � T 1��^1 ) 2 ) ��1������ ��2 ) / #�W = * ��1����(N )� " < JK)[" 1�L ' W(9 1 ";W_% � " � ) 3 " 1�L�� $ A�`4E 6�a " � $ � $ 3 )�' ) =������ ��!^b #(*�' � % � # ��1���� \� ��2 ) / #(# AHG�E )[" 1�c % �435� ��!I3 )+' ) / #() ����� ��![� % � # ��1������ ��2 ) / #(# A�`4EI=d�B1+� *(#()35L��F����� ��![� , � $ � ' � ,[# ?(/(N 6 @ � " L�� )[e-" 1���� ��/(N , � $ � $ ��� .0/ � ) ��1������ ��2 ) / #() =� " < JK)[" 1�L ' W()[$ � )R% � # A�`4E�= " ��L % ��3:� ) 1 " ��1������ ��2 ) / #()4$ =f� " < JZ)[" 1�L '(W()4$ N $% � # g0
=g1[� *h* � * �����i��1������ ��2 ) / #�W 3 ) .0��� $&# �(< )4$ Nj3:�(< , Li35�(< , �hAlk � `�=1 ) ��� )4$ �Rmlmlm�E 6n � *(# $ �����5��!+� $o$ N % � ' <�?5� )[$p";' ) 35< 9qJK# e � ) ![< ' c�1+��1>=�L * ��1����(� $i" /(� \L��-/ ) 1R/ #(* � *(# OB� %(% �(� *�"�# $ ��b #(edrsPt�u v&t�w0xfyjz-{�|>}+~5|>�4���U|�{������:|����:{��I���j�-|���|4�����Z|>}>���5{����8{l�:�
���5|>{|>�Z|>}��(�>��{+� �5{K��|>�5{+��� |���|M��|��Y���8{������

Kn
���[{�}����5{K���Y{;�:|R�5{��5|��4���(���5��~�-|4�({+���������4�:���(��{��R�����F������{��5�+�-��{0� �+�:���+�: ��R{¡�8� ���:|������5� |>¢����>�q�U�£���8{+¤�4|��¥��|��Y|I�Y|���¦
�5��~§|>�-|4}��(�>��{+� �5¢(�K��|4�-|��:�¨�©�5|>�>��{l�8�I�����R�������:���5{+���f{�¤�:�
��� |��ª|>�-|4}��(�>��{+� �5�o�D�:��� � ��«q{��-�Z����|��U���8{�������¬

n∑

k=0

(−1)k @ ' ) 3 Bk = 0 (
¦
|��(�U�+�8�M�:{�� |��>��� ��� ��~o�-|>�({��

)50 (  )

®K¯�°²±¥³µ´F¶^·¹¸¨º¼»¨½q¶^¾
¿ '(WÀ% � ) 3 ' � , � )[$ NPO % � # $&) � ��L * .0��� $ < ' ) ADÁ&E # $&)+9 1_L���2M/(� ) !+/5�>? )�\/ #()Y";'5) 35< 9qJZ#() 1�� # !4� $&) ?5��/ #�WdrS < " 1�c Kn Â " L W ![/(N eM* � $&%�'5)+*�" 6 n � , 38�U/(< ' c $&) � / � W ����![� ";' ����NPO , � \$ � ' � ,+#(e ����� ��![< ) 1 ";W 1���? * � e =5��� # ) /(1 # �(��L���/(/(� e !+/ � * � $ + A " 1�� 6 ��Ã E 6 S � #/ )[% � ) � N�L�/(� $ ��1������ ��2 ) / #(# 1+� * � W 1���? * � " /(��L�� %() � ) O��43 # 1^L¹1���? * <�=>��� # ) / \1 # � ��L���/(/(< 9 ![/ � * � $ + 6 S � T 1�� $ < ";' ) 3B��1������ ��2 ) / #�W / < ' c $&) �(/(� eM, �(< %(% NXV) 1�1 # = 1 6 ¿ � < ,[# $&#Q";' ��L�� $&# =

AÄm�EÆÅ � p0 = 1
���8{[�4��{�� @ ' ) 3 B

0 = 1.
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pk = 0
�+%-,�!#��'

k .0/ ��1-2-35476-,��8��'��"9���:�3!#����9�354;)�' / '<��'�)�,-=>�����8?�� = 0
� / 3A@�'<��$�%���� / �8%-��'BDCECGFIHKJ

pk = 0 LNMPO�Q�R�O�SIT �U�V* B
k = 0.BDCECECGFPW !#�U,

Kn
��!X��YZ'�1-,-��2-��,-1�$�� / '�� n .0/ ��1-2-'�� h .E/ 2-'�)�'�'�9�1���:�,-���#��'Z%-,�! .�U'7[�������,

pn = 1
,\9���:
� B !#�U��9�354 F )�' / '<�U'�)�,�= @-1��V*�!��������-]-��� n .E/ ��1-2�3Z=6�,-�8�

Mn ��]-���-]-^_�,-=�!#]`��'�)���1���2-��2�'"'�1-,-��2���,-1-'�����2�2-3 /a/ 2-'�)�'�'�9�1���:�,-� /5bcd'�)#*���� O�LNM�egf<hNi8j Jlk e�m
MPj Mn n fXoKfXM�f n e�p-OXq γMn r S�fsT ���X* B
n = γ

��@-1-, .%�� / γ ��!X��Y;!X����@-��2-Yt'���'�9�1���?u��2-,8] bvlw-x�ysz-w�{-|
n }~o�O0iPq������tj#i�b-� ����@�'�����:���2�'u�>�d�
�-�
p0 = 1, p1 = p2 = . . . = pn = 0.��1�,-2-, / ��]>��'���2-, / ��2�,-�K:�� / ��%���2-,8] B~CGF , BDCECGF � / 3A@-'<�U$(%U��� /

n∑

k=0

(−1)k T ���X* B
k = 1− 0 + 0− . . . = 1 6= 0.

� O���i�O0i�����q�f�Otf<S�f<hNi8j���OXqUeUOl�tj#i-jg��L�OXhX� e(o�O�O�S���L�O n Q
jg�Uf�mXi8j���qUO��o�O0i�OKf�Q�qUR�q�OX��f�Q<��e��Aq�R���S�f<p8m�R��vlw-x�ysz-w���|
n }~o�O0iPqUj��"LN��O0i-j�b-� !�,8��$������
p0 = 1, p2 = . . . = pn−1 = 0, pn = 1.��'� �'�1 / $��U�¡2���@-'
*U��,8?l2-354���'�%-���d����!#�U,�'���'�9�1���?u��2-,-�52-�Z, / �����K2���@-' .*���,8?l2-354>��'�%-���¢�8��'

n∑

k=0

(−1)k T ���X* B
k = 1 + (−1)nγ = 0.

��'�£���' / $ L�SuO��UOXqU¤¥qUO�e(o�O��Z¦uO n f�qUO���f�Q<��e-��q���§¨S�f<p-OXm©qUOX��iPOEi�����qUf n ff<Suf<hGi-j<�ªOXq�e�� n }~o�O0iPq�f<��LN��O0iP�«�;L�O�hV� γ = (−1)n+1 b¬ ��'���1���:�$���Y������K����)���'�@-'<��$�%-,-��Y�,;£��� / ��2-����1-2-3 / @-$���� /5® @-$�!���Y P ′ ¯'�9�1���:K��'�%��-,
P
@-1-,�2���@-1-��1-3Z��2�' / '���'�9�1���?���2-,-, g0 �V*�,-2-,-%-2�'�= n .E/ ��1-2-'�=!� ���1-3°�«!X��9�] bs± ��!X������, / @-��1-�V*���,-)#����Y(!#] P ′ @�'\'��-1-$(?l2-'(!X��,ª9�'<�UY�²�'�)�'��1-$�)N�-��'�@-1��V*U���-]-� / '�=«��'�%���� / , P , P ′ ���`��'�%-��$���*U,�� / ����1�����Y�2-' . @�1-'���, .��'�@-'<�U'<?t2�$(^³��'�%-���

P b c�����'���@-��1-�X*U��,-?���2�,-��@�1-�V*�!��������-]-���´)�' / '���'�@�2-$�^*��� �'�1 / ��6-,-^µ'���'�9�1���?u��2-,8] g0 �¡*U�
 �'�1 / ,-1�$(^s_�$�^ g0
�
g1
�Z)#*U�

g1
��!X��Y'���'�9�1���?u��2-,�����@-��1�����'
*U]-_����s����?u*U$�^���'�%-�-$�!� ���1-3A����'�%-�-$���*U,�� / ����1U����Y .2�' . @-1-'���,-��'�@-'<��'<?l2-$�^ b g0 , g1 , / ��^s��'
*U,-2U����'���3Z�¡!�����@-��2-,l'���'�9�1U��?���2-,8]B !X��1 b ��¶ � F bP· 'g!X����@-��2-Yg'���'�9�1���?u��2-,8] g1 1�����2�� (−1)n+1 �P�����������":
� / ��2��*�1-$�)�*U1-$�)�' / *U,�� / ����1�����Y�2�'¸@-1-'���,-��'�@-'<��'<?l2-354��'�%-����!� ���1-3�£��-��,-��������2-� .2U��@-1�'�,-:����V*���2-,-^

(n+ 1)
'���1U��?���2-,-=¢�(����?�*�'��¹,-:s��'���'�1-354l, / �����u!X����@-��2-Y'���'�9�1���?u��2-,-]

= −1 b��'<��$�%-��2-2�3Z=�1���:�$���Y������º2-����1�$�*U2-'`@-'
*U������1�*U,-��Y`2���@-1-, / ��1���4«!� ���11U��: / ��1-2-'(!X����=»���#¼-� � b
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W�XZY�[�X:[$\�]�W�^_X
^�`�^_a�[$b�c>XZW V Xed�^_fgY T X:d R b�] R X:a�hiY�[�Xkj R `:b�] T h�XZ`9j6XZlm^_[$feb�n V�o3p
`�^ R ^_^�`�]_X:` R `�]�q osr X:Xut:^�fg^_fg^_[$lmW�^�Xu^�`�^�a�[6b�c>XZW V Xst:[�q�Y�YwvxX:`�` V X R `�yz`�^Bcz{
j6X R `�]_X:W�W�^_Xm^�`�^_a�[$b�c>X:W V XK|~} ��� p `�X:^_[�XZfebz���m� p ] RUT Xkj R `�] V Xm��X:tZ^

� T X�j
B

k = pk.
� ^��Z`�^_fgq�Y�^�lm^�[$fgq T X�| �M� �#} ���

n∑

k=0

(−1)n � T X�j
B

k =

n∑

k=0

(−1)kpk =

n∑

k=0

(−1)kαk = N.

� [ V fgXZW�h�h�lm^�[$fgq T q�W$X:Y�^Mj6] V c�W�\9��`�^���XZd p fg\�Y�^ T q��$b�XZf p �$`�^ 0�2�C�+�8?��IzC�/8$�:�?<������Q+�0Q/�C�/B��G?2U0�2�N�Iz+�0Q56��IK5$N_5�+:�:I>�*8?+�/B�:G6/�AZ5�1i/�+;���U�?/�C�56+iAk�������_=K+:�
��IzC�/�C�2�865���AB+�-S/�0�1;2�465$�$7g8?+i5�13+�<�=K5�G�86+:@$/�ABC�5�D�8$FHG�IK/ML�+:N 51 OPSRUT6V d�^_fgY T X:d R Kn Y$[�Xkj R `:b�] T h�X:` p ]m�$b R `�W�^ R ` V�p n {�fgXZ[�W�^�X h ��1i8$/���/B/B�B�0�2Z �5?+

M n
p `�^#Y$[ V W�XZ��X:`�W�\9� n �:`�^sq RUT ^�] V X
]�\�Y$^ T W�h�X:` R hm] R XZtUj?b3|~}6¡�¢ p `�XZ^�{[�XMfebm���u� O_� [ V ��X:`�W$\9�3c>X n p W$b�Y�[$^�` V ] p �:`�^iq RUT ^�] V X R q r X R `�]_X:W�W�\£f¤^�a_[$b�{¥ ^�f,] T$V h�X:`�W$b#� V$RUT ^#fgW$^�t:^_^�a_[$b ¥ V�¦§p j6^_Y�q R d�b osr3V �sj6XMlm^�[$feb�n V�V a�X ¥ W�XZY�^�{

j6] V c�W�\9�*`�^��$X:d O�¨ b�d p W$b�Y�[ V fgXZ[ p j T h  �2:1;N�8$�_I>FHG�@6/BC�+�0�G686/���Iz+�� (n = 2)

N = 2(1− h),
V�T$V

= 2− k,

tUj6X h V k © � V$RUT ^s[�q���X:d pMV�T$V>R ^�^_`�]�XZ` R `�]�X:W$W�^£Y T XZW�^�d>ªwX:a V q R b ¥ b�fgd$W�q�`�^ ¦Y�^_]�X:[���W�^ R ` V§O N ^_a�[$b r b�X:` R h�],W�q T y,`�^ T y�d�^,Y�[ V h = 1
V�T$V

k = 2
p ` O X O

q«`�^_[$b V a�q�`�\ T d V&¬uT X ¦ W6b�!`:b�d V f®^�a_[$b ¥ ^_f p `�^ T y�d�^�^_`�W�^ R�V `�X T y�W$^��:` V �
j6]_q_� ¥ b_fgd�W�q�`�\9�>Y$^�]�XZ[���W$^ R `�X ¦ fg^BczW$^iY�[�Xkj?Y�^ T b�tUb�`�ym]_^ ¥ fg^Bc�W�^ R `�y R q r X�{R `�]�^�]�b�W V hsj?XZlm^�[6feb�n V�¦ a�X ¥ W�X:Y$^Mj6] V c�W�\9�m`�^_��X:d OZ¯;T h;�Z` V �iY�^_]�X:[���W�^ R `�X ¦
`:b�d V Xuj6XMlm^�[$feb�n V�V j6X ¦$R `�] V `�X T y_W�^ R q r X R `�]�q o ` V,V ��W�XZ`�[�q�j6W�^zq�d�b ¥ b�`�y O

�����! #"$�±°�'
n
��1;+�0?8$Fe��²z2U0³�&AZF?0�2:1;5$O#� q R `�y V fgXZX:` R h n {�fgX:[�W�\ ¦´>b�[ V n

p ¥ bBj?b�W�W�\ ¦ ]�^_Y�[�X�j6X T XZW�W�^�f R:V fgY T$V n V b T y_W�^_f�[$b ¥ a V XZW V�V§O(µ jQb�{T$V f V ¥ W$X:t:^¶]_W�q�`�[�XZW�W V X·`�^_��d V l ^�[ V X:W�` V [�^�]�b�W�W$\9� R�V fgY T X:d R ^_] En
1

p
En

2 , . . . , E
n
l

p W$X V fgX o#r3V �¸^_a r>V �&`�^_��X:d�W V fgX�cKj6q R ^_a�^ ¦§p W V¹R t:[$b�W V {
n�X ¦ ´Kb�[$b V n

Ogµ ^ R `:b osr X:tZ^ R hºd�^_fgY T X:d R b V
n W�q T y�fgX:[�W$^�X�� V$RUT ^Jv»XZ`�{

` V p0 = 1
O?¼9R h�d V�¦ k {�fgX:[�W�\ ¦ n V d T Uk R:V fgY T$V n V b T y�W�^_t:^�[$b ¥ a V X:W V h,Y�[ V

k > 0 tZ^_fg^ T ^_t V �$X:W�] V n W$q T$o |~} � ¢�� O?� ^��:`�^_fgq R q r X R `�]�q_X:`*b T t:XZa�[$b V ��X�{R d V�¦ d�^�fgY T XZd R Uk+1 p j T h�d�^_`�^�[�^_t:^ Uk h�] T h�XZ` R h�tZ[$b�W V n�X ¦�½

Uk = U̇k+1. | � �
PSRUT6V `�X:Y$X:[�y k < n − 1

p `�^ n {�fgX:[$W�\�X R:V fgY T XZd R \�W�X3]��_^Mj$h�`�] Uk+1 pRUT X�j6^�]�b�`�X T y�W�^ p W$X³]��_^Mj$h�`¾`�q�j?b V q�j?b T h�XZfg\�X n {�fgXZ[�W�\�X R�V fgY T X:d R \
En

1 , E
n
2 , . . . , E

n
l

p ` O X O Uk+1 t:^�fg^ T ^�t V ��XZW«W�q T$o j?b�c>X V ] V
n Oe� ^��:`�^_fgq

� V$RUT bKvxXZ`�` V
p0 = 1, p1 = p2 = . . . = pn−2 = 0. | � �
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k = n−1

�"���$#
�&%�������')(+*���,-�
Un−1 !.�/�-�1020�����! ��34����57698&:

5�!���5�34� ��57;4�1������*�34(<�"��;�34= ������>�3��/,�� ;4�?,��A@B�-��34,-���

Un = α1E
n
1 + . . .+ αlE

n
l + ′Un (′Un ���������"%���34CD���

V
n
),

�&EF3�E
Un−1 = U̇n = α1Ė

n
1 + . . .+ αlĖ

n
l + ′U̇n,

�����
Un−1 = α1Ė

n
1 + . . .+ αlĖ

n
l (

���
V

n
).

G ���?#4�1�&>����&� >����?,���CH%1')(
(n− 1) I @B34����')(J*���,-�7,A�A@B�-��3�,����

V
n ;4�A@B�&����;�� I>�34�K������3�(���� (K,��A@B=�������*����

l
;4��������>���'ML7,A�A@B�-��3�,��4��!

Ėn
1 , . . . , Ė

n
l .

6 � :

NO�OP����+,��A@B�-��34,-�4'Q;4�A@B�&����;���>����$��3�#���! ���/�1@B'.E&RS�4� @B� @T%�3/��3 �"3������H=�'U%���5
���-L7! ')���&���-5-���A�/VH�/��� ����� W?34����3O!���%��

β1Ė
n
1 + . . .+ βlĖ

n
l ∼ 0,

���7���
V

n �40�X?3��4��!�� ! ���T= '
n I @B3�����')(Y,A�A@B�-��3�,��

Wn 6= 0
��;4��������*��Z,A� ��� I����;4�D= 'M�1�?= '[�1��!��1�

Ẇn = β1Ė
n
1 + . . .+ βlĖ

n
l .

G ���K#����&>��-�1�7= '.�\>����
Wn − β1E

n
1 − . . . − βlE

n
l

����3/%��/�4��!���5�3��
n I @B34����')(*���,-�]!

bV n
6^!

V
n �Z_&#
�&%134�1������'`@B��aH%1')��, ��@B�1:/E1bc3/%1�����4��!�3�����')(<�4��,A� (

*���,-�?3
�/��Vd��0���3�!�� (.,A�A@B�-��3�,���E�ef��,?, ��,
Wn

��3g�/�
%13�� Ch������2�
%1��� ;4�)��#g�/��@ I����34,-�/� !
En

i

�����Z�����4ig%��D����3j%10 34�&��>����
β1 = . . . = βl = 0

E�ek��,���@l��= ����#�� @
l,��A@B�-��34,-�4��!76 � :m��= ����#�0Aid�?!

V
n

(n− 1) I @B3�����0�in= ��#�0h���1��= 'MLH;�� @B�&��� ;4��(��
�&EF3�E

pn−1 = l
E

o<'Q����3j%1���&����;F��3�@p��34��3���VO������� �/����3/��V ���O!���3�W?��3�(?;���������*�'Q,�� @B����34, I���
V n

��>����h�����H��3���3/LA�
%1���+����= �D����@q�H!J�/3�=�5�������=��D!D;4� @B�&�1��;4��>���')(T�/34= 3
*���,-�k�q�4��,��q����������@B3����q�����r@B�&C+3��Y��Ch��@q����V ��5�EB�m�����k�s�/!�3��ALU����;����

a
��#

l;���������>���'ML+��tO34�<6 � :f��34��34L �
%�5��$,���C+%u�"5h�4��@q�$!.�/3�=�5H�-���D!O;4� @B�&�1��;4��>���')(
����@B� (U�/34= 3J*���,��k�f!p���]!���3�@v5w,���,Q� �/���"��V ��')3

b = l − a
��tO34�U@B3��-5�i����5

@B3
�/�4� @B�r%1��0�;Z�+%1��0A;�� @M�����<���T;x�1��! ����(p%1����;4� ���"���y@q��������*�'z������=��1�"C+3 I���-5
B

n−1 �/���&5��
a
3/%1������*T�

b
��0���3�(�E�{O��P���� @B0

| �13j%
B

n−1 = a,

�H!h�/����0Y6 � :

| ��3/%
B

0 = 1
| ��3/%

B
1 = . . . =

| ��3/%
B

n−2 = 0.
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1− 0 + . . .+ (−1)n−1a = 0,

.�"�.
a = (−1)n.QR#�8S8�#�8

a
',>�5�T9U('E"���'M)(�V"$�V09.�5�'�"�T/%(��'W7(.�><"��$K�5��6+�"(IS%('*7('E5�%�243

n
-/���/F�B�'

%('X>� �B�',>�5�-/ �'E5��/5���F/��#�06'E%(.�YW8����!)�"�'E8�>*#
V

n F/'EZ[%('*)(�,+$-�.(09%�243W5��/7('E8RK�+�"�I7('*5�%(243\06'
n
5E#�8(.�'6�/5���F/��#�06'E%(.(I]>� �B�',>�5�-/ �AC5^"�.�_�T�K`8��/;<+:#

a = 1 a Qb#�8PK%�#�)(�(.��!'*�PK=8(�( �;E�/-���'�8��V"$T�U(�6+$�/)( />E8�#�'*5^%('*.��!'EACB�'E'6%('*)(�,+$-�.(09%�243J5��/7('E8-��$#�B�'*%(.('c-���8��( �;�>�-/��'E;*�^U('*%(5���# a�d "�I]>EeM'E��.(7('*>E8���;E�f><"��VIPK�%�#�)(�(�/5�.(-�K:%('>� �Bc'*>�5�-� �'*5�%(.(8�#�8(.�3M��5��/F���#�0c'*%(.(YMF�'*Z[%('E)(�,+:-�.�01%(243W5���7('*8PK,)(�(.&8���5��/�(243��F/'M;E��#�%(.(7(%(2�'&>*eM'E�(2g)('E�('*-��,+�I(5/><If-9;E���!�V"���;*.(7(%(2�'W.��hU(.(8�"�2 ai�j=k:l/mon:p�n:q:rtsvu�s`wPxzy�{N|�}/{^~�����~,����������~,��{^���<|�}���}��[�,��~,��~,�,~,�,}��*�D�<�/{�{
n � �R�<}/��~E�6x��X��}/���Mx����*�?���*���E� � �/{��*�*�����V~E������x@����}/��~*x����*���,x��&x<�,~,�*~@����~E�S������|�~ ���}��
�V~*�6~,�*}��*�<~,��x��X��}/�������V~W���E��~,�4~*�V~,�*}��*�D�<�/{���{��P���<�W���<|�~����,{��C�/�/�h�V~*���/���� s/ ��<|�}/��}/�[�*��~,�
~*�V~,�*}��*�D�<�/{��
|�}/~,���/�,{��*��~*¡�~4|�}�~*x��V}��E��x<�,���

Pn �Hx����*�W|�}�{���<�,��~*�
n
�,x��<¡z�(��{��R�<�������<|�~����*{��H�����¢�,~*�������@|�}�{C���<�����*��~,�1�D�

n
����y��H�,~*¡@~v���V~ ��*��~,�V~*�,}��*�D�<��{��v���[{��P�<y�~����<|�~@���,{��C���[£W�V~*�����$�,x��V�<|��<���4~,�V~*�,}��E�D�<��{��W��~@y��H����*�
�*�&}����,��� � �¤ s
 ��<|�}���}��[�,��~*�1~,�V~*�,}��*�D�<��{��6���*�/�P��}���~E��x@�X�<}/�¥�Sx����*��~*�*y��@�(�E���Sy�{��,~����|�~����*{��C��~*�1�,~*����~E�:��y�{��,~9¦@��{��*�P���V}��Ey��*��~E�9�V~E����~*�$§*��y/{��,~C{9�V���o{6��}/��¡�{��
�¨ s/ D�����,���P��}���~*�?x��X��}��
����y��V�<�W�@�@�(�*�*�H�/{����E��~*¡@~X���<|�}/��}/�[�*��~E¡@~��V���/�V~,}���~ �¡@~W|�~@y��(�
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5�6&7(8:9<;2=�>@?�A(BDCFEHGIEKJML2L2NPOHL2QFGROHEHS
TRUWVXUZYXUW[]\_^a`cb�dfegUhdfiW^gj]kcelkmd+`cbnUpog\gbnqr[nogstVgVvu2w�x	ytUWogUp`cytUm\gjnYXUZz{\X|i~}n`WUWq�[�Ylkcipb�`cb]UWogb]`c\gytUc��[noXs�VXVgUWipx/bHVgogbf�XYXUZz~bneg\_^R�tytUW`WUWogx�|P\�|Px�VgUZYl�WjnUW�i�k�YX\ldf��VgoX\�`cUWVXUZYXUW[]\g�gb]dnyg\_��\Xdnd�Ylb��lUpipkceX\_^_��un��VgogUW`W\giWUpVgUZYXUZz{egUpdn`c�([nogstV_�VlkW|(�RoXkpdnd]|�kc`cog\Xipkcb�|Px�|�Up�Wx/�geXU�i�kcYX[nb]�Wogb4\_YX\�[]bnU�|Pbn`cog\X\R�Ri�`cUpVgUZYXUW[]\g\\l|Pbn�H`~��bfYXU{[�YlkWiWegx�|rUW�poXkcj]Up|rd�[nogstVgVXkp|P\R�gj�kZ��kWipkcb�|Px�|P\+Up�WoXkWjnst�H��\X|P\\�dfUWUp`cegUp��bneX\_^X|P\l��u(w�xKoXkpdnd]|PUW`cog\l|�VgUW}]`cUp|PsDdfeXkZ�lk�YlkX�&i<�gb�|"dfU�df`cUp\g``]kcytUWq�dfVXUpdfUp��j�kZ��kWeg\_^�[]ogstVgVgx�u��spdf`W�4�<�"y�Upegbn�XeXk�^�\_YX\��Wb�dfytUWegb]�geXkc^�[nogstVgVlkp���H\

A1, A2, . . . , Aa ���Z �¡eXbnytUW`cUpogUWb��X\Xd�YXUDbnb�}�YXb�|Pbneg`WUWi � dnogb���\¢y�Up`cUWoXx(�£|PUW[]st`¤i�df`coXbn�XkW`c�pd�^\�`cUZz~�lb]dn`ciWb]egegx/b   u/¥tUWiWUpo�^g`����g`cU¤}n`c\�}�YXb]|Pb]eg`cxK^giWYg^g�H`Wd�^§¦Z¨ª©g«]¬�p®/¯�°l±
² °³[]ogstVgVgx´����b�d�YX\ayWkcz~�lx/qr}�Ylb]|PbneX`³\gj��§|PUZz{egU�Vgogbf��df`nkWiW\g`W�³i�iW\t��bVXogUW\gj]iWbf�lbneg\g^+}�YXb�|Pbneg`cUpi

A1, A2, . . . , Aa

\�UW�poXkc`ceXx(��}�YXb]|Pb]eg`cUpi
A−1

1 , A−1
2 , . . . , A−1

a . �¶µp T·kcytUWb¸VgogUp\gjnipb��lb]eg\gb�|Px:�Wsc�lb]|<eXkcj]x/ipkc`W�+¹_ºª»�¦�¼�¦ ²�½ ugT·kcyR�_elkcVgog\l|PbnoR�_d�YXUW�i�kW|P\�^gicYX^g�H`Wd�^
A1A

−1
1

\_YX\
A−4

2 A6A
5
3

u@¾�d��pU��X^m\XjÀ¿�UWoX|�kcYX�Wegx(��dfUWUp�WoXkc�z~bneg\XqR��|Px§iWipU��l\X|¤bn��b�Vgs�df`cUpb�d�YXUpiWUl�Xegb~dfU��lb]opz�kW��bnb�eg\mU��leXUWq'Up�WoXkWjns������b]qRu_Á�k�z~�lUWb�d�YXUWipU�Vgogbf��df`nkWicYg^gb]`Z��`]kcyg\X|<UW�WolkcjnU�|(�W[]ogstVgVgUWipUWq{}�YXb�|Pbneg`ZuÂ ��eXkcytU�U��l\ge�\�`cUp`�z�bÀ}�Ylb]|PbneX`'|PUZz�bn`��px/`c�'Vgogbf��df`]kcicYlbne�oXkWjfYX\g�Xegx�|P\d�YlUWipkp|P\RuP��spdf`WUWb�d�YXUpiWU�^giWYg^gbn`pd�^a[nogstVgVXUWiWUpq�b��l\Xeg\gÃgb]qRu2w�x	�ps��lb�|IUW�WUW�j]eXkZ�XkW`c�+b]b4`nkcy_z~b4jneXkWy�U�| � uXÄ�YX^�dfUpygoXkW��bneXegUWq³j]kcVX\Xdf\hd�YXUWi�k�|PxÅ�Wsc�lb]|VXUZYX�Wj]UWipkW`c�pd�^�dn\X|PiWUZYlUp|
W (Ai)

�gVgoX\g�gb]|D|Px£VgUZYlkW[ªkcb�|(�t�g`cU
W1(Ai) ≡W2(Ai)Æ�ÇMÈfÉ�Ê]ÈfË�Ì�ÍnÎ�Ï�Ì�ÐZÑZÌÀÒ�ÓZÍ�Ô�Ë�ÌÕÏZÖ�ÑZË�É�Ë+É�Ò�ÐZÉ�Ë�ÐZÉf×:Ë+ÓZÍ�Ñ�×XÌ�ÐZÌ�ÐZÑ�ÑhØ³ÈfÉ�ÓZÉÙÖ�É�Ú�ÑZÑ³ÏZË�Ê]ÛnÜÑ�ÈnÍ�Ì�Û�×gÌÙÍ�ÐZÝ�Û�×gÐZÉ�Ú�É�É�Þ�Í�Ô�ß�ÑZà�áPÈfÌ�É�ÍZÑZÑ�Ê]ßÕÖ�É�Ë�Ñ�È�â¶Ópâäã

n
Üå×gÌ�ÍZÐ�Ô�æ�ÈfÉ�ÓZÉÙÖ�É�Ú�Ñ�æ�á·Ô{È�Ô�Ø]Î�ÌÒÙÉ�Ë�Í�Ìª×gÌ�ÐZÐ�Ô�æ�ÈfÌ�É�ÍZÌ�ÈfÑZØnÉ�Üå×XÐ�ÉªÎ&Ì�ÒÙÈfË�Ì�ÐZÐ�Ô�æ�ÈfÉ�ÓZÉªÖ�É�Ú�Ñ�æ+É�ÓZÑZÍZÔ�ÌÙÈfÒçæ+ÚçÖcÔ�Ë�Ð�Ý·×�É�Þ�Í�Ô�ß�Éf×<Ð�ÔÉ�Þ�è2Ê]é¤ÈfÌ�É�ÍZÑZéaÞ�Ì�Ò�Ø]É�ÐZÌ�êZÐ�ÝRÛ{Ô�Þ�Ì�ÖZÌÙË�Ý�Û�Ú�Í�Ê�Ó�Ó�ágÐZÉ�ËfÔ�æ4ë�ÓZÉÙÛ�Ô�Ë�ØnÉ�ÈfÉ�ÍZÝ�Û�ÒÙÉ�ßÕÏcÔ�ÐZÔ�Ó�É�Ð�ÜÈnÍfæZÚ�ÑZÐ�ÒÙØnÉ�à�ÈfÌ�É�ÍZÑZÌ�à¸Û�Ô�Í�Ô�ØZÈfÌ�ÍZÉ�ËZâtìîívïWð]ñ&òWïcóªô�ò õÆÕÆ�ö@ÓZÍ�Ì�ÏZÌ�ÖZÌÙÐ�Ñ�æ~Ñ�ë¶Ö�ÌÙ×XÌ�ÐZÈªÔ�ÍZÐZÝRÌ/ÓZÍZÌÕÏZÖZÉªÎ&Ì�ÐZÑ�æ�ÑZß�ÈfÌ�É�ÍZÑZÑ�Ú�Í�Ê]ÓZÓ~×gÉªÎ�ÐZÉ¸ÐZÔ�àZÈfÑ�áWÐ�Ô�ÜÓZÍZÑ�×gÌ�Í�átË�ØZÐZÑZÚ�Ì�÷�Ô�ÐMøMÏ�Ì�Í�øR÷�Ô�ÍfÏ�Ì�Ð�Ô4ù�úMÉ�Ë�ÍZÌÙ×gÌ�ÐZÐ�Ô�æ{Ô�ÖZÚÙÌ�Þ�Í�Ônû�á_ê�âpü�ìþýtÿRÿ���á������	��Ú�â õ�áÚçÖcÔ�ËfÔ(üîü�â
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,.-0/21�3�451+687:9<;�=?>�@5A�9CB�@�DED0;�F�G�B�D0;�H�I
4�68J0/LK�3'MONEPRQTS�J045UV45W21YX�NEW2X�Z�XY68J0X+[%3
6�X�[+\03'N]3�451�6<6�X+X�1�[+451+6�1�[�^!_a`b/EUTS�J045UV45W21�X�ULN]c2^!Z�X+Z5X0d]ef68J0/gMO4+IhW03+\2c2X+1+/2[0I
68J0X�[�3

W1(Ai)
/
W2(Ai)

\2c04�N]6�1�3�[+J272_a1iX�NE/2Wj/j1�X+1kM<4CS�J04�UV4�W21iZ5c2^!\2\2PlI
W2XOW24m6�X+[�\03�N]3+_a1�W04�\2c24�UV4�W2W0X<X�NEW0X<6nN]c2^!Z�/0UnI!1�XCUVPpo+^�NE45UYWE3�q�PR[%3�1�r<S�1�/
68J0X�[�3�F�G�B�D0sutlv

W1(Ai) = W2(Ai).ef68J0/wW03�\2/E6�3�1+r�[�6�4�S�J045UV45W21�Pp68J0X�[�3#[�X�o+c03+1�W2X%Ux\2X�c%7!NEK!4�/�X�NEW2X�[+c24�UV4�W2W0X
/2q�UV4�W2/21+rOq5W03�Ky^zK+3'MONEX�Z�XO\2X+K�3�q53+1�4�J07y6�1�45\24�W0/wW03<\2c2X�1�/2[+X�\2X�J0X�MzW2PRQ{I%1�X
UVP|\2X�J0^!-2/EU}1�3+K~W03+q�PR[�3+45UVX�4k;��$F2G'9<DE;'@yA8�];�B�;

W−1(Ai)
dV�m-04�[+/�NEW2X0IuS�1�X

68J0X�[+Xw\0c24�N]6�1�3�[+J2724�1iZ5c2^!\2\2X+[�X+Q�S�J045UV45W21�I�X+o+cE3�1�W2PRQjZ�c0^%\0\2X+[�X�UV^gS�J04�UV4�W��
1�^

W (Ai)
d

� ^%6�1�r<NE[%3O68JEX+[�3
W1(Ai)

/
W2(Ai)

c03�[�W2Pld��acE3�[+W04�W2/24

W1(Ai) = W2(Ai)

W03+q�PR[�3+4�1+687kA�;�;�9<DE;��C@�DEvE@8tlI'6�^!`b4�6�1�[�^!_a`b/EU�[#Z�c2^!\2\04n�xUV4�MONE^bX�o+c03+q�^!_��
`b/EUV/

A1, A2, . . . , An

d%�mo�PRK2W2X�[+4�W0W2Xm6�X+X+1+W2X+�<4�W2/24�q53+\2/06�PR[�3�_m1a1�3+K{I�-21+X��
o+P�6�\2cE3�[�3C6�1�X�7�JE3<Z�c2^!\2\2X�[�3�7y4�N]/2W2/2�030�

W1(Ai)W
−1
2 (Ai) = 1.

� 3+K2/0U�X+o+cE3�q�X%U�[+X+\0c2X�6wX+oxX�1�P�6�K�3�W2/2/L[�6�4��~6�X�X+1�W2X��b45W2/2Q~S5K2[+/2[%3'J045W21�45W
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i = 1
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i Ai = 1.
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W (Ai)
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R(Ai) = 1
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W (Ai)
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W1R
±1W2

q53�UV4�W�72451+687gW2X+[�P�U�68JEX+[+X%U
W1W2J0/2o�XY[

W (Ai)
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d � X�J0^!-03+_a`b/045687~1�3+K2/0U X+o�c03�q5X�U
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R±1 = 1
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R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1
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\2c24�N]6�153�[�J072_a1OK%X�W24�-0W2X+4m-2/068J0XC6�X�X+1�W2X��b45W2/2Q�Z5c2^!\2\2P}��I�\2c2/0-245U
r
UVX�M<4�1

o+PR1+rO153�K�MO4�/kc03+[+W2P�U£W0^�J0_<d�ef68J0/k1�X+Z8N]30I!\2c2/0UV45W�7�7kK!X�W24�-2W0X+4a-0/068J0XCc03�q
6�X�X+1�W0X+�b45W2/�7},¢¡%Hb/L1�c0/2[+/03�J0r+W0PR4y6�X�X+1�W0X+�b45W2/�7}, ( HbK�68J0X�[+^

W (Ai)
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W (Ai) = 1
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Á�ËÌ©-µ�¸Bµ

Aε1Aε2 . . . Í °�Ç�¨ ε = ±1 Í ´{µ/¶�¨�¹�±�ª�¹
Å�»�¨�²-¨�¸
¨IÇK¨�·-µ�»�²�¬»�µ
´{µ�Ã�¬bµ�Ç-·-¬-Îs¹
²"¬-¸�¬K®/©-Å
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R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1 ³Z´1µxwuw��}~p��5y���qz�w����p�r\p�������v§��xwuw��}~��qw�w�§�`r��Vp����1���w���`�5�wrw��s�uwv!xwxw�·¶¸��r
Rr+1(Ai)�5p�����p/qz��}~p�����rw�Vp����1���w���`�5�wrw� ³¹´1µ �wº���s/}~y

R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1, Rr+1(Ai) = 1 ³¹»�µ
��y1¦��>�
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W (Ai) = Aa+1

��¤�qw�R���1uzy1{�v!���>r��
A1, A2, . . . , Aa, Aa+1 ³¹É�µ

p�r\p������
y
R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1, A−1

a+1W (Ai) = 1 ³¹Ê�µ
�w��qz�w���1p/�kp�rzp����5�����]��xwuw��}\��qw�w�§�`r��kp����1���w���`�5�wrw����¼�p5y1���%�·}\��qz�1�wxzv�p��1�

R(A1, A2, . . . , Aa+1) = 1

�5p����Ëxwuz�1rw{5�1��qz���w�1��p����1���w���`�5�wrw��s�uwv!xwxz�Ì¶¸�]²#uwrz�����w���Íp��1�1�1�w�1�>���wrw�
Aa+1 = W (Ai)

�\����xw��qzv!�wr\�Îp��1�1�1�w�1�>���wrw�
R
(
A1, A2, . . . , W (Ai)

)
= 1, ³ £�Ï µ

�V¦!�1����uw�1�3�w���1�7�Ð��qz�5���5�w�
Aa+1

�1��qz���`�¸�w�7���%��}\rw�����H����p��1�1�1�w�1�>���wrw�3��p����p/qz��}~p�����rw�·p��1�����w���`���zrw� ³Z´1µ �3��y1¦Ñ¦�y�¦ ³Z´1µ �5p�����p�rzp����5�
yÎ�1xwuz��}\��qw�w���>r��
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9���������9�, Aa+1 = W (Ai)
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z|{�}�~����V�U���pA � Ej/<�TSj���
9�%V"�,�2�����H>K���"���2���1�"O,�2�#�_`@����A � E6( Y #��6��H�����$���"�H^��/<�������X=r�6�����������@�������
R(A1, A2, . . . , Aa) = 1 ( Y �a$�"��87O$��TGO�TS�������_!�����o=�9�G�=������X=@�XG��67��6��9����
/w�6��?���������@�������wA]\�E6( Y ��q����:/<#��6#�`����6��9�#����N.:������K���,�=U$����XG��67O��9:,�����G�H������6��H��XG���9

R(A1, A2, . . . , Aa),

R′(A1, A2, . . . , Aa, Aa+1),

R′′(A1, A2, . . . , Aa, Aa+1),

. . . (�(6(�(6(�(�(�(6(�(6(�(
.�,�SU7O�����2a.�������"�%4IM$��TG�#�K�,������X=M��2$�"��87�%�7O#�`@�� ��W$�#����
/y$�"���/<����������_p�
7O?
���� �����2����������������������;Al\�EU�bGO����"���9���,�G�H����� ��B��������������������= Aε

iA
−ε
i = 1

( ε = ±1; i = 1, 2, . . . , a+ 1) �J$��:�XG��87������o��2.�������"�%4Ij������H@$�#��6������XGO��9��O(� ,�/<����=b=>9���_�7O# Aa+1
�XG���9���/ W (Ai)

3�/<%k$��TG�#�K���/���2wq�������$����XG��67O��9:,�?
���6G�H�����������$����XG��67O��9:,�����G�H������6��H��XG���9

R(A1, A2, . . . , Aa),

R′
(
A1, A2, . . . , Aa, W (Ai)

)
,

R′′
(
A1, A2, . . . , Aa, W (Ai)

)
,

. . . (�(6(�(6(�(�(�(6(�(6(�(�(6(�(6(�(6(�(
� ,��@��7O��.�,�2
,�����G�H�����9��V1�#�7O���V2�,�.:����K�������36�
�XG��W/<%y$���.�,�SU��/43�K����a.�,�SU7O������2
q����bI��XG���9W/<�TS����i1�%V��HW$���"���9��87O�����W9W�XG��67O#�_a`����VG����@HW$�"���$���/<��`@����������?
�����@�������;AlC�EU�>��"���9���,�G�H���%4I>�6�����������@������� Aε

iA
−ε
i = 1 (i = 1, . . . , a) (� q�����7O�����6��9�������G�H�������/<�����'/<���6����3���,�.h.�,�.��
�XG���.�,�.�����?lGO��1����XG���9��

R(k+1)(A1, A2, . . . , Aa, Aa+1)
$��TG�#�K�,������X=N��2 R(k)(A1, A2, . . . , Aa, Aa+1)$�"���/<�����������
/g�
7O���� ��d��2 r $���"�9�%4I��6�����������@��������Al\�E��bGO�h�
7O���� ��d��2

��"���9��O,�G�H���%4Ie��������������������� Aε
iA

−ε
i = 1 (i = 1, 2, . . . , a) 3U���0�XGO��?9�� R(k+1)

(
A1, A2, . . . , Aa, W (Ai)

) ����K����M��,�.���/!SU�N��1�"O,�2��:/�$��TG�#�K�,������X=
��2 R(k)

(
A1, A2, . . . , Aa, W (Ai)

) (����XGO�jS�� R(k+1)(A1, A2, . . . , Aa, Aa+1)$��TG�#�K�,������X=[��2 R(k)(A1, A2, . . . , Aa, Aa+1)
$�"���/<�����������
/��6�����������@�����b=

A−1
a+1W (Ai) = 1 �bGO����"���9���,�G�H����� ����6�����������@�����b= Aε

a+1A
−ε
a+1 = 1 3

��� R(k+1)
(
A1, A2, . . . , Aa, W (Ai)

) $��TG�#�K�,������X=���2 R(k)
(
A1, A2, . . . , Aa,

W (Ai)
) $�"���/<������������/���������������������= W ε(Ai)W

−ε(Ai) = 1 3-.�������"�������9���?7������X=�.F�
7�����/!��"���9��O,�G�H���%o/>��������������������=�/4(
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ï 3�8�9�o]9�6=UA6�@Fo�[�`�C(IKC X CÙ?<_;@FC�`=3�LM5 Y B Y~Y ?;UA@A6#IK6�VAOALM5 Y B Y 8�?<?<9 X ?�Wc76 XAY OFB YÖð ê;ñ E=à é ã#E�à î ã lò Z a ?<9 Y BóUA@A6�IK8�9=C�: Y 9�o~9�C�R Y BóHJ6Ù?;_<@FC<`�?�BÖIG?�W

UA?(V XFY 9�6�VGo X 3�LóT=@A3�UAUA3 [ =
[{ÒSÓ l ï @A6#IKUA?(VF?(H Y BrE�PA9�?e8�3�576�8�9�:;3<6�9�R�? X 6�P�W

X ?;6bP Y 8gVF?fj*VF6�B^6 X 9<?<: S1(Ai)
E
S2(Ai), . . . , Ss(Ai)

EsIFVAO]R�?<9<?<@AZ a ÓôOA:�VAO�W6�9;8gO X C Y B^6 X o;c Y B X ?;@FBDCSVGo X Z�B�IG6�V Y 9�6�VF6=BrEu8�?�IG6�@�HuC�5 Y B´j�9 Y j*VF6�B^6 X W9�Z l à n 8gVF3�PFC<6<EiR�?<TgIsC\Ó Y B^6=6�9°R�? X 6�P X ?;6�P Y 8gVF?�?<_;@FC�`=3�LM5 Y�a S1(Ai)
E

õ&ö{÷#ø(÷�ùSú�û(ü�ý�ù(þ#ú�ÿ�������ÿ=ø(ø�ÿ��	��
�ü�÷�ú	����������tü������(ü�÷�������ÿ=ø(ø(÷�����û�ùSû���ý����=ÿ�ø(ø�÷�������
�(ý�ü�÷��� 
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S2(Ai), . . . , Ss(Ai) �������������������! "�!#$�&%�'"�)(�*+���! "%�,��&��-.,/(�-&�&0.��1"2 354617#$��*+8�9 ���:��&%"�<;=,�(� ",��&��-.,>����0.��1?������'"@&(������&%"'���:BA	��%��&C�%"��0&�?C�'"-. �1?�9 "��:��&%�����((�'	��1

F (Ai)S
ε
λ(Ai)F

−1(Ai) (ε = ±1). DFE�3G -�1�:��H:I���� ����JA�17#$�����K��1�A	���K������'"@&(������&%"'��K��-���LM�9 "��:��&%��N������0&�"OH�"��*P;5���1�A)A�1�AQ;R��-&��L6%����":S17 "L�%�*+8$���& "'����& "L"2UTV����O	0&��8)-&��������%�*6��-�1�:�')�&��'Q������W'"@&(������&%"'U,<��X��"1�@&O	YZ�M%����":S17 "L�%�*+8?���� �'����� �L"[\1]�&1�AVA�1�A>;^���! "#K�&%VX�*+��L%�1�'":���%�L�_K'":>%����":S17 �L�%�*`:/���� "'"���� "��:a�"���b�&1�A�'��6���"��'�@�(��c���&%�'U,M'"-�C"�&����*aW(H1�Y��/(�-�Yd������0&�"OH�"��Oe;f2hg�O7����:i��X���@&%"1!C�1���L<%"1!��C��&��A"'�(�1�%�'���:i�9 "��:��&%���10���O	����*kjiAU �1�-&-�-�:���#)%��H-���'l�������! "%"'����� �L�%���8m0&��O	����*kjon�;5�p(eA	����������:�������b�9 "��:��&%��$ "�&#)'��!2�qr��0.��1$AU �1�-&-�*
A1, A2, . . . , Aa Dts�3

��X��"1�@&O	YZ�!�U��C��&(�'	��%����	-&'"-�����:�OQ��X��"1�@&O	YZuK'UvQ0&��O	���"* j>'M'":���YZ�Q:���-&���)-���W����%���_f�&%"'U,
R1(Ai) = 1, . . . , Rr(Ai) = 1,

S1(Ai) = 1, . . . , Ss(Ai) = 1.

}
D � 3

4w �1�-&- 1 �r(]AH�������"��:m ���#)'��x�c��'�%�'�y"1]0���O	����* j��r��������-��&1�(� �,����]����'/�&����:%"���":S1� "L�%�*+8z���& "'����& "L"2{ *BO	��(�����#$��1���:a��C����?D � 3a�"���c��-&�&1�(� �,��&�M-�'"-&����:�O]�������c���� �,�Y�uf'Uvx-���W
����%���_f�&%"'�8Q0&�"OH�"��* j����!2F��2�C"���fA�1�#$�����w-�������%���_f�&%"'�� R(Ai) = 1 ,�(� �,�����-.,
-. ��c��-&��(�'���:P-&������%���_K�&%�'�8|D � 3c2 G -�1�:���:B���� ���� R(Ai) = 1 ��@&%"1!C�1��&�!��C����
R(Ai) �"��'�%"17�" "��#)'��$AN;f2�}~�fA�1�#$��*+8N�9 ���:��&%"�$;���������-��&1�(� �,����K�"����'�@�(��&W���&%�'��K�9 "��:���%�����(z(�'U��1�D�E!3c2��~��������:�O]-5�"��:���uKL�YP-&������%���_K�&%�'"8 R1(Ai) =
= 1, . . . , Rr(Ai) = 1 'e����'�(�'"17 "L�%�*av�-�������%"��_f��%�'�8 R(Ai) :��!#K���?X�*+��L�"�&����(��c���&%��M(]������'"@&(������&%"'��b�9 "��:���%�����(](�'	��1<D�E�3�2\}~�M����0.��1 R(Ai) ��O	����:�"��'":��&%"�&%�'U,�-&������%���_K�&%�'"8 R1(Ai) = 1, . . . , Rr(Ai) = 1 '>����'�(�'"17 �L�%�*av-&������%���_K�&%�'"8l:��!#$�&�/X�*+��L/���&�"�&(������&%"�/(/������'"@&(������&%"'��x���"1�%"-&�~���":�'�����W(H1�%�%"*av��9 "��:���%�����( S±1

1 (Ai), . . . , S
±1
s (Ai) [\�&���]#K�)���H-. "�c��%"�&�b������'�@&(��c���&W%"'��f:��!#K���)X�*+��Lz�����&��X��"1�@&��(�1�%"�K()��OH-������5������'�@&(��c����%�'��6��O	����:l����'":���%���W%"'U,]-&������%���_K�&%�'"8 S1(Ai) = 1, . . . , Ss(Ai) = 1 ']���"'�(�'"1� "L�%"*avJ2q\1�A"'":R��X��"1�@&��:l-&������%���_K�&%�'U,]�������! "%"'����� �L�%���8�0&��O	���"*����! "O	C"1�YZ��-.,�"OH����:/���"'�X�1�(� "��%�'U,)AN-&������%���_K�&%�'U,":V0���O	����*I����X�1�(���C"%�*av$-&������%���_K�&%�'�8\2G ���&@�O� "L7��1����~���! "O	C"1��&��-.,M-. "�c��O	Y�uK17,M���&������:S1"2���	�����	�~���<�+�������t�����"��� j �H�5�������!�������7�� +¡K���

A1, A2, . . . , Aa

�?���!�!�K¢���£b��¢��H¤
R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1
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46587�9:4<;=5�7�>@?<A:BC4�DE5�AF?1GH43IJA3K�L�DEB�9:?1AFMNIPO�5Q9RBC>S5�9:?�TU7�K(O(5&LFVWB�X@4FIPAF5�YZK([
>HK\LRMU5�]�9R5�D^5�A3>HM

S1(Ai), S2(Ai), . . . , Ss(Ai) = 1,

>HKSO�K(_3K�9:AF43>S5�9:?1A:B�`bacL:dZ_3_FBfeUg�; = F 4�DE5�5�>=K(h\LiB8j�d1kXH4F5

A1, A2, . . . , Aa

46K(_�LR5�O(5Q9�`:kX@4:5f7�K(K(>@AFK�GS5�AF4�`

R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1,

S1(Ai) = 1, S2(Ai) = 1, . . . , Sr(Ai) = 1.

l L:4,]C>@K�D Ai
K�j�AFBCmiB15�>nY(9RB�7�7E7�D^5�VoAFK(7�>@43TUpSY1K(>@K�LRK#Dq9R5#VW43> Ai rs%tiuwv1xv1y�z:{P|�{�yZti{8}~x��<}~x�u3�Q��y�zFu��3u�ui��y1�it3{#zF{��3{��i�3y1��y��3y1t3}N���3���

�iyZ��y!zF{��3u3|�{��i� ; u�uF���1���3ub��y1yZ|��iy1�@{��iui�JzFy1�iy(�F�iui|�{��3�1�iyZ�6�8ti���i�ix eUg�;^��Py(�<�iy%�iy���|����iui|1��uS�3�1y1�Zy1tiyZ|i�(�itiu3��y1{#z:ui�iui|��%�<��yZy1|��3y1�E{8�iu��3}P�8ti���i�ix e�itiyZui��vZy(�3�1�3x{zFyZ�iy(�3�iui|1{��3�Z�ix{���y1yZ|��iy1�@{��iui� � �Pxo�iy(�3���iu3}�|�y1�QzR�@���iy1v��zFyZ�iy(�3�iui|1{��3�Z�i������ti���i�3� eUgC;E� u3}~{8�i�iy�z:y1�iy(�3�3ui|�{��F�1�i������t3���3�i���F��u3}~{8�i����E{8��y��iy1tF}N�C�3�Z�iy1�8y�zF{��Fui|�{��3� � ��y�zF{8tZ�^�1�E{��8y��3{8v1x{���|�yZtiy1�ix�zFy1�iy(�F�iui|�{��3����ix��J��y1yZ|��iyZ�E{��3ui� ���xv1{�zF{8}�ui��|1{�y1t3{8}~x yH��y�}~yZ}~y1tF¡%ui�8}~{��Q�3{#z:��|�v1u3{ � ��yZ|�y1t3x�}�}~xwvZyZ�#��iy(�3�Z��yZvZ�C�Fu3���@v£¢R¤�¥ � s%����|��Sui�f|�t3{��£�8ti���i�
e���¦@��; §-¨�©

¦ u ; �iv��i�i��|1�Q�b�3y1t3}N���3�1�ix�}~ubz:{��3ui|1{��i�3}~u��8ti���i�ix e�� u ; ��y�zF{�t��<ui|C�
�Q� v ¦@�; yZ�iti{�zF{��i�i{8|��8yZ}~yZ}~yZt3¡%�iyZ{ªy1|�yZ�1t3���@{8�iui{ª�8ti���i�ix e �3�«¡f�����
|�yZt��¬�8ti���i�i� eUgC; = tF � s%t3u®�|�y�}¯��ti���i�3x §°¨�© �i{8ti{���y�z3�i|^��yZy1|�vZ{�|1��|�v1{8�i�iy^v

e = eUgC; , ¦ = D/N, ; = N/N = 1.

±²�1���Z��� ¦ {8��|��,�iy1t3}N���3�1�3x�JzF{��Fui|�{��F� e�� |�y ¦ {���|��£�iy1tF}N�C�3�Z�ix�JzF{��3u��
|�{��3� e u6�����@{8��|�v1�Z{�|S��y�}~yZ}~y1tF¡%�iy1{fyZ|�y1�Zt3�C�H{��iui{ F �F� e / ¦^� ��x�iy(�3�i{8����ix{ªy�z:�iy¯�8��zFti���8u3}q��yZ}~y�}~y1t3¡%�3x{,yZ|�y1�Zt3�C�H{��iui� e �F� e u e �3� e / ¦z:�1��|,y�zF�iy!�8yZ}~y�}~y1t3¡%�iyZ{EyZ|�y1�Zt3�C�H{��iui{@��ti���i�3x e �3� e / ¦@� �3tiu���yZ|�y1tiy�}v!{�zFui�iu3³i�P��ti���i�3x e / ¦ �i{�ti{��Zy�z3�i|<�Z���6tF���E*�F{8}~{��3|�x´��t3���3�ix ¦E� ±µ���iu3}y1�Zt3���8yZ}�uF}~{�{8}¶�Q�3{�zF�����E��� >S5�K�LR5QDfd®K(h<4�jCK�DfK�L�·U4�j8D^B�¸b¹ºD�Df4£»H5�>S5¼L �

eUgC¦ u e / ¦ = ( eUg�; )
/
( ¦%g�; )

4�j�K�DfK�L�·UA3MN�
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A1, A2, . . . , Aa egf[h5 @�14348iD�8ES4j4UG�576$5�QE@�@<:?97@<\�8�945kj76$5
(
c
) R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1, e � hJWlnmo97J?5F6$8=94>�\�54pq97@<376�J?S7><940"prD�8ES754:<8ES7>FV�Q=@
DF8=3bsIJ?GW54pqtbQE8�M�@�6�6$A�:=J<:?@?u370

AiAkA
−1
i A−1

k (i, k = 1, 2, . . . , a).`N@W:?8=@�348�6$8vB$DF@�14@[S79457:?8ES7>�97JwjCH�34A�1417Jrc�x?l
=
cR576$8=8�:W:?@�HTD�JI@�Y<37J<]=A�U&GW548

A1, A2, . . . , Aa (1)5 @�14348iD�8ES4j4UG�548LQE@�@<:?97@<\�8�945kj
(
c
) R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1; e 2 h

AiAkA
−1

i A
−1

k (i, k = 1, 2, . . . , a). e 3 h`N375;y=:?@b6
Ai
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AiAk = AkAi.��J?M45F6�@<Y�37J?]�@�6|@<Y<3FJ?]=A�UG�548�V�J�QTS78EDF@<tbJ?:?8=S7><97@7VE5ItbQE8�yzSF8�6$8=97:?0;H=34A�14170 c�V178=348
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FρFσF
−1
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E
FHG�IHIKJ;LNMKJ�O�P�Q"J�R�S�T UWV�XZY\[�YZ]�^K_
`baZcCY\d�e�X�f�]\f�^KdCf!`gIHh�ikj�FHG�IHIlL
1 mL

2, . . . ,
L

h mHn S�hoO�J�IKpKT�P�Q�J�R�S"T Urq5h�FkstG�uKh"v
L

=
L

1©
L

2© . . .©
L

h, wyx�z
R�T ukp|{�J�}~ikP�v�h�S�uKp n MKP�vrh"SoR�ikpHMKpH�HP9��uKR�stR�MHSoj�FHG�IHIHP9L�sth\}~R�S~��P�S��oh�iK�MHh"O�MKJ n MKh�IHFKR�iCT�S�J�Q�uKR�M�QoQ�p�iCRDIHFHh�pKO�Q�R�ikR�MKp�U

FiιFkκ . . . Fzζ . w���z
�5FHp���S�h"s���uKR�stR�MHS�P

FiιFkκ . . .
T�G�S��,h"S�ukp n MHP�R�h"S,R�ikpKMHpH�HPl��uKR�stR�MHS�Pj�FKG�IKI�L

i m L
k m������ p.{"JZ}~ikP�R~ikQ�J�F�U�ikh�s�T�S�h\UH��pHR~��uKR�stR�MHS�JrIHFHpKMKJ\iKukR�}�J�SFKJ�O�uKp n MHP�s�pKO���S�p��9j�FHG�IHI m S�J�{ n S�h i 6= k

p�S � i ��� S�FHG�{HS�G�FHh"v�j�FHG�IHIL
1,

L
2, . . . ,

L
h

h�IHFHR�ikR�uKUHR�S�T U�S�J�{�}�R�T�S�FHG�{HS�G�FKJ�p���T�Q�h"��h�ikMKh�j�hrIHFHh"pHO�Q"R��ikR�MHp�U�L m S�J�{�{�J�{�iKuHU�S�h�j�h m�n S�h��"P�G�stMHh\}�pHS���ikQ"J���uKR�stR�MHS�J m O�J\iCJ�MHMHP*�Q�P�FkJZ}�R�MHp�UKstprQ�p�i J w���z m
Fi′ι′Fk′

κ
′ . . . Fz′ζ′

p
Fi′′ι′′Fk′′

κ
′′ . . . Fz′′ζ′′ ,

MHG�}�MHhoO�J�IHpKT�J�S��~��S�p�Q�P�FkJZ}�R�MHp�U�h�iCMHh�O�J�ikFHG�j�pKs ��¡ T uKp
z′ 6= i′′ m S�hoIHh\uKG��

n J�¢6��pKvKT U|IHFKpr��S�h"s���uKR�stR�MHS
Fi′ι′Fk′

κ
′ . . . Fz′ζ′ Fi′′ι′′Fk′′ι′′ . . . Fz′′ζ′′ w # z

G�}�RApKstR�R�S�Q"p�i w£��z �1¡ T uKp¤}~R
Fz′ζ′

p
Fz′′ζ′′

IKFHpHMKJZiKuKR�}�J�S�h�ikMHh�v�p¤S�h�v}�R�j�FKG�IKIHR m S�h Fz′ζ′ Fi′′ι′′
IHFKR�iCT�S�J�Q�uHUHR�S�h�IHFHR�ikR�ukR�MHMHP�v|��uKR�stR�MHS

Fz′

j�FHG�I��IHP¥L
z′ ��¡ T uKp�S�R�IHR�FK�

Fz′ 6= 1 m S�h�IHh\uKG n J�¢6��R�R�T U¦IKFHh�pHO�Q�R�ikR�MHpKR�pKstR�R�SMHh"FKs�JZuK�"MHG�¢¥q5h�FkstG w£�"z �*§ IKFHh�S�pKQ�MHh�s¨T ukG n J�R Fz′

sth\}oMKh�Q�P n R�FH{HMHG�S��p�IKFHpKstR�MHUHS��.IKFHh��HR�T�T�O�J�MKh�Q�h �ª© J�{HpKs«h��"FKJ�O�h"s¬IHFHh�pKO�Q�R�ikR�MKpHRuKpK��h�IKFHp��stR�Soh�ikMKh�O�MkJ n MHP�s�h"��FKJ�O�h"s�h�IHFHR�ikR�ukR�MHMHG�¢�MHh"FKs�JZuK�"MHG�¢�q5h�FKstG�Q"p�iCJ w£�"z muKpH�"hoh�{�J�}�R�S"T U|R�iCpHMHpH�HR�v�j�FHG�IHIHP �© R�h�FKR�stG�h�T�G���R�T�S�Q"h�Q"J�MHpHp�T�Q�h"��h�ikMHh"j�h�IHFHh"pHO�Q"R�ikR�MHp�U
h

IHFHh"pHO�Q"h\uK���MHP*�®j�FHG�IHI�L
1,

L
2, . . . ,

L
h

stP¯O�iCR�T��ikh�{"J�O�P�Q�J�S���MHR��"GZikR�s �H° h"{�J�O�J�S�R�uK���T�S�Q�hDR�R�sth\}�MHh5MKJ�vHS�p�Q5{HMHpKj�R6L �!±5²´³�µ´¶3m�·�¸¹�º ³�»!³6¼�³ ¹�½ ³�¾ »!µ´³�m T�S�F � #"¿ x m�ÀÁ³�»!²´µ´¶x�Â�� ¿ w�Ã�Ä ©*Å IKh�ikj�h"S�J�Q�uKpHQ"J�R�S�pHO�iCJ�MHpHRDFHG�T�T�{�h"j�h~IHR�FKR�Q�h�i J���S�h�vr{HMHpHj�p z �¡ T ukp�j�FHG�IHIHP�L
1,

L
2, . . . ,

L
h

O�JZiCJ�MKP�h��"FKJ�O�G�¢=��pKstp�p�h"IHFHR�iCR�uHUH¢=��p��stp�T�h�h"S�MHh"Æ�R�MKp�UKstp m S�h~pHO5MHp���sth\}�MHh~Q�P�Q�R�T�S�p�h���FkJ�O�G�¢=��pHR=p|h"IHFHR�iCR�uHU��¢6��pHR*T�h�h"S�MHh"Æ�R�MKp�U�p���T�Q�h��"h�ikMHh"j�h�IHFHh"pHO�Q"R�ikR�MHp�U � �5h�{�J�}�R�s���S�h=iKuHU�ikQ�G��j�FKG�IKI�L
1
pAL

2
T�h���FkJ�O�G�¢=��pKstprp�h�IHFHR�ikR�uKUH¢6��pkstp�T�h�h"S�MHh�Æ�R�MHpHUKstp
A1, A2, . . . , Aa,

R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1,

}
(
L

1)

B1, B2, . . . , Bb,

S1(Bk) = 1, S2(Bk) = 1, . . . , Ss(Bk) = 1.

}
(
L

2)
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A1, A1, . . . , Aa, B1, B2, . . . , Bb

) ��*��,+-��.�/0!01�����2���������� ) *�����3����4���������65 =
5

1©
5

2
�7��!����0"�!���&814����2���������&

) *�����3����4���������9��( ) �,$���:�/�!�1;:<1�����!�����=>������:

R1(Ai) = 1, . . . , Rr(Ai) = 1, S1(Bk) = 1, . . . , Ss(Bk) = 1. (
5
)

?6!��@1�����!�����=>������:A:���$�:�/�!�1;:A� ) *��B����$�:�/0C>��&'�D14����!�����=E������:�&'�F1�����2�����G����H�� ) *�����3����4��������:I �!�JK��J�L�.M+-�����714����!�����=E�������714����2���������H�� ) *�����3����B��������::���$�:���!�1;:N1;$��4��14!�������&F"�!���OP14����!�����=E������QIJSRT1�.�&'��&U���4$��� )�V 14!�WX��&'����!�1;:L�.�L	����GY����2 V ��WE*�.����������4��������Z��[H�* V	)�) (@5 ) *�����3����B���������� \��2�*�.�3�����.��������]��3"%$���&'����!����
A
�
B
JM^_.�3���2�W���&`��H��a��.[����3�&'�,+b���02��,$����c��$�������(d�]14�\&'���,+b��!��4G

$��feg��.�1�!�������(d� ) *�����3����B��������:�h4 	L�.M+-��(dQ<��3aL	��!���*�(iOj14�\14!�����!E��$��9!��,$�W�L	���3
A
 \��$��j!��,$�W�L	�7��3

B
 \!�.�Lj��!��E�>��2�CE��& ) *�����3����B���������b*\:	���\&P1dL�.�+>��(]&!�.�L���&k1���&'���,+b��!���$���&i �14��1�!��,:�CE��&l��3
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 �14!�����!b14�\&'���,+b��!��4$�W� ��bL	��!���*�(dQ

��O�����:�!E!��,$�W�L	�
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 ��j��2�*�.�!�����J\RU1���$ V eYm�hcL�.M+-��(dQ<��3["�!���O<14��&'���,+#��!��4$���Q�>��!�����$�W����\14!��-���,$�+>���n2�(d!�WE*�.������b�B��������Z���J�oa��"�!���& V-)�V !���& ) *���&'����������G:�O71�����!�����=>������Q9eg5_hB �pF��&'�������� �$���2��
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′
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|αικ| |βικ| = 1,
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(αικ)

1
(βικ) ACB !�D)&�E41$FGD)!�34347
!H0I5�-.#41 B 7H6$-.&

|αικ| = ±1,

1J14KML"&�#$02:�D$7ONQP�RSFGD$!T'):�!�-�6HE4-.&
(βικ)
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A1, A2, . . . , Am A &�8�#$5.K/:�©«ª¬14!��#4:�®�¯
®47 � m

6�1 � m−1
!/F�-.>
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A1, A2, . . . , Am−1N � m−1
!�F�-.>)6/&�E4!�U�1�')34&)6/®4&�'<�#4:�®4®$5³�#4:�®4®$7 � m

R Y  ":�F�-.>)6�'^5;D$!/!�6�´µ!�F�-.>�®4&�'$¯�#$:�®$®$546^F�&�F�-.&�(4ª?5;(¶14K¬U�F�!�%¶²�D$!�02!�34-.&�U � 6^®4#4143)5�'$D$!�±�5.ª¬14% � m−1 Y  "#$!T'$¯®4&�D$&�±�1$0�6�E4-.&"'$D$( � m−1
-.!�&�#4!/0I5":�±?!�')&�*�5.K/5�3$5 Y.· &�G'<5¬´M!/F�-.>¬0I5.*�F�1$02:�0

(m − 1)
¯�02!/#43$5;(S#4!�°\!�-.*�5 Y  ":�F�-.> B1, B2, . . . , Bk−1

!/F�-�>¸8�5�K/5,�#4:�®4®47¹´
(k 6 m) Y)º :.')!/0µ1$F�*�5.-.>�F�#4!T')1¶U�F�!�%�²�D)!/02!�3$-.&�U

� = g1A1 + . . .+ gmAm

�#$:�®$®47 � ²�D$!�02!�34-
Bk = g∗1A1 + . . .+ g∗mAm,:�*�&�-�&�#4&��&¬®$&�FGD$!�')3414W�*�&�²/LHL"1 B 14!�3$-¬1$02!/!�-rU�&�K/02&�±�34&\02!/34>�°\!�!"®4&�D$&�±�1�¯-.!�D$>�34&�!�K�3)5�E4!�341$! Y N�»¼D$:�E$5.WX6�*�&�G'<5 gm

6�®4&�F�-.&�(4343$&
= 0 ½ 6�027¹02&�±\!�0¾1$F�¯

*�D$©«E414-.>)6�-�5.*�*�5�*,-.&�G'<5 ��¿ ´o1�À 3$5�0µ34!�E$!��&�')&�*�5.K�7
U�5.-.> Y R gm

6�(4U.D$(4!�-�FG(X6
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g∗m
6�U�FGD$!�'<F�-�U�14!"E4!/�&

� − gm

g∗m
Bk

!/F�-.>
²�D$!�02!�34-
/#4:�®4®47Ã´�6�- Y ! Y D)1434!�W$3$5;(H*�&�028�143$5 B 1�(«²�D$!�02!�34-�&�U B1, B2, . . . ,
Bk−1 Y�· 5�*41$0o&�8�#$5.K/&�0 B1, B2, . . . , Bk

(4U�D4(4©³-�FG(�F�1$F�-.!/02&�W�&�8�#)5.K�:�©«ª¬1�%
�#$:�®$®47 �?Y�Ä 5;±?')7
W�²�D$!�02!�34-\�#4:�®4®$7 � ®4#4!T'^F�-�5�U.D4(4!/-�FG(+²�D$!�02!�34-�5�021 B1,
B2, . . . , Bk `;a�d$`�h.d)g;|�d)`�Y^Å F/5�02&�0Â')!�D$!�6)1$3$5�E4!\F�:�ª¬!/F�-.U�&�U�5.D$&�8�7ÆF�&�&�-�34&.¯°¬!/3414!

x1B1 + x2B2 + . . .+ xkBk = 0®4&S*4#$5�W434!�Wk02!�#4!@F,&�')341$0�34!�#$5.U�347Á0Ç34:�D$©È*�&�²/LHL"1 B 1$!�34-.&�0 Y{É 5�02!/3�(�(KT'<!/F�>
B
1�%@U�7
#$5;±?!�341�($021@E$!�#4!/K

A
6�027Ç®4&�D$:�E41)0ÊU�*�5�E4!�F�-.U�!¬*�&�²�LHL"1 B 1�¯!�3$-�5r®4#41

Am

E41)FGD$&
xkg

∗
m 6= 0

6�Ur-.&rU�#4!�0Ë(,*�5�*,²�D)!/02!�3$-.7
Am

®4&r:�FGD)&�U�1$©
34!³02&��:�-H8�7
-�>¬F�U�(4K/5.3$7Â341$*�5.*41)0SD$1434!/W4347Á0�F�&�&�-.34&�°¬!/3414!/0 Y�· 5�*41$0�&�8�#$5;¯K�&�0 � !/F�-.> k ¯�02!�#43)5;(¶#4!�°\!�-.*�5 (k 6 m)

F"8�5�K�&�W
B1, B2, . . . , Bk Y$· 5�*@*�5.*
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A1, A2, . . . , Am

 H?
m I m J �G����"��C/*����K>���&L��M$;5��&B���N

A1, A2, . . . , Am.

9 �7$<������ ��O�M$<�����&������$<���� ��;L��&P>!���� :)Q (#���G��"�� :
a1A1 + a2A2 + . . .+ amAm

D�� : %�%�,R?
m

Q (����G��"��
a1A1 + a2A2 + . . .+ amAm

D�� : %�%�, ? 8TS ,U%��.( : �� #�V�&��D1!��+D����G�7�G����W;"����X������5��#�CP>��"� ��E����KY���&L� Z? m"#�;D�� : %�% : ? 8�[ � Q (#���G��"��&,\ �B6? m
�&L	���&����,-�]���&��5����CPE�&4���$1/>�X" : (�������N Q (�� J�G��"��2D�� : %�%�, ?��^��5�����B : 46�_%���!�D�� : %�% :a` D�� : %�%�,b?

m
 Q (����G��"��&,cD�� : % J%�, ?d��B��� ��G"��e��!#"���B�"#�.��"��e$<�����&������$��&� : 4��-L0(#��$�$����_���&B�5� ���"� 0/XD�� : %�%�,f?

m%�� ` 8�g ����� ?O �B��7�G����W;"��E!#��%��.(�"� ����<(�=�"���N*D�� : %�%��E? m h ` 8i ,-5��������f�&��%�����=M �B ` L��&L� �� J "� �5 : !#=A��5����&B : 4�FY ��
N1, N2, . . . , Nn;

���&LAL��&L ` I ����KY���&L����C���&B��G����"��7$<�&=jL	���&������N>"��]%�������,-K>����� m �C�&� Q ���j�7$<� JD1!��;����B��G�.PM"�� 8 9 �� Q �����a�G,\"��e�&����5 : ���]�&���&��5�,k��,-5����&"�"�,-����5�����B : 46F> ��%����'!�$����&��(�/0(� _5���B : %���!�D�� : %�%�, ` 8�l $1(� 

Nν =

,∑

µ=1

aνµAµ (ν = 1, 2, . . . , n),

���)mEnCo6p�q#r#nAs�t�u<vwvxq#r�q#y�z�oAtC{
(aνµ) |~}7�

%��.(�"���$��&=�4���%����'!#��(�/���� Nν
��$1(��'!��������&�<(#=�"��#�� ` ��$1(��<!#���7�&�&��(�=�"����w���&L0PA� >?

m h ` = ? 8&� 5������&"������<�������� 	!#"��#��"���������"��������&L>L��&LED�� : %�%�� ?_�G�.PA���e5�,-�&=��,-���CPA��"���%��� H%����G��FY 2�����&�� ���, (aνµ) 5���$<�� �$1(���"�"�,e�V�G"��.P>��$<�&�����k$<%�� J$���5���� 8�[ �&Lw�7"#�&%��� #�G�����	�G,�%��.( : �� #�a"���� : 4����&�&�� �� : �	��$1(# MB����G��"� ��@��5���� JB : 46FY �� A1, A2, . . . , Am
 N1, N2, . . . , Nn

D�� : %�%E?
m
 ` "�����,e�G ;��5�����B : J4�FY ��G A′

1, A
′
2, . . . , A

′
m
 N ′

1, N
′
2, . . . , N

′
n
��$<�&/�B��&"�"�,e�G 2$<�d$����&��,e�G 2��� J(#���� �$1(#��"�"�,e�G : "� #�G��! : (�/���"�,e�G H%�������5��#�&B�������"� 0/��G 8�S ,��7���& ��k�&��%�����=%��� +%��7�G��FY )���&L� ���%�������5�����B����7�&"� �N>%��� �����$<�& *���&�&�� �� : (aνµ) L+"����#���C(�= J"���N@W;�����G� 8�� (�/ Q �&��D��H�G,�%��� ��G��"� #��%���$1(��<!#���7�&�&��(�=�"��dL	��"�����"������� #$1(��



���������
	��������������������� ��� �
! "�#%$'& (*),+�-/.102(1$�32(�4 0 "5& 6�728
(9+�720 :<;�),+�&2=2!2728
(>32! (�;�?�! "@#A;�B�"@720�=DCFE�GIH'J%H�K L
MON'PQK,RSH>T5PUH�V�WXP�NAY@V5Z@N5K,[�\�]*^

_ ]
`U"�:<(A7 "1;�?�! "�#�+�-a.b(�c Aσ
;�?�!,"@#�+�-/.1(�c Aσ −Aτ (σ 6= τ) de :f"�g@!2024 ( (aνµ) g�"�h�;�ci#�"�:<(�7 (9$�;�;�g@B�(Ag�$�g@B�+�(Ag132!20 ?�"@B�& (�7 02(kj�MbV�GQW�l,N

$972;�:<(�!2;�: σ m j�MkV�GQW�l n1$o72;�:<(�!2;�: τ d e $�"�:<;�:p)Q(�& (�q

Nν =
∑

aνµAµ = . . .+ aνσAσ + aντAτ + . . . =

= . . .+ aνσ(Aσ −Aτ ) + . . .+ (aντ + aνσ)Aτ + . . .

r ]
`s"�:<(�7,"b;�?�! "�#�+�-a.b(�c Aτ
;�?�! "@#A+�-a.1(Ac −Aτ dt "@h�"@=u#A"�:<(A7 "v$�;�32!2;�B�;�wk)Q"@(Ag�$'=x0 #A:<(�7 (�7202(�:y#�7 "�h�;�BzB�$�(�{�|�& (A:<(A72g@;�B

τ }�~ ;�$�g�;�& ?�4 "k:f"@g�!202428 (aνµ) dt ;��272;Og�"�hiwk(>:<;�wO7 ;b32! ;�02#AB�(A$�g@0�$�;�;�g@B�(Ag�$�g@B�+�-a.10 (/#�"�:<(�7 8�;�?�! "@#A+ }-a.b0�{ N1, N2, . . . , Nn �_ ′ ]�`U"�:<(A7 " Nκ

;�?�! "�#�+�-a.b(�c Nκ +Nλ (κ 6= λ) ;�$�+�.1(A$�g@B@& =2(�g1$'& ;�wk( }7202( λ } c�j�M�PIV m [xj
κ
L��Dj�MaPQV m V�� dr ′ ]o`U"�:<(A7 " Nλ
�2(�!2(A# −Nλ

B@& (A�2(�g�#A"�$�;�?�;�cv32(A!2(A:<(A72+�#A7 "@h�;�Bi+v|�& ( }:<(�7 g@;�B λ } cpj�M�PIV m [ d� ;�:<?�02720 !2+@=�7 "�) &,(�w%"@.b0 :�;�?�! "�#�;�:u|�g�0v�2(�g@8
! (>;�32(A! "@420 0���$'&,;�wb( }7202(�$�g�!2;�h�0�$�g@;�& ?�4 ;�Bu0�#A"�:<(�72+�#�7,"@h�;�B�B�$�g�!2;�h�(D0�& 0�$�g@;�& ?�42(�q���:<8
:<;�wb(�:D32;�& +��202g@6>),!2+ ~ 02(a;�32(A! "@420 0sq�7 "�32!20 :<(A!sq�#�"�:<(A72+%)Q!2+ ~ ),!2+ ~ ;�:�),B�+�{
$�g�!2;��2(Ah�0�& 0p$�g@;�&,?�42;�B d � "@hx32;�h�"�#A"�72;�BD�,����qU32! 0x32;�:<;�.b0xg�"�h20�{D32!2(�;�? }! "�#�;�B�"@720 c�:f"@g�!20242+�! "@7 ~ " γ :<;�w�72;O32!202B�(A$�g�0�hi),0 " ~ ;�7 "5& 6�72;�c��9;�! :<(

m� -

n

6

?

∥∥∥∥∥∥∥∥

c1 0
d d d

cγ
0 0

∥∥∥∥∥∥∥∥
.

� !20�|�g@;�:ph�"5wk),;�(a02#o�20 $�(�& c ),(�& 02g�$'=i7,"%32;�$'& (*),+�-/.102(�^�32(A!2B�8
( ρ 0 #/7202{;�g�& 0 �2728�;�g � qU32;�$'& (*)Q7202( γ − ρ ! "�B�728 � d�� 0 $'&Q" c 7 "@#A8
B�"�-ag�$'=�[ K,Z�N'PQ[,L
N5K,MbK,R�J>[iJ>K,V���[ MOHXG�\�J%[b:f"�g@!202428 (aνµ) d� $'&,0 A′

1, A
′
2, . . . , A

′
m

� 32;�& +��20 B�¡10 (A$'=u72;�B�8
(�?�"@#A0 $�7 8
(�|�& (�:<(�72g�8
~ ! +�3 328�¢

m
q2g@;O|�& (�:<(�72g@8

c1A
′
1, c2A

′
2, . . . , cγA

′
γ

0�B�$�(o0�{�&,0272(�c 728
(9h�;�:<?�027,"@42020�32!2(�)Q$�g�"�B@&2=2-/gbBOg@;��272;�$�g@0�B�$�(/|�& (�:<(�72g�8
32;�) ~ !2+�32328�£ d � ;�|�g@;�:<+O),B�"k|�& (�:<(�72gA"

p1A
′
1 + p2A

′
2 + . . .+ pmA

′
m

0
q1A

′
1 + q2A

′
2 + . . .+ qmA

′
m



����� �����
	�������

�������������
m
�������������� "!#�%$'&
�(��&*)+�,�-$%&�)+�.!, 0/�)+ 1!-��&*)+�.2��(�%/�/1�.��&
�(�"���*��3

���54768$9&*):�;$9&<��=�2�&,68$9&*)>/?����@��% %AB2�&%�?�C�

(p1 − q1)A
′
1 + (p2 − q2)A

′
2 + . . .+ (pm − qm)A′

m

�������������� 1!-��$-2;4'A�$
DE %D�2�&��?���

p1 ≡ q1(
)+&
� c1), p2 ≡ q2(

)+&
� c2), . . . , pγ ≡ qγ( )+&
� cγ),

pγ+1 = qγ+1, . . . , pm = qm.

F &8$9&��?���.GH�� �)+ ���$9�

ξ1A
′
1 + ξ2A

′
2 + . . .+ ξγA

′
γ + ηγ+1A

′
γ+1 + . . .+ ηmA

′
m

I �*J
(0 6 ξµ < cµ, ηµ

����&%��K�6%&<��=���� )
IML�N J

��&�/1$��969��O�P0$Q6R$9&�@���&*/1$9�S��&T&
�(��&�)+�U���� 1��/1$"�%6%��$% 1��PV��KW2%�9!.�(&%��&Q2B�(�%/�/"��DX ���*����)+�>/?�(&%6���)+�YAZGH�� �)+ ���$9�[�(&���&<������$9 1��=���&%\:�"��������� � = �
m/
4 I )+�] ���( 
):/"��&%6*�,& ] &�K"���<@��%$9=^��_W�����Q��&*)+&%`,�a�����(@� ���2���6*�9���BO J �����b��&%��)+������3

P`^�B_b��/?��&�6%�BOB_ IML�N J &
����&%K����<@���&,K��9����/1�c6*�9P0$�/?Oa686%���� 

ξ1A
′

1 + ξ2A
′

2 + . . .+ ξγA
′

γ + ηγ+1A
′

γ+1 + . . .+ ηmA
′

m.
IML%L J

d �92a2%�92eGH�( �)+ "��$9� A
′

µ
�(&���&<������$9 1��=���&%\W�"��������� �f��)+ �P0$./1&%&�$96% �$%/1$%6% "����&

��&%�*O��(2�� c1, c2, . . . , cγ �B�(� ∞ AZ$%& �5 �/"$9=f���*O�)g��O:/1�B)g)g�U��&%��&<!,�� "�����h_GH�( �)+ "��$"�%)+� A
′

1, A
′

2, . . . , A
′

m i ��2B����@� �/"2��B_j��&
�(�"���*���YDlkV�� "K��9��=�$"�%$9 R)+���&<����@��9 
)m$9 �&%�� 
)+��n
o�p�q(rZp�sutfv1v1v�wyx.z<{7|
z�}Sz�~��E�C���9ze����������z ���,�%�<� �"� ����� �B� � � �1�[� ~<���z��9�%�c�.���>� �"�,� ���B} � z"} � � �� z ρ ���<� �1� �(� �:��� � ������� �1� �B�S���C�%���m� � �B}C|
���� � c1, c2, . . . , cρ � p � � � ~ � | �(� ����� � ������� �1� �B�j�������������9���:� �.�1���'� {���(� | � �(� �1� � �.�9� � �.�;� z<{7| � � c |<�E��� �8� } � z;� ��� �C��|����c�.����  c1, c2, . . . , cρ� � �.�8�
� ����� �(� � �<� ��|�� � �(� � � � �9zH���(z ���.��� � �'��� {�� � �?��� � z � �C��� �:�%� ��1¡�¡l������� �(�,� � (aγµ) � ���C�W� �¢�'� �,� �%�<�.� � �<£ �����%�(�(z ¤m�9z%|
z%� �8� } � z p � �"�,���z�� �����1�.�W� �1{5|
�;�B� � � �¢�V�1�.� ��~<� � � � z � ���(� � m �¥���0�Bz � � �1� γ

 '¦Z� � �Cz
c1, c2, . . . , cρ

�
p = m−γ � | ��� � � z�� �(��� �9�C�"|<�?�B}�� �.� }Wz�~��?�C�"� �<£ ��������� �
£ ¤� � z�� � �9z�� �8� } �1�<�<� �9� �.�"� �%� ���(�e�%� �1¡�¡§�(����� ��� z � � � ������� � ��}S�m�B� � � �1�¨0� �.� �T��������� �  

d �92��� T���%K"6*�9���BO©����_*&
��O�$S/16�&% Q&%�����969���9���� b6S�� "&*)+ "$9����@� �/"2*&*)ªK"���93
@� "������A«2*&�$9&%��&% ^�()+ "P0$b��2%�9K
�9�����c ,@��(/?�(�e6;/?����@��9 �A(2�&��?��� �j 
/1$9=b�"�������(�¬  �$9$9�Q2�&�)+�B�( "2B/"� I��L
® A?¯ L J D° �±�(&<��!-���² "`^ ³�(&�2%�9K
�9$9=´&
�(��&%K����<@���&*/1$9=µ@���/1 "� c1, c2, . . . , cρ� p D0¶u&%��&<!.�( ������9O�GH�� 
)+ "��$"��)+� A

′

1, A
′

2, . . . , A
′

ρ
��&
�(����������� ·¸��&���O���2%�

c1, c2, . . . , cρ
/"&�/"$9&%��$<AC&%@� "6%�B�(��&�A(��K8/1&%6�&%2�������&�/1$%�QGH�� �)+ ���$9&%6b2�&%�� �@���&��"&
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	��������������������� �����
�! �"�#�$&%�')(�"!*��!�!+ ,.-/�! �0�12 �34*65!798:'�;�-=<�-!1) �1);�+
>� �"='? �>�"@'28�*�ACBD-�EGF , / HJI%�'�%K�! �%�'�8:'�5! ?5@'L<�12"MF ��N=O I -!8: �34 �"@PQ5=')�! �$@(�"=*��=�!7 I �! �"! �R)$@7�5=5! �S/0�T=7�347�5�U1�'�34- A′

γ+1, . . . , A
′

m I 1�FV7�F�-!8� �34 �"=PQ5=' p UW347:"!5! �SX"!7:YD7�1�%�7�F!Z['�%!-=3\ �>�"='28: �334+];�-�$@-@3 IM^ 12 ^ -@<_T= p 7�<�12`K-=5!;�'�"!-='25=1a(:"!*��!�!+ ,b-�5='�3c �<�1�'27:1�<_#d"='�<eU<�34 �12"!7:12`f7:BD7g12 �T@`�%� h%� �5!7 ^ 5!*�Ai�! �$&(�"!*��!�!* H F�jk<_T=-?34+.*�345= �Rl-@3/;�<�7k0�T=7�U347�5=12+m�! �"! �R)$@7:5!5! �S A′

µ n -!%�T=- ^ 7:<�%� �S.�! �$@(�"=*��=�!+o�= �"�#�$@%�' cµ 5=' n 7�T= �7�! �T= �RL-!1�7�T=`�5! �7 ^ -=<_T= x I 12 f�! �T@* ^ '2AfB?-!7:<_#9�!"=-D0�1� �3K0�T=7�347�5!1�+.�!"!7e$p<�1�'�;2UT!#!AC1 n -!%�T=- ^ 7:<�%!*�Aq�! �$@(�"=*��=�!*6�! �"�#�$&%�' cµ

(cµ, x)

r F=sc<� � �12;�7:1�<�1�;�-!-/<t0�12-=3
�!"!-K*�345! �R)7�5!-=-a;�<�7�Ea0�T=7:347:5!12 �;L(:"!*��!�!+ H 5=' x 34+u�! �T=* ^ -=3v�! �$@(:"!*��!�!*(�"=*��=�!+ H �= �"�#�$@%�'

M(x) =
c1

(c1, x)

c2
(c2, x)

. . .
cρ

(cρ, x)
.

M(x) 12 �T@`�%� h12 �(_$&' = 1 I %� �(_$p'
;�<�7k7�(: f<� �345! �RL-!127�T=- = 1 I 1�FV7�F�%� �(_$&' x 7:<�1�`%!"='�125! �7 ^ -=<_T@' c1 F�Z['�%!-=3. �>�"='�8� �3w34+x�! �T=* ^ '�7:3d-!5!;�'2"!-='�5!125!*�AbEy'�"='2%=127�U"!-=<�12-!%!* ^ -=<_T@' c1 F@zfEy'�"='2%=127�"!-=8� �;�'2;J-=5!;�'�"!-='25=125! ^ -=<_T@' cµ (µ < ρ) I 34+"='�<�<�3{'�12"!-!;�'27�3 ^ -=<_T&' x I $=T!#/%� �12 �"!+�E
M(x) =

c1
(c1, x)

c2
(c2, x)

. . .
cµ

(cµ, x)
.

| 12 9"='�;�7:5=<�12;� C;�+
�! �T=5�#!7:1�<_#?;Q12 �3w-)1� �T=`�%� t;t1� �3�<_T=* ^ '27 I %� �(_$&'t%�'yR)$@+
S-!8J345! �RL-!1�7�T=7:S
cµ+1

(cµ+1, x)
, . . . ,

cρ

(cρ, x)"='�;�7�5 O I 1�FV7�F�%� �(_$&' x $@7�T=-!1�<_#X5=' cµ+1
F!Z}'2%!-=3~ �>�"='28: �3 cµ+1

1�'�%�R?7t�! �T=*�U
^ '�7�1l-!5!;�'2"!-='�5!125!*�AuE2'2"='�%!127:"!-=<�1�-!%!*�F� �! �34 �BD`�A�-!5!;�'2"!-='�5!12 �;�'2>�7�T=7�;� �Sw(�"!*��!�=+m34+�34 �R)7:3u1�'2%!R?76"='�8�UT=- ^ '212`X5!7:'�>�7�T=7�;�+u(:"!*��!�!+9FGsq<�'�34 �3v$@7�T=7 I -!8)%�'2R?$& �S�5=7:'2>�7�T=7:;� �SK(�"!*���U�!+�,v34+�34 �R?7�3~�= �<�"=7e$&<�12;� �3i%� �3{34*�12-!"= �;�'�5!-�#/�! �T=* ^ -!1�`?��-/�!"=-K0�12 �3 �$@5! �8�5=' ^ 5! X��'2>�7�T=7:;�*�(:"!*��!�!* ,�F}�9'28: �;�7:3o�����e�}�g�=�@�@���=�l���9�i���&���!���=���-K���@�_�&���b�h���?�)�95!7�'2>�7�T=7�;� �S)(�"!*��!�=+\,d%� �0:P9PQ- n -!7�5=12+v%="!* ^ 7�5!-!#l- ^ -@<eUT= L��7�121�-X%� �3{34*�1�-!"! �;�'25!5= �S�(:"!*��!�!+ ,�F!Z[ �(_$&')5!7: �>�E� �$@-=34 �7f*�<_T= �;�-!7f-!8: 2U34 �"@PQ5! �<�12-a$@;�*�Ea(:"!*��!��,

1
-�,

2
8:'�%�T=A ^ '27:1�<_#X;6<� �;��='�$@7:5!-!-X-�E/%� �0:P9PQ-�U

n -!7:5!12 �;L%!"!* ^ 7�5=-�#a- ^ -=<�7�T���7�121�-MF=jk<_T@-X(:"!*��!�='l,i8�'�$&'�5='? �>�"@'28�*�ACBD-=34-
A1, A2, . . . , Am � O��� 

-/ ��!"=7e$@7�T!#!AfB?-=34-K<� � �125! �YD7�5=-�#=34-
R1(Ai) = 1, R2(Ai) = 1, . . . , Rr(Ai) = 1, � O��� ¡

(a, b) ¢e£¥¤y¦¨§�¦�©Vªh¢e«e¬g�®Q¤�¦��«e¢¨¯y°e±g�®9²y©�¯y�ª�©�¯y°�§��³¥©�¯ a, b ´
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�����	�������������������� !�#"�$	%��&����'(�)%#�#*,+#��-��������/.0��1&$	�32� 4��5�6��7+#$	%����� 8*,+#�&9
:�$<;�=>�#.?��2�"#@�A���.CB���6�"#�D:E�&+�'�;F=G���H*I����������J>�&�#�K'(1&"#$<6#6� L?*I$	��5M*I����������9
JG�&����'/NPO ��QSR .0��*I���T*U*&����������JG�&����'#.0���	��.V.0$	�&@���� R ����*&���

AiAk = AkAi (i, k = 1, 2, . . . , m). NWO �<Q
X .0��*I���T����1&�>%�����2� Y"#@�*�*&.V@���"�� R @���5 LZ��@��[:E��6��7+E�������&+#5���$	;\1�"�$	6�6�$[1&"�$	6K9
6# ]LM6����	��.V.0$	�&@�����$�^�.0 _.0�7`G��.a*I%��#�&@���5E^b%���� LM6��7+#$	%#@��&��*,'G��A m 9�.0�&"�����c"#�&J>�������ML

m
^	��6#"��D:E�&+�'���.0��cd*I�������#��J>�����K'#.0�ZNWO �	Q ^<6�$	����.e6�"��#*&���I:E���������K'

:���2�@ R ��%��� Cfg*I����������J>�&�#��c?NPO ��QIhji �)�����Z��A&�E@7%#@�����^0%���� L!��*I��5a:E��6��7+#����9
���I+#5��#@b'k1&"�$	6�6#@_"���J>�������lL

m
6��Y6���:E1�"�$	6�6��gmT^n6#��"��7`[:�@���.0��co+#� R  n.0�

%E@�*I��'#.0�M*I����������J>������c)NPO �<QDh�p ��������.0$q.V@���"����E@�^���6�"��D:��I+�'�;�=G@b'�6���:E1&"#$<6�9
6#$Tm R L

m
^7��*I��5U6�"��<*I����.V@���"#���#@U�	���������#�����&�#��� R @b:�:E����� R ���UA�@�6��#*�@����� Cf

*&����������JG�&���#c]NWO ��QIhsr �����������#���&���� !��"�$	%������K')�Z%��#*,+E�3-��&�����/��6�"��I:E�I+#'K9
;���*,'M��A��&����c3.V@���"����# k$	��@�A�@����� n. R  4J>��*I6#��*I��2��<. h

tMu7vDw<xzyz{�|�x~}��<�	�Syz{7�<v&�<}�}F���<}<yDv&���	�&�D�S�<�<���<xzyzyDvS�	v�y,yz����{7��}	�H�D�������<�n��{7��x,�
���>�����	v&�,�����4}	��}�}�w<xz{��j���7���G�&�	��x��Kx,�<���S�4}	��}[y,����{��	���nx,��}	����}��

A2 = B3 = C4 = ABC = 1.� v&��x,{�}	�V�zw<{7���Gxzyz{����z�����<�	v�|7�	v&�nx,�<}�����u<{Iv&�W�	�	v��
A
�<�<x��	yz{Iv&|��	��xz{0|7�<v��nx,��}	x~|����

u<�����jyzx,�<x��<}<�<�(��xz���<v��
B � |7�<v��nx,�<}<x�|���u�������yzxz�<xP�	}<���a�	��}��	x,�Pv&���nx,�D�4uU�z{7������<xz�����>{7�<x����z�I������}	ubv4}
C � |��	v��nx,��}	xC|���u<�����4|7xz���n}��<�]��u�{Iv����K�	v7 I¡	¢�����{��	���nx,��<}	�>u���������{�}	����|bvI�<�<���>�D�����<��� �£y,��{��
2A = 3B = 4C = A + B + C = 0.¤�v�{7��}<�KvFu����D¥C¥�}<�<}<x,�	{���|��z{����[�z�����<���g}	��xzxz{U|�}��

¦¦¦¦¦¦¦

2 0 0
0 3 0
0 0 4
1 1 1

¦¦¦¦¦¦¦
,
vUxzxC�<���<��vI�<���	v��G¥�������v

¦¦¦¦¦¦¦

2 0 0
0 1 0
0 0 1
0 0 0

¦¦¦¦¦¦¦
.

§�v�u�}<�[�����	v&�z���V���	v&yzyz��v�{7��}<|7v�xz��v��4�D�����<�Kv�}<��xzxz{��D�<}<�Fu����D¥�¥S}<��}	x,�<{Su�����w	x,��}	���
�	v&|��<�V�d¨b�	vFw<}	yW�	�U©�xz{7{�}�xzx4�<v&|��<��ª�¡
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XZY\[']_^W`ba�c�d\e�fgc'h'i"dkjklme�n�ogc�pko-^Wc�qQr�skn"cut'iwv+xyiwz|{komdkc's�jkl}dko-~�~kiwz�^�i�nw�
p�j�{\i

E
a�pkj�akc'^Wc��uj���dko�^Wog~�n-i"p�~�`���a�p�ogc'��pki�fgc'h'i"~kj�q�rQn��&o��<a�pkj�a�c�^Wc��uj

a�p�jk�'i"h�dkog~kj%z�j�dkj�h�`�s�j�n-i"~�j%z�c�x\~kc�q�lmn"pkc�t�j���lgn"c�dk�'{ki'�Mj�f+xyp����gc�qQr�a�ogpkom�
^Wog~k`�f-~ki"t�c'h�h'lmog�>��dko�^Wog~�n�c�h�lmn�p�c�t�j|��lmn"c�d\��{ki�� rgf�i�^Wo-~�`�xyp����Wx\p����gc�^�x\h����
lmn�p�c�t���lmn"c�d\��{�c'h�� r'^Wc�vuogn��'`�n"e_a�pkj�h�omx\og~ki_t�x\jki��gc�~\iwdke'~�c�q���c�pk^Wo'�w�3c't�iw�
vuo�^�n�oga�o-p�e��gn"��n"ogc'p�o-^W�'�k���'lgn"e

E = (εικ) (ι = 1, 2, . . . , n; κ = 1, 2, . . . , m)

o-lgn"e�xyi"~�~\iwz�^�i�n"p�j�{kikr
εικ

a�p�omxylmn-i"h"dkz�ogn�{�omdkc'ouskjkl}dkckrLlgn"c�z��3o-o3~ki�a�ogpkom�
lmo-s�og~kj�j

ι
� q@lmn"pkc�t�j@l

κ

��^8lmn"c�d\��{�c�^�������lmn"e�pki�~���^�i"n"pkj�{�`
E

pki"h'og~
γ
�

¡¢l}d\j
γ = 0

rkn�c�^�i"n�p�j�{ki���v+o3jk^Wo-ogn|~�c'pk^�iwd\e�~�`�q@h'j�x��\����lmn"e
γ > 0

�
X�`���o-p�o-^�c�n�dkjks�~�`�q|c'n_~��"dkz���d\o-^Wog~kn3^�i"n"pkj�{�`bj�a�o-p�ogh'o x\o�^�og�-c_~ki_^Wo�lmn"c
(ι, κ) = (1, 1)

�Q£>��c'fg~ki�skjk^��gn"c'n���dko�^Wog~�n�lm~�c'h'i�skogp�o-f
ε11

�y�3c�a���lmn"jk^8n�om�
a�o-p�ekr%s�n�c�~�o�h'lgoM��d\o-^Wog~kn"`Hakogp�h'c�q¤lmn"p�c's�t�j�j@lmn"c�dk�'{ki3x\omdkz�n�l}z�~ki

ε11
r�¥

a���lmn"e\rg~ki�a�p�jk^Wo-p�r
ε1k

o-lmn�e���dko-^Wo-~�n�a�o-p�h�c'q�lgn"p�c's�t�j�rgxyi"¦>�3j�q�a�pkj�x\omd\og~�j�j
~ki

ε11
c�lmngi�n"c�t

ε′11 < ε11
����c�h�n�c�p�z%z|~ki�x\dkomv_i"�uogo�s�jkl}d\c+p\i"fMa�p�j���i"h"d\og~�j�o

j%dkj�h�`�skj�ngi"~kj�o�a�ogp�h'c��-c3lmn"c�d\��{kiuj�f
k
�§�-ckr%^W`:^Wc�v+o-^�x\c'��j�n�e'l}z�r�s�n"c'��`�~ki

^Wo-lgn"o
(1, k)

lgn"c�z%dkcMs�jkl}dkc
ε′11

�w¨@og~�z%z+^Wo-lgngi�^Wj+a�o-p�h�`�quj
k
� qulgn"c�dk�'{�`�rw^W`

a�o-p�og~�c�lmjk^
ε′11

~ki�^Wo�lmn"c��$©'rg©��m�Lª�c�sk~�c�n-i"t�v+o+^W`Ja�c'lgn"��a�jk^�r*o-l}dkj�h�a�o-p%�
h�c�^�lmn"c�dk�'{�o�jk^Wo-ogn�l}z���dko�^Wog~�n�r�~�o�x\ogd�z��3j�q\l}z�~\i

ε11
��£>a�jkl-i"~�~k`�q�a�p�c�{ko-lgl

^W`«a�c'h�n"c'p'z�o�^�xyc�n"om�¤a�c�pQrka�c't�i�h'lgo���dko-^Wo-~�n"`«a�o-p�h�c'q@lmn"p�c't�j@j�lmn�c�dk��{ki
~�o����"x\��n|xyomdkj�n�e'l}z�~\i���d\o-^Wog~kn�rLf�i"~�j\^�i"¦
�uj�q�^Wo-lmn�c��¬©�r-©�� L�-n"c�n¤��dko�^Wog~�n
^W`�lm~�c'h'iMc��'c�f-~ki�s�jk^@skogp�o-f

ε11
��®�n"c_^W`8h�t�c�~�{�o�t�c'~�{�c�h�~�o-a�p�o�^Wog~�~�c�akp�j%�

x\o�^¯t�ngi"t�c'^W����dko-^Wo-~�n"��r<l}d\o x\�'ogn�jkf�n�c��gc\rWs�n"c�a�p�j�t�iwv+x\c�^¯°ui��go¤i"��lmc"�
dk¦>n"~kiwz�h'omdkj�skj�~ki���dko-^Wo-~�ngi

ε11
��^Wo-~�e�°+i"o-n�l}z�����p�j���i"h"dkz%z�j%dkj�h'`�s�j�ngi"z

n"o-a�ogp�e+a�o-p�h�`�q�lmn"c�dk�'og{���lmn"pkc�s�t����5lmc'c�n"h'ogn�lgn"h���¦
�uogo>s�jkl}dkc+pki"f>t�c�lmngi"dke"�
~�`�^�lmn"c�d\��{ki'^b��lgn"p�c�skt�i�^<�mrk^W`H^Wc�v+o-^Takp�ogh'pki"n"jkn"e�h'lmoM��dko�^Wog~�n"`Za�o-p�h�c'q
lmn�p�c�s�tkjb��lmn�c�dk��{ki�� rLf�i¤jklmt%d\¦
s�o-~�j�o-^Z��dko�^Wog~�n-i

ε11
rQh@~��"dkjQ�Q���'lgn"e¤h@a�c"�

dk��ski�¦
�3o-qkl}z¤ngi"t�j\^8c���p\i"fgc�^T~�c'h�c'q¤^�i�n"p�j�{ko3jk^Wo-ogn�l}z@��dko�^Wog~�n
εik (i 6= 1

r
k 6= 1)

ry~�o_xyomd�z��uj�qkl}z�~ki
ε11

�L¨@`J^Wc�v+o-^8n"c'�}xyi|ak��n�o-^bakp�j��'i�h"dko-~�j%z
i
� q

lmn�p�c�t�j�t�akogp�h'c�q�a�ogpkog~�o�lmn"j��-n"c�n���dko�^Wog~�n�h�akogp�h'��¦Hlmn"p�c't��3j�~\i�ski"n"e�c'a�j%�
lgi�~�~�`�q|akp�c�{�o�lgl�lg~�c�h�i���ª�i"t�j\^�vuo�c'��pki�fgc�^�^W`��'�wx\o�^�akp�c�x\c�d�v_i"n�e�x\c_n"og�
a�c'p�r\akc�t�i�h�lmo_��d\o-^Wog~kn"`«~�o3�'�wx\��n+x\ogdkj�n"e�l}z�~ki���dko�^Wog~�n�r*lmn"c�z��uj�q�~ki�^Wom�
lmn�o��¬©�rg©�� r�j�h�akogp�h'c�qTlmn�p�c�t�o�j�lmn"c�dk�'{�o��'�wx\��n�lgn"c�z�n"e�lga%dkc'°3e�~k�"dkj�rBf-i
jklgt%dk¦
skog~�j�o�^���dko-^Wo-~�ngi

ε11
�

±�i�l-lg^Wc'n"p�jk^:n"oga�o-p�e@^�i"n"pkj�{��
E1

rLa�c�d\��s\i"¦
�u��¦>l}z�j�f
E

h�`�skogp�t�jkh'iw�
~�j�o�^�a�ogp�h'c�q¤lmn"pkc�s�t�j@j@lgn"c�dk��{\i��%²�¦
�'`�o���dko-^Wo-~�ngi"pk~�`�o_a�p�o-c��'pki"f-c�h'i�~�j%z
^�i"n�p�j�{�`

E
^Wc'�g��n���`�n"e�c�lm���3o�lmn"h�dkog~k`���dko�^Wog~�n-i"p�~�`�^Wj�akp�ogc'��pki�fgc�h�i"~�j�z%�

^Wj�^�i"n"p�jk{�`
E1

rw~�o�c�t'i"fg`�h�i"¦>�3jk^Wj_~kj�t�i"t�c'�gcMh"dkj%z�~kj%z3~ki>a�ogpkh���¦�lgn"p�c't��
j�lmn"c�dk�'og{3^�i�n"p�j�{k`

E
�³h'h�j�xy��lgn"c�z��3j��_h>a�o-p�h�c'qulgn"p�c�t�o�julgn"c�dk��{ko5~���dkogqy� �

��p�j@a�c�^Wc��uj�n-i"t�j%�¤a�p�o-c��'pki"f-c�h'i�~�j�q�^W`Z^Wc�v+o-^�x\c��'j�n"e�l}z�r%s�n"c��'`H~\i�^Wom�
lmn�o8�§´%r�´���lmn"c�z%dZ��dko-^Wo-~�n

ε22
r�z�h"dkz�¦
�3jkqkl}z�x\ogdkj�n"ogdko-^µh'lmog�bc'lgngiwdke'~�`��
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E ( �)���*��#%���,+.-�!�-/��01�2������$%3��%'4�5��� ε22 �����������%��'������#���6701��#%��-%$7$ 0����8��9�&�!59�:<;�:	�=�%:���$?>A@A!�-7-�!�-7B%#%$ �����������%��!�#%�%'DC B%#%�1E
��9�#�!�F�����!���$G+GCH�"!���#%$�&%'

E
;��1��$�����0���IJ��0��1C5�����������%�����H�"!���#%$%&%'

E
��! ε110��8CG#�!��G+%����0K+ ( ��� ε22 ;�����$%��0K+J��! ε11 >�LM#���;��8�%NO!<+PB%��;���9��%'46PB%#%��&���0�0Q;R!<��I�ES � ( ��'TB%#%$	;����U-V�"!���#%$%&%� ( �*-	������#%��6/��0��2��������������' ( F�!*$�0�-G��WX3����%$%�������-	������#%'DC 0����8+%YZ$%C ��!2;�$�!�[�����!���$ ( #�!����%']\�>A^M$�0K���_������$%3%�%'DC7���_�%:��%+��������������������!�-	��6P�"!���#�$%&%'7;��8��N`���X9�'4��IX#�!����%� γ ( ��!�-a-�!�-aB%#%$Z��������������!�#GE��'DC2B%#%����9�#�!�F�����!��%$G+GC`#�!���[O�"!���#%$�&%' γ ���O�����G+%����0K+?>�bc!<NP;�'46=$%F�;�$�!�[���E��!<��I��%'DCH�����������%����� ε11, ε22, . . . , εγγ

��0���IO;��1��$%���1��IJ0K���1;�:	WXYZ��[��PF�!a�%$��D>d ��$H;�$�!�[�����!<��I��%'4�������������%��' ( ��!�F�'4��!�WXYa$%��0K+)e�f�g�hKiRe�h<f�jaf�kAlceJlcf�m�noe�pj`qsrGtGlOe)�"!���#�$%&%'
E ( ������$%3�!�W���0K+.���u3%$�01��� c ( �*-	������#%'DC [�������#%$%��0K+ ��!0���#?> ����v ( ���8��I�-	�OB%��#w+	;�-	���701������[��c#�!�0�B%�8���8NP���%$G+_xy!Z�������OB%��#�+	;���-H���8Na���9�'4��IM0s;��1��!��OB%#%��$%F����8��I���'z�=0QB%�w����YZI�W/B%��#%��0���!�������-�$a01��#%��-a$a01���8��9�&%���w{1|

ε11 = cγ , . . . , εγγ = c1
>~}z;��%��F���!83%����01��I)B%�8��:	3�!�WXYZ��6�0K+���!�-�$�����9�#�!�F����

����#��"!���I��%��6u�M��#���' ( �8>���>��%��F�!���$�01$����w01��I2���a���5����[�� ( -�!�-%$�����9�#�!�F�������'����;������%��#���$%#%:	WXYa$%6 B%#%��&���0�0 ( ��'UB%��-�!�F�!<��$*:�NP�a�*��� � ( :�01��!��%����$%�2��!�� (3����u$%����!�#�$�!��%���%'4�5���%�8NJ$%������$/��;��%��F���!83%�%�=C�!�#�!�-%����#%$%F�:	W���0K+.F�!<;�!��%����6
B�#%$_B%������YZ$��"!���#�$%&%'�!�9��1��������62[�#%:	B%B���6?>��)�8N`���JB%��-�!�F�!���I`��!�-GNP�c��;��%��E
F���!83%�%�w01��Ic����#��"!���I��%��6H�M��#���'��"!���#%$%&%'�$5�%��B%�w01#%�1;�01���������%��>G}�9���F���!83%$��
3���#%��F Di
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E
>RLM�2$%F�����0����%'z��������#����"!���������#%$%$);�������#���$%��!��%�����w� Di

���
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����6)�M��#���� Di ( #�!������=B�#%��$%F����1;����%$�W�B%��#%��'DC i ;�$�!�[�����!<��I��%'DC5�����������%�����
ε11, . . . , εii ( B%����������:

εii =
Di

Di−1
,

�8>s��>%$%����!�#�$�!��%���%'4�c���%�8NJ$%���1��$_��B%#%�1;��1��+%WX��0K+=:�NP�c0�!�����6=�"!���#%$%&���6
E
>� B%#�!�-%��$%3���01-�$GC=0K��:	3�!�+GCH�%�c��0���[K;�!a��'4[���;��%�P�`����3%����01��$=B�#%$	;���#�NJ$GE

�w!���Iw0K+=��B%$�0�!��%�%��[��`B%#%��&%��0�0�!���$%�%��[K;�!`��'4[���;��%����B�#%$������%+%��I5B%#�����9�#�!�F����w!<E
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-��5 �����/7 ��Å/*�5"$4U,.�����5-�,5+���0QP¤F76�9�4�4ÅIK�7 � ��Å/*�."$4U,5�����.-M,5+������C4�6��5B�,5�U%T�*:
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^`Æ >ÈÇ_> � �|�*�����.�U�7� c >MÉ /*!�����"n4��76�!���"J<.����-�(�-� ��7,5+�/7 �!�� xzy { ���j4�����-�(�03!�-��7 ���(���:"$��6.������/7 �+\/*�5"$4�,5�����5-�,5+��50QPGF76598454eI��� � ��®<.!�98PG65-�(*,5��25��0QP[/7�5"$4U,5�5���U:
-M,.+���0QP;6.-�(7B����7�5��kG��<Y����F��J�[ ���F7�Z%S�V����"$4U,.�7�U/7- L ��<.�5-����Z���®4��&,5+�(79��� �/E)���� 7-����5"O��4�6��*<.�*,.�7������"e ���4��&,5��F7��2���/*���J����!8-�6��5-��� ���0QP'F�6�9�4�4nI��� � �� L ��-M:������<Y-����S9#�5-�/¨!j ��7�U/* �� >.f �'�5/EP8��<.�� l��(�B��&,.�7�D456���/7 ���F��j4����U)� ��U)i�8/*��B���F��
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���������������� ������!�#"��%$�&�'���(� �)*�+"���,�����-�.�(/.�,�(�01.�&�$�23 �(/��.�����.���4657����098 m : 4); �(/"�(�.�,=<�>?�%@A.��B�C������D��� �E��F'� ��G ���'���, Cm

��H�����D/&�2I J"���������09"�$�(/�F)��F���� �� :��8K4609�%@A.��L����)/)�0��� ���,�-��� �ENMO"���)*$�(P);���� �-�(/ �)/ �-�&�2IQL(/R��L);,�09"F$�,�S�,��!$�E�.�� :R/�6����D/H�,�(/.�,F�T,T����R�(/��(�.� �.���4U����,�(/.� /��S�,�,T(�R/�G�C-�&F09(/��.�8WVT);,�09"�$�(/�F);��-XM�����Y��);��H�8K4Z��-�&�09(���.�8K4[��$�R/(�H�����,�'�(�)/��,�4O����09"F$�(/�F)\-]'�(� �8K��(/VF09(���.���009.���R/����H�����D/,�,6����09"F$�(/�F);.���4^"�����(��� �,�-�.���4^"F$���);����); �,=<�_`)*$�,a"�(���(�)/(/'�E Cm)b.��!��$�(/@b��QB,�0c��H�����D/��01-�8KH�����.�.���46"�����(��� �,�-�.���4a"�����09��4 C1 d  %<e(L)P��-�& :09(/��.���4f)/57(�����4g����09"F$�(���)/.���4g"�����(/�� �,�-�.���41"F$���);����)/ �,�h;�i ��j"��%$�&�'���2k �)*�-^ ���'�.���)/ �, m  ���'�(��T"�(���(�)/(/'�(�.�,F�=<=l7��,jm/ ���0n������D�8K-���(/ �)*�=�o'� ��qpJr%s�r;tCr%uvxw�y�z�{;|�w�}^,�.���(��F)A"�(/��(�);(�'�(/.�,�� χ(Cm, C1)
��H���,FV^�C-�&F09(/��.�8WVTS�,���$���- Cm, C1

 /����@L(b����-�(/. m <�~7�A ���R*�o�L,�.���(/�F)7"�(���(�)/(/'�(�.�,F� Cm
)7"�����,�D/-��%$�E�.���4s!�or!z;|�pJw�����r%}U"�����09��4 C ′

1
�9 /���F@L(+����-�(/. m -T)/,F$�& C1 ∼ C ′

1 d "���,�0W< ��� h��.�(�)/09�� ����J.��k ����!'� ��I�C(/4�)/ �-�,� �(;$�E�.���(�'�,�)*$��P��H�QB,FVN ���'�(��BS�,���$���- Cm
, C109�%@L(� ?H�8K �E d .���"���,�09(��=�i����R*�C� C1

����)/��(/ �)*� Cm
hN09(/.�E��B(���'�(�0 m <i_`)*$�,��"���(���(/$�,� �EB �(/"�(���Eb,�.��C(/�F)K"�(���(�)/(/'�(�.�,F�L��-�&�VL"�����,�D�-��%$�E�.�8WVL��$�R/(�H�����,�'�( :);��,FVB����,�-�8WVN�����L ���"��%$���R/,�'�(�);��,�4B,�.��C(/�F)`"�(/��(�);(/'�(/.�,F�A);���� �-�(/ �)/ �-�&�2IQL,FV,�0YS�,��F$���-��� ��g ���R*�C�q$�(/R/���g"��%$�&�'���(� �)*�\ �(/����(�0��g��(/D/&o��,�.���(��F)U"�(���(�)/( :'�(�.�,F�1����,�-���4 m : R��U"��������C��� C1

)#����,�-���4 n : R/�U"������������ Cn
����-�(/. mn <� ������D��� �(;$�E�); �-����! ����G�����G"�����(��� �,�-�.��!�A"�����0��!�G"���(��C)/ /��-�$���(/ P��-�&F09(/��.�&�2H���D/&6R/��09�%$���R�,�4=�C �� Cm ∼ µC1

<��7.���(���)B"�(/��(�);(�'�(/.�,F�?R/��09�%$���R�,�'�.���R/�X.�& :$�2�S�,���$�� Cm − µC1
)+"�����(/�� �,�-�.���41"�����09��4 C ′

1
����-�(/.�.�&�$�2L<�l7��m/ ���09&

χ(Cm, C
′
1) = µχ(C1, C

′
1)
<`~7���9�����g-�8K�B(^&�)/ /��.���-�$�(/.���� χ(Cm, C

′
1) = m, χ(C1, C

′
1) = 1 <�l7��m� ���09& m = µ �� %<e(�<�����,�-��!� m : R/�A"��������C���AR/��09�%$���R�,�' :.��#"�����(��� �,�-�.���4a"�����09��4=�C-�D;�� ���4?)N����m�5b57,�S�,�(/.� ���0 m <=�k �);2��C�#)*$�(���&�(/ %�'� �� χ(Cm, Cn) = χ(mC1, nC

′
1) = mnχ(C1, C

′
1) = mn �9'� ��T,c ���(�H���-�� :$���);E^��������D��� �E�<i�� ��� ?"���,�09(��q���%$�@J(/.� ��%$�E����a"��%��);.�,� �E���������,�0���H�����D���0 ���"��%$���R�,F�?09�%@L(� GH�8K �EX,�);"��%$�E�D/��-���.��B-#��$�R/(�H�����,�'�(�);����4^R/(���09(� ���,�,=<Cl7� :������H�.���(K,�D;$��%@L(/.�,�(K ���"��%$���R�,�'�(�)/��,FVA09(/ �������-N�!$�R�(/H�����,�'�(�);����4LR�(/��09(� ���,�,)/0W<��C<���<e�n���/�x�F�/�j� �!����� � ���� ��;¡£¢*¤;¥��/¦
§A�¨�%�©�/� � �©�/� � �%�©�� /����@L(Nª�<*«������/�*¬<�F® d ); ��=< ��¯!� h�<�°7��m�5b57,�S�,�(�.� �8±D���S�(/"F$�(/.�,F��H�8W$�,3-�-�(;��(/.�8±�����%&�m :����0 d£² �*³�´�µK���#� ¶!�·h�<�¸¹ �(/����,�(�4�����m�5b57,�S�,�(/.� ���-?D���S�(�"F$�(�.�,F�1);-���D���.��?��� :.��q,�Da)/��098WV1������);,�-�8WV�,c)/����(/��@N�� �(;$�E�.�8WV�"���(;��$��%@L(�.�,�4c ���"��%$���R�,�,�Mº�»!|�r%�½¼%�!r%}�{/pJ��z;����r!{;pJw]¾Itoz;|�{
»!�C¼%z©��» d¿�À �;Á��������/�\� ¯ �·h�<Bl7&�); �E�- n : 09(/� :.���0\(/-��F$�,�����-���0g"�����)/ �����.�); �-�( Rn (n > 1) ����)/)�0��� ���,�-���(/ �)*�?����.�(/'�.�8K4

n : 09(/��.�8K4G����09"F$�(/�F) K r d  %<e(�< K r (�); �Eb"����C09.��%@L(�); �-��7"�����)/ �����.�); �-�� Rn h�<l7&�)/ �E Rn − K r ��D/.��%'���(/ U09.��%@L(�)/ �-��j"�����); �����.�)/ �-�� Rn �i����"��%$�.�,� �(/$�E :.���(G� K r <�°b���T"����C09.��%@L(�); �-��^(/-���$�,�����-��+"�����)/ �����.�); �-���� Rn −K r  /��� :@L(k"���(;�C); /��-�$���(� B����09"�$�(/�F)���"���,� ���0�H�(�)/����.�(/'�.�8K4 d )/ ��=< ® ¶�h�<�Â��B@J(k)���09��(,�09(�(/ 709(�); ��P"��k�� �.����L(/.�,�2g�J09.��%@L(�); �-�& Sn−K r �!"��%$�&�'���2IQL(�09&�)*�=��(�)*$�,098Ã"���,�)/��(��C,�.�(/.�,�(�0g����.���4+H�(�);����.�(/'�.��L&��C�!$�(�.�.���4+ ���'���,^"���(�-����� �,�0 Rn- n : 09(���.�&�2¹)�57(/��& Sn <=Ä�������.^��-���4�)/ �-�(�.�.���)/ �,TÅ�$�(/�F)���.���(����X&�); /��.���-�$�, :-���(/ P);-���D�EP09(/@J��&NR/��&�"�"���09,A��(/ � �,J����09"F$�(/�F)/� K r , Sn−K r <��k.LRx$���)/,� ��(�)*$�, pk (�); �E k : 09(/��.���(P'�,�)*$��G��(/ � �,^����09"F$�(���)�� K r ��� pk k : 09(/��.���(7'�,�)*$����(/ � �,6����"��%$�.�,� �(/$�E�.���R/�J"�����); �����.�); �-�� Sn −K r �� ��
pk = pn−k−1 (k 6= 0, k 6= n− 1),
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���������������! "��#%$���&�'���(*)%��+�,�-� .#/��0�'���)�1�23$���(*��4�-5)�6�1�7�4���'�)98�6:8;�:<=,��>7��?��'���@
,���(*+A����B.)9CEDF��4�8;0���)�6���G98;)9,���1A��7�4�)H�I)%��)9,���)�,�0���+�8;)94�,���J��='���#/���LKM)9(*(*��N
p0 = pn−1 + 1 6 pn−1 = p0 − 1 O KP�:��)9)QJR��0�����$��
�S7�4���'���,��T#�0�B.)9#�(*1���1��*@,��!�U(��*$��� VG?�*1���#%��8;��#%(*)9CV8;)�<W�I0X'���#/����8;�UKP)�(*(��Y1�-���#�,!��)�(�#/�Z6[)9#/���U8;-
4���#�#98;��(*4���8U����G�-\#/������-� ]J���8;�:����J���C

K r � Sn −K r O_^ $��*G�-51��*)9(�#/�Z6�'�(��8;�:<`,��=1�-5��4���(*+ k @a8;)94�,�0�&\����G�0A#/������-� AJ���8;�:����J9��Cb$���8;7!��)9$�#9�
K r

Bk
1 , . . . , B

k
pk

� (n− k − 1) @a8;)94�,�0�&c����G�0A$���8;7���)�$!#��
Sn −Br

B
n−k−1

1 , . . . , B
n−k−1

pn−k−1

2d7�4�� k 6= 0 6 k 6= n − 1 Ne(��*$Z6;'�(��f8g�*(*4���h��Q$���i9DeDF��h���)�,�(*��1EG9��h�)�7!��)�,��!���0
��)9(W��8;)�(*+`1����

V (Bk
i , B

n−k−1

j ) = δij =

{
1 7�4�� i = j,

0 7�4�� i 6= j.

j 4�� k = 0 1�8;)9#%(��A����G�-c#/���*��-� kJ���8;�:����J9��Cl23$���(���4��*�E#���#�(*����(`(���J/�I��6�$���$
��G�1�)?#%(*,���6I��GW#�(*�:��+�$��! E(*��'�)9$Z6_#%$��:��+�$��`��8;)�)�(�#/�Q0E$���8;7!��)9$�#9�`$���8;7���,�)�,�(?6
( O ) O #%1���G�,�-� E��G9�:����4���1���,�,�-� ]'���#�(*)�C�N�,�0�<`,��b1�G%��(�+k7��:��,�0�&m#%��#%(*)?8;0QJ���@
8;�:����J���'�,��F,�)�G?�*1���#%��8;-� �,�0*��+�8;)�4�,�-� Wh���$!����1�6
��8;)9&�BW�! n�*��J�)9��4�����'�)9#�$���)
G9,��:'�)9,���)pob23(9�*$��! Ah���$!����1W��8;)9)�(�#/�k,�� � 8;)�,�+�q.)�6�'�)?8l$���8;7���,�)�,�(�NHr�1=#/��0�@
'��*) k = n− 1 �����]����G�- B

0

j
,�0�<`,��=7���#%(*0�7���(�+A#%����(*1�)9(�#%(�1�)�,�,�� Os �*$���,t�I1���C�#%(*1�)�,�,���#%(*�mu5��)9$�#9�*,��I)�4��Y#�7�4���1�)H������1Y(���$!<W)V7��t8;�?��0�@

��&mv!r�1`i�(*��8V#/��0�'��*)e,�0�<`,��`(*�:��+�$��`1�G%��(�+`1�8;)9#�(*�`����G�#/���*��-� LJ���8;�:����J9��C
�e'���#%)��.KM)9(*(*�e���*G�-wJ���8;�:����J9��CF�"'���#/���5KP)�(*(���7��>8;�?��0���&xvF2dy�z|{�}!~����!{9��� �
��6j ��,�(*4���J���,�� �
�3N O�� (9�`(*)���4�)98g�n4���#%7�4���#%(�4��*,�)9,��=# n @a8;)94�,���Cb#9DF)�4�-�,��n��&>@��-5)e8;,���J9������4��*G9�!�w2d��~��b�e~��=��{��l� �*��6 j ��,�(*4���J���,�� �
�3N O� ��)H�I#�(*1����b��GFG?�*$���,�����1���C�#�(*1�)9,�,���#�(*�]u5��)9$�#9�*,��I)�4����� O9� ��#/���5��������#�(*)�CZ6�,���$���(*��4�-5) n @�8;)�4�,��*�F#9DF)�4�� Sn 4���G�����1��*)9(�#/�p$���8�@
7���)�$!#%��8

K r 6*��7�4�)H��)�����)�(�#/�W(*�:��+�$��"#9��8;��8fi�(*��8�$���8;7���)�$!#%��8E�=,�)�G9��1���#���(
��(`(*��J9��6�$��*$���8V����4���G���8

K r 1����:<W)9,k1 Sn O�� (��A'���#/���`4��*1�,��n,��`)H����,���h�00�1�)%����'�)�,�,���8;0 (n−1) @a8;)94�,���8;0n'���#/��0WKP)�(*(��Z6���(��*$!<n)>,��e)%����,���h�0W0�1�)%���!@'�)�,�,���8;0 (n− 1) @�8;)�4�,���8;0A'���#/��0AKP)�(*(*�b7��=8;�?��0*��&cv.$���8;7!��)9$!#��
K r O�^ (
@#�&P�I�e#/��)%��0�)9(?6�'�(*� (n−1) @a8;)94�,���)e���%�������%���W�*�I�*�/�e�
��7�#%)91
����8;,���J9������4��*G9��),�)�8;�:<W)�(=��-5(*+=1*���:<n)�,��n1

Sn 2d�P�/�� �¡5{9�F� � o
�3N O�¢ #9��8;��8l��)���)�6!�����](��*$���J9�7�#%)�1*����8;,���J�������4��*G9�!� pn−1 = 0 6£�f'���#/����KP)�(*(*�X7��f8;�?��0���&¤v qn−1 = 1 6(9�*$E'�(*�`'���#/���=��������#�(*)�CZ6�,��n$���(*��4���)F4��*G9����1��
����#%+n��-t#�DF)�4��
Sn 6��I�:��<`,��

��-����b��-e6Z#n�?��,���Cw#%(���4���,�-e6 = 1 6Z�]#.��4�0�J���C = 2 O¥� (*0w(*)���4�)98;0w8;-¦0�<W)
�I��$���G9�
���Y2d#%(�4 O v�§ � �T7�4���8 O ��¨�N������T7���1�)�4� !,���#�(*)�CZ6¥1*���:<n)�,�,�-� w1Q(*4�)� �@8;)94�,�0�&©#�DF)94�0

S3 6!�?��,���$��W8;-t4���#9#�8g�*(�4���1��*���L,�)"7�4�����G91��:��+�,�-5)>(*��7��:����@
J9��'�)?#%$���)P1*���:<W)�,��!��7���1�)�4� !,���#�(*�Z6:��(��:��+�$���#���8;7!����h����
��+�,�-5) O*¢ ���:<n)�,�,���)
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� Sn �
��������� ���"!��$#%�&� (n−1) ')(+*-,/./0�*1(+./0�2-0�0�3�,�4�5-6�* M n−1 7 .�4�8/,/0�9�6 � 7 ,�4�5�'
3�6 � 4�*�9 Sn � 9�0�:/.�0�;�9�6<.�4>= � *?0�3�@�4�;-9�6 7 9-4�ABA�4�A pn−1 = 1 CED>3�@"4�;�9�F 7 ;�0G=�*�,H'I 4�J<4&KML�3�*G;�A�0�.�*-:/./0ON�="4&@�*�././N�PQ9�0�:/A/N�RS;-TU*�,/V Sn 0�3�VW:/.�0X.�4�5�V � 4�*�9�;$K� .�*-YZ.�*-[S:�4�;�9�F�P\(+./0�2-0�0�3�,�4�5-6HK M n−1 7 4 � 9�0�,�4&KX0�3�@�4�;-9�F^] � ./N�9�,/*�././*-[
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"$F(%(-.6.7�)�246&7�)(24-�0(%�246&7�%�'*)�6&7�342\N4N
"$F(%(-.6.7�)�246&7�)(OQ-�'*F�6.+(2 > Ocde;�f gkN4N
"$F(%(-.6.7�)�246&7�)(OQPJF�2 > 0�G�-.F�6U9&]4Z
"$F(%(-.6.7�)�246&7�8\N*<
B 3^-.34F�G�+�H�24342 > 0(%(246.7�%�'*)(6.7�34-�N4N
B 3^F�2 > 0�G�-.F�6.-MR4L
B 3J0(2&H > )(2�CD-.6.7�34--.34F�G�+�H�243�'�0(%(246.7�%�'*) =6.7�3�'M<�N
B 3^6.3*/(A.F�-�0(%�/ > Ol51]�9
B F�m�@4+�,(-.6&F�'
/�N4Z
B )�'MF(%(+�34OQ5�N4]
B 247 > -.,(-.)()�'
/1K4N*<
B 6&+ > 0�G(+(W(+�'
G�84)('
/�9&]4Z
B 7�24,�F(+�6.+ > 0�G�-.F�6�']*<
BIn '*%�243�'
/:N*<
"$F(%�m�C^)(246.7�8(o�m�)(+(34-.%(6&'
G�84)�'
/a)�'*F(%(OQ3�'*p =q '
/1-.-�K*<�;
BIr m�)�H_' > -.)(7�'
G�84)�'
/:#.%�m�0(0�'^-.-�K�9�i
"$F(7
'*stH�%�F�'*FJA&34-.A H�)(OQP�F�2 > 0�G�-.F�6DK4Z4;
"$F(7
'*stH�%�'M#.%�m�0(0�'\N4Z*<
B 0(%(246.7�%�'*)(6.7�342K�i*N
BIr m�)�H_' > -.)(7�'
G�84)�'
/E#.%�m�0(0�'u0(%(246.7�%�'*) =6.7�3�'M24F(7�'*svH�%�'^K�i*Z
"$F(7
'*stH�%�'
G�84)(24-S%�'*A.@4+(-.)(+(-

n =?> -&%�)(24P\6 r - =%(O`9&L4Z
"$0(%(- H�- G�-.)(+(- r m�)�H_' > -.)(7
'
G(84)(24P`#.%�m�0(0(O

7�%(- 5 > -.%()(24#.2 > )(24#.2424@4%�'*A.+�/0(%(+[0(2 > 2 =q +10(2434-.%�5�)(246.7�)(24#.2F�2 > 0�G�-.F�6&'UK4R4N
"$0(%(- H�- G(/(p q +(-S6.24247�)(2 n -.)(+�/M#&%�m�0(0�O�N�i*R
BVB H�240(2&G�)(+(7�- G�84)(24P1#.%�m�0(0(OwN4;�9

BxB 0(2&H�#.%�m�0(0(OwK4R4L
BxBEr m�)�H_' > -.)(7�'
G�84)(24P�#.%�m�0(0(OwK�9&R
"$%(+(-.)(7�'*W(+�/1]4;
B n =y> -.%()(Ol5z'
G�#.-&@4%('*+(,(-.6.F(+�5[F�2 > 0�G�-.F�6&243

+J2�H�+�)�'*F�243�'
/a9&R4;
B n =y> -.%()(Ol5\6.+ > 0�G�-.F�6.243M2�H(+()�'*F�243�'
/{9&N4K
B -.34F�G�+�H(243�'0�%(246.7�%('*)(6.7�3�'�9&N4K
B +()�H�m�W(+�%(243�'*)()�'
/|;4K
B F�G�-.7�F(+�K4Z4;
B > )(24#.2*m�#.2�G(84)(+(F�'�9�i
<
B )�m4G�8 > -.%()(24#.26.+ > 0�G�-.F�6&']4;
B 246.24@424#.2U6.+ > 0�G�-.F�6&'�9&K4N
"$%(+(-.)(7�+(%�m�- > 246.7�8 > )(24#.2424@4%�'*A.+�/1K4R4K�g�K�i*K
B 24#.%�'*)(+(,�-&)�)(24P:0(2434-.%�5�)(246.7�+a9&;4]
B 0(2434-.%�5�)(246.7�+�o�H�3*m�6.7�24%(24)()�246&7�8N*<�;
"$%(+(-.)(7�+(%�m�p q +�-}W�+(F�G�+(,�-&6.F�24-~6&-.,(-.)(+�-

9&Z4N
"$%(+(-.)(7�+(%�m�p q +�P

n =?> -.%()(OQP�'
G�#.-.@4%�'*+(,(- =6.F(+�PwF�2 > 0�G�-.F�6{)�'�0(6.-&3*H(2 > )(24#.2424@4%�' =A.+(+|9&R4Z
"$6.)(243�'*)(+�/�0(%(+(A > Oc9&N4K
"$6.)(2434)�'
/�7�-.24%(- > 'a7�240(2�G�24#.+�/x0(2434-.%�5�)(2 =6.7�+:d�K4K�fhg�9&;4K
"$6.)(2434)�'
/�7�24,�F�'^K4N4N
"$6.)(2434)(24P10�m�7�8\K4N�i
"$6.)(2434)(OQ- r 24% > OTg > -.7�%(+(,(-.6.F(+(-�<�L4Z
"$6.24@�'
/16.+ > 0�G�+(W�+�'
G�84)�'
/�A.34-.A H_'19.<�K
"$6.24@424-�F(%�m�#&243424-DF�2�G�84W(2K4]
"$6.24@4OQ-D#.%�m�0(0(O���-.7�7�+|9&K�i
"$6.24@4OQP�'
G�#.-.@4%�'*+(,(-.6.F(+(P:F�2 > 0�G(-&F�6\9&K4]
B F�2 > 0�G(-&F�6DN4K4]
B F�2 > 0�G(-&F�6�0(2 > 2�H(m4G(p�<�L4N
B 0(%�/ > 2*m�#.2&G�84)(+(F�H�- r 24% > '*W(+(+:K�i
<
B 6.+ > 0�G�-.F�69&K4K
BxB 34OQ%(2&CMH_'*p q +�P(6v/�9&K*<
B svG�- > -.)(7\0(2434-.%�5�)(246.7�+j9&Z4Z
"$6.8^0(%(+�A > Oc9&N4N
"$7�F(%(OQ7�24-Q0(2�H > )(2&C[-.6.7�342[-.34F�G(+�H�243�'[0�%(2 =6.7�%�'*)(6.7�3�'^N4R
BxB -.34F�G�+�H�243�'z0(%(246.7�%�'*)(6.7�3�'$-.6.7�8S@4-.6&F�2 =)�-&,�)(OQP1F�2 > 0�G�-.F�6[i*Z
"$7 > -.,(-.)()('
/124F(%(-.6.7�)(246.7�8\K4N*<
"$7�24@4%�'
CD-.)(+(-[N�i
B 3^+J)�' > )(2�CD-.6.7�342N�i
B #.2 > 2 > 24% r )�24-M#.%�m�0(01N�i*Z
BxB #.%�m�0(0(O���-.7�7�+|9&K4Z
BxBEr m�)�H_' > -.)(7�'
G�84)(24P�#.%�m�0(0(OwK4L4K
B G�+()�-&P�)(24-1dy�c' r +�)()(24-�f

n =?> -&%�)(24-M6.+ >�=0�G�-.F�6&'\]4R
BxB 0(%�+(A > O`9&N4N
B )(-.0(%(-.%(OQ34)(24-[N�i�g_N4R�9
BxB n =?> -.%()�24P�6 r -.%(Oc9&]4]
B 24@4%�'*7�)(24-DN�i
B 7�240(2�G(24#&+�,(-.6&F�24-[K�9
BxB 6z+J@4-.AD24@4%(' q -.)(+�/�24%(+(-.)(7�'*W(+(+a9&R4Z
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"$#�%'&'(�)�*,+.-�/�+1032�%�4�%'5,6'78%'&'(�)9#�-�:<;=(�)�>

? /A@�0�>CB'+.D�#�%'(�%'B	E'F"$#�%'&'(�)�*,+.-�/�+,0G/�4H2AI�/�J�/�)�I�6'-A%'+LKGMAK"$#�%'&'(�)�*,+.-�/�+'N'0.%�;�(�)9-AOA7$5�/�+�P.(�)9-�/�JA@RQ'S9T"$#�%'&'(�)�*,+.-�/�+'UV/�;W2�(A%'/�X.B'+ ? +G-A/�+ UTY 0.2�(�)9B�)
T
N�XG)9#�+G4

U Z M'["$#�%�* ? +.0G#�B9I�+.-�/A+\#�%']�+.D^D�)9D_0.2�%'0.%'&`2�%9>0.#�(�%'+.-�/AOaD�%�4�2AI�+.D�0.%'BLT�b
cdc %'D�(A+G0.#�-�%'0.#�-�%'P.%e2�(�%'0.#�(�)9-�0.#�B�)fT�F"$#�(�)�*,+.-�/�+

n
>C4H+.(�-�%'gL%'&'(�)95,)9+.#e%'(�/�+.-�#�)�>JA/�7hKGS'i

cdc 0.jk+.(�:`KGM'M"$#�(�+.X.%'D Yml % ? -A%�4H+.(�-�:�g30./�4�2AI�+.D�0 Z M9Tc /a%'DA(A@�*n-�%'0.#�6L-A+GP.%�4�+.%�4H%'(�j$-�:hK'K"$#�(�+.X.%'Do0.%'+ ? /�-AOA7$5�/�g ? B'+�#�%']�D�/p#�%'2A%9>I�%'PG/A]�+.0GD�%'P.%�0./�4�2AI�+.D�0G)eM'M
q )9(�)�I�I�+.I�6'-�:�+�D�%'%'( ? /�-�)9#�: YCl ? +.D�)9(�#�%9>B':rD�%'%'( ? /�-�)9#�: Z Y Q Z NsM'Qq )9(�)'4�+.#�( ? +.jk%'(�4H)9J�/�/tKGM'Mq +G)9-�%eD�(�/AB�)�OuKGE'QANvKGS'Sq +.(�+.-�%'0�%'(�/�+.-�#�)9J�/�/3B ? %�I�6e2A@�#�/aQ'M'Eq +.(�+.0.+G]A+G-A/�+nQ'Mq +.(�+.0.#�)9-�%'B'D�)wB'+.(�x�/�-

n
>C4H+.(�-�%'P.%w0./�4y>2�I�+.D�0G)eM�bq I�+.-�D�)ez3+.&'/A@�0G)aK�b�N�K�b9Fq I�%'0.D�%'0G#�6e2�(A%'+GDA#�/AB'-�)�O{K.T�NsE'[q %'B'+.(�;�-�%'0.#�-�:�g3D�%�4H2AI�+GD�0REAKG[q %'B'+.(�;�-�%'0.#�6e&'+.0GD�%'-�+.]�-�)�O Y T Z NsE9Tc D�)9D�4�-�%'P.%'%'&'(�)9X./�+	K�b�K

c %'P.(�)9-�/�]A+G-A-�)�O|KGF9T
c %'(�/�+.-�#�/�(�@�+�4H)�O}Q'M'Q
c (�)9X.&'/�#�)�O3-�)n4H-�%'P.%9@�P.%�I�6'-�/AD�/|K�b9[q % ? D�%�4�2AI�+.D�0RD�%�4H2�I�+.D�0G)	S'SAN�Q'E'F
c % ? -�%'(�% ? -�:�g YCl )�I�P.+.&'(�)9/�]�+.0.D�/�g Z D�%�4y>2�I�+.D�0�2�%e4�% ? @'I�7~ELK'KG[q % ? 4H-�%G*,+G0.#�B'% %'DA(�+.0G#�-�%'0.#�-�%'P.% 2A(�%9>0.#�(�)9-�0.#�B�)fQ'Mq % ? (�)9X ? +�I�+.-�/AO 2A%'B'+G(�;�-�%'0.#�-A%'PG%�D�%�4y>2�I�+.D�0G)eEAKG[
c 0./�0.#�+�4�:�4�-�%'P.%9@AP.%�I�6'-�/�D�%'B1K�b9Eq % ? (�)9X ? +�I�+.-�-�)�O}2�%'B'+.(�;A-�%'0.#�63K�b9S
cdc�� I�+�4�+.-�#�)9(�-�%e2�(�+.%'&'(�)9X�@�+G4H)�O|K�b9Mq %�I�:�g�x,)9(�E'F'[q (�+ ? +�I�6'-�)�O�#�%']�D�)�2�%'0�I�+ ? %'B�)9#�+.I�6'-�%'0.#�/T�[q (�+ ? 0.#�)9B9I�+.-�/�+,PG(�@A2�2A:�E'M'M
cdc #�(�)9-�X./�#�/�B'-A%'+�E'M'Mq (�+.%'&'(�)9X.%'B�)9-�/�+ � I�+G4�+G-A#�)9(�-A%'+RB'0.+�;L&�)9XG:B'0.+�;

k
>C4H+.(�-�:<;d)�I�P.+G&'(�)9/�]�+.0.D�/A;\D�%�4y>2�I�+.D�0.%'B�KG[AK

cdc 4H)9#�(�/�J}KG[AK
cdc 0./�0.#�+G4H:�4�-�%'P.%9@AP.%GI�6'-�/�D�%'B1K�b�Tq (�+.%'&'(�)9X.%'B�)9-�/�+�PG(�@A2�2A%'B':�; � I�+G4H+.-�#�%'BE'[AK

q (A+G%'&'(�)9XG%'B�)9-A/AO�D�%'-A#�(�)9PG(A+ ? /�+.-�#�-�%'+V/D�%'-APG(A+ ? /�+.-�#�-�%'+nQAKGiq (A+G%'&'(�)9XG%'B�)9-A/AO`J�+�I�%']�/A0�I�+.-�-�:�+�@A-�/�4H%9>
? @'I�OA(�-�:�+,i�b�NsQ'F'iq (A/�B'+ ? +.-�/�+f4H)9#�(�/�J�/�-�J�/ ? +G-AJ�/�g}D3D�)9-�%9>-�/�]�+.0.D�%�4�@aB'/ ? @}KG['S

cococ 2�%e4�% ? @'I�7�E	K'KG[q (A/�B'+ ? +.-�-�)�O�P.(A@�2�2�)e��+.#�#�/ Y KGQ Z N i'Sq (A/�XG4H:r+.B'DAI�/ ? %'B�)e2�(�%'0.#�(�)9-�0.#�B�)aKGQ'Eq (A/�4H+.-�+.-�/A+L#�+.%'(�+.#�/�D�%9>CP.(A@A2A2�%'B':<;t%'#�-�%9>x�+G-A/�g�Q�b�Tq (A/�-�J�/�2a#�%']AD�/�-�)9D�%'2AI�+G-A/AO}Q'Sq (A%'&9I�+G4�)fP.%�4�+G%�4�%'(�jk/AX�4H)LE�b9MANsE�b9Sq (A%'&9I�+G4�)f0.jk+.(�Q'['Eq (A%'&9I�+G4�)f#�%'2�%GI�%'P./�/32�%'B'+.(�;A-�%'0.#�+.g�T�['Mq (A%'+GDA#�/AB'-�)�O�2AI�%'0.D�%'0.#�6	D�)9D�)�I�PG+.&'(�)9/A]�+�>0.D�)�OR2A%'B'+G(�;�-�%'0.#�6�]A+G#�:�(�+�;A4H+.(�-�%'P.%k+.B9>DAI�/ ? %'B�)f2�(�%'0.#�(�)9-�0.#�B�)eQ'i'i
coc D�)9DaXG)'4HDA-A@A#�:�g�I�/�0.#	z3+G&'/�@�0�)aK�b
coc D�)9Da2A@�]�%'D32�(�O�4�:<;�S'E
coc D�%�4�2AI�+.D�0G-�)�O�T�KGE
coc -�+�4H%G*,+G#	&':�#�6fB9I�%G*R+.-�)	Bf#�(�+�;A4H+.(A>-�%'+�+.B'DAI�/ ? %'B'%L2A(�%'0.#�(�)9-�0.#�B'% Y Q Z NsE'F9Tcoc % ? -�%'0.#�%'(�%'-�-�OAO}Be2�(�%'+.D�#�/�B'-A%�4o2�(�%9>0.#�(�)9-�0.#�B'+�Q9T�F
coc 2�%�I�@�]�)9+.#�0�Oh%'#�%�* ? +G0.#�B9I�+.-�/�+G4 ? /�)�>4H+.#�(�)�I�6'-A% ? /�)'4�+G#�(�)�I�6'-�%9>C2�(�%'#�/�B'%'2A%9>I�%�*n-�:<;a#�%']�+.D�0Gj$+G(A:\S'E
coc J�/�DAI�:r2A%e4H% ? @'I�7\E�K'KGE
coc ]�/�0�Is)n��+G#�#�/�4H% ? @'I�7\E�K'KGQq (A%'+GDA#�/AB'-�%'+�2�(�%'0.#�(�)9-�0.#�B'%	E'F
coc n

>�4�+.(�-�%'+,b�T
coc D�)9Da2�(�%'0.#�(�)9-�0.#�B'%fI�/�-AXG:�E'S'i
coc D�)9Daj�)9X.%'B'%'+,2�(�%'0.#�(�)9-�0.#�B'%	Q'[ANsb9F
coc D�%�4�2AI�+.D�0G-A%'+RT�[9T
coc #�(A+.;A4�+G(A-�%'+'Nd(�)9X.&'/�B�)9+G4�%'+�% ? -�%'2�%9>I�%'0.-�:�4\P./�2�+.(�&'%GI�%'/ ? %�4�-�) ? B�)�#�(A+.;�>4H+.(�-A:�;�D�%�I�6'J�)	b9F
coc ;')9(�)9D�#�+.(�/�0.#�/�D�)aK'KGSq (A%'+GDA#�/A(A@A7�5�/�g�D�%'-�@�0�M'Mq (A%'+GDAJ�/AO32�)9(�)�I�I�+�I�6'-�)�O�M'M
c 0.#�+.(�+.%'P.(�)9jk/�]�+.0.D�)�O{b9Q
c #�%']�+.]�-A%'PG%	4�-�%G*R+.0.#�B�)	M9T
c JA+G-A#�(�)�I�6'-�)�O3T�Eq (A%'/�X.B'+ ? +G-A/�+ UT ? B9@�;�%'#�%'&'(�)�*R+.-�/AgY 0.-�)G]�)�Is)

T
N�2�%'#�%�4

U Z Q�bc ? B9@�;	2A@�#�+.g w = uv
0G-�)�]�)�Is)

u
N�XG)9#�+G4

vKGi'M
c ? B9@�; � I�+G4H+.-�#�%'B�P.(A@A2A2�: Y B�)9&'+�I�+.B'%'gP.(A@A2A2�+�-�)9X.:�B�)9+.#�0�Oa0.@A4H4H%'g Z Q'F�bc D�Is)90.0G%'B	P.%�4�%�I�%'P./�g3T�KGE
c 2�@A#�+.g\/�0�@A4�4H)o)�I�P.+.&'(�)9/�]A+G0.D�/�;�D�%�4�>2AI�+.D�0G%'B�KGF'i
c 0.B'%'&'% ? -�%'+,/a2�(�O�4�%'+�PG(�@A2�2aQ'F'Qq (A%'D�%GI�%'#�)�Oa0.jk+.(�)aKG[
coc n

>�4�+.(�-�)�O3b9E
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"#"%$'&)(�*,+-$)&'.�/-01$'2101354�.�/�687�91$).�&,:-:;=< /-/-+ <�>@? /-&'/-+-/-A)/�&'B�6�7�9�$'.�& >DC)E-F;=< /-&'(�$'41G�B14IH ? $�9 C-C
"#"%. > .�J-B10�(�/-J-/-4 E-F-K
"#"%7 <�> J-354�BL9�$'J-354�M K-N;=< /-&'(�/@OP&)J@Q ?)> 010135$ 7 < /-&)( <�> 0�&)(�J-$'010135$
&'J-/-41&'(�J >�RTS /-&'01/-J-0�3�$�U=/ < 683WVXM K-Y;=< /-&'( <1> 01&'(�J-$'010�3�$�.�91$)(�.1B F-Z-E;=< /-&'( <1> 01&'(�J-$'010�35[IU=/ < 6\7 < /-+@91$�6 > M K-Y;=< /-&'( <1> 01&'(�J-/]J-/�9�/-.10�B1&'(�/-$^M K-Y

"%J-&)$�[I7 < /-$'.1(�B1J-013X[I7 < Q�6�35[ E-Y
"`_�/�_�$'. >@a _ <�> A)B�71$ < +-/�9�B�21$'&).�/-$ E�b :
"`_�/�_�$'. >@a _ <�> &)Uc$ < B121$'&'.�/-$ E�b-b�d�E-N-F�d�E-Y-K
"%.�/-01A < H a 01e1B14 E-N
"%.�/-01UcB1A�H <�> e�B14 R :�V dfF-K
"`9�B101$'41013X[ a 9�$)6�$)0�(�/-J RgC)E V d�E-Z M
"`9�B10 ? 3 df> &'B�6�B1( < B1210135$ R M N V d�F-Z�b
"`9�B10 ? 3 d /-7 < $�_�$�9�$'01B�$ E : Y
"%/-. < $'&'(�0�/-&)(�01/-$ F�C
"%7 < /-$'.1(�B1J-01/-$ RgC)N V dhRiE-N V E�b�dfb M
"%7 < /-$'.1(�B1J-01/-$ RgC)N V dhRiE-N V d�b@Z
"%&)Uc$ < B121$'&'.�/-$ E�b�dfF�C
"%&)Uc$ < B121$'&'.�/-$ dja 919�B171(�B12�$)&'.�/-$ d $'J-.�9�B�O
_�/-J-/ d A'B17�$ < +-/�9�B12�$)&'.�/-$kM K-Y

"%(�/-7�/�9�/-A'B121$'&'.�/-$ RiN V dfF-E
"%U >@? /-J-/-$ F-K
"%21B1&l9�/-J-/-$ R $)J-.�9�B�_�/-J-/�V F M;=< /-(�B1J-/-71/�91/�mk0�/�/ < B1$'01(�B < /-J > 010�3�4n/-&)/@O
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