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	H )-#9('6#'1,('30;5 %6*&,/'7 ' .(%#91% @* ,++'('30;5 %6*&,/'7� �.*$%O
G���Hn� QOGn�H Gn�	H ,&'4)*('2*.1'5 %6*&,/'7�

x 9�8� -$�#���%!���� ����#� �� ��� % %�#� 4��!�#�%���!"�����
?!������$�&� 4$��;$�5�%����

8&*%<&,=%3,0'* .'.(*);� =,+,3,*)%* 4%&)-#,)' G�H� :13'3,#*0(0% -)0%@*�
0'K ),(&'/; .'.(*); .#*3, 0, ),(&'/-

Dk P diag S �� � � � � �
 �z �
k��

�

a
�k���
kk

���
� �� � � � � � T�

G$+* diag S d�� � � � � dn T %=0,2,*( +',$%0,#90-K ),(&'/- . :#*)*0(,)' d�� � � � � dn 0,
$#,30%7 +',$%0,#'H�

8&*%<&,=%3,0'* .'.(*);� =,+,3,*)%* 4%&)-#,)' G>H� :13'3,#*0(0% -)0%@*�
0'K ),(&'/; .'.(*); .#*3, 0, ),(&'/-

Lk P

�BBBBBBBBBBB�

�
� � �

�
�a�k���k���k �

���
� � �

�a�k���n�k �

�CCCCCCCCCCCA
G0* %<%=0,2*00;* :#*)*0(; ),(&'/; Lk &,30; 0-#KH�

�#*+%3,(*#90%� 6&?)%7 5%+ )*(%+,  ,-.., :13'3,#*0(*0 -)0%@*0'K ),(&'/;
.'.(*); G�H 6%.#*+%3,(*#90% 0, ),(&'/; LkDk� k P �� � � � � n O

LnDn � � � � � L�D� � Ax P LnDn � � � � � L�D� � b� G��H

6&'2*) ),(&'/, U P LnDn � � � � � L�D� �A *.(9 ),(&'/, .'.(*); GAH� (�*� ?3#?*(�
.? 3*&50*7 (&*-$%#90%7 . *+'0'/,)' 0, $#,30%7 +',$%0,#'� �<%=0,2') 2*&*=
LT GnH $&-66- 0*3;&%@+*00;5 3*&50'5 (&*-$%#90;5 ),(&'/� �%$+, +#? 3.*5
k P �� � � � � n Dk� Lk � LT GnH ' 6%(%)- ),(&'/, WL P LnDn � � � � � L�D� � LT GnH �
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x1
 "���� 2�3��� �A

	= G��H 6%#-2,*)O U P WLA � %(1-+, A P LU � $+* L P WL�� � LT GnH � U 3*&5�
0?? (&*-$%#90,? . *+'0'/,)' 0, $#,30%7 +',$%0,#'� 8%#-2*00%* 6&*+.(,3#*0'*
),(&'/; A 0,=;3,*(.? LU #�	(��+������ 	(,1� 6%1,=,0%� 2(% )*(%+  ,-..,
:13'3,#*0(*0 6%.(&%*0'K LU �&,=#%@*0'?�

�0,0'* LU �&,=#%@*0'? ),(&'/; A )%@*( <;(9 6%#*=0%� 0,6&')*&� 3 .#*�
+-KB*7 .'(-,/''� 8-.(9 (&*<-*(.? &*J'(9 &?+ .'.(*) 3'+, Axm P bm� m P
�� � � � �M . %+0%7 ' (%7 @* ),(&'/*7 A ' &,=0;)' 6&,3;)' 2,.(?)' bm � 8&')*�
0?? M &,= )*(%+  ,-.., :(% )%@0% .+*#,(9 =, G���HM n� Q OGM n�H Gn � 	H
,&'4)*('2*.1'5 %6*&,/'7� 8&*+6%#%@')� 2(% 0,) '=3*.(0% LU �&,=#%@*0'* ),�
(&'/; A O A P LU � �%$+, &*J*0'* 1,@+%7 '= .'.(*) Axm P bm )%@*( <;(9
.3*+*0% 1 &*J*0'K +3-5 .'.(*) Lym P bm� Uxm P ym . (&*-$%#90;)' ),(&'/,�
)'� �*J*0'* .'.(*); . (&*-$%#90%7 ),(&'/*7 %.-B*.(3#?*(.? %<&,(0;) 5%+%)
)*(%+,  ,-.., =, OGn�H Gn�	H ,&'4)*('2*.1'5 %6*&,/'7� �#*+%3,(*#90%� *.#'
LU �&,=#%@*0'* ),(&'/; A -@* 6%.(&%*0% ' 0, :(% 6%.(&%*0'* 6%(&*<%3,#%.9
dGnH ,&'4)*('2*.1'5 %6*&,/'7� (% &*J*0'* M .'.(*) . (%7 @* ),(&'/*7 A 6%�
(&*<-*( dGnH Q OGMn�H Gn � 	H ,&'4)*('2*.1'5 %6*&,/'7� 8%+2*&10*)� 2(%
2'.#% dGnH 0* =,3'.'( %( M � �*72,. ); 6%.(&%') ,#$%&'() +#? 6%#-2*0'? LU �
&,=#%@*0'? ' 6%1,@*)� 2(% dGnH P G���Hn� Q OGn�H Gn � 	H G(�*� &,30% 2'.#-
%6*&,/'7� 0*%<5%+');5 +#? 6&%3*+*0'? )*(%+,  ,-..,H�

x 9�9� 
!)�$��� 4���$����@ LU �$�5!�6���@

8-.(9 (&*<-*(.? 0,7(' 0'@0KK (&*-$%#90-K ),(&'/- L P GlijH ' 3*&50KK
(&*-$%#90-K ),(&'/- U P GuijH . *+'0'/,)' 0, $#,30%7 +',$%0,#' (,1-K� 2(%
A P LU � (�*�

nX
j��

lij ujk P aik� i� k P �� � � � � n� G��H

8%.1%#91- lij P I 6&' i � j � ujk P I 6&' j � k � ujj P �� (% G��H *.(9 .'.(*),
'= n� -&,30*0'7 %(0%.'(*#90% nGn Q �H�� 0*'=3*.(0;5 lij� i � j ' nGn � �H��
0*'=3*.(0;5 ujk� j � k � 3.*$% nGn Q �H�� Q nGn � �H�� P n� 0*'=3*.(0;5� 8%�
#-2') 4%&)-#; +#? &*J*0'? .'.(*); G��H� 1%(%&;* ' .%.(,3#?K( ,#$%&'()
0,5%@+*0'? LU �&,=#%@*0'?�

� .'#- lij P I 6&' i � j � ujk P I 6&' j � k .-)), 3 G��H ')**( 3'+

minfi�kgX
j��

lij ujk P aik� i� k P �� � � � � n�

'#' �����
kP

j��
lij ujk P aik� k � i� i� k P �� � � � � n�

iP
j��

lij ujk P aik� k � i� i� k P �� � � � � n�
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x1
 "���� 2�3��� �I

�;+*#') 3 6*&3%7 '= :('5 .-)) %(+*#90% .#-2,7 k P �� , 3% 3(%&%7 � .#-2,7
i P �� ' -2(*)� 2(% ukk P � +#? 3.*5 k P �� � � � � n �����������

��� li� P ai�� i P �� � � � � n�
k��P
j��

lij ujk Q lik P aik� � � k � i� i� k P �� � � � � n���� l�� u�k P a�k� k P �� � � � � n�
i��P
j��

lij ujk Q lii uik P aik� k � i � �� i� k P �� � � � � n�

8*&*$&-66'&-*) :(' 4%&)-#;O����������

�
li� P ai�� i P �� � � � � n�
u�k P a�k�l��� k P �� � � � � n������
lik P aik �

k��P
j��

lij ujk� � � k � i� i� k P �� � � � � n�

uik P Gaik �
i��P
j��

lij ujkH�lii� k � i � �� i� k P �� � � � � n�

G��H

8&%/*.. 3;2'.#*0'7 6% :(') 4%&)-#,) .(&%'(.? .#*+-KB') %<&,=%)O 30,2,#*
6% 6*&3%7 '= 4%&)-# G��H 3;2'.#?K(.? 0*'=3*.(0;* :#*)*0(; 6*&3%$% .(%#</,
),(&'/; L O li�� i P �� � � � � n � =,(*) 6% 3(%&%7 '= 4%&)-# G��H 3;2'.#?K(.? 0*'=�
3*.(0;* :#*)*0(; 6*&3%7 .(&%1' ),(&'/; U O u�k� k P �� � � � � n G0,6%)0')� :#*�
)*0( u�� '=3*.(*0� %0 &,3*0 �H� �,#** 3 3;2'.#*0'?5 -2,.(3-K( (%#91% (&*(9?
' 2*(3*&(,? '= 4%&)-# G��H� 8% (&*(9*7 4%&)-#* G��H 3;2'.#?K(.? 0*'=3*.(0;*
:#*)*0(; 3(%&%$% .(%#</, ),(&'/; L O li�� i P �� � � � � n G0,6%)0')� l�� P I� (,1
1,1 L �0'@0?? (&*-$%#90,?H

li� P ai� � li� u��� i P �� � � � � n�

8% 2*(3*&(%7 4%&)-#* G��H 3;2'.#?K(.? 0*'=3*.(0;* :#*)*0(; 3(%&%7 .(&%�
1' ),(&'/; U O u�k� k P �� � � � � n G0,6%)0')� u�� P I� (,1 1,1 U �3*&50??
(&*-$%#90,?� u�� P �� (,1 1,1 U ')**( *+'0'20-K $#,30-K +',$%0,#9H

u�k P Ga�k � l�� u�kH�l��� k P �� � � � � n�

�,(*) 6% (&*(9*7 4%&)-#* G��H 3;2'.#?K(.? 0*'=3*.(0;* :#*)*0(; (&*(9*$%
.(%#</, ),(&'/; L O li�� i P �� � � � � n � , 6% 2*(3*&(%7 4%&)-#* G��H 3;2'.#?K(.?
0*'=3*.(0;* :#*)*0(; (&*(9*7 .(&%1' ),(&'/; U O u�k� k P �� � � � � n ' (,1 +,#**�

3�������� *� �$)���5�>�@ �$�����@ ���$�> L � U % 4��@��� N%&)-�
#; G��H (,1%3;� 2(% 6&' 3;2'.#*0'' :#*)*0(, lij '#' uij '.6%#9=-K(.? =0,2*0'?
:#*)*0(, aij ' 3;2'.#*00;5 &,0** :#*)*0(%3 lkm� m � j ' ukm� k � i � E(% 6%=3%�
#?*( 5&,0'(9 0'@0KK (&*-$%#90-K ),(&'/- L 0, )*.(* 0'@0*$% (&*-$%#90'1,
),(&'/; A O lij 
 aij� i � j� i� j P �� � � � � n � , 3*&0KK (&*-$%#90-K ),(&'/- U
G<*= *+'0'20%7 $#,30%7 +',$%0,#'H � 0, )*.(* 3*&50*$% (&*-$%#90'1, ),(&'/;
A O uij 
 aij� i � j� i� j P �� � � � � n �
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x1
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x 9�:� �>���� ��!�����%� �$������������ �4�$�>�� % �!)�$����
4���$����@ LU �$�5!�6���@

�� 8&' 4'1.'&%3,00%) k P �� � � � � n 3;2'.#*0'* :#*)*0(%3 lik +#? 3.*5
i P k� � � � � n 6% (&*(9*7 4%&)-#* G��H (&*<-*(

Pn
i�kGk � �H P Gn � k Q �HGk � �H

)-#9('6#'1,('30;5 ' .(%#91% @* ,++'('30;5 %6*&,/'7� �#*+%3,(*#90%� 3;2'�
.#*0'* 3.*5 :#*)*0(%3 ),(&'/; L (&*<-*(

Pn
k��Gn� k Q �HGk � �H P n

Pn
k��Gk �

�H � Pn
k��Gk � �H� P n

Pn��
i�� i �

Pn��
i�� i

� P n�Gn � �H�� � Gn � �HnG�n � �H�� P
n���� n��� Q OGn�H P n��� QOGn�H Gn�	H )-#9('6#'1,('30;5 ' .(%#91% @*
,++'('30;5 %6*&,/'7�

�� 8&' 4'1.'&%3,00%) i P �� � � � � n 3;2'.#*0'* :#*)*0(%3 uik +#? 3.*5
k P i Q �� � � � � n 6% 2*(3*&(%7 4%&)-#* G��H (&*<-*(

Pn
k�i�� i P Gn � iHi )-#9�

('6#'1,('30;5 '
Pn

k�i��Gi � �H P Gn � iHGi � �H ,++'('30;5 %6*&,/'7� �#*�
+%3,(*#90%� 3;2'.#*0'* 3.*5 :#*)*0(%3 ),(&'/; U (&*<-*(

Pn
i��Gn � iHi P

n�Gn Q �H�� � nGn Q �HG�n Q �H�� P n��� Q OGn�H Gn � 	H )-#9('6#'1,('3�
0;5 '

Pn
i��Gn � iHGi � �H P n�Gn � �H�� � nGn Q �HG�n Q �H�� Q nGn Q �H�� P

n��� QOGn�H Gn�	H ,++'('30;5 %6*&,/'7�
�,1') %<&,=%)� ,#$%&'() 6%.(&%*0'? LU �&,=#%@*0'? (&*<-*( +#? .3%*$%

6&%3*+*0'? 3;6%#0*0'? n��� Q OGn�H Gn � 	H )-#9('6#'1,('30;5 ' .(%#91%
@* ,++'('30;5 %6*&,/'7� , 3 .-))* \ G���Hn�QOGn�H Gn�	H ,&'4)*('2*.1'5
%6*&,/'7�

x 9�<� �� A���%�����" ����#� �� ���

���$��� *� ��
�� *	���	 ������
�� ,
��� �(��+�� LU #�	(��+����-

�&�	 � 
����� 
�&�	� ��&�	 ��� ��) k P �� � � � � n �� &�	��� �&���� ������
detAk �P I � &��

Ak P

�BBBB�
a�� a�� � � � a�k
a�� a�� � � � a�k
���

���
� � �

���
ak� ak� � � � akk

�CCCCA �

. &�	��� �&���� ����	
���� �	
���� A �

	���5���!"��%�� �%@0% 6%1,=,(9 G); :(%$% +*#,(9 0* <-+*)H� 2(% *.#'
detAk �P I +#? 3.*5 k P �� � � � � n � (% .-B*.(3-*( ' *+'0.(3*00% LU �&,=#%@*0'*
),(&'/; A �

�<%=0,2') 2*&*= Lk ' Uk $#,30;* -$#%3;* 6%+),(&'/; ),(&'/ L ' U � �,1
1,1 L Y 0'@0?? (&*-$%#90,?� , U Y 3*&50?? (&*-$%#90,? ),(&'/;� ' A P LU �
(% Ak P LkUk � �#*+%3,(*#90%� detAk P detLk detUk � �% ),(&'/, U �3*&50??
(&*-$%#90,? . � 0, $#,30%7 +',$%0,#'� 6%:(%)- detUk P � +#? 3.*5 k P �� � � � � n �
�0,2'(� detAk P detLk � �,(&'/, Lk �0'@0?? (&*-$%#90,?� 6%:(%)- detLk P
l�� � � � lkk � �#*+%3,(*#90%� detAk P l�� � � � lkk �

8-.(9 +#? 3.*5 k P �� � � � � n detAk �P I � �%$+, l�� P detA� �P I� lkk P
detAk� detAk�� �P I ' 3 4%&)-#,5 G��H 3%=)%@0% %.-B*.(3'(9 +*#*0'* 0, lii� i P
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x4
 "����$ �)/ )����#�$0 "����' ��

�� � � � � n � �#*+%3,(*#90%� %.-B*.(3') ,#$%&') 6%.(&%*0'? LU �&,=#%@*0'?� , =0,�
2'(� ' )*(%+  ,-..,�

8-.(9 %.-B*.(3') ,#$%&') 6%.(&%*0'? LU �&,=#%@*0'?� (�*� 3 4%&)-#,5 G��H
3%=)%@0% %.-B*.(3'(9 +*#*0'* 0, lii� i P �� � � � � n � �#*+%3,(*#90%� +#? 3.*5
i P �� � � � � n lii �P I ' 6%(%)- detAk P l�� � � � lkk �P I +#? 3.*5 k P �� � � � � n �

x "� ����  #���� �����������

���$���
� ��
�������  �� ��������

���	
�

�4$�#�!����� �,(&'/, A � Mn 0,=;3,*(.? ���
������ *.#' aij P I 6&'
i � j � k� #'<% j � i � k� � �*#'2'0, k� Q k� Q � 0,=;3,*(.? '������ ���
��
.#' k� P k� P �� (% ),(&'/, 0,=;3,*(.? 
��)��	&��	������

x :�*� ����# �� ��� #!@ !������&� ���$�>

�,.2*(0;* 4%&)-#; )*(%+,  ,-.., G���H� G��>H� G���IH %.(,K(.? .6&,3*+#'3;�
)' ' +#? #*0(%20;5 ),(&'/� 0% %<M*) 3;2'.#*0'7 6% 0') )%@*( <;(9 .%1&,B*0
6&' -2*(* .(&-1(-&; ),(&'/; A � � 4%&)-#,5 6&?)%$% 5%+, G���H� G��>H 3;2'�
.#*0'? 0,+% 3*.(' +#? j P k Q �� � � � � k Q k�� i P k Q �� � � � � k Q k� � �'&'0,
#*0(; .'.(*); G��AH� 6%#-2,KB*7.? 6%.#* 6&?)%$% 5%+,� &,30, k� Q �� 6%:(%)-
3 4%&)-#* G���IH %<&,(0%$% 5%+, )*(%+,  ,-.., 0,+% -2'(;3,(9 (%#91% k� Q �
.#,$,*);5�

�0,#%$'20% (%)-� 1,1 :(% <;#% .+*#,0% 3;J*� )%@0% 6%+.2'(,(9� 2(%
�� �, 3;2'.#*0'* ckj 6&' j P kQ�� � � � � kQk�� k P �� � � � � n 6% 4%&)-#,) G���H

(&*<-*(.? n k� QOG�H %6*&,/'7 +*#*0'?�
�� �, 3;2'.#*0'* a�k�ij 6&' i P kQ�� � � � � kQk�� j P kQ�� � � � � kQk�� k P �� � � � � n

6% 4%&)-#,) G��>H (&*<-*(.? n k� k� Q OG�H %6*&,/'7 -)0%@*0'? ' .(%#91% @*
%6*&,/'7 3;2'(,0'?�

	(,1� 0, 3;2'.#*0'* 1%:44'/'*0(%3 ckj� j P k Q �� � � � � k Q k�� k P �� � � � � n
.'.(*); G��AH (&*<-*(.? nGk� k� Q k�H Q OG�H )-#9('6#'1,('30;5 ' .(%#91% @*
,++'('30;5 %6*&,/'7�

�� �, 3;2'.#*0'* yk 6&' k P �� � � � � n 6% 4%&)-#,) G���H (&*<-*(.? n %6*&,�
/'7 +*#*0'?�

�� �, 3;2'.#*0'* b�k�i 6&' i P kQ�� � � � � kQk�� k P �� � � � � n 6% 4%&)-#,) G��>H
(&*<-*(.? n k� QOG�H %6*&,/'7 -)0%@*0'? ' .(%#91% @* %6*&,/'7 3;2'(,0'?�

	(,1� 0, 3;2'.#*0'* 6&,3;5 2,.(*7 yk� k P �� � � � � n .'.(*); G��AH (&*<-*(.?
nGk� Q �H )-#9('6#'1,('30;5 ' .(%#91% @* ,++'('30;5 %6*&,/'7�

�,1') %<&,=%)� 6&?)%7 5%+ )*(%+,  ,-.., (&*<-*( nGk� k�Qk�Qk�Q�H )-#9�
('6#'1,('30;5 %6*&,/'7 ' .(%#91% @* ,++'('30;5 %6*&,/'7�

"� �, 3;2'.#*0'* &*J*0'? 6% 4%&)-#,) G���IH G(�*� 0, 6&%3*+*0'* %<&,(0%$%
5%+, )*(%+,  ,-..,H (&*<-*(.? n k� Q OG�H %6*&,/'7 -)0%@*0'? ' .(%#91% @*
%6*&,/'7 3;2'(,0'?�
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x4
 "����$ �)/ )����#�$0 "����' ��

�#*+%3,(*#90%� )*(%+  ,-.., (&*<-*( nGk� k�Qk�Q� k�Q�H )-#9('6#'1,('3�
0;5 %6*&,/'7 ' .(%#91% @* ,++'('30;5 %6*&,/'7� �.*$%O �nGk� k�Qk�Q� k�Q�H
,&'4)*('2*.1'5 %6*&,/'7�

�0,#%$'20%* .%1&,B*0'* 3;2'.#'(*#90%7 &,<%(; )%@*( <;(9 6&%'=3*+*0%
+#? ,#$%&'(), LU �&,=#%@*0'?�

x :�7� 
!)�$��� LU �$�5!�6���@ #!@ �$��#��)���!"�&� ���$�>
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�*(%+ F%&+,0, -+%<0% 6&')*0?(9 +#? 0,5%@+*0'? %<&,(0%7 ),(&'/;� 8&'
:(%) 3)*.(% 6&,3%7 2,.(' b '.6%#9=-*(.? 0,<%& 6&,3;5 2,.(*7� .%.(%?B'7 '=
n .(%#</%3 *+'0'20%7 ),(&'/;� 0,+ 1%(%&;)' %+0%3&*)*00% 6&%'=3%+?(.? 6&*�
%<&,=%3,0'?� =,+,3,*);* .%%(0%J*0'?)' G�H� G�H� 8%.#* 6&%3*+*0'? n J,$%3
)*(%+, F%&+,0, :(%( 0,<%& <-+*( .%.(%?(9 '= .(%#</%3 %<&,(0%7 ),(&'/; A�� �

8%.1%#91- 0, 1,@+%) J,$* )*(%+, F%&+,0, 6%+),(&'/, A�k��� P
Ga�k���ij Hi�j�k�����n Y (, @*� 2(% 0, .%%(3*(.(3-KB*) J,$* )*(%+,  ,-..,� (% )*(%+
F%&+,0, %.-B*.(3') (%$+, ' (%#91% (%$+,� 1%$+, %.-B*.(3') )*(%+  ,-..,� (�*�
1%$+, 3.* $#,30;* -$#%3;* )'0%&; ),(&'/; A %(#'20; %( 0-#?�

�>���� ��!�����%� �$������������ �4�$�>�� % ����#� 2�$#���

�� �, 3;2'.#*0'* a
�k�
kj 6&' j P k Q �� � � � � n� k P �� � � � � n 6% 4%&)-#,) G�H

(&*<-*(.?
Pn

k��Gn� kH P nGn� �H�� P OGn�H Gn�	H %6*&,/'7 +*#*0'?�
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x=
 >�)�����)&�� �>����)���$� "����'$ ��

�� �, 3;2'.#*0'* a�k�ij 6&' i P �� � � � � n� i �P k� j P kQ�� � � � � n� k P �� � � � � n 6%
4%&)-#,) G�H (&*<-*(.?

Pn
k��Gn�kHGn��H P Gn��H�n�� P n���QOGn�H Gn�	H

%6*&,/'7 -)0%@*0'? ' .(%#91% @* %6*&,/'7 3;2'(,0'?�
�� �, 3;2'.#*0'* b�k�k 6&' k P �� � � � � n 6% 4%&)-#,) G�H (&*<-*(.? n %6*&,/'7

+*#*0'?�
�� �, 3;2'.#*0'* b

�k�
i 6&' i P �� � � � � n� i �P k� k P �� � � � � n 6% 4%&)-#,) G�H

(&*<-*(.?
Pn

k��Gn � �H P nGn � �H P OGn�H Gn � 	H %6*&,/'7 -)0%@*0'? '
.(%#91% @* %6*&,/'7 3;2'(,0'?�

�,1') %<&,=%)� )*(%+ F%&+,0, (&*<-*( OGn�H Q n��� Q n Q OGn�H P n��� Q
OGn�H Gn�	H )-#9('6#'1,('30;5 %6*&,/'7 ' .(%#91% @* ,++'('30;5 %6*&,�
/'7� �.*$%O n� QOGn�H Gn�	H ,&'4)*('2*.1'5 %6*&,/'7�

8% ,0,#%$'' . )*(%+%)  ,-.., )%@0% .(&%'(9 ��
�� 0���	�	 � ������
&�	��&� /�����
	� 	)*00%� 3 6%+),(&'/* A�k��� P Ga�k���ij Hi�j�k�����n G.%36,+,K�
B*7 . 6%+),(&'/*7 '= )*(%+,  ,-..,H (%7 @* 6&%/*+-&%7� 2(% ' 3 )*(%+*  ,-..,�
3;<'&,*(.? $#,30;7 :#*)*0(�

x .� #���*
������ �#	� ������ ���	
�

�4$�#�!����� �,(&'/, A � Mn 0,=;3,*(.? ����+�
����� ������������
G%<%=0,2,*(.? A � IH� *.#' +#? 3.*5 x � Cn 3;&,@*0'* GAx� xH 3*B*.(3*00%
' GAx� xH � I +#? 3.*5 x � Cn� x �P I G=+*.9 G�� �H %=0,2,*( %<;20%* .1,#?&�
0%* 6&%'=3*+*0'* 3 Cn � Gx� yH P y�x � $+* y� P Gy�� � � � � ynH � 2*&(, 0,+ .')3%#%)
%<%=0,2,*(� 1,1 %<;20%� =0,1 1%)6#*1.0%$% .%6&?@*0'?H� .#' &,..),(&'3,*�
),? ),(&'/, A 3*B*.(3*00,� (% 2,.(% 6%#%@'(*#90% %6&*+*#*00%7 0,=;3,*(.?
),(&'/, A � +#? 1%(%&%7 GAx� xH � I +#? 3.*5 x � Rn� x �P I�

3�������� *� .#' ),(&'/, A �Mn Y .,)%.%6&?@*00,? G(�*� A� P AH� (%
3;&,@*0'* GAx� xH 3*B*.(3*00% +#? 3.*5 x � Cn �

�*7.(3'(*#90%� GAx� xH P Gx�A�xH P Gx�AxH P GAx� xH ' 6%(%)- GAx� xH 3*B*�
.(3*00%�

����� *� $��� �	
���	 A ����+�
����� ���������	� 
� ��	 �����+��#
�	�

	���5���!"��%�� 8&*+6%#%@') 6&%('30%*� detA P I� �%$+, #'0*70,? .'�
.(*), Ax P I ')**( &*J*0'* x � Cn� x �P I� �#? :(%$% x 3;&,@*0'*
GAx� xH P GI� xH P I� 2(% 6&%('3%&*2'( 6%#%@'(*#90%7 %6&*+*#*00%.(' ),(&'/;
A �

����� 7� $��� �	
���	 A ����+�
����� ���������	� 
� ��� ��� ����#
�
��
 LU #�	(��+�����
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	���5���!"��%�� � .%%(3*(.(3'' . (*%&*)%7 ��� 0,) 0,+% 6&%3*&'(9� 2(%
$#,30;* -$#%3;* )'0%&; 6%#%@'(*#90% %6&*+*#*00%7 ),(&'/; A %(#'20; %(
0-#?�

�6&*+*#') %(%<&,@*0'* x�k� 6&%.(&,0.(3, Cn � Ck � k � n +*7.(3-KB** 6%
6&,3'#-O +#? 3.?1%$% x P Gx�� � � � � xnHt � Cn x�k� P Gx�� � � � � xkHt � Ck � E(% %(%�
<&,@*0'* *.(9 %(%<&,@*0'* L0,L� (�*� +#? 1,@+%$% :#*)*0(, x P Gx�� � � � � xkHt �
Ck 0,7+*(.? :#*)*0( Wx � Cn � ?3#?KB'7.? 6&%%<&,=%) x 6&' :(%) %(%<&,@*0''
G0,6&')*&� Wx P Gx�� � � � � xk� I� � � � � IHt � Cn H�

8%.1%#91- ),(&'/, A 6%#%@'(*#90% %6&*+*#*0,� (% +#? 3.?1%$% k P �� � � � � n
' 3.?1%$% x � Cn � (,1%$%� 2(% x�k� �P I 3;&,@*0'* GAx�k�� x�k�H 3*B*.(3*00% '
6%#%@'(*#90%� 8% 6&,3'#- 6*&*)0%@*0'? ),(&'/ GAx�k�� x�k�H P GAkx�k�� x�k�Hk �
$+*

Ak P

�BBBB�
a�� a�� � � � a�k
a�� a�� � � � a�k
���

���
� � �

���
ak� ak� � � � akk

�CCCCA
�$#,30;7 -$#%3,? 6%+),(&'/, A � G�� �Hk Y %<;20%* c1,#?&0%* 6&%'=3*+*0'* 3
6&%.(&,0.(3* Ck � Gx� yHk P y�x� x� y � Ck � �#*+%3,(*#90%� 3;&,@*0'* GAkx� xHk
3*B*.(3*00% ' 6%#%@'(*#90% +#? 3.*5 x � Ck � (�*� ),(&'/; Ak � Mk� k P
�� � � � � n 6%#%@'(*#90% %6&*+*#*0;� 8%#9=-?.9 #*))%7 �� 6%#-2,*)� 2(% ),(&'�
/; Ak� k P �� � � � � n 0*3;&%@+*0;� 	= (*%&*); ��� (*6*&9 3;(*1,*( (&*<-*);7
&*=-#9(,(�

����� 8� �	�������+���	� �	
���	 A � Mn ����+�
����� ��������#
�	 
�&�	 � 
����� 
�&�	� ��&�	 �� �� ����
����� (�	����� ����
���� �
����+�
������

	���5���!"��%�� 8-.(9 A � Mn .,)%.%6&?@*00,? 6%#%@'(*#90% %6&*+*�
#*0,? ),(&'/,� � Y ** .%<.(3*00%* =0,2*0'*� x �P I Y .%%(3*(.(3-KB'7 .%<�
.(3*00;7 3*1(%&O Ax P �x � !)0%@') :(% &,3*0.(3% .1,#?&0% 0, x � 6%#-2')

GAx� xH P �Gx� xH ' � P
GAx� xH
kxk� � 8%.1%#91- GAx� xH 3*B*.(3*00% ' 6%#%@'(*#9�

0%� (% � � I�
8-.(9 A � Mn .,)%.%6&?@*00,? ),(&'/, ' �i � I� i P �� �� � � � � n Y

** .%<.(3*00;* =0,2*0'?� � 1-&.* #'0*70%7 ,#$*<&; <;#% +%1,=,0%� 2(% 3.?�
1,? .,)%.%6&?@*00,? G.'))*(&'20,? 3 3*B*.(3*00%) .#-2,*H ),(&'/, +',$%�
0,#'='&-*), 3 *31#'+%3%) <,='.*� (�*� .-B*.(3-*( %&(%0%&)'&%3,00;7 <,='.
x�� x�� � � � � xn � Gxi� xjH P 	ij � .%.(%?B'7 '= .%<.(3*00;5 3*1(%&%3 ),(&'/; A O
Axi P �ixi � 8-.(9 x �P I Y 6&%'=3%#90;7 3*1(%&� x P

Pn
i�� cixi Y *$% &,=#%�

@*0'* 6% <,='.- fxig � 6&'2*) kxk� P
Pn

i�� jcij� �P I� �,..)%(&') 3;&,@*0'*
GAx� xH P GA

Pn
i�� cixi�

Pn
i�� cixiH P G

Pn
i�� ci�ixi�

Pn
i�� cixiH P

Pn
i�� �ijcij� � �#*+%3,�

(*#90%� GAx� xH 3*B*.(3*00%� 8%.1%#91- �i � I ' 0* 3.* ci &,30; I� (% GAx� xH
6%#%@'(*#90%� 	(,1� +#? 3.?1%$% 3*1(%&, x �P I 3;&,@*0'* GAx� xH 3*B*.(3*00%
' 6%#%@'(*#90%� 2(% ' %=0,2,*( 6%#%@'(*#90-K %6&*+*#*00%.(9 ),(&'/; A �
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x �/� ���� ��������� +��� 	������ ��	��-

8-.(9 (&*<-*(.? &*J'(9 #'0*70-K .'.(*)- Ax P b . .,)%.%6&?@*00%7 G.')�
)*(&'20%7 3 3*B*.(3*00%) .#-2,*H ),(&'/*7 A �Mn � A� P A �

x *E�*� ��5!�6���� 1�!�>��)�

�<%=0,2') 2*&*= RTGnH 6%+$&-66- 0*3;&%@+*00;5 3*&50'5 (&*-$%#90;5 ),�
(&'/ 3 Mn � , 2*&*= UTGnH Y 6%+$&-66- 3 RTGnH ),(&'/ . *+'0'/,)' 0, $#,30%7
+',$%0,#'�

���$��� *� "��
� �	
���	 A 1 �	�������+���	� ,A� P A- � �� �� &�	#
��� �&���� ������ �
����� �
 ����� ��&�	 �����
��
 �	
���	 R P GrijH �
RTGnH c ����
������ ����+�
������� /�����
	�� �	 &�	��� ��	&��	��
,rii � I ��� ��) i P �� � � � � n- � ��	&��	���	� �	
���	 D � ����
����#
�� �	���� �� ������ ������� ��	&��	������ /�����
	�� ,dii � f��� �g ���
��) i P �� � � � � n- 
	���� �
� A P R�DR �

	���5���!"��%�� 8% (*%&*)* ��� +#? ),(&'/; A %.-B*.(3')% LU �
&,=#%@*0'*� (�*� .-B*.(3-K( L � LTGnH ' U � UTGnH (,1'*� 2(% A P LU �
8%.1%#91- ),(&'/, L P GlijH 0*3;&%@+*0,� (% lii �P I� i P �� � � � � n ' ),(&'/,

WD P diag Gl��� � � � � lnnH G�H

%<&,('),� WD�� P diag Gl���� � � � � � l
��
nnH � 8%#%@') WL P L WD�� � LTGnH � �%$+, 6%

6&,3'#,) 6*&*)0%@*0'? ),(&'/ Wlii P �� i P �� � � � � n �
8%+.(,3') :(% 6&*+.(,3#*0'* ),(&'/; L P WL WD 3 LU �&,=#%@*0'* ),(&'/;

A O A P WL WDU � �,1 1,1 A P A� � (% A P WL WDU P A� P U� WD� WL� � 8%:(%)- U P
WD�� WL��U� WD� WL� �

UGWL�H�� P WD�� WL��U� WD�� G�H

�,)*(')� 2(% WL� � RTGnH � 6&'2*) $#,30,? +',$%0,#9 :(%7 ),(&'/; .%.(%'( '=
*+'0'/� �#*+%3,(*#90% WL� � UTGnH � 8%:(%)- 3 #*3%7 2,.(' &,3*0.(3, G�H .(%'(
),(&'/, UGWL�H�� � UTGnH � � 6&,3% @* 2,.(' &,3*0.(3, G�H .(%'( 6&%'=3*+*�
0'* 0'@0'5 (&*-$%#90;5 ),(&'/� 1%(%&%* ?3#?*(.? %6?(9 0'@0*7 (&*-$%#90%7
),(&'/*7� (�*� 6&'0,+#*@'( LTGnH � 8%:(%)- '= G�H 3;(*1,*(

UGWL�H�� � UTGnH � LTGnH�
+'0.(3*00%7 ),(&'/*7� 1%(%&,? 6&'0,+#*@'( %+0%3&*)*00% 6%+$&-66,) UTGnH
' LTGnH ?3#?*(.? I Y *+'0'20,? ),(&'/,� �#*+%3,(*#90%�

UGWL�H�� P WD�� WL��U� WD� P I� G�H

�,1') %<&,=%)� U P WL� ' A P U� WDU � �,#**� '= G�H

I P WD�� WL��U� WD� P WD�� WL��GWL�H� WD� P WD�� WL�� WL WD� P WD�� WD�
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(�*� WD P WD� � � .'#- G�H 6%#-2,*) lkk P lkk � (�*� lkk Y 3*B*.(3*00;* +#? 3.*5
k P �� � � � � n � 8&*+.(,3'3 ),(&'/- WD 3 3'+* WD P j WDj���D j WDj��� � $+*

D P diag Gsign l��� � � � � sign lnnH� j WDj��� P diag G
q
jl��j� � � � �

q
jlnnjH�

6%#-2,*) A P U�j WDj���D j WDj���U � �<%=0,2') R P j WDj���U � RT GnH � �%$+,

A P R�DR � 6&'2*) +',$%0,#90;* :#*)*0(; rii ),(&'/; R &,30;
q
jliij � I�

�#*+%3,(*#90%� 6%#-2*00%* &,=#%@*0'* ?3#?*(.? (&*<-*);)�

3�������� *� .#' ),(&'/, A Y 3*B*.(3*00,?� (% 3.* -2,.(3-KB'* 3 (*%�
&*)* � ),(&'/; 3*B*.(3*00;*�

3�������� 7� .#' 3 -.#%3'?5 (*%&*); � ),(&'/, A 6%#%@'(*#90% %6&*�
+*#*0,� (% ),(&'/, D 3 (*%&*)* � Y *+'0'20,?� (�*� &,=#%@*0'*� +,3,*)%* :(%7
(*%&*)%7� ')**( 3'+ A P R�R �

�*7.(3'(*#90%� *.#' ),(&'/, A 6%#%@'(*#90% %6&*+*#*0, ' +#? 0** .6&,�
3*+#'3% &,=#%@*0'* A P R�DR � (% +#? 3.?1%$% x � Cn� x �P I 3;&,@*0'*
GAx� xH P GR�DRx� xH P GDRx�RxH 3*B*.(3*00% ' 6%#%@'(*#90%� �#? 3.?1%$%
y � Cn 6%#%@') x P R��y � �%$+, 3;&,@*0'* GDy� yH P GAx� xH 3*B*.(3*00% '
6%#%@'(*#90% +#? 3.*5 y � Cn� y �P I� (�*� ),(&'/, D 6%#%@'(*#90% %6&*+*#*0,�

8%.1%#91- D P diag Gd��� � � � � dnnH � (% GDy� yH P
Pn

j�� djjyjyj P
Pn

j�� djjjyjj� �
8% +%1,=,00%)-� :(, .-)), 3*B*.(3*00, ' 6%#%@'(*#90,� �;<'&,? =+*.9 y P
ek� k P �� � � � � n � $+* ek Y %&(; .(,0+,&(0%$% <,='.,� 0,5%+')� 2(% 3.* dkk� k P
�� � � � � n +%#@0; <;(9 3*B*.(3*00;)' ' 6%#%@'(*#90;)'� 8%.1%#91- jdkkj P ��
(% :(% %=0,2,*(� 2(% dkk P �� k P �� � � � � n �

3�������� 8� .#' ),(&'/, A 6%#%@'(*#90% %6&*+*#*0,� (% +#? 0** 3;�
6%#0*0; -.#%3'? (*%&*); �� E(% 3;(*1,*( '= #*)); A���

x *E�7� 
!)�$��� 4���$����@ $�5!�6���@ 1�!�>��)�

8%.(&%') ,#$%&'() 0,5%@+*0'? &,=#%@*0'? '= (*%&*); ��
8-.(9 +#? .,)%.%6&?@*00%7 ),(&'/; A GA� P AH (&*<-*(.? 0,7(' 3*&50KK

(&*-$%#90-K ),(&'/- R P GrijH c 3*B*.(3*00;)' 6%#%@'(*#90;)' :#*)*0(,)'
0, $#,30%7 +',$%0,#' Grii � I +#? 3.*5 i P �� � � � � nH ' +',$%0,#90-K ),(&'/-
D . &,30;)' 6% )%+-#K *+'0'/* +',$%0,#90;)' :#*)*0(,)' G jdiij P � +#? 3.*5
i P �� � � � � nH (,1-K� 2(% A P R�DR �

E#*)*0( Gk� jH ),(&'/; DR &,3*0 GDRHkj P
nP

i��
dkirij P dkkrkj � (,1 1,1 ),�

(&'/, D Y +',$%0,#90,?R :#*)*0( Gi� kH ),(&'/; R� &,3*0 GR�Hik P rki R :#*)*0(

Gi� jH ),(&'/; R�DR &,3*0 GR�DRHij P
nP

k��
GR�HikGDRHkj P

nP
k��

rkidkkrkj � �#*+%�

3,(*#90%� &,3*0.(3% A P R�DR +,*( 0,) -&,30*0'?
nX

k��

rkidkkrkj P aij� i� j P �� � � � � n� G�H
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8%.1%#91- ),(&'/; A ' R�DR Y .,)%.%6&?@*00;*� (% -&,30*0'* . 0%)*&%)
Gj� iH 6%#-2,*(.? '= -&,30*0'? . 0%)*&%) Gi� jH 6-(*) 1%)6#*1.0%$% .%6&?@*0'?
' 0* +,*( 0'2*$% 0%3%$%� 8%:(%)- .'.(*), G�H :13'3,#*0(0, .'.(*)*

nX
k��

rkidkkrkj P aij� i � j� i� j P �� � � � � n� G"H

�,1') %<&,=%)� G"H 6&*+.(,3#?*( .%<%7 .'.(*)- '= nGnQ�H�� -&,30*0'7 . nGnQ
�H�� 0*'=3*.(0;)' rij� i � j G0,6%)0')� R � RTGnH ' rij P I 6&' i � j H ' n
0*'=3*.(0;)' dkk� k P �� � � � � n G6&' :(%) rkk � I ' dkk � f��� �gH�

8%#-2') 4%&)-#; +#? &*J*0'? .'.(*); G"H� 1%(%&;* ' .%.(,3#?K( ,#$%&'()
)*(%+, �%#*/1%$%�

8*&*6'J*) G"H 3 3'+*

iX
k��

rkidkkrkj Q
nX

k�i��

rkidkkrkj P aij� i � j� i� j P �� � � � � n� G�H

8%.1%#91- ),(&'/, R Y 3*&50?? (&*-$%#90,?� (% rki P I 6&' k � i ' 3(%&,? '=
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